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ABSTRACT

This thesis addresses two main objectives: the modelling of compressible multiphase
and multicomponent flows, and the design of novel numerical schemes for their accurate
simulation.

In the first part of this work, we propose a novel Baer-Nunziato-like hyperbolic model
for reactive non-equilibrium gas-liquid flows, where the governing equations account for
mass transfer, interfacial drag, mechanical nonequilibrium and thermal transfer between
the phases. The exchange of information between the phases is governed my the material
interface which are defined using general closure laws. The model is Galilean invariant and
entropy dissipative and maintain these properties at compete non-equilibrium.

We, then, focus on the design of novel high-order numerical schemes for hyperbolic mul-
tiphase and multicomponent flows, involving nonconservative products. Here, the discretiza-
tion framework is based on the discontinuous Galerkin spectral elements method (DGSEM),
which involves the collocation of quadrature and interpolation points. The DGSEM uses
the summation-by-parts operators, with simultaneous approximation terms (SBP-SAT), in
the numerical quadrature for approximating the integrals over discretization elements. We
use the SBP-SAT operators to modify the volume integral over cell elements and replace the
physical fluxes with entropy conservative fluxes in fluctuation form, while applying entropy
stable fluxes at the cell interfaces. This modification allows us to establish a semi-discrete
entropy inequality, for a given entropy function, while still ensuring high-order accuracy of
the numerical scheme. For high-order integration in time, we rely on explicit strong-stability
preserving Runge-Kutta schemes that retain the properties of first order time integration
schemes.

We, first, apply the semi-discrete DGSEM to the discretization of the homogeneous
Baer-Nunziato model where we derive entropy conservative and entropy stable fluxes for the
model. We show that these fluxes also satisfy the Abgrall criterion and preserve the discrete
kinetic energy. The numerical scheme guarantees the positivity of the cell-averaged solutions,
which is ensured by imposing conditions on the numerical parameters. The positivity of the
solution is further transferred to nodal values through the use of a posteriori limiters.

The DGSEM is, further, applied to the discretization of the gamma-based multicompo-
nent model of Shyue (1998). Here, we propose a novel high-order entropy stable scheme
that enables a sharp resolution of material discontinuities, while also maintaining high-order
accuracy and entropy stability. We derive contact-preserving numerical fluxes and entropy
conservative fluxes that are applied in the volume integral based on the values of a troubled-
cell indicator function, while at the cell-interfaces we derive a HLLC approximate Riemann
solver. The numerical scheme resolves shock solutions accurately, preserves uniform states
across contact discontinuities and maintains positivity of the cell-averaged solutions.A pos-
teriori limiters are further applied that enforce positivity at nodal values.



RESUME

Cette thése a deux objectifs principaux : la modélisation des écoulements compressibles
multiphasiques et multi-composants, et la conception de nouveaux schémas numériques pour
leur simulation d’ordre élevé.

En ce qui concerne la modélisation des écoulements multiphasiques, nous nous concen-
trons sur le modéle de non-équilibre de type Baer-Nunziato et proposons un nouveau modéle
pour les écoulements impliquant un mélange réactif de gaz et de liquide. Notre modéle est
hyperbolique et prend en compte le transfert de masse, la trainée interfaciale, le déséquilibre
mécanique ainsi que le transfert thermique entre les phases. Le modéle est invariant par
transformations galiléennes et dissipe ’entropie.

En ce qui concerne la conception de nouveaux schémas pour les écoulements compress-
ibles, nous nous concentrons sur les modéles hyperboliques d’écoulement multiphasiques et
multi-composants sous forme non-conservative. Nous choisissons comme cadre de discréti-
sation la méthode des éléments spectraux de Galerkin discontinus (DGSEM), basée sur la
collocation des points de quadrature et d’interpolation. La méthode DGSEM utilise des
opérateurs de sommation par parties (SBP) dans la quadrature numérique pour approcher
les intégrales sur les éléments de discrétisation. Dans notre cas, nous modifions I'intégrale
sur les éléments de la cellule en remplacant les flux physiques par des flux aux fluctuations
conservant I'entropie tout en appliquant des flux dissipant I’entropie aux interfaces du mail-
lage. Cela nous permet d’établir un schéma semi-discret qui est précis a l'ordre élevé et
qui satisfait & une inégalité d’entropie semi-discréte. Pour l'intégration temporelle d’ordre
élevé, nous nous appuyons sur des schémas explicites de Runge-Kutta préservant la stabilité
et conservant les propriétés des schémas d’intégration temporelle au premier ordre.

Nous appliquons ce schéma a la discrétisation du modéle homogéne de Baer-Nunziato, o
nous dérivons des flux conservant et dissipant I’entropie mathématique pour le modéle. Nous
montrons également que la conception des flux numériques préserve formellement 1’énergie
cinétique au niveau discret. En analysant le schéma discret, nous imposons des conditions
sur les parameétres numériques qui restreignent le pas de temps et garantissent la positivité
des solutions moyennées par cellule. La positivité de la solution moyenne de la cellule est
renforcée aux valeurs nodales en appliquant des limiteurs.

Le schéma DGSEM est également appliqué pour la discrétisation du modéle multi-
composants de Shyue (1998) pour des lois d’état de type gaz raidis. Nous proposons ici
un nouveau schéma d’ordre élevé qui dissipe ’entropie et qui permet une résolution précise
des discontinuités matérielles. A cette fin, nous dérivons des flux dissipant l’entropie et
des flux préservant les contacts qui sont appliqués dans l'intégrale de volume, sur la base
d’un senseur de chocs. Pour les flux numériques a l'interface, nous concevons un solveur de
type HLLC pour le modéle multi-composants. Nous montrons que le schéma DG satisfait a
inégalité d’entropie semi-discréte pour les solutions de choc, préserve les profils uniformes a
travers les contacts et les interfaces matérielles et maintient la positivité de la solution.
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Chapter

INTRODUCTION

1.1 MOTIVATION

The study of compressible multiphase flows finds use in several engineering and phys-
ical problems. Historically, there are numerable evidences to them being used to study
geophysical flows involving sediments and clouds, and fluid flows through porous media.
Approximately, around the middle of the twentieth century, the modelling and simulation of
multiphase models started gathering interest from the nuclear and the aeronautical indus-
tries. Typically, in the nuclear industry, the targeted applications have been to investigate
the normal operating mode of pressurized water reactors and incidental configurations, such
as the departure from nucleate boiling, the loss of coolant accident (LOCA) or the re-flooding
phase following a LOCA. While in the aeronautical and aerospace industries, compressible
multiphase models were used to study the complex flows physics occurring inside jet engines
or through the propulsion system of re-entry space vehicles. In the particular example of a
jet engine, multiphase flows can be found in the combustion chamber, where air from the
compression phase is received and mixed with dispersed aviation fuel to create a combustible
air-fuel mixture which is then ignited. The unburnt mixture and the burnt gaseous prod-
uct then travels through the turbine and, finally, exit through the nozzle. This motion of
the fluid mixture through the different stages of the jet engine is a complex phenomenon,
where the fluid mixture experiences compression, expansion, ignition, interfacial drag, heat
and mass transfer. A thorough understanding of such complex flows by means of physical
experiment can entail heavy monitory expenses and resources. Thus creating a need for
mathematical models and design of numerical schemes which enable the study of complex
flow physics by means of mathematical analysis and computer simulations.

In this thesis, we study compressible multiphase flows through diffuse interface models,
examples of which can be found in [4, 7, 10, 99, 101, 119, 122]. Diffuse interface models
aim to resolve the interface, between the involved phases or species, numerically in diffused
surrounding zones. One main challenge of this approach lies in the fact that the computation
of interfaces separating two immiscible phases with different thermodynamics has no physical
viscous regularization, as seen in shock-capturing schemes. The model may contain external
driving forces, also known as source terms, which usually govern the disequilibria between the
phases (or species). These disequilibria terms can be related to compaction, heat transfer,
interfacial drag or mechanical transfer. Diffuse interface models can be further categorized
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into interface-based models and multicomponent (or multispecies) models. In the case of
interface-based models, each phase is assigned its own set of governing equations and the
phases interact with each other through the material interface. Such models also provide
an explicit and clean treatment of the material interface which is necessary as an interface
is the physical location where the flow parameters are close to the limits of validity of the
equation of state. In contrast, a multicomponent model is based on the mixture quantities of
the flow. Here the system of equations do not explicitly treat the material interface and one
may either consider gas mixture where all the species occupy the same volume, or immiscible
mixture where the components occupy different volumes in a given control volume. However,
in contrast to interface-based models, the number of equations in multicomponent models
may not depend on the number of components. This makes them highly computationally
efficient.

The governing equations of multiphase models are, usually, represented by a system of
first order nonlinear hyperbolic partial differential equations (PDEs), for which the Cauchy
problem lead to breakdown of classical solutions in finite time, even for sufficiently smooth
initial data. As a result, global existence of solutions requires working with a class of
discontinuous functions where the system of equations is interpreted in their distributional
sense. We explore these fundamental notions by briefly recalling the mathematical theory
around hyperbolic systems. This in turn will help in better understanding the forthcoming
discussions in this thesis. The main ideas presented here are borrowed from the seminal
works of Lax [88, 89] and from the books by Godlewski and Raviart [61], as well as by
Dafermos [39).

Let us consider a bounded domain © ¢ R? in d space dimensions with Lipschitz boundary
99 c R and unit outward normal n € S*!. The production of an external vector valued
quantity u, that takes values in an open set Q, ¢ RY, within the domain, is given by the
following balance law

%_/Qu(x,t)dx+v[an(u)-ndF(x)+_/Qc(u)VudX=/g;s(x,t)dx, t>0, (1.1)

where f(u) : Q, - R¥*? is the called the flux function, that acts through the boundaries of
the domain, c(u)vu: Q, - R¥ is the nonconservative product and s(x,t) : Q. - R is the
vector of driving forces, that is also known as the source term. Note that both f(u) and c(u)
are smooth functions. In the particular case where the source terms and the nonconservative
product are absent, c(u)Vu = s(x,t) = 0, the quantity u is said to be conserved. The
application of the divergence theorem then leads to the system of conservation laws for
N —variables
du+v-f(u)=0, xeR? t>0. (1.2)
The system (1.2) is said to be hyperbolic if the matrix valued function A (u) = Z;l:l a%fj(u)nj :

Q. 3 u~ RV*Y for smooth solutions of (1.2) that admits real eigenvalues Ai(u), Az (u), -, Ay (1)
and corresponding linearly independent (right) eigenvectors ri(u),ra(u),---,ry(u), such
that

A(u)rg(u) = \g(w)rg(u), ueQ,, 1<k<N. (1.3)

As a result, hyperbolicity of a system of PDEs can be interpreted as the propagation of
N distinct weak waves in space at (finite) speeds corresponding to the eigenvalues, also
known as characteristic speeds. If the eigenvalues are distinct then (1.2) is said to be strictly
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hyperbolic.
Definition 1.1.1. The k —th characteristic field is said to be genuinely nonlinear if

DXg(u) -ri(u) #0, VueQ,,
and it is said to be linearly degenerate if
DXg(u) -ri(u) =0, Vue,,
where DA\ (u) -ri(0) is the directional derivative of A\ (u) in the direction r(u).
If (1.2) is provided with sufficiently smooth initial conditions
u(x,0) = ug(x), (1.4)
then we arrive at the Cauchy problem for (1.2).

NOTION OF WEAK SOLUTIONS FOR CONSERVATION LAWS

Hyperbolic systems may develop discontinuous solutions in finite time even for suffi-
ciently smooth initial data, where the notion of the derivative becomes too strong. We
illustrate this loss of regularity by considering the inviscid Burger’s equation in single spa-
tial dimension

w2
8tu+8m(3) =0, (1.5a)

1
1+x

u(z,0) =ug(x) = (1.5b)

5"

For t > 0, but small, the solution can be found by the method of characteristics. Indeed,
if u is smooth, (1.5a) is equivalent to

Oru + u0zu = 0. (1.6)

Geometrically, this means that the directional derivative of u along the vector (1, u) vanishes.
Therefore u must be constant along the characteristic lines in x — ¢ plane:

t'—>(x+tu0(x),t)=(:n+#,t). (1.7)

These lines do not intersect for ¢ < T = 8/1/27, and the solution of the Cauchy problem is
thus given by

t 1
ulz+ t] = . 1.8
( 1+ 22’ ) 1+ 22 (18)
However, for ¢ > T the characteristic lines start interacting and the map
+ t (1.9)
T T+ —— .
1+a2’

is no longer one-to-one. Hence (1.8) does not define a single-valued solution for the Cauchy
problem (1.5).
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Note that a classical solution is a Lipschitz continuous function that satisfies (1.2) almost
everywhere in €2,. However, it is clear from our concise demonstration that global solutions
cannot be defined in a classical sense, hence we interpret (1.2) in the sense of distributions.

Definition 1.1.2. Let ug(x) € L}, (R?) be a vector-valued initial condition that takes values

in Q. and ¢(x,t) € CE(RE x [0,+00))N be a test function, then a function u(x,t) is a weak
solution to the Cauchy problem (1.2),(1.4) if it satisfies the following relation in the sense
of distributions

/(;oofg(u~8t¢+f(u)-V¢)dxdt+/9uo(x)-¢(x,0) dx =0, (1.10)

for all ¢(z,t) € CL(RE x [0, +00)) V.

Alternatively, u(x,t) is a weak solution if it is piecewise differentiable over submani-
folds of R? x [0,+00), with normals (n,-c) € S xR, and satisfy (1.2) at its points of
differentiability, while satisfying the Rankine-Hugoniot jump condition

n- [f(u)] = o[u], (1.11)

at each surface of discontinuity.

Here, the terms [u] := u™ — u~ denotes the jump operation and

u®(x,t) = lim u(x(t)+en,t+eo),
€}0,e>0

are the traces of u at the surface of discontinuity.

We now show that the distributional interpretation of the conservation law (1.2) is too
weak and does not lead to uniqueness. As an example, we again consider the Burger’s
equation (1.5a) and complement it with Riemann initial data

0, x<0

up(z) =4’ ’ 1.12

(@) {1, x> 0. ( )

This leads to the Cauchy problem emanating piecewise constant data on the x —t plane

that are separated by jump discontinuities. This is called as a Riemann problem. A contin-
uous solution of th Riemann problem is given by

0, x <0,
ui(z,t) =<5z/t, 0<x<t, (1.13)
1 t<w.

However, using the Rankine-Hugoniot conditions (1.11), one can easily come up with
more weak solutions, such as

0, x <t/4,
and  wus(x,t) =41/2, t/4<x<3t/4,
1, x > 3t/4,

0, x<t/2,
1, z>t/2

ug(x,t) = {
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where ug and ug trivially satisfy the conservation law (1.5a) in regions where it is constant,
whereas along the the lines of discontinuity x = ¢/2 and z = t/4,x = 3t/4, respectively, the
condition (1.11) holds, with shock speeds o =1/2 and o = 1/4, 0 = 3/4, respectively.

From this example, it is evident that additional constraints are needed to guarantee
uniqueness of solution for (1.2), which we describe below.

MATHEMATICAL ENTROPY AND ADMISSIBLE SOLUTIONS

Admissible solutions, among weak solutions for (1.2), must satisfy a companion relation
known as the entropy condition. The entropy condition is defined in terms of a convex
entropy function n(u) € C*(Q2,,R) and an entropy flux q(u) € C*(Q2,,R?).

Definition 1.1.3. Let (n(u),q(u)) be an entropy-entropy flux pair and v(u) := %n(u) be
the entropy variables such that

gi(u)" =v(u)'fi(u), YueQ,, j=1,--d. (1.14)

Then admissible weak solutions u(x,t) to the Cauchy problem (1.2), (1.4) must satisfy an
entropy inequality (1.15) for all test functions ¢(x,t) € C} (R? x [0,+00)) in the sense of
distributions

fooo[Q(Tl(u)atquFQ(u)'V¢)dth+an(uo(x))qf)(x,O)dXZO. (1.15)

Note that this entropy condition is useful only if some nontrivial convex entropy function
for (1.2) is known. Furthermore, (1.14) is a system of N x d linear PDEs for d + 1 unknowns
n(u) and q(u). Therefore, in the case of scalar conservation law N =1 in arbitrary spatial
dimensions, any convex function can be considered as the entropy. While for systems IV > 1,
the entropy-entropy flux pairs can only be determined for N = 2 and d = 1. For any
system, where N > 2 in d > 1, the relation (1.14) is overdetermined. Interestingly, however,
hyperbolic systems arising from continuum mechanics are known to be endowed with an
entropy function which satisfies the second law of thermodynamics. A classic example for
such a system is the compressible Euler equations of gas dynamics, where the mathematical
entropy function is usually considered as the negative of the concave physical entropy.

Theorem 1.1.1 (Godunov [62]). Let n(u) be a strictly convex function, then it qualifies as
an entropy function for the conservation law (1.2) if the N x N matriz " (u)f;(u),1<j<d
is symmetric positive definite.

The entropy condition (1.15) can equivalently be written in the divergence form as
Om(u) +V-q(u) <0. (1.16)

In the case of smooth solutions, (1.16) turns into a conservation law for the entropy function,
while for solutions in the form of shocks the entropy solution is the limit of a vanishing
viscosity. Additionally, it can be said that weak solutions are admissible it they satisfy the
the following entropy jump condition across discontinuities

n-[q(u)] <ofn(u)]. (1.17)
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We end this brief recollection of the theory of hyperbolic conservation laws by comment-
ing on the entropy variable, which appeared in Definition 1.1.3.

Theorem 1.1.2 (Mock [100]). If n(u) is a strictly convex entropy function then the mapping
u > v(u) is one-to-one, and the change of variable u(v) symmetrizes (1.2)

Through the change of variables, the conservation law can be written in terms of the
entropy variables

oru(v) + 9,f(u(v)) =0. (1.18)

-1
This system is symmetric in the sense that the matrix u’(v) = (77" (u(v))) is symmetric

positive definite, and f'(u(v)) is symmetric.

MODELLING OF TWO-PHASE FLOWS

One of the pioneering works, in the context of two-phase flows, involves the model
proposed by Baer and Nunziato [7], where the governing equations describe the flow of
a mixture of energetic granular material embedded in gaseous combustion product under
complete disequilibria. Their model was derived by bypassing the discrete nature of separate
phases through the use of averaging techniques from [45, 75|. In single spatial dimension,
the Baer-Nunziato model is a set of seven hyperbolic partial differential equations, where
each phase has its own governing equations for the evolution of partial mass, momentum and
energy, while the phases are coupled through the transport equation for the void fraction.
It must be noted that such models require explicit treatment of the material interface as the
closure of the interfacial variables can significantly impact the well-posedness of the Cauchy
problem, see [115].

In our work, we focus on deriving a Baer-Nunziato-like disequilibrium model for reactive
gas-liquid flows. In a slightly general context, the authors in [115] were the first to propose
a non-equilibrium model for compressible gas-liquid flows. Their model was derived by
applying the averaging technique in [44] to compressible flows, where the authors neglected
the mass and thermal transfer between the phases. This led to numerous works where the
authors have modified the model proposed in [115] to include either mass transfer or thermal
transfer or both, see [43, 53, 56, 92, 97, 117, 118, 120]. Note, however, that even today there
is no general consensus on the choice of the source terms that accurately depicts the physics
of the flow. As a result, in our work we resort to the assumptions made in [10] for the choice
of source terms for reactive mixtures. However, even though there is sufficient freedom in
the choice of the source terms, yet there exists a major constraint which takes the form of the
entropy balance. Essentially, for a convex entropy function, the contribution of the source
terms should lead to an entropy decay. This is particularly difficult when mass transfer is
included in the model, as the difference of the Gibbs free energy between the phases appears
as an additional driving force in the entropy balance [10, 144]. The difficulties are however
not limited to the presence of Gibbs free energy terms, as we show that the entropy balance
is susceptible to change in the inertial frame of reference, and corrective source terms are
necessary in order to achieve Galilean invariance.

Through this thesis, we propose a novel two-phase flow model for gas-liquid reactive
flows that is both Galilean invariant and entropy dissipative. The model exhibits these
capabilities while accounting for disequilibria in chemical transfer, interfacial drag, pressure
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and heat transfer between the phases. To the best of our knowledge, no other model for
reactive two-phase flows exhibits such properties at complete disequilibria.

NONCONSERVATIVE HYPERBOLIC SYSTEMS AND THEIR NUMERICAL
DISCRETIZATION

In the context of designing novel numerical schemes, we focus on the discretization of
compressible multiphase and multicomponent flows, which are governed by nonliear hy-
perbolic . Here we are interested in the Cauchy problem for a one-dimensional nonlinear
nonconservative hyperbolic system of the form

ou+ 0, f(u) +c(u)dyu=0, zeR,t>0, (1.19a)
u(x,0) =up(x), zeR. (1.19b)

An integral form of this equation in d space dimensions space has been introduced in (1.1),
however here we only consider the homogeneous system and ignore the source terms. Note
that even though c(u) is assumed to be smooth, u can be discontinuous. This makes
it difficult to meaningfully define the nonconservative product c(u)dyu at the point of
discontinuity using the standard framework of weak solution arising from conservation laws.

To overcome this predicament, LeFloch and collaborators [40] extended the work done on
quasilinear PDEs with discontinuous functions by Volpert [137] to define the weak solution of
nonconservative products as Borel measures on the set where the state vector is continuous,
while at the discontinuities the measure is defined based on a family of Lipschitz paths
connecting the left and right states. LeFloch [90] has also shown that this family of paths
can be derived from a parabolic regularization of (1.19) by means of smooth viscous profiles.
Indeed, the family of paths depends on the given regularization and this non-uniqueness
is a specific feature of nonconservative hyperbolic systems. Nevertheless, the definition of
weak solution does not guarantee uniqueness of the solution and so solutions of (1.19) must
satisfy the entropy condition, as seen in the case of conservation laws (1.16).

Numerical schemes that approximate hyperbolic systems, in general, should ideally re-
cover admissible solutions by satisfying a discrete entropy condition [69, 88|. This property
of the numerical scheme is known as entropy stability. In the case of conservation laws,
Tadmor [128] provided the framework for entropy conservative and entropy stable numeri-
cal fluxes which allow for either conservation or dissipation of entropy by three-point finite
volume schemes. This was extended to nonconservative systems in [24, 103] by the use of
fluctuation fluxes and the theory of connecting paths [40]. However, path-consistent schemes
do not always converge to the right admissible solutions as the solutions are dependent on
the choice of path which defines the jump relation and hence the viscous profile used to
attain entropy stability [3, 22, 26]. Entropy stable schemes using fluctuation fluxes to dis-
cretize nonconservative hyperbolic systems can be found in [25, 71, 108| and we refer to [91]
for a review.

High-order accuracy of the numerical scheme is another exceedingly desirable quality
that one seeks. Though not exhaustive, we refer to finite volume schemes using the path-
consistent framework and either reconstruction operators [21], or central schemes [23]; to
discontinuous Galerkin (DG) methods [54, 55, 113]; or to ADER methods [46, 49]. Among
these, the DG methods have gained substantial popularity over the years. The DG method
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approximates the solution with a piecewise polynomial solution over an unstructured mesh,
see Figure 1-1 for a representation in one space dimension. The semi-discrete form of the
DG method is proven to satisfy an entropy inequality for square entropy functions in scalar
conservation laws [79], which was extended to symmetric systems in [72].

—— Exact solution

- - - uy(x, t)

< h \_ - -
Y 7
Kj
: —0 -t o>
Xj-1/2 Xj Xj+1/2 Xj+1

Figure 1-1: A one-dimensional representation of the mesh with cell x; of size h. The left
and right interfaces of cell x; are at x ¥l
2

In [59], Gassner and coauthors have proposed an entropy stable high-order scheme for
the compressible Euler equations using the discontinuous Galerkin spectral elements method
(DGSEM), which was extended to general conservation laws in [30]. They used the general
framework for conservative elementwise flux differencing schemes [52] satisfying a semi-
discrete entropy inequality for the cell-averaged entropy. The DGSEM is based on collocation
of quadrature nodes with interpolation points using the Gauss-Lobatto quadrature rules
and Lagrange interolation polynomials to span the function space [86]. The scheme was
shown to satisfy the summation-by-parts (SBP) property [57] for the discrete operators
which allows to take into account, in the semi-discrete entropy inequality, the numerical
quadrature that approximates integrals compared to other techniques that require their
exact evaluation [70, 71, 79]. Such a form of the nodal DG method has found tremendous
use in the development of entropy stable high-order schemes for the compressible Euler
equations [30, 59] and multicomponent Euler equations [110], the shallow water equations
[141], the magnetohydrodynamic (MHD) equations [15, 94, 142] and gradient flows [127]. In
the case of nonconservative systems, a semi-discrete framework was proposed in [108] based
on the DGSEM formulation that proves to be entropy stable and high-order accurate.

THE BAER-NUNZIATO MODEL

One of the models that we discretize in this work is the two-velocity, two-pressure, two-
temperature Baer-Nunziato model for two-phase flows [7]. In general, the model is a system
that describes two-phase flows in complete disequilibrium with respect to the chemical,
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mechanical, thermal, and thermodynamic processes. The interaction between the phases
are governed by the presence of nonconservative products and zeroth order relaxation source
terms. However, in this work, we restrict the numerical discretization to the convective part
of the model and ignore the source terms. The homogeneous model that we consider is fairly
general using closure laws for the interface velocity and pressure [34, 56] as well as stiffened
gas equations of states (EOS) for both the phases.

In the Eulerian framework, many Godunov-type methods computing the homogeneous
BN two-phase flow model have been proposed, including the operator splitting method
[27, 36, 41, 130, 131, 133], the unsplit Roe-type wave-propagation method [8, 82, 95, 114]
and the path-conservative scheme [48]. However all these methods are limited to first order
accuracy. In the DG community high-order schemes were proposed in [47, 54, 55, 84, 102],
but they do not prove a discrete entropy inequality.

In the present work we utilize the framework from [108] and focus on the design of a
high-order entropy stable scheme for the Baer-Nunziato model. This framework is here
extended to systems that contain both space derivatives in divergence form and noncon-
servative products, which is based on a direct generalization of the frameworks of entropy
stable finite volume schemes for conservation laws [128] and for nonconservative systems
[24]. Such generalization has already been proposed for balance laws in [24] in the case of
three-point schemes. This generalization allows the design of discretizations that reduce to
conservative schemes using conservative numerical fluxes when the nonconservative products
vanish as it is the case away from material fronts in the Baer-Nunziato model. Using this
framework, we modify the integration over cell elements using the SBP operator and replace
the physical fluxes with two-point entropy conservative fluxes in fluctuation form [24], while
we use entropy stable fluxes at the cell interfaces [24, 108|. The entropy conservative fluxes
are derived by using the entropy condition 24|, and we add upwind-type dissipation as ad-
vocated in [76] to obtain the entropy stable numerical fluxes. Let us stress that such choice
of numerical fluxes at interfaces is not unique and may be replaced by other numerical fluxes
from the literature that guaranty entropy stability and robustness [36, 71]. The scheme is
also kinetic energy preserving at the discrete level. The present method is introduced in one
space dimension for the sake of clarity and we provide details on its extension to multiple
space dimensions on Cartesian meshes in the appendices. The extension of the DGSEM to
quadrangles and hexahedra is direct and based on tensor products of one-dimensional basis
functions and quadrature rules.

We then focus on high-order integration in time for which we rely on strong stability-
preserving explicit Runge-Kutta methods [63, 121] which are defined as convex combinations
of first-order schemes and keep their properties under some condition on the time step. We
analyze the properties of the fully discrete one-step scheme and derive explicit conditions
on the time step and numerical parameters to maintain the positivity of the cell-averaged
partial densities and a maximum principle for the cell-averaged void fraction. Positivity
of the solution is then enforced at nodal values by the use of a posteriori limiters [145,
146]. Numerical tests in one and two space dimensions are finally performed to assess the
properties of the present scheme.
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THE GAMMA-BASED MULTICOMPONENT MODEL AND ITS DISCRETIZATION USING
DGSEM

Multicomponent flow models [2, 4, 123, 124], with equations for the mixture quantities,
have an innate capability to cope with an arbitrary number of fluid species without changes
in the number of governing equations. This particular quality makes them incredibly flexible
and computationally efficient when simulating complex phenomena. These models are,
generally, considered in their nonconservative form to prevent strong oscillations across
material interfaces as in discretely conservative schemes. The design of numerical schemes,
predominantly, involves two issues that need special care. Firstly, the equation of state of
the mixture should not acquire nonphysical values near material interfaces. Secondly, the
numerical scheme should resolve strong shocks without excessive oscillations.

With the above objectives, it becomes reasonable to subject nonconservative multicom-
ponent models to the high-order entropy stable DGSEM framework that we utilise in this
work. For the choice of model, here we discretize the gamma-based model for compressible
multicomponent flows by Shyue [121], which will be henceforth called as the gamma-model.
This model is an extension of the gamma-model which was originally proposed by Abgrall
[1], to include the stiffened gas equation of state. The model is a system of compressible
Euler equation which are augmented with the transport equations for the EOS parame-
ters ' = 1/(y-1) and II = ypoo/(y — 1), with v > 1 the adiabatic exponent and pe, > 0 a
pressure-like constant for the mixture. The introduction of explicit evolutionary equations
for I' and II, allow an accurate computation of the pressure across material interfaces, which
is necessary to preserve invariant domains.

In recent times, there have been a number of works [31, 42, 51, 64, 96, 105, 106, 138| using
the DG method that primarily focus on sharp resolution of the material interface for diffuse
interface models, however they do not provably satisfy an entropy inequality. In this work,
we propose a novel high-order scheme for the gamma-model [122]| that preserves uniform
velocity and pressure profiles across contact and material discontinuities while proving to
be entropy stable across shocks. We utilize the DGSEM framework introduced in this
work to modify the volume integral over cell elements and replace the physical fluxes with
entropy conservative fluxes for shock solutions, while applying contact preserving fluxes
everywhere else. We show that no single numerical flux for the gamma-model can exhibit
the qualities of entropy conservation and contact preservation, therefore a choice needs
to be made for applying the numerical fluxes in the volume integral based on the local
solution. Our algorithm makes this choice through a pressure-based troubled-cell indicator
function [78]. At the cell interfaces, we apply the HLLC approximate Riemann solver for
the gamma-model. We show that the HLLC solver preserves uniform profiles across contact
discontinuities, satisfies a discrete entropy inequality and maintains positivity of the solution.
Together with entropy conservative numerical fluxes in the volume integral and the HLLC
fluxes at the cell interface, the semi-discrete DG scheme is shown to be entropy stable across
shocks. Furthermore, we include a posteriori limiters that enforce the positivity of the
solution at nodal values. A series of test cases for both one- and two-dimensional problems
are provided to verify the accuracy, stability and robustness of the proposed method.
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The DG code AGHORA

All numerical schemes that were designed as part of this thesis were implemented in the
ONERA DG code AGHORA [112].

Aghora is a high-resolution numerical solver for the simulation of unsteady compressible
turbulent flows with different turbulence modelling (RANS, hybrid RANS-LES, LES, DNS),
mutli-species and multi-phase models. The space discretization is based on high-order dis-
continuous Galerkin methods, with different function space representations, on unstructured
mutli-element meshes in two and three space dimensions with high-order approximation of
curved boundaries. High-order explicit and implicit methods are used for the time integra-
tion. The Aghora solver also uses local mesh and approximation order adaptation techniques
for local high resolution simulation of flow features.

1.2 PUBLICATIONS

e The work performed in Chapter 4 was presented at the European workshop on high
order numerical methods for evolutionary PDEs: theory and applications, Madrid
2019, and has been published as the below article:

F. Coquel, C. Marmignon, P. Rai, F. Renac. An entropy stable high-order discontin-
uous Galerkin spectral element method for the Baer-Nunziato two-phase flow model.
J. Comput. Phys., 431 (2021). DOI: https://doi.org/10.1016/j.jcp.2021.110135

e The DGSEM discretization of the gamma-based multicomponent flow model in Chap-
ter 5, will be submitted as the following article:

A contact preserving and entropy stable discontinuous Galerkin spectral element method
for multicomponent flows. In preparation.

e The work in Chapter 2 on the novel Galilean invariant and entropy dissipative model
for reactive gas-liquid flows is being extended to include the asymptotic analysis of
the model, and will be submitted as the following article:

A Galilean invariant and entropy dissipative model for gas-liquid reactive flows and
its asymptotic analysis. In preparation.
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Chapter

A GALILEAN INVARIANT ENTROPY DISSIPATIVE
TWO-PHASE FLOW MODEL FOR GAS-LIQUID REACTIVE
FLOWS

RESUME DU CHAPITRE

Dans ce chapitre, nous nous intéressons a la modélisation des écoulements diphasiques a
I’aide de lois d’équilibre hyperboliques non linéaires contenant des produits non-conservatifs.
Nous commencons 1’étude par le modéle non-équilibre de type Baer-Nunziato proposé par
Saurel et Abgrall[115] ot le modéle est dérivé en utilisant la procédure de moyenne d’ensemble
de Drew [44]. Ce modéle évolue dans I’espace et dans le temps sous 'influence des déséquili-
bres en vitesse et en pression entre les phases, alors qu’il ne tient pas compte du transfert
chimique. Les phases interagissent en raison du terme source et du produit non-conservatif.
Ces modeles sans équilibre sont appelés modéles moyennés et les lois d’équilibre qui en ré-
sultent sont sous-déterminées. Par conséquent, pour tenir compte de la perte d’information,
des conditions de fermeture supplémentaires sont nécessaires qui garantissent également
I’hyperbolicité et la cohérence thermodynamique, voir Coquel et al. [34, 35|, Gallouét et al.
[56], Hantke et Miiller [68].

Notre objectif avec ce travail est de proposer un modéle d’écoulements réactifs, qui rend
compte des déséquilibres complets dans les processus chimiques, mécaniques et thermody-
namiques. Pour cela, nous modifions le modéle proposé dans [115] avec des termes sources
supplémentaires afin de satisfaire cet objectif. Il faut mentionner qu’'une attention parti-
culiére est nécessaire lors de l'introduction de nouveaux termes sources dans un modéle
existant, car le choix global des termes sources influence grandement le caractére bien posé
du modéle. Pour les variables interfaciales, qui apparaissent dans le produit non-conservatif,
nous nous appuyons sur les lois de fermeture proposées par Coquel et al. [34], Gallouét et al.
[56] qui assurent la positivité des fractions volumiques, des fractions de masse et des éner-
gies internes des phases. De plus, nous démontrons que nos modifications conduisent & un
modéle invariant par transformations galiléennes qui est également dissipateur d’entropie
pour un choix d’une fonction d’entropie convexe.
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2.1 SHORT DESCRIPTION AND OUTLINE OF THE CHAPTER

In this chapter we discuss the modelling of two-phase flows using nonlinear hyper-
bolic balance laws that contain nonconservative products. Our starting point is the Baer-
Nunziato-like non-equilibrium model proposed in [115] where the model is derived using the
ensemble averaging procedure of [44]. The model assumes thermal equilibrium and does
not account for chemical transfer, while it evolves in space and time under the influence of
the disequilibrium in velocity and pressure between the phases. The phases interact as a
result of the source term and the nonconservative product. Such non-equilibrium models are
averaged models, and the resulting balance laws are underdetermined. Therefore, in order
to account for the loss of information, additional closure conditions are necessary that also
guarantee hyperbolicity and thermodynamical consistency [34, 35, 56, 68].

Our aim with this work is to propose a model for reactive flows, which accounts for
complete disequilibria in the chemical, mechanical and thermodynamic processes. For this
purpose we modify the model proposed in [115] with additional source terms in order to
satisfy our objective. It must be mentioned that significant care is needed while introducing
new source terms in an existing model, as the overall choice of the source terms greatly
influence the well-posedness of the model. For the interfacial variables, that appear in the
nonconservative product, we rely on the closure laws proposed in [34, 56| that ensure the
positivity of the void fractions and the mass fractions, as well as, the internal energies of the
phases. Additionally, we demonstrate that our modifications lead to a Galilean invariant
model which is also entropy dissipative the convex physical entropy.

The plan of the chapter is as follows. section 2.2 describes the main mathematical and
physical properties of the non-equilibrium model, along with the introduction of new source
terms. In section 2.3 we describe the entropy condition for systems with relaxation source
terms and demonstrate that the new source terms do not guarantee an entropy dissipative
and Galilean invariant model. section 2.4 describes remedies to the model in the form of
corrective source terms, that allow us to propose a Galilean invariant entropy dissipative
non-equilibrium model. We end this this chapter by summarising our work in section 2.5.

2.2 GOVERNING EQUATIONS OF THE NON-EQUILIBRIUM MODEL

The non-equilibrium model that we intend to modify is the two-velocity, two-pressure
two-phase flow model presented in [115], which is obtained by similar averaging techniques
as done for the incompressible case in [44]. The model bears resemblance to the well known
Baer-Nunziato model |7], except that here the source terms are responsible for the interaction
between a liquid and a gaseous phases. Note that, in what follows, the physical quantities
and constants related to the gaseous phase are subscript as 1 while for the liquid phase they
have been subscript as 2.

In one space dimension the model is a set of seven first order hyperbolic balance laws

Ou+ 0yf(u) + c(u)dyu=s(u), zeR,t>0, (2.1)
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where
aq 0 ur
Q101 Q1p1uy 0
Q1prug ar(p1uf +p1) —pr
u:=|apEr|, f(u):=|aiui(p1Er1+p1)]|, c(u)d,u:=|-pru|d,a1, (2.2)
Q202 Q202U2 0
Q2 P2U2 ay(p2u3 + p2) P1
azpaF aguz(p2E2 + p2) prug
and
_Gpr
0
Au,
s(u):=| Opp, + Auju, (2.3)
0
-Au,
- (Op1py + Augu,)

represent the vector of the state variables, the physical fluxes, the nonconservative products,
and the zeroth order source terms, respectively. The phase densities are p;, the velocities are
u;, and the specific total energies are E; = ¢; + uf /2 where e; is the specific internal energy
and ¢ = 1, 2 refers to the ith phase. The void fraction of each phase is denoted as «a; and the
two void fractions are related through the saturation condition

a1+ Q9 = 1. (24)

The solution u belongs to the phase space
Qg = {ueR": 0<a; <1, p; >0, u; € R, pi€&; > pooys, i = 1,2}, (2.5)

where pe; is a pressure-like constant. Space variations of the physical quantities are gov-
erned by the flux function f: Q... 3 u = f(u) € R” and the nonconservative product c(u)d,u,
with ¢ : Q,..., > u = c(u) e R™7, where both f(u) and c(u) are smooth. The nonconservative
product couples the phases and hinders the system (2.1) to be written in divergence form.
Observe that if a; is uniform in space, the phases decouple into separate systems of com-
pressible Euler equations. The right hand source terms s(u) € L=(,,..,) : >ur- RY
act as driving forces, and together with the nonconservative product, are responsible for the

phase interaction. Note that within the vector of source terms there are relative quantities

noneq

Pr=P2=P1, Up=U2~ U] (2.6)

of pressure and velocity, respectively, that arise as a result of the non-equilibria associated
to the mechanical and drift processes. Furthermore, the terms © and A are represent the
compaction viscosity and the drag coefficient, respectively, and govern the rate of relaxation
of the respective processes.

In this work we modify the source vector (2.3), from [115], so that the resulting model
accounts for chemical transfer and non-equilibrium in temperature, in addition to the non-
equilibria in the mechanical and drift processes. Therefore, we introduce the chemical po-
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tential M and the heat transfer coeflicient IC to the source vector

_@pr
-M
Au,
Smod(u) = Op1pr + Auru, + KT,
M
—Au,
- (@plpr + Augu, + ICTT‘)

where
M =v(1 —12), (2.8)

1; is the Gibbs free energy for the phases ¢ = 1,2, and v > 0 is the coefficient for the relaxation
of the Gibbs free energy. The relative temperature is defined as

T, =T, -Ty. (2.9)

Note that, at a material interface, the phases attain local equilibrium and the terms for
relative pressure, temperature and velocity vanish.

Assumptions. In this work, we assume that ©, A and IC are positive parameters, while M
is negative. The chemical potential is considered to be negative as we impose

P2 > 11, (2.10)

which represents a change of phase 1 (liquid) to phase 2 (gas) through chemical reactions, see
[10]. Here it is also worth mentioning that the pressure relaxation is the fastest among the
different process to reach equilibrium, followed by the drag relaxation and then the thermal
relaxation while the chemical transfer is the slowest. This cascading rate of relaxation of
the source terms are based on physical experiments and interested readers can refer to
[7, 10, 81, 115] for further details.

Closure laws. The pressure of each phase p; is related to the density and internal energy
through a stiffened gas EOS:

pi(pisei) = (Vi — 1)pi€i — YiPoo,i (2.11)

where 7; = Cp,,/Cy; > 1 is the ratio of specific heats of phase i and pe; > 0 are some constants.
Note that, for the gaseous phase, poo, = 0 and the polytropic ideal gas EOS is retrieved.

System (2.1) is supplemented with closure laws for the interfacial velocity and pressure,
ur and py, respectively, that govern the exchange of information at the interface of the two
phases. In this work, we use definitions of the interfacial velocity and pressure based on
convex combinations of the velocities and pressures of the two phases [34, 56| and adapted
to the treatment of discontinuous solutions:

uj = Bul + (1 - IB)UQ, (212&)
pr = pp1 + (1 - p)p2, (2.12D)
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where the weights are

XQ1p1 (1-8)T 1
- Cou- o xe{0,11). 9.13
xa1p1 + (1= x)azps s BT + (1= B)T> ez (2.13)

Under the particular choice for the closures (2.12) and (2.13), the characteristic field
associated to the eigenvalue uj for the matrix-valued function A : Q.. > u — A(u) =
f'(u) + c(u) e R™7 of (2.1) is linearly degenerate (LD) [34]. This allows to close the jump
relation across an isolated material interface since uj is now continuous across it.

In the remaining discussions in this chapter, we will demonstrate that the non-equilibrium
model (2.1) with source terms (2.7) does not guarantee a Galilean invariant entropy dissi-
pative model, and additional corrective terms are necessary. Furthermore, for the sake of
simplification, we will henceforth use the following general notation:

oy 0 ur
aip; Qi il 0
us= , f(u)= , c(u)dyu= 00, 2.14a
i pi; (v) a;(piu? +p;) (W) -pr | 7 ( )
a;pi B a;jui (pil; + pi) —pIug
_Gpr
[ 1yi-1 -M _
s..(u) = (-1) ol L i=1,2, (2.14b)
Opip, + Augu, + KT,

without ambiguity due to the saturation condition (2.4).

2.3 ENTROPY IN DISSIPATIVE RELAXATION

In the smooth regime, we consider the quasilinear form of the system (2.1):
ou+ 9, A(u)o,u=s(u), xeRt>0, (2.15)

where s(u) is stiff. The system (2.15) is hyperbolic over the phase space (2.5) and A(u)
admits real eigenvalues

Ar(a) = ug —c1, Aa(u) = uz - 2, A3(u) =uy, (2.16)
)\4(11) = uj, )\5(11) = U9, )\6(11) =uy +c1, )\7(11) = U2 + Cg, .

associated to linearly independent eigenvectors. Here ¢;(p;, €;)? = vi(7: = 1) (piei = peo.i) [ pi is
the speed of sound for the EOS (2.11). Observe, in (2.16), that A3, A4 and A5 are associated
to linearly degenerate (LD) fields, whereas A1, A2, A\¢ and A7, are associated to genuinely
nonlinear (GNL) fields. Additionally, (2.15) is only weakly hyperbolic when uy is equal to
one of the transport velocities, u; or ug, for x =1 or 0 in (2.13).

Uniqueness of solutions of (2.15) relies on the existence of a convex entropy function n(u)
and an entropy flux ¢(u) such that physically relevant weak solutions satisfy an admissibility
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criteria in the sense of distributions

Oun(w) + Dya(u) = () 5(u). (2.17)

This amounts to the following necessary conditions:

0
V(1) A(u) = 2 g(u), (2.180)
ou
v(u)'s(u) <0, (2.18b)
where v(u) = %n(u) is the vector of entropy variables. Convex entropy functions play a

stabilizing role in relaxation [29, 143] and this has been extensively analyzed in [17, 67, 143].

In the case of systems, such as (2.1) that have a thermodynamic origin, there exists a
physical entropy function for each phase

. 1 .
s5i(pi,0;) = —Cy;In (%) = —Cvi(lnf +(vi-1)Inp;), i=1,2. (2.19)

(]

This definition of the phasic entropies can easily be derived by using the relation

Pi t Pooji

1 1=1,2. (2.20)
Vi —

piniT% = Pi€i —Pooyi =

If one considers only the homogeneous part of (2.1), with (2.2), then it is easy to verify
that for smooth solutions the total entropy of the mixture is conserved since

2 2 2
—p:)(ur - u;
8t Z Q;P;8; + 890 Z O P; SiU; = Z (pI pZ;S I Z)ﬁxai, (2.21)
i=1 i=1 i=1

)

where the nonconservative product on the right-hand side vanishes for the closure of inter-
facial quantities (2.12) and (2.13):

2 - N, — U
; (PI pz;gul UZ)axai =0. (222)

Additionally, in the case of non-smooth solutions, such as shocks, given a convex entropy
pair (n,q), where

2 2
n(u) ==Y aipisi, q(u) == aipisiui, (2.23)
i=1 i=1

admissible weak solutions must satisfy a nonlinear stability condition

dn(u) + dzq(u) <0. (2.24)

Lemma 2.3.1. The two-phase flow model (2.15) with source terms (2.7) and closure laws
(2.11)-(2.13) does not guarantee entropy dissipation and is not Galilean invariant.

Proof. We recall the fundamental relation for the second law of thermodynamics

Tyds; = de; + Srdps, i =i,2, (2.25)
p.

1
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which can be re-cast as

2
U’
Tidoipis; = dapi E; + (?Z - %‘) dap; = uidoy piu; + pidoy, (2.26)

where ¢; = e; + g - T;s; denotes the Gibbs free energy.

Using the equations for the void fraction, mass, momentum and energy equations from
(2.1)-(2.2) with source terms (2.7) we get

2
u.
T;0vvipisi + Opcviui(piFi + i) — widpai(pind + py) + (?Z — ;) Opvipiw; + (Pru; + piug — prug ) Oy

4 2
= (-1)""" [ O(p1 = pi)pr + A(ur - ug)uy - M (% - ¢i) +KT, |,

(2.27)
where the space derivatives can be further simplified to get
Ti0v0iipisi + Opvipieitt; + ip;Opu; + (pr(ui — ur) + piur) Sz + 5130z ipits;
Pt
= €00 pitt; — ;P Oy — - Z Zaxpi — Pt Oz v
pi (2.28)
2
. U
=(-1)’ ! O(p1 - pi)pr + A(ur — ug)ur - M (3’ - 1) + KT, 1,

which eventually leads to

(pi — pr) (u —111)8

Orvip;s; + Oz i pisit; —

T g
2
(-1t 2
i ©(pr — pi)pr + A(ug — wi)u, - M 5 i | + KT,
3
(2.29)
We then set n(u) := — X7, a;p;s; as the convex entropy function and g(u) = - X2 | c;p;siu;

as the entropy flux and apply the relation (2.22) to get the following balance law:

of1l-p p 2(1-8 B 7
. = - —t—|-Au | ——+ = | - K=
On(u) + 0zq(u) @pw( T +T2) uT( T +T2 ICTng

(2.30)
vl 1w
T, T 2\Tn Ty

Observe that the algebraic relations involving relaxation in pressure, velocity and tem-
perature are all positive, given that the temperature of each phase T; is positive and the
coefficient of pressure, velocity and thermal relaxations are positive. Additionally, these
terms have a negative sign in front of them therefore they correctly contribute to the en-
tropy dissipation.

However, the term related to the chemical potential M < 0 has the quantities % - % and
2 2
Uy _ U

™ T which can attain both positive and negative values and are not bounded. The latter
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term also prevent Galilean invariance of (2.30). These terms need to be bounded in order to
ensure a correct contribution towards the entropy balance. Therefore the model (2.15) with
source terms (2.7) does not to qualify as Galilean invariant and entropy dissipative. 0

The entropy balance (2.30) shows that the Gibbs free energy appears as an additional
driving force, which is also indicated in [10] for reactive systems. In order to control its con-
tribution towards the entropy balance, at complete non-equilibria, we introduce the notion
of interfacial Gibbs free energy in the following way

Yr=(1-w)P +wipy, O0<w<l. (2.31)

The interfacial Gibbs free energy will, eventually, combine with the phasic Gibbs energy
terms appearing in the last part of the source term in (2.30) and will allow to control its
contribution towards the entropy dissipation.

2.4 A CORRECTED MODEL

Since we cannot control the sign of the last term in (2.30), corrective source terms are
necessary and will be applied through the chemical potential. Note that we also aim to
annihilate the effects of the velocity terms in (2.30) so that the entropy dissipation retains
Galilean invariance. Additionally, we intend to impose a control on the sign of the Gibbs
free energy in the source terms of (2.30), so that entropy balance exhibits dissipation at
complete non-equilibria.

Lemma 2.4.1. Let AM and (11 + m)M be the corrective source terms that are introduced
to the momentum and energy equations

_Gpr
-M
Au, — AM ’
G)plpr + Augu, + KT, — (wl + ”ﬁl)M

S...(u) = (-1)"! i=1,2. (2.32)

Then the non-equilibrium model (2.1)-(2.2), with source terms (2.32), is entropy dissipative

. . p X + ~
for the convex entropy pair defined in (2.23) if A = 5% and m = 2.

Proof. The entropy balance is evaluated with source terms (2.32)

ol opm\ o of1-8 B) T
om(u) + 0zq(u) = @pr( 3 +T2) Aur( 2 +T2 ICTlT2
1/}2 1#1 1 u2 u2 u9 (75} 1 1 (2.33)
Y2t Lfup uy A2 _w (L oL
+ M T T1+2(T1 Tg) + M (T2 T1)+./\/l(w1+m)(T1 Tg)’

where the interfacial Gibbs energy is introduced through the corrective source terms. Upon
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collecting the terms, we get

Caeflep opm\ L of1-8 B) . T?
om(u) + 0zq(u) = @pT( 7 +T2) AuT( T T KTng
Yo 1
M +¢I(T1 TQ) (2.34)

1 - | o
+2—T1(u%+2(m—Au1))—2—T2(u§+2(m—Au2)) -

Now, we only need to solve the following simultaneous equations

ut +2(m - Aup) =0, (2.35a)
u +2( - Auy) =0, (2.35b)

in order to annihilate the unbounded velocity terms associated to the chemical potential,

which leads to A = % and m = Y512,

The entropy balance now reads

of1-p p 2(1-8 B 7
i = — —_— —_— —A —_— — —_—
om(u) + 0zq(u) @pr( 3 +T2) ur( 2 +T2 KT1T2

(2.36)

+M(w2—w1)( +i)so, (.0, 8) € [0.1],

15 11

which is both Galilean invariant and entropy dissipative under the assumptions placed on
the model from section 2.2. O

Theorem 2.4.1. The non-equilibrium hyperbolic two-phase flow model

opu + 0 f(u) + c(u)dyu=s,(u), zeRt>0, (2.37)
where

o 0 ur

a;p; Qi pil; 0
u-= , f(u) = , c(u)dzu= Op i, 2.38a,
QG P U (w) ai(ﬂl“? +Di) (W) —P1 e ( )

aipibi a;jui(pili + pi) —prur
_@pr

-1 -M )

Scor(u) = (_1)Z Au, — ul;mM , =12 (2'38b)

@plpr + Aulur + ICTT - (¢I + ugﬂ)M

is Galilean invariant and entropy dissipative for the convex entropy pair (2.23).

The model is closed with the stiffened gas EOS (2.11) that defines the pressure of each
phase, while the interfacial variables are closed using general closure laws (2.11)-(2.13) and

(2.31).
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2.5 SUMMARY

The discussion in this chapter can be summarized as follows. We propose a two-phase
flow model for a reactive mixture of gas and liquid, where the chemical, mechanical and
thermodynamical processes are in complete disequilibria. This model is derived from the
Baer-Nunziato-like model proposed in [115]|, where chemical and heat transfers were not
accounted for. In our work we introduce novel source terms that allows the exchange or
chemicals and heat across the phases. In doing so we highlight that introduction of new
source terms to an existing model is a problem which is far from trivial, as the choice
of source terms affect the well-posedness of the model. Therefore additional correction is
necessary so that the resulting model is Galilean invariant and entropy dissipative. We thus
arrive a two-phase flow model for reactive immiscible fluids that is Galilean invariant and
entropy dissipative at complete disequilibria.



|
Chapter

HYPERBOLIC SYSTEMS IN NONCONSERVATIVE FORM:
THEORY AND DISCRETIZATION

RESUME DU CHAPITRE

Les discussions de ce chapitre concernent des EDP hyperboliques non linéaires avec des
produits non conservatifs ol nous ne tenons pas compte des termes sources, contrairement au
Chapter 2. Nous nous intéressons ici au probléme de Cauchy pour un systéme hyperbolique
non linéaire non conservatif & une dimension. Nous supposons que (3.1) est strictement
hyperbolique et admet des valeurs propres réelles et distinctes avec un ensemble complet de
vecteurs propres.

Il est bien connu que les systémes hyperboliques non linéaires peuvent conduire a la rup-
ture des solutions classiques en temps fini, méme pour des conditions initiales suffisamment
lisses. On s’appuie alors sur des solutions faibles qui sont définies au sens des distributions.
Cependant, dans le cas de systémes non conservatifs, le cadre standard des solutions faibles,
découlant des lois de conservation, ne s’applique pas car il est difficile de définir de maniére
significative le produit non conservatif au point de discontinuité. De plus, les systémes
hyperboliques sont souvent obtenus comme la limite de viscosité nulle d’une régularisation
parabolique. Par conséquent, le choix de la famille de chemins dépend du profil visqueux.
Cependant, les solutions faibles ne garantissent pas 'unicité, c’est pourquoi une contrainte
supplémentaire sous la forme d’une condition d’entropie est introduite, qui permet de sélec-
tionner des solutions faibles physiquement pertinentes. En conséquence, dans ce chapitre,
nous rappelons la notion de solutions faibles dans le contexte des systémes hyperboliques
non-conservatifs: [40, 90|, ou le produit non-conservatif est défini comme une mesure de
Borel bornée & une discontinuité basée sur une famille de chemins de Lipschitz reliant les
états gauche et droit. Nous montrons ensuite 'existence de la solution de [90] pour les
données initiales de Riemann et commentons la condition d’entropie.

Le systéme non conservatif décrit dans ce chapitre est discrétisé a I'aide de la méthode
des éléments spectraux de Galerkin discontinue (DGSEM)[57, 59, 86| avec les régles de
quadrature de Gauss-Lobatto, qui sont basées sur la collocation des points d’interpolation.
Nous décrivons ici le cadre DGSEM, ainsi que sa propriété de sommation par parties (SBP),
de maniére trés détaillée ; en conséquence, ce chapitre sert également de base & la conception
des schémas numériques réalisés dans cette thése. Nous rappelons également les résultats

22
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obtenus dans [108] pour les systémes non-conservatifs généraux et décrivons la notion de flux
numériques qui conservent et ceux qui dissipent 'entropie [24]. Le cadre DGSEM permet
de proposer un schéma semi-discret pour le probléme de Cauchy (3.1). Nous modifions
Iintégration sur les éléments cellulaires en utilisant les opérateurs SBP et nous remplagons
les flux physiques par des flux conservant d’entropie tout en appliquant des flux dissipant
d’entropie & l'interface. Cela permet de prouver une inégalité semi-discréte pour ’entropie
moyenne de la cellule, tout en maintenant une précision d’ordre élevé.

Nous décrivons également le schéma d’intégration temporelle qui sera utilisé dans tous
les chapitres a venir. Dans cette thése, nous nous appuyons sur des schémas de Runge-Kutta
explicites préservant la stabilité [63, 121] qui sont définis comme des combinaisons convexes
de schémas du premier ordre et conservent leurs propriétés sous certaines conditions sur
le pas de temps. Il faut noter que ces schémas d’intégration temporelle sont particuliére-
ment utiles lors de I'analyse du schéma entiérement discret car ils permettent d’imposer des
conditions sur les paramétres numériques qui garantissent la positivité de la solution.

3.1 SHORT DESCRIPTION AND OUTLINE OF THE CHAPTER

The discussions in this chapter involve nonlinear hyperbolic PDEs with nonconservative
products where we disregard the source terms, unlike Chapter 2.

Here we are interested in the Cauchy problem for a one-dimensional nonlinear noncon-
servative hyperbolic system of the form

opu + 0, f(u) + c(u)d,u =0, rzeR, t>0, (3.1a)
u(z,0) =ug(x), xeR, (3.1b)

where u(z,t) is the state vector that takes values in an open convex set Q, c RV, f(u) :
Q. 3 uw f(u) e RY is the flux function and c(u)d,u is the nonconservative product with
c(u) : Q, - RY¥  Note that both f(u) and c(u) are assumed to be smooth.

The system (3.1a) can be expressed in a quasilinear form
Jru+A(u)oyu=0. (3.2)

where A(u) := Vof(u) +c(u) : Q, 3 u+~ A(u) e RV is a smooth, locally bounded map
that cannot be considered as the Jacobian matrix due to the presence of the nonconservative
product. Here we assume that (3.2) is strictly hyperbolic and A(u) admits real and distinct
eigenvalues with a complete set of eigenvectors.

It is well known that nonlinear hyperbolic systems may lead to breakdown of classical
solutions in finite time, even for sufficiently smooth initial conditions. We then rely on
for weak solutions that are defined in the sense of distributions. However, in the case of
nonconservative systems the standard framework of weak solutions, arising from conservation
laws, does not apply as it is difficult to meaningfully define the nonconservative product
at the point of discontinuity. Additionally, hyperbolic systems are often obtained as the
vanishing-viscosity limit of a parabolic regularization. Therefore the choice of family of
paths depends on the viscous profile. However, weak solutions do not guarantee uniqueness
therefore an additional constraint in the form of an entropy condition is introduced, that
allows to select physically relevant weak solutions. As a result in this chapter we recall the
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notion of weak solutions in the context of nonconservative hyperbolic systems [40, 90], where
the nonconservative product is defined as a bounded Borel measure at a discontinuity based
on a family of Lipschitz paths connecting the left and right states. Then we show existence
of solution from [90] for Riemann initial data and comment on the entropy condition.

The nonconservative system described in this chapter is discretized using the discontinu-
ous Galerkin spectral element method (DGSEM)[57, 59, 86] with Gauss-Lobatto quadrature
rules, that are based on the collocation of interpolation points. Here we describe the DGSEM
framework, along with its summation-by-parts (SBP) property, in extensive detail as a re-
sult this chapter also acts a foundation for the design of numerical schemes performed in
this thesis. We also recall the results obtained in [108] for general nonconservative systems
and describe the notion of entropy conservative [24| and entropy stable fluxes. The DGSEM
framework allows to propose a semi-discrete scheme for the Cauchy problem (3.1). We mod-
ify the integration over cell elements using the SBP operators and replace the physical fluxes
with entropy conservative fluxes while applying entropy stable fluxes at the interface. This
allows to prove a semi-discrete inequality for the cell-averaged entropy, while maintaining
high-order accuracy.

We also describe the time integration scheme that will used in all forthcoming chapters.
In this thesis, we rely on strong stability-preserving explicit Runge-Kutta schemes [63, 121]
which are defined as convex combinations of first-order schemes and keep their properties
under some condition on the time step. It must be noted that these time integration schemes
are especially useful when analysing the fully discrete scheme as they allow to impose con-
ditions on the numerical parameters that guarantees the positivity of the solution.

This chapter is organised as follows. In section 3.2, we recall the definition of weak
solutions for nonconservative systems from [90|. Then, in section 3.3, we demonstrate that
weak solutions are dependent on the viscous profile and expose the entropy condition for
nonconservative systems as an admissibility criterion to select the physically relevant so-
lutions. In section 3.4 we introduce the DGSEM framework and the semi-discrete scheme.
section 3.5 introduces the notion of entropy conservative and entropy stable numerical fluxes
in fluctuation form and highlights the properties of the semi-discrete scheme. We end this
chapter by describing the strong-stability preserving explicit Runge-Kutta time integration
in section 3.7.

3.2 NOTION OF WEAK SOLUTIONS

We, first, define the nonconservative product A(u)d,u as a bounded measure at the
point of discontinuity and then demonstrate, through a simple example, that the definition
of the product depends on the family of Lipschitz paths.

Lemma 3.2.1 (DLM [40]). Let u :]a,b[~ RY be a function of bounded variation which
is discontinuous at a point xo €la,b[, such that the discontinuity separates two constant
states to the left and right, uy, :]a,z5[— RY and ug :]zf,b[— RY, respectively. Then the
nonconservative product A(u)dzu at xg can be defined as a bounded measure that depends
on a family of Lipschitz paths connecting the left and right states.

To illustrate this idea, we consider a single discontinuity for u at the point x( separating
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two continuous states on the left and right, uy and ug, such that
u=uy +H(z-xz0)[u], ze€la,b[, (3.3)

where H : R - R is the heavyside function and [u] := ugr — uz represents the jump op-
eration over the function u. Furthermore, to the function A(u), we introduce a smooth
regularisation u¢, such that if the total variation of u® is uniformly bounded then

A(u)dyu= liHéA(ue)dxue, (3.4)

which defines the nonconservative product as a bounded measure. For the sake of complete-
ness of the argument let us also recall the definition of the total variation of a BV function

u: b
TV (u) = f ‘d—“
a dx

Let us introduce a Lipschitz continuous path W : [s;ur,ur] — Q. satisfying ¥(0) = uy,
and ¥(1) = ug, such that for every e >0, u® is defined as

< +00. (3.5)

ur, a<xT<x—E,
u(z,t) = ‘I’(%:H;UL,UR), To— €< X <Tg +E, (3.6)
ug, b>x>xp+e,
such that at the limit € — 0,
A(u)dyu’ — Céy,, (3.7)

in the sense of measures on Ja, b[, where d,, is the Dirac measure placed at xp and
1
C- fo AT ()W (s)ds. (3.8)

Here we see a clear dependence of the definition of the nonconservative product on the
chosen family of paths connecting the left and right states. Now, assuming that we choose
a family of locally Lipschitz paths, ¥(s;up,ug):[0,1] x Q. x Q, - Q.. Vuy,, up € Q,,Vse
[0,1], that satisfies the following consistency and regularity properties:

(Hyp.1): ¥(0;ur,ug) =ur, ¥(Lus,ug)=ug,
(Hyp°2)' Elk>07 ‘8S‘IJ(S;UL,UR)‘ <k:|l-1R_uL|7

(Hyp.3): 3k >0, ‘85\1'(3; ur,ug) - 0,¥(s;uz,up)

<k (|uL -uj|+|ugr - u§|) ,

then the nonconservative product can be defined based on the family of paths ¥(s;ur,ug).

Theorem 3.2.1 (DLM [40]). Let the state vector be defined on the space of BV functions
ue BV(Ja,b[,RY) and A(u) be a N x N matriz-valued function, then for a chosen family
of Lipschitz paths , there exits a unique real-valued Borel measure p, such that

e if u is continuous on some Borel set O c R, then

w(©0) = [ A, (3.9)
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e if u is discontinuous at a point xg, then
1
(o) = fo A(T(s;uz, uR))d, ¥ (s;uz, up)ds. (3.10)

The interpretation of the nonconservative product as a Borel measure is central to the
definition of weak solutions for (3.2) and henceforth we will denote it as [A(u)dmu] -
Note that the above theorem coincides with the definition of the nonconservative product
introduced by Volpert [137] if the family of paths are considered as straight lines. More
precisely, in such a case the nonconservative product can be defined as the product of the
averaged superposition A of u e BV (Ja,b[,RY) by the smooth function A (u) and the Borel

measure j—“
X

~ du
[A(u)dxu]‘l, = A(u)%, (3.11)
where .
A(u) = fo A (ug + s (up—uyp))ds, (3.12)
and the family of paths are defined as
\Il(s;uL,uR):uLJrs(uR—uL). (313)

It has been proved in [137] that A(u) is a measurable function with respect to the Borel

measure g—‘x‘ and the resulting product is a bounded Borel measure.

We will now move to the original point of interest, namely to describe the notion of
weak solutions of (3.1) and (3.2), based on the definition of the nonconservative product in
Theorem 3.2.1. Note that now we consider the vector of unknowns u as a function of space
and time, and therefore the product [A(u(-,t))@wu(-,t)]ql is defined for every ¢t > 0 as a
Borel measure on R and is a bounded Lebesgue-measurable function.

Definition 3.2.1. A function u e L®(R*,BV(R,RY)) is called a weak solution of (3.1) if
for any ¢ € CL (R x R*,R) it satisfies
[ [ u@ 0o, nawa- [ (fR (1) [A(u(x,t))f)xu(x,t)]‘ydx) dt

(3.14)
+ [R(b(m,())uo(:n)dznz 0,

where A(u) is defined in (3.2).

Consequently, for a discontinuity travelling at the finite speed o € R, the weak solution
must satisfy the generalized Rankine-Hugoniot condition

ofu] = [A(u)@xu]q, , (3.15)
where [u] =ur —ur and ur, ug are the respective left and right states at the discontinuity.

Remark 3.2.1. In the case that (3.1a) is a conservation law, i.e. c(u) =0, the matriz-
valued function is indeed a Jacobian of the physical flur A(u) = 0yf(u) and the relation
(8.15) simplifies to the standard notion of the Rankine-Hugoniot jump condition

ou] = [f(u)], (3.16)
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for weak solutions in the sense of distributions. Note that the jump condition for conservation
laws is independent of the family of paths introduced earlier.

3.3 EXISTENCE OF SOLUTION AND THE ENTROPY CONDITION

We state the existence results obtained in [40] for Riemann initial data

uy, x <0,
up(x) = { g (3.17)
ug, x>0,

in the case where the jump |uy — up| is small.

Theorem 3.3.1 (DLM [40]). Let there be family of paths ¥ satisfying (Hyp.1)-(Hyp.3).
Assume that (3.2) is strictly hyperbolic with either genuinely nonlinear, or linearly degenerate
characteristic fields, and that ¥ satisfies
ow ow
—(1;uL,uL)——(O;uL,uL):Id, VuLeQ*. (3.18)
auR auR
Then, for lur, —ug| small enough, the Riemann problem for (3.2) with initial data (3.17)
has a solution with bounded variation u that depends only on 5 and has the Laz’s structure:
u consists of N +1 constant states separated by shock waves, rarefaction waves or contact
discontinuities.

Let us now interpret the family of paths from a parabolic regularization. This leads to
the notion that the choice of family of paths depends on the viscous profile. In order to
demonstrate this, let us consider the parabolic regularization of (3.2), we have, for € >0

da’ + A(u)9,u = €d, (D(u)d,u’), (3.19)

where the right hand elliptic operator is termed as the viscous profile and D is a smooth
positive semi-definite matrix.

Assuming that u is still a BV function, which is piecewise smooth [137], then for smooth
solutions as € — 0, we formally have

u‘ > u, A(u)d,u’ =~ A(u)d,u, €, (D(u)dyu) -0, (3.20)

almost everywhere, under suitable estimates on the derivatives of u®.

In the case of travelling wave solutions of (3.19), u®(z,t) = w(§),¢ = £=2%, that satisfy

lim w(§)=uz, lim w(f)=ug, lim w'(£)=0, (3.21)
£—>—oo §—>+OO §—>:t00

the viscous profile must satisfy the following ordinary differential equation

(A(w(s)) - o) w'(€) = (D(w(s))w'(€))’, (3.22)



NUMERICAL SOLUTION 28

which can be integrated, see [24], to deduce

otwl= [ Aw©)W (O, (3:23)

where it is evident that the jump condition depends on the choice of viscous profile w(¢).

It must be mentioned, however, that weak solution in Definition 3.2.1 do not guarantee
uniqueness, and, therefore, additional constraints need to be enforced in order to select
admissible solutions. These constraints come in the form of entropy conditions.

Definition 3.3.1. Let n(u) : Q. - R be a smooth convex function and q(u) : Q. - R be
the smooth entropy fluz, then admissible smooth solutions of (3.2) must satisfy an additional
conservation law

n'(u) (u+ A(u)d,u) = dn(u) + dq(u) =0, Vu e Q. (3.24)

such that
g ()" =n'(u)"A(u), (3.25)

where n'(u)" = Oyn(u) are the entropy variables and the mapping u - v(u) is one-to-one.

Additionally, let (u®)e be a sequence of sufficiently smooth solutions to (3.19) such that

° ||u€||L°°(R+,BV(R,RN)) <too,

e u > u as € > 0 almost everywhere in R x [0, +oo[,
then as € - 0, admissible weak solutions of (3.19) must satisfy the entropy condition
On(u) + 0zq(u) <0. (3.26)

In the sense of distributions V¢ € Cy(R*,R):

[ [ nu.0)oea.0) + a(u(e,0)0:¢(. Odzdt + [ n(uo(@))d(a,0)dr >0. (3.2

3.4 NUMERICAL SOLUTION

In this section we introduce the discontinuous Galerkin spectral element method (DGSEM)

that we use to discretize (3.1).
Let us consider the Cauchy problem (3.1) over a computational grid €, := Ujezk; con-
taining cells x; = [a:j_;,xﬁ;], Tl = 7h with cell size h > 0, where the mesh is assumed to
2 2 2
be uniform without loss of generality, see Figure 3-1.

We seek approximate solutions of (3.1) in the function space of piecewise polynomials
Vi = {vn € L2 (D) : vnls, € Pp(ry), 5 € ), (3.28)

where Py (k) denotes the space of polynomials of degree at most p in the element ;. The
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—— Exact solution

- - uh(x/ t)

A h \— - -
«< 7>
Kj
= ® =t o— >
Xj-1/2 Xj Xj+1/2 Xj+1

Figure 3-1: A one-dimensional representation of the mesh with cell x; of size h. The left
and right interfaces of cell x; are at Tipl and the left and right traces are represented at

il
2
L. 1.
J*t3

polynomial approximate solution is defined as

p
uh(xvt) = Z ¢§:(5L‘)U§(t) Va e Kj,Kj € tht 20, (329>
k=0

where ((259», e qﬁ? ) constitutes a basis of V) restricted onto x; and Uggkgp are the p+1 degrees
of freedom (DOFs) in &;.

Here we use the Lagrange interpolation polynomials {o<p, see Figure 3-2, associated to
the Gauss-Lobatto (GL) nodes over the reference element I = [-1,1]: -1 =y <& < <&, =
1:

p —
(€)= TI il (3.30a)
10,12k Sk = &1
(&) =0k, 0Lk I<p. (3.30b)

Observe that the GL nodes take into account the boundary points £ = -1 and £ = 1 and
satisfy the summation-by-parts (SBP) property. The basis functions with support in a given
element r; are written as

O (2) = li(0j(2)),  o5(w) =2(w - 2))/h, (3.31)
where z; = ($j+% + a:j_%)/Q denotes the center of the element.

The DOFs in (3.29) thus correspond to the point values of the solution: given 0 < k < p,
jeZ,and t >0, we have
wy,(2%,1) = UK(t) (3.32)
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| —P1 P2 —P3
057
0
-1 -0.5 0 0.5 1

Figure 3-2: The plot of the Lagrange basis functions on the bi-unit reference element
I=[-1,1] for p=1,2, and 3.

for xf = xj+&;h/2. Likewise, the left and right traces of the solution at the element interfaces
read

uh(aj;‘+1/27t) = U?(t)7 uh($;_1/27t) = U?(t)’ (333)

respectively. The integrals over the elements are based on the Gauss-Lobatto quadrature
rule where the quadrature and interpolation points are collocated:

h rt h h &
[ f@r =3 [ 5 30t 5 S @), (3.34)

where w; > 0 with Zfzo w; = 2, are the quadrature weights and xé are the quadrature points.
The discrete inner product within the element is defined as

P
szf(:c )g(h). (3.35)
=0
Let us also introduce the discrete difference matrix
Dy = (&) = x%(ﬂ? ), 0<k,I<p, (3.36)

where the property Zio £; =1 implies
p
ZDM =0 VOgk< p- (337)

The discrete difference matrix is known to satisfy the summation-by-parts (SBP) property,
as observed in [86]. The SBP is the discrete analogue of the following integration-by-parts

[ h@dedi@n+ [ ditf@)oh@)da = (5@)o}@) - (dh@dlw@)

j+1/2 j-1/2

(3.38)
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where we use (3.34) and (3.36) to get
wi Dy +wy Dy, = 5kp51p - 0kol0 VO Kk, I<p. (3.39)

Indeed, the approximation (3.34) is exact for polynomial integrands up to degree 2p — 1
which is the case in (3.39).

3.4.1 SEMI-DISCRETE FORM

Let uj, € (V)" be the approximate solution of (3.1a) then, under the DGSEM framework
[54, 113], the semi-discrete form of (3.1) can be written as

f Oyvpupdx — Z f f(up)0 vpdx + Z / c(uy)0updr

Kj EQh kg R‘EQh Kj HjEQh Kj

+ Z Vji1/2 (h(Uﬁ-’, U + d™(U%, U2+1)) (3.40)

+quﬁl/2 (d*(UJ 1, UY) -h(U” 1,Ug’)) =0, Vo, el

We again perform integration-by-parts to get

f Oyvpupdx + Z /vh(axf(uh)Jrc(uh)@xuh)dx

Kj eQp kj K'EQh kj

PIRT (h(U?,US,y) - £(U7) + d- (U3, U, ))

IS (F(U9) -n(U?_, U +d* (UL, UD)) =0, Vo, eVt

(3.41)
where h(u™,u") are the numerical fluxes for the physical flux function, f(u*) are the traces
of the physical flux at the interfaces, and d*(u~,u*) are the fluctuation fluxes for the
nonconservative product. Note that here we consider solutions which are only piecewise
smooth, therefore the operation (=Fh(u‘,u+) + f(u*)) splits the Dirac mass placed at the
interface.

The projection of the initial condition (3.1b) onto (V} )Y reads

5 f v (z,0)dz =0, Vo, € VY. (3.42)

HjEQh J

In this work, we replace the numerical fluxes in (3.41) with fluctuation fluxes D(-,-) and
substitute v, for the Lagrange interpolation polynomials (3.30). Furthermore, we consider
the quadrature rule (3.34) and the difference matrix (3.36) to get a semi-discrete scheme for
(3.1a):

wih d o ! Kyl
U Dy (£f(U" U U
o + Wy Z kl( ( ) +¢c(U5) ) (3.43)

+5ka (U2, UY,) + 60D (UL, U) =0, >0, VjeZ, 0<k<p,
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along with the projection of the initial condition (3.1b) on the function space:
k k .
Uj(0) =up(z;) VjeZ,0<k<p. (3.44)
The fluctuation fluxes satisfy the consistency property

D*(u,u) =0, VYueQ,. (3.45)

Note that our aim is to recover physically relevant solutions of (3.1) using the scheme
(3.43). Therefore the concept of entropy weak solutions needs to be considered. In the
following section we comment on the numerical fluxes and describe the conditions that
allow them to satisfy a semi-discrete entropy inequality.

3.5 NUMERICAL FLUXES

We rely on numerical fluxes in fluctuation form [103] that satisfy the properties of entropy
conservation and entropy stability for the semi-discrete scheme (3.43). Here we recall their
definition from [24].

Definition 3.5.1. Let D, be consistent numerical fluzes in fluctuation form, DZ.(u,u) =0
for all w in Q., and (n,q) be an entropy-entropy flux pair for (3.1a), then DL, are said to
be entropy conservative if they satisfy the following relation:

v(u")'D_.(u,u’) +v(u") D! (u,u") =q¢(u*) —g(u’) Vu*eQ,, (3.46)
where v(u*) =n'(u*) are the entropy variables.

In this work we are interested in entropy conservative fluxes of the following form

D_.(u,u’)=h(u,u’)-f(u)+d (u,u"), (3.47a)
D.(u,u") =f(u")-h(u,u") +d"(u,u"), (3.47b)

where the numerical fluxes satisfy the consistency conditions:
h(u,u) = f(u), d*(u,u)=0 Vue,, (3.48)

and may also satisfy the path-conservative property
1
d-(u-,u*)+d*(u",u*) = f c(T(s,u™, ut))d (s, u, ut)ds, VuteQ,, jeZ. (3.49)
0

Using (3.47), the condition for entropy conservation now becomes

v(u)'d (u,u’) +v(u")'d"(u,u") + [vif-¢] =h(u,u")"[v] Vu*eQ,, (3.50)

where @ = “+ga_ is the arithmetic mean and [a] = a* —a™ at a point x and a* = lim. g a(z+¢).
This relation is a direct generalization of entropy conditions in [24, 128] to systems with both

conservative and nonconservative terms (3.1a).

Furthermore, we apply entropy stable fluxes [76] at the interfaces that dissipate the
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entropy for shock solutions.

Definition 3.5.2. Fluctuation flures D* of the form
D*(u™,u")=D:.(u",u") +D,(u,u"), (3.51)
are said to be entropy stable if they satisfy the following relation:
v(u)'D (u,u") +v(u")' D (u,ut) 2 q(u") —q(u”) Vure,, (3.52)

where Dy, (u™,u") is a numerical dissipation that satisfies the consistency and entropy dis-
sipation
D,(u,u)=0, [v(u)]'D,(u”,u")>0 Vu,u*eQ,. (3.53)

Observe that in the semi-discrete form (3.43), the discrete volume integral

W i Dy(£(U3) + c(US)UY)
=0

does not bear proper constraints towards entropy conservation or dissipation. In other words,
we cannot control the sign of its scalar product with the entropy variables. Therefore, we
modify the volume integral and replace it with entropy conservative fluctuation fluxes, as in
[108]. The semi-discrete scheme now reads

k
wih dU; k
77 + I{,‘7 (Uh) = O, (354)
where
b -
RY(uy) = wy ;)DmmU?, U.) +6,D (UL, UY, ) + 6,0D* (UL, UY), (3.55)
and
D(u",u") =D (u",u") - D}, (u",u’), (3.56a)
G2 pu,u) +h(ut,u) +d-(u,ut) - dF (ut, ). (3.56b)

Note that in the above relation we do not require h to be symmetric as in |30, 52|, but
rather use the symmetrizer %(h(u_, u*)+h(u*,u”)). Indeed this symmetrizer still satisfies
the consistency (3.48) and entropy conservation (3.50) conditions.

3.5.1 PROPERTIES OF THE SEMI-DISCRETE SCHEME

The modification to the integrals over cell elements in (3.55) allows for an entropy stable
numerical scheme that preserves the high-order accuracy of the scheme. These properties
have been proven in [30, Theorem 3.3] for the conservative terms and [108, Theorems 3.1
and 3.2| for the nonconservative ones, however we recall them for systems that contain both
the conservative and nonconservative terms.

Theorem 3.5.1. Let D be defined as (3.56) using consistent and entropy conservative fluc-
tuation fluzes (3.48) and (3.46), respectively, and let D* be entropy stable fluzes that satisfies
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(3.52). Then, the semi-discrete numerical scheme (3.54) satisfies an entropy inequality for
the entropy-entropy flux pair (n,q):

d

h—{n); + Q(UF, Uj,1) - QU7 ,, UF) <0, (3.:57)

where (n);(t) = X7, %77( Uf(t)) is the cell averaged entropy and the conservative numerical
entropy fluz is defined by

Q(u u’) = M (u YD (-, u’) %v(u+)TD+(u_,u+), (3.58)

which are also consistent.

Further assuming that d* in (3.56b) have the form

d*(u”,u") =C*(u,u")[u], (3.59a)
C(u,u"):=C"(u",u’")+C (u,u"), (3.59Db)
C(u,u")+C(u",u’)=c(u’) +c(u"), (3.59¢)
C(u,u) =c(u), (3.59d)

where [u] = u™ —u”, then semi-discrete DGSEM (3.54) is a high-order approximation in
space of smooth solutions for the nonconservative system (3.1a) that satisfies

B fun); + (e(wy), dew,)? + D(UP, U, ) + £(U7) + D (U

dt UY)-£(U%) =0, (3.60)

Jj-D

for the cell averaged solution

S =

(up);(t) = f uy(x,t)dr = %kz:wkU?(t). (3.61)

K

Proof. The proof for semi-discrete entropy stability follows the same technique as deriving an
entropy condition for the quasi-linear system in addition to employing some of the DGSEM
identities mentioned earlier. Therefore, we left multiply n’ (U;?)T to (3.54) and by summing
over 0 < k < p obtain

d
h—(n Z wen' (US)'D(UY, UL Dy + 9/ (U2) D (U2, UY,))
dt J J
k,1=0 (3.62)

+7'(U})'D*(UY_,,UY) =0,
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where attention should be given to resolving the volume term

524a
> i (U5 D(US U D C2 9w (U)T (D (U UY) - D, (U} U5)) D
k,l=0 k,l=0

G2 S~ ! (UF) DU, UL Dy + o’ (US) D2 (UL, UK Dy
k,l=0

—5k1(5kp—5k0)?7 (UMD (U}, UY)

(2 32 (0 (U) DLV U)o (U)DL (UL, ) D

(3.46) 7

) W (Q(Ué') - Q(U?)) Dy
=0

(3.39)
=" q(U") - q(UY).

(3.37)
In the above, k <> [ indicates the inversion of the indices k& and [ in some of the terms.
The relation (3.62), thus, simplifies to

B ) + g(UD) — g(UD) + 4/ (UD)TD" (U2, UY,.) + 9/ (U) TD* (U

UuY) =0, (3.63
o ;) (3.63)

-
which can equivalently be expressed as

natm + 3 (a(U2) + a(0%0)) - 5 (a(0%0) - a(UD)

dt
-5 (402 4 a(UD) + 5 (a(U2)) - a(U)

+1/(U2)D (UL, UY,,) -/ (UP,,) D (U7, UY,,) + (U2, ) "D (UZ, UY, )

+7'(U})"D* (UL, UY) -7'(U}_))' D™ (U} |, UY) +7'(UY_,)' D" (UL, UY) =0,
(3.64)
where we collect the terms and use (3.58) to get
ey U?, Y | OL O
a(nb"'Q( 3o +1) Q( G-1 j)
1
- —(q<U°> -q(U?.,) -n/(U9)™D* (U7, UY) -/ (U7,) "D (U7, UY))
(3.65)
5 (a(U2.) = a(U%) =/ (U,)"DF (U2, 0%, ) -/ (U2) "D (U7, U, )
(3.52)
<0

High-order accuracy (37, 108|. In order to prove that the DGSEM scheme (3.54) is
high-order accurate it is sufficient to prove that the modification to the volume integral
(3.55)-(3.56) provide a high-order approximation of /H]' ¢ (0:5(up,) + c(up)opuy) da.

Let 7} : LX) nC(Q)su — mh(u) € V) be the Lagrange projection onto the reference
domain. Since the Lagrange interpolation error is of order O(hP™!), we have the following



NUMERICAL FLUXES 36

result for the product of u and v in CP*1(,):
doh (uv) () = u(z)dyv(x) + v(x)dyu(z) + O(hP), VYa ey, (3.66)
Furthermore, let cf(z) = 0C” (Uk U )gbl(m) be the interpolation polynomial, then

we have cf(z%) = C~(U},U%) and dxch(a:h) =2y € (U5, U%) Dy by using (3.39). Then
by applying (3.66) to cfuy,, we obtain

=

¢ (Uk, uhyulpy, = Z( (U}, UNU, + e (US, U UY) Dy + O(7). (3.67)

=0

SR
IV
EIM

Similarly, an expression for cf(z) := o C+(U§,U§)¢l(aj) can also be derived. As a
result (3.56) can be written as

2
B Z D(U¥ UY) Dy,
p

Z (2n(Uf, U}) +d (UK, UY) - a* (U}, U)) Dy

% li (h(Uk U%) + h(U}, U%) + (C(U, Ul)+C+(U§7U?))(U§"Ug‘:))D“

(3.59(1

O puiun(e)) + 2 3 (C7(ULUS) +C (UL UN) U Dy + O(7)

(3.37) K20
(3.59¢) o 2 k k prk k p

CDD 9,8 () + e(un (@) doun (ak) + O(hP).

Finally we prove (3.60) by summing (3.55) over 0 < k < p, we obtain

pHun)i S5 DD(U%, UY) + D~(U?,UY,,) + D* (U2, U%) =0
+I§)l§% kD( 7)+D7( 5+1) +D7(U;_4,U;) =0,
where
p .
> wp D D(UL,UY)
k,l1=0
(3.56b) & A A P I 11k TR —
= Z wp D (R(U},U5) +d™(UF,U%)) + Y wpD(h(UY, Uj) - d*(U;,UY))
k,l1=0 k,l1=0
(339)

p
Z wp D (h(U%,UY) +d™ (U, UY)) - Y wi Dy (h(UY, UY)
(3.48) 4 =0

- d*(U- Ub)) + £(UD) - £(UY)

(3. 59b) k,1=0 ’
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(339) & k yrlNTTl L k trivyTk
= Z kale(Uj,Uj)Uj + Z WlleC(Uijj)Uj
(3:59d) 720 k,1=0

0 0 0
- c(UD)UY + ¢(UY)UY + £(UP) - £(UY)

P
G2 S Dy (c(UE) +c(UL) U, - c(UD)U”
k,1=0
+c(U)UY + £(U%) - £(UY)
(3.39) & k1l $ kyy Tk 0
= Z kale(Uj )Uj - Z kale(Uj)Uj + f(U?) - f(Uj)
k,1=0 k,I=0
(3.37)

P p 0
(535) (c(up), dyup)s + £(U7) - £(U;)

3.6 DGSEM IN MULTIPLE SPACE DIMENSIONS

We here extend the DGSEM to multiple space dimensions and restrict ourselves to
Cartesian meshes. For the sake of clarity we introduce the scheme in two space dimensions,
d =2, on uniform grids without loss of generality.

The physical domain (2 is discretized with a Cartesian grid €2;, with elements x;; =
[mi_%,xi%] x [yj_%,yj%] with Tyl = ihy, Yjel = jhy, where hy > 0 and hy > 0 are the
space steps.The Cartesian coordinate system is denoted as (0, ex, ey ). Each element x; ; is
defined through the mapping x; ; : I2 5 (£,1) = x = x;;(£,n) € k;; with I? = [-1,1]%. The
function space Vﬁ restricted onto an element ; ; is spanned with functions defined as tensor
products of one-dimensional Lagrange polynomials associated to the Gauss-Lobatto nodes

(see section 3.4):
b (%03 (&m) = () a(n), 0<k,I<p,

which satisfy the cardinality relation £ (&; )€ (n;) = 05,65 for 0 < k,k,1,1 < p. The approxi-
mate solution is now represented as

P
up(x,t) = Z qbilj(X)U,ﬁlj(t) Vx €k , t20.
k,1=0

The integrals over the physical elements and faces are approximated with Gauss-Lobatto
quadratures:

R haly o ki MRSy
fmf(x)dVN 2, wrwr—— f(xi5); fef(x)dS~’§)wk 5 F(x0),

k,1=0

where wy, and wyw; are the Gaussian weights, and |e| is the length of e.

The semi-discrete DGSEM for the discretization of (4.37) then reads

kl
hahy AU,
4 dt
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p
+ wl—( Z kakmD(UfS,U:r;la ex) + 5ka (UzplijHl ]7ex) + 5k0D+(Uz 1 j’U?Jl’ ex))
m=0

p
+wk—(ZwIDlmD(Ufl],Ufg”, y) + 0D (UL, UM, | ey) + 6,0D* (US?_ 1,Uf;),ey)):
with 3

D(u™,u",n):=D_.(u,u",n) - D (u",u",n).

3.7 TIME INTEGRATION

The DG formulation provides the ability to compute high-order accurate solutions in
space, therefore it is expected that the temporal integration is also high-order accurate. In
this work we rely on strong-stability preserving Runge-Kutta (SSP-RK) methods [63] that
preserves the properties of first order forward Euler method under some condition on the
time step.

To demonstrate this, let us discretize the scheme (3.54) using the forward Euler method

u{™ = ul o AR (M), (3.68)

where u}(Ln) is the vector of DOFs, R(u},t") is the vector of residuals (3.55) and (™) = nAt,
At > 0 is the time step. Additionally the explicit s stage Runge-Kutta method can be
written as

FORMNO

v = Zé_l v + Bii AR (V(j), t" + At) ) (3.69)

V(S) _ u}(ln+1)’

where the values of a;; and f;; are found such that the order conditions are satisfied |19,
66, 121]. For consistency, we must have

Observe that if a;; and B;; are positive in (3.69) then the RK method is a convex
combination of the forward Euler steps

il L B A
v(® = > oy (V(]) + —LAtR (v(]), "+ At)) .
=0

Oéij

As a result, if Atg is the time step for the Euler method, then we can directly rely on that
result at high order, provided that the maximum time step is bounded as

oy
Atpg < min —2Atp.
i ij

This describes the SSP-RK methods which are particularly important for problems in-
volving shocks and discontinuities.
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In our work we use the SSP-RK method proposed in [121], which can be written as
v —ul + AR (v(0>, an At) ,

1 (. (n
Ve = 2 (3u§L v AR (v, 14 At)) ) (3.70)

v® = % (u}(Ln) +2v® L 2AIR (V(2),t" + %At)) ;

and uflnﬂ) =v(®,
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Chapter

AN ENTROPY STABLE HIGH-ORDER DISCONTINUOUS
(GALERKIN SPECTRAL ELEMENT METHOD FOR THE
BAER-NUNZIATO TWO-PHASE FLOW MODEL

RESUME DU CHAPITRE

Dans ce chapitre, nous proposons une discrétisation d’ordre élevé du modéle d’écoulement
diphasique de Baer-Nunziato [7] avec des fermetures pour la vitesse et la pression a l'interface
adaptées au traitement de solutions discontinues, et des équations d’état des gaz raidies.
Nous utilisons la méthode des éléments spectraux de Galerkin discontinue (DGSEM), basée
sur la collocation des points de quadrature et d’interpolation [86]. La DGSEM utilise des
opérateurs de sommation par parties (SBP) dans la quadrature numérique pour approximer
les intégrales sur les éléments de discrétisation [20, 59]. Ici, nous nous appuyons sur le
cadre fourni dans [108] pour les systémes hyperboliques non-conservatifs afin de modifier
Iintégration sur les éléments de cellule en utilisant les opérateurs SBP et de remplacer
les flux physiques par des flux de fluctuation conservant de I’entropie de [24], tandis que
nous dérivons des flux numériques qui dissipe ’entropie aux interfaces. Cela permet de
prouver une inégalité semi-discréte pour 'entropie physique moyenne de la cellule, tout en
conservant une précision d’ordre élevé. La conception des flux numériques préserve aussi
formellement I’énergie cinétique au niveau discret. L’intégration temporelle d’ordre élevé
est réalisée a 'aide de schémas de Runge-Kutta préservant la stabilité et nous proposons
des conditions sur les paramétres numériques pour la positivité de la fraction de vide et des
densités partielles moyennées par cellule. La positivité de la solution moyenne de la cellule
est étendue aux valeurs nodales par l'utilisation d’un limiteur a posteriori. La précision
d’ordre élevé, la stabilité non linéaire et la robustesse du présent schéma sont évaluées par
plusieurs expériences numériques en une et deux dimensions spatiales.

4.1 SHORT DESCRIPTION AND OUTLINE OF THE CHAPTER

In this chapter we propose a high-order discretization of the Baer-Nunziato two-phase
flow model [7] with closures for interface velocity and pressure adapted to the treatment
of discontinuous solutions, and stiffened gas equations of states. We use the discontinu-

40
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ous Galerkin spectral element method (DGSEM), based on collocation of quadrature and
interpolation points [86]. The DGSEM uses summation-by-parts (SBP) operators in the
numerical quadrature for approximating the integrals over discretization elements [20, 59].
Here, we build upon the framework provided in [108] for nonconservative hyperbolic systems
to modify the integration over cell elements using the SBP operators and replace the phys-
ical fluxes with entropy conservative fluctuation fluxes from [24]|, while we derive entropy
stable numerical fluxes applied at interfaces. This allows to prove a semi-discrete inequality
for the cell-averaged physical entropy, while keeping high-order accuracy. The design of the
numerical fluxes also formally preserves the kinetic energy at the discrete level. High-order
integration in time is performed using strong stability-preserving Runge-Kutta schemes and
we propose conditions on the numerical parameters for the positivity of the cell-averaged
void fraction and partial densities. The positivity of the cell-averaged solution is extended to
nodal values by the use of an a posteriori limiter. The high-order accuracy, nonlinear stabil-
ity, and robustness of the present scheme are assessed through several numerical experiments
in one and two space dimensions.

The plan of this chapter is as follows. In Section 4.2 we recall the essential properties of
the Baer-Nunziato model that are relevant to this work. The derivation of entropy conserva-
tive and entropy stable numerical fluxes are given in section 4.3. The properties of the scheme
and the limiters are described in section 4.4. The results of the numerical experiments in
one space dimension are presented in section 4.5, while those in two space dimensions are
presented in section 4.6. Finally, we summarize the present work in section 4.7.

4.2 THE BAER-NUNZIATO MODEL

Here we only recall specific properties of the Baer-Nunziato model that are relevant to
this chapter. This is done in order to avoid repetitiveness. For complete details on the
physical aspects of the model, we refer to Chapter 2.

We consider the Cauchy problem to the model (2.1), without the zeroth order source
terms [5, 6, 48, 132]

opu+ 9,f(u) + c(u)d,u =0, xeR,t>0, (4.1a)
u(z,0) =up(x), zeR, (4.1b)
where
oy 0 up
ipi Qi Pil; 0 :

u= , f(u)= , c(u)dyu= Oy v, =1,2. 4.2
G it (W) ai(p1uf +pi) ()0 —pp [T (4.2)

aipi B aiui(piEi + pi) —prur

represent the variable vector, the vector of physical fluxes, and nonconservative products,
respectively. The phase densities are p;, the velocities are u;, and the specific total energies
are B; =¢e; + u?/Q where e; is the specific internal energy and ¢ = 1,2 refers to the ith phase.
The void fraction of each individual phase is denoted as «; and we assume that both satisfy
the saturation condition

a1 +Q9 = 1. (43)
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In one space dimension, the model is a system of seven equations including the evolution
equations for the mass, momentum and energy of each phase, along with a transport equation
for the void fraction. The solution u belongs to the phase space

Quew = {ueR": 0<a; <1, p;>0,u; € R, pi€&; > pooyiy i = 1,2}, (4.4)

where poo; > 0 is a pressure-like constant.

Closure laws. We use the same closure laws for the pressure and the interfacial variables
as in (2.11)-(2.12) with (2.13). Therefore the pressure of each phase is related to the density
and internal energy through the stiffened gas EOS:

pi(pis€i) = (i — 1) pi€i — ViPoo,is (4.5)

where 7; = Cp,,/Cy; > 1 is the ratio of specific heats of phase i, while we use general closure
laws from [34, 56]:

ur = Bug + (1 - B)us, (4.6a)
pr = pp1+ (1= p)p2, (4.6b)
where (- )T
X101 — 2 1
- ’ = ) € 07 99 1 ) 4.7
xoapr + (1= x)azps a BT+ (1-5)T x€{0,5,1} (4.7)

are the convex weights and T; denotes the temperature of the ith phase, which is defined by

e; = Cyy Ty + 220 (4.8)
Pi

Entropy. The system (4.1a) is endowed with a physical entropy function

s5i(pi,0;) = —Cy; 111(p+ppﬁ°’i) =—Cyi(Inb; + (v, - Inp;), i=1,2, (4.9)

where 6; = Ti the inverse of temperature.
K3

Smooth solutions of (4.1) satisfy
2 2 2
Oy Y, cuipisi + 0p Y aipisiug = Y (1 — ps) (ur — ug) 00z v, (4.10)
i1 i=1 i=1

where the right-hand side indeed vanishes for the closure of interfacial quantities (4.6) and
(4.7):

2
> (p1r—pi) (a1 - u;)0;d:; = 0. (4.11)
1=1

In the case of non-smooth solutions, such as shocks, admissible weak solutions of (4.1)

must satisfy a nonlinear stability condition for the convex entropy function n(u) := — 212:1 Qi PiS;
and entropy flux ¢(u) := - Z?zl QU P; S

on(u) + 0zq(u) <0. (4.12)
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For smooth solutions, system (4.1a) can also be written in quasi-linear form as
du+A(u)d,u=0, zeRt>0, (4.13)

where A : Qo 3 u > A(u) = f'(u) + c(u) e R is a matrix-valued function for smooth
solutions of (4.1). The system (4.13) is hyperbolic over the phase space (4.4) and A(u)
admits real eigenvalues

Ar(a) = ug —c1, Aa(u) = uz - 2, A3(u) =uy, (4.14)
)\4(11) = uj, )\5(11) = U9, )\6(11) =uj+cy, )\7(11) = U2 + Cg, .

associated to linearly independent eigenvectors. Here ¢;(p;, €)% = vi(vi—1)(piei - Poo,i)/pi 18
the speed of sound for the EOS (4.5). Observe, in (4.14), that A3, A4 and A5 are associated to
LD fields, whereas the others ones, A1, A2, A\g and A7, are associated to genuinely nonlinear
(GNL) fields. Note that (4.13) is only weakly hyperbolic when uy is equal to one transport
velocity, uj or ug, for x =1 or 0 in (4.7). In this work we assume that (4.13) is hyperbolic
and well-posed and exclude resonance phenomena.

Definition 4.2.1. A hyperbolic system (4.13) is said to be resonant if a linearly degenerate
field interacts with a genuinely nonlinear field, resulting in the system to turn degenerate as
the right eigenvectors no longer span the whole phase space.

In our case, the eigenvalues of A(u) in (4.13) are linearly independent iff

a; #0, ur+u;+c, 1=1,2. (4.15)

During the remaining course of this chapter, we will discretize the initial value problem
(4.1) using the DGSEM framework, which was introduced in section 3.4. Here we propose
numerical fluxes in fluctuation form, refer section 3.5, for the model (4.1a) that satisfies the
Theorem 3.5.1.

4.3 NUMERICAL FLUXES FOR THE BAER-NUNZIATO MODEL

Here we derive the numerical fluxes for the model (4.1a) that satisfy the entropy conserva-
tion (3.50) and dissipation (3.52) properties together with the assumptions in Theorem 3.5.1.
An essential tool which would help in the algebraic manipulations are the Leibniz identities,
which we recall here. Let a*,a™,b",b7,¢",¢™ in R have finite values, then we have

[ab] =ab] + B[a], [abe] = @(b[c] +[b]) + belal, (4.16)

at+a”

where @ = is the arithmetic mean and [a] = a* —a™ at a point x and a* = lim. g a(z+¢).

4.3.1 ENTROPY CONSERVATIVE FLUXES

We begin by proposing entropy conservative numerical fluxes.

Proposition 4.3.1. The numerical fluzes (3.47) with the following definitions are consistent
and entropy conservative fluzes that satisfy the assumptions (3.59) of Theorem 3.5.1 for the
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Baer-Nunziato model (4.1a) with the EOS (4.5) and the interface variables (4.6).

O ~]. uIi
— oy | P _ [oi] hp, R [oui] 0 .
h(u ,u"):= B, Bs 2 | B | d*(u ,u"):= S| o | i=1,2, (4.17)
hoE; hoE; -prur®
where

I N Y 9 o R . -yt (9
(Ppss Ppuss hoE;) = (aiuipi7 a; (Ufpz + pé Z) , Qi (Pi (Cév_l uzgu’ ) + p&z + poo,i)) ,
! (4.18)

7 7 7 . Tut
(hpiv hpuia hpEl) = (léu ﬁzH27 ﬁl (Cé\” + %) + poo,z) )

[a]
[Ina]

Proof. Consistency of the numerical flux h follows from consistency of the arithmetic and
logarithmic means and the fact that p;e; = p;Cy; T} + Poo,i from

Bs 2 0 is defined in Theorem 4.4.2 and a = is the logarithmic mean [76].

Pi t Pooji

1 1=1,2. (4.19)
Yi —

piniT% = Pi€i = Pooyi =

It can be easily checked that d* satisfy (3.59) and consistency d*(u,u) = 0.

Now let us recall the entropy variables associated to the entropy in (4.12):

(-1)" (p161 — p262)

u2

viw)=| 7 hi=5 )0 iy, (4.20)

-0,

where h;(pi,e;) = e; + W = Cp,,T; is the specific enthalpy for phase i = 1,2 and 6; = 1/T;.

Then, the discrete counterpart of (4.11) holds for the interface closures (4.6) and reads

'221 (p1 - pi) (ur — u;)0; ] = 0. (4.21)

Entropy conservation requires the fluxes (3.47) with (4.17) to satisfy (3.50) so we have
to check that

AQ(u™,u"):=-h(u,u") [v(w)]+v(u)-d (u,u”) +v(u*)-d"(u,u")
+ TFCw) - v(w) — g(w)] = 0

Below we detail each term in the above relation by using the Liebniz identities (4.16) for

(4.22)
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the numerical fluxes (4.17). Note that direct manipulations give
(4.5)
[piti] * =" (i = 1)Crilpi] = Pooilbi], (4.23a)
[hi6i] = 0, (4.23b)
[[ z]] (4 2 _Cvi [[ln 01]] - (’71' - 1)Cvi [[111 pi]]v (4'230)
o w2 ujul
u; - =t (4.23d)

2
Then, by (4.17) and (4.20), we have
[v(w)]-h(u",u’)

2
:Z Q0 U z[[(h 2/2)91‘—81']]4-5@' (ﬁlﬂfﬁ-pé—gl) [[uzﬁz}]
=1

— | (cy,  wu 0
_aiui(pi(%"‘%) p;—“fpooz) [6:]

(2

- g,led ( [piill + pill(hi — w3 [2)0; = si] + pithi [wibi] - (ﬁz‘ (09” + u’zuz ) * Poo l) [0: ]])

2 R
U205 —apits( Bl + w2160 - Cuin ] - (3~ DCvillm pi]
i=1

+az(PzU +péz)[[u 0;] - Oézuz(pz( A_L uL2 ) pé_gl +pooz)[[91']]

) 3

_ gl ( — (i = D) Cyilpi] + Poo.illf] + Hitii (a [6:] + 0; [[u,-]]) _ ( b ( ce_ . u;;;) + poo,,-) [6;]

i (0 18] - Coln0] - (- 1Culln ]

2 —_—
029 (7] + 210 - Collndi] - G -0 il
: i=1

+Q; (U pi + 5_19) (Uz[[g [ +86; [[uz]]) (ﬁz(ce‘;z 121 ) pé?z + Poo 1) [6:].

(4.24)

Furthermore, using (4.17) we easily obtain

2
v(u)-d (u,ut) +v(ut)-d* (u,ut) = 3 (prur - prus - prn)Bied] Y2V = 3 prwsbiaal,
=1 =1
(4.25)
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and
[f(u) - v(u) - g(u)]

2
= Z[[—aipiui(si - (hl - UZQ/Q)GZ) + al(pzuf + pl)uZQl - Oéz(plEZ + pz)uﬁl + Ozipisiui]]
i=1

2 (4.16) & ——— —
=Y [aipsuibs] =" Y piuibio] + @ipibs[us] + @it [pibs]
i1 i=1

?27) & Jp— _
) > piuifios] + @pib;[ui] + @ (v — 1)Cuilpil - Peo,i[6:])-
i1
(4.26)

Substituting (4.24), (4.25) and (4.26) into (4.22) and collecting terms proportional to
[pi], [wi], and [6;], we get

AQ(u",u")
2
Uy (,amfa, - (it + R ) + p—e) [ua]
i=1 i

B I In6; . 0; .~ [Cy;  ujul 0;
+Ql; (Pz(%’ - Cvi%) - pit; — B+ Pz’(cé_’ + Zi ) + p&Z + Pooyi — poo,i) [6:]

1
-(vi- 1)Cvz’azﬂz‘(ﬁz’ [In ps] - [[Pz’]]) =0,
which concludes the proof. O

Remark 4.3.1. The contributions to the volume integral in (3.55) of the terms associated
to Bs in (4.17) vanish due to the symmetrizer h(u™,u*) + h(u*,u”) in (3.56b). They will
however play an important role in the design of the entropy stable fluxes at interfaces (see
Theorem 4.4.2). They may be compared to the upwinding term in the Lax-Friedrichs flux
derived in [116] for (4.1a). The main motivation for including this term was to introduce
stabilizing mechanisms in the transport equation for the void fraction, as is evident from the
first component of h in (4.17). However, uy is associated to a LD field, so the remaining
terms izpi, ilpu“ and fszi are further included so that this dissipation does not affect the
entropy balance as shown in the proof above.

Remark 4.3.2. Assuming perfect gas EOS in (4.5), Poo,i = 0, and uniform void fractions,
[eii] =0, then the numerical flur h(u™,u") in (4.17) for both phases reduce to the entropy
conservative Chandraskhar fluz [28] for the compressible Euler equations. This numerical
flux has been here extended to the stiffened gas EOS (4.5).

4.3.2 ENTROPY STABLE FLUXES

We here follow the procedure in [76] and build entropy stable fluxes (3.52) by adding
upwind-type dissipation to the entropy conservative numerical fluxes (3.47). We introduce
numerical dissipation to the equations of mass, momentum and energy for each phase. The
rationales for this particular choice of the numerical dissipation are as follows. First, we
do not add numerical dissipation to the void fraction equation as it is associated to a LD
field. We stress that the conservative flux in (4.17) already adds dissipation through an
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upwinding term without altering the entropy balance (see Remark 4.3.1). Second, since
we exclude resonance effects according to the assumption (4.15), the void fractions remain
uniform across shocks leading to uncoupled phases. It is, thus, appropriate to include
dissipation phase by phase.

Proposition 4.3.2. A class of entropy stable fluzes (3.52) that satisfy
D,(u,u)=0, [v(u)]'Dy(u”,u")>0 Vuu*eQ,. (4.27)

can be obtained for the Baer-Nunziato model (4.1a) where the numerical dissipation takes
the form

0o 0 0 0

koo 0 0 || e

ko ksz O || [wi] |’

kao  kag  kaa ) \[T3]

where the matrix entries satisfy the following conditions

D,(u,u") =

o O o o

o . Cyi uju;
k2220, k3320, Fkaa20, kap=uikoo, Fkaz="ujkss, Fkao= ; 5 koo. (4.28)

)

Proof. By construction we have D, (u,u) = 0. Then, using (4.20) and (4.9), we get

2
[v(w)] -D,(u",u") = ;k‘zz(% = 1)Cuilpil[n pi] + kssbi[u]” - kaa[T:][6:]

[pi] [6:]

- — — Cvi u_zQ
+0; (k32 — kootwg) [pi] [wi] — | kao — wiksa — ka2 )

— (ka3 — wiks3) [u;] [0:]
(4.28

2% ikm(% - 1)Cyilpi] [ pi]) + k330: [ws]* — kaa[T3][6] > O.
i1

O

Using dimensional arguments, we define k33 = p;ko2 and kqq = p;Cy;k22, and koo =

% max (pA(u_),pA(u+)), with €, > 0 and pa (u) = max;-1 2(|ui| + ¢;) the spectral radius of

A(u) in (4.13), to get the following numerical dissipation

0
€ [pil
Du(u77u+) = Eymax (PA(ui)vPA(lﬁ)) ) [[iolu@]] . (429>
(S + 55 )l + 2B

Remark 4.3.3. Nonconservative systems may admit shocks which depend on small scale
mechanisms such as viscosity and that numerical methods may fail to capture because the
leading viscosity terms in the equivalent equation do not match these mechanisms [91]. The
jJump conditions indeed depend on the family of paths prescribed in the jump relations which
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should be consistent with the viscous profile. Using (4.29) the decay rate for the cell-averaged
entropy (3.57) reads

2 - PP —
p 2 our, d,y-aeur, ) - - 3, Ol g e mifon <o

)

where the two last terms in the RHS are analogous to the ones in the physical model [56] for
a Prandtl number Pr; = 3v;/4:

3Cp;

Ay
o)+ 0.aw) = T 2 (00007 - T2 0,m0.01)

and p; > 0 is the dynamic viscosity coefficient and are therefore consistent with the small
scale mechanisms. The first term in the RHS was seen to improve stability and robustness
of the computations despite its lack of physical relevance.

4.4 PROPERTIES OF THE HIGH-ORDER DGSEM SCHEME FOR
THE BAER-NUNZIATO MODEL

4.4.1 KINETIC ENERGY PRESERVATION

The equation for the kinetic energy of the model (4.1a) can be derived from the mass
and momentum equations:

Ot K + 0, Ku; + u;iOp0ip; — PruiOga; =0, i=1,2,

where K; = %aipiu? is the partial kinetic energy of the ith phase. These equations con-
tain nonconservative terms of pressure work and energy transfer between the phases. The
property of kinetic energy preservation by numerical schemes was introduced in [77] for the
compressible Euler equations, where a general condition was provided to impose kinetic
energy preservation for finite volume schemes, and was seen to be useful in turbulent flow
simulations. Kinetic energy preservation was later extended to high-order nodal DG schemes
in [58, 59] and we refer to [87] for split forms of the convective terms in the compressible Eu-
ler equations that lead to kinetic energy preserving schemes. According to [59, Theorem 2| it
is sufficient to show that the volume terms of the advective part of the cell-averaged kinetic
energy can be written in conservation form. This is done in the theorem below.

Theorem 4.4.1. The discretization of the volume integral in (3.54)-(3.55) with the numer-
ical fluzes (4.17) is kinetic energy preserving.

Proof. Let us consider the time derivative and volume term of the advective parts of the
mass and momentum equations of phase ¢ = 1,2 in (3.55). Using (4.17) they read

ARE = <y (of 1 pF ;) + ZkaDklhap(Uk U,

AK;):;'JUJC = U%hdt( ijJ ’L]) Z 2kakl o J hap(Uk Ul)
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with A" (u™,u*) = %(hpi(u_ u*) + hpi(u+,u‘)) (417) Qi P

Introducing Kf] = sQ; jpz ](u , we have

k )2
Z ul ]AKapu k (u 12]) AKZc’pr,k

p p ub +ulb (uk .)2
Z LR (KE5) + Y 2w Dy (uf =454 = == )h* (U}, U)
k=0 k,l1=0

P
K(uh) ]+ Z QWkal ” ”hap([ﬂC Ul)
k,1=0

(339) dt(K (uh) Z kak:l zj zgh(lp(Uk: Ul)

k,l1=0

p ko1
- Z w D=5 hP (UG, UY) + KT - K7

= dy(Ki(up)); +uf KPS —ul K7,

by symmetry of hi”(u~,u"), which concludes the proof. O

4.4.2 POSITIVITY OF THE NUMERICAL SOLUTION

High-order time integration is made through the use of strong stability-preserving explicit
Runge-Kutta schemes [121] that are convex combinations of explicit first-order schemes in
time, see section 3.7. Therefore, we focus on the fully discrete scheme by using a one-step
first-order explicit time discretization.

We use the notation (™ = nA¢ with At > 0 the time step, and set \ = %, u,(L")(-) =
w, (-, t™) and U?’" = U?(t(")). The fully discrete scheme reads

%(U?’”” ~ UM AR () = 0, (4.30)

where R;“() is defined in (3.55). Our analysis of the discrete scheme provides conditions on
the numerical parameters that guarantee the positivity of the cell-averaged partial densities
and a maximum principle on the cell-averaged void fraction. Unfortunately, we were not
able to derive conditions for positivity of the partial internal energies, i.e., pje; > Pi o0, and
we refer to [36] for a first-order scheme that guaranties such condition.

Theorem 4.4.2. Assume that p??:;p’n >0, a?;fzp’ >0 fori=1,2 and let Bs, in (4.17), be

locally defined at element interfaces as

68j+1/2 = Erzlla)gﬂufj | | Z]+1|) (431>
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then under the CFL condition

p,n 0,n
1 Bs,i1jp — UI; Bs, 1o t UL
Amaxmax | max — (ulgn),dxgb’?)P + 5,@# + 5k0# )
jez. =12 | O<k<p wy, 713 2 2
1 (5sj,1/2 = U - 1/2)Pz; 1/2 Cviipp | 1 (ﬂsjﬂ/2 +ﬂz‘,j+1/2)/5z‘,j+1/2 €vji1y0 1
o 5,0 on | o P AN B P
0 pl] a'L,] p 101/7] 7]
(4.32)
— uf’ﬁ+u?’ﬁ+l ~ p? n+1 PZ
where U; ji1/2 = =572, P2 = ﬁ, we have for the cell averaged solution at
’ ’ np; ,j+1 np; 3J
time ("1
(n+1) (n+1) . .
(a, hpzh> >0, (ain); >0, i=12, jeZ
Furthermore,
(n+1) _n | @i ) 4 s P G B ru Y
(ai,h>j = Z — - (ulh 7da:¢j )j + 5kp +0k0 az‘jj
&zl 2 2 2
D 0,n
Bsﬂl/? ulj 0,n st—1/2 + ulj p,n
+ )‘f ij+l T )‘fo‘ij—l
(4.33)

is a convex combination of DOFs at time t(™.

Proof. Summing over 0 < k < p the first component of (4.30) for the void fraction we obtain

J
_ i Wi kot
i?
k=0 2 /
p -B
_ Yk kn Sj+1/2 , O,n N
= Z 7% (ZkakluI] + 5kp#(ai,j+l N )
k=0 1=0
0o,n
ur, + Bs-
J j-1/2
- 0,n
(3 35) (n) k\p\ kn wo (n) 0\p 55;‘—1/2 + 0,n
z g de ) g | A (el =
N 0,n
w /Bs- —ur; ﬁs 1o T UL
p (n) P\ i+1/2 J p,n J-1/2 J_ . pn
+ ?—A <th 7d$¢]>‘7+ 5 Oé%j + A 5 O“,j 1

Buynys — "
Sj+1/2 Ij 0,n
2 4,5+17

which is a convex combination of DOFs at time n with (4.31) and the following restriction
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on the time-step:

(n) k\p 55741/2 B ul?n st—1/2 + ulg’n Wk
A <th ad$¢j>j+6kp ‘ 5 + ko 9 <_2 , 0<k<p,
3 ) 0,
since from (4.6) we have S, , > max(|ur; |, |u1j+"1|).

For the cell-averaged partial densities, we use a similar technique to [104, 145] and sum
over 0 < k < p the second component in (4.30) for the partial densities to get

1
(inpin) "

P
Wk kn kn
ij Pij

k=0 2
p,n 0,n
A Bs.
_ ] i,5+1 Sj+1/2 0,n DN ~ 0,n n
-A (ui,j+1/2 > B (ai,j+1 - ) |ijerja = Vi g1/ (pi7j+1 - )

)

p,n 0,n
o ta B
— 3,j-1 ,J Sj-1/2 ¢ 0,n j X0 ~ 0,n n
+A (ui,j1/2 5 B (ai,j _ai,jfl) pi,jfl/Q_ﬁl’i,j—l/z(pi,j _p;igjfl)
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and is positive if

Bs. o =Ts i 1/2 i s € Bs.o o + Uy s O; i €y,
Sj-1/2 i,j-1/2 Pi,j-1/2 Vi j-1/2 wo Sj+1/2 1,j+1/2 Pij+1/2 Vij+1/2 Wp
(> p L) (40P ) <

+
2 0,n 0,n 2 D, a?ﬁ
Pi g & g i,j i,j

provided €, >0 and (4.31). O

J*1/2
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4.4.3 A POSTERIORI LIMITERS

The properties of Theorem 4.4.2 hold only for the cell averaged value of the numerical
solution at time ¢("*1), which can be extended to nodal values by using a posteriori limiters
[145, 146]. We here limit the void fraction with the bounds of its initial value over the whole
domain, while we enforce positivity of the partial densities, similar to [108]. The limiter
reads

~ kntl .
;" = GJ‘(U;W+1 - (uh)éml)) + <uh)§-””), 0<k<p, jeZ, (4.34)
with 0 < 6; <1 defined by 0; := min(6,0,* : i =1,2) where
1)
| (cippin)y" - e ,
gjﬂz = min ‘ (:L+1)J —, 1], (aipi)]"" = min (Ozipi)?’nﬂa
(ainpin); " = (aip) ™ Osksp
) (n+1) o« a ) (n+1)
0% — min <Oéz,h>j m@j Mi,j <Oéz,h)j 1 min _ min Oék’n+1 oM — e ak’n+1
- . (n+1) min’ . maz . (n+1)’ ’ bJ _0<k<p bjo b _ngszv b
(i) — o™ Q" —{ain);
(4.35)
0 < e << 1is a parameter (we set e = 1078 in our numerical tests), and
o . . k.0 « k,0
* = 7 M2 = .
Mi,j r]rtlZn Orgklgp alJ ’ b Igleazxﬂrgkaéy al’]
The limiter (4.35) guarantees that ﬁggkép 15 0 together with the following bounds on the

. . ~ 0<k<p,n+1
void fractions mg; < & o+l M.
i 9. 9.

4.5 NUMERICAL TESTS IN ONE SPACE DIMENSION

In this section we assess the high-order accuracy, robustness, and nonlinear stability of
the numerical scheme for the Baer-Nunziato model by considering numerical tests for the
initial value problem (4.1). We recall the numerical scheme in A.1. We use uj = ug and pr = p1
as the interfacial variables (4.6). Unless stated otherwise, all numerical tests are performed
with fourth-order accuracy in space, p = 3, on a unit domain Q = [-0.5,0.5] discretized
with a uniform mesh of 100 cells. The values of the numerical dissipation parameter €, in
(4.29) lie in the range [0.1,0.5]. The time integration is performed by using the three-stage
third-order strong stability-preserving Runge-Kutta scheme by Shu and Osher by [121], refer
section 3.7. The limiter (4.34) is applied at the end of each stage. The time step is computed
through (4.32). The numerical experiments of sections 4.5 and 4.6 have been obtained with
the CFD code Aghora developed at ONERA [112].

4.5.1 ADVECTION OF DENSITY AND VOID FRACTION WAVES

We first test the high-order accuracy of the scheme (3.54). Let us consider a unit domain
with periodic conditions and the following initial condition ug(z)

1 1 1
ajo(z) = 5 + 1 sin(4rz), pio(x) =1+ 5 sin(2rz), wio(z)=1, pio(x)=1, i=1,2,
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which results in a density wave and a void fraction wave with different frequencies and
amplitudes that are purely advected in a uniform flow. The EOS parameters in (4.5) are
Y1 = 1.4, Poo, =2.0 and 2 = 3.0, poo, = 5.0.

Table 4.1 indicates the values of the norms of the error on %( p1+p2) obtained at final time
Trnaz = 5 with different polynomial degrees and grid refinements, as well as the associated
orders of convergence. We observe, as the mesh is refined, that the expected p + 1 order of
convergence is recovered with the present scheme.

p|h lenlpia,y O lenlie,y Q2 lenlie(a,) Oeo
1/32 4.51E-02 - 5.08E-02 - 8.52E-02 -
1 1/64 7.71E-03 255  9.75E-03 2.38  2.05E-02  2.05
1/128 | 2.90E-03 141 3.38E-03 1.53 6.79E-03 1.59
1/256 | 7.67E-04 192 8.88E-04 1.93 1.71E-03 1.99
1/32 2.08E-04 - 2.24E-04 - 5.41E-04 -
9 1/64 1.93E-05 3.43 2.49E-05 3.29  5.88E-05 3.20
1/128 | 2.59E-06 290 3.29E-06 2.92 8.16E-06 2.85
1/256 | 3.43E-07 2.92 4.40E-07 2.90 1.25E-06 2.71
1/32 1.33E-06 - 1.74E-06 - 5.57E-06 -
3 1/64 4.21E-08 498 6.19E-08 4.81 2.49E-07  4.48
1/128 | 2.28E-09 4.21 3.55E-09 4.12 1.53E-08 4.03
1/256 | 1.41E-40 4.02 2.22E-10 3.99 1.00E-09 3.93

Table 4.1: Test for high-order accuracy: different norms of the error on densities under p-
and h-refinements and associated orders of convergence at final time T},4, = 5.

4.5.2 RIEMANN PROBLEMS

We now consider a series of Riemann problems from [15, 36, 132] to assess the entropy
conservation, robustness, and stability properties of the present scheme. The initial condition

readS
u r<x
(,:E) { L7 07

ur, I >xg-

Table 4.2 contains the initial conditions for the different Riemann problems, while the phys-
ical parameters are given in Table 4.3.

Test for entropy conservation

The property of entropy conservation of the numerical fluxes (3.47) in the modified
scheme (3.54) is validated based from the experimental setup introduced in [15]. Here we
only focus on entropy conservative fluxes, so we set €, = 0 in (4.29). The initial condition
corresponds to the test case EC in Table 4.2 which generates discontinuities of moderate
strength in each phase. We impose periodic boundary conditions and the global entropy
should remain constant over the computational domain, while being modified only as a result
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Test case aq P1 uy p1 P2 u2 P2
BC u;, 05 1.0 0.0 1.0 1.0 0.0 1.0
urp 0.5 1.125 0.0 1.1 1.125 0.0 1.1
RP1 u;, 0.1 1.0 1.0 1.0 1.5 1.0 1.0
up 0.9 2.0 1.0 1.0 1.0 1.0 1.0
RP2 u;, 0.8 2.0 0.0 3.0 1900.0 0.0 10.0
urp 0.1 1.0 0.0 1.0 1950.0 0.0 1000.0
RP3 ur, 0.2 099988 -1.99931 0.4 0.99988  -1.99931 0.4
ug 0.5 0.99988  1.99931 0.4 0.99988  1.99931 0.4
RPA u, 0.3 1.0 -19.59741  1000.0 1.0 -19.59716  1000.0
urp 0.8 1.0 -19.59741  0.01 1.0 -19.59741  0.01
RP5 uz; 0.999 1.6 1.79057 5.0 2.0 1.0 10.0
ur 0.001 2.0 1.0 10.0  2.67183  1.78888 15.0
Table 4.2: Initial conditions for the Riemann problems.
EC RP1 RP2 RP3 RP4 RP5
x 0.0 0.0 0.0 0.0 0.3 0.0
Tnaz | 015 025  0.15  0.15 0.007 0.05
" 1.4 3.0 1.35 1.4 14 3.0
Y9 14 14 3.0 1.4 3.0 1.4
P, | 0.1 0.1 0.0 0.0 0.0 0.0
Poo, | 0.0 0.0 3400.0 0.0 100.0 0.0
Table 4.3: Location of discontinuity on €2y, final time, EOS parameters from (4.5).
of the time integration. We thus introduce the entropy budget
o, (1) =h| Y (n(un)); - (n(wo));l, (4.36)

EJEQh

which evaluates the variations in the computation of the cell-averaged entropy over the
domain €,. The results in Table 4.4 show that the error (4.36) decreases to machine accuracy
when refining the time step, with the order of convergence corresponding to the theoretical
approximation order of the time integration scheme. This validates the entropy conservation

of the numerical fluxes (3.47).

time step | Eq, (t) @

At 6.85E-06 -

At/2 2.08E-06 | 2.94
At/4 2.65E-07 | 2.97
At/8 3.31E-08 | 2.99
At/16 4.14E-09 | 3.00
At/32 | 5.14E-10 | 3.00

Table 4.4: Global entropy budget and the corresponding order of convergence O when

refining the time step at final time T}, = 0.15.
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Riemann problems

The results of the Riemann problems in Table 4.2 are shown in Figures 4-1 to 4-5, where
we compare the numerical results with the exact solutions from [36, 132].

Here the test RP1 consists in the advection of a material interface in a uniform flow
and the results in Figure 4-1 show that the velocity and pressure of both phases remain
uniform in time which may be related to the so-called criterion of Abgrall [1]. The observed
smearing of the contact is a consequence of the limiter (4.34) which is a common remark for
all Riemann problems that we will consider.

The results for tests RP2 and RP3 in Figures 4-2 and 4-3 contain the development of
shocks, rarefaction and contacts in both phases. The scheme captures the correct solutions,
but the intermediate states contain small oscillations at the shock and rarefaction waves
in phase 1 of RP2. It is however observed that as the mesh is refined all the intermediate
states are accurately captured and the DG solution converges to the exact weak entropy
solution. The scheme also proves to maintain the positivity of the partial densities in the
near vacuum region of RP3, see Figure 4-3.

The capabilities of the scheme to resolve strong shocks are demonstrated in Figure 4-4
for the RP4 test case. Here the left-traveling rarefaction waves and the material disconti-
nuity are well captured, whereas small oscillations are observed around the right-traveling
shock in both phases. A possible reason could be that, as the dissipation is introduced in
the numerical scheme through the interfaces, the internal DOFs may suffer from a lack of
stabilization mechanism.

Finally, the test case RP5 probes the numerical scheme close to resonance (4.15) mim-
icking pure phases separated by a material interface. Numerical experiments are given for
two different grids. Note that we do not consider pure phases in this work and restrict
ourselves to conditions close to resonance (see [36] about the numerical difficulties associ-
ated to resonance effects and the derivation of a robust scheme handling such phenomena).
The design of the present scheme is based on entropy variables (4.20) requiring the map
u —~ v(u) to be one-to-one and thus excluding pure phases. We indicate in Figure 4-5 the
regions where the corresponding phases exist. The results show a correct approximation
of the intermediate states where either phase exists, while spurious oscillations occur but
in regions where the corresponding phase is absent. As the mesh is refined, we observe a
damping of the oscillations where the phase exist, but oscillations in the regions of vanishing
phase persist.

4.6 NUMERICAL TESTS IN MULTIPLE SPACE DIMENSIONS

The Baer-Nunziato model in multiple space dimensions reads

du+v-f(u) +c(u)vu=0, xeR% >0, (4.37)
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where
oy 0 vi'
T
;i Q;piV; 0 .
u:= , f(u) = v , c(u)Vu:= Vi, 121,2,
Q;piVi (v) ai(piviv] +pil) () -pil !
a;pi B; ai(piEi +pi)v] —prvi’

with v; = (u;,v;, w;)T the velocity vector of the ith phase, p; = p;(p;, €;) given by (4.5) and

e; = F; — %vi -v; the specific internal energy.

The DGSEM scheme (3.54) can be extended to (4.37). The derivation of the scheme
for Cartesian meshes is introduced in 3.6, while the numerical fluxes for the above model
are presented in A.2. Unless stated otherwise, the time step is computed with the CFL
condition in A.3 and was seen to maintain positivity of the solution though it does not
guaranty positivity of the partial internal energies.

Numerical experiments in two-space dimensions are given in the remainder of this section
including tests on high-order accuracy, entropy conservation, kinetic energy preservation,
together with the simulation of a shock-bubble interaction problem.

4.6.1 ADVECTION OF DENSITY AND VOID FRACTION WAVES

We here reproduce the test on accuracy from section 4.5.1 and consider the pure ad-
vection of oblique void fraction and density waves in a uniform flow in a unit square with
periodic boundary conditions. The initial condition reads

1 1 1
ajo(x) = 5% 1 sin (4m(z +y)), pio(x) =1+ 3 sin (27 (z +v)),
uio(x) =1, vio(x) =1, pio(x)=1,i=1,2.

(4.38)

The EOS parameters in (4.5) are 1 = 1.4, peo, = 2.0 and 72 = 3.0, pes, = 5.0. The obtained
results are presented in Table 4.5. It is again observed that the expected p + 1 order of
convergence is achieved.

plh lenlriay O lenlie,y Q2 lenlie(,) Oe
1/32 1.00E-01 183 1.11E-01 1.82 1.83E-01 1.65
1 1/64 1.67E-02 2.58 2.03E-02 2.45 3.98E-02 2.20
1/128 | 4.86E-03 1.78 5.83E-03 1.80 1.16E-02 1.78
1/32 4.84E-04 3.67 590E-04 3.65 1.22E-03 3.59
9 1/64 3.81E-05 3.66 4.92E-05 3.58 1.00E-04 3.61
1/128 | 2.77E-06 3.78 3.77E-06 3.71  1.06E-05  3.55
1/32 2.77E-06 6.37 3.53E-06 6.28 1.32E-05  5.75
3 1/64 8.04E-08 5.11 1.03E-07 5.10 5.38E-07 4.61
1/128 | 4.18E-09 4.26 5.27E-09 429 2.96E-08 4.18

Table 4.5: Test for high-order accuracy with initial condition (4.38): different norms of the
errors on %( p1 + p2) under grid and polynomial degree refinements and associated orders of
convergence at final time Ty, = 5.
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4.6.2 ENTROPY CONSERVATION

We also check entropy conservation by using the same procedure as in section 4.5.2 on
the unit square with periodic boundary conditions. The initial condition is EC in Table 4.2
with zero transverse velocity, v; = 0 for ¢ = 1,2, and we keep the same EOS parameters. The
global entropy budget, similar to (4.36), is displayed in Table 4.6 when refining the time
step. Again the conservation of entropy by the space discretization is observed.

time step | Eq(?) o

At 7TA9E-04 | -

At/2 1.07E-04 | 2.81
At/4 1.37E-05 | 2.97
At/8 1.72E-06 | 2.99

At/16 | 2.15E-07 | 3.00
At/32 2.67E-08 | 3.01
At/64 | 3.19E-09 | 3.06

Table 4.6: Global entropy budget (4.36) in two space dimensions and the corresponding
order of convergence O at final time T},4, = 0.15.

4.6.3 KINETIC ENERGY PRESERVATION

The property of kinetic energy preservation in Theorem 4.4.1 is here investigated. We
propagate material and contact discontinuities in a unit square with periodic boundary
conditions, following the initial condition ug(z,y) = ug if 0 < z,y < % or % <z,y <1, else
ug(z,y) = up (see Table 4.7). The EOS parameters for the two-phases are v = v2 = 1.4,
Peo,1 = 0.1, and peo 2 = 0. For this test, the pressure fields are uniform and equal so that the

kinetic energy is conserved.

Figure 4-6 presents the temporal variations of the global kinetic energy of the domain
KE(t) = th Y2, %aipiu?dx from its initial value and we observe that K E(t) does not vary
in time. We conclude that K E(t) is not changed by the advective terms, but only by the
pressure work, which validates Theorem 4.4.1.

Test case a1 pr ur vr p1 P2 U2z V2 D2
KEP u, 04 10 10 10 1.0 15 1.0 1.0 1.0
up 06 20 10 1.0 1.0 1.0 1.0 1.0 1.0

Table 4.7: Initial conditions for the kinetic energy preservation test case.

4.6.4 SHOCK-BUBBLE INTERACTION

This numerical test involves the interaction between a shock wave and a material dis-
continuity. The test was introduced by Haas and Sturtevant [65] to experimentally study
the interaction of a shock wave with a single discrete gas inhomogeneity. Later it was
adopted as a numerical benchmark to validate the robustness and accuracy of various nu-
merical schemes for compressible two-phase flows, see [60, 74, 80, 83, 107, 110, 116, 129] and
references therein.
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The computational domain Qj = [0,6.5] x [0, 1.78] is discretized using a Cartesian mesh
with 1300x 356 elements. The initial condition involves a bubble of unit diameter containing
a mixture of 95% of helium by volume (a; = 0.95) and 5% of air, to exclude resonance effects
(4.15), in a domain filled with 5% of air. The center of the bubble is located at x = (3.5,0.89).
A left moving shock is initially placed at the rightmost edge of the bubble, x¢ = 4, and then
moves to the left and interacts with the bubble. The initial condition is provided in Table 4.8.

aq Pi Uj Uy Pi

Pre-shock air (¢ =2) | 0.05 1.3764 -0.3336 0.0 1.1213
Helium bubble (i =1) | 0.95 0.1819 0.0 0.0 0.7143
Post-shock air (¢ =2) | 0.05 1.0 0.0 0.0 0.7143

Table 4.8: Physical parameters for the initial condition of the shock-bubble interaction
problem.

The EOS parameters for helium and air are v, = 1.648 and Cy; = 6.06, and v, = 1.4
and Cyo = 1.786, respectively. The physical model does not involve viscous effects so to
avoid oscillations of the interface we smoothen the initial condition around the material
interface following [14, 73, 83]. The numerical test is performed using periodic boundary
conditions at the top and bottom boundaries, and non-reflective conditions on the left and
right boundaries.

Figure 4-7 illustrates the deformation of the He bubble as the shock passes through it.
The plotted fields are those of the void fraction for phase 1, the total pressure and numerical
Schlieren. It is observed that the material interface and the shock are accurately captured
without excessive smearing of the contact. Note however that, for the Baer-Nunziato model,
the pressure field shows the presence of a secondary shock inside the bubble (see e.g. the
Schlieren at ¢ = 62us). This secondary shock is due to the presence of air inside the bubble.
Furthermore, as the shock leaves the bubble, vortices are generated on the bubble interface
as a result of the Kevin-Helmoltz instability.

Figure 4-8 shows the space-time diagram for three characteristic points on the interface
of the bubble. We compare the results obtained with the DGSEM scheme to reference data
from [83]. The deformation of the bubble shows complete agreement with the reference data
and indicate that the smooth initial condition does not affect the global deformation of the
bubble.

Finally, we compare results obtained under mesh refinement in Figure 4-9. We observe
a sharpening of the material interface and the excitation of Kelvin-Helmoltz vortices as the
mesh is refined. The positions of the three characteristic points in Figure 4-8 are clearly
unaffected by the mesh refinement.
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4.7 SUMMARY

In this work, we derive a high-order entropy stable scheme for the Baer-Nunziato model
[7, 115] for flows of two separated immiscible fluids in complete disequilibria with respect
to the chemical, mechanical, thermal, and thermodynamic processes. Here we focus on the
discretization of the convective part of the model and neglect the modelling source terms.
The exchange of information at the interfaces of the fluids is governed through interface
variables of pressure and velocity, for which we choose general closure laws [34, 56| that
allow the material interface to be associated to a LD field and an entropy inequality in
conservative form to be derived from the model. The model is closed with stiffened gas EOS
relevant for both gas and liquid phases.

The space discretization is performed by using the semi-discrete entropy stable DGSEM
framework proposed in [108], which involves modifying the integration over cell elements
by replacing the physical fluxes with two point entropy conservative fluxes in fluctuation
form |24, 103], while employing entropy stable fluctuation fluxes at the cell interfaces. This
framework is here generalized to include both conservative and nonconservative terms to
allow a conservative discretization of the former ones. The entropy conservative fluxes are
derived by using the condition in |24], to which we add upwind type dissipation to obtain the
entropy stable fluxes. The semi-discrete scheme is high-order accurate for smooth solutions,
satisfies an entropy inequality, and is kinetic energy preserving.

We use a method of lines with an explicit time integration and propose conditions on the
numerical parameters that guarantee the positivity of the cell-averaged partial densities and
a maximum principle on the void fraction for the fully discrete scheme coupled with a first-
order forward Euler discretization. High-order integration in time is performed using strong
stability-preserving explicit Runge-Kutta schemes [121]. The positivity of the solution is
then extended to nodal values using a posteriori limiters adapted from [104, 145, 146].

The numerical tests involve specific test cases that support the high-order accuracy, sta-
bility and robustness of the semi-discrete scheme in one and two space dimensions. Riemann
problems are performed in one space dimension involving the development of strong shocks,
contacts, near vacuum regions, and vanishing phases. The results obtained with a fourth-
order scheme show that the present method captures the physically relevant entropy weak
solution. The intermediate states are well resolved, as well as the shocks and contacts and
the computation is shown to be robust in situations close to either vacuum, or resonance.
Furthermore, the application to the simulation of a shock-bubble interaction problem in two
space dimensions confirm the accurate approximation of the shock and material interfaces.
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Schlieren ¢ = exp(|Vp|/|Vplmax), With p = a1p1 + agps, obtained with a polynomial degree
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Chapter

A CONTACT PRESERVING AND ENTROPY STABLE
DGSEM FOR MULTICOMPONENT FLOWS

RESUME DU CHAPITRE

Dans ce chapitre, nous nous intéressons a la discrétisation du modéle d’écoulement mul-
ticomposant proposé dans [122| ou I'état thermodynamique de chaque espéce est modélisé
par une équation d’état (EOS) de type gaz raidi. Ce modéle est une extension du travail
original d’Abgrall [1], qui était limité & 1’équation d’état polytropique. Nous appellerons
ici ce modéle le modéle gamma. Ce modéle posséde deux qualités essentielles qui rendent
son étude intéressante. Premiérement, le nombre d’équations du modéle ne dépend pas du
nombre d’espéces, cette qualité du modéle est en contraste avec le modéle Baer-Nunziato qui
a été discuté dans Chapter 2 et Chapter 4. Et deuxiémement, la forme non-conservative du
modéle permet de préserver les interfaces matérielles et les discontinuités de contact. Nous
discrétisons le modeéle gamma [122] en utilisant le cadre DGSEM introduit dans Chapter 3,
dans le but de proposer un schéma DG précis d’ordre élevé qui préserve les discontinuités
de contact, tout en satisfaisant également & une inégalité d’entropie semi-discréte au travers
des chocs au sens de Theorem 3.5.1.

Nous appliquons le schéma DGSEM semi-discret (3.54) au modéle gamma et considérons
la conception des flux numériques pour I'intégrale de volume et pour les flux d’interface sé-
parément. La condition d’inégalité d’entropie de Theorem 3.5.1 impose que des flux conser-
vant 'entropie [24| doivent étre appliqués dans l'intégrale de volume. Cependant, il apparait
dans ce travail que les flux conservant ’entropie pour le modéle gamma ne préservent pas
la pression et la vitesse uniformes a travers les discontinuités de contact. Nous introduisons
donc un deuxiéme jeu de flux numériques préservant les contacts pour I'intégrale de volume,
qui satisfont le critére d’Abgrall [1]. Cependant, les flux numériques préservant les contacts
ne satisfont pas la condition de conservation de I’entropie proposée dans [24]. Dans ce tra-
vail, nous appliquons des flux conservant I’entropie dans l'intégrale de volume uniquement
lorsqu’un choc est détecté, tandis que des flux préservant le contact sont appliqués partout
ailleurs. Le schéma numérique alterne entre les flux par le biais d’un senseur de choc basé
sur la distribution de pression dans la cellule [78, 126].

Nous dérivons ensuite des flux de type HLL et HLLC [134, 136] pour le modéle gamma
qui sont appliqués aux interfaces des cellules. Nous montrons que le solveur HLLC satisfait la
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condition de stabilité de I’entropie [12] sous une condition CFL donnée et préserve les profils
uniformes & travers les discontinuités de contact. De plus, nous proposons des estimations des
vitesses d’onde pour le solveur HLLC qui maintiennent la positivité de la solution [9, 16].
La positivité est renforcée aux valeurs nodales par I'application de limiteurs a posteriori,
similaires a [37, 139, 145, 146]|. L’intégration temporelle d’ordre élevé est effectuée a 1'aide
de schémas Runge Kutta préservant la stabilité, voir section 3.7. L’extension du schéma
DGSEM a plusieurs dimensions d’espace sur maillages cartésiens est effectuée par le biais de
tensorisations des fonctions de base et des régles de quadrature comme en section 3.6. Les
capacités du schéma a préserver les discontinuités de contact et & maintenir la stabilité non
linéaire & travers les chocs avec une précision d’ordre élevé sont démontrées par plusieurs
expériences numériques en une et deux directions de 1’espace.

5.1 SHORT DESCRIPTION AND OUTLINE OF THE CHAPTER

In this work, we discretize the multicomponent flow model, called the gamma model,
proposed in [122] where each species is considered as a stiffened gas. This model is an
extension of the original work by Abgrall [1], which was limited to the polytropic equation
of state (EOS). The interest is discretizing such multicomponent models are twofolds. First,
the number of equations in the model is independent of the number of species, this quality
of the model is in contrast to the Baer-Nunziato model which was discussed in Chapter 2
and Chapter 4. One consequence, however, is the lack of information on each species. And
second, the nonconservative form of the model allows to preserve the material interface and
contact discontinuities. We discretize the gamma-model [122] using the DGSEM framework
introduced in Chapter 3, with the aim to propose a high-order accurate DG scheme that
preserves contact discontinuities, while also satisfying an entropy inequality across shocks
in the sense of Theorem 3.5.1.

To this purpose, we apply the semi-discrete DG scheme (3.54) to the gamma-model and
consider the design of the numerical fluxes for the volume integral and for the interface
fluxes separately. The entropy inequality condition from Theorem 3.5.1 dictates that en-
tropy conservative fluxes [24] must be applied in the volume integral. However, the entropy
conservative fluxes derived in this work for the gamma-model do not preserve uniform pres-
sure and velocity across contact discontinuities, hence contact preserving numerical fluxes
for the volume integral, that satisfy the Abgrall criterion [1], are designed separately. How-
ever, contract preserving numerical fluxes fail to satisfy the entropy conservation condition
proposed in [24]. We thus apply entropy conservative fluxes within the volume integral
only when a shock is detected, while contact preserving fluxes are applied everywhere else.
The numerical scheme alternates between the fluxes through a pressure-based troubled-cell
indicator function |78, 126].

We then derive HLL and HLLC like fluxes [134, 136] for the gamma model that are
applied at the cell interfaces. We show that the HLLC solver satisfies the entropy stability
condition [12| under a given CFL condition and preserves the uniform profiles across contact
discontinuities. Furthermore, we propose wave speed estimates for the HLLC solver that
maintain positivity of the solution [9, 16]. The positivity is further enforced at the nodal
values by applying a posteriori limiters, similar to [37, 139, 145, 146|. High-order time inte-
gration is performed using strong-stability preserving Runge Kutta schemes, see section 3.7.
The DGSEM is easily extended to several space dimensions with Cartesian meshes by using
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tensor products of basis functions and quadrature rules as detailed in section 3.6.

This chapter is organised as follow. The gamma-model and the definition of the mixture
quantities are introduced in section 5.2. In section 5.3 we derive contact preserving fluxes
and entropy conservative fluxes that are applied to the volume integral, together with the
troubled-cell indicator function. The HLL and HLLC fluxes for the cell interface are derived
in section 5.4. In section 5.4.3 we provide details on the properties of the HLLC solver. The
a posteriori limiter has been described in section 5.6 and we summarize the properties of the
DGSEM scheme in section 5.5 . Numerical experiments in one and two spatial dimensions
are given in section 5.7. Finally, the results of this chapter are summarised in section 5.8.

5.2 THE GAMMA MODEL

In this work, we are interested in the multicomponent model proposed in [122], where
each species is considered as a stiffened gas. The model comprises of the compressible
Euler equations for the mixture which are supplemented by the transport equations for the
equation of state (EOS) state parameters.

For the sake of simplicity, let us consider the Cauchy problem for the SG-gamma model
in one-space dimension

Opu + 0,f(u) + c(u)d,u =0, xeRt>0, (5.1a)
u(z,0) =up(x), zeR, (5.1b)
where
p pu 0
pu pu +p 0
u=|pE|, f(u)=|(pE+p)ul, c(u)dyu=u| 0 |. (5.2)
r 0 0,
IT 0 0,11

represent the vector of state variables, the physical fluxes and the nonconservative products,
respectively.

In (5.2), the density, momentum and the total energy of the mixture are defined as

n
p= ipi, (5-3a)
i=1
n
pU = Zaipiui, (5.3b)
i=1
n
pE = ZaipiEi, (530)
i=1

where p;, u;, and E; represent the density, velocity and specific total energy of the ith species,
respectively, and n represents the number of species. The species are coupled through the
void fraction «; which satisfies the saturation condition

i a; = 1. (5.4)
1=1
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The pressure of each species is related to the density and specific internal energy e; of
the species through the stiffened gas EOS (SG-EOS)
pi(pi7 ei) = (’Yi - 1)piei —YiPoo;s t=1,-m, (5'5>

where ; = Cp,/Cy; > 1 is the ratio of specific heats and pe,, > 0 is a pressure-like constant
that introduces incompressibility in the species. Observe that if pe, = 0 in (5.5) then we
recover the polytropic EOS. The total pressure of the mixture is defined as

P+ 7P

=pl +1I = pe, (5.6)
(v-1)
where "
pe= > apie;, (5.7)
i=1

is the mixture total internal energy and the EOS parameters of the mixture, I' and II, are
defined as

= - Z ‘Oéi o (5.8a)

(5.8b)

Hyperbolicity of the SG-gamma model requires that the solutions to the Cauchy problem
(5.1) belong to the phase space

QGM:{ueR5:p>0,ueR,pe>pw,F>O,H20}, (5.9)

for all time, and, for smooth solutions, the matrix-valued function A : Qgy > u— A(u) =
f'(u) + c(u) € R**® admits real eigenvalues

AM(u)=u-c, X(u)=u, Az(u)=u, M(u)=u, Is(u)=u+c, (5.10)

where ¢ = \/7(7 - 1)(pe — poo)/p is the speed of sound of the mixture. Observe here that, in
(5.10), A2, A3z and A4 are associated to linearly degenerate (LD) fields, while A\; and A5 are
associated to genuinely nonlinear (GNL) fields, and the eigenvalues are not distinct, hence
(5.1a) is not strictly hyperbolic.

Uniqueness of solution for (5.1a) requires satisfying an entropy condition, where physi-
cally relevant weak solutions of (5.1a) must satisfy

I (u) +0zq(u) <0, (5.11)

for a given convex entropy function n(u) and an entropy flux ¢(u). However, during the
course of this work we realised that the derivation of a strictly convex function for the model
(5.1a) is a very challenging task, and in our efforts were unable to prove that there exists a
n(u) for (5.1a) for which the Hessian n”(u) is symmetric positive-definite.

Alternatively, we know that the involved species, in (5.1a), are endowed with a physical
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entropy function
si(pi,0) = —Cy; (1110 +(vi-1)Inp), i=1,n, (5.12)

where 0 = 1/T is the inverse of the temperature T" and that the physical entropy satisfies the
second law of thermodynamics
Tdsi = dei - p—;dpZ (5.13)
Pi
Note that the SG-gamma model was derived under the assumption that species are in
thermal equilibrium

T(p.e) = Ti(pr,e1) =+ = Tulpus en). (5.14)

In our work, we set the entropy pair as

n(u) = -ps, gq(u) = -psu, (5.15)
where
s:Cvln(p+p°°), (5.16)
p'Y

is the specific physical entropy of the immiscible mixture and in the case of smooth solutions
of (5.1a), the total physical entropy is conserved

Ops + Oz psu = 0. (5.17)

In (5.16), the term Cy is defined as

n
Cy =) Y;Cy,, (5.18)
i=1
where Y; = “2L is the mass fraction of the ith species that satisfy
n
YYi=1 (5.19)
i=1

Remark 5.2.1. We must emphasize that the convexity of the entropy pair (5.15) holds only
for pure phases, i.e. regions in the physical domain where both «; and Y; are uniform and the
species become uncoupled. This restriction on the convexity has tmplications when deriving
the entropy variables v(u) = n’(u) as the map u — v(u) is one-to-one only in regions
containing pure phases.

We end this section by deriving the entropy variables for the SG-gamma model through
the below lemma.

Lemma 5.2.1. Under the choice of the entropy function n(u) in (5.15), the SG-gamma
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model (5.1a) admits the following entropy variables for pure phases:

vCy — s - 4“72
) Cu
v(u) = ——n(u) = =S , YueQq, (5.20)
ou
0
0
where ¢ = %.

Proof. The physical entropy of the mixture (5.16) be reformulated as
S:Cvln(p+p°°)

p’Y
= _Cv IDC - (’7 - 1)Cv hlp + Cv 111((7 - 1)Cv)7

(5.21)

and using the definition of n(u) from (5.15), we have

dn = —pds — sdp (5.22)
621 _ o d(p Poo)
P+ P

dpe
—pCy(y-1)—2
p+

-1)C, 2
= —pM (dpE —udpu + %dp) +~Cydp — sdp

P+ Poo

+vCydp — sdp

(5.6)

+~vCydp — sdp

o0

2
= —(dpFE + Cudpu + (’yCv -s- (%) dp.

It is direct to get (5.20) from the above relation, where 7 can be computed from (5.8). O

5.3 NUMERICAL FLUXES FOR THE VOLUME INTEGRAL

For the sake of clarity, let us first recall the semi-discrete DG scheme (3.54), for general
hyperbolic system with nonconservative product, over the cell x; with cell size h > 0:

wkhdU k oyl P y0 * 9) =
2 dt +wklZODle(U ,Uj) + 0D (UY, Ujyy) + 00D (U7, Uy) = 0, (5.23)

0<k<p, jeZ,
where wy > 0 are the quadrature weights, Ugngp are the p + 1 degrees of freedom in cell x;,

D* are the numerical fluxes at the interfaces and

D(u",u’) =Dy (u",u’) -D%(u*,u"), (5.24a)
=hy(u,u") +hy(u*',u’)+d (u,u")-d*(u",u). (5.24b)
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In (5.24), D% are numerical fluxes in fluctuation form that are applied in the volume integral.
They are defined as

Dx(u,u")=hx(u,u")-f(u’)+d (u,u"), (5.25a)
D% (u,u’)=-hx(u,u") +f(u") +d"(u ,u"), (5.25Db)

where hx(u™,u") is the vector of numerical fluxes, f(u*) are the approximation of the
traces of the physical flux at the interfaces, and d*(u~,u") is the vector of fluctuation
fluxes for approximating the nonconservative product. In the forthcoming discussions, the
suffix X attached to the numerical fluxes may be replaced by cp or ec, which signifies that the
numerical fluxes exhibit the property of either contract-preservation of entropy conservation,
respectively. Note that entropy stability of (5.23) requires that D should be replaced by
entropy conservative fluxes DZ., while D* must be entropy stable fluxes, see Theorem 3.5.1
for details.

In this section, we will specifically focus on designing numerical fluxes that will be applied
to the volume integral for the scheme (5.23). Numerical fluxes at the interface will be dealt
separately in section 5.4. An essential tool which would help in the algebraic manipulations
are the Leibniz identities, which we recall here. Let a™,a™,b",b7,c",c” in R have finite
values, then we have

[ab] = a[p] + b[a], [abc] = a(bc] +E[b]) + be[a], (5.26)

at+a”
2

where @ = is the arithmetic mean and [a] =a* —a”.

5.3.1 CONTACT PRESERVING NUMERICAL FLUXES

Here, we focus on deriving conditions that will ensure that the numerical fluxes main-
tain uniform pressure and velocity profiles across an isolated contact discontinuity. To this
purpose, we introduce contact preserving fluctuation fluxes of the form

D_,(u",u") =hg(u ,u’) -f(u") +d (u ,u’), (5.27a)
D,,(u",u") = ~hg(u,u’) +f(u") +d*(u",u"), (5.27Db)
where he,(u™,u") = (hl,, hep, hgf ,0,0)7 is the numerical flux for the conservative equations

of mass, momentum and energy, f(u*) are the traces of the physical flux function, and
d*(u,u*) =(0,0,0,df,df)" are fluctuation fluxes for the nonconservative product.

The semi-discrete scheme for (5.1a) using (5.27) in the volume integral reads

p
Ry o+ 2wy, lz(j) 1%, (U5, U%) Dy + 6k, D, (UP, U, ) + 610 D (UL, UY) =0, (5.28a)

p
“Ehdy(pu) + 2wi Y. B (U}, U) Dy + 61y D, (UF, U, ) + 640 D, (U2, UT) = 0, (5.28D)
=0

p
“hdy (pE)} + 2wy, 3 hoF (US, UL Dy + 6y D (U, UG, 1) + 10D (UP_, UY) =0,
=0

(5.28¢)
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(5.284)

wkh k jo— + gl pok p 0y _
d, 11 +wk2(dH(U  UY) = diy (U}, UX)) Dy + 6, Dy (UY, UY,.) + 60 D (UY_,, US) =0,

(5.28e)

where, for the moment, we assume that the interface fluxes D . )(U PE UO) and D7, )(U j U%))
at the right and left interfaces of the cell, respectively, are contact preserving. We will ad-
dress this assumption on the interfaces fluxes in section 5.4.3.

Now let us suppose that the scheme encounters an isolated contact discontinuity, across

which the velocity and pressure must be uniform, uf = u and pé‘? = p, respectively, for all

0 <k <p,and p, I' and II are allowed to be discontinuous. For such a case, we are interested
in deriving conditions for the numerical fluxes (5.27) that will be sufficient to maintain the
uniform states in time.

We can derive a semi-discrete scheme for the evolution of velocity in time from (5.28)
following the differential relation

pdu = dpu — udp, (5.29)

and we get
wih
—p]dtu +2wk2(hp“ U, UY) - uh, (UF, U))) Dy (5.30)

+ 01y (D, (U2, US,1) = ub, (U7, UY, )
+5k0( D}, (UP_,UY) —uD;, (UY 1,Ug?)):o

where we observe that in order to maintain uniform velocity in time, the following condition
on the numerical fluxes (5.27)

hy (0, u”) = uhl,(u”,u*) + p(u,u’), Vu* e, (5.31)

are sufficient enough to ensure that the volume integral does not perturb the uniform velocity.
Note that we have added p in (5.31) which acts as a consistent contribution from the discrete
pressure and is essential in order to maintain homogeneity. Although, if the pressure is
uniform within the cell then, owing to consistency, the contribution of p(u~,u*) vanishes

B (UF, UMDy, 20, 0<ki<p, jen (5.32)

M=

l

Il
[e=]

In a similar manner, a semi-discrete equation for the evolution of pressure (5.6) can be
obtained following the differential relation

(5.6)
(5.8)

2
Tdp > dpE - (%dp +pdl + dﬂ) : (5.33)
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h p
%F?dtp;? + 2w Y, (h”E(U’“ )
1=0

1( *hg,(U%, UL + p(dp (U5, UY) - di (U5, US)) + dy (U5, UY) - diy (U, U’“)))Dkl
_ u2 _ _ _
+ Okp (DpE(Uﬁ, Ul,) - (3DP<U§” U,1) +pDp(U%, UY,, ) + Dn(Uﬁ-’,U?+1)))

+ 0k pE(U 1,U?)— D+(U 17Up) FpDF(U 1’U0) ‘DH(U] 1=U?) =0,
J= J- J-
(5.34)

where the evolution of uniform pressure, in time, remains unaffected by the volume integral
if the numerical fluxes satisfy

hpE(u u’)

= % (u he,(u”,u") +p (dr(u,u*) —df(u*,u’)) +dy(u,u’) - dﬁ(u*,uf)), vut € Q.
(5.35)

Following conditions (5.31) and (5.35), we can now propose contact preserving fluxes for
the volume integral.

Proposition 5.3.1. Numerical fluxes of the form

D_,(u,u’) = Fhe(u™,u’) £ f(u*) +d*(u",u"), (5.36)
where
U 0
pur+Dp )
. RV}
th(u ;ut) = (,OE +p)u|, d*(u’,u’)= 9 0 1. (5.37)
0 [r]
0 [11]

preserve the uniform pressure and velocity fields across an contact discontinuities and ma-
terial interfaces for the SG-gamma model (5.1a)-(5.2), with the mizture EOS (5.6).

Proof. Let us assume the situation of encountering an isolated contact discontinuity, across
which the velocity and pressure are uniform in space

uf =u, pf=p, 0<k<pjeZ (5.38)

It is evident from (5.37) that the momentum flux directly satisfies (5.31) and the con-
tribution from p; will vanish owing to consistency and (5.32). In order to prove that (5.36)
satisfy (5.35), we first introduce the following relation for (5.6) as it will simplify the proof

2

2% [oE] - %ol (5.39)

p[T] + 1]
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Using the numerical fluxes (5.36) in the volume integral of (5.34), (5.35) reduces to

u
hty (U}, U%) Dy = E(PE)éDkz- (5.40)

Furthermore

1 _ _
5 (u%@p(Uk,Ul) +p (dp(UE, UY) - di (UL, US) ) + dp (U}, UY) —dﬁ(Ul,Uh)th

5.36) U [ o_
(53 )§(u2p+p[[F]] +[M]) D,
(5.39) u [ o u? (5.41)
=" S |\wp+pE]l- -l | D,
2 2
U
= §(PE)§‘Dkl,
which is equal to (5.40).
Hence dtuf =0 and dtpf =0 are maintained which concludes the proof. O

Remark 5.3.1. The contact preserving numerical fluzes (5.36) are similar to the one pro-
posed in [85], where we have modified the contributions towards the energy equation to satisfy
our requirements.

5.3.2 ENTROPY CONSERVATIVE NUMERICAL FLUXES FOR THE GAMMA MODEL

We now recall the definition of entropy conservative fluctuation fluxes as stated in sec-
tion 3.5. Fluctuation fluxes of the form

D_.(u",u") =h(u,u")-f(u’)+d (u,u"), (5.42a)
D .(u",u") =-he(u,u") +f(u") +d"(u,u"), (5.42b)

are said to entropy conservative if they satisfy

AQ(u,u") = -he.(u™,u") ' [v] +v(u)'d (u,u") + v(u")'d*(u,u")

+[vT (w)f(u) —q(u)] =0 Vu* € Qq,, (5.43)

where AQ(u™,u") is the discrete entropy dissipation at the interface.

In this work, we design entropy conservative fluxes for pure phases, thus excluding con-
tact discontinuities. This restriction is necessary as the entropy is not convex for the complete
mixture.

Proposition 5.3.2. Entropy conservative fluzes (5.42) with the following definition of its
components

hee 0
e | 0

hee(u,u") = [aee’ [, d*(u,u") == 0 f, (5.44)
0 [r']

0 [11]
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where

_ o -
=g, =t D ) hE((%)“Q“ )h§c+ﬁﬂ(7—1)(%),

and ¢ = % satisfy (5.43), for the EOS (5.6), and hence conserve the cell entropy for

pure phases.
The wvoid fraction is uniform in pure phases, therefore (5.8) along with (5.26) gives
[T] =[] = 0.

Proof. As we intend to design entropy conservative fluxes for pure phases, the system (5.1a)
can be considered as conservative. This reduces (5.43) to the Tadmor condition [128]:

AQ(u™,u") =h.(u,u”) - [v] - [¢(0)] =0, Vu*eQqy, (5.45)

where 9 (u) = v'f - ¢ is the entropy potential.

Let us now resolve each term in (5.45) and show that the numerical fluxes (5.44) indeed
conserve the entropy. The entropy potential reads

2

w(w) P2V ¢(pE + pyu+ Culpu® +p) + (70, — s - C%)pu + psu
= (vCy - Ce)pu (5.46)
= (7 -1)Cypu - peolu
and
[6(w)] *2” (= 1)Cyou] - plCul- (5.47)

Then we have

u2
bl ) ()] = Oy - s~ g [Gul (ﬂQﬁ ;

o[ o)

o2 (M +(r- 1)@) Cytip+ [Cu] (a% (-G _pm) (5.48)

('7 B E)CVE _ poo)

(5.26) \ ( ¢

1 ((0g . u-2u+)/3+ G —g)cvﬁ)ﬂ

= (v -1 Cy[pu] - poofCu]-

It is clear that (5.47) cancels (5.48) and AQ(u~,u") is zero in (5.45). Hence the discrete
entropy is conserved and it concludes the proof. O
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5.3.3 A TROUBLED-CELL INDICATOR BASED SELECTION OF NUMERICAL
FLUXES

We have introduced two numerical fluxes for the volume integral: the contact preserving
fluxes (5.36) and the entropy conservative fluxes (5.44). It must be noted that these fluxes
fail to satisfy each others purpose. Thus, the contact preserving numerical fluxes (5.36)
do not conserve the entropy across an isolated shock, while the entropy conservative fluxes
(5.44) fail to preserve uniform pressure and velocity profiles across a contact or material
discontinuity.

In view of this inflexible behaviour of the numerical fluxes, we choose to apply the contact
preserving numerical fluxes (5.36)-(5.37) or the entropy conservative fluxes (5.44) based on
the following troubled-cell indicator (TCI) function, which was originally proposed in [78|
and here it has been adapted to the DG framework:

Pmin — QP? + Pmax

Pmin t QP? + Pmax

P wp .

j = e sy J ) :
TCI] E el (5 49)
k=0 2

where pmin = ming p? and pmax = Maxy p?.

The essential idea of the pressure-based indicator function (5.49) is that it is expected
to generate large values across shocks, due to the jump in pressure, while the function
vanishes across contact discontinuities. In our implementation, we impose a pre-determined
threshold value of the TCI function as the selection criteria for the numerical fluxes. As
a result, if the TCI function generates values exceeding the threshold within a cell then
entropy conservative fluxes (5.44) are applied in the volume integral and for all other cases
contact preserving numerical fluxes (5.36)-(5.37) are applied.

5.4 INTERFACE FLUXES FOR THE GAMMA-MODEL

We are now concerned with designing HLL and HLLC numerical fluxes for the gamma-
model, which will be applied at the cell interfaces. Following [69], we consider the integral
form of (5.1a)

At rh)2
fo f yp D% D6E(0) + c(w)pudndt =, (5.50)
with Riemann initial data
0
wy(z) = { uL, o s (5.51)
ugr, x=>0,

where h is the cell size of the mesh and At > 0 is the time step. Referring to Figure 5-1, we

integrate over [—%, %] x [0, At], which gives

/-h/2 W(At uL,uR) dx — —(uL +ug) + At (f(ug) - f(uL))

—hJ2
At ~hJ2
f f c(u)dyudedt =

(5.52)
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where W (ﬁ, urz,u R) denotes the exact Riemann weak solution of (5.1a) with initial data
(5.51). Applying c(u)d,u = u(9,T'er+d,Iler), where er = (0,0,0,1,0)" and ery = (0,0,0,0,1)7,
with both I' and II continuous across shocks, we obtain

At rhy2
/ f c(u)d,udxdt
At
= f f u@x (Fep + HeH) dxdt
0 -h/2

At h/2
= ] [h/2 Oru (Ter + ey ) — (Ter + Iery) O udxdt (5.53)
= At ((URFR - uLFL)ep + (URHR - uLHL)eH) - At(FRer + HReH) (uR - u*)
- At(rLep + HLeH) (u* - UL)
= Atu” ((FR - FL)ep + (HR - HL)QH)) s

where uy, and upg are the velocities in the left and right states uy, and ug, respectively and
u* is veclocity in the intermediate state. Substituting (5.53) in (5.52), leads to the integral
form for (5.1a):

1 rh/2 b
At [h/Q w (At urL, uR) dx ~ 2_At(uL +ug) + f(ug) - f(ur)

(5.54)
+ u*(FR - FL)ep + u*(HR - HL)eH =0.
We now introduce Godunov fluxes in fluctuation form for (5.50)
D_(u_, u+) L= f(uL) + f(W (O; uy,, uR)) + u*’_(FR - FL)ep + u*’_(HR - HL)eH
h 1 o (5.55a)

=—u; - —

TN Ry dd (At v uR) 4,

D*(u ,u"):= —f(uR) —f(W (0;uz,ug)) +u"*(Tg-Tr)er + u**(Ilg - I )en

h/2 T p (5.55b)
2At ur - Atf ( uL’uR) “

which are obtained by integrating (5.1a) over the control volumes [—%,0] x [0, At] and
[0, %] x [0, At], respectively, where (-)* = max(-,0) and ()~ = min(-,0) denote the positive
and negative parts, respectively.

Note that summing up (5.55a) and (5.55b) leads to
D (u",u")+D"(u",u") =u" ((Fr-Tr)er + (Tr-Tr)en), (5.56)

which corresponds to the path-conservative property [103] for a nonconservative product
u0z(Ter + Iery) = u* 0, (Ter + Iery).
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The cell-averaged solution at time #"*! = (n + 1) At in the cell x;, is defined as

1 oy z;+1/2
7 oo [ W) )
Tj-1/2 i

J
(5.55) 17n _ At n
U h (D+(U] la ) +D~ (U U]+1))a

(5.57)

where z; = w is the cell centre, and x;_1 /5 and x, 1/, are the left and right interfaces
of cell x;, respectively, see Figure 3-1.
The numerical scheme needs to be consistent with the integral form of the entropy

inequality (5.11) over the control volume [—%, %] x [0, At]:

/
Ait[:/jn(W(At uL7uR))da:dt—%(n(uL)+7](uR))+q(uR)—q(uL)SO. (5.58)

Therefore, in the case when the entropy function (5.15) is convex, we invoke the Jensen’s
inequality and show that a discrete entropy inequality can be obtained which is consistent
with (5.11):

n (557) 1 T n Tjr1/2 n n
(U +1) h(f /”(W(E; i1, Uj ))dm+/:;_ n(W(AtU j+1))daz)

- QU 0D - W)+ ) () - QUL U + ()
At n
=1(Uj) - 5= (Q(U}. U71) - Q(U},, UY))
(5.59)
where in the second step, we have integrated (5.13) over the control volumes [ 35 ] [0, At]

and[ ] [0, At], and considered
Q(UL,,UY) = q(W(o U 1,U’»‘)) (5.60a)
Q(U}, U}, = g(W(0; U}, UYLy)), (5.60b)

as the entropy flux at the left and right interfaces, respectively.

5.4.1 HLL RIEMANN SOLVER
We are interested in an approximate Riemann solver of the form

ur, % <SsL,
W ( S uLauR) u’, s <7 <Sg, (5.61)
Uur, SR < %7

for which (5.54) and (5.58) are still satisfied, while replacing the exact Riemann solver by
(5.61). Note that here we assume a two wave configuration that splits the state vector u
into three constant states, see Figure 5-1, where sy, is the speed of the leftmost wave and
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sg is the rightmost wave. Therefore, the integral of the approximate solution over [_Th, %]
is computed as

fwwm(x- )d— " snit | ug + At yut + [ spat (5.62)
)2 At,uL,uR T = B SR upr SR—Srp)u SL 9 uy,. .

If (5.62) is introduced into (5.54), we get
—SRUR + (SR - sL)u* +sruy, + f(llR) - f(U_L) + S*(PR - FL)ep + S*(HR - HL)eH = 0, (563)

which leads to a definition of the state vector in the star region:

o - spug - spur — f(ug) + f(ur) _ S (Tr- FL)eF _3 (Ig - HL)eH’ (5.64)

SR~ SL SR~ SL SR~ SL

where s* is the approximate velocity in the star region, which is defined as

. _ (pu)* _PL—PR- prur(sp —ur) + prur(Sg — uR)

p* pr(SR —uR) - pr(sL —urL) (5.65)

S

The expressions for I and II in the star region can be obtained directly from (5.64) as

_(sr=s")r—(sp - s")I'L

r* (5.66)
SR —SL
)T = (s, — s*)TT
o - (sr—s")Ir - (s —s") L (5.66b)
SR —SI,

We now define the numerical fluxes at interfaces so as to satisfy a discrete version of
(5.55).

Theorem 5.4.1. The HLL fluctuation fluzes (5.55) take the following form for the gamma
model (5.1a):

fur), sL>0,

D (ur,ug)={ D" (u,u"), sp<0<sg, (5.67a)
flug) +s*(T'r-Tp)er +s*(Ilg -1 )en, sg<0,

—f(up) -s*('r-Tp)er —s*(llg —p)en, sr>0,
D*(ur,ug)=4 D**(u,u"), s;<0<sg, (5.67b)
—f(ugr), sr<0,

where er = (0,0,0,1,0)" and e = (0,0,0,0,1)" and D** are defined in (5.68) below.

Proof. To derive fluctuation fluxes for the HLL solver, we substitute (5.61) with (5.64) where
u* is replaced by s*, and consider three different possibilities for the wave speeds.
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IfSL<0<SR:

1 h h
D" (u ,u") =f(uy) - Al (—sLAtu* + (sLAt + 5) u*) by 2

srug —spur + f(ur) - f(ug)

= f(llL) —Sruy, +SL(

SR — S,

JLr-TL g -, ) (5.68a)

- ——er—-s —egq |,
SR —SL, SR — S,

st(uL)—st(uR)+sRsL(uR—uL) S*SL

_ - Ip-T
SR —SL SR—SL( R L)eF

s*s
- L (HR—HL)QH.

SR —SL

1
D*7+(u_7u+) = _f(uR) - Kt ((ﬁ - SRAt) upr + sRAtu*) + LUR,

2 20t
- —f f
:_f(uR)""SRuR_SRSRuR spug, - f(ug) + f(ur)
SR — ST,
+ 2R (Pp-Tp)er + —E (T -, )en, (5.68b)
SR —SL SR —SL
_ _st(uL) - SLf(llR) + SLSR(UR - llL)
SR — SI,
s*s s*s
R (FR—FL)GF+ R (HR—HL)eH.
SR — SL SR —SL
If0< SL, ¢
D™ (u7,u") =f(uy). (5.68¢)

1 h h
+ - +\ _ _ v _ * v
D" (u,u") = -f(ug) t((2 +sRAt) up + (sg - sp)Atu +5LAtuL)+ 5 tuR’

(5.264) —f(uR) + SRUR —Sruy, —Spupr +Sspuyr, + f(uR) - f(llL)
+ S*(FR - FL)ep + S*(HR — HL)eH,
= —f(uL) + 8*(PR - I‘L)ep + S*(HR - HL)eH.

(5.68d)
IfSR<OI
D (u,u")="f(u )—L —spAtug + (sgp —sp)Atu” + [ s At+ﬁ u +Lu
; =f(ur) - | ~srAtuR + (sr = 5L L 5 | 0L |+ gA
6564) f(uL) +SRUR —Spur, — SRUR +Sspur, + f(uR) - f(uL) (5'686)

+ 8*(FR - I‘L)ep + S*(HR - HL)eH,
= f(uR) + 8*(FR - FL)ep + S*(HR - HL)eH.
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D*(u™,u") = —f(ugr). (5.68f)
O

Note that the contribution from the nonconservative term in (5.54) prevents the proof
of entropy consistency of the HLL solver with (5.58). Indeed from (5.54) we have

h/ZVVIILL x P h/2W T d
[h/Z (Kt’uL’uR) v [h/2 (Kt’uL’uR) v (5.69)
+ (u* - S*) ((PR - FL)ep + (HR - HL)eH) y

where consistency with (5.54) would require s* to be equal to u* and thus one needs to solve
the exact Riemann problem. Here u” is not the avarage of the exact Riemann solution over
(spAt, spAt) and we cannot apply the Jensen’s inequality to prove that W™* (Ait; ur, uR)
satisfies (5.58) as done in [69].

Moreover, this solver is known to smear contacts [136] and has to be modified to preserve

uniform velocity and pressure profiles across material interfaces. We thus consider a HLLC
like solver in the next section.

5.4.2 HLLC RIEMANN SOLVER

The HLLC solver [9, 136] considers a three wave configuration that splits the state
vector into four constant states, see Figure 5-1. Therefore, the approximate solution takes
the following form:

T
ur, n <SL,

up, sp<y<st,

e (%;uL,uR) - (5.70)

up, s <7<sg,

upRr, Sr< %7

where the speed of the central wave, s*, is considered, which approximates a contact wave,
along with sy, and sp. The integral of the approximate solution (5.70) over [_Th, %] at time
At can be split as

fh/QWHLLC( L) do - b snAt)up+ At(sp - 5" )uj
b2 At,uL,uR X = 5 SR ur SR—S )Uup
(5.71)

h
+At(s* - sp)uy + (SLAL‘ + 5) uy,.

We now, explicitly, define the intermediate states. We impose

SRAt WHLLC z d SRAt WHLL x d 5 72
ﬂLAt (E7uL7uR) x_ﬂLAt (EvuLauR) x, ( . )

which results in
(sp—sp)u” =(s" —sp)ur + (sp — s")up. (5.73)
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If we introduce the definition of the HLL state vector in the star region (5.64), we obtain

SRUR —SLuy, — f(U_R) + f(uL) - S*(FR - FL)ep - S*(HR - HL)eH

* * * * (574)
=(s"—sp)ur + (sp—s")up,

and considering the terms related to I' and II, and using (5.66) we get
(sp=8)Tr+(s"—sp)p=(s"—sp)T'7 + (sg—s" )R, (5.75a)
(sp=8" )+ (8" —sp) = (8" = sp)I} + (sp— s, (5.75b)

from where it is evident that
I'; =Ty, I'p=Ig,

L= b TREOR (5.76)

7 =1y, Ip=Ig,
meaning that I' and II are continuous across shocks and may be discontinuous across inter-

mediate waves.

We now define the intermediate states for the HLLC solver, where the conserved quan-
tities in u; and uj can be computed by imposing the Rankine-Hugoniot relations across sy,

and sg
f(uy) -f(ur) = s(uy —uyr),
() = f) = s (u, - 0y) -
f(ur) - f(ug) = sp(ug —ug).
Let us introduce the mass fluxes [135] as
Qr=pr(ur—s)>0, Qr=pr(sr—ur)>0, (5.78)
which leads to the following definition of the velocity in the star regions:
. PL—-PL . PR~ PR
uyp =uy, — , Up=UR+ ———. 5.79
L oL R On (5.79)

If we further impose the continuity of the velocity and the pressure across the intermediate
wave, uj = up =" and p} = pj =p”, we obtain

pP* - DR . P"-DpL
Qr Qr

which gives the expression for the pressure in the intermediate states

+UR — U], =0, (5.80)

bt = QrpPr +Qrpr + QrQL(ur — uR) .

5.81
QL+Qr (5:81)

Similarly by equating the pressure in (5.79), we have
o - PL=PR*+QruL + QRUR (5.82)

QL+ Qr
Note that the value of s* in (5.82) corresponds to the one in the HLL fluxes (5.65).
The other states can directly be obtained following the Rankine-Hugoniot relation (5.77),
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also see [135]:

. UL—S
pi = ——"pu, (5.83a)
s* —sy,
* * S*_UL bPL
=ep+(s* - Lk 5.83b
e;, =er+(s uL)( 5 QL) ( )
B} =Ep+(s" —up)(s* - 2L, (5.83¢)
QL
. SR—U
Ph=——"pg, (5.83d)
SR— S
e§:6R+(s*—uR)(S _uR+p—R), (5.83e)
2 Qr
E}%:ER+(S*—UR)(S*+I)—R). (5.83f)
Qr

Again, the numerical fluxes at interfaces are defined so as to satisfy a discrete version of

(5.55):

f(uL), 0< S,

D*(u77u+): f(uL)+SL(uz_uL)7 SL<0<8*7
f(ur) + sp(up —ug) +s"(Fr-T'r)er + s*(Ilg - Iz )en, s* <0< spg,
f(ug) +s*(Fgr-Tr)er +s* (g -1l )en, sgr <O,

(5.84a)

f(uL)—8*(FR—FL)GF—S*(HR—HL)GH, 0<8L,

D*(u",u*) = f(up) +sp(uj —up) -s*(Fgp-Tr)er - s*(llg -1 )en, sp<0<sx,
f(ur) + sp(up —ug), s*<0<sg,
f(uR), sp<0.

(5.84D)
Note that by construction the numerical fluxes (5.84) satisfy
D™ (ur,ug) = f(WHLLC (%, u, uR)) +5* (Cp-Tp)er +s* (Ilg -1y )en,
(5.85)

D" (ug,up) = —f(VVHLLC (Ait’ ur, UR)) +8  (Tg-Tp)er+s" (Ilg -1z )er.

Finally, the HLLC solver (5.70) satisfies the consistency condition (5.54) with u* replaced
by s*and the three-point scheme reads

e At B
Uyt - Up + (D7 (U, UG, + DY (U], UY)) =0, (5.86)
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with
1 zj T 1 zj+1/2 x
Un+1:_f HLLC(__U?"L Un)d _f HLLC(_,Un n )d )
IS A Ve BRI L vl SR Ve AL B L
(5.87)

5.4.3 PROPERTIES OF THE HLLC SOLVER

In this section, we analyse the properties of the numerical scheme (5.86) using fluxes
(5.84), where the time step At >0 is assumed to satisfy the CFL condition

)

A
2t max (|SR(U;-L)

N1
X, sL(Uj)\) <3 (5.88)

with At small enough so that the left and right waves do not interact. The wave speeds s,
and sg are defined in section 5.4.3.

Discrete entropy inequality

We are interested in the nonlinear stability of the scheme (5.86). Here we use the
technique from [12] to prove the entropy inequality in integral form (5.59) for the HLLC
solution (5.70) and propose sufficient conditions on the intermediate states that enforce the
required stability.

Note that in the following theorem we refer to the physical entropy s;(p;,0) = s;(7,€;)
as a strictly convex function, where 7; = 1/p;.

Theorem 5.4.2. Suppose that condition (5.88) on the time step holds. Assume that the
intermediate states in the HLLC solver (5.70), u} and uj, satisfy uj,up € Qe together
with

s(ur) 2 s(ur), s(up)>s(ug), (5.89)
for the physical entropy of the mizture (5.16), then the numerical scheme (5.86) satisfies the
entropy inequality (5.59) with the consistent numerical fluzes

1 T
Q( U;L—la U;L) :q(U}l) N N xi/zn(WHLLc(é; U;.l_b U?))da;— —77([]?) (5.90)

Proof. We first prove the entropy inequality in integral form (5.58) using (5.71), so we have
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h/2 HLLC d
[h/z U(W (E uL’uR)) !
h * * * * h
= s At + 5 n(ur) +(s* - sp)Atn(uy) + (sgr - s7)Atn(ug) + 5 srAt |n(ug),

(515)h(7l(uL)+77(uR)) At(stLs(uL) (5" _SL)pLS(uL))

- At(<sR — ) ps(uf) - sms(uR)),
G h (77(11L) +n(ug)) - Ats(ug) (sppr + (s* —sp)p1) - At((sr — 5" )pk — srpr)s(ug),
- §<n<uL> +n(uR)) - At(prups(ug) - prus(ug)),

(5.91)
where we have used the first component of the Rankine-Hugoniot relations (5.77).

As a consequence, setting uz, = U7 and ug = U}, ;, the numerical flux (5.90) satisfies

n n 1 "E+1/2 HLLC n n A n
QU U <o) - o [T (e (Lupun) s Sap. G

and using (5.87) we have the following relation through Jensen’s inequality for the convex
entropy function (5.15)

n+1 i HLLC n
(U+)<Ax./m- U(W (K Uj_ lan))dx

j-1/2
1 o
+ _ WHLL( (_ Un n ) d ,
Az Ju, ’7( At g+l ) v

(5. 90) At (Q(U] N ;L) _q(UgL) n %U(U?))) (593)

(5. 92) Az

A’f( QU J+1)+q(U”)+2AAtn<U">)

= n(U)) - £ (QUUT, UL - QUL UD)).

We now clarify the conditions on the wave speed estimates under which (5.89) hold.

Lemma 5.4.1. There exist wave speed estimates s;, and sgr large enough so that they are
bounds of the minimum and maximum wave speeds in the exact Riemann weak solution of
(5.1a) with initial data (5.51), and so that (5.89) holds.

Proof. The first result is obvious by the finiteness of the wave speeds in the exact Riemann
solution. Then, we need to check that u; and u}, satisfy the local entropy minimum principle
(5.89) introduced in [11, §4.2|, which is a wave-by-wave condition provided the scheme is
consistent with the integral form of (5.1a). Using I'y, = I'x and IT% = IIx, the invariance
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principle in [11, Theorem 3.3] reads

2 2
P+ Q;X Cpy+ X (5.94a)
Px PX
. (@)% PX

- = - X=L,R. 5.94b
eX 2Q§( ex 2Q§(7 9 ( )

The first is a direct consequence of (5.79) and (5.83a,5.83d), while eliminating p* from
the above relations and using (5.83a,5.83d) give (5.83b,5.83¢). So the assumptions of [12,
Theorem 2.3| are met. O

We finally link the discrete entropy inequality (5.58) to the entropy stable character of
the numerical fluxes (3.52), so that the HLLC fluxes can be used at the interfaces in the
DGSEM scheme to prove a semi-discrete entropy inequality.

Corollary 5.4.1. Let a three-point scheme of the form (5.86) for the discretization of (5.1a).
Then, the entropy inequality (5.58) implies the entropy stability of the numerical fluzes in
the sense of [24]:

n'(up)' D™ (ug,ug) +n'(ug) D (ur,ugr) = q(ug) -n'(ug) f(ug) - g(u) + n'(uL)Tf((uL)),
5.95

for all up,ug € Q,.

Proof. Indeed, let Uj_; = U} =uy and U7, = ug then from (5.58) and (5.86), we obtain

Ut =ug - ﬁD—(uL,uR), (5.96)
Azx
and A A
t __ t
nlur - -—D (ur,ug) | <n(ur) - — (Q(ur,ug) - g(u)). (5.97)
Ax Az
Likewise, using U7_; = ur, and U} = U}, = ug, we get
Ut =up - ﬁD+(uL, ug) (5.98)
Ax
and A A
t t
n|ur - D" (ur,ur) | <n(ur) - = (¢(ur) - Q(ur,ug)). (5.99)
Az Ax
Summing (5.97) and (5.99) gives
At At
n|ur - —D (ur,up) | +n|{ur - —D"(ur, ur))
Ax Ax

N (5.100)
<n(ur) +n(ug) - s (q(ugr) —q(ur)),

and letting At — 0* with fixed Az, we obtain (5.95). O
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Preservation of uniform states

We, first, verify that the three-point scheme (5.86), with numerical fluxes (5.84), satisfy
the Abgrall criterion [1].

Let us consider that the left and right states satisfy ur, = ugr = and pr, = pr = p, then
(5.81) and (5.82) gives p* = p and s* = u, respectively. As a result, the requirements (5.31)
and (5.35)

2
u
D5, —uDj =p, B~ ED; =u (pl+1I), (5.101)

are satisfied, respectively.

Now assume that I';, = ' and Iy, = IIg, then Df =0 and Djj = 0 and the fluxes reduce
to the conservative HLLC solver for the Euler equations so pure phases are preserved.

Wave speed estimates

We propose wave speeds for the scheme [16]:

Sy, =ur, —Cr, SR=UR+CR, (5.102)
where

CL —CL+’YT( RCI;L +uyr — UR)+ )
_— . 21 (puopn B + if pr2>prL- (5.103)
R=CR*t 2 ( PLEL tur CL) ’
CR—CR-i-fW—1 (pLLCpLR-i-’LLL uR)+,

7 1 (propL if pr, > pr, (5.104)
cr=cp+ ( oReR +ur, — UR) s

and v = maxx yx, Cx = \/'y(pX +Pooy )/px for X = L, R.

These wave speeds estimates will also bound the exact Riemann solution for pure phases.
In the general case when I';, # I'g and 11, # 11, it is difficult to guaranty such properties. We
refer to [98] for such an analysis in the case of a conservative multi-species model. However,
these estimates are sufficient for our purpose since the entropy inequality is relevant for pure
phases only.

Positivity of solution

According to [9], a numerical scheme preserves positivity of solution if it updates values
from a convex averaging [50| of the states that appear in the exact or approximate solution
to the Riemann problem.

Indeed, from (5.87), U;”l results from the cell average of the HLLC solution at left and
right interfaces. Therefore, assuming that the left and right states are positive, we first show
that the density and the total internal energy in the intermediate states are positive.

The proof for positivity of density in the star region can be directly stated following its
definition in (5.83a) and (5.83d), where sx is always greater than ux and s* for X = L, R.



INTERFACE FLUXES FOR THE GAMMA-MODEL 92

Positivity of the internal energy in the star region requires satisfying the following con-
dition

p;(e% >p<>0X7 X :L7R7 (5105)

to hold in the intermediate states. We now consider the left star state uj, with the corre-

sponding results for the right star state following in a similar way. Therefore, we have from
(5.105)

* * (‘S>(—)2
pr| EL - # > Poop

(5‘83) * * * S* 2 * pL
i (Br+st st —un) - L (5 mu) — 2 s,
2 pr(sp —ur)
*\2
* ur —S * PL
<p7 €L+¥+(5 _UL)—)>pooLa
2 pr(ur - st)
(583) (up =51\ (PL+VLPooy |, (UL = SL pr(ur—s*)* (s*-up DL oo, >0,
s* — sy, v — 1 s* — s, 2 s* — sy,
PL +7YLPoo L *
@(uL—sL)(—L)+(uL—3L)p—02+JpL—(S — $1)Poo;, > 0,
yL -1 2
(5.106)
where o = uy, — s*. Upon further simplification we get the following quadratic inequality
L PL + Peo
(UL—SL)%O‘2_(pL+p°OL)O'+(UL—SL) (7—1]“) >0, (5.107)
7 -

where the sign for the inequality holds for all o € R if the discriminant of (5.107) is negative

PL +7YLPoo
D = (pr + Doy )” — 2p1(ur, — 51.)* (—L) <0,

-1
( ')Yj (5.108)
c
= (DL + oo )2 2(ug - 5)? —PEL < <0,
(e -1)
The inequality (5.108) reveals the following bounds on the left wave speed
-1
sp<ur -] L cr, (5.109)
2vr

which is satisfied by the wave speed estimates in section 5.4.3, since VQLT_LI <1

We also show that the fully discrete three-point scheme preserves the positivity of I and
II at time t"*! and also satisfies a maximum principle. Here we demonstrate this for T,
however a similar argument can be stated for II.

Let us discretize the equation for I' using forward Euler in time and the HLLC solver at
the interface. Then we have,

At _
1 *, *,+
17 2 (s ) 55 (- 17)

5.110)
At [, . At _ At (
= (1——(3 " ’ ))F” ol + T

. = S. - —S. —S. :
Ag \Ti-1/2 Tj+1/2 I A I+1/2 Ag d-1/27 3D
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which shows that I' at time n + 1 is a convex combination of the cell-averaged I' at time n.
Hence T satisfies the discrete max-principle.

5.5 PROPERTIES OF THE DGSEM SCHEME

We recall here the main properties of the DGSEM scheme for the discretization of the
gamma model with the numerical fluxes from section 5.3 and section 5.4.

First, the semi-discrete scheme (3.54) with the entropy conservative fluxes (5.44) in the
volume integral and the HLLC flux (5.84) at the interface satisfy the semi-discrete entropy
inequality (3.57) in the case of pure phases, see Theorem 3.5.1.

Then, we consider the fully discrete scheme (3.68) with forward Euler time-stepping. The
scheme with the contact-preserving fluxes (5.36)-(5.37) in the volume integral, along with
the HLLC solver at the interfaces, preserves uniform pressure and velocity profiles across
material interfaces.

Finally, for both contact-preserving and entropy conservative numerical fluxes in the
volume integral, the DGSEM (5.23) guarantees the positivity of the cell-averaged solution

U?n €N VO<k<p, = <uz+l> € Qoy, VjeZ,

provided that the time step satisfies the following conditions

At " n 1

h I?éazx (‘SL]"*I/Q "SRj—lﬂ ) s p(p+1) (5.111a)
At “ k,n *,— %+ 1

= r?éazx(ﬁll?s); (;) wlleU-j - 5kp8j+1/2 + 5kosj_1/2 < 3 (5.111b)

Indeed, the cell average of (3.68) gives (3.60) according to Theorem 3.5.1. For the first
three components of (5.1a), X = p, pu, pE, this gives [145]

At
n+1 n n 0,n n 0,n
(Xn)j™ =(Xh>j_7(hX(U§ Ul ) - hx (U2, U9 ))
P Wk ok Wp 2Nt
— ,n p,n DN 0,n 0,n pn
ST (g (e (0 ) - (0 0))) e

20 (X](.)’” - ZTA; (hX (ugm, U2y - hx (UP7, U?’"))) ,

which is a convex combination of positive quantities under (5.111a), since the HLLC solver

is positive under (5.88) and wp = wy, = p—(p;1)~
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Moreover, the last two components, now X = I, II satisfy

At &
+1 ko yln 0,n D,n 0,n P7
(Xn);™ =(Xn)} e g_:okakzuj X"+ J+1/2(XJ+1—X ) 5, 1/2(X - X )
N Dyub™ -6 5 Xk
Z __7 lZowz kl“ kpsgn/fr kosg 1/2 j
At *,— 0,n *,+ P,
+7(_ j+1/2X]+1+S] 1/2XJ 1)
(5.113)

which is indeed positive under (5.111a).

We further enforce the positivity of the solution at the nodal values by the use of limiters
which are introduced in section 5.6.

5.6 A POSTERIORI LIMITERS

We impose positivity of the solution at the nodal values by using a posteriori limiters as
proposed in [37, 139, 145, 146]. In this work we limit the mixture density, the total internal
energy and the I and IT terms. The solution at time n + 1 after applying the limiter reads

k,n+1 N n+1 n+1 .
;" = 0,05 = (ug) D)+ ()Y, 0<k<p, jez, (5.114)

where ,
()" = 3 %Uﬁ(t% 0<k<p, (5.115)
k=0

is the cell-averaged solution and 0 < 6; < 1 is the limiter which is defined based on the

variable that needs limiting 6; = mln(@f 057, QJF)
e Limiting the mixture density:
A =02 (o5 = ()Y (on) Y, 0<k<p, ez, (5.116)
where (ne1)
ij = min OO}EZL{J) _° 1, p;nm = min pf ol (5.117)
(pn) ) = pin’ Osksp

e Limiting the mixture total internal energy:

k,n NO) n+l n
+1 p;c +1 < h>§ +1) <,0h)§' +1)
=0 bt = (o) D | (pun) | 0<ksp, ez, (5.118)

J
pE™ N (pE) Y|\ (B Y

IS lgl =
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where
en((up)?™) = (o) + € .
0 7¢ = min pen(t h>] ) 1<p >] : 1], pe™ = min pek’"ﬂ, (5.119)
! pen((un)i™) — pe T osksp
+1y _ w1y (pun({up)f*h))?
and pep((un)7™) = pEp((un)j™) - W, see [139].
e Limiting I':
=+l ksl 1 1
emt = g (Tt = () D) (1) 0, (5.120)
where
1 1
_ (Fh>§'n+ ) mp My - <Fh>§'n+ )
¢; =min D) —, i) 1], (5.121)
<Fh>j _ F;pm F;nax _ <Fh>j
and
F;-nm = min TP 7 = max F?’nﬂ, mr = min ,  Mp = max ,
0<k<p 0<k<p i=1,2y; — 1 i=1,2 y; — 1
(5.122)
Note that in (5.117) and (5.119), 0 < € < 1 is a small parameter, which we set as ¢ = 107
in our numerical tests. The limiter (5.116) and (5.118) guarantees that [)?Skgp’n“ > 0 and
ﬁegngp 4150, respectively. Recalling (5.8), it is understood that
min <I' <max , (5.123)
i=1,2y; — 1 i=1,2 y; — 1

as the void fraction is assumed to satisfy 0 < a; <1 and (5.4). Therefore, (5.120) imposes
the following maximum principle

mp < TUFP < M, (5.124)

following (5.8), where the above inequalities also hold on II hold for two species only.

5.7 NUMERICAL TESTS

We, now, perform some numerical tests using the semi-discrete scheme (5.23) for the SG-
gamma model (5.1)-(5.2) to assess its qualities of contact preservation, high-order accuracy
and the nonlinear stability, as described in section 5.5. The numerical scheme was imple-
mented in the in-house CFD code Aghora at ONERA [112], and we subject it to numerical
tests which are borrowed from [31, 37, 38, 42, 80]. Note that, as part of our algorithm,
the numerical fluxes in the volume integral switches between contact preserving numerical
fluxes (5.36)-(5.37) and entropy conservative fluxes (5.44), based on values of the TCI func-
tion (5.49) relative to a threshold. We thus set the TCI threshold belongs in the range
[0.01,0.03].

The numerical tests include Riemann problems on one spatial dimension, where we con-
sider a computational domain comprising of 100 elements. All numerical tests are performed
at fourth-order accuracy (p = 3) in space, while the time integration is performed using a
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three-stage third-order strong stability-preserving Runge-Kutta scheme by Shu and Osher
[121], where the cell-averaged solution is expected to remain positive under the CFL con-
dition (5.88). The a posteriori limiter, introduced in section 5.6, which further transfers
the positivity of the solution to nodal values is applied at the end of each stage. The col-
lection of numerical tests performed as part of this work comprise of both one-dimensional
Riemann problems and two dimensional test cases, where in the two-dimensional setting we
restrict to Cartesian meshes. However, the numerical scheme (5.23) can easily be extended
to unstructured meshes, for higher spatial dimensions, due to the tensor product of function
spaces and the quadrature rule, see [37, 86, 111].

The results for each numerical test consists of the profile of the physical quantities at
the final time along with a plot of the values of the TCI function at each cell. We also
show the regions in the computational domain where contract preserving fluxes and entropy
conservative fluxes were applied to compute the volume integral. This can be found in the
plot named flux indicator, associated to each test case. We plot a binary flux indicator
where a value of 1 indicates the regions where entropy conservative fluxes were applied and
0 for contact preserving fluxes within the volume integral.

5.7.1 ADVECTION OF DENSITY WAVE

We begin by validating the claim of high-order accuracy of the scheme (5.23) by advecting
a density wave in a uniform flow in a unit square domain €, = [0, 1]? with periodic conditions.
The initial condition ug(x) is set as

1
po(x) =1+ ésin(ch), uo(z) =1, wo(z)=1, po(x)=1,
along with a set of EOS parameters

Cy1=1.0, Cyp=1.0, 7 =14, Po, =20, 72=3.0, Pooy=5.0. (5.125)

The numerical test is performed separately using contact preserving fluxes and entropy
conservative fluxes in the volume integral, while HLLC fluxes are applied at the interfaces.
We compute the values of the error ej = pp, — p under different norms at final time T},,4, = 5.0,
see Tables 5.1 and 5.2, using different polynomial order and grid refinements, and it is
observed that the expected p + 1 order of convergence is recovered by the present scheme.
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p|h lenll L1 o) %! lenl 2,y Oz lenlpe(a,) O
1/32 3.63E-01 - 4.01E-01 5.80E-01 -

1/64 1.22E-01 1.5743  1.35E-01 1.5668 1.93E-01  1.5899
1/128 | 3.19E-02  1.9352  3.54E-02 1.9351  5.02E-02  1.9399
1/256 | 8.02E-03  1.9898  8.91E-03 1.9895 1.26E-02  1.9925
1/32 1.02E-03 - 1.23E-03 - 2.14E-03 -

1/64 7.98E-05 3.67519 9.94E-05 3.6324  2.17E-04  3.29539

2 1/128 | 8.48E-06  3.2357  9.97E-06 3.3176  3.33E-05  2.7064
1/256 | 9.66E-07  3.1339  1.16E-06 3.1078  4.55E-06  2.8730
1/32 8.67E-06 - 1.21E-05 - 6.56E-05 -

3 1/64 5.29E-07  4.0339  7.56E-07 4.0013 4.19E-06  3.9690

1/128 | 3.25E-08  4.0238  4.75E-08 3.9901 2.67E-07  3.9717
1/256 | 1.97E-09  4.0466  3.05E-09 3.9619 1.73E-08  3.9510

Table 5.1: Test for high-order accuracy using contact preserving (cp) numerical fluxes in
the volume integral at final time T}, = 5. The error on density ep = pp — p is computed for
each polynomial order with mesh refinement along with the associated orders of convergence.

p|h lenliay — O1 lenlro,y O lenlie(a,) O
1/32 3.56E-01 - 3.94E-01 - 5.72E-01 -
1/64 1.20E-01 1.5674 1.34E-01 1.5587  2.29E-01 1.321
1/128 | 2.95E-02 2.0254 3.55E-02 1.9151 6.65E-02 1.7851
1/256 | 7.55E-03 1.9674 8.94E-03  1.9873 1.68E-02 1.9835
1/32 2.35E-03 - 2.87E-03 - 6.98E-03 -
1/64 2.05E-04 3.5199 2.71E-04  3.4058 7.28E-04 3.2618

2 1/128 | 1.79E-05 3.3516 2.24E-05 3.5987  6.57E-05  3.4689
1/256 | 1.50E-06 3.5791 1.87E-06 3.5814  7.02E-06  3.2269
1/32 9.74E-05 - 1.17E-04 - 3.10E-04 -

3 1/64 3.15E-06 4.9496 4.26E-06 4.7839 241E-05  3.6854

1/128 | 1.92E-07 4.0337 2.51E-07 4.0858 1.70E-06  3.8248
1/256 | 1.07E-08 4.1655 1.43E-08 4.1335 1.09E-07  3.9653

Table 5.2: Test for high-order accuracy using entropy conservative (ec) numerical fluxes in
the volume integral at final time T},4, = 5. The error on density ej = pp — p is computed for
each polynomial order with mesh refinement along with the associated orders of convergence.

5.7.2 ADVECTION OF A MATERIAL DISCONTINUITY

We perform this test to validate the contact preservation property of the present scheme.
The computational domain for this test is chosen to be €, = [-0.5,0.5] and the Riemann
initial data is split at x =0 as

(0.375,2.0,1.0,1.0), < 0.0,

5.126
(0.146342,1.0,1.0,1.0), x> 0.0, ( )

(alapauap) = {
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with

Cy1=1.0, Cyp=2.0, v =14, v =15 pPoo; =0.0, Pooy=0.0. (5.127)

The discontinuity in p and I" between the left and right states amounts to an isolated
contact discontinuity, see Figure 5-2. The results obtained at the final time T},q, = 2.0
show that the TCI function attains values close to machine accuracy, which aligns well with
the expectation, see the comments in section 5.3.3. The algorithm thus applies the contact
preserving numerical fluxes in the volume integral, by respecting the threshold, along with
HLLC fluxes at the interfaces, and together they maintain uniform velocity and pressure
profiles across the contact discontinuity. The results in Figure 5-2 shows that the interface
is well captured with minimal oscillations for the p profile.

5.7.3 THE LAX PROBLEM

The Lax problem is performed for pure phases, which results in a rarefaction waves,
a contact discontinuity and a shock in each phase. The computational domain is €2} =
[-1.0,1.0] and the Riemann initial data is split at 2 =0 as

(0.5,0.445,0.698,3.528), a < 0.0,
(abp?uap) = (5128)
(0.5,0.5,0.0,0.571), > 0.0,
with
Cy1=10, Cyp=1.0, 71=14, 72=1.4, Poo, =0.0, Pooy =0.0. (5.129)

It is seen that the TCI function gains high values in a small neighbourhood around the
shock where the algorithm applies entropy conservative fluxes (5.44) in the volume integral
(3.56). The approximate solution, in Figure 5-3, is well captured in the regions of rarefaction
and shock, with oscillations of small amplitude appearing at the contact.

We believe that the oscillations at the contact are due to the initial discontinuity. Until
some initial time, the scheme fails to distinguish between shocks and contacts, especially
when the shock and contact are found in the same cell. The algorithm will thus apply
entropy conservative fluxes in the volume integral in such cells which will fail to preserve
uniform profiles across contacts. This can be shown through a manufactured example, where
we set the initial data in the Lax problem such that shocks do not occur. The results in
Figure 5-4 show that, in the absence of the shock, the approximate solution is well captured
at high-order accuracy without any oscillations at the contact.

5.7.4 GAS-GAS SHOCK-INTERFACE INTERACTION PROBLEM

This is a classic shock-material interface interaction problem which was originally pro-
posed in [93]. Here a shock wave in Helium gas travels at Mach 8.96 and interacts with air.
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The computational domain €, = [-1.0,1.0] and the initial conditions are as follows:

(0.0,0.386,26.59,100.0), z < -0.8,
(o1,p,u,p) ={ (0.0,0.1,-0.5,1.0), -0.8<z<-0.2, (5.130)
(1.0,1.0,-0.5,1.0), z>-0.2,

with

Cy1=1.0, Cyp=25, =14, ~3=1.6667, Poo, =0.0, Poo, = 0.0. (5.131)

The solution, in Figure 5-5, at final time reveals two shocks, one travelling left and the
other travelling right, with an advected material interface in between. It is observed that the
shocks are well captured, with oscillations of small amplitude occurring near the material
interface. This behaviour is akin to the oscillation observed at the wake of the shock during
the Lax problem, see Figure 5-3.

5.7.5 GAS-WATER SHOCK-INTERFACE INTERACTION PROBLEM

This test case models an underwater explosion, where the initial condition consists of a
material interface that separates highly compressed air to the left and water at atmospheric
pressure on the right. The computational domain is € = [-5.0,5.0]. The initial data is
given as
(1.0,1.241,0.0,2.753), x<0.0,

9 (5.132)
(0.0,0.991,0.0,3.059 x 107%), 2> 0.0,

(abp?uap) = {
with

Cyp =12, Cyp=0.073037, ~v1 =14, ~2=55, Do, =0.0, Doy =1.505. (5.133)

The solution to the Riemann problem in Figure 5-6 shows a right travelling shock, a right
travelling contact wave, a right advected material interface and a left rarefaction wave. It is
observed that even though the shock is of high amplitude, the velocity and pressure profiles
across the contact wave bears little oscillations. The material interface is well captured as
can be seen through the plots of I and II.

The TCI values oscillate and attain high values near the right travelling shock. The
algorithm correctly detects the shock and applies entropy conservative fluxes in the volume
integral. This can be seen in the plot for the flux indicator.

5.7.6 ADVECTION OF A HELIUM BUBBLE IN AIR

The advection of a spherical He bubble (represented as species 1) in air (species 2)
demonstrates that the numerical is capable of preserving contact discontinuities which are
not aligned with the mesh. Here we have demonstrated this property by considering two
spatial dimensions as the scheme can easily be extended to accommodate higher spatial
dimensions owing to the tensor product of function spaces and the quadrature rule.

The initial data for the Helium bubble and the air surrounding it is taken from the
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shock-bubble interaction problem presented in section 5.7.7, also refer [37, 83], where we set
the initial data to disregard the shock for the purpose of this test. Thus the computational
domains contains a single discrete gas inhomogeneity. The computational domain €} =
[0,6.5] x [0,1.78] is discretized using 1300 x 365 elements and the Helium bubble, of unit
diameter, is centered at z = 3.5 and y = 0.89. The EOS parameters are vy; = 1.648,y9 =
1.4,Cyq = 6.0598 and Cyo = 1.7857. Note that the initial data are made nondimensional
with the initial bubble diameter and the density, temperature and the sound speed of air.
In order to advect the bubble in air, we introduce a unit positive velocity for the bubble and
air and allow the bubble to move right from its initial position.

The Figure 5-7 show the advection of the bubble from ¢ = Ous to a final time of ¢ =
152.38us. We observe that the material interface is captured sharply as the algorithm applies
contact preserving numerical fluxes in the volume integral, which preserves the velocity and
pressure profiles across the interface.

5.7.7 SHOCK IN AIR INTERACTS WITH A HELIUM BUBBLE

We perform the standard shock bubble interaction problem with the present scheme,
which was originally introduced in [65] through physical experiments. However, since then,
this famed test case has been adopted to highlight the robustness and accuracy of numerical
schemes for multiphase and multicomponent flows, see [37, 60, 74, 80, 83, 107, 111] to name
a few.

The test involves a stationary Helium bubble which is suspended in air while a left moving
Mach 1.22 shock in air travels through the bubble and deforms it. The computational domain
9y, =1[0.0,6.5] x [0,1.78] is discretized into 1300 x 365 elements. The Helium bubble of unit
diameter is centered at x = 3.5 and y = 0.89 and the left travelling shock is initially located at
x = 4. The boundary conditions on the computational domain is set as periodic conditions
on the top and bottom boundaries, along with non-reflective conditions at the left and right
boundaries. While referring to the species in the immiscible mixture, we once again consider
the Helium bubble as species 1 and the air surrounding it as species 2. The EOS parameters
of the species are v = 1.648,v2 = 1.4,Cyq = 6.0598 and Cy9 = 1.7857. The initial data are
made nondimensional with the initial bubble diameter and the density, temperature and the
sound speed of the pre-shock air.

The Figure 5-8 shows the deformation of the bubble at several physical times as the
left travelling shock passes through it. The plotted fields are those of the void fraction
of the Helium bubble, along with the total pressure, and the numerical Schlieren ¢ =
exp(|Vpl/|Vplmax). We observe that the scheme allows a sharp resolution of the bubble
interface for all physical times and is able to accurately capture the shock dynamics. The
bubble interface develops vortices after the shock has left the bubble due to Kelvin-Helmholtz
instability. We also highlight the regions in the computational domain where entropy con-
servative fluxes are applied in the volume integral and, for our choice of threshold of the TCI
function, the algorithm is able to detect the shock accurately and apply entropy conservative
fluxes in the volume integral along with HLLC fluxes at the interfaces. This allows us to
ensure nonlinear stability of the DGSEM scheme at the shock.

Through Figure 5-9, we show the space-time diagram for three characteristic points on
the interface of the bubble. Here we compare the results obtained with the present DGSEM
scheme to reference data from [83]. The deformation of the bubble shows complete agreement
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with the reference data and indicates that the smooth initial condition does not affect the
global deformation of the bubble.

5.7.8 STRONG SHOCK IN AIR INTERACTS WITH A HYDROGEN BUBBLE

We finally subject the scheme to the simulation of a strong shock (M = 2.0) in air
and its interaction with a Hydrogen bubble [14, 125|. The strong shock, compared to
section 5.7.7, results in a faster shock-bubble interaction. The computational domain €2, =
[0,22.5]x[0,7.5] is discretized into 450 x 300 elements, with the bubble centered at x = 4 and
y = 0, and the right travelling shock located at z = 7. The initial data is made nondimensional
with the pre-shock density, velocity and temperature of the air and the a length scale of 1mm.
The boundaries of the computational domain are defined using symmetry conditions for the
top and bottom boundaries, along with supersonic inflow condition at the left boundary and
nonreflecting conditions on the right boundary. The species in the mixture are designated
as 1 for the Hydrogen gas in the bubble and 2 for the surrounding air. The EOS parameters
of these species are vy = 1.41,5 = 1.353,Cyq = 7.424 and Cy5 = 0.523.

The results obtained as part of Figure 5-10 show the deformation of the bubble as
the strong shock passes through it. The plotted field are those of the void fraction of
the Hydrogen bubble, the total pressure and the numerical Schlieren ¢ = exp(|Vp|/|Vp|max)-
Here, we once again observe that the numerical scheme is able to resolve the bubble interface
well along with the shock. The oscillations at the interface are due to the Kelvin-Helmholtz
instability and they were also observed in [14]. The algorithm, under the current TCI
threshold, is able to the detect shock accurately and apply entropy conservative fluxes in the
volume integral at the shock while applying contact preserving numerical fluxes everywhere
else. As a result we were once again able to demonstrate the present scheme’s capability to
maintain sharp resolution of the interface while also resolving strong shocks.

5.8 SUMMARY

In this work, we propose a high-order entropy stable semi-discrete numerical scheme for
the gamma model [122] that preserves uniform profiles of pressure and velocity across con-
tact and material discontinuities. The spatial discretization is performed using the DGSEM
framework [37, 108], where the design of the numerical fluxes for the volume integral and
those that are applied at the interfaces are considered separately. Following Theorem 3.5.1,
entropy stability for the DGSEM requires that entropy conservative fluxes [24] be applied in
the volume integral along with entropy stable fluxes at the cell interfaces, however through
this work we discovered that entropy conservative fluxes for the gamma model, which are
derived using entropy variables, fail to preserve uniform pressure and velocity profiles across
contact and material discontinuities. As a result, we design contact preserving numerical
fluxes for the gamma model that are applied in the volume integral when encountering
contact discontinuities or rarefaction waves. Conversely, contact preserving fluxes do not
conserve the discrete entropy within the cell, hence we apply entropy conservative fluxes in
the volume integral at shocks. The switching between entropy conservative and contact-
preserving fluxes in the volume integral is determined through the values obtained by a
pressure-based troubled-cell indicator (TCI) function [78, 126]. The algorithm receives a
user-defined threshold and applies entropy conservative numerical fluxes in the volume inte-
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gral for cells where the TCI function gains values that exceed the threshold, whereas contact
preserving fluxes are applied everywhere else.

We then propose HLL and HLLC approximate Riemann solvers for the gamma model
that can be applied at the cell-interfaces. Through this work we show that the HLL solver is
not consistent with the integral form of the model as it requires solving the exact Riemann
solution. Therefore, in our work we implement the HLLC solver and show that the HLLC
solver satisfies a discrete entropy inequality for the three-point scheme, preserves uniform
pressure and velocity profiles across contact discontinuities and we propose estimates for
the wave speeds that maintains the positivity of the solution. The property of positivity
of the solution is further transferred to nodal values by the use of a posteriori limiters
[37, 108, 139, 145] where we limit the density, the total internal energy and I". Furthermore,
to perform high-order integration in time we use strong-stability preserving Runge Kutta
schemes [121].

Numerical tests are performed both in one and two spatial dimensions that demonstrate
the capabilities of the scheme to maintain high-order accuracy, resolve shocks through en-
tropy stability and the ability to preserve material interfaces and contact discontinuities.
The numerical tests comprise of a variety of Riemann problems as well as two different
variants of the shock bubble interaction problem. The numerical scheme also reveal the ef-
fectiveness of the TCI function to accurately detects shocks and apply entropy conservative
numerical fluxes in the volume integral for cell containing the shock. Overall, the numerical
results show that the approximate solutions are well capture by the present numerical scheme
at high-order accuracy. There are small amplitude oscillations present around contact dis-
continuities which are linked to the limitations of the TCI based algorithm for switching
between the numerical fluxes. However, this also paves the path for the development of
more advanced switching strategy for the numerical fluxes.
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Figure 5-8: The simulation of an interaction of a M = 1.22 shock in air with a Helium
bubble at fourth order accuracy (p = 3) in space on a mesh comprising of 1300x 365 elements.
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Figure 5-10: The interaction of a M = 2.0 shock in air with a Hydrogen bubble at fourth
order accuracy (p = 3) in space on a mesh comprising of 450 x 300 elements.
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Chapter

CONCLUSION AND PERSPECTIVES

6.1 CONCLUSION

The goal of this thesis is to focus on the modelling and the design of novel high-order
entropy stable schemes for compressible multiphase and multicomponent flows.

In the context of modelling of compressible multiphase flows, in Chapter 2, we focus
on flows involving a reactive mixture of gas and liquid. We recall that there is no general
consensus on the choice of models that accurately depicts the physics of such flows, and
several works have been proposed over the years for their modelling. To this end, we consider
the two-phase flow model proposed by Saurel and Abgrall [115] as a basis, and modify
the source terms so that the resulting model accounts for mass transfer, interfacial drag,
mechanical non-equilibrium and heat transfer under standard assumptions for reactive flows.
We show that including new source terms in a pre-existing model is far from trivial as it
affects the well-posedness of the system. Thus, we suggest corrective terms and propose a
hyperbolic two-phase flow model that is Galilean invariant and entropy dissipative under
complete disequilibria.

We, then, focus on the design of numerical schemes for hyperbolic multiphase and mul-
ticomponent models in nonconservative form. In Chapter 3 we briefly recall the notion of
weak solutions for nonconservative systems and introduce the DGSEM framework in one
and multiple space dimensions. Then, we describe a semi-discrete DG scheme for general
nonconservative systems, where we modify the volume integral over cell elements and re-
place the physical fluxes with two-point entropy conservative fluxes while at the interface
we apply entropy stable fluxes. The DGSEM satisfies the SBP-SAT property, and we use
it to prove that our modifications lead to a semi-discrete scheme that is both high-order
accurate and satisfies a semi-discrete entropy inequality. High-order integration in time
is performed using strong-stability preserving Runge-Kutta (SSP-RK) scheme that is also
described in this chapter. The SSP-RK are a convex combination of explicit first-order
schemes in time. We utilize this property in our discretization and impose restrictions on
the numerical parameters to prove that the cell-averaged solution is positive.

In Chapter 4, we discretize the homogeneous Baer-Nunziato model [7] using the semi-
discrete DGSEM from Chapter 3. We derive entropy conservative and entropy stable fluxes
for the Baer-Nunziato model that satisfy the requirements for high-order accuracy and en-

113
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tropy stability of the DG scheme. The numerical fluxes are also shown to preserve the kinetic
energy at the discrete level. We show that our numerical scheme guarantees positivity of
the cell-averaged void fraction and partial densities by imposing conditions on the time
step and on the numerical parameters. The positivity of the cell-averaged solutions is then
transferred to the nodal values through the use of a posteriori limiters. We demonstrate
the properties of the scheme by performing numerous tests, involving both one-dimensional
Riemann problems and a two-dimensional shock-bubble interaction problem.

We then discretize the gamma-based multicomponent model propose by Shyue [122], with
the aim to propose a high-order entropy stable DG scheme for multicomponent flows that
also allows for sharp resolution of the material interfaces. The DGSEM requires replacing
the physical fluxes in the volume integral with entropy conservative fluxes, as shown in
Theorem 3.5.1. However, the gamma-model does not admit a mathematical entropy function
that is convex for the entire state vector, instead convexity of the entropy function can only
be claimed for pure phases. To this purpose, we design entropy conservative fluxes for
pure phases, and, in order to preserve uniform pressure and velocity profiles across contact
and material discontinuities, we design contacting-preserving fluxes. It must be noted that
the design of a single numerical flux that exhibits the qualities of entropy conservation
and preservation of contacts is difficult, as a result our algorithm selects between entropy
conservative numerical fluxes and contact-preserving fluxes based on the values generated
from a pressure-based troubled-cell indicator function.

The semi-discrete scheme for the gamma-model involves applying a HLLC solver at the
interfaces of the cell. We show that a three-point scheme with this solver satisfies a discrete
entropy inequality, preserves uniform profiles across contact discontinuities and preserves
positivity of the density, the total internal energy and the adiabatic exponent of the mixture.
The positivity is further enforced at nodal values through the use of a posteriori limiters.

In this work, we demonstrate the capabilities of our numerical scheme by performing
several numerical experiments in one and two space dimensions. For tests in one space
dimension, we include Riemann problems that involve strong shocks, vanishing phases and
sharp resolution of material interfaces, while at two space dimensions we simulate the inter-
action of a shock with a Helium bubble in space[107].

6.2 PERSPECTIVES

The research conducted in the course of this thesis creates a foundation for further
development in the modelling of compressible multiphase flows and the design of high-order
entropy stable numerical schemes for numerical approximation of these flows. Here we briefly
describe the planned extension of the present work.

The non-equilibrium model proposed in Chapter 2 contains stiff relaxation source terms
and it is of interest to derive an equilibrium model under instantaneous relaxation. To this
end, a small parameter 0 < € << 1 can be introduced that quantifies the different relaxation
time scales for the source terms when perturbed close to an equilibrium. The source terms
in (2.38) can then be scaled with respect to € as

O(u)
e3

A(w)
g2’

K¢ (u) = @

O°(u) = , A°(u)=
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The above choice of scaling for the coefficients of the source terms lead to a cascading
relaxation towards equilibrium, where the pressure relaxes the fastest followed by the relax-
ation in velocity and then in temperature. Such cascading relaxation behaviour is attributed
to physical considerations and is classical in the context of reactive systems, see section 2.2.
Note that the coefficient for mass transfer M is not scaled with respect to €, as one can derive
a homogeneous relaxation model [13], from the present model, at the limit of instantaneous
relaxation. Here, an important open question arises in the form of the well-posedness of the
relaxation process to the equilibrium.

In order to prove that the relaxation is stable, one needs show that the eigenvalues of the
equilibrium model satisfy the subcharacteristic condition [140|. Furthermore, equilibrium
state should minimize the convex entropy function and constitutes an analogue of the Gibbs
lemma from kinetic theory, while the entropy of the spatially homogeneous (perturbed)
disequilibrium system must be shown to decrease in time as € | 0 and reaches a unique
minimum in the sense of Lyapunov. Thus proving an analogue of the H-theorem.

In Chapters 4 and 5, it was observed that the numerical scheme is prone to spurious
oscillations in the neighbourhood of discontinuities, which may be attributed to some of
the drawbacks of the present approach, such as the scheme is entropy stable only at the
semi-discrete level and the entropy stability holds only for cell-averaged quantities, and only
for one convex entropy function. The stabilization of the numerical schemes is introduced
only through the numerical fluxes at the interface that do not stabilize internal degrees of
freedom. Furthermore, positivity of the solution is not guaranteed in the whole element
with the Lagrange interpolation polynomials, even if the nodal values are positive. One
possible way to alleviate these issues would be to consider a fully discrete scheme under
the DGSEM framework and include entropy diminishing projections which was introduced
in [18] for scalar conservation laws and in [32| for system of conservation laws using the
MUSCL scheme. An important result in this aspect would be the dissipation of all convex
entropies for the system. In [18, 32|, these projections are used within a splitting procedure
to re-project the solution in the function space after an evolution step. One possible way
to apply these projections in the context of the DGSEM would be to introduce a posteriori
nonlinear limiters to the solution in contrast to the limiters used in the present work. Another
possibility to improve stability would be to extend the introduction of shock capture and
artificial dissipation terms, as done in [70], to the DGSEM setting by considering a space-
time DGSEM formulation.

In Chapter 5, we show that entropy consistency requires wave speed estimates that bound
the exact Riemann solution, which is necessary for consistency of the HLLC solver. However,
if the EOS differs in the left and right states, due to different species compositions, estimation
of maximum wave speeds may require the use of time-consuming Newton-Raphson iterations.
One possibility would be to use the energy relaxation technique introduced in [33| for the
approximation of the monocomponent compressible Euler equations with a general EOS.
In this method, one considers a decomposition of the internal energy including the energy
for a polytropic gas thus relaxing the general EOS. The method then allows the design of
numerical schemes by using classical numerical fluxes for polytropic gases. This method
has been extended to the compressible multispecies Euler equations in conservative form
in [98] and it would be interesting to check if this approach can be extended also to the
nonconservative mutlicomponent model by Shyue [122]. Works in [43, 109] tend to highlight
some difficulties with this approach in the case of fluid mixtures.
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CONCLUSION GENERALE

L’objectif de cette thése porte sur la modélisation des écoulements compressibles multi-
phases et multicomposants, et de concevoir de nouveaux schémas d’ordre élevé qui dissipe
I’entropie mathématique.

Dans le contexte de la modélisation des écoulements multi-phasiques compressibles, nous
nous concentrons sur les écoulements impliquant un mélange réactif de gaz et de liquide.
Nous rappelons qu’il n’y a pas de consensus général sur le choix des modéles qui décrivent
avec précision la physique de tels écoulements, et plusieurs travaux ont été présentés au cours
des années en ce sens. Dans ce but, nous considérons le modéle d’écoulement diphasique
proposé par Saurel et Abgrall [115], et nous modifions les termes sources afin que le modeéle
résultant tienne compte du transfert de masse, de la trainée interfaciale, du non-équilibre
mécanique et du transfert de chaleur sous des hypothéses standards pour les écoulements
réactifs. Nous montrons que ’ajout de nouveaux termes sources dans un modéle préexistant
est loin d’étre trivial car cela affecte le caractére bien posé du systéme. Nous suggérons
donc des termes correctifs et proposons un modéle d’écoulement diphasique hyperbolique
qui est invariant par transformations galiléennes et dissipe d’entropie en cas de déséquilibres
complets.

Nous nous concentrons ensuite sur la conception de schémas numériques pour les mod-
éles hyperboliques multi-phasique et multi-composants sous forme non conservative. Dans
Chapter 3 nous rappelons briévement la notion de solutions faibles pour les systémes non-
conservatifs et introduisons le cadre DGSEM en une et plusieurs dimensions d’espace. Nous
décrivons ici un schéma DG semi-discret pour les systémes non-conservatifs généraux, ou
nous modifions l'intégrale de volume sur les éléments de la cellule et remplagons les flux
physiques par des flux conservant I’entropie & deux points tandis qu’a l'interface nous ap-
pliquons des flux dissipant 'entropie. Le schéma DGSEM se base sur des opérateurs sat-
isfaisant les propriétés SBP-SAT, et nous les utilisons pour prouver que nos modifications
conduisent & un schéma semi-discret qui est & la fois précis a 'ordre élevé et satisfait une
inégalité d’entropie semi-discréte. L’intégration temporelle d’ordre élevé est réalisée a l'aide
d’un schéma de Runge-Kutta préservant la stabilité (SSP-RK) qui est également décrit dans
ce chapitre. Les schémas SSP-RK sont une combinaison convexe de schémas explicites au
premier ordre en temps. Nous utilisons cette propriété dans notre discrétisation et imposons
des restrictions sur les parameétres numériques et le pas de temps pour prouver que la solution
moyenne dans la cellule est positive.
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Dans l'article Chapter 4, nous discrétisons le modeéle homogéne de Baer-Nunziato [7] en
utilisant la méthode DGSEM de Chapter 3. Nous dérivons des flux conservant et dissipant
I’entropie physique pour le modéle de Baer-Nunziato qui satisfont aux exigences de précision
d’ordre élevé et de stabilité en entropie du schéma DG. Nous montrons également que les
flux numériques préservent ’énergie cinétique au niveau discret. Nous montrons que notre
schéma numérique garantit la positivité de la fraction volumique et des densités moyennes
dans la cellule en imposant des conditions sur le pas de temps. La positivité des solutions
moyennes de la cellule est ensuite transférée aux valeurs nodales par I'utilisation de limiteurs
a posteriori. Nous illustrons les propriétés du schéma en effectuant de nombreux cas tests
impliquant a la fois des problémes de Riemann unidimensionnels et un probléme d’interaction
choc-bulle.

Nous discrétisons ensuite le modéle multi-composant proposé par Shyue [122|, dans le
but de proposer un schéma DG d’ordre élevé qui dissipe l'entropie pour les écoulements
multi-composants qui permet également une résolution fine de l'interface matérielle. Le
DGSEM nécessite de remplacer les flux physiques dans l'intégrale de volume par des flux
conservant ’entropie, comme le montre le Theorem 3.5.1. Cependant, le modéle gamma
n’admet une fonction d’entropie mathématique n’est convexe que pour les phases pures.
A cette fin, nous concevons des flux conservant l’entropie pour les phases pures. Afin de
préserver des profils de pression et de vitesse uniformes & travers les interfaces matérielles,
nous concevons des flux préservant ces interfaces matérielles. Il faut noter qu’il est difficile
de trouver un flux numérique unique qui présente les qualités de conservation de I’entropie
et de préservation des contacts. Par conséquent, notre algorithme sélectionne entre les flux
numériques conservateurs de ’entropie et les flux préservant les contacts dans I'intégrale de
volume en se basant sur les valeurs générées par un senseur de chocs basé sur la pression.

A Tinterface du schéma semi-discret pour le modéle gamma, nous appliquons un solveur
HLLC. Nous montrons qu’un schéma & trois points basé sur ce solveur satisfait & une inégalité
d’entropie discréte, préserve des profils uniformes & travers les discontinuités de contact et
préserve la positivité de la densité, de ’énergie interne totale et de ’exposant adiabatique
du mélange. La positivité est renforcée aux valeurs nodales par I'utilisation de limiteurs a
posteriori.

Nous illustrons les propriétés de notre schéma numérique en réalisant plusieurs expéri-
ences numeériques en une et deux dimensions spatiales. Pour les tests en une dimension,
nous incluons des problémes de Riemann qui impliquent des chocs forts, des phases évanes-
centes et des interfaces matérielles, tandis qu’en deux dimensions d’espace, nous simulons
I'interaction d’un choc avec une bulle d’Hélium suspendue dans ’air[107].
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APPENDICES

A.1 THE SEMI-DISCRETE DGSEM FOR THE BAER-NUNZIATO
MODEL

Here we recall the semi-discrete scheme (3.54)

wkh dU
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TN ZD U ) Dy + 0, D™ (UE, UY,,) + 6,0D* (U

0
G- 17Uj) =07

where .
D(u,u")=2h(u,u’)+d (u,u")-d"(u",u’),

and to which we apply the numerical fluxes from Propositions 4.3.1 and 4.2) at each DOF
k of cell j at time n:
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where €, ., 20, pa(u) = max;-1 2(|us| +¢;), Bs ey 18 defined is (4.31), while the numerical
fluxes (hp,, hpuss ps,) and (hp,, Bpu;s hps,) are defined from (4.18).

A.2 ENTROPY CONSERVATIVE AND ENTROPY STABLE FLUXES IN
MULTIPLE SPACE DIMENSIONS

In multidimensional space, for solutions belonging to the phase space
Qs = {u eR™: 0<a; <1, pi>0, vi e RY pie; > Pooyiy & = 1,2},
the entropy conservative fluxes (3.47) are defined as follows:

D}.(u",u",n)=+h(u”,u",n)Ff(u’) - n+d" (u,u’,n),
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for the system (4.37). They are assumed to be consistent, h(u,u,n) = f(u)n and d™(u,u,n) =
0, and are defined as follows:

0
Q;piVi 1
R _ pit
h(u ,u",n):= Qg (Pi(Vz‘ ‘n)V; + é Zn)
i
C... Tyt 0.
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[ 7
1
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o e
_Bs[[;]] PiVi ,
[ Cyi + v, 'V: +
p’b él 2 poo,z
vi-n
d*(u,u,n):= [[O;Z]] —p(I)in . 1e{1,2}.
—PIiVIi ‘n

The entropy stable fluxes read

D*(u”,u*,n)=D.(u,u",n)+D,(u",u",n),

with
0
. [o:]
DV(u_au+7n):Eymax(pA(u_vn)va(u+’n)) [[:Olvl]] ’ i€{1,2},

C.: v - V_-F
AVZ + 7 1
0; 2

) o171

where €, > 0 and pa (u,n) = max;— 2(|v; - 0| +¢;).

A.3 CONDITION FOR POSITIVITY OF THE CELL-AVERAGED SO-
LUTION IN MULTIPLE SPACE DIMENSIONS

The condition for positivity of the solution is based on the extension of Theorem 4.4.2.
We introduce A\, = % and A\, = At with At > 0 the time step. Let pgjk’lsp’" > 0,1 >

=
a?jk’lsp >0, then the cell-averaged partial densities and void fraction are positive, at time

1) under the following CFL condition:
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Résumé : Cette these a deux objectifs principaux :
la modélisation des écoulements compressibles mul-
tiphasiques et multi-composants, et la conception de
nouveaux schémas numériques pour leur simulation
d’'ordre élevé.Dans la premiere partie de ce travail,
nous proposons un nouveau modeéle hyperbolique
de type Baer-Nunziato pour les écoulements réactifs
gaz-liquide en non-équilibre, qui présente un trans-
fert de masse, une résistance interfaciale, un non-
équilibre mécanique et un transfert thermique entre
les phases. Le modele est fermé en utilisant des
lois de fermeture générales pour l'interface matérielle.
Nous montrons que notre modele est invariant par
transformation galiléenne et dissipe I'entropie et qu’il
maintient ces propriétés a I'état de non-équilibre.

En ce qui concerne la conception de nouveaux
schémas pour les écoulements compressibles, nous
nous concentrons sur les modeles hyperboliques
d’écoulement multiphasiques et multi-composants
sous forme non-conservative. Nous choisissons
comme cadre de discrétisation la méthode des
éléments spectraux de Galerkin discontinus (DG-
SEM), basée sur la collocation des points de qua-

drature et d’interpolation. La méthode DGSEM uti-
lise des opérateurs de sommation par parties (SBP)
dans la quadrature numérique pour approcher les
intégrales sur les éléments de discrétisation. Dans
notre cas, nous modifions I'intégrale sur les éléments
de la cellule en remplagant les flux physiques par
des flux aux fluctuations conservant I'entropie tout
en appliquant des flux dissipant I'entropie aux in-
terfaces du maillage. Cela nous permet d’établir un
schéma semi-discret qui est précis a I'ordre élevé et
qui satisfait a une inégalité d’entropie semi-discrete.
Pour l'intégration temporelle d’ordre élevé, nous nous
appuyons sur des schémas explicites de Runge-
Kutta préservant la stabilité et conservant les pro-
priétés des schémas d’intégration temporelle au pre-
mier ordre.Dans ce travail, le DGSEM semi-discret
est appliqué au modéle homogéene de Baer-Nunziato
et au modele multi-composant de Shyue (1998). On
montre que les schémas numériques maintiennent la
positivité de la solution moyenne de la cellule, qui est
renforcée aux valeurs nodales en utilisant des limi-
teurs a posteriori.

Title : Modelling and numerical simulation of compressible multicomponent flows
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Abstract : This thesis addresses two main objectives:
the modelling of compressible multiphase and mul-
ticomponent flows, and the design of novel numeri-
cal schemes for their accurate simulation. In the first
part of this work, we propose a novel Baer-Nunziato-
like hyperbolic model for reactive non-equilibrium gas-
liquid flows, that accounts for mass transfer, interfacial
drag, mechanical nonequilibrium and thermal transfer
between the phases. The model is closed using ge-
neral closure laws for the interfaces. We show that
our model is Galilean invariant and entropy dissipa-
tive and maintain these properties at compete non-
equilibrium.

We, then, focus on designing novel high-order, positi-
vity preserving and entropy stable numerical schemes
for hyperbolic multiphase and multicomponent flows,
involving nonconservative products, using the discon-
tinuous Galerkin spectral elements method (DGSEM).

The DGSEM satisfies the summation-by-parts pro-
perty, and we use the SBP operators to modify the vo-
lume integral over cell elements and replace the phy-
sical fluxes with entropy conservative fluxes in fluc-
tuation form, while applying entropy stable fluxes at
the cell interfaces. This modification allows us to es-
tablish a semi-discrete entropy inequality, for a given
entropy function, while still ensuring high-order ac-
curacy of the numerical scheme. For high-order in-
tegration in time, we rely on explicit strong-stability
preserving Runge-Kutta schemes that retain the pro-
perties of first order time integration schemes. Here
the semi-discrete DGSEM is applied to thehomoge-
neous Baer-Nunziato model and the multicomponent
model of Shyue (1998). The numerical schemes are
shown to maintain positivity of the cell-averaged solu-
tion which is further enforced at nodal values using a
posteriori limiters.
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