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Résumé

Dans cette thése, on s’intéresse aux valeurs extrémes de certains processus de branchement
spatiaux tels que la marche aléatoire branchante et le mouvement Brownien branchant. La marche
aléatoire branchante est un systéme de particule qui peut étre modélisé de la fagon suivante. On
part d’une seule particule a la génération 0. Elle donne naissance & un nombre aléatoire d’enfants
positionnés autour de leur parent selon un processus de points. Puis chaque enfant répete le méme
processus que celui de son parent indépendamment des autres particules. Le mouvement brownien
branchant peut étre décrit de maniére similaire. On commence toujours avec une seule particule
située a 'origine a 'instant t = 0. Elle se déplace selon un mouvement Brownien standard. Apres
un temps exponentiel de parametre 1, elle meurt en donnant naissance a deux enfants. Puis chacun
des deux enfants commence a son tour un mouvement Brownien branchant indépendant.

Dans la premiere partie de cette these on étudie un modele qui interpole entre la marche aléatoire
branchante et un modele 1ié & la physique statistique appelé Random Energy Model (REM). Le
deuxieéme et le troisieme chapitre sont consacrés a 1’étude des valeurs extrémes de certains modeles
de branchement multitype. Plus précisément, on étudie le comportement asymptotique du processus
extrémal d’'un mouvement Brownien branchant multitype réductible.






Abstract

In this thesis, we are interested in extreme values of certain spatial branching processes such as
the branching random walk and the branching Brownian motion. The branching random walk is a
particle system that can be described as follows. It starts with an unique particle at generation 0.
It gives birth to a random number of children positioned with respect to their parent according to
a point process. Then, each child repeats the same process to that of his parent and independently
of the rest of particles. The branching Brownian motion can be described similarly. It starts with
an unique particle at the origin. It moves according to a standard Brownian motion. After an
exponential time, it dies giving birth to two children on its current position. Then, each child starts
an independent branching Brownian motion.

In the first part of this thesis, we study a model that interpolates between the branching random
walk and a model linked to statistical physics which called Random energy model (REM). The next
part of this thesis is devoted to the study of the extreme values of certain multitype branching
processes. More precisely, we study the asymptotic behaviour of the extremal process of a reducible
branching Brownian motion.
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Chapitre 1

Introduction

Les processus de branchement sont des modeles mathématiques qui décrivent 1’évolution d’une
population au fil du temps. Parmi les processus de branchement les plus étudiés dans la littérature,
on trouve le processus de Bienaymé-Galton-Watson. C’est un processus qui décrit I’évolution d’une
population ol les individus se reproduisent selon une méme loi et indépendamment les uns des
autres. Ce processus a été introduit pour la premiére fois par Bienaymé | | en 1845. En 1874,
Galton et Watson [ ] ont étudié la probabilité du survie d’une population, et ont montré que
la survie est assurée si et seulement si le nombre moyen d’enfants d’un individu est strictement
supérieur a 1.

Ce processus peut étre étudié avec sa généalogie, pour cela il est naturel d’introduire un arbre
aléatoire associé a ce processus qu’on appelle 'arbre de Galton-Watson défini comme suit. On
commence par un unique individu situé a ’origine qu’on appelle la racine. Il donne naissance a
un nombre aléatoire d’enfants tiré selon une loi fixe appelée loi de reproduction. Cela constitue
la premiere génération. Puis chaque individu a la génération n € N répete le méme processus
indépendamment des autres individus présents dans I’arbre. Ces processus de branchements ont été

I'objet d’étude de nombreux travaux (voir ceux de Kendall | , ])- Une version enrichie
de ces processus a été étudié par Bellman et Harris | ], rajoutant une durée de vie aléatoire aux
individus. Puis, Crump et Mode | ] et Jagers | ] ont continué 1’étude de ces modeles en

rajoutant des caractéristiques supplémentaires qui se transmettent entre les individus. Par exemple,
on peut rajouter a chaque individu une valeur qui peut étre sa position, sa masse, son phénotype....
A chaque reproduction, cette valeur se transmet aux nouveaux nés avec une modification aléatoire.

Parmi les processus les plus simples dans ce contexte, on trouve la marche aléatoire bran-
chante (MAB) dont I'analogue en temps continu est le mouvement Brownien branchant
(MBB). Ces deux objets sont les sujets d’étude dans cette thése. La marche aléatoire branchante est
un systéme de particule qui peut étre modélisée de la fagon suivante. On part d’une seule particule
située a l'origine. Elle donne naissance & un nombre aléatoire d’enfants positionnés autour de leur
parent selon un processus de points. Puis chaque enfant répéte le méme processus que celui de son
parent indépendamment des autres particules.

Le mouvement brownien branchant peut étre décrit de maniere similaire. On commence toujours
avec une seule particule situé a l'origine a l'instant ¢t = 0. Elle se déplace selon un mouvement
Brownien standard. Apreés un temps exponentiel de parametre 1, elle meurt en donnant naissance
a deux enfants. Puis chacun des deux enfants commence a son tour un mouvement Brownien

10



branchant indépendant. On peut voir une illustration de ces deux processus dans la Figure 3.1.
(Une définition formelle de la marche aléatoire branchante et du mouvement Brownien branchant
sont données dans la section 1.1).

FI1GURE 1.1 — Simulation de la marche aléatoire branchante a gauche et du mouvement Brownien
branchant a droite.

Dans cette these on s’intéresse au comportement asymptotique du processus extrémal ainsi que
la loi du maximum de certains processus de branchement. Le reste de 'introduction est divisé comme
suit. Dans la section 1.1, on va définir de fagon formelle la MAB et le MBB ainsi que les valeurs
extrémes associées a ces processus. Dans la section 1.2, on va présenter le premier modele étudié
dans cette theése et les résultats obtenus dans article | ] (présenté au deuxiéme chapitre). Il
s’agit d’un modele qui interpole entre la marche aléatoire branchante et un modele lié a la physique
statistique appelé Random Energy Model (REM). La section 1.3 est consacrée a l'introduction des
modeles de branchement multitype puis la discussion des résultats de Darticle | | présenté
au chapitre 3. On étudie le comportement asymptotique du processus extrémal d’'un mouvement
Brownien branchant multitype réductible. On termine cette partie introductive par une présentation
des résultats du chapitre 4 ot on étudie les valeurs extrémes du modele introduit dans | | dans
un cas critique.

1.1 Notations et définitions

On commence par introduire la MAB et le MBB de fagon formelle ainsi que les valeurs extrémes
associées a ces deux modeles. Pour définir la MAB, une premiére étape consiste a rappeler la notion
d’arbre généalogique dans un contexte général et les notations associées.

Le systéme de notations qu’on va adapter a été introduit par Neveu [ ]. Posons
u=Jmy"
n>0

'ensemble des suites finies de N ott N’ = {@} par convention. L’élément (u1,us..,u,) représente le
we™e enfant du uy™y enfant .., du v} enfant de la racine qu’on note @. Si u = (uy, uz.., up), o1
note par uy = (ug, us..,ux) la suite des k premiers valeurs de u et par |u| la génération de u. On
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note aussi m(u) = (u1, us.., un—1) le parent de u. Si u = (uy, ug..,uy) et v = (v1,v2..,v,), alors on
écrit u.v = (u1, uz.., Un, V1, Va2..,V,) la concaténation de u et v. On écrit

lu Av| :=inf{j <n:u; =vj and uji1 # vj41}.

Cette quantité désigne 1’dge de I'ancétre commun le plus récent entre u et v.
Un arbre T est un sous ensemble de U/ vérifiant les propriétés suivantes :

e ZEeT.
e SiueT,alors w(u) € T.
o Siwu=(uy,usg,..uy) € T,alorsV j <uy, n(u).j€T.

Processus et arbre de Galton Watson Soit p = (pi)ren une loi de probabilité sur N, alors le
processus de Galton-Watson (Z,,),en est défini par Zy = 1 et pour tout n € N,

Zn
Zn—i—l = Z gn,i
=1

ol (&n,i)neN,ien+ une suite de variables aléatoires indépendantes et de méme loi p. Ici, £, ; représente
le nombre d’enfants du ™ individu de la n'®™¢ génération.

On note T T'arbre de Galton-Watson associé qui est un sous ensemble de U défini de la fagon
suivante. Soit (&,,u € U) une famille de variable aléatoires indépendantes et de méme loi p, alors
on écrit

T={uecl,V1 <k <|uf,ur <&, ,}

Si on note Z,, = #{u € T,|u] = n} le nombre d’enfants a la génération n dans l'arbre T, alors le
processus (Zy,,n > 0) est un processus de Galton-Watson (voir Figure 1.2).

Marche aléatoire branchante La marche aléatoire branchante est une extension de ’arbre
de Galton-Watson 7 telle qu’a chaque nceud de arbre on associe sa position. On suppose que la
moyenne de la loi de reproduction vérifie m = ), - kpr > 1, i.e le processus de Galton-Watson
survit avec une probabilité non nulle.. Soit Y une variable aléatoire. On introduit (Y, u € T) une
famille de variables aléatoires i.i.d indépendante de (§,,u € T) et de méme loi que Y représentant
le déplacement de 'enfant u par rapport a son parent. Alors a chaque v € T on associe sa position

|

Xu=)_ Y, (1.1.1)
=1

qui est la somme des déplacements le long du chemin reliant la racine a 'individu u. On s’intéresse
aux valeurs extrémes da la MAB, plus précisément & la position de l'individu le plus & droite que
I'on note M,, = max|,|—, X, ainsi que le processus extrémal, i.e le processus ponctuel formé par
les valeurs vues depuis la médiane du maximum (voir (1.1.3) pour une expression explicite).

On introduit la transformée log-Laplace de la MAB définie par

K(0) = log(B( Y e”*+)) = log(m) + log(E(”")) Vo > 0,

Jul=1
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FIGURE 1.2 — Arbre de Galton Watson avec 5 générations

et la transformée de Cramér x* de k, définie par

K R — R
T~ Supgsgfxr —K(0)

Les deux fonctions s et k* sont convexes et différentiables a l'intérieur de leurs intervalles de
définition. On suppose qu’il existe 8* > 0 tel que

0%k’ (0%) — k(6%) = 0. (1.1.2)
Les premiers travaux sur les valeurs extrémes de la MAB remontent & Hammersley [Ham74], King-
man [Kin75] et Biggins [Big76], qui ont montré que sous certaines conditions d’intégrabilités et

conditionnellement a la non-extinction de ’arbre T,

. M, k(%)
lim — = =0 p-s.
n—oo N 0*

Dans un second temps, Hu et Shi [[1S09] d’une part ont montré que

. M, —nv -1 lim an —nu -3
imsup——— = — p.s, liminf ————— = — ps.
,Hoop log(n) 20+ P50 LR log(n) 20+ PS5
“ M, 3
lim 22— 79 o) probabilité,
n=oc0 log(n) 20+
d’autre part, Addario-Berry et Reed [A1R09] ont montré la tension de la suite (M, —nv+ 55 log(n),n >

1). La convergence en loi du maximum a été obtenu par Aidékon [Aid13].
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Théoréme 1.1.1. [ , Théoréme 1.1] Si on pose m,, = nv — % log(n), alors sous certaines
hypotheses, il existe une constante C > 0 tel que

n—oo

lim P(M,, <m, +2z)=E (6702”6_9%) ,

ou
lim Z (nv _ Xu)ea*Xu—nK,(g*) — 7. .

n—00
|lu|=n

est la limite de la martingale dérivée associée d la MAB.

Madaule [ ] a montré que le processus extrémal &, défini par
En=_ OxXy-my (1.1.3)
|u|=n

converge en loi vers un processus de Poisson ponctuel décoré. Plus précisément, il a montré que

i En = DD it e togze = Eoos

jeNdeD;,

ou (&;);en sont les atomes d’un processus de Poisson ponctuel d’intensité CZse™ "% dx et (Dj,j €
N) sont des copies i.i.d d’un processus ponctuel D indépendant de (&;);en-

Mouvement brownien branchant. Le mouvement brownien branchant est I’analogue en
temps continu de la marche aléatoire branchante. C’est un systéme de particules qui peut étre
décrit de la maniére suivante. On commence par une unique particule positionnée a l'origine. Elle
se déplace selon un mouvement Brownien de variance o2. A taux 3, elle meurt en donnant naissance
a L enfants ot L est une variable aléatoire & valeurs dans N. Chaque enfant répete le méme processus
indépendamment des autres particules présentes dans le systeme. On supposera ici que la loi de
reproduction est binaire, i.e L =2 et 8 = 0% = 1.

On note N; ensemble des particules en vie & I'instant ¢ et pour u € Ny, on note X, (¢) la position
de l'individu a l'instant ¢. Généralement, il est plus aisé de travailler avec le mouvement Brownien
branchant que la marche aléatoire branchante grace a ses propriétés analytiques qui rendent certains
calculs plus explicites. Historiquement, plusieurs résultats ont démontrés sur le MBB puis étendues
au cadre plus général des MAB.

Position du maximum. De fagon analogue & la MAB, si on note M; = max,cn, Xu(t) la

position du maximum, alors en se référant aux travaux de Kolmogorov | ], Kingmann | I,
Hammersley | ] et Biggins | ], on a
M
lim — = /2 p-s.
t—oo t

Autrement dit, la vitesse de la particule la plus & droite dans le mouvement Brownien branchant

est égale a /2. Ce résultat a été précisé par Bramson, qui a montré [ | que (M; — /2t +
% log(t),t > 0) est tendue. Puis, Lalley et Selke [ ] ont étudié la loi limite du maximum M,
centré par sa médiane m;. Ils ont montré qu’il existe une constante C* > 0 telle que
* fm
lim P(M, <m; +2)=E (e*C eV Zoo) (1.1.4)
t—o00
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ou
Hm > (V2t — X, (t))eV?Xe®=2 = 7 (1.1.5)

t—o0
ueN;

est la limite de la martingale dérivée associée au BBM.
Processus extrémal. Le processus extrémal du MBB standard est défini par

& = Z OX ., (t)—my-

ueN;

Le comportement asymptotique de la mesure & a été étudié par, Aidékon, Berestycki, Brunet et
Shi | ] d’une part et Arguin, Bovier et Kistler [ , , ] d’autre part. Ils
ont montré que le processus extrémal & converge en loi vers un processus de Poisson ponctuel
décoré d’intensité v2C* Zooe V2 avec C* > 0. La loi de la décoration a été décrite par [ ]
comme la loi limite du processus extrémal vu depuis son maximum conditionnellement & 1’événement
{M; > +/2t}. De maniére plus explicite, ils montrent I’existence d’une mesure ponctuelle D telle
que

lim E <exp (— Z (X, (t) — Mt)> ‘Mt > \/51&) =E (exp (—(D,¥))), (1.1.6)

t—o0
ueN

pour toute fonction ¢ continue bornée a support borné a gauche.

On peut décrire la loi limite £ de la facon suivante. Soit (§;);en les atomes d’un processus de
Poisson ponctuel d’intensité C* \/§Zooe_‘/§xdas et (D;,j € N) des copies i.i.d du processus ponctuel
D indépendants de (&;);en, alors on pose

Eoo = Z z 55j+d+%log2m’

jeN deD;

oy _est la somme sur ’ensemble des atomes de la mesure ponctuelle D;.
deD; J

1.2 Le GREM avec un grand nombre de niveaux

Dauns la partie suivante on va présenter les résultats de Particle | ] qui font I'objet du deuxiéme
chapitre de la these.

Dans un premier temps, on va introduire le modele d’énergie aléatoire et sa version généralisée
ainsi que les valeurs extrémes associés et les travaux récents qui ont motivé notre étude.

Random Energy Model (REM). Le modéle d’énergie aléatoire (REM) a été introduite par
Bernard Derrida en 1981 | ] dans le but d’étudier les verres spins. C’est un modele a champs
moyen comportant N éléments, chacun associé a une valeur +1 ot —1 nommé le spin de I’élément.
On obtient alors 2%V configurations de spins. Si on note Xy = {+1, —1} I’espace des configurations,
alors a chaque configuration ¢ € ¥y, on associe une variable aléatoire gaussienne indépendante X,
de variance N qui modélise son énergie.

En termes de MAB, le REM peut étre généré comme un arbre aléatoire ou on a seulement
une racine a lorigine et 2V feuilles. A chaque branche de ’arbre, on associe une variable aléatoire
gaussienne indépendante X;, 1 < i < 2"V de variance N (voir la premiere figure & gauche dans 1.3
pour une illustration).
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FIGURE 1.3 - GREMpN(K) avec K =1,4,12 et N =12

Dans la théorie des valeurs extrémes, le modele d’énergie aléatoire (REM) est le plus simple a
étudier. Les questions d’intéréts dans ce cas sont la loi de maximum M, = max;<;<on~v X;, ainsi
que le processus extrémal défini par En =D 1 ;con 0X,—m, -

Théoréme 1.2.1. [ , Section 8.3] Si on pose my = B.N — ﬁlog(N) avec B = /21og(2),
alors le processus extrémal En converge en loi vers un processus de Poisson ponctuel d’intensité
ﬁefﬁczdlﬂ

De plus la loi du marimum My = maxi<;<onv X; centré par my converge vers une loi de
Gumbel.

Generalized Random Energy Model(GREM) Une version généralisée de REM a été intro-
duite par Derrida [ ], connue sous le nom de GREM en rajoutant des corrélation aux énergies
associées aux configurations. Fixons K < N un nombre entier qui représente le nombre de niveaux
dans un GREM comportant N sites. Alors, on décrit le GREMy(K) de la fagon la suivante. On
commence par une unique particule a l’origine. Elle donne naissance a 2% avec K € N*. A chaque
niveau 1 < i < K, chaque enfant donne naissance a 2% de fagon indépendante. A chaque branche
de l’arbre on associe une variable aléatoire gaussienne indépendante de variance % En terme de
verres de spin, on obtient 2V configurations au niveau K et I’énergie de chaque configuration est la
somme des valeurs sur chaque branche du chemin reliant la configuration a la racine. On appelle ce
modéle GREMy(K). Le REM dans ce cas est un GREM avec un seul niveau i.e GREMpy(1) est
la MAB & pas gaussien binaire est le GREMy(N).
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Il est clair que les énergies des configurations dans ce cas ne sont plus des variables aléatoires
indépendantes, mais présentant des corrélations générés par la structure de branchement dans
Parbre. Par contre cette corrélation n’a pas d’impacte sur le comportement asymptotique du pro-
cessus extrémal ainsi que la loi du maximum et on a des résultats similaires au Théoreme 2.1.1 pour
ce modele.

Kiestler et Schmidt | | ont étudié les valeurs extrémes du GREM avec un nombre de niveaux
qui croit en N®, « € [0,1] qu’on note GREM (N®), € [0,1). Ils ont obtenu le résultat suivant :

Théoréme 1.2.2. 57 on pose

20+ 1
28,

alors le processus extrémale associé au GREMy(N®) converge en loi vers un processus de Poisson
()

5 L, 1 —B.x . . .
ponctuel d’intensité Noras Berdx. De plus la loi du mazimum centrée par My’ converge vers une

loi de Gumbel.

mg\?) = B.N — log(N),

On observe que par rapport au GREMy(K), K > 0, il y a un changement au niveau de la
médiane. Plus précisément, on observe une décroissance en « de la correction logarithmique. On
passe d'un facteur de correction logarithmique égale a % dans le cas du REM a un facteur égale

% — 5 dans le cas GREM(N®), o € [0,1). En revanche, on obtient des résultats similaires a
ceux du REM en termes de la loi limite du processus ponctuel extrémal et du maximum.

Le cas a = 1, correspond a la marche aléatoire branchante binaire a pas gaussien. Dans ce cas ,
en utilisant le résultat de Madaule | |, le processus extrémal converge en loi vers un processus
de Poisson décoré.

On constate une transition de phase : on passe d’un processus de Poisson ponctuel simple
qui apparait dans le cas du GREM(N®), a € [0,1), & un processus de Poisson ponctuel décoré
dans le cas de la MAB (cas a = 1). En partant de cette observation, et motivé par les travaux
de Kiestler et Schmidt [ ], on propose dans | ] un modele plus générale que celui du
GREM(N®),a € [0,1) qui interpole entre le REM et la MAB. Notre but est d’étudier cette
transition de phase de facon plus précise, de déterminer lorsque la décoration disparait.

Description du modéle Avant de décrire notre modele, on va introduire les lois de déplacements
et de reproductions associées. Soit (V,,)nen une marche aléatoire centrée telle que Var(Y,,) = 1,
qui représente la loi du déplacement dans notre modele. Pour la loi de reproduction, on considére
un processus de Galton-Watson (Z,,,n € N) que l'on suppose surcritique. On suppose aussi que Z;
admet un moment d’ordre 2 i.e

E(Z}) < . (1.2.1)

Soit k,, < n une suite d’entiers strictement positifs qui tend vers oo et b, = [£~] la partie entiere de

%. On commence par un unique individu a lorigine a l'instant n = 0. Il se reproduit pendant b,
étapes selon un processus de Galton Watson. Puis, chaque descendant fait b,, étapes de déplacements
de facon indépendante selon la loi Yj. De sorte que, a la premiere génération, on obtient Z;
enfants positionnés selon des variables aléatoires i.i.d et qui ont la méme loi que Y}, . Pour chaque
1 <k < k,, chaque individu répete le méme processus de fagon indépendante.

On note 7 Darbre associé & ce modeéle. On adopte les notations de I’arbre généalogique
introduites dans la section 1.1. Pour chaque 1 < k < k,,, on note

Hy = {ueTM, |u| =k}
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I'ensemble des individus & la k'®™¢ génération. On définit (qun), u € T™) une famille de v.a i.i.d
qui ont la méme loi que Y3, . Pour u € T on pose

Jul

S0 =X

k=1

la marche aléatoire branchante associée.

Notons que les cas k, = n (respectivement k,, = 1) correspondent & la MAB (binaire a pas
gaussien) (respectivement au REM). On s’intéresse au comportement asymptotique du processus
extrémal associé a ce modele

bn) _
EPY = N b (1.2.2)
u€EHr,,
Dans [ ], on se met dans les deux situations suivantes :

(H1) : Y7 est une v.a gaussienne et b, — oo quand n — oo.
(Hs) : La fonction caractéristique ¢(A) = E (exp(iAY7)) du Y7 satisfait la condition de Cramér,

ie
limsup [p(N)| < 1,
[A] =00
and 1ogb(7%)2‘ — oo 00 quand n — oo.
Théoréme 1.2.3. | , Théoréme 1] Sous (Hy) ou (Hz) , en posant
3 log(bn)
n — knbn - —1 ;
m v 597 og(n) + o
le processus extrémal
(‘,}(Lb") = Z (53(71)7m
uGHkn “

. . . oy 7 —0*
converge en loi vers un processus de Poisson ponctuel d’intensité \/%Zooe 07w
™o

De plus, la loi du mazimum centré par m,, converge vers une loi de Gumbel shiftée par 9% log(Z),
i.e

n— oo

lim P(M,, <m, +2z)=E (e*ZC"’e_e*m)

pour tout x € R.

Ce résultat montre que des que ’%’ —n—oo 0, la décoration disparait et on a convergence vers
un processus de Poisson ponctuel simple. Le résultat de Kiestler et Schmidt | | correspond au
cas sous (Hy) avec k, = N%, a € [0,1), Z1 = 2, et par suite Zo, = 1.

Ces résultats sont basés en grande partie sur ’application des deux résultats classiques suivantes :
Le lemme many-to-one et le couplage Komlos-Major-Tusnady. Le lemme many-to-one est un outil
fondamental dans I’étude de la MAB qui permet de simplifier les calculs des moments additifs de
ce processus de branchement.
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Proposition 1.2.1. [ , Theorem 1.1] Pour tout j > 1 et pour toute fonction mesurable g :
R+ Ry, ona

E| > 9((Sui<ic) | =E (6_9*T"’9((Ti+ ibnv)lsiSj)) :
lul=4

avec (T;)i>0 est une marche aléatoire centrée de variance jby,.

Ce lemme a été introduit pour la premiére fois par Kahane et Peyriére | ] dans le but
d’étudier les cascades multiplicatives.
Le résultat de Komlés-Major-Tusnady | | permet d’approximer des marches aléatoires a

pas généraux a celle & pas gaussiens et cette approximation est de l'ordre de log(n). Dans notre
contexte, on 'utilise pour lier certains estimés de marches aléatoires sous ’hypotheése (H2) a celles
satisfaisant (H1).

Théoréme 1.2.4 (Komlés-Major-Tusnady). Soit (X;)1<i<n une suite i.i.d de variables aléatoires
tels que E(X;)) =0, 0 < E(X?) = 02 < oo et E(exp(0]X;|)) < oo pour un certain 0 > 0. Alors il
existe une suite i.i.d de variables aléatoires gaussiennes (Z;)1<i<n telles que pour tout y > 0

k k
P < max |0 ZXi - ZZi| > Clog(n) + y) < Kexp (—\y)
i=1

1<k<n :
i=1

ou C, K et A sont des constantes universelles strictement positives.

1.2.1 Questions ouvertes

Dans le modele étudié dans [ ], on a montré que si on considére un GREM ou le nombre de
niveaux est une suite k, < n strictement positive tendant vers oo, alors deés que %" —noseo 0, le
processus extrémal défini dans (1.2.2) converge en loi vers un processus de Poisson ponctuel simple.
Alors une question naturelle serait

o Montrer 'existence d’une famille (D, « € (0, 1]) de processus ponctuels tels que si %" —n—roo
€ (0,1], le processus extrémal défini dans (1.2.2) converge vers un processus de Poisson
ponctuel de loi de décoration D®. Notons que le cas o« = 1, correspondant a la marche
aléatoire branchante classique a été étudié par Madaule | ]. Des méthodes similaires &
celles dans | ] peuvent s’adapter pour répondre & cette question.

¢ Contrairement au MBB, on n’a pas une description explicite de la loi de décoration dans le cas
de la MAB, donc une deuxiéme question serait de donner une description précise de la famille
des processus de points (D%, « € (0,1]) et d’étudier la continuité en le parameétre o de cette
famille. On s’attend & ce que des méthodes similaires & celles utilisés dans [ , ,

| pour le mouvement Brownien branchant permettent de répondre a ces questions.

1.2.2 Quelques modéles liés au GREM

Au dela de I'aspect biologique du GREM, plusieurs autres raisons issues de la physique statistique ou
des mathématiques ont motivé I’étude du mouvement brownien branchant et de la marche aléatoire
branchante.
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Meécanique statistique et verres de spins. Les verres de spins sont des systemes magnétiques
désordonnés ou les atomes sont en interaction aléatoire. Le premier modele de verre de spin a été
introduit par Sherrington et Kirkpatrick [ ] connu sous le nom de modéle SK & champs moyen.
C’est un modele comportant N éléments ot chacun est associé a une valeur +1 ot —1 nommé le
spin de ’élément. On obtient alors 2V configurations de spins. On note I'espace des configurations
Yy = {+1, -1}V, A chaque configuration o € ¥y, on associe sa fonction d’énergie nommée le
hamiltonien qui a ’expression suivante

1
Hy(o) = — Jii0;05
\/N 1§i§Zj§N ! ’

ou les J;; sont des variables aléatoires i.i.d gaussiennes standards.

Les physiciens ont étudié les propriétés macroscopiques de ces modeles, comme 1’énergie libre
entropique et les valeurs extrémes de ces énergies. Dans | |, les auteurs ont obtenu une premiére
formule de I’énergie libre par des méthodes d’approximations. Une description de ces travaux peut
étre trouvée dans le livre | ]. Dans les années 2000, Talagrand | ] a obtenu une formule
de ’énergie libre avec des démonstrations rigoureuses.

Valeurs extrémes et mécanique statistique. Parmi les quantités d’intéréts dans la mécanique
statistique est la fonction de partition des énergies défini par

Zy(B) = > ePfin( B >0, (1.2.3)

gEXN

ou le parametre —f désigne la température inverse. A partir de cette quantité on définit ’énergie
libre

In(B log(Zn(5)). (1.2.4)

1
)= w5

En particulier quand N — oo, la fonction de I’énergie libre donne des informations sur le premier
ordre de maximum a travers les inégalités suivantes

max Hy (o) log(2) max Hy(o)
— < <
N < fn(B) < 5 T N
d’olt on en déduit en particulier
. maxHy(o) . )
TN AR 0

quand la limite existe. Pour déterminer cette limite, on peut considérer
#{0‘6 Zhv,fﬂw(o) > EUV},

le nombre des configurations ayant des énergies dépassant le niveau EN pour une certaine valeur
E > 0. Il est bien connu | | que lentropie, définie par

S (E) = %log(#{a € Sn, Hy(o) > ENY)
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converge en probabilité quand N — oo et on a

S(E) := lim Sy(E) =

N—oc0

0 si > E,
log(2) — %2 si E € [0, E.]

ou E. = y/2log(2). Un réarrangement des termes selon les valeurs de o permet d’obtenir 1'équivalent
suivant

IN(B) ~xme =log [ Y exp(BNE + NS(E))

N
0<E<E,

Par conséquent, une formule de 1’énergie libre est donnée par

log(2) + %2 si 8 < E.

BE. si B> E.. (1.2.5)

E2
Aim In(B) = OSr%aSXEC{ﬁE +log(2) — 7} _ {

On observe que I’énergie libre présente une transition de phase dont la valeur critique est £ = E, =
v/2log(2). Cette transition s’explique par le fait qu’au-dela de I’énergie maximal, il n’existe aucune
configuration avec une énergie suffisante.

Champs libre gaussien bidimensionnel. On considére une partie finie 4,, de Z2. Afin d’ex-
pliciter un lien avec la MAB, on suppose que #A4,, = 2". Soit (Sk,k > 0) une marche aléatoire
simple tel que So = v. On note 7, le premier instant ou la marche aléatoire quitte A,. On pose

Gn(vavl) =E, (Z ]l{Sk—v’}> = E(@v@v’)a
k=0

en d’autres termes, G,(v,v’) est le nombre moyen de passage en v’ par la marche aléatoire en
partant de v et avant de quitter A,,. Alors, le champ libre gaussien discret (2DGFF) sur A,, est le

champ gaussien (¢,,v € A,,) centré avec conditions de Dirichlet au bord (voir [ | pour plus
de détails sur ces conditions) et de fonction de covariance G,,. Il est bien connu | ] que
2 2n
Gr(v,v") = Zlog +o )

On s’intéresse au comportement asymptotique de la quantité max,ca, ¢,. Parmi les outils qui
facilitent I’étude de cette quantité est la MAB. En effet, on peut faire apparaitre une structure de
MAB dans le 2DGFF de la facon suivante. On identifie (¢,,v € A,) = (Xy,u € {u € T,|u| =n})
ol X, est la MAB binaire & pas gaussien de variance o2 = @n. En terme de verre de spins, A,
représente ’espace des configurations et —¢p, 1’énergie associé a la configuration v.

Bolthausen et al | | ont montré que
max 2
vEA, Pv N \/7 )
n 7r
Ce résultat a été raffiné par Daviaud | ] en étudiant le comportement asymptotique du loga-

rithme normalisé du nombre de configurations ayant des énergies supérieures a )\\/g log(2™) pour
0 < A < 1.1l a montré que

1 2
lim o log(#{v € An,py > Aflog@”)}) =1— )2, en probabilité .
n—oo 21 T
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Des résultats similaires & ceux de REM ont été obtenu | ] en ce qui concerne le comportement
asymptotique de 1'énergie libre définie en (1.2.4) pour le DGFF. La loi du maximum a été étudiée
par Ding, Roy, Zeitouni | ] pour une classe plus générale de processus log-corrélés discrets.
Biskup et Louidor [ ] ont prouvé la convergence du processus extrémal vers un processus de
Poisson décoré pour des classe générales de champs log-corrélés.

Fonction zéta de Riemann et polyndémes caractéristiques de matrices aléatoires.
Récemment, la marche aléatoire branchante a joué un role important dans I’étude des valeurs
extrémes de la fonction zéta de Riemann et celles des polyndémes caractéristiques de matrices
aléatoires. La fonction zéta de Riemann est définie sur le demi plan Re(s) > 1 par

1
(=3 -—= J[ a-»"
n>1 p premier

Cette définition peut étre prolongée sur le plan complexe avec un pole au point s = 1. Riemann
a conjecturé en 1859 que les zéros non triviaux de la fonction zéta ont une partie réelle égale a %,
cette conjecture est connue sous ’hypotheése de Riemann. Parmi les questions d’intéréts sont les
valeurs maximales de la fonction zéta de Riemann sur la ligne critique. Fydorov et al | ] ont
conjecturé que

i B8%nelo 10g(IC(1/2 4 i(r + h))]) — loglog(T) _ 3 s
T 500 log log log(T) 1 p-S.,

ol T est une variable aléatoire uniforme sur [T, 27]. Autrement dit, le maximum sur un intervalle
borné de la ligne critique vérifie

3
hrél[%)i} log(|¢(1/2 + i(T + h))|) =~ loglog(T") — 1 logloglog(T) + O(1).

Le premier ordre (respectivement le deuxiéme ordre) de maximum ont été obtenu par | ,
| (respectivement par [ ]). Observons que cet ordre correspond exactement & celui

de la MAB binaire & pas gaussien en prenant log(T) = 2" et 02 = %. Donc il est naturel de
faire apparaitre une structure de MAB pour étudier ce probléeme. Une maniére de réaliser cela est
la suivante.

e Une premiere étape consiste a écrire

log(|¢(1/2 + it) = Re Zﬁ +0(1).

p<T

o Remplacer ¢t par 7+ h olt h € [0, 1] et T est une variable aléatoire uniforme sut [T, 27.
« En observant que la suite (p~'",p premier) converge quand T — oo vers une suite de v.a.
indépendante uniformément distribué sur le cercle unité (voir | ]), on se raméne & étudier
le processus suivant
Re(U,p~ "
27( ) 0,1

1/2
p<r P

ou (Up, p premier) une suite de v.a. indépendante de loi uniforme sur le cercle unité.
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e On pose log(T") = 2™ et on écrit

Re(Upp™™") ¢
> Rl o)
p<T k=0
" (V™)
Re(U,p™*
Yi(h) = Z plp/z

2k=1<log(p)<2F

et la suite des v.a (Yi(h), h € [0,1]) vérifie E(Y?(h)) = log(2) ot

@) i |h—h| <27k

0 sinon

E (Yi(h)Yy (")) = { (1.2.6)

2

D’apreés (1.2.6) on conclut que si on restreint & 'ensemble H,, = {0, - L1, alors la suite

,2”7 27L"'7 27L
(Xn(h),h € Hy,) définit une MAB binaire & pas gaussien approximative (voir | ]) pour plus
de détails). En considérent cette approche Arguin et al | ] ont prouvé que
Re(U. —ih
max % = (1+0(1))loglog(T).
he[o,l]p<T p /

Des résultats similaires ont été obtenus en étudiant les valeurs extrémes du polynéme caractéristique
P,(z) du n x n matrices aléatoires unitaires pour z = € sur le cercle unité (voir conjectures 15 et
16 de | ]). On s’intéresse au comportement asymptotique de la quantité maxpepo,1] | Py (et™)).
Il est connu que pour h fixé, la fonction log(| P, (e?)|) normalisée par (4 log(n))'/2 converge vers une
gaussienne standard | ]. Une approche qui utilise des techniques de MAB et une construction
similaire a celle dans le contexte de la fonction zéta de Riemann a permis de répondre a cette
conjecture (le lecteur pourra consulter | , , ] par exemple).

La convergence du maximum de polyndéme caractéristique des matrices aléatoires unitaires vers
le chaos multiplicatif gaussien a été démontré par | ]. Par contre, la tension de maximum
autour de sa médiane reste encore un probléme ouvert.

Cascades multiplicatives. Au début des années 70, Mandelbrot | ] propose un modele
de mesure aléatoire basé sur une construction multiplicative élémentaire. Ce modéle (connu sous
le nom du cascades multiplicative de Mandelbrot) a été introduit dans le but de simuler la dissi-
pation d’énergie en turbulence intermittente. Une simple construction qui met en lien les cascades
multiplicatives et la MAB est la suivante. Soit A 'ensemble des intervalles dyadiques sur [0, 1]. On
définit une mesure m comme suit : Si €1, ...6, € {0,1} on pose

n n
517 En T § : ’ :

i=1 =1

1
2n

)0
NE

Soit Y une v.a. positive tel que E(Y) =1 et U = U,en{0,1}™. Si on pose (Yz)eeys une suite de v.a.
i.i.d. de méme loi que Y alors

__9—n
m(151)~757z) =2 Y'E1Y;51752“'Y7817-~75n'
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La mesure m est construite selon un principe multiplicatif : Si I = I., ., € A, et I = Iey. 0
et I' = I., .., 1 sont deux descendants de I & la (n -+ 1)®™¢ génération, alors

©€n,

’ 1"

m(I)=m(I)x1/2xY, <. 0 et m(I )=m(I) x1/2xYs, o1

Il est clair que par construction de la mesure m, une cascade multiplicative n’est autre que l'ex-
ponentielle d’une marche aléatoire branchante binaire avec loi de déplacement log(Y"). Ce type de
mesure aléatoire a permis ’apparition de la notion de mesure multifractale introduite par Frisch

et Parisi [ ]. Les questions d’intéréts étaient autour le caractére multifractale de ces mesures
aléatoires. Comme continuité des travaux de Mandelbrot sur ’étude d’énergie en turbulence com-
mittente, Kahane [ | a introduit une nouvelle mesure aléatoire connue sous le nom de ”chaos

multiplicative gaussien”.
Chaos multiplicatif gaussien. C’est une mesure aléatoire sur un domaine D C R% d > 1 qui
peut étre définit comme suit. Soit (X (z))zep un champ gaussien centré de noyau de covariance

1
E(X(2))E(X(y)) = 10g(m) +9(zy), wxyeD,
ou g : D — R une fonction continue bornée. Vu que ce noyau de covariance présente des singularités,
on consideére le régularisé de champs X, qu’on note X¢,e > 0 et on définit le chaos multiplicatif
gaussien comme la mesure

M., (dz) = lim X5 (@)= (v?/2)B((X*(2))%)
e—0
pour un certain parameétre v > 0. Il a été montré | | que cette limite est dégénérée si et
seulement si v < 2d. Le chaos multiplicatif gaussien intervient de fagon importante dans la théorie
de la physique quantique, plus précisément dans la théorie de gravité de Liouville | ]
Des résultats analogues a celle de la MAB ont été transférés au chaos multiplicatif gaussien,
notamment l'introduction de la fonction suivante

M, (A) = / — (X (A) — V2dt)eV2AXe (@) ~dt gy, A C By(RY),
A
I’analogue de la martingale dérivée pour la MAB et MBB. 1l a été montré par Duplancier, Rhode et
al [ ] que pour tout A C R?, la martingale dérivée (M, (A));>o converge p.s. vers une variable
aléatoire positive noté M ' (A). Ce dernier objet intervient dans le comportement asymptotique du
maximum My = sup,¢[g,1]4 X¢(z). Dans un premier temps, Bramson et Zeitouni | ] ont montré
la tension de la famille (M, — v/2dt + ﬁ log(t))¢>1 et récemment Madaule | | a montré qu’il

existe une constante C* > 0 tel que

_3 * V2dz ! d
. dy < )= —CreV? M ([0,1]%))
th—gloP (Mt([O, 1]%) < Wi log(t) z) E (e )

Autrement dit, le maximum M; centré autour de sa médiane converge en loi vers une loi de Gumbel
shifté par ﬁ log(M ([0, 1]9)).
Dans la partie suivante de la these, on s’intéresse a des modeles de branchement multitype.

Plus précisément on va étudier les valeurs extrémes du mouvement Brownien branchant réductible
multitype.
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1.3 Des modeles multi-types

Dans de nombreux modeéles de populations, les individus peuvent étre de types différents. Par
exemple, en épidémiologie pour décrire la dynamique de la propagation des parasites qui changent
de type a chaque mutation, les mathématiciens ont recours a des processus de branchements multi-
types [ , , , ]. Lors de la modélisation du certaines maladies, de tels processus
peuvent servir & décrire I’évolution des cellules qui ont vécu plusieurs mutations | ]. En phy-
sique, les rayons cosmiques qui comportent des électrons produisant des photons et des photons
produisant des électrons, peuvent étre modélisés par un processus de Markov branchant & deux
types [ ]. En outre, un grand nombre d’applications des processus de branchement multi-
types en biologie peuvent étre trouvés dans | , ].

De facon analogue aux processus de Galton-Watson avec un seul type, on a une version multitype
de ce processus. Pour alléger les notations, nous allons considérer seulement deux types (type 1 et
type 2), mais 'extension & un nombre fini de type est immédiate.

Défintion 1. Si on considére p»,i = 1,2 des lois de reproductions sur N? associées d chaque type
1 =1,2. Alors un processus de Galton-Watson d deuz types est une chainé de Markov

(Zn = (Zn(l)v Zn(2))7n > 0)

Zn (i) . Zn+1(1)
Zn+1 = Z glzc,n = ( )

i=1 k=0 Zny1(2)

a valeurs dans N? vérifiant

ol (fff’n, 1 <1 <2,k €N) sont des vecteurs aléatoires indépendants de loi p" i =1,2. Le processus
(Zn(i),n > 0) désigne le nombre d’individus de type i d la génération n.

Il est connu que l'extinction du processus de Galton-Watson multitype dépend da la valeur
propre maximale de la matrice M dont les coefficients

M;; =E(Z0(), 1<i,j<2

ou Zfl) (j) désigne le nombre de descendant de type j a la génération 1 d’un individu de type i. Par
le théoréeme de Perron-Frobenius, elle admet une valeur propre p strictement positive et maximal.
De fagon analogue au cas monotype, le processus multitype survit presque stirement si et seulement
sip>1.

Marche aléatoire branchante a deux types. Une MAB a deux type est un systéme de
particules qui peut étre interprété comme suit. On commence par une unique particule de type
i € {1,2} située a lorigine. Elle donne naissance & un nombre aléatoire d’enfants selon le processus

(2 = (21" (1), 207 2),1 < i < 2)

positionnés autour de leurs parents selon des processus de points indépendants. Puis chaque enfant
répete le méme processus indépendamment des autres particules. Dans la littérature, la MAB
multitype est peu étudiée en la comparant a la version monotype qui a été ’objet d’étude d’un
grand nombre de travaux, notamment en ce qui concerne les valeurs extrémes associée. Pour des
références pour la version multitype on peut consulter [ , , ].
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FIGURE 1.4 — Simulation du MBB a deux types réductible

Mouvement Brownien branchant & deux types réductible. Dans [BM21], on s’intéresse a
la version au temps continu de la MAB a deux types. On étudie les valeurs extrémes du mouvement
Brownien branchant a deux types. C’est un systeéme de particules qui peut étre décrit de la fagon
suivante. Le processus commence par une unique particule de type 1 a I’origine. Elle se déplace selon
un mouvement Brownien de variance o7. A taux (1 elle donne naissance a 2 enfants de type 1 qui
commencent a leurs tour deux mouvements Browniens branchants indépendants. Additionnellement,
a taux a, elle donne naissance a un enfant de type 1 et un enfant de type 2. Les particules de type
2 se déplacent selon des mouvement Browniens de variance o3 et branchent a taux 32 (Voir figure
1.4) en donnant naissance que a des enfants de type 2.

Notons que avec un changement d’échelle en espace-temps, on peut supposer, sans perte de
généralité, que o = 03 = 1.

Ce modele a été introduit par Biggins [Bigl2] dans le cas de la marche aléatoire branchante
a deux types réductible. Il a montré I'existence d’un phénoméne d’anomalous spreading ou les
particules de type 2 vont envahir leurs environnements a une vitesse supérieur a celles des particules
de type 1 ou de type 2 considérées seules.

Holzer [[Holl4] a étudié le modele introduit par Biggins en termes d’équations F-KPP. Il a
conjecturé un diagramme de phase [[1ol14, Figure 1] dépendant des parametres (3, 02), tel que pour
certain valeurs de (3, 02) le phénomeéne d’anomalous spreading apparait. Notre but dans [3\21]
est de confirmer ce diagramme de phase et d’étudier en détails le comportement asymptotique du
processus extrémal des particules de type 2 dans le cas de MBB multitype réductible .

Le cas irréductible a été étudié dans [RY14]. C’est un systéme de particule ot chaque type
i € {1,2} de particules a une probabilité non nulle d’avoir un descendant de type j € {1,2}
apres un certain temps exponentiel. Dans ce cas, Ren et Yang ont montré des résultats similaires a
ceux du MBB standard pour le comportement asymptotique du plus grand déplacement. Dans une
autre direction, Blath, Jacobie et Nie [BJN21] ont étudié la vitesse d’une version modifiée du MBB

26



standard, appelée On/Off BBM. C’est un mouvement Brownien branchant sur R tel que chaque
particule possede un état actif ou dormant. Ce modele peut étre vu comme un MBB a deux types
actif/dormant.

Dans la partie qui suit, on va discuter le modéle étudié dans | ]. Dans un premier temps,
on va introduire le lien de mouvement brownien branchant avec les équations de réaction-diffusion.
Puis on va exposer les résultats principaux du chapitre 3 et 4, et on termine par donner quelques
motivations derriére notre travail.

1.3.1 Equations F-KPP
Cas monotype

Equation de réaction-diffusion F-KPP. L’équation de Fisher—Kolmogorov-Petrovskii-Piskonov
(F-KPP) est une équation aux dérivées partielles semi-linéaire sous la forme

up = %um + g(u) (1.3.1)
ot u +— g(u) est une de fonction C1([0,1]) qui satisfait g(0 = g(1) = 0, g(u) > 0, u € ]0,1]
et ¢'(0) = B >0, ¢'(u) < B, u € ]0,1]. Cette équation est fortement utilisée dans 1’étude des
phénomenes de propagation du front. Elle est présente aussi dans différents modeles liés a la biologie,
Pécologie, génétique de la population et 1’épidémiologie. Le terme g(u) désigne la réaction et le %um
représente la diffusion, d’ou le nom du réaction-diffusion.
L’étude de MBB avec un seul type est fortement liée a I’équation F-KKP. En effet, pour la
fonction de réaction g(u) = u(1 — u) on a la correspondance suivante.

Proposition 1.3.1. Soi f : R — [0, 1] une fonction mesurable bornée. Alors, la fonction

ut,z) =E ( II - Xu(t))>

ueNy
est solution de ’équation (1.3.1) avec une condition initiale u(0,x) = f(x).

En particulier, si on pose M; = max,en;, Xu(t) et f(z) = 1{;>0;, alors

u(t,z) = B ( II ﬂ{x—xuuzon) =E (Liy,<0}) = P(M < )
UENz

est solution de (1.3.1). Gréce & cette cette observation, il a été montré | ] que ce type
d’équation admet des solutions de type onde progressive “travelling wave”. En particulier, il existe
une fonction ¢ — my tel que

u(t,my + x) =400 w(x)
uniformément pour x € R, de plus la fonction x — w(z) est la solution "travelling wave” la plus
lente de ’équation F-KPP, qui vérifie I’équation

1/2Wer + V2w, +w(w — 1) = 0. (1.3.2)
Partant de cette observation, Bramson | ], & montré que
3

my = V2t — NG log(t) + O(1).
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Cas multitype

De fagon analogue au MBB standard, le modéle multitype que 'on considére dans | ], peut
étre associé & un systéme d’équations de réaction-diffusion. Soit f,g : R — [0, 1] deux fonctions
mesurables, et on définit pour tout z € R

u(t,z) =EW | ] fXu@®) +2) J] 9(Xult) +2)

ueN} ueN?

o(t,e) =B | J[ /xu® +2) [[ 9Xu®+2) | =B [ [[ 9@ +2)] (133)

ueN} ueN? ueN?

ot P (respectivement P(Q)) désigne la loi du MBB multitype partant d’une particule de type 1
(resp. 2). Dans (1.3.3), on a utilisé le fait que notre modele est réductible, i.e les particules de type
2 ne donnent naissance que a des particules de type 2.

Notons que sous P?), le processus multitype se comporte comme un MBB standard, et dans ce
cas v est solution de I’équation F-KPP classique

{ Ov = %vm —v(l—w)
v(0,z) = g(x).

Pour obtenir 1’équation F-KPP qui satisfait u, on observe que, sous P, I'un des trois événements
suivants se produit pendant les premieres dt unités de temps.

o Avec probabilité Sdt + o(dt), la particule originale de type 1 se divise en 2 particules de type 1
qui commencent & leurs tours deux MBBs i.i.d de loi P! issus de leurs positions de naissance.

e Avec probabilité adt + o(dt), la particule originale se divise une particule de type 1 et une
particule de type 2 qui commencent deux MBBs indépendants de lois P et P(2).

« Avec probabilité 1 — (a + B)dt, le particule de type 1 diffuse selon un MBB de variance o2.
On obtient ’équation suivante

u(t + dt, x) = pdtu(t, z)* + adtu(t, z)v(t,x) + (1 — (8 + a)dt)E (u(t,x — 0 Bgs)) + o(dt)

2
=u(t,z)+dt <02Au(t,x) — fu(l —u) — au(l — U)) .
Par conséquent, le couple (u,v) est solution du couple d’équations aux dérivées partielles.

Ou = ";Au — Bu(l —u) — au(l —v)
v =1Av—v(l—v) (1.3.4)
u(0,z) = f(x), v(0,z)=g(x).
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FI1GURE 1.5 — Diagramme de phase de MBB réductible a deux types.

1.3.2 Résultats principaux du troisieme et quatrieme chapitre

Dans | | on montre l'existence de trois zones (C;)1<i<3 comme le montre la figure 1.5.

Chaque région dans 1.5 correspond & un comportement asymptotique différent pour le processus
extrémal du MBB multitype. Avant d’étudier le processus extrémal, une premiere étape consiste a
déterminer la vitesse du MBB multitype réductible.

Vitesse du MBB multitype

Biggins | | a donné une description de la vitesse dans le cas de la MAB multitype réductible en
terme d’un probléme d’optimisation. Dans le contexte du mouvement brownien branchant réductible
a deux types, on a

a2 a2 2
v—maX{paHl—p)b:pG[O,l], p(gz—ﬂ)SO, p(w—ﬁ)ﬂl—p)(z—l)éo} (1.3.5)

Ce probleme d’optimisation permet de décrire la trajectoire de la particule typique menant a la
position maximale. En effet, en utilisant des arguments de larges déviations, on sait que, pour
p€0,1],on a

02
o Sia < /2802, avec une grande probabilité on a environ e P!(zoz A1+ particules de type
1 a droite de la position pta a U'instant pt.

e Si b > /2, la probabilité qu'une particule de type de 2 ait un descendgant a droite de la
position (1 — p)bt au bout d’un temps (1 — p)t est de 'ordre de e(t=P)(1=07/2)t(1+o(1)),

« Pour tout triplet (p,a,b) tel que, a < \/2802,b > /2 et

2 2 b2
pelotl v (s -5) <op (g -5) + - (5 -1) <o

on sait que avec une grande probabilité on a environ
a2 2
exp [-#1+0() (pla; = )+ (1= )5 1))

particules de type 2 a droite de la position (pa + (1 — p)b)t a Uinstant ¢.
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Si on note (p*, a*, b*) le triplet qui optimise (1.3.5), alors on a les trois situations suivantes :

e Si (B,0%) € Cy, alors p* = 1 et a* = /2802 qui est la vitesse de MBB & deux types, et
correspond a la vitesse des particules de type 1 considérées seules. Dans cette situation, avec
une grande probabilité, une particule de type 2 qui finit au voisinage de la position maximale
est née d’une particule de type 1 & la fin du processus, i.e, & un temps ¢ — O(1).

e Si (B,02) € Oy, alors p* = 0 et b* = /2 qui est égale & la vitesse des particules dans un
MBB de type 2. Dans ce cas, avec une grande probabilité, une particule de type 2 qui finit
au voisinage du maximum est née d’une particule de type 1 au début de processus, i.e, a un
temps O(1).

e Si(B,0?) € C3, alors

. o+ pB3-2 . 5 [ B—1 . [ p—1
p —m, a =0 21_0_2 and b* = 21_0_ .

Dans cette situation la vitesse de processus multitype est égale

=p*a —p b= o max o2
v=pat+(1-p b= 2(1_02)(5_1)> (V2,v/2B02).

C’est la zone ou on a une invasion anormale des particules de type 2. Dans ce cas, le probleme
d’optimisation (1.3.5) montre que, avec une grande probabilité, une particule de type 2 finis-
sant au voisinage du maximum devrait satisfaire les propriétés suivantes.

— Elle est née d’une particule de type 1 au voisinage de la position p*a*t et de l'instant
prt.

— Elle a une probabilité environ e(1=P)(A=(")?/2)t(1+0(1)) P’avoir un descendant & droite
de la position vt au temps t.

Biggins [ ] a également montré que la vitesse v du processus multitype correspond au point
d’intersection du plus grand minorant convexe des fonctions taux des particules des type 1 et 2
avec l'axe des abscisses (voir figure 1.6). On rappelle que la fonction taux des particules de type 1
(repectivement de type de 2) est égale x — 22/20% — 3 (respectivement y +— 32/2 — 1). On note g
la fonction taux du processus multitype.

Dans la partie qui suit, on va discuter les résultats sur las valeurs extrémes du MBBM réductible
obtenus dans | ], mais avant ¢a, on commence par introduire quelques notations associées a
notre modele.

Notations On note A; I'ensemble des particules en vie & I'instant ¢ du processus multitype, N}
et N2 'ensemble des particules de type 1 (respectivement de type 2). On pose X,(t) la position au
temps ¢ d’une particule u € N;. Pour u € N, on note T'(u) le premier instant & lequel la premiére
particule de type 2 est née.

Domination des particules de type 1

Le premier résultat décrit le comportement asymptotique du processus multitype dans la phase Cf.
Dans ce cas, le processus extrémal du MBB a deux types est similaire a celui d’'un MBB standard
ou on a seulement des particules de type 1.
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L N~ 7,

(a) Cas I : Les particules de type (b) Cas II :Les particules de type
1 sont dominantes 2 sont dominantes

(c) Cas III :Invasion anormale

FIGURE 1.6 — L’enveloppe convexe g pour (3,02) dans chaque région. Les fonctions taux des par-
ticules de type 1 et 2 sont dessinées en bleu et jaune respectivement, la fonction g du processus
multitype est dessinée en vert.

Théoreme 1.3.1. Si on note mgl) = /2B0%t — alors ils existe une constante

3
2\/W log(t)7

¢y > 0 tel que

lim 5 1
o0 X (t)—mY
ueN?

= Eéé) en loi pour la topologie de la convergence vague,

ot &Eé) est un processus de Poisson ponctuel décoré d’intensité \/203/02cqyZoce™V 26/ 4 o0 Zoo
est la limite de la martingale dérivée introduite dans (1.1.5).

De plus, on a tlim P(M; < mgl) +z)=E (e_c(uzwe V2l z) pour tout = € R.
—00

Notons que pour ce résultat, on n’a pas une description explicite de la loi décoration et qui
dépend implicitement des parameétres a, 3 et 2.

Ce théoreme décrit la domination des particules de type 1 dans la phase 1. Pour le prouver, on
montre que :

e Avec une grande probabilité, les particules de type 2 qui contribuent au processus extrémal
sont nées & un temps t — O(1).

o Le processus extrémal est porté par le comportement des particules de type 1 et la loi du
processus extrémal est obtenue en utilisant le principe du superposition décrit par Maillard

[ I

o Les descendants de type 2 qui sont nées au temps t—O(1) présentent une décoration supplémentaire

du processus extrémal.

Domination des particules de type 2
Si (B,0%) € Cs, le processus extrémal du MBB & deux types est similaire & celui d'un MBB
standard ou on a seulement des particules de type 2.
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Théoréme 1.3.2. Dans la phase Cs, en posant © la loi de décoration définie dans (4.1.5) et si on

note m\® = /2t — % log(t), alors il existe une constante co > 0 tel que
. _ (2 . .
tlggc 5Xu(t)_m§1) =& en loi pour la topologie de la convergence vague,

ueN?

o Sg) est un processus de Poisson ponctuel décoré d’intensité \/28/02coZ €™V 28/9%2 Qg et telle
que Z~ est la somme de copies i.i.d. de la limite de la martingale dérivée associée aux particules
de type 2.

A —V2x
De plus, on a tlim P(M; < mgz) +z)=E (e_c(2>Z<>°e : ) pour tout x € R.
— 00

Contrairement & ce qui passe dans la phase 1, on montre que :

¢ Avec une grande probabilité les particules de type 2 qui contribuent au processus extrémal
sont nées au début du processus, i.e & un temps O(1).

e Le processus extrémal du MBBM est obtenu par superposition d’un nombre fini de MBBs de
type 2 descendants des particules de type 1 au début du processus.

Anomalous spreading

Arrivons maintenant & la troisiéme situation qui est la plus importante dans notre travail ou
(B,0%) € C3. Cest le cas ol on observe le phénoméne d’anomalous spreading. Le processus
extrémal dans ce cas est formé par des particules de type 2 qui vont & une vitesse supérieure a celle
des particules de type 1 et 2 considérées tous seuls dans un MBB standard.

Théoréme 1.3.3 (Anomalous spreading). Si (3,0%) € C3, alors si on pose

mff’): it t and 6’:\/26_1,
2(1-0?)(B—1) 1-0?

tlim Oy () —m® = 552) en lot pour la topologie de convergence vague,
— 00 u t

ueN?

alors

ot Eno est un processus de Poisson ponctuel décoré qu’on note DPPP(0C3Wa(0)e~%dx, D))
avec

o Weo(0) = limy_y00 ZueNtl IXu®—t(B+6°0%/2) st 1 limite de la martingale additive de MBB
des particules of type 1.

o (3= ;Egiel)) ot la constante C est défini dans (3.3.16),

o DO est la loi de la mesure ponctuelle DY défini dans (3.3.19).

Remarque 1.3.4. Contrairement a ce qui se passe dans les zones C et Cs, on observe que dans le
cas du I'invasion anormale, la médiane du maximum de plus grand déplacement des particules de
type 2 ne contient pas une correction logarithmique. Une autre observation est au niveau de la loi
du processus extrémal. En effet, dans le théoréeme 1.3.3, on observe une apparition d’'une martingale
additive dans la loi limite du processus multitype ce qui est différent & ce qu’on observe dans les
phase C; et C3) ou le processus extrémal est shifté par une martingale dérivée.
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Le cas C;NCyNCs = {(1,1)}

La quatriéme partie de la theése est en continuité avec larticle | ] ot on étudie le comporte-
ment asymptotique du processus extrémal du mouvement brownien branchant multityoe réductible
dans la phase C; N Cy N C3, i.e dans le cas ol f = o2 = 1.

Le résultat principal du chapitre 4 est :

Théoréme 1.3.5. Si 3 =02 =1, en posant m; = /2t — log( ), on a

lim E 0X,(t)—m; = EAC,o pour la topologie de la convergence vague,
t—o0 e .
UEN ]

ot goo est un processus de Poisson ponctuel décoré d’intensité C*aﬂZme*\/ﬁmdx, ou la constante
C* est celle introduite (1.1.4) et

Zoo := lim Z (V2t — X )) Xul®)=26

t—o0

ueN}

* —V2z
De plus, on a tlim PMi<mi+z)=E (e_ac Zooe™? ) pour tout r € R.
— 00

Par le théoréeme 4.1.1, on montre que

o Les particules de type 2 qui contribuent au processus extrémal peuvent naitre a tout instant
au voisinage de la position du maximum.

o Le processus extrémal est obtenu en utilisant la théorie classique des valeurs extrémes. La loi
de décoration est celle d'un MBB standard de type 1 introduite dans (4.1.5).

Remarque 1.3.6. On remarque un changement au niveau de la correction logarithmique de la
médiane m; en la comparant a celle d’'un mouvement brownien branchant classique. De facon
plus précise, on passe d’un facteur de correction logarithmique } dans le cas d’un MBB standard
a un facteur 5 f + ﬁ dans le cas d’'un MBB & deux types réductible avec 8 = 02 = 1. Une simple

observation de cette transition phase est que le nombre de type ainsi que le changement d’un type 1
au type 2 des particules dans le MBBM réductible ont une influence sur la correction logarithmique
de la médiane.

Une extension de ce modele consiste a considérer le MBB avec un nombre fini & > 2 de type.
C’est un systéme de particules qui peut étre interpréter comme suit. On commence par une unique
particule de type 1 a 'origine. Elle se déplace selon un mouvement Brownien standard.

o A taux 1, une particule de type i, ¢ > 1 donne naissance a 2 enfants de type i qui commencent
a leurs tours deux mouvements Browniens branchants indépendants.

o A taux «, elle donne naissance a un enfant de type ¢ et un enfant de type i + 1.

De fagon analogue au modele a deux types, pour tout ¢ > 0 on note M(i), 1 > 1 I'ensemble des

particules de type i envie a I'instant ¢t. Si u € ./\ft(z), on note X, (t) la position de la particule u a

I'instant ¢ et Mt(l) =max, -t Xy(t) la position de la particule la plus a droite. Fixons k > 2. On
t
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s’'intéresse au comportement asymptotique du processus extrémal des particules de type k définit

par
(k)
> dx-
uEN(k)

On conjecture le résultat suivant.

Conjecture 1.3.2. Posons m( ) = /2t — %log( )+ k\;il log(t), alors on a

~,

thm 8 Sélj) pour la topologie de la convergence vague,
— 00

ou éA’OC est un processus de Poisson ponctuel décoré process d’intensité C*%\/i&,@e—ﬂxdx, ou
la constante C* est celle introduite (1.1.4) et
Zoo == lim (V2t — X, (£))eV2Xu®=20 4 o

t—o0
ue]\f,,(l)

k-1 -2

De plus flim P(Mt(k) <my+z)=E (e G ¢ Zoce T) pour tout z € R.
[— 00

1.3.3 Questions ouvertes

Notons que ce modele est tres riche et qu’on peut poser plusieurs questions sur ce sujet.
Par exemples, parmi les questions qu’on pourrait étudier :

e Dans | ], on a étudié les valeurs extrémes du MBBM réductible dans les zones C;UC>UCS3,
par contre, on n’a pas traité le cas ot (3, 0%) appartient aux interfaces entre (C;)1<;<3. Donc
une premiere question serait d’étudier le comportement asymptotique du processus extrémal
sur chaque interface.

Dans la zone C; N C3, on conjecture le résultat suivant pour le comportement asymptotique
du processus extrémal.

Conjecture 1.3.3. Supposons que B > 1 et 02 = alors ils existent ¢ > 0 et D tel que

B
25—1’

Z 6 w(t)— \/Q,Bo'thr logt

ueN?
converge en loi vers DPPP(cZye™V 25/‘7%6[:1075).

En effet, dans cette situation, les particules de type 2 contribuant au processus extrémal
devraient satisfaire t — T'(u) = O(t'/?). Par conséquent, le processus extrémal est shifté par
la martingale dérivée des particules de type 1, et la loi de la décoration est celle d’'un MBB
de type 2 conditionné & voyager & une vitesse \/2(02 > /2.

De facon similaire, dans la phase Co N C3 on conjecture le résultat suivant.
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Conjecture 1.3.4. Supposons que 3 > 1 et 0% = 2—, alors ils existent ¢ > 0 et une variable
aléatoire Z tel que

Z 6Xu(t)7ﬁt+% logt
ueN?

converge en loi vers PPPD(cZe V2% dz, D).

Dans ce cas, les particules de type 2 qui contribuent au processus extrémal doivent satisfaire
T(u) = O(tY/?).

o Etudier le processus extrémal de mouvement Brownien branchant multitype irréductible.
Comme mentionné ci-dessus, Ren et Yang | ] ont étudié le comportement asymptotique
du plus grand déplacement de MBB multitype irréductible. C’est un systéme de particules ou
pour toute paire de types ¢ et j, les particules de type ¢ ont une probabilité positive d’avoir
au moins un descendant de type j apres un certain temps. Le plus grand déplacement dans
ce cas est similaire a celui d’un MBB monotype. On s’attend aussi a ce que le comportement
asymptotique du processus extrémal soit similaire & celui d’un MBB standard.

e D’autres généralisations du modele que nous considérons dans article | | pourraient étre
envisagées. On s’attend a ce qu'un mouvement brownien branchant multitype réductible avec
un nombre fini de types présente un comportement similaire. Une autre extension possible
consiste a considérer un mouvement brownien branchant a deux types réductible ou les parti-
cules de type 1 et de type 2 donnent naissance a un nombre aléatoire d’enfants, soit L, pour
les particules de type 1 et Lo pour les particules de type 2. Dans ce cas, une condition naturelle
a imposer aux lois de reproduction pour obtenir le comportement asymptotique observé dans
le théoréme 1.3.3 est

E(LylogLy) + E(Lzlog L2) < oo.

1.3.4 Modeéles liés au mouvement Brownien branchant multitype

Dans la derniere partie de cette introduction, on va donner quelques modeles et motivations derriere
I’étude du mouvement brownien branchant multitype réductible. En particulier, on va introduire
des modeles dont on observe le phénomene d’anomalous spreading.

Invasion des crapauds-Buflles en Australie Dans le début des années 1930, le crapaud
buffle (Bufo-Marinus) a été introduit dans l’est du continent Australien dans le but de lutter contre
les parasites et les insectes nuisibles aux cultures agricoles. Puis, ces crapauds ont commencé a
envahir le sol Australien pour atteindre en 2000 la ville de Darwin au Nord de I’Australie. Les
biologistes ont remarqué que la vitesse d’invasion a été multipliée par 5 par rapport le début de
I’invasion. De plus les crapauds les plus avancés sont en moyenne plus gros et plus endurants.

Pour comprendre ce phénomene d’invasion, les mathématiciens ont recours a ’équation F-KPP
introduite dans (1.3.1). Ce type d’équation met en évidence deux phénomeénes : la diffusion des
individus et leur reproduction au cours de temps. Kolmogorov | ] a montré que le phénomeéne
d’invasion se réalise & une vitesse constante. Mais ce n’est pas le cas pour les crapauds Australiens
qui envahissent leur environnement avec une vitesse progressive. Une explication simple est la sui-
vante. Les crapauds les plus endurants peuvent se disperser plus loin dans ’espace. La reproduction
et la transmission génétique favorisent la montée des individus les plus dispersifs sur le front de
propagation.

35



Une équation de type F-KPP a été introduite par | ] qui modélise ce phénomene et qui
prend en compte que les individus ne se propagent pas a la méme vitesse ainsi que l'effet de la
mutation génétique. Dans | ], Calvez et Bouin considérent une population structurée en trait
phénotypique indexée par un ensemble ©® C R qui représente l'espace des traits. Lorsque © est
borné, ils ont montré que la propagation des espéces se réalise a une vitesse constante. Dans le cas
ou © est non borné, la propagation se réalise a une vitesse sur-linéaire, plus précisément on a un
phénomeéne d’invasion anormale (voir | , , ]). Finalement, on estime que ce
type de modele peut étre vu comme un MBBM et qu’on peut avoir des résultats intéressants sur le
valeurs extrémes associées a ce modele.

Invasion anormale chez les homozygotes Ce type de modéle a été introduit par | ,

]. On considére une famille de population diploide, i.e I'information génétique chez chaque
individu est dédoublée. On suppose qu’un certain gene sur chaque paire de chromosome possede
deux formes possibles d’alleéles qu’on les note "a” et "A”. La population se divise alors en individus
"homozygotes” de type 7aa” ou "AA” et hétérozygotes de type "aA”. On suppose aussi que les
gametes des homozygotes de type "AA” ne croisent pas avec les autres types de génotype. On
note u(x,t) la densité des individus hétérozygotes de type "aA” au position z a l'instant ¢ et
respectivement v(x,t) la densité des individus homozygotes de type "aa” & la position = & I'instant
t. Supposons que les croisements entre les hétérozygotes et les homozygotes de type ”aa” sont rares.
Alors ce modele peut étre modélisé par le systéme d’équations suivant :

1.3.6
OV = Fvza +u+ v(18 — 14u) + (vu)? ( )

{ 615“} = Upy + u(l - 2U) + (uv)2
Le terme i vient du fait que le croisement entre les hétérozygotes de type ”aA” produit une
proportion d’homozygotes de type "aa” égale a i. Pour éviter les termes non-linéaires du systéeme
(1.3.6), Aronson et Weinberger | | ont étudié le systéme réductible linéarisé suivant
KU = Upy + U
e (1.3.7)
at’l) = 3 Vzz +u+ 12v

Ils ont montré que pour ce type de modele, les homozygotes se propagent a une vitesse “anor-
male” qui est supérieure a celle des hétérozygotes et des homozygotes considérés tous seuls. Leurs
explications est la suivante. La densité des hétérozygotes u(x,t) a des queues exponentiels au dela
du front, alors une faible densité des hétérozygotes en avant du front produit une accélération
anormale dans la propagation de I'un des homozygotes.

Revenons maintenant au systéme non linéarisé (1.3.6). Observons que les équations dans (1.3.6)
ressemblent & les équations de type F-KPP mais ne le sont pas. Les auteurs dans | ] ont
montré que sous certaines conditions, la densité d’un certain allele dans la population totale vérifie
approximativement une équation F-KPP.
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Chapitre 2

A generalized model interpolating
between the random energy model
and the branching random walk

Abstract

We study a generalization of the model introduced in | ] that interpolates between the
random energy model (REM) and the branching random walk (BRW). More precisely, we are
interested in the asymptotic behaviour of the extremal process associated to this model. In | ,
Kistler and Schmidt show that the extremal process of the GREM (N®), a € [0, 1) converges weakly
to a simple Poisson point process. This contrasts with the extremal process of the branching random
walk (o = 1) which was shown to converge toward a decorated Poisson point process by Madaule
[ ]. In this paper we propose a generalized model of the GREM (N®), that has the structure
of a tree with k,, levels, where (k,, < n) is a non-decreasing sequence of positive integers. We show
that as long as %" —n—oo 0, the decoration disappears and we have convergence to a simple Poisson
point process. We study a generalized case, where the position of the particles are not necessarily
Gaussian variables and the reproduction law is not necessarily binary.

Keywords: Extremal processes, Branching random walk, extremes of log-correlated random fields.
MSC 2020: Primary: 60G80, 60G70, 60G55. Secondary: 60G50, 60G15, 60F05.

38



2.1 Introduction

The random energy model (REM) was introduced by Derrida in 1981 | ] for the study of spin
glasses. In the REM, there are 2V spin configurations. Each configuration o € {1, 1}Ncorresponds
to an independent centred Gaussian random variable X, with variance N, that models its energy
level. It is well-known that the extremal process of the REM, which is defined as

En = Z 0Xx,—my, Where my = (BN — % log(N) and 5. = v/21og(2), (2.1.1)
oe{—1,1}N ¢

converges weakly in distribution to a Poisson point process with intensity \/%efﬁcwdx. Additionally
the law of the maximum My = max,c¢_; 3~ X, centred by my converges weakly to a Gumbel
random variable.

Derrida introduced a generalized model in 1985, called the GREM | ], that has the structure
of a tree with K levels (K is a fixed constant in N*) and can be described as follows. Start by a
unique individual (the root). It gives birth to 2% (we assume that & is a positive integer) children

at the first level. At eachlevel i, 1 <14 < K, each child gives birth independently to 2% children. We
associate each branch of this tree to an independent centred Gaussian random variable with variance
%. In the context of spin glasses, we obtain 2"V configurations in the level K, and the level energy
of each configuration is the sum of the values along the branches that forms the path from the root
of the tree to the leaf corresponding to this configuration. We call this model GREMy(K). The
REM in this case can be thought of as a GREM with one level, i.e. a GREMy(1). The correlation
of the energy of two different configurations depends on the number of common branches shared
by their paths from the root up to the node at which they split. These correlations do not have
any impact on the extreme values of the energy levels, as the result described in (2.1.1) still holds
even if (X,,0 € {—1,1}) is distributed as a GREMy(K), as N — oo.

Kistler and Schmidt | ] studied the asymptotic of the extremal process of a GREM with a
number of levels Ky = N¢, for a € [0,1). They proved that, setting

20+ 1
28.

the extremal process of the GRE My (N“) converges weakly to a Poisson point process with intensity
\/%efﬁczda:, and the law of the maximum converges to a Gumbel distribution. In the GREMy (N®)
the stronger correlations between the leaves of the tree have the effect of decreasing the median
of the maximal energy level, specifically its logarithmic correction. However the limiting law of
the extremal process remains unchanged. In the case of a = 1, which corresponds to the classical
binary branching random walk, the asymptotic behaviour of the extremal process is well-known.
The convergence in law of the recentred maximum was proved by Aidékon [ ], and recently
Madaule | ] showed the convergence of the extremal process to a decorated Poisson point
process with random intensity. Therefore a phase transition can be exhibited, from a simple Poisson
point process appearing in the GREMy(N®) for a < 1 to a decorated one for o = 1.

The aim of this article is to have a closer look at this phase transition. We take interest in
a generalized version of the GREMy(N®), that has the structure of a tree with k, levels, where
(kn, > 0) is a non-decreasing sequence of positive integers. We study the asymptotic behaviour
of the extremal point process showing that as long as %" —nooo 0 (in the Gaussian case), the
decoration does not appear.

my) = BN — log(NV),
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2.2 Notation and main result

A branching random walk on R is a particle system that evolves as follows. It starts with a unique
individual located at the origin at time 0. At each time n > 1, each individual alive in the process
dies and gives birth to a random number of children, that are positioned around their parent
according to i.i.d random variables.

The process we take interest in can be described as follows. Let k, be an integer sequence
growing to oo such that k, < n for all n € N and set b, = [{-] the integer part of ;-. The
process starts with a unique individual located at the origin at time 0. The particles reproduce
for b, consecutive steps, each particle giving birth to an i.i.d. number of children. Then each
descendant of the initial ancestors moves independently, making b,, i.i.d. steps of displacements.
This forms the first generation of the process. For each 1 < k < k,,, every individual at generation
k repeats independently of the others the same reproduction and displacement procedure as the
original ancestor. In other words every individual creates a number of descendants given by the
value at time b,, of a Galton-Watson process, whose positions are given by i.i.d. random variables
with the same law as a random walk of length b,,.

To describe the model formally we introduce Ulam-Harris notation for trees. Set

L{:UN”

n>0

with N° = {@} by convention. The element (uy,us..,u,) represents the ut® child of uf! ; child ..,
of u; of the root particle which is noted @. If u = (uq, us..,u,) we denote by ur = (u1,ua.., ug)
the sequence consisting of the k' first values of u and by |u| the generation of u. For u,v € U
we denote by m(u) the parent of u. If u = (uy,us..,u,) and v = (vy,vs2..,v,), then we write
w.v = (U1, Ug.., Up, V1, Va.., V) for the concatenation of u and v. We write

lu Av| :=inf{j <n:u; =v; and uji1 # vjq1}.

This quantity is called the overlap of u and v in the context of spin glasses. A tree T is a subset of
U satisfying the following assumptions:

e JeT.
o ifueT, then m(u) € T.
o if u=(u1,us,..u,) €T, thenVj <wu,, n(u).j €T.

We now introduce the reproduction and displacement laws associated to our process. Let
(Y,)nen be a random walk such that E(Y;) = 0 and Var(Y;) = 1. We denote by (Z,)nen a Galton-
Watson process such that Zy = 1 and offspring law given by the weights (p(k))gen with po = 0.
Under this assumption, the Galton Watson process survives almost surely. Set m = 3, -, kp(k)
the mean of the offspring distribution and assume that m > 1. Recall that the Galton-Watson
process (Z,)en satisfies for all n € N:

Zn
Zn+1 = Z £n+17ja
j=1

where (€, j)1<j<z, are i.i.d random variables with law (p(k))ken -
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Under the assumption E(Z; log(Z7)) < oo, Kesten and Stigum | ] proved that on the set of
non extinction of 7 there exists a positive random variable Z., such that

. 2y
lim — =
b—oo M

Zs >0, as. (2.2.1)

In this article we assume that the following stronger condition holds:
E(ZF) < oo, (2.2.2)

which is needed for the proof of Lemma 2.4.3.
Construct a tree that we denote 7™ as follows. Start by the ancestor & located at the origin.
It gives birth to Zp, children. For each k£ < k,,, each individual at the generation k gives birth to
an independent copy of Z; , that are positioned according to i.i.d random variables with the same
law as Yy,,. For 1 <k <k,, let
Hy o= {u e T : |u| =k},

the set of particles in the k' generation. By construction, we have #Hy = Zy, in law for all

k < k. We define (Xl(Ln)7 u € TM) a family of i.i.d. random variables with same law as Y}, . For

ue T, we write
|u]

S =3 X,
k=1

The goal of this paper is to study the asymptotic behaviour of the extremal process associated to

this model
bn) _
EL =D Ot

where the value of the median m,, is given in Theorem 2.2.1.
Let us introduce notation associated to the displacement of the process. For all 8 > 0 we set

A(0) :=1log (E (exp(6Y1))) . (2.2.3)
We assume that there exists 6 > 0 such that A(6) < co. We write:
kn(0) = logE Z X
|ul=1
Observe that k() = by, (log(m) + A(6)) as
E Z 60X7(L"') —-F Z E(eaXi") |Zb ) -k (Zb E(eeYbn )) _ ebn(log(m)+A(0)).
Ju|=1 Jul=1

The function &, is convex and differentiable on {6 > 0, k,(0) < oo}, its interval of definition. We
assume that there exists #* > 0 such that

0" N (07) — A(6") = log(m). (2.2.4)
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We also assume that there exists § > 0 such that
E (exp((0* 4+ 6)Y1)) < o0 (2.2.5)

Recall that the case k, = n corresponds to the classical branching random walk. Then under
assumption (2.2.3) and (2.2.4), Kingman | ], Hammersley | | and Biggins [?] showed
that on the set of non-extinction of 7

M, k(60%)

lim — := =v a.s,
n—oo M o*

where, M,, = max,ecy, S, and v is the speed of the right-most individual. Then, Hu and Shi | ]
and Addario-Berry and Reed | | proved that

M, =nv — 3 In(n) + Op(1),
20*
where Op(1) represents a tight sequence of random variables.
Throughout this paper we will assume that we are in one of the two cases:
(Hy): Y7 is a standard Gaussian variable and b,, — 0o as n — co.
(Hz): The characteristic function p(A\) = E (exp(iAY7)) of Y7 satisfies the Cramér condition, i.e

limsup |p(N)| < 1,

[A] =00

and 10;(7’;1)2 — o0 as n — o0o. The last assumption on Y7 (under (Hz)) comes from the fact that we
used a refined version of the Stone’s local limit theorem introduced in | , Theorem 2.1], more
precisely in Corollary 2.3.11.

Our work is inspired by the recent works on the convergence of the extremal processes [?], [?],
[ ] and | ]. The main result of this paper is the following convergence in distribution.

Theorem 2.2.1. Assume that (2.2.2), (2.2.3), (2.2.4), (2.2.5) and either (Hy) or (Hz2) hold, then
setting

3 log (b,
My, = knbpv — oYL log(n) + o%(* ),
the extremal process
EX =D Fst_m,
uGHkn

. . . . . . —0* 4
converges in law to a Poisson point process with intensity \/%Zooe 0"z where 02 = k,,(6*) and
mTo

Zso 1 the random variable defined in equation (2.2.1). Moreover, the law of the recentered maximum
converges weakly to a Gumbel distribution randomly shifted by 0% log(Zso).

Remark 2.2.2. Denote by Cll)’+ the set of continuous, positive and bounded functions ¢ : R — R
with support bounded on the left. By | , Lemma 4.1], it is enough to show that for all
function ¢ € Cé’+

. - so(Sf]l)mM) < ( 1 / o _ >>
lim E (e uEH ey, =E(exp|—-Z e (1 — e—2W)g ]
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The result of Kistler and Schmidt | , Theorem 1.1] is covered by Theorem 1. Tt is the case
(Hy) with k, = N* 0 < o < 1 and Z; = 2 in our theorem. In that case we have Z,, = 1

and m, = nf. — zg‘ﬂt Llog(n). Throughout this paper, we use C' and ¢ to denote generic positive

constants, that may change from line to line. We say that f, ~,_ o0 gn if lim, o % = 1. For
x € R we write z = max(z,0).

The rest of the paper is organized as follows. In the next section, we introduce the many to
one lemma, and we will give a series of useful random walk estimates. In Section 4 we introduce
a modified extremal process which we show to have same asymptotic behaviour of the original
extremal process defined in the principal theorem. Finally we will conclude the paper with a proof
of the main result.

2.3 Many-to-one formula and random walk estimates

In this section, we introduce the many-to-one lemma, that links additive moments of branching pro-
cesses to random walk estimates. We then introduce some estimates for the asymptotic behaviour
of random walks conditioned to stay below a line, and prove their extension to a generalized random
walk where the law of each step is given by the sum of b, i.i.d random variables.

2.3.1 Many-to-one formula

We start by introducing the celebrated many-to-one lemma that transforms an additive function of
a branching random walk into a simple function of random walk. This lemma was introduced by
Kahane and Peyriére | ]. Before we introduce it, we need to define some change of measure
and to introduce some notation.

Let Wy := 0 and (W; — W;_1);>1 be a sequence of independent and identically distributed
random variables such that for any measurable function h : R — R,

E(h(W,)) = E (ee*YrW*)h(Yl)) .

where Y7 is the law defined in Section 2. Respectively, we introduce (T](n) — Tj(ﬁ)l)jzl a sequence
of i.i.d random variables such that Ty = 0 and

* g(n) n
E (X jujm € 5 (SE))
E(Y e €5)

E(h(T{™)) = —E (e‘)*Ybn—A("*)h(Ybn)) . (2.3.1)

Observe that (Tlgn), k > 1) is a sequence of random variables that have the same law as the

process (Ugp, = Zfi“l W;, k > 1). We now set Tg»n)
We have

= Tj(n) —jbnv respectively W, = W, —jv,j > 1.
B(W1) = E (Ve " =M00) = A (),
and as A (6*) = k. (6*) = v, we have E(W) = 0 and similarly

"

E(WE) = E (2 ™M000) = A"(0) + (A (0))%,
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which gives Var(W1) = A" (§*) = ¢ which is finite by assumption (2.2.5). As a consequence we have
E(Tgn)) =0 and Var(Tgn))) = b,0% < co. In the case (H;), note that W is a standard Gaussian
random variable which means that Tln) is a centred Gaussian random variable with variance b,,.

For simplicity we write S, in place of S,(L") and 7} in place of Tj(") in the rest of the article.

Proposition 2.3.1. [ , Theorem 1.1] For any j > 1 and any measurable function g : RI — R,
we have

E| > 9((Suiicy) | =E (679*ﬁ9((i+ibnv)1§i3j)) -

lu|=j

Proof. For j =1, by (2.3.1) and using that b,v = ”"‘g(f*), we have

E Z 9(S.) | = E(efe*TlJmn(G*)g(Tl)) - (efe*Tilg(Tl_F bnv))
Ju|=1

where T1 = T} — b,v. We complete the proof by induction in the the same way as in |
Theorem 1.1]. O

2.3.2 Random walk estimates

In this section we introduce some estimates for the asymptotic behaviour of functionals of the
random walks, such us the probability to stay above a boundary. We first give an estimate for the
probability that a random walk stays above a boundary (f,)nen, that is O(n'/27¢) for some £ > 0.

Lemma 2.3.2. [ , Lemma 3.6]. Let (wy,)nen be a centred random walk with finite variance.
Fiz e > 0, there exists C > 0 such that

1
P(wy, > —(k/>~° +y), k <n) < C—-Y

s
for any y > 0.

From now on we use the random walks (T} )g>1 and (T )r>1 defined in (2.3.1), unless otherwise
stated. In the next lemma we will give an approximation of the probability for a random walk to
end up in a finite interval using the Stone’s local limit theorem [ ].

Lemma 2.3.3. Let f € Cll)’+ be a Riemann integrable function, and let (r,)nen be a sequence of
positive real numbers, such that lim, ., T—\/% =0. Set

-3 IOg(bn)
—
og~ lo8(m) + —5

Qn

then we get
69*2n3/2

E(f(Tx, — an +2)e @ Trny = < 1
(f( kn a l‘)e ) bn\/m

/ Fw)e® Vdy(1 + o(1))

uniformly in x € [—rp, Ty
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Proof. By setting h(z) = e~? # f(2), it is enough to prove that

E(h(Ty, — an + 1)) = (2.3.2)

\/27rakb /h Jdy(L+o(1))

uniformly in € [—r,,r,]. We prove this lemma by successive approximations of the function h,
starting with an indicator function. Set h(z) = 1j44)(2) for some a < b € R, then we write

E(hMTk, — an + ) =P (Tk, — an + € [a,1]), (2.3.3)
As T is the sum of b, i.i.d. copies of Zy, T, is the sum of k,b, i.i.d. centred random variables
with finite variance, therefore we can apply the Stone’s local limit theorem | | to obtain
— b—a —(an—:r)2> b—a
P(Tk, —an+x € |a,b]) = e 1+0(l) = ———=(1+0(1)),
T, 1) = s exp (228 ) (1 o1) = T (14 o)

uniformly in & € [—ry,, ], which completes the proof of (2.3.2) in that case.

We now assume that h is a continuous function with compact support, we prove (2.3.2) by
approximating it by simple functions. Denote by [a,b] the support of h. Let (£;)o<i<m be an
uniform subdivision of [a,b] where m € N is the number of the subdivisions and t; = a+i(b—a)/m
for 0 <7 <m. Set

,_.

m—1

by () = Z Mil{aelti i)y and hm Z Milipept; i)}
= =0

m—

0
where M; = sup.c, ¢,,, (2) and m; = inf_ e, +,,,) h(2). Hence using the Riemann sum approxi-
mation and the fact that f is a non-negative function, for all ¢ > 0, there exists mg such that for
all m > mg we have

b b b b
u—@/h@@s/i%@@s/ﬁ%@@su+a/h@@, (2.3.4)

Wheref hy () dy = 20! beap, andf o (y)dy = S0 =4 M.
Using equatlon (2.3.3) we "have

m—1 1 m—1 b

E (hn(Tk, — an + 1)) = ; M;P (Tk, — an+x € [ti tiga]) = Nor==r ; -

y)dy(1+ o(1)).

m/

Therefore, using that E(h(Ty — a, + ) < E(hy,(Tk — a, + 2) and by (2.3.4) we deduce that

1 b
limsup sup +/knb IEJ( Tk, —an—l-w)) < (1+6)m/ h(y)dy.

n—oo wE[O r"]

Using similar arguments we have

1 b
liminf inf kb, E k, —Qn+x)) >(1—¢ / h(y)dy.
minf inf Vn (MT ) > (1—¢) 5ot ). (y)dy
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Finally, letting ¢ — 0 completes the proof of (2.3.2) when h is a compactly support function. Finally
we consider the general case, and assume that f is bounded with bounded support on the left. We
introduce the function

1 if u <0
x(uy=¢ 1—u if 0<u<1
0 if u > 1

then we write,

E(h(Tk, — an +x)) =E (h(Tk, — an + 2)X(Tk, — an +z — B))
+E (MTk, — an +2)(1 — x(Tk, — an + = — B)))

for some B > 0. Observe that the function z — h(z)x(z — B) is continuous with compact support,
then using previous result, we have

E(h(Tx, — an + 7)) y — B)dy(1+o(1))

- \/27701% b /h(y)x(

+E (h(Tk, — an +2)(1 = X(Tk, — an +z — B))) . (2.3.5)

n

Thanks to the Stone’s local limit theorem | ] there exists a constant C > 0 such that the
quantity (2.3.5) is bounded by

E (h(Tk, — an+x)(1 = x(Tk, —an +2— B))) <E (h(Tkn —an + x)l{Tkn—an+m>B}>

6_0 B

—0*4
< I fllocE Ze ]1{Tkn—an+m€[j,j+l]} SCWHooﬁ-

Jj=B

On the other hand by the dominated convergence theorem we have

1 1
lim ——— [ h — B)dy = ———— | h(y)dy,
A g / (y)x(y — B)dy RN / (y)dy
as a consequence we deduce that
_ 1 .
E(WMTy — an S — —vay(1 1)),
(T, = an +2)) = < [ )" Vg1 +0(1)
which completes the proof. O

Random walk with Gaussian steps

In this section we assume that (Hj) holds, i.e that (Ty)r>o is a Gaussian random walk. Let
(Bn(k), k < k;,) be the standard discrete Brownian bridge with &, steps, which can be defined as,

1 - k —
Ty — —Tg, ).
™ (T = - T.)
In the following lemma we estimate the probability for a Brownian bridge to stay below a boundary

during all his lifespan. This lemma was introduced in [?, proposition 1] for continuous time Brownian
motion which also hold for the discrete time version.

6n<k) =
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Lemma 2.3.4. Let h be the function defined by

h(k) = 0 ifk=0o0rk=ky,
| alog((kn — k) Ak)by)+1) otherwise.

where a is a positive constant. There exists a constant C' > 0 such that for all x > 0 and n > 0 we
have

1
Vbn

We refer to the function k& — h(k) as a barrier. An application of this lemma is to give an
upper bound for the probability that a random walk with Gaussian steps make an excursion above
a well-chosen barrier.

T \2
(h(k) + ),k < kn> < CW (2.3.6)

n

P (w) <

Lemma 2.3.5. Let a > 0, and for 0 < k < k,, we write f,(k) = alog(%), There exists
C > 0 such that for allz >0, a < b € R and k < k,, we have o

B (T = (k) € [0.0,T < fulj) 2,5 S ) < OO =)= 25—
Proof. For n € N we have
P(Tk_ fn(k) € [aab]afj S fn(]) +x7j S k)

<P(Tu= fo0) € 0T, ~ 1T < Ful) o~ 1aB) + )G <E).

Ed

using independence between the discrete Brownian bridge Tj — %Tk and T}, we obtain
s (fn(k)),J < k) (2.3.7)

S ]P(Tk - fn(k) € [aa b]) P (Tj - %Tk S fn(]) +x— %(fn(k) +a)7j § k) .

To estimate the probability that a discrete Brownian bridge stay below a logarithmic barrier, we
apply Lemma 2.3.4. First observe that the function z — @ is decreasing for x > e, and using
that (k, — )b +1 < (kn — k)bp, + 1+ (k — j)bn + 1 < 2((ky, — k)by, + 1)(k — j)by, + 1)), we have

forjﬁ%,

J knby, knb,
I (log(—— 7"\ oo(—— 7
ak(og((kn—kz)bn+l) Og((kn—j)bn+1)>+$

a%(log(k:bn) +10g(2)) + 7 < allog((jbn V €)) + log(2)) + o

IN

Juli)+ 2 = L(fulh) + )

IN

and for g < j <k, we have

knby,
(log(((kn — 4)bn + 1) — log((kn — k)by + 1)) + 2
a(log(2) + log(1 + (k — j)b,) + x.

ki by,

IN

fuli) + = L(fatk) +a) < allog )+ — log
a(log

INIA
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Then by Lemma 2.3.4 we get after rescaling by \/% the following upper bound

7 s J . .

P (75— 0 < 1)~ 200at3) - 005 < )
x
e
where C is a positive constant. To bound the first quantity in (2.3.7) we use the Gaussian estimate
b—a

kb,

T \2
1+ =)
k' )

<p (m(k) < a(log((k A (k— ) + 1)) + —— + 1,5 < k) <c

P (Ti — fu(k) € [a,b]) <
which completes the proof. O

From now we denote by B, (k) = %’L Recall that under (Hy), (B, (k))k<k, is a standard

(
random walk with i.i.d Gaussian steps. Define the function L : (0,00) — (0,00) by L(0) =1 and

L = — i j . 3.
(x):=> P (Bn(k‘) 2 —x, Bu(k) < min, Bn(3)> for z >0 (2.3.8)
k>0
It is known by | , section XII.7], that the function L is the renewal function associated to the
random walk (B, (k))r>0. We will cite some properties that are mentioned in | , section XII.7].
The fundamental property of the renewal function is
L(z) = E (L(x 4 Bn(1))1{248,1)>0}) » (2.3.9)

and is a right-continuous and non-decreasing function. Since in case (Hj), the initial law has no
atoms, then the function L is continuous. Also, there exists a constant ¢y > 0 such that

lim M = ¢p. (2.3.10)

T—00 X

In particular there exists a constant C' > 0 such that for all z € R

L(z) < C(1+zy). (2.3.11)
Also we have by | , section XIL.7] , for z,y >0
L(z+y) < 2L(z)L(y). (2.3.12)

Similarly, we define L_(x) as the renewal function associated to —B.
Since T' is a symmetric law we have L_(z) = L(x) for all z > 0. It is also known that there
exists a positive constant C7 such that for y > 0

. L(y)
> — ~ . L.
P (}crrélkn(Bn(k)) > y) n—oo C1 N (2.3.13)
By Theorem 3.5 in | ], assuming that B is Gausian we have Cy = %r We now introduce an

approximation of the probability for a random walk to stay below a line and end up in a finite

interval . Set ) )
Fo(k) = n = 7 (mn = knbpv), k= 0.k, nE€N.
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Lemma 2.3.6. Let (7,)nen be a sequence of positive real numbers such that lim, o % =0. Let

-3 log(b,,)
= g7 losl

an
L+
For all f € C;" we have

eQm _

_ e 0 g x
£ (f(T’“" —an )’ Tk"1msfn<k>—w,kskn}> - \/ﬂ/_ F)e™ vy (R(W) +0(1)) '

uniformly in x € [—ry,0].

Proof. By setting h(z) = e~? % f(2) it is enough to prove that

= 1 0 -z
E (h(Tkn —an+ x)l{ﬂgfn(k)—x,kgkn}> = 132 o /_Oo h(y)dy(R(\/E) +o(1)) (2.3.14)

uniformly in z € [—7,,0].

Following the same method used in Lemma 2.3.3 it is enough to prove this estimate for an
indicator function. By writing 1j_, _y) = 1|_q,0) — 1[=p,0) for some a > 0,b > 0, it is enough to
prove this estimate for h(z) = 1j_,,9)(2), in that case we have

E (h(Tkn —ap + :C)]'{Tkgfn(k)fm,kgkn}> =P (Tkn —ap,+z>—a,Tp < Fy(k) -2,k < kn) .

Define a new probability measure Q on R by
dP — — Q= a
—(T) = — T 4+ A= 2.3.1
o) = (T 4 A)) (2:3.15)

where A() = %. Then we rewrite

P(Tkn —ap+2>—a, T < Fy(k)— 2,k < kn)
=Eo (gzwmﬁmn)—%)

1{mﬁn(kn>+xz—a,m§n<k)§—x,k§kn}) ’

where En(k) = By (k) Observe that the law of 7' under Q is the same as the law of T
under P.

Under this change of measure, we can rewrite the probability as

__k
Vonky, T

~ 2
_%Vann(k?n)"l‘% ~ ~
EQ (e 1{Vann(k)S_mkaknv\/ann(kn)"t‘zE_a}

< eHrat3iQ (\/Qén(k) <,k < ks /b B (kn) > —a — x) :

as a consequence

~ a%
limsup sup Eq (e_%?mB"(k")+%1

n—oo g&[—ry,,0]

{\/Eﬁn(k)s—r,ksm,mﬁn(knwzz—a})

<timsup sup Q@ (VbuBalk) < 2.k < by Vo Bulh) = —a— ),

n—00 ze[—ry,0]
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similarly we have

B az
liminf inf Eg (ef b"Bn(anﬁl{
0

n—=00 z€[—rn,0]

mﬁn(mm,k<kn,m§n(kn)+z>a})
< liminf inf (\/ Bo(k) < 2,k < kp, /bpBp(kn) > —a — x) (2.3.16)

n—oo z&(—ry,,0]

for all @ > 0. Therefore, it remains to estimate the quantity (2.3.16). Applying the Markov property
at time p = [22] we get

<\/7B < -z, k <k, \/>B > —a- x) =E <fr,n,a(\/Egn(p))l{\/ﬁﬁn(kxx,k<p}>

(2.3.17)

where for all y <0
fonay) = (fB (kn, — —|—y>—a—x\FB yg—x,kﬁkn—p).

Using that the process (Vb (B (ky — p) — Bp(kn —p — §)),0 < j < ky, — p) has the same law as
(vVbnBn(§),0 < j < kn — p) under Q, we obtain

fon.a(y Q( —vb Bk,p ac+y)<ak‘<k:—)
(\/nn(k VouBalkn =) = (@ +y) < ak < b —p)
since (v/bn By (k))ks0 is a symmetric law. We write By, (k, — p) = maxo<;<k, p v/bn Bn(i), set
Tk, —p = Min {z : 0<i<k,—p, Bn(k‘n —p) = \/bngn(i)}

the first time when \/bnén(i) hits its maximum in the interval [0, k,, — p]. We have

kn —Pp

f:c,n,a(y) = Z Q (Tkn—p =1, \/Eén(k) < \/aén(kn 7p) - (x + y) < a, kE<k, 7p) .
1=0

Applying the Markov property at time i we get

kn—p

fm,n,a(y) = Z E (gz,n,y (Bn(z) - a‘) I{Bn(i)—\/ﬂgn(i)ga}) s
i=0
where for all z <0, gg.ny(2) :(@(y—l—x < Vb Bu(kn —p—i) <y+z— 2 Bylky —p—i) < O).
We now split the sum Y177 into Y20 + S~ Py, where iy, = [/E,], then we write

fn,m,a(y) = fr(m)ca( )+fnza( )

where

in
0= 2 (s (Ba) =015, - 5, 020))
=0
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and

kn—p
aly)= Y E (grvnvy(Bn(i) a)l{Bn(n—mﬁn(ma})'
i=in+1
.2
Set ¢(x) := wre ™2 1fz>0}. By Theorem 1 in [ ] of Caravenna for n — oo,

Q(—($+y—Z)S bnén(kn—p—i)ﬁ—(ﬂﬁ+y)| b'rLé'rL(j)ZOajSkn_p_i)

____* Y 0 !
- ¢<kn—p>bﬁ<¢<kn—p>bn> i < <kn—p>bn>’

uniformly in y <0, z € [-7,,0] and z in any compact set of R_. As a consequence by (2.3.13) we
get

_ —Zz —y o 1
Fony(Z) = <kn—p>\/b7r*”< (k‘n—p)bn> R T )

uniformly in y <0, € [-r,,0] and z € [—a,0]. For n large enough we get

(W) () — 1 Y —(Bn(i) — 2
naa) = G bnw‘p< (kn—p)bn> ;E (Bnlt) m)l{ﬁn(mshm}
(2.3.18)

+ o

1 i ~ a
B, (k) < Jk<i].
knfbn);(@< ®) = 7 Z)
We now treat the quantity
E <fa(c,27)L,a( \% ann(kn p))l{mgn(k‘)<m,k<knp}> :

Since ¢ is bounded, there exists a constant C' > 0 such that for all x € [—r,,0],z € Rand 0 <i <p

C
x,n S 1 —asz )

as a consequence, for all y < 0 we have

kn—p
C 1 . a -~
(2) < § P( B,(i) < Bn'>0>
fw,n,a(y) = \/Ei:i ‘) k, —p—it1 < (Z) = \/E’ (Z) =
which is bounded using Lemma 2.3.5 by
kn—p

C 1 1
(2) = : 2.3.19
Fonal) < 5 2 G —p—ie it ) (231

o1



On the other hand by (2.3.13) we have Q(En(]) < =00 S kn =) ~nseo ifr *{cﬁ by (2.3.13)
which implies together with equation (2.3.19)
(LU (2Bl = DD ity mict ) ) =0l ) (23:20)
\/E {\/Tz n(k)<—z,k< n_P} kz\/E

We now return to equation (2.3.18). Letting n — oo, we have Y ;2 P ( P> ) = R(—%) for
a > 0 and by Fubini’s theorem we have

~ a m 1 /0 —t
E B 1 L dt.
Z \/bn) {Bn(k)>7 k<7/ / \% bn —a ( \% b’ﬂ)

By dominated convergence theorem we have

1 0 L —t a
Voo Joa Vo Vb
since h(t) = 1{_q,0)(t). This yields, for all y <0

)dt = (14+0(1)) =

o) = = \/k_i/h )it + ol =)

as a consequence, by (2.3.13)

£ 0Bl -

{ﬁn(k)gﬁ,kgkwp} B k2 f/h

_En(kn_p)+ —x
xEﬁ<@< N >y— >0k<k—><L(m)+o(l)>.

On the other hand, it’s known (see Lemma 2.2 in | |) that under P, ( \ >0,k <k,— )
% converges weakly (as n — oo) to the Rayleigh distribution with density ¢. Hence

n—oo /i, ,/kn_p

uniformly in « € [—r,,0] . Combining this with (2.3.20) we conclude that (2.3.14) holds, which
allows us to complete the proof by successive approximations. O

En(kn—p)—i—i N oo
lim E . <go < W) |Bo(k) >0,k < ky —p) :/ o(t)2dt = ?
0

KMT coupling for random walk

We now introduce the well-known KMT Theorem | ] which is an approximation method of a
random walk satisfying (H2) by a Gaussian random walk. It allows us to link estimates on random
walks satisfying (H2) to the ones previously proved under assumption (H1).
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Theorem 2.3.7 (Komlos-Major-Tusnady). Let (X;)1<i<n be a sequence of i.i.d random variables
such that E(X;)) = 0, 0 < E(X?) = 0% < 0o and E(exp(0|X;|)) < co for some 6 > 0. Then there
exists a sequence of i.i.d standard normal variables (Z;)1<i<n such that for ally >0

k

k
P < max |o ! ZXZ' - Z Z;| > C'log(n) + y) < Kexp (—\y)
i=1

1<k<n ‘
i=1

where C, K and X are universal positive constants.

Observe that we can construct an increasing sequence of integers d,, such that d,,/logn — oo
and d? /b, — 0. Using assumption (2.2.5), we can apply Theorem 2.3.7, to note that with high

probability, the random walk (T )r<k, stays within distance d,, from a random walk (gk)ogkgkn
with Gaussian steps. More precisely, setting the event W,, = {|Tk — \/bngk\ <dn, k< kn} we have
P(WTCL) < e—)\(dn—Clogn) — O(n—'y)

for all v > 0, as d,, > logn. We start by proving a version of Lemma 2.3.2 for the random walk
satisfying (Hg).

Lemma 2.3.8. Fize > 0, there exists C > 0 such that

i

Vkn

P(Ty > —(k'"* " +y),k < k,) <C
for any y > 0.
Proof. Let ¢ > 0. The proof is an application Theorem 2.3.7. We have
P(Te = —(K/*7 —y).k < k)
<P (Tk > (kY27 4 ) k < Ky, WE,k < kn) P (@?k > (kY27 4 y) +dy), k < kn) .
Applying Theorem 2.3.7, there exists a constant C' > 0 such that
P(Th > (k"2 +y) b < k)

C ~
< 4P (\/Esk > (kY b y) +dp, k < kn) :

for all v > 0. Using the fact that \%f — 0 as n — 00, we have for n large enough

_ ~ 1
P (Tk > —(k1/276 +y),k < kn) <P <Sk > _\/T

n

(k1/275+y)—|—1,k < kn>

and by Lemma 2.3.2 we conclude the proof. O

In the same way we prove a similar result to Lemma 2.3.5.
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Lemma 2.3.9. Let o > 0, and for 0 < k < k,, write f,(k) = alog (%) There exists

C > 0 such that for all x > 0, a < b € R, we have for n large enough

P (Tk, — fn(kn) € [a,b], T < fn(k) + 2,k < k,) <C(b—a+ 2dn)(im

n

Proof. Applying again Theorem 2.3.7, there exists a constant C' > 0 such that

P (Tk, = fu(kn) € [a,0], Ty < fu(k) + 2,k < k)

C & a 1
< S +P (@Skn = fulkn) € la = du bt dul, S < —Z=(fulk) + 7+ du) b < k) :

for all v > 0. For n large enough we obtain
IP (Tkn - fn(kn) S [aab]7Tk S fn(k) + l',k S kn)

~ ~ 1
S P <\/ bnSkn _fn(kn) € [a_dn7b+dn]7sk S e

by,

and we use Lemma 2.3.5 to complete the proof. O

(fu(k)+2)+2,k < kn) :

We now prove Lemma 2.3.6 for random walk satisfying (Hgz). Set

Fo(k) = T On ~ cnlr20,k,

k =0,..k, where (c,)nen is a sequence of integers satisfying lim,,_, o ¢, = oo and

e
nh_{rgom—o. (2.3.21)

Before moving to the proof we need the following Lemma.

Lemma 2.3.10. Uniformly in © € ¢y, 0], we have

L(%72)
lim |—22" 1| =0,
n—oo L( bn)

Proof. The proof follows from the properties of the renewal function introduced in (2.3.9). We first

n )

(
consider the ratio W@ for large value of y. Let € > 0, by (2.3.10), there exists a constant
A = A(e) > 0 sufficiently large such that for all y > A we have

co(1—e)y < L(y) < co(1 +€)y. (2.3.22)
Using (2.3.22) we have
(*72) 1 1
sup L(f) “1) < |1f5—1|+W. (2.3.23)
Ve : "
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On the other hand, recall that y — L(y) is continuous. Hence it is uniformly continuous on
[0, 4], and

x T —cy
sup  |L(—=) — L( )
w€len, AVin] | Vbn Vb
Cn Cn
< sup L(y) = L(y — —=)| S wr(—=),
ye[j%n,A] bn by,
where wr,(§) = sup |L(t) — L(s)|. Since the renewal function is increasing, we have L(y) > 1, for

s,t
lt—s|<5

all y > 0, which implies that

Ly — =)
sup VLl < wr( n ) — 0 as n — oo. (2.3.24)
ye[\;::,A] L(y) \/E
By (2.3.23) and (2.3.24) we have
L(25) L(27) L(25)
sup #—1 < sup #—1—}— sup f" -1
z€[cy,00) L(m) €[cn,AVby) L(ﬁ) \/QZ—HZA (m)
Cn 1+¢ co(1+¢€)ey
< w + -1+ —F—.
Letting n — oo then € — 0 we conclude the proof. O
Corollary 2.3.11. Setting
-3 log(by,)
n — 1 )
an = gg= () + =4,

then there exists C' > 0 such that With the same notation as Lemma 2.5.6 we have

— T e 0 o —x
E (f(Tkn —ay +x)e’ Tknl{?kﬁfﬂk)*z,kﬁl%}) = i /m fly)e " vdy (L(\/b?,) + 0(1)> ;
(2.3.25)

uniformly in x € [—ry, —(cn + dp)].

Proof. We will divide the proof of this corollary into two parts, proving separately an upper and a
lower bound for (2.3.25). We set h(z) = e~ #f(z) . As a consequence, it is enough to prove that

1 /0 —x
- - h(y)dy(L(——
k‘i/2\/27m2bn —c0 (w)dy( Vbn

uniformly in z € [-r,,—(c, + d,)]. Using the same arguments in Lemma 2.3.6, it is enough to
prove this Corollary with the function h(z) = 1{_4,0](z) for some a > 0. Then we write

E (h(Tkn —an + x)l{?kgfn(k)—x,kgkn}) = L( ) +o(1))

E (h(Tk, = an +2)L7, <, (1) -siiny) = PAD @) (2.3.26)
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where - B B
AP (@) = {Ty < Fu(k) — .k <k, Th, — ay + 7 > —a}

the event that the random walk (Tk) k<k, stays below the barrier k — F,,(k) for all k£ < k,, and end
up in a finite interval.

¢ Upper bound

We have
P(AP (@) = P (AP (), [T, 1 = an + 2l < hav/ba ) + P (AP (@), [Th, 1 = an + 2] > hnr/bn)

(2.3.27)

where (hy,)nen is a sequence growing to oo, that we will fix later on. We bound these two quantities
separately choosing h,, such that

limsup  sup L(i)*lki/zx/bn]}” (Ag“)(x), Tk, -1 — an + x| > hn\/bn) = 0.
n—00 z€[—ry,,—Cn] \/E

We first observe that
P (A;k')(m), Ty 1 — apn + 2| > hn\/a) —P (Agf> (@), Th—1 — an + 2 < —hn\/a)

since the event {Tkn—l <F,(kn—1)—2,Tk, 1 —apn+x> hn\/bn} is impossible for n large enough.
Then we have,

limsup  sup L(_—x)_lk‘gﬂ\/bnﬂ” (Aﬁf)(x),ﬂn,l —apt+z< —hn\/bn)
n—00 g€[—ry,,—cn) \/E

<1l L(—2
<limsup  sup —_—
n—00 z&[—r,,—cn] Vby

<limsup  sup L(i)_lki/2\/an(\Tl| > Vbphy).
n—00 z€[—ry,,—cy) \/E

On the other hand we write

P(|T1| > Vbnhn) = BTy > \/bpho) +P(~T1 = v/buhy),

and additionally we have

P (Tl Z /bnhn) ) <69T1 Z 69h"m) S ebn(A(G)fehn\/E)’

) K32\ /b, P (Tkn —an+2€[-a,0,,Tk, 1 —a,+z< —hn\/a)

for all & > 0. As A is C? on a neighbourhood of 0, we have
A”(O)@Q

A(6) = A(0) 4+ A'(0)60 + +0(62)) = A" (0)62/2 4 o(6?).

Therefore, choosing 6 = \/hl;L, there exists C' > 0 such that for all n large enough, we have

P(Ty > v/bohy) < e~
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Similarly, we have P(Ty < —v/bph,) < e=Ch for n large enough. Finally we obtain

limsup  sup L(i)*lki/zx/bn?’ (Ag“)(x),fkn_l —ap+x< fhn\/bn)
n—00 zE€[—ry,—cn) \/E

—X - 2
<limsup sup  L(——=)"'k¥%\/be P
Nn—00 z&[—Tn,—cn] Vbn "

which goes to zero as n — oo as long as h,, > 2 %.
We now bound the first quantity in the right hand-side of (2.3.27). Applying the Markov

property at time k, — 1 we get
P (Aé’“) (), [Th,—1 — an + 2| < hy, \/bn) (2.3.28)
=FE (fn(Tj +a, — m)1{T7kﬁfn(k)*m,ﬁkn717an+x|§hnm,k§kn71|})

where f,(z) = P, (T € [~a,0]) for all z € R. We estimate the function z — f,(z), n € N, using
the refined Stone’s local limit theorem in [ , Theorem 2.1]. By (Hz) there exists a constant
¢ > 0 such that for all z € R

a —(z —an +2)? ¢
< —.
fn(2) < V2mb, 02 P ( 2by, ) - bn

To approximate (2.3.28) for a random walk satisfying (Hz) we apply Theorem 2.3.7, there exists a
constant C' > 0 such that for all v > 0 we have

P (Agzk) (1‘), |Tkn_1 —Gp + $| < hy V bn) (2329)
C a —(Sp, 1 +w—ap + )2 ¢

<24 _ " R n n 1,0 —P (B .

=t Jabio? (f&%n P ( 202 5P @ | T, ( n <x))

~ ~

where Bﬁk)(x) = {Sk < Fo(k)+dy —zk <k,—1, |§kn71 —ap + x| < hp Vb, + dn}. We write
then

wl<d, 2,

e — (/B Sk —a, 2
—EQ< sup en\/ﬁsknﬁnA(a,L/n)eXp( (Vb Sk, -1+ — an +w) )1%(%))

(S, _ —a, 2
E( sup eXp( (Sky -1+ — an +w) >1B<k)(m)> (2.3.30)

w|<dn 2by,

where

> - dn_ n / = n
Cék)(x) = {Sk § %7147 S kn - 1;| bnsknfl "‘ % —£L'| S hn\/ bn"‘dn}

and \/bngk = s/bngk - kian is a centred Gaussian random walk under the measure Q defined
in the proof of Lemma 2.3.6. Then using the dominated convergence theorem and the fact that
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d2

5 oo 0, and rescaling by \/% we obtain

) _(§kn71+w—an+x)2
i sup (exp (ﬁé‘c’zn 26,07 e @

<limsupEg exp( (fsk 1 )> {

n—o0 2b 02

Sk

T+dy,—cn),k<k,—1
<A ) }

n— oo 202

~(Sku1 + )2
<limsupEq [ exp < Von 1{

§ksL\/gC",k§kn—1}

n

Applying Lemma 2.3 in |

] for the Gaussian random walk (gk)kgkna and using Lemma 2.3.10
we obtain for all = € = = (c’z/'%”)],

n—oo

3 _(gkn,—1+ —L )2
lim sup k,% Eq exp( Von

)
202 1{§ <=tHacn < _1}
< m RS KEn
-z +d, —cp
C,QL dy X L(———7=—)
\/W ¢ ) ( Vi |

We now observe that by (2.3.9)

_ 1  [®
’ V2no? fo L
implies

e 22dy=E <L(§1)1{§1>0}>) = L(0) = 1, which

3 — (Vb S, — 2
lim sup k'r% ]EQ exp < (fskn 1+ :C)

1.
n—oo 20,02 ) {skgf”d%%ksm—l}
< L(—x—i—dn —Cp

U= )
To complete the proof of the upper bound it remains to show that
—x 1
limsup  sup  L(——=)"'k3%b,?E (1gk(s)) = 0.
n—00 z€[—ry,,—Cy) \/E ( Bl ))

Using similar computations we have

(2.3.31)

sup k2 (Sk < Ey(k) +dp — 2,k <k — 1,180, 1 — an + 2| < huy/bn +d )
xE[—Tm—Cn]

3 ~ —x+d, —cn ~ an T dn
< sup k?P(Sks, e —+z—hn—,k3kn—1)
el ] Vo, Y b Vb, Vo
o dn —cp B+ -
<op(TEt ooy / L),
0

Vb,
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Since the renewal function = — R(z) is increasing we have by (2.3.12)

3 ~ ~ ~
sup  kiP (Sk < Fo(k) +dp — 2,k < kn — 1,150, -1 — an + 2| < hnr/bn +dn>

TE[—Tn,—Cn]

< Clhn+2 dy, —x+d, —cp, dy, 2dn o, , —x+dyp —cpn

m)L( NS YL(h, + ) < Clhy, + )Y L( NS

—=) < )

Vb, Vbn

where we used in the last inequality that L(t,) < ct,, for some constant ¢ > 0 when ¢, —, 00 00.
Thanks to Lemma 2.3.10 we obtain

L(—2) " 20 P (B () < e

sup — = b, 2 (x)) < C———

TE[—Tyn,—Cn) \/a \/E

which goes to zero since % — 0 as n — oo. Finally by (2.3.33), (2.3.31) and Lemma 2.3.10

we deduce that

3 J—
lim su su L b k2EWTE —ap +2)1,= _—= 2.3.32
n%mpme[ r,}:,)fcn] (\/E) n (M(T, n ) {Tngn(k)fx,kSkn}) ( )

1\/7]62}}1:( (k) ‘Tk _1—an+1‘|<hn\/7n>

<limsup sup

n—0o0 xe[frn,fcn] V

< e " Vdy.
< g | Ty
We now treat the lower bound.

o Lower bound

We now compute a lower bound for P (A%k)(a:)) Using similar arguments to these used in the
upper bound we have by Theorem 2.3.7

P(Ty < Fu(k) — 2,k < ky, Ty, — an +x € [—a,0])
S5 % g ¢ (Vb Sk, 1 + W — ay, + ) -
- /27Tbn0'2 |w1|gd €xp 2bn0—2 {\/ESkSFn(k)*dnfm,kSknfl} :

Similar computations to these used in the upper bound lead to

lim inf [£ f ~ (Vb Sk, -1+ — % w)? )
%nnl)g |w1|1id” eXp an {Skgfn(k)*ﬂﬁ*dn,kgknfl}

_(§kn71 4 L2
> lim inf Eqg exp( 52 Vbn 1.
n—oo g {Skgﬁikgknil}

Applying again Lemma 2.3 in | ] for the Gaussian random walk (gk) k<k,, we obtain for all
x € [—rp, —(cn +dy)],

_ §kn71 + —z_)2
hmlnfk Eq eXp( ( \/bT,) 1{

n—00 202 o< =E=dn—cn 7k§kn71}

—x — (ep +dy)
¢~ R(y)dy x L(——\Cn T dn)
Vbn

\/ 27TO'2 )
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Finally, by Lemma 2.3.10 we get

N . —T | _ 3 =
ol 0 ey H) T VIR BT, — a0t DL E F @-nisry) (2339

0
\/2;7 | e vay,

Combining equations (2.3.32) and (??) we deduce that

>

- e@*w 0 . _r
E (h(Th, = an +2) L7, <7, (0 -sihny) = Nt ] / e Yay(L(=) +ol1)
uniformly in @ € [—ry, —(cn + dp)]. O

2.4 The modified extremal process

Recall that (Tj)1<k<k, is a sequence of centred random walk with Var(T;) = kb,o? and a, =
my, — knbpv. The goal of the next section is to introduce a modified extremal process and to prove
that it has the same weak limit as the original extremal process &,.

Start by setting

EnRe = O 0Su—m. (5, <Ry (k). Vk<kn}>
u€Hr,,

where refer to the function R, : {0...,k,} — R as a barrier. More precisely our objective is to
prove that the weak limit of the modified extremal process &, g, and the original extremal process
&, coincide for a well-chosen function R,. The main steps of the proof of Theorem 2.2.1 are the
following:

¢ We show that there exists an upper barrier such that, with high probability, all individuals
stay below it all most of time.

e The second step is to locate the paths of extremal individuals. Here the method is inspired
from the work of Arguin, Bovier and Kistler in [?] in the context of branching Brownian
motion.

e We show that all individuals contributing in the extremal process split from the root.

We start by proving that there exists a barrier R,, such that, with high probability, all individuals
stay below it all most of time.

Lemma 2.4.1. Consider the barrier

knby +1

3
R, (k) =kbyv — —log(+—"—F——
(k) v ST r—

59 )+ enk=0..,k,

where (cn)nen s the sequence of integers defined in (??). It then holds:

P(3u € Hg,, , Su, > Rn(k), for some k <k,) = o(1) when n 1 oco.
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Proof. Using Markov inequality we get

PElul = kn, Su, > Ru(k),k <kn) < Y E| Y 1180, > R (k),Su; SR (3).5 <k}
k<kn lul=k

By Proposition 2.3.1 we have,

DB D Lisu, > Rath)50, <Ra()<h)

k<kn |u|=k
<) E (eXp(_H*T’f)lm>Rn(k)fkbnv,fjSRnu)fjbnv,Kk})
k<kn,
_o%e kpbn +1)3
<e e ( ) P(T), > Ro(k), T; < Rn(4),j < k), (2.4.1)

<t (kn, — k)b, +1)2

where R,,(j) = R, (j) — Jbyv, for all 1 < j < k,,. We compute this probability by conditioning with
respect to the last step Ty — T'x_1 to get

P(Tr > Ru(k),Tj < Rn(j),j < k) =E(fo1(Th — Tr-1))
where, Vy € R

1
Vbr,
Assume that (Hp) or (Hz) hold, by Lemma 2.3.5 or 2.3.9 and using the fact that % —n—oo 0,
we deduce that, for n large enough, there exists C' > 0 such that, Vy € R

(1+ 4

L3/2

for(y) =P (Rn<k> Y < Tos < Rk, Balj) < ——T(i))j <k — 1) .

fk—l(y) S Cl{yzo}
Now Plugging this in (2.4.1) we obtain
P(3|u| = kn, Su, > Ru(k), k < k)

. knbn +1)2 1 Ty, — T
<Ce?en Y (knbn + 1) s (I B(E 3y
Kk, ((Bn = K)bo +1)2 k2 Vn

completing the proof. O

From this lemma we deduce that the extremal process &, g, has the same weak limit of the
one of &,. The second step of the proof of the main theorem is to locate the paths of extremal
individuals. To do that we will consider a barrier which is lower. For the choice of such barrier we
refer to the work of Arguin, Bovier and Kistler [?] in the case of branching Brownian motion.

Proposition 2.4.2. Define the barrier

Fn(k’) = kb,v + 3 Ay — Cn1k¢07kn, k=0...,k,.
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Let A = [a,00) where a € R, then we have

lim E(E, g, (A) — Enr, (A)) = 0.

n—oo

Proof. Let the following subsets of Hy,,
AW ={ue My, :Sp, —mn €A, S, < Ruy(k),k <k}

the set of particles at generation k,, that are close to the maximum and that stay below the barrier
k — Ry (k) for all k < k. Respectively we introduce

B = {u € Hp, : Sk, —mn € A, Sp < Fy(k),k <k}
Set the integer-valued variable
#AL N (BL)) = #{u € Ha, = Su, —mu € A, St < Ru(k),k < by 3j < ks S5 > Fulf)} -
Using the fact that BSI") C AS{‘) we deduce that

E(En,r, (A) = Enr, (A)) = E(#(AL N (B{)))

=K Z lis,, —mn €A, S <R (k) k<kn,3j<kn,S;>F ()} | >

\u|:kn

then thanks to Proposition 2.3.1 we obtain

E E 1is,, —mn €A, 8, <Ry (k) k<kn,3i<kn,S;>Fn(5)}
|u|:kn

=E (e Tl S _
{Tkn _U«neA7TkSRn(k)7kSk7z73jSkanj>Fn(j)} ’

where a,, = m,, — kp,b,v and F,(j) = =an — cnljzok, for all 1 < j < k,. Summing with respect

to the value of T}, — a, — a at time k,, we have

E (e Trn1 - S
{Tkn —an€A7Tk§Rn(k)_kbnvykgknvajgkanj>Fn(j)}

Cn
bn

3
2

< e 0 P(Ty —an—aclr,r+1],Tr < R,(k),k <k,,T;>F,()).
— Z Z (kn n [; ]7 k > TL( )7 — mnsy J n(]))

>0 0<j<kn

Applying the Markov property at time j we get
P (Tkn —an—a€r,r+1, Ty < Ru(k),k < kn,Tj > Fn(j))
<P (Th < Rulk),k < 4,75 > Fulf) % (2.4.2)

sup Po (Thy—j —an—a€[r,r+ 1], Ty < Ry(k+j),k < kn — j) . (2.4.3)
T€[Fr(7),Rn(J)]
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To bound the probability (??), we apply the Markov property at time [ = [%]

Tr < Rp(k),k <)
k<

1) sup P, (T] l>F()Tk§‘§n(k+l),k§j—l).
ZSRH(Z)

Set Tk = TJ 1 —T'j_i—, which is a random walk with the same law as Ti.. Then we obtain

P (T_] Z>F ( ) Tk<Rn(l€+l) k<]—l>

<P, (Fu(j) < Tyt < Bn(§), Tk > Fulj) — Ru(G — k), k< j—1). (2.4.4)
We bound the probability in (2.4.4). We use a lower bound for the expression (F},(j)— R, (j—k), k <

j —1). Observe that the function z — log(z) is decreasing for x > e, and

(K — J)bn 4+ 14 kb, < 2((ky, — §)bn + 1)kby,

then we have

In(by,)
9*

Fn(j)_Rn(j_k) —2cy

-3
T < J 10g(Enbn) — log(knbn) + log((kn — j + k)b + 1)) +

> — 55" (log((y V e)by) — log(knby) + log((kn — j)bn + 1) + log(kby,) + log(2)) — 2¢,

=3 (log((5 Ve)A ((kn—37)+ 1)) +log(kb,) +log(2)) — 2¢p, Vk,j = 1...ky,.

>
— 20%

Applying again the Markov property at time [ we get
P. (Fu(j) < Tj1 < Ru(5) Te = Fu(j) — Ru(j — k), k < j = 1)

20
P, (Fu(j) — 2 < Tj-o1 < Ru(j) — 2).

<P (Tk > =3 (log(kba) +1og(j A ((kn — §) + 1)) +10g(2)) — 260, k < z) x

Assume that (Hy) or (Hz) hold, then by Lemmas 2.3.2, 2.3.3 or 2.3.8 for n large enough we obtain

—

<P (Bn(k) < Ru(k), k < l) X

(o8 A ((kn =)+ 1) + log(h,) +log(2)) ~2-2= K <1) x

<C 1+log(jA((kn —5)+1))

Vi
1

Pw( L Fal) -2 < Bali—2) < (1 + (log(j é/(b%,g—j)ﬂ))){

<Clog(7/\((7€n —+1)+1
Vibn

(Ball) - z>) <c

5
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Using Lemma 2.3.5 or 2.3.9, for n large enough we have
sup P, (Tkn_j —ap—a€rr+1,,Ty < Rp(k+7),k <k, —j)
T€[Fr(3),Rn ()]
(1 +2dy,) (1 +1log(j A ((kn —5) +1)))*
\/E (kn _])% ’

therefore, we conclude that

<C

142d,). s 14 (log(j A ((k, — 1))
E(Enr, (A) — £ (4)) < 0L 2013 5 (L4 (080 A ((ha =) +1))))
\/E i<k ((kjn_])+1)§j§
1+2 1+ log(j))*
§2C( + 2d,,) (1+ zg(J)) 0,
Vbn i< lka/2] J?
a5 <,z g < oo =

J
This lemma implies that the two extremal processes &, r, and &£, g, have the same weak limit.
Consequently, the the same as the o ne of £ . For u € T we introduce

Hp(u) = {Su, < Fu(k),k < kn}

the set of individuals satisfying the F),-barriers. The last step of the proof of our result is to show
that, with high probability, the set of pairs of extremal particles that branch off at time £ > 1 and
stay all the time below the barrier k — F,,(k) is vanishing in the large n-limit. This show that all
particles contributing in the extremal process split from the root.

Lemma 2.4.3. With the same notation used before, we have,

lim E (#{(u,v),|luAv| > 1, H,(u), H,(v), Sy, —m, € A, S, —m,, € A}) =0.

n—oo

Proof. By considering the positions of any pairs of individuals (u,v) at the generation k, and at
their common ancestors u A v we have

E (#{(u,v),lunv| > 1,5, —m, € A, S, —m, € A, Hy(u),H,(v)})

kn—1
=K : : : : l{SwlSFn(Z)JS]} z : : : 1{Su_mn€A7Sv_mneAvsukSFn(k?):S'ukSFn(k)7j+1§kSkn}
J=1 Jwl=j (uj41,v5+1) (u,0)

where the double sum Y, =~
(wj41,v5+1)
and 3, ) is over pairs (u,v) such that [u| = |v] = k, and u is a descendant of u;41, and v is a
descendant of v;41 . Applying the Markov property at time j + 1 we get

is over pairs (u;41,vj4+1) of distinct children of w = u A v

E (#{(u,v), luAv| > 1,SZ" - m,, € A,Sfj" —m, € A,Hn(u),Hn(v)})

kn—1
SE( Y D Ysu<mmasy D 1180, SFa(41),50, , <Fa (40325 (S0 )@5n (So,0) |
i=1 |w|=j (ujt1,v541)

(2.4.5)
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where

Pjn(z) =E Y S maCA Sy b (k1) k1)
|lu|=ky,—j5—1

Now using Proposition 2.3.1 we obtain,
—0*Ty, _j_
@j,n(z) =E (e Fnd 11{z+Tkn,j,l—mn—&-(kn—j—1)bT,,v€A,Tk+z§F,,,(j+k+1)—kbnv,k§kn—j—l}) :
Summing with respect to the value of T, —j—1 — My + (kn —j — 1)byv we have
Cn3 o ) .
—(+1)by —0*h
pin(2) < = —e GRSy Te

h>0

X P (i (Thu—j—1 —an —a € [hh + 1, Ty < Fo(j +k+1) = kbyv,k < kn —j— 1)
(2.4.6)

Note that If (Hz) holds by Theorem 2.3.7, we bound the quantity (2.4.6) by

P. (Th,—j—1 —mn+ (kn —j—Dbyv—a € [hh+1],Ty < F,(j + k+1) — kbyv, k < k, —j — 1)
<P, (+1)b, (Dy(lk)) )

where

Dk = {\/ZZ@%_j_l — i1 —a € [h—dp, b+ 1+ dn], VoS < F(k) + d, b < ki — j — 1}.

Now assume that either (H;) or (Hz) hold. Thanks to Lemma 2.3.5 or 2.3.9 we have,

. . z—(j-l—l)bnv)Q
Wj,n(z) < C(l + 2dn)k360*(2_(j+1)bnv) \/ES
(kn _j)i

By replacing this in the equation (2.4.5), we get

E (#((u,v), |luAv| > 1,53" —my, € A,Sfj" —my, € A,Hn(u),Hn(v)))
Ky —1

3 1
< C(1+4 2d,)kR E( Z W Z lis,. <p.(i),i<s} ¥
=1 Fn = 0)% 02

0*Sy. ., —(G+D)bpv+S,.  —(5+1)b,
Z 1{Suj+1SFn(j+1),S1;,-+lSFn(j+1)}e j+1 (]"F) v+ 41 (]+) vfn,j<suj+1)fn,j(svj+1))

J
(uj+1,9541)

where f,, j(u) = (1+ L\/bi)bnv)z_ In the other hand we can bound the double sum

n

Z l{Suj+1 SFn(41),50;, <Fn (j+1)}ee g1 =D Sy (D00 g (Su_7’+1 )fn.j (SUH—I)

(wjt1,v541)
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by
M)4629* (Sw—3jbnv)

1+
S
% E Z (1 + X»L(,J") — bn’U )2(1 n Xl(}n) — bnv)260*(X1(Ln)*bnv+x1(,")76,”1))
jul=lv]=1 Voo Vb
uF#v

Using independence between Xﬁ") and qun) for u # v and the fact that

4 Z (X'L(;,n) - bnv)ee*(XfL”)—bnv) = 07

|ul=1
we have
qun) —byv Xq(}n) —bv * (3 (n) (n)
E R A A PY & nUN2 07 (X —bn v+ X (™ —byv)
u|—z|v:—1< R Yo
uFv

Y

Xgn) — bpv )2)69*(X1(,")7b"v)

Xisn) —b,v *( x(n)
SE| > (14 (FE=")2)e Kb (1
Wit Vbn Vbn

uFv
then conditioning on Z;,, and using the following properties

E ((Xi”) - bnv)Qe"*(Xi"L)—bnv)) = byA" (0%) = bpo? and E (e9*<X5’"—”n“>) =m™,

we obtain

(n)
XU — b v * (n) _p o
2 )2)ef (X" =by, )|an

E Z (1+(M)2)69*(Xu—bnv)(l+(
i Vo

Jul=lv|=1

UFv
< (1+0%)°Z, (2, — 1)m =",

as a consequence, there exists a constant C' > 0 such that

X = bav g g X = bpv o, 4
E 1+ u nU 2\ 0% (Xy—bnv) 1+ v n7N2Y 0" (X —bnv) | < C,
luzzlv::l( (7\/5 ))e ( (7\/5 )7)e <
uFv

which leads to the following inequality
E (#((U,’U), |u A U| 2 13 SZn —mp € Aa Sgn —Mmn € Aa Hn(u)v Hn(’U)))

kn—1
3 < 1
< (1 +2d)k2E [ S

Sw — Jbnv (S b
PR D (4 == ) e S g i<
=1 (e = 0)% U2,

Vb,
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On the other hand by Proposition 2.3.1 we obtain
E (#((u,v), |luAv]| > 1,8, —mpn € A, Sy —my € A, Hy(u), Hy(v)))
kn—1

<C(+2d)kE [ Y

Jj=1

T; 4 _0*T;
)" g < F, )<y

L a4 L

(kn _.7)

Summing with respect to the values of T; — F,,(j), by Lemma 2.3.5 or 2.3.9 and for n large enough

we get
E (#((u,v),|lunv| >1,8, —m, € A, S, —m,, € A, H,(u), H,(v)))

R
) {T:<F <i>,Tj—m(j)e[—r—l,—r],ig})

kn—1
< O(1+ 2d,)k3 Z TREDE Z]E( \/E

3 Fnl 1 .
<O+ 2dn)e " k2 Y WZ(H@%* v

j=1

xP(T; < Fp(i),T; — Fn(j) €
C(1 +2d,) gl 8
S n —0 én n. 3 .3 ‘>n—>oo 07
b 2 (b — )35
by
where we used that ZL 2] ™ k;;% i 23 Z]L:le %g <o -

Now we are ready to prove our main result
[ ) where a € R. We have to show

Proof of Theorem 2.2.1. Let ¢ € Cb7+7 with support A = [a

that
~Duen @(Sff')mn)) ( ( 1
e AL =E(exp| —Zx 2.4.7
( V2ro? ( )

/6—9*y(1 _ e—m))dy)) .

lim E

n—roo

First introduce
{Blu,v), [u Av| > 1,8, —m, >a,S, —m, >a}

By Lemma 2.4.1 and Proposition 2.4.2, it is enough to prove (2.4.7) for the extremal process

Z 08, —m, 1H, -

’U.E’Hkn

where H,, = {S,, < F,(k),Vk < k,,}. Using Lemma 2.4.3, we have P(G%) —, o 0, therefore
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E | exp— Z o(Su —mp)ly,

uGHkn
=E[1g,exp— | > &(Su,, —mn)lm, | | +o(1)
uEHp,,
=E| 1¢, H exp — Z ©(Suy,, —mn)lm, + o(1).
|w]|=1 u>w

|u)=kn

Observe that exp (— Y i, x;) = 1+ Y., (e”® — 1) if there exists at most ¢ such that z; # 0.
Hence using that under G, for all w at the first generation, at most one descendant reaches level
My, we get,

E [ exp— Z @Sy —my)ly,
u€EHp,,

=E | 1¢, H 1+ Z (exp(—p(Sy — M + Sw)) — 1) 1, +0(1)

Jlw|=1 u>w
lul=kn

=E H 1+ Z (exp(_@(su —my + Sw)) - 1) ]'Hn + O(l)v

|lw|=1 u>w
Jul=kn

using again that G¢ is an event of asymptotically small probability, and that this product of random
variable is bounded by 1. We now apply the Markov property at time one to obtain

E | exp— Z ©(Sy —my) 1y, =E H 14 w"(Sw)l{sw—bwgﬂu)} +o(1), (2.4.8)
u€EHp,, lw|=1
where
Yy iz E Z (e*“"(s”*m””) - 1) 1(s,, <Fu(kt1)—zk<kn} | - (2.4.9)
|lul=Fk,—1

using Proposition 2.3.1 we have,

—0" Ty -1 =Ty —1— 0,
’[/)n(_’lj) :]E(e kn le W( kn—1 ab”+x)_1)1{Tkan(k+1)—(f£—bn?)),k<kn})

where ap, = b,v — % In(n) + lngi").
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Using Lemmas 2.3.6 or Corollary 2.3.11, depending on whatever we work under (H;) or (Hs),
we obtain the following approximation,

—0*"Th, 1, —o(Th, —1—ap, +
E(e kn—1o=P(Thp—1—00, x)_1)1{?;6an(k+1)—(x—bn'u),k<kn})

1 L —(z — byo)
n— o0 /727.[_0_2 \/E

Plugging this in Equation (2.4.8) we get

)89*(r—bn,v) /6—9*21(6—4/’(?/) _ 1)dy

E | exp— Z ©(Sy —my) 1y,
u€EHp,,

Sw — bpv

Vb,

oo B[] B+ L(- Jef" (Sw—bav)q

lw|=1

1 —0* —
{S,,,—bnvgfn(l)}ﬁ/e Y(e e(y) _ 1)dy)

Recall that v = %, then by Girsanov transform we have

—(Sw — bpv) 0" (Sw—bnv) — 0y —bn Sgn)
E (L(\/E)e s, -bo<F,) | =m "E L(\/E)l{ s <Fn<1>}
Ven = Von
where S{n) is a centred random walk with variance b,. Fix A > 0
_S(”)
E|L(—)1, .
Vb {Sil )<Fn(1)}
7S(n) 75(”)
=E| L(—/)1 o +E| L(—2 )1 .
Vo, {A<%<F\;b%>} Von {%<A}

As the function z — L(x)1 { is bounded, by central limit theorem we have

me[—AfF—:',j”]}

lim E L(_Sin)n = 1/0 L(—y)efgdy. (2.4.10)
noo Vbn {Arr} Var )
Additionally, we have by Equation (2.3.11) and the Markov inequality
E L(_Sin))l <CIE| Q1+ ﬂn
E(IS{™)) |51 1517

<C +E

1. . <
Vb A VoA Vb, {“A}
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Therefore, we have

—5" 10 2 C

limsup |E | L(—=—)1 - — L(—y)e” zdy| < —.

n~>oop ( Vbn ) {SYL)<F'”(1)} vV 2 —_A ( y) y| = A
Von = Von

Thus, letting A — oo in (2.4.10), by (2.3.9) we obtain that

_SYL) 1 0 2
e e (semel) ™ v | e
Vo <
S%n)
—E|L(Zion, . =L(0) =1
As a consequence we obtain
S — b v * 1 *
E B[ 14 0(=2w =0V 07 (su-bav)q - / 0"y (=) _ 1)g
7}11 ( Vb, Je {SwfbnvSF}}iél)} V2ro? ‘ (e Jdy

~nvoo B <<1 - %m*bn /efa*y@ _ ego(y))dy) #{“7|U—1}>
2mo?

1 . Zon
=E((1- m=bn /e_e V(1 — e ?W)d ) .
(( = ( Jdy

Finally, applying dominated convergence theorem and by assumption (2.2.2) we deduce that (2.4.7)
holds for all function ¢ € Cé’+, which concludes the proof using Remark 2.2.2. O
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Chapter 3

Anomalous spreading in reducible
multitype branching Brownian
motion

Abstract

We consider a two-type reducible branching Brownian motion, defined as a particle system on
the real line in which particles of two types move according to independent Brownian motions and
create offspring at a constant rate. Particles of type 1 can give birth to particles of types 1 and 2,
but particles of type 2 only give birth to descendants of type 2. Under some specific conditions,
Biggins | | shows that this process exhibits an anomalous spreading behaviour: the rightmost
particle at time ¢ is much further than the expected position for the rightmost particle in a branching
Brownian motion consisting only of particles of type 1 or of type 2. This anomalous spreading also
has been investigated from a reaction-diffusion equation standpoint by Holzer | , ]. The
aim of this article is to study the asymptotic behaviour of the position of the furthest particles in
the two-type reducible branching Brownian motion, obtaining in particular tight estimates for the
median of the maximal displacement.
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3.1 Introduction

The standard branching Brownian motion is a particle system on the real line that can be con-
structed as follows. It starts with a unique particle at time 0, that moves according to a standard
Brownian motion. After an exponential time of parameter 1, this particle dies and is replaced by
two children. The two daughter particles then start independent copies of the branching Brownian
motion from their current position. For all ¢ > 0, we write N; the set of particles alive at time ¢,
and for u € N; we denote by X, (¢) the position at time ¢ of that particle.

The branching Brownian motion (or BBM) is strongly related to the F~-KPP reaction-diffusion
equation, defined as

Ou = %Au—u(l —u). (3.1.1)

More precisely, given a measurable function f : R — [0,1], we set for z € Rand t >0

u(z) =E ( IT rxu® er)) .

uENt

Then w is the solution of (3.1.1) with ug(x) = f(x). Hence, setting M; = max,ecn, Xu(t), we note
that the tail distribution of —M; is the solution at time ¢ of (3.1.1) with ug(2) = 1.«

Thanks to this observation, Bramson | ] obtained an explicit formula for the asymptotic
behaviour of the median of M;. Precisely, he observed that setting

3
my = V2t — ——logt 3.1.2
t 22 g ( )
the process (My — my¢,t > 0) is tight. Lalley and Sellke | | refined this result and proved that

M; — my converges in law toward a Gumbel random variable shifted by an independent copy of

% log Z,. Here, Z, is the a.s. limit as t — oo of the derivative martingale, defined by

Zy= Y (V2 — Xy (t)eY2 X072

uENt

The derivative martingale is called that way due to its relationship to the derivative at its critical

point of the additive martingale introduced by McKean in [ ], defined as
W (0) := Z eeX“(t)_t(1+§ )
UENf,

It was shown in | ] that (W;(0),t > 0) is uniformly integrable if and only if |§] < /2 and
converges to an a.s. positive limit W, () in that case. Otherwise, it converges to 0 a.s. This result
has later been extended by Biggins | ] and Lyons | ] to the branching random walk,

which is a discrete-time analogous to the BBM.
The behaviour of the particles at the tip of branching Brownian motions was later investigated
by Aidékon, Berestycki, Brunet and Shi | ] as well as Arguin, Bovier and Kistler | ,
, ]. They proved that the centred extremal process of the standard BBM, defined by

gtR: Z 5Xu(t)—mt
uENz
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converges in distribution to a decorated Poisson point process with (random) intensity v/2c, Zooe_ﬁ“” dz.
More precisely, there exists a law ® on point measures such that writing (D;,j > 1) i.i.d. point
measures with law © and (§;,7 > 0) the atoms of an independent Poisson point process with

intensity \/ﬁc*e*\/imdx, which are further independent of Z,, and defining

goo = Z Z 55‘7+d+%long7

j>1deD;

we have lim;_,, & = € in law, for the topology of the vague convergence. We give more details
on these results in Section 3.3.

We refer to the above limit as a DPPP(\/ic*ZOOe_\/i“dx, D), for decorated Poisson point pro-
cess. Maillard [ | obtained a characterization of this type of point processes as satisfying a
stability by superposition property. This characterization was used in [ | to prove a similar
convergence in distribution to a DPPP for the shifted extremal process of the branching random
walk. Subag and Zeitouni | | studied in more details the family of shifted randomly decorated
Poisson random measures with exponential intensity.

In this article, we take interest in the two-type reducible branching Brownian motion. This is
a particle system on the real line in which particles possess a type in addition with their position.
Particles of type 1 move according to Brownian motions with diffusion coefficient o and branch at
rate B1 into two children of type 1. Additionally, they give birth to particles of type 2 at rate a.
Particles of type 2 move according to Brownian motions with diffusion coefficient ¢ and branch at
rate (2, but cannot give birth to descendants of type 1.

In | ], Biggins observed that in some cases multitype reducible branching random walks
exhibit an anomalous spreading property. Precisely, the rightmost particle at time ¢ is shown to
be around position vt, with the speed v of the two-type process being larger than the speed of
a branching random walk consisting only of particles of type 1 or uniquely of particles of type 2.
Therefore, in that case, the multitype system invades its environment at a higher speed than the
one that either particles of type 1 or particles of type 2 would be able to sustain on their own.

Holzer | , | extended the results of Biggins to this setting, by considering the asso-
ciated system of F-KPP equations, describing the speed of the rightmost particle in the system
in terms of 01, 81,09 and P2 (the parameter a does not modify the speed of the two-type particle
system). Our aim is to study in more details the position of the maximal displacement, in particular
in the case when anomalous spreading occurs, for this two type BBM. We also take interest in the
extremal process formed by the particles of type 2 at time ¢, and show it to converge towards a
DPPP.

Recall that the reducible two-type BBM is defined by five parameters, the diffusion coefficient
02, 02 of particles of type 1 and 2, their branching rate 31, B2, and the rate a at which particles
of type 1 create particles of type 2. However, up to a dilation of time and space, it is possible to
modify these parameters in such a way that 02 = o = 1. Additionally, the parameter o plays no
role in the value of the speed of the multitype process. We can therefore describe the phase space of
this process in terms of the two parameters 02 := 07 and 3 = 31, and identify for which parameters
does anomalous spreading occurs. This is done in Figure 3.1.
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Figure 3.1 — Phase diagram of the two-type reducible BBM.

We decompose the state space (3,0?) € R2 into three regions:

1
C; = {(6,02) col > % + 1{5>1}26‘11}

1
Crr = {(ﬁaUQ) 0¥ < % + 11y (2 _ﬁ)}

CUIZ{(5;02)102+B>2and02< 2ﬁﬁ1}.

If (3,02) € Cr, the speed of the two-type reducible BBM is \/2302, which is the same as particles of
type 1 alone, ignoring births of particles of type 2. Thus in this situation, the asymptotic behaviour
of the extremal process is dominated by the long-time behaviour of particles of type 1. Conversely,
if (3,0?) € Crr, then the speed of the process is v/2, equal to the speed of a single BBM of particles
of type 2. In that situation, the asymptotic behaviour of particles of type 2 dominates the extremal
process. Finally, if (8,02) € Crrz, the speed of the process is larger than max(v/2, \/2802), and
we will show that in this case the extremal process will be given by a mixture of the long-time
asymptotic of the processes of particles of type 1 and 2.

For all t > 0, we write NV; the set of all particles alive at time ¢, as well as A} and N? the set
of particles of type 1 and type 2 respectively. We also write X, (t) for the position at time ¢ of
u € N, and for all s < t, X, (s) for the position of the ancestor at time s of particle u. If u € N?,
we denote by T'(u) the time at which the oldest ancestor of type 2 of u was born. In this article, we
study the asymptotic behaviour of the extremal process of particles of type 2 in this 2-type BBM
for Lebesgue-almost every values of 02 and 3 (and for a € (0,00)).

We divide the main result of our article into three theorems, one for each area the pair (3,0?)
belongs to. We begin with the asymptotic behaviour of extremal particles when (3,02) € Cy, in
which case the extremal point measure is similar to the one observed in a branching Brownian
motion of particles of type 1.

Theorem 3.1.1 (Domination of particles of type 1). If (3,02) € Cr, then there exist c(ry > 0 and

a point measure distribution ©Y) such that if we set mgl) = /2028t — —=2——logt we have

24/28/02

tlim Oy (t)—m® = 5&{) in law for the topology of the vague convergence,
—00 u t

ueN?
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where L) is a DPPP(\/Qﬂ/OQC(])Z(%)e_V 28/0%2 Qg W) ), where

(1) . 75 27314 _ 28/02 X, (t)—28t
VAN tlggo g\:ﬂ( 2020t — X, (t))e a.s.

Additionally, we have tlim P(M; < mil) +2)=E (ecmzéi)e_ for all z € R.
— 00

We underscore that in this theorem, the values of ¢(;) and DU are obtained implicitly, and
depend on the parameters «, 8 and o2 of the multitype branching Brownian motion. The identifi-
cation of the law of the extremal point measure £() is based on the fact that it satisfies a stability
by superposition property, and using Maillard’s characterization | ].

If (8,0%) € C;1, we show that the extremal process of the two-type BBM is similar to the
extremal process of a single BBM of particles of type 2, up to a random shift whose law depend on
the behaviour of particles of type 1.

Theorem 3.1.2 (Domination of particles of type 2). If (8,0%) € Cr1, then writing c, > 0 the
prefactor of the intensity measure in the extremal process of the standard BBM (that we recall in
(3.3.14) ) and D the law of its decoration (defined in (3.3.18)), if we set mEH) =my = V2t —
% logt, we have
. _ ([]) .
flgr;o Zj\:ﬂ 5Xu(t)—m§”) =& in law for the topology of the vague convergence,
ueN;

where &gI) is a DPPP(\@C*Z)Oe*ﬁmdx,ZD) and Z is defined in Lemma 3.5.5. Additionally, for
all z € R we have tlim P(M; < mIEH) +z)=E (efc*z‘”e_ﬁm) .
— 00

We finally take interest in the case (3,02) € Crrr, in this situation the BBM exhibits an anoma-
lous spreading behaviour. The extremal process contains only particles of type 2, but particles
travel at greater speed that would have been observed in a BBM of particles of type 1 or of type 2.

Theorem 3.1.3 (Anomalous spreading). If (3,0%) € Cyyy, then setting
2
- 1
myH) = i b t and 0= QL 3>
o)1) Vo

tlig)lo ZN2 5Xu(t)—m§”” = 5(%”) in law for the topology of the vague convergence,
UEN ]

we have

where Ex is @ DPPP(Oc(r11yWeo (0)e %da, DD ) and

o Woo(0) = limy 00 ZueNtl X —t(B+60%/2) s the q.s. limit of an additive martingale of the
BBM of particles of type 1 with parameter 6,

e cun = 52/?7591)) with the function C being defined in (3.3.16),
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o DUID js the law of the point measure D defined in (3.3.19).
Additionally, for all x € R we have tlim P(M; < mgln) +2)=E (efc(”UWoo(e)e_M) .
— 00

Remark 3.1.4. Contrarily to what happens in Theorems 3.1.1 and 3.1.2, the extremal process
obtained in Theorem 3.1.3 is not shifted by a random variable associated to a derivative martingale,
but by an additive martingale of the BBM. Additionally, it is worth noting that contrarily to the
median of the maximal displacements in domains C; and C;;, when anomalous spreading occurs
there is no logarithmic correction in the median of the maximal displacement.

Remark 3.1.5. Observe that in Theorems 3.1.1-3.1.3, we obtain the convergence in law for the
topology of the vague convergence of extremal processes to DPPPs as well as the convergence in
law of their maximum to the maximum of this DPPP. These two convergences can be synthesized
into the joint convergence of the extremal process together with its maximum, which is equivalent
to the convergence of (&, ¢) for all continuous bounded functions ¢ with bounded support on the
left (see e.g. | , Lemma 4.4]).

The rest of the article is organized as follows. We discuss our results in the next section, by
putting them in the context of the state of the art for single type and multitype branching processes,
and for coupled reaction-diffusion equations. In Section 3.3, we introduce part of the notation and
results on branching Brownian motions that will be needed in our proofs, in particular for the
definition of the decorations laws of the extremal process. We introduce in Section 3.4 a multitype
version of the celebrated many-to-one lemma. Finally, we prove Theorem 3.1.2 in Section 3.5,
Theorem 3.1.1 in Section 3.6 and Theorem 3.1.3 in Section 3.7.

3.2 Discussion of our main result

We compare our main results for the asymptotic behaviour of the two-type reducible branching
Brownian motion to the pre-existing literature. We begin by introducing the optimization problem
associated to the computation of the speed of the rightmost particle in this process. Loosely
speaking, this optimization problem is related to the “choice” of the time between 0 and ¢t and
position at which the ancestral lineage leading to one of the rightmost positions switches from
type 1 to type 2. The optimization problem was introduced by Biggins [ ] for the computation
of the speed of multitype reducible branching random walks. It allows us to describe the heuristics
behind the main theorems.

We then compare Theorem 3.1.3 to the results obtained on the extremal process of time-
inhomogeneous branching Brownian motions, and in particular with the results of Bovier and
Hartung | ]. In Section 3.2.3, we apply our results to the work of Holzer | , ] on
coupled F-KPP equations. We end this section with the discussion of further questions of interest
for multitype reducible BBMs and some conjectures and open questions.

3.2.1 Associated optimization problem and heuristic

Despite the fact that spatial multitype branching processes have a long history, the study of the
asymptotic behaviour of their largest displacement has not been considered until recently. As
previously mentioned, Biggins | ] computed the speed of multitype reducible branching random
walks. This process is a discrete-time particles system in which each particle gives birth to offspring
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in an independent fashion around its position, with a reproduction law that depends on its type,
under the assumption that the Markov chain associated to the type of a typical individual in the
process is reducible. Ren and Yang | ] then considered the asymptotic behaviour of the maximal
displacement in an irreducible multitype BBM.

In | |, Biggins gives an explicit description of the speed of a reducible two-type branching
random walk as the solution of an optimization problem. In the context of the two-type BBM we
consider, the optimization problem can be expressed as such:

2
v:max{pa+(1—p)b:pe[0,1], p(%—ﬁ) <0,

p(am-a)e0-n (5 1) go}. (.2.)

This optimization problem can be interpreted as such. If a < /2028 and b > /2, there are with
high probability around ePt(8=a*/20*)+0() particles of type 1 at time pt to the right of position pta,
and a typical particle of type 2 has probability e(1=P)t(1=t*/2)+o(t) of having a descendant to the
right of position (1 — p)bt at time (1 — p)t. Therefore, for all (p, a,b) such that

2 2 2
pe[o,l],p(;g?_@ <0,p(;,2—/3)+<1—p) <2—1><o7

by law of large numbers there should be with high probability particles of type 2 to the right of the
position t(pa + (1 — p)b) at time t.

If we write (p*,a*,b*) the triplet optimizing the problem (3.2.1), it follows from classical opti-
mization under constraints computations that:

1. If (B,02) € Cy, then p* = 1 and a* = /2802, which is in accordance with Theorem 3.1.1,
as the extremal particle system is dominated by the behaviour of particles of type 1, and
particles of type 2 contributing to the extremal process are close relatives descendants of a
parent of type 1;

2. If (B,02) € Crz, then p* = 0 and b* = /2, which is in accordance with Theorem 3.1.2, as the
extremal particle system is dominated by the behaviour of particles of type 2, that are born
at time o(t) from particles of type 1;

3. If (ﬂ,0'2) S C[[], then

o4+ B-2 5 [.B—1 8—1
* = — * = 27 d b* = 27.
P=sa-—ap-1) * " 7V12 ™ 1- o2
We then have v = 5_7‘72, which corresponds to the main result of Theorem 3.1.3. Ad-

2(1-02)(8-1)
ditionally, the Lagrange multiplier associated to this optimization problem is 6 = 1/216__012 =

— a

In particular, the optimization problem associated to the case (3,02) € Crrr can be related
to the following interpretation of Theorem 3.1.3. The extremal process at time t is obtained as
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the superposition of the extremal processes of an exponentially large number of BBMs of type 2,
starting around time tp* and position tp*a*. The number of these BBMs is directly related to
the number of Eartlcleb of type 1 that dlbplace at speed a*, which is known to be proportional to
W (0)et(1=(@)?/20") Tt explains the apparition of this martingale in Theorem 3.1.3, whereas the
decoration distribution D11 is the extremal process of a BBM of type 2 conditionally on moving
at the speed b* > v.

For Theorem 3.1.1, a similar description can be made. We expect the asymptotic behaviour
to be driven by the behaviour of particles of type 1, therefore the extremal process of particles of
type 2 should be obtained as a decoration of the extremal process of particles of type 1. However,
as we were not able to use result of convergence of extremal processes together with a description
of the behaviour of particles at times ¢ — O(1), we do not obtain an explicit value for ¢(;) and an
explicit description of the law D). However, with similar techniques as the ones used in | ]
or | ], such explicit constructions should be available.

Finally, in the case covered by Theorem 3.1.2; the above optimization problem indicates that
the extremal process of the multitype reducible BBM should be obtained as the superposition of a
finite number of BBMs of particles of type 2, descending from the first few particles of type 2 to
be born. The random variable Z is then constructed as the weighted sum of i.i.d. copies of the
derivative martingale of a standard BBM and the decoration is the same as the decoration of the
original BBM.

To prove Theorems 3.1.1-3.1.3, we show that the above heuristic holds, i.e. that with high
probability the set of particles contributing to the extremal processes are the one we identified in
each case. We then use previously known results of branching Brownian motions to compute the
Laplace transforms of the extremal point measures we are interested in.

The solution of the optimization problem (3.2.1) is also solution of v = sup{a € R : g(a) < 0},
where g is the largest convex function such that

2 2
V‘$| < /2802, g(x) < (;;2 — 5) and Vy €eR, g(y) < % -1,

see | ] for precisions. The function  — % — [ is known as the rate function for particles of

type 1, and y — % — 1 is the rate function for particles of type 2.
We then observe that the three cases described above are the following:

1. If (8,0%) € Cy, then v = \/2B02 = sup{x € R: 22/202? — 3 < 0}.
2. If (B,02) € Cyy, thenv:ﬂ:sup{yeRzg—ISO}.

3. If (B,0?) € Crrr, then v > max(y/2602,1/2).

In other words, the anomalous spreading corresponds to the case when the convex envelope g crosses
the z-axis to the right of the rate functions of particles of type 1 and 2.

As mentioned above, Ren and Yang | ] studied the asymptotic behaviour of irreducible
multitype BBM, and computed the speed at which that process invades its environment. In that
case (i.e. when for all pair of types ¢ and j, individuals of type i have positive probability of having
at least one descendant of type j after some time), this asymptotic behaviour is similar to the
one obtained for a single-type BBM, with branching rate and variance obtained by considering the
invariant measure of the Markov process describing the type of a typical individual. The notion of
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(¢c) Case III: The anomalous
spreading of the multitype process
which is faster than the process
consisting only of particles of type
1 or 2.

(a) Case I: The speed of the mul- (b) Case II: The speed of the mul-
titype process is the same as the titype process is the same as the
speed of the process of type 1 par- speed of the process of type 2 par-
ticles. ticles.

Figure 3.2 — Convex envelope g for (3,02) in any of the three domains of interest. The rate function
of particles of type 1 and 2 are drawn in blue and yellow respectively, the function g of the multitype
branching process is drawn in green.

anomalous spreading in this case is thus very different, and the ancestral lineage of typical particles
in the extremal process will present regular changes of type. As a result, we do not expect an
asymptotic behaviour similar to the one observed in Theorem 3.1.3 to occur in irreducible multitype
BBM.

In a different direction, Smadi and Vatutin | ] studied the limit in distribution of a critical
reducible Galton-Watson process. It is worth noting that similarly to our results, they obtained
three different behaviours for the system, with either the domination of particles of the first type,
of the second type, or an interplay between the two.

3.2.2 Relation to time-inhomogeneous branching processes

The results presented here, in particular in the anomalous spreading case, are reminiscent of the
known asymptotic for the extremal process of time-inhomogeneous branching Brownian motions.

This model was introduced by Fang and Zeitouni [ ], and is defined as follows. Given t > 0,
the process is a BBM counsisting only of particles of type 1 until time ¢/2, at which time they all
become simultaneously particles of type 2. It has been showed [ , | that depending

on the value of (3,0?), the position of the maximal displacement at time t can exhibit different
types of asymptotic behaviours. In particular, the logarithmic correction exhibits a strong phase
transition in the phase space of (3,0?).

Looking more closely at the convergence of the extremes, Bovier and Hartung [ , ]
obtained the convergence in distribution of the extremal process of the time-inhomogeneous BBM.
In particular, for a multitype BBM with parameters (3,02) € Crz; such that particles change from
type 1 to type 2 at time p*t, they showed that the extremal process converges towards aﬁi”’, with
an extra % log t logarithmic correction for the centring. This is in accordance with our heuristic as
we expect that the particles contributing to the extremal process at time ¢ to have been born from
particles of type 1 around time p*t.
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Generalized versions of time-inhomogeneous BBM have been studied, in which the variance of
particles evolves continuously over time | , ]. In that case, the maximal displacement
grows at constant speed with a negative correction of order t'/3. It would be interesting to con-
struct a multitype BBM, possibly with an infinite number of types, that would exhibit a similar
phenomenon.

3.2.3 F-KPP type equation associated to the multitype branching Brow-
nian motion

Observe that similarly to the standard BBM, the multitype BBM can be associated to a reaction
diffusion equation in the following way. Let f,g: R — [0, 1] be measurable functions, we define for
allz e R:

u(t,z) =ED [ ] f(Xu@®) +2) J] 9(Xu(®) +2)

ueN} ueN?
ot,z) =E@ | T f(xu® +2) ] 9Xu®) +2) | =E® [ T a(Xu(t) +2)
ueN} ueN? ueN?

where P() (respectively P(z)) is the law of the multitype BBM starting from one particle of type 1
(resp. 2), and we use the fact that particles of type 2 only produce offspring of type 2, with the
usual convention [, 4 f(Xu(t) +2) = 1.

As under P(®| the process behaves as a standard BBM, the function v is a solution of the
classical F-KPP reaction-diffusion equation

1
O = §Av —ov(l —v) with v(0,z) = g(z). (3.2.2)
To obtain the partial differential equation satisfied by u, we observe that under law P() one of the

three following events might happen during the first d¢ units of time:

o with probability Sdt + o(dt), the original particle of type 1 branches into two offspring of
type 1 that start i.i.d. processes with law P(1);

o with probability adt + o(dt) the particle of type 1 branches into one offspring of type 1 and
one of type 2, that start independent processes with law P(!) and P® respectively;

« with probability 1 — (8 + «)dt, the particle of type 2 diffuses as the Brownian motion ¢ B with
diffusion constant o2

As a result, we have
u(t + dt, x) = Bdtu(t, z)* + adtu(t, z)v(t,x) + (1 — (8 + a)dt)E (u(t,z — 0 Bgs)) + o(dt)

o2
=u(t,z)+dt <2Au(t,x) — pu(l —u) — au(l — v)) .
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This, together with (3.2.2) show that (u,v) is a solution of the following coupled F-KPP equation
Owu = U—;A — fu(l —u) — au(l —v)

v =1Av—v(l—v) (3.2.3)

u(0,2) = f(z), v(0,2) = g(z).
This non-linear coupling of F-KPP equation was introduced by Holzer | ]. In that article,
the author conjectured this partial differential equation to exhibit an anomalous spreading phe-
nomenon, and conjectured a phase diagram for the model | , Figure 1]. Our main results

confirm this conjecture, and the diagram we obtain in Figure 3.1 exactly matches (up to an adap-
tation of the notation 02 ~» 2d, 8 ~ « and a ~» ) the one obtained by Holzer. Additionally,
Theorems 3.1.1-3.1.3 give the position of the front of v; in (3.2.3).

When starting with well chosen initial conditions f, g (for example such that there exists A > 0
satisfying f(z) = g(x) =1 for z < —A and f(x) = g(z) =0 for x > A), we obtain the existence of
a function v; such that for all x € R,

tlilrolo(u(tl‘ - Ut)?”(t7x —v)) = (wl(x)7w2(x))v

where (w1, ws) is a travelling wave solution of the coupled PDE and:

. 2 _ 3 .
1. if (8,0%) € Cy, then vy = \/2802%t — NI log t;
2. if (B,0%) € Crr, then vy = /2t — % log t;

3. if (8,0?%) € Cy1, then vy = vt, with v defined in Theorem 3.1.3.

Holzer further studied a linearised version of (3.2.3) in | |, and showed the presence of an
anomalous spreading property in that context. However, the phase diagram in that case is of a
different nature as the one we obtain in Figure 3.1. We believe that the phase diagram of this
linearised PDE equation should be related to first moment estimates on the number of particles
above a given level in the multitype BBM.

The equation (3.2.3) should also be compared to the partial differential equation studied in
[ ]. In that article, they considered a population with a family of traits indexed by a parameter
0 € (Omin,Omax), that modifies the motility of particles. This was proposed as a model for the
invasion of cane toads is Australia, as that population consists of faster individuals, that sacrifice
part of their reproduction power as a trade off, and slower individuals that reproduce more easily.
The multitype BBM we consider here could then be thought of as some toy-model for this partial
differential equation.

3.2.4 Future developments

We recall that Theorems 3.1.1-3.1.3 cover the asymptotic behaviour of the two-type reducible BBM
assuming that (3,02) € C; UCyy UCryr. However, it does not give the asymptotic behaviour of
this process when (3,0?) belongs to the boundary of this set. Understanding the behaviour of
the process at these points could help understanding the phase transitions occurring between the
different areas of the state space. This would allow results similar to the ones developed in | ]
for time-inhomogeneous BBM to be considered in reducible multitype BBM.

We conjecture the following behaviours for the branching Brownian motion at the boundary
between areas C; and Cyyy.
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Conjecture 3.2.1. Assume that 3 > 1 and 0% = %, then there exist ¢ > 0 and ® such that

> Sxuy-y/35e
X (t)—+/2B802t L logt
uENtz ( ) be +V2l3/62 08

converges to a DPPP(cZg)e_V QB/UQ”dx,”}S).

Indeed, in this situation, particles u of type 2 contributing to the extremal process are expected
to satisfy ¢t — T'(u) = O(tl/ 2). Therefore, the extremal process keeps an intensity driven by the
derivative martingale of particles of type 1, and the decoration point measure is given by the
extremal process of a BBM of particles of type 2 conditioned to travel at speed /2802 > /2.

Similarly, at the boundary between areas C;; and Cyjy, the following behaviour is expected.

Conjecture 3.2.2. Assume that § > 1 and 0?2 = 2 — B, then there exist ¢ > 0 and a random
variable Z such that

Z 5Xu (t)—V/2t+ % logt
ueN?

converges to a DPPP(cZe_ﬁxdx,Q).

There, we used the fact that particles u of type 2 contributing to the extremal process are
expected to satisfy T'(u) = O(t/?).

In the case when 8 < 1 and 02?8 = 1, which corresponds to the boundary between cases C;
and Cyy, the picture is less clear as at all time s between 0 and ¢, particles should have the same
probability to reach the maximal position, at least to the first order, as the BBM of particles of
type 1 and of particles of type 2 have same speed.

Further generalisations of the model we consider in this article could be considered. A more
general reducible multitype branching Brownian motion with a finite number of types would be
expected to exhibit a similar behaviour. One could also allow particles to have different drift
coefficients in addition to the different variance terms and branching rates. In that situation, one
expects an optimization problem similar to the one studied in [ ] to appear, with a similar
technique of proving that the trajectory followed by particles reaching the maximal position is the
same as the one inferred from the solution of the optimization problem.

Proving Theorems 3.1.1-3.1.3 for two-type reducible branching Brownian motions in which
particles of type 1 and type 2 split into a random number of children at each branching event, say
L, for particles of type 1 and Lo for particles of type 2 would be a other natural generalisation of our
results. A natural condition to put on the reproduction laws to obtain the asymptotic behaviour
observed in Theorem 3.1.3 is

E(LylogLy) + E(Lzlog L) < oo.

It is worth noting that anomalous spreading might occur even if E(Ly) < 1, i.e. even if the
genealogical tree of a particle of type 2 is subcritical and grows extinct almost surely.

While we only take interest here in the asymptotic behaviour of the extremal particles in this
article, we believe that many other features of multitype branching Brownian motions might be of
interest, such as the growth rate of the number of particles of type 2 to the right of at for a < v,
the large deviations of the maximal displacement M; at time ¢, or the convergence of associated
(sub)-martingales.
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3.3 Preliminary results on the branching Brownian motion

We list in this section results on the standard BBM, that we use to study the two-type reducible
BBM. For the rest of the section, (X, (t),u € N¢)¢>o will denote a standard BBM, with branching
rate 1 and diffusion constant 1, i.e. that has the same behaviour as particles of type 2. To translate
the results of this section to the behaviour of particles of type 1 as well, it is worth noting that for
all ,0 > 0:

<\%Xu(5t), ue Nﬁt>t>0 (3.3.1)

is a branching Brownian with branching rate 3 and diffusion constant 2.

The rest of the section is organised as follows. We introduce in Section 3.3.1 the additive mar-
tingales of the BBM, and in particular the derivative martingale that plays a special role in the
asymptotic behaviour of the maximal displacement of the BBM. We then provide in Section 3.3.3
a series of uniform asymptotic estimates on the maximal displacement of the BBM. Finally, in Sec-
tion 3.3.4, we introduce the decoration measures and extremal processes appearing when studying
particles near the rightmost one in the BBM.

3.3.1 Additive martingales of the branching Brownian motion

We begin by introducing the additive martingales of the BBM. For all 8 € R, the process

92
0X.(t)—t| 5 +1
Wi(0):= > e (2 ) t>0 (3.3.2)
uEN

is a non-negative martingale. It is now a well-known fact that the martingale (Wy(0),t > 0) is
uniformly integrable if and only if || < v/2, and in that case it converges towards an a.s. positive
limiting random variable

Weo(0) := tli)m W (6). (3.3.3)
Otherwise, we have lim;_,o, W;(6) = 0 a.s. This result was first shown by | ]. Tt can also be
obtained by a specific change of measure technique, called the spinal decomposition. This method
was pioneered by Lyons, Pemantle and Peres | | for the study of the martingale of a Galton-

Watson process, and extended by Lyons [ ] to spatial branching processes setting.
For all |0 < /2 the martingale limit W (6) is closely related to the number of particles moving

at speed 6 in the BBM. For example, by | , Corollary 4], for all h > 0 we have
. t(2-1 2sinh(6h)
i 26 ) S -z = 2 0) s (3.3.4)
UEN

This can be thought of as a local limit theorem result for the position of a particle sampled at
random at time ¢, where a particle at position x is sampled with probability proportional to e?*.

A Donsker-type theorem was obtained in | , Section C] for this quantity, see also [ . In
particular, for any continuous bounded function f, one has
_ (2 We(0) [ _22
lim f (M) I Xu(®) t(fr+1) - Weol6) / e~ 7 f(2)dz a.s. (3.3.5)
t—o0 UEZ-A/t t1/2 A% 27 R
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This justifies the fact that the variable W, (#) appears in the limiting distribution of the extremal
process in the anomalous spreading case, by the heuristics described in Section 3.2.1.
To prove Theorem 3.1.3, we use the following slight generalization of the above convergence.

Lemma 3.3.1. Let a < b and XA > 0. For all continuous bounded function f : [a,b] x R = R, we

have
At+-bt/?
1 sM Xu(s)=0s) 0Xu(s)—s(%+1)
lim — f e ds
t—oo t1/2 Ntatl/2 YA
a

_ Woo(e) / e_gf(r, Z)deZ a.s. (3.3.6)
la,b] xR

V2T

Proof. As a first step, we show that (3.3.6) holds for f : (r,x) = 1y,¢[q,539(2), With g a continuous
compactly supported function. Using that

S)—s i Woo 9 _ﬁ
lim 37 g (X/2Relg) 00 (OXu)o (5 41) :ﬁU / =T g\/2)dx  as,
s—00 ™ R

u€EN;

by (3.3.5) we immediately obtain that

At+btt/? 2

lim — g (N/2Eulg0e) X5 () g

t—00 t1/2 1/2 st/
At+atl/ UENS

= —aWOO(G) e_g z)dz a.s
-0 = [ gz as

We set I;(a,b) = [\t + at'/? At + bt'/?]. We observe that for all s € I;(a,b), we have

) At 1/2
s12=(M+s— ) = (At)1/2<1+ At)

As 552 € [at=Y2 /X, bt=1/2 /)], there exists a constant K > 0 such that for all ¢ > 1, we have

1+s—)\t 1/2_
At

so |s/2 — (At)Y/2| < KAY/2 uniformly in s € I(a, b), for all ¢ large enough.
Then, using the uniform continuity and compactness of g, for all € > 0 we have

sup 1| < Kt~1/2,

s€l(a,b)

sup g\ 2 fs1?) — g/t < =
s€li(a,b),z€R

for all ¢ large enough. Therefore, for all € > 0,

1 X, (s)—0s Xu(s)—0s 0X (s)fs(ﬁ%*l)
1 ‘(u() )_ <u )‘ ’ ’ d
i o 3 [ C55) 0 Gt ) 5

1 s)—s( &2
< limsup —= 2 /I " Z ce?Xu(®) ( 2 H)ds =ce(b—a)Wx(0) as.
t(a N.

t—o00
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Letting € — 0, we finally obtain

S At Xu(s)—05) 0Xu(s)—s(&2+1
It 5 o (s )
fe'e) 0 22
W, ()/ e f(r,z)drdz as. (3.3.7)
27\ Jiab)

We now assume that f is a continuous compactly supported function on [a, b] x R. For all i < n,
we set

fi(r,2) = Lirglati(v—a)/n,a+(i+1)(b—a)/m)y f (@ +i(b—a)/n, x).

Using the uniform integrability of f, for all n large enough, we have Hf — 2?21 fJH <e Asa
o0

result, we have

1 $)—s( 82
hmsup tl/z/j( ) zj\:{ IXu(s) (92 +1)
t\@0) yeN,

X

Xu Xu 0
f(stu/\zta t(f/Q s) Zfz (Stl/éta%)
Therefore, using (3.3.7), we obtain

1 At/ Xu(s)=0s 0Xu(s)= +1)
At w ( S u s s
t1/2/)\ Z f(stuza T2z ds

tatt/2 I oNr
00 0 22
LAY )/ e 2 f(r,z)drdz
27\ Jap) xR

ds <eW,(0) as.

lim sup
t—

<2eWoo(0)  ass.

Letting ¢ — 0 therefore proves that (3.3.6) holds for compactly supported continuous functions.

Finally, to complete the proof, we consider a continuous bounded function f on [a,b] x R. Let
R >0, given xr a continuous function on R such that 1,j<ry < Xr(*) < 1{jz<r+1}, the previous
computation shows that

1/2
1 At+bt X ($)—Bs (02
w(8)— At Xu(s)—0s 0X,(s)—s +1
lim XR (1/)2 f Sl/2 ) (1/)2 € ( 2 )dS
=00 t1/2 [\, e t t t

ta uENS

= Wos (6) / efgf(r,z)XR(z)drdz a.s.
[a,b]

27

Additionally, setting K = || f||, for all ¢ large enough we have

1 et Z X, (s)—0 Xu(s)=0s) 0Xu(s)—s(%+1)
- ulS)— — w(s)— w(s)—s| %5
1/2 / (1 - XR ( tf/)Z 5)) f (Stl/);t7 tf/)Z 5) € 2 dS
t At+atl/2 wEN.

1/2
K At+bt

< — 1
= 4172 (
B2 Darrz X

)

(3458 0
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(b—a)W.

which converges to \/ﬂ“w) Jo(1— XR()\l/Qz/Q))efédz as t — oo. Thus, letting ¢ — oo then

R — oo completes the proof of this lemma. O

3.3.2 The derivative martingale

The number of particles that travel at the critical speed /2 cannot be counted using the additive
martingale (as it converges to 0 almost surely). In this situation, the appropriate process allowing
this estimation is the derivative martingale (Z;,¢ > 0). Its name comes from the fact that Z; can
be represented as —%Wt(ﬁ)’ p— /30 more precisely

Zii= 3 (V3t = X, (t))eV?Xu) -2, (33.8)
uENt
Despite being a non-integrable signed martingale, it was proved by Lalley and Sellke | | that it

converges to an a.s. positive random variable
Zoo = lim Z; as. (3.3.9)
t—o0

In the same way that the limit of the additive martingale gives the growth rate of the number of
particles moving at speed 6, the derivative martingale gives the growth rate of particles that go at
speed /2. As a result, it appears in the asymptotic behaviour of the maximal displacement, and
results similar to (3.3.4) and (3.3.5) can be found in | , | in the context of branching
random walks.

We mention that the limit Z,, of the derivative martingale is non-integrable, and that its precise

tail has been well-studied. In particular, Bereskycki, Berestycki and Schweinsberg | ] proved
that
2
P(Zy > )~ £ as T — 00. (3.3.10)
x
Similar results were obtained for branching random walks by Buraczewski | | and Madaule

[ ]. They also obtained a more precise estimate on its asymptotic, that can be expressed in
the two following equivalent ways

E(Zool{z. <s) = V2logz +O0(1) asz — oo, (3.3.11)
1—E(e =) =v2XlogA+ O(\) as A — 0. (3.3.12)

Maillard and Pain [ | improved on these statements and gave necessary and sufficient conditions
for the asymptotic developments of these quantities up to a o(1). We mention that the equivalence
between (3.3.11) and (3.3.12) can be found in | , Lemma 8.1], which obtain similar necessary
and sufficient conditions for the asymptotic development of the Laplace transform of the derivative
martingale of the branching random walk under optimal integrability conditions.

3.3.3 Maximal displacement of the branching Brownian motion

A large body of work has been dedicated to the study of the maximal displacement of the BBM,
defined by M; = maxyen, Xu(t). We recall here some estimates related to its study. We begin by
observing that the BBM travels in a triangular-shaped array, and that for all y > 0

P (Elt >0,u €N, : Xolt) > V2t + y) <e VW, (3.3.13)
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which shows that with high probability, all particles at time t are smaller than /2t + y in absolute
value.

Recall that Lalley and Sellke [ ] proved that setting m; = /2t — ﬁ logt, the maximal
displacement of the BBM centered by m; converges in distribution to a shifted Gumbel distribution.
More precisely, there exists ¢, > 0 such that

tlim P(M;<m;+z2)=E (exp (fc*Zooe*\/iz)) . (3.3.14)
—00

An uniform upper bound is also known for the right tail of the maximal displacement. There exists
C > 0 such that for all ¢t > 0 and =z € R, we have

7\/§m
t = < , 3.
PMy>mi+xz)<C(l+zy)e (3.3.15)

where x4 = max(z,0). This estimate can be obtained by first moment methods, we refer e.g. to
[ ] for a similar estimate in the branching random walk, which immediately implies a similar
bound for the BBM.

In the context of the anomalous spreading, seen from the heuristics in Section 3.2.1, it will also
be necessary to use tight estimates on the large deviations of the BBM. These large deviations were
first studied by Chauvin and Rouault | ]. Precise large deviations for the maximal displacement
were recently obtained in | , , , ], proving that for all p > /2, there exists
C(p) € (0,1) such that

Clp) oL
P(M; > pt +y) ~ e (P /2= te=Py—57 3.3.16
(M > pt+y) ~tooo \/Tﬂ'tp ( )
uniformly in |y| < 7, for all function r; = o(t).
Additionally, from a simple first moment estimate, one can obtain an uniform upper bound for
this large deviations estimate on the maximal displacement.

Lemma 3.3.2. For all p > /2 and A > 0, there exists C > 0 such that for all t large enough and
all y > —At'/2, we have

Ce—(P*/2-1t 42
P(My > pt+y) < Te PY= 9% .
This result is based on Markov inequality and classical Gaussian estimates, that appear later in
our paper in more complicate settings. We thus give a short proof of this statement.

Proof. Observe that for ¢ large enough, we have pt + y > dt for some positive constant 6. Then, by
Markov inequality, we have

P(Mt > pt+y) =P (Elu eN;: Xu(t) > pt+y) <E < Z ]]'{Xu(t)ZpH-y}) .
uENt

Using that there are on average e! particles alive at time ¢ and that the displacements of particles
are Brownian motions, that are independent of the total number of particles in the process, we have

B < > 1{X1L<t)zpt+y}> =e'P(B; > pt+y).
uENt
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This fact is often called the many-to-one lemma in the literature (see e.g. | , Theorem 1]). We
develop in Section 3.4 a multitype versions of this result.

We now use the following well-known asymptotic estimate on the tail of the Gaussian random
variable that

1 z?
P(By>z) < 5 e 2 forall z>0. (3.3.17)
T
This yields
¢ 1/2 ~1/2 —1/2 - (pt+y)*
E Z ]]-{Xu(t)Zthry} =e'P (Bl > pt + yt ) <Ct e 2t
uENt
2
< Ct—l/Qet(l—pzﬂ)e*py*%
completing the proof. O

3.3.4 Decorations of the branching Brownian motion

We now turn to results related to the extremal process of the BBM. Before stating these, we
introduce a general tool that allows the obtention of the joint convergence in distribution of the
maximal displacement and the extremal process of a particle system. Denote by 7 the set of
continuous non-negative bounded functions, with support bounded on the left. The following result
can be found in [ , Lemma 4.4].

Proposition 3.3.3. Let P,,, P be point measures on the real line. We denote by maxP,, (respec-
tively max P ), the position of the rightmost atom in this point measure. The following statements
are equivalent

1. lim, 0o P, = P and lim,,_,oo maxP,, = max P in law.
2. lim, oo (Pp, maxP,,) = (P,max P) in law.
3. forall p € T, lim, ,o E (e—<7’ms&>) =E (6—<7’7w>)'

In other words, considering continuous bounded functions with support bounded on the left
instead of continuous compactly supported functions allows us to capture the joint convergence in
law of the maximal displacement and the extremal process. We refer to the set 7 as the set of test
functions, against which we test the convergence of our point measures of interest.

The convergence in distribution of the extremal process of a BBM has been obtained by Aidékon,

Berestycki, Brunet and Shi | ], and by Arguin, Bovier and Kistler | ]. They proved
that setting
Er=> Ox,(0)—m
ueNy
this extremal process converges in distribution towards a decorated Poisson point process with
intensity c*Zoo\/ie_\/ﬁzdz. The law of the decoration is described in | | as the limiting

distribution of the maximal displacement seen from the rightmost particle, conditioned on being
larger than /2t at time ¢. More precisely, they proved that there exists a point measure D such
that

lim E <exp ( Z (X, (t) — Mt)> |Mt > ﬁt) =E (exp (—(D, ¢))) (3.3.18)

t—o0
uENt
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for all function ¢ € 7. Note that D is supported on (—oo, 0] and has an atom at 0.
The limiting extremal process £ can be constructed as follows. Let (§;)jen be the atoms of a

Poisson point process with intensity c*\@e_‘/izdz, and (Dj,j € N) i.i.d. point measures, then set

Eoo = Z Z O+t 2 log Zoo

jENdeD;

where > dep, Yepresents a sum on the set of atoms of the point measure D;.

In view of Proposition 3.3.3 and (3.3.14), we can rewrite as follows the convergence in law of
the extremal process of the BBM, with simple Poisson computations.

Lemma 3.3.4. For all function ¢ € T, we have

lim E (e—<5~¢>) —E (exp (—c*Zoo /(1 - e_‘I'M(Z))\/ie_ﬂzdz>) :

t—o0

where we have set U[p] : z — —logE (e*w’*p('“’))),

In the context of large deviations of BBM, a one-parameter family of point measures, similar
to the one defined in (3.3.18) can be introduced. These point measures have first been studied
by Bovier and Hartung | ] when considering the extremal process of the time-inhomogeneous
BBM. More precisely, they proved that for all p > v/2, there exists a point measure D such that

lim E (exp (- > e(Xu(t) - Mt)> ‘Mt > pt) = E (exp (—(D”, p))). (3.3.19)

t—o0
ueN,

In | ], an alternative construction of this one parameter family of point measures was
introduced, which allows its representation as a point measure conditioned on an event of positive
probability instead of a large deviation event of probability decaying exponentially fast in ¢. Let us
begin by introducing some notation. Let (B, t > 0) be a standard Brownian motion, (7g,k > 1)
the atoms of an independent Poisson point process of intensity 2, and (Xﬁk) (t),u € J\ft(k),t > 0)
i.i.d. BBMs, which are further independent of B and 7. For p > v/2, we set

D =d0+ Y Lin<ty Y Op,—prtxu(n) and D’ = lim Df. (3.3.20)
k>1 ueN,(,’:)

In words, the process Dr is constructed using one particle that starts from 0 and travels backwards
in time according to a Brownian motion with drift p. This particle gives birth to offspring at rate 2,
each newborn child starting an independent BBM from its current position, forward in time. The
point measure D? then consists of the position of all particles alive at time 0.

As a first step, we mention the following result, which can be thought of as a spinal decomposition
argument with respect to the rightmost particle. This result can be found in | , Lemma
2.1].

Proposition 3.3.5. For allt > 0 set

& = Z 5Xu(t)—Mt
uENt
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the extremal process seen from the rightmost position. For all measurable non-negative functions
f, F, we have

B (F(M  pOF(E) = B (P FBIF B (30} )

It then follows from (3.3.16) and the above proposition that the law D can be represented by
conditioning the point measure D, as was obtained in | , Theorem 1.1].
Lemma 3.3.6. For all p > /2,

o the constant C(p) introduced in (3.3.16) is given by C(p) = P(ﬁp((O, o0)) = 0).

o the law of the point measure DP introduced in (3.3.19) can be constructed as

P(D* € -) = P(D” € -|D*((0,00)) = 0).

We end this section with an uniform estimate on the Laplace transform of the extremal process
of the BBM, that generalizes both (3.3.16) and (3.3.19).
Lemma 3.3.7. Let p > \/5, we set

55(9”) = Z 5Xu(t)—pt+a:'
uENt

Let A >0, for all p € T, we have
e(l—p2/2)t
V2mt

uniformly in |x| < At'/2, ast — oo, where UP[p] : z — —log E (e~ (P"#(+20),

E (1 - e—<€f<l>vv>) = C(p) ] /e"’z (1 - e—\””[“’]@)) dz(1 + o(1)),

Proof. Let L > 0, recall from Lemma 3.3.2 that
z2
P(My>pt—az+ L)< Ct=1/2et(1=p"/2) gpr—57 p=pL
Thus, as ¢ is non-negative, we have
0<E (1 - e_<5f($)"">) _E ((1 - e—<5t"<$>7¢>) H{Mtgptfzu})
2
< Ot 12007/ gpr=57 =pL  (3.3.21)

We also recall that the support of ¢ is bounded on the left, i.e. is included on [R,c0) for some

R € R. Observe then that ¢~ (67(®)#) = 1 on the event {M, < pt —xz+ R}.
We now use Proposition 3.3.5 to compute

E ((1 _ e*<£{’(z),w>) ]l{Mt_pt_A,_xe[R,L]})

_ t(1—p%/2) B, (1 _ ~(D{ 7By iae ~
= e P E (ep (1 e < + >) ]]'{m-i-BtE[R,L],'Df((opo))_o}) 9
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where 7,(©)(+) = ¢(z + -). Therefore, setting

Gi(z,z) =E ((1 — e‘(Df,Tz<P>> 11{55((0,00)):0}

Bt:z—x>,

we have
$2
0P 1271) ot Pt S ((1 — e (E @M) ]l{Mt—pt+r€[RvL1})

L
:/R et G (2, y)dy,  (3.3.22)

with the o(t~/2) term being uniform in |z| < At/
With the same computations as in the proof of | , Lemma 3.4], we obtain

lim sup Gi(z,y) = lim inf Gi(z,y)=E ((1 - e_<Dp’TW>> 1{5p((0 oo)):O})

t—o0 lz|<AtL/2 t—00 || < Atl/2

= C(pB (1—e ")),

using the construction of D? given in Lemma 3.3.6. Therefore, using (3.3.21) and applying the
dominated convergence theorem, equation (3.3.22) yields

(132
limsup sup 0?20\ forte =Pt ST R ((1 - ef<55(w)’“">))

t—=o0 |z|<AtL/2

—C(p) / e PYER (1 — e*<D",Tys0>) dy| < Ce=PE,
R

which, letting L. — oo, completes the proof. O

Remark 3.3.8. Note that applying Lemma 3.3.7 to function ¢(z) = 11,50y yields (3.3.16), and up
simple computations, this lemma can also be used to obtain (3.3.19).

3.4 Multitype many-to-one lemmas

The many-to-one lemma is an ubiquitous result in the study of branching Brownian motions. This
result links additive moments of the BBM with Brownian motion estimates. We first recall the
classical version of this lemma, before giving a multitype version that applies to our process.

Let (X, (t),u € N;) be a standard BBM with branching rate 1. The classical many-to-one
lemma can be tracked back at least to the work of Kahane and Peyriére [?, ] on multiplicative
cascades. It can be expressed as follows: for all ¢ > 0 and measurable non-negative functions f, we
have

E ( > F(Xuls),s < t)) = ¢'B(f(Bs,s <)), (3.4.1)

ueNy

where B is a standard Brownian motion.
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Recall that N;! (respectively N?) is the set of particles of type 1 (resp. type 2) alive at time t.
Note that the process (X, (t),u € Ni})i>o is a BBM with branching rate 3 and diffusion 0. Thus
in view of (3.3.1), (3.4.1) implies that for all measurable non-negative function f

E| Y f(Xu(s),s<t)| =e”E(f(0Bs,s <t)).

ueN}

We denote by P the law of the process starting from a single particle of type 2. As this
particle behaves as in a standard BBM and only gives birth of particles of type 2, this process again
is a BBM, therefore

E@ | Y7 f(Xu(s),s <t) | =" B(f(Bs,s < 1)),

ueEN?

writing E® for the expectation associated to P(2).

The main aim of this section is to prove the following result, which allows to represent an
additive functional of particles of type 2 appearing in the multitype BBM by a variable speed
Brownian motion.

Proposition 3.4.1. For all measurable non-negative function f, we have

E| ) f((Xu(s),s <t),T(u))

uE/\/’/2
t
_ a/ BHEE (f((0Buns + (Bu — Buns),u < t), ) ds,
0

where we recall that T(u) is the birth time of the first ancestor of type 2 of u.

To prove this result, we begin by investigating the set B of particles of type 2 that are born
from a particle of type 1, that can be defined as

B—{U,EUt>0N( —b}
We observe that B can be thought of as a Poisson point process with random intensity.

Lemma 3.4.2. We set F' = o(X,(t),u € N},t > 0). The point measure Zé(xu(s),ng(U)),
ueB
conditionally on F' is a Poisson point process with intensity adt ® Z O( X (s),5<t) -
ueN}

Proof. This is a straightforward consequence of the definition of the two-type BBM and the super-
position principle for Poisson process. Over its lifetime, a particle of type 1 gives birth to particles
of type 2 according to a Poisson process with intensity «, and the trajectory leading to the newborn
particle at time ¢ is exactly the same as the trajectory of its parent particle up to time ¢. O

A direct consequence of the above lemma is the following applications of Poisson summation
formula.
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Corollary 3.4.3. For all measurable non-negative function f, we have

(Z F(Xu(s),s <T(u ))) = a/ooo PYE(f(0Bs, s < t))dt, (3.4.2)

ueB

<eXp< > F(Xuls),s <T(u )))) =E [ exp —a/ 71— e Xl gy (3.4.3)

ueB ueN}

Proof. We denote by F! = o(X,(s),u € N1,s > 0) the filtration generated by all particles of type
1. We can compute

>_a/ Zf s),s < t)dt

using Lemma 3.4.2. Then using Fubini’s theorem and (3.4.1), we conclude that

<Z F(Xu(s),s < T(u >>> - a/ooo PE(f(0B,,s < 1))dt.

ueB

<Zf ), s <T(u

ueB

Similarly, using the exponential Poisson formula, we have

(exp( Zf $),s <T(u ))> }‘) = exp _a/ Z 1 — o= F(Xu(s)5<t) g4

ueB ueN}

Taking the expectation of this formula completes the proof of this corollary. O
We now turn to the proof of the multitype many-to-one lemma.

Proof of Proposition 3.4.1. Let f,g be two measurable bounded functions. For any u,u’ particles
in the BBM, we write v’ %= u to denote that u’ is a descendant of u. We compute

E( Y f(Xuls)s < T(u)g(Xuls).s € [T(). 1)

ueEN?

=E | > Lra<n/(Xu(s),s <T(w) Y g(Xw(s),s € [T(u),t])

u€B u’/e/\/’tz
_E (2 1<y F(Xu(s), 5 < T<u>>so<T<u>,Xu<T<u>>>> 7
ueB

using the branching property for the BBM: every particle u € B starts an independent BBM from
time T'(u) and position X, (T (u)). Here, we have set for x € R and s > 0

o(s,z) = E® Z 9@+ Xyu(r—s),r €[st])

uENf,S
=e'"E (g (x + B,—s,7 € [5,1]))
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by the standard many-to-one lemma. Additionally, by Corollary 4.2.2, we have

E( Y f(Xu(s)s < T(u)g(Xuls),s € [T(u),1])

ueN?

= /t PE(f(oB,,r < s)p(s,0By))ds
0
:a/o PR (f(0By, 1 < 8)g (0B + (Br — By)r € [s,1])) ds.

Using the monotone class theorem, the proof of Proposition 3.4.1 is now complete. O

3.5 Proof of Theorem 3.1.2

We assume in this section that (3,02) € Cyy, i.e. that either 02 > 1 and 02 < % or 02 < 1 and

0?2 < 2 — . In that case, we show that the extremal process is dominated by the behaviour of

particles of type 2 that are born at the beginning of the process. The main steps of the proof of
Theorem 3.1.2 are the following;:

1. We show that for all A > 0, there exists R > 0 such that with high probability, every particle
(1)

u of type 2 to the right of m; "/ — A satisfy T'(u) < R.

2. We use the convergence in distribution of the extremal process of a single-type branching
Brownian motion to demonstrate that the extremal process generated by the individuals born
of type 2 before time R converges as t — 0.

3. We prove that letting R — 0o, the above extremal process converges, and the limiting point
measure is the point measure of the full two-type branching Brownian motion.

In this section, we write v = /2802 and 6 = \/25/02, which are respectively the speed and

critical parameter of the branching Brownian motion of particles of type 1. Recall that mgn) =

V2t — % logt, we write

&= Z Ox(t) =m0
uEJ\ft2
the extremal process of particles of type 2 in the branching Brownian motion, centred around mgn)'

We begin by proving that with high probability, no particle of type 2 that was born from a particle

of type 1 after time R has a descendant close to m§”).

Lemma 3.5.1. Assuming that (8,02%) € Crr, for all A > 0, we have

lim limsup P(Ju € N2 : T(u) > R, X, (t) > mgn) —A)=0.

R—o0 {00

Proof. Let K > 0, we first recall that by (3.3.1) and (3.3.13), we have

P(3t>0,ueN: X,(t) >vt+K) <e K,
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i.e. that with high probability, all particles of type 1 stay below the curve s — vs + K.
We now set, for R, A, K > 0and t > 0:

(AR, K) = ZE{T(u SR,X, (T (u))<vT(u)+K}]]-{Mu> (0 _ 4}
ueB

where M;* is the position of the rightmost descendant at time ¢ of the individual w. In other words,

Yi(A, R, K) is the number of particles of type 2 born from a particle of type 1 after time R, that

were born below the curve s — vs+ K and have a member of their family to the right of m§”) —A.

Observe that by Markov inequality, we have

P(EueN? : T(u) > R, X,(t) > mi™ — A)
<P(Et>0,ueN!  X,(t) >vs+K) +P(Yi(A R K)>1)
<e % LE(Yi(A R K)).

To complete the proof, it is therefore enough to bound limsup,_ . E(Y;(A4, R, K)). Using the
branching property and Corollary 4.2.2, we have

E(Y;(A,R,K))=E (Z Liryeir,ay Lix, (@) <or+x 3 F (= T(u), Xu(T(U)))>

ueB

t
= 04/ GBSE (F (t — S7O'BS) ]l{UBsgvs+K}) dS, (351)
R

where we have set F(r,z) = P (gc + M, > m(U) _ A).
By (3.3.15), there exists C' > 0 such that for all z € R and ¢ > 0, we have

PO (M = m{™ +2) < C(1+ay)eV,

so that for all s <t,

F(t—s,a)=P® (Mt m{D +\[S+ 1Ogttﬂ1_A_z>
3
t+1 2 —V2(V2s5—x—A)
< - — . .5.
_C<t—s+1> <1+\/§s+( x)+>e (3.5.2)

We bound E(Y;(A, R, K)) in two different ways, depending on the sign of 02 — 1.
First, if 02 < 1, we observe that the condition X, (s) < vs 4+ K does not play a major role in
the asymptotic behaviour of E(Y;(A, R, K)). As a result, (4.3.9) and (4.3.2) yield

t 3/2
E(Y;(A, R, K)) < Ce” _trl P2E ((1 +v2s + J(st)Jr) eﬂ"BS) ds,
R t—s + 1

and as E ((1 +V2s+0(—Bs)y)e V20B. ) < C(1+ s)e? %, we have

t+1

ts+1)2 (s+1)exp (s (B+0>—2))ds.

E(Y;(A, R, K)) gcef“/Rt<
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Hence, as (3,02) € Crr and 0% < 1, we have B + 02 — 2 < 0. Therefore, by dominated convergence
theorem,

limsup E(Y;(A, R, K)) < Ce? /Oo(s + 1)exp (s (6 +o0?— 2)) ds,

t—o00 R
which goes to 0 as R — oo, completing the proof in that case.
We now assume that 02 > 1. In that case, the condition X, (s) < 1/2802s + K is needed to
keep our upper bound small enough, as events of the form {X,(s) > vs} have small probability but
Yi(A, R, K) is large on that event. Using the Girsanov transform, (4.3.9) yields

E(Y:(4, R, K))

¢
Sa/ E (e*‘%BSF(t — 5,0Bs +vs)L{,p5,<k}) ds
R

t 3
gcaem/ VA5 ( t+1 )

E (ewi-e)aBs (1 40+ V2)s + (—Bs)+) 1{BS§K}) ds,

using (4.3.2). As (B,02) € Crr and 0% > 1, we have fo? < 1. This yields in particular 8 < o2
hence v/2 — 6 > 0. Integrating with respect to the Brownian density, there exists C' > 0 such that

B (6(\/579)0135 (1 + \@( /502 +1)s+ (*Bs)+) R{BSSK}> <O+ s)%e(\/ﬁ*f’)”{’

yielding
t 2 t + 1 % 1
E(Y;(A, R, K)) < C'CveﬂAJr(‘/i*e)"K/ e 2=V Bo)s (> (1+s)2ds.
Then by dominated convergence, as 1 — /802 > 0, we deduce that
limsup E(Y; (A4, R, K)) < CaeV?A+(V2-0)0K / e~ 21=VB)s (1 4 s)%ds,
t—o0 R
which decreases to 0 as R — oo, completing the proof. O
We now use the known asymptotic behaviour of the extremal process of the branching Brownian

motion, recalled in Section 3.3, to compute the asymptotic behaviour of the extremal process of
particles satisfying T'(u) < R, defined as

gtR = Z IL{T(U)SR}(sxu(t)—mfs”)'
ueN?
For any u € B, and ¢t > 0, we set
200 = 37 (Vo= X (1))eV?Kur 0=V,

u'ENf
u'=u

where we recall that «’ = u denotes that u’ is a descendant of u. Note that by (3.3.9) and the branch-

ing property, Zt(”) converges a.s. to the variable Z(gg) = litm inf Zt(u). Moreover, e‘ﬂ(xu(T(“))_‘/iT(“))ZéZ) (i)ZOC
— 00

where Z, is the limit of the derivative martingale of a standard branching Brownian motion.
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Lemma 3.5.2. For all ¢ € T, we have tlim <§tR,<p> = <5A£,4p> in law, where §£ is a dec-
—00

orated Poisson point process with intensity C*ZR\/iefﬁxdx and decoration law ®, with Zg =

> <y 2.
ueB

Proof. Let ¢ € T be a test function. Observe that using the branching property of the branching
Brownian motion, we have

E (exp (—<SA’tR, <p>>) =E H Fy(T(u), Xu(T(w)) |,

ueB:T(u)<R
where Fi(s,z) = E?) (exp (— Youen, ¥ (J: + X, (t—s) — mEH)))) for 0 < s <tand z € R. Using
again that mEH) = mEI_IS) + /25 +0(1) as t — oo and applying Lemma 3.3.4, we have for all s > 0

tlim Fy(s,z) = E® <exp (—C*Zooe‘/iw_zs /(1 - e_‘p[*’](z))\/ie_\/izdz>> )
—00

where Z,, is the limit of the derivative martingale in a standard branching Brownian motion.
Therefore, by dominated convergence theorem,

fin B (o (~(32.9))) =B (o0 (o2 [l nva ) )

with Zp = > wes L{rw)<ry Zég), completing the proof. O

We then observe that Eg) converges in law as R — oo to 5&{’) the point measure defined in
Theorem 3.1.2.

Lemma 3.5.3. For all p € T, we have limpg_, <§£,Lp> = <5§£1),<p> in law, where we define
Zoo =Y en z8.

Proof. Recall that Z., > 0 a.s. therefore (?R7R > 0) is increasing and Zoo = limp_soo ZR exists
a.s. Given that for all function ¢ € T,

E (e‘<5§’¢>> —E <exp (—C*ZR /(1 - e_q'[“’](z))\/ﬁe_‘/izdz>> ,

to prove that 5012 converges in law, it is enough to show that Z., < oo a.s.

We recall that v = /2302 the speed of the branching Brownian motion of particles of type 1.
As

lim max X, (t) — vt = —c0 a.s.
t—o0 ue./\[tl

(which is a consequence of the fact that the additive martingale at the critical parameter converges
to 0 a.s.), there is almost surely finitely many u € B with X,,(7'(u)) > vT'(u). To prove the finiteness
of Z .., we then use the following variation on Kolmogorov’s three series theorem: If we have

Z ]]-{XU(T(u))SvT(u)}E (Zég) A 1’.7:1 V O’(B)) < oo a.s., (3.5.3)
u€B
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then Z., := Y ueB ]I{XH(T(U))SvT(u)}Zég) < o0 a.s, where F! = o(X,(t),u € N;,t > 0). Using
that Z is obtained by adding a finite number of finite random variables to Zoo, it implies that
Zoo < 00 2.8

Indeed, if we assume (3.5.3), using the Markov inequality and the Borel-Catelli lemma, we
deduce that almost surely there are finitely many u € B whose contribution to Zoo is larger than 1.
Additionally, (3.5.3) also implies that the sum of all the other contributions to Z., has finite mean.
Hence, we have va < 00 a.s.

We now prove (3.5.3), using that E((Zooe®) A1) < C(1 + (—z)4)e” for all z € R, by (3.3.10)

and (3.3.11). Hence, using that Zég)(i)e‘/g(X“(T(“))_‘/ET(“))ZOO it is enough to show that

> X r)<or) <1 + <2T(U) - ﬂXu(T(U)))

>e\/§Xu(T(u))2T(u)<oo as.  (35.4)
u€B

+

This quantity being a series of positive random variables, we prove that this series has finite mean
to conclude. By Corollary 4.2.2; we have

+

= a/ ¢E <1{0333vs} <1 + (25 - \@UBS)J 6\/503325) ds.
0

Similarly to the proof of Lemma 3.5.1, we bound the above quantity in two different ways depending
on whether 62 > 1 or 02 < 1.
If 62 < 1, we have

B (Z Lix (<ot} (1 + (2T(u) - \@Xu(T(U)))

) e\/iXu(T(u))—zT(u)>
ueB

PE <<1 + (V20B, - 23)+> eﬁ03525> <C(+s)exp (s (o +5-2)),

which decays exponentially fast as (8,02) € Crr and 02 < 1. Therefore, we have

E (Z ]]-{Xu(T(u))SUT(u)} (1 + <2T(U) — \/EXu(T(U)))Jr) eﬂXu(T(u))ZT(u)> < 0,

ueB

proving (3.5.4), hence (3.5.3), therefore that Z., < 0o a.s. in that case.
If 02 > 1, we have

P E (1{03893} (1 + (23 - \/iaBs)+) e‘/§63525>
=B (1{35<0} (1 + (2(1 —Vo?B)s — \/iaBs)Jr) eﬂ”Bs) 2(V7p-1)s
< O(1+ s)exp (s (M_ 1)) .

As (B,0?) € Cr7 and 0% < 1 we have once again

E (Z Lix, (T(w)<oT(u)} <1 + (2T(U) - \@Xu(T(U)))

> e\/EXu(T(u))zT(u)> < 00,
ueB

+
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which proves that Z,, < 0o a.s. in that case as well. O

Using the above results, we finally obtain the asymptotic behaviour of the extremal process in
case Cyy.

Proof of Theorem 3.1.2. Recall that SA} = Zueth dx,(t)—m,- Using Proposition 3.3.3, we only need
to prove that for all ¢ € T, we have '

lim E (e<gt’“@>> =E <6_<5¥1)’“">) .

t—o0
Let ¢ € T, and set A € R such that ¢(z) = 0 for all z < A. By Lemma 3.5.1, for all € > 0,
there exists R > 0 such that P (g'tR(gp) #* gt(cp)) < e. Then, using that ¢ is non-negative, so
that <<§R,<p> < <<§5,g0> and €7<£t’¢> is bounded by 1, we have E <e<5fR’“&>> <E <e<5t’“&>) <
E (e_<gtR’¢>> +e. Applying Lemma 3.5.2 and Lemma 3.5.3 to let ¢, then R, grow to co, we obtain

E (67<5‘(>£I)’L’0>) < liminf E <e<a’w>> <limsup E <e<a’¢>> <E (67<8‘2‘{I)’@>) + €.

t—o0 t—00

Letting ¢ — 0 we obtain that lim;_,., E 67<5t’¢> =E (67<5g”’¢>) for all ¢ € T, which com-
pletes the proof of Theorem 3.1.2 by Remark 3.1.5. O

We end this section by conjecturing a possible direct formula for the computation of Z, as the
limit of a sub-martingale of the multitype BBM.

Conjecture 3.5.4. We have lim;_, ZueNf(\/it — X, (t))eV2Xu)=2t — 7 4.

3.6 Proof of Theorem 3.1.1

In this section, we assume that (3,02) € Cj, that is either 02 < 1 and o2 > é, or o2 > 1
and o2 > 2ﬂﬁ_1. In that situation, we show that the extremal process of particles of type 2 is

mainly driven by the asymptotic of particles of type 1, and that any particle of type 2 significantly
contributing to the extremal process at time ¢ satisfies t — T'(u) = O(1), meaning that they have a
close ancestor of type 1.

For the rest of the section, we denote by v = /2802 and 6 = /28/0? the speed and critical

parameter of the BBM of particles of type 1. Recall that mgl) = vt — % logt, and we set

&= ) O, (t)—miD>
ueN?

the extremal process of particles of type 2, centred around mﬁl).
To prove Theorem 3.1.1, we first show that for all p € T, <<§g,<p> converges, as t — 00 to

a proper random variable. By [ , Lemma 5.1], this is enough to conclude that g't converges
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vaguely in law to a limiting point measure £. We then use that with high probability, no particle
of type 2 born before time R contributes to the extremal process of the multitype BBM. Then, by
the branching property, it shows that £ satisfies a stability under superposition probability which,
by | , Corollary 3.2], can be identified as a decorated Poisson point process with intensity
proportional to Zg)efemdx.

To prove the results of this section, we make use of the following extension of (3.3.13). For all
t > 0, we write a; = 23—9 log(t + 1). There exists C' > 0 such that for all t > 0 and K > 0, we have

P(3s<tiueN!: X,(s)>vs—a;+ai_s + K) < C(K + 1)e” . (3.6.1)
This result was proved in | ] in the context of branching random walks, and has been adapted
to continuous-time settings in [ , Lemma 3.1].

We first show the tightness of the law of the number of particles of type 2 born to the right of
€]
my; ' — A.

Lemma 3.6.1. We assume that (3,02) € C;. For all A, K > 0, there exists Ca g > 0 and § > 0
such that for all R > 0, we have

limsup E Z I]'{X (t)>m(1)—A} ]]-{T(u)gt—R}]]-{Xu(s)gvs—at-&-at_s+K,s§T(u)} < CA,K€_§R~
t—o0 uENf u b/ oy

Proof. Let A, K, R > 0, we set

th(Aa K, R) = Z I]-{X“(t)zmgl)fA} ]]-{T(u)gt—R}]]-{Xu(s)gvs—at—!—at,s—&-K,sST(u)}'
ueN?

We use Proposition 3.4.1 to compute the mean of Y;(A4, K, R) as

E (Yi(4, K, R))

t—R
</ efstt—sp (O’BS + B, — B > mgl) —AoB, <vr—ai+ai_+ K,r< s) ds
0

t—R
S/ E (e_engF(t —8,0Bs — at)]]-{a'BTSat_rfaH»K,TSs}) ds,
0

where F(r,z) = e"P(B, > vr—z), using the Markov property at time s and the Girsanov transform.
AZ
17}\’U+7

We have F(r,z) < emer< ) for all A > 0, by the exponential Markov inequality. This

implies
t—R A2 3)
E(Y;(A, K, R)) g/ et 2H ) 4 )29 E (600—9”38n{c,Brgat_r_at+K7T§S}) ds. (3.6.2)
0

We now bound this quantity in two different ways depending on the sign of o2 — 1.
First, if 02 > 1, then v > 6, in which case using (3.6.2) with A = v, we obtain

t—R . 3
E(Yt(A’ K, R)) < / e(tfs)(17v2/2) (t + 1)@]3 (60(1)79)35 ]]-{UBTSath—at-i-K,rSs}) ds.
0
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We now use that for all A > 0, there exists C' > 0 such that for all 0 < s < ¢, we have

3 P
_ 20 _3
E (BAUBS]]-{UBTSat,T—at-&-K,Tgs}) < Oe/\K (t tiT1> (S + 1) 2.
This bound can be obtained by classical Gaussian estimates, rewriting

Ao By
E (" 1(oB, <a,_,—a,+Kr<s})

3A
RS- R By—as+a+K€[—k—1,—k
<MK (t s+1>29 Ak ODs — Gs + ag )
= o kz>:oe i 0B, <air—ar+K,7<s ’

(3.6.3)

and showing that the associated probability can be bounded uniformly in k,¢ and s <t by Ck(s +

3
1)72, with computations similar to the ones used in [ , Lemma 3.8] for random walks.

Therefore, (3.6.3) implies that

3
- 2

3v
(t—s+1)28

3 ds.
2

R
E(Y;(A, K, R)) < Cax / ((t=y1-0?/2 ¢+ 1)
0 (s+1)
As (B,02) € Cr, we have v = /2602 > /2,50 1 — % < 0. As a result

t 3 3v )
/2 o(t=9)(1-v%/2) (t+1)2(t - 53+ 1)26 ds < Cell=v*/21(¢ 4 1)59;05”
0 (s+1)2

)

which converges to 0 as t — oo, and

3 3v
t—R 5 59 00
/t (=m0t U X2 =8 + D C/ A= 1Ds (5 4 1) 3 ds < Cell=V" /DRI,
5 R

2 (s+1)2
This completes the proof of the lemma in the case o2 > 1.
We now assume that o2 < 1. We have that

1—9v+ﬁ=1—2ﬁ+£=6(i—2)+1
2 o2 o2 .

Therefore, as long as 02 > % which is the case as 02 < 1 and (3, 0?) € Cy, we have 1—9v+%2 < 0.

)
Therefore, for all § > 0 small enough such that

0+6)*2
1— (0 + )+ - <,
using (3.6.2) with A = 6 + J, we have

E(Y:(A, K, R))
3(0+9)

t-R
< / (=) 1= O+8)+0+81%/2) (1 1 1) 55 (9B 110 5, <ar_—ars Koy ds.
; < <

So with the same computations as above, we obtain once again that

limsup B(Y;(A, K, R)) < Ca xe °F,

t—o0

which completes the proof.
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Using the above computation, we deduce that with high probability, only particles of type 2
having an ancestor of type 1 at time ¢ — O(1) contribute substantially to the extremal process at
time ¢.

Lemma 3.6.2. Assuming that (3,02) € Cr, for all A > 0, we have

lim limsupP(Ju € N2 : T(u) <t — R, X,(t) > mgl) —A)=0.

R—00 {00

Proof. We observe that for all K > 0, we have

P(ueN2:T(u) <t— R, X,(t) >m") — A) < P(Els <tueN': Xu(s)>vs+a; —ar_s)
+PBue NP :T(u) <t— R, X,(t) >mt — A, Xyu(s) <vs—ag+ ar—s, s < T(u)).
Then, using (3.6.1), the Markov inequality and Lemma 3.6.1, we obtain

limsupP(Fu € N7 : T(u) <t — R, X, (t) > mEI) —A) <OK +1)e K 4 Cy e R

t—o0

Letting R — oo then K — oo, the proof is now complete. O

For all R > 0, we set

gl = Z l{T(u)ztfR}‘qu(t)*mm
uEN?

We now show that £F converges in law as t — oo.

Lemma 3.6.3. Assume that (3,0%) € C;, there exists cgr > 0 and a point measure distribution DF
such that for all p € T, we have

lim <<§';R,g0> = <§£,<p> in law,

t—o0
where ER is a DPPP(cgZsoe™"da, D).
Proof. We can rewrite
t_z Zél(t — X (t—R)+ X, (t—R)— ZT“tR) <”gR=

weN]_ pu'eN? ueN} 5

u’>;u

where 7, is the operator of translation by z of point measures, and ﬂ%u) is the point process of
descendants of type 2 of individual u € N;_g at time ¢, centred around the position of u at time

t — R. Note that conditionally on F} g, (gﬁzu), u € N;_g) are i.i.d. point measures with same law

as ER = Zu€N2 5X (R)-
Let ¢ € T, we set L € R such that p(z) = 0 for all z < L. By the branching property, we have

E <e‘<5tR ® ( Xu(t— R) —m{")
ueN} 5

(I
E(@ weni 108 PROX(1=R)=m{! ))7
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where Fr(z) =E (exp | — 2 p(x + X, (R . Observe that by Jensen transform, we have
ueENE ¥

R
—log Fr(x) <E | ) ¢z + Xu(R)) S/ T E(p(x + 0B, + By — B))ds
ueNE 0

(B+1HR —z

Therefore, by (3.3.17), we have —log Fr(z) < Crel?*t9* A1 for all z € R.

By Lemma 3.3.4, recall that ) .\ 0y (t—R)—m(D converges vaguely in law to a DPPP &!
t—R u t

with intensity ¢,0Ze~?*T"®dz and decoration law 3,02 the law of the decoration point measure

of the BBM with branching rate 8 and variance o2. Additionally, it was proved by Madaule

] in the context of branching random walks, and extended in [ ] to BBM settings,
that (€1, eg1s5) < oo a.s. for all § > 0, where egys(z) = (9. As a result, using the monotone
convergence theorem, we obtain

lim E <e<aR>*”>> - E (e*<51’*l°gFR>) .

t—o00

This proves that g'tR converges in law, as ¢ — 00, to a point process that can be obtained from & L
by replacing each atom of £! by an independent copy of the point measure & . O

We now complete the proof of Theorem 3.1.1.

Proof of Theorem 3.1.1. Let ¢ € T. We fix A > 0 such that ¢(x) = 0 for all x < —A. We observe
that

0<E <e<5f’¢>> _E (e<£t’¢>> <PEueN?:T(u)<t— R Xu(t)>m" - 4),
which goes to 0 as t then R — oo, by Lemma 3.6.2. Additionally, by Lemma 3.6.3, we have

lim B (e‘@@) —E <e‘<“?£’¢>> .

Moreover, using that R — E <e<£fR’w>> is decreasing, we deduce that
lim E <e<g"¢>> = lim E <6<5§>9@>) . (3.6.4)

Additionally, as R — (Eth is increasing in the space of point measures, we observe that we can
construct the family of point measures (€2, R > 0) on the same probability space in such a way

that almost surely, §R7 is increasing for all . We denote by u(p) its limit.
o) P 2

By | , Lemma 5.1], to prove that cEA’t admits a limit in distribution for the topology of vague
convergence, it is enough to show that for all non-negative continuous functions with compact
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support, <<5A't, go> admits a limit in law which is a proper random variable. By (3.6.4), using the

monotonicity of gg, we immediately obtain that lim;_, <5A't, <P> = () in law. Therefore, to prove

that 5,5 converges vaguely in distribution, it is enough to show that for all p € T, u(¢) < oo a.s.
which will be a consequence of the tightness of <§t, <P>.
Let ¢ € T, we write L € R such that ¢(z) =0 for all z < L. For all A > 0 and K > 0, we have

P<<§t,g0> zA) <P@Es<t,FJueN;: Xy (s) >vs—a;+a;_s+ K)

1 ~
+ ZE <<gt, (p>]]'{maxue/\/sl Xu(s)<vsat+ats+K,s<t}> .

The first quantity goes to 0 as K — oo by (3.6.1). Therefore, for all € > 0, we can fix K large
enough so that it remains smaller than /2. Then, using Lemma 3.6.1 with R = 0, we have

1 ~ Cr
ZE <<gt’ <p>]]'{maxu€‘,\/-g Xu(s)<usat+at_S+K,s<t}> < A :

Therefore, we can choose A large enough such that for all ¢ > 0, P(<§t,50> > A) < e, which

completes the proof of the tightness of <é\t, <P>.

We then conclude that E‘t converges vaguely in law as ¢ — oo to a limiting point measure that
we write £. This point measure also is the limit as R — oo of £ by (3.6.4). This allows us to

show that <6A’t7<p> — <g,g¢7> in law for all ¢ € T, so we conclude by Proposition 3.3.3 that the

position of the rightmost atom in éA't also converges to the position of the rightmost atom in E.
To complete the proof of Theorem 3.1.1, we have to describe the law of £. For all s > 0, using
the branching property, we have

& = Z TXu(S)_USJl'at—s_até\t(ﬁ)s
uENs

g

where conditionally on F, (£,2%,u € Nj) is a family of independent point measures with same law

as g't,s, under law P(M) or P depending on the type of u. As no particle of type 2 born at an
early time will have a descendant contributing in the extremal process by Lemma 3.6.2, we obtain
that, letting ¢t — oo,

~(@) e
EL S rxuio-usl (3.6.5)
wen?

where E(u) are i.i.d. copies of £, that are further independent of F,. This superposition property
characterizes the law of £ as a decorated Poisson point process with intensity proportional to
e~ %dz, shifted by the logarithm of the derivative martingale of the branching Brownian motion
by | , Corollary 3.2], with similar computations as in [ , Section 2.2]. A general study
of such point measures satisfying the branching property (3.6.5) is carried out in [?]. O
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3.7 Asymptotic behaviour in the anomalous spreading case

We assume in this section that (02, 8) € Cryy, i.e. that B+ 02 > 2 and 0% < 5 In particular, it

2B—1
implies that 8 > 1 and 02 < 1. Under these conditions, we set
g—1 9 o4+ B2
0:=4/2—— =00, b:=40 d =—
1-o02 4T7% M PEoB o))

which are the values of a, b and p solutions of (3.2.1), described in terms of the parameter § which
plays the role of a Lagrange multiplier in the optimization problem. Note that a < \/2802, b > /2
and p € (0,1). Recall that in this situation, the maximal displacement is expected to satisfy

B —a?

vt, where v=ap+0b(1—-p) = 206 - )1 — o2

mEI”) _

As in the previous sections, we set

& = Z 6Xu(t)7m$”1)
uENf )

the appropriately centred extremal process of particles of type 2.

As mentioned in Section 3.2.1, under the above assumption, we are in the anomalous behaviour
regime. In this regime, we have v > max(\/?, \/2B0?2), in other words, this furthest particle travelled
at a larger speed than the ones observed in the BBM of particles of type 1, or in a BBM of particles
of type 2. Moreover, given the heuristic explanation for (3.2.1), we expect the furthest particle u
of type 2 at time ¢ to satisfy T(u) =~ pt and X, (T(u)) ~ apt.

The idea of the proof of Theorem 3.1.3 is to show that this heuristic holds, and that all particles
participating to the extremal process of the multitype BBM are of type 2, and satisfy T'(u) ~ pt
and X, (T(u)) ~ apt. We then use the asymptotic behaviour of the growth rate of the number of
particles of type 1 growing at speed a to complete the proof. We begin by proving that with high

probability, there is no particle of type 2 far above level mgln) at time t.

Lemma 3.7.1. Assuming that (0%, 3) € Crr1, we have

lim limsup P (Hu EN? X, (t) > m§“” + A) =0.

A—00 {00

Proof. The proof of this result is based on a first moment method. For A > 0, we compute, using
the many-to-one lemma, the mean of Xy(A) = > - ]l{X (O2m{ D+ a)" Using (3.3.17), there

exists C > 0 such that for all ¢ > 1, we have
E(X,(A4))

t
- / i (aBs + (B — By) > m{D 4 A) ds
0

t 2 — » 2 t » 2
< / (Hotli-s) OV =8 —olgtlhs 1 o op1/2 / (=) " TPt s
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Therefore, setting ¢ : u +— fu+1—u — by change of variable we have, for all ¢ large

o
2(c2u+l—u)’
enough

1
E(Xi(4)) < Ctl/Q/ exp (to(u)) e ETen du.
0

We observe that

2 2

v
and " (u) = —2(1 - UQ)QW,

v

¢’ (u) Zﬁ—l—(l—UQ)m

hence ¢ is concave, and maximal at point © = p, with a maximum equal to 0. By Taylor expansion,
there exists § > 0 such that p(u) < —6(u — p)? for all u € [0,1]. Therefore, we have

1
E(X,(4)) < Ce_A“t1/2/ e 0P tqy < CemAY 7/é.
0
As a result, applying the Markov inequality, we have
P (au eNZ: X, (t) > m{TTD + A) = P(X,(A) > 1) < E(X,(4)),

thus there exists C > 0 such that

lim sup P (Hu eNZ: X, (t) > m§”’) + A) < Ce 4,

t—o0

which converges to 0 as A — oo. O

Next, we show that every particle of type 2 that contributes to the extremal process of the BBM
branched from a particle of type 1 at a time and position close to (pt, apt).

Lemma 3.7.2. Assuming that (0%, 3) € Crrr, for all A > 0, we have

lim limsup P(3u € N7 : X, (t) > mgln) — A, |T(u) — pt| > Rt*?) =0, (3.7.1)

R—o0 t—c0

and  lim limsup P(3u € N2 : X, (t) > mi”l) — A, |X,(T(u)) —apt| > RtY/?) =0.  (3.7.2)

R—oo 500

Proof. Let A > 0and e > 0. By Lemma 3.7.1, there exists K > 0 such that with probability (1 —¢)

no particle of type 2 is above level mﬁ”” + K at time t for all ¢ large enough. For R > 0, we now

compute the mean of

(1 —
Y (A K, R) = Z ]I{X“,(t)—mﬁ””e[—A,K]}]I{IT(u)—ptIZRtl/Z}'
uENf

By Proposition 3.4.1, setting I,(R) = [0,¢]\[pt — Rt'/2, pt + Rt'/?] we have

E (Yt(l)(A,K, R)) :/

I;(R)
prt’1/2 1

< Cevil/? / et“"(“)du—i-/ ey |,
0 p+Rt—1/2
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using the same notation and computation techniques as in the proof of Lemma 3.7.1. Thus, using
again that there exists § > 0 such that p(u) < —d(u — p)? for some § > 0, by change of variable
z = t'/?(u — p) we obtain that

E (¥4, K, R)) < Ce™ / e dz.
R\[—-R,R]

Therefore, by Markov inequality, we obtain that

limsupP(Ju € N2 : X, (t) > mi”” — A, |T(u) — pt| > Rt'/?)

t—o00

<limsupP(Ju € N7 : X, (t) > mEIH) + K) 4 Ce?v / e 9% dz.
t—00 R\[-R,R]

As a result, with the choice previously made for the constant K, we obtain that

lim sup limsup P(Ju € N7 : X, (t) > m§’”) — A, |T(u) — pt| > Rtl/Q) <e.

R—oco  t—00

By letting ¢ — 0, we complete the proof of (3.7.1).
We now turn to the proof of (3.7.2). By (3.7.1), we can assume, up to enlarging the value of K
that
limsupP(Ju € N7 : X, (t) > m (1) _ 4, T (u) — pt| > Kt*/?) < ¢

t—o0

We now compute the mean of

(2)
(A, K,R) = Z {xut- I”)E[—A,K]}1{\T(u)—pt\SKtl/2}]l{lxu(T(u))—apHZRtl/?}'

ueN?

Using again Proposition 3.4.1, we have
E(v,*(A, K, R))

pt+Kt1/2
:/ A <UBS + (B — By) —m\"™ ¢ [~ A, K], |0 B, — apt| > Rt1/2) ds
pt—Kt1/2

P e i | o0 )
_ 2(B—1)(s—pt 0(cBs+B¢—Bg
= /pt—Kt1/2 ¢ Ele L Bt (BeeB.) 4 (b—a)(pt—s)e[-A.K] ds,
|o Bs—a(pt—s)|>Rt'/?
by Girsanov transform, using that 8s+t—s— % (0%s+t—s) = 2(B—1)(pt—s) and straightforward
computations. Next, using that (b —a)(pt —s) = —2(5 —1)(s — pt), for R large enough, we obtain

E (Yt@)(A, K, R))

< 2K 1/2e0K sup P

( O'Bpt+,,~ + Bt - Bpt+r + (b - CL)’I" € [—A,K} > .
[r|<Kt1/2

|0Bpt+r - ar| > Rt1/2
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We then use that 0 B4, — (6 Bpiyr + By — Bpitr) Ug(pH‘f)ijj(I_p)_r is independent of 0 Bp; 4, +

B¢ — Bpiir by classical Gaussian computations. We deduce that for R large enough, we have for
all ¢ large enough

s P (UBPW + By — Bpyr + (b— a)r € [-A, K], |0Bpeir — ar| > Rtl/Q)

402p(1—p)

< C(A+ Kt /*P <|Bl| > g <op+1p>> _

As a result, using again the Markov inequality, we have

limsupP(Ju € N« X, () > mi™" — A, | X, (T(w)) — apt| > Rt'/?)

t—o00

<limsupP(Tu € N? : X (t) > mi™ — A, |T(u) — pt| > Kt'/?)

t—o00

25(1—
t—00 40°p(1—p)

+limsup P(Ju € N7 : X, (t) > m§”’) + K)+C(A+ K)Ke’EP <|B1| >R (02p+1—p)> )

Hence, letting R — oo, with the choice made for the constant K, we obtain

lim sup limsup P(Ju € N? : X, (t) > mﬁ’”) — A, | X (T (u) — apt| > RtY/?) < 2,

R—oo t—o0
and letting ¢ — 0 completes the proof of (3.7.2). O

The above lemma shows that typical particles of type 2 that contribute to the extremal process
of the multitype BBM have their last ancestor of type 1 around time pt and position pat. We now
prove Theorem 3.1.3, using this localization of birth times and positions of particles in B that have
a descendant contribution to the extremal process at time ¢, with high probability. Then, using
Lemmas 3.3.1 and 3.4.2 we compute the quantity of contributing particles and with Lemma 3.3.7
to obtain the value associated to each contribution.

Proof of Theorem 3.1.3. Let R > 0, we set

SR ._
&= Z ]1{\T(u)wt\gRtl/Q,\Xu(T(u))fapt\SRtl/z}‘SXu(t)—mi””'
ueN?

Lemma 3.7.2 states that the extremal process gtR is close to the extremal process of the BBM.
Precisely, for all ¢ € T we have

’E <e—<a%>) _E (e—<avv>)‘
<P (Elu e N2 Xo(t) > mTD — A, (T(w) — pt, Xu(T(w)) — apt) & [~Rt'/2, Rt1/2]2>

where A is such that the support of ¢ is contained in [—A,00). As a result, by Lemma 3.7.2 we

have R R
lim limsup ’E (e_<€fR’¢>) —E <e_<8t’@>)‘ =0, (3.7.3)

R—00 t—oo
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so to compute the asymptotic behaviour of E (e_<5“0>>, it is enough to study the convergence of

éA‘tR as t then R grow to co.
Let R > 0 and ¢ € 7. Using the branching property and Corollary 4.2.2, we have

E <e—<aRv¢>>

pt+Rt/?
=E | exp —a/ y Z IL{‘XH(S)_apt\SRtlm}F(t — 5, X, (s) —apt)ds ,
pt— Rt/ uEN!

with F(r,z) = 1 — E® (e_ ZueNE S‘J(X“(T)_I)T—Hc_b((l_p)t_r))>. Additionally, by Lemma 3.3.7, we

have

F(A =p)t —rz)

(1-2)((1—p)t—r) _(@=br)?
ARt P (CE ) /efez (1 - e*q”’w'z)) dz(1+ o(1))
27t(1 — p)

(1= %) (1-p)t At S (z=br)?

2000t [ =02 (1 — Y"1} d2(1 + o(1
e [ (- ) (1 + o(1),

=C(

as t — oo, uniformly in |r| < Rt'/? and |x| < Rt'/2, where we used that § = b. Thus, setting

O(p) := aC(b) / e 9? (1 - e_q/bM(z)) dz

_(eta-bn? ) N
and Gr(r, ) = L{jztarj<rye 207  we can now rewrite the Laplace transform of £ as

—(Ere) ) _ Rl
E(e < >> _E<exp<—@(¢)(1+0(1))m

pL+RE? 0 Xu(s)

O(Xu(s)— —(1+ % — —pt ulS)—

x/ Y a6 ””GR(;};,#)ds _
pt—Rt!/ ueN}

We have 8 + 922"2 =1+ % = f:g; and fa = 3 + 922"2 — (,6’ o ), therefore we can rewrite

E <e<aR*‘”>> E(exp < @(¢)1+70(1)

27t(1 — p)

pt+Rt1/2 0252 X
x/ Z 0 Xu(s)—(B+ %3 )sGR (s;/p&%) ds| |, (3.7.4)
p

— 1/2
t—Rt1/ uEN]

where we used that (1 — p)(1 — %) +p(1 a® ) =0.

T 202
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We now observe that by Lemma 3.3.1, using (3.3.1), we have

1/2
1 pi+Rt 0202 _ _
thm t1/2/ § eGXU(S)_(ﬂ+ 2 )SGR (Stl/gt7 XU(tsl)/Qapt) dS
—00

pt—Rt/? ueN}

G+(a=b)r)?
e 2"’P6 200 1y ar|<rydrdz

\/271’])0’2 / R,R]x

where W (0) = limy 500 Y, cnn e0Xu(t)—t(B+
t
rameter 6 for the branching Brownian motion of type 1. As a result, writing

_ (zt(a=b)r)?
e T e 20w 1{|z4ar|<rydrdz € (0,00),

27r\/p1— Jz/RR]xR

by dominated convergence theorem, (3.7.4) yields

lim E (e—<5tR v*">> — B (exp (—caWa (0)0(2)).
t—o0
This convergence holds for all ¢ € 7. Then by | , Lemma 4.4], the process é\'tR converges
vaguely in distribution as t — oo to a DPPP(8cgWa(0)e=%%dz, DP), as t — oo, where D° is the
law of D°, the point measure defined in (3.3.19).

To complete the proof, we now observe that by monotone convergence theorem, we have

. _ (z+(a=b)n)? 1 1
lim cgr = e e 20=p) dr = =

R—o0 271'\/p (1-p)o? /]RxR b—a 0(1-02)

Therefore, letting ¢ — oo then R — oo, (3.7.3) yields

RIS )}

As a result, using | , Lemma 4.4], the proof of Theorem 3.1.3 is now complete, with c(/71) =
20(‘,?@1) and ©U1D the law of D defined in (3.3.19). O
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Chapter 4

The extremal process of a
cascading family of branching
Brownian motion

Abstract

We study the asymptotic behaviour of the extremal process of a cascading family of branching
Brownian motions. This is a particle system on the real line such that each particle has a type in
addition to his position. Particles of type 1 move on the real line according to Brownian motions
and branch at rate 1 into two children of type 1. Furthermore, at rate «, they give birth to children
too of type 2. Particles of type 2 move according to standard Brownian motion and branch at
rate 1, but cannot give birth to descendants of type 1. We obtain the asymptotic behaviour of the
extremal process of particles of type 2.

Keywords: Extremal process, Branching Brownian motion, multitype branching process.
MSC 2020: Primary: 60G55; 60j80.
Secondary: 60G70; 92D25.
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4.1 Introduction

The branching Brownian motion is a particle system on R that can be described as follows. Start
with on particle at the origin at time t = 0. After an exponential random time of mean one, this
particle splits in two children. The new particles then start independent copies of the branching
Brownian motion from their positions. Denote by N; the set of particles alive at time t. For u € N,
we denote by X, (t) the position at time ¢ of that particle. We define
M; = max X, (t)
ueNg
the position of the right most particle in the Branching Brownian motion.

There is a fundamental link between the BBM and the well known Fisher-Kolmogorov-Petrovsky-
Piskunov (F-KPP) reaction-diffusion equation

Opu = %Aufu(l —u). (4.1.1)

If we denote by u(t,z) = P(M; < x), the function u is the solution of the F-KPP equation (4.1.1)
with Heaviside initial condition. It is also known | ] that there exists a function m; such that

u(t,my + ) = w(z)

uniformly in x, where w is called a travelling wave solution of the F-KPP equation, that satisfies

1

o Waz + V2w, + w(w —1) = 0. (4.1.2)
Using these observations, Kolmogorov, Petrovskii and Piskunov | | proved that lim; , %t =
V2. Bramson | ] showed, using the connection with the BBM, that

T Qiﬁ log(f) + O(1).

The convergence in distribution of the centred maximal displacement was obtained by Lalley and
Sellke | ]. They proved that the centered maximum M; — m; converges in law to a randomly
shifted Gumbel distribution. More precisely, if we denote by

Zi=Y (Vat— X, (t))e” V2V Xu®)
ueNy

the so-called derivative martingale of the BBM, they proved that there exists a constant C* > 0
such that for all z >0

tli}m u(t,my +x) = E (exp(—C*Zooe_\/im)) (4.1.3)
where
Zoo := lim Z; a.s. (4.1.4)
t—o0

114



One of the most interesting questions in the context of branching Brownian motion, is the study
of the asymptotic behaviour of the extremal process defined by

gt = Z 5Xu(t)—m,,~

ueN;
It was shown by Aidékon, Berestycki, Brunet and Shi | | as well as Arguin, Bovier and
Kistler [ | that this point measure converges in law to a decorated Poisson point process with

intensity /2C* Zooe*\/i"”dx. A description of the law of decoration was given by Arguin, Bovier
and Kistler | |, they proved that there exists a point measure D such that

lim E <exp (— Z (X, (t) — Mt)> ‘Mt > \/§t> =E (exp (—(D,¥))), (4.1.5)

t—o0
uGNt

for all continuous function ¢ with a bounded support on the left. Moreover, the point measure D
is supported on R_, with an atom on 0. The limiting law of the extremal process of the branching
Brownian motion, that we denote E,, can be described as follows. Let (&;);en be the atoms of a
Poisson point process with intensity C* V2e=V22dz. For each atom &;, we attached a point measure
D; where (Dj,j € N) are i.i.d copies of the point measure D which are independents of (&;)ien,

then we set
goo = E E 6§j+d+%logZx7
jeENdeD;

where Zdepj is the sum on the set of atoms of the point measure D;.

In this paper we study the asymptotic behaviour of the extremal process of a of a cascading
family of branching Brownian motion. This is a particle system on the real line such that each
particle has a type in addition to his position. Particles of type 1 move on the real line according
to Brownian motion with variance 1 and branch at rate 1 into two children of type 1. Additionally
, at rate «, they give birth to children of type 2. Particles of type 2 move according to standard
Brownian motion and branch at rate 1, but cannot give birth to descendants of type 1.

In a recent paper | ], we studied the asymptotic behaviour of the extremal process of a

two-type reducible branching Brownian motion where particles move and reproduce at a different
rate. Note that the model we considered here can be seen as a critical case of the one studied in
[BM21].
For all t > 0 we write N; for the set of particle alive at time ¢, separated into N} (respectively
N?) the set of particles of type 1 (respectively type 2). If u € N?, we denote by T'(u) the time at
which the oldest ancestor of type 2 of u was born from a particle of type 1. We also write X, (¢) the
position at time ¢ of u € A; and ]\Z = MaX,e 2 X.(t). We studied the asymptotic behaviour of
the two-type reducible branching Brownian motion according to a phase diagram containing three
regions. However, we didn’t consider the boundary case.

Multitype branching processes are widely used in biology ans ecology. For example, when
modeling certain diseases, such processes can be used to describe the evolution of cells that have
carried out different numbers of mutations | ]. In epidemiology, multi-type continuous time
Markov branching process may be used to describe the dynamics of the spread of parasites of two
types that can mutate into each other in a common population [ ]. Many applications of
multi-type branching processes in biology can be found in | , ].
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Historically, questions about the extreme values of spatial multitype branching processes were
not a main subject of interest. Biggins in [ ] gave an explicit formula for the speed of the
reducible multitype process of the branching random walk. The irreducible case (i.e. when for all
pair of types ¢ and j, particles of type ¢ have positive probability of having at least one descendant
of type j after an exponential time) has been studied by Ren and Yang | ]. They showed
that the asymptotic behaviour of the maximal displacement is similar to that of classical branching
Brownian motion. However, the extremal process has not yet been studied. We expect that in this
case, results should be similar to what is observed in the standard BBM.

Blath, Jacobie and Nie | ] studied the asymptotic speed in a modified version of the
standard BBM, called the On/Off BBM. It is a branching Brownian motion on R such that each
particle has an active or dormant state. They studied the asymptotic behaviour of the maximal
displacement of the On/Off BBM using the McKean representation | ] of the position of the
rightmost particle as a solution of F-KPP equation. We observe here that this model can be seen
as a two-type active/dormant BBM.

We now introduce our main result.

Theorem 4.1.1. Setting m; = /2t — ﬁ log(t), and & = D wen? 0x, (H)—m,» we have
- ,
tlirn 5,5 = goo for the topology of the vague convergence,
—00

where goo is a decorated Poisson point process with intensity C*a\/ﬁZme*\/ﬁwd:ﬂ, the constant C*
is the one introduced in (4.1.3) and

Zso = lim Z (\/it—Xu(t))e‘/iX“(t)_Qt a.s..

t—00
ueN}

Moreover, we have tlgglo PM,<my+z)=E (e_aC*Z“efﬁz) for all z € R.

The random variable Z,, is the same limit as in (4.1.4) since (X, (t),u € N}) is a standard
branching Brownian motion.

An extension of this model is to consider the cascading BBM. It is a particle system that can
be described as follows. Particles of type 7, ¢ > 1 move according standard Brownian motion and
branch at rate 1 into two children of type i. Additionally, at rate «, they give birth to one particle
of type i and one particle of type i+ 1.

For all t > 0, we write /\/ , @ > 1 the set of particles of type i. Fix k > 2, we conjecture the
asymptotic behaviour of the extremal process of particles of type k.

Conjecture 4.1.2. Setting mt =2t — log( )+ k\}; log(t) and gt(k) = Zue/\/fk) 5Xu(t)_m§k),
we have R

tllglo EA’t(k) = 55’5’ for the topology of the vague convergence,
where goo is a decorated Poisson point process with intensity C*%\/ﬁZooe_ﬂxdx, with same
notation as in Theorem 4.1.1.

Remark 4.1.3. We observe a change in the logarithmic correction of the median m; comparing it to
that of a classical branching Brownian motion. More precisely, we pass from a multiplicative factor

=3 =3 @ ; .
55 in the case of a standard BBM to a factor f 7 for particles of type k.
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Notation. Throughout the paper, we use C' and ¢ to denote a generic positive constant, that
may change from line to line. We say that f, ~ ¢, if lim, g—" = 1. For z € R, we write

4 = max (z,0).

Organisation of the paper. The rest of the paper is organised as follows. In the next section,
we recall a version of a multitype many-to-one lemma that was introduced in | ]. In Section 3,
we introduce some useful lemmas in the context of standard BBM. Finally, we conclude the paper
with a proof of the main result.

4.2 Multitype many-to-one formula and Brownian motion
estimates

The classical many to-one lemma was first introduced by Kahane and Peyriére | ]. This lemma
links an additive functional of branching Brownian motion with a simple function of Brownian
motion. Let us recall the standard version of many-to-one in the context of classical BBM.

Lemma 4.2.1 (Many to-on-lemma). For any t > 0, and measurable positive function f, we have

E ( > f(Xuls),s < t)) = ¢'E(f(Bs,s < 1)), (4.2.1)

uENt
where B is a standard Brownian motion.

Before we introduce a multitype version, we will set some notation. We write
B = {u S Ut20M27T(u) = bu}

for the set of particles of type 2 that are born from a particle of type 1. Recall that T'(w) is the time
at which the oldest ancestor of type 2 of u was born. The following proposition was introduced in
[ , Corollary 4.3].

Proposition 4.2.2. For any measurable non-negative function f, we have

E (Z f(Xu(s),s < T(u))> = a/ooo eME(f(Bs,s < t))dt,

ueB

E (exp <— Z f(Xu(s),s < T(“)))) =E|[exp | —« /00 Z 1— e [(Xulo)sst) gy . (4.2.2)
0

ueB “eNt,l

4.2.1 Brownian motion estimates

We now introduce some Brownian motion estimates that will be needed in the proof of the main
result. Let (Bs)s>o0 be a standard Brownian motion. The quantity SUpg<s<¢ Bs has the same law
as |By|. As a consequence, there exists C' > 0 such that for all t > 1, y > 1 we have

yAVE

P(Bs > —y,s <t) =P(|Bi| <y/Vt) < C i

(4.2.3)
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We need also an estimate for the Brownian motion to stay below a line and end up in a finite
interval. For all K > 1 and y > 1 we have

1+ K)(1+y)

PB.<K,s<tB>K—y)<C
( = S t> y) (t+1)3/2

(4.2.4)

This estimate can be obtained using similar computations to these used in | , Lemma 3.8]
for random walks.

We next introduce the 3-dimensional Bessel process that we denote (R;)s>0. We have the
following link between the process (Rs)s>o and the Brownian motion: For all ¢ > 0, z > 0 and any
measurable positive function g, we have

S

Em (g(sts € [07t])]]-{BS>O,s§t}) = EI (;g(Rs,s S [O,t])) . (425)

In other words, R corresponds to the law of the Brownian motion conditioned on not hitting 0 in
the sense of Doobs’s h-transform. Let pg(z,2) be the transition density of Ry started from x at
time s. We have

2 ) z (1 _ 67212/3) ifzx>0
_ < —(z—x) /25]1 2z+/s
s(T,2) =1/ —e » X )
ps(@, 2) T {z>0} { S.;; ifz=0

4.2.2 Branching Brownian motion estimates

In this section, we denote by (X;(u),u € N;) a standard branching Brownian motion. We recall
here some useful estimates on this process, that will be used to prove Theorem 4.1.1.

We know that with high probability all particles in the one-type BBM are smaller than v/2t +1,
for all y > 0. More precisely, we have the following upper bound.

Proposition 4.2.3. There exists a constant C > 0 such that for anyt > 1 and K > 1
P (352 0,u € NI Xy(s) 2 V25 + K ) < O(K + 1) V2K,
Proof. Let | > 1 be an integer. Define 7 = inf{s < t,3u € N} : X, (t) > V25 + K} and Z; to be

the number of particle in Ml that stay below the barrier s +— V2s+ K for all s <1 —1 and such
that X, (t) > /25 + K for some ¢ € [l — 1,1]. Then, by the Markov inequality, we have

P(EISEO,UE./\/;1 c Xu(s) > \/§S—|—K) < iP(TE [l—1,1]) —li_O;E(Zl).

Using Lemma 4.2.1, we obtain
E(Z)<P (BS <V2s+K,s<l—1,B, >2r + K for some r € - Ll]) . (4.2.6)
Applying the Markov property at time | — 1, we get

P(BS <V2s+K,s<l—1,B, >V2r + K for some r € [l—l,l]) < E(g( sup By))

0<s<1
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where g(z) = P (BS <V2s+K,s<1—-1,B 1 >V2(—-1)+ K — m) . Moreover, using Girsanov
theorem we have

P(BS <V2s+K,s<l—1,B_1 > \/5(1—1)+K—x)
<E (6_(ﬁB’*1+l_1)]l{BSgK,sgz—l,Bl,pK—z})

<e Ve KIp(B, < K s<1—-1,B_1 > K — 1)

< Co—leV2(@—K) (1+K)(1+z)
- (1+1)3/2

where in the last inequality we used (4.2.4). Plugging all this in (4.2.6) and using that supy<,<; Bs
has the same law as |By| (see Section 4.2.1), then easy computations lead to

P(HsEO,uENS:Xu(s) 2\/53—1—[()

<O +1)e VY (z% < O(K +1)e V2K,
=1

)3/2
which completes the proof. O
We also have an upper bound on the tail of the maximal displacement that was introduced
by Bramson | ] and refined by Arguin, Bovier and Kiestler [ ]. We write m; = /2t —
% log(t).
Proposition 4.2.4. | , Corollary 10] There exists to > 0 such that V¢t > to and y € Ry

y2
P(M; > it +y) < C(1+y)e V2 &
for some constant C > 0.
We next recall recall a link between the FKPP equation and the branching Brownian motion.

Lemma 4.2.5. Let f: R — [0,1] a measurable function and

up(t,x) =1-E[ [ (- flz - Xu())]. (4.2.7)

ueNy
Then uy solves the FKPP equation with the initial condition us(0,z) = f(z).

In our work we need an uniform estimate of general solutions of the F-KPP equation that is
useful for the computation of the asymptotics of the Laplace transform of the extremal process of
the BBM. Before that, let us recall a result of Bramson | ] on the convergence of the solutions
of F-KPP equation to travelling wave (see also Theorem 4.2 in | 1)

Theorem 4.2.6. [ , Theorems A, B] Let us be a solution of the F-KPP equation in the form
of (4.2.7) with the initial condition u(0,z) = f(x), where the function f satisfying
(1) 0< f(z)<1
z+N
(i4i)  For somey >0,N > 0,M > 07/ u(0,2)dz >y for allx < —M, (4.2.8)

x

() sup{z € R, f(z) > 0} < o0,
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then
ug(t,me +x) = w(x), uniformly in x ast — oo,

where w is the unique solution (up to translation) of the equation (4.1.2).
The next proposition follows from Proposition 4.3 and Lemma 4.5 in | ].

Proposition 4.2.7. Let uy be a solution of the F-KPP equation in the form of (4.2.7) with the
initial condition u(0,z) = f(x) and satisfying the assumptions of Theorem 4.2.6. Then, for any
fized € > 0, uniformly in x € [—%\/Z, —eV/t], we have the convergence

2z

11265 2 (1,32t — w) = y(f), (4.2.9)

lim
t—oco (—x

where y(f) = lim, o0 \/gfuf(r, Z+V2r)zeV?2dz

Proof. Fix € > 0, using Proposition 4.3 in | | for r large enough, ¢ > 8r and —z > 8r —
% log(t), we have

pH(r)b(rt, —z +y + V2)t < upt,—2 +y+ V2t) < p(r)d(rt, —z +y + V2)

where p(r) — 1 as r — oo and

—V2(y—w) oo S Fieam )
"/J(T7 t, _w+y+\/§) — 67 Uf(T, Z_;'_\/;)e\/ize—(z+x_y)2/2(t—7-) 1— 6722#7“() dz.
\/27T(t — ’)") 0
Using Lemma 4.5 in | ], and since p(r) — 1 we have
V2(y—a)
lim sup sup 671‘,3/267&2/21,6]0 (t,—x +y + V2t)
=00 ze[-1vi,—eVi] -z
eV2(=z+y) 2
< lim inf lim sup sup 327 2t —x + y + V2) < A(f)
T—=00 {300 ;EE[—%\/L—E\/Z] —ZT

and similarly

| ; ¢ e\/ﬁ(—ﬁc-‘ry) 3/2 —a2/2 ( \[ ) (f)

imin in —1" e ur(t,—r+y+v2t) >

t—oo 936[7% t,fsx/g] — f Y Y

for some constant v(¢) given in Lemma 4.5 in | ], which completes the proof. O

In particular, by setting f(z) = 1{z<0}, We have u(t, V2t —x +1y) =P(M; > /2t — 2 +y), and
the following uniform estimate of the tail of M;.

Corollary 4.2.8. For alle >0 and y € Ry, we have

P(M; > V2t — 24 ) ~i—oo W(—x)e*ﬂ(y’“:)e’ﬁ/% (4.2.10)

uniformly in x € [—1\/t, —e /1], where the constant C* is the one introduced in (4.1.3).
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We end this section by an uniform estimate of the Laplace transform of the extremal process
of the BBM that generalizes (4.2.10). Denote by T the set of non-negative, continuous, bounded
functions ¢ : R — R with support bounded on the left.

Corollary 4.2.9. Fixe > 0. Setting

&) = Z OX, ()= v3t+a:
ueNy

we have for all p € T

\/ﬁx—"—%
E <1 D DI w(m+xu(t)ﬁt)> — C*ﬂeﬁ% / o—V22 (1 _ E(e—(D,w(.-&-z)))) dz(1 + o(1)),

uniformly in x € [—% t,—eVt], as t — oo.

Proof. The proof follows from Proposition 4.2.7. By setting f(z) = 1 — e=%(=%) we have
uf(t, \/it —r— Xu(t)) -F (1 —e ZueNt W(erXu(t)\/ﬁt)) .

Now observe that for all ¢ € 7 the function z ~ f(z) = 1 — e~¥(=?) satisfies assumptions of
Theorem 4.2.6, then in view of Proposition 4.2.7, we obtain

\/iz—ﬁ
— x4+ X, (t)—V/2t) e 2t
E (1 e Louew, $EFX) ) =~z (@)1 +o(1)).

On the other hand, it is known, using Corollary 4.12 in | ] ,that the constant y(¢) can be
expressed through the decoration D defined in (4.1.5), as follows

v(p) = C*\/i/e—\/?z (1 _ E(e—<D,sa(.+z)>)> ,

where the constant C* is introduced in (4.1.3), which completes the proof. O

4.3 Proof of the main result

Using | , Lemma 4.1], it is enough to show that for all ¢ € T

lim E <e<a*”>> —E (exp(—ac*\/ﬁzoo / e V2 (1 - E(e*@’v’('*z”)) dz)) .

t—o0

where D is the law of the point measure defined in (4.1.5).
The first step of the proof of Theorem 4.1.1 is to show that for all A > 0 and € > 0, every particle
u of type 2 to the right of m; — A at time ¢ satisfy T'(u) € [et, (1 — €)t] with high probability.

Proposition 4.3.1. Fiz A > 0, m; = /2t — ﬁ log(t). We have

lim limsup P(3u € N? : T(u) ¢ [et, (1 — &)t], Xu(t) > my — A) = (4.3.1)

e=0 0o
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Proof. We first set, for e, A, K > 0 and t > 0:
Zi(Ae, K) = Z ]l{T(“)SEt}]l{Xu(r)ﬁrﬁ+K,r§T(u)}]l{Mt“th—A}’
ueB

and

Zi(Ae, K) = Z ]]'{T(")Z(l—s)t}]]‘{Xu(r)gr\/i-&-K,rgT(u)}]]'{Mt“th—A}’
ueB

where M} is the position of the rightmost descendant at time ¢ of the individual u. Observe that
by Markov inequality and Proposition 4.2.3 we have

P(Bu e N7 : T(u) ¢ [et, (1 —e)t], Xu(t) > my — A)
<P (at > 0,u €N} Xo(t) > V2s + K) +P(Zi(Ae, K) > 1)+ P(Zy(A, e, K) > 1)
< C(K +1)e " + E(Z(A,e,K)) + E(Z,(A e, K)).

Hence by fixing K large enough, it is enough to prove that lim sup,_, ., E(Z;(A4,¢, K)) and lim sup,_, E(Z(A, ¢, K))
are both o.(1) to complete the proof.
Using the branching property and Corollary 4.2.2, we have

B(Z(A.2.K)) = E (Z Lir<en L. yevar s ir<r} P (= T(w), Xu<T<u>>>)
ueB

et
a/ B (F(t =581 p < 5ipcre)) s
0 < <
et
= a/ E (e_ﬁBSF (t —s,Bs+ \/is) H{BTSK,TSS}) ds,
0

where we have set F(r,z) = P?) (z + M, > m; — A).
By Proposition 4.2.3, there exists C' > 0 such that for all z € R and ¢ > 0, we have

PP (M, >m;+2) <C(1+ ;EJr)e_\/iI,
so that for all s <t,

F(t—s,2) = P (M, > V3t - 5) - 515 log(t) — A~ (z— V25))

NES log (%) —_2). | e~ V2(V2s—a—A)
Sc(t—s+1)% (H V2 o )+> . o

As a result using that s < et

log(t)
V2

Using (4.2.3) and the definition of Bessel process (4.2.5), we get

2C [
E(Zt(A7E,K)) S 047/ E <(C+ + (_Bs)+)]]-{B,,.<K7r<s}> ds.
0

E(Z,(Ae,K)) < ?(c—i— 1o\g/(§t))/05t %ds +2KaCe = C\Y/C%(c—i— Mg\/gf))\/g+ 2KaCe (4.3.3)
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We now estimate E(Z(A7 g, K)). Using similar calculation we have

1

E(Zi(A,e,K)) < 04/(

1—e)t

where again F(r,z) = P® (z + M, > m, — A). Using Proposition 4.2.8 we have the following
upper bound

E(Z/(A,e,K)) < aC

t _ ViR E(e = (c—i—lOg(t)

2G=9) + _Bs ) 1 B,.<K,r<s >d8
(1-eyt (t—s+1)3 V2 (B ) Vs, <airza)

By the definition of a Bessel process w obtain

~ ¢ VEiF+1 K Li 1
E(Zt(A e, K)) < aC ti‘LSEK <e2<ts> (c+ og(t) + RS>> ds
(o)t (t—s+1)2 R, V2

t 1 K __=ff 1og(t)))

< 2aC —_— —e D (e ds 4.3.4
(1—eyt (t—s5+1)2 K/‘f<R ( V2 (434

K Vi+1 ( 5B )

+aCK ——F e 2 ) ds. 4.3.5

(1—eyt (t—s5+1)2 Kivs ( )

where we used Bessel scaling in (4.3.4).
On the one hand, we know that the density of R; under P, for = > 0 is equal to

—(y—=z)?/2
Y= ge

e Va0 Mo

Using that for z,y > 0, 1 — e~ 2*¥ < 22y we have

E 1 _% — / 2(f ) (y7$)2/2(1 *Ml)d
. Rle N e e e Y

2
ye_ 2({—5) e_(y_z) /Qdy — (y + .’L'(t _ s/t))e_iz(tty—s) 6_128/2tdy.

o
< — 2
S V2w /0 V2r /—gg(t—s/t)

Plugging this in equation (4.3.4) and by the change of variable u = £, we have

t /T L 1 éRQ
/ __vitl s E, (Ke BICED) (c—|— 1og(t)>) d
(o Vs(t—s+1)z ~ \ [ V2

log(t )) __?

c+ 1 0 e

( V2 e 20-w —2?u/2

<o 2/ / € T (y+ (1 — w))e T 2dydu (4.3.6)
\/i l1—e J—z(1—u) (1 — ’LL)

with 2 = K/v/tu. On the other hand, we bound

va)

__y? 22(1—u)
0 2(1—u) -
/ yHa(l—w)e T Py <
—a(i-u) (1 —u)? (I—u)?

Plugging this in (4.3.6), for ¢ large enough we deduce that
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t sR
/ \/m EK/\[ <Ke (= s) <C+ log(t)>) ds
(1ot V/5(t—s+1)% R V2

lo, u
(c+=0) frewn e
<C du+ —.
Vi o Vu Vi
Similarly we bound equation (4.3.5)
t / 1 5R§
/ ti—i_Ew (6 2(t3)> ds

1—e)t (t—3+1)%

2(1 u)
/ / C Tyt 2l — w)e 2 dydu
l—e J—

e(l—w) (1 —u)2
1
g/ 1++v1—ue” T )du
l—e

We finally obtain, for ¢ large enough

E(Z(A, ¢, K)) (4.3.7)
10g(t)) __K%u
+ e = 1
( NG e 2t(1-w) Ce 2(1—w)
<2C« du+ — + aCK 1+ V1 —ue " 2tv du
Vit 0 Vu Vi 1-e

( _|_10g(t))\[ Ce
SQO&C* +f+20¢CKE
Vit Vi

letting t — oo then € — 0 in (4.3.3) and (4.3.7) we conclude that

lin% limsupP (Ju € N7 : X, (t) > my — A, T(u) ¢ [et, (1 —e)t]) =0,
=0 {500

which completes the proof. O

‘We now show that, with high probability, every particle of type 2 that contributes to the extremal
process of the BBM satisfy X, (T'(u)) — v2T(u) ¢ [-1Vt, —eV/].

Proposition 4.3.2. Fiz A > 0. We have

e=0 t5o00

i i sup P (Ju € A7 5 Xu0) 2 e — A X(T(0) ~ VEL() # [-1VE—evE ) =0
Proof. We write
P (30 € A7 5 Xult) 2 m — A Xu(T0) ~ VET() ¢ [~1VE <))
<P (3ueN?: Xu(t) > my — A T(w) & [et, (1— e)t])
+P (E!u EN? : Xy(t) = my — A, T(u) € [et, (1 — )t], Xou(T(u)) — V2T (u) ¢ [_g\f — ])

(4.3.8)
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Using Proposition 4.3.1 it is enough to estimate (4.3.8). We set, for ¢, A, K > 0 and ¢t > 0:
Yi(d e K) = ) Hriuelen, 1m0, % (0(0) —VET ()1 1Vi—evil} L {xu(r) £VBr Kor <} L 2m, - 2}

ueB
By the Markov inequality, it is enough to estimate E(Y;(A4, ¢, K)). We have

E(Yi(A, B, K))
D L) glet (-] X (T(0) VI (g 2o evil} X 2vErs <} (8= T(1), Xu(T(w))

ueB
(1—e)t

/t
€
(1 E)t
E (e f F (t 87 BS \/58) ]-{Bs¢ \[ty 5\ft]aB7‘<_lf77'<_s}) ds’
( Eb) ) {BS¢ -1 1,76\[1],BT<K,7 <S}) s

= a/
€
where we have set F(r,z) = P (x + M, > m; — A). Using Proposition 4.2.8 we have
Ch log(t)

t
Vi+1 :
t7+3E (ews) (c +
E V2

t—s+1

e x E (F (t_ SyBS) H{BS7\/55%[7%\/%,*6\/{],BT§\/§T+K,T§S}> ds

(1—e)t
B(Yi(4. K) < aC [
et (
+ (_Bs)> Lip.g-1 t,—sx/f],BTSKJSS}) ds

By (4.2.5), we get
(1—e)t 2
/ Vt+1 i (e—zfm <C+ log(t)
et (t — s+ 1)5 \/i
-t /g K a=et  \/t
Ex (&l{m[—;ﬁ—eﬁ]}) ds+ /Et (t—s)3 Ex

(R{Rse[a\/agm}) ds.

Bic (1. geviivy)

log(t) /
< (¢ +
B ( \/i ) et (t — S)%
Using the change of variable u = s/t and the Bessel scaling we have
(1—e)t Vi K (1—e)t Vi
Ex| 51 ds +/
/Et (t - S)% ® (Rs {ng[_l t,—s\/f]}) et (t — S)%
< 1 1—¢ 1 E K 72(1?7%“)]1 A
=Vi)  Va(l—wpie KVER© (Rigle2) | du (4.3.9)
1—e 1 B R%u
+ 2/8\ mEK/m (6 2(1—wu) 1{R1¢[67;]}) du.
1 _ =R} 1 _ sB?
— e 2(t-9) 1{R1<6}> + E, (Re 2(i=s) 1{R1>;}>

We split the expectation into two parts

1R
R, 2(”)]1{121¢[s,i]}) — B ( )
and we will deal with the two quantities in the same way. Using that 1 — e=2*¥ < 2xy, for

E,
<R1
y > 0 and ¢ large enough we have
1 £l __w® - . 2 ¢ _w? .
0 0

_ K
xr = \/ﬁ’
sR?
—e 209 ]]-{ngs}
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Then with the change of variable v =y, /1%, we obtain

l—e 1 _ wy? i
— T S R )

€ \/E(l - u)3/2
y 1;5 2 9 9 2 y\/lg?E 71)2/2
< / L e O b L B I 2/ v <Van/y.
YEe Yy

1}2+y2 02+y2 (,U2+y2)2 y

1-e 1—e

As a result, using Fubini’s theorem in (4.3.9) we obtain the following upper bound

1—¢ 2, € 00
1 K Rju 2 2
S o) Zemwl] du<C v /2q / U /2qy).
NCEEE K/m(Rle {ME,;]}) t= (/o R PR

We similarly bound

g

R2y

1=e 1 i € 2 *
R v “-w 1 du<C -v°/2q / =Y /2q4)).
/8 (1—w)3/2 K/ (e {R1¢[5,i]}> (IS (/0 e Y+ " e Y)

As a result we obtain

NS __B% log(t
E(K(A,a,K)) S OKC/ 7( )%E (6 2(t—s) (C—|— \/(g) + (—Bé)+> ]]'{BS¢[2\/E,E\/{],BT<K,T<S}> ds

t—s+1
(4.3.10)
¢ < 1 log(t)
SC’(/ e y2/2dy+/ e yZ/Qdy)<(c+ )+1]).
0 1/e \/E \/§
Letting t — oo then € — 0, we conclude the proof. O

We now turn to the proof of the main theorem.

Proof of Theorem 4.1.1. Let € > 0, we set

&= D Liryelet, -y L {x, () VAT (oel- 1 vi—evil) D OXu(t)-me:
ueB u'E./\/t2
u'=u

Let ¢ € T, we assume the support of ¢ is contained in [—A, co) for some A > 0. We set

Gi(e) = {Elu eENZ:Xu(t) >my — A, T(u) € [et, (1 — )], Xu(T(u)) — V2T (u) € [—é\/f, —5\/%]} .

By Propositions 4.3.1 and 4.3.2 we have limsup,_, .. P(G:(¢)¢) — 0 as ¢ — 0, furthermore we have
‘E (e%&,w) —-E (6%55,@))‘ < P(Gi(e)%),

therefore it is enough to compute the asymptotic behaviour of E (e*<5tg ’W).
Using (4.2.2), for all ¢ € T, we have

(1—e)t
—(&¢, — _ _ _
E(e ( w)) =E <exp< a/ E ]l{‘Xu(s)fs‘e[f% t77£ﬂ]}F¢(t s, Xu($) ﬂs)ds)),
5 N

t ue
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with F,(r,z) =1 - E® (e 2nen? ‘O(X“(r)mrw)) Additionally, by Corollary 4.2.9; we have

\/ﬂ_w)e\/iﬁt e—x2/2r
T

Fou(r,x) = () (1+0(1))

wlew

as r — oo, uniformly in ¢t — r € [et, (1 — €)t] and = € [-LV/1, —eV/1].
As a result, recalling that y(p) = aC*v/2 [ e V?* (1 — E(e~{P#(+2))) dz using the notation of
Corollary 4.2.9, we have

(1—e)t \/{ _
im < —(&59)) < lims _ €
h?i)bong (e ¢ ) < h{ri:)ljpE (exp ( v(p) /Et =) sts>> (4.3.11)
and
(1—e)t \/i _
.. —(E2,0) .. B
htrglong (e (Efe ) > htrglong (exp < ¥(p) /Et = Z§d3>> (4.3.12)
where

= VE(X ()~ VEs) o~
Z; = zj;(\/ﬁs—xu(s))e A(Xu(s)=V28) = 50 Leix ()~ vaslgl- 1vE—eval}-
WEN,

We set A\t = s, then we have

(1—e)t ~e 1—¢ —e
E (exp <”y(<p) /t (t\/ji;g ds)) =E (exp <”y(<p)/ (1ﬁ>f\)gd>\>> .

We now observe that by Theorem 1.2 in | ], for all A € [0,1] we have

. ~E _
Jim 75, = B(hy o (R1) Zoc

where z — hy.(z) = e~ ey x2]]'{5/\/X<IS1/(E\/X)}7 (Rs)s>0 is a 3-dimensional Bessel process and

Z+ 1is the limit of the critical derivative martingale. As a result, writing

1= E(hy\ (R
c(e) :/E ((1>")\()3/2))(i)\7

by dominated convergence theorem, (4.3.11) and (4.3.12) yield

lim F (e*wf"")) = E (exp(—c(e)7(¥) Z)) ,

t—o0

On the other hand, recall that the density of R; under Py is

2, .-
Z = ;226 /2]]-{z>0}'
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Hence, using computations with respect to the density of Ry and the monotone convergence theorem
we obtain lim._,o E(hy(R1)) = (1 — \)3/2 leading, using again dominated convergence theorem

;1_r>r(1) cle) =1.

Therefore, letting t — oo we deduce

lim F (e_<‘gf"P>) =E (exp(—v(p)Zx)) = E (exp(—aC*\/iZoo /e‘ﬁz (1 - E(e_<D’“"('+z)>)) dz)) ,

t—o0

which is the Laplace transform of a decorated PPP with intensity v/2aC* Zme*ﬁzdz. As a result
using | , Lemma 4.1], we complete the proof of Theorem 4.1.1.
O
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