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Résumé

Dans cette thése, nous concevons et étudions des discrétisations aux différences finies monotones
sur grilles cartésiennes de certaines équations aux dérivées partielles dégénérées elliptiques. Ces
discrétisations sont fondées sur la premiére réduction de Voronoi des formes quadratiques, un outil
issu de I'étude de la géométrie des réseaux de petite dimension, ou sur 'algorithme de Selling,
qui est une spécialisation de cet outil en dimensions deux et trois.

Dans la premiére partie de la thése, nous étudions certaines propriétés de la premiére réduction
de Voronoi et nous utilisons ces propriétés pour prouver certaines garanties théoriques a propos
des schémas aux différences finis associés.

En dimensions deux et trois, nous recommandons une discrétisation particuliére, consistante
a ordre deux, d’opérateurs différentiels linéaires anisotropes comprenant & la fois des termes
d’ordres un et deux. Nous prouvons que la construction recommandée est quasi-optimale, en
termes de tailles de pas garantissant la monotonie de la discrétisation.

En dimensions allant jusqu’a quatre, nous étudions la régularité Lipschitz des coefficients et
le rayon du stencil de discrétisations aux différences finies d’opérateurs de diffusion anisotropes
construites en utilisant la premiére réduction de Voronoi, ainsi que I’absence d’artéfacts en damier
dans les schémas qui en résultent.

Dans la seconde partie de la thése, nous étudions des schémas aux différences finies monotones
pour certaines équations aux dérivées partielles dégénérées elliptiques particuliéres.

Nous concevons une méthode numérique permettant d’approcher efficacement des distances
de Randers. Cette méthode est fondée sur un principe de grandes déviations et se préte particu-
liérement bien & la résolution de la régularisation entropique de certains problémes de transport
optimal en utilisant I’algorithme de Sinkhorn. Nous montrons la convergence de la méthode. Nous
étudions le choix optimal du parameétre survenant dans ’approximation par le principe de grandes
déviations, par rapport au pas de discrétisation.

Nous discrétisons I'opérateur de Pucci bidimensionnel comme un maximum d’opérateurs
linéaires discrets. Nous montrons que ce maximum admet une expression de forme fermée, ce qui
réduit le colit numérique de son évaluation et donc aussi le cotit de la résolution du schéma aux
différences finies associé.

Nous discrétisons le second probléme aux limites pour I’équation de Monge-Ampére. Nous
prouvons l'existence de solutions a cette discrétisation. Nous prouvons aussi la convergence de ces
solutions, lorsque ’équation de Monge-Ampére considérée est associée & un probléme de transport
optimal dont le cotlit est quadratique. En dimension deux, nous montrons que, similairement au
cas de I’équation de Pucci, le maximum constituant ’opérateur de Monge-Ampeére discrétisé
admet une expression de forme fermée. Nous présentons une application numérique au probléme
du réfracteur en champ lointain en optique non imageante.






Abstract

In this thesis, we design and study monotone finite difference discretizations on Cartesian grids
of some degenerate elliptic partial differential equations. These discretizations are based on
Voronoi’s first reduction of quadratic forms, a tool originating from the study of low-dimensional
lattice geometry, or on Selling’s algorithm, which is a specialization of this tool in dimensions two
and three.

In the first part of the thesis, we study some properties of Voronoi’s first reduction, and we
use these properties to prove some theoretical guarantees about the associated finite difference
schemes.

In dimensions two and three, we recommend a specific, second-order consistent discretization
of linear anisotropic differential operators involving both a first- and a second-order term. We
prove that the recommended construction is quasi-optimal, in terms of step sizes guaranteeing
the monotonicity of the discretization.

In dimensions up to four, we study the Lipschitz regularity of the coefficients and the radius of
the stencil of finite difference discretizations of anisotropic diffusion operators built using Voronoi’s
first reduction, as well as the absence of checkerboard artifacts in the resulting numerical schemes.

In the second part of the thesis, we study monotone finite difference schemes for some specific
degenerate elliptic partial differential equations.

We design a numerical method allowing to efficiently approximate Randers distances. This
method is based on a large deviations principle and lends itself particularly well to the resolution
of the entropic regularization of some optimal transport problems using Sinkhorn’s algorithm.
We prove the convergence of the method. We study the optimal choice of the parameter occuring
in the large deviations approximation with respect to the discretization step.

We discretize the two-dimensional Pucci operator as a maximum of linear discrete operators.
We show that this maximum admits a closed-form formula, reducing the numerical cost of its
evaluation and thus also the cost of solving the associated finite difference scheme.

We discretize the second boundary value problem for the Monge-Ampére equation. We prove
the existence of solutions to this discretization. We also prove the convergence of these solutions,
when the considered Monge-Ampére equation is associated to an optimal transport problem with
a quadratic cost. In dimension two, we show that, similarly to the case of the Pucci equation,
the maximum which constitutes the discretized Monge-Ampére operator admits a closed form
formula. We present a numerical application to the far-field refractor problem in nonimaging
optics.
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Chapitre 1

Introduction

Dans cette thése, nous étudions la discrétisation aux différences finies monotones sur grille
cartésienne d’équations aux dérivées partielles dégénérées elliptiques, c’est-a-dire, d’équations de
la forme

F(x,u(x), Du(z), D*u(x)) = 0,

ou la fonction F' est croissante par rapport a sa deuxiéme variable et décroissante par rapport a
sa derniére variable. Nous nous concentrons principalement sur la discrétisation de I'opérateur de
diffusion anisotrope sous forme non-divergence

u +— Tr(D(-)D?u(-)), (1.1)

ot D(+) est un champ de matrices symétriques définies positives. Un exemple d’équation dégénérée
elliptique comprenant un tel opérateur de diffusion est

223 (H*(z,u(z), Du(z)) — Tr(D*(z)D*u(x))) = 0, (1.2)

ol A est un ensemble donné de parameétres, les fonctions H® sont croissantes par rapport a leur
deuxiéme variable et les D® sont des champs de matrices symétriques définies positives. Les
équations de Pucci et de Monge-Ampére admettent des reformulations de la forme , voir les
sections et 23

La propriété d’ellipticité dégénérée admet un équivalent discret, que nous appelons monotonie
ou ellipticité dégénérée discrete selon la variante exacte de cet équivalent que nous considérons.
Dans de nombreuses situations, un principe de comparaison discret entre les solutions de schémas
numériques dégénérés elliptiques discrets peut étre prouvé de fagon trés directe. De plus, un
argument général a été introduit dans [BS91] pour prouver la convergence de schémas numériques
monotones pour des équations aux dérivées partielles dégénérées elliptiques. Pour toutes ces
raisons, il est souhaitable de concevoir des discrétisations d’équations dégénérées elliptiques qui
satisfont la propriété de monotonie.

La discrétisation aux différences finies de 'opérateur que nous considérons dans cette
thése est fondée sur une décomposition de toute matrice symétrique définie positive D sous la
forme

1
D= Z /\ieieiT, (13)
i=1

1



2 CHAPITRE 1. INTRODUCTION

ou les coefficients \; sont positifs ou nuls et les directions e; € Z% sont des vecteurs a éléments
entiers. Cette décomposition permet de construire I’approximation consistante & I’ordre deux

I
To(DD%u(x)) ~ Z )\iu(x + he;) + u(ha:z— he;) — 2u(x) (1.4)

Les éléments des vecteurs e; doivent étre entiers afin que seuls les points d’une grille cartésienne
soient impliqués dans la discrétisation aux différences finies. Cette contrainte interdit d’utiliser
simplement la décomposition en valeurs propres et vecteurs propres de la matrice D. Les coefficients
A; doivent étre positifs ou nuls afin que la discrétisation soit utilisable dans des schémas numériques
devant satisfaire la propriété de monotonie.

La stratégie décrite ci-dessus n’est pas le seul moyen de construire une discrétisation monotone
et consistante de 'opérateur . Nous aurions pu choisir, par exemple, de relacher la contrainte
que les éléments des vecteurs e; soient entiers et d’utiliser & la place une étape d’interpolation
dans le schéma numérique pour approcher les valeurs de 'inconnue aux points qui n’appartiennent
pas a la grille de discrétisation. Cette approche est connue [DJ13|; NNZ19| et engendre une
discrétisation a deux échelles de 'opérateur d’origine. Nous choisissons de maintenir la contrainte
que les éléments des e; soient entiers, en espérant obtenir des schémas aux différences finies avec
des stencils de moindre rayon et des ordres de consistance plus élevés.

Historiquement, ’analyse numérique de schémas fondés sur une décomposition de la forme ,
satisfaisant les contraintes décrites ci-dessus, a été effectuée [Kry05/; [KT92|, alors méme qu’aucune
méthode applicable numériquement n’était connue pour calculer cette décomposition, en dehors
de certaines classes particuliéres de matrices D comme les matrices & diagonale dominante. Une
construction fondée sur 'arbre de Stern-Brocot des fractions irréductibles a été introduite dans
IBOZ04] pour des matrices de taille deux et une autre construction, équivalente pour des matrices
de taille deux mais aussi applicable & des matrices de taille trois, et fondée sur ’algorithme de
Selling |[CS92]; [Sel74], un outil issu de ’étude de la géométrie des réseaux de petite dimension,
a été introduite indépendamment dans [FM14]. La seconde construction posséde une extension
naturelle & des matrices symétriques définies positives de taille plus grande que trois, fondée sur
la premiére réduction de Voronoi des formes quadratiques, qui est un outil connu dans la théorie
de la géométrie des réseaux de petite dimension |[CS88|; [Vor08| et a été utilisée précédemment
pour la discrétisation d’équations aux dérivées partielles dans [Mirl9).

La premiére partie de cette thése est dévolue & I’étude de certaines propriétés de la premiére
réduction de Voronoi qui présentent un intérét lorsque celle-ci est appliquée a la conception de
discrétisations aux différences finies. La seconde partie est dévolue a I’étude de schémas aux
différences finies pour certaines équations dégénérées elliptiques particuliéres de la forme .

1.1 Outils pour la discrétisation aux différences finies mo-
notones sur grille cartésienne d’opérateurs différentiels
anisotropes

Pour une matrice symétrique définie positive D donnée, nous recommandons de choisir les
coeflicients de sa décomposition ([1.3) comme une solution du probléme de maximisation

max Z ¢

e€Z\{0}

A ZP\ {0} 5 Ry, > Nee =D (1.5)
e€z\{0}



1.1. OUTILS POUR LA DISCRETISATION D’OPERATEURS ANISOTROPES 3

Bien que ce probléme soit posé sur ’ensemble de toutes les décompositions de D, a support
potentiellement infini, dont les coefficients sont positifs ou nuls et dont les vecteurs sont & éléments
entiers, il peut étre montré que ses solutions sont toujours & support fini. De plus, puisque la
contrainte } - cza\ (0} Aee! =D implique que D eczi\ {0} Xele|? = Tr(D), le fait de maximiser les
coefficients A¢ est cohérent avec le fait qu’il soit souhaitable, pour des raisons numériques, que les
vecteurs e € Z% \ {0} associés aux coefficients A° non nuls soient de norme petite.

Le probléme de maximisation admet le probléme dual suivant :

1\/}161.1/1\/11,1 Te(DM); Mg = {M € R™? symétrique, (e, Me) > 1, Ve € Z¢\ {0}}. (1.6)
Il se trouve que ’ensemble admissible M, de ce probléme dual est connu dans le domaine de la
géométrie des réseaux de petite dimension, sous le nom de polyédre de Ryskov. Bien qu’il soit
défini par une infinité de contraintes, il présente localement la méme structure qu’un polyédre
standard [Sch09a].

Afin d’expliquer le lien entre le polyédre de Ryskov et la géométrie des réseaux de petite
dimension, associons & toute matrice symétrique définie positive M de taille d le réseau, unique a
rotation prés, engendré par les combinaisons linéaires a coeflicients entiers des colonnes d’une
matrice B de taille d telle que BT B = M. Alors le polyédre de Ryskov est ’ensemble de toutes
les matrices symétriques définies positives associées a des réseaux pour lesquels un empilement
de sphéres ne se chevauchant pas peut étre construit en placant une sphére de rayon un demi
centrée en chaque point du réseau, comme illustré par la Figure [I.I] Les sommets du polyedre de
Ryskov sont appelés des formes parfaites et les réseaux associés sont appelés des réseaux parfaits.

réseaux admissibles réseau parfait réseau inadmissible

FI1GURE 1.1 : Polyédre de Ryskov : interprétation en termes de réseaux. Dans le cas limite d’un
réseau parfait, chaque sphére est en contact avec au moins d(d + 1) sphéres voisines (c¢’est-a-dire
6 sphéres voisines en dimension d = 2).

Bien que, dans les applications a 1’étude des empilements de sphéres, la quantité minimisée
sur le polyédre de Ryskov soit habituellement le déterminant, plutot quune forme linéaire comme
dans le probléme , les deux problémes de minimisation partagent la propriété que leur
minimum soit atteint en une forme parfaite, c’est-a-dire en un sommet du polyédre de Ryskov.
Cela a motivé la classification des formes parfaites, qui a été effectuée dans la littérature jusqu’a
la dimension d = 8 |CS88|; DSV07|. La classification des matrices symétriques définies positives D
en fonction de quelle forme parfaite M est optimale dans est appelée la premiére réduction
de Voronoi des formes quadratiques. Deux formes parfaites M et M’ sont dites arithmétiquement
équivalentes si elles sont associées au méme réseau, ou bien, de fagon équivalente, s’il existe une
matrice A de taille d & éléments entiers et dont I'inverse est également & éléments entiers telle que
M’ = ATMA. Bien qu’il y ait, en toute dimension d > 2, une infinité de formes parfaites, Voronoi
a prouvé qu'il existe seulement un nombre fini de classes d’équivalence de formes parfaites pour
la relation d’équivalence arithmétique [Vor08|. Le fait de connaitre ces classes d’équivalence, ainsi
que la facon dont la relation d’équivalence arithmétique interagit avec la structure polyédrale du



4 CHAPITRE 1. INTRODUCTION

polyédre de Ryskov, permet de résoudre particuliérement efficacement le probléme dual — et
donc aussi le probléme primal — en parcourant le graphe d’adjacence des formes parfaites.

Remarquez que le nombre de classes d’équivalence de formes parfaites explose avec la dimension,
comme illustré par la Table[I.1] C’est pourquoi I'approche décrite dans cette thése pour construire
des décompositions de la forme est applicable en pratique pourvu que les dimensions
considérées restent raisonnablement petites.

d=2|d=3|d=4|d=5|d=6|d=7|d=8 d>9
1 1 2 3 7 33 10916 | inconnu

TABLE 1.1 : Nombre de classes d’équivalence de formes parfaites en fonction de la dimension.

En dimensions d € {2, 3}, la structure de cette classification est particuliérement simple, puis-
qu’il existe uniquement une classe d’équivalence de formes parfaites pour la relation d’équivalence
arithmétique. Le probléme de minimisation peut donc étre résolu en utilisant des outils
spécifiques a ces dimensions, comme Palgorithme de Selling [CS92|; |Sel74], qui a été utilisé précé-
demment pour la discrétisation d’équations aux dérivées partielles [FM14]. Dans le Chapitre
nous montrons comment voir la décomposition obtenue avec l'algorithme de Selling comme
une solution du probléme de maximisation permet de prouver certaines garanties théoriques
& propos de la faisabilité de la discrétisation monotone et consistante & ’ordre deux d’un opérateur
différentiel comprenant & la fois des termes d’ordres un et deux.

Dans le Chapitre [3] nous expliquons comment 1’ensemble de solutions du probléme de maxi-
misation peut étre calculé efficacement en dimension d = 4, nous recommandons un moyen
de choisir une solution particuliére lorsque cet ensemble n’est pas un singleton et nous discutons
certaines propriétés des schémas aux différences finies qui en résultent, a savoir la régularité
Lipschitz de leurs coefficients, le rayon de leurs stencils et ’absence d’artéfacts en damier.

1.1.1 Discrétisation aux différences finies monotones d’ordre deux
d’opérateurs différentiels linéaires anisotropes

En dimensions d € {2, 3}, toutes les formes parfaites sont équivalentes, pour la relation d’équiva-
lence arithmétique discutée ci-dessus, a la forme parfaite de référence

2 1 ... 1

N ISR IS R B
: . 1
1 ... 1 2

Pour cette raison, toutes les décompositions de la forme , obtenues en utilisant la premiére
réduction de Voronoi des formes quadratiques, de toutes les matrices symétriques définies positives
D de taille deux ou trois ont des ensembles de vecteurs directions partageant la méme structure
particuliére, liée a la notion de superbase du réseau Z? (une base de Z? est une famille v =
(v1,...,vq) de vecteurs & éléments entiers satisfaisant det(vy,...,v4) = 1 ; une superbase de Z?
est une base de Z¢ étendue par un vecteur additionnel v := —v; — - -+ — v4). Plus précisément,
il existe une superbase v de Z¢ telle que la décomposition est supportée par les vecteurs +eij,
i, 5 € {0,...,d}, définis par *(e;;,vx) = £(dix — %), pour tout k € {0,...,d}. De plus, le
coefficient A% associé au vecteur e;; est égal au produit scalaire —(v;, Dv;) et la contrainte qu'il
doive étre positif ou nul peut s’interpréter comme une propriété d’angle obtus de la superbase v
pour le produit scalaire concerné.
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FIGURE 1.2 : A gauche : I'ensemble des matrices symétriques définies positives de taille deux et
de trace un. A droite : les stencils de différences finies associés.

Nous affichons dans la Figure les ensembles de vecteurs directions dans les décompositions
de certaines matrices symétriques définies positives de taille deux. En dimension d = 2, ’ensemble
des matrices symétriques définies positives dont la trace a été normalisée a un est un disque, qui
peut étre paramétrisé comme

Lil+p  po ‘ 2, 2
— <1l;.
{2( P2 17p1 p1+p2—

Les vecteurs directions sont constants sur des triangles, qui forment une triangulation infinie du
disque et qui coincident avec les cellules de la premiére réduction de Voronoi de I’ensemble des
formes quadratiques de dimension deux de trace normalisée. En dimension deux, les vecteurs
directions de la décomposition coincident eux-mémes, a un changement de signe prés, avec les
éléments d'une superbase de Z2.

Alors que la discrétisation aux différences finies d’opérateurs différentiels anisotropes du
second ordre en dimensions d € {2, 3}, fondée sur une décomposition de la matrice coefficient
obtenue en utilisant la structure particuliere des formes parfaites en dimensions d € {2, 3}, a été
étudiée précédemment [FM14], nous considérons dans le Chapitre [2 des opérateurs différentiels
comprenant & la fois des termes du premier et du second ordres. Il existe au moins deux stratégies
de discrétisations usuelles pour le terme du premier ordre : celle utilisant des différences finies
décentrées amont, qui sont consistantes & ’ordre un et monotones, et celle utilisant des différences
finies centrées, qui sont consistantes & ’ordre deux mais auxquelles la monotonie fait défaut. En
dimension un, il est bien connu que, en présence d’un terme du second ordre non dégénéré, le
défaut de monotonie de la discrétisation aux différences finies centrées du terme du premier ordre
peut étre compensé par la monotonie de la discrétisation du terme du second ordre, permettant
de discrétiser I'opérateur complet de facon consistante & ’ordre deux. Nous étudions comment
cette construction peut étre étendue & des opérateurs différentiels de dimensions deux et trois, de
la forme

u = (0(-), Du(-)) + Te(D() D?u(-)),

ou b et D sont des champs respectivement de vecteurs et de matrices symétriques définies positives.
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Nous introduisons la discrétisation consistante & ’ordre deux

—u(z — he;)
2h

I
(b, Du()) + Te(DD?u(x)) ~ Y i u(x + he;)

i=1

(1.8)

I
u(z + he;) + u(x — he;) — 2u(x)
+ Z Ai h2 )
i=1
ol les \; et les e; sont respectivement les coefficients et les vecteurs d’une décomposition de la
matrice symétrique définie positive D sous la forme (1.3 et o les u; sont les coefficients d’une
décomposition du vecteur b sous la forme

1
b: Z/j/iei. (19)
i=1

Il est important que les mémes vecteurs e; soient partagés entre les décompositions de D et de b,
puisque sinon le défaut de monotonie de la discrétisation du terme du premier ordre ne pourrait
pas étre compensée.

Nous recommandons de choisir la décomposition fondée sur la premiére réduction de
Voronoi des formes quadratiques, aprés ’avoir calculée en utilisant I’algorithme de Selling, et de
choisir ensuite les coeflicients p; d’aprés la formule

i = A <b, D_lei>.

Nous montrons (Théoréme qu’avec ce choix de coefficients et de vecteurs, la discrétisation
(1.8]) est monotone pourvu que le pas de discrétisation h soit suffisamment petit, plus précisément
plus petit que C|D~1~1/2(b, D~'b)~1/2 ot la constante C' dépend seulement de la dimension.
Le principal résultat du Chapitre [2] est que ce choix est quasi-optimal, en ce sens que si la
discrétisation est monotone pour un certain choix de coefficients et de vecteurs, alors elle
est aussi monotone pour le choix de coeflicients et de vecteurs que nous proposons, a une division
prés du pas de discrétisation h par un facteur deux en dimension deux ou par un facteur six en
dimension trois (Théoréme .

Afin de prouver le résultat principal, nous devons étudier une extension de la premiére
réduction de Voronoi des formes quadratiques aux formes quadratiques inhomogénes. Cette
extension implique la variante suivante du polyédre de Ryskov :

My = {(n,M) | neR: M e R symétrique; Ve € Z%\ {0}, (n,e) + (e, Me) > 1}.

Alors que Mg, la variante usuelle du polyédre de Ryskov, est un ensemble de matrices symétriques,
le polyédre Mgy que nous introduisons est un ensemble de paires de vecteurs et de matrices
symeétriques. Nous montrons que la structure polyédrale de M est remarquablement similaire &
celle du polyedre de Ryskov M, : par exemple, tous les sommets de M, sont de la forme (0, M),
ol M est un sommet de M.

1.1.2 Discrétisation monotone d’opérateurs différentiels anisotropes en
dimension quatre en utilisant la premiére réduction de Voronoi

En dimension d = 4, & la différence des dimensions deux et trois, les formes parfaites ne sont pas
toutes arithmétiquement équivalentes a la forme parfaite de référence (|1.7) et il existe exactement
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une autre classe d’équivalence de formes parfaites, dont un représentant est
(1.10)

Les formes parfaites arithmétiquement équivalentes & ((1.10) ne sont pas liées & des superbases de
Z% comme celles arithmétiquement équivalentes a sont. C’est pourquoi l'algorithme de
Selling, qui consiste en une itération sur les superbases de Z%, n’est pas directement applicable
en dimension d = 4. Cependant, le probléme de minimisation peut toujours étre résolu en
parcourant les sommets du polyédre de Ryskov de fagon appropriée. Nous expliquons dans le
Chapitre [3| que cette procédure peut étre implémentée particuliérement efficacement, en utilisant
le fait que les relations d’adjacence entre les formes parfaites, dans le graphe des sommets du
polyédre de Ryskov, peuvent étre précalculées.

forme parfaite nombre de voisines arithmé- | dimension de ’espace forme
d | arithmétiquement | tiquement équivalentes a des matrices symétriques | parfaite
équivalente a (L.7) | (1.10) de taille d dégénérée
2| (1.7 3 0 3 non
3| (1.7 6 0 6 non
4| (1.7 0 10 10 non
4| (1.10 48 16 10 oui

TABLE 1.2 : Structure polyédrale du polyédre de Ryskov en dimensions d € {2, 3,4}.

Nous décrivons comment ’ensemble des solutions du probléme de maximisation peut en
étre déduit. Cet ensemble n’est pas toujours un singleton. Ceci est lié au fait que, comme illustré
par la Table [I.2] certaines formes parfaites — celles qui sont arithmétiquement équivalentes a
(1.10) — sont des sommets dégénérés du polyeédre de Ryskov, c’est-a-dire qu’elles ont plus de
dix voisines, dix étant la dimension de ’espace des matrices symétriques de taille quatre. Nous
montrons cependant que, en dimension d = 4 et & identification prés des vecteurs e € Z4\ {0} avec
leurs opposés, ’ensemble des solutions de est toujours un triangle équilatéral, potentiellement
réduit & un singleton. Nous recommandons de choisir le barycentre de cet ensemble comme la
décomposition de la matrice symétrique définie positive D a utiliser dans des discrétisations aux
différences finies et nous montrons quelques propriétés des discrétisations qui en résultent :

Régularité Lipschitz des coefficients. Nous montrons (Théoréme que les coeflicients
A¢ de la décomposition proposée de la matrice symétrique définie positive D dépendent de D de
fagon localement Lipschitz, la constante de Lipschitz dépendant seulement de conditionnement
de D. Comme corollaire, lors de la discrétisation d’un opérateur de diffusion anisotrope tel que
(1.1) impliquant un champ de matrices symétriques définies positives D(-) qui est localement
Lipschitz et dont le conditionnement est borné, les champs de coefficients A¢(-) de la discrétisation
restent Lipschitz. Un des avantages de prouver la continuité des coefficients de la discrétisation
est qu'il s’agit d’'une hypothése de certains résultats connus & propos des vitesses de convergence
de certains schémas numériques pour certaines équations aux dérivées partielles [BJO7].

Rayon du stencil de différences finies. Le stencil de la discrétisation aux différences finies
d’un opérateur de diffusion anisotrope associée & la décomposition d’une matrice symétrique
définie positive D qui est solution du probléme de maximisation (L.5]) est ’ensemble des vecteurs
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e € Z4\ {0} associés aux coefficients A* non nuls. Pour une meilleure efficacité du schéma aux
différences finies, il est souhaitable que ces vecteurs soient de norme petite. Nous prouvons
Pestimation |e|] < Cu(D), ou C est une constante dépendant seulement de la dimension et
11(D) := [D|*/2|D~1|"/? est la racine carrée du conditionnement de la matrice D (Théoreme [3.4.1).
La valeur de la constante C' est importante et est discutée dans la section [3.4.1]

L’estimation ci-dessus est vraie en toute dimension d € N* et pour des décompositions définies
par tout A maximal dans . Elle a été prouvée précédemment en dimensions d € {2,3}, alors
qu'en dimensions supérieures seule l'estimation plus faible |e| < Cu(D)%* était connue, voir
[Mir19]. Afin de prouver lestimation améliorée, nous devons répondre a la question suivante :
sachant que D appartient & une cellule particuliére de la premiére réduction de Voronoi des
formes quadratiques, existe-t-il un nombre fini de cellules de cette réduction & I'union desquelles
la matrice D! est garantie d’appartenir ? Nous montrons que cela est vrai, en utilisant que les
cellules de la premiére réduction de Voronoi sont des enveloppes coniques convexes d’ensembles
de matrices de rang un, ce qui simplifie grandement la structure de leur image par la fonction
inverse matricielle.

Garanties contre les artéfacts en damier. Les artéfacts en damier surviennent habituelle-
ment lorsque le graphe d’adjacence des points d’une grille de discrétisation, conformément aux
stencils d’un schéma aux différences finies, n’est pas connexe, comme illustré par la Figure
Alors les restrictions du schéma aux différentes composantes connexes de la grille se comportent
de fagon indépendante, ce qui peut étre malvenu. Nous présentons une stratégie permettant
de prouver l'absence de tels artéfacts dans certaines discrétisations d’opérateurs de dimension
quatre comprenant une diffusion anisotrope, en utilisant les propriétés précédemment prouvées
sur le caractére Lipschitz des coefficients \¢ et sur la norme des vecteurs e de la décomposition
recommandée d’une matrice symétrique définie positive D, ainsi que la propriété d’engendrement
suivante : 'ensemble des vecteurs e associés & des coefficients A® non nuls génére le réseau Z*
par combinaisons linéaires & coefficients entiers. Nous montrons (Théoréme [3.5.1)) qu’alors qu’il
existe des décompositions de D associées & des maximiseurs A du probléme ui ne satisfont
pas cette derniére propriété, la décomposition recommandée, qui est associée au barycentre de
I’ensemble des maximiseurs, la satisfait.

schéma avec des artéfacts en damier schéma sans artéfacts en damier

FIGURE 1.3 : A gauche : stencils d’une discrétisation de 1’équation de Laplace utilisant des
directions diagonales, qui est un exemple de schéma entrainant des artéfacts en damier. A droite :
stencils associés a la discrétisation recommandée dans cette thése pour un opérateur de diffusion
anisotrope, possédant de bonnes propriétés de connexité qui empéchent les artéfacts en damier.
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1.2 Discrétisation monotone de quelques équations aux dé-
rivées partielles dégénérées elliptiques particuliéres

Dans la seconde partie de cette thése, nous étudions certains schémas aux différences finies parti-
culiers, congus en utilisant la stratégie précédemment discutée pour la discrétisation d’opérateurs
différentiels anisotropes. Ces schémas nous permettent d’une part d’approcher des distances de
Randers et des distances de transport optimal associées et d’autre part de résoudre numériquement
les équations de Pucci et de Monge-Ampére, reformulées sous la forme .

1.2.1 Un schéma aux différences finies linéaire pour approcher la dis-
tance de Randers sur une grille cartésienne

Distances de Randers. Les distances de Randers sont une extension asymétrique des distances
riemanniennes. Leur asymétrie peut illustrer, par exemple, le fait qu’il soit plus facile de se déplacer
dans le sens du courant que dans le sens opposé, dans un milieu sujet a des courants, ou plus
facile de descendre une pente que de la monter & cause de l'effet de la gravité. Le probléme de
navigation de Zermelo , illustré dans la Figure est un exemple de probléme connu
impliquant des distances de Randers.

FIGURE 1.4 : Le probléme de navigation de Zermelo. L’objectif est de calculer la trajectoire (en
noir) permettant au navire de rejoindre sa destination en un temps minimal, en prenant en compte
les courants marins (en bleu). Le temps de trajet minimal entre une source et une destination
données définit une distance de Randers.

Les distances de Randers ont initialement été introduites dans le cadre de la relativité générale
[Ran4l]. Elles ont de nombreuses autres applications, dont la segmentation d’images [CMC16],
les cortex quantiques [ABMO06| et la pénalisation de courbure de chemins |[CMC17].

Une métrique de Randers dans un domaine ouvert  C R? est une fonction F: Q x R* — R
de la forme

]:I(U) = <7), M(x)v>l/2 + <w(m),v>7

ou M et w sont des champs donnés, respectivement de matrices symétriques définies positives
et de vecteurs, dans Q. La condition de compatibilité (w(z), M(x)'w(z)) < 1 entre les deux
champs est supposée dans 2. Dans le cas particulier d’'un champ de vecteurs w identiquement nul,
la métrique de Randers est réduite & une métrique riemannienne.

A deux points x, y € Q est associé I’ensemble T'Y de tous les chemins Lipschitz v: [0,1] — Q
entre = et y (c’est-a-dire satisfaisant y(0) = x et v(1) = y). La longueur d’un tel chemin par
rapport a une métrique de Randers F donnée est définie comme suit :

1
longueur () ::/ Fyiy(Y'(t)) dt.
0
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La distance de Randers entre les points = et y est définie comme la longueur minimale parmi
tous les chemins :
dist 7(z,y) := inf longueur (7).
yery

Dans le Chapitre [4 nous introduisons une méthode numérique pour approcher la fonction u

définie dans Q par
u(z) := inf (g(p) + distz(p, z)), (1.11)
peEON

pour une fonction g: 022 — R U {+o00} donnée (cela inclut le cas particulier d’une fonction
u: z — distz(po, ), quitte a exclure le point py de Q et a choisir g(py) = 0 et g = 400 sur
O\ {po}). Cette méthode implique la résolution d’un schéma aux différences finies linéaire et est
justifiée par un principe de grandes déviations. Ses avantages incluent d’une part que la linéarité
du schéma permet d’utiliser des techniques de préfactorisation pour approcher efficacement
des distances entre de nombreuses paires de points et d’autre part qu’elle est particuliérement
appropriée a la résolution numérique de la régularisation entropique de problémes de transport
optimal. Une méthode similaire a précédemment été introduite dans le cadre particulier des
variétés riemanniennes [CWW13| et a été appliquée a Papproximation de distances de transport
optimal dans de telles variétés [Sol+15].

Le schéma aux différences finies que nous recommandons de résoudre est de la forme

u(z + hey(x)) — u(x — he;(x))
2h

I
ul(x) +2¢ ) palx)
=t (1.12)

I
2 Z (@) u(z + he;(x)) + u(h:r2 hei(z)) — 2u(x) _ 0 dans QN hZE,
i=1

ou les coefficients u; et A\; et les vecteurs e; satisfont et , b et D étant des champs dans
), respectivement de vecteurs et de matrices symétriques définies positives, définis & partir de w et
M par des relations algébriques simples. Remarquez la similarité entre le membre de gauche dans
le schéma et la discrétisation . Le schéma doit étre adapté prés de 02 pour prendre
en compte la condition aux limites de Dirichlet u”(z) = exp(—g(z)/¢) sur 9. Nous affirmons
que la fonction u est approchée, sous des hypothéses appropriées, par u? := —eInu”, pour des
petites valeurs de € et de h.

Nous affichons dans la Figure [I.5] des résultats numériques obtenus en appliquant la méthode
numérique proposée au probléme de navigation de Zermelo.

Principe de grandes déviations. Il est bien connu que la fonction u définie par (1.11)) est
solution de I’équation de Hamilton-Jacobi-Bellman

(Du(z), D(z)Du(x)) + 2(b(z), Du(z)) —1 =0 dans Q, (1.13)

ou D et b sont les champs introduits ci-dessus. D’autre part, le schéma (|1.12)) est une discrétisation
de I’équation linéaire d’ordre deux

ue(2) + 26(b(x), Du.(x)) — &® Tr(D(z) D*uc(z)) =0 dans Q. (1.14)
Formellement, il est facile de montrer que si u. est solution de (1.14]), alors u, := —elnwu, est

solution de

(Du.(z), D(x)Duc(z)) + 2(b(x), Du.(x)) — e Tr(D(x)D?*u.(z)) —1 =0 dans Q. (1.15)



1.2. DISCRETISATION MONOTONE DE QUELQUES EQUATIONS PARTICULIERES 11

1o Courants Fonction distance Chemins minimaux
:_=
05 —/—%———
0.0 4
05 —/—/————

-1.0 -05 00 05 10 -1.0 -05

FIGURE 1.5 : Application de la méthode numérique proposée au probléme de navigation de
Zermelo (voir Figure. A gauche : courants ambiants. Au milieu : fonction distance de Randers
depuis le point pg := (0,0.8). A droite : chemins minimaux depuis le point pg.

L’équation de Hamilton-Jacobi-Bellman est une perturbation de (1.13]), ce qui justifie la
convergence de u. vers u lorsque € tend vers zéro.

La justification ci-dessus est formelle ; nous expliquons dans la section [f.A] comment elle peut
étre rendue rigoureuse dans le cadre des solutions de viscosité.

Nous qualifions le résultat u. —._,o u de principe de grandes déviations parce que la fonction
u. a l'interprétation probabiliste suivante : pour x € Q et ¢ > 0 donnés, soit (X;);>0 le processus
stochastique défini par

dX[° = —2eb(X}°) dt + eV2D(X[%) AW, X5© =,
ot (W;)¢>0 est un mouvement d-dimensionnel et soit 7%° > 0 le temps de sortie

% =inf{t > 0| X;"° & Q}.

. (E [exp (-ﬂﬁ —gg(Xf;fs))D ,

qui peut s’interpréter comme un soft-minimum et se comparer a U'infimum dans ((1.11]).

Alors u.(x) est égal a

Analyse de convergence. En plus de la convergence u. —._,o u, il est facilement prouvé,
sous des hypothéses appropriées, en utilisant la théorie usuelle de la convergence des schémas aux
différences finies pour des équations linéaires et le fait que le schéma soit consistent avec
I’équation , que u? —h—0 Ue, et donc aussi que u’; —h—0 Ue. Cependant, cela ne garantit
pas la convergence jointe u? —(e,h)—0 U

Nous étudions la convergence jointe dans deux cadres différents. Dans le premier, que nous
appelons le cadre régulier, nous supposons, entre autres hypothéses, que le domaine 2 est régulier
et que la fonction g dans est continue et prend des valeurs finies. Dans le second, que nous
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appelons le cas singulier, nous supposons que le bord de €2 est I'union d’une partie réguliére et
d’un point isolé py et nous choisissons g(pg) = 0 et g = +o0 ailleurs : comme déja discuté plus
haut, cela nous permet de considérer le cas de la fonction u: x — dist z(po, ), qui est souvent
celle qui doit &tre approchée dans les applications pratiques.

Dans le cas régulier, notre stratégie est, a la place d’effectuer une transformation logarithmique
dans ’équation linéaire afin d’obtenir ’équation non linéaire , de plutét effectuer la
transformation logarithmique directement dans le schéma aux différences finies linéaire ,
ce qui engendre un schéma non lindaire et monotone dont u” := —elnu/ est solution. Sous des
hypothéses appropriées, nous montrons (Proposition la consistance de ce schéma non
linéaire avec I’équation lorsque € — 0 et h/e — 0 et nous en déduisons (Théoréme la
convergence de u” vers u. De fagon importante, le résultat de convergence n’est plus valide lorsque
le rapport h/e reste constant, ce qui rappelle le contre-exemple & la convergence de la méthode
décrite dans [CWW 13 vers la fonction distance, voir [CWW13| Appendice A]. Nous recommandons
de choisir le paramétre £ proportionnellement a h%/3. Nous montrons (Corollaire que,
au moins loin de 012, le schéma non linéaire est consistant a 'ordre 2/3 dans ce cas, ce qui
est le meilleur ordre de consistance parmi tous les choix possibles du paramétre €. A titre de
comparaison, nous montrons que si des différences finies décentrées amont avaient été utilisées a
la place de différences finies centrées pour la discrétisation du terme du premier ordre dans le
schéma , alors le schéma non linéaire aurait seulement été consistant a 'ordre 1/2.

Dans le cas singulier, nous montrons sous des hypothéses appropriées (Théoréme la
convergence de u” vers u lorsque € — 0, h/e — 0 et elnh — 0. A cette fin, nous réutilisons
lorsque cela est approprié les arguments du cas régulier, mais, pour gérer le point isolé dans le
bord de €2, nous devons aussi utiliser un équivalent en dimension deux ou trois de la propriété
d’engendrement discutée dans la section [I.1.2] qui empéche la formation d’artéfacts en damier
prés de ce point.

Finalement, nous discutons ’approximation de la distance de Randers dist z(x, y) lorsque
aucun des deux points x et y n’est fixé. Le schéma (L.12), modifié¢ pres de 99 afin de prendre
en compte la condition aux limites de Dirichlet u* = 0 sur 99, peut étre écrit sous la forme
matricielle L'u” = 0, ott L est une matrice carrée indexée par z, y € QN hZ?. Nous montrons
(Théoréme que, sous des hypothéses appropriées et localement uniformément par rapport a
(x,y) € QxQ,

—eIn[((LM)™Y)4,] — distz(z, ), (e,h/e,elnh) — 0. (1.16)

Lors de 'approximation de distances dist z(x, y) entre de nombreuses paires de points (z,y) € Qx€Q,
nous recommandons de préfactoriser la matrice L de telle sorte que les éléments ((L?)71),,
puissent étre calculés efficacement.

Application au transport optimal régularisé. Etant donné deux mesures de probabilité
u et v supportées sur Q N hZ?, le probléme de transport optimal de Wasserstein 1 entre u et v
s’écrit
W(p,v):= inf / distz(x,y) dP(z,y),
PEH(,LL,D) Ox0

ou I(u,v) désigne 'ensemble des plans de transport entre p et v, c’est-a-dire Pensemble des
mesures de probabilité sur 2 x €2 dont les premiére et seconde marginales coincident respectivement
avec p et v. Ce probléme admet la régularisation entropique

We(p,v) == inf / dist £(z,y) dP(z,y) — € Ent(P),
PGH(N’)”) QxQ
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ol El’lt(P) == Zx,yGQﬂth Pa:y In P:z:y si P = Zm,yGQﬂth Pwyé(mvy)

Il est bien connu que la régularisation entropique du probléme de transport optimal peut
étre résolue en utilisant ’algorithme de Sinkhorn |Cutl3]. Cet algorithme implique d’effectuer
plusieurs produits matrice vecteur impliquant la matrice carrée K. indexée par z, y € QN hZ% et

définie par
dist 7 (x,y
(o (-2

Puisque la matrice K. est dense, il serait extrémement couteux numériquement de la calculer
explicitement et il est donc souhaitable de plutét trouver une approximation de K. pour laquelle les
produits matrice vecteur peuvent étre calculés efficacement. D’aprés , nous recommandons
d’approcher K. par (L")~!. Les produits matrice vecteur impliquant (L?)~! se réduisent & des
systémes linéaires creux, qui peuvent étre résolus efficacement en particulier si la matrice L? a
été préfactorisée au préalable.

Une approche similaire a été introduite précédemment dans dans le cadre des variétés
riemanniennes. Nous remarquons que, alors que le probléme de transport optimal dans lequel
le cotit de transport dist=(x,y) a été remplacé par son carré distz(z,y)? est aussi discuté dans
, I’approche utilisée pour gérer cette variante quadratique ne peut pas étre généralisée au
cadre des variétés de Randers.

Nous affichons dans la Figure [I.6] quelques résultats numériques obtenus en résolvant des
problémes de transport optimal en utilisant la méthode proposée, dans des variétés de Randers
associées au probléme de navigation de Zermelo.

10 Courants Transport optimal Courants Transport optimal
) ——
——
05 ——p——
0.0 +
05 —
-1.0 T T

-10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 10
FIGURE 1.6 : Transport optimal dans le cadre du probléme de navigation de Zermelo. A gauche
et au milieu & droite : courants ambiants. Au milieu a gauche et & droite : & chaque point du
domaine source (en bleu), le plan de transport optimal associe une mesure dans le domaine cible
(en orange). Nous affichons des fleches pointant vers les barycentres de ces mesures. Le fait que le
transport optimal ne soit pas une translation méme lorsque les courants sont constants est une
propriété connue du probléme de Wasserstein 1.

1.2.2 Un schéma monotone et consistant a ’ordre deux pour ’équation
de Pucci bidimensionnelle

Dans le Chapitre [f] nous introduisons une discrétisation monotone de I'équation de Pucci
bidimensionnelle

/\min(Dzu(x)) + ﬂ)‘maX(D2u(x)) = f(=), (1.17)

Oll Amin €t Amax désignent respectivement la plus petite et la plus grande valeur propre et ot
1 > 0 est un paramétre donné. Pour tout 6 € R, nous définissons la matrice de rotation Ry et la
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matrice pivotée D(6, 1) par

__[cosf —sinf o 1 0\ 7.
R@ T (Sin9 COS@ ) ) D(97p’) T Re (0 ,U) RG ’

alors I’équation de Pucci (1.17) admet la reformulation suivante sous la forme (1.2)) :

g = Te(D(0, 1) D*u(z)) = — f(x), (1.18)

pourvu que 4 < 1 (si g > 1, alors le maximum doit étre remplacé par un minimum). En suivant
I’approche décrite dans la section pour discrétiser la reformulation (1.18)), nous obtenons le
schéma aux différences finies

e u(z + he) + u(z — he) — 2u(z
pax, RN CAY ( ) (hg ) ()Z—f(w), (1.19)
’ e€Za\{0}

ou, pour une valeur donnée de p > 0, les coefficients A°(6, i) > 0 sont non nuls uniquement pour
un nombre fini de directions e € Z¢ \ {0} et peuvent étre calculés en utilisant 1’ algorithme de
Selling, voir la section [1.1.1

Décomposition d'une matrice pivotée de valeurs propres 0.1 et 1

1.0
0.8
,-1)
1)
£ 0.6 . 0)
S ,-2)
% ,-1)
O 0.4 ,1)
1)
,2)
0.2 1
0.0 1

0.0 0.5 1.0 1.5 2.0 2.5 3.0
¢}

FIGURE 1.7 : Coefficients A°(6,0.1), pour différentes valeurs du vecteur direction e et de 'angle 6.

Une approche usuelle pour évaluer le membre de gauche dans le schéma est de discrétiser
lespace des paramétres [0, 7] du maximum, ce qui introduit une erreur d’approximation. Ensuite,
pour chaque 6 dans l’ensemble des paramétres discrétisé, les coefficients A¢(6, 1) non nuls et
les directions e correspondantes peuvent étre calculés en utilisant I’algorithme de Selling. Cette
approche est cofiteuse numériquement : si la grille cartésienne sur laquelle le schéma est
posé a un nombre d’éléments de 'ordre de N2, alors le nombre d’éléments de la discrétisation de
I’ensemble des parameétres doit aussi étre de I’ordre de N? afin de préserver la consistance du
schéma & 'ordre deux, auquel cas le colit numérique de I’évaluation du membre de gauche dans
en tous les points de la grille cartésienne est de 'ordre de N*.

Notre principale contribution est de montrer (section que le maximum dans admet
une expression de forme fermée. Le schéma peut donc étre évalué sans discrétiser I'ensemble des
parameétres, le colit numérique de cette évaluation sur la grille cartésienne introduite ci-dessus
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étant seulement de l'ordre de N2. Afin de dériver Iexpression de forme fermée, nous montrons
que, comme illustré par la Figure les fonctions 6 — A°(6, 1) coincident avec la somme d’une
sinusoide et d’une constante sur chacun d’un nombre fini d’intervalles fermés dont 'union est
[0, 7]. Chacun de ces intervalles I C [0, 7] est associé & un ensemble de matrices symétriques
définies positives de trace normalisée

{(L+ )™ DO, ) |0 €T}

qui est inclus dans une cellule unique de la triangulation infinie de la Figure [I.2}

Nous concluons le Chapitre [5| en effectuant quelques expériences numériques illustrant la
précision de la méthode numérique que nous recommandons.

Nous appliquons a ’équation de Pucci I'idée de calculer une expression de forme fermée pour
le maximum survenant dans un schéma aux différences finies concu en utilisant les outils de la
section mais cette approche peut aussi étre généralisée & d’autres équations aux dérivées
partielles dégénérées elliptiques. Nous discutons le cas de ’équation de Monge-Ampére dans la

section [[L.2.3]

1.2.3 Discrétisation monotone de ’équation de Monge-Ampére du
transport optimal

Dans le Chapitre [6] nous introduisons une discrétisation aux différences finies monotones du
second probléme aux limites pour I’équation de Monge-Ampére. C’est le probléme aux limites
pertinent dans le cas d’équations de Monge-Ampére associées & des problémes de transport
optimal. Nous considérons des équations de Monge-Ampére de la forme

det (D?u(z) — A(z, Du(z))) = B(z, Du(x)), (1.20)

ot B > 0 et ou les matrices A(x, Du(x)) sont symétriques, notre résultat de convergence étant
seulement prouvé dans le cas particulier d’équations de la forme

det D?u(z) = _J@) (1.21)

~ 9(Du(x))’

qui correspond & des problémes de transport optimal dont la fonction cott est le carré de la
distance Euclidienne (que nous appelons problémes de transport optimal quadratiques). Les
solutions de I'équation de Monge-Ampeére sont considérées admissibles lorsqu’elles sont convexes,
dans le cadre de 1’équation , ou lorsqu’elles satisfont formellement la condition de convexité
généralisée D?u(x) = A(x, Du(z)) pour Pordre de Loewner sur les matrices symétriques, dans le

cadre de I'équation (1.20).

Discrétisation. La forme générale du schéma numérique que nous recommandons étant décrite
dans le Chapitre [6 considérons ici, pour des raisons de simplicité, la discrétisation de 1'équation
plus simple

det D*u(z) = f(x).

Cette équation admet la reformulation suivante, précédemment utilisée dans [FJ17] pour la
conception d’un schéma numérique, sous la forme (|1.2)) :

max (df(a:)l/d(det D)V _ Tr(DDQu(x))) —0, (1.22)
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ou d est la dimension du domaine de I’équation et S; désigne ’espace des matrices symétriques
semi-définies positives de taille d dont la trace est égale a un. Le schéma proposé est une
discrétisation aux différences finies de la reformulation ci-dessus :

Elau(z) =0, Flau(x) = max (df(a:)l/d(det D)l/d — Afu(w)) ) (1.23)

ot S est une approximation appropriée de S; et ot AEu(x) est une discrétisation aux différences
finies de Tr(DD?u(z)) obtenue d’aprés (1.4), avec un choix approprié de coefficients A; > 0 et de
directions e; € Z% satisfaisant .

Un avantage d’utiliser la reformulation de I’équation de Monge-Ampére est que 1’équation
assure la convexité de ses solutions. En conséquence, de grands pas peuvent étre utilisés
lors de la résolution avec la méthode de Newton du schéma aux différences finies associé. A titre
de comparaison, lors de la résolution de certains schémas aux différences finis précédemment
introduits pour ’équation de Monge-Ampére, tels que [BCM16|, des pas extrémement petits
doivent étre utilisés dans la méthode de Newton afin de préserver la convexité des itérées.

En dimension d = 2, nous recommandons de choisir les coefficients \; et les vecteurs e; dans
APu(z) comme ceux de la décomposition de Selling de la matrice D, de fagon cohérente avec
I’approche décrite dans la section Nous recommandons aussi de choisir I'ensemble S? ~ S;
comme une sous-triangulation finie de la triangulation infinie du disque S; affichée dans la
Figure Comme dans le cas de I’équation de Pucci (voir la section , nous prouvons
(Théoréme que le maximum dans admet alors une expression de forme fermée, la
preuve utilisant le fait que les vecteurs e; associés a des coefficients A; non nuls restent constants
sur chaque cellule de la triangulation S%. Grace a cette expression de forme fermée, I'opérateur
discret Ft, dans peut étre évalué particuliérement efficacement.

Cas général Cas régulier, avec | Cas régulier, sans
Lax-Friedrichs Lax-Friedrichs
Erreur de consistance O(h?/3) O(h) O(h?)
Cotit numérique O(h=8/31og(1 + h™1)) O(h™2) O(h™2)
Cofit numérique
(maximum O(h=10/3) O(h™9) O(h™*)
discrétise)

TABLE 1.3 : Analyse de I'erreur de consistance et du cotit numérique de la discrétisation aux
différences finies proposée pour ’équation de Monge-Ampére.

Dans la Table nous affichons I'ordre de consistance du schéma avec 1’équation de
Monge-Ampére reformulée et le colit numérique de ’évaluation de 'opérateur Fl\’}[ A A titre
de comparaison, nous affichons aussi une estimation optimiste du cotit numérique de I'évaluation
de l'opérateur FJy, lorsqu'une discrétisation de I'ensemble des paramétres du maximum est
utilisée plutdt que 'expression de forme fermée et lorsque cette discrétisation de I’ensemble des
paramétres doit étre suffisamment fine afin de préserver 'ordre de consistance du schéma. Notre
analyse s’applique aussi a la généralisation du schéma a des équations de Monge-Ampére
de la forme générale ([1.20]). Nous distinguons entre trois cas différents. Dans le cas général, une
partie de I'erreur de consistance est due & I’approximation de ’ensemble des paramétres S; du
maximum par S? et le nombre de cellules dans la triangulation S? doit augmenter lorsque le pas
de discrétisation h décroit, ce qui a un effet sur le cotit numeérique de la méthode. Dans le cas
régulier, nous supposons que la solution de I’équation de Monge-Ampére est réguliére et satisfait
une variante uniforme stricte de la condition de convexité généralisée D?u(z) = A(x, Du(z)) :
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il est alors possible de choisir ’ensemble S” indépendamment de h, ce qui améliore I’ordre de
consistance du schéma tout en réduisant son cotit numérique. Lors de la discrétisation d’équations
de Monge-Ampére de la forme (|1.20)) pour lesquelles 'une au moins des fonctions A et B dépend
effectivement de sa seconde variable, nous recommandons d’utiliser une approximation de Lax-
Friedrichs du gradient Du(x), consistante uniquement a I’ordre un; ¢’est pourquoi nous distinguons
deux sous-cas du cas régulier, selon la nécessité ou non d’utiliser une telle approximation de
Lax-Friedrichs.

La condition aux limites de transport optimal. Nous supposons & partir de maintenant
que I’équation de Monge-Ampére est posée sur un domaine borné X C R?. Dans le cadre (1.21)
des équations de Monge-Ampére associées a des problémes de transport optimal quadratiques, le
second probléme aux limites pour I’équation de Monge-Ampére implique la condition aux limites
de transport optimal

Du(X) =Y, (1.24)
oll Y est un ensemble convexe donné. I’égalité ci-dessus est appelée une condition aux limites
bien qu’elle implique tout le domaine X : c’est parce que sous des conditions appropriées, par un
argument de convexité, elle peut étre reformulée comme Du(0X) = JY.

Le second probléme aux limites pour I’équation de Monge-Ampére présente une propriété
d’invariance additive : & la fois ’équation de Monge-Ampére et la condition aux limites de
transport optimal impliquent les dérivées de I'inconnue u, mais pas ses valeurs elles-mémes. En
conséquence, ’ensemble des solutions du probléme aux limites est stable par addition d’une
constante.

La propriété d’invariance additive est une source de difficulté lors de la conception de schémas
numériques. En particulier, elle peut étre un obstacle a I'existence de solutions & ces schémas.
Illustrons ce phénoméne en prenant comme exemple un autre systéme d’équations additivement

invariant :
{w%w+fm>

0 dans (—1,1), (1.25)

w(-1) =u'(1) =
Il s’agit de 1’équation de Poisson sur le domaine unidimensionnel (—1, 1), équipée d'une condition

aux limites de Neumann. Ce systéme admet des solutions uniquement lorsque la condition de
compatibilité suivante entre le terme source f et la condition aux limites est satisfaite :

/_11 f(z)dx = 0. (1.26)

Une condition similaire doit étre satisfaite pour que le systéme de Monge-Ampére admette des
solutions. Il s’agit de la condition d’équilibre des masses

[ s@de= [ g an (1.27)

La difficulté, dans le cadre des schémas aux différences finies, est que, souvent, aucun équivalent
discret de (1.26]) ou de (L.27) n’est satisfait. Une discrétisation aux différences finies naturelle du
systéeme (1.25)) sur la grille (—1,1) N hZ< serait

 Sfu(z) + 6, u(z)
h
{u(rih)u(m) siu(z +h) € (—1,1),

+ f(z) =0 dans (—1,1) N hZ,

h

(5,fu(x) = 0 sinon
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Ce schéma n’admet pas de solutions, sauf dans le cas particulier d’un terme source f satisfaisant
la condition de compatibilité discréte
Y. fw=o

z€(—1,1)NhZ

Le schéma ci-dessus peut étre adapté afin d’admettre des solutions, mais toutes les adaptations
envisageables ne peuvent pas étre généralisées & des discrétisations aux différences finies de
I’équation de Monge-Ampeére.
La discrétisation que nous introduisons pour la condition aux limites de transport optimal
(1.24]) est fondée sur le fait que I'inclusion Du(X) C Y puisse étre réécrite comme I'inégalité
‘mlax ({e, Du(x)) —oy(e)) <0 dans X,
e|=1
Ol Oy : € > SUD,c p() (€, P) est la fonction support conveze de I'ensemble P(z). Cette reformulation
peut étre discrétisée en utilisant des différences finies décentrées amont standard. Il en résulte un
schéma de la forme
Fyau(a) <0 Fyau(z) = max (Dhu(z) — op()(€)). (1.28)
Nous avons a présent une égalité ((1.23)) et une inégalité ((1.28]), toutes deux posées sur une
discrétisation cartésienne du domaine X. Notre objectif est de concevoir un schéma numérique
pour le systéme d’équation complet du second probléme aux limites, en utilisant chacun des
opérateurs discrets Fyy, et Fi,.
Une fagon d’y parvenir est d’adapter a notre cadre ’approche développée dans [Frol9]. Il en

résulterait le schéma
maX{Fl\'}IAu(x), FéLVQu(x)} =0, (1.29)

modifié prés de X pour prendre en compte la condition aux limites de Dirichlet u = 0 sur
0X . Cette approche a été étudiée dans [Frol9| dans le cadre des problémes de transport
optimal quadratiques, bien qu’avec des définitions différentes des opérateurs F{j{ A et Fg\/z' Le
fait de prendre le maximum entre les opérateurs Flt, et Fly,, y est justifié par un phénoméne
de compétition entre les inégalités Ffi u(z) < 0 et Fyou(z) < 0. La condition aux limites de
Dirichlet est satisfaite dans au sens classique prés d’un point z, € 90X, alors qu’aux autres points
elle doit étre comprise dans le sens faible u < 0. Son objectif est double : d’une part, ’égalité
u(z,) = 0 sélectionne une unique solution parmi I’ensemble additivement invariant des solutions
du probléme de Monge-Ampére et, d’autre part, elle affaiblit la discrétisation de la condition aux
limites de transport optimal prés du point x,, affaiblissant donc aussi la nécessité d’un équivalent
discret de la condition d’équilibre des masses . Un ingrédient clé dans I’analyse menée dans
[Frol9|] est que le schéma numérique satisfait une propriété de sous-estimation. Une difficulté
survenant lorsque 'on tente d’étendre cette analyse & des équations de Monge-Ampére de la
forme générale est le manque de stratégie évidente permettant de discrétiser de
fagon sous-estimatrice.

Afin d’éviter d’avoir & utiliser la propriété de sous-estimation et aussi afin d’éviter certains
artéfacts numeériques qui tendent a se produire prés du point z,., nous utilisons une légére
modification du schéma . De fagon similaire aux expériences numériques dans [BD19|, nous
ajoutons une inconnue « € R au probléme discret et nous résolvons

max{ F{y su(z) + a, Fhyou(z)} = 0. (1.30)

La présence de I'inconnue « suffit & affaiblir la nécessité d’un équivalent discret a la condition
d’équilibre des masses (1.27). Nous remplagons la condition aux limites u = 0 par u = +oo sur
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0X. Le schéma assure seulement cette condition aux limites de Dirichlet dans le sens faible
u < 400 — ce qui est toujours vérifié — sur ’ensemble du bord 0.X. Nous montrons que cette
condition aux limites de Dirichlet n’entraine pas de couche limite. Afin de sélectionner une unique
solution parmi ’ensemble additivement invariant des solutions au probléme de Monge-Ampeére,
nous ajoutons une contrainte u(zp) = 0, pour un point 2o € X donné. Ajouter une contrainte
d’égalité est cohérent avec le fait d’ajouter une inconnue « au schéma.

Un désavantage a ajouter I'inconnue « est que, bien que les opérateurs FK}[ A €t F§V2 soient
tous les deux monotones par rapport & leur argument u, le schéma n’est pas monotone
par rapport & la paire d’inconnues (u, «). La méthode de Perron, qui permet souvent de prouver
I’existence de solutions & des schémas numériques monotones, ne s’applique donc pas directement
au schéma . Nous montrons (Théoréme que la méthode de Perron peut cependant
étre adaptée a notre cadre, en gérant I'inconnue o séparément de u dans la preuve de I’existence
de solutions. Nous énoncons notre preuve comme un résultat général a propos de I'existence de
solutions & une classe de schémas numériques additivement invariant dont les inconnues sont une
fonction discréte u et un scalaire o € R et qui sont monotones par rapport & u pour des valeurs
fixées de a.

Sous des hypothéses appropriées, nous établissons la convergence du schéma (|1.30) dans
le cadre des problémes de transport optimal quadratiques (Théoréme ans ce
but, nous devons étudier le lien entre, d’une part, les sous-solutions et sur-solutions de viscosité
du systéme d’équations discrétisé et, d’autre part, les solutions d’Aleksandrov du probléme de
Monge-Ampére. Le cas des sous-solutions de viscosité a été étudié précédemment dans le cadre de
, mais pas le cas des sur-solutions de viscosité, dont I'analyse n’était pas nécessaire dans ce
cadre.

2.32
211
1.96
182
170
1.60
1.40
0.86

-0.03

-13.05

FIGURE 1.8 : Application de la méthode au probléme du réfracteur en champ lointain en optique
non imageante. A gauche : image cible. Au milieu & gauche : forme de la lentille, calculée en
utilisant une implémentation de la méthode avec le langage de programmation Python®. Au
milieu & droite : approximation de la courbure ponctuelle de la lentille. A droite : simulation de
la scéne, en utilisant le moteur de rendu appleseed®. Le petit point noir en bas représente la
source de lumiére.

Bien que la convergence du schéma ([1.30) reste un probléme ouvert dans le cas d’équations de
Monge-Ampeére de la forme générale nous avons effectué des expériences numériques afin
de valider la méthode dans le cadre du probléme du réfracteur en champ lointain en optique non
imageante. Dans ce probléme, des rayons de lumiére émanent d’une source de lumiére ponctuelle,
ils sont déviés par réfraction par une lentille optique et les rayons déviés continuent de se propager
jusqu’a ce qu’ils rencontrent un écran, dont la distance & la source ponctuelle et a la lentille est
supposée grande. L’objectif est de trouver une forme appropriée pour la lentille afin qu’une image
cible donnée soit projetée sur I’écran. Il est bien connu que ce probléme est décrit par une
équation de Monge-Ampére de la forme . Nous résolvons le schéma numérique associé ,
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nous en déduisons une approximation de la forme de la lentille et nous simulons la propagation
de la lumiére pour la forme que nous obtenons, comme illustré par la Figure Nous observons
que le graphe de la courbure ponctuelle approchée de la lentille rappelle 'image cible, mais que
les zones claires de I'image cible tendent a étre agrandies alors que les zones sombres tendent a
étre rétrécies, ce qui est un résultat attendu puisque les parties de la lentille correspondant aux
zones claires doivent étre grandes afin de capturer plus de rayons de lumiére.









Chapter 1

Introduction

In this thesis, we study the monotone finite difference discretization on Cartesian grids of
degenerate elliptic partial differential equations, that is, equations of the form

F(z,u(z), Du(z), D*u(z)) = 0,

where the function F' is nondecreasing with respect to its second variable and nonincreasing
with respect to its last variable. The main focus is on the discretization of the anisotropic
non-divergence form diffusion operator

u = Tr(D(-)D?u(")), (1.1)

where D(+) is a field of symmetric positive definite matrices. Degenerate elliptic equations featuring
such a diffusion operator may for instance take the form
sup (H®(z,u(z), Du(z)) — Tr(D*(z)D*u(z))) =0, (1.2)
acA
where A is a given parameter set, functions H* are nondecreasing with respect to their second
variables, and D are fields of symmetric positive definite matrices. The Pucci and Monge-Ampére
equations admit reformulations in the form (1.2)), see sections and
The property of degenerate ellipticity admits a discrete counterpart, that we call monotonicity
or discrete degenerate ellipticity depending on the exact variant of this counterpart that we consider.
In many situations, a discrete comparison principle may be proved in a very straightforward way
for solutions to discrete degenerate elliptic numerical schemes. Moreover, a general argument
was introduced in [BS91| for proving convergence of monotone numerical schemes for degenerate
elliptic partial differential equations. For all those reasons, it is desirable to design discretizations
of degenerate elliptic equations that satisfy the property of monotonicity.
The finite difference discretization of the diffusion operator that is considered in this
thesis is based on a decomposition of any symmetric positive definite matrix D in the form

1
D= Z )\ieieiT, (13)
i=1

where coefficients \; are nonnegative and offsets e; € Z? have integer elements. This yields the

second-order consistent approximation

x4 he;) + u(z — he;) — 2u(x)
h? ’

I
Tr(DD?u(z)) ~ Z 2 (1.4)

23
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The elements of the offsets e; must be integers so that only points of a Cartesian grid are involved
in the finite difference discretization. This constraint prevents simply using the eigendecomposition
of the matrix D. The coefficients A\; must be nonnegative in order for the discretization to be
suitable for use in numerical schemes that have to satisfy the monotonicity property.

The above strategy is not the only way to build a monotone and consistent discretization
of the operator . We could for instance have chosen to relax the constraint that offsets
e; have integer elements, using instead an interpolation step in the numerical scheme in order
to approximate values of the unknown at points that do not belong to the discretization grid.
This approach is well-known [DJ13; INNZ19| and yields a two-scale discretization of the original
operator. We choose to retain the constraint that e; have integer elements, with the hope of
obtaining finite difference stencils with smaller radii and schemes with higher orders of consistency.

Historically, the numerical analysis of schemes based on a decomposition in the form (|1.3))
satisfying the above constraints was performed [Kry05; KT92| even though no method to compute
this decomposition in a numerically practical way was known, except for some specific classes
of matrices D such as diagonally dominant matrices. A construction based on the Stern-Brocot
tree of irreducible fractions was introduced in [BOZ04| for matrices of size two, and another
construction, equivalent for matrices of size two but also applicable for matrices of size three, and
based on Selling’s algorithm |CS92; [Sel74], a tool originating from the study of low-dimensional
lattice geometry, was independently introduced in [FM14]. The second construction has a natural
extension to symmetric positive definite matrices of size greater than three, based on Voronoi’s
first reduction of quadratic forms, which is well-known in the theory of low-dimensional lattice
geometry [CS88} [Vor08| and was previously used for the discretization of partial differential
equations in [Mirl9|.

The first part of this thesis is devoted to the study of some properties of Voronoi’s first
reduction that are of interest when applying it to the design of finite difference discretizations.
The second part is devoted to the study of finite difference schemes for some specific degenerate
elliptic equations of the form .

1.1 Tools for the monotone finite difference discretization
of anisotropic differential operators on Cartesian grids

If D is a given symmetric positive definite matrix, we recommend choosing the coefficients of its
decomposition (1.3 as a solution to the maximization problem

max Z A6

ecZ4\{0}

A ZI\{0} 5 Ry, > Aeel =Dy, (1.5)
e€Z4\{0}

While this problem is posed on the set of all, possibly infinitely supported, decompositions of D
with nonnegative coefficients and offsets with integer elements, it may be shown that its solutions
are always finitely supported. Moreover, since the constraint » eczd\ {0} Aee! = D implies that
> eczi\ {0} Xle|? = Tr(D), maximizing the coefficients \¢ is consistent with the fact that it is
desirable, for numerical purposes, that offsets e € Z¢ \ {0} associated with nonzero coefficients \®
have small norms.

The maximization problem admits the following dual problem:

]V}mfr\}l Te(DM); Mgy = {M € R4 symmetric, (e, Me) > 1, Ve € Z%\ {0}}. (1.6)
€My
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The admissible set M, of this dual problem happens to be well-known in the field of low-
dimensional lattice geometry, under the name of Ryskov’s polyhedron. Although it is defined
by infinitely many constraints, it features locally the same structure as a standard polyhedron
[Sch09a).

In order to explain the relation between Ryskov’s polyhedron and low-dimensional lattice
geometry, let us associate to any symmetric positive definite matrix M of size d the lattice, unique
up to a rotation, spanned by linear combinations with integer coefficients of the columns of some
matrix B of size d such that BT B = M. Then Ryskov’s polyhedron is the set of all symmetric
positive definite matrices associated to lattices for which a nonoverlapping sphere packing may
be built by placing a sphere of radius one half centered at each point of the lattice, as illustrated
by Figure Vertices of Ryskov’s polyhedron are called perfects forms, and associated lattices
are called perfect lattices.

admissible lattices perfect lattice inadmissible lattice

Figure 1.1: Ryskov’s polyhedron: lattice interpretation. In the limit case of a perfect lattice,
each sphere is in contact with at least d(d + 1) neighbor spheres (that is, 6 neighbor spheres in
dimeunsion d = 2).

While in applications to sphere packings the quantity that is minimized over Ryskov’s
polyhedron usually is the determinant, rather than some linear form as in the problem ,
both minimization problems share the property that their minimum is attained at some perfect
form, that is, at some vertex of Ryskov’s polyhedron. This motivated the classification of perfect
forms that has been performed in the literature up to dimension d = 8 |[CS88; IDSV07|. The
classification of symmetric positive definite matrices D depending on which perfect form M is
optimal in is called Voronoi’s first reduction of quadratic forms. Two perfect forms M and
M’ are called arithmetically equivalent if they are associated to the same lattice, or equivalently
if there exists some matrix A of size d with integer elements and whose inverse also has integer
elements such that M’ = ATMA. While, in any dimension d > 2, there are infinitely many
perfect forms, Voronoi proved that there are only finitely many equivalence classes of perfect
forms for the relation of arithmetical equivalence |Vor08|. Knowing those equivalence classes,
as well as the way that the relation of arithmetical equivalence interacts with the polyhedral
structure of Ryskov’s polyhedron, allows one to solve the dual problem , and thus also the
primal problem , in a particularly efficient manner, by walking over the adjacency graph of
perfect forms.

Note that the number of equivalence classes of perfect forms explodes as the dimension
increases, as illustrated by Table [I.I} Therefore the approach described in this thesis for building
decompositions in the form is tractable provided that the considered dimensions remains
reasonably small.

In dimensions d € {2, 3}, the structure of this classification is particularly simple since there
exists only one equivalence class of perfect forms for the relation of arithmetical equivalence. Thus
the minimization problem may be solved using tools that are specific to those dimensions,
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d=2|d=3|d=4|d=5|d=6|d=7|d=8 d>9
1 1 2 3 7 33 10916 | unknown

Table 1.1: Number of equivalence classes of perfect forms depending on the dimension.

such as Selling’s algorithm [CS92; |Sel74], which has been used previously for the discretization of
partial differential equations |[FM14]. In Chapter [2, we show how viewing the decomposition
obtained using Selling’s algorithm as a solution to the maximization problem allows to prove
some theoretical guarantees regarding the feasibility of the second-order consistent monotone
discretization of a differential operator involving both a first- and a second-order terms.

In Chapter 3] we explain how one may efficiently compute the set of solutions to the maxi-
mization problem in dimension d = 4, we recommend a way to choose a particular solution
when this set is not a singleton, and we discuss some properties of the resulting finite difference
schemes, namely the Lipschitz regularity of their coefficients, the radius of their stencils and the
absence of checkerboard artifacts.

1.1.1 Second order monotone finite differences discretization of linear
anisotropic differential operators

In dimensions d € {2,3}, all perfect forms are equivalent, for the relation of arithmetical
equivalence discussed above, to the reference perfect form

2 1 ... 1

tfr - 1 1.+

= =_I;+-11". 1.7

2. . . 2d+2 (1.7)
... 1 2

For this reason, all decomposition in the form , obtained using Voronoi’s first reduction of
quadratic forms, of all symmetric positive definite matrix D of size two of three have sets of offsets
featuring the same particular structure, related to the notion of superbase of the lattice Z? (a basis
of Z% is a family v = (v1,...,vq) of vectors with integer elements satisfying det(vy,...,vq) = £1;
a superbase of Z4 is a basis of Z% extended with the additional vector vy := —v; — -+ — vq). More
precisely, there exists a superbase v of Z® such that the decomposition is supported by the offsets
+eij, i, j € {0,...,d}, defined by *(e;;,vr) = £(dir — d;z), for all k € {0,...,d}. Moreover,
the coefficient A\® associated to the offset e;; is equal to the scalar product —(v;, Dv,), and the
constraint that it should be nonnegative may be seen as a property of obtuseness of the superbase
v for the relevant scalar product.

We display in Figure the sets of offsets in the decompositions of some symmetric positive
definite matrices of size two. In dimension d = 2, the set of symmetric positive definite matrices
with trace normalized to one is a disk, which may be parametrized as

Ll+p1  p2 ’ 2, 2
— <1lp.
{2< P2 1_p1 p1+p2—

The offsets are constant on some triangles, which form an infinite triangulation of the disk and
which coincide with cells in Voronoi’s first reduction of the set of two-dimensional quadratic forms
with normalized trace. In dimension two, the offsets of the decomposition themselves coincide,
up to a change of sign, with the elements of some superbase of Z2.
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Figure 1.2: Left: the set of symmetric positive definite matrices of size two with unit trace. Right:
the associated finite difference stencils.

While the finite difference discretization of second-order anisotropic differential operators in
dimensions d € {2, 3}, based on a decomposition of the coefficient matrix obtained using the
particular structure of perfect forms in dimensions d € {2, 3}, has been studied previously [FM14],
we consider in Chapter [2] differential operators featuring both a first- and a second-order terms.
At least two standard discretization strategies exist for the first-order term: the one using upwind
finite differences, which are first-order consistent and monotone, and the one using centered finite
differences, which are second-order consistent but lack monotonicity. In dimension one, it is
well-known that, in presence of a nondegenerate second-order term in the discretized differential
operator, the lack of monotonicity of the centered finite difference discretization of the first-order
term may be compensated by the monotonicity of the discretization of the second-order term,
allowing the whole operator to be discretized in a second-order consistent manner. We study how
this construction may be extended to two- or three-dimensional differential operators of the form

w e (b(-), Du(")) + Te(D() D*u(")),

where b and D are fields of respectively vectors and symmetric positive definite matrices.
We introduce the second-order consistent discretization

1
(b, Du(x)) + TH(DD?u(w)) = 3~ ulz + hel)Q—hu(a@ — he;)

(1.8)

I
u(x + he;) + u(x — he;) — 2u(x)
+ Z Ai h2 ’
i=1
where \; and e; are respectively coefficients and offsets of a decomposition of the symmetric
positive definite matrix D in the form (L.3]), and p; are coefficients of a decomposition of the
vector b in the form

I
i=1

It is important that the same offsets e; are shared between the decompositions of D and b, since
otherwise the lack of monotonicity of the discretization of the first-order term could not be
compensated.
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We recommend choosing the decomposition based on Voronoi’s first reduction of quadratic
forms, after having computed it using Selling’s algorithm, and then choosing the coefficients p;
according to the formula

i = )\1 <b, D71€i>.

We show (Theorem that with this choice of coefficients and offsets, the discretization
is monotone provided that the discretization step h is small enough, more precisely smaller than
C|D~|='/2(b, D~b)~1/2, where the constant C' depends only on the dimension. The main result
in Chapter |2]is that this choice is quasi-optimal, in the sense that if the discretization is
monotone for some choice of coefficients p;, A; and of offsets e;, then it is also monotone for the
proposed choice of coefficients and offsets, up to dividing the discretization step h by a factor two
in dimension two, or by a factor six in dimension three (Theorem .

In order to prove the main result, we have to study an extension of Voronoi’s first reduction of
quadratic forms to inhomogeneous quadratic forms. This extension involves the following variant
of Ryskov’s polyhedron:

My = {(n, M) | n € RY, M e R¥ symmetric; Ve € Z9\ {0}, (n,e) + (e, Me) > 1}.

While Mg, the standard variant of Ryskov’s polyhedron, is a set of symmetric matrices, the
polyhedron M, that we introduce is a set of pairs of vectors and symmetric matrices. We show
that the polyhedral structure of My is remarkably similar to the one of Ryskov’s polyhedron
My: for instance, all vertices of My are of the form (0, M), where M is a vertex of M.

1.1.2 Monotone discretization of anisotropic four-dimensional differen-
tial operators using Voronoi’s first reduction

In dimension d = 4, unlike in dimensions two and three, perfect forms are not necessarily
arithmetically equivalent to the reference perfect form (1.7)), and there exists exactly one other
equivalence class of perfect forms, of which a representative is

(1.10)

]
S = =N
— =N =
— N = =
N = = O

Perfect forms that are arithmetically equivalent to are not related to superbases of Z%
in the manner that those that are arithmetically equivalent to are. Therefore, Selling’s
algorithm, which iterates over superbases of Z¢, is not directly applicable in dimension d = 4.
However, the minimization problem may still be solved by walking over the vertices of
Ryskov’s polyhedron in a suitable manner. We explain in Chapter [3] that this procedure may be
implemented particularly efficiently, using the fact that the adjacency relations between perfect
forms, in the graph of vertices of Ryskov’s polyhedron, may be precomputed.

We describe how one can deduce the set of solutions to the maximization problem ([L.5).
This set is not always a singleton. This is related to the fact that, as illustrated by Table [I.2]
some perfect forms—those that are arithmetically equivalent to —are degenerate vertices of
Ryskov’s polyhedron, meaning that they have more than ten neighbors, ten being the dimension
of the space of symmetric matrices of size four. We show however that, in dimension d = 4 and
up to identifying offsets e € Z*\ {0} with their opposites, the set of solutions to is always
an equilateral triangle, possibly reduced to a singleton. We recommend choosing the barycenter
of this set as the decomposition of the symmetric positive definite matrix D to be used in finite
difference discretizations, and we prove some properties of the resulting discretizations:
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perfect form number of neighbors dimension of the degenerate
d | arithmetically | arithmetically equivalent to | space of symmetric | perfect form
equivalent to | (1.7) | (1.10) matrices of size d
2| (1.7 3 0 3 no
3| (1.7 6 0 6 no
4 1.7] 0 10 10 no
4 | (1.10) 48 16 10 yes

Table 1.2: Polyhedral structure of Ryskov’s polyhedron in dimensions d € {2, 3,4}.

Lipschitz regularity of the coefficients. We show (Theorem that the coefficients \°
of the proposed decomposition of the symmetric positive definite matrix D depend on D in a
locally Lipschitz manner, the Lipschitz constant depending only on the condition number of
D. As a corollary, when discretizing an anisotropic diffusion operator such as involving a
field D(-) of symmetric positive definite matrices that is Lipschitz continuous and has bounded
condition number, the fields of coefficients A¢(-) in the discretization remain Lipschitz continuous.
One of the benefits of proving continuity of the coefficients of the discretization is that it is an
assumption in some well-known results about convergence rates of some numerical schemes for
some degenerate elliptic partial differential equations [BJ07].

Radius of the finite difference stencil. The stencil of the finite difference discretization of
an anisotropic diffusion operator associated to the decomposition of a symmetric positive definite
matrix D that is solution to the maximization problem is the set of offsets e € Z4\ {0}
associated to a nonzero coefficient \°. For efficiency of the finite difference scheme, it is desirable
that such offsets have small norm. We prove the estimate |e| < Cu(D), where C is a constant
depending only on the dimension and u(D) := |D|*/?|D~1|'/2 is the square root of the condition
number of the matrix D (Theorem [3.4.1). The value of the constant C' is important and is
discussed in section B.41]

The above estimate is true in any dimension d € N* and for decompositions defined by any A
that is maximal in . It had previously only been proved in dimensions d € {2, 3}, while in
higher dimensions only the weaker estimate |e| < Cu(D)?! was known, see [Mir19]. In order to
prove the improved estimate, we need to answer the following question: knowing that D belongs
to some particular cell of Voronoi’s first reduction of quadratic forms, is there a finite number of
cells of this reduction to the union of which the matrix D! is guaranteed belong? We show that
this is true, using that cells of Voronoi’s first reduction are convex conical hulls of sets of rank one
matrices, which greatly simplifies the structure of their images by the matrix inverse function.

Guarantees against checkerboard artifacts. Checkerboard artifacts typically occur when
the graph of adjacency of points of a discretization grid, according to the stencils of a finite
difference scheme, is not connected, as illustrated in Figure[I.3] Then the restrictions of the scheme
to the different connected components of the grid behave independently, which may be undesirable.
We present a strategy for proving the absence of such artifacts in some discretizations of four-
dimensional operators involving anisotropic diffusion, using the previously proved properties on
the Lipschitz continuity of the coefficients A® and the norm of the offsets e of the recommended
decomposition of a symmetric positive definite matrix D, as well as the following spanning property:
the set of offsets e associated to nonzero coefficients A\¢ spans the lattice Z* by linear combinations
with integer coefficients. We show (Theorem [3.5.1) that while there exist decompositions of
D associated to maximizers A of the problem that do not satisfy this last property, the
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recommended decomposition, which is associated to the barycenter of the set of maximizers, does
satisfy it.

KRS
e

scheme with checkerboard artifacts scheme without checkerboard artifacts

Figure 1.3: Left: stencils in a discretization of the Laplace equation using diagonal offsets, which
is an example of scheme featuring checkerboard artifacts. Right: stencils associated to the
discretization recommended in this thesis for an anisotropic diffusion operator, featuring good
connectivity properties which prevent checkerboard artifacts.

1.2 Monotone discretization of some specific degenerate el-
liptic partial differential equations

In the second part of this thesis, we study some specific finite difference schemes, designed using
the previously described strategy for discretizing anisotropic diffusion operators. Those schemes
allow us, on the one hand, to approximate Randers distances and associated optimal transport
distances, and on the other hand, to solve numerically the Pucci and Monge-Ampére equations,
reformulated in the form .

1.2.1 A linear finite-difference scheme for approximating Randers dis-
tances on Cartesian grids

Randers distances. Randers distances are an asymmetric extension to Riemannian distances.
Their asymmetry may illustrate, for instance, the fact that it is easier to move downwind than
upwind in a medium subject to currents, or easier to move downhill than uphill due to the effect
of the gravity. Zermelo’s navigation problem [BRS04], illustrated in Figure is an example of
a standard problem involving Randers distances.

Randers distances have been initially introduced in the setting of general relativity [Randl].
They have numerous other applications, including image segmentation [CMC16|, quantum vortices
|[ABMO6|, and path curvature penalization [CMC17].

A Randers metric in an open domain Q C R? is a function F: Q x R — R of the form

Fo(v) := (v, M(z)0)? + (w(x),v),

where M and w are given fields, of respectively positive symmetric definite matrices and vectors,
in . The compatibility condition (w(x), M (z) lw(x)) < 1 between both fields is assumed in Q.
In the particular case of an identically zero vector field w, the Randers metric is reduced to a
Riemannian metric.
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Figure 1.4: Zermelo’s navigation problem. The aim is to compute the trajectory (in black) that
allows the boat to reach its destination in minimal time, taking into account ocean currents
(in blue). The minimal travel time between a given source and destination defines a Randers
distance.

To two points z, y € Q is associated the set 'Y of all Lipschitz continuous paths ~: [0,1] — Q
between x and y (meaning that they satisfy v(0) = = and (1) = y). The length, with respect to
a given Randers metric F, of any such path is defined as follows:

1
length () := / Fyiy(Y'(t)) dt.
0
The Randers distance between points « and y is defined as the minimal length among all paths:

dist 7(z,y) ;== inf lengthr(y).
Y€ETy

In Chapter 4] we introduce a numerical method for approximating the function u defined in

Q by
u(z) := inf (g(p) + distz(p, z)), (1.11)
peIN

for some given g: 9Q — R U {400} (up to excluding some point py €  from 2, and letting
g(po) = 0 and g = 400 on IN\ {po}, this includes the particular case of the function u: x —
dist=(po, x)). This method involves solving a linear finite difference scheme and is justified by
a large deviations principle. Its advantages include, on the one hand, that the linearity of the
scheme allows using prefactorization techniques for efficiently approximating distances between
many pairs of points, and on the other hand, that it is particularly well suited to the numerical
resolution of the entropic regularization of optimal transport problems. A similar method was
previously introduced in the particular setting of Riemannian manifolds [CWW13|, and was
applied to the approximation of optimal transport distances in such manifolds [Sol+15]|.

The finite difference scheme that we recommend solving is of the form

ul(z) + 2¢ ; () u(r + hei(x))2—hu(x — he;(z))

. (1.12)

2 Z (@) u(x + he;(x)) + u(hm27 hei(x)) — 2u(x) —0 inQnhze

i=1

where coefficients p;, A;, and offsets e; satisfy (1.3)) and (1.9), b and D being fields in  of
respectively vectors and positive symmetric defined matrices, defined from w and M by simple
algebraic relations. Note the similarity between the left-hand side in the scheme ((1.12)) and the
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discretization . The scheme has to be adapted close to 9€2 in order to take into account the

Dirichlet boundary condition u"(x) = exp(—g(x)/e) on Q. The method states that the function

u is approximated, under suitable assumptions, by u” := —¢Inu”, for small values of ¢ and h.
We display in Figure [I.5] some numerical results obtained by applying the proposed numerical

method to Zermelo’s navigation problem.

1o Currents Distance function Minimal paths
05 —//—p—— _%/// §
0.0 1 1 / \
054 — p—— 4 //// f *‘ \\\

)5 00 0. -10 -05 00 05 10 -10 -05 00 05 10

N
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.0

Figure 1.5: Application of the proposed numerical method to Zermelo’s navigation problem
(see Figure . Left: ambient currents. Middle: Randers distance function from the point
po := (0,0.8). Right: minimal paths from the point py.

Large deviations principle. It is well-known that the function u defined by (L.11)) is solution
to the Hamilton-Jacobi-Bellman equation

(Du(z), D(z)Du(z)) + 2(b(z), Du(z)) —1=0 in Q, (1.13)

where D and b are the fields introduced above. On the other hand, the scheme (1.12) is a
discretization of the linear second-order equation

ue(x) + 2e(b(x), Duc(2)) — & Tr(D(x) D?uc(z)) =0 in Q. (1.14)
Formally, it is easy to show that if u. is solution to ([1.14), then u. := —eln u, is solution to
(Du.(z), D(x)Du.(z)) + 2(b(z), Du.(x)) — e Tr(D(x)D*u.(z)) —1 =0 in Q. (1.15)

The Hamilton-Jacobi-Bellman equation is a perturbation of , justifying the conver-
gence of u. to u as € approaches zero.

While the above justification is formal, we explain in section [I.A] how to make it rigorous in
the setting of viscosity solutions.

We call the result u. —._.¢ u a large deviations principle since the function u. has the
following probabilistic interpretation: for given x € Q and & > 0, let (X;);>0 be the stochastic
process defined by

AXEE = —2eb(XP°) dt + eV/2D(XTF) dW, X2 =g,
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where (Wy);>0 is a d-dimensional Wiener process, and let 7%¢ > 0 be the exit time

™ =inf{t > 0] X;"° & Q}.

ol (E [exp (—57‘”’5 —Eg(Xfa’fs)ﬂ) ,

which may be interpreted as a soft-minimum, and compared to the infimum in (|1.11]).

Then u.(z) is equal to

Convergence analysis. In addition to the convergence u. —._,¢ u, under suitable assumptions
it is easily proved, using the standard theory of convergence of finite difference schemes for linear
equations and the fact that the scheme is consistent with the equation , that
u}; —h_0 Ue, and thus also that u? —n-0 Ue. However, this does not guarantee the joint
convergence u’ —(e,h)—0 U

We study the joint convergence in two different settings. In the first one, that we call here
the smooth setting, we assume, among other assumptions, that the domain € is smooth and that
the function ¢ in is continuous and takes finite values. In the second one, that we call the
singular setting, we assume that the boundary of €2 is the union of a smooth part and of some
isolated point pg, and we let g(pg) = 0 and g = 400 elsewhere: as already discussed above, this
allows us to consider the case of the function u: x — dist #(po, x), which is often the one that has
to be approximated in practical applications.

In the smooth setting, our strategy is, instead of performing a logarithmic transformation in
the linear equation in order to obtain the nonlinear equation , to rather perform the
logarithmic transformation directly in the linear finite difference scheme , which yields a
nonlinear, monotone scheme to which u” := —¢Inu” is solution. Under suitable assumptions,
we show (Proposition the consistency of this nonlinear scheme with the equation
as ¢ — 0 and h/e — 0, and we deduce (Theorem [4.3.18)) the convergence of u’ towards u.
Importantly, the convergence result does not hold anymore if the ratio h/e remains constant,
which is reminiscent of the counterexamples to the convergence of the method in [CWW13| towards
the distance function, see [CWW13, Appendix A]. We recommend choosing the parameter ¢
proportionally to h%/%. We show (Corollary [4.3.14) that, at least far from 9, this yields
consistency of the nonlinear scheme at the order 2/3, which is the best achievable order of
consistency among all possible choices of the parameter €. For comparison, we show that if
upwind finite differences had been used instead of centered finite differences for the discretization
of the first-order term in the scheme , then only consistency at the order 1/2 could have
been achieved for the nonlinear scheme.

In the singular setting, we prove under suitable assumptions (Theorem the convergence
of ug towards u as € — 0, h/e — 0, and elnh — 0. To this end, we reuse when appropriate the
arguments from the smooth setting, but in order to handle the isolated point in the boundary of
2, we also need to use a two- or three-dimensional counterpart to the spanning property discussed
in section [1.1.2] which prevents the formation of checkerboard artifacts close to this point.

Finally, we discuss the approximation of the Randers distance distz(x,y) when neither of
the points = and y is fixed. The scheme , modified close to Jf) to take into account the
Dirichlet boundary condition u” = 0 on 9, may be written in the matrix form L!u” = 0, where
L? is a square matrix indexed by z, y € QN hZ%. We show (Theorem that, under suitable
assumptions and locally uniformly over (z,y) € 2 x

—eIn[((LM)™Y)4,] — distz(z, ), (e,h/e,elnh) — 0. (1.16)
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When approximating distances distz(z,y) between many pairs of points (x,y) € Q x Q, we
recommend prefactorizing the matrix L so that the elements ((L")~!),, may be computed
efficiently.

Application to regularized optimal transport. Given two probability measures p and v
supported on Q N hZ?, the 1-Wasserstein optimal transport problem between p and v writes as

= inf is P
W, v) Peiﬁu,u)[)mdlbtf(x’y)d (z,y),

where II(u, v) denotes the set of transport plans between p and v, that is, the set of probability
measures on € x 2 whose first and second marginals coincide respectively with p and v. This
problem admits the entropic regularization

We(p,v) .= inf / distr(x,y) dP(z,y) — € Ent(P),
Pell(p,v) Joxn

where Ent(P) := —>_, ,connza Loy Pay if P =3, compza Pryd(a.y)-

It is well-known that the entropic regularization of the optimal transport problem may be solved
using Sinkhorn’s algorithm |Cut13|. This algorithm involves performing several matrix-vector
products involving the square matrix K. indexed by z, y € QN hZ? and defined by

(Ke)ay = exp <_dlStf(x’y)> '

€

Since the matrix K. is dense, it would be numerically extremely costly to compute it explicitly,
and thus it is desirable to find instead an approximation of K. for which the matrix-vector
products may be computed efficiently. According to , we recommend approximating K. by
(L™)~1. Then matrix-vector products involving (L?)~! reduce to sparse linear systems, which
may be solved efficiently especially if the matrix L" has been prefactorized beforehand.

A similar approach was previously introduced in [Sol+15| in the setting of Riemannian
manifolds. We notice that while optimal transport problems in which the transport cost dist (z, y)
has been replaced by its square dist=(x, y)? were also discussed in [Sol+15|, the approach used to
handle this quadratic variant cannot be generalized to the setting of Randers manifolds.

We display in Figure [[.6]some numerical results obtained by solving optimal transport problems
using the proposed method, in Randers manifold associated to Zermelo’s navigation problem.

1.2.2 Monotone and second order consistent scheme for the two-dimen-
sional Pucci equation

In Chapter [f] we introduce a monotone discretization of the two-dimensional Pucci equation
Amin (D?u(2)) 4+ pAmax (D?u(x)) = f(x), (1.17)

where Anin and Apax respectively denote the smallest and largest eigenvalues, and g > 0 is a
given parameter. For any 6 € R, we define the rotation matrix Ry and the rotated matrix D(0, p)
by

__[cosf —sinf . 1 0\ o7,
R@ = (Sine cos @ ) ) D(aa:u‘) T R9 (0 /1‘) R9 ;
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Figure 1.6: Optimal transport in the setting of Zermelo’s navigation problem. Left, middle right:
ambient currents. Middle left, right: each point in the source domain (in blue) is mapped by the
optimal transport plan to a measure in the target domain (in orange). We display arrows pointing
to the barycenters of those measures. The fact that the optimal transport is not a translation
even when the currents are constant is a well-known property of the 1-Wasserstein problem.

then the Pucci equation (1.17)) admits the following reformulation in the form (|1.2):

max — Tr(D(0, 1) D*u(x)) = — f (),

1.18
0€[0,7] ( )

provided that ;<1 (if © > 1, then the maximum has to be replaced by a minimum). Following
the approach described in section in order to discretize the reformulation ([1.18]) yields the
finite difference scheme

. u(zx + he) + u(z — he) — 2u(x)
> X0 "2

max —
0€(0,7]

=—f(x), (1.19)

ecZ\{0}

where, for a fixed value of > 0, the coefficients A(0, ) > 0 are nonzero only for finitely many
offsets e € Z?\ {0} and may be computed using Selling’s algorithm, see section

Decomposition of a rotated matrix of eigenvalues 0.1 and 1

1.0 4
0.8
— (1,-1)
— (0,1)
£ 0.6 — (1,0
° — (1,-2)
£ — (2,-1)
o o ~ b —~
O 0.4 — (1, 1)
— (2,1)
— (1,2
0.2 1
0.0 1
0.0 0.5 1.0 15 2.0 2.5 3.0

0
Figure 1.7: Coefficients A°(6,0.1), for different values of the offset e and of the angle 6.

A common approach to evaluate the left-hand side in the scheme (1.19) is to discretize the
parameter set [0, 7] of the maximum, which introduces an approximation error. Then, for each 6
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in the discretized parameter set, the nonzero coefficients A\°(6, u), and the corresponding offsets,
may be computed using Selling’s algorithm. This approach is numerically costly: if the Cartesian
grid on which the scheme is posed has a number of elements of the order of N2, then the
number of elements of the discretization of the parameter set should also be of the order of N? in
order for the scheme to remain consistent at the order two, and the numerical cost of evaluating
the left-hand side in at all points of the Cartesian grid would be of the order of N*.

Our main contribution is to show (section that the maximum in admits a closed-
form formula. Therefore the scheme may be evaluated without discretizing the parameter set,
and the numerical cost of this evaluation on the above Cartesian grid is only of the order of N2.
In order to compute the closed-form formula, we show that, as illustrated in Figure [[.7] functions
6 — X\°(6, ) coincide with the sum of a sinusoid and a constant on each one of finitely many
closed intervals whose union is [0, 7]. Each of those intervals I C [0, 7] is associated to a set of
symmetric positive definite matrices with normalized trace

{40610 |6 € 1)

which is included in a single cell of the infinite triangulation displayed in Figure[1.2]

We conclude Chapter [5| by performing some numerical experiments which illustrate the
accuracy of the recommended numerical method.

While we apply to the Pucci equation the idea of computing a closed-form formula for the
maximum occurring in a finite difference scheme designed using the tools from section [I.I] this
approach can be generalized to other degenerate elliptic partial differential equations. We discuss
the case of the Monge-Ampére equation in section |1.2.3

1.2.3 Monotone discretization of the Monge-Ampére equation of opti-
mal transport

In Chapter [} we introduce a monotone finite difference discretization of the second boundary
value problem for the Monge-Ampére equation. This is the relevant boundary value problem for
Monge-Ampeére equations associated to optimal transport problems. We consider Monge-Ampére
equations of the form

det (D*u(z) — A(z, Du(z))) = B(z, Du(z)), (1.20)

where B > 0 and matrices A(x, Du(z)) are symmetric, our convergence result only being proved
in the particular case of equations of the form

det D*u(z) = m, (1.21)

which corresponds to optimal transport problems whose cost function is the squared Euclidean
distance (we call those quadratic optimal transport problems). Solutions to the Monge-Ampére
equation are considered admissible when they are convex, in the setting of equation , or
when they satisfy formally the generalized convexity condition D?u(z) = A(x, Du(z)) for the
Loewner order on symmetric matrices, in the setting of equation .

Discretization. While the general form of the numerical scheme that we recommend is described
in Chapter [6] let us discuss here, for simplicity, the discretization of the simpler equation

det D*u(z) = f(x).
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This equation admits the following reformulation in the form (1.2), which was previously used in
[FJ17] for numerical purposes:

max (df(x)l/d(det D)/ _ Tr(DDQu(a:))) —0, (1.22)
€51

where d is the dimension of the domain of the equation and S; denotes the space of symmetric
positive semidefinite matrices of size d whose trace is equal to one. The proposed scheme is a
finite difference discretization of the above reformulation:

Flyu(z) = 0, Fiu(r) := max (df(z)l/d(det D)V _ A}fu(x)) , (1.23)

where S? is a suitable approximation of S, and AEu(x) is a finite difference discretization of
Tr(DD?u(x)) obtained following , with an appropriate choice of coefficients A; > 0 and offsets
e; € 7% satisfying .

One benefit of using the reformulation of the Monge-Ampére equation is that the
equation enforces the convexity of its solutions. As a consequence, large steps may be used
when solving the associated finite difference scheme using Newton’s method. For comparison,
when solving some previously introduced finite difference schemes for the Monge-Ampére equation,
such as [BCM16], extremely small steps needed to be used in Newton’s method in order to preserve
the convexity of the iterates.

In dimension d = 2, we recommend choosing the coefficients ); and the offsets e; in APu(z) as
Selling’s decomposition of the matrix D, consistently with the approach described in section[I.1] We
also recommend choosing the set S? ~ S as a finite subtriangulation of the infinite triangulation
of the disk S; displayed in Figure As in the case of the Pucci equation (see section , we
prove (Theorem that the maximum in then admits a closed-form formula, the proof
using the fact that offsets e; associated to nonzero coefficients \; remain constant on each cell of
the triangulation S?. Thanks to this closed-form formula, the discrete operator FKL/I A in
may be evaluated particularly efficiently.

General case Smooth case, with | Smooth case, without
Lax-Friedrichs Lax-Friedrichs
Consistency error O(h?/3) O(h) O(h?)
Numerical cost O(h=%/31og(1 + h™1)) O(h=?) O(h=?)
Numerical cost
(discretized O(h=10/3) O(h™9) O(h™%)
maximum)

Table 1.3: Analysis of the consistency error and numerical cost of the proposed finite difference
discretization of the Monge-Ampére operator.

In Table we display the order of consistency of the scheme with the reformulated
Monge-Ampére equation , and the numerical cost of evaluating the operator Fl(ﬁ[ A For
comparison, we also display an optimistic estimation of the numerical cost of evaluating the
operator F}, when discretizing the parameter set of the maximum instead of using the closed-
form formula, and when the discretization of the parameter set has to be fine enough so that
the order of consistency of the scheme has to be preserved. Our analysis also applies to the
generalization of the scheme to Monge-Ampére equations of the general form . We
distinguish between three different cases. In the general case, a part of the consistency error is
due to the approximation of the parameter set S; of the maximum by S, and the number of
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cells in the triangulation S? has to increase as the discretization step h decreases, which has an
effect to the numerical cost of the method. In the smooth case, we assume that the solution to
the Monge-Ampére equation is smooth and satisfies a strict uniform variant of the generalized
convexity condition D?u(x) = A(x, Du(z)): then it is possible to choose the set S¥ independently
of h, which both increases the order of consistency of the scheme and decreases the numerical cost.
When discretizing Monge-Ampére equations of the form for which either function A or B
effectively depend on its second variable, we recommend using a Lax-Friedrichs approximation of
the gradient Du(x), which is only consistent to the order one; thus we have to distinguish two
subcases of the smooth case, according to whether such a Lax-Friedrichs approximation is needed
or not.

The optimal transport boundary condition. We assume from now on that the Monge-
Ampére equation is posed on a bounded domain X C R?. In the setting (1.21)) of Monge-Ampére
equations associated to quadratic optimal transport problems, the second boundary value problem
for the Monge-Ampére equation involves the optimal transport boundary condition

Du(X) =Y, (1.24)

where Y is some given convex set. The above equality is called a boundary condition even though
it involves the whole domain X: this is because under suitable assumptions, by a convexity
argument, it may be reformulated as Du(0X) = 9Y.

The second boundary value problem for the Monge-Ampére equation features a property
of additive invariance: both the Monge-Ampére equation and the optimal transport boundary
condition involve only the derivatives of the unknown u, and not its values. For this reason, the
set of solutions to the boundary value problem is stable by addition of a constant.

The property of additive invariance is a source of difficulty when designing numerical schemes.
In particular, it may prevent the existence of solutions to those schemes. Let us illustrate this
phenomenon with the example of another additively invariant system of equations:

{jw%w+ mﬁ=8 in (—1,1), (1.25)

This is Poisson’s equation on the one-dimensional domain (—1,1), equipped with Neumann bound-
ary conditions. It only admits solutions provided that the following condition of compatibility
between the source term f and the boundary conditions is satisfied:

/11 f(z)dx = 0. (1.26)

A similar compatibility condition has to be satisfied in order for the Monge-Ampére system to
admit solutions, in form of the mass balance condition

[ s@ = [ gt)an (1.27)

The difficulty, in the setting of finite difference schemes, is that often no discrete counterpart to

(1.26) or (|1.27)) is satisfied. A natural finite difference scheme for the system (|1.25) on the grid
(—=1,1) N hZ would be

B §Fu(x) + 6, u(z)
h

+ f(z)=0 in(=1,1)NhZ,
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sl o ] R (e £ h) € (<11),
wule) 0 else

This scheme does not admit solutions, except for the special case of source terms f satisfying the
discrete compatibility condition
> f@=o

z€(—1,1)NhZ

While the above scheme may be adapted in order to admit solutions, not all the possible
adaptations may be generalized to finite difference discretizations of the Monge-Ampére equation.

The discretization that we introduce for the optimal transport boundary condition is
based on the fact that the inclusion Du(X) C Y may be rewritten as the inequality

Ir;lgﬁ((@,Du(x)) —oy(e)) <0 in X,

where oy : € = SUp,c p(y) (€, p) is the conver support function of the set P(x). This reformulation
may be discretized using standard upwind finite differences, yielding the scheme

Fiiypu(z) <0 Fiiypu(z) := max (Dyu(x) = op()(€)). (1.28)

We now have an equality and an inequality , both posed on a Cartesian discretiza-
tion of the domain X. Our aim is to design a numerical scheme for the whole system of equations
of the second boundary value problem, using both discrete operators F{j[ A and F]QVQ.

One way to do this is to adapt to our setting the approach developed in [Frol9|. This would
yield the scheme

max{ Fyyau(z), Fivou(z)} = 0, (1.29)

modified close to 0X to take into account the Dirichlet boundary condition © = 0 on 0X. This
approach was studied in [Fro19] in the setting of quadratic optimal transport problems,
although not with the same definitions of the operators Fyy, and Ff,. Taking the maximum
between operators FI\’}[ A and F§V2 was justified by a phenomenon of competition between the
inequalities F{ yu(x) < 0 and Fl,,u(z) < 0. The Dirichlet boundary condition is satisfied in the
classical sense u(z,) = 0 close to some point z, € X, while at other points it is to be understood
in the weak sense u < 0. It serves two purposes: on the one hand, the equality u(z,) = 0 selects a
unique solution in the additively invariant set of solutions to the Monge-Ampére problem, and on
the other hand, it weakens the discretization of the optimal transport boundary condition close to
the point x,, thus also weakening the need for a discrete counterpart to the mass balance condition
. A key ingredient in the analysis in |Fro19| is that the numerical scheme satisfies a property
of underestimation. One difficulty when attempting to extend this analysis to Monge-Ampére
equations of the general form is that it does not seem obvious how to discretize in
an underestimating manner.

In order to bypass the need for the underestimating property, and also in order to prevent
numerical artifacts that tend to occur close to the point x,, we use a slight modification of the
scheme . Similarly to the numerical experiments in [BD19|, we add an unknown « € R to
the discrete problem, and we solve

max{ F{y s u(z) + a, Flyou(z)} = 0. (1.30)

The presence of the unknown « is sufficient to weaken the need for a discrete counterpart to the
mass balance condition (1.27)). We replace the boundary condition © = 0 by u = 400 on 9X.
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The scheme only enforces this Dirichlet boundary condition in the weak sense u < 400 —
which is always satisfied — on the whole boundary 90X, and we show that the Dirichlet boundary
condition yields no boundary layer. In order to select a unique solution in the additively invariant
set of solutions to the Monge-Ampére problem, we add a constraint u(xzg) = 0, for some given
point zg € X. Adding an equality constraint is consistent with the fact of adding an unknown «
to the scheme.

One drawback of adding the unknown « is that, while operators Fl;, and Fl,, are both
monotone with respect to their argument wu, the scheme is not monotone with respect to the
pair of unknowns (u, ). Therefore Perron’s method, which often allows to prove the existence of
solutions to monotone numerical schemes, does not apply directly to the scheme . We show
(Theorem that Perron’s method may however be adapted to our setting by handling the
unknown « separately from w in the proof of the existence of solutions. We state our proof as a
general result about the existence of solutions to a class of additively invariant numerical schemes
whose unknowns are a discrete function u and some scalar € R and which are monotone with
respect to u for fixed values of a.

Under suitable assumptions, we establish the convergence of the numerical scheme in
the setting (1.21)) of quadratic optimal transport problems (Theorem. To this end, we need
to study the relationship between, on the one hand, viscosity subsolutions and supersolutions
to the discretized system of equations, and on the other hand, Aleksandrov solutions to the
Monge-Ampére problem. The case of viscosity subsolutions was previously studied in the setting
of , but not the case of viscosity supersolutions, whose analysis was not needed in that
setting.

Figure 1.8: Application of the method to the far field refractor problem in nonimaging optics.
Left: target image. Middle left: shape of the lens, computed using an implementation of the
method in the Python® programming language. Middle right: approximation of the pointwise
curvature of the lens. Right: simulation of the scene, using the appleseed® rendering engine.
The small black dot at the bottom represents the light source.

While the convergence of the scheme (|1.30) remains an open problem when considering Monge-
Ampére equations of the general form we performed numerical experiments validating the
method in the setting of the far field refractor problem in nonimaging optics. In this problem,
rays of light emanate from a point light source, are refracted by an optical lens, and the refracted
rays continue to propagate until they hit a screen, was distance to the point source and to the
lens is assumed to be large. The aim is to find a suitable shape for the lens so that a given target
image is projected to the screen. It is well-known |[GHO9] that this problem is described by some
Monge-Ampére equation of the form (L.20). We solve the associated numerical scheme ,
we deduce an approximation of the shape of the lens, and we simulate the propagation of the
light for the shape that we obtain, as illustrated in Figure [I.§f We observe that graph of the
approximated pointwise curvature of the lens is reminiscent of the target image, but that bright
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areas of the target image tend to be expanded and that dark areas tend to be shrunk, which is
an expected result since parts of the lens corresponding to bright areas must be large in order to

capture more rays of light.
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Chapter 2

Second order monotone finite
differences discretization of linear
anisotropic differential operators

This chapter corresponds to the paper [BBM21c¢|.

2.1 Introduction

In this paper, we design finite difference discretizations of Degenerate Elliptic (DE) Partial
Differential Equations (PDEs). This class of equations is sufficiently general to encompass a
wide variety of applications, in the fields of optimal transport, game theory, differential geometry,
stochastic modeling and finance, optimal control, etc. Our results are limited to linear and
semi-linear operators, but could in principle be used as a building block for the discretization
of fully non-linear operators, see Appendix The assumption of degenerate ellipticity yields
comparison principles and stability properties [CIL92].

Discrete Degenerate Ellipticity (DDE), for numerical schemes, implies similarly strong proper-
ties [Obe06], which often turn proofs of convergence into simple verifications. A known limitation
of DDE discretization schemes is their consistency order with the original PDE, which cannot
exceed two for second order operators and one for first order operators |[Obe06|. However, many
common implementations of second order DE operators only achieve first order consistency, or
sometimes less. They may also rely on excessively wide stencils, especially in the context of
two-scales discretizations [FO11}; LN18|. This degrades the accuracy of the numerical results,
which severely constrains the practical uses of these methods. The objective of this paper is to
characterize when a second order monotone discretization is feasible, and how wide the numer-
ical scheme stencil must be, especially when the second order part of the operator is strongly
anisotropic, and the first order term is non-vanishing.

The finite difference schemes developed in this paper are adaptive in the sense that the stencil
of the numerical scheme depends on the PDE coefficients, and reflects the strength and orientation
of the anisotropy of the PDE, see Figure We do however use a fixed and non-adaptive
Cartesian discretization grid © N hZ?. This understanding of adaptivity must be distinguished
from the (more standard) approach where the sampling density of the set of discretization points
is adjusted locally in the PDE domain, often depending on the singularities of the solution and
using a priori or a posteriori estimators, see e.g. [DK09]. In other words, we do not in this work

45



46 CHAPTER 2. SECOND ORDER MONOTONE FINITE DIFFERENCES

adapt the set of discretization points to the addressed PDE and its solution, but we adapt the
connectivity between these points as defined by the numerical scheme stencils. This paper builds
on [Mirl6] which similarly discusses optimally compact stencils for finite differences discretizations
of several PDEs—divergence form and non-divergence form anisotropic diffusion, anisotropic
eikonal equation—preserving suitable structural properties, in two dimensions. Regarding the non-
divergence form Laplacian, the present work differs from [Mir16| by focusing on the obstructions
to discretization related to the presence of an additional first order term, and by addressing the
three-dimensional case.

We state our theoretical results in the context of linear operators with constant coefficients,
defined over R? where d € {2,3}. Because degenerate ellipticity is a local property, which is
stable under a variety of transformations, they admit straightforward extensions to semi-linear
operators and to some fully non-linear operators. Non-constant coefficients and bounded domains
with Dirichlet boundary conditions are also easily handled. See Appendix and the numerical
experiments section [2.4] for these extensions.

We define the linear operator £ = L[w, D] on R by the expression

— Lu(z) == (w, Vu(z)) + 3 Tr(DV?u(z)), (2.1)

where w € R%, D € SJ'JF is a symmetric positive definite matrix, and the unknown u : R? — R
is a smooth function. Likewise in the discrete setting we define the finite difference operator
Ly, = Ly[ps, €z‘]1§m§b on the Cartesian grid hZ¢ with grid scale h > 0, by the expression

— Lpu(z) :==h2 Z pi(u(z + he;) — u(z)), (2.2)

1<[i[<I

where p_7, -+, p_1, p1,--- ,pr > 0 are non-negative weights, and ej,--- ,e; € Z% are offsets with
integer entries, for some positive integer I. Here and throughout this paper, without loss of
generality, we use the convention that e_; := —e; for all 1 <4 < I. Note that consistency between
and across grid scales h > 0 requires that the weights (p;)i1<|ij<; depend on h, in
addition to w and D.

Any translation invariant linear operator on hZ¢, finitely supported and vanishing on constant
functions, can be written in the form . We denote by Sy the set of symmetric d x d matrices,
by Sj the subset of semi-definite ones, and by S;Jr the positive definite ones.

Definition 2.1.1. The operator £[w, D] is said Degenerate Elliptic (DE) if D € S;. The discrete
operator Ly [p;, e;]1<|ij<r is said Discrete Degenerate Elliptic (DDE) if p; > 0 for all 1 < |i| < I.

In particular, the DE property does not impose any restrictions on the first order term w € R¢,
and the DDE property does not constrain the numerical scheme offsets e; € Z?. The objective
of this paper is to construct second order accurate DDE discretizations of DE operators, and
to investigate the possible obstructions to do so. For that purpose we introduce the following
compatibility condition.

Definition 2.1.2 (Absolute feasibility). Let w € R and D € S;. We say that the pair (w, D)
is absolutely feasible if there exists an integer I > 0, some integral offsets e1,--- ,e; € Z4\ {0},
and some non-negative weights p_y,--- ,p_1, p1---,pr > 0, such that denoting e_; := —e; for
all 1 <4 <17 one has

Z pie; = w, Z pieieiT =D. (2.3)

1<[i|<I 1<i|<T
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Let us emphasize that in Definition the integer I and the offsets (e;)1<|ij<s are not fixed
a priori (and neither are the weights (p;)1<j;j<z), but they may depend on w and D; when they
exist, they are in general not unique. In this paper, we fully characterize when a pair (w, D) is
absolutely feasible in dimension d € {2, 3}, see Proposition which is not straightforward
unless D is a diagonal matrix. We also advocate for a specific construction, see Definition [2.1.5]
for which the stencil cardinality I is bounded in terms of the dimension d, whereas the stencil
width max{||e;||; 1 < < I} is bounded in terms of condition number of D, see Theorem [2.1.9]
below.

Proposition 2.1.3. The pair (hw, D) is absolutely feasible iff there exists (p;, e;)1<|ij<r such that
Llw, D] and Ly|pi,ei|i1<)ij<1 are both degenerate elliptic, and are equal on all quadratic functions.

Proof. The scheme Ly[p;, ei]lgmg 1 is well-defined iff the vectors e; have integer coordinates, and
is DDE iff the weights p; are non-negative, the same conditions that arise in Definition For
any quadratic function v : R¢ — R, any e € Z¢ and any h > 0 one has the ezact Taylor expansion

u(z + he) = u(x) + hip,e) + %h2<e, Me),

with p := Vu(x) and M := V2u(z). Therefore, using that (e, Me) = Tr(Mee®),
1
h2

1
Lyu(x) = ; Z pi(h{p, e;) + §h2 Tr(Meze] )
1<[i|<T
:l<p Z p-e->+1Tr (M Z p-e-eT)
L ) : 1C4 9 : €€ |-
1<|i|<I 1<lil<I

On the other hand Lu(z) = (p,w) + £ Tr(M D). The announced result follows by identification
since p € R? and M € Sy are arbitrary. O

Proposition is stated in terms of the pair (hw, D), because the multiplicative factor
h arises naturally in the application to finite difference schemes; in contrast, we avoid this
factor in Definition for clarity. In dimension d = 1, and viewing 1-vectors and 1 x 1-
matrices as scalars, one easily checks that (w, D) is absolutely feasible iff |w| < D, and with the
notations of Definition @ one has I =1, e, =1, and py = %(D + w), which corresponds
to the usual centered finite differences scheme. Note that discretizing using upwind finite
differences for the first order term fails the consistency test on quadratic functions requested in
Proposition The following construction generalizes the centered finite differences scheme to
dimension d € {2, 3}.

Our numerical scheme relies on a tool from a lattice geometry known as Selling’s decomposition,
described in more detail in section see also [Sel74; |(CS92|. It associates to each positive
definite matrix D € S[Jir+7 where d € {2, 3}, a specific decomposition of the following form

D= Z UieieiT, where 0; >0, e¢; € 2%, V1 <i <1, (2.4)
1<i<I

and I :=d(d + 1)/2. Selling’s decomposition has already been used in the design of difference
schemes in dimension d € {2,3}, for (divergence form) anisotropic diffusion in [FM14], and for
various anisotropic eikonal equations in [Mir18;|Mirl19]. It is at the foundation of degenerate elliptic
and second order consistent discretizations of the fully non-linear two-dimensional Monge-Ampére
IBCM16| and Pucci (Chapter [5)) equations. In dimension d = 2, an equivalent construction based
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on the Stern-Brocot dyadic tree of rational numbers is used in [BOZ04] for the Hamilton-Jacobi-
Bellman equation of Stochastic control.

The support (e;)I_; of Selling’s decomposition, which is also the stencil of the numerical
scheme proposed in this paper, tends to align with the anisotropy defined by the matrix D. This
is illustrated on Figure where we use the following parametrization (closely related with Pauli
matrices in quantum mechanics) of the set of symmetric positive definite matrices of size two and
with unit determinant:

. 1 1+a b 2 2

Definition 2.1.4 (Finite difference operators). For any e € Z%¢, h > 0, u : hZ¢ — R, we let

u(x + he) — u(x — he)
2h ’

u(z + he) — 2u(z) + u(x — he)
72

dru(z) == Afu(z) ==

Given D € S§* where d € {2, 3}, with Selling decomposition D = di<i<r oieie; , we let

VPu(r) = Z o 0y u(x) e, APu(z) = Z oA u(x).

1<i<T 1<i<I

The centered finite differences §§u(x) = (e, Vu(z)) + O(h?) and second order finite differences
Afu(z) = (e, VZu(z)e) + O(h?), are classical constructs. In combination with Selling’s decompo-
sition, they are here used to define discrete anisotropic gradient and Laplacian operators, with
the following consistency properties easily derived from

VPu(x) = DVu(z) + O(h?), APu(x) = Tr(DV2u(z)) + O(h?). (2.6)

For context, Selling’s decomposition of the matrix D = Id yields up to permutation the canonical
basis (e1,- -+ ,eq) with unit weights o1 = 1,--- ;04 = 1, whereas the remaining weights vanish:
o, =0foralld <i<I:=d(d+1)/2 (and the corresponding vectors e; are not uniquely
determined). As a result VI4 and Ald are the classical finite differences discretizations of the
gradient and Laplacian, whose stencil only involves the immediate grid neighbors.

Definition 2.1.5 (Canonical discretization). We say that (hw,D) € R? x ST, d € {2,3}, is
canonically feasible if the following operator Lj; is DDE

— Lpu(z) == (D" 'w, VP u(z)) + 1APu(z). (2.7)

Equivalently, but more explicitly, (w, D) is canonically feasible iff the following weights are
non-negative

pPi = %(1 + <w’D716i>)7 (28)

for all 1 < |i| < I, where D = Y, _,.;0;¢;e! is Selling’s decomposition and thus [ :=
d(d+1)/2. Note that these weights obey by construction, which reflects the fact that for a
quadratic function u the expansions are exact (no remainder), so that matches (2.1)).

Definition [2.1.5 outlines a simple, canonical and practical discretization of the anisotropic linear
PDE operator (]ZD, often referred to as our numerical scheme in the paper. By construction,
canonical feasibility implies absolute feasibility, but the latter can be achieved in a variety of
other ways, using possibly a different number of terms I, a different support (e;)!_;, or different
weights (p;)1<|ij<7- Note also that is second order consistent with the PDE operator ,
in view of 7 whereas the conditions of Definition only imply first order consistency. We
next state the main result of this paper.
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Figure 2.1: To each point (a,b) of the unit disk, we associate the matrix D = D(a,b) defined by
. Left: Ellipse defined by {{v, D~'v) < 1; v € R?}. Points close to the unit disk boundary
(shown blue) yield strongly anisotropic ellipses. Center: Support (e;)!_; of Selling’s decomposition,
which is also the stencil of our finite difference scheme for the given anisotropy. Right: Set of
vectors w for which the pair (w, D) is canonically feasible (dark gray), or absolutely feasible (dark
and light gray), computed via Proposition m The scale of the three figures may not match.

Theorem 2.1.6. Let (w, D) € R x ST+, where d € {2,3}. If (w, D) is absolutely feasible, then
(cqw, D) is canonically feasible, with c2 :==1/2 and c5 :=1/6.

Taking the contraposition, Theorem [2.1.6] shows that if the canonical discretization of Defini-
tion does not yield a DDE scheme in some practical instance, then (up to the factor ¢g)
obtaining a DDE scheme will require a serious compromise: either substantially reduce the grid
scale (which amounts to multiplying w by a small factor by homogeneity), or give up second order
consistency (which allows using upwind finite differences, and eliminates the constraint of absolute
feasibility). The following result in contrast provides a direct criterion for canonical feasibility.
We denote by || - || and (-, ) the Euclidean norm and scalar product. Let also ||e]|as := +/(e, Me)
and [|A| := max ;<1 ||Az|| for any e € RY, M € ST, and matrix A.

Theorem 2.1.7. Let (w,D) € R x ST+, where d € {2,3}, and let M := D~'. If one has
1M1 wllar < e (2.9)

then (w, D) is canonically feasible, with cy :=1/2 and c3 := 1/(4v/3).

The existence of a finite difference discretization, degenerate elliptic and second order consistent,
is not the only practical concern: the width of the stencil used is also of importance. Excessively
wide stencils reduce the effective discretization scale of the scheme, thus also the accuracy of the
numerical results. They may also raise difficulties with the treatment of boundary conditions,
computer parallelization, matrix conditioning and sparsity, etc. See also the discussion section [2.4}
We provide two results related to the stencil width. First, we show that the canonical discretization
has the smallest support of all possible DDE and second order consistent discretizations, in
dimension two, in the strong sense of convex hull inclusion. We denote by Hull(E) the convex
hull of a subset E of a vector space.
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Theorem 2.1.8. Let (w,D) € R% x SfT be canonically feasible, and let (pirei)i<pi<r be the
corresponding decomposition (2.8), pruned so that p; #= 0 or p—; # 0 for all 1 < i < 1. Let
(P}, ei)i<)ij<r be another decomposition, as in Definition . Then

Hull{e;; 1 < |i] < I} Cc Hull{e}; 1 < i| <I'}.

Second, we provide explicit bounds on the stencil width in terms of the differential operator
coefficients and anisotropy.

Theorem 2.1.9. Let (w,D) € R? x S{;H be canonically feasible, where d € {2,3}, and let
(pi»€i)i<jij<1 be the corresponding decomposition (2.8|), where I = d(d +1)/2. Then |le;|p <
Ca/IM]| for all 1 <i < I, where M := D', and Cy = 2 and C3 = 4v/3.

Theorem F implies in particular that |le;|| < CyCond(D), for all 1 < i < I, where

Cond(D) := +/||D||IID~1]|. See also [Mir16] for average case bounds in dimension d = 2, under
random rotations R] DRy of the tensor, 6 € [0, 27].

Outline

Section §2.2]is devoted to further discussion of the canonical discretization, and to the proofs of
Theorems [2.1.7} 2.1.§ and [2.1.9| which follow rather directly from arguments presented in [Mir18]
and [Mirl6]. Section §2.3| establishes Theorem Numerical experiments are presented in

2.4

2.2 The canonical discretization

This section is devoted to a further presentation of the construction of Definition here
referred to as the canonical discretization of a second order linear PDE operator. We review
Selling’s algorithm in §2.2.T] finalizing the algorithmic description of our numerical scheme. We
describe in an interpretation of this algorithm as an optimization procedure, involving
objects from the field of lattice geometry known as Voronoi’s first reduction and Ryskov’s
polyhedron. Theorems 2.1.7} 2.1.§| and [2.1.9] are proved in §2.2.3

The results presented §2.2.3 are new, whereas the more classical techniques described in §2.2.0]
and §2.2.2) are required for completeness and as a preliminary to the proof of Theorem [2.1.6] in

§2.3]

2.2.1 Selling’s algorithm and formula

We describe Selling’s algorithm [Sel74; |(CS92|, and the related tensor decomposition formula which
is invoked in Definition of the numerical scheme considered in this paper.

Selling’s algorithm

This algorithm belongs to the field of lattice geometry [NS04], which among other things studies
coordinate systems in additive lattices (here Z¢), adapted to the geometry defined by a given
positive definite quadratic form (here defined by D € S; ). The next definition introduces such
a concept.

Definition 2.2.1. A superbase of Z¢ is a (d + 1)-tuple b = (vg,--- ,vq) € (Z%)4*! such that
|det(vy, - ,vq4)| =1 and v + - +vg = 0. It is said D-obtuse, where D € S; 7, if (v;, Dv;) <0
forall 0 <i<j<d.
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Given a positive definite tensor D € S;{*, where d € {2, 3}, Selling’s algorithm constructs a
D-obtuse superbase, see Algorithm [I} Note that the algorithm does not extend to dimension
d > 4, and indeed there exists a matrix D € S}t for which no D-obtuse superbase exists [Sch09a].

Algorithm 1 Selling’s algorithm

Input: A positive definite tensor D € S(‘;"’, and a superbase b = (vp, -+ ,vq4), where d € {2, 3}.
While there exists 0 < i < j < d such that (v;, Dv;) >0 do

If d = 2, b« (—U,‘,Uj,vi — Uj).
Ifd= 37 b« (_Ui7vj7vi +Uk77]i +Ul) where {kal} = {07 15273}' \ {27.7}

Output: b, which is now a D-obtuse superbase.

Proof of correctness and termination of Algorithm[]l Denote by b the current superbase at the
beginning of an iteration. If the stopping criterion holds, then b is D-obtuse, as desired. Otherwise,
denoting by b’ the updated superbase, one easily checks that

Ep(V') = Ep(b) — Cylvs, Dvj) where Ep(b) := > |ukllp, (2.10)
0<k<d

and where Cy = 4 and C3 = 2. Thus Ep(b') < Ep(b). Since there exists only finitely many
superbases b such that £p(b) is below a given constant, Selling’s algorithm must terminate. [

Selling’s algorithm is not the only means to produce a D-obtuse superbase. For instance
Corollary 1 and Proposition 1 in [FM14] show in dimension d € {2,3} how to produce a D-obtuse
superbase from another type of system of coordinates referred to as D-reduced basis, resulting in
a O(In(||D||||D~1])) numerical complexity [NS04]. Selling’s algorithm is however efficient enough
for applications to PDE discretization, which usually involve moderate condition numbers, and
therefore it is used in all our numerical experiments §2.4]

Selling’s decomposition

This mathematical formula allows, once a D-obtuse superbase of Z% is known, to decompose the
tensor D € S;+ in the form of 1) For that purpose, we associate to each superbase a family
of vectors (e;;)ix; defined by duality relations.

Definition 2.2.2. Let b= (vg,--- ,vq) be a superbase of Z?. Then for any i, j in {0, ,d} such
that i # j we let e;; € 74 be the unique vector obeying (€ij, k) := 0ir — Oj, for all 0 < k < d.

Note that Definition characterizes e;; € R? by d + 1 linear relations. This does make
sense in view of the redundancy vy + - - - + vg = 0 of the linear forms, and of the compatibility
(0io — d50) + -+ + (dia — 6j¢) =1 — 1 = 0 of the right-hand sides. The vectors e;; admit explicit
expressions when d € {2, 3}, namely (up to the sign)

eij = ivkl ifd=2, (resp. e;; = tv x vy if d = 3), (2.11)

where {i,j,k} = {0,1,2} (resp. {i,4,k,l} = {0,1,2,3}). For all i,5,k,l € {0,---,d} such that
1 # 7 and k # [ one also has the useful identity

<v;€, (eije;rj)vl> = <eij, (v ® vl)eij> = (e, V) {€ij, vr) (2.12)
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0 otherwise.
We denoted by v ® w := %(vw—r +wv') € Sy the symmetrized outer product of two vectors
v,w € R?. The next lemma shows how a superbase of Z% defines a decomposition of an arbitrary
tensor D, involving integer offsets. If the superbase is D-obtuse, then the weights are non-negative,

and the decomposition is known as Selling’s decomposition or formula [Sel74;|CS92|.

Lemma 2.2.3 (Selling’s decomposition). Let D € Sy, and let b = (vo, - -+ ,vq) be a superbase of
Z%. Then

D=-— Z <’Ui,D’U]'>€7;j€ZTj. (213)
0<i<j<d

If D € S;IH and b is D-obtuse, then (2.13) is known as Selling’s decomposition of D.

Proof. Denote by D’ the r.h.s. of (2.13). By (2.12) we obtain (vg, Dv;) = (v, D'v;) for all
0 <k <1<d. These d(d+ 1)/2 independent linear relations imply D = D’, as announced. O

We finally complete the description of our numerical scheme construction, see Definition
Given a positive definite tensor D, build a D-obtuse superbase using Selling’s algorithm
or another method. Then Selling’s formula yields the required tensor decomposition
D=3 _,c;0iee] withI=d(d+1)/2, 0;>0,e; €Z\ {0}. We emphasize that one cannot
replace Selling’s formula with another tensor decomposition in Definition 2:1.5] or Theorems
1.6, 2.1.7, 2.1.8 and 2.1.9] would fail. Finally, let us mention that Selling’s decomposition is
uniquely determined by the tensor D, and thus independent of the choice of D-obtuse superbase,

see Remark 2.2.13

2.2.2 Ryskov’s polyhedron and Voronoi’s first reduction

We introduce two concepts from lattice geometry, Ryskov’s polyhedron and Voronoi’s first
reduction [Sch09a], allowing us to rephrase Selling’s algorithm as a simplex-like optimization
method solving a linear program. In order to prevent any confusion, let us insist that these
geometric tools are not connected with the classical concept of Voronoi diagram, which is instead
related with Voronoi’s second reduction [Sch09a]. Ryskov’s polyhedron is an unbounded subset
Mg C Sy, defined as followsEI

Mgy = {M € Sy; Ve € Z%\ {0}, (e, Me) > 1}. (2.14)

Remark 2.2.4 (Identification of duplicate constraints). The constraints associated in (2.14]) with
a vector e € Z4\ {0} and with its opposite —e are obviously equivalent. We regard them as a
single constraint, associated with the equivalence class +e.

The main result proved in this subsection is the classification of the edges and vertices of the
polyhedron My in dimension d € {2, 3}, see Corollary These objects are actually known
in all dimensions d < 8 see [Sch09b; |CS88; [DSV07], hence the results presented in this subsection
are not new. The proof is recalled for completeness and because its arguments are adapted in

§2.3.1] for the proof of Theorem

IDepending on the author, Ryskov’s polyhedron (2.14) is defined via the constraints (e, Me) > A, e € Z%\ {0},
where X is one, two, or an unspecified positive constant |[Sch09b|. These definitions are equivalent up to a homothety

of M.
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Regularity of Ryskov’s polyhedron

We refer to Appendix [2.B] for some general terminology on polyhedra and linear programming.
Recall that, by Minkowski’s convex body theorem [Sch09a], any centrally symmetric convex body
K C R? of volume Vol(K) > 2¢ contains a point of Z% \ {0}.

Lemma 2.2.5. Each M € My is positive definite, and det(M) > cq where cq > 0 is a constant.

Proof. If M € My, then by construction M is positive semi-definite and the set K = {z €
R%; (x, Mx) < 1} contains no point of Z? \ {0}. By Minkowski’s convex body theorem one has
24 > Vol(K) = Vol(B) det(M)~2, where B denotes the Euclidean unit ball, as announced. The
announced result thus holds with (sub-optimal) constant ¢, := Vol(B)? /224, O

The optimal constant in Lemma iscg = 'y;d, where v, is known as Hermite’s constant
[Sch09al].

Corollary 2.2.6. The polyhedron My is reqular in the sense of Definition [2.B.1}

Proof. Let us check the three points of this definition. (i) The set My contains all M € S,
such that M = Id, hence it has non-empty interior, as required. (ii) The defining constraints
obey Span{ee';e € Z?\ {0}} = Sy, as required. (iii) For any M, M’ € S and any e € RY
one has (e, M'e) > (Amin(M) — |M — M'|))||le]|?, where Apmin(M) > 0 denotes the smallest
eigenvalue. Given M € SJ T, one thus has (e, M’e) > 1 whenever | M’ — M|| < Amin(M)/2 and
llell > 2/Amin(M). This shows that only finitely many constraints defining the polyhedron M,
active in the neighborhood of any M € My, as required. O

Vertices and edges of Ryskov’s polyhedron

We describe a family of vertices of M, in Lemma [2.2.8] the corresponding edges in Lemma [2.2.10]
d € {2,3}, and show in Corollary [2.2.11] that this exhausts the skeleton of M.

Definition 2.2.7. To each superbase b = (vg, -+ ,vq) of Z% one associates the matrix

1 T
My =5 Z vV, . (2.15)
0<i<d

Lemma 2.2.8. Let b= (vo,--- ,vq) be a superbase of Z%. Then (e, Mye) > 1 for all e € Z¢\ {0},
with equality iff e = e;; for some i, € {0,--- ,d}, i # j, see Definition .

Proof. Let e € Z4\ {0} and S := 2(e, Mye) = Y j;<4(vi, €)%, Then S is the sum of the squares
of the integers (v;,e), 0 < 4 < d, which are not all zero, and obey Y ;< (vi,e) = (0,¢) = 0.
Thus S > 2, with equality iff there exists ¢ # j such that (v;,e) =1, (v;,e) = —1, and (vg,e) =0
for all k ¢ {i,j}. In other words e = ¢;;, as announced. O

By Lemma [2:2.8] one has M; € M, for any superbase b. Furthermore, M, saturates the
d(d+1)/2 = dim(Sy) linearly independent constraints associated with the vectors +e;;, where
0 <i < j <d, and satisfies strictly the constraints associated with any other e € Z4\ {0}. This
shows that M}, is a non-degenerate vertex of the polyhedron My. The edges emanating from this
vertex, in dimension d € {2, 3}, are described in Lemma below.

We introduce in the next definition an adjacency relation on the set of superbases of Z9,
which is reminiscent of the superbase updates involved in Selling’s algorithm, Algorithm [T} This
similarity is not by accident, and it leads to an interpretation of Selling’s algorithm as a linear
program solver, see Proposition [2.2.12)
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Definition 2.2.9. One defines the following adjacency relations for superbases of Z%, d € {2,3},

(vo,v1,v2) > (—vo,v1,v9 — V1), (2.16)

(vo,v1,v2,v3) ¢ (—vo,v1, V2 + Vo, V3 + Vp),
and likewise up to a permutation and/or a global change of sign of the superbase.

Lemma 2.2.10. Let d € {2,3} and let b be a superbase of Z2. The edges of My containing M,
coincide with the segments [My, My, where b is a superbase of Z¢ adjacent to b.

Proof. Recall that M, is a non-degenerate vertex of M. Therefore there exists d(d +1)/2 =
dim(Sy) edges of M containing My, which are obtained by relaxing one of the constraints active
at M, (see also section on this topic). In other words, the edges of M, containing M, can
be parametrized by 0 < o < 8 < d and obtained as

Ea,ﬁ - {M S Md; <eij,Meij> = ]-v 0 < 1< .7 < da (27]) 7é (aaﬁ)}
Let b,b" be superbases of Z¢ as in (2.16). Then distinguishing dimensions we compute
(d = ) : Z(Mb/ — Mb) = (1)0 — ’Ul)(’l)() — Ul)T — ’UQ'U;F = —4'[)0 X V1. (217)

= (vg +vo)(v2 +v0) " + (vs +v0)(v3 +vo) | — vavg — v3v4
= 209 ® (vp + v + v3) = —2vg ® V1.

The symmetrized outer product ® was introduced in (2.12)). Thus elements M in [M,, My] obey
the constraints (e;;, Me;;) = 1 whenever {i,j} # {0,1}, by (2.12). Therefore [M,, My] C Eop1,
and equality holds since M; and Mp are vertices of My and Ey; C OMy. Likewise, by permuting
the indices, we obtain for all 0 < i < j < d an edge of M, of the form [M,, M| where b’ is
adjacent to b, obeying all the constraints active at the non-degenerate vertex M; but the one
associated with +e;; (previously +eq1). O

Corollary 2.2.11. The vertices (resp. bounded edges) of Ryskov’s polyhedron My, where d €
{2,3}, take the form M, where b is a superbase of Z (resp. [My, My] where b’ is an adjacent
superbase). There are no unbounded edges in OM .

Proof. The result follows from Lemma [2:2.10] and the fact that the graph defined by the vertices
and edges of a regular polyhedron is connected. O

Voronoi’s first reduction

Voronoi’s first reduction Vor(D), of a positive definite quadratic form D € S;*', is defined as a
linear minimization problem over Ryskov’s polyhedron
Vor(D) := inf Tr(DM). 2.19
or(D) = inf Tr(DM) (219)
This linear program, in dimension d(d 4+ 1)/2 and subject to infinitely many constraints, is well
posed as shown by Voronoi himself [Vor08} [Sch09a], in the sense that the collection of minimizers

is non-empty and compact (generically it is a point) for any D € S:{f The next proposition
reproves this fact in dimension d € {2, 3}.

Proposition 2.2.12. Let D € Sc'l‘"", where d € {2,3}. Then Voronoi’s first reduction is a well
posed linear program, attaining its minimum at vertices M, of My associated with a D-obtuse
superbase b.
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Proof. By lemma [2.2.10] Selling’s algorithm defines a walk on the graph defined by the vertices
and edges of Ryskov’s polyhedron. Observing that Ep(b) = 2 Tr(DM,), see (2.10) and (2.15)), we
see that the next vertex selection reduces the linear program’s objective function, whenever that

is possible. Compare also ([2.10] left) with (2.17)) and (2.18)). Since Selling’s algorithm terminates,
it solves the linear program (2.19)), by the general results in §2.B.2l Furthermore, by Definition

[2.2.1] it terminates precisely when reaching a D-obtuse superbase, which concludes the proof. [

Note that the proof of the previous proposition outlines a close relationship between Selling’s
algorithm and the simplex algorithm |[BG15| applied to the linear program (2.19)).

Remark 2.2.13 (Uniqueness of Selling’s decomposition). Consider the decomposition of a
tensor D € S('iH', associated with a D-obtuse superbase b (if any exists, which is only guaranteed
in dimension d < 3). By Lemma[2.2.8] it can be rephrased as a set of KKT relations for the linear
program at My € My, see Definition Since M, is a non-degenerate vertex of My,
the coefficients of this KKT relation are uniquely determined, even if there is no uniqueness of the
D-obtuse superbase, see Proposition In contrast, Voronoi’s reduction in dimension
d > 4, or our variant \’/E)Jr(w, D) introduced in dimension d > 2, involve polyhedra with
degenerate vertices, at which the KKT relations are often non-uniquely determined.

2.2.3 Proof of Theorems and

Theorems and announced in the introduction, provide respectively a criterion for the
existence of our discretization, and an estimate of the size of its support. They both follow from
the next lemma, which bounds the norm of the vectors defined dually from an obtuse superbase.

Lemma 2.2.14 (Corollary 4.12 in [Mir18|). Let D € S+ where d € {2,3}. Let b be a D-obtuse
superbase, and let e = e;;, for some 1,5 € {0,--- ,d} such that i # j, see Definition . Then,
denoting Cy =2 and Cs := 4+/3, one has

lellar < CalM||Z,  where M :=D"", (2.20)

We refer to [Mirl8| for the proof of Lemma [2.2.14] and use this result here to establish
Theorems and 2.1.91

Proof of Theorem[2.1.9. Recall that the numerical scheme construction in Definition 2.1.5] relies
on Selling’s decomposition of a tensor D € SIJF, see Lemma In particular the offsets
(ei)1<i<r with I = d(d + 1)/2 appearing in Theorem are (up to reindexing) the same as
those appearing in Lemma and there denoted (e;;)o<i<j<a. The announced result follows

from (2.20). O

Proof of Theorem [2.1.7. Denote M := D~! and let e = e;; for some 0 < i < j < d, with the
notations of Lemma 2.2.1741 Then

_ 1
[{w, D7 e)| = [{w, Me)| < [|wllarllellar < Cal MI|Z||w]lar-

Condition (2.9) thus implies that |(w, D71e)| < 1, and therefore that the weights (2.8) are
non-negative, which as announced proves the absolute feasibility of (w, D). O

The rest of this section is devoted to the proof of Theorem For that purpose, we need
to introduce the geometrical concept of Voronoi vector [Sch09a].
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Definition 2.2.15. A point e € Z?\ {0} is an M-Voronoi vector, where M € S1 7, if there exists
p € R? (referred to as the witness) such that

lp—=0llar = llp — €l < |lp — zlls, for all z € Z°. (2.21)
One says that e is a strict M-Voronoi vector if the above inequality is strict for all z ¢ {0, e}.

The origin 0 is introduced in left) to emphasize the geometrical interpretation. In the
language of Voronoi diagrams, e is an M-Voronoi vector iff the Voronoi cells of 0 and e intersect,
in the diagram of R associated with the sites Z? and metric || - ||ps. The (strict) M-Voronoi
vectors can be determined from an M-obtuse superbase, as shown by the next lemma in dimension
d = 2. See Theorem 3 in |[CS92| for a related argument in arbitrary dimension.

Lemma 2.2.16. Let M € SEH' and let eg, e1,es be an M-obtuse superbase. Then +eg, +eq, +es
are M-Voronoi vectors. Furthermore eg is a strict M -Voronoi vector iff (e1, Mea) < 0 (likewise
for —eq, and likewise permuting (e, e1,e2)).

Proof. We first show, w.l.o.g., that ey is an M-Voronoi vector, whose witness is p := eg/2. Note
that |lp — Ollar = [|p — eollar (= |leo/2llar) as required (2.21). Let z € Z? be arbitrary. Since
det(e, eq) = 1, there exists a, b € Z such that © = ae; 4+ bey. From this point a direct computation

yields (2.21)), as announced

lp— |3 = lIpll3s = l(a+1/2)er + (b+ 1/2)ea||3; — |I(e1 + e2)/2[34
= (a® + a)lle1||3s + (0% + b)lle2ll3s + (2ab + a + b)(e1, Me,)

> ((a2 +a)+ (B2 +b) - (2ab+a+ b))(—<el,Mez>)
= —(a —b)*{e;, Mey) > 0.

In the third line we used |le1 ||, = (—eg—ea, Me1) > —(e; Mes), and likewise ||e||3, > —(e1 Mes).
In the rest of the proof, we show that ey is a strict M-Voronoi vector, under the additional
assumption that (e;, Mes) < 0. Indeed, if ||p|| = ||p — ||, then @ = b by the above, thus x = —aeg
and therefore |leg/2||ar = ||(a + 1/2)eo||as- This implies a € {0, -1}, hence z € {0,¢ep}, and
therefore e is a strict M-Voronoi vector, as announced. O

Lemma 2.2.17. Let D € S5 and let (eg,e1,e2) be a D-obtuse superbase. Let M := D™ and
(vo,v1,v2) = (eg,e1,ex). Then (v, v1,v2) is an M-obtuse superbase. In addition, for any i # j

one has (e;, De;) < 0 iff (v;, Mv;) <O0.

Proof. By construction one has vg,v1,vs € Z2, vg + v1 + v9 = (eo + €1 + eg)l = 0, and
det(vy,v9) = det(er,e2) = +1. Thus (vg,v1,v2) is a superbase of Z2. On the other hand,
the obtuseness properties come from the following identity: for any e,e’ € R?, D € S;' * and
M := D~! one has

(e, Me't) = det(M) (e, De').

(In the special case D = Id, this identity expresses that rotation by 7/2 is an isometry. In the
general case D = AT A for some A € GLy(R), it follows from a linear change of variables and the
relation (Ae)® = cof(A)et where cof(A) denotes the cofactor matrix.) O

We are ready to prove Theorem by adapting a result of [Mir16|, devoted to operators
without a first order term, and stated in terms of Voronoi vectors.
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Lemma 2.2.18 (Adapted from Theorem 1.3 in [Mirl6|). Let D € S5, and let

T
D= g oieie;

1<i<I

be the decomposition associated with a D-obtuse superbase by Lemma[2.2.3, pruned so that o; # 0
foralll <i<1I. LetalsoD =73 _,p olelel” be another decomposition, with I' > 0, o > 0,
ei € Z2\ {0} for all 1 <i <I'. Then

Hull{+e;;1 <i < I} C Hull{#e};1 <i < I'}.

Proof. Theorem 1.3 in [Mirl6| provides a similar statement, except that the vectors (£e;)1<i<r
are defined as the strict M-Voronoi vectors, where M = D~!. By Lemmas [2.2.16| and [2.2.17]
the tensor decomposition here considered is also supported on the set of strict M-Voronoi
vectors, and the result follows. O

Proof of Theorem [2.1.8 We use the notations of Theorem 2.1.8] and define o; := p; + p_; for
all1 <i<1I,and o} :==p; +p’, for all 1 < i < I'. Note that o; > 0 for all 1 < i < I, since
pi # 0 or p_; # 0 and both are non-negative. Then D = >, _._,;cieie;] = > ... ;0leiel,
and by Definition the first decomposition comes from a D-obtuse superbase as in Lemma
2233} Applying Lemma [2.2.18] and recalling that e_; := —e;, we conclude the proof of Theorem

2.1.8 O

2.3 Proof of Theorem [2.1.6]

We establish in this section our main result, Theorem [2.1.6] on a compatibility relation needed for
constructing our numerical scheme. This obstruction relates the grid scale h (safely ignored in this
section), with the first order term w € R? and the second order term D € S; ™ of the discretized
linear differential operator. More precisely, this result states that if (w, D) is absolutely feasible
(some discretization exists), then (cqw, D) is canonically feasible (our discretization exists), where
d € {2,3} and ¢4 €]0,1] is a constant.

The guiding principle of the proof is to adapt to the pair (w, D) € R? x S(QLJF, of a vector and
a symmetric positive definite matrix, the tools and techniques presented in §2.2.1 and §2.2.2]
which originally apply to a matrix D € S alone. The arguments are split into three parts, and
proceed as follows. We define and describe in section a variant Mvd C R? x Sy of Ryskov’s
polyhedron M, C Sy, see , involving an asymmetric perturbation of the constraints. The
corresponding generalization Vor(w, D) of Voronoi’s first reduction \/E)I"(D), see (2.19)), is discussed
in We conclude the proof of Theorem [2.1.6]in section by studying a low dimensional
linear feasibility problem.

2.3.1 A variant of Ryskov’s polyhedron

We study of a variant of Ryskov’s polyhedron (2.14). Denoted /,\\/Td C R? x 8, it is defined as
follows N
Mg = {(n, M) € R? x Sy; Ve € Z*\ {0}, (n,e) + (e, Me) > 1}. (2.22)

This subsection is devoted to description of the vertices and edges of Mvd, when d € {2, 3}, see
Theorem below (no other result from this section is used in the following ones). Surprisingly
enough, this structure is only barely richer than that of Ryskov’s original polyhedron, see Corollary

2.2.11} despite the higher dimension.



58 CHAPTER 2. SECOND ORDER MONOTONE FINITE DIFFERENCES

The concepts of superbase b of Z%, the associated matrix M, € S;Jr, and the notion of adjacent

superbases (b,b'), were introduced in Definitions and respectively. Regular
polyhedra and their edges are introduced in Definitions 2.B.1] and 2.B.2| of Appendix 2.B]

Theorem 2.3.1. Let d € {2,3}. Then Mvd is a reqular polyhedron, with:
(a) Vertices: (0, My), for all superbases b of 7.
(b) Bounded edges: [(0, My), (0, My )], for all adjacent superbases b and b’ of Z.%.

(¢c) Unbounded edges: {(0, M) + Mvr,viv] ); A > 0}, for all superbases b of Z* and all I C
{0,---,d}, I #0, where b= (vo,--- ,vq) and vy =, ; v;.

The rest of this section is devoted to the proof of Theorem following a line of arguments
similar to the proof of Corollary [2.2.11} For commodity, we introduce a scalar product on R% x Sy,
as well as a family of elements [, € R? x Sy, e € Z%\ {0}, defined as follows:

((n, M), (w, D)) = (n,w) + Tr(M D), le = (e,ee’). (2.23)
By construction (I, (n, M)) = (e,n) + (e, Me), which is convenient in view of (2.22). Observe
that for any Ay, -+, A, p1,- -, 0y € Rand eq,---eg € Z4, one has
Ai + i T, A — M T T
Z T(ei,eiei ) + T( — €4, (—ei)(—ei) ) = Z Hi€q, Z )\ieiei . (224)
1<i<T 1<i<T 1<i<TI

Remark 2.3.2 (Erdahl’s cone of quadratic functions). The set is reminiscent of Erdahl’s
cone [Erd92; DSV12|, another inhomogeneous generalization of Voronoi’s constructions, defined
as follows:

&4 = {f quadratic function on R%; Ve € Z¢, f(e) > 0}

Recall that a quadratic function on is a map of the form = € R? — o + (,z) + (v, Mx). Thus
for any f € &4, the normalized function f/f(0) (assuming f(0) # 0) can be identified with an
element of

{(n, M) € RY x Sy; Ve € Z\ {0}, (n,e) + (e, Me) > —1}. (2.25)
Despite the apparent similarity between and , the set Md only resembles Erdahl’s
cone superficially. The set /T/Td is more closely related with Ryskov’s original polyhedron My, as

shown by Theorem and Corollary [2.2.11
Lemma 2.3.3. For all (n, M) € Md one has M € My.

Proof. One has (e, Me) = $((n,e) + (e, Me)) + 5((n, —€) + (—e, M(—e))) > 1, Ve € Z*\ {0}. O

Lemma 2.3.4. The polyhedron Md is reqular, in the sense of Definition .

Proof. (i) Let (n, M) € R% x S; be such that ||n|| <1 and M > 21d. Then for any e € Z%\ {0}
one has (1, e) + (e, Me) > —|e|| + 2||e]|2 > 1 since |le]| > 1. Thus (7, M) € My, and therefore
M, has a non-empty interior. (ii) Recalling that Span{ee;e € Z4\ {0}} = Sy, see Lemma
and using one obtains Span{(e,ee’);e € Z4\ {0}} = R? x Sy, as required. (iii) Let
(n, M) € My. Then M € Mg, by Lemma and therefore M is a symmetric positive definite
matrix, whose smallest eigenvalue is here denoted Ayin(M) > 0. Then for any (', M’) such that
ln—n'|| <1and |[M — M| < Anin(M)/2 one has for all e € Z% \ {0}

(' e) + (e, M'e) = [ l[lle]] + Amin (M) — [[M = M) |e]|*
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> (Amin (M) [lell/2 = [nll = Dfell-,

It follows that (n',e) + (e, M’e) > 2 if |le]| > 2(||nl| + 3)/Amin(M). This shows that only

finitely many of the constraints defining the polyhedron Mg are active in the neighborhood of
(n, M) € My, as required. -

The next lemma describes a family of vertices of M.

Lemma 2.3.5. For any vertex M of Mg, the pair (0, M) is a vertex of Mgy. In addition, the

active constraints at a vertexr M € My, and at the corresponding vertex (0, M) € Mgy, are
associated with the same vectors e € 74\ {0}.

Proof. We first check that (0, M) € M,. Indeed, for any e € Z4 \ {0}, one has {l., (0, M)) =
(0,e) + (e, Me) = (e, Me) > 1, since M € M.

We next prove that (0, M) is a vertex of Mvd, relying on the characterization of Remark
By assumption, since M is a vertex of Mg, there exists ey, --- , ey in Z%\ {0} such that
{e;,Me;) = 1 for all 1 < i < I, and Span{e;e; }1<;<; = Sq. The latter property implies that
{e;}]_, spans R? hence using we obtain Span{le, }1<;j<; = R x S%, with the usual
convention e_; = —e;. Since {li.,, (0, M)) = (e;, Me;) = 1, we conclude that (0, M) is a vertex
of /\7(1. The additional point is straightforward, since the vectors e € 74 associated to active
constraints at (0, M) € M, are characterized by the identity 1 = (e, 0) + (e, Me) = (e, Me). O

In the rest of this section, we compute the edges emanating from a vertex (0, M) € Mvd in the
form of Lemma [2.3.5] We apply the strategy of §2.B.3| to compute the outgoing direction of each
edge, and eventually only encounter the two following cases:

(i) The computed edge direction has the form v = (0,N) for some N € Sg, hence the
corresponding edge is internal to Mg N ({0} x Sq) = {0} x M. Since the edges of M, are
known, see Corollary [2.2.11} this must be a bounded edge in the form of Theorem (b).

(ii) The computed edge direction has the form v = (v,vv "), where v € Z? (more precisely, v
has the form indicated in Theorem m (c)). Thus for any e in Z% \ {0},

{le,v) = ((e,ee™), (v,v0 ")) = (e,v) + Tr(ee vv') = {e,v) + {e,v)?.

Since e and v have integer coordinates, the scalar product (e, v) is an integer, and therefore
{le,v) > 0 (with equality iff (e,v) € {0,—1}). Thus v yields an unbounded edge in My
starting from (0, M), in the form of Theorem [2.3.1] (c).

The graph defined by the edges and vertices of a regular polyhedron is connected, see Appendix 2.B]
Once the above dichotomy is established, it follows that M, has no other vertices than those
already found in Lemma 2.3.5 which concludes the proof of Theorem [2:3.1]

Notation (i-ii) and (A-D) in §2.3.1.1|and [2.3.1.2]

We establish the above dichotomy (i-ii) in §2.3.1.1] and [2.3.1.2] in dimension two and three
respectively. For that purpose, we rely on the algorithm presented in for enumerating the
outgoing edges from a vertex in a polyhedron, and explicitly refer to its steps (A-D).




60 CHAPTER 2. SECOND ORDER MONOTONE FINITE DIFFERENCES

2.3.1.1 Edges of Mvg

Let b = (vg,v1,v2) be a superbase of Z?, and let M, be the corresponding vertex of M, see
(2.15). By Lemma the active constraints at the vertex M, € Ms correspond to the set of
vectors E := {e;;; i, € {0,1,2}, i # j} associated with the superbase b, see Definition m
By Lemma (0, My) is a vertex of the polyhedron Mg, at which the constraints associated
with the same vectors e € F are active. Since the number #(E) = 6 of active constraints at
(0, My) € My exceeds the dimension dim(R? x S5) = 2 + 3 = 5 of the embedding vector space,
the vertex is degenerate. The edges containing (0, M;) € Mvg are obtained by selecting 4 out of
the six active constraints, in other words by removing two elements from the set . The following
cases can be distinguished:

e Removing e12 and eg;. The corresponding direction is v = (0,v1 ® v), which lies within
{0} x S4, and thus falls in case (i). Validation of the direction: one has {l.,,,v) =
(eo1,v1 ® v2ep1) = (ep1,v1){eo1,v2) = 0, since {eg1,v2) = 0. Likewise {l.,v) = 0 for all
e € {£ep1, £ep2}, hence v obeys the conditions of (B) of Algorithm

e Removing eg; and epe. The corresponding direction is v = (vg,vg ® vo), which falls in
the case (ii) of an unbounded edge. Validation of the direction: one has (l,,,v) =
(e12,00) + (e12,v0) = 0 + 0 =0, and (le,,,v) = (e10,v0)* + (e10,v0) = (—=1)* + (=1) = 0.
Likewise for e € {ea1, ea0}.

e Removing eg; and ezp. The corresponding direction is v = (vg, v1 ® v1 — va ® v2), but it does
not correspond to an edge, since it is eliminated in step (C) of Algorithm §2.B.3| Indeed,
noting that (I.,v) = (e,v1)? — (e,v2)% + (e, vo) we obtain

(leyy,v) =12 =0 =1 =0,
(legssv) = 02 — (=1)2 +1 =0,
(Lierssv) = (£1)° = (F1)* +0,
showing that the direction v is correct. However since
(leg,, V) = (=1)2 = 0> +1 =2, (leyg V) =02 =12 —1 = -2,
have opposite signs, the direction v does not yield an edge of positive length.

There are 15 distinct two element subsets of E := {e;;; 4,7 € {0,1,2}, ¢ # j}, and we have
considered just three. However by permuting indices, the above considered cases respectively
cover 3, 6, and again 6, distinct two element subsets £. Thus our enumeration is complete, and
Theorem [2.3.1] is proved in dimension d = 2.

2.3.1.2 Edges of .//\\/113

Let b = (vg,v1,v2,v3) be a superbase of Z?, and let M, be the corresponding vertex of M3, see
(2.15). By Lemma the active constraints at the vertex M, € M3 correspond to the set of
vectors E := {ei;; i,j € {0,1,2,3}, i # j} associated with the superbase b, see Definition [2.2.2}
By Lemma@ (0, My) is a vertex of the polyhedron Mvg, at which the constraints associated
with the same vectors e € E are active. Since the number #(E) = 12 of active constraints at
(0, My) € M, exceeds the dimension dim(R? x S3) = 3 + 6 = 9 of the embedding vector space,
the vertex is degenerate. The edges containing (0, M;) € Mg are obtained by selecting 8 out of
the twelve active constraints, in other words by removing four elements from the set E. The
following cases can be distinguished:
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e Removing teg; and two other unspecified elements of E. If the subset is not rejected in
step (B), then the corresponding direction is v = (0, vy ® v1), which lies within {0} x S; and
thus falls into case (i). Validation of the direction: one has (lc,;,v) = (ei;, vo){eij,v1) = 0
as soon as {7, j} # {0, 1}, hence v obeys the conditions of (B).

e Removing agiegr, ap2e02, apseos and another unspecified element of E, where a1, agz, aps €
{=1,1}. The corresponding direction is, up to a global sign change,

v = (—vg, a1V ® V1 + a2V @ V2 + o3ty Q v3).

It is rejected in step (B) or (C), unless ag; = aga = a3 in which case v = (—ap1v0, vo @ vp)
(here with the correct sign) falls in case (ii) and defines an unbounded edge. (Note that
Vo Q1 + v ® Uz + vy ®V3 = —vg ®vg since v1 +vy+v3 = —vg.) Indeed, for any i, j € {1, 2,3}
such that 7 # j one computes

<l:|:60i,V> = —Qp; F 1; <leij ) V> =0. (226)

e Removing agiepr, —ze12, aazess, —aspeso, where agr, g, ao3, agp belong to {—1,1}.
Then the corresponding direction is, up to a global sign change,

v = (v1 +v3, a1V ® v1 + 1201 @ V2 + Qa3vs @ V3 + (303 @ Up).

It is rejected in step C, unless ag; = a2 = agg = asg, in which case v = (v,v ® v) (here
with the correct sign) with v = —ap1(v1 + v3) = ap1(ve + v2) falls in case (ii) and thus
defines an unbounded edge. (Note that —(v; +v3) @ (v1 + v3) = (vo + v2) ® (v1 + v3) =
Vo ® V1 + V1 ® Vg + V2 @ v3 + v3 @ Vg since vy + vy = —(v1 + v3).) Indeed, we check that

(legss V) =0+04+04+0+4+0, likewise for e € {£ega, £e13}
(l4eo, V) = —apr £ 1, likewise for e € {£eg1, £e1a, Teas, teso}.

Finally, we need to show that all the possible 4 element subsets S C {e;;; ¢ # j} correspond
to one of the considered cases, up to a permutation of the superbase. We refer to ¢ and j as the
indices of a vector e;; € S. If two elements of S share the same two indices, a.k.a. e;;,e;; € S for
some i # j, then we fall in the first case. Otherwise, if (at least) three elements of S share one
index, then we fall in the second case. Otherwise, each index i € {0,--- ,3} appears in at most
two elements of S, thus exactly two since #(S) =4 = #{0,--- ,3}. It follows that the indices of
S define a cycle, and we fall in the last case.

2.3.2 A variant of Voronoi’s first reduction

We introduce and study a variant of Voronoi’s first reduction, applying to pairs (w, D) of a vector
w € R? and a positive definite symmetric tensor D € S;"', instead of the matrix D alone in the
original formulation (2.19)). It is defined as follows:

Vor(w, D) := inf{{w,n) + Tr(DM); (n, M) € Mg} (2.27)

Somewhat surprisingly, this generalization of Voronoi’s first reduction reduces to the original
one, subject to a compatibility condition.

Theorem 2.3.6. Let d < 3. For any (D,w) € S;* x R? one has

Vor(D,w) =

—00 if v € Z4\ {0}, (v, Dv) + (w,v) <0,
Vor(D) otherwise.
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Proof. The result follows from the description of the vertices and unbounded edges of the polytope
M, in Theorem and from the general expression (2.41)) of the value of a linear program.

Note also that any v; € Z?\ {0} with co-prime coordinates can be completed into a basis vy, - -+, vg
of Z, hence also into a superbase with vy := —(v; + - -+ + v4). Hence the set of directions of all
unbounded edges of M,, see Theorem (c), is Z4\ {0}. O

Proposition 2.3.7. Let d < 3, and let (w, D) € R% x Sd++. The following are equivalent:
(i) The pair (w, D) is absolutely feasible.
(ii) The linear program Vor(w, D) is bounded.

In case (ii), any set of KKT relations for \//\o/r((,u7 D) yields a simultaneous decomposition of (w, D),
showing (i) explicitly.

Proof. Proof that (i) = (ii). Assume that (w, D) is absolutely feasible, and denote by p; > 0 the
weights, and e; € Z% the offsets of the corresponding decomposition, so that

w = Z Pi€i, D= Z pieieiT. (2.28)

1<i<T 1<i<I
Then for any (M,n) € My, one obtains using the identity (e, Me) = Tr(Mee™)

(o) + Te(DM) = 37 pi((w.ea) + (en Me)) = 3 py 2 0.

1<i<T 1<i<I

Therefore Vor(D,w) > 0 > —oo is bounded.

Proof that (ii) = (i). By Proposition there exists a vertex M, of My, where b
is a superbase of Z%, such that Vor(D) = Tr(DM,). By Lemmas [2.2.8 and [2.3.5, (0, M)
is a vertex of Mvd at which finitely many constraints (e;)!_, are active. By Theorem [2.3.6
\70/1*(D) = Vor(D) = Tr(DM,) = (w,0) + Tr(DM,) and this minimum is attained at the vertex
(0, M,). The KKT relations express that there exists non-negative weights (p;)!_; (possibly
non-unique) such that the objective function and the weighted sum of the constraints are equal:
one has (w,n) + Tr(DM) = >, c.c; pi({es,n) + {e;, Me;)) for all (n, M) € R? x S;. From this
point, the simultaneous decomposition follows by identification, as announced. O

Remark 2.3.8 (Degeneracy of the vertices of Mvd) The vertices of Mvd are degenerate, in dimension
d € {2,3}, in the sense that exactly d(d 4 1) constraints are active, which is strictly greater than
dim(R? x Sy) = d(d +1)/2 +d. As a result, the KKT relations for the linear program Vor(w, D)
in general do not uniquely determine the decomposition (2.28)) of the pair (w, D). This is in
contrast with Voronoi’s first reduction in dimension d < 3, see Remark

2.3.3 Local study of feasibility

In this section, we compare the conditions of canonical and absolute feasibility of a pair (w, D),
in dimension d < 3, concluding the proof of Theorem For that purpose, we fix a symmetric
positive definite matrix D € S;Jr, denote by b = (vg, - ,v4) a D-obtuse superbase, and recall

Selling’s decomposition (2.13])
D = Z oijeije;rj, (2.29)

0<i<j<d
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where 0;; := —(v;, Dv;) > 0 and where e;; € Z%\ {0} for all 0 < i < j < d is introduced in
Definition [2.2.2] In this subsection, for notational convenience, the indices i and j, are always
implicitly constrained to lie in the set {0,--- ,d}.

We characterize, in the next proposition, the canonical and absolute feasibility of a pair
(w, D) in terms of Selling’s decomposition of D. The argument, in the case of absolute feasibility,
heavily relies on the results established in An interesting byproduct is that, if a pair (w, D)
is absolutely feasible, then it admits a decomposition whose offsets are those of Selling’s
formula for D (and the opposite offsets).

Proposition 2.3.9. Assume d < 3. Let w € RY and D € Sd++. We use the notations b and
(0ij,€ij)i<; of Selling’s decomposition (2.29). Then

o (w, D) is absolutely feasible iff there exists pu;; € [—1,1], for all 0 < i < j < d, such that
W=D i) HijTijeij-

e (w, D) is canonically feasible iff |{e;j, D~ 'w)| < 1 for all 0 < i < j < d such that ;; > 0.

Proof. First equivalence. If the pair (w, D) is absolutely feasible, then by Proposition the
linear program \//?)/r(w, D) is bounded, and attains its minimum at the vertex (0, My), at which
the active constraints are associated with the vectors e;;, ¢ # j. By the KKT relations, there
exists non-negative weights p;;, @ # j, such that

T
w = E Pij€ij DZE Pij€ij€j-

i i#]

Recalling that ej; = —e;; for all i # j, we obtain

w=" (pij = pji)ei; D= (pij + py)eijess.

i<j 1<j

By uniqueness of Selling’s decomposition, see Remark @ one has 0;; = pi; + pj; for all
i < j. Denoting p;; = (pij — pji)/0ij € [—-1,1] when o;; > 0 (and e.g. p;; = 0 if ;5 = 0),
we obtain w = ), _ j Hijoij€ij as announced. The reverse implication is trivial, by defining
Pij = O'ij(l + ,U,ij)/Q and Pji = O'ij(l — ,U,ij)/2, for all 7 < j.

Second equivalence. By construction, see Definition the pair (w, D) obeys is canonically
feasible iff o;;(1+e(e;;,n)) > 0 for all i < j and all € € {—1,1}, where  := D~ 'w. This is indeed
equivalent to |{e;;, D~ 'w)| <1, for all i < j such that o;; > 0, as announced. O

We next state two technical lemmas which, combined with Proposition above, let us
conclude the proof of Theorem The proof of Lemma, [2.3.10]is postponed to §2.3.3.1

Lemma 2.3.10. Let D € S;'+, d < 3. We use the notations b, (0i;,€;;)i<j of Selling’s
decomposition ([2.29). Then |{e;j, Mex)| < |le;j||3; for all i < j and all k < I, where M := D1

Lemma 2.3.11. Let D = 27111 orerel, where o, >0, e, € R? for all1 <r <R, and R is a

T

positive integer. If D is positive definite, then o,.(e,, D" e,) <1 for all 1 <r < R.

Proof. For any 1 <r < R, one has D = o,.e.e,, in the sense of symmetric matrices. Therefore,
letting v, := D~ le,, we obtain (e,, D~le,) = (v, Dv,) > o.(v,,e.)? = o,{e,, D7 te,)2. This
implies 1 > o.,.{e,, D_ler>, as announced. O
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Proof of Theorem[2.1.6 Assume that (D, w) is absolutely feasible. Then for any i < j, using the
notations of Proposition we obtain

[eij, D7) < owilpml [(ess, D™ )|

k<l

< Zakl<ekl7D_lekl>
k<l

<Y 1=d(d+1)/2.
k<l

The three inequalities follows, successively, from Proposition (first point), Lemma [2.3.10
and Lemma [2.3.11} If follows from Proposition [2.3.9] (second point) that (D,w/C) is canonically
feasible, with C' := d(d + 1)/2, as announced. O

2.3.3.1 Proof of Lemma [2.3.10

Throughout this subsection, we use for convenience the notation (v, w)y := (v, Mw), for any
v,w R, M € ij We use the notations of Lemma In particular D € SjJr, M := D71,
b = (v, -+ ,vq) is a D-obtuse superbase, and (0j,€;;)i<; are the coefficients and offsets of
Selling’s decomposition of D. As before, the indices ¢, j implicitly lie in {0,--- ,d}.

Proof in dimension d = 2. Assume that the superbase b = (vg, v1, v2) satisfies
det(vy,vg) =1,

without loss of generality and up to exchanging vy and ve. Then (€12, €20, €01) = (v, vi, v5) by
(2.11)), and this triplet is an M-obtuse superbase by Lemma [2.2.17} Denoting (wg, w1, ws) :=
(e12, €20, €01) one obtains

—(wo, w1)ar — (wo, wa)ar = (wo, —w1 — wa)nr = [Jwoll3,

and therefore 0 < —(wg, w1 )ar < |lwol|3;. Likewise 0 < —(w;, w;)ar < ||w;]|3, for all i # j, which
is the announced result. O

Proof in dimension d = 3. Denote w;; := v; X vj for all i # j. In the following, {3, j, k,} denotes
an arbitrary permutation of {0,1, 2,3}, thus for instance w;; = tey; by (2.11)). Note also that

Wij = —Wjj, and Wi + Wik +wy =v; X (vj + ok +v) = —v; X v; =0.

The scalar products defined by D € S;' * and its inverse M := D~ are related by the following
identity, where u, v, w € R?

det(D){u x v, u x w)pr = ||ul|% v, w)p — (u,v)plu,w)p.

(In the case D = Id this is known as the Binet-Cauchy identity. In the general case where
D = AT A for some A € GL3(R) it follows from a linear change of variables and the relation
(Au) x (Av) = cof (A)(u x v) where cof(A) denotes the cofactor matrix.)

Choosing u = v;, v = v; and w = v, we obtain that (w;;, wix)m < 0. On the other hand

—(wij, Wik) M — (Wij, Wiy = (Wij, v; X (v — v1)) M

= (wij,v; X (Vi +;)) M
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= [lwiz13r,

thus 0 < —(w;;, wik)m < ||wij||3,. Finally, since —wy; = wy; + wyj, we obtain that

—(Wij, W) M = (Wi, Wei + Wij)mr = —(Wij, Wik) M + (Wji, Wik) M,
and therefore, by the previous estimate, —||w;;||3;, < (wij, wi)ar < ||wij||3;. This concludes the
proof of Lemma [2.3.10 O

2.4 Numerical experiments

We illustrate the PDE discretization introduced in this paper with synthetic numerical experiments,
in dimension d € {2, 3}, involving linear and semi-linear operators, and using Dirichlet boundary
conditions on a non-square and non-smooth domain. Let us mention that a close variant of
the proposed scheme, involving the divergence form operator div(D(z)(Vu(z) — w(x)u(z)))
featuring both a first and second order term, is used in [Par+19)] for image inpainting purposes in
dimension d = 2, in collaboration with Jean-Marie Mirebeau. See also [FM14] for applications to
image denoising in dimension d € {2,3}, with an operator lacking the first order term, however.
Additional concrete applications of the proposed scheme will be the object of future work.
The PDEs addressed numerically in this section take the form

Lu(x) = f(x), Vz € Q, u(z) = g(z), Yo € 9Q, (2.30)

where Q := {z € R% ||z|| < 1}U]0,1[* is the union of the d-dimensional unit ball and of the
d-dimensional unit cube. The PDE operator —Lu(z) is chosen as the following linear (resp.
semi-linear) expression

(w(x), Vu(z)) + L Tr(D(z)V2u(z)) (resp. Lw(x), Va(x))? + %Tr(D(x)Vzu(x))) (2.31)

whose coefficients w: @ — R? and D: Q — S;"' are defined for any = = (z1,--- ,z4) in R? by
2 — cos(mx
w(x) = %wo(x),
2 + cos(mx
D(z) := N% (vIg+ (1 — v)wo(z/2)wo(2/2)T), (2.32)

where the parameters u, v > 0 are specified in Figures 2.3] to [2.6] and where wy is the field of unit
vectors defined by

wo(x) = (cos(maa), sin(mas)) ifd =2,
(cos(mxs), sin(mws) cos(mas), sin(mws) sin(was)) if d = 3.

This particular choice of operator and coeflicients is only meant to be reasonably simple and
explicit, and to feature substantial anisotropy for the second order term. It also allows for a
direct analytic verification of the assumptions of Theorem [2.1.7] ensuring the DDE property, see
the last paragraph of this section.

By construction, the condition number Cond(D) := /|| D|||[D~!|| of the symmetric matri-
ces involved in the PDE operators is Cond(D(z)) = v~2. In the experiments we use
v = 1/10, so that Cond(D(z)) = v/10 ~ 3.1, and the radius of the numerical scheme stencil never
exceeds v/5 (times the discretization grid scale h) both in dimension two and three. Stronger
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Stencil radius ‘ d=2 3
Cond(D) < V10 | V5~22 | V11 ~3.3 V5~ 2.2
Cond(D) <10 | v/26 ~5.1 8.3 V30~ 5.5

Table 2.1: Maximum stencil radius of the proposed discretization, for a unit grid scale, depending
on the condition number of D defining the second order term. In other words max;<;<r ||e;l|
where D = 3", ., 0;e;el is Selling’s decomposition, see Lemma First column : D € S+,
second column : D € S5 T, third column : D € S5t with the two smallest eigenvalues equal,
as in . Values obtained experimentally using a fine sampling of the corresponding sets of
matrices, see Theorem for a (non-sharp) proved upper bound of the form Cy Cond(D).

| d=3, M =X <\

anisotropies, up to Cond(D(z)) = 10, are routinely used in the applications of numerical schemes
based on Selling’s algorithm ([BCM16; BOZ04; FM14| and Chapter [5) and in particular the
approximation of sub-Riemannian and non-holonomic eikonal equations [Mir18; Mir19|. However,
this approach looses relevance for even stronger anisotropies Cond(D(z)) > 10, because the
numerical scheme stencils become excessively wide and accuracy therefore degrades. In this case
one may limit the size of the stencils at the price of a consistency error [BOZ04, section 6], or alter-
natively switch to completely different techniques such as asymptotic preserving schemes [Deg+12|.

For any discretization step h > 0, we let Q, := QN hZ? and consider the finite differences
scheme
Lyu(z) = f(x) in Qp, (2.33)

where one has, denoting g(z,p) := (w(x), p) in the linear case (resp. g(z,p) := %(w(x),p)Q in the
semi-linear case)

—Lyu(z) := g(z, D(x) 'V P u(x)) + AP y(z).

The Dirichlet boundary condition from (2.30) does not appear in (2.33) because it is implicitly
implemented via the finite differences operators, defined as (2.37)) and (2.38)) when the point x is

near ). See Appendix [2-A] for more discussion on the extension of the scheme of Definition 2.1.5]
to non-constant coefficients, Dirichlet boundary conditions, and non-linear operators.

As announced, we present synthetic tests of our numerical scheme. For that purpose, a
function u: Q — R is chosen with a closed form expression, and the right-hand side f: Q — R is
generated by symbolic differentiation and evaluation of Lu, so that u obeys with boundary
condition g := u|gq. The discretized PDE ({2.33) is then solved for a range of grid scales h > 0,
and the resulting [1(£2;,) and [°°(©;,) reconstruction errors are reported in Figures to

The chosen exact solutions are a smooth function u;, a C%9 function uy, and a singular
function ug, inspired by [FJ17| for u; and by [FO13| for uy and us, and defined in Q by

uy(x) := i||:c||4, us(z) := max(0, ||z|| — 0.4)2'5, us(z) :=+/d — ||z|]2. (2.34)

The multiplicative coefficient 1/4 in the definition of u; is chosen so that the range of
values taken by [|[Vuy| in © remains close to the one of values taken by ||Vug||, since the
gradient magnitude influences the DDE property of the scheme in the semi-linear case, see
section In numerical experiments, we also adjust the parameter p in the definition of the
tensor field D: Q — Sj+ so that DDE holds at reasonable grid scales.

Empirically we observe second order convergence ||u—up|; = O(h?) and ||u—up | = O(h?),
where u is among the two test functions u; and uy defined in and uy, is the numerical
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solution of with the corresponding r.h.s. for both the linear and semi-linear operators
, in both dimension two and three, see Figures to For the test function us, first
order convergence |ug — upll1 = O(h) and |juz — up|lec = O(h) is observed instead. From a
theoretical standpoint, convergence was not expected for uz and the semi-linear scheme, since
the DDE property is not guaranteed in this case, even for small h.

For the semi-linear equations, a Newton method is used, converging in at most 12 iterations
in our experiments with tolerance 10~® on the max-norm of residual of the discretized PDE.

Remark 2.4.1 (Dominant source of numerical error). The curves of convergence associated to the
linear and semi-linear equations are conspicuously similar in several cases: for the function us in
dimension two, see Figures [2.3]and 2:4] and for u;, us, and ugz in dimension three, see Figures 2.5]
and This suggests that the discretization of the first order term in is not the dominant
source of error in these cases.

For u; and ug in dimension three, we obtained a different convergence curve when changing
the tensor field D : Q — SjJr, suggesting that the discretization of Tr(DV?u) is the dominant
source of numerical error. For the C?:%-5 function u,, we did not observe a significant difference
in the curves of convergence when changing the tensor field D, but we did observe one when
replacing the radius r = 0.4 with 0.5 in its definition, suggesting that the dominant source of
error is related to the configuration of the grid points £2;, in the vicinity of the sphere of radius r
across which us is non-smooth.

2.4.1 Theoretical guarantees of Discrete Degenerate Ellipticity

An a priori analysis allows to guarantee the DDE property of the numerical schemes used in our
numerical experiments (except in one case where it fails), thanks to the explicit and reasonably
simple expression of the PDE coefficients (and, in the semi-linear case, of the PDE solution
(2.34). In practical applications, such an analysis may not be possible, but alternatively the DDE
property can be checked numerically by looking at the sign of the coefficients of the Jacobian
matrix of the discretized operator Lj,.

Letting M (z) := D(z)~!, one easily obtains

IM (@) = 5 (3/(2 + cos(ra)vt < 3u~'v

and therefore
IM ()| |w (@) ar) < 1M (@) | lw(@)]| < 3u~ v

It follows that the pair (hw(z), D(x)) is canonically feasible as soon as h < cqur/3, where the
absolute constant cg4 is specified in Theorem m The discretization of the linear operator
left) is thus DDE under these conditions.

We now check whether the discretization of the semi-linear operator right) is DDE in
a neighborhood of the solutions , by linearizing the operator. For any 2 € Q and p € R?
one has [[V,g(x, V()| = | (w(@), Vu(@))w(@)|| < [w(@)|2[Vu(@)| < [[Vu(@)]. By the same
reasoning as above, if u denotes either one of the functions u; and us in , then the pair
(hVpg(x, Vu(z)), D(x)) is canonically feasible for all x € €, and thus the scheme (2.33)) is DDE
in the neighborhood of u, as soon as

[Vl L9y < capr/3,

where we used that Vu; and Vuy are bounded on €. In contrast || Vug(z)|| is unbounded when
x— (1,---,1) € 9. Thus DDE fails in the neighborhood of us, but as noted above we do still
observe convergence empirically in this particular case.



68 CHAPTER 2. SECOND ORDER MONOTONE FINITE DIFFERENCES

smooth function uy €293 function u; Singular function us
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Figure 2.2: Errors in numerical solutions to the linear equation in dimension d = 2, with
parameters = 2, v = 1/10, h = 1/100, and with exact solutions u;, uz, and us.
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Figure 2.3: Convergence of the numerical scheme for the linear equation in dimension d = 2, with
parameters p = 2 and v = 1/10, and with exact solutions u;, us, and us. Degenerate ellipticity
is guaranteed by section for h <1/30 ~ 0.0333 and empirically observed up to h ~ 0.0660.
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Smooth function u; %93 function uz Singular function us
- 10-2
1077 5
1073 1072 4
1077 { qeer "y
107* -+
10 10-% ]
1077 5 1107 110
F SRR o % o F SRk o F 21
G AT A AT .o O A AT A g
R R GRS 0T
h h h

Figure 2.4: Convergence of the numerical scheme for the semi-linear equation in dimension d = 2,
with parameters ;= 4 and v = 1/10, and with exact solutions uj, us, and us. The legend is as
in Figure In the neighborhood of functions u; and us, degenerate ellipticity is guaranteed by
section respectively for h < 1/(30v/2) ~ 0.0236 and for h < 1/(75(v/2 — 0.4)*°) ~ 0.0131. Tt
is observed empirically in the last iteration of the Newton method respectively up to h = 0.0379
and up to h = 0.0435. In the case of the singular function ug, degenerate ellipticity is not
theoretically guaranteed, but it is nevertheless observed empirically in the last iteration of the
Newton method up to h =~ 0.0574.
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Figure 2.5: Convergence of the numerical scheme for the linear equation in dimension d = 3, with
parameters y = 8 and v = 1/10, and with exact solutions uy, us, and uz. The legend is as in
Figure Degenerate ellipticity is guaranteed by section for h < 1/(5v/3) ~ 0.115 and
empirically observed up to h = (0.198.
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Smooth function uy €293 function u; singular function us
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Figure 2.6: Convergence of the numerical scheme for the semi-linear equation in dimension d = 3,
with parameters y = 16 and v = 1/10, and with exact solutions u;, ug, and us. The legend is as
in Figure[2.3] In the neighborhood of functions u; and us, degenerate ellipticity is guaranteed by
section respectively for h < 2/135 2 0.0148 and for h < 1/(75v/3(v/3 —0.4)1%) ~ 0.00501. It
is observed empirically in the last iteration of the Newton method respectively up to A &~ 0.131 and
up to h &~ 0.261. In the case of the singular function ug, degenerate ellipticity is not theoretically
guaranteed, but it is nevertheless observed empirically in the last iteration of the Newton method
up to h = 0.3, that is, for all values of h we tested in the graphs above.

2.5 Conclusion and perspectives

In this paper, we answer whether one can discretize linear PDE operator, of order at most two and
in dimension d < 3, using a second order consistent finite difference scheme obeying the discrete
degenerate ellipticity property. The question is basic and of broad interest, and in dimension d = 1
the answer is indeed simple, well known, and taught at a basic level. In dimension d € {2, 3}
however the anisotropy of the second order part of the operator comes into play, and a subtler
analysis is required. Leveraging tools from the field of Euclidean lattice geometry, we could
characterize whether a discretization exists, and provide an explicit (quasi-)optimal construction.
Numerical experiments illustrate the efficiency of the method in dimension d € {2, 3}, on linear
and semi-linear problems.

Several research directions are open, both practical and theoretical, including (i) applications
to PDEs arising from concrete problems, especially those whose first order term is large, e.g.
depending on a relaxation parameter, (ii) extensions to fully non-linear HJB PDEs, and (iii) a
theoretical analysis of the convergence rates. Another interesting open problem is the extension
of our results for a dimension d > 3, which is not obvious, since a key ingredient of our analysis
known as D-obtuse superbases does not necessarily exist in that case, see Definition [2.2.1] and the
discussion below.

2.A Adaptation to semi-linear and fully non-linear PDEs

The numerical scheme presented in the introduction of this paper applies to linear schemes with
constant coefficients, defined over the full space R%, d € {2,3}. We illustrate in this appendix how
the three restrictions in emphasis can be relaxed. For that purpose let us recall the definition of
a discrete degenerate elliptic scheme, in a general setting.

Definition 2.A.1. Let X be a discrete set, and for each z € X let V(z) C X \ {z} be a finite
set (the neighbors, or stencil of ). Let also U := R¥X. A numerical scheme on X, with stencil V,
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is a mapping F : U — U of the form

Fu(z) := F(z,u(x), [u(@) — w®)lyev ()

It is said discrete degenerate elliptic (DDE) if F is non-decreasing w.r.t. the second and third
arguments (coordinate wise).

Definition from the introduction, is a special case of Definition adapted to linear
schemes with constant coefficients, and choosing X = hZ¢ and V(z) := {& + he;; 1 < |i| < I},
In the rest of this appendix, we show how various natural extensions of our numerical scheme fit
into the general framework of Definition 2:A ]

Non-constant coefficients

Discrete Degenerate Ellipticity is a local property, which only needs to be verified pointwise,
independently at each point € X of the discretization domain, see Definition 2.AT] As a result,
the numerical scheme presented in this paper trivially extends to non-constant coefficients. More
precisely, let w and D be a field of vectors and of symmetric positive definite matrices, and let
h > 0 be a grid scale. Then we can define the counterparts with variable coefficients of the linear
PDE operator and of its canonical discretization

—Lu(z) == (w(z), Vu(z)) + § Tr(D(x)V3u(z)), (2.35)
—Lyu(z) == (D(z) " w(z), Vi Dux)) + LAP P u(z). (2.36)

The scheme Lj is DDE under the same conditions, pointwise, as in the constant coefficient case.
It is not hard to show that the coefficients © — p;(z) > 0 of L, expressed as in are Lipschitz,
provided w and D are Lipschitz. Interestingly, convergence rates have been established in a
similar setting [Kry05] but under the slightly stronger assumption that « — +/p;(z) is Lipschitz.

Dirichlet boundary conditions

Consider a bounded open domain 2 C R?, d € {2, 3}, equipped with Dirichlet boundary conditions
f:00 — R, and let Q, := QN hZ?, where the grid scale h > 0 is fixed in the following. For all
x € Qp, e € Z4\ {0}, define h¢ := min{k > 0; x + ke € ), UIN}, and note that 0 < h¢ < h.
Introduce the first and second finite difference operators, where for convenience we denote
h* := hte and where u : Q; — R is extended to 99 using the provided Dirichlet boundary
condition

ulz+hte) —u(z) ulz—h"e)—u(z
) o (U ~0le) _uls 1)ty o
() 1= o (M ) ule ZI0) Zu(e)) (2.38)

Note that this construction coincides with Definition [2.1.4] when z is sufficiently far from 9. For
smooth u, one has dju(z) = (Vu(z),e) + O(h") and Afu(z) = O(h") where r = 1 if z is close to
0y, and r = 2 otherwise. In addition the discrete operator defined by

—Lpu(z) == Adju(z) + Afu(z)

is DDE provided hA < 2, similarly to the constant coefficient case, since 0 < hfe < h. Therefore
(2.37) and (2.38)) can be used as a drop-in replacement for the finite difference operators of
Definition when Dirichlet boundary conditions are used, the resulting scheme is DDE under
the same conditions. More complex boundary conditions may require ad-hoc treatment.
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Semi-linear operators

Let D € S;*, d € {2,3}, and let g : R? — R be a smooth function. Consider the semi-linear
operator £ and its discretization L; defined by

—Lu(z) = g(Vu(z)) + 1 Tr(DV?u(z)), —Lpu(z) :== g(D 'V u(z)) + SAPu(x).

The operator L is degenerate elliptic, since in the continuous setting this property is independent
of the first order term of the PDE. On the other hand, the scheme Lj is DDE provided the linear
scheme Ly, defined by —Lyu(z) := (D"'w, VPu(z)) + $APu(x) is DDE for all w € Vg(RY) =
{Vg(x);x € R4}. (This is a severe restriction if g is e.g. a quadratic function, but for such
applications it can be enough to check that the scheme is DDE in a neighborhood of the solution.)

Fully non-linear operators

Fully non-linear Hamilton-Jacobi-Bellman (HJB) operators can be expressed, under mild regularity

assumptions, in Isaacs form
Lu(z) := sup inf Logu(z), 2.39
(@) 1= sup inf Logu(x) (2:39)
where A, B are known as the control sets. In addition £,p is a linear degenerate elliptic operator,
foralla € A, g € B,

Lapu(z) = p1ap(r) + Aap(@)u(z) + (Wap (), Vu(2)) — 5 Tr(Dap(z) V:u()),

where fa5(2) € R, Aag(z) > 0, wap(z) € R and Dyg(z) € S In the special case where one of
the sets A or B is a singleton, which is common—consider the Monge-Ampére [BCM16| or Pucci
(Chapter [5) equations—then is known as the Bellman form of the operator.

It is in principle possible to introduce samples A, C A and By, C B of the control sets, and to
construct a discretization LZ 3 of each linear operator L,z following the approach presented in
this paper. This produces a DDE approximation of the operator £

o : h
Lypu(zx) := aseul}l)h ﬂlelgh, Laﬁu(aﬂ).
Let us acknowledge, however, that this construction is far from straightforward to put in practice,
especially if the sets A and B are non-compact, and if the condition number of the matrices
D,p(x) is not uniformly bounded.

2.B Terminology and elementary properties of polyhedra

In this section, we recall some of the terminology and elementary properties related with polyhedra,
limiting our attention to those which are immediately useful in the study of Ryskov’s polyhedron
and its variant §2.2.2) and §2.3.1} See [BG15] for a more complete reference.

2.B.1 Regularity and skeleton
Definition 2.B.1. A polyhedron in R™ is a set of the form
M:={zeR"Viel, () > a;}, (2.40)

where [; € R", a; € R, and [ is a finite or countable set. The polyhedron M is said regular iff it
(i) has a non-empty interior, (ii) does not contain any affine line, and (iii) can be locally described
by the constraints corresponding to a finite subset of I.
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By definition, a polyhedron is thus a convex set. Condition (ii) can be reformulated as
Span{l;;i € I'} =R"™. Condition (iii) can be reformulated as follows: for all x € M there exists a
positive radius r > 0 and a finite subset Iy C I such that

(liyy) > oy, Vi€ I\ Iy, Vy € B(x,r).

Definition 2.B.2. Let M be a regular polyhedron, defined as in (2.40)). A k-facet of M, where
1 <k <mn,is a non-empty subset of M of the form

{x e M;Vie J, (l;,z) = a;}, where dimSpan{l;; i€ J} =n—k,
and where J C I denotes a subset of the constraint indices.

By construction, a k-facet is a convex subset of M of affine dimension k. If a k-facet satisfies
#(J) > n — k, where J C I is chosen maximal for inclusion, then it is said degenerate. By
construction 0-facets are singletons, and their single point is called a vertex. On the other hand
1-facets are known as edges and come in two flavors

e Bounded edges, of the form [x1,z2] := {(1 — t)x1 + tae; 0 < t < 1}, where x; and x5 are
vertices.

o Unbounded edges, of the form {z 4+ Av; A > 0}, where z is a vertex, and v € R™ \ {0} is
called the unbounded edge direction (unique up to multiplication by a positive constant).

Note that doubly unbounded edges, of the form {x + Av; A € R}, are affine lines and are thus
excluded by Definition

Remark 2.B.3. Let M be a regular polyhedron, in the sense of Definition An element
x € M is a vertex iff R™ = Span{l;; i € I, (l;,x) = o, }.

2.B.2 Linear programs

Linear programs are defined as the optimization of a linear functional over a polytope. A
fundamental result of operational research, is that such problems can under suitable assumptions
be solved by a greedy search over the graph defined by the edges of the polytope, such as the
simplex algorithm [BG15|. Since Definition allows for infinitely many constraints, which is
slightly more general than the common setting, we establish in Proposition a basic result
on such programs, used in Note that the infima in may not be attained.

Proposition 2.B.4. Let M be a regular polyhedron. Then for any l € R™

inf{(l,x); v € M} (2.41)

) —ooif (I,v) <0 for some unbounded edge direction v,
-\ inf{({l,z); x vertez of M} otherwise.

Proof. By point (i) of Definition there exists x. € int(M). By point (ii) of Definition [2.B.1]
one has Span{l;;i € I} = R", otherwise z, + Rv is an affine line contained in M for any non-zero
v € Span{l;;i € I}, hence there exists I, C I with #(I,) = n and such that (I;);cs, is a basis of
R™.

Define I, := > ,.; l;, and consider for each a > l.(z.) the set M, 1= {x € M; (l.,x) < a}.
Note that for each x € M, and i € I, one has 0 < [;(z) —a; < a — Ziel* «;, hence M, is
bounded. Thus M, is a compact polyhedron with non-empty interior, which by Definition
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2.B.1| (iii) is characterized by finitely many linear constraints. By Carathéodory’s theorem,
min{(l, z); € M,} is attained at a vertex of M, which by construction is either a vertex of M
or the intersection of an edge of M (bounded or not) with the hyperplane {x € R™; (L., z) = a}.
From this point, and noting that M = U,erM,, the announced result easily follows. O

Definition 2.B.5 (Karush-Kuhn-Tucker relations). A set of KKT relations for [ in R™ and z in
M is a finitely supported family of non-negative coefficients ()\;);e; such that

1=\, and Vie I, \; =0 or (l;,z) = a;.
el

It is known |[BG15] that a linear form ! € R™ attains its minimum at a given point x of a
regular polyhedron M, if and only if there exists KKT relations for [ and x. The next result
establishes a uniqueness property of the KKT relations.

Proposition 2.B.6. Let M C R" be a regular polyhedron, in the sense of Definition [2.B.1]
Assume that one has a set of KKT relations (\;)ie; for some |l € R? at a non-degenerate vertex
x € M. Then any other KKT relations (\,);er at some ' € M (possibly distinct from x), for
the same 1, obey \; = X} for alli € I.

Proof. For all i € T such that A} > 0 one has (I;,2') = «a;, thus (I;,z —2’) > 0. On the other hand
one has (I, z) = (l,2') = inf{(l, 2); z € M}, and therefore 0 = (l,x — ') = >, ; Ni{l;;z — 2').
Combining these two arguments we obtain that for all ¢ € I such that \; > 0 one has (l;,z—2') = 0,
and therefore (I;, z) = a;. Since z is a non-degenerate vertex, the family {l;; ¢ € I, (l;,2) = o} is
a basis of R™, which implies the announced uniqueness result. O

2.B.3 Edges originating from a vertex

In this section, we present a constructive enumeration of all the edges of a regular polyhedron M
containing a given vertex z. This description follows from Definition 2:B.2] of k-facets, here with
k = 1. We use the notations of Definition 2Bl

Let J := {i € I; (l;,x) = a;} denote the indices of all the active constraints at the vertex x of
M. In order to enumerate all the edges of M containing x, bounded or unbounded, the steps are
the following:

(A) Consider successively all subsets S of J with cardinality n — 1.

(B) If dim Span{l;; i € S} < n — 1, then skip this subset. Otherwise denote by v € R™ \ {0} the
vector, which is unique up to a scalar multiplication, such that {I;,v) =0 for all 7 € S.

(C) Replace v with its opposite —v, if necessary, in such way that ([;,v) >0 foralli e J\ S. If
that is not possible, then skip this subset.

(D) Compute A :=sup{\ € R;xz + A\v € M}. If A = +oo, then there is an unbounded edge at x
in the direction of v. Otherwise, x and x + Av are the vertices of a bounded edge of M.









Chapter 3

Monotone discretization of
anisotropic four-dimensional
differential operators using
Voronoi’s first reduction

3.1 Introduction

In this chapter, we develop monotone finite differences for anisotropic diffusion operators. Our
approach requires a Cartesian grid discretization, and is applicable in dimension d < 4. It
leverages tools from Euclidean lattice geometry, and more specifically Voronoi’s first reduction of
quadratic forms [Sch09a].

Let us denote by Sy (respectively S;‘, 8;+) the set of symmetric (respectively symmetric
positive semidefinite, symmetric positive definite) matrices of size d. The anisotropic diffusion
operators that we consider are of the form

w s Te(D() D*ul)),

where u € C?(R?), and D: R? — S is a given field of positive definite matrices. We develop
adaptive finite difference discretizations of those operators on Cartesian grids, taking into account
the preferred directions defined by matrices of the field D, which are typically anisotropic and
whose eigenvectors are not aligned with the discretization grid. For that purpose, we need to
introduce some notation: let Z; refer to the collection of nonzero vectors of size d with integer
entries, keeping only one representative among pairs of opposites, and let A4 collect all finitely
supported and nonnegative maps on Zy:

Z, = (Z%\ {0})/+, Ag:={A=(A%e¢ez,: Z4 — R, finitely supported}.
For any h > 0, e € Z4, u: R* = R, and = € R?, we introduce the second-order finite difference

. _ u(x + he) + u(x — he) — 2u(x)
pu(x) : W2 .

In this chapter we construct, and study, coefficients A\(z) € A4 such that the following approxima-

T
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tion holds for sufficiently smooth w:

Tr(D(x) D*u(x)) ~ > A°(x)Afu(x). (3.1)

ecZy

Definition 3.1.1. A family of coefficients A\: R¢ — Ay, denoted A = (A¢(z))°SZ4 is said:

zERC

e D-consistent, where D: R — S;l"+ is a field of positive definite matrices, if, for any x € R?,

one has

D(x)= Y M(z)ee. (3.2)

ecZy

o K-Lipschitz if, for any z, y € R? and e € Z,, one has

A (2) = X(y)| < Klz —yl.

o R-supported if r(z) < R for any x € R%, where

r(z) := max{le| | e € Z4, A*(z) > 0}.

o c-spanning if, for any x € R, one has

Spanz{e € Zq | A°(x) > ¢} = Z7,

where Spany(E) denote the collection of all linear combinations with integer coefficients of
elements of a set £ C Z%.

We propose in this chapter a practical and efficient method for constructing coefficients

A complying with above properties, see Corollary In the following points, we discuss
Definition and contrast our approach with two-scale discretizations of PDEs, see [DJ13;
NNZ19].

e D-consistency is a qualitative property, ensuring that (3.1)) is second order accurate with

respect to the grid scale h > 0. While we choose this definition, it would also make sense
to consider a quantitative variant, featuring a consistency error. For instance two-scale
discretizations [DJ13} NNZ19| feature such an error, depending on an intermediate scale
satisfying h < k < 1, and vanishing & — 0. A consistency error is also unavoidable if
one addresses rank deficient semi-definite diffusion matrices [MW52|, unless their kernel is
spanned by vectors with integer entries.

To the knowledge of the authors, all practical finite difference schemes involving adaptive
matrix decompositions feature coefficients with Lipschitz regularity, but not better.
See [DJ13} | BOZ04; FM14; [Wei98|, which include two-scale methods. Lipschitz regularity is
sometimes sufficient to establish convergence rates [BJ07|, although in some cases better
rates could be obtained if the coefficients satisfied stronger regularity assumptions, see for
instance [Kry05] where the square roots of the coefficients have to be Lipschitz continuous.

R-support is a quantitative property, controlling the effective scale k = Rh of the numerical
scheme. The radius R is bounded, for our numerical scheme, in terms of the maximal
condition number of the matrix field D. In contrast, two scale discretizations of PDEs
involve an effective discretization scale which decreases sub-linearly with h, for instance
k = h?/% is optimal in |[DJ13|, which yields reduced convergence rates.

The e-spanning assumption ensures that the graph underlying the diffusion is locally
connected. This property guarantees that the numerical solution does not suffer from
checkerboard artifacts, see Proposition and Corollary
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Voronoi’s decomposition of matrices. When discretizing anisotropic diffusion with adaptive
finite differences, the scheme coefficients should obey a number of properties summarized in
Definition In the following, we describe an efficient method for computing such coefficients,
leveraging a tool from discrete geometry known as Voronoi’s first reduction of quadratic forms
[Sch09a]. Our numerical scheme is obtained by solving an optimization problem, for each diffusion
matrix D = D(z), where z is a (discretization) point of the PDE domain. More precisely, we
solve for D € S;Jr:

A(D) = argmax{ Z A°¢

AEAG e€Zy

D> Xee! = D} . (3.3)

eEZy

We call a linear program, although it is posed in an infinite dimensional space; see Propo-
sition [3:2.3] for further discussion. This linear program benefits from multiple invariances and
symmetries, related to linear changes of coordinates with integer coefficients, and for this reason
it can be solved extremely efficiently.

One can show that A(D) is a singleton in dimension d < 3 and either a singleton or an
equilateral triangle if d = 4, see section [3.3] In the latter two cases, one must thus select an
element from this set, which motivates the following definition.

Definition 3.1.2. For any D € S, we define A(D) € A, as follows:
o If d € {1,2,3}, then A(D) is defined as the unique element of A(D).
o If d =4, then A\(D) is defined as the barycenter of A(D).

For any D € S;Jr, let us denote by p(D) > 1 the square root of its condition number:

w(D) := V/|D[[D~1.

Theorem 3.1.3. The mapping \: S(;H' — Ag of Deﬁm’tion obeys the following properties,
where D € SIJr is arbitrary and where p := (D) denotes the square root of its condition number:

e It is consistent, in the sense that D =73 - Ae(D)ee'.

e It is K(u)-Lipschitz, that is |\*(Dy1) — A*(D2)| < K(u)|D1 — Ds| if e € 24, D1, Do € S5 T,
and max{p(D1), i(D2)} < p.

o [t is R(u)-supported, that is |e| < R(u) for any e € 24 such that \°(D) > 0.

e [t is e-spanning, that is Spang{e € Z4 | \(D) > ¢|D~ |71} = Z%, where ¢ > 0 depends
only on d.

Furthermore, one has K(p) = O(p?) and R(p) = O(p).

Corollary 3.1.4. Let D: R? — S;"' be K-Lipschitz and have bounded condition number and
uniformly positive smallest eigenvalue. Define \°(x) := \¢(D(x)), for any x € R? and e € Zg,
where X is from Definition . Then A: R* — Ay is D-consistent, K'-Lipschitz, R-supported,
and e-spanning. The constants K', R, and & > 0 only depend on d, K, ||(D)]|0c, and D™ so-

We emphasize that Definition is completely practical, in the sense that A(D) can be
computed in a fast and reliable manner numerically, see section [3.3]

The consistency property in Theorem follows from the definition of A. The K(u)-
Lipschitz regularity, R(u)-supportedness, and e-spanning properties are proved respectively in
Theorem [3.3.6] Theorem [3.4.1] and Theorem Corollary follows immediately from
Theorem [B.1.3
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3.2 Voronoi’s first reduction of quadratic forms

Voronoi’s first reduction [Vor08|] is a tool from the field of lattice geometry [Sch09a], with
applications in sphere packing, arithmetic, and PDE discretizations in this chapter and [Mirl9].
It is originally intended for classifying positive quadratic forms up linear changes of coordinates
stabilizing the lattice Z¢, represented by the set GL4(Z) of matrices with integer entries A € Z3*4
satisfying det(A) = 1.

Definition 3.2.1 (Arithmetical equivalence). Two matrices My, My € Sy are arithmetically
equivalent if there exists A € GLg(Z) such that My = AT M, A.

Voronoi’s first reduction Vor(D) of D € S('iH' is defined similarly to a linear program, although
with infinitely many constraints. Its modern presentation involves an auxiliary object My C Sy,
referred to as Ryskov’s polyhedron:

Vor(D) := MHeli/\I}ld Tr(DM), Mg :={M € S;4| Ve € Z4, (e, Me) > 1}. (3.4)

This optimization problem is well-posed, as proved by Voronoi himself [Vor08} |Sch09a].

Theorem 3.2.2 (Voronoi). Ryskov’s polyhedron is a subset of Sj+ and is a locally finite
polyhedron, in the sense that finitely many constraints are actively locally in the neighborhood
of any point. It has finitely many equivalence classes of vertices for the relation of arithmetical
equivalence. The linear program Vor(D) is well-posed in the sense that the collection of minimizers
is non-empty and compact.

For any M € S, we define 2(M) := {e € Z4 | (e, Me) < 1}. If M € My, then Z(M)
denotes the set of active constraints in (3.4), and E(M) is finite by Theorem

We establish below duality relations between the linear program defining our discretization
and Voronoi’s first reduction .

Proposition 3.2.3. Let D € S§, and let M € My be optimal in (3.4). Then the set A(D) of
mazimizers in (3.3)) is a nonempty convex compact polytope characterized by

AD) =< A€ Ay

X>0 = ecE(M), > Nee =D, (3.5)
e€=(M)

Proof. For now, we waive the constraint that A is finitely supported in (3.3]), and we define

A (D) := argmax { Z ¢

Aell,(2a) | Jez,

A =0, Z Nee! = D} = argmax (—f(\) — g(AN)), (3.6)

€2y Aell (Zq)

w

where the vector space I},(Zq) := {A: 24 = R | [A[n < +oo} is equipped with the norm
|-l : A= Y ez, e[*[A°], and where

fO) = X0y — Z S, AN = Z Nee !, g(P) := x{p=p}

eEZy e€Zy

The choice of the norm | - ;1 is justified by the fact that any admissible A in (3.6]) satisfies

IAlp = Tr (Z A%J) = Tr(D) < +o0. (3.7)

eceZy
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The minimization problem ({3.4)) is the dual to (3.6]), in the sense of Fenchel’s duality theorem.
Therefore, if M € M, is optimal in (3.4)), then for any A € I} admissible in (3.6,

0<Vor(D) — Y A =Tr(DM) — > X =Y X((e,Me) —1). (3.8)

ecZy eEZy ecZy

Moreover, the constraint qualification condition 0 € int(dom g — Adom f) (equivalently D €
int(Adom f), where Adom f = {3} cza Aee’ | X € [L,(Z4), A = 0}) is satisfied, since D may
be approximated by symmetric positive definite matrices with rational eigenvectors. Therefore
the inequality in (3.8]) is an equality if and only if A € A’(D). Using that all terms in the
right-hand side of are nonnegative, we deduce that an admissible X in belongs to A'(D)
if and only if it is supported on Z(M). In particular, any A € A’(D) is finitely supported, thus
A(D) = A (D) and holds. The compactness of A(D) follows from the fact that any A in the
finite-dimensional set A(D) satisfies (3.7). O

In order to proceed with the proof of Theorem we need a more precise description of
Ryskov’s polyhedron. We define the set

Perfect(d) := {M € Mg | Spang{ee’ | e € Z(M)} = S4}

of vertices of M, which are known as perfect forms [Vor08|. For any perfect form M € Perfect(d),
we define the set

N (M) := {M' € Perfect(d) | dim(Spang{ee’ |e € E(M)NE(M")}) =d(d+1)/2 -1},
of neighbor vertices of M in My, where d(d + 1)/2 = dim(Sy). The polyhedral structure of My
is compatible with the relation of arithmetical equivalence defined in Definition [3.2.1

Proposition 3.2.4. If M € Perfect(d) and A € GL4(Z), then AT M A € Perfect(d) and
E(ATMA) = {A7 e |ec E(M)}, NATMA) = {ATM'A| M' e N(M)}.

Proof. This follows directly from the definitions of My, Z(M), and N (M), and from the fact
that for any A € GL4(Z) one has {Ae | e € Z4} = Z,. O

The classification of perfect forms up to arithmetical equivalence is a classical problem in
lattice geometry |CS88|, whose complexity explodes as dimension increases, see [DSVO07| for
the latest complete classification in dimension d = 8. Fortunately, we are only interested in
d < 4. There is a canonical perfect form, existing in arbitrary dimension d, and defined as follows:
denoting 1 := (1,...,1) € Z9,

2 1 1
L1 11
Md = 5([d+]1ﬂ—r) = 5 )
1 1 2

The next proposition confirms that Spang{ee’ | e € E(M})} = Sy and thus that M is a perfect
form.

Proposition 3.2.5. For any e € Z4, one has (e, Mje) > 1, with equality if and only if e = *e;,
for some 1 < i < d, ore==%(e; —¢j), for some 1l < i < j < d, where (e;)1<i<q denotes the
canonical basis of RY.
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Proof. Let e € Z4 be such that 1 = (e, Mje) = (|e|*> 4 (e,1)?)/2. Then |e|* < 2, and therefore e
has either one or two nonzero components, equal to +1. In the latter case these components have
opposite sign, since (e, 1)2 = 0. The result follows. O

In dimension d = 4, the following is also a perfect form |[CS88| (and is not arithmetically
equivalent to M since it does not have the same determinant):

[\
O = =N
i
— N =
N = = O

Proposition 3.2.6. The matriz M} is a perfect form, and

(M) = {es | 1 <4} U (e —e)) | 1 <0< j <4, {i,5} # {1,4}}
U{t(e1 —ei+eq) |2<i<3}U{E(e1 —e2—e3+eq)},

where (e;)1<i<a denotes the canonical basis of R4,

Proof. We compute Z(M}) using a computer assisted procedure. By Lemma below, it
suffices to check, for any of the finitely many e € Z; satisfying |e|? < Apin(M}) ™!, whether
e € Z(Mj}) (note that Apmin (M) ™" = (5 +V/17)/2 =~ 4.56). We also compute that any e € Z(M})
satisfies the equality (e, Me) = 0, hence M; € M. Since Spang{ee' | e € Z(M})} = Sy, the
matrix M} is a perfect form. O

Lemma 3.2.7. If M € S§t and e € E(M), then |e|?> < Apin(M) L.
Proof. One has Apin(M)le|? < (e, Me) < 1. 0

Comparing the cardinalities of the sets Z(M}) and Z(M}) of active constraints at points M}
and M) (respectively 10 and 12) with the dimension dim(Sy) = 10 of the optimization space, we
find that M) is a degenerate vertex of Ryskov’s polyhedron My, whereas M} is a nondegenerate
vertex.

In dimension d < 3, there is only one equivalence class of perfect forms for the relation of
arithmetical equivalence, associated with the representative M, and for this reason Voronoi’s
first reduction is particularly simple to study and compute, using Selling’s algorithm [Sel74;
CS92|. In contrast there is in dimension d = 4 one additional equivalence class of perfect forms,
associated with the representative M) |[CS88|. In the following, it will be convenient to express
those facts in terms of a finite subset Perfecto(d) of Perfect(d) satisfying

Perfect(d) = {ATMA | A € GL4(Z), M € Perfecto(d)}. (3.9)
Definition 3.2.8. We let:
o Perfecto(d) := {M]}, if d < 3.
e Perfecto(4) := {Mj, M;}.
e Perfecto(d) be an arbitrary finite subset of Perfect(d) satisfying (3.9)), if d > 5.

In dimension d > 5, the existence of a suitable set Perfecto(d) follows from Theorem
The following proposition implies that (3.9) is still satisfied in dimension d < 4.
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Proposition 3.2.9. Let d < 4. Then for any perfect form M € Perfect(d), there exists My €
Perfecto(d) and A € GL4(Z) such that M = AT MyA.

Proof. By Proposition it suffices to check, for any M € Perfecto(d), that any M’ € N (M)
is arithmetically equivalent to some My € Perfecto(d). This enumeration technique is known as
Voronoi’s algorithm [Mar03; [Vor08|, and has been applied successfully in the dimensions considered
here. See also section for a description of a computer assisted procedure implementing
Voronoi’s algorithm. O

After applying the procedure discussed in section we observe that, in dimension d = 4, all
10 neighbors of the nondegenerate vertex M of M, are arithmetically equivalent to M}, while
the degenerate vertex M, has 48 neighbors arithmetically equivalent to M} and 16 neighbors
arithmetically equivalent to Mj.

3.3 Computing the decomposition
We explain in this section how one may compute in practice, for any matrix D € S;Jr, the

decomposition A\(D) defined in Definition We recommend solving first the minimization
problem ([3.4)), and then using Proposition to deduce the value of A(D).

Algorithm 2 Solving Voronoi’s first reduction — abstract version
Initialization: Let M € Perfect(d) (for instance M < M}).

While there exists M’ € N (M) such that Tr(DM') < Tr(DM) do M «+ M’.
Return M.

Algorithm 3 Solving Voronoi’s first reduction — practical version
Initialization:

Let My € Perfecto(d) (for instance M <« M}).

Let A € GL4(Z) (for instance A + I).
While there exist M|, € Perfecto(d) and A" € GL4(Z)

such that (A")T M{A’ € N (Mp) and Tr(DAT(A")T M}A’A) < Tr(DAT My A)
do

My + M[I)

A+ AA.
Return M, and A.

Since the cost minimized in is linear, the minimum in attained at some vertex of Ryskov’s
polyhedron M. We recommend solving the problem by iterating over perfect forms, in
the manner described in Algorithm [2] This algorithm is not directly implementable since we did
not explain how the set A'(M) is computed, for an arbitrary perfect form M. In practice, in
order to benefit from the symmetries of Ryskov’s polyhedron, we represent a perfect form M by a
pair (Mg, A), where My € Perfecto(d), A € GL4(Z), and M = AT MyA. This yields Algorithm
which is equivalent to Algorithm [2] as shown by Proposition [3.2.4] We still need to know, for
any My € Perfecto(d), how to express each element of N(Mp) in the form (A’)T M} A’, where
M) € Perfecto(d) and A" € GL4(Z). Fortunately, those adjacency relations, which do not depend
on the matrix D, may be precomputed using well-known algorithms, see section
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Proposition 3.3.1. Algorithm[g terminates and returns a perfect form M that is a minimizer
in (3.4). Fquivalently, Algorithm |3 terminates and returns a perfect form My € Perfecto(d) and
a matriz A € GL4(Z) such that A" Mo A is a minimizer in (3.4).

Proof. By Theorem for any a > 0, the set {M € My | Tr(DM) < a} is a bounded
polyhedron, in particular there are finitely many perfect forms M such that Tr(DM) < «. Thus
Algorithm iterates over finitely many perfect forms M. Since the cost Tr(DM) decreases strictly
at each iteration, the algorithm terminates. The returned M satisfies Tr(DM) < Tr(DM') for
any M’ € N (M), therefore it is a minimizer in ([3.4). O

Algorithm [3| returns a decomposition of the minimizer in the form AT MyA where M, €
Perfecto(d) and A € GL4(Z). This is useful since then, by the following proposition, we only need
to know how to compute A(D) for matrices D € S;+ such that some My € Perfecto(d) is optimal

in (3.4).
Proposition 3.3.2. Let D € Sj"" and let My € Perfecto(d) and A € GL4(Z) be such that

AT MyA is a minimizer in (3.4). Then My is a minimizer in (3.4) after replacing D by ADAT
(that is, Vor(ADAT) = Tr(ADAT My)), and

A(D) = {(\*)eez, | A € A(ADAT)}, A(D) = M(ADAT))cez, - (3.10)
Proof. We deduce from the equality My = {ATMA| M € M,} that
Vor(ADA") = min Tr(ADA"M) = min Tr(DA'MA) = min Tr(DM) = Vor(D)

MeM MeMyg MeM
= Tr(DAT MyA) = Tr(ADAT My).

The equalities (3.10) follow directly from Proposition Proposition and the fact that
A € GL4(Z). O

We describe below how to compute A(D) when some My € Perfectq(d) is optimal in (3.4), in
dimension d < 4.

Proposition 3.3.3. Let D € Sd++, and assume that M} is a minimizer in 1) Let (€;)1<i<d
denote the canonical basis of R% and let D;; denote the component of the matriz D with indices ¢
and j. Then A(D) is a singleton, and

Y Dij ife=e;, 1<i<d,
A(D) = { —Dyj ife=%(e; —ej), 1 <i<j<d, (3.11)

0 else.

Proof. By Proposition @ if A\ € A(D), then A®* = 0 for any e ¢ Z(M}), where Z(M})
is described in Proposition @, and moreover 3 c=(y Xee! = D. Since #({ee’ | e €
E(M;)}) =d(d+1)/2 = dim(S,) and Spang{ee’ | e € Z(M})} = Sy, there exists exactly one
A € A? satisfying the above properties, and it suffices to check that this is the one defined by
@B11). 0

Proposition 3.3.4. Let D € S§ T and assume that M} is a minimizer in (3.4). Let (ei)1<i<a
denote the canonical basis of R* and let D;; denote the component of the matriz D with indices
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and j. For any o, B, v € R, let Ao g (D) € Ay be defined by

Dit +Dia +Diz+Dia+~  ife=*e;, i € {1,4},

Do1 + Doz + D23 + Doy +a  if e = Fes,

D3y +D3a + D3z +Dag + B if e = Les,

—Di2 =Dy + 8 if e = +(e; —e2), i € {1,4},
Xy (D) = —Djz3 — D+« z:fe— +(e; —e3), i € {1,4},

. —Dos +D1a+v if e = £(e2 — e3),

o ife=%x(e1 —ea + e4),

B8 ife=+(ex —e3+ey),

D1y + ife=®(eg —ex —e3+eyq),

0 else.

Then A(D) is the equilateral triangle characterized by
A(D) = {Xap+(D) | @ = (D), B = B(D), v 2 7:(D), a + B+~ = 0}
where

a4(D) := max{—Dy1 — Dz — D23 — Da4, D13 + D14, D34 + D14, 0},
B+(D) := max{—Ds31 — D33 — D33 — D34, D12 + D14, D2sa + D14, 0},
Y4 (D) := max{—D1; — D12 — D13 — D14, —Da1 — Dy2 — D43 — Dy4, D23 — D14, —D14}.

Proof. Let A (D) :={A: E(M}) = Ry | X\* #£0 = e € E(M)), ZeeE(Mg) Aeee! = D}, so that

A(D) = {) € A.(D) | A = 0}. Recall that elements of Z(M}) are described in Proposition
Since #(E(M})) = 12 = dim(S4) + 2, A« (D) is a two-dimensional affine space. We compute that
Ai(D) = {Aap~(D) | o, 8,7 €R, a+ f +~ =0}, from which the result follows. O

In addition to explaining how to compute A(D), the above propositions also allow us to
establish, in Theorem [3.3.6] below, the part of Theorem [3.1.3 about Lipschitz regularity of the
map A.

Lemma 3.3.5. Let D € Sd++, and let M = AT MyA be a minimizing perfect form for D in
(13.4), where A € GL4(Z) and My € Perfecto(d). Then |A| < Cu(D), where C > 0 is a constant
depending only on the dimension d.

Proof. Tt holds that
dAmax (D) > Tr(D) > Tr(DAT MyA) > | A* Ain (D) Amin (Mo),
where we used the optimality of M = AT MyA in the second inequality. The result follows. [J

Theorem 3.3.6. Assume that d < 4, and equip Ag with the norm |- |x: A — maxecz, |A¢| (or
alternatively the natural extension to Agq of any norm in R™). Then the mapping D € Sl;H' — A(D)
is locally Lipschitz continuous, with dilatation coefficient K (u) as defined in Theorem where
p= D).

Proof. For any perfect form M € Perfect(d), we denote by ST+ (M) the set of matrices D € S
for which M is optimal in (3.4)). Note that ST+ (M) is characterized by

StH(M)={D e S | (D,M' — M) >0,YM' € N(M)}.
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In particular, ST (M) is convex.

We deduce easily from Propositions and that the mapping A is Lipschitz continuous
on Upsyeperfecto(dy ST (Mo), with some dilatation coefficient Ko > 0.

Let Dy, Do € S5, I :={tD1+ (1 —t)Ds | t € [0,1]}, and p = max{u(D) | D € I} =
max{ (D), u(D2)}. We consider the restriction of the mapping A to the segment I. If M =
ATMyA € Perfect(d), where A € GL4(Z) and My € Perfectq(d), is such that I N ST+ (M) is
nonempty, then |A| < Cu, where C > 0 is as in Lemma Since there are only finitely many
A € GL4(Z) such that |A| < C, it follows that I is the union of finitely many closed segments
INS*t(M). By Proposition and the above, \ is Lipschitz continuous on the segment
INSTH(AT MyA), with dilatation coefficient Ko|A|? < KoC?u?. Thus A is K (u)-Lipschitz on
the whole segment I, where K (1) := KqC?u?. O

3.4 Upper bound on the radius of the stencil
Our aim in this section is to prove the following result, which implies the part of Theorem [3.1.3
about R(u)-supportedness (but is not restricted to dimension d < 4):
Theorem 3.4.1. For any D € Sd++, A€ A(D), and e € Zg4, if X > 0, then
le] < Cu(D),
where C' > 0 is a constant depending only on the dimension d.

Theorem was previously proved in dimension d < 3, while in higher dimension only the
following weaker result was known, see [Mirl9, Proposition 1.1]:

Theorem 3.4.2. For any D € S;+, A € A(D), and e € 24, if \° > 0, then
le] < Cu(D)*,
where C' > 0 is a constant depending only on the dimension d.

Both the proofs of Theorem [3.4.1] and Theorem [3.4.2) rely on the following lemma.

Lemma 3.4.3. Let D € S;"", and let M = ATMyA be a minimizing perfect form for D in
(3.4), where A € GL4(Z) and My € Perfecto(d). For any A € A(D) and e € Z4, if A > 0, then
le| < C|A7Y], where C > 0 is a constant depending only on the dimension d.
Proof. By Proposition one has e € Z(M), hence Ae € E(Mp). The result follows, with
C' = max 1, eperfecto (d) MAXecz (M) |€]- O
Theorem [3.4.2] follows from Lemma [3.4.3] Lemma and from the fact that for any
A € GL4(Z), one has |[A™'| < |A|"1, since 1 = |det(A)| < [A]?~'|A~1|~". However, Lemma[3.3.5]
is not sufficient to conclude the proof of Theorem [3.4.1]
The bulk of this section is devoted to proving the following lemma:

Lemma 3.4.4. Let My € Perfecto(d), and let ST+ (M) denote the set of matrices D € S+ for
which My is optimal in (3.4). There exists a finite set Perfecty(d; My) C Perfect(d) such that for
any D € 8§ satisfying D~ € STH(My), some M; € Perfecty (d; My) is optimal in (3.4).

For convenience, we denote
Perfecty (d) := U Perfect (d; My).
Mo €EPerfecto(d)

Assuming Lemma we may conclude the proof of the main result:
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Proof of Theorem[3.4.1 Denote by M = A" MyA a minimizing perfect form for D € S;* in
, where A € GL4(Z) and M € Perfectq(d). Then My is a minimizing perfect form for ADAT
(see Proposition [3.3.2). By Lemma some M € Perfect;(d) is a minimizing perfect form for
A"TD 1A~! and finally A~'M; A~ " is a minimizing perfect form for D~1.

We use a variant of Lemma where the finite set Perfecto(d) is replaced by Perfect; (d):
it holds that

Amax(D™H) > Te(D™H > Te(DTATIMA™T) > A P A min (DY) Ain (M),

therefore |[A~!| < Cu(D~') = Cu(D), where C > 0 depends only on d. We conclude using
Lemma [3.4.3] O

One also has the following estimate, which is sharper than Theorem since |e|p-1 >
le[Amin(D™H)Y2 = e[ Amax(D) /2

Corollary 3.4.5. For any D € S(;H', A€ AD), and e € Z4, if \¢ > 0, then
lelp-1 < CAin(D) V2,
where C' > 0 is a constant depending only on the dimension d.
Proof. From the previous argument, we obtain
IDTV2ATE < Tr(A™ TP ATY) < Co/Amin(D),
where Cy > 0 depends only on d. Therefore
|Ae| = |AD2D™2e| > [DTV2 AT T elp-1 = (Ain(D)/Co)?le|p-1.

Since Ae € Z(My), one has |Ae| < C, where C; > 0 depends only on d. This concludes the
proof. O

Let us now turn to the proof of Lemma [3.4.4 For any matrix A € R%*? we denote by adj(A)
its adjugate matrix (if A is invertible, then A= = det(A)~! adj(A) by Cramer’s rule). For any
E C Z4, we let Dg :=adj(}.cpee’).

Lemma 3.4.6. Let My € Perfecto(d). Then any D € S;Jr for which My is optimal in (3.4)
satisfies

D! € Cone{Dg | E C Z(My)},
where Cone denotes the convex conical hull.

Proof. For any A € R4 4 v e R? and t € [0,1], it holds [Dac08, Proposition 5.65] that
adj(A+tuv ") = tadj(A+wuww") + (1 —t) adj(A).

In our setting, by Proposition there are weights (A°)cez(ar,) such that D = ZSGE(MO) ee’,
and we may assume up to rescaling D that A° € [0,1], for any e € =(My). Applying the above
formula recursively to adj(D) = det(D)D~! yields

adj(D) = ) (HA€> II a-x) adj(ZeeT>

ECE(My) \e€E e€E(Mo)\E ecE
- 3 () (I o)
ECE(Mo) \e€E e€E(Mo)\E

which concludes the proof. O
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For any M, € Perfecto(d), let us denote by £(My) the set of parts of E(My), and let
L(My) C Ri(MO) be defined by

L(My) := {(Te(DeM))gee(my) | M € Perfect(d)}.

Lemma 3.4.7. There exists no(d) € N* such that for any My € Perfecto(d), £L(My) C
1 N(‘:(I\/fo)

no(d) ’

Proof. The elements of Perfecto(d) have rational coefficients, since they are the vertices of

a polytope defined by rational inequalities. Also, Dg and elements of GL4(Z) have integer

coefficients. Therefore, it suffices to choose ng(d) such that ng(d)My has integer coefficients for

any My € Perfectq(d). O

(Mo)

We equip Ri with the componentwise partial ordering.

Corollary 3.4.8. For any M, € Perfecto(d), the set of minimal elements of L(My), denoted
L1(My), is finite.

Proof. Tt suffices to prove that the set of minimal elements of any A C N¥ is finite, where N is
arbitrary. Hence, it suffices to prove that there is no sequence (e ) x>0 of pairwise non-comparable
elements of NV. For contradiction, consider such a sequence. Then for any k > 0, there exists
1 <4 < N such that ax[i] < ag[i]. Thus, there exists 1 < i < N and a subsequence such that
ag(k) 1] is independent of k. But this produces an infinite sequence of pairwise non-comparable
elements in NV ~1_ which by induction yields a contradiction (the case N = 1 being obvious), and
the result is proved. O

Proof of Lemma[3.4.7} We let Perfect; (d; My) C Perfect(d) be a set of antecedents of L4 (M) C
L(My), with #(Perfect (d; My)) = #(L1(My)) < 400, by Corollary Let D € 8§ be such
that My € Perfecto(d) solves (3.4). By Lemma there exist weights p: € — Ry such that

D= ) uwE)Dr,
ECE&(My)
and therefore, for any M € Perfect(d),

T(D'M)= Y wE)Tx(DgM).
Ec&(My)

By construction, the above quantity is minimized for some M € Perfect; (d; Mp). O

3.4.1 Conjectured constructive variant of Lemma [3.4.4

The above proof is not constructive; however, we illustrate it with the following numerical
experiment. For any M, € Perfecty(d), we denote by Perfect] (d; My) the set of perfect forms
M € Perfect(d) that are minimizing in for D= (3 ccz(ay) ee’)™1, and by Perfect/(d; M)
the set of perfect forms of M, whose distance to Perfect](d; My) on the graph of vertices of My
is less than or equal to four. We define £'(My) C Ri(MO) by

ﬁ’(MQ) = {(Tr(DEM))EEE(MU) | M e Perfect/(d; Mo)}7

and we denote by £} (M) the set of minimizers of £(My) and by Perfect’; (d; Mo) C Perfect’(d; M)
the set of all antecedents of £ (Mj). Note that by construction, if Perfect; (d; My) C Perfect’ (d; M),
then Perfecty (d; Mo) C Perfect] (d; My). We conjecture that those inclusions are satisfied, yielding
the following variant of Lemma
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Conjecture 3.4.9. Let d € {2,3,4}, let My € Perfecto(d), and let ST (My) denote the set
of matrices D € Sj"’ for which My is optimal in (3.4). Then for any D € Sg"" satisfying
D~ € ST+ (My), some M, € Perfect! (d; My) is optimal in (3.4).

We observe that
#(Perfect} (2; M3)) = 1, #(Perfect} (3; MJ)) = 3,
#(Perfect] (4; M])) = 22, #(Perfect’ (4; M})) = 545,

and that Perfect’ (d; M) coincides with Perfect](d; M) for any 2 < d < 4, while elements of
Perfect) (4; M}) are at distance at most two to Perfect] (4; M}) on the graph of vertices of M.

We also observe that )
N 2 -1
Perfect) (2; M3) = {2 <_1 9 )} ,

that elements of Perfect](3; M}) are of the form

2 -1 -1
1 1
5(313—1111Tjuezzejﬂrejej):5 -1 2 —1]+4ee +ejel |, 1<i<j<s,
-1 -1 2
where 1 := (1,...,1) and (e, ...,eq) denotes the canonical basis of R%, and that elements of

Perfect) (4; M) are of either of the following forms:
%(314 —117 + eiejT + ejeiT + ejeg + ekejT +ere] +eel), {4k 1} ={1,2,3,4},
%(314 — 117 +eje] +eje] +eep +exe] +ejel +epe) ), {i 4k 1} ={1,2,3,4},
%(314 — 117 +eje] +eje] +2ene] +2ee),  {i 4k, 1} ={1,2,3,4}.

If Conjecture [3:4.9]is true, then the proofs of Theorem [3.4.1 and Corollary .45 yield the value

Vidmax,ez(ary) el

max
My ePerfectq(d) Amin (Ml )
M, €Perfect’ (d;Mo)

for the constant C. By computing this value for the dimension d = 2 (respectively d = 3,
d = 4), we obtain the conjecture that C' = 2v/2 ~ 2.828 (respectively C' = /12 + 61/2 ~ 4.526,

C = 2/34 + 2/281 ~ 16.435) in this dimension. These estimates are not sharp; in dimension
d = 2, the sharper estimate C' = 2 was proved in [Mirl8, Theorem 4.11].

For completeness, we mention that the sets Perfect'(2; My ), Perfect’(3; M3), Perfect’(4; M}),
Perfect'(4; M}), and Perfect(4; M}) (which are intermediate results in the process of computing
Perfect) (d; My) for respectively d = 2, 3, 4, 4, 4 and My = M3, M}, M}, M}, M}) respectively
have cardinalities 46, 631, 464329, 92393, and 1.

3.5 Guarantees against checkerboard artifacts

We establish here the part of Theorem about the e-spanning property:
Theorem 3.5.1. Assume that d < 4. For any D € S;IH,
Spang{e € Z; | \(D) > D771} = 724,

where € > 0 is a constant depending only on d.
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Theorem is a new result in dimension d = 4; in dimensions d € {2, 3}, it was established
and used for the first time in the context in numerical analysis in Chapter [} section

Lemma 3.5.2. For any D € S+ and any A € A(D),
Spang{e € Z4 | \¢ > e[D7 71} = RY,
where € > 0 is a constant depending only on d.

Proof. Let ng := maxj,cperfecto (d) #(Z(Mo)), and let

d

ng
o T d _
Cg:=min< max Apin E €i;€;. ‘ (e1,...,en,) € (RY)™, E e; =1Ig7.
i< <ig g —
i

i=1
Then ¢, is positive, as the minimum of a positive continuous function over a compact set, and
it depends only on d. By a simple change of variables, for any (ey,...,e,,) € (R?)" such that
S eie] =D, there exists iy < -+ < ig such that Z?Zl e e?j = c4D.
Let M € Perfect(D) be minimizing in . By Proposition one has D = 3 ez Aee
where #(Z(M)) < nq. Thus there exists = C 2(M), #(Z) = d, such that Y .2 X\%e’ = ¢4D
(and therefore Spang = = R%).

Let e € Z, and let v € R?\ {0} be orthogonal to Spang(Z \ {e}). Using Corollary for
the last inequality, one has

calvly < 37 A, 0)2 = A (e, 0)2 < AlefBoa vl < ACIDTful3,

e’'€E
where C' > 0 depends only on d. Therefore A° > (cq/C)|D~t|~!, which concludes the proof. [

Lemma 3.5.3. Let d < 4 and M = A" MyA € Perfect(d), where A € GL4(Z) and My €
Perfecto(d). If Mo = M}, then any d-element subset = C Z(M) satisfying Spang = = R also
satisfies Spany = = Z%. This remains true if My = M}, except for subsets {A7le | e € E;} C
E(M), 1 <1i<3, where

= {iel, +eo, i(@g — 63), i(el — ey —e3 + 64)},
= {+tey, =(e1 —e3),+(eg —e3), £(e1 —ea + €4)},
3 = {:‘:63, :I:(el — 62), :l:(€4 — 62), :l:(@l — €3 —+ 64)}.

N =

[ [1 [1]

Proof. By Proposition we may assume without loss of generality that A = I;. Then the
proof is by exhaustive computer enumeration (denoting by C* the binomial coefficients, one has
to enumerate the Cé(MZ) = Cf, = 210 subsets of Z(Mj), and the Cé(Mi) = O, = 495 subsets of
E(My)). O

Corollary 3.5.4. There exists D € S and A\ € A(D) such that Spang{e € Z4 | A\* > 0} # Z7.

Proof. Choose D =Y __- ee' and \¢ :=1 if e € Z;, A\° := 0 otherwise. O

ec=q

The above corollary shows that it is important to choose A(D) as the barycenter of A(D), and
not just any point of A(D), in order for Theorem to apply.
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Proof of Theorem[3.5.1. Let M = AT MyA € Perfect(d) be minimizing in , where A €
GLq4(Z) and My € Perfecto(d). For now, let £ be as in Lemma [3.5.2] Then there exists = C Z(M),
#(Z) = d, such that Spang = = R? and \*(D) > ¢|D~ |71, for any e € E.

We assume from now on that My = M} and = = {A e | e € Z;}, for some 1 < i < 3, since
otherwise Lemma [3.5.3| concludes the proof. Let £1 := min{\*(D) | e € £} and k5 := min{\*(D) |
e € E(M)}. We know that x; > ¢|D~!~!. Let us show that ko > (¢/4)|D71| 7%

Note that E(M}) = Z; UE; UE3 and that ) .z ee' is independent of i € {1,2,3} (thus so

is Y.z, (A71e)(A7te)T). We deduce that A € A(D), where

(D) — k1 ifee&,
P S T =T

0 else.

Since A(D) is an equilateral triangle and A(D) is its barycenter, the point A := (3/2)A(D) — (1/2)A
belongs to A(D). By construction, there is e, € Z(M) \ E such that kg = A°* (D). One has

0< 5\6* = K9 7!"»’1/4.

Thus, for any e € Z(M), one has A\¢(D) > kg > k1/4 > (¢/4)|D~1|~!. This concludes the proof,
since Spany Z(M) = Spany Z(M}) = Z4. O

The spanning property prevents checkerboard artifacts by ensuring that the connectivity of
finite difference discretizations, as illustrated by the following proposition:

Proposition 3.5.5. Assume that d < 4. Let D: R? — S(;H' be K-Lipschitz and have bounded
condition number and uniformly positive smallest eigenvalue. Define A°(x) := \¢(D(x)), for any
r € R and e € Z,4, where X is from Definition . Then for h > 0 small enough and for any
z, y € hZ2, there existn € N, n < Clx —y|/h, and a family (x;)o<i<n of points of hZ¢ such that
To =, Tn, =Yy, and for any 0 < i < n, /\(mi+1_mi)/h(xi) > e, where C, € > 0 depend only on d,
K, [14(D) oo, and [|D" oo

Proof. By Theorem there exists = C Z4, #(Z) = d, such that Spany = = Z< and, for any
e € =, \*(z) > 2¢, where ¢ > 0 depends only on d and |D~}!||. Denote by E € R¥*? a matrix
whose columns are elements of =Z. Then E € GL4(Z).

Let e;, 1 <14 < d be a vector of the canonical basis of R?. There exist (1,)cez € ZF such that
> eez Vee = €; and v, are elements of a row of the matrix E~'. Hence Y, .= |ve| < [E7w.

Let M = AT MyA € Perfect(d) be minimizing in (3.4) for D = D(z), where A € GL4(Z)
and My € Perfecto(d). By Proposition one has Z C E(M). By Proposition one
has E = A~'Ey, where Ey € GL4(Z) is a matrix whose columns are elements of =(M,). By
Lemma |E~Y o = |Ey ' Aloe < Co, where Cy > 0 depends only on d and ||u(D)||«. Hence
ez el < Co.

Let n:= ) .z |ve|. Then there exists a family (2;)o<i<n of points of hZ? such that =g = z,
Tn = x + he;, and for any 0 < ¢ < n, +(x;41 — z;)/h € E. By Theorem there exists
R > 0, depending only on d and ||u(D)||c, such that |z; — x| < CoRh, for any 0 < i < n.
By Theorem there exists K’ > 0, depending only on d, K, and ||x(D)] o, such that
Ae(z) > 2¢ — K'CyRh, for any e € E and 0 < i < n. We choose h < ¢/(K'CyR), so that
2¢ — K'CoRh > ¢.

We conclude the proof by concatenating families (x;)o<;<n built as above and starting at
points x, « + he;,, * + he;, + he;,, ..., x + he;, + -+ + he;,_,, where ¢;,, ..., ¢;, are vectors
belonging to the canonical basis of R? up to a change of sign, satisfying = + he;, +--- + he;, =y
and k= |y — x|y /h. O
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The following is an example of a finite difference scheme featuring checkerboard artifacts:

1 w(x + he;) +u(x — he;) — 2u(x
52 ( )+ u( ) (z)

3 =0 in (hZ*))Z?,

=1

where e := (1,1), es := (1,—1), and h > 0, 1/h € 2N. This scheme is a discretization of the

equation Au(x) = 0 in R?/Z2. Tts set of solutions is the set of functions that are constant on
each one of the two distinct sets

(h{(i,§) € Z* | i +j € 2Z})/Z?, (R{(i,§) € Z* | i+ j € 2Z + 1}) ) Z*

of points of (hZ?)/Z? whose sums of coefficients are respectively even and odd after scaling by
h~! but that are not necessarily constant on the whole lattice (hZ?)/Z>.
We show below that some finite difference schemes of the form

Z /\e(x)u(x + he) + u(hxz— he) — 2u(x) —0 in (hZY)/Z,

eEZ,y

where the left-hand side is built using the approximation , are guaranteed not to feature
such checkerboard artifacts, in the sense that their solutions are always constant functions on
the whole lattice (hZ%)/Z%. The following corollary is a quantitative variant of this statement.
Attempting to prove an improved estimate without the factor exp(1/h) in the right-hand side is
an opportunity for future work.

Corollary 3.5.6. Assume that d < 4. Let D: (R%\ Z%) — SIT be K-Lipschitz continuous.
Define \¢(z) := X¢(D(x)), for any x € RY and e € Z4, where \ is from Definition |3.1.2. Let
h > 0 be small enough and such that 1/h € N. Then for any u: (hZ?)/Z* — R,

e [u(@) —u(y)] < exp(C/h) _ R,

)

Z () u(zx + he) + u(h:CQ— he) — 2u(x)

ecZy
where C > 0 is a constant depending only on d, K, ||D|/sc, and || D™ -

Proof. We may assume without loss of generality that min, ¢ 74,24 u(z) = 0, up to adding some
constant to the function wu.
Let

o, u(z+ he) + u(z — he) — 2u(x)
> X (x) " .

Cp:= max
ze(hZd /74)

eEZy

Then for any = € (hZ%)/Z® and e € Z% \ {0},

X sng <co- e -ne - Y X ua he) uta - ne)
e'€Z4\{Le}

+2 Z A gx)u(x)

e'eZ h
d

A C
<Co+2 Z h(zx) u(x) <Co+ higlu(x)v

e'cZy
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where C1 > 0 depends only on [|D|o, where we used that 3_ - 2 () < derez, 2 (z)|e')? =
Tr(D(x)). If A°(z) > 0, this yields

h2C Cy
u(z + he) < 3 (a:o) + () u(x). (3.12)
Let z, y € (hZ%)/Z% be such that
uly) —u(z) = = max fu(e) —u(y)]

z’,y' €(hZ) /22

Then u(x) = 0, and by Proposition there exist n € N, n < Cy/h, and a family (2;)o<i<n
of points of (hZ?) \ Z¢ such that zo = z, z, = y, and \@+1=2)/h (g, ) > ¢, for any 0 < i < n,
where Cs, ¢ > 0 depend only on d, K, ||1(D)]|o0, and ||D7!||oe. By (3.12), for any 0 < i < n,

h2Cy

C
+ u(ay).

w(@ipr) < .

We conclude using the discrete Gronwall inequality. O

3.A Computing the adjacency relations between perfect
forms

Both in the proof of Proposition [3.2.9] and in order to apply Algorithm [3] we need, for any
perfect form M € Perfecty(d), to compute an expression of its neighbors M’ € N (M) in the form
M' = AT MyA, where A € GL4(Z) and My € Perfecto(d). This procedure, known as Voronoi’s
algorithm [Vor08|, has been extensively studied, and needs to be highly optimized in order to
remain practical in large dimensions (such as d = 8, see for instance [Sch09b]), while in smaller
dimensions it has historically been applied without computer assistance [Mar03|, using symmetries
of the problem that we do not discuss in this chapter. For information purposes, we describe
in this appendix a simple computer assisted strategy to implement Voronoi’s algorithm, that
remains practical in the dimensions considered in this chapter, that is, for d < 4.

Let M € Perfectg(d). The procedure that we use in order to characterize its neighbors may
be summarized as follows:

1. Compute E(M) (remember that by Lemma it suffices to check whether finitely many
vectors e € Zy satisfy (e, Me) = 1).

2. For any set E C Z(M) of size d(d + 1)/2 — 1 such that symmetric matrices (ee').cp are
linearly independent, find P € Sg \ {0} such that (e, Pe) = 0, for any e € E. Then P and
— P are potentially directions of edges of M, stemming from the perfect form M.

3. Up to changing its sign, check whether P is really the direction of such an edge, that is,
check whether (e, Pe) > 0, for any e € Z(M). If this property is satisfied, then P is the
direction of an edge: continue with step @] Otherwise, go back to step [2] and continue with
the next subset £ C =(M).

4. Check whether there exists ¢/ € Z4 such that ¢/(e’) T is linearly independent of (ee").cp
and such that the matrix M’ € Sy uniquely determined by (e, M'e) = 1 for any e € EN{e’}
belongs to M, and is different from M. If such an e’ exists, then the associated M’
belongs to A (M) and is the neighbor vertex to M in the direction P: continue with step
Otherwise, P is the direction of an unbounded edge. We observe that this never happens in
practice, proving that no unbounded edge stem from the vertex M of M.
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5. Find A € GL4(Z) and M, € Perfecto(d) such that M’ = AT My A.

We need to give some details about the implementation of steps [4 and

At step [4] in order to find the suitable vector €' € Z;, we simply iterate over all ¢’ € Z4, by
order of increasing norm, until €’ satisfies the required properties. We need to explain how we
check whether the associated matrix M’ belongs to M . We proceed in two steps. First we check
whether M’ € Sj+, by attempting to compute its Cholesky decomposition. If M’ ¢ Sd++, then
we know by Theorem that it does not belong to My. If M’ € S;ZH, then by Lemma it
suffices to check whether (e, Me) > 1 for the finitely many e € Z4 satisfying |e|? < Apin (M) L.

At step [5) we know that My has to have the same determinant as M’, therefore, at least in
dimension d < 4, there is at most one suitable candidate My € Perfecty(d) (and we observe that
there is always exactly one). It remains to find A € GL4(Z) such that M’ = AT MyA. To this
end, we first compute =(Mp) and E(M’). Then it would be natural to look for A € GL4(Z) such
that Z(M’) = {A~te | e € 2(My)}, following Proposition Since we observe that finding
A is the more numerically costly part of our implementation of Voronoi’s algorithm, we use the
following lemma for improved efficiency:

Lemma 3.A.1. Let M, M’ € Perfect(d). Assume that det(M) = det(M’), that Z(M) and
E(M’) have the same cardinality I > d, and that one may index elements of E(M) and E(M’):

E(M):{BZ|ISZSI}? E(M/):{e;|1SZSI}7

such that det(eq,...,eq) = *1 and (e;, Me;) = (e}, M'e}), for any 1 < i < j < I. Let B
(respectively B') be the matriz whose columns are (e1,...,eq) (respectively (e},...,eh)), and let
A:=B'B7!. Then A € GL4(Z) and M = AT M'A.

Proof. One has B'MB = (B')TM'B’, and thus M = ATM'A. Moreover B € GL4(Z), thus
B~! € GL4(Z) and A has integer components, as a product of matrices with integer components.
Since det(M) = det(M’), one has det(A) = £1, therefore A € GL4(Z). O

We observe that there always exist indexings of Z(Mj) and Z(M’) satisfying the assumptions
of Lemma Finding those indexings reduces to finding an isomorphism between the graphs
whose nodes are elements of (M) (respectively Z(M’)) and whose edge between two nodes ey,
es in E(Mp) (respectively Z(M')) exists and has label (e1, Mpes) (respectively (e, M’e3)). This
may be achieved efficiently using well-known algorithms such as [Cor-+04].
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Chapter 4

A linear finite-difference scheme for
approximating Randers distances on
Cartesian grids

This chapter corresponds to the paper [BBM21aj.

4.1 Introduction

A Randers metric is the sum of a Riemannian metric and of an anti-symmetric perturbation,
suitably bounded and defined by linear form. By construction, a Randers metric is in general
non-symmetric, and so is the associated path-length distance, see Remark on terminology.
Such metrics can account, in a very simple manner, for the fact that moving a vehicle uphill, or
advancing a boat against water currents, costs more than the opposite operation. The asymmetry
embedded in Randers metrics opens up numerous applications which cannot be addressed with
the simpler Riemannian metrics, ranging from general relativity [Ran41| to image segmentation
[CMC16], through quantum vortices [ABMO06| and path curvature penalization [CMC17|, see
Remark [4.1.1]

In this paper, we present a numerical scheme for computing Randers distances by solving a
linear second order Partial Differential Equation (PDE). Our approach is based on a generalization
of Varadhan’s formula [Var67|, which is commonly used to compute Riemannian distances
[CWW13|. Let us emphasize that Randers distances also obey a non-linear first order PDE
[BC97|, which can be solved directly numerically [Mirl4; [Mirl9], yet the linear structure of the
PDE formulation considered in this paper has a number of computational advantages, including
easier numerical implementation, faster computation in some cases, and smoothness of the
numerical solution, see Remark Some of our results, such as the identification of the optimal
scaling of the relaxation parameter ¢ w.r.t. the grid scale h, and the proof of convergence in the
case of point sources, are new as well in the special cases of isotropic and Riemannian metrics.
We present an application to numerical optimal transportation, enabled by the linear structure of
the discretization, with an asymmetric cost function defined as the Randers distance between the
source and target, generalizing previous works limited to Riemannian costs |[Cutl13].

In order to make our statements more precise, we need to introduce some notations. Throughout
this paper, Q C R? denotes a smooth bounded and connected open domain, equipped with a
metric F : Q x R? — [0, 0o[, whose explicit form is discussed below ([@.2). The corresponding

99
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path-length and distance are defined by

1
length () ::/ Fywy(Y' () dt, distz(z,y) = inrf7 length (7). (4.1)
0 YETY

We denoted by « an element of the collection T' := Lip([0, 1], Q) of locally Lipschitz paths within
the domain closure, and by T'Y C I' the subset of paths from x € Q to y € . We assume in
this paper that F has the structure of a Randers metric: there exists a field M : Q — S;"’
of symmetric positive definite matrices, and a vector field w : Q — R%, both having Lipschitz
regularity, and such that for all z € Q and all v € R? one has

Fx(v) = |U|]W(:v) + <LU(£C),U>, where |W(I)‘M(I)*1 <1 (42)

We denoted by (-,-) the standard Euclidean scalar product, and by |v|y = +/(v, Mv) the
anisotropic (but symmetric) norm on R defined by a symmetric positive definite matrix M. The
smallness constraint right) ensures that F,(v) > 0 for all v # 0, x € Q. Randers metrics
include Riemannian metrics as a special case, when the vector field w vanishes identically over the
domain. See Figure [£:2] for an illustration of their unit balls, distance maps, and minimal paths.

Our approach to the computation of Randers distances goes through the solution to a linear
second order PDE, depending on a small parameter £ > 0, and some boundary data g € C°(952, R)

ue + 26(b, Vu.) — 2 Tr(A,V*u.) = 0 in Q, ue = exp(—g/e) on 9, (4.3)

where A, is a field of symmetric positive definite matrices, and b is a vector field, depending in a
simple algebraic manner on the Randers metric parameters M and w, see Lemma and .
In the Riemannian special case one has A, = M ! and b = w = 0, consistently with [Var67]. We
establish in Theorem following [BP88|, that for all x € Q

u(z) := lim —e Inu.(x) exists and satisfies u(z) = min g(p) + dist #(p, x). (4.4)
e—0 peEIN
In other words, u is the Randers distance from the boundary 02, with initial time penalty g, see
section [£.4] for the case of point sources. Note that one often considers the opposite problem, of
reaching a boundary point p € 92 from z, which is equivalent up to replacing the vector field w
with its opposite in , see Definition and the discussion below. The distance map u also
obeys the first order non-linear Hamilton-Jacobi-Bellman equation

[Vu—wlp—1 =1in Q, u = g on 99, (4.5)

in the sense of viscosity solutions (possibly with discontinuous boundary conditions) [BC97|,
which is numerically tractable [Mirl14; Mirl9| as well. The point of this paper is however to study
the linear approach which has a number of advantages, see Remark We present a finite
difference discretization of (4.3) on the Cartesian grid €, := Q N hZ%, of dimension d € {2,3},
denoting by h > 0 the grid scale, reading

u+ 2¢ Z pi{Ay b, e;) 5w —e? Z piAyiu=0 on Q, (4.6)

1<i<I 1<i<I

where 32 and A§ denote standard centered and second order finite differences , modified
close to 99 to account for the Dirichlet boundary conditions, see and . We denoted by
pi(r) > 0and e;(x) € Z%, 1 <i < I = d(d+1)/2 the weights and offsets of Selling’s decomposition
[Sel74; |CS92] of the matrix Ap(x), a tool from lattice geometry which is convenient for the design
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of anisotropic finite differences schemes |[FM14} [Mirl8} [Mirl9] in dimension d € {2,3}, see
section Denoting by u! the solution of we prove in Theorem that —elnu” — u
as (g,h/e) — 0. The case of point sources also requires elnh — 0, see Theorem [4.4.1] The
optimal consistency order is achieved when ¢ = h%, see Corollary

Finally we present in section [£.5] an application to the optimal transport problem

inf / c(x,y) dy(x,y), with e(x,y) = distz(z, y), (4.7)
YE (1) Jaxa

where p and v are given probability measures on 2, and II(u,v) is the set of probability
measures on {2 x 2 whose first and second marginals coincide respectively with p and v. The
proposed implementation relies on Sinkhorn’s matrix scaling algorithm [Sin64], and the linear
structure of . We emphasize that the matrix of costs (¢(z,y))syecq, is never numerically
constructed, and would not fit in computer memory, but instead that the adequate matrix-
vector product are evaluated by solving finite difference equations similar to , in an efficient
manner thanks to a preliminary sparse matrix factorization. Let us acknowledge here that, in
contrast with the Riemannian case [Sol+15|, our approach does not extend to the quadratic cost
c(z,y) = distz(z,y)?. Indeed, this specific cost is handled in the Riemannian case using the
short time asymptotic estimates of the diffusion equation, which becomes non-linear in the case
of Randers geometry, see Remark in contrast with the Poisson equation (4.3)).

Contributions We establish that the solution to a linear second order PDE converges, as a
relaxation parameter ¢ — 0 and after a logarithmic transformation, to the Randers distance
from the domain boundary. We propose a finite difference discretization of that linear PDE,
on a Cartesian grid of scale h, and establish convergence of the numerical solutions as ¢ — 0
and h/e — 0, with optimal consistency when ¢ = h3. We extend the approach to the case of
point sources, under the additional condition lnh — 0. We propose a computational method for
optimal transport with Randers distance as cost. Numerical experiments illustrate our results.

Outline We recall in section [£.2] the definition of Randers distances and introduce an extension
of Varadhan’s formula to Randers manifolds. We describe the coefficients of in terms of the
Randers metric , and prove the convergence result .

We study in section the linear finite-difference scheme . We show that a logarithmic
transformation of the solution solves another nonlinear scheme, for which we prove con-
vergence and consistency with the non-linear PDE . We also discuss heuristic techniques
introduced in [CWW13]| to improve the numerical accuracy of the geodesic distance approximation,
and extend them to Randers metrics.

We address in section [4.4] the computation of the geodesic distance from a point source, and
in section the discretization of the optimal transportation problem , extending [Sol+15]
which is limited to Riemannian distance costs.

Finally, we illustrate in section [£.6] our results with numerical experiments, devoted to the
computation of Randers distances and of the corresponding geodesic paths, and to the solution of
the optimal transport problem on a Randers manifold.

Remark 4.1.1 (Applications of Randers metrics). Randers metrics are, arguably, the simplest
model of a non-symmetric metric, often referred to as a quasi-metric, see Remark [£.1.3] They
play a key role in Zermelo’s problem [BRS04] of path planning subject to a drift, see section m
but also have numerous independent applications, of which we can only give a glimpse here. The
common feature of these applications is that the paths are naturally endowed with an orientation.
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The boundary of a simply connected image region, oriented counterclockwise, minimizes the
classical Chan-Vese segmentation functional iff it is a minimal geodesic for a suitable Randers
metric, leading to a robust numerical optimization method [CMC16|. The Euler-Mumford elastica
minimal path model, whose cost is defined by integrating the squared curvature (plus a constant),
is a limiting case of a Randers model, which allows the numerical computation of global minimizers
with applications to tubular structure extraction in images [CMC17|. Quantum vortex filaments,
in a suitable limit and under appropriate assumptions, follow Randers geodesics, where the
asymmetric part of the metric is derived from the magnetic field [ABMO06|. Finally, let us mention
that Randers metrics were introduced in the context of general relativity, where the trajectory
orientation stems from the time coordinate induced by the Minkowski space-time quadratic form
|[Ran41].

Remark 4.1.2 (Advantages of linear schemes for distance map computation). Distance maps are

ubiquitous in mathematics and their applications, and a variety of approaches have been proposed
for their numerical computation |Cra-+20], including Randers distances [Mir14} Mir19]. The use of
a linear PDE , is here largely motivated by its application to the optimal transport problem
, but this approach has other advantages, see [CWW13| for a more detailed discussion:

e (Ease of implementation) While we limit here our attention to domains discretized on
Cartesian grids, geodesic distance computation also makes sense on manifolds presented
as triangulations [CWW13|, patch based surfaces, etc. In that context, discretizing the
non-linear PDE (4.5)) can be challenging, whereas standard tools are often available for
linear PDEs such as (4.6).

e (Computation speed) Factorization techniques for sparse linear systems of equations are a
subject of continued research, including non-symmetric Laplacian-like operators [Coh+18|.
Once the linear system is factored, it can be solved for a modest cost with a large
number of right-hand sides, for instance to compute all pairwise Randers distances within
a set of points, or when addressing the optimal transport problem using Sinkhorn’s
matrix scaling algorithm as described in section

e (Solution smoothness) The distance map u defined by is non-differentiable across
the cut-locud’] and numerical solvers [Mir14; Mir19] of the generalized eikonal PDE
produce non-smooth approximations of it. In contrast, the solution to the linear equation
is smooth and yields a natural regularization u. := —elnu., for any € > 0, of the limit
distance map u.

Remark 4.1.3 (quasi- prefix and asymmetric geometry). Non-symmetric norms, metrics and
distances are often referred to as quasi-norms, quasi-metrics and quasi-distances. However, we
drop the prefix “quasi” in this paper for the sake of readability and uniformity.

Conventions and notations We denote by | - | the Euclidean norm on R%, and by Sy, SCJ[,
and S;"" the sets of symmetric, symmetric positive semidefinite, and symmetric positive definite
matrices of size d x d respectively. For any A, B € Sy, the relation A »= B stands for A — B € S;
(resp. A > B stands for A — B € Sjl'*'), which is the Loewner order on symmetric matrices. For
any A € SJJr and b € R?, we define

[A]l == sup [Ax], [bl.a = (b, Ab)'/2.

lz|<1

IThe cut locus is the set of points where the minimum (4.4} right) is attained by several minimal paths from
the boundary.
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From now on, we consider an open, bounded, connected, and nonempty domain Q C R¢ with a
W3 boundary. The unknowns to the partial differential equations, and to their discretization
schemes, are distinguished by typography: u for the linear second order PDEs or numerical
scheme and variants, and u for the non-linear PDE and related.

4.2 Elements of Randers geometry

A Randers metric is defined as the sum of a Riemannian metric, and of a suitably bounded linear
term . We present section these geometrical objects in more detail, making connections
with Zermelo’s navigation problem section The eikonal equation is discussed in
section and its linear variant in section We establish in Theorem the
existence of a solution u. to the linear PDE (4.3]), and the convergence of u. = —¢Inwu, to the
value function of the arrival time problem the relaxation parameter € > 0 vanishes. The
proof, based on the theory of viscosity solutions to degenerate elliptic PDEs, is postponed to
section Al

Before specializing to the case of Randers geometry, we briefly recall here the generic or
Finslerian definition of a non-symmetric norm, dual-norm, metric, and path-length distance, and
some of their elementary properties.

Definition 4.2.1. A function F : R? — R, is a norm iff it is convex, 1-homogeneous, and
vanishes only at the origin. The dual norm F* : R? — R, is defined for all v € R? by
F* = . 4.8
(v) = max (v, w) (4.8)
Equivalently, by homogeneity of F', one has F*(v) := max{(v, w)/F(w); |w| = 1}. Convention-
ally, the above defines a quasi-norm, whereas a norm is subject to the additional symmetry axiom
F(v) = F(—v) for all v € R, However the prefix “quasi” before norms, metrics and distances is

dropped in this paper for readability, as already mentioned in Remark The following facts,
stated without proof, are standard results of convex analysis and Finsler geometry.

Lemma 4.2.2 (Norm duality). Any norm F on R? is Lipschitz continuous on R?, and as a
result the extremum in (4.8)) is indeed attained, for any w € R%. The dual norm F* is also a
norm, and furthermore one has F** = F identically on R®.

Definition 4.2.3. A metric on a domain  C R is a continuous map F : Q x R? — R, denoted
(z,v) — F.(v), such that F, is a norm on R? for all # € . The dual metric F* is defined
pointwise from the dual norms. The related path length and distance are defined from and
denoted length » and distr.

Let us emphasize that dist=(x,y) # distz(y,z) in general, for z,y € Q, since norms and
metrics are not assumed here to be symmetric. In the special case where F, = F' is a constant
metric, and [z, y] C €, one has distz(x,y) = F(y — x).

Lemma 4.2.4 (Path-length distance). Let Q C R? be a bounded connected domain with smooth
boundary and equipped with a metric F. Then the extremum defining dist z(x, y) is attained,
for any x,y € Q, and defines a distance over Q. Furthermore there exists 0 < ¢ < C such that
clr —y| < distz(z,y) < Clo —y| for all z,y € Q.

4.2.1 Algebraic structure of Randers metrics

Randers norms are defined by analogy to Randers metrics (4.2)), as the sum of a symmetric part
defined from a symmetric positive definite matrix, and of an anti-symmetric linear part.



104 CHAPTER 4. A LINEAR SCHEME FOR APPROXIMATING RANDERS DISTANCES

Definition 4.2.5. A Randers norm F : R? — R? takes the form F(v) = |v|p + (w,v), where
M € 8§, and w € R? is subject to |w|y-1 < 1.

The dual to a Randers norm also is a Randers norm, as shown by the following lemma, whose
proof can be found in Proposition 4.1 of [Mirl4] and Appendix C of [Mirl9].

Lemma 4.2.6 (Randers dual norm [Mirl4; [Mir19|). The dual to a Randers norm F of parameters
M, w is also a Randers norm, of parameters A,b characterized by the following relation, where

a>0: )
Ala b\ (M w\
T o) \wT 1 ’

-1
Note that o in Lemma [4.2.6|is determined as the bottom right coefficient in (wT T) .

In the special case where w = 0, one obtains A = M~!, b =0, and o = 1, recovering the well
known fact that the dual to a Riemannian norm is also a Riemannian norm, defined by the
inverse symmetric matrix. The duality formula in Lemma [£.2.6] is only the first of a family of
algebraic identities associated with Randers norms, presented in Lemma below, and used to
reformulate the PDEs and . For that purpose, we need to introduce some notation.
For any A € Sy, and any b € R? we let

Ap:=A—0bb". (4.9)
The Schur complement formula yields the following positive-definiteness equivalences:

b

Ap -0 < <b{1r 1> =0 < (A>0and|bs-1 <1). (4.10)

If M:Q— ST and w: Q — R are Lipschitz fields obeying |w|y;-1 < 1 pointwise on  (which
is compact by assumption), then the fields A : Q — S:{+ and b : Q — R? defined by Lemma
as the dual Randers parameters are also Lipschitz, since matrix inversion is differentiable, and
obey the equivalent properties pointwise on €2, thus |b|4-1 < 1. The following lemma
provides several equivalent characterizations of the unit ball associated with a Randers norm,
and ends this subsection.

Lemma 4.2.7. Let M,w denote the parameters of a Randers norm, and A,b the parameters of
the dual Randers norm, see Lemma . Then for all v € R?

[|’U|M + {w,v) — 1} o “’Uﬁ\/fw + 2{w,v) — 1} % {|v —bla-1 — 1] (4.11)
[|’U|A + (b,v) — 1} o [|v|124b +2(b,v) — 1} x [|v — w1 — 1}, (4.12)

where © x y means that sign(z) = sign(y), with sign : R — {—1,0, 1} the sign function.

Proof. Note that the second line can be deduced from the first one, by exchanging the role of the
Randers norm and of its dual norm. The positive definiteness of A, and M, follows from (4.10)
and Definition [£:2.5] Under the assumptions of the lemma, one has the equivalences

[olar + (W, 0) —1<0 & oy <1—(w,v) & |3 <1 - (w,v)?
< |olm, + 2{w, vy —1 <0,

and likewise with strict inequalities, which implies (4.11} left equivalence). The only difficulty
lies in the reverse implication of the second equivalence: we must exclude the case where
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|v|ar < {w,v) — 1, and indeed this is in contradiction with |{w, v)| < |w|p-1|v|ar < |v|ar + 1 since
|w|ar-1 < 1 by assumption.
Denoting by F' the Randers norm of parameters M, w, and by F* the dual norm, one has

[v—bls-1 <1 & (Vw, (w,v—0b) < |wla) & (Yw, (w,v) < |wla+ (bw) = F(w)) < F(v) <1,

where implicitly w € R%. In the last equivalence we used F(v) = F**(v) = max{ (v, w); F*(w) <
1}. A similar equivalence can be obtained with strict inequalities for any w # 0, which concludes
the proof of (4.11] right equivalence) and of this lemma. O

4.2.2 Zermelo’s navigation problem

Zermelo |BRS04] considers a vehicle able to move at speed at most ¢(z) relative to a given

medium, which itself is subject to a drift n(x), where € €2 is the position. Typically, the vehicle

is described as a boat subject to water currents, or as a flying object subject to air currents.
The set admissible absolute velocities v at the point z is characterized by the following relation

v = n(@)] < c(a). (4.13)

Given two endpoints z,y € Q, Zermelo’s navigation problem asks for the smallest time T =
T (z,y) > 0 such that there exists v € Lip([0, 7], Q) obeying |7/ (t) — n(v())| < c(y(t)) for a.e.
t € [0,7T], and v(0) = x, v(T) = y. In other words, T7(x,y) is the minimal time from z to y
subject to the velocity constraints (4.13]).

The vehicle described by Zermelo’s problem is locally controllable at € Q iff [n(x)| < c(x),
in other words iff the drift velocity norm is smaller than the maximum relative vehicle speed. In

that case, it can be reformulated as a Randers minimal path problem.

Proposition 4.2.8. Let c: Q = R, and n: Q — R? be continuous and obey ¢ > 0 and |n| < c,
pointwise on (). Consider the Randers metric F* of parameters A = Iy andb=1n on Q, as
well as its dual F** = F. Then for all xz,y € Q

T (z,y) = distz(z,y).

Proof. Let M : Q — Sd++ and w : Q — R? be parameters of the Randers metric F. The
distance distz(z,y) is the smallest time T" for which there exists a path v € Lip([0, 7], Q) obeying
1> Foo (D) = 1Ol + @00),7(6) for ace. t € [0,7], and 1(0) = z, 1(T) = y.
Indeed, this follows from the definition and by reparametrization of any Lipschitz path at
unit speed w.r.t. the metric F. From this point, the announced result follows from the equivalence

of 1 > F,(v) := [v|pm(e) + (w(z),v) with (4.13)), established in (4.11)). O

4.2.3 The Eikonal equation

Consider a domain 2, equipped with a Randers metric F with Lipschitz coefficients on 2, and
penalty function g € C°(99Q,R). We are interested in the following value function u: Q — R,
corresponding to the minimal time to reach = € Q from a boundary point p € 99, with initial
time penalty g(p):
u(z) := min g(p) + dist=(p, ). (4.14)
peEON

We prove in Theorem that (4.14) is a viscosity solution, see Definition to the first

order non-linear PDE

Fr(Vu(z)) =1 for all z € Q, u(x) = g(z) for all z € Q. (4.15)
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The boundary condition u = g on 95 is satisfied in a strong sense if g(z) < g(p) + dist#(p, )
for all z,p € 99, but in the weak sense of Definition otherwise. The comparison principle
Theorem [I.A-§] implies that the viscosity solution is uniquely determined in €.

Corollary 4.2.9. If F is a Randers metric of parameters M,w, and dual parameters A,b, then
the eikonal PDE left) admits the following three equivalent formulations in € in the sense
of viscosity solutions

|Vuls + (Vu,b) =1, Vul%, +2(Vu,b) =1, Vu —wp-1 = 1. (4.16)
Proof. The equation F;(Vu(z)) = 1 is a shorthand for (.16} left) at = € ©, see Definition [4.2.5]
of a Randers norm. It is equivalent to (4.16} center and right) by (4.12). O

In applications, computing the value function is often only a means to obtain the
globally optimal path v from 92 to an arbitrary point x, € Q. This path can be extracted by
solving, backwards in time, the following Ordinary Differential Equation (ODE), see e.g. [Dui+18|
Appendix C]

v (t) = V(y(t)), where V(z) := dF; (Vu(x)) (4.17)

for all z € Q. The ODE needs to be solved on the interval [0, 7] where T' = u(z,), with terminal
condition v(T') = z.. By dF;(w) we denote the derivative of F; w.r.t. the variable w, where
x € () is fixed.

Corollary 4.2.10. The following expressions are positively proportional to the geodesic flow V
defined by right), at all points where u is differentiable

A
v oy, AyVu + b, M~ (Vu - w). (4.18)
|Vu|A
Proof. Fix a point = €  where u is differentiable, and denote v := Vu(z). Introduce the

Randers norm F* = F whose parameters are denoted A € Sj+ and b € R?, in such way that
F*(v) =1 by (4.15). Differentiating F*(v) = |v|a + (b,v) we obtain dF(v) = Av/|v|a + b which
yields left). The three expressions vanish, and their respective gradients w.r.t. v
are g1 := Av/|v|a + b, g2 := 2(Apv + b) and g3 := M~ (v — w)/|v — w|pr-1. These gradients are
non-zero since (v, g1) = F*(v) =1, (v,g2) = 1+ o[, > L and (v —w,gs) = |[v—w|3,_, = 1. Since
g1, g2 and g3 are orthogonal to the same level set, and point outward of it, they are positively
proportional. The result follows. O

4.2.4 Varadhan’s formula

Varadhan’s formula is based on a logarithmic transformation of the unknown [Var67|, which
turns the linear PDE into the non-linear PDE (4.20). The point of this transformation
is that, with a proper scaling of the unknown and the PDE coefficients, a relaxation parameter
¢ > 0 is eliminated from the boundary conditions and from all the PDE coefficients except one,
of principal order.

Lemma 4.2.11 (Logarithmic transformation). Let e > 0, and let u. be a viscosity solution to
u + 2e(Vu, b) — 2 Tr(A,V3u) = 0 in 9, u = exp(—g/e) on 0, (4.19)

where Q C R? is a smooth bounded domain, Ay : Q — S{;H' and b : Q — RY are Lipschitz, and
€ > 0. Then u. := —elnu. s a viscosity solution to the PDFE

[Vul, +2(Vu,b) — e Tr(A,V?u) =1 in Q, u=g on . (4.20)
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Lemma is an immediate consequence of Corollary established in section [£.A] For
later convenience, we introduce the following PDE operators on the domain 2

Lo =u+2e(Vu,b) — ® Tr(4,V?u), Su=|Vul}, +2(Vu,b) — e Tr(4,V?u) —1, (4.21)

and observe that, formally, one has S°u = —e=L5(e” ). The following result relies on the
framework of viscosity solutions to take the limit ¢ — 0 in S¢, letting the second order “viscous”
term —¢ Tr(A,V?u) vanish, and recovering in the limit a first order non-linear equation equivalent
to the Randers eikonal equation, see Corollary £.2.9]

Theorem 4.2.12 (Vanishing viscosity limit). The PDE (4.19) admits a unique viscosity solution
in Q. In addition u. := —elnwu, converges locally uniformly in Q to the value function (4.14]),
associated with the Randers metric F whose dual metric F* has parameters A,b.

The elements of proof relying on the concept of viscosity solutions are postponed to sec-
tion In particular, uniqueness of the solution to follows from the comparison principle
Proposition see [BP88|. Convergence as € — 0 is established in Theorem We limit
our attention here to the existence of a solution to , which is based on the interpretation of
ue as an expectation of a cost associated with a stochastic process. Fix € > 0, and introduce the
stochastic process (X;")i>0

dX[® = —2eb(X]°) dt + en/24,(X]°) AWy, Xof =z, (4.22)
where (W,);>0 is a d-dimensional Wiener process. Define also the exit time 77° by
7% =inf {t > 0; X;"° € Q}.

Since 2 is bounded, and Aj is positive definite, the exit time 7%¢ is almost surely finite. Thus
X;"¢ is a Brownian motion starting at z, with drift 2eb, and whose fluctuations are scaled by
ev/2A4,. According to the Feynman-Kac formula, see Theorem in section the following
expectation is the unique solution to the PDE (4.19))

(o) = 8 fexp (e - 2EED) (123)

€

In particular, wu. is positive. In the framework of the stochastic approach, Theorem
expresses the convergence of the following soft-minimum

o) = ~etn (3 [oxp (72 - W)D 7 (124)

9

towards the minimum (4.14)) defining the value function u.

Remark 4.2.13 (Divergence form Laplacian). One may replace in (4.19)) the non-divergence form
anisotropic Laplacian with the divergence form variant

div(ApVu) = Tr(AyV2u) + (div(4), Vu),

where div(A;) denotes column-wise divergence, assuming that A, is continuously differentiable.
Indeed, this amounts to replacing in the vector field b defining the first order term with
be := b — 5 div(Ap). This small perturbation is easily handled in the setting of viscosity solutions,
and the same limit is obtained as € — 0.

The divergence form Laplacian is often preferred in applications [CWW13] since it is simpler
to implement numerically on some geometries, such as triangulated surfaces using finite elements.
Finite element methods may however lack the discrete comparison principle Lemma used to
establish the convergence of the numerical scheme in this paper.
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4.3 The numerical scheme

We present a numerical implementation of the linear second order PDE based on discrete
degenerate elliptic finite differences, on a Cartesian discretization grid. This approach is chosen for
the simplicity of its implementation and of the convergence analysis. Alternative discretizations
may also be considered, for instance using finite elements on triangulated manifolds, see [CWW 13|
and Remark [£2.T3]

Throughout this section, we denote by h > 0 the grid scale of the Cartesian discretization
grid, which is fixed unless otherwise specified, and we define the discrete domain as

Qp, = QN hze, Qp, == Qp, UON. (4.25)

In our application, the values of v on 92 are given by the Dirichlet boundary conditions, and the
numerical implementation does not treat them as unknowns. For any u : 2, — R, any x € Q)
and any e € Z¢, we define the first order and second order centered finite differences operators as
follows: assuming [z — he, x + he] C

5 u() = u(z + he)Q—hu(x - he), Cu(r) = u(x + he) — 212(3) + u(z — he). (4.26)

If z is adjacent to O, then may involve values outside the domain €2, and thus be
ill-defined. In order to address this issue, we consider v : Qj, — R which is also defined on the
domain boundary. The following finite difference expressions make sense for arbitrary = € €2y,
e € Z%, and they reduce to if [x — he, x + he] C

—e _ lru(x+hie) —ul(z)  u(r—h %) —u(x)
opu(z) == 5( he - e ), (4.27)
2 u(z + hée) —u(x)  ulx — h; %) —u(x)
e = z Z 4.2
o) = = (5 + ), (4.28)
where we denoted -
hE :=min{n > 0; x +ne € Qp}. (4.29)

Note that h¢ €]0, h] by construction. If u € C*(Q2) then one has the consistency relation
Spu(x) = (Vu(z),e) + O(h"), fula) = (e, Vu(x)e) + O(h"),

where r = 2 if [z — he,z + he] C Q, and r = 1 otherwise. In the next proposition we obtain, by
linear combination, consistent finite differences approximations of linear PDE operators of order
one and two.

Proposition 4.3.1. Let D € Sy, and let w € R%. Consider weights p; and offsets e; € Z2, for
all 1 <i <1, such that

D= Z pieie, . (4.30)
1<i<I

Then for u € C*(Q) and x € ), one has

Z i 0y u(z) e; = DVu(z) + O(h"), Z piASiu(z) = Tr(DVu(z)) + O(h"),  (4.31)

1<i<T 1<i<T

where r = 2 if [ — he;,x + he;] CQ for all 1 <i < I, and r = 1 otherwise.
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As an immediate application, we define a finite difference discretization Lj of the linear
operator £° defined in (4.21). For any u : Q) — R we let

Ju=u+2¢ Z pi(A 1b e;) 5hu—€2 Z pilNjiu, (4.32)
1<i<I 1<i<I

with boundary condition u = exp(—g/e) on 9. The weights p; = p;(x) and offsets e¢; = e;(z),
1 < < I, provide a decomposition of the matrix A, = Ay(z) in the sense of (4.30). Note that for
the schemes to be well-defined, it is crucial that the offsets involved i have integer
coordinates, and therefore the similar looking eigenvalue-eigenvector decomposition typically
cannot be used since it involves arbitrary unit vectors. Obtaining a suitable decomposition is thus
non-trivial in general, and it is also not unique. We rely in this paper on Selling’s decomposition,
which is defined in dimension d € {2,3}, and has the additional benefit of producing non-negative
weights (p;)1<i<r and thus a discrete degenerate elliptic scheme, see section below.

Remark 4.3.2 (Approximation of the gradient, improved reconstruction, following [CWW13
An approximate gradient V¢ : ), — R? of the solution u§ of (4.32) can be estimated using (4.31]
left):

(4.33)

E S Vi ()
Vi(2) = Ao ZM o Vi) = s @ V@)Y

The vector field V; is meant to approximate the gradient of Randers distance u from the boundary
(4.4): it is negatively proportional to V7, reflecting the fact that logarithmic transformation is
decreasing, and is normalized consistently with Randers eikonal equation . An empirical
observation of [CWW13]|, in the context of isotropic and Riemannian metrics which are special
cases of Randers metrics (and using a different discretization), is that V¢ is for suitable parameters
h,e an excellent approximation of Vu. In particular, it can be used for geodesic backtracking via
and . Following [CWW13| we may also obtain an empirically improved reconstruction
i Qn, — R of the Randers distance by minimizing

S0 Y pilv(@) = (e Vi), (4.34)

z€Q, 1<|i|<I

which is consistent with fQ Vv — VE\A , where p_; := p; and e_; := ¢; for all 1 < i <1,
and where the first order upwind finite difference §;, is defined in Equations (4.33] left)
and - also make sense 1f one replaces the Welghtb and offsetb (pz,ez)f , and matrlx Ab
used in the numerical scheme , with unit weights and the canonical basis and the identity
matrix. However, the latter (and simpler) choice yields slightly less accurate results empirically
as evidenced in our numerical experiments section In Figures and [£:4] we refer to these
post-processed distance maps as u,’?b and uiz respectively.

4.3.1 Discrete degenerate ellipticity

Discrete degenerate ellipticity is a counterpart to the degenerate ellipticity property of Hamilton-
Jacobi-Bellman PDE operators |[CIL92} (Obe06|, which is at the foundation of the theory of
viscosity solutions, see Definition

Definition 4.3.3 (Discrete degenerate ellipticity |[Obe06]). Let X be a finite set, and let U := R¥.
A (finite difference) scheme on X is a function F': U — U. Such a function can be written in the
form

Fu(z) = F(z,u(x), (u(z) = u(y))yex\(}),
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and the scheme is said discrete degenerate elliptic (DDE) if F is non-decreasing w.r.t. the second
variable, and w.r.t. the third variable componentwise. The scheme is said elliptic if u — Fu — Au
is degenerate elliptic for some A > 0.

Similarly to its continuous counterpart, discrete ellipticity implies a comparison principle,
used in the proof of the existence and uniqueness of solutions to discretized PDEs, and of their
convergence to the continuous solutions as the grid scale is refined section For completeness,
we present the proof of two basic but fundamental properties of discrete elliptic operators, see e.g.
|Obe06| for additional discussion.

Lemma 4.3.4 (Discrete comparison principle). Let F' be an elliptic finite differences scheme on
a finite set X, and let u,v: X - R. If Fu < Fv on X, then u <wv on X.

Proof. Let x, € X be such that u(x,) —v(x,) is maximal, so that u(x.) —u(y) > v(x.) —v(y) for
all y € X. Assume for contradiction that u(z,) > v(x,), otherwise the result is proved. Then, by
discrete degenerate ellipticity of F' — AId, we obtain Fu(x.) — Au(zs) > Fuv(x,) — Av(x,), thus
0 < Mu(zs) —v(zy)) < Fu(zs) — Fo(z,) <0, which proves the result by contradiction. O

We say that u is a sub-solution (resp. super-solution, resp. solution) of the scheme F, if Fu <0
(resp. Fu > 0, resp. Fu =0) on X.

Corollary 4.3.5 (Solution to elliptic linear operators). If F' is an affine (i.e. linear plus constant)
and elliptic scheme on a finite set X, then there exists a unique solution u: X — R to Fu = 0.

Proof. If Fu= Fv on X then u = v, by Lemmam Thus F : RX — R¥ is injective, hence by
linearity it is bijective, and there exists a unique solution to Fu = 0. O

The finite difference schemes considered in this paper (4.27), (4.28), and (4.32) formally
involve a function defined on the uncountable set ;, = Q5 U 09, which does not comply with the

finiteness assumption in Definition [£.3:3] This obstruction is only superficial, since only finitely
many boundary values of u are actually involved these schemes, for any given A > 0. Alternatively,
one may consider the Dirichlet boundary values of u as given constants rather than unknown
variables in the scheme.

The simplest DDE operator is the opposite —d;, of the upwind finite difference 5 on Qp,
where h > 0 and e € Z¢, which is defined as

u(x + he) — u(x) .

opu(z) :== A

(4.35)

The operator & is modified similarly to (4.27) and | (4.28) if [z, x + he] ¢ Q, and is first order
consistent with a directional derivative: for any u : 2, — R and any x € Q,

u(z + hée) — u(x)

dhu(x) = he )

dru(x) = (e, Vu(z)) + O(h). (4.36)

The opposite —Af, of the second order finite difference operator Af is also DDE. The centered
finite difference operator 6, is not DDE, but linear combinations with A§ whose coeflicients have
suitable signs and obey suitable bounds satisfy this property, as shown in the next lemma. For
that purpose, we observe the relations

2
g+ hy

(6hu(z) + 65, “u(x)), Syu(z) = ! (6ru(z) — 65, “u(x)). (4.37)

pu(z) 5
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Lemma 4.3.6. Let e € Z¢, and h > 0. The finite difference scheme —Aj} is unconditionally
DDE, and the linear combination 110, — AA§ is DDE when h|p| < 2.

Proof. In view of one has the equality of schemes ,ugz — A = —adj, — 6, ¢, where
a: X — Ris defined by a(x) := 2A\/(hS + h;€) — /2 which is non-negative if h|u| < 2, since
0 < hif® < h. Likewise 8(x) := 2\/(hS + h3;¢) + u/2 > 0 if hu| < 2X. We conclude by observing
that DDE schemes form a cone: linear combinations with non-negative coefficients of DDE
schemes are DDE. O

Corollary 4.3.7. The finite difference scheme L5 defined by (4.32)) is elliptic, with A = 1, if
pi >0 and h|<Ab_16,ei>| <eforalll <i<I.

Proof. Under these assumptions, the finite difference scheme u — L5 u — u is the sum of the finite
difference operators ep; (2/4;0, u— eAf) where p; = (A, 'b,e;), forall 1 <i < I. By Lemmam
which applies regardless of the fact that p; and e; depend on the point x € €y, each of these
elementary operators is DDE when p; > 0 and h|y;| < e. Hence L5 —Id is DDE, and therefore
L is elliptic with A = 1 by Definition O

As announced in the introduction of this section, and in order to benefit from Lemma
and Corollary we do want the discrete operator Lj to be DDE. For that purpose, we
introduce Selling’s decomposition [Sel74; |(CS92| of a positive definite matrix D € Sj+, where
d € {2, 3}, which is efficiently computable numerically via Selling’s algorithm. In view of their key
role in our numerical scheme, Selling’s constructions and some of their properties are presented
in more detail in section

Theorem 4.3.8 (Selling [Sel74], this version [Mirl8|). Let D € S;*, where d € {2,3}. Then
there exists non-negative weights p; > 0, and offsets e; € 74, where 1 < i < I :=d(d + 1)/2, such
that

D= el e;| <20, u(D), V1 <i<I,
pi€i€; 7

1<i<I

where Cy = 2, C3 = 2v/3, and u(D) := /|| D||||[D~1]| is the anisotropy ratio of D.

In the rest of this section, we assume that the weights and offsets (p;(z),e;(z))!_; used to
define the scheme L3, see , are obtained from Selling’s decomposition of the matrix A(x),
for all z € Q. For the sake of readability, the dependency of p; and e; w.r.t. the base point x is
often left implicit in the equations. The following proposition, stated without proof, immediately
follows from Corollary [£.3.7) and Theorem [4:3-8]

Proposition 4.3.9. The scheme L5, is elliptic provided that Ch < e, where
C:=2Cy mag 1(Ap(2)) |4, (2)b(x)].
€

The construction of finite difference schemes for linear and semi-linear PDEs using Selling’s
algorithm, and the compatibility conditions ensuring the DDE property, are discussed in more
detail in Chapter [2 Finally, let us mention an alternative discretization of the PDE operator £¢
defined in , using upwind finite differences for the first order term, which is unconditionally
stable but has a lower consistency order

Litu=u—2 > [0, f)18, 7 Pu—c2 Y pisjiu, (4.38)

1<j<d 1<i<I

where (fj)‘}:l is the canonical basis of R?, and o; is the sign of (b, f;).
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4.3.2 Logarithmic transformation

We use a logarithmic transformation of the unknown to study the convergence of the solutions to
the discrete schemes and as the relaxation parameter € and the grid scale h tend to
zero suitably, mimicking the approach used in the continuous case, see section [£.2.4] Our first
step is to describe the effect of the logarithmic/exponential transformation on a finite difference
scheme.

Proposition 4.3.10. Let h > 0 and ¢ > 0. Let F be a DDE scheme on Qy, such that Fu(x)
is a linear function of u for all x € Qy, with boundary condition u = exp(—g/e) on 0Q, where
u: Qp — R. We define the exponentially transformed scheme F¢ as follows:

u(zx)

Feu(z) := —e" - [Fe%u} (x) (4.39)

= F(x, -1, [exp (M)

- 1} yeX\{z})’

for any x € Qy,, with boundary condition u = g on 05}, where u : Q, — R. The scheme F* is
DDE, and furthermore if u is a sub-solution (resp. super-solution) of F¢, then u := exp(—u/e) is
a super-solution (resp. sub-solution) of F.

Proof. The two expressions of Feu(z) given in (4.39), where x € Qj, are equivalent in view of
the linearity of F'. The discrete degenerate ellipticity of F¢ follows from the same property of F,
and from the fact that ¢ € R — exp(¢/e) — 1 is non-decreasing. O

We use the scheme unknown transformation v = exp(—u/¢), which is classical in the study
of relations between the heat, Poisson, and eikonal equations [Var67; |[CWW13|. However, since
the mapping t — exp(—t/¢) is decreasing, it exchanges the notions of sub-solutions and super-
solutions, see Proposition The exponentially transformed upwind finite difference is
denoted 6, and reads

1 — h
% u(z) = - (1 — exp (u(x) ulw + he) )), (4.40)
h €

where x € Qy,, e € Z%, and assuming [z, x + he] C Q. Otherwise replace h with h¢ in the above
expression, see (4.29). The next lemma approximates (4.40)) in terms of the derivatives of u.

Lemma 4.3.11. Letu € C3(Q) and 0 < h < e < 1. Then for any x € y,, and bounded e € 72,
h? K2 A
Vu(@),e)’ + o= (Vu(@),e)’ + 0(Z + =),

0, %u(z) = %(Vu(ﬂv), e) + £<€a VZu(z)e) 623 Fra1)

2 =l

assuming [z, z + he] C Q. Otherwise, replace h with hS in the above expression.

Proof. The announced result immediately follows from (4.40) and the Taylor expansion 1 —
exp(—s) = s — 25> 4+ 15 + O(s?), where s is defined by es = u(z + he) — u(z) = h(Vu(z),e) +
$h*{e, Vu(z)e) + O(h?). O

The exponentially transformed second order and first order centered finite difference operators
are denoted A, and 32’5, and their Taylor expansion is deduced from that of §;°. The
assumption 0 < h < € < 1 of Lemma serves to eliminate spurious negligible terms in
the Taylor expansion, and is asymptotically satisfied in convergence analysis Theorem [4.3.18
which requires ¢ — 0 and h/e — 0. Note that if ¢ = O(v/h), as considered in Corollary [4.3.14
below, then the remainder in (resp. and (4.44) below) simplifies to O(h3/e*) (resp.
O(h" /e*t7) and O(h" /eT)).
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Corollary 4.3.12. Under the assumptions of Lemma one has

Z,efu(x) = %(e, Vu(z)e) — é(Vu(az), e)? + (’)(Eﬁ2 + 52%)’ (4.42)
Sffu(x) = %(Vu(m)7 e) + O(%),

where r = 2 if [z — he,x + he] C Q, and r = 1 otherwise.

Proof. The operators ZZ’E and 3;’6 can be expressed in terms of the corresponding upwind

finite difference operators 6%6’5, similarly to their original counterparts (4.37)). The announced

result follows by inserting the Taylor expansion obtained in Lemma In the case where
—_ —€ —

[z — he, z + he] C Q, the expansion of A}, = +(87° + 6, °F) benefits form the cancellation of

the term (Vu(x),e)? in (4.41)) which is anti-symmetric w.r.t. e, and likewise the expansion of

8;,° = L(85° — 8,°°) benefits from the cancellation of the terms (Vu,e)? and (e, V>ue) in ([E41)
which are symmetric w.r.t. e. O

Consistently with the continuous case (4.21), we denote by S; the exponential transformation
of the finite differences scheme L defined by (4.32)). In other words, following Proposition [4.3.10

Siu:=—e:L5e * (4.43)
on j, with boundary condition u = g on 0f.

Proposition 4.3.13 (Consistency with the regularized eikonal equation). For any u € C3(),
any 0 < h<e <1, and any © € Qp one has

Spu(z) = Su(z) + O(h+ A" /"), where S°u:=|Vul}, +2(b,Vu) — 1 — e Tr(A,V*u),
(4.44)
and where r = 2 if [x — he;,x + he;] C Q for all 1 <i < I, and r = 1 otherwise.
Proof. Denoting pu; := pi<A;1b, e;) we obtain as announced,

Siu(z) =1+ 2¢ Z (1:0y, u(z) — & Z pilNy u(z)

1<i<I 1<i<I

142 Y pilen Va@) + Y piles, Va@)? —e Y pileiVu(z)e;)

1<i<I 1<i<I 1<i<I

=1+2( Z piei, Vu(z)) + Tr ((Vu(m)Vu(m)T —eV2u(z)) Z pieie;r>

1<i<I 1<i<I
=14 2(b,Vu(z)) + \Vu(m)ﬁb(m) — e Tr(Ay(x)V3u(z)),
where &~ denotes equality up to a O(h + h"/e") error. O

We obtain a consistency order of 2/3 in the domain interior, and 1/2 close to the boundary,
by choosing ¢ as an optimal power of h (respectively € = h?/3 and € = h'/?).

Corollary 4.3.14 (Consistency with the eikonal equation). For any u € C3(Q), any 0 < h <
e <1, and any x € Qp, one has

Shu(z) = Su(z) + O(h®), where  Su := |Vu|?4b +2(b, Vu) — 1,

and where o = 2/3 if [x — he;, x + he;] CQ for all 1 <i < I, and o = 1/2 otherwise.
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Proof. One has S°u = Su — ¢ Tr(A4,V?u), and therefore Sfu(z) = Su+ O(e + h+ h"e~"), where
r is defined pointwise as in Proposition [4.3.13] Observing that a = /(1 + r), and inserting
€ = h® in this expression, one obtains the announced result. O

While the above suggests choosing a different value of € at points that are close to the boundary,
in our numerical experiments we use for simplicity a single value of € on the whole domain. The
theoretical analysis of convergence rates of the method, and of the actual effect of a differentiated
choice of € on those rates, is not developped in this paper and is an opportunity for future work.

The upwind scheme EZ’JF obeys Proposition but with r = 1 over all €, and likewise
Corollary but with o = 1/2 over all Q.

Note that the choice e = h* with o = {77, considered in Corollary minimizes the error
term o(h,e) := e+ h+ h"e™" up to a fixed multiplicative constant. Indeed o(h, h*) = O(h*)
whereas o(h,e) =e+h+h"e" > ac+ (1 —a)h"e™" > *(h" /")~ = h*, where the concavity
of the logarithm was used for the second inequality. The parameter scaling h = ce, where ¢ > 0 is
a small but fixed positive constant, is commonly considered in applications [CWW13| and appears
to produce usable results in practice, but is not consistent asymptotically since o(h,ch) — ¢". In
the simplified setting where d =1, A =1 and b = 0, one easily checks that S} admits the solution
u(z) = Az (with suitable boundary conditions) where the slope A obeys

e e =242 thus [\ =1 — ¢?/24 + O(ch), (4.45)

where ¢ = h/e. The correct slope |A| = 1 is thus only obtained as ¢ = h/e — 0.

4.3.3 Convergence

We establish the convergence of the logarithmically transformed solution to the numerical scheme
L5, towards the solution of Randers eikonal equation as ¢ — 0 and h/e — 0, see Theorem
which was announced in the introduction. The proof follows the lines of [BS91, Theorem 2.1],
and requires some preliminary steps establishing the stability and consistency of the proposed
scheme. The arguments apply without modification to the less accurate but unconditionally stable
E;’+. Note that, formally, the schemes S and L5 are defined over Q, := Qj U 9Q. In particular
Stu(z) = u(z) — g(z) and L5u(z) = u(x) — exp(—g(z)/e) for all z € IQ and u,u: Q) — R.

Lemma 4.3.15. The scheme S; admits a constant sub-solution U : Qp, — R defined as

U(z) := gmin, where  gmin = Wi g(y),
and for any p € R with |p| sufficiently large and (g, h/€) small enough, a super-solution u : Qp —
R defined as the affine map

u(z) == (p, ) + Cmax, where  Cax = max (9(y) — (p.y))-

Proof. Case of the sub-solution. One has S;u(x) = —1 for all z € Q, in view of (4.32) and (4.39).
In addition S;U(z) = gmin — g(x) < 0 for all z € 99, hence U is a sub-solution of Sj.
Case of the super-solution. If |p| is sufficiently large, then for all z € Q2

|p|2Ah(:c) +2(b(x),p) =1 = co > 0. (4.46)

Indeed, recall that the matrix field A4, : Q — S;"’ is pointwise positive definite , and
continuous. Then by Proposition Siu(z) > co+ O(h+ h"/e™) for all x € Qp, which is
non-negative for (g, h/e) small enough. In addition Sju(z) = cmax + (0, ) — g(z) > 0 for all
x € 052, hence u is a sub-solution of Sj. O
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As a consequence, we prove in the next lemma that the scheme S;, admit a unique solution,
uniformly bounded as (e, h/e) — 0.

Corollary 4.3.16 (Stability). For sufficiently small (¢,h/¢), the scheme L5 admits a unique
solution uj, which is positive, and S5, admits a unique solution uj, which obeys uj = —elnuj,
and satisfies U < uj, < u on §y, where W and u are from Lemma ,

Proof. By Proposition the maps u® := exp(—u/¢) and @° := exp(—u/e), where u and
u are from Lemma [4.3.15] are respectively a super-solution and a sub-solution to the scheme
L5, which is elliptic by Proposition Since that scheme is also linear, it admits a unique
solution uj, by Corollary [£.3.5] obeying @° < uj, < u® by Lemma [£.3.4] Note that Corollary
and Lemma M apply here regardless of the fact that the domain Q; = Qj U 09 is infinite,
because the finite difference scheme £ only uses finitely many boundary values. We conclude

that wuj, is positive since u® is positive, that uj := —elnuj is the unique solution to Sj by
Proposition |4.3.10, and that @ < uj < u on {2, by monotony of the logarithm. The result
follows. 0

Lemma 4.3.17 (Consistency up to the boundary). For any ¢ € C3(Q2) and any x € Q one has

Sop(z) ifz €Q,

limsup  Splp +¢&J(y) < {max{&p(x), o(x) —g(z)} if v € ON.

(e,h/e)—0,6—0
YEQL, y—T

Sp(z) ifx € Q,

liminf  Sjle +€&](y) > {min{&p(ﬂ:), o(x) —g(x)} ifz € 09.

(e,h/e)—0,6—0
yEQ, y—w

Proof. For any h > 0, x € Q, and £ € R, one has by Proposition [£.3.13|
Sile +€l(z) = Spe(x) = Sp(x) + O(e + h + (h/e)"),

where r € {1,2}. In particular r > 1 and therefore € + (h/e)" — 0 as h — 0. The announced
result follows from this observation, and from the uniform continuity of the mapping = € Q —
Si(a) = [V (@), ) + 2(b, Vo)) — 1. 0

Theorem 4.3.18 (Convergence). As ¢ — 0 and h/e — 0 the quantity uj = —elnuj, where
fu;, = 0, converges uniformly on compact subsets of Q to the viscosity solution u of (4.15).

Proof. Define for all z € Q

V(z):= limsup uj(x) ( = sup { limsup u;™ (Yn); (€nshn/en) =0, Yn — @, Yn € ﬁhn}),
(g,h/e)—0,y—x n—soo "

and likewise v(z) := liminfu,(z) as (¢,h/e) — 0 and y — x. By Corollary vand v
are well-defined and bounded : @ < v < ¥ < u on § where @ and u are from Lemma
By Lemma and following the proof of [BS91, Theorem 2.1], vV and v are respectively a
sub-solution and a super-solution to the operator S, or equivalently to .

By the continuous comparison principle Theoremm one has v < u, < u* < von {2, where
u,(z) := liminf, ,, u(y) and u*(z) := limsup,_,, u(y) are the lower and upper semi-continuous
envelopes of the solution u of . By definition ¥ > v on , thus v =u = v on , and the
locally uniform convergence follows from the definitions of ¥ and v. O
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4.4 Randers distance from a point

In this section, we adapt the numerical scheme presented in section so as to compute Randers
distance from a point source, instead of the distance to the boundary. Point sources appear to be
the most common setting in applications [CWW13; [YC16} [Yan+18|. However the convergence of
the numerical method in this case did not appear to be backed by theory, not least because the
corresponding PDE is ill posed, see Remark To our knowledge, the convergence results of
this section Theorems and are also new for isotropic and Riemannian metrics, which
are special cases of Randers metrics of the form F,(v) = c(z)|v| and F,(v) = |v|p(z), Where
c:Q—=Riyand M:Q— Sj*', and thus validate previous numerical practice.

We assume that the domain €2 is connected, and contains the origin which w.l.o.g. is the point
source of interest, in addition to the previously assumed boundedness and W?3> boundary. For
alle >0, h >0, and u:Qp — R we let

) Liu(x) if x € Qy\ {0},
u(r) =<u(z)—1 ifz=0, (4.47)
u(x) if x € 0Q.

The main result of this section, Theorem below, justifies the use of the Poisson method, i.e.
solving the linear scheme L, to approximate Randers geodesic distance from the origin.

Theorem 4.4.1. The solution to ﬁ;ui = 0 obeys, locally uniformly in Q > x
—elnuj (x) — dist#(0, z), as (e,h/e,elnh) — 0.

Note that 22 is a discrete degenerate elliptic operator when h/e is sufficiently small, see
Proposition [£.3.9] hence it does admit a unique solution by Corollary [£:3.5] Under the same
conditions, the matrix of £ is invertible.

Theorem 4.4.2. Denote by Lj, € R®» X2 the matriz of the linear operator L5 on Qp, with null
boundary conditions on 0. Then locally uniformly on Q x Q> (x,y) one has

—€ 1n[(Li);y1] — distz(z,y), as (e,h/e,elnh) — 0.

As evidenced by the constraint eInh — 0, Theorems and have no immediate
continuous counterparts, see also Remark [£.4.:4] Contrast this with the smooth boundary case,
where Theorem [£:2.12] corresponds to Theorem [I.3.18] with 4 = 0. The proofs are presented
in the rest of this section. In the case of Theorem .41} it consists in building sub-solutions
and a super-solutions to the operator Ei, on disk or ring domains around the origin depending
on the problem scales h, ¢ and 7, where the radius r > 0 is fixed but small, see sections
to Sub-solutions (resp. super-solutions) over these sub-domains are glued together using
the following lemma, which immediately follows from the DDE property Definition [£.3-3]

Lemma 4.4.3. Let F be a DDE scheme on a finite set X, let x € X, and let u,v : X — R.
If Fu(z) < 0 and either (u(z) > v(z) or Fv(z) < 0), then Flmax{u,v}](x) < 0. Likewise if
Fu(z) >0 and either (u(x) < v(x) or Fv(xz) > 0), then Fmin{u,v}]|(z) > 0.

Remark 4.4.4 (Continuous setting). The numerical scheme (4.47)) does not discretize a well posed
PDE. Indeed, Dirichlet boundary conditions cannot be enforced at isolated points of elliptic PDEs
in dimension d > 2. The most closely related well posed PDE is

Lfu(z) = do(x) in Q, u =10 on 0f,
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where dy denotes the Dirac mass at the origin. This equation admits a solution |Cas86, Theorem
4] in the Sobolev space W#(Q) where s < d/(d — 1), in dimension d € {2,3}. The solution
is unbounded near 0. We do not further discuss this approach, which belongs to a framework
distinct from the setting of viscosity solutions considered in this paper.

Remark 4.4.5 (Heat method). In the Riemannian case (w = 0) an alternative approach to geodesic
distance computation from a point source relies on the short time asymptotics of the heat kernel

—4tInu(t,z) = distz(z., 2)? + o(1), where dyu = div(DVu), (4.48)

and u(0,-) = d,, is the Dirac mass at the source point [Var67]. Numerically, the heat equation is
solved over a short time interval, using a series of implicit time steps, each of which is equivalent
to a Poisson equation [CWW13|. To the extent of our knowledge, solving a single Poisson equation
is the preferred over the heat method in applications, since it is computationally less expensive,
and less susceptible to raise floating point underflow errors, in addition to being more general
in view of the extension Randers metrics presented in this paper. An advantage of the heat
equation is however that it allows efficient implementations of optimal transport with quadratic
cost |Sol+15| in the spirit of section
A natural generalization of right) to Finsler manifolds [OS09| is

Opu(t, z) = div(0, H (x, Vu(t, x))), where H(z,v) = 3F;(v)?, (4.49)

with again u(0,-) = d,,. This PDE can be reformulated as a gradient flow, in two different
manners [OS09|. In this setting and under suitable assumptions, the heat kernel asymptotics
left) extend to Finsler manifolds, see [OS09, Example 5.5|. However, discretizing the non-linear
and time dependent PDE (4.49)) is non-trivial, and also defeats the purpose of this paper which is
to consider linear schemes for Randers distance computation. (If non-linear PDEs are considered,
then one may as well solve Randers eikonal PDE directly, see [Mirl4; Mirl9].)

Notations The Euclidean ball, its boundary the sphere, and its intersection with the grid,
defined for each center z € R?, radius » > 0 and grid scale h > 0, are denoted

B(z,7) := {y € R% |y — z| < 7}, S(x,r) = 0B(z, ), By (z,7) := B(z,r) N hZY,

with the convention B(r) := B(0,7), S(r) := S(0,7), Bu(r) := Bx(0,7). We introduce constants
0 < ¢r < Cr and Rz, which exist by Lemma such that for all z,y € Q

crle —y| < distr(z,y) < Crlz —yl, distr(z,y) < Rr. (4.50)

Recall that the numerical scheme L5 is defined in terms of a Lipschitz symmetric matrix field A
and vector field b which are the parameters of the dual Randers metric. Selling’s decomposition
of Ay :=A—bb", see ([4.9), which is uniformly positive definite, is denoted

Ap(z) = Z pi(z)ee, where |e;] < Rs, 1 <i <1, (4.51)
1<i<I

where the bound Rg on the offsets exists in view of Theorem [4.3.8] and [ is a suitable integer. The
shorthand “C' = C(M£)” means that a constant C, appearing in an estimate, can be expressed
or bounded in terms of the following problem parameters

Mz = max{cz',Cr, Rr, Rs, | Allso, [Ibllsc, 145 [loo, Lin(4s)},

where [|Als = sup{||A(z)|; = € Q}, and Lip(A) is the Lipschitz regularity constant of the
matrix field A.
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4.4.1 Viscosity regime

We construct a solution to the scheme far enough from the point source singularity, at points
x € , such that |z| > r, where r is independent of € and h, by using the results developed in
§4.3] For that purpose, a radius 7 > 0 is fixed in the rest of this section, unless otherwise specified,
and such that B(6r) C Q. The erosion with radius r of the domain €, and its intersection with
the grid, are defined as

int(Q,7) :={z € Q; B(z,r) C O}, inty, (2, ) := int(Q, ) N hZ%.
Lemma 4.4.6. For each € > 0 and h > 0 let uj, be the solution to
L5u=0 on Qp \ B(r), u=1 on S(r) u = exp(—Rz/e) on 0. (4.52)
Then for (e, h/e) sufficiently small, and denoting u§ := —ecInu$, one has with C = C(Myr)
|uf, (x) — dist£(0,z)| < Cr on int,(Q,7) \ B(2r). (4.53)

Proof. Applying Theorem |4.3.18| to the domain Q \ B(r) we obtain that uj converges uniformly
over the relatively compact subset int(Q,7) \ B(2r) as (¢, h/e) — 0, to the limit

u(z) = mln{pgg:)dlstf(p, x), Rr + mln distr(g,z)} = renln)dlstf(p, x),

where the second equality follows from | right). Observing that | distz(p,x) — dist #(0, x)]
Crlp| < Crr for all p € S(r), see - left , we conclude the proof.

o OIA

Corollary 4.4.7. For (e, h/s) sufficiently small, there exists u5 : Qp — R such that L5us, >
and uj () := —elnu; (z ) > dist#(0,2) — Cr on intp(Q,r), where C = C(Mg).

Proof. From Lemma introduce uj = —eInuj obeying (4.53)) for sufficiently small (¢, h/e),
with constant Cy = C’O(M 7). Then let

() e 1 x € Bp(2r),
e {mm{l,uz(m exp(Cir/e)} @ ¢ T\ Bu(2r), (50

where C; = Cy + 3Cr. By construction one has uf(0) = 1, and u§(z) > 0 on 99, so that
L5u5, > 0 at these boundary points. By choice of the constant C; and in view of ([.53), one
has 1 < u(z) exp(Cr/e) on B (3r) \ Bn(2r). Note that provided h < r/Rs the expression
of L5us(x) at any x € Qy \ B(3r) only involves values of u§, in Q, \]B(Qr) By Lemma
and since the constant 1 is a super-solution to £j, we obtain that Ljuj > 0, as announced.
Finally, one has uj (z) > u§(z) — Cir > distz(0,2) — (Co + C1)r on 1nth(Q,r) \ Br(2r), and
uj, () > 0 > dist£(0,2) — 2Cxr on By (2r), which concludes the proof. O

4.4.2 Taylor expansion regime

We construct explicit sub-solutions to the scheme (4.47), at points h < || Seand e < |z S,
which are radial functions with respectively a power and exponential profile. For that purpose,
we need to estimate the derivatives of such functions.

Lemma 4.4.8. Let f € C?(R; ,R), let u € R, and let u(z) := exp(—puf(|z])) for all z € R4\ {0}.
Then one has with n(x) := z/|x|, omitting the arguments of f, f', f", f""" and n

Vu(z) V3u(z) )

u(z) u(z)

"

12 fPan’ + O 2]

= _/j/f/n7
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V3u(x)7 31 £13 2| p! "

with absolute constants underlying the O notation.

w2 f!? L S
|z| E

" ‘LL|f/|
)

Proof. The expression of Vu(z) follows from the standard rules for the differentiation of an
exponential function V(expog) = (expog)Vyg, and of a radial function Vg(|z|) = ¢'(|z|)n(x).
The full expression of u~'V2u(z) = p?f?nn’ — puf'nn” — uf’(Id —nn'")/|z| can be obtained
using the Leibniz rule for the differentiation of a product, and recalling that the Jacobian matrix
of n(z) is (Id —nn")/|z|. The expression of V3u follows likewise. O

Corollary 4.4.9. Define u(x) := exp(—A|z|/e) where A >1,e>0. If v € Qp, € < |z| < 5r and
2Rsh < ¢ then
u(z) Lu(z) <1 — )\2|n(m)|124b(m) + Co(A + X3h/e). (4.55)

In particular, L5u(z) <0 if A > Cy and Ah/e < ca, where Cy, Cq,ca > 0 only depend on Mr.

Proof. Applying Lemma to the identity function f :r € Ry — r, and parameter p:= \/e
(note that u > 1/¢), we obtain whenever |z| > &/2

Vu(z) V2u(z) _ 2. T I Viu(x) _ 3
If |z| > € and |e|] < Rs, then any y € [v — he,x + he] obeys |y| > €/2. Therefore
Siu(x) _ 2 2 Aju(z) 2 H 2 3p3
w@) O(uRs + hy”Ry), uw) M (n,e)” + O(Z Rs + hu Rg),

with again absolute constants underlying the O notation. Inserting these estimates in the scheme
expression we obtain omitting the argument of p;, A 1y and n

Lju(x) -1 2 2 2 2 p 3
“u@) S1+2C > pillA e (u+hp®) +€2 Y pil—pt(n,e)? + C(— + ),

) 1<i<I 1<i<I €

where C depends only on Rs. This establishes (4.55)) observing that Zle piln,e))? = Tr(Apnn'") =
[nf%,, and that Zle pi < || Tr(Ap)||so. Since Ay is uniformly positive definite over Q and n is a unit
vector, one has |n|%, > c¢o = co(Mr) > 0, and the result follows with C; = max{4Cy/co, \/2/co}

and ¢o = ¢9/4C). O
Corollary 4.4.10. Define u(x) := |z|~#*, where p > 1. If x € Qp, and 2Rsh < |x| < 4e then
L5 u(x) e2pu? 9 e2u  he?ud
<1l——— N+ Col—5 + ——5)- 4.56
u@ = P e + e+ ) (450

In particular L5u(x) <0 if u > C1 and ph/e < ¢z, where Cy, C1, ca > 0 only depend on Mx.
Proof. We apply Lemma to the logarithm function f = In, obtaining

Vu(y W V2u(y pu2nn ' L Viu(y wl
W) _ ok, W) _ s oo, W _ o).
u(y) lyl u(y) vl lyl u(y) lyl
If |z| > 2Rsh and |e| < Rgs, then any y € [x — he, x + he] obeys |y| > |z|/2. Therefore
5y () wo o hu? ASu(z)  p?(n,e)? L hu
u(z) (|l’| |I|2) u(z) |z[? (|$\2 \I|3)

Inserting these estimates in the scheme expression (4.32]), we conclude similarly to Corollary
O
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4.4.3 Finite neighborhood regime

We produce a sub-solution to the scheme £5 which is useful in the immediate neighborhood of
the origin, where |z| < h. The construction is not based on the approach of viscosity solutions,
or on a Taylor expansion, but on the discrete structure of the scheme. For that purpose, we
establish additional properties of its coeflicients , suitably normalized: the first d offsets
form a basis of Z%, and the corresponding weights are bounded below in a neighborhood of the
source point. This implies that the stencils of our numerical scheme are locally connected, and
allows to construct a subsolution in Corollary [£.4.13] The proof is based on the spanning property
of Selling’s decomposition, see Proposition [.B.8] which is used here for the first time in the
context of PDE numerical analysis.

Proposition 4.4.11. Up to reordering the terms (p;,e;)l_, of Selling’s decomposition (4.51)) of
the matriz field Ay, and grouping duplicate and opposite offsets (e;)f_,, one has for all |z| <rs

min{py(x),- -, pa(x)} > ps, det(ey, -+ ,eq) =1, (4.57)

where the constants ps > 0 and rs > 0 only depend on Mx.

Proof. Up to grouping duplicates and opposites, we may assume that the vectors +eq, -, +ey
are pairwise distinct. Thus by Proposition one has for all z,y e Qand all 1 <i < T
pi(x) — pi(y)| < Clz —yl, (4.58)

where C = C(Mz). Then by Proposition and up to reordering (p;,e;)l_;, one has
det(ey, -+ ,eq) = 1 and p;(0) > 2ps for all 1 < i < d, where ps only depends on ||4;(0)| and
| Ap(0)~1||. The announced result follows, by choosing rs := ps/C. O

In the rest of this section, we assume that (p;,e;)!_, are ordered in such way that (£.57) holds.
We also denote p_; := p; and e_; := —e¢; for all 1 < i < I. Hence for any = € {2} such that
B(m, R,Sh) C Qp

fu(z) = of (@ule) = Y B (@)u(x + hey),

1<[il<1
where the coefficients are

52

2
ai(@) =142 Y pile), @) =) (o3 - (@) @) ). (459)

1<i<I

Note that o5 () < 1+ 2(e/h)2| Tr(Ap)||oo, since S, pi(z) < 30 pi(@)ei|? = Tr(Ay(x)). We
denote by |z|; the sum of the absolute values of the coefficients of a vector z € R%.

Lemma 4.4.12. Let G € GL(Z%) be the matriz of columns e1,--- ,eq, and let N(x) := |G~ zl.
Then for any z € 74\ {0} there exists 1 < |i| < d such that N(z +e;) = N(z) — 1. In addition
clz] < N(z) < Clz| where the constants C,c > 0 only depend on Mx.

Proof. The matrix G has integer coefficients by construction, and det(G) = 1 by left)
hence its inverse is the adjugate matrix G~! = co(G) T which also has integer coefficients, thus
G € GL(Z%) as announced. Since the coefficients of G' are bounded by Rs, those of the adjugate
matrix G~! are bounded by (d — 1)!R% ™", and the equivalence of N with the Euclidean norm
follows.

Let z € Z%\ {0}, and let A, -, \q € Z be the coordinates of z in the basis e1,--- , eq4, in
other words (A1,---,\g)" = G™1z. Since z # 0, one at least of these coordinates is non-zero.
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We thus assume w.l.o.g. that A\; > 0, up to a change of sign and permutation of the axes. Then
N(z—e1)= |\ =1+ ||+ -+ |Xal = =1+ |M1| + -+ |[Xa] = N(z) — 1, which concludes the
proof. 0

Corollary 4.4.13. Define u(x) := exp(—vN(z)/h). Then Liu(z) < 0 on By(rs), provided
v >y =1v9(Mr), B(x, Rsh) C Q, and h/e is sufficiently small.

Proof. Note that 5 ;(z) > pi()e®/(2h?) > 0, for all 1 <4 < I, when
h/e < = 1/(2]|A; bl Rs).

In particular Bf”(x) > pse?/(2h?) if |#| < rs and 1 < |i| < d. By Lemma [4.4.12| there exists
1 <|i| < d such that N(z + he;) = N(x) — h, and therefore u(z + he;) > e’u(z). Thus

L5u(x)

u(x + he;)
u(z)

The result follows, by assuming in addition that h < ¢ and choosing 1y such that e*0 :=
2(1 4 2[| Tr(Ap)llso)/ ps- O

2
vPS €

ST (4.60)

2
€ 1> €
< ap(z) = Byi(x) S1+2[Te(A)lloor5 —e

4.4.4 Gluing the sub-solutions

g

In the previous subsections, we have produced four sub-solutions to the operator L7, on different
subsets of the domain §2;, defined according to the distance to the origin, see Lemma and Corol-

laries [4:4.9] [£:4.10] and [£:4.13] We glue here these partial sub-solutions using Lemma [{.4.3] to
produce a global sub-solution onlﬁh and conclude the proof of Theorem‘ For that purpose,
we introduce four mappings u;" defined on adequate subdomains Q" C Qn, 1 <i <4, and
depending on the scale parameters (g, h) as well as constants (A, u, v, §) specified later.

N u;’o(x) := v§ () — exp(—Rx/e), and QZ’O := Oy \ By, (2r), where v§ solves (4.52).

o uy' (@) = exp(~Ala|/e), and Q3" := By, (5r) \ Ba(e).

o u;(x) = |2[7#, and Q5 = By, (4¢) \ By(2Rsh).

o u;%(z) = exp(—vN(z)/h), and Q5* = By,(€h), where N is from Lemma [4.4.12

Proposition 4.4.14. For any (¢, h/c) sufficiently small one has E‘;ﬁz <0 on Qy,, where
7 (2) 1= max{u}® (@), azh® u5? (@), an (D) g (@), ao(L)fe P E @)}, (461)

for all z € Qy,, and where the quantity u,iz(x) is only considered in the mazimum if v € Q‘;’ The
constants (A, u, v, &, ag, a1, az) only depend on Mx.

Proof. By Corollaries |4.4.9} 4.4.10, and [4.4.13| one may choose the constants A, u, v such that
Lhuf <0 on Q5 for all 1 <4 < 3 and (e, h/e) sufficiently small. Furthermore, this property is
preserved if A, p or v is increased. Also E?ui’o <0on Q;’O, by noting that the positive constant

exp(—Rz/¢) subtracted in its definition accounts for the null boundary conditions of ﬁi, compare
(4.47) with . Since the operator EZ is linear on Qj, \ {0}, see , the product of a
sub-solution with a positive constant remains a sub-solution (outside the origin). Hence is
a maximum of 4 sub-solutions on their respective domains.
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We next proceed to prove estimates of the following form: for any x € Q‘;’i N fo“
miy i (2) < (vesp. 2) " (2)  when By(w, Rsh) ¢ Q5" (resp. Q5"1), (462)
where m‘Z’i is a suitable function of the scale parameters. Thus by Lemma m
uj, () = maxc{uy® (), mi %y (@), mi gty (2), my Ay g ()}

is a sub-solution, which is the announced result. Indeed one has Eiuil(z) < 0ifBp(x, Rsh) C QZ’i,
but £5u;* (x) may not make sense if By (z, Rsh) ¢ ;" since it could involve values of u;™ outside
Q3"; in that case however, (£.62) shows that @, () is not defined from uj*(z).

The estimates (4.62]) follow from basic upper and lower bounds of the involved functions, and

of the norms of the relevant points z. Namely
us(z) <1, ust (z) > exp(—3Ar/e), when 2r < |z| < 3r.
us(z) > exp(—Cr/e), ut () < exp(—4Ar/e), when 4r < |z| < 5r.

Ei

The upper bound on uho is derived from the maximum principle, and the lower bound from
Lemma with C'= C(Mz) and for sufficiently small (¢, h/e). This establishes (4.62} i = 0)
with m;" = exp(—3Ar/e), up to increasing A so that A > C. Likewise

ust () < exp(—N\), us () > (26)7H, when ¢ < |z| < 2e.
ust (z) > exp(—4)), us () < (3¢)7H, when 3¢ < |z| < 4e.

This establishes (4.62, + = 1) with m:"' = ¢*(2¢)™#, up to increasing y so that (3/2)* > 3.
Lastly

us?(z) < (2Rsh)™*, w5 (z) > exp(—3RsCyv), when 2Rsh < |z| < 3Rsh.
us?(x) > (ERsh) ™",  uy®(x) < exp(—(€ — Rs)env),  when (€ — Rs)h < |z| < ¢€Rsh,

where ¢y and Cy are the equivalence constants in Lemma [4.4.12, We define £ by (¢ — Rs)en —
3RsCy = 1. This establishes (4.62, i = 2) with mi’Q = e 3sONL(2Rgh)H, up to increasing v so
that e” > (£/(2Rs))", in view of the expression of £, which concludes the proof. O

Corollary 4.4.15. For (g,h/e) sufficiently small, there exists T, : Q, — R such that E‘;ﬁi <0
and uj, (z) := —elnwj (z) < distx(0,2) + C(r +eln(e/h)) on inty(Q, 1), where C = C(Mg).

Proof. We distinguish two cases. (i) If the maximum in is attained by the last term,
then the announced result follows Lemma [£.4.6] and the expression of the multiplicative factor
ao(h/e)! exp(—3Ar/e). (ii) If the maximum in (4.61)) is attained by one of the first three terms,
then |z| < 5r and the announced result follows from the explicit expressions of u,i’l, ui’z, ui’?’ as

well as distz(0,z) < 5Cxr. O

Proof of Theorem[{.4.1 For sufficiently small (g, h/e), we obtain from the comparison principle
Lemma and with the mappings uj, and uj of Corollaries and respectively that

dist£(0,z) — Cr <1j,(z) < uj(z) < uj(x) <distz(0,2) + C(r +eln(e/h)), (4.63)
on inty, (2, 7), where C = C(Mz). Since the parameter r > 0 is arbitraryﬂ except for the constraint

B(6r) C Q, we conclude as announced that uj(z) — distz(0,z) locally uniformly on Q as
(e,h/e,eln(e/h)) — 0. The result follows, noting that e In(e/h) < e|lnh| when0 < h <e <1. O

2Note nevertheless that ([4.63)) holds when € < § and h/e < §, where § depends on Mz and r.
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4.4.5 Convergence on {2 x ) and inverse matrix

We establish Theorem [£.4.2] which relates the Randers distance with the inverse matrix of our
finite differences scheme. For that purpose, we use the following convention: if U(x;z,) if a
bivariate discrete mapping, defined for all (z,z.) € Q, x Q,, and if F is a finite differences scheme
of the form of Definition [4.3.3, then FU (z;z,) := F(x, U(x;x,), [U(x;x,) — U(y; 2+)]ye x\{x})-
In other words, the numerical scheme sees U as a function of its first variable = only.

Lemma 4.4.16. For any (¢, h/¢) sufficiently small, and any x. € By,(r/2), one has L5Us (x;2,) <
0 on Qp \ {z.}, where for all z € Qy,

U, (73 2,) = max{uy® (z), ash? u)*(x — x.), ar(h/e)" w5 (z — x.),

ap(h/e)e /e w0 (@ — a.,)},

and where the quantity uil(x — ) is only considered in the mazimum if © — x, € Q;l The
constants (A, p, v, &, ap, a1, a2) only depend on Mxz. In addition Uj (x;x,) := —EIHUZ(ZE;JL‘*) <
dist=(0,2) + C(r + eln(e/h)) for all (x,z.) € inty(Q, 1) X By(r/2), where C = C(Mx).

Proof. The proofs of Proposition [f.4.14 and Corollary [£.4.7 adapt in a straightforward manner to
a point source z, sufficiently close to the origin, as here. O

Proposition 4.4.17 (Convergence in the product space). Denote by Uf : Qn x Q, — R the
solution to

L5Us(x; zy) = 0,Vx € Qp \ {4}, Up(zy; i) =1 Ui (z;2,) = 0,V € 0. (4.64)
Then locally uniformly on @ x Q one has —eInUj (x; z.) — distr(z«, x) as (¢,h/e,elnh) — 0.

Proof. First note that x € Qj — U(x;x,), for any given x, € €, solves a linear problem
which is elliptic when h/e is sufficiently small, hence has a unique solution, see Corollary
and Proposition

Let r > 0 be such that B(6r) C Q. Then for (e, h/e) sufficiently small and for all (z,z,) €
inty (Q,7) x Bp(r/2) one has by Corollary and Lemma and for some constant C' =
C(MrF)

dist£(0,2) — Cr < U, (z;2,) < U5 (z32,) < 0 (x) < dist#(0,z) + C(r + eln(y)),  (4.65)

and therefore |U(x; ) — dist z(z«, z)| < (2C + Cx)r when in addition £1In(e/h) < r, noting that
| dist z(x, x) — dist (0, 2)| < Crr.

Now let K, C Q be a compact set. Up to reducing r one can find a finite cover K, C
U}’le(yj,r/Q) such that B(y;,6r) C Q for all 1 < j < J. Applying the above reasoning to each
ball By, (y;,7/2), 1 < j < J, instead of By (r/2), we obtain |U(x; z,) —distz(z4, z)| < (2C + Cr)r
for all (z,x,) € int;,(,7) x (K. N hZ?), when (g,h/e,elnh) is small enough. Since r can be
chosen arbitrarily small, the result follows. O

Lemma 4.4.18. If h/e is sufficiently small, then for all x,. € Qy such that B(x., Rsh) C Q one
has 1 < LSUF (z4;24) < 1+ C’Z—Z where C' = 2|| Tr(Ap) || oo -

Proof. We assume that Coh < & where Cy = || A; 'b||c Rs, and obtain by Proposition m that

¢ is DDE. By the comparison principle, one has 0 < Uf(z;z,) < 1 for all € €. Thus
1 < L5Uf (24, 24) < af(z,), with the notations (4.59), since B.i(zx) >0 forall 1 <i<I. The
result follows. O
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Proof of inverse matriz convergence, Theorem[{.4.2 By definition of L and Uj

_ Us(x;x)
LE 1 _ h\*> .

Thus e|In[(L5); %] — nUs (z;2.)| < eln(l + Ce?/h?), under the conditions of Lemma [4.4.18
Noting that eIn(1 + Ce?/h?) — 0 as (¢, h/e,elnh) — 0, and that —eInUf (z; 2.) — distr(z., z
locally uniformly by Proposition we conclude the proof. O

4.5 Application to regularized optimal transport

In this section, we describe a numerical approach to the 1-Wasserstein optimal transport problem,
with cost defined as a Randers distance, and with entropic relaxation. Given probability measures
wu, v € P(), the addressed problem reads

We(p,v) == inf C(z,y)dP(z,y) — ¢ Ent(P), (4.66)
Pell(p,v) QxQ

where € > 0 is the entropic relaxation parameter, and where II(u,v) is the set of probability
measures on ) x 2 whose first and second marginals coincide respectively with p and v, known
as transport plans between p and v. The transport cost and entropy are defined as

Clz,y) := dist#(, y), Ent(P) := — /len (m>dP(x,y)

where F is a Randers metric on the domain 2, subject to the well posedness assumptions listed
in the last paragraph of section [{.1] and P, is a reference measure on Q x . The Euler constant
e appearing in Ent(P) only changes the entropy by an additive constant, since P has total mass
one, and allows simplifying later calculations.

As mentioned in the introduction, our approach extends |[Cutl3| from Riemannian to non-
symmetric Randers metrics. However, the quadratic cost dist=(x,y)? corresponding to the 2-
Wasserstein distance cannot be addressed in our setting, see Remark [£.4.5] Let us also acknowledge
that the effect of entropic relaxation cannot be ignored in the numerical implementation of this
class of methods: indeed, empirically, the transport plan is blurred over a radius /¢, while ¢ itself
must be substantially larger than the discretization grid scale, see Theorem [£.3.18] Nevertheless
such as smoothing is not necessarily an issue in applications [Cut13|, and the estimation of the
Wasserstein distance itself as e — 0 can be accelerated by suitable techniques |[Chi+20].

4.5.1 Kantorovich duality, and Sinkhorn’s algorithm

We assume in the following that p and v are supported on a finite set X C 2, and present in this
setting Kantorovich’s dual formulation of the optimal transport problem , and its numerical
solution by Sinkhorn’s algorithm. With a slight abuse of notation, we identify a measure p on the
finite set X (resp. P on X x X), which is a weighted sum of Dirac masses p1 =Yy fta0s, With
the corresponding non-negative vector (iz)zex (resp. matrix (Pyy)z yex). With this convention,
the set of probability measures on X, and of transport plans between two such probabilities, are
defined as

P(X) = {peRf; u'1 =1}, M(p,v) :=={P e RY**; Pl =p, PT1 =v}, (4.67)
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where R, := [0, oo[ denotes the set of non-negative reals, and 1 = (1,--- ,1)T € R¥X. In particular,

p'l = Y wex Moy P1 = (ZyEX Pry)zex, and PT1 = (>_zex Pry)yex. In this discrete setting,
the optimal transport problem (4.66]) reads

W)= dnl(P.C)+e (P ()), (169)

where (A,B) = Tr(ATB) = > ryex AzyBay. In and below, the fraction bar, the
logarithm and the exponential function apply componentwise to vectors and matrices. We assume
that the reference measure Py = (Pg?y) has positive entries, and use the standard convention
0 x 0o = 0 in the definition of the entropic term if some entries of P € II(u, v) vanish. Noting that
s € Ry — slns is convex and has a vertical tangent at the origin, we find that the minimization
problem is convex and that the optimal P has positive entries whenever £ > 0.

Kantorovich duality introduces potentials ¢, 1) € RX to account for the equality constraints
in ([£.67), and uses Sion’s minimax theorem [Kom88| to re-order the sup and inf:

Wouv)= inf ((P.C)+e(Pin (o)) + swp {ou— PL)+ (v — PT1)
PRy €L 0, pERX

. P
= s (lpu)+(wv)+ inf (PCteln(p) =l —197))
0, YERX PeRY "X ero

1T+1y" —C
= sup (p,p) + (,v) —e (P, exp (%)
0 PERX €

). (4.69)

The third line was obtained by solving, component-wise and in closed form, the minimization w.r.t.
P. Namely, the convex one dimensional mapping p € Ry +— p(Cay +eln [p/(eP)] — 00 — 1y)
attains its minimum for

Py = P"?y expl(pz + ¥y — Cuy) /el (4.70)
Using the change of variables ® = exp(p/e) and ¥ := exp(¢/e) we conclude that
W.(u,v)=¢ max (In®,pu)+ (InW v)—(®T K T), (4.71)
®,TERY,

where K. = (K¢,)syex with K, := P exp(—C,,/¢). Note that the maximization problem
(4.69)) is strictly concave. The equivalent form can be numerically solved using alternate
maximization, in other words successively solving w.r.t. the unknown ® with ¥ fixed (resp. w.r.t.
U with @ fixed). This approach is known as Sinkhorn’s algorithm [Sin64], and is particularly
simple and efficient since the optimal value w.r.t. either of these variables has a closed form, when

the other variable is fixed. More precisely, given an arbitrary ¥, € Rf . one defines for all n > 0

[ v v
= ) n+l ‘= 57 >
KU, T KTe,

>, (4.72)

where, as in (4.68]), the fraction bar denotes a componentwise division operation. Then the
sequence (®,,, ¥,,),>0 converges geometrically to a maximizer of (4.71)), see [Sin64].

4.5.2 Efficient computation

The more computationally intensive part of Sinkhorn’s algorithm (4.72)) is to repeatedly compute
the matrix-vector products K. ®,, and K ;r U, in (4.72)), since the matrix K. is dense and large. An
efficient way to approximate those products using Varadhan’s formula was proposed in [Sol+15],



126 CHAPTER 4. A LINEAR SCHEME FOR APPROXIMATING RANDERS DISTANCES

in the case of Riemannian manifolds. We adapt here this approach to Randers manifolds, thus
specializing to the case K, := exp(—distz(z,y)/c) where the reference measure Py = 1 is the
uniform probability, the transport cost is defined as a Randers distance distz, and where X =
is a domain discretized on a Cartesian grid of scale h > 0.

Under these conditions, denoting by L5 the matrix of our linear discretization scheme
with null boundary conditions, one has by Theorem [1.4.2]

_ distr(z,y) +o(1)
£

[L;];yl = exp( ), as (e,h/e,elnh) — 0, (4.73)
locally uniformly on © x €. Therefore the dense matrix product ® = K_® can be approximated
by solving the sparse linear system ® = Lj ®’, which is considerably less memory intensive, and
has a lower complexity along the iterations especially if a sparse pre-factorization of the matrix
L3 is used.

4.6 Numerical results

We illustrate the numerical methods presented in this paper, for Randers distance computation
and numerical optimal transport, with synthetic numerical experiments in dimension d = 2.
Geodesic distance computation based on solving the heat or Poisson PDEs has already numerous
applications [CWW13} [YC16; [Yan+18| and is part of established algorithmic geometry libraries
such as CGAL®. Likewise Wasserstein distance computation based on entropic relaxation is an
established numerical approach |[Cutl3} |Sol+15; |Chi+20]. The contributions of this paper are
thus mostly theoretical, see section [4.7]

The approach presented in this paper for Randers distance computation is applied in [Yan+18|
to image segmentation problems, using numerical codes provided by Jean-Marie Mirebeau and with
due acknowledgementﬂ Optimal transport w.r.t. Randers geometry and the present numerical
method is yet to find a concrete application, but let us nevertheless mention the following
motivation which was recently presented to us: monitoring forest fires using a fleet of small
drones, which requires spreading the agents over a large specified area, and involves strongly
asymmetrical displacement costs depending on the winds and terrain.

In this numerical section, we compare in several occasions the results of the centered scheme

¢ emphasized in this paper, with those of the upwind scheme £ which is
unconditionally stable but is also less accurate. We limit our experiments to two-dimensional
problems, consistently with the literature, and although our theoretical results apply in dimension
three as well, due to the overwhelming cost of solving three-dimensional Laplacian-like linear
systems at the considered grid scales.

The PDE domain for the experiments presented in this section is the two-dimensional unit ball
Q = {z € R?;|z| < 1}, which is discretized on a regular Cartesian grid, using finite differences
modified as in to account for the (null) boundary conditions on 9. The grid scale
h = 0.00625 commonly used in the experiments below corresponds to a grid of size 320 x 320
(intersected with the ball). In the first two problems we numerically approximate

:= min dist 4.74
u(z) min dis F(z,y), (4.74)

where Y is a finite set of target points, and F is a Randers metric on £ which is described in terms
of the parameters A, b of its dual, see Lemma From the convergence analysis standpoint,

3However [Yan+18| §2.2] attempts to relate the numerical method with the Finsler heat equation (4.49). This
is incorrect to our belief, and was published without the knowledge of the authors of this paper.
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the case of finitely many isolated point sources is a straightforward generalization of the case of a
single one considered section £.4] and considering targets instead of sources amounts to a change
of sign in the asymmetric part of the metric as discussed below (4.4)).

In our experiments, the largest contributor to computation time is the factorization of the
sparse linear systems, using the SuperLLU routine provided with the scipy Python package. In
contrast, the preliminary step of scheme construction (including Selling’s algorithm to decompose
the matrix Ay(x) at each point € 2, and sparse matrix assembly) only accounts for fraction of
this cost, and the subsequent solve operation is approximately 10x faster than matrix factorization.
In the application to optimal transport, which is based on Sinkhorn’s algorithm , the same
linear system needs to be solved multiple times, and thus a single matrix factorization is followed
by 13 to 54 solve operations. The SuperLU factorization time when using a 320 x 320 discretization
grid (thus ~ 10% unknowns) ranges from 1s to 1.6s depending on the test case, on a laptop
equipped with a 2.3 GHz Intel Core i5 dual-core processor.

Exact distance u up, upwind scheme up, centered scheme
1.0 20
051 15
0.0 1.0
-0.51 0.5
-1.0 . . . . 0.0

-10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 10

Figure 4.1: Randers distance with parameters (4.75)). Left: exact solution. Center : solution
based on the upwind scheme L;:L’Jr (4.38). Right : more accurate solution based on the centered
scheme £5 ([.32). In all cases h = 0.00625, ¢ = 0.5h2/3.

Randers metric with constant coefficients We consider a finite set Y of target points and
a Randers metric whose dual F* is defined by the following coefficients A, b

a= (oo Vo) e (o) v { (o) (500)- () - (00) )

Since the metric is constant and the domain is convex, the geodesic distance is explicit: distz(z,y) =
F(y — x) where F,(v) = F(v) for all € ©, and the minimal paths are straight lines, see the
discussion below Definition In particular can be evaluated exactly, which allows
estimating convergence rates.

The exact Randers distance from Y, and its approximation produced using the centered
scheme and the upwind scheme , are illustrated on Figure We present on Figure
top left) Tissot’s indicatrix of the metric F, which is a representation of the sets

{z +v;veER? Fo(v) =7}, (4.76)

at a number of points x € Q and for a suitable radius » > 0. In Randers case, the set (4.76) is
an ellipse which is not centered on the point z, and admits several equivalent characterizations
see Lemma [£.2.7] The numerical approximation of Randers distance obtained with the centered

scheme is illustrated on Figure top right), while the numerical approximations of minimal
paths from Y obtained by solving the ODE (4.17)) are shown Figure (4.2 top center).
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Lo Randers metric Minimal paths up, centered scheme
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Figure 4.2: Representation of the Randers metric and approximations of minimal paths and of
the Randers distance for parameters (4.75) (top), and (4.77) (bottom), with & = 0.00625 and
e =0.50%/3.

Randers metric with variable coefficients A single target point is considered Y = {(0.8,0)},
and the dual metric parameters are defined at = (21, z2) €  as

1+2—x§+x% — 2L gy —x
Ax) = ( 2x1x|:| |$|2I% , | b(z) =2t = ( . 2) , (4.77)
B R eI o !

where A is extended by continuity at the origin. Numerical results are shown Figure bottom).

Numerical convergence rates We discuss the convergence of some approximations of the
exact distance function u, defined by the metric parameters and target points (4.75)). The [*°
and [ errors between u and one of its approximations uj, are respectively defined as

max [uj, (z) — ()], h? EZQ |uj, (z) — u(z)].

We display on Figurethe convergence curves for the centered L5 and the (unconditionally
stable but less accurate) upwind scheme £5;* (£38), and for ¢ = 1h* where a € {1/2, 2/3}.
Empirically, the centered scheme works best when o = 2/3, and the upwind scheme when o = 1/2.
This experiment illustrates and empirically confirms Corollary which establishes that the
minimal consistency error with the eikonal equation is achieved when ¢ ~ h*, where o = 2/3
for the centered scheme, and o = 1/2 for the upwind scheme. Note however that the empirical
solution error appears to be higher than the scheme consistency error, which is O(h%), see

Corollary
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up, upwind scheme, u,, centered scheme, u?, centered scheme,
£=0.5n12 £=0.5n12 £=0.5h%3

_/-/‘ —e— [™ error _/-/'
-~ I* error -~
1072 102 10-2
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up, upwind scheme, u,, centered scheme, u’?, centered scheme,
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PRI order = 1/3
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-~ —-= order =2/3
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Figure 4.3: ' and [™ error between the exact distance u, with parameters , and its
numerical approximation, as a function of the grid scale h. Left : the upwind scheme EZ’JF (14.38))
works best with € ~ h'/2. Center : the centered scheme is more accurate and works best with
e ~ h?/3. The accuracy of the centered scheme solution is improved with a post-processing step,
see Remark which works best using the same stencil as the finite difference scheme (right,
bottom), rather than an axis aligned stencil (right, top).

The post-processing step discussed in Remark and adapted from [CWW13|, allows
to improve the accuracy of our numerical solution of the Randers eikonal equation solution, as
illustrated on Figure and This post-processing works best when using the stencil of the
finite difference scheme, as opposed to a basic axis-aligned stencil, see Figure [I.4] and the last
sentence of Remark

Optimal transport problems On Figure we solve numerically the optimal transport
problem ([£.66), where y and v are uniform probability measures on [—0.7,—0.1] x [—0.5,0.1]
and [0.1,0.7] x [-0.1,0.5] respectively. We use Sinkhorn’s algorithm to numerically
approximate the exponential Kantorovich potentials ®, ¥ € Rﬁh maximizing , using the
efficient approximation of the product with the kernel K. = exp(—distz(z,y)/e). The
arrows on the figure follow Randers geodesics and illustrate a numerical approximation of the
mapping o : 0, — € defined by

1
o(z) :=— > Puy, (4.78)
Ha Ss

where (Pypy)z,yecq, is the optimal coupling measure (4.70) for the optimal transport problem
(4.68]). Thus o(z) is the barycenter of the image by the transport plan of the Dirac mass at x.
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up, centered scheme uﬁ, centered scheme uf,“’, centered scheme
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Figure 4.4: Absolute difference between the exact distance map u associated with the parameters
and its numerical approximation u5, (left), the improved reconstruction using an axis-aligned
stencil (center), or using the stencil of the finite difference scheme (right), see Remark [4.3.2] Grid
scale h = 0.0015625 and & = 0.5h2/3.

Flat manifold Non-flat manifold Error (flat manifold)
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Figure 4.5: Numerical solution of the optimal transport problem . Left : manifold
parameters , grid scale h = 0.00625. Middle : parameters , grid scale h = 0.00625.
Right : convergence toward the exact Wasserstein distance as h — 0, with parameters (4.75)). In
all cases: € = 0.5h3.

The numerical evaluation of ¢ involves a product with the kernel K. which again is efficiently
approximated using . Note that the coupling measure P is typically not supported on a
graph, not even approximately, and that ¢ is not a one to one mapping. In particular, o does not
approximate a translation in Figure right). This behavior reflects the specific properties
of the 1-Wasserstein distance, as opposed to the p-Wasserstein distance for p > 1, and it is
not related to our numerical approximation procedure. Figure right) displays the error
between the approximation Wy (u1,v) of the Wasserstein distance obtained with grid scale h > 0
and entropic relaxation ¢ = %h%, and the exact optimal transport cost corresponding to the
continuous problem without relaxation e = h = 0.

4.7 Conclusions
In this paper, we introduced and studied a numerical scheme for approximating geodesic distances

by solving a linear finite differences scheme, with an application to Schrédinger’s entropic
relaxation of the optimal transport problem. The approach builds on previous works [Var67.
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CWW13; |Cut13} |Sol+15; [YC16; [Yan+18]|, and brings the following contributions: (i) justification
of the distance computation method in the case of point sources, which is a common setting in
applications, (ii) identification of the optimal parameter scaling ¢ = h%, in contrast with the
commonly used scaling i = ce which is inconsistent asymptotically , (iii) extension of these
methods to asymmetric geometries defined by Randers metrics.

Our numerical scheme obeys the discrete degenerate ellipticity property, and thus benefits
from comparison principles, numerical stability, and a convergence proof in the setting of viscosity
solutions. For that purpose we use adaptive finite differences offsets depending on the PDE
parameters and obtained via a tool from discrete geometry known as Selling’s decomposition of
positive definite matrices [Sel74}; |(CS92|. Our convergence proof (in the case of a point source)
exploits fine properties of Selling’s decomposition: uniqueness, Lipschitz regularity, and spanning
property (which implies the local connectivity of the stencils derived from it), for the first time in
the context of PDE analysis [FM14; Mirl8; Mirl9|. Future work will be devoted to investigating
their relevance in other applications to numerical analysis, and possible substitutes in dimension
d > 4 where Selling’s decomposition does not apply.

4.A Viscosity solutions

In this appendix, we establish the existence, uniqueness, comparison principles and convergence
properties announced in section for the following three PDEs:

u+ 2e(Vu,b) — e* Tr(A4,V?u) =0 in Q, u — exp(—g/e) =0 on 99, (4.79)
[Vu|s + (Vu,b) —1=0in Q, u—g=0on09Q, (4.80)
(Vul%, +2(Vu,b) — e Tr(A4,V?u) — 1 =0 in €, u—g=0ondN, (4.81)

The linear PDE , introduced in , is the foundation of our approach to Randers distance
computation. The Randers eikonal PDE (4.80]), which can be rephrased in many equivalent
forms, see and Corollary |4.2.9] characterizes Randers distance from the domain boundary
with initial time penalty g. Finally makes the link between the first two equations, being
equivalent for any € > 0 to up to a logarithmic transformation of the unknown, and being
equivalent for € = 0 to . We recall that, by assumption, €2 is a bounded, connected and open
domain with a W3 boundary and g € C(92). The fields A : Q — S;+ and b: Q — R? are
Lipschitz, and Ay := A — bb' is pointwise positive definite over €. The content of this section is
presented in the appendix because it often mirrors similar results presented in the discrete setting
of section [£.3] which we have chosen to emphasize, and because several key results are obtained
by specialization of [BP88; BR98; BC97}; |(CIL92|. We present in section the concepts of
degenerate elliptic operator and of viscosity solution to a PDE, and we justify the change of
unknown known as the logarithmic transformation. The comparison principle, established in
section [I.A°2] for the PDEs of interest, implies the uniqueness and boundedness of their solutions
in Q2. We prove in section the validity of the explicit solutions to and (4.80]) defined
as a distance map and as the expectation of the stochastic process and we
establish convergence as ¢ — 0.

4.A.1 Degenerate ellipticity, change of unknowns

The PDEs considered in this appendix (4.79) to (4.81]) benefit from a common structure, known
as degenerate ellipticity [CIL92; |Obe06]|, introduced in Definition below and whose discrete
counterpart is presented in Definition
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Definition 4.A.1 (Degenerate ellipticity). An operator F':  x R x R? x S; — R, denoted
F(x,t,p, X), is said degenerate elliptz'oﬁ if it is (i) non-decreasing w.r.t. the second variable ¢, and
(ii) non-increasing w.r.t. the last variable X for the Loewner order. The operator F' is said elliptic
if F(x,t,p, X) — 0t is degenerate elliptic for some constant ¢ > 0.

The Dirichlet problem for a degenerate elliptic equation writes as
F(x,u(z), Vu(r), V2u(z)) = 0 in Q, u(z) —(x) =0 on 0N, (4.82)
where 1: 92 — R. For example when considering equation (4.80)), one should choose

F(l‘,t,p,X) = |p|A(m) + <p,b(l‘)> - 1’ ¢($) = g(l‘)

This specific operator F' is degenerate elliptic, since F(z,t,p, X) does not depend on either ¢ or
X, and thus obeys the required monotony conditions. Equation is likewise defined by a
degenerate elliptic operator, because the matrix field A, is positive semi-definite. Equation
is elliptic thanks to the additional zeroth order term.

In the discrete setting, a comparison principle can be directly derived from the definition of
ellipticity, see Lemma[4.3.4] and the related notions of sub-solution and super-solution are straight-
forward. Some additional care is however needed in the continuous case, see Definition
Proposition and Theorem below. For any bounded function u:  — R, we denote
respectively by u*: Q — R and u,: Q — R its upper semicontinuous and lower semicontinuous
envelopes, defined by

u*(z) = limsup u(y), ue(x) := liminf u(y). (4.83)
yeEQ, y—a yeEQ, y—a

Definition 4.A.2 (Viscosity solution). Let F': Q x R x R? x 'S4 — R be a continuous degenerate
elliptic operator and let ¢ € C(99). A bounded function u: 2 — R is a viscosity sub-solution to
(4.82) if for any o € C?(Q) and any local maximum x € Q of u* — ¢,

F(z,u*(x),Ve(z), Vip(z)) <0 if x € Q,
min{u*(z) — ¥(x), F(x,u*(z),Vo(z), Vie(z)} <0 if 2 € 00.

It is a viscosity super-solution if for any ¢ € C?(Q) and any local minimum z € Q of u, — ¢,

F(z,us(x),Vo(z), Vip(z)) > 0 ifxeq,
max{u, (z) — ¥ (x), F(z,u.(z), Vo(z), Vie(z)} >0 if 2 € 00.

It is a wviscosity solution if it is both a viscosity sub-solution and super-solution.

Definition encompasses discontinuous solutions u, obeying the boundary conditions in a
weak sense, which allows implementing outflow boundary conditions in the case of the eikonal
equation by using large enough boundary data g. A well-known property of viscosity
solutions is their stability under monotone changes of variables.

Proposition 4.A.3. Let F: QxR xR?%xS; — R be a continuous degenerate elliptic operator, let
1 € C(00), let I, J C R be open intervals, let n: I — J be a strictly increasing C?-diffeomorphism,

40r proper degenerate elliptic in the wording of [CIL92|. For consistency with the discrete case Deﬁnition
and following |Obe06|, we drop the ‘proper’ qualifier.
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and let v: Q — I be bounded away from 8I. Define the continuous degenerate elliptic operator
G: QxR xR xS; — R and boundary condition x : 90 — R by

G(x,t,p, X) := F(z, n(t), n' (O)p, n"()p @ p + ' (1) X), X(x) = 7" (9 ().

Then u :=now is a viscosity sub-solution (respectively super-solution) to (4.82) if and only if v is
a viscosity sub-solution (respectively super-solution) to

G(z,v(z), Vo(z), VZo(z)) = 0 in Q, v(z) — x(z) =0 on 9. (4.84)

Proof. We only show the result for sub-solutions, since the case of super-solutions is similar. We
assume that v is a sub-solution to (4.84)) and prove that u is a sub-solution to (4.82). The proof
of the converse is the same, using that

F(z,t,p, X) = G(z,n~'(t), (") (O)p, (™))" (Op @ p + (1) () X).

The assumption that v is bounded away from 91 implies that v* and v, are valued in I, hence
u* = (nowv)* =nowv* is valued in J and likewise for u,, by continuity of 1. Let ¢ € C?(Q) and
x € 0 be a local maximum of u* — . Without loss of generality, we may assume that ¢(Q) C J.
Let ¢ :=n~' o . Using that 7 is strictly increasing, and ¢ = 1 o @, we deduce that z is a local
maximum of v* — ¢. We conclude the proof by noticing that for all z € Q2

F(SC, u* (x)7 V(P(l'), VQQO(‘T)) = G(:ZZ, ”U*(it), V@(a?), VQ@(Z'))
In addition, if z € 99, then u*(x) — ¥ (x) and v*(z) — =1 (1(x)) have the same sign. O

Remark 4.A.4. Sign changes exchange the notions of sub-solution and super-solution. More
precisely, u = —wv is a viscosity sub-solution (resp. super-solution) to (4.82) iff v is a viscosity
super-solution (resp. sub-solution) to (4.84) with

G($,t,p, X) = —F(it, —t, —p, _X)7 X(.’E) = —¢($)

Combining Proposition and Remark [{.A74 allows to address the decreasing change of
unknown u = exp(—u/e) considered by Varadhan [Var67|, see Lemma [4.2.11] Note the discrete
counterpart Proposition [1:3.10] of this result.

Corollary 4.A.5. Let u: Q — R, and let u := exp(—u/e). Then u is a sub-solution (resp.
super-solution) to (4.81) iff u is a super-solution (resp. sub-solution) to (4.79).

Proof. The PDE (4.79)) corresponds to (4.82]) with the following operator and boundary conditions
F(z,t,p, X) =t + 2¢(p, b(x)) — € Tr(Ap(2) X), ¥(x) = exp(—g(x)/e).
Applying successively Proposition with the increasing diffeomorphism 7(t) := — exp(—t/e),
and Remark yields the boundary conditions x(x) = —n~!(¢)(x)) = g(x) and the operator

,=n(t), =’ (t)p, —n"(t )p®p n'(£)X)
e P, ; pop—LefX)
= —e~¢ (1 2(p,b(x)) — (p, Ap(2)p) + & Tr(Ay(z) X)).

G(x7t7an) =-F

t

Simplifying by the positive factor e™ =, and distributing the minus sign, we recognize O
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4.A.2 The comparison principle

The linear PDE and Randers eikonal equation admit a strong comparison principle,
which in particular implies that their viscosity solutions are uniquely determined on {2 — though
not on Jf). The proofs, presented in Proposition 4.A.7] and Theorem below, are obtained
as a specialization of [BR9§|. For that purpose, we reformulate the first order term of in
Bellman form, based on the following identity: for all z € Q and all w € R?

|w|a(z) + (w,b(x)) = sup —(w, b(z, a)), where b(z,a) := A%(m)a —b(z), (4.85)

a€Bd

where B? := {z € R? ||z|| < 1} denotes the closed unit ball.

PR
Lemma 4.A.6. The mappings A%,Ab2 Q= S;Jr are Lipschitz continuous. The mapping
b:Q x B - R defined by right) is Lipschitz continuous. In addition, for each x € Q and
p € R4\ {0} there exists o € B such that (b(x,a),p) > 0.

Proof. Recall that the mappings A4, Ay : Q +— Sd++ are Lipschitz continuous, and note that their
lower eigenvalues are bounded away from zero by compactness. Since the matrix square root
Vo ST = STt is 0, as follows from holomorphic functional calculuf’] we obtain that A'/2
and A,l,/ ? also are Lipschitz continuous on Q. The announced regularity of b follows.

Regarding the last property, we observe that choosing o = A%(:C)p/|A% (2)p| yields

(b(z, ), p) = (@ — A"2(2)b(x), A (2)p) > (1 — |[A72(2)b(z)])| A% (2)p| > 0, (4.86)
since |A~2 (2)b(x)| = b(2)] A(z)-1 < 1 over € by assumption. O

The comparison principle established in [BR98, Theorem 2.1] encompasses both the second
order linear PDE (4.79), and the first order non-linear PDE (4.80)) considered in this paper,
although a reformulation is needed in the latter case.

Proposition 4.A.7. Let w and u be respectively a sub-solution and a super-solution of the linear
PDE (4.79), for some € > 0. Then u* < u, in Q.

Proof. The announced result is a direct application of [BR98, Theorem 2.1], using that All,/ 2RI
SIJr and b: R? — RY are Lipschitz continuous, 9 is of class W3, and g € C(99). O

Theorem 4.A.8. Let W, u: Q — R be respectively a sub-solution and a super-solution of ([4.80)).
Then @* < u, in Q.

Proof. Since involves an operator which is degenerate elliptic but not elliptic, see Defini-
tion we perform the Kruzhkov exponential change of variables and define v := — exp(—1)
and v := —exp(—u). By Proposition v and v are respectively a viscosity sub-solution and
super-solution to

IVVv(2)|a@) + (VV(z),b(z)) + v(z) =0 in Q, v(z) + exp(—g(x)) = 0 on I.

The boundary 99 is of class W3°°, and the boundary data — exp(—g) € C(952), consistently with
the framework of [BR98|. Furthermore, the PDE can be rewritten as sup,cgs —(b(z, o), Vv(z)) +
v(z) =0 in 2, and the required regularity properties of b are established in Lemma as well
as the additional condition which amounts to a local controllability property. Then by [BR9S|
Theorem 2.1], we obtain v* < v, in €, and therefore ©* < u, in 2 as announced. O

5More directly, if the eigenvalues of A € S;Jr lie in ]0,2r[, then one has the series expansion VA =
VT s ak(A/r —1d)*, where VT +& =3, axt® forall t €] — 1,1].
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4.A.3 Explicit solutions, and convergence

We establish that viscosity solutions to Randers eikonal equation (4.80) and to the linear PDE
(4.79) may be explicitly obtained as the distance from the bounda with suitable penalty
term, and as the expectation of a stochastic process . We also prove bounds for these
solutions, see Theorems [4.A.9] and [4.A.11] and conclude the proof of Varadhan’s formula for
Randers metrics in Theorem A T2

Theorem 4.A.9. Denote by F the Randers metric of parameters (M,w) dual to (A,b), see
Lemma . Then u: x € Q — min,ecpq distz(p, ) + g(p) is a bounded viscosity solution to
(&30).

Proof. The boundedness of u follows from the equivalence of the Randers distance with the
Euclidean distance, see Lemma Since g € C(99) and the control function b is Lipschitz
continuous [BC97, Theorem V.4.13 and Remark V.4.14] yields a viscosity solution v to (4.80) in
the form

v(z) =inf{T +g(v(T)); T >0, a: [0,T] — IB%d,’y;‘(T) € 00} (4.87)

where v = 4 is defined by v(0) =  and v/(¢) = b(v(t), a(t)) for all 0 < ¢ < T, and where « is
implicitly assumed to be measurable. Now, for any v € R? one obtains, omitting the argument x
in M(z), w(z), A(x) and b(z) for readability

F)<1evy+wv)<lejv—bsr<leIaecBo—b=A%q

& 3JaeBv=—b(z,a),

where the first equivalence holds by definition, the second is established in Lemma [£:2.7] the third
follows from |A2@|,-1 = |@| for any & € RY, and the last is obtained by choosing @ = —@. Thus

v(z) = inf{T + g(v(T)); T > 0,37 € Lip([0, T], ), ¥(0) = z,7(T) € 9,
Fyy(—='(t)) <1, for ae. t €[0,T]}.

Noting that any Lipschitz path can be reparametrized at constant speed w.r.t. the metric F, and
have its orientation reversed (from x to 9€2), we obtain that v(x) = u(x), which concludes the
proof. O

We obtain a sub-solution and a super-solution to the PDE (4.81)), independent of the relaxation
parameter, similarly to the discrete case in Lemma

Lemma 4.A.10. The PDE (4.81)) admits, for any € > 0, the constant sub-solution U : x € Q —
Gmin, Where gmin := min{g(y); y € 00Q}. It also admits the affine super-solution u : x € Q —
(P, &) +Cmax, for any p € RY such that |p| is sufficiently large, where cimax == max{g(y)—(p,y); y €
o0}.

Proof. Denote Su := [Vul%, + 2(Vu,b) — e Tr(4,V*u) — 1 the operator of (£.81). Clearly
S%u = —1 < 0 in Q, whereas S°u(x) = |p|?4b(x) +2(p,b(z)) — 1 > ¢p > 0 for all = € Q, provided

|p| is sufficiently large, since A; and b are bounded over €2, and A, is uniformly positive definite.
The constants gmin and cpax are chosen so as to comply with the boundary conditions. O

Theorem 4.A.11. For any ¢ > 0, the function u.: Q — R_ defined by (4.23) is a viscosity
solution to (4.79). In addition, u. is positive, and W < u. < u in , where u. := —eln(u.) and @
and u are from Lemma [{.A.10



136 CHAPTER 4. A LINEAR SCHEME FOR APPROXIMATING RANDERS DISTANCES

Proof. Since A;/zz R? — S;"' and b: RY — R? are Lipschitz continuous, 99 is of class W3,
and g € C(99), [BR98, Theorem 3.1] implies that u,. is a viscosity solution to (4.79).

By Corollary [4.A 5| . := exp(—u/e) and u, := exp(—1/e) are respectively a sub-solution and
4. 79)

a super-solution to . Thus T < (ue)s <ue < (ue)* <u, in Q by Theoremm Therefore
ue 18 positive, as announced, and we conclude using the monotony of the logarithm. O

We are able to complete the proof of formula (4.24) by making rigorous the passing to the
limit between problems (4.81)) and (4.80). Note that we follow a standard sketch of proof, already
used in [BP88| Proposition II.6] for example.

Theorem 4.A.12. With the notations of Theorem [[.A.11], and denoting by u the solution to
(4.15), one has u. — u uniformly on compact subsets of 0, as ¢ — 0.

Proof. By Theorem [4.A.11} u. is bounded above and below, uniformly on Q and uniformly w.r.t.
g > 0. Therefore the following limit is well-defined, for any = € Q

V(z) := limsup u.(y) (: lim sup {u,(y); 0 <n <4, ly —a| < 5}),
e—=0,y—x 60
and likewise v(z) := liminf u.(y) as ¢ = 0 and y — z. Thus we can apply [CIL92, Lemma 6.1
and Remark 6.3] to functions (u.). and (u.)*, and deduce that v and v are respectively a viscosity
subsolution and supersolution to with € = 0, or equivalently to by Corollary
Hence by Theorem v <u, <u <von . By definition, v > v on Q. Therefore
v =v =v on ). The locally uniform convergence of u. to u on Q follows from the definitions of
v and v. O

4.B Selling’s decomposition of positive definite matrices

This appendix is devoted to a brief description of Selling’s decomposition of symmetric positive
definite matrices [Sel74;|CS92| of dimension d € {2, 3}, a tool from algorithmic geometry which
is convenient when discretizing anisotropic PDEs on Cartesian grids ([FM14} Mirl&; Mir19|
and Chapter , here used section Selling’s formula and algorithm are presented in
Lemma [£.B.2] and Proposition £.B-3] Two properties of the resulting normalized decomposition

(4.91)), established in Propositions and are used in section for the first time in

the context of PDE numerical analysis.

Definition 4.B.1. A superbase of Z¢ is a family (vo, - - - ,vq) € (Z?)4*! such that vo+---+vg = 0
and |det(vi,---,vq)| = 1. It is said D-obtuse, where D € S;*, iff (v;, Dv;) < 0 for all
0<i<j<d.

To each superbase (vg, - - - ,vq) of Z¢, we associate the family of vectors € € 7e,0<i<j<d
defined by the linear relations
(eij,vk) = dix — Ojn, (4.88)
for all 0 < k < d, where §;; denotes Kronecker’s symbol. In dimension d = 2 (resp. d = 3),
if {i,7,k} = {0,1,2} (resp. {i,j,k,1} = {0,1,2,3}), one easily checks that e;; = *vi (resp.
ei; = tup x vy). Selling’s formula and algorithm are classical [Sel74; |CS92; Mirl8|, yet their
(short) proofs are presented for completeness, since they are core elements of our numerical
scheme.

Lemma 4.B.2 (Selling’s formula). Let D € Sy and let (vo,- -+ ,v4) be a superbase of Z¢. Then

D=— Z <’Ui, D’Uj>€7;j€;rj. (489)

0<i<j<d
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Proof. By (4.88) we obtain (v;, Dv;) = (v;, D'v;) for all 0 < i < j < d, where D’ denotes (4.89
rhs). Thus (v;, Dv;) = (v;, D'v;) by linearity and since v; = —(vg 4+« - + v;—1 + Vit1 + - - + v4).
The result follows since (vq,- -+ ,vq) is a basis. O

IfDe SjJr and (vg, -+ ,vq) is D-obtuse, then (4.89) is known as Selling’s decomposition of
D. Selling’s algorithm provides a constructive proof of existence of such a D-obtuse superbase, in
dimension d € {2, 3}.

Proposition 4.B.3 (Selling algorithm). Let b = (vg,--- ,vq) be a superbase of Z%, d € {2,3},
and let D € S’;*‘. If b is not D-obtuse, permute it so that (vy, Dvi) > 0 and update it as follows

b« (—vg,v1,v0 —v1) if d =2, b < (—vg,v1,v2 + vo,v3 +vp) if d = 3. (4.90)

Repeating this operation yields a D-obtuse superbase in finitely many steps.

Proof. Define £(b) = Z?:o llvill%. If b= (vg,- -+ ,vq) is such that § := (vg, Dv1) > 0, and if V' is
defined by then one easily checks that b" also is a superbase and that £(b') = £(b) — Cy49,
where Cy = 4 and C5 = 2. There are only finitely many superbases of Z¢ whose energy & is below
any given bound, since their elements have integer coordinates and since D is positive definite.
Hence Selling’s algorithm must terminate, which happens when the iteration condition fails, i.e.
when a D-obtuse superbase b is obtained. This concludes the proof. O

The elements of a D-obtuse superbase, and the corresponding offsets in Selling’s formula, are
bounded in terms of the anisotropy ratio u(D) := /|| D|||D~1|.

Proposition 4.B.4. Let D € SdJrJr, and let b = (vg,- -+ ,vq) be a D-obtuse superbase, where
d € {2,3}. Then |v;| < Cu(D), 0 <i<d, and |e;;| <2Cu(D), 0 <i < j < d, where C =2 if
d=2 (resp. C =23 if d=3). In fact, one has the slightly stronger estimates |v;|p < C||D||2
and |e;j|p-1 < 2C| DYz,

Proof. The bounds |v;| < Cu(D) and |e;;| < 2Cu(D) are established in [Mirl8, Proposition
4.8 and Theorem 4.11]. Inspecting the proof of these results, one obtains the other announced
estimates. Specifically, |v;|p < C||D||2 is established in the last line of [Mirl8, Proposition 4.8|.
Using this refined estimate (instead of |v;| < C'u(D)) in the proof of [Mirl8, Theorem 4.11] yields
leijlp-1 < 2C|ID7Y||7 (instead of |e;;| < 2Cu(D)). The result follows. O

Selling’s decomposition of a matrix D € S;'+, d € {2, 3}, is obtained by applying Selling’s
formula Lemma to a D-obtuse superbase, whose existence is ensured by Selling’s algorithm
Proposition[£.B-3] This description is constructive and used in all our numerical experiments, since
it is efficient enough for the moderately ill-conditioned matrices encountered in our applications.
We normalize Selling’s decomposition as follows, up to replacing some offsets with their opposites:

D= z ple;D)ee’, where 2% := {e € Z%; e =10x 0}, (4.91)

ecZd

where >y stands for the lexicographic ordering. (Note that exactly one of € =jox 0 or —€ >ex 0
holds for each e € Z%\ {0}.) The weights [p(e; D)].cza are known as Selling parameters |[CS92],
and depend on D but not on the choice of D-obtuse superbase, see e.g. Remark 2:2.13 for a proof.
In view of Selling’s formula (£.89), one has p(e; D) = 0 except for at most d(d + 1)/2 offsets
e € Z4. In addition, p(e; D) = 0 if |e| > 2Cu(D), by Proposition

Proposition 4.B.5 (Lipschitz regularity). For any e € Z¢, d € {2,3}, the mapping D € S’jJr —
p(e; D) is locally Lipschitz with constant C?u(D)?, where C is from Proposition |4.B./).
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Proof. Let b = (vg,- -+ ,vq) be a superbase of Z¢, and define S, := {D € S;; bis D-obtuse}.
For each 0 < i < j < d let &; := +e;;, where the sign is chosen so that &;; € Z¢. By one
has p(D;é;;) = —(v;, Dvj) for all D € Sy, which is a linear function of D with Lipschitz constant
at most |v;||v;| < C?u(D)? by Proposition In addition, p(D;e) =0 for all D € S, and all
e € 24\ {&,;;0 <i < j <d}, thus D~ p(e; D) is Lipschitz with the announced constant over
the set Sp. The announced result follows since S;r+ is the union of the closed and convex sets S,
associated to superbases b of Z?, by Proposition and since this union is locally finite by

Proposition [£.B 4] O

We conclude this appendix by establishing, in Proposition [£.B.8] that some offsets of Selling’s
decomposition, associated with weights suitably bounded below, span the integer lattice Z¢ by
linear combinations with integer coefficients. This implies that the stencils of our numerical
scheme define a locally connected graph, a property used in section to control its
solution in the neighborhood of a point source.

Lemma 4.B.6. Let (vo, - ,vq) be a superbase of Z¢, and let (ix, ji)i_, be such that 0 < iy <
gk < d for all 0 < k <d. Then det(e;,,, - ,¢€i,5,) € {—1,0,1}.

Proof. By Definition 4.B.1} (v1,--- ,v4) is a basis of Z%. We may thus assume that (v, ,vy) is
the canonical basis of Z%, up to a change of basis, so that vg = (—=1,-++,—1)". Then eg; = —v; for
all 1 <j <d, and e;; =v; —v; for all 1 <¢ < j < d. Each of the vectors e;;, 0 <@ < j < d, thus
features at most once the coefficient 1, and at most once the coefficient —1, the other coefficients
being 0. The announced result then follows from |[BG15| Proposition 2.37]. O

Lemma 4.B.7. Let D € S;"', and let ey, -+ ,e; € R? be such that D = Zle e;e; . Then there
exists 1 < i1 < -+ <ig <1 s.t. ZZ:1 eike;'; > cD, where ¢ = ¢(d, I) > 0.

Proof. Without loss of generality, up to a linear change of coordinates, one may assume that
D =1d is the d x d identity matrix. Define

= {(62'){:1 € (Rd)j; Z eiezT = Id}7 A((ez){zl) = i1?%§id )‘min( Z eikezl)v
1<:<I 1<k<d

[1]

where Ani, denotes the smallest eigenvalue. Any family (ei)i]:1 € = spans RY, thus a basis

(i, ,e€i,) can be extracted from it, and therefore A((e;)!_,) > )\min<ZZ:1 ei €;,) > 0. Denot-
ing by ¢(I,d) the lower bound of A over =, which is positive since Z is compact and since A is
continuous and positive over =, we conclude the proof. L
Proposition 4.B.8 (Spanning property). For any D € Si1, d € {2,3}, there exists e1, -+ ,eq €
Z% such that, for some absolute constant ¢ > 0
det(eq, - =1 i ;D) > c||D7H| 7 4.92
et(er, - eq) =1, min p(ei; D) 2 ¢| D7 (4.92)

Proof. From and Lemmathere exists e1,- -+ ,eq € Z% such that Z?Zl pieie;'— >cD,
where p; := p(e;; D) and ¢ = ¢(d,I) > 0 is an absolute constant since d € {2,3} and I =
d(d + 1)/2. Let v be a non-zero vector orthogonal to es, - ,eq. Then cv|%, < pi(v,e1)? <
pilolerB s < (2C)21]ol3]|D=1| by Proposition B4, Thus p1 > (c/(2C)2)[ D=1, and
likewise for pa,--- , pg, which concludes the proof. O









Chapter 5

Monotone and second order
consistent scheme for the
two-dimensional Pucci equation

This chapter corresponds to the paper [BBM21b].

5.1 Introduction

Degenerate Ellipticity (DE) is a property of a class of partial differential operators, often non-linear
and of order at most two. When satisfied, it implies a generalized comparison principle, from
which can be deduced the existence, uniqueness and stability of a viscosity solution to the Partial
Differential Equation (PDE), under mild additional assumptions |[CIL92]. Discrete degenerate
ellipticity is the corresponding property for numerical schemes, see Definition which has
similarly strong implications and often turns the convergence analysis of solutions into a simple
verification |[Obe06|. It is therefore appealing to design PDE discretizations preserving the DE
property, yet a strong limitation of the current approaches [BS91; |(Obe08} [FJ17] is their low
consistency order, usually below one. Filtered schemes [FO13| attempt to mitigate this issue by
combining a DE scheme of low consistency order with a non-DE scheme of high consistency order,
but their use requires careful parameter tuning, and theoretical results are lacking regarding their
effective accuracy.

In this paper, we propose a new approach to develop second order accurate DE schemes,
which is the highest achievable consistency order [Obe06|, on two-dimensional Cartesian grids.
The operator must be given in Bellman form as follows

Au(z) = 21613 o + bau(r) — Tr(Dy V:u(z)), (5.1)

where A is an abstract set of parameters, and the coefficients a, € R, b, > 0, and symmetric
positive definite matrix D, may additionally depend on the position x. A specific feature of our
approach, that is tied to the structure of the addressed problems, is that the parameter space A
is not discretized. We apply this approach to the two-dimensional Pucci equation:

)‘min(VQU(x)) + :u)‘maX(VQU(x)) = f(=), (5.2)
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with Dirichlet boundary conditions, where A, and Apax denote the smallest and largest eigenvalue
of a symmetric matrix, and where p > 0. This PDE admits the following Bellman form, when
@ < 1, which we assume for simplicity:

max — Tr(D(0, u)Vu(x)) = — f(z), where D(0, u) := Ry (1 O) RY, (5.3)
0€[0,7] 0 wu

cosf) —sinf
and where Ry := (sin 0 cosf
also applies in the case u > 1, with only the slight modification that the max in is replaced
with a min. Note that the optimization space in is A = [0, 7], which is compact and one
dimensional, thus easing the theoretical study and the numerical implementation.

Motivation for this study. The Pucci equation interpolates between two fundamental problems
in analysis: the Poisson problem when p = 1, and the (lower-)convex envelope of the boundary
conditions when g = 0 and f = 0. It is also an excellent representative of the class of Pucci
extremal operators, a.k.a. operators which can be written in the form , perhaps replacing
the inf with a sup. This class also encompasses the Monge-Ampére operator, known for its
applications in optimal transport and optics, to which similar techniques may be applied [BCM16].

) denotes the rotation matrix of angle § € R. Our approach

5.2 Discretization

We rely on a tool from algorithmic lattice geometry, known as Selling’s formula which is
particularly adequate for discretizing degenerate elliptic PDEs on Cartesian grids of dimension
two [BOZ04] or three |Mir18 [Mir19; [FM14]. Throughout this section  C R? denotes a bounded
domain, and h > 0 a grid scale. Define
u(z + he) — 2u(z) + u(x — he)

Qp = hZ?NQ, pu(z) = % , (5.4)
the discrete domain and the second order finite difference of a map u : Q, U9Q — R at x € Qj, in
the direction e € Z2. When z is adjacent to OS2 the latter formula becomes

pu(zx):

2 (u(x + hie) —u(z) i u(z —h_e) — u($)>7 (5.5)

T hy+he h. h_

where hy > 0 is the least value such that x = hpie € Qp U 9. Note that (5.4 right) is a second
order consistent approximation of (e, V2u(z)e), whereas (5.5) is only first order consistent. Thus

Tr(ee” VZu(z)) = (e, V2u(z)e) = Afu(x) + O(h"), (5.6)

where r = 1 if = is adjacent to 0f), and r = 2 otherwise.

5.2.1 Selling’s formula

Selling’s decomposition of an element of the set Sy of symmetric positive definite 2 x 2 matrices,
see Proposition can be regarded as a variant of the eigenvector/eigenvalue decomposition,
but whose vectors have integer entries. We rely on it to discretize non-divergence form linear
and non-linear operators, in a manner that achieves discrete degenerate ellipticity,
see Definition £.2.3

Definition 5.2.1. A superbase of Z? is a triplet (e, ey, ) € (Z?)3 such that eg +e; +e3 =0
and |det(e1,e2)| = 1. It is D-obtuse, where D € S, iff (e;, De;) < 0 for all i # j.
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Proposition 5.2.2 (Selling [Sel74]). For each D € Si™ there exists a D-obtuse superbase
(€0, e1,e2) of Z2, which can be obtained from Selling’s algorithm. Furthermore one has Selling’s
formula

D = Z piviviT with p; = —{e;—1,De;y1) >0, wv; = ef‘ €72 (5.7)
0<i<2

where e+ = (=b,a)" if e = (a,b)" € R The set {(p;, +v;); 0 < i < 2, p; > 0} is uniquely
determined. In , the indices i — 1 and © 4+ 1 are understood modulo 3.

Based on this formula, one can consider the following finite differences operator:

APu(x) = Z PNy u(z). (5.8)

0<i<2

Using (5.6, (5.7), (5.8) and the linearity of the trace operator on matrices, we obtain

Tr(DV?u(z)) = Z pi Tr(viv! V2u(z)) = Abu(z) + O(h"),
0<i<2

where again r = 1 if x is adjacent to 92, and r = 2 otherwise.

We illustrate on Figure the relation between the anisotropy defined by a symmetric positive
definite matrix D € S5 T, and the corresponding offsets +vg, +v1, +vs € Z? in Selling’s formula.
(The weights p; are illustrated on Figure ) For that purpose, we rely on a parametrization D
of the 2 x 2 symmetric positive definite matrices of unit trace, by the points (z,y) of the open
unit ball:

1142y 5 9
D(z,y) .—2< y 1_$), where x° 4+ y* < 1. (5.9)

This parametrization is closely related to the Pauli matrices in quantum mechanics. A D(z, y)-
obtuse superbase is known explicitly, depending on a suitable triangulation of the unit disc, see
Figure (5.1} right).

Definition 5.2.3 (Discrete degenerate ellipticity [Obe06]). A numerical scheme on a finite set
X isamap F : U — U, where U := R¥X is the set of functions from X to R, of the form:

Fu(z) = F(z, uw(z), (u(r) = u(y))yex\(a}), (5.10)

for all w € U, x € X. It is Discrete Degenerate Elliptic (DDE) iff F' is non-decreasing w.r.t. the
second argument u(z), and w.r.t. each u(x) —u(y), y € X \ {z}.

Notation: the expression Fu(z) should only be regarded as a shorthand for the accurate yet
more verbose (5.10} right). In our application X := .

The numerical scheme —AP is DDE on (2, thanks to the non-negativity of the weights
(pi)o<i<z, and to the finite difference expression right) and , where u is extended to Of)
with the provided Dirichlet boundary values. On this basis we obtain a DDE discretization of
nonlinear second order operators in Bellman form

Apu(z) = Slelgl o+ bou(z) — APu(z), Apu(z) = Au(x) + O(h"), (5.11)

where again r = 1 if « is adjacent to 912, and r = 2 otherwise, at least if A is compact—which is
the case for the Pucci operator. As shown in the next section, the supremum in (5.11} left) can
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Figure 5.1: (Left) Ellipsoid {v € R?; v"D(z)v = 1} for some points z of the unit disc, see (5.9).
Anisotropy degenerates as z moves toward the unit circle, shown blue. (Right) D(z)-obtuse
superbase, and opposites, for the same points z. This superbase is piecewise constant on an
infinite triangulation of the unit disk [Sch09a], shown black.

be computed analytically in closed form, for the Pucci PDE, so that the numerical scheme Ay, is
explicit in terms of the unknown u.

Efficient construction of the Jacobian matriz of the numerical scheme. We use a Newton
method to solve the discretized PDE, which requires assembling the sparse Jacobian matrix of
the numerical scheme . In order to describe this essential step, let us rewrite the scheme in
the following form (omitting the scale h for readability)

max F(a, , u(x), (u(z) - u(y1()))iz;) = 0. (5.12)
In comparison with (5.10)), the expression ([5.12)) emphasizes (i) that F' is defined as a maximum
over a parameter set A, and (ii) that the active stencil y1(z),--- ,yr(x) of a point = € Qy, only

involves a small number of neighbors. The Jacobian matrix construction, at a given w : Q, — R,
involves the following steps:

1. Compute the maximizer o*(z) in (5.12)), for each = € Q.

8, (mi)L.,) w.r.t. parameters 6 and n,--- , 7y, at the

2. Differentiate the function F(a*(z),z,
1 <1 < I, respectively.

values u(z) and u(x) — u(y;(z)),

3. Fill the corresponding entries of the sparse Jacobian matrix. More precisely, omitting the
arguments of F for readability

oOF oOF oOF
=55 " 2

I = 2% J

z,yi(x) — — 71§§I
o’ v @) on; !

A custom automatic differentiation toolbox, open source and developed by Jean-Marie Mirebeau,
makes these operations transparent. The above computations rely on the envelope theorem
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Decomposition of a rotated matrix of eigenvalues 0.1 and 1

1.0 A

0.8 -

0.6

Coefficient

0.2 A

0.0

0.0 0.5 1.0

Figure 5.2: Coefficients of Selling’s decomposition (5.7)) of the matrix D(6, i) for 6 € [0, 7] and
@ =0.1, see ([5.13)). The vertical bars correspond to the angles 0 = 0y < --- < O = 7 where the
support eg, e1, es € Z2 of the decomposition changes, see legend.

[Car01], which states that the value function to an optimization problem, here (5.12), over a
compact set, here A, is differentiable w.r.t. the parameters, here § and (1;)!_,, whenever the
problem solution, here a*(z), is single valued (which is a generic property). In addition the first
order derivatives have the expression used above, obtained by freezing the optimization parameter
a € A to the optimal value a*(z).

5.2.2 The Pucci operator

The Bellman form of the Pucci operator (5.3]) involves a family of matrices D(0, ), parameterized
by the inverse 0 < p < 1 of their condition number, and by an angle 0 < 6 < . As a starter, we
rewrite those in the form ({5.9))

1—p
DO, ) = (1+ D( n20), 5.13
(0,p) = (1+p) 1+u() (5.13)
where n(p) := (cos p,sinp). Note that the argument of D in (5.9)) describes a circle of fixed
radius :_—Z within the unit disc, see Figure Thus one can find 0 =6y < --- < Oy = 7, where

N = N (), such that on each interval [0,,,0,1] the superbase (ef}, e}, e}) is D(6, u)-obtuse and
the coefficients in (5.7 take the form

pi(0) = —(e2y, D(0, p)elyy) =l + B cos(20) + 77 sin(20), (5.14)
for suitable constants o, 5,7 € R, 0 <i < 2,0 <n < N, see Figure One finds that

N(1/4) =2, N(1/10) = 10, N(1/400) = 122, and one can show that N(x) < Cpu~!|In u| for some
constant C' independent of i. By linearity of (5.8) one also has

AhD(G’“)u(x) = a" + " cos(20) + " sin(20) (5.15)
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for all € [0, 0,,41], whose coefficients o™, 3, v™ depend on p, h, u and . Therefore, evaluating
the discretized Bellman operator associated with the Pucci equation at a point x € ),
amounts to solving a small number N of optimization problems, whose value is explicit. These
optimization problems, and their value, take the following generic form

max «a+ fcose + ysinp

PE[p,p*]
_Jat B+ if arg(8 + iv) €lex, 7,
a + max{fcos p. + ysin ., Bcos* + vysinp*} else,

where arg(w) denotes the argument of w € C, taken in [0,27[. In view of (5.15)), we choose
Px = 20p, ©* = 20,11, a =", f =", and 7 = ™. Then, following (5.3, we take the largest
value among 0 < n < N.

5.3 Numerical experiments

We present numerical results for the Pucci equation, chosen to illustrate the qualitative behavior of
the solutions, and validate the scheme robustness and accuracy on synthetic problems with known
solutions. Some of the considered domains are neither smooth nor convex, and the chosen synthetic
solutions range from smooth to singular. The numerical scheme is implemented as described in the
previous section, and a Newton method is used to solve the resulting coupled systems of non-linear
equations. In practice, convergence to machine precision is achieved in a dozen of iterations,
without damping, from an arbitrary guess. An open source Python®) notebook reproducing
(most of) the illustrations of this paper is available on Jean-Marie Mirebeau’s Webpageﬂ

We illustrate on Figure the transition of the Pucci equation from a strongly elliptic
Laplacian-like PDE to a combinatorial-type convex-envelope problem, as the parameter u takes
values 1/4 and 1/400. The chosen domain is non-smooth and non-simply connected : Q := U\ U’
where U := B(0,1) U (]0,1[x] — 1,1[) and U’ := kRg(U) is its image under a scaling (k = 0.4)
and a rotation (6 = 7/3). The boundary condition is 1 on dU, and 0 on U’ and the r.h.s is
f = 0. The discretization grid size is 100 x 100, and the computation time is 1s for y = 1/4,
and 45s for p = 1/400. The time difference is attributable to the complexity of the numerical
scheme, which involves N = 2 pieces for in the first case and N = 122 in the latter, due to the
larger condition number of the diffusion tensors D(0, i), see Nevertheless, the number
N = N(u) is independent of the grid scale, and both schemes are second order consistent. In
the case u = 1/400, the PDE solution is quite close to the convex envelope of the boundary
conditions, whose gradient is constant in some regions, and discontinuous across some lines, see
Figure right).

On figure [5.4] we reconstruct some known synthetic solutions from their image by the Pucci
operator, with parameter y = 0.2, and their trace on the boundary. The examples are taken from
the literature |[FJ17; [FO13], and the reconstruction errors are provided in the L* and L norm.

e (Smooth example |[FJ17]) u(z) = (22 4+ y*)? on Q = B(0,1)U]0, 12
e (C! example [FO13]) u(z) = max{0, ||z — zo|* — 0.2) on Q =]0,1[2.
e (Singular example [FO13|) u(z) = /2 — ||z|? on Q =]0, 1[%.

Empirically, the L' numerical error behaves like O(h?), where h is the grid scale (inverse of
resolution in images). The L error behaves like O(h?) in the smooth and C! examples, but

ILink : |Github.com/Mirebeau/AdaptiveGridDiscretizations, see chapter 2.B.ITI.


Github.com/Mirebeau/AdaptiveGridDiscretizations
CH:PUCCIONLY:https://nbviewer.jupyter.org/github/Mirebeau/AdaptiveGridDiscretizations_showcase/blob/master/Notebooks_NonDiv/NonlinearMonotoneSecond2D.ipynb

5.4. CONCLUSION

Amin(V2U) + UAmax(V2U) = 0, = 1/4.

00 Amin(V2U) + PAmax(V2u) = 0, u = 1/400.
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1 Oc’Norm of the solution gradient, u=1/400
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Figure 5.3: Solution of the Pucci PDE with p = 1/4 (left), p = 1/400 (center, right: gradient
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Figure 5.4: Numerical error as a function of grid size, for synthetic solutions to the Pucci equation.

decays more slowly for the singular solution. Note: we rotated the Cartesian discretization grid
by 7/3 in these experiments, since otherwise the perfect alignment of the domain boundary with
the coordinate azes gives an unfair advantage to grid based methods (like ours).

5.4 Conclusion

In this paper, we presented a new strategy for discretizing non-divergence form, fully-nonlinear
second order PDEs, and applied it to the Pucci equation. The steps of this approach can be
summarized as follows: (i) rewrite the problem in Bellman form, as an extremum of linear
equations, (ii) discretize the second order linear operators using monotone finite differences based
on Selling’s decomposition of positive definite matrices, (iii) solve the pointwise optimization
problems involved in the numerical scheme definition, either explicitly (as could be done here), or
numerically.

This methodology yields finite difference schemes which are degenerate elliptic, second order
consistent, and use stencils of fixed size, in contrast with existing approaches which
cannot achieve all these desirable properties simultaneously. Numerical experiments confirm
that the proposed scheme can extract smooth PDE solutions with second order accuracy, and
that it remains stable and convergent for harder problems involving a singularity at a point or
along a line. Future research will be devoted to extending the results to other PDEs, such as the
Monge-Ampére equation and its variants.






Chapter 6

Monotone discretization of the
Monge-Ampére equation of optimal
transport

This chapter corresponds to the paper [BM21].

6.1 Introduction

The problem of optimal transport [Vil09)] is strongly related to the Monge-Ampére equation |GHO9):
under suitable assumptions, the potential function which solves an optimal transport problem
is also solution to the Monge-Ampére equation associated to this problem, equipped with the
relevant boundary condition [DF14]. Some problems in nonimaging optics are also described by
Monge-Ampeére equations, among which some fit in the framework of optimal transport [COO08;
GHO09| and some do not [KO97; |(GH14].

Let us outline some approaches to the numerical resolution of optimal transport problems.
One may solve an entropic regularization of a discrete optimal transport problem using Sinkhorn’s
iterations [Cutl3]. The Benamou-Brenier method [BB00| is based on an extension of the optimal
transport problem, with an added time variable. Some methods were also developed to solve
semi-discrete optimal transport problems [KMT19|, and applied to problems in nonimaging
optics [DMT16|. Finally, one may solve numerically the Monge-Ampére equation associated to
the considered optimal transport problem, as suggested in this paper and previously in [BD19;
Frol19]. Benefits of this last approach include that it is easily adapted to various optimal transport
problems by simply changing the coefficients of the approximated Monge-Ampére equation, and
that one may use the theory of numerical schemes for degenerate elliptic partial differential
equations |BS91] in order to establish convergence results.

We design a monotone finite difference discretization of the Monge-Ampére equation

det; (D*u(z) — A(z, Du(z))) = B(z, Du(z)) in X (6.1)

where X is an open bounded subset of R? containing the origin and A and B are bounded
functions, whose values are respectively symmetric matrices and nonnegative numbers, A and
B'/? being Lipschitz continuous with respect to their second variables uniformly with respect to
their first variables, and A being continuous with respect to both its variables. For any symmetric

149



150 CHAPTER 6. DISCRETIZATION OF THE MONGE-AMPERE EQUATION

matrix M of size d, we denoted

det, M i {detM if M =0,

—00 else.
(We use the Loewner order on the space of symmetric matrices: My = My if My — My is positive
semidefinite. From now on, we denote respectively by Sy, Sj, and S;”L the sets of symmetric,
symmetric positive semidefinite, and symmetric positive definite matrices of size d.)

Since we consider Monge-Ampére equations which are related to the problem of optimal
transport, see section and Remark we also have to discretize the relevant boundary
condition, described in section [6.1.2] We prove the ezistence of solutions, under suitable assump-
tions, to the proposed finite difference scheme. We also prove the convergence of solutions to this
scheme, but only in the setting of quadratic optimal transport, where the function A is identically
zero and the function B is separable in the form B(xz,p) = f(x)/g(p).

The Monge-Ampére equation is degenerate elliptic, meaning that it may be written in the
form

Fya(z, Du(x), D*u(z)) =0 in X, (6.2)

where the operator Fya: X x R? x Sy — R is degenerate elliptic, that is, nondecreasing with
respect to its last variable: Fya (z,p, M1) < Fua(z,p, Ms) if My = Ms. The degenerate ellipticity
property has a discrete counterpart which we call monotonicity, see Definition [6.2.5] Convergence
of monotone schemes for degenerate elliptic equations may often be proved using a general
argument, which was introduced in [BS91|. We use the fundamental part of this argument, see
Theorem As we discuss below Theorem the full convergence result stated in [BS91|
requires the approximated equation to satisfy a strong comparison principle which does not
hold for the Monge-Ampére equation equipped with the boundary condition (6.22)). Therefore,
in order to prove Theorem [6.5.22] our convergence result in the setting of quadratic optimal
transport, we need to establish an appropriate substitute to this comparison principle, in the
form of Theorems [6.5.11] and [6.5.12

One way to define the operator Fyia(x,p, M) so that it is both degenerate elliptic and
consistent with would be as

B(z,p) — det (M — A(z,p)). (6.3)

This is not the definition we use, however. The reason is that there is no obvious way to build a
monotone scheme by directly discretizing ((6.3)).

Instead, we use strategies described in [Lio85; |[Kry87| to reformulate the Monge-Ampére
equation in the form 7 where Fy1a is a supremum of semilinear operators (see also Proposi-
tion for a more detailed description of what follows). First, note that formally, solutions to
the Monge-Ampére equation satisfy the admissibility constraint

D?u(x) = A(z, Du(z)) in X, (6.4)

since otherwise the left-hand side in (6.1) would be equal to —oo. For any symmetric positive
semidefinite matrix M, it holds that

d(det M)/ = inf (D,M)=inf_(det D)~YUD, M), (6.5)
det D=1 TY(D)d:I
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where (D, M) := Tr(DM). Choosing M = D?u(z) — A(x, Du(x)) yields the two following
reformulations of the Monge-Ampére equation (6.1)):

2u(z) — Az, Du(z)))\*
B(:E,Du(a:))—pér‘éf++ <<D7D (z) dA( Dl ))>) =0 (6.6)
det’Dd:I

and alternatively, following [FJ17],

gggg Lp (B(z, Du(x)), D*u(z) — A(z, Du(z))) =0 in X, (6.7)
Te(D)=1

where for any symmetric matrices D and M and nonnegative number b,
Lp(b, M) := db*/?(det D)/ — (D, M).

Note that the maximum in is attained, as the maximum over a compact set of the continuous
function D — Lp(b, M) (this function is also concave, by the Minkowski determinant inequality).
On the contrary, the parameter set of the infimum in (6.6) is not compact. Both reformulations
enforce the admissibility constraint (6.4)): for instance in, for any unit vector e € R?, choosing
D = e ® e in the maximum yields the inequality

(e, (D*u(z) — A(z, Du(z))) €) >0,

from which it follows that D?u(x) = A(x, Du(z)).
The numerical scheme that we study in this paper is a discretization of (6.7). Hence we define
the operator Fya in (6.2) by

FMA(.’I/"p, M) = Tl;n?;‘}i LD(B($7P)7M - A('T7p)) (68)
€
Tr(’D)dZI

6.1.1 Discretization of the Monge-Ampére equation

For any discretization step h > 0, we discretize the operator Fyja on a grid G, € X N hZ.
Denoting by dp the Hausdorff distance between compact subsets of R?, which we recall is defined
by

dp (K1, K2) i= in |z — in |z — 6.9
(K1, K3) maX{gggyrg}glx yI,T{re%;g}plIx yl}, (6.9)

we will assume that

Jim (0X U((X NhZ)\ Gpr),0X) =0, (6.10)

or equivalently that if K C X is compact, then for sufficiently small » > 0 one has K N hZ? C Gj,.
We will also need the technical assumption of uniform connectedness of the grid Gj,.

Before introducing the discretization of Fjia, we need to define some finite difference operators.
For any function u: G, — R, point = € G,, and vector e € Z%, we define

(6.11)

u[z + he] if © + he € Gy,
Thula] = {+oo else
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Opulz] == 7T,fu[x]h— u[m]’ Afulz] :

_ Trulx] 4+ Ty, “ulx] — 2u[z]
h? '

The constant +oo in the definition of T is related to the way we recommend discretizing the
optimal transport boundary condition, discussed in section [6.1.2}

In the whole paper, we denote by (ej,...,eq) the canonical basis of Z¢. For any function
u: G, — R and point z € Gy, we define the Laplacian approximation and, whenever it makes
sense, the centered gradient approximation

d e
561 —5 e;
Apulz] = ZAZu[x}, Dpulz] := ( ' ulz] = 9 u[w]) . (6.12)
i=1 2 1<i<d
We use Lax-Friedrichs approximations of the gradient of u in A(x, Du(z)) and B(z, Du(z)). To
this end, we let api, < O,iaLF > 0, and brr > 0 be three constants independent of h. We will
assume that for any z € X and p, p’ € R,

A(x,p) = aminly, (6.13)
‘A(l‘,p) _A($7p/)|2 S aLF|p_p/‘17 (614)
|B(z,p)"/* — B(x,p")"?| < brelp — p'|1- (6.15)

For any function u: G, — R, point = € G,, and vector e € Z%, we define

. 2 _ 2 :
ula] amm|e|2 V ((e, A(z, Dpulz])e) — haprle|*Apulz])  if Apulz] < 400, (6.16)
Aminle] else,
1/d _ d
Byula] = {8 V (B(z, Dpulz]) hbLpApulz]) 1f1 Apufz] < oo, (6.17)
else.

(In the whole paper, we denote respectively by a vV b and a A b the maximum and the minimum of
two real numbers a and b.) For any family v = (v;)1<;<s of vectors of 74 and any v € R, we
define

I
Dy(v) == nyivi ® v;.
i=1
Finally, for any function u: G, — R, point = € Gj,, and family v of vectors of Z?, we define
nulz] == (Ajulz])ecw, hulr] == (Ajula])eco.
For any h > 0, let V}, be a set of families of size d(d + 1)/2 of vectors of Z¢ such that
lim dpy ({Dm) | v e Vi, v e RID2 (D, (y)) =1}, {D e S} | Te(D) = 1}) =0. (6.18)

Equivalently, if K C S;+ is compact, then for sufficiently small i > 0 each element of K can be

written as D, (y) where v € Vj, and v € Ri(dﬂ)/ %, We will also need to assume that

lim h max max |e| = 0, (6.19)
h—0 wveV, ecv

and that for any i > 0,

el € U U{:I:e}, (6.20)

vEV) e€v
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where we recall that e; denotei the first vector of the canonical basis of R?. We discretize Fia
by the operator Sf, : R9» — R9" defined by
Shavlel = s mx,, Lug (Bralel Afule] - Afuf). (6:21)
Tr(Dy (v))=1

where for any family v = (v;)1<i<r of vectors of Z%, v € RL, b >0, and m € (RU {+o0})7,
Loy (b, m) i= db/4(det Dy (7)) — (,m).

Coeflicients of v are required to be nonnegative in order for the discretization to result in a
numerical scheme which satisfies the monotonicity property (defined rigorously in Definition|(6.2.12)).

Note that the constraint Tr(D, (7)) = 1 may be rewritten as ng“)/? vilvi)? = 1.
In dimension d = 2, we recommend choosing V}, as a set of superbases of Z?2:

Definition 6.1.1. A pair v = (v1,v2) of vectors of Z? is a basis of Z? if det(vi,v2) = £1. A
triple v = (v1, v2, v3) of vectors of Z? is a superbase of Z? if v1 + vy +v3 = 0 and det(vy,vq) = %1.

Note that in the definition above, the constraint det(vy,v2) = %1 is equivalent to det(vq, vs3) =
+1 or det(vy,v3) = £1. We explain in section how a set V}, of superbases of Z? satisfying the
above assumptions may be constructed. We prove in section [6.4] that when choosing V}, in this
way, the second maximum in admits a closed-form expression, at least when no infinite
values are involved (infinite values may stem from the handling of the boundary condition, see
, and a simple modification of the formula of Theorem allows to compute the maximum
in this case, by excluding finite differences whose value is infinite):

Theorem 6.1.2. If v = (v1,v2) is a basis of Z?, then for any b >0 and m € R?,

max Ly~ (b,m) = H,(b,m),
yERZ
Tr(Dy (v))=1

. o\ 1/2

- my ma m m2
H,(b,m) := - B a '
(b, m) <|v1|2|1)2|2 + <2v1|2 2|1)2|2> > 2vi> 2fvef?

If v = (v1,v2,v3) is a superbase of Z2, then for any b > 0 and m € R3,

where

max Loy(b,m) = Ho(bym) V| max  He, o (b,m),
(D, (1)) =1

where

—00 else,

Hv(b; m) = {(b + (m, va>)1/2 + (wy,m) if Qum + (b+ (m, va>)1/2wv <vec 0,

1 lo2Plusl? (o va)lus? (vr, vs)]eaf? 1 [ (v2,v3)
Qv = 4 (vi,v2)[vs]>  |iPus* (w2, vs)|oi? | wy = 5 | (o1, 08) |
(v1,v3)[v2* (v2,vg)orf* [o1[*[va]? (v1,v2)

and, for a € R, we write a <yec 0 (respectively a >ye. 0) if all components of a are negative
(respectively positive).



154 CHAPTER 6. DISCRETIZATION OF THE MONGE-AMPERE EQUATION

6.1.2 Discretization of the boundary condition

In the setting of optimal transport, the relevant problem for the Monge-Ampére equation (6.1)) is
the second boundary value problem, which involves the optimal transport boundary condition

Du(z) € P(z), VreX, (6.22)

where for any » € X, P(z) is an open bounded convex nonempty subset of R?. We assume that
P(z) depends continuously on z, for the Hausdorff distance dg over compact subsets of R? whose
definition we recalled in . In the particular setting of quadratic optimal transport, in which
we will prove convergence of the proposed numerical scheme, the set P(x) does not depend on
the variable x.

Note that despite being called a boundary condition, the constraint involves the whole
domain X. Some numerical approaches for solving the second boundary value problem, although
not the one that we describe in this paper, rely on the fact that, in some cases, the constraint
can be reformulated in a way that only involves the boundary 0X of the domain X, see for
instance [BD19].

For now, let us consider the class of numerical schemes for equations and that
are defined, for any discretization step h > 0, by an operator S¥pvs: R9* — R9", and may be
written as

One property of equations and is that their expressions depend only on derivatives of
the function u and not on w itself, and therefore that the set of solutions is stable by addition of
a constant. Accordingly, we say that the operator S| sy, and the scheme (6.23)) are additively
invariant if for any function u: G, — R and real number &, S ypyo(u + &) = S Apvau-

We adapt the approach introduced in [Frol9| to build an operator Sf/[ Apve suitable for
(6.23). The idea is to build S spyy as a maximum of Sy, and of a monotone discretization
Skva: RIn — RI% of the left-hand side in a degenerate elliptic formulation of (6.22).

We use the following formulation of :

FBVQ(J,‘, DU(Z')) <0 in X, (624)
where Fgys: X x R4 = R is defined by

Fgva(z,p) := max ({e,p) — op@)(e)). (6.25)

le|

(We denote by op(,) the support function of the convex set P(x): for any e € R4, op@)(e) ==
SUP,c p(s) (€, p). Formally, if p belongs to the boundary P (z) of P(x), then the maximum in the
definition of Fgys is attained when e is the unit outer normal of OP(z) at point p.)

For any function u: G, — R, point z € Gy, and vector e € RY, we define the upwind finite

difference
d

Diulz] == (0 {e,e:))d, ule] — (0V (e, e0))d;, “ ula]),

i=1
using the convention 0 X 400 = 0 (this convention is only needed in the immediate neighborhood
of X, where §;“u[z] may take infinite values). Then we define Shy, and S pys as

Shyzule] = max (Diufe] = 0o (€)) (6.26)

Stiapvaula] == Staulz] V Sfyoulz].
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In this setting, the scheme is additively invariant.

Additively invariant schemes of the form are not well-posed: their sets of solutions are
stable by addition of a constant, thus not a singleton. Moreover they often have no solutions. One
way to see this formally is that a well-posed scheme would need an additional equality to guarantee
uniqueness of solutions, for instance u[0] = 0, but that then there would be one more equality
than unknowns in the scheme. In the continuous setting, equations whose sets of solutions are
stable by addition of a constant often admit solutions if and only if their coefficients satisfy some
nonlocal condition, such as the mass balance condition in the case of the Monge-Ampére
equation of optimal transport; however, there may be no obvious discrete counterpart to this
condition. See section for further discussion of this issue.

In order to get around this difficulty, we solve an altered form of the scheme , following
the approach used in the numerical experiments in [BD19]. We add an unknown « to the scheme,
which must be a real number. For fixed a, we define the operators Si;%: R9 — R9 and
Sllxl/fXszz RY9» — R9" as

Shinulz] = Shaulz] + a, Shiapveult] = Syiaule] V Shyaulz). (6.27)

The scheme we actually solve is

Sh svoulz] =0 in Gy (6.28)

6.1.3 Main contributions and relation to previous works

We introduce the numerical scheme for the Monge-Ampére equation , equipped with
the boundary condition . We prove the existence of solutions to a class of monotone
additively invariant numerical schemes featuring an additional unknown o € R as in , see
section and we show, in section that the scheme belongs to this class. This scheme
is based on a discretization of the reformulation of the Monge-Ampére equation. We prove
in section that this discretization admits a closed-form expression, as stated in Theorem [6.1.2
We prove convergence of the scheme in the setting of quadratic optimal transport, see section
convergence in the setting of more general optimal transport problems remains an open problem.
We apply the scheme to the far field refractor problem in nonimaging optics, see section [6.6]

The closed-form expression obtained in Theorem makes the implementation of the
scheme particularly efficient, since no discretization of the parameter set of the maximum in
is needed. While to our knowledge the proposed discretization is the first one to admit
such a closed-form expression among those that are based on the reformulation of the
Monge-Ampeére equation, it is to be related to the MA-LBR scheme, introduced in [BCM16|
in the setting of the Dirichlet problem for the Monge-Ampére equation when the function A is
identically zero, and to the scheme we introduced in Chapter [5] for the Pucci equation. Both of
the above-mentioned schemes involve the notion of superbases of Z2. We prove in section
that the MA-LBR scheme is a discretization of (6.6]), although it was not introduced as such in
[BCM16].

As opposed to (6.6]), the reformulation has the benefit that its left-hand side remains
finite even when s not satisfied, and thus it is more stable numerically than . When
solving schemes based on using the damped Newton method, extremely small steps are
typically required to ensure that the constraint remains satisfied along the iterations; this is
not the case with . Numerical schemes based on were previously introduced in [FJ17],
and then in [CWL18|, although only in the setting of the Dirichlet problem for the Monge-Ampére
equation when A = 0. In those papers, no counterpart of Theorem was proved, hence the
parameter set of the maximum in had to be discretized.



156 CHAPTER 6. DISCRETIZATION OF THE MONGE-AMPERE EQUATION

Convergence of schemes for the second boundary value problem was previously studied in
[BD19| and in [Frol9] in the setting of the quadratic optimal transport problem. Schemes
considered in those two papers were based on the MA-LBR scheme introduced in [BCM16]|, and
adapted in order to discretize the boundary condition ([6.22]).

In [BD19], convergence of a scheme of the form s proved, but existence of solutions
to this scheme was not. It turns out that solutions typically do not exist, due to the scheme
being additively invariant. The approach used to solve the scheme in the numerical experiments
was equivalent to adding an unknown o € R as in , but the proof of convergence was not
extended to this setting.

In [Frol9|, convergence of another scheme of the form was proved. A Dirichlet boundary
condition was enforced on 0X, which in our setting would translate to replacing +o0o by some
constant C' € R in . Therefore the scheme considered in that paper is not additively invariant
and does admit solutions. The Dirichlet boundary condition is to be understood in a weak sense
(the one of viscosity solutions, see Definition [6.2.3), and may formally be simplified to u(z) < C
on 0X, with equality at some point x, of the boundary, provided that the scheme satisfied a
property of underestimation, which is an assumption of the proof of convergence. This property
is satisfied in the case of quadratic optimal transport at the cost of a careful handling of the
constraint , but it does not seem obvious that it is satisfied for similar schemes in the case
of more general optimal transport problems, with A # 0 in . No numerical experiments were
performed in [Frol9|. In our experience, the scheme introduced in that paper has the drawback
that the numerical error of its solutions tends to be unevenly distributed. This effect is related to
the particular role played in the discretization by the point z, € X were the Dirichlet condition
is satisfied in the classical sense, which leads to numerical artifacts and tends to decrease the
accuracy of the scheme.

In our proof of convergence of the scheme , we use the arguments introduced in [Frol9)
when appropriate. However, the property of underestimation is not required in our setting.

Note that the scheme , and its continuous counterpart below, which both feature
an additional unknown or parameter a € R, fit in the framework of eigenvalue problems recently
studied in [FL21]. Although our proof of convergence only applies to Monge-Ampére equation in
the setting of quadratic optimal transport, our existence result, Theorem [6.2.14] is applicable to
other such eigenvalue problems, as illustrated by the examples in section [6.2]

6.2 Monotone additively invariant schemes

6.2.1 Degenerate elliptic additively invariant equations

In this section, we study numerical schemes for a general degenerate elliptic equation of the form
F(x, Du(x), D*u(x)) =0 in X. (6.29)

Typically, F is discontinuous and F'(z,p, M) is defined differently depending on whether x belongs
to X or to X, in order to take into account the boundary condition in equation ((6.29). The
equation without the boundary condition would then be

F(z, Du(z), D*u(x)) =0 in X. (6.30)
Let us recall the definition of degenerate ellipticity:

Definition 6.2.1 (Degenerate ellipticity). The operator F': X x RY x S; — R, and the equations
(6.29) and (6.30), are degenerate elliptic if F' is nonincreasing with respect to its last variable for
the Loewner order: F(x,p, M) < F(x,p, Ms) if My = M.
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We say that equations and are additively invariant since, for reasonable notions
of solutions, their sets of solutions are stable by addition of a constant, due to the fact that at
any point z, the left-hand sides of those equations depend only on the derivatives Du(x) and
D?u(z) of the function u, and not on its value u(x). This is not a standard property, and we
will show it is a source of difficulty in the design of monotone numerical schemes. Typically, an
additively invariant equation only has solutions if its coefficients are well-chosen and satisfy a
particular nonlocal property.

Ezample 6.2.2. Throughout this section, we illustrate our definitions and results with Poisson’s
equation on the one-dimensional domain X = (—1,1), with the zero Neumann boundary condition:

{u“(x) = () in (~1,1),
u'(—1) = /(1) = 0,

where ¢: [—1,1] — R is an integrable function. We write this equation in the form
Fox(z,u/(z),u"(z)) =0 in [-1,1], (6.31)

where the degenerate elliptic operator Foy: [—1,1] X R x R — R is defined by

-p ifx =—1,
Fex(xapv m) =43P if x = 1,
Y(x) —m else.

The equation only has solutions (respectively subsolutions, supersolutions) if fil Y(x)dx =0
(respectively < 0, > 0), which we assume. Notice the similarity with the mass balance condition
(6.53) which occurs in the setting of optimal transport.

An appropriate notion of solutions for degenerate elliptic equations, and for the study of
discretizations of such equations, is the one of viscosity solutions. Before defining them, let us
recall the definitions of the upper semicontinuous envelope F* and lower semicontinuous envelope
F, of a function F': E — R, E being a subset of R”: for any =z € E,

F*(x) := limsup F(z), F.(x) :=liminf F(z).
' =z ' =
Definition 6.2.3 (Viscosity solution). A function u: X — R is a viscosity subsolution to
if (i) it is upper semicontinuous and (ii) for any function ¢ in C?(X) and local maximum z of
uw—in X,
Fu(z, Dy(x), D*p(x)) < 0.

It is a viscosity supersolution if (i) it is lower semicontinuous and (ii) for any function ¢ in C?(X)
and local minimum x of u — ¢ in X,

F*(z, Dy(x), chp(x)) > 0.

It is a wiscosity solution if it is both a viscosity subsolution and a viscosity supersolution. The
same definitions, with X replaced by X, apply to equation (6.30]).

Note that if a viscosity subsolution (respectively supersolution) u to (6.29) is twice differentiable
at some point x € X and if Fi(z, Du(z), D*u(z)) = F*(z, Du(z), D*>u(z)), then u is a classical
subsolution (respectively supersolution) to (6.29) at point z.
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6.2.2 Discretization

For any discretization step h > 0, let G;, be a finite nonempty subset of X containing the origin.
In the rest of this paper, it is required that Gy be a subset of the Cartesian grid X N hZ<; however,
this is not necessary in this section. What will be required in our definition of consistency is that

lim dz (G, X) = 0. (6.32)
h—0

Note that in the case that Gy, is included in X N hZ<, then (6.32) is implied by (6.10)).
We represent discretizations of the operator F' by operators S: R9» — R9» that are additively
invariant, according to the following definition:

Definition 6.2.4. An operator S: R9 — RY» is additively invariant if for any u: G, — R,
£ € R, and x € Gy, it holds that
S(u+ &)[z] = Su[z].

For now, we let S": R9» — R9* be an additively invariant operator, for any h > 0, and we
consider a numerical scheme of the form

Shulz] =0 in Gy. (6.33)
Definition 6.2.5. The scheme (6.33)) is:

e Monotone if for any h > 0, x € Gy, and U, u: Gy, — R such that u[z] = u[z] and @ > u in
Gn, it holds that S"u[x] < Shu[z].

e Consistent with equation (6.29) if (6.32) holds and for any ¢ € C*®(X) and z € X,

limsup S"p[z'] < F*(z, Dy(x), D*p(z)),
h>0, h—0
m'egh,,z'—>$

e h aps 2 .
Aminf - §%pla) > F.(z, Dp(x), D p(x))
' €Gp, 2’ =z

Remark 6.2.6. Schemes of the form are typically called degenerate elliptic if for any
h >0,z € Gy, and @, u: G, — R such that w[z] < u[z] and @ > w in Gy, \ {z}, it holds that
Shai[z] < Shu[z]. In our setting, monotonicity and degenerate ellipticity are equivalent, since
operators S" are additively invariant.

A framework is outlined in |[BS91| for the proof of convergence of monotone schemes. The
following fundamental result follows directly from the proof of [BS91, Theorem 2.1]:

Theorem 6.2.7. Assume that there exist a sequence (hy)nen of discretization steps h, > 0
converging to zero and a sequence (up)nen of solutions un: Gn, — R to with h = h,, such
that uy,[x] is bounded, uniformly over n € N and x € Gy,,. If is monotone and consistent
with equation , then functions U, u: X — R defined by

u(z) := limsup wu,[z'], u(z):= liminf w,[z'], (6.34)
neN, n——+oco neN, n—+oo
z'€Gp,,, 2’ > z'€Gh,,, v’ >z

are respectively a viscosity subsolution and supersolution to (6.29)).
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The definition of consistency in Definition is slightly simpler than the one in [BS91], due
to the assumption that operators S” are additively invariant. In the framework of [BS91], in
which the left-hand side in may also depend on u(x), a strong comparison principle, that is,
a result stating that viscosity subsolutions to are always less than viscosity supersolutions,
is used after applying Theorem [6.2.7] to prove that @ < u, which allows to conclude that w = u,
since © > u by definition. Obviously, no strong comparison principle may hold if the set of
viscosity solutions is nonempty and stable by addition of a constant. In our proof of convergence
in the setting of quadratic optimal transport, we use Theorems [6.5.11] and [6.5.12] as a substitute
to this comparison principle.

An important difficulty that we encounter is that numerical schemes of the form typically
have no solutions.

Ezample 6.2.8. Let X = [—1,1]. For any h > 0, we let & := [h=']", G}, := [-1,1] N hZ, and we
define the additively invariant operator S” : R9» — R9 by

[—1] — u[-1+h))/h if o =—1,
S ulz] == < (u[1] — ull — izl)/ﬁ i i ife=1,
P(x) — (u[r + h] +u[z — h] — 2u[z])/h? else.

Then the scheme

is monotone and consistent with equation . However, solving this scheme is equivalent
to solving a square linear system, since the scheme operator S” : R9" — R9 is an affine map,
and this linear system is noninvertible, since all constant functions belong to the kernel of the
associated linear operator.

To get around this difficulty, we add a parameter o € R to the equation (6.29), yielding a new
equation

F(z, Du(x), D*u(z)) =0 in X, (6.35)

where for any o € R, F*: X x R x S; — R is a given operator, typically degenerate elliptic.

The idea is to choose F'® so that F° = F and (6.35]) has no viscosity subsolutions when a > 0
and no viscosity supersolutions when o < 0.

Ezample 6.2.9. For any o € R, we define F&: [-1,1] x R xR — R by

—p if v =—1,
Feo;((.'ll,p, m) =3P ifz =1,
Y(x) —m+a  else.

Then equation
Fo (x,u/(z),u"(z)) =0 in X

coincides with (6.31) when o = 0, and only has solutions (respectively subsolutions, supersolutions)
if fil ¥(z) dz = —2a (respectively < —2a, > —2a). Recall that we assumed that fil () dx = 0.

Accordingly, we add an unknown « € R to the numerical scheme. For any h > 0 and o € R,
we let §™@: R9» — RY9» be an additively invariant operator, and we consider the scheme

Sheyfz] =0 in Gy. (6.36)
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Ezample 6.2.10. In the setting of Example|6.2.8] for any A > 0 and o € R, we define S%*: R —
R9" by

(u[—l]—u[—1~+i~i])/l~l if & = —1,
Shoufa] i= < (u[l] — ufl — h]N)/h i i ifx =1,
Y(x) — (ulx + h] +ulzr — h] — 2ufz])/h? + a else

(recall that h := [A~1]~1). Then a solution (o, u) € R x R to the scheme
Shaylz] =0 in Gy
may easily be constructed explicitly.
The definition of solutions (a, u) € R x R9% to (6.36]) is obvious, but we will also need a notion

of subsolutions (we could define supersolutions similarly, but this will not be needed):

Definition 6.2.11 (Subsolution). Let h > 0. A pair (o, u) € R x R9" is a subsolution to (6.36])
if S"eulxr] <0in Gp.

Since « is an unknown of the scheme, and not simply a fixed parameter, Definition [6.2.5| needs
to be adapted to this new setting. We also define some other properties that the scheme ([6.36))
may satisfy. Conceptually, the following definition is intended for schemes such that S™%u[z] is
non-decreasing with respect to a.

Definition 6.2.12. The scheme (6.36]) is:

e Monotone if for any o € R, the scheme (6.33)) with S» = S"* is monotone in the sense of
Definition [6.2.5

e Consistent with the parametrized equation (6.35) if for any family of real numbers («)n>0
converging to some a € R as h approaches zero, the scheme (6.33) with S" = Shan s
consistent with equation (6.35) in the sense of Definition

e Continuous if for any small A > 0, the map R x R9» — R9 (a,u) > S™%u takes finite
values and is continuous.

e Stable if the following properties hold:

(i) For any small h > 0, there exists a subsolution (a,u) € R x R9" to (6.36]).
(ii) There exists a nonincreasing function w: R — R, such that for any small h > 0, any
subsolution (a,u) € R x R9" to (6.36)), and any x1, 2o € G, one has

|ulz1] = ufzs]] < w(@).

(iii) There exists ag € R such that for any small A > 0 and any subsolution (o, u) € R x R
to (6.36]), one has a < ay.

(iv) There exists a; € R such that for any small h > 0 and any solution (o, u) € R x R

to (6.36)), one has a > «y.

e Equicontinuously stable if it satisfies all items in the definition of stability above, with (ii)
replaced by the following:

(ii”) There exists a function w: R xRy — R, nonincreasing with respect to its first variable
and satisfying lim;_,ow(a,t) = 0 for any a € R, such that for any small A > 0, any
subsolution (a,u) € R x R9" to (6.36)), and any x;, 2o € G, one has

[ulz1] — ulza]| < w(a, |1 — 22]).
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Note that the value o = 0 does not play a special role in Definition The role of the
functions w in the definitions of stability and equicontinuous stability is to allow schemes to
become unstable when o — —o0.

Obviously, if is equicontinuously stable, then it is stable. In the case of the scheme
considered in this paper for the Monge-Ampére equation, subsolutions will be established to
be uniformly Lipschitz continuous, which is stronger than equicontinuity, see the proof of
Proposition In particular, the boundary condition u(z) — oo = 0 on 90X (to be understood
in the viscosity sense, as mentioned in section does not induce a boundary layer.

Theorem is easily adapted to the scheme (6.36]):

Corollary 6.2.13. Assume that there exist a sequence (hy)nen of discretization steps hy, > 0
converging to zero, a sequence (Qu,)nen of real numbers oy, converging to some a € R, and a
sequence (Uup)nen of functions u,: Gn, — R such that (o, uy) is solution to with h = h,
and uy,|x] s bounded, uniformly over n € N and x € Gy, . If is monotone and consistent
with , then limits superior and inferior W, u: X — R defined as in are respectively a
viscosity subsolution and supersolution to in X.

If is equicontinuously stable, then Corollary is simplified by the fact that, by the
Arzela-Ascoli theorem, sequences (ay,)nen and (uy)nen converge uniformly, up to extracting a
subsequence, to some «a € R, and to some continuous function u: X — R, which coincides with
the limits superior and inferior u and u for this subsequence.

6.2.3 Existence

Our main result in this section concerns existence of solutions to the scheme (6.36)). The proof is
an adaptation of Perron’s method to this setting. While we assume that (6.36]) is stable in the
sense of Definition [6.2.12] this assumption may be relaxed, see Remark [6.2.15] below.

Theorem 6.2.14 (Existence). Assume that (6.36) is monotone, continuous, and stable. Then
6.36)

for small h > 0, there exists a solution to (

Proof. We define the set
U :={(a,u) € R x R9" | §"%y[z] <0 in G}

of subsolutions to . Since we assumed that is stable, U is nonempty and there exists
a € R defined by
a:= sup a. (6.37)
(@m)eU

Let us show that there exists u: G, — R such that (o, u) is a subsolution to (6.36). Let
((ans tn))nen be a maximizing sequence in the definition of «, and let a, := min, ey a,. We
may assume, up to adding a constant to w,, that u,[0] = 0 for any n € N. Then by stability,
[un[2]] = |un[z] — un[0]] < w(ay) < w(ay), for any n € N and € R9. This means that the
sequence (U )nen is bounded in R9" and thus that it converges, up to extracting a subsequence,
to some function 4: G, — R. By continuity of the scheme, («, @), as the limit of subsolutions
((Qtns un))nen, is a subsolution to ([6.36).

Among all functions u: G, — R such that (a,u) is a subsolution to (6.36]), we choose one
which maximizes the cardinal of the set G, := {z € G), | S"“u[z] < 0}. Let us show how such a
function v may be transformed into a solution to the scheme.

First note that G, may not be equal to G, since in this case, by continuity of the scheme,
there would exist o’ > « close enough to « so that (o/,u) € U, contradicting (6.37).
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Knowing that G, # G, and using stability, we may define, for small ¢ > 0, the function
Ue: G — R by

tie[x] := sup{@[z] | (o, @) €U, @ = u in Gy, \ Ga, S"T[x] < —¢ in G.}. (6.38)

To ensure that the supremum above is the one of a nonempty set, we choose € small enough
so that v itself is suitable choice of function w. By continuity of the scheme, we may pass to
the limit in maximizing sequences and deduce that for any = € G, there exists u: G, — R such
that (o, w) € U, S"*u[x] < —¢ in G,, 1. > @ in Gy, and i.[z] = @[z]. Then by monotonicity,
Sh-agi [z] < Shew[z]. Tt follows that («,@.) is a subsolution to and that S™7.[x] < —e
in G,.

Let us show that S™“@.[z] = —¢ in G.. Assume that there exists z. € G, so that S"*7.[r.] <
—e. For any 0 > 0, we define 4. s: G, — R by

e 5[] = Ue[z] + 6 if x = s,
ot Ue [x] else.

By monotonicity, S". s[z] < S™d.[z] for any 2 € Gy \ {z.}, and by continuity, we may choose
¢ small enough so that Sh’“de,(s[x*] < —¢&. This contradicts , since U, s is a suitable choice
for @ and e s[z.] > Ue[z4]-

We now define @: G, — R by

afz] = ;1_r>r(1) Ue[x].

Note that the right-hand side is the limit of a bounded nondecreasing sequence. By continuity,
Sh-afi[z] = 0 in G, and («,@) is a subsolution to (6.36). Let us show that it is a solution. If it is
not the case, then there exists z. € Gy, \ Gs such that Sh’("ﬂ[x*] < 0. By continuity, there exists
£ > 0 such that S"4.[z,] < 0. Since (o, .) is a subsolution to and S"d.[x] < 0 in
G., this contradicts the assumption that G, is of maximal cardinal. Thus («, @) is necessarily a

solution to (6.36)). O

Remark 6.2.15. Since h > 0 is fixed in Theorem the subsolution, the function w, and the
number «g in (i), (ii), and (iii) in the definition of stability of the scheme (Definition [6.2.12)) only
need to exist for this fixed value of h. Also, (iv) is not needed.

6.3 Properties of the proposed scheme

In this section, we show that the scheme (6.28)) satisfies the properties we defined in section
First note that for any A > 0 and o € R, the operator S&’XBW: R9» — R9» is additively invariant.

Proposition 6.3.1 (Monotonicity). Assume the Lipschitz reqularity properties (6.14) and (6.15)).
Then the scheme (6.28)) is monotone, in the sense of Definition |6.2.12

Proof. Let h > 0, « € R, z € Gy, and @, u: Gy, — R be such that @[z] = u[z] and @ > u in G.
We need to show that

A, - h,
Suiapv2lr] < Syiapvoule].
By the definition 1) of the operator S{\Z’XBW, it suffices to prove that both S, u[z] < S, u[z]
6:26)

and SEy,t[z] < Shyoulr]. The second inequality follows directly from the definition (6.26) of
Sk.o, 50 let us prove the first one.
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By the definition of Sk, it suffices to prove that for any family v = (vy,...,vr) of
vectors of Z? and any ~y € R i

Lo (Bpulz], Ajule] — Ajula]) < Ly (Buulz], Ajulz] — Ajulz]).

First note that the operator A} was defined so that A}u[z] > A} ulz] elementwise. If Byulz] = 0,
then Bpu[z]'/? < Bju[z]'/?, since B" is a nonnegative operator. If Bpi[zr] > 0 (which, by
definition of By, implies that x & he; € G, for any i € {1,...,d}), then, using for the
second inequality,

Bpulz])/? — Byulz])'/? < B(x, Dyulz])/? — B(x, Dypulz])/? — hbrpAp (T — u)[z]
< bur(|Dptufz] — Daulz]ly — hAR (7 — w)lz])

d
_ bur

> (I~ )l +he) = (@~ w)le — he

—(u—uw)|zr+ he;)) — (@ —u)x — hei])

<0

)

and thus Bpa[z]'/? < Bju[z]'/?. Similarly, for any e € v, if AS@[x] = amin|e|?, then Afu[z] <
Afu[z], and otherwise, using (6.14)),

nlz] — Ajulr] < (e, (A(z, Dytilz]) — A(z, Dyulz]))e) — havple]* An(T@ — u)[2]
< avple|*(|Dytlz] — Dpule]ls — Ap(@ — u)[2]) <0,
hence A$u[r] < ASulr]. We easily conclude that Sk, u[z] < S{yyulz]. O

From the grid G;, we may build a graph whose nodes are the points of G, and whose edges
are pairs of points that are neighbors on the grid, that is, between whom the Euclidean distance
is equal to h. To prove other properties of the scheme, we need the technical assumption that the
distance on this graph, multiplied by h, is equivalent to the Euclidean distance, uniformly over
small h > 0. Equivalently, we require that there exists some positive constant Cg, such that for
any small A > 0 and any function ¢: G, — R,

max [Pzl oo Jela] — el (6.39)
z1,22€Gn |l‘1 - $2| z1,22€0h h
T1F# T2 |z1—z2|=h

Proposition 6.3.2 (Continuity). Assume (6.39). Then the scheme (6.28]) is continuous, in the
sense of Definition [6.2.13.

Proof. For any x € Gy, the function R9» — R, u — S&’Xszu[x] is a maximum over a compact
set of continuous functions with values in R U {—occ}, see (6.21), (6.26), and (6.27). Hence it is a
continuous function with values in RU {—oo}. It remains to prove that SI}\I/I’Xszu[l‘] > —00.

By , there exists e = +e;, i € {1,...,d}, such that x — he € G,. Therefore

SMABVQU[ ] > Slgvzu[ﬂ > Djulz] — Op(x) (e) = —5;?8“[30] - UP(m)(e) > —00,

which concludes the proof. O
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Let us now study consistency of the scheme (6.28]) with the degenerate elliptic equation
FﬁABV2($,DU($),D2u(l‘)) =0 in Y7 (640)
where for any a € R, 2 € X, p € R? and M € Sy,

(F‘l\/[A(.’E,p7 M) + Oé) \Y Fng(m,p) ifre X,

Fiapva(w,p, M) := {
—00 else,

and Fya(z,p, M) and Fgya(z,p) are defined respectively in and (6.25). We first prove a
consistency property that is stronger to the one we introduced in Definition [6.2.12] and that will
be useful in the study of stability of the scheme.

Proposition 6.3.3 (Consistency). Assume (6.10)), (6.13), (6.18), and (6.19). Let ¢ € C>=(X)
and (ap)p>o0 be a family of real numbers converging to some o € R as h approaches zero. Then

SI}\L/fZ%VQ(p['r] < FﬁABV2(x7 D‘ﬂ(x)v DZ()O(J:)) + Oh—>0(1)7 (641)
uniformly over x € Gy and o € R. Moreover, for any compact subset K of X,
Sfii’évzso[x] > Fyagve (@, De(2), DQ(P(x)) + 0p—0(1), (6.42)

uniformly over v € K NGy, and o € R.

Proof. Let K be a compact subset of X. For convenience, when ay,(x) and by (x) are real numbers
depending on h > 0 and on z € G, we write ap(z) Sk bp(z) if ap(z) < by(z) for any h > 0 and
x € Gp, with equality if x € K. Then it suffices to show that

Smavlz] Sk Fuale, Dp(x), D*¢(x)) + onso(1), (6.43)
Stvavlz] Sk Fava(z, Dp(x)) + ono(1), (6.44)
uniformly over z € Gy,.

For any x € G, and ¢ € {1,...,d}, it holds that Thieﬂp[x] > p(z + he;), and using , we
may assume that & is small enough so that the equality T hie%p[x] = ¢(z + he;) holds whenever
xz € K. Then injecting first-order Taylor expansions of ¢ in the definition of ng yields .

If z € G, is such that App[z] < +o0, then x £ he; € G, for any ¢ € {1,...,d}, and thus
Dyolz] = Do(z) + O(h?) and Applz] = Ap(z) + O(h?). In particular, App[z] is bounded.
Therefore, using that B is Lipschitz continuous with respect to its last variable, uniformly with
respect to its first variable,

B(x, Dpelz])? — hbpp Anelz] = Bz, Do(x))/* + O(h).
Since B > 0 and using the definition (6.17)) of By, it follows that
Brpla]'/* = B(xz, Dy(x))"/* + O(h).

Now if App[z] = 400 (by (6.10), for h small, this may only happen if z ¢ K), it holds that
Bpplz] =0 < B(x, Dp(x)). We deduce that

Bro[z]'* <i B(x, Do(x))* 4+ O(h)

uniformly over z € Gj,. Similarly, for any v € V;, and e € v, we may assume, using (6.10)
and (6.19)), that h is small enough so that « + he € G;, whenever x € K N Gy, and then, using
(6.13) and the same reasoning as above,

A ¢lz] Sk (e, A(z, Dyp())e) + O(hlel?),
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—Ahole] Sk —(e, D*p(x)e) + O(h?[el*),

uniformly over z € Gp. Then for any v € V;, and v € Ri(dﬂ)/Q such that Tr(D,(v)) =
Z?g’q)ﬂ vilvi|? = 1, using |i for the last equality,

d(d+1)/2
—(7 Ajgle] = Ajplal) = = 0 (Al - Aelal)
;(:1+1)/2
<k — Z i (vi, (D2<p(ac) — Az, Do(x))) v;)
=1 (6.45)
d(d+1)/2
+ > w0 + B2 fuil")
i=1
= —(Dy(y), D*¢(x) — A(z, Dp(x))) + O(h + h?|v;]?)
= _<Dv('7)a DQSD[SC] - A(va(p(x)» + 0h%0(1)7

uniformly over x € G, v, and «y. Thus

Siaple] Sk max  max  Lp, () (B(w, De(x)), D*p(x) — A(w, Dp(x))) + on—o(1).

veEV) ,YeRd(cH—l)ﬁ
Te(D, (1)) =1

We deduce ([6.43)) using (6.18]) and that the affine map
{DeS |Tx(D)=1} - R, D+ Lp(b,M) (6.46)
is continuous, uniformly over b and M belonging to compact sets. O

Remark 6.3.4 (Order of consistency). Under appropriate assumptions, the order of consistency of
the scheme ([6.28) is easily deduced from the proof of Proposition Let ¢ € C*°(X), and let
K C X be compact. Then, for small A > 0 and uniformly over x € K N Gy,

Stvawlr] = Fava(z, Do(x)) + O(h).

For the operator S§;,, we distinguish two cases:
(General case) If there exist r1 > 0 and ro € (0,1) such that the following refinements of

and hold:
di ({Du(1) | v € Vi, v € REHVZ (D, () = 11,{D € SF | Te(D) = 1}) = O(h"™),

max max |e| = O(h™"?),
veV) ecv

then, refining the last equality in (6.45) and using that the map (6.46) is 1/d-Holder continuous,
one has, for small A > 0 and uniformly over x € K NGy,

Suavle] = Faa(@, Dp(x), D2p(x)) + (RN 722N /D),

In dimension d = 2, when choosing V}, as in Remark one has r; = 2r and ro = 7, hence
Sk, is consistent with Fyra to the order 1 A (2 — 27) A7, and the optimal choice for r is r = 2/3,
yielding consistency to the order 2/3.
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(Smooth case) The consistency is improved if admits a solution u € C?(X) such that, uni-
formly over K, D?u(z) — A(z, Du(z)) € S " has condition number less than some constant ¢ > 1.
In this setting, the maximum in is attained for D = (D?u(x)— A(z, Du(z))) =/ Tr((D?*u(z)—
A(z, Du(x)))~1), which has condition number less than ¢ for x € K. We recommend choosing the
set V}, independently of h, but such that any D € S;r+ with condition number less than c is of the
form D = D, () for some v € V}, and v € R‘j_(dﬂ)/ 2 (see section for a suitable construction of
V4, in dimension d = 2). Then is not satisfied, but in a neighborhood of the solution u, the
operator Sf/[ A is still consistent with Fyia, to the order one, uniformly over z € K.

In practice, one may choose to implement the scheme with Lax-Friedrichs relaxation parameters
arr = bpr = 0, as we do in section The drawback of doing this is that and ,
and thus Proposition do not hold anymore unless A(z,p) and B(z,p) do not depend on p.
The benefit is that consistency is improved. In the setting of the smooth case described above, if
apr = bpr = 0, then, in a neighborhood of u and uniformly over = € K, S{\j[ A s consistent with
Fuia to the order two.

Note that the order of consistency of the whole scheme is the minimum of the ones
of Sk, and Sfi,, but for a fixed point z, the order is the one of the operator for which the

maximum is reached in QD which in practice is S{f/fz = Sf o + a at most points of the grid.

Corollary 6.3.5 (Consistency). Assume (6.10), (6.13)), (6.18]), and (6.19). Then the scheme
(6.28) is consistent with equation (6.40), in the sense of Definition |6.2.12

Proof. We have to show that if ¢, (ap)p>0, and « are as in Proposition m then for any z € X,

limsup  Syiakvele’] < (Fiapve)' (¢, Do(@), D*(x)), (6.47)
h>0, h—0
z'€Gn, z’' =

. . h,ah A > (e} 2

h&%}}znjo SniabvePlz’] = (Fliapve)« (2, Do(x), D p(x)). (6.48)

z'€Gh, 2’ =z

If x € X, then (6.47) and (6.48) follow respectively from (6.41)) and (6.42)), taking first the limit
over h and then the limit over z’. If x € 0X, then (6.47)) follows from (6.41)) and (6.48) is always

true, since (FﬁABV2)*(x7D@(x)sz(p(x)) = —00. O
Finally, we establish stability of the proposed scheme.

Proposition 6.3.6 (Equicontinuous stability). Assume (6.10), (6.13) to (6.15)), (6.18) to (6.20),
and (6.39). If there exists a function p € C*(X) such that for any x € X, Dp(x) € P(x), then
the scheme (6.28) is equicontinuously stable, in the sense of Definition|6.2.12

Proof. Let us check all items in the definition of equicontinuous stability.

(i) The function ¢ was chosen so that Fpya(x, Do(z)) < 0, uniformly over € X. Also, since
A and B are bounded, there exists a; < 0 such that Fya(z, Do(z), D?*¢(z)) < —aq, uniformly
over z € X. It follows that (Fyiypyve)* (@, Do(x), D?p(z)) < 0, uniformly over z € X. Then
by Proposition |6.3.3} for any small & > 0 and any x € Gy, S&’XIBVQ@[:E] < 0. Hence (a1,¢) is a
subsolution to :6.28 for small h > 0.

(ii”) Let h > 0 be small and let (a,u) € R x R9 be a subsolution to (6.28). Then for any
z € Gp, Spyoulr] < 0. Choosing e = +e;, i € {1,...,d} in the definition of Spy,, it follows
that féfeiu[x} < 0p(z)(Fei). Since the compact set P(z) is continuous with respect to z € X
for the Hausdorff distance, there exists Cp > 0 such that for any # € X and i € {1,...,d},
op(z)(£e;) < Cp. Hence —8iE%ufz] < Cp. Using , we easily deduce that

max Tl Ul oo

z1,22€G0h ‘131 — 132‘
T1FT2
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Hence (ii’) holds with w(a,t) := CgCpt.

(iii) Let ~ > 0 be small and (o, u) € R x R9 be a subsolution to . Then for any = € Gy,
S{\L/IAU[JZ] < —a. By , there exists v € Vj, and v € R‘ﬁdﬂ)ﬂ such that D,(y) = e1 ® €1
(and thus Tr(D,(y)) = 1). Choosing v and 7 as parameters in the definition of S, yields
Ajtuz] — Al ufz] < —o. Since Aj'uz] > amin, it follows that Af'ulz] > amin + a.

Let £ > 0, independent of h, be such that the segment [0, fe1] belongs to X (recall that 0 € X
by assumption), and let ny, := [¢/h]. By (6.10), we may assume that % is small enough so that
ihe; € X, for any ¢ € {0,...,n, + 1}. Then for any ¢ € {1,...,n,}, hAJ ulihe;] = 6;' ulihe;] +
0, “uliher] = 03  ufiher] — 87 u[(i — 1)heq], hence ;' ufiher] = 0, u[(i — 1)hei] + hAj ulihe;] and

0y ulnpher] = 65 uf0] + hz Ajtufiher] > 87 ul0] + nph(amin + ).

i=1
Since nph > £, if a > —amin, then

Sptulnpher] > 651 uf0] + £(amin + o) = —0, “ulher] + £(amin + ).
We proved in (ii) that §;'u[nyhe;] < Cp and §, “*ulhe;] < Cp. Therefore

< 2Cp

=~ — Gmin-

(iv) Let A > 0 be small and (a,u) € R x R9 be a solution to (6.28) (note that in the proof,
we only use that it is a supersolution). Let ay > 0 be as in (i). Up to adding a constant to
u, we may assume that there exists x € G, such that u[z] = ¢[z] and u > ¢ in G,. Then by

Proposition Sher oufz] < ShAL L plx]. We proved in (i) that S35 ,¢z] < 0. Thus
h,aq h,a

Syiamyvet[z] < 0, and by definition of Sy;aky,, it holds that Sk ,ulz] < 0 and Sy ufz] < —a;.
On the other hand, the equality S&’XBVQu[x] = 0 may be expanded as

Stivaula] V (Siaulz] +a) = 0.
Since Sk ulz] < 0, we deduce that o = —S, ulz] > a. O

Note that in the proof of item (ii’), we actually proved that solutions to the scheme are
Lipschitz continuous uniformly over small h > 0.

The existence of a suitable function ¢ in Proposition [6.3.6] is a natural assumption in the
setting of optimal transport. We defer discussion of this assumption to section [6.5.1] and in
particular to Remark [6.5.1}

6.4 Closed-form formula in dimension two

This section is devoted to the proof of Theorem [6.1.2]

Remark 6.4.1 (Numerical complexity of the scheme). The motivation for Theorem is to
improve the numerical efficiency of the scheme.

Consider a two-dimensional Cartesian grid G, with O(N?) points. Assume that at any
point x € Gy, one has to perform respectively Mya and Mpys operations in order to compute
Sk aulr] and SByu[z]. Then the overall numerical complexity of the scheme on the grid Gy, is
O(NQ(MMA + MBVQ)).

When using Theorem in the implementation of the scheme, My is proportional to the
number of superbases in the set V},. As in Remark we distinguish between the smooth case
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and the general case. In the smooth case, V}, does not depend on N, hence Mya = O(1). In the
general case, if V}, is built as in Remark with r» = 2/3 as suggested by Remark then
by Proposition Mya = O(N?/31og N).

For comparison, one could choose to discretize the parameter set of the maximum in the
definition of the operator 51]\1/[ A instead of using Theorem and in this case Myia would
be proportional to the number of points in this discretization. Since the set of symmetric positive
semidefinite matrices of size two and of unit trace has dimension two, in order to guarantee
consistency of the scheme to some order r > 0, one should choose at least Mya = O(N?"). This
is more costly than using Theorem both in the smooth case (in which the desired order,
according to Remark is 7 =1, or even 7 = 2 if apr = bpr = 0) and in the general case (in
which the desired order is r = 2/3).

There is also a maximum in the definition of %/, which, depending on the expression
of the set-valued function P in , either admits a closed-form formula or needs to be
discretized. If it admits a closed-form formula, then Mgy does not depend on N. If it needs to
be discretized, then Mpy» is proportional to the number of points in the discretization and, in
order to guarantee consistency of the operator Sk, with Fyo at some order 7 > 0, one should
choose Mpya = O(N"), since the parameter set is one-dimensional. The numerical cost of this
discretization is negligible in the general case, but not in the smooth case. In practice, in many
applications, the maximum in is only attained by Shy,u[z] at points x € G that are
close to 0X. A perspective for future research would be to prove that one may use a variant of
the scheme which would only require computing S§V2u[x] at such points, reducing the
numerical cost of handling the boundary condition .

In dimension d = 2, choosing V" as a family of superbases of Z? (see Definition [6.1.1) is
motivated by Selling’s formula |Sel74|: for any family v = (v1, v2,v3) of vectors of Z2, recall that
we defined v: R® — S5 by

3
Dy(v) := Z’Yﬂ)i ® vi,
=1
and let us also define v, : S — R? by

V(D) = (= (51, Dviio))1<i<s, (6.49)

where we consider the indices of the elements of v modulo three, and where if ¢ = (a,b) € R?, we
denote et := (—b, a).

Proposition 6.4.2 (Selling’s formula). If v = (v1,vs,v3) is a superbase of Z2, then v, is the
inverse bijection of Dy: for any D € Sy, D = Dy (7,(D)).

Proof. Tt suffices to show that for any 1 <i < j <2,
<UilavaJ'_> = <Uj_7Dv(7v(D))vj_>'

This is easily verified using the properties of superbases of Z? and the fact that for any {i,j} C
{1,2,3}, (v, v;) = det(v;, vj). O

Proof of Theorem[6.1.2 We prove separately the two statements of the theorem.
Case of bases. Let v = (v1,v2) be a basis of Z2, b > 0, and m = (my, my) € R%. Note that

(e Rt .0 =1 = { (G g ) e ),

2012 2fva]?
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as the segment whose endpoints are (1/|v1]?,0) and (0,1/|v|?). Then

max Ly, ~(b,m
max ~(b;m)
Tr(Dy (v7))=1

1+t 1-t e 1—t
= max [ 2bY/2 det D, i,i o mi — ma | .
te[-1,1) 2|v1]?7 2|ve|? 2|vq|? 2|vg|?

We compute that for any ¢ € [-1,1],

detDU<(1+t 1‘t)> :det<(1+t)v1®v1+(1_t)vg®v2>

2|v1 |27 2|vg? 2v|? 2|vz|?
_ 1(1 t2)det(vl,v2)2 (1 t2)
4 [v12val> 4oy [?|og]?

using the definition of D, for the first equality, that det(a ® a + b ® b) = det(a,b)? for any a,
b € R? for the second equality, and that det(vy,ve) = £1 for the third equality. After defining

wf,o) € R and wqgl), wf,Q) € R? by

1 L[ 1/ ? ) 1 (1/v |2>
©._ 1 .1 ! . 1 (1/n
T TPles o 2 (‘1/|U2|2 ’ o 2 \1/n2f?)”

it follows that

max L, ,(b,m) = max ((wf)o))l/2b1/2(1 — Y2 — (M m)t — <w752),m>> .
yeRi te[—1,1]
Tr(Dy(v))=1

This is the maximum of a concave function over [—1,1]. Writing the first order optimality
condition yields that the optimal ¢ must satisfy
oo e m)

R Orn (wf,l), m>2’
from which we deduce the expected formula

max Ly (b,m) = (@O + (W, m)y)Y2 — (WP m) = H,(b,m).
'YE]R+
Tr(Dy (v))=1
Case of superbases. We use that in the space of symmetric matrices size two equipped with
the Frobenius norm, the set of symmetric positive semidefinite matrices of unit trace is a disk.
More precisely, let us define the affine map ®: R? — S, by

L(l+p1  p2
) = - . 6.50
=3 ("t (6.50)

Note that the above definition is closely related to Pauli matrices in quantum mechanics. It is
easily proved that
{De Sy | (D) =1} = {D(p) | o] < 1}. (6.51)

Moreover, for any p € R? such that |p| < 1,

_ 141l
1—p|

detD(p) = 31~ [P, Cond(D(p)) (6.52)
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Let v = (v1,v2,v3) be a superbase of Z2, b > 0, and m € R3. The Minkowski determinant
inequality states, in any dimension d € N, the function det(-)'/¢ is concave over S;'. Hence the

function
{v€R? | Dy(7) = 0, Te(Dy(7)) =1} = R, v+ Ly (b,m)

is concave too. Recall that D, () = 0 whenever v € Rﬁ_. Let
Ya(b,m) € argmax L, (b,m).
YER?

Dv("/)to
Tr(Dy(7))=1

If the strict elementwise inequality ~.5(b, m) >yec 0 is not satisfied, then

max Loy (bm) = | max may Liwiopr(bm) = | max H,,,)(b,m),
Tr(Dv(’Y)):l Tr(Dv(FY)):l

since the maximum in the left-hand side is attained on the boundary of the parameter set. Thus
it suffices to prove that

Ly e (bm) (b;m)  if 755 (b,m) >vec 0,
—00 else.

H,(b,m) = {

Let us prove the above. If v,: Sy — R3 and ®: R? — S, are functions defined respectively by

(6.49) and (6.50)), then, by (6.51]) and Selling’s Formula (Proposition [6.4.2), it holds that

L, (b = L b
max Lo (b:m) = max Loy, () (b, m),
Dv('Y)EO
Tr(Dy (v))=1
and there exists
py(b,m) € argmax L, (9 (p)) (b, m)
lp|<1
such that
Yo (b,m) = 7, (D(p;, (b, m))).

Let

V9,1U3,1 — V2,2V3,2 V2,1V32 + V22V3,1
Wy = 5 V1,1V3,1 — V1,2V3,2  V1,1V3,2 + V1,2V3,1
V1,1V2,1 — V1,2V2,2 V1,1V22 + V12021

Recall that Q, € S3 and w, € R? were defined in the statement of the theorem, and note that
Q, = W, W, Tt is easily computed that for any p € R2,

Y (D(p)) = Wyp — wy,
and thus, using also (6.52), that
Ly @) (bym) = 02(1 = |p|*)"/? — (W p — w,, m).

Therefore, p}(b,m) is the argmax of a concave function over the unit disk, and writing the
first-order optimality condition yields

*(vm)—— Wv—rm _ WJm
PO = T W mP) 2 (b + (m, Qum)) 72
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Thus Q
* * v
711(b7 m) = ’YU(Q(pv(ba m))) == (b—|— <m Q m>)1/2 — Wy
and
Lv,'y;j(b,m) (bv m) = Lvﬁv(@(p;(b,m)))(bv m) = (b + <m7 va>)1/2 + <’UJU, m>7
which concludes the proof. O

6.5 Application to quadratic optimal transport

6.5.1 The quadratic optimal transport problem

Let Y be an open bounded convex nonempty subset of R? and f: X — R, and g: ¥ — R% be
two densities satisfying the mass balance condition

/X f(@)do = /Y 9(y) dy, (6.53)

f being bounded and continuous almost everywhere and 1/g being Lipschitz continuous. For
convenience, in this paper we extend the function g to the whole domain R? in such a manner
that 1/g: RY — R? is bounded and Lipschitz continuous.

In the quadratic optimal transport problem between f and g, one aims to solve the minimization
problem

i —T(2)?f(z) dz .
inf /X'”” ()2 f(x) do, (6.54)

Ty f=g

where the unknown is a Borel map 7: X — Y and the constraint Tu f = g means that for any

Borel subset E of YV,
[ t@de= [ gtyay (6.55)
T-1(E) E

In the literature, it is typically assumed that:
the set X is convex. (6.56)
For simplicity, we will sometimes assume instead that:
the set X is strongly convex. (6.57)

It was proved in [Bre91| (see also [Vil03, Theorem 2.12]) that, under assumption , the
optimal transport problem admits a solution T which is the gradient of a convex function
u: X — R, called the potential function of the problem. Then, if u is smooth enough, it may be
deduced by performing the change of variables y = T'(x) in the right-hand side of that u is
solution to the Monge-Ampére equation 7 where

~

(2)
)

Additionally, the constraint that T'(z) = Du(z) € Y, for any x € X, may be written as (6.22),
where for any = € X,

A(z,p) =0, B(z,p) = (6.58)

Q
—~

P(z) =Y. (6.59)

Note that in this setting, a possible choice of function ¢ in Proposition [6.3.6] is given by
o(x) := (x,yo), for some yy € Y.
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Remark 6.5.1 (General optimal transport). In the general optimal transport problem, a cost
function ¢ € C?(R? x R?) is given, and one aims to solve

inf / c(z, T(x)) f(z)dx. (6.60)
Twf=9J)x

If ¢ is defined by c(z,y) = |z — y|?, this problem reduces to (6.54). It is also equivalent to
(6.54) when c(x,y) = —(z,y), as follows directly from the equality |x —y|?> = |z|? + |y|®> — 2(x, ).

Under suitable assumptions (see [DF14; [MTWO05|), there exists a solution T: X — Y to
of the form T'(x) = c-exp,(Du(z)), where for any z € X and p, y € R%, the function
c-exp,: R? — R? is such that

y = c-exp,(p) <= p = —Dyc(z,y), (6.61)

and where the function u (called the potential function) is c-convex, in the sense that for any
xo € X, there exists yo € R and 2y € R such that

u(wg) = —c(wo, yo) — 20, u(x) > —c(x,y0) — 20 in X.

If e(x,y) = —(=z,y), c-convexity coincides with the usual notion of convexity. In the general
setting, if u is smooth enough then it may be shown to be a solution to the Monge-Ampére

equation (6.1]), with
A(.’lﬁ,p) = _DJE«TC<$7 c—exp$(p)), (662)

W
B($7p) - g(C—EXPx(p))

and the constraint that T'(x) = c-exp,(Du(z)) € Y, for any x € X, may be written as (6.22)),
where for any x € X,

|det Dyyc(x, c-exp,(p))], (6.63)

P(z) = =Dyc(z,Y). (6.64)

Then a suitable choice of function ¢ in Proposition would be p(z) := —D,c(z,yo) (or a
mollification of it), for some yg € Y.

6.5.2 Weak solutions to the Monge-Ampére equation

If the open set X is convex, and if u: X — R is a convex function and E is a subset of X, then
we denote by Ju(E) the union | J, . Ou(x), where Ju(x) is the subgradient of u at point x.

A notion of weak solutions to the Monge-Ampére equation that is directly related to the
optimal transport problem is the one of Brenier solutions.

Definition 6.5.2 (Brenier solution). Assume (6.56), (6.58), and (6.59). A function u: X — R is
a_Brenier solution to (6.1) and (6.22)) if (i) it is convex and (ii) (Du)4f = g, in the sense that
(6.55) holds for T = Du. It is a minimal Brenier solution if moreover du(X) is included in Y.

Brenier solutions are a standard notion. Note that their definition allows that Du(z) € Y,
typically at points where f(x) = 0. Minimal Brenier solutions were introduced in [BD19| to
prevent this and to guarantee uniqueness of solutions up to addition of a constant, as explained
in the proof of [BD19, Proposition 3.1] (the proof uses the assumptions that Y is convex and g is
nonnegative in Y):

Theorem 6.5.3 (Adapted from [BD19, Proposition 3.1]). Assume (6.56]), (6.58), and (6.59). If
u, v: X = R are two minimal Brenier solutions to (6.1) and (6.22), then there exists § € R such
that v =u+ €.




6.5. APPLICATION TO QUADRATIC OPTIMAL TRANSPORT 173

For any function u: R* — R, let us denote by u¢: R — R its Legendre-Fenchel transform,
which we recall is defined by

u(y) := sup ((z,y) — u(x)).
z€RC
If w is only defined in X (respectively Y),iwe define u in the same manner after having extended
u with value 400 outside X (respectively X). If Y is a subset of R?, let us also define ug': R? — R
by
ug () := sup((z,y) —u(y)),
yey
so that u°® = ug;. The motivation for the last definition is that under assumptions (6.56), (6.58)),
and (6.59)), if u: X — R is a Brenier solution to (6.1)) and (6.22)), then u$f is a minimal Brenier
solution to (6.1) and (6.22).
Another standard notion of solutions to (6.1]) and (6.22)) is the one of Aleksandrov solutions:

Definition 6.5.4 (Aleksandrov solution). Assume (6.56)), (6.58), and (6.59). A function u: X —
R is an Aleksandrov solution to (6.1) and (6.22)) if (i) it is convex and (ii) for any Borel subset F

of X,
/ f(z)dz = / 9(y) dy.
E YNou(E)
It is a minimal Aleksandrov solution to (6.1) and (6.22) if moreover du(X) C Y.

In our setting, Brenier and Aleksandrov solutions coincide, see for instance [FL09| (noting
that the relevant part of [FL09] is not specific to the dimension two):

Proposition 6.5.5. Assume (6.56)), (6.58]), and (6.59). Then u: X — R is a Brenier solution
(respectively minimal Brenier solution) to (6.1) and (6.22)) if and only if it is an Aleksandrov
solution (respectively minimal Aleksandrov solution) to (6.1)) and (6.22)).

This is related to the fact that Y is convex and g is nonnegative in Y, and that this does not
remain true in more general settings.

We will also need to use the notion of Aleksandrov solution to the Monge-Ampére equation
equipped with the Dirichlet boundary condition

u(z) = (x) on 0X. (6.65)

Definition 6.5.6 (Aleksandrov solution to the Dirichlet problem). Assume (6.56) and (6.58). A
function u: X — R is an Aleksandrov solution to (6.1)) and (6.65)) if (i) it is convex continuous

with u(z) = ¢(x) on 0X and (ii) for any Borel subset E of X,

| fayda = /a oy S

If u: X — R is continuous and is a minimal Aleksandrov solution to and (6.22)), then it
is an Aleksandrov solution to and (6.65) with 1) = u|5x; however, this does not remain true
if u is not minimal.

Below is the adaptation of Theorem 1.6.2] to our setting. For simplicity, it is assumed
that g(p) = 1 for any p € R?, but note that we only use Theorem as an intermediary result
and that our convergence result, Theorem is not limited to the case g(p) = 1.

Theorem 6.5.7 (Adapted from Theorem 1.6.2]). Assume (6.58)), that X is strictly
conver, g(p) = 1 for any p € R, and ¢: 0X — R is continuous. Then there exists a unique

Aleksandrov solution u: X — R to (6.1) and (6.65).
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6.5.3 Reformulation of the Monge-Ampeére equation

Let us now study the reformulation of the Monge-Ampére equation (6.1 in the form (6.2)), in the
setting of quadratic optimal transport. We sum up the idea of the reformulation in the following
proposition:

Proposition 6.5.8. Letb >0 and M € Sj. Then

max Lp(b, M) <0 <= b < det M, (6.66)
DeSt
Tr(D)=1

max Lp(b, M) >0 <= b> det M. (6.67)
DesSS
Tr(D)=1

Proof. We refer to [Kry87, Lemma 3.2.2] for the proof of the equivalence

max Lp(b, M) =0 <= b= detM. (6.68)
DeS}
Tr(D)=1

Also, the first equality in (6.5) is proved in [Kry87, Lemma 3.2.1] (it is related to the inequality
of arithmetic and geometric means applied to eigenvalues of the product DY/2M DY/ 2), while the
second one follows from the identity

{(DeSST|detD=1}={(detD) VD | D eSS, Te(D) =1}.
From ([6.5)), we deduce that

b<detM <= db"/%—d(det M)/ <0

— sup (db*/? — (detD)"YUD, M)) <0
Des; T
Tr(D)=1

—  sup (db/4(detD)Y/? — (D, M)) <0
DeSit
Tr(D)=1

< sup Lp(b,M)<0.
DestHt
Tr(D)=1

Then (6.66)) follows from the continuity of Lp(b, M) with respect to D € Sj, and (6.67) follows
from (6.66) and (6.68]). O

First we prove that Aleksandrov solutions to the Monge-Ampére equation are viscosity
solutions to its reformulation.

Proposition 6.5.9. Assume (6.56) and (6.58). If, for some function ¢ € C(0X), u: X — R is
an Aleksandrov solution to (6.1) and (6.65), then u is a viscosity solution to (6.2]).

The proof is an adaptation of the one of |Gutl6 Proposition 1.3.4]. It uses |Gutl6l
Lemma 1.4.1], which we recall below in our setting:

Lemma 6.5.10. Assume (6.56)). Let u, v: X — R be convex and let E be an open set such that
EcX. Ifu<vinE andu=v on OF, then 0v(E) C Ou(E).
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Proof of Proposition[6.5.9. We adapt the proof of [Gut16, Proposition 1.3.4], which is a particular
case of this proposition.

First let us show that u is a viscosity subsolution to . Let ¢ € C?(X), and let 29 € X be
a local maximum of u — ¢. Since u is convex, D?p(z) must be positive semidefinite. We may
assume without loss of generality that ¢ is convex, that ¢(xg) = u(zp), and that xq is a strict
local maximum. For any small € > 0, there exists an open set S. such that S. C X, ¢ <u+¢in
Se, ¢ =u+eon dS., and lim._,0 d (S, {zo}) = 0 (see [Gut16] for detail). By Lemma [6.5.10}
Ou(Se) = d(u+¢)(Se) C dp(Se). Thus, since u is an Aleksandrov solution,

/S e = /8 ROLE /8 o, S = /S (D)) det D ()

Passing to the limit in &, we deduce that f.(z¢) < g(D¢(x0)) det D?¢(x0). By Proposition m
it follows that (Fya)« (7o, De(0), D?*¢(20)) < 0, and thus that u is a viscosity subsolution to
62).

Now let us show that u is a viscosity supersolution to (6.2). Let ¢ € C?(X), and let zo € X
be a local minimum of u — ¢. If there exists a unit vector e € R? such that (e, D%¢(zg)e) < 0,
then choosing D = e ® e in the maximum in the definition of the operator Fya yields

(Fuma)* (w0, Dg(x0), D*p(x0)) = (e, D*¢p(o)e) > 0.

If on the contrary D?p(x) is positive definite, then we may assume without loss of generality that
¢ is convex, that p(z¢) = u(zg), and that xg is a strict local minimum. By the same reasoning
as above, we prove that f*(zo) > g(Dy(z0)) det D?p(z0), and we deduce using Proposition m
that (Fya)*(zo, De(20), D?¢(x0)) > 0. Therefore u is a viscosity supersolution to . O

In order to prove convergence of a family of monotone numerical schemes for the Monge-Ampére
equation, we need to study under which conditions viscosity subsolutions and supersolutions to
are minimal Aleksandrov solutions to and . Thus the remaining part of this
subsection is devoted to the proof of the two following theorems:

Theorem 6.5.11. Assume (6.56)), (6.58), and (6.59). If u: X — R is a viscosity subsolution to
(6.40) with o > 0, then o =0 and u is a minimal Aleksandrov solution to (6.1) and (6.22]).

Theorem 6.5.12. Assume (6.57) to (6.59). If u: X — R is a viscosity supersolution to (6.40))
with a <0, then o =0 and u§f is a minimal Aleksandrov solution to (6.1) and (6.22]).

The result in the case of viscosity subsolutions is very close to [Frol9, Theorem 2.1] (although
the reformulation of the Monge-Ampére equation is not the same) and thus we follow the same
sketch of proof. The case of viscosity supersolutions was not studied in [Frol9| since it was not
necessary for the proof of convergence of the scheme considered in that paper.

We will need the following comparison principle for equation :

Proposition 6.5.13 (Comparison principle). Assume that BYd s continuous, in addition to
being Lipschitz continuous with respect to its second variable, uniformly with respect to its first
variable. Then there exists r > 0 such that the following holds: for any open subset E of X
such that diam(E) < r and for any respectively upper and lower semicontinuous functions @,
u: E = R, ifu and u are respectively a viscosity subsolution and a viscosity supersolution to

Fua(z, Du(x), D*>u(z)) =0 in E,

and ifu <wu on OF, thenu <wu in E.
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Proof. Let 1o € E. For any € > 0, let u_: E — R be defined by
_ _ € 2_ %4 2
Ue(z) :=u(x) + §|m —xp|® — 3 diam(FE)?,

so that . <u < won JFE. Let 21 € E, ¢ € C*(E), and ¢, := ¢ + (¢/2)| - —x0|?. Then z; is
a local maximum of w. — ¢, if and only if it is a local maximum of @ — ¢. For some constant
C > 0 and for r = 1/(20), using that |Dy.(z1) — Dp(x1)| < re and D?*¢.(z1) = D?*p(x1) + €ly,
it holds for any D € S satisfying Tr(D) = 1 that

Lp (B(z, Dp:(2)), D* ¢ (x) — A(w, Dy ()))

= dB(z, Dwa(x))l/d(det D)/ — (D, D*¢.(z) - A(z, Dy (x)))

< dB(z, Do(x)) /d(detD)l/d— (D, D*¢(x) — A(z, Dp(x))) + Cre — ¢

= Lp (B(z, Dyp(x)), D*¢(z) — A(z, Dp(x))) + Cre — ¢

< Lp (B(x, Dp(x)), D*¢(x) — Az, Dp(x))) — /2.

Thus if z; is a local maximum of u. — ¢,
Fya(z1, Doe (1), D*@-(21)) < Fya (21, Do(z1), D*p(21)) — /2 < —¢/2.

Then by [CIL92, Theorem 3.3 and section 5.C|, . < u in E, and we conclude letting £ approach
Z€ero. O

Notice that we did not need to assume ([6.58)); however, if (6.58) holds, it may be shown that
the assumption that diam(FE) < r is not necessary, see [IL90, Theorem V.2] for the argument.
We will also need the following lemmas.

Lemma 6.5.14. Assume (6.56) and (6.58). If u: X — R is a viscosity subsolution to (6.2)), then
1t 1S convez.

Proof. Let ¢ € C?(X) and x¢ be a local maximum of u— ¢ in X. Then, using that u is a viscosity
subsolution and choosing D = e ® e in the maximum in the definition of Fya,

02 (Fiua)« (20, Dep(o), D*p(0)) 2 — min(e, D*¢(o)e).

Thus u is a viscosity subsolution to

fln‘nn<e D?u(zg)e) =0 in X.

By [Obe07, Theorem 1], it follows that u is convex. O

Lemma 6.5.15. Assume (6.56) and (6.59). If u: X — R is a convex viscosily subsolution to

, then Ou(X) C Y.

The proof of Lemma [6.5.15| is a direct transposition to our setting to the one of [Frol9,
Lemma 2.5], so we do not reproduce it here.

Lemma 6.5.16. Assume (6.57)), i.e. that X is strongly convex. Then for any xo € X and
C, e > 0, there exists a convex function ¢ € C*(X) such that xq is a local maximum of 1 and
DY ()| < ¢, det D2p(0) > C'
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Proof. Since X is strongly convex, there exists r > 0 and a unit vector e € R?, le] = 1, such that
X C By(xo —re,r). Then for any 2 € X, one has |z — (g — re)|? < r2. Since |z — (x¢ — re)|? =
|z —z0+re|? = |z—20|2+27 (e, v —20)+72%, we deduce that |z —zq|?+2r(e,x—x0) < 0. Thus z¢ is a
local maximum of |- —zg|2+27{e, -—z0) in X. Therefore, using that (e, -—z¢) < —|z—x0|?/(2r) < 0

in X, g is also a local maximum in X of the convex function ¢ € C?(X) defined by

€ c (2r\*!
P(x) = E|$—wo|2+5<€,$—$o> —5—5 (5) (e, — x0)*

€ € Cc (2"

2 2
:E(|x—x0| +2T<e7m—m0>)+2<e,x—xo)+2(6) (e, — x0)°.
We compute that |Dy(zo)| = ¢ and det D?(xq) = (/(2r))? 1 (e/(2r) + C(2r/e)4~1) > C, which
concludes the proof. O

Lemma 6.5.17. Assume (6.57) to (6.59). If u: X — R is a viscosity supersolution to (6.40))
with o <0, then Y C du(X).

Proof. Let yy € Y. Since u is lower semicontinuous, there exists xg € X such that yo € ouc(xp)
(meaning that xg is a local minimum of u — (-, y0)) and u®(xo) = u(xp). Let us show that
T € X.

Since u® < u in X, zg is a local minimum of u — (-,y0). If 2o € X, then for any ¢ > 0, we
may build using Lemma a convex function . € C%(X) such that x¢ is a local minimum of
u — @ and

2 I (o) [ (x0)
|Dpe(z0) — yo| < ¢, det D=, (x0) > yS;lR% 9(y) = g(Dyc(z0))

(choose ¢. = (-, y0) + 1 where ¢ is from Lemma . Then by Proposition m
(Faia)* (w0, De(20), D?pc(20)) < 0.
We may choose e small enough so that Dp.(x¢) € Y, and thus Fgva(zo, Dee(20)) < 0. Then
(FyiaBv2)" (20, Dge(x0), D*¢e(0)) < 0,

which is impossible since u is a viscosity supersolution to (6.40). Therefore ¢y may not belong to
0X. O

Lemma 6.5.18. Assume (6.56)), , and (6.59). If u: X — R is a viscosity supersolution to
(6.40) with o <0, then u$s is a viscosity supersolution to (6.2). Moreover, if « <0, ¢ € C?(X),
xo is a local minimum of u§¢ — ¢ in X, and f*(xo) > 0, then

(Fwa)* (o, D (o), D*¢(0)) > 0.

Proof. Let p € C%(X), and let ¢ be a local minimum of u§¢ — ¢ in X.
First we consider the case where u§f(xo) = u(zo) and Ju§é(xo) C Y. Since u§f < w in X, xg
is a local minimum of v — ¢ in X. Thus

(Fiiasva)* (zo, D(wo), D*p(x0)) > 0.
Since du§f(wo) C Y, Dp(xg) belongs to Y. Therefore

FBVQ(QT(), Dg@(l‘o)) < 0.
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It follows that
(FMA)*(:EO, D@(‘ro)a D2§0(£L’0)) > 07

with a strict inequality if oo < 0.

Now we consider the case where either u$¢(zo) < u(zg) or dus(zo) N Y # 0. In this case,
there exists a unit vector e € R? such that (e, D?p(x)e) < 0. Choosing D = (1 —¢)e®@e+ (¢/d)I4
in the definition of Fyja yields

20)1/d _ 1/d
(FMA)*<330,D‘P($0)7 DZSO(33'0)> > dg(J];;(;i))l/d (1 - ! d 18) gld=1)/d _ %Tr(DQSD(xO))'

If f*(xzo) > 0, we conclude by choosing e small enough so that the right-hand side is positive. If
f*(zo) = 0, we conclude by letting £ approach zero. O

Lemma 6.5.19. Assume (6.56)) and (6.58). If u: X — R is a convex viscosity supersolution to
(6.2)), then for any Borel subset E of X of Lebesgue measure zero, Qu(E) has Lebesgue measure
zero.

Proof. Let K > 0, and let E be a subset of X of Lebesgue measure zero. Then for any € > 0,
there exists an open set G C X such that £ C G and £L4(G) < e. For any x € G, let r(x) > 0
and S(z) := By(x,r(x)), choosing r(z) small enough so that S(z) C G. By Theorem there
exists an Aleksandrov solution v € C(S(z)) to

{detJr D?*v(z) =K in S(z),
v(x) = u(z) on 95(x).

By Proposition v is a viscosity solution to with A(x,p) replaced by zero, B(zx,p)
replaced by K, and X replaced by E. Choosing K large enough, it is easily verified that u
is a viscosity supersolution to (6.2)) with the same parameters. Then by Proposition [6.5.13]
up to choosing r(z) smaller, v < u in S(x). Since u = v on 95(x), Lemma [6.5.10| shows that
ou(S(x)) C dv(S(x)). Thus

LY 0u(S(2))) < LYv(S(x))) = KL (S(x)).

Let 6 < 1/5 (for instance 6 = 1/6) and for any = € G, let S5(z) C G be defined by Ss(x) :=
By(x,0r(z)). Then by Vitali’s covering theorem [EG92, Theorem 1.5.1], there exists a countable
family (x;);en of points of G such that |, Ss(x) C ;e S(2:) and balls of the family (Ss(z;))ien
are all disjoint. Since £ C G =, Ss(z), we deduce that du(E) C (J;cy Ou(S(x;)) and thus

LYOu(E)) <YLY Ou(S(x:) < K LYS (i) = K6~ £4(Ss(xi)) < KoLYG)

€N i€N €N
< K6 %e.
We conclude by letting ¢ approach zero that £¢(0u(E)) = 0. O

Lemma 6.5.20. Assume (6.56)). If u: X — R is convez, then the set
{y € RY | 3z, 29 € X, 71 # 29 and y € u(zy) N Ou(za)}

has Lebesgue measure zero.
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Proof. This standard result follows directly from the facts that u¢ is not twice differentiable at
points of this set (since {z1,22} C Ju(y)) and that u°, as a convex, hence locally Lipschitz
function, is differentiable almost everywhere, by Rademacher’s theorem [EG92, Theorem 3.1.2]. [

In the lemma below, the right-hand side in is to be understood as the integral of function
which coincides almost everywhere with g(Du(-)) det D?u(-), the convex function u being twice
differentiable almost everywhere by Aleksandrov’s theorem |[EG92, Theorem 6.4.1]. In particular,
points where u is not twice differentiable do not contribute to the integral in the right-hand side,
while they do contribute to the one in the left-hand side.

Lemma 6.5.21. Assume (6.56)). If u: X — R is convex, then for any Borel subset E of X,

/ 9(y) dyZ/g(Du(w))detDZu(:ﬂ)dw. (6.69)
ou(E) E

If moreover Ou(E') has Lebesgue measure zero for any subset E' of X of Lebesgue measure zero,
then the above inequality is an equality.

Proof. Since u is convex, its gradient Du belongs to BVie.(X;R?), see [EG92, Theorem 6.3.3].
By [EG92, Theorem 6.6.2], for any k € N*, there exists a subset Ej of E such that Du is
Lipschitz continuous in Ej, and LY(E \ Ej) < 1/k. We define E := |J;~, E) and, for any k € N*,

E, =B\ (U] E).

Using Lemma[6.5.20]
/au(E) g9(y) dy > /8u(E g(y) dy = Z/ gy dy—Z/Du(~ 9(y) dy

) k=1
d

-3 Ll X tawoDue)]| d

z€(Du)~*({y})

(here (Du)~'({y}) is a singleton for almost every y), with equality if du(F \ E) has Lebesgue
measure zero (note that E \ E always has Lebesgue measure zero).

By the change of variables formula [EG92, Theorem 3.3.2], which is a corollary of the area
formula of geometric measure theory, for any k € N*,

/R Z L, (9(Du(z)) dy:/~ g(Du(z)) det Du(x) da.

z€(Du)~ ({y}) B

It follows that
/ g(y)dy = Z / g(Du(z)) det D*u(x) dx = / g(Du(z)) det D*u(x) dx,

which concludes the proof. 0
Let us now prove the main Theorem [6.5.11| and Theorem [6.5.12

Proof of Theorem [6.5.11 If u: X — R is a viscosity subsolution to (6.40) with a > 0, it is both
a viscosity subsolution to (6.2) and (6.24). Thus by Lemma|6.5.14]and Lemma|6.5.15} it is convex
in X and ou(X) CY.
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By Aleksandrov’s theorem [EG92, Theorem 6.4.1], u is twice differentiable almost everywhere.
Thus it is almost everywhere a classical subsolution to . It follows that for almost every x € X,
Fua(z, Du(x), D?u(x)) < 0, with a strict inequality if a > 0. Then, using Proposition for
any Borel subset E of X,

/f(m)dxg/g(Du(x))detDZU(x)dx,
E E

with a strict inequality if oo > 0.
By Lemma [6.5.21}]

/Ef(w)dfvﬁ/auw)g(y) dy.

The same is true when replacing £ by X \ E, and by Lemma [6.5.20, du(E) N du(X \ E) has
Lebesgue measure zero. But since du(X) C Y,

/au(X)g(y)dyS/Yg(y)dy:/xﬂx)dx_

It follows that

/E flx)de = /Eg(Du(x)) det D%u(z) daz = /au(E) g(y) dy.

Thus a = 0 and u is a minimal Aleksandrov solution to (6.1)) and (6.22]). O

Proof of Theorem [6.5.19. When applicable, we follow the same sketch of proof as for Theo-
rem 6.5.1ll Let u: X — R be a viscosity supersolution to (6.40) with a < 0. By Aleksan-
drov’s theorem [EG92, Theorem 6.4.1], u$f is twice differentiable almost everywhere. Then by
Lemma for almost every z € X, Fya (z, Du§é(z), D*u§é(z)) > 0, with a strict inequality
if a < 0. Using Proposition for any Borel subset E of X,

/f(x) dxz/g(Dug}c(m))detDzui/c(x)dx,
E B

with a strict inequality if « < 0 and £¢({z € E | f(z) > 0}) > 0.
By Lemma and Lemma

/Ef(fc)deLW(E)g(y)dy-

The same is true when replacing E by X \ E. But by Lemma [6.5.17} Y C Ju$f(X) and thus

/aucyc(X)g(y)dy:/yg(y)dy:/xf(w)dw-

It follows that

[E f() de = [E o(Dugg (x)) det D?ue () d = / 9(y) dy.

duss (E)

Thus o = 0 and u$f is a minimal Aleksandrov solution to (6.1) and (6.22). O
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6.5.4 Convergence

We are now able to prove convergence of a family of numerical schemes (which includes the
scheme (6.28)), see section [6.3)) for the Monge-Ampeére equation, in the setting of quadratic optimal
transport.

Theorem 6.5.22 (Convergence). Assume (6.57) to (6.59). If the scheme (6.36]) is monotone,
consistent with equation (6.40), and equicontinuously stable (in the sense of Definition ,

and if for any small h > 0, there exists a solution (ay,,up) € Rx R to satisfying up[0] = 0,
then as h approaches zero, oy, converges to zero and uy converges uniformly to the unique minimal
Aleksandrov solution (or equivalently minimal Brenier solution) u: X — R to and
satisfying u(0) = 0.

Proof. Let (hy)nen be a sequence of small discretization steps h,, > 0 converging to zero. Since
is equicontinuously stable, the sequence (ay,, )nen is bounded, and (up,, )nen is uniformly
bounded and uniformly equicontinuous. Then by the Arzela-Ascoli theorem, up to extracting
a subsequence, «ap, converges to some a € R and up, converges uniformly to some Lipschitz
continuous function u: X — R, satisfying u(0) = 0.

Let us show that a = 0 and that u is a minimal Aleksandrov solution to and (6.22). By
Corollary u is a viscosity solution (hence both a viscosity subsolution and supersolution)
to . If o <0, then Theorem implies that o = 0. Thus we proved that o > 0, and we
may conclude by applying Theorem [6.5.11 O

6.6 Numerical application to nonimaging optics

We apply the finite difference scheme to the far field refractor problem |GHO09| in nonimaging
optics. In this problem, and its variant, the near field refractor problem |GH14|, light rays emanate
from a light source located at the origin, in directions belonging to some subset Y of the unit
sphere S2, and with intensity described by a density §: Y — R,. They propagate in an isotropic
medium with index of refraction n; > 0, called medium I, until they hit a refractor, represented
by a surface R C R3. We will impose that R contains the point e3 = (0,0,1). The refracted rays
then propagate in another isotropic medium, called medium II, with index of refraction no = knq,
0 < £ < 1 (the case k > 1, also studied in [GH09], has a different mathematical structure and is
not addressed here). The refracted rays continue to propagate until they hit a screen, represented
by the plane R? x {/}, for some £ > 0. The aim is to find a suitable shape for the refractor R
so that refracted rays hit the screen R? x {/} at points belonging to £(X x {1}), for some given
subset X of R2, with intensity described by £=2f(-/¢), for some density f: X — R,. Here we
consider the far field problem, that is, the limit problem as ¢ approaches +oco, while in the near
field problem / is a fixed finite number. We illustrate the problem in Figure
Let us define ©: R? — S? by

U(z) = n(z)(z, 1), n(z) = (1+|z[>) "2, (6.70)

so that ¢ (z) is the orthogonal projection of the point (x,1) onto the unit sphere (thus v (z)
is a unit vector, while n(z) is a normalization factor). Then the far field refractor problem is
equivalent to prescribing that light rays be refracted in directions belonging to the set X = P(X),
with intensity described by a density f X o R, such that

f@) = Jy(x) f((x)) = n(@)*f (¥(2)),
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where J1 is the Jacobian of 1, in the sense of [EG92, section 3.2.2]. We will assume that there
exists Y C R? such that ¥ = ¢(Y), and define g: ¥ — R, by

9(y) = JY )i (y)) = n(y)*9 (¥ (y)). (6.71)

It was shown in |[GH09] that under suitable assumptions, including the mass balance condition

(6.53) and the inequality
inf (2,9) > 5, (6.72)
#eX,gev

there exists an admissible refractor shape R to the far field refractor problem, of the form

R = {exp(rv(y))¥(y) |y € Y}, (6.73)
where v: Y — R and u: X — R are functions satisfying
v(y) = jgg(—cm y) — u(®)), u(r) = 525(_0(36’ y) —v(y)), (6.74)
with X
c(z,y) = —log(l — r{¥(z), ¥(y))), (6.75)

and w is solution, in a generalized sense, to the Monge-Ampére equation , with the boundary
condition and with coefficients that we derive from |[GHO09] in section The function
v is solution to the same Monge-Ampére equation after reversing the roles of X and Y and of
f and g, but numerically it is practical to discretize the equation satisfied v and not the one
satisfied by v, since, in the setting considered below, the density ¢ is Lipschitz continuous and
uniformly nonzero on its domain, while f is not. As a remark, note that the solution to the
near field refractor problem, that we do not approximate here, is described by the solution to a
Monge-Ampére equation |[GH14|, but that this equation is of the form

dety (D*u(z) — A(z,u(z), Du(z))) = B(z,u(z), Du(z)) in X, (6.76)

where in comparison with the functions A and B feature an additional dependency with
respect to w, and its set of solutions is stable by an invariance that is not the addition of a
constant (this equation, as well as some other ones of the form , fit in the framework of
generated Jacobian equations |Truld)).

We consider the far field refractor problem with x = 2/3, which is a typical value for a glass-air
interface, source and target sets

Y :={jeS*| 93>0} X :={2e€8%|i3> 0.}, 8z = 8, = cos(m/8),
corresponding to

— 2 2 -2 _ 2 2 -2
Y—{yER ||y‘ <5y _1}7 X—{.’IJGR H(E| <69: _1}7

and with a uniform source density §(§) =1, § € Y and a discontinuous target density f describing
the image depicted in Figure normalized so that ( - holds

We approximate the pair (O u), where u is solution to and 1-) with the coefficients
mentioned above, by a solution (ay,,uy) to the numerical scheme d to up[0] = 0 on the
intersection Gy, of the set X and of an N x N square Cartesian grld where N = 120. More
precisely, G, := X N hZ<, where

diam(X)  2v6:% -1
hi= —5— = ~ ~ 0.0069.
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screen > ;
medium II >
1
refractor
medium I

light source

Figure 6.1: The far field refractor problem. Note that while in theory the light source belongs to
medium I, in practice a second, spherical interface, represented by the dashed line, may be added
between media I and II, since it would not refract light rays.

In and , we choose ayi, = —00 and apr = bpr = 0. These parameters do not fit in
the theoretical framework, but this does not seem to be a problem in practice for our application
(recall that apr and bpp are Lax-Friedrichs relaxation parameters and that choosing them as zero
improves consistency of the scheme but fails to guarantee its monotonicity, see Proposition [6.3.1]
and Remark recall also that the finiteness of api, is used in the proof of Proposition [6.3.6)).

We let p:=2+ V5 &~ 4.24, and we choose Vj, = V#, where the set V#, defined in section [6.B]
contains the following superbases:

((5)-G)-(1)) ((5)-()-G))
((5)-(4)-()) ((5)-(5)-G))
((4)-6)-() (5)-()-0)

We compute the second maximum in using Theorem We discretize the maximum
in over the set {(cos(kn/50),sin(kw/50) | k € {-50,...,50}}; however, for computing
0 p(x)(€), which is itself defined as a supremum, we use a closed-form formula, see section

We use a Newton method to solve the scheme , together with the additional constraint
u[0] = 0. More precisely, we look for a zero of the function («, u) — Sy u[z] over the hyperplane
R x {u € R9" | u[0] = 0}. We use the initialization

uglo)(x) = —c(z,0) = —% log(1 — kn(x)),

which describes a refractor with the uniform refraction property, see [GH09]. The Newton method
converges in 12 iterations, with the stopping criterion

ax | S <1071,
gégfl hul]|

Let us now explain how we approximate the refractor R itself. Formally, if = is optimal in the
first supremum in (6.74)), then —D,c(z,y) — Du(x) = 0, which we rewrite as y = c-exp, (Du(x)),
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Figure 6.2: Left: target image. Right: simulation of the scene using the appleseed® rendering
engine; the small black disk at the bottom represents the light source.

using the notation introduced in (6.61). This yields the formula
v(c-exp, (Du(x))) = —c(z, c-exp, (Du(z))) — u(z).
This motivates us to approximate the graph of the function v by the set

{(yn(x),vn(x)) | z € Gn},

where

G = {x €Gn |z + he; € G, and © — he; € Gy, Vi € {1,2}},

yn(x) := c-exp, (Dpun(z)), vp(z) == —c(x, c-exp, (Dpun(r))) — un(),

and the operator Dy, is defined in (6.12)). We then define the set

R = {exp(kvn ()1 (yn(2)) | @ € Gn},

up to adding a constant to the function vy, so that R}, contains a point close to ez := (0,0, 1),
and we approximate the refractor R by the graph of a function

o: Conv({(91,92) | 9 € Rn}) = R

which is a cubic (Clough-Tocher) interpolation of the points of Ryp,.

In order to validate the numerical results, we simulated the scene of the far field refractor
problem using the appleseed rendering engine. The chosen refractor is a triangle mesh finely
approximating the graph of ¥, and the screen is at distance ¢ = 10 from the light source at
the origin. We present the result of the simulation in Figure [6.2] The bright circle around the
reconstructed image corresponds to light rays near the boundary that do not hit the refractor.

In Figure[6.3] we display the graph of the function o, as well as a finite difference approximation
of its pointwise Gaussian curvature, defined formally by the map

det D%%(3)
(1+Do(g))?)*

Thttps://appleseedhq.net/
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0.4
2.32

0.3 211

0.2+ 1.96

0.1 182

170
0.0
160
—0.14
140

—0.24

0.86

_0.34 ~0.3 -0.03

—13.05

Figure 6.3: Approximation of the refractor (left) and of its pointwise curvature (right). Note that
in the case of the curvature, the scale on the right is not linear.

Here the finite differences do not need to be monotone, thus we simply approximate separately
all elements of the Hessian of ¢, and we use the standard formula for computing the determinant.
Since v is not expected to be twice differentiable, the finite difference approximation is not
necessarily convergent, but it is informative nevertheless. We observe that the parts of the
refractor corresponding to dark areas of the image have a small area, compared to the ones
corresponding to bright areas. This is consistent with the fact that the total intensity of the light
traversing them should be low, in order for the image to be properly reconstructed.

6.7 Conclusion and perspectives

We were able to adapt Perron’s method in order to prove the existence of solutions to a class of
monotone numerical schemes whose sets of solutions are stable by addition of a constant. We
designed a finite difference scheme for the Monge-Ampére equation that belongs to this class,
and proved convergence of the scheme in the setting of quadratic optimal transport. We showed
that in dimension two, the discretization of the Monge-Ampére operator admits a closed-form
formulation, and thus yields a particularly efficient numerical method, when carefully choosing
its parameters using Selling’s formula. We validated the method by numerical experiments in the
context of the far field refractor problem in nonimaging optics.

A natural perspective is the adaptation of the proof of convergence of the scheme to the
setting of more general optimal transport problems. The extension of the scheme to generated
Jacobian equations such as could also be studied. This would require adapting both the
proof of convergence and the one of existence of solutions to the scheme, since the invariance
in the set of solutions would not be the same in this case. Another perspective is studying how
parameters of the discretization may be chosen to make the evaluation of the scheme efficient in
dimensions higher than two, possibly using Selling’s formula in dimension three or its counterpart,
Voronoi’s first reduction of quadratic forms [CS88], in dimensions four and higher.

6.A Relation to the MA-LBR scheme

MA-LBR is a numerical scheme for the two-dimensional Monge-Ampére equation, which was
introduced in [BCM16|. Its natural extension to our setting would amount to replacing the
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definition (6.21) of the operator Sh i R9» — R9 by

Stiaulz] := Qde[HJ]V(BhU[xl—giVI}ILG( nulz] — Ajulz])),

where V}, is a finite set of superbases of Z2, S:'dmu: RY9 — RY9 enforces a discrete version of the
admissibility constraint (6.4), and the function G: (R U {+00})® — RU {+oc0c} is defined by

mams3 if m1 > mo + ma,
mims if mg > my + ma,
G(m) ==  mimy if m3 > my + mo,
%(mlmg + mims + mamsg)
—2(m3 +m3 +mj) else.

The operator S:d is typically chosen as

m

Saamulz] := — min (Afulz] - Afulz]),
vEE),

where EJ, is a finite subset of Z2. Then any solution u to S{ u[z] = 0 in G, satisfies Afuz] —

ASul[z] > 0in G, for any e € Ej,.
Recall that for any v € (Z?)3, v € R3, and sufficiently smooth function u,

(Du(7), D*u(x)) = > vilvi, D*ul@)vi) = > yildjiufz] = (v, Apula]).
i=1 =1

Thus the following proposition shows that the MA-LBR scheme may be seen as a discretization
of the reformulation of the Monge-Ampére equation:

Proposition 6.A.1. If v is a superbase of Z? and m € R, then

2
G(m) = inf nm)” .
YERY 4
det D, (v)=1

Proof. Using that v is a superbase of Z?, and thus for any 1 < i < j < 3, det(v;,v;) = £1, we
compute that for any v € R3,

3 3 3 2
det Dy (y) = (Z%‘U?J) (Z%‘U?,g) - (Z’Yﬂi,wz‘,z)
=1 =1 =1
3 3 3 3
= Z Z%‘Wﬂzlviz - Z Z%‘W”i,lvi,ﬂj,l”j,2

i=1 j=1 i=1 j=1
3 3
=3 wiviav;.2 det(vi, v))
i=1 j=1
= E ViV Vi, 1V5,2 det(vi, Uj) + E ViViV5,1V5,2 det(vj, Ui)
1<i<j<3 1<i<j<3

Z ~iy; det(v;, vj)2

1<i<j<3
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= Z Yivj-

1<i<j<3
We conclude by noticing that

inf (y,m) = 2G(m)*/?,
YERY
Y1y2+71v3+y2783=1

which is easily proved. O

6.B Choosing the set of superbases in dimension two

In this appendix, we explain how one may choose, in dimension d = 2 and for any h > 0, a finite
set V, of superbases of Z? satisfying (6.18)) to (6.20). The motivation is to use this set V}, in
(6.21). The construction of V}, is based on the Stern-Brocot tree of bases of Z? (see [BOZ04] for a
similar approach in the setting of Hamilton-Jacobi-Bellman equations):

Definition 6.B.1. A pair (u,v) of vectors of Z? is a direct basis of Z? if det(u,v) = 1.

Definition 6.B.2. The Stern-Brocot tree T is the collection of direct bases of Z? defined
inductively as follows: (i) the canonical basis belongs to 7, and (ii) for any (u,v) € T, one has
(u,u+wv) €T and (u+v,v) €T.

Remark 6.B.3. In classical descriptions of the Stern-Brocot tree, the vector u = (p, ¢) is often
identified with the ratio p/q, which is a non-negative rational, or with +oo, and likewise for
v = (r,s) (note that p and ¢ are nonnegative and coprime by construction).

For any (u,v) € T, the scalar product (u,v) is a non-negative integer, as follows from an
immediate induction. The set T, := {(u,v) € T;(u,v) < s} is a finite subtree which can be
generated by exploration with the obvious stopping criterion, since min{(u,u + v), (u + v,v)} =
(u,v) + min{|u?|, |v|?} > (u,v) + 1.

Lemma 6.B.4. Let u > 1 and (u,v) € T(y—p-1)/2. Then

+put

max{|u|, [v[} < £ — <.

Proof. Tt holds that

_ 2 _ _ 2
= p 1) _ Wt 2+2:<u+u 1)
2 4 ’

lul? < |ul*v]? = det(u,v)? + (u,v)? <1+ (

and similarly for v. O

For any D € ST, we define

1 _
#(D) = VIDP|[D7H, s(D) = 5(u(D) = (D) ™).
Note that p(D) is the square root of the condition number of D.

Lemma 6.B.5. Let (u,v) € T and D € S, If (u,v) > s(D), then (u, Dv) > 0.



188 CHAPTER 6. DISCRETIZATION OF THE MONGE-AMPERE EQUATION

Proof. Denote by <t(u,v) € [0, 7] the unoriented angle between two vectors, defined by

{u, v)

Jullv]

cos <(u,v) :=

On the one hand one has
det(u,v)
v (u,v)2 + det(u, v)?2

On the other hand on can show [Des+21, Corollary B.4] that for any vector v,

= (1 (w,0)?) 2.

sin <(u, v) =

(u(D) + (D)™t cos < (v, Dv) > 2.

If (u,v) > (u(D) — u(D)~1)/2, then one obtains sin <t(u,v) < cos <(v, Dv), and therefore <t(u,v)+
<(v,Dv) < 7/2. By subadditivity of angles, <t(u, Dv) < 7/2, which is the announced result. O

Definition 6.B.6. Let D € S). A superbase v = (vy,v2,v3) of Z? is D-obtuse if (v;, Dv;) <0,
forany 1 <i<j<3.

Corollary 6.B.7. For any D € S, there exists (u,v) € T such that (u,v) < s(D) and,
denoting 4 := (uy, —uz) and ¥ := (v1, —v2), either (u,v,—u —v) or (4,0, —% — ¥) is a D-obtuse
superbase.

Proof. We can assume that the non-diagonal coefficient of D is negative, up to reversing the
orientation of one axis, and removing the trivial case of diagonal matrices. Let (u,v) € T be
such that (u, Dv) < 0 and (u,v) is maximal. Such an element exists since the canonical basis
obeys the condition (u, Dv) < 0, since (u, v) is a non-negative integer, and since (u, Dv) > 0 when
(u,v) > s(D), by Lemma[6.B.5] Then, by construction, (u,D(u+v)) > 0 and (u + v, Dv) > 0,
which shows that (u,v, —u — v) is a D-obtuse superbase. O

For any p > 1, we define

VH = U {(—ut, —vt,ut +ot), (—at, =0t at + o)),
(W) €T (=12
where @ := (u1, —u2) and ¥ := (v1,—v2). The construction of the set V* is motivated by

the following observation: if D € S;r+ obeys u(D) < p, then, using Corollary and that
s(D) < (u— p~1)/2, there exists a superbase v = (v1,vq,v3) € V# such that (vi,vs,vs) is
D-obtuse.

One may choose a sequence (up)p>0 of parameters pp > 1, and let Vj, = V#h,

Proposition 6.B.8. For any h > 0, let up, > 1 be such that
fllgr%) Mn = +00, }llgl}) hlj‘h = 07

and let Vi, = VFr . Then (6.18)) to (6.20)) are satisfied.

Proof. For fixed h > 0, let D € St be such that u(D) < up,. Then there exists a superbase v =
(v1,v2,v3) € V3, = VHn such that (vl ,v3,v3 ) is D-obtuse. By Selling’s formula Proposmon
there exists 7 € R} such that D = D, () (choose v = v,(D)). It follows that

{(DeSFT | Te(D) =1, u(D) < un} C {Du(y )|v€Vh,7€R+,Tr( »(7)) = 1}
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Therefore
lim dpy ({Dy(7) [ v € Vi, ¥ € RY, Tr(Dy(v)) = 11,{D € 8§ | T(D) = 1})
< lim dyy({D € 8§ | Te(D) = 1, u(D) < )}, {D € §F | Tr(D) = 1))
=0,

which proves (6.18]).

Let v = (v1,va,v3) be a superbase belonging to V;,. By Lemma maxi<;<3 |v;| < 2up,
and (6.19) follows.

Finally, (6.20) is satisfied since the subtree 7'(%7!‘}_1)
(e1,€2), hence (—eq,e1,e9 — 1) = (—ei, —e3, et +ex) € Vi. O

/2 always contains the canonical basis

Remark 6.B.9. Let ¢ > 0, r € (0,1), and, for sufficiently small h > 0, choose V}, = V#* where
pn = ch™". Then the proof of Proposition yields the following refinements of (6.18) and
(16.19)):

diy ({Du(7) | v € Vi, v €RY, Te(Dy(v)) = 13, {D € S | (D) = 1}) = O(h*"),
maxmax|e| = O(h™"),
veV), e€v

where the exponent in the first formula may be obtained by rewriting the relevant part of (6.52))
as 1 —|p| = 2/(Cond(D(p)) — 1) = 2/((D(p))* — 1) = O(u(D(p))) 2.
Let us give the following upper bound on the cardinal of the set V*:

Proposition 6.B.10. There exists C > 0 such that for any p > 1, one has #(V*) < Cu(l +
log ).

Proof. By [Mirldl Lemma 2.7|, there exists C' > 0 such that for any s > 1, one has #(75) <
Cs(1+logs). The stated result follows, since #(V#) = 2#(T(,—,-1)/2) and T(,—p-1y/2 C T O

6.C Coefficients of the Monge-Ampére equation in the far
field refractor problem

In this appendix, we compute the coefficients of the Monge-Ampére equation associated to the
far field refractor problem that we solve numerically in section It was shown in |[GHO9|
that under suitable assumptions, the far field refractor problem admits a solution of the form
and 7 where u is the potential function of the optimal transport problem with
a cost function c¢ defined by in the domain X x Y. This means that u is solution, in a
generalized sense, to the Monge-Ampére equation , with the boundary condition and
with coefficients defined by to .

Recall that X, Y C R%, X,V C §2, and X = ¢»(X), ¥ = ¢(Y'), where ¢ is defined in (6.70).
Let us denote by ¢ the real-valued function defined in a neighborhood of X x Y by

(&, 9) = %log (1 - n@’@) .

2|9

Then, for any z € X and y € Y,

c(,y) = e(y(x), ¥(y))- (6.77)
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In [GHO09|, the optimal transport problem was expressed on domains X and Y with the cost
function ¢, rather than on X and Y with the cost function c. We consider the problem on X and
Y, since those domains may be discretized as two-dimensional Cartesian grids while X and ¥
may not. This requires adapting to our setting the formulae that were obtained in [GH09| for the
coefficients of the Monge-Ampére equation.

Proposition 6.C.1. Assume (6.72) and let T € Y.iThen the map Y — —Dgc(z,Y), y
—D,c(z,y) is a bijection. If c-exp,: — D,c(x,Y) — Y denotes its inverse bijection, and if A
and B are functions defined respectively by (6.62) and (6.63), then for any p € —Dyc(z,Y),

An(@) + (1 — kA )n(z)"1p

P Na) — (1 () () (€.78)
) = 9@+ T30 03 (e ) (e 09 5 07), (6.79)
Bla,p) = é@)) n(@) (A ng“_;;;) @) pz) 1|f‘m +n@)det(p,2)?|,  (6.80)

where X = Az, p), m =m(x,p), and § = g(x,p) are defined by

wn(@) " 2(|pl? + (p.2)2) + (1 — (1 — s2)n(2) 2(p2 + (p,2)%))
L+ w2n(z)2(]p? + (p,7)?)
m = An(z) — (1 — k\)n(z) " {p, z), (6.82)

§ = \n(z) (f) +(1—r\)n(z)? (_ éi x>> . (6.83)

Proposition 6.C.2. Assume li and that'Y is the centered Euclidean ball of radius (5;2—1)1/2,

for some 6, € (0,1). Let P be the set-valued function defined by (6.64). Then for any x € X and
any e € R? of unit norm,

A:

(6.81)

_ n(@)dyle, ys) — n(@)°0y (x, yu) (e, ) — n(2)*dy (e, x)
p()(€) = 1 — kn(z)dy(z, y.) — wn(z)dy ’ (6.84)

where y. = y«(x,e) and f = f(x,e) are defined by

- ((5;2 —Df|> = &%n(z)*(1 - (55)2 det(e,z))/%f  kn(z)?(1 — (53) det(e, z)f+
b= P " i ’
§f=(1—&n(z)d,)n(z)dye — n(x)>s, (e, z)x. (6.86)

(6.85)

The motivation for Proposition is that o p(z(e) is part of the definition of the
operator ngzv and that this is the only occurrence of the function P in the definition of the
scheme.

The rest of this section is devoted to the proofs of Propositions [6.C.1] and [6.C.2} Those proofs
are based on the chain rule for differentiating composite functlons some simplifications based
on identities from linear algebra such as , and the study of a constrained optimization
problem in Lemma[6.C.3] A natural objective, if the proposed numerical scheme is adapted to
other settings in optimal transport or optics, is to automatize part of the construction of the
coefficients of the Monge-Ampére equation by taking advantage of machine symbolic computation
and automatic differentiation.
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Proof of Proposition[6.C.1l Let x € X, y € Y, p := —Dyc(z,y), 2 := ¢(z), § := ¥(y), and
p = —D;c(2,9).
By (6.77) and the chain rule, using implicit summation on repeated indices,

p = Dyi(x)p;. (6.87)
On the other hand, it is easily verified from the definition of ¢ that
(B, &) = 0. (6.88)
Therefore it holds that

(1) = (ol ) o=t (g )

Inverting this system yields

N -1 I - Py _ -1 p
p=n(x) (—xT 1)) = n(z) )] (6.89)
It was proved in [GHO9| that

g=A%+ (1 —rM\)p, (6.90
(3,9) = A, 91

Ain ey . A . A A
~Dzal#,9) = (p Tz H)\x> © (p Tz m\x) 1- /@'x\j37 (6.92)

O £ KIQRI—ERT—JRJ+ ARy
Dzyl(#,9) = 1— 1= m\)? 7 (6.93)

where
slp* + 5/ 2y14(2

Ai= ——— =1-(1- . .94
Ry =1 (1= #2)lp) (6:99)

Note that (6.91]) follows directly from (6.88) and (6.90).
We deduce (6.81) from (6.89)) and (6.94). We deduce (6.83) from the definition of & and from

and G0
Since § = (n(y)y, n(y)), it follows from that

n(y)y = An(x)z + (1 — xX)n(z) 'p, (6.95)

n(y) = An(z) — (1 = kX)n(z) ™" (p, 2). (6.96)

Dividing (6.95) by , we deduce that y = c-exp,(p) satisfies (6.78)), and thus that it is

uniquely determined by = and p.

We may rewrite as
n(@)n(y)((z,y) +1) = A. (6.97)

We compute that

Di(a) = (n(x)fz - n(gf)ix ® x) ’ Di(y) = (n(y)lg - n(g;)j_y ® y> '

—n(z)3z
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Therefore, using (6.97) for (6.100), (6.101)), and (6.103)),

Dipi(2)2; = n(z)*x —n(x)(|z]? + 1)z =0, (6.98)
Dipi(y)d: = n(y)’y —n(w)* (> + 1y =0 6.99)
Dipi(y)2; = n(z)n(y)e — n(x)n(y)®((z, y) + Dy (6.100)
= n(z)n(y)z — An(y)?y,
Dipi()§; = n(z)n(y)y — n(z)*n(y)((z,y) + 1)z (6.101)
= n(z)n(y)y — An(z)’z
Dii(x) @ Dip;(x) = n(x)zfg —on(@) 'z @z +n(@)(z? + Dz (6.102)
=n(z)’l; —n(x)'r @z,
Dipi(z) @ Dyi(y) = n(z)n(y)lz —n(z)’n(y)z @ z —n(z)n(y)’y @y
+n(z)’n(y)* (<l‘,y3>+1)x®y . (6.103)
=n(z)n(y) 2 — n(z)"n(y)z @ z — n(z)n(y)’y @y
+ )\n(x)Qn(y) TR Yy.

We also compute that

_ [(3n(z)zizjr —n(x)3(6ix + wiej + zje;)
Dziij(x) = ( 3n(x)5xixj - n($)35ij .

Therefore, using ((6.89)),

D*pi(w)pi = 3n(2)*((p,2) — (p,2)z @ = — n(2)*({p, 2) — (p,2)) ]2
—n(z)’(pR@r+7®D) (6.104)
= -n(x)’(p@z+zap).
Formula of A(x,p). Using (6.62) for the first equality, (6.77]) and the chain rule for the second
one, ant the definition of p for the third one, we compute that
A(z,p) = —Dypc(z,y)
= —Dvi(w) ® D;(2) Ds,5,¢(2, ) — D*ti() D, (2, §)
= —Di(z) ® Dij(2) D 3,62, 9) + D*ti(w)pi-

We deduce (6.79) usmg (6-87), (6-92), (6-98). (6.102)), and (6.104).
i

Formula of B(x,p). Using (6.77) and the chain rule for the first equality, ,
to , and m ) for the second one, and for the fourth one, we compute that
—Dayc(x,y) = —Dii(x) ® Dy, (y) Dz,g,6(2,9)
= @) @) @7 — ()l Dy + Al n() e @)
(n(2)’n(y)*z @y — An(2)’n(y)z @ = — An(2)n(y)’y @ y

+ Mn(z)’n(y)*y @ 2)

_ (“1(””';(;’))2((1 — NI

@>

4+
(1—rA)?

nz)rer—ny)yRy+ A+ r—rAn(@)n(y)zr ey
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+ kXN n(z)n(y)y @ )

_nln),  n@)n(y)
1—kKA 1—kKA

~ n(a)n(y)
1— kA

z@x—n(z) "'n(y)pp— In(@)n(y)p ez
r®p

Using the formula

det(aly —br @z —cpRp—dpR@x —ex @ p)

6.105
= a® — ablz|* — aclp|® — a(d + e){p,x) + (bc — de) det(p, x)* ( )

with suitable coefficients a, b, c, d, e € R for the first equality, and using that n(z)~2 — |z =1
for the second one,

n(z)’n(y)*  nl@)'n(y)?lz>  n@)pP A+ s = A)n(@)*n(y)* (p, )
(1 — KkA)? (1 —rA)? 1—krA (1 —KA)?
+1n(z)*n(y)? det(p, x)*

_ n@)'n@)? = A+ s = wX)n(@)’n(y)*(p.x)  ny)?lp
(1 —kA)? 1— kA

+ n(z)?n(y)? det(p, z)2.

det Dyyc(z,y) =

Thus, using (6.63)) for the first equality and (6.71) for the second one,

f(x) J@) et Dyl y)

B(z,p) = ——|det Dyyc(z,y)| = — 7=
(00) = gy 1t Pl L= 5 533)
flz) |n(@)* = (A +w—wX)n(@)*(p,x)  |p|? 2 2
= — - + n(x)* det(p, )| .
"()3(7) (oY T et )
We define m := n(y), so that the above immediately yields (6.80)), and (6.82)) is a simple rewriting
of (6.96). O

In order to prove Proposition [6.C.2] we will need the following lemma.

Lemma 6.C.3. Leta € R, 3,7 >0, a, b € R?, and f := Ba—ab be such that § # 0 and n|b| < B.
Then
+(ay) @717 — 0 det(a, )*)'/?f — n* det(a, b)f*

o
argmax =

lyl=n 5+ <b,y> |f|2

Proof. Let y, € R2, |y.| = n belong to the argmax. Let us write the first order optimality
condition:

(B+(b,y.))a— (a+ (a,4:))b = Ays, AER.
Then
0 = (5 + <bay*>)<aLay*> - (a + <Cl, y*>)<blay*>

= (Bat —abh,y.) + (b,y)(at, y) — (a,5.) (65, )
= (f*,5.) + det(a, b)|y. | = (-, 5.) + n° det(a, b).
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Therefore (f*,y.) = —n?det(a, b), and thus

() = £UPlysl? = (902 = 201 — 0 det(a,0)%) /2,

Using that
_ Ry i+ (Fyft
o i ’

we deduce that y. € {y1,y_1}, where for ¢ € {—1,1},

) e(n?[f]> — n* det(a, b)?)'/%f — n? det(a, b)j*
. i |

Using that (a,§+) = adet(a,b) and (b, f-) = Bdet(a,b), we compute that

a+t(aye)  (1—n’det(a b)/[f*)a +e(?[f|* — n* det(a, b)%)!/*(a, f)

B+ (b.ye) (1 —n?det(a,b)/[f2)8 + e(?[f|* — n* det(a, 0)2)1/2(b, )

Note that the denominator is always positive, since |b||lye] = n|b| < 8. We deduce from
0 < |f|* = {f,f) = (Ba — ab,f) that B{a,f) > a(b,f), and thus that

a+(a,y1)  a+(a,y_1)
ﬂ+<bayl> ﬁ<i><b7y—1>7

which implies that y, = y;. O
Proof of Proposition[6.C-3 Recall that

op@)(e) == sup (e,p) = sup (e, p).
pEP(x) pE—Dyc(z,Y)

By Proposition themap Y — —D,c(z,Y), y = —D,c(x,y) is a continuous bijection, hence

opz)(€e) = su e,p) = max e,p) = max —(e, D c(z,y)).
Pe(e) = s fep) = max ) (ep) = max (e Decle,))

If y € Y, we compute that

= (n(x)[2 — n(x)?’x  x, —n(x)?’x)

= . ) (n(@)n(y)y — n(z)* (W (@), ¥(y)z —n)*n(y)((@,y) + )z

1= r(Y(z), ¥(y
+n(2)* (|2 + 1)(w (), ¥ (y))2)

I
—~
=
—~
&
SN~—
2
<
SN~—
<
|
=
—
B

o
=
5
:—/
=
<
=
&

I
=
—
B

™o
—~
<
&
<
<
=
5
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If y € 0Y, then |y[* = 6,2 — 1 and thus n(y) = (|y|* + 1)~'/2 = §,. Therefore

Op(z)(€) = max —(e, Dyc(r,y))

yedy
L n()dyfey) — n@) S, ) (e, 2) — n(r)?, (e, )
yeY 1 — kn(z)oy(x, y) — kn(x)d,
a—l—(a,y) a+<a’y>

= max ————— = max TR
vedy B+ (b,y)  |yi=(5,2-1y2 B+ (b,y)

where

o = —n(z)*5, e, T), a:=n(z)dye —n(z)*,{e, z)x,
B :=1—krn(x)dy, b:=—kn(z)d,z.

We let y. denote a solution to the above maximum, so that (6.84] holds.
Let f := Ba — ab, so that (6.86) holds. The vector f is always nonzero, since otherwise
x = *|z|e and then, using that 1 — n(z)?|z|?> = n(z)? and that, by (6.72), n(z) = (¥ (z),v(0) > &,

f=(n(x)d, — nn(m)Qég —n(x)?8,|z)?)e = (n(z)35, — nn(x)Qéi)e # 0.
Since |z| = (n(2)~2 — 1)'/2, it always holds that
(5;2 — 1)1/2|b| = rn(z)(1 — 65)1/2\m| =kr(l— n(x)2)1/2(1 — 6;)1/2 <1—kn(x)d, = B.
We prove (6.83) by applying Lemma using that
—2 2 2
(6, —1)det(a,b) = —rn(x)(1 — §,) det(e, ).

This concludes the proof. O
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