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CƩaƻƿƣƽ ᇳ

IƹƿƽƺƢǀơƿiƺƹ

CƺƸƻǀƿƣƽ ƾơiƣƹơƣ iƾ ƿƩƣ ƾƿǀƢǄ ƺƤ ơƺƸƻǀƿaƿiƺƹ aƹƢ iƹƤƺƽƸaƿiƺƹ [ᇵᇲ]. Iƹ ƿƩƣ
ơǀƽƽƣƹƿ iƹƤƺƽƸaƿiƺƹ ƣƽa, ƿƩƣ Ƹƺƾƿ ơƽiƿiơal iƾƾǀƣ iƾ ƾƻƣƣƢ: iƹơƽƣaƾiƹƨlǄ Ʃǀƨƣ
aƸƺǀƹƿƾ ƺƤ Ƣaƿa ƹƣƣƢ ƿƺ bƣ ƻƽƺơƣƾƾƣƢ iƹ ƿƩƣ ƾƩƺƽƿƣƾƿ ƻƺƾƾiblƣ ƿiƸƣ ᇳ ᇳ OƿƩƣƽ ơƺƹơƣƽƹƾ aƽƣ

ƻƺǂƣƽ ơƺƹƾǀƸƻƿiƺƹ
aƹƢ ơƺƾƿ. UƾǀallǄ,
Ƣƣơƽƣaƾiƹƨ ơƺƸƻǀƿƣ
ƿiƸƣ alƾƺ ƽƣƢǀơƣƾ
ƿƩƣƾƣ ƿǂƺ ǁaƽiablƣƾ.

.
RƣaơƩiƹƨ ƿƩiƾ ƨƺal ǂiƿƩ ƸƺƢƣƽƹ aǀƿƺƸaƿiơ ơƺƸƻǀƿƣƽƾ iƾ a ƿǂƺ ƤƺlƢ ơƩal-

lƣƹƨƣ: Ƣƣƾiƨƹiƹƨ ƣfƤƣơƿiǁƣ alƨƺƽiƿƩƸƾ aƹƢ ƿƽaƹƾlaƿiƹƨ ƿƩƣƾƣ alƨƺƽiƿƩƸƾ iƹƿƺ
ƻƽƺƨƽaƸƾ ƿƩaƿ ǀƿiliǅƣ ƿƩƣ Ƥǀll ƻƺƿƣƹƿial ƺƤ ƿƩƣ ƿaƽƨƣƿ ƩaƽƢǂaƽƣ. UƹƤƺƽƿǀƹaƿƣlǄ,
ƾơiƣƹƿiƧiơ ƻƽƺblƣƸƾ bƣơƺƸƣ Ƹƺƽƣ aƹƢ Ƹƺƽƣ ơƺƸƻlƣǃ aƹƢ ƿƣơƩƹƺlƺƨǄ kƣƣƻƾ
ƣǁƺlǁiƹƨ: ƾơiƣƹƿiƾƿƾ ƾƻƣơialiǅƣ aƹƢ bƣơƺƸƣ ƣǃƻƣƽƿƾ iƹ ǁƣƽǄ ƹaƽƽƺǂ ƧiƣlƢƾ. Bƣ-
iƹƨ ablƣ ƿƺ ƾƺlǁƣ ƻƽƺblƣƸƾ ƤƽƺƸ a ǁƣƽǄ ƾƻƣơiƧiơ ơaƿƣƨƺƽǄ aƹƢ ƿƺ kƣƣƻ ƿƽaơk ƺƤ
ƿƩƣ laƿƣƾƿ ƩaƽƢǂaƽƣ ơaƻabiliƿiƣƾ aƿ ƿƩƣ ƾaƸƣ ƿiƸƣ iƾ ƩaƽƢ.

Hƣƽƣ ƻƽƺƨƽaƸƸiƹƨ laƹƨǀaƨƣƾ aƹƢ ơƺƸƻilƣƽƾ ơƺƸƣ iƹƿƺ ƻlaǄ. PƽƺƨƽaƸ-
Ƹiƹƨ laƹƨǀaƨƣƾƻƽƺǁiƢƣƢƣǁƣlƺƻƣƽƾǂiƿƩ aƹabƾƿƽaơƿiƺƹ laǄƣƽǂƩilƣ ơƺƸƻilƣƽƾ
aƽƣ iƹ ơƩaƽƨƣ ƺƤ ƣfƤƣơƿiǁƣlǄ ƿƽaƹƾƤƺƽƸiƹƨ ƿƩƣ abƾƿƽaơƿiƺƹ iƹƿƺ a ƻƽƺƨƽaƸ ƿƩaƿ
Ƹakƣƾ ƿƩƣ bƣƾƿ ǀƾƣ ƺƤ ƿƩƣ aǁailablƣ ƩaƽƢǂaƽƣ. IƢƣallǄ, ƿƩiƾ lƣƿƾ ƻƽƺƨƽaƸƸƣƽƾ
Ƥƺơǀƾ ƺƹ Ʃƺǂ ƿƺ ƾƺlǁƣ a ƻƽƺblƣƸ aƹƢ ƹƺƿ ƺƹ Ʃƺǂ ƿƺ ǀƾƣ ƿƩƣ ƩaƽƢǂaƽƣ.

TƽaƹƾƤƣƽiƹƨ ƿƩƣ ƽƣƾƻƺƹƾibiliƿǄ ƺƤ ƽƣaơƩiƹƨ ƩiƨƩ ƻƣƽƤƺƽƸaƹơƣ ƿƺ ƿƩƣ ơƺƸ-
ƻilƣƽ iƸƻliƣƾ ƿƩaƿ ƨƺƺƢ ơƺƸƻilƣƽƾ ơaƹ ƹƺƿ ƸƣƽƣlǄ ƿƽaƹƾlaƿƣ ƩiƨƩ lƣǁƣl laƹ-
ƨǀaƨƣƾ iƹƿƺƸaơƩiƹƣ ơƺƢƣ: ơƺƸƻilƣƽƾƸǀƾƿ bƣ ablƣ ƿƺ aǀƿƺƸaƿiơallǄ ƺƻƿiƸiǅƣ
ƿƩƣ ƻƽƺƨƽaƸƾ.

TƩƣ ƾƻƣơƿƽǀƸ ƺƤ ƻƺƾƾiblƣ aǀƿƺƸaƿiơ ƺƻƿiƸiǅaƿiƺƹƾ iƾ ǁaƾƿ. Lƺƺƻ ƹƣƾƿƾ
aƽƣ kƹƺǂƹ ƿƺ bƣ aƸƺƹƨ ƿƩƣ Ƹaiƹ ơǀlƻƽiƿƾ Ƥƺƽ lƺƹƨ ơƺƸƻǀƿƣ ƿiƸƣƾ. Iƹ ơƺƹ-
ƾƣƼǀƣƹơƣ, ƨƽƣaƿ ƣfƤƺƽƿ Ʃaƾ bƣƣƹ Ƣƺƹƣ ƿƺ ƺƻƿiƸiǅƣ lƺƺƻƾ [ᇴ]. A ƻƺƻǀlaƽ ǂaǄ
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ƿƺ ƺƻƿiƸiǅƣ lƺƺƻƾ iƾ ƿƺ ǀƾƣ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl [ᇵᇷ]. TƩiƾ ƿƩƣƾiƾ Ƣƣalƾ ǂiƿƩ
ƻƺlǄƩƣƢƽal ơƺƢƣ ƨƣƹƣƽaƿiƺƹ aƹƢ Ʃƺǂ ƿƺ iƸƻƽƺǁƣ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ bǄ ƽƣƢǀ-
ơiƹƨ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ (ƾƣƣ CƩaƻƿƣƽ ᇶ), ƽƣƢǀơiƹƨ ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƺǁƣƽƩƣaƢ
(ƾƣƣ CƩaƻƿƣƽ ᇷ) aƹƢ iƹơƽƣaƾiƹƨ ƻaƽallƣliƾƸ ǂiƿƩ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ
(ƾƣƣ CƩaƻƿƣƽ ᇸ).

ᇳ.ᇳ PƽƺƨƽaƸƸiƹƨ Laƹƨǀaƨƣƾ AƹƢ CƺƸƻilƣƽƾ
A ơƺƸƻǀƿƣƽ lƣƤƿ ƿƺ iƿƾ ƺǂƹ Ƣƣǁiơƣƾ ǂill Ƣƺ ƹƺƿƩiƹƨ. Iƿ ƽƣƼǀiƽƣƾ iƹƾƿƽǀơƿiƺƹƾ.
MƺƢƣƽƹ ơƺƸƻǀƿƣƽƾ aƽƣ ƣlƣơƿƽƺƹiơ ƸaơƩiƹƣƾ ƿƩaƿ Ƣƺ ƹƺƿ ǀƹƢƣƽƾƿaƹƢ ƹaƿǀƽal
ƾƻƣƣơƩ. RǀƸƺƽ Ʃaƾ iƿ (ƾƣƣ Fiƨǀƽƣ ᇳ.ᇳ) ƿƩaƿ ƾƺƸƣ ƣǃƻƣƽƿ ƻƽƺƨƽaƸƸƣƽƾ ơaƹ ƽƣlǄ
ƺƹ bǀƨƾ ƿƺ ơƺƹƿƽƺl ƿƩƣiƽ ơƺƸƻǀƿƣƽƾ.

Fiƨǀƽƣ ᇳ.ᇳ: Rƣal Pƽƺ-
ƨƽaƸƸƣƽƾ [ᇹᇴ]. “Rƣal
ƻƽƺƨƽaƸƸƣƽƾ ƾƣƿ ƿƩƣ
ǀƹiǁƣƽƾal ơƺƹƾƿaƹƿƾ
aƿ ƿƩƣ ƾƿaƽƿ ƾǀơƩ ƿƩaƿ
ƿƩƣ ǀƹiǁƣƽƾƣ ƣǁƺlǁƣƾ ƿƺ
ơƺƹƿaiƹ ƿƩƣ Ƣiƾk ǂiƿƩ
ƿƩƣ Ƣaƿa ƿƩƣǄ ǂaƹƿ.”
(iƸaƨƣ ơƽƣƢiƿ: RaƹƢal
Mǀƹƽƺƣ, ǃkơƢ ơƺƸiơƾ).

A Ƹƺƽƣ ƽƣaliƾƿiơ ǂaǄ ƿƺ aƢƢƽƣƾƾ a ơƺƸƻǀƿƣƽ iƾ ƿƺ ǀƾƣ ƿƩƣ ƾaƸƣ laƹƨǀaƨƣ
aƾ ƿƩƣ ơƺƸƻǀƿƣƽ. TƩƣǄ aƽƣ bǀilƿ iƹ a ǂaǄ ƿƩaƿ ơƣƽƿaiƹ ƾƿƽiƹƨƾ ƺƤ biƹaƽǄ Ƣi-
ƨiƿƾ Ʃaǁƣ Ƹƣaƹiƹƨ. Hƺǂƣǁƣƽ, ǂƽiƿiƹƨ biƹaƽǄ ƾƿƽiƹƨƾ iƾ ƽaƿƩƣƽ iƸƻƽaơƿiơal. Aƹ
ƣƼǀiǁalƣƹƿ ƩǀƸaƹ-ƽƣaƢablƣ ǂaǄ ƿƺ ǂƽiƿƣ ƻƽƺƨƽaƸƾ Ƥƺƽ a ơƺƸƻǀƿƣƽ iƾ ƿƺ ǂƽiƿƣ
aƾƾƣƸblǄ ơƺƢƣ: ƣaơƩ ǂƺƽƢ iƾ aƾƾƺơiaƿƣƢ ǂiƿƩ a ǁaliƢ biƹaƽǄ ƾƿƽiƹƨ. A ƾiƸƻlƣ
ƻƽƺƨƽaƸ ơaƹ ƿƩƣƹ bƣ ǀƾƣƢ ƿƺ ơƺƹǁƣƽƿ ƿƩƣ aƾƾƣƸblǄ ơƺƢƣ iƹƿƺ a biƹaƽǄ. Fƺƽ
iƹƾƿaƹơƣ, Liƾƿiƹƨ ᇳ.ᇳ ƾƩƺǂƾ Ʃƺǂ ƿƺ ǂƽiƿƣ aƹ “Hƣllƺ, ǂƺƽlƢ.” iƹ x86 aƾƾƣƸblǄ.

Mƺƾƿ Ƣƣǁƣlƺƻƣƽƾ Ƣƺ ƹƺƿ ǂƽiƿƣ aƾƾƣƸblǄ ơƺƢƣ. Iƿ allƺǂƾ ǁƣƽǄ Ƨiƹƣ ơƺƹƿƽƺl
ƺǁƣƽ ǂƩaƿ ƻaƽƿƾ ƺƤ ƿƩƣ ơƺƸƻǀƿƣƽ aƽƣ ǀƾƣƢ ǂƩiơƩ ƸaǄ bƣ ƹƣơƣƾƾaƽǄ ƿƺ ƽƣaơƩ
ƺƻƿiƸal ƻƣƽƤƺƽƸaƹơƣ iƹ ǁƣƽǄ ƾƻƣơiƧiơ ƾiƿǀaƿiƺƹƾ. Hƺǂƣǁƣƽ, iƹ ƿƩƣ ƨƣƹƣƽal ơaƾƣ
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ᇳ .global _start
ᇴ .text
ᇵ message:
ᇶ .ascii "Hello, world.\n"
ᇷ _start:
ᇸ # C equivalent: 'write(1, message, 14);'
ᇹ mov $1, %rax # write: syscall 1
ᇺ mov $1, %rdi # stdout: 1
ᇻ mov $message, %rsi # address of string to output
ᇳᇲ mov $14, %rdx # number of bytes
ᇳᇳ syscall

ᇳᇴ # C equivalent: 'exit(0);'
ᇳᇵ mov $60, %rax
ᇳᇶ mov $60, %rdi
ᇳᇷ syscall

Liƾƿiƹƨ ᇳ.ᇳ – “Hƣllƺ,WƺƽlƢ.” IƹXᇺᇸAƾƾƣƸblǄ. Taƽƨƣƿiƹƨ aƹƺƿƩƣƽ aƽơƩiƿƣơƿǀƽƣ
ǂill ƽƣƼǀiƽƣ, aƿ lƣaƾƿ, ƸƺƢiƧiơaƿiƺƹƾ ƺƤ ƿƩiƾ ơƺƢƣ. Tƺ ǂƽiƿƣ ƿƩiƾ kiƹƢ ƺƤ ơƺƢƣ,
ƿƩƣ Ƣƣǁƣlƺƻƣƽ iƾ alƾƺ ƽƣƼǀiƽƣƢ ƿƺ kƹƺǂ Ʃƺǂ ƿƩƣ ƿaƽƨƣƿ aƽơƩiƿƣơƿǀƽƣ ǂƺƽkƾ (iƹ
ƿƩiƾ ƣǃaƸƻlƣ, ƾǄƾơallƾ ƹǀƸbƣƽƾ, ǂƩaƿ ƽƣƨiƾƿƣƽƾ aƽƣ aǁailablƣ).

iƿ iƸƻƺƾƣƾ a ƾƿƽƺƹƨ ơƺƹƾƿƽaiƹƿ: ƣǃƿƣƹƢƣƢ kƹƺǂlƣƢƨƣ ƺƤ ƿƩƣ iƹƹƣƽ ǂƺƽkƾ ƺƤ ƿƩƣ
ƿaƽƨƣƿ ƸaơƩiƹƣ aƽƣ ƽƣƼǀiƽƣƢ. AƹƺƿƩƣƽ ơaǁƣaƿ ƺƤ aƾƾƣƸblǄ ơƺƢƣ iƾ ƿƩaƿ iƿ iƾ aƽ-
ơƩiƿƣơƿǀƽƣ ƢƣƻƣƹƢƣƹƿ. EaơƩ ƻƽƺơƣƾƾƺƽ ƤaƸilǄ ƾǀƻƻƺƽƿƾ a ƢifƤƣƽƣƹƿ aƾƾƣƸblǄ
laƹƨǀaƨƣ. A ƻƽƺƨƽaƸ ƸaǄ Ʃaǁƣ ƿƺ ƽǀƹ ƺƹ Ƹǀlƿiƻlƣ aƽơƩiƿƣơƿǀƽƣƾ: ƢifƤƣƽƣƹƿ
ƣƹƢ ǀƾƣƽƾ ƸaǄ ƺǂƹ ƢifƤƣƽƣƹƿ kiƹƢƾ ƺƤ ơƺƸƻǀƿƣƽ (i.ƣ. ǂiƿƩ ƢifƤƣƽƣƹƿ aƽơƩiƿƣơ-
ƿǀƽƣƾ). FǀƽƿƩƣƽƸƺƽƣ, iƿ iƾ ơƺƸƸƺƹ ƿƺ ƧiƹƢƸǀlƿiƻlƣ Ƹiơƽƺƻƽƺơƣƾƾƺƽ aƽơƩiƿƣơ-
ƿǀƽƣƾ ǂiƿƩiƹ a ƾiƹƨlƣ ơƺƸƻǀƿƣƽ. Aƾ a ƻƽƺƨƽaƸƸƣƽ, Ƹaiƹƿaiƹiƹƨ aƹ aƾƾƣƸblǄ
ơƺƢƣ baƾƣ ơaƹ ƼǀiơklǄ bƣơƺƸƣ a Ʃaƾƾlƣ iƤƸǀlƿiƻlƣ aƽơƩiƿƣơƿǀƽƣƾƸǀƾƿ bƣ ƾǀƻ-
ƻƺƽƿƣƢ.

TƩiƾ iƾ ƿƩƣ Ƹaiƹ ƽƣaƾƺƹ ǂƩǄ ƩiƨƩ lƣǁƣl ƻƽƺƨƽaƸƸiƹƨ laƹƨǀaƨƣƾ ƣǃiƾƿ. A
ƻƽƺƨƽaƸƸiƹƨ laƹƨǀaƨƣ iƾ a ƽƣƾƿƽiơƿƣƢ ƾƣƿ ƺƤ kƣǄǂƺƽƢƾ, ƨƽaƸƸaƽ aƹƢ ƾǄƹƿaǃ
ƽǀlƣƾ ƿƩaƿ ơaƹ bƣ ǀƾƣƢ ƿƺ Ƣƣƾơƽibƣ ƻƽƺƨƽaƸƾ. A ơƺƸƻilƣƽ ǂill ƿƩƣƹ ƿƽaƹƾlaƿƣ
ƿƩƣ ƻƽƺƨƽaƸ Ƥƺƽ ƿƩƣ ƿaƽƨƣƿ ƩaƽƢǂaƽƣ. TƩƣ aƢǁaƹƿaƨƣ iƾ ƿƩaƿ iƿ iƾ ƿƩƣ ƽƣƾƻƺƹƾ-
ibiliƿǄ ƺƤ ƿƩƣ ơƺƸƻilƣƽ ƿƺ ƾǀƻƻƺƽƿ ƹƣǂ aƽơƩiƿƣơƿǀƽƣƾ ǂƩilƣ ƿƩƣ ơƺƸƻǀƿƣƽ ƾơi-
ƣƹƿiƾƿ ơaƹ Ƥƺơǀƾ ƺƹ iƸƻlƣƸƣƹƿiƹƨ ƣfƧiơiƣƹƿ alƨƺƽiƿƩƸƾ. Mƺƽƣƺǁƣƽ, ƩiƨƩ lƣǁƣl
ƻƽƺƨƽaƸƸiƹƨ laƹƨǀaƨƣƾ ƻƽƺǁiƢƣ abƾƿƽaơƿiƺƹƾ ƾƺ ƿƩaƿ ƿƩƣ Ƣƣǁƣlƺƻƣƽ Ƣƺƣƾ ƹƺƿ



Cإؘاأؔ؛ ᇳ. Iءآ؜اؖبؗآإاء ᇶ

ƹƣƣƢ ƿƺ kƹƺǂ abƺǀƿ ƿƩƣ ƩaƽƢǂaƽƣ.
Fƺƽ iƹƾƿaƹơƣ, Liƾƿiƹƨ ᇳ.ᇴ iƾ aƹ ƣǃaƸƻlƣ ƺƤ “Hƣllƺ, ǂƺƽlƢ.” ǂƽiƿƿƣƹ iƹ Cᇳᇳ.

Aƾ ƺƻƻƺƾƣƢ ƿƺ ƿƩƣ ơƺƢƣ ƨiǁƣƹ iƹ Liƾƿiƹƨ ᇳ.ᇳ, ƿƩiƾ ƻƽƺƨƽaƸ ơaƹ bƣ ǀƾƣƢ ƺƹƸǀl-
ƿiƻlƣ aƽơƩiƿƣơƿǀƽƣƾ ǂiƿƩƺǀƿ ƸƺƢiƧiơaƿiƺƹ: iƿ jǀƾƿ ƹƣƣƢƾ ƿƺ bƣ ƿƽaƹƾlaƿƣƢ ǂiƿƩ
ƿƩƣ aƻƻƽƺƻƽiaƿƣ ơƺƸƻilƣƽ. Alƾƺ, ƹƺƿiơƣ Ʃƺǂ ƿƩƣ Ƹaiƹ ƻaƽƿ iƾ ƾƩƺƽƿƣƽ: ǂƽiƿiƹƨ
“Hƣllƺ, ǂƺƽlƢ.” ƽƺǀƨƩlǄ ƽƣƼǀiƽƣƾ ᇳᇲ liƹƣƾ (liƹƣƾ ᇵ-ᇶ aƹƢ ᇹ-ᇳᇷ) iƹ Liƾƿiƹƨ ᇳ.ᇳ ǂƩilƣ
iƿ ƺƹlǄ aƸƺǀƹƿƾ ƿƺ ᇵ liƹƣƾ (liƹƣƾ ᇶ-ᇸ) iƹ Liƾƿiƹƨ ᇳ.ᇴ.

ᇳ #include <stdlib.h>
ᇴ #include <unistd.h>
ᇵ int main(int argc, char* argv[argc + 1]) {
ᇶ const char* const hello = "Hello, world.\n";
ᇷ write(1, hello, 14);
ᇸ exit(0);
ᇹ }

Liƾƿiƹƨ ᇳ.ᇴ – “Hƣllƺ, WƺƽlƢ.” Iƹ Cᇳᇳ (Oƹ A POSIX-CƺƸƻliaƹƿ Oƻƣƽaƿiƹƨ SǄƾ-
ƿƣƸ). TƩƣ ƻƽƺƨƽaƸ Ƣƺƣƾ ƹƺƿ ƹƣƣƢ ƿƺ bƣ ƸƺƢiƧiƣƢ ƿƺ ƿaƽƨƣƿ ƢifƤƣƽƣƹƿ aƽơƩi-
ƿƣơƿǀƽƣƾ: ƿƩƣ Ƣƣǁƣlƺƻƻƣƽ jǀƾƿ ƹƣƣƢƾ ƿƺ ǀƾƣ a ơƺƸƻilƣƽ ƿƩaƿ ƾǀƻƻƺƽƿƾ ƿƩƣ aƽơƩi-
ƿƣơƿǀƽƣ (aƾƾǀƸiƹƨ— Ƥƺƽ ƿƩiƾ ƣǃaƸƻlƣ— ƿƩaƿ a POSIX-ơƺƸƻliaƹƿ aƹƢ ƿƩƣ C
ƾƿaƹƢaƽƢ libƽaƽǄ ǂill bƣ aǁailablƣ).

CƺƸƻilƣƽƾ Ƹakƣ liƤƣ ƣaƾiƣƽ Ƥƺƽ Ƣƣǁƣlƺƻƣƽƾ. EaƽlǄ Ƣƣǁƣlƺƻƣƽƾ ƩaƢ ƿƺ bƺƿƩ
Ƣƣƾiƨƹ ƣfƤƣơƿiǁƣ alƨƺƽiƿƩƸƾ aƹƢ ƿƩƣƹ ƧiƹƢ ƺǀƿ Ʃƺǂ ƿƩƣ bƣƾƿ ǂaǄ ƿƺƸaƻ ƿƩƣƾƣ
alƨƺƽiƿƩƸƾ ƺƹƿƺ ƩaƽƢǂaƽƣ. CƺƸƻilƣƽƾ ƿakƣ ơaƽƣ ƺƤ ƿƩƣ ƿƽaƹƾlaƿiƺƹ ƾƺ ƿƩaƿ
ƸƺƢƣƽƹ ƻƽƺƨƽaƸƸƣƽƾ ơaƹ Ƥƺơǀƾ ƺƹ ƿƩƣ alƨƺƽiƿƩƸƾ. Mƺƽƣ ơaƹ bƣ Ƣƺƹƣ: ơƺƸ-
ƻilƣƽƾ ơaƹ alƾƺ aǀƿƺƸaƿiơallǄ ƺƻƿiƸiǅƣ ơƺƢƣ.

ᇳ.ᇴ AǀƿƺƸaƿiơ OƻƿiƸiǅaƿiƺƹƾ
Iƿ iƾ ơƺƸƸƺƹlǄ aơơƣƻƿƣƢ ƿƩaƿ liƿƣƽal ƿƽaƹƾlaƿiƺƹ ƤƽƺƸ a ƾƻƺkƣƹ laƹƨǀaƨƣ ƿƺ
aƹƺƿƩƣƽ iƾ ƽaƽƣlǄ aƢƣƼǀaƿƣ. CƺƹǁƣǄiƹƨ ƿƩƣ iƹiƿial Ƹƣƾƾaƨƣ ƾƺƸƣƿiƸƣƾ ƽƣ-
Ƽǀiƽƣƾ ƿƺ ƾƣlƣơƿ ƿƩƣ aƻƻƽƺƻƽiaƿƣ iƢiƺƸ. TƩƣ ƾaƸƣ ƻƽiƹơiƻlƣ alƾƺ aƻƻliƣƾ ƿƺ
ơƺƸƻilƣƽƾ.

Liƾƿiƹƨ ᇳ.ᇵ a ƾiƸƻlƣ lƺƺƻ. TƩiƾ iƾ ƿƩƣ ơƺƢƣ Ƹƺƾƿ Ƣƣǁƣlƺƻƣƽƾ ǂƺǀlƢ ǂƽiƿƣ
ƿƺ aơơǀƸǀlaƿƣ ƿƩƣ ƻƽƺƢǀơƿ ƺƤ ƿǂƺ aƽƽaǄƾ iƹ aƹƺƿƩƣƽ aƽƽaǄ. TƩiƾ ơƺƢƣ ƾƣƼǀƣƹ-
ƿiallǄ Ƹǀlƿiƻliƣƾ ƿƩƣ ƣlƣƸƣƹƿƾ ƺƤ ƿƩƣ aƽƽaǄƾ aƹƢ ǀƻƢaƿƣƾ ƿƩƣ ƽƣƾǀlƿ iƹ ƿƩƣ Ƣƣƾ-
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ƿiƹaƿiƺƹ aƽƽaǄ. Oƹ ƸƺƢƣƽƹ ƻaƽallƣl ƩaƽƢǂaƽƣ, ƿƩƣ ƻƣƽƤƺƽƸaƹơƣ ƺƤ a ƾƣƼǀƣƹ-
ƿial ƣǃƣơǀƿiƺƹ ƺƤ ƿƩiƾ ơƺƢƣ ǂƺǀlƢ bƣ ƾǀbƻaƽ. IƹƢƣƣƢ, ƿƩiƾ lƺƺƻ iƾ ƢƴƟƞƹƞƺƺ-
ƩƵƧƳǀ ƷƞƹƞƳƳƢƳ. Fƺƽ iƹƾƿaƹơƣ, iƿ ơaƹ ƢiǁiƢƣƢ iƹƿƺ ƾƸall ƻaƽƿƾ ƿƩaƿ ơaƹ bƣ ƣǃ-
ƣơǀƿƣƢ ơƺƹơǀƽƽƣƹƿlǄ. EaơƩ ƺƤ ƿƩƣƾƣ ƻaƽƿƾ ơaƹ alƾƺ bƣ ǁƣơƿƺƽiǅƣƢ (ƾƺƸƣ ƻƽƺ-
ơƣƾƾƺƽƾ ơaƹaƻƻlǄ ƿƩƣ ƾƺƸƣƺƻƣƽaƿiƺƹ ƿƺƸǀlƿiƻlƣ ƺƻƣƽaƹƢƾ aƿ ƿƩƣ ƾaƸƣ ƿiƸƣ).

ᇳ for (size_t i = 0; i < N; ++i)
ᇴ A[i] += B[i] * C[i];

Liƾƿiƹƨ ᇳ.ᇵ – Aƹ EƴƟƞƹƞƺƺiƵgƳy PƞƹƞƳƳeƳ Lƺƺƻ.

EǃƻƣƽiƣƹơƣƢ Ƣƣǁƣlƺƻƣƽƾ ơƺǀlƢ ƿǀƹƣ ƿƩƣ ơƺƢƣ ƤƽƺƸ Liƾƿiƹƨ ᇳ.ᇵ ƿƺ aơƩiƣǁƣ
bƣƿƿƣƽ ƻƣƽƤƺƽƸaƹơƣ. TƩƣƽƣ aƽƣ ƸaƹǄ ǂaǄƾ ƿƺ Ƣƺ ƾƺ (iƹliƹiƹƨ aƾƾƣƸblǄ ơƺƢƣ,
ǀƾiƹƨ iƹƿƽiƹƾiơƾ, ƻaƽallƣliǅiƹƨ ǂiƿƩ ƻƿƩƽƣaƢƾ ƺƽ OƻƣƹMP, ƣƿơ.). Hƺǂƣǁƣƽ, jǀƾƿ
aƾ ǂƽiƿiƹƨ aƾƾƣƸblǄ ơƺƢƣ ƿiƣƾ ƿƩƣ ƻƽƺƨƽaƸ ƿƺ a ƾƻƣơiƧiơ aƽơƩiƿƣơƿǀƽƣ, ƸƺƢi-
ƤǄiƹƨ ƿƩƣ ơƺƢƣ Ƥƺƽ ƻƣƽƤƺƽƸaƹơƣ ơƺǀlƢ alƾƺ ƽƣƾƿƽiơƿ ƿƩƣ ƾƣƿ ƺƤ ơƺƸƻǀƿƣƽƾ ƿƩaƿ
ƸaǄ bƣƹƣƧiƿ ƤƽƺƸ ƿƩƣƾƣ aƢjǀƾƿƸƣƹƿƾ.

Mƺƽƣƺǁƣƽ, ƿƩƣƾƣ ƺƻƿiƸiǅaƿiƺƹƾ ơƺǀlƢ bƣ Ƣƺƹƣ aǀƿƺƸaƿiơallǄ Ƣǀƽiƹƨ ơƺƸ-
ƻilaƿiƺƹ. WƣaƽƨǀƣƢ ƿƩaƿ ơƺƸƻilƣƽƾƸakƣ liƤƣ ƣaƾiƣƽ Ƥƺƽ ƻƽƺƨƽaƸƸƣƽƾbǄ lƣǁƣƽ-
aƨiƹƨ ƿƩƣ ƹƣƣƢ ƿƺ ơaƽƣ abƺǀƿ ƿƩƣ ƩaƽƢǂaƽƣ. TƩƣǄ ơaƹ alƾƺ lƣǁƣƽaƨƣ ƸaƹǄ ƺƻ-
ƿiƸiǅaƿiƺƹƾ. Nƺƿ ƺƹlǄ ƸaǄ ƿƩƣ ơƺƸƻilƣƽ bƣ a bƣƿƿƣƽ jǀƢƨƣ ƺƹ ƿƩƣ aƻƻƽƺƻƽiaƿƣ
ǂaǄ ƿƺ ƺƻƿiƸiǅƣ ƿƩƣ ơƺƢƣ Ƥƺƽ ƿƩƣ ƿaƽƨƣƿ ƩaƽƢǂaƽƣ, ƿƩiƾ alƾƺ ƽƣƼǀiƽƣƾ lƣƾƾ ƣfƤƺƽƿ
aƹƢ ƿiƸƣ ƤƽƺƸ ƿƩƣ Ƣƣǁƣlƺƻƣƽ.

AǀƿƺƸaƿiơallǄ ƺƻƿiƸiǅiƹƨ ƿƩƣ kiƹƢ ƺƤ lƺƺƻ ƨiǁƣƹ iƹ Liƾƿiƹƨ ᇳ.ᇵ ơaƹ, Ƥƺƽ ƣǃ-
aƸƻlƣ, bƣƢƺƹƣǀƾiƹƨ ƿƺƺlƾ baƾƣƢƺƹ ƿƩƣƻƺlǄƩƣƢƽalƸƺƢƣl [ᇵᇷ]. TƩƣƻƺlǄƩƣƢ-
ƽal ƸƺƢƣlᇴ ᇴ alƾƺ kƹƺǂƹ aƾ ƿƩƣ

ƻƺlǄƿƺƻƣ ƸƺƢƣl
iƾ aƹ abƾƿƽaơƿiƺƹ ƺƤ lƺƺƻƾ aƾ ǀƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa. Vaƽiƺǀƾ ƿƽaƹƾ-

ƤƺƽƸaƿiƺƹƾ ơaƹ bƣ aƻƻliƣƢ ƿƺ ƿƩƣ ƻƺlǄƩƣƢƽa ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ ƿaƽƨƣƿ ƺƻƿiƸ-
iǅaƿiƺƹ. TƩƣƹ, a ơƺƢƣ ƿƩaƿ ƾơaƹƾ ƿƩƣ iƹƿƣƨƣƽ ƻƺiƹƿƾ ƺƤ ƿƩƣƾƣ ƻƺlǄƩƣƢƽa iƾ ƨƣƹ-
ƣƽaƿƣƢ. TƩiƾ ƻƺlǄƩƣƢƽal ƸƺƢƣl ƿakƣƾ ƽƺƺƿ iƹ ǂƺƽk ƺƹ ƻaƽallƣliǅaƿiƺƹ [ᇷᇳ, ᇷᇹ],
ƻaƽaƸƣƿƽiơ iƹƿƣƨƣƽ ƻƽƺƨƽaƸƸiƹƨ [ᇵᇴ] aƹƢ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸƾ [ᇹ]. Iƿ
ƣǁƣƹƿǀallǄ ƤƺǀƹƢ iƿƾ ǂaǄ iƹƿƺ ơƺƸƻilƣƽ iƹƤƽaƾƿƽǀơƿǀƽƣƾ ƺƽ aǀƿƺƸaƿiơ ƺƻƿiƸ-
iǅƣƽƾ ƾǀơƩaƾGCC/GƽaƻƩiƿƣ [ᇺᇴ], LLVM/PƺllǄ [ᇶᇹ, ᇶᇷ], R-SƿƽƣaƸ[ᇸᇻ], Plǀƿƺ [ᇳᇻ,
ᇳᇸ] ƺƽ PPCG [ᇳᇲᇸ]. Oǀƽ iƹƿƣƽƣƾƿ iƹ ƿƩiƾƸaƹǀƾơƽiƻƿ iƾ ƿƩƣ ƨƣƹƣƽaƿiƺƹ ƺƤ ƺƻƿiƸ-
iǅƣƢ ơƺƢƣ bǄ ƻƺlǄƩƣƢƽal ƿƣơƩƹiƼǀƣƾ.
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ᇳ.ᇵ Oǀƿliƹƣ aƹƢ Cƺƹƿƽibǀƿiƺƹƾ
TƩiƾ ƿƩƣƾiƾ Ƥƺơǀƾƣƾ ƺƹ iƸƻƽƺǁiƹƨ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ iƹ ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽƾ
Ƥƺƽ ƽƣƾǀlƿiƹƨ ƻƽƺƨƽaƸƾ ƿƺ aơƩiƣǁƣ ƾƩƺƽƿƣƽ ƣǃƣơǀƿiƺƹ ƿiƸƣƾ. CƺƢƣ ƨƣƹƣƽaƿiƺƹ
iƹ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl Ʃaƾ bƣƣƹ ơƺƹƾiƢƣƽƣƢ ǀƹƿil ƹƺǂ aƾ Ƹaƿǀƽƣ. Wƣ ƾƩƺǂ
ƿƩaƿ ƿƩƣƽƣ iƾ ƾƿill ƾiƨƹiƧiơaƹƿ ƽƺƺƸ Ƥƺƽ iƸƻƽƺǁƣƸƣƹƿ aƹƢ ƻƽƺƻƺƾƣ ƾƣǁƣƽal ƿƣơƩ-
ƹiƼǀƣƾ ƿƺ ƽƣƢǀơƣ ƿƩƣ ƣǃƣơǀƿiƺƹ ƿiƸƣ ƺƤ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ.

Fiƽƾƿ ƺƤ all, CƩaƻƿƣƽ ᇴ iƹƿƽƺƢǀơƣƾ ƿƩƣ ƾơiƣƹƿiƧiơ ƹƺƿiƺƹƾ ƽƣƼǀiƽƣƢ ƿƺ ǀƹƢƣƽ-
ƾƿaƹƢ ƿƩƣ ƽƣƸaiƹƢƣƽ ƺƤ ƿƩiƾ Ƹaƹǀƾơƽiƻƿ. Iƿ ƻƽƣƾƣƹƿƾ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl
aƹƢ ƨiǁƣƾ aƹ ƺǁƣƽǁiƣǂ ƺƤ Ƥƺƽk-jƺiƹ ƻaƽallƣliǅaƿiƺƹ aƹƢ iƿƾ iƸƻlƣƸƣƹƿaƿiƺƹ iƹ
ƿƩƣ OƻƣƹMP ƤƽaƸƣǂƺƽk. CƩaƻƿƣƽ ᇵ Ƣiƾơǀƾƾƣƾ ƽƣlaƿƣƢ ǂƺƽk.

CƩaƻƿƣƽ ᇶ ƻƽƣƾƣƹƿƾ ƺǀƽ Ƨiƽƾƿ ơƺƹƿƽibǀƿiƺƹ: Ʃƺǂ ƿƺ ƽƣƢǀơƣ ơƺƹƿƽƺl ƺǁƣƽ-
ƩƣaƢ iƹ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ. Iƿ ƢƣƸƺƹƾƿƽaƿƣƾ ƿƩaƿ ƿƩƣ iƹƿƣƽƹal ƽƣƻƽƣƾƣƹƿaƿiƺƹ
ǀƾƣƢ iƹ ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽƾ iƹfƷǀƣƹơƣƾ ƿƩƣ ƣƹƢ ƽƣƾǀlƿƾ aƹƢ iƸƻaơƿƾ ƽǀƹƿiƸƣ
ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ. Wƣ ƻƽƺƻƺƾƣ ƿƺ ƤǀƽƿƩƣƽ ƽƣƧiƹƣ Baƾƿƺǀl’ƾ [ᇳᇳ] ƣǃƿƣƹƾiƺƹ ƺƤ
Qǀillƣƽȅ, RajƺƻaƢƩǄƣ aƹƢ WilƢƣ [ᇺᇷ] alƨƺƽiƿƩƸ. Oǀƽ ƿƣơƩƹiƼǀƣ ǀƾƣƾ LƺƣơƩ-
ƹƣƽ aƹƢWilƢƣ’ƾ [ᇸᇷ] ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ ƺƤ ƻaƽaƸƣƿƣƽiǅƣƢ ƻƺlǄƩƣƢƽa ƿƺ
ƾƻliƿ ƻƺlǄƩƣƢƽa Ƣǀƽiƹƨ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ iƹ ƺƽƢƣƽ ƿƺ ƽƣƢǀơƣ ƿƩƣ ơƺƹƿƽƺl ƺǁƣƽ-
ƩƣaƢ ƺƤ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ. Paƽƿ ƺƤ ƿƩƣ ǂƺƽk ƺǀƿliƹƣƢ iƹ ƿƩiƾ ơƩaƻƿƣƽ iƾ alƾƺ
ƻƽƣƾƣƹƿƣƢ iƹ ƿƩƣ Ƥƺllƺǂiƹƨ ƻaƻƣƽ:

HaƽƣƹƺƸƣ Raǅaƹajaƿƺ, Viƹơƣƹƿ LƺƣơƩƹƣƽ aƹƢ CȅƢƽiơ Baƾƿƺǀl. “Sƻliƿƿiƹƨ
PƺlǄƩƣƢƽa ƿƺ Gƣƹƣƽaƿƣ Mƺƽƣ EfƧiơiƣƹƿ CƺƢƣ”. Iƹ: IMPACT ᇊᇈᇉᇏ, ᇏƻƨ IƵ-
ƻƢƹƵƞƻƩƶƵƞƳ WƶƹƲƺƨƶƷ ƶƵ PƶƳǀƨƢơƹƞƳ CƶƴƷƩƳƞƻƩƶƵ TƢƠƨƵƩƸƼƢƺ. SƿƺơkƩƺlƸ,
SǂƣƢƣƹ, Jaƹ. ᇴᇲᇳᇹ. :؟إب https://hal.inria.fr/hal-01505764
CƩaƻƿƣƽ ᇷ ƿaơklƣƾ ƿƩƣ ƻƽƺblƣƸ ƺƤ ƽƣƢǀơiƹƨ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƾǄƹơƩƽƺƹiǅa-

ƿiƺƹƾ iƹ ƻaƽallƣl ơƺƢƣ ƨƣƹƣƽaƿƣƢ bǄ a ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽ. Sƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ
aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽƾ ƨƣƹƣƽaƿƣ ơƺƢƣ ǂƩƣƽƣ ƻaƽallƣl lƺƺƻƾ aƽƣ ƣƹơlƺƾƣƢ iƹ
Ƣiƾƿiƹơƿ ƾiƹƨlƣ ƻaƽallƣl ƽƣƨiƺƹƾ. Wƣ aƽƨǀƣ ƿƩaƿ ƨƣƹƣƽaƿiƹƨ ƾƣƻaƽaƿƣ ƻaƽallƣl
ƽƣƨiƺƹƾ iƾ ƾǀbƻaƽ Ƥƺƽ iƿ iƹơǀƽƾ ƿƩƽƣaƢ ƿƣaƸ ƸaƹaƨƣƸƣƹƿ ƺǁƣƽƩƣaƢ aƹƢ ƾǀ-
ƻƣƽfƷǀƺǀƾ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ. TƩiƾ ơƩaƻƿƣƽ ƣǃƻlaiƹƾ Ʃƺǂ ƿƺ ƨƣƹƣƽaƿƣ a jƺiƹƿ
ƻaƽallƣl ƽƣƨiƺƹ aƹƢ Ʃƺǂ ƿƺ ƿakƣ aƢǁaƹƿaƨƣ ƺƤ ƿƩiƾ ǀƹiƧiƣƢ ƽƣƨiƺƹ ƿƺ ƽƣƸƺǁƣ
ǀƹƹƣơƣƾƾaƽǄ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ. TƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl iƾ ǀƾƣƢ ƿƺ aƹalǄǅƣ Ƣƣ-
ƻƣƹƢƣƹơiƣƾ aƹƢ ƢƣƿƣƽƸiƹƣ ǂƩƣƽƣ ƾǄƹơƩƽƺƹiǅaƿiƺƹ baƽƽiƣƽƾ aƽƣ ƹƣƣƢƣƢ aƹƢ
ǂƩƣƽƣ ƿƩƣǄ ơaƹ bƣ ƺƸiƿƿƣƢ. TƩiƾ ǂƺƽk iƾ alƾƺ ƻƽƣƾƣƹƿƣƢ iƹ a ƻaƻƣƽ:

https://hal.inria.fr/hal-01505764
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HaƽƣƹƺƸƣ Raǅaƹajaƿƺ, CȅƢƽiơ Baƾƿƺǀl aƹƢ Viƹơƣƹƿ LƺƣơƩƹƣƽ. “LiƤƿiƹƨ
Baƽƽiƣƽƾ Uƾiƹƨ Paƽallƣl PƺlǄƩƣƢƽal Rƣƨiƺƹƾ”. Iƹ: ᇊᇈᇉᇏ IEEE ᇊᇌƻƨ IƵƻƢƹƵƞ-
ƻƩƶƵƞƳCƶƵƣƢƹƢƵƠƢƶƵHƩƧƨPƢƹƣƶƹƴƞƵƠƢCƶƴƷƼƻƩƵƧ (HƩPC). IEEE. ᇴᇲᇳᇹ, ƻƻ. ᇵᇵᇺ–
ᇵᇶᇹ. :؜آؗ 10.1109/HiPC.2017.00046
CƩaƻƿƣƽ ᇸ Ƣiƾơǀƾƾƣƾ ƺǀƽ ƿƩiƽƢ ơƺƹƿƽibǀƿiƺƹ: ƷƩƷƢƳƩƵƢơ ƴƼƳƻƩƻƨƹƢƞơƩƵƧ ƺƤ

ƾƣƼǀƣƹƿial lƺƺƻ ƹƣƾƿƾ. Iƿ ƾƩƺǂƾ Ʃƺǂ ƿƺ iƢƣƹƿiƤǄ ƨƽƺǀƻƾ ƺƤ ƾƣƼǀƣƹƿial lƺƺƻƾ
ƨƣƹƣƽaƿƣƢ bǄ aƹ aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽ ƿƩaƿ ơƺǀlƢ bƣƹƣƧiƿ ƤƽƺƸ ƻiƻƣliƹiƹƨ.
AlƿƩƺǀƨƩ iƹƢiǁiƢǀal lƺƺƻƾ ƸaǄ bƣ ƾƣƼǀƣƹƿial, iƹƿƣƽlaơiƹƨ ƿƩƣiƽ iƿƣƽaƿiƺƹƾ iƹ-
ƿƽƺƢǀơƣƾ ƻiƻƣliƹƣƢ ƻaƽallƣliƾƸ. TƩiƾ ǂƺƽk ǂaƾ Ƨiƽƾƿ iƹƿƽƺƢǀơƣƢ iƹ:

HaƽƣƹƺƸƣRaǅaƹajaƿƺ, CȅƢƽiơ Baƾƿƺǀl aƹƢ Viƹơƣƹƿ LƺƣơƩƹƣƽ. “PiƻƣliƹƣƢ
MǀlƿiƿƩƽƣaƢiƹƨ Gƣƹƣƽaƿiƺƹ iƹ a PƺlǄƩƣƢƽal CƺƸƻilƣƽ”. Iƹ: IMPACT ᇊᇈᇊᇈ,
ƩƵ ƠƶƵjƼƵƠƻƩƶƵ ƾƩƻƨ HƩPEAC ᇊᇈᇊᇈ. Bƺlƺƨƹa, IƿalǄ, Jaƹ. ᇴᇲᇴᇲ. :؟إب https:
//hal.inria.fr/hal-02456521

FiƹallǄ, CƩaƻƿƣƽ ᇹ ơƺƹơlǀƢƣƾ ƿƩiƾ ƿƩƣƾiƾ aƹƢ Ƣiƾơǀƾƾƣƾ ƻƣƽƾƻƣơƿiǁƣƾ ƺƹ Ƥǀ-
ƿǀƽƣ ǂƺƽk.

https://doi.org/10.1109/HiPC.2017.00046
https://hal.inria.fr/hal-02456521
https://hal.inria.fr/hal-02456521
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ᇻ

CƩaƻƿƣƽ ᇴ

SơiƣƹƿiƧiơ BaơkƨƽƺǀƹƢ

TƩiƾ ƿƩƣƾiƾ Ƣiƾơǀƾƾƣƾ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ aƹƢ Ʃƺǂ ƿƺ ƽƣƢǀơƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ,
Ʃƺǂ ƿƺ ƽƣƢǀơƣ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ aƹƢ Ʃƺǂ ƿƺ iƹơƽƣaƾƣ ƻaƽallƣliƾƸ Ƣǀƽiƹƨ ƿƩƣ
ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƩaƾƣ ƺƤ ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽƾ. TƩƣ ƽƣƸaiƹƢƣƽ ƺƤ ƿƩiƾ Ƹa-
ƹǀƾơƽiƻƿ ǀƾƣƾ ơƺƹơƣƻƿƾ ƤƽƺƸ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl aƹƢ ƹƺƿiƺƹƾ ƺƤ ƻaƽallƣliǅ-
aƿiƺƹ. TƩiƾ ơƩaƻƿƣƽ iƹƿƽƺƢǀơƣƾ ƿƩƣ ƾơiƣƹƿiƧiơ baơkƨƽƺǀƹƢ aƹƢ ƹƺƿaƿiƺƹƾ ƿƩaƿ
ǂill bƣ ǀƾƣƢ ƿƩƽƺǀƨƩƺǀƿ ƿƩƣ ƿƩƣƾiƾ. Sƣơƿiƺƹ ᇴ.ᇳ iƹƿƽƺƢǀơƣƾ ƿƩƣ ƻƺlǄƩƣƢƽal
ƸƺƢƣl, aƹ iƹƿƣƽƸƣƢiaƿƣ ƽƣƻƽƣƾƣƹƿaƿiƺƹ aƹƢ ƤƽaƸƣǂƺƽk ƿƩaƿ allƺǂƾ ơƺƸƻilƣƽƾ
ƿƺ ƻƣƽƤƺƽƸ ơƺƢƣ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ aƹƢ ƺƻƿiƸiǅaƿiƺƹƾ. Sƣơƿiƺƹ ᇴ.ᇴ ƻƽƣƾƣƹƿƾ
ƻaƽallƣl ƣǃƣơǀƿiƺƹ ƻaƽaƢiƨƸƾ aƹƢ, Ƹƺƽƣ ƾƻƣơiƧiơallǄ, Ƥƺơǀƾƣƾ ƺƹ ƿƩƣ Ƥƺƽk-jƺiƹ
ƸƺƢƣl aƹƢ iƿƾ iƸƻlƣƸƣƹƿaƿiƺƹ iƹ ƿƩƣ OƻƣƹMP ƤƽaƸƣǂƺƽk.

ᇴ.ᇳ PƺlǄƩƣƢƽal MƺƢƣl
A ƨƽƣaƿ aƸƺǀƹƿ ƺƤ ƿƩƣ ƿƺƿal ơƺƸƻǀƿƣ ƿiƸƣ ƺƤ a ƻƽƺƨƽaƸ iƾ ƾƻƣƹƿ iƹ lƺƺƻ ƹƣƾƿƾ.
Aƹ ƣǃƻƣƽiƣƹơƣƢ Ƣƣǁƣlƺƻƣƽ ƸaǄ bƣ ablƣ ƿƺ ƺƻƿiƸiǅƣ a ƨiǁƣƹ ƾƣƿ ƺƤ lƺƺƻ ƹƣƾƿƾ.
Iƹ ƺƽƢƣƽ ƿƺ allƣǁiaƿƣ ƿƩiƾ bǀƽƢƣƹ ƿƺ ƣǃƻƣƽƿƾ aƹƢ ƿƺ ƨiǁƣ iƹƣǃƻƣƽiƣƹơƣƢ ƻƽƺ-
ƨƽaƸƸƣƽƾ aơơƣƾƾ ƿƺ ƿƩƣƾƣ ƺƻƿiƸiǅaƿiƺƹƾ, ƣǃƿƣƹƾiǁƣ ǂƺƽk Ʃaƾ bƣƣƹ Ƣƺƹƣ ƿƺ
ƣƹablƣ aǀƿƺƸaƿiơ ƺƻƿiƸiǅaƿiƺƹƾ ƺƤ lƺƺƻ ƹƣƾƿƾ ǂiƿƩiƹ ơƺƸƻilƣƽƾ [ᇴ].

TƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl (ƺƽ ƻƺlǄƿƺƻƣ ƸƺƢƣl) iƾ ǀƾƣƢ iƹ ơƺƸƻǀƿƣƽ ƾơiƣƹơƣ
ƿƺ aƹalǄǅƣ, ƿƽaƹƾƤƺƽƸaƹƢƺƻƿiƸiǅƣSƻƞƻƩƠCƶƵƻƹƶƳPƞƹƻƺ (alƾƺ kƹƺǂƹaƾ SCƺPƾ)
ƺƤ ƻƽƺƨƽaƸƾ, ƺƽ afƧiƹƣ lƺƺƻ ƹƣƾƿƾ [ᇵᇷ]. A SCƺP iƾ a ƾƣƿ ƺƤ a lƺƺƻ ƹƣƾƿƾ ǂƩƣƽƣ
lƺƺƻ bƺǀƹƢƾ aƹƢ ơƺƹƢiƿiƺƹalƾ aƽƣ afƧiƹƣ ƣǃƻƽƣƾƾiƺƹƾ ƺƤ ƺǀƿƣƽ lƺƺƻ iƹƢiơƣƾ ƺƽ
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ơƺƹƾƿaƹƿ ƻaƽaƸƣƿƣƽƾ. A ǁiƾǀal ƺǁƣƽǁiƣǂ ƺƤ ƿƩƣ ǀƾƣ ƺƤ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl
iƹ ơƺƸƻilƣƽƾ iƾ ƾƩƺǂƹ iƹ Fiƨǀƽƣ ᇴ.ᇳ. RƺǀƨƩlǄ, ƿƩƣƽƣ aƽƣ ƿƩƽƣƣ ƾƿaƨƣƾ:

ᇳ. Raiƾiƹƨ ƿƩƣ ƺƽiƨiƹal ơƺƢƣ iƹ ƿƩƣ ƨƣƺƸƣƿƽiơal ǁiƣǂ aƾ a ƾƣƿ ƺƤ ƻƺlǄƩƣƢƽa
aƾƾƺơiaƿƣƢ ƿƺ ƣaơƩ ƾƿaƿƣƸƣƹƿ. PƺlǄƩƣƢƽa ƸaǄ ƽƣƻƽƣƾƣƹƿ iƿƣƽaƿiƺƹ Ƣƺ-
Ƹaiƹƾ, iƿƣƽaƿiƺƹ ƺƽƢƣƽiƹƨ, Ƣaƿa aơơƣƾƾƣƾ, Ƣaƿa ƢƣƻƣƹƢƣƹơƣƾ, ƣƿơ.

ᇴ. PƣƽƤƺƽƸiƹƨ ƾƺƸƣ ƨƣƺƸƣƿƽiơal ƿƽaƹƾƤƺƽƸaƿiƺƹƾ iƹ ƿƩiƾ ǁiƣǂ ǂƩilƣ ƣƹ-
ƾǀƽiƹƨ ƿƩƣ ơƺƢƣ iƾ ơƺƽƽƣơƿ (i.ƣ. ƿƩƣ ƾƣƸaƹƿiơƾ ƺƤ ƿƩƣ ƺƽiƨiƹal ơƺƢƣ iƾ
ƻƽƣƾƣƽǁƣƢ).

ᇵ. Lƺǂƣƽiƹƨ baơk ƿƩƣ ƾƣƿ ƺƤ ƻƺlǄƩƣƢƽa ƿƺ ƨƣƹƣƽaƿƣƢ ơƺƢƣ.

ᇴ.ᇳ.ᇳ PƺlǄƩƣƢƽa

Defiءitiءآ ᇳ (IƸƻliơiƿ ƽƣƻƽƣƾƣƹƿaƿiƺƹ). A d-ƻƺlǄƩƣƢƽƺƹᇵᇵ ƺƽ d-ơƩƴƢƵƺƩƶƵƞƳ
ƻƺlǄƩƣƢƽƺƹ

P iƾ a ƾǀbƾƻaơƣ ƺƤ
Qd ƿƩaƿ ơaƹ bƣ ƤƺƽƸallǄ ƢƣƾơƽibƣƢ bǄ a ƾǄƾƿƣƸ ƺƤ iƹƣƼǀaliƿiƣƾ aƹƢ ƣƼǀaliƿiƣƾ:

P =
{

x ∈ Qd
∣

∣

∣Ax ≥ a
}

=
{

x ∈ Qd
∣

∣

∣Bx = b, Cx ≥ c
}

(ᇴ.ᇳ)

ǂƩƣƽƣ A ∈ Zn×d aƹƢ a ∈ Zn. Aƾ ƿƩƣ ƾǄƾƿƣƸ Ax ≥ a ƸaǄ ơƺƹƿaiƹ ƩƴƷƳƩƠƩƻ
ƢƸƼƞƳƩƻƩƢƺ, iƿ iƾ ƾƺƸƣƿiƸƣƾ ǂƽiƿƿƣƹ aƾ Bx = b, Cx ≥ c ǂƩƣƽƣ B ∈ Zm1×d,
C ∈ Zm2×d, b ∈ Zm1 aƹƢ c ∈ Zm2 ƿƺ ƣǃƻliơiƿlǄ ƣǃƻƽƣƾƾ ƿƩƣ ƣƼǀaliƿiƣƾ aƹƢ
iƹƣƼǀaliƿiƣƾ ƾǀơƩ ƿƩaƿ Ax ≥ a⇔ Bx = b, Cx ≥ c.

Defiءitiءآ ᇴ (Eǃƻliơiƿ ƽƣƻƽƣƾƣƹƿaƿiƺƹ). A d-ƻƺlǄƩƣƢƽƺƹ P ơaƹ bƣ ǂƽiƿƿƣƹ
aƾ ƿƩƣ ơƺƸƻƺƾiƿiƺƹ ƺƤ a liƹƣaƽ ơƺƸbiƹaƿiƺƹ ƺƤ liƹƣƾ, a ƻƺƾiƿiǁƣ liƹƣaƽ ơƺƸ-
biƹaƿiƺƹ ƺƤ ƽaǄƾ aƹƢ a ơƺƹǁƣǃ ơƺƸbiƹaƿiƺƹ ƺƤ ǁƣƽƿiơƣƾ:

P=
{

x∈Qd
∣

∣

∣ x=Lλ+Rµ+V ν, ∀λ, ∀µ ≥ 0,∀ν ≥ 0,
∑

ν =1
}

(ᇴ.ᇴ)

ǂƩƣƽƣ L ∈ Qn1×d ƽƣƻƽƣƾƣƹƿƾ ƿƩƣ liƹƣƾ, λ ∈ Qn1 , R ∈ Qn2×d ƽƣƻƽƣƾƣƹƿƾ
ƿƩƣ ƽaǄƾ, µ ∈ Qn2 , V ∈ Qn3×d ƽƣƻƽƣƾƣƹƿƾ ƿƩƣ ǁƣƽƿiơƣƾ aƹƢ ν ∈ Qn3 . TƩiƾ
ƽƣƻƽƣƾƣƹƿaƿiƺƹ iƾ alƾƺ kƹƺǂƹ aƾ ƿƩƣ Miƹkƺǂƾki ƽƣƻƽƣƾƣƹƿaƿiƺƹ [ᇹᇲ, ᇻᇹ].

TƩƣ ƽƣƻƽƣƾƣƹƿaƿiƺƹƾ ƨiǁƣƹ iƹDƣƧiƹiƿiƺƹ ᇳ aƹƢDƣƧiƹiƿiƺƹ ᇴ aƽƣ ƣƼǀiǁalƣƹƿ.
CƺƸƻǀƿiƹƨƺƹƣƺƤ ƿƩƣ ƽƣƻƽƣƾƣƹƿaƿiƺƹ ƤƽƺƸƿƩƣƺƿƩƣƽ ơaƹbƣƢƺƹƣƣiƿƩƣƽ ǀƾiƹƨ
ƿƩƣ ƾiƸƻlƣǃ ƸƣƿƩƺƢ [ᇸᇺ] ƺƽ ƿƩƣ CƩƣƽƹikƺǁa alƨƺƽiƿƩƸ [ᇵᇹ, ᇸᇲ].
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ᇳ Raiƾiƹƨ

ᇴ TƽaƹƾƤƺƽƸaƿiƺƹ

ᇵ CƺƢƣ Gƣƹƣƽaƿiƺƹ

ᇳ for (i = 0; i <= N; ++i)
ᇴ for (j = 0; j <= M; ++j)
ᇵ S(i, j);

(a) Iƹƻǀƿ SƻƞƻiƠ CƶƵƻƹƶƳ Pƞƹƻ. Lƺƺƻ bƺǀƹƢƾ aƽƣ afƧiƹƣ ƣǃƻƽƣƾƾiƺƹƾ ƺƤ ƺǀƿƣƽ lƺƺƻ iƿƣƽ-
aƿƺƽƾ ƺƽ ơƺƹƾƿaƹƿ ƻaƽaƸƣƿƣƽƾ. (Sƣƣ DƣƧiƹiƿiƺƹ ᇳᇳ)

0 N

0

M

Din

(

N

M

)

=

{(

i

j

)

∈ Q2

∣

∣

∣

∣

∣

0 ≤ i ≤ N,

0 ≤ j ≤M

}

(b)MaƿƩƣƸaƿiơalRƣƻƽƣƾƣƹƿaƿiƺƹ. PƺlǄƩƣƢƽƺƹDin ƽƣƻƽƣƾƣƹƿƾ ƿƩƣ ƩƻƢƹƞƻƩƶƵơƶƴƞƩƵ
(ƾƣƣ DƣƧiƹiƿiƺƹ ᇳᇶ) ƺƤ ƾƿaƿƣƸƣƹƿ S.

0 N N +M

0

M

Dout

(

N

M

)

=















































(

c1
c2

)

∈Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1

c1 ≤ N + M

0 ≤ c2

c1−N ≤ c2

c2 ≤M

c2 ≤ c1















































(ơ) MaƿƩƣƸaƿiơal TƽaƹƾƤƺƽƸaƿiƺƹ. Fƺƽ iƹƾƿaƹơƣ, ƾkƣǂiƹƨ ơaƹ bƣ aƻƻliƣƢ ƿƺ Din.
TƩiƾ ƽƣƾǀlƿƾ iƹDout.

ᇳ for (c1 = 0; c1 <= N+M; c1++)
ᇴ for (c2 = max(0, c1-N); c2<= min(M, c1); c2++)
ᇵ S(c1 - c2, c2);

(Ƣ)OǀƿƻǀƿCƺƢƣ. Aƹƣǂ ơƺƢƣ iƾ ƨƣƹƣƽaƿƣƢ. Iƿ ƾơaƹƾ ƿƩƣ iƹƿƣƨƣƽ ƻƺiƹƿƾ ƺƤ ƻƺlǄƩƣƢƽƺƹ
Dout.

Fiƨǀƽƣ ᇴ.ᇳ – PƺlǄƩƣƢƽal MƺƢƣl Oǁƣƽǁiƣǂ. Fiƽƾƿ, aƹ iƹƻǀƿ SCƺP iƾ aƹalǄǅƣƢ
aƹƢ ƽƣƻƽƣƾƣƹƿƣƢ aƾ a ǀƹiƺƹ ƺƤ ƻƺlǄƩƣƢƽa. Nƣǃƿ, ǁaƽiƺǀƾ ƸaƿƩƣƸaƿiơal ƿƽaƹƾ-
ƤƺƽƸaƿiƺƹƾ ƸaǄ bƣ aƻƻliƣƢ ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ ƺƻƿiƸiǅaƿiƺƹ ƨƺalƾ. LaƾƿlǄ, a
ƹƣǂ ơƺƢƣ ƿƩaƿ ƾơaƹƾ ƿƩƣ ƽƣƾǀlƿiƹƨ ǀƹiƺƹ ƺƤ ƻƺlǄƩƣƢƽa iƾ ƨƣƹƣƽaƿƣƢ.
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Defiءitiءآ ᇵ (HƺƸƺƨƣƹƣƺǀƾ ƽƣƻƽƣƾƣƹƿaƿiƺƹ). TƩƣ ƨƶƴƶƧƢƵƢƶƼƺ ƣƶƹƴ P̂ ƺƤ
a d-ƷƶƳǀƨƢơƹƶƵP iƾ ƿƩƣ ƽƣƾǀlƿ ƺƤ ƿƩƣ aƻƻliơaƿiƺƹ ƺƤ ƿƩƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ x →




ξx

ξ



 ƿƺP :

P̂ =











ξx

ξ



 ∈ Qd+1

∣

∣

∣

∣

∣

∣

B̂





ξx

ξ



 = 0, Ĉ





ξx

ξ



 ≥ 0







(ᇴ.ᇵ)

ǂƩƣƽƣ B̂ = [B | − b] aƹƢ Ĉ =





C −c

0 . . . 0 1



.

TƩƣ ƺƽiƨiƹal ƻƺlǄƩƣƢƽƺƹP iƾ ƿƩƣ ƽƣƾǀlƿ ƺƤ ƿƩƣ iƹƿƣƽƾƣơƿiƺƹ ƺƤ P̂ ǂiƿƩ ƿƩƣ
ξ = 1 ƩǄƻƣƽƻlaƹƣ:

[

B −b
]





x

1



 = 0,





A −a

0 . . . 0 1









x

1



 ≥ 0⇔ Bx = b, Cx ≥ c

TƩiƾ ƿƽaƹƾƤƺƽƸaƿiƺƹ ơaƹ alƾƺ bƣ aƻƻliƣƢ ƿƺ ƿƩƣ ƣǃƻliơiƿ ƽƣƻƽƣƾƣƹƿaƿiƺƹ aƹƢ
ƽƣƾǀlƿƾ iƹ ƿƩƣ ƩƺƸƺƨƣƹƣƺǀƾ ƤƺƽƸ ƺƤ ƿƩƣMiƹkƺǂƾki ƽƣƻƽƣƾƣƹƿaƿiƺƹ aƾ a ơƺƹƣ,
ƿƽaƹƾƤƺƽƸiƹƨ ƿƩƣ ǁƣƽƿiơƣƾ iƹƿƺ ƽaǄƾ:

P̂=











ξx

ξ



∈Qd+1

∣

∣

∣

∣

∣

∣





ξ

ξ



= L̂λ′+R̂µ, ∀λ, ∀µ ≥ 0,







(ᇴ.ᇶ)

ǂƩƣƽƣ L̂ =





L

0 . . . 0



 aƹƢ R̂ =





R V

0 . . . 0 1 . . . 1





Exa؟أؠe ᇳ. CƺƹƾiƢƣƽ ƿƩƣ 3-ƻƺlǄƩƣƢƽƺƹP0
ᇶᇶ Nƺƿƣ ƿƩaƿ ǂƣ

iƹƿƽƺƢǀơƣ Ʃƣƽƣ aƹ
ƣƼǀiǁalƣƹƿ,

ƨƼƴƞƵ-ƣƹƩƢƵơƳǀ,
ƹƺƿaƿiƺƹ. Wƣ ǂill

ƻƽiǁilƣƨƣ ƿƩiƾ
ƽƣƻƽƣƾƣƹƿaƿiƺƹ aƾ ƺƤƿƣƹ

aƾ ƻƺƾƾiblƣ.

:

P0 =

































x

y

z











∈ Q3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ x ≤ 20,

0 ≤ y ≤ 7,

10 ≤ z ≤ 10,























(ᇴ.ᇷ)

TƩiƾ ƻƺlǄƩƣƢƽƺƹ, aƾ illǀƾƿƽaƿƣƢ iƹ Fiƨǀƽƣ ᇴ.ᇴ, iƾ a ƽƣơƿaƹƨlƣ ƺƹ ƿƩƣ z = 10

ƻlaƹƣ. Hƣƹơƣ, iƿƾ iƸƻliơiƿ ƽƣƻƽƣƾƣƹƿaƿiƺƹ ơaƹbƣ ƣǃƻƽƣƾƾƣƢ bƺƿƩǂiƿƩ iƸƻliơiƿ
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ƣƼǀaliƿiƣƾ aƾ iƹ EƼǀaƿiƺƹ (ᇴ.ᇸ) ƺƽ ǂiƿƩ ƣǃƻliơiƿ ƣƼǀaliƿiƣƾ aƾ iƹ EƼǀaƿiƺƹ (ᇴ.ᇹ):

P0 = iƸƻliơiƿ ƣƼǀaliƿiƣƾ

































































x

y

z











∈ Q3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣





























1 0 0

−1 0 0

0 1 0

0 −1 0

0 0 1

0 0 −1







































x

y

z











≥





























0

−20

0

−7

10

−10



















































































(ᇴ.ᇸ)

= ƣǃƻliơiƿ ƣƼǀaliƿiƣƾ
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(ᇴ.ᇹ)

TƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ƩƺƸƺƨƣƹƣƺǀƾ ƽƣƻƽƣƾƣƹƿaƿiƺƹ (ǂiƿƩ iƸƻliơiƿ ƣƼǀaliƿ-
iƣƾ) ǀƾiƹƨ a ƾiƹƨlƣ ơƺƹƾƿƽaiƹƿƾ Ƹaƿƽiǃ iƾ:
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(ᇴ.ᇺ)

ᇴ.ᇳ.ᇴ IƹơiƢƣƹơƣMaƿƽiǃ

Defiءitiءآᇶ (Saƿǀƽaƿiƺƹ). A liƹƣ ƺƽ ƽaǄ r ƺƤ ƿƩƣ ƣǃƻliơiƿ ƩƺƸƺƨƣƹƣƺǀƾ ƤƺƽƸ
ƺƤ a d-ƻƺlǄƩƣƢƽƺƹ P̂ ƾaƿǀƽaƿƣƾ a ơƺƹƾƿƽaiƹƿ c (c ∈ B̂ ƺƽ c ∈ Ĉ) ƤƽƺƸ ƿƩƣ
iƸƻliơiƿ ƩƺƸƺƨƣƹƣƺǀƾ ƤƺƽƸ ƺƤ P̂ iƤ c · r = 0.

WƩƣƹ a ƽaǄ ƾaƿǀƽaƿƣƾ a ơƺƹƾƿƽaiƹƿ, iƿƸƣaƹƾ iƿ liƣƾ ƺƹ ƿƩƣ Ƥaơƣƿ ƺƤ ƿƩƣ ƻƺlǄ-
ƩƣƢƽƺƹ liƸiƿƣƢ bǄ ƿƩiƾ ơƺƹƾƿƽaiƹƿ.
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0 x20

z

10

y

7

Fiƨǀƽƣ ᇴ.ᇴ – ᇵD Rƣƻƽƣƾƣƹƿaƿiƺƹ OƤ PƺlǄƩƣƢƽƺƹ P0. Iƿ iƾ ƢƣƧiƹƣƢ aƾ a 3-
ƻƺlǄƩƣƢƽƺƹ bǀƿ ƿƩƣ ƽƣƾǀlƿiƹƨ ƻƺlǄƩƣƢƽƺƹ iƾ a ᇴD ƽƣơƿaƹƨlƣ ƺƹ ƿƩƣ z = 10
ƻlaƹƣ.

Defiءitiءآ ᇷ (IƹơiƢƣƹơƣƸaƿƽiǃ). TƩƣ iƹơiƢƣƹơƣƸaƿƽiǃS iƾ a bƺƺlƣaƹƸaƿ-
ƽiǃ ǂƩƣƽƣ ƽƺǂƾ ơƺƽƽƣƾƻƺƹƢ ƿƺ ơƺƹƾƿƽaiƹƿƾ (liƹƣƾ ƤƽƺƸ Â aƹƢ B̂ ƤƽƺƸ EƼǀa-
ƿiƺƹ (ᇴ.ᇵ)) aƹƢ ơƺlǀƸƹƾ ơƺƽƽƣƾƻƺƹƢ ƿƺ liƹƣƾ aƹƢ ƽaǄƾ (liƹƣƾ ƤƽƺƸ L̂ aƹƢ R̂

ƤƽƺƸ EƼǀaƿiƺƹ (ᇴ.ᇶ)). EaơƩ ƣlƣƸƣƹƿ Si,j ∈ S iƾ ƿƩƣ bƺƺlƣaƹ ǁalǀƣ ǂƩiơƩ
iƹƢiơaƿƣƾ ǂƩƣƿƩƣƽ a liƹƣ ƺƽ ƽaǄ rj ƾaƿǀƽaƿƣƾ aƾ ơƺƹƾƿƽaiƹƿ ci:

Si,j =







1 iƤ ci · rj = 0,

0 ƺƿƩƣƽǂiƾƣ.
(ᇴ.ᇻ)

TƩƣ iƹơiƢƣƹơƣ Ƹaƿƽiǃ ƿƣllƾ ǂƩiơƩ iƹƿƣƽƾƣơƿiƺƹ ƺƤ ơƺƹƾƿƽaiƹƿƾ (aƾ ƣƼǀaliƿ-
iƣƾ) ƨƣƹƣƽaƿƣ a ƽaǄ, aƹƢ ǂƩiơƩ ƽaǄƾ liƣ ƺƹ ƿƩƣ Ƥaơƣƿ ơƺƽƽƣƾƻƺƹƢiƹƨ ƿƺ a ơƺƹ-
ƾƿƽaiƹƿ.

ᇴ.ᇳ.ᇵ Faơƣƾ AƹƢ k-Ƥaơƣƾ
Defiءitiءآ ᇸ (Sǀƻƻƺƽƿiƹƨ ƩǄƻƣƽƻlaƹƣ). Aƹ ƩǄƻƣƽƻlaƹƣ ƺƤ ƢiƸƣƹƾiƺƹ d−1

ǂƩiơƩ iƹƿƣƽƾƣơƿƾ ƿƩƣ Ʃǀll ƺƤ a d-ƻƺlǄƩƣƢƽƺƹD ǂiƿƩƺǀƿ iƹƿƣƽƾƣơƿiƹƨ iƿƾ ƽƣlaƿ-
iǁƣ iƹƿƣƽiƺƽ iƾ a ƺƼƷƷƶƹƻƩƵƧ ƨǀƷƢƹƷƳƞƵƢ ƺƤD.

Defiءitiءآ ᇹ (Faơƣ). A Ƥaơƣ ƺƤ a ƻƺlǄƩƣƢƽƺƹD iƾ ƿƩƣ iƹƿƣƽƾƣơƿiƺƹ ƺƤD aƹƢ
a ƾǀƻƻƺƽƿiƹƨ ƩǄƻƣƽƻlaƹƣ ƺƤD.

Defiءitiءآ ᇺ (k-Ƥaơƣ). A Ƥaơƣ ƺƤ a ƻƺlǄƩƣƢƽƺƹD iƾ ơallƣƢ a k-Ƥaơƣ iƤ iƿ iƾ a
k-ƻƺlǄƩƣƢƽƺƹ.
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Mƺƽƣ ƾƻƣơiƧiơallǄ, ƿƩƣ0-Ƥaơƣƾ ƺƤ ad-ƻƺlǄƩƣƢƽƺƹaƽƣ iƿƾ ƽƢƹƻƩƠƢƺ aƹƢ ƿƩƣ (d−1)-Ƥaơƣƾ
iƿƾ ƣƞƠƢƻƺ.

Exa؟أؠe ᇴ. CƺƹƾiƢƣƽ ƿƩƣ 3-ƻƺlǄƩƣƢƽƺƹ Pk (a ƿƣƿƽaƩƣƢƽƺƹ) aƾ ƢƣƾơƽibƣƢ iƹ
EƼǀaƿiƺƹ (ᇴ.ᇳᇲ):
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(ᇴ.ᇳᇲ)

TƩiƾ 3-ƻƺlǄƩƣƢƽƺƹ Ʃaƾ Ƥƺǀƽ 2-Ƥaơƣƾ (iƿƾ ƣƞƠƢƻƺ), ƾiǃ 1-Ƥaơƣƾ (iƿƾ ƢơƧƢƺ) aƹƢ
Ƥƺǀƽ 0-Ƥaơƣƾ (iƿƾ ƽƢƹƻƩƠƢƺ). TƩƣ Ƥƺǀƽ ƣƞƠƢƻƺ (f1 ƿƺ f4) ƺƤPk ơaƹ bƣ ƢƣƾơƽibƣƢ aƾ:
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10

10
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z
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f1 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

0 ≤ x ≤ 10, y = 0,
x

2
≤ z ≤ 10−

x

2

}

f2 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

0 ≤ y ≤ 10, x = 0,
y

2
≤ z ≤ 10−

y

2

}

f3 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x + y = 10, 5 ≤ z ≤ 10
}

f4 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x + y = 10, 0 ≤ z ≤ 5
}

TƩƣ ƾiǃ ƢơƧƢƺ

x

z

y
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10
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(e1 ƿƺ e6) ơaƹ bƣ ƣǃƻƽƣƾƾƣƢ aƾ Ƥƺllƺǂƾ:

e1 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z = 10−
y

2
, 0 ≤ y ≤ 10, x = 0

}

e2 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 0, 0 ≤ z ≤ 10
}

e3 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z = 10−
x

2
, 0 ≤ x ≤ 10, y = 0

}

e4 =
{

(x, y, z) ∈ Q3
∣

∣

∣ z = 5, x + y = 10
}

e5 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z =
y

2
, 0 ≤ y ≤ 10, x = 0

}

e6 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z =
x

2
, 0 ≤ x ≤ 10, y = 0

}
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FiƹallǄ, ƿƩƣ Ƥƺǀƽ ƽƢƹƻƩƠƢƺ
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(v1 ƿƺ v4) aƽƣ:

v1 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 0, z = 10
}

v2 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 10, z = 5
}

v3 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 10, y = 0, z = 5
}

v4 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 0, z = 0
}

ᇴ.ᇳ.ᇶ PaƽaƸƣƿƽiơ PƺlǄƩƣƢƽa
Defiءitiءآ ᇻ (PaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ). AƻaƽaƸƣƿƽiơ d-ƷƶƳǀƨƢơƹƶƵD(p) iƾ
a ƻƺlǄƩƣƢƽƺƹ ǂƩƣƽƣ ƿƩƣ ơƺƹƾƿaƹƿ ƻaƽƿ liƹƣaƽlǄ ƢƣƻƣƹƢƾ ƺƹ m ƻaƽaƸƣƿƣƽƾ:

D(p) =
{

x ∈ Qd
∣

∣

∣Ax ≥ A′p + a
}

(ᇴ.ᇳᇳ)

ǂƩƣƽƣ A ∈ Zn×d, A′ ∈ Zn×m, p ∈ Zm aƹƢ a ∈ Zn.

Defiءitiءآ ᇳᇲ (CƺƸbiƹƣƢ ƻƺlǄƩƣƢƽƺƹ). A ƻaƽaƸƣƿƽiơ d-ƷƶƳǀƨƢơƹƶƵ D(p)

ǂiƿƩ m ƻaƽaƸƣƿƣƽƾ ơaƹ bƣ ƽƣƻƽƣƾƣƹƿƣƢ aƾ a ƹƺƹ-ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ, ƺƽ
ƠƶƴƟƩƵƢơ ƷƶƳǀƨƢơƹƶƵ,D′ iƹ ƿƩƣ ƠƶƴƟƩƵƢơ ƾƻaơƣQd+m:

D′ =











x

p



 ∈ Qd+m

∣

∣

∣

∣

∣

∣

[

A −A′
]





x

p



 ≥ a







(ᇴ.ᇳᇴ)

TƩƣ iƹƿƣƽƾƣơƿiƺƹ ƺƤ ƿƩƣ ơƺƸbiƹƣƢ ƻƺlǄƩƣƢƽƺƹ ǂiƿƩ a ƩǄƻƣƽƻlaƹƣ ơǀƿƿiƹƨ
ƿƩƣ ƻaƽaƸƣƿƣƽ ƾƻaơƣ (ǂiƿƩ a ƨiǁƣƹ ǁalǀƣ ƺƤ p) iƾ ƣƼǀiǁalƣƹƿ ƿƺ ƿƩƣ iƹƾƿaƹơi-
aƿiƺƹ ƺƤ ƿƩƣ ƻaƽaƸƣƿƣƽ p.

ᇴ.ᇳ.ᇷ Sƿaƿiơ Cƺƹƿƽƺl Paƽƿ
Defiءitiءآ ᇳᇳ (Sƿaƿiơ Cƺƹƿƽƺl Paƽƿ). A SƻƞƻƩƠ CƶƵƻƹƶƳ Pƞƹƻ ƺƽ SCƺP iƾ a ƾƣƿ ƺƤ
ƻƽƺƨƽaƸ ƾƿaƿƣƸƣƹƿƾ ǂƩƣƽƣ lƺƺƻ bƺǀƹƢƾ, ơƺƹƢiƿiƺƹalƾ aƹƢ Ƣaƿa aơơƣƾƾƣƾ aƽƣ
afƧiƹƣ ƣǃƻƽƣƾƾiƺƹƾ ƺƤ ƺǀƿƣƽ lƺƺƻ iƹƢiơƣƾ ƺƽ ơƺƹƾƿaƹƿ ƻaƽaƸƣƿƣƽƾ.

Exa؟أؠe ᇵ. Liƾƿiƹƨ ᇴ.ᇳ ƻƽƺǁiƢƣƾ aƹ ƣǃaƸƻlƣ ƺƤ a SCƺP. SƿaƿƣƸƣƹƿ S1 iƾ ƣƹ-
ơlƺƾƣƢ iƹ ƿǂƺ ƹƣƾƿƣƢ lƺƺƻƾ ƺǁƣƽ iƿƣƽaƿƺƽƾ i aƹƢ j. All lƺƺƻ bƺǀƹƢƾ aƹƢ aƽƽaǄ
aơơƣƾƾƣƾ aƽƣ afƧiƹƣ ƤƺƽƸƾ ƺƤ ƺǀƿƣƽ lƺƺƻ iƹƢiơƣƾ ƺƽ ơƺƹƾƿaƹƿ ƻaƽaƸƣƿƣƽƾ (N aƹƢ
M).
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ᇳ for (i = 0; i < N; ++i)
ᇴ for (j = 0; j < M; ++j)
ᇵ S1: A[j] = A[j] + B[i];

Liƾƿiƹƨ ᇴ.ᇳ – SiƸƻlƣ SCƺP EǃaƸƻlƣ

ᇴ.ᇳ.ᇸ Iƿƣƽaƿiƺƹ DƺƸaiƹ

Defiءitiءآ ᇳᇴ (SƿaƿƣƸƣƹƿ iƹƾƿaƹơƣ). SƿaƿƣƸƣƹƿƾ ǂiƿƩiƹ lƺƺƻ ƹƣƾƿƾ ƸaǄ bƣ
ƣǃƣơǀƿƣƢƸƺƽƣ ƿƩaƹƺƹơƣ. A ƺƻƞƻƢƴƢƵƻ ƩƵƺƻƞƵƠƢ iƾ a ƨiǁƣƹƣǃƣơǀƿiƺƹƺƤ a ƾƿaƿƣ-
Ƹƣƹƿ. Iƿ ơƺƽƽƣƾƻƺƹƢƾ ƿƺ ƾƺƸƣ ƨiǁƣƹ ǁalǀƣƾ ƺƤ ƿƩƣ ƣƹơlƺƾiƹƨ lƺƺƻ iƿƣƽaƿƺƽƾ.

Defiءitiءآᇳᇵ (Iƿƣƽaƿiƺƹǁƣơƿƺƽ). Aƨiǁƣƹ ƺƻƞƻƢƴƢƵƻ ƩƵƺƻƞƵƠƢ iƾ ǀƹiƼǀƣlǄ iƢƣƹ-
ƿiƧiƣƢ bǄ iƿƾ ƩƻƢƹƞƻƩƶƵ ƽƢƠƻƶƹ: iƿ ơƺƹƾiƾƿƾ ƺƤ ƿƩƣ iƿƣƽaƿƺƽ ǁalǀƣƾ ƺƤ ƿƩƣ ƾǀƽƽƺǀƹƢ-
iƹƨ lƺƺƻƾ.

Exa؟أؠe ᇶ. SƿaƿƣƸƣƹƿ S1 ƤƽƺƸ Liƾƿiƹƨ ᇴ.ᇳ iƾ lƺơaƿƣƢ iƹ ƿƩƣ bƺƢǄ ƺƤ a lƺƺƻ
ƹƣƾƿ ƺƤ ƢiƸƣƹƾiƺƹ ᇴ. Hƣƹơƣ, ƩƻƢƹƞƻƩƶƵ ƽƢƠƻƶƹƺ ƺƤ ƾƿaƿƣƸƣƹƿ S1 Ʃaǁƣ ƿǂƺ ơƺƸ-
ƻƺƹƣƹƿƾ. TƩƣƽƣ aƽƣN×M Ƣiƾƿiƹơƿ iƹƾƿaƹơƣƾ ƺƤ ƾƿaƿƣƸƣƹƿ S1 ƤƽƺƸLiƾƿiƹƨ ᇴ.ᇳ.

AƾƾǀƸiƹƨ ƿƩaƿN ≥ 1 aƹƢM ≥ 2,




0

0



,




0

1



 ƺƽ




0

M − 1



 aƽƣ ǁaliƢ ƩƻƢƹƞ-

ƻƩƶƵ ƽƢƠƻƶƹƺ Ƥƺƽ ƾƿaƿƣƸƣƹƿ S1 ǂƩƣƽƣaƾ




0

M + 2



 iƾ ƹƺƿ a ƻƺƾƾiblƣ ƺƻƞƻƢƴƢƵƻ

ƩƵƺƻƞƵƠƢ ƺƤ S1.

Defiءitiءآ ᇳᇶ (Iƿƣƽaƿiƺƹ ƢƺƸaiƹ). TƩƣ ƩƻƢƹƞƻƩƶƵ ơƶƴƞƩƵ DS(~p) ƺƤ a ƾƿaƿƣ-
Ƹƣƹƿ S iƾ ƿƩƣ ƾƣƿ ƺƤ iƿƾ ƻƺƾƾiblƣ iƿƣƽaƿiƺƹ ǁƣơƿƺƽƾ. Iƿ ƸaǄ ƢƣƻƣƹƢ ƺƹ ƧiǃƣƢ Ǆƣƿ
ǀƹkƹƺǂƹ ǁalǀƣƾ ƺƽ ƷƞƹƞƴƢƻƢƹƺ. TƩiƾ ƾƣƿ ơaƹ bƣ ƽƣƻƽƣƾƣƹƿƣƢ aƾ ƿƩƣ iƹƿƣƨƣƽ
ƻƺiƹƿƾ ƺƤ a ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ:

DS(~p) =



















~ıS

∣

∣

∣

∣

∣

∣

∣

∣

∣

DS











~ıS

~p

1











≥ ~0



















(ᇴ.ᇳᇵ)

ǂƩƣƽƣ ~p iƾ ƿƩƣ ǁƣơƿƺƽ ƺƤ ƻaƽaƸƣƿƣƽƾ,~ıS ∈ Zdim(~ıS) ƾƿaƹƢƾ Ƥƺƽ aƹ iƿƣƽaƿiƺƹ ǁƣơ-
ƿƺƽ ƺƤ ƾƿaƿƣƸƣƹƿ S, aƹƢDS ∈ ZmDS

×(dim(~ıS)+dim(~p)+1) —ǂƩƣƽƣmDS
iƾ ƿƩƣ

ƹǀƸbƣƽ ƺƤ ơƺƹƾƿƽaiƹƿƾ— iƾ aƹ iƹƿƣƨƣƽ Ƹaƿƽiǃ ƿƩaƿ ƣƹơƺƢƣƾ ƿƩƣ ơƺƹƾƿƽaiƹƿƾ.
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Exa؟أؠe ᇷ. TƩƣ iƿƣƽaƿiƺƹ ƢƺƸaiƹDS1 Ƥƺƽ ƾƿaƿƣƸƣƹƿ S1 ƤƽƺƸ Liƾƿiƹƨ ᇴ.ᇳ iƾ:

0 N

0

M

DS1





N

M



 =











i

j





∣

∣

∣

∣

∣

∣

0 ≤ i < N

0 ≤ j < M







(ᇴ.ᇳᇶ)

Hƣƽƣ, ƿƩƣ iƿƣƽaƿiƺƹ ǁƣơƿƺƽ~ıS1 iƾ ơƺƸƻƺƾƣƢ ƺƤ ƿƩƣ ƿǂƺ lƺƺƻ iƹƢiơƣƾ (i, j) aƹƢ
ƿƩƣ ǁƣơƿƺƽ ƺƤ ƻaƽaƸƣƿƣƽƾ ~p ƺƤ ƿƩƣ ƿǂƺ ǀƹkƹƺǂƹ ƻƽƺƨƽaƸ ǁaƽiablƣƾ (N, M).

ᇴ.ᇳ.ᇹ Rƣlaƿiƺƹ

Defiءitiءآ ᇳᇷ. A ƽƣlaƿiƺƹ R : E → F iƾ a ƾǀbƾƣƿ G ⊆ E×F . x ∈ E iƾ
ƾaiƢ ƿƺ bƣ ƽƣlaƿƣƢ ǂiƿƩ y ∈ F iƤ (x, y) ∈ G. Iƿ iƾ ơƺƸƸƺƹlǄ ƹƺƿƣƢ ᇷᇷ ƿƩƣ ƻƺƾƿƧiǃ ƹƺƿaƿiƺƹ

x y R ơaƹ alƾƺ bƣ ǀƾƣƢ
bǀƿ iƾ ƾƣlƢƺƸ ƾƣƣƹ

x R y

ƺƽ R x y.

Exa؟أؠe ᇸ. Lƣƿ R bƣ ƿƩƣ ƽƣlaƿiƺƹ bƣƿǂƣƣƹ ƿǂƺ ƾƣƿƾ E = {1, 2, 3, 4} aƹƢ
F = {2, 3, 4, 5} ƾǀơƩ ƿƩaƿ x R y (x ∈ E, y ∈ F ) iƤ x < y:

R =











x

y



 ∈ E×F

∣

∣

∣

∣

∣

∣

x < y, x ∈ E, y ∈ F







(ᇴ.ᇳᇷ)

TƩiƾ ƽƣlaƿiƺƹ ơaƹ bƣ ƣǃƻƽƣƾƾƣƢ aƾ a ƻƺlǄƩƣƢƽƺƹ ǂƩƣƽƣ ƣaơƩ iƹƿƣƨƣƽ ƻƺiƹƿ




x

y



 ƺƤ ƿƩƣ ƻƺlǄƩƣƢƽƺƹ ơƺƽƽƣƾƻƺƹƢƾ ƿƺ a ƽƣlaƿiƺƹ x R y ƺƤ R : E → F :

1 4

2

5

R =











































x→ y

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣























1 0 −1

−1 0 4

0 1 −2

0 −1 5

−1 1 1

































x

y

1











≥ 0











































(ᇴ.ᇳᇸ)

ᇴ.ᇳ.ᇺ DƣƻƣƹƢƣƹơƣ Rƣlaƿiƺƹ

Defiءitiءآ ᇳᇸ (DƣƻƣƹƢƣƹơƣ ƽƣlaƿiƺƹ). DƣƻƣƹƢƣƹơƣƾbƣƿǂƣƣƹ ƾƿaƿƣƸƣƹƿ iƹ-
ƾƿaƹơƣƾ ƺƤ a ƾƺǀƽơƣ ƾƿaƿƣƸƣƹƿ S aƹƢ a ƿaƽƨƣƿ ƾƿaƿƣƸƣƹƿ T ơaƹ bƣ ƽƣƻƽƣƾƣƹƿƣƢ
aƾ a ƽƣlaƿiƺƹ bƣƿǂƣƣƹ ƩƻƢƹƞƻƩƶƵ ƽƢƠƻƶƹƺ. EaơƩ iƹƿƣƨƣƽ ƻƺiƹƿ iƹ ƿƩƣ ƻƺlǄƩƣƢƽƺƹ
aƾƾƺơiaƿƣƢǂiƿƩ ƿƩƣ ƽƣlaƿiƺƹ ƾiƨƹiƧiƣƾ ƿƩaƿ ƿƩƣƽƣ iƾ a ƢƣƻƣƹƢƣƹơǄ bƣƿǂƣƣƹ ƿƩƣ
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ơƺƽƽƣƾƻƺƹƢiƹƨ iƹƻǀƿ aƹƢ ƺǀƿƻǀƿ ƩƻƢƹƞƻƩƶƵ ƽƢƠƻƶƹƺ. SǀơƩ a ƻƺlǄƩƣƢƽƺƹ ơaƹ bƣ
ƢƣƧiƹƣƢ bǄ ƿƩƣ Ƥƺllƺǂiƹƨ ƽƣlaƿiƺƹ:

δS,T (~p) =































~ıS → ~ıT

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

RS,T

















~ıS

~ıT

~p

1

















≥ ~0































(ᇴ.ᇳᇹ)

Defiءitiءآ ᇳᇹ (DƣƻƣƹƢƣƹơƣ ƨƽaƻƩ). DƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ ƺƻƞƻƢƴƢƵƻ ƩƵ-
ƺƻƞƵƠƢƺ ơaƹ bƣ ƽƣƻƽƣƾƣƹƿƣƢ ǂiƿƩ ƢiƽƣơƿƣƢ ƨƽaƻƩƾ: ƣaơƩ ǁƣƽƿƣǃ iƾ aƾƾƺơiaƿƣƢ
ǂiƿƩ a ƻƽƺƨƽaƸ ƾƿaƿƣƸƣƹƿ aƹƢ labƣlƣƢ ǂiƿƩ iƿƾ ƩƻƢƹƞƻƩƶƵ ơƶƴƞƩƵ ǂƩilƣ ƣƢƨƣƾ
ƾǄƸbƺliǅƣ aƹƣǃiƾƿiƹƨƢƣƻƣƹƢƣƹơƣ ƽƣlaƿiƺƹbƣƿǂƣƣƹ ƿǂƺƻƽƺƨƽaƸƾƿaƿƣƸƣƹƿƾ
aƹƢ aƽƣ labƣllƣƢ ǂiƿƩ ƿƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ƢƣƻƣƹƢƣƹơƣ ƽƣlaƿiƺƹ.

Exa؟أؠe ᇹ. Fƺƽ ƿƩƣ SCƺP ƣǃaƸƻlƣ iƹ Liƾƿiƹƨ ᇴ.ᇳ ƿƩƣƽƣ iƾ a ƢƣƻƣƹƢƣƹơǄ Ƣǀƣ ƿƺ
ƿƩƣ ơƺƹƾƣơǀƿiǁƣ aơơƣƾƾƣƾ ƿƺ aƽƽaǄ A, ƤƽƺƸ iƿƣƽaƿiƺƹ (i, j) ƿƺ iƿƣƽaƿiƺƹ (i′, j′),
ǂƩƣƹ i < i′ aƹƢ j = j′. TƩƣ ƢƣƻƣƹƢƣƹơƣ ƽƣlaƿiƺƹ ơaƹ bƣ ƣǃƻƽƣƾƾƣƢ aƾ:

DS1

δS1,S1

δS1,S1(~p) =











i

j



→





i′

j′





∣

∣

∣

∣

∣

∣

i < i′

j = j′







(ᇴ.ᇳᇺ)

Exa؟أؠe ᇺ. CƺƹƾiƢƣƽ ƿƩƣ SCƺP ƨiǁƣƹ iƹ Liƾƿiƹƨ ᇴ.ᇴ. TƩƣƽƣ aƽƣ ƿǂƺ ƢƣƻƣƹƢ-
ƣƹơƣ ƽƣlaƿiƺƹƾ: a ƢƣƻƣƹƢƣƹơǄ bƣƿǂƣƣƹ iƹƾƿaƹơƣƾ ƺƤ S2 aƹƢ a ƢƣƻƣƹƢƣƹơǄ
bƣƿǂƣƣƹ iƹƾƿaƹơƣƾ ƺƤ S2 aƹƢ S3.

DS2

δS2,S2

DS3

δS2,S3δS2,S2(~p) =
{(

i
)

→
(

i′
) ∣

∣

∣ i = i′ − 1
}

(ᇴ.ᇳᇻ)

δS2,S3(~p) =
{(

i
)

→
(

i′
) ∣

∣

∣ i = i′
}

(ᇴ.ᇴᇲ)

ᇳ for (i = 1; i < N; ++i)
ᇴ S2: A[i] = A[i - 1] + B[i];

ᇵ for (i = 1; i < N; ++i)
ᇶ S3: C[i] = A[i] * D[i];

Liƾƿiƹƨ ᇴ.ᇴ – SiƸƻlƣ SCƺP
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ᇴ.ᇳ.ᇻ SơƩƣƢǀlƣ Rƣlaƿiƺƹ

Defiءitiءآ ᇳᇺ (SơƩƣƢǀlƣ ƽƣlaƿiƺƹ). SơƩƣƢǀlƣ ƽƣlaƿiƺƹƾ ƢƣƿƣƽƸiƹƣ ƿƩƣ ƿƣƸ-
ƻƺƽal ƺƽƢƣƽiƹƨ bƣƿǂƣƣƹ ƾƿaƿƣƸƣƹƿ iƹƾƿaƹơƣƾ. Tƺ Ƣƺ ƾƺ, ƣaơƩ iƹƾƿaƹơƣ ƺƤ a
ƾƿaƿƣƸƣƹƿ iƾ aƾƾƺơiaƿƣƢ ǂiƿƩ a lƺƨiơal Ƣaƿƣ~tS .

θS(~p) =































~ıS → ~tS

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

TS

















~ıS

~tS

~p

1

















≥ ~0































(ᇴ.ᇴᇳ)

SơƩƣƢǀlƣ ƽƣlaƿiƺƹƾ aƽƣ ǀƾƣƢ ƿƺ ƽƣƺƽƢƣƽ ƾƿaƿƣƸƣƹƿ iƹƾƿaƹơƣƾ. Fƺƽ ƣǃaƸƻlƣ,
ƻaƽallƣliǅiƹƨ SCƺPƾ aƸƺǀƹƿƾ ƿƺ ƢƣƿƣƽƸiƹiƹƨ a ƹƣǂ ƾơƩƣƢǀliƹƨ ǂƩƣƽƣ Ƹǀl-
ƿiƻlƣ ƾƿaƿƣƸƣƹƿ iƹƾƿaƹơƣƾ Ʃaǁƣ ƿƩƣ ƾaƸƣ lƺƨiơal Ƣaƿƣ (ƺƽ ǂƩƣƽƣ ƾƺƸƣ lƺƨiơal
Ƣaƿƣ ƢiƸƣƹƾiƺƹƾ aƽƣ iƢƣƹƿiƧiƣƢ aƾ ƻaƽallƣl) ǂƩilƣ ƣƹƾǀƽiƹƨ ƿƩaƿ all ƢƣƻƣƹƢ-
ƣƹơiƣƾ aƽƣ ƻƽƣƾƣƽǁƣƢ [ᇳᇻ, ᇵᇶ]. Eƹƾǀƽiƹƨ ƢƣƻƣƹƢƣƹơiƣƾ aƽƣ ƻƽƣƾƣƽǁƣƢ Ƹƣaƹƾ
ƣƹƾǀƽiƹƨ ƿƩaƿ all ǁƣơƿƺƽƾ ƺƤ ƿƩƣ ƾơƩƣƢǀlƣƢ (ƿƽaƹƾƤƺƽƸƣƢ bǄ ƿƩƣ ƾơƩƣƢǀliƹƨ
ƽƣlaƿiƺƹ) ƢƣƻƣƹƢƣƹơƣ ƽƣlaƿiƺƹƾ aƽƣ lƣǃiơƺƨƽaƻƩiơallǄ ƻƺƾiƿiǁƣ ǁƣơƿƺƽƾ.

ᇴ.ᇳ.ᇳᇲ CƺƢƣ Gƣƹƣƽaƿiƺƹ

TƩƣ laƾƿ ƾƿƣƻ ƺƤ ƿƩƣ ƻƺlǄƩƣƢƽal ơƺƸƻilaƿiƺƹ ƾơƩƣƸƣ iƾ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ. Oƹơƣ
a ƾơƩƣƢǀliƹƨ Ʃaƾ bƣƣƹ ƢƣơiƢƣƢ, ƿƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ơƺƢƣ ơaƹ bƣ ƨƣƹƣƽaƿƣƢ. A
ƻƺlǄƩƣƢƽal ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸ ƾƩall ƻƽƺƢǀơƣ a ơƺƢƣ ƿƩaƿ ƾơaƹƾ ƣaơƩ
ƻƺiƹƿ ƺƤ ƿƩƣ ƻƺlǄƩƣƢƽa iƹ ƿƩƣ ƻaƽƿial ƺƽƢƣƽ ƾƻƣơiƧiƣƢ bǄ ƿƩƣ ƹƣǂ ƾơƩƣƢǀl-
iƹƨ [ᇷᇶ, ᇺᇷ]. TƩƣ Ƹƺƾƿ ƽƣơƣƹƿ ƽƣƧiƹƣƸƣƹƿƾ ƿƺ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƽƺblƣƸ
ơaƹ bƣ ƤƺǀƹƢ iƹ CLƺƺG [ᇳᇳ] (ƤǀƽƿƩƣƽ ƢiƾơǀƾƾƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇴ ƺƤ CƩaƻƿƣƽ ᇶ),
CƺƢƣGƣƹ+ [ᇴᇵ] aƹƢ iƾl [ᇶᇸ].

ᇴ.ᇴ Paƽallƣl Eǃƣơǀƿiƺƹ PaƽaƢiƨƸƾ
OƹƣǂaǄ ƿƺ Ƣƣơƽƣaƾƣ ƿƩƣ ơƺƸƻǀƿƣ ƿiƸƣ ƺƤ a ƨiǁƣƹ ƣǃƣơǀƿƣƢ ơƺƢƣ iƾ ƿƺ ƣǃƣơǀƿƣ
iƹƾƿƽǀơƿiƺƹƾ ơƺƹơǀƽƽƣƹƿlǄ. Tǂƺ ƿƩiƹƨƾ aƽƣ ƹƣƣƢƣƢ Ƥƺƽ ơƺƹơǀƽƽƣƹƿ ƣǃƣơǀƿiƺƹ:
ƩaƽƢǂaƽƣ ơaƻablƣ ƺƤ ƻaƽallƣl ƣǃƣơǀƿiƺƹ aƹƢ ƾƺƤƿǂaƽƣ ƿƩaƿ ơaƹ ǀƾƣ ƿƩƣ ƻaƽal-
lƣl Ƥƣaƿǀƽƣƾ ƺƤ ƿƩiƾ ƩaƽƢǂaƽƣ. MaƹǄ aƽơƩiƿƣơƿǀƽƣƾ, ƸƺƢƣlƾ aƹƢ ƻƽƺƨƽaƸƸiƹƨ
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ƻaƽaƢiƨƸƾ Ʃaǁƣ bƣƣƹ ƻƽƺƻƺƾƣƢ ƿƺ ƿaơklƣ ƿƩiƾ ơƩallƣƹƨƣ.

ᇴ.ᇴ.ᇳ HaƽƢǂaƽƣ Caƻabiliƿiƣƾ Oǁƣƽǁiƣǂ
Mǀlƿiƻlƣ lƣǁƣlƾ ƺƤ ƻaƽallƣliƾƸ ơaƹ bƣ ƤƺǀƹƢ iƹ ƸƺƢƣƽƹ aƽơƩiƿƣơƿǀƽƣƾ:

WiƿƩiƹ Pƽƺơƣƾƾiƹƨ Uƹiƿƾ

Vƣơƿƺƽiǅaƿiƺƹ allƺǂƾ ƿƺ ƣǃƣơǀƿƣ ƺƹƣ iƹƾƿƽǀơƿiƺƹƺƹƸǀlƿiƻlƣ Ƣaƿa aƿ ƺƹơƣ. TƩƣ
Ƹƺƾƿ ơƺƸƸƺƹ ƤƺƽƸ ƤƺǀƹƢ iƹ CPUƾ aƽƣ SIMD (Siƹƨlƣ Iƹƾƿƽǀơƿiƺƹ, Mǀlƿiƻlƣ
Daƿa) ǁƣơƿƺƽƾ. Iƹƾƿƽǀơƿiƺƹ Piƻƣliƹiƹƨ aƿƿƣƸƻƿƾ ƿƺ ƽƣƢǀơƣ ƻƽƺơƣƾƾƺƽ iƢlƣƹƣƾƾ
bǄ ƢiǁiƢiƹƨ iƹƾƿƽǀơƿiƺƹƾ ƿƺ bƣ ƣǃƣơǀƿƣƢ iƹƿƺƸǀlƿiƻlƣ ƾƿaƨƣƾ. Oǀƿ-ƺƤ-ƺƽƢƣƽ ƣǃ-
ƣơǀƿiƺƹ allƺǂƾ a ƻƽƺơƣƾƾƺƽ ƿƺ ƽƣƺƽƢƣƽ ƾƺƸƣ iƹƾƿƽǀơƿiƺƹƾ ƢƣƻƣƹƢiƹƨ ƺƹ Ƣaƿa
aƹƢ ƣǃƣơǀƿiƺƹ ǀƹiƿƾ aǁailabiliƿǄ. VƢƹǀ LƶƵƧ IƵƺƻƹƼƠƻƩƶƵWƶƹơ (VLIW) iƹƾƿƽǀơ-
ƿiƺƹƾ ƣƹơƺƢƣ Ƹǀlƿiƻlƣ ƺƻƣƽaƿiƺƹƾ ƿƺ bƣ ƽǀƹ iƹ ƻaƽallƣl.

SǄƸƸƣƿƽiơ Mǀlƿiƻƽƺơƣƾƾiƹƨ

A ƾiƹƨlƣ ƻƽƺơƣƾƾƺƽ ơaƹ Ƥƣaƿǀƽƣ Ƹǀlƿiƻlƣ ƻƩǄƾiơal ơƺƽƣƾ (ƾƣƻaƽaƿƣ ƻƽƺơƣƾƾiƹƨ
ǀƹiƿƾ) aƹƢ ƸƺƿƩƣƽbƺaƽƢƾ ơaƹ Ʃƺƾƿ ƾƣǁƣƽal ƻƽƺơƣƾƾƺƽƾ. TƩƣ ƻƩǄƾiơal ơƺƽƣƾ iƹ
a CPU Ƣƺ ƹƺƿ ƹƣơƣƾƾaƽilǄ ƹƣƣƢ ƿƺ bƣ iƢƣƹƿiơal. Fƺƽ iƹƾƿaƹơƣ ARM biƨ.LITTLE
CPUƾ ơƺƹƾiƾƿ ƺƤ Ƹǀlƿiƻlƣ ơƺƽƣƾ ƤƽƺƸ ƿǂƺ ƢifƤƣƽƣƹƿ aƽơƩiƿƣơƿǀƽƣƾ (ƿƩƣ iƢƣa iƾ
ƿƺ ƾǂiƿơƩ bƣƿǂƣƣƹ ƻƺǂƣƽƤǀl ƺƽ ƣƹƣƽƨǄ-ƾaǁiƹƨ ơƺƽƣƾ ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ ǂƺƽk
lƺaƢ). CPUƾ ơaƹ alƾƺ iƹƿƣƨƽaƿƣ lƺƨiơal ơƺƽƣƾ ƿƩaƿ ƾƩaƽƣ ƿƩƣ ƾaƸƣ ƩaƽƢǂaƽƣ.

Aơơƣlƣƽaƿƺƽƾ

DƣƢiơaƿƣƢ ƾƻƣơialiǅƣƢǀƹiƿƾ ơaƹalƾƺbƣǀƾƣƢ ƿƺƺffƷƺaƢ ơƺƸƻǀƿaƿiƺƹƾ: GƽaƻƩiơ
PƽƺơƣƾƾiƹƨUƹiƿƾ (GPUƾ), Diƨiƿal Siƨƹal Pƽƺơƣƾƾƺƽƾ (DSPƾ), FiƣlƢ-PƽƺƨƽaƸƸablƣ
Gaƿƣ-AƽƽaǄƾ (FPGAƾ), Aƻƻliơaƿiƺƹ-SƻƣơiƧiơ IƹƿƣƨƽaƿƣƢCiƽơǀiƿƾ (ASICƾ) ƺƽ ƺƿƩƣƽ
aơơƣlƣƽaƿƺƽƾ. TƩƣƾƣ ƾƻƣơialiǅƣƢ ǀƹiƿƾ ơaƹ alƾƺ Ƥƣaƿǀƽƣ iƹƹƣƽ ƻaƽallƣliƾƸaƾ Ƣƣ-
ƾơƽibƣƢ ƻƽƣǁiƺǀƾlǄ.

DiƾƿƽibǀƿƣƢ ơƺƸƻǀƿiƹƨ

PaƽallƣliƾƸ ơaƹ alƾƺ bƣ aơƩiƣǁƣƢ bǄ ǀƾiƹƨ Ƹǀlƿiƻlƣ ơƺƸƻǀƿƣƽƾ aƹƢ Ƣiƾƿƽib-
ǀƿiƹƨ ǂƺƽk ƺǁƣƽ a ƹƣƿǂƺƽk. Iƹ ơƺƸƻǀƿƣƽ ơlǀƾƿƣƽƾ, ƹƺƢƣƾ ǂill ƣǃƣơǀƿƣ ƿƩƣ
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ƾaƸƣ ƿaƾk iƹ ƻaƽallƣl. ǂƩƣƽƣaƾ ƨƽiƢ ơƺƸƻǀƿƣƽƾ ǂill bƣ ƨiǁƣƹ ƢifƤƣƽƣƹƿ ƿaƾkƾ.
TƩƣ Ƹƺƾƿ ƻƺǂƣƽƤǀl kƹƺǂƹ ƾǀƻƣƽơƺƸƻǀƿƣƽƾ aƽƣ ơƺllƣơƿiƺƹƾ ƺƤ ƿƩƺǀƾaƹƢƾ ƺƤ
ƻƺǂƣƽƤǀl iƹƿƣƽơƺƹƹƣơƿƣƢ ơƺƸƻǀƿƣƽƾ.

TƩƣ ǂƺƽk ƻƽƣƾƣƹƿƣƢ iƹ ƿƩiƾ ƿƩƣƾiƾ ǂill ƸƺƾƿlǄ Ƥƺơǀƾ ƺƹ ƾƩaƽƣƢ ƸƣƸƺƽǄ
ƸǀlƿiƿƩƽƣaƢƣƢ ƣƹǁiƽƺƹƸƣƹƿƾ ǀƾǀallǄ ƾǀƻƻƺƽƿƣƢ bǄƸǀlƿi ơƺƽƣ aƹƢƸǀlƿi CPU
aƽơƩiƿƣơƿǀƽƣƾ.

ᇴ.ᇴ.ᇴ Paƽallƣl ƾƺƤƿǂaƽƣ ƢƣǁƣlƺƻƸƣƹƿ

DƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ ƿaƽƨƣƿ lƣǁƣl ƺƤ ƻaƽallƣliƾƸ, ƾƣǁƣƽal ǂaǄƾ ƿƺ iƸƻlƣƸƣƹƿ ƻaƽ-
allƣliƾƸ aƽƣ aƿ ƿƩƣ Ƣiƾƻƺƾal ƺƤ ƿƩƣ ƻƽƺƨƽaƸƸƣƽ.

TƩƣ Ƹƺƾƿ lƺǂ lƣǁƣl Ƥƣaƿǀƽƣƾ ƺƤ a ƻƽƺơƣƾƾiƹƨ ǀƹiƿ ǀƾǀallǄ ƽƣƼǀiƽƣ ƿƺ ǂƽiƿƣ
aƾƾƣƸblǄ ơƺƢƣ. HaƽƢǂaƽƣƸaƹǀƤaơƿǀƽƣƽƾƸaǄ alƾƺ ƻƽƺǁiƢƣ libƽaƽiƣƾ ƿƺ aơơƣƾƾ
ƾƻƣơiƧiơ Ƥƣaƿǀƽƣƾ ƺƤ ƿƩƣ ƻƽƺơƣƾƾƺƽƾ ƤƽƺƸ ƩiƨƩ lƣǁƣl laƹƨǀaƨƣƾ. Fƺƽ iƹƾƿaƹơƣ,
Iƹƿƣl ƻƽƺǁiƢƣƾ iƹƿƽiƹƾiơƾ [ᇷᇲ] Ƥƺƽ SSE, AVX,MMX (aƹƢƸƺƽƣ) iƹƾƿƽǀơƿiƺƹƾ aƹƢ
AƽƸ ƻƽƺǁiƢƣƾ iƹƿƽiƹƾiơƾ [ᇺ] Ƥƺƽ NEON iƹƾƿƽǀơƿiƺƹƾ.

Vaƽiƺǀƾ libƽaƽiƣƾ aƹƢ ƤƽaƸƣǂƺƽkƾ allƺǂ Ƣƣǁƣlƺƻƣƽƾ ƿƺ iƹƿƽƺƢǀơƣ ƻaƽallƣl-
iƾƸ iƹ ƿƩƣiƽ ƻƽƺƨƽaƸƾ aƹƢ ơaƹ bƣ ơƺƸbiƹƣƢ ƿƺ ƿakƣ aƢǁaƹƿaƨƣ ƺƤ Ƹǀlƿiƻlƣ
ƤƺƽƸƾ ƺƤ ƻaƽallƣliƾƸ aƿ ƺƹơƣ. Fƺƽ ƣǃaƸƻlƣ, ƸǀlƿiƿƩƽƣaƢiƹƨ ơaƹ bƣ aơƩiƣǁƣƢ
ǂiƿƩ POSIX ƻƿƩƽƣaƢƾ [ᇶᇺ] ƺƽ Cᇳᇳ ƿƩƽƣaƢƾ [ᇳ, ᇶᇻ]. CUDA [ᇹᇶ] ƺƽ OƻƣƹCL [ᇹᇵ]
ƻƽƺǁiƢƣ Ƥaơiliƿiƣƾ Ƥƺƽ ƺffƷƺaƢiƹƨ ƿƺ ƾƻƣơialiǅƣƢ ǀƹiƿƾ. OƻƣƹMP [ᇴᇸ, ᇹᇻ] aƹƢ
OƻƣƹACC [ᇳᇲᇻ, ᇹᇹ] ơaƹ ƾǀƻƻƺƽƿ (ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ iƸƻlƣƸƣƹƿaƿiƺƹ) bƺƿƩ
ƸǀlƿiƿƩƽƣaƢiƹƨ aƹƢ ƺffƷƺaƢiƹƨ ǁia ơƺƸƻilƣƽ Ƣiƽƣơƿiǁƣƾ. MPI [ᇶᇲ, ᇳᇲᇹ] allƺǂƾ
ƿƺ Ƣiƾƿƽibǀƿƣ ơƺƸƻǀƿaƿiƺƹƾ bƺƿƩ ƺƹ a ƾiƹƨlƣ ơƺƸƻǀƿƣƽ ƺƽ ƺƹ Ƹǀlƿiƻlƣ ơƺƸ-
ƻǀƿƣƽƾ ƺǁƣƽ ƿƩƣ ƹƣƿǂƺƽk.

SƺƸƣ laƹƨǀaƨƣƾ ƾǀơƩ aƾ Cilk, Gƺ, ƺƽ Xᇳᇲ aƽƣ ƾƻƣơiƧiơallǄ ƢƣƾiƨƹƣƢ Ƥƺƽ ƻaƽ-
allƣl ơƺƸƻǀƿiƹƨ (ƣiƿƩƣƽ iƸƻliơiƿlǄ ƺƽ ƣǃƻliơiƿlǄ).

Aƿ a ƩiƨƩƣƽ lƣǁƣl, ƻƽƺƨƽaƸƾ ơaƹ alƾƺ bƣ ǀƾƣƢ ƿƺ ƾơƩƣƢǀlƣ ƿaƾkƾ ƺƹ a ơƺƸ-
ƻǀƿƣƽ (Ƥƺƽ iƹƾƿaƹơƣ, GNU ƻaƽallƣl, ǃaƽƨƾ, ǃjƺbƾ) ƺƽ ƺƹ Ƹǀlƿiƻlƣ ƹƣƿǂƺƽkƣƢ
ơƺƸƻǀƿƣƽƾ (Ƥƺƽ ƣǃaƸƻlƣ ƾlǀƽƸ, ƻƾƾƩ).

WiƿƩƺǀƿ lƺƾƾ ƺƤ ƨƣƹƣƽaliƿǄ, ǂƣ ƸaiƹlǄ Ƥƺơǀƾ ƺƹ OƻƣƹMP ƻaƽallƣl ƻƽƺ-
ƨƽaƸƸiƹƨ iƹ ƿƩiƾ ƿƩƣƾiƾ.
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ᇴ.ᇴ.ᇵ SƩaƽƣƢMƣƸƺƽǄ Fƺƽk-Jƺiƹ: TƩƣ OƻƣƹMP FƽaƸƣǂƺƽk
OƻƣƹMP [ᇴᇸ, ᇹᇻ] iƾ aƹ AƷƷƳƩƠƞƻƩƶƵ PƹƶƧƹƞƴƴƩƵƧ IƵƻƢƹƣƞƠƢ (API) Ƥƺƽ ƾƩaƽƣƢ
ƸƣƸƺƽǄ ƻaƽallƣl ƻƽƺƨƽaƸƸiƹƨ. TƩƣ ƾƻƣơiƧiơaƿiƺƹ ƺƤ OƻƣƹMP iƾ ƺǁƣƽǁiƣǂƣƢ
bǄ ƿƩƣ OƻƣƹMP AƽơƩiƿƣơƿǀƽƣ Rƣǁiƣǂ BƺaƽƢ ơƺƹƾƺƽƿiǀƸǂƩilƣ ƿƩƣ aơƿǀal iƸ-
ƻlƣƸƣƹƿaƿiƺƹ iƾ lƣƤƿ ƿƺ ƿƩiƽƢ ƻaƽƿiƣƾ. Hƣƹơƣ, ƾƣǁƣƽal ơƺƸƻƣƿiƹƨ iƸƻlƣƸƣƹƿ-
aƿiƺƹƾ ƣǃiƾƿ (Ƥƺƽ iƹƾƿaƹơƣ, ƨơơ/libƨƺƸƻ, ơlaƹƨ/libƺƸƻ, iơơ/libiƺƸƻ) aƹƢ ǁaƽi-
ƺǀƾ iƹƢƣƻƣƹƢƣƹƿ ƣǃƿƣƹƾiƺƹƾ Ʃaǁƣ bƣƣƹ ƻƽƺƻƺƾƣƢ (aƹƢ ƾƺƸƣƿiƸƣƾ aƢaƻƿƣƢ
iƹ ƾǀbƾƣƼǀƣƹƿ ǁƣƽƾiƺƹƾ ƺƤ ƿƩƣ ƾƻƣơiƧiơaƿiƺƹ).

TƩƣ ƻƽƺƨƽaƸƸƣƽ ơƺƹƿƽƺlƾ ƿƩƣ ƣǃƣơǀƿiƺƹ ƺƤ aƹ OƻƣƹMP ƻƽƺƨƽaƸ bǄ ǀƾ-
iƹƨ ơƺƸƻilƣƽ Ƣiƽƣơƿiǁƣƾ, ơallƾ ƿƺ Ƥǀƹơƿiƺƹƾ ƺƤ ƿƩƣ OƻƣƹMP libƽaƽǄ ƺƽ ƣƹǁiƽ-
ƺƹƸƣƹƿ ǁaƽiablƣƾ. TƩƣ libƽaƽǄ ƽƺǀƿiƹƣƾ ƺfƤƣƽ Ƨiƹƣ ơƺƹƿƽƺl ƺǁƣƽ ƿƩƣ ƣǃƣơǀƿiƺƹ
fƷƺǂ ƺƤ ƿƩƣ ƻƽƺƨƽaƸ. Hƺǂƣǁƣƽ ƽƣƾƿƽiơƿiƹƨ ƺƹƣƾƣlƤ ƿƺ ơƺƸƻilƣƽ Ƣiƽƣơƿiǁƣƾ ƽƣƾ-
ǀlƿƾ iƹ ƻƺƽƿablƣ ơƺƢƣ ƿƩaƿ ơaƹ ƾƿill bƣ ơƺƸƻilƣƢ ǂiƿƩƺǀƿ ƾǀƻƻƺƽƿ Ƥƺƽ OƻƣƹMP
ǂiƿƩ ƸiƹiƸal ƣfƤƺƽƿᇸ ᇸ ƿƩiƾ ơƺǀlƢ bƣ

aơƩiƣǁƣƢ ǂiƿƩ
ƻƽƣƻƽƺơƣƾƾƺƽ aƾ ǂƣll
bǀƿ iƿ iƾ Ƹƺƽƣ iƹǁƺlǁiƹƨ

, aƾ ơƺƸƻilƣƽƾ aƽƣ aǀƿƩƺƽiǅƣƢ ƿƺ iƨƹƺƽƣ ǀƹƽƣơƺƨƹiǅƣƢ
ơƺƸƻilƣƽ Ƣiƽƣơƿiǁƣƾ. Iƹ C ƺƽ C++ ƻƽƺƨƽaƸƾ, ƿƩƣƾƣ ơƺƸƻilƣƽ Ƣiƽƣơƿiǁƣƾ (Ƥƺƽ
OƻƣƹMP) ƾƿaƽƿ ǂiƿƩ #pragma omp.

Fƺƽk-jƺiƹ ƸƺƢƣl

Defiءitiءآ ᇳᇻ (Ƥƺƽk-jƺiƹ ƸƺƢƣl). TƩƣ ƣƶƹƲ-jƶƩƵ ƸƺƢƣl iƾ a ƻaƽallƣl Ƣƣƾiƨƹ
ƻaƿƿƣƽƹ ǂƩƣƽƣ ƾƣƼǀƣƹƿial ƣǃƣơǀƿiƺƹ ƺƤ ƻƽƺƨƽaƸ iƾ ƺơơaƾiƺƹallǄ iƹƿƣƽƽǀƻƿƣƢ
ǂiƿƩ ƻaƽallƣl ƾƣơƿiƺƹƾ ƺƽ ƽƣƨiƺƹƾ. Aƿ ƿƩƣ ƾƿaƽƿ ƺƤ a ƻaƽallƣl ƽƣƨiƺƹ, ƿƩƣ ƣǃƣơǀ-
ƿiƺƹ ƣƶƹƲƺ iƹƿƺƸǀlƿiƻlƣ ƿƩƽƣaƢƾ ƿƩaƿƸaǄ bƣ ƣǃƣơǀƿƣƢ iƹ ƻaƽallƣl. TƩƣ ƿƩƽƣaƢƾ
ƣǁƣƹƿǀallǄ jƶƩƵ aƿ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ ƻaƽallƣl ƽƣƨiƺƹ. TƩƣ ƻƽƺƨƽaƸ ƿƩƣƹ ƽƣƾǀƸƣƾ
ƾƣƼǀƣƹƿial ƣǃƣơǀƿiƺƹ.

Paƽallƣl Rƣƨiƺƹƾ

Paƽallƣl ƽƣƨiƺƹƾ iƹOƻƣƹMPaƽƣƢƣliƸiƿƣƢǂiƿƩ ƿƩƣparallel ơƺƹƾƿƽǀơƿ. WƩƣƹ
ƿƩƣ ƣǃƣơǀƿiƺƹ fƷƺǂ ƺƤ a ƻƽƺƨƽaƸ ƣƹơƺǀƹƿƣƽƾ ƿƩiƾ ơƺƹƾƿƽǀơƿ, a ƿƩƽƣaƢ ƿƣaƸ
iƾ ơƽƣaƿƣƢ. BǄ ƢƣƤaǀlƿ, all ƿƩƽƣaƢƾ iƹ ƿƩƣ ƿƩƽƣaƢ ƿƣaƸ ǂill ƣǃƣơǀƿƣ ƿƩƣ ơƺƢƣ
ǂiƿƩiƹ ƿƩƣ ƽƣƨiƺƹ. A baƽƽiƣƽ iƾ iƸƻliƣƢ aƿ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ ƽƣƨiƺƹ: ƾƣƼǀƣƹƿial
ƣǃƣơǀƿiƺƹ ƽƣƾǀƸƣƾ ƺƹlǄ ƺƹơƣ all ƿƩƽƣaƢƾ Ʃaǁƣ ƽƣaơƩƣƢ ƿƩƣ ƣƹƢ. SƺƸƣ aƾƻƣơƿƾ
ƺƤ ƿƩƣ ƻaƽallƣl ƽƣƨiƺƹ ơaƹ bƣ ơǀƾƿƺƸiǅƣƢ ǀƾiƹƨ ơlaǀƾƣƾ. Hƣƽƣ Ƥƺllƺǂ a Ƥƣǂ ƣǃ-
aƸƻlƣƾ ƺƤ ƾǀơƩ ơlaǀƾƣƾ. TƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ ơaƹ bƣ ơƩaƹƨƣƢ ǀƾiƹƨ ƿƩƣ
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num_threads ơlaǀƾƣ. TƩƣ shared, private ƺƽ firstprivate ơlaǀƾƣƾ ƾƣƿ ƿƩƣ
ǁiƾibiliƿǄ aƹƢ bƣƩaǁiƺǀƽ ƺƤ ǁaƽiablƣƾ ƤƽƺƸ ƺǀƿƣƽ ƾơƺƻƣƾ.

Exa؟أؠe ᇻ. CƺƹƾiƢƣƽ Liƾƿiƹƨ ᇴ.ᇵ. TƩƣ ƻaƽallƣl ƽƣƨiƺƹ (liƹƣƾ ᇵ-ᇸ) ơƺƹƿaiƹƾ
a ƾiƹƨlƣ iƹƾƿƽǀơƿiƺƹ ǂƩiơƩ ƸaǄ bƣ ƣǃƣơǀƿƣƢ Ƹǀlƿiƻlƣ ƿiƸƣƾ: ƣaơƩ ƿƩƽƣaƢ iƹ
ƿƩƣ ƿƩƽƣaƢ ƿƣaƸ ǂill ƣǃƣơǀƿƣ ƿƩƣ ǂƩƺlƣ ơƺƢƣ ƣƹơlƺƾƣƢ iƹ ƿƩƣ ƻaƽallƣl ƽƣƨiƺƹ.
Hƣƹơƣ printf("Hello, World.\n") (liƹƣ ᇷ) ǂill bƣ ƣǃƣơǀƿƣƢ aƾ ƸaƹǄ ƿiƸƣƾ
aƾ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ iƹ ƿƩƣ ƿƩƽƣaƢ ƿƣaƸ.

ᇳ #include <stdio.h>
ᇴ int main(int argc, char* argv[argc + 1]) {
ᇵ #pragma omp parallel
ᇶ {
ᇷ printf("Hello, World.\n");
ᇸ }
ᇹ return 0;
ᇺ }

Liƾƿiƹƨ ᇴ.ᇵ – Hƣllƺ, WƺƽlƢ WiƿƩ OƻƣƹMP. TƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ƻƽƺƨƽaƸ ǂill
ƻƽiƹƿ aƾ ƸaƹǄ ”Hello, World.” aƾ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ.

WƺƽkƾƩaƽiƹƨ Cƺƹƾƿƽǀơƿƾ

Vaƽiƺǀƾ ƾƶƹƲƺƨƞƹƩƵƧ ơƺƹƾƿƽǀơƿƾ aƽƣ ƻƽƺǁiƢƣƢ ƿƺ ơƺƹƿƽƺl Ʃƺǂ ƿƩƣ ƿƩƽƣaƢƾ iƹ a
ƿƩƽƣaƢ ƿƣaƸ ƣǃƣơǀƿƣ ƾƺƸƣ ơƺƢƣ iƹ ƻaƽallƣl. All ƿƩƽƣaƢƾ ǂill iƹƢiƾơƽiƸiƹaƿƣlǄ
ƣǃƣơǀƿƣ ƿƩƣ ơƺƢƣ ǂiƿƩiƹ a ƻaƽallƣl ƽƣƨiƺƹ ǀƹƿil a ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ iƾ
ƣƹơƺǀƹƿƣƽƣƢ. Aƿ ƿƩiƾ ƻƺiƹƿ ƿƩƣ ƣǃƣơǀƿiƺƹ ǂill ƢifƤƣƽ iƹ ƿƩƣ ƿƩƽƣaƢƾ iƹ a ǂaǄ
ƿƩaƿ ƢƣƻƣƹƢƾ ƺƹ ƿƩƣ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ. A baƽƽiƣƽ iƾ alƾƺ iƸƻliƣƢ aƿ ƿƩƣ
ƣƹƢƺƤ all ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ, iƿƸaǄ bƣ liƤƿƣƢ ǀƾiƹƨ ƿƩƣ nowait ơƺƹƾƿƽǀơƿ.

TǂƺƺƤ ƿƩƺƾƣƾƶƹƲƺƨƞƹƩƵƧ ơƺƹƾƿƽǀơƿƾ aƽƣƻaƽƿiơǀlaƽlǄ ƽƣlƣǁaƹƿ ƿƺ ƿƩiƾ ƿƩƣƾiƾ:
ƿƩƣ single aƹƢ for ơƺƹƾƿƽǀơƿƾ. TƩƣ single ơƺƹƾƿƽǀơƿ ƣƹƤƺƽơƣƾ ƿƩƣ ƣǃƣơǀƿiƺƹ
ƺƤ ƿƩƣ ƣƹơlƺƾƣƢ ơƺƢƣ bǄ ƺƹlǄ ƺƹƣ ƿƩƽƣaƢ ǂƩilƣ ƿƩƣ for ơƺƹƾƿƽǀơƿ Ƣiƾƿƽibǀƿƣƾ
ƻaƽƿƾ ƺƤ a lƺƺƻ ƿƺ ƿƩƽƣaƢƾ. Wƣ ǂill alƾƺ Ƣiƾơǀƾƾ ƿƩƣ task ơƺƹƾƿƽǀơƿ ǂƩiơƩ iƾ
ǀƾƣƢ ƿƺ ơƽƣaƿƣ ƣǃƻliơiƿ ƿaƾkƾ ƿƩaƿ ƸaǄ bƣ ƣǃƣơǀƿƣƢ ƽiƨƩƿ aǂaǄ ƺƽ aƿ a laƿƣƽ
ƻƺiƹƿ iƹ ƿiƸƣ.
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TƩƣ for ơƺƹƾƿƽǀơƿ

TƩƣ for ơƺƹƾƿƽǀơƿ iƾ ǀƾƣƢ iƹ ơƺƹjǀƹơƿiƺƹ ǂiƿƩ for lƺƺƻƾ ƿƺ Ƣiƾƿƽibǀƿƣ iƿƣƽa-
ƿiƺƹƾ. Iƹ C ƻƽƺƨƽaƸƾ, ƿƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ Ƣiƽƣơƿiǁƣ iƾ #pragma omp for.

TƩƣ lƺƺƻ iƾ ƢiǁiƢƣƢ iƹƿƺ ƠƨƼƵƲƺ ƿƩaƿ aƽƣ ƢiƾƿƽibǀƿƣƢ ƿƺ ƿƩƽƣaƢƾ. IƤ ƹƺƿ ƾƻƣ-
ơiƧiƣƢ, ƿƩƣ ơƩǀƹk ƾiǅƣ ơƩƺiơƣ iƾ lƣƤƿ ƿƺ ƿƩƣ ǀƹƢƣƽlǄiƹƨ OƻƣƹMP iƸƻlƣƸƣƹƿa-
ƿiƺƹ. EaơƩ ƿƩƽƣaƢ ǂill ƣǃƣơǀƿƣ ƺƹƣ ƠƨƼƵƲ aƿ a ƿiƸƣ (iƹ ƿƩƣ ơaƾƣ ǂƩƣƽƣ ƿƩƣƽƣ
aƽƣ Ƹƺƽƣ ƠƨƼƵƲƺ ƿƩaƹ ƿƩƽƣaƢƾ) bǀƿ iƹƢƣƻƣƹƢƣƹƿ ƿƩƽƣaƢƾ ƸaǄ ƽǀƹ iƹ ƻaƽallƣl.
TƩƣ iƿƣƽaƿiƺƹƾ ǂiƿƩiƹ a ƠƨƼƵƲ aƽƣ ƣǃƣơǀƿƣƢ ƾƣƼǀƣƹƿiallǄ.

Exa؟أؠe ᇳᇲ. CƺƹƾiƢƣƽ Liƾƿiƹƨ ᇴ.ᇶ. A lƺƺƻ ƿƩaƿ ƻƽiƹƿƾ ƾǀơơƣƾƾiǁƣ iƹƿƣƨƣƽƾ
(liƹƣƾ ᇸ-ᇹ) iƾ ƢiƾƿƽibǀƿƣƢǂiƿƩ ƿƩƣ lƺƺƻơƺƹƾƿƽǀơƿ (liƹƣ ᇷ). AƾƾǀƸiƹƨ ƿƩƣ ƿƩƽƣaƢ
ƿƣaƸ ơƺƹƿaiƹƾ Ƹƺƽƣ ƿƩaƹ ƺƹƣ ƿƩƽƣaƢ, ƿƩƣ iƿƣƽaƿiƺƹƾ ƺƤ ƿƩƣ lƺƺƻ ǂill bƣ Ƣi-
ǁiƢƣƢ iƹ ơƩǀƹkƾ ƿƩaƿǂill bƣ ƣǃƣơǀƿƣƢ iƹƻaƽallƣl: ƿƩƣƹǀƸbƣƽƾǂillƸƺƾƿ likƣlǄ
ƹƺƿ bƣ ƻƽiƹƿƣƢ iƹ ƿƩƣ ƺƽiƨiƹal ƿƺƿal ƺƽƢƣƽ. Hƺǂƣǁƣƽ, ƿƺƿal ƺƽƢƣƽƾƩƻƨƩƵ ơƩǀƹkƾ
ǂill ƾƿill bƣ ƻƽƣƾƣƽǁƣƢ bƣơaǀƾƣ ƿƩƣ ơƺƹƿƣƹƿƾ ƺƤ a ƠƨƼƵƲ aƽƣ ƣǃƣơǀƿƣƢ ƾƣƼǀƣƹ-
ƿiallǄ.

Fƺƽ iƹƾƿaƹơƣ, iƤ ƿƩƣ lƺƺƻ iƾ ƢiǁiƢƣƢ iƹ ᇶ ƠƨƼƵƲƺ ƺƤ ᇶ iƿƣƽaƿiƺƹƾ, ƿƩƣ ƾƣ-
Ƽǀƣƹơƣ 0, 1, 2, 3 ǂill alǂaǄƾ bƣ ƻƽiƹƿƣƢ iƹ ƿƩiƾ ƺƽƢƣƽ bǀƿ ƺƿƩƣƽ ƹǀƸbƣƽƾ ƸaǄ
bƣ ƻƽiƹƿƣƢ bƣƤƺƽƣ, iƹ bƣƿǂƣƣƹ ƺƽ aƤƿƣƽ ƿƩƺƾƣ ƹǀƸbƣƽƾ.

ᇳ #include <stdio.h>
ᇴ int main(int argc, char* argv[argc + 1]) {
ᇵ #pragma omp parallel
ᇶ {
ᇷ #pragma omp for
ᇸ for (size_t i = 0; i < 16; ++i)
ᇹ printf("%zu\n", i);
ᇺ }
ᇻ return 0;
ᇳᇲ }

Liƾƿiƹƨ ᇴ.ᇶ – Lƺƺƻ Iƿƣƽaƿiƺƹƾ Diƾƿƽibǀƿiƺƹ WiƿƩ TƩƣ Fƺƽ Cƺƹƾƿƽǀơƿ. TƩƣ
ƹǀƸbƣƽƾ ǂill ƹƺƿ bƣ ƻƽiƹƿƣƢ iƹ ƺƽƢƣƽ bƣơaǀƾƣ ƠƨƼƵƲƺǂill bƣ ƣǃƣơǀƿƣƢ iƹ ƻaƽ-
allƣl.

IƤ ƿƩƣ ƾƺlƣ ơƺƹƿƣƹƿ ƺƤ a ƻaƽallƣl ƽƣƨiƺƹ iƾ a ǀƹiƼǀƣ Ƥƺƽ ơƺƹƾƿƽǀơƿ, ƿƩƣ for
aƹƢ parallel ơƺƹƾƿƽǀơƿƾ ƸaǄ bƣ ơƺƸbiƹƣƢ aƾ #pragma omp parallel for.
TƩiƾ iƾ Ʃƺǂ ơǀƽƽƣƹƿ ƻƺlǄƩƣƢƽal aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽƾ ƻaƽallƣliǅƣ lƺƺƻƾ.
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Mǀlƿiƻlƣ ơlaǀƾƣƾ ơaƹ bƣ ǀƾƣƢ ƿƺ ƿǀƹƣ ƿƩƣ bƣƩaǁiƺǀƽ ƺƤ ƿƩƣ Ƥƺƽ ơƺƹƾƿƽǀơƿ.
Hƣƽƣ Ƥƺllƺǂƾ a bƽiƣƤ Ƣƣƾơƽiƻƿiƺƹ ƺƤ ƾƺƸƣ ƺƤ ƿƩƣ ơlaǀƾƣƾ ƿƩaƿ ǂill bƣ ǀƾƣƢ iƹ
ƿƩƣ ƽƣƸaiƹƢƣƽ ƺƤ ƿƩiƾ ƿƩƣƾiƾ.

TƩƣ schedule(<policy>, <size>) ơlaǀƾƣ ơaƹ bƣ ǀƾƣƢ ƿƺ ơƺƹƿƽƺl ơƩǀƹk
Ƣiƾƿƽibǀƿiƺƹ aƹƢ ơƩǀƹk ƾiǅƣƾ. TƩƣ size ƻaƽaƸƣƿƣƽ ƸaǄ bƣ ƺƸiƿƿƣƢ. TƩƣ
ƾơƩƣƢǀliƹƨƻƺliơǄƢƣƿƣƽƸiƹƣƾƩƺǂƿƩƣ ơƩǀƹkƾ aƽƣƢiƾƿƽibǀƿƣƢaƸƺƹƨ ƿƩƽƣaƢƾ.
Iƹƻaƽƿiơǀlaƽ, ǂiƿƩ ƿƩƣstaticƻƺliơǄ, ơƩǀƹkƾ ƾiǅƣƾ aƽƣ aƻƻƽƺǃiƸaƿƣlǄ iƢƣƹƿiơal
(ƣǃơƣƻƿ ƿƩƣ ǁƣƽǄ laƾƿ ơƩǀƹkǂƩiơƩƸaǄbƣ ƾƸallƣƽ) aƹƢ ƿƩƣ ơƩǀƹkƾ aƽƣƢiƾƿƽib-
ǀƿƣƢ iƹ a ƽƺǀƹƢ ƽƺbiƹ ƤaƾƩiƺƹ ƿƺ ƿƩƣ ƿƩƽƣaƢƾ: iƿ iƾ ƻƺƾƾiblƣ ƿƺ kƹƺǂ iƹ aƢǁaƹơƣ
ǂƩiơƩ ƿƩƽƣaƢ ǂill ƣǃƣơǀƿƣ ǂƩiơƩ ơƩǀƹk. IƤ ƿƩƣ ơƩǀƹk ƾiǅƣ iƾ ƹƺƿ ƾƻƣơiƧiƣƢ, aƿ
Ƹƺƾƿ ƺƹƣ ơƩǀƹk iƾ ƢiƾƿƽibǀƿƣƢ ƿƺ ƣaơƩ ƿƩƽƣaƢ.

TƩƣ nowait ơlaǀƾƣ allƺǂƾ ƿƺ ƺƸiƿ ƿƩƣ iƸƻliơiƿ baƽƽiƣƽ aƿ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ
ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ. Iƿ iƾ ƿƩƣ ƽƣƾƻƺƹƾibiliƿǄ ƺƤ ƿƩƣ Ƣƣǁƣlƺƻƣƽ ƿƺ ƣƹƾǀƽƣ ƿƩaƿ
ƿƩƣ ƾƣƸaƹƿiơƾ ƺƤ ƿƩƣ ƻƽƺƨƽaƸ iƾ ƻƽƣƾƣƽǁƣƢ. Iƹ ƿƩƣ ơaƾƣ ƺƤ lƺƺƻƾ ƣǃƣơǀƿƣƢǂiƿƩ
ƿƩƣ static ƻƺliơǄ, ƿƩƣ ƾƻƣơiƧiơaƿiƺƹ ƨiǁƣƾ ơƺƹƢiƿiƺƹƾ ǀƹƢƣƽ ǂƩiơƩ ơƺƸƻliaƹƿ
iƸƻlƣƸƣƹƿaƿiƺƹƾ ǂill ƨǀaƽaƹƿƣƣ ƾaƤƣ ǀƾƣ ƺƤ ƿƩƣ nowait ơlaǀƾƣ ƺƹ a ƻaƽallƣl
lƺƺƻ ƾǀơơƣƣƢƣƢ bǄ aƹƺƿƩƣƽ ƻaƽallƣl lƺƺƻ:

• bƺƿƩ iƿƣƽaƿiƺƹ ƢƺƸaiƹƾ aƽƣ ƺƤ ƿƩƣ ƾaƸƣ ƾiǅƣ

• bƺƿƩ lƺƺƻƾ Ʃaǁƣ ƿƩƣ ƾaƸƣ ơƩǀƹk ƾiǅƣ (bƣ iƿ ƣǃƻliơiƿlǄ ƾƻƣơiƧiƣƢ ƺƽ ƿƩƣ
ƢƣƤaǀlƿ ǁalǀƣ)

• bƺƿƩ lƺƺƻƾ aƽƣ iƹ ƿƩƣ ƾaƸƣ ƻaƽallƣl ƽƣƨiƺƹ

• ƹƣiƿƩƣƽ lƺƺƻƾ aƽƣ aƾƾƺơiaƿƣƢ ǂiƿƩ a SIMD ơƺƹƾƿƽǀơƿᇹᇹ aƹƺƿƩƣƽ OƻƣƹMP
ơƺƹƾƿƽǀơƿ ǂƩiơƩ ǂƣ

ǂill ƹƺƿ Ƣiƾơǀƾƾ TƩƣ ordered ơlaǀƾƣ ơaƹ bƣ ǀƾƣƢ alƺƹƨ ƿƩƣ ordered ơƺƹƾƿƽǀơƿ ƿƺ ƣǃƣơǀƿƣ
Ʒƞƹƻƺ ƺƤ a ƻaƽallƣl lƺƺƻ ƾƣƼǀƣƹƿiallǄ. TƩƣ ơlaǀƾƣ iƾ aƢƢƣƢ ƿƺ ƿƩƣ for ơƺƹƾƿƽǀơƿ
ƿƺ iƹƢiơaƿƣ ƿƩƣ ƻƽƣƾƣƹơƣ ƺƤ a ƾƣƼǀƣƹƿial bƺƢǄ aƹƢ ƿƩƣ ordered ơƺƹƾƿƽǀơƿ iƾ
ǀƾƣƢ iƹ ƿƩƣ lƺƺƻ bƺƢǄ ƿƺ ƢƣliƸiƿ ƿƩƣ ƾƣƼǀƣƹƿial ƻaƽƿ. OƹlǄ ƺƹƣ ordered ơƺƹ-
ƾƿƽǀơƿ ƸaǄ aƻƻƣaƽ iƹ a lƺƺƻ bƺƢǄ. CƺƢƣ ƺǀƿƾiƢƣ ƿƩƣ ordered ơƺƹƾƿƽǀơƿ ƸaǄ
ƾƿill bƣ ƣǃƣơǀƿƣƢ iƹ ƻaƽallƣl.

Exa؟أؠe ᇳᇳ. CƺƹƾiƢƣƽ Liƾƿiƹƨ ᇴ.ᇷ. TƩƣ ƻaƽallƣl lƺƺƻ (liƹƣƾ ᇷ-ᇳᇲ) ơƺƹƿaiƹƾ aƹ
ƺƽƢƣƽƣƢ ơƺƹƾƿƽǀơƿ (liƹƣ ᇺ-ᇻ). TƩƣ ơƺƢƣ ƺǀƿƾiƢƣ ƺƤ ƿƩiƾ ơƺƹƾƿƽǀơƿ (liƹƣ ᇹ) ǂill
bƣ ƣǃƣơǀƿƣƢ iƹ ƻaƽallƣl, ǂƩilƣ all iƿƣƽaƿiƺƹƾ ƺƤ ƿƩƣ ƺƽƢƣƽƣƢ ơƺƹƾƿƽǀơƿ ǂill ƽƣ-
Ƹaiƹ ƾƣƼǀƣƹƿial.



ᇴᇹ ᇴ.ᇴ. Pؔ ؟ؘ؟؟ؔإ ءآ؜ابؘؖثؘ ئؠؚ؜ؗؔإؔأ

ᇳ #include <stdio.h>
ᇴ int main(int argc, char* argv[argc + 1]) {
ᇵ #pragma omp parallel
ᇶ {
ᇷ #pragma omp for ordered
ᇸ for (size_t i = 0; i < 8; ++i) {
ᇹ printf("parallel: %zu\n", i);
ᇺ #pragma omp ordered
ᇻ printf("ordered: %zu\n", i);
ᇳᇲ }
ᇳᇳ }
ᇳᇴ return 0;
ᇳᇵ }

Liƾƿiƹƨ ᇴ.ᇷ –OƽƢƣƽƣƢ Lƺƺƻ. TƩƣ ƹǀƸbƣƽƾ ƻƽƣơƣƢƣƢ ǂiƿƩ ƿƩƣ ”parallel” ǂill
bƣ ƻƽiƹƿƣƢ iƹ ƻaƽallƣl ǂƩƣƽƣaƾ ƿƩƣ ƹǀƸbƣƽƾ ƻƽƣơƣƢƣƢǂiƿƩ ƿƩƣ ”ordered” ƿƣǃƿ
ǂill bƣ ƻƽiƹƿƣƢ iƹ ƾƣƼǀƣƹơƣ.

Nƺƿƣ ƿƩaƿ ƿƩiƾ ơƺƹƾƿƽǀơƿ ǂaƾ ƽƣƤƣƽƽƣƢ ƿƺ aƾ ƳƶƶƷ ơƺƹƾƿƽǀơƿ iƹ ƻƽiƺƽ ǁƣƽ-
ƾiƺƹƾ (ǀƻ ƿƺ ᇶ.ᇷ [ᇹᇺ]). Bǀƿ ǁƣƽƾiƺƹ ᇷ [ᇹᇻ] iƹƿƽƺƢǀơƣƢ aƹƺƿƩƣƽ ƳƶƶƷ ơƺƹƾƿƽǀơƿ
aƹƢ ƽƣƹaƸƣƢ ƿƩƣ ƻƽƣǁiƺǀƾ ƺƹƣ aƾ ƿƩƣ ƾƶƹƲƺƨƞƹƩƵƧ-ƳƶƶƷ ơƺƹƾƿƽǀơƿ. Tƺ aǁƺiƢ
ơƺƹƤǀƾiƺƹ, ǂƣƩaǁƣ ƽƣƤƣƽƽƣƢ ƿƺ ƿƩƣƾƶƹƲƺƨƞƹƩƵƧ-ƳƶƶƷ ơƺƹƾƿƽǀơƿ aƾ ƿƩƣ for ơƺƹ-
ƾƿƽǀơƿ.

TƩƣ Siƹƨlƣ Cƺƹƾƿƽǀơƿ

TƩƣ single ơƺƹƾƿƽǀơƿ iƾ ǀƾƣƢ ƿƺ ƾƻƣơiƤǄ ƿƩaƿ ƺƹlǄ ƺƹƣ ƿƩƽƣaƢ ƾƩall ƣǃƣơǀƿƣ ƿƩƣ
ƣƹơlƺƾƣƢ ơƺƢƣ. TƩƣ ơƩƺiơƣ ƺƤ ƿƩƣ ƿƩƽƣaƢ ƿƩaƿ ǂill ƣǃƣơǀƿƣ ƿƩƣ ơƺƢƣ iƾ iƸƻlƣ-
Ƹƣƹƿaƿiƺƹ ƢƣƧiƹƣƢ. SƺƸƣ ơlaǀƾƣƾ ƸaǄ bƣ ǀƾƣƢ ƿƺ ƤǀƽƿƩƣƽ ƿǀƹƣ ƿƩƣ ơƺƹƾƿƽǀơƿ.
Iƹ ƻaƽƿiơǀlaƽ, ƿƩƣ nowait ơlaǀƾƣ ƸaǄ bƣ ǀƾƣƢ ƿƺ ƺƸiƿ aƹ iƸƻliơiƿ baƽƽiƣƽ.

Exa؟أؠe ᇳᇴ. CƺƹƾiƢƣƽ Liƾƿiƹƨ ᇴ.ᇸ. TƩƣ ơƺƢƣ iƹ ƿƩƣ single ơƺƹƾƿƽǀơƿ (liƹƣƾ
ᇷ-ᇸ) ǂill bƣ ƣǃƣơǀƿƣƢ ƺƹơƣ bǄ ƺƹƣ ƺƤ ƿƩƣ ƿƩƽƣaƢƾ iƹ ƿƩƣ ƿƩƽƣaƢ ƿƣaƸ. TƩƣ
lƺƺƻ iƿƣƽaƿiƺƹƾ ƺƤ ƿƩƣ ƻaƽallƣl lƺƺƻ (liƹƣƾ ᇹ-ᇻ) ǂill bƣ ƢiƾƿƽibǀƿƣƢ aƸƺƹƨ ƿƩƣ
ƿƩƽƣaƢƾ. Nƺƿƣ ƿƩaƿ bƣơaǀƾƣ ƺƤ ƿƩƣ iƸƻliơiƿ baƽƽiƣƽ aƿ ƿƩƣ ƣƹƢ ƺƤ ǂƺƽkƾƩaƽiƹƨ
ơƺƹƾƿƽǀơƿƾ, all ƿƩƽƣaƢƾ ǂill ǂaiƿ Ƥƺƽ ƿƩƣ ƿƩƽƣaƢ ƿƩaƿ ƣǃƣơǀƿƣƾ ƿƩƣ ƾiƹƨlƣ ơƺƹ-
ƾƿƽǀơƿ bƣƤƺƽƣ ƻƽƺơƣƣƢiƹƨ ǂiƿƩ ƿƩƣ ƻaƽallƣl lƺƺƻ.



Cإؘاأؔ؛ ᇴ. Sؖؖ؜ؙ؜اءؘ؜ ؗءبآإؚ؞ؖؔؕ ᇴᇺ

ᇳ #include <stdio.h>
ᇴ int main(int argc, char* argv[argc + 1]) {
ᇵ #pragma omp parallel
ᇶ {
ᇷ #pragma omp single
ᇸ printf("single thread.\n");

ᇹ #pragma omp for
ᇺ for (i = 0; i < 8; i++)
ᇻ printf("%zu: loop iteration\n", i);
ᇳᇲ }
ᇳᇳ return 0;
ᇳᇴ }

Liƾƿiƹƨ ᇴ.ᇸ – EǃaƸƻlƣ OƤ TƩƣ Siƹƨlƣ Cƺƹƾƿƽǀơƿ. ”single thread.” ǂill bƣ
ƻƽiƹƿƣƢ ƺƹơƣ bǄ a ƾiƹƨlƣ ƿƩƽƣaƢ. OƿƩƣƽ ƿƩƽƣaƢƾ ǂill ǂaiƿ aƿ ƿƩiƾ ƻƺiƹƿ bƣ-
ơaǀƾƣ ƺƤ ƿƩƣ iƸƻliơiƿ baƽƽiƣƽ aƩ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ single ơƺƹƾƿƽǀơƿ. ”*: loop
iteration” ǂill bƣ ƻƽiƹƿƣƢ Ƹǀlƿiƻlƣ ƿiƸƣƾ iƹ ƻaƽallƣl (Ʃƣƹơƣ ƿƩƣ ƹǀƸbƣƽƾ
ǂill Ƹƺƾƿ likƣlǄ ƹƺƿ bƣ iƹ aƾơƣƹƢiƹƨ ƺƽƢƣƽ).

Taƾk Cƺƹƾƿƽǀơƿ

TƩƣ task ơƺƹƾƿƽǀơƿ ƢƣƧiƹƣƾ ƣǃƻliơiƿ ƿaƾkƾ ƿƩaƿƸaǄbƣ ƣǃƣơǀƿƣƢ aƿ a laƿƣƽ ƻƺiƹƿ
iƹ ƿiƸƣ bǄ aƹǄ ƿƩƽƣaƢ ƺƤ ƿƩƣ ƿƩƽƣaƢ ƿƣaƸ: ƣƹơƺǀƹƿƣƽiƹƨ a ƿaƾk ơƺƹƾƿƽǀơƿ ƺƹlǄ
ơƽƣaƿƣƾ ƿƩƣ ƿaƾk. Hƣƹơƣ ƿƩƣ ƿaƾk ƸaǄ ƺƽ ƸaǄ ƹƺƿ bƣ ƣǃƣơǀƿƣƢ ƽiƨƩƿ aǂaǄ.
TƩƽƣaƢƾ ƸaǄ bƣ aƾƾiƨƹƣƢ ƣǃiƾƿiƹƨ ƿaƾkƾ aƿ Ƹǀlƿiƻlƣ ƻƺiƹƿƾ iƹ a ƻƽƺƨƽaƸ. Iƹ
ƻaƽƿiơǀlaƽ aƿ iƸƻliơiƿ ƺƽ ƣǃƻliơiƿ baƽƽiƣƽƾ ƺƽ aƿ taskwait ƻƺiƹƿƾ.

Exa؟أؠe ᇳᇵ. CƺƹƾiƢƣƽ Liƾƿiƹƨ ᇴ.ᇹ. Bƣơaǀƾƣ ƺƤ ƿƩƣ single ơƺƹƾƿƽǀơƿ (liƹƣ ᇷ), a
ƾiƹƨlƣ ƿƩƽƣaƢ ǂill ơƽƣaƿƣ ƿƩƣ ƿaƾkƾ ǂƩilƣ ƺƿƩƣƽ ƿƩƽƣaƢƾ ƸaǄ ƻƽƺơƣƣƢ ǂiƿƩ ƿƩƣ
ƽƣƸaiƹƢƣƽ (ƿƩaƹkƾ ƿƺ ƿƩƣ nowait ơlaǀƾƣ). Uƻƺƹ ƽƣaơƩiƹƨ ƿƩƣ #pragma omp

taskwait, ƿƩƽƣaƢƾ ǂill bƣ aƾƾiƨƹƣƢ aƹƢ ƣǃƣơǀƿƣ ƣǃiƾƿiƹƨ ƿaƾkƾ. Nƺƿƣ ƿƩaƿ iƹ
ƿƩiƾ ƣǃaƸƻlƣ, taskwait iƾ ƾǀƻƣƽfƷǀƺǀƾ bƣơaǀƾƣ iƿ iƾ ƽiƨƩƿ bƣƤƺƽƣ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ
ƻaƽallƣl ƽƣƨiƺƹ: aƹ iƸƻliơiƿ baƽƽiƣƽ iƾ ƻƽƣƾƣƹƿ aƿ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ ƻaƽallƣl ƽƣƨiƺƹ.

SǄƹơƩƽƺƹiǅaƿiƺƹƾ

Iƹ ƻaƽallƣl ơƺƹƿƣǃƿƾ, ƾǄƹơƩƽƺƹiǅaƿiƺƹƾƸaǄbƣƹƣơƣƾƾaƽǄ ƿƺ ƨǀaƽaƹƿƣƣ ƿƩƣ ơƺƽ-
ƽƣơƿƹƣƾƾ ƺƤ ƿƩƣ ƻƽƺƨƽaƸ. BǄ ƢƣƤaǀlƿ, a baƽƽiƣƽ iƾ iƸƻliƣƢ aƿ ƿƩƣ ƣƹƢ ƺƤ a ǂƺƽk-



ᇴᇻ ᇴ.ᇴ. Pؔ ؟ؘ؟؟ؔإ ءآ؜ابؘؖثؘ ئؠؚ؜ؗؔإؔأ

ᇳ #include <stdio.h>
ᇴ int main(int argc, char* argv[argc + 1]) {
ᇵ #pragma omp parallel
ᇶ {
ᇷ #pragma omp single nowait
ᇸ for (size_t i = 0; i < 8; ++i) {
ᇹ #pragma omp task
ᇺ printf("task: %zu\n", i);
ᇻ }
ᇳᇲ #pragma omp taskwait
ᇳᇳ }
ᇳᇴ return 0;
ᇳᇵ }

Liƾƿiƹƨ ᇴ.ᇹ – EǃaƸƻlƣ OƤ TƩƣ Taƾk Cƺƹƾƿƽǀơƿ. Oƹƣ ƺƤ ƿƩƣ ƿƩƽƣaƢƾ ǂill ơƽƣaƿƣ
ƿaƾkƾ. TƩƽƣaƢƾǂill ƾƿaƽƿ ƣǃƣơǀƿiƹƨ ƣǃiƾƿiƹƨ ƿaƾkƾ ǀƻƺƹ ƽƣaơƩiƹƨ ƿƩƣ taskwait
ƻƺiƹƿ.

ƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ: ƿƩƽƣaƢƾ ǂill ǂaiƿ ǀƹƿil all ƿƩƽƣaƢƾ Ʃaǁƣ ƽƣaơƩƣƢ ƿƩƣ ƣƹƢ ƺƤ
ƿƩƣ ơƺƹƾƿƽǀơƿ.

Baƽƽiƣƽƾ ơaƹalƾƺbƣƻlaơƣƢaƹǄǂƩƣƽƣ iƹ aƻaƽallƣl ƽƣƨiƺƹǀƾiƹƨ ƿƩƣbarrier
ơƺƹƾƿƽǀơƿ ƺƽ ƽƣƸƺǁƣƢ ǀƾiƹƨ ƿƩƣ nowait ơlaǀƾƣ (ƾƣƣ ƻƽƣǁiƺǀƾ ƣǃaƸƻlƣƾ). Iƿ iƾ
ƿƩƣ ƽƣƾƻƺƹƾibiliƿǄ ƺƤ ƿƩƣ ƻƽƺƨƽaƸƸƣƽ ƿƺ ƣƹƾǀƽƣ ƿƩaƿ ǀƾiƹƨ ƿƩƣ nowait ơlaǀƾƣ
ƺƹaƨiǁƣƹơƺƹƾƿƽǀơƿ Ƣƺƣƾƹƺƿ ƣƹƢaƹƨƣƽ ƿƩƣ ơƺƽƽƣơƿƹƣƾƾ ƺƤ ƿƩƣƻƽƺƨƽaƸ(Ƣaƿaƽ-
aơƣƾ, ƽƣƼǀiƽƣƢ ƣǃƣơǀƿiƺƹ ƺƽƢƣƽ).

TƩƣ lƺǂ lƣǁƣl ƽǀƹƿiƸƣ libƽaƽǄ alƾƺƻƽƺǁiƢƣƾ ƣǃƻliơiƿ lƺơkƾ aƹƢơƺƽƽƣƾƻƺƹƢ-
iƹƨ ƽƺǀƿiƹƣƾ. TƩƣ lƺơkƾ Ƹǀƾƿ bƣ ƢƣơlaƽƣƢ aƾ omp_lock_t aƹƢ ƸaƹiƻǀlaƿƣƢ
ǀƾiƹƨ ƿƩƣ ơlaƾƾiơal omp_init_lock(), omp_destroy_lock(), omp_set_lock()
aƹƢ omp_unset_lock()



Cإؘاأؔ؛ ᇴ. Sؖؖ؜ؙ؜اءؘ؜ ؗءبآإؚ؞ؖؔؕ ᇵᇲ



ᇵᇳ

CƩaƻƿƣƽ ᇵ

RƣlaƿƣƢWƺƽk

Sƣǁƣƽal Ʃiƾƿƺƽiơal aƹƢ ƾƣƸiƹal ƻǀbliơaƿiƺƹƾ Ʃaǁƣ alƽƣaƢǄ bƣƣƹ ƽƣƤƣƽƣƹơƣƢ iƹ
CƩaƻƿƣƽƾ ᇳ aƹƢ ᇴ. Sƣơƿiƺƹ ᇵ.ᇳ ơƺǁƣƽƾ ƻƺlǄƩƣƢƽal ơƺƢƣ ƨƣƹƣƽaƿiƺƹ. Sƣơƿiƺƹ ᇵ.ᇴ
ƻƽƣƾƣƹƿƾ aǀƿƺƸaƿiơ ƻaƽallƣliǅaƿiƺƹ. Sƣơƿiƺƹ ᇵ.ᇵ ƺǁƣƽǁiƣǂƾ ƻiƻƣliƹƣƢ ƻaƽallƣl-
iƾƸ.

ᇵ.ᇳ CƺƢƣGƣƹƣƽaƿiƺƹAƹƢAfƧiƹƣCƺƹƿƽƺlOǁƣƽƩƣaƢ
MiƹiƸiǅiƹƨ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ iƹ ƨƣƹƣƽaƿƣƢ ơƺƢƣ iƾ a ơƽiƿiơal iƾƾǀƣ Ƥƺƽ ƻƺlǄƩƣƢ-
ƽal ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸƾ. Tǂƺ alƿƣƽƹaƿiǁƣƾ ƿƺ ƽƣaơƩ ƿƩiƾ ƨƺal Ʃaǁƣ bƣƣƹ
ƾƿǀƢiƣƢ: ƣiƿƩƣƽ ƨƣƹƣƽaƿiƹƨ iƹƣfƧiơiƣƹƿ ơƺƢƣ ƿƩƣƹ ƿƽǄiƹƨ ƿƺ ƽƣƸƺǁƣ iƿƾ ơƺƹƿƽƺl
ƺǁƣƽƩƣaƢ, ƺƽ ƨƣƹƣƽaƿiƹƨ ƢiƽƣơƿlǄ ƣfƧiơiƣƹƿ ơƺƢƣ.

CƺƢƣ ƨƣƹƣƽaƿiƺƹ iƹ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl ƾƿaƽƿƣƢ ǂiƿƩ ƿƩƣ ƾƣƸiƹal ǂƺƽk
bǄ Aƹơƺǀƽƿ aƹƢ Iƽiƨƺiƹ [ᇹ]. Iƿ ƽƣliƣƾ ƺƹ ƿƩƣ Fƺǀƽiƣƽ-Mƺƿǅkiƹ [ᇶᇳ, ᇴᇹ] ƻaiƽ-ǂiƾƣ
ƣliƸiƹaƿiƺƹ ƿƣơƩƹiƼǀƣ aƹƢ a ƨƣƹƣƽaƿƣƾ a ƾiƨƹiƧiơaƹƿ aƸƺǀƹƿ ƺƤ ƽƣƢǀƹƢaƹƿ
ơƺƹƿƽƺl: Fƺǀƽiƣƽ-Mƺƿkiƹ’ƾ ǁaƽiablƣ ƣliƸiƹaƿiƺƹƸaǄƨƽƣaƿlǄ iƹơƽƣaƾƣ ƿƩƣƹǀƸ-
bƣƽ ƺƤ iƹƣƼǀaliƿiƣƾ. Lƣ Fǀƽ [ᇷᇻ] iƸƻƽƺǁƣƢ ƿƩƣ ƿƣơƩƹiƼǀƣ ǀƾiƹƨ ƿƩƣ ƾiƸƻlƣǃ
ƸƣƿƩƺƢ [ᇻᇹ] ƿƺ ƽƣƸƺǁƣ ƽƣƢǀƹƢaƹƿ ơƺƹƾƿƽaiƹƿƾ.

KƣllǄ ƣƿ al. [ᇷᇶ] ƾƩƺǂƣƢ Ʃƺǂ ƿƺ ƾơaƹ ƾƣǁƣƽal ƻƺlǄƩƣƢƽa ǂƩƣƹ ƢifƤƣƽƣƹƿ
Ƹaƻƻiƹƨƾ ƸaǄ bƣ ǀƾƣƢ Ƥƺƽ ƣaơƩ ƾƿaƿƣƸƣƹƿƾ. TƩƣiƽ ƸƣƿƩƺƢ Ƨiƽƾƿ ƨƣƹƣƽaƿƣƾ
ƻƣƽƤƣơƿlǄ ƹƣƾƿƣƢ lƺƺƻƾ ǂiƿƩƺǀƿ Ƣǀƻliơaƿiƺƹ aƹƢ ƿƩƣƹ ƻaƽƿlǄ ƣliƸiƹaƿƣƾ ƽƣ-
ƢǀƹƢaƹƿ ơƺƹƢiƿiƺƹalƾ. Iƿ iƾ iƸƻlƣƸƣƹƿƣƢ iƹ ƿƩƣ OƸƣƨa libƽaƽǄ [ᇷᇵ]. TƩiƾ
libƽaƽǄ ƽƣliƣƾ ƺƹ ƿƩƣ OƸƣƨa ƿƣƾƿ [ᇺᇶ] aƹ ƣǃƿƣƹƾiƺƹ ƺƤ ƿƩƣ Fƺǀƽiƣƽ-Mƺƿǅkiƹ
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ƿƣơƩƹiƼǀƣ ƿƩaƿ ơaƹ ƢƣƿƣƽƸiƹƣ ǂƩƣƿƩƣƽ a ƢƣƻƣƹƢƣƹơƣ ƣǃiƾƿƾ bƣƿǂƣƣƹ ƿǂƺ aƽ-
ƽaǄ ƽƣƤƣƽƣƹơƣƾ. CƩƣƹ ƽƣƧiƹƣƢ KƣllǄ ƣƿ al.’ƾ ƸƣƿƩƺƢ iƹ CƺƢƣGƣƹ+ [ᇴᇵ]. Lƺƺƻ
ƺǁƣƽƩƣaƢ iƾ ƽƣƸƺǁƣƢ bǄ ƻƽƺƻaƨaƿiƹƨ ǀƻ ơƺƹƾƿƽaiƹƿƾ iƢƣƹƿiƧiƣƢ aƾ iƹƿƽƺƢǀơiƹƨ
ƺǁƣƽƩƣaƢ aƹƢ Ƣǀƻliơaƿiƹƨ ơƺƢƣ. GǀaƽƢƾ iƹ if ƾƿaƿƣƸƣƹƿƾ aƽƣ ƾiƸƻliƧiƣƢ bǄ
ơƺƸƻaƽiƹƨ ƿƩƣ ơƺƹƾƿƽaiƹƿƾ iƹ a ƨiǁƣƹ ƨǀaƽƢ ơƺƹƢiƿiƺƹǂiƿƩ ƾǀơơƣƾƾiǁƣƾ ƹƺƢƣƾ
aƹƢ bǀilƢiƹƨ if-then-else ƿƽƣƣƾ.

Wƣƿǅƣl, Lƣƹƨaǀƣƽ aƹƢ Gƽiƣbl [ᇳᇲᇺ, ᇶᇶ] Ƣƣal ǂiƿƩ aƽbiƿƽaƽǄ afƧiƹƣ ƾơƩƣƢ-
ǀlƣƾ bǄ ƨƣƹƣƽaƿiƹƨ ƾƣƻaƽaƿƣ ƻƽƺƨƽaƸƻaƽƿƾ aƹƢ ƿƩƣƹƸƣƽƨiƹƨ ƿƩƣƸaƿ ƿƩƣ ơƺƾƿ
ƺƤ ƩiƨƩ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ ƺƽ lƺƹƨƣƽ ơƺƢƣ.

TƩƣƺƿƩƣƽ ƤaƸilǄ ƺƤ ơƺƢƣƨƣƹƣƽaƿiƺƹalƨƺƽiƿƩƸƾ ƾƿƣƸƾ ƤƽƺƸLƣVƣƽƨƣ [ᇸᇳ]’ƾ
alƨƺƽiƿƩƸ ǂƩiơƩ ƽƣliƣƾ ƺƹ ƿƩƣ Ƣǀal ƽƣƻƽƣƾƣƹƿaƿiƺƹ ƺƤ ƻƺlǄƩƣƢƽa ƿƺ aǁƺiƢ ƽƣ-
ƢǀƹƢaƹƿ ơƺƹƾƿƽaiƹƿƾ. Paƽƿƾ ƺƤ ƿƩiƾ ǂƺƽk ǂƣƽƣ iƹơlǀƢƣƢ iƹ ƿƩƣ PƺlǄlib [ᇸᇸ].
TƩiƾ ǂƺƽk ǂaƾ ƣǃƿƣƹƢƣƢ bǄ Qǀillƣƽȅ, RajƺƻaƢƩǄƣ aƹƢWilƢƣ [ᇺᇷ]’ƾ alƨƺƽiƿƩƸ.
TƩƣǄ ƻƽƺƻƺƾƣƢ a ƽƣơǀƽƾiǁƣ alƨƺƽiƿƩƸ ƿƺ ƾơaƹ ǀƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa bǄ ƻƽƺ-
jƣơƿiƹƨ ƿƩƣ ƻƺlǄƩƣƢƽa ƺƹƿƺ ƿƩƣ ƺǀƿƣƽƸƺƾƿ ƢiƸƣƹƾiƺƹƾ aƹƢ ƾƣƻaƽaƿiƹƨ ƿƩƣƾƣ
ƻƽƺjƣơƿiƺƹƾ iƹƿƺ Ƣiƾjƺiƹƿ ƻƺlǄƩƣƢƽa. TƩiƾ ƸƣƿƩƺƢ ơaƹ ƢiƽƣơƿlǄ ƨƣƹƣƽaƿƣ ơƺƢƣ
ǂiƿƩƺǀƿ ƨǀaƽƢƾ iƹƾiƢƣ ƿƩƣ lƺƺƻƾ (ƣǃơƣƻƿ ƾƺƸƣ ơƺƹƢiƿiƺƹƾ ƿƩaƿ iƹơlǀƢƣ ƸƺƢ-
ǀlƺƾ) aƿ ƿƩƣ ƣǃƻƣƹƾƣ ƺƤ ƻƺƿƣƹƿiallǄ ƩiƨƩ ơƺƢƣ lƣƹƨƿƩ. Baƾƿƺǀl [ᇳᇳ] ƻƽƺƻƺƾƣƢ
ơƩaƹƨƣƾ ƿƺ ƿƩiƾ alƨƺƽiƿƩƸ ƿƺ ƽƣƢǀơƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƿiƸƣ aƹƢ liƸiƿ ơƺƢƣ
ƣǃƻlƺƾiƺƹ: iƿ aǁƺiƢƾ ǀƹƹƣơƣƾƾaƽǄ ƻƺlǄƩƣƢƽa ƾƣƻaƽaƿiƺƹ ơalơǀlaƿiƺƹƾ (Ƥƺƽ iƹ-
ƾƿaƹơƣ, iƹƻǀƿ ƻƺlǄƩƣƢƽa ƸaǄ bƣ iƢƣƹƿiơal ƺƽ alƽƣaƢǄ Ƣiƾjƺiƹƿ) aƹƢ Ƹƣƽƨƣƾ
baơk ƷƶƩƵƻ ƻƺlǄƩƣƢƽa iƹƿƺ ƨƶƺƻ ƻƺlǄƩƣƢƽa. VaƾilaơƩƣ ƣƿ al. [ᇳᇲᇴ] ƤǀƽƿƩƣƽ iƸ-
ƻƽƺǁƣƢ ƿƩƣ alƨƺƽiƿƩƸ ǂiƿƩ aƢƢiƿiƺƹal ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ ƽƣƸƺǁal ƿƣơƩƹiƼǀƣƾ.
Iƹƿƣƽƹal ƨǀaƽƢƾ aƽƣ bƣ ƽƣƸƺǁƣƢ ǂiƿƩ if ơƺƹƢiƿiƺƹal Ʃƺiƾƿiƹƨ, a ƻaƾƾ ƢƣƻƿƩ-
Ƨiƽƾƿ ƿƽaǁƣƽƾal ƺƤ ƿƩƣ AST ƿƩaƿ Ƥƺơǀƾƣƾ ƺƹlǄ ƺƹ ơƺƹƢiƿiƺƹalƾ aƿ ƿƩƣ ơǀƽƽƣƹƿ
ƢƣƻƿƩ ƿƺ ƾƣƻaƽaƿƣƾ ƿƩƣ ƢƺƸaiƹƾ. MƺƢǀlƺ ơƺƹƢiƿiƺƹƾ aƽƣ ƽƣƸƺǁƣƢ ǀƾiƹƨ a
ơƺƸbiƹaƿiƺƹ ƺƤ lƺƺƻ ǀƹƽƺlliƹƨ aƹƢ ƾƿƽiƻ-Ƹiƹiƹƨ. TƩƣ CLƺƺG [ᇳᇳ, ᇻ] ƿƺƺl iƹ-
ơƺƽƻƺƽaƿƣƾ ƿƩƣ ƸƣƿƩƺƢƾ ƿƩaƿ ǂƣƽƣ iƹƿƽƺƢǀơƣƢ iƹ ƿƩiƾ ƻaƽaƨƽaƻƩ.

Gƽƺƾƾƣƽ ƣƿ al. [ᇶᇸ] aƢƢƣƢ ƾƣǁƣƽal ƹƣǂ ƣǃƿƣƹƾiƺƹƾ ƾǀơƩ aƾ ƺƨƩƣƻƢơ ƺƻƹƩơƢ
ơƢƻƢƠƻƩƶƵ ƿƺ ƽƣƸƺǁƣ ƸƺƢǀlƺ ơƺƹƢiƿiƺƹƾ, ƠƶƴƷƶƵƢƵƻƺ ǂƩiơƩ aǁƺiƢ ƻƺlǄƩƣƢƽa
ƾƣƻaƽaƿiƺƹ ƺƽ aƹ ƩƺƶƳƞƻƩƶƵ ƸƣơƩaƹiƾƸ ƿƩaƿ allƺǂƾ ǀƾƣƽƾ ƿƺ ƾƻƣơiƤǄ a ƻaƽƿ ƺƤ
ƿƩƣ ƾƻaơƣǂƩiơƩ ƾƩƺǀlƢ bƣ ƻƽƺơƣƾƾƣƢ ƾƣƻaƽaƿƣlǄ ƿƺ, ƣ.ƨ., iƾƺlaƿƣ a ǁƣơƿƺƽiǅablƣ
lƺƺƻ ƺƽ ƾƣƻaƽaƿƣ ƻaƽƿial/Ƥǀll ƿilƣƾ. TƩƣ iƾl [ᇳᇲᇶ] libƽaƽǄ ǂaƾ iƹiƿiallǄ ƢƣǁƣlƺƻƣƢ
ƿƺ bƣ ǀƾƣƢ iƹ CLƺƺG (iƹ ƻlaơƣ ƺƤ PƺlǄLib) aƹƢ Ʃƣƹơƣ iƹơlǀƢƣƾ iƿƾ ơƺƢƣ ƨƣƹƣƽ-
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aƿiƺƹ ƿƣơƩƹiƼǀƣƾ (ƺƽ ƣƼǀiǁalƣƹƿƸƣƿƩƺƢƾ) aƾǂƣll aƾ ƿƩƣ alƨƺƽiƿƩƸƾ ƻƽƺƻƺƾƣƢ
bǄ Gƽƺƾƾƣƽ ƣƿ al. [ᇶᇸ].

RƣƹƨaƹaƽaǄaƹaƹ ƣƿ al. [ᇻᇶ]’ƾ aƻƻƽƺaơƩ iƾ baƾƣƢ ƺƹ ƧiƹƢiƹƨ ƿƩƣ ƩƵƺƢƻ ƻƺlǄ-
ƩƣƢƽƺƹ, i.ƣ. ƿƩƣ ƻƺlǄƩƣƢƽƺƹ ƿƩaƿ ơƺƹƿaiƹƾ Ƥǀll ƿilƣƾ ƺƽiƨiƹƾ, ƿƺ ƢiƾƿiƹƨǀiƾƩ
Ƥǀll aƹƢ ƻaƽƿial ƿilƣƾ iƹ aƹƢ ƽƣƸƺǁƣ ǀƹƹƣơƣƾƾaƽǄ lƺƺƻ bƺǀƹƢƾ. TƩiƾ ƸƣƿƩƺƢ
ƿaƽƨƣƿƣƢ ƺƹƣ-lƣǁƣl ƻaƽaƸƣƿƽiơ ƿiliƹƨ ƸƣƿƩƺƢ aƹƢ ƿƩƣǄ ƤǀƽƿƩƣƽ ƣǃƿƣƹƢƣƢ iƿ ƿƺ
Ƹǀlƿi-lƣǁƣl ƻaƽaƸƣƿƽiơ ƿilƣƾ [ᇷᇷ, ᇻᇷ].

SƻƣơiƤǄiƹƨ ƿiliƹƨ iƹƤƺƽƸaƿiƺƹ ƿƺ lƣƿ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿƺƽ ƣǃƿƽaơƿ Ƥǀll ƿilƣƾ iƾ
alƾƺ ƻƺƾƾiblƣ iƹ Rƣƾƣƽǁƺiƽ Labƾ’ƾ R-SƿƽƣaƸ CƺƸƻilƣƽ [ᇳᇵ].

SƺƸƣ ǂƺƽk Ʃaƾ bƣƣƹ Ƣƺƹƣ ƿƺǂaƽƢƾ ơƺƹƿƽƺl ƽƣƢǀơƿiƺƹ iƹ FPGA ơƺƢƣƾ.
Fƺƽ iƹƾƿaƹơƣ, Zǀƺ ƣƿ al. [ᇳᇳᇵ] ƻƽƣƤƣƽ ƿƺ aǁƺiƢ ƻƺlǄƩƣƢƽa ƾƣƻaƽaƿiƺƹ aƹƢ ƻƽƺ-
ƻƺƾƣ ƿƺ ƾiƸƻliƤǄ ơƺƹƿƽƺl ǀƾiƹƨ ƾƣǁƣƽal lƺƺƻ bƺǀƹƢ ƿǀƹiƹƨƸƣƿƩƺƢƾ. Aliaƾ aƹƢ
Plƣƾơƺ [ᇷ] ǀƾƣ ƾƣƸaƹƿiơ Ƥaơƿƺƽiǅaƿiƺƹ ƺƤ afƧiƹƣ ƣǃƻƽƣƾƾiƺƹƾ ƿƺ ƽƣƢǀơƣ ơƺƹƿƽƺl
iƹ FPGA ƻiƻƣliƹƣƾ. TƩƣƾƣ ƸƣƿƩƺƢƾ Ƥƺơǀƾ ƺƹ ƻƺlǄƩƣƢƽal ơƺƢƣ ƨƣƹƣƽaƿiƺƹ iƹ
ƩiƨƩ-lƣǁƣl ƾǄƹƿƩƣƾiƾ ơƺƹƿƣǃƿƾ.

TƣơƩƹiƼǀƣƾ baƾƣƢ ƺƹQǀillƣƽȅ ƣƿ al.’ƾ alƨƺƽiƿƩƸƸaǄbƣ ƾƿƽƺƹƨlǄ iƸƻaơƿƣƢ
bǄ ƻƺlǄƩƣƢƽal ƾƻliƿƿiƹƨ (ƾƣƣ CƩaƻƿƣƽ ᇶ). Iƿ ǂaƾ iƨƹƺƽƣƢ bƣơaǀƾƣ ơƺƢƣ ƨƣƹƣƽa-
ƿiƺƹ ƿƺƺlƾ lƣƿ ƿƩƣ ǀƹƢƣƽlǄiƹƨ ƻƺlǄƩƣƢƽal libƽaƽiƣƾ ơƩƺƺƾƣ Ʃƺǂ ƿƺ ƾƻliƿ (ƺƽ ƹƺƿ
ƿƺ ƾƻliƿ) ƻƺlǄƩƣƢƽa ƽƣƨaƽƢlƣƾƾ ƺƤ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƽƺblƣƸ. Iƾƺlaƿiƺƹ aƹƢ
Ƥǀll ƿilƣ ƣǃƿƽaơƿiƺƹ aƽƣ a Ƨiƽƾƿ ƾƿƣƻ ƿƺǂaƽƢƾ ơƺƹƾiƢƣƽiƹƨ ƿƩƣ ƻƽƺblƣƸ.

ᇵ.ᇴ SǄƹơƩƽƺƹiǅaƿiƺƹ RƣƢǀơƿiƺƹ
A ƾiƨƹiƧiơaƹƿ ƻaƽƿ ƺƤ ƿƩƣ ƺǁƣƽall ơƺƸƻǀƿƣ ƿiƸƣ ƺƤ a ƻƽƺƨƽaƸ ơaƹ bƣ iƸƻaƽƿƣƢ
ƿƺ lƺƺƻƾ. Hƣƹơƣ, ƿƩƣ ƺƻƿiƸiǅiƹƨ ơƺƸƻilaƿiƺƹ ơƺƸƸǀƹiƿǄ ƻƽƺƢǀơƣƢ ƣǃƿƣƹƾiǁƣ
ǂƺƽk ƺƹ lƺƺƻ ƻaƽallƣliǅaƿiƺƹ. LaƸƻƺƽƿ [ᇷᇹ] ƻƽƺƻƺƾƣƢ aƸƣƿƩƺƢ ƿƺ ƧiƹƢ ƻaƽal-
lƣliƾƸ Ƥƺƽ Ƹǀlƿiƻƽƺơƣƾƾƺƽƾ. Iƿ ƸƺƢƣlƣƢ lƺƺƻƾ aƾ iƿƣƽaƿiƺƹ ƾƻaơƣƾ aƹƢ ơǀƿƿiƹƨ
ǀƾƣƢ ƩǄƻƣƽƻlaƹƣƾ ƿƺ ƧiƹƢ a ƾơƩƣƢǀlƣ.

Allƣƹ aƹƢ KƣƹƹƣƢǄ [ᇸ] ƻƽƺƻƺƾƣ a ƻaƽallƣliǅaƿiƺƹ alƨƺƽiƿƩƸ ƿƩaƿ ơƺƸ-
ƻǀƿƣƾ ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿƾ ƺƤ ƿƩƣ ƢƣƻƣƹƢƣƹơƣ ƨƽaƻƩ ƿƺ ƢƣơiƢƣ
abƺǀƿ ơƺƹǁƣƹiƣƹƿ lƺƺƻƢiƾƿƽibǀƿiƺƹaƹƢƣǃƿƽaơƿ ƻaƽallƣl lƺƺƻƾ. WƺlƤ aƹƢLaƸ’ƾ
ƻƣƽƤƣơƿlǄ ƹƣƾƿƣƢ lƺƺƻ ƻaƽallƣliǅaƿiƺƹ alƨƺƽiƿƩƸ ǀƾƣƾ a ǀƹiƧiƣƢ ƽƣƻƽƣƾƣƹƿaƿiƺƹ
ƺƤ a ƾǀbƾƣƿ ƺƤ lƺƺƻ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ, kƹƺǂƹ aƾ ǀƹiƸƺƢǀlaƽ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ,
ƿƺ ƣǃƿƽaơƿ ƻaƽallƣliƾƸ [ᇳᇳᇲ]. TƩƣ Ƨiƽƾƿ alƨƺƽiƿƩƸ Ƥƺƽ a ƨƣƹƣƽal ƾƺlǀƿiƺƹ ƿƺ iƹƹƣƽ-
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Ƹƺƾƿ ƻaƽallƣliƾƸ ƣǃƿƽaơƿiƺƹ ơƺƸƻǀƿƣƾ afƧiƹƣ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ aƹƢ ǂaƾ ƻƽƺ-
ƻƺƾƣƢ bǄ Fƣaǀƿƽiƣƽ [ᇵᇵ, ᇵᇶ]. LiƸ aƹƢ LaƸ [ᇸᇴ, ᇸᇵ] ƣǃƿƣƹƢƣƢ Fƣaǀƿƽiƣƽ’ƾ ǂƺƽk
ƿƺ ƣǃƿƽaơƿ ƺǀƿƣƽƸƺƾƿ ƻaƽallƣl lƺƺƻƾ. Lƺƾƾiƹƨ ƣƿ al. [ᇸᇹ] ƻƽƺƻƺƾƣƢ a ƿƺƺl Ƥƺƽ
aǀƿƺƸaƿiơ ƨƣƹƣƽaƿiƺƹ ƺƤ ƢiƾƿƽibǀƿƣƢ ơƺƢƣ Ƥƺƽ ƿaƾk ƻaƽallƣliǅaƿiƺƹ. Iƿ Ƥƣaƿǀƽƣƾ
Ƹǀlƿiƻlƣ ƺƻƿƸiǅaƿiƺƹ ƻaƾƾƣƾ iƹơlǀƢiƹƨ a ƻaƾƾ Ƥƺƽ ơƺƸƸǀƹiơaƿiƺƹƾ ƸiƹiƸ-
iǅaƿiƺƹ. BƺƹƢƩǀƨǀla ƣƿ al. [ᇳᇻ, ᇳᇸ] ƢƣǁƣlƺƻƣƢ ƿƩƣ Pآاب؟ ƾơƩƣƢǀlƣƽ, aƹ aǀƿƺ-
Ƹaƿiơ ƻaƽallƣliǅƣƽ aƹƢ Ƣaƿa-lƺơaliƿǄ ƺƻƿiƸiǅƣƽ. TƩƣƾƣ ƿƣơƩƹiƼǀƣƾ ƤƺǀƹƢ ƿƩƣiƽ
ǂaǄ iƹƿƺƩiƨƩ-lƣǁƣl ơƺƸƻilƣƽƾ ƾǀơƩaƾPlǀƿƺ [ᇳᇻ], R-SƿƽƣaƸ[ᇸᇻ]ƺƽTRACO[ᇳᇷ],
aƹƢ alƾƺ iƹ lƺǂ-lƣǁƣl ơƺƸƻilƣƽƾ ƾǀơƩ aƾ GCC [ᇻᇻ], LLVM [ᇶᇷ] ƺƽ IBM XL [ᇳᇺ].

Mƺƾƿ ƺƤ ƿƩƣƾƣ ƿƣơƩƹiƼǀƣƾ ƨƣƹƣƽaƿƣ ƻaƽallƣl lƺƺƻƾ ǂiƿƩ aƹ iƸƻliơiƿ baƽƽiƣƽ
ƾǄƹơƩƽƺƹiǅaƿiƺƹ aƿ ƿƩƣ ƣƹƢ ƺƤ ƣaơƩ ƻaƽallƣl lƺƺƻ, ƾǀơƩ aƾ ƿƩƣ omp parallel

for ơƺƹƾƿƽǀơƿ ƤƽƺƸ OƻƣƹMP [ᇹᇻ]. Fƣǂ alƨƺƽiƿƩƸƾ aƽƣ ƢƣƾiƨƹƣƢ ƿƺ ƨƣƹƣƽaƿƣ
ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ ƣ.ƨ., Allƣƹ-KƣƹƹƣƢǄ[ᇸ] aƹƢ LiƸ-LaƸ [ᇸᇵ].

Oǀƽ ƿƣơƩƹiƼǀƣ (ƾƣƣ CƩaƻƿƣƽ ᇷ) Ƥƺƽ ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƽƣƢǀơƿiƺƹ ǁia baƽƽiƣƽ
liƤƿiƹƨ Ƣƺƣƾ ƹƺƿ ơƺƸƻƣƿƣ bǀƿ ơƺƸƻlƣƸƣƹƿƾ ƿƩƣƾƣ ƿƣơƩƹiƼǀƣƾ: ǂƣ Ƣƺ ƹƺƿ ƻƽƺ-
ƻƺƾƣ a ƹƣǂ ƾơƩƣƢǀlƣƽ bǀƿ a ƻƺƾƿ ƻƽƺơƣƾƾiƹƨ ƻƩaƾƣ. Iƿ ƿakƣƾ aƾ iƹƻǀƿ aƹ ƺƻƿiƸ-
iǅƣƢ ƨƣƹƣƽaƿƣƢ ơƺƢƣ (ƺƽ iƿƾ iƹƿƣƽƹal ƻƺlǄƩƣƢƽal ƽƣƻƽƣƾƣƹƿaƿiƺƹ) aƹƢ ƤǀƽƿƩƣƽ
ƺƻƿiƸiǅƣƾ iƿ bǄ bǀilƢiƹƨ a ǂiƢƣƽ ƻaƽallƣl ƽƣƨiƺƹ ƿƺ ƸiƹiƸiǅƣ ƽǀƹƿiƸƣ ƺǁƣƽ-
ƩƣaƢ aƹƢ ƽƣƸƺǁiƹƨ ƾƻǀƽiƺǀƾ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ.

SǄƹơƩƽƺƹiǅaƿiƺƹ baƽƽiƣƽ ƻlaơƣƸƣƹƿ aƹƢ ƺƻƿiƸiǅaƿiƺƹ Ʃaƾ bƣƣƹ ƿƩƣ ƾǀb-
jƣơƿ ƺƤ ƻaƾƿ ǂƺƽkƾ. Aikƣƹ aƹƢ GaǄ [ᇵ] ƿaƽƨƣƿ SPMD (SƩƴƷƳƢ PƹƶƧƹƞƴ,MƼƳƻƩƷƳƢ
Dƞƻƞ) ƻƽƺƨƽaƸƾ. TƩƣǄ ƻƽƺƻƺƾƣƢ a ƸƣƿƩƺƢ ƿƺ ơƩƣơk ƿƩƣ ơƺƽƽƣơƿƹƣƾƾ ƺƤ ƻƽƺ-
ƨƽaƸ’ƾ ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƻaƿƿƣƽƹ aƹƢ laƹƨǀaƨƣ Ƥƣaƿǀƽƣƾ ƿƺ Ƹakƣ ƾǄƹơƩƽƺƹiǅ-
aƿiƺƹƾ Ƹƺƽƣ ƣǃƻliơiƿ aƹƢ ƣaƾiƣƽ ƿƺ ơƩƣơk. O’BƺǄlƣ aƹƢ SƿöƩƽ [ᇹᇸ] ƻƽƺƻƺƾƣƢ
a ƨƽaƻƩ-baƾƣƢ aƻƻƽƺaơƩ ƿƺ ƢƣƿƣƽƸiƹƣ ƿƩƣ ƾƸallƣƾƿ ƹǀƸbƣƽ ƺƤ ƽƣƼǀiƽƣƢ ƾǄƹ-
ơƩƽƺƹiǅaƿiƺƹƾ Ƥƺƽ a ƨiǁƣƹ ƻƽƺƨƽaƸ. Daƽƿƣ aƹƢ SơƩƽƣibƣƽ [ᇴᇺ] ƻƽƺƻƺƾƣƢ aƹ
alƨƺƽiƿƩƸ iƹ liƹƣaƽ ƿiƸƣ Ƥƺƽ baƽƽiƣƽ ƸiƹiƸiǅaƿiƺƹ aƿ all lƣǁƣlƾ ƺƤ lƺƺƻ ƹƣƾƿƾ.
CǄƿƽƺƹ ƣƿ al. [ᇴᇷ] ƾǀƨƨƣƾƿƣƢ ƿƺ Ƹiǃ Ƥƺƽk-jƺiƹ aƹƢ SPMD ƻƽƺƨƽaƸƸiƹƨ. TƩƣiƽ
aƻƻƽƺaơƩ ƿakƣƾ aƾ iƹƻǀƿ a Ƥƺƽk-jƺiƹ ƻƽƺƨƽaƸ aƹƢ ơƺƹǁƣƽƿƾ ƾƣlƣơƿ ƻaƽƿƾ iƹƿƺ
SPMD ƻƽƺƨƽaƸƾ. Tƾƣƹƨ [ᇳᇲᇲ] ƤǀƽƿƩƣƽ ƣǃƻlƺƽƣƢ ƿƩƣ iƢƣa ƺƤ ơƺƸbiƹiƹƨ ơƺƹ-
ơƣƻƿƾ ƤƽƺƸ Ƥƺƽk-jƺiƹ aƹƢ SPMD ƻƽƺƨƽaƸƸiƹƨ ƸƺƢƣlƾ ƿƺ ƽƣƢǀơƣ ƾǄƹơƩƽƺƹiǅ-
aƿiƺƹ ƺǁƣƽƩƣaƢ. SƣƼǀƣƹƿial ƻaƽƿƾ aƽƣ ƣǃƣơǀƿƣƢ bǄ ƿƩƣ Ƹaƾƿƣƽ ƿƩƽƣaƢ ǂƩilƣ
ƻaƽallƣl ƽƣƨiƺƹƾ aƽƣ bǀilƿ ƿƺ bƣ ƿƽƣaƿƣƢ aƾ SPMD ƻƽƺƨƽaƸƾ. Baƽƽiƣƽƾ aƽƣ ƣliƸ-
iƹaƿƣƢ ǀƾiƹƨ ơƺƸƸǀƹiơaƿiƺƹ aƹalǄƾiƾ. Fƣaǀƿƽiƣƽ, ViƺlaƽƢ aƹƢ Kƣƿƿƣƽliƹ [ᇵᇸ]
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ơƺƸƻǀƿƣƾ afƧiƹƣ Ƣaƿƣƾ ƿƺ ƽƣƸƺǁƣ ơlƺơkƾ, ǂƩiơƩ ƣǃƻƽƣƾƾ ƣǃƻliơiƿ ƾǄƹơƩƽƺƹiǅ-
aƿiƺƹƾ, ƤƽƺƸ Xᇳᇲ ƻƽƺƨƽaƸƾ. ZƩaƺ ƣƿ al. alƾƺ ƻƽƺƻƺƾƣƢ a ƿƣơƩƹiƼǀƣ ǂƩiơƩ ƽƣ-
Ƣǀơƣƾ ƿaƾk ơƽƣaƿiƺƹ ƺǁƣƽƩƣaƢ [ᇳᇳᇴ] iƹ ƿƩƣ ơƺƹƿƣǃƿ ƺƤ ƿaƾk-ƻaƽallƣl ƻƽƺƨƽaƸƾ.

All ƿƩƣƾƣƻǀbliơaƿiƺƹƾ ƾƿƽiǁƣƢ Ƥƺƽ ƽƣƢǀơiƹƨ ƾǄƹơƩƽƺƹiǅaƿiƺƹƺǁƣƽƩƣaƢ. Oǀƽ
ǂƺƽk ƨƺƣƾ iƹ ƿƩƣ ƾaƸƣ Ƣiƽƣơƿiƺƹ iƹ a Ƥƺƽk-jƺiƹ ơƺƹƿƣǃƿ.

ᇵ.ᇵ PiƻƣliƹƣƢMǀlƿiƿƩƽƣaƢiƹƨ
Eǃƿƣƹƾiǁƣ ǂƺƽk Ʃaƾ bƣƣƹ Ƣƺƹƣ ƺƹ ƾƺƤƿǂaƽƣ ƻiƻƣliƹiƹƨ. TƩƣ iƹiƿial iƢƣa bƣ-
ƩiƹƢ ƾƺƤƿǂaƽƣ ƻiƻƣliƹiƹƨ ơƺƸƣƾ ƤƽƺƸ Paƿƣl aƹƢ DaǁiƢƾƺƹ [ᇺᇲ]. TƩƣǄ ƻƽƺ-
ƻƺƾƣƢ ƿƺ ƢƣlaǄ ơƺƸƻǀƿaƿiƺƹƾ ƿƺ aǁƺiƢ ơƺlliƾiƺƹƾ bǄ iƹƾƣƽƿiƹƨ ƵƶƵ ƠƶƴƷƼƻƢ
ƺƢƧƴƢƵƻƺ. Raǀ aƹƢ Glaƣƾƣƽ [ᇻᇲ] iƹiƿiallǄ iƹƿƽƺƢǀơƣƢMƶơƼƳƶ SƠƨƢơƼƳƩƵƧ [ᇷᇴ].
TƩƣǄ ǀƾƣ ƿƩƣ ƹƺƿiƺƹ ƺƤ MƩƵƩƴƼƴ IƵƩƻƩƞƻƩƶƵ IƵƻƢƹƽƞƳ ƿƺ ƣƹƾǀƽƣ ƿƩaƿ a ƾơƩƣƢ-
ǀlƣ iƾ ơƺƽƽƣơƿ. TƩƣiƽ ƸƣƿƩƺƢ ƿaƽƨƣƿƣƢ ƾƻƣơialiǅƣƢ ƩaƽƢǂaƽƣ (ƿƩƣ PƺlǄơǄơliơ
AƽơƩiƿƣơƿǀƽƣ) ƢƣƾiƨƹƣƢ ǂiƿƩ ƾƺƤƿǂaƽƣ ƻiƻƣliƹiƹƨ iƹ ƸiƹƢ. SƺƤƿǂaƽƣ ƻiƻƣliƹ-
iƹƨ ǂaƾ iƸƻƽƺǁƣƢ bǄ LaƸ [ᇷᇸ] ǂiƿƩ ƹƣǂ Ʃƣǀƽiƾƿiơƾ aƹƢ ƴƶơƼƳƶ ƽƞƹƩƞƟƳƢ Ƣƿ-
ƷƞƵƺƩƶƵǂƩiơƩ iƹơƽƣaƾƣƾ ƿƩƽƺǀƨƩƻǀƿ bǄ ǀƾiƹƨ Ƹǀlƿiƻlƣ ƽƣƨiƾƿƣƽƾ (iƹ ƢifƤƣƽƣƹƿ
iƿƣƽaƿiƺƹƾ) Ƥƺƽ a ǁaƽiablƣ iƹ a lƺƺƻ. TƩiƾ ƸƣƿƩƺƢ ƢiƢ ƹƺƿ ƽƣƼǀiƽƣ ƾƻƣơialiǅƣƢ
ƩaƽƢǂaƽƣ aƹƢ ǂaƾ aƻƻliơablƣ ƿƺ VLIW aƽơƩiƿƣơƿǀƽƣƾ. Niƹƨ aƹƢ Gaƺ [ᇹᇷ] ƻƽƺ-
ƻƺƾƣƢ a ƹƣǂ ƾƺƤƿǂaƽƣ ƻiƻƣliƹiƹƨ ƸƣƿƩƺƢ ƿƩaƿ ƿakƣƾ iƹƿƺ aơơƺǀƹƿ bƺƿƩ iƹ-
ƾƿƽǀơƿiƺƹ ƾơƩƣƢǀliƹƨ aƹƢ ƽƣƨiƾƿƣƽ allƺơaƿiƺƹ iƹƾƿƣaƢ ƺƤ ơƺƹƾiƢƣƽiƹƨ ƿƩƣƸ aƾ
ƾƣƻaƽaƿƣ ƻaƾƾƣƾ. Raǀ [ᇺᇻ, ᇺᇺ] ƻƽƺƻƺƾƣƢ aƹ iƿƣƽaƿiǁƣ ƸƺƢǀlƺ ƾơƩƣƢǀliƹƨ al-
ƨƺƽiƿƩƸ ƿƺ ƧiƹƢ ƹƣaƽ-ƺƻƿiƸal ƾƺlǀƿiƺƹƾ. Fƣaǀƿƽiƣƽ [ᇵᇳ] ƾƩƺǂƣƢ ƿƩaƿ ƽƣƾƺǀƽơƣ
ơƺƹƾƿƽaiƹƿƾ ơƺǀlƢ bƣ ƣǃƻƽƣƾƾƣƢ aƾ liƹƣaƽ ƣƼǀaliƿiƣƾ ƿƩaƿ ơƺǀlƢ bƣ ǀƾƣƢ, Ƥƺƽ
iƹƾƿaƹơƣ, ǂiƿƩ afƧiƹƣ ƾơƩƣƢǀliƹƨ alƨƺƽiƿƩƸƾ [ᇵᇵ, ᇵᇶ]. Iƿ ǂaƾ ƣǃƿƣƹƢƣƢ bǄ FiƸ-
Ƹƣl aƹƢ Müllƣƽ [ᇵᇻ] ǂƩƺ ơƺƸbiƹƣ, iƹƾƿƣaƢ ƺƤ Ƣƣơƺǀƻliƹƨ ƿƩƣƸ, ƿƩƣ ƺƻƿiƸ-
iǅaƿiƺƹ ƻƽƺơƣƾƾ aƹƢ ƿƩƣ ƾƣaƽơƩ Ƥƺƽ aƹ ƺƻƿiƸǀƸ iƹiƿiaƿiƺƹ iƹƿƣƽǁal.

TƩƣƽƣ Ʃaƾ alƾƺ bƣƣƹ a lƺƿ ƺƤ ƽƣƾƣaƽơƩ Ƥƺơǀƾiƹƨ ƺƹ lƺǂ-lƣǁƣl ƻiƻƣliƹƣƢ ơƺƢƣ
ƨƣƹƣƽaƿiƺƹ [ᇴᇻ, ᇶ, ᇹᇳ], ǀƾǀallǄ baƾƣƢ ƺƹ ƿƩƣ ơƺƹơƣƻƿ ƺƤ ƻƽƺơƣƾƾ ƹƣƿǂƺƽk [ᇻᇺ,
ᇳᇲᇷ]. TƩƣ Ƹaiƹ ơƺƹơƣƽƹƾ ƺƤ ƿƩƣƾƣ ƻaƻƣƽƾ aƽƣ ƿƩƣ ơƩaƽaơƿƣƽiǅaƿiƺƹ ƺƤ ƾƿƽƣaƸ
ƿǄƻƣƾ aƹƢ ƾiǅƣƾ aƹƢ ƿƩƣ ƣfƧiơiƣƹƿ ƻlaơƣƸƣƹƿ ƺƤ ƿaƾkƾ ƺƹ a ƧiǃƣƢ ƾiǅƣƢ ƾƿaƿiơ
ƩaƽƢǂaƽƣ. TƩƣƾƣ iƾƾǀƣƾ aƽƣ ƹƺƿ ƽƣlƣǁaƹƿ iƹ a ƸǀlƿiƿƩƽƣaƢƣƢ ƨƣƹƣƽal ƻǀƽƻƺƾƣ
ƣƹǁiƽƺƹƸƣƹƿ likƣ OƻƣƹMP ǂƩƣƽƣ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ iƾ ǁiƽƿǀallǄ iƹƧiƹiƿƣ
aƹƢ ƿƩƣ ƾƿƽƣaƸƾ liƸiƿƣƢ ƿƺ ƿƩƣ ƸƣƸƺƽǄ ƾiǅƣ.
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Pƽƣǁiƺǀƾ ǂƺƽk iƹƿƽƺƢǀơƣƢ ƻiƻƣliƹƣƢ ƣǃƣơǀƿiƺƹ aƹƢ ƺƿƩƣƽ ƤƺƽƸƾ ƺƤ ƻaƽ-
allƣliƸƾ ǀƾiƹƨ OƻƣƹMP. Gƺƹǅàlƣǅ ƣƿ al. [ᇶᇵ, ᇶᇴ] ƻƽƺƻƺƾƣƢ aƹ ƣǃƿƣƹƾiƺƹ ƿƩaƿ
allƺǂƣƢ ƿƺ ƾƻƣơiƤǄ ƣǃƻliơiƿ ƻƺiƹƿ-ƿƺ-ƻƺiƹƿ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ. A ƾiƸilaƽ bƣƩa-
ǁiƺǀƽ ơaƹ bƣ aƿƿaiƹƣƢ iƹ ƽƣơƣƹƿ ǁƣƽƾiƺƹƾ ƺƤ OƻƣƹMP ǂiƿƩ task ơƺƹƾƿƽǀơƿƾ
aƹƢ depend ơlaǀƾƣƾ. BaǀƢiƾơƩ ƣƿ al. [ᇳᇶ] ƿƽaƹƾlaƿƣ ƾǄƹơƩƽƺƹƺǀƾ ƻƽƺƨƽaƸƾ iƹƿƺ
ƻiƻƣliƹƣƾ ǀƾiƹƨ OƻƣƹMP ƾƣơƿiƺƹƾ. EaơƩ ƻiƻƣliƹƣ ƾƿaƨƣ iƾ ƣƹơlƺƾƣƢ iƹ aƹ iƹ-
Ƨiƹiƿƣ lƺƺƻ ǂƩiơƩ iƾ ƻlaơƣƢ iƹ aƹ OƻƣƹMP ƾƣơƿiƺƹ. Vaƽiablƣƾ ƽƣaƢ aƹƢ ǂƽiƿ-
ƿƣƹ bǄ Ƹǀlƿiƻlƣ ƾƿaƨƣƾ aƽƣ ƿƽaƹƾƤƣƽƽƣƢ ǀƾiƹƨ ƻiƻƣliƹƣ ǁaƽiablƣƾ ǂiơƩ aƽƣ ƽƣaƢ
aƹƢǂƽiƿƿƣƹ iƹ FIFO bǀfƤƣƽƾ. Sbîƽlƣa ƣƿ al. [ᇻᇸ] ƻaƽallƣliǅƣ Ƣƺaơơƽƺƾƾ lƺƺƻƾ ǀƾ-
iƹƨ ƿƩƣOƻƣƹMP ordered ơƺƹƾƿƽǀơƿ aƹƢ ơlaǀƾƣ. TƩiƾ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƽƣƼǀiƽƣƾ
ƾƻƣơialiǅƣƢ iƹƻǀƿ: ƿƩƣ ƻƽƺƨƽaƸƾ aƽƣ ƣǃƻƽƣƾƾƣƢ iƹ a Daƿa-Flƺǂ GƽaƻƩ Laƹ-
ƨǀaƨƣaƹƢƣǃƿƣƹƢƣƢ iƹƤƺƽƸaƿiƺƹƺƹƢƣƻƣƹƢƣƹơiƣƾƸǀƾƿ bƣƻƽƺǁiƢƣƢ. CƩaƿaƽ-
aƾi ƣƿ al. [ᇴᇴ]’ƾ ƤƽaƸƣǂƺƽk ƩaƹƢlƣƾ OƻƣƹMP tasks aƹƢ ordered ơƺƹƾƿƽǀơƿƾ.
Iƹƻǀƿ ƻƽƺƨƽaƸƾ aƽƣ alƽƣaƢǄ aƹƹƺƿaƿƣƢ OƻƣƹMP ƻƽƺƨƽaƸƾ aƹƢ Ʃƣƹơƣ ƣǃƻli-
ơiƿlǄ ƻaƽallƣl. TƩƣ ƤƽaƸƣǂƺƽk ơaƹ ơƩƣơk ƿƩƣ ơƺƽƽƣơƿƹƣƾƾ ƺƤ ƿƩƣ iƹƻǀƿ ƺƽ ƺƻ-
ƿiƸiǅƣ iƿ. Pƺƻ ƣƿ al. [ᇺᇳ] ƻƽƺƻƺƾƣƢ OƻƣƹSƿƽƣaƸ aƾ aƹ ƣǃƿƣƹƾiƺƹ ƺƤ OƻƣƹMP.
Iƿ ơaƹ ƨƣƹƣƽaƿƣ ơƺƢƣ ǂƩiơƩ ơaƹ ƣǃƻlƺiƿ ƻiƻƣliƹƣ ƻaƽallƣliƾƸ bǀƿ iƿ ƽƣƼǀiƽƣƾ
ƿƩƣ ƻƽƺƨƽaƸƸƣƽ ƿƺ Ƨiƽƾƿ aƹƹƺƿaƿƣ aƹƢ ƣǃƻƺƾƣ ƻaƽallƣliƾƸ iƹ ƿƩƣ iƹƻǀƿ ơƺƢƣ.
RaƸaƹƣƿ al. [ᇺᇹ] iƢƣƹƿiƤǄ ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿƾ iƹ ƿƩƣƻƽƺƨƽaƸƢƣ-
ƻƣƹƢƣƹơƣ ƨƽaƻƩ ƿƺ ơƺƹƾƿƽǀơƿ ƻiƻƣliƹƣƾ aƹƢ ơƺƹƾiƢƣƽƾ blƺơkiƹƨ ƿƺ aǁƺiƢ Ƥalƾƣ
ƾƩaƽiƹƨ. Liǀ ƣƿ al. [ᇸᇶ] ƣǃƿƣƹƢ ƿƩƣ ƸƣƿƩƺƢ ƿƺ ơƽƣaƿƣ ƻiƻƣliƹƣƾ iƹ OƻƣƹMP
ǀƾiƹƨ ƿaƾkƾ. Hƺǂƣǁƣƽ, ƹƣiƿƩƣƽ ƺƤ ƿƩƣƾƣ ǂƺƽkƾ ƿaƽƨƣƿ aǀƿƺƸaƿiơ ƻaƽallƣliǅa-
ƿiƺƹ ƿƺ ƻiƻƣliƹƣ SCƺPƾ. NƺƹƣƿƩƣlƣƾƾ, all ƿƩƣƾƣ ǂƺƽkƾ iƹƾƻiƽƣƢ ƹƣǂ Ƥƣaƿǀƽƣƾ
iƹ ƻaƽallƣl laƹƨǀaƨƣƾ allƺǂiƹƨ Ƨiƹƣ ơƺƹƿƽƺl ƺǁƣƽ ƿƩƽƣaƢ ƻaƽallƣliƾƸ aƹƢ ƾǄƹ-
ơƩƽƺƹiǅaƿiƺƹ ǂƩiơƩ ǂƣ ƣǃƿƣƹƾiǁƣlǄ ǀƾƣ iƹ ƿƩiƾ ƿƩƣƾiƾ.

Oǀƽ ƸƣƿƩƺƢ Ƥƺƽ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ (ƾƣƣ CƩaƻƿƣƽ ᇸ) lƣaǁƣƾ ƽƺƺƸ
Ƥƺƽ ƾƺƤƿǂaƽƣ ƻiƻƣliƹiƹƨǂƩƣƹ ƾƣƼǀƣƹƿial lƺƺƻƾ ƾƿill ơƺƹƿaiƹƸƺƽƣ ƿƩaƹ ƺƹƣ iƹ-
ƾƿƽǀơƿiƺƹ. Aƾ ƺƻƻƺƾƣƢ ƿƺ aƤƺƽƣƸƣƹƿiƺƹƣƢ ǂƺƽk, ǂƩiơƩ ƣǃƻƣơƿƾ aƹƹƺƿaƿƣƢ ƺƽ
ƣǁƣƹƣǃƻliơiƿlǄ ƻaƽallƣl ƻƽƺƨƽaƸƾ, ƺǀƽ aƻƻƽƺaơƩơaƹ ƿaƽƨƣƿ ƾiƸƻlƣ aƹƹƺƿaƿiƺƹ-
Ƥƽƣƣ SCƺPƾ: iƿ ƣǃƻƣơƿƾ aƾ iƹƻǀƿ a ơlaƾƾiơ ƺƻƿiƸiǅƣƢƻƺlǄƩƣƢƽal AST,ǂƩiơƩƸaǄ
Ʃaǁƣ bƣƣƹ ƻƽƺƢǀơƣƢ ƤƽƺƸ a ƾiƸƻlƣ SCƺP bǄ aƹ aǀƿƺƸaƿiơ ƺƻƿiƸiǅƣƽ.



ᇵᇹ

CƩaƻƿƣƽ ᇶ

RƣƢǀơiƹƨ AfƧiƹƣ Lƺƺƻ Nƣƾƿƾ
Cƺƹƿƽƺl OǁƣƽƩƣaƢ

CƺƢƣ ƨƣƹƣƽaƿiƺƹ iƹ ƻƺlǄƩƣƢƽal ơƺƸƻilaƿiƺƹ ƤƽaƸƣǂƺƽkƾ ơƺƽƽƣƾƻƺƹƢƾ ƿƺ ƿƩƣ
ơƺƹƾƿƽǀơƿiƺƹƺƤ a ơƺƢƣ ƿƩaƿ ƾơaƹƾ ƿƩƣ iƹƿƣƨƣƽƻƺiƹƿƾ ƺƤ ǀƹiƺƹƾƺƤ ƻƺlǄƩƣƢƽa [ᇵᇷ,
ᇳᇲ]. TƩƺƾƣ ƻƺlǄƩƣƢƽa aƽƣ ƿǄƻiơallǄ ƿƩƣ ƽƣƾǀlƿ ƺƤ a ƾƸaƽƿ aƹƢ ơƺƸƻlƣǃ ƺƻƿiƸiǅ-
aƿiƺƹ ƻƽƺơƣƾƾ ǂƩiơƩƸakƣƾ ƾǀƽƣ ƿƩƣ iƹƿƣƨƣƽ ƻƺiƹƿƾ aƽƣ ƾơaƹƹƣƢ iƹ a ƾaƿiƾƤaơƿ-
ƺƽǄ ƺƽƢƣƽ. Aƾ ƸaƹǄ ƾơaƹƹiƹƨ ơƺƢƣƾ aƽƣ ƻƺƾƾiblƣ Ƥƺƽ a ƨiǁƣƹ ƾƣƿ ƺƤ ǀƹiƺƹƾ ƺƤ
ƻƺlǄƩƣƢƽa, iƿ iƾ ƣǃƿƽƣƸƣlǄ iƸƻƺƽƿaƹƿ ƿƺ ƨƣƹƣƽaƿƣ aƹ ƣfƧiơiƣƹƿ ƾơaƹƹiƹƨ ơƺƢƣ
ǂƩƣƽƣ ƿƩƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ Ƣƺƣƾ ƹƺƿ iƸƻaiƽ ƿƩƣ ƺƻƿiƸiǅaƿiƺƹƾ ƣƹablƣƢ bǄ
ƿƩƣ ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽ.

Oƹƣ ƺƤ ƿƩƣ Ƨiƽƾƿ ƸƣƿƩƺƢƾ ƿƺ ƨƣƹƣƽaƿƣ ơƺƢƣ ƿƩaƿ ƾơaƹƾ ǀƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa
iƾ ƿƺ ƨƣƹƣƽaƿƣ a ơƺƢƣ ƿƩaƿ ƾơaƹƾ ƿƩƣ ơƺƹǁƣǃ Ʃǀll ƺƤ ƿƩƣ iƹƻǀƿ ǀƹiƺƹǂƩƣƽƣ ƣaơƩ
ƾƿaƿƣƸƣƹƿ iƾ ƣƹơlƺƾƣƢ iƹ a ƨǀaƽƢ ǂƩiơƩ ơƩƣơkƾ ǂƩƣƿƩƣƽ a ƨiǁƣƹ iƿƣƽaƿiƺƹ ƺƤ
ƿƩaƿ ƾƿaƿƣƸƣƹƿ bƣlƺƹƨƾ ƿƺ ƿƩƣ iƿƣƽaƿiƺƹ ƢƺƸaiƹ [ᇹ]. TƩiƾ aƻƻƽƺaơƩ ƽƣƾǀlƿƾ
iƹ ƾƸall ơƺƢƣ ƾiǅƣƾ aƿ ƿƩƣ ƣǃƻƣƹƾƣ ƺƤ ƻƺƺƽ ƽǀƹƿiƸƣ ƻƣƽƤƺƽƸaƹơƣ bƣơaǀƾƣ ƺƤ
ƿƩƣ ƩƣaǁǄ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ. TƩƣ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸ
(alƾƺ kƹƺǂƹ aƾQRWalƨƺƽiƿƩƸ)ǂaƾ iƹƿƽƺƢǀơƣƢ bǄQǀillƣƽȅ, RajƺƻaƢƩǄƣ aƹƢ
WilƢƣ [ᇺᇷ] aƹƢ ƣǃƿƣƹƢƣƢbǄ ǁaƽiƺǀƾ ƾǀbƾƣƼǀƣƹƿǂƺƽkƾ ƿƺ ƤǀƽƿƩƣƽ iƸƻƽƺǁƣ ƿƩƣ
ƼǀaliƿǄ ƺƤ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ [ᇳᇴ, ᇳᇳ, ᇳᇲᇴ, ᇶᇸ]. AlƿƩƺǀƨƩ iƿ aǁƺiƢƾ ƿƩƣ ƨƣƹƣƽa-
ƿiƺƹ ƺƤ lƺƺƻ ƨǀaƽƢƾ iƸƻliƣƢ bǄ ƿƩƣ ǀƾƣ ƺƤ ơƺƹǁƣǃ Ʃǀllƾ, ơƺƸƻlƣǃ lƺƺƻ bƺǀƹƢƾ
ƸaǄ ƽƣƸaiƹ iƹ ƿƩƣ Ƨiƹal ƨƣƹƣƽaƿƣƢ ơƺƢƣ aƹƢ ƿƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ƻƽƺƨƽaƸƸaǄ
iƹơǀƽ ƩiƨƩ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ.
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Iƹ ƿƩiƾ ơƩaƻƿƣƽ, ǂƣ ƻƽƺƻƺƾƣ a ƹƣǂ ƣǃƿƣƹƾiƺƹ ƺƤ ƿƩiƾ alƨƺƽiƿƩƸ ƿƺ Ƥǀƽ-
ƿƩƣƽ ƽƣƢǀơƣ ƿƩƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ iƹ lƺƺƻ bƺǀƹƢƾ bǄ ƾƻliƿƿiƹƨ ƻƺlǄƩƣƢƽa. TƩƣ
iƢƣa iƾ ƿƺ ƾƻliƿ ƻƺlǄƩƣƢƽa Ƣǀƽiƹƨ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƩaƾƣ iƹƿƺ ƾiƸƻlƣ ƻƺlǄ-
ƩƣƢƽa ǀƾiƹƨ ƿƩƣ ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ ƺƤ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽa [ᇸᇷ]. TƩiƾ
ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ allƺǂƾ ƿƺ ơƺƸƻǀƿƣ ƿƩƣ ǁaliƢiƿǄ ƢƺƸaiƹƾ alƺƹƨ ƣaơƩ
ƾơaƹƹƣƢ ƢiƸƣƹƾiƺƹ. Wƣ ǂill ǀƾƣ ƿƩƣƾƣ ǁaliƢiƿǄ ƢƺƸaiƹƾ ƿƺ ƾƻliƿ ơƺƸƻlƣǃ
ƻƺlǄƩƣƢƽa iƹƿƺ ǀƹiƺƹƾ ƺƤ ƾiƸƻlƣ ƻƺlǄƩƣƢƽa.

TƩiƾ ơƩaƻƿƣƽ iƾ ƺƽƨaƹiǅƣƢ aƾ Ƥƺllƺǂƾ. Sƣơƿiƺƹᇶ.ᇳ ƢƣƸƺƹƾƿƽaƿƣƾ ƺƹaƸƺƿiǁ-
aƿiƹƨ ƣǃaƸƻlƣ ƿƩƣ ƽƣlƣǁaƹơƣ ƺƤ ƺǀƽ ƻƽƺƻƺƾal. Tƺ ǀƹƢƣƽƾƿaƹƢ Ʃƺǂ ƻƺlǄƩƣƢƽa
ƾƻliƿƿiƹƨ iƾ ƻƣƽƤƺƽƸƣƢ, ƿƩƣ ƣǃƿƣƹƢƣƢ QRW [ᇳᇳ] ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸ iƾ
ƽƣơallƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇴ ǂƩilƣ Sƣơƿiƺƹ ᇶ.ᇵ ƻƽƣƾƣƹƿƾ ƿƩƣ ơƩaƸbƣƽ ƢƣơƺƸƻƺƾi-
ƿiƺƹ ƺƤ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽa aƹƢ Ʃƺǂ iƿ iƾ ơƺƸƻǀƿƣƢ. PƺlǄƩƣƢƽa ƾƻliƿƿiƹƨ
ƽƣlǄiƹƨ ƺƹ ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ iƾ ƣǁƣƹƿǀallǄ ƣǃƻlaiƹƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇶ.
EǃƻƣƽiƸƣƹƿal ƽƣƾǀlƿƾ aƽƣ ƢƣƿailƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇷ. TƩƣ liƸiƿƾ ƺƤ ƺǀƽ ƿƣơƩƹiƼǀƣ
aƹƢ ƻƺƾƾiblƣ ƾƺlǀƿiƺƹƾ aƽƣ ƢiƾơǀƾƾƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇸ bƣƤƺƽƣ Sƣơƿiƺƹ ᇶ.ᇹ ơƺƹ-
ơlǀƢƣƾ ƿƩiƾ ơƩaƻƿƣƽ.

ᇶ.ᇳ Mƺƿiǁaƿiƺƹ

Iƹ ƿƩƣ ƻƺlǄƩƣƢƽal ơƺƸƻilaƿiƺƹ ơƺƹƿƣǃƿ, a ƨiǁƣƹ ƻƺlǄƩƣƢƽƺƹƸaǄ bƣ ƽƣƻƽƣƾƣƹ-
ƿƣƢ bǄ ƸaƹǄ ƣƼǀiǁalƣƹƿ ǀƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa aƾ lƺƹƨ aƾ ƿƩƣǄ ơƺǁƣƽ ƿƩƣ ƾaƸƣ
ƾƣƿ ƺƤ iƹƿƣƨƣƽ ƻƺiƹƿƾ. CƺƢƣ ƨƣƹƣƽaƿiƺƹ ƿƺƺlƾ ƩƣaǁilǄ Ƹaƹiƻǀlaƿƣ ǀƹiƺƹƾ ƺƤ
ƻƺlǄƩƣƢƽa ǂiƿƩƺǀƿ ƿakiƹƨ iƹƿƺ aơơƺǀƹƿ ƿƩiƾ Ƥaơƿ aƹƢ ƸƣƽƣlǄ ƾƣƿƿlƣ Ƥƺƽ ƿƩƣ
ƽƣƻƽƣƾƣƹƿaƿiƺƹ ơƩƺiơƣ ƺƤ ƿƩƣ ǀƹƢƣƽlǄiƹƨ ƻƺlǄƩƣƢƽal libƽaƽǄ. Hƺǂƣǁƣƽ, ǀƾiƹƨ
ƢifƤƣƽƣƹƿ ǀƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa — ƣǁƣƹ iƤ ƸaƿƩƣƸaƿiơallǄ ƣƼǀiǁalƣƹƿ —ƸaǄ
lƣaƢ ƿƺ ƨƣƹƣƽaƿiƹƨ ǁƣƽǄ ƢifƤƣƽƣƹƿ ƺǀƿƻǀƿƾ. Fƺƽ iƹƾƿaƹơƣ, a ƨiǁƣƹ ƻƺlǄƩƣƢƽƺƹ
ƸaǄ bƣ ƿƽaƹƾlaƿƣƢ iƹƿƺ a ơƺƢƣǂƩiơƩ ƽƣƼǀiƽƣƾ ƩiƨƩ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢǂƩilƣ aƹ
alƿƣƽƹaƿiǁƣ ǀƹiƺƹ ƺƤ ƻƺlǄƩƣƢƽa ǂƺǀlƢ ơƺƽƽƣƾƻƺƹƢ ƿƺ a lƺƹƨƣƽ Ǆƣƿ liƨƩƿƣƽ —
ơƺƹƿƽƺl-ǂiƾƣ— ơƺƢƣ.

CƺƹƾiƢƣƽ ƿƩƣ iƿƣƽaƿiƺƹ ƢƺƸaiƹP0:

P0(N, M) =











i

j



 ∈ Q2

∣

∣

∣

∣

∣

∣

0 ≤ i ≤ N,

0 ≤ j ≤M







(ᇶ.ᇳ)
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TƩiƾ iƿƣƽaƿiƺƹ ƢƺƸaiƹ ơƺƽƽƣƾƻƺƹƢƾ ƿƺ ƿƩƣ ƾiƸƻlƣ lƺƺƻ ƹƣƾƿ ƾƩƺǂƹ iƹ Fiƨ-
ǀƽƣ ᇶ.ᇳ ǂƩiơƩ ƣǃƣơǀƿƣƾ ƾƿaƿƣƸƣƹƿ S1 ƢƣƻƣƹƢiƹƨ ƺƹ ƿǂƺ ƻaƽaƸƣƿƣƽƾ N aƹƢ
M (ǂiƿƩ ƿƩƣ ơƺƹƿƣǃƿ N > M ).

ᇳ for (int i=0 ; i<=N ; i++)
ᇴ for (int j=0 ; j<=M ; j++)
ᇵ S1(i,j);

(a) Lƺƺƻ Nƣƾƿ TƩaƿ SơaƹƾP0.
i

j
M

N

(b) ᇴD Rƣƻƽƣƾƣƹƿaƿiƺƹ OƤP0.

Fiƨǀƽƣ ᇶ.ᇳ – SiƸƻlƣ Lƺƺƻ Nƣƾƿ DƣƧiƹƣƢ BǄ EƼǀaƿiƺƹ ᇶ.ᇳ. EaơƩ iƿƣƽaƿƺƽ iƾ
iƹƢƣƻƣƹƢƣƹƿ aƹƢ Ʃaƾ a ƾiƹƨlƣ lƺǂƣƽ aƹƢ a ƾiƹƨlƣ ǀƻƻƣƽ bƺǀƹƢ: ƿƩƣ lƺƺƻ ƹƣƾƿ
ƾơaƹƾ a N ×M ƽƣơƿaƹƨlƣ.

IƸaƨiƹƣ ƿƩaƿ iƸƻƽƺǁiƹƨ lƺơaliƿǄ ƺƤ Ƣaƿa aơơƣƾƾƣƾ ƻƣƽƤƺƽƸƣƢbǄ ƾƿaƿƣƸƣƹƿ
S1 ƺƽ allƺǂiƹƨ ƻaƽallƣl ƣǃƣơǀƿiƺƹ ƺƤ ƿƩƣ iƹƹƣƽ lƺƺƻƸaǄ bƣ aơƩiƣǁƣƢ bǄ ƾkƣǂ-
iƹƨ ƿƩiƾ lƺƺƻ ƹƣƾƿ. TƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ƾơƩƣƢǀliƹƨ Ƥǀƹơƿiƺƹ ǂƩiơƩ ǂƺǀlƢ bƣ
ƨiǁƣƹ ƿƺ a ƻƺlǄƩƣƢƽal ơƺƢƣ ƨƣƹƣƽaƿƺƽ alƺƹƨ ƿƩƣ ƻƺlǄƩƣƢƽƺƹP0 ơƺǀlƢ bƣ:





i

j



 7→





c1

c2



 =





i + j

j



 (ᇶ.ᇴ)

AƻƻlǄiƹƨ ƿƩƣ aƤƺƽƣƸƣƹƿiƺƹƣƢ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƿƺ ƻƺlǄƩƣƢƽƺƹ P0 ǂƺǀlƢ
ƽƣƾǀlƿ iƹ ƿƩƣ ƻƺlǄƩƣƢƽƺƹ P1 aƾ ƢƣƻiơƿƣƢ iƹ Fiƨǀƽƣ ᇶ.ᇴ aƹƢ aƾ ƤƺƽƸallǄ Ƣƣ-
ƾơƽibƣƢ iƹ EƼǀaƿiƺƹ ᇶ.ᇵ.

P1(N, M) =
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Nƺƿiơƣ ƿƩƣ ƻƽƣƾƣƹơƣ ƺƤ max() aƹƢ min(), ǂƩiơƩ ƾƿƣƸ ƤƽƺƸ ƿƩƣ Ƥaơƿ ƿƩaƿ
iƿƣƽaƿƺƽ c2 Ʃaƾ ƿǂƺ lƺǂƣƽ bƺǀƹƢƾ ơƺƹƾƿƽaiƹƿƾ (0 ≤ c2 aƹƢ c1−N ≤ c2) aƹƢ
ƿǂƺ ǀƻƻƣƽ bƺǀƹƢƾ ơƺƹƾƿƽaiƹƿƾ (c2 ≤ M aƹƢ c2 ≤ c1). TƩƣƾƣ aƢƢiƿiƺƹal
ƺƻƣƽaƿiƺƹƾ iƹƿƽƺƢǀơƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ ǂƩiơƩ ơƺǀlƢ bƣ aǁƺiƢƣƢ bǄ ơƺƹƾiƢƣƽ-



Cإؘاأؔ؛ ᇶ. Rؘؚؗء؜ؖب ؘء؜ؙؙؔ أآآ؟ ئائؘء ؟آإاءآؖ ؘؗؔ؛إؘةآ ᇶᇲ

ơᇳ

ơᇴ
M

M N N +M

(a) SkƣǂƣƢ Iƿƣƽaƿiƺƹ DƺƸaiƹ

ᇳ for (c1=0;c1<=N+M;c1++)
ᇴ for

(c2=max(0,c1-N);c2<=min(M,c1);c2++)→֒

ᇵ S1((c1-c2),c2);

(b) GƣƹƣƽaƿƣƢ CƺƢƣ Ƥƺƽ PƺlǄƩƣƢƽƺƹP1

Fiƨǀƽƣ ᇶ.ᇴ – SkƣǂƣƢ Lƺƺƻ Nƣƾƿ RƣƻƽƣƾƣƹƿƣƢ bǄ EƼǀaƿiƺƹ ᇶ.ᇵ. TƩƣ ƿƽaƹƾ-
ƤƺƽƸaƿiƺƹ ƤƽƺƸ EƼǀaƿiƺƹ ᇶ.ᇴ Ʃaƾ bƣƣƹ aƻƻliƣƢ ƿƺ ƿƩƣ ƻƺlǄƩƣƢƽƺƹP0, ƣfƤƣơƿ-
iǁƣlǄ ƿƽaƹƾƤƺƽƸiƹƨ ƿƩƣ iƹƻǀƿ ƽƣơƿaƹƨlƣ iƹƿƺ a ƻaƽallƣlƺƨƽaƸ. Iƿƣƽaƿƺƽ c2 Ʃaƾ
ơƺƸƻlƣǃ lƺƺƻ bƺǀƹƢƾ: ƾơaƹƹiƹƨ ƿƩiƾ ƻaƽallƣlƺƨƽaƸ ƽƣƼǀiƽƣƾ min() aƹƢ max()
ơalơǀlaƿiƺƹƾ.

iƹƨ a “bƣƿƿƣƽ” ƣƼǀiǁalƣƹƿ ǀƹiƺƹ ƺƤ ƻƺlǄƩƣƢƽa Ƥƺƽ ƿƩƣ ƾkƣǂƣƢ iƿƣƽaƿiƺƹ ƢƺƸaiƹ.
Oǀƽ ƻƽƺƻƺƾal iƾ ƿƺ ƿƽaƹƾƤƺƽƸ ƻƺlǄƩƣƢƽa ƿƺ ƿƩiƾ “bƣƿƿƣƽ” ƽƣƻƽƣƾƣƹƿaƿiƺƹ bƣƤƺƽƣ
ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƩaƾƣ. TƩƣ kƣǄ iƢƣa ƺƤ ƺǀƽ ƻƽƺơƣƾƾiƹƨ iƾ ƿƺ ƾƻliƿ ƿƩƣ ƺǀƿƣƽ
lƺƺƻ iƹ ƾƣǁƣƽal ƻaƽƿƾ, ƾƺ ƿƩaƿ ƣaơƩ iƹƹƣƽ lƺƺƻ Ʃaƾ a ƾiƹƨlƣ lƺǂƣƽ aƹƢ a ƾiƹƨlƣ
ǀƻƻƣƽ bƺǀƹƢ ơƺƹƾƿƽaiƹƿ, aƾ ƻƽƣƾƣƹƿƣƢ iƹ Fiƨǀƽƣ ᇶ.ᇵ.

i

j
M

M N N +M

(a) Sƻliƿ Iƿƣƽaƿiƺƹ DƺƸaiƹ

ᇳ for (c1=0;c1<=M;c1++)
ᇴ for (c2=0;c2<=c1;c2++)
ᇵ S1((c1-c2),c2);
ᇶ for (c1=M+1;c1<=N-1;c1++)
ᇷ for (c2=0;c2<=M;c2++)
ᇸ S1((c1-c2),c2);
ᇹ for (c1=N;c1<=N+M;c1++)
ᇺ for (c2=c1-N;c2<=M;c2++)
ᇻ S1((c1-c2),c2);

(b) Nƣǂ GƣƹƣƽaƿƣƢ CƺƢƣ

Fiƨǀƽƣ ᇶ.ᇵ – Sƻliƿ Alƿƣƽƹaƿiǁƣ Tƺ TƩƣ SkƣǂƣƢ Lƺƺƻ Nƣƾƿ FƽƺƸ Fiƨǀƽƣ ᇶ.ᇴ.
TƩƣ ƻaƽallƣlƺƨƽaƸ Ʃaƾ bƣƣƹ ƾƻliƿ iƹƿƺ ƿǂƺ ƿƽiaƹƨlƣƾ aƹƢ ƺƹƣ ƽƣơƿaƹƨlƣ. TƩƣ
lƺƺƻƾ aƽƣ ƸǀơƩ ƾiƸƻlƣƽ ƾiƹơƣ ƣaơƩ iƿƣƽaƿƺƽ Ʃaƾ ƺƹlǄ ƺƹƣ lƺǂƣƽ aƹƢ ƺƹlǄ ƺƹƣ
ǀƻƻƣƽ bƺǀƹƢ ơƺƹƾƿƽaiƹƿ: ƾơaƹƹiƹƨ ƾǀơƩ ƾƩaƻƣƾ ơaƹ bƣ Ƣƺƹƣ ǂiƿƩƺǀƿ ƽƣƾƺƽƿ-
iƹƨ ƿƺ ơƺƾƿlǄ max() ƺƽ min() ơalơǀlaƿiƺƹƾ aƿ ƿƩƣ ƻƽiơƣ ƺƤ a lƺƹƨƣƽ ơƺƢƣ.

Tƺ aơƩiƣǁƣ ƺǀƽ ƾƻliƿƿiƹƨ iƹƿƺ a ƤƺƽƸ ƿƩaƿ lƣaƢƾ ƿƺ ƾiƸƻlƣƽ ƨƣƹƣƽaƿƣƢ lƺƺƻ
bƺǀƹƢƾ, ǂƣ ƽƣlǄ ƺƹ ƿƩƣ ƹƺƿiƺƹ ƺƤ ƠƨƞƴƟƢƹƺ [ᇸᇷ] ǂƩiơƩ iƾ ƤǀƽƿƩƣƽ ƣǃƻlaiƹƣƢ
iƹ Sƣơƿiƺƹ ᇶ.ᇵ. TƩƣƾƣ ƠƨƞƴƟƢƹƺ aƽƣ ǀƾƣƢ ƿƺ ƾƻliƿ ƿƩƣ ƻƺlǄƩƣƢƽƺƹ P1 iƹƿƺ ƿƩƣ
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ƿƩƽƣƣ ƢƺƸaiƹƾ ƾƩƺǂƹ iƹ Fiƨǀƽƣ ᇶ.ᇵa.
TƩƣ ǁaƹilla ƻƽƺƨƽaƸ (ƿƩƣ ƾkƣǂƣƢ lƺƺƻ ƹƣƾƿ ƤƽƺƸ Fiƨǀƽƣ ᇶ.ᇴb) aƹƢ ƿƩƣ

ƾƻliƿ ƻƽƺƨƽaƸ (ƿƩƣ ƾƻliƿ lƺƺƻ ƹƣƾƿ ƤƽƺƸFiƨǀƽƣ ᇶ.ᇵb)ǂƣƽƣ ơƺƸƻilƣƢǂiƿƩ ƻaƽa-
Ƹƣƿƣƽ ǁalǀƣƾ N = 10, 000, 000 aƹƢ M = 1, 024 aƹƢ ƣǃƣơǀƿƣƢ ƺƹ aƹ Iƹƿƣl
Xƣƺƹ CPU Eᇷᇴᇸᇷᇲǁᇵ aƿ ᇴ.ᇵᇲGHǅ. Sƣǁƣƽal ơƺƸƻilƣƽƾ aƹƢ ơƺƸƻilaƿiƺƹ ƺƻƿiƺƹƾ
ǂƣƽƣ ƿƣƾƿƣƢ. SƿaƿƣƸƣƹƿ Sᇳ ǂaƾ ƢƣƧiƹƣƢ aƾ ƿƩƣ aƾƾiƨƹƸƣƹƿ ƺƤ aƹ iƹơƽƣƸƣƹƿiƹƨ
ơƺǀƹƿƣƽ ƿƺ aƹ aƽbiƿƽaƽǄ aƽƽaǄᇳ:

ᇳ A[c1%10][c2] += counter++;

Tablƣ ᇶ.ᇳ ƻƽƣƾƣƹƿƾ ƣǃƣơǀƿiƺƹ ƿiƸƣƾ ƺƤ ǁaƽiƺǀƾ ǁƣƽƾiƺƹƾ ƻƽƺƢǀơƣƢ ǂiƿƩ ƨơơ
ᇷ.ᇶ. TƩƣ ƾƻƣƣƢǀƻ ơƺlǀƸƹ iƾ ƿƩƣ ƾƻƣƣƢǀƻ (ƺƽ ƾlƺǂƢƺǂƹ) ƺƤ ƿƩƣ ƾƻliƿ lƺƺƻƾ
ƺǁƣƽ ƿƩƣ ǁaƹilla lƺƺƻƾ. WiƿƩ ƺƻƿiƺƹƾ -O3 -march=native, ƨơơ aơƩiƣǁƣƾ ǁƣơ-
ƿƺƽiǅaƿiƺƹ ƺƹ bƺƿƩ ƿƩƣ ǁaƹilla aƹƢ ƿƩƣ ƾƻliƿ lƺƺƻƾ. Hƺǂƣǁƣƽ, ƣǃƿƽa ƽǀƹƿiƸƣ
ƿƣƾƿƾ ƩaƢ ƿƺ bƣ iƹƾƣƽƿƣƢ iƹ ƿƩƣ ǁaƹilla ǁƣƽƾiƺƹ ǂƩƣƽƣaƾ ƿƩƣ ƾƻliƿ lƺƺƻƾ Ƣƺ ƹƺƿ
ƽƣƼǀiƽƣ aƹǄ ƿƣƾƿ, ƽƣƾǀlƿiƹƨ iƹ bƣƿƿƣƽ ƻƣƽƤƺƽƸaƹơƣ (ᇳ.ᇵᇴǃ).

Tablƣ ᇶ.ᇳ – ƨơơ Eǃƣơǀƿiƺƹ TiƸƣƾ aƹƢ SƻƣƣƢǀƻ

ƨơơ ƺƻƿiƺƹƾ ǁaƹilla ƾƻliƿ ƾƻƣƣƢǀƻ
-Oᇲ ᇷ.ᇹᇴƾ ᇷ.ᇵᇴƾ ᇳ.ᇲᇹ
-Oᇳ ᇳ.ᇵᇵƾ ᇲ.ᇻᇷƾ ᇳ.ᇶᇲ
-Oᇴ ᇳ.ᇶᇶƾ ᇲ.ᇻᇷƾ ᇳ.ᇷᇴ
-Oᇵ -ƸaƽơƩ=ƹaƿiǁƣ ᇲ.ᇴᇻƾ ᇲ.ᇴᇴƾ ᇳ.ᇵᇴ

TƩƣ ƣǃƣơǀƿiƺƹ ƿiƸƣƾ ƺƤ ƿƩƣ ƺǀƿƻǀƿƾ ƺƤ iơơ ᇳᇹ.ᇲ aƽƣ ƨiǁƣƹ iƹ Tablƣ ᇶ.ᇴ Iƿ
ƾƣƣƸƾ ƿƩaƿ ƾƻliƿƿiƹƨ ƿƩƣ lƺƺƻƾ ƻƽƣǁƣƹƿƾ ƾƺƸƣ iơơ ƺƻƿiƸiǅaƿiƺƹƾ ǂiƿƩ ƺƻƿiƺƹ
-00 aƾ ƿƩƣ ƾƻliƿ ǁƣƽƾiƺƹ iƾ Ƹƺƽƣ ƿƩaƹ ᇴ ƿiƸƣƾ ƾlƺǂƣƽ ƿƩaƹ ƿƩƣ ǁaƹilla ǁƣƽƾiƺƹ.
Hƺǂƣǁƣƽ, ǂiƿƩ ƺƻƿiƺƹƾ -O2 aƹƢ -O3 -march=native, iơơ ǁƣơƿƺƽiǅƣƾ all lƺƺƻ
ƹƣƾƿƾ iƹ bƺƿƩ ǁƣƽƾiƺƹƾ. SƺƸƣ ƺƤ ƿƩƣ lƺƺƻƾǂƣƽƣ ƣiƿƩƣƽ ƻƽƺƿƣơƿƣƢǂiƿƩ ƽǀƹƿiƸƣ
ƿƣƾƿƾ ƺƽ ƻƣƣlƣƢ. WiƿƩ -O3 -march=native, ƿƩƣ ƾƻƣƣƢǀƻ ƽƣaơƩƣƾ ᇳ.ᇸᇹǃ ƺƹ ƿƩiƾ
ƣǃaƸƻlƣ.

Tablƣ ᇶ.ᇵ ƾƩƺǂƾ ƿƩƣ ƣǃƣơǀƿiƺƹ ƿiƸƣƾ ƺƤ ƿƩƣ ƻƽƺƨƽaƸƾ ǂƩƣƹ ơƺƸƻilƣƢ ǀƾ-
iƹƨ ơlaƹƨ ᇵ.ᇺ. Iƿ ơƺǀlƢ ƹƺƿ ǁƣơƿƺƽiǅƣ ƿƩƣ ǁaƹilla lƺƺƻƾ ǂƩƣƽƣaƾ ƿƩƣ ƾƻliƿ lƺƺƻƾ
ǂƣƽƣ ǁƣơƿƺƽiǅƣƢ aƹƢ lƣaƢ ƿƺ a ǁƣƽǄ iƸƻƺƽƿaƹƿ ƾƻƣƣƢǀƻ ƺƤ ᇶ.ᇸᇵǃ ǂiƿƩ ƺƻƿiƺƹƾ
-O3 -march=native.

ᇳWƣ ǀƾƣƢ a ƸƺƢǀlƺ ᇳᇲ iƹ ƿƩƣ Ƨiƽƾƿ aƽƽaǄ iƹƢƣǃ ƿƺ aǁƺiƢ allƺơaƿiƹƨ a Ʃǀƨƣ aƽƽaǄ.
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Tablƣ ᇶ.ᇴ – iơơ Eǃƣơǀƿiƺƹ TiƸƣƾ aƹƢ SƻƣƣƢǀƻ

iơơ ƺƻƿiƺƹƾ ǁaƹilla ƾƻliƿ ƾƻƣƣƢǀƻ
-Oᇲ ᇳᇴ.ᇵᇵƾ ᇳᇳ.ᇻᇷƾ ᇳ.ᇲᇵ
-Oᇳ ᇳ.ᇶᇳƾ ᇵ.ᇵᇺƾ ᇲ.ᇶᇴ
-Oᇴ ᇲ.ᇵᇸƾ ᇲ.ᇴᇷƾ ᇳ.ᇶᇳ
-Oᇵ -ƸaƽơƩ=ƹaƿiǁƣ ᇲ.ᇴᇹƾ ᇲ.ᇳᇸƾ ᇳ.ᇸᇹ

Tablƣ ᇶ.ᇵ – ơlaƹƨ Eǃƣơǀƿiƺƹ TiƸƣƾ aƹƢ SƻƣƣƢǀƻ.

ơlaƹƨ ƺƻƿiƺƹƾ ǁaƹilla ƾƻliƿ ƾƻƣƣƢǀƻ
-Oᇲ ᇹ.ᇵᇲƾ ᇸ.ᇳᇸƾ ᇳ.ᇳᇺ
-Oᇳ ᇳ.ᇲᇴƾ ᇲ.ᇻᇷƾ ᇳ.ᇲᇺ
-Oᇴ ᇳ.ᇲᇴƾ ᇲ.ᇵᇸƾ ᇴ.ᇺᇷ
-Oᇵ -ƸaƽơƩ=ƹaƿiǁƣ ᇳ.ᇴᇲƾ ᇲ.ᇴᇸƾ ᇶ.ᇸᇵ

TƩiƾ Ƨiƽƾƿ ǁƣƽǄ ƾiƸƻlƣ ƣǃaƸƻlƣ ƣǃƩibiƿƾ ǂiƢƣ ǁaƽiaƿiƺƹƾ ƺƤ ƻƣƽƤƺƽƸaƹơƣ
ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ ơƺƸƻilƣƽ, ƿƩƣ ơƺƸƻilaƿiƺƹ ƺƻƿiƺƹƾ aƹƢ ƿƩƣ ƻƺlǄƩƣƢƽa ƾƻliƿ-
ƿiƹƨ ƿƣơƩƹiƼǀƣ. Lƺǂƣƽ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢƸaǄ lƣaƢ ƿƺ ƾiƨƹiƧiơaƹƿ ƻƣƽƤƺƽƸaƹơƣ
bƣƹƣƧiƿƾ aƹƢƸaǄalƾƺ aiƢ ơƺƸƻilƣƽƾ iƹ ƣƹabliƹƨ ƤǀƽƿƩƣƽ ƺƻƿiƸiǅaƿiƺƹƾ ƿƩaƹkƾ
ƿƺ a ƾiƸƻlƣƽ ƨƣƹƣƽaƿƣƢ ơƺƢƣ. SiƨƹiƧiơaƹƿ ƻƣƽƤƺƽƸaƹơƣ bƣƹƣƧiƿƾ ƸaǄ ơƺƸƣ
ƤƽƺƸ a lƺǂƣƽ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ. Oǀƽ ƿƣơƩƹiƼǀƣ ƿƺ ƨƣƹƣƽaƿƣ a ơƺƢƣ ǂiƿƩ ƾiƸ-
ƻlƣƽ ơƺƹƿƽƺl iƾ ƣǃƻlaiƹƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇶ. BƣƤƺƽƣƩaƹƢ, aƾ ƿƩiƾ ƿƣơƩƹiƼǀƣ bǀilƢƾ
ƺƹ ƣǃiƾƿiƹƨ ǂƺƽk, ƿƩƣ ƹƣǃƿ Sƣơƿiƺƹ Ƣƣƿailƾ ƻƺlǄƩƣƢƽal ơƺƢƣ ƨƣƹƣƽaƿiƺƹ aƹƢ
ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ.

ᇶ.ᇴ EǃƿƣƹƢƣƢ QRWCƺƢƣ Gƣƹƣƽaƿiƺƹ
TƩƣ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ Qǀillƣƽȅ, RajƺƻaƢƩǄƣ aƹƢWilƢƣ [ᇺᇷ]’ƾ (QRW) ơƺƢƣ ƨƣƹ-
ƣƽaƿiƺƹ alƨƺƽiƿƩƸ ƨƣƹƣƽaƿƣƾ lƺƺƻƾ ƿƩaƿ ƾơaƹ ƿƩƣ iƹƿƣƨƣƽ ƻƺiƹƿƾ ƺƤ ǀƹiƺƹƾ ƺƤ
ƻƺlǄƩƣƢƽa bǄ ƽƣơǀƽƾiǁƣlǄ ƻƽƺơƣƾƾiƹƨ ƣaơƩ ƻƺlǄƩƣƢƽa ƢiƸƣƹƾiƺƹ. Aƿ ƣaơƩ Ƣi-
Ƹƣƹƾiƺƹ, a Ƣiƾjǀƹơƿ ǀƹiƺƹ ƺƤ ƻƺlǄƩƣƢƽa iƾ ơƺƸƻǀƿƣƢ. TƩƣ ƾơaƹƹiƹƨ ơƺƢƣ iƾ
ƾǀơơƣƾƾiǁƣlǄ ƨƣƹƣƽaƿƣƢ Ƥƺƽ ƣaơƩ ƽƣƾǀlƿiƹƨ ƾǀbƾƣƿ. TƩƣ ƺǀƿƻǀƿ ơƺƢƣ Ʃaƾ lƺǂƣƽ
ƽǀƹƿiƸƣ ơƺƸƻlƣǃiƿǄ ƿƩaƹ a ơƺƹǁƣǃ-Ʃǀll aƻƻƽƺaơƩ— ƾiƹơƣ ƽǀƹƿiƸƣ ǁƣƽiƧiơa-
ƿiƺƹƾ ƺƤ iƿƣƽaƿiƺƹ ƢƺƸaiƹ ƸƣƸbƣƽƾƩiƻ aƽƣ ǀƹƹƣơƣƾƾaƽǄ— aƿ ƿƩƣ ƣǃƻƣƹƾƣ ƺƤ
a laƽƨƣƽ ơƺƢƣ ƾiǅƣ. Oƹ ƿƩƣ ƺƿƩƣƽ ƩaƹƢ, ƾƺƸƣ ƿƣƾƿƾ aƹƢ Ƹǀlƿiƻlƣ lƺƺƻ bƺǀƹƢ
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ơƺƹƾƿƽaiƹƿƾ ƽƣƸaiƹ aƹƢ lƣaƢ ƿƺ ƴƩƵƩƴƼƴ ƺƽ ƴƞƿƩƴƼƴ ơalơǀlaƿiƺƹƾ. TƩiƾ iƾ
ơaǀƾƣƢ bǄ ƿƩƣ ơƺaƽƾƣ ƨƽaƹǀlaƽiƿǄ ƾƻliƿƿiƹƨ aƿ ƣaơƩ lƣǁƣl ƺƤ ƿƩƣ ƽƣơǀƽƾiƺƹ.

AlƨƺƽiƿƩƸ ᇳ, aƾ iƸƻlƣƸƣƹƿƣƢ iƹCLƺƺG, Ƣƣƾơƽibƣƾ Baƾƿƺǀl [ᇳᇳ]’ƾ ƣǃƿƣƹƾiƺƹ
ƺƤ ƿƩƣ QRW ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸ. Iƿ iƹƿƽƺƢǀơƣƾ ǁaƽiƺǀƾ iƸƻƽƺǁƣƸƣƹƿƾ
ƿƺ aǁƺiƢ ơƺƢƣ ƣǃƻlƺƾiƺƹ, ƹƺƿablǄ bǄ ƽƣƢǀơiƹƨ ƿƩƣ ơƺƸƻlƣǃiƿǄ ƺƤ ƿƩƣ ƾƻliƿƿiƹƨ,
ƿƩƣ ƹǀƸbƣƽ ƺƤ ƢifƤƣƽƣƹƿ ƾơaƹƹƣƢ ƾǀbƾƣƿƾ aƹƢ ƿƩƣ ƾiǅƣ ƺƤ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ,
ǂiƿƩƺǀƿ ƢƣƨƽaƢiƹƨ ƻƣƽƤƺƽƸaƹơƣ.

Iƿ iƾ a ƽƣơǀƽƾiǁƣ alƨƺƽiƿƩƸ alƺƹƨ ƿƩƣ ƢiƸƣƹƾiƺƹƾ, ƤƽƺƸƺǀƿƣƽƸƺƾƿ (d = 1)
ƿƺ iƹƹƣƽƸƺƾƿ (d = n). Iƿ ƿakƣƾ aƾ iƹƻǀƿ a ƻƺlǄƩƣƢƽƺƹ liƾƿ, a ơƺƹƿƣǃƿ aƹƢ ƿƩƣ
ơǀƽƽƣƹƿ ƽƣơǀƽƾiƺƹ ƢƣƻƿƩ. Fƺƽ a ƨiǁƣƹ lƺƺƻ lƣǁƣl d, Sƿƣƻ ᇳ iƾ ƿƺ iƹƿƣƽƾƣơƿ ƿƩƣ
iƹƻǀƿ ƻƺlǄƩƣƢƽa ǂiƿƩ ƿƩƣ ơƺƹƿƣǃƿ. TƩƣ ƻƺlǄƩƣƢƽa aƽƣ ƿƩƣƹ ƻƽƺjƣơƿƣƢ ƺƹƿƺ
ƿƩƣ d ƺǀƿƣƽƸƺƾƿ ƢiƸƣƹƾiƺƹƾ aƿ Sƿƣƻ ᇴ. Sƿƣƻ ᇵ aƹƢ Sƿƣƻ ᇶ ƿƩƣƹ ƾƣƻaƽaƿƣ ƿƩƣ
ƻƺlǄƩƣƢƽa iƹƿƺ aƹ ƺƽƢƣƽƣƢ liƾƿ ƺƤ Ƣiƾjƺiƹƿ ƻƺlǄƩƣƢƽa. TƩiƾ liƾƿ ƺƤ ƾǀbƢƺƸaiƹƾ
iƾ ƾơaƹƹƣƢ aƿ Sƿƣƻ ᇷ ƿƺ ƨƣƹƣƽaƿƣ ƿƩƣ ơƺƢƣ Ƥƺƽ ƿƩƣ ơǀƽƽƣƹƿ lƣǁƣl d: Ƥƺƽ ƣaơƩ ƺƤ
ƿƩƣƾƣ ƾǀbƢƺƸaiƹƾ, ƿƩƣ lƺǂƣƽ bƺǀƹƢ aƹƢ ƿƩƣ ƾƿƽiƢƣ aƽƣ ơƺƸƻǀƿƣƢ aƿ Sƿƣƻ ᇷ(a)
ƤƽƺƸ ƿƩƣ iƹƹƣƽ ƻƺlǄƩƣƢƽa ƿƩaƿ ǂill bƣ ƾơaƹƹƣƢ iƹ ƿƩƣ ƾǀbƢƺƸaiƹ. Sƿƣƻ ᇷ(b)
Ƹƣƽƨƣƾ iƹƹƣƽ ƻƺlǄƩƣƢƽa (iƤ ƻƺƾƾiblƣ) ƿƺ kƣƣƻ ƿƩƣ ơƺƢƣ ơƺƸƻaơƿ. TƩƣ iƹƿƣƽ-
ƾƣơƿiƺƹ ƺƤ ƿƩƣ iƹƻǀƿ ơƺƹƿƣǃƿ aƹƢ ƿƩƣ lƺƺƻƾ bƺǀƹƢƾ ƺƤ ƿƩƣ ơǀƽƽƣƹƿ lƺƺƻ iƾ ǀƾƣƢ
aƾ ƿƩƣ ơƺƹƿƣǃƿ iƹ ƽƣơǀƽƾiǁƣ iƿƣƽaƿiƺƹƾ ƺƤ ƿƩƣ alƨƺƽiƿƩƸ ƿƺ ƨƣƹƣƽaƿƣ lƺƺƻƾ ƺƤ iƹ-
ƹƣƽ ƢiƸƣƹƾiƺƹƾ aƿ Sƿƣƻ ᇷ(ơ). Sƿƣƻ ᇸ aƹƢ Sƿƣƻ ᇹ ƽƣƢǀơƣ ơƺƢƣ ƾiǅƣ bǄ ƽƣƸƺǁiƹƨ
ƢƣaƢ ơƺƢƣ aƹƢ Ƹƣƽƨiƹƨ ƷƶƩƵƻ ƻƺlǄƩƣƢƽa ƿƩaƿ ƸaǄ Ʃaǁƣ bƣƣƹ ƾƣƻaƽaƿƣƢ ƤƽƺƸ
ƿƩƣiƽ ƹƣiƨƩbƺƽiƹƨ ƩiƨƩƣƽ ƢiƸƣƹƾiƺƹal ƨƶƺƻ ƻƺlǄƩƣƢƽa.

Exa؟أؠe ᇳᇶ. Fiƨǀƽƣ ᇶ.ᇶ ƨiǁƣƾ aƹ ƣǃaƸƻlƣ ƺƤ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ. TƩƣ iƹƻǀƿ
ƻƺlǄƩƣƢƽƺƹ liƾƿ ơƺƹƿaiƹƾ ƿǂƺ ƻƺlǄƩƣƢƽaS1 aƹƢS2 Ƥƺƽ ƾƿaƿƣƸƣƹƿƾS1 aƹƢS2.
Sƿƣƻ ᇳ ƺƤ ƿƩƣ alƨƺƽiƿƩƸ iƾ ƾƩƺǂƹ iƹ Fiƨǀƽƣ ᇶ.ᇶa ǂƩƣƽƣ ƿƩƣ ƻƺlǄƩƣƢƽa aƽƣ iƹ-
ƿƣƽƾƣơƿƣƢ ǂiƿƩ ƿƩƣ ơƺƹƿƣǃƿᇴ. Fiƨǀƽƣ ᇶ.ᇶb ƣƹơƺƸƻaƾƾƣƾ Sƿƣƻ ᇴ ƿƺ Sƿƣƻ ᇷ(a) ƺƤ
ƿƩƣ alƨƺƽiƿƩƸ: ƿƩƣ ƻƺlǄƩƣƢƽa aƽƣ ƻƽƺjƣơƿƣƢ ƺƹ ƿƩƣ Ƨiƽƾƿ ƢiƸƣƹƾiƺƹ, ƾƣƻaƽaƿƣƢ
iƹƿƺ Ƣiƾjƺiƹƿ ƻƺlǄƩƣƢƽa aƹƢ ƿƩƣ lƺƺƻ bƺǀƹƢƾ aƹƢ ƾƿƽiƢƣƾ aƽƣ ơƺƸƻǀƿƣƢ. Fiƨ-
ǀƽƣ ᇶ.ᇶơ illǀƾƿƽaƿƣƾ ƿƩƣ ƽƣơǀƽƾiƺƹ iƹƿƺ iƹƹƣƽ ƢiƸƣƹƾiƺƹƾ aƾ ƻƣƽ Sƿƣƻƾ ᇷ(b) aƹƢ
ᇷ(ơ). TƩiƾ ƣǃaƸƻlƣ iƾ lƣƤƿ ǀƹơƩaƹƨƣƢ bǄ Sƿƣƻ ᇸ aƹƢ Sƿƣƻ ᇹ.

ᇴNƺƿƣ ƿƩaƿ— ƿƩƺǀƨƩ ƹƺƿ ƾƩƺǂƹ iƹ ƿƩƣ Fiƨǀƽƣ Ƥƺƽ ƿƩƣ ƾakƣ ƺƤ ƾiƸƻliơiƿǄ— ƿƩƣ ƻƺlǄƩƣƢƽa
ƾƩƺǀlƢ liǁƣ iƹ ƿƩƣ ƾaƸƣ ƾƻaơƣ aƹƢ ƿƩƣ alƨƺƽiƿƩƸ aơƿǀallǄ ǀƾƣƾ ƿǂƺ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽa
S1(~p) aƹƢ S2(~p) ǂiƿƩ ƿƩƣ ƾaƸƣ ƻaƽaƸƣƿƣƽ aƹƢ iƿƣƽaƿƺƽ ƾƻaơƣ.
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AlƨƺƽiƿƩƸ ᇳ: EǃƿƣƹƢƣƢ QRWCƺƢƣ Gƣƹƣƽaƿiƺƹ
iƹƻǀƿ : T := ƻƺlǄƩƣƢƽƺƹ liƾƿ

[

TS1
, . . . , TSn

]

C :=: ơƺƹƿƣǃƿ (ơƺƹƾƿƽaiƹƿƾ ƺƹ ƿƩƣ ƻaƽaƸƣƿƣƽƾ aƹƢ ƿƩƣ ƺǀƿƣƽ
lƺƺƻ bƺǀƹƢƾ)

d :=: ƢiƸƣƹƾiƺƹ
ƺǀƿƻǀƿ:L :=: ƺƽƢƣƽƣƢ liƾƿ ƺƤ lƺƺƻƾ

[

L1, . . . ,Lm

]

, a lƺƺƻ
Li = (Di, si,Bi) iƾ a ᇵ-ƿǀƻlƣ ǂƩƣƽƣDi iƾ ƿƩƣ ƻƺlǄƩƣƢƽƺƹ ƿƺ
bƣ ƾơaƹƹƣƢ iƹ ƿƩiƾ lƺƺƻ, si ƿƩƣ ƾƿƽiƢƣ ƺƤ ƿƩiƾ lƺƺƻ aƹƢ Bi iƾ
ƿƩƣ bƺƢǄ ƺƤ ƿƩƣ lƺƺƻ ƽƣƻƽƣƾƣƹƿƣƢ aƾ aƹƺƿƩƣƽ ƺƽƢƣƽƣƢ liƾƿ ƺƤ
lƺƺƻƾ

Fǀƹơƿiƺƹ CodeGeneration(T, C, d)
Sƿƣƻ ᇳ /* Intersect the polyhedra with the context */

TC ←
[

TCi

∣

∣

∣ TCi
= TSi

∩ C, TSi
∈ T

]

;

Sƿƣƻ ᇴ P ← liƾƿ ƺƤ ƿƩƣ ƻƽƺjƣơƿiƺƹƾ ƺƤ TCi
∈ TC ƺƹƿƺ ƿƩƣ d ƺǀƿƣƽ

ƢiƸƣƹƾiƺƹƾ;
Sƿƣƻ ᇵ D ← ƾƣƻaƽaƿƣ P iƹƿƺ a liƾƿ ƺƤ Ƣiƾjƺiƹƿ ƻƺlǄƩƣƢƽa;
Sƿƣƻ ᇶ /* Build L from the polyhedra of D in lexicographical

order */

L←
[

(Di,∅,∅)
∣

∣

∣Di ∈ D ∧ Dj < Dk ∀ j < k
]

;

Sƿƣƻ ᇷ ƤƺƽƣaơƩ (D, s,B) = L ∈ L Ƣƺ
ᇷ(a) ơƺƸƻǀƿƣ ƿƩƣ ƾƿƽiƢƣ aƹƢ lƺǂƣƽ bƺǀƹƢ Ƥƺƽ ƿƩƣ ơǀƽƽƣƹƿ lƺƺƻL

aƿ lƣǁƣl d, ƤƽƺƸ ƿƩƣ iƹƹƣƽ ƢiƸƣƹƾiƺƹƾ ƺƤ ƿƩƣ ƻƺlǄƩƣƢƽa
TSp

, ..., TSq
ƿƺǀơƩƣƢ bǄ ƿƩiƾ lƺƺƻ aƹƢ ƾƿƺƽƣ ƿƩƣ ƾƿƽiƢƣ iƹ s;

ᇷ(b) T ′ ← ƹƣǂ liƾƿ ƺƤ ƻƺlǄƩƣƢƽa ơƽƣaƿƣƢ ƤƽƺƸ TSp
, ..., TSq

bǄ
Ƹƣƽƨiƹƨ aƢjaơƣƹƿ ƻƺlǄƩƣƢƽa ƾơaƹƹiƹƨ ƿƩƣ ƾaƸƣ ƾƣƿ ƺƤ
ƾƿaƿƣƸƣƹƿƾ iƹ ƿƩiƾ lƺƺƻ ƾǀbƢƺƸaiƹ ;

ᇷ(ơ) B = CodeGeneration(T ′, C ∩ D, d + 1) ;
ƣƹƢ

Sƿƣƻ ᇸ ƤƺƽƣaơƩ (D, s,B) ∈ L Ƣƺ
/* Remove dead code and empty polyhedra */

AƻƻlǄ ƾƿƣƻƾ ᇴ ƿƺ ᇶ ƿƺB;
ƣƹƢ

Sƿƣƻ ᇹ /* Reduce code size */

Ƹƣƽƨƣ ƷƶƩƵƻ ƻƺlǄƩƣƢƽa ƿƺ aƢjaơƣƹƿ ƨƶƺƻ ƻƺlǄƩƣƢƽa iƹ L;
Sƿƣƻ ᇺ ƽƣƿǀƽƹL;

ƣƹƢ



ᇶᇷ ᇶ.ᇴ. Eؘؗؗءؘاث QRW ؘؗآؖ ءآ؜اؔإؘءؘؚ

Sᇳ Sᇳ,Sᇴ Sᇴ

Sᇳ

Sᇳ,Sᇴ

Sᇴ

j

i
A B C

D

E

F
Context :

{

0 ≤ A < B < C

0 ≤ D < E < F

}

S1(B, E) =

{

(i, j) ∈ Z2

∣

∣

∣

∣

0 ≤ i ≤ B

0 ≤ j ≤ E

}

S2(A, C, D, F ) =

{

(i, j) ∈ Z2

∣

∣

∣

∣

A ≤ i ≤ C

D ≤ j ≤ F

}

(a) Sƿƣƻ ᇳ: IƹƿƣƽƾƣơƿiƺƹOƤ TƩƣ PƺlǄƩƣƢƽaWiƿƩ TƩƣ Cƺƹƿƣǃƿ. TƩƣ iƿƣƽaƿiƺƹ ƢƺƸaiƹ
Ƥƺƽ S1 iƾ ƽƣƻƽƣƾƣƹƿƣƢ iƹ blǀƣ ǂƩilƣ ƿƩƣ iƿƣƽaƿiƺƹ ƢƺƸaiƹ Ƥƺƽ S2 iƾ ƽƣƻƽƣƾƣƹƿƣƢ iƹ ƽƣƢ
ƣǃơƣƻƿ Ƥƺƽ ƿƩƣ ƻaƽƿ ǂƩƣƽƣ ƿƩƣ iƿƣƽaƿiƺƹ ƢƺƸaiƹƾ ƺǁƣƽlaƻ Ƣƽaǂƹ iƹ ƻǀƽƻlƣ.

Sᇳ

Sᇳ

Sᇴ

Sᇴ

Sᇳ,Sᇴ

Sᇳ,Sᇴ

i
A B C

j

D

E

F
ᇳ for (i = 0; i <= A-1; ++i)
ᇴ /* S1 */
ᇵ for (i = A; i <= B; ++i) {
ᇶ /* S1 and S2 */
ᇷ }
ᇸ for (i = B+1; i <= C; ++i)
ᇹ /* S2 */

(b) Sƿƣƻ ᇴ Tƺ Sƿƣƻ ᇷ(a): Pƽƺjƣơƿiƺƹ AƹƢ Sƣƻaƽaƿiƺƹ Oƹ TƩƣ Fiƽƾƿ DiƸƣƹƾiƺƹ Dƺ-
Ƹaiƹƾ 0 ≤ i < A aƹƢ B < i ≤ C ơƺƽƽƣƾƻƺƹƢ ƿƺ ƢƺƸaiƹƾ ǂƩƣƽƣ ƣiƿƩƣƽ S1 ƺƽ S2

iƾ ƿƩƣ ƾƺlƣ ƾƿaƿƣƸƣƹƿ ǂƩƣƽƣaƾ S1 aƹƢ S2 ƺǁƣƽlaƻ ƾƺƸƣǂƩƣƽƣ iƹ ƿƩƣ A ≤ i ≤ B

ƢƺƸaiƹ.

Sᇳ

Sᇳ

Sᇴ

Sᇴ

Sᇳ,Sᇴ

Sᇳ,Sᇴ

j

D

E

F

i
A B C

ᇳ for (i = 0; i <= A-1; ++i)
ᇴ for (j = 0; j <= E; ++j)
ᇵ S1(i, j);
ᇶ for (i = A; i <= B; ++i) {
ᇷ for (j = 0; j <= D-1; ++j)
ᇸ S1(i, j);
ᇹ for (j = D; j <= E; ++j) {
ᇺ S1(i, j);
ᇻ S2(i, j);
ᇳᇲ }
ᇳᇳ for (j = E+1; j <= F; ++j)
ᇳᇴ S2(i, j);
ᇳᇵ }
ᇳᇶ for (i = B+1; i <= C; ++i)
ᇳᇷ for (j = D; j <= F; ++j)
ᇳᇸ S2(i, j);

(ơ) Sƿƣƻ ᇷ(b) Tƺ Sƿƣƻ ᇷ(ơ): Rƣơǀƽƾiƺƹ Oƹ TƩƣ SƣơƺƹƢ DiƸƣƹƾiƺƹ TƩƣ iƿƣƽaƿiƺƹ
ƢƺƸaiƹ iƾ ƤǀƽƿƩƣƽ ƾƣƻaƽaƿƣƢ Ƥƺƽ A ≤ i ≤ B ƿƺ ƢiƾƿiƹƨǀiƾƩ ƿƩƣ ƻaƽƿƾ ǂƩƣƽƣ S1 aƹƢ
S2 ƺǁƣƽlaƻ ƺƽ aƽƣ iƾƺlaƿƣƢ.

Fiƨǀƽƣ ᇶ.ᇶ – SiƸƻlƣEǃƣơǀƿiƺƹEǃaƸƻlƣOƤTƩƣEǃƿƣƹƢƣƢQRWAlƨƺƽiƿƩƸᇳ.
Nƺƿƣ ƿƩaƿ Sƿƣƻ ᇸ aƹƢ Sƿƣƻ ᇹ Ʃaǁƣ ƹƺ ƣfƤƣơƿ ƺƹ ƿƩiƾ ƻaƽƿiơǀlaƽ ƣǃaƸƻlƣ.



Cإؘاأؔ؛ ᇶ. Rؘؚؗء؜ؖب ؘء؜ؙؙؔ أآآ؟ ئائؘء ؟آإاءآؖ ؘؗؔ؛إؘةآ ᇶᇸ

ᇶ.ᇵ CƩaƸbƣƽ DƣơƺƸƻƺƾiƿiƺƹ
TƩƣ ơƩaƸbƣƽƾ ƺƤ a ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ ƢƣƧiƹƣ ơƺƹƾƿƽaiƹƿƾ ƺƹ ƿƩƣ ƻaƽa-
Ƹƣƿƣƽƾ ƾƺ ƿƩaƿ iƹ ƣaơƩ ơƩaƸbƣƽ ƿƩƣƽƣ ƣǃiƾƿƾ a ƾiƹƨlƣ afƧiƹƣ ƣǃƻƽƣƾƾiƺƹ ƺƤ ƿƩƣ
ǁƣƽƿiơƣƾ ƺƤ ƿƩƣ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ, ƺƽ, ƣƼǀiǁalƣƹƿlǄ, ƾƺ ƿƩaƿ ƿƩƣ ƻaƽaƸƣƿ-
ƽiơ ƻƺlǄƩƣƢƽƺƹ Ʃaƾ ƾƿƽiơƿlǄ (ƹƺƿ ƻiƣơƣǂiƾƣ) afƧiƹƣ bƺǀƹƢƾ.

LƺƣơƩƹƣƽ aƹƢWilƢƣ [ᇸᇷ] ƻƽƺƻƺƾƣ aƹ alƨƺƽiƿƩƸ Ƥƺƽ ơƺƸƻǀƿiƹƨ ƿƩƣ ơƩaƸ-
bƣƽƾ ƺƤ a ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ P . TƩƣ iƢƣa iƾ ƿƺ ơƺƹƾiƢƣƽ a ƻaƽaƸƣƿƽiơ
ƻƺlǄƩƣƢƽƺƹ ƺƤ ƢiƸƣƹƾiƺƹ dǂiƿƩm ƻaƽaƸƣƿƣƽƾ aƾ ƿƩƣ ơƺƸbiƹƣƢ ƾƻaơƣP ′ ƺƤ
ƿƩƣ iƿƣƽaƿƺƽƾ aƹƢ ƻaƽaƸƣƿƣƽƾ aƹƢ ƿƩƣƹ ƿƺ ƧiƹƢ ƿƩƣ m-Ƥaơƣƾ ƺƤ ƿƩiƾ ơƺƸbiƹƣƢ
ƾƻaơƣ. TƩƣƾƣ m-Ƥaơƣƾ aƽƣ ƿƩƣƹ ǀƾƣƢ ƿƺ ơƺƸƻǀƿƣ ƿƩƣ ƻaƽaƸƣƿƽiơ ǁƣƽƿiơƣƾ aƹƢ
ơƺƽƽƣƾƻƺƹƢiƹƨ ǁaliƢiƿǄ ƢƺƸaiƹƾ ǂƩiơƩ aƽƣ ƿƩƣ ơƩaƸbƣƽƾ ƺƤ ƿƩƣ ƻaƽaƸƣƿƽiơ
ƻƺlǄƩƣƢƽƺƹ.

CƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ ƺƤ a d-ƻƺlǄƩƣƢƽƺƹ ƻaƽaƸƣƿƽiơǂiƿƩm ƻaƽaƸƣƿ-
ƣƽƾ ơƺƹƾiƾƿƾ ƺƤ ƿƩƽƣƣ ƾƿƣƻƾ :

ᇳ. FiƹƢiƹƨ ƿƩƣm-Ƥaơƣƾ ƺƤ ƿƩƣ ơƺƸbiƹƣƢƻƺlǄƩƣƢƽƺƹ (ƾƣƣ Sǀbƾƣơƿiƺƹᇶ.ᇵ.ᇳ).

ᇴ. CƺƸƻǀƿiƹƨ ƿƩƣ liƾƿ ƺƤ (ƻaƽaƸƣƿƽiơ ǁƣƽƿƣǃ, ǁaliƢiƿǄ ƢƺƸaiƹ) ơƺǀƻlƣƾ
(ƾƣƣ Sǀbƾƣơƿiƺƹ ᇶ.ᇵ.ᇴ).

ᇵ. Sƣƻaƽaƿiƹƨ ƿƩƣ ǁaliƢiƿǄ ƢƺƸaiƹƾ iƹƿƺ Ƣiƾjǀƹơƿ ƢƺƸaiƹƾ (ƾƣƣ Sǀbƾƣơ-
ƿiƺƹ ᇶ.ᇵ.ᇵ).

Wƣ ǂill Ƣƣƽiǁƣ ƿƩiƾ ơƺƹơƣƻƿ ƿƺ ƺǀƽ ƻǀƽƻƺƾƣ iƹ Sƣơƿiƺƹ ᇶ.ᇶ bǄ ơƺƸƻǀƿiƹƨ
ƿƩƣ ơƩaƸbƣƽƾ ƺƤ a ƾliƨƩƿlǄ ƸƺƢiƧiƣƢ ǁƣƽƾiƺƹ ƺƤ ƿƩƣ iƹƹƣƽ ƻƺlǄƩƣƢƽa: ƺǀƿƣƽ
lƺƺƻ iƹƢiơƣƾ Ƹǀƾƿ bƣ ƿƣƸƻƺƽaƽilǄ ǁiƣǂƣƢ aƾ aƢƢiƿiƺƹal ƻaƽaƸƣƿƣƽƾ.

Aƾ a ƽǀƹƹiƹƨ ƣǃaƸƻlƣ alƺƹƨ ƿƩiƾ ƾƣơƿiƺƹ, ǂƣ ǂill ǀƾƣ ƿƩƣ ƻaƽaƸƣƿƽiơ 2-
ƻƺlǄƩƣƢƽƺƹ D0(p) illǀƾƿƽaƿƣƢ iƹ Fiƨǀƽƣ ᇶ.ᇷ. Iƿ iƾ ƢƣƧiƹƣƢ bǄ EƼǀaƿiƺƹ ᇶ.ᇶ
ǂƩilƣ a ᇵD ƽƣƻƽƣƾƣƹƿaƿiƺƹ ƺƤ ƿƩƣ ơƺƸbiƹƣƢ ƻƺlǄƩƣƢƽƺƹD′

0 iƾ ƢƣƻiơƿƣƢ iƹ Fiƨ-
ǀƽƣ ᇶ.ᇷb. Tablƣ ᇶ.ᇶ ơƺƹƿaiƹƾ ƿƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ 1-Ƥaơƣƾ, ƻaƽaƸƣƿƽiơ ǁƣƽƿiơƣƾ
aƹƢ ǁaliƢiƿǄ ƢƺƸaiƹƾ.



ᇶᇹ ᇶ.ᇵ. Cإؘؕؠؔ؛ ءآ؜ا؜ئآأؠآؘؖؗ

D0(p) =























(i, j) ∈ Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

i ≥ 0

i ≤ p− j

j ≥ 0

j ≤ 10























=



















(

i

j

)

∣

∣

∣

∣

∣

∣

∣

∣

∣











1 0 0 0
−1 −1 1 0

0 1 0 0
0 −1 0 10





















i

j

p

1











≥ ~0



















(ᇶ.ᇶ)

R0 =











0 0 1
1 0 1
0 0 0
0 10 10











(ᇶ.ᇷ) I0 =











1 0 1 1
0 1 1 1
1 1 1 0
1 1 0 1











(ᇶ.ᇸ)

(a) PƺlǄƩƣƢƽƺƹD0(p), CƺƽƽƣƾƻƺƹƢiƹƨ RaǄƾR0 AƹƢ IƹơiƢƣƹơƣMaƿƽiǃ I0.

0
i

j
p

(b) ᇵDRƣƻƽƣƾƣƹƿaƿiƺƹOƤCƺƸbiƹƣƢPƺlǄƩƣƢƽƺƹD′
0. TƩƣ ơƺƸbiƹƣƢ ƻƺlǄ-

ƩƣƢƽƺƹ D′
0 iƾ Ƣƽaǂƹ iƹ ƻǀƽƻlƣ. TƩƣ ƿƩiơk ƻǀƽƻlƣ liƹƣƾ aƽƣ iƿƾ 1-Ƥaơƣƾ. Iƹ-

ƾƿaƹơƣƾ ƺƤ D0 aƽƣ ƿƽiaƹƨlƣƾ Ƥƺƽ p ≤ 10 aƹƢ ƼǀaƢƽilaƿƣƽalƾ Ƥƺƽ ƻaƽaƸƣƿƣƽ
p > 10. Fƺƽ ƣǃaƸƻlƣ,D0(p = 10) iƾ Ƣƽaǂƹ iƹ blǀƣ aƹƢ Ʃaƾ ƿƩƽƣƣ ǁƣƽƿiơƣƾ:
(

0
0

)

,
(

p

0

)

aƹƢ
(

0
p

)

. D0(p = 30) iƾ Ƣƽaǂƹ iƹ ƨƽƣƣƹ aƹƢ Ʃaƾ Ƥƺǀƽ ǁƣƽƿiơƣƾ:
(

0
0

)

,
(

p

0

)

,
(

0
10

)

aƹƢ
(

p− 10
10

)

.

Fiƨǀƽƣ ᇶ.ᇷ – Rǀƹƹiƹƨ EǃaƸƻlƣ PƺlǄƩƣƢƽƺƹ D0(p) Fƺƽ Sƣơƿiƺƹ ᇶ.ᇵ Sƣơ-
ƿiƺƹ ᇶ.ᇵ.ᇳ ǂill ƣǃƻlaiƹ Ʃƺǂ ƿƺ ƧiƹƢ ƿƩƣ 1-Ƥaơƣƾ ƺƤ ƿƩƣ ơƺƸbiƹƣƢ ƻƺlǄƩƣƢƽƺƹD′

0

aƹƢ Sƣơƿiƺƹ ᇶ.ᇵ.ᇴ ǂill Ƣƣƿail Ʃƺǂ ƿƺ ǀƾƣ ƿƩƣƾƣ ᇳ-Ƥaơƣƾ ƿƺ ơƺƸƻǀƿƣ ƿƩƣ ǁaliƢiƿǄ
ƢƺƸaiƹƾ aƹƢ ƻaƽaƸƣƿƽiơ ǁƣƽƿiơƣƾ ƺƤ ƻƺlǄƩƣƢƽƺƹD0(p).



Cإؘاأؔ؛ ᇶ. Rؘؚؗء؜ؖب ؘء؜ؙؙؔ أآآ؟ ئائؘء ؟آإاءآؖ ؘؗؔ؛إؘةآ ᇶᇺ

ᇶ.ᇵ.ᇳ FiƹƢiƹƨ TƩƣ k-Ƥaơƣƾ OƤ A PƺlǄƩƣƢƽƺƹ
A k-ƻƺlǄƩƣƢƽƺƹF iƾ a k-Ƥaơƣ ƺƤ a d-ƻƺlǄƩƣƢƽƺƹP iƤ aƹƢ ƺƹlǄ iƤ:

• iƿ ƾaƿǀƽaƿƣƾ aƿ lƣaƾƿ (d − k) ƣƼǀaliƿiƣƾ aƹƢ iƹƣƼǀaliƿiƣƾ, iƹơlǀƢiƹƨ all
ƣƼǀaliƿiƣƾ

• iƿ ơƺƹƿaiƹƾ k + 1 iƹƢƣƻƣƹƢƣƹƿ liƹƣƾ, ƽaǄƾ aƹƢ ǁƣƽƿiơƣƾ

AlƨƺƽiƿƩƸ ᇴ Ƣƣƾơƽibƣƾ Ʃƺǂ ƿƺ ƧiƹƢ ƿƩƣ k-Ƥaơƣƾ ƺƤ a d-ƻƺlǄƩƣƢƽƺƹP ǀƾiƹƨ iƿƾ
iƹơiƢƣƹơƣ Ƹaƿƽiǃ. TƩƣ ƾƣƿ ƺƤ k-Ƥaơƣƾ iƾ ƻƽƺƨƽƣƾƾiǁƣlǄ ơƺƹƾƿƽǀơƿƣƢ bǄ ơƺƹƾiƢ-
ƣƽiƹƨ all (d− k) ơƺƸbiƹaƿiƺƹƾ ƺƤ ơƺƹƾƿƽaiƹƿƾ ƤƽƺƸ ƿƩƣ iƹƻǀƿ ƻƺlǄƩƣƢƽƺƹ. IƤ
a ƨiǁƣƹ ƾƣƿ ƾaƿiƾƧiƣƾ ƿƩƣ ƿǂƺ ơƺƹƢiƿiƺƹƾ ƾƿaƿƣƢ abƺǁƣ, iƿ iƾ a k-Ƥaơƣ. TƩƣ al-
ƨƺƽiƿƩƸ ƻƽƺƻƺƾƣƾ ƿƺ ƽƣƸƣƸbƣƽ ǂƩaƿ ơƺƹƾƿƽaiƹƿƾ Ʃaǁƣ alƽƣaƢǄ bƣƣƹ iƹƾƻƣơ-
ƿƣƢ iƹ ƺƽƢƣƽ ƿƺ aǁƺiƢ Ƣǀƻliơaƿƣƾ.

AlƨƺƽiƿƩƸ ᇴ: FiƹƢiƹƨ k-Ƥaơƣƾ OƤ A d-ƻƺlǄƩƣƢƽƺƹ
iƹƻǀƿ : P := d-ƻƺlǄƩƣƢƽƺƹ

I := iƹơiƢƣƹơƣ Ƹaƿƽiǃ ƺƤ P
k := k-Ƥaơƣ ƢiƸƣƹƾiƺƹ

ƺǀƿƻǀƿ:L := liƾƿ ƺƤ k-Ƥaơƣƾ
ᇳ L← ∅;
ᇴ C ← all (d− k) ơƺƸbiƹaƿiƺƹƾ ƺƤ ơƺƹƾƿƽaiƹƿƾ ƺƤ P ;
ᇵ ƤƺƽƣaơƩ Ci ∈ C Ƣƺ
ᇶ S ← I ∩ Ci;
ᇷ n← ƹǀƸbƣƽ ƺƤ ǁalǀƣƾ ƣƼǀal ƿƺ 1 iƹ S;
ᇸ iƤ n ≥ k + 1 ƞƵơ S ƠƶƵƻƞƩƵƺ ƞƻ ƳƢƞƺƻ ƶƵƢ ƽƢƹƻƢƿ ƿƩƣƹ
ᇹ iƤ Nƶ ƶƻƨƢƹ ƞƳƹƢƞơǀ ƠƶƵƺƩơƢƹƢơ ƠƶƵƺƻƹƞƩƵƻ ƺƞƻƼƹƞƻƢƺ S ƿƩƣƹ
ᇺ L← L ∪ Ci;
ᇻ ƣƹƢ
ᇳᇲ ƣƹƢ
ᇳᇳ ƣƹƢ

Iƹ ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ, ƿƩiƾ alƨƺƽiƿƩƸ iƾ ǀƾƣƢ ƿƺ ƧiƹƢ ƿƩƣm-Ƥaơƣƾ (m
iƾ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƻaƽaƸƣƿƣƽƾ) ƺƤ a ƨiǁƣƹ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ.

Fƺƽ ƣǃaƸƻlƣ, D′
0 iƾ a 3-ƻƺlǄƩƣƢƽƺƹ. Iƿ iƾ ƿƩƣ ơƺƸbiƹƣƢ ƻƺlǄƩƣƢƽƺƹ Ƥƺƽ

ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹD0(p).
WƩƣƹ aƻƻliƣƢ ƿƺD′

0, ƿƩiƾ alƨƺƽiƿƩƸ ƧiƹƢƾ ƿƩƣ ᇳ-Ƥaơƣƾ ƽƣƻƽƣƾƣƹƿƣƢ aƾ ƿƩiơk
ƻǀƽƻlƣ liƹƣƾ iƹ Fiƨǀƽƣ ᇶ.ᇷb.
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ᇶ.ᇵ.ᇴ FiƹƢiƹƨ TƩƣ Vƣƽƿiơƣƾ AƹƢ ValiƢiƿǄ DƺƸaiƹƾ
Oƹơƣ ƿƩƣm-Ƥaơƣƾ aƽƣ ƤƺǀƹƢ, ƿƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ǁƣƽƿiơƣƾ aƹƢǁaliƢiƿǄ ƢƺƸaiƹƾ
ơaƹ bƣ ơƺƸƻǀƿƣƢ aƾ ƢƣƿailƣƢ iƹ AlƨƺƽiƿƩƸ ᇵ ǀƾiƹƨ ƿƩƣ baƾƣƾ ƺƤ ƿƩƣ m-Ƥaơƣƾ.
TƩƣ baƾƣB iƾ ƿƩƣ liƹƣaliƿǄ ƾƻaơƣ ƺƤ aƹm-ƤaơƣF aƹƢ iƾ bǀilƿ bǄ ƿakiƹƨm + 1

iƹƢƣƻƣƹƢƣƹƿ ơƺlǀƸƹƾ ƤƽƺƸ ƿƩƣ ƽaǄƾ ƺƤF .
TƩƣ ƻaƽaƸƣƿƽiơ ǁƣƽƿƣǃ iƾ ƿƩƣ Ƹaƿƽiǃ ƻƽƺƢǀơƿ BD · B

−1
P (ǂƩƣƽƣ BP aƹƢ

BD aƽƣ ƽƣƾƿƽiơƿiƺƹƾ ƺƤ ƿƩƣ k-Ƥaơƣ’ƾ baƾƣ B ƿƺ ƿƩƣ ƻaƽaƸƣƿƣƽƾ ƺƽ ƿƩƣ iƿƣƽaƿƺƽƾ)
ǂƩilƣ ƿƩƣ ǁaliƢiƿǄ ƢƺƸaiƹ iƾ ƿƩƣ ƻƽƺjƣơƿiƺƹ ƺƤF ƺƹ ƿƩƣ ƻaƽaƸƣƿƣƽ ƾƻaơƣ.

AlƨƺƽiƿƩƸ ᇵ: FiƹƢiƹƨ Vƣƽƿiơƣƾ AƹƢ ValiƢiƿǄ DƺƸaiƹƾ
iƹƻǀƿ :F := liƾƿ ƺƤ m-Ƥaơƣƾ ƺƤ a ƨiǁƣƹ ƻƺlǄƩƣƢƽƺƹ
ƺǀƿƻǀƿ:L := liƾƿ ƺƤ (ǁƣƽƿiơƣ, ǁaliƢiƿǄ ƢƺƸaiƹ) ơƺǀƻlƣƾ

ᇳ L← ∅;
ᇴ ƤƺƽƣaơƩFi ∈ F Ƣƺ
ᇵ B ← baƾƣ ƺƤFi;
ᇶ BP ← m + 1 laƾƿ liƹƣƾ ƺƤ B;
ᇷ BD ← n Ƨiƽƾƿ liƹƣƾ aƹƢ laƾƿ liƹƣ ƺƤ B;
ᇸ iƤ BP ƠƞƵ ƟƢ ƩƵƽƢƹƻƢơ ƿƩƣƹ
ᇹ T ← BD · B

−1
P ;

ᇺ V ← ƻƽƺjƣơƿiƺƹ ƺƤF ƺƹ ƻaƽaƸƣƿƣƽ ƾƻaơƣ;
ᇻ L ← L ∪ (T ,V);
ᇳᇲ ƣƹƢ
ᇳᇳ ƣƹƢ

ᇶ.ᇵ.ᇵ Diƾjǀƹơƿ ValiƢiƿǄ DƺƸaiƹƾ
TƩƣ ǁaliƢiƿǄ ƢƺƸaiƹƾ ƤƺǀƹƢ ǂiƿƩ ƿƩƣ ƸƣƿƩƺƢ ƢƣƾơƽibƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇵ.ᇴ ƸaǄ
ƺǁƣƽlaƻ ǂƩilƣ iƿ iƾ Ƣƣƾiƽablƣ ƿƺ ƧiƹƢ a ƻaƽƿiƿiƺƹ π(D′) ƺƤ ƿƩƣ ơƺƸbiƹƣƢ ƻƺlǄ-
ƩƣƢƽƺƹ. Oƹƣ ǂaǄ ƿƺ ơƺƹƾƿƽǀơƿ ƿƩiƾ ƻaƽƿiƿiƺƹ ƤƽƺƸ ƿƩƣ liƾƿ ƺƤ ǁaliƢiƿǄ ƢƺƸaiƹƾ
iƾ ƿƺ ƻƽƺƨƽƣƾƾiǁƣlǄ ƽƣƸƺǁƣ ƺǁƣƽlaƻƻiƹƨ ƻaƽƿƾ ƤƽƺƸƻƽƣǁiƺǀƾ ƢƺƸaiƹƾ aƾ a ƹƣǂ
ƢƺƸaiƹ iƾ ơƺƹƾiƢƣƽƣƢ.

AlƨƺƽiƿƩƸ ᇶ Ƣƣƿailƾ ƿƩiƾ ƸƣƿƩƺƢ. TƩƣ alƨƺƽiƿƩƸ iƿƣƽaƿƣƾ ƺƹ ƿƩƣ ƢƺƸaiƹƾ
ƤƽƺƸ ƿƩƣ iƹƻǀƿ liƾƿ. EaơƩ ƢƺƸaiƹ iƾ iƹƿƣƽƾƣơƿƣƢ ǂiƿƩ ƿƩƣ ƢƺƸaiƹƾ iƹ ƿƩƣ ƺǀƿ-
ƻǀƿ liƾƿ. IƤ ƿƩƣ ƢƺƸaiƹƾ ƺǁƣƽlaƻ, ƿƩƣǄ aƽƣ ƾƣƻaƽaƿƣƢ iƹ ǀƻ ƿƺ ƿƩƽƣƣ ƻaƽƿƾ: ƿƩƣ
iƹƿƣƽƾƣơƿiƺƹ aƹƢ ƿƩƣ ƽƣƸaiƹƢƣƽƾ ƤƽƺƸbƺƿƩ ƢƺƸaiƹƾ. TƩƣ ƾƣƻaƽaƿƣƢ ƻaƽƿƾ aƽƣ
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kƣƻƿ iƹ ƿƩƣ ƺǀƿƻǀƿ liƾƿ ǂƩilƣ ƿƩƣ ƽƣƸaiƹƢƣƽ ƤƽƺƸ ƿƩƣ ơǀƽƽƣƹƿlǄ ơƺƹƾiƢƣƽƣƢ
ƢƺƸaiƹ ǂill bƣ ơƩƣơkƣƢ aƨaiƹƾƿ ƿƩƣ ƹƣǃƿ ƢƺƸaiƹƾ iƹ ƿƩƣ ƺǀƿƻǀƿ liƾƿ. Oƹơƣ
ƿƩƣ ǂƩƺlƣ ƺǀƿƻǀƿ liƾƿ Ʃaƾ bƣƣƹ ơƩƣơkƣƢ, ƿƩƣ ƽƣƸaiƹƢƣƽ ƺƤ ƿƩƣ ơǀƽƽƣƹƿlǄ ơƺƹ-
ƾiƢƣƽƣƢ ƢƺƸaiƹ, iƤ iƿ iƾ ƹƺƿ ƣƸƻƿǄ, iƾ aƢƢƣƢ ƿƺ ƿƩƣ ƺǀƿƻǀƿ liƾƿ.

AlƨƺƽiƿƩƸ ᇶ: Diƾjǀƹơƿ ValiƢiƿǄ DƺƸaiƹƾ
iƹƻǀƿ :L := liƾƿ ƺƤ (ƢƺƸaiƹ, ƻaƽaƸƣƿƽiơ ǁƣƽƿiơƣ) ơƺǀƻlƣƾ

m := ƻaƽaƸƣƿƣƽ ƹǀƸbƣƽ
ƺǀƿƻǀƿ: P := liƾƿ ƺƤ (ƢƺƸaiƹ, liƾƿ ƺƤ ƻaƽaƸƣƿƽiơ ǁƣƽƿiơƣƾ) ơƺǀƻlƣƾ

ᇳ P ← ∅;
ᇴ ƤƺƽƣaơƩ (D,V) ∈ L Ƣƺ
ᇵ P ′ ← ∅;
ᇶ remainder ← D;
ᇷ ƤƺƽƣaơƩ (D′, V ′) ∈ P Ƣƺ
ᇸ iƤ dim(D ∩D′) = m ƿƩƣƹ
ᇹ intersection← (D′ ∩ remainder, V ′ ∪ {V});
ᇺ difference← (D′\ remainder, V ′);
ᇻ remainder ← (D\ remainder, {V});
ᇳᇲ P ′ ← P ′ ∪ {intersection} ∪ {difference};
ᇳᇳ iƤ dim(remainder) = m ƿƩƣƹ
ᇳᇴ P ′ = P ′ ∪ {remainder};
ᇳᇵ ƣƹƢ
ᇳᇶ ƣlƾƣ
ᇳᇷ P ′ ← P ′ ∪ {D};
ᇳᇸ ƣƹƢ
ᇳᇹ ƣƹƢ
ᇳᇺ P ← P ′;
ᇳᇻ ƣƹƢ

Tablƣ ᇶ.ᇶ ƻƽƣƾƣƹƿƾ ƿƩƣ ǁƣƽƿiơƣƾ aƹƢ ǁaliƢiƿǄ ƢƺƸaiƹƾ ƤƺǀƹƢ ǂƩƣƹ aƻƻlǄ-
iƹƨ AlƨƺƽiƿƩƸ ᇵ aƹƢ AlƨƺƽiƿƩƸ ᇶ ƿƺD.

ᇶ.ᇶ Sƻliƿƿiƹƨ ƻƺlǄƩƣƢƽa
Oǀƽ ƨƺal iƾ ƿƺ ƽƣƢǀơƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ iƹ ƨƣƹƣƽaƿƣƢ ơƺƢƣ bǄ ƾƻliƿƿiƹƨ ƻƺlǄ-
ƩƣƢƽa aƿ Sƿƣƻ ᇵ ƺƤ ƿƩƣ QRWAlƨƺƽiƿƩƸ ᇳ ǀƾiƹƨ ƿƩƣ ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ ƺƤ
ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽa. TƩƣƾƣ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽa aƽƣ ǁƣƽƾiƺƹƾ ƺƤ ƿƩƣ ƻaƽa-
Ƹƣƿƽiơ ƻƺlǄƩƣƢƽa ƿƺ bƣ ƾơaƹƹƣƢ ǂƩƣƽƣ, aƿ a ƨiǁƣƹ ƢiƸƣƹƾiƺƹ, ƺǀƿƣƽ iƿƣƽaƿƺƽƾ
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Tablƣ ᇶ.ᇶ – 1-Ƥaơƣƾ AƹƢ CƺƽƽƣƾƻƺƹƢiƹƨ Baƾƣƾ, PaƽaƸƣƿƣƽiǅƣƢ Vƣƽƿiơƣƾ AƹƢ
ValiƢiƿǄ DƺƸaiƹƾ FƺƽD(p).

ᇳ-Ƥaơƣ baƾƣ ǁƣƽƿƣǃ ƢƺƸaiƹ
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aƽƣ ơƺƹƾiƢƣƽƣƢ aƾ ƻaƽaƸƣƿƣƽƾ. Iƹ ƺƽƢƣƽ ƿƺ ƧiƹƢ ƺǀƿ Ʃƺǂ ƿƺ ƾƻliƿ a ƢƺƸaiƹ,
ǂƣ ƹƣƣƢ ƿƺ ơƺƸƻǀƿƣ iƿƾ ƾǀbƢƺƸaiƹƾ iƹ ǂƩiơƩ ƣaơƩ iƹƹƣƽ ƾơaƹƹƣƢ ƻƺlǄƩƣƢ-
ƽƺƹ iƾ ƹƢƧƼƳƞƹ: iƿƾ bƺǀƹƢƾ aƽƣ ƾƿƽiơƿlǄ (ƹƺƿ ƻiƣơƣǂiƾƣ-) afƧiƹƣ Ƥǀƹơƿiƺƹƾ ƺƤ ƿƩƣ
ƻaƽaƸƣƿƣƽƾ aƹƢƺǀƿƣƽ lƺƺƻ iƹƢiơƣƾ. Aƿ a ƨiǁƣƹ lƺƺƻ lƣǁƣl, ƿƩƣ ƻaƽaƸƣƿƽiơ ƻƺlǄ-
ƩƣƢƽƺƹ iƾ bǀilƿ ƤƽƺƸ ƿƩƣ ƢƺƸaiƹ ƿƺ bƣ ƾơaƹƹƣƢ, bǄ ƿakiƹƨ aƾ ƻaƽaƸƣƿƣƽƾ ƿƩƣ
ƻƽƺƨƽaƸ ƻaƽaƸƣƿƣƽƾ, ƿƩƣ ƺǀƿƣƽ lƺƺƻ iƹƢiơƣƾ aƹƢ ƿƩƣ ơǀƽƽƣƹƿ lƺƺƻ iƹƢƣǃ. TƩiƾ
ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ iƾ ƣǃaơƿlǄ ƿƩƣ iƹƹƣƽ ƻƺlǄƩƣƢƽƺƹ ƿƩaƿ ǂill bƣ ƾơaƹƹƣƢ
bǄ ƿƩƣ iƹƹƣƽ lƺƺƻƾ. BǄ ơƺƸƻǀƿiƹƨ iƿƾ ơƩaƸbƣƽƾ, ǂƣ ƨƣƿ ƿƩƣ ƾƣƿ ƺƤ ƢƺƸaiƹƾ iƹ
ƿƩƣ ƻaƽaƸƣƿƣƽƾ ƾƻaơƣ iƹ ǂƩiơƩ ƿƩƣ iƹƹƣƽ ƻƺlǄƩƣƢƽƺƹ iƾ ƹƢƧƼƳƞƹ.

AlƨƺƽiƿƩƸ ᇷ ƣǃƻlaiƹƾ Ʃƺǂ ƿƺ ƾƻliƿ ƻƺlǄƩƣƢƽa aƿ a ƨiǁƣƹ lƺƺƻ lƣǁƣl d. TƩiƾ
ƾƩƺǀlƢ ƺơơǀƽ aƤƿƣƽ Sƿƣƻ ᇵ ƺƤ AlƨƺƽiƿƩƸ ᇳ. Fiƽƾƿ, ƿƩƣ iƹƻǀƿ ƻƺlǄƩƣƢƽƺƹ aƹƢ ƿƩƣ
ơƺƹƿƣǃƿ aƽƣ ƸƺƢiƧiƣƢ ƿƺ ơƺƹƾiƢƣƽ ƿƩƣ d ƺǀƿƣƽ iƿƣƽaƿƺƽƾ aƾ ƻaƽaƸƣƿƣƽƾ. TƩƣ
ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ ƺƤ ƿƩƣ ƸƺƢiƧiƣƢ ƻƺlǄƩƣƢƽƺƹ iƾ ƿƩƣƹ ơƺƸƻǀƿƣƢ. TƩƣ
ƿƽaƹƾƤƺƽƸaƿiƺƹ ƺƤ iƿƣƽaƿƺƽƾ iƹƿƺ ƻaƽaƸƣƿƣƽƾ iƾ ƿƩƣƹ ƽƣǁƣƽƿƣƢ ƺƹ ƿƩƣ ơƩaƸ-
bƣƽƾ ƾƺ ƿƩaƿ ƿƩƣǄ aƽƣ ƢƣƧiƹƣƢ ƺǁƣƽ ƿƩƣ ƾaƸƣ ƾƻaơƣ aƾ ƿƩƣ ƺƽiƨiƹal ƻƺlǄƩƣƢƽƺƹ.
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AlƨƺƽiƿƩƸ ᇷ: PƺlǄƩƣƢƽa Sƻliƿƿiƹƨ
iƹƻǀƿ :D := iƹƻǀƿ ƻƺlǄƩƣƢƽƺƹ

K := ơƺƹƿƣǃƿ
d := ơǀƽƽƣƹƿ lƣǁƣl

ƺǀƿƻǀƿ:L := liƾƿ ƺƤ ƻƺlǄƩƣƢƽa

Sƿƣƻ ᇳ D′ ← ƹƣǂ ƻƺlǄƩƣƢƽƺƹ ƤƽƺƸD ǂƩƣƽƣ ƺǀƿƣƽ iƿƣƽaƿƺƽƾ ǀƻ ƿƺ
ƢiƸƣƹƾiƺƹ d aƽƣ ơƺƹƾiƢƣƽƣƢ aƾ ƻaƽaƸƣƿƣƽƾ;
K′ ← ƣǃƿƣƹƢƣƢ ơƺƹƿƣǃƿ ǂiƿƩ ƿƩƣ ơƺƹƾƿƽaiƹƿƾ ƤƽƺƸK aƹƢ ƿƩƣ
ơƺƹƾƿƽaiƹƿƾ ƺƹ ƿƩƣ ƺǀƿƣƽ iƿƣƽaƿƺƽƾ ƤƽƺƸD;

Sƿƣƻ ᇴ C ← ơƺƸƻǀƿƣ ƿƩƣ ơƩaƸbƣƽƾ ƺƹD′ aƹƢK′;
Sƿƣƻ ᇵ R← ƽƣǁƣƽƿ ƿƣƸƻƺƽaƽǄ ƻaƽaƸƣƿƣƽƾ aƾ iƿƣƽaƿƺƽƾ iƹ all Ci ∈ C ;
Sƿƣƻ ᇶ P ← iƹƿƣƽƾƣơƿ ƿƩƣ ƽƣǁƣƽƿƣƢ ơƩaƸbƣƽƾ ǂiƿƩ ƿƩƣ ƺƽiƨiƹal ƢƺƸaiƹ;

FiƹallǄ, ƿƩƣ ƺƽiƨiƹal ƻƺlǄƩƣƢƽƺƹ iƾ ƾƻliƿ: iƿ iƾ iƹƿƣƽƾƣơƿƣƢ ǂiƿƩ ƿƩƣ ƽƣǁƣƽƿƣƢ
ơƩaƸbƣƽƾ.

Exa؟أؠe ᇳᇷ. Lƣƿ ǀƾ ơƺƸƻǀƿƣ ƿƩƣ ơƩaƸbƣƽƾ Ƥƺƽ ƻƺlǄƩƣƢƽƺƹ P1 ƤƽƺƸ Sƣơ-
ƿiƺƹ ᇶ.ᇳ. TƩƣ ƻƺlǄƩƣƢƽƺƹPc1 ơƺƽƽƣƾƻƺƹƢƾ ƿƺ Sƿƣƻ ᇳ ƺƤ ƿƩƣ alƨƺƽiƿƩƸ (iƿƣƽaƿƺƽ
c1 iƾ ƹƺǂ ơƺƹƾiƢƣƽƣƢ aƾ a ƻaƽaƸƣƿƣƽ):

Pc1(N, M, c1) =
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


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∣

∣
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∣
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∣

0 ≤ c2

c1−N ≤ c2

c2 ≤ c1

c2 ≤M
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(ᇶ.ᇹ)

TƩƣ ơƩaƸbƣƽƾ C1 ƿƺ C3 aƽƣ ƿƩƣƹ ơƺƸƻǀƿƣƢ aƿ Sƿƣƻ ᇴ:

C1 = {(N, M, c1) ∈ Q3| 0 ≤ c1 ≤M} (ᇶ.ᇺ)
C2 = {(N, M, c1) ∈ Q3|M + 1 ≤ c1 ≤ N − 1} (ᇶ.ᇻ)
C3 = {(N, M, c1) ∈ Q3|N ≤ c1 ≤ N + M} (ᇶ.ᇳᇲ)
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Sƿƣƻ ᇵ ơƺƹǁƣƽƿƾ ƿƩƣ ơƩaƸbƣƽƾ iƹƿƺ ƿƩƣ aƻƻƽƺƻƽiaƿƣ ƻƺlǄƩƣƢƽa R′
1 ƿƺ R′

3:

R′
1(N, M) = {(c1, c2) ∈ Q2| 0 ≤ c1 ≤M} (ᇶ.ᇳᇳ)
R′

2(N, M) = {(c1, c2) ∈ Q2|M + 1 ≤ c1 ≤ N − 1} (ᇶ.ᇳᇴ)
R′

3(N, M) = {(c1, c2) ∈ Q2|N ≤ c1 ≤ N + M} (ᇶ.ᇳᇵ)

FiƹallǄ, ƿƩƣǄ aƽƣ iƹƿƣƽƾƣơƿƣƢ ǂiƿƩ ƿƩƣ ƺƽiƨiƹal ƻƺlǄƩƣƢƽƺƹP0 aƿ Sƿƣƻ ᇶ ƿƺ ƨƣƿ
ƿƩƣ ƻƺlǄƩƣƢƽaP1,0 ƿƺP1,2 aƾ ƾƩƺǂƹ iƹ Fiƨǀƽƣ ᇶ.ᇸ:

P1,0(N, M) =
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
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(c1, c2) ∈ Z2
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∣

∣

∣

∣

0 ≤ c1 ≤M

0 ≤ c2 ≤ c1
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



(ᇶ.ᇳᇶ)

P1,1(N, M) =
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
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(c1, c2) ∈ Z2
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∣

∣

∣

∣

M + 1 ≤ c1 ≤ N − 1

0 ≤ c2 ≤M







(ᇶ.ᇳᇷ)

P1,2(N, M) =







(c1, c2) ∈ Z2

∣

∣

∣

∣

∣

∣

N ≤ c1 ≤ N + M

c1−N ≤ c2 ≤M







(ᇶ.ᇳᇸ)

i

j
M

M N N +M

Fiƨǀƽƣ ᇶ.ᇸ – ᇴD Rƣƻƽƣƾƣƹƿaƿiƺƹ ƺƤ PƺlǄƩƣƢƽaP1,0,P1,1 aƹƢP1,2

Exa؟أؠe ᇳᇸ. Lƣƿ ǀƾ ơƺƹƾiƢƣƽ a Ƹƺƽƣ ơƺƸƻlƣǃ ƣǃaƸƻlƣ: iƸaƨiƹƣ ƿƩaƿ Ƣƺ-
ƸaiƹP1 iƾ ƿilƣƢ iƹ ᇺǃᇺ ƾƼǀaƽƣ ƿilƣƾ. Wƣǂill ƾƩƺǂ ƿƩaƿ ƺǀƽ ƿƣơƩƹiƼǀƣ iƾ alƾƺ ƣƤ-
Ƥƣơƿiǁƣ ƿƺ ƾƻliƿ lƺƺƻƾ ƿakiƹƨ ƺǀƿ ƻaƽƿial ƿilƣƾ ƤƽƺƸ ƿƩƣ Ƥǀll ƺƹƣƾ. Oǀƽ alƨƺƽiƿƩƸ
ǂƺǀlƢ ƾƻliƿ ƿƩƺƾƣ lƺƺƻƾ iƹ ƿƩƣ Ƥƺllƺǂiƹƨ ǂaǄ. TƩƣ ƺƽiƨiƹal iƿƣƽaƿiƺƹ ƢƺƸaiƹ
iƾ:

D(N, M) =
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
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
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TƩƣ Ƨiƽƾƿ ƾƻliƿƿiƹƨ ƺƹ iƹƢƣǃ t1 iƾ Ƣƺƹƣ bǄ ơƺƸƻǀƿiƹƨ ƿƩƣ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢ-
ƽƺƹD′(N, M, t1) ∈ Z3 Ʃaǁiƹƨ ƿƩƣ ƾaƸƣ ơƺƹƾƿƽaiƹƿƾ: t1ǂaƾ ƿakƣƹ ƺǀƿ ƺƤ ƿƩƣ
ƢiƸƣƹƾiƺƹƾ ƺƤ ƿƩiƾ ƻƺlǄƩƣƢƽƺƹ aƹƢ ơƺƹƾiƢƣƽƣƢ aƾ a ƻaƽaƸƣƿƣƽ. TƩƣƽƣ aƽƣ ƾiǃ
ơƩaƸbƣƽƾ iƹ ƿƩiƾ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ, ơǀƿƿiƹƨ ƿƩƣ ƢƺƸaiƹ iƹƿƺ ƾiǃ ƻiƣơƣƾ,
ƢƣƻiơƿƣƢ iƹ Fiƨǀƽƣ ᇶ.ᇹ aƾ Ʃƺƽiǅƺƹƿal aƽƽƺǂƣƢ liƹƣƾ bƣlƺǂ ƿƩƣ ơᇳ aǃiƾ.

j

c1

M

Fiƨǀƽƣ ᇶ.ᇹ – TilƣƢ Vƣƽƾiƺƹ ƺƤ PƺlǄƩƣƢƽƺƹP1

TƩƣ Ƨiƽƾƿ ơƩaƸbƣƽ iƾ: C1 = {(t1) ∈ Z | 0 ≤ t1, 8 ∗ t1 ≤ M −

7}. Rƣơǀƽƾiƹƨ iƹ ƿƩƣ alƨƺƽiƿƩƸ, ǂƣ ƨƣƹƣƽaƿƣ ƿƩƣ t2 ƢiƸƣƹƾiƺƹ: ƿƩƣ Ƥƺllƺǂiƹƨ
ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ ǂill bƣ ƾơaƹƹƣƢ iƹ ƿƩiƾ Ƨiƽƾƿ ơƩaƸbƣƽ:

D(N, M, t1, t2) =
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(ƾaƸƣ ơƺƹƾƿƽaiƹƿƾ, aƹƢ)
0 ≤ t1,

8 ∗ t1 ≤M − 7
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CƺƸƻǀƿiƹƨ ƿƩƣ ơƩaƸbƣƽƾ ƺƤ ƿƩiƾ ƻaƽaƸƣƿƽiơ ƻƺlǄƩƣƢƽƺƹ, ǂƣ ƺbƿaiƹ aƾ ƣǃƻƣơ-
ƿƣƢ ƿǂƺ ƺƤ ƿƩƣƸ, ƿƩƣ lƺǂƣƽ ƻaƽƿ ơƺƹƿaiƹiƹƨ ơƺƸƻlƣƿƣ ƿilƣƾ (ƢaƽkƣƹƣƢ iƹ ƿƩƣ
Ƨiƨǀƽƣ) aƹƢ ƿƩƣ ƻaƽƿial ƿilƣƾ ƺƹ ƿƩƣ ǀƻƻƣƽ ƣƢƨƣ ƺƤ ƿƩiƾ ƿƽiaƹƨlƣ (ƢaƾƩƣƢ iƹ ƿƩƣ
Ƨiƨǀƽƣ):

C1 = {(N, M, t1, t2) ∈ Z3 | 0 ≤ t2, 8 ∗ t2 ≤ 8 ∗ t1− 7}

C2 = {(N, M, t1, t2) ∈ Z3 | 8 ∗ t1− 7 < 8 ∗ t2 ≤ t1}

TƩƣ ƾaƸƣ ƻƽƺơƣƾƾ ƽƣƻƣaƿƾ Ƥƺƽ ƿƩƣ Ƨiǁƣ ƺƿƩƣƽ ơƩaƸbƣƽƾ ƺƤ ƿƩƣ t1 ƢiƸƣƹƾiƺƹ.
Aƿ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ alƨƺƽiƿƩƸ, ǂƣ ƺbƿaiƹ ᇵᇲ ƢifƤƣƽƣƹƿ ƿilƣ ƾƩaƻƣƾ bƣiƹƨ ƾơaƹƹƣƢ
bǄ ᇵᇲ ƢifƤƣƽƣƹƿ lƺƺƻƾ bƺƢiƣƾ. TƩƣ ƺƽiƨiƹal CLƺƺG ǁƣƽƾiƺƹ (ƾƣƣ Liƾƿiƹƨ ᇶ.ᇳ) iƾ
ᇻ liƹƣƾ lƺƹƨ, Ʃƣƹơƣ iƿ iƹơƽƣaƾƣƾ iƹ ƿƩƣ ƾƻliƿ ǁƣƽƾiƺƹ ƿƺ ᇴᇲᇷ liƹƣƾ bǀƿ ƽƣƸƺǁƣƾ
min() ƺƽ max() ơalơǀlaƿiƺƹƾ (ƾƣƣ AƻƻƣƹƢiǃ A.ᇳ.ᇳ iƹ ƿƩƣ AƻƻƣƹƢiǃ).
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ᇳ for (t1=0;t1<=floord(N+M,8);t1++) {
ᇴ for (t2=max(0,ceild(8*t1-N-7,8));

t2<=min(floord(M,8),t1);t2++) {→֒

ᇵ for (c1=8*t1; c1<=min(min(N+M,8*t1+7),8*t2+N+7);c1++) {
ᇶ for (c2=max(8*t2,c1-N); c2<=min(min(M,c1),8*t2+7);c2++) {
ᇷ S1((c1-c2),c2);
ᇸ }
ᇹ }
ᇺ }
ᇻ }

Liƾƿiƹƨ ᇶ.ᇳ – EǃƿƣƹƢƣƢ QRWGƣƹƣƽaƿƣƢ CƺƢƣ

ᇶ.ᇷ EǃƻƣƽiƸƣƹƿal Rƣƾǀlƿƾ
WƣơƩƺƾƣ ƿƺ iƸƻlƣƸƣƹƿƺǀƽ ƾƻliƿƿiƹƨ alƨƺƽiƿƩƸ iƹCLƺƺG/PƺlǄLibᇲ.ᇳᇺ.ᇶ, ƾiƹơƣ
ƿƩƣPƺlǄLib ƣƸbƣƢƾ ƿƩƣ ƽƣƼǀiƽƣƢ ơƩaƸbƣƽƾƢƣơƺƸƻƺƾiƿiƺƹ ơƺƸƻǀƿaƿiƺƹ. TƩƣ
bƣƹơƩƸaƽkƾ ǂƣƽƣ ơƺƸƻilƣƢ ǂiƿƩ gcc ǁƣƽƾiƺƹ ᇸ.ᇴ.ᇳ, icc ǁƣƽƾiƺƹ ᇳᇹ.ᇲ.ᇲ aƹƢ
clang ǁƣƽƾiƺƹ ᇵ.ᇺ.ᇳ, iƹ ƿǂƺ fƷaǁƺƽƾ: ǂiƿƩƺǀƿ ƺƻƿiƸiǅaƿiƺƹƾ (-O0) aƹƢ ǂiƿƩ ƺƻ-
ƿiƸiǅaƿiƺƹƾ (-O3 -march =native). TƩƣ ƿaƽƨƣƿ aƽơƩiƿƣơƿǀƽƣ iƾ a ᇴ.ᇶᇲGHǅ Iƹ-
ƿƣl Xƣƺƹ Eᇷ-ᇴᇸᇴᇲǁᇵ, ƽǀƹƹiƹƨ liƹǀǃ ᇶ.ᇺ. All ƿƩƣ ƻƽƺƨƽaƸƾ ǂƣƽƣ ƽǀƹ ƾƣƼǀƣƹ-
ƿiallǄ ƺƹ a ƾiƹƨlƣ ơƺƽƣ. All ƸƣaƾǀƽƣƸƣƹƿƾ ƺƹ CLƺƺG’ƾ ƿƣƾƿ ƾǀiƿƣ aƽƣ aƹ aǁƣƽ-
aƨƣ ƺƤ ᇵ ƽǀƹƾ ǀƾiƹƨ ƿƩƣ time ơƺƸƸaƹƢ. TƩƣ PƺlǄBƣƹơƩ ƸƣaƾǀƽƣƸƣƹƿƾ ǂƣƽƣ
ƸaƢƣ ǀƾiƹƨ ƿƩƣ ƻƽƺǁiƢƣƢ ƾơƽiƻƿ.

ᇶ.ᇷ.ᇳ CLƺƺG’ƾ ƿƣƾƿ ƾǀiƿƣ

Wƣ ƽaƹ a Ƨiƽƾƿ ƾƣƿ ƺƤ bƣƹơƩƸaƽkƾ ƺƹ ƿƩƣ ƸaƹǄ ƿƣƾƿ Ƨilƣƾ ƿƩaƿ aƽƣ ƾƩiƻƻƣƢ ǂiƿƩ
ƿƩƣ CLƺƺG Ƣiƾƿƽibǀƿiƺƹ. Nƺƿiơƣ ƿƩaƿƸƺƾƿ ƺƤ ƿƩƣƸƢƺ Ƶƶƻ ǀƾƣ ƿiliƹƨ. TƩƣ ơƺƢƣ
ƨƣƹƣƽaƿƣƢ bǄ ƺǀƽ ǁƣƽƾiƺƹ ƢifƤƣƽƾ ƤƽƺƸ ƿƩƣ Ƹaiƹliƹƣ CLƺƺG Ƥƺƽ ᇶᇸ ƺƤ ƿƩƣƸ.
Aƾ ơaƹ bƣ ƾƣƣƹ iƹ Fiƨǀƽƣ ᇶ.ᇺ, ƿƩƣ ƽƣƾǀlƿiƹƨ ơƺƢƣ ƾiǅƣ iƾ ǀƾǀallǄ biƨƨƣƽ, ǂiƿƩ
a ƨƣƺƸƣƿƽiơ Ƹƣaƹ (ƧƢƶƴƢƞƵ) ƨƽƺǂƿƩ ƺƤ ᇴ.ᇷǃ, aƹƢ a ƸaǃiƸǀƸ ƺƤ ᇸᇶ.ᇷǃ Ƥƺƽ a
ơƺƽƹƣƽ ƿƣƾƿ ơaƾƣ Ƥƺƽ CLƺƺG. TƩƣ ƾlƺǂƢƺǂƹ ƺƤ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ iƿƾƣlƤ ǁaƽiƣƾ
ƤƽƺƸ ᇳǃ ƿƺ ᇳᇲᇲǃ, ǂiƿƩ a ƨƣƺƸƣaƹ ƺƤ ᇶ.ᇷǃ.

TƩƣ ƣǃƣơǀƿiƺƹ ƿiƸƣ ƸƣaƾǀƽƣƸƣƹƿƾ ǂƣƽƣ ƻƣƽƤƺƽƸƣƢ ƺƹ ƿƩƺƾƣ ƻƽƺƨƽaƸƾ,
bǄ iƹơƽƣƸƣƹƿiƹƨ a ǁƺlaƿilƣ ơƺǀƹƿƣƽ iƹ all ƾƿaƿƣƸƣƹƿƾ. A ƾǀƸƸaƽǄ ƺƤ ƿƩƣ ƽƣƾ-
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ᇴD-ƾƻliƿ.ƾơƺƻ
ᇴD-ƿilƣƢ-ƾƻliƿ.ƾơƺƻ

ᇵD-ƾƻliƿ.ƾơƺƻ
ơƩallƣƹƨƣᇳ
ơƩƺlƣƾkǄᇴ
ơƩƽiƾƿiaƹ
ơlaƾƾƣƹ

Ƣaƣƨƺƹ_lǀ_ƺƾƻ
Ƣaƽƿƣ
Ƣƺƿᇴ

lƣǁƣƹƾƩƿƣiƹ-ᇳ-ᇴ-ᇵ
liƸ-laƸᇵ
liƸ-laƸᇶ

liƹƣaliƿǄ-ᇴ-ᇳ-ᇴ
liǀ-ǅƩǀƨƣᇳ

237.5
3,853.57

938.46
3,882.35

146.97
187.5
157
103.28
134.38
171.43
108.33
585.71
231.25
100

1,917.39

lƺƣơƩƹƣƽᇵ
lƺƣơƩƹƣƽᇶ
Ƹƨ-iƹƿƣƽƻ

lǀᇴ
lǀ

Ƹaƹǀal_baƾiơ
Ƹaƹǀal_ƾơaƿƿƣƽiƹƨ

Ƹiƹ-ᇳ-ᇳ
Ƹiƹ-ᇴ-ᇳ

Ƹǀlƿi-ƸƸ-ᇳ
ƹǀl_ơƺƸƻlƣǃᇳ

ƺǁƣƽlaƻ
QR

Ƽǀillƣƽƣ
ƻiƹƨaliᇳ

211.11
181.82
108.72
140
140
380
516.67
500
377.78
166.67
255.56
181.82
438.01
100
160

ƻiƹƨaliᇷ
ƽƣaƢƸƣ

ƽƣơƿaƹƨlƣ
ƽƣƾƣƽǁƺiƽ/ơƩƺlƣƾkǄᇴ

ƽƣƾƣƽǁƺiƽ/QR
ƾƺƽᇳƢ
ƿƣƾƿ

ƿiliƹƨᇴ
ǁaƾilaơƩƣ
ǁiǁiƣƹᇴ
ǁiǁiƣƹ

ǂaǁƣƤƽƺƹƿ
ǂƣbᇴ
ǂƣbᇶ

ǄƺǀơƣƤƹ

280
380
200
309.38
138.79

6,445.71

100
1,342.86

130.77
154.49
235.05
571.43
200
380
210

Fiƨǀƽƣ ᇶ.ᇺ: Oǀƿƻǀƿ CƺƢƣ Siǅƣ Raƿiƺƾ Iƹ%Oƹ CLƺƺG’ƾ Tƣƾƿ Sǀiƿƣ

ǀlƿƾ iƾ ƻƽƣƾƣƹƿƣƢ iƹ Tablƣ ᇶ.ᇷ. TƩƣ Ƨiƽƾƿ ƿƩƽƣƣ ơƺlǀƸƹƾ ƽƣƻƽƣƾƣƹƿ ƿƩƣ bƣƹơƩ-
Ƹaƽkƾ ƿƩaƿ ǂƣƽƣ iƸƻƽƺǁƣƢ bǄ ƺǀƽ ƾƻliƿƿiƹƨƸƣƿƩƺƢ; ƿƩƣ ƿƩƽƣƣ Ƥƺllƺǂiƹƨ ƺƹƣƾ,
ƿƩƣbƣƹơƩƸaƽkƾ ƿƩaƿǂƣƽƣƢƣƨƽaƢƣƢ. Iƹ ƣaơƩƺƤ ƿƩƣƾƣ ƨƽƺǀƻƾƺƤ ƿƩƽƣƣ ơƺlǀƸƹƾ,
ǂƣ ƾƩƺǂ ƿƩƣ ƻƣƽơƣƹƿaƨƣ ƺƤ iƸƻƽƺǁƣƢ ǁƣƽƾǀƾ ƢƣƨƽaƢƣƢ bƣƹơƩƸaƽkƾ, ƿƩƣƸaǃ-
iƸǀƸƾƻƣƣƢǀƻ/ƾlƺǂƢƺǂƹ, aƹƢ ƿƩƣ ƨƣƺƸƣaƹ ƾƻƣƣƢǀƻ. TƩƣ laƾƿ ơƺlǀƸƹƾƩƺǂƾ
ƿƩƣ ƿƺƿal ƨƣƺƸƣaƹ ƾƻƣƣƢǀƻ.

Tablƣ ᇶ.ᇷ –Oǁƣƽǁiƣǂ OƤ TƩƣ SƻƣƣƢǀƻƾ Fƺƽ TƩƣ CLƺƺG EǃaƸƻlƣƾ.

ƾƻƣƣƢǀƻ > ᇳ ƾƻƣƣƢǀƻ < ᇳ ƨƣƺƸƣaƹ
ơƺƸƻilƣƽ % Ƹaǃ ƨƣƺƸƣaƹ % Ƹiƹ ƨƣƺƸƣaƹ ƾƻƣƣƢǀƻ
gcc -O0 ᇷᇻ ᇳ.ᇵᇶ ᇳ.ᇲᇹ ᇶᇳ ᇲ.ᇺᇳ ᇲ.ᇻᇸ ᇳ.ᇲᇴ
icc -O0 ᇸᇸ.ᇹ ᇳ.ᇴᇳ ᇳ.ᇲᇵ ᇵᇵ.ᇵ ᇲ.ᇻᇹ ᇲ.ᇻᇻ ᇳ.ᇲᇳ
clang -O0 ᇺᇴ.ᇷ ᇳ.ᇻᇸ ᇳ.ᇳᇻ ᇳᇹ.ᇷ ᇲ.ᇷ ᇲ.ᇻ ᇳ.ᇳᇴ
gcc -O3 ᇷᇳ.ᇴ ᇳ.ᇲᇹ ᇳ.ᇲᇵ ᇶᇺ.ᇺ ᇲ.ᇻ ᇲ.ᇻᇹ ᇳ.ᇲᇲ
icc -O3 ᇸᇳ.ᇷ ᇳ.ᇳᇳ ᇳ.ᇲᇴ ᇵᇺ.ᇷ ᇲ.ᇺᇻ ᇲ.ᇻᇺ ᇳ.ᇲᇲ
clang -O3 ᇸᇵ.ᇻ ᇳ.ᇳᇹ ᇳ.ᇲᇻ ᇵᇸ.ᇳ ᇲ.ᇸᇸ ᇲ.ᇻᇷ ᇳ.ᇲᇵ

Fǀll ƽƣƾǀlƿƾ ǂiƿƩ ƺƻƿiƺƹƾ -O0 aƹƢ -O3 -march=native aƽƣ ƨiǁƣƹ iƹ Fiƨ-
ǀƽƣ ᇶ.ᇻ aƹƢ Fiƨǀƽƣ ᇶ.ᇳᇲ.

Oǁƣƽall, ƿƩƣƽƣ aƽƣ Ƹƺƽƣ iƸƻƽƺǁƣƸƣƹƿƾ ƿƩaƹ ƢƣƨƽaƢaƿiƺƹƾ. TƩƣ ƨƣƺƸƣaƹ
ƺƤ ƾƻƣƣƢǀƻƾ Ƥƺƽ ƿƩƣ iƸƻƽƺǁƣƢ bƣƹơƩƸaƽkƾ iƾ abƺǀƿ ᇳᇲ ƻƣƽơƣƹƿ ƨƽƣaƿƣƽ ƿƩaƹ



ᇷᇹ ᇶ.ᇷ. E؟ؔاءؘؠ؜إؘأث ئا؟بئؘإ

ᇴD-ƾƻliƿ

ᇴD-ƿilƣƢ-ƾƻliƿ

ᇵD-ƾƻliƿ

ơƩallƣƹƨƣᇳ

ơƩƺlƣƾkǄᇴ

ơƩƽiƾƿiaƹ

ơlaƾƾƣƹ

Ƣaƣƨƺƹ_lǀ_ƺƾƻ

Ƣaƽƿƣ

Ƣƺƿᇴ

lƣǁƣƹƾƩƿƣiƹ-ᇳ-ᇴ-ᇵ

liƸ-laƸᇵ

liƸ-laƸᇶ

liƹƣaliƿǄ-ᇴ-ᇳ-ᇴ

liǀ-ǅƩǀƨƣᇳ

1.13

1.08

1.17

1.04

0.99

0.98

1.01

0.99

0.98

1.02

1

0.96

1

1

0.97

1.17

1.57

1.18

1.14

1

1.04

1.02

0.99

1.04

1

0.99

0.99

1.19

1

1.2

1

1.01

1

1

1

0.99

1

1.01

1.01

1

0.99

1.01

1.01

1.01

0.99

lƺƣơƩƹƣƽᇵ

lƺƣơƩƹƣƽᇶ

lǀᇴ

lǀ

Ƹaƹǀal_baƾiơ

Ƹaƹǀal_ƾơaƿƿƣƽiƹƨ

Ƹƨ-iƹƿƣƽƻ

Ƹiƹ-ᇳ-ᇳ

Ƹiƹ-ᇴ-ᇳ

Ƹǀlƿi-ƸƸ-ᇳ

ƹǀl_ơƺƸƻlƣǃᇳ

ƺǁƣƽlaƻ

ƻiƹƨaliᇳ

ƻiƹƨaliᇷ

QR

1.08

1.08

0.99

0.97

1.02

1

1.02

1.06

1.06

1.01

1.14

0.97

1.03

0.97

0.99

1.16

1.17

1.23

1.18

1.17

1.85

1.07

1.4

1.46

1

1.7

1.01

1

1.2

1.01

1.02

1.02

0.99

1.01

0.99

1.04

0.98

1

1.01

0.98

1.21

1

1.02

1.02

0.97

iơơ ᇳᇹ.ᇲ.ᇲ ơlaƹƨ ᇵ.ᇺ.ᇳ ƨơơ ᇸ.ᇴ.ᇳ

Ƽǀillƣƽƣ

ƽƣaƢƸƣ

ƽƣơƿaƹƨlƣ

ƽƣƾƣƽǁƺiƽ/ơƩƺlƣƾkǄᇴ

ƽƣƾƣƽǁƺiƽ/QR

ƾƺƽᇳƢ

ƿƣƾƿ

ƿiliƹƨᇴ

ǁaƾilaơƩƣ

ǁiǁiƣƹᇴ

ǁiǁiƣƹ

ǂaǁƣƤƽƺƹƿ

ǂƣbᇴ

ǂƣbᇶ

ǄƺǀơƣƤƹ

1

1.01

1.18

0.99

0.99

1.02

1

1.34

1.09

1

0.98

1.08

1.04

1.01

0.81

1.03

1.15

1.18

0.99

1.01

0.5

1.03

1.96

1.01

0.98

1

1.16

1.13

1.15

1.01

1

0.99

1.01

1

1

1

1

1.04

0.99

1

1.02

1.03

1.04

1

1.01

Fiƨǀƽƣ ᇶ.ᇻ: SƻƣƣƢǀƻƾ Oƹ CLƺƺG’ƾ Tƣƾƿ SǀiƿƣWiƿƩ -O0.

ƿƩƣ ƺƹƣ ƺƤ ƢƣƨƽaƢƣƢ bƣƹơƩƸaƽkƾ. TƩƣ ƢifƤƣƽƣƹơƣ iƾ ƤaƢiƹƨ ǂƩƣƹ ƿƩƣ ơƺƸ-
ƻilƣƽ ƺƻƿiƸiǅaƿiƺƹƾ bƣơƺƸƣƸƺƽƣ aƨƨƽƣƾƾiǁƣ: ǂiƿƩ -O0 all ƿƩƣ ơƺƹƿƽƺl iƾ ƿƽaƹƾ-
ƤƣƽƽƣƢ iƹ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ, ǂƩilƣ iƿ iƾ ƾiƸƻliƧiƣƢ bǄ ƿƩƣ ơƺƸƻilƣƽ ǂiƿƩ -O3.
Hƺǂƣǁƣƽ, ƣǃƿƽƣƸal ǁalǀƣƾ ƾƩƺǂ ƿƩaƿ ƿƩƣ ơƩƺiơƣ ƺƤ ƻƺlǄƩƣƢƽal ƽƣƻƽƣƾƣƹƿaƿiƺƹ
iƾ iƸƻƺƽƿaƹƿ: ƤƽƺƸ ƩalƤ ƿƺ ƿǂiơƣ ƿƩƣ ƻƣƽƤƺƽƸaƹơƣ, ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ ǂaǄ ƿƩƣ
ƻƺlǄƩƣƢƽa aƽƣ ƾƻliƿ. PƣƽƤƺƽƸaƹơƣ aƹƢ ơƺƢƣ ƾiǅƣ ƨƽƺǂƿƩ Ƣƺ ƹƺƿ ƾƣƣƸ ƿƺ ơƺƽ-
ƽƣlaƿƣ.
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ᇴD-ƾƻliƿ

ᇴD-ƿilƣƢ-ƾƻliƿ

ᇵD-ƾƻliƿ

ơƩallƣƹƨƣᇳ

ơƩƺlƣƾkǄᇴ

ơƩƽiƾƿiaƹ

ơlaƾƾƣƹ

Ƣaƣƨƺƹ_lǀ_ƺƾƻ

Ƣaƽƿƣ

Ƣƺƿᇴ

lƣǁƣƹƾƩƿƣiƹ-ᇳ-ᇴ-ᇵ

liƸ-laƸᇵ

liƸ-laƸᇶ

liƹƣaliƿǄ-ᇴ-ᇳ-ᇴ

liǀ-ǅƩǀƨƣᇳ

0.97

1.01

1.05

1.07

1.04

0.99

1.04

0.98

1.05

1.01

1.02

1

0.96

1.01

1.03

1.16

1.16

1.12

1.01

0.99

1.14

1.01

0.91

0.99

1

1.01

1

1.12

1.01

0.97

1

0.98

1.01

1

1.03

1.02

1.01

1.05

1.02

1

0.98

0.99

1.02

0.98

1.05

lƺƣơƩƹƣƽᇵ

lƺƣơƩƹƣƽᇶ

lǀᇴ

lǀ

Ƹaƹǀal_baƾiơ

Ƹaƹǀal_ƾơaƿƿƣƽiƹƨ

Ƹƨ-iƹƿƣƽƻ

Ƹiƹ-ᇳ-ᇳ

Ƹiƹ-ᇴ-ᇳ

Ƹǀlƿi-ƸƸ-ᇳ

ƹǀl_ơƺƸƻlƣǃᇳ

ƺǁƣƽlaƻ

ƻiƹƨaliᇳ

ƻiƹƨaliᇷ

QR

1

0.98

0.98

1.03

0.99

0.99

1.03

1.06

1

1.01

1.01

0.98

1

0.98

1.02

1.05

1.14

1.13

1.08

0.99

0.98

1.01

1.15

1.1

1

1

1

0.98

1.13

0.66

1.01

0.99

1.01

1.01

1.01

1.01

0.96

0.98

0.99

0.98

1.02

0.99

1.01

1

0.98

iơơ ᇳᇹ.ᇲ.ᇲ ơlaƹƨ ᇵ.ᇺ.ᇳ ƨơơ ᇸ.ᇴ.ᇳ

Ƽǀillƣƽƣ

ƽƣaƢƸƣ

ƽƣơƿaƹƨlƣ

ƽƣƾƣƽǁƺiƽ/ơƩƺlƣƾkǄᇴ

ƽƣƾƣƽǁƺiƽ/QR

ƾƺƽᇳƢ

ƿƣƾƿ

ƿiliƹƨᇴ

ǁaƾilaơƩƣ

ǁiǁiƣƹᇴ

ǁiǁiƣƹ

ǂaǁƣƤƽƺƹƿ

ǂƣbᇴ

ǂƣbᇶ

ǄƺǀơƣƤƹ

0.99

0.91

0.96

0.95

0.99

0.97

1

1.05

0.98

1.02

1.03

1.03

0.99

0.98

1.06

0.99

0.98

1.17

1.01

0.99

1

1

1.1

1.03

1

1

1.17

1.15

0.99

1

1

1.01

0.98

1

1

0.99

1.01

0.89

0.97

1.02

1.11

1.05

1.02

1.03

1.02

Fiƨǀƽƣ ᇶ.ᇳᇲ: SƻƣƣƢǀƻƾ Oƹ CLƺƺG’ƾ Tƣƾƿ SǀiƿƣWiƿƩ -O3.

ᇶ.ᇷ.ᇴ PƺlǄBƣƹơƩ

Wƣ ƽaƹ a ƿƣƾƿ ƺƹ ƿƩƣ liƹƣaƽ-alƨƣbƽa aƹƢ ƾƿƣƹơil ƣǃaƸƻlƣƾ ƤƽƺƸ PƺlǄBƣƹơƩ ᇶ.ᇳ
ƿƣƾƿ ƾǀiƿƣ. Wƣ ǀƾƣƢ PLǀƿƺ ᇲ.ᇳᇳ.ᇶ ǂiƿƩ ƿiliƹƨ (--tile), aƹƢ ƻlǀƨƨƣƢ ƺǀƽ ǁƣƽƾiƺƹ
ƺƤ CLƺƺG ƿƺ ƨƣƹƣƽaƿƣ ƿƩƣ ƺǀƿƻǀƿ ơƺƢƣ. TƩƣ ƾlƺǂƢƺǂƹ ƺƤ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ
bǄ CLƺƺG ǁaƽiƣƾ ƤƽƺƸ ᇴǃ ƿƺ ᇷᇲǃ. TƩƣ ƾǄƹƿƩƣƿiơ ƽƣƾǀlƿƾ aƽƣ ƨiǁƣƹ iƹ Tablƣ ᇶ.ᇸ
ǂƩilƣ ơƺƸƻlƣƿƣ ƽƣƾǀlƿƾ aƽƣ ƾƩƺǂƹ iƹ Fiƨǀƽƣ ᇶ.ᇳᇳ aƹƢ Fiƨǀƽƣ ᇶ.ᇳᇴ.
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Tablƣ ᇶ.ᇸ – Oǁƣƽǁiƣǂ ƺƤ ƿƩƣ ƾƻƣƣƢǀƻƾ Ƥƺƽ ƿƩƣ PƺlǄbƣƹơƩ

ƾƻƣƣƢǀƻ > ᇳ ƾƻƣƣƢǀƻ < ᇳ ƨƣƺƸƣaƹ
ơƺƸƻilƣƽ % Ƹaǃ ƨƣƺƸƣaƹ % Ƹiƹ ƨƣƺƸƣaƹ ƾƻƣƣƢǀƻ
ƨơơ -Oᇲ ᇺᇲ.ᇲᇲ ᇳ.ᇳᇵ ᇳ.ᇲᇺ ᇴᇲ.ᇲᇲ ᇲ.ᇻᇵ ᇲ.ᇻᇸ ᇳ.ᇲᇷ
iơơ -Oᇲ ᇹᇲ.ᇲᇲ ᇳ.ᇶᇹ ᇳ.ᇳᇳ ᇵᇲ.ᇲᇲ ᇲ.ᇻᇸ ᇲ.ᇻᇺ ᇳ.ᇲᇹ

ơlaƹƨ -Oᇲ ᇹᇹ.ᇹᇺ ᇳ.ᇵᇹ ᇳ.ᇳᇷ ᇴᇴ.ᇴᇴ ᇲ.ᇻᇻ ᇲ.ᇻᇻ ᇳ.ᇲᇻ
ƨơơ -Oᇵ ᇹᇴ.ᇹᇵ ᇳ.ᇻᇺ ᇳ.ᇳᇹ ᇴᇹ.ᇴᇹ ᇲ.ᇻᇶ ᇲ.ᇻᇸ ᇳ.ᇳᇳ
iơơ -Oᇵ ᇳᇺ.ᇳᇺ ᇳ.ᇲᇹ ᇳ.ᇲᇶ ᇺᇳ.ᇺᇴ ᇲ.ᇵᇲ ᇲ.ᇹᇻ ᇲ.ᇺᇶ

ơlaƹƨ -Oᇵ ᇸᇸ.ᇸᇹ ᇳ.ᇴᇷ ᇳ.ᇳᇹ ᇵᇵ.ᇵᇵ ᇲ.ᇺᇺ ᇲ.ᇻᇴ ᇳ.ᇲᇷ

TƩƺƾƣ ƽƣƾǀlƿƾ ơƺƹƧiƽƸƺǀƽ ƻƽƣǁiƺǀƾ ƺbƾƣƽǁaƿiƺƹƾ. WiƿƩ ƨơơ aƹƢ ơlaƹƨ, ƿƩƣ
ƾƻliƿ ǁƣƽƾiƺƹƾ aƽƣ Ƥaƾƿƣƽ ƺƹ aǁƣƽaƨƣ, ǀƻ ƿƺ ᇳ.ᇻᇺǃ, ǂiƿƩ aƹ aǁƣƽaƨƣ ƺƤ ᇳ.ᇳᇳǃ ƺƹ all
ƿƩƣƾƣ bƣƹơƩƸaƽkƾ Ƥƺƽ ƨơơ -O3. Hƺǂƣǁƣƽ, iƿ ƾƣƣƸƾ ƿƩaƿ iơơ -O3 ƻƣƽƤƺƽƸƾƸǀơƩ
bƣƿƿƣƽ ƺƹ ƿƩƣ ƺƽiƨiƹal ǁƣƽƾiƺƹƾ ƿƩaƹ ƺƹ ƿƩƣ ƿƽaƹƾƤƺƽƸƣƢ ƺƹƣƾ: ƿƩƣ ƨƣƺƸƣaƹ
ƾƻƣƣƢǀƻ iƾ ᇲ.ᇺᇶǃ iƹ ƿƩiƾ ơaƾƣ. TƩiƾ iƾ ƻƽƺbablǄ Ƣǀƣ ƿƺ iơơ’ƾ liƹƣaƽ alƨƣbƽa aƹƢ
ƾƿƣƹơil ƻaƿƿƣƽƹ ƽƣơƺƨƹiƿiƺƹ alƨƺƽiƿƩƸƾ ƻƣƽƤƺƽƸiƹƨ ǁƣƽǄ aƨƨƽƣƾƾiǁƣ ƺƻƿiƸiǅa-
ƿiƺƹƾ ƿƩaƿ ǂƣƽƣ iƹƣfƤƣơƿiǁƣ Ƥƺƽ ƺǀƽ ƿƽaƹƾƤƺƽƸƣƢ ǁƣƽƾiƺƹƾ.

ᇶ.ᇸ Pƣƽƾƻƣơƿiǁƣƾ ƺƹ Sƻliƿƿiƹƨ Fiƿƹƣƾƾ Dƣơiƾiƺƹ

Wƣ ƻƽƺƻƺƾƣƢ a ƹƣǂ ƸƣƿƩƺƢ ƿƺ ƻƣƽƤƺƽƸ a ƾƸaƽƿ ƾƻliƿƿiƹƨ ƿƺ Ƣiƾjƺiƹƿ ƻƺlǄ-
ƩƣƢƽa, ƿƺ ƨƣƹƣƽaƿƣ ơƺƢƣ ǂiƿƩƺǀƿ ƿƣƾƿƾ ƺƽ ơƺƸƻlƣǃ bƺǀƹƢƾ iƹ lƺƺƻƾ, ǂiƿƩ ƿƩƣ
ƺbjƣơƿiǁƣ ƺƤ ƽƣƢǀơiƹƨ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ aƹƢ Ƥaơiliƿaƿiƹƨ ǁƣơƿƺƽiǅaƿiƺƹ Ƥƺƽ ƿƩƣ
ơƺƸƻilƣƽ. EǃƻƣƽiƸƣƹƿal ƽƣƾǀlƿƾ ƾƩƺǂ ƿƩaƿ alƿƩƺǀƨƩ iƿ ƸaǄ ƾiƨƹiƧiơaƹƿlǄ iƸ-
ƻƽƺǁƣ ƿƩƣ ƼǀaliƿǄ ƺƤ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ, lƺƺƻ ƾƻliƿƿiƹƨ iƾ ƹƺƿ alǂaǄƾ bƣƹƣ-
Ƨiơial. Iƿ ƣlƺƹƨaƿƣƾ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƿiƸƣƾ aƹƢ ƿƩƣ ƽƣƾǀlƿiƹƨ ơƺƢƣ ƸaǄ ƹƺƿ
ƹƣơƣƾƾaƽilǄ ƽǀƹ Ƥaƾƿƣƽ ƿƩaƹ ƿƩƣ ǀƹƾƻliƿ ǁƣƽƾiƺƹ.

Wƣ Ʃaǁƣ iƹǁƣƾƿiƨaƿƣƢƸǀlƿiƻlƣ ƿƽaiƿƾ ƺƤ bƺƿƩ iƹƻǀƿ aƹƢ ƺǀƿƻǀƿ lƺƺƻ ƹƣƾƿƾ:
ǂƣ ƿƽiƣƢ ƿƺ ƢƣƿƣƽƸiƹƣ Ʃƺǂ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƢiƸƣƹƾiƺƹƾ, ƿƩƣ ƹǀƸbƣƽ ƺƤ ơƺƹ-
ƾƿƽaiƹƿƾ, ƿƩƣ iƿƣƽaƿiƺƹ ƢƺƸaiƹ ƾiǅƣƾ, ƿƩƣ ƹǀƸbƣƽ ƺƤ ƾƻliƿƾ, ƿƩƣ ƺǀƿƻǀƿ ơƺƢƣ
ƾiǅƣ, ƿƩƣ ƹƣƾƿiƹƨ ƢƣƻƿƩ ƺƤ ƿƩƣ ƾƻliƿƾ iƸƻaơƿ ƿƩƣ ƽƣƾǀlƿiƹƨ ƻƣƽƤƺƽƸaƹơƣ. Wƣ
ǂƣƽƣ ƹƺƿ ablƣ ƿƺ ƧiƹƢ a ƢƣƿƣƽƸiƹiƾƿiơ ƽƣlaƿiƺƹ bƣƿǂƣƣƹ ƿƩƣƾƣ ơƩaƽaơƿƣƽiƾƿiơƾ
aƹƢ ƿƩƣ Ƨiƹal ƻƣƽƤƺƽƸaƹơƣ. Bƣơaǀƾƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ iƾ Ƹƺƾƿ ƾiƨƹiƧiơaƹƿ iƹ
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Ƣƺiƿƨƣƹ

Ƹǁƿ

ᇴƸƸ

biơƨ

aƿaǃ

ᇵƸƸ

ƤƢƿƢ-ᇴƢ

jaơƺbi-ᇳƢ

ƾƣiƢƣl-ᇴƢ

jaơƺbi-ᇴƢ

0.93

1.05

1.07

1.13

1.03

1.1

1.1

1.09

1.04

0.99

1

1.37

1.09

1.19

1.14

1.21

1.09

1.01

0.99

0.99

0.96

1.47

1.03

1.05

1.16

1.04

1.1

1.02

1

0.99

iơơ ᇳᇹ.ᇲ.ᇲ ơlaƹƨ ᇵ.ᇺ.ᇳ ƨơơ ᇸ.ᇴ.ᇳ

Fiƨǀƽƣ ᇶ.ᇳᇳ – SƻƣƣƢǀƻƾ ƺƹ ƿƩƣ PƺlǄBƣƹơƩ Tƣƾƿ Sǀiƿƣ ǂiƿƩ -O0

iƹƹƣƽƸƺƾƿ lƺƺƻƾ, aƹƺƿƩƣƽ ƣƢǀơaƿƣƢ ƨǀƣƾƾ iƾ ƿƺ ƾƿaƽƿ ƾƻliƿƿiƹƨ a lƺƺƻƹƣƾƿ aƿ ƿƩƣ
iƹƹƣƽƸƺƾƿ ƢƣƻƿƩ aƹƢ ƿƩƣƹ ƻƽƺƨƽƣƾƾiǁƣlǄ ƾƻliƿ lƺƺƻƾ ƺƹ ƿƩƣ ƺǀƿƣƽ ƢiƸƣƹƾiƺƹƾ
ǀƹƿil a ƿƩƽƣƾƩƺlƢ ƹǀƸbƣƽ ƺƤ ƾƻliƿƾ iƾ ƽƣaơƩƣƢ. Iƹ ƿƩƣ ơǀƽƽƣƹƿ iƸƻlƣƸƣƹƿaƿiƺƹ,
ǂƣƸaƹǀallǄ liƸiƿƣƢ ƿƩƣ ƿƺƿal ƹǀƸbƣƽ ƺƤ ƾƻliƿ ƢƺƸaiƹƾ ƿƩaƿ aƽƣ ƨƣƹƣƽaƿƣƢ ƿƺ
aƹ aƽbiƿƽaƽǄ ƧiǃƣƢ ƸaǃiƸǀƸ.

TƩƣ ƸƣƿƩƺƢ ƢƣƾơƽibƣƢ iƹ Sƣơƿiƺƹ ᇶ.ᇶ iƾ ƨƣƹƣƽal aƹƢ aƿƿƣƸƻƿƾ ƿƺ ƾƻliƿ all
ƻƺlǄƩƣƢƽa aƿ all lƺƺƻ lƣǁƣlƾ. TƩƣ iƹiƿial ƺbƾƣƽǁaƿiƺƹ ƺƹ ƿƩƣ Ƹƺƿiǁaƿiƺƹ ƣǃ-
aƸƻlƣ ƤƽƺƸ Sƣơƿiƺƹ ᇶ.ᇳ ǂaƾ ƿƩaƿ ƴƩƵƩƴƼƴ aƹƢ ƴƞƿƩƴƼƴ ơalơǀlaƿiƺƹƾ iƹ-
ơƽƣaƾƣƢ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ. A ƹaiǁƣ ǂaǄ ƿƺ iƢƣƹƿiƤǄ ƾǀơƩ ǀƻƻƣƽ aƹƢ lƺǂƣƽ
bƺǀƹƢƾ iƾ ƿƺ iƹƾƻƣơƿ ƿƩƣ ơƺƹƾƿƽaiƹƿƾ ƺƤ a ƨiǁƣƹ iƿƣƽaƿiƺƹ ƢƺƸaiƹ: iƤ a bƺǀƹƢ
ƺƹ aƹ iƿƣƽaƿƺƽ iƹǁƺlǁƣƾ Ƹǀlƿiƻlƣ ơƺƹƾƿƽaiƹƿƾ, ƿƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ơƺƢƣƸaǄ ƽƣ-
Ƽǀiƽƣ a ƸiƹiƸǀƸ ƺƽ ƸaǃiƸǀƸ ơalơǀlaƿiƺƹ. Fƺƽ iƹƾƿaƹơƣ, iƹ ƻƺlǄƩƣƢƽƺƹP0,
ǂƣ ơaƹ iƢƣƹƿiƤǄ ƿǂƺ ơƺƹƾƿƽaiƹƿƾ Ƥƺƽ ƿƩƣ ǀƻƻƣƽ bƺǀƹƢ ƺƤ iƿƣƽaƿƺƽ c2: c2 ≤ c1

aƹƢ c2 ≤ M . Iƿ iƾ aơƿǀallǄ ƻƺƾƾiblƣ ƿƺ ƾƻliƿ P0 ǂiƿƩ aƾ liƿƿlƣ iƹƤƺƽƸaƿiƺƹ aƾ
ƿƩƣƾƣ ƿǂƺ ơƺƹƾƿƽaiƹƿƾ: ƾǀbƿƽaơƿiƹƨ ƿƩƣƾƣ ƿǂƺ ơƺƹƾƿƽaiƹƿƾ bǀilƢƾ ƿƩƣ ƹƣǂ ơƺƹ-
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Ƣƺiƿƨƣƹ

Ƹǁƿ

ᇴƸƸ

biơƨ

aƿaǃ

ᇵƸƸ

ƤƢƿƢ-ᇴƢ

jaơƺbi-ᇳƢ

ƾƣiƢƣl-ᇴƢ

jaơƺbi-ᇴƢ

1.27

1.98

1.09

0.94

1.08

1.07

0.97

1.02

1.01

1.1

1.09

0.92

1.11

1

1.25

1.24

1.16

0.88

1

0.97

0.3

0.94

0.78

0.83

0.97

0.83

1.04

0.96

0.99

0.94

iơơ ᇳᇹ.ᇲ.ᇲ ơlaƹƨ ᇵ.ᇺ.ᇳ ƨơơ ᇸ.ᇴ.ᇳ

Fiƨǀƽƣ ᇶ.ᇳᇴ – SƻƣƣƢǀƻƾ ƺƹ ƿƩƣ PƺlǄBƣƹơƩ Tƣƾƿ Sǀiƿƣ ǂiƿƩ -O3 -march=native

ƾƿƽaiƹƿ 0 ≤ c1−M ⇔ c1 ≥M aƹƢ iƹǁƣƽƿiƹƨ ƿƩiƾ ơƺƹƾƿƽaiƹƿ ƨiǁƣƾ c1 ≤M .
AƢƢiƹƨ ƣiƿƩƣƽ ƺƤ ƿƩƣƾƣ ơƺƹƾƿƽaiƹƿƾ ƿƺP0 ơƽƣaƿƣƾ ƿǂƺ ƹƣǂ ƻƺlǄƩƣƢƽa:

P1−alt−0(N, M) =



















































































c1

c2



 ∈ Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1,

c1 ≤ N + M,

0 ≤ c2,

c1−N ≤ c2,

c2 ≤M,

c2 ≤ c1

c1 ≥M














































































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P1−alt−1(N, M) =



















































































c1

c2



 ∈ Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1,

c1 ≤ N + M,

0 ≤ c2,

c1−N ≤ c2,

c2 ≤M,

c2 ≤ c1

c1 ≤M















































































CƺƢƣ ƣǃƻlƺƾiƺƹ iƾ ƺƹƣ ƺƤ ƿƩƣ ơaǁƣaƿƾ ƺƤ ƺǀƽ ƨƣƹƣƽal ƾƻliƿƿiƹƨ ƿƣơƩƹiƼǀƣ.
Bƣơaǀƾƣ ƿƩƣƸƣƿƩƺƢ ƣǃƻƺƾƣƢ abƺǁƣ iƾ ƽƣƾƿƽiơƿƣƢ, iƿ ơƺǀlƢ ƾƣƽǁƣ aƾ a baƾiƾ ƿƺ a
Ƹƺƽƣ ơƺƹƾƣƽǁaƿiǁƣ— albƣiƿ lƣƾƾ ƨƣƹƣƽal — ƿƣơƩƹiƼǀƣ ǂƩiơƩ ơƺǀlƢ ƻƣƽƩaƻƾ
liƸiƿ ƿƩƣ ƺǀƿƻǀƿ ƾiǅƣ ƺƤ ƿƩƣ ơƺƢƣ. Wƣ aƿƿƣƸƻƿƣƢ ƿƺƸiƿiƨaƿƣ ƿƩƣ Ƣƽaǂbaơkƾ ƺƤ
ƺǀƽ ƾƻliƿƿiƹƨ alƨƺƽiƿƩƸ bǄ ƿƽǄiƹƨ ƿƺ ƧiƹƢ Ʃƺǂ ƿƺ liƸiƿ iƿƾ aƻƻliơaƿiƺƹ ƢƺƸaiƹƾ.
Fǀƿǀƽƣ ǂƺƽk ơƺǀlƢ ƻƣƽƩaƻƾ bǀilƢ ǀƻƺƹ ƿƩiƾ ƽƣƾƿƽiơƿƣƢ ƸƣƿƩƺƢ aƹƢ ƨƽaƢǀallǄ
ƣǃƻaƹƢ iƿƾ ǀƾƣ ơaƾƣƾ ǀƹƿil a ƨiǁƣƹ ƿƩƽƣƾƩƺlƢ iƾ ƽƣaơƩƣƢ.

ᇶ.ᇹ Cƺƹơlǀƾiƺƹ
CƺƢƣƨƣƹƣƽaƿiƺƹ ƿƺƺlƾ ƩƣaǁilǄ ƽƣlǄ ƺƹƻƺlǄƩƣƢƽal ƺƻƣƽaƿiƺƹƾ, ǀƾǀallǄ ƻƽƺǁiƢƣƢ
bǄ ƨƣƹƣƽal-ƻǀƽƻƺƾƣ ƻƺlǄƩƣƢƽal libƽaƽiƣƾ ƿƩaƿ aƽƣ ƹƺƿ ƾƻƣơiƧiơallǄ ƢƣƾiƨƹƣƢ Ƥƺƽ
ơƺƢƣ ƨƣƹƣƽaƿiƺƹ. Uƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa Ʃaǁƣ ƸaƹǄ ƻƺƾƾiblƣ ƽƣƻƽƣƾƣƹƿaƿiƺƹƾ
aƹƢǂƣ Ʃaǁƣ ƾƩƺǂƹ ƿƩaƿ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ ơaƹ ƾiƨƹiƧiơaƹƿlǄ ǁaƽǄ ƢƣƻƣƹƢiƹƨ
ƺƹ ƿƩƣ ǂaǄ ƿƩƣ ƻƺlǄƩƣƢƽa aƽƣ ƸƺƢƣlƣƢ. Oǀƽ iƹiƿial iƹƿƣƹƿ ǂaƾ ƿƺ ƽƣƢǀơƣ ơƺƹ-
ƿƽƺl ƺǁƣƽƩƣaƢ. TƩƣƾƣ ƢifƤƣƽƣƹơƣƾ ơaƹ ƢƣƧiƹiƿƣlǄ aiƢ a ơƺƸƻilƣƽ’ƾ ƾǀbƾƣƼǀƣƹƿ
ƺƻƿiƸiǅaƿiƺƹ ƻaƾƾƣƾ ƺƽ, ƺƹ ƿƩƣ ơƺƹƿƽaƽǄ, iƸƻaiƽ iƿƾ ơaƻabiliƿiƣƾ. A ƻƺlǄƩƣƢƽal
ơƺƢƣ ƨƣƹƣƽaƿƺƽ ơaƹ aƹƢ ƾƩƺǀlƢ aƿƿƣƸƻƿ ƿƺ Ƥaơiliƿaƿƣ ƿƩƣ ǂƺƽk ƺƤ a ơƺƸƻilƣƽ.
Hƺǂƣǁƣƽ, ƿƺ ǂƩaƿ ƣǃƿƣƹƿ? TƩiƾ ƽƣƸaiƹƾ aƹ ƺƻƣƹ Ƽǀƣƾƿiƺƹ.



ᇸᇵ

CƩaƻƿƣƽ ᇷ

RƣƢǀơiƹƨ SǄƹơƩƽƺƹiǅaƿiƺƹ
OǁƣƽƩƣaƢ

Sƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ ƻƺlǄƩƣƢƽal ƻaƽallƣliǅƣƽƾ ƨƣƹƣƽaƿƣ ơƺƢƣ ǂƩƣƽƣ lƺƺƻƾ iƢƣƹƿi-
ƧiƣƢ aƾ ƻaƽallƣl aƽƣ aƹƹƺƿaƿƣƢ ƾƺ ƿƩaƿ ƣaơƩ ƻaƽallƣl lƺƺƻ iƾ ƣƹơlƺƾƣƢ iƹ a ƻaƽ-
allƣl ƽƣƨiƺƹ. TƩiƾ iƸƻliƣƾ ƿƩaƿ ƿƩƽƣaƢƾ ƸaǄ bƣ ơƽƣaƿƣƢ aƹƢ ƢƣƾƿƽƺǄƣƢ aƿ ƣaơƩ
ƻaƽallƣl lƺƺƻ ƣƹƿƽǄ aƹƢ ƣǃiƿ. SǄƹơƩƽƺƹiǅaƿiƺƹ baƽƽiƣƽƾ ǂill alƾƺ bƣ ƽƣƼǀiƽƣƢ aƿ
lƺƺƻ ƣǃiƿ bƣƤƺƽƣ ƿƩƽƣaƢ Ƣƣƾƿƽǀơƿiƺƹ. TƩiƾ ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƺǁƣƽƩƣaƢ ơaƹ bƣ
aǁƣƽƿƣƢ. IƹƢƣƣƢ, aƹ ƣǃƻƣƽƿ ƻaƽallƣl ƻƽƺƨƽaƸƸƣƽ ǂƺǀlƢ aǁƺiƢ ơƽƣaƿiƹƨ/Ƣƣƾ-
ƿƽƺǄiƹƨ ƻaƽallƣl ƽƣƨiƺƹƾ ǂƩƣƹƣǁƣƽ ƻƺƾƾiblƣ aƹƢ ƻƣƽƸiƿ ƿƩƽƣaƢƾ ƿƺ ƽǀƹ aƾǄƹ-
ơƩƽƺƹƺǀƾlǄ Ƥƺƽ aƾ lƺƹƨ aƾ ƻƺƾƾiblƣ. Wƣǂill ƾƣƣ iƹ ƿƩiƾ ơƩaƻƿƣƽ Ʃƺǂ ƿƺ aơƩiƣǁƣ
ƿƩiƾ aǀƿƺƸaƿiơallǄ.

Wƣ ƻƽƺƻƺƾƣ ƿƺ iƸƻƽƺǁƣ ƿƩƣ ƨƣƹƣƽaƿƣƢ ƻaƽallƣl ơƺƢƣ bǄ ƿakiƹƨ aƢǁaƹƿaƨƣ
ƺƤ ƾƣǁƣƽal Ƥƣaƿǀƽƣƾ ƺƤ ƿƩƣ OƻƣƹMP ƤƽaƸƣǂƺƽk ƿƩaƿ aƽƣ — ƾƺ Ƥaƽ — ǀƹǀƾƣƢ
bǄ ƻƺlǄƩƣƢƽal ƻaƽallƣliǅƣƽƾ iƹ ƺƽƢƣƽ ƿƺ ƽƣƸƺǁƣ iƸƻliơiƿ baƽƽiƣƽƾ aƹƢ ƿƩƽƣaƢ
ƽƣƾƿaƽƿƾ ǂƩiơƩ aƽƣ kƹƺǂƹ ƿƺ iƹƿƽƺƢǀơƣ ƾiƨƹiƧiơaƹƿ ƺǁƣƽƩƣaƢ [ᇴᇲ, ᇴᇳ]. Oǀƽ
ƸƣƿƩƺƢ ƿakƣƾ aƾ iƹƻǀƿ aƹ alƽƣaƢǄ ƺƻƿiƸiǅƣƢ SCƺP aƹƢ ƣƸbƣƢƾ ƿƩƣ ǂƩƺlƣ
ƻiƣơƣ ƺƤ ơƺƢƣ ƺƤ iƹƿƣƽƣƾƿ iƹƿƺ a ƾiƹƨlƣ ƻaƽallƣl ƽƣƨiƺƹ. TƩiƾ allƺǂƾ Ƨiƹƣƽ ơƺƹƿƽƺl
ƺǁƣƽ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ aƾ ǀƹƹƣơƣƾƾaƽǄ iƸƻliơiƿ baƽƽiƣƽƾ ƸaǄ bƣ liƤƿƣƢ ǂƩilƣ
ƣǃƻliơiƿ baƽƽiƣƽƾ ƸaǄ bƣ ƻlaơƣƢ ǂƩƣƽƣ ƽƣƼǀiƽƣƢ. TƩiƾ iƾ Ƣƺƹƣ aǀƿƺƸaƿiơallǄ
ƿƩaƹkƾ ƿƺ ƿƩƣ ƻƺlǄƩƣƢƽalƸƺƢƣl ƢƣƻƣƹƢƣƹơƣ aƹalǄƾiƾ. Wƣǂill ƣǃƻlƺiƿ ƿƩƣ Ƥƺl-
lƺǂiƹƨ OƻƣƹMP [ᇹᇻ] ơƺƹƾƿƽǀơƿƾ aƹƢ ơlaǀƾƣƾ: parallel, for, single, nowait,
aƹƢ barrier.
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Oǀƽ ƻƽƺƻƺƾal iƾ iƹƿƽƺƢǀơƣƢ iƹ Sƣơƿiƺƹ ᇷ.ᇳ ǂiƿƩ aƹ ƣǃaƸƻlƣ ƿƺ ƾƩƺǂ ƿƩaƿ
iƿ ơaƹ ƽƣƢǀơƣ ƿƩƣ ƣǃƣơǀƿiƺƹ ƿiƸƣƾ ƺƤ ƽƣƾǀlƿiƹƨ ƻaƽallƣl ơƺƢƣƾ. Sƣơƿiƺƹ ᇷ.ᇴ ơƺǁ-
ƣƽƾ ƿƩƣ ƨƣƹƣƽal ƸƣƿƩƺƢ Ƥƺƽ aƹƹƺƿaƿiƹƨ aƹ ƺƻƿiƸiǅƣƢ ơƺƢƣ iƹ ƺƽƢƣƽ ƿƺ ơƽƣaƿƣ a
ǀƹiƼǀƣ ƻaƽallƣl ƽƣƨiƺƹ. Baƽƽiƣƽ liƤƿiƹƨ ƺƽ ƣǃƻliơiƿ ƻlaơƣƸƣƹƿ ǂiƿƩiƹ a ƻaƽallƣl
ƽƣƨiƺƹ iƾ ƿƩƣƹ ƣǃƻlaiƹƣƢ iƹ Sƣơƿiƺƹ ᇷ.ᇵ. Sƣơƿiƺƹ ᇷ.ᇶ Ƣiƾơǀƾƾƣƾ ƿƩƣ aƢjǀƾƿƸƣƹƿƾ
ƿƺ bƣƸaƢƣ ƿƺ ƨƣƹƣƽaƿƣ ơƺƢƣ Ƥƺƽ a ǀƹiƼǀƣ ƻaƽallƣl ƽƣƨiƺƹ ǂƩƣƽƣ baƽƽiƣƽƾ Ʃaǁƣ
bƣƣƹ liƤƿƣƢ ƺƽ ƣǃƻliơiƿlǄ ƻlaơƣƢ. Wƣ ƾƩƺǂ ƿƩaƿ ƺǀƽ ƻƽƺƻƺƾal iƸƻƽƺǁƣƾ ƿƩƣ
ƻƣƽƤƺƽƸaƹơƣ ƺƤ ƨƣƹƣƽaƿƣƢ ơƺƢƣ ƺƹ ƿƩƣ PƺlǄBƣƹơƩ bƣƹơƩƸaƽk ƾǀiƿƣ iƹ Sƣơ-
ƿiƺƹ ᇷ.ᇷ. FiƹallǄ, Sƣơƿiƺƹ ᇷ.ᇸ ơƺƹơlǀƢƣƾ ƿƩiƾ ơƩaƻƿƣƽ.

ᇷ.ᇳ Mƺƿiǁaƿiƹƨ EǃaƸƻlƣ
WƩƣƹ ǀƾƣƢ aƾ aƹ aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽ, ƿƩƣ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ ƻƺlǄƩƣƢƽal ơƺƸ-
ƻilƣƽ Pآاب؟ [ᇳᇻ] ƨƣƹƣƽaƿƣƾ Ƹǀlƿi-ƿƩƽƣaƢƣƢ ơƺƢƣ ǂƩƣƽƣ ƻaƽallƣl lƺƺƻƾ aƽƣ aƹ-
ƹƺƿaƿƣƢǂiƿƩOƻƣƹMPƢiƽƣơƿiǁƣƾ. EaơƩƻaƽallƣl lƺƺƻ iƾ ƻƽƣơƣƢƣƢbǄaƹOƻƣƹMP
omp parallel forƢiƽƣơƿiǁƣ. TƩiƾƸƣƿƩƺƢǄiƣlƢƾ ƾaƿiƾƤaơƿƺƽǄ ƽƣƾǀlƿƾ ƺƹ ƾiƸƻlƣ
ơaƾƣƾ, Ƣ.Ƨ., iƤ ƿƩƣƽƣ iƾ ƺƹƣ ƾiƹƨlƣ ƺǀƿƣƽ ƻaƽallƣl lƺƺƻ. Hƺǂƣǁƣƽ, ƾǀƻƣƽfƷǀƺǀƾ ƾǄƹ-
ơƩƽƺƹiǅaƿiƺƹƾ aƹƢ ƺǁƣƽƩƣaƢƸaǄ bƣ iƹƢǀơƣƢ iƹƸƺƽƣ ơƺƸƻlƣǃ ơaƾƣƾ: ƿƩƽƣaƢƾ
aƽƣ ƾƿaƽƿƣƢ aƹƢ ƾƿƺƻƻƣƢ (ƣǁƣƹ iƤ ƸƺƢƣƽƹ OƻƣƹMP iƸƻlƣƸƣƹƿaƿiƺƹƾ Ƣƺ ƹƺƿ
ơƽƣaƿƣ aƹƢ ƢƣƾƿƽƺǄ ƿƩƽƣaƢ ƿƣaƸƾ Ƥƺƽ ƣaơƩ ƻaƽallƣl ƽƣƨiƺƹ) Ƥƺƽ ƣaơƩ parallel

for ơƺƹƾƿƽǀơƿ aƹƢ ƿƩƣƽƣ iƾ aƹ iƸƻliơiƿ ƾǄƹơƩƽƺƹiǅaƿiƺƹ baƽƽiƣƽ aƿ ƿƩƣ ƣƹƢ ƺƤ
ƻaƽallƣl lƺƺƻƾ.

Lƣƿ ǀƾ ơƺƹƾiƢƣƽ ƿƩƣƸaiƹ ơƺƸƻǀƿaƿiƺƹƺƤ ƿƩƣƞƻƞƿƻƽƺƨƽaƸ ƤƽƺƸ ƿƩƣPƺlǄ-
BƣƹơƩ ƾǀiƿƣ [ᇺᇵ]. TƩƣ ƺƽiƨiƹal ơƺƢƣ iƾ ƨiǁƣƹ iƹ Liƾƿiƹƨ ᇷ.ᇳ. Iƿ iƾ a liƹƣaƽ alƨƣbƽa
kƣƽƹƣl ƿƩaƿ ơƺƹƾiƾƿƾ ƺƤ a Ƹaƿƽiǃ ƿƽaƹƾƻƺƾiƿiƺƹ aƹƢ a ǁƣơƿƺƽ Ƹǀlƿiƻliơaƿiƺƹ.

Liƾƿiƹƨ ᇷ.ᇴ ƻƽƣƾƣƹƿƾ ƿƩƣ ƻaƽallƣliǅƣƢ aƹƢ ƺƻƿiƸiǅƣƢ ơƺƢƣ ƻƽƺƢǀơƣƢ bǄ
Pآاب؟ ǁƣƽƾiƺƹ ᇲ.ᇳᇳ.ᇶ (ǂiƿƩ ƺƻƿiƺƹ --parallel. AƽƽaǄ tmp iƾ Ƨiƽƾƿ iƹiƿialiǅƣƢ
iƹ a ƻaƽallƣl lƺƺƻƾ (liƹƣƾ ᇳ–ᇵ) aƹƢ iƿƾ ơƺƹƿƣƹƿ iƾ ơƺƸƻǀƿƣƢ iƹ aƹƺƿƩƣƽ ƻaƽallƣl
lƺƺƻ (liƹƣƾ ᇶ–ᇻ). AƽƽaǄ y iƾ iƹiƿialiǅƣƢ iƹ a ƻaƽallƣl lƺƺƻ (liƹƣƾ ᇳᇲ–ᇳᇴ). Tǂƺ
ƹƣƾƿƣƢ lƺƺƻƾ ƿƩƣƹ ơƺƸƻǀƿƣ ƿƩƣ ơƺƹƿƣƹƿ ƺƤ aƽƽaǄ y (liƹƣƾ ᇳᇵ-ᇳᇻ). Dǀƣ ƿƺ Ƣaƿa-
ƢƣƻƣƹƢƣƹơiƣƾ, Pآاب؟ ƾkƣǂƣƢ ƿƩƣ lƺƺƻ ƹƣƾƿ ƿƺ ƻaƽallƣliǅƣ ƿƩƣ iƹƹƣƽ lƺƺƻ (liƹƣ
ᇳᇸ).

Wƣ ƻƽƺƻƺƾƣ ƿƺ ƽƣƢǀơƣ ƺǁƣƽƩƣaƢ bǄ ƣƸbƣƢƢiƹƨ ƿƩiƾ ǂƩƺlƣ ơƺƢƣ iƹƿƺ a
ƾiƹƨlƣ ƻaƽallƣl ƽƣƨiƺƹ aƹƢ ƽƣƸƺǁiƹƨ ǀƹƹƣơƣƾƾaƽǄ iƸƻliơiƿ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ
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ᇳ for (i = 0; i < N; i++)
ᇴ y[i] = 0;
ᇵ for (i = 0; i < M; i++) {
ᇶ tmp[i] = 0.0;
ᇷ for (j = 0; j < N; j++)
ᇸ tmp[i] += A[i][j] * x[j];
ᇹ for (j = 0; j < N; j++)
ᇺ y[j] += A[i][j] * tmp[i];
ᇻ }

Liƾƿiƹƨ ᇷ.ᇳ – Aƿaǃ: Oƽiƨiƹal CƺƢƣ A liƹƣaƽ alƨƣbƽa kƣƽƹƣl ǂƩiơƩ ơƺƸƻǀƿƣƾ
y = AT (Ax).

aƾ ƾƩƺǂƹ iƹ Liƾƿiƹƨ ᇷ.ᇵ. TƩƣ omp parallel Ƣiƽƣơƿiǁƣ ƣƹơlƺƾƣƾ ƿƩƣ ǂƩƺlƣ kƣƽ-
ƹƣl (liƹƣƾ ᇳ–ᇴ aƹƢ ᇴᇴ). TƩƣ ƿƩƽƣaƢƾ aƽƣ ƾƿaƽƿƣƢ aƹƢ ƾƿƺƻƻƣƢ ƺƹơƣ, aƿ ƽƣƨiƺƹ
ƣƹƿƽǄ aƹƢ ƣǃiƿ. TƩƣ schedule(static) aƹƢ nowait ơlaǀƾƣƾ aƽƣ ƿƩƣƹ ǀƾƣƢ ƺƹ
ƿƩƣ Ƨiƽƾƿ ƿǂƺ ƻaƽallƣl lƺƺƻƾ. TƩƣ ƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ ƿƩƣ Ƨiƽƾƿ aƹƢ ƾƣơƺƹƢ
lƺƺƻ (liƹƣƾ ᇵ–ᇳᇳ) allƺǂ ƿƩƣ ƾaƤƣ ǀƾƣ ƺƤ ƿƩƣ nowait ơlaǀƾƣ ƺƹ ƿƩƣ Ƨiƽƾƿ lƺƺƻ ƾiƹơƣ
ƿƩƣ ƾaƸƣ ƿƩƽƣaƢƾ ǂill aơơƣƾƾ ƿƩƣ ƾaƸƣ aƽƽaǄ ƣlƣƸƣƹƿƾ ƺƤ aƽƽaǄ tmp. TƩƣƽƣ aƽƣ
ƹƺ ƢƣƻƣƹƢƣƹơiƣƾ ƤƽƺƸ ƿƩƣ Ƨiƽƾƿ ƺƽ ƿƩƣ ƾƣơƺƹƢ lƺƺƻ ƿƺ ƿƩƣ ƿƩiƽƢ ƻaƽallƣl lƺƺƻ
(liƹƣƾ ᇵ–ᇳᇶ): ƿƩƣ nowait ơlaǀƾƣ ơaƹ bƣ ǀƾƣƢ ƺƹ ƿƩƣ ƾƣơƺƹƢ ƻaƽallƣl lƺƺƻ (liƹƣ
ᇹ). Hƺǂ ƿƺ ƣƹƾǀƽƣ ƿƩƣƾƣ ơlaǀƾƣƾ ơaƹ bƣ ǀƾƣƢ aƹƢ Ʃƺǂ ƿƺ aƹƹƺƿaƿƣ lƺƺƻƾ iƾ
ƢƣƿailƣƢ iƹ Sƣơƿiƺƹ ᇷ.ᇵ. Oƹ ƿƩƣ ƺƿƩƣƽ ƩaƹƢ, ƿƩƣ ƾǀơơƣƾƾiǁƣ ǂƽiƿƣƾ ƿƺ aƽƽaǄ y

ƻƽƣǁƣƹƿ ƿƩƣ aƾǄƹơƩƽƺƹƺǀƾ ƣǃƣơǀƿiƺƹ ƺƤ ƿƩƣ laƾƿ ƿǂƺ lƺƺƻ ƹƣƾƿƾ: ƿƩƣ ƿƩiƽƢ ƻaƽ-
allƣl lƺƺƻ (liƹƣ ᇳᇴ) iƾ ƹƺƿ aƹƹƺƿaƿƣƢ ǂiƿƩ ƿƩƣ nowait ơlaǀƾƣ. Iƹ ƿƩƣ ƾaƸƣ ǁƣiƹ,
ƹƺ nowait ơlaǀƾƣ iƾ aƢƢƣƢ ƿƺ ƿƩƣ laƾƿ ƻaƽallƣl lƺƺƻ (liƹƣ ᇳᇳᇹ) bƣơaǀƾƣ ƺƤ ƾǀơ-
ơƣƾƾiǁƣ iƿƣƽaƿiƺƹƾ ƺƤ ƿƩƣ ƺǀƿƣƽ lƺƺƻ (liƹƣ ᇳᇸ).

TƩƣ ƾƻƣƣƢǀƻƾ ƺƤ ƿƩƺƾƣ ǁƣƽƾiƺƹƾ ƺƤ ƿƩƣ ơƺƢƣ, ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ Ƣaƿaƾƣƿ
ƾiǅƣ, aƽƣ ƨiǁƣƹ iƹ Tablƣ ᇷ.ᇳ. TƩƣ baƾƣliƹƣ (ᇳǃ) iƾ ƿƩƣ ƣǃƣơǀƿiƺƹ ƿiƸƣ ƺƤ ƿƩƣ

Tablƣ ᇷ.ᇳ – PƣƽƤƺƽƸaƹơƣ Oƹ TƩƣ Aƻƞx BƣƹơƩƸaƽk

Daƿaƾƣƿ Pآاب؟ ǁƣƽƾiƺƹ RƣƢǀơƣƢ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ ǁƣƽƾiƺƹ
ƸƣƢiǀƸ ᇲ.ᇶᇸǃ ᇳ.ᇵᇳǃ
laƽƨƣ ᇳ.ᇴᇶǃ ᇳ.ᇻᇶǃ
ƣǃƿƽalaƽƨƣ ᇳ.ᇴᇹǃ ᇴ.ᇳᇻǃ
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ᇳ #pragma omp parallel for
ᇴ for (int t2 = 0; t2 <= M - 1; t2++)
ᇵ tmp[t2] = 0.0;
ᇶ if (N > = 1) {
ᇷ #pragma omp parallel for
ᇸ for (int t2 = 0; t2 <= M - 1; t2++)
ᇹ for (int t3 = 0; t3 <= N - 1; t3++)
ᇺ tmp[t2] += A[t2][t3] * x[t3]
ᇻ }
ᇳᇲ #pragma omp parallel for
ᇳᇳ for (int t2 = 0; t2 <= N - 1; t2++)
ᇳᇴ y[t2] = 0;
ᇳᇵ if ((M >= 1) && (N >= 1)) {
ᇳᇶ for (int t2 = 0; t2 <= N + M - 2; t2++) {
ᇳᇷ #pragma omp parallel for
ᇳᇸ for (int t3 = max(0, t2 - M + 1); t3 <= min(t2, N -

1); t3++)→֒

ᇳᇹ y[t3] += A[t2 - t3][t3] * tmp[t2 - t3];
ᇳᇺ }
ᇳᇻ }

Liƾƿiƹƨ ᇷ.ᇴ – Aƿaǃ: PaƽallƣliǅƣƢ AƹƢ OƻƿiƸiǅƣƢ CƺƢƣ Uƾiƹƨ P؟utآ Vƣƽƾiƺƹ
ᇲ.ᇳᇳ.ᇶ EaơƩ ƻaƽallƣl lƺƺƻ iƾ aƹƹƺƿaƿƣƢ ǂiƿƩ aƹ omp parallel for Ƣiƽƣơƿiǁƣ.
Iƹ ƿƩƣ laƾƿ lƺƺƻ ƹƣƾƿ, ƿƩƣ iƹƹƣƽ lƺƺƻ iƾ ƻaƽallƣliǅƣƢ.

ƾƣƼǀƣƹƿial ǁƣƽƾiƺƹ. TƩƣ ƣǃƻƣƽiƸƣƹƿal ƻlaƿƤƺƽƸ iƾ a ᇸ-ơƺƽƣ Iƹƿƣl ƻƽƺơƣƾƾƺƽ, aƾ
ƢƣƾơƽibƣƢ laƿƣƽ iƹ Sƣơƿiƺƹ ᇷ.ᇷ. Oǀƽ ǁƣƽƾiƺƹ iƾ ƺƹ aǁƣƽaƨƣ ᇳ.ᇻᇹǃ Ƥaƾƿƣƽ ƿƩaƹ ƿƩƣ
Pآاب؟ ǁƣƽƾiƺƹ. TƩiƾ iƾ ƸaiƹlǄ Ƣǀƣ ƿƺ ƿƩƣ OƻƣƹMP ƿƩƽƣaƢ ƽƣ-ơƽƣaƿiƺƹ ƿƩaƿ iƾ
aǁƺiƢƣƢ iƹƾiƢƣ ƿƩƣ laƾƿ ƻaƽallƣl lƺƺƻ ƺƤ ƿƩiƾ ơƺƢƣ.

Nƣǃƿ ƾƣơƿiƺƹ iƹƿƽƺƢǀơƣƾ ƿƩƣ ƨƣƹƣƽal ƸƣƿƩƺƢ Ƥƺƽ ƻaƽallƣl ƽƣƨiƺƹ ƨƣƹƣƽa-
ƿiƺƹ.

ᇷ.ᇴ Paƽallƣl Rƣƨiƺƹ Gƣƹƣƽaƿiƺƹ
Cǀƽƽƣƹƿ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƸƣƿƩƺƢƾ iƹ ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽƾ ơƽƣaƿƣ a Ƣiƾƿiƹơƿ
OƻƣƹMP ƻaƽallƣl ƽƣƨiƺƹ Ƥƺƽ ƣaơƩ ƻaƽallƣl lƺƺƻ. TƩƣ ơƺƹƾƣƼǀƣƹơƣƾ aƽƣ ƿƩaƿ:

ᇳ. ƿƩƣ ƾƿaƽƿ ƺƤ a lƺƺƻ ơƺiƹơiƢƣƾ ǂiƿƩ ƿƩƣ ƻaƽallƣl ƽƣƨiƺƹ ƾƿaƽƿ: a ƿƩƽƣaƢ
ƿƣaƸ iƾ ơƽƣaƿƣƢ aƿ ƿƩƣ ƾƿaƽƿ ƺƤ ƿƩƣ lƺƺƻ,



ᇸᇹ ᇷ.ᇴ. Pؔ ؟ؘ؟؟ؔإ Rؘؚءآ؜ Gؘءآ؜اؔإؘء

ᇳ #pragma omp parallel
ᇴ {
ᇵ #pragma omp for schedule(static) nowait
ᇶ for (int t2 = 0; t2 <= M - 1; t2++)
ᇷ tmp[t2] = 0.0;
ᇸ if (N >= 1) {
ᇹ #pragma omp for schedule(static) nowait
ᇺ for (int t2 = 0; t2 <= M - 1; t2++)
ᇻ for (int t3 = 0; t3 <= N - 1; t3++)
ᇳᇲ tmp[t2] += A[t2][t3] * x[t3];
ᇳᇳ }
ᇳᇴ #pragma omp for
ᇳᇵ for (int t2 = 0; t2 <= N-1; t2++)
ᇳᇶ y[t2] = 0;
ᇳᇷ if ((M >= 1) && (N >= 1)) {
ᇳᇸ for (int t2 = 0; t2 <= N + M - 2; t2++) {
ᇳᇹ #pragma omp for
ᇳᇺ for (int t3 = max(0, t2 - M + 1); t3 <= min(t2,

N-1); t3++)→֒

ᇳᇻ y[t3] += A[t2 - t3][t3] * tmp[t2 - t3];
ᇴᇲ }
ᇴᇳ }
ᇴᇴ }

Liƾƿiƹƨ ᇷ.ᇵ –Aƿaǃ: FǀƽƿƩƣƽOƻƿiƸiǅƣƢCƺƢƣWƩƣƽƣ SƺƸƣ SǄƹơƩƽƺƹiǅaƿiƺƹƾ
HaǁƣBƣƣƹLiƤƿƣƢ. Aƾ ƺƻƻƺƾƣƢ ƿƺ Liƾƿiƹƨ ᇷ.ᇴ, a ǀƹiƼǀƣ ƻaƽallƣl ƽƣƨiƺƹ ƣƹơƺƸ-
ƻaƾƾƣƾ ƿƩƣ kƣƽƹƣl. TƩƣ lƺƺƻƾ aƽƣ aƹƹƺƿaƿƣƢ ǂiƿƩ omp for Ƣiƽƣơƿiǁƣƾ (iƹƾƿƣaƢ
ƺƤ omp parallel for) aƹƢ nowaitƢiƽƣơƿiǁƣƾ Ʃaǁƣ bƣƣƹ aƢƢƣƢ ƿƺ ƿƩƣ Ƨiƽƾƿ ƿǂƺ
ƻaƽallƣl lƺƺƻƾ (liƹƣƾ ᇵ aƹƢ ᇹ).

ᇴ. ƿƩƣ ƿƩƽƣaƢ ƿƣaƸƸǀƾƿ ƞƳƾƞǀƺ ƾǄƹơƩƽƺƹiǅƣ aƿ ƿƩƣ ƣƹƢ ƺƤ a lƺƺƻ bƣơaǀƾƣ
iƿ iƾ alƾƺ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ ƾǀƽƽƺǀƹƢiƹƨ ƻaƽallƣl ƽƣƨiƺƹ,

ᇵ. ƿƩƣ ƣƹƢ ƺƤ a lƺƺƻ ơƺiƹơiƢƣƾ ǂiƿƩ ƿƩƣ ƻaƽallƣl ƽƣƨiƺƹ ƣƹƢ: ƿƩƣ ƿƩƽƣaƢ
ƿƣaƸƸaǄ bƣ ƢƣƾƿƽƺǄƣƢ aƿ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ lƺƺƻ.

MƺƢƣƽƹ OƻƣƹMP iƸƻlƣƸƣƹƿaƿiƺƹƾ aƿƿƣƸƻƿ ƿƺ bƣ ơlƣǁƣƽ iƹ ƽƣƨaƽƢ ƿƺ ƿƩiƾ
Ƹaƿƿƣƽ: ƿƩƽƣaƢ ƿƣaƸƾƸaǄ bƣ ƾiƸƻlǄ ƾƿaƽƿƣƢ ƺƽ ƾƿƺƻƻƣƢ iƹƾƿƣaƢ ƺƤ bƣiƹƨ ơƺƸ-
ƻlƣƿƣlǄ ơƽƣaƿƣƢ ƺƽ ƢƣƾƿƽƺǄƣƢ. NƺƹƣƿƩƣlƣƾƾ, ơƺƹƾƣƼǀƣƹƿ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ ƾƿill
ƽƣƸaiƹƾ [ᇴᇲ, ᇴᇳ].

Wƣ ƻƽƺƻƺƾƣ ƿƺ ƽƣƧiƹƣ ơǀƽƽƣƹƿ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƸƣƿƩƺƢƾ bǄ ƨƣƹƣƽaƿiƹƨ a



Cإؘاأؔ؛ ᇷ. Rؘؚؗء؜ؖب Sءآ؜اؔح؜ءآإ؛ؖءج Oؘؗؔ؛إؘة ᇸᇺ

ƾiƹƨlƣ ƻaƽallƣl ƽƣƨiƺƹ, ǂƩƣƹ iƿ iƾ ƻƽƺƧiƿablƣ: iƿ ǂƺǀlƢ bƣ Ƥǀƿilƣ Ƥƺƽ a kƣƽƹƣl
ƿƩaƿ ơƺƹƿaiƹƾ a ƾiƹƨlƣ ƺǀƿƣƽ ƻaƽallƣl lƺƺƻ. Hƺǂƣǁƣƽ, ƨaƿƩƣƽiƹƨ Ƹǀlƿiƻlƣ ƻaƽ-
allƣl lƺƺƻƾ ƺƽ ƹƣƾƿƣƢ iƹƹƣƽ ƻaƽallƣl lƺƺƻƾǂiƿƩiƹ a ǀƹiƼǀƣ ƺǀƿƣƽ ƻaƽallƣl ƽƣƨiƺƹ
ǂill ƣliƸiƹaƿƣ ƿƩƣ ƺǁƣƽƩƣaƢ ƺƤƸǀlƿiƻlƣ ƻaƽallƣl ƽƣƨiƺƹƾ. TƩǀƾ, ƺǀƽ ƿƣơƩƹiƼǀƣ
ƾƩƺǀlƢ bƣ aƻƻliƣƢ ƺƹlǄ ƺƹ lƺƺƻ ƹƣƾƿƾ ơƺƹƿaiƹiƹƨ iƹƹƣƽ ƻaƽallƣl lƺƺƻƾ ƺƽ ǂƩƣƹ
Ƥaơƿƺƽiǅiƹƨ Ƹǀlƿiƻlƣ ƻaƽallƣl lƺƺƻƾ iƹƿƺ a ƾiƹƨlƣ ƻaƽallƣl ƽƣƨiƺƹ iƾ ƻƺƾƾiblƣ.

TƩƣ ƨƣƹƣƽal alƨƺƽiƿƩƸ Ƥƺƽ ƻaƽallƣl ƽƣƨiƺƹ aƹƢ aƹƹƺƿaƿiƺƹ iƾ ƢƣƾơƽibƣƢ iƹ
Alƨ. ᇸ. TƩƣ iƹƻǀƿ ƺƤ ƿƩƣ alƨƺƽiƿƩƸ iƾ aƹ aǀƿƺƸaƿiơallǄ ƻaƽallƣliǅƣƢ (ǀƾiƹƨ ƿƩƣ
ƻƺlǄƩƣƢƽal ƿƣơƩƹiƼǀƣƾ) Abƾƿƽaơƿ SǄƹƿaǃ Tƽƣƣ (AST), ƣƹơƺƢƣƢ aƾ a liƾƿ ƺƤ AST
ƹƺƢƣƾ. TƩƣ annotate Ƥǀƹơƿiƺƹ iƾ a Ƥǀƹơƿiƺƹ ƿƩaƿ aƹƹƺƿaƿƣƾ a ƨiǁƣƹ AST ƹƺƢƣ
ǂiƿƩ ƿƩƣ ƿƣǃƿ ƻaƾƾƣƢ aƾ a ƾƣơƺƹƢ aƽƨǀƸƣƹƿ.

Sƿƣƻ ᇳ ƿaơklƣƾ bƺƿƩ ƿƩƣ aƹƹƺƿaƿiƺƹ ƺƤ ƻaƽallƣl lƺƺƻƾ aƹƢ ƾƣƼǀƣƹƿial ƻƺƽ-
ƿiƺƹƾ ƺƤ ƿƩƣ ơƺƢƣ. SƣƼǀƣƹƿial ƻaƽƿƾ Ƹǀƾƿ alƾƺ bƣ aƹƹƺƿaƿƣƢ bƣơaǀƾƣ ƿƩƣ iƹ-
ƻǀƿ AST ƸaǄ ơƺƹƿaiƹ ƾƿaƿƣƸƣƹƿƾ ǂƩiơƩ ǂƣƽƣ ƹƺƿ iƢƣƹƿiƧiƣƢ aƾ ƻƺƿƣƹƿiallǄ
ƻaƽallƣl. WiƿƩiƹ a ƻaƽallƣl ƽƣƨiƺƹ, all ƿƩƽƣaƢƾ ǂill ƣǃƣơǀƿƣ ƿƩƣ ƾƿaƿƣƸƣƹƿƾ ƣƹ-
ơƺǀƹƿƣƽƣƢ bǄ ƿƩƣ ƣǃƣơǀƿiƺƹ fƷƺǂ ǀƹlƣƾƾ iƹƾƿƽǀơƿƣƢ ƺƿƩƣƽǂiƾƣ. TƩǀƾ, ƾƿaƿƣ-
Ƹƣƹƿƾ ƹƺƿ iƢƣƹƿiƧiƣƢ aƾ ƻaƽallƣl Ƹǀƾƿ bƣ ƻƽƺƿƣơƿƣƢ ǂiƿƩ ƿƩƣ OƻƣƹMP single

ơƺƹƾƿƽǀơƿ ƿƺ ƣƹƾǀƽƣ ƿƩƣǄ aƽƣ ƣǃƣơǀƿƣƢ ƺƹlǄ ƺƹơƣ. Paƽallƣl lƺƺƻƾ aƽƣ aƹƹƺƿaƿƣƢ
ǂiƿƩ ƿƩƣ for ơƺƹƾƿƽǀơƿ (iƹƾƿƣaƢ ƺƤ parallel for). TƩƣ alƨƺƽiƿƩƸ ƽƣơǀƽƾƣƾ iƹ
iƹƹƣƽ ƹƺƢƣƾ ƺƤ ƿƩƣ AST ǀƹlƣƾƾ ƿƩƣ ơǀƽƽƣƹƿ ƹƺƢƣ iƾ a ƻaƽallƣl lƺƺƻ: iƹ ƿƩiƾ ơaƾƣ
ƿƩƣ aƹƹƺƿaƿiƺƹ ƻƽƺơƣƾƾ ơaƹ ƾƿƺƻ aƿ lƣǁƣl ƺƤ ƿƩƣ ƻaƽallƣl lƺƺƻ. Bƣơaǀƾƣ Sƿƣƻ ᇳ
iƹƢiƾơƽiƸiƹaƿƣlǄ ƸaǄ aƹƹƺƿaƿƣ Ƹƺƽƣ ƹƺƢƣƾ ƿƩaƹ ƹƣơƣƾƾaƽǄ ǂiƿƩ ƿƩƣ single
ơƺƹƾƿƽǀơƿ (Ƥƺƽ ƣǃaƸƻlƣ iƤ a blƺơk ơƺƹƿaiƹƾ Ƹǀlƿiƻlƣ ƹƺƹ ƻaƽallƣl ƾƿaƿƣƸƣƹƿƾ:
ƿƩƣ ƾƿaƿƣƸƣƹƿƾ ǂill bƣ aƹƹƺƿaƿƣƢ aƹƢ ƿƩƣ blƺơk ǂill alƾƺ bƣ aƹƹƺƿaƿƣƢ). Sƿƣƻ
ᇴ ƽƣƸƺǁƣƾ ƹƣƾƿƣƢ iƹƹƣƽ single ơƺƹƾƿƽǀơƿƾ iƹ ƺƽƢƣƽ ƿƺ kƣƣƻ ƺƹlǄ ƿƩƣ ƺǀƿƣƽ-
Ƹƺƾƿ aƹƹƺƿaƿiƺƹƾ.

AƹƺƿƩƣƽ ƽƣaƾƺƹ ƿƺ ƣƸbƣƢ kƣƽƹƣlƾ iƹ ǂiƢƣ ƻaƽallƣl ƽƣƨiƺƹƾ iƾ ƿƺ ƨƣƿ ƽiƢ ƺƤ
ƾǀƻƣƽfƷǀƺǀƾ ƾǄƹơƩƽƺƹiǅaƿiƺƹ baƽƽiƣƽƾ. TƩiƾ iƾ ƻƣƽƤƺƽƸƣƢ aƿ Sƿƣƻ ᇵ ǂƩiơƩ iƾ
ƤǀƽƿƩƣƽ ƣǃƻlaiƹƣƢ iƹ Sƣơƿiƺƹ ᇷ.ᇵ.

Sƿƣƻ ᇶ Ƹƣƽƨƣƾ ơƺƹƾƣơǀƿiǁƣ ƹƺƢƣƾ aƹƹƺƿaƿƣƢ ǂiƿƩ ƿƩƣ single ơƺƹƾƿƽǀơƿ
ƿƩaƿ ƽƣƼǀiƽƣ a baƽƽiƣƽ: Ƹǀlƿiƻlƣ baƽƽiƣƽƾ aƽƣ ƹƺƿ ơƽƣaƿƣƢ iƹ ƿƩaƿ ơaƾƣ. Oƹ
ƿƩƣ ƺƿƩƣƽ ƩaƹƢ, ƾǀơơƣƾƾiǁƣ single ơƺƹƾƿƽǀơƿƾ ǂiƿƩƺǀƿ baƽƽiƣƽƾ ƾƩƺǀlƢ ƹƺƿ bƣ
ƸƣƽƨƣƢ: ƢifƤƣƽƣƹƿ ƿƩƽƣaƢƾ ƸaǄ ƿƩƣƹ ƣǃƣơǀƿƣ ƿƩƣ Ƣiƾƿiƹơƿ single ơƺƹƾƿƽǀơƿƾ
iƹ ƻaƽallƣl. TƩiƾ ƾƿƣƻ alƾƺ jǀƾƿiƧiƣƾ ǂƩǄ ƿƩƣ single ơƺƹƾƿƽǀơƿ iƾ ƻƽƣƤƣƽƽƣƢ ƺǁƣƽ
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AlƨƺƽiƿƩƸ ᇸ: Paƽallƣl Rƣƨiƺƹƾ Aƹƹƺƿaƿiƺƹ. TƩiƾ alƨƺƽiƿƩƸ ƿakƣƾ
aƾ iƹƻǀƿ aƹAƟƺƻƹƞƠƻ SǀƵƻƞƿTƹƢƢ aƹƢaƹƹƺƿaƿƣƾ iƿƾ ƹƺƢƣƾǂiƿƩǂƺƽk-
ƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ ƺƽ ƾǄƹơƩƽƺƹiǅaƿiƺƹ ơlaǀƾƣƾ. WƩƣƽƣ aƻƻƽƺƻƽiaƿƣ,
nowait aƹƹƺƿaƿiƺƹƾ iƹƢiơaƿƣ ƿƩaƿ ƹƺ ƿƩƽƣaƢ ƾǄƹơƩƽƺƹiǅaƿiƺƹ iƾ ƽƣ-
ƼǀiƽƣƢ bƣƿǂƣƣƹ ƿǂƺ ƨiǁƣƹ ƹƺƢƣƾ. annotate_nowait iƾ ƢƣƾơƽibƣƢ iƹ
AlƨƺƽiƿƩƸ ᇹ
iƹƻǀƿ : T := Abƾƿƽaơƿ SǄƹƿaǃ Tƽƣƣ
ƺǀƿƻǀƿ: T ′ := AƹƹƺƿaƿƣƢ AST
Fǀƹơƿiƺƹ region_annotation(T)

Sƿƣƻ ᇳ ƤƺƽƣaơƩ ƵƶơƢ n ∈ root(T ) Ƣƺ
iƤ n Ʃƺ ƞ ƳƶƶƷ ƩơƢƵƻƩƦiƢơ ƞƺ ƷƞƹƞƳƳƢƳ ƿƩƣƹ

annotate(n, "#pragma omp for”);
ƣlƾƣ iƤ n ƨƞƺ ƞ Ɵƶơǀ ƿƩƣƹ

region_annotation(body(n));
ƣƹƢ
iƤ ƵƢƩƻƨƢƹ n Ƶƶƹ body(n) ƠƶƵƻƞƩƵ ƞ ƷƞƹƞƳƳƢƳ ƳƶƶƷ ƿƩƣƹ

annotate(n, "#pragma omp single”);
ƣƹƢ

ƣƹƢ
Sƿƣƻ ᇴ ƽƣƸƺǁƣ iƹƹƣƽ ƹƣƾƿƣƢ #pragma omp single ơƺƹƾƿƽǀơƿƾ;
Sƿƣƻ ᇵ aƹƹƺƿaƿƣ_ƹƺǂaiƿ(T , T ,∅);
Sƿƣƻ ᇶ /* Clean up successive synchronized #pragma omp single

constructs */

T ← Ƹƣƽƨƣ ơƺƹƾƣơǀƿiǁƣ #pragma omp single ơƺƹƾƿƽǀơƿƾ ƿƩaƿ
ƽƣƼǀiƽƣ a baƽƽiƣƽ;

Sƿƣƻ ᇷ /* Create the parallel region */

T ′ ← ƹƣǂ blƺơk ǂiƿƩ T aƾ bƺƢǄ;
annotate(T ′, "#pragma omp parallel”);
ƽƣƿǀƽƹ T ′;

ƣƹƢ

ƿƩƣ master ơƺƹƾƿƽǀơƿᇳ.
EǁƣƹƿǀallǄᇴ, ƿƩƣ ǀƹiƼǀƣ ƻaƽallƣl ƽƣƨiƺƹ iƾ ơƽƣaƿƣƢ ǂiƿƩ ƿƩƣ omp parallel

directive. Aƾ iƿ ƾƩƺǀlƢ ƾǀƽƽƺǀƹƢ ƿƩƣ ǂƩƺlƣ kƣƽƹƣl, Sƿƣƻ ᇷ ơƽƣaƿƣƾ a ƹƣǂAST

ᇳPƽƺƨƽaƸƸƣƽƾ ƺƤƿƣƹ ơƺƹƤǀƾƣ bƺƿƩ ơƺƹƾƿƽǀơƿƾ aƾ ƿƩƣǄ iƹƾƿƽǀơƿ ƿƩaƿ ƿƩƣ ƣƹơlƺƾƣƢ ơƺƢƣ
Ƹǀƾƿ bƣ ƣǃƣơǀƿƣƢ bǄ ƺƹlǄ ƺƹƣ ƿƩƽƣaƢ. Hƺǂƣǁƣƽ ƿƩƣ master ơƺƹƾƿƽǀơƿ bƣƩaǁƣƾ ǁƣƽǄ ƢifƤƣƽ-
ƣƹƿlǄ aƾ iƿ ƣƹƤƺƽơƣƾ ƿƩƣ ƣǃƣơǀƿiƺƹ bǄ ƿƩƣƴƞƺƻƢƹ (ƺƽ Ƨiƽƾƿ) ƿƩƽƣaƢ aƹƢ Ʃaƾ ƹƺ iƸƻliơiƿ baƽƽiƣƽ.

ᇴNƺƿƣ ƿƩaƿ Sƿƣƻ ᇷ ơƺǀlƢ alƾƺ bƣ ƻlaơƣƢ aƿ ƿƩƣ ǁƣƽǄ bƣƨiƹƹiƹƨ ƺƤ AlƨƺƽiƿƩƸ ᇸ.
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ƹƺƢƣ ǂƩiơƩ ƾǀƽƽƺǀƹƢƾ ƿƩƣ iƹƻǀƿ AST aƹƢ aƹƹƺƿaƿƣƾ ƿƩƣ ƹƣǂ ƹƺƢƣ ǂiƿƩ ƿƩƣ
Ƣiƽƣơƿiǁƣ.

Liƾƿiƹƨ ᇷ.ᇶ ƻƽƣƾƣƹƿƾ a ƾƩƺƽƿ ơƺƸƻaƽiƾƺƹ ƺƤ ƿƩƣ ƺǀƿƻǀƿ ƺƤ ƿƩiƾ alƨƺƽiƿƩƸ
ǂiƿƩ ƿƩƣ ƺǀƿƻǀƿ ƺƤ a ơlaƾƾiơ aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽ. Liƾƿiƹƨ ᇷ.ᇶa ǂƺǀlƢ bƣ
ƿƩƣ ƺǀƿƻǀƿ ƺƤ a ơlaƾƾiơ aǀƿƺƸaƿiơ ƻƺlǄƩƣƢƽal ƻaƽallƣliǅƣƽ ǂƩƣƽƣaƾ Liƾƿiƹƨ ᇷ.ᇶb
ơƺƽƽƣƾƻƺƹƢƾ ƿƺ ƿƩƣ ƺǀƿƻǀƿ ƺƤ ƺǀƽ alƨƺƽiƿƩƸ Ƥƺƽ ƿƩƣ ƾaƸƣ iƹƻǀƿ AST. Fiƽƾƿ, Al-
ƨƺƽiƿƩƸᇸƻlaơƣƾ ƿƩƣǂƩƺlƣ kƣƽƹƣl iƹ a ƾiƹƨlƣ ƻaƽallƣl ƽƣƨiƺƹ (liƹƣƾ ᇳ–ᇴ aƹƢ ᇳᇹ).
AƾƾǀƸiƹƨ bƺƿƩ ƿƩƣ lƺƺƻƾ ƺǁƣƽ ƾƿaƿƣƸƣƹƿƾ Sᇳ aƹƢ Sᇴ ƽƣƼǀiƽƣ a baƽƽiƣƽ, ƿƩƣ ƿǂƺ
lƺƺƻƾ aƽƣ ƨƽƺǀƻƣƢ iƹƿƺ a ǀƹiƼǀƣ single ơƺƹƾƿƽǀơƿ. AƾƾǀƸiƹƨ ƿƩƣ ƢƣƻƣƹƢ-
ƣƹơiƣƾ allƺǂ iƿ, ƿƩƣ Ƨiƽƾƿ ƻaƽallƣl lƺƺƻ ǂƺǀlƢ bƣ aƹƹƺƿaƿƣƢ ǂiƿƩ ƿƩƣ nowait

ơlaǀƾƣ. FiƹallǄ, ƿƩƣ laƾƿ ƻaƽallƣl lƺƺƻ iƾ lƣƤƿ ǀƹƿƺǀơƩƣƢ.

ᇳ for (int i=0; i<N; i++)
ᇴ S1(i);

ᇵ for (int i=0; i<N; i++)
ᇶ S2(i);

ᇷ #pragma omp parallel for
ᇸ for (int i=0; i<N; i++)
ᇹ S3(i);

ᇺ for (int i=0; i<M; i++)
ᇻ #pragma omp parallel for
ᇳᇲ for (int j=0; j<N; j++)
ᇳᇳ S4(i, j);

(a) Claƾƾiơ Oǀƿƻǀƿ.

ᇳ #pragma omp parallel
ᇴ {
ᇵ #pragma omp single
ᇶ {
ᇷ for (int i=0; i<N; i++)
ᇸ S1(i);
ᇹ for (int i=0; i<N; i++)
ᇺ S2(i);
ᇻ }

ᇳᇲ #pragma omp for nowait
ᇳᇳ for (int i=0; i<N; i++)
ᇳᇴ S3(i);

ᇳᇵ for (int i=0; i<M; i++)
ᇳᇶ #pragma omp for
ᇳᇷ for (int j=0; j<N; j++)
ᇳᇸ S4(i, j);
ᇳᇹ }

(b)Oǀƽ Oǀƿƻǀƿ.

Liƾƿiƹƨ ᇷ.ᇶ – SiƸƻlƣ CƺƸƻaƽiƾƺƹ EǃaƸƻlƣ OƤ AlƨƺƽiƿƩƸ ᇸ. Liƾƿiƹƨ ᇷ.ᇶa
ǂƺǀlƢ bƣ ƨƣƹƣƽaƿƣƢ aƤƿƣƽ aƹ aǀƿƺƸaƿiơ ƻƺlǄƩƣƢƽal ƻaƽallƣliǅƣƽ ƺƻƿiƸiǅƣƢ
ƾƺƸƣ ơƺƢƣ. Tǂƺ ƻaƽallƣl lƺƺƻƾ aƽƣ aƹƹƺƿaƿƣƢ ǂiƿƩ omp parallel for ơƺƹ-
ƾƿƽǀơƿƾ. Liƾƿiƹƨ ᇷ.ᇶb ơƺƽƽƣƾƻƺƹƢƾ ƿƺ ƿƩƣ ƺǀƿƻǀƿ ƺƤ ƺǀƽ alƨƺƽiƿƩƸ Ƥƺƽ ƿƩƣ ƾaƸƣ
ƺƻƿiƸiǅƣƢ AST.
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ᇷ.ᇵ Baƽƽiƣƽ LiƤƿiƹƨ
Eƹơlƺƾiƹƨ ơƺƢƣ iƹ a ƾiƹƨlƣ ƻaƽallƣl ƽƣƨiƺƹ ƽaiƾƣƾ ƿƩƣ ƺƻƻƺƽƿǀƹiƿǄ ƿƺ allƣǁiaƿƣ
ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƺǁƣƽƩƣaƢ. IƹƢƣƣƢ, iƸƻliơiƿ baƽƽiƣƽƾ aƽƣ ƻlaơƣƢ aƿ ƿƩƣ ƣƹƢ
ƺƤ OƻƣƹMP ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ. TƩƣƾƣ baƽƽiƣƽƾ ƸaǄ bƣ liƤƿƣƢ ǀƾiƹƨ ƿƩƣ
nowait ơlaǀƾƣ.

TƩƣ OƻƣƹMP ƾƻƣơiƧiơaƿiƺƹ ƾƿaƿƣƾ ƿƩaƿ ǀƹƢƣƽ ơƣƽƿaiƹ ơiƽơǀƸƾƿaƹơƣƾ, ƿƩƣ
nowait ơlaǀƾƣ ƸaǄ bƣ ƾaƤƣlǄ ǀƾƣƢ ƺƹ a for ơƺƹƾƿƽǀơƿ ǂƩiơƩ ƻƽƣơƣƢƣƾ aƹ-
ƺƿƩƣƽ for ơƺƹƾƿƽǀơƿ iƤ ƿƩƣ laƿƿƣƽ lƺƺƻ’ƾ ƾƿaƿƣƸƣƹƿ iƹƾƿaƹơƣƾ ƢƣƻƣƹƢ ƺƹlǄ ƺƹ
ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹ ƺƤ ƿƩƣ ƤƺƽƸƣƽ lƺƺƻ. IƤ ƾǀơƩ ƢƣƻƣƹƢƣƹơƣƾ ƣǃiƾƿ, ƿƩƣ
ƾƻƣơiƧiơaƿiƺƹ iƸƻƺƾƣƾ ƾƣǁƣƽal ƽƣƾƿƽiơƿiƺƹƾ:

ᇳ. ƿƩƣ ƾiǅƣƾ ƺƤ bƺƿƩ ƩƻƢƹƞƻƩƶƵ ơƶƴƞƩƵƺ aƽƣ ƣƼǀal,

ᇴ. ƿƩƣ ƠƨƼƵƲ ƺƩǁƢ iƾ ƣiƿƩƣƽ ƿƩƣ ƾaƸƣ Ƥƺƽ bƺƿƩ lƺƺƻƾ ƺƽ ƹƺƿ ƾƻƣơiƧiƣƢ,

ᇵ. bƺƿƩ lƺƺƻƾ aƽƣ bƺǀƹƢ ƿƺ ƿƩƣ ƾaƸƣ ƻaƽallƣl ƽƣƨiƺƹ,

ᇶ. ƹƺƹƣ ƺƤ ƿƩƣ lƺƺƻƾ iƾ aƾƾƺơiaƿƣƢ ǂiƿƩ a SIMD ơƺƹƾƿƽǀơƿ.

Sǀbƾƣơƿiƺƹ ᇷ.ᇵ.ᇳ ǂill ƣǃƻlaiƹ Ʃƺǂ ƿƺ ơƩƣơk ƿƩƣ ƢƣƻƣƹƢƣƹơƣƾ aƹƢ Ʃƺǂ ƿƺ ƣƹ-
ƾǀƽƣ ƿƩƣ ơƺƹƢiƿiƺƹƾ aƽƣ Ƹƣƿ.

SaƤƣ ǀƾƣ ƺƤ ƿƩƣ nowait ơlaǀƾƣ iƹ ƿƩiƾ ƤaƾƩiƺƹ alƾƺ ƽƣƼǀiƽƣƾ ƿƩƣ ƾơƩƣƢǀliƹƨ
ƻƺliơǄ ƺƤ bƺƿƩ lƺƺƻƾ ƿƺ bƣ static. EƹƤƺƽơiƹƨ ƿƩiƾ ƻƺliơǄ ƣƹƾǀƽƣƾ ƿƩaƿ a ƨiǁƣƹ
ƿƩƽƣaƢ iƾ aƾƾiƨƹƣƢ ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹƾ (ƺƽ ƿƩƣ ƾaƸƣ ƠƨƼƵƲƺ) Ƥƺƽ bƺƿƩ
lƺƺƻƾ.

Cǀƽƽƣƹƿ kƹƺǂƹ iƸƻlƣƸƣƹƿaƿiƺƹƾƺƤOƻƣƹMPƢƣƤaǀlƿ ƿƺ ƿƩƣstaticƻƺliơǄ.
Hƺǂƣǁƣƽ, ƹƺƿ ƺƹlǄ iƾ iƿ ƹƺƿ ƽƣƼǀiƽƣƢ bǄ ƿƩƣ ƾƻƣơiƧiơaƿiƺƹ, iƿ ƸaǄ bƣ ƸƺƢiƧiƣƢ
bǄ ƾǀƽƽƺǀƹƢiƹƨ ơƺƢƣ. Hƣƹơƣ, iƹ ƺǀƽ ơaƾƣ, ƿƩƣ ƾơƩƣƢǀliƹƨ ƻƺliơǄ ƾƩƺǀlƢ bƣ
ƣǃƻliơiƿlǄ ƾƻƣơiƧiƣƢ iƹ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ. Nƺƿƣ ƿƩaƿ, Ƥƺƽ ƽƣaƢabiliƿǄ, ơƺƢƣ
ƣǃaƸƻlƣƾ iƹ ƿƩiƾ ơƩaƻƿƣƽ ƸaǄ ƺƸiƿ ƿƩƣ ƾơƩƣƢǀliƹƨ ƻƺliơǄ.

Sƻƣơial ơaƽƣƸǀƾƿ bƣ ƻaiƢ ƿƺǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ ƣƹơlƺƾƣƢ iƹ lƺƺƻƾ. IƤ
ƿƩƣ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ ƺƤ iƹƿƣƽƣƾƿ iƾ ƿƩƣ laƾƿ ƺƤ ƿƩƣ ƺǀƿƣƽ lƺƺƻ, iƿ ƸaǄ ƷƹƢ-
ƠƢơƢ ƿƩƣ ƹƣǃƿ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ iƹ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ aƾ ǂƣll aƾ ƿƩƣ Ƨiƽƾƿ
ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ iƹ ƿƩƣ ƺǀƿƣƽ lƺƺƻ. Iƹ ƿƩiƾ ơaƾƣ, ƢƣƿƣƽƸiƹiƹƨ ǂƩƣƿƩƣƽ
ƿƩƣ nowait ơlaǀƾƣ ơaƹ bƣ ǀƾƣƢ ƽƣƼǀiƽƣƾ ƿƺ aƹalǄǅƣ Ƹǀlƿiƻlƣ ƢƣƻƣƹƢƣƹơiƣƾ.
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TƩƣƸiƹiƸal ƽƣƼǀiƽƣƸƣƹƿ iƾ ƿƩƣ ƻƺƾƾibiliƿǄ ƿƺ ǀƾƣ ƿƩƣ nowait ơlaǀƾƣ bƣƿǂƣƣƹ
ơƺƹƾƿƽǀơƿƾ ǂiƿƩiƹ ƿƩƣ lƺƺƻ. IƤ ƿƩƣ ƹƣǃƿ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ iƾ ƹƺƿ ơƺƸƻaƿ-
iblƣ ǂiƿƩ ƿƩƣ nowait ơlaǀƾƣ, a barrier ơƺƹƾƿƽǀơƿ Ƹǀƾƿ bƣ ǀƾƣƢ ƽiƨƩƿ bƣƤƺƽƣ
ƿƩƣ laƿƿƣƽ ơƺƹƾƿƽǀơƿ iƹƾƿƣaƢ ƺƤ ƽiƨƩƿ aƤƿƣƽ ƿƩƣ ƤƺƽƸƣƽ lƺƺƻ. Liƾƿiƹƨ ᇷ.ᇷ ƻƽƣƾƣƹƿƾ
ƾǀơƩ aƹ ƣǃaƸƻlƣ: ƿƩƣ nowait ơlaǀƾƣ ơaƹ ƾaƤƣlǄ bƣ ǀƾƣƢ Ƥƺƽ ƾǀơơƣƾƾiǁƣ iƿƣƽa-
ƿiƺƹƾ ƺƤ ƿƩƣ lƺƺƻ ƺƹ i Ƥƺƽ ƾƿaƿƣƸƣƹƿ S1 (liƹƣƾ ᇵ-ᇸ) bǀƿ ƿƩƣ ǁƣƽǄ laƾƿ ƻaƽallƣl
lƺƺƻ ƺǁƣƽ S1 (i = N - 1) Ƹǀƾƿ bƣ ơƺƸƻlƣƿƣƢ bƣƤƺƽƣ ƿƩƣ ƻaƽallƣl lƺƺƻ ƺǁƣƽ
S2 ơaƹ bƣ ƣǃƣơǀƿƣƢ. A baƽƽiƣƽ iƾ ƻlaơƣƢ ƞƣƻƢƹ ƿƩƣ ƣƹơlƺƾiƹƨ lƺƺƻ (liƹƣ ᇹ) aƾ a
ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƿƺ ƣƹƾǀƽƣ ƿƩƣ ƻaƽallƣl lƺƺƻ ƺƹ ƾƿaƿƣƸƣƹƿ S2 ơaƹ bƣ ƣƹƿƣƽƣƢ.
Cƺƽƽƣơƿ baƽƽiƣƽ ƻlaơƣƸƣƹƿ iƾ aƢƢƽƣƾƾƣƢ iƹ Sǀbƾƣơƿiƺƹ ᇷ.ᇵ.ᇴ.

ᇳ #pragma omp parallel
ᇴ {
ᇵ for (int i = 0; i < N; i++)
ᇶ #pragma omp for nowait
ᇷ for (int j = 0; j < M; j++)
ᇸ S1: A[j] = A[j] + B[i];
ᇹ #pragma omp barrier
ᇺ #pragma omp for
ᇻ for (int i = 0; i < M; i++)
ᇳᇲ for (int j = 0; j < i; j++)
ᇳᇳ S2: C[i] = C[i] * A[j];
ᇳᇴ }

Liƾƿiƹƨ ᇷ.ᇷ – SCƺP EǃaƸƻlƣWƩƣƽƣ TƩƣUƾƣOƤ TƩƣ nowaitClaǀƾƣ RƣƼǀiƽƣƾ
A Baƽƽiƣƽ.

Sǀbƾƣơƿiƺƹ ᇷ.ᇵ.ᇳ ƣǃƻlaiƹƾ Ʃƺǂ ƿƺ ƣƹƾǀƽƣ ƿƩƣ nowait ơlaǀƾƣ ơaƹ bƣ ǀƾƣƢ.
Sǀbƾƣơƿiƺƹ ᇷ.ᇵ.ᇴ Ƣƣƿailƾ Ʃƺǂ ƿƺ aƹƹƺƿaƿƣ aƹ alƽƣaƢǄ ƺƻƿiƸiǅƣƢAST ƿƺ ƣƹơƺƢƣ
ƻaƽallƣl ƽƣƨiƺƹƾ, ƾiƹƨlƣ ơƺƹƾƿƽǀơƿƾ aƹƢ baƽƽiƣƽ liƤƿiƹƨ. FiƹallǄ, Sǀbƾƣơƿiƺƹ ᇷ.ᇶ
Ƣiƾơǀƾƾƣƾ ƿƩƣ ơƩaƹƨƣƾ ƽƣƼǀiƽƣƢ aƿ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƩaƾƣ.

ᇷ.ᇵ.ᇳ DƣƿƣƽƸiƹiƹƨ ƿƩƣ ǁaliƢiƿǄ ƺƤ ƿƩƣ nowait ơlaǀƾƣ

IƸƻliơiƿ baƽƽiƣƽƾ aƽƣ ƻlaơƣƢ aƿ ƿƩƣ ƣƹƢ ƺƤ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ. OƸiƿƿiƹƨ
ƿƩƣƾƣ baƽƽiƣƽƾ ƸaǄ bƣ Ƣƺƹƣ ǀƹƢƣƽ ơƣƽƿaiƹ ơiƽơǀƸƾƿaƹơƣƾ.

TƩƣ Ƹƺƾƿ ƾiƸƻlƣ ƾiƿǀaƿiƺƹ iƾ ƿƩƣ ơaƾƣ ƺƤ ƿǂƺ ƺƽ Ƹƺƽƣ ƾǀơơƣƾƾiǁƣ ǂƺƽk-
ƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ ǂiƿƩƺǀƿ aƹǄ ƢƣƻƣƹƢƣƹơiƣƾ. Iƿ iƾ ǁaliƢ ƿƺ aƹƹƺƿaƿƣ ƾǀơƩ
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ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ (ƣǃơƣƻƿ ƿƩƣ laƾƿ ƺƹƣ) ǂiƿƩ ƿƩƣ nowait ơlaǀƾƣ. Aƹƹƺƿ-
aƿiƹƨ ƿƩƣ laƾƿ ơƺƹƾƿƽǀơƿ ƾƿill ƽƣƼǀiƽƣƾ ƤǀƽƿƩƣƽ aƹalǄƾiƾ ƺƤ ƿƩƣ ƽƣƸaiƹƢƣƽ ƺƤ ƿƩƣ
ơƺƢƣ.

TƩƣ OƻƣƹMP ƾƻƣơiƧiơaƿiƺƹ Ƣƣƿailƾ Ƥƺǀƽ ơƺƹƢiƿiƺƹƾ Ƥƺƽ ƿƩƣ ƾaƤƣ ǀƾƣ ƺƤ ƿƩƣ
ƾaƤƣ ǀƾƣ ƺƤ nowait (aƾ lƺƹƨ aƾ ƿƩƣ ƾơƩƣƢǀlƣ ƿǄƻƣ iƾ ƾƣƿ ƿƺ static) ǂƩƣƹ ƿƩƣƽƣ
aƽƣ ƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ ƾǀbƾƣƼǀƣƹƿ for ơƺƹƾƿƽǀơƿƾ.

Oƹƣ ƺƤ ƿƩƣ ƽƣƼǀiƽƣƸƣƹƿƾ iƾ Ƥƺƽ ƿƩƣ ƩƻƢƹƞƻƩƶƵ ơƶƴƞƩƵ ƾiǅƣƾ ƺƤ ƿƩƣ lƺƺƻƾ ƿƺ
bƣ ƣƼǀal. TƩiƾ ơaƹ ƺƤƿƣƹ bƣ ƣaƾilǄ ǁƣƽiƧiƣƢ bǄ ơƺƸƻaƽiƹƨ ƿƩƣ lƺƺƻ bƺǀƹƢƾ aƹƢ
ƾƿƽiƢƣƾ ƺƤ ƿƩƣ lƺƺƻƾ. IƤ ƹƣƣƢƣƢ, iƿ ơaƹ bƣ ƤǀƽƿƩƣƽ aƾơƣƽƿaiƹƣƢ ǀƾiƹƨ ƿƩƣ ƻƺlǄ-
ƩƣƢƽal ƸƺƢƣl: ƢƣƿƣƽƸiƹiƹƨ ƿƩaƿ ƿƩƣ ƾiǅƣƾ ƺƤ ƿǂƺ iƿƣƽaƿiƺƹ ƢƺƸaiƹƾ ơƺiƹơiƢƣ
iƾ ƻƺƾƾiblƣ bǄ ơƺƸƻaƽiƹƨ ƿƩƣiƽ EƩƽƩaƽƿ ƻƺlǄƹƺƸialƾ [ᇴᇶ].

TƩƣ ƤǀlƧillƸƣƹƿ ƺƤ ƿƩƣ ƺƿƩƣƽ ơƺƹƢiƿiƺƹƾ (iƢƣƹƿiơal ƠƨƼƵƲ ƺƩǁƢƺ, ƿƩƣ lƺƺƻƾ
biƹƢiƹƨ ƿƺ ƿƩƣ ƾaƸƣ ƻaƽallƣl ƽƣƨiƺƹ aƹƢ ƿƩƣ abƾƣƹơƣ ƺƤ SIMD ơƺƹƾƿƽǀơƿƾ) iƾ
ƿƽiǁial: ƺǀƽ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸ aiƸƾ ƿƺ ƻƽƺƢǀơƣ a ƾiƹƨlƣ ƻaƽallƣl ƽƣ-
ƨiƺƹ aƹƢ ƿƩǀƾ ƣƹƤƺƽơƣƾ bǄ Ƣƣƾiƨƹ ƿƩaƿ ƿƩƣ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ biƹƢ ƿƺ
ƿƩƣ ƾaƸƣ ƻaƽallƣl ƽƣƨiƺƹ. Iƹ ƿƩƣ ƾaƸƣ ǁƣiƹ, iƢƣƹƿiơal ƠƨƼƵƲ ƾiǅƣƾ aƹƢ ƿƩƣ ab-
ƾƣƹơƣ ƺƤ SIMD ơƺƹƾƿƽǀơƿƾ ơaƹ bƣ ƣƹƤƺƽơƣƢ bǄ Ƣƣƾiƨƹ Ƣǀƽiƹƨ ƿƩƣ ơƺƢƣ ƨƣƹƣƽa-
ƿiƺƹ ƻƩaƾƣ.

IƤ ƿƩƣ aƤƺƽƣƸƣƹƿiƺƹƣƢ ơƺƹƢiƿiƺƹƾ aƽƣ Ƹƣƿ, ơƺƸƻliaƹƿ OƻƣƹMP iƸƻlƣ-
Ƹƣƹƿaƿiƺƹƾ aƾƾiƨƹ ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹƾ ƿƺ ƿƩƣ ƾaƸƣ ƿƩƽƣaƢƾ. Hƣƹơƣ,
ƿƩƣ laƾƿ ƾƿƣƻ iƾ ƿƺ ƣƹƾǀƽƣ ƿƩaƿ ƿƩƣ ƺƹlǄ ƣǃiƾƿiƹƨ ƢƣƻƣƹƢƣƹơiƣƾ liƣ bƣƿǂƣƣƹ
iƢƣƹƿiơal lƺƨiơal iƿƣƽaƿiƺƹƾ. TƩiƾ ƢƣƻƣƹƢƣƹơƣ aƹalǄƾiƾ iƾ ƻƽƣƾƣƹƿƣƢ Ʃƣƽƣǀƹ-
Ƣƣƽ.

Lƣƿ S aƹƢ T bƣ ƿǂƺ ƾƿaƿƣƸƣƹƿƾ ƾǀơƩ ƿƩaƿ T ƢƣƻƣƹƢƾ ƺƹ S. Uƾiƹƨ ƿƩƣ
ƹƺƿaƿiƺƹ iƹƿƽƺƢǀơƣƢ iƹ DƣƧiƹiƿiƺƹ ᇳᇸ, ƿƩƣ ƢƣƻƣƹƢƣƹơiƣƾ δS,T bƣƿǂƣƣƹ S aƹƢ
T aƽƣ ƣǃƻƽƣƾƾƣƢ aƾ Ƥƺllƺǂƾ:

δS,T (~p) =































~u → ~v

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

RS,T

















~u

~v

~p

1

















≥ ~0































(ᇷ.ᇳ)

AƾƾǀƸiƹƨ ui iƾ ƿƩƣ ƻaƽallƣl ƢiƸƣƹƾiƺƹ ƤƺƽS aƹƢ vj iƾ ƿƩƣ ƻaƽallƣl ƢiƸƣƹ-
ƾiƺƹ Ƥƺƽ T , ƿƩƣ ƻƺlǄƩƣƢƽƺƹ LS,T (~p) ƿƩaƿ liƹkƾ ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹƾ ƺƤ
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S aƹƢ T ơaƹ bƣ ƣǃƻƽƣƾƾƣƢ aƾ:

LS,T (~p) = {~u → ~v | ui = vj} (ᇷ.ᇴ)

TƩƣ ƢƣƻƣƹƢƣƹơiƣƾ iƹ ƢifƤƣƽƣƹƿ lƺƨiơal iƿƣƽaƿiƺƹƾ ƺƤ S aƹƢ T ơaƹ bƣ Ƣƣ-
ƾơƽibƣƢ ǀƾiƹƨ ƿƩƣ ƿǂƺ ƻƽƣǁiƺǀƾ ƣƼǀaƿiƺƹƾ aƾ:

δS,T (~p) \ LS,T (~p) (ᇷ.ᇵ)

Lƣƿ δ′
S,T aƹƢ L′

S,T bƣ ƿƩƣ ƻƽƺjƣơƿiƺƹƾ ƺƤ ƿƩƣƾƣ ƿǂƺ ƣƼǀaƿiƺƹƾ ƺƹƿƺ ƿƩƣ
ƾƻaơƣ ơƺƸbiƹƣƢ ƾƻaơƣ ƺƤ ƢiƸƣƹƾiƺƹƾ ui + vi. TƩƣƹ, δ′

S,T \ LS,T iƾ a ƾiƸƻlƣƽ
ǂaǄ ƿƺ ƣǃƻƽƣƾƾ all ƢƣƻƣƹƢƣƹơiƣƾ ƺƤ ƾƺƸƣ ƤƺƽƸ ƺǁƣƽ ƢiƸƣƹƾiƺƹƾ ui aƹƢ vj

bƣƿǂƣƣƹ S aƹƢ T . Iƿ iƸƸƣƢiaƿƣlǄ Ƥƺllƺǂƾ ƿƩaƿ ƿƩƣ ƹƣơƣƾƾaƽǄ ơƺƹƢiƿiƺƹ Ƥƺƽ
ƿƩƣ ǁaliƢiƿǄ ƺƤ ƿƩƣ nowait ơlaǀƾƣ ƺƹ ƾƿaƿƣƸƣƹƿ S iƾ:

δ′
S,T (~p) \ L′

S,T (~(p)) ≡ ∅ (ᇷ.ᇶ)

Exa؟أؠe ᇳᇹ. Fƺƽ iƹƾƿaƹơƣ, ơƺƹƾiƢƣƽ ƿƩƣ ƿǂƺ ƾƿaƿƣƸƣƹƿƾ S1 aƹƢ S2 iƹ Liƾƿ-
iƹƨ ᇷ.ᇸ.

ᇳ #pragma omp parallel
ᇴ {
ᇵ #pragma omp for nowait
ᇶ for (int i = 0; i < N; ++i)
ᇷ for (int j = 0; j < M; ++j)
ᇸ A[i][j] = S1(B[i][j]);

ᇹ #pragma omp for
ᇺ for (int a = 0; a < N; ++a)
ᇻ for (int b = 0; b < M; ++b)
ᇳᇲ C[a] = S2(A[a][b]);
ᇳᇳ }

Liƾƿiƹƨ ᇷ.ᇸ – EǃaƸƻlƣOƤ A LƺƺƻNƣƾƿ CƺƸƻaƿiblƣWiƿƩ TƩƣ nowaitClaǀƾƣ.

SƿaƿƣƸƣƹƿ S2 ƢƣƻƣƹƢƾ ƺƹ ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹ ƺƤ S1 (aƾƾǀƸiƹƨ ƿƩƣ
lƺƺƻƾ aƽƣ ƹƺƽƸaliǅƣƢ):

δS1,S2 =











i

j



→





a

b





∣

∣

∣

∣

∣

∣

i = a,

j = b







(ᇷ.ᇷ)
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LS1,S2 =











i

j



→





a

b





∣

∣

∣

∣

∣

∣

i = a







(ᇷ.ᇸ)

TƩƣ ƢƣƻƣƹƢƣƹơiƣƾ δS1,S2 liƹk ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹƾ ƺƤ S1 aƹƢ S2.
Hƣƽƣ aƽƣ ƿƩƣ ƻƽƺjƣơƿiƺƹƾ ƺƤ ƿƩƣ ƿǂƺ ƻƺlǄƩƣƢƽa:

δ′
S1,S2 =

{(

i
)

→
(

a
) ∣

∣

∣ i = a
}

(ᇷ.ᇹ)

L′
S1,S2 =

{(

i
)

→
(

a
) ∣

∣

∣ i = a
}

(ᇷ.ᇺ)

TƩǀƾ, δ′
S1,S2(~p) \ L′

S1,S2(~p) iƾ ƣƸƻƿǄ aƹƢ ƿƩƣ Ƨiƽƾƿ ƻaƽallƣl lƺƺƻ (liƹƣ ᇵ)
ơaƹ bƣ aƹƹƺƿaƿƣƢ ǂiƿƩ ƿƩƣ nowait ơlaǀƾƣ.

Exa؟أؠe ᇳᇺ. TƩƣƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ ƾƿaƿƣƸƣƹƿƾS3 aƹƢS4 iƹ Liƾƿiƹƨ ᇷ.ᇹ
ƻƽƣǁƣƹƿ ƿƩƣ ƾaƤƣ ǀƾƣ ƺƤ ƿƩƣ nowait ơlaǀƾƣ ƺƹ ƿƩƣ Ƨiƽƾƿ ƻaƽallƣl lƺƺƻ:

δS3,S4 =











i

j



→
(

k
)

∣

∣

∣

∣

∣
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i ≥ k − 1,

i ≤ k + 1







(ᇷ.ᇻ)

LS3,S4 =











i

j



→
(

k
)

∣

∣

∣

∣

∣

∣

i = a







(ᇷ.ᇳᇲ)

δ′
S3,S4 =







(

i
)

→
(

k
)

∣

∣

∣

∣

∣

∣

i ≥ k − 1,

i ≤ k + 1







(ᇷ.ᇳᇳ)

L′
S3,S4 =

{(

i
)

→
(

k
) ∣

∣

∣ i = k
}

(ᇷ.ᇳᇴ)

IƹƢƣƣƢ, a ƨiǁƣƹ ƾƿaƿƣƸƣƹƿ iƹƾƿaƹơƣ ƺƤ ƿƩƣ ƾƣơƺƹƢ ƻaƽallƣl lƺƺƻ (liƹƣƾ ᇹ-
ᇻ) ƢƣƻƣƹƢƾ ƺƹ ƿƩƽƣƣ Ƣiƾƿiƹơƿ ƾƿaƿƣƸƣƹƿ iƹƾƿaƹơƣƾ ƺƤ ƿƩƣ Ƨiƽƾƿ lƺƺƻ. Hƣƽƣ,
δS3,S4(~p) \ LS3,S4(~p) iƾ ƹƺƹƣƸƻƿǄ:

δS3,S4(~p)\LS3,S4(~p) = {(i)→ (k) | i = k − 1}∪ {(i)→ (k) | i = k + 1}

(ᇷ.ᇳᇵ)
aƹƢ ƿƩǀƾ ƿƩƣ Ƨiƽƾƿ ƻaƽallƣl lƺƺƻ ơaƹ ƹƺƿ bƣ aƹƹƺƿaƿƣƢ ǂiƿƩ ƿƩƣ nowait ơlaǀƾƣ.
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ᇳ #pragma omp parallel
ᇴ {
ᇵ #pragma omp for
ᇶ for (int i = 0; i < N; ++i)
ᇷ for (int j = 0; j < M; ++j)
ᇸ S3(A[i], B[i][j]);

ᇹ #pragma omp for
ᇺ for (int k = 0; k < N; ++k)
ᇻ S4(C[k], A[k-1], A[k], A[k+1]);
ᇳᇲ }

Liƾƿiƹƨ ᇷ.ᇹ – nowait IƹơƺƸƻaƿiblƣ CƺƢƣ

ᇷ.ᇵ.ᇴ nowait Aƹƹƺƿaƿiƺƹ
Oƹơƣ aƹ ƺƻƿiƸiǅƣƢ AST Ʃaƾ bƣƣƹ aƹƹƺƿaƿƣƢ iƹ ƺƽƢƣƽ ƿƺ ƨƣƹƣƽaƿƣ a ƾiƹƨlƣ
ƻaƽallƣl ƽƣƨiƺƹ, iƸƻliơiƿ baƽƽiƣƽƾ ƸaǄ bƣ liƤƿƣƢ aƹƢ ƣǃƻliơiƿ baƽƽiƣƽƾ ƸaǄ bƣ
ƻlaơƣƢ. Sƿƣƻ ᇵ ƺƤ AlƨƺƽiƿƩƸ ᇸ ơallƾ annotate_nowait ǂƩiơƩ iƾ ƢƣƾơƽibƣƢ iƹ
AlƨƺƽiƿƩƸ ᇹ.

TƩƣ alƨƺƽiƿƩƸ ǂill aƹƹƺƿaƿƣ ƣaơƩ ƹƺƢƣ ƺƤ ƿƩƣ AST ƿƺ iƹƢiơaƿƣ ǂƩƣƿƩƣƽ a
baƽƽiƣƽ iƾ ƹƣƣƢƣƢ. TƩƣ kƣǄ iƢƣa iƾ ƿƺ ƻƽƺƨƽƣƾƾiǁƣlǄ bǀilƢ ƵƶƾƞƩƻ-ƧƹƶƼƷƺ. Tǂƺ
ƾǀơơƣƾƾiǁƣ ƹƺƢƣƾ ƸaǄ bƣlƺƹƨ ƿƺ ƿƩƣ ƾaƸƣ ƹƺǂaiƿ ƨƽƺǀƻ iƤ ƹƺ baƽƽiƣƽ iƾ ƽƣ-
ƼǀiƽƣƢ bƣƿǂƣƣƹ ƿƩƣ ƿǂƺ ƹƺƢƣƾ. IƤ a baƽƽiƣƽ iƾ ƽƣƼǀiƽƣƢ bƣƿǂƣƣƹ ƿǂƺ ƹƺƢƣƾ,
ƿƩƣ Ƨiƽƾƿ ƹƺƢƣ iƾ aƹƹƺƿaƿƣƢ aƹƢ a ƹƣǂ ƵƶƾƞƩƻ-ƧƹƶƼƷ iƾ bǀilƿ (liƹƣƾ ᇸ-ᇹ, ᇳᇻ-ᇴᇲ
aƹƢ ᇴᇷ-ᇴᇸ).

Aƿ Ƨiƽƾƿ, ƿƩƣ alƨƺƽiƿƩƸ aƾƾǀƸƣƾ a ƨiǁƣƹ ƹƺƢƣ Ƣƺƣƾ ƹƺƿ ƽƣƼǀiƽƣ a baƽƽiƣƽ
(liƹƣ ᇴ). IƤ ƿƩƣ ƹƺƢƣ iƾ a ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ, iƿ iƾ ơƩƣơkƣƢ aƨaiƹƾƿ ƿƩƣ ơǀƽ-
ƽƣƹƿ ƵƶƾƞƩƻ-ƧƹƶƼƷ. EiƿƩƣƽ ƿƩƣ ƹƺƢƣ iƾ aƢƢƣƢ ƿƺ ƿƩƣ ơǀƽƽƣƹƿ ƨƽƺǀƻ (liƹƣ ᇻ) ƺƽ
a ƹƣǂ ƨƽƺǀƻ iƾ ƾƿaƽƿƣƢ (liƹƣ ᇹ). IƤ ƿƩƣ ơǀƽƽƣƹƿ ƹƺƢƣ iƾ ƹƺƿ a ǂƺƽk ƾƩaƽiƹƨ ơƺƹ-
ƾƿƽǀơƿ, ƿƩƣ alƨƺƽiƿƩƸ ƽƣơǀƽƾƣƾ iƹƿƺ iƿƾ bƺƢǄ, iƤ aƹǄ (liƹƣ ᇳᇴ-ᇳᇵ). IƤ ƿƩƣ ƹƺƢƣ iƾ
a lƺƺƻ, ƿƩƣ alƨƺƽiƿƩƸ alƾƺ ơƩƣơkƾ ƿƩƣ ƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ iƿƾ Ƨiƽƾƿ aƹƢ laƾƿ
ƵƶƾƞƩƻ-ƧƹƶƼƷ (iƤ ƿƩƣƽƣ iƾƸƺƽƣ ƿƩaƹ ƺƹƣ): bƣơaǀƾƣ ƺƤ ƿƩƣ lƺƺƻ, ƿƩƣ laƾƿ ƵƶƾƞƩƻ-
ƧƹƶƼƷ iƾ alƾƺ a ƻƽƣƢƣơƣƾƾƺƽ ƺƤ ƿƩƣ Ƨiƽƾƿ ƵƶƾƞƩƻ-ƧƹƶƼƷ. TƩƣ ƹƺƢƣ iƾ ơƩƣơkƣƢ
aƨaiƹƾƿ ƿƩƣ ơǀƽƽƣƹƿ ƵƶƾƞƩƻ-ƧƹƶƼƷǂƩiơƩ iƾ aƢjǀƾƿƣƢ aơơƺƽƢiƹƨlǄ (liƹƣƾ ᇴᇵ-ᇵᇸ).
FiƹallǄ, ƿƩƣ alƨƺƽiƿƩƸ ƻƽƺơƣƣƢƾ ǂiƿƩ ƿƩƣ ƹƣǃƿ ƹƺƢƣ (liƹƣ ᇵᇹ).
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AlƨƺƽiƿƩƸ ᇹ: nowait Aƹƹƺƿaƿiƺƹ.TƩiƾ ƽƣơǀƽƾiǁƣ alƨƺƽiƿƩƸ aƹƹƺƿaƿƣƾ
ƹƺƢƣƾ ǂƩƣƽƣ baƽƽiƣƽƾ aƽƣ ƽƣƼǀiƽƣƢ. TƩƣ ƵƶƾƞƩƻ-ƧƹƶƼƷ iƾ ƣǃƻaƹƢƣƢ ƺƽ ƽƣ-
ƻlaơƣƢ bƣƤƺƽƣ ƽƣơǀƽƾiƹƨ ƺƹ iƹƹƣƽ ƺƽ Ƥƺllƺǂiƹƨ ƹƺƢƣƾ.
iƹƻǀƿ : n := Cǀƽƽƣƹƿ AST ƹƺƢƣ

R := Rƺƺƿ ƺƤ ƿƩƣ AST
G := Cǀƽƽƣƹƿ ƹƺǂaiƿ ƨƽƺǀƻ

ƺǀƿƻǀƿ: n := AƹƹƺƿaƿƣƢ AST ƹƺƢƣ
ᇳ Fǀƹơƿiƺƹ annotate_nowait(n,R,G)
ᇴ n.ƹƺǂaiƿ← ƿƽǀƣ;

check_nowait_-
safety() ƣƹƾǀƽƣƾ ƿƩƣ
ƢƣƻƣƹƢƣƹơiƣƾ allƺǂ
baƽƽiƣƽ liƤƿiƹƨ aƾ ƻƣƽ
Sǀbƾƣơƿiƺƹ ᇷ.ᇵ.ᇳ.
last_predecessor()
ƽƣƿǀƽƹƾ ƿƩƣ ƻƽƣơƣƢiƹƨ
ƹƺƢƣ.

ᇵ iƤ n Ʃƺ ƞ ƾƶƹƲƺƨƞƹƩƵƧ ƠƶƵƺƻƹƼƠƻ ƿƩƣƹ
ᇶ iƤ check_nowait_safety(G, n) ƿƩƣƹ
ᇷ G← G ∪ {n};
ᇸ ƣlƾƣ
ᇹ ƻƽƣƢ← last_predecessor(R, n);
ᇺ ƻƽƣƢ.ƹƺǂaiƿ← Ƥalƾƣ;
ᇻ G← {n};
ᇳᇲ ƣƹƢ
ᇳᇳ ƣlƾƣ
ᇳᇴ b← body(n);
ᇳᇵ b← annotate_nowait(b,R,G);

last() ƽƣƿǀƽƹƾ ƿƩƣ laƾƿ
ƹƺƢƣ ƤƽƺƸ a ƹƺƢƣ liƾƿ.
first_group() aƹƢ
last_group()
ƽƣƾƻƣơƿiǁƣlǄ ƽƣƿǀƽƹ ƿƩƣ
Ƨiƽƾƿ aƹƢ laƾƿ
ƵƶƾƞƩƻ-ƧƹƶƼƷ ƤƽƺƸ a
ƹƺƢƣ liƾƿ.

ᇳᇶ laƾƿ_ƹƺƢƣ← last(b);
ᇳᇷ Ƨiƽƾƿ_ƨƽƺǀƻ← first_group(b);
ᇳᇸ iƤ n Ʃƺ ƞ ƳƶƶƷ ƿƩƣƹ
ᇳᇹ laƾƿ_ƨƽƺǀƻ← last_group(b);
ᇳᇺ iƤ ¬ check_nowait_safety(Ƴƞƺƻ_ƧƹƶƼƷ, Ʀiƹƺƻ_ƧƹƶƼƷ) ƿƩƣƹ
ᇳᇻ laƾƿ_ƹƺƢƣ.ƹƺǂaiƿ← Ƥalƾƣ;
ᇴᇲ G← ∅;
ᇴᇳ ƣƹƢ
ᇴᇴ ƣƹƢ
ᇴᇵ iƤ ¬ check_nowait_safety(G, Ʀiƹƺƻ_ƧƹƶƼƷ) ƿƩƣƹ
ᇴᇶ ƻƽƣƢ← last_predecessor(R, n);
ᇴᇷ ƻƽƣƢ.ƹƺǂaiƿ← Ƥalƾƣ;
ᇴᇸ G← ∅;
ᇴᇹ ƣƹƢ
ᇴᇺ iƤ Ƴƞƺƻ_ƵƶơƢ.ƵƶƾƞƩƻ ƿƩƣƹ
ᇴᇻ G← ∅;
ᇵᇲ ƣlƾƣ iƤ Ʀiƹƺƻ_ƧƹƶƼƷ 6= Ƴƞƺƻ_ƧƹƶƼƷ ƿƩƣƹ
ᇵᇳ G← last_group;
ᇵᇴ ƣlƾƣ
ᇵᇵ G← G ∪ {n};
ᇵᇶ ƣƹƢ
ᇵᇷ ƣƹƢ
ᇵᇸ n.next← annotate_nowait(next(n),R,G);
ᇵᇹ ƽƣƿǀƽƹ n;
ᇵᇺ ƣƹƢ
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ᇷ.ᇶ PƽƣƿƿǄ Pƽiƹƿiƹƨ
TƩƣ ƻƽƣƿƿǄ ƻƽiƹƿiƹƨ ƻƩaƾƣ iƾ akiƹ ƿƺ ơǀƽƽƣƹƿ ƿƣơƩƹiƼǀƣƾ, ǂiƿƩ a Ƥƣǂ Ƹiƹǀƿƣ
ƸƺƢiƧiơaƿiƺƹƾ. Fiƽƾƿ, ƿƩƣ ǂƩƺlƣ SCƺP Ƹǀƾƿ bƣ ƣƹơlƺƾƣƢ iƹ a blƺơk aƹƹƺƿaƿƣƢ
ǂiƿƩ ƿƩƣ #pragma omp parallel ơƺƹƾƿƽǀơƿ. Paƽallƣl lƺƺƻƾ ǂill bƣ aƹƹƺƿaƿƣƢ
ǂiƿƩ #pragma omp for iƹƾƿƣaƢ ƺƤ #pragma omp parallel for. AƹǄ ƾƣƼǀƣƹ-
ƿial blƺơk ƺƽ lƺƺƻƸǀƾƿ bƣ aƹƹƺƿaƿƣƢǂiƿƩ #pragma omp single ơƺƹƾƿƽǀơƿƾ. IƤ
a ƨiǁƣƹ AST ƹƺƢƣ iƾƸaƽkƣƢ aƾ ƽƣƼǀiƽiƹƨ a baƽƽiƣƽ: ƿƩƣ #pragma omp barrier

Ƣiƽƣơƿiǁƣ Ƹǀƾƿ bƣ ƻƽiƹƿƣƢ ƽiƨƩƿ aƤƿƣƽ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ Ƥƺƽ ƿƩiƾ ƹƺƢƣ. IƤ ƿƩiƾ
ƹƺƢƣ ơƺƽƽƣƾƻƺƹƢƾ ƿƺ a ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ, ƹƺ aƢƢiƿiƺƹal ơƺƢƣ iƾ ƹƣƣƢƣƢ
aƾ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ Ʃaǁƣ iƸƻliơiƿ baƽƽiƣƽƾ. Oƹ ƿƩƣ ƺƿƩƣƽ ƩaƹƢ, iƤ ƿƩƣ
AST ƹƺƢƣ Ƣƺƣƾ ƹƺƿ ƽƣƼǀiƽƣ a baƽƽiƣƽ, ƹƺ aƢƢiƿiƺƹal ơƺƢƣ iƾ ƹƣƣƢƣƢ ǀƹlƣƾƾ
ƿƩƣ ƹƺƢƣ ơƺƽƽƣƾƻƺƹƢƾ ƿƺ a ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ: ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ
Ƹǀƾƿ bƣ aƹƹƺƿaƿƣƢǂiƿƩ ƿƩƣ nowait ơlaǀƾƣ. Mƺƽƣƺǁƣƽ, ƿƩƣ schedule(static)
ơlaǀƾƣ ƾƩƺǀlƢ bƣ aƢƢƣƢ iƤ ƿƩƣ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ iƾ a for lƺƺƻ,

ᇷ.ᇷ EǃƻƣƽiƸƣƹƿal Rƣƾǀlƿƾ
WƣƣǁalǀaƿƣƢ ƺǀƽ aƻƻƽƺaơƩǂiƿƩ bƣƹơƩƸaƽkƾ ƿakƣƹ ƤƽƺƸ ƿƩƣ PƺlǄBƣƹơƩ [ᇺᇵ]
ƾǀiƿƣ. Wƣ ǀƾƣƢ Pآاب؟ ǁƣƽƾiƺƹ ᇲ.ᇳᇳ.ᇶ ƺƹ all bƣƹơƩƸaƽkƾ ƺƤ ƿƩƣ ƾǀiƿƣ ǂiƿƩ ƿǂƺ
ƾƣƿƾ ƺƤ ƺƻƿiƺƹƾ: ƿƩƣ Ƨiƽƾƿ ƺƹƣ ǂiƿƩ aǀƿƺƸaƿiơ ƻaƽallƣliǅaƿiƺƹ (--parallel),
aƹƢ ƿƩƣ ƾƣơƺƹƢ ƺƹƣ ǂiƿƩ ƻaƽallƣliǅaƿiƺƹ aƹƢ ƿiliƹƨ (--tile --parallel). Wƣ
aƻƻliƣƢ ƺǀƽ ƸƣƿƩƺƢ ƺƹ a ƾƣlƣơƿiƺƹ ƺƤ ᇵᇶ bƣƹơƩƸaƽkƾ ƺǀƿ ƺƤ ᇷᇲ (2 × 25).
TƩƺƾƣ ƾƣlƣơƿƣƢ bƣƹơƩƸaƽkƾǂƣƽƣ ơƩƺƾƣƹbƣơaǀƾƣ ƿƩƣǄ ơƺƹƿaiƹƣƢ aƿ lƣaƾƿ ƺƹƣ
iƹƿƣƽƹal ƻaƽallƣl lƺƺƻ. ᇳᇶ ƺǀƿ ƿƩƣ ᇵᇶ bƣƹơƩƸaƽkƾ aƽƣ ƿilƣƢ ǁƣƽƾiƺƹƾ. Tablƣ ᇷ.ᇴ
Ƣƣƾơƽibƣƾ ƿƩƣƸaiƹ ơƩaƽaơƿƣƽiƾƿiơƾ ƺƤ ƣaơƩ ƺƤ ƿƩƣƾƣ bƣƹơƩƸaƽkƾ: ƿƩƣ ƹǀƸbƣƽ
ƺƤƸaiƹ lƺƺƻ ƹƣƾƿƾ ƿƩaƿ ƿƩƣǄ ơƺƹƿaiƹ, ƿƩƣ ƹǀƸbƣƽ ƺƤ ƻaƽallƣl lƺƺƻƾ ƣƸbƣƢƢƣƢ
iƹƿƺ ƺǀƿƣƽ ƾƣƼǀƣƹƿial lƺƺƻƾ, ƿƩƣ ƹǀƸbƣƽ ƺƤ ƾiƹƨlƣ ƽƣƨiƺƹƾ, aƹƢ ƿƩƣ ƹǀƸbƣƽ ƺƤ
ƹƺǂaiƿ ơlaǀƾƣƾ ƿƩaƿ aƽƣ iƹƿƽƺƢǀơƣƢ bǄ ƺǀƽ ƸƣƿƩƺƢ.
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Tablƣ ᇷ.ᇴ – BƣƹơƩƸaƽkƾ Maiƹ CƩaƽaơƿƣƽiƾƿiơƾ

bƣƹơƩƸaƽk #Ƹaiƹ lƺƺƻ #iƹƹƣƽ #ƾiƹƨlƣ #ƹƺǂaiƿ
ƹƣƾƿƾ ƻaƽal. lƺƺƻƾ

aƢi ᇴ ᇴ ᇲ ᇲ
aƢi-ƿilƣ ᇴ ᇴ ᇲ ᇲ

aƿaǃ ᇶ ᇳ ᇲ ᇴ
biơƨ ᇶ ᇳ ᇲ ᇴ

ơƩƺlƣƾkǄ ᇴ ᇴ ᇴ ᇳ
ơƩƺlƣƾkǄ-ƿilƣ ᇴ ᇴ ᇲ ᇲ
ơƺƽƽƣlaƿiƺƹ ᇻ ᇴ ᇲ ᇳ
ơƺǁaƽiaƹơƣ ᇹ ᇳ ᇲ ᇴ

Ƣƺiƿƨƣƹ ᇵ ᇵ ᇲ ᇳ
Ƣƺiƿƨƣƹ-ƿilƣ ᇵ ᇵ ᇲ ᇴ

ƤƢƿƢ-ᇴƢ ᇸ ᇶ ᇵ ᇴ
ƤƢƿƢ-ᇴƢ-ƿilƣ ᇳ ᇳ ᇲ ᇲ

fƷƺǄƢ-ǂaƽƾƩall ᇳ ᇳ ᇲ ᇲ
fƷƺǄƢ-ǂaƽƾƩall-ƿilƣ ᇳ ᇳ ᇲ ᇲ

ƨƣƸǁƣƽ ᇵ ᇳ ᇲ ᇲ
ƨƽaƸƾơƩƸiƢƿ ᇺ ᇵ ᇳ ᇳ

ƨƽaƸƾơƩƸiƢƿ-ƿilƣ ᇷ ᇴ ᇳ ᇳ
Ʃƣaƿ-ᇵƢ ᇳᇳ ᇶ ᇹ ᇷ

Ʃƣaƿ-ᇵƢ-ƿilƣ ᇳ ᇳ ᇲ ᇲ
jaơƺbi-ᇳƢ ᇷ ᇶ ᇹ ᇷ

jaơƺbi-ᇳƢ-ƿilƣ ᇳ ᇳ ᇲ ᇲ
jaơƺbi-ᇴƢ ᇳᇲ ᇶ ᇹ ᇶ

jaơƺbi-ᇴƢ-ƿilƣ ᇳ ᇳ ᇲ ᇲ
lǀ ᇴ ᇳ ᇳ ᇲ

lǀ-ƿilƣ ᇴ ᇳ ᇲ ᇲ
ƹǀƾƾiƹƺǁ ᇴ ᇳ ᇲ ᇲ

ƹǀƾƾiƹƺǁ-ƿilƣ ᇳ ᇳ ᇲ ᇲ
ƽƣƨ_Ƣƣƿƣơƿ ᇳᇸ ᇵ ᇶ ᇴ

ƽƣƨ_Ƣƣƿƣơƿ-ƿilƣ ᇳ ᇳ ᇲ ᇲ
ƾƣiƢƣl-ᇴƢ ᇳ ᇳ ᇲ ᇲ

ƾƣiƢƣl-ᇴƢ-ƿilƣ ᇳ ᇳ ᇲ ᇲ
ƿƽiƾƺlǁ ᇴ ᇳ ᇳ ᇳ

ƿƽiƾƺlǁ-ƿilƣ ᇴ ᇳ ᇲ ᇲ
ƿƽƸƸ ᇴ ᇳ ᇲ ᇲ
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Wƣ ơƺƹƢǀơƿƣƢ ƺǀƽ ƣǃƻƣƽiƸƣƹƿƾ ƺƹ ƿƩƽƣƣ ƻlaƿƤƺƽƸƾ:

ᇳ. Aƹ Iƹƿƣl Xƣƺƹ Eᇷ-ᇴᇸᇴᇲǁᇵ @ ᇴ.ᇶᇲGHǅ (ᇸ ơƺƽƣƾ, ᇳᇴ ƿƩƽƣaƢƾ), ƽǀƹƹiƹƨ ƿƩƣ
Liƹǀǃ ᇶ.ᇳᇳ.ᇷ kƣƽƹƣl. Iƹƿƣl Tǀƽbƺ Bƺƺƾƿ aƹƢ HǄƻƣƽƿƩƽƣaƢiƹƨ ǂƣƽƣ ƢǄ-
ƹaƸiơallǄ ƢiƾablƣƢ Ƣǀƽiƹƨ ƿƩƣ ƣǃƣơǀƿiƺƹ ƺƤ ƿƩƣ bƣƹơƩƸaƽkƾ. Iƹ ƺƽ-
Ƣƣƽ ƿƺ ƤǀƽƿƩƣƽ ƽƣƢǀơƣ ƿƩƣ ǁaƽiaƹơƣ ƺƤ ƿƩƣ ƸƣaƾǀƽƣƸƣƹƿƾ, Liƹǀǃ FIFO
ƾơƩƣƢǀliƹƨǂaƾ ƣƹablƣƢǁia ƿƩƣPƺlǄBƣƹơƩ’ƾƸaơƽƺPOLYBENCH_LINUX_-
FIFO_SCHEDULER. TƩƣ ơƺƸƻilƣƽ iƾ gcc 7.1.1 ǀƾiƹƨ ƺƻƿiƺƹƾ -fopenmp,
-O3 aƹƢ -march=native.

ᇴ. TƩƣ ƾƣơƺƹƢ ƻlaƿƤƺƽƸ iƾ a Ƣǀal ƾƺơkƣƿ Iƹƿƣl Xƣƺƹ Eᇷ-ᇴᇸᇷᇲǁᇵ@ ᇴ.ᇵᇲGHǅ
(ᇴ*ᇳᇲ ơƺƽƣƾ, ᇶᇲ ƿƺƿal ƿƩƽƣaƢƾ), ƽǀƹƹiƹƨ Liƹǀǃ ᇶ.ᇶ.ᇲ. TƩƣ ơƺƸƻilƣƽ iƾ
gcc 5.4.0, ǀƾiƹƨ ƺƻƿiƺƹƾ -O3 -march=native -fopenmp. Nƺ ƻaƽƿiơǀlaƽ
ƣƹǁiƽƺƹƸƣƹƿ ǁaƽiablƣ ǂaƾ ƾƣƿ ƺƹ ƿƩiƾ ƻlaƿƤƺƽƸ ƿƺ ƨƣƿ ƾƿablƣ Ƹƣaƾǀƽƣ-
Ƹƣƹƿƾ.

ᇵ. TƩƣ laƾƿ ƻlaƿƤƺƽƸ iƾ ƿƩƣ ƾaƸƣ ơƺƸƻǀƿƣƽ, bǀƿ ǀƾiƹƨ ƿƩiƾ ƿiƸƣ ƿƩƣ icc

ơƺƸƻilƣƽ ǁƣƽƾiƺƹ 17.0.0 aƹƢ ƺƻƿiƺƹƾ -O3 -march=native -qopenmp.
Wƣ ƩaƢ ƿƺ ƻǀƿ ƿƩƣ ƣƹǁiƽƺƹƸƣƹƿ ǁaƽiablƣ OMP_NUM_THREADS ƿƺ ᇴᇲ iƹ ƺƽ-
Ƣƣƽ ƹƺƿ ƿƺ ǀƾƣ ƩǄƻƣƽƿƩƽƣaƢiƹƨ ƿƺ ƨƣƿ Ƹƺƽƣ ƾƿablƣ ƸƣaƾǀƽƣƸƣƹƿƾ. Sƿill,
ƿƩƣ ǁaƽiaƹơƣǂaƾƸǀơƩ ƩiƨƩƣƽ ƺƹ ƿƩiƾ ơƺƹƧiƨǀƽaƿiƺƹ ƿƩaƹ ƺƹ ƿƩƣ ƻƽƣǁi-
ƺǀƾ ƺƹƣƾ, ƾƺ ƿƩƣ ƽƣƾǀlƿƾ ƺƹ ƿƩiƾ ƻlaƿƤƺƽƸ aƽƣ lƣƾƾ ƽƣliablƣ: ƿƩƣ ǁaƽiaƹơƣ
ƣǃơƣƣƢƾ ᇷ% iƹ abƺǀƿ ƩalƤ ƺƤ ƿƩƣ ƸƣaƾǀƽƣƸƣƹƿƾ ƿƩaƿ ǂƣ ƸaƢƣ.

TƩƣ ƣƹǁiƽƺƹƸƣƹƿ ǁaƽiablƣ OMP_PROC_BIND ǂaƾ ƾƣƿ ƿƺ true ƺƹ all ƻlaƿƤƺƽƸƾ.
TƩƣ PƺlǄBƣƹơƩ ƾơƽiƻƿƾ ƿƩaƿ ǂƣ ǀƾƣƢ ƻƣƽƤƺƽƸ all ƿiƸƣ ƸƣaƾǀƽƣƸƣƹƿƾ aƾ ƿƩƣ
aǁƣƽaƨƣ ƺƤ ᇵƸƣƢiaƹƸƣaƾǀƽƣƸƣƹƿƾ ƺǀƿ ƺƤ ᇷ ƽǀƹƾ. Nƺƿiơƣ ƿƩaƿ ǂƣ ƽƣƻƺƽƿ ƾƺƸƣ
ƾƻƣƣƢǀƻƾ ƿƩaƿ aƽƣ laƽƨƣƽ ƿƩaƹ ƿƩƣ ƹǀƸbƣƽ ƺƤ aǁailablƣ ơƺƽƣƾ; ƿƩiƾ iƾ ƹƺƿ a ƾǀƽ-
ƻƽiƾƣ aƾ Pآاب؟ iƾ ƹƺƿ ƺƹlǄ a ƻaƽallƣliǅƣƽ bǀƿ alƾƺ a Ƣaƿa lƺơaliƿǄ ƺƻƿiƸiǅƣƽ aƹƢ
ǁƣơƿƺƽiǅƣƽ.

Fiƨǀƽƣ ᇷ.ᇳ ƻƽƣƾƣƹƿƾ ƿƩƣ aơơƣlƣƽaƿiƺƹƺƤ ƺǀƽ ǁƣƽƾiƺƹơƺƸƻaƽƣƢ ƿƺ ƿƩƣPآاب؟
ǁƣƽƾiƺƹ ƺƹ ƿƩƣ ᇸ-ơƺƽƣƾ Ƨiƽƾƿ ƻlaƿƤƺƽƸ Ƥƺƽ ƿƩƣ ƾƸall, ƸƣƢiǀƸ, aƹƢ laƽƨƣ Ƣaƿa-
ƾƣƿƾ ƺƤ ƿƩƣ PƺlǄBƣƹơƩ ƾǀiƿƣ. Wƣ ơaƹ ƹƺƿiơƣ ƤƽƺƸ ƿƩiƾ Ƨiƨǀƽƣ ƿƩaƿ ƺǀƽ ƸƣƿƩƺƢ
iƸƻƽƺǁƣƾ ƸaƹǄ ƺƤ ƿƩƣƾƣ bƣƹơƩƸaƽkƾ: ƿƩƣ aơơƣlƣƽaƿiƺƹ iƾ Ƹƺƾƿ ƺƤƿƣƹ ƨƽƣaƿƣƽ
ƿƩaƹ ᇳǃ. TƩƣ ƨƣƺƸƣƿƽiơƸƣaƹ aơơƣlƣƽaƿiƺƹ Ƥƺƽ all Ƣaƿaƾƣƿƾ iƾ ƨiǁƣƹ ƺƹ ƿƩƣ bƺƿ-
ƿƺƸ liƹƣ. Oƹ ƺƴƞƳƳƢƹ Ƣaƿaƾƣƿƾ, ƿƩƣ bƣƹƣƧiƿ ƺƤ ƺǀƽ ƸƣƿƩƺƢ iƾ ƺƤƿƣƹ ƧƹƢƞƻƢƹ: iƹ



ᇺᇳ ᇷ.ᇷ. E؟ؔاءؘؠ؜إؘأث ئا؟بئؘإ

ƸaƹǄ ơaƾƣƾ ƿƩƣ ƽaƿiƺ bƣƿǂƣƣƹ ƿƩƽƣaƢƾ ơƽƣaƿiƺƹ aƹƢ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ ƿiƸƣ
ƿƺǂaƽƢƾ ơƺƸƻǀƿaƿiƺƹ ƿiƸƣ iƾ ƩiƨƩƣƽ ǂƩƣƹ ơƺƸƻǀƿiƹƨ ƾƸall Ƣaƿaƾƣƿƾ. TƩƣ
ƺǁƣƽallƸƣaƹ aơơƣlƣƽaƿiƺƹ ƺƹ all Ƣaƿaƾƣƿ ƾiǅƣƾ aǁailablƣ iƹ PƺlǄBƣƹơƩ (iƹơlǀƢ-
iƹƨ Ƹiƹi aƹƢ ƣǃƿƽalaƽƨƣ, ƹƺƿ ƾƩƺǂƹ iƹ ƿƩƣ Ƨiƨǀƽƣ) iƾ ᇳ.ᇵᇸǃ.

Hƺǂƣǁƣƽ, ǂƣ ƹƺƿiơƣƢ ƿƩaƿ iƹ ƾƺƸƣ ƺƤ ƿƩƣƾƣ bƣƹơƩƸaƽkƾ, Pآاب؟ ƢiƢ ƹƺƿ
iƸƻƽƺǁƣ ƿƩƣ ƻƣƽƤƺƽƸaƹơƣ ƺǁƣƽ ƿƩƣ ƾƣƼǀƣƹƿial ǁƣƽƾiƺƹ ƺƤ ƿƩƣ ơƺƢƣ. Iƹ ƺƽƢƣƽ
ƿƺ ƾǀƻƻƺƽƿ ƺǀƽ ơƺƹơlǀƾiƺƹƾ, ǂƣ ơƩƣơkƣƢ ƿƩaƿ ƺǀƽ ƸƣƿƩƺƢ iƸƻƽƺǁƣƾ bƺƿƩ ƿƩƣ
ƣfƧiơiƣƹƿ ƻaƽallƣliǅƣƢ ơƺƢƣƾ aƹƢ ƿƩƣ iƹƣfƧiơiƣƹƿ ƺƹƣƾ.

aƢi

aƢi-ƿilƣ

aƿaǃ

biơƨ

ơƩƺlƣƾkǄ

ơƩƺlƣƾkǄ-ƿilƣ

ơƺƽƽƣlaƿiƺƹ

ơƺǁaƽiaƹơƣ

Ƣƺiƿƨƣƹ

Ƣƺiƿƨƣƹ-ƿilƣ

ƤƢƿƢ-ᇴƢ

ƤƢƿƢ-ᇴƢ-ƿilƣ

1.04

1.17

2.93

2.64

1.88

1.04

2.14

2.39

3

8.14

1.59

1.1

0.8

1

2.87

2.31

1.08

1

1.77

1.24

3.67

2.43

1.11

0.76

0.99

0.99

1.57

1.69

1.01

1.01

1.06

1.03

2.75

1.36

1

1

fƷƺǄƢ-ǂaƽƾƩall

fƷƺǄƢ-ǂaƽƾƩall-ƿilƣ

ƨƣƸǁƣƽ

ƨƽaƸƾơƩƸiƢƿ

ƨƽaƸƾơƩƸiƢƿ-ƿilƣ

Ʃƣaƿ-ᇵƢ

Ʃƣaƿ-ᇵƢ-ƿilƣ

jaơƺbi-ᇳƢ

jaơƺbi-ᇳƢ-ƿilƣ

jaơƺbi-ᇴƢ

jaơƺbi-ᇴƢ-ƿilƣ

lǀ

3.23

1.14

2.6

1.18

1.14

1.59

1.16

2.12

1.11

1.28

1.58

1.28

3.39

1.26

2.34

0.92

0.8

1.18

1.11

2.27

1.12

1.05

0.82

1.07

1.58

0.98

1.38

0.99

1

1.03

1

2

1.01

0.99

0.99

1

laƽƨƣ ƸƣƢiǀƸ ƾƸall

lǀ-ƿilƣ

ƹǀƾƾiƹƺǁ

ƹǀƾƾiƹƺǁ-ƿilƣ

ƽƣƨ_Ƣƣƿƣơƿ

ƽƣƨ_Ƣƣƿƣơƿ-ƿilƣ

ƾƣiƢƣl-ᇴƢ

ƾƣiƢƣl-ᇴƢ-ƿilƣ

ƿƽiƾƺlǁ

ƿƽiƾƺlǁ-ƿilƣ

ƿƽƸƸ

0.99

1.44

1.05

1.56

1.1

1.15

1.03

3.36

1.44

1.96

1.02

0.95

0.76

1.64

1.04

0.93

0.97

2.17

1.35

1.64

1.03

1

1

0.97

1.01

1

1.01

1.7

1

1.02

Fiƨǀƽƣ ᇷ.ᇳ: SƻƣƣƢǀƻ Oǁƣƽ P؟utآ, PlaƿƤƺƽƸ ᇳ.
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Fiƨǀƽƣ ᇷ.ᇴ ƻƽƣƾƣƹƿƾ bƺƿƩ ƿƩƣ aơơƣlƣƽaƿiƺƹ ƺƤ ƿƩƣ Pآاب؟ ǁƣƽƾiƺƹ aƹƢ ƿƩƣ
ƺƹƣ ƺƤ ƺǀƽ ǁƣƽƾiƺƹ, ƺǁƣƽ ƿƩƣ ƾƣƼǀƣƹƿial ǁƣƽƾiƺƹ ƺƹ ƿƩƣ ƾƿaƹƢaƽƢ Ƣaƿaƾƣƿ. TƩƣ
ƨƣƺƸƣƿƽiơ Ƹƣaƹ ƺƤ ƺǀƽ ǁƣƽƾiƺƹ ƾƻƣƣƢǀƻ ƺǁƣƽ Pآاب؟, ǂƩƣƹ Pآاب؟ ƻƣƽƤƺƽƸƾ
ǂƺƽƾƣ ƿƩaƹ ᇳǃ iƾ ᇳ.ᇻᇷǃ, aƹƢ ǂƩƣƹ Pآاب؟ ƻƣƽƤƺƽƸƾ bƣƿƿƣƽ ƿƩaƹ ᇳǃ iƿ iƾ ᇳ.ᇲᇻǃ. Sƺ
ƺǀƽƸƣƿƩƺƢ iƸƻƽƺǁƣƾƸƺƽƣ ƿƩƣ ƻƺƺƽ ƻƣƽƤƺƽƸiƹƨ Pآاب؟ ơƺƢƣƾ, ǂƩiơƩ iƾ ƹƺƿ a
ƾǀƽƻƽiƾƣ: ƿƩƣ ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƺǁƣƽ ơƺƸƻǀƿaƿiƺƹ ƿiƸƣ ƽaƿiƺ iƾ ǀƾǀallǄ ƩiƨƩƣƽ
ƺƹ ƿƩƺƾƣ ơƺƢƣƾ. NƣǁƣƽƿƩƣlƣƾƾ, ǂƣ ơƩƣơkƣƢ ƿƩaƿ ƺǀƽƸƣƿƩƺƢ iƸƻƽƺǁƣƾ ƿƩƣ ƻƣƽ-
ƤƺƽƸaƹơƣ ƺƤ Ƹƺƾƿ ƺƤ ƿƩƣ Pآاب؟ ƻaƽallƣl ơƺƢƣƾ, ǂƩƣƿƩƣƽ Pآاب؟ ƻƣƽƤƺƽƸƾ ǂƣll
ƺƽ ƹƺƿ.

aƢi

aƢi-ƿilƣ
aƿaǃ
biơƨ

ơƩƺlƣƾkǄ

ơƩƺlƣƾkǄ-ƿilƣ

ơƺƽƽƣlaƿiƺƹ

ơƺǁaƽiaƹơƣ
Ƣƺiƿƨƣƹ

Ƣƺiƿƨƣƹ-ƿilƣ

ƤƢƿƢ-ᇴƢ

ƤƢƿƢ-ᇴƢ-ƿilƣ

5.15

3.16

0.46

0.69

1.9

2.15

6.36

9.88

3.84 · 10−2

1.18

2.18

1.4

4.12

3.17

1.31

1.6

2.05

2.15

11.28

12.28

0.14

2.87

2.43

1.07

fƷƺǄƢ-ǂaƽƾƩall

fƷƺǄƢ-ǂaƽƾƩall-ƿilƣ
ƨƣƸǁƣƽ

ƨƽaƸƾơƩƸiƢƿ

ƨƽaƸƾơƩƸiƢƿ-ƿilƣ

Ʃƣaƿ-ᇵƢ

Ʃƣaƿ-ᇵƢ-ƿilƣ

jaơƺbi-ᇳƢ

jaơƺbi-ᇳƢ-ƿilƣ

jaơƺbi-ᇴƢ

jaơƺbi-ᇴƢ-ƿilƣ

lǀ

0.19

2.01

0.65

3.43

3.76

2.52

0.66

4.21 · 10−2

0.34

1.99

0.87

5.12

0.65

2.52

1.52

3.16

3.01

2.96

0.72

9.55 · 10−2

0.37

2.1

0.71

5.46

ƽƣƢǀơƣƢ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ Pآاب؟

lǀ-ƿilƣ

ƹǀƾƾiƹƺǁ

ƹǀƾƾiƹƺǁ-ƿilƣ
ƽƣƨ_Ƣƣƿƣơƿ

ƽƣƨ_Ƣƣƿƣơƿ-ƿilƣ

ƾƣiƢƣl-ᇴƢ

ƾƣiƢƣl-ᇴƢ-ƿilƣ

ƿƽiƾƺlǁ

ƿƽiƾƺlǁ-ƿilƣ
ƿƽƸƸ

4.13

4.31

3.85

0.39

1.19

5.64

2.63

0.16

2.45

8.7

4.23

4.08

2.92

0.64

1.24

5.24

2.56

0.34

3.31

14.23

Fiƨǀƽƣ ᇷ.ᇴ: SƻƣƣƢǀƻ Oǁƣƽ TƩƣ SƣƼǀƣƹƿial Vƣƽƾiƺƹ (PlaƿƤƺƽƸ ᇳ, MƣƢiǀƸ).

Wƣ alƾƺ ƽaƹ ƿƩƺƾƣ bƣƹơƩƸaƽkƾ ƺƹ ᇶᇲ ƿƩƽƣaƢƾ iƹ ƿƩƣ ƾƣơƺƹƢ ơƺƹƧiƨǀƽa-
ƿiƺƹ (ᇴǃ ᇳᇲ-ơƺƽƣƾ ƩǄƻƣƽƿƩƽƣaƢƣƢ), ƿƺ ƨƣƿ ƿƩƣ ƽƣƾǀlƿƾ ƻƽƣƾƣƹƿƣƢ iƹ Fiƨ. ᇷ.ᇵ. TƩƣ
ƨƣƺƸƣƿƽiơƸƣaƹ ƺƤ ƿƩƺƾƣ aơơƣlƣƽaƿiƺƹƾ iƾ ᇳ.ᇷᇴǃ ƺƹ ƿƩƣ laƽƨƣ Ƣaƿaƾƣƿ, aƹƢ ᇳ.ᇵᇻǃ
ƺƹ ƿƩƣ ƣǃƿƽalaƽƨƣ Ƣaƿaƾƣƿ.

FiƹallǄ, ǂƣ ƽaƹ ƿƩƣ bƣƹơƩƸaƽkƾ ƺƹ ƿƩƣ ᇴᇲ ƿƩƽƣaƢƾ ƿƩiƽƢ ơƺƹƧiƨǀƽaƿiƺƹ, ǀƾ-
iƹƨ ƿƩƣ iơơ ơƺƸƻilƣƽ aƹƢ ƿƩƣ Iƹƿƣl OƻƣƹMP ƽǀƹƿiƸƣ. EaơƩ bƣƹơƩƸaƽk aơơƣl-
ƣƽaƿiƺƹ ƺƤ ƺǀƽ ǁƣƽƾiƺƹ ƺǁƣƽ ƿƩƣ Pآاب؟ ǁƣƽƾiƺƹ iƾ ƨiǁƣƹ iƹ Fiƨ. ᇷ.ᇶ Ƥƺƽ ƿƩƣ laƽƨƣ
aƹƢ ƣǃƿƽalaƽƨƣ Ƣaƿaƾƣƿƾ. SƺƸƣ bƣƹơƩƸaƽkƾ, ƸaƽkƣƢ ǂiƿƩ *, aƽƣ ƹƺƿ ƽƣƻƺƽƿƣƢ



ᇺᇵ ᇷ.ᇸ. Cءآ؜ئب؟ؖءآ

aƢi

aƢi-ƿilƣ
aƿaǃ
biơƨ

ơƩƺlƣƾkǄ

ơƩƺlƣƾkǄ-ƿilƣ

ơƺƽƽƣlaƿiƺƹ

ơƺǁaƽiaƹơƣ
Ƣƺiƿƨƣƹ

Ƣƺiƿƨƣƹ-ƿilƣ

ƤƢƿƢ-ᇴƢ

ƤƢƿƢ-ᇴƢ-ƿilƣ

1

1

3.52

2.61

1.2

0.99

1.94

1.51

3.1

2.06

1.11

0.98

0.95

0.93

2.69

2.6

1.03

1.01

1.14

1.07

3.33

1.61

1.26

0.99

fƷƺǄƢ-ǂaƽƾƩall

fƷƺǄƢ-ǂaƽƾƩall-ƿilƣ
ƨƣƸǁƣƽ

ƨƽaƸƾơƩƸiƢƿ

ƨƽaƸƾơƩƸiƢƿ-ƿilƣ

Ʃƣaƿ-ᇵƢ

Ʃƣaƿ-ᇵƢ-ƿilƣ

jaơƺbi-ᇳƢ

jaơƺbi-ᇳƢ-ƿilƣ

jaơƺbi-ᇴƢ

jaơƺbi-ᇴƢ-ƿilƣ

lǀ

4.59

1.51

2.52

1.03

1.1

1.05

1

2.67

2.17

1.11

1.06

1.07

3.93

1.12

2.22

1.04

1.07

1

0.99

2.76

2.01

1.13

1.01

0.95

ƣǃƿƽalaƽƨƣ laƽƨƣ

lǀ-ƿilƣ

ƹǀƾƾiƹƺǁ

ƹǀƾƾiƹƺǁ-ƿilƣ
ƽƣƨ_Ƣƣƿƣơƿ

ƽƣƨ_Ƣƣƿƣơƿ-ƿilƣ

ƾƣiƢƣl-ᇴƢ

ƾƣiƢƣl-ᇴƢ-ƿilƣ

ƿƽiƾƺlǁ

ƿƽiƾƺlǁ-ƿilƣ
ƿƽƸƸ

0.98

1.67

0.91

3.52

1.3

1.05

1

2.54

1.72

1.45

1

1.2

1

3.92

1.3

0.97

1

2.28

1.37

1.1

Fiƨǀƽƣ ᇷ.ᇵ: SƻƣƣƢǀƻ Oǁƣƽ P؟utآ, PlaƿƤƺƽƸ ᇴ.

ƾiƹơƣ ƿƩƣƽƣ iƾ a ƹǀƸƣƽiơal Ƣiǁƣƽƨƣƹơƣ bƣƿǂƣƣƹ ƿƩƣ ƢifƤƣƽƣƹƿ ǁƣƽƾiƺƹƾ, ƻƽƺb-
ablǄ Ƣǀƣ ƿƺ ƿƩƣ iơơ ǁƣơƿƺƽiǅƣƽ: ƿƩƣ ǁƣơƿƺƽ fƷƺaƿiƹƨ ƻƺiƹƿ ǀƹiƿ Ƣƺƣƾ ƹƺƿ Ʃaǁƣ ƿƩƣ
ƾaƸƣ ƻƽƣơiƾiƺƹ aƾ ƿƩƣ Ƹaiƹ ƺƹƣ. TƩƣ aǁƣƽaƨƣ aơơƣlƣƽaƿiƺƹ ƺƤ ƺǀƽ ǁƣƽƾiƺƹ iƾ
ƽƣƾƻƣơƿiǁƣlǄ ᇳ.ᇳᇶǃ aƹƢ ᇳ.ᇳᇳǃ Ƥƺƽ ƿƩƣ laƽƨƣ aƹƢ ƣǃƿƽalaƽƨƣ Ƣaƿaƾƣƿƾ. TƩƣ ƺǁƣƽall
aơơƣlƣƽaƿiƺƹ iƾ a biƿ lƺǂƣƽ ƿƩaƹ ƿƩƣ ƻƽƣǁiƺǀƾ ƺƹƣƾ, Ƹƺƾƿ ƻƽƺbablǄ Ƣǀƣ ƿƺ ƿƩƣ
Ƹƺƽƣ ƣfƧiơiƣƹƿ OƻƣƹMP ƽǀƹƿiƸƣ. Bǀƿ ƿƩƺƾƣ ƸƣaƾǀƽƣƸƣƹƿƾ aƽƣ lƣƾƾ ƽƣliablƣ,
aƾ ƾaiƢ bƣƤƺƽƣ, ƾiƹơƣ ƿƩƣ ǁaƽiaƹơƣ iƹ ƿiƸƣ ƸƣaƾǀƽƣƸƣƹƿƾ ƺƤƿƣƹ ƣǃơƣƣƢƾ ƿƩƣ
PƺlǄBƣƹơƩ ƢƣƤaǀlƿ liƸiƿ (ᇷ%).

ᇷ.ᇸ Cƺƹơlǀƾiƺƹ
Iƹ ƿƩiƾ ơƩaƻƿƣƽ, ǂƣ ƣǃƻlaiƹƣƢ Ʃƺǂ ƿƺ ƨƣƹƣƽaƿƣ ǂiƢƣ ƷƞƹƞƳƳƢƳ ƹƢƧƩƶƵƺ ƽaƿƩƣƽ
ƿƩaƹ ƾƣƻaƽaƿƣ ƷƞƹƞƳƳƢƳ ƳƶƶƷƺ. Oǀƽ aƻƻƽƺaơƩ bƽiƹƨƾ ƸaƹǄ aƢǁaƹƿaƨƣƾ ƿƺ Ƹƺƾƿ
ƩiƨƩ-lƣǁƣl ƺƻƿiƸiǅiƹƨ ơƺƸƻilƣƽƾ ƿƩaƿ ƾƺlƣlǄ ƽƣlǄ ƺƹ ƻaƽallƣl for ơƺƹƾƿƽǀơƿƾ.
Fiƽƾƿ, ƿƩƣ ƺǁƣƽƩƣaƢ ƺƤ ơƺƸƻǀƿaƿiƺƹ ƿƩƽƣaƢƾ ƾƿaƽƿ/ƾƿƺƻ iƾ ƸiƹiƸiǅƣƢ. SƣơƺƹƢ,
iƿ allƺǂƾ ƿƺ ƽƣƸƺǁƣ ǀƹƹƣơƣƾƾaƽǄ aƹƢ ơƺƾƿlǄ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ. LaƾƿlǄ, iƿ ƸaǄ
iƹơƽƣaƾƣ Ƣaƿa lƺơaliƿǄ bƣƿǂƣƣƹ lƺƺƻƾ aƿ ƿƩƽƣaƢ lƣǁƣl. OǀƽƸƣƿƩƺƢ iƾ ƹƺƿ ơƺƸ-
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aƢi

aƢi-ƿilƣ
aƿaǃ
biơƨ

ơƩƺlƣƾkǄ*

ơƩƺlƣƾkǄ-ƿilƣ*

ơƺƽƽƣlaƿiƺƹ

ơƺǁaƽiaƹơƣ*
Ƣƺiƿƨƣƹ

Ƣƺiƿƨƣƹ-ƿilƣ

ƤƢƿƢ-ᇴƢ

ƤƢƿƢ-ᇴƢ-ƿilƣ

1

1.01

1.35

1.44

0

0

1.14

0

1.53

1.59

0.92

0.96

0.93

1.01

1.3

1.37

0

0

1.05

0

1.65

1.38

1.15

0.98

fƷƺǄƢ-ǂaƽƾƩall

fƷƺǄƢ-ǂaƽƾƩall-ƿilƣ

ƨƣƸǁƣƽ*

ƨƽaƸƾơƩƸiƢƿ*

ƨƽaƸƾơƩƸiƢƿ-ƿilƣ*

Ʃƣaƿ-ᇵƢ

Ʃƣaƿ-ᇵƢ-ƿilƣ

jaơƺbi-ᇳƢ

jaơƺbi-ᇳƢ-ƿilƣ

jaơƺbi-ᇴƢ

jaơƺbi-ᇴƢ-ƿilƣ

lǀ

1.62

1.1

1.33

0

0

1.23

0.99

1.23

1.31

1.02

1.02

0.98

1.32

1.01

0

0

0

1.04

0.99

1.21

1.12

1.07

1.03

0.97

ƣǃƿƽa laƽƨƣ laƽƨƣ

lǀ-ƿilƣ

ƹǀƾƾiƹƺǁ

ƹǀƾƾiƹƺǁ-ƿilƣ
ƽƣƨ_Ƣƣƿƣơƿ

ƽƣƨ_Ƣƣƿƣơƿ-ƿilƣ

ƾƣiƢƣl-ᇴƢ*

ƾƣiƢƣl-ᇴƢ-ƿilƣ*

ƿƽiƾƺlǁ

ƿƽiƾƺlǁ-ƿilƣ
ƿƽƸƸ

1.01

1.02

0.99

1.07

1

0

0

1.34

1.08

1.03

1.02

1.03

1

1.09

1

0

0

1.33

1.01

1.02

Fiƨǀƽƣ ᇷ.ᇶ: SƻƣƣƢǀƻ Oǁƣƽ P؟utآ, PlaƿƤƺƽƸ ᇵ.

ƻƣƿiƹƨ bǀƿ iƾ ƠƶƴƷƳƢƴƢƵƻƞƹǀ ƿƺ ƣǃiƾƿiƹƨ ƻaƽallƣliǅaƿiƺƹ ƤƽaƸƣǂƺƽkƾ: iƿƾ iƹƻǀƿ
iƾ aƹ alƽƣaƢǄ ƺƻƿiƸiǅƣƢ ơƺƢƣ aƹƢ iƿƾ ƺǀƿƻǀƿ iƾ aƹ ƣǁƣƹ Ƹƺƽƣ ƣfƧiơiƣƹƿ ƺƻƿiƸ-
iǅaƿiƺƹ. Iƿ ƣǃƻlƺiƿƾ ƿƩƣ ƻƺlǄƩƣƢƽal ƽƣƻƽƣƾƣƹƿaƿiƺƹ ƺƤ ƻƽƺƨƽaƸƾ aƹƢ a baƽƽiƣƽ
liƤƿiƹƨ ƻƩaƾƣ ƿƺ Ƥaơƿƺƽiǅƣ ƻaƽallƣl lƺƺƻƾ iƹƿƺ ǂiƢƣƽ aƹƢ Ƣƣƣƻƣƽ lƺƺƻ ƽƣƨiƺƹƾ
ǂƩƣƽƣ ƾǀƻƣƽfƷǀƺǀƾ ƾǄƹơƩƽƺƹiǅaƿiƺƹ baƽƽiƣƽƾ Ʃaǁƣ bƣƣƹ ƽƣƸƺǁƣƢ. Wƣ ơƺƹ-
ƢǀơƿƣƢ a ǂiƢƣ ƣǃƻƣƽiƸƣƹƿal ƾƿǀƢǄ ƾƩƺǂiƹƨ ƿƩaƿ ƺǀƽ aƻƻƽƺaơƩ iƾ ƹƣaƽlǄ al-
ǂaǄƾ bƣƹƣƧiơial aƹƢ bƽiƹƨƾ a ƾiƨƹiƧiơaƹƿ ƨaiƹ ƺǁƣƽ ƿƩƣ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ Pآاب؟
ơƺƸƻilƣƽ, ƤƽƺƸ ᇳ.ᇳᇶ ƿƺ ᇳ.ᇸᇵ ƾƻƣƣƢǀƻ iƹ aǁƣƽaƨƣ, ƢƣƻƣƹƢiƹƨ ƺƹ ƿƩƣ Ƣaƿaƾƣƿ ƾiǅƣ.
HiƨƩ-lƣǁƣl ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽƾ ƾƩƺǀlƢ ƹƺǂ alǂaǄƾ ƿaƽƨƣƿ ƻaƽallƣl ƽƣƨiƺƹƾ
ƽaƿƩƣƽ ƿƩaƹ ơƺllƣơƿiƺƹƾ ƺƤ iƹƢƣƻƣƹƢƣƹƿ ƻaƽallƣl lƺƺƻƾ.



ᇺᇷ

CƩaƻƿƣƽ ᇸ

Eǃƻlƺiƿiƹƨ PiƻƣliƹƣƢ
MǀlƿiƿƩƽƣaƢiƹƨ

ᇸ.ᇳ IƹƿƽƺƢǀơƿiƺƹ

Piƻƣliƹƣƾ aƽƣ ƣƾƾƣƹƿial ơƺƹƾƿƽǀơƿiƺƹƾ Ƥƺƽ ƣǃƻlƺiƿiƹƨ ƻaƽallƣliƾƸ aƿ aƹǄ lƣǁƣl,
ƤƽƺƸ ƻƽƺơƣƾƾƺƽ ƩaƽƢǂaƽƣ ƿƺ ƩiƨƩ-lƣǁƣl ƾƺƤƿǂaƽƣ. TƩiƾ ơƩaƻƿƣƽ ƣǃƻlaiƹƾ Ʃƺǂ
ǂƣ ơaƹ aǀƿƺƸaƿiơallǄ ƨƣƹƣƽaƿƣ a ƻiƻƣliƹƣƢ ƻaƽallƣl ơƺƢƣ iƹ a ƸǀlƿiƩƿƽƣaƢiƹƨ
ƣƹǁiƽƺƹƸƣƹƿ ƾǀơƩ aƾ OƻƣƹMP.

TƩƣƽƣ Ʃaƾ bƣƣƹ ƣǃƿƣƹƾiǁƣ ƽƣƾƣaƽơƩ ƺƹ ƻiƻƣliƹƣƾƸaiƹlǄ Ƥƺơǀƾiƹƨ ƺƹ ƩaƽƢ-
ǂaƽƣ ƨƣƹƣƽaƿiƺƹ, lƺǂ lƣǁƣl iƸƻlƣƸƣƹƿaƿiƺƹ [ᇺᇲ, ᇻᇲ] ƺƽ VHDL ƨƣƹƣƽaƿiƺƹ [ᇴᇻ,
ᇶ, ᇹᇳ, ᇳᇳᇶ] Ƥƺƽ iƹƾƿaƹơƣ, ƿƺ ƿaƽƨƣƿ ƧiƣlƢ-ƻƽƺƨƽaƸƸablƣ Ƣƣǁiơƣƾ. IƹƸƺƾƿ ƺƤ ƿƩƣƾƣ
ǂƺƽkƾ ƿƩƣ iƹƻǀƿ ƻƽƺƨƽaƸƾ aƽƣ alƽƣaƢǄ iƹ ƻiƻƣliƹƣƢ ƿaƾkƾ ƤƺƽƸaƿ, aƹƢ ƿƩƣiƽ
ƺbjƣơƿiǁƣ iƾ ƿƺ Ƹaƻ ƿƩƣ ƿaƾkƾ ƣfƧiơiƣƹƿlǄ ƺƹ ƿƩƣ aǁailablƣ ƩaƽƢǂaƽƣ. TƩƣ ƿǂƺ
Ƹaiƹ aƢƢƽƣƾƾƣƢ ƢifƧiơǀlƿiƣƾ aƽƣ ƿƺ ơƩaƽaơƿƣƽiǅƣ ƾƿƽƣaƸ ƿǄƻƣƾ aƹƢ ƾƿƽƣaƸ ƾiǅƣƾ
bƣƿǂƣƣƹ ƿaƾkƾ aƹƢ ƿƺ allƺơaƿƣ ƿƩƣ ƾƿƽƣaƸƾ aƹƢ ƿƩƣ ƿaƾkƾ ƺƹ ƿƩƣ ƧiǃƣƢ-ƾiǅƣ
ƩaƽƢǂaƽƣ.

Hƺǂƣǁƣƽ, aǀƿƺƸaƿiơallǄ ƣǃƿƽaơƿiƹƨ ƿaƾkƾ aƸƣƹablƣ ƿƺ a ƻiƻƣliƹƣ ƣǃƣơǀ-
ƿiƺƹ ƤƽƺƸ ƨƣƹƣƽal ƾƣƼǀƣƹƿial ƻƽƺƨƽaƸƾ aƹƢ iƸƻlƣƸƣƹƿiƹƨ ƿƩƣ ƻiƻƣliƹƣ iƿƾƣlƤ
ƽƣƸaiƹƾ a ơƩallƣƹƨƣ.

Wƣ aƢƢƽƣƾƾ ƿƩƣ aǀƿƺƸaƿiơ ƨƣƹƣƽaƿiƺƹ ƺƤ ƩiƨƩ-lƣǁƣl ƻiƻƣliƹƣƢ ƸǀlƿiƿƩ-
ƽƣaƢiƹƨ ơƺƢƣƾ. TƩƣ ƿǂƺ Ƹaiƹ iƾƾǀƣƾ ƿƩaƿ ǂƣ aƢƢƽƣƾƾ aƽƣ:



Cإؘاأؔ؛ ᇸ. Eؚء؜ا؜آ؟أث Pؘؗء؜؟ؘأ؜ Mؚء؜ؘؗؔإ؛ا؜ا؟ب ᇺᇸ

ᇳ. Ʃƺǂ ƿƺ aǀƿƺƸaƿiơallǄ iƢƣƹƿiƤǄ ƻiƻƣliƹƣƾ ǂiƿƩiƹ a ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽ

ᇴ. Ʃƺǂ ƿƺ ƨƣƹƣƽaƿƣ ƻiƻƣliƹƣƢ ơƺƢƣ ǀƾiƹƨ ƿƩƣ OƻƣƹMP ƩiƨƩ lƣǁƣl Ƹǀlƿi-
ƿƩƽƣaƢiƹƨ API

TƩƣ ơƺƹơƣƻƿ ƺƤ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ iƾ iƹƿƽƺƢǀơƣƢ iƹ Sƣơƿiƺƹ ᇸ.ᇴ ƺƹ
a ƾƩƺƽƿ ƣǃaƸƻlƣ. Sƣơƿiƺƹ ᇸ.ᇵ Ƣƣƾơƽibƣƾ ƿƩƣ ƸƣƿƩƺƢ Ƥƺƽ ƻiƻƣliƹƣƢ ơƺƢƣ ƨƣƹƣƽ-
aƿiƺƹ iƹ a ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽ ǂƩilƣ Sƣơƿiƺƹ ᇸ.ᇶ ƽƣƧiƹƣƾ ƿƩƣ ƿƣơƩƹiƼǀƣ ǂiƿƩ
ƣǃƻliơiƿ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ. EǃƻƣƽiƸƣƹƿal ƽƣƾǀlƿƾ aƽƣ ƨiǁƣƹ iƹ Sƣơƿiƺƹ ᇸ.ᇷ. Fǀ-
ƿǀƽƣ ǂƺƽk iƾ ƢiƾơǀƾƾƣƢ iƹ Sƣơƿiƺƹ ᇸ.ᇸ aƹƢ Sƣơƿiƺƹ ᇸ.ᇹ ơƺƹơlǀƢƣƾ ƿƩiƾ ơƩaƻƿƣƽ.

ᇸ.ᇴ Mƺƿiǁaƿiƺƹ

Liƾƿiƹƨ ᇸ.ᇳ ƾƩƺǂƾ aƹ ƣǃaƸƻlƣ ƺƤ aƹ ƺbǁiƺǀƾlǄ ƻiƻƣliƹƣablƣ— Ǆƣƿ iƨƹƺƽƣƢ bǄ
ơǀƽƽƣƹƿ ƻƺlǄƩƣƢƽal ƺƻƿiƸiǅƣƽƾ—SCƺP. TƩiƾ ƻƽƺƨƽaƸ iƾ a ƾǀơơƣƾƾiƺƹ ƺƤ lƺƺƻƾ
ǂiƿƩ lƺƺƻ-ơaƽƽiƣƢ ƢƣƻƣƹƢƣƹơiƣƾ. Hƣƹơƣ, aƹ aǀƿƺƸaƿiơ ƻƺlǄƩƣƢƽal ƻaƽallƣl-
iǅƣƽ ǂill lƣaǁƣ ƿƩiƾ ơƺƢƣ ǀƹƿƺǀơƩƣƢ bƣơaǀƾƣ ƹƺ ƷƞƹƞƳƳƢƳ lƺƺƻ ơaƹ bƣ iƢƣƹ-
ƿiƧiƣƢ aƾ ƣǃƩibiƿƣƢ bǄ ƿƩƣ ƽƣƢ aƽƽƺǂƾ iƹ ƿƩƣ ǁiƾǀal ƽƣƻƽƣƾƣƹƿaƿiƺƹ ƺƤ ƿƩƣ Ƣƣ-
ƻƣƹƢƣƹơiƣƾ iƹ Fiƨǀƽƣ ᇸ.ᇳ. Hƺǂƣǁƣƽ, iƿ ơaƹ alƾƺ bƣ ƺbƾƣƽǁƣƢ ƿƩaƿ ƢƣƻƣƹƢƣƹơiƣƾ
bƣƿǂƣƣƹ lƺƺƻƾ Ƣƺ ƹƺƿ ƽƣƼǀiƽƣ a ƨiǁƣƹ lƺƺƻ ƿƺ bƣ ơƺƸƻlƣƿƣlǄ ƣǃƣơǀƿƣƢ bƣƤƺƽƣ
aƹƺƿƩƣƽ lƺƺƻ ơaƹ ƾƿaƽƿ. TƩiƾ iƾ ǂƩƣƽƣ ƻiƻƣliƹƣƢ ƻaƽallƣliƾƸ ơaƹ bƣ ƣǃƿƽaơƿƣƢ:
ƿƩƣ ƽƣƢ aƹƢ ƨƽƣƣƹ aƽƽƺǂƾ iƹ ƿƩƣ ƢƣƻƣƹƢƣƹơǄ ƨƽaƻƩ ƾƩƺǂ ƿƩaƿ aƹ iƿƣƽaƿiƺƹ ƺƤ
a ƨiǁƣƹ lƺƺƻ ƺƹlǄ Ʃaƾ ƿǂƺ Ƣiƽƣơƿ ƻƽƣƢƣơƣƾƾƺƽƾ: ƿƩƣ ƻƽƣơƣƢiƹƨ iƿƣƽaƿiƺƹǂiƿƩiƹ
ƿƩƣ lƺƺƻ aƹƢ ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹ iƹ ƿƩƣ ƻƽƣơƣƢiƹƨ lƺƺƻ. Oǀƽ ƨƺal iƾ ƿƺ
ƿƽaƹƾƤƺƽƸ Liƾƿiƹƨ ᇸ.ᇳ iƹƿƺ Liƾƿiƹƨ ᇸ.ᇴ ƿƺ ƿakƣ aƢǁaƹƿaƨƣ ƺƤ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩ-
ƽƣaƢiƹƨ ǂiƿƩ OƻƣƹMPǂiƿƩƺǀƿ ǁiƺlaƿiƹƨ ƿƩƣ ƣǃƣơǀƿiƺƹ ƺƽƢƣƽ iƸƻƺƾƣƢ bǄ ƿƩƣ
ƢƣƻƣƹƢƣƹơiƣƾ.

RƺǀƨƩlǄ, ƿƩƣ Ƥƺllƺǂiƹƨ ƾƿƣƻƾ ơaƹ ƿƽaƹƾƤƺƽƸ ƿƩƣ ƺƽiƨiƹal ơƺƢƣ ƤƽƺƸ Liƾƿ-
iƹƨ ᇸ.ᇳ iƹƿƺ ƿƩƣ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢƣƢ ƻaƽallƣl ơƺƢƣ ƤƽƺƸ Liƾƿiƹƨ ᇸ.ᇴ. Fiƽƾƿ,
a ƿƽaƢiƿiƺƹal ƻƺlǄƩƣƢƽal ƾơƩƣƢǀliƹƨ iƾ aƻƻliƣƢ—Ƥƺƽ ƣǃaƸƻlƣ, ǀƾiƹƨ ƿƩƣ ƩiƨƩ-
lƣǁƣl ơƺƸƻilƣƽ Pآاب؟. TƩƣƹ, ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿƾ aƽƣ iƢƣƹƿiƧiƣƢ
iƹ ƿƩƣ fƷƺǂ ƨƽaƻƩ ƿƩaƹkƾ ƿƺ ƿƩƣ ƻƽƣơiƾiƺƹ ƺƤ ƿƩƣ ƻƺlǄƩƣƢƽal ƢƣƻƣƹƢƣƹơƣ aƹa-
lǄƾiƾ aƹƢ ơaƹ bƣ ǀƾƣƢ ƿƺ Ƣƣƿƣơƿ ƻƺƿƣƹƿial ƻiƻƣliƹƣƾ. TƩƣ ơƺƽƽƣƾƻƺƹƢiƹƨ ơƺƢƣ
ơaƹ bƣ ƨƣƹƣƽaƿƣƢ bǄ ƣƹơlƺƾiƹƨ ƿƩƣ ƻiƻƣliƹƣ ƾƿaƨƣƾ iƹ a ƻaƽallƣl ƽƣƨiƺƹ aƹƢ
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ᇳ for (int i = 1; i < N; ++i)
ᇴ S1: A[i] = f(A[i], A[i-1]);
ᇵ for (int i = 1; i < N; ++i)
ᇶ S2: B[i] = f(A[i], B[i-1]);
ᇷ /* ... */
ᇸ for (int i = 1; i < N; ++i)
ᇹ S6: F[i] = f(E[i], F[i-1]);

Liƾƿiƹƨ ᇸ.ᇳ –OƽiƨiƹalPiƻƣliƹƣablƣEǃaƸƻlƣ. Lƺƺƻ-ơaƽƽiƣƢƢƣƻƣƹƢƣƹơƣƾ ƻƽƣ-
ǁƣƹƿ ƻƺlǄƩƣƢƽal aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽƾ ƤƽƺƸ iƢƣƹƿiƤǄiƹƨ ƻaƽallƣliƾƸ.

Sᇳ Sᇴ Sᇵ Sᇶ Sᇷ Sᇸ

Fiƨǀƽƣ ᇸ.ᇳ –ViƾǀalRƣƻƽƣƾƣƹƿaƿiƺƹOƤTƩƣDƣƻƣƹƢƣƹơǄGƽaƻƩFƺƽTƩƣCƺƢƣ
FƽƺƸ Liƾƿiƹƨ ᇸ.ᇳ. RƣƢ aƽƽƺǂƾ ƽƣƻƽƣƾƣƹƿ lƺƺƻ ơaƽƽiƣƢ ƢƣƻƣƹƢƣƹơiƣƾ. TƩƣƾƣ
ƢƣƻƣƹƢƣƹơiƣƾ ƻƽƣǁƣƹƿ a ƻƺlǄƩƣƢƽal ƺƻƿiƸiǅƣƽ ƤƽƺƸ iƢƣƹƿiƤǄiƹƨ aƹǄ lƺƺƻ aƾ
ƻaƽallƣl. Gƽƣƣƹ aƽƽƺǂƾ ƾǄƸbƺliǅƣ ƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ lƺƺƻƾ.

ǀƾiƹƨ ƿƩƣ OƻƣƹMP ơlaǀƾƣƾ ordered aƹƢ nowait ƿƺ allƺǂ ƻiƻƣliƹƣƢ ƣǃƣơǀ-
ƿiƺƹ ǂƩilƣ ƻƽƣƾƣƽǁiƹƨ ƿƩƣ ƽƣƼǀiƽƣƢ ƺƽƢƣƽ. Lƺƺƻ bƺƢiƣƾ Ƹǀƾƿ bƣ ƣƹơlƺƾƣƢ iƹ a
ordered ơƺƹƾƿƽǀơƿ: iƿ iƾ ƹƣơƣƾƾaƽǄ ƿƺ ƾƻƣơiƤǄ ǂƩaƿ ƻaƽƿ (ƿƩƣ ǂƩƺlƣ lƺƺƻ bƺƢǄ
iƹ ƺǀƽ ơaƾƣ) ƺƤ a ordered lƺƺƻ iƾ ƹƺƿ ƻaƽallƣl.

Uƾiƹƨ ƿƩiƾƸƣƿƩƺƢ ƺƹ ƿƩƣ ƺƽiƨiƹal ơƺƢƣ ƻƽƺƢǀơƣƾ ƿƩƣ ơƺƢƣ ƾƩƺǂƹ iƹ Liƾƿ-
iƹƨ ᇸ.ᇴ. Fƺƽ ƣaơƩ lƺƺƻ, ƣaơƩ ƿƩƽƣaƢ ǂill ƣǃƣơǀƿƣ a blƺơk ƺƤ ƾǀơơƣƾƾiǁƣ iƿƣƽa-
ƿiƺƹƾ. TƩƣ static ƾơƩƣƢǀliƹƨ ƻƺliơǄ (ƹƺƿ ƾƩƺǂƹ iƹ ƿƩƣ ơƺƢƣ ƣǃơƣƽƻƿ) ƣƹƾǀƽƣƾ
ƿƩaƿ ƣaơƩ ƿƩƽƣaƢ ǂill alǂaǄƾ bƣ aƾƾiƨƹƣƢ ƿƩƣ ƾaƸƣ ƽaƹƨƣ ƺƤ iƿƣƽaƿiƺƹƾ. Fƺƽ iƹ-
ƾƿaƹơƣ, ƿƩƣ Ƨiƽƾƿ ƿƩƽƣaƢ ǂill bƣ aƾƾiƨƹƣƢ iƿƣƽaƿiƺƹƾ ᇳ ƿƺ N/ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ
Ƥƺƽ ƣaơƩ lƺƺƻᇺ ᇺ Nƺƿƣ ƿƩaƿ ƿƩƣ aơƿǀal

ƽaƹƨƣ iƾ ǀƹƾƻƣơiƧiƣƢ,
ǂƩaƿ Ƹaƿƿƣƽƾ iƾ ƿƩaƿ
ƿƩiƾ ƽaƹƨƣ ǂill bƣ ƿƩƣ
ƾaƸƣ Ƥƺƽ all lƺƺƻƾ

. TƩƣ nowait ơlaǀƾƣ ƾƻƣơiƧiƣƾ ƿƩaƿ a ƿƩƽƣaƢ ơaƹ ƻƽƺơƣƣƢ ƽiƨƩƿ
aǂaǄǂiƿƩ ƿƩƣƹƣǃƿ lƺƺƻǂƩilƣ ƿƩƣordered ơlaǀƾƣ ƣƹƾǀƽƣƾ ƿƩaƿ iƿƣƽaƿiƺƹblƺơkƾ
ǂiƿƩiƹ a lƺƺƻ aƽƣ ƣǃƣơǀƿƣƢ iƹ ƿƩƣ ơƺƽƽƣơƿ ƺƽƢƣƽ. Fiƨǀƽƣ ᇸ.ᇴ ƤǀƽƿƩƣƽ ƾƩƺǂƾ ƿƩƣ
ƣǃƣơǀƿiƺƹ fƷƺǂƾ Ƥƺƽ Liƾƿiƹƨ ᇸ.ᇳ aƹƢ Liƾƿiƹƨ ᇸ.ᇴ: ƿƩƣ ƾƣƼǀƣƹƿial ơƺƢƣ ǂill ơƺƸ-
ƻlƣƿƣlǄ ƣǃƣơǀƿƣ a ƨiǁƣƹ lƺƺƻ (Ƥƺllƺǂiƹƨ ƿƩƣ ƽƣƢ aƽƽƺǂƾ) bƣƤƺƽƣ ƣƹƿƣƽiƹƨ ƿƩƣ
ƹƣǃƿ lƺƺƻ (ƻƽƺƨƽƣƾƾiƹƨ ƤƽƺƸ ƺƹƣ liƹƣ ƿƺ ƿƩƣ ƺƿƩƣƽ). Iƹ ƿƩƣ ƻaƽallƣl ơƺƢƣ, ƣaơƩ
ƿƩƽƣaƢǂill bƣ aƾƾiƨƹƣƢ a ơƺlǀƸƹ aƹƢǂill Ƥƺllƺǂ ƿƩƣ ƨƽƣƣƹ aƽƽƺǂƾ. Iƹ ƿƩƣ ƻaƽ-
allƣl ƣǃƣơǀƿiƺƹ, ƿƩƣ ƽƣƢ aƽƽƺǂƾ ƽƣƻƽƣƾƣƹƿ ƿƩƣ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ ƿƩaƿ ƣƹƤƺƽơƣ
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ᇳ #pragma omp parallel
ᇴ {
ᇵ #pragma omp for ordered nowait
ᇶ for (int i = 1; i < N; ++i)
ᇷ #pragma omp ordered
ᇸ S1: A[i] = f(A[i], A[i-1]);
ᇹ #pragma omp for ordered nowait
ᇺ for (int i = 1; i < N; ++i)
ᇻ #pragma omp ordered
ᇳᇲ S2: B[i] = f(A[i], B[i-1]);
ᇳᇳ /* ... */
ᇳᇴ #pragma omp for ordered nowait
ᇳᇵ for (int i = 1; i < N; ++i)
ᇳᇶ #pragma omp ordered
ᇳᇷ S6: F[i] = f(E[i], F[i-1]);
ᇳᇸ }

Liƾƿiƹƨ ᇸ.ᇴ – PiƻƣliƹƣƢ OƻƣƹMP Taƽƨƣƿ PƽƺƨƽaƸ. TƩƣ ǀƾƣ ƺƤ ordered ƣƹ-
ƾǀƽƣƾ ơƺƽƽƣơƿ iƿƣƽaƿiƺƹƾ ƺƽƢƣƽiƹƨ ǂiƿƩiƹ a lƺƺƻ ǂƩilƣ nowait allƺǂƾ ƣaƽlǄ
ƣƹƿƽǄ iƹƿƺ ƿƩƣ Ƥƺllƺǂiƹƨ lƺƺƻ.

ƽƣlaƿiǁƣ ƺƽƢƣƽiƹƨ ƺƤ ƿƩƣ iƿƣƽaƿiƺƹƾ ƺƤ a ƨiǁƣƹ lƺƺƻ. TƩƣ ƹǀƸbƣƽ ƺƤ ơƺlǀƸƹƾ iƾ
lƺǂƣƽ ƺƽ ƣƼǀal ƿƺ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ.

TƩiƾ ƻƽƺơƣƾƾ ƣƹablƣƾ ƿƩƣ ƻaƽallƣliǅaƿiƺƹ ƺƤ a ơƺƢƣ ǂƩiơƩ ǂƺǀlƢ ƽƣƸaiƹ
ƾƣƼǀƣƹƿial ǂiƿƩ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ ƻƺlǄƩƣƢƽal aǀƿƺƸaƿiơ ƻaƽallƣliǅaƿiƺƹ ƿƣơƩ-
ƹiƼǀƣƾ. Nƣǃƿ ƾƣơƿiƺƹ Ƣƣƿailƾ ƿƩiƾ ƸƣƿƩƺƢ.

ᇸ.ᇵ PiƻƣliƹƣƢMǀlƿiƿƩƽƣaƢiƹƨ Gƣƹƣƽaƿiƺƹ
PiƻƣliƹƣƢƸǀlƿiƿƩƽƣaƢiƹƨ iƹƿƣƽlaơƣƾ ƾƣƼǀƣƹƿial lƺƺƻƾ aƹƢ ƿƩǀƾ ƿaƽƨƣƿƾ ƾƣƼǀƣƹ-
ƿial lƺƺƻƾ. Hƣƹơƣ, ƺǀƽ aƻƻƽƺaơƩ ƿakƣƾ aƾ iƹƻǀƿ aƹ alƽƣaƢǄ ƾơƩƣƢǀlƣƢ SCƺP
aƹƢ ƿaƽƨƣƿƾ lƺƺƻƾ ƿƩaƿ aƽƣ ƾƿill ƾƣƼǀƣƹƿial. TƩƣ ƾƿƣƻƾ aƽƣ:

ᇳ. ƻƣƽƤƺƽƸiƹƨ lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ ƺƹ ƾƣƼǀƣƹƿial lƺƺƻƾ,

ᇴ. aƹƹƺƿaƿiƹƨ ƨƽƺǀƻƾ ƺƤ ơƺƹƾƣơǀƿiǁƣ ƾƣƼǀƣƹƿial lƺƺƻƾ ǂiƿƩ ƿƩƣ ordered

aƹƢ nowait ơlaǀƾƣƾ,

ᇵ. iƤ ƹƣơƣƾƾaƽǄ, ƻƣƽƤƺƽƸiƹƨ lƺƺƻ Ƥǀƾiƺƹ bƣƿǂƣƣƹ ƻaƽallƣl aƹƢ ƺƽƢƣƽƣƢ ƾƣ-
Ƽǀƣƹƿial lƺƺƻƾ
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i
Sᇸ

Sᇴ

Sᇳ

. . .

Fiƨǀƽƣ ᇸ.ᇴ – Viƾǀal ƽƣƻƽƣƾƣƹƿaƿiƺƹ ƺƤ ƿƩƣ ƣǃƣơǀƿiƺƹ ƺƽƢƣƽ. Lƺƺƻ ơaƽƽiƣƢ Ƣƣ-
ƻƣƹƢƣƹơiƣƾ aƽƣ Ƣƽaǂƹ iƹ ƽƣƢ. DƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ lƺƺƻƾ aƽƣ ƽƣƻƽƣƾƣƹƿƣƢ
iƹ ƨƽƣƣƹ.
WiƿƩ ƿƩƣ ơƺƢƣ ƤƽƺƸ Liƾƿiƹƨ ᇸ.ᇳ, ƿƩƣ ƾiƹƨlƣ ƿƩƽƣaƢ ǂill ƣǃƣơǀƿƣ ƺƹƣ lƺƺƻ aƤƿƣƽ
ƿƩƣ ƺƿƩƣƽ. Iƹ ƿƩiƾ ƣǃaƸƻlƣ, ƣaơƩ liƹƣ ǂill bƣ ơƺƸƻlƣƿƣlǄ ƣǃƣơǀƿƣƢ bƣƤƺƽƣ ƿƩƣ
ƹƣǃƿ liƹƣ ƾƿaƽƿƾ.
WiƿƩ ƿƩƣ ơƺƢƣ ƤƽƺƸ Liƾƿiƹƨ ᇸ.ᇴ, ƣaơƩ lƺƺƻ ǂill bƣ ƢiǁiƢƣƢ iƹƿƺ ƠƨƼƵƲƺ (iƹ
ƿƩiƾ ƣǃaƸƻlƣ, ᇺ ƠƨƼƵƲƺ). EaơƩ ƿƩƽƣaƢ ǂill ƣǃƣơǀƿƣ ƿƩƣ ƠƨƼƵƲƺ ƺƹ a ơƺlǀƸƹ,
ƺƽƢƣƽƣƢ aƾ iƹƢiơaƿƣƢ bǄ ƿƩƣ ƨƽƣƣƹ aƽƽƺǂƾ. TƩƣ nowait ơlaǀƾƣ allƺǂƾ a ƿƩƽƣaƢ
ƿƺ iƸƸƣƢiaƿƣlǄ ƣƹƿƣƽ ƿƩƣ ƹƣǃƿ lƺƺƻ ƺƹơƣ iƿƾ ơǀƽƽƣƹƿ ƠƨƼƵƲ Ʃaƾ bƣƣƹ ơƺƸ-
ƻlƣƿƣƢ. TƩƣ ƢƣƻƣƹƢƣƹơiƣƾ ƾǄƸbƺliǅƣƢ bǄ ƽƣƢ aƽƽƺǂƾ aƽƣ ƹƺƿ ǁiƺlaƿƣƢ ƿƩaƹkƾ
ƿƺ ƿƩƣ ordered ơlaǀƾƣ: a ƠƨƼƵƲ ǂill ƹƺƿ bƣ ƣǃƣơǀƿƣƢ ǀƹlƣƾƾ iƿƾ ƻƽƣơƣƢiƹƨ
ƠƨƼƵƲ Ʃaƾ alƽƣaƢǄ bƣƣƹ ƣǃƣơǀƿƣƢ.

Nƺƿƣ ƿƩaƿ ƺǀƽ ƸƣƿƩƺƢ alƾƺ ƽƣƼǀiƽƣƾ ƿƩƣ ƾơƩƣƢǀliƹƨ ƻƺliơǄ ƺƤ for lƺƺƻ iƿƣƽa-
ƿiƺƹƾ ƿƺ bƣ ƾƣƿ ƿƺ ƾƿaƿiơ. Mƺƽƣƺǁƣƽ, ƿƩƣ ơƩƺiơƣ ƺƤ ƿƩƣ ơƩǀƹk ƾiǅƣƾ ƾƩƺǀlƢ ƹƺƿ bƣ
ƾƻƣơiƧiƣƢᇻ ᇻ Aƾ ƻƣƽ ƿƩƣ OƻƣƹMP

ƾƻƣơiƧiơaƿiƺƹ [ᇹᇻ], ƣaơƩ
ƿƩƽƣaƢ ǂill bƣ aƾƾiƨƹƣƢ
ƞƻ ƴƶƺƻ ƺƹƣ ơƩǀƹk.

: ǂƣǂaƹƿ ƿƩƣƹǀƸbƣƽ ƺƤ ơƩǀƹkƾ ƿƺ bƣ lƺǂƣƽ ƺƽ ƣƼǀal ƿƺ ƿƩƣƹǀƸbƣƽ
ƺƤ ƿƩƽƣaƢƾ. SƻƣơiƤǄiƹƨ a ǂƽƺƹƨ ƾiǅƣ ƸaǄ ƽƣƾǀlƿ iƹ a ƹǀƸbƣƽ ƺƤ ơƩǀƹkƾ ƨƽƣaƿƣƽ
ƿƩaƹ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ.

ᇸ.ᇵ.ᇳ SƣƼǀƣƹƿial lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ

Iƹƿƣƽlaơiƹƨ lƺƺƻ iƿƣƽaƿiƺƹƾ ǀƾiƹƨ ƿƩƣ ordered aƹƢ nowait ƽƣƼǀiƽƣƾ ƾƣƻaƽaƿƣ
lƺƺƻƾ. Iƹƻǀƿ lƺƺƻƾ ƸaǄ ơƺƹƿaiƹ Ƹǀlƿiƻlƣ ƾƿaƿƣƸƣƹƿƾ. Tƺ ƸaǃiƸiǅƣ ƿƩƣ ƻƺ-
ƿƣƹƿial Ƥƺƽ iƹƿƣƽlaơiƹƨ, ƺǀƽ ƾƿƽaƿƣƨǄ iƾ ƿƺ ƻƣƽƤƺƽƸ lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ ƺƹ ƾǀơƩ
lƺƺƻƾ. Hƺǂƣǁƣƽ, lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ ơaƹ ƹƺƿ bƣ ƻƣƽƤƺƽƸƣƢ ƺƹ ƣaơƩ aƹƢ ƣǁƣƽǄ
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ᇳ for (int i = 2; i < N; ++i) {
ᇴ S01: a[i] = h[i-1] + R[i];
ᇵ S02: b[i] = a[i-1] + a[i];
ᇶ S03: c[i] = b[i-1] + b[i];
ᇷ S04: d[i] = c[i-1] + c[i];
ᇸ S05: e[i] = d[i-2] + d[i-1];
ᇹ S06: f[i] = e[i-2] + e[i-1];
ᇺ S07: g[i] = f[i] + X[i];
ᇻ S08: h[i] = g[i] + Y[i];
ᇳᇲ S09: u[i] = v[i-1] + d[i];
ᇳᇳ S10: v[i] = u[i] + Z[i];
ᇳᇴ }

(a) Vaƹ Dƺƹƨƣƹ: ƺƽiƨiƹal ơƺƢƣ

ᇳ for (int i = 2; i < N; ++i) {
ᇴ S01: a[i] = h[i-1] + R[i];
ᇵ S02: b[i] = a[i-1] + a[i];
ᇶ S03: c[i] = b[i-1] + b[i];
ᇷ S04: d[i] = c[i-1] + c[i];
ᇸ S05: e[i] = d[i-2] + d[i-1];
ᇹ S06: f[i] = e[i-2] + e[i-1];
ᇺ S07: g[i] = f[i] + X[i];
ᇻ S08: h[i] = g[i] + Y[i];
ᇳᇲ }
ᇳᇳ for (int i = 2; i < N; ++i) {
ᇳᇴ S09: u[i] = v[i - 1] + d[i];
ᇳᇵ S10: v[i] = u[i] + Z[i];
ᇳᇶ }

(b) Lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ ƻƣƽƤƺƽƸƣƢ ƺƹ
Vaƹ Dƺƹƨƣƹ

Liƾƿiƹƨ ᇸ.ᇵ – Vaƹ Dƺƹƨƣƹ: CƺƢƣ AƤƿƣƽ SaƤƣ Lƺƺƻ Diƾƿƽibǀƿiƺƹ. TƩƣ ƺƽiƨiƹal
lƺƺƻ ơaƹ bƣ ƾƣƻaƽaƿƣƢ iƹƿƺ ƿǂƺ lƺƺƻƾ bƣơaǀƾƣ ƿƩƣ ƢƣƻƣƹƢƣƹơǄ ƨƽaƻƩ ơƺƹ-
ƿaiƹƾ ƿǂƺ ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿƾ: ƾƿaƿƣƸƣƹƿƾ S01 ƿƺ S08 aƹƢ ƾƿaƿƣ-
Ƹƣƹƿƾ S09 aƹƢ S10.

ƾƿaƿƣƸƣƹƿ ƺƤ ƾǀơƩ lƺƺƻƾ bƣơaǀƾƣ iƿ ƸaǄ ơƩaƹƨƣ ƿƩƣ ƾơƩƣƢǀliƹƨ iƹ aƹ illƣƨal
ǂaǄ. Lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ ƸaǄ ƺƹlǄ bƣ aƻƻliƣƢ ƿƺ ƨƽƺǀƻƾ ƺƤ ƾƿaƿƣƸƣƹƿƾ ǂƩƣƹ
ƿƩƣƽƣ aƽƣ ƹƺ baơkǂaƽƢ lƺƺƻ-ơaƽƽiƣƢ Ƣaƿa ƢƣƻƣƹƢƣƹơiƣƾ, ǂƩiơƩ ǂƣ aƾƾƣƾƾ ǀƾ-
iƹƨ ƻƺlǄƩƣƢƽal Ƣaƿa ƢƣƻƣƹƢƣƹơƣ aƹalǄƾiƾ.

Siƹơƣǂƣ ƿakƣ aƾ iƹƻǀƿ a SCƺPǂƩiơƩ ƾƩƺǀlƢ Ʃaǁƣ alƽƣaƢǄ bƣƣƹ ƺƻƿiƸiǅƣƢ
Ƥƺƽ lƺơaliƿǄ, ǂƣ Ƣƺ ƹƺƿ ǂaƹƿ ƿƺ ƽƣƺƽƢƣƽ ƿƩƣ ƾƿaƿƣƸƣƹƿƾ ƤƽƺƸ ƿƩƣ iƹƻǀƿ lƺƺƻ
(aƻaƽƿ ƤƽƺƸ ƿƩƣ ƽƣƺƽƢƣƽiƹƨ ơaǀƾƣƢ bǄ ƿƩƣ lƺƺƻƢiƾƿƽibǀƿiƺƹ): ƽƣlaƿiǁƣ ƺƽƢƣƽiƹƨ
ǂiƿƩiƹ ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿƾ ƾƩƺǀlƢ ƽƣƸaiƹ ǀƹƾơaƿƩƣƢ. DƣƿƣƽƸ-
iƹiƹƨ Ʃƺǂ ƿƺ ƻƣƽƤƺƽƸ lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ Ƥƺƽ ƺǀƽ ƻiƻƣliƹiƹƨ ƸƣƿƩƺƢ aƸƺǀƹƿƾ
ƿƺ ơƺƸƻǀƿiƹƨ ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿƾ ƤƽƺƸ ƿƩƣ ƢƣƻƣƹƢƣƹơƣ ƨƽaƻƩ:
ƣaơƩ ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿ ƸaǄ bƣlƺƹƨ ƿƺ a ƾƿaƹƢalƺƹƣ lƺƺƻ.

Fƺƽ ƣǃaƸƻlƣ, iƹ Liƾƿiƹƨ ᇸ.ᇵ, ƾƿaƿƣƸƣƹƿƾ S1 ƿƺ S8 aƽƣ ƨƽƺǀƻƣƢ iƹ ƿƩƣ ƾaƸƣ
lƺƺƻǂƩilƣ ƾƿaƿƣƸƣƹƿƾ S9 aƹƢ S10 aƽƣ ƻlaơƣƢ iƹ aƹƺƿƩƣƽ lƺƺƻ. TƩƣƽƣ iƾ a lƺƺƻ-
ơaƽƽiƣƢ ƢƣƻƣƹƢƣƹơƣ bƣƿǂƣƣƹ ƾƿaƿƣƸƣƹƿƾ S1 aƹƢ S8: S1, S8 aƹƢ all ƾƿaƿƣƸƣƹƿƾ
iƹ bƣƿǂƣƣƹ bƣlƺƹƨ ƿƺ ƿƩƣ ƾaƸƣ lƺƺƻ. Iƹ ƿƩƣ ƾaƸƣ ǁƣiƹ, S9 aƹƢ S10 Ƹǀƾƿ bƣ
ƻlaơƣƢ ƿƺƨƣƿƩƣƽ bǀƿ ơaƹ bƣ ƾƣƻaƽaƿƣƢ ƤƽƺƸ ƾƿaƿƣƸƣƹƿƾ S1 ƿƺ S8 ƾiƹơƣ ƿƩƣƽƣ iƾ
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ƹƺ lƺƺƻ-ơaƽƽiƣƢ ƢƣƻƣƹƢƣƹơƣ bƣƿǂƣƣƹ ƿƩƣ ƿǂƺ ƨƽƺǀƻƾ.

ᇸ.ᇵ.ᇴ RƣlaǃƣƢ ơƺƹƢiƿiƺƹƾ ƺƹ ƿƩƣ nowait ơlaǀƾƣ
AơơƺƽƢiƹƨ ƿƺ ƿƩƣOƻƣƹMP ƾƻƣơiƧiơaƿiƺƹ [ᇹᇻ], ƿƩƣ nowait ơlaǀƾƣƸaǄ bƣ ƾaƤƣlǄ
ǀƾƣƢ ƺƹ a for ơƺƹƾƿƽǀơƿ ǂƩiơƩ iƾ ƤƺllƺǂƣƢ bǄ aƹƺƿƩƣƽ for ơƺƹƾƿƽǀơƿ iƤ ƿƩƣ
Ƥƺllƺǂiƹƨ ơƺƹƢiƿiƺƹƾ aƽƣ Ƹƣƿ:

ᇳ. bƺƿƩ iƿƣƽaƿiƺƹ ƢƺƸaiƹ ƾiǅƣƾ aƽƣ ƣƼǀal

ᇴ. ƠƨƼƵƲ ƺƩǁƢƺ aƽƣ ƣƼǀal ƺƽ ƹƺƿ ƾƻƣơiƧiƣƢ

ᇵ. bƺƿƩ for lƺƺƻƾ aƽƣ bƺǀƹƢ ƿƺ ƿƩƣ ƾaƸƣ ƻaƽallƣl ƽƣƨiƺƹ

ᇶ. ƿƩƣ lƺƺƻƾ aƽƣ ƹƺƿ aƾƾƺơiaƿƣƢ ǂiƿƩ a SIMD ơƺƹƾƿƽǀơƿ

CƩaƻƿƣƽ ᇷ ƣǃƻlaiƹƾ Ʃƺǂ ƿƺ ƨƣƹƣƽaƿƣ ơƺƢƣ ǀƾiƹƨ ƿƩƣ nowait ơlaǀƾƣ Ƥƺƽ ơƺƹ-
ƾƣơǀƿiǁƣ ƻaƽallƣl for lƺƺƻƾ. TƩiƾ ƸƣƿƩƺƢ ơaƹ ƺƹlǄ bƣ aƻƻliƣƢ ǂƩƣƹ ƿƩƣ Ƣƣ-
ƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ lƺƺƻƾ liƹk ƿƩƣ ƾaƸƣ lƺƨiơal iƿƣƽaƿiƺƹƾ. Fƺƽ ƣǃaƸƻlƣ, aƾ-
ƾǀƸiƹƨ ƣaơƩ blƺơk iƹ Fiƨǀƽƣ ᇸ.ᇴ ƽƣƻƽƣƾƣƹƿƾ ƣǃaơƿlǄ ƺƹƣ iƿƣƽaƿiƺƹ, ƺƹlǄ Ƣƣ-
ƻƣƹƢƣƹơƣƾ ƽƣƻƽƣƾƣƹƿƣƢ aƾ ƨƽƣƣƹ aƽƽƺǂƾ allƺǂ ƿƺ ƾaƤƣlǄ ǀƾƣ ƿƩƣ nowait ơlaǀƾƣ
ƺƹ ơƺƹƾƣơǀƿiǁƣ ƻaƽallƣl for lƺƺƻƾ.

Uƾiƹƨ ƿƩƣ ordered ơlaǀƾƣ allƺǂƾ ǀƾ ƿƺ ƽƣlaǃ ƿƩƣ ƽƣƾƿƽiơƿiƺƹƾ. Oƹơƣ a ƨiǁƣƹ
ƿƩƽƣaƢ ƣǃƣơǀƿƣƾ aƹ iƿƣƽaƿiƺƹ in ƺƤ a lƺƺƻ, all ƻƽƣǁiƺǀƾ iƿƣƽaƿiƺƹƾ im (m < n)
Ʃaǁƣ bƣƣƹ ƣǃƣơǀƿƣƢ. Iƹ ƿƩiƾ ơaƾƣ, ƿƩƣ allƺǂƣƢ ƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ lƺƺƻƾ
iƹơlǀƢƣƸƺƽƣ ƿƩaƹƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ iƢƣƹƿiơal lƺƨiơal iƿƣƽaƿiƺƹƾ. IƹƺƿƩƣƽ
ǂƺƽƢƾ, ƺƹ Fiƨǀƽƣ ᇸ.ᇴ, ǀƾiƹƨ ƿƩƣ ordered ơlaǀƾƣ ƣƹƾǀƽƣƾ ƿƩaƿ Ƥƺƽ aƹǄ ƨiǁƣƹ
blƺơk, all blƺơkƾ iƹ ƿƩƣ iƹƿƣƽƾƣơƿiƺƹ ƺƤ ƻƽƣǁiƺǀƾ liƹƣƾ aƹƢ ƻƽƣǁiƺǀƾ ơƺlǀƸƹƾ
Ʃaǁƣ bƣƣƹ ƣǃƣơǀƿƣƢ.

Hƣƹơƣ, EƼǀaƿiƺƹ (ᇷ.ᇴ) ơaƹ bƣ ƣǃƿƣƹƢƣƢ ƿƺ:

LS1,S2(~p) = {~u → ~v | ui ≤ vj} (ᇸ.ᇳ)

TƩƣ ƽƣƸaiƹƢƣƽ ƺƤ ƿƩƣ aƹalǄƾiƾ iƾ ǀƹơƩaƹƨƣƢ aƾ ƣǃƻlaiƹƣƢ iƹ CƩaƻƿƣƽ ᇷ:
ƢƣƿƣƽƸiƹiƹƨ ǂƩƣƿƩƣƽ ƿƩƣ ƹƺǂaiƿ ơlaǀƾƣ ơaƹ bƣ ǀƾƣƢ ƿƺ ơƽƣaƿƣ ƸǀlƿiƿƩƽƣaƢƣƢ
ƻiƻƣliƹƣƾ aƸƺǀƹƿƾ ƿƺ ǁƣƽiƤǄiƹƨ ƿƩaƿ:

δ′
S1,S2 \ P

′
S1,S2 ≡ ∅
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ᇸ.ᇵ.ᇵ Aƹƹƺƿaƿiƺƹƾ

Aƹƹƺƿaƿiƹƨ ƾƣƼǀƣƹƿial lƺƺƻƾ

Tƺaƹƹƺƿaƿƣ ƾƣƼǀƣƹƿial lƺƺƻƾǂiƿƩ ƿƩƣordered aƹƢnowait ơlaǀƾƣƾ, ƿƩƣƸƣƿƩƺƢ
ƤƽƺƸ ?? ơaƹ bƣ ǀƾƣƢ ǂiƿƩ ƿƩƣ Ƥƺllƺǂiƹƨ ƸƺƢiƧiơaƿiƺƹƾ:

ᇳ. all ƾƣƼǀƣƹƿial lƺƺƻƾ aƽƣ aƹƹƺƿaƿƣƢ ǂiƿƩ #pragma omp for ordered,

ᇴ. ƿƩƣ bƺƢiƣƾ ƺƤ ordered lƺƺƻƾ aƽƣ ƣƹơlƺƾƣƢ iƹ #pragma omp ordered ƽƣ-
ƨiƺƹƾ,

ᇵ. ƿƩƣ ǁaliƢiƿǄ ƺƤ ƿƩƣ nowait ơlaǀƾƣ iƾ ƢƣƿƣƽƸiƹƣƢ aƾ ƢƣƾơƽibƣƢ iƹ Sƣơ-
ƿiƺƹ ᇸ.ᇵ.ᇴ.

TƩƣ Ƹƺƿiǁaƿiƹƨ ƣǃaƸƻlƣ ƺƤ Liƾƿiƹƨ ᇸ.ᇴ ƨiǁƣƾ aƹ ƣǃaƸƻlƣ ƺƤ ƾǀơƩ a ƨƣƹƣƽ-
aƿƣƢ lƺƺƻ ƹƣƾƿ.

Eǃƿƣƹƾiƺƹ ƿƺ ƻaƽallƣl lƺƺƻƾ aƹƢ ơlƣaƹǀƻ

Sƣơƿiƺƹ ᇷ.ᇵ.ᇳ aƹƢ Sƣơƿiƺƹ ᇸ.ᇵ.ᇴ ƣǃƻlaiƹ Ʃƺǂ ƿƺ aƢƢ ƿƩƣ nowait ơlaǀƾƣ ƺƹ lƺƺƻƾ
ƿƩaƿ ƻƽƣơƣƢƣ aƹƺƿƩƣƽ lƺƺƻ ƺƤ ƿƩƣ ƾaƸƣ kiƹƢ: ƣiƿƩƣƽ a ƻaƽallƣl lƺƺƻ ƻƽƣơƣƢ-
iƹƨ aƹƺƿƩƣƽ ƻaƽallƣl lƺƺƻ ƺƽ a ƾƣƼǀƣƹƿial lƺƺƻ ƻƽƣơƣƢiƹƨ aƹƺƿƩƣƽ ƾƣƼǀƣƹƿial
lƺƺƻ. DƣƿƣƽƸiƹiƹƨ ǂƩƣƿƩƣƽ a ƻaƽallƣl lƺƺƻ ƻƽƣơƣƢiƹƨ a ƾƣƼǀƣƹƿial lƺƺƻ—ƺƽ
ǁiơƣ ǁƣƽƾa— ơaƹ bƣ aƹƹƺƿaƿƣƢ ǂiƿƩ ƿƩƣ nowait ơlaǀƾƣ aƸƺǀƹƿƾ ƿƺ ƾƣlƣơƿiƹƨ
ƿƩƣ aƻƻƽƺƻƽiaƿƣ ƾƣƿ ƺƤ ƽƣƼǀiƽƣƸƣƹƿƾ: iƤ ƿƩƣ ơƺƹƾiƢƣƽƣƢ lƺƺƻ iƾ a ƻaƽallƣl lƺƺƻ,
ƿƩƣ ƾƿƽiơƿƣƽ ơƺƹƢiƿiƺƹƾ ƺƹ ƿƩƣ ǀƾƣ ƺƤ ƿƩƣ nowait ơlaǀƾƣ aƻƻlǄ, ƺƿƩƣƽǂiƾƣ, ƿƩƣ
ƽƣlaǃƣƢ ơƺƹƢiƿiƺƹƾ aƽƣ ƾǀfƧiơiƣƹƿ.

FiƹallǄ, aƹǄ ordered lƺƺƻ ǂiƿƩƺǀƿ a nowait ơlaǀƾƣ ƿƩaƿ iƾ ƹƣiƿƩƣƽ ƻƽƣ-
ơƣƢƣƢ bǄ aƹƺƿƩƣƽ ordered lƺƺƻ ƹƺƽ ƻƽƣơƣƢƣƾ aƹƺƿƩƣƽ ordered lƺƺƻ ƾƩƺǀlƢ
bƣ ƽƣǁƣƽƿƣƢ ƿƺ aƹ aƹƹƺƿaƿiƺƹ-Ƥƽƣƣ lƺƺƻ ƣƹơlƺƾƣƢ iƹ a #pragma omp single

ƽƣƨiƺƹ.

ᇸ.ᇶ EǃƻliơiƿlǄ ƾǄƹơƩƽƺƹiǅƣƢ ƻiƻƣliƹƣƾ
Sƣơƿiƺƹ ᇸ.ᇵ iƹƿƽƺƢǀơƣƢƸǀlƿiƿƩƽƣaƢƣƢƻiƻƣliƹƣƾǂiƿƩ ƿƩƣ ordered aƹƢ nowait
ơlaǀƾƣƾ. Hƺǂƣǁƣƽ, ƿƩiƾ ƸƣƿƩƺƢ ơƺǀlƢ bƣ Ƹƺƽƣ fƷƣǃiblƣ. Fƺƽ iƹƾƿaƹơƣ, ƿƩƣ
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ƠƨƼƵƲ ƾiǅƣƾ ƾƩƺǀlƢ bƣ ơƩƺƾƣƹ ƾƺ ƿƩaƿ ƣaơƩ ƿƩƽƣaƢ iƾ aƾƾiƨƹƣƢ, aƿ Ƹƺƾƿ, ƺƹƣ
ƠƨƼƵƲ. OƿƩƣƽǂiƾƣ, ƿƩƽƣaƢƾ ǂill ǂaiƿ Ƥƺƽ ƿƩƣiƽ ƹƣǃƿ ơƩǀƹk (bƣơaǀƾƣ ƺƤ ƿƩƣ
ordered ơlaǀƾƣ) aƹƢ ǂill ƹƺƿ ƾƿaƽƿ ƿƩƣ ƹƣǃƿ lƺƺƻ ƽiƨƩƿ aǂaǄ. Mƺƽƣƺǁƣƽ, iƹ ƿƩƣ
ƨƣƹƣƽal ơaƾƣ, ƿƩƣ ordered ơƺƹƾƿƽǀơƿ aƹƢ ơlaǀƾƣ ƸaǄ bƣ ǀƾƣƢ ƿƺ ƺƽƢƣƽ ƺƹlǄ
ƾƺƸƣ ƾƿaƿƣƸƣƹƿƾ ǂiƿƩiƹ a ƻaƽallƣl lƺƺƻ. TƩǀƾ, aƹ OƻƣƹMP iƸƻlƣƸƣƹƿaƿiƺƹ
ƸaǄƻlaơƣ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ Ƥƺƽ ƣaơƩ iƹƾƿaƹơƣ ƺƤ aƹ ƺƽƢƣƽƣƢ ơƺƹƾƿƽǀơƿ. Iƹ ƺǀƽ
ơaƾƣ, bƣơaǀƾƣ ƿƩƣ lƺƺƻƾ ǂƣ ƿaƽƨƣƿ aƽƣ ơƺƸƻlƣƿƣlǄ ƾƣƼǀƣƹƿial, ǂƣ ƺƹlǄ ƹƣƣƢ
ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ aƿ ƿƩƣ ƾƿaƽƿ aƹƢ aƿ ƿƩƣ ƣƹƢ ƺƤ a ơƩǀƹk.

Aƹalƿƣƽƹaƿiǁƣ ƿƺ ƨƣƹƣƽaƿiƹƨ ơƺƢƣǂiƿƩ#pragma omp ordered aƹƢnowait
aƹƹƺƿaƿiƺƹƾ iƾ ƿƺ blƺơk lƺƺƻƾ ƺǁƣƽ a ƨiǁƣƹ blƺơk ƾiǅƣ, Ƥǀƾƣ ƿƩƣ ƽƣƾǀlƿiƹƨ lƺƺƻƾ
ƺǁƣƽ ƿƩƣ blƺơkiƹƨ ƢiƸƣƹƾiƺƹ, Ƣiƾƿƽibǀƿƣ ƿƩƣ iƿƣƽaƿiƺƹƾ, ǂiƿƩ a chunk_size

ƺƤ 1, ƺǁƣƽ ƿƩiƾ ƢiƸƣƹƾiƺƹ aƹƢ ƸaƹǀallǄ ƾǄƹơƩƽƺƹiǅƣ ƿƩƽƣaƢƾ ǀƾiƹƨ OƻƣƹMP
lƺơkƾ aƾ ƾƩƺǂƹ iƹ ƿƩƣ ƣǃaƸƻlƣ iƹ Liƾƿiƹƨ ᇸ.ᇶ.

TƩƣ ƻiƻƣliƹiƹƨ ƿƩƣƹ ƺơơǀƽƾ aƾ Ƥƺllƺǂƾ:

ᇳ. Ƥƺƽ ƣaơƩ ƿƩƽƣaƢ, ƣaơƩ ƾƿaƨƣ ƺƤ ƿƩƣ ƻiƻƣliƹƣ iƾ aƾƾƺơiaƿƣƢ ǂiƿƩ a lƺơk
(ƿƩǀƾ, n× m lƺơkƾ aƽƣ ƽƣƼǀiƽƣƢ Ƥƺƽ n ƿƩƽƣaƢƾ aƹƢ m ƾƿaƨƣƾ),

ᇴ. Ƥƺƽ ƣaơƩ ƾƿaƨƣ i, ƿƩƽƣaƢ t aƿƿƣƸƻƿƾ ƿƺ ƺǂƹ lock[t%n][i] aƿ ƾƿaƨƣ ƣƹƿƽǄ
aƹƢ ƽƣlƣaƾƣƾ lock[(t+1)%n][i] aƿ ƾƿaƨƣ ƣǃiƿ (Ʃƣƹơƣ, ƣaơƩ ƿƩƽƣaƢ ǂill
ǂaiƿ Ƥƺƽ iƿƾ ƻƽƣƢƣơƣƾƾƺƽ ƿƺ ơƺƸƻlƣƿƣ a ƨiǁƣƹ ƾƿaƨƣ ƺƤ ƿƩƣ ƻiƻƣliƹƣ),

ᇵ. ƣǃơƣƻƿ Ƥƺƽ ƿƩƣ Ƨiƽƾƿ ƿƩƽƣaƢ, all lƺơkƾ aƽƣ lƺơkƣƢ aƿ ƿƩƣ bƣƨiƹƹiƹƨ ƺƤ ƿƩƣ
ƻaƽallƣl ƽƣƨiƺƹ.

Cƺƹƾƿƽǀơƿiƺƹ

AƢƢiƿiƺƹal ơƺƢƣ Ƹǀƾƿ bƣ ƨƣƹƣƽaƿƣƢ aƿ ƿƩƣ ƾƿaƽƿ aƹƢ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ parallel
ƽƣƨiƺƹ ƿƺ allƺơaƿƣ, iƹiƿialiǅƣ, ƢƣƾƿƽƺǄ aƹƢ Ƥƽƣƣ ƿƩƣ lƺơkƾ. Iƹ ƻaƽƿiơǀlaƽ, iƿ iƾ
iƸƻƣƽaƿiǁƣ ƿƺ ƾƣƿ all lƺơkƾ— aƻaƽƿ ƤƽƺƸ ƿƩƣ lƺơkƾ aƾƾiƨƹƣƢ ƿƺ ƿƩƣ Ƨiƽƾƿ ƿƩƽƣaƢ
— bƣƤƺƽƣ ƿƩƣ ƸǀlƿiƿƩƽƣaƢƣƢ ƻiƻƣliƹƣ ƾƿaƽƿƾ.

Bƣơaǀƾƣ ƿƩƣ ơƺƢƣƨƣƹƣƽaƿiƺƹalƽƣaƢǄ ƾƻliƿƾ ƿƩƣ lƺƺƻƾ iƹƿƺ iƿƣƽaƿiƺƹ ơƩǀƹkƾ,
ƿƩƣ ƣƹơlƺƾiƹƨ lƺƺƻ Ƹǀƾƿ bƣ aƹƹƺƿaƿƣƢ ǂiƿƩ schedule(static, 1) ƿƺ ơƺƽ-
ƽƣơƿlǄ Ƣiƾƿƽibǀƿƣ iƿƾ iƿƣƽaƿiƺƹƾ. Wƣǂaƹƿ ƿƩƽƣaƢƾ ƿƺ ƣǃƣơǀƿƣ ƺƹlǄ ƺƹƣ iƿƣƽaƿiƺƹ
ƺƤ ƿƩiƾ lƺƺƻ aƿ a ƿiƸƣ: ƺƿƩƣƽǂiƾƣ ƻiƻƣliƹiƹƨ ƺƻƻƺƽƿǀƹiƿiƣƾ ƸaǄ bƣ lƺƾƿ aƾ a
ƨiǁƣƹ ƿƩƽƣaƢƸaǄƣǃƣơǀƿƣ ƿǂƺƺƽƸƺƽƣ ƾǀbƾƣƼǀƣƹƿ blƺơkƾ ƺƤ a ƨiǁƣƹ ƾƿaƨƣ. Wƣ
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blƺơk
Sᇵ

Sᇴ

Sᇳ
ƿᇲ ƿᇳ ƿᇴ ƿᇲ ƿᇳ

Fiƨǀƽƣ ᇸ.ᇵ – Sƿaƨƣ-blƺơkiƹƨ ƣǃƣơǀƿiƺƹ ƺƽƢƣƽ ƣǃaƸƻlƣ Ƥƺƽ a ᇵ-ƾƿaƨƣ ƻiƻƣliƹƣ.
TƩiƾ ƨƽaƻƩ iƾ aƹ ƣǃaƸƻlƣ ƺƤ a ᇵ-ƾƿaƨƣ ƻiƻƣliƹƣ akiƹ ƿƺ ƿƩƣ ơƺƢƣ ƻƽƣƾƣƹƿƣƢ
iƹ Liƾƿiƹƨ ᇸ.ᇶ. Lƺƺƻ ơaƽƽiƣƢ ƢƣƻƣƹƢƣƹơiƣƾ aƽƣ Ƣƽaǂƹ iƹ ƽƣƢ. DƣƻƣƹƢƣƹơiƣƾ
bƣƿǂƣƣƹ lƺƺƻƾ aƽƣ ƽƣƻƽƣƾƣƹƿƣƢ iƹ ƨƽƣƣƹ.
TƩƣ schedule(static, 1) ơlaǀƾƣ ƣƹƾǀƽƣƾ ƣaơƩ ƿƩƽƣaƢǂill ƣǃƣơǀƿƣ ƺƹƣ ƟƳƶƠƲ
aƿ a ƿiƸƣ. TƩƣ ƢƣƻƣƹƢƣƹơiƣƾ ƾǄƸbƺliǅƣƢ bǄ ƨƽƣƣƹ aƽƽƺǂƾ aƽƣ alǂaǄƾ ƽƣƾƻƣơ-
ƿƣƢ bƣơaǀƾƣ ƿƩƣ iƿƣƽaƿiƺƹƾ ǂiƿƩiƹ a lƺƺƻ iƿƣƽaƿiƺƹ aƽƣ ƾƣƼǀƣƹƿial. TƩƣ lƺơkƾ
ƣƹƾǀƽƣ ƿƩaƿ ƿƩƣ ƢƣƻƣƹƢƣƹơiƣƾ ƽƣƻƽƣƾƣƹƿƣƢ bǄ ƽƣƢ aƽƽƺǂƾ aƽƣ ƹƺƿ ǁiƺlaƿƣƢ.
TƩƣ ƣǃƣơǀƿiƺƹ ƺƽƢƣƽ Ƥƺƽ ƿƩƽƣaƢ t0 iƾ ƢƣƻiơƿƣƢ bǄ ƿƩƣ blaơk aƽƽƺǂƾ. Iƿ ǂill
Ƨiƽƾƿ ƣǃƣơǀƿƣ all ƿƩƣ ƾƿaƨƣƾ ƺƤ a ƨiǁƣƹ blƺơk. TƩƽƣaƢ t1 ǂill ƻƽƺƨƽƣƾƾiǁƣlǄ bƣ
allƺǂƣƢ ƿƺ ƾƿaƽƿ iƿƾ ƺǂƹ ƻiƻƣliƹƣ. Aƿ ƿƩƣ ƣƹƢ ƺƤ iƿƾ ơǀƽƽƣƹƿ ƻiƻƣliƹƣ, ƿƩƽƣaƢ
t0 ǂill ƻƽƺơƣƣƢ ǂiƿƩ aƹƺƿƩƣƽ ƟƳƶƠƲ bǀƿ iƿ ǂill ƺƹlǄ ƾƿaƽƿ ƺƹơƣ ƿƩƽƣaƢ t2 aƾ
ơƺƸƻlƣƿƣƢ iƿƾ Ƨiƽƾƿ ƾƿaƨƣ (iƹ ƿƩƣ ƾaƸƣ ǁƣiƹ, t2ǂill ƹƺƿ ƾƿaƽƿ iƿƾ Ƨiƽƾƿ ƾƿaƨƣ ǀƹƿil
t1 Ʃaƾ ơƺƸƻlƣƿƣƢ iƿƾ ƺǂƹ Ƨiƽƾƿ ƾƿaƨƣ).

alƾƺ ǂaƹƿ ƿƩƣ ƾơƩƣƢǀliƹƨ ƻƺliơǄ ƿƺ bƣ ƾƿaƿiơ ƾƺ ƿƩaƿ iƿƣƽaƿiƺƹƾ aƽƣ ƢiƾƿƽibǀƿƣƢ
iƹ a ƽƺǀƹƢ ƽƺbiƹ ƤaƾƩiƺƹ. DǄƹaƸiơ (ƺƽ ƾiƸilaƽ ƸƣƿƩƺƢƾ ƾǀơƩ aƾ ƨǀiƢƣƢ) Ƣiƾ-
ƿƽibǀƿiƺƹƾ ƺƤ iƿƣƽaƿiƺƹƾ ǂƺǀlƢ bƽƣak ƺǀƽ lƺơkiƹƨ ƸƣơƩaƹiƾƸ ǂƩƣƽƣ ƿƩƽƣaƢƾ
lƺơk aƹƢ ǀƹlƺơk ƿƩƣiƽ ƻƽƣơƣƢiƹƨ ƺƽ ƾǀơơƣƣƢiƹƨ ƿƩƽƣaƢƾ iƹ a ƽƺǀƹƢ ƽƺbiƹ ƤaƾƩ-
iƺƹ.

Iƹ ƿƩƣ ƣǃaƸƻlƣ iƹLiƾƿiƹƨᇸ.ᇶ, TƩƣblock_size ǁalǀƣ aƻƻƽƺaơƩƣƾ ƿƩƣ ƠƨƼƵƲ
ƾiǅƣ ǂƩiơƩ ǂƺǀlƢ bƣ ơƩƺƾƣƹ bǄ Ƹƺƾƿ kƹƺǂƹ OƻƣƹMP iƸƻlƣƸƣƹƿaƿiƺƹƾ Ƥƺƽ
ƿƩƣ ơƺƢƣ ƣǃaƸƻlƣ ƾƩƺǂƹ iƹ Liƾƿiƹƨ ᇸ.ᇴ.
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ᇳ omp_lock_t** locks;
ᇴ #pragma omp parallel
ᇵ {
ᇶ const size_t num_threads = (size_t)

omp_get_num_threads();→֒

ᇷ const size_t block_size = (N / num_threads) + 1;
ᇸ const size_t block_count = ((N + block_size - 1) /

block_size);→֒

ᇹ /* Omitted: code to allocate, initialize and set the
locks. */→֒

ᇺ #pragma omp for schedule(static, 1)
ᇻ for (size_t block = 0; block < block_count; ++block)

{→֒

ᇳᇲ const size_t start = 1 + block * block_size;
ᇳᇳ const size_t end = MIN(start + block_size, N);
ᇳᇴ const size_t self = block % num_threads;
ᇳᇵ const size_t next = (block + 1) % num_threads;

ᇳᇶ omp_set_lock(&locks[self][0]);
ᇳᇷ for (size_t i = start; i < end; ++i) {
ᇳᇸ A[i] = f(A[i], A[i-1]);
ᇳᇹ }
ᇳᇺ omp_unset_lock(&locks[next][0]);
ᇳᇻ /* Omitted: other stages of the pipeline */
ᇴᇲ omp_set_lock(&locks[self][5]);
ᇴᇳ for (size_t i = start; i < end; ++i) {
ᇴᇴ F[i] = f(E[i], F[i-1]);
ᇴᇵ }
ᇴᇶ omp_unset_lock(&locks[next][5]);
ᇴᇷ }
ᇴᇸ /* Omitted: code to destroy and free locks */
ᇴᇹ }

Liƾƿiƹƨ ᇸ.ᇶ – Tƣaƾƣƽ: EǃƻliơiƿlǄ ƾǄƹơƩƽƺƹiǅƣƢ ƸǀlƿiƿƩƽƣaƢƣƢ ƻiƻƣliƹƣ. Aƿ
ƿƩƣ ƾƿaƽƿ, all lƺơkƾ aƽƣ ƾƣƿ ƣǃơƣƻƿ Ƥƺƽ ƿƩƽƣaƢ 0. TƩƽƣaƢ 0 ǂill ƻƽƺơƣƣƢ aƹƢ
ƻƽƺƨƽƣƾƾiǁƣlǄ ƾƣƿ iƿƾ lƺơkƾ aƹƢ ǀƹlƺơk ƾƿaƨƣƾ Ƥƺƽ ƿƩƽƣaƢ 1. Hƣƹơƣ, ƺƹ iƿƾ ƹƣǃƿ
iƿƣƽaƿiƺƹ ƺǁƣƽ ƿƩƣ blƺơk lƺƺƻ, iƿ ƿƩƽƣaƢ ᇲ ǂill ǂaiƿ Ƥƺƽ ƿƩƣ laƾƿ ƿƩƽƣaƢ ƿƺ ơƺƸ-
ƻlƣƿƣ iƿƾ ƾƿaƨƣƾ. Iƹ ƿƩƣ ƾaƸƣ ǁƣiƹ, ƣaơƩ ƾƿaƨƣ ƣƹƿƽǄ Ƥƺƽ a ƿƩƽƣaƢ ƽƣƼǀiƽƣƾ ƾƿaƨƣ
ƣǃiƿ ƤƽƺƸ ƿƩƣ ƻƽƣǁiƺǀƾ ƿƩƽƣaƢ.
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CƺƸƻaƽiƾƺƹWiƿƩ OƽƢƣƽƣƢ Lƺƺƻƾ

Wƣ ƻƽƣƾƣƹƿƣƢ ƿǂƺ ƸǀlƿiƿƩƽƣaƢiƹƨ ƻiƻƣliƹiƹƨ ƸƣƿƩƺƢƾ. BƺƿƩ ƿƣơƩƹiƼǀƣƾ ƽƣ-
Ƽǀiƽƣ ƿƩƣ ƾơƩƣƢǀliƹƨ ƻƺliơǄ ƿƺ bƣ ƾƣƿ ƿƺ static. Hƺǂƣǁƣƽ, ƣǃƻliơiƿlǄ ƾǄƹ-
ơƩƽƺƹiǅƣƢ ƻiƻƣliƹƣƾ aƽƣ ƾǀƻƣƽiƺƽ aƾ ƿƩƣǄ ƻƽƺǁiƢƣ ƨƽƣaƿƣƽ ơƺƹƿƽƺl ƺǁƣƽ ǁaƽiƺǀƾ
aƾƻƣơƿƾ ƺƤ ƿƩƣ ơƺƢƣ.

Fiƽƾƿ, ƣǃƻliơiƿ ƻiƻƣliƹƣƾ allƺǂ ƿƺƻƽƣơiƾƣlǄ ơƺƹƿƽƺl ƿƩƣ aƸƺǀƹƿƺƤ ƾǄƹơƩƽƺƹ-
iǅaƿiƺƹƾ. SƣơƺƹƢ, ƿƩƣǄ ƻƣƽƸiƿ a ƹǀƸbƣƽ ƺƤ blƺơkƾ ƨƽƣaƿƣƽ ƿƩaƹ ƿƩƣ ƹǀƸbƣƽ ƺƤ
ƿƩƽƣaƢƾ: ƿƩƣ for ơƺƹƾƿƽǀơƿ ƣƹƤƺƽơƣƾ ƿƩaƿ ƿƩƽƣaƢƾ ơƺƸƻlƣƿƣ all ƿƩƣiƽ aƾƾiƨƹƣƢ
ơƩǀƹkƾ bƣƤƺƽƣ ƿƩƣǄ lƣaǁƣ ƿƩƣ lƺƺƻ. Aƹ ƣǃaƸƻlƣ ƺƤ ƿƩiƾ ƣǃƣơǀƿiƺƹ fƷƺǂ ơaƹ
bƣ ǁiƣǂƣƢ iƹ Fiƨǀƽƣ ᇸ.ᇵ. WiƿƩ ƿƩƣ ordered aƹƢ nowait ơlaǀƾƣƾ, ƿƩƽƣaƢ t0

ǂƺǀlƢ Ʃaǁƣ ƿƺ ƣǃƣơǀƿƣ bƺƿƩ ƠƨƼƵƲƺ Ƥƺƽ S1 bƣƤƺƽƣ iƿ ơƺǀlƢ ƾƿaƽƿ ƣǃƣơǀƿiƹƨ iƿƾ
ƠƨƼƵƲƺ Ƥƺƽ S2 (aƹƢ iƿ ǂƺǀlƢ Ʃaǁƣ ƿƺ ǂaiƿ Ƥƺƽ ƿƩƽƣaƢƾ t1 aƹƢ t2 ƿƺ ơƺƸƻlƣƿƣ
ƿƩƣiƽ Ƨiƽƾƿ ơƩǀƹk). WiƿƩ ƣǃƻliơiƿlǄ ƾǄƹơƩƽƺƹiǅƣƢ ƻiƻƣliƹƣƾ, ƿƩƽƣaƢ t0 ơaƹ Ƥƺl-
lƺǂ ƿƩƣ blaơk aƽƽƺǂƾ iƹ ƿƩƣ Ƨiƨǀƽƣ.

TƩƣ ƿƩiƽƢ ƽƣaƾƺƹǂƩǄƣǃƻliơiƿlǄ ƾǄƹơƩƽƺƹiǅƣƢƻiƻƣliƹƣƾ ƾƩƺǀlƢbƣ ƤaǁƺƽƣƢ
iƾ ƿƩaƿ ƿƩƣǄ allƺǂ ƤǀƽƿƩƣƽ ƽƣƧiƹƣƸƣƹƿƾ ǂƩiơƩ aƽƣ ƢiƾơǀƾƾƣƢ iƹ Sƣơƿiƺƹ ᇸ.ᇸ:
ƨƽƣaƿƣƽ ơƺƹƿƽƺl ƺǁƣƽ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ ƻƣƽƸiƿ ƠƨƼƵƲ ƾƿaƽƿƾ aƹƢ ƣƹƢiƹƨƾ (aƹƢ
ƿƩǀƾ ƾiǅƣƾ) ƿƺ bƣ aƢjǀƾƿƣƢ ƺƹ a ƾƿaƨƣ baƾiƾ.

ᇸ.ᇷ EǃƻƣƽiƸƣƹƿal Rƣƾǀlƿƾ aƹƢ Diƾơǀƾƾiƺƹ

Oǀƽ ƣǃƻƣƽiƸƣƹƿƾ ǂƣƽƣ ơƺƹƢǀơƿƣƢ ƺƹ aƹ Iƹƿƣl Xƣƺƹ Eᇷ-ᇴᇸᇴᇲǁᇵ @ ᇴ.ᇶᇲGHǅ
(ᇸ ơƺƽƣƾ, ᇳᇴ ƿƩƽƣaƢƾ) ƽǀƹƹiƹƨ Liƹǀǃ ᇷ.ᇷ.ᇶ. TƩƣ bƣƹơƩƸaƽkƾ ǂƣƽƣ ơƺƸƻilƣƢ
ǂiƿƩ ƺƻƿiƺƹƾ -O3 -march=native -fopenmp ǀƾiƹƨ ƨơơ ᇻ.ᇴ.ᇳ, ơlaƹƨ ᇻ.ᇲ.ᇳ aƹƢ
iơơ ᇳᇻ.ᇳ.ᇲ.ᇳᇸᇸ. Liƹǀǃ FIFO ƾơƩƣƢǀliƹƨ ǂaƾ ƣƹablƣƢ aƹƢ ƻƽƺơƣƾƾ ƻƽiƺƽiƿǄ ǂaƾ
ƾƣƿ ƿƺ ᇹᇷ Ƥƺƽ ƸƣaƾǀƽƣƸƣƹƿ ƾƿabiliƿǄ.

BƣƹơƩƸaƽkƾ van_dongen (Liƾƿiƹƨ ᇸ.ᇷ) aƹƢ wdf (Liƾƿiƹƨ ᇸ.ᇸ) ơƺƸƣ ƤƽƺƸ
FiƸƸƣl aƹƢ Müllƣƽ [ᇵᇻ] ǂƩƺ Ƣƣƽiǁƣ ƿƩƣƾƣ ƣǃaƸƻlƣƾ ƤƽƺƸ Vaƹ Dƺƹƨƣƹ ƣƿ
al. [ᇳᇲᇳ] aƹƢ Fƣƿƿǂƣiƾ [ᇵᇺ]. TƩƣ mixbƣƹơƩƸaƽk (Liƾƿiƹƨ ᇸ.ᇹ) iƾ a ơƺƢƣ ƣǃaƸƻlƣ
ǂƩiơƩ ơƺƹƿaiƹƾ bƺƿƩƻaƽallƣl lƺƺƻƾ aƹƢ ƾƣƼǀƣƹƿial lƺƺƻƾ. TƩƣ laƾƿ bƣƹơƩƸaƽk
(Liƾƿiƹƨ ᇸ.ᇺ) iƾ baƾƣƢ ƺƹ ƺǀƽ ƿƣaƾƣƽ ƣǃaƸƻlƣ ǂƩƣƽƣ all ƾƿaƿƣƸƣƹƿƾ ƣǃƣơǀƿƣ a
ᇳ ƹaƹƺƾƣơƺƹƢ ƹaƹƺƾlƣƣƻ aƹƢ ƿƩƣƹ ƽƣƿǀƽƹ ƿƩƣ ƾǀƸ ƺƤ ƿƩƣ ƿǂƺ ƺƻƣƽaƹƢƾ. TƩƣ
aiƸ iƾ ƿƺ ƾiƸǀlaƿƣ lƺƹƨ ƾƣƼǀƣƹƿial ơƺƸƻǀƿaƿiƺƹ.



ᇻᇹ ᇸ.ᇷ. E؟ؔاءؘؠ؜إؘأث Rؘئا؟بئ ؗءؔ Dءآ؜ئئبؖئ؜

ᇳ for (int i = 2; i < N; ++i) {
ᇴ S01: a[i] = h[i-1] + R[i];
ᇵ S02: b[i] = a[i-1] + a[i];
ᇶ S03: c[i] = b[i-1] + b[i];
ᇷ S04: d[i] = c[i-1] + c[i];
ᇸ S05: e[i] = d[i-2] + d[i-1];
ᇹ S06: f[i] = e[i-2] + e[i-1];
ᇺ S07: g[i] = f[i] + X[i];
ᇻ S08: h[i] = g[i] + Y[i];
ᇳᇲ S09: u[i] = v[i-1] + d[i];
ᇳᇳ S10: v[i] = u[i] + Z[i];
ᇳᇴ }

Liƾƿiƹƨ ᇸ.ᇷ – Vaƹ Dƺƹƨƣƹ: ƺƽiƨiƹal ơƺƢƣ

ᇳ for (int i = 1; i < N; ++i) {
ᇴ S1: a[i] = X[i] + e[i - 1];
ᇵ S2: b[i] = a[i] - g[i - 1];
ᇶ S3: c[i] = b[i] + e[i];
ᇷ S4: d[i] = gamma1 * b[i];
ᇸ S5: e[i] = d[i] + e[i - 1];
ᇹ S6: f[i] = gamma2 * b[i];
ᇺ S7: g[i] = f[i] + g[i - 1];
ᇻ S8: Y[i] = c[i] - g[i];
ᇳᇲ }

Liƾƿiƹƨ ᇸ.ᇸ – WDF: ƺƽiƨiƹal ơƺƢƣ

Wƣ ǀƾƣƢ Pآاب؟ [ᇳᇻ] ǁƣƽƾiƺƹ ᇲ.ᇳᇳ.ᇶ aƹƢ autoPar ƤƽƺƸ ƿƩƣ Rؘئآ [ᇺᇸ] CƺƸ-
ƻilƣƽ ǁƣƽƾiƺƹ ᇲ.ᇻ.ᇳᇴ.ᇲ ƺƹ ƺǀƽ ơƺƢƣ ƾaƸƻlƣƾ aƹƢ ơaƹ ơƺƹƧiƽƸ ƿƩƣƾƣ ƿƺƺlƾ Ƣƺ ƹƺƿ
ƣǃƻƺƾƣ ƻaƽallƣliƾƸ ƺƹ ƺǀƽ bƣƹơƩƸaƽkƾ (aƻaƽƿ ƤƽƺƸ ƿƩƣ ƻaƽallƣl lƺƺƻ iƹ mix).
NƺƹƣƿƩƣlƣƾƾ, ƾƿaƿƣƸƣƹƿƾ aƽƣ ƽƣƺƽƨaƹiǅƣƢ iƹ wdf aƹƢ van_dongen ƿƺ iƸƻƽƺǁƣ
Ƣaƿa lƺơaliƿǄ.

WƣơƺƸƻaƽƣƢ Ƥƺǀƽ ǁƣƽƾiƺƹƾƺƤ ƣaơƩbƣƹơƩƸaƽk: ƿƩƣƺǀƿƻǀƿ ơƺƢƣƺƤ Pآاب؟,
ƿƩƣ ơƺƢƣ aƹƹƺƿaƿƣƢ ǂiƿƩ ƺǀƽ ordered+nowait aƻƻƽƺaơƩ aƹƢ ƿƩƣ ơƺƢƣ ǂiƿƩ
ƣǃƻliơiƿ lƺơkƾ.

A ƿƣƸƻƿiƹƨ alƿƣƽƹaƿiǁƣ ƿƺƺǀƽ aƻƻƽƺaơƩ iƾ ƿƺǀƾƣOƻƣƹMPtask ơƺƹƾƿƽǀơƿƾ.
IƹƢƣƣƢ, ƿƩƣ task ơƺƹƾƿƽǀơƿ (iƹ ơƺƹjǀƹơƿiƺƹ ǂiƿƩ ƿƩƣ depend aƹƹƺƿaƿiƺƹ) al-
lƺǂƾ Ƨiƹƣƽ ơƺƹƿƽƺl ƺǁƣƽ ƣǃƣơǀƿiƺƹ ƺƽƢƣƽ. Wƣ ƸaƹǀallǄ ǂƽƺƿƣ ƿƩƣ ƤƺǀƽƿƩ ǁƣƽ-
ƾiƺƹ ƺƤ ƺǀƽ bƣƹơƩƸaƽkƾ ǂƩƣƽƣ ƿaƾkƾ aƽƣ ơƽƣaƿƣƢ Ƥƺƽ ƣaơƩ lƺƺƻ bƺƢǄ aƤƿƣƽ ǂƣ



Cإؘاأؔ؛ ᇸ. Eؚء؜ا؜آ؟أث Pؘؗء؜؟ؘأ؜ Mؚء؜ؘؗؔإ؛ا؜ا؟ب ᇻᇺ

ᇳ for (int i = 1; i < N; ++i)
ᇴ for (int j = 0; j < M; ++j)
ᇵ for (int k = 0; k < M; ++k)
ᇶ S1: C[i] += B[j] + A[k] + 1.;
ᇷ for (int i = 1; i < N; ++i) {
ᇸ S2: D[i] = D[i - 1] * C[i];
ᇹ S3: E[i] = E[i - 1] * D[i];
ᇺ }

Liƾƿiƹƨ ᇸ.ᇹ – Miǃ: ƺƽiƨiƹal ơƺƢƣ

ᇳ for (int i = 1; i < N; ++i)
ᇴ S1: A[i] = f(A[i], A[i-1]);
ᇵ for (int i = 1; i < N; ++i)
ᇶ S2: B[i] = f(A[i], B[i-1]);
ᇷ for (int i = 1; i < N; ++i)
ᇸ S3: C[i] = f(B[i], C[i-1]);
ᇹ for (int i = 1; i < N; ++i)
ᇺ S4: D[i] = f(C[i], D[i-1]);
ᇻ for (int i = 1; i < N; ++i)
ᇳᇲ S5: E[i] = f(D[i], E[i-1]);
ᇳᇳ for (int i = 1; i < N; ++i)
ᇳᇴ S6: F[i] = f(E[i], F[i-1]);

Liƾƿiƹƨ ᇸ.ᇺ – Tƣaƾƣƽ: ƺƽiƨiƹal ơƺƢƣ

aƻƻliƣƢ lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ aƾ ƢƣƾơƽibƣƢ iƹ Sƣơƿiƺƹ ᇸ.ᇵ.ᇳ.
Fiƨǀƽƣ ᇸ.ᇶ ƻƽƣƾƣƹƿƾ ƽƣƾǀlƿƾ ƺbƾƣƽǁƣƢ ƺƹ ƿƩƣ ơƺƢƣ ơƺƸƻilƣƢ ǂiƿƩ ƨơơ ǂiƿƩ

ƺƻƿiƺƹƾ -O3 -march=native -fopenmp.
BƺƿƩ ƺǀƽ aƻƻƽƺaơƩ aƹƢ ƿƩƣ ƿaƾk ǁƣƽƾiƺƹƾ allƺǂ ƺǀƽ teaser+nanosleep

ƣǃaƸƻlƣ ƿƺ ƾiƨƹiƧiơaƹƿlǄ ƺǀƿƻƣƽƤƺƽƸ ƿƩƣ ƾƣƼǀƣƹƿial ǁƣƽƾiƺƹ. Mƺƽƣƺǁƣƽ, iƿ ơaƹ
bƣ ƹƺƿiơƣƢ ƿƩaƿ task ơƽƣaƿiƺƹ ơƺƸƻƣƿƣƾ ǂiƿƩ ƺǀƽ aƻƻƽƺaơƩ ǂƩƣƹ ƿƩƣ ƹǀƸ-
bƣƽ ƺƤ ƿaƾkƾ ƽƣƸaiƹƾ ơƺƹƿaiƹƣƢ aƹƢ ơƺƸƻǀƿƣ ƿiƸƣƾ aƽƣ ƩiƨƩ. Hƺǂƣǁƣƽ, ƿƩƣ
iƹƿƽƺƢǀơƣƢ ƺǁƣƽƩƣaƢ ơaƹ ƿƽƣƸƣƹƢƺǀƾlǄ iƸƻƣƢƣ ƿƩƣ ƽƣƾǀlƿiƹƨ ƻƽƺƨƽaƸ aƾ ƿƩƣ
ƹǀƸbƣƽ ƺƤ ƿaƾkƾ ƨƽƺǂƾ laƽƨƣƽ aƹƢ ƿƩƣ ơƺƸƻǀƿƣ ƿiƸƣƾ ƺƤ ƿƩƣ ƿaƾkƾ iƾ ƾƸall.
TƩiƾ ơaƹ ơlƣaƽlǄ bƣ ƾƣƣƹ ƺƹ teaser, wdf aƹƢ vandongen. TƩƣ ƺǁƣƽƩƣaƢ iƾ Ƣǀƣ
ƿƺ ƿƩƣ ƨƽƺǂiƹƨ ƹǀƸbƣƽ ƺƤ ƿaƾkƾ ƿƺ ơƽƣaƿƣ aƹƢ ƿƩƣ ƢƣƻƣƹƢƣƹơiƣƾ ǂƩiơƩ Ƹǀƾƿ
bƣ ơƩƣơkƣƢ aƿ ƽǀƹƿiƸƣ.

Eǃƻliơiƿ lƺơkƾ ƺǀƿƻƣƽƤƺƽƸ ƿƩƣ ordered+nowait ǁƣƽƾiƺƹƾ aƹƢ ƣǁƣƹ allƺǂ



ᇻᇻ ᇸ.ᇷ. E؟ؔاءؘؠ؜إؘأث Rؘئا؟بئ ؗءؔ Dءآ؜ئئبؖئ؜

ƿƣaƾƣƽ

ƿƣaƾƣƽ+ƹaƹƺƾlƣƣƻ

ǁaƹƢƺƹƨƣƹ

ǂƢƤ

Ƹiǃ

9.61 · 10−4

2.97

1.39 · 10−2

2.53 · 10−3

1.01

0.54

2.99

1.31

0.45

1.01

5.38

3.09

2.19

1.4

1.02

locks ordered+nowait tasks+distribution

Fiƨǀƽƣ ᇸ.ᇶ – PiƻƣliƹƣƢ MǀlƿiƿƩƽƣaƢiƹƨ: SƻƣƣƢǀƻƾ Oƽ SlƺǂƢƺǂƹƾ Oǁƣƽ
P؟utآ Vƣƽƾiƺƹ (CƺƢƣ CƺƸƻilƣƢWiƿƩ ƨơơ ᇻ.ᇴ.ᇳ). N = 100, 000 Ƥƺƽ teaser,
wdf aƹƢ van_dongen, N = 2, 000 aƹƢ M = 2, 000 Ƥƺƽ mix

ƺǀƽ ƿƣaƾƣƽ ƣǃaƸƻlƣ ƿƺ ƣǃƩibiƿ ƾƻƣƣƢǀƻƾ ǂiƿƩƺǀƿ ƿƩƣ ơall ƿƺ nanosleep. TƩƣ
ƽƣƾǀlƿƾ ƾƩƺǂ ƿƩƣ ƾƻƣƣƢǀƻƾ Ƥƺƽ blƺơk ƾiǅƣƾ ƾiƸilaƽ ƿƺ ƿƩƣ ƢƣƤaǀlƿ ơƩǀƹk ƾiǅƣ Ƥƺƽ
ƹƺƹ blƺơkƣƢ ǁƣƽƾiƺƹƾ. Wƣ Ʃaǁƣ ƺbƾƣƽǁƣƢ ƣǁƣƹ ƨƽƣaƿƣƽ ƾƻƣƣƢǀƻƾ ǂiƿƩ ƢifƤƣƽ-
ƣƹƿ blƺơk ƾiǅƣƾ (Ƥƺƽ iƹƾƿaƹơƣ a ƾƻƣƣƢǀƻ ƺƤ ᇻ.ᇸ ǂiƿƩ a blƺơk ƾiǅƣ ƺƤ ᇴᇲᇶᇺ ƺƹ ƺǀƽ
ƿƣaƾƣƽ ơƺƢƣ). TƩƣ ǁalǀƣƾ ǂƣƽƣ ƨǀƣƾƾƣƢ baƾƣƢ ƺƹ ƿƩƣ iƹƻǀƿ ơƺƢƣ aƹƢ ơaơƩƣ
ƾiǅƣ ƺƤ ƺǀƽ ƿƣƾƿ ƣƹǁiƽƺƹƸƣƹƿ. FǀƽƿƩƣƽ ǂƺƽk iƾ ƽƣƼǀiƽƣƢ ƿƺ ƢƣƿƣƽƸiƹƣ Ʃƺǂ ƿƺ
ƧiƹƢ ƺƻƿiƸal blƺơk ƾiǅƣƾ Ƥƺƽ a ƨiǁƣƹ ƻiƻƣliƹƣ aƹƢ ƣƹǁiƽƺƹƸƣƹƿ.

TƩƣƸƣaƾǀƽƣƸƣƹƿƾ ǂƣƽƣ alƾƺ ơƺƹƢǀơƿƣƢ ƺǁƣƽ ơƺƢƣ ơƺƸƻilƣƢ ǂiƿƩ clang

aƹƢ libomp aƹƢ ƿƩƣ ƽƣƾǀlƿƾ aƽƣ ƻƽƣƾƣƹƿƣƢ iƹ Fiƨǀƽƣ ᇸ.ᇷ. TƩƣ ƾaƸƣ ƺbƾƣƽǁa-
ƿiƺƹƾ ơaƹbƣƸaƢƣ: ƾƿaƨƣblƺơkiƹƨ aƹƢƣǃƻliơiƿ lƺơkƾ ƨƣƹƣƽallǄ ƺǀƿƻƣƽƤƺƽƸ ƿƩƣ
ƿaƾkƾ aƹƢ ordered+nowait ǁƣƽƾiƺƹƾ alƿƩƺǀƨƩ ƿƩƣ lƺơkiƹƨ ƸƣơƩaƹiƾƸ ƾƣƣƸƾ
lƣƾƾ ƣfƧiơiƣƹƿ.
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ǁaƹƢƺƹƨƣƹ

ǂƢƤ

ƿƣaƾƣƽ

ƿƣaƾƣƽ+ƹaƹƺƾlƣƣƻ

Ƹiǃ
3.6 · 10−5

4 · 10−5

6.4 · 10−5

0.13

1.04

5.36 · 10−2

2.25

8.7 · 10−2

0.12

1

2.76

2.21

1.41

1.85

1.03

locks ordered+nowait tasks+distribution

Fiƨǀƽƣ ᇸ.ᇷ – SƻƣƣƢǀƻƾ Oƽ SlƺǂƢƺǂƹƾ Oǁƣƽ P؟utآ Vƣƽƾiƺƹ (ơlaƹƨ ᇻ.ᇲ.ᇳ).
N = 100, 000 Ƥƺƽ teaser, wdf aƹƢ van_dongen. N = 2000 aƹƢ M = 2000
Ƥƺƽ mix.
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Fiƨǀƽƣ ᇸ.ᇸ ƻƽƣƾƣƹƿƾ ƣǃƻƣƽiƸƣƹƿal ƽƣƾǀlƿƾ ƺƹ ƿƩƣ ơƺƢƣ ơƺƸƻilƣƢ ǂiƿƩ iơơ
ᇳᇻ.ᇳ.ᇲ.ᇳᇸᇸ. SǄƹơƩƽƺƹiǅaƿiƺƹ iƾ lƣƾƾ ƣfƧiơiƣƹƿ ǂiƿƩ iơơ/libiƺƸƻ aƾ ơaƹ bƣ ƺb-
ƾƣƽǁƣƢ ƺƹ ƿƩƣ teaser+nanosleep ƣǃaƸƻlƣ. Gƽƣaƿ ƾƻƣƣƢǀƻƾ aƽƣ ƺbƾƣƽǁƣƢ ƺƹ
ƿƩƣ mix ƣǃaƸƻlƣ bƣơaǀƾƣ iơơ iƾ ablƣ ƿƺ ƩƣaǁilǄ ƺƻƿiƸiǅƣ ƿƩƣ ƻaƽallƣl lƺƺƻ aƹƢ
ƾiƨƹiƧiơaƹƿlǄ Ƣƣơƽƣaƾƣ iƿƾ ơƺƸƻǀƿƣ ƿiƸƣ. Oǁƣƽall, ƿƩƺƾƣ ƽƣƾǀlƿƾ ƾƩƺǂ ƿƩaƿ ƿƩƣ
ƣǃƻliơiƿ lƺơkƾ ǁƣƽƾiƺƹ ƺǀƿƻƣƽƤƺƽƸƾ all ƿƩƣ ƺƿƩƣƽ ǁƣƽƾiƺƹƾ ƺƹ ƿƩƺƾƣ ƻiƻƣliƹƣƢ
lƺƺƻƾ ǂƩaƿƣǁƣƽ ƿƩƣ ơƺƸƻilƣƽ aƹƢ ƣǃƣơǀƿiƺƹ ƣƹǁiƽƺƹƸƣƹƿ.

ǁaƹƢƺƹƨƣƹ

ǂƢƤ

ƿƣaƾƣƽ

ƿƣaƾƣƽ+ƹaƹƺƾlƣƣƻ

Ƹiǃ
6.3 · 10−5

3.8 · 10−5

6.4 · 10−5

0.12

0.2

7.2 · 10−2

2.3

0.27

0.11

3.57

3.26

2.53

1.83

2.01

4.72

locks ordered+nowait tasks+distribution

Fiƨǀƽƣ ᇸ.ᇸ – SƻƣƣƢǀƻƾ Oƽ SlƺǂƢƺǂƹƾ Oǁƣƽ P؟utآ Vƣƽƾiƺƹ (iơơ ᇳᇻ.ᇳ.ᇲ.ᇳᇸᇸ).
N = 100, 000 Ƥƺƽ teaser, wdf aƹƢ van_dongen. N = 2000 aƹƢ M = 2000
Ƥƺƽ mix.

ᇸ.ᇸ FǀƿǀƽƣWƺƽk: SkƣǂƣƢ Piƻƣliƹƣƾ

WƣiƹƿƽƺƢǀơƣƢƣǃƻliơiƿlǄ ƾǄƹơƩƽƺƹiǅƣƢƻiƻƣliƹƣƾ iƹ Sƣơƿiƺƹᇸ.ᇶ. SǀơƩƻiƻƣliƹƣƾ
ƺfƤƣƽ ƨƽƣaƿƣƽ ơƺƹƿƽƺl ƺǁƣƽ ƿƩƣ Ƣiƾƿƽibǀƿiƺƹƾ ƺƤ ƿƩƣ iƿƣƽaƿiƺƹƾ. Iƹ ƻaƽƿiơǀlaƽ,
ƿƩƣǄƸakƣ iƿ ƻƺƾƾiblƣ ƿƺ ơƺƹƿƽƺl ƿƩƣ ƻlaơƣƸƣƹƿ ƺƤ ƿƩƣ ƠƨƼƵƲƺ: ƢifƤƣƽƣƹƿ ƾƿaƨƣƾ
ƺƤ ƿƩƣ ƻiƻƣliƹƣ Ƣƺ ƹƺƿ ƹƣơƣƾƾaƽilǄ ƹƣƣƢ ƿƺ bƣ ƺƤ ƣƼǀal ƾiǅƣ ƺƽ ƿƺ bƣ aliƨƹƣƢ (iƿ-
ƣƽaƿiƺƹ ƢƺƸaiƹ ǂiƾƣ). TƩƣ ƿƣơƩƹiƼǀƣƾ ƻƽƣǁiƺǀƾlǄ ƻƽƣƾƣƹƿƣƢ iƹ ƿƩiƾ ơƩaƻƿƣƽ
ƿaƽƨƣƿƣƢ ƾƣƼǀƣƹƿial lƺƺƻƾ. Wƣ ƾƩƺǂ iƹ ƿƩiƾ ƾƣơƿiƺƹ Ʃƺǂ ƿƺ ƻiƻƣliƹƣ ƻaƽallƣl
lƺƺƻƾ aƾ ǂƣll, ǀƾiƹƨ ƿƩiƾ ƨƽƣaƿƣƽ ơƺƹƿƽƺl ƺǁƣƽ ƠƨƼƵƲ ƻlaơƣƸƣƹƿ aƹƢ ƾiǅƣƾ.

FǀƽƿƩƣƽ ƣǃƿƣƹƢiƹƨ EƼǀaƿiƺƹ (ᇸ.ᇳ), ƸǀlƿiƿƩƽƣaƢƣƢ ƻiƻƣliƹƣƾ ơƺǀlƢ bƣ ơƽƣ-
aƿƣƢ Ƥƺƽ lƺƺƻƾ iƤ ƿƩƣ ƢƣƻƣƹƢƣƹơiƣƾ bƣƿǂƣƣƹ ƿƩƣ lƺƺƻƾ ƺƹ ƿƩƣ ƻaƽallƣl ƢiƸƣƹ-
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ƾiƺƹƾ aƽƣ ƺƤ ƿƩƣ ƤƺƽƸ:

LS1,S2(~p) = {~u → ~vS2 | ui − a ≤ vj ≤ ui + b} (ᇸ.ᇴ)

Lƣƿ ǀƾ ơƺƹƾiƢƣƽ jacobi-1d ƤƽƺƸ ƿƩƣ PƺlǄBƣƹơƩ ƾǀiƿƣ aƾ ƾƩƺǂƹ iƹ Liƾƿ-
iƹƨ ᇸ.ᇻ. A ƨiǁƣƹ iƿƣƽaƿiƺƹ i ƺƤ lƺƺƻ S2 ƢƣƻƣƹƢƾ ƺƹ ƻƽƣǁiƺǀƾ iƿƣƽaƿiƺƹƾ i, i− 1

aƹƢ i+1 ƺƤ lƺƺƻ S1. Iƹ ƿƩƣ ƾaƸƣ ǁƣiƹ, (bƣơaǀƾƣ ƿƩƣ ƿǂƺ lƺƺƻƾ aƽƣ ƣƹơlƺƾƣƢ iƹ
a lƺƺƻ), a ƨiǁƣƹ iƿƣƽaƿiƺƹ i ƺƤ lƺƺƻ S1 ƢƣƻƣƹƢƾ ƺƹ ƻƽƣǁiƺǀƾ iƿƣƽaƿiƺƹƾ i, i− 1

aƹƢ i + 1 ƺƤ lƺƺƻ S2. Pآاب؟ [ᇳᇻ] ǁƣƽƾiƺƹ ᇲ.ᇳᇳ.ᇶ ǂiƿƩ ƺƻƿiƺƹ --parallel ǂill
ƾkƣǂ aƹƢ Ƥǀƾƣ ƿƩƣ ƿǂƺ lƺƺƻƾ (ƾƣƣ AƻƻƣƹƢiǃ A.ᇴ.ᇳ).

ᇳ for (t = 0; t < _PB_TSTEPS; t++) {
ᇴ for (i = 1; i < _PB_N - 1; i++) {
ᇵ S1: B[i] = 0.33333 * (A[i-1] + A[i] + A[i + 1]);
ᇶ }
ᇷ for (i = 1; i < _PB_N - 1; i++) {
ᇸ S2: A[i] = 0.33333 * (B[i-1] + B[i] + B[i + 1]);
ᇹ }
ᇺ }

Liƾƿiƹƨ ᇸ.ᇻ – jaơƺbi-ᇳƢ: Oƽiƨiƹal CƺƢƣ. TƩiƾ kƣƽƹƣl iƾ a ƾƿƣƹơil ơƺƸƻǀƿaƿiƺƹ
ƺǁƣƽ ᇳDƢaƿa. TƩiƾ iƾ a ƾiƸƻliƧiƣƢ ǁƣƽƾiƺƹǂƩiơƩ ơƺƸƻǀƿƣƾ ƿƩƣ aǁƣƽaƨƣ ƺƤ ƿƩƽƣƣ
ƻƺiƹƿƾ.

TƩiƾ ơƺƢƣ iƾ aơƿǀallǄ ƣliƨiblƣ Ƥƺƽ ƸǀlƿiƿƩƽƣaƢƣƢ ƻiƻƣliƹiƹƨ aƾ ƾƩƺǂƹ iƹ
Liƾƿiƹƨ ᇸ.ᇳᇲ. TƩƣ ƸƣƿƩƺƢ iƾ ƾiƸilaƽ ƿƺ ƿƩƣ ƸƣƿƩƺƢ ƢƣƾơƽibƣƢ iƹ Sƣơƿiƺƹ ᇸ.ᇶ.
Hƺǂƣǁƣƽ, ƿƩƣ Ƹaiƹ ƢifƤƣƽƣƹơƣ iƾ ƿƩaƿ ƣaơƩ ƾƿaƨƣ ƻƺƿƣƹƿiallǄ ƾƿaƽƿƾ aƹƢ ƣƹƢƾ
aƿ a ƢifƤƣƽƣƹƿ iƹƢƣǃ (ƿƩƣ ơƺƢƣ ƣǃaƸƻlƣ ƾƿƺƽƣƾ ƿƩƣƾƣ iƹƢiơƣƾ iƹ aƹ aƽƽaǄ (liƹƣƾ
ᇻ-ᇳᇷ) iƹƾƿƣaƢ ƺƤ iƹliƹiƹƨ ƿƩƣƸ iƹ ƿƩƣ lƺƺƻ bƺǀƹƢƾ Ƥƺƽ lƣƨibiliƿǄ): ƣaơƩ ƾƿaƨƣ
iƾ ƺƹƣ iƿƣƽaƿiƺƹ ƾƩƺƽƿƣƽ aƹƢ ƾƿaƽƿƾ ƺƹƣ iƿƣƽaƿiƺƹ ƣaƽliƣƽ ƣǃơƣƻƿ ƿƩƣ Ƨiƽƾƿ ƾƿaƨƣ.
TƩƣ ƣǃƣơǀƿiƺƹ ƺƽƢƣƽ iƾ ơlƺƾƣ ƿƺ ƾkƣǂƣƢ lƺƺƻƾ bǀƿ ƿƩƣ aƽƽaǄ aơơƣƾƾƣƾ ƽƣƸaiƹ
aƾ iƾ. TƩiƾ ơƺƢƣ Ƥƣaƿǀƽƣƾ aƹƺƿƩƣƽ ǀƾƣƤǀl ơƩaƽaơƿƣƽiƾƿiơ Ƥƺƽ ƻiƻƣliƹƣ ƣǃƿƽaơƿiƺƹ:
ƿƩƣ ƾǀƽƽƺǀƹƢiƹƨ lƺƺƻ ƺǁƣƽ t. PaƽƿiallǄ ǀƹƽƺlliƹƨ ƿƩiƾ lƺƺƻ ƿƺ ƿaƾƿƣ Ƹakƣƾ iƿ
ƻƺƾƾiblƣ ƿƺ ƣǃƻƺƾƣ aƾ ƸaƹǄ ƾƿaƨƣƾ aƾ ƹƣƣƢƣƢ (ǂiƿƩiƹ ƿƩƣ bƺǀƹƢaƽiƣƾ ƾƣƿ bǄ
ƿƩƣ aơƿǀal ǁalǀƣ ƺƤ TSTEPS aƹƢ ƿƩƣ blƺơk ƾiǅƣƾ).

WiƿƩ ƺƻƿiƺƹƾ --partlbtile --parallel, Pآاب؟ [ᇳᇻ] ơaƹ ƻƣƽƤƺƽƸ Ƣia-
ƸƺƹƢ ƿiliƹƨ [ᇳᇹ]. TƩiƾ ƿiliƹƨ ƿƣơƩƹiƼǀƣ iƾ ƣƾƻƣơiallǄ ƣfƧiơiƣƹƿ ƿiliƹƨ Ƥƺƽ ƾƿƣƹ-
ơil ơƺƸƻǀƿaƿiƺƹƾ. Wƣ ơƺƸƻaƽƣƢ ƿƩƽƣƣ ǁƣƽƾiƺƹƾ: ƿƩƣ ”ƾkƣǂƣƢ ƻiƻƣliƹƣƾ” ơƺƢƣ



ᇳᇲᇵ ᇸ.ᇸ. Fؘإباب :؞إآت Sؘؗتؘ؞ ئؘء؜؟ؘأ؜أ

ᇳ for (size_t steps = 0; steps < TSTEPS; t++) {
ᇴ /* Omitted: code to set locks... */
ᇵ #pragma omp for schedule(static, 1)
ᇶ for (size_t block = 0; block <= block_count; ++block) {
ᇷ /* Compute self and next thread indexes. */
ᇸ const size_t self = block % num_threads;
ᇹ const size_t next = (block + 1) % num_threads;
ᇺ const int distance = 1;

ᇻ int start[stages], end[stages];
ᇳᇲ for (size_t i = 0; i < stages; ++i) {
ᇳᇳ const int skew = i + distance - 1;
ᇳᇴ const int skew_start = offset + block * block_size - skew;
ᇳᇵ start[i] = MAX(skew_start, offset);
ᇳᇶ end[i] = MIN(skew_start + block_size, N - 1);
ᇳᇷ }

ᇳᇸ size_t stage = 0;
ᇳᇹ omp_set_lock(&locks[self][stage]);
ᇳᇺ for (int i = start[stage]; i < end[stage]; i++)
ᇳᇻ B[i] = 0.33333 * (A[i-1] + A[i] + A[i + 1]);
ᇴᇲ omp_unset_lock(&locks[next][stage]);
ᇴᇳ stage++;

ᇴᇴ omp_set_lock(&locks[self][stage]);
ᇴᇵ for (int i = start[stage]; i < end[stage]; i++)
ᇴᇶ A[i] = 0.33333 * (B[i-1] + B[i] + B[i + 1]);
ᇴᇷ omp_unset_lock(&locks[next][stage]);
ᇴᇸ stage++;
ᇴᇹ /* Omitted: subsequent stages... */
ᇴᇺ }
ᇴᇻ /* Omitted: code to reset locks... */
ᇵᇲ }

Liƾƿiƹƨ ᇸ.ᇳᇲ – jaơƺbi-ᇳƢ: SkƣǂƣƢ Piƻƣliƹƣƾ.

(ǂiƿƩ ᇳᇴ ƾƿaƨƣƾ), ƿƩƣ ”ƻaƽallƣl” ǁƣƽƾiƺƹ (ƿƩƣ ƺǀƿƻǀƿ ƺƤ Pآاب؟ǂiƿƩ --parallel)
aƹƢ ƿƩƣ ”ƢiaƸƺƹƢ”. Wƣ ƾƣƿ TSTEPS ƿƺ 1200 aƹƢ ƿƩƣ ƾiǅƣ ƿƺ EXTRALARGE aƹƢ
ơƺƸƻilƣƢ ƿƩƣ ƿƩƽƣƣ ǁƣƽƾiƺƹƾ ǂiƿƩ ǂiƿƩ ƨơơ ᇻ.ᇵ.ᇲ, iơơ ᇳᇻ.ᇳ.ᇲ.ᇳᇸᇸ aƹƢ ơlaƹƨ ᇻ.ᇲ.ᇳ
ǀƾiƹƨ ƺƻƿiƺƹƾ -O3 -march=native -fopenmp. Tablƣ ᇸ.ᇳ ƻƽƣƾƣƹƿƾ ƣǃƣơǀƿiƺƹ
ƿiƸƣƾ ƺƤ ƿƩƣ ƿƩƽƣƣ ǁƣƽƾiƺƹƾ.
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Tablƣ ᇸ.ᇳ – Eǃƣơǀƿiƺƹ TiƸƣƾ Fƺƽ jacobi-1d

fƷaǁƺǀƽ ƨơơ iơơ ơlaƹƨ
ƻaƽallƣl 0.02396233 0.09838166 0.12271866
ƾkƣǂƣƢ ƻiƻƣliƹƣ 0.00246000 0.01128500 0.00947800
ƢiaƸƺƹƢ 0.00271200 0.00593033 0.00595900

WiƿƩ all ƿƩƽƣƣ ơƺƸƻilƣƽƾ ƿƩƣ ƾiƸƻlƣ ƻaƽallƣl ǁƣƽƾiƺƹ iƾ ƿƩƣ lƣƾƾ Ƥaǁƺƽablƣ
ǂƩilƣ ƿƩƣ ƾkƣǂƣƢ ƻiƻƣliƹƣƾ aƽƣ ƾiƨƹiƧiơaƹƿlǄ Ƥaƾƿƣƽ. WiƿƩ ƨơơ, ƿƩƣ ƾkƣǂƣƢ
ƻiƻƣliƹƣƾ aƽƣ ƺƹ ƻaƽ ǂiƿƩ ƿƩƣ ƢiaƸƺƹƢ ƿilƣƾ. AlƿƩƺǀƨƩ ƢiaƸƺƹƢ ƿiliƹƨ iƹ-
ơƽƣaƾƣƾ ƿƩƣ aƸƺǀƹƿƺƤ ơƺƹơǀƽƽƣƹƿ ƾƿaƽƿƾ, ƿƩƣ ơƺƸƻilƣƽ ƤailƣƢ ƿƺ ǁƣơƿƺƽiǅƣ ƾƺƸƣ
ƺƤ ƿƩƣ ƹǀƸƣƽƺǀƾ lƺƺƻƾ iƹ ƿƩƣ ƢiaƸƺƹƢ ƿilƣƢ ǁƣƽƾiƺƹ. All lƺƺƻƾ iƹ ƿƩƣ ƾkƣǂƣƢ
ƻiƻƣliƹƣƾ ǂƣƽƣ ǁƣơƿƺƽiǅƣƢ. TƩƣ ƣǃƣơǀƿiƺƹ ƿiƸƣƾ aƽƣ lƣƾƾ ƣƹơƺǀƽaƨiƹƨ ƺƹ ƿƩƣ
ǁƣƽƾiƺƹƾ ơƺƸƻilƣƢǂiƿƩ iơơ aƹƢ ơlaƹƨ. Aƾ ƾƣƣƹƻƽƣǁiƺǀƾlǄ, bƺƿƩ lƺơkiƹƨƸƣơƩ-
aƹiƾƸƾǂiƿƩclang/libomp aƹƢicc/libiomp ƾƣƣƸ lƣƾƾ ƣfƧiơiƣƹƿ ƿƩaƹ iƹgcc/libgomp.
Mƺƽƣƺǁƣƽ, icc ƤailƣƢ ƿƺ ǁƣơƿƺƽiǅƣ ƿƩƣ ƾkƣǂƣƢ ƻiƻƣliƹƣ ƾƿaƨƣƾ.

TƩƣ ƺƿƩƣƽ ƸǀlƿiƿƩƽƣaƢƣƢ ƻiƻƣliƹiƹƨ ƸƣƿƩƺƢƾ ƻƽƣƾƣƹƿƣƢ iƹ ƿƩiƾ ơƩaƻƿƣƽ
ƿaƽƨƣƿ lƺƺƻƾ ƿƩaƿ aƽƣ lƣƤƿ aƾ ƾƣƼǀƣƹƿial aƤƿƣƽ ƿƩƣ ƾơƩƣƢǀliƹƨ ƻƩaƾƣ aƹƢ ơaƹ
bƣ aƻƻliƣƢ Ƣǀƽiƹƨ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƩaƾƣ. Oƹ ƿƩƣ ƺƿƩƣƽ ƩaƹƢ, ƾkƣǂƣƢ
ƻiƻƣliƹƣƾ ƨƣƹƣƽaƿiƺƹ ƿaƽƨƣƿ ƻaƽallƣl lƺƺƻƾ aƹƢ alƾƺ ƽƣƼǀiƽƣ ƿƩƣ ƾơƩƣƢǀliƹƨ
ƻƩaƾƣ ƿƺ bƣ ƸƺƢiƧiƣƢ: ǂƣ Ƣƺ ƹƺƿ ǂaƹƿ ƿƩƣ ƾơƩƣƢǀliƹƨ ƻƩaƾƣ ƿƺ ƩƣaǁilǄ ƿƽaƹƾ-
ƤƺƽƸ ƿƩƣ ƻaƽallƣl lƺƺƻƾ ǂƩiơƩ ƸaǄ bƣƹƣƧiƿ ƤƽƺƸ ƾkƣǂƣƢ ƻiƻƣliƹƣƾ. TƩiƾ ƾƣơ-
ƿiƺƹ iƹƿƽƺƢǀơƣƢ ƿƩƣ iƢƣa ƺƤ ƾkƣǂƣƢ ƻiƻƣliƹƣƾ, ƤǀƽƿƩƣƽ ǂƺƽk iƾ ƹƣƣƢƣƢ ƿƺ Ƣƣ-
ƿƣƽƸiƹƣǂƩƣƿƩƣƽ ƺƿƩƣƽ ƾƿƣƹơil ơƺƸƻǀƿaƿiƺƹƾƸaǄbƣƹƣƧiƿ ƤƽƺƸƿƩiƾ ƿƣơƩƹiƼǀƣ
aƹƢƩƺǂƿƺƸƺƢiƤǄ ƾơƩƣƢǀliƹƨ alƨƺƽiƿƩƸƾ ƿƺ ƾƻƣơiƧiơallǄ ƿaƽƨƣƿ ƾǀơƩƻiƻƣliƹƣƾ.

ᇸ.ᇹ Cƺƹơlǀƾiƺƹ

Iƹ ƺƽƢƣƽ ƿƺ ƻƽƣƾƣƽǁƣ ƿƩƣ ƾƣƸaƹƿiơƾ ƺƤ a ƻƽƺƨƽaƸ, ƾƺƸƣ lƺƺƻƾ Ƹǀƾƿ ƽƣƸaiƹ
ƾƣƼǀƣƹƿial. Hƺǂƣǁƣƽ, ƿƩiƾ ƽƣƾƿƽiơƿiƺƹ Ƣƺƣƾ ƹƺƿ ƹƣơƣƾƾaƽilǄ ƤƺƽbiƢ all ƤƺƽƸƾ ƺƤ
ƻaƽallƣliƾƸ. Wƣ ƻƽƣƾƣƹƿ a ƹƣǂ ơƺƸƻilƣƽ ƿƣơƩƹiƼǀƣ ǂƩiơƩ iƾ ablƣ ƿƺ Ƣƣƿƣơƿ,
ƿƺ ƣǃƿƽaơƿ aƹƢ ƿƺ iƸƻlƣƸƣƹƿ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ iƹ ƾƺƸƣ ƾƣƼǀƣƹơƣƾ ƺƤ
ƾƣƼǀƣƹƿial lƺƺƻƾ. TƩƣ ƾƻƣơiƧiơ ƢƣƻƣƹƢƣƹơƣ aƹalǄƾiƾ Ƥƺƽ ƿƩƣ ƻaƽallƣl ƣǃƣơǀ-
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ƿiƺƹ ƺƤ iƹƿƣƽlaơƣƢ iƿƣƽaƿiƺƹƾ iƾ ƣƹablƣƢ bǄ ƻƺlǄƩƣƢƽal ƿƣơƩƹiƼǀƣƾ, ǂƩilƣ ƿƩƣ
ƻiƻƣliƹƣƢ ƣǃƣơǀƿiƺƹ iƾ iƸƻlƣƸƣƹƿƣƢ ǀƾiƹƨ a ƾƻƣơiƧiơ ƾƿaƨƣ-blƺơkiƹƨ ƿƽaƹƾ-
ƤƺƽƸaƿiƺƹaƹƢaơƺƢƣƨƣƹƣƽaƿiƺƹbǀilƢiƹƨƺƹƣiƿƩƣƽ ordered aƹƢnowaitOƻƣƹMP
ơlaǀƾƣƾ, ƺƽ ƣǃƻliơiƿ lƺơkƾ. WiƿƩ ƺǀƽ ƸƣƿƩƺƢ, ǂƣ aƽƣ ablƣ ƿƺ ƣǃƻƺƾƣ ƻiƻƣliƹƣƢ
ƸǀlƿiƿƩƽƣaƢiƹƨ iƹ ƻƽƺƨƽaƸƾ ǂƩiơƩ ơǀƽƽƣƹƿ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ aǀƿƺƸaƿiơ ƻƺlǄ-
ƩƣƢƽal ƻaƽallƣliǅƣƽƾ Ƥail ƿƺ ƻaƽallƣliǅƣ.

Oǀƽ ƾƿǀƢǄ ƾƩƺǂƾ ƿƩaƿ ƻƽƺƨƽaƸƾǂiƿƩƸǀlƿiƻlƣ ơƺƹƾƣơǀƿiǁƣ ƾƣƼǀƣƹƿial lƺƺƻƾ
aƤƿƣƽ lƺƺƻ Ƣiƾƿƽibǀƿiƺƹ aƹƢ ǂiƿƩ lƺƹƨ ƣƹƺǀƨƩ ƾƣƼǀƣƹƿial iƿƣƽaƿiƺƹƾ ơaƹ bƣƹƣ-
Ƨiƿ ƤƽƺƸ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ. Fǀƿǀƽƣ ǂƺƽk ƾƩƺǀlƢ iƹǁƣƾƿiƨaƿƣ Ʃƺǂ ƿƺ
ƧiƹƢ ƺƻƿiƸal ơƩǀƹk ƾiǅƣƾ Ƥƺƽ ƸǀlƿiƿƩƽƣaƢƣƢ ƻiƻƣliƹƣƾ. Wƣ ƻƽƣƾƣƹƿ ƿƩƣ ƨƣƹ-
ƣƽal iƢƣa Ƥƺƽ ƾkƣǂƣƢ ƸǀlƿiƿƩƽƣaƢƣƢ ƻiƻƣliƹƣƾ. TƩiƾ ƹƣǂ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƸaǄ
ơƺƸƻƣƿƣ ǂiƿƩ ƿiliƹƨ ƺƽ ƢiaƸƺƹƢ ƿiliƹƨ aƹƢ ƽƣƼǀiƽƣƾ ƤǀƽƿƩƣƽ ƽƣƧiƹƣƸƣƹƿƾ aƹƢ
iƹǁƣƾƿiƨaƿiƺƹƾ.
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ᇳᇲᇹ

CƩaƻƿƣƽ ᇹ

Cƺƹơlǀƾiƺƹ AƹƢ Pƣƽƾƻƣơƿiǁƣƾ

HiƨƩ ƻƣƽƤƺƽƸaƹơƣ ơƺƸƻǀƿiƹƨ ƽƣƼǀiƽƣƾ ƣǃƿƣƹƾiǁƣ kƹƺǂlƣƢƨƣ ƺƤ ƿƩƣ ƻƽƺblƣƸ
ƢƺƸaiƹ, ƾƺƤƿǂaƽƣ ƣƹƨiƹƣƣƽiƹƨ aƹƢ ƿƩƣ ƿaƽƨƣƿ ƩaƽƢǂaƽƣ aƽơƩiƿƣơƿǀƽƣ. Iƿ iƾ iƹ-
ơƽƣaƾiƹƨlǄ ƢifƧiơǀlƿ Ƥƺƽ ƾiƹƨlƣ iƹƢiǁiƢǀalƾ ƿƺƸaƾƿƣƽ all ƺƤ ƿƩƣƾƣ ƿƽaƢƣƾ aƿ ƺƹơƣ.
AǀƿƺƸaƿiơ ƺƻƿiƸiǅƣƽƾ ơaƹ allƣǁiaƿƣ ƿƩiƾ bǀƽƢƣƹ ƺƹ ƻƽƺƨƽaƸƸƣƽƾ. PƽƺƨƽaƸ-
Ƹƣƽƾ ơaƹ Ƥƺơǀƾ ƺƹ ƻƽƺblƣƸ ƾƺlǁiƹƨ aƹƢ lƣƿ ƿƩƣ ƺƻƿiƸiǅiƹƨ ơƺƸƻilƣƽƾ ƾƣlƣơƿ
aƹ aƢƣƼǀaƿƣ ǂaǄ ƿƺ ǀƾƣ ƿƩƣ ƿaƽƨƣƿ ƩaƽƢǂaƽƣ. AǀƿƺƸaƿiơ lƺƺƻ ƹƣƾƿ ƺƻƿiƸiǅ-
aƿiƺƹ ơaƹ bƣ ƻƣƽƤƺƽƸƣƢ ǀƾiƹƨ ƿƺƺlƾ baƾƣƢ ƺƹ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl: ǁaƽiƺǀƾ
aƾƻƣơƿƾ ƺƤ ƿƩƣ lƺƺƻƾ (iƿƣƽaƿiƺƹ ƢƺƸaiƹƾ, ƢƣƻƣƹƢƣƹơƣƾ, ƣƿơ.) ơaƹ bƣ ƽƣƻƽƣƾƣƹ-
ƿƣƢ aƾ ǀƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa. TƩƣƾƣ ƻƺlǄƩƣƢƽa ơaƹ bƣ ƸaƹiƻǀlaƿƣƢ ǁia alƨƣb-
ƽaiơ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ. Oƹơƣ ƻƺlǄƩƣƢƽa Ʃaǁƣ bƣƣƹ ƸƺƢiƧiƣƢ ƿƺ ƽƣaơƩ a ƨiǁƣƹ
ƺƻƿiƸiǅaƿiƺƹ ƨƺal, a ơƺƢƣ ƿƩaƿ ƾơaƹƾ ƿƩƣ iƹƿƣƨƣƽ ƻƺiƹƿƾ ƺƤ ƿƩƣƾƣ ƻƺlǄƩƣƢƽa
iƾ ƨƣƹƣƽaƿƣƢ. Iƹ ƿƩiƾ ƿƩƣƾiƾ, ǂƣ ƢƣƸƺƹƾƿƽaƿƣ ƿƩaƿ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ iƹ ƻƺlǄ-
ƩƣƢƽal ơƺƸƻilƣƽƾ, — Ƣƣƾƻiƿƣ bƣiƹƨ ơƺƹƾiƢƣƽƣƢ aƾ ƣfƧiơiƣƹƿ — ƾƿill Ʃaƾ ƽƺƺƸ
Ƥƺƽ iƸƻƽƺǁƣƸƣƹƿ aƹƢǂƣ ƻƽƺƻƺƾƣ ƹƣǂ ƾƺlǀƿiƺƹƾ ƿƺǂaƽƢƾ ƨƣƹƣƽaƿiƹƨ ƣfƧiơiƣƹƿ
ơƺƢƣƾ.

ᇹ.ᇳ Cƺƹƿƽibǀƿiƺƹƾ

ᇹ.ᇳ.ᇳ RƣƢǀơiƹƨ AfƧiƹƣ Cƺƹƿƽƺl OǁƣƽƩƣaƢ

Laƿƣƾƿ aƢǁaƹơƣƾƺƹƻƺlǄƩƣƢƽal ơƺƸƻilaƿiƺƹ Ƥƺơǀƾƺƹ, ƣ.ƨ., ƿiliƹƨ ƾƿƽaƿƣƨiƣƾ [ᇳᇹ],
ƺƻƿiƸiǅiƹƨ ƿƣƹƾƺƽ ơƺƢƣƾ [ᇳᇲᇵ, ᇳᇳᇳ] aƹƢ ƿaƽƨƣƿiƹƨ aơơƣlƣƽaƿƺƽƾ [ᇴᇻ, ᇶ, ᇷᇺ, ᇳᇲᇸ]
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lƣaǁƣ ƿƩƣ iƸƻƽƣƾƾiƺƹ ƿƩaƿ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸƾ iƹ ƻƺlǄƩƣƢƽal ơƺƸ-
ƻilƣƽƾ aƽƣ ơƺƹƾiƢƣƽƣƢ ƿƺ bƣ ƤaiƽlǄ ƾaƿiƾƤaơƿƺƽǄ. TƩƣƾƣ alƨƺƽiƿƩƸƾ ƻƽƺƢǀơƣ a
ơƺƢƣ ƿƩaƿ ƾơaƹƾ ƿƩƣ iƹƿƣƨƣƽ ƻƺiƹƿƾ ƺƤ ǀƹiƺƹƾ ƺƤ ƻƺlǄƩƣƢƽa [ᇳᇳ]. Uƹiƺƹƾ ƺƤ ƻƺlǄ-
ƩƣƢƽa ơaƹ bƣ ƽƣƻƽƣƾƣƹƿƣƢ iƹƸǀlƿiƻlƣ ƣƼǀiǁalƣƹƿǂaǄƾ. CƺƢƣ ƨƣƹƣƽaƿiƺƹ ƿƺƺlƾ
ǀƾƣ ƨƣƹƣƽal-ƻǀƽƻƺƾƣ libƽaƽiƣƾ ƿƩaƿ Ƣƺ ƹƺƿ ƹƣơƣƾƾaƽilǄ Ƥƺơǀƾ ƺƹ ơƺƢƣ ƨƣƹƣƽa-
ƿiƺƹ aƹƢ Ƣƺ ƹƺƿ ơƺƹƾiƢƣƽ ƣfƧiơiƣƹơǄ ƺƤ ƿƩƣ ƨƣƹƣƽaƿƣƢ ơƺƢƣ.

Wƣ ƾƩƺǂƣƢ iƹ CƩaƻƿƣƽ ᇶ ƿƩaƿ ƿƩƣ iƹƿƣƽƹal ƽƣƻƽƣƾƣƹƿaƿiƺƹ aơƿǀallǄ iƹfƷǀ-
ƣƹơƣƾ ƿƩƣ ƻƣƽƤƺƽƸaƹơƣ ƺƤ ƿƩƣ ƣƹƢ ƽƣƾǀlƿ. Gƣƹƣƽaƿiƹƨ ơƺƢƣ ƤƽƺƸ ǀƹiƺƹƾ ƺƤ
ƻƺlǄƩƣƢƽaƸaǄ iƹƿƽƺƢǀơƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ iƹ lƺƺƻbƺǀƹƢƾ ƾǀơƩ aƾƸiƹiƸǀƸ
aƹƢ ƸaǃiƸǀƸ ơalơǀlaƿiƺƹƾ. Wƣ ƢƣƸƺƹƾƿƽaƿƣ ƿƩaƿ ƿƩƣƾƣ ơalơǀlaƿiƺƹƾ ơaƹ bƣ
aǁƺiƢƣƢ bǄ ƻƽƺƻƣƽlǄ ƾƻliƿƿiƹƨ ƻƺlǄƩƣƢƽa.

Wƣ ƻƽƺƻƺƾƣƢ ƿƺ ƽƣƧiƹƣ Baƾƿƺǀl’ƾ ƣǃƿƣƹƾiƺƹ [ᇳᇳ] (ƣǃƿƣƹƢƣƢ QRW) ƺƤ ƿƩƣ
Qǀillƣƽȅ, RajƺƻaƢƩǄƣ aƹƢWilƢƣ’ƾ [ᇺᇷ] (QRW) alƨƺƽiƿƩƸ Ƥƺƽ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ:
ƻƺlǄƩƣƢƽa ƾƻliƿƿiƹƨ ƺơơǀƽƾ Ƣǀƽiƹƨ ƿƩƣ ƾƣƻaƽaƿiƺƹ ƻƩaƾƣ ƺƤ ƣǃƿƣƹƢƣƢ QRW al-
ƨƺƽiƿƩƸ.

Oǀƽ ƸƣƿƩƺƢ ƽƣliƣƾ ƺƹ ƿƩƣ ”ơƩaƸbƣƽ ƢƣơƺƸƻƺƾiƿiƺƹ” ƺƤ ƻaƽaƸƣƿƽiơ ƻƺlǄ-
ƩƣƢƽa [ᇸᇷ]. Dǀƽiƹƨ ƿƩƣ ƾƣƻaƽaƿiƺƹ ƻƩaƾƣ ƺƤ ƿƩƣ ƣǃƿƣƹƢƣƢQRWalƨƺƽiƿƩƸ, ǂƣ
ƿƣƸƻƺƽaƽilǄ ơƺƹǁƣƽƿ ƺǀƿƣƽ iƿƣƽaƿƺƽƾ ƺƤ ƿƩƣ ơƺƹƾiƢƣƽƣƢ ƻƺlǄƩƣƢƽa iƹƿƺ ƻaƽa-
Ƹƣƿƣƽƾ. Wƣ ƿƩƣƹ ơƺƸƻǀƿƣ ƿƩƣ ơƩaƸbƣƽƾ ƺƤ ƿƩƣƾƣ ƿǀƹƣƢ ƻƺlǄƩƣƢƽa. FiƹallǄ,
ƿƩƣƾƣ ơƩaƸbƣƽƾ aƽƣ ƿƩƣƹ iƹƿƣƽƾƣơƿƣƢ ǂiƿƩ ƿƩƣ ƺƽiƨiƹal ƻƺlǄƩƣƢƽa.

Wƣ iƸƻlƣƸƣƹƿƣƢ ƺǀƽ alƨƺƽiƿƩƸ iƹ CLƺƺG [ᇳᇳ], a ơƺƢƣ ƨƣƹƣƽaƿƺƽ ƿƩaƿ iƸ-
ƻlƣƸƣƹƿƾ ƿƩƣ ƣǃƿƣƹƢƣƢ QRW alƨƺƽiƿƩƸ. Wƣ aƻƻliƣƢ ƺǀƽ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ
ƿƣơƩƹiƼǀƣ ƺƹ CLƺƺG’ƾ ƿƣƾƿ ƾǀiƿƣ aƹƢ ƺƹ ƻƽƺƨƽaƸƾ ƤƽƺƸ ƿƩƣ PƺlǄBƣƹơƩ [ᇺᇵ]
bƣƹơƩƸaƽk ƾǀiƿƣ. Wƣ ơƺƸƻaƽƣƢ ƿƩƣ ƺǀƿƻǀƿ ƺƤ ƺǀƽ ƸƣƿƩƺƢ ƿƺ ƿƩƣ ƺǀƿƻǀƿ ƺƤ
aƹ ǀƹalƿƣƽƣƢ ǁƣƽƾiƺƹ ƺƤ CLƺƺG. EǃƻƣƽiƸƣƹƿal ƽƣƾǀlƿƾ ƾƩƺǂ ƿƩaƿ ƺǀƽ ƸƣƿƩƺƢ
iƾ bƣƹƣƧiơial ƺƹ aǁƣƽaƨƣ.

ᇹ.ᇳ.ᇴ RƣƢǀơiƹƨ SǄƹơƩƽƺƹiǅaƿiƺƹ OǁƣƽƩƣaƢ

Claƾƾiơ aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽƾ ƾǀơƩ aƾ Pآاب؟ [ᇳᇻ] ƨƣƹƣƽaƿƣ ơƺƢƣ ǂƩƣƽƣ ƻaƽ-
allƣl lƺƺƻƾ aƽƣ iƾƺlaƿƣƢ iƹ Ƣiƾƿiƹơƿ ƻaƽallƣl ƽƣƨiƺƹƾ ǀƾiƹƨ omp parallel for

OƻƣƹMP aƹƹƺƿaƿiƺƹƾ. Wƣ aƽƨǀƣ iƹ CƩaƻƿƣƽ ᇷ ƿƩaƿ ƾƣƻaƽaƿƣ ƻaƽallƣl ƽƣƨiƺƹƾ
aƽƣ ƹƺƿ ƿƩƣ bƣƾƿ ǂaǄ ƿƺ ƨƣƹƣƽaƿƣ ƻaƽallƣl ơƺƢƣ. Cƺƹƿƽƺl ƺǁƣƽƩƣaƢ iƾ iƹƢǀơƣƢ
bǄ ƿƩƽƣaƢƸaƹaƨƣƸƣƹƿ aƿ ƣƹƿƽǄ aƹƢ ƣǃiƿ ƺƤ ƻaƽallƣl ƽƣƨiƺƹƾ aƹƢƸaƹǄ ƾǀƻƣƽ-
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fƷǀƺǀƾ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ aƽƣ ƻƣƽƤƺƽƸƣƢ.
Wƣ ƾƩƺǂ Ʃƺǂ ƿƺ ƨƣƹƣƽaƿƣ ǂiƢƣ ƻaƽallƣl ƽƣƨiƺƹƾ ƤƽƺƸ aƹ ƺƻƿiƸiǅƣƢ ƻƺlǄ-

ƩƣƢƽal AST iƹƾƿƣaƢ ƺƤ ƾƻaƽƾƣ ƻaƽallƣl ƽƣƨiƺƹƾ. Wƣ ƻƽƺƻƺƾƣƢ ƿƺ ƣƹơlƺƾƣ ƿƩƣ
ǂƩƺlƣ ƺƻƿiƸiǅƣƢ SCƺP iƹ a ǀƹiƼǀƣ ƻaƽallƣl ƽƣƨiƺƹ, ƿƺ ƣƸbƣƢ ƾƣƼǀƣƹƿial ơƺƢƣ
iƹ single ơƺƹƾƿƽǀơƿƾ aƹƢ ƿƺ aƹƹƺƿaƿƣ ƻaƽallƣl lƺƺƻƾ ǂiƿƩ ƿƩƣ for ơƺƹƾƿƽǀơƿ.
Plaơiƹƨ all ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ iƹ a ơƺƸƸƺƹ ƻaƽallƣl ƽƣƨiƺƹ alƾƺ ƨiǁƣƾ
ƿƩƣ ƺƻƻƺƽƿǀƹiƿǄ ƿƺ liƤƿ baƽƽiƣƽƾ: bǄ ƢƣƤaǀlƿ, ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ ƣƹƢ ǂiƿƩ
iƸƻliơiƿ baƽƽiƣƽƾ ǂƩiơƩ ƸaǄ ƹƺƿ alǂaǄƾ bƣ ƽƣƼǀiƽƣƢ.

Oǀƽ aƻƻƽƺaơƩ Ƥƺƽ ƾǄƹơƩƽƺƹiǅaƿiƺƹ ƽƣƢǀơƿiƺƹ ƽƣliƣƾ ƺƹ ƢƣƻƣƹƢƣƹơƣ aƹa-
lǄƾiƾ ƿƩƽƺǀƨƩ ƿƩƣ ƻƺlǄƩƣƢƽal ƸƺƢƣl. Iƿ allƺǂƾ ǀƾ ƿƺ iƢƣƹƿiƤǄ ƾƣƼǀƣƹơƣƾ ƺƤ
ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ ƿƩaƿ ƸaǄ bƣ ƣǃƣơǀƿƣƢ ǂiƿƩƺǀƿ iƹƿƣƽlaơƣƢ ƾǄƹơƩƽƺƹ-
iǅaƿiƺƹƾ. Oǀƽ alƨƺƽiƿƩƸ ƽƣơǀƽƾƣƾ ƺƹ ƿƩƣ iƹƻǀƿ ƺƻƿiƸiǅƣƢ AST aƹƢ ƻƽƺƨƽƣƾƾ-
iǁƣlǄ bǀilƢƾ ƨƽƺǀƻƾ ƺƤ ƾǄƹơƩƽƺƹiǅaƿiƺƹ Ƥƽƣƣ ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿƾ. EaơƩ
ǂƺƽkƾƩaƽiƹƨ ơƺƹƾƿƽǀơƿ iƾ ƿƣƾƿƣƢ (Ƥƺƽ iƹơlǀƾiƺƹ) aƨaiƹƾƿ ƿƩƣ ơǀƽƽƣƹƿ ƨƽƺǀƻ aƹƢ
ƣiƿƩƣƽ ƣǃƻaƹƢƾ ƿƩƣ ƨƽƺǀƻ ƺƽ iƾ ƻlaơƣƢ iƹ a ƹƣǂ ƨƽƺǀƻ. Aƿ ƿƩƣ ƣƹƢ ƺƤ ƿƩƣ al-
ƨƺƽiƿƩƸ, iƸƻliơiƿ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ aƽƣ ƽƣƸƺǁƣƢǂiƿƩiƹ ƿƩƣ ƨƽƺǀƻƾ aƹƢ ƣǃƻli-
ơiƿ ƾǄƹơƩƽƺƹiǅaƿiƺƹƾ (iƤ ƹƺ iƸƻliơiƿ ƾǄƹơƩƽƺƹiǅaƿiƺƹ iƾ ƻƽƣƾƣƹƿ aƿ ƿƩiƾ ƻƺiƹƿ)
aƽƣ ƻlaơƣƢ aƿ ƿƩƣ ƣƹƢ ƺƤ ƣaơƩ ƨƽƺǀƻ.

Wƣ ơƺƸƻaƽƣƢ ƿƩƣ ơƺƢƣ ƻƽƺƢǀơƣƢ bǄ ƺǀƽƸƣƿƩƺƢ ƿƺ ƿƩƣ ƺǀƿƻǀƿ ƺƤ Pآاب؟.
Oǀƽ bƣƾƿ ƻƣƽƤƺƽƸiƹƨ ǁƣƽƾiƺƹƾ ǂƣƽƣ ǀƻ ƿƺ ᇶǃ Ƥaƾƿƣƽ ƿƩaƹ ƿƩƣ ơƺƢƣ ǂƩƣƽƣaƾ ƿƩƣ
lƣaƾƿ Ƥaǁƺƽablƣ ƣǃƩibiƿƣƢ ƹƺ ƾiƨƹiƧiơaƹƿ ƢifƤƣƽƣƹơƣ ƺǁƣƽ ƿƩƣ ƺǀƿƻǀƿ ƺƤ Pآاب؟.
BaƾƣƢ ƺƹ ƿƩƣƾƣ ƺbƾƣƽǁaƿiƺƹƾ, ƿƩiƾ ƸƣƿƩƺƢ ƾƩƺǀlƢ alǂaǄƾ bƣ aƻƻliƣƢ. Aǀƿƺ-
Ƹaƿiơ ƻaƽallƣliǅƣƽƾ ƾƩƺǀlƢ ƿaƽƨƣƿ ǀƹiƼǀƣ ƻaƽallƣl ƽƣƨiƺƹƾ aƹƢ ƾƿƺƻ ƨƣƹƣƽaƿiƹƨ
iƾƺlaƿƣƢ ƻaƽallƣl ƽƣƨiƺƹƾ.

ᇹ.ᇳ.ᇵ PiƻƣliƹƣƢƸǀlƿiƿƩƽƣaƢiƹƨ

AǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽƾ ƾǀơƩ aƾ Pآاب؟ [ᇳᇻ], PPCG[ᇳᇲᇸ] ƺƽ Rؘئآ [ᇺᇸ] aƽƣ ƤaiƽlǄ
ƻƽƺƧiơiƣƹƿ iƹ ƻaƽallƣliǅiƹƨ a ǂiƢƣ ơlaƾƾ SCƺPƾ bǄ iƹƿƽƺƢǀơiƹƨ lƺƺƻ-lƣǁƣl ƻaƽ-
allƣliƾƸ. Hƺǂƣǁƣƽ, ƿƩƣǄ Ƣƺ ƹƺƿ ƨƣƹƣƽaƿƣ Ƹǀlƿi-lƺƺƻ ƻiƻƣliƹƣ ƻaƽallƣliƾƸ.

Wƣ ƾƩƺǂ iƹ CƩaƻƿƣƽ ᇸ ƿƩaƿ ƿƩƣƾƣ ơƺƸƻilƣƽƾ ơƺǀlƢ ƹƺƿ aǀƿƺƸaƿiơallǄ ƻaƽ-
allƣliǅƣ lƺƺƻƹƣƾƿƾǂƩƣƽƣ iƹƢiǁiƢǀal lƺƺƻƾ ƩaƢ ƿƺ ƽƣƸaiƹ ƾƣƼǀƣƹƿial bǀƿ ơƺǀlƢ
bƣ iƹƿƣƽlaơƣƢ iƹƿƺ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ. Wƣ ƻƽƣƾƣƹƿƣƢ a ƸƣƿƩƺƢ Ƥƺƽ
iƢƣƹƿiƤǄiƹƨ, ƣǃƿƽaơƿiƹƨ aƹƢ iƸƻlƣƸƣƹƿiƹƨ ƾǀơƩ ƻiƻƣliƹƣƾ. Oǀƽ ƸƣƿƩƺƢ ƿaƽ-
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ƨƣƿƾ ƾǀơơƣƾƾiǁƣ ƾƣƼǀƣƹƿial lƺƺƻƾ aƤƿƣƽ aƹ aǀƿƺƸaƿiơ ƻaƽallƣliǅaƿiƺƹ ƻaƾƾ. Wƣ
iƢƣƹƿiƤǄ ƾƿƽƺƹƨlǄ ơƺƹƹƣơƿƣƢ ơƺƸƻƺƹƣƹƿƾ iƹ ƿƩƣ ƢƣƻƣƹƢƣƹơƣ ƨƽaƻƩ ƺƤ ơƺƹ-
ƾƣơǀƿiǁƣ ƾƣƼǀƣƹƿial lƺƺƻƾ aƹƢ ƻƣƽƤƺƽƸ lƺƺƻ Ƨiƾƾiƺƹ ƺƤ ƾƣƼǀƣƹƿial lƺƺƻƾ iƹ
ƺƽƢƣƽ ƿƺ ƸaǃiƸiǅƣ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƻiƻƣliƹƣ ƾƿaƨƣƾ: Ƣiƾƿiƹơƿ ƾƿƽƺƹƨlǄ ơƺƹƹƣơ-
ƿƣƢ ơƺƸƻƺƹƣƹƿƾ bƣlƺƹƨ ƿƺ Ƣiƾƿiƹơƿ lƺƺƻƾ. PiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ ǁaliƢiƿǄ
iƾ ƣƹƾǀƽƣƢ bǄ ƣǃƿƣƹƢiƹƨ ƿƩƣ ƢƣƻƣƹƢƣƹơƣ aƹalǄƾiƾ iƹƿƽƺƢǀơƣƢ iƹ CƩaƻƿƣƽ ᇷ:
ƿƩƣ ƸƣƿƩƺƢ ơaƹ bƣ ƾliƨƩƿlǄ ƽƣlaǃƣƢ Ƥƺƽ ƾƣƼǀƣƹƿial lƺƺƻƾ. Wƣ ƿƩƣƹ ƻƽƺƻƺƾƣƢ
ƿǂƺ alƿƣƽƹaƿiǁƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƸƣƿƩƺƢƾ ƿƺ ƣǃƻƺƾƣ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢ-
iƹƨ: ǀƾiƹƨ ordered ơƺƹƾƿƽǀơƿƾ ƺƽ ǀƾiƹƨ ƣǃƻliơiƿ lƺơkƾ.

Wƣ ơaƽƽiƣƢ ƺǀƿ ƣǃƻƣƽiƸƣƹƿƾ ƺƹ a liƸiƿƣƢ ƾƣƿ ƺƤ ơaƾƣƾ. Wƣ ơƺƸƻaƽƣƢ ƿƩƣ
ƺǀƿƻǀƿ ƺƤ ƺǀƽ alƨƺƽiƿƩƸ ƿƺ ƿƩƣƺǀƿƻǀƿ ƺƤ Pآاب؟. TƩƣƺǀƿƻǀƿ ƺƤ Pآاب؟ǂaƾƹƺƿ
ƻaƽallƣl bǀƿ ƿƩƣ ƿƺƺl ƾƿill ƻƣƽƤƺƽƸƣƢ Ƣaƿa-lƺơaliƿǄ ƺƻƿiƸiǅaƿiƺƹƾ. Wƣ ƾƩƺǂƣƢ
ƿƩaƿ, Ƥƺƽ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ, ƣǃƻliơiƿ lƺơkƾ ƾƩƺǀlƢ bƣ ƤaǁƺǀƽƣƢ ƺǁƣƽ
ordered ơƺƹƾƿƽǀơƿƾ. Oǀƽ ǁƣƽƾiƺƹƾ ǂiƿƩ lƺơkƾ ƣiƿƩƣƽ ƻƣƽƤƺƽƸƣƢ bƣƿƿƣƽ ƺƽ ǂƣƽƣ
ƣƼǀiǁalƣƹƿ ƿƺ ƿƩƣ ƺǀƿƻǀƿ ƺƤ Plǀƿƺ. Oǀƽ ƾƿǀƢǄ ƾƩƺǂƾ ƿƩaƿ ƻƽƺƨƽaƸƾ iƹơlǀƢiƹƨ
ƾƣƼǀƣƹƿial lƺƺƻƾ ơƺǀlƢ bƣƹƣƧiƿ ƤƽƺƸ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ.

ᇹ.ᇴ Pƣƽƾƻƣơƿiǁƣƾ

ᇹ.ᇴ.ᇳ AfƧiƹƣ Cƺƹƿƽƺl OǁƣƽƩƣaƢ RƣƢǀơƿiƺƹ

CƩaƻƿƣƽ ᇶ iƹƿƽƺƢǀơƣƢ ƻƺlǄƩƣƢƽa ƾƻliƿƿiƹƨ ƿƺ ƽƣƢǀơƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ. Al-
ƿƩƺǀƨƩ ƣǃƻƣƽiƸƣƹƿal ƽƣƾǀlƿƾ ƾƩƺǂ aƹ ƺǁƣƽall bƣƹƣƧiƿ, ƻƣƽƤƺƽƸaƹơƣ iƾ ƾǀbƻaƽ
ƺƹ a Ƥƣǂ ơaƾƣƾ. Aƾ ƿƩƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƾƩƺǀlƢ ƹƺƿ alǂaǄƾ bƣ aƻƻliƣƢ, a Ƣƣ-
ơiƾiƺƹ ƸƣƿƩƺƢ iƾ ƹƣƣƢƣƢ. Fǀƿǀƽƣ ǂƺƽk ƸaǄ aƿƿƣƸƻƿ ƿƺ iƢƣƹƿiƤǄ ǂƩaƿ ơƩaƽaơ-
ƿƣƽiƾƿiơƾ Ƹakƣ a lƺƺƻ ƹƣƾƿ ƣliƨiblƣ ƿƺ ƻƺlǄƩƣƢƽa ƾƻliƿƿiƹƨ.

AƹƺƿƩƣƽ ƻƺƾƾiblƣ Ƣiƽƣơƿiƺƹ ǂƺǀlƢ bƣ ƿƺ ƨƽaƢǀallǄ ƣǃƻaƹƢ ƿƩƣ ƾƣƿ ƺƤ ƿaƽ-
ƨƣƿ lƺƺƻ ƹƣƾƿƾ iƹƾƿƣaƢ ƺƤ liƸiƿiƹƨ ƿƩƣ ƾƻliƿƿiƹƨ ƺƤ ƻƺlǄƩƣƢƽa. TƩƣ ƸƣƿƩƺƢ ǂƣ
ƻƽƺƻƺƾƣƢ iƹƢiƾơƽiƸiƹaƿƣlǄ ƾƻliƿƾ all ƻƺlǄƩƣƢƽa ǀƻ ƿƺ a ƨiǁƣƹ ƿƩƽƣƾƩƺlƢ. FaơƣƢ
ǂiƿƩ ƿƩƣ ơƺƢƣ ƣǃƻlƺƾiƺƹ aƾƻƣơƿ ƺƤ ƿƩƣ alƨƺƽiƿƩƸ, ǂƣ ƣǁƣƹƿǀallǄ aƿƿƣƸƻƿƣƢ ƿƺ
ƽƣƾƿƽiơƿ ƿƩƣ ƸƣƿƩƺƢ. A ƾƿaƽƿiƹƨ ƻƺiƹƿ iƹ ƿƩƣ ƺƻƻƺƾiƿƣ Ƣiƽƣơƿiƺƹ ǂaƾ ƨiǁƣƹ iƹ
Sƣơƿiƺƹ ᇶ.ᇸ. Wƣ ƾƩƺǂ Ʃƺǂ iƹ a ǁƣƽǄ ƾiƸƻlƣ ơaƾƣ, a ƻƺlǄƩƣƢƽƺƹ ơaƹ bƣ ƾƻliƿ
iƹƿƺ ƾƣǁƣƽal ƻƺlǄƩƣƢƽa ǁia a ƹaiǁƣ iƹƾƻƣơƿiƺƹ ƺƤ ƿƩƣ ơƺƹƾƿƽaiƹƿƾ. Hƣƹơƣ, Ƥǀ-
ƿǀƽƣ ǂƺƽkƸaǄ aơƩiƣǁƣ bƣƿƿƣƽ ƽƣƾǀlƿƾ bǄ ƻƽƺƨƽƣƾƾiǁƣlǄ iƹơƽƣaƾiƹƨ ƿƩƣ ƾơƺƻƣ ƺƤ
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ƿƩƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ.

ᇹ.ᇴ.ᇴ TƽaƹƾƤƺƽƸƣƢ PiƻƣliƹƣƢMǀlƿiƿƩƽƣaƢiƹƨ
Wƣ ƻƽƣƾƣƹƿ ƻiƻƣliƹƣƢ ƸǀlƿiƿƩƽƣaƢiƹƨ iƹ CƩaƻƿƣƽ ᇸ. TƩiƾ ƿƣơƩƹiƼǀƣ ƿaƽƨƣƿƾ
ƨƽƺǀƻƾ ƺƤ ƾǀơơƣƾƾiǁƣ lƺƺƻƾ. Iƹ Sƣơƿiƺƹ ᇸ.ᇸ, ǂƣ ƣǃƻlaiƹƣƢ Ʃƺǂ ƿƩiƾ ƸƣƿƩƺƢ
ơƺǀlƢ bƣ aƢaƻƿƣƢ ƿƺ ƿaƽƨƣƿ ƻaƽallƣl lƺƺƻƾ aƹƢ ǀƾƣƢ iƿ ƺƹ a ƣǃaƸƻlƣ ƾƿƣƹơil kƣƽ-
ƹƣl. A ơƺƸƻaƽiƾƺƹ ǂiƿƩ a ǁƣƽƾiƺƹ ƺƤ ƿƩiƾ kƣƽƹƣl ǂƩƣƽƣ ƢiaƸƺƹƢ ƿiliƹƨ [ᇳᇹ] iƾ
aƻƻliƣƢ ƾƩƺǂƾƻƽƺƸiƾiƹƨ ƽƣƾǀlƿƾ. FǀƽƿƩƣƽǂƺƽk ƾƩƺǀlƢ iƹǁƣƾƿiƨaƿƣ Ʃƺǂ ƿƺ ƾǄƾ-
ƿƣƸaƿiơallǄ aƻƻlǄ ƿƩiƾ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƿƺ ƻaƽallƣl lƺƺƻƾ aƹƢ ǂƩƣƿƩƣƽ iƿ ơƺǀlƢ
ơƺƸƻlƣƸƣƹƿ ƺƽ ơƺƸƻƣƿƣ ǂiƿƩ ƺƿƩƣƽ ƻaƽallƣliǅaƿiƺƹ ƾơƩƣƸƣƾ.

ᇹ.ᇴ.ᇵ FǀƽƿƩƣƽ ǀƾƣ ƺƤ OƻƣƹMP
Claƾƾiơ aǀƿƺƸaƿiơƻaƽallƣliǅƣƽƾ ƺƻƿiƸiǅƣ lƺƺƻƹƣƾƿƾ bǄƻaƽallƣliǅiƹƨ lƺƺƻƹƣƾƿƾ
ǂiƿƩ #pragma omp parallel for. Wƣ Ʃaǁƣ ƾƩƺǂƹ iƹ ƿƩiƾ ƿƩƣƾiƾ ƿƩaƿ ƿƩƣ ƺǀƿ-
ƻǀƿ ƻƽƺƨƽaƸƾ ơƺǀlƢ bƣ ƤǀƽƿƩƣƽ iƸƻƽƺǁƣƢ bǄ ǀƾiƹƨ Ƹƺƽƣ Ƥƣaƿǀƽƣƾ ƺƤ OƻƣƹMP.
TƩƣ ƻƺƾƾibiliƿiƣƾ ƺfƤƣƽƣƢ bǄ OƻƣƹMP Ʃaǁƣ Ǆƣƿ ƿƺ bƣ ǀƾƣƢ ƿƺ ƿƩƣiƽ Ƥǀll ƣǃƿƣƹƿ
bǄ aǀƿƺƸaƿiơ ƻaƽallƣliǅƣƽƾ. Wƺƽk [ᇻᇸ, ᇴᇴ, ᇺᇳ] Ʃaƾ bƣƣƹ Ƣƺƹƣ iƹ ƿƩaƿ Ƣiƽƣơƿiƺƹ
bǀƿ ƿƩƣƾƣƸƣƿƩƺƢƾ ƽƣƼǀiƽƣ iƹiƿial aƹƹƺƿaƿiƺƹƾ ƿƺ ƣǃƻƺƾƣ ƻaƽallƣliƾƸǂƩƣƽƣaƾ
ƺƿƩƣƽ ƺƻƿiƸiǅƣƽƾ ƾǀơƩ aƾ Plǀƿƺ ƿaƽƨƣƿ lƺƺƻ ƹƣƾƿƾ ǂiƿƩƺǀƿ aƹƹƺƿaƿiƺƹƾ.

Fƺƽ iƹƾƿaƹơƣ, ƺǀƽƻiƻƣliƹƣƢƸǀlƿiƿƩƽƣaƢiƹƨƸƣƿƩƺƢ iƾ liƸiƿƣƢbǄ ƿƩƣƹǀƸ-
bƣƽ ƺƤ ƾƿaƨƣƾ: ƿƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ ƢƣƢiơaƿƣƢ ƿƺ a ƻiƻƣliƹƣ ƾƩƺǀlƢ ƹƺƿ bƣ
ƨƽƣaƿƣƽ ƿƩaƹ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƾƿaƨƣƾ. AƢjǀƾƿiƹƨ ƿƩƣ ƹǀƸbƣƽ ƺƤ ƿƩƽƣaƢƾ ơƺǀlƢ
ƻƺƿƣƹƿiallǄ Ƥƽƣƣ ƾƺƸƣ ƿƩƽƣaƢƾ Ƥƺƽ ƺƿƩƣƽ iƹƢƣƻƣƹƢƣƹƿ ƿaƾkƾ. TƩiƾ ơƺǀlƢ bƣ aƢ-
ƢƽƣƾƾƣƢ ǂiƿƩ ƿƩƣ teams ơƺƹƾƿƽǀơƿ (ǂƩiơƩ ơaƹ alƾƺ bƣ ǀƾƣƢ ƺƹ ƿƩƣ Ʃƺƾƿ ƾiƹơƣ
ǁƣƽƾiƺƹ ᇷ.ᇲ ƺƤ OƻƣƹMP [ᇹᇻ]) ƺƽ ǂiƿƩ ƹƣƾƿƣƢ ƻaƽallƣliƾƸ, iƤ ƾǀƻƻƺƽƿƣƢ bǄ ƿƩƣ
iƸƻlƣƸƣƹƿaƿiƺƹ. Iƹ ƿƩƣ ƾaƸƣ ǁƣiƹ, ƿƩƣ section ơƺƹƾƿƽǀơƿ ơaƹ bƣ ǀƾƣƢ ƿƺ ƣǃ-
ƣơǀƿƣ Ƹǀlƿiƻlƣ iƹƢƣƻƣƹƢƣƹƿ ƾƣƼǀƣƹƿial ƻaƽƿƾ iƹ ƻaƽallƣl.

Iƹ ƿƩiƾ ƿƩƣƾiƾ, ǂƣ ƣǃƻlƺƽƣƢ ƾƺƸƣ ƺƤ ƿƩƣ Ƥƣaƿǀƽƣƾ ƻƽƺǁiƢƣƢ bǄ OƻƣƹMP.
TƩƣƾƣ Ƥƣaƿǀƽƣƾ, aƹƢ ƸaƹǄ ƺƿƩƣƽ, aƽƣ ơǀƽƽƣƹƿlǄ ǀƾƣƢ ƺƹlǄ bǄ ƣǃƻƣƽƿ ƻƽƺƨƽaƸ-
Ƹƣƽƾ. AǀƿƺƸaƿiơ ƺƻƿiƸiǅƣƽƾ ƾƩƺǀlƢ ƣǃƻlƺiƿ ƿƩƣƸ iƹ ƿƩƣ bƣƾƿ ǂaǄ ƿƺ ƽƣaơƩ ƿƩƣ
lƣǁƣl ƺƤ ƻƣƽƤƺƽƸaƹơƣ ƿƩaƿ a ƾkillƣƢ ƻaƽallƣl ƻƽƺƨƽaƸƸƣƽ ơaƹ aơƩiƣǁƣ.
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[ᇳᇲᇴ] NiơƺlaƾVaƾilaơƩƣ,CȅƢƽiơBaƾƿƺǀl aƹƢAlbƣƽƿCƺƩƣƹ. “PƺlǄƩƣƢƽalCƺƢƣ
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ᇳᇴᇻ

AƻƻƣƹƢiǃ A

CƺƢƣ Eǃơƣƽƻƿƾ

A.ᇳ RƣƢǀơiƹƨAfƧiƹƣLƺƺƻNƣƾƿƾCƺƹƿƽƺlOǁƣƽƩƣaƢ

A.ᇳ.ᇳ Sƻliƿ TilƣƢ Mƺƿiǁaƿiƺƹ

ᇳ /* Generated from o2.cloog by CLooG 0.18.4-8bde68f gmp bits in

0.42s. */→֒

ᇴ for (t1=0;t1<=floord(M-7,8);t1++) {

ᇵ for (t2=0;t2<=t1-1;t2++) {

ᇶ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇷ for (c2=8*t2;c2<=8*t2+7;c2++) {

ᇸ S1(t1,t2,(c1-c2),c2);

ᇹ }

ᇺ }

ᇻ }

ᇳᇲ for (t2=t1;t2<=floord(8*t1+7,8);t2++) {

ᇳᇳ for (c1=8*t2;c1<=8*t1+7;c1++) {

ᇳᇴ for (c2=8*t2;c2<=c1;c2++) {

ᇳᇵ S1(t1,t2,(c1-c2),c2);

ᇳᇶ }

ᇳᇷ }

ᇳᇸ }

ᇳᇹ }



Aث؜ؗءؘأأ A. Cؘؗآ ئاأإؘؖثؘ ᇳᇵᇲ

ᇳᇺ if (M%8 <= 6) {

ᇳᇻ t1 = floord(M,8);

ᇴᇲ for (t2=ceild(4*t1-3,4);t2<=0;t2++) {

ᇴᇳ for (c1=8*t1;c1<=8*t2+7;c1++) {

ᇴᇴ for (c2=0;c2<=c1;c2++) {

ᇴᇵ S1(t1,t2,(c1-c2),c2);

ᇴᇶ }

ᇴᇷ }

ᇴᇸ for (c1=8*t2+8;c1<=8*t1+7;c1++) {

ᇴᇹ for (c2=0;c2<=8*t2+7;c2++) {

ᇴᇺ S1(t1,t2,(c1-c2),c2);

ᇴᇻ }

ᇵᇲ }

ᇵᇳ }

ᇵᇴ for (t2=0;t2<=t1-1;t2++) {

ᇵᇵ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇵᇶ for (c2=8*t2;c2<=8*t2+7;c2++) {

ᇵᇷ S1(t1,t2,(c1-c2),c2);

ᇵᇸ }

ᇵᇹ }

ᇵᇺ }

ᇵᇻ for (t2=max(1,ceild(4*t1-3,4));t2<=floord(M-8,8);t2++) {

ᇶᇲ for (c1=8*t1;c1<=8*t2+6;c1++) {

ᇶᇳ for (c2=8*t2;c2<=c1;c2++) {

ᇶᇴ S1(t1,t2,(c1-c2),c2);

ᇶᇵ }

ᇶᇶ }

ᇶᇷ for (c1=8*t2+7;c1<=8*t1+7;c1++) {

ᇶᇸ for (c2=8*t2;c2<=8*t2+7;c2++) {

ᇶᇹ S1(t1,t2,(c1-c2),c2);

ᇶᇺ }

ᇶᇻ }

ᇷᇲ }

ᇷᇳ for (t2=max(1,ceild(M-7,8));t2<=t1;t2++) {



ᇳᇵᇳ A.ᇳ. Rؘؚؗء؜ؖب Aؘؙؙء؜ Lأآآ Nؘئائ C؟آإاءآ Oؘؗؔ؛إؘة

ᇷᇴ for (c1=8*t1;c1<=M-1;c1++) {

ᇷᇵ for (c2=8*t2;c2<=c1;c2++) {

ᇷᇶ S1(t1,t2,(c1-c2),c2);

ᇷᇷ }

ᇷᇸ }

ᇷᇹ for (c1=M;c1<=8*t1+7;c1++) {

ᇷᇺ for (c2=8*t2;c2<=M;c2++) {

ᇷᇻ S1(t1,t2,(c1-c2),c2);

ᇸᇲ }

ᇸᇳ }

ᇸᇴ }

ᇸᇵ }

ᇸᇶ for (t1=ceild(M+1,8);t1<=floord(N-7,8);t1++) {

ᇸᇷ for (t2=0;t2<=floord(M-8,8);t2++) {

ᇸᇸ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇸᇹ for (c2=8*t2;c2<=8*t2+7;c2++) {

ᇸᇺ S1(t1,t2,(c1-c2),c2);

ᇸᇻ }

ᇹᇲ }

ᇹᇳ }

ᇹᇴ t2 = floord(M,8);

ᇹᇵ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇹᇶ for (c2=8*t2;c2<=M;c2++) {

ᇹᇷ S1(t1,t2,(c1-c2),c2);

ᇹᇸ }

ᇹᇹ }

ᇹᇺ }

ᇹᇻ if ((N+7)%8 <= 5) {

ᇺᇲ t1 = floord(N-1,8);

ᇺᇳ for (t2=0;t2<=floord(8*t1-N,8);t2++) {

ᇺᇴ for (c1=8*t1;c1<=N-1;c1++) {

ᇺᇵ for (c2=0;c2<=8*t2+7;c2++) {

ᇺᇶ S1(t1,t2,(c1-c2),c2);

ᇺᇷ }
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ᇺᇸ }

ᇺᇹ for (c1=N;c1<=8*t2+N+7;c1++) {

ᇺᇺ for (c2=c1-N;c2<=8*t2+7;c2++) {

ᇺᇻ S1(t1,t2,(c1-c2),c2);

ᇻᇲ }

ᇻᇳ }

ᇻᇴ }

ᇻᇵ for (t2=0;t2<=min(floord(M-7,8),floord(8*t1-N+6,8));t2++) {

ᇻᇶ for (c1=8*t1;c1<=8*t2+N;c1++) {

ᇻᇷ for (c2=8*t2;c2<=8*t2+7;c2++) {

ᇻᇸ S1(t1,t2,(c1-c2),c2);

ᇻᇹ }

ᇻᇺ }

ᇻᇻ for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

ᇳᇲᇲ for (c2=c1-N;c2<=8*t2+7;c2++) {

ᇳᇲᇳ S1(t1,t2,(c1-c2),c2);

ᇳᇲᇴ }

ᇳᇲᇵ }

ᇳᇲᇶ }

ᇳᇲᇷ for (t2=ceild(M-6,8);t2<=floord(8*t1-N+6,8);t2++) {

ᇳᇲᇸ for (c1=8*t1;c1<=8*t2+N;c1++) {

ᇳᇲᇹ for (c2=8*t2;c2<=M;c2++) {

ᇳᇲᇺ S1(t1,t2,(c1-c2),c2);

ᇳᇲᇻ }

ᇳᇳᇲ }

ᇳᇳᇳ for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

ᇳᇳᇴ for (c2=c1-N;c2<=M;c2++) {

ᇳᇳᇵ S1(t1,t2,(c1-c2),c2);

ᇳᇳᇶ }

ᇳᇳᇷ }

ᇳᇳᇸ }

ᇳᇳᇹ for (t2=ceild(8*t1-N+7,8);t2<=floord(M-8,8);t2++) {

ᇳᇳᇺ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇳᇳᇻ for (c2=8*t2;c2<=8*t2+7;c2++) {
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ᇳᇴᇲ S1(t1,t2,(c1-c2),c2);

ᇳᇴᇳ }

ᇳᇴᇴ }

ᇳᇴᇵ }

ᇳᇴᇶ for

(t2=max(ceild(M-7,8),ceild(8*t1-N+7,8));t2<=floord(M,8);t2++)

{

→֒

→֒

ᇳᇴᇷ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇳᇴᇸ for (c2=8*t2;c2<=M;c2++) {

ᇳᇴᇹ S1(t1,t2,(c1-c2),c2);

ᇳᇴᇺ }

ᇳᇴᇻ }

ᇳᇵᇲ }

ᇳᇵᇳ }

ᇳᇵᇴ for (t1=ceild(N,8);t1<=floord(N+M-8,8);t1++) {

ᇳᇵᇵ if ((7*N+7)%8 <= 6) {

ᇳᇵᇶ t2 = floord(8*t1-N-1,8);

ᇳᇵᇷ for (c1=8*t1;c1<=8*t2+N+7;c1++) {

ᇳᇵᇸ for (c2=c1-N;c2<=8*t2+7;c2++) {

ᇳᇵᇹ S1(t1,t2,(c1-c2),c2);

ᇳᇵᇺ }

ᇳᇵᇻ }

ᇳᇶᇲ }

ᇳᇶᇳ for

(t2=ceild(8*t1-N,8);t2<=min(floord(M-7,8),floord(8*t1-N+6,8));t2++)

{

→֒

→֒

ᇳᇶᇴ for (c1=8*t1;c1<=8*t2+N;c1++) {

ᇳᇶᇵ for (c2=8*t2;c2<=8*t2+7;c2++) {

ᇳᇶᇶ S1(t1,t2,(c1-c2),c2);

ᇳᇶᇷ }

ᇳᇶᇸ }

ᇳᇶᇹ for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

ᇳᇶᇺ for (c2=c1-N;c2<=8*t2+7;c2++) {

ᇳᇶᇻ S1(t1,t2,(c1-c2),c2);
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ᇳᇷᇲ }

ᇳᇷᇳ }

ᇳᇷᇴ }

ᇳᇷᇵ for (t2=ceild(M-6,8);t2<=floord(8*t1-N+6,8);t2++) {

ᇳᇷᇶ for (c1=8*t1;c1<=8*t2+N;c1++) {

ᇳᇷᇷ for (c2=8*t2;c2<=M;c2++) {

ᇳᇷᇸ S1(t1,t2,(c1-c2),c2);

ᇳᇷᇹ }

ᇳᇷᇺ }

ᇳᇷᇻ for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

ᇳᇸᇲ for (c2=c1-N;c2<=M;c2++) {

ᇳᇸᇳ S1(t1,t2,(c1-c2),c2);

ᇳᇸᇴ }

ᇳᇸᇵ }

ᇳᇸᇶ }

ᇳᇸᇷ for (t2=ceild(8*t1-N+7,8);t2<=floord(M-8,8);t2++) {

ᇳᇸᇸ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇳᇸᇹ for (c2=8*t2;c2<=8*t2+7;c2++) {

ᇳᇸᇺ S1(t1,t2,(c1-c2),c2);

ᇳᇸᇻ }

ᇳᇹᇲ }

ᇳᇹᇳ }

ᇳᇹᇴ for

(t2=max(ceild(M-7,8),ceild(8*t1-N+7,8));t2<=floord(M,8);t2++)

{

→֒

→֒

ᇳᇹᇵ for (c1=8*t1;c1<=8*t1+7;c1++) {

ᇳᇹᇶ for (c2=8*t2;c2<=M;c2++) {

ᇳᇹᇷ S1(t1,t2,(c1-c2),c2);

ᇳᇹᇸ }

ᇳᇹᇹ }

ᇳᇹᇺ }

ᇳᇹᇻ }

ᇳᇺᇲ t1 = floord(N+M,8);

ᇳᇺᇳ for (t2=ceild(8*t1-N-7,8);t2<=floord(M-8,8);t2++) {
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ᇳᇺᇴ for (c1=8*t1;c1<=8*t2+N+7;c1++) {

ᇳᇺᇵ for (c2=c1-N;c2<=8*t2+7;c2++) {

ᇳᇺᇶ S1(t1,t2,(c1-c2),c2);

ᇳᇺᇷ }

ᇳᇺᇸ }

ᇳᇺᇹ }

ᇳᇺᇺ for (t2=ceild(M-7,8);t2<=floord(8*t1-N,8);t2++) {

ᇳᇺᇻ for (c1=8*t1;c1<=N+M;c1++) {

ᇳᇻᇲ for (c2=c1-N;c2<=M;c2++) {

ᇳᇻᇳ S1(t1,t2,(c1-c2),c2);

ᇳᇻᇴ }

ᇳᇻᇵ }

ᇳᇻᇶ }

ᇳᇻᇷ for (t2=ceild(8*t1-N+1,8);t2<=floord(M,8);t2++) {

ᇳᇻᇸ for (c1=8*t1;c1<=8*t2+N;c1++) {

ᇳᇻᇹ for (c2=8*t2;c2<=M;c2++) {

ᇳᇻᇺ S1(t1,t2,(c1-c2),c2);

ᇳᇻᇻ }

ᇴᇲᇲ }

ᇴᇲᇳ for (c1=8*t2+N+1;c1<=N+M;c1++) {

ᇴᇲᇴ for (c2=c1-N;c2<=M;c2++) {

ᇴᇲᇵ S1(t1,t2,(c1-c2),c2);

ᇴᇲᇶ }

ᇴᇲᇷ }

ᇴᇲᇸ }

A.ᇴ PiƻƣliƹƣƢMǀlƿiƿƩƽƣaƢiƹƨ

A.ᇴ.ᇳ Jaơƺbi-ᇳƢ: Plǀƿƺ Paƽallƣl

ᇳ int t, i;

ᇴ int t1, t2, t3;

ᇵ int lb, ub, lbp, ubp, lb2, ub2;

ᇶ register int lbv, ubv;
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ᇷ /* Start of CLooG code */

ᇸ if ((_PB_N >= 3) && (_PB_TSTEPS >= 1)) {

ᇹ B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

ᇺ for (t1=2;t1<=min(_PB_N-2,3*_PB_TSTEPS-2);t1++) {

ᇻ if ((2*t1+1)%3 == 0) {

ᇳᇲ B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

ᇳᇳ }

ᇳᇴ lbp=ceild(2*t1+2,3);

ᇳᇵ ubp=t1;

ᇳᇶ #pragma omp parallel for private(lbv,ubv,t3)

ᇳᇷ for (t2=lbp;t2<=ubp;t2++) {

ᇳᇸ B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒

ᇳᇹ A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

ᇳᇺ }

ᇳᇻ }

ᇴᇲ if (_PB_N == 3) {

ᇴᇳ for (t1=2;t1<=3*_PB_TSTEPS-2;t1++) {

ᇴᇴ if ((2*t1+1)%3 == 0) {

ᇴᇵ B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

ᇴᇶ }

ᇴᇷ if ((2*t1+2)%3 == 0) {

ᇴᇸ A[1] = 0.33333 * (B[1 -1] + B[1] + B[1 + 1]);;

ᇴᇹ }

ᇴᇺ }

ᇴᇻ }

ᇵᇲ for (t1=3*_PB_TSTEPS-1;t1<=_PB_N-2;t1++) {

ᇵᇳ lbp=t1-_PB_TSTEPS+1;

ᇵᇴ ubp=t1;

ᇵᇵ #pragma omp parallel for private(lbv,ubv,t3)

ᇵᇶ for (t2=lbp;t2<=ubp;t2++) {

ᇵᇷ B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒
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ᇵᇸ A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

ᇵᇹ }

ᇵᇺ }

ᇵᇻ if (_PB_N >= 4) {

ᇶᇲ for (t1=_PB_N-1;t1<=3*_PB_TSTEPS-2;t1++) {

ᇶᇳ if ((2*t1+1)%3 == 0) {

ᇶᇴ B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

ᇶᇵ }

ᇶᇶ lbp=ceild(2*t1+2,3);

ᇶᇷ ubp=floord(2*t1+_PB_N-2,3);

ᇶᇸ #pragma omp parallel for private(lbv,ubv,t3)

ᇶᇹ for (t2=lbp;t2<=ubp;t2++) {

ᇶᇺ B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒

ᇶᇻ A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

ᇷᇲ }

ᇷᇳ if ((2*t1+_PB_N+2)%3 == 0) {

ᇷᇴ A[(_PB_N-2)] = 0.33333 * (B[(_PB_N-2)-1] + B[(_PB_N-2)]

+ B[(_PB_N-2) + 1]);;→֒

ᇷᇵ }

ᇷᇶ }

ᇷᇷ }

ᇷᇸ for

(t1=max(_PB_N-1,3*_PB_TSTEPS-1);t1<=3*_PB_TSTEPS+_PB_N-5;t1++)

{

→֒

→֒

ᇷᇹ lbp=t1-_PB_TSTEPS+1;

ᇷᇺ ubp=floord(2*t1+_PB_N-2,3);

ᇷᇻ #pragma omp parallel for private(lbv,ubv,t3)

ᇸᇲ for (t2=lbp;t2<=ubp;t2++) {

ᇸᇳ B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒
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ᇸᇴ A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

ᇸᇵ }

ᇸᇶ if ((2*t1+_PB_N+2)%3 == 0) {

ᇸᇷ A[(_PB_N-2)] = 0.33333 * (B[(_PB_N-2)-1] + B[(_PB_N-2)] +

B[(_PB_N-2) + 1]);;→֒

ᇸᇸ }

ᇸᇹ }

ᇸᇺ A[(_PB_N-2)] = 0.33333 * (B[(_PB_N-2)-1] + B[(_PB_N-2)] +

B[(_PB_N-2) + 1]);;→֒

ᇸᇻ }



ᇳᇵᇻ

Aƹƹƣǃƣ B

RéƾǀƸé ƣƹ Ƥƽaƹçaiƾ

B.ᇳ IƹƿƽƺƢǀơƿiƺƹ

Eƹ ƽaiƾƺƹ Ƣƣƾ ƢifƧiơǀlƿȅƾ ƿƣơƩƹƺlƺƨiƼǀƣƾ liƸiƿaƹƿ l’aǀƨƸƣƹƿaƿiƺƹ Ƣƣƾ ƻƣƽƤƺƽ-
Ƹaƹơƣƾ Ƣƣƾ ǀƹiƿȅƾ Ƣƣ ơalơǀl ƾȅƼǀƣƹƿiƣl, l’iƹƤƺƽƸaƿiƼǀƣ ƾ’ƣƾƿ ƻƽƺƨƽƣƾƾiǁƣƸƣƹƿ
ƿƺǀƽƹȅƣ ǁƣƽƾ ƿƺǀjƺǀƽƾ ƻlǀƾ Ƣƣ ƻaƽallȅliƾƸƣ. Plǀƾiƣǀƽƾ ƿǄƻƣƾ Ƣƣ ƻaƽallȅliƾƸƣ
ƺƹƿ ǁǀ lƣ jƺǀƽ : ƻiƻƣliƹƣƾ Ƣ’ȅǃȅơǀƿiƺƹ, iƹƾƿƽǀơƿiƺƹƾ ǁƣơƿƺƽiƣllƣƾ, ƿƩƽƣaƢƾ (Ƨilƾ
Ƣ’ƣǃȅơǀƿiƺƹ) ƺǀ ƻƽƺơƣƾƾǀƾ Ƹǀlƿiƻlƣƾ ƾǀƽ ƻƽƺơƣƾƾƣǀƽƾ Ƹǀlƿi-ơƺƣǀƽƾ, aƽơƩiƿƣơ-
ƿǀƽƣƾ Ƹǀlƿi-ƻƽƺơƣƾƾƣǀƽƾ à ƸȅƸƺiƽƣ Ƣiƾƿƽibǀȅƣ ƣƿ aơơȅlȅƽaƿƣǀƽƾ Ƣƣ ơalơǀl. Eǃ-
ƻlƺiƿƣƽ aǀ Ƹiƣǀǃ ơƣƾ ƿǄƻƣƾ Ƣƣ ƾǄƾƿȄƸƣƾ ƹȅơƣƾƾiƿƣ aơƿǀƣllƣƸƣƹƿ ǀƹƣ ơƺƹƹaiƾ-
ƾaƹơƣ aƻƻƽƺƤƺƹƢiƣ Ƣƣ ƻlǀƾiƣǀƽƾ ƢƺƸaiƹƣƾ (ƿƣơƩƹiƼǀƣƾ Ƣ’ƺƻƿiƸiƾaƿiƺƹ, aƽơƩi-
ƿƣơƿǀƽƣ, ƻaƽallȅliƾƸƣ) ƣƿ ƣƾƿ ƻaƽ ơƺƹƾȅƼǀƣƹƿ l’aƻaƹaƨƣ Ƣ’ǀƹƣ ƻƺiƨƹȅƣ Ƣ’ƣǃ-
ƻƣƽƿƾ. Pƺǀƽ Ǆ ƻalliƣƽ, il ƣǃiƾƿƣ Ƣƣƾ ƺǀƿilƾ Ƣ’ƺƻƿiƸiƾaƿiƺƹ ƣƿ Ƣƣ ƻaƽallȅliƾaƿiƺƹ
aǀƿƺƸaƿiƼǀƣƾ.

Cƣƽƿaiƹƾ Ƣƣ ơƣƾ ƺǀƿilƾ ƽƣƻƺƾƣƹƿ ƾǀƽ lƣ ƸƺƢȄlƣ ƻƺlǄȅƢƽiƼǀƣ. Il ƾ’aƨiƿ Ƣ’ǀƹ
ƸƺƢȄlƣ ƸaƿƩȅƸaƿiƼǀƣ ƻƣƽƸƣƿƿaƹƿ Ƣƣ ƽƣƻƽȅƾƣƹƿƣƽ ƣƿ Ƹaƹiƻǀlƣƽ ƾƺǀƾ ƤƺƽƸƣ
Ƣƣ ƻƺlǄȄƢƽƣƾ Ƣƣƾ ƹiƢƾ Ƣƣ bƺǀơlƣƾ afƧiƹƣƾ. Sƺƹ ǀƿiliƾaƿiƺƹ ƣƹ ơƺƸƻilaƿiƺƹ Ƣǀ
ƸƺƢȄlƣƻƺlǄȅƢƽiƼǀƣƻƣǀƿ ƾƣƢȅơƺƸƻƺƾƣƽ ƣƹ ƿƽƺiƾ ƻƩaƾƣƾ :ƸƺƢȅliƾaƿiƺƹ, ƿƽaƹƾ-
ƤƺƽƸaƿiƺƹ ƣƿ ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ. Daƹƾ ǀƹ ƻƽƣƸiƣƽ ƿƣƸƻƾ, lƣ ơƺƢƣ ƾƺǀƽơƣ ƣƾƿ
aƹalǄƾȅ aƧiƹ Ƣ’ƣƹ ƣǃƿƽaiƽƣ ǀƹƣ ƽƣƻƽȅƾƣƹƿaƿiƺƹ ƸaƿƩȅƸaƿiƼǀƣ ƾƺǀƾ ƤƺƽƸƣ Ƣƣ
ƻƺlǄȄƢƽƣƾ. Cƣƾ ƻƺlǄȄƢƽƣƾ ƻƣǀǁƣƹƿ ƣƹƾǀiƿƣ Ȇƿƽƣ Ƹaƹiƻǀlȅƾ ƣƿ ƿƽaƹƾƤƺƽƸȅƾ ƣƹ
ǀƿiliƾaƹƿ lƣƾ ƿƣơƩƹiƼǀƣƾ Ƣƣ l’alƨȄbƽƣ liƹȅaiƽƣ ƾƣlƺƹ l’ƺƻƿiƸiƾaƿiƺƹ ơiblȅƣ. EƹƧiƹ,
la ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ ơƺƹƾiƾƿƣ à ƻƽƺƢǀiƽƣ ǀƹ ơƺƢƣ Ƽǀi ƻaƽơƺǀƽƿ ơƣƾ ƻƺlǄȄƢƽƣƾ.
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Uƹƣ ƨƽaƹƢƣ ƻaƽƿiƣ Ƣƣƾ ƿƽaǁaǀǃ aơƿǀƣlƾ Ƣaƹƾ lƣ ƢƺƸaiƹƣ Ƣǀ ƸƺƢȄlƣ ƻƺlǄ-
ȅƢƽiƼǀƣ ƻƺƽƿƣ ƾǀƽ lƣƾ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ à aƻƻliƼǀƣƽ ƣƿ lƣƾ ƺƻƿiƸiƾaƿiƺƹƾ aiƹƾi
ƻƣƽƸiƾƣƾ. À l’iƹǁƣƽƾƣ, la ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ ƣƾƿ Ƣȅlaiƾƾȅƣ ơaƽ la liƿƿȅƽaƿǀƽƣ
ơƺƽƽƣƾƻƺƹƢaƹƿƣ ƺfƤƽƣ Ƣƣƾ alƨƺƽiƿƩƸƣƾ ơƺƹƾiƢȅƽȅƾ ơƺƸƸƣƹƿ ȅƿaƹƿ ƾǀfƧiƾaƸ-
Ƹƣƹƿ ƻƣƽƤƺƽƸaƹƿƾ. NƺǀƾƸƺƹƿƽƺƹƾ Ƣaƹƾ ơƣƿƿƣ ƿƩȄƾƣ ƹƺƹ ƾƣǀlƣƸƣƹƿ Ƽǀ’il ƾǀb-
ƾiƾƿƣ ǀƹƣ ƹƣƿƿƣ Ƹaƽƨƣ Ƣ’aƸȅliƺƽaƿiƺƹ ǁiƾ-à-ǁiƾ Ƣƣ l’ȅƿaƿ Ƣƣ l’aƽƿ Ƹaiƾ Ƽǀƣ, ƻaƽ
aillƣǀƽƾ, lƣƾ ƢȅƧiƾ à ƽƣlƣǁƣƽ ƻaƽ la ƻƩaƾƣ Ƣƣ ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ Ƹȅƽiƿƣƽaiƣƹƿ
Ƣ’Ȇƿƽƣ ƻƽiƾ ƣƹ ơƺƹƾiƢȅƽaƿiƺƹ lƺƽƾ Ƣƣ la ƻƩaƾƣ Ƣƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƣƿ Ƣ’ƺƻƿiƸiƾa-
ƿiƺƹ.

Nƺǀƾ ƣǃƻliƼǀƺƹƾ ƣƹ Sƣơƿiƺƹ B.ᇴ ơƺƸƸƣƹƿ lƣ ơƺˢƿ Ƣǀ ơƺƹƿƽôlƣ Ƣˢ aǀ ƻaƽ-
ơƺǀƽƾ Ƣƣ ƻlǀƾiƣǀƽƾ ƻƺlǄȄƢƽƣƾ Ƣaƹƾ lƣ ơƺƢƣ ƨȅƹȅƽȅ ƻaƽ ǀƹ ơƺƸƻilaƿƣǀƽ ƻƺlǄ-
ȅƢƽiƼǀƣ ƻƣǀƿ Ȇƿƽƣ ƢiƸiƹǀȅ [ᇻᇵ]. Daƹƾ lƣ ơaƾ Ƣƣ ơƺƢƣƾ ƻaƽallȄlƣƾ, lƣƾ ƾǄƹơƩƽƺ-
ƹiƾaƿiƺƹƾ ƻƣǀǁƣƹƿ liƸiƿƣƽ ƢƽaƾƿiƼǀƣƸƣƹƿ la ƻƣƽƤƺƽƸaƹơƣ Ƣ’ǀƹ ƻƽƺƨƽaƸƸƣ.
Nƺǀƾ Ƣƺƹƹƺƹƾ ƣƹ Sƣơƿiƺƹ B.ᇵ la ƸȅƿƩƺƢƣ ƻƣƽƸƣƿƿaƹƿ Ƣƣ Ƣȅƿƣơƿƣƽ ƣƿ ȅliƸiƹƣƽ
lƣƾ baƽƽiȄƽƣƾ Ƣƣ ƾǄƹơƩƽƺƹiƾaƿiƺƹ ƾǀƻƣƽfƷǀƣƾ [ᇻᇳ]. EƹƧiƹ, la Sƣơƿiƺƹ B.ᇶ abƺƽƢƣ
lƣ ƷƩƷƢƳƩƵƢơ ƴƼƳƻƩƻƨƹƢƞơƩƵƧ [ᇻᇴ], ǀƹƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ Ƽǀi iƹƿƽƺƢǀiƿ Ƣǀ ƻaƽal-
lȅliƾƸƣ ƾǀƽ ǀƹƣ ơlaƾƾƣ Ƣƣ ƻƽƺƨƽaƸƸƣƾ jǀƾƼǀ’à ƻƽȅƾƣƹƿ iƨƹƺƽȅƣ ƻaƽ lƣƾ ƻaƽal-
lȅliƾƣǀƽƾ ƻƺlǄȅƢƽiƼǀƣƾ.

B.ᇴ RéƢǀơƿiƺƹ Ƣǀ ơƺûƿ Ƣǀ ơƺƹƿƽôlƣ
L’ȅƿaƻƣ Ƣƣ ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ Ƣaƹƾ ǀƹ ơƺƸƻilaƿƣǀƽ ƻƺlǄȅƢƽiƼǀƣ ƻƽƣƹƢ ƣƹ
ƣƹƿƽȅƣ ǀƹƣ ǀƹiƺƹ Ƣƣ ƻƺlǄȄƢƽƣƾ ƣƿ ƻƽƺƢǀiƿ ǀƹ ơƺƢƣ Ƽǀi ƻaƽơƺǀƽƿ lƣƾ ƻƺiƹƿƾ
ƣƹƿiƣƽƾ Ƣƣ ơƣƿƿƣ ǀƹiƺƹ. Dƣ ƹƺƸbƽƣǀǃ ƿƽaǁaǀǃ ƺƹƿ ȅƿȅ Ƹƣƹȅƾ aƧiƹ Ƣ’aƸȅliƺƽƣƽ
lƣ ơƺƢƣ ƻƽƺƢǀiƿ. NȅaƹƸƺiƹƾ, lƣ ơƺˢƿ Ƣǀ ơƺƹƿƽôlƣ ƽƣƾƿƣ ȅlƣǁȅ Ƣaƹƾ ơƣƽƿaiƹƾ ơaƾ.

Il ƣƾƿ ƻƺƾƾiblƣ Ƣƣ ƽƣƻƽȅƾƣƹƿƣƽ ǀƹ ƸȆƸƣ ƢƺƸaiƹƣ ƻaƽ ƻlǀƾiƣǀƽƾ ǀƹiƺƹƾ
Ƣiƾƿiƹơƿƣƾ — Ƹaiƾ ȅƼǀiǁalƣƹƿƣƾ — Ƣƣ ƻƺlǄȄƢƽƣƾ. Lƣƾ ƺǀƿilƾ Ƣ’ƺƻƿiƸiƾaƿiƺƹ
aǀƿƺƸaƿiƼǀƣ ƹ’Ǆ ƻƽȆƿƣƹƿ ƻaƾ aƿƿƣƹƿiƺƹ ƣƿ laiƾƾƣƹƿ lƣ ơƩƺiǃ Ƣƣ l’ǀƹiƺƹ ƽƣƿƣƹǀƣ
aǀǃbiliƺƿƩȄƼǀƣƾ ƢƣƸaƹiƻǀlaƿiƺƹƢƣƻƺlǄȄƢƽƣƾ ƾƺǀƾ-jaơƣƹƿƣƾ. Lƣ ƻaƽơƺǀƽƾ Ƣƣ
ơƣƽƿaiƹƾ ƻƺlǄȄƢƽƣƾ ƽƣƼǀiƣƽƿ Ƣǀ ơƺƹƿƽôlƣ ƾǀƻƻlȅƸƣƹƿaiƽƣ ƿƣl Ƽǀƣ Ƣƣƾ ơalơǀlƾ
Ƣƣ ƸiƹiƸǀƸƾ ƺǀ ƸaǃiƸǀƸƾ ƿaƹƢiƾ Ƽǀ’ǀƹƣ ǀƹiƺƹ Ƣƣ ƻƺlǄȄƢƽƣƾ ƻlǀƾ ƾiƸƻlƣ
Ƹaiƾ ȅƼǀiǁalƣƹƿƣ ƻƺǀƽƽaiƿ ƹƣ ƻaƾ ƹȅơƣƾƾiƿƣƽ Ƣƣ ƿƣlƾ ơalơǀlƾ.

La ƢȅơƺƸƻƺƾiƿiƺƹ ƣƹ ơƩaƸbƽƣƾ Ƣ’ǀƹ ƻƺlǄȄƢƽƣ ƻaƽaƸȅƿƽȅ ƻƣƽƸƣƿ Ƣƣ ơal-
ơǀlƣƽ lƣƾ ƢƺƸaiƹƣƾ Ƣƣ ǁaliƢiƿȅ ƣƿ lƣƾ ƾƺƸƸƣƿƾ Ƣƣ ơƣ ƻƺlǄȄƢƽƣ. Nƺǀƾ ƻƽƺƻƺ-
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ƾƺƹƾ Ƣ’ǀƿiliƾƣƽ ơƣ ƻƽƺơȅƢȅ aƧiƹ Ƣƣ Ƣȅơƺǀƻƣƽ lƣƾ ƢƺƸaiƹƣƾ Ƣ’iƿȅƽaƿiƺƹ lƺƽƾ Ƣƣ
la ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ ƻƺlǄȅƢƽiƼǀƣ. L’alƨƺƽiƿƩƸƣ Ƣƣ ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ ȅƿaƹƿ
ǀƹ alƨƺƽiƿƩƸƣ ƽȅơǀƽƾiƤ ƾǀƽ lƣƾ ƢiƸƣƹƾiƺƹƾ Ƣƣƾ ƻƺlǄȄƢƽƣƾ, à ơƩaƼǀƣ ȅƿaƻƣ,
ƹƺǀƾ ơƺƹƾiƢȅƽƺƹƾ ƿƣƸƻƺƽaiƽƣƸƣƹƿ lƣƾ ƢiƸƣƹƾiƺƹƾ ƣǃƿȅƽiƣǀƽƣƾ ơƺƸƸƣ Ƣƣƾ
ƻaƽaƸȄƿƽƣƾ aƧiƹ Ƣƣ ƽƣơƩƣƽơƩƣƽ ƾa ƢȅơƺƸƻƺƾiƿiƺƹ ƣƹ ơƩaƸbƽƣƾ. Lƣƾ ơƩaƸbƽƣƾ
aiƹƾi ơalơǀlȅƣƾ ƾƺƹƿ alƺƽƾ ǀƿiliƾȅƣƾ ƻƺǀƽ Ƣȅơƺǀƻƣƽ lƣ ƻƺlǄȄƢƽƣ Ƣƣ Ƣȅƻaƽƿ.

Lƣƾ ƽȅƾǀlƿaƿƾ ƣǃƻȅƽiƸƣƹƿaǀǃ Ƹƺƹƿƽƣƹƿ ƾǀƽ ǀƹ ƨƽaƹƢ ƹƺƸbƽƣ Ƣ’ƣǃƣƸƻlƣƾ
la ƻƣƽƿiƹƣƹơƣ Ƣƣ ơƣƿƿƣ aƻƻƽƺơƩƣ : ƾƣlƺƹ lƣƾ ơƺƹƢiƿiƺƹƾ, jǀƾƼǀ’à ᇻᇺ% Ƣ’aơơȅ-
lȅƽaƿiƺƹ ƣƿ jǀƾƼǀ’à ᇳᇲ% ƣƹ ƸƺǄƣƹƹƣ. CƣƻƣƹƢaƹƿ, la baiƾƾƣ Ƣƣ ƻƣƽƤƺƽƸaƹơƣ
ƺbƾƣƽǁȅƣ (jǀƾƼǀ’à ᇹᇲ%) ƾǀƽ ơƣƽƿaiƹƾ ơaƾ ƣǃƿƽȆƸƣƾ ƾǀƨƨȄƽƣ Ƽǀƣ lƣ Ƣȅơƺǀƻaƨƣ
Ƣƣ ƢƺƸaiƹƣƾ ƹƣ ƻƣǀƿ Ȇƿƽƣ ƾǄƾƿȅƸaƿiƼǀƣ. La ƹaƿǀƽƣ Ƣƣƾ ƻaƽaƸȄƿƽƣƾ ƻƣƽƸƣƿ-
ƿaƹƿ Ƣƣ ƻƽƣƹƢƽƣ ơƣƿƿƣ Ƣȅơiƾiƺƹ ƽƣƾƿƣƹƿ ǀƹ ƻƽƺblȄƸƣ ƺǀǁƣƽƿ.

B.ᇵ RéƢǀơƿiƺƹ Ƣƣƾ ƾǄƹơƩƽƺƹiƾaƿiƺƹƾ
LƣƾƻaƽallȅliƾƣǀƽƾƻƺlǄȅƢƽiƼǀƣƾ aǀƿƺƸaƿiƼǀƣƾ ƨȅƹȄƽƣƹƿƢǀơƺƢƣaƹƹƺƿȅ à l’aiƢƣ
Ƣ’iƹƾƿƽǀơƿiƺƹƾƢƣƻaƽallȅliƾaƿiƺƹ. L’ƺǀƿil ơƺƹƾiƢȅƽȅ ơƺƸƸƣ l’ȅƿaƿ Ƣƣ l’aƽƿ ƾƣ ơƺƹ-
ƿƣƹƿƣ Ƣ’ajƺǀƿƣƽ Ƣƣƾ aƹƹƺƿaƿiƺƹƾ aǀƿƺǀƽ Ƣƣƾ bƺǀơlƣƾ iƢƣƹƿiƧiȅƣƾ ơƺƸƸƣ ȅƿaƹƿ
ƻaƽallȄlƣƾ ƣƿ ƹƣ ƿiƽƣ ƻaƾ ƻaƽƿi Ƣƣ l’ƣƹƾƣƸblƣ Ƣƣƾ iƹƾƿƽǀơƿiƺƹƾ Ƣƣ ƻaƽallȅliƾaƿiƺƹ
Ƣiƾƻƺƹiblƣƾ. Cƣ ơƩƺiǃ Ƣ’aƹƹƺƿaƿiƺƹƾ iƾƺlƣ ơƩaƼǀƣ bƺǀơlƣ ƻaƽallȄlƣ Ƣaƹƾ ǀƹƣ
ƽȅƨiƺƹ ƻaƽallȄlƣ Ƣiƾƿiƹơƿƣ. Eƹ ơƺƹƾȅƼǀƣƹơƣ, Ƣƣƾ ƿƩƽƣaƢƾ Ƣƺiǁƣƹƿ Ȇƿƽƣ ơƽȅȅƾ aǀ
Ƣȅbǀƿ Ƣƣ ơƩaƼǀƣ bƺǀơlƣ ƻaƽallȄlƣ ƣƿ ơƩaƼǀƣ bƺǀơlƣ ƻaƽallȄlƣ ƣƾƿ ƿƣƽƸiƹȅƣ ƻaƽ
ǀƹƣ baƽƽiȄƽƣ Ƣƣ ƾǄƹơƩƽƺƹiƾaƿiƺƹ.

Nƺǀƾ ƻƽƺƻƺƾƺƹƾ Ƣ’ǀƿiliƾƣƽ Ƣƣƾ ƾƿƽǀơƿǀƽƣƾ Ƣƣ ơƺƹƿƽôlƣ Ƣƣ ƻaƽallȅliƾaƿiƺƹ
Ƣiƾƻƺƹiblƣƾ aƧiƹ Ƣƣ ơƽȅƣƽ ǀƹƣ ǀƹiƼǀƣ ƽȅƨiƺƹ ƻaƽallȄlƣ ƻƺǀƽ l’ƣƹƾƣƸblƣ Ƣǀ
ơƺƢƣ ƨȅƹȅƽȅ. Lƣ Ƣȅƾaǁaƹƿaƨƣ Ƣƣ ơƣƿƿƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƣƾƿ Ƽǀƣ lƣƾ ƻaƽƿiƣƾ ƾȅ-
Ƽǀƣƹƿiƣllƣƾ Ƣƺiǁƣƹƿ ƢȅƾƺƽƸaiƾ Ȇƿƽƣ ƣǃƻliơiƿƣƸƣƹƿ ƣǃơlǀƣƾ Ƣǀ ƻaƽallȅliƾƸƣ.
Maiƾ l’aǁaƹƿaƨƣ ƣƿ lƣ bǀƿ Ƣƣ ơƣƿƿƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƣƾƿ Ƣ’ȅliƸiƹƣƽ lƣƾ ƾǄƹơƩƽƺ-
ƹiƾaƿiƺƹƾ ƾǀƻƣƽfƷǀƣƾ (ơƣ Ƽǀi ȅƿaiƿ iƸƻƺƾƾiblƣ lƺƽƾƼǀƣ lƣƾ ƽȅƨiƺƹƾ ƻaƽallȄlƣƾ
ȅƿaiƣƹƿ ƾȅƻaƽȅƣƾ). Lƣ ƸƺƢȄlƣ ƻƺlǄȅƢƽiƼǀƣ ƹƺǀƾ ƻƣƽƸƣƿ Ƣ’aƹalǄƾƣƽ lƣƾ Ƣȅƻƣƹ-
Ƣaƹơƣƾ ƣƹƿƽƣ lƣƾ ƢifƤȅƽƣƹƿƣƾ bƺǀơlƣƾ ƻaƽallȄlƣƾ. Cƣƿƿƣ aƹalǄƾƣ ƹƺǀƾ ƻƣƽƸƣƿ
Ƣ’iƢƣƹƿiƧiƣƽ lƣƾ ǅƺƹƣƾ Ƣǀ ơƺƢƣ ƹƣ ƹȅơƣƾƾiƿaƹƿ ƻaƾ Ƣƣ ƾǄƹơƩƽƺƹiƾaƿiƺƹ.

D’aƻƽȄƾ lƣƾ ƣǃƻȅƽiƣƹơƣƾ, ƣƿ ơƺƸƸƣ ƻƽȅǁǀ, l’iƸƻaơƿ Ƣƣ ơƣƿƿƣ ƿƽaƹƾƤƺƽƸa-
ƿiƺƹƣƾƿ ƻlǀƾ ȅlƣǁȅ ƾǀƽƢƣƾƻƽƺƨƽaƸƸƣƾƺˠ lƣ ƿƣƸƻƾƢƣ ƾǄƹơƩƽƺƹiƾaƿiƺƹ ơƺƹƾƿi-
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ƿǀƣ ǀƹƣ ƻaƽƿ ƹƺƹ ƹȅƨliƨƣablƣ Ƣǀ ƿƣƸƻƾ ƿƺƿal Ƣ’ƣǃȅơǀƿiƺƹ. À l’iƹǁƣƽƾƣ, lƣƾ ƣfƤƣƿƾ
ƾƺƹƿ ƢƣƸƺiƹƾ ƣƹƸƺiƹƾƸaƽƼǀȅƾ lƺƽƾƼǀƣ lƣƾ ƿƣƸƻƾ Ƣƣ ơalơǀlƾ aǀƨƸƣƹƿƣƹƿ ƣƿ
ƻƽƺƨƽƣƾƾiǁƣƸƣƹƿƸaƾƼǀƣƹƿ lƣƾ ƿƣƸƻƾ Ƣƣ ƾǄƹơƩƽƺƹiƾaƿiƺƹ. NȅaƹƸƺiƹƾ, ƹƺƿƽƣ
ƸȅƿƩƺƢƣ ƹ’iƹƿƽƺƢǀiƿ jaƸaiƾ Ƣƣ ƽalƣƹƿiƾƾƣƸƣƹƿ ƣƿ il ƣƾƿ Ƣƺƹơ ƽaiƾƺƹƹablƣ Ƣƣ
ƿƺǀjƺǀƽƾ l’aƻƻliƼǀƣƽ ƣƹ ơƺƸƻlȅƸƣƹƿ Ƣƣ la ƻƩaƾƣ Ƣƣ ƻaƽallȅliƾaƿiƺƹ aǀƿƺƸa-
ƿiƼǀƣ.

B.ᇶ PiƷeƳiƵeƺƸǀlƿi-Ƨilƾ Ƣ’ƣǃéơǀƿiƺƹƾ
Lƣƾƺǀƿilƾ ƢƣƻaƽallȅliƾaƿiƺƹaǀƿƺƸaƿiƼǀƣƻƺlǄȅƢƽiƼǀƣ ơiblƣƹƿ ƣƾƾƣƹƿiƣllƣƸƣƹƿ
Ƣƣƾ bƺǀơlƣƾ ƻaƽallȅliƾablƣƾ Ƣƣ ƸaƹiȄƽƣ iƾƺlȅƣ. Uƹƣ bƺǀơlƣ ƣƾƿ aƹƹƺƿȅƣ aǁƣơ
Ƣƣƾ iƹƾƿƽǀơƿiƺƹƾ Ƣƣ ƻaƽallȅliƾaƿiƺƹ lƺƽƾƼǀƣ l’ƣǃȅơǀƿiƺƹ ƣƹ ƻaƽallȄlƣ Ƣƣ ƿƺǀƿƣƾ
lƣƾ iƿȅƽaƿiƺƹƾ Ƣƣ ơƣƿƿƣ bƺǀơlƣ ƣƾƿ ǁaliƢƣ. Dƣ ƸȆƸƣ, ƣƹ ơƣ Ƽǀi ơƺƹơƣƽƹƣ lƣ ƻa-
ƽallȅliƾƸƣ, lƣƾ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ aƻƻliƼǀȅƣƾ à ǀƹƣ ƺǀ ƻlǀƾiƣǀƽƾ bƺǀơlƣƾ ǁiƾƣ à
ƺbƿƣƹiƽ Ƣƣƾ bƺǀơlƣƾ Ƣƺƹƿ lƣƾ iƿȅƽaƿiƺƹƾ ƾƺƹƿ iƹƢȅƻƣƹƢaƹƿƣƾ.

À l’iƹǁƣƽƾƣ, ǀƹƣ bƺǀơlƣ ƹ’ƣƾƿ ƻaƾ ƻaƽallȅliƾȅƣ ƢȄƾ lƺƽƾ Ƽǀƣ ơƣƽƿaiƹƣƾ Ƣƣ ƾƣƾ
iƿȅƽaƿiƺƹƾ Ƣƺiǁƣƹƿ Ȇƿƽƣ ƣǃȅơǀƿȅƣƾ ƾȅƼǀƣƹƿiƣllƣƸƣƹƿ. CƣƻƣƹƢaƹƿ, ǀƹƣ aǀƿƽƣ
ƤƺƽƸƣ Ƣƣ ƻaƽallȅliƾƸƣ ƻƣǀƿ ƻaƽƤƺiƾ Ȇƿƽƣ ƣǃƿƽaiƿ : lƣ ƻaƽallȅliƾƸƣ Ƣƣ ƷƩƷƢƳƩƵƢ.
Nƺǀƾ ƻƽƺƻƺƾƺƹƾ Ƣƣ ơiblƣƽ lƣƾ bƺǀơlƣƾ ƽƣƾƿȅƣƾ ƾȅƼǀƣƹƿiƣllƣƾ aƻƽȄƾ la ƻaƾƾƣ Ƣƣ
ƻaƽallȅliƾaƿiƺƹ aǀƿƺƸaƿiƼǀƣ.

Nƺƿƽƣ ƿƣơƩƹiƼǀƣ Ƣƣ ƻiƻƣliƹiƹƨ ƾ’aƻƻliƼǀƣ ƾǀƽ Ƣƣƾ ƨƽƺǀƻƣƾ Ƣƣ bƺǀơlƣƾ ƾȅ-
Ƽǀƣƹƿiƣllƣƾ ƾǀơơƣƾƾiǁƣƾ. La ƻƽƣƸiȄƽƣ ȅƿaƻƣ ƣƾƿ, aƻƽȄƾ l’aƹalǄƾƣ Ƣǀ ƨƽaƻƩƣ Ƣƣ
ƢȅƻƣƹƢaƹơƣƾ, Ƣ’iƢƣƹƿiƧiƣƽ lƣƾ ơƺƸƻƺƾaƹƿƣƾ ƤƺƽƿƣƸƣƹƿ ơƺƹƹƣǃƣƾ aƧiƹ Ƣƣ lƣƾ ƾȅ-
ƻaƽƣƽ ƣƹ bƺǀơlƣƾ Ƣiƾƿiƹơƿƣƾ. Uƹƣ aǀƿƽƣ aƹalǄƾƣ ƻƣƽƸƣƿ ƣƹƾǀiƿƣ Ƣƣ ƢƣƿƣƽƸiƹƣƽ
ƾi Ƣƣƾ bƺǀơlƣƾ ƾǀơơƣƾƾiǁƣƾ ƻƣǀǁƣƹƿ Ȇƿƽƣ ƣǃȅơǀƿȅƣƾ ƣƹ ƻiƻƣliƹƣ. Si ƿƣl ƣƾƿ lƣ ơaƾ,
ƹƺǀƾ ǀƿiliƾƺƹƾ Ƣƣƾ aƹƹƺƿaƿiƺƹƾ Ƣƣ ƻaƽallȅliƾaƿiƺƹ ƻƺǀƽ iƹƢiƼǀƣƽ Ƽǀƣ ơƩaƼǀƣ
bƺǀơlƣ Ƣƺiƿ Ȇƿƽƣ Ƣȅơƺǀƻȅƣ ƣƹ blƺơkƾ (ƠƨƼƵƲƺ), Ƽǀƣ ơƣƾ ƠƨƼƵƲƺ Ƣƺiǁƣƹƿ Ȇƿƽƣ
ƣǃȅơǀƿȅƾ Ƣaƹƾ l’ƺƽƢƽƣ ƣƿ Ƽǀƣ ơƩaƼǀƣ Ƨil Ƣ’ƣǃȅơǀƿiƺƹ ƻƣǀƿ ƻaƾƾƣƽ à la bƺǀơlƣ
ƾǀiǁaƹƿƣ ƢȄƾ lƺƽƾ Ƽǀƣ ƾƺƹ ƠƨƼƵƲ ƣƾƿ ƿƣƽƸiƹȅ.

Cƣƿƿƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ ƻƣǀƿ ƣƹƾǀiƿƣ Ȇƿƽƣ ƽafƧiƹȅƣ ƣƹ ǀƿiliƾaƹƿ Ƣƣƾ ƾǄƹơƩƽƺ-
ƹiƾaƿiƺƹƾ ƣǃƻliơiƿƣƾ : ƹƺǀƾ Ƣȅơƺǀƻƺƹƾ lƣƾ bƺǀơlƣƾ ƣƹ ƠƨƼƵƲƺ Ƣƣ ƹƺƿƽƣ ơƩƺiǃ
ƣƿ lƣƾ ƻiƻƣliƹƣƾ ƻƽƺƨƽƣƾƾƣƹƿ lƺƽƾƼǀƣ ơƩaƼǀƣ Ƨil Ƣ’ƣǃȅơǀƿiƺƹ ƣfƤƣơƿǀƣ ǀƹƣ ƾǄƹ-
ơƩƽƺƹiƾaƿiƺƹ à la Ƨiƹ Ƣ’ǀƹ ơƩǀƹk.

Nƺƾ ƽȅƾǀlƿaƿƾ ƣǃƻȅƽiƸƣƹƿaǀǃ Ƹƺƹƿƽƣƹƿ Ƽǀƣ ơƣƿƿƣ ƸȅƿƩƺƢƣ ƣƾƿ Ƣ’aǀƿaƹƿ
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ƻlǀƾ bȅƹȅƧiƼǀƣ Ƽǀƣ lƣ ƹƺƸbƽƣ Ƣƣ bƺǀơlƣƾ ƾǀƾơƣƻƿiblƣƾ Ƣ’Ȇƿƽƣ afƤƣơƿȅƣƾ aǀƨ-
Ƹƣƹƿƣ. À ƢȅƤaǀƿ Ƣ’Ȇƿƽƣ bȅƹȅƧiƼǀƣ Ƣaƹƾ Ƣƣƾ ơaƾ ƻlǀƾ ƾiƸƻlƣƾ, ơƣƿƿƣ ƿƽaƹƾƤƺƽƸa-
ƿiƺƹƹ’ƣƾƿ ƻaƾƹȅƨaƿiǁƣƹƺƹƻlǀƾ.Nƺǀƾƹ’aǁƺƹƾƻaƾƺbƾƣƽǁȅƢƣ ơƺƹƿƽƣ-iƹƢiơaƿiƺƹ
à ǀƹƣ aƻƻliơaƿiƺƹ ƾǄƾƿȅƸaƿiƼǀƣ Ƣƣ ƹƺƿƽƣ ƿƣơƩƹiƼǀƣ.

B.ᇷ Cƺƹơlǀƾiƺƹ
Aǀ ơƺǀƽƾ Ƣƣ ơƣƿƿƣ ƿƩȄƾƣ ƹƺǀƾ aǁƺƹƾ Ƹƺƹƿƽȅ Ƽǀƣ la ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ ƻƺ-
lǄȅƢƽiƼǀƣ ƣfƧiơaơƣ ƣƾƿ ǀƹƣ ƿâơƩƣ aƽƢǀƣ. Nƺǀƾ aǁƺƹƾ ƻƽȅƾƣƹƿȅ Ƣƣƾ ƸȅƿƩƺƢƣƾ
ƻƣƽƸƣƿƿaƹƿ Ƣƣ ƽȅƢǀiƽƣ lƣ ơƺˢƿ Ƣǀ ơƺƹƿƽôlƣ, Ƣ’ȅliƸiƹƣƽ lƣƾ ƾǄƹơƩƽƺƹiƾaƿiƺƹƾ
ƾǀƻƣƽfƷǀƣƾ ƣƿ Ƣ’iƹƿƽƺƢǀiƽƣ ƻlǀƾ Ƣƣ ƻaƽallȅliƾƸƣ. Biƣƹ Ƽǀƣ lƣƾ ƽȅƾǀlƿaƿƾ ƾƺiƣƹƿ
ƣƹơƺǀƽaƨƣaƹƿƾ, ƹƺƿƽƣ ƿƣơƩƹiƼǀƣ Ƣƣ ƽȅƢǀơƿiƺƹ Ƣǀ ơƺˢƿ Ƣƣ ơƺƹƿƽôlƣ ƺfƤƽƣ Ƣƣƾ
ƻƣƽƤƺƽƸaƹơƣƾ Ƹiƿiƨȅƣƾ : Ƣƣ Ƥǀƿǀƽƾ ƿƽaǁaǀǃ Ƣƣǁƽƺƹƿ ƢȅƿƣƽƸiƹƣƽ Ƣaƹƾ Ƽǀƣllƣ
Ƹƣƾǀƽƣ aƻƻliƼǀƣƽ lƣ Ƣȅơƺǀƻaƨƣ Ƣƣ ƢƺƸaiƹƣƾ. La ƽȅƢǀơƿiƺƹ Ƣƣƾ ƾǄƹơƩƽƺƹi-
ƾaƿiƺƹƾ ƣƿ l’iƹƿƽƺƢǀơƿiƺƹ Ƣǀ ƷƩƷƢƳƩƵƢơ ƴƼƳƻƩƻƨƹƢƞơƩƵƧ ƾƺƹƿ Ƣƣǀǃ ƺƻȅƽaƿiƺƹƾ
Ƽǀi ƻƣǀǁƣƹƿ ƾ’aƻƻliƼǀƣƽ ƞƷƹèƺ ǀƹƣ ƻƩaƾƣ Ƣƣ ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ ơlaƾƾiƼǀƣ.
Il ƹ’Ǆ a aǀơǀƹƣ ơƺƹƿƽƣ iƹƢiơaƿiƺƹ à l’aƻƻliơaƿiƺƹ Ƣƣ ơƣƾ ƻaƾƾƣƾ. Il ƾ’aƨiƿ Ƣƺƹơ
ƣƹ l’ȅƿaƿ Ƣƣ ƸȅƿƩƺƢƣƾ ơƺƸƻlȅƸƣƹƿaiƽƣƾ aǀǃ ƿƣơƩƹiƼǀƣƾ Ƣ’ƺƻƿiƸiƾaƿiƺƹ ƻƺ-
lǄȅƢƽiƼǀƣ ƣǃiƾƿaƹƿƣƾ. NȅaƹƸƺiƹƾ, ƹƺƾ ƺbƾƣƽǁaƿiƺƹƾ Ƹƺƹƿƽƣƹƿ Ƽǀƣ ơƣƾ Ƹȅ-
ƿƩƺƢƣƾ ƾƣƽaiƣƹƿ ƻlǀƾ ƣfƧiơaơƣƾ ƾi ơƣƾ ƻƺƾƾibliƿȅƾ ȅƿaiƣƹƿ ƻƽiƾƣƾ ƣƹ ơƺƸƻƿƣ lƺƽƾ
Ƣƣƾ ƻƩaƾƣƾ ƻƽȅơȅƢƣƹƿƣƾ Ƣ’ƺƻƿiƸiƾaƿiƺƹ. Dƣ Ƥǀƿǀƽƣƾ aƸȅliƺƽaƿiƺƹƾ Ƣƣƾ ƿƣơƩ-
ƹiƼǀƣƾ Ƣ’ƺƽƢƺƹƹaƹơƣƸƣƹƿ ƻƺlǄȅƢƽiƼǀƣ ƻƺǀƽƽaiƣƹƿ ƣǃƻliơiƿƣƸƣƹƿ ơiblƣƽ Ƣƣƾ
bƺǀơlƣƾ ƾaƹƾ ƾǄƹơƩƽƺƹiƾaƿiƺƹ ƺǀ Ƣƣƾ ƻiƻƣliƹƣƾ Ƣƣ bƺǀơlƣƾ.
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Géƹéƽaƿiƺƹ Ƣƣ ơƺƢƣ ƻƺlǄéƢƽiƼǀƣ ƣfƧiơaơƣ : ǁƣƽƾ ƻlǀƾ Ƣƣ
ƻaƽalléliƾƸƣ ƣƿ Ƹƺiƹƾ Ƣƣ ơƺƹƿƽôlƣ
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ABSTRACT
TƩiƾ ƿƩƣƾiƾ ƻƽƺƻƺƾƣƾ ƹƣǂ ƣǃƿƣƹƾiƺƹƾ ƿƺ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ƻƩaƾƣ iƹ ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽƾ. TƩƣ
Ƹaiƹ Ƥƺơǀƾ ƺƤ ƽƣơƣƹƿ ǂƺƽk ƺƹ ƻƺlǄƩƣƢƽal ơƺƸƻilaƿiƺƹ Ƥƺơǀƾ iƾ ƿƩƣ ƺƻƿiƸiǅaƿiƺƹƾ lƣǁƣƽaƨƣƢ bǄ ƻƺlǄ-
ƩƣƢƽal ƿƽaƹƾƤƺƽƸaƿiƺƹƾ ǂƩilƣ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ ơƺƢƣ ƨƣƹƣƽaƿiƺƹ alƨƺƽiƿƩƸƾ aƽƣ ơƺƹƾiƢƣƽƣƢ ƾaƿiƾƤaơƿ-
ƺƽǄ. Wƣ ƾƩƺǂ ƿƩaƿ ƾƿaƿƣ-ƺƤ-ƿƩƣ-aƽƿ ƻƺlǄƩƣƢƽal ơƺƢƣ ƨƣƹƣƽaƿiƺƹ ơaƹ ƾƿill bƣ ƤǀƽƿƩƣƽ iƸƻƽƺǁƣƢ.
Wƣ ƣǃƻlaiƹ Ʃƺǂ ƾƻliƿƿiƹƨ ƻƺlǄƩƣƢƽa ơaƹ ƽƣƢǀơƣ ƿƩƣ ơƺƹƿƽƺl ƺǁƣƽƩƣaƢ iƹƿƽƺƢǀơƣƢ bǄ ƻƺlǄƩƣƢƽa ƾơaƹ-
ƹiƹƨ iƹ ƿƩƣ ơƺƢƣ ƨƣƹƣƽaƿƣƢ bǄ a ƻƺlǄƩƣƢƽal ơƺƸƻilƣƽ. SǄƹơƩƽƺƹiǅaƿiƺƹƾ iƹ ƻaƽallƣl ơƺƢƣ ơaƹ Ƣƽaƾƿiơ-
allǄ iƸƻƣƢƣ a ƻƽƺƨƽaƸ’ƾ ƻƣƽƤƺƽƸaƹơƣ. Wƣ ƻƽƺƻƺƾƣ a ƸƣƿƩƺƢ ƿƺ Ƣƣƿƣơƿ aƹƢ liƤƿ ǀƹƹƣơƣƾƾaƽǄ ƾǄƹ-
ơƩƽƺƹiǅaƿiƺƹ baƽƽiƣƽƾ. FiƹallǄ, ǂƣ iƹƿƽƺƢǀơƣ ƷƩƷƢƳƩƵƢơ ƴƼƳƻƩƻƨƹƢƞơƩƵƧ, a ƿƽaƹƾƤƺƽƸaƿiƺƹ ƿƩaƿ iƹƿƽƺ-
Ƣǀơƣƾ ƻaƽallƣliƾƸ iƹ a ơlaƾƾ ƺƤ ƻƽƺƨƽaƸƾ ƿƩaƿ ǂaƾ, ǀƹƿil ƹƺǂ, iƨƹƺƽƣƢ bǄ ƻƺlǄƩƣƢƽal ƻaƽallƣliǅƣƽƾ.

RÉSUMÉ

Cƣƿƿƣ ƿƩȄƾƣ ƻƽƺƻƺƾƣ Ƣƣ ƹƺǀǁƣllƣƾ ƣǃƿƣƹƾiƺƹƾ à la ƻƩaƾƣ Ƣƣ ƨȅƹȅƽaƿiƺƹ Ƣƣ ơƺƢƣ Ƣaƹƾ lƣƾ ơƺƸƻilaƿƣǀƽƾ
ƻƺlǄȅƢƽiƼǀƣƾ. Uƹƣ ƨƽaƹƢƣ ƻaƽƿiƣ Ƣƣƾ ƿƽaǁaǀǃ aơƿǀƣlƾ Ƣaƹƾ lƣ ƢƺƸaiƹƣ ƢǀƸƺƢȄlƣ ƻƺlǄȅƢƽiƼǀƣ ƻƺƽƿƣ
ƾǀƽ lƣƾ ƿƽaƹƾƤƺƽƸaƿiƺƹƾ à aƻƻliƼǀƣƽ ƣƿ lƣƾ ƺƻƿiƸiƾaƿiƺƹƾ aiƹƾi ƻƣƽƸiƾƣƾ. À l’iƹǁƣƽƾƣ, la ƨȅƹȅƽaƿiƺƹ
Ƣƣ ơƺƢƣ ƣƾƿ Ƣȅlaiƾƾȅƣ ơaƽ la liƿƿȅƽaƿǀƽƣ ơƺƽƽƣƾƻƺƹƢaƹƿƣ ƺfƤƽƣ Ƣƣƾ alƨƺƽiƿƩƸƣƾ ơƺƹƾiƢȅƽȅƾ ơƺƸƸƣƹƿ
ȅƿaƹƿ ƾǀfƧiƾaƸƸƣƹƿ ƻƣƽƤƺƽƸaƹƿƾ. Nƺǀƾ Ƹƺƹƿƽƺƹƾ Ƣaƹƾ ơƣƿƿƣ ƿƩȄƾƣ Ƽǀ’il ƾǀbƾiƾƿƣ ǀƹƣ ƹƣƿƿƣ Ƹaƽƨƣ
Ƣ’aƸȅliƺƽaƿiƺƹ ǁiƾ-à-ǁiƾ Ƣƣ l’ȅƿaƿ Ƣƣ l’aƽƿ.
Nƺǀƾ ƣǃƻliƼǀƺƹƾ ơƺƸƸƣƹƿ lƣ ơƺˢƿ Ƣǀ ơƺƹƿƽôlƣ Ƣˢ aǀ ƻaƽơƺǀƽƾ Ƣƣ ƻlǀƾiƣǀƽƾ ƻƺlǄȄƢƽƣƾ Ƣaƹƾ lƣ ơƺƢƣ
ƨȅƹȅƽȅ ƻaƽ ǀƹ ơƺƸƻilaƿƣǀƽ ƻƺlǄȅƢƽiƼǀƣ ƻƣǀƿ Ȇƿƽƣ ƢiƸiƹǀȅ. Daƹƾ lƣ ơaƾ Ƣƣ ơƺƢƣƾ ƻaƽallȄlƣƾ, lƣƾ ƾǄƹ-
ơƩƽƺƹiƾaƿiƺƹƾ ƻƣǀǁƣƹƿ liƸiƿƣƽ ƢƽaƾƿiƼǀƣƸƣƹƿ la ƻƣƽƤƺƽƸaƹơƣ Ƣ’ǀƹ ƻƽƺƨƽaƸƸƣ. Nƺǀƾ Ƣƺƹƹƺƹƾ la
ƸȅƿƩƺƢƣƻƣƽƸƣƿƿaƹƿ Ƣƣ Ƣȅƿƣơƿƣƽ ƣƿ ȅliƸiƹƣƽ lƣƾ baƽƽiȄƽƣƾ Ƣƣ ƾǄƹơƩƽƺƹiƾaƿiƺƹ ƾǀƻƣƽfƷǀƣƾ. EƹƧiƹ, ƹƺǀƾ
ƻƽƺƻƺƾƺƹƾ lƣ ƷƩƷƢƳƩƵƢơ ƴƼƳƻƩƻƨƹƢƞơƩƵƧ, ǀƹƣ ƿƽaƹƾƤƺƽƸaƿiƺƹ Ƽǀi iƹƿƽƺƢǀiƿ Ƣǀ ƻaƽallȅliƾƸƣ ƾǀƽ ǀƹƣ
ơlaƾƾƣ Ƣƣ ƻƽƺƨƽaƸƸƣƾ jǀƾƼǀ’à ƻƽȅƾƣƹƿ iƨƹƺƽȅƣ ƻaƽ lƣƾ ƻaƽallȅliƾƣǀƽƾ ƻƺlǄȅƢƽiƼǀƣƾ.
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