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Chapitre

Introduction

L’objet de cette these est de proposer des outils pour simuler des phénomeénes
physiques complexes. Les systémes décris dans les chapitres 3 et 4 servent a simuler
le mouvement des ions dans des solutions fortement concentrées. C’est a dire, a
représenter dans un ordinateur le fonctionnement d’une batterie, le comportement
de la saumure d’une piqiire de corrosion, ou certains mécanismes de piles & combus-
tibles. Dans le chapitre 5, le modéle a pour motivation la production de panneaux
solaires par dépot de vapeur. Le chapitre 2 lui a un double intérét : d’une part il
prépare mathématiquement le travail effectué dans le chapitre 3, d’une autre, il
permet de simuler le fonctionnement de certains semi-conducteurs, matériaux clefs
de I’électronique.

En dépit de ces applications possibles dans la transition écologique, les chapitres
de cette thése emploient un jargon de mathématicien plutot que celui propre a cha-
cun de ces domaines. Cette introduction a 'ambition, outre de présenter les idées
et résultats principaux, d’introduire une partie de ce jargon. Ainsi, avant d’entrer
dans le détail de la structure de cette introduction, on s’intéresse a décrypter le
sens du titre.

Nous 'avons vu, les applications possibles de cette thése sont variées, mais les
modeéles mathématiques sous-jacents ont un point commun : il s’agit de modéles de
diffusion croisée. Ces modeles servent en physique et en biologie pour des systémes
ou la vitesse et la direction de diffusion d’une espéce dépends non seulement de sa
répartition (des zones ou elle est trés présente vers les zones ot elle y est moins),
mais aussi de celle des autres espéces!. Un petit peu comme sur une autoroute
ol les vitesses des voitures, motos et camions sont liées. Evidemment sur une
autoroute, les conducteurs ont d’autres objectifs que d’éviter les collisions ce qui
conduit & des phénomenes (et donc des modeéles) différents [127].

1. Ce cadre est plus général que celui des matrices d’Onsager non diagonales, mais si vous
étes familier avec celles-ci ¢’est une bonne premiére approximation.



2 CHAPITRE 1. Introduction

Les modéles considérés ont un autre point commun : on peut calculer une
quantité qui décroit au cours du temps. En mathématiques, on appelle ¢a une
fonctionnelle de Lyapunov, ou une entropie sous certaines conditions de convexité.
Cette entropie ne correspond pas a celle de la thermodynamique, et ici sera souvent
assimilée & une énergie libre. Dans la Section 1.1 on verra plus en détail I'origine
physique des systémes étudiés dans les différents chapitres de la theése.

Outre la proximité mathématique des modéles, on cherche a créer des méthodes
utilisables sur un ordinateur pour en calculer des solutions approchées ou approxi-
mations numériques. On s’intéressera exclusivement a des méthodes de volumes
finis & deux points et on cherchera des schémas (méthodes de calcul d’approxima-
tions) qui préservent la décroissance de l'entropie. Ces méthodes sont introduites
en Section 1.2 et on y illustre sur un modéle simple dérivé précédemment les idées
d’analyse des deux premiers chapitres.

Enfin, en Section 1.3, on présentera les résultats principaux de chaque chapitre
en s’appuyant sur les acquis des sections précédentes.

1.1 Modéles étudiés dans la thése

Le principe de base de 1’électrochimie est de faire réagir des ions avec des élec-
trodes. Cela peut servir a produire de 1'électricité (comme la pile de Volta), a en
stocker, a déposer de la matiére sur un objet qui servira d’électrode, a produire ou
détruire des molécules et ions comme lors de la fabrication de 1’eau de Javel. L’élec-
trochimie sert aussi a éviter certains phénomeénes naturels comme la corrosion, et
peut alors chercher a ce que les ions et les électrodes ne réagissent pas.

Dans un grand nombre de cas, les ions sont dissous dans un fluide, souvent de
I’'eau, appelé électrolyte. Un méme objet peut contenir différents électrolytes et
des interfaces pour séparer les espéces. Il y a de nombreux phénomeénes a I’ceuvre,
entre autres : des phénoménes électriques, des réactions chimiques au niveau des
électrodes, mais aussi dans le mélange, des mouvements de particules. Les modéles
étudiés dans cette thése ne traitent pas de toutes ces difficultés physiques, mais
sont centrés sur le mouvement de particules par diffusion et sous I'effet du champ
electrique, donc sur la compréhension de 1’électrolyte.

Au vu des échelles caractéristiques des phénomeénes physiques observés, la plu-
part des modeles se font a une échelle macroscopique : on ne compte pas les ions un
par un, mais on regarde la concentration de chaque espéce chimique. On dispose
ainsi de N espéces dans notre mélange et on notera c; la concentration de la i-éme
espece. Une question naturelle est : le solvant fait-il partie de ces N espéces? Si
oui, est-il légitime de lui donner un roéle spécifique ? Apres un détour par le mo-
déle de Nernst-Planck-Poisson en section 1.1.1 ot le solvant n’est pas modélisé on
présentera un modeéle inspiré de [60, 59, 70| en section 1.1.2, qui lui le prends en
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compte et lui donne un réle particulier.

1.1.1 Nernst-Planck-Poisson

Les premiers modéles d’électrolyte remontent au 19°™¢ siecle. Ils se basent sur
deux équations : le principe de Lavoisier 2, garantis que les espéces chimiques se
conservent, autrement dit, du fait de notre choix de ne pas regarder les réactions :

(9tci + le(JZ> = O,

ou J; représente le flux de matiére de la i-eme espéce et reste & déterminer. L’idée
est de considérer que du fait des collisions avec le solvant, J; se décompose en une
partie inertielle (transport par un champ te vitesse u) et une partie proportionnelle
aux forces s’exercant sur chaque particule. Par souci de simplicité, on ne considére
que deux forces : la force de diffusion qui suit la loi de Fick et la force électrique.

Somme toute :
zZiC;e
e ( O T )

avec e la charge de 1’élémentaire (charge du proton, I'opposé de la charge de I'élec-
tron), z; le nombre de charges de la i-eme espéce, E le champ électrique kg la
constante de Boltzmann, et T' la température supposée constante. Ce modéle né-
glige les forces magnétiques, et est couramment utilisé sous une forme "station-
naire" avec u = 0 et une approximation électrostatique £ = —V® calculé par
I’équation de Maxwell-Gauss. Somme toute :

8tcz~ + le(Jz> = O,

2;C;€
;= —D; i Vo),
J, (Vc + kBTv )

N
—€p€y Ad = E NAZiCie.
=1

On préfére travailler sous une forme adimensionnée ¢ — ¢/cyef, J; = J;/Cref, © —

k}:T(ID :
Orc;i +div(J;) =0, Vi € [1, N], (NPP.a)
N
—NAD =Dz, (NPP.c)

i=1

2. « Rien ne se perd, rien ne se crée »
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[

ou A= (M> * est la longueur de Debye. Le flux (NPP.b) peut se réécrire :

NAe2cref
Ji = —=D;;V (log(c;) + z:®) , Vi € [1, N]. (1.1.1)

On appelle ainsi log(¢;) + z;® le potentiel électrochimique, et on parlera d’équilibre
thermique lorsque ce potentiel est constant.

Ce modéle dispose d’un fonctionnelle de Lyapunov. Avec des conditions de bord
adéquates :

N \2
H = Ejil L+ = |VD|?, 1.1.2
/i:1cogc+2]V\ ( )
décroit le long des trajectoire, et on a :
dH
— = —/ Dic;V (log(c;) + 2®)* . (1.1.3)
dt Q

Dans l'expression de H, le terme )‘72|VCI>|2 correspond aussi a %Zzicﬁb, et
s’interpréte comme une énergie électrique. En revanche, le terme ) ¢;loge; n’a
pas une telle interprétation énergétique. Il peut étre assimilé & une approximation
de I'entropie de mélange : — Zfio c;log x; avec x; = 213 o la fraction molaire de
I’espéce 1 et ¢y la concentration de solvant. Cette approziiomation est valide dans le
cadre fortement dilué ¢; << ¢y. Ce modéle est trés utilisé en pratique du fait de sa
simplicité et de I'existence de schémas numériques performants (voir Section 1.2).
La limite pratique principale est ’absence de couplage mécanique qui permet des
concentrations arbitrairement grandes, et en pratique démesurément grandes pour
des différences de potentiel relativement faibles.

1.1.2 Au-dela de Nernst-Planck-Poisson

Pour ces raisons, et d’autres considérations physiques, Wolfgang Dreyer, Cle-
mens Guhlke et Riidiger Miiller ont proposé en 2013 un couplage de la diffusion,
des forces électriques, et de la mécanique [60] basé sur la thermodynamique hors
équilibre [55]. En 2014 Wolfgang Dreyer, Clemens Guhlke et Manuel Landstorfer
ont étendu ce modeéle & des espéces de volumes molaires différents [59]. Par souci
de simplicité on ajoutera les hypotheéses faites par Jiirgen Fuhrmann pour la si-
mulation numeérique dans [70], on négligera aussi les effets de polarisation et la
contribution de I’état de référence a 1’énergie libre. Posons pour chaque espéce M;
sa masse molaire, v; son volume molaire supposé constant, et z; son nombre de
charges (& un facteur Nye prés). L’équation de conservation de chaque espéce et
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la préservation des moments (en supposant le mélange non visqueux) donnent :

Oypu + div (pu @ u — o) = zE, (1.1.5)
e div(FE) = z, E=-V9, (1.1.6)

ol u est la vitesse macroscopique (ici la vitesse barycentrique), o est le tenseur
des contraintes, z = Zﬁio z;c; la charge, E le champ électrique, ¢ le potentiel
électrique, p = Zij\io M;c; la densité du fluide, et J; le flux de diffusion massique.
Pour que I'équation (1.1.5) traduise la conservation des moments, on a scindé le
flux de chaque espéce en une part convective M;c;u et une part diffusive J; qui
doit satisfaire

> Ji=0. (1.1.7)

i=0
Un des flux étant défini par cette équation, on calculera le flux de diffusion du
solvant & I’aide des N autres flux qui restent a définir.

Ce systéeme dispose d'une énergie libre H composée de trois termes : une
énergie cinétique p—f, une énergie électrique %Z(I), et une énergie microscopique
Hyicro(C1,y ..., ). Dans ce cadre, le second principe de la thermodynamique se

traduit de la fagon suivante :

N
1
—-13 (__E+sz), (1.1.8)

ou i, le potentiel chimique est calculé a partir de I’énergie libre W(cg, ¢1, ..., cN)
via :
L = a-E[micro
‘ 801- ’
En éliminant le flux du solvant par Jy = — Zf\;l J;,on a:

N
1 20 1
= —— .. E \/ __
¢ TZiZOJZ ((MO Mi) +M Hi = M, )

oll D; est le coefficient de diffusion de la loi de Fick.
On fait le choix de flux suivant qui est bien compatible avec la positivité de € :

M; M;
Ji = =M;D;c;V ((Nz IV )+ (2 — M ZO)(D) : (1.1.9)
0 0

Le stress o est également fixé par les lois de la thermodynamique. Grace a
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I’absence de polarisation, ce tenseur est scalaire (proportionnel & I'identité) et on
a :

N
o= (V- ZQ’M)I,
i=0
d’ou :
N
dive = — Z sz,uz
i=0
Il nous suffit de déterminer 1’énergie libre microscopique pour clore le systéme.

Pour cela, on pose :
H, micro — {Imélange + H, mécanique
avec :
N N
Ci _
qjmélange = kgT § & IOg E, Cc = E C;.
1=0 i=0

Le terme W pscanique €st plus complexe. On pose

N

r = Z CU;y, PpP= K<T - 1), \Ilmécanique = Kr 10g(7") - D
=0

ou r est le taux de compression, p la pression, et K > 0 le module supposé
indépendant de la composition du mélange. On peut remarquer que V¥ scanique VU
comme une fonction de r est convexe et nulle en 1. On obtient ainsi :

Wi = kgT log % + v; K log(r).
c

Dans la pratique, les électrolytes peuvent souvent étre considérés comme incom-
pressibles, autrement dit, K est trés grand. Dans cette limite, si a I’état initial on
a r = 1, alors I’énergie libre initiale H est finie. Elle reste donc finie, c¢’est-a-dire
qu’a tout instant on a 7 = 1. On peut alors développer log(r) au premier ordre et
on obtient : ..

w; = kgT log é + v;p.

Finalement, sous ces hypothéses et en introduisant N; = J,;/M; le flux molaire
7 9
le systéeme considéré se résume ainsi :

8tci —+ div (c,-u -+ Nl) = 0, Vi € [[O, N]],

M;
My

M;
My

NZ' = —DiCZ’V ((,UZ - [LQ) + (ZZ — Z())@) Vi e [[1, N]],
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w; = kgT log % + v;p, Vi € [0, N,
c

N N N
ZCﬂ)izl, ZJ’L:O’ —GOAq):ZZiCZ‘,
=0 =0 =0

N
Opu + div (pu @ u) = — Z ciV(pi + z®).

=0

Le traitement de termes du type divu ® u est tres difficile mathématiquement,
aussi on aimerait faire I'hypothése u = 0. Cela pose un premier probléme physique :
I’hypothése d’incompressibilité indique que la vitesse volumique u,, = u+ ZiN:o v; N;
est a divergence nulle. En dimension un, sous ces deux hypothéses un mélange a
deux espéces (N = 1) sera donc au repos si les masses et volumes molaires ne sont
pas proportionnels.

On pourrait s’affranchir de ce probléme en remplagant la vitesse barycentrique
dans (1.1.5) par la vitesse volumique, cela remplacerait les ratios de masses mo-
laires par des ratios de masses volumiques. On aurait ainsi :

V; (5

“log @) + (2 — —zo)(I)) , Vi € [1,N]

C Vo C Vo

par une élimination immédiate de la pression. Cette idée est proche du modéle
proposé en section 4.3.2 du chapitre 4, mais revient & abandonner le principe
physique de conservation des moments. Le découplage d’avec la pression amenant
a étudier le couplage électro-diffusif séparément des aspects mécaniques, tout en
bénéficiant de 1’équation Zfio c;v; = 1, nous nous intéresserons tout de méme au
modele adimensionné suivant dans le chapitre 3 :

Vo
hi=logs — Yog D wie[n, N, (1.1.10D)
[¢ Vo C
N
ZCZ"UZ‘ = 1, (1110(3)
=0
N
—NAD =Dz (1.1.10d)
=1

Ce nouveau modele revient a modifier le modéle de Nernst-Planck-Poisson en rem-
plagant log(c;) de (1.1.1) par h;, et a ajouter le solvant a la modélisation en lui
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faisant remplir les vides.

1.1.3 Détournement du modéle d’électrolyte

Le remplacement de log c¢; par h; implique deux difficultés mathématiques. La
premiére est ’apparition d’une non-linéarité, la seconde est ’apparition de croise-
ments entre les concentrations. Pour éviter ces croisements, on considére un élec-
trolyte contenant deux espéces, donc N = 1. On supposera également une égalité
entre les volumes molaires :

&1

V1 = g d’ou hy = log <

w

Quitte a changer d’unités, on pose vy = 1. Pour que le couplage ait un intérét, on
suppose 0 # zeg := 21 — 2g. Le cas particulier z; = —zy correspond au modéle de
liquide ionique proposé en [71] & la section 4.3. Dans le chapitre 2, on ajoute un
terme source & 1’équation de Poisson. On obtient ainsi :

C

Oyc — div DceV (log . +29) =0,

— C
N AD = z¢+ P,

Cette addition permet a peu de frais de considérer ce modéle comme un systéme
de dérive-diffusion unipolaire, c’est-a-dire un réseau de charges fixes au milieu
desquelles évoluent des charges mobiles. Cette situation est notamment présente
dans les semi-conducteurs et certains électrolytes solides. En pratique, il semble
qu’il existe bien des matériaux pour lesquels la relation entre la concentration du
porteur mobile ¢ et son potentiel chimique h est proche de h = log —— [124, 1].

Cref—C

Ces matériaux sont donc couverts par I’étude menée au chapitre 2.

1.1.4 Vers d’autres modeéles d’électrolytes

Dans le chapitre 4 on cherche a construire des modéles proches de celui défini
en section 1.1.2 en explicitant le mécanisme de dissipation a 1’ceuvre. Plus for-
mellement, 1'idée physique est de prescrire &, la dissipation d’énergie libre, dans
I’équation (1.1.8) pour en déduire l'expression des flux. Dans la section 1.1.2; on
postule une expression des flux pour constater ensuite qu’ils satisfont au second
principe. Ici on postulera une valeur de £ pour en déduire I'expression des flux.

La technique utilisée est celle de la modélisation variationnelle [113]. Ce cadre
est adapté dés que les effets inertiels sont négligeables. Cela revient a remplacer
I’équation de conservation des moments (1.1.5) par une condition d’optimalité sur
les flux. On présente ici deux dérivations de I’équation de la chaleur (diffusion
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suivant la loi de Fick) pour exposer la méthode. Une deuxiéme présentation de la
méthode est disponible au chapitre 4 avec une dérivation du modéle de Nernst-
Planck-Poisson différente de celle présentée en section 1.1.1. Ces deux dérivations
sont inspirées de [110]. Enfin en Section 1.1.4.c on montrera le lien entre les gran-
deurs issues de la modélisation variationnelle et la décroissance de I’énergie libre
notée ici E.

1.1.4.a Une premiére dérivation de la loi de Fick

La modélisation variationnelle repose sur choix de quatre éléments :

— Un espace d’états admissible : Z représentant les inconnues modélisées. Dans
ce premier exemple, nous prendrons

Z = L*(Q,RY),

ou 2 est le domaine modélisé et N le nombre d’espéces. On peut remarquer
que nous n’imposons pas la positivité des concentrations.

— Une énergie : F: Z — RU {+o0} qui sera une fonctionnelle de Lyapunov.

Ici nous prendrons
2
i

N

c

E(ci, ..y en) :/ -
2

— Un mécanisme de transformations possibles. Bien que le cadre théorique soit
plus large, nous ne considérerons que des transformations qui garantissent la
conservation de la masse :

dye; + div J; = 0. (1.1.11)

Il reste possible de restreindre les flux admissibles J, ainsi pour des condi-
tions de bords de Neumann homogénes on posera :

T ={(N,...,Jn) € Ha(ULRNY | Vi, J; - n =0 sur 092} .

— Une fonction de cotit de transformation ¥ : 7 — R. Ici :

aNpAR
U(J :/ =
(J) Zw

On demande souvent que ¥ soit minimale en zéro et convexe. Bien que ce
ne soit pas le cas dans cet exemple introductif, ¥ peut dépendre de I'état
du systéme. Elle est parfois appelée potentiel de dissipation du fait des liens
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avec la décroissance de FE mis en exergue en section 1.1.4.c. Par un léger
abus de langage, on 'appellera plus simplement "dissipation" bien qu’il ne
s’agisse pas directement de & tel que définie dans I’équation (1.1.8).

L’idée de la modélisation variationnelle est d’ajouter au mécanisme de trans-
formation (1.1.11) une condition d’optimalité des flux :

J. € argmin V(J) + <6—E, —div J), (1.1.12)
Jeg oc

ou %—f est la dérivée de E.

Pour avoir finitude et unicité de cet argmin, il suffit d’ajouter une hypothése
de coercivité sur ¥. La minimalité de W en zéro permet de garantir la décroissance
de E, comme on le verra en section 1.1.4.c.

Sous la forme actuelle, il n’est pas évident que les flux suivent la loi de Fick :
Ji = —DZ'VCZ‘.

Pour expliciter cela, on cherche les points critiques de W(J) + (32, — div J), c’est-
a-dire les points ou la dérivée en J est nulle. Pour la dissipation, on a pour tout

H: v
S Ji - H,
°C H= .
5 /QE D,

En intégrant par partie, on a :

5E . J1 JN
— (U — = == ey .
(¥(J)+ 5o div J)) (D1 + Ve, D +VcN>

On a donc un unique point critique, et il suit la loi de Fick! Du fait de la régularité
et de la coercivité de la fonctionnelle considérée, ce point est un minimum.

L’énergie considérée, ici la norme L? | est plus adaptée & des vitesses qu’a des
concentrations, et on lui préfére souvent pour les modeéles de diffusion 1’énergie
de mélange : ¢;log “-. En effet introduire le couplage électrique & partir de cette

Cre
"énergie de mélange" et ce mécanisme de dissipation donne le flux :

autrement dit un terme de dérive électrique indépendant de la concentration, ce qui
a peu de sens physique. Il est aussi possible de retrouver la loi de Fick en prenant
I’approximation usuelle de 1’énergie de mélange c; log C‘;’;, avee Cef constant. Clest
le sujet de la prochaine section.
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1.1.4.b Une autre dérivation de la loi de Fick

On considére désormais :

N
Z=0Q—[0,+00)", E:ceZ— / Zci log(¢;), (1.1.13)
Q=1
J ={(N,...,Jn) € Ha (LR | Vi, J; - n = 0 sur 9Q}, (1.1.14)
= |JiP
U H LI 1.1.15
JEJH/S);ﬂ)M ( )

Ce choix de modélisation correspond a l’exemple donné dans [113] section 2.3. 11
y a deux fagons de tenir compte du bord de Z : une premiére fagons est de ne
rien faire et de dire si on en sort le modéle n’est plus valide. Une autre maniére
de faire est de préciser le sens de IJ?F pour J; et ¢; nul. En posant zéro dans ce
cas et +oo dans les autres cas ou c; est négatif ou nul, on retrouve la fonction
de Benamou-Brenier [13]. Comme nous savons que 1’équation de la chaleur vérifie
le principe du maximum®, nous choisirons la premiére option. Dans le chapitre
4 en section 4.2.2 on propose une facon d’intégrer des contraintes qui sans régler
cette ambiguité garantis la positivité et s’intégre mieux dans la formulation du
probléme.

On procéde donc comme précédemment. La dérivée de U par rapport a J est

D‘?Cl, . D‘]IVJEN, celle de (‘;—Jf, —div J) est Vlog(c), on a donc :

J; = —D;c;Vlogc;.

Il suffit désormais d’utiliser le théoréme de dérivation des fonctions composées
(chain rule en anglais) pour obtenir la loi de Fick désirée. Dans le Chapitre 4, on
étends cette énergie et ce potentiel de dissipation a un couplage électrique qui nous
donne le systéme de Nernst-Planck-Poisson.

1.1.4.c Quelques généralités

Dans les deux exemples précédents, on peut remarquer que :

dE(c)
= =2¥(J.) <0.
dt (Je) <
. dE(c) . . ) .y .
Ici, — 7 correspond a & de I’équation (1.1.8). On s’intéresse dans cette section

a généraliser cette proximité entre potentiel de dissipation et dissipation réelle.

3. i.e préserve les bornes de la condition initiale.
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Pour ce faire, on considére ’ensemble Z, la fonction F, et ’espace vectoriel J
assez généraux. Par souci de simplicité, on ne précisera pas les hypothéses précises
de régularité et de compatibilité de ces choix, on procédera donc trées formellement.
Pour W, on suppose qu’elle est convexe et coercive pour garantir I’existence et 1'uni-
cité d’une solution au probléme de minimisation (1.1.12). On suppose aussi qu’elle
est minimale en zéro. Sous ces hypothéses, F est une fonctionnelle de Lyapunov,
autrement dit ¢ — F/(c(t)) est décroissante. On a en effet, au moins formellement :

dE(c) OFE

di = <%,—d1VJc>.

Par minimalité de ¥ en zéro, puis en comparant la valeur de W(.J) + (£, — div J)
en J.eten0,on a:
dE(c) OF

< — —, —di <0.
o < VU(J,) \I/(O)+(5C, divJe) <0

Il est possible d’aller plus loin et de relier effectivement W & la décroissance de
I’énergie. Pour cela on introduit p la dérivée de E, et on constate comme précé-
demment que :

SE .
(5 —div Je) = (Vps, Jo).

On a ainsi en ajoutant et retranchant W(.J.) :

dE(c) :
e —U(J,) + min U(J)—(=Vpu,J).

En introduisant la transformée de Legendre U*, on a :

dE(c)
dt

= —V(J) - ¥ (=Vp),

ou Vi est (Vuy, Vs, ..Vuy). Ce résultat est extrémement général du fait de la
faiblesse des hypotheéses sur V.

On dispose d’une expression plus simple dans le cas -fréquent- ot :

\IJ(J):/Q—J AQ(C)J.

On peut remarquer qu’on ne dispose pas d’unicité pour A, en effet pour toute
matrice anti-symétrique €, J7eJ = 0, d’ott JT(A(c)+€)J = JT A(c)J. On peut donc
sans perdre en généralité supposer A symétrique. Ce cas est appelé cas d’Onsager
car le flux et les forces entropiques sont positivement liées [107, 108|. En effet, I’



1.1. Modéles étudiés dans la thése 13

hypotheése de coercivité sur ¥ indique que A est définie positive, donc inversible.
En notant B son inverse, on remarque que :

B
J.= BV,  U(F) :/FT () o
02
d’on JE
© _ —/ JIA(c)J. = —29(c).
dt o

1.1.5 Fabrication de panneaux solaires

Il existe de nombreux types de panneaux solaires. Sans entrer dans le détail de
fonctionnement de chaque type de panneau solaire, le principe est que le rayonne-
ment solaire apporte assez d’énergie & des électrons pour les faire passer de la bande
de valence a la bande de conductivité, autrement dit a les séparer de leur noyau
d’origine. En empilant une couche dopée positivement, c’est-a-dire avec quelques
atomes ayant un électron excédentaire dans leur couche externe et une couche do-
pée négativement (ou les impuretés sont plutot des atomes auxquels il faudrait
ajouter un électron), les électrons seront plus facilement arrachés dans la zone
dopée positivement et auront tendance a se lier plus facilement aux éléments de
dopage de la couche négative qu’au semi-conducteur ambiant. De méme, le déficit
d’électron, ou trou, se transmettra de proche en proche et restera davantage sur
les atomes ayant une couche externe a neuf électrons?.

Des couches intermédiaires peuvent étre ajoutées pour limiter davantage les
recombinaisons, collecter ou injecter les électrons (afin de fermer le circuit de pro-
duction de courant), protéger des agressions extérieures, etc.

La largeur de chaque couche controle non seulement la distance a parcourir
pour un électron et un trou nouvellement créés, mais aussi la quantité de lumiére
captée par chaque couche. Une couche trop épaisse et les électrons et les trous
se recombinent dans la couche positive. Une couche trop fine et le rayonnement
atteint la couche négative ou les électrons sont plus difficiles a arracher. Dans ces
deux cas, l'efficacité du panneau solaire est limitée. Il est donc crucial de bien
maitriser ’épaisseur de chaque couche lors de la production du panneau.

Il existe de nombreuses techniques pour s’assurer de l’épaisseur de chaque
couche. L'une d’entre elles est le dépot de vapeur. L’idée est de placer le support
sur lequel déposer les couches dans un milieu saturé en vapeurs qui se condenseront
sur ce support. Ce processus s’effectue a trés basse pression si bien que la vapeur se

4. En comptant les électrons partagés par des liaisons chimiques, dans le cas ou le semi-
conducteur est le silicone, I’atome aura 5 électrons "en propre", ce pourrait étre de I’arsenic ou
du phosphore.
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transforme immédiatement en solide. Du fait des conditions de température dans le
solide, les atomes peuvent échanger de place avec une probabilité non négligeable,
ce qui permet de produire des structures cristallines complexes telles que la chal-
copyrite des panneaux CIGS® ou la kesterite des cellules éponymes [58]. Cela peut
aussi amener les différentes couches a se mélanger. Le modéle de mélange proposé
ici et étudié numériquement dans le chapitre 5 a été proposé par Athmane Bakhta
et Virginie Ehrlacher dans I'annexe A.1 de leur article [11].

Par souci de simplicité, nous faisons la dérivation en dimension deux plutot
qu’en dimension d. Il aurait également été possible de faire la dérivation en di-
mension 1, ce choix est fait dans [11], mais cela rend plus difficile le passage de la
dérivée scalaire au gradient, a la divergence ou a un autre opérateur.

On décompose 'espace R? en cellules carrées de coté dz qu’on peut se repré-
senter comme les mailles d’un réseau cristallin. Le temps sera représenté par une
succession d’instants successifs distants de dt. Dans chaque cellule se trouvent jus-
qu’a N espéces différentes et on note ufl” le nombre moyen d’atomes se trouvant
dans la cellule [kdz, (k+1)0x[x[ldx, (14 1)dx[ & 'instant ndt. Entre deux instants,
on permet aux atomes d’échanger avec un atome d’une cellule qui partage un coté
avec sa cellule actuelle. On note p; ; > 0 la probabilité pour un atome de 'espece
i d’échanger de place avec un atome de I'espéce j. Nécessairement, p; j = p;,;. On
suppose que ces probabilités sont indépendantes de 1’état des cellules. En moyenne,
pour deux cellules voisines (k,l) et (k',l'), il y a (en développant a l'ordre 1 en
Pij) pi,juf’l’"ufl’l/’" échanges entre un élément de l'espéce i de la cellule (k,1) et un
élément de I'espéce j de la cellule voisine. Au total, on a donc :

N
kln+l _ kln kln, k—1ln k+1,1n ki—1n El+1n
Uy =u;" + § :pi,juj (u; +u; +u; + u; )
i=1
N

kln/ k—1ln k+1,0n kil—1n kJl+1n
— E pigug " (ug + u; + u; + u; ).

=1
On peut noter que méme si ’état initial était parfaitement connu avec u entier, ce
n’est plus forcément le cas par la suite. On remarque aussi qu’on peut retrancher

kln, kl . .
dans chaque somme le terme 4w’ ’"ujf ™. On peut enfin ignorer les échanges entre

5. On trouvera aussi parfois les noms de Gallite et Roquésite
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termes d’une méme espéce. Aprées quelques calculs, on obtient :

kL, 1 kL,
ui n—+ _ui n

ot
T O et e i
5t ;Pmui 502 + e
JFi
dx? kel u?il’l’” — Quf’lv” 4 uéﬁrl,l,n u?’lil’n _ 2u§’l’" n U?HLn
o ;pmw o i 2022
J7F

Sous cette forme, on remarque que les fractions présentes approchent ce qu’on
aimerait appeler la dérivée de u. Pour pouvoir considérer cela on fait tendre dx vers
zéro, non en réduisant la taille des mailles de notre réseau cristallin (ce qui ferait
décroitre u;) mais simplement en changeant d'unité de longueur. Pour conserver
une limite non triviale, on considére aussi des temps de plus en plus grands de
sorte que dans notre nouvelle unité de temps ot soit lui aussi zéro et qu’on aie
% — a. Dans ces changements d’unité, p; ; lui reste inchangé. On a alors :
8tui = Z am- (Uj (@;xul + @yyui) — ul(ﬁmuj -+ 8yyuj)),
J#i

ol a; ; est égal & ap; ;. En remarquant de divu;Vu; = Vu; - Vu; +u; Auj, on a:

8tui + div Z a; j (uZVu] - u]VuZ) = 0.
JFi

Cette équation est é¢tudiée dans le chapitre 4. Le fait que p; ; ne dépende pas de la
face considérée est une hypothése trés forte dans le cas d’'un matériau cristallin. La
prise en compte d'une anisotropie est incompatible avec les méthodes numériques
étudiées dans cette thése et que nous présentons maintenant.

1.2 Schémas

Pour simuler les modéles présentés dans la section précédente, nous utilisons des
schémas volumes finis & deux points en espace et la méthode d’Euler implicite en
temps. Le principe de la méthode des volumes finis est d’approcher des intégrales
de I’équation sous forme forte. Pour une équation de conservation de la masse, on
cherche donc sur chaque volume de controle a approcher la quantité inclue dans le
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volume (ou intégrale de la solution) et I'intégrale des flux sur le bord du domaine .

La méthode d’approximation & deux points se fixe comme limite pour approcher
I'intégrale d’'un flux entre deux cellules de contréle en utilisant uniquement les
valeurs de la solution dans ces deux cellules. Cette méthode, largement utilisée dans
I'industrie, a I'intérét de préserver les propriétés physiques des solutions telles que
la conservation de la masse et la positivité des concentrations [67]. Elle nécessite
cependant de choisir un maillage adapté. La définition de tels maillages est donnée
en section 1.2.1 ainsi que des notations usuelles. Dans la section suivante 1.2.2,
on propose deux schémas pour 1’équation de Nernst-Planck-Poisson présentée en
section 1.1.1 dans le cas & une inconnue de concentration (N =1,D =1,z =1, A =
1). Dans ce cadre 1a elle est parfois aussi appelée équation de dérive-diffusion. Enfin
en section 1.2.3 on propose des pistes pour ’analyse numérique de ces schémas en
suivant des idées clefs des chapitres 2 et 3.

Pour ce qui suit on considére Q C R? un ouvert polytopal connexe non vide
dans lequel on considére ’équation d’évolution :

Oc+div F' = 0, (1.2.1)
F = —cV (logc+ ¢) (1.2.2)
~AD=c (1.2.3)

assortie d'une condition initiale ¢ > 0, de conditions de bords de Neumann homo-
génes pour ¢ : F'-n =0 sur 002 et pour & : VP -n =0 sur I'y C 9. Sur le reste
de la frontiére I'p = 9 \ 'y, on impose une condition de Dirichlet inhomogéne :
¢ = o7 ou ®P € HY(Q) ne dépends pas du temps. On se donne également un
intervalle de temps de simulation fini [0, 7.

1.2.1 Maillage

Les schémas numériques a deux points (TPFA) nécessitent une condition d’or-
thogonalité sur le maillage [89, 68]. On précise cette condition dans la définition
suivante, compatible en tout point avec celles des section 2.2.1, 3.2.1, 5.2.1 et 4.4.
De méme les notations de l'introduction correspondent avec celles des chapitres
suivants.

Definition 1. Un maillage admissible de € est un triplet cellules, faces, centres
(T, €, (xk) ger) satisfaisant les conditions suivantes.

(i) L’ensemble T est fini et chaque cellule K € T est un polytope convexe ouvert
et non vide. On suppose de plus les cellules disjointes et que leur adhérence

6. C’est un cas d’application du théoreme de Green-Ostrogradski
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(i)

(iii)
(i)

(vi)

(vii)

(viii)

recouvre §) :

KNL=0 stK,LeT avec K # L, et Uf:ﬁ

Chaque face o € & est fermée, et incluse dans un hyperplan de R? et de
mesure non nulle my, = H4 (o) > 0. On suppose enfin que les faces n’ont
qu’au plus des arrétes communes, autrement dit HY (o Na’) = 0 pour tout
0,0 €& tels que o’ # 0.

Pour chaque cellule K € T on dispose d’un ensemble de faces Ex inclus dans

E tel que l'union de ces faces soit la frontiére de la cellule : 0K = ergK .

Chaque face o € £ est la face d’au moins une cellule : K € T,0 € Ek.
Autrement dit : € = Uger Ek-

Enfin, on suppose que les faces ne sont pas inutilement fractionnées : pour
chaque cellules K,L € T distinctes, l'intersection de leurs adhérences est
donc soit une face 0 = K|L € &, soit un ensemble de mesure (d — 1) nulle.
Dans le premier cas, on parle de cellules voisines.

les centres des cellules sont a linterieur de leur cellule (v € K,VNK € T ) et
satisfont a une condition d’orthogonalité : si K et L sont des cellules voisines,
alors le vecteur v — xy, est orthogonal a la face K|L.

cette condition s’étend aux faces qui sont a la frontiere de 2. Pour celles-ci
on suppose qu’on dispose de x, € o un centre de face tel que xx — x, Ssoit
orthogonal a o

on suppose enfin que notre maillage est adapté aux conditions de bords. En
notant Epy = Uger ULGT\{K} Ex NEL Uensemble des faces internes”, Eppy =
E\ Eint, Uensemble des faces externes, on dispose de En,Ep une partition de

Eent telle que tout o € Ep soit dans 'adhérence de I'p et tout o € En dans
celle de 'y .

Pour des maillages triangulaires, les centres des cellules doivent étre les centres
des cercles circonscrits, autrement dit, notre maillage ne doit pas avoir d’angle droit
ou obtus. Cette notion est plus restrictive que les maillages de Delaunay. Pour de
tels maillages le cercle circonscrit ne doit pas contenir de sommets d’autres tri-
angles, mais certains triangles peuvent avoir un angle obtus. Cette définition peut
aussi s’interpréter en xx — x est orienté de K vers L. Par souci de simplicité,
on gardera I’hypothése (vi) inchangée. Une premicre question assez naturelle est
I'existence de maillage admissibles. On peut en construire assez facilement en dé-
finissant d’abord les centres xx puis les cellules comme étant les points de (2 les

7. Du fait des hypothéses précédentes, Ex N & est au plus un singleton et 'union
ULeT\{K} Ex N & est disjointe.
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plus proches de leur centre. Pour ’adaptation aux conditions de bord, on perturbe
légérement le premier choix de centre, et on obtiens un maillage admissible. Un
tel maillage est appelé maillage de Voronoi. Le maillage dual d’un maillage de
Voronoi correspond au maillage obtenu en considérant les sommets de se maillage
comme des centres de mailles et les segments [y, 2] comme des arrétes (au sens
de sous-face de dimension 1). En dimension deux ce maillage dual est un maillage
de Delaunay dans le sens plus général mentionné précédemment (qui autorise donc
les angles droits). Ces maillages ont de nombreux intéréts [80] dont celui de per-
mettre une reconstruction P; sur le maillage dual d’une solution connue sur chaque
centre de maille.

Par souci de simplicité, on mentionnera parfois I’ensemble du triplet de maillage
par le seul 7. Pour les besoin des différents calculs, on introduit mg la mesure de
la maille K,

sio = K|L € &y, My

dy = R ) and 1, = —.
|t — x| sio € Eoxty do
On introduit enfin la taille AT et la régularité (7 du maillage :

d(zk,0)
h+ = max diam(K = min min ————~.
T = ker (£, T KeT océx  d,

Pour la discrétisation en temps, on découpe simplement [0, 7] en Ny intervalles
de longueur At = T'/Nr et on introduit t,, = nAt.

1.2.2 Quelques schémas pour Nernst-Planck-Poisson

Il s’agit désormais d’exploiter ce maillage pour approcher les valeurs moyennes
des solutions. En effet, en intégrant par partie les équations® (1.2.1), (1.2.3) sur
une cellule K on obtient :

at/l‘(C‘i‘Z Fn:(),

o€EK g
—Z/V®~n:/c,
i K

ol n est la normale sortante de la maille K. L’idée du schéma deux points est
d’approcher l'intégrale sur chaque face interne 0 = K|L en utilisant uniquement
les valeur -approchée elles aussi- des intégrales sur chaque cellule : || 5 G Il x®, / .G

8. ici le Théoreme de Green-Ostrogradski
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J; ®. On note ainsi ¢} la valeur approchée de f,. c(t,) la valeur moyenne sur la
maille K, de méme ®% ~ f, ®(t,). On approche assez naturellement

P — P
/ Vo(t,) no~me—2—=E =7 (O7 — 7).
K|L da

Afin de pouvoir traiter les conditions de bord avec une formule compacte, on note :

ol sioc = K|L € E,
q)?(a = (I)TIL{ sio € &y,

PP =f P sioeép.

1 3 —
n _ Jcp sio=K|L € &y,
CKo = n .

i sio € Eex,

On introduit aussi ¢” le vecteur de R7 composé des ¢}, ¢ le vecteur des ¢, et de
méme P" et P représentent notre discrétisation du potentiel. On notera en gras les
vecteurs dépendant du maillage. Dans certains chapitres, on notera en majuscule
les vecteurs en le nombre de concentrations, et on ne distingue pas les vecteurs
de R? par une notation particuliére. Dans ce méme objectif de simplification des
expressions, on pose :

Dgou =ug, —ug, Dyu=|Dg,ul, VK € T, Vo € &k,

ou u est une fonction de " ou ®". Avec ces notations, et en étendant ’approxima-
tion naturelle au bord Dirichlet, on approche I’équation (1.2.3) pour le potentiel
par :

— Z ToDgo®" = myclh. (1.2.4)

o€EK

Pour la conservation de la masse (1.2.1), on utilise le schéma d’Euler implicite
en temps, on a donc :
e — vt
K~ CKk no_
N + E Fr,=0. (1.2.5)

0EEK int

On muni cette équation de la condition initiale : ¢} = f,. °, et il suffit de relier F},
a i, ., P, @Y% pour obtenir un schéma numérique. On propose maintenant
deux formules pour le "flux numérique" Fl,. Par souci de simplicité on omettra
I’exposant " indiquant le pas de temps.

Une premiére idée tres naturelle est de poser :
Fro = ¢, Dk, (log(c) + @).

C’est sur cette formulation que se base le flux centré, avec ¢, la moyenne arithmé-
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tique :
_ CK T CKg

2

Le second schéma est issu de [116]. L’idée est de poser Fi, tel que le probléme :

Fro Dgo (log(e) + @) . (c)

o, — @
d +c® = Fyg,, c(0) = ck,c(dy) = cp, @' = %

ait une solution. Cela implique :

Fr, B cxe®s — g e®xe

me® ePx — ePxo
En simplifiant :

Fite = 7 (B(®100 — D) exc = B(Pc — Pico)exco ) (se)

ot B = %5 est la fonction de Bernoulli, prolongée par 1 par continuité en zéro.

Dans les deux cas, nos flux se mettent sous la forme :
FKO’ - TU*F(CK) CKo» CI)Ka q)Ka)u
ou F a la propriété d’anti-symétrie :

.F(CK,C[”@K,@L) - _f(CLacK7®L7®K)~

1.2.3 Pistes d’analyse de ces schémas

On essaiera de garder une certaine similarité entre le schéma de preuve présenté
ici et celui des chapitres 2 et 3, quitte a utiliser les résultats qui y seront démontrés.

1.2.3.a Estimations a prior: ou Propriétés physiques des solutions

Afin d’uniformiser I’étude de nos schémas, on introduit C la concentration d’in-
terface telle que :

I(CK, Cr, (I)K, CI)L) = C(CK, Cr, (I)K, (I)L) (log(cK) — log(cL) + (I)K — CDL) .

Une telle fonction C est bien définie, continue, et vérifie pour chacun des deux
schémas (c) et (sg) :

min(cg, cr) < Clek, cr, P, Pr) < max(ck,cr).
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La preuve de ce résultat est similaire (quoique plus simple) a celle du Lemme 3.3.1
page 101. On introduit désormais :

D(CK7 Cr, q)K7 q)L) == C(CK7 Cr, ®K7 (DL) (log(cK) - log(CL) + ¢K - ¢L)2 .

un équivalent discret de (1.1.3). Une deuxiéme idée clef des chapitres 2 et 3 est
d’utiliser cette fonction de dissipation pour obtenir une borne inférieure a nos
solutions discrétes. Pour cela on s’appuie sur la définition de coercivité trés fine
suivante :

lim inf D(CK, cr, (I)K,(I)L) = +00 Vo > O,M > 0.
¢—=0 cx €[6,400[cr, €]0,c],
(P, ®r)€E[-M,M]?

L’idée pour le schéma centré est de minorer la concentration d’interface C, pour le
schéma de Scharfetter-Gummel il faut étre plus fin et estimer F. Cette propriété
de coercivité permet de propager une borne inférieure sur la concentration sous
réserve de :

(H1) disposer sur au moins une cellule de € > 0 tel que € < ¢
(H2) disposer d’une estimation L™ sur ®.
(H3) disposer d'une borne sur D(ck, ¢k, Pr, Pro)

Pour exploiter ces points, on suppose disposer de ¢ €0, —|—oo[TX[[0’”]] solution de
notre systéme. Le point (H1) découle de la conservation de la masse. De fait de la
propriété de symétrie des flux F, = —Fpk, on a :

Z crmy = / &, Vn € [0, Nr].
KeT @

Du fait de notre hypothése de positivité, on dispose donc d’au moins une cellule

K telle que :
cr]b{init Z f CO
Q

Pour le point (H2), on aimerait utiliser la proposition 2.A.1 page 77. Pour cela
il nous faut un borne supérieure sur nos concentrations. Celle-ci dérive elle aussi
de la conservation de la masse :

MK Cl §/co, VK €T.
Q

Contrairement aux Chapitres 2 et 3, cette estimation sur ® dépend du maillage.
Le point (H3) vient lui d’une propriété intéressante en elle-méme de nos sché-
mas : la décroissance de 1’énergie libre 1.1.2. Pour ce faire on introduit son équi-
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valent discret :

Er(c", ®") = ZchKloch+ ZT(;D@TL =Y > n0lD, P

KeT 065 KeT oeePneyk

Ce troisiéme terme est nécessaire pour tenir compte des apports d’énergie externes
liés a des condition de Dirichlet inhomogénes. Par souci de simplicité, on choisi dés
lors de prendre ®” = 0. Ce choix limite certes l'intérét physique du modéle étudié
-et n’est donc pas fait dans le reste de la thése- mais le traitement des conditions
de bord apporte peu a la démarche mathématique présentée dans cette section.
On a ainsi :

Br(c!, ®') — Er(c™, @)

£ <= 3 n D¢, B B 0, VISt

o=K|LEEint

(1.2.6)
L’inégalité difficile & démontrer est la premiére. D’abord la convexité de F7 donne
une majoration du terme de droite :

E7’<Ct, (I)t) o E’T(Ct_l, (Ptfl) S

Z my(ch — i) log(cke) + ZTUDKU‘I’ Dgo (@ — &',
KeT o€

ol le terme constant dans la dérivée de clogc est éliminé grace a la conservation
de la masse. L’étape de calcul suivante est appelée intégration par partie discréte.
Le principe repose sur 1'idée suivante :

Z TUDKU’U,DKG’U = Z UK Z DKU’U

O’Egint KeT UegK,int

Pour une arréte interne ¢ = K|L, Dg,v et Dy,v sont de signes opposés, donc
dans la somme la différence v — vy, apparaitra une fois avec le facteur ug et une
fois avec le facteur —uy. Dans le cas présent, on a :

D ToDioe® " Do (' — @) =" 0x Y Dy, (@' - @),

o€l KeT c€EK

En appliquant I’équation (1.2.4), on a :

ZTU-DKU(I)tDKU< (Pt 1 Z q)K - CK )mK
o€e& KeT
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Somme toute :

Er(c,®') — Er(c™", @) < Y " mg(cl — i) (log(cy) + @) -
KeT

On remarque que le terme de droite correspond -a un facteur At prés- a l'ap-
proximation de la dérivée en temps multipliée par log(ct) + ®°- et sommée sur le
domaine d’otut

> mi(cle — ¢t (log(cl) + @) = At Y (log(ch) + %) Y Fie,

KeT KeT O'GgK int

Grace a notre propriété de symétrie des flux, on peut a nouveau intégrer par partie :

> mui(cle — et (log(cl) + @) = At Y Fie, Do (log(c') + @) .

KeT 0€Eint

En récapitulant et en utilisant la fonction D, on obtiens bien ’équation (1.2.6).
Cette inégalité sur la décroissance de I’énergie libre ne nous donne pas directement
(H3). On a certes par positivité de D :

E’T(CO7 (I)()) _ E’T(Cna (I)n>

At min 7,

D(ck,cr, Pk, Pr) < : VK|L € &,
mais rien ne garantis a priori que le terme de droite soit borné. En remarquant que
les fonctions ¢ — clogc et x — 2% sont minorées, on obtiens une borne inférieure
sur Er(c", ®"), donc une borne supérieure sur D.

Nos trois hypothéses étant vérifiées, on dispose de € > 0 tel que :

e < ,VK € T,t€[l,N]

Quitte & prendre une borne inférieure plus petite, on peut cacher notre borne
supérieure sur ¢ dans cette inégalité :

1
€< che < E,vK € T,te[1,N]. (1.2.7)

1.2.3.b Existence de solution

Dans la section précédente, nous étions partis de I’hypothése qu’on disposait
de solutions positives a nos schémas numériques pour en donner des propriétés
qualitatives. Cependant nos schémas forment des systémes non linéaires et il n’est a
priori pas toujours possible d’en trouver une solution. On s’attache donc désormais
a démontrer que nous ne rencontrons pas ce probléme en utilisant la méthode du
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degres topologique [98, 56]. En clair, on déformera notre systeme non linéaire
continuement jusqu’a le transformer en un systeme linéaire dont on connait des
solutions, ici I’équation de la chaleur et I’équation de Poisson. Ce processus se
déroule en deux étape, la premiére se fait a potentiel nul et déforme le schéma
habituel pour I’équation de la chaleur en un schéma non linéaire.

Plus concrétement, pour « € [0, 1], on pose pour tout K € T :

* n—I1
Cx — Ck

At Y 7o (L= a)Dre€” + aki,) = 0 (1.2.8)
0€EK int

Fro = 75F (¢ iy 0,0) (1.2.9)

> Dk,® =0 (1.2.10)
o€k

En remarquant que cette transformation ne modifie pas les solutions du schéma
de Scharfetter-Gummel, on garde la borne de I’équation (1.2.7). Ensuite, on active
le potentiel, en posant pour « entre 1 et 2 :

* _ .n—1

%mk + Y 7 (Fro) =0 (1.2.11)
0€EK int
Fro = 1 F (Ciy Crcor 0P, P ) (1.2.12)
Y Dk,® = ac. (1.2.13)
o€EK

Il est nécessaire de procéder en deux étapes pour préserver 'inégalité d’entropie
dissipation (1.2.6). De méme, dans la deuxiéme étape, pour préserver cette inéga-
lité, il est nécessaire d’introduire le potentiel électrique & la méme vitesse dans les
deux équations, « faisant office de charge. Pour les conditions de bord inhomo-
génes sur le potentiel, elles peuvent étre introduites au cours de n’importe laquelle
des deux étapes. Ayant pu conserver cette inégalité d’entropie-dissipation, nous
conservons a nouveau l'équation (1.2.7). On a ainsi créé une fonction continue
H:[0,2] x R7T x RT — R7 x R7 telle que H(0,x,*) = 0 aie un degré topologique
égal & un et que H(2,*,x) = 0 corresponde a notre schéma. On a en outre montré
qu’au moins une trajectoire de solution & H(a, *,*) = 0 restaient dans un com-
pact, on dispose donc d’une solution & H(2, x, *) = 0 dans ce compact, c’est a dire
d’une solution & notre schéma. O]

Les chapitres 2, 3 et 5 comportent également une partie sur la convergence
des schémas et leur qualités numériques. Il s’agit dans les deux cas d’une preuve
en trois temps temps. D’abord on introduit une reconstruction de nos solutions
discrétes sur €2 en suivant la méthodologie de [64]. On utilise ensuite un résultat de



1.3. Organisation et résultats principaux 25

compacité qui donne 'existence d’une limite & ces reconstructions lorsque le h, At
tendent vers zéros avec (7 > (*. Pour cette deuxiéme étape, on utilise des résultats
d’inégalités fonctionelles discrétes tels que [16, Theorem 5|, [86, Theorem 2.1] puis
de compacité |9, Theorem 3.9],[78, Lemma 3.4],[31, Lemma 9]. Dans le chapitre 3 la
propriété de compacité est particuliérement difficile a obtenir. Enfin, on identifie la
limite obtenue & une solution faible de notre probléme de départ. Dans cet objectif,
on utilise dans chacun de ces chapitres une deuxiéme reconstruction des gradients

[63] (dans le cadre de [52]) et le Lemme 3.D.2 page 140.

1.3 Organisation et résultats principaux

1.3.1 Idées clefs et résultats principaux du chapitre 2

Dans le chapitre 2, on s’intéresse au modeéle construit en section 1.1.3. Ce
chapitre est issu d’un article publi¢ dans IMAJNA (IMA Journal of Numerical
Analysis) [29] et résumé dans une contribution a la conférence FVCA IX (Finite
volumes for complex applications) [30].

Comme en section 1.2, on cherche a discrétiser le flux de dérive-diffusion qui
s’écrit :

F =¢V (h(c) + ) h(c) = log

- (F-C)

Si il est possible de discrétiser ce flux directement, nous considérons trois maniére
différentes de considérer la non linéarité —log1 — c. La premiére maniére est de
considérer le potentiel chimique excédentaire [95] : v(c) = h(c) — log(c), sous cette
forme, on a :

F=Vc+cV(Q+v(r)). (F-S)

Une deuxiéme option est de considérer une augmentation de la diffusion [125] : r
tel que r'(¢) = ch/(c), on a alors :

F=1'(c)Ve+cVo (F-BCH)

Enfin, on peut considérer les coefficients d’activité et coefficients inverse d’activité
[103] a(c) = exp h(c), B(c) = (o e qui donne :

F = B(c) (Va(c) + a(c)VP). (F-AB)

Pour chacune de ces formulations, on propose un flux numérique. La formula-
tion initiale (F-C) donne :

CKk + Cxo

5 Dgoh(c) + @ (C)

FKO':TO'
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C’est la traduction directe du schéma centré de la section précédente, les flux numé-
riques associés aux trois autres expressions s’appuient sur le schéma de Scharfetter-
Gummel vu dans la méme section. La formulation en potentiel chimique excéden-
taire (F-S) donne

j (B(—DK(,@ +v(c))ex — B(Dio® + u(c))cKU). (S)
Ce schéma est appelé schéma de Sedan car le code de simulation SEDAN III [126]

est la trace la plus ancienne que nous ayons trouvée de cette idée. La formulation
en diffusion augmentée (F-BCH) donne le schéma de Bessemoulin Chatard :

(I)KU - q)K (I)K . (I)KO_
Fio = rodre ) (B2 =00y p( 2=y Y (e
e (DT(CKacKo))CK (07’<CK;CKU))CK (BCH)
hiex)=h(cr) .
_hex)=hle) |
DT(CKy CL) = {lig(CK)log(cL) %CK 7é cr,
r(ex) Sl cx = CL.

Il vient d’une idée de Marianne Bessemoulin-Chatard [15] et pose une approxima-
tion logarithmique de la dérivée de r pour préserver ’équilibre thermique. Enfin,
I'expression en activités (F-AB) donne :

Blexk) + Bleko)
2

Fo =1, (B(®xo — ®x)alcx) — B(®x — @rs)alcxs))  (AB)
Bien que le dernier ait été proposé par Jirgen Fuhrmann en [70, 74|, il faisait
partie des auteurs des articles utilisant ce schéma et nous sommes donc restés
factuels en l'appelant "activity based" ou schéma en activités. Le choix de la
moyenne arithmétique pour 8 quoique cohérent avec la littérature existante n’est
probablement pas optimal. En annexe de cette thése, on propose un autre choix
de moyenne au travers de la preuve d’'une conjecture de J. Fuhrmann.

Aprés une analyse numérique trés similaire a celle de la section précédente,
nous sommes arrivés a deux résultats assez généraux. Le théoréme 2.2.1 page 45
concerne 'existence de solution & nos schémas numériques :

Theorem 1.3.1. Soit (T,E,(xk)xer) un maillage admissilbe et ¢® € RT une
donnée initiale positive non uniformément nulle. Pour tout n € [1, Nr||, et quelque
soit le flur numérique choisi, notre schéma a une solution (c*, ®") € [0,1]7 x R7.
De plus cette solution satisfait pour tout 1 < n < N,

Er(c™, ®") < BEp(c" ', ®" N etO<cr <1, VKcT.
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ol

(" ®") =Y myH(ck) ZTG (D@ =Y > 7,00 Dy, "

KeT oef KeT gcePnEyk

Notre second résultat porte sur la convergence des solutions approchées vers
des solutions faibles. La définition 3 page 39 indique ainsi :
Definition 2. Un couple (¢, ®) est une solution faible de notre systeme d’EDP si :
e cc L>®(Qr;[0,1]) avec r(c) € L*((0,T); HX()) ;
o &— P e L>((0,T),Hrp) ;
e pour tout o € C>([0,T) x Q),

// cOppdadt + / (0, -)dx — // (Vr(c) +cV®) - Vedadt = 0;
T Q T

e pour tout ¢ € Hro et presque tout t € (0,7T),
/ Vo(t,xz)  Vip(x)de = /(c(t, x) + P (x))e)(x)d.
Q Q

ol Hro est l'espace des fonctions H' nulles sur I'p. Pour la reconstruction,
on pose simplement 7 a¢ 'opérateur qui a u € RT*LNTD associe la fonction
LY([0,T] x Q) définie presque partout par :

mratu(t, @) = uy si(t,x) €](n—1)At, nAt] x K.

On peut désormais donner le théoréeme 2.2.2 page 46 correspondant :

Theorem 1.3.2. Pour le schéma centré et le schéma de Sedan, une suite de solu-
tions approchées (T, At,,Cm, TTo At m)m>1 telle que hr,, , At,, tendent vers zéros
alors que la régularité du maillage ne dégénere pas vérifient, & une sous-suite pres :

CT At n;;c p.p. dans Qr, D1 At n;;q) dans L2(QT),

ot (¢, ®) est une solution faible de notre systéme d’EDP.

Pour le schéma en activités, le probléme vient du fait que la concentration d’in-
terface est le produit d’'une moyenne des coefficients d’activités et d’'une moyenne
des coefficients inverses d’activité qui ne sont pas compatibles. En effet de facon
générale, le produit de moyennes n’est pas une moyenne du produit. Pour le schéma
de Bessemoulin-Chatard, il y a un trés léger défaut de compacité. Dans les deux
cas cela ne signifie pas que ces schémas ne convergent pas, juste que notre analyse
ne les couvre pas.
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1.3.2 Idées clefs et résultats principaux du chapitre 3

Dans le chapitre 3, on s’intéresse au modéle construit en section 1.1.2 et sous la
forme de (1.1.10) page 7. Ce chapitre est issu d’un article soumis pour publication
[81].

Le cas du chapitre précédent étant un cas trés particulier de ce cadre, on sait
d’expérience que les schéma centrés et de Sedan -si on peut les étendre- auront une
analyse numérique plus simple. Il est également possible d’étendre le schéma en
activités. Pour le schéma Bessemoulin-Chatard, son extension n’est pas naturelle.
En effet, méme si on peut toujours appliquer la formule du flux correspondant :

P = n . en) (8= oy (2=

ori(ck, Cio or;(ck, CKO'>)CKU>

ok, iK oy ;) = —ilCi) = hilcn)
i ) y CLi log(CK,i) — log(CL,i)

cela ne correspond pas a la jacobienne de h = (h;)icp1,n], et n’est donc pas consis-
tant avec le flux continu.

On utilise ainsi les formulations suivantes des flux continus :

oit h;i(C') = log 2 — k;log % est le potentiel électrochimique effectif, C' = (co, ...cx)
est le vecteur des concentrations, et v;(C) = h;(C) — log¢; le potentiel chimique
excédentaire.

A ces flux nous associons les flux numériques :

FKU,i = TUWDKU}L(Cv + P (07)
et
Fitoi = 7o ( B(~Dico® + v(e))ex — B(Dics® + 1)) excr ). ($)

Pour le solvant ¢y, on utilise I'incompressibilité > ." c;v; = 0 pour calculer sa
concentration.

Le croisement des termes dans le potentiel complique fortement I’analyse nu-
mérique de ce schéma. Ainsi, nous devons d’abord minorer la concentration de
solvant avant de minorer celle des autres espéces, mais aussi prendre en compte
de nombreuses sortes de dégénérescences possibles dans 'estimation de compacité.
Malgré ces difficultés techniques, nous avons pu démontrer I’existence de solutions
a notre schéma dans le théoreme 3.2.1 page 99. Pour la convergence des solutions
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approchées vers une solution faible, nous n’arrivons & identifier la limite comme
solution faible que dans I’hypothése info (077 co > 0. Cette hypothese permet d’ob-
tenir une borne sur le gradient de log(co).

1.3.3 Idées clefs, résultats principaux et perspectives du cha-
pitre 4

Dans ce chapitre, on ne cherche pas a analyser des schémas numériques mais
a proposer des modéles justifiant le choix de matrice d’Onsager par des consi-
dérations sur la physique sous-jacente. La démarche, basée sur la modélisation
variationnelle est présentée a la section 1.1.4. On y propose deux maniéres de
prendre en compte 'incompressibilité :

— en ajoutant le terme X(Zi]\il c;v; = 1) -ou x vaut 0 en 0 et +oo ailleurs- &
I’énergie. C’est équivalent au fait d’imposer dans la dissipation une somme
de flux volumiques a divergence nulle. On parlera alors de contrainte faible.

— en forcant dans la dissipation les flux volumiques & étre de somme nulle :
Zij\il v;J;. On nommera cette contrainte d’incompressibilité forte

A ces deux maniéres de prendre en compte I'incompressibilité, on ajoute diffé-
rentes dissipations "de base". Une correspond a la diffusion Fickienne (voir section
4.3.1), une donne I’équation étudiée au chapitre 3 (cf section 4.3.2), une autre cor-
rige cette dissipation pour obtenir un résultat symétrique dans le modéle réduit
étudié au chapitre 2 (en section 4.3.3) cela correspond aussi a [26]. En Section 4.3.4,
on considére une dissipation inspirée de Maxwell-Stefan ol la dissipation se pro-
duit par la différence de vitesse entre le fluide et celle de chaque espéce (avec une
pénalisation de la vitesse globale pour la corecivité). Enfin en section 4.3.5, on s’in-
téresse au systéme de Maxwell-Stefan. Malheureusement, ce systéme manque de
coercivité et ne se préte pas -en général- & une modélisation variationnelle, néan-
moins une contrainte d’incompressibilité forte suffit a rendre le systéme coercif, et
donne ainsi un sens "physique" au procédé utilisé dans [40].

Des résultats numériques illustrent ces différents modeles. Ce chapitre n’est
pas encore mir pour publication et si il donne lieu & un article, ce dernier inclura
idéalement une comparaison a des données expérimentales pour constater d’une
différence d’adéquation des modeles au réel et un couplage avec la solvatation pour
prendre en compte le fait que les ions sont trés solvatés dans le mélange et moins
a proximité des électrodes.

1.3.4 Idées clefs et résultats principaux du chapitre 5

Ce chapitre est issu d'un article publi¢ dans SINUM (SIAM Journal on Nu-
merical Analysis) [34] et résumé dans une contribution a la conférence FVCA IX
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(Finite volumes for complex applications) [42]. On y étudie le modéle présenté en
section 1.1.5. Cette fois ci, ’analyse est différente, on remarque d’abord que pour
a;; =a*,on a:

N N
Z a; j (Wi Vu; — u; V) = a*u;V Z uj —a” Z u; V.

J#i j=1 j=1

En supposant que le nombre d’atomes par maille cristalline est constant, V Zf\il Uj
est nul. Quitte & changer d’unités, on peut supposer cette somme égale a un. On
remarque que par construction du modéle, Zf\il u; est constant en temps, il suffit
donc qu’il soit constant en espace initialement. Sous cette hypothése que 1'on fait
désormais, on a :

Z i (uiVuj - ujVui) = —a*Vu,.

J#i
En d’autres termes, on s’intéresse a une perturbation de I’équation de la chaleur :

Owu; — a* Au,; + div((am —a”) Zuiuleog ﬂ) = 0. (1.3.1)
Ui
i#]

Cette structure a été utilisée dans 14| avec une hypothése de proximité entre a; ; et
a* pour montrer 'existence et 'unicité de solutions fortes. Ce modéle dispose d'une
fonctionnelle de Lyapunov : fﬂ Zfil u; logu; qui correspond a l’énergie libre de
mélange. Afin de préserver au niveau discret cette propriété, on cherche a préserver
au niveau discret 'égalité Vu; = u;V logu;. Pour ce fait, on introduit a nouveau
une valeur d’interface ug);,; comme étant la moyenne logarithmique de ug; et

Ur; -
0 si min(ug;,ur,;) <0,
UK|L: = § UK, smon, Sl Uk ; = UL 4,
e 6L 2 sinon

logug ;—logur, ;

Avec cet outil, on définit les flux :

* *
Froi = a"Dgou; + E (a;; —a )(ua,iDKauj — ua,jDKaui>
J#i
Il reste a définir a*. Le choix optimal de ce paramétre reste une question ouverte,

néanmoins, avec a* > 0 et des conditions trés peu restrictives sur a; ; nous avons
pu démontrer 'existence de solution positives a notre schéma. De plus elles ont un
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équivalent discret de notre fonctionnelle de Lyapunov :

N
Er = Z my, Z uk,;logug,;.
KeT =1

On donne aussi un résultat de convergence sous I’hypothese plus restrictive a; ; > 0.
En effet dans ce cas, si a* > mina,; > 0, on a :

N
Er(U™) — Ex(U" ") + At min a;; Z ZTguZU(DKU log(u?))* <0,

1<ij<N -
oe€ i=1

ce qui nous permet d’obtenir sans trop de soucis une estimation sur la norme H'*
discréte de w;. Dans le cas ou le graphe des zéros de a;; est un "cluster graph"
c’'est a dire si "a;; = 0 et a;, = 0 implique a;; = 0", on dispose d’un résultat
plus fin. En notant Sy, ..., S, 'ensemble des espéces de chacun des n clusters, et
So I'ensemble des espéces qui ont un coefficient a strictement positif, on a :

Er(U") - Er(U" ")+ AtY 7,D, <0

o€e€
N n
D, =a*» ul,(Dxolog(u}))? +a* Y Dk
i€So k=1
2
Ds = Z Ug,i (1 — Z U@j) (DKO— log 'l,l,i)2 —+ (Z DKO'ui) .
1€Sk jJES), €S,

Ce résultat ne permet pas de traiter le cadre général mais est un outil trés pratique
pour nombre de cas particuliers de "cluster graph" tel que les graphes étoilés
(n = 1) comme c’est le cas dans [83]. Ces cas ne sont pas traités dans le chapitre 5
du fait de leur nombre et par souci de simplicité. En revanche on y propose un
mécanisme supplémentaire de réactions chimiques.
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Chapter 2

A numerical analysis focused comparison
of several finite volume schemes for a
unipolar degenerate drift-diffusion model

Ce chapitre est un travail en collaboration avec Clément Cances, Claire Chainais,
et Jirgen Fithrmann. Il a été publié¢ dans IMAJNA [29].

In this paper, we consider a unipolar degenerate drift-diffusion system where
the relation between the concentration of the charged species ¢ and the chemical
potential % is h(c) = log 1. We design four different finite volume schemes based
on four different formulations of the fluxes. We provide a stability analysis and
existence results for the four schemes. The convergence proof with respect to the
discretization parameters is established for two of them. Numerical experiments
illustrate the behaviour of the different schemes.
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2.1 Introduction

2.1.1 Motivation

Unipolar drift-diffusion models describe the transport of a charged species in
the presence of a fixed or moving countercharge. They consist of the coupling of
a drift-diffusion equation on the density of the charged species ¢ with a Poisson
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equation on the electric potential ®. They can be written under a general form as

Oc+div(J)=0, J=-n(c)V(h(c)+ D),
— XNAD = ¢+ P,

where h is the chemical potential, n the mobility coefficient, A the scaled De-
bye length coming from the nondimensionalisation of the physical model and c4°P
describes the doping profile of the media.

Such models occur in many interesting application cases. Charge carriers in
most classical semiconductors exhibit a relationship ¢ = F(h), where F is the
Fermi integral of index % which can be approximated in the range —oco < h 5 1.3
by the function F(h) = m with v = 0.27 [18|. For v = 1, this relationship
corresponds to the Fermi integral of index -1 and implies i = log ;=;. It is the
limit for vanishing disorder of the Gauss-Fermi integral [96, 112] which is used to
describe organic semiconductors [51]|. A similar relationship is valid for the oxygen
ion concentration in a solid oxide electrolyte [124| and a simple model of an ionic

liquid [71].

While the relationship between chemical potential and concentration is suffi-
cient to describe the thermodynamic equilibrium, the description of charge trans-
port driven by the sum of the gradients of the chemical potential and the elec-
trostatic potential ® needs an additional specification of the mobility coefficient
1. Setting this coefficient proportional to the concentration ¢ is common in the
case of semiconductors [117]. A similar ansatz describes the limit of large lattice
mass density in solid oxide electrolytes. It also follows from a formal reduction of
a generalized Nernst-Planck model [60, 59| to the case of a mixture of two charged
species including an infinitely mobile and charged solvent — ionic liquids — as per-
formed in [71]. We hint that more general and fully consistent models for both
solid oxide electrolytes and ionic liquids consider mobility coefficients of the type
c(1—c) [124, 25, 82].

In this paper, we consider that the mobility coefficient is n(c) = ¢ and the
chemical potential h(c) = log % (corresponding to F(h) = m) Strong
degeneration described by a bounded dependency of the concentration ¢ on the
chemical potential h leads to some structural mathematical challenges in the corre-
sponding drift-diffusion models. These need to be addressed properly in numerical
schemes. The consideration of this simplified model is a starting point for the
study of generalized Nernst-Planck models for multiple ionic species in electroneu-
tral solvents |60, 59, 70, 71|. Moreover, the design of discretization methods for the
case where 1(c) = ¢(1 —c¢) is also a possible topic of further investigation following

the present paper.
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2.1.2 A simplified unipolar degenerate drift-diffusion model

Let us now define the framework of the study. We consider the evolution of
the concentration ¢ of a charged species in a connected bounded open domain 2
of R (d < 3) with polyhedral and Lipschitz continuous boundary 9Q during a
finite but arbitrary time T° > 0. After nondimensionalisation with appropriate
scaling, we regard the following system of partial differential equations (PDEs).
The concentration ¢ satisfies the conservation law

Oc+div(J)=0 1in (0,7) x Q. (2.1.1)

The flux J is negatively proportional to the gradient of the electrochemical poten-
tial as expressed by the expression

J=—cV(h(c)+®) in(0,T) xQ, (2.1.2)

where h(c) = log (ﬁ) is the chemical potential. In what follows, we consider
that the electrostatic potential ® is related to space charge density thanks to the
Poisson equation

—AD =c+ " in(0,T) x Q, (2.1.3)

which means that the Debye length is set to 1. Extension to general Debye length
is straightforward. The doping profile ¢4°P is assumed to be constant w.r.t. time
and to be bounded, i.e., c1P € L>(Q).

One interpretation of ¢ is the concentration of majority carriers (holes) in a p-
type organic semiconductor with constant in time doping. Another interpretation
of ¢ is the cation concentration in an ionic liquid following the formal approach
introduced in [71].

The system is supplemented with the prescription of the initial concentration

g = €L2(Q) with 0< <1 and 0O<c= ][ Adxr <1, (2.1.4)
Q

and of boundary conditions. The choice of the boundary conditions may depend
on the targeted application: organic semiconductor or ionic liquid. For the analy-
sis purpose, we consider boundary conditions which are well adapted to the ionic
liquid model. Other boundary conditions will also be considered in the numerical
simulations in Section 2.5. They are no-flux boundary conditions for the concen-
tration:

J-n=0 on(0,7) x 0N. (2.1.5)

The Poisson equation (2.1.3) is supplemented by inhomogeneous Dirichlet bound-
ary conditions on a part I'p of 92 with positive measure, and by homogeneous
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Neumann boundary condition on the remaining part I'y = 92\ I'p of the bound-
ary:

®=d" on(0,7) xTp, V& -n=0 on(0,T)xy. (2.1.6)

Throughout the paper, we assume that ® is defined on the whole domain € and
does not depend on time, with ®2 € H(Q) N L>(Q).

The goal of this paper is to study and compare several different Finite Volume
schemes for the system (2.1.1)—(2.1.6). They are based on various reformulations of
the flux J. Indeed, we may introduce either the so-called excess chemical potential

[95] v(c) = h(c) —log(c) = —log(l — ¢), or the activity and the inverse of the
activity coefficient [103] respectively defined by a(c) = "¢ = ;& and S(c) =
a = 1 — ¢ or the diffusion enhancement [125] r(c¢) = —log(1l — ¢) satisfying

r'(¢) = ch'(¢). Even though v and r happen to be the same function for the
nonlinearity considered in this paper, we keep different notations to emphasize
their different physical meaning and expression in more complex systems. The
different notations used throughout the paper are collected in Appendix 2.D. Then
the flux J, initially defined by (2.1.2), satisfies

J=-Ve—-cV(P+r(r)), (2.1.7)
= —fB(c)(Va(c) + a(c) V), (2.1.8)
= —1'(c)Ve — cVO. (2.1.9)

These formulations (2.1.2), (2.1.7), (2.1.8) and (2.1.9) lead to different schemes
that we aim to compare from a numerical analysis point of view. We may notice
that the flux J can also be expressed as

J=-Vr(c)—cVo. (2.1.10)

This last formulation will be used to define the weak solution to (2.1.1)—(2.1.6).
Before going to the discretization of the problem, let us highlight the entropy
structure of system (2.1.1)—(2.1.6), which plays a central role in what follows.

2.1.3 Entropy structure and weak solutions

The goal of this section is to shortly depict the gradient flow structure of the
system (2.1.1)—(2.1.6). We stay here at a formal level and remain sloppy about
regularity issues. The solutions (¢, ®) to (2.1.1)—(2.1.6) are supposed to be regular
enough so that the following calculations are justified. Define the mixing entropy
density

H(c) = clog(c) 4+ (1 — ¢)log(1 — ¢),
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which is an antiderivative of h, then the electrochemical energy is given by

E(c,cb):/Q{H(C)Jréwcw}dm—/r PPV - ndy. (2.1.11)

The next proposition shows that the electrochemical energy is a Lyapunov func-
tional. Moreover, the dissipation rate for the energy is explicitly given.

Proposition 2.1.1. Let (¢, ®) be a smooth solution to (2.1.1)—(2.1.6), with c
bounded away from 0 and 1, then

< B(e.®) +/Qc\V(h(c) + ) de = 0.

Proof. We notice first that since ®” does not depend on time,

iE(c, D) = /(h(c)@tc + V-0, VO)dx — / dP9, Ve - ndy.
dt Q Ty

Then we apply the Gauss theorem, and we use the Poisson equation (2.1.3) with
a constant doping profile, to get

d

&E(c, Q) = /Q(h(c) + @)0sc.

Multiplying the conservation law (2.1.1) by h(c) + ¢ and integrating over the
domain € yields

/atc(h(c) +P) = — / c|V(h(c) + @) de,
Q Q

thanks to the no-flux boundary condition (2.1.5). This concludes the proof of
Proposition 2.1.1. O

Let ¢ € L*(2;[0,1]). We denote by ®[c] the unique solution to (2.1.3). One can
easily check that the energy functional ¢ — E(c, ®[c|) is bounded on L>(£2; [0, 1]).
Indeed, H takes values in [—1log2,0] and the bounds on the electrical energy can
be obtained by multiplying the Poisson equation by ® — ®” and ® and integrating
over Q. Therefore, E(c(t), ®(t)) is finite for all ¢ > 0, whence a L>((0,7T); H'(Q))
estimate on ®. We also deduce from Proposition 2.1.1 that the total energy dissi-
pation is bounded, i.e.

/T/C\V(h(c)+<1>)|2dwdt <C (2.1.12)
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for some C' uniform with respect to the final time horizon 7. Using again that
0 < ¢ <1, we deduce from (2.1.12) that

T T
/ /|Vr(c)|2da:dt§/ /c|Vh(c)|2d:cdt§C. (2.1.13)
0 Q 0 Q

The aforementioned L>((0,7); H'(€2)) estimate on the potential ® and Es-
timate (2.1.13) on r(c) suggest a notion of weak solution which is based on the
expression (2.1.10) of the flux J. In what follows, we denote the vector spaces:

Heo ={f € H'(Q), f,, =0} and  Qr=(0,T)x Q.

Definition 3. A couple (¢, ®) is a weak solution of (2.1.1)—(2.1.6) if

o c € L>((Qr;[0,1]) with r(c) € L*((0,T); H())
o & —dP e L>=((0,T),Hrn);
e for all p € C=([0,T) x Q),

// cOypdxdt + / APp(0,-)dx — // (Vr(c) + cV®) - Vpdadt = 0;
' ’ ' (2.1.14)

e for all ) € Hrp and almost all t € (0,7T),
/ VOt @) - Vi(a)dz — / (c(t, ) + P (@))b(@)de.  (2.1.15)
Q Q

The goal of this paper is to compare from a numerical analysis point of view
several different numerical schemes to approximate the solutions to (2.1.1)—(2.1.6).
We pay particular attention to the preservation at the discrete level of the key
properties of the continuous model, in particular concerning the preservation of the
physical bounds 0 < ¢ < 1 and the energy/energy dissipation relation highlighted
in Proposition 2.1.1. The definition of the Finite Volume approximation is detailed
in the next section.

Existence of weak solutions to (2.1.1)—(2.1.6) is a by-product of Theorem 2.2.2
which states the convergence of some finite volume approximations towards weak
solutions. As far as we know, there is no uniqueness result covering the model
in its full generality. It seems to us that the closest uniqueness result is due
to Gajewski [75] in the framework of bipolar drift-diffusion system. This proof
requires an L*°(Q7) bound on the chemical potential i(c), which has not been yet
established for our system.
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2.2 Finite Volume approximations

This section is organized as follows. First, in Section 2.2.1, we state the re-
quirements on the mesh and fix some notations. Then in Section 2.2.2, we describe
the common basis for the different schemes to be studied in this paper. All the
methods presented in this paper rely on so-called two-point flux approximations,
but four different schemes are introduced in Section 2.2.3 based on the formu-
lations (2.1.2), (2.1.7), (2.1.8) and (2.1.9) of the flux J. Then in Section 2.2.4,
we state our two main results. The first one, namely Theorem 2.2.1, focuses on
the case of a fixed mesh. We are interested in the existence of a solution to the
nonlinear system corresponding to the schemes, and the dissipation of the energy
at the discrete level. More precisely, one establishes that all the studied schemes
satisfy a discrete counterpart to Proposition 2.1.1. Our second main result, namely
Theorem 2.2.2, is devoted to the convergence of the scheme as the time step and
the mesh size tend to 0.

2.2.1 Discretization of (0,7") x 2

In this paper, we perform a parallel study of four numerical schemes based
on two-point flux approximation (TPFA) finite volume schemes. As explained
in [61, 67|, this approach appears to be very efficient as soon as the continuous
problems to be solved numerically are isotropic and one has the freedom to choose
a suitable mesh fulfilling the so-called orthogonality condition [89, 68|. We recall
here the definition of such a mesh, which is illustrated in Figure 2.1.

Definition 4. An admissible mesh of Q is a triplet (T,E, (xk)er) such that the
following conditions are fulfilled.

(1) Each control volume (or cell) K € T is non-empty, open, polyhedral and
convex. We assume that

KNL=0 ifK,LeT withK #L, while | ] K =Q.
KeT

(ii) Each face o € &€ is closed and is contained in a hyperplane of R?, with
positive (d — 1)-dimensional Hausdorff (or Lebesque) measure denoted by
my = H¥ o) > 0. We assume that H¥ " (o No’) = 0 for 0,0’ € € unless
o' = o. Forall K € T, we assume that there exists a subset Ex of € such
that OK = J,c¢, 0 Moreover, we suppose that | e Ex = €. Given two
distinct control volumes K, L € T, the intersection K N L either reduces to
a single face o € € denoted by K|L, or its (d — 1)-dimensional Hausdorff
measure 1s 0.
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(111) The cell centers (xy) ket belong to their cell: Ty € K, and are such that, if
K,L €T share a face K|L, then the vector xj, — xk is orthogonal to K|L.

(iv) For the boundary faces o C 082, we assume that either o C T'p or o C I'y.
For o C 09 with o € Ex for some K € T, we assume additionally that there
erists ¢, € o such that x, — xk is orthogonal to o.

Figure 2.1 — Illustration of an admissible mesh as in Definition 4.

We denote by mg the d-dimensional Lebesgue measure of the control volume K.
The set of the faces is partitioned into two subsets: the set &, of the interior faces
defined by & = {c € £ | o= K|L for some K,L € T}, and the set E of the
exterior faces defined by i = {0 € £ | ¢ C 00N}, which can also be partitioned
into P = {oc C I'p} and EN = {o C T'x}. For a given control volume K € T, we
also define &k ing the set of its faces which belong to &, For such a face 0 € Ex jnt,
we may write 0 = K|L, meaning that 0 = K N L.

Given o € &, we let

{|.’EK—£CL’ ifO':K|L€gmt, my
d, = and 7, = —
e — x| if 0 € Eux, dy

We finally introduce the size hy and the regularity (7 (which is assumed to be
positive) of a discretization (T, &, (xx)kxer) of Q by setting

d(ﬂfK, O')
Ty damti), e =l T,
Concerning the time discretization of (0,7), we consider an increasing finite
family of times 0 = tg < t; < ..., < tn :i We denote by At,, = t, —t,_1 for
1<n<N,by At = (Atn)ISnSN, and by At = maxj<,<n At,.
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2.2.2 A common basis for the Finite Volume schemes

All the numerical schemes studied in this paper are based on TPFA Finite
Volumes. The initial data ¢, is discretized into (c}) et € R7 by setting

1
= —/ A (z)dz, VK €T, (2.2.1)
K

mpg

while the doping profile ¢%°P is discretized into (c;l?p>K . € R7 by
S

1
P — —/ AP(g)de, VK eT. (2.2.2)
Mg Jk

Assume that ¢"! = (c’[‘{_l) Kot 1S given for some n > 0, then we have to define
how to compute (c", ®") = (cf, P ) ke r

First, we introduce some notations. For all K € T and all 0 € £k, we define
the mirror values ¢}, and @7 of c}; and @’ respectively across o by setting

ol if o = K|L € &,
Ty =13 O if o € EV,
oy = [ ®Pdy ifoec &P

(2.2.3)

Given u = (ug)ger € R7, we define the oriented and absolute jumps of w across
any edge by

Cre =

N {Cz if o = K|L € &,

i ifo € Eox,

Dysu = ugy, — UK, D,u = ‘DKU’U,|, VK € T, Vo € Ek.

We consider a backward Euler scheme in time and a TPFA finite volume scheme
in space. It is written as follows:

~ Y 7Dk, ®" = my (c?{ n c‘};’P) . VKeT, (2.2.4a)
o€EK
k=i, SRR, =0, VKeT (2.2.4D)
m pu— . .
K Atn £ Ko 9 )
o K,int

where FJ;,, should be a conservative and consistent approximation of - tt" [ J
n n—1J0

Nk, (Ng, denotes the normal to o outward K). The explicit formulas relating

the numerical fluxes F7, to the primary unknowns are now the only remaining

degree of freedom. Four possible choices are given in the next section.
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2.2.3 Numerical fluxes for the conservation of the chemical
species

To close the system (2.2.4a)—(2.2.4b), it remains to define the numerical fluxes
Fi,.

Due to the no-flux boundary condition we only have to define the inner fluxes.
They are defined with a function F of the primary unknowns (%, ¢}, ®%, 7 ):

Fr, = 1,.F (g, ¢, Pk, @7), VK €T ,Vo=K|L. (2.2.5)

We discuss now four strategies that are based on the four expressions (2.1.2),
(2.1.7), (2.1.8), and (2.1.9). They lead to different formulas for F. Three of the
discrete fluxes are extensions of the Scharfetter-Gummel scheme [116] and let the
Bernoulli function B(u) = %=, with B(0) = 1, appear in their definition.

euv—17

All the functions F defined below verify
F<CK7 Cr, (I)KJ q)L) - —f(CL, CK, q)[n q)K) V(CKJ Cr, q)K7 q)L> S (07 1)2 X R27
so that the numerical fluxes are locally conservative, which means

Fl 4+ F' =0 Vo=K|LE Ewn. (2.2.6)

2.2.3.a The centred flux

The so-called centred flux is derived from formula (2.1.2), which suggests the
following definition of F:

CK—l—CL

F(CK,CL,@K,@L):_ 2

Dio (h(c) + @) (C)

The associate flux can be seen as a particular case in the TPFA context of the fluxes
introduced in [36, 33, 28, 39| in various multipoint flux approximations (MPFA)
or finite element contexts. In opposition to the three next schemes, the centred
scheme is not based on the Scharfetter-Gummel scheme. We can notice that even
if the relation (2.1.10) between the flux and the concentration were be linear (i.e.,
if h(c) = log(c) so that r(c) = ¢), F would be nonlinear with respect to cx and
cr, and also singular near 0.
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2.2.3.b The Sedan flux

The second flux we introduce is named Sedan after the eponymous code SEDAN
IIT [126]!. Formula (2.1.7) for the flux J suggests to use a classical Scharfetter-
Gummel scheme, but for a modified potential ® + v(c) instead of only ®, leading
to the following definition of F:

Flex, e, @, dr) = B(DKU@ + y(c)))cK - B(—DKU(<I> + y(c))>cL. (S)

Remark 2.2.1. We notice that the Sedan flux defined by (S) satisfies
Flew e, ®,8) = r(ex) —rlex), Ylex,eo) € (0,1) % (0,1), v € R,

It means that when J = —Vr(c), we recover the classical two-point flux approxi-
mation:

Fr =1,(r(ck) —r(c})), VK € T,Vo=K|L.

2.2.3.c The activity based flux

The activity based flux we discuss now is a restriction to our simplified model
of the flux introduced in |70, 74]. It relies on the expression (2.1.8) of the flux J.
Assume that a(c) and (c) are independent one from another (even though this is
of course not true), then the flux J is linear w.r.t. a(c), while 5(c) is a multiplicative
factor. This suggests choosing a particular average for 5(c) —here the arithmetic
mean— and applying the Scharfetter-Gummel scheme to approximate —Va(c) —

a(c)V®. This yields

Flewser, P, Pr) = w{

B(DKU@)a(cK)—B(—DKUCP)CL(CL)}. (AB)

1. The online reference contains a link to a tar file http://www-tcad.stanford.edu/oldftp_
sw/Sedan-I1II1/relB.8830.tar.Z containing among others the FORTRAN source diffg.f
which in the lines 53-56 contains

if (ferm) then
dpsin=dpsin+dlog(gamn(ipl) /gamn(i))
dpsip=dpsip-dlog(gamp(ipl) /gamp(i))
endif
Here, dpsin and dpsip are the arguments of the Bernoulli function and ferm is the switch for
enabling the degenerate case (Fermi statistics). To our knowledge this is the earliest reference
to this scheme.


http://www-tcad.stanford.edu/oldftp_sw/Sedan-III/relB.8830.tar.Z
http://www-tcad.stanford.edu/oldftp_sw/Sedan-III/relB.8830.tar.Z
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2.2.3.d The Bessemoulin-Chatard flux

The last numerical flux we consider here is named Bessemoulin-Chatard flux
after the author’s name of [15]. Formula (2.1.9) for the flux J suggests that, up
to the introduction of a variable diffusion coefficient approximating the quantity
’(c) per face, one can use the Scharfetter-Gummel scheme. Following [15], the
approximation 0r(ck, c) of r'(c) is defined as

h(ck) — h(cr)
or(cx, cp) = < log(ck) — log(cr)
' (ck) if cg = cp.

if CK 7£ L,

This leads to the following definition of F:

Dy, P Dy, P
F O, Pp) = Bl ———— - Bl -2 ]
(ck,cr, Pr, Pr) UT(CK,CL){ (DT(CK,CL)>CK < Dr(cK,cL))CL}
BC)

2.2.4 Main results and organisation of the paper

We have introduced four schemes defined by (2.2.1)—(2.2.5), supplemented with
one of the four definitions of F: (C), (S), (AB), or (BC). Besides numerical
comparisons between the different approaches —this will be the purpose of Sec-
tion 2.5—, we aim at proposing shared pieces of numerical analysis for all the
schemes.

All the four schemes proposed above yield a nonlinear system to be solved at
each time step. The first theorem proven is this paper concerns the existence of
discrete solutions for a given mesh, and the preservation of the physical bounds:
boundedness of the concentration between 0 and 1, decay of the energy. The
discrete energy functional E7 is the discrete counterpart of the continuous energy
functional E, defined by:

(" ®") = > myH(ck) Zn, (D,2")° = > > 7,0)Dk,®".

KeT aeS KeT ocePnEK
(2.2.7)

As stated in Theorem 2.2.1 below, the nonlinear system corresponding to each
scheme admits a solution which preserves the physical bounds on the concentra-
tions and the decay of the energy. The proof of Theorem 2.2.1 will be the purpose
of Section 2.3.

Theorem 2.2.1. Let (T,&,(xg)ger) be an admissible mesh and let ¢ be de-
fined by (2.2.1). Then, for all 1 < n < N, the nonlinear system of equations



46 CHAPTER 2. Finite volume schemes for unipolar degenerated drift-diffusion

(2.2.3)~(2.2.5), supplemented either with (C), (S), (AB), or (BC), has a solution
(c",®") € [0,1]7 x RT. Moreover, the solution to the scheme satisfies, for all
1<n<N

Er(c™, ®") < BEr(c" 1, ®" Y and0<ch <1, VKecT.

Knowing a discrete solution to the scheme, (", ®")i<,<n, we can define an
approximate solution (cr a¢, ®7,a¢). It is the piecewise constant function defined
almost everywhere by

CT,At(ta .’B) = cnKa (pT,At(t? IB) = (I)}L( if (ta w) € (tn—l?tn] X K.

This definition will be developed in Section 2.4 and supplemented by other recon-
struction operators.

Let (Ton; Ems (TK)KeTn)ms1 De @ sequence of admissible meshes in the sense
of Definition 4 such that hy ,At, — 0 while the mesh regularity remains

m—o0

bounded, i.e., (7., > ¢* for some (* > 0 not depending on the mesh m. A natural
question is the convergence of the associated sequence of approximate solutions
(¢7., Aty DT, At, )m>1 towards a weak solution to the continuous problem. The
convergence result is stated in Theorem 2.2.2, only for the centred scheme and the
Sedan scheme.

Theorem 2.2.2. For the centred scheme (inner fluzes defined by (2.2.5) and (C))
and the Sedan scheme (inner fluzes defined by (2.2.5) and (S)), a sequence of
approximate solutions (cr,, at,, PT,.At, )m>1 Satisfies, up to a subsequence,

CT At,, — C a.e. inQr, Or Ab, — @ in L*(Qr), (2.2.8)

where (¢, ®) is a weak solution to (2.1.1)-(2.1.6) in the sense of Definition 3.

The above theorem deserves some comments. First, the convergence proof
carried out in what follows does not encompass the activity based scheme and
the Bessemoulin-Chatard scheme for reasons that will appear clearly in the proof
later on. This does of course not mean that these schemes do not converge, but
only that our analysis does not cover them. Second, the topologies for which
the convergence is claimed in (2.2.8) is suboptimal when compared to the results
we prove in Section 2.4. However, we choose to keep the statement as simple
as possible. The interested reader can refer to Section 2.4 to get finer results,
including the convergence of approximate gradients to be defined later on.

Section 2.5 is then devoted to the comparison of the numerical results produced
by the different schemes.
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2.3 Numerical analysis for fixed meshes

In this section, one aims to show that each scheme admits at least one solution
and that the physical bounds are preserved by the schemes. Our approach is based
on a topological degree argument [98, 56| to be detailed in Section 2.3.3. It relies
on a priori estimates to be stated in Section 2.3.2. Let us start by some preliminary
properties of the different functions F, defined either by (C), (S), (AB), or (BC),

and some consequences for the inner numerical fluxes F}, .

2.3.1 Face concentration and face dissipation

For each flux F(ck, cp, Px, Pr), we want to define a face concentration function
C (CK, Cr, CI)K, (I)L) satisfying

Flek,cn, Pk, Pr) =C(ck,cr, Pr, Pr) (h(ex) + P — h(cr) — Pp).

Lemma 2.3.1 states that the face concentration functional C can be continuously
defined on (0,1) x (0,1) x R x R and that it verifies some bounds. Let us also note
that it clearly satisfies C (¢k, cr, P, 1) = C (¢, ¢k, P, Pr).

Lemma 2.3.1. For a flur F defined either by (C), (S), (AB) or (BC), the corre-
sponding face concentration functional defined by

f<CK7 Cr, q)K7 q)L>
h(CK) + (I)K — h(CL) — (I)L

C(CK,CL,CI)K,(I)L) = (231)

if h(cg)+Px—h(cr)—Pr # 0 can be extended by continuity on (0,1)x (0, 1) xRxR.

Moreover, if F is defined by (AB) , we have for all (ck,cp, Pk, Pr) € (0,1) x

(0,1) x R x R,

min(cK, CL)
2

In the other cases, C verifies a stronger result: for all (cx,cp, @, ®r) € (0,1) X
(0,1) x R x R,

C(CK,CL,(I)K,(I)L) > > 0. (232)

min(cg, cr) < Clek,cp, P, Pr) < max(cg,cp). (2.3.3)
Proof. We first remark that, for the centred flux (C),

C(CK,CL,@K,@L) - K —2{_ CL-

Therefore, C is well defined in (0,1) x (0,1) x R x R and it satisfies the bounds
(2.3.3).



48 CHAPTER 2. Finite volume schemes for unipolar degenerated drift-diffusion

The proof is more intricate for the Sedan flux (S) and the Bessemoulin-Chatard
flux (BC). It relies on an elementary property of the Bernoulli function, which
writes:

B(log(a) — log(b))a — B(log(b) — log(a))b =0, Y(a,b) € (0,1)%  (2.3.4)

Let us consider first the Bessemoulin-Chatard flux (BC). Applying (2.3.4) with
a = cx and b = ¢p, we obtain, with = log(ck /cr) and y = (® — Pg) /or(ck, cL),

Flex,crn, Pr, ®r) = 0r(ck, CL)((B(ZJ) — B(z))ex + (B(—y) — B(‘@)%)-
But, we also notice that
or(ck, cn)(z —y) = h(ck) + P — h(er) — Py,
so that (2.3.1) yields

Clek,cpn, P, ®p) = B(y; : f(x) ck + B(_a;)c : 5(—?;) cr, (2.3.5)

if h(cg)+Px —h(cp) —Pr # 0, which means x —y # 0. First, we remark that this
definition can be extended if z—y — 0, so that C is defined in (0,1) x (0,1) x RxR.
Then, as the Bernoulli function is decreasing and satisfies B(z) — B(—x) = —z for
all x € R, which implies

Bly) — B(x)  B(=z) - B(~y)
T —y =y

=1,

we obtain that C(ck, ¢, P, Pr) is a convex combination of ¢k and cy. Therefore,
(2.3.3) holds for the Bessemoulin-Chatard flux.

The proof is similar for the Sedan flux (S). Indeed, we still establish (2.3.5),
but with # = log(ck/cr) and y = ®p + v(cr) — Px — v(ck), so that x —y =
h(ck) + ®x — h(cr) — @r. Here again, C is well defined in (0,1) x (0,1) x R x R
and C(ck, cp, P, Pr) is a convex combination of cx and ¢y, so that (2.3.3) holds
for the Sedan flux.

The fact that (2.3.3) does not hold for the activity based flux (AB) is illustrated
on Figure 2.2. Nevertheless, one can express the corresponding face concentration
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under the form

Cleg,cr, P, dp) = Blex) —QFB(CL) y

0+ B0 =500 ).
r—Yy r—=Yy

with x = log(a(ck)) — log(a(cr)) and y = &, — Pg. Therefore, C(ck, cr, P, Pr)

is the product of the arithmetic mean of the positive quantities S(cx) and 5(cy)

with a convex combination of the positive quantities a(ckx) and a(cr). As a is

increasing, this convex combination is bounded by below by a(min(cg, c¢r)). Using

the identity 5(c)a(c) = ¢, we get (2.3.2). O
11 o |77 C centred

O o R | C activity based

o P ----C Bessemoulin-Chatard
S 08] 4 1]= - C Sedan

g :,’ —Ck, Cf,

= $ S

8 - - -'\é.&.:y-'\:’.: -----------

© . A

S04 e v :

~ e e

0.2 ! ! ! -
—10 -5 0 ) 10
QL — Pk

Figure 2.2 — Evolution of the face concentration C(ck, cp, Pk, ®r) as a function of
the jump of the potential ®; — &, for the choice cx = 0.3 and ¢, = 0.7.

Using this result we define one face concentration by internal face and by choice
of flux:

Cr =C (%, L, O, DY) Yo € En,o = K|L. (2.3.6)

Each flux F}, can be rewritten as
Fi, = —15C} Do (h(c") + ®"), VK € T,Vo = K|L. (2.3.7)

We also introduce a face dissipation functional D : (0,1) x (0,1) x Rx R — R,
defined by

D(CK, Ccr, (I)K, (I)L> = C (CK, cr, (I)K, (I)L) ’h(CK) — h(CL) + (I)K — (I)L|2 . (238)
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We set, for each scheme:
D! =D(cy,c}, DL, @}), Vo € En,o = K|L. (2.3.9)

For § € (0,1) and M € R, we finally define two functions associated to D, Ws ;s :
(0,1) > Rand Y4 : (0,1) = R, by

Usar(er) = inf{D(ck, cr, Px, Pr); cx € [0,1), (Pre, P1) € [—M, M]?},
Ysa(er) = inf{D(ck,cr, Pr, r);cx € (0,1 — 6, (P, Pr) € [-M, M]*}.
(2.3.10)
Note that 6 — Ws(cr) and 6 — Yjr(cr) are nondecreasing for all M € R and
all ¢y, € (0,1).

As a by-product of Lemma 2.3.1, we obtain that the face dissipation D is a
nonnegative function as the product of nonnegative quantities. Lemma 2.3.2 is
about the coercivity of the face dissipation functional. As its proof is technical, it
is given in Appendix 2.B.

Lemma 2.3.2. The face dissipation functional defined by (2.3.8) and either (C),
(S), (AB) or (BC) satisfies the following dissipation property: given ¢ € (0,1) and
M eR, for UV and Y as defined in (2.3.10):

lim \Ilé,M(CL) = —|—OO,
CLA)O

lim T57M(CL) = +00.
cr—1

2.3.2 Uniform a priori estimates

In all this section, we assume that (¢”, ®");<,<xn is a solution to the scheme
(2.2.3)—(2.2.5) with a numerical flux defined among (C) , (S), (AB), and (BC).
We also assume that this solution verifies: 0 < cj; < 1 for all K € 7 and all
1 <n < N. Then the goal of this section is to derive enough a priori estimates on
(¢, ®")1<n<n in order to show the existence of a weak solution to the nonlinear
system induced by the scheme.

The first lemma is the discrete counterpart of the global conservation of mass.

Lemma 2.3.3. One has
Z MKCl = Z chT;(_l = / coda:, V1l<n<N\.
Q

Proof. The first equality is obtained by summing (2.2.4b) over K € T and by
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using the conservativity of the fluxes (2.2.6). A straightforward induction ensures
the second equality thanks to (2.2.1). O

The second a priori estimate is related to energy dissipation and can be seen
as a discrete counterpart of Proposition 2.1.1.

Proposition 2.3.1. Let D be defined by (2.3.9), and Er by (2.2.7). One has:

ET(CTL’ (I)n) _ ET(Cn_l, (I)n—l)
At,

<- ) 7,Dr<0, Vi<n<N.

Jegint

Proof. Due to the convexity of H and of x — x?/2, we have:

Er(c",®") — Er(c", ®" 1) Z my (ch — D h(ch)+
KeT
Y DB "Dy (" = 2" ) = Y Y 7,0 Dy (P - "),
o€ KeT oeePnek

A discrete integration by parts permits to rewrite the sum of the last two terms,
which, combined to the scheme (2.2.4a), leads to

Er(c",®") — Br(c",®" ) < > mg(ch — () + ). (23.11)
KeT

Multiplying the equation (2.2.4b) by h(c}%) + ®% and summing over K € T, we
obtain that

cr — cn . . } ) )
Z mKKA—tK(h(CK) +Pk) = - Z(h(CK) + O%) Z Fg,
" KeT o€k
= > Fr,(h(c}) + ®F — h(ck) + Pf)
0E€Eint
== Y mCr|Ds (h(e") +@")[* (2.3.12)

aefim

Combining (2.3.11) and (2.3.12) provides the desired estimate.
O

The third statement of this section is devoted to a uniform L estimate of
(®")1<n<n. It is a straightforward consequence of the slightly more general Propo-
sition 2.A.1 stated in appendix, together with the a priori bounds 0 < ¢}, < 1 and
¢ o, < 7 < 6
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Lemma 2.3.4. There exists Mg depending only on ®P, c¢i°P and Q) such that

0% < My, VK eT,V1<n<AN.

The next lemma concerns the discrete L>((0,7); H*(£2)) estimate on the elec-
tric potential and the control of the discrete dissipation.

Lemma 2.3.5. There exists C' depending only on ®P, ¢i? Q and (r, and C'
depending also on c° such that:

Y DB <C,  VI<n<N; (2.3.13)
oel
Y Y 7O)Dk®" | <C,  VI<n<N; (2.3.14)
KeT ce€PnEy
N
S At Y wDr<C (2.3.15)
n=1 o€Ent

Proof. As ® € LN H'(Q), it is discretized into ®” € R7 by setting

o

1 1
PL = —/ ®Pdx, VK €T, and &Y = — / ®Pdy,  Voe&P.
Mk Jk m o

It satisfies |P2| < [|® ||« for all K € 7. Multiplying (2.2.4a) by ®% — &% and
summing over K € T provides

> 7oDie® " Do (" — ®7) = " mc(cf + ) (P — F). (2.3.16)
o€t KeT

a2_()2
2

Using the elementary inequality a(a — b) > , we get that

1 1
Do ®"Dyy (D" — ®P) > = (D, ®")? — = (D, ®")2.
;TK Kol >_2§r< >2;r< )

Using the boundedness of cl, c(;{op, ®L and of @7 (cf. Lemma 2.3.4), we obtain
that the right-hand side of (2.3.16) is bounded:

> mi(cg + ) (@ — BR) < C.
KeT
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Following [68, Lemma 13.4], there exists C' depending only on (7 such that

ZTU(DU‘I’D)Q < O[@” 131 (),

oce€

which concludes the proof of (2.3.13). Multiplying now the scheme (2.2.4a) by
®% and summing over K € T leads to (2.3.14) by following the same kind of
computations. Finally, these two inequality ensures that the functional ¢” —
E7(c", ®[c"]) is bounded on (0, 1)7. Therefore, Proposition 2.3.1 yields the control
of the dissipation (2.3.15). O

As the last step before establishing the existence of a solution to the scheme,
we show that the approximate concentrations ¢ are bounded away from 0 and
1. Note that contrary to Lemmas 2.3.3 and 2.3.4 and to Proposition 2.3.1, the
estimate of the following Lemma is not uniform with respect to mesh size and
time step.

Lemma 2.3.6. There exists € > 0 depending on T, At, ®P, ¢, P and Q such
that
€< <1l—e, VK € T,Vl<n<N.

Proof. The proof follows the idea of [35, Lemma 3.10] (see also [36, Lemma 3.7]).
Let us establish the lower bound only since the outline of the proof of the upper
bound is similar.

Because of assumption (2.1.4) on the initial data and of the choice (2.2.1) for
its discretization, one knows that

1
— Zm;{c(}(zée (0,1).

m
L KeT

Lemma 2.3.3 ensures the conservation of mass, so that

1
—Zch}‘(:EE(O,l), Vn > 1.
ma KeT

This implies that there exists Ky € T such that Cg, = € > 0. We set §p = ¢.

Denote by ®[c"] the unique solution to the linear system (2.2.4a). The estimate
(2.3.15) of Lemma 2.3.5 ensures that there exists Cp depending (among others)
on At, such that

Dp= >y 7,Di<Cp, Vi<n<N. (2.3.17)

0€Eint
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In particular, for all face 0 € Eg,, one gets that 7,D! < Cp. Therefore, the
concentration cf, in any neighbouring cell K of Ky is bounded away from 0 by

CT[L(I Zlnf {CL < (O, 1) s ‘I]c}L(O,Mé(CL> S CD/TU}

Zinf{cL € (0,1); Wsyn,(cr) < Cp/ min 7},} =:0, >0

Uegint

thanks to the monotonicity of 0 +— Ws/(cr). Owing to Lemma 2.3.2, the above
right-hand side is bounded away from 0 by some quantity that might also depend
on 7T because of the presence of 7,. This lower bound can be set to d;, and we can
then iterate the procedure to the neighbouring cells of K, and so on. Since the
mesh is finite, only a finite number of iterations I is needed to cover all the cells,
whence a uniform lower bound on c¢%: € = min <;<, d;, where

5i+1 = inf {CL c (O, 1) ; \II&,M@(CL) < CD/ min Tg} > O, (50 =C.

Uegint

2.3.3 Existence of a solution to the schemes

Based on the estimates derived in the previous section, we can establish the
existence of at least one solution to each scheme. This completes the proof of
Theorem 2.2.1.

Proposition 2.3.2. Let ¢ be defined by (2.2.1). Then, for all 1 < n < N, the
nonlinear system of equations (2.2.3)—(2.2.5), supplemented either with (C), (S),
(AB), or (BC), has a solution (c",®") € R” x R”.

Proof. The proof is a proof by induction; it relies on a topological degree argu-
ment [98, 56| at each time step. The idea is to transform continuously our complex
nonlinear system into a linear system while guaranteeing that a priori estimates
controlling the solution remain valid all along the homotopy. We sketch the main
ideas of the proof, making the homotopy (parametrized by A € [0, 3]) explicit.

We denote by ¢* = ¢"! € (0,1)7 the discrete concentration at the previous
time step. We are interested in the existence of zeros for a functional

o [10.8)x (017 x BT 5 RT x R”
' (A, e, ®) — H(\ ¢, P)
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that boils down to the scheme (2.2.4) when A = 3. For sake of simplicity, instead
of defining  for the different values of A, we give a sense to the fact that ¢, ™
is solution to H(\, ¢, M) = 0.

We start with A € [0,1]: ¢™ is defined as the solution to the nonlinear system
of equation

RO
mg P (18 Y w(l A A Y (r(e) = r(ef)) =0,
0€EK int 0€EK int

(2.3.18)

while ®® = 0. Let us remark that for A\ = 0, it boils down to an invertible linear

system of equations. Moreover, adapting the proof of Proposition 2.3.1 and using

the property (r(a) —r(b))(h(a) —h(b)) > (a—b)(h(a)—h(b)) for all (a,b) € (0,1)?,
we get:

Er(e™,0) — Er(c*,0) < —At, Y (el — ) (h(cd)) = h(c)Y)).

Uegint

As the associated dissipation function defined by D(ck,cr) = (cx — ¢p)(h(ck) —
h(cr)) is clearly coercive in the sense of Lemma 2.3.2, we can deduce as in the

proof of Lemma 2.3.6 the existence of ¢; > 0 such that ¢; < c&?) < 1— ¢ for all

K €T and all A € [0, 1].

For A € [1,2], one lets our system evolve from the monotone scheme corre-
sponding to A = 1 (which, due to Remark 2.2.1 corresponds to the Sedan scheme
for the case without electrical potential) to the scheme with the expected numerical
fluxes Fr,. The electrical potential remains fixed to ®™ = 0, i.e.,

(M) *
Cx —¢C A A A
mg P 228 D (r( ) —r(el)) (-1 X R =0
UegK,int UegK,int
FR) =1, F (), e, 0,0).
(2.3.19)
with F defined either by (C), (S), (AB), or (BC). Thanks to Lemma 2.3.6, there

exists €5 > 0 such that e < cg?) <l—¢€forall K €T and all A € [1,2].

During the last step, A € [2,3], we reactivate progressively the electrical po-
tential while keeping equation (2.2.4b). Defining

PPN = (N -2)dP  voe &P,

the solutions (¢, ®™) are defined, for all A € [2,3] as the solution to the non-
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linear system: for all K € T
(M)

mic ST FR) = 0, with FG) = nF (o), (=20, (- 2)0),
" UE&K,int
- Z 7o Dice® V) = (A — 2)mp () + ).
€€k

Thanks to Proposition 2.A.1, one has ‘Cbg‘)‘ < Mg for all K € T and all A € [2,3].

Moreover, as in Lemma 2.3.6, we can establish the existence of €3 > 0 such that
e5 <Y <1—¢;forall K €T andall A€ [2,3].

Finally, all along the homotopy parametrized by A € [0,3], the solutions
(™, ®@™) remains inside the compact subset [e, 1—€]7 x [= Mg — 1, My, 4 1]7 with
¢ = min(e, €2, €3). Thus, the topological degree corresponding to H(A, ¢, ®) =0
and to the set [e,1—¢]” x [~ Mg —1, My+1]7 is equal to one all along the homotopy
and in particular for A = 3. This ensures the existence of (at least) one solution
to the scheme (2.2.4). O

2.4 About the convergence towards a weak solu-
tion

The goal of this section is to prove Theorem 2.2.2, which states the convergence
of the centred scheme (2.2.4), (C), and the Sedan scheme (2.2.4), (S), towards a
weak solution to the continuous problem in the sense of Definition 3. Unfortu-
nately, the proof we propose here neither applies to the activity based scheme
(2.2.4), (AB), nor the Bessemoulin-Chatard scheme (2.2.4), (BC). This does not
mean that these schemes do not converge. Indeed, numerical evidences provided
in Section 2.5 seem to show that all the four schemes converge.

We consider here a sequence (’Tm, Em, (TK) KeTm)m> , of admissible discretiza-

tion with hz,, At,, tending to 0 as m tends to +oo, while the regularity (7,
remains uniformly bounded from below by a positive constant (*. Theorem 2.2.1
provides the existence of a family of discrete solutions

(€ms Pin),, = <(C7;<)K€Tm,1§n§Nm 3 ((I)?()KETm,lgngNm> :

To prove Theorem 2.2.2, we first establish in Section 2.4.2 compactness properties
on the family of piecewise constant approximate solutions (cr,, at,., P7,. At,.) sat-
isfied by the centred scheme and the Sedan scheme. Then we identify the limit as
a weak solution in Section 2.4.3.
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To enlighten the notations, we remove the subscript m as soon as it is not
necessary for understanding.

2.4.1 Reconstruction operators

In order to carry out the analysis of convergence, we introduce some recon-
struction operators following the methodology proposed in [64].

The operators w7 : R7 — L®(Q) and mras : R7*N — L®°((0,T) x Q) are
defined respectively by

7T7"U,(SC):UK if$€K7 Vu = (UK>K€7"
and
mracu(t,r) =uj if (t,x) € (th_1,t,] X K, Vu = (uk) ger 1<n<n -

These operators allow passing from the discrete solution (c”, ®"),., .y to the
approximate solution since

cr.at = Tr.ae ("), O7 At =7 A (P"),

To carry out the analysis, we further need to introduce approximate gradi-
ent reconstruction. Since the boundary conditions play a crucial role in the
definition of the gradient, we need to enrich the discrete solution by face val-
ues (p)yce, a<n<y and (®7) ce oy defined by ¢} = cf, and &7 = i .
With a slight abuse of notations, we still denote by ¢" = ((c¢%)ker, (€})ocsos)
and ®" = ((P%) ket (P")gee.,,) the elements of (0,1)7Yeext and R7Yeext contain-
ing both the cell values and the exterior faces values of the concentration and the
potential respectively.

For 0 = K|L € &y, we denote by A, the diamond cell corresponding to o,
that is the interior of the convex hull of o U {xk,x}. For 0 € Euy, the diamond
cell A, is defined as the interior of the convex hull of 0 U {@x}. The approximate
gradient V1 : R7Yex — [2(Q)? we use in the analysis is merely weakly consistent
(unless d = 1) and takes its source in [48, 66]. It is piecewise constant on the
diamond cells A,, and it is defined as follows:

DKO-’LL
do

V5iu(x) = —d ng, ifxel,, Vu € RTWeext,

We also define Vi az : RTWExt)XN s 12(0Q1) by setting

Vratu(t,) =Vyu" ift e (t,-1,t), Vu = (u"), ey € R(TWEext) XN
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Let us recall now some key properties to be used in the analysis. First, for all
w,v € R7Vext,

1
ZTO'DKUUDKO'U - E / VT'U/ : VT'wa
Q

oe€

This implies in particular that

1
X:TU|D(,u|2 == /Q IV rullde, Vau € R7 et (2.4.1)

el

2.4.2 Compactness properties for the approximate concen-
tration

The goal here is to take advantage of the a priori estimates established in
Section 2.3.2 to recover enough compactness for the sequences of approximate
solutions.

Lemma 2.4.1. Let (¢, ®,) be the family of discrete solutions defined either by
the centred scheme or by the Sedan scheme. There exists C depending only on ®P,
Q, ¢*, cy, P and T, such that

// IV ae,m(Cn)? + (77, an,7(cn)) dedt < C.
Qr

Proof. We get rid of the subscript m for the ease of reading. We will split the
proof in two parts, first we focus on the proof of:

// V7 aer(c)?dedt < C. (2.4.2)

Thanks to (2.4.1), we have

|| 19ra@P = a3 st 3wl

Uegint
N N2
—dy At S, (cg) 1D, (h(c™)|2,
n=1 Uegint
where we have defined the mean face concentrations ((Z’}) by setting
0EEims,1<n<N
n DUT(Cn) eon n o n n :
Cr=_———=if g #c} and C) = ¢} otherwise, Vo=K|L. (24.3)

D.h(c)
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As noticed by (2.C.1), C is a mean value of % and ¢?; so that C* € (0,1) for
all o € & Moreover, Lemma 2.C.1 proved in Appendix 2.C ensures that there
exists G > 0 such that

cn

C—‘; <G@, Vo € En, Yn e {1,...,N}. (2.4.4)
Note that the above estimate may not hold for the Bessemoulin-Chatard scheme,
as shown in Remark 2.C.1. Then, thanks to the classical (a + b)? < 24 + 20?

inequality, we obtain

N
// Vraer(c)]’ <2dGY " At, Y 7,C}Dy(h(c") + @)

n=1 0€Eint
N
+2d) Aty > 7,| D",
n=1 0€Eint

Therefore, Lemma 2.3.5 yield the desired bound (2.4.2).

We now focus on the proof of:

// (e adr(e)” dadt < C. (2.4.5)

Noticing that for ¢* = IT‘E > c

r(e) < (r(c) = r(c)" +r(c),
we have, using (a + )% < 2(a? + b?):

//T 177 aer(c)*dedt < 2//T |(m7.aer(c) — ()T 2dadt + 2r(c*)?m(Q)T.

(2.4.6)
Let t € [0,T] and u = (77 ar(e) — r(c*))*(t). We intend to show that we have a
L? bound on u following ideas of [3, Appendix A.1]. As u is nonnegative, we have:

/ lu —al* = / u* + / lu —a* > m({u = 0})a?, (2.4.7)
Q u=0 Q\{u=0}

where 4 = f,u. Using Poincaré-Wirtinger inequality (see [16, Theorem 5| or [86,
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Theorem 2.1|), we have:

/Qlu —af* < <£ > 7o(Dou)”. (2.4.8)

€&t

If we had a lower bound on m({u = 0}), the equations (2.4.8) and (2.4.7) would
yield an upper bound on @. By definition of u and monotonicity of r, u is zero if
and only if ¢ is smaller than ¢*. Using the monotonicity of integration and Lemma
2.3.3, we have:

Finally, we have:
/u2 <2 (/ lu — ul? -I—UQ) <C Z o (Dyu)?.
Q Q Uegint
Using the definition of u, we have:
> na(Dauf? < [ [Vran(e)®)
0€Eint &

Hence, integrating in time, and using (2.4.6):

// |7T7—At7“ | daedt < C// |V7'Atr )|2 + C.

We then deduce (2.4.5) from (2.4.2). This concludes the proof of Lemma 2.4.1. [

Proposition 2.4.1. Let (¢, ®,,,) be the family of discrete solutions defined either
by the centred scheme or by the Sedan scheme. In both cases, there exists ¢ €
L>(Qr;[0,1]) with r(c) € L*((0,T); H(Q)) such that, up to a subsequence,

T At Cm — € a.e. in Qr, (2.4.9)
m—r0o0
V7. at,r(Cn) — Vr(e) weakly in L*(Qr). (2.4.10)

m— 00
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Remark 2.4.1. The limit ¢ obtained in Proposition 2.4.1 could a priori depend
on the chosen subsequence or be different for the centred scheme and the Sedan
scheme. In Section 2.4.3, we will identify each limit as a weak solution to the
initial problem.

Proof. Since 0 < 77, at,,Cm < 1 for all m > 1, there exists ¢ in L>(Qr;[0,1])
such that 77, a¢,, Cn tends to ¢ in the L>®(Qr) weak-+ sense. We still have to
establish the almost everywhere convergence as well as the fact that r(c) belongs
to L*((0,T); H'(2)). To this end, we make use of the black box [9, Theorem 3.9]
which provides both the almost everywhere convergence and the identification of
the limit of 77, a¢,,7(cm) as r(c). We already have Lemma 2.4.1 at hand and c is
bounded in L, so that, owing to [9], it is sufficient to prove that there exists some
C not depending on m such that, for all ¢,, = (¢x, ¢o) g, € R (TmUext,m)x Nom

ZAt Z mK

KeTm

1
| < CIVT atmPmllLe@r)

We would then have, among other things, the desired convergence (2.4.9). Using
(2.2.4b) and the writing (2.3.7) of the fluxes, we obtain that

ZAt Z mK

KeTm

ZAt > 7,CiDiq(h(c") + ®")Dotp

Uegint

1/2
(Z Aty > 7,CH [ Do(h(c") + <I>”>|2)

0€Eint

1/2
X (Z At,, Z 7'(,|Dgcp”|2)

o€E€int

<CVT.atnPullr2@r) SCIV T, At PmllL=@r);

thanks to the boundedness of the dissipation in Lemma 2.3.5 which is a conse-
quence of Proposition 2.3.1.

Since V7., at,,7(cn) is bounded in L*(Qr)?, it converges weakly in L*(Qr)?
towards some U. The identification of U as Vr(c) is classical (see for instance
[48, Sec. 4], [66] or |62, Lemma 6.5]). O

We have two kinds of face values at hand: (CZ}) and <C§>
0E€Eint,1<n<N €&, l<nN

defined respectively by (2.3.6) and (2.4.3). Based on this, we can reconstruct two
approximate concentration profiles cg a¢ and cg a¢ that are piecewise constant on
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the diamond cells by setting

n f t tnf 7tn Acn int»
ce.at(t, T) = e ) (£,) € (-, Tl X 7 € G (2.4.11)
iy ifrxe A, o0€&xnfk,
and _
o f n—1,t%n AO‘? int
% melt @) = Cr 1 (t,x) € (th—1,tn] X 0 € Ent (2.412)
A fxel, o0€&xn&k.

Lemma 2.4.2. For the centred scheme and the Sedan scheme, there holds

cenat, — ¢ i LP(Qr) for all p € [1,00), (2.4.13)
m—r0o0

Ce, AL, — ¢ i LP(Qr) for all p € [1,00), (2.4.14)
m—0o0

where ¢ s as in Proposition 2..1.

Proof. We only prove (2.4.13) since the proof of (2.4.14) is similar. Here again, we
get rid of m for clarity. Since ¢ a¢ converges almost everywhere to ¢ and remains
bounded between 0 and 1, it converges in LP(Qr). cg at is also uniformly bounded,
hence it suffices to show that |ce ar — c7,atllL1(@r) tends to 0. Denoting by Ag,
the half-diamond cell which is defined as the interior of the convex hull of cU{xx}
for K € T and o € &g, one has

N
lee.as = eradlliien <Y At Y Y mag,lck —Cyl
n=1 KeT o€k
b N
TS ALY Y el -l
n=1 KeT oeék

where we have used the geometric relation m(Ag,) = im,dist(zx,0) < “Fm,.
For the internal faces, Lemma 2.3.1 (use (2.C.1) instead for C) implies that

ke = Col +lep = Col = |k =], Vo= K|L.
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Therefore, we obtain that

lce.at — cratllLiorn < TZAt Z myD,c"”

0€E&int e, o s
b (Zm > o ) (z;mn > Tgypgcnp) |
o€L&int n= o€L&int

Since |r(a) —r(b)| > |a — b for all a,b € (0,1), we deduce from Lemma 2.4.1 that

|ce.at — c7.atllzr@p) < Chr.

2.4.3 Convergence towards a weak solution

Proposition 2.4.2. Let ¢ be as in Proposition 2./.1 and let & € L>®(Qr) N
L>=((0,T); HY()) be the solution to the Poisson equation (2.1.3) with boundary
conditions (2.1.6). Then, for the centred scheme and the Sedan scheme, there holds

T, Aty @ — ® in L*(Qr) and in the L™°(Qr) weak-x sense, (2.4.15)

m—o0

and

Vi A, ®m — VO in the L((0,T); L*(2)%) weak-x sense. (2.4.16)
m—0o0

Proof. The existence of some ® € L*°(Qr) such that (2.4.15) holds is a straightfor-
ward consequence of Lemma 2.3.4, whereas the existence of some vector field U in
L>=((0,T); L*(Q)9) such that V7., ¢, ® tends to U as m tends to oo follows from
Lemma 2.3.5 together with (2.4.1). For the proof of the identification U = V&,
we refer to [48, 66, 62].

We show now that @ satisfies the Poisson equation (2.1.3). Let ¢ € C2°(]0,77] x
{QUTN}), then define ¥ = ¢ (xk,t,) and Y7 = (x4, t,) for 1 <n < N, K € T
and o € Eext. Following [63] (see [52] for a practical example), one can reconstruct
a second approximate gradient operator VT R7 — L>*(2)4 such that

/ V5ru - VT'vda: = ZTJDKU’U,DKU’U Vu,v € R7,

oel
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and which is strongly consistent, i.e.,

%T'gb" " V(- t,) uniformly in Q, Vn e {1,...,N}, (2.4.17)
T
thanks to the smoothness of ¢. The scheme (2.2.4a) then reduces to
/ Vr®"-Vrpde = / Tr(c"+ P rrypde,  Vn € [1, N], Vip € RITUEee)xN,
Q Q

Integrating with respect to time over (0,T) and passing to the limit hy, At — 0
thanks to Proposition 2.4.1, (2.4.16) and (2.4.17) then yields

/ Vo - Vipdadt = // (c+ APypdadt, Vb € C2([0,T] x QUTN).

In particular, (2.1.15) holds for almost every t € (0,7"). Concerning the boundary
conditions for @, the fact that ® = ® on (0,7") x I'". can be proved for instance
following the lines of |23, Section 4].

It remains to check that w7, a¢, ®,, strongly converges towards @ in L*(Qr).
To this end, we make use of a discrete Aubin-Simon lemma [78| in the particular
setting of [31, Lemma 9|. Since we have a discrete L=(H') estimate at hand
thanks to Lemma 2.3.5, it suffices to show that there exists C' not depending on
m such that, for all n > 1 and all ¢ € R7", we have

> mg (@ — O e = / o, (®" = ®"7Y) 77,0 < AL, Cllmr,, | 2
KeTm @
(2.4.18)

By linearity of (2.2.4a) we have:

- Z ToDio (" — @"71) = my(cf — i), VK € T.

o€€K

Using (2.2.4b) and (2.3.7) there holds

Y 7oDio (®"— @ ') = -At, Y 7,CiDko(h(c")+®"), VK €T,

o€EK oEEK int
(2.4.19)
Let ¢o € R7, then define 1 € R as the solution of the linear system
— > 7Diotp =mipx, VK €T, (2.4.20)

o€k



2.4. About the convergence towards a weak solution 65

where we have set Vg, = ¥y if 0 = K|L € &, and Vg, = 0 if 0 € Ex N Eext-
Multiplying (2.4.19) by ¥k, summing over K € T,,, performing discrete integration
by parts and using (2.4.20) yields

> mg(®) — B ox = At, > 7,C2Dico(h(c") + ®") Dicoth.

KeTm €& nt

Using successively Cauchy Schwarz inequality and [68, Lemma 9.2] we get

S g (B — ¥ pr <A, (ZT(,C” "4 @) ) (ZTU Do) )

KETm Ueglnt Uegll’lt
1
n n n 2\ 2
<CAL (D 7CH (Do (h(e) + ")) |77, @z
O'egint
Then the control on the dissipation established in Proposition 2.3.1 allows to re-
cover (2.4.18), hence the relative compactness in L*(Qr) of (77, at,,®m),,. O

Remark 2.4.2 (Enhanced convergence properties). The convergence described in
Proposition 2.4.2 is suboptimal. One can establish the strong convergence of
ﬁTm,Atm ®,, towards V&, where the gradient reconstruction operator @Tm’ At,, 18
the extension to the time-space domain ()7 of the operator @Tm used in the proof
of Proposition 2.4.2. We refer to [63] for details on these enhanced convergence
properties.

Proposition 2.4.3. Let ¢, ® be as in Propositions 2.4.1 and 2./.2, then the weak
formulation (2.1.14) holds.

Proof. Let p € C>([0,T) x Q), then define ¢% = p(xk,t,) for alln € {0,..., N}
and K € T. Multiplying (2.2.4b) by At,% ', then summing over K € T and
n € {1,...,N} and using expression (2.3.7) for the fluxes leads to

Ty + Ty + Ty =0, (2.4.21)
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where we have set

T = Z Z m(ci — e

n=1 KeT
T, = ZAt > 7ClDioh(c") Dicop" ™
=
T3 :ZAtn ZTUCZDKU‘I)nDKUSOn_l
n=1 oecf

The term 7; can be rewritten as

Z At, Z Mg Cp——— SDK — Z Mo,

n=1 KeT KeT

so that it follows from the convergence of w1 a¢c towards ¢ and of wr¢” towards
& together with the regularity of ¢ that

m— 00

T — —// c@wdmdt—/o%p(O,)dw. (2.4.22)
T Q

On the other hand, the term T3 can be rewritten as
T3 = // ce.atVT,at® - Vi arpdzdt,
T

where 67’7 At is the strongly consistent gradient reconstruction operator introduced
in the proof of Proposition 2.4.2 and in Remark 2.4.2. In particular, due to the
smoothness of ¢, Vi atp converges uniformly towards V. Therefore, it follows
from Lemma 2.4.2 and Proposition 2.4.2 that

m— 00

Ty —> // VO - Vdadt. (2.4.23)

Define the term

ZAt ZT"C Dgoh( )DKU‘Pn_l = / Vrar(e) - 6’f,A7t<;0diI?dt>
T

el
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then it follows from Proposition 2.4.1 that

Ty — // Vr(e) - Vdadt.
m—r0o0 QT

Therefore, it only remains to show that |75 — f2| tends to 0 to conclude the proof

of Proposition 2.4.3. Thanks to the triangle and Cauchy-Schwarz inequalities, one
has

N
T —TQ‘ < ZAthTa cr _é:?;b D,h(c")Dy™ "
n=1 oc€ ”
< (ZAt > 7.C2Dh(c")] )
o€l ) y
<Z At, ZTG |D060n 1|2> .
o€E U

The first term in the right-hand side is uniformly bounded thanks to Lemma 2.3.5,
using the ideas of the proof of (2.4.2)). Thus our problem amounts to show that

R = ZAt ZT,, ]Docp” 12 — 0. (2.4.24)

m—0o0
el

q

Let us reformulate R as

R = ZAt PR

el

|Da<p 2.

0'

is uniformly bounded, whereas the regu-

n

Thanks to (2.4.4), the quantity ’1 G

larity of ¢ implies that D, < ||V<p||ood0. Putting this in the above expression
of R, we obtain that

R < Cllce.at — CeatllLrqr) e 0,

thanks to Lemma 2.4.2. ]

Remark 2.4.3. This convergence proof does not hold for the Bessemoulin-Chatard
scheme because we lack compactness properties: Lemma 2.C.1, yielding equation
(2.4.4), is not satisfied for this scheme (see Remark 2.C.1), which affects succes-
sively the proofs of Lemma 2.4.1, Proposition 2.4.1 and therefore Theorem 2.2.2.
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The activity based scheme does not satisfy the bounds (2.3.3) of Lemma 2.3.1.
This implies gaps in the proof of Lemma 2.4.2, and the convergence of the scheme
stated in Theorem 2.2.2 is not established.

2.5 Numerical comparison of the schemes

The numerical examples [72| have been implemented in the Julia language [17]
based on the package VoronoiFVM. j1 [73] which realizes the implicit Euler Voronoi
finite volume method for nonlinear diffusion-convection-reaction equations on sim-
plicial grids. The resulting nonlinear systems of equations are solved using New-
ton’s method with parameter embedding. An advantage of the implementation
in Julia is the availability of ForwardDiff.j1 [115], an automatic differentiation
package. This package allows the assembly of analytical Jacobians based on a
generic implementation of nonlinear parameter functions without the need to write
source code for derivatives.

2.5.1 1D time evolution and convergence test

®: min=0.0000 max=10.0000 c: min=6.693e-03 max=1-6.693e-03
104 10 104

1.0
0.9
0.8
0.7

10°

102

10t

< 100
107!
1072 1072

1073

1073 107t 10t 10°

Figure 2.3 — Left: time evolution of solution on domain Q = (0, 50) with constant
initial value ¢ = 1, Dirichlet boundary conditions ®(0) = 10, ®(50) = 0, ¢*P = -1
and homogeneous Neumann boundary conditions for ¢. Right: Evolution of the
relative free energy according to (2.1.11).

The first group of examples considers the problem as described by (2.1.1)-
(2.1.3) in a one-dimensional domain with Dirichlet boundary conditions for ¢ and
homogeneous Neumann boundary conditions for ¢. We regard the time evolution
from a zero potential ® and constant concentrations cy. In all examples, we assume

a constant doping concentration ciP = —%. Calculations have been performed
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®: min=-62.4981 max=-0.0000 c: min=3.490e-12 max=4.997e-01
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Figure 2.4 — Left: time evolution of solution on domain §2 = (0, 50) with constant
initial value ¢ = 0.3, Dirichlet boundary conditions ®(0) = 0, ®(50) = 0, ¢*P = —1
and homogeneous Neumann boundary conditions for c¢. Right: Evolution of the

relative free energy according to (2.1.11).

with subdivision of the domain € = (0, 50) into 100 control volumes. Time steps
have been chosen in a geometric progression t; = ¢;*6° with 6 = 1.15 and t; = 1074

In the first example (Fig. 2.3), ¢o = 0.5, and the initial amount of charge
carriers exactly matches the amount of doping. With the start of time evolution,
at x = 0 a potential of 10 is applied leading to a redistribution of the charge
carrier concentration which for large ¢ approaches a steady state with two space
charge regions at the boundaries with opposite charge and an electroneutral region
with ¢ = 0.5 in the center of the domain. We remark that ¢ stays in the range
(0,1), and that the energy (2.1.11) decreases during time evolution for all four
schemes discussed in this paper. We also remark that for zero applied potential,
the constant values ® = 0 and ¢ = 0.5 would comprise a solution for all ¢ > 0.

Fig. 2.4 considers the case ¢y = 0.3. The available amount of charge carriers is
not able to compensate for the amount of doping. At the end of the time evolu-
tion, the charge carriers are concentrated in the center of the domain, establishing
an electroneutral region. At both boundaries, depletion boundary layers create
equally charged space charge regions due to the lack of charge carriers able to
compensate the doping.

Fig. 2.5 considers the case ¢y = 0.7 which in sense is symmetric to the pre-
vious one. There is again an electroneutral region in the center, and this time,
“superfluous” charge carriers are forced to enrichment boundary layers.

Fig. 2.6 provides a comparison of the convergence behaviour for the test case
discussed in Fig. 2.3. We compare the solutions at a moment of time where we
observe a rather large descent of the relative free energy based on a reference
solution obtained on a fine grid of 40960 nodes using scheme (S). No visible
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Figure 2.5 — Left: time evolution of solution on domain Q = (0, 50) with constant
initial value ¢ = 0.7, Dirichlet boundary conditions ®(0) = 0, ®(50) = 0, ¢*P = —1
and homogeneous Neumann boundary conditions for c¢. Right: Evolution of the

relative free energy according to (2.1.11).

difference in the plot have been found when using one of the other schemes to
obtain the reference solution.

We observe first order convergence in the H' norm and second order conver-
gence in the L? norm. No significant difference between the results for the various
schemes.

2.5.2 1D stationary convergence test

In order to reveal the behaviour of the various schemes under more extreme
conditions, this convergence test outside of thermodynamic equilibrium includes
regions of the solution with concentrations extremely close to 0 and 1, respectively,
enforced by inhomogeneous Dirichlet boundary conditions for the concentration,
thus leaving the realm of the analysis in this paper. Once again, we assume
Q = (0,L) with L = 50, ¢ = —1. We set boundary values ®(0) = ®(L) = 0
for the electrostatic potential, and ¢(0) = 1073, ¢(L) = 1 — 1073. We calculate a
reference solution using the scheme (S) on a fine grid of 40960 nodes with grid
spacing h ~ 1.22 - 1073, see Fig. 2.7. We use this solution as a surrogate for
an analytical solution in a numerical investigation of the convergence rates of the
different schemes. While no visible differences have been detected when using
the schemes (AB) or (BC) for reference, for the slower converging scheme (C) as
reference flux one would need a finer reference mesh to obtain similar results.

The result is shown in Fig. 2.8. We observe, that both in the H' and the
L? norms, the schemes based on the modification of the Scharfetter-Gummel idea,
behave significantly better than the centred scheme. This is probably due to the
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Figure 2.6 — Convergence behaviour of the different schemes for the case depicted
in Fig. 2.3: comparison of solutions at t = 10. Left: L?-error, right: H' error.
Correspondence to the equation in the paper: “centred”: (C), “Sedan™ (S), “Ac-
tivity”: (AB), “Bess-Ch”: (BC).

Dirichlet boundary condition close to 0 where the function ¢ +— h(c) appearing
explicitly in the centred scheme is singular. Judging from the L? error plot in Fig.
2.8 (left), the scheme (S) converges better than all the others. Asymptotically, all
schemes show the same standard behaviour: we observe second order convergence
in the L? norm and first order convergence in the H'-norm.

2.5.3 2D Unipolar Field Effect Transistor

As a second example, we consider a unipolar field effect transistor. The domain
is Q= (0,L) x (0, H) with L = 107", H = 102 We let ¢! = —2, and set the
following boundary conditions at the contacts:

(cf) = (15) at Dypuree = (0,0.2- L) x H,
2

(‘I’) . (? at Tgpain = (0.8 L, L) x H,
2

c
. _1(p —

(VJ@ nn) _ ( (P ; Ugate>) at Tyqe = (0.3-L,0.7- L) x H,

(qu) Iln) - (8) at o) \ <F9at€ U Tsource U Fdrain)'

Here, ® 4. € (=50, 50) is the gate voltage, and d = 0.1- H is the gate thickness.
We introduce a slightly anisotropic rectangular grid n, x n, with n, = 10 x 2"/
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Figure 2.7 — Stationary solution with Dirichlet boundary conditions for ¢ and ®.

and n, = 5 x 2"/ where n,.s is the refinement level. Each cell in the rectangular
grid is subdivided into two triangles, see Fig. 2.9 (left). From the resulting triangle
mesh, the Voronoi tessellation is obtained.

With fixed source and drain voltages, we vary the gate voltage Ugqe from 50
to -50. At Ugye = 50, the positive applied potential pushes away the positively
charged carriers from the channel — the region under the gate contact, see Fig. 2.10.
The resulting lack of charge carriers results in a near zero current. With decreasing
gate voltage, more and more charge carriers are allowed into the channel, leading to
an increase in the current. When the gate voltage decreases further, charge carriers
are attracted to the gate contact and fill up the channel. Due to the degeneration,
their concentration cannot exceed 1. As a result, we observe a saturation of the
current close to some maximum value for gate voltages approaching -50, see Fig.
2.10.

All schemes under consideration except (AB) represent this saturation be-
haviour quite well already at rather coarse grids, see Fig. 2.9 (right). This appears
to be in line with earlier investigations of the scheme based on activity averaging
[69] which hint that its asymptotic behaviour for large electric fields is not satis-
factory.

To get an idea about the convergence in this case, we produce a reference
solution on a grid with 821121 nodes using the scheme (S) and compare the cal-
culated I-V curves. The behaviour of the error in the I-V curves is shown in Fig.
2.13. While all four schemes exhibit convergence of order at least O(h), the ac-
tivity based scheme (AB) converges with a constant approximately one order of
magnitude larger than the others.
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Figure 2.8 — Convergence behaviour of the different schemes. Left: L?-error, right:
H! error. Correspondence to the equation in the paper: “centred” (C), “Sedan™

(S), “Activity™ (AB), “Bess-Ch”: (BC).

2.6 Conclusion

Four finite volume numerical schemes for a degenerate unipolar drift-diffusion
model have been studied both from a numerical and theoretical point of view.
Three of them — the schemes (AB), (S) and (BC) — can be seen as generalizations
of the classical Scharfetter-Gummel scheme [116] inspired by different ways to
express the degeneracy of the carrier density in the continuous model. Existence
of the discrete solution and monotone decrease of the relative free energy have been
proven for all four of them. We were able to prove rigorously the convergence to
a solution of the continuous problem for only two of the schemes, namely (S) and
(C). However, numerical experiments suggest that all the four schemes converge
and are of order two with respect to space, even though some particular test
cases show limitations for the schemes (AB) and (C). Besides, the extension of
the scheme (BC) to more complex physics involving several conservation laws is
not straightforward. Moreover, a robust implementation of scheme (BC) requires
additional efforts to handle the case of constant concentrations. The present study
suggests a preference for scheme (S) in practical applications as long as the mobility
is linear. In the case of nonlinear mobilities (like e.g. ¢(1 — ¢)), the extension of
the schemes (AB), (S) and (BC) is unclear and a scheme based on (C) seems to
be a good option.
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(ANR-11-LABX-0007-01). Claire Chainais-Hillairet was also supported by project
MoHyCon (ANR-17-CE40-0027-01). Finally, the authors warmly thank the anony-
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Figure 2.9 — Discretization grid of refinement level n,.; = 1 (left) and correspond-
ing I-V curves for different discretization schemes (right).
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Figure 2.10 — Electrostatic potential (left) and concentration (right) for closed gate
(Ugate - 50)
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Figure 2.11 — Electrostatic potential (left) and concentration (right) for Uy = 0).
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Figure 2.12 — Electrostatic potential (left) and concentration (right) for open gate
(Ugate = —50), with concentration in the channel reaching the saturation value 1.
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Figure 2.13 — Convergence of the I-V curves calculated using the different dis-
cretization schemes.
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mous referees for their constructive feedback.

2.A  L*° bound on the TPFA FV approximate Pois-
son equation

It is well known that the solution to the Poisson equation

—Au=f inQQ,
u=uPl on I'P, (2.A.1)

Vu-n=0 onl?¥,

is bounded in L>®(2) provided f € L>®(Q) and u? € L>(9€). The goal of this
appendix is to get a discrete counterpart of this estimate for TPFA finite volume
approximations of (2.A.1). The data u” and f are discretized into

1 1
u?:—/uD('y)d'y, fK:—/fd:c, cecEP KeT.
o Mk Jk

Mg

and the classical TPFA finite volume scheme is:

— Z TUDKUU = meK; VK € T

ocelk

The associate linear system of equations can be written as
Lu=0b, (2.A.2)

with w = (uk,Us)keT scer (let us note that we keep the Dirichlet nodes in the

TUEP)x (TUED)

set of unknowns), b = (fK’UE)KeTaesD and L € R is the sparse

symmetric definite positive matrix defined by
Loo =1, L,,=0if¢#0, oc&”,

p 1
Lk ko = —T—, Lgx=— Tos KeT.

m m
K K g€EEK

In the above definition of L, ¢ denotes an arbitrary index in 7 N &P, whereas
Ko denotes the mirror index of K w.r.t. the faces 0 € &g, ie., Ko = L if
oc=K|LeExN&y and Ko =0 if o € EgNEP.

The goal of this section is to derive an > bound on the solution w to the
linear system (2.A.2) which is uniform w.r.t. the mesh. This is the purpose of the
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following proposition.

Proposition 2.A.1. There exists C' depending only on 0 such that
\uK| S CmaX{“uDHLoo(ag),HfHLoo(Q)}7 VK € T

Proof. The proof we propose here is an extension to the context of TPFA Finite
Volumes of the proof of Hackbusch [88] for Finite Differences. An alternative
proof of Proposition 2.A.1 based on Stampacchia’s truncation estimates is sketched
in [76].

The definitions of u? and fx ensure that

15|00 < max {[|u” | L= o0), | fll2=@}

so that

lelloe < L7 oo l1blloe < L7 loo max {Ju” ||z on), [/ 2= } -

Therefore, it only remains to check that ||L7!||,, < C for some C not depending
onT.

The matrix L is a M-matrix (see [88, Definition 4.8|). Therefore, owing to |88,
Theorem 4.24], if we can exhibit some vector w € R7YE” such that Law > 1, then
IL7lso < ||w]|s. Define the function w : Q — R by

1 _
w(xz) =1+ p (sug ly|> — \a:]Q) > 1, x e,
=

and the vector w = (wg,w,) by wxg = w(xg), K € T, and w, = w(x,), o € EP.
The estimate on the Dirichlet nodes is straightforward:

(Lw), =w, > 1, Vo € EP.

Now, we focus on the inner nodes K € 7. Since ), cp Lis = degK Lk ko =
0, one has

1 1
(L) =5 D Licrolwrcol = 5 D7 7o (ol — o)

ocefk o€k
1
~dmg Y 7o (lex — ol + 2@ - (ke — TKs))
mg
oEEK

1 2
:m Z mo-da- + mw]( . Z Ta-<.’.CK — $KU).

o€l c€EK
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Because of the geometric relation m,d, = dma,, and since K C UUGEK A,, there

holds

Therefore, (Lw), > 1 for all K € T. As a consequence,

diam(€2)?

1
LYy < o =1+= 2 <1
L™ oo < | +d§£\y| <1+

The last estimate comes from the fact that one can choose the origin for y arbi-
trarily. O]

2.B  Proof of Lemma 2.3.2

Step 1. Let § € (0,1) and M € R. We start with the proof of

lim Y5 (cr) = 400, (2.B.1)

cr,—1

where
T(;’M(CL) = inf {D(CK,CL, (I)K, (I)L); Cx € (0,1 — 5], ((I)K, (I)L) S [—M, M]2} .
We recall that

Dlck,cr, P, Pr) = Clek, cr, P, Pr)|h(ck) + Px — h(cr) — @[
= ‘F(CK7 CL, (DK7 q)L)(h(CK) + q)K — h(CL) — (I)L),

and we notice that the diffusion force blows up:

lim inf{‘h(cK) — h(ep) + g — pliex € (0,1 3], (B, By) € [—M, M]2} = +o0.

cr—1
(2.B.2)
Therefore, we can get (2.B.1) by proving that either C(ck,cp, @, Pr) or sim-
ply Fl(eck,cr, P, ®r) stays bounded away from 0, uniformly in ¢x € (0,1 — ¢,
((I)K,(I)L) € [—M, M]z, for ¢y, > 1/2
For the centred flux, we have that, for all (cx, @, ®r) € (0,1—0] x [—M, M]?,
Cler, e, Pr, Pr) = (e + ¢1)/2 > ¢r /2. This yields (2.B.1). For the three other
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schemes, we remark that, for any o € (0,1 — §), we have
Vs (cp) = min(T5y, (cr), Ton(er)),
where

Y (cr) = inf {D(ck, cr, P, @1);cx € (0, ), (P, Pr) € [-M, M)},
Yiu(er) = inf {D(ck, cr, P, Pr)icx € [0, 1= 0], (P, 1) € [~ M, M]*}.

The Lemma 2.3.1 ensures that, independently of the choice of the numerical flux,
we have at least C(ck,cp, P, Pr) > min(cg,cr)/2, so that C(ck,cp, P, Pr) >
a/2 for all (ck,cp, ®r,®r) € [a,1 — 0] x [1/2,1) x [-M,M]* if a € (0,1 —
d).Therefore, for all « € (0,1 — §), we have

: «,2 .
Jim Y57 (e2) = oo,

It remains to prove that for a given o € (0,1 — §) we also have

lim Y§,(cp) = +o00. (2.B.3)

cr—1

Because of the monotonicity of 6 — Ysar(cr), we can restrict our attention to the
case 0 < 1/2, so that we can seek for o € (0,1/2].

For the Bessemoulin-Chatard flux, we have

o, — O (OF
Fleg,cp, @, ®r) =0r(ck, cr) {B (#> ck — B (M> cL} ,

or(ek,cr) or(ek,cr)

with 0r(ck,cr) > 1. Using the monotonicity of the Bernoulli function and the
bounds on ®x and ¢, we get:

b; — P
DT(CK,CL)
Hence, for o = %
1 B(2M
Flek,cn, @, ®r) < or(ek, cr) {B(—QM)CY — B(2M)§} < — (4 )

Then, thanks to (2.B.2), we deduce (2.B.3) for o = 222 and therefore (2.B.1).

For the Sedan flux, we use similarly the monotonicity of the function B and v,
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so that

Flex, er, ®x, 1) < B <_2M + y(%) - V(a)> 0—B <2M _ y<%> 4 V(a)) %

1
Vex € (0,a),cr € (5, 1), (®x, @) € [-M, M2

The right-hand side of the last inequality tends to —B (2M — v(3)) 1 when « tends
to 0. The negativity of this limit means that for a given a small enough the flux
remains bounded away from 0 so that we deduce (2.B.3) and therefore (2.B.1).

For the activity based flux, we also use the monotonicity of a and [, which

yields
).

Veg € (0,a),cp € (5, 1), (®x, @) € [-M, M2

Flex,cr, @, ®p) < (B(—QM)a(a) — B(2M)a(

e
i Y

The right-hand side has a negative limit when « tends to 0. Thus, it remains
bounded away from 0 for a given a < 1/2; and we deduce (2.B.3) and therefore
(2.B.1).

Step 2. We now focus on the proof of

lim Wsar(cr) = 400 (2.B.4)

cr,—0

where

Usar(cr) = inf {D(cg, cr, @i, P ); cx € [0,1), (Pi, Pr) € [—M, M]*}.

We use similar arguments than in Step 1. First, the diffusion force still blows
up:

lim inf{‘h(cK) —h(ep) + By — By ex € 6,1), (B, @) € [~ M, M]Q} — oo,

cr,—0
(2.B.5)
For the centred flux, we have: C(ck, cr, P, Pr) = (cx+cr)/2 > §/2 hence (2.B.4).
For the other fluxes, we split using a parameter o again

W (cp) = min(Wgy, (cr), Uiy (cr)),
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where
Ui (er) = inf {D(ck, cr, P, 1) i € [0, 0], (Pre, @) € [—M, M]*};
Wiy (er) = inf {D(ck, cr, P, ®L);cx € (a, 1), (P, Pr) € [-M, M}

Using the symmetry of the flux F(cg,cp, Pk, Pr) = —F(cy, ek, Pr, Pr) and
following the proof of (2.B.3), we get that for o = 1/2,

: o,2 o
clngo Wiarler) = +oo

We now have to prove that, for « = 1/2,

lim Wi (cp) = 400 (2.B.6)

cr,—0

To this end, we will show bounds on the flux. The set [§, a] x [~ M, M]? is compact,
and the flux functions are continuous. It is sufficient to show a positive lower bound
for the limit at any (c¢*, ®*, ®@,) € [, a] x [-M, M]?:

¥ = lim F CK,CL,(I)K,(I)L)> 0.

(CKuCL7(I)K’q>L)—>(C*707 *’(I)*)
For the Sedan scheme, we have:
I"=B(®,— P —v(c)))c" > 0B(2M).

For the Bessemoulin-Chatard scheme, we have: lim or(ck,cr) = 1, hence:
(crser)—(c*,0)

I*=B(®,— ®")c" > 0B(2M).
For the activity based scheme we have:

Bler) +1 )

f— * * CL((S
' = B —B(®. - ®")a(c") > == B(2M).

As these limits are bounded away from zero we have (2.B.6) hence (2.B.4). This
concludes the proof of Lemma 2.3.2.

2.C Comparison of face concentration functionals

For each scheme, we have defined a face concentration functional C : (0, 1) x

(0,1) x R x R — R. We introduce a second face concentration functional C :
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(0,1) x (0,1) — R, defined by

5 _ r(cx) —r(er)
Cler ) = fer) ~ her)

As 1'(¢) = ch/(c), it is clear that

if cx # c¢r and cx otherwise.

min(cg, cr) < C(ek, cp) < max(ck, cp) for all (cx,cr) € (0,1) x (0,1). (2.C.1)

Lemma 2.C.1 states a comparison between C and C for the centred and the Sedan
schemes.

Lemma 2.C.1. For the centred scheme and the Sedan scheme, there exists G > 0,
depending only on M, such that for all (cx,cp, P, ®r) € (0,1)x(0,1)x[—M, M]x
[_Mv M],

C(CK, CL)
< G. 2.C.2
C(CK7CL7@K7®L) o ( )

Remark 2.C.1. For the Bessemoulin-Chatard scheme, the bound (2.C.2) does not
hold. Let us consider that & = &, = &, then with the notations x = log(ck /cp),

I—CL

and y = log(m), we have:

C(ck,crL) o Yy

C(CK,CL,(I),(I)) (CK —cL)(x—l—y)'

For (¢k,cr) — (1,0),  and y tends to +oo, hence the blow up of the ratio.
Proof. The case of the centred scheme defined by (C) is the easiest one, since

Ck +cg,
2

so that (2.C.2) holds with G = 2 thanks to (2.C.1).
Let us now focus on the Sedan scheme defined by (S). We can introduce the
function G : (0,1) x (0,1) — R defined by

C(CK7 Cr, ¢K7 q)L) -

1
> Emax(cK,cL),

éV(Cl(a CL)
min(g . ¢, )el—m,mp2 C(cr; e, P, @r)

G(ck,cL) =

It is a continuous function which satisfies the symmetry property G(cg,cr) =
G(cr,ck) and the consistency G(ck,cx) = 1.

Because of the symmetry and the consistency properties, we can assume with-
out loss of generality that cx > ¢;. Using the average properties (2.3.3) and (2.C.1),
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one obtains that )
G(ewser) < K< (2.C.3)

Cr, Cr,

so that we only have to check that G(ck,cy) remains uniformly bounded as ¢y,
tends to 0 to prove (2.C.2). To that extent, we compute explicitly the minimum
of C. We recall that we have, using (2.3.5):

B(y)— B

Clek,cr, Pre, 1) = tex + (1 — t)er, t= M’
r—y
where y = &, + v(cr) — Px — v(ck) and & = log(ck/cr). Using the assumption
ckx > cr, C is minimal when ¢ is minimal. As B is convex, and x fixed, this happens
for y maximal, i.e.
y=2M + v(c) —v(ck).

Using this result, one can expand

(hck) = hler) = 2M)(r(ck) — r(cw))

G 8) = (BOM + v(er) — vlew)ex — B-2M — vler) + vlex))er) (hlexe) — hler)

Therefore we study the limit of G when (cg, ¢r) tends to (1,0), (0,0) and (¢*, 0)
with ¢* € (0,1).

We first consider the limit (cx, cr) — (1,0). We have the following equivalences
when (cx,cr) — (1,0):

h(CK) — h(CL) ~ — 10g(1 — CK) — 10g(CL)
h(ck) — h(cr) —2M ~ —log(1 — cx) — log(cy)
r(cx) —r(cy) ~ —log(l — ck)

B(y)ex — B(=y)er ~ —cx log(1 — ck)

This yields:
lim g(CK,CL,(I)K,(DL> =1. (2C4)
(CK,CL)—>(1,0)
With similar arguments, we compute the limit (cx,c) — (¢*,0) with ¢* €
(0,1). We get:
: r(c*)
lim G(ck,cr) = , 2.C.5
(creser)—+(c*,0) (exsen) B(y*)c* ( )
with y* = 2M + log(1 — ¢*).
In the neighbourhood of (0,0), the behaviour is more complex, as the limit of
log(ck /cr) is not defined and G does not have a limit. However, thanks to (2.C.3),
G(ck, cr) stays bounded if cx /¢y, stays bounded while (¢x, cr) — (0,0). It remains
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to consider the case where (ck,cr) — (0,0) while cx/cp, — oo. In this case, we

have:
(hlex) = en) =200) |
h(ck) — hlcr)
r(ex) —r(cr) ~ —ep + ¢k
B(y)ex — B(—y)cr ~ B(2M)cx — B(—2M)ey,
and 1
<CK,};€E(0,0> Glewer) = B(2M)’

cx /e —r00

We conclude that G(ck, cr) stays bounded when (cg, c) is in the neighbourhood
of (0,0). Combined with (2.C.3), (2.C.4) and (2.C.5), this concludes the proof of
Lemma 2.C.1. O

2.D Some notations

In this Section, we recall the definition of some notations used along the paper.
Table 2.1 gives the definition of the different quantities involved at the continuous
level, while Table 2.2 gives the definition of the functions involved in the study of
the numerical schemes.
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h(c) log . ¢ chemical potential
—c
v(c) —log(1 —¢) excess chemical poten-
tial
r(c) —log(1 —¢) diffusion enhancement
a(c) 1 ‘ activity coefficient
—c
B(c) 1—c¢ inverse activity coeffi-

cient

H(e) clog(c) + (1 —¢)log(1 —¢)

entropy density

E(c, ®) /{H(c)+%|V¢)|Q}dw— PPV - nd~y
Q

Cp

free energy

Table 2.1 — Definition of the different functions involved in the continuous problem.



86 CHAPTER 2. Finite volume schemes for unipolar degenerated drift-diffusion

B(x) ’ 1 Bernoulli function

er —

h h
(ex) =Mew) Ck # CL, o
or(ek, cr) log(ck) — log(er) approximation of 7’
' (ck) if c = cp. | consistant  with  the
thermal equilibrium

Fir, : : :
Fleg,ep, Pr, @) | — numerical flux intensity

TKL

'F(CKy Cr, ®K7 (PL)
h(CK> + (I)K — h(CL) — CI)L
r(cx) —r(cn) .
. —_—s f
C (CK, CL) h(CK) - h(CL) oK 7& L face concentration com-
CK otherwise pliant with the weak so-
lution

C<CK7 Cr, q)KJ q)L)

face concentration

F<CK7 Cr, ®K7 q)L)
X (h(ck) + P — h(cr) — D)

D(ck,cr, P, Pr) face entropy dissipation

Table 2.2 — Definition of the different functions involved in the numerical schemes.



Chapter 3

Entropy and convergence analysis for two
finite volume schemes for a
Nernst-Planck-Poisson system with ion
volume constraints.

Ce chapitre est un travail en collaboration avec Jiirgen Fiihrmann. Il est
disponible sur HAL et a été soumis pour publication.

In this paper, we consider a drift-diffusion system with cross-coupling through
the chemical potentials comprising a model for the motion of finite size ions in
liquid electrolytes. The drift term is due to the self-consistent electric field main-
tained by the ions and described by a Poisson equation. We design two finite
volume schemes based on different formulations of the fluxes. We also provide a
stability analysis of these schemes and an existence result for the corresponding
discrete solutions. A convergence proof is proposed for non-degenerate solutions.
Numerical experiments show the behavior of these schemes.
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3.1 Introduction

Proper modeling of the motion of ions in electrolytes — mixtures of a solvent and
N ionic species which can be described by their concentrations ¢; — and associated
simulations are crucial in the development of efficient batteries, fuel cells, and
many other applications commonly considered as key technologies for the 21st
century. The classical Nernst-Planck equation is a linear system which for given
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electrostatic potential ®, charge number z; and diffusion coefficient D; describes
the evolution of the ion concentration ¢; via

oye; — div(D;N;) = 0, N; =V + 2,,VP = ¢;V (log(c;) + 2;P) .

The self-consistent electrostatic potential is described by the Poisson equation

N

i=1

This model assumes that ions are infinitely small and that the ions of a given
species ¢ interact neither with the solvent nor with other ionic species. However,
in reality, ion sizes are finite, and ion motion is only possible with a simultaneous
displacement of solvent molecules. Moreover, the effective size of ions is increased
by the fact that in a polar solvent like water, they are surrounded by a solvation
shell consisting of a certain number of solvent molecules. The inclusion of these
effects into the model is particularly important for concentrated electrolytes and
in electrode boundary layers with high ion concentrations.

Historically, there have been many, often independent attempts to fix this
situation, see e.g. the review in [12], the discussion in |[70] or [99]. A comprehensive
model of ideal mixtures of solvated ions has been derived in [60, 59]. In [70, 71], a
two point flux finite volume discretization approach for these problems has been
derived. Various variants of ionic flux approximations have been investigated for
the unipolar case, where only one ionic species is considered, in Chapter 2, with the
result that the flux approximation approach introduced in [70]| has several more
accurate alternatives. For two of them, we have been able to find appropriate
generalizations to the case of several ionic species. These are introduced and
analyzed in the present paper.

In the sequel of Section 3.1, the continuous problem is formulated, and several
key properties of the continuous system are discussed. Among these is the decay
of an entropy functional for positive solutions.

3.1.1 The Nernst-Planck-Poisson system with finite ionic
volumes

Consider a bounded connected polytopal domain Q2 C R?, and finite simulation
horizon T' > 0. We model the evolution of the concentration c¢q of a solvent and N
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dissolved species: ¢;, i € [1, N]. The mixture satisfies a volume filling constraint

N
E V;C; = 1,
=0

where v; are the molar volumes of the species. We will use this constraint using
ratios of molar volumes k; = 5—0

al 1
Zkici = —. (3.1.1)
i=0 Yo

The coefficients (ky, ..., ky) are parameters of the problem and kg is by definition
equal to 1. As the molar volumes are not the same, the total concentration

C:= Zci (3.1.2)

is not uniform. The set of positive concentrations ¢;,i € [[1, N] such that ¢q is
positive is denoted by

A= {(Cl,..., ~) € (0, +00)V

:——chpo}

We also introduce the topological adherence of A:

:U—O—Zk‘czz()}

i=1

A= {(01,...,CN) € [0, +00)V

For the sake of clarity, we will let C' = (cq, ...,cn) € A and often consider ¢ and
¢ as functions of C' thanks to (3.1.1) and (3.1.2) without clearly expressing the
dependency. The dissolved species follow a conservation equation:

e —divDN; =0,  N;=¢V (i(C) + Z9) Vi e [1,N]. (3.1.3)

where z; = z; — k; 2o the reduced charge number and D; > 0 the diffusion coefficient
are parameters of the problem, while h;(C') the chemical potential depends on all
the concentrations through:

hi(C) = log% — K 1og%“ Vi € [1, N]. (3.1.4)
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This system is supplemented with Poisson equation for the potential:
N
~NAD :cd°p+22ici. (3.1.5)
i=0

To simplify the computations, we let cdP = =+ ¢°P and see that:

N N
Cd0p + E ZiC; = cdop + E ZCZ
=0 i=1

To avoid unnecessary complications of the notations, we will drop the tildas for the
reduced molar charges as the real molar charges do not appear anymore. Moreover,
to simplify the proofs, we will assume that the solvent carries no charge, hence
2o = 0 and ¢°P = 0. Treatment of nonzero ¢%°? one can find in Chapter 2.

As in Chapter 2, we consider a Dirichlet boundary condition for the potential
on a non-negligible part of the boundary I'p C 92 and homogeneous Neumann
boundary condition on I'y = 9Q \ I'p:

®=0"  on (0,7) xTp, VO&-n=0 on(0,T)xTy, (3.1.6)

where @ is assumed to be constant in time and in H'(Q) N L>(Q).

The system is supplemented with the following no flux boundary conditions for
the concentrations:

¢V (hi(C) 4+ zP)-n=0 on (0,7) x 09, for all i € [[1, NJ, (3.1.7)

and with an initial condition C° satisfying:

C% e L™(Q, A) and /c? >0  Vie[0,N]. (3.1.8)

3.1.2 Key properties of the continuous system

In this section, we attempt to exhibit the properties of a smooth enough so-
lution (C, ®) to the system (3.1.3)—(3.1.8) so that calculations are justified. The
first property is the conservation of mass. In other words, thanks to (3.1.3), C
satisfies for any t € [0,77],4 € [1, N]:

/Qci((),x):/gci(t,x).
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Moreover, we need the concentrations to be positive for (3.1.4) to have a sense.
In the discrete setting, we will show that the concentrations belong to A. In the
continuous setting, it will be assumed. We hint that it might be possible to do it
using the entropy method [92] and the flux formulation proposed in [70]. Indeed,
another key property of the system is the dissipation of a free energy. In this case,
the chemical free energy density H(C') is defined as follows:

N N
H(C) = Zci log (%) = Zci log ¢; — ¢loge@.
i=0 i=0

This function is convex, however, the addition of the term —¢log¢ makes the proof
quite intricate. This point is detailed in Appendix 3.A along with the proof of the
following equations:

O, H(cy,...,en) = hi(C), Vi€ [1,N], C = (ci,....cn) € A, (3.1.9)
e+ ey <o voea (3.1.10)
vo min k;

The total free energy is formed by the integral of the chemical free energy
density and electrical terms:

2 [V 2
B(C.0) = | H(C)+ X =rdv=a* | pVe-n.

Proposition 3.1.1. Let (C,®) be smooth solutions of (3.1.3)~(3.1.8) such that
C(t,x) € A. For such solutions, E is a conver Lyapunov functional. Moreover,
we have:

Q1

Proof. We have using chain rules and (3.1.9):

N
8t/H(c1,...,cN)dx:/Zhi(C)ﬁtcidx. (3.1.12)
L Q=

We also have using chain rules and integrating by part:
Vo|?
o 2 o0 Q

Notice that we have V®-n =0 on I'y and & = & on I'p. Using equation (3.1.5),
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we have:

P|? .
Q 2 I'p Qi

Using this equation and (3.1.12), we have:

N
OE =) / (hi(C) 4 2z®)dscid.
i=1 v

Using now equation (3.1.3) and integration by parts, we have the desired equation
(3.1.11). Due to the non-negativity of D;c;, E is a Lyapunov functional. Its
convexity follows from the assumption C' € A (see Lemma 3.A.1). O

Finally, we introduce a notion of weak solution that relies on a reformulation
of the fluxes:

N; = Ve; — kie;V1ogeo + (ki — 1)¢;V1oge + z,¢, VP,

and the space of H' functions satisfying the Dirichlet boundary conditions for the
potential:

Hrp = {f c HI(Q), f‘FD = 0} and Qr = (O, T) x €.
More precisely:

Definition 5. A couple (C, ®) is a weak solution of (3.1.3)—(3.1.8) if
— C e L=((Qr; A) with log(co) € L*((0,T); H'(2));
— & —®P € L=((0,T),Hro);
— for all p € C=([0,T) x )N, i € [1,N]

// ciatgoid:vdt+/c?g0i(0,:v)da:
T Q

- // (Ve + ¢V (=k;log cg + (k; — 1) loge + z®)) - Vipidzdt = 0;
(3.1.13)

— for all ¢ € Hro and almost all t € (0,7,

N

22 /Q VOt z) - Vi (a)de = /Q (@) Y ziealt, 2)d. (3.1.14)

=1
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3.1.3 Positioning and outline

The structure of cross-diffusion systems challenges the maximum principle-
based methods. In this paper we aim to discretize the system (3.1.3)—(3.1.8). For
N =1 this system is a nonlinear drift-diffusion problem and several discretizations
have been proposed in Chapter 2. We focus on the extension of these schemes to
the more general setting with N > 1 while adapting the proofs to tackle the
challenges introduced by cross-diffusion.

More precisely, in Section 3.2, the two point flux based finite volume discretiza-
tion with two variants of the flux approximation is introduced. The main theorems
about the existence of discrete solutions and the convergence of approximate solu-
tions are stated. Existence, free energy decay, and positivity of concentrations are
proven in Section 3.3, whereas the convergence is proven in Section 3.4. Several 1D
and 2D numerical examples showcasing the proven properties of the discretization
scheme are discussed in Section 3.5.

3.2 Discretization and main Theorems

In this section, we propose two discretizations of (3.1.3)—(3.1.8) and discrete
counterparts of the continuous properties. First, in Section 3.2.1, we state the
requirements on the mesh and fix some notations. Then in Section 3.2.2, we
describe the common setting for the two schemes to be studied in this paper. These
schemes, presented in Section 3.2.3, rely on so-called two-point flux approximations
of different formulations of N;. Then in Section 3.2.4, we state our two main
results. The first one, namely Theorem 3.2.1, focuses on the existence of a solution
to the nonlinear system corresponding to the schemes for a given mesh, and the
dissipation of the energy at the discrete level. More precisely, one establishes that
all the studied schemes satisfy a discrete counterpart to Proposition 3.1.1. Our
second main result, namely Theorem 3.2.2, is devoted to the convergence of the
schemes as the time step and the mesh size tend to 0.

3.2.1 Discretization of (0,7") x

In this paper, we perform a parallel study of two numerical schemes based
on two-point flux approximation (TPFA) finite volume schemes. As explained
in [61, 67|, this approach appears to be very efficient for isotropic continuous
problems when one has the freedom to choose a suitable mesh fulfilling the so-
called orthogonality condition [89, 68]. We recall here the definition of such a
mesh, which is illustrated in Figure 3.1.
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Definition 6. An admissible mesh of Q is a triplet (7’,5, (xK)KeT) such that the
following conditions are fulfilled.

(i) The set T s finite and each control volume (or cell) K € T is non-empty,
open, polyhedral, and convex. We assume that

KNL=0 K LecTwthK +1L, while | ] K =Q.
KeT

(ii) Each face o € £ is closed and is contained in a hyperplane of R?, with
positive (d — 1)-dimensional Hausdorff (or Lebesque) measure denoted by
me = H o) > 0. We assume that H (o No’) = 0 for 0,0’ € € unless
o' =o. Forall K € T, we assume that there exists a subset Ex of £ such
that OK = J,cg, 0. Moreover, we suppose that | e Ex = €. Given two
distinct control volumes K, L € T, the intersection K N L either reduces to

a single face o € € denoted by K|L, or its (d — 1)-dimensional Hausdorff
measure 15 0.

(11i) The cell centers (x) ket belong to their cell: v € K, and are such that, if
K,L €T share a face K|L, then the vector x; — xk is orthogonal to K|L.

(iv) For the boundary faces o C 0), we assume that either o C Tp or o C I'y.
For o C 090 with o € Ek for some K € T, we assume additionally that there
exrists x, € o such that x, — xx s orthogonal to o.

Figure 3.1 — Illustration of an admissible mesh as in Definition 6.

We denote by my the d-dimensional Lebesgue measure of the control volume K.
The set of the faces is partitioned into two subsets: the set &, of the interior faces
defined by & = {0 € €| 0 = K|L for some K,L € T}, and the set £ of the
exterior faces defined by e = {0 € £ | 0 C 00}, which can also be partitioned
into P = {o Cc Tp} and EN = {0 Cc T'x}.



96 CHAPTER 3. Schemes for Nernst-Planck-Poisson with volume constraints

Given o € &, we let

mU
) and 7, =—
|t — x| if 0 € Eoxty o

; _{W—m if o = K|L € Enn,

We finally introduce the size hy and the regularity (7 (which is assumed to be
positive) of a discretization (T, &, (zx)ker) of Q by setting

d(ﬂ?K 0')
h+ = max diam(K = min min ————~.
T~ ker (£, T KeT oclx  d,

Concerning the time discretization of (0,7"), we consider an increasing finite family
of times 0 =ty < t; < ...,< tn, = T. We denote by At, = t, —t,—1 for
1 < n < Np, by At = (At,) <y, and by hay = maxi< <y, At,. We will
use boldface notations for vectors whose number of components is dependent on
the mesh while keeping the uppercase notation C' when we also consider different
species.

3.2.2 A common setting for the Finite Volume schemes

The initial data C° which belongs to L>(€, A) thanks to (3.1.8) is discretized
into (C%) e € A7 by setting

7

k. :][ A(r)dr VK € T,i€[l,N]. (3.2.1)
K

Notice that previous equation also holds for ¢ = 0 and that this discretization
satisfies:

Z My, = / A (z)dz > 0 i€ [0,N] and CheA VKeT.
Q

(3.2.2)

n—1 __ n—1 : :
Assume that C" " = (cK,i ) KeTicon IS 8iven for some n > 0, then we have

to define how to compute (C",®") = (Ck, ®%) gy First, we introduce some
notations. For all K € T and all o0 € £k, we define the mirror values C}%, and
O of C% and @Y% respectively across o by setting

CI)Z ifO':K|L€gint7
P, =< on ifoeé&N,

PP = f oPdy ifoe&P.

n CZ ifO':K|L€(€int,
CKO’ = .
Cr ifo € Eexis

(3.2.3)
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Given u = (ug)xr € R, we define the oriented and absolute jumps of w across
any edge by

DKU’U, = UKs — UK, DU’U, = IDKO'U|7 VK S T, Yo c SK

We may now use these operators to describe our scheme. The potential is approx-
imated using the classic TPFA scheme for the Poisson equation:

N
- )‘2 Z TUDKU(Pn = Mg Z Zic?(,iv VK € T. (324&)
i=1

o€k

The conservation equation is approximated using a backward-Euler scheme in time:

o Cn—ll
M K,zAt K,i + Z F]?o—yi — 0’ VK € T,Z c [[17N]]7 (324b)

c€fk

where F, ; should be a conservative and consistent approximation of the integral

—A%; t:il fa./\/; Nk (ng, denotes the normal to o outward K). Finally, the

concentration of the solvent is computed using a discrete version of the volume
filling constraint:

N
1
ko = v Z kiCle i VK eT. (3.2.4c)
i=1

It remains to define the numerical fluxes F},,. Two possible choices are given
in the next section.

3.2.3 Numerical fluxes for the conservation equations

To close the system (3.2.4), we have to define the numerical fluxes Ff, ;. As
we intend to use two point flux approximations, they should be of the form:

= 3.2.5
Koy TUDZ'JT';'(CK,CL,CDK, CI)L) lf g = K’L € gint ( )

n . {0 if o e gext
For the sake of readability, we have chosen to define the flux functions F; for unitary
D;. Thus this constant should rarely appear in the functional inequalities of the
following sections. To preserve the conservation of mass, all the flux functions F;
defined afterward satisfy an anti-symmetry property:

Fi(Ck,CL, @k, ®p) = —Fi(CL,Ck, ®p, Pk) VCk,Cp € A, g, P € R,
(3.2.6)
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so that the fluxes are locally conservative, i.e.:

FK7U+FL7U:O \V/O':K|L€(€int.

3.2.3.a The centered flux
The first numerical flux we consider is based on the original expression of the
flux (3.1.3):

The gradient and edge concentration are independently discretized :

Ck,i+CL;

‘E(CK7C’L)®K7®L) = 2

(hi(Ck) = hi(CL)) + z(Px — @1)) . (C)

This flux is a straightforward generalization of the eponymous flux presented in
Chapter 2. As such it is also similar to the fluxes introduced in [36, 33, 28, 39, 32|.

3.2.3.b The Sedan flux

The other flux under study is also a generalization of the Sedan flux presented
in Chapter 2. It originates from and is named after the SEDAN III semiconductor
device simulation code [126] and is used to handle the case of degenerated semi-
conductors in semiconductor device simulators, see [123, 120]. The scheme relies
on the introduction of the excess chemical potential

v;(C) = hy(C) — log(c;) = — log () — ki log %0

This excess potential characterizes the non-ideality of the electrolyte leading to
the following equivalent continuous flux formulation:

N; = D; |V + eV (2P + v (0))].

The Scharfetter-Gummel-inspired discretization [116] of this expression of the flux
leads to the so-called Sedan flux:

Fi(Ck,Cp, @k, @1) = B(2®1 + v;(C1) — 2P — vi(Cx)) e
- B(Zi(I)K +vi(Ck) — 2P, — Vi(CL))CL,ia (S)

where B(x) = %5 for all # # 0 is the Bernoulli function. Notice that B can be
extended by B(0) =1 and is in C*°.
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Remark. In chapter 2 we studied two other schemes. One was based on the diffusion
enhancement and discretization ideas originating from [15]. The extension of this
so-called Bessemoulin-Chatard scheme to the multi-species case appears to be not
feasible due to the intrinsic use of one-dimensional chain rules. The other scheme
based on activity variables and the averaging of the inverse activity coefficient
was introduced for the multi-species case in [70]. Numerical analysis of such a
scheme is more intricate and would likely not be satisfactory as we were not able
to prove convergence in chapter 2. Moreover, unless more sophisticated inverse
activity coefficient averaging strategies are available, this scheme is considerably
less accurate compared to all the others discussed in chapter 2.

3.2.4 Main theorems

We have proposed two schemes (3.2.4), (3.2.5) supplemented with either (C)
or (S). Both schemes are nonlinear systems. Solutions to this nonlinear system
should satisfy discrete equivalents of the properties listed in Section 3.1.2, namely
conservation of mass and energy-dissipation. For the latter, we introduce the
discrete energy functional F7 as a discrete counterpart of the continuous energy
functional E. It is defined by:

(C", ") ZmKH (Cn) ZTU (D, ®") —AZZ Z 7, ®P Dy, ®".

KeT = KeT oeePney
(3.2.7)

The first theorem proven in this paper focuses on the existence of discrete
solutions for a given mesh, and the preservation of the physical bounds: non
negative concentrations, and the properties of Section 3.1.2.

Theorem 3.2.1. Let (T,&, (2x) ger) be an admissible mesh and let C° be defined
by (3.2.1). Then, for all 1 < n < Np, the nonlinear system of equations (3.2.4),
(3.2.5) supplemented with either (C) or (S) has a solution

(C™,®") ¢ AT x RT.
Moreover, the solution to the scheme satisfies, for all 1 <n < Nrp,

N
Er(C",®") — Er(C" ', ®" ") <Aty Y > Fi, Dico(hi(C™) + 2,®"), (3.2.8)

i=1 oc€&

and

Z Cr MK = / A(x)dr Vi€ [0,N]. (3.2.9)

KeT Q
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The proof of this theorem is the purpose of Section 3.3. Knowing a discrete
solution to the scheme, (C", ®");<,<n, we can define an approximate solution
(Cr ats @7 at). It is the piecewise constant function defined almost everywhere by

CT,At(t,.CE) = CIn(, (I>7’7At(t, :L‘) = (I)TIL( if (t, {E) € (tn_l,tn] x K.

This definition will be developed in Section 3.4 and supplemented by other recon-
struction operators.

Using this existence result, we let (T, Em, (Tr)KeTs), s (Chy @) € AT x
R7, be a sequence of admissible meshes in the sense of Definition 6 and associated
approximate solution. We assume that it , hat,, —> 0 while the mesh regularity

remains bounded, i.e., (7., > (* for some ¢* > 0 not dependmg on m. A natural
question is the convergence of (C7r,, at,., P7,.at,, ) towards a weak solution to the
continuous problem. The convergence result is stated in Theorem 3.2.2 which will
be proved in Section 3.4.

Theorem 3.2.2. For the two schemes under study, a sequence of approximate
solutions (C1,, at,., T, At )m>1 satisfies, up to a subsequence:

Crat, — C in L*(Qp)V*, D7 At, — © inL*(Qr). (3.2.10)
m—00 m—00

Moreover if inf, ¢y > 0, (C, @) is a weak solution of (3.1.3)—(3.1.8) in the sense
of Definition 5.

3.3 Fixed Mesh analysis

In this section, we intend to prove Theorem 3.2.1. To this end, we will use
a topological degree argument in Section 3.3.3. This topological degree relies on
properties of the fluxes and a priori estimates detailed respectively in the following
section and in Section 3.3.2. The methodology of this proof is very similar to the
one done in chapter 2. The key changes and improvements are concentrated in
Proposition 3.3.2, Lemmas 3.3.2 and 3.3.5.

3.3.1 Analysis of numerical flux based functions

In this section, we introduce several functions derived from F;. Asin Chapter 2,

the first functions of interest models the free energy dissipation for each species
€ [1, N]:

DZ(CK7 CL; q)Ka q)L) = _E(CKu CL; q)Ka q)L> (th(CK) + ZZ'(I)K - hz<CL) — ZZ'(I)L) .
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We also introduce the local free energy dissipation D := sz\il D;. In addition to
this function, we can define a reconstruction of the concentration at the interfaces.
This is the purpose of the following lemma:

Lemma 3.3.1. For a flux F; defined either by (C) or (S), the corresponding face
concentration functions defined by

f'Z(CKa CL7 ®K7 (PL)
hi(Ck) + 2@ — hi(CL) — 2Py,

Ci(CK, CL, CI)K, CI)L) = Vi € [[1, N]] (331)

if hi(Cr)+2;Px—hi(CL)—2;®L, # 0 can be extended by continuity on AX AXRXR.
Moreover, for all (Ck,CL, Pk, ®r) € AX AXRXR, and for all i € [1,N]:

min(cK,i, CL,i) S Ci(OKa CL, (I)K, (PL) S maX(chi, CL,Z')' (332)

Proof. The proof of the extension by continuity and the average property (3.3.2)
is highly similar to |29, Lemma 3.1|. For the centered scheme defined by (C), we

have by definition:
CK,i + CL;

2 )
hence the extension by continuity and equation (3.3.2).

For the Sedan scheme, defined by (S), we introduce x; = log(ck,/cr;) and
yi = 2P + 145(Cr) — 2:®x — v;(Ck) and notice that:

C1,<CK7 CL7 q)Ka q)L) =

hi(Ck) + 2@ — hi(CL) — 2:®r, = 2 — yi, (3.3.3)
Fi(Ck,CL, @k, ®1) = B(yi)ex,i — B(—yi)en;.

Using the following property of the Bernoulli function:
B(log(a) —log(b))a — B(log(b) — log(a))b = 0, V(a,b) € (0, +00)?,
we have:
Fi(Ck,CL, @k, ®1) = (B(y;) — B(x:))cki — (B(—yi) — B(—x;))cni. (3.3.4)

Finally using (3.3.3) and the differentiability of B, we have the desired extension
on A x A xR xR. We also have equation (3.3.2) thanks to the monotony of B
and the relation B(x) — B(—xz) = —z for all x € R. O

Thanks to this lemma, D; rewrites:

2

Dl(CKa CL7 (I)KJ ®L) - Cz(CK7 CL7 q)KJ q)L) (hZ(CK) + qu)K - h’L(CL> — qu)L)
(3.3.5)
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This new formulation along with (3.3.2) grants the non-negativity of D; and D.
The following lemma gives more detailed information on the behavior of D:

Lemma 3.3.2. Let for d,¢, M,c >0, i € [1,N]:

Usensi(c) := inf Di(Ck,CpL, Pk, Pyp),
(Ck,CL)EA?, (Pk,Pr)E[—M,M]?

J o
CK,0,CL,0>€ ¢ 2min(d, =), ep,i<e

T57M(C) = inf D(CK,CL,CI)K,(I)L).
(Cx,CL)EA?, (PK,Pr)E[-M,M]?
CK,OZmin(‘S’%): cp,0<c

(3.3.6)

We have, for all 6,¢, M > 0:

lim Ysa(c) = +00 and lim Wy, ari(c) = +00 Vi € [1, NJ.

c—0+ c—0+

As the proof of this lemma is purely technical it has been relegated to ap-
pendix 3.B.

3.3.2 A priori estimates

In this section, we intend to establish uniform a priori estimates on the concen-
tration and the potential, in order to prove the existence of solutions that satisfies
the properties of Theorem 3.2.1.

We assume that we dispose of (C", ®"),c[o,Nmay] SOlution of (3.2.1), (3.2.4),
(3.2.5) supplemented with either (C) or (S) in A" xRT. Where A, the adherence
of A is the set of non-negative concentrations cy, ...cy satisfying the volume filling
constraint. The first a priori estimate is the conservation of mass (3.2.9):

Lemma 3.3.3. For all n in [0, Nyes, ¢ in [0, N|| we have:
Z M Cy; = / A (x)da.
Q

The proof is straightforward and classical thanks to the local conservativity of
the fluxes, the no flux boundary conditions, and the discretization choice for C°.

We can also build a discrete equivalent to Theorem 3.1.1 using F7 defined
in (3.2.7) and the dissipation function D;. This is the purpose of the following
proposition:
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Proposition 3.3.1. For all n in [0, Npa.], we have

Er(C",®") - Er(C" ", ®" ") < —At, Y Di Y 7,Di(Cy C}, P, ®F).
i o=K|LEE;n;

(3.3.7)

Remark 3.3.1. Thanks to (3.2.5) and the definition of D;, (3.3.7) and (3.2.8) are
equivalents.

Proof. The proof is fairly classical once noticed that thanks to Lemma 3.A.1, H
is convex (thus E7 too). The inequality f(a) — f(b) < f'(a)(a — b) yields:

N
Er(C",®") — Er(C™ ", ®" ) < > > “m(ch; — i Cpe)+
KeT i=1
N 1Dio® Dy (®" — @™ ) = N> Y 00Dy, (" - ™).
oc& KeT ceEPNEx

(3.3.8)

Notice that the left-hand side is the term of interest, we will then focus on the
reformulation of the right-hand side. We multiply equation (3.2.4b) by h;(Ck) +
2; P and we sum over the cells and species in order to get the following three-terms
formula:

N n n—1 N n n—1
Cr,i — CKk, Cr; — Ck
Z Z mKA—tnhi(C?() + Z D Z mKZiA—tn
KeT i=1 KeT =1
Tenem T,
N
+Y ) ( > F}§U> (hi(Ck) + zPx) = 0. (3.3.9)
KeT i=1 c€EK
Tyres

The term concerning the chemical energy, At,Them, appears directly in (3.3.8),
thus we focus on Ti;. Using equation (3.2.4a), we have:

AtyTa =N 7oDgoe® " Dico (2" =3 =N > Y~ 7,00 Dy, (®"—@" ),
ceé KeT oe&Pneyk

(3.3.10)

which is the second line of equation (3.3.8). For Ty, an integration by parts



104 CHAPTER 3. Schemes for Nernst-Planck-Poisson with volume constraints

yields:

N
Tais =— 3 Y Fity:Dio(hi(C) + 2:®).

i=1 o€&
Using this equation and equations (3.3.10), (3.3.9) in (3.3.8), we have (3.2.8):

N
Er(C",®") — Er(C" ", ®" ) < At, Y > Fi, Do (hi(C") + z:®"),
i=1 o€

which concludes the proof thanks to the preliminary remark. O

In the following lemma, we will show several bounds on the potential ® and
then take advantage of them to get a bound on the free energy dissipation:

Lemma 3.3.4. There exist Mg depending only on \, ®°, Q, %, (k1, ..., kn),

(z1,...,2n), and another constant M, depending also on (7 such that:
|®" |00 < Mg, V1 <n < Ny, (3.3.11)
> TlDe® P <M., V1<n< Ny, (3.3.12)
o€l
Y ) n®PDk®"| <M, V1<n< Ny, (3.3.13)
KeT ocePnEk
Nmaz N
Y ALY D Y 7wDiCp,CpL O, @}) < M. (3.3.14)
n=1 i=1  o=K|LEEn

Proof. The proof of (3.3.11) is a straightforward application of |29, Proposition
A1]. As the proof of (3.3.12) is detailed in |29, Lemma 3.6], we focus on the proof
of (3.3.13), assuming (3.3.12).

Multiplying equation (3.2.4a) by ®% and summing over K € 7T yields, using
(3.2.3):

N
> 7 (D) = Y m @D, @ = Y Wi Y i
i=1

oct oce&D KeT

Using equation (3.3.12), (3.3.11), and C" € .71T, we have the desired result. The
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last result is based on (3.3.7). Summing that equation, we have:

Ninax N
Y ALY D Y 7Di(Cr,CF, P, @) < Er(C°, 8°) — Ep(CNemex, @)
n=1 i=1  o=K|LE

(3.3.15)

We have thanks to equations (3.1.10), (3.3.12), and (3.3.13):

log(N + 1 3
Er(CVo @y > _jo) 8N ED _enr g B, @) < S,
vo min k; 2
so that (3.3.15) becomes:
N, N
— n n n n ) 2 lOg(N+ 1)
ZAthD’L Z —TUDi(CK,CL,q)K,(I)L) S 5)\ M*+|Q|W
n=1 i=1  o=K|LEEnm
Hence the desired result, up to the choice of a bigger constant M,. O]

Finally, we use the free energy dissipation result (3.3.14), and the estimates on
the free energy dissipation functional to improve the assumption C" € ZT.

Lemma 3.3.5. There exist g, €1, ..., €5 positive, depending on, among other things,
C° and decreasing with min At and min,ce 7, such that:

C}l(ﬂ- > € VK € T,n S [[LNmaJJ]]ai € [[07N]]

Proof. The proof follows the idea of [35, Lemma 3.10] (see also [36, Lemma 3.7/,
[29, Lemma 3.7]). We start with the proof for i = 0 and a fixed time step n using
Ts.a1,, then treat the case of i € [1, N| using Us,, a,.; and finally notice that no
assumptions were made on n.

Thanks to assumption (3.1.8) on the initial concentrations, and Lemma 3.3.3,
we dispose of K € T such that:

Cro 2 ][ chdr =: 5y >0
Q

We let 6 = T5'y ( M, ) where M, is as in Lemma 3.3.4. It is

min At min;ey, nj Di mingee 75
well defined thanks to the monotony of T and Lemma 3.3.2. Moreover, we have
for every cell L sharing an edge with K:

thanks to the positivity of D; and equation (3.3.14). Similarly we recursively
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define:

M,
Or41 = Ty g, ( ) VIeN (3.3.16)

min At min;ep; vy D; mingeg 7o

and notice that thanks to the connectivity of €2 there exist [ such that, for all
LeT:
0270 Z 5[.

Hence a possible choice for 5. As explained above, the proof is exactly the same
for ¢ € [1, NJ, with the use of Ws, a, instead of Y4, in equation (3.3.16) and
does not depend on the time step n > 1. O]

3.3.3 Existence of solutions

Using the estimates of the previous section we can establish the existence of a
solution to our numerical scheme. Thanks to Proposition 3.3.1 and Lemmas 3.3.3
and 3.3.5, this will conclude the proof of Theorem 3.2.1.

Proposition 3.3.2. Let C° be defined by (3.2.1). Then, for all 1 <n < Ny, the
nonlinear system of equations (3.2.4), (3.2.5) supplemented with either (C) or (S)
has a solution (C",®") € AT x RT.

Proof. As in [29, Proposition 3.8], we use induction and a topological degree ar-
gument to transform continuously the non-linear system (3.2.4), (3.2.5) to a linear
one. However, the path presented in Chapter 2 is no longer valid as we do not
have a monotony property on h;. The homotopy follows 3 steps. The first one is
sketched in Appendix 3.C, the second one changes the discretization while main-
taining k;, D; to 1 and the potential to zero. The last step corresponds to the
activation of the potential and the remaining nonlinearities.

Following these ideas, we follows the zeros of a homotopy H:

J10,3] x AT x RT — (RY)7 x RT
| (0, C, @) = H(a,C, ®),

which should be our scheme for a = 3 and the heat equation for a = 0.
At every step, ¢y is eliminated thanks to (3.2.4c).
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Step 1: implementation of the solvent effects using an ad hoc scheme.

For a € [0, 1], H = 0 means that for all K € T, i € [1, N]:

CKi CK.i CrL,i
— B g+ KZLGS Ty 1ochK,/cLLz) (10g(CL,z') —log(ck,;) + a(log(cko) — 10g(CL,o))) =0,

N> 7,Di,® =0,

o€k

where @2 is set to zero. As expressed in Lemma 3.C.1 we dispose of ¢; such that
the zeros of H have a concentration that is bounded away from zero by e;.

Step 2: change of scheme without potential and for identical species.

We change the discretization of ¢;V log(c;/co). For o € [1,2], H = 0 rewrites:

n—1
CK,i = Ck;

’A—tnmx+2 a) > TM(10g(CL,z‘)—10g(CK,i)+(10g(0K,0)—10g(0L,0))>

o=K|LEEK int log@K’/CLz)

+(a=1) > 7F(Ck,C1,0,0) =0,

J:K‘LégK,int

)2 Z T, Dro® =0

oceli

where @ is again set to zero and k; , to 1. Here again we dispose of €, such that
the zeros of H have a concentration that is bounded away from zero by es.

Step 3: activation of the potential and the difference between the species
For a € 2, 3], H = 0 means:

n—1
CK,i = Ck;

A B-a+(@=-2)D;) > 7F(Cxk,CL.3— )Pk, (3—a)dy) =0

O‘*K‘LGSK int

—\? Z To Do ® = mKZ — a)zc,

o€k

where ®2 is set to (3—a)®p and k;, to 3—a+ (a—2)k;. Thanks to Lemma 3.3.5,
we dispose of €3 such that the zeros of H have a concentration that is bounded
away from zero by €.
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Conclusion

Using a topological degree argument |98, 56|, we can derive the existence of
solutions for v = 3 from the non zero topological degree at « = 0 and the uniform
bounds on the concentration: min(ey, €, €3) and the potential: Mg. ]

3.4 Convergence

In this section we prove Theorem 3.2.2, which states the convergence of our
schemes towards a weak solution. We consider a sequence (’Tm, Emy (Tk) KeTm>m> )
of admissible meshes with ht , has, tending to 0 as m tends to +oo, while the
regularity (7. remains uniformly bounded from below by a positive constant *.

Thanks to Theorem 3.2.1, we have a family of discrete solutions (C,,, ®,,),,.
We will first propose different reconstructions of approximate solutions in Sec-
tion 3.4.1, then we show several compactness properties in Section 3.4.2 in order to
obtain the convergence of a subsequence of approximated solutions. Section 3.4.3
is then devoted to the identification of the limit as a weak solution.

To enlighten the notations, we will remove the subscript m as soon as it is not

necessary for understanding.

3.4.1 Reconstruction operators

In order to carry out the analysis of convergence, we introduce some recon-
struction operators following the methodology proposed in [64].

The operators 7 : R7 — L>®(Q) and w7 a¢ : R7NT — L2((0,T) x Q) are
defined respectively by

mru(zr) =ugx ifz € K, Vu = (uk)per
and
Tratu(t,z) = ug  if (t,7) € (th1,tn] X K, Vu = (uTIL()KGTJSnSNT :

These operators allow passing from the discrete solution (C",®"),_, - N, to the
approximate solution since

Q7 ar = 1At (D), CiT.at =TTat(C), Vi € [1, N].

To carry out the analysis, we further need to introduce an approximate gra-
dient reconstruction. Since the boundary conditions play a crucial role in the
definition of the gradient, we need to enrich the discrete solution by face val-
ues (CF),ee.1<n<y a0d (®F), e ooy defined by CF = Cf, and &) = ®%,
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for 0 € Exy N Ex. With a slight abuse of notations, we still denote by C" =
(C)cers (CP)pesn) and @ = (@)xcer, (B)pee,.,) the elements of AT 6w
and R7Ye¢ containing both the cell values and the exterior faces values of the
concentration and the potential respectively.

For 0 = K|L € &, we denote by A, the diamond cell corresponding to o,
that is the interior of the convex hull of o U{zk,x}. For o € Euy, the diamond
cell A, is defined as the interior of the convex hull of 0 U {zk}. The approximate
gradient V. : R7Yet — [2(Q)? is piecewise constant on the diamond cells A,,
and it is defined as follows:

DKU’U,

V5u(z) =d ng, ifxel,, Vu € R7Vext,

(o2

We also define Vi oy : RTUExt)XN 5 12(Q)1)4 by setting
Vratu(t,) =Vyu" ifte (t,-1,1,), Vu = (u"), .,y € R(TWEext)x N

This reconstruction is merely weakly consistent (unless d = 1) and takes its source
in [48, 66]. More consistent reconstruction operators will be introduced in Sec-
tion 3.4.3. Let us recall now some key properties to be used in the analysis. First,
for all u,v € R7Yeext,

1
ZTUDKUUDKUU =3 / VT’U/ : VT’Ud.Z‘.
d Jo
o€t
This implies in particular that

1
> TolDouf’ = y /Q Vyu|?dz,  Vu e R7V (3.4.1)

el

3.4.2 Compactness

In this section we intend to prove a discrete H! estimate on the concentrations
using the bound on the free-energy dissipation (3.3.14). To that extend we will
introduce a chemical dissipation Duem as a discrete equivalent to Y ¢;|Vh;(c)[?
and compare it both with the usual distance and the total dissipation D.

As the identification of the limit is only possible for

infcg > € >0,
Qr

the results of this section are proved under this assumption and complemented with
remarks indicating whether the hypothesis is necessary or not. In order to apply
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chain rules for the convergence, we need to change the face concentration C from
the one defined by the numerical scheme through Lemma 3.3.1 to the logarithmic
average:

5 CK,i — CLj )

Ci CK,CL = - . Vi € O,N . 3.4.2

( ) o (ercs) — Toe (L) [0, N] (3.4.2)

This choice of edge concentration will also be used in the definition of Dy to
avoid a dependency on the potential. The following lemma provides an estimate
the numerical-flux based averages using this logarithmic average.

Lemma 3.4.1. For all € > O there exists ae > 0 depending only on €, Mg such
that, for all (Ck,Cp, Pk, ®1) € A X A X [—Mg, Mg| X [—Mg, Mg, and for all
ie[1,N]:

CK,0, CL,0 > € — Oéeévi(CK,CL) S Ci(CK,CL,q)K,(I)L). (343)

Proof. For the centered scheme, this inequality is known with a, = 1 without
assumption on ¢y [109]. For the Sedan scheme the proof is more intricate and uses
the hypothesis on ¢y. Equation (3.4.3) is equivalent to the boundedness of

Ci(Ck,CL)
CZ(OKv OL7 ®K7 (I)L) ’

Ri(CKaCLa(I)Ka(I)L) =

for ¢k, cro > €. Introduce z; = log ZIL(’?, and y; = ;P + 14(Cp) — 2Pk — 14(Ck)
as in the proof of lemma 3.3.1. By symmetry, one can assume x; > 0 and thanks
to our assumption on the solvent and the potential, y; is bounded by some K.

Moreover, we notice that by definition of z;, (3.3.4) yields:
Fi(Cr,Cr, @k, 1) = cri(B(yi)e™ — B(—w:)),

so that we have:
e’ —1 Ti — Yi
v Bly)er — B(—yi)’
The right-hand side can be seen as a continuous function of x;, ;. Is is bounded

on the boundary of its definition domain [0, +o00) x [—K, K] and admits a finite
limit ﬁ for x; — oo, y; — p, thus R; is bounded. O

R,(Ck,CL, Pk, Q1) =

Then we try to take advantage of Proposition 3.3.1. As Lemma 3.3.4 already
provides satisfying estimates on ®, we introduce

A? - R

PaemilC: CL) (0 ) s GO, Co) (s(Cic) — ha(CL))?s
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and

N
Dchem = E Dchem,i-
i=1

A first interesting result is that Depen is a semimetric on A. The non-negativity
and symmetry properties are trivially satisfied, the last property is the subject of
the following lemma.

Lemma 3.4.2. We have Dewe(Cr, Cr) = 0 if and only if Cx = Cp,

Proof. It Cx = Cp, we obviously have Deyen(Crx,Cr) = 0, we will then focus
on the other implication. Assume that we dispose of Ck,C; in A such that

Dehem (Cr, Cr) = 0. We let for i € [0, NJ:

CKi g =log i (3.4.4)

ak,; = log
CK cr

such that h;(Cx) = ak,; — kiak,. We have @(CK,CL) > min(cg, cr;) > 0, thus
Dehem 1s the sum of nonnegative terms. As we have Deper (Ck, Cr) = 0, we have:

K — kfiCLK,Q =ar; — kiaL70 Vi € [[1, N]]

Assume that axo = arp, then Ax = A, where A = (ap,...,ay). Using
Zi]\io kieai = %E’ AK = AL 1mphes CK = CL-
The other case is absurd: using the symmetry of D, one can freely assume

that axo > apo. Using k; > 0, we have ax,; > ar;Vi € [1, N] hence:

N N
1= E el > E et = 1.
=0 i=0

]

The function Dge, cannot be extended by continuity onto A°. Some infor-
mation for near zero concentrations is can be inferred from lemma 3.3.2. The
following sequential result means that the semi-metric property is preserved near
the boundary 9.42.

Lemma 3.4.3. Let (CL, CY) be a sequence of A% If we have Depom(Ch, CL) — 0
then Ct — CL — 0

Proof. For the sake of simplicity, as this result will only be used with a lower bound
on co, we keep the proof to this simpler case and assume that inf(ck o, ¢} o) > 0.
To prove the limit, we will show that from any sub-sequence, we can extract a
sub-sub-sequence such that C, — C! — 0. Considering any sub-sequence, thanks
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to the boundedness of A we can extract a sub-sub-sequence such that C% and Ct
converge. If we dispose of i € [1, N] such that ¢j; — ¢* > 0 while ¢} ; — 0 (or
the symmetric situation), then we have:

*

Coa(ClCL) ~ —=—— and (h(CL) — ha(CL))”

~ 1 L2
l—o00 —log(ClLi) 00 Og(CL’Z)

—
50 that Depem,i(Cl, Cf) ~imsoo —¢*log(cl ;) — oo, which is absurd. Necessary, we
have clL’i — 0 if and only of CZK71~ — 0. As we have Deomi(Ch, CL) — 0, we also
have:

alKi - kialKO = alL’i - k:,ain +0o(1) Vi € [[1, NJ, il}f(ClL’i) > 0,

where a i, ap; are defined by (3.4.4). As both ¢} ; and ¢} ; are bounded away from

zero, ab, . and al ; are convergent. Using the symmetry and up to a subsequence

we have either ak , — alLO convergent of limit zero or bounded away from zero. We

conclude using the same ideas as the proof of the previous lemma. ]

This semi-metric is however not commonly used and the following lemma in-
tends to compare it with the usual distance.

Proposition 3.4.1. For alli € [0, N], there exist M such that:

(CK,Z‘ - cL,i)2

< M, V Ck,Cp € A% 3.4.5
Dehem(Cr,Cr) — KoL ( )

Proof. We will prove the result for i € [1, N] using reductio ad absurdum and case
exhaustion.

no_ono 2
Let (O, C}) € (A?)" be such that % —+o00. Welet " :=C} —Ck
chem (L U

and use the boundedness of A to extract a convergent sub-sequence of (C%, €") and
denote (C*,€*) its limit. As ¢; is bounded, we have Deper (C, CF) — 0. Thanks
to Lemma 3.4.3, we have ¢* = 0 so that we will consider first order development
in €”. We notice that the blow-up of the ratio implies that:

Derems(Cles ) = ofle"[) V) € [1, V], (3.4.6)
For the sake of readability, we will drop from now on the superscript *. We have
to consider three cases:
L. ¢; = 0 implies ¢; = o(|e|);

2. we dispose of species such that ¢; # o(Je[) and ¢; = 0, but for all of them
log efcﬂ remains bounded;
J
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3. we dispose of a specie such that €; # o(|e|), ¢i = 0, and up to a subsection,

» €
log % blows-up.

Preliminary remark about the solvent

We consider j € [[1, N] such that ¢; > 0 and let €; = fo\io €;. We have, thanks
to (3.4.6):

log T 9 — O(el) and log T = O(le) and Iy (Cic) — by (C)=O((e]),
J J
so that: e
log =—= = O(le]),
Co

thus: € Co+ € €

2=0(e) and  log~—= ==+ o(l¢|).

Co Co Co

Conclusion of the proof in case 1

The proof of this first case is by far the most intricate of the three. It is done in
two step: first we use our hypothesis on Depem, ¢, and € to obtain a estimate where
the species are coupled through an ersatz of € and ¢. Then we show an improved
version of the Cauchy-Schwarz inequality to improve the estimate into decoupled
estimates which are incompatible with our hypothesis.

First order development of h; gives:
€; € € . *
hi(Cr) = hj(CL) = 2 = k= + (kj = 1)—+o(e),  Vj€[LN]¢>0.
j 0

Thanks to (3.4.6) we have the estimation:

S _ jz_z +(kj—D==o(e)), Vje[LN]c >0. (3.4.7)

Cj

ol ol

To correct the effect of the species with negligible concentrations, we let:

g{) = — E kjEj E:a)+ E € and c= Cj
c;>0 ci>0 ci>0

j#0 J#0

By construction, we have ¢ = ¢+ o(1). Using the hypothesis (1) we have € =
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€+ o(|e|) and €y = €y + o(|e]). These three results and equation (3.4.7) yields:

€5 €0 g
A S k. —1 - = ,
= ket (k= )2 = ofle])

Vj € [1,N], ¢ > 0.

We let §; = & — < for j # 0 and & = % — £. Previous equation yields:

& =ki&o+o(le]),  Vjel[l,N],c >0.

Considering ., ¢;&;, we have:
J

0= E—E: Z C]fj = chk]fo + 0(|€|) = 50 (Uio + 0(1)) + 0(|€|)7

*
c; >0

so that:
o = o(|e]).

We conclude the first part of the proof with the following estimate that follows

from (3.4.6):
ST e = o(e). (3.4.8)

c;>0u{0}

For the sake of readability, we will drop the over ¢q in the second part of the
proof, use "cj > 0" instead of "¢j > 0 or j = 0", and assume by symmetry that

€>0. We have :
S o g @
ijj = —_ — —=. (349)
. =0 €
ci>0 cj>0

J
Let z; = \/¢j, y; = \;—27 We have:

€= Z LYy, > =2, ly|* =
C

* *
c; >0 .

2

S
?

Cs

>0 J

Thus the Cauchy-Schwarz inequality yields

hence another proof of the non-negativity of the right-hand side of (3.4.9). We
intend to use ideas presented in [6] to improve the estimation of €. More precisely,
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the stability version of the Cauchy-Schwarz presented in [5] gives:

1|z Y 2
2= lally] 1—————\ .
2|1l Tyl

% — i—“ is bounded away from zero. To show this bound

We intend to show that
we let:

z Y

[ [yl

and consider a minimizing sequence of K under the conditions

Cj > 0, GOZ—ZijEj.

c; >0
J#0

K:(Cje) —

As K is invariant by scaling, we can assume that we have a convergent mini-
mizing sequence C! ., ¢! . of limit C}, €5, and of norm equal to 1. Note that we do
not assume C' € A, nor C}; > 0 thus we consider broader options than necessary
for use in (3.4.9) to ensure existence of the minimum. Finally, we notice that K
is non negative, its infimum is either zero or positive. We will prove the positivity
by contradiction.

Assume that the limit of K(CY ,, € ;) is zero, we show that |y! .| is convergent up

i inf

. . lyt| .
to a subsequence. We consider j such that, up to a subsequence, ‘y/ s bounded
inf

away from zero. If ¢ ; # 0, |y}] is bounded thus |y}, is too, and up to another

* _ : l l :
ime; = 0 we notice that i, — 0 and |x;,| is

1
/TN 0, which is absurd. We let  be the limit

‘yilnf|

subsequence, it is convergent. If ¢

bounded away from zero, so that

1|2
Of |yinf| .
As we have assumed the infimum to be zero, we have:

€inf,j = Cinfj == Vj st ¢; > 0.
inf

*
inf

This would imply that €} ; is nonnegative, however, we have by definition €}, =

- Zjvzl ki€ ; and € is of norm 1. This is absurd, hence the infimum cannot be
zero. Thus we dispose of 0 < « depending only on kq,...ky and the subset
{¢; > 0} of [0, N] such that:

€< |zlly[ (1 —a).

As we have assumed (using symmetry) € > 0, we also have o < 1. So that we
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have:

2

IR |1>ry|<1—<1—a>> > 20 (1-ap)

Ci
C>0 J C]>0 J

Thanks to equations (3.4.8) and (3.4.9), we have:
2

> = o(le),

* J
c]->0

thus, thanks to (1), ¢; = o(le|) for all j € [0, N, which is absurd.

Conclusion of the proof in case 2

We dispose of j such that ¢; — 0 and €; # o(|e]), thus have up to a sub-
sequence:

2
. Y
lef =0(¢;)  and  Depemj = Co, (log ]c e O(|e|)> :

J

The assumed boundedness of log%jej implies that ¢; = O(c;) thus, ¢; # o(]e]).
G ;? ) > 0 such that:

J

Moreover, we also dispose of & = min(1,inf,

Coj 2 ac;

Necessary, we have log 7% — ( thus:
J

€? €?

J J
Dchem,j 2 a— + 0(_)7

Cj Cj

which is bigger than |€|* and thus contradicts (3.4.6).

Conclusion of the proof in case 3

Let j be such that ¢; # o(|¢]), ¢; = 0, and log ST blows-up.

We have:
€GTe + ¢

h;(C'+€) — h;(C) = log =— + o(1),

and:

Coi(C+6C) =
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so that: n
€+ c;
Dchem,j ~ € lOg ¢ j?
Cj

which contradicts (3.4.6) since €; # o(]e]).

Global conclusion

As each of the cases lead to a contradiction, we have the desired inequality for
i € [1, N]. For the solvent, we see that:

N
CKO — CLo = — Z ki(cri —crq),

i=1

thus the announced result up to the choice of a bigger constant M. O]

Using these tools, we may now prove the following necessary compactness in-
equality:

Proposition 3.4.2. For all € > 0, there exist M such that :

Jinf o e > € = ||va,Athi||i2(QT) < M, Vi€ [0, N],¥Vm.
nE[[lyNT,m]l
KETm

Proof. We will show the result for i € [1, N] and use the definition of A to extend it
the solvent. For improved readability, we will drop the subscript m. By definition,
we have:

Nr
IVrateiliagn = D Atn D 7o(Docl)’
n=1 0€Eint

Thanks to Proposition 3.4.1 and Lemma 3.4.1, we have:

N
M
n\2 n n n n\\2
> 7(De€})* <M > 7Denem(Ci, CF) < o > ZTUCUJ(DJLJ'(C )"
o€Eint U:KlLGSK,int g€E L J=1
It is sufficient to bound 327, At,, > oee,, ToC
get the desired result. We have:

(Dyh;(C™))?, for all j € [1, N] to

n
ag,]

(Deh;(C™))* < 2(Dy(hj(C™) — 2;@™))* + 2(2 Do ®")?
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Thanks to equation (3.3.14) of Lemma 3.3.4, we dispose of M such that :

Nt
D Aty Y 7Ch(De(hy(C") — 2, @M))7 < M.
n=1

Uegint

Moreover, - o 7,C2 ;(2;D,®")? is also bounded thanks to (3.3.12) and the L
bound on C; and z;. Thus we have:

N
DAty Y 7C(Dehy(CM)* < M, (3.4.10)
n=1

O'egint

which in turn yields the desired result.
For the solvent we notice that:

N
VTm,Atmco = - E kiV’Tm,Atmcia
i=1

so that the bound on all V7, a,,c; transfers into a bound on V7, at,,Co. O

Using this discrete L*(H') estimate, we use a discrete Aubin-Lions lemma to
get the compactness of the sequence of solutions, as stated in following proposition:

Proposition 3.4.3. Let (C,,, ®,,) be the family of discrete solutions defined either
by the centered scheme or by the Sedan scheme. In both cases, there exists ® €

L>®(Qr;R) N L2((0,T); HY(Y)), C € L>(Qr; A) such that, up to a subsequence,

Wﬁ,L,At"LCmn;))OC strongly in L*(Qp)N ™, (3.4.11)

V7..at,Cn — VC  weakly in L*(Qr), (3.4.12)
m—0o0

T, At P — & in the L>°(Qr) weak-* sense, (3.4.13)

Vi, At ®m — VO in the L>([0,T], L*(Q)%) weak-+ sense. (3.4.14)
m—r0o0

Proof. For improved readability we drop again the subscripts m. The proof of the
first two result relies on a discrete Aubin-Lions lemma |78, Lemma 3.4]. We intend
to use it in the setting described in [31, Lemma 9|. Proposition 3.4.2 provides a
first property, but we still have to prove that there exist C' independent of the
mesh such that Y |le? — ¢! |71 < C, where || - ||7.—1 is defined by duality:

el =sup ([ wrenrep, Imrelts + [Vl =1).
® Q
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Let ¢ € R7. Tanks to (3.2.4b), we have:
[ arier = e mre = -8, Y o 3 By
Q KeT o€€K

Using the definition of F} ; along with the definition of C, ; respectively equations
(3.2.5) and (3.3.1), we have:

/ mr(cl—c mre = At, Z D;7,Ci(Cr, CF, @5, @) Dk (hi(C™) + 2;®") Dicotp.
Q

a:K\LGSK,int

Thanks to the Cauchy-Schwarz inequality, we have:

/ (e = e < At,D; > 7Coi(Cr, CFL P, F) (Diohi(C™) + 2 @)
Q

o=K|Legint

=

S Coi(C CFL B, B) (Dicotp)

o=K|Legint

Using the definition of Do, Co; < - and IVrel7. <1, we have:

n_ Atn n n n n
lef —ei ™l < ppie | 2 7Dl CR OF, @, 0)
O \o=K|Legint

Using the Cauchy-Schwarz inequality and Lemma 3.3.4 equation (3.3.14), we have

SIS

1

Z”C —Cn 1HT L= (Z k2D2 2) ZAt Z 7D oyt C’?{’C’Z,qf;{’(b") <C.

0=K|LEEK int

This concludes the proof of equations (3.4.11) and (3.4.12).

We may now focus on the convergence of the potential. The existence of ¢
satisfying (3.4.13) is a straightforward consequence of (3.3.11). Similarly, (3.3.12)
implies the existence of a vector field uw such that Vi a¢,®, — u in the

m—r00
L>=([0,T], L*(Q)4) weak-x sense.

N
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We have to identify u with V®. We let w € C>°(Qr, R?) and define:

o

w! = ][w(tn,x)dx Vo € E,n € [1,Nr],

and the associated diamond-cell reconstruction:
we at(t, ) = wl ifx € A, and t € (t,-1,1,].

Thanks to the smoothness of w, we have convergence of wg a toward w and:

// We At vT,At‘I) — // w - U.
Qr Qr

Using the geometric relation d,m, = dma, and the definition of w!, we have:

Nt

// wear Vrar® ==Y At, Y P / div(w(ty,, z))dz.
K

T i=1 KeT

Thanks to the smoothness of w and the convergence of ®, we have:

// We At vT,At(I) — — // @le(U)) = / Vo - w
T T Qr

This concludes the identification of w and the proof of (3.4.14). O

These convergence topologies are sub-optimal and will be improved later in
Lemma 3.4.4. First, we notice that for the concentrations, we also dispose of edge
values defined by C, and C, in equations (3.3.1) and (3.4.2). Using these face
values, we introduce another reconstruction. For i in [1, N], we let:

CU,@'( ?(, Z,(I)?(,(I)z) ifz e AK|L and t € (tnfl,tn],
- ifreA,,0€EkNE* and t € (t,_1,t,].

CE,At,i(x7t> = {
Similarly, we introduce cg a¢,;. As we expect, these reconstructions are convergent
and share their limit with 77 arc;. This is the main purpose of the following
lemma.
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Lemma 3.4.4. Let C' be as in Proposition 3.4.3. We have:

T Aty Cmi — Ci strongly in LP,p € [1,00) Vi € [0, N], (3.4.15)
T,.At, ® — @ strongly in LP,p € [1, 00), (3.4.16)
CEpy Aty — Ci strongly in L, p € [1,00) Vi € [1, N], (3.4.17)
Cern Atyi — Ci strongly in LP,p € [1,00) Vi € [0, NJ. (3.4.18)

Proof. Equation (3.4.15) is a straightforward consequence of (3.4.11) and the
boundedness of A. The proof of (3.4.17) and (3.4.18) rely on the Lemma 3.D.2.
Thanks to Proposition 3.4.2, the hypothesis is satisfied with p,p = 2, using
(3.4.15), we have the L' convergence of the diamond reconstructions. Thanks
to the L* bound on the edge concentrations, this result translate in the desired
equations. The enhanced convergence of the potential relies on the same ideas as
the ones given in the previous proof (|78, Lemma 3.4] and |31, Lemma 9]) to get
strong L? convergence. This is done following the lines of [29, Proposition 4.5]. [

Finally, we show a weak-convergence property on the gradients of the loga-
rithms:

Lemma 3.4.5. Let C' be as in Proposition 3.4.3. We have:
V1..at,, log(€) — Vlog(c,,) weakly in L*(Qr)*. (3.4.19)
Moreover, assuming inf ¢y > 0, we have :
V7., at, log(eno) = Vlog(co) weakly in L*(Qr)". (3.4.20)

Proof. Let us start with the proof on equation (3.4.20). By definition (3.4.2), we

have:
1

VvaAtm log(cm70) = = va,Athmp)
C&m, At 0

so that, using (3.4.18), (3.4.12), and the assumed bound on ¢q we have:

1
V1. .at, 1og(Cmno) = C—Vco.
0
We conclude using the bound on ¢ again to use the continuous chain-rule and get
the announced result.
For (3.4.19), we proceed similarly. Notice that since ¢ > —L_— > 0 the
0 max k;
bound does not need to be assumed. we only need the strong L? convergence of
the reconstruction using the logarithmic average on the diamond cells. This is an

application of Lemma 3.D.2, as in the proof of Lemma 3.4.4. O]
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3.4.3 Identification

In this section we will identify the limits obtained in Proposition 3.4.3 as weak
solutions in the sense of Definition 5. First we improve the convergence topology
on the potential and identify it as a weak solution of the Poisson equation.

Proposition 3.4.4. The function ® € L*>((0,T), H' () defined in Proposi-
tion 3.4.3 satisfies: ® — ®P € L>((0,T), Hrp) and for all v» € Hro and almost
allt € (0,T) equation (3.1.14) holds:

N

A2 /Q Vo(t,z) - Vi(z)da = /Q Y(@)> zie(t,x)da.

i=1

Proof. Let 1 € C2([0,T] x {QUIN}), then define ¢ = ¢(ak,t,) and ¢ =
U(xy,ty,) for 1 < n < N, K € T and 0 € &y As for [29, Proposition 4.5],
we introduce an other reconstruction of the gradient following [63] (see [52] for a
practical example). Let 67’ :R7 — L>*(Q)? be strongly consistent i.e.,

%T'l,b" " V(- t,) uniformly in Q, Vn e {1,...,N}, (3.4.21)
T
thanks to the smoothness of 1. The operator V is also such that

/ Vru - §T'udx = Z ToeDgouDg v, Yu,v € R .
Q

el

The scheme (3.2.4a) then reduces to

N
)\2/ v7¢n67"¢ndl‘ — / WlenZZﬂTTC?d% Vn € [[]-7N]]7 v¢ c R(Tugext)XN.
@ @ i=1

Integrating with respect to time over (0,7) and passing to the limit hy, hay — 0
thanks to Proposition 3.4.3 equations (3.4.11) and (3.4.14) and equation (3.4.21)
we have:

A2 // Vo - Vipdzdt = // W ﬁ: zedadt, Y € C([0,T] x QUTN).

=1

By density of C>°([0,T] x QUTY) in L>([0,T], Hrp) and continuity of the linear
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application, we have:

A2 / Vo - Vipdadt = // wZzzczdxdt Vi € L2([0,T), Hro).
T i=1

In particular, (3.1.14) holds for almost every ¢ € (0,7).

Concerning the boundary conditions for ®, the fact that ® = ®” on (0,7) xI'P
can be proved for instance following the lines of [23, Section 4]. [

The following theorem focuses on the identification of C' as a weak solution
satisfying (3.1.13). As announced in Theorem 3.2.2 this can only be done with
an assumption on the solvent. Remark 3.C.1 is a first clue of the validity of
this assumption. For positive initial condition, this assumption is valid in all the
numerical test. In the 1D setting and under a CFL condition, it might be possible
to prove it through improvements of Lemmas 3.3.2 and 3.3.5. This could be the
topic of further research.

Theorem 3.4.1. Let C' and ® be as in Propositions 3./.3. If one has inf ¢y > 0,
they are weak solutions of (3.1.3)—(3.1.8) in the sense of Definition 5

Proof. Let i € [[1,N], ¢ € C>([0,T) x Q), then define ©% = p(xg,t,) for all
n € {0,...,Ny} and K € T. Multiplying (3.2.4b) by At,% !, then summing
over K € T andn € {1,..., Ny} leads to

T+ 1T+ 13 =0, (3.4.22)
where we have set
Nr
Ty => Y mlch, — )i,
n=1 KeT
15 j{:[&t §£:7b63 I)Ka z )I)Kgqo”_l
oe&

Ty =z Z Aty > 7,Cr Dio® " Dicotp™ ",

n=1 el

where go’;{gl = 0 for 0 € & and C, is defined by Lemma 3.3.1. The treatment of
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terms 77 and T3 is exactly the same as in [29, Proposition 4.7] and we have:

T, — —// cﬁtgodxdt—/c?gp((),-)dx, (3.4.23)
T3 — // 2, VP - Vdadt. (3.4.24)
m—oQ
T

The treatment of the term 75, is more intricate. First we let fQ be the same
term with a different edge concentration:

ZAt ZTUC DKO' z )DKasonila
ocef

where C is the logarithmic mean introduced in (3.4.2). We will first prove the
convergence of Ty then identify its limit. To this end, we set:

TQ 1= Z At Z TUC ,iDKU IOg(C?)DKUQOn_l,

el

Tyo = —k; Z At, Y " 7,Cr Do log(cg) Dio™ ",

ce€

T23 = k’ — 1 ZAt ZTUC JDKJ log( )DKJSO

el

For term fg,l we use the chain rule é:ffyiDKU log(cl') = Do} and get :

N
fQ,l = Z At, Z TUDKUC?DKUQO”_I = // VT, Aty ciﬁTm,Atmcpdcdt.
T

n=1 el

Thanks to the weak convergence of Vi a:,c; and the strong convergence of

ng — // Ve; - Vipdadt.
Qr

V7...at, @, We have:

For the other terms, we need the enhanced convergence of gradients provided
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by Lemma 3.4.5. So that the terms TQ’Q and @73 have the following limits:

Ty = —k; // Cepm Aty,i ¥V Ton, At 108(€0) VT, A, dadl
T

— —ki// ¢;V1og(co)Vdzdt,
T

7~ﬂ2,3 = (kz - 1) // Egm,Atm,iva,Atm 10g(E)§Tm,Atmd$dt<P
T

— (k; — 1) // ¢;Vlog(¢)Vpdadt.
Qr

Let us now establish that 75 and fg share the same limit. Thanks to the
triangle and Cauchy-Schwarz inequalities, one has

N
Ty —To| < > Aty Y 7, |C2; — Cl | Dohi(e™)| | Do™ |
n=1 el s 2 s
(Zm SnCr Do (e ) (Zm S GG e 1|2>
el el o5t

The first term in the right-hand side is uniformly bounded thanks to (3.4.10).
Thus our problem amounts to show that

7i)

o, o) n—1|2
R:= ZAt ZTUT|DJ¢ P — (3.4.25)
n=1 ocf
Let us reformulate R as
R = At, TUC” —C” D, 1?
> an 3w - i

cn

Thanks to Lemma 3.4.1, the quantity '1 — n‘ is uniformly bounded, whereas

the regularity of ¢ implies that D," ! < [|[V¢||sd,. Putting this in the above
expression of R, we obtain that

0 <R < Ccen,Atmi = Com,AtmillL1(Qr) 'rr;zo 0,



126 CHAPTER 3. Schemes for Nernst-Planck-Poisson with volume constraints

thanks to Lemma 3.4.4. Thus 7T, and T 5 share the same limit, which gives the
announced result. O

3.5 Numerical Examples

The numerical examples have been implemented in the Julia language [17]
based on the package VoronoiFVM. j1 [73]| which realizes the implicit Euler Voronoi
finite volume method for nonlinear diffusion-convection-reaction systems on simpli-
cial grids. The resulting nonlinear systems of equations are solved using Newton’s
method with optional parameter embedding. An advantage of the implementation
in Julia is the availability of ForwardDiff.j1 [115], an automatic differentiation
package. This package allows the assembly of analytical Jacobians based on a
generic implementation of nonlinear parameter functions without the need to write
source code for derivatives.

3.5.1 Species redistribution in a one-dimensional cell filled
with binary electrolyte

Let Q = (0,L) with L = 20. As an initial state, assume a binary electrolyte
with two ionic species with opposite charges and a solvent. At moment ¢t = 0, we
assume a spatially constant, electroneutral distribution of the ions. We apply a
potential difference via Dirichlet boundary conditions ®|,—o = —10 and ®,_; = 10
and solve the Poisson equation with these data as initial value. We set homoge-
neous Neumann boundary conditions for both ionic species. With starting time
step size At = 1073 we start the evolution until the species distribution reaches its
equilibrium under the applied potential difference. As discussed in [30], the time
step sizes are controlled such that the energy dissipation per time step is limited:
E(tz) — E(tz+1> < 101

Fig. 3.2 shows the evolution in the case vg =v1 =vy =1, 20 =0,21 = 1,25 =
—1. At the end of the time evolution, most of the ions are accumulated in their
respective polarization boundary layers, almost completely displacing the solvent.
As predicted, the ion concentration is bounded by 1. The computation used the

flux (5).
Fig. 3.3 shows the evolution in the case vg = v1 = vo = 1 and 29 = 0,2, =
2,29 = —1. Once again, at the end of the evolution, anions and cations pile up

in the corresponding boundary layers. Ion concentrations are bounded by 1, but
due to the larger charge of the cation, the corresponding boundary layer becomes
smaller.

Fig. 3.4 shows the evolution in the case vg = v, =1, v;1 =2 and 2y = 0,2, =
1,29 = —1. Once again, at the end of the evolution, anions and cations pile up in
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Figure 3.2 — Evolution of electrostatic potential ®, solvent concentration ¢y, anion
concentration ¢~ and cation concentration ¢ for a symmetric binary electrolyte
with equal sizes of solvent molecules, anions and cations.

the corresponding boundary layers but now, the cation concentration is bounded
by 1. The corresponding evolution of the relative free energy E(t) — Es is shown
in Fig. 3.5. We observe an exponential decay and almost equal behavior for both
variants of the flux approximation (S) and (C). Moreover, the time step control
algorithm keeps the dissipation per timestep below the intended limit.

3.5.2 1D stationary convergence test

In the same domain as above, weset vg = 1,v;1 =2,v5o = 1,and z; = 1, 20 = —1.
This time, we look for the stationary solution with homogeneous Dirichlet bound-
ary conditions for ®, and Dirichlet boundary conditions for the concentrations.
These boundary conditions are for x = 0, c;v; = 1.0 — 3¢, covy = € and for x = L,
c1v1 = €,cU9 = 1 — 3¢, where € = 1072, Implicitely, this sets ¢y = 2¢ at both
boundaries. The result of the numerical convergence tests (comparison to fine grid
solution with 40960 grid points) for both types of fluxes suggest O(h?) convergence
in the L? norm and O(h) convergence in the H' seminorm.

3.5.3 An electrolytic diode

The second example regards a domain Q = (0, W) x (0, L) with W = 2 and
L = 10. We assume zyg = 0,21 = 1,20 = —1 and vg = 1,01 = 4,v5 = 4. At
y =0 and y = L we fix concentrations to a value ¢; = ¢; = 0.01 We set ®|,_o =0
and apply a changing value @5 at y = L. At £ = 0 we apply symmetry (ho-
mogeneous Neumann) boundary conditions for ®, ¢y, ¢;. Homogeneous Neumann
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Figure 3.3 — Evolution of electrostatic potential ®, solvent concentration ¢y, anion
concentration ¢~ and cation concentration ¢t for an asymmetric binary electrolyte
with equal sizes of solvent molecules, cations and anions.

boundary conditions are also applied for ¢y, ¢ at © = W. We set Neumann bound-
ary conditions AV® - n = ¢(y) at « = W, where

o, ye(3L,30)

a(y) =4 o, ye(;L,5L)
0, else

with o = 5.

Fig. 3.7 shows three different states of the electrolytic diode. Fig. 3.8 (left)
shows the corresponding current-voltage curve. We see a well developed rectifica-
tion effect: At reverse bias, ion concentrations under the charged surface are rather
low, resulting in low conductance and low ionic current. Whereas at forward bias,
larger ion concentrations lead to a larger ionic current.

Fig. 3.8 (right) shows the estimated error of the IV curve in dependence of
the grid refinement. Reference was a calculation on a grid with the quarter of
the stepsize of the finest grid result shown. From this experiment, we postulate a
convergence rate for the ionic current calculation of O(h?).

Acknowledgement

The authors are grateful to C. Chainais-Hilliaret and C. Cances for productive
discussions and careful reviewing of this manuscript. Their attention to the size-
interest-readability trade-offs contributed a lot to the readability of this paper.



3.5. Numerical Examples 129

c* €(0.00,0.50) ¢~ €(0.00,1.00)
‘ 1.000

0.875
0.750

0.625

L= e =

0.500

logaalt)

=2 0.375
-4
0.250
-6

5 0.125

=10 0.000

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0O 5 10 15 20
X X X X
Figure 3.4 — Evolution of electrostatic potential ®, solvent concentration ¢y, anion
concentration ¢~ and cation concentration ¢t for a symmetric binary electrolyte

with equal sizes of solvent molecules and anions, but larger cations.

30 - —— 3tFsedan @ At [ 0.10
Esedan — Ew v 9tEcentral © At
254 ¢ Ecentral — Ew
% 30e-028t - 0.08
20 A
- 0.06 .
3
w 15 - ©
w,
- 0.04 ©
10 A
< | - 0.02
0 - +0.00
1073 1072 1071 10° 10! 102 103

t
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for symmetric binary electrolyte with equal sizes of solvent molecules and anions,
but larger cations.
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Figure 3.7 — Electrostatic potential ®, solvent concentration ¢y, anion concentra-
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3.A Chemical free energy density and chemical po-
tentials

In this appendix, we aim to prove (3.1.9), (3.1.10), and some convexity of:
H(cy,...cn) = —clog(e) + chlog i),

where ¢g and ¢ are functions of c¢q,...,cy. This is summarized in the following
lemma:

Lemma 3.A.1. The N-variables function H is convex, moreover we have:

O H(ct,.yen) = hi(C), Vi€ [L,N], C = (c1,...,cn) € A, (3.1.9)
LM <H(C)<0 VCeA (3.1.10)
vo min k;

Elementary computation shows that :
C; Co .
0., H(C) =log — — k;log — Vi € [1, NJ.
c c

Hence the announced relation (3.1.9).
We now focus on the proof of the convexity of H over A. Let C,C* € A, we
have:

N

*\ Gi C;'k *
(VevH(C) — Ven H(CY)|C = C*) = Z (log ri log E_*) (¢, —cf).  (3.A.1)

=0

To prove the convexity of H, it is sufficient to show that this is non-negative. To
that extend, we introduce Ay, the natural extension of A in RV*! and consider
the right-hand side of (3.A.1) as a function of Cyi1 = (co(cy,...on), 1.0y Cn) €
An41 parameterized by C*:

N %k
Ge+(coy ..., en) = Z (logg — log E) (¢; — ),

=0

and show that mingy, cay,,(Ge+(C)) = 0. To do so we compute the derivatives
of G¢- as a function of RV¥*! and use the Lagrange multiplier theorem. After some
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simplifications, we have for all i € [0, N] :

c (e c c;
8ciGC* (CO, ...CN) = C— <E — E) <10g— — log )

Notice that both terms have the sign of % — 2— The Lagrange multiplier
theorem states that any extremum satisfies:

da € R, Vi € [0, N], 0.,Gox = ak;

Hence, all the partial derivatives of G+ should have the same sign. Moreover,
we notice that the sum of % — g— is zero. This is only possible the sign of the

derivatives is constantly zero, i.e. : & = —. At such a point, we have G« = 0.

As the coercitivity and continuity of GC* grants the existence of a minimum, we
have the desired result:

0 < (VenH(C) = VeyH(C*)|C = C*),

which yields the convexity of H.
We still have to establish the bounds (3.1.10). To that end, we notice that:

N
H(C)=2Y ° log% VO € A.

As € is non-negative and 0 < % < 1, we have H(C') < 0. For the lower bound, we

notice that — va o = log % can be interpreted as the entropy of a random variable
over a set of N + 1 elements It is common knowledge that it is maximal for

C—EZ = N_+1 thus:
—Elog(N +1) < H(C)
Finally, notice that e S €S whm yields
—log(N +1
& < H(C),
vo min k;

which is the desired bound.

3.B Proof of Lemma 3.3.2

This appendix is devoted to the proof of Lemma 3.3.2 stating the blow-up of
the diffusion for extreme concentrations. More precisely, we recall:
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Lemma 3.B.1. Let for ,e, M,c >0, i € [1, N]:

Wsenilc) == inf Di(Ck,Cr, @k, Pr),
(Ck,CL)eA?, (P, Pr)€[—M,M]?
CK,05CL,0>€, CE,; >min(d, kOifO )s cr,i<c
T(g’M(C> = inf D(CK,CL,(I)K,(I)L).

(Ck,CL)EA?, (D), ®r)E[—M,M]?
CK,0 Zmin(&%% cr0<c

We have, for all 6,e, M > 0:

lim T&M(C) = 400 lim \115767]\/[7,'(6) = +00 Vi € [[1, N]]

c—0+ c—0t

We will prove the result for Ws, a; first, then use this property to show the
bound on the solvent.

3.B.1 Limit of W
In this section we intend to prove the limit:

lir% Usenmi(c) =400  Viel[l,N], d,¢, M > 0.
c—r

c>0

The proof for the centered scheme relies on expression (3.3.5):

Di(Ck,Cp, O, 1) = Ci(Ck, Cp, Opc, @1) (hi(Crc) + 2P — hi(CL) — 2P1)> .

We notice that h;(Ck) + 2Pk — hi(Cr) — z;®1, blows up and that C; > Cg’i, hence
the blow-up of the limit.

For the Sedan scheme, it is more intricate. We bound F;(Cy, Cp, @, @) away
from zero to take advantage of the blow-up of (h;(Ck) + z;®Px — hi(CL) — z:PL).
The positivity of the product, ensures that the limit will have the right sign. Let
d,¢, M >0, i€ [1, N]. We denote by O, the set:

Oc:{(CK,CL) € Az, ((I)K,(I)L) < [—M, M]Q ’ CK,0,CL0 > € CKk; € [5, 1), Cr; < C}.

We notice that the hypothesis ¢y > € yields a bound on ;. Moreover, this
bound is uniform in ¢. We intend to use this bound to prove that the flux function
defined by (S) is bounded away from zero. We let:

M' = sup ( sup 2P + v(Cr;) — 2Pk — V(CKJ-)) < 00.

C€R+a* (CK’CL7¢’K7(I>L)€OC
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We have, for all (Ck,Cp, Pk, Pr) € O,
Fi(Ck,Cp, ®x, ) > B(M’)5 — B(—M’)C,

hence F; is bounded away from zero for ¢ small enough and the desired result.

3.B.2 Limit of T
In this section, we prove the remaining limit:

1111(1) T(S’M(C) = 400 Yo, M >0
c—

To reuse the ideas of previous section, we would like to dispose of a specie 7
such that cr; > €. We start by building one artificially. Let §, M > 0, and:

O(C) = {(CK,CL) - .Az, (CI)K,(I)L> € [—M, M]2 ’ CK,0 c [(5, 1), CL,0 < C}.

Notice that for all (Ck,CL, @k, ®r) € O., we dispose of i € [1, N] such that
cri > }Vkvoc Notice also that T;,, is increasing, it is then sufficient to prove the
limit for a given sequence. Let ¢" be sequence that steadily decreases to zero such
that for all n € N, ¢® < 5~ and there exist i € [[1, N], (C%,C%, ®% &%) € Opn

. . 21}0
satisfying:

> !
L = 2NkiUO )

1
'D(C’?(, CE, CI)nK, (I)z) < T&M(Cn) + — and
n

: n n n 1
We have, using Cro<c" g, < Fovg vomaxk <ec< Uommk , CKO > 0, the bounds
n 1 .
on ¢, and Cri= N -

k.
hi(Cr)+ 2Pk —hi(C}) — 2,97 < k; log —{—|k 1] log maxk] +1og(2N) + 2M |z;].
min k;

As all the terms are bounded except log(c¢") which goes to —oo, we have blow-up

For the centered scheme, we use C;(C%, C7, @, ®F) >

1 )
> Ihor and we have :

T(S,M(C ) Z Di(CK7CL7q)K7(I)L)__ 2 4sz

3

hence the desired result.

For the Sedan scheme, we will also only consider D;, but we need a more precise
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approach : as in previous section, we bound the flux away from zero. We let:

M' = sup sup 2®p + (ki — 1) loger — 2@k — v(Ck )
CG(O,ﬁ (CKaCL@K,‘I’L)GOCo,CL,iZﬁ
We have:
n n n n n ! 1 n / 1
Fi(Ck, CL, @k, @7) < B (—kilogc" — M') — — B (k;logc" + M) ONv,
V; Uy

As the right-hand side tends to —oo, the left-hand side is bounded away from zero.
Using the previously detailed arguments, we have the desired limit.

3.C Study of a numerical scheme for h; = log(c;) —
avlog(cp)

To prove the existence of solutions to the Sedan and centered scheme, we
introduce this simplified cross diffusion system where the coupling occurs only
through the solvent using the chemical potential defined above. This system is
discretized using the ideas of the centered scheme and [34|. In detail, we use
equation (3.2.4b), (3.2.4c) with k;, D; =1, z; =0, and :

Fi(Ck,Cr, @k, 1) = Cj(Ck, C1) (hi(Ck) — hi(CL))

= Ck,i—CL;
Ci(Ce. C) = i~ oL
i(Cre, C) log(cx;) — log(cr;)

where h;(C) is: log(c;) — alog(cog). We want to bound the concentrations away
from zero uniformly in «. This is the meaning of the following lemma, which is
highly inspired by Lemma 3.3.5.

Lemma 3.C.1. There exist e = min(eg, €1, .. .,ey) > 0 depending on, among other
things, C° and decreasing with hay and mingeg 7, such that for all C"' € AT
satisfying Lemma 3.5.3, a € [0, 1], we have:

Cri = € VK,

The proof follows the same reasoning as for the full system and is only sketched
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here. Using (3.2.4¢) we have:

n—1

ctg—cC
K,oAt K,0 Mg = — Z Ty (cﬂ,o — CZO) —« Z 7,R(Clk,C}) (IOg(C?(,o) — 10g(c’£70))

n o=K|LEE o=K|LEE

(3.C.1)

where we have set:

Cki — CLj;

R(Ck,Cr) = log(cr ) — log(cr)

WE

=1

Remark 3.C.1. Noticing that R(Cy,Cp) > 0 yields a maximum principle on °.

As we did not assume that ¢ is uniformly positive, we have to compute further.

Multiplying (3.C.1) by log(c} o) and summing over K € T yields:

n—1

cho—cC
S ko )+ Y DrsciDisogel
Ker n U:K|L65K
+a > 7R(Ck,Cr) (Dirloge))* =0
o':K‘LGgK

using the convexity of ulogu, we have:

Z At (Ck.0log(ck ) _CKO1 1085(0?501)) < - Z TeDrreg Dicr log ¢y
KeT o=K|Le€k

Z R(CK, OL) (DKL 10g 08)2 .

U’=K|L€8K

We may now use the decay of this entropy to prove the desired result for i = 0.
To that extent we proceed as in Lemma 3.3.5 and see that DgcjDgr logey is
clearly coercive in the sense of lemma 3.3.2 while the part in « is non-negative.
This yields the uniform bound for c,.

The bound for ¢; relies on the entropy H = Zjvzl cjlog(c;) + acglog(cp). As
for Lemma 3.A.1, this entropy restricted to A is convex and its derivatives as
a function of RY are the chemical potentials, Thus multiplying the conservation
equation by A yields:

> i (H(CR) ~ H(CE) < ZZCMD}L (C™)?.

KGT Uegﬂlt .] 1
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This new dissipation is also coercive in the sense of Lemma 3.3.2, thus we can
proceed as in Lemma 3.3.5 to get the announced bounds.

3.D A simple convergence lemma

In this section, we express the results of Chapter 2 lemma 4.2 and [34, lemma
4.2] in a more generic fashion. We let 7, be a sequence of admissible meshes of
such that hr, — 0, u,, € R™ and @, € R&" such that for all o0 = K|L € £™:

min(ug, ur) < Uy < max(ug, ur).

Lemma 3.D.1. If we dispose of p € [1,00) such that
"o IV 7t Lo () — 0

The L' convergence of the natural and diamond reconstructions are equivalent,
moreover if one of them is convergent, they share the same limit.

Proof. This result is equivalent to:

|77 Wiy — U e, || L1 (02) — 0.

For the sake of simplicity, we drop the subscript m for the rest of the proof. We let

Ak, be the half diamond cell A, N K, and notice that m(Ag,) = ;limod(xK, o) <

i%. Elementary calculations yield:

. hr
Imr = e ey < - DY moluk — ug).
KeT o€€k
Thanks to our average assumption, we have |ux — u,| < D,u thus:
~ 2hr
|[Tru — gl L1y < - Z meDou.
ge&int

Let p be as in the lemma and ¢ its Hélder conjugate. We have:

1 1
D,u\"\"* ! 1
> meDyu < (Z mado—< 0 ) > (Z mada> < dm(Q)+[[Vru| e,

ogg&int oeg&int oegint
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hence: )
||7T7—’u, — ﬂg||L1(Q) S 2m(Q)5h7‘HVT’U,HLp(Q) — 0. (3D1)

This concludes the proof of the lemma. n

For reconstructions in Q x [0, 7], we consider u,, € R7T=*Atn 75 c REm xAtm
satisfying the same average property, and we have the same result.

Lemma 3.D.2. If we dispose of p € [1,00), p € [1,00) such that

h o IV 7 At Win || L5 10,77, 0 (02)) — O

The L'(Q2 x [0,T)) convergence of the natural and diamond reconstructions are
equivalent, moreover if one of them is convergent, they share the same limat.

Proof. This result is equivalent to:

7T, At Ui — Wm0, At || 21 (2x[0,77) — 0.

We make use of the computations for the previous lemma, namely (3.D.1) yields
for all n € [1, Nz,

~n

1
7T At Uy, — U e Az |21) < 2m(Q)5hy,, [V 7, 0" Lo (o).

Thus:
NT,m

_ 1 "
177, At U = T At |1 0.7y < 2m(Q) A, > Al ||V, || 1oy

n=1

Holder’s inequality yields:

~ 1 1
[T Al U — Win £ At || L1 (x(0,77) < 2U(Q) 2 TRy, |V 7, At Wl L5(j0,17,7 ()

where ¢ is the Holder conjugate of p. Using the assumed estimation of the gradient,
we have the announced result. O



Chapter I

Variationnal modeling

Ce chapitre est un travail en cours. Il pourrait donner lieu & un article en
collaboration avec Clément Cancés.
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4.1 Introduction

The proper coupling of individually well studied physical phenomenon is a
mathematical and experimental challenge. A coupling between the diffusive and
electric forces has been proposed by Walther Nernst and Max Planck in the late
19*" century [100]. This model is easy to compute (see introduction), and is widely
used for industrial and modelling purposes. However, this coupling fails to account
for the behaviour at high concentrations especially the boundary layers. Many
different approaches have been made to correct these effects. Several of them
are presented in [60]. In this article they also propose another correction. In
this chapter we intend to build on variationnal considerations [113| to propose
thermodynamically consistent coupled models. By construction, these models will
be generalized gradient flows.

A general recipe for such models [104, 105, 41, 114] will be illustrated in Sec-
tion 4.1.1 with the Nernst-Planck-Poisson system. In Section 4.2.1, we extend this
framework to situations allowing for large concentrations by modifying the expres-
sion of the activities from concentrations to molar fractions. Along with this mod-
ification, we incorporate incompressibility in Section 4.2.2. Two approaches are
investigated there, one enforcing a local balance of the fluxes (refered to as strong
incompressibility), the other one only requiring a global balance (and referred to
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as mild). We then apply these models to six different dissipation mechanisms in-
spired by the literature in Section 4.3. Numerical schemes for these models are
provided in Section 4.4 and the behaviour of the models are showcased in a realistic
salt-water settings in the last section thanks to preliminary numerical results.

4.1.1 The recipe of Variational modelling for generalized
gradient flows

The variational modeling is a model-building art in which one chooses Z a set of
admissible states, F : Z — RU{+o00} an energy associated to each of these states,
J aset of transformations of the admissible states, and ¥ : 7 — RJF a cost function
associated to a transformation. W usually also depends on the admissible state.
Two different examples of these sets and functions has been given in Section 1.1.4
of the general introduction for the particle diffusion equation derived by Adolf Fick
in 1855. The current section focuses on the Nernst-Planck-Poisson system:

Owc; —divD; (Ve + ¢;z,V®) =0, Vie 1, N], (4.1.1a)
N

—NAD =Dz (4.1.1b)
i=1

In this chapter, it will be supplemented with an initial condition and no flux
boundary conditions:

(Vci + cmV@) n=20 on Of2.

We suppose that the electrostatic potential & is supplemented with a Dirichlet
boundary condition on a non-negligible part of the boundary I'p C 92 and homo-
geneous Neumann boundary condition on I'y = 9\ T'p:

="  on(0,T) xTp, Vd-n=0 on(0,7)xIy, (412

where ®7 is assumed to be constant in time and in H*(Q2) N L>(Q). Tanks to
(4.1.1b) and (4.1.2), ® can be seen as an implicit function of ¢, hence we let:

= Vo)
E(c) = / > " ciloge; + N’ 5 dr = >\2/ dpVP - n. (4.1.3)
Q=1 I'p

One can notice that the first term of the energy is used in the introduction for the
second derivation of Fick’s law (see Section 1.1.4.b). Similarly, we let

Z=0-—10,+00)
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be the set of admissible concentrations. These concentrations follow a conservation
equation:
Owc; +div J; =0, (4.1.4)

where J; is an admissible transformation to be defined. We let
T ={(Nh,...,JIn) € Ha(QRHY | Vi, J; - n =0 on 90}

be the set of admissible transformations and

ek
g I I
€T /{2; 2D;c;

be the dissipation potential, i.e. the cost associated to a transformation.

The key idea to define the fluxes is to choose:

OF
J. € argmin V(J) + (—, —div J). (4.1.5)
JeJ oc

The first term means that the system should not evolve too much, the second
that it should decrease the energy as much as possible. Obviously, both terms are
contradictory, but given that W is coercive, the system will not jump form one
state to another. Since J. is a minimizer in (4.1.5) , we have:

W(Je) + (E'(c), —div ) — ¥(0) < 0. (4.1.6)
Thanks to the minimality of ¥ for J = 0, we have

‘z—f 20,00 LY mo —av iy 2V

hence the decay of the energy E. As W is also convex, we only have one minimum.
To find it, we look for critical points, i.e. points where the derivative of

U(J)+ <%, —div J)

is zero. Letting u; = logc; + 2;® + 1 be the i-th component of the derivative of F,
we have using integration by part:

o M(E'(c), —div J)
5<]z B DiCZ" 0J

=V,
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so that:
Ji

D;c;

In other words, we have:

Oyc; +div J; =0, Vi € Hl,N]],
J; = —=D;e;V (log ¢; + z;P) , Vi € [[1, NJ.

Up to the chain rule ¢V logc = Ve, we have the announced system.

In a more general setting, given A symmetric semi definite positive (see [107,
108] and the general remarks made in the general introduction, section 1.1.4.c), we
consider an energy F, a state space Z, an admissible transformation set 7 regular

enough and
T
U(J) :/ J 2AJ, (4.1.7)
Q

where JT AJ is a short notation for:
N N
DD Aigdi
i=1 j=1

If A is not definite, then either we have discontinuities in time or we have
multiple choices of fluxes for the PDE systems. Form now on we will assume for
simplicity that A is invertible so that

B=A" (4.1.8)
is well defined !. Using shortened notations, we have:
J. = BV, (4.1.9)

where g is the derivative of the energy. From now on, for the sake of simplicity,
we will drop the subscript ¢ on the fluxes.

4.2 Two preliminary corrections to the Poisson
Nernst Planck system

The Poisson Nernst Planck system suffers form two flaws, first the mixing
entropy Zfil ¢; log ¢; is consistant with the statistical physics and the experiments

1. or that you agree to work with general inverses with infinite eigenvalues
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only when the total concentration sz\il ¢; is uniform in space, i.e the molar fraction
and the concentrations are proportional and the proportionality coefficient does
not depend on the composition of the mixture. This flaw will be tackled in the
following section. The second flow, to be treated in Section 4.2.2; is the lack of
mechanical coupling wich implies huge concentrations near the ohmic contacts.
For reasons that will appear clearly at the end of next section, the consistence
with the thermodynamics also requires mechanical coupling.

4.2.1 Common settings

In this chapter, we focus on the modeling of charged particles, therefore we
have to model the electric field. We will use a electrostatic setting. As in previous
section, we let:

N
—)\2 Ad = Z ZiCi,
i=1

supplemented with a Dirichlet boundary condition for the potential on a non-
negligible part of the boundary I'p C 02 and homogeneous Neumann boundary
condition on I'y = 92\ I'p:

d=0"  on(0,7) xTp, Vd-n=0 on(0,7)xTy. (42.1)

Here @7 is assumed to be constant in time and in H*(Q2) N L>=(€). As previously
® can be seen as a function of the concentrations. Thus, we let the admissible

state describe the concentrations only:
vieL N, [ o= [ 4},
Q Q

where ¢? is the initial condition of the specie i. For the transformation process, we
keep:

Z:{(cl,...,cN)EQ%RN

J={(h,...,J n) € H'(QRHYY | Vi, J;-n =0 on 00} .

We still have to define E. A free-energy for this problem has been proposed in
[60]. Once rephrased in the setting of Chapter 3 :

| 2

al ¢ IV
E(c) = / S eilog 2+ A2 dr — A2 / OpVP - m, (42.2)
Q i1 C 2 I'p
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where ¢ = vazl ¢; is the total concentration and < the molar fraction of the i-th
specie. We have:

ﬁg—@wjy——fé/(mfi+z@dWJ
dc’ N —~ Jo &2 ! v

We let p; = log % + z;¢ the electrochemical potential and p = (p, ..., i) so that:

oE

(5 —divJ) = (Vi J).

For z; = 0, we expect to find a reasonnable diffusive setting. Unfortunately this
is not the case. Indeed as the chemical potential depends on the concentrations
only through the molar fractions, for two neutral species the fully compressible
model (4.1.9) would consider ¢; = acy at equilibrium for all @ > 0 and ¢; measur-
able. Such non-smooth solutions are obviously not physical.

4.2.2 Two ways of enforcing volume conservation

One of the key feature introduced by [60, 59| is the incompressibility of the
fluid. In other words, given v = (vy, ..., vy) the molar volumes of each species we

should have:
N

> v =1. (4.2.3)

i=1
This assumption is capital for reliable diffusion.

Form now on we assume that the initial condition satisfies this constraint. To
transfer this constraint to the following times, we have two possible choices.

4.2.2.a Mild incompressibility constraint

The first natural solution is to place the constraint on the energy as in [60, 59]:

ol 0 ifz=0
E" ™ (c) = E(c) + x(1 =) civy), z) = o
(c) = E(c) + x( 2 ) x(x) {_%OO s,

With this constraint, the function W(J) + (E’(c), — div J) is no longer derivable,
thus we use the sub-differential theory[50]. In this framework, we have:
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so that:
preomP = Ly vy, m € R}, for ZCW:‘ = 1.

Critical points are now points where 0 belongs to the subdifferential. The fluxes
are then:

Jineomp — BY7 (1 + ), Z civ; = 1.
The second half of the equation yields 0; > ¢;v; = 0 hence

N
div ) Jiw; =0 (4.2.4)
and the equivalent expression of the fluxes:

N
Jneome = BV (u + o), div Z Jiv; = 0.

The equivalent constraint div Zfil J;v; = 0 can be expressed on the dissipation
potential, and will be referred to as "mild" constraint in opposition to the strong
one of next section. Thus we let:

Um(T) = () + x(div Y Jwy), (4.2.5)

=1

and the associated fluxes:

J = _B(Vp+ o), div Z JiMy; =0, (4.2.6)

4.2.2.b Strong incompressibility constraint

When the evolution of the system occurs from exchanges of particles, as in a
cristaline network, the condition

N
Z Jﬂ)i =0
=1
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arises more naturally (see the system of Chapter 5). This constraint is stronger
than (4.2.4) and we let:

W) = B(J) + X(Z Jivi), (4.2.7)

with a slight abuse of notation if the space dimension d is greater than 1. With
this choice, we have:

N
a\IfStrong(J):{AJ+UF,FEQ—>RN} for Zz]ﬂ)i:()a
=1

hence
N

T = —B(WF + V), YT =0, (4.2.8)
i=1
It is often difficult to know which condition should be used, for exemple the

relaxation from strong condition to mild condition has been proposed by Otto and
E [111] for a polymer model proposed by de Gennes [54].

4.2.2.c Reformulation of the fluxes

The use of d Lagrange multipliers in (4.2.8) would be computationally intensive
and can be avoided. Indeed, in (4.2.8) F' can be explicitly computed:

Bv
Jstrong —_B (UF + V,U) , F = _UUTB,U/J“’ (429)
or T
‘ _ - B
Jth'OIlg _ —BVM, B = <]N _ %) B. (4210)
Using the symmetry of A (and thus B), we have:
~ bb"

To enhance the difference between the mild and strong enforcement of the
incompressibility, we can notice that in (4.2.6) we can use F' defined in (4.2.9) and
a divergence free flux ucony. More precisely, we let:

N
Ucony = — Z Jimﬂdvi = UTBUVT + ’UTBVIU,,

=1
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so that:
—”UTBVM Uconv

vT Bv vI'Bv’

V1=

Finally (4.2.6) becomes

N
. ~ B i
Jmlld — —BV,M _ %uconva Ucony = ’UTBUVW + ’UTBV/L? div Z Jimlldvi = 0,
v v

i=1

(4.2.11)
where B is as in (4.2.10). This formulation is used in [43]. The addition of this
convective term shows that the mild enforcement of Zfil c;v; = 1 allows for more
flexibility in the fluxes, and thus a faster free-energy dissipation (see numerical
experiments, namely Figure 4.3). Let’s emphasize this aspect.

In the strong setting, the evolution free energy E can be computed using the

fluxes (4.2.10) and the relation 22 = —(Vy, J). This yields :

d Estrong
dt

= —/V,ﬁévu, (4.2.12)
Q

where B is semi-definite positive.

In the mild setting, we notice that:

UUCOHV

Vi +or = AJ™ — ABVu + T (4.2.13)
Moreover, thanks to v” div J™ = 0 we have:
(g, div J™MY = (4 4 vrr, div J™). (4.2.14)
Using .
i ]

an integration by part and equations (4.2.13), (4.2.14) and (4.2.6) we have:

d Emild
dt

’UUCOHV
vT By

= (ABVyu + , BV (u + vm)). (4.2.15)

By symmetry of A and B and using Bu = 0, we have:

(ABV i, BV (ju+ vm)) = (Vi, BV + vr) = (Y, BV ).



4.3. Several possible choices for ¥ 151

For the second contribution in (4.2.15), we recall that ey, = —vT J™4 5o that:
< UuCOHV BV( + >> |uconv ’2
, um)) = .
vT Bv a q vI'Bv

Finally we have:

d Emﬂd
S dt

‘uconv|2 o dEstrong

= (Vpu, B
(Vu, BV ) + Uy = pm

(4.2.16)

4.3 Several possible choices for ¥

In this section, we propose different dissipation mechanisms. We do not try
to be exhaustive [22| as fairly general formulas have been given in the previous
sections (4.2.6) or (4.2.11) and (4.2.9) or (4.2.10), but we aim at explicit expressions
of the Onsager matrices A(c) and B(c) defined in (4.1.7) and (4.1.8) as clear as
possible. The models are given by increasing order of complexity. In many cases
the simplest expression of the PDE system uses the fluxes and the conservation
equation (4.1.4). In these cases, this conservation equation will not be repeated
and we will only give expressions of the fluxes.

4.3.1 Fick-like dissipation

First, we intend to use the same dissipation potential as in the second Fick’s
exemple of the general introduction and the Poisson Nernst Planck model of sec-

tion 4.1.1: v
| Ji|?
U(J :/ g —_— 4.3.1
( ) Q i1 2DlCl ( )

This choice of dissipation will fix the homogeneity of the diffusion constants D;
along the chapter.

In this case, we have A = diag(ﬁ) and B = diag(D;c;) so that (4.2.6) (with
mild incompressibility constraint) becomes:

Jm = DV (i +or), Vie[LN] and  div (Z viJ;nﬂd) —0.
(4.3.2)
For the strong incompressibility constraint, the easiest form is (4.2.10) with

bbT D1 C1U1

> i Diciv; Dyenvy
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This matrix is also usefull for the convective formulation of the mild fluxes (4.2.11).

4.3.2 Solvent-free dissipation

In the Fick-like setting we gave no special role for the solvent. In some setting
the solvent is much more mobile than the other species. Let the solvent be the

last specie, we set:
N-1

U(J) = /Q > 2"3'@. (4.3.3)

=1

This dissipation is not coercive as the matrix A has a kernel of dimension one.
To recover coervicity we have to enforce the strong volume-filling condition (4.2.7).
In that setting, the first-order optimality condition gives:

J§trong

5o =—uF =V, Yie[lLN-1] (4.3.4)
0= —UNF — V,MN (435)
D P =0, (4.3.6)

Using (4.3.5) in (4.3.4), we set

Jistrong = —DZCZV (/,LZ — &,UN) s Vi € [[1,N — 1]]
UN
The equation (4.3.6) provides
N—1

Jstrong _ Uj Jstrong
N - v i
i=1 N

or simply

For the mild constraint we no longer have uniqueness of the optimal J. Indeed,
we have Vr = %pr, thus

UN
N-1

. Vs
1d E ?
J]I\r[u = - J’L + Uconvs

v
=1 N
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where div(ueony) = 0. The degree of freedom of a divergence free additional term
for J9d is does not impact the concentration profiles. Therefore the strong and
mild constraint yield the same model:

Ope; + div(J"O™P) =0, Vi€ [1,N —1], (4.3.7a)
A SR v (m - ﬂ,w) . Vie[l,N—1], (4.3.7b)
UN
N
1 i
o= — S Y. (4.3.7¢)
UN =1 UN

This setting is the one of Chapter 3.

Remark 4.3.1. The model proposed in |60, 59| even-though similar came from a
different modeling technique. Among other differences, the molar volumes ratio
in the flux was a ratio of the molar masses and they added a convective speed
following the Euler equation. An intermediary model proposed in [71| and derived
in the general introduction can be obtained with:

N-—
\I/statlc §

Ull

thus:

. M;
J;ncomp — —DiCiv ((Mz + v ) — M—(,uN + UN7T)> ) Vi € [[LN — 1]]
N

This two Lagrange-multipliers model will not be considered in this chapter.

4.3.3 Variation of the solvent-free dissipation

In several cases, the model comes from permutation of solvant molecules and
solvated ions, therefore we propose a modification of the dissipation (4.3.3) symetriz-
ing the roles of the solvant and the ions:

P
/Z Dcch'

The division by ¢ is necessary for the homogeneity. As in the previous model, we
need the strong condition on the fluxes (4.2.7) to enforce coercivity. Computations
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are highly similar and we obtain:

Oyci + div JPOME = 0, Vi€ [1,N —1], (4.3.8a)
J;trong =D, CZENV <,U/z - ﬂ/vLN> Vi e [[17 N — 1]]7 (438b)
N-1 s
-y = (4.3.8¢)
i1 UN

As previously, the mild condition allows for several choices for the fluxes but
all of them yields the PDE system defined above. This system is studied in [26]
(for N =2).

4.3.4 Dissipation with macroscopic velocity

In this section, we consider that friction stems from the differences of the
velocities. Therefore, we consider u; = J;/¢; the speed of each species and u(J, ¢) a
macroscopic speed. For the sake of simplicity, we restrict ourselves to macroscopic
speeds defined as convex combinations of the species speeds, i.e.:

u(J,c) = Zai(c)ui, (4.3.9)

where a; : RV — R, are such that 3. a;(c) = 1. For example, we could have
ai,...,ay_1 =0 and ay = 1 so that u is the "solvent speed". An other example is
the "barycentric speed" «;(c) = M;c;/p, where M; is the molar mass of the specie
tand p = Zfil M;c;. For the dissipation process, we let:

u(J,c)|? / Y el — u(J,e)?
s = LB Sl B
(/) /Qn 5T Qzl 2D,

or equivalently:

= [ [ sl

The first term can be thought of as a microscopic friction with the surrounding
environment. Its introduction is required to ensure the coercivity of W. Indeed, if
n = 0, then for u; = uy = ... = uy we would have ¥(J) = 0. To find the PDE
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system hidden behind this dissipation, we compute its first variation. We have:

N aj(o)
W) Y (o) al (‘]i_ciu(J’C))'(Hi_Ci > i c—jHj)
=7 -H = /QUU(J, C>'Zc—in+; De _

=1

To ease the practical computation of the PDE, we let A such that:

o (J) Al

i=1 j=1

This matrix can be identified to the one defined in (4.1.7). A computation whose
length is the only difficulty yields:

N
1
A= <77 + Z ;—Z) aa’ + diag(D‘C‘) —ad” — da”,
1 1C

with a = (2, ..., i—]f;’)T and d = (D%, - D—lN)T. This matrix is symmetric definite
positive thus nonsingular, however the formulation of a general inverse B is not
obvious and beyond the scope of this chapter. The practical models are thus only

available on their most general formulations (4.2.6) or (4.2.11) and (4.2.10).

When u is the "solvent speed" (a; = J; ) the computations are more palatable
and we have

1 —1
Dicy Dicn
A= 1 -1
Dy_1en—1 DNﬁlfiNC
—1 Ck
-1 —1 N2 =1 Dy,
Dieny 77 Dn_1cn c?\,

The inversion of an arrowhead matrix is explicit, and in this setting, we have:
D101
. 1 -,
B = + —cc’. (4.3.10)

We adapt the models (4.2.6), and (4.2.9) to the particular choice for B (4.3.10).
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With the mild incompressibility constraint, the resulting system is:

N
. 1
Jmild — (DN(M + o) + . (w +) cjwj>> . Vie[l,N—1],

j=1
(4.3.11a)
N
it _ _%N <v7r +3° cjvuj) , (4.3.11D)
7j=1
N
div ) "0 /M = 0. (4.3.11c¢)

And finally the strong incompressibility constraint yields:

N
1
JiStrong = —C; (DZ (UlF + V,Lbz) + E (F + ZCJV,Mj)) N Vi € [[1,N — 1]},

j=1
(4.3.12a)
N
7j=1
N DiciVp — L3N cZVul
F— Z 1 + ZN 1D CZ 1 (4.3.12¢)
n i=1 iU

4.3.5 Stefan-Maxwell dissipation

A popular alternative approach to model multi-component diffusion has been
proposed independently by James Clerk Maxwell [102] and Josef Stefan [121]. The
corresponding model can be derived from the multi-component Boltzmann equa-
tion [19]. The most generic presentation of Maxwell-Stefan dissipation potential

is the following :
/ Jui — uyl?
Q 1<i,j<N "j (C)

where K(c) = (K j(c))1<ij<n is symmetric with positive coefficients and u; = %
is the speed of specie i. We have:

s H.
/ ]) 4t h; = — Vi € [[1, NJ.
Q Ci

1<i,j<N t



4.3. Several possible choices for ¥ 157

As the modelling setting developped in the previous sections uses J; rather than

u;, we have:
/ |CJ — il
Q Kij(c)(eics)*

1<4 ]<N
Unfortunately, K; ; and the diffusion coeficients of the previous sections D; are not
homogeneous. To correct that flaw, we let:

K j(c)cicy
Di,j(c) — #7

c

where D; ; = D;,; > 0 has the same dimension as D; the Fickian diffusion coeffi-

cients leading to
/ Z |Ca —adj|?
c)cicc

Q 1<7,j<N Di4(

From now on, we will assume that D;; does not depend on c for the sake of
simplicity, so that:

cic ul cid; —c; i
/ > J| / | ZLD 1| . (4.3.13)
Q1< j<N Q1< j<N i.jCiC €
As in the previous section, to identify the matrix A of (4.1.7), we compute the

first variation of W:
N H
/ cii) Hi (4.3.14)
Q D

c;C
1<i,5<N B

One can easily check that the matrix of coefficients

Cj 1

Uij=——=, 1F#]
J DiJ'C’

Qi = — —

’ o D, jcc;
satisfies %’ = AJ. Unfortunately, this matrix is singular. Eventhough this is not
clear on A, one can see that for (c,J) satisfying u; = uy = ... = uy, we have
U(J) = 0, so that AJ = 0 reciprocally, this is the only isotropic line of W hence
ker(A) = span(c) as shown for instance in [94]. To get rid of this non trivial kernel,
we add x| N, vic;u;|? to W and let:

U,.(J)=0(J) —|—/€/Q|ZU¢J,'|2. (4.3.15)
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This choice ensures that with the constraint sz\il v;J; = 0 the solutions of the
PDE system are the same as the original for all k. In [94, 21], the kernel of A
is treated with the elimination of a specie to get existence results. The approach
performed here is closer to the perturbation technique used in [40]. With this
addition, we have:

TA
U (J) = / / 2'“] A, = A+ 2k00".
Q

The matrix A, cannot be inverted explicitly in general, so that the model is gen-
erally kept in its primal form. However letting B, = A_', we have:

J = BV (u+ vm), divo’ M =0,
Jstrong — évu,

where B is computed using (4.2.10) and does not depend on .

4.4 Construction of schemes

Now that we dispose of several models, we want to be able to simulate them.
For each model we use the two point flux approximation finite volumes in space
and the implicit Euler method in time. The notation choices for these schemes are
consistent with those done in introduction and the previous chapters. For the sake
of concision of this thesis, we will keep this section minimal, more details can be
found on section 3.2.1 of Chapter 3. Then in Section 4.4.2 we detail the numerical
schemes used. Different formulations of the fluxes are needed depending on the
knowledge of an explicit formulation of B and the elimination of an unknown.

4.4.1 Discretisation of € x [0, 7]

We recall here the definition of an admissible mesh.

Definition 7. An admissible mesh of Q2 is a triplet ('T, g, (xK)KET) such that the
following conditions are fulfilled.

(1) The set T is finite and each control volume (or cell) K € T is non-empty,
open, polyhedral, and conver. We assume that

KNL=0 K LeT withK #L, while | J K =1.

KeT
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(ii) Each face o € € is closed and is contained in a hyperplane of R?, with
positive (d — 1)-dimensional Hausdorff (or Lebesque) measure denoted by
me = H o) > 0. We assume that H (o No’) = 0 for 0,0’ € € unless
o' =o. Forall K € T, we assume that there exists a subset Ex of € such
that OK = J,cg, 0 Moreover, we suppose that | e Ex = €. Given two
distinct control volumes K,L € T, the intersection K N L either reduces to
a single face o € £ denoted by K|L, or its (d — 1)-dimensional Hausdorff
measure s 0.

(11i) The cell centers (x) ket belong to their cell: v € K, and are such that, if
K,L €T share a face K|L, then the vector x; — xk is orthogonal to K|L.

(iv) For the boundary faces o C OS2, we assume that either 0 C Tp or o C Ty.
For o C 002 with o € Ek for some K € T, we assume additionally that there
erists r, € o such that x, — i 1s orthogonal to o.

We denote by my the d-dimensional Lebesgue measure of the control volume K.
The set of the faces is partitioned into two subsets: the set &, of the interior faces
defined by & = {0 € €| 0= K|L for some K,L € T}, and the set £ of the
exterior faces defined by e = {0 € £ | 0 C 00}, which can also be partitioned
into € = {0 C Tp} and EN = {0 C 'y }.

Given o € &, we let

dU:{|J]K—ZL’L| ifO':K|L€gint, and Ta:%
v — xy|  if 0 € ey, o

Concerning the time discretization of (0,7"), we consider an increasing finite
family of times 0 =ty <t < ..., < ty, =T. We denote by At,, =t, —t,,—1 for
1 <n< Np, by At = (Atn)1gn§ Ny We will use boldface notations for vectors
whose number of components is dependent on the mesh.

For all K € T and all 0 € £k, we define the mirror values cf, ®%,, and 7,
(when in the mild setting) of ¢}, ® and 7}, respectively across o by setting

(3 ifo=K|L € gin s
[ dto=KlLew o, )} ?faegN’ t
. = = if o ,
Ko iy ifo e e, Ko K

®P = f ®Pdy ifo € EP.

"oifo = K|L € Eu,
a2 o =K Y(4.4.0)
7 if o € Ee,

Given u = (ug) g € R, we define the oriented and absolute jumps of w across
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any edge by
DKU’U,:’LLKU—U,K, DU’U,: |.DKU’U,|7 \V/KET, VO’GEK.

We may now use these operators to describe our scheme.

4.4.2 Formulation of the schemes

From Section 4.3, we have three kinds of dissipation dotentials ¥. Those where
B is known as in Section 4.3.1 and the solvent speed model of Section 4.3.4, those
where we are not able to compute B as in Section 4.3.5 and the general form of
Section 4.3.4, and those where the matrix is not well defined, like in Sections 4.3.2
and 4.3.3. After some general setting for our schemes, we propose expression of
the fluxes for each of these cases in three separate subsections.

The conservation equation is approximated using a backward-Euler scheme in
time :

n n—1

CKi ~ CKj . ‘

MK T g Freei =0, VK € T,i€[1,N], (4.4.22)
ocegpt

where F%_,; should be a conservative and consistent approximation of

1 tn
E : o
At /tnl /U K

where ng, denotes the normal to ¢ outward K. For practical purposes, the po-
tential ® is considered as a full fledged variable, and discretized as ® using:

N
— X Z ToDgo®" = mg Z 2iC i VK €T. (4.4.2b)
i=1

o€EK

Similarly, in the mild setting, 7 is also considered as a variable and we discretize
it into 7 = (7 ) keT nep1, 7] Using the equations:

N
> wiFR,,. =0, VKeT. (4.4.2¢)

segint i=1

Because of the choice of no-flux boundary conditions, 7 is defined up to a constant.
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To fix this degree of freedom, we add the constraint:

> IKlpif =0,  Vne [L, Ny (4.4.2d)
KeT

Using the no-flux boundary condition, we can drop equation (4.4.2¢) on one cell
to enforce the previous constraint there, see for instance [44].

The only remaining degree of freedom is the expression of the numerical fluxes.
For the sake of clarity the time index n will be dropped.

4.4.2.a When the Onsager matrix B is known

This setting is the most straightforward since we can set

CK + Cko
B,=B (%) = (Boijh<ij<n-

More intricate choices for this average could be defined as in Chapters 2 and 3.
The numerical fluxes are then very naturally deduced from the formulations of the
continuous fluxes:

Frd — B(Vp +on),

stron, 5 5 bbT
F*""8 = BV, B=DB-——, b= DBu.

vlh

After discretization, in the mild setting, we set:
N
F[r(nclrk'} =T Z By jDro(p + vm), Vi € [[1, NJ,
j=1

or for short: .
Fpld — 7 B, Dgo(p + o).

Similarly, we have: B
F3% — 7. B, Do pt.
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In the mild setting, we can also build a scheme adapted from (4.2.11):

mild c-u 5 B Cgp v
FKold P = TJBJDKJH + TJQ)TBS(—CllL)’ZJUKU’

UKo = UTBUUDKJTF + UTBUDKUIJ’)

o {CK if UKs > 0,

(o
Cks €lse.

This scheme is based on ideas of [24].

4.4.2.b When the Onsager matrix B is not known explicitely

In this case, we know that the matrix A is invertible. However we do not dispose
of an easy expression of its inverse. A first very natural idea is to compute the
numerical inverse of A any time the matrix is needed. Eventhough this approach
has the advantage of code reusability, general matrix inversion can be more costly
and less accurate than system solving. Moreover, for several real-life applications,
the number of species can be hig (say hundreds) so that the computational overcost
may become prohibitive.

For the mildly incompressible fluxes we solve the numerical system:

AUF}?(ifld = 7 Dgo (0 + vm),

where A, = A(CI{J’%) for all o € &,;. For the strongly incompressible fluxes, we
have one more system to solve:

vbl
vTh,

A FEimone _ o (IN - ) Vi,  Agby =v.

When using the splitted centered-upwind flux,the fluxes are computed as follows:

Asb, = v,
UKy = UTbUDKUTr + bZDKO—/J,,

up {CK if ugs, >0
C =

ag .
Cxos Otherwise

A(c2P)bEP = v

mi -u sz b}rlp
AJEKUldc P=1, (IN oTh ) Dropt + T“WUKU'

This yields three system resolutions per edge and time step.
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4.4.2.c The special case of Sections 4.3.2 and 4.3.3

The model described in Section 4.3.2 has already been studied in [81] with two
schemes and in [71]| with a third one. For the sake of simplicity, only the case of
an electroneutral solvant (zy = 0) is presented here. In these cases, due to the
elimination of an unknown the system (4.4.2) is no longer formally valid. Thus,
we set:

o — Cnfll
K,zAt B4 N PR, =0, VKeT\Vie[l,N-1], (4.4.3)
" o=K|L

N-1
NN D ®" =mg Y wck,  VKET, (4.4.4)

o€k i=1

N-1

1 Vi

NE oo G 445
N UN ’UNCZ ( )

We still have to define the fluxes. The centered flux is:

Froi = TaDiuDKa (Hi - _IJ'N)
2 UN

N

CK,; t CKoi c; V4 c

:TUDZ‘MDKU 1Og:l——110gTN+ZZ(I) s E:ZCZ
2 C UN C —

For the variation of this model presented in Section 4.3.3, we adapt the centered

and flux by a simple multiplication by %

CK,; T CKoi CK,N T+ CL N v; _
Froi = 15D; ———Dgo | 4 — —HyN |, C= E c;.
2 Ck +cg, -

Remark 4.4.1. The sedan and activity based fluxes studied in Chapter 2 could be
expressed in the current formalism and extended to the new model using :

N-1 N

1 v; CK,N + CL.N
CKkL,N = Max (- - E —CKLiy,——— | » CKIL = E ckri- (4.4.6)

) ) 2
N o YN i=1
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4.5 Numerical comparison of the models

To compare our models, we consider two solutions of sodium chloride (NaCl,
or salt), the first one is saturated in solvated species with molars fractions of
6/67 ~ 8.961072 for each of the two ions and 55/67 ~ 8.21107! for the water,
thus close to the 360g.L~! mark. The second one is 10° times more diluted with
molar fractions of —=£=2— for the ions, and ——2— for the water. In both cases,

55+12E—5 5511265
the molar volumes are:

UNa+ = 1.94 Vcl- = 23.24 VH,O0 = 1807,

according to measurements of [101]. The molar masses (used for the barycentric
speed model) are given by:

Mya: = 22.99 M = 35.45 My,0 = 18.02.
Finally the Fickian diffusion coefficients are set to:
Dyay =1 Dcy. =2 Dy,0 = 3.

We consider units such that the Debye length A is equal to 1.

The initial conditions are chosen homogeneous with respect to space. We con-
sider a one dimensional case where an external electric potential ®” = 5 is applied
on the left boundary (z = 0) while ®” = —5 is applied on the right boundary
(r = 1), and a resembling two dimensional case, where we apply these conditions
only on the upper half of the boundary (y € [0.5,1)) and set homogeneous Neu-
mann boundary condition on the lower half and for the top and bottom boundaries
(y =1 and y = 0). Since Ucony is divergence free and ueony - = 0 on OS2, then
Ucony = 0 in the one dimensional setting. Therefore we deduce from (4.2.10) and
(4.2.11) that mildly and strongly incompressible models coincide when d = 1. This
is further confirmed by Figures 4.1 and 4.2.

Another striking remark that can be done from figures 4.1 and 4.2 is the fol-
lowing: In the diluted regime, alll the dissipation mechanisms behave similarly to
the usual Nernst-Planck-Poisson system, cf Figure 4.1. This is no longer true in
the saturated regime, when depending on the choice of the dissipation potential
¥, the dissipation rate of the free energy can change of one order of magnitude, cf
Figure 4.2.

Finally, in the two dimensional setting, the convective velocity cony 1S no longer
identically equal to 0 as depicted on Figure 4.7. Therefore, the free energy is
dissipated faster for the mildly incompressible setting system than for the strongly
incompressible ones. Figure 4.3 illustrates our finding (4.2.16).



4.5. Numerical comparison of the models 165

As the stationary solutions do not depend on the dissipation potential, the
profiles presented here are obtained using the mild Fick-like dissipation potential
which seems to have the fastest free energy decay. The stationary solutions are
obtained at the first time step where the numerical error makes the free energy
decrease. To prevent blow-ups in the numerical fluxes, the concentrations are
capped at a minimum of 107!, This cut-off is visible in Figure 4.6.
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10_6 5 T T — 1076 = T T T
B — centered mild [ § — centered mild ||
1077 1 —— centered strong {| 1077 | —— centered strong f

. B --- upwind mild 10-8 i --- upwind mild

107° ¢ E E

10| ] 107y
10 % % 10710 ;’ E
10 ? é 10_11 ; ]
107 ERUR g
10712} 1 10s) .

E_ | ! ! ! ! [ S ! ! ! ! !

0 02 04 06 08 1 0 02 04 06 038 1
(a) Fick-like dissipation (b) Dissipation using the barycentric speed

as a macroscopic speed. n = 2

1076 F ‘ ‘ — 107%F ‘ ‘ ‘ =
B — centered mild [ B §
1077 F —— centered strong {1077 F |
B --- upwind mild |] B i
107 ¢ 1107
1070} 11079
10710 ; ; 10710 ; é
1072} T2 ] ]
E | | | | | | ] E | | | | | | ]

0 02 04 06 08 1 0 02 04 06 08 1

(c) Dissipation using the solvent speed as a (d) Dissipation using the solvent free dissi-
macroscopic speed. n = 2 pation.

Figure 4.1 — Relative energy dissipation in the diluted one dimensional setting
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—— centered mild ol — centered mild ||
1073 F —— centered strong || 10 —— centered strong
--- upwind mild 10-4 | upwind mild
1076 | :
1076 | :
-9 |
10 10—8 L 7
10_12 n N 10710 L |
10715 ! ! ! 110712 ! ! ! ! ! ! L]
0 0.1 0.2 0.3 0O 02 04 06 08 1 1.2
(a) Fick-like dissipation (b) Dissipation using the barycentric speed

as a macroscopic speed. n = 2

T T T _ T T T T
i — centered mild || 1071
10 —— centered strong
10-4 | upwind mild 10-4| B
-6 | o
10 10—7 = -
107% 1
10_10 10710 L N
10712 b | | | | | | ] 1071 [ | | | | | [
0 05 1 15 2 25 3 0 02 04 06 0.8 1

(c) Dissipation using the solvent speed as a (d) Dissipation using the solvent free dissi-
macroscopic speed. n = 2 pation.

Figure 4.2 — Relative energy dissipation in the saturated one dimensional setting
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—— centered mild —— centered mild
103 | —— centered strong || 10-3 | —— centered strong ||
1076 1 106 |
1072} 11070 a
10712 - | 10712 L |
10715 C | ! ! ! ! [ 10715 [ ! ! ! ! ! .
0 0.5 1 1.5 2 2.5 0 2 4 6 8 10
(a) Fick-like dissipation (b) Dissipation using the barycentric speed
as a macroscopic speed. = 2
I I I T T
—— centered mild
1073 | —— centered strong ||
1076 |
1079 |
10—12 | |
10—15 L ! ! | ! ! Nl

(c) Dissipation using the solvent speed as a macroscopic speed. 1 = 2

Figure 4.3 — Relative energy dissipation in the saturated two dimensional setting
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(c) concentration of water

Figure 4.4 — Concentrations profiles of the saturated 2D stationary solution
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10~ 3 10— Na+
10| o

| |
0 02 04 06 038 1

Figure 4.5 — concentration profile for the saturated 1D stationary solution

—Na—+
102} 1|— G
—H20
1074} |
1076 |
1078 | |
10710 - |
| | | |

| |
0 02 04 06 08 1

Figure 4.6 — concentration profile for the diluted 1D stationary solution
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Chapter

A convergent entropy diminishing finite
volume scheme for a cross-diffusion
system

Ce chapitre est un travail en collaboration avec Clément Cances. Il a été publié
dans SINUM [34].

We study a two-point flux approximation finite volume scheme for a cross-
diffusion system. The scheme is shown to preserve the key properties of the con-
tinuous systems, among which the decay of the entropy. The convergence of the
scheme is established thanks to compactness properties based on the discrete en-
tropy - entropy dissipation estimate. Numerical results illustrate the behavior of
our scheme.
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5.1 Introduction

5.1.1 The system under study

The system studied in this paper has been originally introduced by [11] to model
the production of solar panels using vapor deposition. In this system, we study
the diffusion of N species whose respective concentrations are U = (uy,...,uy)
in a (nonempty) connected bounded open domain Q of R? for a fixed time 7.
We denote by Qr = (0,7) x Q. The diffusion occurs through exchanges between
different species which are quantified by the matrix A = (a;;) of cross-diffusion
coefficients. It leads to the following system of partial differential equations:

N
8tui — div <Z ;5 (UJVUZ - UZVU])> =0 in QT for ¢ € [[1, N]] (511)

Jj=1
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The matrix A is assumed to be symmetric with nonnegative coefficients, i.e. a;; =
aj; > 0. A does not depend on U and thus differs from the diffusion matrix
D(U) = (d; j(U)) defined by

dij(U) = i E Qi KUk — Qi jUi,
ki

where ¢, ; stands for Kronecker symbol, such that the problem (5.1.1) rewrites
o,U —div (D(U)VU) = 0. (5.1.2)

System (5.1.2) enters the family of the nonlinear cross-diffusion systems since D
depends on U and has nonzero off-diagonal entries. Challenges both from the
analytical and numerical points of view come from the presence of off-diagonal zeros
in A. In the previous contributions [27, 84, 31|, the zeros are integrated through
the assumption that the cross-diffusion occurs with and only with a solvent specie.
Until Section 5.4 we will not make any assumption about the zeros of A. A non-
degeneracy assumption will be further assumed in Section 5.4, but our convergence
result could extend to the particular cross-diffusion matrices considered in [84, 31,
83].
We supplement system (5.1.1) with no-flux boundary conditions

N
Zam (ujVu; —w;Vu;) -n=0 on (0,7) x 09, i€ [l,N]. (5.1.3)
j=1

The initial concentration U° = (uf, ..., u%) is supposed to be measurable and to

map () into

A:{U:(ul,...,uN)eM

N
Zui = 1},
=1

so we write in the condensed form U° € L>°(€); A), which means that U is mea-
surable and takes its values in the bounded subset A of RY. Finally, we assume
that all the chemical species under consideration are present:

/u?dx >0, Vi€ [l,N]. (5.1.4)
Q

5.1.2 Formal structure

This system has several structural properties, the goal of this subsection is to
exhibit them. The calculations presented in this section are formal: we assume
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that the solutions to (5.1.1) enjoy enough regularity to justify the calculations
below. Rigorous proofs at the continuous level for the system under consideration
here can be found in [11, 14] (see also [84]). The properties listed here can also be
obtained by passing to the limit in the numerical scheme. The first property we
point out is the conservation of mass for all the species involved in System (5.1.1).

Lemma 5.1.1 (conservation of mass). (5.1.1) and (5.1.3) corresponding to an
initial data U° € L*°(; A), then

/Qui(t,x)dx = /Qu?(x)dx, vVt € [0,T], Vi € [1, N].

Proof. Let U be a solution of (5.1.1), t € [0,T],i € [1,N], and let p(z,s) =
Ljo,q(s). With this particular choice of ¢, we have for all s that

N
/ div (Z a;; (u;Vu; — uiVuj)> o(x,s)dx
Q

Jj=1

N
= —/ Z a;; (u;Vu; — u;Vu,) Vo(z, s)dz = 0.
Qi

Hence, using ¢ as a test function in (5.1.1), we have:

/ot % (/Q Uz‘(ZE,S)dx> ds = 0.

The fundamental theorem of calculus yields the desired lemma. O]

The symmetry of the matrix A = (a; ;) yields:

N N
Z Z Qg 5 (u]VuZ - uquj) =0.

i=1 j=1

Therefore, a solution U to (5.1.1) satisfies 8, Y0, u; = 0. Admit that u,(t,z) >0
for all t > 0 (this will be proved in the discrete setting and is proved in [14, Propo-
sition 2.2 in the continuous setting), then the admissibility condition encoded in
A is preserved along time.

Lemma 5.1.2. Let U be a solution to (5.1.1) and (5.1.3) corresponding to an ini-
tial data U° € L>(%; A), then U(t,x) € A for all (t,z) € A, i.e., U € L=(Qr; A).
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The system can be derived by passing to the macroscopic limit from a ran-
dom jump process in the spirit of [85, 26]. As expected because of this derivation
from statistical physic considerations, the system fulfills Onsager’s reciprocal rela-
tion [107, 108] and has a formal gradient flow structure. The driving functional is
the mixing entropy

)L A) — R,
U= [, 35N, ulog(ui)da.
The next property we want to highlight at the continuous level is the decay of

this entropy. Using the chain rule Ve = ¢Vlog(c), the system (5.1.1) is formally
equivalent to

(5.1.5)

Oyu; — div (Z a; juiu; (Vlog(u;) — Vlog(uj))> =0, i€][1,N]. (5.1.6)

J=1

Proposition 5.1.1. E is a Lyapunov functional for the system (5.1.3)—(5.1.6).
More precisely, the following entropy - entropy dissipation estimate holds:

d
€ \i<i<j<n

Proof. First, we notice that thanks to the conservation of mass:

%E(U) = %/Q;ui(log(ui) —-1) = /szzglog(ui)(?tui.

Then multiply Equation (5.1.6) by log(u;) and integrate by part in order to get:

/Qlog(ui)(()tui —1—/9 (Z a; juiu;Vlog(u;) - (Vlog(u;) — Vlog(w))) = 0.

j=1

Summing over i € [1, N] yields the announced result thanks to the symmetry of
A. O

The entropy - entropy dissipation relation (5.1.7) is key in the analysis of many
cross-diffusion systems, as exposed in [91, 92]. It will also play a central role in
this paper. Assume that

mina; ; > 0 (5.1.8)

i#]
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as it will be done in Section 5.4. As a consequence of the inequality

N N
> [ 1vuf < D) / Vil
i=1 Q i=

< mm#j o /Q Z a; jugu; |V log(u;) — Vlog(u,)|°

1<i<j<N

we deduce from (5.1.7) a L*(0,T; H*(Q2))" estimate on U. This motivates the
following notion of weak solution.

Definition 8. A weak solution U to (5.1.1) and (5.1.3) corresponding to the initial
profile U° € L>(; A) is a function of L> (Qr; A)NL* ([0, T]; HY Q)Y satisfying,
Vi € [1,N], Vo € C*([0,T) x Q):

—// u;Oppdadt— / ud (0 d:)s—l—/ Zaw (u;Vu; —u;Vu,;) Vi = 0. (5.1.9)
Qr

QT j=1

The regularity requirement on a weak solution U is natural in the setting
where Assumption (5.1.8) holds. In this case, the solution even enjoys a stronger
regularity, as established in the recent contribution [14]. In the case where (5.1.8) is
not fulfilled (but under a structural assumption on the matrix A), a more involved
notion of weak solution has to be introduced, cf. [84].

There is an important property that relates the model (5.1.1) to classical Fick-
ian diffusion. As a consequence of Lemma 5.1.2, one can rewrite

div (Z (u; Vu; — uiVuj)> = Ay, i € [1, NJ. (5.1.10)

j=1

As a consequence, if all the a; ; are equal to some a € R, then the system (5.1.1) re-
duces to N uncoupled heat equations dyu; = aAw;. Based on the identity (5.1.10),
we can rewrite the system (5.1.1) under the form

N

Opu; — a* Au; — div (Z(am —a*) (u;Vu,; — u,-Vuj)> =0, i€[1l,N], (5.1.11)

j=1

where a* € R is arbitrary for the moment. The formulation (5.1.11) is at the basis
of our discretization.
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5.1.3 Objectives

The goal of this paper is to build and analyze a numerical scheme preserving
the properties discussed in the previous section, namely:

— the non-negativity of the concentrations;

— the conservation of mass (Lemma 5.1.1);

— the preservation of the volume filling constraint (Lemma 5.1.2);
— the entropy-entropy dissipation relation (Proposition 5.1.1).

The construction of our scheme is the purpose of Section 5.2. In Section 5.3, we
will show the existence of solutions to this scheme and the preservation of discrete
counterparts to the previously listed physical properties. Section 5.4 is devoted
to the convergence of the numerical scheme toward weak solutions provided As-
sumption (5.1.8) is satisfied. Finally, in Section 5.5, we show the outcomes of some
numerical experiments.

Before entering the core of the paper, let us mention that the development of
numerical analysis for cross-diffusion systems is quite recent. To our knowledge,
the first convergence study of a finite volume approximation for a non-degenerate
cross-diffusion problem was carried out in [8]. This contribution is based on clas-
sical quadratic energy estimate, similarly to what is proposed in [128|. The imple-
mentation of the discrete entropy method [47] for cross-diffusion systems is more
recent. Let us cite |2, 4] where upstream mobility finite volume and control volume
finite element schemes for a multiphase extension of the porous medium equation
are studied. Upwinding is also used in [31] to approximate the solution of a system
which is very close to the problem (5.1.1) under study, or in [45] for a problem in
which nonlocal interactions are also considered. As a consequence of the upwind
choice for the mobility, the schemes presented in [2, 4, 31] and [45] are first-order
accurate in space. A natural solution to pass to order two is to rather consider
mobilities given by arithmetic means [53]. The motivation of the finite element
scheme proposed in 93] is also the same. However, the scheme proposed in [93] is
expressed in entropy (or dual) variables (in our context log(u;)) leading to compu-
tational difficulties when the concentrations are close to 0. Other entropy stable
numerical schemes have been proposed for cross-diffusion systems, as for instance
discontinuous Galerkin schemes in [122], or finite volumes on staggered cartesian
grids for Maxwell-Stefan cross-diffusion in [90]. Finally, let us point out that the
design of entropy (or energy) stable numerical schemes for dissipative systems with
formal gradient flow structure in a Riemannian geometry have been the purpose
of intense research in the recent years, as shows the extensive (but not exhaustive)
recent literature [36, 97, 39, 7, 106, 29, 38, 87, 10, 46| on this topic. Let us also
refer to [49, 57, 119, 20, 118] for the simpler situation of gradient flows in Hilbert
spaces.
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Remark 5.1.1. Our study can be extended to the case where reaction terms are
incorporated in the system. More precisely, one can consider a system of the form

oU —div(D(U)VU) = R(U), (5.1.12)
where D(U) is as in (5.1.2), and where the reaction term function

JRY - RV

U= R(U) = (ri(U>>1§i§N

is continuous and satisfies the following structural properties which are classically
satisfied for reactive systems:

(i) Isochore process: S~ 7:(U) = 0 for all U € RY;

(ii) Positivity preservation: r;(U) > 0 for U € RY with u; < 0;

(iii) Entropy dissipation: there exists U = (i) <icny in A with @; > 0 for all
i € {1,;N} such that

N
R(U) -1og(U/T) = > ry(U) (log(u;) — log(w;)) <0, VU € A. (5.1.13)
=1

Because of reaction terms, the volume of each specie is no longer conserved, so
that Lemma 5.1.1 does no longer hold true. However, because of Assumption
((i)) above, the total volume is conserved, hence the condition Zfil ui(t,z) =1
remains true for all time. Since Assumption ((ii)) guarantees the positivity of the
solution, one gets that U(t,z) belongs to L>(Qr, A) with the reaction term as
well. Finally, Assumption ((iii)) on the reaction terms ensures that the relative

entropy
N
— u.
EUU) = /uilog (_—Z) >0 5.1.14
@l Z : & (5.1.14)

is a Lyapunov functional for the system. This stability property allows to extend
our purpose in presence of reaction. Note that in absence of reaction R = 0, this
relative entropy (one can for instance set u; = fQ 1Y) coincides with the mixing
entropy (5.1.5) up to an additive constant thanks to the conservation of the volume
of each specie, cf. Lemma 5.1.1.

Finally, let us note that if U € A is such that @; = 0 for some i € {1,..., N},
the relative entropy E(U|U) is no longer well-defined. Our analysis can still be
extended by showing that the mixing entropy E(U) grows at most linearly with
time, which is sufficient for establishing the convergence of the straightforward
extension to the case R # 0 of the finite volume scheme to be presented in the
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next section.

5.2 Finite Volume approximation

This section is organized as follows. First, in Section 5.2.1, we state the require-
ments on the mesh and fix some notations. Then in Section 5.2.2, we describe the
numerical scheme to be studied in this paper. It is based on Formulation (5.1.11)
of the problem. Then in Section 5.2.3, we state our two main results. The first
one, namely Theorem 5.2.1, focuses on the case of a fixed mesh. We are inter-
ested in the existence of a solution to the nonlinear system corresponding to the
scheme, and the dissipation of the entropy at the discrete level. More precisely,
one establishes that the studied scheme satisfies a discrete entropy - entropy dis-
sipation inequality that can be thought of as a counterpart to Proposition 5.1.1.
Our second main result, namely Theorem 5.2.2, is devoted to the convergence of
the scheme towards a weak solution as the time step and the mesh size tend to 0.

5.2.1 Discretization of (0,7") x Q

The scheme we propose relies on two-point flux approximation (TPFA) finite
volumes. As explained in [61, 67, 80|, this approach appears to be very efficient
as soon as the continuous problem to be solved numerically is isotropic and one
has the freedom to choose a suitable mesh fulfilling the so-called orthogonality
condition [89, 68]. We recall here the definition of such a mesh, which is illustrated
in Figure 5.1.

Definition 9. An admissible mesh of Q is a triplet (T, €, (k) er) such that the
following conditions are fulfilled.

(i) Each control volume (or cell) K € T is non-empty, open, polyhedral and
convex. We assume that

KNL=0 K LeTwthK +L, while | ] K =Q.
KeT

(ii) Each face o € &€ is closed and is contained in a hyperplane of R?, with
positive (d — 1)-dimensional Hausdorff (or Lebesque) measure denoted by
my = H¥ o) > 0. We assume that H¥" (o No’) = 0 for 0,0’ € € unless
o' =o. Forall K € T, we assume that there exists a subset Ex of E such
that OK = J,cg, 0- Moreover, we suppose that | e Ex = €. Given two
distinct control volumes K,L € T, the intersection K N L either reduces to
a single face o € € denoted by K|L, or its (d — 1)-dimensional Hausdorff
measure is 0.



182 CHAPTER 5. A convergent scheme for a cross-diffusion system

(11i) The cell-centers (zxx)xer satisfy v € K, and are such that, if K,L € T
share a face K|L, then the vector vy — xg is orthogonal to K|L.

(iv) For the boundary faces o C OS2, we assume that either o C T'p or o C I'y.
For o C 09 with o € Ek for some K € T, we assume additionally that there
exists r, € o such that x, — xi s orthogonal to o.

Figure 5.1 — Illustration of an admissible mesh as in Definition 9.

We denote by mg the d-dimensional Lebesgue measure of the control volume
K. The set of the faces is partitioned into two subsets: the set &, of the interior
faces defined by &y = {0 € £| 0 = K|L for some K, L € T}, and the set E of
the exterior faces defined by oy = {0 € £ | 0 C 9Q}. For a given control volume
K € T, we also define Ex iny = Ex N Einy the set of its faces that belong to &,. For
such a face 0 € Ex jnt, we may write 0 = K|L, meaning that o = K N L, where
LeT.

Given o € &, we let

daz{|xK—$L| %fa:K|L€5mt, and 7'02%
|t — x| if 0 € Eoxty o

We finally introduce the size hy and the regularity (7 (which is assumed to be
positive) of a discretization (7, &, (xx)xer) of © by setting

d(xg,0)
hr = di K = mi in ———~.
T =y U)o =
Concerning the time discretization of (0,77), we consider an increasing finite
family of times 0 =ty < t; < ..., < ty, = T. We denote by At, =t, —t,—1
for n € {1,...,Nr}, by At = (Atn)1gn§NT7 and by hy = maxj<,<n, At,. In
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what follows, we will use boldface notations for mesh-indexed families, typically
for elements of R7, (RT)", (R7)"", or even (R )"

5.2.2 Numerical scheme

The initial data U® € L*°(£2; A) is discretized into

0 _ (0 Y _ (,0
U" = (ui)z’eﬂl,N]] c®R")" = (uivK)KeT,ieﬂl,N]]
by setting
1
W, = _/ L@)de, VK eT,ie[L,N]. (5.2.1)
b mK K

Assume that U™ = (u?f_(l)KeTieﬂl ] is given for some n > 1, then we have to

define how to compute U" = (UZK)KGT LN

First, we introduce some notations. Given a discrete scalar field ¢ = (cx) g€
R7, we define for all cell K € T and interface o € Ex the mirror value ¢y, of cx
across o by setting:

(5.2.2)

c, ifo=K|Lé€ &y,
CKo = .
cx o€ €.

We also define the oriented and absolute jumps of ¢ across any edge by
Digsc=cgy — Ccx, Dy,c= |DKC,C|, VK € T, Vo € Ek.

The scheme is based on the formulation (5.1.11). It requires the introduction
of a parameter a* on which we only have the following requirements:

*

a* >0 and a* > I(Illr)l a; ;. (5.2.3)
,L’-]

The conservation laws are discretized in a conservative way with a time discretiza-

tion relying on the backward Euler scheme:

ur —u’.lfl
e N B, =0, VK €T, Vi€ [LN]. (5.2.4a)

o€

The discrete fluxes are computed thanks to a formula based on (5.1.11) and on
TPFA finite volumes:

N
Flyy = =0T, Dgoui — 7, (Z(am —a*) (u? , Dioull — uZUDKgu?)> , (5.2.4b)

J=1
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forall K € T, 0 € Ex and i € [[1, N]]. Edge values (U?U)J of the concentrations
u; appears in Formula (5.2.4b). Tt is deduced from uf, and u}, thanks to a
logarithmic mean, i.e.,

.
0 if min(uj g, ufg,) <0,
! 1 < U, =u”
uro = QUK i if 0 <ujp =ujy,, (5.2.4¢)
ull e — U
5K 5, Ko

otherwise.
log(uf 5 ) — log(uf )

This choice for the edge concentration is crucial for the preservation at the dis-
crete level of a discrete entropy - entropy dissipation inequality similar to the one
highlighted in Proposition 5.1.1. Equations (5.2.4b) and (5.2.2) implies that for

all 0 € Eexit F'x, = 0, so that the no-flux boundary condition (5.1.3) is taken into
account.

Remark 5.2.1. Let us highlight why the choice of a strictly positive a* is important.
Consider a mesh with two cells K, L, and one edge. We consider two species and let
u9 = (0,1) and v? = (1,0). We have: u%KIL =0 and ug’mL = 0, hence, if a* = 0,
the initial condition is a stationary solution even though this is not expected for
a discretization of the heat equation. Setting a* > 0 eliminates these spurious
solutions. The choice of a* has a strong influence on the numerical outcomes, as
it will be shown in Section 5.5, but we don’t have a clear understanding yet on
the methodology to choose an optimal a*. What seems clear is that a* has to be
chosen in the interval [min,.; a; ;, max;z; a; ;]. A tentative non-optimal formula is
proposed in Section 5.5.

Remark 5.2.2. The time discretization in scheme (5.2.4) is only first-order accurate
since it relies on the backward Euler approximation. Going to second-order time
discretizations is tempting, but no theoretical guarantees concerning the entropy
stability of the scheme can be granted then. This is due to the fact that the
entropy (5.1.5) is not quadratic, hence neither the Crank-Nicolson scheme nor
the BDF2 scheme can be shown to be unconditionally stable here. This lack of
theoretical foundation for the entropy stability has for instance also been reported
in [87].

5.2.3 Main results and organization

The first theorem proven is this paper concerns the existence of discrete solu-
tions for a given mesh, and the preservation of the structural properties listed in
Section 5.1.3:

— the mass of each specie is conserved along the time steps;
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— the concentrations are (strictly) positive and sum to 1 in all the cells, i.e.,
Up e Aforall K € T and n > 1;

— the discrete counterpart of the entropy decays along time.

For this last property, we need to introduce the discrete entropy functional E,

which is defined by:

N

ET(U) = Z ZmKUZ‘,K log Ui K, YU = <ui7K>K€T,’i€|[l,N]] c .AT. (525)

KeT i=1

As stated in Theorem 5.2.1 below, the nonlinear system corresponding to our
scheme (5.2.4) admits solutions that preserve the physical bounds on the concen-
trations and the decay of the entropy.

Theorem 5.2.1. Let (T,&, (2x) xer) be an admissible mesh and let U° be defined
by (5.2.1). Then, for all 1 < n < N, the nonlinear system of equations (5.2.2)
— (5.2.4), has a positive solution U™ € AT. Moreover, such a solution satisfies
Er(U") < Er(U"") foralln € [1,Nr], Y ey muul = [ u foralli € [1, N]
and n € [0, Nr].

The proof of Theorem 5.2.1 will be the purpose of Section 5.3. With a discrete
solution (U")1<n<n, to the scheme (5.2.4) at hand, we can define the piecewise
constant approximate solution Ur ar = (u;7.at) : Qr — A defined almost
everywhere by

1€[1,N]

Urad(t,z) =Ug if (t,7) € (fa-1,ta] X K.

This definition will be developed in Section 5.4 and supplemented by other re-
construction operators. Let (’Tm,é'm, (rK) KeTm)m> , be a sequence of admissible
discretizations with At , hr,, tending to 0 as m tends to o0, while the regularity
(7, remains uniformly bounded from below by a positive constant (*. Thanks to
Theorem 5.2.1, we dispose of a family U,,, of solutions to our scheme. The conver-
gence of U, is the purpose of Theorem 5.2.2 whose proof is detailed in Section 5.4.

Theorem 5.2.2. Assume that the nondegeneracy assumption (5.1.8) holds. Given

any sequence of solutions U,, = (uZK)i€[17N]]7K€Tm71<n<NTm, there exists at least

one U € L™ (Qr; A) N L*((0,T); H'(Q)) such that, up to a subsequence,

Ur, at, — U strongly in LP(Qr), for any 1 < p < oo, (5.2.6)
m—0oQ

Moreover, U is a weak solution in the sense of Definition 8.



186 CHAPTER 5. A convergent scheme for a cross-diffusion system

Remark 5.2.3. Theorem 5.2.2 above establishes the convergence of the scheme,
but no error estimate can be deduced from its proof. Indeed, its proof can be
thought of as an adaptation to the discrete setting of an existence proof based on
compactness arguments, as the for instance proposed in [91]. The derivation of
error estimates is different since it relies on the perturbation of uniqueness proofs.
As far as we know, uniqueness for the problem under consideration is an open
question excepted in the one-dimensional setting [14], but a natural approach
would be to derive error estimates based on the use of the relative entropy, as
done for instance in [37| for hyperbolic systems or in [77, 79| for the compressible
Navier-Stokes problem. However, the aforementioned strategy generally leads to
under-optimal error estimates. The recovery of optimal error estimates for finite
volume approximation of diffusion equations on unstructured grids has only been
achieved recently [65]. The extension of this optimal result to our much more
complex cross-diffusion system appears to be an interesting and challenging issue.

5.3 Numerical analysis on a fixed mesh

This section is devoted to the proof of Theorem 5.2.1. In Section 5.3.1, we
establish a priori estimates on a slightly modified scheme that will be shown to
reduce to the original scheme (5.2.4). Then in Section 5.3.2, we apply a topological
degree argument to prove the existence of solutions to our scheme. Section 5.3.3
is devoted to the proof of the entropy dissipation property.

To prove the existence of solutions to the system of equations (5.2.4), we need
the inequality >, u; , < 1. We then slightly modify (5.2.4) by adding the following

equation:
un

= s
e max(l,Zj.V:lu;{U)’

and replacing v}, by uj, in (5.2.4b). We will denote this new system (S) and
see in Proposition 5.3.2 that its solutions satisfy ), u;, < 1, so that @, = uf,.
Whence they also satisfy the original system of equations.

5.3.1 A priori estimates

The first lemma shows the nonnegativity of the solutions to (S).

Lemma 5.3.1. Given a nonnegative U™, any solution U™ to (S) is also non-
negative.

Proof. Let U" be a solution of (S) and let ¢ € [1, N]. We consider a cell K € T
where u; reaches it’s minimum, i.e., uj', < uj for all L € T, and assume for
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contradiction that uf is (strictly) negative. Equation (5.2.4b) then gives:
un
mK”K— - _ Z F_.
oEEK

The term on the left hand side is negative since uzl}l > 0 > uj'g, whereas the
right-hand side may be simplified noticing that u}, = 0:

Z a*7,D,ul + Z T(,Z a;j — u +DProu; = Z Fr, <O0.

A% c€fK o€€k

Noticing that Dr,u > 0, uj, > 0, and Zjvzl u?, <1 we obtain that

N
0< Z a* Z o) ToDroul < 0,
oe€fi =1
which is absurd, hence the desired result. O]

Let us now show that the concentrations sum to 1 in all the cells.
Lemma 5.3.2. Given U"™" in A7 | any solution U" to (S) is also in A”.

Proof. Thanks to Lemma 5.3.1, it suffices to show that Zfil uy = 1 for all
K € T. Let U™ be a solution to (S). Using (5.2.4b) in (5.2.4a) and summing over
the species leads to:

N n N n— 1
> i Uik — > it Uu;,
_'a Tbl)KJ u;

Atn o€€K
N
— Z TUZ (Z Q5 — 7UDKU’U,i — ﬁZUDKqu)) = O, VK €T.
€€k i 1

The third term of the left-hand side vanishes thanks to the symmetry of A, so that

Zf\; (U Zz]il U !

At K —a* ZTUDKUZU”—O VK € T.

o€k

The discrete quantity > . u; is solution to the classical backward Euler TPFA
scheme for the heat equation, which is well posed. So >, u? =3 u!' = 1is its
unique solution, hence the desired result. O
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5.3.2 Existence of solutions

Using the tools exposed in the previous subsection, we may derive the existence
of a solution to (S):

Proposition 5.3.1. Given U" " in A7, there exists at least one solution to (S)
in AT

Proof. The proof relies on a topological degree argument [98, 56]. The idea is to
transform continuously our complex nonlinear system into a linear system while
guaranteeing that the a priori estimates controlling the solution remain valid all
along the homotopy. We sketch the main ideas of the proof, making the homotopy
explicit. We are interested in the existence of zeros for a functional

{[0, 1] x (RN)T — (RV)T
H :
N\ U) = HANU)

that boils down to the scheme (S) when A = 1. In our case, we set:

n—1
U; — U .
7-[()‘7 U)i,K = J(A—t’KmK —a Z ToDgot;
n o€EK
N
— /\ Z To <Z(ai7j — CL*) (ﬂjjaDKg’U,Z‘ — ﬂi’gDKU’U,j)> s VK - T, \V/Z S [[]_, N]]
o€l 7j=1

(5.3.1)

One notices that #(0,U) = 0 is the classical heat equation, the solution of which
belongs to A”. Therefore, fixing n > 0, the relatively compact open set

n

AT—{Ue]RT

inf ||U -V <
-Vl < |

has a topological degree equal to 1. Note that the choice of the norm in the
definition of .AnT is not important since the dimension is finite. Moreover, thanks
to Lemma 5.3.2, the solutions u® of #(A\,U) = 0 remains in A”7, thus in the
interior of AnT. Thus the topological degree of .AnT for A\ = 1 is still equal to 1,
hence the existence of (at least) one solutions to (S). Since n > 0 is arbitrary, then
there is a solution in A7 = M0 AT O

To prove the Theorem 5.2.1, we need to transfer this existence result on the
original system.
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Proposition 5.3.2. A solution U" of (S) is a solution of (5.2.4). Reciprocally, a
solution of (5.2.4) in A7 is a solution of (S).

Proof. Let U™ be a solution of (S). A simple convexity argument shows that the
logarithmic mez}ln ofntwo nonnegative number is smaller than the arithmetic mean,
so that u, < % Summing w.r.t. ¢ € [1, N] and using that the solution U
of (8) belongs to A7, one gets that ), u’, < 1for all o € €. Therefore uf, = ul,
and U" is a also solution to (5.2.4). The proof of the reverse implication follows
the same lines. O

5.3.3 Entropy dissipation

We intend here to prove a discrete counterpart to Proposition 5.1.1. The proof
will be very similar and requires a discrete counterpart of the conservation of mass
(Lemma 5.1.1).

Lemma 5.3.3. Given any U"' € A7, any solution U™ to (5.2.4) satisfies:

ZmKuZK ZmKUZK —/u?dx, Vi € 1, N].
0

KeT KeT

The proof of this lemma is a straightforward calculation based on equation
(5.2.4a), the conservativity of the fluxes, and the definition (5.2.1) of the discrete
initial condition. With this lemma and Proposition 5.3.2, we can refine the result
Lemma 5.3.1 to get the strict positivity of any solution to (5.2.4) belonging to A”.

Lemma 5.3.4. Let U"' € A7 be such that Y, mKuZ;(l >0 for all i € [1,N],
then any solution to (5.2.4) in AT is positive: ul'y > 0 for all i € [1,N] and all
KeT.

Proof. Let U™ € A7 be a solution to the scheme (5.2.4), and let i € [1, N]. We
know from Lemma 5 3 1 that w? > 0. Assume for contradiction that there exists
one cell K such that u? . ;¢ vanishes. Using Lemma 5.3.3 and the connectivity of €2,
there exists 0 = K|L € €™ such that uy =0 and u}'y > 0. Then v, =0 and as
in the proof of Lemma 5.3.1:

N
a*(1— ZuZJ)TgDKau? <0.

Jj=1



190 CHAPTER 5. A convergent scheme for a cross-diffusion system

. no gy
Using u?, < W and u; , = 0 we deduce that
N N n n n
U e+ U U,
n LK L _ &L
Zuj?g < Z o <l-—= <L
J=1 JF

Therefore a*(1 — Zjvzl uj,)7s > 0, and since Dy, uj > 0, we deduce that:

N
0<a*(1=> ), Dgoul <0.

Jj=1

As this statement is absurd, our assumption was false, hence the desired result. [J

As in the continuous case, we will use the conservation of mass (Lemma 5.3.3)
and a discrete equivalent of the chain rule Ve = ¢V logc. This equivalent writes

Droui = uj, Dy log(ui), Vi€ [I,N], VK € T. (5.3.2)

The above discrete chain rule follows from the definition (5.2.4c) of ', and the
positivity of solutions to (5.2.4) which gives a sense to log(u!").

Using (5.3.2) in (5.2.4b), U" satisfies

n n—1 N
ui,K - ui,K *\, n ,n
A K Z T <Z(ai,j —a )uiyoujﬁ (Dkolog(u;) — Dko log(uj))>

—a* Y 7 Dgoul =0, VK €T.Vie[l,N]. (533)

)

This reformulation is suitable for proving a discrete entropy - entropy dissipation
inequality, which should be seen as a discrete counterpart of Proposition 5.1.1.

Proposition 5.3.3. Given U™ in AT, any solution U™ € AT to (5.2.4) satisfies

N
ny __ n—1 : o n n\\2
Er(U") — Er-(U" ") + At, Lo, ai geg El ToUi (Do log(u;))” < 0. (5.3.4)

In particular, Er(U™) < Ex(U™).

Proof. Multiplying equation (5.3.3) by At,log(uj;) and summing over the cells
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and species leads to:

N
ZZ zKlOg zK _uzK log( zK))mK—i—Atna’*ZZTUUZU(DKalog(u?))Q

KeT i=1 oce€ =1

ALY NN, (Z(am — a*)ul ul, log(ul' ) Dicr (log (ul) —1og(u;))>:o.

KeT i=1 o€k j=1
(5.3.5)

Using the symmetry of the matrix A and discrete integration by part, both in
space and with respect to the species, we have:

Z Z Z Ty (Z(am —a*)ul uf u ;' log(u lK)DKU(log(u?) — log(u?))> =

KeT i=1 o€k 7j=1
2
Snl Y (- a)ujguw<DKg(log(u?)—log(u?))) . (5.3.6)
c€eE 1<i<j<N)

On the other hand, the convexity of clog(c) yields:

UZK - UZ}_{l + U?K 103(“21() - UZI_{l IOg(U?,K) > U?K log(uZK) - uz;(l 10%(“2}_{1)'

Combining this inequality with Equation (5.3.6) and Lemma 5.3.3 in (5.3.5) pro-
vides:

N
Er(U") = Er(U" ") + Atya* Y > 7ol (Do log(uf))

ocef i=1

+ At, Z T ( Z (a;; —a )uj auza<DKU (log(u;l) _ 10g(ug))>2) .

o€l 1<i<j<N

Using the hypothesis 0 < mina, ; < a* together with

i »(Dkolog(u < Z ul u ?0<DKU(10g( my 108;(11,?)))2)_

1<i<j<N
N

N
Zuzg (1 — Zu;‘(,) (Dgo log(u}))? >0, (5.3.7)
i=1 j=1
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we deduce that (5.3.4) holds. O

The proof of Theorem 5.2.1 is now complete.

5.4 Convergence analysis

The goal of this Section is to prove Theorem 5.2.2, which states the convergence
of the approximate solution towards a weak solution to the continuous problem
in the sense of Definition 8 under the nondegeneracy condition (5.1.8). We could
extend this result on several other special cases including the one treated in [31].
We hint that the optimal assumption would be that the zeros of the diffusion
matrix form a cluster-graph. However, we stick to the study of the non-degenerate
case for the sake of simplicity.

We consider here a sequence (7;1, Em, (TK) KETm)mZ , of admissible discretiza-
tions with hr, b7, tending to 0 as m tends to 400, while the regularity (7, re-
mains uniformly bounded from below by a positive constant (*. Theorem 5.2.1 pro-
vides the existence of a family of discrete solutions U,,, = (uf‘ K)ie[[l, N]LK €T 1<n< N
To prove Theorem 5.2.2, we first establish in Section 5.4.2 some compactness prop-
erties on the family of piecewise constant approximate solutions Uy, at,,. Then
we identify the limit as a weak solution in Section 5.4.3. In order to enlighten
the notations, we remove the subscript m as soon as it is not necessary for under-

standing.

5.4.1 Reconstruction operators

To carry out the convergence analysis, we introduce some reconstruction opera-
tors following the methodology proposed in [64]. The operators 77 : R7 — L>(Q)

and 77 At (RT) Nro_, L>®(Qr) are defined respectively by

mrf(x) = fx ifx €K, VS = (fK)ger

and

mracf(t,z) = fr if (t,2) € (tho1,tn] X K, V= (&) kericn<ng -

These operators allow to pass from the discrete solution (U"),_, .y, to the ap-
proximate solution since

n

3

i .ar =TT a(uw)),, Vie[l,N].

In order to carry out the analysis, we further need to introduce approximate
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gradient reconstruction. For ¢ = K|L € &, we denote by A, the diamond cell
corresponding to o, which is the interior of the convex hull of {¢,zg,x}. For
0 € &y, the diamond cell A, is defined as the interior of the convex hull of
{o,2x}. The approximate gradient Vo, : R7 — L2(Q)? we use in the analysis
is merely weakly consistent (unless d = 1) and takes its source in [48, 66]. It is
piecewise constant on the diamond cells A,, and it is defined as follows:

DKO’f
dy

Vrflzr)=d nke ifz €A, Vf eR7,

where ng, is the outer-pointing normal of K at 0. We also define Vi a¢ :
RNt — [2(Qr)? by setting

Vracf(t,)=Vrf" ifte (t,-1, tnl, Vf = (fn)lgngNT c RT*Nr.

It follows from the definition of the approximate gradient that

1
ZTUDKUfDKag = C_Z / VTf . Vngfﬂ, Vf,g € RT. (541)
o€l Q

This implies in particular that

1
S oD = o /Q VyfPde,  VfeRT. (5.4.2)

o€l

5.4.2 Compactness properties

In this subsection, we take advantage of Proposition 5.3.3 and of the non-
degeneracy assumption (5.1.8) to get enough compactness for the convergence.

Lemma 5.4.1. There exists C depending only on 2 and min;; a; ; such that

N
Z// IV 7 Aty /Wi + (WTm,Atm,/ui,m)dedt <C, Vm>1.
i—1 M Qr

Proof. We get rid of the subscript m for the ease of reading. The L*° bound
on U yields immediately the L? estimate on Tr.aty/Wi. The proof thus con-
sists in proving the bound on the discrete gradient. Le us focus on the proof of



194 CHAPTER 5. A convergent scheme for a cross-diffusion system

foT V7 aty/wi*dzdt < C for some fixed ¢ € [1, N|. Thanks to (5.4.2), we have

Nr
I 1Vranal =ay a6 3 wipa/al,
T n=1

0€Eint

Nt
=dY At, Y 7| D, log(u})]?,
n=1

Oegint

NN

where a7 (Dn togta) ) It results from Cauchy-Schwarz inequality that
- log u?

1(Va— V)’ < (a—b)log(a) ~log(t),  ¥(a.b) € (0. +o0),

so that ] < u . Therefore, Proposition 5.3.3 provides:

i#]

N
. d
min am-Z// IVran/wl® < o (Er(U°) — Er(UNT)).
i=1 Y QT

As E7 is bounded between —mgq and 0 and as, by hypothesis, mina;; > 0, we
obtain the desired bound. O

The inequality 2D,+/u] > D,u] and Lemma 5.4.1 yield the following discrete
L*(0,T; H'(Q)) estimate on u,.

Corrolary 5.4.2. There exists C' depending only on €1 and min,;»; a; ; such that

N
3 // Va0 il + (77 a0, )2 dadt < C, ¥m > 1L
=1 T

The following proposition is about the relative compactness of the approximate
solution and of the weakly consistent approximate gradient.

Proposition 5.4.1. Let (U,,) be the family of discrete solutions. There exists at
least one U € L>=(Qr; A) N L*((0,T); H(Q)) such that, up to a subsequence, for
alli € [1,N]:

T At Wim — U strongly in LZ(QT), (5.4.3)
m—00

Vo At Wim — Vu;  weakly in L*(Qr)™. (5.4.4)
m—00

Proof. We drop the subscript m for clarity. The proof of this result relies on
a discrete Aubin-Lions lemma [78, Lemma 3.4] on the particular setting of [31,
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Lemma 9]|. Define the discrete L*(0,T; (H'(©))’) norm by duality as follows:

oll1 = sup { [ arvmre, Inreli + 19rol = 1} . WYweR
0

Therefore if ||Vrattillr2) < C and Y, [ul — uw!~'||-y < C, then, up to a
subsequence, 77 asu; tends towards some u; in L?(Qr), while V7 atu; converges
weakly towards Vu;. In particular, U € L*(0,T; H*(Q))V.

Corollary 5.4.2 provides the L? bound on V7 asu;. For the other inequality,
we let o € R7, n € [[1, Ny] and i € [1, N]. It follows from (5.2.4a) that

/ mr (u] —ul ") T = —AL, Z OK Z Fl'go-
Q

KeT o€fK

Using (5.2.4b), this yields

Aitn ) T (uf — u?‘l) Tre = Z; a* T, Dgoul Do tp
N
+ Z Ty (Z(am —a*) (v} ,Diou — uZUDKJu?)> Dgotp.
el j=1

Using the Cauchy-Schwarz inequality, the L>° bound on (u?a) and (5.4.1)

then leads to

c€&i€[1,N]

1 — n
[ (= w ) mre < @[Vl Vel e
n JQ

N
+IVrelz@ Y lay — ol (IVrul e + V7w ) -

j=1
By definition of the discrete (H'(€2))" norm, we have

“UP._ n_l'

N
x| S @NVrulllae + > laiy —a* (IVrull 2@ + IV7ull2@) -
n ~1

j=1

Using Corollary 5.4.2 again provides that > ||ul — u} ||y < C. The relative
compactness properties on mr atw; and Vo azu; follow.

We still have to prove that U is in L>(Qr;.A). Let ¢ € [1, N] and let ¢; €
L?(Qr) be zero where the limit u; is nonnegative and 1 where the limit is negative,



196 CHAPTER 5. A convergent scheme for a cross-diffusion system

then
/ O At 2> 0 and / N — uip; < 0.
T T T Jor
Therefore, fQ u;p; = 0, so that u; is nonnegative. Finally, the linearity of the
limit yields >N u; = 1. O
Remark 5.4.1. The uniform L*(Qr) bound on 77, at, U, together with the
strong convergence in L*(Qr) yield (5.2.6) thanks to Holder’s inequality:

7, At Um — U strongly in LP(Q7)Y, for any 1 < p < oo.
m—0oQ

We also need convergence properties for the face values u; ,. We can reconstruct
an approximate solution wu; g o+ Which is piecewise constant on the diamond cells
by setting, for all i € [[1, N]:

uie at(t,z) =iy i (t,7) € (tho1,tn] X Ay, o €E.
Lemma 5.4.3. We have, for any i € [1,N]:
Ui At, — Wi in LP(Qr), for any 1 <p < oo,
m—0o0

where U s as in Proposition 5.4.1.

Proof. Here again, we get rid of m for clarity, and show the convergence for a
specific value of p. The convergence for any finite p follows from the L*(Qr)
bound on w;g,, at,, and Holder’s inequality. Since u; 7 a+ converges towards u; in
LY(Qr), and since u; ¢ a¢ is uniformly bounded, it suffices to show that [u; e at —
Ui, 7.atl|21(Qp) tends to 0. Denote by Ag, the half-diamond cell which is defined
as the interior of the convex hull of {xx, o} for K € T and ¢ € &k, then the
following geometrical relation holds:

1 h
m(Agy) = Emgdist(xK,a) < %mg.

As a consequence,

[wie,at — wiratlliern —ZN YD maglui —uf,

KeT oe€k

ZAt Z Z Mg | e — Uiy |-

KeT oe€k
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As we have u) = u,, the contributions corresponding to the boundary edges
vanish. For o € &y, u;, is an average of u; x and u; ko, hence |ul, — ul',| <
[ui ¢ — Ui k|- Therefore, we obtain that

uieat — wiTatllLi@r) < ZAt Z 2mg | Do |
0E€Eint
3 /Np 3
<2— (ZAt > me U) (ZAtn > 7 |Doul| ) .
o€ nt n=1 0€Ent

We deduce from Corollary 5.4.2 that ||u; e at — i atl|L1(@r) < Chy, hence ;g as
and u; 7 a¢ share the same limit in Ll(QT). O

5.4.3 Convergence towards a weak solution

The last step to conclude the proof of Theorem 5.2.2 is to identify the limit value
U exhibited in Proposition 5.4.1 as a weak solution to (5.1.1), (5.1.3) corresponding
to the initial profile U € L*>(Q;.A). This is the purpose of our last statement.

Proposition 5.4.2. Let U be as in Proposition 5.4.1, then U 1s a weak solution
in the sense of Definition §.

Proof. We drop again the subscript m for the sake of readability, and let i €
[1,N], ¢ € C=([0,T) x ), then define ¢ = (p%) by ¢% = p(vg,t,) for all
n € {0,...,Nr} and K € 7. Multiplying (5.2.4a) by At,e"% ', then summing
over K € T and n € {1,..., Nr} leads to

T+ T, + T35 =0, (5.4.5)
where we have set

Nt
T = Z Z mic(uf e — u} )i

n=1 KeT

Nt
T = Z At,, Z T90* Dot D™ ',

n=1 oc&

N

T3 = ZAt ZTUZ a;j — u ' Dio,u! —u DKU'u, )DK(,L,O”’1

oes j=1
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The term 7; can be rewritten as
Np ot g
K~ ¥k 0 .0
T, = ZAt Z mKuzKT — Z MEKU; Pk
n=1 KeT KeT

so that it follows from the convergence of mr a:U towards U and of 77U° towards
U° together with the regularity of ¢ that

T, — —// uﬁtgpdxdt—/u?ga(o,-)dm. (5.4.6)
- Q

m—ro0

To treat the term 75, we introduce a strongly consistent reconstruction of the
gradient. Following [63] (see [52] for a practical example), one can reconstruct a
second approximate gradient operator VT R7 — L>*(92)¢ such that

/ Vru - @Tvda: =1,DgsuDg,v, Vu,v e R7 Vo € &,
Ao

and which is strongly consistent, i.e.,

@Tcpn — V(- t,) uniformly in Q, Vn € {1,..., Ny},
h7—0

thanks to the smoothness of ¢. Using this tool, the terms 75 and T3, are easy to
treat. The first one can be rewritten as:

T, = G*/ V7.atu;- ﬁT,AtSdedt
T

so that

m— 00

T, — a*/ Vu; - Vipdadt. (5.4.7)
Qr

On the other hand, the term T3 rewrites

T3 // Z azz] u],g AtV'T AtU; — U/Zg Ath Atu]) VT At‘P;
Q

T j=1
so that

s — // Zaw ) (u;Vu; —u; Vu;) V. (5.4.8)
Q

m— 00
T_] 1
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Combining (5.4.5), (5.4.6), (5.4.7), and (5.4.8), we obtain that

— // u;Oppdadt — / udp(0,)dr + a*/ Vu; - Vdzdt
T Q Qr

N
+ // Z(ai’]’ — a*) (u;Vu; — w;Vuy) Vdzdt = 0, Ve € C2([0,T) x Q).
Q

T j=1

Using U € A and the relation (5.1.10), we recover the weak formulation (5.1.9). O

5.5 Numerical results

The numerical scheme has been implemented using MATLAB. The nonlinear
system corresponding to the scheme is solved thanks to a variation of the Newton
method with stopping criterion |[U™*™ — U™*||, < 107'2 for successful conver-
gence or 20 iteration for failed convergence. The solution of the Newton iteration,
U™1/3 s then “projected” on A by setting U™ %3 = max(U™F1/3 107107),
and then for all K € T: URF = gph+2/3 /(s N uZ’I’zﬂ/g). The seed of the algo-
rithm is the solution to N uncoupled heat equations with diffusion coefficients all
equal to a*.

For the first time step, we also make use of a continuation method based on
the intermediate diffusion coefficients a}; = Aa;; + (1 — A)a* with X € [0,1]. The
parameter A is originally set to 1. If Newton’s method does not converge, we let
A = (A4 Aprev) /2 where Apey is originally set to 0. If Newton’s method converges,
we let Aprey = A and A = 1.

5.5.1 Convergence under grid refinement

Our first test case is devoted to the convergence analysis of the scheme in a
one-dimensional setting € = (0,1). Two different initial conditions are consid-
ered: U? is smooth and vanished point-wise at the boundary of ), whereas U is
discontinuous and vanishes on intervals of {2:

1 1 1 1 1 1
u?vs(x) =171 cos(mz), ugvs(x) =1 + 1 cos(mz), ugs(m) =573 cos(mx),
_ 0 _ 0o _
iy = lig g wr =ty Tlen we = ey Tl

We also consider three cross-diffusion coefficients matrices, a first one AP cor-
responding to 3 uncoupled heat equation, a second one A™® called regular with
positive off-diagonal coefficients, and a third one A% called singular with a few
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null off-diagonal coefficients:

01 1 0 02 1 . 0 0 1
Al = (1 0 1], At =102 0 0.1}, Ame— 0 0 0.1
110 1 01 0 1 01 0

For the convergence tests, we have let a* = 0.1 and the meshes are uniform
discretisations of [0,1] from 2° cells to 2! cells. The approximate solutions are
compared to a reference solution which is analytical when A = A"* and computed
on the finest grid (2'° cells) when A = A™ or A = A58, The final time is 0.25,
and the time discretisation is fixed with a time step of At = 278, In the case
A = A% we also report in Figure 5.2 results with 128 times finer time step,
i.e. At =272 One notices that our scheme is second-order accurate in space in
the setting presented in this paper (A = A™8), but only first-order accurate when
confronted to non-diffusive discontinuities. We call non-diffusive discontinuities a
spatial discontinuity of u? and uJ (recall that a; » = 0 in A%"8) for which u$ is equal
to 0 on both sides of the discontinuity, so that the contributions corresponding to
a1 3 and ay 3 vanish at ¢ = 0. The origin of this lower order might lie in the difficulty
to compute accurately the near-zero concentrations in the neighborhood of such
discontinuities. We also notice in Figure 5.2 the prevalence of the error in time
when comparing with respect to an analytical solution, which will motivate the
development of higher-order in time methods already discussed in Remark 5.2.2.

T T T T T T T T T T . A:Areg and UOZU;)
1072} |- A= A" and U’ = U?
. 4~ A = Asine and U° = U?
S o) || A= A and U0 = U0
- —— A = Al and U° = U?
j ) ~e- idem with At, = 2~
o— 10* f— -
=~
o
TR |
10710‘\ Lol L Lol Lol —

102 103 104
number of cells

Figure 5.2 — Error with respect to reference solution.
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5.5.2 On the influence of the parameter a*

The choice of a* is a natural question concerning our scheme. The equation
(5.2.3) gives a lower bound: a* > 0. The existence of an upper bound is not as
clear. Equation (5.3.7) shows that for large a*, we over-estimate the diffusion. The
optimal value of a* depends on many variables such as the initial condition, the
final time, and the mesh. Optimal choices of a* are reported in Table 5.1. Notice
that the optimal value is test cases dependent, since it is affected by the initial
condition and by the final time.

A=A A= A
=00 [0°=00 [ 0" =00 [U°=1P

by |1 =025 086 0.21 0.79 | 0.0023

b of eells T=025 | 067 0.13 0.49 | 0.00082
log | T=0125| 086 0.17 0.79 | 0.00050

T=025 | 067 0.11 0.49 | 0.00049

Table 5.1 — Values of a7, for different parameters. af,, is computed with respect

to the reference solution of Section 5.5.1 for the L? norm.

One notices on Fig. 5.3 that the dependency of the quality of the results is
strong for the initial data U°. This is due to the presence of vanishing concentra-
tions in some cells, so that the choice a* = 0 would allow for spurious solutions as
highlighted in Remark 5.2.1. In this situation, the choice of a* strongly affects the
quality of the results, especially for the first time steps where some concentrations
are still close to 0. The numerical experiment and homogeneity considerations
suggest the following suboptimal rule for choosing a*:

h2
a* = min { maxa; ; ; max< mina, ;. e—L 5.5.1
{#J‘X “ X{isﬁj Z’J’ET}}’ ( )

where Ay is the mesh size, 7 the current time step and e a small parameter to
be tuned by the user. Another interesting feature of Figure 5.3 is the behavior of
the curve corresponding to A = AP The classical TPFA scheme for the heat
equation corresponding to a* = 1 is outperformed in terms of accuracy by the
scheme corresponding to higher value of a* =~ 9. The introduction of enhanced
diffusion by picking high values of a* is not covered by formula (5.5.1).

5.5.3 A 2D test case with reaction

Our second test is two-dimensional. We choose A% as the diffusion matrix
and a* = 0.1. The domain 2 = (0,22) x (0, 16) is discretized into a cartesian grid
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UL 1 1 1 3 11 A 11 A _ Areg and UO _ Us()

107 | 1 A=A and U’ =U)

1-- A=A and U° = U?

5 | {|--A= 4% and U° = UY

R [| A=A and U0 = U
= 10 b g
o r ]
g I 1
10° | E
I T T O A A O N1

107510741073 1072 10~ 10° 10!

a*

HUa*fUrefHQ

S, where U is computed with 27
aopt re

Figure 5.3 — Evolution of the ratio

cells and U, 1s as in Section 5.5.1.

made of 110 x 80 cells which is presented along with initial condition in Figure
5.4. We use a uniform time stepping with 7 = 273. To illustrate Remark 5.1.1, we
introduce the following reaction:

1000
e; + €3 ? 262,

which translates as follows in the source term R = (71,79, T3)TZ
ri(U) = (ug)? — 1000u; ug ro(U) = =21 (U) r3(U) = r(U).

The reaction term 2 obviously satisfies Assumptions ((i)) and ((ii)) of Remark 5.1.1.
Let us now discuss Assumption ((iii)). We have for all U, U € A:

R(U)10g(U/T) = ry(U) ( [log(ur3) — log(u3)] — [log(wr5) — log(m?)] ).

The above expression is then nonpositive for any U such that log(uruz) —log(is?) =

—1og(1000), or equivalently R(U) = 0. A particular choice for such a U is the
steady state U*°, which is constant w.r.t. to space and determined as follows.
Denote by « the average advancement of the reaction, then

9 2 27
= ut(x) = — + 20, ut(z) = — —a.

uy” () 11 44
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For a« = 0, the fraction of each specie is the ratio of corresponding occupied

. . = . 1 0 _ (9 2 2I\T . .
area in Figure 5.4, i.e. e fQU = (13017 713) - The value of « is determined

by imposing that R(U*) = 0, which amounts to find a root of a polynomial of
degree two. Among the two roots, only the choice a = %—W yields a non-
negative U*°. The time evolution of the relative energy E+(U|U) is plotted on
Figure 5.5, showing exponential decay to the steady-state even though the diffusion
matrix is singular. Snapshots showing the evolution of the concentration profiles
are presented in Figure 5.6.

To compute the solutions to our numerical scheme, we have to adapt the con-
tinuation procedure sketched at the beginning of Section 5.5 to include source

terms. Roughly speaking, we solve the discrete counterpart to

N

Opu; — a* Au; — Adiv <Z(am~ — a*)(ujVui — uiVuj)) = ur;i(U),

J=1

where the source terms are discretized in a fully implicit way. Due to the stiffness
of the reaction terms, we have to treat the reaction first then the cross-diffusion
effects. More precisely, given U™ € AT, we initialise the iterative method for the
computation of U™ with U™ defined as the unique solution to the N uncoupled
heat equations corresponding to A = u = 0. Then one tries to solve the system
corresponding to A = p = 1. If the modified Newton’s method with truncation
and rescaling sketched at the beginning of Section 5.5 fails to converge, then one
sets A = 0 and p = % Then one use a similar continuation method to the one
described at the beginning of Section 5.5 to increase p until it reaches the value 1.
Then the continuation method is used again to increase the value of A until A =1

is reached.

5.6 Conclusion

We proposed a finite volume scheme based on two-point flux approximation
for a degenerate cross-diffusion system. The scheme was designed to preserve the
key properties of the continuous system, namely the positivity of the solutions,
the constraint on the composition and the decay of the entropy. The scheme re-
quires the introduction of a positive parameter a* to avoid unphysical solutions.
This parameter plays an important role in the convergence proof, which is car-
ried out under a non-degeneracy assumption. Its importance is also confirmed
in the numerical experiments, in particular in the presence of initial profiles with
concentrations vanishing in some parts of the computational domain.
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m =1
Dug =1
-ug 1

Figure 5.4 — Initial configuration U° for the concentrations
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Figure 5.5 — |E7(U|U®)| as a function of time.
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5

Profile of u; at time ¢ = 20 Profile of us at time ¢ = 20

Profile of w1 at time ¢ = 50 Profile of ug at time ¢ = 50

Figure 5.6 — Concentration configurations for various times. The concentration of
the third specie can be deduced thanks to u; + us +uz =1
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Appendix

About the inverse activity coeflicients

In [70] and [71], the system derived in the general introduction introduction
(1.1.10) is studied and simulated using activity coefficients a; = exp h; and ; = <.
The ability to compute S knowing a but not ¢ allows for another formulation of

the PDE system:
Gtﬂz(a)al —div Dzﬁl(a) (VCZZ + aZV(I)) =0.

Moreover, we have seen in Chapter 2 that the activity based scheme did not
preserve the concentration averaging property (see Lemma 2.3.1). The ability
to compute 3 as a function of a could solve this problem by setting: [x. =
f(akz) instead of %& A first step in this direction has been made in [70,
Appendix D] in the Bikermann setting (i.e. same molar masses and molar volume
for each species), and a general result has been conjectured. In this appendix,
we propose a mostly constructive solution to the following non linear system.
Given (k;)1<i<n, (v;)o<i<ny non negative parameters, (f;)i1<i<y positive parameters
describing different characteristics of the species, a = (a;)1<i<n,p describing the
state of the system, is there a unique 8 = (f3;)1<i<n such that:

h; = log(%) —k; log(ctco) + vip Vi € [1, NJ,

a; = exp h;, a; 3 = ¢, Vie [1,N], (S)
] N N

Co= — — iCis c= G, 0<c¢<eC.

0= z::f ; 0

By definition of a we have:

a; =

ol S
—
|S
N
2
0
s
o
=
=
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Thus, we introduce z = 2, a; = exp(v;p). We first show that there exist a unique
possible value for x, and then we compute the full solution of (S) using this molar
fraction. Notice that thanks to the bounds on ¢y, we have = € [0,1). The system
(S) yields:

B = —ah, vi e [1, ], (A0.1)
R Z
Co = v_ - Z fiazﬂz’, (A-O-Q)
0 =1
N
€= co+ Z @i i, (A.0.3)
i=1
0<¢ <@ (A.0.4)

Multiplying (A.0.1) by @ and summing over the species leads to:

N

N a
— 1 .

E a;B; =¢ E ki,

X Q;

1=1

=1

Noticing that the left-hand side also appears in (A.0.3), we get:

c—cy==¢C G ks
Q;
=1
Dividing by ¢ then provides:
N oo
Z ki =1 — 2. (A.0.5)
; Q;

By monotony, we dispose of a unique x € (0,1) satisfying (A.0.5) 1. We still have
one degree of freedom in the choice of ¢y and ¢. Notice that thanks to (A.0.2) ¢

must satisfy:
N N
1 iy, 1 figi y.
co=——Cy —a"=——cpy —a"
Yo ; o7 Yo ; Q; ’
hence there exists at most one solution to (S). Reciprocally, one can check that
the solution we have constructed satisfies (S).

As the resolution of (A.0.5) is not explicit, our solution is not fully constructive.

1. In the Bikermann setting, (A.0.5) is a linear equation.
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However, under the assuption that the solvated ions are bigger than the solvent
molecules we have k; > 1. This physically sound assumption yields the convexity
of the function considered, therefore we have a convergence result of Newton’s
method.
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ENTROPIC NUMERICAL APPROXIMATIONS FOR CROSS-DIFFUSION SYSTEMS
ARISING IN PHYSICS

Abstract

Dans cette thése, on s’intéresse a la modélisation et & 'analyse numérique de systémes
physiques a diffusion croisée. Les modéles considérés décrivent notamment les phéno-
meénes a ’oeuvre dans les batteries et lors de la fabrication de panneaux solaires.

Dans les deux premiers chapitres, on étudie différents schémas pour un modéle de diffu-
sion des ions adapté aux concentrations élevées et proposé en 2013. Le premier chapitre
concerne ’étude du cas simplifié & une inconnue de concentration. On y propose quatre
schémas volumes finis 4 deux points pour lesquels on démontre 'existence de solutions
physiquement réalistes, puis la convergence de ces solutions approchées vers une solution
faible du probléme continu pour deux des quatre schémas. Dans le deuxiéme chapitre,
on s’attaque & une variante sans pression du probléme multi-espéces de 2013 avec les
deux schémas validés lors du premier chapitre. On y démontre & nouveau ’existence de
solutions approchées. Sous réserve de non-disparition du solvant, on démontre enfin la
convergence de ces solutions. Les phénoménes de diffusion croisée aménent & définir une
notion de coercivité assez minimale.

Dans un second temps, on s’intéresse & d’autres mécanismes de dissipation de I’énergie
libre. On se penche d’abord sur des variantes au probléme étudié dans les ceux premiers
chapitres. Ces variantes sont obtenues par des techniques de modélisation variationnelle.
Ce choix de modélisation permet un traitement naturel de la pression lorsqu’elle fait
partie du modéle. Quelques simulations numériques mettent en exergue les différences de
comportements de ces modeéles & hautes concentrations. Enfin, le dernier chapitre traite
d’un modéle mathématique de diffusion & I'ccuvre dans la fabrication de certains pan-
neaux solaires. On y représente un systéme de diffusion croisée comme une perturbation
de I’équation de la chaleur. Le traitement de la perturbation repose explicitement sur
la construction d’une concentration d’interface, technique introduite dans les chapitres
précédents et qui permet d’étendre des méthodes d’analyse pour les schémas centrés
a des schémas plus généraux. Cette technique permet de démontrer la préservation de
dérivations discrétes.

Keywords: cross-diffusion, partial differential equations, numerical analysis, modelisa-
tion
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ENTROPIC NUMERICAL APPROXIMATIONS FOR CROSS-DIFFUSION SYSTEMS
ARISING IN PHYSICS

Abstract

In this thesis, we are interested in the modeling and numerical analysis of physical systems
with cross diffusion. The models considered describe in particular the phenomena at work
in batteries and during the manufacturing of solar panels.

In the first two chapters, different schemes for an ion diffusion model suitable for high
concentrations and proposed in 2013 are studied. The first chapter focuses on the study
of the simplified case with only one concentration unknown. Four two-point finite volume
schemes are proposed for which we prove the existence of physically realistic solutions,
and the convergence of these approximate solutions to a weak solution of the continuous
problem for two of the four schemes. In the second chapter, we tackle a pressureless
variant of the 2013 multispecies problem with the two schemes validated in the first
chapter. The existence of approximate solutions is proved again. Under the condition
of non-disappearance of the solvent, we finally show the convergence of these solutions.
The cross diffusion effects lead to define a rather minimal notion of coercivity.

In the two following chapters, we consider other mechanisms of free energy dissipation.
We first focus on variants of the problem studied in the first part obtained by variational
modeling techniques. This choice of modeling allows for a natural treatment of the
pressure when part of the model. Some numerical simulations highlight the differences
in the behavior of these models at high concentrations. Finally, the last chapter deals
with a mathematical model of diffusion at work in the manufacture of some solar panels.
We represent a system of cross diffusion as a perturbation of the heat equation. The
treatment of the perturbation is explicitly based on the construction of an interface
concentration, a technique introduced in previous chapters that allows the extension of
analysis methods for centered schemes to more general schemes. This technique allows
proving the preservation of discrete derivations.

Keywords: cross-diffusion, partial differential equations, numerical analysis, modelisa-
tion
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