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Abstract:

The Stirling cycle machine has many successful applications as
a prime mover and cooling machine. The Stirling cycle heat
engine has a good potential for use in the future because of
some advantages like external combustion, and fuel flexibility.
The Stirling machine is used in cryogenics but applications for
domestic cooling are still underdeveloped. The main goal of this
study is to develop a precise thermodynamic numerical model
that could predict the performances and provide means for further
optimization. Hence, this dissertation presents the numerical
modeling, simulation, experimental validation, and parametric
optimization of an air-filled Beta type Stirling refrigerator for
domestic application.
The research shows that a non-ideal second-order numerical
model called the modified simple model has been developed. The
model incorporates effects of shuttle heat loss and mass leakage
loss to the buffer space directly to the differential equations of
pressure change, rate of change of mass of gas in compression
and expansion spaces, and mass flow rates across these working
spaces. Moreover, other power losses and heat losses are
included as independent losses to evaluate the cooling production
and associated COP. The model is simulated using MATLAB code
for Beta configuration FEMTO-60 Stirling engine operating as a
refrigerator. The model is validated both with an experiment
conducted in the FEMTO-ST laboratory in refrigerating mode

and by reversing the model to work producing engine, so that
the validation could be made with different theoretical models
developed by other scholars so far. The validation results confirm
that the proposed numerical model could be used to design a
Stirling cycle refrigerating machine with reasonable accuracy. The
contribution of this study also includes investigation of the effect
of different working fluids (air, nitrogen, hydrogen and helium),
effects of losses (shuttle heat and mass leakage) that have a
direct effect on the operating condition of the cooling machine
and parametric optimization. Air and nitrogen showed better
cooling performance than helium and hydrogen mainly due to
the higher mass flow rate. The effects of incorporating shuttle
heat loss in the differential equations on the temperature and
pressure of working gas and the overall performance of the Stirling
refrigerator are analyzed. Parametric optimization includes the
effect of operating (rotational speed, charging pressure, and
temperature) and geometrical (phase angle, regenerator length,
porosity, displacer height, displacer gap, piston-cylinder clearance
gap, swept volume ratio, and piston diameter to stroke ratio)
parameters on the cooling performance as well as on share of
different power and heat losses. Finally, we propose a set of
parameters to optimize a refrigerating Stirling machine achieving
a COP of 1.3 for a cooling power of 625 W at a temperature of
−4oC.

Titre : Numerical modeling and optimization of a regenerative Stirling refrigerating machine for moderate
cooling applications
Modélisation numérique et optimisation d’une machine frigorifique de type Stirling destinée à la production
de froid à température modérée.
Mots-clés : Réfrigérateur Stirling, Modèle simple modifié, Pertes thermodynamiques et mécaniques, Refroidissement modéré, Architecture bêta, Optimisation et expérimentation

Résumé :

Les machines à cycle Stirling sont utilisées aussi bien en
cycle moteur que récepteur. Le moteur à cycle Stirling
possède un bon potentiel d’utilisation en raison de certains
avantages comme la combustion externe et la flexibilité du
carburant. La machine Stirling est utilisée en cryogénie mais les
applications pour le refroidissement domestique sont encore peu
développées. L’objectif principal de ce travail est de développer un
modèle numérique thermodynamique permettant de déterminer
et d’optimiser les performances d’une machine frigorifique pour
des applications de froid domestique. Cette thèse présente
donc la modélisation numérique, la simulation, la validation
expérimentale et l’optimisation paramétrique d’un réfrigérateur
Stirling de type Beta, conçu au laboratoire fonctionnant avec de
l’air pour une application domestique.
Nous avons développé un modèle numérique non-idéal du
second ordre appelé modèle simple modifié. Ce modèle
incorpore des pertes thermiques et fluidiques par conduction,
effet navette pompage, pertes de charge, fuites de gaz vers
le volume tampon. Ces pertes sont directement intégrées
dans le modèle d’équations différentielles permettant d’exprimer
les variations de pression, de température, de masse de gaz
dans les volumes de compression et de détente, ainsi que les
débits massiques de gaz traversant les différents volumes de la

machine Stirling. La prise en compte de ces pertes permet de
calculer la production de froid et le coefficient de performance
(COP) associé. Le modèle est simulé à l’aide du code
MATLAB. Les résultats numériques sont comparés aux résultats
expérimentaux et aux résultats issus de la littérature. Le modèle
numérique proposé peut être utilisé pour concevoir une machine
frigorifique à cycle Stirling avec une précision raisonnable. La
contribution de cette étude comprend également l’investigation
de l’effet des différents fluides de travail (air, azote, hydrogène
et hélium) sur les performances de la machine frigorifique et son
optimisation paramétrique. Dans la gamme d’utilisation de la
machine, l’air et l’azote ont montré de meilleures performances
de refroidissement que l’hélium et l’hydrogène, principalement en
raison du débit massique plus élevé. L’optimisation paramétrique
des performances de la machine frigorifique comprend également
les effets des paramètres de fonctionnement (vitesse de rotation,
pression de charge et température) et géométriques (angle de
phase, dimensions et porosité du régénérateur, jeu entre le
piston et le cylindre, rapport du volume balayé et rapport du
diamètre du piston à la course). Enfin, nous proposons des
jeux de paramètres permettant d’optimiser un réfrigérateur Stirling
présentant un COP de 1.3, une puissance frigorifique de 625 W à
une température de −4oC.
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1
INTRODUCTION

1.1/ BACKGROUND

The rise of fuel and other energy resources price as well as global warming push scien-
tists to set the problem of searching innovative technologies for energy transformation, to
develop new technologies on the base of thermodynamic cycles with high efficiency, to
use new working mediums in order to develop ecologically safe energy systems, which
can satisfy residential and industrial sector utilities for a minimum amount of energy used.
Refrigeration and Air-Conditioning systems are part of day to day life in the world in which
they are using energy to produce cold. They are definitely belonging to one of the most
important engineering achievements of the 20th century.

Food preservation, medicine storage and transportation, and industry would not be what
they are today without refrigeration. Refrigeration has had a large impact on industry,
lifestyle, agriculture, health care, and settlement patterns. The comfort, ease, and hap-
piness they bring to our everyday lives are endless. Air conditioning brings comfort and
environmental flexibility that has impacted people more than they realize. Refrigeration
is the process of removal of heat from an enclosed space to lower the temperature in
the region. The term refrigeration means cooling a space, substance or system to lower
and/or maintain its temperature below the ambient one and the removed heat is rejected
at a higher temperature. In other words, refrigeration is artificial (human-made) cooling.
Before mechanical refrigeration systems were introduced, ancient peoples, including the
Greeks and Romans, cooled their food with ice transported from the mountains. Refrig-
eration, especially at very low temperatures, has had an incredible impact on the medical
world.

The purpose of any refrigerator is to extract heat as much as possible from a cold reser-
voir with an expenditure of as little power as it could be. This implies that the power
requirement should be minimized for a given cooling load. Most of the refrigeration de-
mand of the world is largely dependent on the reverse-Rankine cycle particularly called
the vapor-compression refrigerator (VCR). VCR was first developed in the latter part of
the 19th century based on the phase change process of Chlorofluorocarbon (CFC) or
hydrochlorofluorocarbon (HCFC) fluids. In a single-stage, VCR produces a cold end tem-
perature below 230 K, provided an appropriate refrigerant is used. The VCR currently
exists at the saturated technological level and is suited for household applications. Al-
though VCR is an efficient technology, especially for moderate temperature refrigeration
applications, its environmental concern resulted in different scenarios.

3
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In the year 1987, a protocol was signed in U.K. with an objective to protect the ozone
layer from further depletion by CFC emission. This protocol is called Montreal protocol
and it stated that CFC group of refrigerants, which is the main culprit for ozone layer
depletion should be banned by the year 2010 [134]. The other related protocol signed in
the year 1997 called Kyoto protocol, aimed to prevent global warming due to the use of
HCFC/CFC refrigerants. Annual global direct and indirect CO2-equivalent emissions from
greenhouse gas emissions for residential and commercial air conditioning (A/C) systems
in 2010 is shown in Fig. 1.1.

Figure 1.1: Estimated global GHG emissions from air-conditioning systems in 2010 [97].

Now days, as a result of Montreal protocol, shifting of refrigerating gases from CFC to
hydrofluorocarbon (HFC) gases and increased in demand of refrigeration have raised
the consumption of HFC gases. Global warming potential (GWP) of fluorinated-gases is
many times greater than that of carbon dioxide (CO2) [161]. Then, emissions of fluori-
nated greenhouse gases mainly HFC gases, which are used as replacements for ozone-
depleting substances (CFCs), have risen sharply since 1995. The rapid increase in HFC
gas emissions coupled with their global warming potential (GWP) has led to increased
worldwide attention to monitoring emission levels and subsequently regulating the use of
fluorinated-gases [156]. Several policies and regulations are being approved to control
the working fluids used in existing and future installations. The Kigali Amendment (KA)
to the Montreal Protocol agreed upon in October 2016 and which entered into force on 1
January 2019 is a global agreement to phase down and almost eliminate the consumption
of HFCs by 2050 [122].

The refrigeration, air conditioning and heat pump industry is a significant contributor to the
climate change through its associated direct and indirect greenhouse gas (GHG) emis-
sions [155]. The major share of fluorinated gases (about 99%) is used for refrigeration
and air conditioning systems, from the total consumption for cooing approximately 75%
of F-gases is used for refrigeration and stationary air conditioning and 25% is used in
mobile air conditioning [156].

Recently, in addition to the effort to improve the working condition of VCR through re-
placement of HFC gases, two global challenges (overall global warming and continued
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increase in demand for refrigeration in almost all parts of the world) have pushed the en-
gineering community to search for alternatives to vapor-compression refrigeration. Non-
vapor compression technologies, at the intersection of better energy efficiency and GWP
reduction, provide potential value for both direct and indirect emissions reduction oppor-
tunities as one important piece of the long-term solution (see Fig 1.2). In consistent with
this, it is emphasized that the utilization of environmentally safe fluids and improved en-
ergy efficiency leads to a number of new refrigerants that are under consideration and
to the introduction of new technologies including Stirling refrigerators [21]. The Stirling
cycle refrigerating machine is a member of family of closed-cycle regenerative thermal
machines, including Stirling engine, heat pumps, and refrigerators and collectively known
as Stirling cycle machines. Stirling refrigerator is a reversed Stirling cycle or family of
gas cycle refrigerators. The working fluid is a gas that is compressed and expanded
but does not change phase in this Stirling cycle refrigerator. The development of Stir-
ling refrigerators for moderate temperature application is one of the technologies that
was brought from the concern about the use of CFC refrigerants and their effect on the
environment. These machines theoretically have the highest efficiency possible for any
practical thermodynamic system, and thus become a potential alternative to the existing
vapor-compression refrigeration system.

Figure 1.2: Elements of sustainable, low emissions cooling systems [118].

Refrigerators use mechanical energy to drive heat from a low-temperature source to a
high-temperature sink, and the Stirling machine is one of these which can be used for
this purpose. Stirling refrigerators are one type of mechanical refrigerators that have the
potential of being researched. The Stirling cycle machine uses mostly working fluids (air,
helium, hydrogen) contained in a closed system. Through reversing the cycle, the Stirling
engine can operate as a refrigerating machine or heat pump. The first mention of the
operation of the Stirling engine as a refrigerating machine dates back to J. Herschel’s
works in 1834, and the first refrigerating machine was built by Kirk in 1874 [1].
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1.2/ MOTIVATION

In spite of great scientific strides over the last century, the most widely used refrigeration
technologies used today are the same as those used for the last century. Though Stirling
refrigerators were proposed since the mid-1800’s [15], they still have a limited com-
mercial use for domestic refrigeration and air-conditioning. The number of researches
made on Stirling refrigeration for domestic temperature (near to ambient) applications
are very few as compared to studies made about the Stirling engine and Stirling cry-
ocooler. A major reason for the limited researches in the area of Stirling refrigerators is
that vapor-compression refrigerators are already in use due to their better performance
and convenience as they approach perfect design conditions, and the necessity to de-
velop other refrigeration systems is limited if the GWP of refrigerants is not taken into
account. However, currently increasing public and government concern at the impact of
CFC/HCFC refrigerants on the ozone layer of the Earth has got attention to the search
for alternatives to the present vapor-compression refrigerating systems. This social con-
cern leads to unparalleled opportunities for the research and development of moderate
temperature Stirling cycle refrigerating machines for the application of household and
commercial purposes. Generally, the environmental concern on one side and the highest
theoretical coefficient of performance of reversed Stirling cycle on the other side as well
as the availability of limited researches on the area lead to the initiation of this research.
On the other hand, for Stirling refrigerators with moderate temperature, where there is
no need for high working temperature and pressure as that of Stirling engine, the mass
production cost could be reduced significantly and could easily be applied. Nowadays,
researches are conducted in this area and great promise in improvement of performance
has been recorded. Still, further engineering researches are needed to make such re-
frigerators sufficiently reliable, less expensive, and efficient to be used regularly for many
other potential application areas.

1.3/ OBJECTIVES

The general objective of this research work is to model, study and design an optimal
regenerative Stirling machine for domestic refrigeration using air as working fluid.

The specific objectives are to:

• develop a mathematical model that best suits for Stirling cycle refrigerating machine
with inclusion of all relevant losses,

• simulate the mathematical model using an appropriate simulation tool,

• validate the mathematical model using experiment and other previous researches
in the area,

• investigate the effcet of various losses as a function of operating and design param-
eters,

• conduct parametric optimization for optimum cooling performance.
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1.4/ THESIS STRUCTURE

The thesis is divided into 5 chapters.

The first chapter gives a brief introduction to refrigeration technologies, motivation, objec-
tives of the thesis as well as the scope of the research.

Chapter two briefly presents the Stirling cycle refrigerating machine. In this chapter, the
working principle of the Stirling refrigerating machine, its configurations, driving mecha-
nisms, low-temperature Stirling cycle coolers, and moderate temperature Stirling refriger-
ating machine are reviewed. The review also tries to investigate the main thermodynamic
and parametric criteria as well as the modeling techniques that were considered to design
the refrigerating machine for different applications. Finally, research gaps are identified.

Chapter three describes and presents the developed numerical model (modified simple),
starting the analysis from an ideal adiabatic model, and describing the method of solution,
validation as well as some simulation results. The modified simple model is developed for
a Beta-type Stirling refrigerator using air as working fluid.

In Chapter four, parametric optimization has been presented for some operating and ge-
ometric parameters. Furthermore, combination of optimized parameters have been pro-
posed for optimum cooling performance.

Finally, in chapter five, general concluding remarks about the findings and proposed future
works are presented.





2
LITERATURE REVIEW

2.1/ INTRODUCTION

Stirling cycle machine is a type of closed thermodynamic cycle machine invented in 1816
by Robert Stirling as a heat engine to convert thermal energy to mechanical energy. The
air was used as a working fluid to replace the steam engine since they were prone to life-
threatening explosions. The Stirling refrigerator, which is the counterpart of the Stirling
engine was first recognized in 1832 [6]. The system was practically realized in 1862 when
Alexander Kirk built and patented a closed cycle refrigerator based on Stirling cycle [1].
Until 1949, it was reported that very little development of Stirling refrigerators occurred,
when the Philips Company in Holland ran a Stirling engine in the reverse direction by
a motor and found that it liquefied air over the cold tip [2]. In the year 1971, Beale
stated that Stirling cycle machines could be used for both work producing or refrigerating
machines by reversing the cycle [8]. Therefore, Stirling cycle machine in this review is
mostly dedicated to Stirling cycle refrigeration machine [154].

Devices using the Stirling cycle are still expensive to construct due to limited production
volume and the working condition (high temperature and high pressure especially in case
of Stirling engine) that demands special materials and relatively high technology. Nu-
merous researches have been conducted on Stirling machines especially about Stirling
engines and Stirling cryocoolers for almost a century. The results reveal that the effi-
ciency and performance improvements have been recorded and are still showing great
improvement for Stirling engines and cryocoolers and wider applications are considered.
Cooling by using Stirling cycle machine is rarely used at moderate/ambient temperatures
for domestic or commercial refrigeration. On the other hand, for Stirling refrigerators with
moderate temperature, where there is no need for high working temperature and pres-
sure, the mass production cost can be reduced significantly as compared to a Stirling
engine.

A major reason for the limited application of Stirling refrigerators is that vapor
compression-type refrigerators, which are already functioning in household refrigerators,
approach very high performances conditions, and the necessity to develop other refrig-
eration systems is limited is the GWP of refrigerant is not taken into account. For this
reason, the number of researches conducted on the Stirling refrigeration for moderate
temperature (near to ambient) applications are very few as compared to studies made
about Stirling engine and Stirling cryocooler.
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2.2/ CONFIGURATION AND DRIVING MECHANISMS

2.2.1/ GENERAL

The main parts of a Stirling cycle machine are the piston, the displacer, the cylinder, the
heat exchangers (heater, cooler and regenerator), and the crank mechanism as seen in
Fig. 2.1.

• The heater, which must accept heat from a high temperature source and then trans-
fer this heat to the engine working fluid .

• The regenerator, which ideally stores the heat received when the hot working fluid
flows from the hottest to the coldest space of the cycle, and then releases this stored
heat during the reverse flow.The regenerator is the most important component of a
Stirling engine. It is the heat exchanger in which the highest heat is transferred
within a cycle.

• The cooler that removes the heat in the cold side of the engine before the compres-
sion of the working gas.

The systematic understanding of component configurations, common drive systems and
their possible combination for Stirling cycle refrigeration is vital to develop appropriate se-
lection criteria to use the machine for different applications. The Stirling cycle refrigerating
machine can be classified based on their piston-cylinder configurations or based on the
drive systems that ensure appropriate flow of working gas. Many different combinations
of configuration and driving mechanisms are proposed for different applications [144].
Therefore, in this part of the review, we try to go through the various common arrange-
ments of the Stirling cycle refrigeration systems and the associated researches done so
far.

2.2.2/ CONFIGURATION

Stirling machines have a wide range of applications by varying their configuration. The
mechanical configurations of Stirling cycle refrigeration machines are exactly similar to
Stirling engine. Numerous designs of Stirling cycle machine exist but the following com-
mon elements shall be identified:

• A closed system containing a fixed mass of gas.

• Compression and expansion spaces with the volume of gas, which are controlled
by a piston-cylinder arrangement. The enclosed working fluid flows in alternate
directions between two interconnected gas spaces, at different temperatures, which
is controlled by changing the succession volume.

• A displacement arrangement to shuttle the working fluid back and forth between the
hot end and cold end gas spaces.

• A regenerator connecting the heater and cooler of the machine. The processes
of heating and cooling are noticeably improved by the regenerator which generally
consists of a matrix of fine wires or simply annular gaps made by winding foil.
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Figure 2.1: Main components of a Stirling machine [123].

• Heater and cooler for transferring heat to and from the cycle or they could act as
heat reservoirs. Heater and coolers could be named as chiller and hot heat ex-
changer in case of refrigerating machines.

The basic parts of a Stirling cycle machine are the piston, the displacer, the cylinder vol-
umes, the heat exchangers, and the crank mechanism [109]. The Stirling cycle machines
are generally divided into three groups based on piston and piston/displacer-cylinder ar-
rangement such as the Alpha, Beta, and Gamma configurations [4, 18, 20]. All config-
urations are working with the same thermodynamic cycle but with different mechanical
design. The three configurations of the Stirling cycle machine could be described as:

1. Alpha configuration: two pistons in separate cylinders connected in series by a
heater, a regenerator and a cooler [55, 70, 77, 94, 129]. The configuration of Al-
pha Stirling refrigerator is shown in Fig. 2.2. In this configuration, a displacer is
not used. Both pistons need to transfer work and the piston-cylinder contact space
is sealed to maintain the working gas at relatively higher pressure. The two pis-
tons are arranged to move uniformly in the same direction and provide constant-
volume heating or cooling processes of the working fluid. Based on different drive
mechanisms, Stirling machines with Alpha configuration are found more suitable for
medium and high-temperature difference applications [144]. Similarly, it is reported
that Alpha type engine configurations are not suitable for low-temperature difference
(LTD) applications [80]. This is because there is a direct relation between the op-
timum compression ratio and the temperature ratio and Alpha configuration Stirling
machines have higher compression ratio.

2. Beta configuration: unlike the Alpha configuration, the Beta configuration Stirling
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Figure 2.2: Alpha configuration for Stirling refrigerator.

machine has a single power piston and a displacer enclosed within a single cylin-
der [44, 105, 130]. A Beta configuration Stirling refrigerator is shown in Fig. 2.3.
The main task of the displacer is to displace the working fluid and shuttle it be-
tween the compression space and the expansion space through the series of heat
exchangers. From the patent drawing of 1816, it is shown that the Stirling machine
first configuration was a Beta configuration. Egas and Clucas [144] reported that
Beta configuration Stirling machines could be used conveniently from low to high-
temperature differential applications according to different drive mechanisms with
the crank drives more preferred from low to moderate temperature and rhombic
drive mechanism more applicable from moderate to the high-temperature differ-
ence. This due to the fact that Beta configuration have relatively moderate com-
pression ratio.

Figure 2.3: Beta configuration for Stirling refrigerator.

3. Gamma configuration: Gamma Stirling cycle machines have the same piston and
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displacer configuration [141] as Beta type Stirling machines. Unlike the Beta con-
figuration, the power piston and the displacer are arranged in separate cylinders. A
particular arrangement of Gamma type Stirling refrigerator is shown in Fig. 2.4. It
is reported that only Gamma configurations are suitably applicable for low and very
low-temperature differential applications [80, 144] due to lower compression ratio
driving system and which is associated to lower temperature ratio.

Figure 2.4: Gamma configuration for Stirling refrigerator.

2.2.3/ DRIVING MECHANISMS

To ensure the appropriate flow of working gas for the complete Stirling cycle, different
types of drive systems are identified. According to the different configurations of the ma-
chine and to facilitate movement of the gas in the system, Stirling refrigerating machines
are classified into kinetic, free-piston, pulse tube/thermoacoustic and liquid piston types.
Among these drive systems, the first three types are the most commonly used at the
different stages of the refrigeration system and discussed as follows:

• Kinetic driven mechanism: in kinetic drive mechanisms, the mechanical piston and
piston/displacer are driven by kinetic drive mechanisms such as the simple crank-
slider, Ross-yoke, rhombic drives, swash-plate and others as shown in the Fig. 2.5.
The movement of the working gas in the Stirling machine is controlled by these
mechanisms. The drive system is designed in such a way that the piston at the cold
end should always move leading the piston in the hot end. All kinematic Stirling
machines, no matter what the arrangements are, face several significant engineer-
ing design challenges which may affect the effective application to any commercial
success. Mechanical friction may be one challenge. The crank driven Stirling re-
frigerator with a Beta configuration is shown in Fig. 2.6.

• Free piston Stirling machine: in response to the shortcomings of the conventional
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Figure 2.5: Kinetic drive mechanisms used for Stirling machines: (a) crank-slider drive;
(b) rhombic drive; (c) swash-plate drive; and (d) Ross-yoke drive [126].

Figure 2.6: Stirling cooler with kinetic drive mechanism [140].

kinematic Stirling machine, in the year 1964 William Beale invented the free-piston
Stirling engine (FPSE) [7]. The mechanical pistons do not have any mechanical
linkages therefore the crank mechanism is eliminated (see Fig. 2.7, 2.8, and 2.9)
and replaced by gas springs and metallic springs in the free-piston Stirling machine
[10]. The movements of the pistons are self adapted to the required conditions
by using appropriate piston-spring resonant mechanisms or pneumatic force. The
thermodynamic process is strongly coupled to the piston-spring pneumatic force
action. It is simple, compact and long life but it has some limitations such as a
less predictable motion of moving parts and performance. Small free-piston Stirling
refrigerators are widely used for the cooling of cryogenic infrared sensors.

• Pulse tube refrigerators (PTR): The moving displacer in the kinetic and free piston
Stirling refrigerators has limitations.The displacer creates vibration, has a short life-
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Figure 2.7: Free piston configuration.

Figure 2.8: Free piston configuration [10].

time, and leads to axial heat conduction and to shuttle heat losses. In a pulse tube
refrigerator, the mechanical displacer is removed and oscillating gas flow in the thin
tube produces cooling. This phenomenon is called pulse tube action. In the pulse
tube refrigerator, the displacer is eliminated and replaced by a pulse tube as shown
in the Fig. 2.10. The proper gas motion in phase with the pressure is achieved
by using phase shifters, such as orifice-reservoir, inertance tube, active displacer,
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Figure 2.9: Split free piston configuration [114].

etc. The reservoir is designed to be large enough that negligible pressure oscilla-
tion occurs in it during the oscillating flow. The oscillating flow through the orifice
acts as displacer in separating the heating and cooling spaces. For large indus-
trial systems, the mechanical compressor is replaced with thermoacoustic drivers
to give a refrigerator with negligible moving parts. The first pulse tube refrigerator
was discovered accidentally at Syracuse University in the mid-1960s [5].

Figure 2.10: Stirling type pulse tube refrigerator [86].

2.3/ OVERVIEW OF STIRLING REFRIGERATING MACHINE

A Stirling cycle refrigerating machine consists of two variable volumes (compression and
expansion) spaces at different temperatures and physically separated by the regenerator.
The presence of an economizer called the regenerator grouped Stirling cycle machine
as a regenerative machine. The working gas is alternatively compressed and expanded
by the power piston, while the displacer shuttles the gas back and forth between the
cold end, where heat is absorbed, and the warm end, where heat is rejected. When
the Stirling-cycle machine operates as a refrigerating machine, heat is lifted from the
cold zone during the expansion process and rejected to the hot heat exchanger duing
compression process as shown in Fig. 2.11. The work of expansion is lower than the
work of compression. Therefore, the net work input is needed in the refrigeration cycle
to compensate for the compression work. The cooling effect is shown in the expansion
space (see Fig. 2.12).

An ideal Stirling refrigeration cycle consists of four separate thermodynamics processes
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Figure 2.11: Schematic diagram of a Stirling refrigerator.

Figure 2.12: Refrigeration Stirling machine (Beta type) at cooling stage with nitrogen
asworking gas (FEMTO-ST laboratory) [121].
where: 1. Cold source heat exchanger (chiller) 2. Flywheeel 3. Hot sink heat exchanger

(water-cooling)

which are explained as follows (see also Fig. 2.13):

1. Isothermal compression (process 1-2): the working gas is compressed by the com-
pression piston isothermally at the hot end, hence rejecting heat to the hot space
called warm (hot) heat exchanger.

2. Constant volume heat rejection (process 2-3): both pistons or a piston and a dis-
placer move together to transfer all the working gas to the cold end of the refrigera-
tor(expansion space) isochorically through the Stirling regenerator. Heat is rejected
from the gas to the regenerator matrix as it passes through the regenerator, thus



18 CHAPTER 2. LITERATURE REVIEW

Figure 2.13: P-V diagram of the ideal Stirling refrigeration cycle.

lowering the temperature of the gas to that of the cold space. Heat is stored in the
regenerator matrix.

3. Isothermal expansion (process 3-4): the low-pressure working gas expands isother-
mally at cold end temperature, hence absorbing heat from the cold space via the
cold heat exchanger called chiller.

4. Constant volume heat addition (process 4-1): both pistons or a piston and a dis-
placer move together to transfer all the working gas to the hot end of the Stirling
refrigerator (compression space) isochorically through the regenerator. Heat is re-
stored to the gas from the regenerator matrix as it passes through the regenerator,
thus raising the temperature as well as the pressure of the gas to that of the hot
space and the cycle returns again to its initial position.

The surface delimited by the cycle represents the amount of net work input which must
be provided to the refrigerating machine.

The PV diagram of actual Stirling cooler is different from the ideal cycle (seen in Fig. 2.13).
The working volume of most real Stirling machines follow sinusoidal variation based on
the configuration and drive mechanisms. A 100 W capacity beta-type Stirling cycle cooler
designed, experimentally tested and the actual PV diagram of the operation have been
constructed [44]. The particular PV diagram for this Stirling cooler at a frequency of 13.3
Hz, cold head temperature of 233 K, and hot heat temperature of 303 K is shown in
Fig. 2.14.

The major components of the Stirling machine are presented as shown in Fig. 2.1 and
the motion of piston and piston/displacer with respect to time results in variation of the
volume of the two working spaces (compression space and expansion space) as seen in
the Fig. 2.15.
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Figure 2.14: P-V diagram of a particular real Stirling refrigeration cycle [44].

Figure 2.15: (a) Full operation Stirling refrigerating cycle and (b) Ideal time displacement
diagram. 1-2 : isothermal compression process 2-3 : constant volume heat rejection
(regeneration) 3-4 : isothermal expansion process 4-1 : constant volume heat addition
(regeneration).

According to the classical theory of thermodynamics, the performance of a Stirling cycle
machine is a function the following independent parameters [20, 18, 13]:

• Pressure of the working fluid.

• Speed of the machine.

• Phase angle between piston and displacer.
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• Ratio of the temperatures (compression and expansion temperatures).

• Ratio of the swept volumes.

• Volume and efficiency of the regenerator and heat exchangers.

Hence, the effects of such parameters have to be evaluated. Practically, the parameters
phase angle, ratio of temperature, ratio of swept volume and volume of the heat exchang-
ers must be selected at the design stage of the Stirling cycle machine.

Heat is transferred in or out of the working fluid in the Stirling cycle refrigerators during
all four phases of their operation, and their performance depends on the non-isothermal
heat exchanges performed reversibly or irreversibly. It should also be noted that the
regenerator is one of the most important components in a Stirling refrigerator. Namely,
the regenerator is typically the largest source of power loss in the system, due to friction
losses, imperfect solid-gas heat transfer, and axial heat conduction [103].

2.4/ THERMODYNAMIC MODELING TECHNIQUES

2.4.1/ GENERAL

The design and development of Stirling cycle refrigerators require an understanding of
the processes that govern the operation of the machine. Thermodynamic models enable
either to simulate the working processes within the Stirling machine or to optimize the size
of components of the machine such as cylinder volumes, heat exchangers dimensions,
regenerator, and piston and phase angle. This has promoted the development of different
analysis methods with different modeling methods. Different modeling methods have
different accuracy levels. The analysis methods for the Stirling machine can be classified
with different criteria. The criteria adopted in this research include a variety of Stirling
machine models and are based on the previous reviews [11, 16, 18, 49, 128, 139].
According to these criteria, the modeling techniques could be characterized into zero-
order, first order, second order, third order, and fourth order.

In general, the Stirling machine modeling techniques could also be grouped into three
levels of modeling based on their degree of complexity. These are:

• Ideal analysis estimates which may include zero-order and first-order models [38,
67, 128].

• The decoupled (second-order) analysis takes the outcomes of the ideal analysis
and improves the result, considering a selected number of main losses [65, 87, 89,
141, 159].

• The coupled analysis includes third and four order models and is based on a fine
discretization of the machine in different control volumes with all the main losses
[96, 106].
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2.4.2/ ZEROTH-ORDER MODELS

Empirical correlations are used to estimate the output of a machine in the zero-order
models considering the overall size of the Stirling machine. These zero-order models
are models based on experimentation and the empirical findings from experiments of the
Stirling engine [49]. The recommended way of estimating the power output of the Stirling
engine is to use the Beale number method that shows the power output is proportional to
the mean working pressure, operating operating frequency and volume of the machine as
described by Walker [13]. These types of models are usually used by engine designers
as a way of quickly estimating the power output for a set of specified parameters of the
engine [16].

The zero-order methods cannot be used for designing a new machine and calculating the
work and heat of the machine. They give quick overview of the overall performance and
enable to compare different technologies and machines.

2.4.3/ FIRST-ORDER OR APPROXIMATE DESIGN METHODS

First-order models also called approximate design methods are the simplest mathemat-
ical models. These models are used for a simplified and quick way of initial Stirling ma-
chine analysis and performance estimation [16]. The technique starts the calculation
of the cyclic power output with the assumption of idealized loss-free isothermal analy-
sis, and then a generalized correction factor that accounts for all the losses is applied to
calculate the estimated performance output. These performance correction factors are
determined from experience with a real machine. The first analysis of this kind was done
by Gustav Schmidt in 1871 for the case of sinusoidal volume variations in the expansion
and compression spaces [49].

Although the first-order models provide a way of estimating Stirling machine performance
(power output and cycle efficiency in case of the engine and cooling power and coefficient
of performance (COP) in case of cooling), they cannot be used as detailed design meth-
ods. Therefore, these methods are traditionally believed satisfactory only in evaluating
the feasibility of employing a Stirling machine for a given temperature range.

2.4.4/ SECOND-ORDER MODELS OR DECOUPLED METHODS

The second-order models begin with a simplified cycle analysis for the estimation of the
cyclic power and heat energy interactions. The cycle analyses are typically classified as
being either ideal-isothermal or ideal-adiabatic, different in the way in which heat transfer
is modelled for the expansion and compression space volumes. The modeling accuracy
improved further as they include the different losses existing in the process in these mod-
els. The major improvements of these second-order models, compared to the first-order
design techniques is that individual losses and their mechanisms are identified and de-
termined. Heat energy losses include regenerator imperfection loss, shuttle heat losses,
and conduction due to temperature difference. Power losses include fluid friction losses in
heat exchangers, mechanical friction loss, and (hysteresis) losses. The energy losses are
assumed to be decoupled from one another in all second-order models. Several authors
use this analysis [20, 65, 73, 80, 87, 89, 141, 159].
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Second-order modeling methods are further subdivided into three classes according to
the way the expansion and compression spaces are handled in the analysis. They are
modelled as either being isothermal, adiabatic, or semi-adiabatic [16]. These analysis
techniques were derived according to the heat transfer rate between machine the cylin-
der wall and working fluids. If heat transfer rate between cylinder wall and working fluid
is assumed infinite, it is called isothermal, if the rate of heat transfer is zero, it is called
adiabatic and on the other hand it is called semi-adiabatic if the heat transfer rate is
assumed finite. Isothermal model considers the system divided into 3 volumes: compres-
sion volume, regenerator and expansion volumes. So during compression and expansion
process there are heat exchange simultaneously which lead to isothermal processes by
temperature compensation. As a more realistic approximation to modeling the Stirling
cycle, the ideal-adiabatic cycle analysis, that assumes the compression and expansion
spaces are perfectly insulated surfaces [3]. The external heat transfer occurs only in the
heater and cooler sections.

It has been suggested that the standard Stirling cycle model should be the second-order
adiabatic model, as the working spaces in actual Stirling machines are adiabatic and not
isothermal [20]. The second-order models present a reasonable accuracy with a fast
solution and thus became appropriate for fast design stages and optimization studies.

Generally, the second-order models are numerical zero-dimensional models that have
sufficient accuracy for most cases. Moreover, they can be easily applied to various Stirling
engines/coolers. In other words, second-order models can be utilized to simulate every
type of Stirling engines/coolers with reasonable accuracy. On the other hand, due to
much lower computation time compared to third-order models, these models can be used
easily for design and optimization purpose.

2.4.5/ THIRD-ORDER MODELS OR NODAL DESIGN METHODS

Third-order analysis techniques increased the level of complexity and the accuracy of
prediction of outputs in the models. Third-order modeling, also known as nodal analysis,
follows three basic steps. These are:

• The Stirling machine is divided into control volumes or network of nodes.

• The differential equations of energy, mass, and momentum conservation, along with
the equations of state are written for each control volume.

• The differential equations are solved simultaneously using numerical methods is
conducted [16]. All of the third-order model analysis methods use finite difference
of the spatial derivatives to convert the partial differential equations to a system of
ordinary differential equations (with only time derivatives remaining).

Using the numerical solutions in this third-order modeling, it is possible to determine
instantaneous velocity, pressure and temperature of the working fluid at each working
space (compression and expansion chambers and the heat exchangers). These analy-
ses describe more precisely thermal and hydrodynamic processes that take place in the
Stirling engines [58, 151].

Generally, the third-order models can also be based on the Computational Fluid Dynam-
ics (CFD). In this case third-order models suffer from some limitations, including the high
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computational cost and the lack of generality that makes it impossible to be used to sim-
ulate every type of the engine. Instead, the third-order models should be developed for a
specific type of engine, and the results cannot be extended to other engines.

2.4.6/ METHOD OF CHARACTERISTICS

The method of characteristics solves systems of nonlinear partial differential equations of
hyperbolic type by determining characteristic curves for the equations. The characteristics
curves are used to transform the partial differential equations into a system of ordinary
differential equations that are valid only along the characteristic curves. Little has been
done on this level of analysis. This is because the third-order analysis is faster and for the
most part has been an adequate engineering tool. However, to improve efficiency further
it is capable of determining flow losses and pressure drops and it can show exactly how
the gas is heated up and cooled down and helps to make heat exchangers more efficient
by optimizing flow conditions, pressure drops and heat transfer [49]. This method has
been used successfully in the study of compressible gas flow and has been applied to
the analysis of one-dimensional, unsteady flow in the Stirling machine.

2.5/ REVIEWS ON STIRLING CRYOCOOLERS (LOW TEMPERATURE)

2.5.1/ GENERAL

In the previous years, the cryocoolers with Stirling cycle advanced rapidly because of
their high efficiency, low power consumption, light weight, small size, fast cool-down, and
high reliability etc. Because of the increasing demand for cryogenic temperatures below
120 K since the middle of the 20th century, lots of studies were conducted and resulted
in a wide variety of application areas. The major applications of cryocoolers for several
years were used for the military to cool infrared sensors to about 80 K and for tactical
uses in tanks, airplanes and missiles [40]. The high capacity cryocooler working below
30 K cooling temperature finds lots of applications including superconducting motors, su-
perconducting cables, and cryopumps. The cryocooler technology is extremely applied
in energy, medical, and aerospace areas [51, 60, 69, 104]. This is mainly fostered with
the advancement of high-temperature superconductor (HTS) materials and technological
advancement. The requirements imposed in each of the above listed applications have
been difficult to meet and have been the motivation for considerable research and devel-
opment in the area of cryocoolers since the past decades. Different kinds of cryocoolers
are frequently experimented in laboratories and resulted in continual improvements in
the performance and reliability and implementation for commercial and space applica-
tions [72].

It is reported that the gas cycle refrigeration systems, including the Stirling refrigerator,
has the highest cycle efficiency at lower source temperatures [29]. This argument leads
to the fact that Stirling cycle refrigeration is more effective for cryogenic applications. This
is because in Stirling coolers low temperatures could be obtained rapidly, which increases
its effectiveness as compared to other alternative refrigerating technologies. Stirling re-
frigerators are well established in the cryogenic temperature range and found to be the
system of choice in the miniature closed cycle. Stirling cycle machines are used for
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cryogenic applications with the cooling capacities ranging from fractions of a watt to 30
kW and in further research their performance and cooling range have been improved
for the last decades. The landscape shown in Fig. 2.16 demonstrates the temperature
and cooling power capabilities of available technologies with the temperature and cool-
ing requirements of various applications that operate at cryogenic temperatures [74]. It
shows the temperature and cooling power capabilities of available technologies and over-
lays with the temperature and cooling requirements of various applications that operate
at cryogenic temperatures. The working fluid is invariably gaseous with hydrogen and
helium gases as the more preferred fluids because of their favorable thermodynamic and
transport properties.

Figure 2.16: Landscape of cooler types (bold typeface) and applications [74].

2.5.2/ KINETIC DRIVEN STIRLING CRYOCOOLERS

The kinematic Stirling cryocoolers driven by crank-shaft mechanisms can generate a
higher system efficiency [125]. This cooler was designed for a cooling capacity of 4
W and to operate at cryogenic temperatures of 77 K. Stirling refrigerators have been put
to practical use in the fields of superconduction and space engineering for low cooling
capacity cryocoolers, in order to obtain temperatures in the range of 10-15 K [44]. It is
reported that mechanical cryocoolers represented a significant enabling technology for
NASA’s earth and space science enterprises [60].

Researchers applied different analysis techniques to design the Stirling cryocoolers and
come up with different results. Microcomputer simulation for Stirling cryocoolers was de-
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veloped using isothermal assumption in compression and expansion volumes [22]. The
performance of Stirling cryocoolers has been analyzed by considering an adiabatic model
for compression and expansion spaces [23]. It is reported that the Stirling cryocool-
ers are divided and studied as either fully isothermal (for constant volume process) or
fully adiabatic (compression space and expansion space) and a numerical model was
developed [31]. Narasaki et al. [51] developed a two-stage Stirling cryocooler and exper-
imented it for an infrared astronomical satellite. The researchers reported the design of
the cooler and the experimental results including cooler performance, vibration, thermal
vacuum, and lifetime tests. The Stirling cycle cryocooler with a low-cost, high-capacity
was studied to meet different cryogenic system applications [95]. In the study, a cold end
temperature near to 50 K was reported.

In the year 2002, Tyagi et al. [46] applied the concept of finite-time thermodynamics to
study the effect of internal and external irreversibility for Stirling and Ericsson refrigerator
at different operating conditions. Further, the researchers developed a thermo-economic
optimization mode in the year 2004, to maximize the cooling load per unit cost of the sys-
tem using finite time thermodynamics for an irreversible Stirling cycle cryogenic refrigera-
tor [53]. In this research, the authors considered external irreversibilities due to the finite
temperature difference between the system and the external reservoirs and the internal
irreversibilities caused by the regenerative heat loss. A high power Stirling cryocooler has
been analyzed through a numerical simulation using the SAGE software [98] and a result
showed the cold head could reach a no-load cooling temperature of 38 K and a cooling
capacity of 1012 W at 77.35 K with a power supply of 7.72 kW. A mathematical model
has been developed based on thermodynamic theory to evaluate the lifetime of the split
Stirling refrigerator [91]. In the same year, Stirling cryogenic refrigerator cycles were ana-
lyzed including both internal and external irreversibilities by a multi-objective optimization
technique [87]. The optimization work includes reduction of the input power with maxi-
mization of the cooling load and the coefficient of performance (COP). Li and Gorsu [132]
developed an isothermal model for a Stirling cryocooler by considering various losses
at the same time. A high cooling capacity single-stage Stirling cryocooler driven by the
kinetic driving system was developed and studied systematically [140]. The researchers
found a cooling capacity of 700 W at 77 K and a relative Carnot efficiency of 18.2 % as
shown in Fig. 2.17. A CFD model has been developed and validated using experimental
work, to investigate the effect of various parameters for the purpose of developing an ef-
ficient miniature alpha type Stirling cooler capable of cooling to a temperature lower than
−40 oC [129].

The effect of operational and geometrical parameters on the performance of the cooler
has been studied by different researchers and the associated losses were described. Nie
et al. [71] pointed out that in the micro/nano scaled Stirling refrigeration devices, the sur-
face area of the system (boundary) has a major effect on the refrigeration heat and COP
that in addition to other parameters. An optimal performance of regenerative cryocoolers
have been analyzed by considering the losses due to imperfect regeneration and viscous
dissipation in the year 2011 [81]. Results revealed that optimum performance could be
found at large warm space to the regenerator void volumes ratio. Li and Grosu [132]
investigated the effects of various parameters on cooling performance of the Stirling cry-
ocooler and found that the biggest heat loss was due to conduction loss and the biggest
work loss was due to the mechanical friction loss. The researchers also described the
trend of the input power, cooling power, and COP variation with the phase shift between
displacer and piston as seen in Fig. 2.18. The parametric study confirmed that a phase



26 CHAPTER 2. LITERATURE REVIEW

Figure 2.17: Cooling power and relative Carnot efficiency versus charging pressure [140].

angle of 90o and a regenerator porosity of 50 % would be desirable for the optimum per-
formance of the investigated Stirling cooler, different from the higher porosity typically
applied to Stirling engines [129].

Figure 2.18: Input power, cooling power, and COP trend vs phase shift between displacer
and piston [132].

2.5.3/ FREE-PISTON STIRLING CRYOCOOLER(FPSC)

The free piston configuration, which was initially designed by W. Beale in the late 1960’s,
is one of the most novel applications of the Stirling cycle machine [7]. Ackermann [14]
described the phasor analysis to analyze and understand the operation of free-piston Stir-
ling cryocoolers. Park et al. [45] tested the performance of free piston/free displacer type
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Stirling cryocoolers and investigated the effect of operating parameters on the cooling
performance. In the year 2003, the authors further evaluated the effect of the phase shift
between the piston and displacer through experiments [48]. [47] conducted a dynamic
analysis of small free-piston-type Stirling refrigerator to understand the characteristics
of the refrigerator using an isothermal thermodynamic model. A two-dimensional ax-
isymmetric Computational Fluid Dynamics (CFD) model was developed to characterize
the thermodynamic losses for cryocooler application [62]. Theoretical and experimental
studies were conducted to evaluate the phase shift characteristics including displace-
ment, pressure and expansion phase difference for free piston and free displacer Stirling
cryocooler [68]. Due to its attractive virtue of compact size and having high thermal effi-
ciency, the free piston Stirling cryocooler (FPSC) was reported a good candidate for high
cooling capacity ranging from 80 K to 120 K applications [99].

In recent years, many researches have been conducted on high-capacity single-stage
free piston Stirling cryocoolers. These cryocoolers could supply several hundred watts of
cooling power at around 77 K, but the lowest temperature is difficult to reach. A numerical
model was developed based on the thermoacoustic principle to optimize a two-stage free
piston Stirling cryocooler system which could operate below 30 K [110]. The researcher
reported that a cooling power of 141 W at 77 K in the first stage and 60 W cooling power at
30 K in the second stage were achieved simultaneously using PV power of about 2.23 kW.
Experimental work was conducted on a two-stage free piston Stirling cooler so as to fulfill
the necessity of the high temperature superconductor (HTS) motor applications [126]. A
lowest cold head temperature of 27.6 K was reported with an input electric power of 3.12
kW and a mean pressure of 2.58 MPa.

A new concept that uses a pair of metal diaphragm was proposed to seal and suspend
the displacer for free-piston Stirling cryocooler using SAGE modeling tools and a pro-
totype was constructed [114]. The researcher achieved a cryogenic temperature and
reported a no-load temperature of 56 K and a cooling load of 29 W at 77 K. Caughley et
al. [113] constructed CFD model as a tool to understand the underlying fluid dynamics
and heat transfer mechanisms that happened inside a diaphragm Stirling Cryocooler with
the aim to improve the performance. The results of CFD analysis showed good agree-
ment with experimental values and also highlighted possible areas of improvement such
as increasing the length of the warm heat exchanger to achieve relatively better cooling
performance. Furthermore, the model showed that the gas was found the coldest and at
the highest velocity in the center of the expansion space.

2.5.4/ STIRLING TYPE PULSE TUBE CRYOCOOLER (SPTC)

The basic Pulse tube refrigerator was first described with experimental models in the year
1964 [5]. After it was first perceived in the mid-1960s, pulse tube refrigerator has been
an academic interest until the middle of 1980s as the demand for cryogenic temperature
steadily increases [40]. Since then, improvements in its efficiency have been increased
rapidly. Mikulin et al. [19] included an orifice tube inside the pulse tube close to the warm
end and obtained a cooling temperature of 105 K. Shaowei et al. [24] introduced the con-
cept of double Inlet Pulse tube refrigerator. Mathematical investigation and experimental
findings have confirmed that the double inlet pulse tube cooler has higher performance as
compared with the orifice pulse tube refrigerator. It was reported that on the heels of basic
research, commercial developers are harnessing acoustic processes in gases to make
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reliable, inexpensive engines and cooling devices with no moving parts and a significant
fraction of Carnot’s efficiency [32]. Since there is no or only one moving part in pulse tube
refrigerators, the different arrangements of these refrigerators such as an orifice, double
inlet, and inertance tube, pulse tube refrigerators were considered as superior to most
other Stirling refrigerators [19, 24, 27, 54].

The performance of a pulse tube expander was experimentally investigated [43]. Tward
et al. [52] developed a high capacity miniature pulse tube cryocooler which could pro-
vide large cooling power for space application over a range of temperatures. Based on
efficiency, maintainability, operational flexibility, the feasibility of integration and perfor-
mance/cost ratio criterion, pulse tube refrigerator was found to be applicable for HTS
from 20 K to 77 K temperature ranges [50]. Zia [57] described the rapid evolution of pulse
tube cryocooler from a laboratory-based prototype to a commercial offering that produces
cooling of 200 W at 80 K.

Yuan et al. [56] developed a thermodynamic model for single stage Stirling type pulse
tube cooler and constructed a prototype for experimentation. The researchers’ test result
showed the cooler reached a lowest no-load temperature of 37 K within 30 minutes and
a cooling capacity of 50 W at 55 K with an input power of 3.4 kW. The researchers
further reported that at 80 K of cooling temperature, 11% Carnot efficiency has been
obtained. The design and fabrication of large capacity, single stage, Stirling type, Pulse
tube refrigerator(PTR) was developed followed by a sequence of design modifications
which have been focused on the optimization of the flow transition [59].

An experimental investigation was conducted and a numerical model was developed us-
ing the SAGE software to understand the origin of parasitic streaming in the regenerator
of Stirling-type pulse tube cryocooler [61]. Zhu et al. [79] introduced a nodal numerical
model for the simulation of the pulse tube Stirling machine. It has been reported that
two single-stage high-frequency coaxial PTCs, with each of them reaching a cooling tem-
perature lower than 30 K and input power of less than 250 W have been designed and
tested [78]. It has been further explained that for single stage PTC, optimization with
both double-inlet and inertance tube is of crucial to achieving temperature below 30 K. A
single-stage high-frequency multi-bypass pulse tube cryocooler(PTC) was designed and
experimentally tested [84]. The researchers reported that a single-stage multi-bypass
PTC achieved the lowest temperature of 18.6 K with an input power of 268 W, and it was
the lowest temperature reported so far with single stage PTC. In the same year, the au-
thor designed and tested a single stage Stirling type pulse-tube cryocooler by optimizing
the regenerator and a new lower temperature of 15.5 K has been recorded [85]. The new
optimized design was reported as it could deliver a cooling power of 386 mW at 20 K
for an input power of 246 W which was found to be comparable to the two-stage Stirling
pulse tube cryocooler with the same input power.

A three stages high frequency pulse tube cryocooler (HPTC) has been developed, and
a no-load temperature of 3.6 K has been reported using helium-4 as working gas [142].
The temperature found from the research has been reported as the lowest temperature
found for high frequency pulse tube cryocooler. The researcher has made four improve-
ments (on compressor, regenerator material, intertance tube and on cold inlet structure)
to optimize the design. [119] designed a pulse tube cryocooler to suit the demands of
small liquid natural gas (LNG) distribution stations which could work at a temperature of
120 K, cooling power of 1.2 KW and a relative Carnot efficiency greater than 20 %. The
researchers pointed out that one-third of the acoustic work is dissipated in the inertance
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tube and resulted in efficiency deterioration.

Zhou et al. [111] developed a high frequency coaxial single stage like structure and multi-
bypass PTR which could achieve a no-load temperature of 13.9 K at an input power of
250 W. [127] established a two-dimensional axis-symmetric CFD model of a miniature
coaxial Stirling pulse tube cooler. A numerical simulation was conducted for an inertance
tube PTR by removing the dissipative inertance tube and reservoir and replacing a mass-
spring displacer directly coupled to a compression space with an objective of recovering
power dissipated [124]. From the simulation result, researchers concluded that the COP
could be significantly improved due to the extra power recovered by the mass-spring dis-
placer. Theoretical analyses and modeling were conducted to evaluate the dynamic and
thermodynamic characteristics of moving-coil linear compressor in the inertance tube Stir-
ling pulse tube cryocooler [116]. The researchers deduced the characteristics governing
equations. To verify the theoretical analyses and modeling conducted [116], experimen-
tal investigations were carried out in the same year [117]. A better efficient cascade
cryocooler was analyzed and experimentally tested, that is capable of recovering most
of the expansion work wasted as heat in a pulse-tube cryocooler [140]. A modified type
pulse tube refrigerator was proposed numerically to reduce the direct current gas losses
that could have an impact on cooling power in the orifice type pulse tube refrigerator by
introducing an additional compressor [135].

The effect of the regenerator and pulse tube length on the efficiency of a pulse tube
cryocooler was analyzed [92]. The effects of geometrical parameters of the linear com-
pressor on the performances of Stirling-type pulse tube cryocooler were mathematically
investigated and some experimental work was performed [117]. Tang et al. [138] ana-
lyzed a double-inlet pulse tube refrigerator focusing on the interaction between Gedeon
streaming and the local temperature. Experimental work was conducted and a 32 %
cooling efficiency improvement was found for a cascade cryocooler as compared with a
traditional single-stage pulse-tube cryocooler [140]. In the report on these cascade pulse
tube cryocoolers, the second stage cooler covered around 18.1 % of the overall cooling
power. A cold end temperature of 98 K was achieved by a modified pulse tube refrigerator
based on the CFD simulation [135], whereas a simple orifice type pulse tube refrigerator
with the same dimension reached a cold end temperature of 130 K.

Hu et al. [92] reported that the pulse tube cryocooler could offer 520 W of cooling power at
a cooling temperature of 80 K with a relative Carnot efficiency of 18.2%. Zhou et al. [111]
developed a pulse tube refrigerator that could be a potential choice especially for small
cooling loads at a low temperature such as 31.3 K and 20 K for 50 W and 100 W power
inputs respectively. Zhao et al. [127] analyzed and calculated the different types of re-
generator losses, and reported that the pressure drop is dominant for most regenerator’s
length and decrease monotonously from warm space to cold space. Double-inlet pulse
tube refrigerator was simulated to analyze the impact of Gedeon streaming on the effi-
ciency of the machine [138]. The short summary of research findings about Stirling cycle
cryocooler is shown in Table 2.1.
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Review summary of Stirling cooler performances.
Author Method Main Findings Remark

[98] Numerical sim-
ulation

A no-load temperature of 38
K & 1012 W at 77.35 K with
a PV power of 7.72 kW

Kinetic
drive

[140] Experimental
test

A cooling power of 700 W at
77 K & a relative Carnot ef-
ficiency of 18.2% has been
achieved

Kinetic
drive

[132] Isothermal
model

The biggest heat loss is con-
duction loss & biggest work
loss is the mechanical fric-
tion loss

Kinetic
drive

[129] CFD modeling
& testing

The optimum performance
found at phase angle of 90o

and a regenerator porosity
of 50%

Alpha
kinetic
drive

[110] Numerical opti-
mization

141 W at 77 K in the first
stage & 60 W at 30 K in the
second stage at input power
of 2.23 kW

FPSC

[124] Numerical & ex-
perimental

A lowest temperature of
27.6 K with an input power
of 3.12 kW & a mean pres-
sure of 2.58 MPa

FPSC

[85] Design & test-
ing

Lowest temperature of 15.5
K & 386 mW/20 K cooling
power at 246 W input power

Single
stage
SPTC

[142] Design & test-
ing

Lowest temperature of 3.6 K
& 6 mW/4.2 K cooling power
at 250 W input power

Three-
stage
SPTC

Table 2.1: Review summary of Stirling cooler performances.

2.6/ REVIEWS ON MODERATE TEMPERATURE STIRLING REFRIG-
ERATING MACHINE

Due to its adiabatic behavior, Stirling machine was generally considered as less effi-
cient for small temperature differences between the compression and expansion side.
However, STM has discovered ways to improve the efficiency considerably [30]. A pro-
totype free-piston Stirling refrigerator intended for domestic cooling was experimentally
tested and results were reported [25]. Gauger [29] reported that the gas cycle refrigera-
tion systems including the Stirling refrigerator have the highest cycle efficiency at lower
source temperatures. Berchowitz [26] discussed the impact of irreversibilities for mod-
erate temperature Stirling refrigerating machine with reference to the machine design.
The researcher reported the configuration of free-piston Stirling cycle refrigerating ma-
chine resulted in better performance than the crank driven Stirling refrigerating machine.
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The free piston Stirling refrigeration machines were found superior to the vapor com-
pression refrigeration machine for domestic purpose [28, 115]. The researchers further
described that the FPSCs are far more superior than the VCR in their respective COP.
Berchowitz [28] explained the development of free-piston Stirling refrigeration machine
would continue with noticeable achievements and they are expected to meet or exceed
the life time and reliability expectations of ordinary refrigerators while being cost compet-
itive. Based on the optimization work conducted in the year 1996, it was found that the
free-piston Stirling coolers together with super insulated cabinets and cold stores offer an
ideal combination for practical photovoltaic powered refrigerators [33].

The impact of finite-rate heat transfer and regenerative losses on Stirling refrigerators
cooling performance was investigated [34]. A finite time heat transfer analysis was also
conducted in the year 1998 for an air refrigeration cycle with non-isentropic compression
and expansion [37]. The researcher derived the relation between COP and cooling load
with pressure ratio. Chen [36] developed an irreversible cycle model to predict the perfor-
mance and the input power required for the Stirling refrigerator optimized on a specified
cooling capacity. Some dimensionless parameters have been proposed to link the entropy
variation rate and the temperature differences at the heat exchangers for an irreversible
refrigerator [90].

Researches were conducted on an optimal relation between the cooling rate and the co-
efficient of performance of the refrigerating machine [34, 36, 75]. Haywood et al. [42]
reported that there are conditions for Stirling refrigerating machines to provide higher
performance than vapor compression machines. The finding of the researchers can be
seen in Fig. 2.19. The maximum cooling capacity was obtained when the volume ratio
was almost equal to the temperature ratio for the developed Beta type prototype refrig-
erator [44]. The researchers also found that nitrogen had a better cooling capacity than
helium. Nie et al. [71] pointed out the refrigeration heat capacity and COP of large-scaled
Stirling refrigeration are independent with the surface area. The COP of V-type Stirling-
cycle refrigerator near-ambient cooling conditions has been reported to be comparable
with the vapor compression refrigerating systems and applicable for domestic refrigera-
tion [55, 70] and it is confirmed as seen in Fig. 2.19. The impact of three different fluids
(air, hydrogen, and helium) on the performance of a Stirling refrigerator was investigated
and the result showed that almost all the three working gases behave in a similar way but
hydrogen slightly outperforms most of the time [77].

A Beta-type Stirling cycle machine of 100 W refrigeration capacity for household refrig-
eration application was mathematically designed and experimentally tested [44]. The
researchers studied the effect of parameters such as dead volume ratio, the ratio of the
compression volume to the expansion volume, types of working fluids, and the piston
and displacer phase difference on the refrigerating performance. Ataer and Karabu-
lut [55] conducted a thermodynamic control volume analysis on a V-type Stirling-cycle
refrigerator subjected to periodic mass flow and evaluated the work done, instantaneous
pressure, and coefficient of performance of the Stirling refrigerator. The V-type integral
Stirling refrigerator (VISR) for domestic application was investigated based on simulation
and experimentations and the parameters such as the power intake and the coefficient of
performance were analyzed under different rotating frequencies and charged pressures
[70]. Furthermore,Tekin and Ataer [77] investigated the thermodynamic performance of
a V-type Stirling refrigerating machine in a view for higher cooling capacity and COP
as an alternative to vapor compression type refrigerator. In this research, the effect of
porosity of regenerator, the phase angle between the pistons, pressure and frequency on
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Figure 2.19: Results from the Stirling-cycle heat-pump development program [42].
(VC is typical vapour compression machine, SC is Stirling machine prior to seal

development program, SC* is Stirling machine after seal development program. The
indoor temperature in all cases is 20oC)

COP and cooling capacity for the three working fluids had been investigated. Razani et
al. [75] developed a thermodynamic model for an exergy flow analysis for Stirling refriger-
ator. Sauer et al. [136] pointed out that one-dimensional differential models are important
tools for the design and optimization of regenerative machines since they require far less
computing time than multi-dimensional computational fluid dynamics models and are still
capable of describing the various losses.

Figure 2.20: Cooling capacity and COP evolution versus regenerator length [130]

Stirling heat pump was investigated as a realistic alternative to vapor compression ma-
chine [42, 87, 100]. A non-linear mathematical model was developed for an air-filled Al-
pha Stirling refrigerator by incorporating air thermodynamics, heat transfer from the walls,
as well as heat transfer and fluid resistance in the regenerator and different variables
were determined for both working spaces [94]. Furthermore, the researchers tested the
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machine experimentally by replacing the piston-cylinder assembly with a flexible cham-
ber and investigated the performance of the refrigerator. Ahmadi et al. [88] optimized
a Stirling heat pump using multi-objective criteria in finite time. The researchers simul-
taneously considered the three objective functions such as the maximization of heating
load and coefficient of performance, and the minimization of input power of the Stirling
heat pump. The researcher analyzed both external and internal irreversibilities. External
irreversibility is due to a finite temperature difference between the gas and the heat ex-
changers while the internal irreversibility is due to the regenerative heat loss and entropy
generation. In the year 2015, the author used the finite time thermodynamics approach
for thermo-economic multi optimization of Stirling heat pumps [100]. Hachem et al. [105]
evaluated the performances of a Beta type Stirling refrigerating machine having a regen-
erative displacer by considering complex phenomena which are related to compressible
fluid mechanics, thermodynamics and heat transfer for the energy analysis.

Figure 2.21: Stirling refrigerator performances versus regenerator diameter [130].

To design an experimental Stirling cycle refrigeration unit, an adiabatic numerical model
was developed [120]. The research presented a simple time discretization model consid-
ering the cylinders as adiabatic spaces and the results were verified by another modeling
technic called the full three dimensional CFD. The result of the analysis showed the com-
pliance of the adiabatic model with the full 3D CFD model. Various Stirling refrigerators
were analyzed with and without a regenerator and the coefficient of performance of the
machine was evaluated [133]. Hachem et al. [130] developed a thermodynamic model
and conducted an experimental validation to optimize an air-filled Beta-type Stirling re-
frigeration machine with special attention to evaluate the effect of geometrical parameters
such as dead space volume and swept volume of the compression and expansion space.
The regenerator parameters on the performance of refrigerator were also analyzed and
optimized by the researchers(see Fig. 2.20 and 2.21). Chaudhari et al. [115] developed
a mathematical formulation using loss factor to free piston Stirling cooler for domestic re-
frigeration application. Multi-objective optimization has been performed using non-ideal
adiabatic analysis to optimize Gamma type Stirling refrigerator [141]. The researchers
indicated that the cooling capacity increased with the increase of operating frequency
based on analysis and experimental results where the COP has attained a maximum
value. Furthermore, they described that the optimum COP value for the air occurred at a
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lower operating frequency than that of helium(see in Fig. 2.22).

Figure 2.22: The variation of the cooling capacity and COP with operating frequency for
air and helium gases [141].

Guo et al.[150] introduced a general model to various types of Stirling refrigerators with
analytical solutions. A Beta-type Stirling cooler was developed with a rhombic drive sys-
tem [148]. In the same year, a similar Beta-type of Stirling refrigerator was designed and
fabricated to achieve a rapid transfer of heat from the system [152]. Helium and carbon
dioxide have been used as a working fluid and the more efficient fluid was determined.

Figure 2.23: Cold end temperature and losses evolution versus regenerator length [130].

An experimental result of COP for free piston Stirling refrigerator has been reported to
be 0.217 for a cold end temperature of −33 oC and hot end temperature of 18 oC [25].
The efficiencies of free-piston Stirling refrigeration machine working at domestic refriger-
ating temperature were reported to exceed 32% of Carnot efficiency and are expected to
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achieve very high efficiencies and replace the domestic refrigerators while achieving cost
competitiveness [28]. Oguz et al. [39] conducted an experimental work and reported the
COP values for FPSCs operating with warm head temperatures close to 30 oC were typ-
ically found between 2 and 3 for cold head temperatures around 0 oC, falling to around 1
for temperatures approaching −40 oC. Hachem et al. [105] predicted that the drop-in heat
exchanger efficiency would influence the pressure ratio and so the refrigeration capacity
would be reduced substantially. In the year 2017, Hachem et al. [130] evaluated different
losses associated with Stirling refrigerator that directly affect cooling performance of the
refrigerator and they described these losses are functions of regenerator diameter and
length as seen in Fig. 2.23. The researchers pointed out that the optimal values of diam-
eter and length for the prototype Beta-type Stirling refrigerator are about 22 mm and 60
mm respectively. A short summary of research findings about Stirling cycle refrigerator
for moderate temperature application is shown in Table 2.2.

2.7/ CONCLUSION

Currently, the Vapor Compression Refrigeration (VCR) technologically exists at the satu-
rated level and is suited for household cooling applications. Although, VCR is an efficient
technology especially for moderate temperature refrigeration applications, because of
HFC refrigerants the environmental concern is increasing due to global warming. Stir-
ling refrigerators for moderate temperature application is one of the technologies that is
brought from the concern about the use of HFC refrigerants and their effect on global
warming potential. A detailed review of literature has been conducted about the research
and development made on the Stirling cycle refrigerators. This Stirling cycle refrigerators
are the counterpart of work producing Stirling cycle engines and generally have the same
configurations and driving mechanisms as their counterparts. The review covers config-
urations and drive mechanisms, thermodynamic modeling techniques as well as detailed
review on the development status of Stirling coolers for low temperature and moderate
temperature applications. The main conclusions are summarized:

• Lots of researches have been done on low-temperature coolers with different drive
mechanisms. As a result of this, Stirling coolers have reached comparable per-
formance with other technologies and are widely applied at cryogenic temperature
applications.

• The number of researches are limited on Stirling cycle refrigerators for moderate
temperature applications. This is mainly because of the current most commonly
used vapor compression refrigerating technology is found at the optimal technolog-
ical level and cost.

• For Stirling cryocoolers, the pulse-tube drive mechanism with multi-stage has
achieved the lowest temperature with a three-stage high-frequency pulse tube cry-
ocooler (HPTC) a no-load temperature of 3.6 K reported.

• Recently the demand for alternative refrigerating technology is increasing due to
environmental concern resulted mostly from the existing technology HFC gas emis-
sions.
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• Even though the choice of heat exchangers design and working volumes for Stirling
machine depends on the application area, most researches that have done so far
particularly on moderate temperature Stirling cycle refrigerator are directly experi-
mented by reversing the existing Stirling engine. For instance, the heater and cooler
of the engine are acting as chiller and hot heat exchanger respectively for refriger-
ating machine. Furthermore, the regenerator parameters including the porosity and
the relative size of working volumes have a greater effect on the performance of
the machine. In the Stirling engine, all the components are designed and manufac-
tured to produce the maximum power output or efficiency. Hence, such reversing a
machine configuration may not produce the optimum cooling or COP.

• Second-order numerical models can be utilized to simulate every type of Stirling
engines/coolers with reasonable accuracy. On the other hand, due to much lower
computation time compared to third-order models, second-order models can be
used easily for design and optimization purpose.

• Results from the researches done so far on the Stirling cycle refrigerating machines
for moderate temperature household application shows that Stirling cycle machines
are promising alternatives to the current technology in use for the same application.

• It has been recognized that one of the challenges of Stirling machines is the cost of
production as it demands higher accuracy manufacturing to minimize gas leakage
as well as to create smooth motion between parts, and the material has to be se-
lected to withstand the high temperature and pressure. The operating temperature
and pressure ranges of moderate temperature cooling machine are by far lower
than that of its counterpart. Therefore, it could be possible to reduce the cost of
cooling machine through designing and selecting a reasonable material.

• The other development problems of all Stirling machines including coolers is its
difficulty to avoid gas leakage and different thermal losses. In addition, for moder-
ate temperature cooling application, developing Stirling refrigeration machines that
could outperform the conventional VCR is still challenging. However, global warm-
ing potential (GWP) concern has to be taken in to account for the comparison of
different technologies.

• The researches done so far on moderate temperature Stirling refrigerator did not
show clearly the configurations that have better performance for a different range of
cooling temperatures.

The global concern to create clean environment and the increased demand in refrigera-
tion; on the other hand, the high global warming potential of refrigerants used in conven-
tional VCR technology lead to the increased interest in alternative technologies. Stirling
cycle refrigerator for moderate cooling application is found to be a potential candidate.
However, the Stirling cycle machines as a general have several limitations, the efforts
done so far on the design of Stirling refrigerating machine is very limited and does not
consider fully the design and developmental requirements of the cooling machine for par-
ticular applications. Therefore, future researches on Stirling cycle moderate temperature
cooling machines have to be designed considering the operating condition as well as suit-
able configuration, all components must be produced, and tested based on the cooling
temperature requirement.
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Review summary of Stirling refrigerator for moderate cooling.
Author Method Main Findings Remark

[25] Experimental For a cold temperature of
−33oC and hot end temper-
ature of 180C, the COP was
found to be 0.217

FPSR

[28] Assessment &
testing

Reported 60% of Carnot ef-
ficiency achievable for do-
mestic refrigeration

FPSR

[36]; [75] Investigation The optimal relation ship be-
tween the cooling rate and
COP identified

[44] Simulation &
testing

Hydrogen has better cool-
ing capacity than helium and
dead volume has major im-
pact on cooling capacity

Beta

[55] Thermodynamic
analysis

COP of the Alpha machine
is comparable with the VCR

Alpha

[70] Simulation and
experiment

Helium and nitrogen −20 to
−60oC cold end temperature
,100 W

Alpha

[77] Thermodynamic
analysis

Hydrogen relatively per-
forms better 230-360 K ,450
W

Alpha

[42] [100] Experiment &
multi-objective

Stirling heat pump is a good
alternative to vapor com-
pression heat pump and
even have better perfor-
mance

Heat
pump

[120] Adiabatic
model & experi-
ment

The developed model could
find applications for design
and optimization due to its
simplicity

Alpha

[130] Thermodynamic
& experiment

The optimal value of di-
ameter and length for beta
type Stirling refrigerator pro-
totype is about 22mm and
60 mm

Beta

[141] Experiment &
Analytical inv.

Minimum achievable tem-
perature are −94.2 oC and
−42.6 oC for helium and
air when the operating
frequency and working
pressure varied between
260 and 775 rpm and 4 and
7 bar, respectively

Gamma

Table 2.2: Review summary of Stirling refrigerator for moderate cooling.
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3
NUMERICAL MODELING

It is noted that Stirling refrigerator have been found as potential alternative technology
for domestic applications. The design of a Stirling machine requires the understanding
of the processes that govern their operation. The first attempt to describe this process
was through the ideal Stirling thermodynamic cycle. However, the ideal thermodynamic
cycle could not show the actual process in the Stirling cycle refrigerator. Hence, in this
chapter, a second-order numerical model has been adopted and suggested based on the
review findings presented in section 2.4 for the design of an air-filled Beta-type Stirling re-
frigerator. The developed model is a non-ideal second-order numerical model called the
modified simple considers the effects of various losses for domestic cooling [160]. The
study categorizes and investigates losses based on their effect. Then, the simulation of
the model has been performed using MATLAB code. Then, the model has been validated
with the reversed model (as engine and using GPU-3 machine) and direct experimenta-
tion using Femto 60 machine as a refrigerator.

3.1/ IDEAL ADIABATIC MODELING

The dead volumes occupied inside the hot heat exchanger, regenerator, and chiller re-
main constant during the refrigeration cycle. On the other hand, the volume in the com-
pression and expansion spaces changes continuously and thus determine the pressure
variation over the cycle. The volume variations in compression and expansion spaces are
controlled by the dynamics of the crank mechanism, which determines the position of the
pistons at different crank angles of the cycle.

In real Stirling cycle machines, the compression and expansion spaces are considered
as adiabatic, in which there is no heat transfer to the surroundings. The overall Stirling
cycle refrigeration machine is configured into five control volumes (two working spaces
and three perfectly effective heat exchangers) serially connected in the same way as
described by [20]. In this respect, the model is similar to the ideal isothermal model with
the gas temperature in the hot heat exchanger and the chiller is assumed as an isothermal
condition with respective temperature value. The control volumes for the analysis include
compression space(c), hot heat exchanger(h), regenerator(r), chiller(cr), and expansion
space(e) as shown in Fig. 3.1. The assumptions taken for such ideal adiabatic analysis
are as follows:

• The compression and expansion spaces are adiabatic.

41
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Figure 3.1: Ideal adiabatic schematic model for Stirling cycle refrigerator with five cells
and four interfaces.

• The working gas is ideal.

• The temperature in the hot heat exchanger and chiller are constant.

• No gas leakage and pressure drop.

• The regenerator is perfect.

• All processes are performed in a steady-state condition.

• The temperature of the working fluid in the regenerator is linearly changed.

• The kinetic and potential energies of gas streams are negligible.

• Heat is transferred to the working fluid only in the hot heat exchanger and chiller

• Heat transfer to the environment is negligible.

• The machine is working at constant angular velocity.

Although the Stirling machine does not operate with ideal cycles, the ideal Stirling cy-
cle demonstrates the principles behind the Stirling machine. Hence, ideal cycle would
be the starting point of our analysis. In this section, the Stirling cycle refrigerating ma-
chine is numerically modelled by ideal adiabatic model in which, first, conservation laws
are applied across the overall machine and then various equations are applied for each
control spaces. The starting point of the analysis is the conservation of mass that is the
total mass of working gas in the Stirling refrigeration machine remains constant. In ideal
conditions, there is no mass leakage and therefore the total mass is the summation of
masses in the five control volumes and it is given as:
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mc + mh + mr + mcr + me = mt (3.1)

In the case of cooling machine, the displacer forces the working fluid between expansion
and compression space whereas the power piston converts the mechanical power into
pressure of the gas. The working fluid used in this analysis is air and it is an ideal gas,
which is valid for the regenerative Stirling cycle refrigerators as the process is far from the
critical point of the gas. Thus, the equation of state is valid for this investigation.

PV = mRT (3.2)

Differentiating on both sides of Eq. (3.2) and rearranging gives;

dP
P

+
dV
V

=
dm
m

+
dT
T

(3.3)

Then, introducing the derivative operator D based on [20] with respect to time where
DX = dX

dt and X is a thermodynamic parameter (P, V, T, W, Q, m).

DP
P

+
DV
V

=
Dm
m

+
DT
T

(3.4)

Enthalpy is transported across the interface of control volumes with mass flow rate and
upstream temperature, T . There are four interfaces between the five cells of Stirling cycle
machine through which enthalpy is transported by virtue of mass flow ṁ or Dm shown in
Fig. 3.1. The interfaces are:

• Compression space/hot heat exchanger

• Hot heat exchanger/regenerator

• Regenerator/chiller

• Chiller/expansion space

The temperature in working spaces varies based on the degree of expansion and com-
pression as shown in Fig. 3.1. Temperature of the gas in the compression space is either
greater or less than temperature of the hot heat exchanger. Similarly, temperature of the
air in expansion space may be greater or less than temperature of the chiller. So, the
direction of the flow of fluid depends on temperature gradient. By convention, we arbi-
trarily assume that the arrows (from compression space to expansion space) as shown in
Fig. 3.1 represent the positive direction of the flow of fluid and the reverse is negative.

The working gas temperatures across compression space and hot heat exchanger (Tch)
as well as across chiller and expansion space (Tcre) are conditional temperatures based
on the flow direction and are evaluated as:

I f ṁch > 0,Tch = Tc, i f not Tch = Th (3.5)

I f ṁcre > 0,Tcre = Tcr, i f not Tcre = Te (3.6)
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Generally, temperature of the gas at the interface takes the temperature of the upstream
control space. Fig. 3.1 shows that the hot heat exchanger and chiller temperatures are
assumed to be constant and the regenerator temperature is assumed to vary linearly from
chiller to hot heat exchanger temperature. The linear variation permits the evaluation of
mean effective temperature for the regenerator space and it is given as:

Tr =
Th − Tcr

ln( Th
Tcr

)
(3.7)

The energy balance equation based on the first law of thermodynamics for a control
volume in an open system is given by:

δQi

dt
+
δWi

dt
= Cp(Ti,oṁi,o − Ti,inṁi,in) + Cv

δ(miTi)
dt

(3.8)

with
δWi = −PdVi (3.9)

Using the above operator D, equation(Eq. 3.8) becomes:

DQi + DWi = Cp(Ti,oṁi,o − Ti,inṁi,in) + CvD(miTi) (3.10)

Where,
DWi = −PDVi (3.11)

For the three heat exchangers including regenerator (DWi = 0 and CvD(miTi) = CvTiDmi),
owing to constant volume and constant temperature. The energy balance equa-
tion(Eq. 3.10) for heat exchangers will be reduced to:

DQi = Cp(Ti,oṁi,o − Ti,inṁi,in) + CvTiDmi (3.12)

The change in mass in three heat exchangers (hot heat exhanger, regenerator, and
chiller) due to pressure change could be found from (Eq. 3.4) as:

Dmi =
miDP

P
=

Vi

Ti

DP
R

(where i = h, r, cr) (3.13)

Then, the ideal heat transfer in the hot heat exchanger, regenerator and chiller respec-
tively are reduced to:

DQh,iad =
VhDPCv

R
−Cp(Tchṁch − Thṁhr) (3.14)

DQr,iad =
VrDPCv

R
−Cp(Thṁhr − Tcrṁrcr) (3.15)

DQcr,iad =
VcrDPCv

R
−Cp(Tcrṁrcr − Tcreṁcre) (3.16)

In idealized modeling conditions, as there is no pressure drop, pressure shall not be
suffixed for different control volumes and hence pressure P represents the instantaneous
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pressure throughout the system. Since the pressure is assumed uniform throughout the
interior surfaces of the Stirling cycle refrigerator, from (Eqs. 3.1 and 3.2), we obtain the
equation of pressure:

P =
mtR

Vc
Tc

+
Vh
Th

+
Vr
Tr

+
Vcr
Tcr

+
Ve
Te

(3.17)

Based on the reciprocating movement of piston and displacer, the expansion and com-
pression volumes for Beta configuration Stirling cycle refrigerating machine are given as:

Ve = Vcle +
1
2

Vswe(1 + cosθ) (3.18)

Vc = Vclc +
1
2

Vswc(1 + cos(θ − α)) +
1
2

Vswe(1 − cosθ) − Vb (3.19)

where Vb is the overlap volume in compression space.

Vb =
(Vswc + Vswe)

2
−

√
(Vswc)2 + (Vswe)2

4
−

VsweVswccosα
2

(3.20)

Overlap volume is the volume shared by both the displacer and piston movements. It
is a unique characteristic of a Beta-type Stirling machine and needs consideration while
estimating the actual performance of the machine.

Differentiating the mass conservation (Eq. 3.1)

Dmc + Dmh + Dmr + Dmcr + Dme = 0 (3.21)

Substituting (Eq. 3.13) in (Eq. 3.21) gives:

Dmc + Dme +
DP
R

(
Vh

Th
+

Vr

Tr
+

Vcr

Tcr
) = 0 (3.22)

Considering adiabatic compression and expansion, the change in mass in compression
and expansion chambers is found as:

Dmc =
PDVc +

VcDP
γ

RTch
(3.23)

Dme =
PDVe +

VeDP
γ

RTcre
(3.24)

Substituting for Dmc and Dme in Eq. (3.22) and simplifying,the change in pressure is found
as:

DP = −
Pγ( DVc

Tch
+

DVe
Tcre

)
Vc
Tch

+ γ( Vh
Th

+
Vr
Tr

+
Vcr
Tcr

) +
Ve

Tcre

(3.25)
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Summary of ideal adiabatic model.
Parameters Equations
Pressure P = mR

Vc
Tc

+
Vh
Th

+
Vr
Tr

+
Vcr
Tcr

+
Ve
Te

DP =
−Pγ( DVc

Tch
+

DVe
Tcre

)
Vc
Tch

+γ( Vh
Th

+
Vr
Tr

+
Vcr
Tcr

)+ Ve
Tcre

Mass mi =
PVi
RTi

(where i = c, h, r, cr, e)
Change of mass Dmi =

miDP
P = DP

R
Vi
Ti

(where i = h, r, cr)

Dmc =
PDVc+

VcDP
γ

RTch

Dme =
PDVe+

VeDP
γ

RTcre

Mass flow ṁch = −Dmc , ṁhr = ṁch − Dmh

ṁrcr = ṁcre + Dmcr , ṁcre = Dme

Conditional temperature If ṁch > 0,Tch = Tc if not Tch = Th

If ṁcre > 0,Tcre = Tcr if not Tcre = Te

Temperature variation DTe = Te( DP
P +

DVe
Ve
−

Dme
me

)

DTc = Tc( DP
P +

DVc
Vc
−

Dmc
mc

)
DQh,iad =

VhDPCv
R −Cp(Tchṁch − Thṁhr)

DQr,iad =
VrDPCv

R −Cp(Thṁhr − Tcrṁrcr)

Energy and power DQcr,iad =
VcrDPCv

R −Cp(Tcrṁrcr − Tcreṁcre)

Wiad = Wc + We

DWiad = DWc + DWe where

DWc = −PDVc and DWe = −PDVe

Table 3.1: Summary of ideal adiabatic model.

The change in temperature in the expansion and compression spaces could be found
from differential Eq. (3.4) as:

DTe = Te(
DP
P

+
DVe

Ve
−

Dme

me
) (3.26)

DTc = Tc(
DP
P

+
DVc

Vc
−

Dmc

mc
) (3.27)

Then the overall work done on refrigeration machine is the algebraic sum of compression
work and expansion work.

DWiad = DWc + DWe (3.28)
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where,

DWc = −PDVc and DWe = −PDVe (3.29)

A summary of ideal adiabatic equations have been shown in table 3.1.

3.2/ MODIFIED IDEAL ADIABATIC ANALYSIS

The performance of Stirling machine is strongly dependent on geometrical and operating
parameters such as physical dimensions, heat transfer coefficients, heat source temper-
atures and regenerator characteristics. Predicting the performance of Stirling machine is
important for the design of the machine. In the past decade of years, many researchers
and scientists have studied the Stirling machine numerically or experimentally.

The system of the above ideal adiabatic differential equations was modified by including
the effects of gas leakage from working space to buffer space (crankcase) and shuttle
heat losses by displacer from compression to expansion spaces. This is by adapting
and modifying the engine models (simple model by [20] and Simple-II model by [89]) to
the refrigeration machine through reversing the process. The main reasons for the in-
clusion of mass leakage and shuttle heat losses to the differential equation are because
these losses can affect the overall working of the machine by changing the pressure and
temperature of the working fluid. So, the conservation equations of mass (Eq. 3.1) and
energy (Eq. 3.10) of the original ideal adiabatic equations of the Stirling cycle refrigera-
tion machine presented before have been modified by including the mass leakage loss
and shuttle heat losses respectively. Due to analytical complexity, other losses are not
included directly in the modified ideal adiabatic simulation and are treated separately.

The energy losses in a Stirling cycle machine are due to the thermodynamic and mechan-
ical processes of the cycle. To accurately predict a Stirling cycle refrigeration machine
performance and to design an optimal machine for a specific application, a detailed in-
vestigation of various losses has to be considered in the modified simple analysis part as
discussed in section 3.3. Different types of heat and power losses are shown in Fig. 3.2.

Figure 3.2: Mapping of various heat and power losses (adapted from [145]).
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3.2.1/ MASS LEAKAGE LOSS

The design of seals in the Stirling machines is somewhat complicated by the fact that
the running of the machine in the working space should be dry, that is without oil. Fur-
thermore, the bearing pressure of the seals should be limited to avoid local heating and
decrease mechanical friction losses. Therefore, clearance seals are usually used to avoid
excessive wear and hence to extend the service life of the Stirling machine. The clear-
ance seals cause gas leakage between the compression space and the expansion space
through the displacer’s clearance and between the compression space and the bounce
space through the power piston’s clearance [108]. Stirling cycle machine seal design
therefore involves some compromise, which may result to gas leakage to some degree.
The leakage loss is more critical especially at higher frequency and higher pressure Stir-
ling machines [147]. This is because at higher pressure and higher frequency the rate
of mass leakage is higher. Hence, studying the thermodynamic effect of mass leakage
is one aspect of this design. Then, the original mass balance (Eq. 3.1) of ideal adia-
batic model is modified by incorporating mass leakage from the compression space to
the bounce space through the clearance gap between power piston and cylinder as:

mc + mh + mr + mcr + me − mleak = mt (3.30)

where mleak is the amount of the working fluid being lost from the compression space
into the crankcase.

The amount of working gas lost per unit time from working space to the crank case is
determined as [20]:

Dmleak = dpπ
P + Pbu f f er

4RTg
(UpJ −

J3

6µ
(
P − Pbu f f er

Lp
)) (3.31)

where dp, J,Tg, Lp, up, µ, P and Pbu f f er are piston diameter, annular gap between piston
and cylinder, gas temperature, piston length, piston linear velocity, viscosity of working
fluid, pressure of working space and pressure of buffer space respectively.

Differentiating (Eq. 3.30), gives:

Dmc + Dmh + Dmr + Dmcr + Dme − Dmleak = 0 (3.32)

3.2.2/ SHUTTLE HEAT LOSSES

The main function of displacer is to displace the working fluid between compression and
expansion volume. However, it also acts as a separator to maintain temperature differ-
ence between the two working spaces. During its reciprocating movement, the displacer
is frequently contacting with two temperature layers (compression and expansion space)
of the working fluid. This effect leads the displacer motion to shuttle heat from hot end
to cold end. Shuttle heat losses resulted when the displacer oscillates across a tempera-
ture gradient. In a Stirling cycle refrigerating machine, the displacer absorbs heat at the
hot end (compression side) of its stroke and gives off this heat at the cold end (expansion
side) of the stroke. This loss is mainly depends on the nature of motion and the difference
in temperature between the two sides.
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The ideal adiabatic energy conservation (Eq. 3.10) is modified by including the shuttle
heat losses as:

DQi − DQshut + DWi = Cp(Ti,oṁi,o − Ti,inṁi,in) + CvD(miTi) (3.33)

The shuttle heat losses (DQshut) as given in [128, 147, 65] is calculated by using equation:

DQshut =
πs2kgdd

8JLd
(Tc − Te) (3.34)

wheres, kg, dd, J, and Ld are stroke, thermal conductivity of gas, diameter of displacer, gap
between displacer and cylinder, and displacer length. Tc and Te are gas temperature in
compression and expansion spaces, respectively.

As other differential equations, the change in mass in the compression and expansion
space could be found from Eqs. 3.23 and 3.24 by including the shuttle heat and gas
leakage effects as:

Dmc =
PDVc +

VcDP
γ

RTch
+

DQshut

CpTch
+ Dmleak (3.35)

Dme =
PDVe +

VeDP
γ

RTcre
−

DQshut

CpTcre
(3.36)

Substituting Eqs. 3.35 and 3.36 in Eq. 3.22 and rearranging, the change in pressure is
modified as:

DP =
−Pγ( DVc

Tch
+

DVe
Tcre

) + γR DQshut
Cp

( Tch−Tcre
TchTcre

) − 2γRDmleak

Vc
Tch

+ γ( Vh
Th

+
Vr
Tr

+
Vcr
Tcr

) +
Ve

Tere

(3.37)

Furthermore, particularly for the Beta-type configuration machine, shuttle heat and mass
leakage effects could also affect the mass flow rate across the heat exchanger and work-
ing space interfaces. Hence the mass flow rate across the compression space and hot
heat exchanger interface is given as:

ṁch = −Dmc −
DQshut

CpTch
− Dmleak (3.38)

And the mass flow rate across the expansion space and chiller interface is:

ṁcre = Dme −
DQshut

CpTcre
(3.39)

The other equations are the same as those of the ideal adiabatic model. So, the summary
of the modified ideal adiabatic model is shown in Table 3.2.

After evaluating the modified ideal adiabatic model (to find ideal input power requirement
and ideal cooling power), heat transfer losses, and power losses based on Fig. 3.3, the
actual performance of a refrigerator is determined. The heat and power losses other
than shuttle heat losses are presented in section 3.3. The power losses directly affect the
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Summary of modified ideal adiabatic model.
Parameters Equations
Pressure P = R M−mleak

Vc
Tc

+
Vh
Th

+
Vr
Tr

+
Vcr
Tcr

+
Ve
Te

DP =
−Pγ( DVc

Tch
+

DVe
Tcre

)+γR DQshut
Cp

( Tch−Tcre
TchTcre

)−2γRDmleak

Vc
Tch

+γ( Vh
Th

+
Vr
Tr

+
Vcr
Tcr

)+ Ve
Tere

Mass mi =
PVi
RTi

(where i = c, h, r, cr, e)

Change of mass Dmi = mi
DP
P = DP

R
Vi
Ti

(where i = h, r, cr)

Dmc =
PDVc+

VcDP
γ

RTch
+

DQshut
CpTch

+ Dmleak

Dme =
PDVe+

VeDP
γ

RTcre
−

DQshut
CpTcre

Where, DQshut =
πs2kgdd

8JLd
(Tc − Te)

Mass flow ṁch = −Dmc −
DQshut
CpTch

− Dmleak

ṁhr = ṁch − Dmh , ṁrcr = ṁcre + Dmcr

ṁcre = Dme −
DQshut
CpTcre

Where, Dmleak = dpπ
P+Pbu f f er

4RTg
(UpJ − J3

6µ ( P−Pbu f f er
Lp

))

Conditional temperature If ṁch > 0,Tch = Tc if not Tch = Th

If ṁcre > 0,Tcre = Tcr if not Tcre = Te

Temperature variation DTe = Te( DP
P +

DVe
Ve
−

Dme
me

)

DTc = Tc( DP
P +

DVc
Vc
−

Dmc
mc

)
DQh,mod =

VhDPCv
R −Cp(Tchṁch − Thṁhr)

DQr,mod =
VrDPCv

R −Cp(Thṁhr − Tcrṁrcr)

Energy and Power DQcr,mod =
VcrDPCv

R −Cp(Tcrṁrcr − Tcreṁcre)

Wmod = Wc + We

DWmod = DWc + DWe where

DWc = −PDVc and DWe = −PDVe

Table 3.2: Summary of modified ideal adiabatic model.
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actual input power and increase power requirement. Therefore, the actual input power re-
quirement (Ẇa) of the refrigeration model considered is evaluated as the sum of modified
ideal adiabatic power and all the power losses and found as:

Ẇa = DWmad + f (W f r + Wmec. f r + dW f in.sp) + Ẇhys (3.40)

where W f r, Wmec. f r, dW f in.sp and Ẇhys are pressure drop work loss in heat exchangers,
work loss due to mechanical friction, work loss due to finite speed of piston, and gas
hysteresis power loss.

The heat losses cause the chiller to reject less heat that means the actual cooling power
decreases as a result of heat power losses. Then, the actual cooling power produced
from the refrigeration system (Qcr,a) is computed as the difference between modified ideal
adiabatic cooling power and the heat power losses from the system.

The actual cooling power is given as:

Q̇cr,a = DQcr,mad − DQshut − f Qwrl − Q̇rl − Q̇cond − Q̇p (3.41)

where f ,Qwrl, Q̇rl, Q̇cond, and Q̇p are frequency,heat loss due to internal conduction in the
regenerator, heat power loss due to regenerator imperfection, conduction heat power
loss, and pumping heat power loss, respectively.

The heat losses as well as the power losses reduce the actual COP of a refrigerator.
Therefore, COP could be found as:

COP =
Q̇cr,a

Ẇa
(3.42)

3.3/ MODIFIED SIMPLE ANALYSIS

The system of analysis of losses for the Stirling cycle refrigerator is adapted from the
engine model [20, 89]. Based on their effect on the working condition of the machine, the
losses considered in the modified simple analysis were classified into two. The effects
of first category of losses including regenerator imperfection and fluid friction losses in
the heat exchangers are are used to correct the temperature and pressure of working
fluid found from differential simulation in section 3.2. Then, losses such as power loss
due to mechanical friction, conduction heat loss in the regenerator wall, power loss due
to finite speed of piston, gas spring hysteresis loss, and pumping loss are evaluated as
independent losses. Hence, the effects of these losses are considered only to correct the
refrigerating performance (input power demand, cooling power, and COP).

All thermal and power losses associated with the machine are assumed to be indepen-
dent one from another and the total losses are the summation of the losses with the
respective category.
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3.3.1/ LOSS DUE TO INTERNAL HEAT CONDUCTION IN THE REGENERATOR

In the Stirling cycle machines, regenerators are physically located between the hot heat
exchanger and cold heat exchanger/chiller. The two heat exchangers operate at different
temperatures in which the difference of the temperature depends on the application of the
machine. Even though the temperature difference for domestic Stirling cycle refrigerators
is not as large as that of Stirling engines or cryocoolers, the internal conduction heat loss
is not negligible due to heat flow from hot heat exchanger to chiller through regenerator
wall. This heat loss by internal conduction through the walls of the regenerator has been
expressed as [93, 137, 76, 64]:

Qwrl = k
Awg

L f
(Twh − Twcr) (3.43)

3.3.2/ REGENERATOR IMPERFECTION (NON-IDEAL HEAT TRANFER) LOSS

The regenerator is designed to absorb part of the heat contained in the working fluid dur-
ing constant volume heat rejection process as hotter gas passes through the regenerator
and to release ideally the same amount of heat when colder gas passes back in the re-
verse process. Nevertheless, because of thermal imperfections of the regenerator, it is
impossible to recover all of the heat absorbed. Hence, the performance of the regener-
ator is usually evaluated by its effectiveness, which simply expresses the fraction of the
heat absorbed from the regenerator that could be recovered for a given regenerator de-
sign and operating conditions. For a Stirling cycle refrigerating system having a non-ideal
regenerator, when the working gas flows from the chiller to the hot heat exchanger, the
gas will have the temperature somewhat lower than the hot heat exchanger and then heat
will be transferred from regenerator to the working gas.

Due to the imperfection of the regenerator, the thermal energy loss is given by:

Q̇rl = Dmrcp(1 − ε)(Tc − Te) (3.44)

Where, based on [20], the effect of the non-ideal regenerator is defined by using the
number of the transfer units (NTU) as:

ε =
NTU

NTU + 1
(3.45)

NTU = Nst
Awg

A
(3.46)

Nst = 0.023Pr−0.6Re−0.2 (3.47)

Awg = 4
Vr

dr
+ π(Dri + Dro)Lr (3.48)
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and

dr = dw
φ

(1 − φ)
(3.49)

where ε,NTU,Nst, Awg,Re, andPr are regenerator effectiveness, Number of Transfer Units,
Stanton number, wetted area of metal, Reynolds number, and Prandtl number.

Thus, the net heat per unit time absorbed from the chiller and released to the hot heat
exchanger by the working fluid at respective wall temperatures are given by:

Qcr = Qcr,i − Qrl =
hcrAcr(Twcr − Tcr)

f
(3.50)

Qh = Qh,i + Qrl =
hhAh(Twh − Th)

f
(3.51)

The working fluid temperature in a hot heat exchanger is higher and in chiller is lower
than their respective wall temperatures as the heat exchangers are considered non-ideal.
Therefore, the heat exchanger temperatures are corrected using the wall temperature
and the actual heat transfer as:

Tcr = Twcr −
f Qcr

hcrAcr
(3.52)

Th = Twh −
f Qh

hhAh
(3.53)

Where, h = Nuk
d , is the convective heat transfer coefficient for both chiller and hot heat

exchanger. Nu, k and d are Nusselt number,thermal conductivity of working gas, and
hydraulic diameter, respectively.

Nu = 0.023PrnRe0.8 (n=0.3 for hot heat exchanger and 0.4 for chiller)based on Urieli et al.’s
works [20].

3.3.3/ LOSSES DUE TO PRESSURE DROP IN HEAT EXCHANGERS

The flowing of internal gas through the hot heat exchanger, regenerator and chiller of
the Stirling cycle refrigerator is in direct contact with the walls of these heat exchangers.
The flow of working fluid is forced convection heat transfer with large surface contact to
enhance heat transfer. These resulted in fluid friction. The friction losses in the heat
exchangers results in pressure drops and it leads to a reduction of performance of the
machine. The pressure losses in heat exchangers are calculated to evaluate the amount
of power losses due to the drops in pressure. The amount of energy dissipated (W f r)
in regenerative Stirling cycle refrigerating machine due to pressure drops at the hot heat
exchanger, regenerator and chiller is evaluated as:

W f r =

∫ 2π

0
(∆P

dVe

dθ
)dθ (3.54)

Where, ∆P = ∆Ph + ∆Pr + ∆Pcr and
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∆Pi =
2 frµViGili

midi
2 (3.55)

Gi =
(Gi,in + Gi,o)ω

2Ai
(3.56)

(Where i = h, r, cr)

fr,V,G, l, and m are the Reynolds friction factor, volume, mass flux, length, and mass of
gas for each respective heat exchanger, respectively. fr is a product of Fanning friction
factor and Reynolds number, Re.

The Reynolds friction factor for the regenerator (woven screen) has been evaluated from
the correlations given by Gedeon and Wood [35] as:

fr = 129 + 2.91Re0.897 (3.57)

Then, the Reynolds friction factor for chiller and hot heat exchangers is defined based
on [20, 143] as:

fr = 0.0791Re0.75 (3.58)

The frictional factor used in this analysis has been obtained from empirical correlations,
based on the the heat transfer coefficient correlation valid for stationary flows.

3.3.4/ MECHANICAL FRICTION LOSSES

Because of the relative motion between parts of the refrigeration machine, losses due to
mechanical friction increases the amount of power input required for the process. The
relative motions in such refrigerating machines include the joints in the displacer and the
crank, between the piston and the crank, and between the crank and the axle of the
prime mover. In addition, there is mechanical friction between the piston/displacer and
the cylinder wall due to the fact that the piston/displacer does not move perfectly in its
axial direction.

Therefore, the power losses due to mechanical friction in one cycle is calculated by the
following equation:

Wmec. f r = 2∆Pmec. f rVswc (3.59)

Where, the pressure loss caused by mechanical friction of the components per cycle is
given in [38] as:

∆Pmec. f r =
(0.94 + 0.045sn)105

3(1 − 1/3τ)
(1 − 1/τ) (3.60)

where s, n, and τ are stroke, operating frequency and compression ratio, respectively.
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3.3.5/ HEAT CONDUCTION LOSSES

Due to a considerable temperature difference between compression and expansion
spaces in Stirling cycle machines, which are separated by displacer, the heat conduc-
tion cannot be neglected. The heat conduction losses across the displacer, regenerator
and cylinder walls are an additional load for heat exchangers. This loss is independent
of the machine frequency and pressure. The losses due to the heat of conduction across
the displacer during the refrigerating cycle is written based on Fourier law as described
by [137]:

Q̇cond = k
A
L

∆T (3.61)

Where K and L are the heat conductivity and the length of the displacer or the cylinder
wall, A is the corresponding cross-sectional area, ∆T is the difference in temperature
between compression and expansion spaces.

3.3.6/ LOSSES DUE TO FINITE SPEED OF PISTON

In a regenerative Stirling cycle refrigerating machine, the working spaces are periodically
compressed and expanded by the pistons or piston and piston/displacer. Based on the
finite speed thermodynamic principle, the instantaneous pressure of compression and
expansion spaces differs from the pressure in the respective piston surfaces. The work
losses due to finite speed of the piston in one cycle is evaluated by the product of pressure
drop and the piston swept volume [38, 106, 132].

dW f in.sp = 2∆p f in.spVswc (3.62)

and,where;

∆p f in.sp =
1
2

(P
aUp,c

Cc
+ P

aUp,e

Ce
)

P represents the instantaneous pressure, Up is the piston speed, C is the average molec-
ular speed.

a =
√

3γ and C =
√

3RT

3.3.7/ GAS SPRING HYSTERESIS LOSSES

As the internal gas of the Stirling machine compressed and expanded periodically by the
piston, it is likely that this internal gas could begin to act as a spring. This thermodynamic
process is not recoverable and may introduce additional losses in the Stirling machine
that could be in the form of the dissipation of the internal energy of the working fluid. The
working gas acts actually as a gas spring which stores energy when it is compressed
and releases energy when it is expanded. This type of dissipation loss due to non-ideal
character of working gas is modelled using the following expression [20, 82]:

Ẇhys =

√
1

32
ωγ3(γ − 1)TwPmeankg(

Vd

2Vt
)2Awg (3.63)

where, Ẇhys,ω,Vd, are gas spring hysteresis power loss, angular speed of displacer and
swept volume of displacer.
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3.3.8/ PUMPING LOSSES

Because of the periodic variation of pressure throughout the working space of a Stir-
ling cycle machine, the gap between the displacer and the cylinder wall can absorb and
transfer gas from or to the expansion volume. The pumping losses are due to the fixed
clearance volume existing between the displacer and the cylinder wall so that the dis-
placer can move without rubbing. This leads to cooling loss in the refrigerating machine,
named as pumping loss. Based on [41, 132] the pumping loss is given as;

Q̇p = (1 − η)ṁCp(Tc − Te) (3.64)

where:
ṁ =

2 f DdLd J
R(Tc + Te)

Pa

and

η = 1 −
4ṁ0.6C0.6

p J

3πkg
0.6Ld

0.6Dd

η is the clearance efficiency, ṁ is mass flow rate of gas through the clearance, f is
frequency, Pa is the pressure amplitude.

But, for a moderate temperature refrigeration machine, the temperature difference is very
small compared to Stirling cryocoolers and heat engines, the pumping loss will be very
small.

3.4/ SOLUTION METHOD

The mathematical model described in section 3.2 and 3.3 shows a set of algebraic dif-
ferential equations. An algorithm was developed to describe the method for implement-
ing the solutions of the set of formulated differential equations. The method of solving
of these numerical differential equations begin with taking the geometrical parameters
and initial operating conditions of the machine as input parameters. The solution algo-
rithm of the present numerical model is illustrated by the flow chart in Fig. 3.3. Schmidt
analysis is used for the initial estimation of the mass of working gas and modified ideal
adiabatic analysis to determine the working pressure and temperature. As shown, the
first part of the analysis is to numerically solve the set of ordinary differential equations.
The step is quite similar to the original ideal adiabatic analysis developed by Urieli and
Berchowitz [20], except the differential equations have been adapted to reverse cycle and
corrected to include losses (shuttle heat and mass leakage) that have a direct impact on
working fluid pressure and temperature of the Stirling refrigerating machine. 24 variables
and 16 ordinary differential equations are solved for a full cycle after the geometries of the
machine are specified. Because of the cyclic nature of the system, the adiabatic model
could be formulated as an initial value problem by assigning consistent arbitrary initial
conditions and classical fourth-order Runge Kutta method is applied to solve the system
of the differential equations of the numerical model with MATLAB.

In the model, void/dead volume parameters of the hot heat exchanger, regenerator and
chiller (Vh,Vr, and Vcr) are determined based on the geometrical specifications of these
heat exchangers. The active volume variables including Vc,Ve, dVc, and dVe are obtained
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Figure 3.3: Algorithm of the model.

based on the configuration of the refrigerating machine as analytic functions of the crank
angle θ (or time of operation of the engine) in one cycle of operation, which is expected
to span from = 0o to = 360o. Among the twenty four variables, eleven variables and
derivatives including Qshut,mleak,Vc,Ve, p,mc,mh,mr,mcr,me, and W are analytically deter-
mined and seven derivatives (DTc, DTe, DQh, DQr, DQcr, DWc and DWe) are numeri-
cally integrated using the fourth-order Runge-Kutta method. The other six mass flow rate
equations and boundary conditions are initial value problems. Initial gas temperatures in
compression and expansion spaces have been estimated and are equal to the hot heat
exchanger and chiller temperatures, respectively. Then, the numerical solution of differ-
ential equations is executed repeatedly until the steady-state condition obtained. The
solution for the algebraic differential equations considered that cyclic steady state condi-
tions are reached at boundary conditions. At the end of the steady-state cycle (θ = 2π) the
magnitude of temperature converges to the respective temperature at the beginning of the
cycle (θ = 0). The iterative process assumed that the initial values are known, and then
the system is solved until cyclic steady state conditions, which was numerically reached
when the difference between the assumed initial values and the values calculated at the
end of the cycle are lower than a defined error.

As shown in Fig. 3.3, after completing analysis of the modified ideal adiabatic model, the
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algorithm enters the second part of the analysis called modified simple analysis. The
purpose of this analysis is to evaluate the overall performance of the machine by incor-
porating all expected losses. In the modified simple analysis, the effect of regenerator
imperfection is considered to correct the hot heat exchanger and the chiller temperatures
based on Eqs. (3.52 and 3.53). The feedback is given to the modified ideal adiabatic
solution section by correcting the heat exchangers temperature until the temperatures
converges. Finally, the amount of the cooling production and the magnitude of input
power requirement are corrected including the effect of all considered respective losses
as well as COP is evaluated.

3.5/ MODEL VALIDATION

In the previous sections, a numerical model is introduced to predict the performance of a
regenerative Stirling cycle refrigerator. In this section, the model validation is presented.
The developed numerical model (modified simple model) is validated by two ways. The
first, validation method is by reversing the refrigeration model to the engine model and
simulate the model to validate with other previous works. This is because there are no
enough researches in the Stirling refrigeration area for validation. The second way of
model validation is through direct experimental investigation using FEMTO 60 engine
prototype.

3.5.1/ MODEL VALIDATION USING ENGINE MODEL

The modified simple numerical model for the Stirling refrigerator is validated by revers-
ing the model to the engine model. Primarily the developed modified simple model for
refrigerators is reversed to the engine model. However, it is worth mentioning here that
it was difficult to find previously published numerical model results of Stirling engine of
the same type and configuration (FEMTO 60) as the one considered in the present work
for the purpose of validation. Hence, the parameters of 3 kW GPU-3 Stirling engine are
used for validation as there are enough published papers using such type of engine. To
verify the reliability of this model (modified simple), the simulation results are compared
with other theoretical models’ simulation results and with the experimental results. The
experimental results which were tested in the NASA Lewis Research Center using 3kW
GPU-3 Stirling engine were presented [12, 17]. The machine specification (GPU-3) for
the validation of the model with the engine model is presented in Table 3.3.

The reversed modified simple model was simulated and engine performances (power
output and efficiency) have been compared with the results of other models and ex-
perimental results as shown in Table 3.4. The comparison considers the valida-
tion of simulation result of existing modified simple model (reversed) with the results
of the different models from original adiabatic models [20, 64] to the recent mod-
els [89, 101, 106, 107, 112, 147, 159] and with experimental results [12, 17]. The analysis
result using the modified simple model (this study) showed a very high accuracy level with
a relative error of +4% for brake power output and by +0.9% for efficiency as compared
with experimental result for (GPU-3) engine. The overall result from the table shows that
the present model matches better as compared with all other theoretical models.

A more detailed validation of the present model (modified simple) with other numerical
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Specifications of GPU-3 Stirling engine [17].
Parameter Value Parameter Value

General Heater
Internal diameter of cylin-
der (mm)

69.90 Mean tube length (mm) 245.30

Number of cylinders 1 Tube outside diameter
(mm)

4.83

Piston stroke (mm) 31.2 Tube inside diameter (mm) 3.02
Working fluid Helium Number of tubes per cylin-

der
40

Frequency (Hz) 41.7 Dead volume of heater
(mm3)

70.88

Mean pressure (Mpa) 4.13 cooler
Phase angle 90 Mean tube length (mm) 46.1
Heater temperature (K) 977 Tube outside diameter

(mm)
1.59

Cooler temperature (K) 288 Tube internal diameter
(mm)

1.09

Regenerator Number of tubes per cylin-
der

312

Regenerator lenth (mm) 22.6 Dead volume of cooler
(mm3)

13.80

Reg. external diameter
(mm)

80 Others

reg. internal diameter
(mm)

22.6 Clearance volume of dis-
placer (mm3)

30.52

Number of regenerators 8 Clearance volume of piston
(mm3)

28.68

Dead volume of regenera-
tor (mm3)

50.55 Diameter of displacer (mm) 69.9

Material stainless
steel

Diameter of displacer rod
(mm)

9.52

No. of wires per cm 79 Eccentricity (mm) 20.80
Wire diameter (mm) 0.04 Displacer clearance (mm) 0.028
Porosity of regenerator ma-
trix

0.69 Piston clearance (mm) 0.15

Table 3.3: Specifications of GPU-3 Stirling engine [17].

models (simple [20], simple II [89], PSLV [102]) and with experimental results (reported
in [17]) at different operating frequencies have been conducted and presented in Fig. 3.4
for the prediction of brake power and corresponding errors as well as in Fig. 3.5 for the
prediction of engine efficiency and associated errors for two different pressures.

Fig. 3.4a and b presented the comparison of the output brake power for the present model
with results of other theoretical models (simple [20], simple II [89], PSLV [102]) and with
experimental results reported by [17] for a 3 kW Beta type Stirling machine called the
GPU-3 Stirling engine at charging pressures of 27.6 bar and 41.4 bar respectively. The
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Validation of the model with engine models using (GPU-3).

Models
Power out put Efficiency

in kW error in % in % error in %
Adiabatic model [20] 8.3 +213.1 62.5 +167.9
Simple model [20] 6.7 +152.9 52.5 + 124.4
Dynamic bestModel [64] 4.27 +61.3 38.49 +64.5
Simple II model [89] 4.57 +72.5 36.8 +57.3
CAFS model [106] 4.17 +57.4 36.1 +54.3
PFST model [107] 3.61 +36.3 23.3 -0.4
Modified PSVL [102] 2.87 +8.3 24.72 +5.6
CPMS model [112] 2.68 +1.2 21.75 -7.1
[147] 4.51 +70.1 36.56 +56.2
[159] 2.66 +0.4 20.4 -12.8
Present model (modified sim-
ple)

2.754 +4.0 23.6 +0.9

Experimental result [12] 2.649 - 23.4 -

Table 3.4: Validation of the model with engine models using (GPU-3).

result from Fig.3.4a and b demonstrate the effect of operating frequency for the experi-
ment and theoretical models including the present modified simple model at 27.6 bar and
41.4 bar, respectively. At a mean pressure of 27.6 bar, it could be seen in Fig.3.4a, that
the predicted brake power by the current model is very close to the experimental result
within all operating ranges. From Fig. 3.4a, it could be seen that the accuracy of the
current model (modified simple) in predicting the brake power is by far better than other
models considered as it is closer to experimental results at each frequency. The optimum
brake power for both present theoretical model and experimental work are found near to
an operating frequency of 41.67 Hz. Similarly, Fig. 3.4b demonstrates the comparison of
brake power prediction between previous researches (simple [20], simple II [89], PSLV
[102]), present model, and experimental work at a mean pressure of 41.4 bar.

Generally, from both Fig. 3.4a and b, it could be verified that the present modified simple
model predicts the brake power more accurately. The present model and experimental
results confirmed that brake power has optimum value with respect to the operating fre-
quency. The decrease in brake power with operating frequency after the optimum value
could be due to an increase of losses in the engine (mechanical friction, losses due to
the finite speed of piston, and the increase in fluid friction in heat exchangers).

The evaluation of power prediction error for different models including simple [20], simple
II [89], PSLV [102], and the present modified simple model against the experimental
result [17] is illustrated in Fig. 3.4c and d at charging pressures of 27.6 bar and 41.4 bar
respectively. As shown in the figure, the deviations of errors decrease from the original
simple model, simple II, PSLV, and the present modified simple model. The graphs gen-
erally show the more recent models have a lower deviation from experimental result. The
more recent models PSVL and present modified simple models have more reasonable
errors. The modified simple model (this study) has the most reasonable accuracy and
even the errors at different frequencies seem uniform for this model except at very high
operating frequency. The power prediction errors for this model are by far lower than all
considered models (simple [20], simple II [89], PSLV [102]) at each frequency. As seen
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Figure 3.4: Comparison of brake power of Present Model (modified simple), other theo-
retical models and experimental results using GPU-3 engine.

(a, Brake power at 27.6 bar; b, Brake power at 41.4 bar: c, Power prediction error at 27.6
bar: d, Power prediction error at 41.4 bar)

in Fig. 3.4c, at a mean pressure of 27.6 bar, the prediction error of power is relatively
very constant in the case of a modified simple model (this study) and the maximum error
is 5.77% except at very high operating frequency (58.33 Hz). On the other hand, as the
mean pressure increases to 41.4 bar as shown in Fig. 3.4d, the power prediction error
for PSLV [102] model also shows a very closer trend with the modified simple model (this
study) and both show the relative constant error except at very high operating frequency.

Fig. 3.5a and b presented the comparison of the brake efficiency for the present model
with other theoretical models (simple [20], simple II [89], PSLV [102]) and with experi-
mental results (reported in [17]) for the GPU-3 Stirling engine against operating frequency
and at charging pressures of 27.6 bar and 41.4 bar respectively. Based on Fig. 3.5a at
a mean pressure of 27.6 bar, even though, all models have different deviations from the
experimental result, the predicted brake efficiency by this model (modified simple) is very
close with the experimental result at all operating frequency ranges. As could be seen
from Fig. 3.5a the accuracy of the current model (modified simple) in predicting the effi-
ciency is by far better than other models considered. Similarly, Fig. 3.5b shows the com-



62 CHAPTER 3. NUMERICAL MODELING

parison of efficiency prediction between previous researches simple [20], simple II [89],
PSLV [102], present model (modified simple), and experimental work at a mean pressure
of 41.4 bar. The same trend is observed that the accuracy of efficiency prediction is better
in case of the current model.

Figure 3.5: Comparison of thermal efficiency of present model (modified simple), other
theoretical models and experimental results using GPU-3 engine.

(a, Brake efficiency at 27.6 bar; b, Brake efficiency at 41.4 bar: c, Efficiency prediction
error at 27.6 bar: d, Efficiency prediction error at 41.4 bar).

From Fig. 3.5a and b, the efficiency for all models and experiments showed a decreasing
trend with increasing operating frequency at both mean pressures (27.66 and 41.4 bar).
The decrease in brake power with operating frequency could be due to an increase of
losses in the engine (mechanical friction, losses due to the finite speed of piston, the
pressure drop in heat exchangers).

The comparison of efficiency prediction error for different models including simple [20],
simple II [89], PSLV [102], and the present modified simple model at a heater and
cooler temperatures of 922 K and 286 K is demonstrated in Fig. 3.5c and d at charging
pressures of 27.6 bar and 41.4 bar respectively. As shown in the figure, the deviation
of errors decrease from the original simple [20], simple II [89], PSLV [102], and the
present modified simple model, respectively. The graph generally shows the more recent
models have a lower deviation from experimental results. The more recent models PSVL
and this study (modified simple model) have more reasonable errors. The efficiency
prediction errors for the current modified simple model are by far lower than all other
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considered models (simple [20], simple II [89], PSLV [102]) at each frequency and the
errors at different frequencies seem uniform for this model except at very high operating
frequency. As clearly seen in Fig. 3.5c, at a mean pressure of 27.6 bar, the prediction
error of efficiency is relatively very constant in the case of the modified simple model
(this study) and the maximum error is 7.25% except at very high operating frequency
(58.33 Hz). On the other hand, as the mean pressure increases to 41.4 bar as shown in
Fig. 3.5d, the power prediction error increases with operating frequency in the case of the
modified simple model.

Finally, from Table 3.4, Fig 3.4 and Fig. 3.5, it could be seen that the results of the present
model (modified simple model) are more closer to the results of experiment as compared
with the results of other models developed so far. Hence, it could be concluded that the
present model predicts power and effciency of Stirling engine more accurately. The main
reason for such better model results is the inclussion of appropriate losses directly in the
differential equation and as independent losses based on their effect. The same trends
are observed for the results of the present model as compared with experimental values
for both power Fig 3.4 and efficiency Fig. 3.5 pridiction. Hence, the numerical model
developed for refrigeration could be used to design a cooling machine at a reasonable
accuracy.

3.5.2/ MODEL VALIDATION WITH EXPERIMENT

To validate the numerical model presented above, there are no enough published results
of numerical models and experimental works for Stirling cycle refrigeration machine of
the same type and configuration (FEMTO 60) as the one considered in the present work.

The numerical model presented in sections 3.2 and 3.3, was evaluated by considering
the FEMTO-60 Stirling engine operating as a refrigerating machine as a case study. The
photo of the cooling machine at cooling stage is shown in Fig. 3.6.

The considered experimental machine is a reversible thermal machine (motor and/or re-
ceiver) with Beta configuration and operates between two constant temperatures. This
machine consists of expansion space, heater (acts as a chiller in case of the cooling ma-
chine), regenerator, cooler (acts as a hot heat exchanger in case of the cooling machine),
compression space, piston, buffer space, and driving mechanisms. The power piston and
displacer are arranged within a single cylinder. The displacer piston controls the varia-
tions of the expansion volume (cold room) and the power piston controls the compression
space (hot room) for such Stirling refrigerating machine. The setup includes a regenera-
tive Stirling refrigerator, cooling water system, the electric supplier, and a data acquisition
system. The refrigerator is arranged with six thermometers and one pressure sensor for
measuring the working conditions.

The setup, the arrangement, and testing procedures of the experimental device was the
same as described by Djetel-Gothe et al. [153] and is shown in Fig. 3.7. The characteris-
tics of the Stirling refrigerator such as cold temperature, cooling capacity, and coefficient
of performance were investigated experimentally. The thermal load was applied by two
resistance heaters to the cold head of the Stirling cycle refrigerator, and steady-state
characteristics of the refrigerator were measured. For a varied input voltage, different
tests were carried out to determine the variation of the cooling performance with the cold
head temperature of the coolers varied from −40oC to 0oC.
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Figure 3.6: Photo of refrigerating Stirling machine (Beta type) at cooling stage (FEMTO-
ST laboratory).

Figure 3.7: Experimental setup for the measurement of the Stirling prototype.

The considered working gas for the experimental validation was nitrogen, which is as-
sumed to behave like a perfect gas. The hot heat exchanger and the chiller both have slot
geometric arrangement and the configuration of the regenerator is an annular configura-
tion with a stainless steel woven screens matrix. The main parameters and dimensions
of the experimental device are tabulated in Table 3.5.



3.5. MODEL VALIDATION 65

Specifications of Stirling machine for this study.
No Parameters Value
1 Hot heat temperature (K) 305
2 Cooling temperature (K) 270
3 Piston diameter (mm) 60
4 Displacer diameter (mm) 59
5 Piston stroke (mm) 40
6 Regenerator length (mm) 50
7 Diameter of regenerator (mm) 82
8 Regenerator wire made of stainless steel
9 Wire diameter (µm) 112
10 Porosity (%) 64
11 Compression space swept volume (cm3) 103
12 Expansion space swept volume (cm3) 113
13 Compression dead volume (cm3) 4.24
14 Expansion dead volume (cm3) 4.24
15 Working gas Nitrogen
16 Frequency (Hz) 5-13
17 Charging pressure (bar) 15-20

Table 3.5: Specifications of Stirling machine for this study.

The thermal model was validated with an experiment conducted at 7.3 Hz and 9.7 Hz for
a series of cooling temperatures and a charging pressure of 17.5 bar using FEMTO-60
engine model.

The comparison of cooling load of developed numerical model (modified simple) with
experimental results and the associated percentage of relative error is demonstrated in
Fig. 3.8. Fig. 3.8a, illustrates the comparison of the cooling load of the numerical model
(modified simple model) with experimental values for operating frequencies of 7.3 Hz and
9.7 Hz. Fig. 3.8, shows the relative error evaluated in predicting the cooling load of the
cooling machine for operating frequencies of 7.3 Hz and 9.7 Hz. The maximum relative
prediction error of -7.71 % was found for an operating frequency of 9.7 Hz.

Fig. 3.9 depicted the comparison of COP and the associated percentage of relative error
of developed non-ideal second-order thermal model (modified simple) with experimental
values. Fig. 3.9a, demonstrates the comparison of the COP of the numerical model
(modified simple model) with experimental values for operating frequencies of 7.3 Hz and
9.7 Hz. From the figure, we could see that the COP for simulation result shows more
closer values to the experimental results at all temperature ranges in the case of 7.3 Hz
than at 9.7 Hz. Fig. 3.9b, illustrates the relative error evaluated in predicting the COP
of the prototype Stirling machine for an operating frequencies of 7.3 Hz and 9.7 Hz. It
has seen that the maximum relative prediction error of 23.9 % was found for operating
frequency of 9.7 Hz (as shown in Fig. 3.9b).

Generally, from Fig. 3.9 and Fig. 3.8, it could be confirmed that the present modified
simple model predicts the cooling power and COP of the Stirling refrigerating machine for
moderate cooling application with reasonable accuracy.

At a cold end temperature of 4oC, operating frequency of 7.3 Hz,and charging pressure
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Figure 3.8: Evaluating cooling load prediction accuracy of thermal model with experimen-
tal data.

of 17.5 bar:

• The cold production from numerical analysis and experimental were found as 439
W and 450 W, respectively. This result shows that the numerical model is in close
agreement with the experiments result with a particular error of -2.4%.

• The COP of refrigerating machine from numerical analysis and experimental were
found as 0.92 and 0.9 respectively. This shows that the numerical model has a
particular error of +2.2% as compared with the experimental value.

3.6/ RESULTS AND DISCUSSION

The discussion concerns simulation of a numerical model for the Stirling cycle refrigerator
with Beta configuration (FEMTO 60 Stirling engine working in reversed mode) conducted
at(Tcr = 270 K, Th = 300 K, P = 17.5 bar and f = 7.5 Hz) . As described in section 3.5.2,
the working fluid used for experimental validation purpose was nitrogen. However, the
overall analysis and the optimization work have been conducted using air as a working
fluid except in comparison to the effects of the working fluids on cooling performance. In
this analysis, simulation results, particularly the mass flow rate of the working fluid, the
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Figure 3.9: Evaluating COP prediction accuracy of thermal model with experimental data.

temperature of working fluid at a different section of the machine the pressure trend in
working volumes as well as the pressure drop in heat exchangers have been presented.
The solution of the numerical model is solved using MaATLAB code and the results are
presented after the steady-state condition is reached.

Fig. 3.10 demonstrates a plot of mass versus crank angle in five control volumes of the
refrigerating machine. As it is shown in Fig. 3.10, when the mass in compression space
is minimum, the mass in expansion space is maximum and vice versa. This is basically
related to the degree of compression and expansion. The amount of working fluid in the
regenerator and heat exchangers also varies with the crank angle. The mass of working
fluid in the regenerator is greater than the mass in the chiller and hot heat exchanger
at each rotational stages. The mass in the hot heat exchanger is the smallest of all.
Generally, as the void volume of heat exchangers increases, the amount of working fluid
also increases. Furthermore, the mass variation in the regenerator is higher than other
heat exchangers, and hence the volume of regenerator affects the performance of cooling
machine more than others.

Fig. 3.11 is a plot of temperature distribution in different control volumes (working spaces,
regenerator, and heat exchangers) with crank angle at hot heat exchanger temperature
of Th = 300 K, chiller temperature of Tcr = 270 K, and an operating frequency of 7.5 Hz.
From Fig. 3.11, it is understood that the mean chiller gas temperature is 11 K less than
the chiller wall temperature and, the mean gas temperature in hot heat exchangers is 15
K greater than the hot heat exchanger wall temperature. The average gas temperature in
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Figure 3.10: Mass variation with crank angle (Tcr = 270 K, Th = 300 K, P = 17.5 bar and
f = 7.5 Hz).

the expansion chamber at this particular situation is 259 K.

Fig. 3.12 shows the plot of the P-V diagram for the three analysis methods (Schmidt,
modified ideal adiabatic and modified simple analysis). The area limited by the P-V curve
represents the amount of net input power required to run the refrigerating machine. The
area for the modified simple analysis diagram is greater than the other two areas. This
area is the actual input power required and is greater than the ideal input power require-
ment as there are irreversibilities. Furthermore, Fig. 3.12 shows that the Schmidt analysis
is the most ideal as the area is very small.

Fig. 3.13 demonstrates the actual P-V diagrams of compression, expansion and total
spaces from the modified simple analysis. It is clear that the compression space is greater
than the expansion space area which shows the net input power requirement. Further-
more, the figure demonstrates that the maximum pressure in expansion spaces is lower
than the maximum pressure in compression space.

Fig. 3.14 is a diagram of energy transferred versus crank angle from modified simple anal-
ysis that shows the net input work done required, heat transfer across two heat exchang-
ers, and heat transfer in the regenerator at a charging pressure of 17.5 bar, frequency of
7.5 Hz, hot heat exchanger temperature Th = 300 K, and chiller temperature Tcr = 270
K. As it could be seen, the net input work done increases during the compression phase
and decrease during the expansion phase. The input power requirement was found as
22.56 J and the cooling power was 53 J from this particular simulation of modified simple
model.
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Figure 3.11: Temperature with crank angle at (Tcr = 270 K, Th = 300 K, P = 17.5 bar and
f = 7.5 Hz).

Fig. 3.15 demonstrates the actual working space (compression and expansion space)
pressure variation versus crank angle at a hot heat exchanger temperature of Th = 300
K, chiller temperature of Tcr = 270 K, charging pressure of 17.5 bar, and frequency of 7.5
Hz. It can be seen that the pressure in expansion space is smaller than the pressure of
the compression space. This pressure difference between two working spaces results
from the pressure drop due to friction of fluid flow in three heat exchangers.

Fig. 3.16 shows the pressure drop due to fluid friction across the hot heat exchanger, the
regenerator, the chiller, and the total pressure drop in all these heat exchangers versus
the crank angle. As could be seen from the figure the pressure drop variation in the
regenerator was much higher than the pressure drop in the other two heat exchangers.
The maximum pressure drops for the regenerator and the total pressure drops were found
respectively as 1.23 bar and 1.30 bar (at a charging pressure of 17.5 bar, frequency of
7.5 Hz, hot heat exchanger temperature Th = 300 K and chiller temperature Tcr = 270 K).
This result confirms that the major pressure drop existes in the regenerator and is almost
equal to the total pressure drop.

An elaborated view of pressure drop due to fluid friction in two heat exchangers (hot heat
exchanger and chiller) versus crank angle (degrees) is presented in Figure 3.17. The
pressure drop in the hot heat exchanger is much higher than that of the pressure drop in
the chiller and there is a phase lag too. One of the reasons may be in hot heat exchanger
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Figure 3.12: P-V diagram of three methods analysis at (Tcr = 270 K, Th = 300 K, P = 17.5
bar and f = 7.5 Hz).

Figure 3.13: P-V diagram for modified simple analysis at (Tcr = 270 K, Th = 300 K, P =
17.5 bar and f = 7.5 Hz).

the gas is hotter and it will try to move faster.
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Figure 3.14: Energy flow diagram with respect to crank angle at (Tcr = 270 K, Th = 300 K,
P = 17.5 bar and f = 7.5 Hz).

3.7/ CONCLUSION

The main contribution presented in this chapter is the development of a non-ideal second
order numerical model called the modified simple model considering the effects of various
losses for the moderate temperature Stirling refrigerator. The purpose of this model was
to design a Beta type Stirling cycle domestic refrigerator with a crank driven mechanism
and using air as a working fluid. The numerical modeling of the refrigerating machine is
constructed in three consecutive sections. In the first section, the ideal adiabatic model
of Stirling engine is adapted for refrigeration machine. In the second section, the model-
ing is done through modifiying ideal adiabatic model to include the shuttle heat losses by
displacer movement and mass leakage to the crank case directly in the differential equa-
tion. Lastly, the modified simple modeling is constructed by incorporating other losses
(imperfect regeneration loss, internal heat conduction loss in the regenerator, losses due
to pressure drop in heat exchangers, heat conduction losses, gas spring hysteresis loss,
loss due to piston finite speed, and pumping loss) as independent losses.

These numerical differential equations have been solved by taking the geometrical pa-
rameters and initial operating conditions of the machine as input parameters. Classical
fourth-order Runge Kutta method is applied to solve the system of the differential equa-
tions. Then, MATLAB code is developed to solve the system of these differential equa-
tions over the consecutive cycles.
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Figure 3.15: Working space pressure versus crank angle over the cycle at (Tcr = 270 K,
Th = 300 K, P = 17.5 bar and f = 7.5 Hz).

Figure 3.16: Heat exchanger pressure drop versus crank angle at (Tcr = 270 K, Th = 300
K, P = 17.5 bar and f = 7.5 Hz).



3.7. CONCLUSION 73

Figure 3.17: Heat exchanger pressure drop versus crank angle at (Tcr = 270 K, Th = 300
K, P = 17.5 bar and f = 7.5 Hz).

The numerical model was first validated with engine models by reversing the numerical
model. The developed modified simple model for refrigerators is reversed to the engine
model, then the parameters of 3 kW GPU-3 Stirling engine are used for validation. To ver-
ify the reliability of this model (modified simple), the simulation results are compared with
other theoretical models’ simulation results and with the experimental results. Second,
the numerical model is revalidated against experimental work conducted using FEMTOST
engine model as a cooling machine. The cold production from the numerical analysis and
experimental work are found as 439 W and 450 W, respectively at a chiller temperature
of 4oC with a relative error of -2.4%. The COP from numerical analysis and experimental
work are found as 0.92 and 0.9 respectively with a relative error of +2.2%. These re-
sults confirm that the developed numerical model for domestic Stirling refrigerator have
reasonable accuracy to predict the performance of the machine.





4
PARAMETRIC ANALYSIS

(OPTIMIZATION)

The developed numrical model in chapter 3, can predict the performance of domestic
Stirling refrigerator with very good accuracy. However, a higher performance Stirling
refrigerator could be designed using the developed model if parametric optimization is
conducted further. This chapter aims to analyze the effects that the different operational
variables, design (geometric) variables, different working fluids, shuttle heat losses, and
mass leakage losses to the buffer space might have on the cooling performance of the
Stirling refrigerator. The other objective of this chapter is to analyze the effects of oper-
ating and design variables on different types of losses and to propose better operating
and design variables. For this purpose, the developed numerical model was used for
the simulation of the FEMTO 60 engine model working in reverse cycle under different
operational and design conditions. Finally, through combining different optimized design
parameters, new combinations of parameters have been proposed which could produce
enhanced cooling performances of the Stirling refrigerator.

4.1/ EFFECT OF SHUTTLE AND MASS LEAKAGE LOSSES

The developed numerical model as shown in Chapter 3, incorporates the shuttle heat
transfer (heat loss from compression space to expansion space) and gas leakage from
the working space to the buffer space (crankcase) into the ideal adiabatic analysis. These
losses have a direct impact on the temperature and the working pressure of the fluid in
the working spaces. To evaluate the effect of mass leakage and shuttle heat losses on the
temperature, pressure, and overall performance of the refrigerating machine, the model
was run consequently without mass leakage and shuttle heat losses, only with mass
leakage, only with shuttle heat losses, and with mass leakage and shuttle heat losses
included in the differential equation.

The effect of shuttle heat losses on the temperature of the working fluid is illustrated in
Fig. 4.1. From Fig. 4.1, it could be seen that shuttle heat losses have a major effect on
the temperature of the gas. The shuttle heat losses have the effect of decreasing hot
gas temperature and increasing cold side gas temperature. At a charging pressure of
17.5 bar, hot heat exchanger temperature of 300 K, chiller temperature of 270 K, and
an operating frequency of 7.5 Hz, the average hot gas temperature decreases by 13 K,
and the average cold gas temperature increases by 9.2 K when incorporating the shuttle

75
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effect in the differential equation. The shuttle heat losses have effect of decreasing hot
gas temperature and increasing cold gas temperature. This is because part of heat is
transported from hot space to cold space. On the other hand, since the mass of working
gas decreases in the compression space, the gas temperature in the compression space
increases when mass leakage is incorporated in the differential equation. The summary
of effect of incorporating shuttle heat losses and mass leakage losses are presented in
Table 4.1.

Summary of effect of shuttle heat and mass leakage losses.
Case Effect on T & P Cooling [W] COP

Without including
shuttle heat and
mass leakage losses
in the differential
equations

— 450.6 0.8

When only shuttle
heat losses included
in the differential
equations

• Average Tc decrease by
13 K
• Average Te increase by
9.2 K
• ∆T decrease by 22.2 K
• Have a recognized effect
on PV diagram

347 0.65

When only mass
leakage is included
in the differential
equation

• Average Tc increase by
6 K
• Average Te remains al-
most unchanged
• ∆T increase by 6 K
• The effect is not too
much on PV diagram

446.2 0.78

When both shuttle
heat and mass leak-
age losses included
in the differential
equation

• Average Tc decrease by
7 K
• Average Te increase by
9.6 K
• Total ∆T decrease 16.6
K
• Have a recognized effect
on PV diagram

343 0.64

Table 4.1: Summary of effect of shuttle heat and mass leakage losses.

Furthermore, the effects of shuttle heat losses on the overall performance of the refrig-
erating machine have been evaluated. The cooling power and COP of the refrigerating
machine are found respectively as 450.6 W and 0.8 when shuttle losses are evaluated
separately and subtracted from cooling power. On the other hand, the cooling power
and COP are found as 347 W and 0.65 when shuttle heat losses are incorporated in the
differential equation. Furthermore, when we incorporate the mass leakage loss in the
differential equation the cooling power and COP have been reduced to 343 W and 0.64.

The effect of shuttle heat losses on the P-V diagram is also investigated. Fig. 4.2 shows
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Figure 4.1: Effect of shuttle heat and mass leakage losses on the temperature of the gas
in expansion and compression spaces at (Tcr = 270 K, Th = 300 K, P = 17.5 bar and
f = 7.5 Hz).

the P-V diagram at Th=300 K, Tcr =270 K, charging pressure of 17.5 bar, and an operating
frequency of 7.5 Hz when the analysis is performed first without including shuttle heat
losses and then including it in the differential equations. It is noticeable that the P-V loop
seems to become slenderer when shuttle heat losses are incorporated in the differential
equation. This is because when heat is shuttled from compression space to expansion
space, the pressure difference between the two spaces decreases. This resulted in a
lower area enclosed in the P-V diagram, and therefore a lower cooling production.

4.2/ EFFECT OF WORKING FLUID ON COOLING PERFORMANCE

It is well known that the type of working fluid has an impact on performance of the Stirling
machine. For Stirling engine with high temperature difference, helium has better work-
ing characteristics. However, for low lower temperature difference applications, air and
nitrogen could also have comparable performance with helium as presented in [83].

The impact of different working fluids on the cooling power of a Stirling refrigerator with
respect to operating frequency is presented in Fig. 4.3 at particular operating conditions
of Th = 300K, Tcr = 270K, and a charging pressure of 17.5 bar. It can be observed that
the cooling production increases with the operating frequency for all working fluids types.
Furthermore, it can be seen that air and nitrogen can produce more cooling power than
helium and hydrogen gases. The potential reason for the lesser cooling performance of
helium or hydrogen is due to the fact that the amount of working fluids are much lower as
they have very high gas constant compared with that of air or nitrogen. Hence a lower
heat removal rate take place in case of helium and hydrogen gases that can result in
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Figure 4.2: Effect of shuttle heat losses on the P-V diagram at (Tcr = 270 K, Th = 300 K, P
= 17.5 bar and f = 7.5 Hz).

lower cooling production. On the other hand, the cooling production for air and nitrogen
is almost the same. This is because the fluid mass flux is almost the same.

Fig. 4.4 demonstrates the effect of different working fluids on the COP of a cooling ma-
chine with respect to operating frequency at Th = 300K, Tcr = 270K, and charging pres-
sure of 17.5 bar. It can be seen that air and nitrogen have better COP than helium and
hydrogen within the range of operating frequency. Even though, both input power require-
ment and cooling power increase with operating frequency, COP decreases as a result of
a higher rate of increase of fluid flow friction and mechanical friction losses. The COP for
air and nitrogen decreases radically with operating frequency and this trend shows that
at very high operating frequency, the COP for helium may be higher than the COP of air
and nitrogen.

Fig. 4.5 displays the influence of working fluids (air, nitrogen, helium, and hydrogen) on
cooling power with respect to charging pressure at Th = 300K, Tcr = 270K, and a operating
frequency of 7.5 Hz. It can be observed that the cooling power increases with charging
pressure for all working fluids. Furthermore, it could be observed that the cooling power
for air and nitrogen is greater than the cooling power of helium and hydrogen due to the
higher mass flow rate in the case of air and nitrogen which leads to a higher heat removal
rate.

Fig. 4.6 displays the influence of different types of working fluids on the COP of the re-
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Figure 4.3: Cooling power versus operating frequency for different types of working fluid
at (Tcr = 270 K, Th = 300 K, P = 17.5 bar and f = 7.5 Hz).

Figure 4.4: COP vs operating frequency for different types of working fluid at (Tcr = 270
K, Th = 300 K, P = 17.5 bar and f = 7.5 Hz).

frigerating machine with charging pressure at Th = 300 K, Tcr = 270 K, and an operating
frequency of 7.5 Hz. Air and nitrogen demonstrates by far better COP than helium and
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Figure 4.5: Effect different working fluid types on cooling power of Stirling cycle refriger-
ator with pressure at (Tcr = 270 K, Th = 300 K, P = 17.5 bar and f = 7.5 Hz).

hydrogen at lower average pressure especially for pressure less than 30 bar. COP for
almost all types of fluids show a wider dome shaped trend as a function of pressure. The
COP for nitrogen increases from 0.35 to 1.06 as the charging pressure increases from
10 bar to 25 bar. The COPs for helium and hydrogen increase radically with charging
pressure due to the lower rate of increase in flow friction losses and increased mass flux.
At higher pressure the difference in mass flux between different working fluids decreases.

4.3/ EFFECT OF OPERATING PARAMETERS ON COOLING PERFOR-
MANCE

In this part of the analysis, the effects of operating parameters such as charging pressure,
operating frequency, and temperature (cold and hot ends) of the cooling machine on the
refrigerator performance are investigated. The analysis is conducted with the variation
of operating parameters keeping constant the design parameters. The effect of opera-
tional parameters on the PV-diagram as well as on the pressure drop in heat exchangers
have been investigated. The input power requirement, cooling power, and coefficient
of performance are evaluated at different operating parameters. Then, the trends and
the optimum performance values of the refrigerator are identified in each case within the
range of analysis.

Even though the operating frequency and average operating pressure of Stirling refrig-
erating machine are known to have a significant influence on machine in terms of its
power demand and cooling production, the exact operating effect of these parameters
are not well known. The variation of PV diagram as functions of operating frequency and
charging pressure have been investigated in order to predict the operating condition of
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Figure 4.6: Effect different working fluid types on COP of Stirling cycle refrigerator with
pressure at (Tcr = 270 K, Th = 300 K, P = 17.5 bar and f = 7.5 Hz).

the machine.

Fig. 4.7a and b demonstrate the effect of operating frequency on the PV diagram at
6 Hz and 12 Hz respectively. The compression volume pressure range remains almost
constant and the expansion volume pressure variations are highly reduced as operating
frequency increases from 6 to 12 Hz. The PV curve area of expansion space is quite
different for low and high machine frequencies. The reduction of the PV diagram area for
the expansion space shows that as frequency increases the amount of heat transfer from
the working fluid decreases as the working fluid spends lesser time in the heat exchang-
ers including the regenerator. The working fluid also spends less time in the cold heat
exchanger (chiller) as frequency increases. However, the PV diagram in compression
spaces remains almost constant. Even though, it is expected to decrease on the other
hand as frequency increases the amount of input power increases due to the increase
of fluid friction losses, finite speed losses, and mechanical friction losses. Furthermore,
the network input will increase as operating frequency increases and this network input
is represented by the net area of compression and expansion space. The hollow curve
in expansion volume pressure curve of Fig. 4.7b, shows that the higher pressure drop is
around 40o − 60o crank angle and is more critical as the operating frequency increases.
This results from a higher mass flow rate in heat exchangers including the regenerator
achieved at a maximum value near 50o as demonstrated in Fig. 3.10 and causes a higher
pressure drop. This is also confirmed in section 4.4 of this research work.

Similarly, the effect of charging pressure on the PV diagram has been investigated as
shown in Fig. 4.8, where PV curves of the two chambers of the Stirling refrigerator are
compared for the cases of 15 bar and 25 bar. The lowest and highest pressures inside
the compression space were about 11.7 bar and 18.9 bar and the lowest and highest
pressures in expansion spaces were about 13.9 bar and 16.6 bar when the charging
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Figure 4.7: Effect of machine operating frequency on the P-V diagram of compression
and expansion space at (Tcr = 270 K, Th = 300 K, and P = 17.5 bar).

pressure is 15 bar. At a charging pressure of 25 bar, the lowest and highest pressures
inside the compression space were about 19.6 bar and 31.5 bar and the lowest and
highest pressures in expansion spaces were about 23 bar and 27.7 bar. As shown in the
figure, the area for both PV diagrams of compression and expansion spaces increases as
pressure increased from 15 bar to 25 bar. The net increase in area compression space is
higher than the net increase in the area of expansion space as pressure increases. This
confirms that the net power demand per cycle increases with charging pressure.

The variation of power demand, as a function of the operating frequency of the Stirling
machine predicted by the developed modified simple numerical model for the Stirling
refrigerator is studied and presented in Fig. 4.9. At this particular figure, the Stirling
refrigerator was simulated at an ambient temperature of 300 K, chiller temperature of
270 K, and air as a working fluid. The analysis is conducted with operating frequency
ranging from 1-12 Hz and charging pressure from 5-25 bar. The higher the pressure,
the higher the input power requirement. This is because the increase in pressure of the
Stirling refrigerator leads to an increase of the work done on the fluid and an increase in
the mass of working fluid that would result in higher fluid friction (pressure) losses which
require more power to drive the refrigerator.

The input power initially increases nearly linear and increases at a higher rate with an
increase in operating frequency and in a good agreement with [132]. This indicates that
the fluid friction and mechanical friction power losses increase more at higher rotation
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Figure 4.8: Effect of charging pressure on the P-V diagram of compression and expansion
space at (Tcr = 270 K, Th = 300 K, and f = 7.5 Hz).

frequencies. On the other hand, as operating frequency increases, the number of cycles
per time increases which demands higher power. Hence, the power demand increases
with charging pressure as well as with operating frequency.

Fig. 4.10 illustrates the effect of operating frequency on the cooling power of the Stirling
refrigerator when the charging pressure is ranging from 5-25 bar, at an ambient tem-
perature of 300 K, chiller temperature of 270 K, and air as a working fluid. The cooling
power increases with charging pressure. This is because as the cooling machine charg-
ing pressure increases, the mass of working fluid increases that results in a higher heat
removal rate and hence higher cooling power. Furthermore, it could be seen from this
figure that cooling power increases linearly with an increase in operating frequency. In
other words, increasing the operating frequency of the Stirling refrigerator will result in
higher cooling power at the fixed cooling temperature. This is because as operating fre-
quency increases, the thermodynamic cycle accompanied per unit time also increases,
which results in higher cooling production at the chiller end. Therefore, a particular cool-
ing power with a specific frequency and charging pressure could be found either at a
lower frequency with increased charging pressure or at a higher frequency with decreased
charging pressure. Hence, the choices of operating frequency and charging pressure are
dependent on the cooling temperature requirement and the choice of a better COP of the
machine.

In Fig. 4.11, the trend of COP as a function of operating frequency at different charging
pressure is demonstrated. As COP is the ratio of cooling power and input power require-
ment, it can easily be determined from Fig. 4.9 and Fig. 4.10. As can be seen in Fig.4.9
and Fig. 4.10, the cooling power increases nearly linearly and the input power initially
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Figure 4.9: Trend of power demand for refrigerating machine with respect to operating
frequency at different charging pressure.

increases nearly linearly and increases at a higher rate with an increase in operating fre-
quency (also confirmed by [132]). On the other hand, even though both cooling power
and power demand increase with operating frequency, the increase in power demand
is higher than the increase in cooling power. This results in a reduction in COP of the
cooling machine with an increase in frequency. COP shows a maximum value with re-
spect to operating frequency and this was also described in [130]. The optimum point of
COP varies with the charging pressure. The higher the charging pressure, the lower the
frequency in which the optimum COP found. This may be due to the fact that at higher
pressure, fluid friction increases the overall power demand at higher rate with increase in
operating frequency and hence the COP will tend to reach its optimum value at relatively
lower frequency.

On the other hand, the COP increases with charging pressure, this is because the effect
of an increase of mass of working fluid with charge pressure on heat removal rate is
higher than the increase of fluid friction. Furthermore, the higher the pressure the lower
the operating frequency in which the optimum COP is found. This is because the rate of
increase of fluid friction losses is higher at higher pressure.

4.4/ EFFECT OF OPERATING PARAMETERS ON LOSSES

The effects of operating parameters on different losses have been evaluated for the
present modified simple model using the geometrical parameters of the FEMTO−ST ma-
chine model. The major power and heat losses have been identified and their effects on
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Figure 4.10: Trend of cooling power of refrigerating machine with respect to operating
frequency at different charging pressure.

Figure 4.11: Trend of COP of refrigerating machine with respect to operating frequency
at different charging pressure.

the performance of the cooling machine have been discussed. Furthermore, the effect of
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pressure, frequency, and cold end temperature on different losses have been analyzed.

The variation of pressure drops across the regenerator and heat exchangers have been
investigated as functions of operating frequency and charging pressure in order to predict
the extent of fluid friction losses. Fig. 4.12a and b demonstrates the effect of operating
frequency on pressure drop in the regenerator and two heat exchangers respectively for
operating frequencys of 6 Hz and 12 Hz. It can be confirmed that the pressure drop
increases with frequency. This is due to the fact that as frequency increases friction be-
tween flowing working fluid and heat exchanger solid surface increases as also described
by [66]. For instance, the maximum pressure drop in regenerator increases from 0.81 bar
to 2.83 bar which is 252% increase as frequency increases from 6 Hz to 12 Hz. Further-
more, the pressure drops in chiller and hot heat exchanger (HHX) increase by 230% and
233% respectively as operating frequency increases from 6 Hz to 12 Hz. Generally, oper-
ating frequency has critical impact on the overall pressure drop across heat exchangers.
Most importantly, the pressure drop especially in regenerator has a large share on the
total pressure drop and it also increases at higher rate with frequency.

Figure 4.12: Effect of machine operating frequency on the pressure drop in heat exchang-
ers.

The effect of charging pressure on the pressure drop across regenerator and heat ex-
changers have been also investigated as shown in Fig. 4.13, where the pressure drops
of regenerator as well as other heat exchanges of a Stirling refrigerator are compared for
the cases of 15 bar and 25 bar. From Fig. 4.13a, it could be observed that the pressure
drop in the regenerator increases by 53% as pressure increase from 15 bar to 25 bar.
Similarly, Fig. 4.13b demonstrates the pressure drops in chiller and hot heat exchanger
(HHX) increases by 46.5% and 47.3% respectively as charging pressure increase from
15 bar to 25 bar. Hence, the pressure drop in regenerator has a large share on overall
pressure drop and it also increases at higher rate with pressure. It means the fluid fric-
tion power loss increases with increase in charging especially due to pressure drop in
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regenerator.

Figure 4.13: Effect of charging pressure on the pressure drop in heat exchangers.

Fig. 4.14a, b, c, and d illustrate the effect of operating frequency on the major power
losses, major heat power losses, cooling power, and COP respectively at an ambient
temperature of 300 K, chiller temperature of 270 K, and charging pressure of 17.5 bar. As
demonstrated in Fig. 4.14a, except for gas hysteresis power losses, all power losses are
majorly affected by operating frequency. Fluid friction losses increase strongly at a higher
frequency. As it is shown in Fig. 4.14b regenerator imperfection loss linearly increases as
it depends on mass flow rate of fluid based on Eq. 3.3.2 which is affected by frequency
and all other heat power losses relatively remain unchanged with the operating frequency.
From Fig. 4.14c, it can be seen that cooling power increases with an increase in operating
frequency. This is mainly due to the increase in the thermodynamic cycle per unit time.
Lastly, as it is seen in Fig. 4.14d, COP decreases with an increase in operating frequency.
This is expected as demonstrated in Fig. 4.14a and 4.14b, both power and heat power
losses increase which resulted in lower COP at a higher frequency.

Fig. 4.15a,b, c, and d illustrate the percentage share of different power and heat power
losses as a function of charging pressure and operating frequency at an ambient tem-
perature of 300 K and chiller temperature of 270 K. In Fig. 4.15a, the effect of charging
pressure on the share of different power losses at an operating frequency of 7.5 Hz has
been presented. It is clear from the figure that the share of fluid friction loss and loss
due to finite speed increase and the share of mechanical friction loss decreases with
an increase in the average pressure of the cooling machine. Furthermore, the major
share is accounted for mechanical friction loss varies from 60% to 41.6% and fluid friction
loss varies from 31.3% to 44% as the average pressure varies from 10 bar to 25 bar.
Fig. 4.15b, illustrate the effect of average pressure on the share of different heat power
losses at an operating frequency of 7.5 Hz. As it can be seen from this Fig. 4.15b, the
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Figure 4.14: Trend of major losses and refrigeration performance with respect to the
operating frequency.

share of regenerator imperfection loss increases and the shares of all other heat power
losses decrease with an increase in the average pressure of the cooling machine.

The effects of operating frequency on the share of different power and heat power losses
have been presented in Fig. 4.15c and 4.15d respectively. It is clear from Fig. 4.15c
that, even though all power losses increase with operating frequency (as described in
Fig. 4.14a), the share of fluid friction losses increases and the share of mechanical fric-
tion loss decreases with an increase in the operating frequency of the cooling machine.
Furthermore, the shares of the major power losses (mechanical friction and fluid flow
friction losses) vary from 54.4% to 37% and from 31.8% to 51.9%, respectively, as the
operating frequency increases from 6.5 to 14 Hz. The shares of other power losses are
less affected by the change in the frequency of the machine. As shown in Fig. 4.15d and
similar to Fig. 4.15b the share of regenerator imperfection loss increases and the shares
of all other heat power losses decrease with an increase in the average pressure of the
cooling machine.

To evaluate the share of percentage of different losses at different pressures, the numer-
ical model is simulated with different operating frequency for a fixed charging pressure
and the average share of losses have been computed. The variation of shares of differ-
ent losses on overall losses of respective category at charging pressures of 17.5 bar and
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Figure 4.15: Average percentage of power and heat power losses with respect to pressure
and operating frequency.

25 bar are presented Fig. 4.16. In Fig. 4.16 a and c, the average share of different power
losses are presented at charging pressures of 17.5 bar and 25 respectively. As it is clearly
shown in Fig. 4.16a, at a pressure of 17.5 bar from the total power loss of 3296 W, the
major loss is mechanical friction loss (48%), followed by fluid friction loss due to pressure
drop (40%). Others cover only 12% of the total power loss. Whereas, at a pressure of
25 bar as shown in Fig. 4.16c, from the total power loss of 3888 W, the major loss is fluid
friction losses (45%) and followed by mechanical friction losses (41%). This is because
as pressure increases fluid friction in a forced fluid flow increases.

Similarly, the variation of shares of different heat power losses at charging pressures of
17.5 bar and 25 bar are presented Fig. 4.16b, and d respectively. As it is clearly shown in
Fig. 4.16b, at a pressure of 17.5 bar from the total power loss of 1210 W, the major loss is
regenerator imperfection loss (74%). Other losses cover only 26% of the total heat power
loss. At a pressure of 25 bar as shown in Fig. 4.16d, from the total power loss of 1771 W,
the major loss is still regenerator imperfection (81%) and which shows that the share of
this loss increases with charging pressure.

Generally, as pressure increases the shares of fluid friction power losses, regenerator
imperfection loss, and loss due to finite speed of piston increase and the shares of other
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losses decrease. Hence, when designing Stirling refrigerator with higher pressure, the
fluid friction, regenerator imperfection and finite speed losses shall get great concern.
Most importantly, the impact of losses associated with regenerator (fluid friction and re-
generator imperfection losses) on the Stirling refrigerator performance will increase.

Figure 4.16: Percentage share of average power losses at charging pressures of 17.5
and 25 bar.

Fig. 4.17a, b, c and d illustrate the effect of cold end temperature on the major power
losses, major heat power losses, cooling power, and COP respectively at an ambient
temperature of 300 K, charging pressure of 17.5 bar, and an operating frequency of 7.5
Hz. As demonstrated in Fig. 4.17a, almost all power losses are not majorly affected by
the cold end temperature. On the other hand, Fig. 4.17b shows the effect of cold side
temperature on different heat power losses. As it can be seen from Fig. 4.17b, all heat
power losses decrease with an increase in cold end temperature. This is because as
the temperature difference lowers, the heat transfer losses due to temperature gap will
also decrease. Especially, regenerator imperfection loss decreases remarkably with an
increase in cold end temperature. Fig. 4.17c, investigates the effect of cold end tempera-
ture on the cooling power of the refrigerating machine. It is seen that due to the decrease
of heat power losses, cooling power increases with an increase in cold temperature and
it is confirmed by [132]. Lastly, Fig. 4.17d, demonstrates the relation between cold end
temperature and COP of the cooling machine. As seen in Fig. 4.17a and 4.17b the power
losses relatively remain constant and the decreasing of heat power losses respectively
resulted in increasing in COP with an increase in cold end temperature.
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Figure 4.17: Trend of major losses and refrigeration performance with respect to cold end
temperature.

Fig. 4.18a, b, c, and d represent the effect of hot/ambient temperature on the major
power losses, major heat power losses, cooling power, and COP respectively at a cold
temperature of 270 K, charging pressure of 17.5 bar, and an operating frequency of 7.5
bar. As demonstrated in Fig. 4.18a, almost all power losses are not majorly affected
by the hot end temperature. On the other hand, Fig. 4.18b shows the effect of hot side
temperature on different heat power losses. It could be seen from Fig. 4.18b, all heat
power losses increase with an increase in hot end temperature because the temperature
gap is increased. Especially, regenerator imperfection loss increases remarkably with an
increase in hot-end temperature. Fig. 4.18c, illustrates the effect of hot-end temperature
on the cooling power of the refrigerating machine. It is seen that due to the increase of
heat power losses, cooling power decreases with an increase in ambient temperature.
Fig. 4.18d, demonstrates the relationship between ambient temperature and COP of the
cooling machine. As seen in Fig. 4.18a, 4.18b, and 4.18c, due to the decreasing of
cooling power without much variation on input power, the COP shows a similar trend as
that of cooling power and it decreases with increasing of hot−end temperature.

As the COP of a refrigerator is a function of temperature, so it is convenient to adopt per-
cent of Carnot COP to evaluate the performance of the Stirling refrigerator. The latest sur-
vey of cryocooler performance with different cooling capacities has been presented [63].
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Figure 4.18: Trend of major losses and refrigeration performance with respect to hot end
temperature.

The survey result shows that the percentage of Carnot COP significantly increases with
the cooling capacity. Fig.4.19 depicts the percentage of actual COP to the Carnot COP,
(COP/COPc) at different cooling temperatures for domestic Stirling refrigerators at oper-
ating frequencies of 7.5 and 10 Hz. As it is seen in the figure, the percent of Carnot COP
monotonously decreases and actual COP monotonously increases with an increase in
cooling temperature. Accordingly, Fig. 4.19, the percentage of Carnot COP (COP/COPc)
is higher at 7.5 Hz than at 10 Hz in all temperature ranges analyzed. The differential of
temperature is very low in our case which results in a very high Carnot COP. This resulted
in relatively lower percentage Carnot COP as compared with other research findings (for
instance as compared with [149]). This is because at very low temperature differential
adiabatic nature of heat exchangers will limit heat transfer rate and then rate of increase
of cooling will be limited.
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Figure 4.19: Trend of COP/COPc with respect to cold end temperature.

4.5/ EFFECT OF DESIGN PARAMETERS ON COOLING PERFOR-
MANCE

4.5.1/ EFFECT OF PHASE ANGLE

The phase advance of expansion space volume variations with respect to compression
space variations is represented by phase angle. The phase angle determines the dynam-
ics of piston−displacer movements and thus the volume variation during the cycle which
is directly related to the work input and output. The effect of phase angle on cooling power
and coefficient of performance have been indicated in Figs. 4.20 and 4.21.

Fig. 4.20 has presented that there is a single optimum angle (considering cooling power)
for a single type of working fluid investigated at different operating frequencies using
FEMTO 60 machine model. It should be noted that the optimum phase angle has been
found as 90o and 95o for air and helium respectively. These obtained phase angles agree
closely with the result provided for the engine by [146]. It could be stated that the optimum
phase angle for gases like air with lower thermal capacity is lower.

Fig. 4.21 has demonstrated the COP of a Stirling refrigerator as a function of the phase
angle. It has shown that the optimum phase angle for peak COP is different from the
optimum phase angle for cooling capacity. Furthermore, the optimum phase angle for the
peak COP varies with respect to the operating frequency, and the optimum phase angle
for COP is mostly higher than the optimum phase angle for cooling power. The higher
the operating frequency, the lower the optimum angle. Generally, the optimum COP with
respect of phase angle varies with operating frequency as fluid friction loss depends both
on operating frequency and phase angle(as it affects swept volume).
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Figure 4.20: Cooling power versus phase angle at different operating frequency.

Figure 4.21: COP versus phase angle at different operating frequency.
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4.5.2/ EFFECT OF LENGTH AND POROSITY OF REGENERATOR

The regenerator is an essential part of Stirling machines as it recovers a great part of the
thermal energy of the working fluid. On the other hand, regenerator is typically the largest
source of power loss in the system. Hence, the effects of regenerator parameters should
be investigated based on the application of the Stirling machine. In this research, the
effect of the most important parameters of the regenerator that are length and porosity of
regenerator have been investigated as shown in Figs. 4.22 and 4.24, respectively. For
optimization of the regenerator parameters, while keeping other parameters constant and
one parameter subsequently has been made to vary.

Fig. 4.22 has shown that the performance of a Stirling refrigerator is higher at a relatively
smaller length of the regenerator. The figure shows that both cooling power and COP
demonstrate parabolic evolution with nearly the same optimum value at 25 mm of the re-
generator length. It could be stated that both cooling power and COP show a decreasing
trend as the regenerator length increases after the optimum value. This phenomenon
results from decreasing of most of the heat losses and increasing of fluid friction loss
with regenerator length as demonstrated in Fig.4.23. From Fig. 4.23, it could be un-
derstood that regenerator imperfection loss decreases and fluid friction loss increases
at higher rate than other losses. Hence, the main reason for the decreasing of cooling
performance is due to the fact that increasing fluid friction loss and the decreasing of
regenerator imperfection loss with increase in regenerator length. As the length of the re-
generator increases, fluid friction loss will increase which will result in lower performance
of the Stirling refrigerator. The optimum design point for the case of regenerator length is
therefore at a smaller length as much as possible for both cooling power and COP for the
choosen porosity of 0.64.

Figure 4.22: Cooling power and COP versus length of regenerator.

Pressure drop and heat regeneration in the regenerator are largely dependent on poros-
ity. Fig. 4.24 shows the impact of regenerator porosity on the cooling performance of the
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Figure 4.23: Variation of different losses versus length of regenerator.

Stirling refrigerator. It has shown that, within the range of the analysis, cooling power
decreases with an increase in regenerator porosity and COP has the maximum value at
relatively higher porosity. While the porosity of the regenerator increases, the heat trans-
fer area of the matrix and the amount the heat transfer decreases. The working gas goes
into the heater at a higher temperature. Thus the cooling production of the refrigerator
decreases with an increase in porosity. On the other hand, due to a higher pressure drop,
a low porosity regenerator requires higher input power to get the same pressure ratio to
compress the working fluid compared to that of the high porosity regenerator. Thus the
COP decreases at lower porosity. The curve shows that the optimum COP value is found
at a porosity of 0.75 which is similar to the research conducted by [89]. The decreasing
of cooling power with increase in porosity is due to the increasing of regenerator imper-
fection loss as demonstrated in Fig 4.25. Fig 4.25 also demonstrates the decreasing of
fluid friction with increase inregenerator porosity which will tend to increase COP. On the
other hand, regenerator imperfection loss increases at higher rate than the decreasing
rate of fluid friction loss just after a porosity value of 0.75 that results in an optimum COP.
Hence, the optimum design point in case of regenerator porosity could be at a compro-
mise between maximum cooling power and maximum COP.

4.5.3/ EFFECT OF GAP BETWEEN PISTON AND CYLINDER

Fig. 4.26 demonstrates the effect of seal clearance between piston and cylinder on cool-
ing performance (cooling production and COP). Both cooling power and COP decrease
with a wider dome shape as a function of piston seal clearance. This is because as the
piston seal clearance increases mass leakage to the buffer space increases as confirmed
by [157]. It could be seen from Fig. 4.26 that the slope of decreasing of cooling produc-
tion and COP increases more steeply at larger clearance gap as large quantity of mass
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Figure 4.24: Cooling power and COP versus regenerator porosity.

Figure 4.25: Variation of fluid friction and regenerator imperfection losses versus regen-
erator porosity.

leaks.
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Figure 4.26: Cooling production and COP versus seal clearance between piston and
cylinder.

4.5.4/ EFFECT OF DISPLACER HEIGHT AND DISPLACER GAP

Stirling refrigerator designs utilize displacers as a means of transferring the working fluid
between the cold and hot regions of the device. In this research, the effects of dis-
placer height and displacer clearance on cooling power and COP have been investigated.
The height of the displacer affects the performance of the Stirling machine by changing
the compression ratio as the swept volume of compression space varies with displacer
height [158].

In this analysis, the height of the displacer is allowed to vary, still keeping the total length
(height and length displacer rod) of the displacer fixed. As displacer height increases,
keeping the total length fixed, the compression volume decreases, that results in a lower
swept volume compression ratio. Fig. 4.27 has presented the impact of displacer height
on cooling performance (cooling production and COP) using air as a working fluid at a
charging pressure of 17.5 bar, operating frequency of 7.5 Hz, the hot−side temperature
of 300 K, and chiller temperature of 270 K.

It has been noticed from the Fig. 4.27, that cooling power decreases monotonously with
displacer height and there exists a peak value of COP. The peak COP value is found
0.72 at a displacer height of 10 cm with the associated cooling production of 544.4 W
and a swept volume compression ratio of 1.58. Hence, with the same operating condition
and keeping all other parameters constant, we could increase the peak cold production
and COP by 61.6% and 13.3%, respectively only through displacer height optimization
and associated compression space swept volume variation. The main reason for such
improvement in cooling performance is the increase of mass of working fluid with the in-
crease in compression space swept volume and increasing of swept volume compression
ratio. Generally, the analysis confirms that shorter displacers with relatively higher swept
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Figure 4.27: Cooling power and COP versus displacer height.

volume compression ratios show better performance for such types of domestic Stirling
refrigerators.

Figure 4.28: Cooling production and COP versus displacer clearance size.

Displacer clearance is another parameter that affects the cooling performance of the Stir-
ling refrigerator. Fig. 4.28 demonstrates the effect of displacer clearance on cooling per-
formance (cooling production and COP). Both cooling power and COP increase with a
wider dome shape as a function of displacer clearance and the finding is similar to the re-
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Figure 4.29: Shuttle heat losses versus displacer clearance size.

search work conducted on Stirling cryocooler by [132]. For an increase in displacer clear-
ance from 80µm (design point) to 300µm, the cooling power increase by about 23.5% and
the COP increases by about 19.2%. This effect is mainly due to the shuttle heat losses.
As shown in Fig.4.29, shuttle heat losses decreases with an increase in clearance be-
tween displacer and cylinder. However, there will be a peak value of COP as regenerator
effectiveness loss increases and fluid friction loss decreases due to decreased mass flow
through the regenerator. Furthermore, the optimum COP and cooling power will exist at
relatively lower clearance gap, if we incorporate the enthalpy loss in the differential equa-
tion. This is because as displacer clearance increases, shuttle heat loss decreases and
enthalpy loss increases and there will be optimum point of clearance gap. Still at such
low speed and low temperature differential machine the effect of enthalpy loss is relatively
small.

4.5.5/ EFFECT OF SWEPT VOLUME RATIO

The swept volume ratio also greatly affects the performance of the Stirling machine. When
we assume that the working fluid is an ideal gas, and the refrigerator is an ideal refrig-
erator in which the pressure loss can be ignored, then the swept volume ratio for the
optimum performance of the machine equals to the ratio of the working fluid temperature
in the compression space to that in the expansion space. However, in an actual refriger-
ator, the optimal value may be shifted due to its configuration and other factors. In this
study, the effects of the volume ratio on the performance of the Stirling refrigerator have
been examined numerically. Fig. 4.30 demonstrates the effect of the ratio of swept vol-
ume on cooling production and COP of the Stirling refrigerator at Th=300 K, Tcr =270 K,
charging pressure of 17.5 bar, and an operating frequency of 7.5 Hz using air as a work-
ing fluid. It can be seen from Fig. 4.30 that cooling production and COP of the Stirling
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refrigerator as a function of volume ratio are not monotonic and there exist peak values.
The peaks for cooling production and COP values are found to be 383.6 W and 0.7, re-
spectively at a swept volume ratio of 1.7. Hence, with the same operating condition and
keeping all other parameters constant, we could increase the peak cold production and
COP by 11.8% and 10.9%, respectively only through swept volume ratio optimization.
The analysis is conducted by keeping the total volume constant and still varying the two
swept volumes vary through changing strokes of the displacer and power piston.

Figure 4.30: Cooling production and COP versus swept volume ratio.

Both Fig. 4.27 and Fig. 4.30 show the effect of volume ratio on the performance of the
Stirling refrigerator keeping the overall cylinder volume fixed. However, in Fig. 4.27, due
to the variation of displacer height, the swept volume of compression space varies keep-
ing the swept volume of expansion space fixed. Whereas, in Fig. 4.30, both compression
and expansion spaces vary keeping the summation of the two swept volumes still fixed.
Hence, Fig. 4.31, illustrates the COP of the Stirling refrigerator as a function of swept vol-
ume ratio for the comparison of these two cases. It is seen in Fig. 4.31 that a better COP
could be achieved when the volume ratio variation is due to the variation of compres-
sion space swept volume with displacer height and still keeping the total cylinder volume
fixed. Furthermore, it could also be concluded from this figure that the optimum cooling
performance for the domestic Stirling refrigerator can be found for the swept volume ratio
ranging from 1.4 to 1.8.

4.5.6/ EFFECT OF RATIO OF DIAMETER TO STROKE OF PISTON

Fig. 4.32 shows the cooling production and COP variation versus the ratio of diameter to
stroke of the piston keeping the piston swept volume constant (presented inTable 3.5). It
can be seen that both cooling power and COP increase in a wide dome-shaped trend with
an increase in diameter to piston stroke. This phenomenon is mainly due to the variation
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Figure 4.31: COP Comparison versus swept volume ratio for different cases of volume
ratio.

of different power losses with the ratio as can be seen in Fig. 4.33. The effect of ratio
of diameter to stroke of piston has been also investigated by [131]. It can be seen from
Fig. 4.33a that the total power loss decreases mainly due to the decreasing of mechanical
friction and piston finite speed losses as the stroke of piston decreases with an increase
in ratio (dP/s). On other hand, even though conduction heat loss increases, since shuttle
heat losses decreases (see Fig. 4.33b) cooling production increases in a wider dome
shape as the ratio (dP/s) increases. Generally, the cooling production and COP increase
by 17.3% and 32 % as the ratio (dP/s) increases from 1.2 to 2.6.

4.6/ EFFECT OF COMBINED OPTIMIZED PARAMETERS

In the previous sections of this chapter, we use uni-variant analysis in which only one
parameter is investigated while all other parameters are retained to pre-fixed values. This
approach is simplistic and allows us to assess the most influential parameters. However,
in only uni-variant optimization, it would be difficult to find the best combination of param-
eters for optimum machine performance. Hence, for the second-order numerical model,
after investigating single parameter optimization, a trade-off between multiple conflicting
parameters is indispensable.

Therefore, in this section, we try to investigate parameters with better performance as
presented in sections 4.3 and 4.5, then combine them to find an optimized combination.
Number of different combination of parameters which have positive impact on cooling
performance have been first selected. These different combinations were simulated and
lastly, a better combination of parameters has been proposed as presented in Table 4.2.
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Figure 4.32: Cooling power and COP variation with ratio between diameter and stroke of
piston.

Figure 4.33: Power losses variation with the ratio between diameter and stroke of piston.
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The differences in the combined optimized results as compared with the results of the
existing design parameters have been demonstrated in Fig. 4.34. It could be seen that
the performance of the Stirling refrigerator has been improved significantly with optimized
parameters.

Specifications of Stirling machine for optimized analysis.
No Parameters Existing value Optimized value

1 Hot heat temperature (K) 305
2 Cooling temperature (K) 270
3 Piston diameter (mm) 60 62
4 Displacer diameter (mm) 59 61
5 Piston stroke (mm) 40 37
6 Regenerator length (mm) 50 40
7 Diameter of regenerator (mm) 82
8 Regenerator wire made of Stainless steel
9 Wire diameter (µm) 112
10 Porosity (%) 64 72
11 Compression space swept vol-

ume (cm3)
103 140

12 Expansion space swept volume
(cm3)

113

13 Compression dead volume (cm3) 4.24
14 Expansion dead volume (cm3) 4.24
15 Working gas Nitrogen
16 Frequency (Hz) 5-13 3-8
17 Charging pressure (bar) 15-20 20-25

Table 4.2: Specifications of Stirling machine for optimized analysis.

Regarding, operating parameter optimization, it can be seen from the optimized results
presented in section 4.3 that relatively the lower operating frequency (3 to 8 Hz) at higher
charging pressure are found to be the optimum operating parameters. But, due to the
restricted operating conditions of the machine for safe working conditions and to minimize
manufacturing cost, the average proposed operating frequency and charging pressure
are set as 6 Hz and 22.5 bar, respectively.

The major design parameters considered for the analysis of combined parameters are
regenerator length, porosity, displacer gap, swept volume ratio, and diameter to stroke
ratio of the piston. It is found that all five optimized design parameters that are quite
influential as individual parameters could enhance the COP of the refrigerator from 7%
to 19% from the existing design value. Collectively, the optimized parameters (operating
and specified design parameters) could deliver from 48% to 60 % more cold production
and from 30% to 40% more COP than the existing design in a safe working condition.

At a proposed average pressure of 22.5 bar and average frequency of 6 Hz, using the
optimized parameters it is possible to achieve COP of 1.3, cold production of 625 W at a
temperature of −4oC.
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Figure 4.34: Comparison of results of existing and optimized cooling performance versus
operating frequency.

4.7/ CONCLUSIONS

In this chapter, univariate analysis and optimization have been conducted to investigate
the effect of parameters on the cooling performance of the Stirling refrigerator. The effects
of different working fluids, shuttle heat losses, mass leakage, operating parameters (op-
erating frequency, charging pressure, cold and hot temperature) and design parameters
(phase angle between the oscillations of piston and displacer, length of the regenerator,
porosity of regenerator, displacer height, displacer gap, piston-cylinder clearance gap,
swept volume ratio, and piston diameter to stroke ratio) have been investigated. The
effects of the inclusion of shuttle heat losses and mass leakage loss directly in the dif-
ferential equations have been computed. The cold production and COP of the Stirling
refrigerator have been computed for different working fluids. Input power requirement,
cold production, COP, and the trends of major losses have been studied as a function of
operating parameters. Moreover, the effects of operating frequency and charging pres-
sure on the PV diagram of working spaces (compression and expansion) and pressure
drops in heat exchangers have been investigated. The trend of cold production as well
as COP of a refrigerating machine, are investigated as a function of design parameters.
The analysis is conducted with the variation of a single parameter, keeping constant the
other parameters at the design condition. Then, sets of analysis have been conducted
using combination of optimized parameters. Finally, optimized parameters have been
proposed. Some of the main results of this study are summarized below.

• To design Stirling machines, losses that a have direct effect on working condition
of working fluid shall be directly incorporated with the differential equations. This is
demonstrated with the analysis results of shuttle heat losses and mass leakages as
independent losses as well as through direct incorporation in differential equations.
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The result shows large variation in cooling performance.

• Air and nitrogen have resulted in better cooling performance as compared with he-
lium and hydrogen for such domestic refrigeration within the range of analysis.

• The pressures in the compression volume remains unchanged and it reduced in
expansion volume with an increase in operating frequency. These results in a de-
crease in cold production per cycle with an increase in operating frequency. How-
ever, as frequency increases the cycle per unit time increases and the total cold
production increases.

• The cold production and input power requirement increase with the operating fre-
quency. However, the increase in input power requirement accelerates at a higher
rate at higher frequencies due to the increase in power losses especially fluid fric-
tion power losses, and hence COP decreases after some particular operating fre-
quency. Then, COP has a maximum value as a function of operating frequency. On
the other hand, COP increases with charging pressure. Furthermore, the higher the
pressure, the lower the operating frequency in which the peak COP is found. This
is because the rate of the increase of power losses especially fluid friction losses is
higher at higher pressure.

• Cooling production has peak values at a single phase angle as a function of oper-
ating frequency. Whereas, the phase angle for the optimum COP increases slightly
with an operating frequency. The point of optimum cooling performance as a func-
tion of phase angle is independent with type of working fluids.

• In optimizing the regenerator parameter, a relatively shorter regenerator gives an
optimum cooling performance. The optimum regenerator length with the existing
arrangement is found to be 25 mm as the peak values for both cold production and
COP co-exist at this point. Cold production decreases and there exists a peak value
of COP as porosity increases.

• Shorter displacers with relatively higher compression ratios show better perfor-
mance for such types of domestic Stirling refrigerators as the swept volume com-
pression volume increases.

• Cooling performance drops rapidly with an increase in clearance gap between pis-
ton and cylinder due to the increase in mass leakage loss.

• It could be seen from the optimized results presented in section 4.3 that relatively
the lower operating frequency (3 to 8 Hz) at higher charging pressure are found to
be the optimum operating parameters.

• Using combined parametric optimization, a higher performance Stirling refrigera-
tor could bee designed. In this research, optimized design parameters that could
enhance the overall performance of the existing machine from 30% to 60% are pro-
posed. The optimized design for such domestic Stirling refrigeration could have a
COP of 1.3 and cooling power of 625 W at a cooling temperature of −4oC.
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CONCLUSION AND PERSPECTIVES

5.1/ CONCLUSION

In recent decades, the demand for cooling systems has been increased for different ap-
plications including in domestic buildings, commercial halls, public spaces, transportation
systems, manufacturing processes, and military affairs. This is due to the continuous
increase in population and global warming mostly resulted from expansion of industri-
alization. Hence, alternative technologies with lower environmental impact have been
demanded. Stirling cycle refrigerator for domestic cooling application is found to be a
potential candidate to the current technology.

This study set out first to describe the overview of the Stirling refrigerating machine and
its associated researches carried out in the area so far. A detailed review of literature
has been conducted including configuration and drive mechanisms of the technology,
thermodynamic modeling techniques developed so far, reviews of lower temperature cry-
ocoolers as well as domestic Stirling refrigerators. The research gaps and potentials of
development have been identified. From the review, it has been pointed out that Stirling
refrigerator for domestic application is not well researched, it is still a potential area of
further study as well as a promising technology. In the review, second order numerical
model could be used for the design and optimization of Stirling machine with reasonable
accuracy as well as with very less computational time. Furthermore, it could be easy
to identify the type and effect of different losses so that further optimization will be easy
through minimizing such major losses.

A key issue in the optimal designing of a Stirling machine is to develop a precise ther-
modynamic numerical model that could predict the performances and provide means for
further optimization. In this paper, a non-ideal second-order numerical model called modi-
fied simple analysis model has been developed for the Stirling cycle refrigerating machine.
The modified simple model constructed by directly incorporating the shuttle heat losses
by displacer movement and mass leakage to the crankcase in the differential equations
and treating other losses (imperfect regeneration loss, internal heat conduction loss in
the regenerator, losses due to pressure drop in heat exchangers, heat conduction losses,
gas spring hysteresis loss, mechanical friction loss, loss due to piston finite speed, and
pumping loss) as independent losses. The classical fourth-order Runge Kutta method
is applied to solve the system of the differential equations by taking the geometrical pa-
rameters and initial operating conditions of the machine as input parameters. Then, a
MATLAB code is adapted to solve the system of these differential equations over consec-
utive cycles.

107



108 CHAPTER 5. CONCLUSION AND PERSPECTIVES

The results of numerical investigation have been compared in two ways to validate the
model. First, it is validated with engine models by reversing the numerical model to the
engine model and the parameters of the 3kW GPU-3 Stirling engine are used for vali-
dation. The simulation results of the reversed numerical model are compared with the
previous theoretical research results as well as experimental results. Second, the simula-
tion results of the numerical model (refrigeration) are compared with experimental results
(refrigeration) conducted in the FEMTO-ST laboratory using the FEMTO-60 engine model
in a cooling mode.

Finally, parametric optimizations have been conducted after validating the model to find
the optimum combination of parameters. The study on parametric optimization con-
tributes to the understanding of the effect of different operating and design parameters
on power demand, cooling power, and COP as well as on the trend of major losses as-
sociated with the cooling machine. In this part, the effect of shuttle heat losses and mass
leakage loss as well as effect of working fluid have been investigated with respect to oper-
ating parameters. The major optimized parameters were operating (operating frequency,
charging pressure, hot and cold temperatures) and design (phase angle, regenerator
porosity, regenerator length, displacer gap, displacer height, swept volume ratio, and di-
ameter to stroke ratio of piston) parameters. Some of the main findings are summarized
below

• The developed numerical model is for Beta type configuration. However the cooling
capacity is related to compression ratio which is dependent on mechanical configu-
ration. Then, the model could be extended to other mechanical drives by modifying
the volume variation law, considering two cylinders instead of one for the mass leak-
age, shuttle heat losses, finite speed of piston, and gas spring hysteresis losses.

• The validation of the model confirm that the model could predict Stirling refrigeration
machine with very good accuracy. Hence, the numerical model could be used for
the design and optimization of such a machine.

• For low temperature differential with relatively lower charge pressure applications
like domestic Stirling refrigerator, nitrogen or air could give better performance as
compared with helium or hydrogen.

• As compared with other major losses (fluid friction losses, mechanical friction loss,
regenerator imperfection loss), the amount of shuttle heat losses is very low. How-
ever, since shuttle heat losses have direct effect on the working condition of the
working fluid, its effect on overall performance of the Stirling machine is very com-
parable with the effect of major losses. At a pressure of 17.5 bar and operating
frequency of 7.5 Hz, shuttle heat decreases the cooling performance (cold produc-
tion by more than 23% and COP by more than 19%). Hence, in designing the
Stirling machine due attention shall be given for the reduction of shuttle heat losses.

• Fluid friction power losses and regenerator imperfection losses are the two ma-
jor losses that are mostly affected by charging pressure and operating frequency.
The shares of these two losses over their respective total losses increase with an
increase in operating frequency as well as with charging pressure. Hence, ex-
ceptional attention shall be given to these types of losses particularly in designing
higher operating frequency and higher charging pressure Stirling refrigerator.
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• Even though, all power and heat losses have their own effect on cooling perfor-
mance of the Stirling refrigerator, losses that have large share will have major im-
pact. More importantly, the share of different power and heat losses depend on
the operating conditions (operating frequency, charging pressure and temperature
difference between heat source and heat sink) of the machine. Hence, designing
Stirling machine shall consider the operating condition of the machine so as to give
prior attention for the major losses.

• A cold production of 625 W and a COP of 1.3 have been found at a temperature of
−4oC using optimized parameters of Stirling refrigerator at a charging pressure of
22.5 bar and an operating frequency of 6 Hz. From such operating condition, the
manufacturing cost of such machine could be reduced considerably as the operating
condition do not need materials as that of the Stirling engine. Hence, it could be
confirmed that domestic Stirling refrigerators can be a reliable alternative for the
VCR in both cooling performance as well as cost of machine.

• Through the optimization of combined parameters, it is possible to enhance cold
production from 48% to 60% and COP from 30% to 40% more from the existing
design. This suggests that designing and optimization of Stirling machine for a
particular application could increase the performance of the machine considerably.

5.2/ PERSPECTIVES

From the aforementioned discussions, it should be apparent that the performance of the
Stirling refrigerator could be optimized through appropriate design consideration and op-
timization of parameters. This research has thrown up many questions in need of further
investigation. To improve upon the operational performance of the Stirling refrigerator, the
following recommendations are made for further research:

• Even though the choice of heat exchangers design and working volumes for Stirling
machine depends on the application area, most researches that have done so far
including this study particularly on moderate temperature Stirling cycle refrigerator
are directly simulated and experimented by reversing the existing Stirling engine. In
the Stirling engine, all the components are designed and manufactured to produce
the maximum power output or efficiency. Such reversing a machine configuration
may not produce the optimum cooling or COP. Furthermore, Stirling engines are
designed for high temperature and high-pressure applications which demands high
pressure and temperature resistant material for manufacturing. This increases the
manufacturing cost of the machine. Whereas Stirling refrigerator relative demand
ambient temperature and lesser operating pressure in which it may demand lesser
manufacturing cost. Hence, future researches shall start with the design, produc-
tion, and testing of the new Stirling cycle refrigerator.

• The regenerator is known to have a large share of fluid friction loss and regener-
ator imperfection loss. It has a higher impact on the cooling performance of the
machine. Optimizing regenerator design will have a higher impact on improving the
performance of the refrigerating machine. Hence, a wider variety of regenerator
materials and configurations shall be tested and modeled for optimum refrigeration
performance.
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• The effect of variation of bounce space volume and other non optimized design
parameters should be investigated.

• The effect of gas hysteresis loss on temperature and pressure of the working fluid
as well as on the overall performance of the cooling machine has to be investigated
through the inclusion of this loss directly in differential equations.

• The effect of drive mechanisms including Rhombic drive shall be studied and com-
pared with the existing crank drive mechanism for cooling machine.
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A
ISOTHERMAL SCHMIDT ANALYSIS

EQUATION DERIVATIONS

The following derivations are for calculating the mass of working fluid from a specified
mean pressure. The equations derived are used in the ideal adiabatic model as a means
of quickly calculating the mass of working fluid that results in a specified mean machine
pressure for the specific engine configuration. Here, the Schmidt engine analysis equa-
tions are adapted for cooling machine. The following derivations assume that the pistons
are connected by a slider crank mechanism and that the resultant piston motion is sinu-
soidal.

A.1/ FLUID MASS FOR BETA CONFIGURATION

Ve = Vcle +
1
2

Vswe(1 + cosθ) (A.1)

Vc = Vclc +
1
2

Vswc(1 + cos(θ − α)) +
1
2

Vswe(1 − cosθ) − Vb (A.2)

where Vb is the overlap volume in compression space.

Vb =
(Vswc + Vswe)

2
−

√
(Vswc)2 + (Vswe)2

4
−

VsweVswccosα
2

(A.3)

Overlap volume is the volume shared by both the displacer and piston movements. It
is a unique characteristic of a Beta-type Stirling machine and needs consideration while
estimating the actual performance of the machine.

DVe = −
1
2

Vswe(1 + sinθ) (A.4)

DVc =
1
2

Vswccos(θ − α) +
1
2

Vswesinθ − Vb (A.5)

P =
mR

Vc
Tc

+
Vh
Th

+
Vr
Tr

+
Vcr
Tcr

+
Ve
Te

(A.6)
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s =
Vswc

2Th
+

Vswe

2Th
+

Vh

Th
+

Vclc

Th
−

Vb

Th
+

Vr

Tr
+

Vswe

2Tcr
+

Vcle

Tcr
+

Vcr

Tcr
(A.7)

P =
mR

s +
Vswccos(θ−α)

2Th
−

Vswecosθ
2Th

+
Vswecosθ

2Tcr

(A.8)

Expanding

P =
mR

s +
(

Vswccosα
2Th

−
Vswe
2Th

+
Vswe
2Tcr

)
cosθ +

Vswe sinα
2Th

sinθ
(A.9)

To simlify

Csinβ =
Vswesinα

2Th
(A.10)

Ccosβ =
Vswccosα

2Th
−

Vswe

2Th
+

Vswe

2Tcr
(A.11)

Defining A and β explicitly

C =

√(
Vswccosα

2Th
−

Vswe

2Th
+

Vswe

2Tcr

)2

+

(
Vswesinα

2Th

)2

(A.12)

β = arctan

 Vswe sinα
2Th

Vswccosα
2Th

−
Vswe
2Th

+
Vswe
2Tcr

 (A.13)

Hence the expression for average pressure in the machine

P =
mR

s + Bcosφ
(A.14)

Where

B =
C
s

and

φ = θ − β

Evaluating equation (A.18), it can be seen

Pmax =
mR

s(1 − B)
(A.15)

Pmin =
mR

s(1 + B)
(A.16)
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In order to calculate the mean pressure, equation A.18 is integerated over a cycle, yield-
ing:

Pmean =
mR
s

∫ 2π

0

1
1 + Bcosφ

dφ =
mR

s
√

1 − B2
(A.17)

Rearranging equation A.17 to find the mass of working fluid, gives:

m =
Pmeans

√
1 − B2

R
(A.18)





B
REGENERATOR ANALYSIS

The regenerator geometric and thermal properties could be analyzed as follows. First,
the area of the regenerator matrix is given by:

Amat =
π × (D2

ro − D2
ri)

4
(B.1)

The wall area of the regenerator housing is then given as:

Awr =
π × (D2

rho − D2
ro)

4
(B.2)

The area of regenerator with no matrix is given by:

Awgr0 = π × (Dri + Dro) × Lr (B.3)

Cqwr = kwr ×
Awr

Lr
(B.4)

The free flow area of regenerator is given as:

Ar = Amat × φ (B.5)

Then, the void volume of the regenerator could be found from the free flow area and the
length of the regenerator as:

Vr = Ar × Lr (B.6)

dr = dw
φ

(1 − φ)
(B.7)

The total wetted area of the regenerator is then as the summation of internal and external
wetted areas as:

Awg = 4 ×
Vr

dr
+ Awgr0 (B.8)
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C
MATLAB FUNCTION SET

The MATLAB code is adapted from [20] engine model for cooling machine and some
additional losses have been included.

The function sets of overall Stirling refrigerator analysis (sra), first calls all the main
functions (define function, adiabatic function and modified simple function) as shown in
Fig. C.1.

Figure C.1: General MATLAB flow function for Stirling refrigerator performances analysis.

Then, define function calls of all functions that define different design and operating pa-
rameters of machine as presented in Fig. C.2.

The MATLAB functions that take input parameters from define functions and simulate
modified ideal differential equations are grouped as show in Fig. C.3.

Finally, all the losses are invoked by the modified simple function(msimple.m) as shown
in Fig. C.4.
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Figure C.2: MATLAB flow function for define function set.

Figure C.3: MATLAB flow function for analysis of adiabatic function set.
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Figure C.4: MATLAB flow function for analysis of modified simple function set.





Document generated with LATEX and:
the LATEX style for PhD Thesis created by S. Galland — http://www.multiagent.fr/ThesisStyle

the tex-upmethodology package suite — http://www.arakhne.org/tex-upmethodology/

http://www.multiagent.fr/ThesisStyle
http://www.arakhne.org/tex-upmethodology/

	Abstract
	Résumé
	Acknowledgements
	Table of content
	List of Figures
	List of Tables
	Nomenclature
	I Introduction and State of the art
	1 Introduction
	1.1 Background
	1.2 Motivation
	1.3 Objectives
	1.4 Thesis structure

	2 Literature Review
	2.1 Introduction
	2.2 Configuration and driving mechanisms
	2.2.1 General
	2.2.2 Configuration
	2.2.3 Driving mechanisms

	2.3 Overview of Stirling refrigerating machine 
	2.4 Thermodynamic Modeling techniques
	2.4.1 General
	2.4.2 Zeroth-Order Models
	2.4.3 First-Order or approximate design methods
	2.4.4 Second-Order models or decoupled methods 
	2.4.5 Third-Order models or Nodal Design Methods
	2.4.6 Method of characteristics

	2.5 Reviews on Stirling cryocoolers (low temperature)
	2.5.1 General
	2.5.2 Kinetic driven Stirling Cryocoolers
	2.5.3 Free-piston Stirling cryocooler(FPSC)
	2.5.4 Stirling type Pulse Tube Cryocooler (SPTC)

	2.6 Reviews on moderate temperature Stirling refrigerating machine
	2.7 conclusion


	II Contribution
	3 Numerical Modeling
	3.1 Ideal adiabatic modeling
	3.2 Modified ideal adiabatic analysis 
	3.2.1 Mass leakage loss 
	3.2.2 shuttle heat losses 

	3.3 Modified simple analysis
	3.3.1 Loss due to internal heat conduction in the regenerator
	3.3.2 Regenerator imperfection (Non-ideal heat tranfer) loss
	3.3.3 Losses due to pressure drop in heat exchangers
	3.3.4 Mechanical friction losses 
	3.3.5 Heat conduction losses
	3.3.6 Losses due to finite speed of piston
	3.3.7 Gas spring hysteresis losses
	3.3.8 Pumping losses

	3.4 Solution method
	3.5 Model validation
	3.5.1 Model Validation using engine model
	3.5.2 Model validation with experiment

	3.6 Results and discussion
	3.7 conclusion

	4 Parametric analysis (optimization)
	4.1 Effect of Shuttle and mass leakage losses
	4.2 Effect of Working fluid on cooling performance 
	4.3 Effect of operating parameters on cooling performance
	4.4 Effect of operating parameters on losses
	4.5 Effect of design parameters on cooling performance
	4.5.1 Effect of phase angle
	4.5.2 Effect of length and porosity of regenerator
	4.5.3 Effect of gap between piston and cylinder
	4.5.4 Effect of displacer height and displacer gap
	4.5.5 Effect of swept volume ratio
	4.5.6 Effect of ratio of diameter to stroke of piston

	4.6 Effect of combined optimized parameters
	4.7 conclusions

	5 Conclusion and perspectives
	5.1 Conclusion
	5.2 Perspectives

	Publications

	III Appendix
	A Isothermal Schmidt Analysis Equation Derivations
	A.1 Fluid Mass for Beta configuration

	B Regenerator analysis
	C Matlab function set


