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Thesis Outline

Transport processes occurring in the radiative interior of solar-type stars and low-mass open
cluster stars are evidenced by the surface variation of light elements, in particular lithium (Li), and
the evolution of their rotation rates. For the Sun, inversions of helioseismic data indicate that the
radial profile of angular velocity in its radiative zone is nearly uniform, which implies the existence
of angular momentum transport mechanisms that are efficient over evolutionary timescales. While
there are many independent transport models for angular momentum and chemical species, there
is a lack of self-consistent theories that permit stellar evolution models to simultaneously match
the present-day observations. The aim of the PhD thesis is to explore how additional transport
processes can improve the agreement between evolutionary models and observations for Li de-
pletion, the rotation evolution of open cluster stars, and the solar rotation profile.
Observations include data of solar-type stars and low-mass stars from F- to G- spectral type. Low-
mass stars of Population I are characterised by an important Li-depletion during their evolution
from the pre-main sequence to the age of the Sun, and rotation-induced mixing has been seen as
an insufficient process to fully explained the observed Li depletion. In addition, a strong coupling
between the surface and the internal layers of the stars is required to explain the observations on
the rotation surface velocity evolution in solar-type stars and on the solar rotation profile inferred
by helioseismology. At a larger range of stellar masses (0.8 M� to 1.5 M�), we observe for a few
open clusters, like the Hyades, a Li-dip, that appears at about 6600 K, corresponding to F-type
stars. And, finally, besides the Li-depletion with time, stars in the cold-side of the Li-dip also ex-
hibit a Li-depletion with decreasing masses.

We explored several transport processes from the literature with stellar evolution code STAREVOL
(Geneva-Montpellier) and we constrained the resulting models with observational data.
We first optimised the treatment of atomic diffusion through the implementation of a more recent
formalism that we validated thanks to the comparison with others stellar evolution codes. Then,
we determined the optimal input physics for our models, including an update of the solar abun-
dance reference, and calibrated our models on the Sun. We explore different additional transport
processes for chemicals and for angular momentum such as penetrative convection, tachocline
mixing, additional turbulence, and additional viscosity.

In Dumont et al. (2021, A&A, 646, A48), we computed models of solar-type stars including
both atomic diffusion and rotation-induced mixing in the framework of observational data of
solar-like stars for lithium and angular velocity. The constraints from the depletion of lithium
and from the angular velocity in open cluster stars, solar twins and the Sun highlight the need for
additional dynamical processes to transport both chemicals and angular momentum. Indeed, in
the framework of the shellular rotation hypothesis the rotational induced mixing depends mainly
on the meridional circulation and on the choice for the prescription of the turbulence shear and
cannot answer the issue alone without additional processes. We showed the key role of the pen-
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Thesis Outline

etrative convection dependent of rotation to transport chemicals in the pre-main sequence and
the early main sequence. We considered as well an additional vertical viscosity νadd, fixed or de-
pendent of the rotation, and adjusted with the magnetic braking efficiency. It leads to efficient
transport of angular momentum between the core and the envelope during the main sequence
evolution and to solar-type models that match the observed profile of the Sun. However, this ap-
proach leads to a weaker depletion of lithium in the main sequence due to a weaker turbulent
shear that results from the effect of νadd. The addition of a parametric turbulence at the base of
the convective zone allows us to achieve simultaneously the reproduction of both the Li deple-
tion and the rotational evolution, and to determine an optimal model. However, we noted that
we miss a physical motivation for the additional viscosity and the parametric turbulence. For the
latter, we studied the promising effect of tachocline turbulence. We determined self-consistently
in STAREVOL the tachocline thickness and the diffusion coefficient due to tachocline turbulence.
The obtained thickness is compatible with estimations from helioseismology at the age of the Sun,
but the diffusion coefficient has been found to be not adapted to the lithium evolution until the
age of the Sun.

In a second paper (Dumont et al. 2021, revised), we explored stars with a larger range of masses
(0.8 to 1.5 M�) and metallicities ([Fe/H] = -0.4 to [Fe/H] = 0.15). We used the optimal model from
Dumont et al. (2021) including the chemical and angular momentum transport processes (namely,
rotation, convective penetration, parametric turbulence, parametric viscosity, and atomic diffu-
sion) that have been tested against Li abundances and internal rotation and surface constraints for
solar-type stars, and we confronted them to Li, Be and Prot data for F-type and G-type stars from
open clusters of various ages and metallicities.
We have shown that the optimal model developed for the solar-type stars is able to reproduce the
cold side of the Li and Be dips, as well as the observed rotation rates for each cluster, independently
of age and metallicity. An effect of metallicity is highlighted and we predict a higher depletion at
high metallicity than at low metallicity. However, our models are in poorer agreement with the
metal-poor observational data, which are more depleted in Li than predicted and would argue for
a metal-dependence of the transport processes. Over the entire range of masses, metallicities, and
ages explored, we reproduce the evolution of the surface rotation rates, and predict for the first
time the observed anticorrelation between surface rotation rate and Li-depletion as a consequence
of the penetrative convection prescription. Besides, the model predicts internal rotation profiles
in good agreement with asteroseismic constraints in main sequence stars. However, we cannot
reproduce the Li-dip (and Be-dip) observed in some open clusters with the same model which
yields a too weak Li depletion for M > 1.2M�. The Li-dip can only be reproduced considering a
different prescription for the shear turbulent mixing and a mass dependent parametric viscosity
νadd to transport angular momentum. It is thus mandatory to have a clear theoretical discrimi-
nation between the different prescriptions currently available to account for the turbulent shear
transport. It also calls for a new exploration of physical processes such as tachocline mixing for
the transport of chemicals and internal gravity waves for the transport of angular momentum. Fi-
nally, we highlight the key constraint of Beryllium, which also exhibits a dip, correlated with Li. It
provides additional and complementary constraints for the missing transport processes involved.
We show that with the few data available, it is presently challenging to reconcile simultaneously
the Li-dip and the Be-dip. It highlights the need of additional data for the beryllium abundance in
main sequence F- and G-type stars of different ages and metallicities.
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Résumé

Les processus de transport dans les étoiles de type
solaire

Contexte

Les processus de transport qui se produisent dans les intérieurs radiatifs des étoiles de type
solaire et des étoiles de faible masse dans les amas ouverts sont mis en évidence par la variation
de surface des éléments légers, avec en particulier le lithium (Li) et le béryllium (Be) ainsi que par
l’évolution de leur vitesse de rotation interne et de surface.

L’abondance en lithium

Le lithium est depuis longtemps considéré comme un élément utile et contraignant qui peut
être utilisé pour comprendre le transport des éléments chimiques et du moment cinétique dans
les intérieurs stellaires (e.g. Wallerstein & Conti 1969; Boesgaard 1976; Vauclair et al. 1978; Spite
& Spite 1982a; Baglin et al. 1985; Vauclair 1988; Lebreton & Maeder 1987; Baglin & Lebreton 1990;
Boesgaard 1991; Charbonnel et al. 1992, 1994; Deliyannis et al. 2000; Montalban & Schatzman 1996;
Montalbán & Schatzman 2000; Piau & Turck-Chièze 2002; Charbonnel & Talon 2005; Talon & Char-
bonnel 2010). Trimble & Leonard (1994) ont résumé la pertinence du lithium par une phrase que
nous pouvons traduire par : "Nous continuons à trouver légèrement déconcertant qu’un élément aussi
peu commun que le lithium soit si important pour l’étude de la structure des couches externes des étoiles,
sans parler de l’Univers primordial. Mais c’est bel et bien le cas.". En raison de sa température de
fusion relativement basse (∼ 2.5 MK, proche de la température à la base de la zone convective
des étoiles de type solaire), le Li est en effet facilement détruit par capture de protons dans les
intérieurs stellaires. Selon la théorie classique de l’évolution stellaire, cette destruction devrait se
manifester à la surface des étoiles de type solaire pendant la pré-séquence principale (PMS) sous
la forme d’une diminution de l’abondance de Li en surface. Les modèles classiques qui n’incluent
aucun processus de transport autre que la convection ne prédisent aucune autre variation du Li
de surface jusqu’à ce que l’étoile devienne une étoile géante rouge.

Les observations spectroscopiques montrent cependant que l’abondance en lithium à la surface
des étoiles de type solaire, du champ et dans les amas ouverts s’appauvrit le long de la séquence
principale (e.g. King et al. 1997; Sestito & Randich 2005; Chen & Zhao 2006; Takeda et al. 2010;
Smiljanic et al. 2011; Xing & Xing 2012; Delgado Mena et al. 2014; Waite et al. 2017; Cummings
et al. 2017; Beck et al. 2017; Harutyunyan et al. 2018; Carlos et al. 2020). Cela est illustré par la

iii



Résumé

Figure 1 : Abondance de surface du Li vs l’âge. Les points individuels représentent les données (y
compris l’âge) des jumelles solaires. (Carlos et al. 2019). Les boîtes correspondent aux observations
du Li dans les étoiles de masse solaire dans différents amas ouverts (Sestito & Randich 2005; Carlos
et al. 2020) avec les âges de Bossini et al. (2019)). Les numéros 1 à 10 identifient les amas [1)
NGC 2264, 2) IC2391, IC2602 and IC4665, 3) α Per, Pleiades and Blanco I, 4) NGC2516, 5) M34, 6)
NGC6475, 7) M35, 8) Praesepe et NGC6633, 9) NGC752 et 10) M67]. La couleur des boîtes indique
la valeur de [Fe/H] : rose : -0.17 à -0.05; gris : -0.05 à 0.05; bleu clair : 0.05 to 0.16.

figure 1 qui donne l’abondance du Li dans différents amas en fonction de l’âge. Dans le cas du
Soleil, le Li a diminué par rapport à sa valeur initiale (c’est-à-dire météoritique) de A(7Li) = 3.311

à A(7Li) = 1.05 (Greenstein & Richardson 1951; Schwarzschild et al. 1957; Asplund et al. 2009), ce
qui témoigne d’une destruction importante du Li entre la formation du Soleil et son âge actuel.
L’appauvrissement en Li a été clairement démontré comme s’accroissant avec le temps et avec la
masse stellaire décroissante. La morphologie du comportement des abondances de Li en fonction
de Teff peut ainsi en être déduite (e.g. Deliyannis et al. 2000, pour une revue; et voir la figure 2 qui
donne les observations du Li en surface pour 14 amas ouverts).
Elle présente en particulier deux comportements distincts pour les étoiles de faible masse à un
âge donné. D’une part, les étoiles froides (de type G) présentent un appauvrissement progressif
avec la température effective décroissante (masse décroissante). D’autre part, les étoiles de type F,
de Teff comprise entre 6400 K et 6800 K, forment ce que l’on appelle la brèche du Li (e.g. Waller-
stein et al. 1965a; Boesgaard & Tripicco 1986; Hobbs & Pilachowski 1986; Soderblom et al. 1993;
Balachandran 1995; Steinhauer & Deliyannis 2004; Anthony-Twarog et al. 2009; Cummings et al.
2012; Boesgaard et al. 2016). Celle-ci s’observe en particulier pour les Hyades et Praesepe où les
étoiles F de la brèche présentent une abondance de surface de Li de 1 dex ou plus inférieure aux
étoiles légèrement plus chaudes ou froides.

1A(X) = log10(NX/NH) + 12 (où NX est la densité de nombre de l’élément X)
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RESUME

Figure 2 : Abondance de surface du Li vs Teff pour 14 amas ouverts. La référence et les paramètres
de chaque amas ouvert sont donnés en Tab. 1.1 ainsi que les erreurs typiques sur les mesures de
Li et les corrections de LTE. (figure issue de Dumont et al. 2021, révisé)

Rotation de surface

La rotation en surface a également fait l’objet de multiples travaux qui ont permis la détermi-
nation des taux de rotation d’étoiles de type solaire à différents âges (e.g. Stauffer & Hartmann
1986; McQuillan et al. 2014; García et al. 2014; Gallet & Bouvier 2015; dos Santos et al. 2016;
Lorenzo-Oliveira et al. 2020). La figure 3 présente les observations pour des étoiles de type so-
laire dans les amas ouverts. Ces observations établissent clairement que la rotation de surface de
ces étoiles évolue dans le temps sous l’effet de processus multiples. Les interactions magnétiques
entre l’étoile et son disque d’accrétion au début de la PMS et plus tard l’interaction avec le vent
sont par exemple invoquées avec succès pour expliquer l’évolution et la dispersion des périodes
de rotation (e.g. Matt et al. 2015a; Amard et al. 2016; Gallet et al. 2019, et références afférentes).
Le rôle clef de la rotation a également été mis en évidence avec l’observation de la coïncidence
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Figure 3 : Vitesse angulaire (en unités solaires; Ω� = 2.86x10−6 s−1) vs l’âge. Les données ob-
servationnelles proviennent de Gallet & Bouvier (2015), exceptées les quatre étoiles de M67 qui
viennent de Barnes et al. (2016). Les croix correspondent à des étoiles individuelles ; les diamants
rouges, noirs et bleus vides indiquent les 25e, 50e et 90e percentiles de la distribution rotationnelle
observée dans chaque amas, respectivement. Le Soleil est indiqué par le symbole usuel.

du bord froid de la brèche du Li avec ce que l’on appelle la rupture en rotation de Kraft, comme
observée par exemple pour les Hyades (Boesgaard 1987) ou pour NGC 752 (Hobbs & Pilachowski
1986). La rupture de Kraft (Kraft 1967) correspond en effet à la transition entre les rotateurs lents
(du côté froid de la brèche) et les rotateurs rapides (du côté chaud de la brèche) pour les étoiles de
la séquence principale (MS) d’environ 1.2M� à métallicité solaire (étoiles de type F). Cette rupture
dans la période de rotation est interprétée comme le résultat d’un freinage magnétique plus faible,
ou inefficace, parmi les étoiles chaudes et plus massives par rapport aux étoiles plus froides et
moins massives avec une enveloppe convective épaisse qui peut soutenir un freinage magnétique
efficace par le vent stellaire (e.g. Schatzman 1962; Weber & Davis 1967; Matt et al. 2015b; Kawaler
1988a; Cummings et al. 2017; Deliyannis et al. 2019). La figure 4 donne les périodes de rotation
observées pour 12 amas ouverts à différents âges. L’évolution rotationnelle des étoiles selon la
masse et l’âge y est bien illustrée. La rupture de Kraft est également bien visible pour les étoiles
les plus massives des amas les plus âgés.
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Figure 4 : Distribution de la période de rotation pour les étoiles MS de plusieurs amas ouverts
(d’après Dumont et al. 2021, révisé)

Rotation interne

La rotation interne du Soleil est contrainte par l’héliosismologie. L’analyse des modes p donne
accès au profil de rotation du Soleil entre environ R = 0.2R� et la surface (Kosovichev 1988;
Elsworth et al. 1995; Thompson et al. 2003; Mathur et al. 2008; Eff-Darwich et al. 2008). La figure 5
présente le profil de rotation ainsi déduit pour le Soleil. Les inversions des données héliosismiques
indiquent que le profil radial de la vitesse angulaire dans sa zone radiative est presque uniforme,
ce qui implique l’existence de mécanismes de transport du moment cinétique efficaces au long
de l’évolution. Il est généralement supposé que la rotation interne des étoiles de type solaire est
similaire à celle du Soleil. Il est également possible de contraindre la rotation interne des étoiles
de faible masse à des stades évolutifs plus avancées grâce à l’astérosismologie (i.e. pour les étoiles
sous-géantes et les étoiles géantes rouges; e.g. Mosser et al. 2012; Deheuvels et al. 2012, 2014, 2015;
Benomar et al. 2015; Gehan et al. 2018; García & Ballot 2019). L’analyse des modes mixtes dans les
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Figure 5 : Profil de rotation du Soleil à différentes latitudes extrait de García et al. (2007)

étoiles sous-géantes et géantes rouges de masse solaire présentant des oscillations de type solaire
indique également un faible degré de rotation radiale différentielle dans le noyau. Ceci montre
que le fort couplage trouvé à l’âge solaire est essentiellement maintenu au cours de l’évolution
ultérieure (Eggenberger et al. 2017, 2019a; Mathis et al. 2018; Aerts et al. 2019). Il n’existe pas encore
d’indice observationnel concernant la structure de la rotation interne au cours de l’évolution entre
la PMS et le début de la MS, bien que l’analyse des données astérosismiques pour les étoiles de
type solaire (Nielsen et al. 2014) et pour les étoiles de séquence principale de type F à G (Benomar
et al. 2015) suggère que la rotation quasi solide de l’intérieur du soleil n’est probablement pas une
exception.

Problématique et objectif de la thèse

Bien qu’il existe de nombreux modèles de transport pour le moment cinétique et les espèces
chimiques, nous manquons de théories cohérentes permettant aux modèles d’évolution stellaire
de reproduire simultanément les observations actuelles. L’objectif de la thèse est d’explorer com-
ment des processus de transport supplémentaires peuvent améliorer l’accord entre les modèles
d’évolution et les observations de l’abondance de Li en surface, de l’évolution de la rotation de
surface des étoiles d’amas ouverts ainsi que du profil de rotation solaire.
Les observations comprennent les données pour des étoiles de type solaire (voir Fig. 1) et des
étoiles de faible masse de type spectral F- à K- (voir Fig. 2). Les étoiles de faible masse de Popula-
tion I (i.e. à métallicité solaire ou proche) sont caractérisées par une importante destruction du Li
au cours de leur évolution de la pré-séquence principale à l’âge du Soleil et des études antérieures
ont montré que le mélange induit par la rotation tel qu’il est inclus dans les codes d’évolution stel-
laire est insuffisant pour expliquer pleinement ces observations. De plus, un couplage fort entre
la surface et les couches internes des étoiles est nécessaire pour expliquer l’évolution de la vitesse
de rotation de surface dans les étoiles de type solaire (voir Fig. 3) et le profil de rotation solaire
déduit par l’héliosismologie (voir Fig. 5). Dans une gamme plus large de masses stellaires (0,8 M�
à 1,5 M�), nous observons également, pour quelques amas ouverts comme les Hyades, la brèche
du Li qui apparaît à environ 6600 K (correspondant à des étoiles de type F) et coincide avec la
rupture rotationnelle de Kraft (voir Figs. 2-4). Enfin, outre l’épuisement du Li au fil de l’évolution,
les étoiles du côté froid de la brèche du Li présentent un appauvrissement en Li avec des masses
décroissantes (voir Fig. 2).
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Figure 6 : Schéma des processus dynamiques et de leurs interactions qui conduisent au transport
des éléments chimiques et du moment cinétique dans l’étoile. Les boîtes bleues font référence aux
processus de rotation, les boîtes jaunes à la diffusion atomique, les boîtes vertes aux processus
externes, les boîtes oranges à la convection, les boîtes rouges aux processus additionnels et les
boîtes grises au type de transport qui en résulte (librement inspiré par la Fig. 1 d’après Mathis
et al. 2007).

Nous explorons plusieurs processus de transport, du moment cinétique et des espèces chimiques,
de la littérature avec le code d’évolution stellaire STAREVOL (Genève-Montpellier) que nous con-
traignons avec les données observationnelles.
Le premier objectif a été d’optimiser le traitement de la diffusion atomique par la mise en place
d’un formalisme plus récent et mieux adapté à notre problématique (Paquette et al. 1986; Thoul
et al. 1994), que nous avons ensuite validé grâce à une comparaison avec d’autres codes d’évolution
stellaire. Nous avons ensuite déterminé les ingrédients de physique optimaux pour nos modèles,
comprenant une mise à jour de la référence de l’abondance solaire (avec notamment l’enrichissement
en Néon Asplund et al. 2009; Young 2018) et des opacités associées, et également la calibration de
nos modèles sur le Soleil. Dans STAREVOL, la prise en compte des effets et du transport par la
rotation suit le formalisme de la rotation "en coquille" développé par Zahn (1992) et Maeder &
Zahn (1998), et déjà utilisé par exemple par Palacios et al. (2003); Decressin et al. (2009); Amard
et al. (2019). Il fait intervenir deux processus dynamiques : la circulation méridienne et l’instabilité
de cisaillement turbulente (verticale et horizontale). Il permet d’inclure un processus 3D dans un
code d’évolution stellaire 1D avec l’hypothèse d’une turbulence anisotrope, c’est-à-dire avec un ci-
saillement horizontal plus fort que le cisaillement vertical. Ces processus conduisent à un mélange
dans la zone radiative avec à la fois le transport de moment cinétique et celui des élément chim-
iques dans l’étoile.
Afin d’optimiser les transports à la fois des éléments chimiques et du moment cinétique, au vu des
observations, nous avons implémenté de nouveaux formalismes de pénétration convective dépen-
dants ou non de la rotation (Baraffe et al. 2017; Korre et al. 2019; Augustson & Mathis 2019, 2020),
une turbulence paramétrique (Richer et al. 2000; Richard et al. 2005), un mélange turbulent dû à
la présence d’une tachocline (Spiegel & Zahn 1992; Brun et al. 1999) et une viscosité additionnelle
(Eggenberger et al. 2012b, 2019b; Spada et al. 2016). L’interaction complexe des différents processus
impliqués est illustrée en Figure 6. Le transport des éléments chimiques et du moment cinétique
est le résultat de l’interaction de nombreux processus dans l’étoile (diffusion atomique, rotation
différentielle) ou à l’extérieur de l’étoile (couplage magnétique externe). Les contraintes liées à
l’évolution du lithium et à la vitesse angulaire dans les étoiles des amas ouverts, dans les jumelles
solaires et dans le Soleil soulignent la nécessité de processus dynamiques supplémentaires afin
de transporter à la fois les éléments chimiques et le moment cinétique. En effet, dans le cadre de
l’hypothèse de la rotation "en coquille", le mélange induit par la rotation dépend principalement
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de la circulation méridienne et du choix de la prescription pour la turbulence de cisaillement et ne
peut reproduire toutes les observables sans l’ajout de processus supplémentaires.

Résultats

La destruction du lithium et le transport du moment cinétique dans les étoiles de type
solaire

Nous avons précédemment décrit les contraintes observationnelles sur l’abondance de Li en
surface et sur l’évolution rotationnelle et nous avons vu que l’évolution du Li dans différentes
gammes de masse ou d’âge donne lieu à plusieurs divergences entre les observations et les prédic-
tions des modèles. L’exploration des effets des processus additionnels que nous avons implémen-
tés dans le code d’évolution stellaire STAREVOL a fait l’object d’une première publication dans
cette optique (Dumont et al. 2021).
Nous avons montré le rôle clef de la pénétration convective dépendante de la rotation pour trans-
porter les éléments chimiques dans la pré-séquence principale et la séquence principale. Concer-
nant le transport du moment cinétique, nous avons également considéré une viscosité verticale
supplémentaire νadd, fixe ou dépendante à la rotation, et ajustée à l’efficacité du freinage magné-
tique. Elle permet un transport efficace du moment cinétique entre le coeur et l’enveloppe lors de
l’évolution en séquence principale et nous a permis de reproduire le profil observé pour le Soleil.
Cependant, cette approche conduit à un appauvrissement moins important du lithium dans la
séquence principale en raison d’une turbulence de cisaillement plus faible, résultant de l’effet de
νadd. L’ajout d’une turbulence paramétrique à la base de la zone convective nous permet de réaliser
simultanément la reproduction de l’appauvrissement du lithium et de l’évolution rotationnelle et
ainsi de déterminer un modèle optimal.
Cependant, les interprétations physiques pour la viscosité additionnelle et la turbulence paramétrique
ne sont pas identifiées. Pour identifier cette dernière, nous avons étudié l’effet prometteur de la
turbulence générée par la tachocline. Nous avons déterminé dans STAREVOL, et de manière auto-
cohérente l’épaisseur de la tachocline et le coefficient de diffusion dû à la turbulence générée par
la tachocline. L’épaisseur obtenue est compatible avec les estimations de l’héliosismologie à l’âge
du Soleil, mais le coefficient de diffusion s’est avéré ne pas être adapté pour reproduire l’évolution
du lithium jusqu’à l’âge du Soleil.
La figure 7 donne le résultat final obtenu avec le modèle optimal nommé νR1T6.425

A et calculé pour
trois périodes de rotation initiales différentes : 1,6, 4,5 et 9,0 jours (rotation rapide (F ), médiane
(M ) et lente (S)). Cela confirme le succès du modèle dit "optimal" pour reproduire simultanément
les contraintes observationnelles.

La destruction du lithium et le transport du moment cinétique dans les étoiles de type
F et de type G dans les amas ouverts galactiques

Dans un second temps, suivant les conclusions de Dumont et al. (2021) sur les différents pro-
cessus de transport des produits chimiques et du moment cinétique, testés par rapport aux abon-
dances de Li et aux contraintes de rotation interne et de surface pour les étoiles de type solaire,
nous avons appliqué ces prescriptions à une gamme plus large en masse et en métallicité. Nous
avons calculé des modèles pour une gamme de masse entre 0,8 M� et 1,5 M� (δM = 0, 1M�), pour
sept valeurs de [Fe/H] (-0,4, -0,2, -0,1, -0,05, 0, +0,10, +0. 15) qui couvrent la gamme de métallicité
des amas ouverts présentés en figures 2 et 4. Les résultats de ce travail seront publiés dans la revue
A&A (Dumont et al. 2021, soumis). La figure 8 donne un aperçu des résultats obtenus pour les cas
spécifiques des Hyades et de Praesepe qui présentent les deux comportements du Li (et du Be).
Nous avons montré que le modèle optimal développé pour le Soleil est capable de reproduire le
côté froid de la brèche du Li pour chaque amas, indépendamment de l’âge et de la métallicité. Un
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Figure 7 : Combinaison des figures 1 et 3 où sont ajoutés le modèle classique (C) et les modèles
incluant la diffusion atomique et la rotation (R1). Le modèle optimal (νR1T6.425

A ) est calculé pour
trois vitesses initiales différentes (F : rapide, M : median and S: lent). Il inclut l’overshoot comme
proposé par Augustson & Mathis (2019): A, la turbulence paramétrique comme proposée par
Richer et al. (2000) et Richard et al. (2005): T6.425 (T6.42 pour les jumelles solaires), et la viscosité
additionnelle νadd comme proposée par Eggenberger et al. (2012b, 2019b): ν. Les points oranges
font référence à quatre âges auxquels les profils de coefficient de diffusion sont présentés dans la
Fig. 7 de Dumont et al. (2021). Les carrés vides rouges, noirs et bleus donnent les 25ème, 50ème et
90ème percentiles des distributions rotationnelles observées dans chaque amas.

effet de la métallicité est mis en évidence et nous prédisons un appauvrissement plus élevé à haute
métallicité qu’à basse métallicité. Cependant, nos modèles sont en moins bon accord avec les don-
nées observationnelles pour les métallicités faibles qui font apparaître des abondances en Li plus
faibles que prédites et plaident pour une dépendance des processus de transport vis-à-vis des mé-
taux. Sur toute la gamme de masses, métallicités et âges explorés, nous reproduisons l’évolution
des taux de rotation de surface, et prédisons pour la première fois l’anticorrélation observée entre
le taux de rotation de surface et l’appauvrissement en Li comme conséquence de la prescription
de convection pénétrante. En outre, le modèle prédit des profils de rotation interne en bon accord
avec les contraintes astérosismiques dans les étoiles de la séquence principale. En revanche, nous
ne pouvons pas reproduire la brèche du Li observée dans quelques amas ouverts avec le même
modèle du fait d’une trop faible destruction du Li pour les étoiles de masse M > 1.2M�. Le
brèche du Li ne peut être reproduit qu’en considérant une prescription différente pour le mélange
turbulent de cisaillement et une viscosité paramétrique dépendant de la masse νadd pour trans-
porter le moment angulaire. En conclusion, nous mettons en évidence deux comportements du
Li de chaque côté de la rupture de Kraft, une tendance reliant Li et Teff et un comportement pro-
pre des étoiles de la brèche où nous avons vu la nécessité d’un processus de transport qui serait
efficace dès lors qu’il atteint la rupture de Kraft. Cela encourage une clarification sur la théorie
décrivant les processus turbulent dans les étoiles notamment lié au cisaillement. Et cela encourage
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Figure 8 : Comparaison des modèles νR1T6.42
A (diamants bleus) et νR2T6.42

A pour différentes valeurs
de νadd et du paramètre de freinage magnétique K (code couleur) avec les observations dans les
Hyades (carrés pleins) et Praesepe (carrés vides). Les modèles sont calculés avec une métallic-
ité [Fe/H] = +0,15 pour 0,75 Gyr. Les observations proviennent de Cummings et al. (2017) à
l’exception des observations de Be qui proviennent de Boesgaard et al. (2016). Les triangles in-
versés correspondent à des limites supérieures de Li. Les lignes grises en tirets représentent les
corrélations linéaires empiriques trouvées par Cummings et al. (2017) pour le bord froid de la
brèche dans les Hyades et Praesepe. Panneau supérieur gauche : Abondance de surface de Li en
fonction de Teff . Panneau supérieur droit : abondance de Li en surface en fonction de v sin i. Pan-
neau inférieur gauche : Abondance de surface de Be en fonction de Teff . Panneau inférieur droit :
température effective Teff en fonction de v sin i (figure extraite de Dumont et al. 2021, soumis).

également une nouvelle exploration des processus physiques tels que le mélange tachocline pour
le transport des espèces chimiques et les ondes de gravité internes pour le transport du moment
angulaire. Enfin, la contrainte clef du Béryllium, qui présente également un brèche corrélé avec
le Li (voir figure 9), est soulignée. Il fournit des contraintes supplémentaires et complémentaires
pour les processus de transport manquants impliqués. Nous montrons qu’avec le peu de données
disponibles, il est actuellement difficile de réconcilier simultanément la brèche du Li et celle du Be.
Nous soulignons la nécessité de données supplémentaires sur l’abondance du béryllium dans les
étoiles de type F et G de la séquence principale, à des âges et métallicités différents.
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Figure 9 : Comparaison des modèles M
ν R1T6.42

A (diamants bleus), Mν R2T6.42
A (diamants rouges),

M
ν R2T6.42

A.K′ (diamants pourpres) et Mν′ R2T6.42
A (diamants roses) avec des observations de surface de Li

et Be dans les amas ouverts des Hyades (carrés pleins) et de Praesepe (carrés vides). Les triangles
inversés correspondent à des limites supérieures de Li. Les étoiles correspondant à la brèche du
Li (6400 K < Teff < 6800) sont représentées en gris foncé, les étoiles en dehors de la brèche sont
représentées en gris clair. Les observations sont issues de Boesgaard et al. (2004, 2016). La ligne en
tirets oranges représente la corrélation linéaire Li-Be trouvée par Boesgaard et al. (2020) pour les
étoiles dans le bord froid de la brèche (figure extraite de Dumont et al. 2021, révisé).

Conclusion et perspectives

Conclusion

Au cours de cette thèse de doctorat, nous avons exploré comment des processus de transport
supplémentaires peuvent améliorer l’accord entre les modèles d’évolution des étoiles en rotation
et les observations pour l’épuisement du Li, l’évolution de la rotation de surface des étoiles, et
le profil de rotation solaire. Nous avons utilisé les contraintes observationnelles du Soleil et des
étoiles des amas ouverts, y compris les étoiles de type solaire et les étoiles de faible masse de type
spectral F à K. Ces étoiles de la population I sont caractérisées par un appauvrissement impor-
tant en Li au cours de leur évolution depuis la PMS jusqu’à l’âge du Soleil. L’appauvrissement
en Li observé ne peut pas être entièrement expliqué par le mélange induit par la rotation qui est
un processus insuffisant. De plus, les contraintes sur l’évolution de la vitesse de rotation dans les
étoiles de type solaire et sur le profil de rotation solaire nécessitent un couplage fort entre la surface
et les couches internes des étoiles afin de se rapprocher de la rotation presque solide déduite de
l’héliosismologie. En considérant une gamme plus large de masses stellaires, nous observons pour
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quelques amas ouverts, comme les Hyades, la brèche du Li, qui apparaît à environ 6600 K, et qui
correspond aux étoiles de type F. Enfin nous avons observé, en plus de l’appauvrissement en Li
avec le temps, que les étoiles du côté froid de la brèche présentent également un appauvrissement
en Li pour des masses décroissantes.

La première tâche a été d’optimiser le code d’évolution stellaire STAREVOL pour calculer des
modèles non standards adaptés à notre étude. Nous avons optimisé le traitement de la diffu-
sion atomique par l’implémentation d’un formalisme plus récent, évitant l’hypothèse des éléments
traces, que nous avons validé via la comparaison avec d’autres codes d’évolution stellaire. Nous
avons ensuite déterminé la physique d’entrée optimale pour nos modèles, y compris une mise à
jour de la référence d’abondance solaire, et calibré nos modèles sur le Soleil.

La deuxième tâche consistait à tester ces modèles, et à les comparer aux données observation-
nelles du Soleil et des étoiles de type solaire. Elle a mis en évidence l’insuffisance des modèles
avec diffusion atomique et rotation seules pour reproduire simultanément la contrainte sur le Li
et sur la vitesse de rotation. Des processus dynamiques supplémentaires sont en effet nécessaires
pour transporter à la fois le moment cinétique et les éléments chimiques. Nous avons implémenté
et étudié les effets de différents processus additionnels afin de déterminer une combinaison opti-
male pour reproduire les observations. Nous avons mis en évidence que l’appauvrissement en Li
des étoiles de type solaire peut être reproduit en deux étapes : au niveau de la PMS avec l’ajout
d’un processus d’overshoot dépendant de la rotation et au niveau de la MS avec l’ajout de deux
processus paramétriques distincts de mélange turbulent pour le moment cinétique et pour les élé-
ments chimiques. Nous avons également calculé pour la première fois un modèle incluant un
traitement auto-consistant de la tachocline avec la prédiction de la même épaisseur que celle dé-
duite par l’héliosismologie. Cependant, nous avons montré que le transport turbulent résultant
de la tachocline ne permet pas de reproduire l’appauvrissement en Li observé, et également qu’il
nous manque un développement analytique complet pour la tachocline. Nous avons finalement
déterminé un modèle optimal qui reproduit toutes les observations à la fois. Nous avons cepen-
dant souligné le besoin de contraintes supplémentaires pour la rotation interne des jeunes étoiles
de type solaire et aussi pour les abondances de béryllium des amas ouverts afin de tester les pré-
dictions plus avant.

La troisième tâche consistait à tester notre modèle optimal, déterminé pour les étoiles de type
solaire, dans le cadre d’une gamme plus large d’étoiles incluant les étoiles de faible masse de type
F à K. Nous avons montré que notre modèle fonctionne bien avec le côté froid et le côté chaud
de la brèche du Li, indépendamment de l’âge, de la métallicité et de la vitesse de rotation initiale.
Cependant, la brèche elle-même ne peut pas être reproduite par ce modèle à moins de modifier la
prescription pour le cisaillement turbulent ainsi que l’efficacité de la viscosité additionnelle νadd.
Et même alors, la transition entre côté froid de la brèche et la brèche elle-même reste difficilement
prédictible. Cela met en évidence la nécessité de clarifier la théorie décrivant la turbulence de
cisaillement dans les étoiles et le besoin d’explorer des processus physiques tels que le mélange
tachocline pour le transport des espèces chimiques et les ondes de gravité internes pour le trans-
port du moment angulaire. Enfin, la contrainte clef du Béryllium, qui présente également une
brèche, et qui est corrélée avec le Li mais pour un niveau d’appauvrissement différent est égale-
ment démontrée. Elle favorise un mélange dépendant de la rotation et fournit des contraintes sup-
plémentaires et complémentaires pour les processus de transport manquants. Il est actuellement
difficile de réconcilier simultanément la brèche du Li et celle du Be mais la nécessité de données
supplémentaires sur l’abondance du béryllium dans les étoiles de type F et G de la séquence prin-
cipale, à des âges et métallicités différents est à souligner.

Dans le contexte des contraintes observationnelles auxquelles nous avons accès, nous avons con-
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firmé que des processus de transport sont nécessaires, en plus de la diffusion atomique, de la cir-
culation méridienne et du cisaillement turbulent, pour expliquer le comportement de l’abondance
de Li en surface et l’évolution de la rotation pour les étoiles de type solaire et les étoiles de faible
masse et que des contraintes supplémentaires sur la rotation interne et sur le contenu en béryllium
seraient une plus-value, ainsi que de nouvelles études théoriques pour résoudre l’incertitude de
la turbulence dans les étoiles ainsi que du mélange tachocline.

Perspectives

Les travaux réalisés au cours de cette thèse ouvrent la voie à une analyse plus approfondie
dans la continuité directe de l’étude de l’abondance du lithium et de la vitesse de rotation, mais
aussi à l’extension à différents cadres d’étude où l’application de notre modèle optimal pourrait
être pertinente.

- La première perspective directe de ce travail est l’extension de notre échantillon d’étoiles
avec l’ajout des étoiles du champ. L’étude des étoiles du champ, dont l’abondance en Be a,
par exemple, été déduite pour un échantillon d’une centaine d’étoiles, est disponible dans
les travaux de Garcia Lopez & Perez de Taoro (1998); Santos et al. (2002, 2004b,a); Gálvez-
Ortiz et al. (2011); Delgado Mena et al. (2012), et apporterait, en particulier, une contrainte
complémentaire;

- La deuxième perspective directe serait d’élargir la gamme de masse stellaire considérée dans
nos études vers des étoiles plus massives afin de tester les prédictions des modèles dans une
gamme plus large d’étoiles. Cela impliquerait la considération des accélérations radiatives
qui ne sont plus négligeables dès lors que la masse augmente sensiblement (ou lorsque la
métallicité est faible, e.g. Deal et al. 2018, 2020, et voir la méthode d’implémentation en An-
nexe E);

- La troisième perspective directe serait l’implémentation et le test de nouveaux processus de
transport des éléments chimiques et/ou du moment cinétique. Les ondes de gravité internes
(e.g. Charbonnel & Talon 2005; Talon & Charbonnel 2008; Charbonnel et al. 2013), la dynamo
de Tayler-Spruit (Spruit 2002), et le "pompage convectif" (Kissin & Thompson 2015) sont ainsi
prometteurs;

- La quatrième perspective directe de notre travail est la poursuite de notre étude pour des
étoiles plus évoluées : les étoiles sous-géantes et les étoiles géantes rouges. Le lithium peut
également être utile pour l’étude de ces étoiles géantes évoluées (do Nascimento et al. 2000;
Charbonnel et al. 2000, 2020). Le faible taux de rotation de ces étoiles permet en effet une
détermination précise de l’abondance de surface en Li. De plus, à l’aide de l’astérosismologie,
les étoiles évoluées ont pu être caractérisées avec précision (masse, rayon) et leur intérieur
sondé au moyen de la méthode des modes mixtes2 ce qui nous donne accès à la rotation in-
terne des étoiles (e.g. Mosser et al. 2012; Gehan et al. 2018). Ainsi, les modes mixtes ouvrent
de nouvelles opportunités pour étudier l’évolution du transport du moment cinétique dans
les étoiles (voir par exemple Eggenberger et al. 2017, 2019b);

- Une autre perspective serait d’ajouter directement les contraintes astérosismiques pour les
étoiles de la MS par le biais de l’étude des glitchs acoustiques qui apparaissent sur les modes
d’oscillation. Des méthodes d’analyse récentes, Verma et al. (2017); Verma & Silva Aguirre

2Les modes mixtes sont le résultat du couplage entre les modes p et les modes g lorsque l’étoile atteint des phases
évoluées telles que SGB et RGB. Les caractéristiques mixtes de ces modes permettent de sonder les étoiles géantes du
noyau à la surface.
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(2019) et également Farnir et al. (2019), ont permis d’exploiter les informations fournies par
les glitchs acoustiques tant pour l’hélium que pour les zones de convection. Suite aux travaux
réalisés par Monteiro et al. (2000); Appourchaux et al. (2015); Farnir et al. (2019); Verma et al.
(2019), l’étude des glitchs dans le cadre de notre modèle d’évolution stellaire non-standard
serait un pas en avant pour comprendre et contraindre les processus de transport.

- Une dernière perspective serait d’appliquer notre modèle optimal dans le cadre des étoiles
de Pop. II (métallicité faible) avec le cas spécifique des étoiles de faible masse dans les amas
globulaires. La vision idéale des amas globulaires partageant des propriétés similaires telles
que les abondances chimiques initiales est maintenant remise en question avec la détection
des Populations Stellaires Multiples (MSP) (e.g. Gratton et al. 2012; Charbonnel 2016; Bas-
tian & Lardo 2018). En effet, grâce au télescope spatial Hubble, des études photométriques à
haute résolution ont permis de détecter de multiples séquences en différents points des dia-
grammes couleur-magnitude (CMD) des amas globulaires (e.g. Bedin et al. 2004; Piotto et al.
2007; Milone et al. 2008; Piotto 2009; Bellini et al. 2017). En outre, plusieurs analyses spectro-
scopiques de ces MSP ont apporté un éclairage nouveau sur leurs caractéristiques (Gratton
et al. 2001; Carretta et al. 2009; Gratton et al. 2012). Ces études ont identifié au moins deux
populations (ci-après P1 et P2) qui présentent des abondances chimiques différentes. Les
étoiles P1 présentent ainsi une chimie comparable à celle des étoiles du champ et du halo
tandis que les étoiles P2 ont une chimie exotique et unique. L’application de notre modèle à
la modélisation des étoiles P1 de faible masse, en combinant les effets de la diffusion atom-
ique et de la rotation à faible métallicité, serait une étape supplémentaire, après les études
précédentes, par exemple, Richard et al. (2002b); Charbonnel (2016); Prantzos et al. (2017a);
Chantereau et al. (2015), et cela apporterait notamment de nouvelles contraintes pour le scé-
nario du pollueur initial.
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Foreword

Stars are fundamental components of the Universe, they are age and distance indicators for
astrophysics, and they are at the origin of the chemical evolution of all elements. Therefore, the
impact of stars on their environment can be observed in a wide diversity of fields such as exoplan-
etology or galactic physics. The current description of stars by numerical models appears limited,
and we are currently not able to reproduce all observational constraints at once. Indeed, nowa-
days powerful techniques (interferometry, spectropolarimetry, asteroseismology, etc.) provide a
large amount of observational data allowing us to open new windows on the physics governing
the evolution of stars. One of the main difficulties in producing reliable stellar models is related
to the description of dynamical processes, that give birth to transport processes in stars. This de-
scription, as well as the identification of new processes that may impact the evolution of stars are
presently at the heart of any significant progress in stellar physics.
We can divide the transport issue into two parts: the transport of chemicals and the transport of
angular momentum. Thus, the identification and the characterisation of such chemicals and/or
angular momentum transport processes is fundamental to understand the evolution of stars. If
rotation is known to be one key element of the dynamical transport, the light element lithium (Li)
has been revealed to be an unexpected and useful probe of these processes too.

Outline

The work presented in this thesis can be divided into three main parts.

- In Part 1, we introduce the framework of the PhD thesis. In Chapter 1, we focus on the
observations obtained on lithium and also on the external and internal rotation of low-mass
stars. In Chapter 2, we give an overview of the common interpretations of these observations.
With the help of observational data for the Sun and for stars in open clusters, we highlight
the discrepancies that are arising from the observation of surface lithium abundances and
the challenge to consider them simultaneously with rotation;

- In Part 2, we present the stellar evolution code STAREVOL (Geneva/Montpellier). We de-
scribe the input physics of the code in Chapters 3. The next two chapters are dedicated to the
work on atomic diffusion (Chapter 4) and on rotation and rotational-dependent processes
(Chapter 5);

- In Part 3, we test the stellar models including the processes implemented during the PhD
thesis and compare the modelling of solar-type stars and low-mass stars to the observations
presented in Chapter 1. In Chapter 6, we present the work done to validate the formalism
of atomic diffusion implemented in STAREVOL with the help of the Montreal/Montpellier
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stellar evolution code. We highlight the fundamental effect of atomic diffusion in the evolu-
tion of solar-type stars. We show the effect of atomic diffusion, in particular, for the correct
modelling of the stellar structure and the correct chemicals abundance evolution. In Chap-
ter 7, we provide the parameters of the models used during the PhD thesis and obtained
from the implemented physics. It mainly focuses on the calibration of the models for the
different sets of physics used. In Chapter 8, we present the tests and results obtained with
the different processes implemented in STAREVOL in order to transport both chemicals and
angular momentum in the context of observations of solar-type stars. In Chapter 9, we ex-
tend the study to a larger range of masses (between 0.8 and 1.5 M�) and spectral-type stars
(K-type to F-type stars). This chapter focus on the cold-side and the hot-side of the Li-dip
and on the Li-dip itself. We present the results obtained by models already tested in the case
of solar-type stars and discuss their relevance for surface Li observations.
Finally, in Chapter 10, we discuss the results and give a conclusion. The futures perspectives
of the PhD work are described in this chapter as well.
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Chapter 1
Observational constraints on solar-type
and low-mass stars

1.1 Introduction

Stars are among the most influential objects in the Universe and one of the main sources (with
the Big Bang nucleosynthesis) of its chemical evolution. They are formed by interstellar material
which they process and release again during their lives or when they die, and they are, in partic-
ular, at the origin of almost all the content in metals (in astronomy meaning any element heavier
than helium) of the Universe. Numerous Solar-type and low-mass stars have been observed over
a long period of time with the help of different techniques such as spectroscopy, photometry or
asteroseismology. We now have access to data for a wide variety of stars at different masses,
metallicities or ages in clusters or in the field. The surface chemical composition and its variations
as well as the rotational evolution of these stars are of a particular interest in order to understand
stellar evolution and stellar structure. Here, I present the main observational constraints that I
have used in the present thesis: surface lithium abundance, as well as surface and internal rota-
tion.

1.2 Lithium abundances

Lithium is the third lightest element in the Universe and one of the five isotopes created during
the Big Bang nucleosynthesis, but its abundance is low compared to that of hydrogen or helium
(primordial mass fractions of 1H and 4He are estimated at 0.7516 and 0.2484, respectively, and
7Li/H = 5.61× 10−10, according to Coc & Vangioni 2017). However, lithium revealed itself as one
of the most intriguing elements in astrophysics. Trimble & Leonard (1994) summarised the rele-
vance of lithium: "We continue to find it slightly disconcerting that so uncommon an element as lithium
should be so important for studying the structure of outer layers of stars, not to mention the early Universe.
But so it is". Since then, the study of lithium evolution remains a relevant and important probe for
stellar physics and beyond. It is a challenge, even today, to understand and explain the discrep-
ancies that remain in stellar interiors and evolution models when compared to observations. We
refer the reader to a series of papers by Deliyannis et al. (2000); Pinsonneault et al. (2000); Char-
bonnel et al. (2000) that give a good review of the challenges after two decades of works. A more
recent review can be found in Charbonnel et al. (2010) (see in particular Eggenberger et al. 2009;
Pinsonneault 2009; Randich 2009; Talon & Charbonnel 2009; Soderblom 2009; Spite & Spite 2009).
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1.2.1 Spectroscopic observations

Observations of lithium can be achieved with the help of spectroscopy. The Li I resonance line
can be detected at λ ≈ 6707 Å and the subordinate line at λ ≈ 6103 Å. However, the accurate
detection is challenging because of the blending effect of the CN and Fe I lines. The measurement
of Li abundances is done from the Li equivalent width, which is sensitive to both the effective
temperature (Teff ) uncertainties and photoionising UV radiation (Kiselman 1997). Besides, it was
shown by Lind et al. (2009) that, although the departure from Local Thermodynamic Equilibrium
(LTE) is relatively small, the use of Non-Local Thermodynamic Equilibrium (NLTE) corrections
is relevant to achieve the required accuracy for Li measurements. For instance, Lind et al. (2009)
showed that NLTE corrections give a shift for A(Li) [A(X) = log10(NX/NH) + 12, where NX (NH )
is the number density of element X (H)] of about +0.15 dex for dwarf stars and of about +0.20 dex
for giant stars. The details of the NLTE corrections for lithium abundances between -0.3 and 4.2 are
given in Tab 2 and 3 in Lind et al. (2009) for the 6707 Å line and the 6103 Å line, respectively. These
grids are computed in the ranges of Teff = [4000, 8000] K, log g = [1.0, 5.0], and [Fe/H] = [-3.0, 0.0].
The work by Lind et al. (2009) was recently extended by Wang et al. (2021) who computed a grid
for a larger range of metallicities ([Fe/H] = -4.0 dex to +0.5 dex).
Two isotopes of lithium, 6Li and 7Li, can be observed with isotopic abundances of about 8% and
92%, respectively. Hereafter, we will not consider 6Li as it has a negligible contribution to the Li
stellar abundance.

1.2.2 The Sun

The Sun has been widely observed and several estimations of the solar chemical abundances
were obtained over the past three decades with the help of detailed surface abundances from spec-
troscopy (e.g. Anders & Grevesse 1989; Grevesse & Noels 1993; Grevesse & Sauval 1998; Asplund
et al. 2005, 2009; Caffau et al. 2011). The Li abundance in the solar photosphere was measured at
A(7Li) = 1.05 (Greenstein & Richardson 1951; Schwarzschild et al. 1957; Asplund et al. 2009).

In the solar case, the lithium abundance can also be directly measured on meteoritic material.
Indeed, meteorites are the witnesses of the protosolar nebula and give access to the primitive
abundances of the solar system. Through their analysis, the meteoritic value of Li was inferred at
A(7Li) = 3.31 (Lodders et al. 2009).

1.2.3 Solar-type stars

Beyond the solar case, we have access to data coming from the observation of solar-type stars
in open clusters. We define solar-type stars as stars with an initial mass of 1.0± 0.1M� and a value
of [Fe/H] = 0.0±0.2 dex, but possibly different ages. Open clusters are ideal laboratories to study
stellar evolution. Located in the galactic disc (see Fig. 1.1), open cluster are young (a few Myrs to
a few Gyrs) and typically composed of one hundred to one thousand stars1. Figure 1.2 shows, for
instance, the Pleiades open cluster observed by the Hubble Space Telescope. Each cluster gives
access to a sample of stars sharing the same age and the same chemical composition thanks to a
common origin (the same molecular cloud). It is thus possible to obtain a sample of stars at solar
mass and metallicity, but for different open clusters at different ages and possibly with stars on the
Pre Main Sequence (PMS) and/or on the Main Sequence (MS).
With the help of high resolution stellar spectroscopic data, the surface lithium abundances have

1By contrast, globular clusters are old and massive clusters (from several Gyrs to almost the age of the Universe)
composed up to millions of stars tightly bound by gravity. In this thesis, we focus on open cluster unless mentioned
otherwise.
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1.2. Lithium abundances

been obtained for several open clusters. We can, for instance, quote the results obtained by the
WIYN2 open cluster study that provides a large amount of data for open clusters stars (Mathieu
2000) and works on the spectrometer HIRES (Vogt et al. 1994), see references in Tab 1.1.

Halo
Thick
disk

Thin disk

Globular clusters

Open clusters

Figure 1.1: Schematic view of the architecture of a galaxy.

Figure 1.2: Pleiades open cluster. From the Space Telescope Science Institute (STScI) using the
Hubble Space Telescope.

2Wisconsin, Indiana, Yale, NOAO.
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Figure 1.3 gives the Li abundances provided by Sestito & Randich (2005) for a group of open
clusters from which we established a sample of solar-types stars. For this sample, we computed

Figure 1.3: Li surface abundance vs the age. Individual points are data for solar twins (Carlos
et al. 2019). Boxes are for Li observations of solar-mass stars in different open clusters (Sestito
& Randich 2005; Carlos et al. 2020) with ages from Bossini et al. (2019). The numbers 1 to 10
identify the clusters: 1) NGC 2264, 2) IC2391, IC2602 and IC4665, 3) α Per, Pleiades and Blanco I, 4)
NGC2516, 5) M34, 6) NGC6475, 7) M35, 8) Praesepe and NGC6633, 9) NGC752 and 10) M67. The
colour of the boxes indicates the [Fe/H] value: pink: -0.17 to -0.05; grey: -0.05 to 0.05; light blue:
0.05 to 0.16. The Sun is indicated with the usual symbol.

a stellar evolution model that predicts an effective temperature as a function of the age. Thus,
for each cluster, we selected stars that have the same effective temperature, with an uncertainty
of ±100 K, than the predicted temperature at the age of each cluster. Sestito & Randich (2005)
performed a homogeneous analysis of PMS/MS stars based on a group of open clusters available
in the literature: NGC 2264, IC2391, IC2602, IC4665, α Per, Pleiades, Blanco I, NGC2516, M34,
NGC6475, M35, Praesepe, NGC6633 and NGC752. Open clusters have [Fe/H] values between -
0.21 and +0.14. Moreover, we include recent measurements of the Li abundance of the M67 cluster
provided by Carlos et al. (2020) and the abundances for a sample of solar twins3 observed by the
HARPS spectrograph from Carlos et al. (2019). Li abundances were corrected from LTE in both
sample: Sestito & Randich (2005) used the prescription of Carlsson et al. (1994) and Bossini et al.

3Stars are classified as solar twins when: Teff = Teff.�± 100 K, log(g) = log(g�)± 0.1, [Fe/H] = [Fe/H]�, see also for
instance Do Nascimento et al. (2009); do Nascimento et al. (2020); Delgado Mena et al. (2014).
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1.2. Lithium abundances

(2019) used the INSPECT database4 (Lind et al. 2009).
These two additions complete the observational constraints at old age beyond the specific case of
the Sun. Li abundances are provided as a function of the age of the clusters by Bossini et al. (2019)
who determined ages by means of stellar isochrones with the help of Gaia DR2 astrometry and
photometry (Gaia Collaboration et al. 2018), with the exception to the solar twins sample where
the ages are from Carlos et al. (2019).

Photospheric Li abundance has long been known to decrease in solar-type stars along the PMS
and the MS (e.g. King et al. 1997; Sestito & Randich 2005; Chen & Zhao 2006; Takeda et al. 2010;
Smiljanic et al. 2011; Xing & Xing 2012; Delgado Mena et al. 2014; Waite et al. 2017; Cummings
et al. 2017; Harutyunyan et al. 2018; Carlos et al. 2020). Figure 1.3 shows the evolution of surface Li
abundance from the PMS to MS solar-type stars of several Gyrs (including the Sun) and highlights
a continuous depletion between a value close to the meteoritic value of A(7Li) = 3.31 to the solar
photospheric value at A(7Li) = 1.05. One additional element has to be noted: the sample of solar
twins appears to be less Li-poor than the Sun at similar age. The Sun is consequently not typical
of the Li evolution in solar-like stars.

1.2.4 Low-mass stars: different masses and spectral-types

The picture can be completed when considering a larger range of mass and stellar spectral-
types. The observation of open cluster stars again provides precious information.

Figure 1.4 gives Li surface abundances5 for 14 open clusters at different ages and metallicities.
We now consider different masses (or spectral types between F- and K-type stars6) of stars at the
PMS and/or MS phase. References for lithium data are given in Tab 1.1 for each cluster. Ages
are taken from Bossini et al. (2019); Gutiérrez Albarrán et al. (2020) for all clusters except Coma
Ber and the Hyades (Netopil et al. 2016) and for the moving group Ursa Major (hereafter Uma),
taken from Boesgaard et al. (2003a). Metallicities are given by Netopil et al. (2016) and Gutiérrez
Albarrán et al. (2020), except UMa (Boesgaard et al. 2003a). Stellar effective temperatures range
between 3800 K and 6800 K and masses are ranging between 0.8M� and 1.5M� from cool to warm
stars.

Focusing on the cold-side (G- and K-type stars) at less than 6400 K, the Li surface abundance
shows a continuous decrease with Teff . On the hot-side (Teff>6800 K), stars appear to be charac-
terised by a Li abundance close to the initial Li value A(Li) = 3.31. However, at an intermediate
range of temperatures, we observe a dip of the Li abundance for stars between 6400 K and 6800
K for some clusters (see the Hyades and Praesepe in Fig. 1.4). At this range of masses and/or
temperatures (early F-type stars), the picture becomes even more complex. Focusing on the spe-
cific case of the slight metal-rich Hyades open cluster (age close to 0.6 Gyr) we observe a group
of stars that are Li-poor compared to stars at slightly higher or lower temperature. This feature is
called the lithium-dip and it is clearly visible in the Hyades. The lithium-dip has been the object
of studies for decades (e.g. Wallerstein et al. 1965b; Boesgaard & Tripicco 1986; Anthony-Twarog
et al. 2009; Boesgaard et al. 2016; Cummings et al. 2017; Boesgaard et al. 2020).

4www.inspect-stars.com
5We computed 3D NLTE corrections ∆NLTE to the 1D LTE lithium abundances by using the code Breidablik

(https://github.com/ellawang44/Breidablik) by Wang et al. (2021) to homogenise our sample.
6F-type, G-type and K-type stars correspond to MS stars with effective temperatures of about 6000-7500 K, 5200-6000

K and 3700-5200 K, respectively.
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Figure 1.4: Li surface abundance vs Teff for 14 open clusters. Reference and parameters of each
open clusters is given in Tab. 1.1. Typical errors are represented by black crosses (from Dumont et
al. 2021, revised)
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1.2. Lithium abundances

Table 1.1: Age estimates?, mean metallicity†, and reference for the lithium data of a sample of open
clusters

Name Age (Myrs) [Fe/H] Ref Li Typical error on A(Li)
IC 2602 35 -0.02±0.02 1 ± 0.2
IC 2391 36 -0.03±0.02 1 ± 0.2

Pleiades (Melotte 22) 87 -0.01±0.05 2 ± 0.1
αPer (Melotte 20) 87 +0.14±0.11 3;4 ± 0.2
M 35 (NGC 2168) 150 -0.17±0.01 5;6 ± 0.2

Coma Berenices (Melotte 111) 570 0.00±0.08 7 ± 0.1
UMa 600 -0.09 7 ± 0.1

Hyades (Melotte 25) 720 +0.13±0.05 8 ± 0.05
NGC 6633 770 -0.08±0.12 9;10 ± 0.2

Praesepe (NGC 2632) 750 +0.16±0.08 8 ± 0.05
NGC 6819 2000 +0.09±0.01 11 ± 0.1
NGC 2420 2500 -0.05±0.02 12 ± 0.1

M67 (NGC 2682) 3640 -0.01±0.04 13 ± 0.05
NGC 2243 4000 -0.38±0.04 14 ± 0.15

References.
? Boesgaard et al. (2003a); Netopil et al. (2016); Bossini et al. (2019); Gutiérrez Albarrán et al.
(2020).
† Boesgaard et al. (2003a); Netopil et al. (2016); Gutiérrez Albarrán et al. (2020).
1: Randich et al. (2001); 2:Bouvier et al. (2018); 3: Boesgaard et al. (2003b); 4: Balachandran et al.
(2011) ; 5: Barrado y Navascués et al. (2001); 6: Jeffries et al. (2021); 7: Boesgaard et al. (2003a); 8:
Cummings et al. (2017); 9: Jeffries (1997); 10: Jeffries et al. (2002); 11: Deliyannis et al. (2019); 12:
Semenova et al. (2020); 13: Pace et al. (2012); 14: François et al. (2013).
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Figure 1.5, extracted from Boesgaard et al. (2020)), is illustrative of this phenomenon.

Figure 1.5: Li and Be abundances observed in the Hyades open cluster (≈ 0.6 Gyr) by Boesgaard
et al. (2016) on the same scale and normalised to their respective solar system values (A(7Li) =
3.31, A(9Be) = 1.41). The Li-dip is observed between about 6400 K and 6800 K. A Be-dip is also
observed. The red solid line represents a fit through the Li-temperature data. (Plot from Boesgaard
et al. 2020).

Since, the observation in the Hyades cluster, the Li-dip has been searched and observed in several
open clusters including, for instance, M35 (100 Myrs, Steinhauer & Deliyannis 2004), Praesepe
(0.75 Gyr, Cummings et al. 2017), NGC 6819 (2.25 Gyrs, Deliyannis et al. 2019) but not for instance
in the younger (≈ 87 Myrs) Pleiades and αPer open clusters (e.g. Boesgaard et al. 1988, 2003b)
or the older (≈ 3.65 Gyrs) M67 open cluster (Pace et al. 2012) where the more massive stars had
already left the Li-dip region.
It is also interesting to observe the behaviour of beryllium in the same clusters (e.g. Boesgaard
et al. 2003a,b, 2004, 2016, 2020). For the case of the Hyades cluster, beryllium behaves similarly
as lithium, and we observe the apparition of a Be-dip (see Fig. 1.5) at the range of temperature
between 6400 K and 6800 K. However, the cold-side of the Be-dip appears to be close to the initial
value of A(9Be) = 1.41, contrary to Li. Indeed, the Li/Be ratio has been shown to constrain the
general view of the dip bringing complementary evidence for a similar behaviour (e.g. Boesgaard
1976; Boesgaard et al. 2016, 2020). However, the observation of beryllium is challenging7 and has
been inferred only for a few stars in a few open clusters.

7Observed with the help of Be II resonance line at 3130 Å in the UV.
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1.2.5 Summary

Figure 1.6 summarises the observations on surface lithium abundances for open clusters (and
halo field stars) at the MS at different ages and masses. The three groups identified in the pre-
vious sections appear and show the different behaviours of Li surface evolution. A first group
corresponds to solar-like stars, close to solar metallicity and including the Sun. At the same tem-
perature and metallicity but different age, the Li surface abundance is depleted but this depletion
is different between the clusters, depending on the age, in particular, with a Li-poor Sun. A second
group corresponds to cold stars that include solar-like stars, the Sun and the cold-side (< 6400 K) of
the open clusters. It shows a Li-depletion as a function of decreasing Teff and as a function of age.
A last group corresponds to the stars that show the Li-dip at about 6600 K. Only the Hyades and
Praesepe open clusters of close ages show the behaviour where the surface Li abundance drops.
Finally, the parameters that govern the Li depletion are identified as the mass (or Teff ) and the age.
We note that a last group can be identified: the stars of the so-called Spite Li plateau (Spite & Spite
1982a,b), composed of old metal-poor dwarf halo stars, that appear at an almost not depleted
Li abundance value. However, the Li plateau is beyond the scope of this thesis and will not be
detailed here.

Figure 1.6: Surface Li abundances function of Teff for the Sun, several open clusters and halo field
stars at different ages and different metallicities. Lithium morphology evolution from Deliyannis
et al. (2000).

1.3 Surface Rotation

The observation of spots on the surface of the Sun at the beginning of the 17th century by
Galileo (see Fig. 1.7) and Scheiner showed that the Sun was rotating. Scheiner determined a rota-
tion period of about 27 days in Rosa Ursina sive Sol in 1630. However, it is only at the beginning of
the 20th century that Frank Schlesinger discovered that other stars than the Sun were rotating too
(e.g. Schlesinger 1910, 1916). Since then, rotation has been observed for a tremendous number of
stars and its behaviour as stars evolve is still far from being understood. Rotational observations
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for solar-type and low-mass stars at the Main-Sequence (MS) phase are described below.
We invite the reader to refer to Chapter 1 in the book of Tassoul (1978) for a historical summary of
rotation observations.

Figure 1.7: Solar spots as drawn by Galileo in 1612 (taken from Malherbe (2016) - POSNER funds
scanning, Carnegie Mellon)

Since the first inference of solar and stellar rotation by Galileo and Schlesinger, surface rotation
has been observed for numerous stars with the help of mainly two techniques. The first method
is based on spectroscopy and consists of measuring the projected broadening of spectral lines that
appear as a consequence of rotation in order to determine the value of v.sin(i) (e.g. Kaler 1989)8.
The second method uses photometry and is based on the study of light curve modulations that
arise as a consequence of stellar spots. The numerous data provided by the Kepler satellite9 allowed
for instance the detection of the period of rotation (Prot) for thousands of stars on the MS and on
the RGB10 (e.g. McQuillan et al. 2014; García et al. 2014; Aigrain et al. 2015; do Nascimento et al.
2020; Breton et al. 2021). The measurement of the rotation period is carried out indirectly through
the effect of star spots on the light curves. Different techniques are used to analyse the light curves
and detect this effect: spot-modelling, power spectrum, auto-correlation, wavelet decomposition
(see for instance Figure C.2 in Appendix C). The main difficulty is the correct identification of
the period of rotation among the other periodic effects appearing on the light curve (e.g. seismic
oscillations, granulation, exoplanets, instrumental noise), see Figure C.1 in Appendix C.

1.3.1 The Sun

The surface angular velocity of the Sun was measured at Ω� = 2.86 × 10−6 s−1, which cor-
responds to a period close to 25 days or a surface velocity of about 12 km.s−1. However, this
measurement refers to the equatorial latitude. Indeed, the rotation of the Sun is not homogeneous,
and we can observe variations. For the Sun, latitudinal differential rotation was observed by the
measurement of the poles period at about 36 days. In other words, the equator is rotating faster
than the poles (the solar-type rotation11).

8Where i refers to the angle of inclination between the rotation axis and the line of sight, and the absorption line
profile will be defined by ∆λ = λ v.sin(i)

c
, with λ the wavelength, v the velocity and c the speed of light.

9The Kepler mission was continued with the K2 space mission that also gave detections for solar-type stars as for
instance in Rebull et al. (2016); Douglas et al. (2019); Gordon et al. (2021)

10Red Giant Branch.
11Few stars have been found to be anti-solar-type, for instance star HD 31993 (Kitchatinov & Rüdiger 2004)
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1.3.2 Solar-type stars in open clusters

The period of rotation of solar-type stars has been observed extensively for large samples in-
cluding open clusters stars (e.g. Stauffer & Hartmann 1986; Gallet & Bouvier 2015; Barnes et al.
2016), samples of solar twins (dos Santos et al. 2016; Lorenzo-Oliveira et al. 2020; do Nascimento
et al. 2020) and see also the pioneer works of R. Kraft in a series of papers between 1965 and 1967
(Kraft 1967, and references therein). From these observations, we can plot the evolution of surface
rotation velocity for solar-type stars at different ages. Fig. 1.8 shows the angular velocity obtained
by Gallet & Bouvier (2015) for a sample of open clusters, where we added four solar-type stars
of M67, extracted from the analysis by Barnes et al. (2016). The coloured diamonds represent the
25th, 50th and 90th percentiles of the observed rotational distribution in each cluster. At young
ages, we observe a large dispersion. The velocity increases until a threshold close to 100 Myrs
before a progressive decrease that extends until the age of the Sun at a few Gyrs.

Figure 1.8: Angular velocity (in solar units; Ω� = 2.86x10−6 s−1) vs the age. The observational data
comes from Gallet & Bouvier (2015), except one of the four stars of M67 that comes from Barnes
et al. (2016). Crosses are for individual stars; open red, black and blue diamonds show the 25th,
50th and 90th percentiles of the observed rotational distribution in each cluster, respectively. The
Sun is indicated with the usual symbol.

1.3.3 Low-mass stars: different masses and spectral-types

Similarly to solar-type stars, the rotational velocity for low-mass stars at different masses was
also observed with, e.g. stars in the Hyades and Praesepe (e.g. Cummings et al. 2017), NGC 6819
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(Deliyannis et al. 2019) or Pleiades and αPer (e.g. Kraft 1967; Stauffer & Hartmann 1986).

For Hyades and Praesepe, Kraft (1967) and Stauffer & Hartmann (1986) observed that F-type stars
have large rotational velocities and G- and K- type stars present a sharp decline with small rota-
tional velocities at the same age (see Figs. 1.9 and 1.10)12.

Figure 1.9: From Kraft (1967)

Figure 1.10: v sin i as a function of Teff for MS stars of Hyades (open blue squares) and Praesepe
(black crosses) open clusters. Data from Cummings et al. (2017).

12See also Fig. 1 of Kraft (1967) where the break in the rotational velocities is highlighted for low-mass field stars
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Figure 1.11 gives the rotational period distribution for stars obtained from 12 different open
clusters as a function of the mass (see Tab. 1.2). Works from Gallet & Bouvier (2015), Godoy-Rivera
et al. (2021), and reference therein, give access to a large sample of rotation periods for open cluster
stars. This sample shows a large dispersion at young age with Prot lower than 10 days, whereas
at older ages of a few Gyrs, the period of rotation increases to stabilise at about 10-20 days.

Figure 1.11: Rotational period distribution for MS stars from several open clusters. See Tab. 1.2 for
references (from Dumont et al. 2021, revised.)
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Table 1.2: Age estimates? and references for the rotational period of open clusters.

Name Age? (Myrs) Ref. Prot
NGC 2362 5 1
NGC 2547 35 2

IC 2391 36 3
Pleiades (Melotte 22) 87 2;4
α Per (Melotte 20) 87 3
M 35 (NGC 2168) 150 5
M 50 (NGC 2323) 150 2;6
M 37 (NGC 2099) 500 2;7

Hyades (Melotte 25) 720 8;9
Praesepe (NGC 2632) 750 2;10;11;12

NGC 6811 950 2;13
NGC 6819 2000 14

References.
? Douglas et al. (2016); Netopil et al. (2016); Bossini et al. (2019); Gutiérrez Albarrán et al. (2020);
1: Irwin et al. (2008); 2: Godoy-Rivera et al. (2021); 3: Irwin & Bouvier (2009); 4: Hartman et al.
(2010); 5: Meibom et al. (2009); 6: Irwin et al. (2009); 7: Hartman et al. (2008); 8: Delorme et al.
(2011); 9: Douglas et al. (2016); 10: Agüeros et al. (2011); 11: Douglas et al. (2017); 12: Douglas
et al. (2019); 13: Meibom et al. (2011); 14: Meibom et al. (2015).

1.4 Internal rotation

1.4.1 Sun

The radial differential rotation (Brown 1985), that corresponds to a differential rotation velocity
within the solar interior, was inferred thanks to helioseismology (e.g. Christensen-Dalsgaard et al.
1985a), especially with the observations from the MDI-GOLF-GONG13 that detected the presence
of acoustic modes at the solar surface (see Fig. C.1 in Appendix C). The analysis of acoustic oscil-
lations (p-modes for which pressure gradient is the restoring force) at the surface of the Sun gives
access to the rotation profile of the Sun between about R=0.2 R� and the surface (Elsworth et al.
1995; Thompson et al. 2003; García et al. 2007; Mathur et al. 2008; Eff-Darwich et al. 2008), illus-
trated in Fig. 1.12 and the left panel of Fig. 1.13.

Figure 1.12 shows an almost flat core and radiative rotation at about 425 nHz between 0.2 R�
and 0.7 R�. When reaching the convective zone there is a splitting in latitude, with low latitudes
rotating faster than higher ones.
Concerning the core rotation itself, additional information could be provided by the detection of
gravitational oscillations (g-modes for which buoyancy acts as the restoring force) that propagate
only in the central and radiative regions of the Sun and carry information on the central core.
However, these modes are evanescent in the convective zone (see right-panel of Fig. 1.13) and
their detection is challenging (Appourchaux et al. 2010). The detection of g-modes was presented
in García et al. (2007); Fossat et al. (2017) but it remains uncertain and is highly debated in the
helioseismic community (e.g. Schunker et al. 2018).

13MDI: Michelson Doppler Imager (Scherrer et al. 1995), GOLF: Global Oscillations at Low Frequencies (Gabriel et al.
1995). These instruments are on-board the SOlar and Heliospheric Observatory (SOHO) spacecraft of ESA/NASA
(Domingo et al. 1995). GONG is the Global Oscillation Network Group (e.g. Howe et al. 2020, and references therein).
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Figure 1.12: Rotational profile of the Sun at different latitudes from García et al. (2007)

Figure 1.13: (Left) Propagation of three different degrees of pressure modes. The detection of
p-modes can be achieved due to the high amplitude of p-modes close to the surface. (Right) Prop-
agation of two different degrees of gravity modes. The g-modes are trapped in the radiative zone
and have a very small amplitude at the surface. The dotted line refers to the base of the convection
zone. (L. Alvan, CEA)

1.4.2 Low-mass stars

The situation is more complex for the internal rotation of low-mass stars. Contrary to the Sun14,
the stellar surface of other stars is not resolved and we cannot achieve a sufficiently high resolu-
tion to observe high degree p-modes (l > 3) in these stars. Indeed, we (often) only have access to
the radial (l=0), dipole (l=1), quadrupole (l=2) and octupole (l=3) modes that propagate through
the entire star, which is not enough to determine the accurate radial rotational profile (Chaplin &
Miglio 2013). Consequently, there are no measurement of internal rotation for these stars. How-
ever, the dipole and quadrupole modes are also sensitive to the rotation by the way of the Coriolis
force (octupole modes are usually poorly observed). It gives birth to the rotational splitting in
the modes, see e.g. Ballot et al. (2006), Fig. 1 in Chaplin & Miglio (2013) and Appendix D. The

14And excluding the specific case of γ dor where g modes have been detected that allow to probe the deep layers of
the stars (see for instance Keen et al. 2015)
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sensitivity of the modes to the rotation in the different regions of the star is represented by the
rotational kernels (commonly noted Kn,l). Low-degree modes are not sensitive to the core but to
the convective and radiative zones. Thus, it is possible to estimate the internal rotation of stars
knowing the surface rotation velocity, and under a few assumptions (the convection zone veloc-
ity is uniform and equal to the surface velocity and the rotational splitting is relatively uniform).
According to this method, Benomar et al. (2015) showed that the internal rotation of solar-like MS
stars of different masses is nearly uniform, as is the case for the Sun (see Fig. 1.14). However, it
stays a global estimation of the internal rotation that does not take into account the core and that
is not providing an accurate radial profile as for the Sun (see also the work presented in Ceillier
2015).
Asteroseismology is able to constrain the core rotation of stars only at advanced evolutionary
stages where mixed-modes appear.

Figure 1.14: Internal rotation rate (frad) as a function of the core-hydrogen abundance Xc derived
from stellar modelling. The vertical dotted line indicates the initial hydrogen abundance. Selected
stars (identified by a number) cover different masses and a large part of the MS, but no evident
slowing down of the interior is observed (from Benomar et al. 2015).
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Chapter 2
Theoretical Interpretation

In this Chapter, I will first interpret the observations of surface Li abundance, and of surface
and internal rotation, shown in Chapter 1. Then, I will show how the interpretations highlight
simultaneous constraints on the transport of chemicals and the transport of angular momentum,
both in solar-type stars and in low-mass stars.

2.1 Lithium abundance

Lithium has long been used as a constraint on the transport of chemicals and on angular mo-
mentum in stellar interiors (e.g. Wallerstein & Conti 1969; Boesgaard 1976; Vauclair et al. 1978;
Spite & Spite 1982a; Baglin et al. 1985; Vauclair 1988; Lebreton & Maeder 1987; Baglin & Lebreton
1990; Boesgaard 1991; Charbonnel et al. 1992, 1994; Deliyannis et al. 2000; Montalban & Schatzman
1996; Montalbán & Schatzman 2000; Piau & Turck-Chièze 2002; Charbonnel & Talon 2005; Talon
& Charbonnel 2010). This is due to the relatively low burning temperature of lithium at about 2.5
MK (close to the temperature at the base of the convective zone in solar-type stars) where Li is
destroyed by proton capture reactions (p,γ).

The left side of Fig. 2.1 gives an overview of the situation. Because lithium is destroyed at a tem-
perature of about 2.5 MK, it is burned in the internal region of the star. According to classical stellar
evolution theory, Li destruction is expected to manifest at the surface of solar-type stars during the
PMS and leads to a decrease of the surface Li abundance. During this phase, the convection zone
is deep enough to reach a sufficient temperature to burn Li. Classical models that do not include
transport processes beyond the convection zone predict no further surface Li variation until the
first dredge-up episode1 when stars evolve towards the RGB. However, the right side of Fig. 2.1
shows that classical models2 fail to reproduce the Li evolution. It appears that an additional trans-
port process should be involved. Spectroscopic observations show that the abundance of lithium
at the surface of field and open cluster solar-type stars decreases along the MS (see Fig. 1.3 and
Fig. 1.6 that presents stars in the PMS and MS phases, and Section 1.2.3). The observed depletion
of Li is then interpreted as the evidence of (and a constraint on) an additional chemical transport,
in particular at the base of the convection zone.

Similarly, beryllium, with a higher burning temperature of 3.5 MK, gives an additional constraint
on the transport process. If the surface Li is depleted but not the surface Be, the ratio Li/Be will be

1The first dredge-up corresponds to the point where the maximal depth of the convective envelope is reached along
the RGB.

2See definition in introduction of Chapter 3.
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changed depending on how deep the chemical mixing has gone in the stellar interior (e.g. Boes-
gaard et al. 2016, 2020; Deliyannis et al. 2019), as illustrated in Fig. 2.1. Besides, at older ages
and/or for more massive and hotter stars, it could be an additional constraint in addition to the
one linked to lithium.

Figure 2.1: Left: Surface abundance profile of Li and Be as a function of the stellar mass fraction for
a Zero Age Main Sequence (ZAMS) F-type star. Right: Predictions of the classical model compared
to Li observations of field stars (from Deliyannis et al. 2000).

In Section 1.2, we showed that the surface lithium abundance was depleted as a function of the age
of solar-like stars observed in open clusters (e.g. Jeffries 2000; Sestito & Randich 2005; Cummings
et al. 2017; Deliyannis et al. 2019; Boesgaard et al. 2020). The dynamical processes at the origin
of the Li-evolution should be effective during the PMS and the MS before reaching the evolved
phases. It indicates that several processes could be at the origin of the two distinct depletions, the
first one during the PMS and the second one during the MS with a shallower convective enve-
lope. It indicates that during the MS phase, some dynamical processes are making a connection
between the Li-burning layers of solar-like stars and their surface. In addition, when comparing
the Li abundances of the Sun to a sample of 51 solar twins at similar ages in Fig. 1.3, we observed
that the Sun is slightly Li-poor for its age. This deficiency in Li seems to indicate that the Sun is
not a reliable benchmark for Li-depletion (as already demonstrated by Carlos et al. 2019) as well
as for the constraint of the dynamical processes involved.

When increasing the range of stellar masses or stellar spectral-types, the surface Li abundance
also shows discrepancies with the classical stellar evolution theory. Figure 2.2 shows the case of
the surface Li abundance of the Hyades as a function of the effective temperature compared to
two classical models (no atomic diffusion and no rotation). On the cold-side of the Li-dip de-
scribed previously, these models do not deplete Li enough and highlight the lack of a chemical
transport. The picture is even worse for the specific case of the Li-dip (between 6400 K and 6800 K)
where classical models predict almost no depletion of the surface Li abundance. Figure 1.6 shows
the general picture of lithium evolution, and illustrates the key parameters, such as mass and age.
However, in view of the Li-dip, the interpretation has to be more complex. The specific location in
temperature of the Li-dip (typically F-type stars) seems to indicate that there exists a threshold at
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2.2. Rotation: surface and internal

Figure 2.2: Li synthesis results from observations with WIYN/Hydra. The symbols are explained
in the figure. The solid curve and dashed-dotted curve are Li isochrones from the classical (no ro-
tation, diffusion, mass loss, etc) models of Pinsonneault (1997) and Somers & Pinsonneault (2014),
respectively, for the Hyades age and metallicity. (From Cummings et al. 2017).

which different processes are involved.

Classical stellar evolution appears not adapted to reproduce these behaviours (Sun, solar-type
stars, low-mass stars) and rotation-induced transport and mixing processes have been invoked to
transport chemicals (e.g. Lebreton & Maeder 1987; Pinsonneault et al. 1990; Charbonnel et al. 1992;
Richard et al. 1996; Do Nascimento et al. 2009).

2.2 Rotation: surface and internal

Rotational mixing is constrained by the rotation evolution of stars, shown for instance in
Fig. 1.8 for solar-type stars. The angular velocity increases from its initial velocity during the
stellar contraction that follows the disappearance of the disc at several Myrs to 10 Myrs. The be-
haviour is mainly driven by the extraction of angular momentum at the surface via magnetised
winds (in other words, it corresponds to the magnetic braking). Finally, at older ages, we observe
a decrease of the angular velocity that was found to follow the so-called law of Skumanich (1972)
that accurately reproduces solar-type stars older than about 1 Gyr. This means that the processes
at the origin of the two distinct depletions have to be efficient during the PMS for a high rotation
velocity and during the MS at lower rotation velocity.

When considering different masses as in Figs. 1.9 and 1.10 the most massive stars (1.2M� < M <
1.5M�) showed higher rotation velocity at the same age than less massive stars (M < 1.3M�).
Kraft (1967) showed that the distribution of rotational velocities for stars hotter than mid-F-type,
drops by an order of magnitude compared to ones cooler than mid-F-type. This break in the rota-
tional period is interpreted as the result of a weaker, or ineffective, magnetic braking among the
hotter and more massive stars (> 1.2 M�) as a consequence of the transition from convective to
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radiative atmosphere (Deliyannis et al. 2019). This is another indication of the need of dynamical
processes for different rotation velocities and different masses.

The last constraint is shown in Fig. 1.12 that presents the rotational profile of the Sun as inferred
by helioseismology. If the rotation of the core is unknown, the rotation in the radiative zone and
in the convective envelope appears to be heterogeneous. In the radiative zone, the flat rotation
profile is compatible with solid-body rotation. This means that a strong rotational coupling is in-
volved between the different layers of solar-like stars. An efficient transport process for angular
momentum is consequently expected to take place in these stars (see also Gallet & Bouvier 2013;
Lanzafame & Spada 2015; Spada & Lanzafame 2020, who predicted strong transport for angular
momentum). Moreover, the analysis of mixed modes in solar-mass subgiant (hereafter SGB) and
RGB presenting solar-like oscillations also points to a low degree of radial differential rotation in
the core. This means that the strong coupling found at solar ages is essentially maintained dur-
ing the further evolution (Eggenberger et al. 2017, 2019a; Mathis et al. 2018; Aerts et al. 2019). No
observational clue exists yet regarding the structure of the internal rotation during the PMS and
the early MS evolution. Although there are hints that the quasi solid-body rotation of the solar
interior may not be an exception to the analysis of asteroseismic data for solar-type stars (Nielsen
et al. 2014) and for F-type to late G-type MS stars (Benomar et al. 2015).

2.3 Simultaneous analysis

We saw in the previous section that the abundance of Li and the stellar rotation are closely
linked. Indeed, to explain the Li behaviour, the key role of rotational-mixing is now demonstrated
(e.g. Steinhauer 2003). For instance, Boesgaard (1987) noted that the minimum in A(Li) in the
Hyades coincides in Teff with the break in the Kraft curve (or Kraft break) (see also Cummings
et al. 2017; Deliyannis et al. 2019). Observations indicate that fast rotating stars possess higher Li
abundances than slow rotating stars, which is linked to the PMS rotational evolution (e.g. Bouvier
2008; Somers & Pinsonneault 2015). In particular, it has been related to the difference in the disc
lifetime between fast and slow rotators (e.g. Eggenberger et al. 2012a) or alternately to the correla-
tion between rotation and penetrative convection (e.g. Baraffe et al. 2017).

Rotation in stars gives rise to instabilities that lead to both the transport of chemicals and of angu-
lar momentum. However, the correct modelling of rotation is challenging and the potential effect
of additional transport processes is still under debate (e.g. Cummings et al. 2017; Amard et al.
2019; Deliyannis et al. 2019). Rotation involves several processes like meridional circulation, shear
induced turbulence, magnetic braking through magnetised winds (see for instance comparative
studies of Amard et al. 2016, 2019; Gossage et al. 2020). Besides, the failure to reproduce the in-
ternal rotation rates evidenced by helio- and asteroseismology (e.g. Mosser et al. 2012; Deheuvels
et al. 2012, 2014, 2015, 2020; Ceillier et al. 2013; Marques et al. 2013; Benomar et al. 2015; Eggen-
berger et al. 2017, 2019a; Gehan et al. 2018; García & Ballot 2019; Mathis et al. 2018; Amard et al.
2019; Aerts et al. 2019) is another constraint to take into account. With the simultaneous evolu-
tion of the surface Li abundance and the surface rotation, it highlights the existence of dynamical
processes other than rotation-mixing that transport both angular momentum and chemicals but
potentially dependent on rotation (e.g. Do Nascimento et al. 2009, 2010; Somers & Pinsonneault
2016).

Several processes that are neglected in classical models are able to transport chemicals and/or
angular momentum. Processes have been invoked to transport chemicals such as penetrative con-
vection (e.g. Schlattl & Weiss 1999; Baraffe et al. 2017), which refers to the penetration of convective

23



2.3. Simultaneous analysis

cells in the radiative zone of the stars that leads to a chemical transport; tachocline3 mixing (Spiegel
& Zahn 1992; Brun et al. 1999) that results in turbulent chemical transport at the interface between
the convective envelope and the radiative zone, and planet accretion (ingestion of chemicals) dur-
ing the MS (Montalbán & Rebolo 2002).
Processes have been invoked to transport angular momentum such as mass loss (Guzik & Mussack
2010), internal gravity waves that arise at the interface of the convective zones and propagate in
the radiative zone transporting angular momentum (Montalban 1994; Charbonnel & Talon 2005),
magnetic processes and instabilities (Gough & McIntyre 1998; Spruit 2002; Eggenberger et al. 2005,
2010b, 2019b,c; Fuller et al. 2014, 2019; Belkacem et al. 2015; Pinçon et al. 2017), mainly including
the Tayler instability (Tayler 1973) that gives birth to a dynamo in the radiative interior leading
to the transport of angular momentum. These mechanisms also impact the transport of chemicals
induced by rotation and influence the way Li is depleted with time in solar-type stars (e.g. Char-
bonnel & Talon 2005; Talon & Charbonnel 2005; Eggenberger et al. 2010a).

Nevertheless, no current prescription is able to reproduce simultaneously both chemicals and an-
gular momentum constraints (defined by both the surface angular velocity evolution and the solar
rotation profile for solar-type stars).

It is now clear that a period(rotation)-age-mass relation exists for Li evolution in low-mass stars
(e.g. Deliyannis et al. 2019) and that the correct characterisation of processes depending on these
parameters would be key to understand Li evolution and bring any significant progress in stel-
lar modelling.
The objective of the present thesis is to test the impact of different processes involved in the
transport of chemicals and of angular momentum in low-mass stars. We have access to observa-
tional constraints, on Li abundance as well as on the surface rotational evolution, for solar-like
stars as well as for low-mass stars from the K-type to the F-type spectral type, and with the
additional constraint of the solar internal rotation. It opens the way to a better comprehension
of the evolution of solar-type stars and low-mass stars through the support of a simultaneous
analysis.

3See Section 5.3.2
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Part II

Stellar evolution code STAREVOL
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Chapter 3
STAREVOL: Input physics

3.1 Introduction

Today, stellar modelling is still a difficult challenge. The difficulty comes from the identifi-
cation and the description of different physical phenomena that involve different time-scale and
space-scale. The combined effects on the structure, the chemical evolution, the rotation, etc, of the
star lead to a complex and interdependent scheme that has to be taken into account.
Since the first stellar evolution models several decades ago, stars are in general modelled in one
dimension to simplify the computation and consider a purely spherical geometry. The physical
phenomena that exist in two or three dimensions in reality are then implemented in the 1D-codes.
They are included by the way of 1D prescriptions or constraints from theoretical developments or
theoretical assumptions or in the best cases from to the average effects of the processes, obtained
from specific 2D or 3D hydrodynamical or magnetohydrodynamical numerical simulations. How-
ever, depending on the process considered, the 1D approximation is more or less suitable.

In this PhD thesis, we present stellar evolution models of different types and adopt the follow-
ing terminology:

- Classical Stellar Model (CSM). This model considers only the mixing in the convection zones
and nuclear reactions.

- Standard Stellar Model (SSM). Model that also includes the atomic diffusion, efficient in the
radiative zone.

- Non-Standard Stellar Model (NSSM). This model includes some complex physical phenom-
ena such as stellar rotation, overshooting, etc. These processes are studied and described
with the help of theoretical developments or hydrodynamic and magneto-hydrodynamic
simulations. Their incorporation in 1D stellar codes is often complex.

To compute a stellar evolution model, we then need to assume the initial chemical composition
and the mixing length parameter of the convection (αMLT). To determine these parameters, mod-
els are calibrated on the Sun. Depending on the physical ingredients involved in the model, the
calibration will be impacted and will lead different parameters. The calibration consists in a solar
calibration of a one solar mass model. In other words, the aim is to reproduce, at the age of the
Sun, the solar luminosity, the solar photospheric radius and the solar ratio ( ZX )�. The free parame-
ters of the calibration are: the mixing length parameter of the convection (αMLT), the initial helium
abundance (Yini) and the initial metal abundance (Zini).
As a consequence, we will calibrate each model that we shall use to obtain the initial parameters
adapted for each case (CSM, SSM and NSSM).
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It has to be kept in mind that a solar calibration is a calibration on one point, the Sun, however it
gives a common benchmark for the different stellar evolution codes used in the community.
It will be the object of Chapter 7, where we will describe the main calibrations done and used dur-
ing the PhD thesis.

3.2 Generalities on the stellar evolution code STAREVOL

The stellar evolution code STAREVOL is a lagrangian 1D code that solves the equations of stel-
lar structure (Eqs 3.1-3.5). These equations are solved in the framework of a spherical geometry,
where we follow a mass element mr during the evolution applying the Henyey method (finite
differences). Solutions to the equations are then found from the previous time-step by the way of
the iterative Newton-Raphson method.

Continuity equation
∂r

∂mr
=

1

4πr2ρ
, (3.1)

with r the radius, m the mass, ρ the density.

Continuity of motion
∂u

∂t

1

4πr2
= −

(
∂P

∂mr
+
Gmr

r4

)
, (3.2)

where t is the time, u = ∂r/∂t, P is the pressure, G is the gravitational constant1.
with the hydrostatic equilibrium as:

∂P

∂mr
=
−Gmr

4πr4
, (3.3)

Energy conservation
∂Lr
∂mr

= εn − εν + εgrav, (3.4)

with Lr the luminosity, εn the energy produced by nuclear reactions, εν the energy loss by escaped
neutrinos and εgrav the gravitational energy (<0 if the star is contracting and >0 if the star is ex-
panding).

Energy transport
∂T

∂mr
= − Gmr

4πr4P
∇, (3.5)

where the gradient of temperature∇ is defined as:

∇ =
∂lnT

∂lnP
=


∇rad = 3

16πacG
κLrP
mT 4

∇conv =
(
∂lnT
∂lnP

)
ad

(3.6)

with κ the Rosseland opacity, a = 4σ/c, c the light speed velocity2, and σ the Stefan constant3

The work of this thesis is mainly based on the use and the development of the stellar evolu-
tion code STAREVOL (Geneva-Montpellier). This chapter is dedicated to the description of the

1G = 6.6738× 10−11 m3.kg−1.s−2

2c = 2.99792458× 108 m.s−1

3σ = 5.67× 10−8 J.s−1.m−2.K−4
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physical inputs used in the STAREVOL code. These ingredients allow the computation of the
three types of model described previously. After a brief introduction on the main ingredients of
stellar modelling I will describe the improvements realised during the PhD. In Sections 3.3, 3.4,
3.5, and 3.6 we present the choices for the treatment of the equation of state, nuclear reactions,
initial abundances, and the opacity. Section 3.7 presents the treatment for convection and pen-
etrative convection. Section 3.8 gives the details for the boundary conditions and Section 3.9
presents the mass loss used in STAREVOL.

3.3 Equation of state

The EOS provides the needed quantities for the stellar structure and evolution equations the
pressure P and the entropy s, as well as their derivative on the temperature T and the density
ρ. The Equation Of State (EOS) is based on the principle of Helmholtz free energy minimisation
and follows Eggleton et al. (1973) and Pols et al. (1995) where a change of variable from ρ to free
energy f is applied in order to optimise the computation by a better description of the electronic
degenerescence in the star, and to determine the gravity energy εgrav (Dufour 2000; Siess et al.
2000). It is thus easier to solve the Saha equation that gives the relative concentrations of atoms in
the different ionisation degrees.

In the previous versions of STAREVOL code, partial ionisation was activated only for hydrogen
and helium and total ionisation was assumed for others elements. However, Saha equation in
STAREVOL allows to compute partial ionisation for elements from hydrogen to chlorine (see Sec-
tion 3.4). During the thesis we relaxed total ionisation assumption and consider partial ionisation
for all available elements in STAREVOL. Indeed, the ionisation rate has an important effect for
particles interaction and consequently for the atomic diffusion process that will be described in
Chapter 4. Ionisation happens when a bound electron is ejected from the atom. This ejection
needs energy and is connected to the temperature and the pressure of the surrounding medium.
In the deep interior of stars, P and T are large and the total ionisation is a good approximation (at
the exception to the heaviest element as iron). However, when approaching the surface, T and P
are decreasing and the degree of ionisation becomes smaller. The ionisation is only partial. Solv-
ing the Saha equation in all the star, we determine the profile of ionisation rate. The normalised
ionisation rate is defined as Zmean = Zionise

Z = 0 if the gas is neutral, and Zmean = Zionise
Z = 1 if the

gas is completely ionised. Normalised ionisation rate as a function of the logarithm of temperature
is shown Fig. 3.1 left panel.
Total ionisation is imposed for temperatures higher than T = 5×106 K (log T = 6.7) or if ln(f) > 100
as justified by Schlattl (2002). The right panel of Fig. 3.1 shows the results obtained by Schlattl
(2002) for the Sun (a) and for a 1.1M� star (b). At log T = 6.7, He, C and O are totally ionised
(ζ̄/Z = 1 where ζ̄ = Zmean is the mean ionisation degrees and Z the charge number), and Fe al-
ways partially ionised, for the Sun and also for the metal-poor model of 1.1M� near the Turn-off.
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Figure 3.1: (Left) Profile of normalised ionisation rate vs log T (K) from a STAREVOL solar model
at solar age. (Right) Mean ionisation degrees ζ̄ of H (solid line), He (short-dashed line), C (dash-
dotted line), O (dash-dot-dot-dotted line), and Fe (long-dashed line) normalised to their respective
charge number Z. (a) The Sun. (b) Metal-poor star with [Fe/H] = -1.3, of 1.1M� near the Turn-off.
The grey area refers to the convective envelope (from Schlattl 2002).

3.4 Nuclear reactions

STAREVOL follows the evolution of 54 chemical species from 1H to 37Cl that are involved
in 185 nuclear reactions. The rates of thermonuclear reactions are extracted from the NACRE
II database according to Xu et al. (2013b) via the NetGen web interface (Xu et al. 2013a). The
screening factors are computed using the formalisms of Graboske et al. (1973) and Mitler (1977).

3.5 Initial abundances

When computing stellar models, we rely in most cases on the solar reference abundances and
on the relative abundances of individual isotopes. Solar abundances are determined from the spec-
troscopic study of the solar photosphere. The choice of the solar reference abundances will affect
the resulting opacity and impact the results of stellar modelling (e.g. Serenelli 2016). In the last
decades, they have been revised multiple times (e.g. Anders & Grevesse 1989; Grevesse & Noels
1993; Grevesse & Sauval 1998; Asplund et al. 2005, 2009; Caffau et al. 2011; Young 2018). The
main changes come from the introduction of the 3D radiation hydrodynamics models of the solar
atmosphere, the improvement of atomic data and the inclusion of non-local thermodynamic equi-
librium (NLTE) corrections. It led mainly to a change in metallicity Z from Z� = 0.0201 according
to Anders & Grevesse (1989) to Z� = 0.0134 according to Asplund et al. (2009). At the beginning
of the thesis, in STAREVOL, we were using the abundances from Asplund et al. (2009).

From the abundances of Grevesse & Sauval (1998), widely used in the solar community, to the
abundances recommended more recently by Asplund et al. (2009), the abundance of C, N and O
were decreased by factors of 1.3-2. This yields a decrease of Ne and of the opacity in the stars, as
Ne is the third contributor to stellar opacity (Blancard et al. 2012). Indeed, the Neon abundance
is estimated by the mean of the ratio Ne/O. Recently, Landi & Testa (2015) pointed out the issue
when estimating the abundance of Neon by the way of this ratio that depends on a good measure
of O abundance. Besides, it was already suggested by Cunha et al. (2006), who observed a Neon
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Figure 3.2: Relative differences in squared adiabatic sound speed between the Sun (obtained from
seismic inversions) and calibrated solar models for different choices for the solar reference abun-
dances (from Buldgen et al. 2019). AGSS09: Asplund et al. (2009), GN93: Grevesse & Noels (1993),
GS98: Grevesse & Sauval (1998), AGSS09m: C, N, O, Ne and Ar taken from meteoritic values as
done in Serenelli et al. (2009), AGSS09Ne: Young (2018).

enhancement in B stars. When using these recent abundances in stellar models the results are in
less agreement with helioseismology than older references (e.g. Serenelli et al. 2009). For instance,
it is the case for the sound speed as shown in Fig. 3.2 where the model using Asplund et al. (2009)
(AGSS09) is plotted in green. This discrepancy has been identified as a consequence of the opacity
reduction in the radiative zone (Serenelli et al. 2009). Observing the Sun, Landi & Testa (2015) then
showed that the ratio Ne/O is not constant in the solar atmosphere, both in time and at different
heights. The photospheric value of Ne should be increased by about 40 % to be closer to the true
value. Indeed, it was shown by Buldgen et al. (e.g. 2019) that taking the abundances of Asplund
et al. (2009) plus Ne-enhancement (Young 2018) allows to obtain better results regarding helioseis-
mology (for instance for the sound speed profile). It is what we observe in Fig. 3.2 where the track
plotted in magenta shows the model including Ne-enhancement (AGSS09Ne).
It is today a common hypothesis that was already used by Lagarde et al. (2012) who computed
STAREVOL models following recommendations from Cunha et al. (2006) or, for instance, by
Zhang et al. (2019) who followed abundances from Young (2018). Three references for initial abun-
dances were initially available in STAREVOL: abundances from Grevesse & Noels (1993, GN93),
Asplund et al. (2005, AGS05) and Asplund et al. (2009, AGSS09). I implemented the new reference
with the enhancement for neon (increased of 40 %) recommended by Landi & Testa (2015); Young
(2018, AY18).
However, differences and the so-called "solar abundance problem" (Serenelli et al. 2009) remain,
see for instance Fig. 3.2, and is discussed as a future major improvement if solved (see for instance
by Montalban et al. (2006); Serenelli (2016); Vinyoles et al. (2017); Buldgen et al. (2019); Capelo &
Lopes (2020).

3.6 Opacity

The opacity of a star is the ensemble of the frequency-dependent interactions (photo-absorption)
between radiations and matter in the star. In the STAREVOL code, the opacity profiles are inter-
polated within opacity tables that give possible interactions at each step of the evolution. They
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provide the Rosseland mean opacity κ for a range of temperatures, densities and chemical compo-
sitions (He, CNO and Z). Different opacity tables are available in the literature: OPAL: Iglesias &
Rogers (1996), OP: Seaton (2005), OPAS: Mondet et al. (2015), OPLIB: Colgan et al. (2016). OPAL
and OP give similar values and are at the origin of improvements in the explanations of β Cephei
pulsations (see e.g. Cox et al. 1992; Salmon et al. 2012). However, an advantage of OPAL is that it
provides a public and fully consistent EOS alongside the opacity tables (Rogers et al. 1996). This
is not the case of OPAS and OPLIB for which the EOS is not available. Differences between the
EOS used by OPAS and OPLIB on one side and by OPAL and OP on the other may also explain
large differences observed at high temperatures. In addition, Richer et al. (1998) showed that the
amplitudes of radiative accelerations are very similar for both OPAL and OP opacity tables. In
STAREVOL, only OPAL opacity tables are implemented and used.

Rosseland opacities are interpolated in STAREVOL according to the scheme of A. Boothroyd
(livopaint table4) among the OPAL opacity tables (Iglesias & Rogers 1996) for high temperatures
(T > 8000 K). At lower temperatures (T < 8000 K), we use the Wichita opacity database from
Ferguson et al. (2005). The opacity tables were generated on the OPAL website 5 at the excep-
tion to lower temperatures that were directly provided by J. W. Ferguson. They were consistently
updated for the AY18 abundances (see Appendix A).

3.7 Convection and penetrative convection

The treatment of convection is done following the so-called Mixing Length Theory (MLT) ac-
cording to Böhm-Vitense (1958) and Kippenhahn et al. (1991). The mixing length is defined as
Λ = αMLTHP with HP the local pressure scale height (HP = dr

dlnP ) and αMLT the mixing length pa-
rameter. Convective boundaries between a radiative zone and a convective zone are determined
by the Schwarzschild criterion.

Penetrative convection

The MLT formalism associated to the Schwarzschild criterion for the instability to describe
the extent of the convective regions is known to be flawed as the convective edges are defined
according to null acceleration instead of null velocity of convective eddies. Convection actually
penetrates in the sub-adiabatic layers below (for the convective envelopes) the superadiabatic un-
stable region. This generates mixing beyond the convective region down to where convective
eddies are braked or eroded (e.g. Zahn 1991). This concretely results in the penetration of convec-
tive eddies in the adjacent stable radiative zone leading to an additional mixing at the interface.
The depth of penetration dov is defined as the distance between the interface of the radiative and
the convective zone defined by the Schwarzschild criteria and the point of convective mixing ex-
tension (see Fig. 3.3). At this point, we note that penetrative convection and overshoot are not
always well defined in the literature and that they are sometimes confused in one single process.
In this manuscript, we follow Zahn (1991) and define the general process as penetrative convec-
tion. Overshoot (in the case of penetrative convection below the convective zone, we could also
use undershoot term) then involves only the transport of chemicals at the base of the convective
zone (or from the convective core if applicable) but does not take into account the effects on the
temperature gradient ∇T expected from the penetrative convection process. Penetrative convec-
tion or overshoot can be described based on the MLT theory and several formalisms have been

4https://www.cita.utoronto.ca/ boothroy/
5https://opalopacity.llnl.gov/opal.html
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Figure 3.3: Schematic view of the penetrative convection in a solar-type star. The penetration depth
dov determines a zone in the radiative zone where convection apply.

described and implemented in stellar evolution codes. We will focus on the penetrative convec-
tion between the convective envelope and the radiative zone of solar-type stars.
In the PhD thesis, we always treated penetrative convection as overshoot (without impacting∇T ).
There are two ways to implement overshoot: the step overshoot as e.g. Ekström et al. (2012) where
the convection zone is simply extended by a factor dependent of the pressure scale height HP and
the diffusive overshoot where a diffusion coefficient is added in the equation of chemical species
transport (Herwig et al. 1997). In order to improve the overshoot formalism, hydrodynamical
simulations and/or additional constraints are needed. Hereafter, I will briefly present the step
overshoot and three different formalisms for the diffusive overshoot that were especially imple-
mented and studied thorough the PhD thesis.

Step overshoot

The step overshoot consists in imposing a radial extension to the convective zone limited by a
free parameter αover and dependent on the pressure scale height HP . The new radius of the base
of the convective envelope is then: Rbcz,new = Rbcz,old − αoverHP where Rbcz,old is the base of the
convective envelope determined with the Schwarzschild criterion. Step overshoot is commonly
used in stellar evolution to obtain a more realistic extension of the convection zones, highlighted
by helioseismic observations to be beyond the limits defined by the Schwarzschild criteria (e.g.
Basu et al. 1994; Christensen-Dalsgaard et al. 2011). Also, the new size of the convective envelope,
imposed by the step overshoot, necessary includes the corresponding∇T .

Formalism by Baraffe et al. (2017)

During the PhD thesis, we implemented the formalism proposed by Baraffe et al. (2017). It
is based on 2D and 3D hydrodynamic simulations of a young Sun on the PMS at 1 Myr and at
solar metallicity (Pratt et al. 2017). These simulations allow them to characterise the depth of the
penetrative convection below the convection zone and show the existence of extreme events (deep
penetrating plumes), which can have an outsized impact on transport mechanisms, especially
those that are meant to be inviscid. The diffusion coefficient obtained by Pratt et al. (2017) and
reproduced here in Eq. (3.7), describes the mixing in the penetration layers and is characterised by
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the cumulative distribution function of the maximal penetration depth obtained in the simulations:

DB(r) = D0

[
1− exp

(
−exp

(
−

rbcz−r
R − µ
λ

))]
(3.7)

where r is the local radius, rbcz is the radius at the base of the convective zone, R is the total radius
of the star. The coefficients λ = 6 × 10−3 and µ = 5 × 10−3 are constants as prescribed by Baraffe
et al. (2017) and obtained from the simulations of Pratt et al. (2017). D0 refers to the convective
turbulent diffusivity obtained from MLT:

D0 =
υconvHpαMLT

3
(3.8)

with υconv the mean velocity of the convective elements obtained from MLT, Hp the pressure scale-
height and αMLT the mixing length parameter. The effect of penetrative convection is treated as
overshoot below the convective envelope (the temperature gradient stays unchanged in the con-
cerned region). The penetration depth of the overshooting is limited by the free parameter dov

linked to the pressure scale-height and adjusted to take into account the limiting effect of stellar
rotation. Baraffe et al. (2017) determined that this parameter should be dov ≈ 0.30Hp − 0.35Hp to
reproduce the solar lithium abundance if dov is a constant. Baraffe et al. (2017) also proposed to
vary the depth of the overshooting zone depending on rotation, as supported by numerical studies
(Ziegler & Rüdiger 2003; Brummell 2007; Brun et al. 2017). They adopted dov = 0.1Hp when the
star is rapidly rotating (Ω > 5Ω�, i.e. typically on the late PMS and around the ZAMS) and a much
deeper overshooting zone (dov = 1Hp) for slower, more evolved rotating stars.

However, in this case, the rotation dependence, is not self-consistent. Formalisms for penetrative
convection, self-consistent with rotation, have been, nevertheless, realised, and two formalisms
were implemented during the PhD thesis. Indeed, a high stellar rotation will tend to decrease the
depth of penetration by the action of the centrifugal force. It is consequently possible to define a
time-dependent overshoot that evolving with the stellar rotation.

Formalism by Augustson & Mathis (2019)

We implemented the formalism by Augustson & Mathis (2019) as an overshoot process. It is
based on a new model of rotating convection in stellar interiors. Contrary to Eq (3.7), the derivation
of the penetration depth follows Zahn (1991). In his work, Zahn (1991) linearised the equations of
motion in the region of penetration and the depth of penetration is then derived in order to give the
velocity at the upper boundary of that region, which is assumed to reside in the convection zone.
In Augustson & Mathis (2019), the impact of rotation on the convection is accounted for using a
modal convection model for rotating Rayleigh-Benard convection (Barker et al. 2014) where it is
assumed to be locally valid in the region of penetration. This model has the asymptotic property
that the velocity scales as (v/v0) ∝ Ro1/5, with Ro = inertial

Coriolis = v
2Ωlsin(ϕ) the Rossby number6,

which is inversely proportional to the angular velocity in the convective region. The depth of
the overshooting zone then depends on the pressure scale-height, the convective Rossby number
(hence angular velocity), and the thermal diffusivity, and is dynamically estimated. The depth of
the overshoot is however controlled with the free parameter dov. Using this model for penetrative
convection and the functional form proposed by Pratt et al. (2017), Augustson & Mathis (2019)
derived a new expression for the diffusion coefficient (their Eq. (70)):

DA(r) =

(
5

2

)1/6 αHP,0v0h

3
√
z

[
1− exp

(
− exp

(
r − rbcz

λLp
+
µ

λ

))]
(3.9)

6Ω is the angular velocity, l is the mean free path, v is the velocity, ϕ is the angle between the rotation axis and the
direction of the fluid motion
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where r, rbcz, µ, λ are the same as in Eq. (3.7), α = αMLT , HP,0h = HP , h is the scale-height ratio,
LP is the penetration depth, z is a normalised wave-vector.
In the code STAREVOL, we approximate that expression, using:

DA(r) ≈ D0

1− exp

− exp

 r − rbcz

dov ×
(

v
v0

)3/2
+
µ

λ



 (3.10)

where D0 is given Eq. (3.8) and (v/v0) is the ratio of the rotating to the non-rotating velocity of the
convective elements. Eq. (69) from Augustson & Mathis (2019) gives:(

v

v0

)3/2

=
LP
LP,0

=

(
5

2

)1/4

z−3/4 (3.11)

This implies that the diffusion coefficient in Eq. (3.10) is smaller when the star rotates faster, mim-
icking the fact that fast rotation inhibits penetrative convection to penetrate deep into the stable
stratified region below. Thus, this model is a combination of the Baraffe et al. (2017) fitted to their
numerical stellar convective penetration simulations and the theoretical results of Augustson &
Mathis (2019).

Formalism by Korre et al. (2019)

We implemented the formalism by Korre et al. (2019) as an overshoot process. It is based on
hydrodynamical simulations of penetrative convection and overshooting in a non-rotating Boussi-
nesq spherical shell7. Korre et al. (2019) propose a diffusive prescription suitable for 1D stellar
evolution code. In comparison to the simulations of Pratt et al. (2017), these simulations include
an explicit diffusion, being the Navier-Stokes equations rather than an approximation of the Euler
equations. The prescription is given by Eq. (45) of Korre et al. (2019):

DK(r) = D0 exp

(
−(r− rbcz)

2

2δ2
G

)
, (3.12)

where D0 (noted Dcz in the original paper) is the same as in Eq. (3.7) and δG controls the depth of
the penetration and is defined as:

δG ≈ 1.2

(
E0Pr

SRa0

)1/2

, (3.13)

where E0 is the mean kinetic energy in the non-rotating convection zone, Pr = ν/κT is the Prandtl
number defined as the ratio between the viscosity ν and the thermal diffusivity κT , S is the stiffness
that measures the stability of the interface between the radiative zone and the convective zone and
Ra0 is the Rayleigh number defined in Korre et al. (2019) as:

Ra0 =
αthg

∣∣∣dT0
dr −

dTad
dr

∣∣∣ r4
0

κT ν
, (3.14)

with αth the thermal expansion coefficient, g the gravity, dTad
dr the adiabatic temperature gradient,

dT0
dr = dTad

dr |r=r0 , r0 the outer radius of the convection zone and ν the viscosity.

We use Eq. (3.15) (instead of Eq. (3.12)), which is a result of fits to the numerical penetrative con-
vection simulations carried out in Korre et al. (2019) where the overshooting length is adapted to

7The approximation of Boussinesq assumes an incompressible medium with no density variations except for the
determination of the buoyancy force (see e.g. Maeder 2009).
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contain information about the local rotation rate through the convective model of Augustson &
Mathis (2019) and its implications for a linearised convective penetration model:

DK(r) ≈ D0 exp

− (r − rbcz)
2

d2
ov ×

(
v
v0

)2

 . (3.15)

δG is approximated using the same principle as for DA(r) and adding the velocity dependence
(v/v0) (Augustson & Mathis 2020)

δG ≈ dov ×
v

v0
. (3.16)

Due to this inverse dependence on rotation, DK(r) is also smaller when the star rotates faster.
Regarding the initial numerical simulation of Korre et al. (2019), the way that we adapted the
rotational dependence with the help of the Augustson & Mathis (2019), combining the two, should
be taken with precautions when used. However, in the framework of slow-rotators (Ω < 5Ω�), it
is a relevant assumption to use.

3.8 Surface boundary condition

The atmosphere of the star is defined with the help of the optical depth τ that gives a consis-
tent stratification of the outer layers of a star where the density is weak. The inner edge of the
atmosphere is usually defined for τ = 2/3 with τ as:

τ =

∫ ∞
R

κρdr = κ

∫ ∞
R

ρdr (3.17)

where κ is the Rosseland mean opacity, average over the stellar atmosphere.

The atmosphere can be treated in a stellar evolution code with two main approaches.
The first one is based on analytical relations between the optical depth τ and the temperature T (τ).
The second one is based on the use of stellar atmosphere model tables.

For the present thesis, we used two analytical expressions for the temperature profile in the at-
mosphere as outer boundary conditions to the stellar structure equations.
The grey atmosphere relation also known as the Eddington approximation gives the temperature
function of the optical depth τ as:

4

3

(
T (τ)

Teff

)4

=
2

3
+ τ, (3.18)

that gives T (τ = 2/3) = Teff .

The linear approximation of 3.18 can be corrected using the Hopf function q(τ) according to Hopf
(1930); Morel et al. (1994) as:

4

3

(
T (τ)

Teff

)4

= q(τ) + τ, (3.19)

at a given optical depth τ , Teff being the temperature of the equivalent black body and T (τ) the
temperature profile.
We also used the analytical expressions, scaled on the Sun, from Krishna Swamy (1966) (hereafter
KS66) that give q(τ) as:

q(τ) = 1.39− 0.815 exp−2.54τ − 0.025 exp−30τ . (3.20)
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These relations are independent of the metallicity and the KS66 was derived for G and K dwarf
stars only. In order to have a more realistic treatment of the atmosphere, taking into account
variation of the surface gravity and of the chemical composition, one could use tabulated model
atmospheres.

This other method provides tables adapted for a defined range of effective temperatures, metal-
licities and/or effective gravity (e.g. ATLAS: Kurucz (1970), PHOENIX: Allard et al. (2012) and
Amard et al. (2019)).
Figure 3.4 shows a comparison of evolutionary tracks in the Hertzprung-Russell diagram for three
calibrated models using different treatments of atmosphere: Grey, KS66 and PHOENIX (from
Amard et al. 2019). The results obtained with KS66 and PHOENIX are in good agreement, but
different from the grey atmosphere in the PMS and RGB phases. The analytical expressions from
KS66 are then a good assumption in the case of a solar model.

Figure 3.4: Evolutionary tracks in the Hertzprung-Russell diagram of three solar models with
different treatments of the atmosphere, computed with STAREVOL. The black line gives the model
using the grey approximation, the red line gives the model with KS66 formalism and the orange
line gives the track obtained by Amard et al. (2019) for the PHOENIX atmosphere.

We finally fix a value for the attachment location of the atmosphere, or in others words the point
where the temperature profile is given by mean of the τ and not any more by the structure equa-
tions. According to VandenBerg et al. (2008) and Choi et al. (2018), the attachment location of the
atmosphere does not impact the effective temperature in the case of a solar-calibrated model. The
atmosphere is then integrated up to an optical depth of τ0 = 0.005 and the connection to the atmo-
sphere made at τph = 2.

In this PhD, we used for all models the analytical expression from Krishna Swamy (1966) for q(τ),
unless mentioned otherwise.
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3.9 Mass loss

In our CSM and SSM models, we assume the prescription for the stellar mass loss given by
Reimers (1975):

.
M = −3.98× 10−13ηR

LR

M
M�.yr

−1, (3.21)

where ηR is a free parameter dependent on the evolution phase and/or the metallicity. Results
from McDonald & Zijlstra (2015) give a median determined from 56 GCs of ηR = 0.477 ± 0.07.
As advocated by McDonald & Zijlstra (2015) and Guo et al. (2017) for solar-type stars based on
observational constraints on the red giant branch, we shall take 0.5 for our models.

In case of rotating models, we use the mass loss prescription according to Cranmer & Saar (2011).
This prescription takes into account the effects of rotation on stellar activity, and consequently
mass loss. Cranmer & Saar (2011) gave an expression made of two components. A first hot com-
ponent carried by a hot stellar corona (T ≥ 106 K) and dependent to the radiative pressure at the
surface:

.

Mhot = ρuA =
4πR2

?fTR

V 2
esc

(FH,TR − Fcond), (3.22)

with ρ the density, u the radial stellar wind velocity, A = 4πr2f the cross-sectional area of the total
stellar surface covered by flux tubes opened to the stellar winds (f: a dimensionless filling factor),
R? the stellar radius, Vesc = (2GM?/R?)

1/2 the escape velocity, fTR is a dimensionless filling fac-
tor at the transition region8, FH,TR the heat flux at the transition region and Fcond the energy flux
transported by heat conduction along the field.
A second cold component is carried by pressure waves generated by the Alfvén waves and conse-
quently by the stellar magnetic field9.

.

M cold = 4πr2
critucritρcrit (3.23)

with rcrit the critical radius and ρcrit the critical density, both defined at the radius where the wind
velocity is equal to the sound velocity (Holzer et al. 1983). ucrit is the critical point velocity defined

as u2
crit =

ν2
⊥
4

1+3MA
1+MA

where ν2
⊥ is the transverse velocity amplitude of Alfvén waves in the photo-

sphere and MA = u/VA is the Alfvén Mach number with VA the Alfvén velocity.

The combined mass loss is defined by:

.
M ≈

.

M cold +
.

Mhot exp−4M2
A,TR , (3.24)

with MA,TR the Alfvén Mach number at the transition region.

8Defined by Cranmer & Saar (2011) as the limit between the chromosphere and the corona.
9The cold component is consequently dependent on the choice for the magnetic braking.
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Chapter 4
Atomic Diffusion

The implementation of an optimised formalism for atomic diffusion in STAREVOL was
one of the main objectives of the PhD thesis. In this Chapter, we describe the formalisms stud-
ied during the PhD thesis and the way how we proposed to improve the treatment of atomic
diffusion in the code. Details about the validation of the new implementation are provided in
Chapter 6.

The transport of chemical elements in the stellar interior is described by the diffusion equation
that involves the different physical processes operating in the star:

ρ
∂Xi

∂t
=

1

r2

∂

∂r

(
r2ρD

∂Xi

∂r

)
︸ ︷︷ ︸

Turbulent diffusion

− 1

r2

∂

∂r

(
r2ρXivi

)
︸ ︷︷ ︸

Atomic diffusion

+mi

∑
j

rji −
∑
k

rik


︸ ︷︷ ︸

Nuclear reactions

, (4.1)

where ρ is the density, Xi refers to the mass fraction of element i, r is the radius, D =
∑

j Dj is the
total coefficient for turbulent diffusion, written as the sum of the j different diffusion coefficients
describing turbulent processes such as shear, penetrative convection or any other process, vi is the
diffusion velocity of element i, mi is the mass of nuclei i, and rij is the reaction rate producing
nuclei j from nuclei i.

4.1 Introduction

The existence of atomic diffusion was discovered by means of theoretical and experimental
physics studies of the behaviour of a mixture of gas submitted to a gradient of temperature, a gra-
dient of pressure or a gradient of concentration. Chapman (1917a,b) first introduced the possible
impact of atomic diffusion processes in stars that give place to these gradients. In the following
years, it was studied and developed, in particular, in the context of the solar chromosphere (Chan-
drasekhar 1933) but it was argued by Eddington (1926) that chemical separation does not play a
main role in photospheric solar abundances. It is only after a few decades that atomic diffusion
became again of a prime interest following the work by Aller & Chapman (1960). They introduced
the thermal term of diffusion defined by Chapman (1917b) into a diffusion velocity equation, al-
ready accounting for the pressure term, the concentration term and the term of external forces
(see their Eq. (2.1)) and re-evaluated the effect below the convective envelope. Since then, atomic
diffusion has been shown necessary in stellar modelling in the framework of abundances anoma-
lies observed for instance in AmFm stars1 (e.g. van’t-Veer-Menneret et al. 1988; Richer et al. 2000),

1AmFm stars are main sequence Population I stars with 7000 ≤ Teff ≤ 10000 K that are characterised by small

38



CHAPTER 4. ATOMIC DIFFUSION

white dwarfs (e.g. Chapter 13 of Michaud et al. 2015) or even to reproduce the solar observations.
In particular, it was highlighted with the help of helioseismology that we cannot neglect this pro-
cess for solar-type stars. For instance, this applies to constraints on the radius at the base of the
convective envelope (e.g. Christensen-Dalsgaard et al. 1985b) or to the helium mass fraction mea-
sured in the convective envelope (e.g. Richard et al. 1996) that cannot be reproduced by models
not including atomic diffusion.

The reader can find more details in Vauclair & Vauclair (1982) where a good review of the his-
tory of atomic diffusion and its challenge with notably the results of helioseismology (see e.g.
Christensen-Dalsgaard et al. 1993) can be found. Besides, the process and its effects were largely
described in the literature, see Michaud et al. (2015) for a review.

4.2 Principles of atomic diffusion

Atomic diffusion is one of the fundamental transport processes in stars and a main ingredient
in the Standard Stellar Model. Atomic diffusion occurs in the stable radiative zone of stars and
lead to chemical stratification. Atomic diffusion is led by means of three gradients: a gradient of
pressure or gravity, a gradient of concentration and a gradient of temperature.
In radiative stellar interiors, the gradients of pressure and temperature drive the hydrogen to-
ward the outer layers and the heavy and charged elements toward the centre. The concentration
gradient drives the elements in the opposite way. Radiative accelerations also lead to an atomic
diffusion process, but are neglected in the SSM model (see Section 4.3.3).

The problem is therefore the following:

i Solve the Boltzmann equation of a dilute plasma with the integration of a suitable particle
interaction physics;

ii Derive from (i) the velocity of the different elements with respect to the different terms of
atomic diffusion;

iii Deduce the chemical stratification and its evolution using diffusion velocities in Eq. (4.1).

4.2.1 Atomic diffusion through the description of a multicomponent fluid

The stellar plasma is a charged fluid composed of ions, of electrons and of different element
species. To express the different terms of diffusion we have to consider the interactions of particles
that impact the diffusion velocity. For this purpose, one uses the equation of the kinetic theory of
gases from Boltzmann which describes the evolution of a multi-component and charged fluid (see
Michaud et al. 2015).
Binary interaction is assumed to be the main interaction and a classical interaction at a single
temperature for the two particles. In addition, it is assumed that one can apply the ideal gas
equation of state.
Then the collision integrals Ωij , between two particles i and j, are defined according to Paquette
et al. (1986) and Michaud et al. (2015), as:

Ω
(αβ)
ij =

(
kBT

mMiMj

)1/2 ∫ ∞
0

∫ ∞
0

exp−g2
g2β+3 (1− cosαχij) b db︸ ︷︷ ︸

φ
(α)
ij

dg, (4.2)

anomalies for elements species with an atomic mass lower than iron peak elements.
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4.2. Principles of atomic diffusion

with α = i, j, β = j, i, kB the Boltzmann constant, T the temperature, m the sum of the masses
of the particles i and j, Mi = mi/m, Mj = mj/m, b the impact parameter, g is a dimensionless
velocity and with the scattering angle χij :

χij = π − 2

∫ ∞
rmin
ij

b dr

[
r2

(
1− b2

r2
− Vij(r)

g2kBT

)1/2
]−1

, (4.3)

and where rmin
ij is the distance of the closest approach of particles and Vij is the potential between

two particles i and j.

Ωij describe the classical collisions between particles of species i and j interacting via the potential
Vij(r). φ(α)

ij are the collision cross-sections for a given energy.

It is assumed that particles are interacting by means of a Coulomb potential suitable for a stel-
lar plasma and that binary ion interactions is the main and relevant interaction. According to
Paquette et al. (1986), a screened Coulomb potential (or Debye-Hückel potential) can be used to
describe the interaction between two charged particles i and j as:

Vij(r) = ZiZj
e2 exp−r/λD

r
, (4.4)

where Zi (Zj) is the charge of element i (j), e the electronic charge, r is the distance and the Debye
length is defined as:

λD =

(
kBT

4πe2
∑

i niZ
2
i

)1/2

, (4.5)

with ni the number density of charged particles of species i. It represents the distance where the
screening effect is effective. This equation of the Debye length is appropriate in the case of low
densities (λD >> a0) but it will not be the case any more for higher densities (λD << a0) where
we will take consequently the interionic distance itself a0 = (3/4π

∑
ions ni)

1/3 itself, according to
Paquette et al. (1986).

These collision integrals cannot be solved analytically. The potential can be approximated as a
pure Coulomb potential (Vij(r) = ZiZje

2/r). The cross-section for Coulomb scattering between an
element i and an element j is then written

φij = 2
√
π

(
e2ZiZj
kBT

)2

ln(Λij), (4.6)

where it is also assumed that the integration over the impact parameter b has been limited to
b = λD and that the term g2 in Eq. (4.3) can be approximated by an average value, and where
ln(Λij) is the Coulomb logarithm. The expression obtained by Iben & MacDonald (1985) using
numerical results writes:

ln(Λij) =
1.6249

2
ln

[
1 + 0.18769

(
4kBTλ

ZiZje2

)1.2
]
, (4.7)

where λ = max(λD, a0) (dependent on the density condition for screening distance).

Finally, the collision integrals write:

Ω
(αβ)
ij ≈

(
kBT

2πmMiMj

)1/2(ZiZje2

2kBT

)2

ln(Λij), (4.8)
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CHAPTER 4. ATOMIC DIFFUSION

4.2.2 Paquette coefficients

Paquette et al. (1986) showed that the usual methods used to solve the Boltzmann equation
introduce systematics errors in the limit of a dilute plasma. They argued that an analytical way
to solve collision integrals should be avoided in order to limit errors. They proposed to use the
Paquette’s coefficients that are estimated by a high-accuracy fit of collision integrals.
They made the following assumptions and simplifications:

i The interionic diffusion is the main variable and the effects of electron-ion collisions are
neglected;

ii Inelastic collisions are ignored;

iii The temperature is the same for all elements;

iv The thermal velocity is larger than the diffusion velocities;

v The ideal gas equation of state applies.

Paquette et al. (1986) define:
Ωαβ
ij = εijF

αβ
ij , (4.9)

where Fαβij is a dimensionless integral obtained as a function of the dimensionless collision integral
φij = ln[ln(1 + Λ2

ij)] ≈ 2lnΛij (in our system of notation2), and

εij = π

(
ZiZje

2

2kBT

)2(
kBT

2πmMiMj)

)1/2

, (4.10)

with m = mi + mj the sum of the masses of the particles i and j, Mi = mi/m, Mj = mj/m. The
proportionality to the element charges implies that the assumption of total / partial ionisation for
elements i and j may have an important impact on the values of the collision integrals. We will
see in Chapter 6 the particular influence of Paquette’s coefficients on the diffusion velocity.

4.3 Determination of the diffusion velocity

Atomic diffusion consists in a global motion of particles (ions, electrons, protons) following
gradients and forces in presence. In addition to the collision integrals, the velocity of the particles
due to diffusion need to be defined.
The mean fluid velocity ui of each species i and the mean fluid velocity u are defined by Thoul
et al. (1994), respectively, as:

ui =

∫
vFidv, (4.11)

u =
1

ρ

∑
ρivi, (4.12)

where v is the velocity, Fi(x, v, t) is the distribution function for a species i.
As a result, the diffusion velocity for species i writes:

vi = ui − u. (4.13)

Thereby, from the equation of mass conservation we can determine the mass fraction evolution
due to atomic diffusion with the equation of diffusion for an element i depending on the velocity
vi as:

ρ
∂Xi

∂t
= − 1

r2

∂

∂r
(ρr2Xivi), (4.14)

2In Paquette et al. (1986), φ is called ψ and Λ is called γ.
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4.3. Determination of the diffusion velocity

with t the time, ρ the density, r the radius and Xi the mass fraction of the element i

Xi =
niAimu

ρ
, (4.15)

with the mass number Ai, the atomic mass unit mu and ni the number of particles i.

Several methods have been developed to compute the diffusion velocity vi (Eq. (4.13)) and solve
the diffusion equation. Hereafter, we describe two of them.

The first formalism is based on the Chapman-Enskog theory described in Aller & Chapman (1960)
and Chapman & Cowling (1970). It follows a simple approach of the problem by solving the equa-
tions element by element with respect to a reference element3. The implementation in STAREVOL
follows Montmerle & Michaud (1976).
A second formalism comes from equations developed by Burgers (1969) (see also introduction of
Paquette et al. 1986). They used a more robust approach and solved equations of heat transfer and
of flux simultaneously for all the elements. The implementation in STAREVOL follows Thoul et al.
(1994).

In STAREVOL, the first formalism was already implemented at the beginning of the PhD the-
sis, and the second one was implemented and tested during the PhD thesis to optimise the
treatment of atomic diffusion. Verifications and tests of the first one and implementation of the
second one was a main part of the work during the first year of the PhD thesis.

4.3.1 Hypothesis and Formalism of Montmerle & Michaud (1976)

The first formalism implemented in the STAREVOL code for the atomic diffusion is the one
described by Montmerle & Michaud (1976), hereafter M&M, based on the works by Wildt (1937);
Aller & Chapman (1960); Chapman & Cowling (1970).
It considers that the total distribution function of a given element can be written as a convergent
series whose different terms represent successive approximations of the distribution function. This
calculation is made for a trace element in relation to the surrounding medium (usually hydrogen
in the stellar case), considering electron scattering and the effect of the electric field. This gives a
diffusion velocity with respect to hydrogen.

Hydrostatic equilibrium is assumed and atomic diffusion is considered as a first-order pertur-
bation of this equilibrium. The hydrostatic equilibrium writes, according to M&M:

−1

pi

dpi
dr

+
Fi
kBT

=
∑
j

αijcj
dlnT

dr
, (4.16)

where pi is the partial pressure of atomic species i, αij is the thermal diffusion coefficient, cj is
the actual concentration of element j with respect to the medium, Fi is the sum of the forces that
applies on the element i (gravity, electrical force, radiative force), and where the right term of the
equation corresponds to the temperature gradient. Thus, if one assumes that the diffusion velocity
of an element i with respect to protons is proportional to the difference between the equilibrium
and the initial state, one has the velocity:

vpi = Dpi

[
∂lnpi,eq

∂r
− ∂lnpi,ini

dr

]
. (4.17)

3It is assumed that a trace element evolves in a medium composed of the reference element that is the most abundant
one in the star, typically hydrogen.
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CHAPTER 4. ATOMIC DIFFUSION

This equation can be written under the form:

vpi = Dpi(− ∇lnci︸ ︷︷ ︸
Concentration gradient

− κp∇lnP︸ ︷︷ ︸
Pressure gradient

+ κT∇lnT︸ ︷︷ ︸
Thermal gradient

− fi
kBT︸ ︷︷ ︸

External forces

), (4.18)

where Dpi is the diffusion coefficient between protons and trace element i, κT is the thermal diffu-
sivity and κp is defined as:

κp∇lnp = (Ai −
Zi

2
− 1

2
)
mpGmr

kBTr2
, (4.19)

where Ai is the mass number, Zi is the charge of element i, mp is the proton mass, G is the gravi-
tational constant, mr is the mass below radius r.
Eq. (4.18) can be rewritten as:

vpi = Dpi

[
−∇lnci +

Aimp

kBT
(grad, i− g) +

(Zi + 1)mpg

2kBT
+ kT∇lnT

]
, (4.20)

where the radiative forces grad are considered to be external forces and the electric field term is
(Zi+1)mpg

2kBT
.

One of the main assumptions is the one of the trace element. In other words, the diffusion ve-
locity of an element, the trace element, is computed with respect to hydrogen. This assumption
is true as long as the surrounding medium of the trace element is mainly composed of hydrogen.
It can be assumed to be the case in main-sequence stars where hydrogen is the most abundant
element. However, the helium may become the more abundant element in the central regions
even during the main-sequence and the trace element approximation is not valid any more for
helium. M&M proposed corrections to take into account this issue and defined a specific velocity
for helium with:

vHe =< DHe >

(
(1 + γHe)

[
−∇lncHe + ΦHe +

(AHe − 1) +KP,E(AHe − ZHe)
(1 +AHeγHe)λHe

∇lnp+ κT∇lnT

]
− < fHe >

kBT

)
,

(4.21)

where DHe is the average diffusion coefficient of all ionisation states of He, γHe = N(AHe,ZHe)
N1H

, ΦHe

gives the average contribution of the ionisation of helium, KP,E is a coefficient close to 1, ZHe is
the average charge of helium, λHe = 1 + γHe(ZHe − 1)(γHe − 1) and where < fHe > is the average
radiative force applied to helium.

However, although this formalism gives good results, it is limited by the assumption of a trace
element. Despite the corrections of M&M, the abundance of helium is still an issue, and it will be
even more critical when the star will reach more evolved phases where helium becomes the most
abundant element in the core. A solution could be to adapt the definition of the trace element from
a hydrogen surrounding medium to a helium surrounding medium. But it would imply to adapt
the diffusion equation for each different layer according to the current more abundant element all
along the evolution of the star and could lead to errors. In conclusion, to obtain a relevant treat-
ment of atomic diffusion, we need a more general formalism, suitable at different evolutionary
phases and chemical abundances.

4.3.2 Hypothesis and Formalism of Thoul et al. (1994)

During the PhD thesis, we implemented the formalism developed by Thoul et al. (1994) on
the base of Burgers equations. We used the routine distributed by Thoul et al. (1994) and im-
plemented it in STAREVOL. We also included additional modifications with the computation
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4.3. Determination of the diffusion velocity

of Paquette’ coefficients and corrections from Hu et al. (2011).

Burgers (1969) solved rigorously the Boltzmann equation for a multicomponent fluid. With this
method, the computation of the velocity of each element with respect to each other is possible.
Equations of flux and of heat transfer are solved simultaneously for all the elements. Burgers’
equation for hydrostatic equilibrium writes:

dpi
dr

+ ρi(g − grad,i)− ρeiE =
∑
i 6=j

Kij [(wj − wi) + zij(xijri − yijrj)], (4.22)

and the heat transfer equation writes:

5

2
nikB

dT

dr
=
∑
i 6=j

Kij

[
5

2
zijxij(wi − wj)− yij

[
0.8z′′ijxij(ri + rj) + Yijri − (3 + z′ij)xijrj

]]
−0.4z′′ijKiiri,

(4.23)
with pi the partial pressure of atomic species i, r the radius, ρi = nimi the mass density of atomic
species i, g the gravitational acceleration, grad the radiative accelerations, ρei = niqi the charge
density of atomic species i, E the electric field, wi (wj) is the mean velocity of atomic species i (j),
and where Kij is the friction coefficient (defined Eq. 4.31), ri (rj) is the residual heat flow velocity
(defined Eq. 4.27), zij , z′ij and z′′ij are the resistance coefficients (defined Eqs. 4.28-4.30), and with:

xij =
mj

mi +mj
, (4.24)

yij =
mi

mi +mj
, (4.25)

Yij = 3yij + zijxij
mi

mj
, (4.26)

where mi (mj) is the mass of particle i (j).

The residual heat flow velocity ri represents the velocity that reflects the local heat flow trans-
ported by a particle i divided by the partial pressure of this particle. It will be particularly relevant
for the thermal gradient (see Burgers 1969) and is defined as:

ri =

[
mi

2kBT

∫
Fi(v − u)|v − u|2dv − 5

2
wi

]
(4.27)

where u, v and Fi were defined in Eqs. (4.11) and (4.12).
The resistance coefficients (Burgers 1969; Paquette et al. 1986) are three heat flux terms that de-
scribe interactions between elements i and j and can be expressed in terms of the reduced collision
integrals Ωαβ

ij as:

zij = 1− 2

5

Ω
(12)
ij

Ω
(11)
ij

, (4.28)

z′ij =
5

2
− 2

5

5Ω
(12)
ij − Ω

(13)
ij

Ω
(11)
ij

, (4.29)

z′′ij =
Ω

(22)
ij

Ω
(11)
ij

. (4.30)
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The friction coefficient Kij is defined as:

Kij =
2

3
µij

(
2kBT

µij

)1/2

ninjφij , (4.31)

with µij = mimj/(mi +mj) the reduced mass for species i and j, ni (nj) the particle number den-
sity of species i (j) and φij the cross section defined Eq. (4.6) (see also Appendix B).

In Thoul et al. (1994), following approximations for resistance coefficients are used: zij = 0.6,
z′ij = 1.3 and z′′ij = 2.0. However, applying the Paquette’s coefficients from Paquette et al. (1986)
we integrate the resistance coefficients of the Burgers’ method (Burgers 1960, 1969), according to
Eqs. (4.28-4.30) with Ω11

ij the collision integral defined in Eq. (34) in Paquette et al. (1986) and depen-
dent of the Coulomb logarithm defined in Eq. (4.7). In Thoul et al. (1994) the friction coefficient is
renormalised using κij with κij = Kij/K0. We note that we used the coefficient of renormalisation
K0 to obtain the result in cgs units at the end of the computation (see demonstration Appendix B).
Besides, zij , z′ij , z

′′
ij are computed for each element i compared with each element j in each layer

of the star. It allows to relax the approximation used by Thoul et al. (1994).

Finally, we must also satisfy the local mass conservation and the current neutrality, respectively
as: ∑

i

Aimiωi = 0, (4.32)

∑
i

Zimiωi = 0, (4.33)

where ωi is the velocity of element i in regard to the centre of mass.

Thus, we can solve equation (21) from Thoul et al. (1994) that writes:

p

K0
( αi

∂lnp

∂r︸ ︷︷ ︸
Pressure term

+ βi
∂lnT

∂r︸ ︷︷ ︸
Thermal term

+

S∑
j=1
j 6=e,2

γij
∂lncj
∂r︸ ︷︷ ︸

Concentration term

) =

2S+2∑
j=1

∆ijWj , (4.34)

with S the number of species considered, where the sum over the concentration term does not
account for electrons and helium (j 6= e, 2). According to Hu et al. (2011), we can include 4He in
the determination of the concentration term without the generation of issues as:

p

K0
(αi

∂lnp

∂r
+ βi

∂lnT

∂r
+

S∑
j=1
j 6=e

γij
∂lncj
∂r

) =
2S+2∑
j=1

∆ijWj (4.35)

The others parameters are given in Thoul et al. (1994).
The diffusion coefficients α, β, γ follow equations (30-32) and write:

αi =

{
Ci
C for i = 1, 2, ... S,
0 for i = S+1 ,...2S+2,

(4.36)

βi =

{
2.5

Ci−S
C for i = S+1, ....2S,

0 for i = 1, ..., S and i = 2S+1,2S+2,
(4.37)

γi =

{
Ci
C

[(
δij − Cj

C

)
−
(
δi2 − C2

C

) ZjCj
Z2C2

]
for i = 1, ....S,

0 for i = S+1, ..., 2S+2
(4.38)
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Parameter ∆ follows equations (33-36) and writes:

∆i =



−
∑

k 6=i κik for j=i,
κij for j = 1, ..., S and j 6= i,∑

k 6=i zi,j−Sκikxik for j=i+S,
zijκi,j−Syi,j−S for j=S+1, ..., 2S and j 6= i+S,
ZiCi for j = 2S +1,
−AiCi for j=2S+2,

(4.39)

for i = 1, ..., S;
it writes

∆i =



∑
k 6=j −2.5zi−S,jκi−S,kxi−S,j for j=i-S,

−2.5zi−S,jκi−S,kxi−S,j for j=1,..., 2S and j 6= i-S,
−
∑

k 6=i κi−S,kyi−S,k(0.8z
′′
i−S,kxi−S,k + Yi−S,k)− 0.4z′′i−S,i−Sκi−S,i−S for j=i,

κi−S,j−Syi−S,j−Sxi−S,j−S(3 + z′i−S,j−S − 0.8z′′i− S, j − S) for j=S+1, ..., 2S and j 6= i,
0 for j = 2S +1, 2S+2,

(4.40)
for i = S+1, ... 2S;
it writes

∆i =

{
ZjCj for j=1, ..., S,
0 for j = S+1, ..., 2S+2,

(4.41)

for i = 2S+1;
and it writes

∆i =

{
AjCj for j=1, ..., S,
0 for j = S+1, ..., 2S+2,

(4.42)

for i = 2S+2.

The parameter W follows equations (29) from Thoul et al. (1994) and writes:

Wi =


wi for i=1, ..., S,
ri−S for i = S+1, ..., 2S,
K−1

0 neeE for i=2S+1,
K−1

0 nem0g for i = 2S+2.

(4.43)

where we put back the zij , z′ij and z′′ij for which we do not use constant values and where κij can
be written (Eq. (37) from Thoul et al. 1994) as:

κij =
AiAj
Ai +Aj

1/2

CiCjZ
2
i Z

2
j lnΛij . (4.44)

with Ci (Cj) the concentration of species i (j).

We remind that radiative accelerations are neglected in the work of Thoul et al. (1994) as well
as in STAREVOL.

Finally, the dimensionless diffusion velocity can be written from Eq. (4.35) as:

vi = αi
∂lnp

∂r
+ βi

∂lnT

∂r
+

S∑
j=1
j 6=e

γij
∂lncj
∂r

(4.45)
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This way, we determine in STAREVOL the diffusion velocity (in cgs after renormalisation) in all
the star for 31 not radioactive isotopes: 1H , 2H , 3He, 4He, 6Li, 7Li, 9Be, 10B, 11B, 12C, 13C, 14N ,
15N , 16O, 17O, 18O, 19F , 20Ne, 21Ne, 22Ne, 23Na, 24Mg, 25Mg, 26Mg, 27Al, 28Si, 31P , 32S, 35S, 35Cl,
36Cl. This velocity is computed for each element with respect to each other.

At the end, we obtain the diffusion velocity inside the stellar interior for these elements and see
how atomic diffusion impacts abundances during the evolution of a low-mass star. Thus, we
should obtain a complete treatment of atomic diffusion in STAREVOL code with the consideration
of each involved effects whatever the stellar evolution phase.

4.3.3 Radiative accelerations

Radiative accelerations are the result of an interaction between photons which radiate in stars
and elements which are diffused within the stars. This interaction leads a transfer of momentum
between the elements and the radiative field. It should be included for the complete treatment of
atomic diffusion.
However, their computation requires a large database of atomic physics and opacities. This could
imply a large time-consumption to compute radiative accelerations for each element and at each
step. Moreover, Richer et al. (1998); Turcotte et al. (1998b); Deal et al. (2018, 2020) showed that
the effect of radiative accelerations is weak for stars with M < 1.1 − 1.2M� and solar metallicity.
Consequently, the contribution of grad is often neglected for solar-type stars and we will neglect it
for the present thesis.
Appendix E gives an overview of this process and how it could be included in order to study more
massive stars and/or metal-poor stars for perspectives purpose (see Section 10.2).
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Chapter 5
Rotation

Until now and with the exception to the overshoot process, we described what compose a stan-
dard stellar model (or SSM). However, to achieve a more complete modelling, we have to include
non-standard processes. This chapter is dedicated to stellar rotation.
Stellar rotation, and in particular differential rotation (radial and latitudinal), triggers the transport
of both angular momentum and chemicals species in the radiative zone during stellar evolution.
It generates the large-scale currents of the meridional circulation and several hydrodynamical in-
stabilities that eventually become turbulent as the vertical and horizontal shear instabilities. The
inclusion of stellar rotation in stellar evolution models may consequently be of a great significance.
For a detailed review of dynamical processes in stars, see e.g. Mathis (2013).

In this Chapter, we present the "Type I rotational mixing" that includes meridional circula-
tion and shear turbulence in Section 5.1. During this thesis, we implemented rotational depen-
dent transport processes from the literature and tested them in the framework of the observa-
tional constraints obtained from Open Clusters. It includes a transport of angular momentum,
described in Section 5.2 and several additional transports of chemicals described in Section 5.3.
We did not investigate the effects of internal gravity waves, magnetic fields or magnetic instabili-
ties. However, they are quickly described in Appendix F as promising processes to add for stellar
modelling.

5.1 Type I rotational mixing

In STAREVOL, the implementation of rotation follows the formalism of shellular rotation de-
veloped by Zahn (1992) and Maeder & Zahn (1998), and already used for instance by Palacios et al.
(2003); Decressin et al. (2009); Amard et al. (2019). It involves two dynamical processes: merid-
ional circulation and turbulence shear instability (vertical and horizontal). It allows to include a
3D process into a 1D stellar evolution code with the assumption of an anisotropic turbulence. The
horizontal shear is stronger than the vertical one. These processes lead to a mixing in the radiative
zone with both the transport of angular momentum and chemicals in the star.
The challenge is then to give a good description of the different intrinsically 3D processes in-
volved into 1D codes. The complex interaction of the different processes involved is illustrated
in Figure 5.1. Transport of chemicals and angular momentum is the result of the interaction of
numerous processes in the star (atomic diffusion, differential rotation) or outside the star (external
torque). The sophistication of this model allows to consider more specific processes as penetrative
convection, turbulence, etc and will be introduced in the coming sections.
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Atomic diffusion

Transport of chemicals

Differential Rotation

Shear turbulenceMeridional circulation

Convection(Tachocline)

Penetrative convection

External torques
(wind)

Dh Dv

Transport of angular momentum Additional viscosity 𝜈add

Parametric turbulence

Figure 5.1: Scheme of the dynamical processes and their interactions that lead to transport of
chemicals and of angular momentum in the star. Blue frames refer to rotation processes, yellow
frame refers to atomic diffusion, green frame refers to external processes, orange frame refer to
convection, red frames refer to additional processes and grey frames refer to the resulting transport
(freely inspired from Fig. 1 from Mathis et al. 2007).

5.1.1 Meridional circulation and shear turbulence

The meridional circulation is a large-scale transport of matter in meridian planes as illustrated
in Fig. 5.2. It is generated because of the thermal imbalance created by rotation in the star (see
for instance Zahn (1992); Maeder & Zahn (1998); Palacios et al. (2003); Rieutord (2006); Espinosa
Lara & Rieutord (2013)). It transports both the chemical species and the angular momentum. The
expression of the circulation velocity is derived from the equation of energy conservation (Maeder
& Zahn 1998) and writes:

~UM = U2(r)P2(cosθ)êr + V2(r)
dP2(cosθ)

dθ
êθ, (5.1)

with U2 the amplitude of the radial component of the meridional circulation velocity and V2 the
amplitude of the horizontal component, (r,θ) the spherical coordinates, P2(cosθ) is the second
Legendre polynomials and êr (êθ) the radial (colatitudinal) unit vector. V2 and U2 are related by:

V2 =
1

6ρr

d(ρr2U2)

dr
. (5.2)

The radial component U2 writes:

U2(r) =
LP

MeffCP ρ̄T̄ ḡ

1

∇ad −∇rad + ϕ
δ∇µ

[uB + uTh + uN−G + uNS], (5.3)

with L the luminosity, P the pressure, Meff is effective mass of the star, CP the specific heat at
constant pressure, ∇ad = ∇conv and ∇rad are the adiabatic and radiative temperature gradients
(defined Eq. (3.6)), respectively, ∇µ = dlnµ

dlnP is the mean molecular gradient, ϕ = dlnρ
dlnµ

∣∣∣
P,T

and

δ = − dlnρ
dlnT

∣∣∣
P,µ

. The four last terms are different contributions to the meridional circulation: uB

takes into account the baroclinicity or in other words the fact that the isobars and isodensities do
not coincide, uTh is the thermal contributor, uN−G refers to the nuclear energy production and
heating due to gravitational adjustments, and uNS stands for non-stationary processes (Zahn 1992;
Mathis & Zahn 2004; Decressin et al. 2009).

On the other hand, the differential rotation that results of the angular momentum transport by the
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5.1. Type I rotational mixing

Figure 5.2: Meridional circulation flow (represented in terms of the stream function ξM (r, θ) =
1
2

2
U2(cos3θ − cosθ), see Decressin et al. 2009) for a 1.0M� at three evolutionary stages of the PMS:

from left to right: 14 Myrs, 35 Myrs and 55 Myrs. Blue and red lines indicate clockwise (U2 > 0)
and counterclockwise (U2 < 0) circulation, respectively. The hatched areas refer to convective
regions (from Charbonnel et al. 2013)

.

meridional flow, leads also to the apparition of several hydrodynamic instabilities. Differential
rotation generates shear and turbulence associated to it when it becomes unstable (stability is de-
termined using Reynolds and Rayleigh criteria). The resulting shear turbulence impacts both the
transport of chemical species and of the angular momentum.
In the framework of the shellular rotation proposed by Zahn (1992), the shear is strongly anisotropic
and can be divided in two components: the vertical shear and the horizontal shear (see Fig. 5.3).
The horizontal turbulence propagates along the isobars and is strong thanks to the Coriolis acceler-
ation that acts as its restoring force. At the opposite, the vertical shear is inhibited by the buoyancy
force and the stratification density of the star in the radial direction.

Figure 5.3: Anisotropic turbulent transport in a stably stratified stellar radiative zone with a buoy-
ancy frequency N rotating with an angular velocity Ω. u‖ and u⊥ refer to the characteristic veloci-
ties, and l‖ and l⊥ refer to the length scales of a turbulent "pancake" in the direction of the entropy
stratification and in the horizontal one, respectively (from Mathis et al. 2018).
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5.1.2 Diffusive treatment of the turbulent transport

The transport of angular momentum by meridional circulation and turbulent shear (vertical
and horizontal) obeys the advection-diffusion equation

ρ
d

dt
(r2Ω) =

1

5r2

∂

∂r
(ρr4ΩU2)︸ ︷︷ ︸

Advection term

+
1

r2

∂

∂r

(
νvr

4∂Ω

∂r

)
︸ ︷︷ ︸

Diffusive term

, (5.4)

where ρ, r, Ω and νv are the density, the radius, the angular velocity, and the vertical shellular
component of the turbulent viscosity, respectively. Meridional circulation appears through its ve-
locity U2 in Eq. (5.4) for the transport of angular momentum, and can be described as a diffusion
coefficient Deff in Eq. (4.1) for the transport of chemicals as shown by Chaboyer & Zahn (1992).
The turbulent shear in the vertical and horizontal directions appears as a viscosity νv (νh) in
Eq. (5.4) and as a diffusivityDv (Dh) in Eq. (4.1), which is proportional to the corresponding viscos-
ity, with a proportionality factor of 1 as usually assumed in stellar evolution models (Zahn 1992;
Eggenberger et al. 2008; Ekström et al. 2012; Mathis et al. 2018).

Several prescriptions exist for both (Dv, νv) and (Dh, νh), and one may find in the literature stellar
evolution models computed with different combinations of them. As demonstrated by Meynet
et al. (2013) and Amard et al. (2016) this choice strongly affects the outcome of the models.
There are several prescriptions implemented in STAREVOL. Each prescription allows to describe
the coefficient associated to the turbulent viscosity (horizontal or vertical).

Prescription for the vertical shear

In the framework of the "shellular" rotation hypothesis and assuming the anisotropy of the
turbulence, Zahn (1992), hereafter Za92, proposed a definition of Dv, v as:

Dv,v =
Ric
3
κT

(
r sinθ

NT

dΩ

dr

)2

, (5.5)

where Ric = 1/4 is the critical Richardson number beyond which the initial instability exists, κT
is the thermal diffusivity, θ is the spherical coordinate and NT = gδ

HP
(∇ad − ∇) is the thermal

term of the Brunt-Väisälä frequency with gravity g, HP the pressure scale height, δ = − dlnρ
dlnT

∣∣∣
P,µ

,

∇ad = ∂lnT
∂lnP

∣∣
ad

,∇ = dlnT
dlnP .

The Richardson number gives an estimation of the ratio of the buoyancy term to the flow shear
term and writes

Ri =
N2
T

(dV/dz)2
=

N2
T

(rsinθ dΩ
dr )2

, (5.6)

where V is the fluid velocity, z is the radial component perpendicular to the rotation axis, (dV/dz)
is the shear rate and N2

T is the thermal Brunt-Väisälä frequency.

Talon & Zahn (1997), hereafter TZ97, developed another version of Dv that considers the effect
of thermal and chemical stratifications. The Richardson criterion was then modified; it now in-
volves Nµ = gϕ

HP
∇µ, the chemical term of the Brunt-Väisälä frequency, where ϕ = dlnρ

dlnµ

∣∣∣
P,T

and
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5.1. Type I rotational mixing

∇µ = dlnµ
dlnP . The coefficient Dv, v becomes:

Dv,v =
1

4
Ric

(
N2
T

κT +Dh
+
N2
µ

Dh

)−1(
r sinθ

dΩ

dr

)2

, (5.7)

where N2 = N2
T +N2

µ is the Brunt-Väisälä frequency and θ is the spherical coordinate.

Prescription for the horizontal shear

Zahn (1992) (Za92) defined the horizontal turbulent diffusion coefficient generated by horizon-
tal shear Dh as:

Dh =
1

ch
r|2V2 − αU2|, (5.8)

with ch a free parameter close to 1, α = 1
2
dln(r2Ω)
dlnr the shear rate (α = 1 means uniform rotation),

V2 the latitudinal component defined in Eq. (5.2) and U2 the radial component of the meridional
circulation developed to the second order as:

U2 =
5

ρr4Ω

(
Γ(m)− ρνvr4dΩ

dr

)
, (5.9)

where Γ(m) refers to the gain or loss of angular momentum in the isobar enclosing m(r).

Mathis et al. (2004), hereafter MPZ04, proposed a new expression for Dh base on Couette-Taylor
flow laboratory experiments (Richard & Zahn 1999). Dh writes

Dh =

(
β

10

)1/2

(r2Ω)1/2[r|2V2 − αU2|]1/2, (5.10)

where β = 1.5× 10−5 (Maeder 2009).

Mathis et al. (2018), hereafter Mathis18, accounted for the fact that horizontal turbulence is
generated from both horizontal and vertical shears. The coefficientDh then writes as: Dh = Dh,h+
Dh,v and Dh in Eqs .(5.8) and (5.10) actually refers to Dh,h. The first index means the direction of
the transport and the second index refers to the shear that generate the transport. Mathis et al.
(2018) derive a prescription for the diffusion coefficient associated to the horizontal turbulence
generated by vertical shear, Dh,v. This source of transport is active only if the vertical shear does
not fulfil the Reynold’s criterion (Re > Re;c with Re;c = 7νm with νm the molecular viscosity in
STAREVOL).

Dh,h =

(
β

10

)1/2

(r2Ω)1/2[r|2V2 − αU2|]1/2, (5.11)

Dh,v =

{
τ2N4

2Ω2 Dv,v if Re > Re;c
0 if Re < Re;c

. (5.12)

Here Dv,v ≡ Dv from Eq. (5.5), and τ is a characteristic timescale for the turbulence, taken to be
equal to the time characterising the radial shear, τ = 1/S , where S = r sinθ ∂rΩ.

We summarise the prescriptions that we used during the PhD thesis in Tab. 5.1. Others prescrip-
tions have been derived for both transport coefficients but we will not use them for the present
PhD work. We can quote, for instance, Maeder (1997); Maeder & Zahn (1998); Maeder & Meynet
(2001); Maeder (2003); Prat et al. (2016).
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Table 5.1: Turbulence shear prescriptions.

Prescription Reference
Dv Zahn (1992) - Za92
Dv Talon & Zahn (1997) - TZ97
Dh Zahn (1992) - Za92
Dh Mathis et al. (2004) - MPZ04
Dh Mathis et al. (2018) - Mathis18

Several numerical simulations have been realised to test the vertical shear coefficientDv defined by
Za92 (e.g. Prat & Lignières 2013, 2014; Prat et al. 2016; Garaud et al. 2017; Gagnier & Garaud 2018).
However, we miss equivalent studies for the others prescriptions, in particular for the horizontal
turbulence coefficient.
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5.2. Transport of angular momentum

5.2 Transport of angular momentum

The transport of angular momentum follows the advection-diffusion equation defined Eq. (5.4).

5.2.1 Stellar winds and magnetic braking

Stars are magnetic objects with their own magnetic field. The magnetic field generated by the
star interacts, in particular, with the stellar winds and affects the charged particles. Due to this
link, the particles stay connected in corotation with the star. The magnetic lines are distended to a
large distance from the star (Alfvén radius1) and this leads to a loss of angular momentum. This
interdependence can be illustrated by the famous example of the rotating ice skater. When the
skater closes his arms (small magnetic field lines), his rotation is fast but at the moment he opens
his arms (large magnetic field lines) his rotation velocity decreases. The deformation of the field
lines by the stellar wind generates a torque on the surface of the star and a loss of angular momen-
tum moment for the star occurs as soon as particles escape from its Alfvén radius; the so-called
magnetic braking (Schatzman 1962). The magnetic braking will depend on the characteristics of
the stellar magnetic field, on the rotation and on the mass of the star. It appears as a boundary con-
dition to the transport of angular momentum equation. From Zahn (1992), the boundary condition
writes:

∂

∂t

[
Ω

∫ R

rbcz

r4ρdr

]
= −1

5
r4ρΩU2 + FΩ (5.13)

with FΩ the torque applied at the stellar surface.
Several expressions were proposed in the literature to describe the loss of angular momentum
during the stellar evolution (e.g. Skumanich (1972); Kawaler (1988b); Matt et al. (2012, 2015a) and
see also the comparative work of Amard et al. (2016)).
For the models presented in this thesis, the extraction of angular momentum at the stellar surface
due to magnetised winds is according to the formalism by Matt et al. (2015a). The loss of angular
momentum writes as:

dJ

dt
= −τ0

(
τcz
τcz�

)p( Ω?

Ω�

)p+1

if unsaturated, (5.14)

dJ

dt
= −τp

0

(
Ω?

Ω�

)p+1

if saturated, (5.15)

where τ0:

τ0 = K

(
R?
R�

)3.1(M?

M�

)
γ2m, (5.16)

with γ =
√

1 + (f/0.072))2, see Eq. (8) of Matt et al. (2012). Saturation refers to the magnetic
field that reach saturation above a certain value of the surface angular velocity (Amard et al. 2016;
Wright et al. 2011).
We use the adjusted values for the parameters m = 0.22 and p = 2.1 as in Amard et al. (2019).
They refer respectively to an exponent related to the magnetic field geometry and to the exponent
relating rotation and activity. We take χ = 14 ≡ Ro�

Rosat
, the ratio of the solar Rossby number to

the saturation value of the Rossby number (at which the magnetic activity indicators saturate). At
this point there is no further increase of the magnetic field, it defines when the saturation effect is
reached.
We also remind that the Rossby number is defined as:

Ro = (Ωτcz)
−1, (5.17)

1The Alfvén radius is defined as the radius beyond which particles escape the influence of the stellar magnetic field.
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where τcz is the convective turnover timescale, defined by the ratio between the size of a convective
region and the convective velocity. τcz gives the time for a convective cell to cover a mixing length
l (for the Sun: τcz.� = 2× 102 days). Then we have χ ≡ Ωsatτcz

Ω�τcz.�
.

These parameters (p, m, χ) are fitted on clusters of different ages in order to reproduce the rotation
velocity dispersion according to Amard et al. (2019). However, we note that the value of Ωsat, the
rotation limit to reach saturation, has also been shown to be mass dependent. Indeed, observations
suggest a faster decrease of rotation velocities with time for higher masses (≈ 1.2 − 1.3M�) that
implies a higher value of Ωsat.
Finally, a last additional parameter linked to magnetised wind braking, K, is adjusted to reproduce
the surface rotation of the Sun at K = 6.3 1030 (Matt et al. 2019)2.

5.2.2 Transport of angular momentum by additional viscosity

Several processes (e.g. internal gravity waves, magnetic instabilities and see Section 5.4) have
been proposed to explain the strong coupling between the core and the surface of low-mass stars,
and to flatten the angular velocity profile at the solar age and beyond. To estimate the efficiency
of the missing process(es), parametric studies have been realised by mean of the addition of an
additional viscosity. Eggenberger et al. (2012b, 2019b, see also Lagarde et al. 2014 and Spada et al.
2016) proposed to introduce a parametric vertical viscosity νadd in the equation describing the
transport of angular momentum to reproduce the core rotation rates of SGB and RGB stars. In this
context, Eq. (5.4) becomes:

ρ
d

dt
(r2Ω) =

1

5r2

∂

∂r
(ρr4ΩU2) +

1

r2

∂

∂r

(
(νv + νadd)r4∂Ω

∂r

)
. (5.18)

Eggenberger et al. (2012b) proposed νadd as constant and uniform in time. However, the authors
remind that it does not mean that they expect an unknown physical process that would result of
a constant viscosity in stellar radiative zones. In addition, Spada et al. (2016) proposed a rota-
tion dependant viscosity νadd. Their Eq. (3) assumed an angular momentum transport efficiency
dependent on the radial rotational shear, i.e.:

νadd(t) = ν0 ×
(

Ωrad

Ωconv

)α
, (5.19)

where ν0 and α are free parameters, and Ωrad and Ωconv are the mean angular velocity in the
radiative interior and convective envelope, respectively.
The additional viscosity νadd was already implemented before the beginning of the thesis. We
added the rotational dependence and tested both approaches in different configurations for
rotation in Chapter 8 in the framework of Li and rotational observations described in Chapter 1.

5.3 Transport of chemicals

5.3.1 Transport of chemicals in a rotating star

We remind here the general diffusion equation already given Eq. (4.1).

ρ
∂Xi

∂t
=

1

r2

∂

∂r

(
r2ρD

∂Xi

∂r

)
︸ ︷︷ ︸

Turbulent diffusion

− 1

r2

∂

∂r

(
r2ρXivi

)
︸ ︷︷ ︸

Atomic diffusion

+mi

∑
j

rji −
∑
k

rik


︸ ︷︷ ︸

Nuclear reactions

, (5.20)

2One notes that in STAREVOL the value is normalised multiplying by 2/3.
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It describes the evolution of chemical abundances under the effect of nuclear reactions and trans-
port processes. D =

∑
j Dj with j the sum of different diffusion coefficients describing turbulent

processes. According to e.g. Chaboyer & Zahn (1992), it includes the transport due to the vertical
shear (coefficient Dv) and the diffusion coefficient Deff from meridional circulation that depends
on the horizontal shear (coefficient Dh), and writes:

Deff =
(rU2)2

30Dh
(5.21)

Additional transport processes can be included in the total coefficient D for turbulent diffusion.

5.3.2 Tachocline

The tachocline (Spiegel & Zahn 1992), named by analogy with the thermocline of oceanog-
raphy, where "Táchos-" (ancient greek: ταχoς) means fast in the sense of the fast change of Ω,
is a transition layer located at the base of the external convection zone, where the latitudinal ro-
tation profile goes from differential in the convective envelope, to flat in the radiative interior
(Christensen-Dalsgaard & Schou 1988). First modelled by Spiegel & Zahn (1992) in a hydrody-
namical framework, it is considered the seat of strong turbulence that can be parametrised with
respect to the Brunt-Väisälä frequency, the thickness of the tachocline and the horizontal turbulent
viscosity within it. This turbulence is then highly linked to rotational-mixing processes. In partic-
ular, the tachocline thickness is expected to be thin in case of strong horizontal turbulence.
The tachocline turbulence can be treated as an additional coefficient of diffusion as described by
Brun et al. (1999). From Eq. (15) and (16) in Brun et al. (1999) the coefficient for tachocline mixing
is defined as:

DTach(ζ) =
1

180

1

4

(
8

3

)2

νH

(
d

rbcz

)2

µ6
4Q

2
4 exp(−2ζ) cos2(ζ) (5.22)

where νH is the horizontal turbulent viscosity; rbcz is the radius at the base of the convective
envelope; ζ = µ4(rbcz − r)/d is a non-dimensional depth; µ4 = 4.933; Q4 ≈ Ω̂/Ω, with Ω̂ =
dΩ(r, θ)/dθ is the latitudinal differential rotation at the base of the convective envelope; and d is a
measure of the tachocline thickness h, with h ≈ d/2:

d(t) = rbcz

(
2Ω

N

)1/2(4κT
νH

)1/4

(5.23)

Eq. (5.22) can be solved independently of time. However, the depth of the convective envelope
rbcz, the angular velocity Ω, the horizontal viscosity νH , the thermal diffusivity κT and the Brunt-
Väisälä frequency N , all vary in time, as predicted by the structure and rotation equations. During
this thesis, we were able, for the first time, to solve self-consistently the Eq. (5.23) (see Chapter 8).
Defining:

C =
1

180

1

4

(
8

3

)2

µ6
4 exp(−2ζ) cos2(ζ) (5.24)

we can compute the fully time-dependent equation of DTach as:

DTach(t) = C × νH
(

d

rbcz

)2
(

Ω̂

Ω

)2

∝ Ων
1/2
h

(
Ω̂

Ω

)2

(5.25)

The treatment of the meridional circulation in the framework of Zahn’s theory is based on the
expansion of all the physical quantities, including meridional circulation, in Legendre polynomi-
als. The meridional circulation velocity is expanded to the second-order Legendre polynomials in
the original works by Zahn (1992) and Maeder & Zahn (1998), which is the formalism adopted in
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STAREVOL. In that case, as shown by Mathis & Zahn (2004), the differential rotation in latitude
is not explicitly accounted for. An expansion to the fourth-order of the departures from spheri-
cal symmetry is required to simultaneously treat the bulk of a radiative region and its tachocline,
which is beyond the scope of this study. Hence, we need a prescription to evaluate Ω̂/Ω, and we
adopt the same proportionality as in Brun et al. (1999), namely Ω̂ ∝ Ω0.7±0.1, which in turn comes
from the paper from Donahue et al. (1996), and has been confirmed since then (e.g. Saar 2009; Brun
et al. 2017), even if some uncertainties subsist (e.g. Augustson et al. 2012, who found that it would
scale inversely with Ω in the case of F-type stars).
Eq. (5.25) can thus be rewritten as:

DTach(t) = C × 0.02

(
Ω0.4

N1/2

)
(4νHKT )1/2 (5.26)

where we make explicit the proportionality coefficient adopted and the actual expression used in
our computations for the ratio Ω̂/Ω.

The treatment of the tachocline was implemented during the PhD thesis with both approaches,
time-dependent or not. We computed, self-consistently, the thickness of the tachocline and the
coefficient for tachocline mixing in Chapter 8.

5.3.3 Parametric turbulent transport

The physical turbulent processes generating chemical mixing in radiative interiors, and more
specifically in the radiative regions bordering convective ones, cannot all be accounted for, given
our current state of knowledge. Instead, these processes are parameterised to simulate diffusive
turbulent mixing and may be applied as constraints to physical models of turbulence.
During the thesis, and in the framework of the previous studies already achieved to reproduce
the Li evolution in Population I stars by rotational-mixing, we included the option of a purely
parametric turbulent mixing. Specifically, we follow Richer et al. (2000) and Richard et al. (2005)
who discussed the use of additional turbulence competing with atomic diffusion, respectively for
observed abundance anomalies in Am and Fm stars (e.g. van’t-Veer-Menneret et al. 1988) and for
the lithium abundances of some Population II halo low-mass stars (e.g. Boesgaard et al. 1998; King
et al. 1998). In both classes of objects, atomic diffusion can be very efficient, and comparing mod-
els with observations calls for additional transport processes to be able to counteract its effects, as
already anticipated in different kinds of stars by a vast literature (e.g. Eddington 1929; Vauclair
2013; Michaud et al. 2015).

Richer et al. (2000) and Richard et al. (2005) propose a purely parametric approach to model tur-
bulence, with no assumptions on the underlying physical mechanism (see also Talon et al. 2006
who was able to reproduce the observations using a rotation-induced mixing, consistent with the
turbulent model of Richer et al. (2000)). Their diffusion coefficient is proportional to ρ−3 (see Prof-
fitt & Michaud 1991) and attached to a specific temperature or to the density at the base of the
convective envelope. These fixed points allow to drive where the turbulence is generated and thus
the mixing depth. The parametric diffusivities DT0 and DPMa0 correspond to equations (2) and (3)
of Richard et al. (2005), respectively:

DT0 = 400DHe(T0)

[
ρ(T0)

ρ

]3

, (5.27)

where T0 is a free parameter corresponding to the temperature at which the diffusivity is set to
be 400 times larger than the atomic diffusion coefficient for He (e.g. DHe(T0)), which is computed
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with the analytical approximation

DHe(T ) =
3.3× 10−15T 2.5

4ρ ln(1 + 1.125×10−16T3

ρ )
, (5.28)

as advised by Richer et al. (2000), and ρ(T0) is the density at the location where T ≡ T0, and:

DPMa0 = a0

[
ρbcz

ρ

]3

. (5.29)

Here a0 is a free factor and ρbcz is the density at the base of the convective zone.

The two parametric diffusivities were implemented during the thesis. Results are presented
in Chapter 8.

5.4 To go beyond

Processes described in the previous sections have to be considered in the framework of several
candidates to transport chemicals and/or angular momentum. Alone, they are missing a complete
physical explanation, and we know that others effects can be a part of the solution to the problem.
The effects of internal gravity waves or the influence of magnetic field and magnetic instabilities
have been invoked ("Type II rotational transport") but no clear answer has been found yet. We
are not studying directly these processes; however, the tests and results of the thesis are a step
forward. More details for these processes are given in the Appendix F of the thesis and references
therein. Fig. (5.4) provides the schematic view when adding these processes.

Atomic diffusion

Transport of chemicals

Differential Rotation

Shear turbulenceMeridional circulation

Convection(Tachocline)

Penetrative convection

External torques
(wind, planetary tides)

Dh Dv

Transport of angular momentum

Internal gravity waves Magnetic field / Magnetic instabilities

Figure 5.4: Scheme of the dynamical processes and their interaction that lead to transport of chem-
icals and of angular momentum in the star (freely inspired by Fig. 1 from Mathis et al. 2007)). Com-
pared to Fig. 5.1, here, we consider the most promising physical phenomenon to transport chemi-
cals and/or angular momentum with the addition of internal gravity waves (dark blue frame) and
of magnetic processes (purple frame).
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Non-standard stellar evolution models:
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Chapter 6
Validation of the scheme for atomic
diffusion

In Chapter 4, we described atomic diffusion and two approaches to describe and implement
this phenomenon in a 1D stellar evolution code. We implemented the formalism of Thoul et al.
(1994) in STAREVOL. The aim of the present Chapter is to validate this choice and its imple-
mentation. In Section 6.1 we present the Montréal/Montpellier code (hereafter MoMo) , which
will be used in the validation process, and present the stellar structure produced by this code
for benchmarking the atomic diffusion formalisms. Then, in Section 6.2, we present the im-
pact of the different improvements made on the original Thoul et al. (1994). The comparison of
the results obtained with the Thoul’s algorithm as implemented in STAREVOL and the MoMo
code and other codes is presented in Section 6.3. Then, Sections 6.4 and 6.5 will be dedicated to
the general effects of atomic diffusion on Population I and Population II stars1, respectively.

6.1 The Montréal/Montpellier stellar evolution code

The validation is achieved using solar evolution models from STAREVOL and models com-
puted with MoMo by Olivier Richard (collaboration with LUPM - Montpellier France) considering
a similar set of physics (AGSS09 abundances, grey atmosphere) but with a different formalism for
atomic diffusion, described in Proffitt & Michaud (1991) and Turcotte et al. (1998b).

6.1.1 Input physics of MoMo

Models of MoMo are computed as described in Turcotte et al. (1998a). They include the input
physics described in Tab. 6.1. The Montréal/Montpellier stellar evolution code includes a com-
plete and self-consistent formalism for atomic diffusion that fully solves Burgers equations
(Burgers 1969, with the option to include radiative accelerations; see Appendix E) according to
the scheme detailed by Proffitt & Michaud (1991); Michaud & Proffitt (1993). In comparison, in
the formalism from Thoul et al. (1994), the solution of the Burgers equations is an approximation.
This is why we consider the MoMo results as a reference to which compare our models with the
improved Thoul et al. (1994) formalism. The MoMo code was used to study the effects of atomic
diffusion and radiative accelerations in several case including: the Sun (Turcotte et al. 1998b), more
massive F-type stars (Turcotte et al. 1998a), chemically peculiar Am- and Fm-type stars (Turcotte

1The observed metallicity evolution between stars of different age has led to the determination of a classification of
stars into three main populations. Population I refers to stars with solar metallicity or metal-rich stars, Population II
refers to metal-poor stars, Population III refers to stars composed only of primordial elements: hydrogen, helium and
small amounts of lithium and beryllium.
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Table 6.1: Comparative inputs physics in stellar evolution codes used for the validation of the
atomic diffusion formalism.

Model EOS Opacity Nuclear reaction rate Atmosphere
STAREVOL Modified PTEH95 OPAL (and F05) NACRE II Grey

MoMo CEFF OPAL (and Kurucz93) BP92 Grey
MESA SCVH, OPAL06, HELM, PC OPAL (and F05) JINA Reaclib Grey
CLES CEFF OPAL (and F05) NACRE Grey

References. PTEH95: Eggleton et al. (1973) and Pols et al. (1995), CEFF: Eggleton et al. (1973) in-
cluding the Coulomb correction Christensen-Dalsgaard & Daeppen (1992), SCVH: (Saumon et al. 1995),
OPAL06: (Rogers & Nayfonov 2002), HELM: (Timmes & Swesty 2000), PC: (Potekhin & Chabrier 2010),
OPAL database: Rogers et al. (1996), Kurucz93: see Proffitt (1994, for T<12000 K), BP92: Bahcall &
Pinsonneault (1992), F05: Ferguson et al. (2005), NACRE II: Xu et al. (2013b), JINA Reaclib: Cyburt et al.
(2010), NACRE: Angulo et al. (1999).

et al. 2000; Richer et al. 2000), B- and A-type stars (Richard et al. 2001) and also for the specific case
of Pop. II stars (Richard et al. 2002b; VandenBerg et al. 2002; Richard et al. 2002a). These different
studies highlighted the main impact of atomic diffusion and radiative accelerations.

6.1.2 Structure for benchmarking

To make our comparison, we test the two algorithms on the same stellar structure. This struc-
ture is generated by MoMo from calibrated solar model (courtesy of O. Richard) at two different
evolutionary stages. The first one gives a structure at the ZAMS2 (core hydrogen mass fraction Xc
= 0.71) and the second one corresponds to the structure at the age of the Sun (4.57 Gyrs) or Xc =
0.35.
We use the corresponding physical quantities (radius, pressure, temperature, density, mass) to
compute atomic diffusion terms and showed Fig. 6.1, to the mass fraction profiles showed Fig. 6.2
and the mean charge profile (Zmean) showed Fig. 6.4. Thereafter, the structure is used as an input
for the atomic diffusion routines, extracted from STAREVOL (post-processing), and where we can
compute atomic diffusion with the scheme we implemented and presented Section 4.3.2.

The main output obtained with the atomic diffusion routines for the two formalisms are the diffu-
sion velocities that are computed for the different elements followed3 in each code. To achieve the
comparison and the validation of our scheme of atomic diffusion, we will consequently focus on
the diffusion velocities of a few light elements followed in both codes and the consecutive changes
in surface abundances. Thereafter, we will focus on: 3He, 4He, 12C, 13C, 14N , 16O.

2Zero Age Main Sequence.
3STAREVOL code follows 54 chemical species from 1H to 37Cl. MoMo follows elements from 1H to 58Ni, but we

have no access to the different light isotopes (except 2H , 6Li, 4He, 13C) as in STAREVOL.
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6.1. The Montréal/Montpellier stellar evolution code

Figure 6.1: (Top) Temperature profile - T(K), (Middle) Pressure profile - P (dyn.cm−2), (Bottom)
Density profile - ρ (g.cm−3). Structure at ZAMS from a 1M� star at Z� with the MoMo stellar
evolution code.
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Figure 6.2: Mass fraction profiles within the MoMo stellar evolution code for 3He, 4He, 12C, 13C
and 16O for the same structure as in Fig. 6.1.
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6.2 Improvements on the original Thoul et al. (1994) algorithm

6.2.1 Partial ionisation and Paquette’s coefficients

In a first step, starting from the structure at ZAMS, we tested the effects of total/partial ioni-
sation (see Section 3.3) and of the computation with the coefficients of Paquette et al. (1986), de-
scribed Section 4.2.2, to assess the improvement on the atomic diffusion formalism of Thoul et al.
(1994) (see Section 4.3.2). Fig. 6.3 shows the diffusion velocity of 4He (upper panel) and 16O (lower
panel) close to the ZAMS (Xc =0.71) for each case. Atomic diffusion with and without includ-
ing the coefficients of Paquette are respectively in red and in blue. Partial ionisation is shown by
dashed-lines and total ionisation is shown by dotted-lines.

Xc = 0.71

Diffusion Starevol
(Paquette)

Diffusion Starevol
(No Paquette)

Partial Ionisation

Total Ionisation

Figure 6.3: Diffusion velocities (in 0.1nm.s−1) of 4He and 16O at ZAMS following the diffusion
scheme as implemented in the STAREVOL code with Paquette’s coefficients (red) and without
Paquette’s coefficients (blue). The two cases of ionisation (total: dotted-line and partial: dashed-
line) are also plotted. The grey line indicates the base of the convective envelope.

The main impact of both updates is, in particular, visible at the base of the convection zone where
the degree of ionisation change rapidly4. Ionisation affects both the electrical field E proportional
to the ion charge and the ion-collision cross-section (Gorshkov & Baturin 2008). With Paquette’s
coefficients, the helium velocity is decreased from −0.060nm.s−1 to −0.055nm.s−1 and the oxygen
velocity from −0.055nm.s−1 to −0.040nm.s−1. At the opposite, when considering the partial ion-

4See also Baturin et al. (2006) concerning the discontinuity at the base of the convective zone and the impact of the
different atomic diffusion coefficients.
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6.2. Improvements on the original Thoul et al. (1994) algorithm

isation instead of the total ionisation, the velocity is increased but only for 16O. Due to its small
number of electrons, including partial ionisation has a negligible effect on 4He. The inclusion of
Paquette’s coefficients and partial ionisation leads to a small absolute increase of the velocity of
4He and 16O (≈ 8%). The combined effect leads to a stronger effect for heavy elements. In Sec-
tion 6.2.2 and 6.3.2, I analyse what are the specific terms (i.e. pressure gradient, thermal gradient,
concentration gradient) which are the most impacted by these updates.

Partial ionisation of elements changes the velocity of 16O by ≈ 16% without Paquette’s coeffi-
cients and up to ≈ 48% when including Paquette’s coefficient. The partial ionisation of elements
cannot be neglected, a fortiori for heavy elements. Fig. 6.4 gives the ionisation states as a function
of log(T) for 4He, 12C, 14N and 16O, and obtained with the codes STAREVOL and MoMo (and
where we added the results of MESA stellar evolution code (Paxton et al. 2011, 2018) that use a
combined EOS (see Tab. 6.1); each used depending on temperature and density). Although the
EOS is different between the codes, the agreement between the three is good, except a shift of the
MoMo code close to log T = 5 for 12C, 14N and 16O compared to STAREVOL and MESA and a shift
of the three codes at about log T = 6.4 for the same three elements. However, we remind that in
STAREVOL we consider total ionisation for log T > 6.5 whereas MoMo code does not reach a total
ionisation for elements heavier than helium (we note that ionisation in MoMo comes directly from
the OPAL-EOS Rogers & Nayfonov 2002). For both low and high temperatures, differences can be
explained by the different formalisms of the EOS used in the codes. For the coming comparison
we adopt the Zmean = Zionise/Z profiles from MoMo to discard this difference for our comparison
of atomic diffusion algorithms.

Figure 6.4: Normalised ionisation rate versus logarithm of temperature for 4He, 12C, 14N and 16O
in STAREVOL code (solid line), Montreal/Montpellier code (dashed line) and MESA (dotted line).
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6.2.2 Terms involved in the diffusion velocity

As seen previously, the diffusion velocity is a combination of three main components: the pres-
sure term, the temperature (or thermal) term and the concentration term. These terms depend on
the abundances, the pressure, the temperature, the density, the element mean charge (Zmean) and
the coefficients of Paquette.
We plan to use the same structure to compute diffusion velocities with the two approaches of
STAREVOL and MoMo. The MoMo code does not provide these coefficients as outputs, but we
can explicit these terms thanks to STAREVOL and evaluate the impact of each of them on the dif-
fusion velocities.

Figure 6.5 shows on the left side the profiles of At (temperature coefficient) and Ap (pressure coef-
ficient)5 for 4He and 12C elements6, and, on the right side, the contributions to diffusion velocity
of the three main terms (pressure, temperature and concentration gradients). If the coefficients

0 0.2 0.4 0.6
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0.2 * Ap.dlnp/dr

At.dlnt/dr

0.5 * Ac.dlnc/dr

Ac.dlnc/dr 

Figure 6.5: Contribution of the different terms involved in atomic diffusion at Xc = 0.71: the pres-
sure term (∆P ), the temperature term (∆T ) and the concentration term (∆C) are plotted in solid,
short-dashed and long-dashed line, respectively. (Left) Diffusion coefficients Ap and At for 4He
(black) and 12C (red). (Right) Diffusion gradients for 4He (black) and 12C (red). For a better read
of the figure, a factor of 0.5 is applied to the concentration gradient of 12C and a factor of 0.2 is
applied to the pressure gradient for both elements.

At and Ap are of the same order, although Ap > At, the gradient terms are quite different. The
pressure term appears to be preponderant compared to the two others, in agreement with the re-
sults of Thoul et al. (1994), see for instance their Figure 6, and of Baturin et al. (2006), see their
Figure 4. However, the situation is quite different regarding the considered element. For the case
of 4He, the pressure term is the highest and the two others are small (temperature term) or negligi-
ble (concentration term). For the case of carbon, the pressure term is weaker and the temperature

5Corresponding to αi and βi, respectively, in Eq. 4.45 and where i is the considered element.
6The concentration term is a sum over all the elements’ contributions, we do not extract each contribution but only

the gradient term Ac dln(c)
dr

for each element. That is why it is not shown here. We note that Ac corresponds to γij in
Eq. 4.45
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6.2. Improvements on the original Thoul et al. (1994) algorithm

one is stronger, although Apdln(p)
dr stays preponderant except at the centre of the star. Indeed, for

carbon, the concentration term becomes preponderant between the centre and about 0.1− 0.15R�.
As the pressure gradient term dominates the diffusion velocity in the radiative region outside the
nuclear core, a modification of this term by the use of the Paquette’ coefficient should impact the
final diffusion velocity (see also Section 6.3).

The influence of Paquette’s coefficients is shown in Figs. 6.6 and 6.7.
Figures 6.6 and 6.7 display Ap and At profiles, respectively for 3He, 4He, 12C, 13C and 16O. We
computed these coefficients with/without Paquette’s coefficients and with partial/total ionisation.
The use of Paquette’s coefficients leads to a systematic increase of Ap coefficients, and to a greater
extent, of At coefficient for all elements considered here. While the coefficients Ap and At of the
He isotopes remain unchanged when accounting for partial ionisation, the coefficient Ap are sys-
tematically higher for C and O isotopes when partial ionisation is accounted for. At coefficients are
not affected by partial ionisation in the radiative interior. Using coefficients from Paquette et al.
(1986), and at lower level partial ionisation, leads to an increase of the weight of the pressure term
for the diffusion velocity. These two updates of the formalism of Thoul et al. (1994) highlight the
sensitivity of the diffusion velocity to the way the different involved terms are computed or in
other words of what are the approximations we considered for ionisation and particles interaction
(through Paquette et al. (1986) coefficients).
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Figure 6.6: Pressure coefficient (Ap) profile at ZAMS for 4He, 3He, 12C, 13C and 16O. Atomic dif-
fusion according to Thoul et al. (1994) with coefficients from Paquette et al. (1986) (red) or without
(blue). Dotted lines and dashed lines refer to total and partial ionisation, respectively. The grey
line indicates the base of the convective envelope.
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Figure 6.7: Temperature coefficient (At) profile at ZAMS for 4He, 3He, 12C, 13C and 16O. Atomic
diffusion according to Thoul et al. (1994) with coefficients from Paquette et al. (1986) (red) or with-
out (blue). Dotted lines and dashed lines refer to total and partial ionisation, respectively. The grey
line indicates the base of the convective envelope.

Finally, Fig. 6.8 shows that the gradient of concentration has an important effect on several ele-
ments in the core. Fig. 6.8 gives diffusion velocity profiles between the centre and 0.3R� for 4He,
12C, 13C and 16O. Velocities are given with and without the concentration gradient. There is no
visible effect on helium and oxygen but there is a clear impact on the two isotopes of carbon. This
behaviour is due to the gradient of the chemical composition due to nuclear reactions in the core
(Baturin et al. 2006) and by the effect of the CN(O) cycle (see also Fig. 6.17 where 12C and 14N
central abundances are changed due to nuclear reactions).
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Figure 6.8: Diffusion velocities of 4He, 12C, 13C and 16O at ZAMS. Black dashed lines and red
dashed lines give the diffusion velocity with and without the concentration term, respectively.

6.3 Benchmarking of the Thoul et al. (1994) formalism

6.3.1 Comparison of the diffusion schemes: STAREVOL and MoMo

From now on, our models include partial ionisation and Paquette’s coefficients. We now com-
pare our results with MoMo.
We remind that velocities output from MoMo do not include the concentration gradient term (see
Eq. 4.34) which is considered as an additional diffusion coefficient (only added when solving the
diffusion equation). Our implementation in STAREVOL allows to discriminate the different terms
of diffusion. As a result, the following tests are only based on the determination of the gradients
of pressure and temperature and of their associated coefficients Ap(i) and At(i). The addition of
the gradient of concentration and its associated coefficient Ac(i) will be realised at the end of Sec-
tions 6.3.2.

In this section we compare the algorithms for atomic diffusion including Paquette’s coefficients
used in STAREVOL and MoMo, for the stellar structure computed with MoMo at ZAMS. We
compute the velocities obtained from the addition of the pressure and the temperature gradi-
ents and compare to results of MoMo. We present the two cases with partial and total ionisation
for both algorithm.

Figure 6.9 shows the diffusion velocity within the radiative zone for 3He, 4He, 12C, 13C, 16O.
Red lines give the results obtained using the formalism of Thoul et al. (1994) as implemented in
STAREVOL and green lines give the results obtained using the formalism as implemented in the
Montréal/Montpellier code (Proffitt & Michaud 1991).
In their work, Turcotte et al. (1998b) found 20-30 % of difference between MoMo and the analytical
fits of Thoul et al. (1994) for oxygen and iron elements at the age of the Sun. Comparing their own
results with previous works from Bahcall & Loeb (1990) and Michaud & Proffitt (1993), Thoul et al.
(1994) also found differences of the order 15-30% depending on the model and the element. Here,
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Figure 6.9: Diffusion velocities (in 0.1nm.s−1) at ZAMS for 3He, 4He, 12C, 13C and 16O according to
STAREVOL (red) and Montréal/Montpellier (green) without considering the concentration term.
The two cases of ionisation (total : dotted line and partial : dashed line) are also represented. The
blue line indicates the base of the convective envelope.

we reach a better agreement for the case of 3He and 4He with relative difference smaller than 10%
at the ZAMS and at the age of the Sun (see Tab. 6.2). Concerning the others elements, differences
can be seen between from about r=0.4R� and the base of the convective zone at about 10-30 %.
For each element the highest difference is reached in the radiative zone before a decrease of the
difference at the limit between the convective envelope and the radiative zone. Diffusion velocity
in the convective zone is not considered as atomic diffusion is negligible compared to convective
turbulent transport in the convective envelope7 (see also Baturin et al. 2006).

Also, the effect of partial ionisation of elements is stronger in the formalism implemented in
STAREVOL than in MoMo, despite using the same Zmean profile in the comparison. However, ac-
counting for partial ionisation leads a similar and consistent behaviour. Finally, while we took the
same given structure, we obtained higher velocities with the formalism implemented in STAREVOL.
This difference between the two schemes had already been observed by e.g. Turcotte et al. (1998a)
(difference of about 20-30 %) as noticed previously. They explained a part of this difference by
the use in MoMo of the coefficients of Paquette et al. (1986) for the computation of collision inte-
grals. However, in our case we include these coefficients and the difference then cannot be only
explained by that even if our differences are at a smaller percentage (see at Xc = 0.35 in Tab. 6.2).

7We note that MoMo consequently does not compute atomic diffusion velocity of elements heavier than helium in
the convective envelope.
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Table 6.2: Relative difference between diffusion velocities (V) computed by STAREVOL and MoMo
at Xc = 0.71 and Xc = 0.35 (in percentage). Differences are indicated in green if velocities from
STAREVOL are higher and in red if they are smaller.

(VMoMo −VSTAREVOL)/VMoMo ZR ZR/ZC
Xc = 0.71

3He ≤ 7 % ≤ 4 %
4He ≤ 8 % ≤ 2 %
12C ≤ 22 % ≤ 9 %
13C ≤ 29 % ≤ 16 %
16O ≤ 18 % ≤ 11 %

Xc = 0.35
3He ≤ 8 % ≤ 2 %
4He ≤ 7 % ≤ 2 %
12C ≤ 21 % ≤ 8 %
13C ≤ 28 % ≤ 14 %
16O ≤ 18 % ≤ 11 %

Indeed, we saw that using these coefficients leads to a decrease of the diffusion velocity. How-
ever, a reasonable shift remains that could be explained by a difference in the sensitivity of the
algorithms to the partial ionisation. Regarding the literature, numerical differences from the way
formalisms have been implemented could also be part of the answer.

6.3.2 Comparison at two different evolution stages

Until now, we focused on one given structure corresponding to the ZAMS. We now add the
time evolution in our comparison. We have access to a second structure from MoMo for Xc = 0.35
near the solar age.
Figure 6.10 shows results obtained with STAREVOL for the two evolutionary steps (ZAMS and
solar age) and gives the diffusion velocities (Left) for 4He and 12C and pressure and temperature
gradient coefficients profiles for the same elements (Right). From ZAMS stage to Solar age, there is
a slight increase of the effective temperature and the convection zone becomes shallower (see the
blue and cyan lines in Fig. 6.10). Atomic diffusion is then expected to be more efficient. Indeed,
we observe an increase of the absolute amplitude velocity especially for helium and, in particular,
at the base of the convection zone.
Furthermore, we observe a difference in the core of the star, concerning the Ap coefficient of 4He

and the Ap and At coefficients of 12C. Indeed, we see some bumps that appear in the core of the
star. This can be explained by the chemical evolution in the core due to nuclear reactions. The
nuclear reactions that occur during the evolution lead to changes in abundances profiles and by
this way on velocity profiles. The increase of Ap and At coefficients of 12C in the core leads to
an increase of the absolute diffusion velocity in the core. Therefore, we note that 4He reacts in an
opposite way compared to 12C in the core, mostly for Ap8.

Figure 6.11 shows the comparison of the diffusion velocities between STAREVOL and MoMo.
Comparing to Fig. 6.9, the diffusion velocity (in absolute value) increases with age (as the convec-
tive envelope retreats) in both cases. The differences between the results of both algorithms do not
evolve significantly with time (see Tab. 6.2).

8In this context, several tests were realised regarding the use of Nacre I or Nacre II (See Appendix B.3) but they were
not conclusive.
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Figure 6.10: (Left) Profile comparisons at two different stages: Xc = 0.71 (red) and Xc = 0.35 (violet)
for 4He (top panels) and 12C (bottom panels) computed according to our formalism of atomic
diffusion in STAREVOL. Left: Diffusion velocity; Middle: coefficient At, and Right coefficient Ap.
The blue line and the cyan line delimit the radiative zone and the convective zone, respectively for
Xc = 0.71 and Xc = 0.35.
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Figure 6.11: Diffusion velocities (in 0.1nm.s−1) at evolutionary phase corresponding to Xc = 0.35
for 3He, 4He, 12C, 13C and 16O using the algorithm used in STAREVOL (violet) and that used in
the MoMo code (green) without considering the concentration term. The cyan line indicates the
base of the convective envelope.
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6.3.3 Comparison for different stellar evolution codes at Xc = 0.35

In this section, we compare the results obtained for the full evolution of a 1M� model at solar
metallicity computed with STAREVOL including atomic diffusion as discussed previously (Thoul
et al. (1994) with Paquette’s coefficient and partial ionisation) at the age of the Sun (Xc = 0.35) to
that obtained with other stellar evolution codes as listed in Table 6.1. Contrary to the comparisons
presented so far, here we do not limit the comparison to the algorithms, but compare outputs
of full stellar evolution models. In addition of STAREVOL and MoMo outputs, Fig. 6.12 reports
tracks from Paxton et al. (2011) and Thoul et al. (1994) as crosses, and we also added the results
obtained with the stellar evolution code CLES of Liège (courtesy of G. Buldgen, see also Scuflaire
et al. 2008, and Tab. 6.1).

Figure 6.12 gives:

• STAREVOL in red;

• MoMo in green;

• CLES in blue;

• Thoul et al. (1994) fits with black crosses (according to their Figure 9 where velocities are
computed exactly from the structure of the contemporary Sun);

• MESA with purple crosses (according to Fig. 7 from Paxton et al. (2011)).

In this figure, the diffusion velocity of STAREVOL includes the gradient of concentration, but it is
not the case for MoMo.
The velocity we obtain in STAREVOL is slightly higher than MoMo’s one, except between about
r=0.2 R� and r=0.5 R�. The addition of diffusion velocities computed with other codes allows a
complementary comparison showing that differences exist also between the others codes. CLES
and MESA are using the formalism of Thoul et al. (1994) but they do not distinguish all the ele-
ments. In CLES and in MESA, a system of "classes" is used, in other words, they defined classes
of elements where a reference element is the representative isotope that define the velocity for all
elements in the same class. We note that classes in CLES and MESA are also different.

Models from STAREVOL, CLES and MoMo finally result of small differences of a few percents
in the diffusion velocity of oxygen, in particular, in the core and close to the base of the convec-
tive envelope, and although the differences of input physics. MESA and STAREVOL share also a
similar formalism and implementation for the treatment of atomic diffusion and results are close
mainly at the centre and only of a few percent of difference near the base of the convective zone
where MESA diffusion velocities are higher. We note, however, that at r < 0.2R� where the gra-
dient of concentration is efficient, only STAREVOL shows a bump. The treatment of the nuclear
reactions in STAREVOL could be at the origin of the this difference, as seen previously.
We observe a good agreement between STAREVOL and the analytical fits from Thoul et al. (1994)
but with a smaller velocity in STAREVOL. It was already showed that analytical fits from Thoul
et al. (1994) were in general too high due to its approximations (see for instance Turcotte et al.
1998a; Gorshkov & Baturin 2008; Hu et al. 2010).

Finally, if the differences between the STAREVOL code and the MoMo code exist, they are con-
sistent with the range of the results obtained from different stellar evolution codes as already
observed by previous comparative studies: for instance Thoul et al. (1994); Turcotte et al. (1998a);
Hu et al. (2010); Paxton et al. (2011) or see also Gorshkov & Baturin (2008). This last figure confirms
that these differences can be mainly attributed to the inputs physics used (EOS, Opacity tables), to
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Figure 6.12: Diffusion velocity of 16O at the age of the Sun (Xc = 0.35) and from STAREVOL code
(red), MoMo code (green), CLES code (blue, courtesy of G. Buldgen), MESA code (purple crosses,
Paxton et al. (2011)). Black crosses refer to analytical fits from Thoul et al. (1994). Results are
plotted in units of R�/τθ, where τθ = 6 × 1013 yrs is the characteristic diffusion timescale for the
Sun (Thoul et al. 1994).

the sensitivity to ionisation of the formalism used, and also to the way the implementation of each
formalism is done in each code with, in particular, the way to discriminate the elements.

Consequently, we consider that our implementation of the formalism from Thoul et al. (1994),
involving partial ionisation and coefficients from Paquette et al. (1986) to compute the diffusion
velocity is validated. The results of a new solar calibration including our updates on atomic dif-
fusion will also be confronted with the ones usually determined in the literature (see Chapter 7).
SSM and NSSM models in the coming Chapters of the thesis will include atomic diffusion ac-
cording to this implementation.
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6.4 Population I stars: evolution and structure

In this Section, I focus on the effects of atomic diffusion along evolution of a Population I star
of 1 M� and Z�. The results are obtained from the full evolution computed by STAREVOL or by
MoMo.

6.4.1 Evolution tracks and surface abundance variations

Figure 6.13 shows the evolution tracks in the HRD of models computed with STAREVOL in
black and by MoMo in green9 for the two cases: with atomic diffusion (dashed line) or without
atomic diffusion (solid line).
The resulting tracks are in good agreement with a shift of only a few K. In both codes, the ad-
dition of atomic diffusion leads to a shift to colder temperatures and smaller luminosity. It is
expected from the changes in the opacity that result from the transport of elements and mainly
of helium abundance that decreases at the surface (see Fig. 6.15). In particular, beyond the solar
age, atomic diffusion in STAREVOL leads to a decrease of about 30-40 K close to the Turn-off.
Besides, and as expected from the transport of hydrogen to external layers and of helium to the
centre (see Fig. 6.14), the stellar lifetime decreases for both codes. At the age of the Sun, the life-
time is decreased by about 6.5 % and about 3.2 % for MoMo and STAREVOL, respectively. Effec-
tive temperatures are decreased when atomic diffusion is active (see bottom-panel Fig. 6.14). The
H-burning time is shorter for both code but MoMo model is hotter and the efficiency of atomic dif-
fusion is stronger. This explains the difference of ages at the same core hydrogen content between
STAREVOL and MoMo. It is not negligible but the impact of the input physics, likely the choice
for the EOS, the opacities, the metallicity or the mixing length, for instance, is also a possible origin
of this difference.

Chemical composition is also strongly affected by atomic diffusion. Figure 6.15 shows the sur-
face abundance evolution as a function of central hydrogen mass fraction Xc for STAREVOL and
MoMo models; it gives the relative evolution of 4He, 12C, 14N , 16O, 20Ne, 23Na, 24Mg and 27Al.
For Xc = 0.35 (approximately corresponding to the evolutionary stage of the Sun), 4He is decreased
by about 9-10% in STAREVOL and by about 11-12% in MoMo which is consistent with previous
studies (e.g. Turcotte et al. 1998a; Buldgen et al. 2019) who estimated about 10% of decrease for
helium at solar age. Heavier elements also decreased by about 8-10% depending on each ele-
ment. Table 6.3 summarises the relative variation during the MS of each element for STAREVOL
and MoMo. We remind that now, the stellar structure of each code is different but similar results
are obtained with MoMo and STAREVOL. The larger decrease in the MoMo model can be partly
explained by the higher effective temperatures reached by the model (see Fig. 6.14). However,
differences between the two codes are less important for the three heaviest elements of the sam-
ple (23Na, 24Mg and 27Al), a possible explanation is a different treatment of nuclear reactions (see
Tab. 6.1, with in particular the way how isotopes are discriminated).

9Here, evolutionary models from MoMo stop at solar age.
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Figure 6.13: Evolutionary tracks in the Hertzsprung-Russell diagram for STAREVOL (black) and
MoMo (green) solar models with or without atomic diffusion (dashed and solid line respectively).

Figure 6.14: (Top) Time evolution of central hydrogen abundance (Xc). (Middle) Time evolution of
central helium abundance (4Hec). (Bottom) Effective temperature Teff (K) versus Xc. STAREVOL
(black) and MoMo (green) tracks are reported.
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Figure 6.15: Relative variation (decrease) of surface abundances as a function of central hydrogen
mass fraction Xc for 1M� Pop. I models of STAREVOL (black) and MoMo (green), for 4He, 12C,
14N , 16O, 20Ne, 23Na, 24Mg and 27Al.

Table 6.3: Relative decrease of surface abundances between the initial abundances and those at
Xc = 0.35 for STAREVOL (left) and MoMo (right).

Element Xini - XXc=0.35 / Xini (%) - Starevol Xini - XXc=0.35 / Xini (%) - MoMo
4He 9.5 11.5
12C 7.8 9.6
14N 7.8 9.3
16O 8.2 9.5

20Ne 9.1 10.1
23Na 10.6 10.3
24Mg 9.4 9.9
27Al 9.5 9.9
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6.4.2 Structure: abundances, diffusion velocity and base of the convective envelope

Atomic diffusion also leads to important changes in the stellar structure. In particular, it affects
the location of the Base of the Convective Zone (hereafter BCZ).

Figure 6.16 shows the physical parameters of the BCZ: the radius Rbcz and the temperature Tbcz

with and without atomic diffusion for the models from STAREVOL and MoMo. The top panel

Figure 6.16: Evolution with Teff of radius at the base of the convective zone (Rbcz) and temperature
at the base of the convective zone (Tbcz) for the two codes STAREVOL (in black) and MoMo (in
green).

of Fig. 6.16 shows a good agreement between the two codes for RBCZ . When atomic diffusion is
active, BCZ is deeper (−2.1% and −2.2% in radius at Xc=0.35 for STAREVOL and MoMo, respec-
tively), and hotter. This change is due to the transport of elements by atomic diffusion described
previously. The transport of elements, and mainly of helium (abundant and an important contrib-
utor to opacity: Blancard et al. 2012) leads to a change of the opacity profile below the convective
envelope and consequently to the redefinition of the BCZ location.

Table 6.4 gives the initial and solar age parameters of each of the models. Each model have
been calibrated on the Sun (see Chapter 7). The main result of SSM model compared to CSM
for STAREVOL and MoMo is a decrease of helium and an increase of hydrogen abundance at the
surface of the star. As expected this simultaneous transport of chemicals leads to a different struc-
ture of the star and a larger convective envelope (≈ −2% deeper in radius). With the addition
of atomic diffusion, results are in better agreement with the helioseismic estimation of RBCZ. For
STAREVOL, the BCZ is located at 0.747 R� for the CSM model and at 0.731R� for the SSM one,
to compare to the seismic estimation 0.713± 0.003R� according to Kosovichev & Fedorova (1991);
Christensen-Dalsgaard et al. (1991). Besides, results for the helium abundance in the convective
envelope are in good agreement with the seismic estimation. The addition of atomic diffusion
leads to a decrease of about 8% from 0.2689 (CSM) to 0.2481 (SSM), in mass fractions. This second
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value is close to the seismic value, estimated at 4HeZC = 0.2485±0.0035 according to Basu & Antia
(1995).
These results confirm that the optimisation, presented in Chapter 4, for atomic diffusion leads
to good results for solar-type stars and also low-mass stars presenting such convective enve-
lope. If differences remain between codes, they can be interpreted as the impact of the choice
of the input physics in each code.

Table 6.4: Results of the calibrations computed for two solar models of STAREVOL and MoMo for
models with (SSM) or without (CSM) atomic diffusion. Xsurf , Ysurf and Zsurf are, respectively the
surface hydrogen, helium and metal mass fractions at the age of the Sun, Zsurf

Xsurf
is the ratio of heavy

element and the hydrogen mass fractions, Xini, Yini, Zini are, respectively the initial hydrogen,
helium and heavy elements mass fraction, αMLT is the mixing length parameter, ∆Y

∆Z is the helium
enhancement ratio and RBCZ and He4ZC are, respectively the radius and the helium mass fraction
at the base of the convective zone.

Model STAREVOL STAREVOL MoMo MoMo
CSM SSM CSM SSM

Xsurf 0.7175 0.7484 0.7278 0.7492
Ysurf 0.2690 0.2481 0.2589 0.2373
Zsurf 0.013446 0.013393 0.013214 0.013562
Zsol
Xsol 0.0187 0.0181 0.0182 0.0181
Xini 0.7175 0.7123 0.7278 0.7169
Yini 0.2690 0.2733 0.2589 0.2681
Zini 0.013446 0.014395 0.013214 0.015008
αMLT 1.6602 1.7727 1.5162 1.6562
∆Y
∆Z
† 1.53 1.73 0.80 1.31

RBCZ
∗ 0.747 0.731 0.746 0.729

4HeCZ
∗∗ 0.2689 0.2481 0.2590 0.2373

Notes.
† Results are obtained using the primordial abundances according to Coc & Vangioni (2017) where
Y0 = 0.2484.
∗ Helioseismic estimations of radius: RBCZ = 0.713 ± 0.003 (Kosovichev & Fedorova 1991;
Christensen-Dalsgaard et al. 1991)
∗∗ Helioseismic estimation of helium in the convective envelope: 4HeZC = 0.2485 ± 0.0035 (Basu
& Antia 1995).

Figure 6.17 shows the profiles of a few main light elements at Xc = 0.35 from the models of
STAREVOL (Left) and MoMo (Right) with and without atomic diffusion in dashed-line and solid
line, respectively. The two codes are in good agreement at a few percent level. Every element is
affected by atomic diffusion, but it is mainly efficient for 1H and 4He at the base of the BCZ. Hydro-
gen is decreased in the core and increased in the envelope while heavier elements mass fractions
are increased in the core and decreased in the envelope. We note that the plateau observed for Li,
in the MoMo code, is due to the total destruction of this element by nuclear reactions. The differ-
ence of the nuclear reactions between the two is at the origin of this specific difference between
STAREVOL and MoMo.
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Figure 6.17: Mass fraction profiles of the main light elements (colour-coded) at solar age (Xc=0.35).
Solid line and dashed line refer to model without and with atomic diffusion, respectively. (Left)
STAREVOL, (Right) MoMo. The blue line indicates the base of the convective envelope.

Finally, Fig. 6.18 shows the diffusion velocities profiles obtained from STAREVOL (with and
without the gradient of concentration) and MoMo at the age of the Sun. Diffusion velocities are
close between the two codes with only a few percents of difference as already seen in Section 6.3.3,
although velocities computed by MoMo are smaller in absolute value than STAREVOL ones, in
particular at the BCZ.
To conclude on this section, the differences between results of the different stellar evolution codes
are of the same order of what was already found in previous comparative studies. For instance,
we have a few percent of difference for the luminosity and the effective temperature between
STAREVOL and MoMo, in agreement of what was obtained by Lebreton et al. (2007) who found
differences of 1-2% for luminosity and effective temperature, comparing six stellar evolution codes.
Concerning surface abundances, for the case of the surface helium abundance we find a difference
between STAREVOL and MoMo of about 5% at Xc = 0.35. Montalbán et al. (2007), comparing
CLES and CESAM stellar evolution codes, found a difference of about 8% for the surface helium
abundance. These differences are in agreement with the results showed in previous Sections of
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Figure 6.18: Diffusion velocities profile (in 0.1nm.s−1) of 4He, 12C, 14N , 16O and 20Ne at Xc =
0.35. STAREVOL (black) and MoMo (green) are reported. Dashed-dotted-lines (dashed-lines)
indicate that the gradient of concentration is (not) considered. The blue line indicates the base of
the convective envelope of STAREVOL model structure.

this Chapter, when testing the formalism for atomic diffusion. It is consequently also the case for
the change of abundances in the star.
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6.5 Population II stars: evolution and structure

The fundamental effects of atomic diffusion have been illustrated in Section 6.4 for Pop. I stars.
Hereafter, we give an overview of the effects at a lower metallicity, i.e. Pop II. stars. A change of
metallicity, at a given mass, leads to important changes along the stellar evolution with, in par-
ticular, a change of opacity. At a given mass, atomic diffusion is expected to be more efficient
and to have a key impact for Pop. II stars as they exhibit higher temperatures than their Pop. I
counterparts. In this section, we computed STAREVOL models for 0.8M� stars with a metallicity
equivalent to [Fe/H] = -1.75, typical of globular clusters low-mass turn-off stars. We have also
access to the results of MoMo code for identical stars (courtesy of O. Richard) that will allow to
continue the comparison.

To compute models at such a metallicity, we computed a new set of initial abundances obtained
from the initial abundances given Tab. 6.4. New initial abundances are given in Tab. 6.5. They are
obtained from the solar calibration realised for our model (see Chapter 7). In particular, it allows
to determine the helium enhancement ratio ∆Y/∆Z (see Section 7.2). From this ratio, we can
determine the abundances corresponding to the value of [Fe/H] required. We also note that, at this
[Fe/H] we applied an α-enhancement (Reddy et al. 2006), [α/Fe] = +0.3 according to Chantereau
et al. (2015).

Table 6.5: Parameters of the Population II, [Fe/H] = −1.75,M = 0.8M� models of STAREVOL
and MoMo for models with (SSM) or without (CSM) atomic diffusion.

Model STAREVOL STAREVOL MoMo MoMo
CSM SSM CSM SSM

Xini 0.7508 0.7508 0.7515 0.7515
Yini 0.2487 0.2487 0.2480 0.2480
Zini 4.00× 10−4 4.23× 10−4 4.00× 10−4 4.00× 10−4

αMLT 1.6602 1.7727 1.5162 1.6562
At the Turn-off (Xc = 10−7)

Xsurf 0.7508 0.8719 0.7515 0.9703
Ysurf 0.2487 0.1279 0.2480 0.030
Zsurf 4.00× 10−4 2.26× 10−4 4.00× 10−4 3.95× 10−5

log L (L�) 0.47 0.46 0.49 0.47
Teff 6474 6351 6474 6333

Age (yrs) 12.78× 109 12.55× 109 12.10× 109 11.62× 109

RBCZ (R∗) 0.888 0.856 0.893 0.889
log TBCZ 5.57 5.66 5.54 5.50

MBCZ (M�) 0.797 0.797 - -

Notes.
Xini, Yini, Zini are, respectively the initial hydrogen, helium and heavy elements mass fraction,
αMLT is the mixing length parameter, Xsurf , Ysurf and Zsurf are, respectively the surface hydrogen,
helium and metal mass fractions at the turn-off, L is the luminosity, Teff the effective temperature
(K), Age is the time at the Turn-off (years), and RBCZ, TBCZ and MBCZ are the radius, the tempera-
ture and the mass at the base of the convective zone at the turn-off.

Fig. 6.19 shows the evolutionary tracks in the HR diagram for Pop. II models of STAREVOL
and MoMo with or without atomic diffusion. As observed for the model of a Solar-like star, models
without atomic diffusion are hotter than models with atomic diffusion. However, models of Pop.
II stars reach hotter temperatures than their Pop I. counterpart and the impact of atomic diffusion
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is more efficient. Indeed, at the Turn-off (i.e. Xc = 10−7), the shift of effective temperature is of
about 140 K and 135 K for STAREVOL and MoMo, respectively. Models from MoMo are hotter
at the surface and in the core, atomic diffusion is then more efficient than in STAREVOL models
but results in similar Teff and L variations. The lifetime is decreased by about 2% and by about 4%
for STAREVOL and MoMo, respectively. This appears in Fig. 6.20 that shows the core hydrogen
decrease with time (Top), the effective temperature evolution (Middle) and the evolution of core
temperature versus core density. We note that if temperatures are higher in the MoMo models
than in STAREVOL along the evolution, at the turn-off, the tracks cross each other.

Figure 6.19: Evolutionary tracks in the Hertzsprung-Russell diagram for Population II stars at
0.8M� and [Fe/H] = -1.75. STAREVOL-Pop.II (black) and MoMo-Pop.II (green) are indicated with
or without atomic diffusion (dashed and solid lines respectively). The STAREVOL-Pop.I counter-
part is also shown in grey for comparison.
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Figure 6.20: (Top) Time evolution of central hydrogen mass fraction (Xc). (Middle) Time evolution
of central helium mass fraction (4Hec). (Bottom) Effective temperature Teff versus Xc. STAREVOL
(black) and MoMo (green) are reported with (dashed-line) or without (solid line) atomic diffusion.

At a given mass, due to hotter temperatures, the convective envelope is shallower and chem-
ical evolution is, consequently, more affected than for Pop.I stars by atomic diffusion. Figure 6.21
shows the relative surface abundance evolution as a function of central hydrogen mass fraction Xc
for STAREVOL and MoMo. Figure 6.21 gives the relative evolution of 4He, 12C, 14N , 16O, 20Ne,
23Na, 24Mg and 27Al. At the turn-off, Tab. 6.6 summarises the relative decrease of several light
elements for STAREVOL and MoMo. Similar results are obtained with MoMo and STAREVOL al-
though the decrease is stronger for MoMo for which we observed a more efficient atomic diffusion
(see temperatures in Tab. 6.5).
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Figure 6.21: Relative variation (decrease) of surface abundances as a function of central hydrogen
mass fraction Xc for 0.8M�, [Fe/H]=-1.75 models for STAREVOL (black) and MoMo (green), for
4He, 12C, 14N , 16O, 20Ne, 23Na, 24Mg and 27Al.

Table 6.6: Relative decrease of surface abundances between the initial abundances and those at
Xc = 10−7 for STAREVOL (left) and MoMo (right).

Xini - XXc=10−7 / Xini (%) STAREVOL MoMo
4He 60 80
12C 62 85
14N 65 85
16O 65 85

20Ne 60 83
23Na 63 84
24Mg 60 80
27Al 66 87
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Chapter 7
Solar calibrated models

In Chapter 3, I defined three different type of stellar models: Classical (CSM), Standard (SSM,
including atomic diffusion) and Non-Standard (NSSM, including atomic diffusion and rotation).
The choice of such or such a type, as well as the choice for the EOS, the opacities or the atmo-
sphere for instance, affects model predictions (radius, temperature, abundances, lifetime, evolu-
tion tracks), see for instance Lebreton et al. (2014a,b). For a given set of input physics, it is usual
to make a solar calibration, or in other words, to reproduce the solar radius and luminosity. The
accuracy of the solar calibration should correspond to the accuracy of the solar radius, luminosity,
and metallicity observational determination. It is done adjusting the mixing length parameter and
the initial helium content (see e.g. Christensen-Dalsgaard 1982; Serenelli 2016). For this work, we
make a solar calibration for each type of model in order to be allowed to confront each of them to
the observations.

7.1 Solar Calibration

All the elements cannot be measured by the way of spectroscopy. For instance, noble gas like
helium or neon cannot be measured in the solar photosphere or confidently measured in mete-
orites (Asplund et al. 2009)1. However, in the Sun, the ratio Z/X can be determined (where X
refers to hydrogen, Y refers to helium and Z refers to metals) at the surface and used to calibrate
stellar models.
A solar calibration consists of reach for a one solar mass model at solar metallicity and solar age
(≈ 4.57Gyr) the luminosity L�, the radiusR� and the (Z/X)� ratio2 of the Sun. When performing
the solar calibration, one has to adjust the helium mass fraction Y to obtain the value of Z/X for
the reference solar mixture, at the age of the sun. However, a change of the helium abundance
leads to a change in the global opacity in the star and to changes in temperature and luminosity
for a same metallicity (Charbonnel & Lebreton 1993; Lebreton et al. 2014a)3. Helium is, indeed,
one of the main contributors to stellar opacity (Blancard et al. 2012).

The calibration is achieved with the help of three free parameters: the initial helium mass frac-
tion (or Yini), the initial ratio Z/Xini and the mixing length parameter (or αMLT). In this calibration
procedure the mixing length parameter αMLT and the initial chemical composition are adjusted

1With the help of helioseismology, a helium solar value in the convective zone has however been measured at Y� =
0.2485± 0.0035 according to Basu & Antia (1995)

2By the mean of this ratio it is possible to infer the relative metal abundance knowing that X+Y+Z=1.
3In the framework of globular cluster stars with [Fe/H]=-1.75, the helium was shown to have a main impact with

hotter temperatures, shorter lifetimes and with an impact on the stellar remnant of metal-weak low-mass stars (see:
Chantereau et al. 2015, 2016, 2017)
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Table 7.1: Solar calibration results for different input physics: Classical Model (CSM - no transport
other than convection), Standard Model (SSM - atomic diffusion) and Non-Standard Model (NSSM
- atomic diffusion and type I rotation-induced transport). When included, rotation in R1 and R1”
models is computed with the prescription Dv from Zahn (1992) and the prescription Dh from
Mathis et al. (2018), and rotation in R2” is computed with the prescription Dv from Talon & Zahn
(1997) and the prescription Dh from Zahn (1992). Models C, D and R1 are the same as in Chapters 8
and 9.

Model Type Abundances Atom. diffusion Rotation Atmosphere α Yini Zini
C’ CSM AGSS09 off off Grey 1.6602 0.2690 0.0135
C” CSM AGSS09 off off KS66 2.1069 0.2686 0.0135
C CSM AY18 off off KS66 2.1100 0.2685 0.0135
D’ SSM AGSS09 on off Grey 1.7727 0.2733 0.0144
D” SSM AGSS09 on off KS66 2.2573 0.2716 0.0141
D SSM AY18 on off KS66 2.2357 0.2679 0.0136

R1” NSSM AGSS09 on on KS66 2.1987 0.2701 0.0139
R2” NSSM AGSS09 on on KS66 2.1787 0.2701 0.0139
R1 NSSM AY18 on on KS66 2.2236 0.2718 0.0142

so as to reproduce the solar radius and the solar luminosity at the age of the Sun (4.57 Gyr) with a
relative accuracy on the difference (luminosity (dL), radius (dR) and Z

X ratio (dZsX)) between the
model prediction at the age of the Sun and the reference values of the Sun. The best calibration is
determined for the set of the three parameters that minimises the three differences by the use of a
χ2 test. The three calibrated values are then used in our stellar models.

We use the following reference solar values:

- Radius R� = 6.9599× 1010 cm (Allen 1976);

- Luminosity L� = 3.846× 1033 erg.s−1 (Bahcall et al. 1995);

- Age = 4.57× 109 yrs (Bahcall et al. 1995);

- (Z/X)� = 0.0181 (Asplund et al. 2009), 0.0188 (Young 2018).

During the PhD thesis, we realised eight solar calibrations for different assumptions, as described
in Tab. 7.1. For each one, we provide the corresponding values of Yini, (Z/X)ini and αMLT.

Table 7.1 gives the input parameters for the calibrations realised for two solar reference abun-
dances: AGSS09 (Asplund et al. 2009) and the solar reference abundance added in STAREVOL
during the PhD thesis, AY18 (Asplund et al. (2009) + Ne from Young 2018). The other ingredients
are as described in Chapter 3. The values of Yini and αMLT are highly impacted by the addition
of atomic diffusion or by the choice of the atmosphere. Indeed, these two parameters impact the
temperature and the luminosity of the star.
Concerning the specific case of NSSM models, we computed two calibrations for two sets of pre-
scription Dh/Dv, and considering AGSS09 abundances. Parameters obtained from the calibration
using the prescriptions Dh: Mathis et al. (2018) / Dv: Zahn (1992) (R1”) and parameters obtained
using the prescriptions Dh: Zahn (1992) / Dv: Talon & Zahn (1997) (R2”) are shown in Tab. 7.1. We
note that the two different prescriptions used to describe the turbulence shear in rotating models
lead to close results. The impact is negligible on the calibration parameters, and we then keep the
calibration corresponding to the model with Dh: Mathis et al. (2018)/Dv: Zahn (1992) (R1) for all
the models including rotation.
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7.2 A few elements of comparison: CSM, SSM and NSSM models

As each type of models is now calibrated (see detailed parameters of each model in Tab. 7.2), it
is possible to give a brief view of the effects of the different inputs of physics on a solar model. We
are using the solar abundances of Asplund et al. (2009) with the enhancement of Ne abundance
according to Young (2018): we refer to this mixture as AY18 (see Section 3.5).
Calibrations with a grey atmosphere were done during the phase of implementation and valida-
tion of the atomic diffusion (Chapter 6) and are not shown here. The choice of an analytical T (τ)
relation for the atmosphere as the Krishna Swamy (1966, KS66) one leads mainly to an increase of
the MLT parameter for the solar calibration and to a shift of temperature during the PMS and the
MS as seen in Fig. 3.4, Section 3.8. These results4 are in agreement with previous studies from, for
instance, VandenBerg et al. (2008) and Amard et al. (2019).
Hereafter, I give a few elements of comparison between the models.

Figure 7.1: Evolutionary tracks in the Hertzsprung-Russell diagram for the calibrated C model
(black line), D (Atomic diffusion, red line) model and R1 (Rotation+Atomic diffusion, blue line)
model computed using input parameters of Tab. 7.1.

Fig 7.1 gives the evolutionary tracks in the Hertzsprung-Russell diagram for the three types of
models with KS66 atmosphere and AY18 abundances. At the age of the Sun, and because of the
solar calibration, tracks cross each others, but before and after this age, effects of the involved
physics are visible. At the turn-off, Fig. 7.1 shows: i) a shift to a lower effective temperature when
one adds the atomic diffusion; ii) a shift to a higher effective temperature when one adds the rota-
tion.

4The key impact of the choice of atmosphere for PMS and Giant phases is also highlighted with the changes in the
surface temperature as observed in Fig. 3.4, see also for instance works from Choi et al. (2018); Salaris et al. (2018).
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Besides, as expected from the settling of helium towards deeper layers of the star, the helium
abundance at the surface is smaller when atomic diffusion is activated (see Fig. 7.2). It leads to an

Model D

Model R1

(Dh:Mathis18/Dv:Za92)

Model R2

(Dh:Za92/Dv:TZ97)

Figure 7.2: Relative Surface abundances evolution of 4He, 12C, 14N , 16O and 20Ne versus the mass
fraction of central hydrogen for solar models. The D, R1 and R2 models are represented in red,
blue and magenta, respectively.

increase of the opacity in the external layers and hence to a shift towards a colder part of the HR di-
agram in Fig. 7.1. Close to the turn-off, the standard model displays a lower effective temperature
than the classical one (≈ −40K). The non-standard model exhibits an intermediate effective tem-
perature (≈ −20K). The NSSM model appears between the two others models due to the effects of
rotational-mixing that counteract atomic diffusion. It leads to a larger surface helium abundance
(Fig. 7.2) and to a higher effective temperature (Fig. 7.1) than in the SSM. The predictions for the
evolution of the surface abundance of 4He, 12C, 14N , 16O and 20Ne are shown as a function of
the central hydrogen mass fraction Xc in Fig. 7.2. The model C model is not represented as there
is no transport in the radiative zone. The red line shows the evolution of the surface element
abundances when considering only atomic diffusion and the blue (magenta) line shows the evolu-
tion of the surface element abundances when considering atomic diffusion and rotation R1 (R25).
Atomic diffusion leads to a strong decrease of the abundances at the surface of about 10% at the
age of the Sun (and of about 15% at the turn-off). Adding rotation leads to a lower decrease of the
abundances of about 6% (3%) for 4He and of about 5% (1%) for R1 (R2) model. The vertical shear
diffusivity defined by TZ97 is stronger than the one defined by Za92 (see Chapter 8) and leads to
a weaker decrease of surface element abundances.

5R2 includes the prescription Dv from Talon & Zahn (1997) and the prescription Dh from Zahn (1992) but the cali-
bration parameters of model R1.
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Table 7.2: Results of the calibrations for the three models C, D and R1 and adopted observational
data for the Sun. Xsurf , Ysurf and Zsurf are, respectively the surface hydrogen, helium and metal
mass fractions at the age of the Sun, Zsurf

Xsurf
is the ratio of heavy element and the hydrogen mass

fractions, Teff is the effective temperature (K), Tc and ρc are, respectively the temperature and the
density in the centre at solar age, dR is the relative radius difference, dL is the relative luminosity
difference, dZsX is the relative Zsurf

Xsurf
difference, Xini, Yini, Zini are, respectively the initial hydrogen,

helium and heavy elements mass fraction, αMLT is the mixing length parameter, ∆Y
∆Z is the helium

enhancement ratio4 and Rbcz, Tbcz and 4Hezc are, respectively the radius, the temperature and the
helium mass fraction at the base of the convective envelope.

Model Sun C D R1
Abundances - AY18 AY18 AY18
Atmosphere - KS66 KS66 KS66

Atomic diffusion - off on on
Rotation - off off Dh: Mathis 18 / Dv: Zahn 92
Xsurf 0.7381 1 0.7179 0.7396 0.7306
Ysurf 0.2485 2 0.2685 0.2465 0.2557
Zsurf 0.0134 1 / 0.0139 3 0.0134 0.0139 0.0137
Zsurf
Xsurf

0.0188 3 0.0188 0.0187 0.0188
Teff 5777 K 5775 K 5777 K 5778 K
Tc - 1.536e7 1.550e7 1.547e7
ρc - 149 153 152
dR - 10−6 2.1× 10−3 6.3× 10−4

dL - 10−6 1.3× 10−3 3.0× 10−5

dZsX - - 8.2× 10−5 5.3× 10−5

Xini - 0.7180 0.7140 0.7139
Yini - 0.2685 0.2716 0.2718
Zini - 0.013446 0.014451 0.014227
αMLT - 2.1100 2.2600 2.2236
∆Y
∆Z

? - 1.50 1.61 1.65
Rbcz 0.713 ±0.003 4 0.742 0.731 0.731

log Tbcz - 6.28 6.29 6.30
4Hezc 0.2485 ±0.0035 2 0.2685 0.2466 0.2558

Notes.
1 Asplund et al. (2009)
2 Helioseismic estimation in the convective zone to Basu & Antia (1995)
3 Young (2018)
4 Helioseismic estimations according to Kosovichev & Fedorova (1991), Christensen-Dalsgaard
et al. (1991)
? The results are obtained using the primordial abundances according to Coc & Vangioni (2017)
where Y0 = 0.2484 (see details in text).

Table 7.2 gives all the quantities for the three models C, D and R1.
Model D, with atomic diffusion, has a deeper convective envelope than C model. Rbcz : 0.742R�
and 0.731R� for model C and model D, respectively. This, has to be compared to the seismic es-
timation of about 0.713R�. Similarly, for 4Hezc, we obtained for the mass fraction: 0.2685 and
0.2466 for model C and model D, respectively, to be compared to the seismic estimation of about
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0.2485. As already shown in Chapter 6, taking into account atomic diffusion is a fundamental step
to the correct modelling of the Sun and of solar-type stars (see also for instance Richard et al. 1998;
Turcotte et al. 1998b; Michaud et al. 2015).

When adding rotation, in consequence of rotational-mixing, the effects of atomic diffusion are
counterbalanced and it results of an intermediate value of helium mass fraction in the convection
zone at about 0.2558 for model R1. This value is quite higher than the measured solar value but it
remains acceptable within the framework of our work. As described in Chapters 4 and 6, atomic
diffusion and rotation also lead to changes in the structure and evolution of the star.

Finally, Tab. 7.2 gives also the helium enhancement ratio as a function of the metallicity ∆Y
∆Z with

the help of the helium primordial abundance provided by Coc & Vangioni (2017)6. This ratio al-
lows to obtain an estimate for the current helium abundance of a star with respect to its metal
abundance, and it accounts for the chemical galactic evolution in the interstellar medium (Val-
carce et al. 2013; Lebreton et al. 2014a). Depending on the physics used, the helium enhancement
will change and regarding the main effect of helium abundance on stellar evolution, it is of a main
importance when studying stars with metallicities different from the solar one (see for instance
Salaris et al. 2000; Portinari et al. 2010). Then, the estimate of helium can be biased in models that
do not include both atomic diffusion and rotation, because of different value for the ratio ∆Y

∆Z .

Table 7.3 gives the differences between models C, D and R1, at three different evolutionary steps
of the solar evolution. The model with atomic diffusion (D; SSM) exhibits at each step of evolution
a higher Tbcz and a deeper convection zone than the C (CSM) model. When including rotation,
we find intermediate values. Also, as already seen in Chapter 6, we find a shorter duration of
the core H-burning phase when including atomic diffusion but the addition of rotation increases
this duration as the result of opposite transport of elements than atomic diffusion. The lifetime
is mainly affected by the atomic diffusion. The age at the turn-off is decreased by about 2.5 %
when activating the atomic diffusion and by about 2.2 % when activating atomic diffusion and
rotation. These results agree with the increased of luminosity observed in Fig. 7.1 for the case
with only atomic diffusion of the SSM (model D). Indeed, it results of the transport of hydrogen
to external layers, leading to a decrease of the central hydrogen abundance (or Xc). The lifetime is
consequently smaller. However, when considering the rotation, the effects of atomic diffusion are
weaker and more hydrogen is available in the core allowing a longer duration of the MS.

6 ∆Y
∆Z

= Yini−Y0
Zini

where Y0 = 0.2484 is the primordial helium abundance.
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7.2. A few elements of comparison: CSM, SSM and NSSM models

Table 7.3: Effective temperature Teff , radius at the base of the convective envelope Rbcz, tempera-
ture at the base of the convective envelope Tbcz, mass at the base of the convective envelope Mbcz

corresponding to the CSM, SSM and NSSM models. (Top) ZAMS. (Middle) Solar age. (Bottom)
Turn-off with also the indication of age. (ZAMS: defined either by a central mass fraction of hy-
drogen Xc decreased by 0.6% compared to its surface value or by a core temperature that has reach
3× 107, Solar age: 4.57 Gyrs and Turn-off is defined when Xc < 10−7)

At ZAMS C D R1
Teff (K) 5622 5651 5641
Rbcz 0.745 0.740 0.738

log Tbcz 6.32 6.34 6.34
Mbcz 0.979 0.976 0.976

At Solar age C D R1
Teff (K) 5775 5777 5778
Rbcz 0.742 0.731 0.731

log Tbcz 6.28 6.29 6.30
Mbcz 0.983 0.980 0.981

At Turn-off C D R1
Age 10.58 10.30 10.33

Teff (K) 5759 5717 5740
Rbcz 0.708 0.680 0.681

log Tbcz 6.19 6.24 6.24
Mbcz 0.980 0.973 0.976

Finally, Fig 7.3 shows the mass fraction profiles of a few light elements as a function of the
mass coordinate for a star at the turn-off for the three types of model. The chemical transport
is illustrated between the three types of models. Due to atomic diffusion, hydrogen is increased
at the surface of the star and heavy elements are decreased. As seen previously, the effects are
mainly visible at the core where heavy elements and helium are transported and at the base of
the convective envelope where hydrogen is transported. Besides, rotation has a weak effect on
the profiles in the radiative interior, and its effects can only be seen at the base of the convective
envelope.

In this Chapter, we described the solar calibrations realised during the PhD thesis for the three
types of models (CSM, SSM and NSSM). We briefly discussed the impact of atomic diffusion
and rotation on the structure and evolution of a 1M�, and confirmed results from the literature.
If the addition of atomic diffusion appears necessary to reproduce the helioseismic constraints,
like the size of the convective envelope or the helium amount in the convective envelope, it
is necessary to consider rotation and its effects in order to counteract the strong pure effect of
atomic diffusion. The combined effect is important, in particular, at the base of the convection
zone where dynamical processes and instabilities are best seen. For the commings Chapters,
we will then focus on the NSSM models that include both processes and the more complete
stellar modelling.
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He4

H1

Figure 7.3: Mass fraction profiles of the CSM (full line), SSM (dashed-line) and NSSM-R1 (dotted-
dashed line) models at the turn-off. (Top) 1H (orange), 4He (black). (Middle) 12C (red), 14N (light
green), 16O (light blue) and 20Ne (pink). (Bottom) 16O (light blue), 23Na (magenta), 24Mg (green)
and 27Al (purple). The blue vertical dashed line delimits the radiative zone and the convective
zone of the CSM model.
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Chapter 8
Lithium depletion and transport of
angular momentum in solar-type stars

In Chapter 1, we described the observational constraints on the surface Li abundance and on
rotational evolution. In Chapter 2, we saw that the evolution of Li in different range of mass or
age gives rise to several discrepancies between observations and models predictions.

In this Chapter, we present the results obtained by confronting the observational data described
in Chapter 1 to models including combinations of dynamical processes that transport chemicals
and angular momentum in solar-type stars. Our results were published in Dumont et al. (2021)
(Astronomy&Astrophysics; see Section 8.2). In order to introduce this work, I will firstly give a
few preliminary elements in Section 8.1.

8.1 Preliminary work

I computed and compared six different STAREVOL models: one CSM model (C), one SSM
model (D) and four NSSM models1. Those NSSM models include different prescriptions for hor-
izontal and vertical shear diffusivities, as described in Tab. 8.12 They are referred as R1, R2, R3
and R4. They are all computed with magnetic braking from Matt et al. (2015a) (m=0.22, p=2.1,
χ = 14, K = 7.5× 1030 erg), disc coupling timescale of 2.5 Myr and with initial angular velocity of
Ωsurf = 1.60× 10−5s−1.

Table 8.1: Prescriptions for horizontal and vertical shear diffusivities

Name Prescription Dh Prescription Dv

R1 Mathis et al. (2018) - Mathis18 Zahn (1992) - Za92
R2 Zahn (1992) - Za92 Talon & Zahn (1997) - TZ97
R3 Mathis et al. (2004) - MPZ04 Zahn (1992) - Za92
R4 Mathis et al. (2004) - MPZ04 Talon & Zahn (1997) - TZ97

Figure 8.1 shows the results obtained for the six models as a function of time. The top-panel gives

1CSM: Classical Stellar Model, SSM: Standard Stellar Model, NSSM: Non-Standard Stellar Model.
2As pointed out by Amard (2016), when considering the Dh prescription from Mathis et al. (2018) and the Dv pre-

scription from Talon & Zahn (1997), the two coefficients are interdependent. The result is that the diffusion coefficient
of horizontal turbulence and the diffusion coefficient of vertical turbulence are of the same order. Consequently, the
assumption of turbulence anisotropy is not true any more. Then these two prescriptions are currently not compatible
and not tested here.
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SOLAR-TYPE STARS

Figure 8.1: (Top) Li surface abundance evolution with time for the CSM (C), SSM (D) and NSSM
(R1, R2, R3 and R4) models (colour-coded). Individual points are data for solar twins (Carlos et al.
2019). Boxes are for Li observations of solar-mass stars in different open clusters (Sestito & Randich
2005; Carlos et al. 2020) with ages from Bossini et al. (2019)). The numbers 1 to 10 identify the
clusters [1) NGC 2264, 2) IC2391, IC2602 and IC4665, 3) α Per, Pleiades and Blanco I, 4) NGC2516,
5) M34, 6) NGC6475, 7) M35, 8) Praesepe and NGC6633, 9) NGC752 and 10) M67] and the color-
boxes indicate their [Fe/H] value (Netopil et al. 2016, : pink: -0.17 to -0.05; grey: -0.05 to 0.05; light
blue: 0.05 to 0.16). (Bottom) Evolution of the angular velocity (in solar units; Ω� = 2.86x10−6s−1)
versus the age for R1, R2, R3 and R4 models. The observational data comes from Gallet & Bouvier
(2015) except the four stars of M67 that comes from Barnes et al. (2016). Crosses are for individual
stars; open diamonds show the 50th percentiles of the observed rotational distribution in each
cluster.

the surface Li abundance, the bottom-panel gives the surface and mean internal angular velocity;
observational data are the same as described in Fig. 1.3.
The light depletion, between 3× 106 and 2− 3× 107 years, is due to the high temperature reached
in the convective zone during the PMS phase that allows to burn Li. When rotation is consiedered,
transport of matter develops in the radiative zone. Li is transported toward hotter layers of the
stars and is burned. The transport takes place, in particular, at the end of the PMS, when differ-
ential rotation becomes important between the surface and the core as observed in Fig. 8.1. This
induces Li depletion on the MS in addition to the PMS one.

The main difference between the four rotation models is due to the choice of Dv prescription that
dominates the transport of chemicals. The vertical shear coefficient by Talon & Zahn (1997) drives a
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8.1. Preliminary work

too strong Li-depletion due to a strong differential rotation (models R2 and R4). Figure 8.2 shows
the profile of the total transport coefficient Dtot = Deff + Dv at 8 × 107 years. Dtot is, indeed,
stronger for models R2 and R4 than for models R1 and R3. When using the vertical shear coeffi-
cient by Zahn (1992) (models R1 and R3), at the opposite, the Li-depletion is too weak.

Besides, in all cases, the coupling between surface and core is too weak, or in other words, the

Figure 8.2: Profiles of the logarithm of the total transport coefficient Dtot = Deff + Dv at 8 × 107

years. Hatched areas correspond to convective regions.

surface angular velocity is very slow compared to the core angular velocity, and the angular ve-
locity is far from the flat solar rotation profile at the age of the Sun. It is confirmed in Fig. 8.3
that shows the rotation profiles of the NSSM-R1 model at four different phases: ZAMS, Sun-Age,
Turn-off and 11.5 Gyrs (RGB). At the age of the Sun, the model predicts a fast rotating core and a
slow rotating surface, in contradiction with observational data. Moreover, on the RGB the same
model predicts a very steep rotation profile (fast rotating core) due to the contraction of the core at
the end of the MS. It is also in contradiction with the analysis of mixed modes in solar-mass SGB
and RGB presenting solar-like oscillations that shows a low degree of radial differential rotation in
the core indicating that the strong coupling found at the solar age is essentially maintained during
further evolution (Eggenberger et al. 2012b, 2017, 2019a; Mathis et al. 2018; Aerts et al. 2019).
Finally, if the Li evolution before the ZAMS (≈ 100 Myr) is unaffected by rotational mixing as al-
ready pointed out by Amard et al. (2016), the choice of the shear diffusivities strongly impact the
MS surface evolution of Li. However, whatever the choice of rotational prescription, in regard to
the observational data, the results of NSSM models highlight the need of additional dynamical
processes to transport both chemical elements and angular momentum.
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Figure 8.3: Angular velocity profiles function of the relative mass fraction for the NSSM-R1 model.
Profiles are represented at ZAMS, Sun-Age, Turn-off and 11.5 Gyrs (Giant branch) and the mass at
the base of the convective zone is indicated with dashed line (colour-coded).

8.2 Dumont et al. (2021, A&A, 646, A48)

In Dumont et al. (2021), we focused on solar-type stars. We tested different rotational prescrip-
tions and dynamical processes to transport chemicals and angular momentum. We showed that
the inclusion of rotational dependent overshoot as proposed by Augustson & Mathis (2019) is a
key process to transport chemicals along the PMS. However, the reproduction of the depletion of
Li abundance in the MS, as observed in solar-type stars, and of the rotational profile of the Sun can
only be achieved when adding additional transport processes (for R1 models): one for chemicals
and one for angular momentum.

We determined a model with an optimal combination of prescriptions to reproduce simultane-
ously the surface Li abundance with age, the surface angular velocity with age and an almost
flat rotation profile at the age of the Sun. This model involves three additional transports in the
NSSM model: the overshoot process by Augustson & Mathis (2019), an additional turbulence for
chemicals as proposed by Richer et al. (2000) and Richard et al. (2005), and an additional viscosity
for angular momentum (νadd) as proposed by Eggenberger et al. (2012b, 2019b). We determined a
value for the additional viscosity of νadd = 3.5 × 104 cm2.s−1 that allows to reproduce the almost
flat rotation profile of the Sun (see Fig.8.4 that shows the angular velocity profile at the age of
the Sun for a model R1 for different efficiency of the additional viscosity ν). Figure 8.5 shows the
results obtained with the optimal model called νR1T6.425

A , computed for three different initial rota-
tion periods: 1.6, 4.5, and 9.0 days, referred to as the fast (F ), median (M ), and slow (S) rotating
models. Our optimal model reproduces well the observations (see the discussion in Dumont et al.
2021)3.
In addition, for the first time, we computed self-consistently the tachocline thickness and found
a good agreement with helioseismic estimation (Elliott & Gough 1999), although the resulting

3See also the resulting surface abundances for 4He and 12C for the different models tested in Fig. 8.6.
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Prescription : Mathis18/Za92

Atomic diffusion, Median rotation

Solar Age

Figure 8.4: Angular velocity profiles versus the radius at solar age for model R1 computed with
different values of additional viscosity νadd. The blue line indicates the base of the convective
envelope.

tachocline mixing stays too weak to reproduce Li abundance in solar-type stars. It is thus not in-
cluded in our optimal model.
Finally, the Sun appears to be Li-poor compared to observational data of solar twins confirming
that the Sun might not be the best benchmark for solar-type stars (Randich 2009; Carlos et al. 2020).
A weaker parametric turbulence is needed when considering the solar twins in place of the Sun.
We obtained model νR1T6.42

A in Fig. 8.5. Finally, we note that the different processes included in
our optimal model leads also to change in the surface abundances of the others elements. Fig-
ure 8.6 gives the relative variations (decrease) of surface abundances for 4He and 12C as a function
of age for the different models tested in Chapter 8. This shows the strong effect of pure atomic dif-
fusion, then counteracted by rotation and by the additional processes added in our optimal model
M
ν R1T6.425

A .
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Figure 8.5: Same as Fig. 8.1 with the same C, D and R1 model as Fig. 8.1 and with the addition of the
optimal model (νR1T6.425

A ) computed for three different initial velocities (F : fast, M : median and
S: slow). The optimal model includes overshoot as proposed by Augustson & Mathis (2019): A,
parametric turbulence as proposed by Richer et al. (2000) and Richard et al. (2005): T6.425 (T6.42
for solar twins), and additional viscosity νadd as proposed by Eggenberger et al. (2012b, 2019b):
ν. The orange dots refer to the four ages at which the diffusion coefficient profiles are shown in
Fig. 7 in Dumont et al. (2021). The red, black, and blue open squares show the 25th, 50th and 90th
percentiles of the observed rotational distributions in each cluster.
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8.2. Dumont et al. (2021, A&A, 646, A48)

Figure 8.6: Relative variations (decrease) of surface abundances for 4He and 12C as a function of
age for C, D, MR1, Mν R1A, Mν R1T6.425

A , SνR1T6.425
A , Fν R1T6.425

A and M
ν R1T6.42

A models.
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ABSTRACT

Context. Transport processes occurring in the radiative interior of solar-type stars are evidenced by the surface variation of light
elements, in particular 7Li, and the evolution of their rotation rates. For the Sun, inversions of helioseismic data indicate that the
radial profile of angular velocity in its radiative zone is nearly uniform, which implies the existence of angular momentum transport
mechanisms that are efficient over evolutionary timescales. While there are many independent transport models for angular momen-
tum and chemical species, there is a lack of self-consistent theories that permit stellar evolution models to simultaneously match the
present-day observations of solar lithium abundances and radial rotation profiles.
Aims. We explore how additional transport processes can improve the agreement between evolutionary models of rotating stars and
observations for 7Li depletion, the rotation evolution of solar-type stars, and the solar rotation profile.
Methods. Models of solar-type stars are computed including atomic diffusion and rotation-induced mixing with the code STAREVOL.
We explore different additional transport processes for chemicals and for angular momentum such as penetrative convection,
tachocline mixing, and additional turbulence. We constrain the resulting models by simultaneously using the evolution of the sur-
face rotation rate and 7Li abundance in the solar-type stars of open clusters with different ages, and the solar surface and internal
rotation profile as inverted from helioseismology when our models reach the age of the Sun.
Results. We show the relevance of penetrative convection for the depletion of 7Li in pre-main sequence and early main sequence
stars. The rotational dependence of the depth of penetrative convection yields an anti-correlation between the initial rotation rate and
7Li depletion in our models of solar-type stars that is in agreement with the observed trend. Simultaneously, the addition of an ad hoc
vertical viscosity νadd leads to efficient transport of angular momentum between the core and the envelope during the main sequence
evolution and to solar-type models that match the observed profile of the Sun. We also self-consistently compute for the first time the
thickness of the tachocline and find that it is compatible with helioseismic estimations at the age of the Sun, but we highlight that the
associated turbulence does not allow the observed 7Li depletion to be reproduced. The main sequence depletion of 7Li in solar-type
stars is only reproduced when adding a parametric turbulent mixing below the convective envelope.
Conclusions. The need for additional transport processes in stellar evolution models for both chemicals and angular momentum in
addition to atomic diffusion, meridional circulation, and turbulent shear is confirmed. We identify the rotational dependence of the
penetrative convection as a key process. Two additional and distinct parametric turbulent mixing processes (one for angular momen-
tum and one for chemicals) are required to simultaneously explain the observed surface 7Li depletion and the solar internal rotation
profile. We highlight the need of additional constraints for the internal rotation of young solar-type stars and also for the beryllium
abundances of open clusters in order to test our predictions.

Key words. stars: abundances – stars: rotation – stars: interiors – stars: evolution – stars: solar-type

1. Introduction

Solar-type stars (e.g., stars with an initial mass of 1 ± 0.1 M�
and a value of [Fe/H] = 0 ± 0.2 dex, but possibly not the same
age as the Sun) have been extensively used to constrain and
study transport processes of chemicals and angular momentum
in stellar interiors (e.g., Pinsonneault et al. 1989; Zahn 1992;
Richard et al. 1996; Talon et al. 2002; Talon & Charbonnel
2003, 2005; Eggenberger et al. 2005, 2019a; Charbonnel & Talon
2008; Castro et al. 2009; Amard et al. 2016; Baraffe et al. 2017).
Currently the main challenge is to simultaneously explain
the time evolution of their photospheric 7Li (hereafter Li)
abundances, and of the rotation of their surface and interior.

Several hints point to rotation-induced transport and mixing pro-
cesses as the cause for Li depletion in the Sun and in main
sequence (MS) solar-type stars (e.g., Lebreton & Maeder 1987;
Pinsonneault et al. 1990; Charbonnel et al. 1992; Richard et al.
1996; Do Nascimento et al. 2009), although other mechanisms
have been invoked, such as penetrative convection (Böhm 1963;
Schlattl & Weiss 1999; Baraffe et al. 2017; Jørgensen & Weiss
2018); tachocline mixing (Brun et al. 1999); mass loss (Guzik &
Mussack 2010); planet accretion (Montalbán & Rebolo 2002);
and mixing by internal gravity waves (Montalban 1994). On the
other hand, the currently available prescriptions for anisotropic
turbulence and meridional circulation that are induced by rota-
tion and that transport both chemicals and angular momentum
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fail to reproduce the internal rotation rates evidenced by helio-
and asteroseismology (e.g., Mosser et al. 2012; Deheuvels et al.
2012, 2014, 2015, 2020; Ceillier et al. 2013; Marques et al.
2013; Benomar et al. 2015; Eggenberger et al. 2017, 2019a;
Gehan et al. 2018; García & Ballot 2019; Mathis et al. 2018;
Amard et al. 2019; Aerts et al. 2019). More efficient mech-
anisms are required for the transport of angular momentum,
which could be driven by internal gravity waves or magnetic
processes and instabilities (e.g., Schatzman 1993; Spruit 2002;
Charbonnel & Talon 2005; Mathis & Zahn 2005; Eggenberger
et al. 2005, 2010, 2019b,c; Denissenkov et al. 2010; Charbonnel
et al. 2013; Belkacem et al. 2015; Pinçon et al. 2017; Fuller et al.
2019). These mechanisms also impact the transport of chemicals
induced by rotation and influence the way Li is depleted with
time in solar-type stars (e.g., Charbonnel & Talon 2005; Talon
& Charbonnel 2005).

In this work we explore the possibilities to reproduce simul-
taneously the chemical and rotational constraints for solar-type
stars along their evolution up to the end of the MS. In Sect. 2 we
present the observational data that we aim to account for with
our stellar evolution models. In Sect. 3 we describe the input
physics of the models and recall the state-of-the-art expressions
from the literature for the different transport processes imple-
mented in the stellar evolution code STAREVOL, and tested in
this work. In Sect. 4 we compare the predictions of the so-called
Type I models for rotating stars (which only include meridional
circulation, shear induced turbulence, and atomic diffusion) to
the observational constraints for solar-type stars over a broad age
range. In Sect. 5 we probe for effects of penetrative convection
and tachocline turbulence using for the first time some rotation-
dependent prescriptions. This allows us to quantify the efficiency
of still missing processes that we simulate in the form of a verti-
cal diffusivity for the transport of angular momentum, and of an
ad hoc turbulence for the transport of chemicals. We summarise
our results and conclude in Sect. 6.

2. Observational constraints

To best constrain the physics at play in the interior of solar-type
stars along their evolution up to the MS turnoff, we use both
chemical and rotational data.

2.1. Lithium abundances

Lithium has long been claimed to be a useful and constrain-
ing element that can be used to understand the transport
of chemicals and of angular momentum in stellar interiors
(e.g., Wallerstein & Conti 1969; Boesgaard 1976; Vauclair et al.
1978; Spite & Spite 1982; Baglin et al. 1985; Vauclair 1988;
Lebreton & Maeder 1987; Baglin & Lebreton 1990; Boesgaard
1991; Charbonnel et al. 1992, 1994; Deliyannis et al. 2000;
Montalban & Schatzman 1996; Montalbán & Schatzman 2000;
Piau & Turck-Chièze 2002; Charbonnel & Talon 2005; Talon &
Charbonnel 2010). Because of its relatively low burning temp-
erature (∼2.5 MK, close to the temperature at the base of the con-
vective zone in solar-type stars), Li is indeed easily destroyed by
proton capture in stellar interiors. According to classical stellar
evolution theory, this destruction is expected to manifest itself
at the surface of solar-type stars during the pre-main sequence
(PMS) in the form of a decrease in the surface Li abundance.
Classical models that include no transport processes beyond con-
vection predict no further surface Li variation until the first
dredge-up episode when the stars evolve towards the red giant
branch.

Spectroscopic observations, however, show that the abun-
dance of lithium at the surface of field and open cluster
solar-type stars decreases along the main sequence (e.g., King
et al. 1997; Sestito & Randich 2005; Chen & Zhao 2006; Takeda
et al. 2010; Smiljanic et al. 2011; Xing & Xing 2012; Delgado
Mena et al. 2014; Waite et al. 2017; Cummings et al. 2017;
Beck et al. 2017; Harutyunyan et al. 2018; Carlos et al. 2020).
In the case of the Sun, Li has decreased from its original (i.e.
meteoritic) value of A(7Li) = 3.311 down to A(7Li) = 1.05
(Greenstein & Richardson 1951; Schwarzschild et al. 1957;
Asplund et al. 2009). Solar twins (solar-type stars with ages
close to that of the Sun, i.e. 4.6 ± 0.5 Gyr) all present signifi-
cant Li depletion, with non-negligible dispersion, and with the
Sun being among the most Li-depleted (e.g., Takeda et al. 2007;
Meléndez & Ramírez 2007; Carlos et al. 2019).

In this work we use a consistent set of lithium abundances
provided by Sestito & Randich (2005) for a group of open clus-
ters with [Fe/H] between −0.21 and +0.14 dex: NGC 2264,
IC 2391, IC 2602, IC 4665, α Per, Pleiades, Blanco I, NGC 2516,
M 34, NGC 6475, M 35, Praesepe, NGC 6633, and NGC 752.
We identify the solar-type stars as those that have an effective
temperature as derived by Sestito & Randich (2005), corre-
sponding to the effective temperature ±100 K of our model
including atomic diffusion and rotation at the age of the corre-
sponding cluster. We assume the cluster ages given by Bossini
et al. (2019). Given the relatively large uncertainty on actual age
determination, this slight inconsistency with the ages that would
be derived with our models should not affect our conclusions. In
Fig. 1 (also appearing in Figs. 2, 3, 6, and 8) we show the corre-
sponding Li range for the solar-type stars with the observational
boxes, and indicate the age uncertainty for each cluster. We also
consider and show the Li data for M 67 and field solar twins by
Carlos et al. (2019, 2020).

2.2. Surface and internal rotation

2.2.1. Surface rotation

Many observations exist of the rotation rates of solar-type
stars of different ages (e.g., Stauffer & Hartmann 1986;
McQuillan et al. 2014; García et al. 2014; Gallet & Bouvier
2015; dos Santos et al. 2016; Lorenzo-Oliveira et al. 2020).
They clearly establish that the surface rotation of these stars
evolves with time under the effect of multiple processes. Mag-
netic interactions between the star and its accretion disc early
on the PMS and later with its wind are successfully invoked to
explain the evolution and the dispersion of the rotation periods
provided by photometric surveys (e.g., Matt et al. 2015; Amard
et al. 2016; Gallet et al. 2019, and references therein).

To constrain the surface rotation of the models we use the
observational data set gathered by Gallet & Bouvier (2015) for a
large number of solar-type stars in open clusters of various ages.
We also use the data from Barnes et al. (2016) for a subsample
of four stars of M67, selected because their magnitudes are close
to the solar value, with a magnitude B − V ∈ [0.6; 0.7].

2.2.2. Internal rotation

The internal rotation of the Sun is constrained by helioseis-
mology. It is assumed to be similar for other solar-type stars,
and asteroseismology constrains it for stars in more advanced

1 A(X) = log10(NX/NH) + 12 (where NX is the number density of ele-
ment X).
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evolutionary stages beyond the MS (i.e. subgiant and red giant
stars; e.g., Mosser et al. 2012; Deheuvels et al. 2012, 2014, 2015;
Benomar et al. 2015; Gehan et al. 2018; García & Ballot 2019).
The analysis of p-modes gives access to the rotation profile of
the Sun between about R = 0.2 R� and the surface (Kosovichev
1988; Elsworth et al. 1995; Thompson et al. 2003; Mathur et al.
2008; Eff-Darwich et al. 2008). The inverted rotation profile is
compatible with solid-body rotation in the radiative zone. More-
over, the analysis of mixed modes in solar-mass subgiant and
red giant stars (hereafter SGB and RGB) presenting solar-like
oscillations also points to a low degree of radial differential rota-
tion in the core indicating that the strong coupling found at
the solar age is essentially maintained during further evolution
(Eggenberger et al. 2017, 2019a; Mathis et al. 2018; Aerts et al.
2019). No observational clue exists yet regarding the structure of
the internal rotation during the PMS and the early MS evolution,
although there are hints that the quasi solid-body rotation of the
solar interior may not be an exception from the analysis of aster-
oseismic data for solar-type stars (Nielsen et al. 2014) and for F
to late G main sequence stars (Benomar et al. 2015).

We thus require that our best models reach an internal rota-
tion profile similar to the solar profile at the age of the Sun as this
is basically the only proper constraint for the phases investigated
in this paper. For this profile we use the results of the inversion
of MDI-GOLF-GONG2 data by Eff-Darwich et al. (2008).

3. Stellar evolution models

We use an updated version of the stellar evolution code
STAREVOL (for general information and previous versions, see
Siess et al. 2000; Palacios et al. 2006; Decressin et al. 2009;
Lagarde et al. 2012; Amard et al. 2019). All our models are
evolved without accretion starting prior to the deuterium birth-
line on the PMS from initial structures corresponding to homo-
geneous polytropes. This sets the time zero of our computations.

3.1. Input physics

We adopt the solar reference abundances from Asplund et al.
(2009) including the enhancement of neon recommended by
Young (2018) as reported in Table 1. The opacities are interpo-
lated within the OPAL opacity tables (Iglesias & Rogers 1996)
when T > 8000 K and the low-temperature opacity tables from
the Wichita opacity database when T < 8000 K (Ferguson, priv.
comm.) that are fully consistent with the adopted solar reference
abundances.

The equation of state is analytical and follows Eggleton et al.
(1973) and Pols et al. (1995), as described in Siess et al. (2000).
We use the nuclear reactions rates from the NACRE2 database
generated using the NetGen web interface (Xu et al. 2013a,b).

In the current version of STAREVOL the full set of stel-
lar structure equations is solved for the whole star; there is no
decoupling between the interior and the envelope (where the
diffusion approximation becomes valid). The surface boundary
conditions are treated using the Hopf function q(τ), which pro-
vides a correction to the grey approximation (see Hopf 1930;

2 MDI: Michelson Doppler Imager (Scherrer et al. 1995), GOLF:
Global Oscillations at Low Frequencies (Gabriel et al. 1995). These
instruments are on board the SOlar and Heliospheric Observatory
(SOHO) spacecraft of ESA/NASA (Domingo et al. 1995). GONG:
Global Oscillation Network Group (e.g., Howe et al. 2020, and refer-
ences therein).

Table 1. Initial chemical mixture adopted for the different solar cali-
brated models.

Model C R
element
1H 7.18 × 10−1 7.14 × 10−1

4He 2.69 × 10−1 2.72 × 10−1

7Li (∗) 1.03 × 10−8 1.03 × 10−8

9Be (†) 1.66 × 10−10 1.65 × 10−10

11B 3.13 × 10−9 3.31 × 10−9

12C 2.26 × 10−3 2.40 × 10−3

14N 6.68 × 10−4 7.07 × 10−4

16O 5.54 × 10−3 5.86 × 10−3

19F 4.89 × 10−7 5.17 × 10−7

20Ne 1.58 × 10−3 1.68 × 10−3

23Na 2.83 × 10−5 3.00 × 10−5

24Mg 5.35 × 10−4 5.66 × 10−4

27Al 5.39 × 10−5 5.71 × 10−5

28Si 5.92 × 10−4 6.27 × 10−4

31P 5.65 × 10−6 5.97 × 10−6

32S 2.84 × 10−4 3.01 × 10−4

35Cl 6.73 × 10−8 7.12 × 10−8

Others (∗∗) 1.49 × 10−3 1.58 × 10−3

Notes. Initial abundances are given in mass fraction for the classical
model (C) and the rotation model (R). Each model has been calibrated
on the Sun (see Table 2). The mass fraction of metals Z is ZC = 0.0134
and ZR = 0.0142 for the classical and rotating calibrated solar mod-
els, respectively. (∗) Aini(7Li) = 3.31; (†) Aini(9Be) = 1.41; (∗∗)refers to
elements heavier than chlorine.

Morel et al. 1994)

4
3

(
T (τ)
Teff

)4

= q(τ) + τ (1)

at a given optical depth τ, Teff being the temperature of the equiv-
alent black body and T (τ) the temperature profile. We use the
analytical expression from Krishna Swamy (1966) for q(τ), as is
also done in Pietrinferni et al. (2013) and Zhang et al. (2019),
for instance. The numerical surface is set at τ0 = 0.005, as in
Amard et al. (2019), and the connection to the atmosphere is
made at τph = 2.

The models without rotation take into account mass loss start-
ing at the ZAMS3 following the empirical relation by Reimers
(1975), with ηR = 0.5, as advocated by McDonald & Zijlstra
(2015) and Guo et al. (2017) for solar-type stars from observa-
tional constraints on the red giant branch. When the effects
of rotation are taken into account, we use the mass loss prescrip-
tion by Cranmer & Saar (2011), as in Amard et al. (2019).

Heat transport by convection follows the Mixing Length
Theory (MLT; Böhm-Vitense 1958; Cox & Giuli 1968). The
convective boundaries are determined with the Schwarzschild
criterion. When included, the effect of penetrative convection is
treated as overshoot (without changing the temperature gradient
in the concerned region; see Zahn 1991) below the convective
envelope.

3.2. Model calibration

The abundances of helium and metals vary according to the
input physics of the models; in other words, they depend on the
3 Zero Age Main Sequence.
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Table 2. Solar calibration results for the STAREVOL classical model (C: no transport other than convection) and rotating model (R: atomic
diffusion and type I rotation-induced transport).

Sun Model C Model R

Ysurf 0.2485 (a) 0.2685 0.2559
Zsurf 0.0134 (b) 0.0134 0.0134
Zsurf
Xsurf

0.0181 (b) 0.0186 0.0183
Teff(K) 5777 5775 5779
L�(1033 erg s−1) 3.846 (c) 3.846 3.845
R�(1010 cm) 6.9599 (d) 6.9599 6.9555
Relative luminosity accuracy: dL . . . 10−6 3.0× 10−4

Relative radius accuracy: dR . . . 10−6 6.3× 10−4

Yini . . . 0.2685 0.2718
Zini . . . 0.0134 0.0142
αMLT . . . 2.110 2.223

Notes. Ysurf and Zsurf are respectively the surface helium and heavy element mass fraction, Zsurf
Xsurf

is the ratio of heavy element to the hydrogen mass
fractions, Teff is the effective temperature (K), L� is the luminosity (in solar units), R� is the radius (in solar units), Yini and Zini are respectively the
initial helium and heavy element mass fractions, and αMLT is the mixing length parameter. (a)Helioseismic estimation in the convective zone from
Basu & Antia (1995); (b)Asplund et al. (2009); (c)Bahcall et al. (1995); (d)Allen (1976).

mixing processes considered. Consequently, for each case the
initial chemical composition needs to be evaluated so that the
ratio Zsurf/Xsurf from Asplund et al. (2009) is reproduced at
the age of the Sun. In this calibration procedure the mixing
length parameter αMLT and the initial chemical composition are
calibrated so as to reproduce the solar radius and solar lumi-
nosity at the age of the Sun (4.57 Gyr) with a relative accuracy
of the order of 10−4–10−6. We make two different calibrations
depending on the physics of the models (see Table 2). The clas-
sical model (C) is without any transport processes in the radia-
tive region and the rotating model (R) includes atomic diffusion
and rotational mixing with the assumptions made for model R1
(Table 3) and the median rotation rate (see Sect. 3.4), but it does
not include overshoot. The calibration corresponding to model
R1 is then used for all the models produced including rotation,
in particular for models a

bRd
c which include additional transport

processes for angular momentum and chemicals (see Sect. 4 and
the Appendix for further details). Details on the models result-
ing from these calibrations are given in Table 2 and the initial
chemical mixtures for each calibration are reported in Table 1.

3.3. Evolution of chemical abundances: General equation
and atomic diffusion

Chemical abundances within the star evolve under the effect
of nuclear reactions and transport processes. This is described
by the general diffusion equation (e.g., Maeder 2009), which
involves the different physical processes operating in the star

ρ
∂Xi

∂t
=

1
r2

∂

∂r

(
r2ρD

∂Xi

∂r

)
−

1
r2

∂

∂r

(
r2ρXivi

)
+ mi

∑
j

r ji −
∑

k

rik

 , (2)

where ρ is the density; Xi refers to the mass fraction of element
i; r is the radius; D =

∑
j D j is the total coefficient for turbulent

diffusion, written as the sum of the j different diffusion coeffi-
cients describing turbulent processes such as shear, penetrative
convection, or any other unidentified process (see Sects. 3.4.1,
3.5, and 3.6); vi is the diffusion velocity of element i; mi is the

mass of nuclei i; and ri j the reaction rate producing nuclei j from
nuclei i.

Atomic diffusion is implemented in STAREVOL with the
formalism of Thoul et al. (1994) to solve the Burgers equa-
tions and compute the individual atomic diffusion velocities of
each element taken into account in STAREVOL (see Table 1).
The computation of the collision integrals is done according
to Paquette et al. (1986). We take into account the partial ion-
isation of chemical elements for temperatures lower than 5 ×
106 K (Schlattl 2002). Radiative accelerations are not taken into
account in our models. According to Turcotte et al. (1998) their
impact on abundances for light elements in the solar case is only
about 2%. Radiative accelerations mainly impact the heavy ele-
ments such as iron, and become important for stars more mas-
sive than solar-type stars (Richer et al. 1998; Richard et al. 2002;
Deal et al. 2018).

3.4. Angular momentum evolution and rotation-induced
mixing

Stellar rotation, and in particular differential rotation, is a potent
trigger of transport for both angular momentum and chemicals
in stellar radiation zones. It generates the large-scale currents
of the meridional circulation and several large-scale hydrody-
namical instabilities that induce turbulence such as the vertical
and horizontal shear instabilities, which are the ones included in
our models (Zahn 1992; Maeder & Zahn 1998; Mathis & Zahn
2004; Mathis et al. 2004). This ensemble is referred to as Type
I rotational mixing as it does not include the transport by mag-
netohydrodynamic (MHD) instabilities and magnetic fields or
transport by internal gravity waves (see e.g., Mathis 2013; Aerts
et al. 2019 for a description of these processes).

3.4.1. Prescriptions for shear induced turbulent transport

Stellar rotation is implemented in STAREVOL as described by
Amard et al. (2016, 2019). We use the formalism of the shellular
rotation hypothesis developed by Zahn (1992), Maeder & Zahn
(1998), and Mathis & Zahn (2004) to describe the transport of
angular momentum and chemicals by meridional circulation and
turbulent shear (vertical and horizontal). The transport of angular
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Table 3. Parameters of the rotating models.

Model Dh Dv Overshoot dov K (erg) νadd (cm2 s−1) ν0, α Turbulence

solidRA – – DA 0.0325 1.1 × 1031 – – –
R1 Mathis et al. (2018) Zahn (1992) – – 7.5 × 1030 – – –
R1B.S Mathis et al. (2018) Zahn (1992) DB 0.340 7.5 × 1030 – – –
R1B.E Mathis et al. (2018) Zahn (1992) DB 0.100 7.5 × 1030 – – –
R1A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 – – –
R1K Mathis et al. (2018) Zahn (1992) DK 0.055 7.5 × 1030 – – –
νR1A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 3.5 × 104 – –
ν.spadaR1A Mathis et al. (2018) Zahn (1992) DA 0.0325 1.2 × 1030 2.5 × 105 – –
ν.spada(t)R1A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 – 2.5 × 104, 0.5 –
ν2.spada(t)R1A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 – 100, 12 –
νR1T6.425

A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 3.5 × 104 – DT6.425

νR1T6.42
A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 3.5 × 104 – DT6.42

νR1PM5000
A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 3.5 × 104 – DPM5000

νR1Tach
A Mathis et al. (2018) Zahn (1992) DA 0.0325 7.5 × 1030 3.5 × 104 – DTach

R2A Zahn (1992) Talon & Zahn (1997) DA 0.0325 7.5 × 1030 – – –
R2′A Zahn (1992) Talon & Zahn (1997) DA 0.0325 3.0 × 1030 – – –
νR2′′A Zahn (1992) Talon & Zahn (1997) DA 0.0325 4.5 × 1030 2.5 × 104 – –
R3A Mathis et al. (2004) Zahn (1992) DA 0.0325 7.5 × 1030 – – –
νR3A Mathis et al. (2004) Zahn (1992) DA 0.0325 7.5 × 1030 3.5 × 104 – –

Notes. Models (Col. 1) related to the prescriptions for horizontal and vertical turbulent viscosities (Cols. 2 and 3 respectively), the formalism for
the overshoot (Col. 4), the value adopted for the free parameter dov that controls the depth of the overshooting (Col. 5), the wind torque K (Col. 6),
the value of the additional constant viscosity νadd (Col. 7), the parameters describing its evolution (ν0 and α) according to Eq 20 (Col. 8), and the
adopted turbulence coefficient (Col. 9). References. DB: Baraffe et al. (2017), DA: Augustson & Mathis (2019), DK: Korre et al. (2019), DT.425:
Richard et al. (2005), DT.42: Richard et al. (2005), DPM5000: Richard et al. (2005), DTach: Brun et al. (1999)

momentum obeys the advection-diffusion equation

ρ
d
dt

(r2Ω) =
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(ρr4ΩU2) +

1
r2

∂

∂r

(
νvr4 ∂Ω
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)
, (3)

where ρ, r, Ω, U2, and νv are the density, radius, angular velocity,
meridional circulation velocity, and vertical shellular component
of the turbulent viscosity, respectively. Meridional circulation
appears through its velocity U2 in Eq. (3), and can be described
as a diffusion coefficient Deff in Eq. (2) for the transport of chem-
icals, as shown by Chaboyer & Zahn (1992) when assuming a
strong turbulent transport in the horizontal direction. The turbu-
lent shear in the vertical and horizontal directions appears as a
viscosity νv (νh) in Eq. (3) and as a diffusivity Dv (Dh) in Eq. (2),
that is assumed to be proportional to the corresponding viscosity,
with a proportionality factor of 1 as usually assumed in stellar
evolution models (Zahn 1992; Mathis et al. 2018; Eggenberger
et al. 2008; Ekström et al. 2012). Several prescriptions exist for
both (Dv, νv) and (Dh, νh), and stellar evolution models computed
with different combinations of these prescriptions can be found
in the literature. As demonstrated by Meynet et al. (2013) and
Amard et al. (2016), this choice strongly affects the outcome of
the models. To explore this aspect we compute models with three
different combinations listed in Table 3 and referred to as R1,
R2, and R3. We used these combinations in our previous works
(e.g., Talon & Charbonnel 2005; Amard et al. 2016; Mathis et al.
2018), motivated by the outcomes of numerical simulations (e.g.,
Prat & Lignières 2013, 2014; Prat et al. 2016; Garaud et al. 2017;
Gagnier & Garaud 2018). The nomenclature of the models and
the detailed expressions of the different turbulent diffusion coef-
ficients are given in Appendices A and B, respectively.

3.4.2. Magnetic braking and initial rotation velocities

The extraction of angular momentum at the stellar surface due to
magnetised winds is accounted for following the formalism by

Matt et al. (2015). We use the prescription as written in Eqs. (7)–
(9) in Amard et al. (2019) with the following values for the
parameters m = 0.22 and p = 2.1, which refer respectively to an
exponent related to the magnetic field geometry and the expo-
nent relating rotation and activity. We take χ = 14 ≡ Ro�

Rosat
, the

ratio of the solar Rossby number to the saturation value of the
Rossby number4, at which the magnetic activity indicators satu-
rate. They are fitted on the clusters of different ages to reproduce
the rotation velocity dispersion according to Amard et al. (2019).
Finally, a last complement parameter linked to magnetised wind
braking, K, is calibrated so as to reproduce the solar surface rota-
tion at the age of the Sun. We use a value of K = 7.5×1030 erg for
our models unless otherwise indicated (see also Appendix A).

The models with rotation are computed as in Amard et al.
(2019) for three values of the initial rotation period on the PMS:
1.6, 4.5, and 9.0 days, which will be referred to as the fast (FR),
median (R), and slow (SR) rotating models, respectively. The disc
coupling timescale is set at τdisc = 2.5 Myr for the fast rotators
and at τdisc = 5 Myr for the median and the slow rotators. These
values are chosen in agreement with Gallet & Bouvier (2015) in
order to reproduce the observed rotation spread of open clusters
stars.

3.5. Overshooting and penetrative convection

Using the MLT formalism associated with the Schwarzschild cri-
terion for the instability to describe the extent of the convec-
tive regions, which is a classical approach in stellar evolution
codes, is known to be flawed as the convective edges are defined
according to null acceleration instead of null velocity of convec-
tive eddies. Convection actually penetrates in the sub-adiabatic

4 The Rossby number is defined here according to Matt et al. (2015)
as Ro = (Ω τcz)−1, where τcz is the convective turnover timescale, char-
acterised by the size of the studied convective region divided by the
convective velocity.
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layers below (for the convective envelopes) the superadiabatic
unstable region, which generates mixing beyond the convective
region down to where convective eddies are braked or eroded
(e.g., Zahn 1991). Several formalisms for penetrative convection
exist; we test three recent ones with an associated turbulent diffu-
sion coefficient that scales with depth. We assume that the trans-
port of angular momentum is not impacted by this process. The
diffusion coefficients given below enter the expression of D in
Eq. (2).

3.5.1. Baraffe et al. (2017)

The formalism proposed by Baraffe et al. (2017) is based on 2D
and 3D hydrodynamic simulations of a young Sun on the PMS
at 1 Myr and at solar metallicity (Pratt et al. 2017). These sim-
ulations allow them to characterise the depth of the penetrative
convection below the convection zone; they show the existence
of extreme events (deep penetrating plumes), which can have
an outsized impact on transport mechanisms, especially ones
that are meant to be inviscid. The diffusion coefficient obtained
by Pratt et al. (2017) and reproduced here in Eq. (4), describes
the mixing in the penetration layers and is characterised by the
cumulative distribution function of the maximum penetration
depth obtained in the simulations:

DB(r) = D0

1 − exp
−exp

− rbcz−r
R − µ

λ

 . (4)

Here D0 = (υconv ×Hp ×αMLT)/3 is the convective turbulent dif-
fusivity (with υconv the mean velocity of the convective elements
obtained from MLT and αMLT the mixing length parameter), r
is the local radius, rbcz is the radius at the base of the convec-
tive zone, and R is the total radius of the star. The coefficients
λ = 6× 10−3 and µ = 5× 10−3 are as prescribed by Baraffe et al.
(2017) and obtained from the simulations of Pratt et al. (2017).
They are assumed to be independent of the stellar structure and
age. All physical quantities are in cgs units (here and throughout
the paper). The penetration depth of the overshooting is limited
by the free parameter dov linked to the pressure scale-height and
adjusted to take into account the limiting effect of stellar rota-
tion. Baraffe et al. (2017) determined that this parameter should
be dov ≈ 0.30Hp − 0.35Hp to reproduce the solar lithium abun-
dance.

3.5.2. Augustson & Mathis (2019)

We tested for the first time in a stellar evolution code including
rotation the description of penetrative convection by Augustson
& Mathis (2019), which is based on a new model of rotating
convection in stellar interiors. Contrary to Eq. (4), the penetra-
tion depth is now based on the one obtained by Zahn (1991).
In his work Zahn (1991) linearised the equations of motion in
the region of penetration, and the depth of penetration is then
solved for given the velocity at the upper boundary of that
region, which is assumed to reside in the convection zone. In
Augustson & Mathis (2019) the impact of rotation on the con-
vection is accounted for by using a modal convection model for
rotating Rayleigh-Benard convection (Barker et al. 2014) where
it is assumed to be locally valid in the region of penetration.
This model has the asymptotic property that the velocity scales
as (v/v0) ∝ Ro1/5, with Ro the Rossby number, which is inversely
proportional to the angular velocity in the convective region.
The depth of the overshooting zone then depends on the pres-
sure scale-height, the convective Rossby number (hence angular

velocity), and the thermal diffusivity, and is dynamically esti-
mated. Using this model for penetrative convection and the func-
tional form proposed by Pratt et al. (2017), Augustson & Mathis
(2019) derive a new expression for the diffusion coefficient (their
Eq. (70)), an approximation of which we use in this paper:

DA(r) ≈ D0

1 − exp

− exp

 r − rbcz

dov ×
(
v
v0

)3/2 +
µ

λ



 . (5)

Here D0, µ, and λ are the same as in Eq. (4); dov is the free param-
eter for controlling the depth of the overshoot; and (v/v0) is the
ratio of the velocity of the convective elements when taking rota-
tion into account to the non-rotating inviscid value. The scaling
between the velocity scales and the angular velocity implies that
the diffusion coefficient in Eq. (5) is smaller when the star rotates
faster, mimicking the fact that fast rotation inhibits convective
motions to penetrate deep into the stably stratified region below.
Thus, this model is a combination of the Baraffe et al. (2017) fit
to their numerical stellar convective penetration simulations and
those theoretical results of Augustson & Mathis (2019).

3.5.3. Korre et al. (2019)

Korre et al. (2019) propose a diffusive prescription suitable for
1D stellar evolution codes based on hydrodynamical simulations
of penetrative convection and overshooting in a non-rotating
Boussinesq spherical shell. In comparison to the simulations of
Pratt et al. (2017), these simulations include an explicit diffu-
sion, being the Navier-Stokes equations rather than an approxi-
mation of the Euler equations. The prescription is given by their
Eq. (45),

DK(r) = D0 exp
− (r − rbcz)2

2δ2
G

 , (6)

where D0 (denoted Dcz in the original paper) is the same as in
Eq. (4) and δG controls the depth of the penetration and writes

δG ≈ 1.2
(

E0Pr
S Ra0

)1/2

, (7)

where E0 is the energy in the non-rotating convection zone,
Pr = ν/κ is the Prandtl number defined as the ratio of the vis-
cosity ν to the thermal diffusivity κ, S is the stiffness that mea-
sures the stability of the interface between the radiative zone and
the convective zone, and Ra0 is the Rayleigh number defined by
Eq. (11) in Korre et al. (2019) as

Ra0 =
αth g

∣∣∣ dT0
dr −

dTad
dr

∣∣∣ r4
0

κν
, (8)

with αth the thermal expansion coefficient, g the gravity, dTad
dr the

adiabatic temperature gradient, dT0
dr =

dTad
dr |r=r0 , r0 the outer radius

of the convection zone, κ the thermal diffusivity, and ν the vis-
cosity.

In this work we used Eq. (9) (instead of Eq. (6)), which is a
result of fits to the numerical penetrative convection simulations
carried out in Korre et al. (2019) where the overshooting length
is adapted to contain information about the local rotation rate
through the convective model of Augustson & Mathis (2019) and
its implications for a linearised convective penetration model

DK(r) ≈ D0 exp

− (r − rbcz)2

d2
ov ×

(
v
v0

)2

 , (9)

A48, page 6 of 17

8.2. Dumont et al. (2021, A&A, 646, A48)

106



T. Dumont et al.: Lithium depletion and angular momentum transport in solar-type stars

where δG is approximated using the same principle as for DA(r)
and adding the velocity dependence (v/v0) (Augustson & Mathis
2020)

δG ≈ dov ×
v

v0
, (10)

Due to this inverse dependence on rotation, DK(r) is also smaller
when the star rotates faster. Regarding the initial numerical sim-
ulation of Korre et al. (2019), the way that we adapted the rota-
tional dependence with the help of the Augustson & Mathis
(2019) should be taken with precautions. However, in the frame-
work of slow-rotators, it is a relevant assumption.

3.6. Additional transports of chemicals

3.6.1. Tachocline turbulence

The tachocline is a shear layer located at the base of the solar
convection zone where the radial rotation profile goes from dif-
ferential in the convective envelope to flat in the radiative inte-
rior (Christensen-Dalsgaard & Schou 1988). First modelled by
Spiegel & Zahn (1992) in a hydrodynamical framework, it is
considered to be the seat of strong turbulence, with an associated
diffusion coefficient that can be parametrised with respect to the
Brunt-Väisälä frequency, the thickness of the tachocline, and the
horizontal turbulent viscosity within it. Here we present mod-
els including the time-dependent expression given by Eqs. (15)
and (16) in Brun et al. (1999),

DTach(ζ) =
1

180
1
4

(
8
3

)2

νH

(
d

rbcz

)2

µ6
4Q2

4 exp(−2ζ) cos2(ζ), (11)

where νH is the horizontal turbulent viscosity; rbcz is the radius
at the base of the convective envelope; ζ = µ4(rbcz − r)/d
is a non-dimensional depth; µ4 = 4.933; Q4 ≈ Ω̂/Ω, with
Ω̂ = dΩ(r, θ)/dθ the latitudinal differential rotation at the base
of the convective envelope; and d is a measure of the tachocline
thickness h ≈ d/2:

d(t) = rbcz

(
2Ω

N

)1/2 (
4KT

νH

)1/4

. (12)

The depth of the convective envelope rbcz, the angular velocity
Ω, the horizontal viscosity νH, the thermal diffusivity KT, and
the Brunt-Väisälä frequency N all vary in time, as predicted by
the structure and rotation equations. Defining

C =
1

180
1
4

(
8
3

)2

µ6
4 exp(−2ζ) cos2(ζ), (13)

we can compute the fully time-dependent equation of DTach as

DTach(t) = C × νH

(
d

rbcz

)2 (
Ω̂

Ω

)2

∝ Ων1/2
h

(
Ω̂

Ω

)2

. (14)

The treatment of the meridional circulation in the framework
of Zahn’s theory is based on the expansion of all the physical
quantities, including meridional circulation, in Legendre poly-
nomials. The meridional circulation velocity is expanded to the
second-order Legendre polynomials in the original works by
Zahn (1992) and Maeder & Zahn (1998), which is the formal-
ism adopted in STAREVOL. In that case, as shown by Mathis &
Zahn (2004), the differential rotation in latitude is not explicitly
accounted for. An expansion to the fourth-order of the departures
from spherical symmetry is required to simultaneously treat the
bulk of a radiative region and its tachocline, which is beyond

the scope of this study. Hence, we need a prescription to eval-
uate Ω̂/Ω, and we adopt the same proportionality as in Brun
et al. (1999), namely Ω̂ ∝ Ω0.7±0.1, which in turn comes from the
paper from Donahue et al. (1996), and has been confirmed since
then (e.g., Saar 2009; Brun et al. 2017), even if some uncertain-
ties subsist (e.g., Augustson et al. 2012, who found that it would
scale inversely with Ω in the case of F-type stars).

Equation (14) can thus be recast as

DTach(t) = C × 0.02
(

Ω0.4

N1/2

)
(4νHKT)1/2 , (15)

where we make explicit the proportionality coefficient adopted
and the actual expression used in our computations for Ω̂/Ω.

3.6.2. Parametric turbulent transport coefficients

The physical turbulent processes generating chemical mixing in
radiative interiors, and more specifically in the radiative regions
bordering convective ones, cannot all be accounted for given
our current state of knowledge. Instead, these processes are
parametrised to simulate diffusive turbulent mixing. Specifically,
we follow Richer et al. (2000) and Richard et al. (2005) who dis-
cussed the use of additional turbulence competing with atomic
diffusion to account respectively for observed abundance anoma-
lies in Am and Fm stars and for the lithium abundances of
Population II halo low-mass stars. In both classes of objects,
atomic diffusion can be very efficient, and comparing models
with observations calls for additional transport processes to be
able to counteract its effects, as already anticipated in differ-
ent kinds of stars by a vast amount of literature (e.g., Eddington
1929; Vauclair 2013; Michaud et al. 2015). Richer et al. (2000)
and Richard et al. (2005) propose a purely parametric approach
to model turbulence, with no assumptions on the underlying
physical mechanism (see also Talon et al. 2006 for a compari-
son with rotation-induced mixing). Their diffusion coefficient is
proportional to ρ−3 (see Proffitt & Michaud 1991) and attached to
a specific temperature or to the density at the base of the convec-
tive envelope. These fixed points control where the turbulence
is generated and thus the mixing depth. The parametric diffusiv-
ities DT0 and DPMa0 correspond to Eqs. (2) and (3) of Richard
et al. (2005), respectively,

DT0 = 400DHe(T0)
[
ρ(T0)
ρ

]3

, (16)

where T0 is a free parameter corresponding to the temperature at
which the diffusivity is set to be 400 times larger than the atomic
diffusion coefficient for He (e.g., DHe(T0)), which is computed
with the analytical approximation, as advised by Richer et al.
(2000), and ρ(T0) is the density at the location where T ≡ T0:

DPMa0 = a0

[
ρbcz

ρ

]3

(17)

Here a0 is a free factor and ρbcz is the density at the base of the
convective zone. To avoid numerical issues a minimum value of
1 is imposed on DT0 and DPMa0 .

4. Type I rotating models with atomic diffusion and
penetrative convection

As discussed in the introduction, classical models do not account
for the evolution of Li with time observed in solar-type stars.
However, we computed such a model for comparison purposes
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(C models, see Table 2), but we focus our discussion on models
including rotation (R models), which all include atomic diffu-
sion. In this section we present Type I rotating models, where
the transport of angular momentum is driven only by meridional
circulation and shear turbulence (Sect. 3.4); we focus on median
rotators (see Sect. 3.4.2). We discuss the impact of the initial
rotation rate in Sect. 5.

4.1. General behaviour

We start with model R15 for which we adopt the same prescrip-
tions for the horizontal and vertical shear induced turbulent vis-
cosities (Mathis et al. 2018 and Zahn 1992, respectively; see
Table 3), the same initial rotation period (4.5 days), and the same
disc lifetime (5 Myr) as for the 1 M�, Z� median rotator model
of Amard et al. (2019). The predicted evolution of the Li surface
abundance and of the mean core and envelope angular velocities
is shown in Fig. 1. As the envelope is convective and is assumed
to rotate as a solid body, we have Ωconv(t) ≡ Ωsurf(t). The aver-
aged core angular velocity represents the angular velocity of a
solid body of equal angular momentum to that of the entire radi-
ation zone, and is defined as in Amard et al. (2019),

Ωrad =

MBCE∫
0

r2Ωdm

MBCE∫
0

r2dm

, (18)

with MBCE the mass coordinate at the base of the convective
envelope.

As discussed in Amard et al. (2019), such a model repro-
duces well the 50th percentiles of the period distributions of
most of the clusters for solar-type stars in open clusters from
the early PMS to the age of the Sun and beyond. This behaviour
is mainly driven by the extraction of angular momentum at the
surface via magnetised winds modelled following Matt et al.
(2015). As seen in Fig. 1, we confirm that the meridional cir-
culation and shear turbulence are too weak to enforce the cou-
pling between the core and the surface, leading to a core spinning
too fast at the age of the Sun compared to the internal rotation
profile inferred through helioseismology (see Sect. 4.3). On the
other hand, the associated transport of chemicals is dominated
by vertical shear-induced turbulence, which remains weak dur-
ing the entire evolution (see Sect. 5.3, and Mathis et al. 2018)
and only partially counteracts atomic diffusion. Consequently, at
the age of the Sun the predicted lithium abundance is ∼1.5 dex
higher than observed.

4.2. Penetrative convection

As extensively discussed in the literature, model predictions
for PMS Li depletion strongly depend on the treatment of
convection and of penetrative convection (see e.g., D’Antona &
Mazzitelli 1994; Piau & Turck-Chièze 2002; Baraffe et al. 2017;
Thévenin et al. 2017). Here we test three different prescriptions
for penetrative convection beyond the convective envelope that
depend on the evolution of the internal angular velocity pro-
file (Baraffe et al. 2017, Augustson & Mathis 2019, and Korre
et al. 2019; see Sect. 3.5 and Table 3). Penetrative convection is
assumed to only transport chemicals. It does not affect the sur-
face and internal angular velocity evolution, which behave as in
R1 (Fig. 1).

5 See Appendix A for model notation.

Fig. 1. Top: lithium surface abundance evolution with time for the R1
models including different overshoot prescriptions (colour-coded). Indi-
vidual points are data for solar twins (Carlos et al. 2019). Boxes are for
Li observations of solar-type stars in different open clusters (Sestito &
Randich 2005; Carlos et al. 2020 for M 67) with ages from Bossini
et al. (2019). The numbers 1–10 identify the clusters: (1) NGC 2264,
(2) IC 2391, IC 2602 and IC 4665, (3) α Per, Pleiades, Blanco I,
(4) NGC 2516, (5) M 34, (6) NGC 6475, (7) M 35, (8) Praesepe,
NGC 6633, (9) NGC 752, and (10) M 67. The colour of the boxes indi-
cates the [Fe/H] value: Netopil et al. (2016): pink: −0.17 to −0.05; grey:
−0.05 to 0.05; light blue: 0.05–0.16. Bottom: evolution of the angular
velocity of the convective envelope and of the radiative core (in solar
units Ω� = 2.86 × 10−6 s−1; solid and dotted lines, respectively) vs age.
The observational data is from Gallet & Bouvier (2015), except the four
stars of M 67 from Barnes et al. (2016). Crosses are for individual stars;
open diamonds show the 50th percentiles of the observed rotational dis-
tributions in each cluster.

Concerning the impact on Li, and as already shown by
Baraffe et al. (2017), its evolution when assuming a constant
value for the extent of the overshoot region dov does not match
the observed Li behaviour with time. As shown in Fig. 1, the
models R1B.S and R1B.E implementing Eq. (4) with dov =
0.34Hp and 0.1Hp, respectively, fit either the solar Li abundance
or the Li abundances in the youngest open clusters (between
10 Myr and 100 Myr). Baraffe et al. (2017) thus proposed to vary
the depth of the overshooting zone depending on rotation, as sup-
ported by numerical studies (Ziegler & Rüdiger 2003; Brummell
2007; Brun et al. 2017). They reproduce the Li temporal evolu-
tion fairly well when adopting dov = 0.1Hp when the star is
rapidly rotating (Ω > 5Ω�, i.e. typically on the late PMS and
around the ZAMS, and similarly to what we find) and a much
deeper overshooting zone (dov = 1Hp) for slower, more evolved
rotating stars.

We decided not to fine-tune the depth of the overshooting
zone for the slow rotators (after ∼1 Gyr), however, consider-
ing that other slow mixing processes may be responsible for
Li depletion during this phase (see Sect. 5.2). We found the
same behaviour as above with the prescription by Augustson &
Mathis (2019) that accounts for the impact of the rotation on
penetrative convection efficiency, and with the prescription by
Korre et al. (2019). In both cases (models R1A and R1K , Fig. 1,
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Table 3) we adjusted the free parameter dov to reproduce the Li
behaviour observed in the youngest open clusters around 30 Myr
as in model R1B.E..

The Li evolution in all these models is characterised by
a mild decrease from A(7Li) = 3.3 dex to A(7Li) = 2.8 dex at
∼15 Myr, followed by a plateau and a further slow decrease later
on the MS. The convective envelope slowly recedes along the
MS, which increases the term (r − rbcz) in the exponential of
Eqs. (4), (5), and (9), leading to an increased efficiency of the
slow mixing in the overshooting region that slowly depletes Li
at the surface. In models R1A and R1K the transport in the over-
shoot region also depends on the rotation rate, which affects the
depth of convective penetration via the ratio (v/v0). This results
in a multiplying factor to the convective turbulent diffusivity D0
in Eq. (5) larger than that in Eq. (9), hence a more efficient mix-
ing and a greater Li depletion in model R1A than in model R1K .

4.3. Impact of turbulent diffusion modelling

From now on we consider models for median rotators includ-
ing atomic diffusion, penetrative convection according to
Augustson & Mathis (2019) with the calibration described
above, and rotation-induced transport of chemicals and angu-
lar momentum associated with meridional circulation and shear
turbulence. We explore the impact of different sets of prescrip-
tions for the horizontal and vertical shear diffusivities (Dv and
Dh, respectively) reported in Table 3. Figure 2 shows the evo-
lution of A(7Li) and core and envelope angular velocities as a
function of age for the corresponding models R1A (Sect. 4.2),
R2A, R2′A, and R3A. Figure 5 presents the internal rotation pro-
files predicted by these models at the age of the Sun.

Models R2A and R2′A include the same prescriptions for Dv
and Dh (Talon & Zahn 1997 and Zahn 1992, respectively) as in
Charbonnel & Talon (2005), and they differ from each other by
the adjustment of the torque parameters to better fit the surface
rotation rate (Table 3). In both cases we confirm that these pre-
scriptions fail to reproduce the Li evolution with time and the
internal rotation rate of the Sun. In particular, the (too) strong Li
depletion is driven by the vertical shear coefficient prescribed by
Talon & Zahn (1997), which is much greater than that of Zahn
(1992), and which is fed by the very strong differential rota-
tion inside the star during most of its evolution beyond 20 Myr.
A similar behaviour for Li was found by Amard et al. (2016)
using the same prescription for Dv but that of Dh from Mathis
et al. (2004), although this combination provides a stronger cou-
pling between the core and the surface (which is still irrecon-
cilable with the solar rotation profile). We thus discard the ver-
tical shear diffusivity as prescribed by Talon & Zahn (1997)
based on these results on lithium; however, this remains an open
question considering that additional transport mechanisms for
angular momentum may lead to different conclusions (see e.g.,
Charbonnel & Talon 2005, who invoke the effects of internal
gravity waves).

Model R3A provides a very good fit of the observed evolu-
tion of both the surface rotation period and the Li abundance.
The rotational evolution of this model is very similar to that
of model R1A, as it is dominated by vertical shear in the early
phases and by the surface extraction of the angular momentum
by the magnetised winds beyond the ZAMS. Stronger Li deple-
tion is achieved, however, thanks to a steeper angular velocity
profile below the convective envelope (see Fig. 5 for a snapshot
at the age of the Sun), which translates into an enhanced turbu-
lent diffusive transport between the base of the convective enve-
lope and the region where Li is destroyed by proton capture. This

Fig. 2. Same as Fig. 1, but for the R1A, R2A, R2′A, and R3A models
(details in Table 3).

behaviour is directly related to the modelling of the horizontal
shear turbulent viscosity. Accounting for an additional source of
horizontal shear turbulence when using the Mathis et al. (2018)
prescription, as in model R1A, was shown in this previous paper
to lead to a lower vertical shear turbulent viscosity than when
using the prescription from Mathis et al. (2004), as in model
R3A. In the absence of astero- and helioseismic constraints R3A
would be the best model. However, it also predicts a strong inter-
nal differential rotation at the age of the Sun.

4.4. Conclusions on Type I models

We confirm that all current prescriptions for shear-induced
turbulence fail to reproduce simultaneously the internal rota-
tion profile of the Sun and the surface constraints (see e.g.,
Amard et al. 2016, 2019 and references therein for similar
Type I rotating models without atomic diffusion and penetrative
convection; see also Ceillier et al. 2013; Marques et al. 2013;
Eggenberger et al. 2017, 2019a; Mathis et al. 2018; Aerts et al.
2019; Deheuvels et al. 2020). We favour, however, the pre-
scriptions for Dv and Dh from Mathis et al. (2018) and Zahn
(1992), respectively. For the modelling of horizontal turbulence,
we recall that the treatment of Mathis et al. (2018) is the first
one that accounts for the action of stratification and rotation on
horizontal turbulent motions. We couple it with the prescription
for the vertical turbulent transport, which is the only one that has
been validated by direct numerical simulations (Prat & Lignières
2013; Garaud et al. 2017). Their coupling with angular momen-
tum wind extraction is done with the help of Matt et al. (2015);
they reproduce well the evolution of the surface rotation rate with
time as observed in solar-type stars in open clusters. Addition-
ally, the three prescriptions that we tested for rotationally depen-
dent penetrative convection help the models more closely fit the
Li abundances observed in the youngest clusters (after calibra-
tion). Given our choice for the treatment of shear turbulence,
accounting for Li in the more advanced stages requires either
a very strong dependence between convective penetration depth
and rotation, or an additional mixing process that may depend,
or not, on the missing transport of angular momentum.
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5. Improving the models

In this section we explore the possibilities to fit all the observa-
tional constraints by including additional transport processes for
both angular momentum and chemical species. All the models
discussed in this section include rotation-induced mixing, atomic
diffusion, and penetrative convection.

5.1. Transport of angular momentum by additional viscosity

Several processes have been proposed to explain the strong cou-
pling between the core and the surface of low-mass stars, and to
flatten the angular velocity profile at the solar age and beyond
(in particular, internal gravity waves and processes related to
magnetism; Schatzman 1993; Spruit 2002; Charbonnel & Talon
2005; Mathis & Zahn 2005; Eggenberger et al. 2005, 2010,
2019b,c; Denissenkov et al. 2010; Charbonnel et al. 2013; Fuller
et al. 2014, 2019; Cantiello et al. 2014; Rüdiger et al. 2015;
Belkacem et al. 2015; Pinçon et al. 2017). However, no com-
plete solution has been found yet. Parametric studies thus remain
necessary to estimate the efficiency of the missing transport pro-
cesses, and to potentially determine their nature. This is the
approach we chose here.

We follow Eggenberger et al. (2012b, 2019b, see also
Lagarde et al. 2014 and Spada et al. 2016) who proposed
introducing a parametric vertical viscosity νadd in the equation
describing the transport of angular momentum to reproduce the
core rotation rates of SGB and RGB stars. In this context, Eq. (3)
becomes

ρ
d
dt

(r2Ω) =
1

5r2

∂

∂r
(ρr4ΩU2) +

1
r2

∂

∂r

(
(νv + νadd)r4 ∂Ω

∂r

)
. (19)

There νadd was assumed to be either constant in time or
dependant on the stellar rotation. Possible variations of νadd
within stellar interiors were not considered. We tested both
options and in the second case, we followed Spada et al. (2016,
their Eq. (3)) and assumed that the angular momentum transport
efficiency depends on the radial rotational shear, i.e.

νadd(t) = ν0 ×

 Ωrad

Ωconv

α , (20)

where ν0 and α are free parameters, and Ωrad and Ωconv are the
mean angular velocity in the radiative interior and convective
envelope, respectively, as defined in Sect. 4.1. We computed
models with the three different combinations of turbulent shear
prescriptions discussed in Sect. 4.3 for different values of νadd
and of α and ν0 (Table 3).

The impact of the additional viscosity on the internal rotation
profile and on the Li depletion and surface rotation rate can be
seen in Figs. 3–5. In Fig. 4 we show the level of internal differ-
ential rotation

∆Ω =
Ωrad −Ωsurf

Ωrad + Ωsurf

with Ωsurf and Ωrad defined in Sect. 4.1.
Clearly, the higher the value of νadd, or the higher the value

of α for a given ν0, the earlier and the stronger the coupling
between the core and the surface. In our models, the values
for νadd required to obtain a flat internal rotation profile at the
age of the Sun while accounting for the surface rotation con-
straints vary between 2.5 × 104 and 4 × 104 cm2 s−1 depending
on the adopted prescriptions for Dv and Dh. This is in agree-
ment with the values required for the models to fit the astero-
seismic data in subgiants and red giant stars (≈104 to 3 × 104;

Fig. 3. Same as Fig. 1, but for the models with a fixed viscosity
νadd (νR1A, νR2′′A , νR3A, and ν.spadaR1A), a time-dependent viscosity
(ν.spada(t)R1A), and a model with enforced solid-body rotation (solidRA).

Eggenberger et al. 2012b; Spada et al. 2016). In addition, in
this case the evolution of the modelled surface rotation rate
matches the observed values fairly well all along the evolu-
tion of the stars. When we adopt the value of 2.5 × 105 cm2 s−1

(model ν.spadaR1A) advocated by Spada et al. (2016) for their
solar benchmark, the internal rotation profile flattens very early
in the evolution. In that case, a lower value for the magnetic
braking parameter K is needed to fit the solar surface rotation
rate6, but this destroys the agreement between the model predic-
tions and the observed evolution of the surface rotation rate on
the MS (between 100 Myr and 2 Gyr). When assuming a depen-
dency of the transport of angular momentum with the radial rota-
tional shear (Eq. (20)), we obtain a reasonable rotation profile at
the age of the Sun with ν0 = 2.5 × 104 cm2 s−1 and α = 0.5
(model ν.spada(t)R1A), where we keep ν0 of the same order as the
constant νadd calibrated above. We also obtain reasonable rota-
tion profiles at solar age with other combinations (e.g., ν0 =
100 cm2 s−1, α = 12, model ν2.spada(t)R1A, and ν0 = 1000 cm2 s−1,
α = 9, not shown); in these cases, because of the high value
of α, the differential rotation is reduced earlier on the MS and
slowly continues receding after 100 Myr. It results in a lower
surface rotation velocity than for model ν.spada(t)R1A when K is
not re-adjusted.

In summary, in the absence of asteroseismic data that could
reveal the actual internal rotation profile in MS stars younger
than the Sun, we cannot better constrain the efficiency of the
transport of angular momentum or the nature of the underly-
ing mechanism. We show, however, that the mean evolution of
the surface rotation rate can be fairly well reproduced by the
models with moderate values for the additional viscocity and
with magnetic braking efficiency in agreement with the calibra-
tion value from Matt et al. (2019). However, with the stronger
viscosity adopted in model ν.spadaR1A, no value for the mag-
netic braking parameter K can reconcile the observed periods
along the entire evolution. The same problem occurs for the

6 K = 1.2×1030 erg (see Table 3) to be compared with K = 6.3× 1030 erg
advised by Matt et al. (2019).
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Fig. 4. Differential rotation evolution with time for the νR1A, ν.spadaR1A,
ν.spada(t)R1A, and ν2.spada(t)R1A models (details in Table 3).

model where we assume solid-body rotation all along the evo-
lution (models solidRA). This provides a hint that rigid rotation
may not be achieved very early on the MS in solar-type stars.
This partially agrees with previous works by Gallet & Bouvier
(2013, 2015), and by Lanzafame & Spada (2015) and Spada
& Lanzafame (2020) for solar-type stars, who find, using two-
zone models for the angular momentum transport, that quasi
solid-body rotation should be achieved around 1 Gyr in order to
fit the same observations. Our models, where the transport of
angular momentum is self-consistently treated, resulting in fully
resolved angular velocity radial profiles, seem to indicate that
quasi rigid rotation may be reached even later in the evolution
(see Fig. 4, where ∆Ω = 0 corresponds to a solid-body rotation
and where increasing values of ∆Ω correspond to higher differ-
ential rotation).

Finally, Li depletion is slightly less efficient in the mod-
els with parametric diffusivity than in the corresponding Type I
models, due to the weaker turbulent shear. In particular, model
νR3A does not reproduce the Li depletion on the MS contrary
to what was obtained for model R3A. However, Li depletion
remains too strong in model νR2′′A as it is dominated by the ver-
tical shear associated with the Dv from Talon & Zahn (1997). In
Sect. 4.3 we favoured the prescriptions for Dv and Dh included in
models R1 and νR1. We see that model νR1 reproduces the evo-
lution of surface rotation along time, and predicts an almost flat
rotation profile at the age of the Sun. However, this model does
not reproduce the Li depletion observed in open clusters beyond
500 Myr, in solar twins, and in the Sun. An additional transport
of chemicals is consequently needed to increase the mixing and
the depletion of the lithium during the MS.

5.2. Additional transport for chemicals

5.2.1. Tachocline mixing

As explained in Sect. 3.6.1 the tachocline is the transition layer
from the latitudinally differentially rotating convective envelope
and the uniformly rotating radiative core. It can be the seat
of strong anisotropic turbulent transport when assuming that

Fig. 5. Angular velocity profiles vs the radius at solar age for models
presented in Fig. 3 compared to the rotation profile of the Sun (in dark
grey) obtained from helioseismology from Eff-Darwich et al. (2008).
The solid line, the dotted line, the dashed line, and the dot-dashed line
refer to the differential, solid, νadd, and νadd(t) rotation cases, respec-
tively.

the dynamics of this layer is driven by hydrodynamical mech-
anisms (Spiegel & Zahn 1992). We compute a model νR1Tach

A
using Eqs. (12) and (15). Model νR1Tach

A is shown as a medium
orange dashed line in Fig. 6. This model implements for the
first time the self-consistent computation of the tachocline thick-
ness according to Spiegel & Zahn (1992). It appears to become
thinner as the star evolves from the PMS to the age of the
Sun7 at which time it extends over 0.035 R�. This value is
larger, yet compatible with the estimate of ≈0.02 R� given by
Elliott & Gough (1999) from helioseismology. The efficiency
of the transport is also driven by a value of DTach(t) that varies
between ≈109−1010 cm2 s−1. At young ages, the transport is very
efficient and prevails over the penetrative convection to trans-
port Li because of the deep location of the base of the con-
vective envelope. It leads to an early and strong Li depletion
(≈1 dex), which is too large to reproduce the Li evolution in
young open clusters before 1 Gyr. The same result was obtained
by Piau & Turck-Chièze (2002) with a parametric treatment of
the tachocline depth and turbulent diffusivity as in Brun et al.
(1999). As the star evolves and the convective envelope becomes
shallower, the thickness of the tachocline does not increase
enough, and even decreases, so that the tachocline becomes
inefficient to transport the Li after 20 Myr whatever the value of
DTach. This prediction differs from that of Piau & Turck-Chièze
(2002), who achieved a solar Li abundance by the age of the
Sun. Such a difference is most probably due to the parametrisa-
tion they adopted for the thickness of tachocline.

In its current form and with the adopted description of
rotation-induced turbulence in our models, mixing in the
tachocline prevents the models from fitting the observed Li evo-
lution in solar-type stars. The efficiency of the turbulent trans-
port in the tachocline as expressed by Eq. (11) remains difficult
to model correctly as we lack good estimates of the evolution of

7 Age(yr) / h (R�): 107/0.05; 5.107/0.065; 109/0.03; 4.57 109/0.035.
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Fig. 6. Same as Fig. 1, but for models νR1T6.425
A , νR1PM5000

A , νR1Tach
A , and

solidR1T6.425
A that include additional turbulence.

the ratio Ω̂/Ω. A fully consistent model should solve the equa-
tions for the structure of the turbulent tachocline as derived by
Spiegel & Zahn (1992) with taking into account boundary con-
ditions that describe the variations of the latitudinal differential
rotation at the base of the convective envelope as a function of
time. This differential rotation is a function of the global rotation
of the star (Brun et al. 2017), and will thus evolve all along its
evolution.

5.2.2. Parametric turbulence

Following Richard et al. (2005), we use the parametric pre-
scriptions for an additional transport of matter as described by
Eqs. (16) and (17). We compute two models, νR1T6.425

A and
νR1PM5000

A , for which we adjust the two free parameters of
Eqs. (16) and (17) as respectively log(T0) = 6.425 and a0 = 5000
to best fit the evolution of Li abundance observed at the surface
of solar-type stars and the Sun. We consider this to be in rather
good agreement with the values obtained by Richard et al. (2005,
log(T0) = 6.4 and a0 = 2000) for their solar model, considering
that it did not include rotation and that it was computed with
different basic input physics (in particular nuclear reaction rates,
eos, opacities).

The parametric turbulent mixing becomes efficient beyond
200–300 Myr, as can be seen from Fig. 6. The form of Eqs. (16)
and (17) leads to an increase in the diffusion coefficient between
the base of the convective envelope and the Li burning region
as the star evolves on the MS. The evolution of the coefficient
DT6.425 is illustrated alongside that of the other diffusivities at
four different ages in Fig. 7. We adopt Eq. (16) included in model
νR1T6.425

A because it is independent of the depth of the convec-
tive envelope and is scaled by the atomic diffusion coefficient for
4He in the Li burning region. While the transport by penetrative
convection is the main process responsible for surface Li deple-
tion during the PMS (upper left panel of Fig. 7), the coefficient
DT6.425 dominates the transport within the Li burning region on
the MS, as shown in the lower panels of Fig. 7 (at 1 Gyr and

4.57 Gyr). The addition of this mixing process does not affect
the predicted evolution of the surface rotation rate (lower panel
Fig. 6) because it is independent of rotation. We also tested a
solid-body rotating counterpart to model νR1T6.425

A , called model
solidR1T6.425

A , which is also presented in Fig. 6. It predicts slightly
less depletion of Li due to a lower efficiency of the transport in
that case.

Model νR1T6.425
A meets the goal of reproducing the surface

evolution of the Li abundance and the angular velocity together
with an angular velocity profile compatible with that of the Sun
at the solar age.

5.3. Models with optimal prescriptions

We explore the impact of the initial angular velocity on our opti-
mal model νR1T6.425

A and discuss its predictions for other chem-
ical constraints. We compute F

νR1T6.425
A , νR1T6.425

A , and S
νR1T6.425

A
for fast, median, and slow rotators, respectively, and present the
associated evolution of Li and surface angular velocity in Fig. 8,
together with the non-rotating model C (Table 2).

The relation between surface rotation rate and Li abundance
in solar-type stars was first observed by Soderblom et al. (1993)
in the Pleiades and has been confirmed by more recent studies
in several clusters (Bouvier et al. 2018; Arancibia-Silva et al.
2020). The observations indicate that rapidly rotating stars pos-
sess higher Li abundances than slowly rotating stars, which is
related to the PMS rotational evolution (Bouvier 2008). In par-
ticular, it is related to the difference in the disc lifetime between
the fast and slow rotators (e.g., Eggenberger et al. 2012a) and/or
alternately to the correlation between rotation and penetrative
convection efficiency (e.g., Baraffe et al. 2017). Contrary to the
models of Amard et al. (2016, 2019) our models comply with the
expected behaviour and the PMS Li depletion is larger for slower
rotators, as shown in upper panel of Fig. 8. As we use the same
treatment for rotational transport and the same disc lifetimes as
in Amard et al. (2019), the inclusion of penetrative convection
according to Eq. (5) is clearly shaping the Li evolution prior to
the ZAMS.

On the MS, when the parametric turbulence takes over the
Li transport, all models converge to the solar Li value since
we have adjusted the parametric turbulence to fit the Sun. The
tracks follow the lower envelope of the data from solar twins
(Carlos et al. 2019, 2020). The slightly shallower turbulent mix-
ing used in model νR1T6.42

A permits us to fit these points. The
parameters we adopted for turbulence and magnetic braking lead
to a good general agreement between the theoretical and the
observed Li behaviour for both field and open cluster solar-type
stars.

Regarding surface and internal rotation, the fast, median,
and slow models are also in good agreement with the observed
velocity distribution (solid lines, bottom panel Fig. 8) in solar-
type stars, similar to the models of Amard et al. (2019), which
did not include additional viscosity for the transport of angular
momentum. Moreover, all the models predict a flat rotation pro-
file in the radiative interior at the age of the Sun due to the
extra transport of angular momentum by the adopted ad hoc
viscosity νadd, regardless of the initial angular velocity. The
evolution of the rotation rate slightly differs, however, depend-
ing on the assumed initial rotational rate. The model F

ν R1T6.425
A

rotates almost as a solid body on the PMS and the early
MS. The strong torque exerted by the magnetised winds leads
to a sharp deceleration of the surface of this model between
300 Myr and 500 Myr, and differential rotation develops in the
interior during that period. When the surface torque becomes
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Fig. 7. Profiles of the logarithm of the diffu-
sion coefficients (left axis) of the meridional
circulation (Deff), the vertical shear (Dshear =
Dv), the overshoot (DA), the parametric turbu-
lence (DT6.425), and the total transport coeffi-
cient (Dtot = Deff + Dshear + DA + DT6.425) as
a function of the radius normalised to solar
radius at four different ages (107 years, 5 ×
107 years, 109 years, and solar age) for model
νR1T6.425

A . The abundance profile of A(7Li) is
the orange full line (right axis). Hatched areas
correspond to convective regions.

inefficient, around 500 Myr, the surface angular velocity evolu-
tion settles on a Skumanich-like path (Skumanich 1972) while
angular momentum is continuously extracted from the core by
the additional transport, modelled here with νadd, so that at the
age of the Sun the internal rotation profile agrees with the helio-
seismic constraint. On the MS the coupling between the core and
the surface is larger for larger initial angular velocity (compare
νR1T6.425

A and S
ν R1T6.425

A in Fig. 8). This behaviour differs from
what was obtained from bi-zone models (Gallet & Bouvier 2013;
Lanzafame & Spada 2015). In slow rotators, the large angular
velocity gradient and the small surface angular velocity at the
ZAMS and during the early MS evolution lead to the stronger Li
depletion discussed above.

Beryllium (hereafter Be) is also easily destroyed in stel-
lar interiors, but at higher temperatures (≈3.5 MK) than Li and
can thus also be used to further constrain the mixing. Spectro-
scopic determination of Be in open cluster solar-type stars (e.g.,
Boesgaard et al. 2003a,b, 2004) indicate that it should be only
slightly depleted during the PMS and the MS of solar-like stars.
In Fig. 9, we present the evolution of the surface Be abundance
as a function of the age for the models shown in Fig. 8. The evo-
lution of Be at the stellar surface is only affected by the paramet-
ric turbulent mixing introduced to reproduce the MS depletion
of Li in our models. It does not depend on the initial velocity.
The parametric turbulent mixing leads to a 0.3 dex depletion of
Be by the age of the Sun, which is slightly too large compared
to observations. Model νR1T6.42

A which better reproduces the Li
abundances of solar twins (see previous section), is compatible

within the error bars with the Be abundance at the solar surface.
However, the limited number of Be abundance determinations
currently prevents us from using this nuclide as a good constraint
for internal transport processes.

6. Summary and discussion

We computed models of solar-like stars including atomic
diffusion and rotation and we analysed the impact of different
internal transport processes on the chemical and rotational evo-
lution of these stars. Our models confirm the need for additional
transport processes beyond atomic diffusion and Type I rotation-
induced processes (meridional circulation and turbulent shear)
for both angular momentum and chemicals in order to repro-
duce observations of Li and internal rotation for MS solar-type
stars. In the framework of our study, we chose to parametrise
the action of complex processes and adopt the simpler approach
of an additional turbulent viscosity νadd to the angular momen-
tum transport equation, either constant or time-dependent. We
follow the propositions by Eggenberger et al. (2012b) and Spada
et al. (2016) to account for the low degree of (radial) differen-
tial rotation in evolved stars (subgiants and red giant stars). We
show that such a parametrisation of a yet-to-be-identified phys-
ical process can indeed lead to a strong coupling between the
interior and the envelope in solar-type stars at the age of the Sun
without significantly modifying the predicted evolution of their
surface rotation. Our models also indicate that all the current
observational constraints can be satisfied without reaching a full
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Fig. 8. Same as Fig. 1, but for the different R1 models, the selected
νR1T6.425

A model with different initial rotation velocities, and the classi-
cal model (C). The orange dots refer to the ages at which the diffusion
coefficient profiles are shown in Fig. 7. The red, black, and blue open
squares show the 25th, 50th and 90th percentiles of the observed rota-
tional distributions in each cluster.

rotational coupling between the core and the envelope until 2–
3 Gyr. Moreover, a higher degree of differential rotation is pre-
dicted for the slow rotators before this age. Asteroseismic con-
straints on the internal rotation of young solar-type MS stars
would be of great value to test this prediction.

Concerning the transport of chemicals, we confirm that the
Li depletion observed in MS solar-type stars of open clusters
cannot be reproduced by rotational mixing alone when the solar
internal rotation constraint is also taken into account. We imple-
mented for the first time the prescription for penetrative convec-
tion dependent on rotation, according to Augustson & Mathis
(2019). We show that this process is key to reproducing the sur-
face Li abundance evolution of solar-type stars during the PMS
and the very early MS. The dependence of the convective pen-
etration depth on the rotation rate in the convective envelope is
the main factor explaining the anti-correlation between the sur-
face rotation rate and Li abundance observed in open clusters. It
dominates over the effect of the disc lifetime first pointed out by
Eggenberger et al. (2012a).

For the first time since its publication we were able to
self-consistently compute the tachocline thickness according to
the model by Spiegel & Zahn (1992, their Eq. (12)). Using
the parametrisation for the horizontal turbulent viscosity from
Mathis et al. (2018), our model predicts a tachocline thickness at
the solar age, which is compatible with the helioseismic estimate
by Elliott & Gough (1999). On the other hand, the associated
turbulent transport as described in Brun et al. (1999) depends
on the degree of latitudinal differential rotation, whose evolu-
tion remains poorly constrained. Using estimates based on activ-
ity indicators from Donahue et al. (1996) leads to very efficient
tachocline mixing and an over-depletion of Li surface abundance
during the PMS evolution. In addition, the shallow thickness of
the tachocline during the MS evolution prevents our models from
reproducing the expected Li depletion during this evolutionary

Fig. 9. Same as Fig. 8, but for Be. Boxes are for Be observations of
solar-mass stars in different open clusters and are colour-coded accord-
ing to their metallicity, as in Fig. 1. The numbers I–V identify the clus-
ters: (I) IC 2602 and IC 2391 (Smiljanic et al. 2011), (II) Pleiades
(Boesgaard et al. 2003a), (III) Ursa Major (Boesgaard et al. 2003b),
(IV) Coma Ber (Boesgaard et al. 2003b), and (V) Hyades (Boesgaard
et al. 2004). The solar beryllium with uncertainties comes from Asplund
et al. (2009, photospheric value). The orange dots refer to the four pro-
files extracted from the star evolution shown in Fig. 7.

phase. Furthermore, the models that account self-consistently for
the tachocline mixing according to the formalisms of Spiegel
& Zahn (1992) and Brun et al. (1999) fail to reproduce the
observed evolution of Li abundance in solar-type stars. However,
this specific formalism calls for observational constraints on the
degree of latitudinal differential rotation. The development of
the meridional circulation to the fourth order, as proposed by
Mathis & Zahn (2004), was designed to self-consistently include
the tachocline region and associated transport in stellar evolution
models and could help to sort out the actual impact of tachocline
mixing along the evolution of solar-type stars. In this context
new developments on the horizontal turbulent transport induced
by the instability of the horizontal shear of the differential rota-
tion would be of great importance (Park et al. 2020; Garaud
2020; Cope et al. 2020).

Our optimal models (X
ν R1T6.425

A ) are obtained when includ-
ing a parametric turbulence according to Richer et al. (2000),
which was first proposed as a way to counteract the impact of
atomic diffusion with radiative accelerations in F-, A-, and B-
type stars for several evolutionary stages. The depth of the tur-
bulence appears to be slightly greater for the Sun than for solar
twins based on the comparison of our models (νR1T6.425

A and
νR1T6.42

A ) to the Li and Be data in open clusters, confirming that
the Sun might not be the best benchmark for testing transport
processes in solar-type stars (e.g., see also Carlos et al. 2020).
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Appendix A: Model convention

In order to simplify the notations, we used the following
convention to identify the models:

Rotini
Rtype

MtypeXTurb
Oversh,

where we defined
Model type (Mtype)

. Classical model (C)

. Rotational model (R)
Dh/Dv prescription/adjusted K parameter (X)

. Dh = Mathis et al. (2018)/Dv = Zahn (1992)/
K = 7.5 × 1030 erg (1)

. Dh = Zahn (1992)/Dv = Talon & Zahn (1997)/
K = 7.5 × 1030 erg (2)

. Dh = Zahn (1992)/Dv = Talon & Zahn (1997)/
K = 3 × 1030 erg (2′)

. Dh = Zahn (1992)/Dv = Talon & Zahn (1997)/
K = 4.5 × 1030 erg (2′′)

. Dh = Mathis et al. (2004)/Dv = Zahn (1992)/
K = 7.5 × 1030 erg (3)

Initial rotation velocity (Rotini)
. Slow (S)
. Median (none = default)
. Fast (F)

Rotation type (Rtype) – All rotation models include merid-
ional circulation and shear turbulence

. Impose solid rotation (solid)

. Addition of a viscosity νadd (ν)

. Addition of the viscosity νadd advised by Spada et al.
(2016) for the Sun (ν.spada)

. Addition of the time-dependent viscosity νadd(t) accord-
ing to Spada et al. (2016) (ν.spada(t) and ν2.spada(t))

Turbulence mixing (Turb)
. Turbulence fixed at temperature T0 (T6.425)
. Turbulence fixed at the base of the convection zone

(PM5000)
. Tachocline turbulence (Tach)

Overshoot (Oversh)
. Overshoot from Baraffe et al. (2017) (B)
. Overshoot from Augustson & Mathis (2019) (A)
. Overshoot from Korre et al. (2019) (K).

Appendix B: Prescriptions for tubulent viscosities

B.1. Vertical turbulent viscosities

In the framework of the shellular rotation hypothesis and assum-
ing strong anisotropic turbulence, Zahn (1992) proposed defin-
ing Dv as

Dv =
Ric
3
κT

(
r sinθ

NT

dΩ

dr

)2

, (B.1)

with Ric the critical Richardson number (= 1/4) beyond which
the initial instability exists, κT the thermal diffusivity, θ a spher-
ical coordinate, and NT the thermal term of the Brunt-Väisälä
frequency.

Talon & Zahn (1997) developed another version of Dv that
considers the effect of thermal and chemical stratifications. The
Richardson criterion was then modified; it now involves Nµ, the
chemical term of the Brunt-Väisälä frequency. The coefficient
Dv is defined as

Dv =
1
4

Ric

 N2
T

KT + Dh
+

N2
µ

Dh

−1 (
r sinθ

dΩ

dr

)2

, (B.2)

where N2 = N2
T + N2

µ is the Brunt-Väisälä frequency.

B.2. Horizontal turbulent viscosities

Zahn (1992) defined Dh as

Dh =
1
ch

r|2V2 − αU2|, (B.3)

with α = 1
2

d ln(r2Ω)
d ln r the shear rate (α = 1 means uniform rotation),

V2 the latitudinal component, and U2 the radial component of the
meridional circulation developed to the second order:

V2 =
1

6ρ
d(ρr2U2)

dr
, (B.4)

U2 =
5

ρr4Ω

(
Γ(m) − ρνvr4 dΩ

dr

)
. (B.5)

Here Γ(m) refers to the gain or loss of angular momentum in the
isobar enclosing m(r).

Mathis et al. (2004) defined Dh as

Dh =

(
β

10

)1/2

(r2Ω)1/2[r|2V2 − αU2|]1/2, (B.6)

where β is a parameter close to 1.5 × 10−5.
Mathis et al. (2018) accounted for the fact that horizontal

turbulence is generated from both horizontal and vertical shears.
The coefficient Dh then writes as Dh = Dh,h + Dh,v. The first
index means the direction of the transport and the second index
refers to the shear that generates the transport. This additional
transport (Dh,v) is active only if the vertical shear does not fulfil
the Reynolds criterion (Re > Re;c with Re;c = 7νm with νm the
molecular viscosity):

Dh,h =

(
β

10

)1/2

(r2Ω)1/2[r|2V2 − αU2|]1/2, (B.7)

Dh,v =

{
τ2N4

2Ω2 Dv,v if Re > Re;c
0 if Re < Re;c

}
. (B.8)

Here Dv,v ≡ Dv from Eq. (B.1), and τ is a characteristic timescale
for the turbulence, taken to be equal to the time characterising the
radial shear, τ = 1/S , where S = r sin θ∂rΩ, as in Amard et al.
(2019).
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Chapter 9
Lithium depletion and angular
momentum transport in F-type and
G-type stars in Galactic open clusters

In Chapter 8, we studied the Li-depletion exhibited by the solar-type stars along their evolution
and determined an optimal model to reproduce both the observational constraints from surface Li
abundance and rotation. In the present Chapter, we aim to extend our study to a larger range of
masses from 0.8 M� to 1.5 M� for which we have access to surface abundances and surface rota-
tion velocities (see Chapter 1). This range of mass includes stars in the so-called Li-dip, as well as
stars on the cold-side of the dip that exhibit a Li-depletion with decreasing mass.

In this Chapter, we present the results obtained by confronting the observational data described
in Chapter 1 to models including the optimal combinations of dynamical processes that trans-
port chemicals and angular momentum determined in Chapter 8.

9.1 Dumont et al. 2021 (A&A, revised)

In Dumont et al. 2021 (A&A, revised), we use the optimal model from Dumont et al. (2021) and
including transport processes of chemicals and angular momentum (namely, rotation, penetrative
convection, parametric turbulence, parametric viscosity, and atomic diffusion) that were tested
with respect to Li abundances and surface and internal rotation constraints for solar-type stars.
We now apply the prescriptions that were identified to be the most relevant to a broader range in
mass and metallicity.

We showed that the optimal model developed for solar-type stars is able to reproduce the cold
side of the Li-dip for each cluster, independently of age and metallicity. A metallicity effect is high-
lighted and we predict a higher depletion at high metallicity then at low metallicity. However, our
models are in less good agreement with metal-poor observational data that are more Li-depleted
than predicted and would argue for a metal-dependence of the transport processes. Over the en-
tire range of masses, metallicities, and ages explored, we reproduce the evolution of the surface
rotation rates, and predict for the first time the observed anticorrelation between surface rotation
rate and Li-depletion as a consequence of the penetrative convection prescription. Besides, the
model predicts internal rotation profiles in good agreement with asteroseismic constraints in main
sequence stars. However, we cannot reproduce the Li-dip observed in few open clusters with
the same model because of a too weak depletion of Li for M > 1.2M�. The Li-dip can only be
reproduced considering a different prescription for the shear turbulent mixing and a mass depen-
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dent parametric viscosity νadd to transport angular momentum. It is thus mandatory to have a
clear theoretical discrimination between the different prescriptions currently available to account
for the turbulent shear transport. It also calls for a new exploration of physical processes such
as tachocline mixing for the transport of chemicals and internal gravity waves for the transport
of angular momentum. Finally, we highlight the key constraint of Beryllium, which also exhibits
a dip, correlated with Li. It provides additional and complementary constraints for the missing
transport processes involved. We show that with the few data available, it is presently challenging
to reconcile simultaneously the Li-dip and the Be-dip. It highlights the need of additional data for
the beryllium abundance in main sequence F- and G-type stars of different ages and metallicities.
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ABSTRACT

Context. Open clusters provide unambiguous clues to understand the evolution of 7Li at the surface of low-mass stars and its possible
correlation with stellar rotation, which is a challenge for both stellar hydrodynamics and Galactic chemical evolution.
Aims. We aim at quantifying the efficiency of the transport processes for both angular momentum and chemicals that are required to
explain simultaneously the observed behaviour of surface 7Li (and 9Be) and rotation as well as the internal rotation profiles inferred
from helio- and asteroseismology in F- and G-type main sequence stars.
Methods. We apply the model for the transport of angular momentum and chemicals that we tailored in a previous work for solar-
type stars to an extended range of initial masses and metallicities corresponding to F- an G-type stars in a sample of 20 Galactic
open clusters. We evaluate its ability to explain the 7Li, 9Be, and rotation periods observations. This model includes atomic diffusion,
rotation-induced processes (for which we test different prescriptions for shear turbulence), penetrative convection with a rotational
dependence, parametric viscosity and turbulence, and magnetic braking.
Results. Over the entire range of masses, metallicities, and ages explored, we reproduce the evolution of the surface rotation rates, and
predict for the first time the observed anticorrelation between surface rotation rate and 7Li depletion as a consequence of the penetrative
convection prescription. The 7Li behaviour and its evolution with time is well reproduced for G-type stars. However, the ability of the
model to reproduce the so-called 7Li-dip centered around ∼6600 K strongly depends on the adopted prescriptions for shear turbulence.
It also requires a stellar mass dependence for the parametric viscosity adopted for the transport of angular momentum, similar to the
behaviour predicted for the generation and luminosity of internal gravity waves generated by stellar convective envelopes. Finally, the
model predicts internal rotation profiles in good agreement with asteroseismic constraints in main sequence stars.
Conclusions. We provide an efficient way to model successfully G-type stars of different ages and metallicities. However, the 7Li
and 9Be dips constraints urgently call for further hydrodynamical studies to better model turbulence in stars, and for the exploration
of physical processes such as tachocline mixing for the transport of chemicals and internal gravity waves for the transport of angular
momentum. Finally, additional data for the internal rotation and for 9Be in main sequence low-mass stars are definitively needed.

Key words. Stars: abundances – Stars: rotation – Stars: evolution – Stars: low-mass – open clusters and associations: general

1. Introduction

Understanding the evolution of 7Li (hereafter Li) in low-mass
stars is one of the main challenges for stellar and Galactic astro-
physics. Despite Li being a very scarce element, it is a tracer of
Galactic chemical evolution (e.g. Spite & Spite 1982; Matteucci
et al. 1995; Romano et al. 2001; Travaglio et al. 2001; Prant-
zos 2012) and of transport processes that occur in stellar interi-
ors (e.g. Charbonneau & Michaud 1990; Montalban & Schatz-
man 1996; Montalbán & Schatzman 2000; Charbonnel & Talon
2005; Talon & Charbonnel 2010; Castro et al. 2016; Dumont
et al. 2021, hereafter Paper I, and references therein). An overall
picture of the different possibly involved processes is described
in the reviews by Mathis (2013) and Aerts et al. (2019).

Observations of open clusters have provided numerous Li
abundance data for stars of different ages over a large range
of masses and metallicities (e.g. Boesgaard 1976; Duncan &
Jones 1983; Cayrel et al. 1984; Balachandran et al. 1988, 2011;
Soderblom et al. 1990, 1993b; Boesgaard 1991; Thorburn et al.

? e-mail: thibaut.dumont@unige.ch

1993; Garcia Lopez et al. 1994; Swenson et al. 1994; Jones
et al. 1999; Boesgaard et al. 2003a,b; Sestito & Randich 2005;
Anthony-Twarog et al. 2009, 2018; Cummings et al. 2012, 2017;
Deliyannis et al. 2019; Randich et al. 2020). Li depletion has
clearly been evidenced to increase with time and to be linked to
the stellar mass (e.g. Deliyannis et al. 2000, for a review). At a
given age, the Li behaviour as a function of stellar effective tem-
perature (Teff) shows two specific patterns. On one hand, photo-
spheric Li abundances of G-type stars decrease with decreasing
effective temperature (decreasing mass). On the other hand, a
group of F-type stars with Teff centered around 6’600 K fall into
the so-called Li-dip which appears in open clusters older than
∼ 200 Myrs (e.g. Wallerstein et al. 1965; Boesgaard & Tripicco
1986; Hobbs & Pilachowski 1986; Soderblom et al. 1993a; Bal-
achandran 1995; Steinhauer & Deliyannis 2004; Boesgaard et al.
2016).

Classical stellar evolution (accounting only for convection
as a mixing process in stellar interiors) predicts noticeable Li-
depletion during the pre-main sequence (PMS) when the base of
the convective envelope is deep enough to reach the Li-burning
temperature, which happens only for the less massive stars (i.e.,
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below ∼ 0.9 - 1.0 M� at solar metallicity; e.g. Bodenheimer
1965; Pinsonneault 1997). However, it does not predict any fur-
ther surface Li variation until the first dredge-up occurs after
the stars leave the main sequence (MS), in striking contrast with
the observational evidence of the steepening along the main se-
quence of the Li-Teff trend of the cool side of the Li-dip and of
the Li-dip itself.

The key role of rotation was pointed out as the cool edge
of the Li-dip coincides with the so-called Kraft rotation break
as observed for instance in the Hyades (Boesgaard 1987) and in
NGC 752 (Hobbs & Pilachowski 1986). The Kraft break (Kraft
1967) corresponds to the transition stellar mass (' 1.2 M� at
solar metallicity) where important structural changes occur in
main sequence star. In particular, stars more massive than the
transition value have extremely thin convective envelope, imply-
ing weaker, or ineffective, magnetic braking compared to cooler,
less massive stars with thick convective envelope that can sustain
efficient stellar wind magnetic braking (e.g. Schatzman 1962;
Weber & Davis 1967; Matt et al. 2015; Kawaler 1988; Cum-
mings et al. 2017; Deliyannis et al. 2019). The cool side of the
dip corresponds also to the transition region where the convec-
tive envelope can efficiently generate internal gravity waves that
transport angular momentum (Talon & Charbonnel 2003, 2004,
2005), and to an internal structure where the stellar core is radia-
tive while hotter MS stars host a convective core.

Different non-standard mixing-processes (beyond convec-
tion) have been explored to explain the observed Li features in
F-type and G-type stars: convective overshooting or penetrative
convection (Schlattl & Weiss 1999; Brun et al. 2017; Baraffe
et al. 2017; Jørgensen & Weiss 2018, Paper I), atomic diffusion
(Michaud 1986; Richer & Michaud 1993; Turcotte et al. 1998),
mass loss (Guzik & Mussack 2010), planet accretion or migra-
tion (Montalbán & Rebolo 2002; Castro et al. 2009), tachocline
mixing (Brun et al. 1999, Paper I), internal gravity waves (Mon-
talban 1994), rotation-induced mixing (Pinsonneault et al. 1990;
Charbonnel et al. 1992; Palacios et al. 2003; Eggenberger et al.
2012a; Somers & Pinsonneault 2016; Amard et al. 2016; Zhang
et al. 2019), magnetic processes and instabilities (Charbonneau
& MacGregor 1993; Ruediger & Kitchatinov 1996; Eggenberger
et al. 2005, 2010), as well as different combinations of some of
the above mentioned processes where the transports of chemicals
and angular momentum are intimately coupled (Richard et al.
1996; Charbonnel & Talon 2005; Talon & Charbonnel 2005;
Deal et al. 2020; Semenova et al. 2020, Paper I).

Importantly, Li appears to be only one piece of a bigger puz-
zle that should also include the constraints from 9Be (hereafter
Be) that burns at a slightly higher temperature than Li (∼ 3.5 MK
and 2.5 MK, respectively; e.g. Pinsonneault 1997). Indeed, while
the Be-dip coincides with the Li-dip (e.g. Deliyannis et al. 1998;
Boesgaard et al. 2001, 2004b, 2020), Be is hardly depleted in
the Sun, solar-like stars, and G-type stars (Balachandran & Bell
1998; Boesgaard et al. 2003a,b, 2004a, 2016, 2020). The Be be-
haviour thus brings additional constraints on the possible origin
of the observed behaviour of Li in F- and G-type stars and on
the depth of the required mixing process. Last but not least, the
difficulty is to find the actual connection between the transport
of chemicals and the transport of angular momentum at play in
stars of different spectral types along their evolution, to account
simultaneously for the internal rotation profiles that can be de-
duced for the Sun and for some other stars thanks to asteroseis-
mology (Kosovichev 1988; Elsworth et al. 1995; Mathur et al.
2008; Eff-Darwich et al. 2008; Marques et al. 2013; Benomar
et al. 2015; Eggenberger et al. 2019a; García & Ballot 2019).

In this work, we explore the chemical and rotational evo-
lution of low-mass stars on the PMS and the MS for different
stellar masses and metallicities that cover the range of Galactic
open clusters with ages between 5 Myrs and 4 Gyrs. We study
the effects and the relevance for these stars of different transport
processes that we already explored and validated for the specific
case of the solar-type stars (Paper I), and that depend on both
mass and metallicity. In Sect. 2, we present the observational
data that we use to constrain model predictions. In Sect. 3 we
describe the input physics of the stellar models and the differ-
ent processes implemented in the evolution code STAREVOL
used for this work. In Sect. 4, we compare the observations for
the Hyades and Praesepe open clusters with the predictions for
Li, Be, and surface rotation of our non-standard model includ-
ing meridional circulation, shear induced turbulence, atomic dif-
fusion, overshoot, and parametric viscosity and turbulence. In
Sect. 5, we compare the model predictions with Li and rotational
periods (Prot) data in a sample of open clusters over a broad range
in age and metallicity. In Sect. 6, we discuss model predictions
for the internal rotation and compare to asteroseismic measure-
ments. We summarise our results and conclude in Sect. 7.

2. Observational data

We use observational data for a sample of Galactic open clusters.
Their names, ages, metallicities, distances to the Galactic centre
are given in Table 1 along with bibliographical references from
which the Li and Be surface abundances and rotation periods
of individual stars were taken. We only take into account non-
binary stars with confirmed membership as mentioned or flagged
in the reference papers cited in Table 1.

2.1. Lithium and Beryllium abundances

In this work, we consider Li spectroscopic data for a sample of
14 open clusters (see Tab. 1) with [Fe/H] values between -0.38
and +0.16 dex, and ages between 35 Myrs and 4 Gyrs : IC 2602,
IC 2391, Pleiades, α Persei (α Per), M 35, M 50, Coma Berenices
(Coma Ber), Ursa Major (UMa), Hyades, NGC 6633, Praesepe,
NGC 6819, NGC 2420, M 67 and NGC 2243. We adopt the me-
teoritic abundance A(Li) = 3.311 (Asplund et al. 2009) as the
original abundance of lithium.
All the original papers give 1-D LTE Li abundances, except Jef-
fries et al. (2002), where they give NLTE Li abundances for
NGC 6633 stars. As lithium abundances are known to be sen-
sitive to non-LTE effects, we compute the 3-D NLTE corrections
(∆NLTE) to all the 1-D LTE lithium abundances using the code
Breidablik2 by Wang et al. (2021)3. To do so, we use for each
star the [Fe/H], Teff , and logg values given in the original papers
also providing the lithium abundances (see Tab. 1). In the spe-
cific case of the Pleiades, Bouvier et al. (2018) do not give the
surface gravity. We thus adopt log g = 4.4 for its stars, which
appears to describe well the typical surface gravity of F and G
dwarfs4. The absolute values of NLTE corrections rarely exceed

1 A(X) = log10(NX/NH) + 12, where NX is the number density of ele-
ment X.
2 https://github.com/ellawang44/Breidablik
3 In the case of the NGC 6633 stars from Jeffries et al. (2002), we first
reverse their NLTE correction using the code of Carlsson et al. (1994) to
obtain the 1-D LTE abundances and then compute the same 3-D NLTE
corrections as for the other data.
4 ∆NLTE depends weakly on log g for most of the studied tempera-
ture range. For instance, for Teff=6’000 K, A(Li)=2.5 and [Fe/H]=0,
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Table 1. Main properties of the open clusters considered in this work, with the corresponding references for the Li and Be abundances and the
rotation periods.

Name Age (Myrs) Ref Age [Fe/H] Distance (kpc) Ref Li Ref Be Ref Prot

NGC 2362 5 I 0.00 9.11 - - a
NGC 2547 35 I -0.14±0.10 8.39 - - b

IC 2602 35 II -0.02±0.02 8.29 1 - -
IC 2391 36 II -0.03±0.02 8.34 1 c

Pleiades (Melotte 22) 87 II -0.01±0.05 8.45 2 - b;d
αPer (Melotte 20) 87 II +0.14±0.11 8.48 3;4 - c
M 35 (NGC 2168) 150 I -0.17±0.01 9.24 5;6 - e
M 50 (NGC 2323) 150 I 0.00• 9.10 - - b;f

NGC 2516 150 I -0.06±0.05 8.32 - - b
M 37 (NGC 2099) 500 I +0.02±0.05 9.77 - - b;g

Coma Ber (Melotte 111) 570 III 0.00±0.08 8.35 7 - -
UMa 600 IV -0.09? 8.37∗ 7 - -

Hyades (Melotte 25) 720 III +0.13±0.05 8.38 8 9 h;i
NGC 6633 770 II -0.08±0.12 8.00 10;11 - -

Praesepe (NGC 2632) 750 II +0.16±0.08 8.48 8 12 b;j;k;l
NGC 6811 950 I +0.03±0.01 8.20 - - b;m
NGC 6819 2000 II +0.09±0.01 8.03 13 - n
NGC 2420 2500 V -0.05±0.02 10.68 14 - -

M 67 (NGC 2682) 3640 II -0.01±0.04 8.96 15 - -
NGC 2243 4000 VI -0.38±0.04 10.58 16 - -

Notes.
The [Fe/H] values are from Netopil et al. (2016) and Gutiérrez Albarrán et al. (2020), except for UMa (Boesgaard et al. 2003a) and M 50 (Douglas
et al. 2016). Distances to the Galactic centre are from Cantat-Gaudin et al. (2020), except for UMa (Ujjwal et al. 2020) and are based on the Gaia
DR2 measurements.
I: Godoy-Rivera et al. (2021); II: Bossini et al. (2019), III: Netopil et al. (2016); IV: Boesgaard et al. (2003a); V: Semenova et al. (2020); VI:
Gutiérrez Albarrán et al. (2020). 1: Randich et al. (2001); 2:Bouvier et al. (2018); 3: Boesgaard et al. (2003b); 4: Balachandran et al. (2011) ; 5:
Barrado y Navascués et al. (2001); 6: Jeffries et al. (2021); 7: Boesgaard et al. (2003a); 8: Cummings et al. (2017); 9: Boesgaard et al. (2016);
10: Jeffries (1997); 11: Jeffries et al. (2002); 12: Boesgaard et al. (2004a); 13: Deliyannis et al. (2019); 14: Semenova et al. (2020); 15: Pace et al.
(2012); 16: François et al. (2013). a: Irwin et al. (2008); b: Godoy-Rivera et al. (2021); c: Irwin & Bouvier (2009); d: Hartman et al. (2010); e:
Meibom et al. (2009); f: Irwin et al. (2009); g: Hartman et al. (2008); h: Delorme et al. (2011); i: Douglas et al. (2016); j: Agüeros et al. (2011); k:
Douglas et al. (2017); l: Douglas et al. (2019); m: Meibom et al. (2011); n: Meibom et al. (2015)
• [Fe/H] from Douglas et al. (2016)
? [Fe/H] from Boesgaard et al. (2003a)
∗ Distance to the Galactic centre from Ujjwal et al. (2020), assuming the Sun is at a distance of 8.34 kpc from the galactic centre (Cantat-Gaudin
et al. 2020)

0.1 dex, we consequently do not expect a significant impact on
the results.

We also use as an additional constraint the Be spectroscopic
data for the Hyades and Praesepe from Boesgaard et al. (2004a)
and Boesgaard et al. (2016). Observations are directly extracted
from Boesgaard et al. (2004a, 2016) without any modification.
We adopt the meteoritic abundance A(9Be) = 1.41 (Asplund
et al. 2009) as the original abundance of beryllium.

2.2. Age

There is no self-consistent determination in the literature of the
ages of all the clusters we consider here, and this task is out of
the scope of this work. To be consistent with Paper I, we use the
ages from Bossini et al. (2019, when available) for the clusters
with Li abundance measurements. For the clusters with rotation
period measurements, we use the ages from Godoy-Rivera et al.
(2021, when available). For the five clusters with Li data that

∆NLTE(log g=4.4)-∆NLTE(log g=4.0) = -0.0135 dex, which is negligible.
However, for Teff ≈3’900 K to 4’500 K this difference is more signifi-
cant and reaches values of about +0.08 dex. In our sample, only 17 out
of the 92 stars of Pleiades are in this temperature range, therefore this
should not have a significant impact on the result.

were not studied in these two works, we take the ages quoted
in the respective observation papers (see Table 2). Except for the
Pleiades, the differences in age determinations from the literature
is weakly affecting our conclusions (see discussion in Sect. 5.1).

2.3. Effective temperature Teff

The effective temperatures used in this study are taken from the
same original sources as the lithium (or beryllium) abundances
for consistency (see Tab. 1). In rare cases, spectroscopic Teff

are available (this is the case of M67 and NGC 2420). In most
cases, Teff are determined using colour-temperature calibration
relations from (B-V), (V-Ic) or (V-K) colour indices. For the 14
open clusters presented in Table 1, at least 6 different relations /
methods are used. These relations differ by their metallicity de-
pendence, the zero-point of their temperature scale, the colours
used, etc. The relative consistency between the different calibra-
tion relations was tested in several previous studies (Huang et al.
2015; Casagrande et al. 2010; Meléndez et al. 2010). These stud-
ies emphasize maximum differences of about 100 K can be found
when applying the different temperature scales to dwarf stars in
the metallicity and photometric domain considered here.
We thus consider that the general agreement between the differ-
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ent temperature scales adopted in the original papers that we use
in this work is satisfactory.

2.4. Surface and internal rotation

We compare the surface rotation predicted by our models with
the observational data set gathered by Irwin & Bouvier (2009),
Gallet & Bouvier (2015) and Godoy-Rivera et al. (2021) for
low-mass stars among a sample of 12 open clusters with ages
between 5 Myrs and 2 Gyrs: NGC 2362, NGC 2547, IC 2391,
αPer, Pleiades, M 35, M 50, M 37, Hyades, Praesepe, NGC 6811
and NGC 6819 (see details in Table 1).

We constrain our model predictions for internal rotation us-
ing the asteroseismic measurements obtained by Benomar et al.
(2015) for a sample of MS field stars observed by Kepler. We
select a sub-sample of four stars with metallicities close to that
of the Hyades.

3. Stellar evolution models – Input micro- and
macro-physics

3.1. General assumptions

We follow the conclusions of Paper I on different transport pro-
cesses of chemicals and angular momentum (namely: rotation,
penetrative convection, parametric turbulence, parametric vis-
cosity, and atomic diffusion, as described below) that were tested
with respect to Li abundances and surface and internal rota-
tion constraints for solar-type stars. We use the nomenclature
described in Paper I. For instance, model M

ν R1T6.42
A is a model

computed with R1 prescription for rotation-induced turbulence
and parametric viscosity (ν=νadd), penetrative convection (A),
parametric turbulence down to log T0 = 6.42, at median initial
rotation velocity (M), and with atomic diffusion. All the details
about the corresponding prescriptions for the different processes
are given below.
We apply to a broader range of masses and metallicities the pre-
scriptions that were identified to be the most relevant for solar-
type stars. Models are computed in the mass range between 0.8
M� and 1.5 M� (δM = 0.1M�) for seven values of [Fe/H] (-
0.4, -0.2, -0.1, -0.05, 0, +0.10, +0.15) that cover the metallicity
range of the Galactic open clusters described in Table 1. Com-
putations start on the Hayashi track at the beginning of the deu-
terium burning phase on the PMS that we take as the time zero
of the evolution.

3.2. Input physics

We use the same updated version of the stellar evolution code
STAREVOL as in Paper I (for general informations and previ-
ous versions see Siess et al. 2000; Palacios et al. 2006; Decressin
et al. 2009; Lagarde et al. 2012; Amard et al. 2019) to which
we refer for details and references. The models presented in this
work are computed with the same inputs physics (equation of
state, opacities, nuclear reactions, model atmosphere, mass loss).
We use the same values for the mixing length parameter (αMLT,
assuming the Schwarzschild criteria for convective stability) and
the initial abundances that resulted from model calibrations on
the Sun that were carried out for classical models (no transport of
chemicals beyond convection), and for models including both ro-
tation and atomic diffusion (respectively models C and R1 from
Paper I).

3.3. Atomic diffusion, penetrative convection, parametric
turbulence

Atomic diffusion is implemented according to Paquette et al.
(1986) and Thoul et al. (1994). We do not take into account
radiative accelerations. Their impact starts however to be
non-negligible for stars with effective temperature higher than
∼ 6’800 K, which corresponds to ∼ 1.4 M� at solar metallicity
(Richer et al. 1998; Richard et al. 2002; Deal et al. 2018, 2020).
This will be discussed in Sect. 7.

Penetrative convection is treated as an overshoot and com-
puted following the formalism of Augustson & Mathis (2019)
with the following expression for the diffusion coefficient:

DA(r) ≈ D0

1 − exp

− exp

 r − rbcz

dov ×
(

v
v0

)3/2 +
µ

λ



 , (1)

where D0 = (υconv × Hp × αMLT)/3 is the convective turbulent
diffusivity (with υconv the mean velocity of the convective ele-
ments obtained from MLT, αMLT the mixing length parameter,
and Hp the pressure scale height), r is the local radius, rbcz is
the radius at the base of the convective zone, (v/v0) is the ratio
of the velocity of the convective elements when taking rotation
into account to the non-rotating inviscid value, and dov = 0.0325
(as calibrated by Paper I to reproduce the Li abundance in
solar-type stars in very young open clusters). The coefficients
λ = 6× 10−3 and µ = 5× 10−3 are as prescribed by Baraffe et al.
(2017) based on the simulations of Pratt et al. (2017).

Parametric turbulence is defined according to Richer et al.
(2000) and Richard et al. (2005) with the following prescription
for the diffusion coefficient:

DT0 = 400DHe(T0)
[
ρ(T0)
ρ

]3

, (2)

where T0 is a free parameter that sets the depth of the maximum
efficiency of the mixing depending on the value of the atomic dif-
fusion coefficient He (DHe). Initially introduced by Richer et al.
(2000) to counteract a too strong impact of atomic diffusion in
AmFm stars, we introduced it in our models with rotation to in-
crease the surface Li depletion predicted on the MS and repro-
duce the observations for solar type stars and for the Sun. For
all the reference models we adopt log T0 = 6.42 as calibrated by
Paper I. We also present a set of models for the Hyades metallic-
ity ([Fe/H] = + 0.15 dex) where we have increased this depth to
log T0 = 6.5.

3.4. Angular momentum evolution and rotation-induced
mixing

Stellar rotation is implemented in STAREVOL as described by
Amard et al. (2016, 2019) and Paper I. We adopt the shellu-
lar rotation hypothesis developed by Zahn (1992), Maeder &
Zahn (1998), and Mathis & Zahn (2004) to describe the trans-
port of angular momentum and chemicals by meridional circu-
lation, treated as an advective process for angular momentum,
and turbulent shear (vertical and horizontal), treated as diffu-
sive processes. We follow Eggenberger et al. (2012b, 2019b) and
Spada et al. (2016) who introduced an additional parametric ver-
tical viscosity νadd in order to flatten the internal rotation profile
as evidenced by helio- and asterosismology of low-mass stars.
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Fig. 1. (Top) Evolutionary tracks in the Hertzsprung-Russell diagram of M
ν R1T6.42

A models of 1.0M� computed for seven values of [Fe/H] (Left) and
of different masses for [Fe/H]=0 (Right). (Bottom) Surface Li abundance for the corresponding models. The coloured-lines connect points of the
same age.

The transport of angular momentum hence obeys the following
advection-diffusion equation:

ρ
d
dt

(r2Ω) =
1

5r2

∂

∂r
(ρr4ΩU2) +

1
r2

∂

∂r

(
(νv + νadd)r4 ∂Ω

∂r

)
, (3)

where ρ, r, Ω, U2, and νv are the density, the radius, the
angular velocity, the meridional circulation velocity, and the ver-
tical shellular component of the turbulent viscosity, respectively.
For the reference models we adopt νadd = 3.5× 104cm2s−1 in the
entire radiative region. This value was calibrated in Paper I on
the solar angular velocity profile provided by helioseismology.
We also present a set of models for the Hyades metallicity
([Fe/H] = + 0.15 dex) where we modified this value depending
on the initial stellar mass (ν′add = 3.5 × 105, 1.0 × 105, 2.5 × 105,
6.5 × 105, and 8.5 × 105 cm2s−1 for the 1.5, 1.4, 1.35, 1.3, and
1.2 M� models respectively). These values are kept constant
during the entire evolution.

We explore two combinations of prescriptions for turbulence
shear referred to as R1 and R2 as in Paper I. R1 includes pre-

scriptions from Mathis et al. (2018) and Zahn (1992) for the
horizontal diffusivity Dh and the vertical diffusivity Dv, respec-
tively. R2 includes prescriptions from Zahn (1992) and Talon &
Zahn (1997) for Dh and Dv, respectively. The detailed expres-
sions of the four turbulent diffusion coefficients can be found in
Appendix B of Paper I. We use the same parameters as in Paper I
for the extraction of angular momentum at the stellar surface due
to magnetised winds (m=0.22, p=2.1, χ = 14, K = 7.5 × 1030

erg unless otherwise indicated) according to Matt et al. (2015)
formalism. Models are computed for three values of the initial
rotation period on the PMS: 1.6, 4.5 and 9.0 days, which will
be referred to as fast (FR), median (MR), and slow (SR) rotating
models, respectively. The disc coupling timescale is set at τdisc
= 2.5 Myrs for the fast rotators and at τdisc = 5 Myrs for the me-
dian and the slow rotators, in agreement with Gallet & Bouvier
(2015) and Amard et al. (2019).

To summarise, the best models for solar-type stars that we
developed in Paper I include the self-consistent treatment of
physical processes as well as parametrized additional transports
for angular momentum and chemicals as summarised in Tab. 2.
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Fig. 2. Top: Li surface abundance versus Teff in the Hyades (filled
squares) and Praesepe (open squares) from Cummings et al. (2017);
downward triangles are for upper limits. Comparison to the predictions
at 0.75 Gyr (diamonds) of models with [Fe/H] = +0.15 computed under
several assumptions: classical models (C; dashed black line) and com-
plete models νR1T6.42

A (cyan, blue, and violet diamonds for slow, me-
dian, and fast initial rotation velocities, respectively) and νR1T6.5

A (light
green, green, and dark green diamonds for slow, median, and fast ini-
tial rotation velocities, respectively). Bottom: V sin i versus Teff in the
Hyades (filled squares) and Praesepe (open squares) from Cummings
et al. (2017). Comparison to the surface rotation velocity predictions of
model νR1T6.42

A at 0.75 Gyr. Insert: zoom on the cool side of the Kraft
rotation break including model predictions for 0.8-1.2M� stars.

The parameters are strongly constrained by observations (see
col. 3 Tab. 2) and cannot be varied freely. In the present study, we
explore a possible variation of the efficiency of these additional
processes with metallicity and initial mass.

4. Model predictions for Li, Be, and surface rotation
- The Hyades and Praesepe test case

In this section, we explore the predictions of model νR1T6.42−6.5
A

over a range of masses and metallicities for three different ro-
tation rates. We recall that this model was developed for the
specific case of solar-type stars in Paper I. We discuss the gen-
eral impact of mass and metallicity on Li depletion, and then we
compare the predictions for the behaviour of surface Li, Be, and
rotation rates to the observations in the Hyades and Praesepe,
and to the predictions of classical models and of model M

ν R2T6.42
A

computed with different prescriptions for rotation-induced tur-
bulence (see Tab. 3).

4.1. Impact of metallicity and mass on Li evolution

Figure 1 shows the evolutionary tracks in the Hertzsprung-
Russell diagram (PMS and MS) and the predicted surface Li
abundance as a function of Teff for a selection of models (all
computed with median rotation). We see the well-known impact
of varying the mass and the metallicity on the evolution tracks,

and the global consequence on Li depletion. When metallicity
decreases for a given mass, or when the mass increases for a
given metallicity, the model is hotter and brighter. As a conse-
quence, its convective envelope retracts more rapidly at the be-
ginning of the Hayashi track on the PMS, and it is thinner on
the MS. Hence, its base is more distant from the layers where Li
is burning, which leads to overall lower Li depletion, although
the quantitative details depend on the efficiency of the transport
process(es) that connect the base of the convective envelope to
the Li-free region (see below).

In all the models shown in Fig. 1, Li decreases along two
successive episodes, first on the PMS, and later along the MS.
The PMS depletion episode is due first to Li burning in the con-
vective envelope at the beginning of the Hayashi track and later
to overshoot that are both dependent on the size of the convective
envelope and of its timescale for retraction along the PMS. As
a consequence, PMS depletion is minute for stars with ZAMS5

Teff higher than ∼ 6’500 K, and it increases with decreasing stel-
lar mass and increasing metallicity.
The MS depletion episode is due to the combined effects of
rotation-induced mixing and parametric turbulence. The first
process is more efficient in cooler stars (i.e., less massive at a
given metallicity, or more metal-rich at a given mass) which un-
dergo more significant extraction of angular momentum by their
magnetised winds (see e.g. Fig. 6 in Amard et al. 2019). Sim-
ilar mass and metallicity dependencies exist in the case of the
second process, because in all our models we assume in Eq. (2)
the same value for the free parameter T0 which is closer to the
temperature of the base of the convective envelope in less mas-
sive or more metal-rich stars. In summary, overall Li depletion
is stronger in less massive, more metal-rich stars.

4.2. The Hyades and Praesepe

Here we focus on the well-studied Hyades and Praesepe
for which Li, Be, and surface rotation data are available.
These two open clusters are close in age (0.72 Gyr and
0.75 Gyr, respectively) and metallicity ([Fe/H] = +0.13±0.05
and +0.16±0.08 dex respectively) according to the references
quoted in Table 1.

Figure 2 shows the observed Li abundances and rotation ve-
locities (V sin i) as a function of the effective temperature from
Cummings et al. (2017). Both clusters exhibit similar patterns,
namely the so-called Li-dip between ∼ 6’400 and 6’800 K, the
Li-Teff decrease in G-type stars on the cool side of the dip, and
the well-know break in rotation velocity (≈ 6’400-6’500 K) for
dwarf stars later than F4 spectral type (Schatzman 1959, 1962;
Kraft 1967; Boesgaard 1987). In the same figure we show the
predictions at 0.75 Gyr of the classical models, and of the com-
plete models νR1T6.42

A and of νR1T6.5
A models computed with

[Fe/H] = +0.15 for three different initial rotation velocities (slow,
median, fast) for masses between 0.8 and 1.5 M� (mass step 0.1
M�), and for median initial rotation velocity for the 1.35 and
1.45 M� models.

As long known in the literature, and as shown in Fig. 2, clas-
sical models (model C) that account solely for convection predict
Li-depletion on the PMS only, when the size of the convective
envelope is large enough to reach the Li-burning temperatures
along the Hayashi track (see Sect. 4.1). While the predicted mass
and Teff dependence of the Li abundance after the PMS depletion
is similar to the observed pattern for G-type stars, the predicted
surface Li abundances are too high compared to the observations

5 Zero age main sequence.
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Table 2. Transport processes considered in this work.

Process Quantity Adjusted parameter Observational constraints
Atomic diffusion C – –

Meridional circulation C & AM – –
Shear-induced turbulence (R1 or R2) C & AM – –

Magnetic torque AM K = 7.5 × 1030 erg Surface rotation of solar-type stars
Penetrative convection C dov = 0.0325 Surface Li abundance of young solar-type stars
Parametric turbulence C log T = 6.42 Surface Li abundance of MS solar-type stars

Vertical viscosity AM νadd = 3.5 × 104 cm2s−1 Solar rotation profile

Notes.
Transport processes (Column 1), and values of the free parameters (when relevant) (Column 3) with the corresponding observational constraints
adjusted (Column 4) for the best model for solar-type stars (Paper I) and adopted in this study. The flags in Column 2 indicate the transported
quantity (C for chemicals and AM for angular momentum)

Table 3. Models computed for the specific case of the Hyades and Praesepe open clusters at [Fe/H] = +0.15.

Model νadd (cm2.s−1) K (1030 erg) Turbulence
C 0 7.5 none

νR1T6.42
A 3.5 × 104 7.5 DT6.42

νR1T6.5
A 3.5 × 104 7.5 DT6.5

M
ν R2T6.42

A 3.5 × 104 7.5 DT6.42
M
ν′ R2T6.42

A 1.0 − 2.5 − 3.5 − 6.5 − 8.5 × 105 7.5 DT6.42
M
ν R2T6.42

A.K′ 3.5 × 104 1.5 DT6.42

in the Hyades and Praesepe, as well as in the other clusters of
different ages considered in this work (see Sect. 5).

Models νR1T6.42
A and and νR1T6.5

A predict rotation velocities
that account well for the observed V sin i trends (including the
position in effective temperature of the Kraft break) in both open
clusters, thanks to the extraction of angular momentum due to
magnetised winds (see also Fig. 5). However, on the cool side
of the Kraft rotation break (see insert in Fig. 2), models well re-
produce the lower observational envelope but not the entire ob-
served spread. It is mainly the case for the lowest stellar masses
where the parametric viscosity is more efficient.

Models νR1T6.42
A and and νR1T6.5

A also provide a very good
fit of the Li data in G-type stars on the cool side of the Li-dip
where angular momentum extraction is maximal, i.e., for stellar
masses lower than 1.3M� for the metallicity of these clusters. At
the age of the Hyades/Praesepe, the increased (with respect to
the classical model C) Li-depletion is mainly due to penetrative
convection (Eq. 1) along the PMS, and only slightly to turbulent
mixing at the beginning of the MS. As discussed in Paper I, Au-
gustson & Mathis (2019) expression for penetrative convection
leads to larger Li depletion for slow rotators than for fast rota-
tors because of the influence of the rotation rate on the depth of
the overshoot via the ratio v/v0 in Eq. (1). This anticorrelation
with the rotation rate, which has long been observed (e.g. Bou-
vier 2008; Bouvier et al. 2018; Arancibia-Silva et al. 2020), is
obtained here for the first time for the entire mass range con-
sidered at Hyades/Praesepe age 6 In addition, the predicted Li
spread induced by the different initial rotation rates assumed here
(Sect. 3.4) is amplified in lower mass stars where the base of the
convective envelope is deeper and closer to the Li burning lay-

6 This anticorrelation was initially obtained by Somers & Pinsonneault
(2015) who invoked a radius inflation dependent on the rotation veloc-
ity to explain the anti-correlation at Pleiades age. However, if it has
been confirmed in the Pleiades (Somers & Pinsonneault 2016; Somers
& Stassun 2017), the effect of this process still needs to be clarified
at older ages than Pleiades and for different metallicities (e.g. Jaehnig
et al. 2019; Jackson et al. 2019).

ers, which also leads to more efficient parametric turbulence on
the lower mass end. For this later process, we present model pre-
dictions for two values of the parameter T0 from Eq. (2), i.e.,
log T0 = 6.42 as calibrated in the Sun, and log T0 = 6.5 which
better fits the data spread in cool stars of the Hyades and Prae-
sepe. Overall, our complete model νR1T6.42−6.5

A reproduces fairly
well the Li-Teff-V sin i trend and the observed Li dispersion on
the cool side of the Li-dip (i.e., G-type and late F-type stars). In
this Teff domain, it also accounts for the Be data in the Hyades
and Praesepe, as shown in Figs. 3 and 4.

However, models νR1T6.42−6.5
A predict little Li depletion (both

on the PMS and the MS at the ages of the Hyades and Praesepe)
for stars more massive than 1.3M� that have vanishingly small
convection zones on the MS and which undergo a negligible an-
gular momentum braking. As a consequence, it does not repro-
duce the depth of the Li-dip, nor the Li rise on the cool edge of
the dip. Around 6’600 K, where many stars have only Li upper
limits, the maximum Li depletion predicted reaches only ∼ 1 dex
in the case where we assume slightly deeper parametric turbu-
lence (i.e. log T0 = 6.5). This low depletion results mainly from
the choice of prescriptions for the horizontal and vertical diffu-
sivities Dh and Dv (taken here from Mathis et al. 2018 and Zahn
1992 respectively; see Sect. 3.4). This is in contrast with previ-
ous studies of the hot edge of the Li-dip (Palacios et al. 2003)
where the use of the prescriptions by Zahn (1992) and Talon &
Zahn (1997) for Dh and Dv, respectively, lead to a good match
between model predictions and observations. As can be seen in
Fig. 3, much stronger Li and Be depletion is indeed obtained in
model M

ν R2T6.42
A where we use the same prescriptions as in that

earlier paper. As already evidenced in Paper I for the solar case,
this combination leads however to too strong Li depletion in F-
and G-type stars for the value of νadd adopted in that paper and
here (3.5 × 104 cm2.s−1). Additionally, reducing the torque pa-
rameter K for the wind from Matt et al. (2015), from 7.5×1030erg
to 1.5 × 1030erg improves the comparison on the hot edge of the
Li-dip and of the Be-dip, but not on the cool edge as can be seen
in Figs. 3 and 4 for model M

ν R2T6.42
A.K′ .
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Fig. 3. Comparison of the Li, Be, and V sin i, observations in the Hyades and Praesepe (filled and open grey squares respectively; triangles are for
abundance upper limits; see Table 1 for references) with the predictions of models M

ν R1T6.42
A (blue diamonds) and M

ν′R2T6.42
A for different values of

ν′add and K (colour-coded, see also Tab. 3). Model predictions are shown at 0.75 Gyr. The grey dashed line represents the empirical relation in the
cold edge of the dip obtained by Cummings et al. (2017).

Talon & Charbonnel (1998) reached similar conclusions than
Palacios et al. (2003), using the same turbulence prescriptions
(Dh and Dv from Zahn 1992 and Talon & Zahn 1997, respec-
tively). These authors interpreted the rise of Li on the cool
edge of the dip as the signature of the appearance of a process
that transports angular momentum more efficiently than merid-
ional circulation and turbulent shear. Talon & Charbonnel (2003,
2005) then showed that the generation of internal gravity waves
(hereafter IGW) by the stellar convective envelope becomes ef-
ficient inside the Li-dip and increases on its cool edge. In their
model, the maximum efficiency of the IGWs in terms of angular
momentum transport is expected at Teff around 5’800-5’900 K,
before it decreases in cooler stars (see Fig. 6 of Talon & Char-
bonnel 2003 and Fig. 4 of Talon & Charbonnel 2004). Last but
not least, their model also accounts for the internal solar rota-
tion (Charbonnel & Talon 2005). It has thus the proper mass and
Teff dependence to be the required transport mechanism at act,
contrary to other processes that could potentially also transport

angular momentum (e.g. the Taylor-Spruit dynamo Spruit 2002;
Eggenberger et al. 2005, 2010).

Following this theoretical trend for IGWs, we computed
M
ν′ R2T6.42

A of various masses assuming a Teff dependence of the
parametric viscosity ν′add (increasing value with decreasing mass
on the cool edge of the Li-dip) in order to mimic a transport of
angular momentum as predicted for low-mass stars. Although
the use of a uniform and constant parametric viscosity within
the radiative layers leads to a very different angular momentum
profile than that shaped by IGW (compare Fig.7 with Fig.1 of
Charbonnel & Talon 2005), higher values of ν′add mimics a more
efficient internal transport of angular momentum compared to
that driven by meridional circulation and turbulent shear (see
Fig. 7 that will be discussed in detail in Sect. 7), hence reducing
their efficiency for the transport of chemicals. The ν′add values re-
quired to reproduce the shape of the Li-dip are 3.5× 105 cm2.s−1

and 1.0 × 105 cm2.s−1 for the 1.5 and 1.4 M� models, respec-
tively, on the hot edge of the Li-dip, and 2.5 × 105, 6.5 × 105,
and 8.5 × 105 cm2.s−1 for the 1.35M�, 1.3M�, and 1.2M� on the
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Fig. 4. Comparison of the models M
ν R1T6.42

A (blue diamonds), M
ν R2T6.42

A
(red diamonds), M

ν R2T6.42
A.K′ (brown diamonds), and M

ν′R2T6.42
A (magenta di-

amonds) with observations of surface Li and Be in the Hyades (filled
squares) and Praesepe (open squares) open clusters. Downward trian-
gles are for Li upper limits. Stars corresponding to the Li-dip (6’400
K < Teff < 6’800) are represented in dark grey and stars outside of
the Li-dip are represented in light grey. Observations are directly ex-
tracted from Boesgaard et al. (2004a, 2016) without any modification
(no NLTE correction for Li abundances). The dark grey dashed line
represents the linear correlations found by Boesgaard et al. (2020) with
A(Be) = 0.43 × A(Li) − 0.17 for stars in the cold edge of the Li-dip.

cool edge of the dip. On the other hand, the Li abundance in the
1.0 M� model is well reproduced for ν′add = 2.5 × 105cm2.s−1.
However for this mass, it leads to a too strong reduction of the
surface velocity (see Figs. 5 and 7) which makes it hard to rec-
oncile with Prot measurements in the Hyades and Praesepe. As
shown in Figs. 3 and 4, these assumptions explain the Be plateau
in cool stars, within the observational uncertainties. However,
the M

ν′ R2T6.42
A models do not account for the large Be depletion in

the Be-dip nor in its cool edge. This conclusion holds for all the
initial rotation rates explored here.

It thus appears very difficult to reconcile the Li, Be, and sur-
face rotation rate constraints in the test case of the Hyades and
Praesepe. While the νR1T6.42

A models account well for the sur-
face rotation over the entire mass domain explored, and for the
Li and Be abundances in G-type stars, they fail to explain the Li
and Be dips in these two clusters. On the other hand, M

ν′ R2T6.42
A

models with the parametric viscosity for the transport of angular
momentum dependent of the stellar mass of the star and adjusted
to fit the Li abundances along the entire mass range predict a Be-
dip not as deep as the one observed, and lead the 1 M� model to
rotate too slowly at the age of the two clusters (0.72-0.75 Gyr).
In Sect. 5 we evaluate the respective compatibility of the models
νR1T6.42

A and M
ν′ R2T6.42

A with the surface Li and rotation rates in a
sample of open clusters, before discussing in Sect. 6 the impact
of the different assumptions for the transport of angular momen-
tum on the internal rotation profiles of the models under the light
of asteroseismic constraints. We present in Sect. 7 a wrap up of
the successes and difficulties of the different assumptions, and
discuss their meaning in terms of the uncertainties of the differ-
ent processes involved.

5. Model predictions for Li and surface rotation -
Comparison to open clusters of different ages
and metallicities

In this section, we compare the predictions of models νR1T6.42
A

and M
ν′ R2T6.42

A to rotation rates and surface Li abundances for a
sample of open clusters with different ages and metallicities (see
Table 1). Be can not be used here, as there is not enough avail-
able data for clusters others than the Hyades and Praesepe. In
the νR1T6.42

A case, we computed models for the actual [Fe/H] of
the individual clusters and for three initial rotation rates (slow,
median, fast), while in the M

ν′ R2T6.42
A case we use the models

at the metallicity of the Hyades and Praesepe ([Fe/H] = +0.15
dex), and for median rotation discussed previously. The values
of A(Li), Teff , and Prot predicted by the M

ν R1T6.42
A model are given

in Appendix A for the different masses and cluster ages.

5.1. Prot versus Mass

In Fig. 5 we compare the predicted surface rotation periods of the
νR1T6.42

A models with relevant [Fe/H] to observational data for a
sample of 12 open clusters at different ages. We add the M

ν′ R2T6.42
A

model predictions at the [Fe/H] of the Hyades for αPer, Hyades,
Praesepe, and NGC 6819. The masses of the individual cluster
stars were determined by isochrone fitting in the original papers
quoted in Table 1 for the Prot. Godoy-Rivera et al. (2021) have
studied the difference in mass estimates that can derive from us-
ing different families of isochrones and shown that it is quite
small (∆M ≈ 0.05M�).

We confirm the conclusions reached in previous studies (e.g.
Krishnamurthi et al. 1997; Allain 1998; Irwin & Bouvier 2009;
Amard et al. 2016, 2019): the evolution of the rotation period can
be divided in several phases that our models succeed to predict.
Firstly, the large dispersion at very young ages for all masses
(NGC 2362 to IC 2391, first row of Fig. 5) results in our models
from the assumption of constant surface angular velocity as long
as disc-locking is efficient. Secondly, the progressive slow down
of first, slow and median, and finally fast rotators of decreasing
mass in clusters of increasing age (from α Per to M 37, second
row of Fig. 5) is very well reproduced by our models as the re-
sult of the secular evolution of the radius along the PMS and the
efficient wind braking on the early MS. Finally, for clusters older
than Praesepe (≈ 750 Myrs), we observe the convergence of the
three families of rotators into one single sequence recovering
the observational law by Skumanich (1972). In addition, the se-
quence presents a change of slope around M ≈ 1.2 M� in the Prot
vs mass diagram (last row of Fig. 5) resulting from the magnetic
braking by the stellar winds. This change of slope corresponds to
the Kraft break and to the mass domain where the convective en-
velope becomes very thin. In the Hyades and Praesepe, we also
show the predictions of the model M

ν′ R2T6.42
A introduced to fit the

cool edge of the Li-dip (see Sect. 4.2). The predicted rotation pe-
riods for models more massive than 1.2 M� are fully compatible
with observations while the 1 M� median rotator model is far too
slow, as already discussed in Sect. 4.2. As in Amard et al. (2019)
who uses the same prescriptions for horizontal and vertical tur-
bulence and for the braking law as in model νR1T6.42

A (with a pa-
rameter K=7.0×1030 erg instead of 7.5×1030 erg) but who does
not include the parametric viscosity for the internal transport of
angular momentum, our model predictions for the older clusters
present a larger negative slope on the lower mass side, with the
lower mass models spinning slower than the observed stars. For
the more massive stars in NGC 6819, the extraction of angu-
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Fig. 5. Surface rotational period versus mass. Comparison of the models νR1T6.42
A (diamonds) at three different initial velocities: slow (cyan), median

(blue) and fast (violet) with the observations for open clusters at different ages and metallicities. The orange diamond for Pleiades corresponds to
a slow rotating model at 125 Myrs. In the case of αPer, Hyades, Praesepe, and NGC 6819 we also show the predictions of the M

ν′R2T6.42
A models

(magenta diamonds). Observations references are reported in Table 1.

lar momentum, which is directly linked to the depth of the con-
vective envelope, becomes inefficient in the models, which spin
faster than the observed stars. Finally, for the Pleiades we obtain
a poor agreement with observations for the lowest stellar masses
(0.8 and 0.9 M�) compared to what we get for all the other clus-
ters and to what was obtained in Amard et al. (2019). This is
essentially due to the difference in age adopted for this cluster in
both studies (125 Myrs from Barrado y Navascués et al. (2004)
in Amard et al. (2019) instead of 87 Myrs as assumed here), as
shown Fig. 5 where the orange diamonds are the predictions of
our models at 125 Myrs, which better account for the data.

To summarise, the comparison between the predictions of
our νR1T6.42

A and M
ν′ R2T6.42

A , and the observational data for the ro-
tation period is rather satisfactory, although some peculiar fea-
tures remain difficult to reproduce without further adjustments.
This work confirms the global theoretical behaviour obtained by
Amard et al. (2016, 2019) despite the fact that we include an
additional diffusive source of transport of angular momentum in
the present study.

5.2. Lithium - Teff

In Fig. 6, we compare the predictions of models νR1T6.42
A for

the surface Li abundances to data within the cluster sample (see
Sect. 2 and Table 1), and we report the predictions of models
M
ν′ R2T6.42

A discussed in Sect. 4 for the most metal-rich clusters
(αPer, Hyades, Praesepe, and NGC 6819). Importantly, over the
entire mass and metallicity range explored, the faster the initial
rotation velocity, the lower the predicted Li depletion. As already
discussed in Sect. 4.2, this is due to penetrative convection act-
ing on the PMS, which we simulate with Augustson & Mathis
(2019) prescription.

The Li-Teff relation for G-type stars is well reproduced by
models νR1T6.42

A at all ages from the youngest (IC 2602 and
IC 2391) to the oldest cluster (M67) with solar or super-solar
metallicities. For the young clusters with subsolar metallicity
(M35, NGC 6633, and UMa) the cooler models, correspond-
ing to lower mass stars (see Table in Appendix A), predict how-
ever larger A(Li) values than observed. In these models, the con-
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Fig. 6. Li surface abundance versus Teff in open clusters of different ages and [Fe/H] (see Table 1 for references; grey squares and triangles are
abundance determinations and upper limits respectively). The typical observation errorbars from the original papers are indicated by a cross in
each panel. Coloured diamonds are the predictions of the models at the age and metallicity of the corresponding clusters. νR1T6.42

A models are
shown for three initial velocities (slow, median, and fast are the cyan, blue, and violet diamonds, respectively), and models M

ν′R2T6.42
A for median

rotation only (magenta diamonds). Models from left to right in each panel correspond to masses between 1.5 M� (warmer) and 0.8 M� (cooler).

vective envelope is thinner due to the lower metallicity and the
penetrative convection, which is the main process responsible
for the Li depletion on the PMS, is less efficient than at higher
metallicity. This can be directly seen when comparing the panels
showing NGC 6633 / UMa clusters and the Hyades/ Praesepe
clusters, which have similar ages but different metallicities. This
suggests a stronger metallicity dependence of the Li depletion in
cool stars compared to that predicted. Data for the cooler stars
in the most metal-poor and oldest cluster (NGC 2243) would be
required to confirm this trend at older ages.

We see in Fig. 6 that the Li-dip is not present in the youngest
clusters, and that its depth increases with time along the MS (see
also Wallerstein et al. 1965; Boesgaard & Tripicco 1986; Hobbs
& Pilachowski 1986; Soderblom et al. 1993a; Balachandran
1995; Steinhauer & Deliyannis 2004; Anthony-Twarog et al.
2009; Cummings et al. 2012; Boesgaard et al. 2016). As already
discussed in Sect. 4.2, model νR1T6.42

A predicts too little Li de-
pletion in the dip, while M

ν′ R2T6.42
A models (computed only for

[Fe/H]=+0.15 dex) reproduce both the depth and the shape of the
Li-dip in clusters with super-solar metallicities and with ages be-
tween 720 Myrs (Hyades) and 2 Gyrs (NGC 6819). For the old
low metallicity NGC 2243 cluster, the cold edge of the Li-dip
is shifted towards slightly higher Teff compared to the younger
higher metallicity clusters (Cummings et al. 2012; François et al.
2013). Since models νR1T6.42

A lie below the observational points
on the cold edge of the Li-dip we expect that model M

ν′ R2T6.42
A ,

assuming similar dependence between ν′add and Teff as assumed
to fit the Hyades and Praesepe, would predict an even stronger
Li-depletion and would be incompatible with the data of NGC
2243.

We thus reach similar conclusions as in Sect. 4.2, for a rela-
tively large range of metallicities and ages. Model νR1T6.42

A ini-
tially developed to reproduce surface and internal constraints
for solar-type stars nicely explains the general trend of the data
for both the rotation and Li behaviours over the mass and the
metallicity ranges probed in this study, except for the Li-dip.
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Fig. 7. Angular velocity profiles vs the radius within the star for
models M

ν R1T6.42
A (blue), M

ν R2T6.42
A (red), and M

ν′R2T6.42
A (magenta) at

[Fe/H]=+0.15 and for four masses: 1.0, 1.2, 1.3, and 1.4M� (the value of
ν′add used is indicated for each mass). The solid, dashed, and dot-dashed
lines refer to three different ages (0.6, 0.75, and 2 Gyrs, respectively)

On the other hand, model M
ν′ R2T6.42

A with turbulent viscosity for
the transport of angular momentum parametrised to fit the dip in
the Hyades and the Pleiades predicts too slow rotation rates for
the lower mass models. Importantly, and for the first time, we
predict that over the entire mass and metallicity range explored
here, penetrative convection that is efficient at the early stages of
the PMS leads to larger Li depletion in the slower rotators. This
anticorrelation between the rotation rate and the Li abundance,
which builds early on the PMS, remains along time.

6. Models predictions for internal rotation and
comparison to asteroseismic constraints

In this section, we present the predictions of models M
ν R1T6.42

A ,
M
ν R2T6.42

A , and M
ν′ R2T6.42

A with [Fe/H] = +0.15 dex (characteristic
of the Hyades, Praesepe, and NGC 6819 clusters) in terms of
internal rotation and tentatively compare them to the only avail-
able asteroseismic estimates of internal rotation rates in MS field
stars of similar metallicity from Benomar et al. (2015).

In Fig. 7, we present the internal rotation profiles for the 1.0,
1.2, 1.3, and 1.4 M� models at three different ages on the MS.
For G-type stars, the M

ν R1T6.42
A model that reproduces all surface

observational constraints (see previous sections) predicts a small
radial differential rotation that decreases with time and is com-
patible with helioseismic data as already shown in Paper I. For
the more massive models corresponding to the Li-dip stars in the
Hyades, Praesepe, and NGC 6819, this model predicts the same
behaviour. The M

ν R2T6.42
A model predicts larger radial differential

rotation for all masses and ages than M
ν R1T6.42

A model, in agree-
ment with the associated strong Li depletion discussed in previ-
ous sections. This results from the much higher efficiency of the
vertical turbulent shear Dv when using Talon & Zahn (1997) pre-
scription (see also Paper I). For the M

ν′ R2T6.42
A model, which intro-

Fig. 8. (Left) Mean angular velocity within the stellar layers in the
radiative zone as a function of the remaining central hydrogen mass
fraction Xc (time increases from right to left) for the same models as
in Fig. 7. Masses 1.2, 1.3, and 1.4M� are represented by full, dashed,
and dotted lines respectively. (Right) Stars observed by Benomar et al.
(2015) as indexed in the original paper (8: M = 1.307 ± 0.027 M�, 9:
M = 1.206 ± 0.077 M�, 10: M = 1.378 ± 0.028 M�, 11: 1.500 ± 0.050
M�).

duces an enhanced parametric turbulent transport of angular mo-
mentum to fit the cold edge of the Li-dip, the radial differential
rotation is strongly reduced at all ages, especially in the 1.2 M�
model with the larger value of ν′add, which presents an almost flat
rotation profile at all ages displayed on the figure. Concerning
the case of the 1.4 M� model, although the angular momentum
contrast between the surface and the core is of the same order
in models M

ν R1T6.42
A and M

ν′ R2T6.42
A , the angular velocity gradient

near the base of the convective envelope is much larger in the
later model (see change of slope in magenta profiles around r =
0.9 R? in Fig. 7), thus leading to an enhanced shear and associ-
ated turbulent transport in the exact region where the connection
between the convective envelope and Li burning zone is made.
This leads to the strong Li depletion discussed previously in this
model (see Sect. 4.2). On the contrary, the shear is near to null at
the base of the convective envelope in model M

ν R1T6.42
A , leading

to almost no Li depletion.
Fig. 8 shows the mean angular velocity in the radiative inte-

rior (i.e. excluding the convective core if present7, consistently
with asteroseismic data that do not take it into account) as a func-
tion of the central hydrogen mass fraction in the 1.2, 1.3, and
1.4 M� models at [Fe/H]=+0.15 dex. We compare to a selected
sub-sample of four field stars with metallicities close to that of
the Hyades for which the average rotation in the radiative interior
was estimated from asteroseismology by Benomar et al. (2015).

7 The expression used is similar to Eq. (18) from Paper I but starting
the integration at the outer edge of the convective core when present:
Ωrad =

∫ MBCE

MTCC
r2Ω dm/

∫ MBCE

MTCC
r2dm, with MTCC the mass coordinate of

the top of the convective core and MBCE the mass coordinate at the base
of the convective envelope.
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Our predictions are of the same order of magnitude as the re-
sults from Benomar et al. (2015) but the predicted rotation is
faster than the values they inferred for the selected targets. Mod-
els M

ν′ R2T6.42
A lead to a better agreement with the values derived

from asteroseismic data than models M
ν R2T6.42

A . A more precise
comparison with the results in Benomar et al. (2015) is prevented
by the use in their study of MESA stellar models including very
different input physics and settings. In particular, core hydrogen
mass fractions Xc cannot be compared.

Additional data for different stellar masses would be required
to better discriminate between the different prescriptions for the
transport of angular momentum, especially for cool stars. Nev-
ertheless, this comparison supports the need of strong transport
of angular momentum on the MS for stars in the Li-dip region
as obtained when increasing the strength of νadd as assumed in
models M

ν′ R2T6.42
A .

7. Summary and discussion

The need for additional transport processes beyond atomic diffu-
sion and so-called Type-I rotation-induced processes (turbulent
shear and meridional circulation) for the transport of chemicals
and angular momentum has long been reported (see references
in Sect. 1). This work follows Paper I who analysed the im-
pact of several processes, using state-of-the-art prescriptions for
specific mechanisms (rotation-induced turbulence and penetra-
tive convection in particular), as well as parametric prescriptions
for others (parametric turbulence for chemicals and parametric
viscosity for angular momentum) that were calibrated to repro-
duce the evolution of the surface Li abundance and rotation rates
as well as the internal angular velocity profiles in the Sun and
solar-type stars. The aim of the present paper is to study the im-
pact of these processes (using the solar-type calibrations) on F-
and G-type MS stars at different metallicities and to test them
against data in Galactic open clusters over a large range in ages.
Although the adopted ages come from different references and
are not fully consistent, our conclusions are robust given the un-
certainties on their estimate. Our predictions support however
the Pleiades to be older than assumed in this work, which is in
agreement with other age determinations for this cluster.

The so-called νR1T6.42−6.5
A models calibrated in Paper I in-

clude atomic diffusion, rotation-induced processes (meridional
circulation and turbulence), penetrative convection, parametric
turbulence for the transport of chemicals, and parametric viscos-
ity for the transport of angular momentum. We also presented
M
ν′ R2T6.42

A models which differ by the assumed prescriptions for
horizontal and vertical shear-induced turbulence, and that are
computed with different values of the parametric viscosity. We
analysed the agreement between the theoretical predictions of
these two sets of models and observational data for Li, Be, and
surface rotation rates available in a sample of open clusters of
different ages and metallicities. We also compared the predicted
internal rotation profiles with asteroseismic constraints in field
MS stars with [Fe/H] close to that of the Hyades.

Both νR1T6.42−4.5
A and M

ν′ R2T6.42
A explain the main general

trends observed between Li depletion and stellar mass, age, ro-
tation, and metallicity covered in this study. Thanks to the pre-
scription we use for penetrative convection (Augustson & Mathis
2019), an anticorrelation between Li depletion and surface ro-
tation builds up early on the PMS, and remains along evolu-
tion on the MS. Theoretical surface Li abundance and Teff are
correlated as observed in cluster stars, with cooler and lower
mass stars being more Li depleted than hotter and more mas-
sive ones (except in the Li-dip when this feature is present). Our

models also recover the anticorrelation between metallicity and
Li-depletion efficiency that is observed in open clusters stars.
Metal-poor stars are less Li-depleted than their metal-rich coun-
terparts as expected from the metallicity dependence of the loca-
tion of the base of the convective envelope that affects the PMS
Li-depletion. However, Li-depletion in our metal-poor models is
more modest than in open cluster stars.

Model νR1T6.42−6.5
A succeeds to reproduce the Li, Be, and ro-

tation rates observations in G-type stars at all ages, and in F-type
stars in the young clusters where the Li-dip has not started to
form yet. This is achieved thanks to the combined effects of pen-
etrative convection, rotation-induced processes, and parametric
turbulence, whose efficiencies vary with both the stellar mass
and the metallicity. The impact of these mechanisms on Li and
Be depletion becomes minute in the more massive stars that have
very thin convective envelope, more distant from the Li and Be
burning layers. As a result, model νR1T6.42−6.5

A is not able to re-
produce the Li and the Be dips centered around ∼6’600 K that
appear later on the MS, although it reproduces the rotation rates
over the entire mass range covered in this study. On the other
hand, model M

ν R2T6.42
A computed with the same value of the para-

metric viscosity, but with different prescriptions for horizontal
and vertical turbulence (Dh and Dv) that lead to more differential
rotation (hence more efficient rotation-induced mixing) in the
stellar interior, predicts too much Li depletion on the cool side
of the dip, as expected from previous studies.

Building on the assumption that an additional transport pro-
cess like internal gravity waves would be the main driver for the
transport of angular momentum in stellar interiors on the cold
edge of the Li-dip, we introduced a mass dependent viscosity
ν′add with a maximum efficiency at ≈ 5’900 K as predicted in
Talon & Charbonnel (2003) and Talon & Charbonnel (2004) for
the IGW excitation by the convective envelope and their lumi-
nosity. Although the assumption we make of a parametric vis-
cosity ν(′)

add uniform within the radiative interior and constant with
time is a very crude parametrisation of a transport of angular mo-
mentum within stars, M

ν′ R2T6.42
A model predicts a good agreement

with Li abundances on the cold edge of the dip in open clusters
of different ages at the metallicity of the Hyades (this was not
tested for other metallicities). This is due to the flattening of the
angular velocity gradient within the stellar interior, and in par-
ticular between the base of the convective envelope and the Li
burning depth, implied by higher values of the parametric vis-
cosity. Further improvement of our model now requires the full
treatment of the transport of angular momentum by IGWs as in
Charbonnel & Talon (2005), taking into account also recent de-
velopments on the generation and the behaviour of IGWs (e.g.
Pinçon et al. 2016; Augustson et al. 2020; Ratnasingam et al.
2020). The Tayler-Spruit dynamo process that was updated in re-
cent studies (e.g. Fuller et al. 2019; Eggenberger et al. 2019a,b,c)
is also a candidate for additional transport of angular momen-
tum and should also be tested regarding the results of the present
work. The Be depletion obtained with model M

ν′ R2T6.42
A is on the

other hand too modest to explain the depth of the Be-dip ob-
served in a couple of clusters. The acquisition of more Be obser-
vational data in open clusters of different ages and metallicities,
in addition to those in field stars (e.g. Delgado Mena et al. 2012)
would be an important key to better constrain models.

Importantly, the transport of angular momentum simulated
with the parametric viscosity values adopted in our different
models is much more efficient than that driven by meridional
circulation and turbulence. Both the νR1T6.42

A and the M
ν′ R2T6.42

A
models predict mean angular rotation velocity in the radiative
interior that are compatible with the values inferred from as-
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teroseismology in field MS with the same metallicity than the
Hyades and the Pleiades. Additional asteroseismic data to probe
the internal rotation of young MS stars over a large metallicity
range would be valuable.

Reflecting on the modelling of turbulent shear, we have to
conclude that none of the combinations for the prescriptions of
the horizontal and vertical turbulence (Dh and Dv) we used is
able to reconcile all the surface constraints used in this study.
Model νR1T6.42−6.5

A , tailored for solar-type stars, includes the
Mathis et al. (2018) prescription for the horizontal shear diffu-
sivity Dh, which is the only prescription including the contribu-
tions of both the horizontal and vertical shear on the horizon-
tal turbulent transport, and the Zahn (1992) prescription for the
vertical shear diffusivity Dv, which does not take into account
the effects of thermal and molecular diffusivity on the vertical
turbulent transport, but is the only one that has been validated
by direct numerical simulations (Prat & Lignières 2013; Garaud
et al. 2017). This model thus includes the apparently most ro-
bust available prescriptions but it cannot explain the Li-dip even
when combined to additional sources for turbulent transport as
DT0 and νadd.

On the other hand, the use of the Zahn (1992) prescription
for the horizontal shear diffusivity (Dh) and that of Talon & Zahn
(1997), which includes the effect of thermal and molecular dif-
fusion, for the vertical shear diffusivity (Dv) in model M

ν′ R2T6.42
A

requires higher values for the parametric viscosity for the inter-
nal transport of angular momentum, with a mass-dependent effi-
ciency as expected from IGW. The choice of these prescriptions
thus impacts our ability to constrain the other transport processes
(see Meynet et al. 2013; Amard et al. 2016) as additionally illus-
trated by the predictions obtained in this work and for instance
by Semenova et al. (2020) for the specific case of NGC 2420.
Insight and validation of the different available prescriptions for
the vertical turbulent shear transport from hydrodynamicists and
multi-D numerical simulations, similar to the ongoing work on
the horizontal turbulent shear (Park et al. 2020, 2021; Prat &
Mathis 2021) is now mandatory in order to overcome this im-
passe.

Finally, two additional promising leads to understand in par-
ticular the formation of the Li and Be dips should be explored,
that were neglected here. First, we do not consider radiative ac-
celerations on heavy elements. Their effects are however non-
negligible for stars with effective temperature higher than ≈
6’800 K, which corresponds to ≈ 1.4 M� at solar metallicity,
close to the hot edge of the Li-dip (e.g. Richer & Michaud
1993; Deal et al. 2018, 2020). Their impact on the stellar opac-
ity could partly modify some of our conclusions concerning the
most massive models. Second, the process sustaining the para-
metric turbulence used in in this work and others in the litera-
ture has yet-to-be-identified. In particular, even if the tachocline
mixing (Spiegel & Zahn 1992; Brun et al. 1999; Garaud 2020)
was shown to not be adapted in solar-type stars (Paper I), this
process could play a role in the building of the Li and Be dips
because of its dependence at the latitudinal differential rotation
that is predicted to scale inversely with rotation for F-type stars
(Augustson et al. 2012) compared to G-type stars.
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Table A1. M
ν R1T6.42

A model predictions for the different clusters with lithium abundances presented in Table 1 and in Figs. 5 and 6.

Cluster Mass (M�) Teff (K) A(Li) Prot (d)
0.8 4347 1.54 1.6
0.9 5099 2.47 1.5

IC 2602 / IC 2391 1.0 5742 2.82 1.2
1.1 5937 3.06 1.2
1.2 6247 3.15 1.3
1.3 6564 3.19 1.1
0.8 4855 1.50 1.3
0.9 5275 2.46 1.5

Pleaides 1.0 5649 2.81 1.8
1.1 5982 3.06 2.4
1.2 6284 3.14 1.9
1.3 6578 3.19 0.9
0.8 4685 -0.49 1.3
0.9 5103 1.51 1.5
1.0 5470 2.28 1.8

αPer 1.1 5806 2.79 2.4
1.2 6104 2.95 1.9
1.3 6388 3.09 0.9
1.4 6670 3.19 2.3
0.8 5072 2.67 2.3
0.9 5512 3.00 2.6

M 35 1.0 5894 3.13 3.4
1.1 6225 3.22 3.5
1.2 6538 3.25 2.4
0.9 5284 2.13 10.5
1.0 5671 2.66 8.5

Coma Ber 1.1 6001 2.92 6.6
1.2 6305 3.01 4.3
1.3 6597 3.10 1.1
0.8 4953 1.64 11.8
0.9 5402 2.62 9.3

UMa 1.0 5789 2.84 8.0
1.1 6121 3.03 5.7
1.2 6429 3.08 3.2
1.3 6733 3.14 1.3
0.8 4665 -2.11 12.4
0.9 5108 0.85 10.5
1.0 5497 1.99 8.5

Hyades 1.1 5829 2.65 6.6
1.2 6127 2.83 4.3
1.3 6407 2.96 3.3
1.4 6679 3.07 1.4
1.5 6964 3.08 0.8
0.8 4955 1.38 14.3
0.9 5406 2.55 10.5
1.0 5793 2.79 9.0

NGC 6633 1.1 6126 2.98 6.3
1.2 6434 3.03 3.5
1.3 6737 3.09 1.4
0.8 4667 -2.73 15.2
0.9 5112 0.57 12.1
1.0 5501 1.91 9.7

Praesepe 1.1 5833 2.60 7.2
1.2 6132 2.78 4.7
1.3 6410 2.91 3.6
1.4 6677 3.03 0.9
1.5 6944 3.03 0.8
0.9 5198 -1.32 24.3

NGC 6819 1.0 5594 1.74 19.1
1.1 5925 2.29 13.1

Article number, page 16 of 17

CHAPTER 9. LITHIUM DEPLETION AND ANGULAR MOMENTUM TRANSPORT IN F-TYPE AND
G-TYPE STARS IN GALACTIC OPEN CLUSTERS
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Table A1. continued.

Cluster Mass (M�) Teff (K) A(Li) Prot (d)
1.2 6218 2.47 8.6

NGC 6819 1.3 6457 2.57 4.5
1.4 6634 2.70 1.8
0.9 5391 1.10 29.1
1.0 5785 2.17 18.9

NGC 2420 1.1 6118 2.45 11.9
1.2 6398 2.46 6.9
1.3 6598 2.54 3.0
1.4 6741 2.58 1.2
0.9 5369 -0.24 49.5
1.0 5765 1.78 28.7

M67 1.1 6083 2.05 17.5
1.2 6240 2.10 11.7
0.8 5293 0.71 48.5
0.9 5766 1.74 26.6

NGC 2243 1.0 6152 2.06 15.3
1.1 6455 2.04 7.2

Article number, page 17 of 17

9.1. Dumont et al. 2021 (A&A, revised)

136



Chapter 10
Conclusion and perspectives

10.1 Conclusion

During this PhD thesis, we explored how additional transport processes can improve the agree-
ment between evolutionary models of rotating stars and observations for Li depletion, the rotation
evolution of solar-type stars, and the solar rotation profile. We used observational constraints of
the Sun and of open clusters stars, including solar-type stars and low-mass stars from F- to G-
spectral type. The Population I stars are characterised by an important Li-depletion during their
evolution from the PMS to the age of the Sun. The observed Li depletion cannot be fully explained
by the rotation-induced mixing that is an insufficient process. In addition, the constraints on the
rotation velocity evolution in solar-type stars and on the solar rotation profile require a strong
coupling between the surface and the internal layers of the stars in order to get closer to the al-
most solid-body rotation inferred by helioseismology. When considering a larger range of stellar
masses, we observe for a few open clusters, like the Hyades, a Li-dip, that appears at about 6600 K,
corresponding to F-type stars, and, in addition to the Li-depletion with time, stars in the cold-side
of the Li-dip also exhibit a Li-depletion with decreasing masses.

The first task was to optimise the stellar evolution code STAREVOL to compute non-standard
models adapted to our study. We optimised the treatment of atomic diffusion through the imple-
mentation of more recent formalism, avoiding the trace element assumption, and that we validated
via the comparison with others stellar evolution codes. Then, we determined the optimal input
physics for our models, including an update of the solar abundance reference, and calibrated our
models on the Sun.

The second task was to test these models, and to compare them with the observational data from
the Sun and from solar-type stars. It highlighted the deficiency of NSSM models, including Type
I rotational mixing and atomic diffusion, to reproduce simultaneously the constraint on Li and on
rotation velocity and that additional dynamical processes are needed to transport both angular
momentum and chemicals. We implemented and studied the effects of different additional pro-
cesses in order to determine an optimal combination to reproduce observations. We highlighted
that the Li-depletion for solar-type stars can be reproduced in two steps: at the PMS with the ad-
dition of a rotation dependent overshoot process and at the MS with the addition of two distinct
parametric turbulent mixing processes for angular momentum and for chemicals. We also com-
puted for the first time a model including a self-consistent treatment of the tachocline with the
prediction of the same thickness as that was inferred by helioseismology. However, we showed
that the turbulent transport resulting from tachocline didn’t allow the observed Li depletion to be
reproduced, and that we miss a complete analytical development for tachocline. We finally deter-
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mined an optimal model that reproduces all the observations at once. We highlighted, however,
the need of additional constraints for the internal rotation of young solar-type stars and also for
the beryllium abundances of open clusters in order to test the predictions further on.

The third task was to test our optimal model, determined for solar-type stars, in the framework
of the larger range of stars including F-type to G-type low mass stars. We showed that our model
works well with the cold-side and the hot-side of the Li-dip, independently of the age and the
initial rotation velocity. However, the Li-dip itself cannot be reproduced by this model. The Li-dip
can only be reproduced considering a different prescription for the shear turbulent mixing and a
mass dependent parametric viscosity νadd to transport angular momentum. Even then, the transi-
tion between the cold side of the dip and the dip itself remains difficult to predict. This highlights
the need to clarify the theory describing shear turbulence in stars and the need to explore other
physical processes such as tachoclinic mixing for chemical species transport and internal gravity
waves for angular momentum transport. Finally, we highlight the key constraint of Beryllium,
which also exhibits a dip, correlated with Li. It provides additional and complementary con-
straints for the missing transport processes involved. We show that with the few data available,
it is presently challenging to reconcile simultaneously the Li-dip and the Be-dip. We highlight the
need of additional data for the beryllium abundance in main sequence F- and G-type stars of dif-
ferent ages and metallicities.

In the context of the observational constraints to which we have access, we confirmed that trans-
port processes are needed, in addition to atomic diffusion, meridional circulation and turbulent
shear, to explain the behaviour of surface Li abundance and rotation evolution for both solar-like
stars and low-mass stars (at the exception of the Li-dip stars) and that additional constraints on
the internal rotation and on the beryllium content would be a step forward. The Li-Be correlation
in the dip is indeed very promising.

10.2 Perspectives

The work achieved during this thesis opens the path to further analysis in direct continuity of
the study of lithium abundance and rotation velocity, but also for the extension to different frame-
works where the application of our optimal model could be relevant.

- The first and direct perspective of the present work is to extend our sample of stars with
the addition of field stars. The study of field stars, for which Be abundance was inferred
for a sample of about a hundred of stars is available in the works of Garcia Lopez & Perez
de Taoro (1998); Santos et al. (2002, 2004b,a); Gálvez-Ortiz et al. (2011); Delgado Mena et al.
(2012), would bring, in particular, a complementary constraint. Besides, metallicity effects
have also been identified. Indeed, it was proposed that metal-rich field stars present a higher
Li-depletion than solar metallicity stars (e.g. Guiglion et al. 2016; Fu et al. 2018). Several
explanations have been studied like the possible effect of the distance to the galactic centre
(Prantzos et al. 2017b) but it is still debated in the community (e.g. Grisoni et al. 2019; Randich
et al. 2020);

- The second direct perspective would be to increase the range of mass considered in our stud-
ies toward higher masses in order to test the predictions of the models in a wider range of
stars. It would imply the implementation of the radiative accelerations that are not negligible
any more with increasing mass (or decreasing metallicity, e.g. Deal et al. 2018, 2020, and see
the implementation method in Appendix E);
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- The third direct perspective would be the study and the implementation of new transport
processes to transport chemicals and/or angular momentum. Internal gravity waves (e.g.
Charbonnel & Talon 2005; Talon & Charbonnel 2008; Charbonnel et al. 2013), Tayler-Spruit
dynamo (Spruit 2002), convective pumping (Kissin & Thompson 2015) are promising;

- The fourth direct perspective of our work is the continuation of our study for the more
evolved stars: SGB and RGB stars. Lithium can also be useful for the study of giant evolved
stars (do Nascimento et al. 2000; Charbonnel et al. 2000, 2020). The low rotation rate of these
stars allows an accurate determination of Li surface abundance. Besides, with the help of
asteroseismology, evolved stars have been accurately characterised (mass, radius) and their
interior probed by mean of the mixed-modes1 that give access to the internal rotation of stars
(e.g. Mosser et al. 2012; Gehan et al. 2018). That way, mixed-modes opened new windows to
study the evolution of transport of angular momentum in stars (see for instance Eggenberger
et al. 2017, 2019b);

- Another perspective would be to add directly asteroseimic constraints for MS stars by mean
of the study of the acoustic glitches that appear on oscillation modes. Recent methods of
analysis allowed Verma et al. (2017); Verma & Silva Aguirre (2019) and also Farnir et al. (2019)
to exploit the information provided by the acoustic glitch both for helium and convection
zone origins. Following the work done by Monteiro et al. (2000); Appourchaux et al. (2015);
Farnir et al. (2019); Verma et al. (2019), the study of the glitches with the help of our non-
standard stellar evolution model would be a step forward to understand and constrain the
transport processes with the help of internal stellar information.

- A last perspective would be to apply our optimal model in the framework of Pop. II metal-
stars with the specific case of globular clusters low-mass stars. The ideal view of globu-
lar clusters sharing similar properties such as the initial chemical abundances is now ques-
tioned with the detection of Multiple Stellar Populations (e.g. Gratton et al. 2012; Charbonnel
2016; Bastian & Lardo 2018). Indeed, thanks to the Hubble Space Telescope, high-resolution
photometric studies allowed to detect multiple sequences at different points of the Color-
Magnitude Diagrams (CMD) of the globular clusters (e.g. Bedin et al. 2004; Piotto et al. 2007;
Milone et al. 2008; Piotto 2009; Bellini et al. 2017). Thus, several spectroscopic analyses of
these MSP brought a new light on their characteristics (Gratton et al. 2001; Carretta et al.
2009; Gratton et al. 2012). These studies identified at least two populations (hereafter 1P and
2P) which present different chemical abundances. The 1P stars present a chemistry com-
parable to the halo field stars while the 2P stars have an exotic and unique chemistry. The
application of our model to the modelling of 1P low-mass stars, combining effects of atomic
diffusion and rotation at weak metallicity would be a step forward, after the previous studies
by, for instance, Richard et al. (2002b); Charbonnel (2016); Prantzos et al. (2017a); Chantereau
et al. (2015), and it would bring new constraints on the polluter scenario.

1Mixed-modes are the result of the coupling between p-modes and g-modes when the star reaches evolved phases
such as SGB and RGB. The mixed characteristics of such modes allow to probe giant stars from the core to the surface.
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Appendix A
Generation of new opacity tables

In order to generate new tables of opacities from OPAL database, we have to determine the
number fraction for each considered. We have:
Number fraction ε:

εi =
Ni∑
j Nj

, (A.1)

where Ni is the number density of element i and Nj is the number density of element j with j=1,S
(S the total number of element taken into account);
Mass fraction Xi

Xi =
AiNi∑
j AjNj

, (A.2)

where Ai is atomic mass of element i;
and

A(i) = log
Ni

NH
+ 12. (A.3)

The solar composition from Asplund et al. (2009) (AGSS09) are reported in Tab. A.1. From
∑

j Nj =

Ntot = 7.69× 10−4, we can determine the number fraction asked to generate OPAL opacity tables.

Considering abundances from Young (2018) (AY18), the neon enhancement corresponds to the
new value A(Ne) = 8.08 in place of 7.93 for the solar composition reference AGSS09. Then we have
NNe = 8.87× 10−5 and Ntot = 7.95× 10−4. The new number fraction for Ne is then εNe = 0.1116.

Table A.1: AGSS09 solar composition

Specy symbol Z A(i) Specy symbol Z A(i)
C 6 8.43 Cl 17 5.50
N 7 7.83 Ar 18 6.40
O 8 8.69 K 19 5.03

Ne 10 7.93 Ca 20 6.34
Na 11 6.24 Ti 22 4.95
Mg 12 7.60 Cr 24 5.64
Al 13 6.45 Mn 25 5.43
Si 14 7.51 Fe 26 7.50
P 15 5.41 Ni 28 6.22
S 16 7.12
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Appendix B
Addendum to atomic diffusion
implementation

B.1 Friction coefficient with Paquette coefficients

Eq. (22) of Paquette et al. (1986) with xi = ni/n and xj = nj/n:

Kij =
ni
n

nj
n
n
kBT

[Dij ]1
(B.1)

Eqs. (5) and (17) are:

[Dij ]1 =
3E

2nm
(B.2)

E =
kBT

8MiMjΩ11
ij

(B.3)

With Eq. (B.2), Eq. (B.1) becomes:

Kij =
ni
n

nj
n
n
kBT

3E
2nm (B.4)

And with Eq. (B.2), Eq. (B.4) writes:

Kij = ninj
2kBT

3
m

8MiMjΩ
11
ij

kBT
, (B.5)

and finally

Kij =
16

3
ninjµijΩ

11
ij (B.6)

where we used : Mi = mi/m, Mj = mj/m and µ = mimj/(mi +mj)).
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B.2. K0 renormalisation

B.2 K0 renormalisation

The perfect gas equation writes:

p = nkbT =
∑
i

nikbT (B.7)

with i ∈ [0,mspec]
n: number of particules per cm3

kb: Boltzman constant.
ρ =

∑
i

nimi = mu

∑
i

niAi (B.8)

with mi: mass of particle i
mu = 1

NA
: atomic mass unit with NA: Avogadro number

Ai: atomic mass.
Then, with:

ci =
ni
ne

(B.9)

we obtain:
p = nekbT

∑
i

ci (B.10)

ρ = nemu

∑
i

ciAi (B.11)

Multiplying Eq. (B.10) by Eq. (B.11), we have:

Pρ = mukbTn
2
e

∑
i

ciAi
∑
i

ci (B.12)

P = mukbT
−1.5T 2.5n2

e

∑
i

ciAi
∑
i

ci/ρ (B.13)

Equation (28) from Thoul et al. (1994) gives:

P = 2K0T 2.5
∑
i

ciAi
∑
i

ci/ρ (B.14)

From Eqs. (B.13 and (B.14), we have:

mukbT
−1.5T 2.5n2

e

∑
i

ci
∑
i

ciAi/ρ = 2K0T 2.5
∑
i

ciAi
∑
i

ci/ρ (B.15)

K0 =
mukb

2
T−1.5n2

e (B.16)

and we obtain K0 in Thoul units:

K0 ≈ 1.144× 10−40T−1.5n2
e (B.17)

In Thoul units, Thoul et al. (1994) gives the density ρ in 100 g.cm3, the temperature T in 107K, the
distance in R� = 6.95× 1010cm and the time τ0 = 6 × 1013 years. The renormalisation in cgs unit
gives:

K0 ≈ 1.144× 10−40T−1.5n2
e

100R2
�

(107)5/2τ0

(B.18)

Finally in cgs units:
K0 ≈ 1.41× 10−25T−1.5n2

e (B.19)
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APPENDIX B. ADDENDUM TO ATOMIC DIFFUSION IMPLEMENTATION

B.3 Test on Nacre I and Nacre II

In view of the results obtained for the diffusion velocities of different elements in Chapter 6, we
highlighted a recurrent shift for their pattern close to the core. Indeed, a bump is shaping for the
majority of the light elements (except the particular case of 4He where the bump is less important
and on the reverse side).
As a consequence of its location we suspected this feature may originate from the treatment of the
nuclear reactions.
We resume here what is the impact of nuclear data choice, between Nacre II (Xu et al. 2013b) and
Nacre I (Arnould et al. 1999).
We give few examples with the velocity and the profile of 12C and 13C on Figs. B.1 and B.2.

Figure B.1: Comparison of Nacre I or Nacre II for 12C. Top left : Diffusion velocity profile. Top
right : Abundance profile. Bottom left : Diffusion velocity difference between Nacre I and Nacre
II. Bottom right : Abundance difference between Nacre I and Nacre II.

We obtain similar behaviours with Nacre I and Nacre II for the two carbon isotopes, involved in
the CN(O) cycle. Some differences are visible between due to the update from Nacre I to Nacre II.
However, the bump observed for the diffusion velocity is visible for both choices in the core, and
cannot be attributed by the choice of Nacre I or Nacre II.
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B.3. Test on Nacre I and Nacre II

Figure B.2: Comparison of Nacre I or Nacre II for 13C. Top left : Diffusion velocity profile. Top
right : Abundance profile. Bottom left : Diffusion velocity difference between Nacre I and Nacre
II. Bottom right : Abundance difference between Nacre I and Nacre II.
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Appendix C
Period rotation detection

In order to analyse the light curve, the analysis is usually performed in the Fourier domain by
means of a power spectrum density (PSD). Fig. C.1 shows the PSD of the HD 52265, observed over
117 days by CoRoT, and with a measured period of 12.3± 0.15 days. From the low-frequencies to

Figure C.1: Power spectrum density (PSD) of the CoRoT target HD 52265 (Ballot et al. 2011). Phys-
ical phenomena associated with each region of the PSD are indicated: photon noise, oscillations,
convection (granulation), activity related slope, and rotation through the spot modulation of the
emitted stellar flux. The continuous red line represents the fitted background components. The
blue continuous line is the gaussian fit over the p-mode hump (from García & Ballot 2019).

the high-frequencies, several features can be identified. The peaks at low-frequencies correspond
to the spot at the surface of the star, and consequently to the surface rotation. At higher frequency,
the acoustic modes are visible. In between, the continuum results of the turbulent surface effect
of the star (convection, granulation, magnetic activity). To that, periodic signals from a possible
exoplanet or instrumental effect could appear. Then, the challenge is the correct identification of
the different features observed and the correct measurement of the period of rotation.

There are several methods to analyse such a signal. Hereafter, we show in Fig. C.2 an analysis
of a light curve in order to determine the period of rotation of the star KIC 001570191 observed
by Kepler. The measurement is realised by means of three different methods: the auto-correlation
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of the power spectrum, the wavelet projection and a combination of the two called composite
method. Each of them gives a measurement of the period. For KIC 001570191, we measured a
period of about 18 days with a good agreement between the three method.

Legend of Fig. C.2: Comparison of three analyses, ACG (Auto-correlation Function), GWPS
(Global Wavelet Power Spectrum) and CS (Composite Spectrum, applied for the star KIC 001570191
observed by Kepler. The plots are as follows: First line: left-panel shows the long-cadence Kepler
light curves, where vertical dotted lines indicate the transitions between the observing quarters.
The right panel shows the associated power density spectrum as a function of period between 0.5
and 100 days. Second line: Left panel depicts the WPS computed using a Morlet wavelet between
0.5 and 100 days on a logarithmic scale. Right panel: GWPS as a function of the period of the
wavelet (black line) and the associated fit composed of several Gaussian functions (green line).
The horizontal dashed line designates the position of the retrieved Prot. Third line: panel shows
the ACF of the full light curve plotted between 0 and 100 days. The vertical dashed line indicates
the returned Prot for the ACF. Fourth line; panel shows the CS obtained from the combination of
GWPS and ACF analysis. The vertical dashed line indicates the returned Prot for the CS. Fifth line:
Power spectrum in log-log scale obtained from the light curve. The coloured dashed lines indicate
the returned Prot for each method. (Collaboration with J. Ballot and R. A. Garcia, see also García
et al. (2014))
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Figure C.2: See description in text.
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Appendix D
Asteroseismology

D.1 Introduction

The study of the oscillations of stars allows us to probe their internal structures with a unique
access1. The stellar parameters of stars can be deduced from the frequencies obtained from the
observations. Key constraints are now provided with the help of helioseismology and astero-
seimology. See the review by Chaplin & Miglio (2013) and by García & Ballot (2019).

The results of asteroseismology give a better measurement of the mass and of the radius of stars
and allow to probe different regions in stars presenting solar-like pulsations. When zooming on
the p-modes region seen in the PSD of Fig. C.1, we obtain, for instance, the Figure D.1 where the
main seismic parameter are identified: the great separation ∆ν , and the frequency at maximum
power νmax.

Figure D.1: Power spectrum density (in arbitrary units) of the Kepler target 16 Cyg A. The blue
dotted line represents the Gaussian fit to obtain the frequency at maximum power: νmax. The inset
is an enlargement showing the large frequency separation, ∆ν , between two consecutive modes of
angular degree l=0 and the small frequency separation, δ0,2, between two modes of angular degree
l=0 and l=2 (from García & Ballot 2019).

1Spectroscopic and photometric studies are limited to the surface.
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D.2 Rotation splittings

The pattern of the p-modes observed in Fig. C.1 can be affected by the rotational splittings and
the angle of inclination of the star. Peaks observed in Fig. C.1 are affected as shown in Fig. D.2.

Figure D.2: This figure illustrates the influence of the inclination angle i and of the rotational
splitting on the structure of a mode, and more specifically the relative amplitudes multiplet. It
shows a mode l = 1 (left) and l = 2 (right) whose multiplet structure is shown. The visible power
is distributed between the (2l + 1) components according to i. Note the difficulty of being able to
separate the effect of the angle from that of splitting. v0 is the central frequency of a mode, Γ is its
width and δν is the splitting (from Ballot et al. 2006).
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Appendix E
Radiative accelerations: perspectives and
applications

Radiative accelerations are the result of an interaction between photons which radiate in stars
and elements which are diffused in the stars. This interaction gives place to a transfer of momen-
tum between the element and radiative field.
The term of radiative accelerations can be added as a complementary term grad in the equation of
the diffusion velocity (Eq. 4.45). The equation for grad can be formulated as:

grad =
1

Aimpc

∫ ∞
0

σνFνdν, (E.1)

with Fν the radiative energy flux in the frequency range dν and σν the absorption cross-section.
However, this equation does not consider the different states of ionisation and the associated tran-
sitions.
Indeed we can divided radiative accelerations into two contributions.
The bound-bound transition:

gi,line =
1

AimpcNi

∑
l

Ni,k

∫ ∞
0

σi,lφνdν. (E.2)

The bound-free transition:

gi,cont =
1

AimpcNi

∑
j

Ni−1,j

∫ ∞
χi−1,j
h

fi−1,j(ν)σi−1,jφνdν. (E.3)

where c is the speed of light, h is the Planck constant, Ni,k is the number density of ion Xi in an
energetic state k before absorption of a photon from l transition, φν is the energetic flux of the
photon, σi,l is the cross section of the absorption of the transition l at frequency ν, fi−1,j is a term
taking into account that only a part of the momentum is transferred to ion Xi and finally χi−1,j is
the ionisation potential of the element X from level j.

Finally we have the total acceleration on an element X as:

grad,X =

∑
iNi(gi,line + gi,cont)∑

iNi
(E.4)

A more general equation is also given according to Richard (1999); Michaud et al. (2015), assuming
the approximation of a thick medium, as:

grad =
πk4

B

2h3c3

R

r

2 κ̄RT
4
effNik

AimpNi

∫ ∞
0

σikm
κ

P (u)du (E.5)
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where κ̄R is the Rosseland mean opacity, κ is the total monochromatic opacity, σikm is the cross-
section of the transition (k,m) of the element i, R is the stellar radius, and P (u) characterises the
radiative transfer with P (u) = u4eu/(eu − 1)2 and u = hν

kBT
.

The computation of these equations requires a large database of atomic physics and opacities.
This implies a large time-consumption to compute radiative accelerations for each element and at
each step. Moreover, Richer et al. (1998); Turcotte et al. (1998b); Deal et al. (2018, 2020) showed that
the effect of radiative accelerations is weak for stars with M < 1.1 − 1.2M�. Consequently, the
contribution of grad is often neglected for solar-type stars.

Nevertheless, in the recent years a method was developed and updated to compute these terms
more quickly (Alecian & LeBlanc 2002; LeBlanc & Alecian 2004; Alecian & LeBlanc 2020). They
developed the Single Valued Parameters method (hereafter: SVP) where they assume that we can
separate the term of concentration from terms connected to atomic data. This avoids the necessity
to recompute all the terms at each variation of the concentration. With the help of this approxima-
tion, they rewrite Eq. (E.2):

gi,line = qφ∗i (1 + ξ∗i ci)

(
1 +

ci
pψ∗2i

)α
, (E.6)

with

q = 5.575× 10−5T
4
eff

T

(
R

r

)2 1

A
, (E.7)

and

p = 9.83× 10−23neT
−1/2

XH
, (E.8)

whereXH is the hydrogen mass fraction andA is the atomic mass in atomic units of the considered
species. Parameters φ∗i , ψ

∗
i and ξ∗i are the values of φi, ψi and ξi where the relative population of

ion i is close to its maximum. Alecian & LeBlanc (2020) gives their expression as:

φi =
gi,0
q
, (E.9)

where gi,0 is defined in Eq. (11) of Alecian & LeBlanc (2002) and refers to the radiative acceleration
of ion i when its concentration is vanishing.

ψi =

(
ci,S
p

)1/2

, (E.10)

where ci,S is defined in Eq. (14) of Alecian & LeBlanc (2002) and refers to the concentration of ion
i above which saturation of lines is strong.

ξi =
NA

Ni

∑
l

(δA − δil)
(
ηilγil
κmed

)1/2
Pl∑

l

(
ηilγil
κmed

)1/2
Pl

, (E.11)

defined in Eq. (15) of Alecian & LeBlanc (2002) and where γil is a factor dependent on the consid-
ered transition, δil, δA are defined in Eq. (5) and ηil, Pl are defined in Eq. (7) of Alecian & LeBlanc
(2002).

They rewrite E.3 as:

gi,cont ≈ 7.16x10−26 NeT
4
eff

T1.5

(
R

rAE

)2

aiΘi

(
χ

A + χ

)bi

, (E.12)
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where Θi is given (including ai) in Eq. (5) of LeBlanc & Alecian (2004).
Alecian & LeBlanc (2020) provides all the useful routines and data that can be downloaded from
the website http://gradsvp.obspm.fr. The routines can be implemented in the STAREVOL code in
order to compute radiative accelerations.

This method allows to have good results with an acceptable computing time and we could
consequently add this computation to our formalism of atomic diffusion.
At the diffusion point of view, the consideration of radiative accelerations leads to an effect op-
posed to the gradient of pressure. If gravity leads elements toward the centre of the star, radiative
accelerations shall lead elements outward.
This phenomenon stays negligible as long as stellar mass is smaller than approximatively 1.1-1.2
M� and for solar metallicity but it becomes important when for metal-poor stars and/or stars with
M > 1.2M�.See for instance the effects of grad in Figs. E.1 and E.2. Moreover its effect concerns
mainly heavy elements (e.g. Al, Mg, Fe).

Figure E.1: Metallicity according to the mass of a population simulation of the PLATO (grey
crosses) and Kepler (black crosses) core programme stars. The selected stars are from K7 to F5
with magnitudes in the range 4 < V < 11, effective temperature in the range 4030 < Teff < 6650 K,
and luminosity classes between IV and V. The blue and red points correspond to the models listed
in Fig. E.2, which represent masses when grad needs to be taken into account (from Deal et al. 2018).

Figure E.2: Table 4. extracted from Deal et al. (2018)
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Appendix F
Non-standard processes

More efficient mechanisms are required for the transport of angular momentum (and conse-
quently to the indirect transport of chemicals) which could be driven by internal gravity waves or
magnetic processes and instabilities (e.g. Schatzman 1993; Spruit 2002; Charbonnel & Talon 2005;
Mathis & Zahn 2005; Eggenberger et al. 2005, 2010b, 2019b,c; Denissenkov et al. 2010; Charbonnel
et al. 2013; Fuller et al. 2019; Pinçon et al. 2017; Belkacem et al. 2015). However, no current pre-
scription provides a complete solution. The most promising ones are linked to internal gravity
waves and to the effect of magnetic instabilities (see Maeder 2009, for a detailed description).

F.1 Internal gravity waves

Internal gravity waves are generated at the interface between the convective and the radiative
zone or thanks to the penetration of convective plumes in the radiative zone. They propagate in
the central regions of the star and are sensitive to the Coriolis acceleration, and also to the magnetic
field as magneto-gravity waves (Mathis et al. 2008; Mathis & de Brye 2012). They have been shown
to be an efficient process to transport angular momentum and decrease the rotation of the core (e.g.
Charbonnel & Talon 2005; Talon & Charbonnel 2008; Charbonnel et al. 2013). It is a relevant process
to include for the evolution of low-mass stars like the Sun. However, we need additional studies
to constrain the effect of internal gravity waves in different contexts (for instance different initial
stellar velocity, mass loss, magnetic braking). Finally, recent work concerning the generation of
internal gravity waves by penetrative convection plume could improve the treatment of internal
gravity waves in 1D stellar evolution codes (Pinçon et al. 2016, 2017).

F.2 Tayler-Spruit instability

The effect of magnetic instabilities, mainly the Tayler instability (Tayler 1973), are also studied
as promising candidate for the transport of angular momentum. Spruit (2002) proposed a process
known as the Tayler-Spruit dynamo from the interaction between the magnetic instability and the
differential rotation in the star. It generates an efficient transport of angular momentum that leads
to a rotation profile of the Sun that agrees with the one inferred by helioseismology. However,
the evolution at more evolved phase seems to be unable to reproduce observational constraints
for SGB and RGB stars. A recent revision was proposed by Fuller et al. (2019) where a magnetic
cascade is invoked in place of the Tayler-Spruit dynamo. The first results lead to a good agreement
with the observational data obtained by asteroseismology for RGB, however Eggenberger et al.
(2019c) pointed out that this formalism is unable to reproduce simultaneously the observational
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F.3. Advection-diffusion equation

data obtained for both SGB and RGB.
Indeed, one expects a decrease of the angular momentum transport during the SGB phase and an
increase of it during the RGB. This inversion represents a challenge for the different hypothesis for
the transport of angular momentum.

F.3 Advection-diffusion equation

The advection-diffusion equation that leads the transport of angular momentum can then be
written as:

ρ
d

dt
(r2Ω) =

1

5r2

∂

∂r
(ρr4ΩU2)︸ ︷︷ ︸

Advection term

+
1

r2

∂

∂r

(
(νv + νB)r4∂Ω

∂r

)
︸ ︷︷ ︸

Diffusive term

±2
3

8π

1

r2

∂

∂r
LJ(r)︸ ︷︷ ︸

Internal gravity waves term

, (F.1)

with the magnetic viscosity term from the Tayler-Spruit dynamo:

νB =
Ωr2

q

ωA
Ω

3 Ω

N
, (F.2)

with the Alfvén frequency ω2
A = B2

4πr2ρ
.

And with the gravity wave luminosity LJ(r) as:

LJ(r) =
∑
σ,l,m

LJ,l,m(re)exp−τ(r,σ,l) +
∑
σ,l,m

LJ,l,m(rc)exp−τ(r,σ,l), (F.3)

with τ the local damping factor as:

τ(r, σ, l) = [l(l + 1)]3/2
∫ rcz

r
(κT + νv)

NN2
T

σ

(
N2

N2 − σ2

)1/2
dr
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