N
N

N

HAL

open science

Regularization phenomena for stochastic (partial)
differential equations via It6- and pathwise stochastic
calculi
Florian Bechtold

» To cite this version:

Florian Bechtold. Regularization phenomena for stochastic (partial) differential equations via It6-
and pathwise stochastic calculi. Probability [math.PR]. Sorbonne Université, 2021. English. NNT:

2021SORUS160 . tel-03481974

HAL Id: tel-03481974
https://theses.hal.science/tel-03481974
Submitted on 15 Dec 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-03481974
https://hal.archives-ouvertes.fr

h
S SR I

SORBONNE UNIVERSITE
Ecole Doctorale des Sciences Mathématiques de Paris Centre
Laboratoire de Probabilités, Statistique et Modélisation

THESE DE DOCTORAT

Discipline: Mathématiques

présentée par

Florian BECHTOLD

Regularization phenomena for stochastic
(partial) differential equations via It6- and
pathwise stochastic calculi

dirigée par Lorenzo ZAMBOTTI

Rapporteurs :

M. Paul GASSIAT Université Paris-Dauphine
M. Benjamin GESS Universitat Bielefeld

Soutenue le 27 Septembre 2021 devant le jury composé de :

M. Paul GASSIAT Université Paris-Dauphine Rapporteur

Mme. Martina HOFMANOVA Universitat Bielefeld Examinatrice
M. Cyril LABBE Université de Paris Examinateur
M. Thierry LEVY Sorbonne Université Examinateur
M. Nicolas PERKOWSKI Freie Universitat Berlin Examinateur
M. Lorenzo ZAMBOTTI Sorbonne Université Directeur






Remerciements -
Acknowledgements - Danksagung

Und in zittrigen Fingern die Bachelorarbeit,
Ein Fazit zu zieh'n, jetzt ware Zeit

Das Lumpenpack, Die Zukunft wird grofs

Presque trois années se sont écoulées depuis le début de ces aventures mathématiques
devenues une these — années parisiennes qui me resteront particulierement cheres. Pour
cela, je souhaite exprimer ma profonde gratitude aux personnes qui ont marqué mon
chemin scientifique ainsi que personnel.

Je suis extrémement reconnaissant envers Lorenzo, qui m’a apporté ses conseils et
ses encouragements en cette période, que ce soit a distance, dans son bureau — ou par
téléphone. Je me sens tres chanceux d’avoir eu la liberté de développer un programme
de recherche assez individuel, tout en pouvant toujours compter sur son soutien — et
ceci méme pendant des périodes parfois éprouvantes et chargées. Comme déja constaté
par un de mes "freres de these”, sa passion pour la recherche et ses qualités humaines
exceptionnelles constituent une combinaison admirable, qui continuera a m’inspirer.

Je tiens a exprimer toute ma reconnaissance a mes rapporteurs, Paul Gassiat et Ben-
jamin Gess, pour avoir accepté de lire en détail le manuscrit de these et pour 'avoir
enrichi de leurs commentaires. De méme, je suis tres honoré de la présence dans le jury
de Martina Hofmanova, Cyril Labbé, Thierry Lévy et Nicolas Perkowski.

Je me considere tres chanceux d’avoir pu travailler dans les meilleures conditions sci-
entifiques et conviviales, fournies par mon laboratoire le LPSM. Je remercie la fine
équipe du bureau 225 - Carlo, Henri, Paul, Isao, Lucas, David et Emilien - pour toutes
nos discussions scientifiques et autres. Je tiens a remercier Adeline d’avoir lancé un
groupe de lecture ”chemins rugueux” avec moi, ainsi que ses participants Isao, Guil-
laume, Fabio. Je remercie particulierement Fabio avec qui j’ai pu lancer ma premiere
collaboration scientifique dont une idée principale est tirée de I’approche ”rough paths”.

C’était un grand plaisir de voir d’autres groupes de lectures - sur les structures de
régularité, les formes de Dirichlet et 'approche para-controllée - se former lors de la



suite et je remercie tous leurs participants pour nos discussions enrichissantes: Ar-
mand, Lucas, Isao, Henri, Emilien, David, Jules et Mickagl.

Je remercie chaleureusement tout le personnel administratif du LPSM - et en par-
ticulier Fatime Taia - pour leur soutien amical et fiable a toute épreuve. Egalement, je
tiens a remercier Ariela Briana, gestionnaire de la bourse ”Cofund: MathInParis”, de
m’avoir aider a naviguer dans le systeme universitaire francais.

Pour cloturer cette partie francaise de mes remerciements, je suis trés reconnaissant
d’avoir pu rencontrer des amis chers pendant ces trois années parisiennes. Je remercie
particulierement Beatrice, Katia et William.

As stated by another one of my ”freres de these”, mathematics can be a great passion
that’s best enjoyed shared. I wish to express my gratitude to all international colleagues
and friends that I had the pleasure of meeting and discussing with in the course of my
PhD: Fabian Harang, Lucio Galeati, Avi Mayorcas, Tomasso Rosati, Carlo Bellingeri,
Harprit Singh and Torstein Nilssen. In particular, I wish to thank Nicolas Perkowski
for hosting me in Berlin during two months in the summer of last year despite the
difficult circumstances. I thank Tomasso, Helena, Ana, Tal, Willem, Tom, Carlo and
Michele for making my stay in Berlin particularly pleasant and enriching.

I moreover wish to thank wholeheartedly the Horizon 2020 program and the Erasmus+
program of the European Union, from which I already had the privilege of benefiting
on earlier occasions in Paris and Warsaw. [ am deeply convinced that the value of
these programs goes far beyond the - in itself essential - academic stimulus and that
through them and the people we meet in their course, we may with our humble means
try to strive for a more perfect union.

Mein abschliessender Dank gilt meiner Familie, auf deren uneingeschriankte Zuneigung
und Unterstiitzung ich mich immer verlassen kann. Im Bewusstsein dieses Riickhalts
blicke ich zuversichtlich auf was kommen mag und wohin es mich auch immer weiter
verschlagt. Diese Promotion ist ihr in Liebe zugeeignet.

il



Résumé

Dans cette these, nous étudions trois cas de phénomenes de régularisation pour des
équations aux dérivées partielles stochastiques (EDPS). Dans un premier temps, nous
nous intéressons a des EDPS semi-linéaires a diffusion non bornée. En établissant
une généralisation de I'inégalité maximale pour des convolutions stochastiques grace a
I'effet régularisant du semi-groupe sous-jacent, nous prouvons l'existence de solutions
fortes dans un régime sous-critique. Par ailleurs, en exploitant une approximation par
des solutions sous-critiques, nous démontrons dans le régime critique 1’existence de so-
lutions martingales a ’aide de la méthode de compacité de Flandoli-Gatarek.

Ensuite, nous établissons une loi des grands nombres pour des systemes de partic-
ules en interaction sans hypothese d’indépendance ou de moment sur les conditions
initiales. Dans ce but, nous déterminons une équation non fermée satisfaite au sens
faible par la mesure empirique associée, qui ne differe de 'EDP de McKean-Vlasov
attendue a la limite que par un terme de bruit. Dans le traitement de ce dernier terme,
nous utilisons de fagon complémentaire des bornes trajectorielles issues des chemins
rugueux et des arguments fondés sur le calcul d’Ito, qui permettent d’établir la loi des
grands nombres désirée.

Enfin, nous décrivons des phénomenes de régularisation qui apparaissent en moyennant
le long des trajectoires. En se fondant sur des estimations récentes de régularité spatio-
temporelle pour les temps locaux du mouvement brownien fractionnaire en une dimen-
sion, nous étudions les équations de transport moyennées grace a leurs caractéristiques
régularisées associées. Un argument de point fixe sur les équations de transport nous
permet ensuite de nous intéresser a une équation de type Burgers moyennée le long des
chemins du mouvement brownien fractionnaire. A chaque étape, les arguments sont
conditionnels a ce que le parametre de Hurst satisfasse certaines conditions explicites.
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Abstract

In this thesis, we study three instances of regularization phenomena for stochastic
(partial) differential equations (SPDEs). We first study semilinear SPDEs with un-
bounded diffusion terms: By deriving a generalization to the maximal inequality for
stochastic convolutions harnessing the regularizing effect of the appearing semigroup,
we are able to establish existence of strong solutions in the subcritical regime. We
moreover use the associated sequence of subcritical solutions to establish existence of
a martingale solution in the critical case via the Flandoli-Gatarek compactness method.

Secondly, we establish a law of large numbers for interacting particle systems with-
out imposing independence or finite moment assumptions on the initial conditions:
Towards this end, we establish a non-closed equation satisfied by the associated em-
pirical measure in a mild sense that differs from the expect limiting McKean-Vlasov
PDE only by a certain noise term. In treating said noise term, we employ pathwise
rough path bounds and arguments based on It6-calculus in a complementary fashion
that allow to establish the desired law of large numbers.

Finally we investigate regularization phenomena through averaging along curves. Based
on recent space-time regularity estimates for local times of fractional Brownian motion
in one dimension, we study averaged transport equations in passing by their associated
regularized characteristics. By employing a fixed point argument on the level of trans-
port equations, we are able to subsequently pass to a Burgers’ type equation averaged
along paths of fractional Brownian motion. The arguments at each step are conditional
on the Hurst parameter satisfying explicitly established conditions.

Keywords Chapter [2} semilinear Stochastic partial differential equations, stochastic
integration in Banach spaces, maximal inequality for stochastic convolutions, factor-
ization method, stochastic compactness method.

Keywords Chapter [3} Interacting particle system, McKean-Vlasov equation, Semi-
group approach, Rough paths, Self-normalized processes

Keywords Chapter [4} Averaging along irregular curves, non-linear Young integra-
tion, local times for fractional Brownian motion
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Notation

In the following, we list some notation frequently employed throughout this manuscript.

HU Generic separable Hilbert spaces
XY Generic separable Banach spaces
Lo(U,H) The space of Hilbert Schmidt operators from U to H
~v(U, X)  The space of y-radonifying operators from U to X
X —Y X embeds continuously into Y
X ——=Y X embeds compactly into Y

™ The N-dimensional torus

Wep Sobolev—Slobodeckij space for a« € R, and p € [1, o]
H>P Bessel potential space for « € R and p € [1, 0]

B® inhomogeneous Besov space for o € R and p, ¢ € [1, ]

u™ —u  weak convergence of (u"), to u in X
* .
u = u  weak-*-convergence of (u™), to u in X
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Chapter 1

Introduction

The present thesis studies three particular instances of regularization phenomena for
stochastic differential equations (SDEs) and stochastic partial differential equations
(SPDEs). In the following introduction, we discuss the different approaches exploited
in this thesis to study such equations and what we understand by a regularization
phenomenom in each of the instances.

According to Zambotti, a stochastic partial differential equation is "a PDE which
contains some stochastic process (or field) and cannot be defined with standard analytic
techniques” [Zam21l p.2]. As is classically known, already the study of stochastic
differential equations driven by Brownian motion W in R? of the form

dXt = b(Xt)dt + U(Xt)th

are confronted with this challenge. This is due to the fact that almost every sample
path of Brownian motion does not enjoy sufficient regularity for the above problem to
be analytically well posed. Typically, for stochastic partial differential equations with
space-time noise, this problem becomes even more challenging as even less analytical
regularity of the noise is available. However, going beyond a purely analytical frame-
work, stochastic processes as Brownian motion or other forms of noises typically enjoy
some probabilistic structure that can be harnessed to study otherwise ill-posed prob-
lems. For SDEs driven by semi-martingale noises for example, this is achieved by the
classical 1t stochastic calculus [RY99], [Gall6] which also admits an infinite dimen-
sional generalization [DPZ14] [LR15] (and therefore also an approach to study SPDEs).
Such infinite dimensional generalizations typically come already at the price of some
imposed ”"damping” or regularizationﬂ by either imposing sufficient spatial coloring on
the noise or demanding integrands of stochastic integrals to be Hilbert-Schmidt- (and
not only bounded-) operator Valuedﬂ In the case of semilinear problems and their mild
formulation, further regularization due to the presence of a semigroup can be harnessed
to establish higher spatial regularity of solutions and balance out other appearing un-
bounded operators that would otherwise break up the Hilbert-Schmidt property of the

'Refer however to recent approaches to singular SPDEs briefly discussed in the end of Section
2For a more precise formulation of this instance we refer to Section
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2 Introduction

diffusion term. This idea is further explained and contextualized in Sections [I.1] and
of this Introduction and developed in Chapter [2

Another approach that has enjoyed considerable attention in studying S(P)DEs for
a very general class of noises is given by the theory of rough paths (refer to [Lyo98],
[Gub04], [FHI14] and Section [1.3|for a discussion of some main ideas). A main difference
between this approach and the Ito stochastic calculus is that the former achieves a
very clear ”factorization” into a probabilistic and an analytical step: In fixing the local
behaviour of stochastic integrals by the prescription of certain iterated integrals in
a first probabilistic step, a subsequent completely analytical theory for the study of
associated differential equations is provided by the theory of rough paths. While this
point of view comes with many advantages such as a pathwise construction of stochastic
integrals and associated almost sure bounds as well as several stability results typically
unavailable to It6 calculus, the fact that the second purely analytical step does not take
into account any further probabilistic structure renders certain estimates inaccessible
to this approach that are readily available via the classical It6 calculus. In Chapter 3]
we show how both perspectives and their respective merits can be employed in synergy
in order to study a law of large numbers for interacting particle systems under less
restrictive assumptions on the initial condition than usually demanded.

Finally we study regularization by noise phenomena for ODEs, transport equations
and Burgers’ equation along paths of fractional Brownian motion following recent ap-
proaches to these problems by [CG16], [Cat16], [GG20a] and in particular [HP21]. Sim-
ilar in spirit to the theory of rough paths, a main idea to the latter approach consists
in a certain probabilistic-analytic ”factorization”: While in a first step one re-examines
the local behavior of certain (Lebesgue) integrals via probabilistic tools (in particular
relying on novel regularity results for the local time associated with fractional Brown-
ian motion in [HP21]), a subsequent purely analytical theory for ODEs perturbed by
additive fractional Brownian motion can be developed based essentially on the Sewing
Lemma. In Chapter {4} we first extend this approach from [HP21] to non-autonomous
ODEs. Subsequently, we exploit the so obtained regularization by noise phenomenon
on the level of characteristics in order to study regularized transport equations with
non-differentiable initial conditions. Finally, in performing a fixed point argument on
the level of transport equations, we are able to study averaging effects along paths of
fractional Brownian motion for Burgers’ equation.

In the following sections, let us elaborate more closely the context of the results pre-
sented in later chapters.
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1.1 Semilinear non-singular SPDEs

As is true for the theory of PDEs, SPDEs come with a zoo of different possible ap-
proaches respectively adapted to different kinds of equations. One commonly studied
type of equations are semilinear parabolic SPDEs that are of the form

Ou=Au+ f(u)+g(w)é  u(0) =y (1.1.1)

where ¢ is some random field or process. A standard approach to studying problems of
the above form consists in the so called mild formulation [DPZ14]. This approach views
as a stochastic differential equation in an infinite dimensional Hilbert spacef| H,
while extensively relying on semigroup theory: One calls an adapted process v = (uy);

a mild solution to the problem ((1.1.1)) if

t t
uy = Spug + / Si_sf(us)ds + / Si_sg(us)€sds (1.1.2)
0 0

holds as an equality in H, where (S;); denotes the semigroup generated by the Lapla-
cian. The main challenge then becomes to make sense of the integral on the right hand
side: Since from a purely analytic perspective, the random field ¢ only enjoys some
distributional regularity the integral is often ill defined due to the product term g(us)&s.

In the particular case of £ being the time derivative of a cylindrical Brownian motion
W taking values in a Hilbert space U, an abstract analogue of the classical stochastic
calculus in infinite dimensions is available requiring that g takes values in the space of
Hilbert-Schmidt operators Lo(U, H) [DPZ14], [LR15]. A key tool in establishing the
fixed point argument for is then the maximal inequality for stochastic convolu-

tions
2
E | sup
t<T

t T
/ Si—sg(us)dWy < cE {/ ||9(“s)||ig(U,H) ds| . (1.1.3)
0 0

H

From the above and the triangle inequality for Bochner integrals, it can be easily seen
that if we can interpret the functions f, g as abstract Nemytskii operators f: H — H
and g : H — Ly(U, H) that satisfy standard growth and Lipschitz assumptions, then
the above problem admits a unique solution thanks to a Banach fixed point argument
in an appropriate space.

Note that in the argument sketched above, one tacitly exploits that the semigroup
is a family of uniformly bounded operators on [0, 7] in order to treat the drift term.
However, in the case of an analytic semigroup generated by A, we can moreover harness
the regularizing effect of (S;); on H expressed quantitatively by

[A°SH| gy S et™ (1.1.4)

for 6 > 0 [Paz83]. This allows to study problems with unbouded drift such as
du = Audt + (—A)° f(u)dt + g(u)dW, u(0) = wug (1.1.5)

3A common example is H = L%(T%)



4 Introduction

for § € [0,1). Moreover, other types of unboundedness in the drift term such as
divergences can be treated by formulating the problem as

du = Audt 4+ (—=A)Y2(—=A)V2div(F (u))dt + g(u)dW,, u(0) = uy, (1.1.6)

as was done in [Hof13]. There Hofmanové also shows that in the case of finite di-
mensional noise (i.e. U finite dimensional) the obtained mild solutions can in fact be
identified as a strong one: The solution u = (u;); satisfies

t t t
Uy = Uy +/ Augds + / divF(ug)ds + / g(ug)dWs,
0 0 0

meaning in particular that w is two times continuously differentiable in space. This
is accomplished by establishing uniform bounds on the sequences of Picard iterations
(u"),, in Sobolev spaces of sufficiently high enough order and exploiting the Sobolev
embedding theorem. Towards this end, she crucially exploits the Nemytskii operator
result

LF ) lymp < X+ Nl + [1BI 1) (1.1.7)

for f € C™ and h € W1™ N W™P suggesting that for m > 1 (as required in order to
embed into C?), one has to leave the setting of stochastic integration in Hilbert spaces
and consider stochastic integration in 2-smooth Banach spaces [vNVW15].

1.2 Semilinear SPDEs with unbounded diffusion

Having in mind inequality (1.1.4) and the problem ((1.1.5)), it is natural to study the

generalization
du = (A — Dudt + (—=A + 1) f(u)dt + (—=A + 1)/ g(u)dW;, u(0) =up (1.2.1)

in its mild formulation
t ¢
Uy = StuO + / (—A + 1)§OSt,sf(US)d3 + / <—A + 1)61/25t,sg(u5)dWs (122)
0 0

for &, d1 € [0,1). This problem is studied in chapter 2] based on [Bec20]. By considering
the linear case, it can be easily seen that indeed d; = 1 is critical by 1t&’s isometry and
. The crucial step to study then becomes a generalization to the max-
imal inequality for stochastic convolutions. Once this have been established
in a sufficiently general setting, similar arguments as in [Hof13] may be employed to
establish existence strong solutions for finite dimensional driving noise W. Moreover,
the critical case 9; " 1 is studied using the Flandoli-Gatarek compactness method,
whose main idea we sketch briefly.

For better readability, consider the problem

du® = (A — Duldt + p(—=A + 1)°2g(u®)dW, u(0) = g (1.2.3)
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for some p > 0. Having established strong solutions in the case of finite dimensional
noise W, one can conclude by It0’s formula an a priori energy estimate for the solution
u® in L2(Q x [0,T], W2) uniformly in § € [0,1). However such an energy estimate is
not sufficient in order to pass to the limit, as the embedding

L2(Q % [0,T), W'2) — L2(Q x [0, 7], L?)

is only continuous and not compact, thus impeaching the implementation of a tightness
argument for the laws of the familiy (u’)sejo.1). To address this problem in a different
context, Flandoli and Gatarek remarked in [FG95] that for u® being a strong solution
satisfying

t t
ul = g +/ Aulds + M/ (—A) g(ul)dW,
0 0

one can establish improved time regularity on a fractional Sobolev-Slobodeckij scale at
the cost of some spatial regularity due to the regularizing effect of stochastic integration
in time. This permits to obtain a second bound of «® in L*(Q, W'/2=<([0,T], H')) for
any € > 0 uniformly in 6 € [0,1). As the embedding

L2([0,T), Wh) n W20, T], H ) < L*(Q x [0,T], L?)

now is indeed compact, one can proceed with a classical tightness argument using the
Skorokhod representation theorem to deduce the existence of a martingale solution to
the critical equation

du’ = Auldt + pu(—A)2g(u®)dW, u(0) = up. (1.2.4)

We stress that the above considerations and the mild solution approach to SPDEs
approach heavily rely on Nemytskii operator results that are available only in the
finite dimensional noise setting. In particular, arguments of the above kind often break
down in dealing with space-time white noise £: Even for f = 0 and g(z) = Id, it
fails for H = L*(T%) in any dimension d, since g does not take values in Lo(H, H).
To bypass this difficulty in dimension d = 1, one can again harnesses the regularizing
effect of the semigroup, ensuring for example that the stochastic convolution

t
/ St_sfsds
0

does indeed take values in L*(T') and thus allowing to study more general nonlin-
earities f,g. Already in dimension d = 2 though, this approach breaks down due to
the singularity of the noise. While in the particular case of polynomial nonlinearities
and additive noise, the Da Prato Debussche trick based on renormalization techniques
can be employed [DPDO03] in dimension d = 2, dimension d = 3 was only recently
addressed in the break through theories of regularity structures [Hail4] and paracon-
trolled distributions [GIPI5]. A common central element in all these theories remains
the exploitation of the regularizing effect of convolving with the semigroupl}

4We remark however that extensions to problems that don’t fall into the class of semilinear SPDEs
have been addressed with the latter two approaches, see [GHI9], [FG19] for quasilinear SPDEs for
example



6 Introduction

1.3 Elements of the theory of rough paths and com-
parison to the theory of stochastic calculus

As already mentioned in the previous section, a major component in treating stochastic
(partial) differential equations consists in the appearance of products that are a priori
ill defined from a purely pathwise point of view. Indeed, already for standard d-
dimensional Brownian motion W the expression

/t Wo(w) ® dW,(w) (1.3.1)

does not admit a canonical pathwise definition. As already mentioned in the previous
section, this obstacle is typically circumnavigated by replacing the pathwise perspective
by Tt6-calculus based on martingale theory [RY99] (or refer to [DPZ14], [LR15] for the
infinite dimensional setting). In particular, controlled ordinary differential equations
of the form

dY, = f(Y)dW,  Yy=y, € R? (1.3.2)

can be treated with this theory along with numerous extensions. Itoé-calculus comes
however with certain theoretical and practical drawbacks, a major one being from an
analytical point of view that it is inherently an L?(2) theory and therefore pathwise
arguments are usually not available.

An alternative viewpoint on Ito6 and more general stochastic calculi was proposed by
Lyons in his theory of rough paths [Lyo98| and further developed by Gubinelli in
[Gub04], obtaining a clear separation between pathwise considerations and probabilis-
tic arguments. As a guiding question, one can ask under which condition on a generic
continuous paths X : [0, 7] — R? the expression

/t f(Xu)dX, (1.3.3)

is well defined for any smooth f : R? — L(R¢ R%). By using approximating Riemann-
Stiltjes sums

Y F(X - X) (1.3.4)

[u,v]eP™

for a sequence of partitions (P"), of [s,t], it was already observed in [You36] and
[Kon37] that for a-Holder continuous paths X and o > 1/2, can be defined
canonically by considering the limit as |P"| — 0 in the above Riemann-Stiltjes sums.
A heuristic intuition why in this case the above Riemann-Stiltjes summands accurately
mimic the small scale behavior of can be given by considering an order zero
Taylor expansion of the integrand: Since for u € [s, t], we have

f(Xu) = f(Xs) + O(|t - S|a)
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one obtains heuristically

/ F(X)dX, = F(X) X0+ O(t — 5),

and therefore
1 t
m (/ f(Xu)qu - f(Xs)ijt) = O(|t _ 8|20¢—1)’

where we used the shorthand notation X;; = X; — X,. This suggests that indeed
for « > 1/2, the above Riemann-Stiltjes summands do accurately portray the small
scale behavior of . In particular, since sample paths of Brownian motion are
P-almost surely a-Holder continuous for aw < 1/2, the above reasoning fails and indeed
the sequence of Riemann-Stiltjes sums defined in doesn’t converge almost surely
for Brownian motionﬂ Notice however that provided one was given an expression as
in ([1.3.3)) (thanks to It6 calculus for example in the case of sample paths of Brownian
motion), then the above heuristics can also be applied to an order one Taylor expansion,
i.e. for u € [s,t], one would have f(X,) = f(X,) 4+ D.f(Xs)Xsu + O(Jt — s]**) and
therefore

t - s (/ (X dX = (X Xoa Dxf<Xs>xS,t) Ot — s,

where X, ; = fst Xsu ® dX, is the iterated integral of the path X against itself. In the
case of X being a realization of d-dimensional Brownian motion W and its Ito0 iterated
integral Wgtto the above expansion suggest that the integral understood in the
Ito6 sense should locally behave like

FWIWs + Dy f (W)WY (1.3.5)

and that therefore it should be possible to define ((1.3.3)) as the almost sure limit of the
modified Riemann-Stiltjes sums

S (W) Waw + Do f(W,) W, (1.3.6)

[u,v]eP™

The fact that indeed the local approximations ([1.3.5)) can be "sown together” to Rie-
mann sums (|1.3.6) giving rise in the limit [P"| — 0 to the integral ([1.3.3) is ensured
by Gubinelli’s by now classical Sewing Lemma [Gub04].

By prescribing only the iterated integral (by probabilistic tools for example), it
is thus possible to obtain a pathwise theory capable of defining expressions of the form
in the Ito sense for Brownian motion. From this point of view, the construction
of the Ito integral is therefore factorized in two steps: Associating to the path W

5They do however converge in L?(§2) to the corresponding Ito integral.
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the couple W = (W, W!*) also called It6 lift over W and then establishing the con-
vergence of the Riemann sums with purely analytical i.e. pathwise arguments.
A particular advantage of this approach yielding the same object consists in the
pathwise a priori bound

(ff%@ﬂ%)@)

available for any ¢ € [0,7], T' > 1 and almost every w € €, where C(w) is a random
constant admitting arbitrarily high moments. In particular, this a priori bound allows
to interpret the mapping

< OW) [fllea TV, (1.3.7)

mwwfﬁ<AUMMﬂm)w>

as a bounded linear functional on C? and therefore K = (K;); as a stochastic process
taking values in the dual (C?)* such that

([fmmam)w>

As C(w) is also of finite second moment, this implies moreover the bound

<Cw)TY?  (1.3.8)

tSUP ||Kt<w)||(cg)* = sup  sup
€[0,7] tel0.I] [Ifllgz <1

2

E | sup sup
tel0.T] [Ifllz <1

AFM@M&

< CT. (1.3.9)

Let us stress that the supremum over functions of norm one in C? is taken first in
the above inequality, i.e. inside the expectation and before taking the supremum
over time, making of an inequality typically unavailable by standard stochastic
calculus arguments a la Burkholder-Davis-Gundy. Even more so, bounds as in (|1.3.8])
are completely inaccessible by Ito calculus by the very fact that it is not a pathwise
theory.

1.4 Application of rough path theory and stochas-
tic calculus to laws of large number for inter-
acting particle systems

This alternative rough path perspective on It6 calculus and the available bounds of the
from of that come with it are exploited in chapter [3| based on the work [BC20]
to study a law of large numbers for interacting particle systems. For I' : R x R? — R¢
bounded Lipschitz, let X = (X7); <, be the unique solution to the interacting particle
system

1 <& o ,
dX{ =~ > T(X[, X{)dt + dB]

=1

(1.4.1)
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By considering the associated empirical measure

n
1
n
v :—E Oyi
t n X7
J=1

one can show classically that the sequence (v™),, converges to v, solution to the asso-
ciated McKean-Vlasov PDE

O = %AI/ + div(y(I'x v))
v(0) = v

(1.4.2)

provided v converges to 1. This result is typically called a law of large numbers for
the sequence of empirical measures (v"),. Notice however that such results typically
require either a bounded moment assumption [CG19], [GA88] or independence on the
initial conditions (27); < v [Szn91] [Tan84]. This contrasts the deterministic setting,
i.e. without additive noise, where such assumptions aren’t required to establish
similar results [Dob79], [Neu&4].

The main contribution established in chapter [3| consists in exploiting the above rough
path perspective in combination with fine estimates for self-normalized processes in
order to establish a law of large numbers for the interacting particle system
without imposing bounded moment or independence assumptions on the initial condi-
tion.

Towards this end, we pass by an equation satisfied by ™ in the mild sense, namely we
establish that for any testfunction A chosen in a space of sufficiently high regularity,
we have

(v, h) = (vg, Sih) + /o (W (VSi_sh) (T« v))ds + wi' (), (1.4.3)
where n
Wl () = %Z / VS, k] (X7) - dBY. (1.4.4)

Comparing this equation with the one satisfied by the solution v to the McKean-Vlasov

equation , that is
t
(vy, h) = (v, Sih) +/ (vs, (VSi—sh) (I * vs))ds, (1.4.5)
0

one observes that heuristically, a law of large numbers can be established by showing
that the noise term w™ vanishes in the limit n — oo. Towards this end, we establish
two distinct bounds on w", allowing to render this heuristic rigorous: In a first step,
relying on rough path theory and estimates similar to , we establish the almost
sure uniform bound

sup |w (h)(w)| < Cr(w)
Illgm =1
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allowing to treat w™ as a process taking values in H~™(R%) for m > 3 + d/2. Notice
that as we exploit pathwise arguments at this stage, the information of independence of
the additive noises (B?); <, is lost and therefore sharper bounds in n are unavailable.
In passing by a Gronwall type argument in , this bound permits to establish a
uniform bound on the sequence of empirical measures in L>([0, 7], H~™(R%)) almost
surely and therefore to extract a weak-*-convergent subsequence. Provided with this
convergent subsequence, we establish a second bound

2

. C
E | sup |w}(h)]"| < P 121 3m

t€[0,T]

via maximal inequalities for self-normalized processes. This second bound on w"” evalu-
ated on a fixed test function h € H™ then allows to identify the limit to the convergent
subsequence as the unique solution to . In particular, note that while we exploit
a moment bound on the noise term w", the a priori bound on the sequence of empir-
ical measures ("), is established uniformly on a set of full probability thanks to the
rough path perspective discussed above, which thus allows to avoid additional moment
assumptions on the initial condition 1.

1.5 Local times and Nonlinear Young integration
vs. Lebesgue integration

As discussed in the previous section, the theory of rough paths allows for an alternative
point of view on Ito integration by first coming up with adequate local approximations
via prescribed iterated intergrals and second sewing together such local approximations
to modified Riemann sums whose convergence is assured by the Sewing Lemma. Note
however that the scope of the Sewing Lemma is much broader and not restricted to a
particular local approximation chosen - indeed, it formulates very general conditions
under which given local approximations can be sown together to a global object. An-
other instance where this Lemma is fruitfully employed in passing by different local
approximations is given by a particular approach to non-linear Young integration as
propoed in [HP21]], which we discuss in the present section.

As a motivating example, consider the following problem
t
T = To+ / b(z,)ds — wl, (1.5.1)
0

where (wf); is some H-Hélder continuous path for H € (0,1). By the substitution
y = x + w, the above can be reformulated as

t
Y = Yo +/ b(ys — wy)ds. (1.5.2)
0

Observe that for smooth functions b : R? — R?, y will be continuously differentiable
and therefore smoother than the perturbative path w!’. Heuristically, the oscillations
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of w™ therefore dominate the oscillations of 7, meaning that one might expect an
averaging effect to be produced in the Lebesgue integral in (1.5.2)) of b along w*. In
order to render this intuition rigorous, let us further assume that w admits a local
time L = (L(Z)):e(0,7),zerd, i-€. a measurable function such that the occupation times
formula

/ot flwe)ds = /Rd Li(@)f(z)dz (1.5.3)

holds for any positive measurable function f. We stress that the assumption of the
existence of a local time is far from trivial and has so far only been demonstrated
for realisations of certain stochastic processes. In particular, the problem of finding a
concrete deterministic path that admits a local time remains an open problem at the
moment of writing this manuscript (see however recent progress made in [[MPdRR21]
and [GG20a], [GG20D]).

Assuming the occupation times formula (1.5.3)) holds, notice in particular that we
have for any x € RY

/0 b(x — ws)ds = /Rd Li(2)b(x — 2)dz = b Ly(x). (1.5.4)

Note that since heuristicallyff] the regularity of the convolution b * L, is given by the
sum of the spatial regularities of b and L;, the above convolution might still be a well
defined function in space even though b only enjoys distributional regularity, provided
the local time L is sufficiently regular.

This observation motivates a quantitative study of the space-time regularity of local
times associated with a given path. Since already the existence of local times asso-
ciated with a given deterministic path remains a challenging problem as mentioned
above, this study of space time regularity of local times is mainly done for certain
classes of stochastic processes, in particular locally non-deterministic processes. A par-
ticular case of a result by Harang and Perkowski establish for example the following
regularity estimate in [HP21]:

Theorem 1.5.1 (Harang, Perkowski 21). Let H € [0,1/d) and (w}")icjor) be fractional
Brownian motion of Hurst parameter H in d dimensions. Then almost every sample

path admits a local time L = (Ly(x)); > zere and moreover for any A < 5= — ¢ and
v€0,1— A+ %) H) we have

HLt() - LS()HH)\ < CT|t — S|7.
for any t,s € [0, T].

Remark that in combination with Young’s inequality in Besov spaces, this regular-
ity estimate allows for a quantifiable regularization effect in (1.5.4)): For example in

6 A rigorous formulation to this statement is given by Young’s inequality in Besov spaces, refer to

Lemma
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00,007

1 1
<ﬁ_<6+§)'

Notice in particular that the convolution b* L; might therefore be a continuous function
even if b only enjoys distributional regularity as long as H is chosen sufficiently small.

dimension d = 1 and for b € B _, the convolution b * L; will be in B,  provided

With this observation in mind, it is suggestive to approximate the Lebesgue integral

in ((1.5.2) locally by
t t
/ by — wa)du :/ by — wa)du = (b* Log)(ys) = AV, (L5.5)

where we used the shorthand notation L. () := Li(x) — Ls(z). As with the local
approximation (/1 in the context of rough path theory, one can now use the Sewing
Lemma in order to Ver1fy under which conditions on the nonlinearity b and the local
time L the above germ can be sown together. Notice that in the case of averag-
ing along fractional Brownlan motion, the above result by Harang and Perkowski also
provides us with regularity estimates in time for the the local time that are crucial in
the application of said Sewing Lemma.

Once the conditions of the Sewing Lemma are met for the germ AY;, one can show in
the case of smooth b that

/Ob(y ws)ds == (EAY)s; = lim Z Ay, = lim Z (b* Lyw)(Yu),

PrIN0
P [u,v]eP™ [u,v]eP™

where = denotes the Sewing operatorﬂ and P = (P"), any sequence of partitions of
[0, ] whose mesh size tends to zero. Comparing this definition of the above integral to
its classical in the setting of Riemann integration where

t
blys — ws)ds := i B,
/0 (ys — wy)ds |7>3LI|1{0 >

u,v]EP™

for BY, = b(ys — ws)(t — s), note that while the Riemann summands B, are linear in
the integrator in the sense that for any s € [0, 7] fixed the mapping ¢t € [s, T) — BY, is
affine linear, the modified Riemann summands A, lack this property. For this reason
the above approach to define Riemann integrals averaged along a path w can be seen
as a particular instance of the theory of non-linear integration or more precisely non-
linear Young integration, as no further correction terms need to be introduced in order
to assure an accurate local description of the integral by Riemann summands (as was
the case for stochastic integration in the rough path setting above).

"Refer to Lemma m
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As on the level of local approximations we can exploit the regularizing effect due to
the local time as described above, it then becomes possible to study the generalization

Y = xo + (EAY),

to the problem even for non-linearities b that enjoy less regularity than typi-
cally required in the study of . Moreover, even in cases where b is sufficiently
regular for to be well posed this approach can be fruitful as it can be exploited
to establish higher spatial regularity of the associated flow.

In chapter [4] of this thesis based on a work in progress with Nicolas Perkowski, we
exploit the above approach due to [HP21] in order to study associated phenomena of
averaging along fractional Brownian motion w® for the transport equation

1.5.6
u(0) = ug ( )
and Burgers’ equation
0) ud,u =0
o (1.5.7)
u(0) = wy,

where for a function f : [0,7] x R — R we denoted f(t,z) = f(t,z — w). Recall that
solutions to (|1.5.6)) are closely linked to the associated characteristic equation given by

Xi=x+ /E(S,Xs)ds =+ /b(s, X, —wH)ds. (1.5.8)

By interpreting the above as the non-linear Young integral problem
X, =z + (EAY), (1.5.9)

where Aft = by * Ls4(X;) as discussed above, we are able to leverage the regulariza-
tion effect due to the local time of fractional Brownian motion in such a way as to
obtain existence of weak solutions to for b € CP7CtNCPCY and L' initial data
provided the Hurst parameter H is chosen sufficiently small. We moreover show that
provided b € CY7CNCPCY N L LY, then so is the constructed solution. Furthermore,
we provide general a priori bounds to solutions to and discuss uniqueness in the
case of differentiable initial conditions.

By exploiting slightly more regularisation, i.e. imposing H to be slightly smaller and
assuming the initial condition to be sufficiently small, we are able to perform a fixed
point argument on the level of the transport equation in an appropriately chosen
space, establishing existence of solutions to (|1.5.7)).
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Chapter 2

Strong solutions to semilinear

SPDEs with unbounded diffusion

We prove a modification to the classical maximal inequality for stochastic convolutions
in 2-smooth Banach spaces using the factorization method. This permits to study
semilinear stochastic partial differential equations with unbounded diffusion operators
driven by cylindrical Brownian motion via the mild solution approach. In the case
of finite dimensional driving noise, provided sufficient regularity on the coefficients,
we establish existence and uniqueness of strong solutions. In the case of ”critical
unboundedness”, we show how to use the stochastic compactness method to obtain a

martingale solution.
This chapter is based on the work [Bec20].
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2.1 Introduction
We consider the problem

du; = (A — Dugdt + (=A + 1) F (ug)dt + (=A + 1)/2B(u,)dW,
(2.1.1)

u(0) =

for t € [0, T] where &y, 1 € [0,1), A is the Laplacian with periodic boundary conditions

on the N-dimensional torus T¥and W is cylindrical Brownian motion over a separable

Hilbert space U.

A canonical setting for the investigation of well-posedness to the above problem
would be assuming F : L*(TV) — L*(TV) and B : L*(TVY) — Ly(U, L*(TY)) to
be Lipschitz. Yet, due to the unbounded fractional Laplacian in the diffusion term
(—=A+1)%/2B(u;), one loses the Hilbert-Schmidt property and is thus unable to define
a stochastic integral with values in L%(T%), as typically required in the variational
approach to stochastic partial differential equations [KR81], [LR15], [Gy39§].

In keeping the above assumptions, an alternative approach consists in the mild
formulation to the problem given by

¢ t
up = Syuo + / Si_s(=A + 1% F(uy)ds + / Si_o(—=A 4+ 1)°2B(u,)dWs,
0 0

where S denotes the semigroup generated by A — 1. Exploiting this formulation in the
particular case of a bounded diffusion, i.e. §; = 0, Hofmanova is able to apply a fixed
point theorem in L?(Q x [0,T], L*(T"))) [Hof13]. To this end, she crucially exploits
the fact that the fractional power of a generator A composed with its corresponding
semigroup (S¢): > o yields a bounded operator, or more precisely

Ay < cu

provided the semigroup is analytic [Paz83]. Applying this bound in combination with
the triangle inequality on the drift term, she is able to close the argument in a classical
way. In particular, this encompasses the use of the maximal inequality for stochastic
convolutions, which in this context reads

2

E

sup
t<T

t T
/St_sB(us)dWS < CE [/0 IBus) |02 0ovy ds | -

0

L2(TN)

Notice that in the present context of an unbounded diffusion coefficient, i.e. §; # 0,
the above bound is not available since the diffusion term is no longer Hilbert-Schmidt,
therefore preventing an immediate generalization of [Hof13].

In this chapter, we show how to generalise the above maximal inequality in a weaker
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form to the present context of an unbounded diffusion coefficient, notablyE]

P
Lr(TN)

for p > 2/(1 —6;). The reasoning we follow exploits a combination of the above trade-
off between fractional powers of generators and their analytic semigroups as well as the
factorization method [DPKZS8S§|, [DPZ14]. In particular, the new maximal inequality
derived permits to set up a fixed point argument in L9(2, C([0,T], LP(TY))) for p > 2
and ¢ sufficiently large, which establishes existence and uniqueness of mild solutions to
the equation in question.

In the particular case of finite dimensional noise, i.e. U being of finite dimension,
we show that the corresponding sequence of Picard iterations is uniformly bounded
in Sobolev spaces, provided sufficient regularity of F' and B. By using the Sobolev
embedding theorem, this allows to identify the constructed mild solutions as strong
ones. In order to use the embedding theorem, we have be able to pass to Sobolev
spaces of high enough order. This necessitates to leave the Hilbert space framework
and consider the more general theory of stochastic integration in 2-smooth Banach
spaces, which is why our maximal inequality is stated in this more general setting. For
a concise introduction to this theory, we refer the reader to [Ond04] and [Brz95]. Let
us mention that in the case of finite dimensional noise an alternative approach using
rough path theory to define and control the stochastic convolution and subsequently
solve the associated semilinear problem was recently presented in [GHN19] building
upon earlier results in [GT10]. Note that the constraint &g, d; € [0,1) ensures that the
problem is subcritical in the terminology of [GHNlQ]ﬂ

Finally, we discuss the limit case §; 1, to which the present maximal inequality
can not be applied. We show that provided B is sufficiently small, the corresponding
sequence of strong solutions can be used to establish existence of a martingale solution

of the corresponding limiting equation via the stochastic compactness method due to
[FGI5).

t
E / (A + 1)%/2S,_ B(u)dW,
0

sup
t<T

p/2(1-81) P
<CT UE Lsgl% HB(ut)Hy(U,LP('JTN))]

2.2 Setting and main results

Throughout this chapter we fix a stochastic basis (2, F, (F;); > o, P) with the filtration
satisfying the usual conditions. Let U be a separable Hilbert space and W a cylindrical
Brownian motion on U. In case U is of finite dimension, this means that for any

'Notice that the above inequality is expressed in the more general context of stochastic integration
in the Banach space L?(T?V), necessitating to replace the usual Hilbert-Schmidt norm in Ly (U, L2(TV))
by the corresponding norm in the space of y-radonifying operators (U, LP(T")) on the right hand
side of the inequality.

2Refer to the discussion following the ”Metatheorem” therein.
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orthonormal basis (e;); < 4 of U, W admits the expansion

d
= Z ei527
=1

where (3%); < 4 are independent standard Brownian motions. Let X be a 2-smooth
Banach space and denote by (U, X) the space of y-radonifying operators from U to
X. Let TV denote the N-dimensional torus and LP(TY), W™P(TY) H*P(TN) the
associated Lebesgue, respectively Sobolev, respectively Bessel potential spaces, which
we recall all fall into the class of 2-smooth Banach spaces for p > 2 [Ond04]. We fix
moreover a finite time horizon T' € R*.

For convenience we introduce for ¢ > 2 and X a separable Banach space the space

Z,x = L1(Q,C([0,T], X)),

which endowed with its naturally inherited norm

ol = | sup ul

<

is itself a separable Banach space. Throughout the chapter C' shall denote an unessen-
tial constant that may change from one line to the next. Dependencies of the constant
C on parameters are indicated by corresponding subscripts.

Theorem 2.2.1 (A maximal inequality). Let 6 € [0,1) and T > 0. Let X be a 2-
smooth Banach space, A : D(A) C X — X be generator of an analytic contraction
semigroup of operators (Sy)>o. Let W be a cylindrical Wiener process on a separable
Hilbert space U. Suppose a measurable B : X — (U, X) satisfies for ¢ > 1%5

1B w.x) < CO+ [lullk),

then for every progressively measurable u € Z, x the process

t
t— / (—A)°2S,_ B(uy)dW,
0
admits a P-almost surely continuous modification and we have

q
} < CTV 09, [sup 1B

X

t
]E[sup /(—A)‘S/zSt_SB(us)dWS
0

t<T

W(UX]'

Remark 2.2.2 (Comparison to classical maximal inequality). Recall that the classical
maximal inequality for stochastic convolutions in 2-smooth Banach spaces reads for

q>0
T ) Q/2
/ St s US (/() HB(US)”')/(U,X) dS) ] )

[Sup } < CE

t<T
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(see [Brz97], [uNZ11]) which is considerably sharper than the above inequality for the
case 6 = 0. Yet, we remark that for the fized point argument in Z,x below, the
coarser inequality of Theorem (2.2.1 is sufficient. For sharper maximal inequalities in
the infinite time horizon case, we refer to [VW11] and [uNVWI2]. We also refer to the
recent survey on mazimal inequalities for stochastic convolutions in 2-smooth Banach
spaces [uNV20].

Remark 2.2.3 (The stochastic integral is well defined). Note first that due to the
assumption of A being the generator of an analytic semigroup on X, we have

1(—A)° S| Lx) < Cst ™.

Moreover, by the the ideal property of ~v-radonifying operators in the space of boudned
operators and Ito’s isomorphism in 2-smooth Banach spaces we have for any t € [0,T]

.
(/Ot (=) B(us) H'Qy(U,X) d8> q/2]
vl

1

< CE (/0 t—sp HB(US)H»Zy(U,X) ds) W]

_ t 1 q/2
< CE |sup HB(Ut)Hg(U,X)} (/0 Eds>

lt<T

r t
/ (_A)d/QSt—sB(us)dWs
0

' 5/2 2 2 i
AP0l VB0 5
t

< 008 [+ sup ]
t<T

-5
< CTPI (14 lull?, )
hence, the stochastic integral in question is well defined provided u € Z, x.

Corollary 2.2.4 (Distributional regularity for § > 1). Consider the case X = LP(TY)
forp>2and A= A — 1. Note that due to

(D((=A+ 1)) [[(=A + 1) || paogem)) = (HOP(TV), || - | an(ey))

one obtains for a > (§ —1)" and ¢ > 2/(1 — (§ — ), provided all other conditions of
Theorem (2.2.1| are met,

t q
E | sup / (=A 4 1)°2S,_,B(uy)dW,
_t <T 0 Hfa,p(’I[‘N)
[ t q
< CE | sup / (=A 4 1)0=/28,  B(u,)dW,
_t <T 0 Lp(’]TN)

< CTQ/Q(I—(é—a))E |:sup ||B(Ut)||,qy(Upr(T)):|

X
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where we exploited that for a > 0, one can pass the bounded operator (—A + 1)7¢/2
into the stochastic integral. The above permits thus to conclude that for & > 1 the
convolution process

t
t— / (—A +1)%28,_ B(u,)dW,
0
takes values in H=*P(TN) for all « > § — 1, P-almost surely.

We now turn to the main theorem to be demonstrated in the following section.

Theorem 2.2.5 (Mild solutions in Z, ymsry)). Let By,...,B; € C™(TY x R) and
F € C™(R) have bounded derivatives up to order m satisfying

d

D IBi(w OF <O+ ).

i=1

Then for 8,01 € [0,1), ¢ > 2/(1—01), p = 2 and ug € LI(Q, W™P(TN))NL™(Q, Whmr(TV))

such that ug is Fo-measurable, the equation

M=

du; = (A — Duydt + (A + 1) F(u)dt + (—A + 1)/ (2.2.1)

B
Il

u(0) = ug

admits a unique mild solution u € ZyymprNy N Zpg wime(rny Satisfying

[lullZ, +||ullz!

m Awl,mp(TN)

0(1+Enuor|wmm B[t e )

Remark 2.2.6 (Strong solutions). Note that by the Sobolev embedding theorem, the
above Theorem implies that the constructed mild solutions lie in Zy cm—1xny for
A€ (0,1 = N/p). In particular, for m > 3, this permits to identify the mild solution
as a strong one.

Remark 2.2.7 (Other types of unboundedness). The statement of Theorem can
be extended to equations of the form

d
duy = (A = Duydt + div(F(w))dt + (=A + 1) " Bj(u,)d;
i=1
for F e C™(R,RY) by interpreting them as

duy = (A — Dugdt + (—A + 1)V ((=A + 1) din(F(wy))) dt

d
+ (=A+ 1) " Bi(u,)dp;

=1
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and verifying that the associated Nemytskii operator
f:X =~ X)
u— (—A + 1)V din(F(u))
satisfies the necessary conditions stated in Lemmas|2.53.0, |2.3.9 and |2.5.12. Heuristi-

cally, this is possible as the inverse root of the shifted Laplacian compensates for the
unboundedness of the divergence. For the precise statement refer to [Hofl5, Theorem

2.1].

2.3 Proof of the main results

2.3.1 Proof of Theorem [2.2.1]

For the proof of the maximal inequality, we use the factorization method due to
[DPKZS8§|. Exploiting the identity

/g (= )9V (s — 0)-ds =

which holds for any ¢ < ¢t in [0,7] and « € (0,1), we have due to Fubini’s theorem
(which we may apply due to Remark [2.2.3))

t
/ (_A)J/QSt—sB(us)dWs
0

sin T

_ /0 (= 5 (A2, ( /0 (s - J)_QSS_UB(uo)dVK,) ds.

™

™

sin o

-~

=:(Yu)s

We proceed with the proof in two steps, made up of the following two Lemmata. Let
us recall that throughout this subsection, X denotes a generic 2-smooth Banach space
and A: D(A) C X — X is generator of an analytic semigroup of operators (S;); > o-

Lemma 2.3.1. Let a € (0,1), 6 € [0,1) and p > 1 such that
p
Ai=——(1+4+6/2—a) < 1.
L _(+5/2-a)

Then the family of operators (Gy); defined via

Gy LP([0,T], X) — X
fo= ot —8) Y (—=A)°2S,_ f(s)ds

is uniformly continuous in the sense that

p—1
1

S
sup [|Ge flx < € (m) T o,
t<T

Moreover, for every fixed f € LP([0,T], X) the mapping t — G.f is continuous as a
mapping from [0,T] to X.
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Proof. Note again that one has
(=428l < C(t = 5) 7
and therefore by the triangle inequality for Bochner integrals and Holder’s inequality

IGeflls <€ [ (=5 =PIy

p—1

t P
<cC ( - swds) 1120y
0

p—1
1 P
<C(JL—A) TS s

Towards continuity, suppose f € C([0,7], X), then

1Gf — Cuflly < H [ S = = 5 = )

X

‘

/t ul (= A)2S, f(t — u)du
s X

1/p
o[ ([
L C (/ u Adu) 1 2o o, x) -

Due to the assumed continuity of f, the first expression in the above estimate vanishes
as t goes to s, which together with the continuity of the Lebesgue integral in the second
expression yields continuity of t — G, f for f € C(]0,T], X). Together with the already
established uniform bound on the operator family, this permits to employ a density
argument, establishing continuity for f € LP(]0,T], X). O

Lemma 2.3.2. Suppose that o € (0,1/2). Then the mapping
Y LP(Q,C(0,T], X)) — LP(Q, L7([0,T], X))

u —Yu
defined via
(Yu)s := /S(s —0)*Ss_sB(u,)dW,
satisfies :
||YU’||§,P(Q,LP([O,T} < Ca pr/2(1 2HE LSEI% HB(US)H (U.X)
where

1 \"? 1
Cpp=C .
’ 1 -2« p/2(1 —2a) + 1
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Proof. One has

Y ul |I£P(Q,LP([O,T],X))

_E [ /O ' /0 (5 — 0) S Blug)dW,
_ /0 TIE[ /0 (5 — 0)*Sa_y Blu,)dW, ij ds

T s p/2
<o [ | [=arBulmo) ]ds
0 0

< OB [sup 18 0| [ ([t =) 2edrpras

P
ds]
X

o<T

< G, ,TPP1-20+1E [sup 1B (uo) s }
o< T
where we crucially exploited It6’s isomorphism for X a 2-smooth Banach space. This
inequality is also what one obtains from the classical maximal inequality for stochastic
convolutions in [vNZ11] by considering the trivial semigroup S; = Id. O

Remark 2.3.3. We wish to next combine the two previous Lemmata |2.5.1 and [2.5.2
Note that to this end, we need to demand for § € [0,1) that

N _
)\.—p 1(1+5/2 a) <1

and a € (0,1/2). Remark that the least restrictive condition on X is obtained by

choosing « as large as possible, i.e. setting for some € > 0 small o == 1/2 — €/2, we
obtain

>—
P | R —)

which, since € > 0 can be chosen arbitrarily small, resorts to demanding

2
I

as required in the statement of Theorem |2.2.1).

p >

Hence, assuming p > 2/(1 — §), we may put together the two previous Lemmata

2.3.1] and 2-3.2] and we obtain
p
|

(10,71,)

t
/ (—A)°"%8,_ B(us)dW,
0

<CT —A+1)( [HYHLP ([0,7],X )}
= TP PRI, o o

E {sup
t<T

< Ca,p’(;Tp/Z(l_é)E |:sup ||B(ut)||g(U,X)}

t<T
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where
p—1

1 \?? 1 1\ 7
Ca,p,5—0(1_2a> p/2(1—2a)+1(1—/\>

completing the proof to Theorem [2.2.1]

Remark 2.3.4. We stress the fact that this proof using the factorization method can not
be used to recover the sharper classical mazimal inequality in the case of a bounded diffu-
sion term, i.e. § = 0. Indeed, the factorization method was originally used in [DPKZS88]
to prove existence of a continuous version of the stochastic convolution (among other
reqularity results) and not to prove a mazximal inequality. As will be seen in the proof
of Theorem though, this coarser (yet in our context more general) inequality is
sufficient to implement a fized point argument nonetheless.

2.3.2 Proof of Theorem [2.2.5]

Having established the maximal inequality of Theorem [2.2.1] we can now generalize
the strategy employed by Hofmanova in [Hof13| in order to prove Theorem m This
strategy consists in showing that first there exists a unique mild solution to in
Zq.ro(rVy Via a Banach fixed point argument. Considering the corresponding sequence
of Picard iterations (u"), C Z, r»(rvy, one is able to show - thanks to the maximal
inequality of Theorem - that the sequence (u"), is also uniformly bounded in
Zgwmapryy (provided the initial condition lies in this space), allowing to conclude
that the corresponding limit (in the topology of Z, r»(rv)), actually already lies in
Zgwmprny. By the Sobolev embedding theorem, this permits to conclude that the
unique mild solution is differentiable in space and hence a strong solution to (2.1.1)).
For the sake of readability, we choose to split up the steps mentioned above into
two parts: In a first part (Lemmata denoted as abstract statements), we consider
the generic setting in which F' and B are seen as operators with suitable properties.
In a second part, we recall for the convenience of the reader results of Hofmanova
in [HofI3] to justify why the given functions F' and (B;); <4 give rise to associated
Nemytskii operators with such properties (Lemmata denoted Nemytskii operator type

results).

Mild solutions in Z, »(rv)

Lemma 2.3.5 (Abstract statement). For 6,6, € [0,1), let ¢ > 1_2—51. Let X be a
2-smooth Banach space, let W be a cylindrical Brownian motion on a separable Hilbert
space U. Suppose that B : X — (U, X) and F : X — X are Lipschitz continuous.
Let A: D(A) C X — X be generator of an analytic contraction semigroup (St): <1 C
L(X). Then for any T < oo and any Fo-measurable ug € L1(Q, X) , the stochastic
partial differential equation

duy = Augdt + (—A)°F(u)dt + (—A)°/2 B(u,)dW,

w(0) = (2.3.1)
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admits a unique mild solution, meaning there exists a unique progressively measurable
process u € Zy x such that

t t
up = Syug + / (—A)S,_ F(uy)ds + / (—A)/28,_ B(uy)dW,.
0 0

Moreover u satisfies
ull%, < Eljuoll% + Cr.

Proof. One uses the classical Banach fixed point theorem, i.e. a contraction argument
in Z, x for a sufficiently small time horizon. Consider the operator K : Z, x — Z, x.,
defined by

t t
() = S+ [ (— A Fu)ds + [ AV P25, Bu) i,
0 0

Notice that the assumed Lipschitz continuity of B and F' imply growth conditions of
the form
IB)Sw.x) <O+ [lullk),
and
IF@)x < CO+ [lullk)-

Concerning the term associated with the drift, one has therefore

¢ q ¢ 1 q
E [sup / (—A)%S,_ F(u,)ds ] < CE {(/ —5||F(u5)||de) ]
t<T 0 0 (t — S) 0
< OTH5E | sup [P
t<T
< CTU (1 + |ullf, L),
as well as
¢ q
E [sup / (—A)éOSt_S(F(us) — F(vy))ds }
t<T|Jo X

< CTI-0R [sup |F(u) — F (vt>||§<]

t<T
< CT O ju —olff, .

Concerning the term associated with the diffusion, note that because of the maximal
inequality of Theorem [2.2.1| one has
t q
E {sup / (— A28, B(u,)dIV, }
0 X

t<T

< CTY?0-9R [sup ||B(ut)||g(]
t<T

< TP (1 [[ullf, L),
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as well as

t<T 0

E[pr <—Af”&ﬂuﬂ%)—Bwamwu&}

< OTYV2-9R [sup || B(u) — B(Ut)Hz(U,X)}

t<t
< CTPOOR [SUP ||z — w!l%}
t<T

=CT2=9) |y — ]2
Zq,X’
due to the assumed Lipschitz continuity of B. Overall, one concludes that
Iwwmzx<COWM2+GWPM+TW@%»Q+WMZQ) (2.3.2)
meaning that K maps Z, x into itself. Moreover, we have
1KC(u) — ’C(U)H%q,x <C (Tq(1—5o) + Tq/2(1_51)) || — UH%q,x'

By choosing T sufficiently small, K is a contraction on Z, x and hence admits a unique
fixed point that by definition coincides with a mild solution.

Continuity in time is a consequence of the existence of a continuous modification
of the stochastic convolution in Theorem [2.2.1] as well as the continuity of the Bochner
integral and of the semigroup. This permits to compute the unique solution to the
equation in question on [T, 27] with initial condition usy calculated previously, etc.,
thus recovering existence and uniqueness of mild solutions on arbitrary finite time
horizons.

Finally, the bound on solutions is derived from weak-*-lower semicontinuity of the
norm || - ||z, ., the strong convergence of Picard iterations and the above estimate
(12.3.2)). O

Lemma 2.3.6 (A Nemytskii operator type result for LP(TV), [Hofl3, Proposition
4.1]). Let U be a d-dimensional Hilbert space with orthonormal basis (e;); <q4. Let
Bi,...,Bg € CHTY x R;R) have bounded derivative and satisfy the growth condition

d
> Bz P < C+ ).
=1

Then for p > 2 the associated Nemytskii operator
B: IX(TY) — (U, L(T™))

z — (u — Z B;(+, 2(+))(u, €i>>

is well defined and Lipschitz continuous. Suppose F' € C'(R) is of bounded derivative.
Then the associated Nemytskii operator

F: LP(TY) — LP(TY)

18 well defined and Lipschitz continuous.
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Corollary 2.3.7. Suppose the conditions of Theorem are satisfied and p > 2.
Then there exists a unique mild solution u € Z, pp(rny to the problem (2.2.1)).

Mild solutions in Z, y1.»(v)

Lemma 2.3.8 (Abstract statement). Suppose all conditions of Lemma are met.
Let X be another 2-smooth Banach space, continuously embedded into X, the embedding
operator being the identity and suppose uy € Lq(Q,)N(). Suppose that B seen as an
operator B : X - (U, )~() 1s well defined and satisfies the growth condition

1B, ¢ < C(1+ [lull%).

Suppose that F' seen as an operator F : X — X is well defined satisfying the growth
condition

Il < OO+ [ullf)-

Suppose moreover that A| 5 generates a strongly continuous contraction semigroup

(S)): € L(X) such that Sl = S,. Then the unique mild solution u € Z,x to (2.3.1)
is also the unique mild solution u € Z, g to (2.3.1) satisfying

lulll, . < OO+ EluglI%)

Proof. Since the conditions of the previous theorem are met, there exists a unique
u € Zg x which is the strong limit of Picard iterations, given via the recursive formula

u? = ug and

t t
up' = Spug + /0 (A0S, F(ul")ds + /O (A28, B(up™")dW,

S

:I’C(unfl)t

for n > 1. Note that due to the maximal inequality of Theorem [2.2.1]for the stochastic
integral and the triangle inequality for the Bochner integral, one obtains an estimate
similar to (2.3.2) but in the space Z, ¢ namely

eIy, < (Iluollf,  + (T + 720001 4 |jup=J3 )
q, q, q

We conclude recursively that
n—1
HunH%X <C(1+ HuOquX Z C'Tq/2 (1- 61 (C’Tq(l d0) )
k=0

For T sufficiently small the above geometric series converges and one obtains a uniform
bound on the sequence of Picard iterations (u"), in the the space Z, 5. By Alaoglu’s
theorem, one can extract a weak-*-convergent subsequence with limit v € Zg. Since
Zs < Zx, one also has

*
u" =0
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in Zx and by uniqueness of limits, v = u, meaning the limit of Picard iterations already
lies in Z. By Lemma one can identify the stochastic integral in X with the

stochastic integral in X, meaning in the notation introduced in Lemma below
t t
u; = Syug + / (—A)S,_ F(uy)ds + (X / ) (—A)™/28,_ B(uy)dW,
0 0

t t
= Syug + / Sy_s(—A)° F(uy)ds + (X / ) (—A)™/28,_ B(uy)dW,
0 0

which is the definition of u being a mild solution in Z . Uniqueness follows from the
embedding Zs < Zx. Continuity follows from the continuous version of the modified
stochastic convolution thanks to Theorem 2.2, The estimate of the solutions follows
from the weak-*-lower semicontinuity of the norm and the uniform bound on Picard
iterations established. O

Lemma 2.3.9. (A Nemytskii operator type result for WP(TY), [Hof13, Proposition
4.2]) Let U be a d-dimensional Hilbert space with orthonormal basis (e;); <q. Let
Bi,...,B; € CYTY x R) be differentiable and of bounded derivative. Let p > 2.
Then the associated Nemuytskii operator

B: WHP(TN) — ~(U, WH(TV))

z— (u — ZBi('u Z('))<Ua€i>>

18 well defined and satisfies the linear growth condition
B ywwreyy < C(L+ |[2llwisy)).-
Suppose F' € C*(R) has bounded derivative, then the operator
WP (TV) — Whe(TV)
u— F(u)
is well defined and satisfies
[F(w)|lwroavy < C(1+[|ul|lwrsy))

Corollary 2.3.10. Suppose the conditions of Theorem |2.2.5 and p > 2. Then there
exists a unique mild solution u € Zy w1y to the problem (2.2.1).

Mild solutions in Z, yympn)

Constructing mild solutions in Z, y1»(rny essentially relied on the fact that Nemytskii
operators associated to the C1(TY x R) functions By, ..., By and the C*(R) function
F are of linear growth thanks to Lemma [2.A.1l This reasoning breaks down when
considering Sobolev spaces of higher order (as required in order to be able to implement
the Sobolev embedding theorem). Nontheless, one is able to recover (polynomial)
growth conditions in this setting, which will turn out to be sufficient to again control
Picard iterations in Zg yympn).
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Lemma 2.3.11. (Abstract statement) Suppose all conditions of Lemmal[2.5.5 are satis-
fied. Let X, X5 be 2-smooth Banach spaces such that X1 — X the embedding operator
being the identity and suppose ug € LI(€2, X1) N L™(2, X3) for some m > 1. Suppose
that B seen as an operator B : X1 N Xy — v(U, X;) is well defined for both i = 1,2 and
satisfies the growth conditions

1BW)[30x,) < CO A [ullk, + llullx;)

and
B l30x,) < CA+ [[ull,)

foru e X1N Xy, Suppose that F' seen as an operator F' : X1 N Xy — X, is well defined
for both v = 1,2 and satisfies the growth conditions

1E @)%, < CA+ ullk, +lullx;)

and
[F(u)]l%, < O+ [|ull%,)

foru € X1 N Xy. Suppose moreover that Alx, generates a strongly continuous contrac-
tion semigroup (S}); C L(X;) such that Si|x, = Si for both i = 1,2. Then the unique
mild solution w € Z, x of Lemma lies in Zg x, N Zmg,x,, and is a continuous in
time mild solution in Z, x, .

Proof. Due to Lemma [2.3.5], there exists a unique continuous solution in Z, x. Thanks
to the growth condition imposed, one can check that K maps the space Z, x, N Zyq,x,
onto itself, meaning the sequence of Picard iterations lies in Z, x, N Z,,4,x,- Due to
the growth condition imposed on the Nemytskii operators, we obtain again a uniform
bound on this sequence of Picard iterations in both Z, x, and Z,,, x, for T" sufficiently
small. This means there exist a weak™ convergent subsequence of Picard iterations
in Z, x, and a weak™® convergent subsequence in Z,,, x,. Due to the same reasoning
as in Lemma , both weak™ limits need to coincide with the fixed point v € Z, x
obtained from the application of Lemma i.e. the solution lies in Z, x, N Zyny x,-
Exploiting Lemma we deduce that w is a mild solution in Z, x, thanks to the
continuous embedding X; < X. Continuity follows again from Theorem [2.2.1 m

Lemma 2.3.12. (A Nemytskii operator type result for W™P(TY), [Hof13, Proposi-
tion 4.3]) Let U be a d-dimensional Hilbert space with orthonormal basis (e;); < 4. Let
By, ..., Bg € C™(TN xR) with bounded m-~th derivative. Then the associated Nemytskii
operator

B: Wl,mp<TN) N Wm,p(TN> N 7(U7 Wm,p(TN))
d
z— (u — Z Bi(-, 2(+))(u, €i>>

1s well defined and satisfies the growth condition

1B lywwmeayyy < CA+ 2] 1me ey + (|2l lwme@y))
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for all p = 2. Suppose F € C"™(R) is of bounded m-th derivative. Then the associated
Nemytskii operator

F - Whm(TV) n W™P(TV) — W™P(TV)

18 well defined and satisfies the growth condition
1E @)y < C (1 ullwraesy + el romme) )

Remark 2.3.13. The preceding Lemma [2.3.11) whose proof is essentially based on
Lemma |2.A. 1 conveys the reason why one has to leave the Hilbert space framework
of stochastic integration and rather work in the setting of stochastic integration with
values in 2-smooth Banach spaces: Since one needs to control norms in W™ (TN) and
WmP(TN) one leaves the Hilbert space setting p = 2 as soon as one intends to consider
orders higher than m = 1. Note moreover that the preceding Lemma implies Lemma

[2.3.9

Combing the results of this subsection, we conclude that under the conditions of
Theorem there exists a unique mild solution u € Zg yym.p(1ny N Zpg wime(rny to the
problem (2.2.1)). The bound stated in Theorem follows again from weak-*-lower
semicontinuity of the norms. In particular, by the Sobolev embedding theorem, this
implies also that u is a strong solution for m > 3.

Remark 2.3.14. Note that while the abstract existence and uniqueness statements
of this section are formulated for general U-cylindrical Brownian motion, i.e. hold
i the infinite dimensional setting, Lemmas|2.53.0,12.3.9, [2.5.19 concerning Nemytskii
operator results crucially rely on U being finite dimensional.

2.4 The critical equation 6; = 1

We wish to study the critical problenﬂ

{dut = (A = Dugdt + p(=A +1)Y* 337 Bi(u)dp; (2.4.1)
u(0) = ug -

which we will also occasionally write more compactly as

u(0) = uy.
Towards this end, we pass by the corresponding sequence of subcritical problems in
the following sense: For § € [0,1), ¢ > 2/(1 —6) and p > 2, let u° be the unique mild
solution to
duf = (A= Duddt + p(—A+ 12 3L Bi(ul)dB]
u(0) = ug

3For easier reading, we suppress the additional nonlinear drift.



The critical equation §; =1 31

in Z, y1p(ryy where p € Rand By, ..., By € C'(TV) have bounded derivative satisfying
the growth condition stated in Theorem . In particular (u)sep1)y C L2 x
[0, 7], WE2(TY)). We show that for p suf‘ﬁmently small, (u®)sep,1) is uniformly bounded
in this space. Together with a second uniform bound in a space of higher time and
lower space regularity, this allows us to apply the stochastic compactness method due
to Flandoli and Gatarek (refer to [FG95] for the original article and the lecture notes
[Hof16] for a pedagogical introduction). Upon the establishment of uniform bounds in
the aforementioned spaces, one is able to establish tightness of the laws of (u5)5€[071),
which in combination with Prokhorov’s theorem and the Skorokhod representation
theorem permits to conclude the existence of a martingale solution in the following
sense.

Definition 2.4.1. We say the problem admits a martingale solution if there
exists a filtered probability space (', F',(F})e, '), a d-dimensional (F]); Brownian
motion W' and a progressively measurable process u : ' x [0, T] — L*(TY) such that
for some o > 0 we have P'-almost surely

ue O([0,T), H=*(T™)) N L*([0, 7], WH*(T™))
as well as for any ¢ € H*(TY)

(10, 0) = {uio, ) + / (A = Dy, p)ds + g / (—A+ D)YV2B(u,), o)dW!.

2.4.1 A first a priori bound

Lemma 2.4.2. There exists o € R such that for all u? < p2, the family (u(s)ae[m) 18
uniformly bounded in L*(Q2 x [0, T), WH2(TN)) and in LP(Q x [0,T], L*(TN)) forp > 2,

meaning
T
B | [ udngony ] < o0
0

T
B [ o ey ] < o0
0
uniformly in § € [0,1).

Proof. By Theorem [2.2.5, solutions u® take values in Z, y12¢pvy for ¢ > 2/(1 —45). We
apply It6’s formula in the Hilbert space L?(TV) to the functional F(u) := ||u||’£2(Tn)
for p > 2. Note that

F,( ) p HUHLQ TN 5 FH(“) = p(p - 1) ||u||l£;(211‘N) Id.
We therefore obtain

HutHL2(’J1‘N [luoll7 (TV) ~ / HU6HL2 'Jl‘N)/ (Jul|* + |Vl |[*)dxds + M,

W00 [ il [ -8 4107 B P

and

(2.4.2)
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where
M, - MJZ / ol [ 6 (=8 D Bi(udhdods

Note also that by

/ ul - (—A 4+ 1) B;(ul)dx| <
TN

< ez 1B 1 oy

<C ||ugHL2(’JTN) (1+ Hug”Hl(TN))

and the fact that «° € L4(Q x [0,T], WH3(TY)), we conclude that indeed M is a
martingale. Hence, taking expectations in (2.4.2)), we obtain

)11 2 o] = EllJtol ey ] — BB {/ o, [ (08P 190

d

p(p—1)
MQT ZE {/0 Hu5HL2 (TN) /TN (A + 1)6/2Bi(ug)|2dacds} -
i=1
Observe that by a similar reasoning as above, we have
[ 1A+ 1B da] < G+ o)

and therefore
1] o] < EllltolEacem,] — PE U Jo i, [ (08P + 190y
e Lt k) [/ [ et ( / |(|u§|2+|vug|2)dx> ds}
[||u0||L2’]I‘N) —pE {/ Hu6HL2(TN/ |u5|2—|—!Vu])dxds}
Lot =1 { / [l / ]u5|2—|—|Vu5|2)dxds}

where we exploited the embedding LPT<(Q x [0, T]) < LPT(Q2 x [0,T]) for any € > 0.
Hence, we may conclude that indeed, for p sufficiently small, we have

T T
E/O [ (o @] :/ Elllug|[} > ) ldt < TE[[[uol [ )]

Moreover, in the case p = 2, we have
t s 9
Bllofl] < Elualia] = 28 | [ lfinaen,

t
L CWE [ /O - ds}
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meaning that we also have for p sufficiently small

g 2 1
B [ 1o nacemy 5] < mgBlluolEacn)

2.4.2 A second a priori bound
We begin by recalling the following Lemma due to [FG95].

Lemma 2.4.3 ([FG95, Lemma 2.1]). Letp > 2, a < 1/2. Let U, H be separable Hilbert
spaces and W a U -cylindrical Brownian motion. Then for any progressively measurable

process
f € Lp(Q X [OaTLLQ(Ua H))

it holds that 0
- / LW, € LP(Q, Wo([0, T, H))
0

and there ezists a constant C' = C(«,p) > 0 independent of f such that
E [ s n] < 8| [ 1l o]

While we can not apply this Lemma in the above context for H = L*(T") due to
the unbounded operator in front of the diffusion term, we can still obtain a bound in a
suitable Bessel potential space of distributions, which will turn out to be sufficient for
the stochastic compactness method.

Lemma 2.4.4. Let u € LP(Q2 x [0,T], L>(TY)) be a progressively measurable process.
Let a € (0,1/2) and p > 2. Then for By, ..., Bqg € CY(TY) having bounded derivatives,
we have that

) d
I(w) ;:/O (=8 1) 3 Bu(us)dg; € (@, Wer(0, 7], 1 (1Y)

and moreover
, T
E |:HI(U>||Wa»P([0,T],H*1(’]I‘N))] <0 (1 +E {/0 “uSHiQ(TN) ds})

Proof. We consider as above for U = R the Nemytskii operator
B : L*(TY) — Ly(U, L*(TY))

z— <u — ZBZ'(Z><U, ei)>
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that as we know from Lemma is of linear growth. We then have by the above
Lemma [2.4.3] that

T
B (1760 e -sey] < CBL[ =8+ DB} sy 2

T
< C]E[/O ||B(US)HI£2(U,L2(TN)) ds]

T
<C (1 + E[/O et ds]) |

]

In combination with the first a priori bound of Lemma [2.4.2] this permits the
derivation of a second one.

Lemma 2.4.5. For p > 2 and « € (0,1/2) the family (u®)sep,) is uniformly bounded
in LP(Q, W*r([0,T], H-(TV))).

Proof. As u’ is strong solution to

t
uf:u0+/(—A+1)ugds+u/( A+15/2ZB )dp:
0 0

we need to bound the two time dependent terms on the right hand side. It is immediate
that

p

)
/ (—A + 1)ulds < CE [Hu < 00.
0

5112
HLQ([O,T],H1 (TNY)

]E ‘

W2([0,7],H=H(TY))

Moreover, by Lemma [2.4.4

E

—A+1)92 " By( dﬁl
[ z

<ofs +E[/OT o o) < o0

By the embedding for Sobolev-Slobodeckij spaces W2 — WP which holds for any
a € (0,1/2) and p € [1,00), this shows overall that indeed,

Wa’p([ovT]vHil(TN)

E [H“(SHsvw([o,T},H—l(TN))] =00
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2.4.3 Tightness

We next show that the laws of (u®)s are tight in L?([0, T] x TN)NC([0, T], H~+9(TN))
for any € > 0. In order to do so, we use the following result originally due to [Sim86],
which is central to the argument in [FG95].

Theorem 2.4.6. Let By, B, By be Banach spaces satisfying the following embedding

property
By —+— B — Bj,

where by By —<— B we understand that the embedding By — B is compact. Then for
p € (1,00) and o € (0,1), one has the following compact embedding

LP([0,T], By) "N W*P([0,T], By) << LP(]0,T], B).
Suppose moreover that
ap > 1,

then we also have the compact embedding

WeP([0,T], By) <= C([0,T], B).

Lemma 2.4.7. The laws of (u®)sepo,1) are tight in L*([0, T)xTN)NC([0,T], H~1+(TN))
for any € > 0.

Proof. Note that with By = W'?(TV), B = L*(T") and B; = H }(T"), we can apply
the previous Theorem to conclude that we have the compact embedding

Y = L*([0, T], W"*(TY)) n W*2([0, T], H ' (T")) << L*([0,T] x TV).
We conclude that for any R > 0, we set
Bri={ueY| ||u||L2([O,T],W172(TN)) + ”uHWa’?([O,T],H—l(']TN)) < R}

is compact in L2([0,7] x TV). Hence by Markov’s inequality and the a priori bounds
established in Lemmas 2.4.2 and 2.4.5] we obtain

P(u’ € Bf) < P(|u y > R/2)
+ P(||u y > R/2)

4
S®
4C
< -

R2
from which we conclude that (u®)se(o 1) is tight in L2([0, 7] x TV). Moreover, notice that
due to the second compact embedding stated in the previous Theorem [2.4.6, we also
obtain similarly tightness in C([0, T'], H=+9(T")) for any ¢ > 0 due to the established
a priori bound of Lemma [2.4.5 O]

’ ‘ ‘ L2([0,7],WL2(TN
’ | ’ Wes2([0,1],H—1 (TN

2 2
E [”“6HLZ([O,T],WM(TN)) + HU’5HW%Q([O,T},H*(TN))}
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2.4.4 Prokhorov, Skorokhod and Martingale representation
theorem

Consider the sequence (Ué)ge[o’l)m(@. By Prokhorov’s theorem, we can find a subse-
quence we shall also note (u®)sej,1)ng Whose laws converge weakly in L2([0, 7] x TV) N
C([0,T), H-(+9(TV)). By Skorokhod’s representation theorem, we then find a stochas-

tic basis (€, F, (F)i,P) as well as random variables @, (7°)s on this stochastic basis
taking values in L2([0,7] x TV) N C([0,T], H~*9(T)) such that P-almost surely

Uy —u  in L2([0,T] x TV) n ([0, T], H= 4+ (TN)Y),

as 0 — 1. Note moreover that

~ T _s112 T .
E |:\/0 HUS HWLQ(TN) d8:| =K |:\/0 HUSHWLQ(TN) ds| < oo,

and thus in particular v € L*(Qx [0, T], WH2(TV)) and @° — @ in L*([0, T], WH2(TY)),
P-almost surely and also in L?(Q2) due to Vitali’s convergence theorem. In particular,
by definition for any ¢ € HY(TV) and ¢ < T we have

t t
/ <(—A + 1){[,/2, (10>L2(TN)dS — / <(—A + 1)&5, @)LQ(TN)dS (243)
0 0

in L*(£2). Let us now define the sequence of L?(T") valued (F;),-martingales (M?)sc(0.1)n0
via

M= (=A+1)" (092 (uf — up — /t(A — 1)ugds)
0
— /tu(—A + 1)O=1=92B(ud)dW,.
0
Since L(u®) = L(w%), it is easy to see that
M = (=A+1)"0+9/2 (ﬂf — ug — /Ot(A - 1)ﬂgds)

is a martingale with respect to the filtration (G,);, where G, := o ({1, s < t}), whose
quadratic variation is given by

(M?), = ,ﬁ/ ((=A + 1)C=92B@)) ((-A + 1)O92B@))" ds.
0
Defining finally the process

N t
Vo= (a1 (- [ (8= vs),
0
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we need to show that it is a martingale with quadratic variation given by
t
(W), = ,ﬂ/ (A +1)"092B(@,)) (—A + 1)"+923(7,))" ds.
0

Indeed, we know that for any bounded continuous functional ¢ on L?([0,T] x TV) N
C([0,T), H-*9) and v, z € H'*(TV) we have

E (M} = MY, 0)6(@|.q)] = 0
and due to (2.4.3]), we can pass to the limit concluding that
E |(M, — M., v)o(iilo,q)] =0,

ie. (]\Z)t is a martingale with respect to the filtration generated by the process (u;);.
Moreover, concerning its quadratic variation, note that

B[ (38, )0}, 2) — (32, 0){3, 2)) 6(j00)

=E| ( A DB, (A + 1><“€>/2B,-<a;f>,z>dr>

i=1
o] {ms])} W
Since the family of operators
u— (—A 4+ 1)071792 B, (v)
for § € [0,1) is uniformly continuous on L2(TV) and @ — @ in L2([0, T] x TV) P-almost

surely and in L?(Q) due to Vitali’s convergence theorem, we can again pass to the limit
0 1 obtaining

E (M, 0) (M, 2) — (M, 0) (M, 2)) 60

. d
- Ej? ( | 3o Ua ) B ) o)A+ 1) B, z>dr) (o)

meaning that indeed

(W)= [ (-84 ) P B0) (A1) B) s

Similar to section 8.4 in [DPZ14], we can then use the martingale representa-
tion theorem 8.2 in [DPZ14] to conclude the existence of a filtered probability space
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(Q, F', (F))e,P'), a d-dimensional (F});-Brownian motion W’ and a predictable process
(u}); taking values in L2([0, 7] x TN) N C([0,T], H~1*9(T")) such that

(=A +1)70F92y) — (= A 4 1)70F9/2y,

t
+(=A+ 1)<1+6>/2/ (A = 1)ulds
0
t
(-2 1) A ) B
0

or in other words for any ¢ € H'™(T"), we have

() = tunp)+ { [ (8= + [ e 02BN ).

meaning we have indeed a martingale solution.

Example 2.4.8. As an example one can consider the problem

{dut = (A= Dwdt + p Zle div(Bi(uy))dp}

W) —u (2.4.4)

for By, ..., By € CHR,RY) with bounded derivative which can be seen as
du; = (A — Dugdt + p(—A + DV2 3 (A 4+ 1)V div( Bi(uy))dB;
u(0) = up.

Having in mind the abstract results in the proof of Theorem one has to consider
the Nemytskii operators

B : LP(TN) — ~(U, LP(TY))

2 — ( = S (A 1) 2 din(By(2)) . >>

i=1
and

B WE(TY) — (U, WHP(TV))

z = (u — Z(—A + 1) Y2 div( By (2) ) {u, ei>> :

i=1

After showing that B° is Lipschitz and B admits a growth condition in the above
setting, one can for each § < 1 construct a unique mild solution u® € Zgwie(rny to the
reqularized problem

duj = (A= Duddt+ p(~A+ D)2 (~A + 1) 2dioB, (uf)dW;
UJ(O) = Upg.

Provided i s sufficiently small, one can exploit the reasoning of this section to deduce
the existence of a martingale solution to the problem (2.4.4)).



Appendix 39

Remark 2.4.9. FExistence of weak solutions in the linear setting of this example i.e.
(Bi)i <a linear is classical, see Example 7.22 in [DPZ1j|] or section three in [KR81).
In this light, the present subsection provides an alternative approrimation scheme to
Yosida approximations used in [DPZ1j)] and Galerkin approximations employed in
[KR81], capable of treating non-linear diffusion coefficients in this setting.

2.A Appendix

Lemma 2.A.1. Let G € C™(TY x R) and F € C™(R) have bounded derivative and
such that F(0) = 0. Then for allp > 1 and h € W™P(TN) N WL™P(TN) one has

NG G A wmr ey < OO+ [RI[G1mp ey + [l lwmr )
and
E (W) lwmevy < CUAIG1mp vy + Bl lwmsy))-
(refer to [Hof13] and the references therein).

On stochastic integrals in different Banach spaces

Note that the stochastic integral in a Banach space X is defined as a certain limit in
the Bochner space L%(€); X), i.e. it depends in particular on the topology induced by
the norm on X. To underline this fact, introduce for v € L?(Q x [0, T];y(U, X)) the
notation

X/ (H)dW, € L*(Q; X)

Heuristically speaking, one should expect the stochastic integral not to change if one
looks at it in a "larger” Banach space. A bit more formally, for X — Y, one would
expect

T
(X / (B)dW, = (¥ / Yo (1) AW
0
The following Lemma formalizes this consideration.

Lemma 2.A.2. (Banach space consistency of stochastic integration) Let X,Y be 2-
smooth Banach spaces such that X — Y, where the embedding operator is the iden-
tity operator. Suppose that 1 € L*(Q x [0,T];v(U, X)). Then one has ¢ € L*(Q x
[0,T];v(U,Y)) and thus the stochastic integral

(Y /OT)w(t)th € L*(Y)

is well defined. Moreover this Y -stochastic integral also lies in L*(2; X) and one has

(X / (B)dW, = (¥ /0 oW, in LX)
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Proof. Note that by the continuous embedding X < Ywe have v(U, X) — ~(U,Y)
and therefore also L*(Q x [0,T];~v(U, X)) — L*(Q x [0,T];~v(U,Y)), i.e. in particular
¥ € L(Q x [0, T|A(U,Y)).

For the second part of the Lemma, note that stochastic integrals are defined as L?
limits of stochastic integrals over approximating elementary processes. On the level of
elementary processes, the norms of X and Y do not come into play and the canon-
ical definitions of stochastic integrals with respect to elementary processes coincide
therefore in L?(Q, X) and L?*(,Y) as the spaces of reference in which the stochastic
integrals live.

Let (¢™), be a sequence of elementary processes approximating ¢ € L*( x
[0,7];7(U; X)), i.e. one has

5| o) — vt M nds| 0

Due to the demonstrated embedding result one also has (¢™),, C L2(22x [0, T];v(U;Y))
and moreover, for the same reason

e[ [ 100 - o O] < B ] [ 100 - 001 et

— 0.

Hence, any sequence of elementary processes (¢™), approximating 1 in the space
L*(Q2 x [0, T);v(U; X)) also approximates ¢ in L?(2 x [0,T];y(U;Y)). Moreover, by
[t0’s inequality applied in the Banach space Y one has

i [ v [ dwny}\ U 1670 = 9Ol ds|

The sequence
t
([ o)
n>1

is therefore Cauchy in L?(£2,Y"). By definition, the stochastic integral Iy := (Y’ fo (t)dW;
is the L*(©2;Y) limit of the above sequence. Note however that

{HX/ Haw. - /w a1
[||X/ AW, — /w dW||X}—>0

since ("), is a sequence of elementary processes used to define the stochastic integral
in the Banach space X. By the uniqueness of limits, one concludes therefore

(x / YOt dW, = (¥ / Yo (t)dY,



Chapter 3

A Law of Large Numbers for
interacting diffusions via a mild
formulation

We consider a system of n weakly interacting particles driven by independent Brownian
motions. In many instances, it is well known that the empirical measure converges to
the solution of a partial differential equation, usually called McKean-Vlasov or Fokker-
Planck equation, as n tends to infinity. We propose a relatively new approach to show
this convergence by directly studying an equation that the empirical measure satisfies
for each fixed n. Under a suitable control on the noise term, which appears in said
equation due to the finiteness of the system, we are able to prove that the stochas-
tic perturbation goes to zero, showing that the limiting measure is a solution to the
classical McKean-Vlasov equation. In contrast with known results, we do not require
any independence or finite moment assumption on the initial condition, but only weak
convergence. The evolution of the empirical measure is studied in a suitable class of
Hilbert spaces where the noise term is controlled using two distinct but complementary
techniques: rough paths theory and maximal inequalities for self-normalized processes.
This chapter is based on the joint work [BC20] with Fabio Coppini.
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[3.3.2  Controlling the noise term|. . . . . . . ... ... ... .... 50
[3.3.3  Proving Theorem |[3.2.3[. . . . . . .. ... ... .. ...... 61
[3.A Hilbert spaces and Semigroups| . . ... ... ........ 64
[3.B  Rough integration associated to semigroup functionals|. . 67

3.1 Introduction

The theory of weakly interacting particle systems has received great attention in the
last fifty years. On the one hand, its mathematical tractability has allowed to obtain
a deep understanding of the behavior of the empirical measure for such systems: law
of large numbers [Oel84] [CDEM20], fluctuations and central limit theorems [Tan84)
EMO7], large deviations [FK06, [GA88|] and propagation of chaos properties [Szn91] are
by now established. On the other hand, the theory of weakly interacting particles
enters in several areas of applied mathematics such as mean-field games or finance
models [CDLLI19], making it an area of active research.

Depending on the context of application, several results are available. The class of
mean-field systems under the name of weakly interacting particles is rather large and
models may substantially vary from one another depending on the regularity of the
coefficients or the noise. This richness in models is reflected in a variety of different
techniques implemented in their study (see e.g. [CDFM20, [Oel84. [Szn91] for three very
different approaches).

If one focuses on models where the interaction function is regular enough, e.g.
bounded and globally Lipschitz, one of the aspects that has not been completely inves-
tigated so far, concerns the initial condition. To the authors’ knowledge, most of known
results require a finite moment condition in order to prove tightness properties of the
general sequence (e.g. [Ga88]) or to apply a fixed-point argument in a suitable topolog-
ical space (e.g. [CDFM20]). The only exceptions are given by [Szn91l [Tan84], although
they require independent and identically distributed (IID) initial conditions. We want
to point out that existence of a solution to the limiting system, a non-linear partial
differential equation (PDE) known as Fokker-Planck or McKean-Vlasov equation, does
not require any finite moment condition on the initial measure, see e.g. [Szn91l, Theo-
rem 1.1]. Furthermore, whenever the particle system is deterministic, there is no need
to assume independence (or any finite moment) for this same convergence, see, e.g.,
[Dob79, Neul4).

We present a result in the spirit of a law of large numbers, without requiring any
assumption on the initial conditions but the convergence of the associated empirical
measure. Our main idea consists in exploiting a mild formulation associated to a
stochastic equation satisfied by the empirical measure for a fixed (finite!) population.
The main difficulty is giving a meaning to the noise term appearing in such formulation:
exploiting the regularizing properties of the semigroup generated by the Laplacian in
two different ways, using rough paths theory and maximal inequalities for self normal-
ized processes respectively, we are able to adequately control it. By taking the limit
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for the size of the population which tends to infinity, the stochastic term vanishes and
the limiting measure satisfies the well-known McKean-Vlasov equation.

Organization

The chapter is organized as follows. In the rest of this section we present the model,
known results and introduce the set-up in which the evolution of the empirical measure
is studied along with notation used.

In Section 2 we give the definition of our notion of solution as well as a corresponding
uniqueness statement. The law of large numbers, Theorem [3.2.3] is presented right
after; the section ends with a discussion, a comparison with the existing literature and
the strategy of the proof.

The noise perturbation mentioned in the introduction is tackled in Section 3 where
rough paths techniques and maximal inequalities for self-normalized processes are ex-
ploited. The proof of Theorem is given at the end of this section.

Appendix A recalls general properties of analytic semigroups; Appendix B provides
an extension of Gubinelli’s theory of rough integration to our setting.

3.1.1 The model and known results

Consider (€, F, (Fi)iso ,IP) a filtered probability space, the filtration satisfying the
usual conditions. Fix d € N, let (B%);en be a sequence of IID R%valued Brownian
motions adapted to the filtration (F), . -

Fix n € N and T > 0 a finite time horizon. Let I' : R x R — R? be a bounded
function that is Lipschitz in each argument uniformly in the second. Let (2°"); < ;<n
be the unique strong solutior[] to

{dxt: =1y, (2", 20™)dt + dBi, (511)
Ty = Ty,
for t € [0,7] and @ = 1,...,n. The initial conditions are denoted by the sequence

(z8)ien C RY, whenever they are random they are taken independent of the Brownian
motions.
The main quantity of interest in system (3.1.1)) is the empirical measure v =

(] )iejo,11, & random variable with values on the space of probability measures. It is
defined for t € [0,T] by

n ]' -
v = ;azg,n. (3.1.2)

Observe that v™ is apriori a probability measure on the continuous trajectories with
values in R?, i.e. v € P(C([0,T],R?)), however in many instances we rather consider
its projection (17')icior) € C([0,T], P(R?)) as continuous function over the probability

'For the classical existence and uniqueness result, refer to [Szn91, Chapter I, Theorem 1.1] for
example.
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measures on R%. This last object does not carry the information of the time dependen-
cies between time marginals, but is in our case more suitable when studying (3.1.1]) in
the limit for n which tends to infinity.

Known results

Fix an initial probability measure vy € P(R?). Whenever (x);cy are taken to be 11D
random variables sampled from 1y, or 1 has a finite moment and v weakly converges
to it, it is well known (e.g. [Szn91l, Theorem 1.4] and [CDFM20, Theorem 3.1]) that ™
converges (in a precise sense depending on the setting) to the solution of the following

PDE
{ atVt = %Ayt - diV[Vt<F * Vt)]) (3 1 3)

Vit=0 = 1,

for t € [0,T] and where * denotes the integration with respect to the second argument,
i.e. for pu € P(R?)

Ce)@) = [ Twguldy), se R’
R
Equation (3.1.3) is usually called McKean-Vlasov or non-linear Fokker-Planck equation.

Remark 3.1.1. Observe that requiring IID initial conditions is not an innocent as-
sumption as they are, in particular, exchangeable, see [Szn91, §1.2] for more on this
perspective. From an applied viewpoint, independence is often a hypothesis that we do
not want to assume, see e.q. [DGLI16, Example II].

A solution to (3.1.3) is linked to the following non-linear process:

{xt =20 + [y Jpa T(@s,y) vs(dy)ds + By, (3.1.4)

v = Law (zy),

where B is a Brownian motion independent of (B*);cy and xq. It is well-known that
v = (V)ieo,r) s a solution to if and only if the non-linear process (x)tcjo,r] in
(3.1.4) exists and is such that Law (x;) = v; for every t € [0, T].

We have to following theorem.

Theorem 3.1.2 ([Szn91, Theorem 1.1]). Suppose I' is bounded and Lipschitz and x
is a random variable with law vy € P(R?). Then, system has a unique solution
(l’t)te[o,T] .

Moreover, if v = ()iep,1) is the law of (x4)iep.r), then v € C([0,T], P(RY)) and it
solves the McKean-Viasov equation in the weak sense.
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3.1.2 Set-up and notations

Let WmP = W™P(R?) be the standard Sobolev space with m € N and p € [1,0).
Classical results as [AF03, Theorem 4.12] assure that

WP (RY) = W™P(RY) € Cy(RY)  whenever mp > d, (3.1.5)

where Cy(R?) is the space of continuous bounded functions on R?. The space W7 (R?)
is the closure of C5°(R?), i.e., the space of smooth functions with compact support,
with respect to the norm

p

S WD S L e )

0< ol <m

where o = (v, ..., ) with |a| = a1 + -+ + ag and 0% = (0z,)™" (Ory) ™+ (0,) ™.
Fix p = 2 and m > d/2, we consider the Hilbert space H™ := W™2(R?), with

norm denoted by |-, and its dual space H~™ := (H™)" with the standard dual norm

defined by [[u]|_,, := supyy <1t h)—mm. The action of H~™ on H™ is denoted by

(-,)—mm. By duality, if follows from (3.1.5)) that
P(RY) C Cy(RY* ¢ H™™,

We denote by (-,-),, the scalar product in H™ and by (-,-) the natural action of
a probability measure on test functions, i.e., for » € P(RY) and a smooth function h,
we write (v, h) = [ h(z)v(dz). We often abuse of notation denoting the density of a
probability measure by the probability measure itself.

Let v € P(RY), and thus v € H™™, and let 7 € H™ be its Riesz representative,
then we have for any h € H™

(v, h) = v(h) = (W, h)m = (¥, 1) —mm

and therefore
(v, )| < vl 1R, -

In particular

Sup <V7 h> = ”VH—m :
[l <1

If (4™)nen is a sequence of probability measures which weakly converges to some
p € P(RY), we use the notation u™ — p. For weak convergence and weak-*-convergence
of a sequence (z,), C X tosome x € X, X being a Banach space, we use the standard
notations z,, — z and z,, — x respectively.

As introduced in [M82], we will use ||-||_, . as distance between probability measures
and our results will be expressed with respect to this topology.

The various constants in the chapter will always be denoted by C' or C,, to emphasize
the dependence on some parameter «. Their value may change from line to line.
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3.2 Main result

Before stating the main result, we give the definition of weak-mild solutions to (3.1.3])
in the Hilbert space H™. We denote by S = (S¢):cjo,r the analytic semigroup generated
by the Laplacian operator % on H™. We refer to Appendix A for general properties of
S.

Definition 3.2.1 (m-weak-mild solutions to McKean-Vlasov PDEs). Let vy be an
element in H=™. We callv € L*([0,T], H™™) an m-weak-mild solution to the problem
(3.1.3), if for every h € H™ and t € [0,T), it holds

t
(e, h) —imm = (Yo, Sth) —mm + / (Vs, (VSi_sh) (L % 1g)) _pp mds. (3.2.1)
0

If T is sufficiently regular, uniqueness can be readily established by using a classical
argument. This is illustrated in the next proposition.

Proposition 3.2.2 (Uniqueness). Suppose that I'(-,-,) € H W, i.e.,
ITCas o)l gy = max Z / (0200T (2, )" dy|| < oo. (3.2.2)

1Bl <m

Then, m-weak mild solutions to (3.1.3)) are unique.

Proof. Suppose v,p € L*([0,T], H™™) are two m-weak mild solutions. Then, taking
the difference between the two equations ({3.2.1)), one obtains that for every h € H™

(Ve — pu ) o = /O (Vs — pos (VS sh)(T % 1)) s
+ /0 (Pes (VSiat)(T % (v, = .)))-mmls.

In particular,

e = el o, /Hvs psll _p sup  [[(VSish) (T x v, ds

1Pl <1

4 / ool sup [(VSieuh)(T % (vs — p)l., ds.
0

7l <1
Observe that, for y € H~™ it holds that

I(VSe—sh) (T )], < NV Semshlly 1T pellyyrm oo
(3.2.3)

C
< . . m. oo
< s Wl Wl I ) e
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where we have used the properties of the semigroup (see Lemma |3.A.1)). Using the con-
tinuous embedding of P(R?) into H~™, we conclude that there exists a (new) constant

C>0:

t
o=l < O gre | = = ol s

A Gronwall-like lemma yields the proof. O
We are ready to state the main result.

Theorem 3.2.3. Assume m > d/2+ 3 and U'(-5,~,) € H*W;»>. If vy € H™™, then
there ezists v € L*([0,T], H™™), unique m-weak-mild solution to (3.2.1). Suppose that
the initial empirical measure associated to the particle system (3.1.1)) is such that

vy — Uy in H™™
in probability. Then, the empirical measure v™ of (3.1.1)) satisfies
Ny in L>([0, T, H™™)

in probability.
Moreover, if vy € P(R?), then v is the unique weak solution of the McKean-Vlasov
equation (3.1.3)) and, in particular, v € C([0,T], P(R?)).

3.2.1 Discussion

Theorem shows a law of large numbers in L>°([0, 7], H~™) by directly studying
the evolution of the empirical measure. Contrary to most of the existing proofs in the
literature, it does not establish any trajectorial estimates on system and does
not invoke propagation of chaos techniques, as, e.g., in [MM13] [Szn91]. This allows to
deal with very general initial data: the weak convergence of (1 )neny in H~™ — which
is implied by the weak convergence in P(R?) — suffices.

Working in H~™ for m > d/2 assures a bound on ||v|_,, which is uniform in v €
P(R?) thanks to the continuous embedding of P(R?) in H~™ and the duality properties
of probability measures, see Lemma By exploiting the equation satisfied by v/",
we are able to establish a compactness property for (v"),en, usually hard to obtain
in P(R?), and which represents our main tool for obtaining the existence both of the
limit solution and of a convergent subsequence.

Weak-mild solutions make sense for any m > d/2, yet we have to require the
stronger condition m > d/2 + 3 in order to give a pathwise meaning to the stochastic
term present in the dynamics. This implies that I" is C3. In this last case, it is already
known that a weak solution to the McKean-Vlasov equation (|3 exists for any initial
probability measure 1. Since weak solutions are weak-mild solutlons, as we will show
in the sequel, a byproduct of our main result is the uniqueness of (weak) solutions to
equation (13.1.3)).
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The particle system (|3.1.1)) represents an interaction setting where no transport is
present in the dynamics. We have decided not to include other terms so as to keep
the underlying ideas and techniques as clear as possible. However, all our arguments
readily extend to the more general case of interacting particles given by

dzi™ = "yt + ~ Z U(x)™, 2)™)dt 4 d B, (3.2.4)

provided that F' € H™.

Finally, we point out that the need of rather high regularity in I' (and F') is an
intrinsic requirement of rough paths theory and not of the particular class of models
we are working with. In particular, proving Theorem independently of rough
paths arguments would likely yield less restrictive regularity constraints on I'. On the
other hand, rough paths theory allows to give a pathwise definition of the stochastic
partial differential equation satisfied by the empirical measure. Such viewpoint appears
to be new in the literature. Finally, we observe that the proposed strategy represents
an application of the algebraic integration with respect to semigroups, presented in
[GT10], that can be interesting on its own.

3.2.2 Comparison with the existing literature

Proving a law of large numbers by directly studying the empirical measure and not
the single trajectories is the classical approach in the deterministic setting [Neu84,
Dob79], i.e., when no Brownian motions are acting on system . In the case
of interacting diffusions, the idea of studying the equation satisfied by the empirical
measure for a fixed n, comes from the two articles [BGP14l [LP17] and the recent
[Cop19], where a weak-mild formulation is derived and carefully studied. Contrary
to our case, in [BGP14, [Cop19| ILP17] the particles live in the one dimensional torus
which considerably simplifies the analysis; we refer to Remark

A Hilbertian approach for particle systems has already been discussed in [FM97],
where it is used to study the fluctuations of the empirical measure around the McKean-
Vlasov limit. However, [FM97] does not make use of the theory of semigroups but
instead requires strong hypothesis on the initial conditions which have to be IID and
with finite (4d 4 1)-moment (see [FM97, §3]). The evolution of the empirical measure
(3.1.2)) is then studied in weighted Hilbert spaces (or, more precisely, in spaces of
Bessel potentials) so as to fully exploit the properties of mass concentration given by
the condition on the moments. Observe that we are not able to present a fluctuation
result, given the lack of a suitable uniform estimate on the noise term.

Studying the action of an analytic semigroup in the evolution of an interacting par-
ticle system has been recently proposed in similar settings; we refer to [FLO19 [FOS20]
and references therein. This method is referred to as the semigroup approach. We want
to stress that the cited works deal with smooth mollified empirical measures and work

in a weaker topology (with respect to the time variable) than the one expressed in
Theorem [B.2.3
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The strategies developed in [MMWTI5, [MM13], [Kol11], and further applied in the
case of mean-field games in [CDLL19], study the evolution of the joint law of system
and take a more abstract viewpoint. In particular, they study the system
dynamics at the level of the flows and not directly addressing the empirical measure.

Finally, observe that under a suitable change of the time-scale, the n-dependent
SPDE satisfied by the empirical measure is the mild formulation of the Dean-
Kawasaki equation [KLvR20, Theorem 1] and [KLvR19).

3.2.3 Strategy of the proof

Using Ito’s formula, we derive an equation satisfied by v" for every fixed n € N, which
turns out to be the McKean-Vlasov PDE perturbed by some noise w”, see Lemma
3.3.1 This equation makes sense in L*([0,7], H~™) and in this space we study the
convergence of (V™),en.

The main challenge towards the proof of Theorem |3.2.3| is giving a meaning to
w™ and suitably controlling it. In Lemma [3.3.2] we first give a pathwise definition of
this term through rough paths theory, referring to Appendix for a suitable theory
of rough integration in our setting. This in turn will allow to show that (v"),ey is
uniformly bounded in L>([0, 7], H~™) and to extract a weak-* converging subsequence,
see Lemma [3.3.8

To show that a converging subsequence satisfies the weak-mild formulation
in the limit, as shown in Lemma [3.3.9, we need a further step: the pointwise estimate
of w™(h), for a fixed h € H™. Using a suitable decomposition of the semigroup and
a maximal inequality for self-normalized processes, we are able to prove that w™(h)
converges to zero in probability as n diverges, see Lemma [3.3.6] If on the one hand
the rough paths bound cannot take advantage of the statistical independence of the
Brownian motions and thus, cannot be improved in n; on the other hand the probability
estimate does not suffice to define w” as an element of L>([0,7], H™™). We refer to
Subsection and Remark for more on this aspect.

The uniqueness of weak-mild solution, Proposition [3.2.2] is the last ingredient to
obtain that any convergent subsequence of (v"),ecn admits a further subsequence that
converges P-a.s. to the same v satisfying equation . This is equivalent to the
weak-* convergence in probability to the weak-mild solution v.

3.3 Proofs

We start by giving the n-dependent stochastic equation satisfied by the empirical mea-
sure for each n € N. We then move to the control on the noise term and, finally, the
proof of Theorem [3.2.3]

3.3.1 A weak-mild formulation satisfied by the empirical mea-
sure

Recall that (S¢):cjo,r) denotes the semigroup generated by % on H™.
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Lemma 3.3.1. Assume m > d/2+ 2. The empirical measure (3.1.2)) associated to the
particle systems (3.1.1)) satisfies for every h € H™ and t € [0, T]

t
(V' h) = (VG Sth) —mom + / (W (VSi—sh)(T %)) _pmds + wy (h),  (3.3.1)
0

where

wy'(h) = %Z /0 [V S;_sh] (z2™) - dBY. (3.3.2)

Proof. Fix t € [0,T] and h € H™, by (B.1.5) h is C*(R%). For s < t, applying Itd’s

formula onto the test function ¢(x,s) = (Si—sh)(z), we obtain
i,n i,n 1 - ‘ i,n i,n j,n
i) =S + > [ (TS )@ ai)ds
n = Jo

t
+ / (VS,_sh)(2?™) - dBY.
0

Summing over all particles and dividing by 1/n, the claim is proved modulo well-
posedness of the noise term w™ which is presented in the following subsection. O

3.3.2 Controlling the noise term

The aim of this subsection is to control the noise term w™ appearing in the weak-mild
formulation ((3.3.1]) for the empirical measure. We start by giving a pathwise definition
of the integral (3.3.2)), i.e. for any w € A C Q where P(A) = 1 and any h € H™ we

define
W (h)(e) = (% > [ s @ de;) ®

which in turn allows to define w™ as an element of L*([0, 7], H™™), via an inequality
of the form

Wi\up: 1 lwi' (h)(w)] < Cr(w)

for w € A, see Lemma [3.3.2] For this purpose, we extend Gubinelli’s theory for rough
integration (see [Gub04] and |[GT10, §3 and 4 ]) to our setting, see Appendix for
notations and precise results on this extension.

A probabilistic estimate is then given, exploiting the independence of the Brownian
motions; Lemma [3.3.6] shows that

E

C
sup Iw?<h)\2] <RI, heH™

te[0,T

This estimate will allow us to prove the convergence of (3.3.1)) to (3.2.1)) for every fixed
h € H™, see Lemma [3.3.9,
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Pathwise definition via rough paths theory for semigroup functionals

We start by observing that the noise term wj'(h) in (3.3.2)) is neither a stochastic
convolution that could be treated using a maximal inequality in Hilbert spaces (e.g.
[DPZ14. §6.4] and [Bec20] in the context of an unbounded diffusion operator), nor a
classical controlled rough path integral (e.g. [FHI14]) as the integrand depends on the
upper integration limit.

We combine the strategies in [GT10l [Gub04] so to define w}(h) in a pathwise sense.
Note that our setting is different from |[GTI10], where an infinite dimensional theory
a la Da Prato-Zabczyk is constructed, while we are interested in finite dimensional
stochastic integrals over functionals of such objects. Our construction is nonetheless
similar to |[GT10]: we fix the Itd-rough path lift associated to Brownian motion and
extend the algebraic integration in [GT10] to our setting of semigroup functionals. This
extension is presented in detail in Appendix B, where the main ingredient, the Sewing
lemma, is proven. Before stating Lemma [3.3.2] we present in a heuristic fashion the
main ideas towards a rough path construction of . Let us remark in this context
that a more general theory of nonlinear Volterra equations with singular kernels as
recently put forward in [HT21] [HTW21] might alternatively be employed.

Note that it suffices to define integrals of the form

/ VS f(z.) - dB, (3.3.3)

in a pathwise sense for a class of sufficiently regular functions f and where (z,), is an
Re-valued process controlled by the Brownian motion (B,),, such that

ry—xs = By — By + O(|t — s|), for s, t€[0,T], P-as.. (3.34)
Recall that in the classical setting of rough paths theory, one has for s <t

/ f(xu)dBu - f(xs)Bts + (D:cf) (xu)IB%ts + Rts

where we have used the notation By, := B; — B, as well as
t
By := / Bu,s®dB,, t>=se€]l0,T].
In particular, Ay := f(xs)Bis + (D, f)(24)Byss is a germ and, thanks to (3.3.4), R;s =

o(|t — s|) is a remainder in the terminology of [Gub04]. In the same spirit of [Gub04],
we rewrite the left hand side of this expression as

/tf(xu)dBu = [01]s = I; — I

where

I = /Ot f(z,)dB,.
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We are thus left with
[5]]ts - Ats + Rts- (335)

Recall that Gubinelli’s Sewing Lemma formulates precise conditions under which a
given germ A gives rise to a unique remainder term R;; = o(|t — s|) and such that [

can be obtained as
L = lim A,
! Pl ;0 S

If one tries to follow a similar approach for the quantity of interest (3.3.3)), a canonical
candidate for local approximations to (3.3.3)) would be

/ (VSiouf)(@)dBy = (VSisf) () Brs + (DVSi_s ) (22) By + R,

However, notice that if we were to set

t
L(f) = / (VSi—wf)(x,)dB
0
then, we would obtain

SI(P)lis = L(f) = L(f)
- / (VSruf)(@.)dB, + / (VSeul(Sis — 1d)f) () dB, — / (VS,-of)(a.)dB

0 0 0

_ / (VSi—uf)(20)dBy + I,((Si—s — Id) f)

=+ /t(VStuf)<xu)dBU7

in contrast to the above setting, meaning the standard approach of [Gub04] fails. If
one defines, following Gubinelli and Tindel [GT10, p.16], the operator ¢ via

[D1(f)]es = Ls((St—s — 1d) f)
as well as the operator § via

[OI(F))es = [61(Hes = [S(f)]ss:

the desired relationship is recovered, indeed

BI(f)]e = / (V81 f)(22)AB
= (VStfsf)(l's)Bts + (Dvstfsf) (xsﬂBts + Rts~

The idea is hence to change the cochain complex in [Gub04] and to conmder a perturbed
version of it associated to the operator 4, this is done in Lemma Lemma m
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proves a Sewing Lemma in this modified setting, which in turn allows to construct the
above remainder R;,. The germ will therefore be

[Afls = (VSi—s ) (xs) Bis + (DVS;_ f ) () Bys.

For 0 =ty < --- <t,41 =1, note that due to

L= | (VSiuf)(.)dB

tet+1

= [ s @

n
= E [ASi—t Pligats T Biiti

k=0

the correct way of sewing together the germs is given by

1 li
(f) nlaHolo ZO St tet1 f)]tk+ltk’
which is reflected in equation (3 in Corollary - In particular, note that this
Corollary comes with the stablhty estlmate which allows to eventually deduce
the first crucial estimate on the noise term, as shown in the next Lemma.

Lemma 3.3.2. Suppose m > d/2+ 3. For every a € (1/3,1/2), there exists a positive
random constant C' = Cy, that is finite P-a.s. (and of finite moments for all orders) such
that P-a.s.

i (h)] < Ca(1+1)* 2], (3.3.6)
foranyt >0 and h € H™.

Proof. We follow the notations of Appendix B.B] Fix a € (1/3,1/2) and recall that
(B,B) is the It6 rough path lift, with

t
B, ::/Bu5®dBu, s<tel0,T],

where B, := B, — B,s. Note that the above stochastic integral is understood in the
Ito sense.

We use Lemma to define the Ito integral . This in turn will imply the
well-posedness of w(h) with the choice f = h, x = 2" and B= B fori =1,...,n
Indeed, x*" is controlled by B?, as

(@i — i) — (5] Z / i) du = (1t =) = oft = 5|
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since I' is bounded. We therefore have

n

OEES

n <
=1

n

¢
/(VSt_Sh)(x?”)dB; = — py"
0 n

i=1

Hence bounding each p" individually as done below will allow us to conclude the claim
of the Lemma by the strong law of large numbers.

Define the operator A acting on f € H™ into C(Ay, R) via
[Aflts = (VSi—sf)(@s) - Bis + (D VS5 f)(xs) - B,

where D, denotes the Jacobian in R? and - the scalar product between tensors of the
same dimension. In the sequel, we adopt the following shorter notation

[Af]ts = vStsfs Bts + D:pvstsfs Bts-

As in classical rough paths theory [Af];s is not a l-increment (i.e. a difference as By)
but a continuous function of the two variables s and ¢. In particular A € Dy, i.e. A is
a linear operator from the Banach space H™ to C'(Aj, R).

One can actually prove that A € DJ: for 0 < s<t<T and fe H™

|[Afles] < NV Seafllo |Besl + 1D2V St flloo 1Bes| < Ca [l fl,, 8= 5]

where C, = C,,(w) depends on the a-Holder norm of B(w) and B(w) and we have used
the properties of S, see Lemma [3.A.2] Note in particular that C, < oo, P-a.s. and
that C, has finite moments of all orders.

Recall the definition of & (Lemmaﬁ 3.B.1)), in order to apply Lemma m and
Corollary we need to show that 04 € D3". Let f € H™ and s < u < t, one has

0AfNtus = 0AShus = [0AS lrus = [Afles = [AFleu = [Afus = [A(Se. = 1) flus
= [Afles = [Aflew = [ASe-flus-
Observe that thanks to the properties of the semigroup
[AS;. flus = VSusStufs Bus + DV Sus St fs Bus = VSis fs Bus + D VSis fs Bus.
In particular, using Chen’s relation

IBts = Bus + IEBtu + Btu X Bus

we obtain

[SAf]tus = VStsfs Btu - VStufu Btu + vastsfs (]Bts - Bus) - Da:vstufu ]Btu
- (vstsfs - vstufu) Btu + Dm(vstsfs - VStufu) IB%tu + DzStsfs Btu ® Bus'

We rewrite everything as the sum of four terms
[SAf}tus = V(Sts - Stu)fu Btu + va(Sts - Stu)fu Btu+

+(D:cvstsfs - vastsfu) IBtu + (VStsfs - vsts.fu + D:cvstsfsBus) Btu
= A' 4 A% 4+ A3 1+ A
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For A' we obtain
|V (Sts = Stu) fu Beu| < [|[V(Sts — Stu)funoo | Bru| < Cq ||f||m it — u|a lu — s,

where C, = C,(w) depends on the a-Holder norm of B(w) and we have used the
properties of S, see Lemma [3.A.2] Note in particular that C, < oo, P-a.s. and that
C, has finite moments of all orders. Similarly, for A% (with a different C,,)

D2V (St = St fu Brul < Callf o £ =l Ju— 5|2

Observe now that, since f € C?, the function D,V S, f is Lipschitz uniformly in s and
t, from which we extract that

|(D2VSisfs — DeVSis fu) Bl Co Hme [T — Ty [t — U|2a

<
< CollFll 1t = ul* fu = 5]
Using (3.3.4)), we recognize in A* the Taylor expansion of V.S, f around z,, i.e.

‘vstsfu - vstsfu - vastsfs Bus|
\ |VStsfu vstsfu - D VStsfs xus| +c |Dvatufs| |U - S|

< ellFl lus” + 11l = sl < el £l Ju— 5™

We conclude that
« 2
A < Callfll 1t = ul™ Ju— s[**
Putting the four estimates together, we have just shown bA € Dit and, in partic-
ular, that

i, <

D3a

for some C,, which is finite P-a.s. and admits moments of all orders. As o > 1/3, by
Corollary we know that there exists I € Dy such that

SIf],, = i AS; flow
61flis = dim D [AS]]
[u,v]€P™[s,t]

is well defined. For 0 < s <t < T, se set

/ t VS_of(xy) - By = [61 flss.

Again Corollary m assures that there exists a (new) constant C,, depending on the
norm of A in D and the norm of A4 in D3%, such that

/ VS uf(xa) - dBu| < Callf,. (1+1)%
0

The proof is concluded. O
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Controlling w}(h) via a maximal inequality for self-normalized processes

The aim of this subsection is to give a probabilistic bound on
1w [t , .

n(h) = — VS;_sh] (z2")dB?

wi(h) n;f/o (VSe-oh) (3")dAB]

by exploiting the independence of the Brownian motions (we have removed the product
symbol - for the sake of notation).

Observe that if w}'(h) didn’t involve a convolution with the semigroup S, w}(h)
would be a standard martingale and classical estimates like the Burkholder-Davis-
Gundy inequality could be used to establish the desired bound. While the convolution
with the semigroup S destroys the martingale property, wj'(h) is still closely related
to maximal inequalities for self-normalized martingales for which the following fine
estimate due to Graversen and Peskir [GP00] is available.

Lemma 3.3.3 ([GP00, Corollary 2.8] and [JZ20, Corollary 2.4]). Let (My)icpo,r) be a
continuous local martingale. There exists a universal constant C' such that

| My [?
sup

E e
tefo,r] 1 + (M),

< CE[log(1+log(l+ (M);))]

for every stopping time 7 < T.

Observe that this result is a consequence of more general bounds on self-normalized
processes of the form X, = A;/B; (e.g. [dIPKLO04]), where in this case A; = M, is a
martingale and B? — 1 = (M), its quadratic variation.

Let us illustrate in the following example how this interpretation can be used to
directly obtain a bound on

1 [ .
=-> [ et=dB]

v e , a>0,
t n — A s

which could be seen as a most simple toy model for w}(h).

Example 3.3.4. Let (B?); <, be independent Brownian motions on a common filtered
probability space (Q, F, (F))i, P). Fora > 0, let (X7); <, be the following associated
familiy of Ornstein Uhlenbeck processes:

t
X/ = / e t=)dBI. te (0,7
0

and consider the quantity

I~ oy
V¢ 1= ﬁlet]
]:
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We remark that we may rewrite

S (£ ) -

Notice that M is a martingale of quadratic variation
(M), = (e*" — 1)
and therefore, by Lemma we conclude that

E

' -
sup |Ut‘2] =5 —E | sup |€_atMt|2]

te[0,7] 2na | t€[0,7]

= —FE|sup ———
2na | t€[0,T] L+ (M),

1 | M2 ]

<ol (14 2aT)

< C—1lo al’).
2na &

Note that we crucially exploited the splitting e~**=%) = e~*¢% which is not avail-
able in the semigroup setting we are concerned Withﬂ Intending to employ such a step
suggests to pass by a functional calculus for the semigroup, which we briefly discuss
next.

Recall that an analytic semigroup is a bounded linear operator that can be expressed
by means of a Dunford integral (e.g. [Hen81l, [Lun95] and Appendix [3.A]). The integral
representation of S is given for every ¢ € [0, 7] by

1
Sy = — e R(\, §)dA, (3.3.7)

21
r,n

where R(A, £) = (Ald — £)~! denotes the resolvent of £ and where, for 7 > 0 and 1 €
(7/2,7), Yry 1s the curve {\ € C : |arg\| =n,|A| Zr}U{A e C : |arg\| < n, |\ =
r}, oriented counterclockwise.

Plugging (3.3.7)) into the expression of w}'(h) yields

1 < [ . .
n — (t—s)A A jn j
wp(h) = 5 ;-1: /0 /7 K [VR(A, 2)h] (29")dAd B!,

splitting the complex integral into three real integrals parametrizing +,,, and then
using stochastic Fubini, one is left with expressions similar to

Z / (= [V R(pe'™, 2)h] (x4™)e"dBL,  p>r,

2min

2Provided —A generates a semigroup S and admits some functional calculus, one has S; = e 4.

Yet, in this case ”e*4” will be ill defined. Indeed, note that the semigroup property is not a group
property, as would be required in the above splitting.
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which remind us of 1-dimensional self-normalized martingale for every p, similar to the
process (v;); considered in Example [3.3.4]
It remains to establish a suitable bound on the expression
[VR(pe™, $)h] (2™
and to ensure that this bound is integrable for p € (r,00), see Lemma [3.A.4]

Putting all the above considerations together with care, one obtains a maximal
inequality for wy'(h) that we present in Lemma [3.3.6]

Remark 3.3.5. A similar control has already been used in [Copl9, Lemma 3.3/, see
also [BGP14), §3.1] and [LP17, §4] for an estimate using the Rodemich-Garsia-Rumsey
lemma. However, in all these cases the particles are living in the one dimensional
torus, making the (still highly technical) noise analysis considerably simpler due to the
decomposition in Fourier series.

Lemma 3.3.6. Assume m > d/2. There ezists a constant C' > 1, independent of n

and h € H™, such that for every h € H™

E

te[0,7

C
sup Iw?(h)!2] S g\lh\li- (3.3.8)

Proof. Let h € H™ and ~,.,, be the curve in (3.3.7) with n € (7/2,7) and r > 0. Since
the real values of n and r are not crucial for the proof, we may suppose r > 1. Using
the decomposition of S we obtain:

1 e [! , ,
at ) = 3 [ 195 (4]
j=1

1 < [t ) .
%mz / [V / e“—S”R(A,%)hdA] (z2™)dB?
j=170 Vron

1 <. ! ‘ ‘
S [ [ e wrn.sm @i,
j=1 0 Yr,n

2min
= Z}(h) + Z}(h) + Z}(h),

for
1 = [t [ i . o ‘
ZHh) = %mz /0 / = [V R(pe™, £)h] (x™)edpd B,
J=1 "
2 1 - b (t—s)rete i A 3T 7 0. 000 J
Zy(h) = 2rin Z o ne [VR(re', 2)h] (z2")ire"*dadBY, (3.3.9)
i=1 -

1 < [t [ o . ) . .
Z3(h) = — Z/o / elt=s)pe™ [VR(pe™™, £)h] (z2™)e "dpd B..
=170 Jr

2min
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where in the third step we have used that V is a closed linear operator on D(%) and
may therefore be drawn into the above Dunford integral. Using the classical estimate
(a+b+c)? < 3(a® + b* + ¢?), it follows that

P <3[|ZEmf + |22 + 120

We focus on Z/}(h), but similar estimates for Z?(h) and Z?(h) follow in exactly the
same way.

Fix € > 0 small, the stochastic Fubini theorem (e.g. [DPZ14] §4.5]) and Cauchy-
Schwartz inequality imply that

|22 (R)

[/ i Zet W [ R(pe, 2)h] (23")ed B}

<[

t 5)pein VR pem A)h} (l,g,n>6mng pl—l—edp

C o0 in ) )
=— ethp(fcosn) / Z e~ sPe VR(pem A)h] (xg,n)ng p1+edp
n-Jy
— M,

o _dp_
where C' = 47r2 Ik pE=

We introduce the continuous martingale X“*(h) defined for ¢ > 0 by

. . |—2pcosn
X;P(h) o= p!/** \/“h”—ant,

so to obtain

dp
71 h < Qtpcosn X (h 2
Z )| zmosnu I [ e ixer
o d
- 2tpcosn &P 2 P
< S, [ e S

1

where we absorbed the factor (—2cosn)~" in the unessential constant C.

We compute the quadratic variation of X;”(h):

—2 A
<Xe,p(h)>t:p1+2e |hP||COS77 Z/ —23pcosn VR(pezn A)h} (:L,g,n)ds

Lemma assures that for every e such that 0 < 2¢ < (m — d/2) A 1, P(RY) is
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continuously embedded in H~™%2¢ in particular
‘ [VR(pe™, £)h] (z"

= ‘<5:p§"7 VR(pe ) 5)h>*m+2€,ﬂ’7,726

s VR(pe™, A)h)_mm‘

(3.3.10)

7],

o IVEGe™, )0 e

<C

m—2e

where we have exploited the properties of the resolvent operator R, see Lemma [3.A.4]

Thus, the quadratic variation of X;”(h) is bounded P-a.s. by
t
(X)) < C-2peosn) [ 0o =0 (e 2ommn—1). @3
0

Observe then

C % d
E | sup |Z200P| < SIHE [ B | swp e xpon)| S
te[0,T] n r te[0,T] prre
C o0 XoP(h)|? 1+ (Xr(h dp
< Sl [T | s T (s ) |
n r tejor] 1+ (XP(h))y \iepor) e 2tpeosn P

The term sup;cpo g % is bounded using (3.3.11]) by a constant, wherefore we

are left with
C o
<o, [ E

We now invoke Lemma [3.3.3] which in conjunction with (3.3.11)) allows to deduce that

E | sup ‘Zl |

t€[0,T)]

IXPW)* | dp
sup . e
te[0,7) 1+ <X p(h)> p

Xs,p 2
oy _XED)

E =t VIR
te[0,T] 1+ <X€p<h)>

< CE[log (1 + log (1 + (X?(h))7))]

< CE[log (1 — 2T pcosn + log(C))]

where in the last inequality, we have bounded the constant C' appearing in (3.3.11)) by
max{1, C'}. Further modifying C' accordingly, we are thus left with

E | sup !Ztl(h)‘2

te[0,T]

C o, [ dp
< AL, [ 1og(1 2T peosn -+ 1g(C)5F < Il

Concerning Z2(h), computations are the same if one replaces n by —n. Concerning
Z2%(h), computations are easier since there is no a priori diverging integral to deal with
and we omit the proof. The overall bound on wj(h) is thus obtained by summing the
three estimates and choosing the constant C' accordingly. O]



Proofs 61

Remark 3.3.7. Note that Lemma implies by Jensen’s inequality the following
bound

E

C
sup |w; (h < —= R,
s o >\] Vil
which is sharper in n with respect to (3.3.6)), but in a weaker topology. One could ask
if it is possible to establish a similar O(1/y/n) bound for

E | sup |Jw} =E

te[0,7)

(-

sup  sup !w?(hN]-
te[0,T] A, <1

Such a bound cannot be obtained by rough paths theory and a full probabilistic proof,
which takes the independence between the Brownian motions into account, is desirable.
To the authors’ knowledge, this has been established only in the case of interacting
oscillators; we refer to the noise term analysis in [BGP1,[Cop19, [LP17].

3.3.3 Proving Theorem (3.2.3

The proof of Theorem [3.2.3] consists in two steps: using the pathwise bound on w",
Lemma shows that we can extract from (v"),ecny a weak-*-convergence subse-
quence; then, by exploiting the probabilistic bound on wj'(h) for a fixed h € H™, we
identify through Lemma the limit with a solution to ([3.2.1)).

Extraction of a weak-*-convergent subsequence

The main result of this subsection is given by the next lemma.

Lemma 3.3.8. The sequence (V")nen is uniformly bounded in L*([0,T], H™™) and
thus admits a subsequence that converges weak-* to some v € H™™, P-a.s..

Proof. 1t suffices to show that (v"),ey is uniformly bounded in L>([0, 7], H™™) P-a.s.,
an application of Banach-Alaoglu yields the existence of a convergent subsequence.

Exploiting the mild formulation in Lemma [3.3.1]and the bound on w}'(h) in Lemma
for some o € (1/3,1/2), one obtains that

Pl <1

t
[]] - < ||V6‘||_m+/ il sup (VS sh) (T v, ds + [Jwi']]
0
t

C
< vy +/ VP, ds + Co(1 + 1),
~X || 0 ||—m 0 \/m || ||—m ( )

where we have exploited the properties of the semigroup and the bound already used
in (3.2.3). A Gronwall-like argument implies the existence of a constant a independent
of n and T such that

sup (171 < 2 (151 + Col1 + 1)) VTV,
te(0,T
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In particular, using Lemma |3.A.3] we conclude

sup sup (17
neN ¢€[0,T]

< Ca,T-

[

We move to the identification of the limit v € L*([0,T], H™™).

The limit coincides with an m-weak-mild solution

We prove that any possible limit of (v™),en is a weak-mild solution ([3.2.1)). Given
the uniqueness of (3.2.1)), this implies the weak-* convergence in L>([0,T], H~™) of
(™ )nen to the element v given in Lemma m

Lemma 3.3.9. Let (V")nen be converging weak-* to some v € L*>([0,T], H™™) P-a.s.
along a subsequence that we denote by (V"™ )ren. Then v satisfies (3.2.1)), i.e.

t
(P ) o = (50, Suh) s + / Doy (VSy_oh) (T % 53)) mmds,
0

meaning v is an m-weak-mild solution to (3.1.3)).
Proof. Recall that for every n, v" solves the mild formulation (3.3.1), i.e. for t € [0, T

t
W' h)—mm = (V0 Sth) —mam + / e (VS—sh) (T x ) —mmds + wi (h).
0

By hypothesis we have that for every ¢t € [0,T] and h € H™

lim ("%, h) —mm = (D, h) —im,  P-aus..
k—o0
In particular, this is true for (v,*); since S;h € H™. Furthermore, Lemma implies
that
lim w;*(h) =0, in P-probability

k—o0
and thus in particular the convergence holds P-a.s. along a sub-subsequence (ny;);.
Thus, it remains to show that P-a.s.

t

t
Hm [ (e, (VS h)T % vs ) _pmds = / (D, (VSi_sh) (T % 7)) _pmmds. (3.3.12)
0

j—0o0 0

For better readability and lighter notation, we will not distinguish between n and
ny; in the following, understanding that we continue to work on the sub-subsequence.
Consider then

(s (VS —sh) (T % 07)) mm = (Ps, (VS sh) (I % D5)) —an.m
= <77: — Vs, (vst—sh)(r * Ds))—m,m + <D;L’ (vst—sh)(F * (D;L - ps))>—m,m'
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Using again , it is easy to see that P-a.s.
Lio4(8)(VSi—sh)(T x vs) € L'([0,T), H™)

wherefore it is indeed an element of the predual to L*>°([0, 7], H~™) and thus by weak-*
convergence in this space, we have

T t
/ (Ve —vs, Lo, (8)(VSi—sh)(I' x vg))ds = / (v — g, (VS;_sh)(T x vg))ds — 0.
0 0
For the second term, note that

< 7(VSt s )( (Vg _Ds)>>—m,m

= (U — U, (7 (d2), (VSi—sh) (x)(T(2, ) —mm) —m,m
and that the function

y = (77 (dz), (VSi—sh) (@) (T'(2,9))) —mm =

— %Z(vst_sh@g”)) (T2, )

is in H™ for every s € [0, ], since ['(z,-) € H™ for a.e. x € RY, recall (3.2.2). Namely,

n

S (VS () - ()

j=1

< || VSi—sh]| ||F||H51Lg°

m

bl
1 g

<C

We conclude that
Lio.4(73 (dz), (VSi—sh) (2)(T(2,-))) —mm € L'([0,T], H™)
and in particular
T
/ <’jg — Vs, <I7§L(d.’£), 1[0,25](3) (VSt—sh>(x) : (F(xa '))>—m7m>—m,md3 — 0.
0

This establishes ([3.3.12]).

Overall, we have thus shown that any subsequence of (v"),, converges along some
further subsequence P-a.s. weak-* in L>([0, 7], H~™), the limit v satisfying for every
h € H™ the equation

t
<’7t7 h>—m,m = <7707 Sth>—m,m + / <775a (vst—sh)(r * Ds))—m,mdsa
0

meaning that o is indeed an m-weak-mild solution. O]
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Proof of Theorem [3.2.3

Proof. In order to show that v" = v in L>([0,T], H~™) in probability, we show that
any subsequence (v"*); admits a further subsequence that converges P-a.s. in weak-*
topology of L>([0,T], H™™) to v.

Let (v™); be hence a subsequence. By assumption of the Theorem, Lemmas
and , we find a further subsequence (v");, along which

w, 9 (h) =0 Vhe H™
(o7 h) — (v, h) Yhe H™ (3.3.13)
V™ S g in L([0,T), H™™)

P-a.s., where the limit 7 € L*([0,7], H~™) may apriori depend on the subsequence
chosen. Notice however that due to Lemma [3.3.9] any such limit is a m-weak-mild
solution to . By the uniqueness result of Proposition , we conclude that the
limit ¥ = v must be the same for any subsequence chosen.

The first part of the Theorem is proved. Note that apriori, our limit v is only a
distribution in H~™ at each fixed timepoint.

Suppose vy € P(R?). In order to show that v, is actually a probability measure for
each t € [0,T], we observe that a weak solution p € C([0,T], P(RY)) to (8.1.3]) (which
exists due to Theorem is a weak-mild solution (|3.2.1]).

Indeed, let 1 = (pt;)iepo.r) € C([0,T], P(R?)) be a weak solution to (3.1.3)). As done
in Lemma [3.3.1] one can show that for every f € C§° and t € (0,7

(11t ) —mm = (H05 St.f) —mm + /0 (s, (VSi—sf) - (I * t15)) —mmds (3.3.14)

holds. Note that by standard approximation, holds also for f € H™ C C?,
meaning that p is indeed a weak-mild solution. By the uniqueness statement of Propo-
sition we conclude p = v and thus in particular v € C([0,T], P(R%)). This
concludes the second part and thus the entire proof of the Theorem. O

3.A Hilbert spaces and Semigroups

The Laplacian semigroup

The following definitions are taken from [Hen81) [Lun95]. For the sake of notation, we
focus on A, the standard Laplacian on L*(R?), instead of %. We can consider the part
of A on (the complexification e.g. [Lun95, Appendix A] of) H™:

A:D(A)C H" —s H™.

It is not difficult to see that H™? C D(A), where the inclusion is dense, and that A
is a sectorial operator with spectrum given by (—o00,0]. In particular, it generates an



Hilbert spaces and Semigroups 65

analytic strongly continuous semigroup denoted for all ¢ > 0 by S;; recall that Sy := Id
is the identity operator.
We represent S for t € [0,7] as the following Dunford integral

1
S, = — / e R(A, A)d,
21 _

where R(A, A) = (AId — A)~! denotes the resolvent of A and where, for r > 0 and 7 €
(7/2,7), Yry is the curve {A € C : |argA\| =n,|A| Zr}U{A e C : |arg\| <, |\ =
r}, oriented counterclockwise.

Observe that 7, , is contained in the resolvent set of A, i.e. 7,, C p(A), and that,
for all regular values A € p(A), R(A\, A) is a bounded linear operator on H™.

When computing the semigroup against a function h through (3.3.7)), we use the
following decomposition into three real integrals:

— L et — L > tpe' in in
Sih = o ), R\, A)hd\ = QWi[/r e’ " R(pe™, A)edp

(3.A.1)
+/ e”(cosaﬂsma)R(rem,A)irew‘da—/ etre R(pe™ A)e "dp]|.

-n

The section ends with some estimates basic concerning the regularity of S.

Lemma 3.A.1. Let (S;): < 7 be the heat semigroup acting on H™. Then for a > 0 and
t > 0 one has

o 1
I(=2)*Sehll,, < T2 NRll,,

In particular, we also have

IVS:hll,, [l

|
\/_
Proof. Refer to [Paz83, Chapter II, Theorem 6.13] and the proof of [Hof13l, Proposition
4.3] for example. O

Lemma 3.A.2. Assume m > d/2 + 3. Let (Sy)¢ <1 be the heat semigroup acting on
H™. For f € H™, it holds that

195~ 1fll. < Vi DIl <CVElfl,,
C
V(S ~ ) fll, < 5t |10l < 5 el flL

where D? is the Hessian and D? the tensor with third-order derivatives. In particular

IV(S: = S flloe < VIt =sl[|[D*f]|, < CVIt=sllIfl,,.

C
V(S = S)fllee < 51t =sl[D°fl| o < 51t = sl 1 £l

N —
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Proof. We calculate explicitly

[ e ¥ (1 =0 = Vi)

V(s =| [ oo

- /Rd (Qﬂi)d/z 6_% (Vf(x—y)— V() + (-y)"(DVf)(z)) dy‘
1 ly|2

1 P
S3 HDsf||°°/Rd @ntyaz’ " [yl*dy

L
o

where we exploited the asymmetry of the first Taylor component. The first statement
follows from a similar consideration, considering an order one Taylor expansion of
V f(x —y) around z instead of an order two Taylor expansion. The proof follows by
Sobolev’s embeddings. O

The Hilbert space H?

It is useful to give an explicit definition of H™ through the Fourier transform (e.g.
[AF03] 7.62]). Let s > 0, define (H®, ||-||,) by

He = {u e I2(RY) : /Rda FIER) | F (u)(€)[2 de < oo} ,
Jull? = [ (14 16 | F@©F de

Whenever s is an integer, it is well known that this definition coincides with the stan-
dard definition of the Sobolev space W*?2(IR%).

The next lemma extends the embedding (3.1.5) to H*® and its relationship with the
space of probability measures.

(3.A.2)

Lemma 3.A.3. For all s > d/2, one has the following continuous embedding

H* C Cy(RY). (3.A.3)
Moreover, there exists C > 0 (depending on s only) such that
sup ||pll_, <C. (3.A.4)
HeP(RY)

Proof. The continuous embedding (3.A.3)) is a consequence of the embedding of Besov
spaces into the space of continuous bounded functions (e.g. [AF03, Theorem 7.34])
and the fact that they coincide with H for a particular choice of the indices.

Turning to (3.A.4)), let u € P(R?), then

(1, 1) . (11, h) il
il = sup Hoimse gy < sup e < ¢
ners |IBll, |l

Hs
where C'is the norm of the identity operator between H® and Cj(R?). O]

\hll, ~ nems

heHs
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Fractional operators on H*®
We have the following lemma.

Lemma 3.A.4. Let A\ = pe € p(A) and suppose p > 1. There exists a positive
constant C' = C,, such that for every e € (0,1/2)

2
HVR(pem,A)hHZ <C 17l

m—2¢ m142€”’
p

he H™. (3.A.5)

Proof. Exploiting the Fourier multipliers associated to V and R, one obtains

[V RGe, A, = [ (0 B [P RGen, A dg
2\m—2e 2 é ?
< [ et Fm©F |
€ 1

< [+ iFEme©r de.

|petn + [€[2]7 (1 + [€]%)>
Since we are assuming p > 1, we have that

155 L 1
oo+ PP (L IERR ™ Jpen +[€RF = (o g™ ot

with €, = (sup, > (1 + z)/]e" + z])* < oo since n # . O

3.B Rough integration associated to semigroup func-
tionals

We mostly follow |[GT10] and use very similar notations. Let £ > 1 and Ay be the
k-dimensional simplex given by

Ap={ty,.. . th €[0T : T2t =ty> ... 21, >0}

Let Cy = C(Ag;R) and W a Banach space with a strongly continuous semigroup
(St)tco,r) acting on it. Define Dy as the space of linear operators from W to Cj.
Furthermore, let D, =, -1 Dy and define the following operators on D,:

0: Dy — Dpy1, ¢ Dy — Diya, k> 1.
For A € Dy and f € W, they are defined as

k+1

[5Af]t1...tk+1 = Z(_l)iﬂ [Af]tl..%..tkﬂ )

i=1
[¢Af]t1...tk+1 = [A(St1, — Id)f]tg...tkﬂ )

where #/ means that the argument ¢; is omitted and Sy, stands for Sy, _4,.
We are ready for the first lemma.



68 LLN for interacting diffusions via a mild formulation

Lemma 3.B.1. Let 6 := 6 — ¢. Then (D*,(g) s an acyclic cochain complex. In
particular ) )
Kerd|p,,, =Imé|p,, foranyk >1

Proof. The proof mimics [GT10, Proposition 3.1]. We only mention that for proving
Kerd|p,,, C Imd|p,, a possible choice for A € Kerd|p,,, is given by B € D, defined
as

[Bf]t1 4y = (- 1)k+1 [Af]tl...tkm few.
O

We now introduce some analytical assumptions on the previous function spaces.
We start with a Holder-like norm on Cj, for k = 2,3. For ;> 0 and g € (5, define

‘gts‘
s|"’

gll,, == sup
lgll,, - SR

and consequently
cy = {g € Cy; [lgll, < oo}.
For v, p > 0 and g € (5, define

loll,,, = sup ol
TP usens |t —ul" fu—s]”

and

lgll, := inf {Z 1gillpo o 9= 9i 0 < pi < u} ,

where the infimum is taken on all sequences (g;) C C5 such that ¢ = > .¢; and
€ (0, p). Again, |||, defines a norm on C3 and we denote the induced subspace by

CcY = {g € Cs; [lgll, < oo}.
With these definitions in mind, let

Dy = L(W,CY), Dyt =] D}, k=23.

u>1

The space L(W, CY) is the space of linear bounded operators from W to C! equipped
with its corresponding operator norm, i.e.

|Allp == s Al fe DL

IFllw <

The main tool for constructing the pathwise integral associated to semigroup func-
tionals is given by the next lemma and the following corollary. We use the notation
d(Dy) :==Imd|p, for k > 1.
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Lemma 3.B.2 (Sewing). There exists a unique linear operator
A: DY N 6(Dy) — DIt

such that R
oA = Id‘Dé*ﬁS(DQ)‘

Moreover, if n > 1 then A is a continuous operator from D3 N 3(D2) to DJ, i.e. there
exists a constant C' = C,, > 0 such that

IAA]L, < CyllAll,. A€ DIn d(Ds). (3.B.1)

Proof. Concerning uniqueness, let /KAbe another map satisfying the conditions stated
in the Lemma. Then for A € D3* N 0Dy we have

S(AA—AA)=A—A=0

hence Q := AA — AA € Ker(d) N Dy. By Lemma there exists ¢ € D; such
that Q = dq. Note that for any partition P"([s,#]) = (£;)o<i<ns1 Of the interval
[s,t] € [0,T] such that ¢ty = s and t,.; = ¢, we have the following telescopic sum
expansion

D 104t Mt = Y 1aSues Mlis = [0Sl = [0S0 (St — 1) s
=0 =0
[qSttH»l f]ti+1 - [qStti f]tL
Mﬂ—h%ﬂ
= [4.]ss
for any f € W. We conclude
[Qf]ts = [5Qf]ts Z[(SqSttz+1f] tig1ts — Z[Qstti+1 f]tz‘+1t¢'
i=0 =0

Letting P"([s, t]) be for example be the dyadic partition, one obtains for @ € Dj, with
~v > 1, the estimate

1QSttiis flucansl < 277 (| QS F| 18 = sI” < 27 1@l oy [ fllwy [t = s

where we exploited that S is a contraction semigroup. Returning to the telescope sum,
we obtain

1Qflesl <2 N@Q g 11l 1 = 517
By passing to the limit for n which tends to infinity, we conclude that for any f € W
and any [s,t] C [0,7]
[Qf]ts =
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yielding @ =0, i.e. AA = AA for any A € DyT N B (Ds), concluding uniqueness.

Towards existence, let A € Ditn S(Dg), i.e. there exist a B € Dy and 1 > 1 such
that 0B = A € DI. Let (17)o <k < 2» be the dyadic partition of [s,t]. We set, following
[GT10]

M™ : DIt 0 §(Dy) — DL*
0B — M"6B

where

n

[(MRSB)f]ts = [B(f)]ts - [B(Strﬁﬂf)]rﬁﬂrﬂ‘

k=0

N
-

Note in particular that [M™6f],, = 0. We show that (M"0B), is Cauchy in DI. Note
that

[(M"6B) flss — [(M™16B) f],s =

2n—1
= [ (Strgkﬁf)]’"gk-s-zr;k o [B(S”Skwf)]rgkﬁrgk-s-l N [B(Strgk“f)]rg’““rg’“
k=0
= [5B(Str2k+2f)]rgk-!—Qrgk-&-lrgk o Z [QSB(S”SHQf)]’"gk+2rgk+1rgk
k=0 k=0
2n—1 2
= [6B(St7”2k+2f)]T2k+2T2k+1r2k X t - S Z HéB Str2k+2 H -
k=0
< (¢ D1 111y 27

From which we deduce that (M "$B Jnen is a Cauchy sequence in DJ, indeed

H <[

Let AdB € DJ be its limit. By a telescope argument

from which we obtain (3.B.1]) using to weak-*-lower semicontinuity of the norm. One
can prove that the limit does not depend on the particular sequence, see [GT10), Propo-
sition 2.3].

—1)

nZ_EQ k(n—1)

=0

n—1
— HZ M*SB — M’f“éB
=0
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Finally, let u = 2™ for some m € 0,...,n and note that

[(0M"SB) fleus = [(M"8B) flss = [(M"SB) fleu — [(M"0B) flus = [(M"0B (St — 1)) flus

2" —1
= [Bf]ts - [Bf] [BStuf us + Z Strk_H )]r&_ﬁ?
2n—1 2m_1
- Z trk_H T’k+17“2 - Z [B<Surg+1 Stuf)]r2+lrg
k=2m k=0
= [Bf]ts - [Bf]tu - [BStuf]us
= [5Bf]sut
from which we recover, in the limit n — oo, that SN = Id\ngé(DQ)' n

Corollary 3.B.3. Suppose that A € Dy is such that 0A € Dit. Then there erists
I € Dy such that

51 = (Id _ AS) A,

i.e. for every f € W and (t,s) € A, [5[]‘] = [Af],, — [ASAf} . In particular, if
R ts ts
A € DY with u >0 and 0A € D] with n > 1, then for every f € W

‘[ij]ts < (HAHDS (t—s)" + } 5 (= 3)77) £l - (3.B.2)
Finally
[v,u]€P]s,t]

where the limit is over any partition of [s,t] whose mesh tends to zero.

Proof. The proof is an easy application of the Sewing Lemma and the properties of
(D*,é) Indeed, observe that 6(Af — AdAf) = 0 for any f € W, which means that
A—ASA € Ker5\D2, and thus there exists I € D; such that 5] = A AJA.

The estimate - follows from ( - Concerning (3 , observe that for a

partition |P[s, t]|, using the properties of §, one obtains

S ASufl = Y [SIStuf}w-F [A34s,, f]w:

[v,u]l€P]s,t] [v,u]€P|s,t]
=[]+ Y [abasaf]

[v,u]€P]s,t]

By taking the limit for the mesh which tends to zero and using the fact that ASA € D,
the last sum converges to zero. O]
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Chapter 4

Averaging along irregular curves
for Burgers’ equation

We study a regularization by noise phenomena for a modified Burgers’ equation through

fractional Brownian motion of Hurst parameter H. Our analysis builds upon a recent

approach discussed in [HP21] to study regularization by noise for ODEs that relies

on quantifying the space-time regularities of local times associated with locally non-

deterministic processes. We establish existence of weak solutions to such equations,

provided the initial condition is chosen sufficiently small depending on the time horizon.
This chapter is based on a joint work in progress with Nicolas Perkowski.
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4.1 Introduction
In this chapter we consider the problem

Of + [0, =0

£0) = fo. (4.1.1)

where for a function g, we employed the notation g(t,z) = g(t,» — wf) and where

wh : [0,T] — R is a fractional Brownian motion of Hurst parameter H. We show that
one can establish existence of solutions to the above equation provided H is chosen
sufficiently small and f, € C% N Wl is chosen sufficiently small depending on the
time horizon.

We will do so by employing a fixed point argument on the level of corresponding
transport equations

Of +b0of =0
f(O) = fo-

Recall that (4.1.2]) is intimately related to its associated characteristic equation

(4.1.2)

t_ ¢
X, ==x +/ b(s, X,)ds = x +/ b(s, Xy — w)ds. (4.1.3)
0 0

Heuristically, as for bounded continuous functions b : [0,7] x R — R, X can easily be
seen to be Lipschitz, the oscillations of sample paths of fractional Brownian motion
dominate the oscillations of X. This suggests to expect an averaging effect in the
Lebesgue integral of the above expression . In the case of the related problem

¢
Yi=z+ / b(s,Y,)ds — w, (4.1.4)
0

obtained through the substitution Y = X — w#” and H = 1/2 such studies of regu-
larization by noise go back to the pioneering works of [Zvo74] and [Ver81] (see also
the more recent work [KR04]). Regularisation by noise for the transport equation was
famously studied in the case of Brownian motion by [FGP09]. For a comprehensive
study of regularization by noise phenomena for ODEs and PDEs in the case of Brow-
nian motion, we refer the to St. Flour lecture notes [Flall]. In the case of H # 1/2
(4.1.4) was studied in [NO02|, [BNP19] and very recently in [NS21] for the case of two
fractional Brownian motions.

All of the above can be seen as mainly probabilistic approaches relying extensively
on Girsanov transforms or Malliavin calculus. An alternative approach to regular-
ization by noise for fractional Brownian motion (and even for more generic random
perturbations) that has enjoyed considerable interest since the past year goes back
to the works [CG16] and [Catl6] for ODEs and the transport equation respectively.
Similar in spirit to rough path theory this approach ”factorizes” the problem into an
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initial probabilistic step and subsequent purely analytical considerations. The central
object of study linking these steps is the averaging operator T’ —wp associated with the
averaging of the non-linearity b along the path —w!, defined by

(T B (z) = /0 b(s, = — wH)ds. (4.1.5)

In a first probabilistic step to this approach, one establishes space-time regularity es-
timates for T[“’Hb as a function of the regularity of b. Exploiting the so obtained
regularity estimates, one proceeds with a so called non-linear Young construction of
Lebesgue integrals. This approach to regularisation by noise for ODEs is then capable
of consistently solving even in the case of nonlinearities that only enjoy distri-
butional regularity.

Recently, the above approach to ODEs and transport equations has been revisited
and extended in [GG20a], [GG20b] and moreover has been also applied to interacting
particle systems [HM20], distribution dependent SDEs [GHM21b], [GHM21a] and the
multiplicative stochastic heat equation [CH21].

A variation to this approach was recently proposed in [HP21I] and will be the main
subject of investigation in the following. Let us sketch some main ideas of this ap-
proach before proceeding to the outline of the chapter.

4.1.1 Non-linear Young theory

In the following, let us sketch the main idea to non-linear Young integration in the spirit
of [HP21]. Suppose that a path w : [0,7] — R? admits a local time L : [0,T] x R? —
R?, then by the occupation times formula we have for any bounded and measurable
b:R?— R? and x € R?

/Ot b(x — wy)du = /Rb(a: — a)Ly(a)da = (b* Ly)(x).

Notice in particular that due to Young’s convolutional inequality in Lemma [4.B.1] the
right hand side of this equality will be a well defined function in z € R? for certain
distributions b, provided the local time L enjoys sufficient regularity. In the case of
w being a fractional Brownian motion, we have the following quantitative result in
[HP21] for almost every realization of the local time.

Lemma 4.1.1 ([HP21, Theorem 17] ). Let w be a d-dimensional fractional Brownian
motion of Hurst parameter H < 1/d on [0,T]. Then there exists a null set N such
that for all w € N, the path w(w) has a local time L(w) and for A\ < 5= — % and
v€e0,1— A+ 2%)H) we have

[ Ls (@) gr < Cr(w)[t — | (4.1.6)

for any s,t € [0,T], where Ly = Ly — L.
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Remark 4.1.2 (Dependency on the time horizon). Remark that in the above Lemma,
one fixes a fractional Brownian motion on a given time horizon, wherefore the ran-
dom constant Cr(w) appearing in (4.1.6) also depends on T. However, note that by
monotonicity, we have for any fized T* and any T < T* that
Ly Ly
il _ L.
s<tefor) [t =87 7 screpore [t — |7
meaning we may choose the random constant Cr(w) in (4.1.6) uniformly for any
T<T.

< Or«(w)

Remark 4.1.3 (Altering integrability). Taking the above result as starting point, ob-
serve that we can obtain similar estimates on ||Lgy| g for p = 2 wvia Besov space
p.q

embeddings as in . Moreover, note that by monotonicity, the support of L(w)
is contained in the compact support of Ly(w) for any t € [0,T]. Denoting K« =
supp(Lp«(w)), we therefore have by the embedding in Besov spaces of compactly sup-
ported functions BY,, (K) — BJ (K) for a € R, p,q € [1,00] and r > 0 that for any

s,t €[0,T) and T < T*

Ls,tl

||Ls’t||Bg,q - ||L87t||Bg,q(K) < CKT* Ls’t”BzC;-H”,q(K) - CKT* B;—qu

In particular, we have for example

[ Ls tllypra < Cr

Ls,tHHl .

Once existence and quantitative estimates on the local time associated with w are
established, problems of the form

t
X, =x+ / b(X, — w,)du

allow for the following observation: Note that by the occupation times formula, we
have in the case of continuous functions b and for |t — s| < 1 the local approximation

t t
/ b( X, — wy)du >~ / b(Xs — wy)du = / b(Xs —y)Lsi(y)dy = (b Lgy)(Xs) = Aift.
s s R4

Seen from the point of view of Young integration, it then becomes natural to propose
the following definition replacing the above Lebesgue integral:

t
/ b(X, — wo)du == (EAY),,,

where = denotes Gubinelli’s sewing operator (see [Gub04] or [FH14]). While it can be
easily checked that in the case of continuous and bounded functions b the proposed
definition coincides with the classical Lebesgue integral, the definition as a Sewing
provides a canonical extension to functions potentially enjoying only distributional
regularity by harnessing the averaging effects of the perturbing path w. With this
definition at hand, Harang and Perkowski then proceed to study problems of the form

Xs,t - (EAX>s,ta Xo = 1.

and their associated flow.
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4.1.2 Organization

In the following section, we extend the results of [HP21] to non-autonomous problems
and add results derived in [GG20a] in the slightly different setting of averaging op-
erators. In particular this allows to establish invertibility and differentiability of the
associated flow as well as comparison principles and a priori bounds even in the case
of non-differentiable functions b. This is possible as the regularizing effect of the lo-
cal time L carries over from local approximations to the sewing. In Section this
differentiability of the flow and its inverse allows us to study associated transport equa-
tions and establish well-posedness in the classical sense provided differentiable initial
conditions. For the case of less regular initial data, we moreover establish existence
and provide a priori bounds for solutions to the transport equation that might be of
independent interest. Finally, in Section [4.4] we show how by employing a fixed point
argument on the level of transport equations, we are able to address (4.1.1]).

4.1.3 Notation

Let us fix some notation to be employed throughout the remaining chapter. Through-
out the remainder of this chapter, we shall fix a 7" > 0 and consider all appearing
problems on time intervals [0, 7] for ' < T*. For a Banach space X and a given time
interval [0, 7], we shall denote

IIfe = fsllx

flogx =
H HC%X o<te[0.T] |t— ”y )

[fllconx == sup |l fellx + [ fllcgx -
te(0,7)

We denote by C? = C°(R) the space of bounded uniformly continuous functions on R,
C? the space ob bounded continuous functions on R and by C® = C%(R) the space of
globally Holder-continuous functions on R. H3? and B; , denote Bessel potential spaces
respectively non-homogeneous Besov space on R. We use the convention HS = H*?.
Moreover, for v € (1/2,1) we define

7Y =0t N Chey N LELL.

4.2 ODEs and a priori bounds

Let us begin by considering a smooth and bounded function b : [0,7] x R — R and
the associated problem

t
Xi=a+ / b(s, Xy — wy)ds
0

As b is assumed to be smooth, we know that there exists a unique Lipschitz contin-
uous solution X. Notice that for the integral on the right hand side, we then have
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heuristically

[u,v]€eP
li X,
‘P1|r£>10 Z / u, Xy — ws)ds
u,v]EP
hm by, * Ly (X
tm )
[u v]eP

We next show that the right hand side can indeed be interpreted as the sewing of the
germ Aft = by * Ly 4(X;), provided some further conditions are imposed on b that
however do not require Lipschitz continuity.

Lemma 4.2.1 (Identification of Riemann integral with Sewings). Let v € (1/2,1) and
H € (0,1/3). Suppose that b € CJCb. Let L be the local time of fractional Brownian
wH motion with Hurst parameter H in one dimension and X : [0,T] — R such that
||XHc; < 00. Then the germ

(AX)S,t = (bs * Ls,t)(XS)

admits a Sewing. Assume moreover that for some € > 0 we have b € C*C¢. Then the
germ

t
(TX)S,t - Tsjth (XS) = / b(ra Xs - wﬁ)d?"

admits a sewing and moreover, we have
t
/ b(s, Xy —wil)ds = (A% ), = (ET oy
0

Proof. Remark first that by Lemma and H < 1/3 we have that L € C’tl/QH;. By
Remark [£.1.3] we therefore have

[(0A™) g | = |bs * LW(X ) — by * Lut(X )|

< ||bs,u * Lu,tHOO + ||bu * Lu,t”cbl |Xu - Xs|
< Crps b||Cngo ||L||c,3/2L2 lu — s|7[t — ul'/?
+ O [Bll e 1Ll garz gy 18—l [ X [l oo fu — 5]

= O(|t — s|"*),

where we used that due to the continuity of the translation map in L' and Young’s
inequality, z — (b, * 0L, )(z) is indeed continuous. Hence A¥ does indeed admit a
Sewing and we have

AT, — (EAN)l = O(|t — s'/24).
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Moreover for b € CLCS and for any s € [0,T], it can be easily seen that the germ
Bs , = b(s, X, —wl)(v — u) admits a Sewing for which we have by definition

t
(EB®)st = / b(s, Xy — wih)dr = (bs % Lgy)(X,) = AL,

Similarly, it can be easliy checked that also the germ C,, = b(u, X, — wH)(v — u)
admits a Sewing for which we have by definition

(EC)yw = / b(r, X, — wH)dr.

Remark in particular that B, = C;. We therefore conclude that

t
/ b(r, X, —wh)dr — (2AY),,

SNEC)ar = Carl + 1B, = (BBl + A7, — (Ao
= O(|t — s|"+<).

Hence the function

t— /t b(r, X, —w)dr — (2AY),
is constant and since it starts in0 zero. We have therefore established
/t b(r, X, —whdr = (ZA™),.
0
Concerning the second germ, note that

¢
(6T ) gt| = / b(r, Xy — w) — b(r, X, — wH)dr

t—ul| X, — X

Xl It = 5]

< Bl epe
<

18] cpe
Hence it admits a Sewing and we have
(T%)se = (BT )sal = O(Jt = 5|"*7).

H

Moreover, it can be easily seen that the germ Efw = b(u, Xy — w,. ) (v — u) admits a

Sewing for which we have by definition
@B )os= [ 00X, wlfydr = (T¥),0

Similarly to above, we therefore conclude that since Cs; = E;t, we have

/t b(r, X, —whdr — (ET),,

<IEC)os = Col + 1Bz, = (EB*)al + 1T - (ET%),
= Oft = 5|1+,

which completes the proof. O




80 Averaging along irregular curves for Burgers’ equation

Remark 4.2.2. Notice that in locally approximating the object

¢
/ b(r, X, —w)dr

the averaging operator approach only replaces X, by X, while the approach due to
[HP21] in the non-autonomous setting requires to replace both X, by X, and b(r,-)
by b(s,-). On the level of Sewings, this is the reason why results in [GG20d] don’t
require additional Holder regularity in time, while in our setting, we will always require
b e C’?’VC’g. Notice also, that in the autonomous setting, this issue doesn’t arise and
the approaches can thus be seen as equivalent in spirit.

Lemma 4.2.3 (ODEs and priori bounds I). Let T* > T > 0. Assume b € C{7C? for
v € (1/2,1) and H < 1/5A2(1 —~). Then for AY, := by * L ¢(X,) the problem

X, = (EAY),,, Xy =1z €R, (4.2.1)

where Z : C)*" — C7 denotes the sewing operator (see Lemma admits a unique
solution X € C7 on [0, T]. Moreover if in addition ”b”C,?ch < 1, we have the a priori
bounds

1 Xllev < Cre,

and
sup | Xy| < |z| + T7Cops,
t<T

for some constant Cp-. Finally, assuming in addition that b € C?CY, then X is the
unique solution in C7 to

t
Xt::v—l—/ b(s, X, —wH)ds.
0

Proof. The proof is very similar to the one establishing existence and uniqueness to
Young differential equations. Being able to leverage the regularity of the local time,
we can in fact set up a fixed point argument in C7 (i.e. not in C7~¢ for some small
€ > 0 as usually done, refer to [FHI4, Chapter 8.3] for example).

Let us define B = {Y € C7 : Y, = «,|Y||o» < 1}. Equipped with the metric
(X,Y) = [[X =Y, B is a complete metric space. We show that the mapping
M : B — B defined by
M: X =52+ (EAX)O’(.)

is well defined and a_contraction provided T is chosen sufficiently small. Remark
first that by Lemma and H < 1/3 we have that L € C;/*"H!. Similarly, by
H < 2(1—7), we have and L € C]*“L? for some ¢ > 0. By Remark we therefore
have

[ASe) < l1bs * Loyl
< HbHL?OI ||L||C§+EL}J Tt — s
< O T° ||b||L§°I Ll ez 1t = 8]
< OnT bl 1~ 0
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as well as

|(5AX)s,u,t| = [bs * Lyt (Xs) — by * Lyt (Xy)]
< |bs * Loyt (Xs)| 4 by % Lyt (Xs) — by * Lyt (X))
S s * Lutll oo + 10w * Lugll g | X — X
< CrT° bl gy 1o HLHCQ/HELQ lu — s|7[t — u|'/?

+ O T ||bll o, 1Ll ar2e gy £ = ul 2 | X [l T = s

< OpT(bll e, L+ X Nl ) + 10l gy g0 )1t = 8247,

where we used that due to the continuity of the translation map in L' and Young’s
inequality,  — (b, * 0, L, +)(z) is indeed continuous. We therefore conclude that
—AX X = pX
IEAT, < [lAR, + 4 = =A%,

<

. (4.2.2)
< CrT([bll gz, (14 Xl + [bller )
and thus for T sufficiently small depending on Cr- and b and || X ||, < 1 we have
IMX) e = 247, <1

This shows that the mapping M leaves B invariant. Moreover, let X!, X? € B, then
by the linearity of the Sewing operator we have

(M(XT) = M(X?))s0 = (E(AY = A,
Note that we have

(A =AY, = by % Loy (X)) — by % L1 (X2)
< COps b”ng; 1Ll ey T X"~ XQHm t—s|”
< Cp T bl e | X = X2 [t = 5]

Since we also have H < 1/5, by Lemma we have L € C}**H2. Moreover, by
the division property (see Lemma 4.A.2)) we also have

(GAX" — AX) o] < (bon) * Lup(XL) = (baw) # Lug(X2)]
A by * Ly (XE) — by % Ly (X)) — by % Lyt (X32) 4 by * Lyt (X32)]
< Cr- [bllggpee [w = 87 1Ll qarz gy 8 = u PIXT = X3, T
t Cre 0l e 1Ll /oo TN = a2 {| X = X3| o Ju = s
< CpT7 Hb”chgo HXl - XQHCv [t — s|'/20
+ O T ||bll e, | X" = X2 o [t = s
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We therefore conclude again that
M) = MxZ)]] .,

<], -

v

’Axl CAY CE (AN A

o
< O T (T bl + T Pl e W0l ) X0 = X

yielding that M is indeed a contraction, provided T is chosen sufficiently small. As
this choice can be done independent of the initial condition, by iteration we obtain a
unique solution X to on any time interval [0, T'] for T" < T™*. Moreover, provided
ancfﬂcg < 1, we can now go back to and observe that for this unique solution
X to (4.2.1) we moreover have in the notation of Lemma and h <T

X1, = [EA%]],, < Cr-h*(L+[1X],,)

7,
Hence, choosing h = (2C7+)~/¢, we infer that
X1, <1

and thus by Lemma {4.A.3] we obtain for a new constant depending only on 7% and
still denoted Cp+ that
||X||CW < C’T*

Finally, the last claim of the statement is a direct consequence of Lemma [4.2.1] O]

Remark 4.2.4. Let us point out that at first sight, the condition H < 1/5 AN 2(1 — )
might seem counter-intuitive, as it becomes more restrictive for v close to one, i.e.
very reqular b. However, this restriction appears as the Lemma establishes not only
existence of a unique solution X to but also states that said solution lies in C7.
Indeed, since the germ

AL, = by Ly y(X,)

inherits the Holder reqularity of the local time, demanding the solution to lie in C”
requires more and more restrictive conditions on H. For b € C?CY however we can
by Lemma identify the Sewings in question again as Lebesque integrals, allowing
to recover Lipschitz continuity in time and therefore to drop the condition H < 2(1 —
v) (refer also to Lemma . This possibility will however be neither available in

considering the derivative of the associated flow later on, nor in the following Lemma.
We next establish the following comparison principle
Lemma 4.2.5 (Comparison). Let T* > T > 0. Let v € (1/2,1), a > 1 and
1 A 2(1— 'y)'
20+ 3 20+ 1

Fori € {1,2} and b' € C{'CP N CPCY such that HbiHCS”Cb <1, let X = X(z) be the
unique solution to the problem )

t
Xi=uz +/ bi(s, X! —wds
0
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on [0,T] or by Lemma equivalently
Xﬁ,t = (EAi)s,ta Xo =,

where 4 ‘ ‘
Ag’t = 0% * L (X}).

We then have

1" = X2 < O (106 = Bllee, + 9 = Bl cppee ) -

Proof. Remark first that since b* is Holder continuous in space uniformly in time, it
is in particular uniformly continuous in space, uniformly in time. Hence b* € C7C°
and therefore by the Besov space embedding C° < BY . — By %, we have indeed
b € C7 B2,

Note that by H < 2(1 —~v)/(2a+ 1), we have L € Cy H**¢ and by H < 1/(2a.+ 3) we
have L € CY/?+<Ho+1+¢ for some € > 0 . We consider the sewing of the germ

As,t *Lst(X >—b2*L5t(X2)‘

_ _0‘

1
(B = 02) % Lo y(XD)| 4 [0 % Ly (X)) — b2 % L, (X?)]
< |68 = 02) # Log| + [|02 % OuLse|| 1 X3 — X2
< H(bg—zﬂ # Latll g |+ 105 % 0aLie o 1X0 = X2
— 02| g HLs,tHBﬁl A+ [182]] e Ll 1X2 = X2

t—s|”

ch%—oma,ww—wu%%fowmmm

+ CrT7 || L|| o g1 |t_5|7”X1_ ||C?L3°

< Or (Hbé B bgHBJO‘?‘oo + Hbl - b2Hchgo?oo TV) t—s[”

+Cp: T || X = X2 K

)

CYLy [t —s
for which we also have by division property (see Lemma [4.A.2))

(6A) st
=| (b} —bl) s Lyt (X1) — (B — bl) * Lo (X2)]
+ [(bg = b3 ,) * Lut(X2)]
+\(b1 —bz)*Lut(X) (b — b2) % Ly (X))
+ 102 % Ly (X)) = 02 % Ly o (X)) — 02 % Lyt (X2) 4 b2 % Ly 1(X2)]

< O T [0 g o 1= 5 Ll v 1 = w2 | X" = X7, T
+ CpTe |0 — b2||mBgo%o u — 87 | Ll e precse |t — uf*?
+ Or T8 = 8l e, + T 10 = ¥l g ) Wl smvegosnse = wl X = 5P

O T e Wl cnrover It — a2 ]|XE = X2y = s
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The conclusion now follows as in the proof of Lemma 4.2.3|
O

After establishing well posedness above via the Sewing Lemma, let us reference
[GG20a] adapted to our setting to establish existence of a differentiable flow for b € Z..
This adaption is possible in the setting we are concerned with thanks to Lemma 4.2.1}

Lemma 4.2.6 (Differentiable flow, [GG20a, Theorems 16, 17]). Let b € Ly, and
v > 1/2. Assume that for the averaging operator

Toi(-) = /:b(r, - —wH)dr

we have
)
‘ Tsvt C3/2
sup ——— < o0
s |t — 8]

Then for (TX),; = Ts(Xy), the problem
Xs,t = (ETX)s,t7 Xo=ux

admits a flow of diffeomorphisms ® : A% x R — R belonging to C/C}.. Denoting

®y(x) = ®(0,¢,2), it satisfies for a constant C' = C(y, T, ||b]| oo V ||A(')chcs/2)
|@1(2) = Po(y)| < C(L+T7)[x —y]

and the same inequality holds for it’s spatial inverse y(+) = (Py(+))~?

have

. Moreover, we

D,®,,(z) = (EBP=))_ . D,®(z) =1

where
(D, P P T
B = ((0,1)%@)), (D, @) ().

Moreover, we have for another constant ¢ = ¢(v, T, ||b||Lt°° v (|49

oresrz) the bound
t Lz

|D, P (z)] < c,
and similarly for the derivative of the inverse flow.

In the following, let us adapt the above to our context working with convolutions
with the local time rather than averaging operators. For ||| zy < 1 we moreover
establish a priori bounds uniform in space that depend only on 7.

Lemma 4.2.7 (A priori bounds II). Let T* > T > 0. Suppose v > 1/2 and H <

2(1 —v)/3 and b € Z] such that Hb”zg, < 1. Then Lemma applies. Assume in
addition H < 1/5. Then we have in the notation of Lemma |4.2.06)

i) =2+ (2T%)os =z + (ZA®)o4 (4.2.3)
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fort € [0,T] where (AX)s; = by x Ly 4(X,). Moreover, we have
[i(2) = i(y)] < Crut’|z =y

and
1By () — By(x) — by % Ly (P(s(2))] < Cpe|t — 5|72 (4.2.4)

uniformy in x € R for (s,t) € Ay([0,T]) and some € > 0. Moreover, for D, o, :=
D, ®(0,t,z) we have for

Bs,t - (bs * ast,t)((Ds(x))qu)S<x)
that

D, (z) =1+ (EB)os =1+ (EB)sy4, (4.2.5)

and
(D ®(2))ss — B(x)sy] < Cpelt — s/ T/2 (4.2.6)

uniformly in x € R for (s,t) € Ao([0,T]) and some € > 0. Moreover, we have the a
priori bounds

”DZEqDHC,?LgO < CYT*

and
|D,®y(x)] < 1+ T7Cop-.

fort €0, T],z € R. Moreover similar bounds hold for the inverse flow and its deriva-
twve.

Proof. Note that we may apply Lemma under the stated condition on H thanks
to Lemma (choosing s = 0, p = 3/2+¢ for some small 6 > 0, p, g arbitrarily large
and exploiting the corresponding Besov space embeddings in Lemma. Note that
equations and @ are an immediate consequence of the previous Lemma
and Lemma [4.2.1] (respectively a slight variation of the latter one). Note that

LeC/H ' NCY* H? for some ¢ > 0. Let us note O, (z) := ®(0,t, ), then we have
Dy(x) — Pu(y) =z —y + (EA)o,e
where Ag; = (bs * Ls(Ps(x)) — bs * Ls(P4(y)) and therefore
Agr = (bs % Lg(Ps(x)) — bs * Ls(Ps(y))
< 1bs * Lsgllon [9s(z) — Ps(y)]
< COr- Ll gy [t = s (Jz —y[ + T7 || 2(2) — 2(y)]|cv)
Moreover, we have by the division property Lemma
(5A)s,u,t g |bs,u * Lu,t(és(x)) - bs,u * Lu,t(q)s<y))|
+ by % Loyt (Ps(x)) — by # Loy (P () — b * Lyt (Ps(y)) + bu * Lt (Pu(y))]
< O T~ s | Lll gprve gy |t = ul (|2 =yl + T7 || @(2) — 2(y) )
+ Cre || Lugll e (|2 =yl + |2(2) — 2(y)l| ) Ju — 5|
< CpT(Jw = y| + T7||@(2) = D(y)[| o)t — 57772
+ Cp-T(Jz — y| + | ®(x) — D(y)ll o)t — 5771/
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and therefore for T" sufficiently small, we have indeed

() = W)lln < Cr

z—y|

where as in Lemma [4.2.3] we can pass to global bounds for any 7" < T* via Lemma
M4.A.3] Concerning the bound on the derivative of the flow, we proceed similarly. Note
that D®¢(z) = 1 and thus

|Bsi| = |bs % 00 Ls 1 (Ps(2)) D@y ()|
< bs * 0uLispll oo (1 +T7 ([ D] )
S Op-T° || Ll gprepy [t = s|"(1+T7 | Dy @] )
< COpT(1+T7||Dp®|| o)t — 8|7

Moreover, we have

[(6B) sl < [bsu* OpLut(Ps) Dy
- [by % 00 Lt (®) D@, — by # Oy Ly (®,) DD, |
+ |bu * 8$Lu,t<q)u)(qu)u - qu)s)|
< OpT L] garzvepyy (14 T [ Da®ll o)t = 571/
+ Or T Ll sy [l (14 T7 | D )£ — 572
+ Cr T | Ll gorovey T 11Da®l [t — 57172

and thus, as before for T sufficiently small, we do indeed recover the desired a priori
bound on [|D®||,. Since moreover,

[D®,(2)| < 1+ T7 | DO,

this also establishes the uniform bound on the derivative of the flow ®. Finally, the

expansion (4.2.4)) is a direct consequence of Lemma and the expansion (4.2.6))

follows from the uniform bound on 0 B above and the Sewing Lemma. m

Remark 4.2.8 (Higher time regularity). Note that in our setting where we assume b
to be bounded continuous, we also have from classical considerations and Lemma
that

|@(2) — @s(2)] = < bllo [t = 5]

/S t b(u, By () — wy)du

Moreover, by differentiating the relation 1, (®,(z)) = x in time, we have

Mm—%@hi/m%MWw—th

< DYl bl 8 = sl
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4.3 The transport equation

Definition 4.3.1. Let b € Cy,, H < 1/3. A function f € L°L. is called solution to
the problem
Of +00,f =0
f(O) = fO € le

where b(t,z) = b(t,x —wH), if any s <t € [0,T] and any ¢ € C?

(ft = for0) = (fsbs * OuxLs 1, 0) — (fsbs ¥ L s, Onip) = O(|t — 5|1+E)7

for some € > 0. Note in particular that H < 1/3 implies that bs % 0, L, is bounded
continuous in space, uniformly in time and therefore the left hand side is meaningful.

Remark 4.3.2. Note that for f,b € Z] withy > 1/2, the germ Agy = (fsbs* OpLsy, ©)
admits a sewing. Moreover, note that for s € [0,T] the product fs0.bs is well defined
as an element in BY 5 (refer to Lemmata |4.B.2 and |4.B.5) and the function s —

;00

(fs(‘?xgs, ©) is continuous, meaning that similar to Lemma|4.2.1| one has

t o~
(ZA),, = / (o Do, DV

Similarly, we can identify the sewing of the term By = (fsbs * Lgy, Ox¢p) as

t ~
EB)= [ (b dup)dr
Hence, by applying the sewing operator = to the equality

(ft = for0) = (fobs * O Ls 1, ) — (fsbs ¥ L, Onip) = O(|t — S|1+E)

satisfied by our solution in terms of Definition[{.3.1], we obtain

<ft - f07 ()0> = /Ov <fsaxgs; (,0> + (fsgs,8x¢>ds.

Therefore, the solution to be constructed in Lemmal{.3.5 will actually be a weak solution
in the classical PDE sense. Similarly for v > 1/2 and b € Z). any weak solution f
in the above PDE sense such that f € Z}. is also a solution in the sense of Definition

thanks to an adaption of Lemma[{.2.1]

4.3.1 Existence

With the above at hand, we are ready to establish existence of solutions to the above
transport equation under less restrictive conditions on the initial condition.
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Lemma 4.3.3. Let fo € L., v > 1/2 and H < 1/5AN2(1 —v)/3. let b € Z}.. Let
Y Ap X R — R be the inverse flow associated to the problem

X =(EAY):  Xo=u
where (AX) gy = bs x L (Xs). Then f(t,x) := fo(¢(0,t,2)) is a solution to
Ouf + b0, f =0
f(0) = fo
in the sense of Definition |4.5.1].

Proof. Note that by change of variables and a Taylor expansion in ¢ we have for some
point p(s,t, z) between ®;(x) and P4(z)

(frr o /fo Vi

/fo ) Dy @ (x)dx
/fo )) D, Py (z dx—i—/fo ,0)(Ps(2))(Py(2) — Py(x)) D Py(x)dx
/fo (p(s,t,2))|®y(x) — Oy(x) | Dp @y () dr.

Note that by the a priori bounds in Lemmata [.2.3] and [£.2.7, we have that

[ )5 @) 005,211 (0) = 0, ()P Do)

< ol llellez 1PNep oo [t = 82 | Do poera = O(Jt — 5[*7)
Note moreover that by Lemma
|D,®(x) — D, ®y(2) — (bs % 0p L) (Py(2)) D@y ()| = O(|t — s[71/?)

and
[y () — D) = (b * L) (Rs())] = O(Jt — s|7/?)

uniformly in x € R. Hence, we obtain

fsa(p> <(b *a Lst)f87 > <(bs*Ls7t)fsaax90>

/ Jol ) (Da®y(2) — Dy, (2)) da
/h B,(2))(Ps(x) — B (1)) Dby () dx
b * Oy Lst)fs:90> <(bS*LS,t)fSaam90>
/ﬁ) ) (Dy®y(2) — Dy®u() — (Bsb* Lug)(y(a))Dad(2)) da
/h D,(2)) (s (1) — Dy(2) — (b Luy) (4(2))) Daby ()
— O |t S|7+1/2)

where again we exploited fy € L., p € C? and D, ® € Ly, O
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4.3.2 Conservation of regularity

We next show that in our framework, the solution f described above preserves the
regularity of b, i.e. if b € Z], then f € Z].

Lemma 4.3.4 (Conservation of regularity). Let T* > T > 0 Let v > 1/2 and H <
1/5A2(1—7)/3. Assume b € Z]. with 16l 7y < 1. Let b : Ax([0,T]) x R — R be the
wmverse flow associated with the problem

Xs,t - (EAX)s,ta XO =1,
where AY, = by * Ly4(X,). Let fo € CTN L' NL>®. Then for f(t,x) := fo(¥(0,t,2)),

we have
1f1lzz < @+ Cr-T") (|l follen + ol + W foll 1< )-

Proof. Note by Lemma [4.2.7, we have
() = u(y)| < CrT7 | — |
and therefore in particular
[f(t2) = f(E o)l < lfolley [e(@) = () < Nlfolloy Cr=T7 2 =yl
which shows that f € CPC?. Moreover, we have by Remark
[Ye(2) = ¥s(@)] <[t = s[[Datd] o [0l < (14 Cr- Tt = s
Combined with
[f(tx) = fs,0)| < [l folloy [he(@) = ()

we see that f € C7 L. Next, we have

/R (b )| = / [ foltbu())|dz = / o) Daou(w)dr < (1+ CrT) || foll

and therefore f € L{°L;. Finally, it is immediate that |[f|| ;- < [ foll -

4.3.3 Uniqueness

In the following subsection, we establish uniqueness of solutions to the transport equa-
tion for b € Z] under the additional assumption of fo € C'. Let us first remark that
in this setting, the solution f constructed in Lemma [4.3.3| is actually continuously
differentiable in both time and space and therefore a strong solution. Indeed, we have

atf(t7x) = (arfO)(1/}<07 t7x))%¢(07t7 l‘) = (aa:fo)(w(()?tv JI))DH@(O,I?,Z‘)Z)(L T — wt)

and

0. (1,7) = (Oufo) (0, 1,2)) 50(0,1.) = D (0, .2).
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Lemma 4.3.5. Let b € Z]. and fo € C*. Then the function f = fo(¥(0,¢,2)) given in
Lemmal[{.3.3 is the unique classical solutions to the transport equation

Oif + 08, f =0
f(0)=foeC'nL'NL>.

Proof. The proof we give for the sake of completeness is classical, refer to Proposition
1 of Section 5.1 in [GG20a] for example. Let u be a classical solution to the transport
equation and ® the flow associated to the problem

Xs,t = (EA)S,ta XO =X (431)

where Ag; = bs * Lg(X;). Notice that under our regularity assumption on b (4.3.1)) is
equivalent to

Xi=x+ /tb(s,XS —wds
We therefore have that :
%u(t, ®(0,t,2)) = du(t,®(0,t,2)) + (9.u)(t, ®(0,t,2))b(t, ®(0,t,z) — w/)
- (atu +58xu> (t,®(0,t,2)) = 0

meaning that u is constant along the characteristics implying uniqueness. O

4.3.4 Conservation of regularity in the regular case

Let us finally show that for b € Z' := C!Co N CPCL N LPLL and fo € C' N L' the
solution f to the corresponding transport equation constructed in Lemma 4.3.3] also
lies in Z!.

Lemma 4.3.6 (Conservation of regularity II). Let b € Z' with ||b]|,, < 1. Let ¢ :
As x R — R be the inverse flow associated with the problem

Xs,t = (EAX)s,t Xo==x

where AY, = by * Ly4(X,). Let fo € C* N L'N. Then for f(t,x) = fo(1(0,t,2)), we
have
[fllze < (T4 CrT)([Lfoller + Lol + [ foll oo )-

Proof. Remark that

d d
T H(t3) = (L)W 2) D0, 4,3) < [ follen (1+ CT7)

as well as
S F) = (o fo) (0, 0) Db (0, 1,20 2~ wl?) < [follen (14 CraT7),

Finally, the last bound in L°L! is the same as in Lemma [4.3.4] O
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4.3.5 A priori bounds for solutions to the transport equation

In the following section, we establish some a priori bounds for solutions to the transport
equation without assuming differentiable initial conditions. While these estimates do
not allow to deduce uniqueness they do appear interesting in their own right. Towards
this end, let us establish the following Lemma based on a DiPerna-Lions commutator
argument. Note that in the following, we will not as usual require 0,b € L, as we
may harness again the regularity of the appearing local time.

Lemma 4.3.7. For~y > 1/2, H<1/5A(1—7)/3 and b € Z]. such that Hb||Z% <1,
suppose there exists a solution f € ZJ. with ||f||Z% < 1 to the problem

Of + b0, f =0
fl0)=foeC'NL' NL™

where b(t, z) = b(t,x — w). Then we have

1fellze = I1fsllZe = (EA)se (4.3.2)

where

Ay i / (be % Oy L) () (12) (1)

Proof. The proof follows the classical strategy of [DL89] based on a commutator ar-
gument. Crucially, we replace Lebesgue integration in time by corresponding sewings
capable of leveraging the smoothness of the local time L associated with the regular-
izing path w!’. Once this regularization is exploited, we show that we can pass to the
limit in the mollification, letting the intermediately appearing commutator disappear
again.

Let (p°). be a sequence of positive mollifiers with p supported in By such that [|p||;, = 1.
For a distribution ¢ we will use the abbreviation ¢ := p® * ¢. Suppose f € Z] is a
solution to the transport equation

Of + b0y f =0 (4.3.3)

with b(z,t) = b(z — wy,t) such that b € ZJ. Note that under this assumption, in
particular the product

b0, f

is well defined for any ¢ € [0,77] (refer to Lemmata 4.B.2) and [4.B.3]). As in DiPerna-
Lions we then mollify equation (4.3.3]), obtaining

O fe+bOfS = —R(f,b) (4.3.4)
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where
RE(f,b)(x) = (b0, f)° — b (f<)
/ 5)(@, 1)) (@ — y)dy — B(z) / F@)0up (= — y)dy

== [ 0,0 =) )y = B(o) | )00 (@ = )
—— [ @D~ )y
+/5<y><axp>< )= Ha) [ 10)0u0' = )iy
- [ 1w >) 0up (x — )y — (FO5)"(2)

_ flo—e2) b(z — ez) — b(x)

By €

(0:p)(2)dz — (f0:0)" ().

Notice we used integration by parts above, which poses no problem though as p¢ is of
compact support. Multiplying both sides of (4.3.4)) by f¢, we obtain

O(f) +bO(f)? = —2R(f£,b)f*
integrating in space and time we obtain
t . t .
16603 = 150+ [ [ B0urPdude = =2 [ [ RerBcdude @35)
s JR s JR

Now let us define the germ

A= [ (0L ()

Provided the Sewing Lemma can be applied, we have by integration by parts, a Fubini
for the Sewing map [Gal21l, Lemma A.1] and a classical Fubini

2% = (= [t oL@ ()

st

—— (0 Looa )
_ / (205 * Lo) (1)0:(f5)*(2)

-/ / (v)duds
/ / (v)drdu.
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Note that the integration by parts is justified, since for almost any s < t € [0,T]
lim g o0 bs % Ls (@) = limyy)00 (f)?(2) = 0, which is due to the fact that b, f € L*°L}N
CPC7 and hence in particular for almost any ¢ € [0, 7] the functions bs * L ,(-), (f€)2(-)
are uniformly continuous and integrable. We are therefore left with

L2 — (5% — (BAY), = —2 / / RE(F. ) fduda

By a similar reasoning, provided the Sewing Lemma can be applied, one can show that
the right hand side can be given by the sewing of the germ

bs Ls - - bs Ls
B [ i) [ - et bl D 2Ot 200 ) )
’ R B €
- [ Gber 0L @ fi(w)ds
R
= E—/e’ls,t - -/B—zés,t
Meaning we are left with the equation
1172 = 15l Ze = (EA)ss — 2(EB )y (4.3.6)

Let us verify that indeed, A¢ and B¢ admit a sewing to establish the above equality,
for which we need to check the condition of the Sewing Lemma [4.A.1] Note that

(0A)sup = /R ((f)* (@) (bssu * O L) (@) = ((£)* = (£2)*) (@) (bu * O L) () dav.

Since H < (1 —)/3, we have L € C’%/2+1/2H; and hence by L? space interpolation

|(5 )sut’
< |l fs ||L2 [bs,u * O Lut” + H I2) 2||L1 16 *arLu,tHoo
< Cre 1 £01Z2 1Bl p g [ — s HLHCqul [t — w2
+2 sup 16l 2 1£E = Fell o 1s % Ou Lt
rels,t
< COpe || 122 1t = 8|72 4 Coe sup |1 £ 2 115 = £ NS = N2 N Lt

rels,t]

< Cre || fell7e [t = s]1/2

+ Cp+ up [FAP ||f!|i/ozL;C ||f||lc/g2Lgo [u = s | Lll gyrasra gy [t = ul 12
rels,t T

< Op«(sup || fll72 + sup || £l )]t — s 72,
rEls,t] re(s,t]

which yields the desired error bound. Now we need to bound (6B)s ., for which we
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consider the two relevant expressions /B?:’ls,t and E:Qs,t separately. First we have
|(S Be 2 s U t|
< [0 Loy (@) )

S /R | (% # ((fsu)bs * On L)) () fS ()| dx
" /R (0 (fubs,u * OuLuy)) () f3 ()] de

+ [ 106 (s L)) ) file) = fila)lda

<N (Foudbs % Du Ll o 11 £ 12

1 (Fu)bsia # O Ll o £ g2 + 1 (Fu)bu # O Ll o 11.£S — Fol 2

< s = Full 22 e = Full 2 Mbs 5 Os Ll 112 2

1 Full o 105 O Ll o <N o+ 1 full o 1B # B Ll 1LFS = £l 21 FE = felli
< Cpe[u = s (| Ll| arossa gy |8 = ul P2 o))

w8 |[Lll gz gy [t = a2 sup W[

+ Cp~

+ Cp-

u— S|7/2 HLHCg/?“/QH; |t _ u|w/2+1/2

r€[s,t] r€(s,t]

< Cr (Sup 150 2 (T + sup HffHLz)) [t —s["*2,

where we used again Fubini and the Fatou property. Secondly we have similarly

(0B )
(@)= @) [ fa=e) Cor Ladle =€) = 02 Ludd @) ) )z
| [ i) [ (o) = fuo BT EE B R 2 ) )

+ /fz(x) fu(w—ez)<bs’u*L“’t)(w_Ezi_<bs’u*L"’t)<x)z(8xp)(z)dzd$
By €

<= LN L = £ N fll o 1s % DL,

1 g L = Foll o 1105 % B Lusll

L g 1 full o 10 % Do L]

< Cp- sup Hf€HL2 lu — 3‘7/2 HLHcl+e v/2 |t — ’LL‘H_6 v/2
rE[s,t]

4 Cre sup 1 £2le = P72 Ll s £ — ul 24172
rels,t]

+ Cre sup [[f5l72 lu— s | Lll oz |t — ul 2512,

rels,t]
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This shows that indeed, the germ B¢, admits a sewing as well, meaning we did establish
that (4.3.5)) is equivalent to (4.3.6) thanks to a version of Lemma [4.2.1, We next show
that in the limit € — 0, we obtain the claimed equation

1fill 72 = Ifsll? = (EA)s, (4.3.7)

where

A= [ (0L @) (1))
R
Towards this end, we show that

=(Ac— A =B¢ —
lim sup (=( ))S’t =0, lim sup —( 0

=0 s |t - Sl,Y =0 st |t - 3|’y

=0.

Note that towards this end that by Sewing Lemma, this can be shown by establishing

A¢— A), 0(A — A))su
lim sup —< ) £ 0, lim sup (0 ) t )
—0 gt [t — 8|7 =0 syt |t — s|7
as well as
B¢ s B¢ S,u
lim sup (B) ot 0, lim sup —( ) L L
e—0 oo [t —s|7 =0 gcyey |t — 8|7

for some n > 1. Towards this end, we exploit that in our setting,

lim sup || f5 = foll ,» =0
s€[0,T7

for p € [1,00). This follows essentially from the fact that f € CP?CJ and a proof is
given in the Appendix in Lemma [{.A5]
Concerning the first germ A€, we have

A, — Ay, = / (e % 0u L) (@) (F — (fo)) (@)

< [bs * ast,t”oo H 36)2 - (f5)2H1
< Cp- s+ follpa 1 fs = foll e [t = s[”
< Cp« sup ||f6||L2 Sup 1fs = Fsll o [t = 8],

re(s,t] s€l0,T
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from which we conclude that indeed ||A° — A||, — 0. Moreover, we have

(0A ) st — (0A)sus
== /R () (@) (bsu * O Lug) (@) = ((£)* = (£)*) (@) (bu * O Lut) (x)) dx

+ /R (<f8)2<x)(bs,u * Op L) () — ((f3)2 - (fU)2>(37)(bu * axLu,t)(@) dr
- / (bows # 0 L) (@) ((FS)? — (f2)?) ()
414«ﬁf—«ﬁf—aﬁf+cmfxmam*@wam¢r

< Cre [ Ll grzggy sup (7 Sup}llfg fill o lu = st = w

¥ refst s€lo0,T

|1/2

n / (£t SO — Fu)l(@)(bu % B L) (@)da
+AW&JMﬁ+ﬁ—ﬂ—ﬁW@&*@%M@M

< Cpv sup W#MLQSFp 1S = follpe [t — [P/

re(s,t]
1/2

€ € 1/2 €
+ Cp- i (1S A |Lllggrasasa gy It = ul /412
re|s,t
+ O sup 17 = Frlia s = Fall 2N Fs = Fal 2 N gy [ = ul7/2072
re|s,t
< Cp» sup || fs— fsll 12 |t_5’7+1/2
s€[0,T7]
+Cre sup 1/l sup 17 = foll e NNz b = o721t — 2007
rEst rels,t
1/2 1/2
+0r 5w 1 = Sl I 1G] o= ol = P 20,
rels,

from which we conclude that indeed
‘(5146)5,%75 B (5A)s,u,t|

— 0.

Ssu
_ =

We proceed with the second germ B€. Let us first remark that we may rewrite this
germ as
(bs * Ly)(x — €z) — (bs * Lg)(x)

€

(0zp)(2)dzdx

B, = /f fs (r —e2)
/f fs (x — €2)(bs * 0y L) (x — €2)p(2)dzd.

Employing the Taylor expansion

(bs * Lgt)(x) = (bs % Lgt)(x — €2) 4 (€2)(bs * OpLst)(x — €z) + %(62)2(1)5 % 02 L1)(Coc)
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with Lagrange remainder for some ¢, , . we may further rewrite B as

B, = - /f [ = )05 0uL)e — €2)2(0up) (e
/f fS (x —€2)(bs * Oy Lsy)(x — €2)p (z)dzd:c—R;t
B;§+BQE+R P

where

R, = /f [ @ b B2L.0)(G0) 2 0up)

We now show first that B¢ converges to

_ /R Fol@) [ S b OeL)(7)2(0up) ()l

- / Fia) [ 00000 (e

—(Bi,+ B2))
= 0.

Notice that
B — B2,
/f [ o= @) x0,L) (e — ol
- [ 1@ [ 50,2 0L @)z
= [ = 1) [ o = ebn duLun) (o cpp)d
+ /R £() /B (ol = €2) = Fw) b DuLg) o = c2)p(2)

+ /Rfs(a:) ; Js(x)((bs % OpLsy)(x — €z) — (bs * OpLs ) () p(2)dzdx

< Crpe sup || f7 = foll oo e, W0l oo (1Ml gy 18 = I

rE(s,t]

fHLtOOL}C ”f”c?cl (

—I— 67 CT*

#1021 ) Wl [l e o

B
+ eCrp- HfHLt‘X’Lng Hf”Ltoom (/B |z!p(z)dz> Hb”L?‘; ”LHchg It — 5|7
1

Similar estimates hold for B — B],. Moreover, it is easy to see that [|R¢||, — 0.
This allows to conclude that indeed

Bl _
im sup =
=0 s<¢ ’t - 3|7
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Finally, we also need to check (6B, We have 6B¢ = —§B' — §B>»! + §R°. We
show again that for

B?, = / £0) [ @b = 0L @)p(e)dede

we have

—0

sup (0B> — B®)sus
s<u<t |t - 3|77
Towards this end, note that

OB Vows = [ (@) = £i@) [ il = )05 DuLi)o = e2)p(e)dd

By

+ /Rf{j(a:) /B (fs(z —ez) — fulx — €2))(bs * Op Ly t)(x — €2)p(2)dzdx

+ / fi(x) Ju(x — €2)(bsy % Op Ly ) (x — €2)p(2)dzdx
R B
= I TS 4TI

S,u,t

and

(6B)0s = / () = £ula)) [ o) 0, L) =)ol
n / ful) / (o) = Fu()) (b * 0y L) (2)p(2)dzdz

+ / ful(x) ful(@)(bsu * Op L) (x)p(2)dzdx
R B1
- ]s,u,t + IIs,u,t + ]]Is,u,t

We shall consider the differences 1€ — I, 11 — I and I11¢ — II1 separately. We have
that

ITIG,  — Ty
— [ 206 [ fulo = b x 0L - e2)p()dzd
R B

T /R ful2) /B (i — €2) — Fu(2)) (o # By L) (& — €2)pl2) 2l

+ /Rfu(x) ; ful@) ((bsy * Op Ly ) (x — €2) — (bgy * Op Ly ) (x)) p(2)dzdx

€ _ olyt1/2
< O sup 15 = Fills 1z Wl e 1D 1= o

—I— E’YCT*

Plszns Wflleres [ 147001 ) Wl 1Dy b = 517
1

+ eCr+ HfHLgOL}D Hf“Ltoom (/B |z[p(z)dz> HbHchgo HLHCtl/ZHg [t — s */?
1
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and therefore I11° — 11 — 0. Moreover, we have

I

S,u,t

/ (s~ fu)(@) / (ol — €2) = fulz — €2))(be  pLuy) (& — e2)plz)deda

]Is,u,t

/ fu(z . (fus(x —€2) = fus(2))(bs * OpLut)(x — €2)p(2)dzdz
+ / ful(x) ; Jus(x) ((bs % OpLyt)(z — €z) — (bs % Oy Ly t)(x)) p(2)dzdz

< Ope SUP}Hf Fell o I g pge T = s 1Bl e LI vz gy I8 — wl*?

7‘6[

s 1Fr 1l 2 (/B [ fus(- = €2) = Fus ()l 2 p(Z)dZ> 165 % O L ]| o

7‘6[

+ GCT*

lsgrs Wiz = o8 Wl VElcpng e = [ elotera:)
1

< Cpe sup |[f = foll o |t — |72
rel0,T

+ sup || foll 2 V2 (Sup sup || f,(- — ez) — ()”1/2) V2| fusll 2 15 5 Oa L] o
rel0,T] z€B1 r€(0,T)
+ €Crpe |t — s[1H1/2

< COpe sup ||ff = fll g |t = s+
re[0,T]

+Cr. (sup sup [|f,(- — e2) - <>|\”2> 1l e 1Ll erasnsey I = 574172

2€B1 re(0,T)

+ eCrpe|t — s[7FY2,

which vanishes in the limit due to the continuity of the translation operator in L'. .
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Finally, we have

€
s,u,t I&“i

- / oo = Fud@) [ e = €)lbo 0, Lus) o = ex)pl)d
n / Fusla) /B ol — €2) = o)) (b 0o L) (& — e2)p(2)dz

+ /ﬂ{fUS(x) ; fs(x) ((bs * OpLyt)(x — €2) — (bs % Oy Ly ) () p(2)dz

< Hfzi,s - fu,SHLz HfHLtOOLg Hbs * awLu,tHLOO

+ [ foull oo sup sup [[fo(- = €2) = fr()ll o [1bs % o Lol oo
2€B1 re(0,T)

Ul g W, Dl ([ 16106 )b =
1

1/2 1/2
S e N [ e e L 1) e A ey T
+ O [ fllgg e = s sup sup 1o = €2) = Fol)l oo 1Bl g, 1Tl oo [£ = ]2
' 2€B1 re[0,T] te M
- Cr g =0 1l Wl Vol ([ 120062 ) 1=
1

which again vanishes due to the continuity of the translation operator in L!. In total,

we have shown that
(6(B*> — B?))sut

|t — s|rt1/2

sup — 0.

s<u<t

By simply replacing p by z(9,.p)(z) in the above calculations, one obtains

(6(BY = BY)) st

su — 0
S [t s[Hi
Moreover, it is again easily seen that
(5}¥)sut
sup ————— — 0
et [t — s

As B!, + B2, = (6(B" 4 B?))su: = 0, this mean that overall we can conclude

lim sup M =0
=0 seuct |t — S|7+1/2

Overall, recalling sup,¢(o 7 || fellz, — SUPsefo7] I f<II3, this completes the proof. O

Remark 4.3.8. Let us remark that equalities similar to (4.3.2) in the LP setting for
p € (1,00) can be readily obtained by similar arguments as presented above.
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Lemma 4.3.9. Assume the conditions of Lemma [{.5.7 Assume in addition that for

a given solution f to the transport equation, we have

/ 52 = £(@)ds < s 1531t =P (4.3.8)

[0,t

Then we also have the a priori bound

sup | fillz2 < Crrllfollz-
t€[0,T]

Proof. Notice that thanks to our additional assumption we may establish a more refined

a priori bound on the sewing (£A),,, notably we for

Ay = / (s % 0y Lo ) () (1) (x)de
that

|[Asal < O sup follze 16l zge 1Ll gy 1t = sI”

r€ls,t]

and in particular

(0A)sus = / ((fS)Q(x)(bs,u * Op L) (1) — ((f8)2 - (fU>2)(x)<bu * azLu,t)(@) dx

<Cr- sup 1ol Wllcpuz 1l gymgy It = 517417
rels
+ Cre sup ||l [t = s 18] e 1] cprogg I — 5]

rel0,t]

These bounds then yield the following bound for the Sewing

(EA)os| < Cr-T7 sup || fl[72 -

r€(0,t]

Going back to (4.3.2)), this finally yields

1fellze < I follze + Cr-T7 sup ||£:I72

rel0,t]

and therefore for T chosen sufficiently small (independent of the initial condition),

obtain the claim

foll72 -

sup || fill 72 < Cr
t€[0,T]

Remark 4.3.10. Notice that the additional nonlinear condition (4.3.8]) we had to

we

]

m-

pose in the previous Lemma doesn’t allow us to establish uniqueness to solutions of
the transport equation, as it is not clear why the difference of two solutions should
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still satisfy (4.3.8). Alternatively, by only exploiting an interpolation argument and the
assumption that f € ZJ., one can observe that

12 = Fill oo < 20 fllpgora ILfs = full 2
1/2
<2v2 s £l LA e 1 N T = 17
re|0,

In this case however, note however that the bound is no longer quadratic in sup,cpo 1y || fr/[ 2,
meaning that we only have

(EA)os| < erp(sup | foll72 + sup [I£]l.2)
re[0,T)] re[0,T]

which does not allow us to obtain a bound as in the previous Lemma. Essentially,
exploiting some Holder regularity in time of the expression f2— f2 in this setting (which
is necessary in order to establish the Sewing), one automatically looses the quadratic
bound in sup,co.r | fll > unless imposing the additional nonlinear constraint (#.3.8).

4.4 Averaged Burgers’ equation

From previous sections, we see that under the conditions of Lemma [4.3.3] and for
fo € CYN L' N L™ we can define the mapping

K:Z] — Z]
b— f

associating a given function b to the solution solution of the regularized transport
equation

Of + b0, f =0
f(0) = fo,

given in Lemmal[4.3.3] Moreover, it is easy to see that for f; € C* N L' N L™ sufficiently
small, the sequence of iterations in the map K, i.e. the sequence (™), := (K™ (fo))n
stays uniformly bounded in ZJ]. This is a direct consequence of the conservation of
regularity in Lemma . We next show convergence of the sequence (f™),, in a space
of distributions, whose limit we can identify as an element ZJ] thanks to the a priori
bounds established.

Lemma 4.4.1 (Contraction). Let v > 1/2 and H < 1/7T N2(1 —~v)/5. Let fy €
COY N W and b, b € Z7 be some functions such that [|0']] ;5 A 0] < 1 and

bH0,-) = b2(0,-). For bi(t,x) = bi(t,x — wi), let f' be the solutions to the problem
problem

Of' + b0 f1 =0
fi(o) = fo
given in Lemmal[{.3.3. Then we have for some ¢ > 0 and Cp

|7 = Pllgpeso <O

(4.4.1)

fOHWu bl —b2 ~ —(24¢€) -
CY{ Boo,so
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Proof. Let f* = fo(i(z)) be the solution to where 1° is the inverse flow generated

by solutions associated with the problem
X, = (EAY)  Xg=u

where (AX"),, = bl % L, ,(X?). For ¢ € S and let ¢(x) := [*_ ¢(y)dy be a primitive.
Then for any € > 0 we have the continuous embeddings Bf{¢ < Cj and Bi{¢ — L'
and hence

|<fslt - ff,m 90>|

R
- / Dofo (3(X1) — p(X1) — B(X2) + 3(X2)) da]
< ol (18lea) X2 = X2, 0o
< Wolhyra (lellon) + ol ) X2, = X2 o
< C ol Il gase X2 = X2, oo

where we used again the division property (Lemma [4.A.2)), uniformly in space. Choos-
ing € > 0 sufficiently small, we can now use the comparison principle of Lemma [4.2.5
for a = 2 4+ € thanks to our assumption on H. We thus obtain

X5 = Xolloo < Core {67 = 8[| o praso

t—s[7,

where we used that by assumption (b' — 5?)(0,-) = 0. We therefore obtain indeed

It = f2HC§B;(,ii€) < Cre [ follyra ||0F = b2HC§B;(,’ii€) :

The above permits us to conclude:

Corollary 4.4.2. For v > 1/2, let H < 1/TAN2(1 —~)/5. Let [0,T] be an arbitrary
fized time horizon. Let fo € C%" W™ such that || follco + [ follyri < 1. Then there

exists a constant Cp= such that for any fo = m fo, the problem

Of + f0.f =0
f(O) = fo

where f(t,z) = f(t,z — wH) admits solution f € Z1 in the sense of Definition
such that ||f||z; < 1. By Remark f is also a weak solution.
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Proof. Let B ={g € Z]. | g0 = fo. Hg||Z% < 1}. Equipped with the metric (f,g) —

|f = gll;n p-2+o this makes B a complete metric space. We show that the mapping
+ Poo,00

K : Z]. — Z] associating to a function b the unique solution to

Of + b0, f =0

f(O) - fo
admits a unique fixed point in B. Note that by Lemma we have
1K fllzy < L+ CrT7) ([ follor + [[foll oo =+ [1foll .o

Hence we choosing as initial fondition f;, we see that || Kb|| zy < 1. Together with the
contraction property of Lemma[4.4.1], this permits to conclude that K admits a unique
fixed point f in B. The fact that the fixed point lies in Z7. then allows to conclude that
we have found a solution to in the sense of Definition [£.3.1] which by Remark
4.3.2| is equivalent to a weak solution. O

(4.4.2)

Remark 4.4.3. Let us compare the above result to the formation of shocks in the
classical setting. Recall that shocks for Burgers’ equation

Of + [0 =0, f(0) = fo
appear the first time that two characteristics cross. Let ' be the characteristic start-

ing in x1 € R and 2 be the characteristic starting in xo € R. Note that since the
characteristics are explicitly given by

we obtain for the shock time ty of the two characteristics x*, x* that

X1 — X2

_fo(ﬁl) - fo(ﬁz)7

provided this quantity is positive. The time Ty up to which no shocks appear is hence
given by

te =

T inf ( 1 — T2 ) 1
s — 1 — = .
nte \ fo(@1) = fo(z2) SUD,, 4, —(Jo(@1)—fo(x2))

T1—x9
Note that for f(x) = —|z|" with v € (1/2,1), we have Ty = 0, i.e. shocks are produced
instantly. This is not the case in our reqularized setting. (note that in order to apply our
result, we also have to cut off f smoothly at some point to ensure the other conditions
besides Hélder regularity are met).

In the case of more regular initial conditions, i.e. fo € C'NWY!, we may analogously
conclude thanks to Lemma [4.3.6]

Corollary 4.4.4. For vy > 1/2, let H < 1/TAN2(1 —~)/5. Let [0,T] be an arbitrary
fixed time horizon. Let fo € C' N W such that || follcr + | follya < 1. Then there

exists a constant Cp= such that for any fo = Wﬁ% the problem
Onf + f0uf =0
f(0) = fo

where f(t,x) = f(t,x —wl) admits a unique strong solution on [0,T] x R.
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4.5 Perspectives

A first immediate question that raises itself in the light of the above Corollaries |4.4.2
and would be: Can the appearing constant Cpr+ be replaced by some function
of k(T)? More precisely, is it true that we have the results stated above for initial

conditions fy of the form

- 1
= O(w)——
f 0 (C“')) /{Z (T)

Let us recall that in our considerations, there were essentially two instances that ne-
cessitated the employment of the auxiliary time horizon and thus the constant Crp-:

Jo- (4.5.1)

On the one hand, the passing from L' to L? integrability by Remark - often
done in the above proofs in order exploit Theorem [4.1.1|- comes at the price of a con-
stant depending on the support of the local time L. Oberve that or fractional Brownian
motion w! of Hurst parameter H by [KMRSI5, Proposition 3.1], there exists a non
negative random variable £ such that for any e > 0 and T" > 1

sup_|w/! (w)] < €(w)TH*
te[0,T

Hence, for the associated local time L we also have for all ¢ € [0, T]
supp(Ly) C [—€(w) T, §(w) T,

which could therefore be used to replace the appearance of Cp« in the L? — L!

embedding by

€\ 1/2
I Loe(@)llpn < (26@)T") | Lol -

Alternatively, for b € ZJ., one could also employ interpolation again through

13l 2 [ L.l 2

1/2 1/2
0115 1y 10112 N Lol 2

[|bs * L]

o S |
<|
by which one does no longer require the embedding L? — L' that was a first source
for the appearance of Crp-.

The second instance where a constant Cp+« needs to be employed can be found in
equation of Lemma As the proof of equation is obtained by em-
ploying Kolmogorov’s continuity criterion yielding only local Holder continuity, the
constant C'r(w) appearing on the righthand side of does indeed depend on T.
Not exploiting the auxilliary time 7™ would therefore require to establish bounds on

this constant of the form
Cr(w) < h(T)¢

for some non-negative random variable ¢. Provided this could be achieved (one ap-
proach could be revisiting the Kolmogorov continuity theorem) one could in principle
re-asses the above calculations and eventually derive Corollaries and [£.4.4] for
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initial conditions normalized as in (4.5.1)).

This would also shed some more light on the scaling relation between the initial con-
dition and the time interval on which solutions exist. Let us explicit this point: In
the setting of the classical Burgers’ equation (refer to Remark and in the case of
a continuously differentiable initial condition, there will be no shocks produced up to
time
B -1
inf,cr fi(z)

In particular, scaling ﬁ) = fo/A, we have TS = M. Hence, if fy has gives rise to a solu-
tion without shocks on [0, 7], then f —0-7,/T gives rise to a solution without shocks
on [0, 7. Hence, in the notation of these perspectives section, we hwould ave k(7") = T.
In our regularized setting, we expect k(7') to be some power of T" depending on H and
~. Unfortunately, we can not yet explicit k(T), as there is information hidden in the
auxiliary C'r« that appears due to the due reasons discussed in the perspectives section.

Finally, it would be of interest if one can establish uniqueness of weak solutions to
the transport equation provided the initial condition f, is only in C®? and not differ-
entiable.

4.A Some useful Lemmata

We recall the Sewing Lemma due to [Gub04] (see also [FH14, Lemma 4.2]). Let E be
a Banach space, [0,7T] a given interval. Let A, denote the n-th simplex of [0, 77, i.e.
Ay Aty t)|[0< 8y ... < t, <T}. For a function A : Ay — E define the mapping
0A : Ay — FE via

(5A)s,u,t = As,t - As,u - Au,t

Provided A;; = 0 we say that for o, 3 > 0 we have A € CP(E) if |All, 5 < oo where

[[As,]] [(0A) s
[Ally = sup —L 16All, = sup ———REE A, o= (Al +]IA]

(s.)en, |t — s[* (sutens |t —s[°

For a function f : [0,7] — E, we note fs; := f; — fo
Moreover, if for any sequence (P"(]s, t])), whose mesh size goes to zero, the quantity

o 2, Auw
[u,v]eP™([s,t])

converges to the same limit, we note

(2A)s; = lim Z Ay

n—00
[u,v]eP™([s,t])
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Lemma 4.A.1 (Sewing). Let 0 < o < 1 < . Then for any A € Cy(E), (EA) is
well defined. Moreover, denoting (ZA); := (EA)o+, we have (2A) € C*([0,T], E) and
(Z2A)o = 0 and for some constant ¢ > 0 depending only on  we have

I(EA)e — (EA)s — Awullp < clloA]gft - s)”.

Let us also recall the following result from for the convenience of the reader

Lemma 4.A.2 (Division property, [FH14, Lemma 8.2]). Let f € CZ(RYLRY), o €
(0,1), K € [1,00) and T < 1. Then there exists a constant C, jx such that for any
X,Y € C*([0,T]) with || X||oy AN|Y || < K we have

IF(X) = F¥)ller < Cax [ fllge (1Ko = Yol + [ X = Ylen) -

The following Lemma allows to recover Hélder bounds on the full intervall [0, 7]
from Holder bounds on intervals of size h:

Lemma 4.A.3 ([FH14, Exercise 4.24]). Fiz o € (0,1], h >0 and M > 0. Let V be a
Banach space and Z : [0,T] — V a path such that

| Zs.ll
Z = su Vv
2] 0= | s G <
t—s<h

Then we have
1Zllggy < M(1V 2h=07),

The following is a marginal straightforward generalization to Theorem 4 in [GG20a].

Lemma 4.A.4 (Regularity of averaging operators, [GG20a, Theorem 4]). Let w" be
fractional Brownian motion of Hurst parameter H. For p,q € [2,00) let b € L{H®P
and s € R. Then for any p and v > 1/2 satisfying

1
pH 4+ - <1—v
q
the averaging operator
t
Ti(z) = / b(r,x — w?dr
0
satisfies T € CJHZ PP,

Lemma 4.A.5. Let f € Z) with ||f||Z% < 1 and p be a positive mollifier supported in
B1(0) such that ||pl|;. = 1. Then we have for p € [1,00)

lim sup ||fs — fsll;» =0
g sup 112~ £l
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p

Proof. Let q be the Holder conjugate to p. Note that
(fs(iv —y) = [s(@))p (y)dy| dx

1) = fwpas = [
/ / e =) = £l [ 1ot |dz)p/qu
< [l ([ 1560 - faras)

Let n > 0. As f € L*LL N L°L°, we have by interpolation f € L{°LE. In particular,
we find an N, such that

2 [ 1ex,xp(e) sup [f(@)Pd <
R

s€[0,T

We therefore have for any r > 0

e ( / e =) = )P ) dy

= [ o ([0 - s a

+ /[] 1 ([ 2wy @it =) = )P ) dy
o [ 0l ([ v @it =) - fioPds)

Note that for any r > 0, there exists an € > 0 such that for any € € (0,€') we have

/[ | |p°(y)|dy < n27F

Choosing 7 = (1/(2N,))" ") we have therefore due to f € C?CY:

Lo ([ 1660 - rra ) ay

<20 sup || full7o n27"
s€[0,T7]

T /[ 162Ny

o W@ [ 1) sup (P
—r,r R

s€[0,T7
<3
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4.B Some basic facts on Besov spaces

For the reader’s convenience, let us state some basic results from the theory of (non-
homegeneous ) Besov spaces. A good overview to this topic can be found in [vZ20].

Lemma 4.B.1 (Young’s inequality, [KS2Il Theorem 2.2]). Let s,u € R, p,p1,ps €
[1,00] and q,q1,q2 € (0,00] such that

1 1 1 1 1 1
-< —+— I+-=—+—
a9 @ 4 p P1 P2
S u st+u ;
Suppose that f € B, . and g € By, ., then [ xg € By" and there exists a constant

C independent of f,g such that

IS * g

e <Cf]

s o1 191l
BP1,111 BP2#12

Lemma 4.B.2 (Derivative consistency [vZ20, Lemma 16.1]). Let s € R, p,q € [1, o0].
Then there exist a constant such that for all u € §" we have

102w

g <C

s .
BP»‘Z

Lemma 4.B.3 (Multiplication, [vZ20, Theorem 19.7], [Marl8, Corollary 2.1.35]). Let
a, € R\{0} such that o+ > 0 and o < B. Let 6 > 0. Then there exists a C > 0
such that for any p,p1,pe € [1,00] and q,q1, g2 € [1,00] such that

1 1 1 1 1 1

-=—+4 — <1, - =1A—4 —
p p1 D2 q q1 q2

we have for all u,v € S’
Jw- U”Bg,;‘S <C ||U||Bg,q ”U“ng

Lemma 4.B.4 (Besov space embeddings [BCD11l, Proposition 2.71},[Tri83), p.89]). Let
1<pr <py<ooandl < q < go <oo. Then for Besov spaces over R, we have the

continuous embedding
B® <y Bs—d1/pi—1/p2)

P1,91 p2,92
Moreover, if C° denotes the space of bounded uniformly continuous functions, we have
the continuous embeddings

B, — C" = BY .
Moreover, we have by [Tri83, p.131] that for s € R and 1 < py < p1 < oo such that
so — d/py = s1 — d/p1, there holds

$0,P0 S1
H = Bpl »Po”

Moreover, we have for s € R, p,q € [1,00] and any n > 0 that

s s
Bpaq — B

s+n s
P,q+n Bp,oo = Bp,l‘

and finally By, = H* for any s € R.
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Lemma 4.B.5 (Duality for Besov space, [BCD11l, Proposition 2.76]). Let ¢ € S be a
Schwartz function. Then for any p,q € [1,00], s € R and u € B, , the mapping

S—R

¢ = (u, 9)
extends to a linear functional on Bl;fq,, where p',q" are the Hdélder conjugates of p,q
respectively. Moreover, if u € &', we have for Q% being the space of ¢ € S such that

]l <1 that

/
Bs

! gl
pr,q

lully, <C sup {u,6).

¢€Q;/?q’
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