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Introduction

In advanced applications of numerical methods, many models present local-
ized multi-scale features. Some typical engineering problems deal with plas-
tic deformations within a small zone included in a globally linear medium,
contact problems on the structural joints in large aircraft assemblies, cracks
propagating in elastic bodies, etc. Other examples can be found in compu-
tational hydrodynamics, for instance when modelling spread of polution in
the atmosphere, the sources (factories, explosions) can be on much smaller
scale than the area where the polution reaches by advection and diffusion.

The usual approach to solve such problems is of course the adaptive mesh
refinement, which may be guided by a posteriori error estimators to refine
the mesh around the small subregions of the entire computational domain,
where some local features should be acturately captured. There is an abun-
dant literature devoted to these techniques and we cite only the classical in-
troductory textbook [41] for a mathematical perspective. While the genera-
tion of adapted meshes is far advanced now, it remains a complicated and
costly procedure, both in terms of computing resources and of development
efforts.

One may look therefore for some alternative approaches. One of the most
simple and popular ones consists in superposing two grids, a coarse global
one and a fine local one and alternating solutions on these two grids in an
iterative manner. One can thus keep a non-adapted coarse grid and perform
a multi-scale simulation. This idea appears in the literature under different
names, for example the Chimera method [29], the method of finite element
patches [20], and numerical zoom [4]. The common feature of all these meth-
ods is that the approximate solution is sought as the sum of the global coarse
contribution and a local fine one. The coarse part of the overall solution is ob-
tained iteratively from the original governing equations putting the current
fine contributions to the right hand side. It is easy to see that such methods
are not well suited to the situations where the coefficients in the governing
equations are themselves of a localized multi-scale nature, since the finite el-
ement stiffness matrices for the coarse problem are then difficult to construct
in practice.

To circumvent this drawback, it was proposed in [30] to modify the above
cited methods by abandoning the superposition approach. The coarse prob-
lem is now constructed using a smoothed version of the original governing
model. The local fine model is again introduced on a fine local grid. The cou-
pling between the two grids (and the two models) is achieved by an iterative
algorithm alternating the two solvers. Rather than taking the sum of coarse
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and fine contributions, we now declare the coarse solution inside the refined
zone (the zoom) purely fictitious and we replace it by the fine local solution.
The latter is made consistent with the global coarse solution on the boundary
of the zoom. The resulting method was baptized “the multi-model numeri-
cal zoom” since it couples two (possibly) different models: a global smoothed
one and the local refined one.

A very similar approach was also proposed in the computational mechan-
ics community [17-19,23]. The main motivation of the authors was in devel-
oping non intrusive coupling methods. Indeed, it often happens that engi-
neers have at their disposal a software that allows them to model e.g. some
mechanical structure taken as a whole, but this software is not fine enough at
some zones of the structure. This can be caused by a mesh which is too coarse
or by neglecting some important physical phenomena. It may be too difficult
or even impossible to modify the existing code and one may then want to
develop a stand-alone code that provides a refined modeling where needed.
One should then couple the global coarse solver with the local fine one so that
they interact in an iterative manner, and one seeks for coupling methods that
minimize the interactions between the two codes. The methods proposed
in the articles cited above, essentially equivalent to the multi-model numer-
ical zoom of [30], are good candidates to achieve this goal and were already
tested on “real world” problems.

The methods of the multi-model numerical zoom or non intrusive model
coupling have already received some attention in the literature. Apart from
the works cited above, basically presenting the methods and discussing the
practical issues and the results obtained, there is a mathematical a posteriori
error analysis in [16,40]. The works [14,36] contain proofs of the convergence
of iterative algorithms of these methods on the continuous level in the con-
text of [14] to the the case of stochastic partial differential equations with lo-
calized uncertainties. The work [34] proves the same in the context of mono-
tone partial differential equations (with localized non-linearity). However,
apart from the unpublished manuscript [31], there is yet no complete a pri-
ori error analysis with respect to the discretization, especially when general
non-conforming meshes are used. Moreover, the convergence of the iterative
algorithm of the method has not been yet investigated on the discrete level,
even for simplest possible governing equations.

The goal of the present thesis is to fill to a certain extent the gap in the lit-
erature, outlined above. We consider mostly the following simple situation
(yet pertinent to some practical application): the Poisson equation in domain
containing a small hole. We employ a coarse global mesh that does not see
the hole and correct this defect thanks to an additional fine mesh placed over
the hole and conforming with it. An iterative algorithm (multi-model nu-
merical zoom or non intrusive model coupling ) is then proposed, solving
alternatively the problems on global and local meshes. We introduce a math-
ematical framework for these methods under very general assumptions on
the meshes: the fine mesh may be placed over the coarse one in an arbitrary
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manner. We perform then a complete theoretical analysis both of the accu-
racy with respect to a mesh refinement and of the convergence rate of itera-
tions. We also compare this approach with the method of matched asymp-
totic expansions of [11]. Finally, we adapt our method to monotone problems
with localized non-linearities, thus pursuing the work of [34], adapting the
convergence proof to the discrete level, and giving an a priori error estimate.

The thesis is organized as follows. In the next chapter, we present the ex-
isting methods of “numerical zoom” type in more details on the example of
a diffusion problem with the diffusion coefficient or the right-hand side ex-
hibiting a localized multi-scale behavior. We also introduce there our “multi-
model numerical zoom” method as a modification of the older algorithms.
Chapter 2 is devoted to the analysis of the “multi-model numerical zoom”
method for the elliptic problem posed in a perforated domain (a small hole
inside the domain with Neumann boundary conditions on its boundary). We
start the analysis in the case of nested triangulations (in an appropriate sense)
and then propose some modifications that can be useful in non-nested set-
tings. We establish optimal a priori error estimate and prove the convergence
of our iterative algorithms. Chapter 3 is devoted to an alternative method
based on matched asymptotic expansions for the same problem as in Chap-
ter 2. We propose several variants of this approach on the discrete level and
compare it numerically with the Numerical Zoom. Finally, we turn to mono-
tone non-linear problems in Chapter 4. We are interested there in the case
with localized non-linearities, adapting the Numerical Zoom method, the a
priori error estimate, and the convergence proof to this situation.



4 Contents




Chapter 1

An overview of global-local
numerical methods: Chimera, finite
element patches, numerical zoom

We begin by presenting some multi-scale global-local methods on the exam-
ple of the following classical problem: find a function u : 2 — R such that

-V - (KVu) = f inQ, (1.1)
u = 0 on S,

Here Q2 is a bounded domain in R?, f € L*(Q) is a given function and K =
(K;) is a matrix valued function of class C" satisfying

alé]? < K(z)¢- € < B¢ forall ¢ € R*and = € Q

with some constants 0 < a < [ < oo. We are interested in the situation
where the right-hand side f or the coefficients K;; are highly oscillating in
a small subdomain A C Q. We are interested in finite element methods that
provide an approximation for the solution v on a relatively coarse mesh on
(1, certainly too coarse to take into account the highly oscillating features
inside A, and that correct in an iterative manner the numerical solution using
another much finer local mesh on A.

1.1 Schwarz domain decomposition algorithm or
Chimera method

One of the possible approaches to achieve the goals above is to use the
domain decomposition with overlap and the classical Schwarz alternating
method. This idea was introduced in a similar context (originally for nonlin-
ear time dependent problems) by Steger [29] under the name of the Chimera
method. The Schwarz method needs two interfaces to pass the information
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between the two meshes in both directions (coarse to fine and backwards).
One interface is naturally present in the form of the boundary of A, which
we call here S;,. In order to provide another interface, one digs a hole D in
the coarse domain strictly inside the zoom region A. We consider then the
domain Qy = Q\ D, denote the new interface Sy = dD, and loop on the two
problems: forn =1,2,...solve

-V (KVUn) = fin QH, Un|aQ = 0, U = unil on SH = 8D,

and then

—V - (KVu") = fin A, u"=U"on S := JA

cf. Fig. 1.1.

FIGURE 1.1: The drawing shows the fine mesh of the zoom re-
gion A overlapping the coarse mesh in of 2y and the interfaces
St, Sh.

The problems above are discretized by finite elements using a coarse mesh
of size H on 2 for U™ and a fine mesh of size h << H on A for v". Although
this seems to work fine in most cases, cf. [27,32], the convergence in the nat-
ural energy norm is an open problem, as well as the precision because of the
unavoidable interpolation of U" on OA when A is not made of elements of
the triangulation of 2. Additionally, recalling our initial motivation to devise
non-intrusive coupling methods, the necessity to dig a hole D in the coarse
mesh on () may be seen as a serious drawback: one is led here to change
significantly the coarse global problem. Moreover, the rate of convergence of
the Schwarz method depends on the width of the overlap between S}, and
Su, which should be thus kept sufficiently big. It means that the zoom A
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may have to be chosen artificially large with respect to the size of the zone of
multi-scale behavior, which should be concentrated inside Sy since it cannot
be resolved on the coarse mesh on Q.

1.2 The method of finite element patches

We now present the method of finite element patches [20], closely connected
to the numerical zoom approach [4]. The basic idea of this method is to search
the approximate multiscale solution as a sum of a global contribution on the
coarse mesh and a local correction on the fine mesh. The global coarse contri-
butions are calculated on iterations using the unperturbed coarse problems,
thus allowing one to use the "legacy code" without changing it (at least with-
out changing the rigidity matrix).

We now present the method of finite element patches applied to Problem
(1.1) on the discrete level. We introduce the following notations: let 7;; be a
triangulation of {2 and 7}, that of A. For the sake of simplicity, both domains
(2 and A are supposed polygonal. Both triangulations are supposed regular
(with the maximal aspect ratio of the triangles fixed once for all). Their el-
ement sizes H and h are typically such that h << H. Introduce the finite
element spaces

Vi = {vg € C°(Q) :vy|r € P VT € T, viloa = 0}

and
Vho = {Uh (= CO(A) : Uh‘T € Pk VT € 77” Uh|8A = O}

where P is the set of degree k polynomials for a given k£ > 1. The multi-scale
finite element approximation is constructed then in the above cited methods
by solving the problem: find uy;, = uy +wy, with uy € Vi, wy, € V}? such that

/ KV(UH +wh) . V(UH +Uh) = / f(’UH —f-Uh), \V/UH € VH, Vp, € V;? (12)
Q Q

Note that the functions in V¥ are here assumed to be extended by 0 outside
A, which makes sense since their traces are 0 on JA by construction.

As mentioned above, Problem (1.2) is not solved directly but rather by
an iterative method, like the following one: find successive approximations
ufy € Vi, w € VP satisfying

/ KVuY}, -Vvg = / fog — / KVw!™ Vo, Yoy € Vg (1.3)

Q Q A

/KVwZ-Vvh = /fvh—/KVu?I-Vvh, Yo, € V). (1.4)
A A A

It is easy to see that if this iterative method converges, i.e. u};, = uy, wjp — wy,
asn — oo, then uy, = uy + wy, solves (1.2). The fact that the method is
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indeed convergent is proven in [20] where an optimal error estimate is also
established for the approximate solution uy,.

The method (1.3)-(1.4) thus alternates the solutions of coarse problems
on 7y with the fine ones on 7,. The stiffness matrices of both problems
are completely standard and independent from each other. The transfer of
information between the two problems is done via the mixed terms on the
right-hand sides of (1.3)—-(1.4). Implementing these terms requires evaluat-
ing the integrals on the triangles of 7y of functions defined on 7, (and vice
versa integrals on 7}, of functions on 7). Such calculations are not straight-
forward, but some efficient implementations were proposed in the literature.
One can therefore consider that the method works fine, from both theoretical
and practical viewpoints, in the case of problems with multi-scale data, i.e.
when the right-hand side f is highly oscillating inside A.

We argue however that the method (1.3)—(1.4) is not really suitable for the
situations with multi-scale coefficients in the equations. Indeed, if the coeffi-
cients K;; are highly oscillating in A, an extra care should be taken in evaluat-
ing the integrals fQ KV ¢u;-Vog ; that form the stiffness matrix of the coarse
problem, with ¢ ,; being the finite element basis functions of V. Indeed,
one should employ then a very accurate quadrature rule (or possibly a very
tine submesh) to calculate the part of these integrals inside A because of the
oscillations of K;; there. This comes in contradiction with the usual practice
of finite element calculations, in which some standard relatively low-order
quadrature rules are used to construct the entries of the stiffness matrix. In-
spired by this remark, we want to devise another approach where the coef-
ticients of K in the coarse finite element sub-problems can be smoothed out
inside A.

1.3 Numerical zoom for problems with multiscale
data and/or multiscale coefficients

The core of the difficulties outlined above lies in the reconstruction of the
multi-scale solution as a sum of the coarse and fine contributions. We are go-
ing therefore to adopt another strategy where the part of the coarse solution
inside A is finally neglected and the overall solution inside A is given by the
approximation on the fine mesh 7, alone.

First, we restrict ourselves to the special case of nested meshes, i.e. we
suppose that 7, is formed by a subdivision of the triangles of 7y lying inside
A. In this case, we start by a reformulation of (1.3)—(1.4). Let us introduce the
new iterates on the fine mesh as uj = u';|s + wj}. Note that u} does no longer
vanish on the boundary of A. It lies in the space

Vi = {v, € C°(A) :wp|p € PLVT € Tr} (1.5)

i.e. the same fine finite element space as before but without any requirement
on the boundary. Rewriting the algorithm with the new variables u}, € Vy,
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up € Vj leads to
/ KVuy -Vog = / fog — / KVuZ‘l -Vog + / KVu”H_l - Vg, Yog € Vg
Q Q A A

/ KVu} -Vu, = / fon, Yo, € V2
A A
uploan = uploa-

We can furthermore impose the boundary conditions for uj on JA with the
help of a Lagrange multiplier. Let us define to this end the finite element
space Mj, on JA as the space of traces of functions in V}, :

My, = {u, € C°(OA) : pn|r € P, on every boundary edge E of the mesh T, }
(1.6)
and rewrite the iterative procedure above as follows: find v}, € Vi, up € Vj,

)\Z e M,
/ KVUTIEI : VUH = / fUH — / )\Z_lvH
Q o\A oA
+ / KVu’[;_l - Vg, Yog € Vi (17)
A
/ KVuZ -V, — / )\Z Up = / fUh, Yup, € Vi, (18)
A oA A

/ UZMhZ/ wpy pns Vun € My (1.9)
oA oA

Let us emphasize that the last algorithm is equivalent to the original algo-
rithm (1.3)—(1.4) in the case of nested triangulations. We have thus a conver-
gence result for the iterative method and an error estimate for the discretized
problem in this particular case.

However, in some applications, A is chosen in a manner which may be
completely incompatible with the coarse triangulation, for example, to keep
the shape of A simple in order to use a structured fine mesh on it. For non
nested meshes the new method (1.7)-(1.9) together with the definition of the
finite element spaces (1.5) and (1.6) makes sense on any meshes 7 and 7,
but it is no longer equivalent to the method (1.3)-(1.4). The new algorithm
has the advantage over the old one in that it reduces the interactions be-
tween coarse and fine discretizations. Indeed, the only place where the two
discretizations talk to each other is the boundary integrals [,, A\ 'vy and
/. o Wirkn, in contrast to the mixed terms on the whole of A in the method
(1.3)—(1.4). This allows us to reduce the computational cost and the program-
ming burden.

More importantly, the new method (1.7)-(1.9) can be slightly modified to
be suited to situations where coefficients K; are highly oscillating. Indeed,
the functions u}; are only relevant outside A in the new method. This means
that we can modify the coarse problem inside A in order to make it smoother
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and to facilitate the calculation of the finite element stiffness matrix. We thus
introduce coefficients K = (K;) much smoother than K in A and such that
Kloa = K|g\z- We assume, similarly to the original coefficients K,

e < K(x)¢- € < Bl forallé € R?and z €

We can then replace K by K in the coarse problem, so that (1.7) becomes
/ KVu?,-Vog = fog— / M g+ / KVu' Vg, Yoy € Vi (1.10)
Q O\& oA A

This does not affect the final solution, provided the iterative process con-
verges. The convergence can be indeed proven, cf. [31], if one adds relaxation
to the coarse problem (1.10). We should redefine u}, as the convex combina-
tion wi?y + (1 — w)ul; ', where w € (0,1] is a relaxation parameter. Thus,
u} € Vi is computed as the solution to

/f(Vu’}{-VUH = / KVUZ_I~VUH (1.11)
Q Q
+ w{ fog — / Aoy — KVult. WH} . Yog €Vy
Q\A oA O\A

We refer to the method (1.11)—(1.8)—(1.9) as the multi-model numerical zoom.
Indeed, its iterations can be viewed as a coupling of the smooth global model
(with K defined over Q) and the stiff local one (with K on A).

Let us reexamine now the non-intrusivity of the algorithm in the sense
of [18,19]. As it is already mentioned, the boundary term in the coarse prob-
lem [,, A}~ 'vy should be implemented in a stand-alone software since it con-
tains the fine correction )\;. Moreover, the term f A K Vu}g_l - Vuy may also
need a special treatment outside the coarse solver, although it involves only
functions on 7. Here, the integration should be performed on the patch A
which is not necessarily conforming with 7. The integral [, KVu}; ' - Voy
will then have to be evaluated outside of the coarse solver. Let us note that
latter articles also introduce a closely related method involving Robin condi-
tions on the interface. Such a method is more intrusive because of the modi-
fication of the coarse stiffness matrix.

The idea of replacing locally sharp or oscillating coefficient K with a
smoothed version K can be easily generalized to more complicated settings.
We shall consider two of them in the present thesis:

Chapter 2: A linear elliptic PDE posed in a perforated domain, namely a
domain with a small hole inside it. We shall consider the hole as a
perturbation to a simpler problem posed on the whole non-perforated
domain and reinterpret our algorithm as coupling between the unper-
turbed coarse model (approximated on a global coarse mesh that does
not see the hole) and the local corrected model (the actual problem on
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the patch surrounding the hole). Such a problem can be seen as a proto-
type of more realistic situations where a coarse solver cannot handle the
tiny geometrical details (joints, cracks, etc) and one needs local patches
(numerical zooms) to handle them.

Chapter 4: Non-linear problems with localized non-linearity (for example,
think of plasticity that affects the behaviour of an otherwise linear elas-
tic material only in the vicinity of some critical points). One can then
solve the linear global problem on a global coarse mesh, and correct it
locally by non-linear solvers on a fine mesh over the patch A.
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Chapter 2

Numerical zoom for elliptic
problems on perturbed domains

2.1 Presentation of the problem and adaptation of
the numerical zoom algorithm

Let Q2 be a bounded domain in R? (d = 2 or 3) and w. C Q be a sub-domain
of characteristic size ¢ much smaller than the characteristic size of (2, cf. Fig.
2.1 top. We are interested in problems posed on the perturbed domain 2, =
Q\ w.. As a typical simple example, we consider specifically the Poisson
problem on 2. with Neumann boundary conditions on the boundary of the
hole w,: find u : Q. — R such that

—Au = [ in(),, (2.1)
u = 0 onof,
Vu-n = 0 ondw,,

where f € L?(€.) is a given function. The weak formulation for (2.1) is

written as: let
V= {U € H1<QE) : ’U’aQ = O}

and find v € V such that

a(u,v) = fv, YveV (2.2)

Qe

where

a(u,v) = Vu-Vou. (2.3)

Qe

We want to devise a finite element method that works on a relatively
coarse mesh on (2 (the whole non-perforated domain), certainly too coarse
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YA

FIGURE 2.1: An example of the perforated domain Q. = Q\ w..

Top: €. with a fine mesh well resolving w.. Bottom left: The

global coarse mesh 7y that does not see w. and the fine mesh

Tr, on the patch. Bottom right: same as on the left, zoomed
around.
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to take into account the small inclusion w,, and then corrects the approxi-
mate solution iteratively using another sufficiently fine mesh around w.. We
introduce thus the coarse global mesh 7 of meshsize H on (2, with H typ-
ically bigger than . In addition, we encompas the hole w. into the patch A,
which is a small sub-domain of Q: w. € A C Q (with both inclusions be-
ing proper). Denote A, = A \ w. and introduce the fine local mesh 7, on A.
(typically, the meshsize h is thus much smaller than ¢). For the sake of sim-
plicity, both domains €2 and A, are supposed polygonal and A is supposed to
lie inside (2, i.e. the boundaries of A and (2 do not intersect each other. Both
meshes 7, and Ty are supposed regular simplicial triangulations of €2 and
A, respectively, i.e. the maximal aspect ratio of the triangles/tetrahedrons in
both these meshes is fixed once for all. An illustration of the meshes is given
at Fig. 2.1 bottom.
Introduce the finite element spaces

VH = {’UH S CO<Q) . UH|T € Pk VT € TH, UH|8Q = 0}

and
Vi, = {Uh € CO(AE) : Uh|T € P.VT € ﬁl}

where P is the set of polynomials in d real variables of a given degree k >
1. Let I' = OA. Note that the boundary of A. contains two components: I
and OJw.. We shall need a finite element space on I' to be used for Lagrange
multipliers and defined as the space of traces of functions in V}:

My, = {un € C°(T') : un|g € P, on every boundary facet E of mesh 7}
(2.4)
Our basic algorithm (Algorithm 2.1), inspired by (1.11)-(1.8)—(1.9), is pre-
sented on page 16. It starts from an initial coarse approximation u}, € Vy,
typically the solution to the “unperturbed” problem on the whole domain (2
on the coarse mesh without taking into account the hole:

/ VuY, - Vo = / fog, Yvg € Vy (2.5)
Q Q

In writing this, we assume f € L*(Q2) i.e. the right hand side is extended
inside the hole w.. The algorithm goes on by correcting this approximation
and alternates between the fine problems on A. and the coarse problems on
the whole 2. Note that the rigidity matrix of these coarse problems is the
same as for the original “unpertubed” approximation (2.5).

We note that articles on the original patch algorithm [21, 22, 25] ditin-
guished between the two cases — nested and not nested meshes, and the
inherent difficulties were not necessarily the same in the two cases. By the
nested meshes, it is understood that every element of the fine mesh 7}, is in-
cluded in an element of Ty, i.e. T, was formed by splitting the elements of the
coarse mesh 7 inside the patch A in the smaller elements. Obviously, such
a notion is not applicable to the case studied here: the coarse mesh is not
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Choose an initial guess u}; € V and the relaxation parameter
w e (0,1]

forn=1,2,3,...do

Find uj, € Vj, and A} € M}, such that

/ V’LLZ - Vo, — / /\Z vy = / fl)h, Yo, € Vi,
Ac r Ae

/UZMh = /Uzllﬁh, Vun € My,
I I

Find u}, € Vy such that

/VUTIZ{-VUH = w va—w//\ZvH—i-w/Vuz_l-VvH
Q Q\A r A

+(1 — w)/ Vu’}fl - Vg, Yog € Vi
Q

Set
n—1/2 uZ, in AE n uz, in A,3
Ugp = n—1 . Uy = n .
uy , outside A u}y, outside A
end

Algorithm 2.1: Multi-model numerical zoom

conforming with the geometrical features of the small inclusion €2, so that 7,
which is conforming with (2. cannot be a submesh of 7. We introduce thus
the weaker notion of I'-nested meshes meaning that the boundary I' of the
patch A is composed of facets of 75 (and thus the patch is formed as a union
of certain elements of 7;;) and the trace of 7, on I is obtained by dividing the
facets of the coarse mesh into smaller segments/triangles.

In the following section, we analyse the numerical zoom algorithm in the
case of I'-nested meshes. We shall see that this analysis is much easier than
in the general case (cf. the subsequent sections). Note that the method is
also easier to implement in the I'nested case. Indeed, the integrals on A in
the coarse correction step are then straight-forward to implement since they
can be written as the sums of integrals over certain elements of 7y unlike
the general case where the elements of 7y can be arbitrarily cut by I'. The
interpolation operator between 7y and 7}, are also trivial in this case. This is
why we think that the case I'-nested meshes is the most useful one in practice
(unless very particular situations where the form of the patch should be fixed
by some implementation issues and thus not necessarily conforming with the
coarse mesh). Note that the restriction of I'-nestedness is general enough to
allow for an adaptive mesh adaptation of 7, independently from the coarse
mesh.
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2.2 Analysis of the algorithm for ['-nested meshes

As announced above, we assume in this section that the meshes 75 and 7,
are nested on the interface I'. For future references, we formalize this notion
as the following definition

Definition 2.1. The meshes T, and Ty are called I'-nested if the patch A is a union
of several elements of Ty and every boundary facet of the mesh Ty, lying on I is a
subset of an internal facet of Tp.

2.2.1 The finite element problem: an a priori error estimate

Assume for the moment that Algorithm 2.1 converges (this will be indeed
proved in the next subsection). The natural questions are then: how can one
characterize the limit of the iterative process in Algorithm 2.1 and what is
the precision of this limit with respect to the exact solution of problem (2.1)?
Let us suppose thus that v}; — uy on Q, up — w, on A,, and A} — )\, on
I' as n — oo. Passing to the limit in Algorithm 2.1, it is easy to see that the
functions uy € Vi, up, € Vi, and A, € M, satisty

Vug - Vog + / AWV = fog, Yvg € Vy (26)
Q\A r Q\A
Vuy, - Vo, — / ApUp = f’l}h, Yo, € V), (27)
Ac r Ae
/Mh(uH —up) = 0, Vu, € M. (2.8)
T

We emphasize that u}; survives at the limit n — oo only outside A.
Let us introduce the combined approximation space

Van = {v e C(Q.)suchthatv =00n9Q, v =vyonQ\ A, v=uv,0nA,
with some vy € Vi, v, € V3, }

and gather uy and wy, into uy, € Vg, such that uy, = ug on Q \ A and
uyp, = up on A.. Note that uyy, is indeed continuous on I' thanks to (2.8)
which is equivalent to say uy = w;, on I' in the case of I'-nested meshes.
Taking the sum of (2.6) and (2.7) we can easily eliminate );, and rewrite this
problem in terms of uyy, alone: find uyy, € Vi, such that

a(upgn, van) = /fUHm Youn € Vip. (2.9)
0

Theorem 2.1. Suppose that the meshes T}, and Ty are I'-nested, cf. Definition 2.1.
Problem (2.9) admits the unique solution uy, € Vup. If u, the exact solution to
(2.1), is in H**1(Q), we have moreover the following a priori error estimate

lumn — ulle. < C (H"ulpirong + P [ulisia.) (2.10)
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with a constant C' independent of H, h and .

Proof. The bilinear form a is coercive on Vi, C V which yields immediately
the existence and uniqueness of the solution uy;, € Vi, to (2.9). We construct
now an appropriate interpolant @), € Vi, to u. Let

Iy H"H(Q) = Vi and I, : H*Y(A) — V,
be the standard nodal interpolation operators satisfying
v — Igv|ir < CH|v|pi1r forany v € H*NT), T € Ty (2.11)

and
v — Iyv|ir < Ch¥|v|pirr for any v € H¥Y(T), T € T,. (2.12)

The constant C' here depends only on the regularity of the meshes.

We note that we cannot define interpolant iy, € Vg, simply by taking
Iuinside A and Izu outside A since such a function would be discontinuous
over I'. We should thus correct Ij,u inside A to restore continuity by adding
a finite element function in V}, equal to Iyu — Iu on I'. Thanks to the trace
theorem, there exists

r € H'(A) such thatr = Iyu — [uonT and |74 < Clirlly

with a constant C' > 0 depending only on A. Let r, € V}, be the Scott-Zhang
interpolant of r [37] such that that 7, = r on I'. Such a choice is possible if the
values of 7, at the boundary facets of 7, on I are calculated through the ap-
propriate weighted averages of r on these facets (recall that the construction
of Scott-Zhang allows one to choose either elements or facets of the mesh to
construct the interpolant). Since » = Iyu — Ij,u is piecewise polynomial on I,
such a construction ensures indeed that r;, = r on I". We have moreover

I7allia. < Cllrflua. < Cllrllia < Cllrfly e

Combining these estimates and using again the trace theorem we can write

Iralha. < Clliu = Ll ¢ < Ol —ulls p + [T — ull 1)
<
~

C(llu = Igullyo\a + [lu — Thullia.)
We now take @y, € Vi, with the components 4y € Vi and @), € Vj, such that

Uy = Iguand 4, = Ipu + r,. We have thanks to the interpolation estimates
mentioned above

1A+ rallia. (2.13)
|u — Tgully s + [Ju — Thull1,a.)

Hk|u’k+l,ﬂ\]\ + I*lufetra.)

|u — Thully o\s + [Ju — Thu
C
C

|u — tpn||1,0.

N ININ

—~
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In view of (2.9), (2.2) and the fact that V;, C V, the Céa lemma ensures that
wrn — ull1,0 < Cllign — ul|1,0 so that (2.13) leads to (2.10). O

2.2.2 Convergence of the iterative algorithm

The proof of the convergence of Algorithm 2.1 will be based on a study of
operator Ay, : Vg — Vy defined for fixed 7y and 7, as follows: for any
zg € Vg the function Agyzg € Vg solves

C(AHhZH,UH) = Vzg - Vog + / Vg, Yog € Vg (214)
Q\A r
where c(-, -) is the H; scalar product on {2
c(u,v) = / Vu- Vv (2.15)
Q
and v}, € M), together with z;, € V}, come as the solution to

Vz, -V, — / vpup, = 0, Y, € Vj, (216)
Ac r

/Zh#h = /ZH,Uha Vi € M. (217)
r T

To motivate the definition of operator Ay, we decompose the iterates uj,
A from Algorithm 2.1 as

n n n n
Uy, = Yn + 2, h= Pn TV

where (yp, pn) € Vi, x M}, is solution to
R Vyn - Vo, — /r OpUp = fop, Yo, €V (2.18)
/Fyhﬂh = 0, Vup €M,
and (z3,vy}) € Vi, x M, solve
/A Vz -V, — /r vyo, = 0, Vo, €V

/Z}Zuh = /Uﬂlum Yy € M.
T r
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These are the same equations as (2.16)—(2.17) with zj replaced by u}; . Using
these notations, we can rewrite the problem for v}, from Algorithm 2.1 as

lavH)

+w/ va—w/goth—w/l/,’;‘vH—w/ Vu?fl-VvH
Q\A r r Q\A

=c(ult vg)

c(ufy, vir) =c(uy

+ we(Fy,vy) — w/uﬁvH —w Vulyt Vo, Vg € Vg
r O\A

where Fy € Vj is given by
C(FH,UH) = ) fog — / opvy, Yvg € Vy. (219)
O\A r

We see that u}; evolves from one iteration to another as
uhy = (I —wApp)uly '+ wFy. (2.20)
It is thus a fixed point algorithm to solve the equation
Apnug = Fy (2.21)
rewritten as uy = (I — wApp)uyg + wFy.

Combining (2.14) and (2.16) we observe Vzy, vy € Vi

c(Agpzp,vy) = Vzg - Vog + / Vz, - Vuy, (2.22)
O\A Ae

where z;, € V}, is the solution to (2.16)—(2.17) and v, is any function in V}, such
that v, = vy on I'. We shall now prove that operator Ay, is a self-adjoint and
coercive with respect to the scalar product c on a well-chosen subspace of V.

Lemma 2.2. Operator Ay, is self-adjoint with respect to the scalar product c, as
defined by (2.15):

C(AHhZH, Z;_I) = C(ZH, AHhZ;[); \V/ZH, Z?—I e Vy (223)

Proof. Take any zy, zj; € Vi and let (2, v3,) € Vi, X My, resp. (2, vf) € Vi, x M),
be the solutions to (2.16)—(2.17) with zy, resp. zj, in the right hand side of
(2.17). By (2.22)

c(Agnzy,zy) = Vzp - Vzy +/ Vz,-Vz
O\A As

which entails (2.23). ]
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We now decompose the finite element space Vj; into the direct sum V) &
Vi where
Vi ={veVy: suppv C A} (2.24)

and V}} is the orthogonal complement of V}) with respect to the scalar product
(2.15).

Lemma 2.3. The kernel of operator Apy, coincides with Vi) and Ay, is coercive on
its orthogonal complement Vy;. More precisely, there exists m > 0 depending only
on A, and on the reqularity of the mesh Ty such that

C(AHhZH, ZH) = m]zH]iQ Vzy € V[_l[ (225)

The norm of Agy, as an operator in the space Vi equipped with semi-norm of H*(Q)
is bounded by a mesh-independent constant M > 0.

Proof. If zy € ker Ayp, then zy = 0 on 2\ A as follows from the expression
for ¢(Aunzm, zg) in (2.22). On the other hand, if zi € VJ then z, = 0 on A,
and zy = 0 on I' so that Ayy,zy = 0. This entails ker Ay, = V3.

In order to prove the coercivity estimate we invoke again (2.22) with vy =
2y € Vi, which implies

C(AHhZH7 ZH) 2 / ~ VZH . VZH (226)
(PAVIN

Let v € H(Q2) be such that v = zy on Q \ A and v|, satisfy
—Av=00onA, v=zgonl. (2.27)

so that
[ollia < Cllzall1 p-

Let Ry : V — Vy be a Scott-Zhang interpolation operator, cf. [37], chosen so
that Ryv on Q\ A (resp. on A) is calculated by appropriate averaging of v on
the mesh elements lying in {2 \ A (resp. A). Denoting vy = Ryv we observe

[valia < Cllvflia

and, moreover, vy = zy on Q \ A since vy = zy on Q \ A is already in the
finite element space Vy restricted to 2 \ A. Hence, (vyg — 25) € V3 so that
c(zg,vg — zg) = 0 (recall that zy € V}}), which entails by Cauchy-Schwarz
inequality

|ZH‘%Q = c(zm, zn) = c(zm,vm) < |2H|1,Q|UH|1,Q

In view of the properties of the interpolation operator mentioned above, we
have thus

vrlio < (Clolia + 128/ \5)

|ZH‘%Q <
< (CHZHH?%,F + ’2H|ig\/‘\) < O|2H|ig\]\ (2.28)
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Combining (2.26) with (2.28), we obtain ¢(Aupzm, 2u) > &|2ul o so that (2.25)
is established.

The last statement of the Lemma concerns the norm of operator Ayj,. In
order to prove it, we recall problem (2.16), reintroduce v € H'(A) as the
solution to (2.27), and construct v, € V}, as a Scott-Zhang interpolation of
v being a projection on the finite element trace space on I'. We have thus
v, = zg on I so that fAs Vz, - V(z, —vy) = 0and

Iznll1a < llonllia. < Clvllia < Cllzullyr < Cllzalliog

with a constant that depends only on A. We have thus using (2.22) ant taking
an appropriate v, € Vj, (constructed from vy € Vy in a similar manner to
Zn, 2y above)

c(AthH,vH) < C (\ZH|1,Q\]\\UH|1,Q\]\ + |Zh\1,AE|Uh|1,A€)
<

M\zg|olve|ie

where C'and M denote the mesh-independent constants. Taking vy = Appzy
gives
|Apnzaio < Mzu|ia

i.e. [[Amn|| < M where ||-|| means the operator norm in the space Vi equipped
with the H'(Q2) semi-norm. O

Theorem 2.4. Suppose that the meshes T, and Ty are I'-nested, cf. Definition 2.1.
Algorithm 2.1 converges to the solution of (2.9) provided 0 < w < w* where w* is a

mesh-independent constant, i.e. u?{hl/ 2 ugp and uly, — ugp as n — oo where
upn € Viy, is the unique solution of (2.9). The convergence rate depends only on the
regularity of Ty and on A..

Proof. We decompose each iterate of Algorithm 2.1 as u} = u}’ + u};'
with u};° € V9 and u};' € V. Using the facts that ker Ay, = V}J and
Fy € Im Ay, = (ker Ayy)*™ = V}, equation (2.20) can be decomposed in

separate equations on V}} and V}; :

n,0 n—1,0
Ug = Ug
nl n—1,1
Uy = (I—wAHh)uH —l—wFH

As proved in the two preceding lemmas, the restriction of Ay, to Vj; is a
symmetric and positive definite operator. Its spectrum is thus real and lies in
the interval [m, M|, m being a lower bound for the coercivity constant of Ay,
on Vj; and M being an upper bound for its norm. It follows that the operator
(I —wApy) is a contraction provided w < 2/M. This shows the convergence
of the sequence {u};'}. The iterates u} are uniquely determined by the traces
of {u}};} on T which coincide with those of u};'. We see thus that the sequence

: ~1/2 : 1

{u}} is also convergent, as ar/e the sequences {u};, 1 {um,} since uly, = u'
A n  _ ,n n—1/2 _ pn-1

on Q\ Aand u}y, = u}y, uy, '~ =u} " on A.. O
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2.3 Analysis of Algorithm 2.1 on non ['-nested
meshes

We want now to abandon the Assumption of I'nested meshes (Definition
2.1). We shall see that the a priori error analysis of the general case reveals
potentially larger errors in the general case, although it is not usually seen in
the numerical experiments. Moreover, the iterative algorithm 2.1 can suffer
from slow convergence unless we are in a situation of a conforming interface,
as announced in the definition below, or close to it, in an appropriate sense
as will be seen in the convergence analysis below.

Definition 2.2. We say that the meshes T, and Ty have a conforming interface if
the boundary of the zoom A is composed of the facets of Tp.

This is is thus a generalization of Definition 2.1. Note that the issue of
possibly slow convergence was already recognized in the literature on the
original patches algorithm [20]. A possible remedy was proposed in [25]
under the name of the method of harmonic patches. Only the triangulations
with conforming interface were studied theoretically in [25]. In the current
Section, contrary to this article, we do not assume the conforming interface
and we keep our assumption on the meshes quite general, although we shall
recognize that the case of a conforming interface is the most beneficial with
respect to the rate of convergence.

2.3.1 The finite element problem: an a priori error estimate

Let us admit for the moment that Algorithm 2.1 converges (this will be in-
deed proved in the next section). Here, we are going to characterize the limit
of the iterative process in Algorithm 2.1 and to examine the precision of this
limit with respect to the exact solution of problem (2.1). We suppose thus
that v}, — uy, uj — upon Qand A} — A\, onI' asn — oo. It is easy to see
that the functions uy € Vi, w, € V), and A\, € M), satisfy

/ Vug - Vog + / AU = fom, Yog € Vy (229)
Q\A r QA
Vuy, - Vo, — / ARV, = fUh, Yo, € V), (230)
Ae r Ae
/Mh(UH —uy) =0, Vi, € My, (2.31)
r

These are or course the same as Equations (2.6)—(2.8) but we prefer to write
them once more to emphasize the difference with the previously studied case
of I''nested meshes: we no longer have u;, = uy on I' and it is no longer
possible to exclude the Lagrange multiplier simply as before.



24 Chapter 2. Numerical zoom for elliptic problems on perturbed domains

To compress the notations, we introduce the combined approximation
space

Vi, = {v:Q = Rsuchthatv=vgonQ\A,v=uv,0onA, (2.32)
with some vy € Vi, v, € V3, }

and gather uy and u; into ug;, € V3, such that ug, = uy on Q\ A and
ugp = w, on A.. The problem (2.29)—(2.31) can be rewritten in terms of uyy,
and )\, as

alugn,v) +b(v,\p) = L(v), YveVi, (2.33)
blugp,p) = 0, Yue M,
where
a(u,v) = / Vu-Vo+ [ Vu-Vu (2.34)
O\ Ae
o) = [l (2.35)
Lv) = /va (2.36)

and [v] = v|gz — v|s denotes the jump of v on the interface I'. Note that no
continuity on I' of functions in V}, is imposed, unlike the I'-nested case. The
approximate continuity of uy is now ensured by the finite element problem,
i.e. the second equation in (2.33). Our a priori error estimates will be de-
rived directly from the mixed problem (2.33) without trying to eliminate the
Lagrange multiplier \; from the equations (cf. however Remark 2.1 with an
alternative route of the proof using a subspace of weakly continuous func-
tions). We shall face the problem of the lack of regularity of Vu - n at the
corners (edges) of A, which will prevent us from giving completely satisfac-
tory theoretical error estimates, cf. the forthcoming Lemma 2.8.

We start by rewriting the continuous problem (2.1) for v in the mixed form
similar to (2.33). To this end, we introduce the functional space

V%= {v:Q. - Rsuchthatv|y, € H'(A.), vz € H'(Q\A) and v]sq = 0}

equipped with the norm

1/2
lelly = (ol s + el )

We also set M = H~Y/%(I'). Obviously, u € H}(Q) C V¢ so that problem
(2.1) can be rewritten as: find u € V¥ and A € M (the Lagrange multiplier



2.3. Analysis of Algorithm 2.1 on non I'-nested meshes 25

corresponding to the constraint [u] = 0 on I') such that

a(u,v) +b(v,\) = L) YveV (2.37)
bu,p) = 0 YpueM

This problem is well-posed. Indeed, if (u, \) € V x M is a solution to (2.37),
then the second equation in (2.37) implies that u € H} () and restricting the
test functions in the first equation to H((2) shows that u is in fact the unique
solution to (2.1). An integration by parts allows us to identify then A € M
with (Vu-n)|r where n is the unit normal vector on I' looking outwards from
A.

We can now prove an error estimate for problem (2.33) as an appoxima-
tion to problem (2.37) using the theory of approximations to mixed prob-
lems [12]. The main ingredients to this proof are the two lemmas below
proving the coerciveness of the form a on the kernel of the operator asso-
ciated to the form b on both continuous and finite element levels, as well as
the inf-sup property for b. We follow essentially [13] where the analogous
results are proven in a slightly different context.

Let B: V — M’ = H'Y%(T') be the operator associated to the bilinear form
b by

<Bu,pp >y u=0bv,pu) YoeV, peM

and let By, : V&, — Mj be its discrete counterpart defined by

< Bunvah, i >0 0= b(vpn, pn) Yoy, € Vﬁ}‘h, iy € M.

Lemma 2.5. The bilinear form a is coercive on ker BUker By, i.e. there is a constant
Yo > 0 independent of H, h such that

a(v,v) = vllvl[i Vv € ker BUker Byy, (2.38)

Proof. Consider the following subspace of V'

Vg:{ve\/d:/[v]:O}.

r

Inequlity (2.38) is satisfied for all v € 1|, with some constant v, that depends
only on , A and the coefficients K. This follows from the Peetre-Tartar
lemma [39], since the inclusion of V' into L?(2) is compact and

a(v,v) = 0 and /F[v]:O = v =0.

Indeed, if a(v,v) = 0 for some v € V, then Vv = 0 on A and on Q\A so that
v = ¢ = const on A and v = 0 on Q\A since moreover v|sq = 0. If we also
suppose that [,[v] = 0 then ¢ = 0 so that v = 0 on Q.

It is easy to see that Bv = [v]r and consequently ker B = H}(Q2) C V5. On
the discrete level, we observe that ker By, = {v € Vi, : [([vlp = 0, Vu €
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My} C Vysince 1 € M. Thus ker B U ker By, C Vp, consequently (2.38) is
satisfied for all v € ker B U ker Byy,. O

Lemma 2.6. There exists 0 > 0 depending only on 2 and A such that

b(v, A
inf sup L =0 (2.39)
XeM ey ||0]|v | ar

and ; \
inf  sup ) (2.40)

MM ey Nomnllv [l ~

Proof. The continuous inf-sup property (2.39) follows from the following in-
equalities, valid for any A € M

Ap
Wit = [l ipr— sup
peH/2(T) HM”l/?I
fFAw
< C sup

weri(a.) [[wl[1,a.
(since Yy € HY*(T), 3w € H'(A.) such that w = g on dA. and ||w||1.a. < C|lpl1 )2,
with a constant C' that depends only on A.)
< Csup b(v_,)\)
veva [vllv
(since one can always take v € V?as v = —w on A, and v = 0 on Q\A,)

To reproduce this proof on the discrete level, we borrow from [6] the fol-
lowing result: for all A\, € M, there exists v), € V}, such that

Jr vrAn

> 4. 2.41
Torll vl 1 (241

Note that this estimate is announced in [6] only for P, finite elements, but we
can easily prove it for P, elements with any £ > 1. To this end, we start by

the definition of the /2 norm

VA VA
[Anl—1p = sup Jo v <C sup Jp vy (2.42)
T embm HUH%,r veri(n [12]1,a

Let [}, : H'(A.) — V}, be the Scott-Zhang interpolator satisfying

[Iwha, < Clohia, v —Twloa. < Chlvlia., v — Twllor < CVA||1A.,

forany v € H '(A.). Now, take any v € H'(A.) and construct v, € V}, to be
equal to Iv on the internal degrees of freedom inside A, and to be the L?(T")
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orthogonal projection of v on M},. We have thus
lon, = Invllox < o = Invllor + llv = vallor < 2llv = yvllor

Owing to the fact that v, and 7,v differ only at the boundary T, one can prove
(see the details in Lemma 2.7 below)

- - - C -
lon — Invlloa. < CVAllo, — Lwllor and  |o, — Tyw|a, < ﬁth — Thollor

Putting all these estimates together gives
onlloa. < llvw — Tnvlloa. + v = Tnvlloa. + vlloa. < Chlvlia. + [[v]loa.
and . )
lon|1,a. < lop — Ipvlia. + [1pv]ia. < Clojia,

This means ||vp|1.a. < C||v]]14., so that we can continue the calculation in
(2.42) using for any v € H'(A.) the corresponding v, € V, constructed as
above and recalling that vy, is the L*(T")-orthogonal projection of v on I

VA Up A Up A
A2 p < C sup Jr 0w =C sup Jo vnn < C sup Jr oA
2 ver (A [[V]l1a. ver (A.) |[V][1A. oneVi 10n 1A

which is equivalent to (2.41).
Returning to the proof of the discrete inf-sup (2.40), for any A\, € M, we

can thus take Vgh € Vgh as UHh|Q\j\ = 0 and UHh|A8 = —Up, with v, € Vi
given by (2.41), so that [vy,| = v, on I'. Observing that |[vg|lv = ||vnll1a.
and || Ap||ar = H)‘th%,F we conclude that (2.41) implies (2.40). O

We provide in the following Lemma some technicalities which were used
in the previous one.

Lemma 2.7. Let vy, € V), be such that all its degrees of freedom (in the sense of [15])
vanish except those on the boundary I" (i.e. v, vanishes at all the interior nodes of
Th, at all the degrees of freedom inside the internal facets of Tj, and on the boundary
facets on 0S)., and at all the degrees of freedom inside the elements of Ty,). Then,

C
[vnlloa. < CVA|vnllor and [opla. < ﬁthHo,F

Proof. The function v, € Vj, satisfying the hypotheses of the Lemma is non-
zero only on the mesh elements touching the boundary I'. Let T" € 7, be
such en element such that one of its faces F' lies on I'. Mapping v to the
reference element and using the equivalence of norms we see that

lonllo.r < CVR|vallo.r
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Consider now 7" € T}, such that it touches I' at only one node . Let us choose
a boundary mesh facet F' C I' such that z is a vertex of /. Again, by mapping
to the reference element and the equivalence of norms we see that

1
vnllor < ChE|op(x )|<Ch2><h —vnllo.r < CVR|[vplo.r

In 3D, there is also the case of tetrahedrons T' € 7}, touching I' at en edge E.
Choosing a boundary mesh face F' C I' such that F is a side of F', we get by
similar reasoning as above

onllo.r < CVR|vallo.r

Denoting by 7, the ensemble of mesh elements 7' € T, touching I, and by
F(T) the boundary facet on I chosen for any T' € 7,I as above, we get

2 2

lonlloa. = D lloallsr | <C{ X hlonllire | < OVAllvrlor

T T
TeT, TeT,

This is the announced estimate in L?(L.). The estimate in H'(L.) is derived
by the usual inverse inequality. O

The following Lemma provides an interpolation estimate for the La-
grange multiplier A = Vu - n and is thus crucial for establishing the a priori
error estimate for (2.33). We note that it is optimal only if k£ = 1, and even in
this case the result is not completely satisfactory since it requires more than
H? regularity of w.

Lemma 2.8. Let P, be the projector on M, orthogonal in L*(T"). Then, for any
u € HY(A,) with Vu € L®(T), setting A\ = Vu - n on T, it holds

IN = Pudll-1/2r < ChMulisra, + Ch2 | Vul| o) (2.43)

with constant C' > 0 depending only on the mesh regqularity and on A.

Proof. LetI'1,...,I'y be the sides (segments in 2D, polygons in 3D) compos-
ing the boundary of the polygon (polyhedron) A. Denoting by I;, the usual
nodal interpolator to Vj, (or a Scott-Zhang interpolator, if appropriate) we
observe on any side I',

‘ du 1 du < Ch} du
8:151- 8951 0,Ts 8%’1 k,A.
Let n(s) = (n{”,...,n{") be the external unit normal on T, and set A\” =

Zf Ly Iha“ Then,

179 T = A o, < CR*Huligna.
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Let us glue AV, ... A" into a function A? defined on I' by ¢

s=1,..., N. Recalling that \ = Vu - non T, we have

ro= A

Tss

1
IA = Atflo,r < CR* 2 fufgi,,

The function \¢ is piecewise polynomial (of degree k) and continuous on
every side I';. However, in general, it is discontinuous on I since the normal
n jumps over the corners (edges) of the polygon (polyhedron) I'. We now
construct a continuous “correction” A, € M, of \{ by setting A\, = \{ at all
the internal degrees of freedom on every side I'; and setting A, = 0 at the
corners of I' (or the degrees of freedom on the edges in the 3D case).

Let us denote C), the ensemble of triangles of 7;, adjacent to the corners of
I' in 2D (or the ensemble of tetrahedrons of 7, adjacent to the edges of I' in
3D). By construction, )\, coincide with A\¢ on T outside C}, so that

12 = Aillox < ClIAGz oy V/ICHl

By construction, A\{ is uniformly bounded by the maximum of |Vu| on T
(eventually, miltiplied by a constant that depends only on the degree k). It is
also easy to see that |C;| < Ch? with the constant C' depending only on A.
Thus,

[An = Mllor < ChlIVa|oory

Recalling that P, is the L*(T')-orthogonal projection on M), and A\, € M,, we
see

IA = Pudllor < 1A = Mullor < I = Afllor + [1An — Allor
< Ch* 2 fuljpra, + Ch||Vul| oo (ry-

We now can also bound the H~% norm

()\ — Ph>\, U)Lz(p) ()\ — Ph)\, v — [hv)Lz(p)

|A=PpA||Z1/2r = sup = sup
veH/2(I) ||UH1/2,F veEH/2(T) HUHl/Q:F

< (Chk—% |U|I<:+1,A5 —+ ChHVUHLoo(F)) X \/E
since ||v — Ivlor < CVA|v|ia. < CVA|v]l1/2r assuming that v is extended
to A, as a harmonic function. O

Theorem 2.9. Problem (2.33) admits a unique solution (ugp, \n) € Vi, X Mp,.
Provided w € H**(Q) and Vu € L>(T"), we have moreover the following a priori
error estimate

3
|umn —ullvy <C (Hk|u|k+1,9\[x + hF|ulppra, + ChiHVUHL‘X’(F)) (2.44)

with constant C' > 0 depending only on the mesh reqularity and on A.
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Proof. The bilinear form a is uniformly coercive on ker By, (Lemma 2.5) and
form b satisfies the uniform inf-sup condition on V32, x M, with a mesh-
independent constant (Lemma 2.6). It implies by the approximation theory
of mixed problems [12] that the discrete problem (2.33) is well-posed. More-
over, analogous properties hold on the continuous level. This entails that the
unique solution (ugp, Ap) to (2.33) satisfies the error bound

HA—MMM).

(2.45)
It remains thus to find the interpolants vy, and p, to u and A respectively
that provide the optimal error estimate in the sense of inequality (2.44). We
begin by constructing the appropriate vyy,. Let & € H*!(Q2) be the extension
of u from Q\A to the whole of , i.e. & = u on Q\A. By the extension theorem
for Sobolev spaces [1], we can construct @ so that ||@[r1.0 < Cllullyr10\8
where C is a constant that depends only on 2 and A. Let Iy : H*(Q) — Vy
and I;, : H*"'(A) — V, be the standard interpolation operators satisfying
lv—Igv|ia < CH*|v|py1 o forany v € H¥(A,) and [v—1Iv]; 4. < CR*|v|gi1a.
for any v € H*"(A.) where the constant C' depends only on the regularity
of the meshes. We choose then vy, € V2, as follows: vy, = Iy on Q\A and
vgn = Ipu on A. The function satisfies

|lu —umnllv + |A = Allir < C ( min ||u — vgplly + min
UH}LEVH}L HnE€EMp,

lu—vunlly < C(lu— Igt|ia+|u— Ihulia,)
< C(H"a|py10 + P ulksia.) (2.46)

We now recall A = (Vu-n) onI"and take p;, € M), as the orthogonal projection
ty, = Ppp. Combining (2.43) with (2.46) and substituting into (2.45) gives the
announced error estimate (2.44). m

Remark 2.1. As an alternative to error estimate derivation based on the mixed for-
mulation as above, one can try a more direct approach by eliminating the Lagrange
multiplier Ay, from (2.33).

We start by introducing the space of functions satisfying the constraint in (2.33):

Ve = {ve Vi, suchthat b(v,u) =0 VYu € My}

The function in Vij; are “weakly continuous” in the sense of a natural finite element
approximation of the condition [v] = 0 on I'. We can now rewrite problem (2.33) as:
find ugy, € Vigy such that

a(ugp,v) = L(v), Yve Vi (2.47)

It is possible to construct an optimal interpolant Uy, € V5 to u. Let Iy :
HMY(Q) — Vg and I, : H*(A.) — V,, be the standard nodal interpolation
operators satisfying (2.11)—(2.12) and

’U — IHU|17E < CHk_%|U|k+LTfOT any v € H]H_I(T),T € TH, E e oT
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and
‘U—]hUhE Ch ]v|k+1,Tforanyv€ Hk“(T),TEﬁ,,,EE@T

with E representing any side of T

As in the proofs above, we start to define the interpolant ty, € V}5 by taking
Iyt outside A where @ is an extension of u from Q \ A to the whole Q). We cannot
take Gy, simply as Inu inside A since such a function would not satisfy the weak
continuity constraint over I'.  We should thus correct I)u inside A to restore the
weak continuity by adding an appropriate finite element function r, € V), equal to
Py(Iya) — Iyu on T. We introduce r € H'(A) such that r = Iyt — Iybuon T
and ||r]jia < C||r||%7F with a constant C' > 0 depending only on A. Moreover, let

I, - H'(A.) — V}, be the Scott-Zhang interpolant satisfying
lr = Inrllor < Chlrlr and || I, < Clirflua.
We have thus
Harlha. < Clirlha, < Clirlha < Cllrllyr

= C|[Inu — ]hUH%,F < C(|[Inu - UH%,F + [ Thu = UH%,F)

Cllu = Tatll o\s + llu = Inullr.a.)

Let r, € Vj, coincide with I,r at all the internal degrees of freedom of the mesh Ty,
and be defined on T by r), = P,r = Py(Igt) — Iyu. Invoking Lemma 2.7 and the
estimates on the interpolator I, we obtain

C
irn — Inrllor < —=(Ir = Parllor + v — Inrllor)

Vh
CVh|r)ir < CVR(|u— Iga|rr + |u — Twlyr)

7 — Inr|lia. < —=

\
\/_
\/—HT - f}ﬂ“Hor

We now take iy, € V5 with the components iy € Vg and u, € V), such
that Uy = Igt and ty, = Iyu + r,. We have thanks to the interpolation estimates
mentioned above

lu = Irdillyons + llu — Tnullua, + I arllia. + llrn = Inrfla.
C(llu— Igtllyo\a + [lu — Inullia.)

+COVR(|Ju — Tyl + lu — Tyullyr)

C(H"ulgy ong + h*ufir1,a,)

+C\/5(Hk_% |l 41,008 + hh3 |w|k41,4.)

C(H"ulgy ong + 1*ulir1a.)

lu — gm0,

NN

N

N
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We have thus constructed an optimal interpolant ), € V{5 for u, as in the I'-
nested case, cf. the proof of Theorem 2.1. Unfortunately, this does not leave to an a
priori error estimate for the solution of Problem (2.47). Indeed, this discretization is
non-conforming: substituting the exact solution u there gives

a(ugp,v) = L(v) +b(v,N), Yve Vg

with the b-term which cannot be neglected. Dealing with it by a Strang lemma leads
again to the possibly sub-optimal estimate of Theorem 2.9.

2.3.2 Convergence of the iterative algorithm

The proof of the convergence of Algorithm 2.1 in the present general case
starts in the same manner as that in the I'-dependent case in Subsection 2.2.2:
we introduce the operator Ay, : Vg — Vg by (2.14) and recall the scalar
product (2.15). As in Section 2.2.2, we verify that the iterates u}; evolve from
one iteration to another as

uly = (I — wAgp)us ™t + wFy. (2.48)

with Fy defined by (2.19) and (2.18). We can again prove that operator Ay,
is self-adjoint and coercive with respect to the scalar product (2.15), cf. (2.23)
in Lemma 2.2. The expression (2.22) for Ay, remains also valid.

In what follows we shall work with the ensemble of the triangles from
the coarse mesh that lie inside A (in contrast with the I'-nested case, this en-
semble does not necessarily coincide with A) and we shall need to introduce
some assumptions about this set:

Definition 2.3. Let Ay C A be defined as the interior of the union of all the cells
T € Ty that lie inside A (we suppose here that A is an open set and the cells T are
closed). Thus, Ay = (Uper,. rcal)’- We also denote Ty = OMy

Definition 2.4. Using the notation Ay C A from the previous definition, we intro-
duce the patch conformity parameter ky as ky = minger, k(1) with

N if T C A
w(T) %, otherwise
for any cell T € Ty. The patch A is said to be geometrically conforming with the

coarse mesh Ty if kg = 1.

We observe that the patch conformity parameter is necessarily a number
in (0,1]. Indeed, there are necessarily some mesh cells 7' € Ty such that
T ¢ A (otherwise, the patch A would coincide with €, which is excluded
by our general assumptions) and x(7") € (0, 1] for any such cell 7. The case
of a conforming interface, as in Definition 2.2 corresponds to kg = 1. On
the other side of the spectrum, ky << 1 indicates the presence of mesh cells
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T € Ty that are almost, but nor entirely, covered by A. Such situations are
maleficent for the convergence of the iterative Algorithm 2.1, as will be seen
below.

We shall also need a rather technical assumption on A and Ay, as stated in
the Definition below. We choose to write this out only in the case d = 2, but
the case d = 3 can be treated similarly modulo some more tedious notations.

Definition 2.5. The patch A will be called reqular with respect to the mesh Ty if the
boundary of the corresponding subdomain Ay can be covered by a finite number of
open sets Uy, Us, . . . so that

1. The number of sets U, is not greater than N;

2. Any point x € I'y belongs to at least one set U; together with the ball B(x,¢)
of center x and radius ;

3. The intersection of I' iy with each U; can be represented as the graph of a Lips-
chitz function with Lipschitz constant < M, i.e. for each U, there exist some
Cartesian coordinates &, &, and a function ¢, : R — R such that

AgUU; ={(61,82) € An [ & > ¢i&1)}

and
|pi(z) — pi(y)| < M|z —y|, Vz,yeR.

We will also assume that A is a polygon and

4. The intersection of I' with any cell T € Ty consists of at most K straight
segments (planar faces).

The positive constants M, ¢ and the integers N, K should be chosen indepen-
dently of the meshes Ty and Ty,. They will be referred to as the reqularity parameters
of A with respect to Ty.

The regularity assumptions 1-3 are introduced in the book [38] to char-
acterize minimally smooth domains for which it is possible to construct the
extension operators for the Sobolev spaces.! In our analysis below, we shall
not only need that the regularity parameters M, ¢ and N exist but also that
they are independent of 7y in the considered class of meshes. While it is
not entirely clear what restrictions do we need to impose on the meshes Ty
in order to satisfy such an assumption, it does not seem too restrictive. In-
deed, in the 2D case, for any polygonal patch A and any regular family of
coarse meshes with non-obtuse cells, the angle between any edge of 75 on
'y and the nearest edge of A will be less than some maximal angle oy < 5.
One can thus see that the portion of I'y; that goes along an edge of A can be
parametrized by a function with the Lipschitz constant that depends only on
Omax- Similar considerations are also valid in the 3D case.

!In fact, the definition in [38] is more general as it allows for an infinite sequence of open
sets {U;} such that no point of R? is contained in more than N of the U;’s, but this subtlety
is not important in our context.
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Lemma 2.10. Suppose that the patch A is reqular with respect to the mesh Ty and
recall the patch conformity parameter ky from Definition 2.4. There exists 6 > 0
which depends only on r and on the reqularity of Ty and of A, such that

/ B ‘VUH|2 = 5/ ‘VUH|2, \V/’U,H € VH and VT € TH
T\A T

Proof. We give the proof only in the 2D case to ease the notations. We want
to prove that the quantity

fT\]\ |VUH|2

‘F(TaAauH) = fT|qu|2

is bounded from below by a positive constant for all admissible 7, A and for
all polynomials uy # 0 of degree < k. F(T,A,up) is invariant under the
following types of coordinate change: shift of the origin, rotation and homo-
thety x — Az (A € R). It it thus sufficient to bound this quantity under
the following geometrical assumption: the triangle 7" has the vertices A, B, C
with A = (0,0), B = (0,1) and C = (z¢,yc) with some z¢, yc bounded
by the regularity parameter of the mesh. The curve I' N 7" is the union of
at most K segments. Thus the geometry of T and T\A is determined by
2(K + 1) real parameters which are the coordinates of C' and the end points
of the segments in I' N 7. All these parameters are uniformly bounded.
F(T,A,up) does not change if we multiply the polynomial uy by any real
number, so that we can assume that all the coefficients of uy are bounded by
1 in absolute value. Thus, the problem of finding ¢ = inf (7, A, uy) under
the restrictions on 7', A, uy described above is a minimization problem for a
continuous function that depends on a finite number of parameters and all
these parameters are bounded. This problem admits therefore a minimizer,
i.e. there exist T\, A, uy such that 6 = F(T, A, uy). It remains to verify that
0 > 0. Supposing that it’s not true, i.e. § = 0, implies [} 5 [Vun|* = 0
which is only possible if meas(T\A) = 0. But this contradicts the assumption
meas(T\A) > kgmeas(T). O

Remark 2.2. The estimate of the lemma above is trivial for P, finite elements and
we can take § = ry in this case. Indeed, for any cell T € Ty, T ¢ A

T\A
[ owunt =00 (e >y [ 9
T\A ‘T’ T T

since [Vuy| = conston T.

Lemma 2.11. The kernel of operator Ay, coincides with Vy, as defined by (2.24),
and Apy, is coercive on its orthogonal complement V. More precisely, assuming
that A is reqular with respect to Ty, there exists m > 0 depending only on the
reqularity parameters of A with respect to Ty, on the parameter vy € (0, 1] from
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Definition 2.4, and on the reqularity parameters of Ty itself, such that
(AHhUH,’UH) > m|vH|iQ Yoy € V}} (249)

The norm of Agy, as an operator in the Hilbert space Hy () equipped with the scalar
product (2.15) is bounded by a mesh-independent constant.

Proof. Let us first prove that ker Ay, C V. If uy € ker Agy, then uy = 0
on Q\A as follows from the expression for (Agpuy, uy) in (2.22). This means
that uy = 0 on every cell ' € Ty which is not entirely inside A, since uy
is a polynomial. We have thus uy = 0 on Q\/_\ - On the other hand, if
ug € V3 then 2, = 0on A and v, = 0 on T so that Agyuy = 0. This entails
ker AHh = Vlg

In order to prove the coercivity estimate we invoke again (2.22) with zy =
uy € Vi, which implies

O\A Tery Y T\A Q\A

with 6 > 0 from Lemma 2.10.

Let E be the Stein’s extension operator [38] that maps any integrable func-
tion u : Q\Ay — R to the function Eu : Q — R so that Fu = u on Q\A,. In
particular, £ maps H'(Q\A,;) to H'(Q). By construction, described in de-
tail in [38], the norm of E in these spaces depends only on the regularity
constants of A with respect to 7y, cf. Definition 2.5. Now, let Ry be a Clé-
ment type interpolation operator acting on functions in H'(Ay) and produc-
ing piecewise polynomial (of degree k) finite element functions on the part
of the coarse mesh 7y inside Ay. One can assume that Ryu = v on Ay pro-
vided u is piecewise polynomial (of degree k) there [7]. The norm of Ry in
H'(Ay) depends only on the regularity of 7. Taking any uy € Vj;, we can
thus construct vy € Vg such that

| um, on Q\A,
YH = RHEUH, on AH

By definition of V}}, we have c(uy, vy —upy) = 0 which entails |uy|1.0 < |vn|io
so that

< N RuaulPIEwrlin g, + luallinoag,
< (IRalPIEN + 1) lum i @
< (IRulPIEI* + 1) Crlunligs, - (2.51)

Cp in the last line stands for the constant in a Poincaré type inequality, which
is valid since uy vanishes on 9€2. Combining (2.50) with (2.51), we see that

i el
u b
1RalPIETE + 1) Cp e

(Agnum,ug) = ( (2.52)
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which is equivalent to (2.49).

The last statement of the Lemma concerns the norm of operator Ay;. In
order to prove it, we first observe that by the standard theory of the finite
element approximations to the mixed problems [12], the solution (z,v,) to
problem (2.16) satisfies

Iznllia + lvall-yr < Cllzallyr

with a constant that depends only on A. The definition of operator Ay, now
gives Vzp, vy € Vi

(Agnzm,vg) < B Vzu - Vug + HVhH—%,F“UHH%,F
Q\A

N

Vzy - Vog +Cllzals pllvalls o
O\A

< Mlzulallvalie
where C, M denote the mesh-independent constants. Thus ||Ag|| < M. O

Theorem 2.12. Assume that A is regular with respect to Ty, cf. Definitions 2.5 and
2.3. Algorithm 2.1 converges to the solution to (2.33) provided 0 < w < w* where
w* is a mesh-independent constant. This means that u%,;, — ug, and X\ — A, as
n — oo where (ugn, \p,) € Vi, x My, is solution to (2.33). The convergence rate
depends on the regularity of Ty, on A and on its reqularity with respect to Ty and
also on the parameter ky introduced in Definition 2.4.

We skip the proof of this Theorem since it goes along literally the same
line as that of its analogue in the I'-nested case (Theorem 2.4). Note that
w* can be chosen indeed independent of sy since it depends essentially on
the continuity constant (the norm) of operator Ay, which is not affected
by kr. However, the patch conformity parameter xy has a crucial role, at
least in theory. Indeed, the convergence rate of the algorithm is essentially
determined by the coercitivity constant of operator Ay; which, according to
(2.52), is essentially of the order of xy. Thus, the convergence of the iterations
can be very slow if the patch is badly positioned on the coarse mesh so that
kg << 1.

Remark 2.3. In the general case of two arbitrary meshes Ty and Ty, ky can be
extremely small if some cells of Ty are cut by the boundary of A so that only a
tiny portion of them rests outside A. Thus, the convergence of Algorithm 2.1 can
be arbitrarily slow. We stress that this observation is not an artifact of possibly
non optimal estimates in the proof of our lemmas. It reflects the real behavior of
Algorithm 2.1 on general meshes as can be seen on the following simple example in
1D: let Q2 = (0, 1) and consider the problem

—u" = fonQ, w0)=u(l)=1.
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We take the patch A = (a, b) and suppose that it is placed symmetrically, i.e. a+b =
1. We choose a uniform coarse grid of step H on ) and introduce the piecewise linear
finite element space Vi on it. We also introduce a fine mesh Ty, on A and the fine
finite element space V},.

We now apply Algorithm 2.1 to this problem in the trivial case w = f = 0
starting from some non-zero initial approximation u; (there is no hole Q. in this
simple example so that A, = A). We take w = 1 (relaxation, i.e. taking w < 1 would
make the convergence even slower in this case). The coarse problem is

1 b
| v = X @) — N ) + [ (el Vou € Vi
0 a

The point a is inside the coarse mesh interval, say [ioH, (io + 1) H), for some integer
io. We have thus a = (ig+ k) H. By symmetry b = (iy — kg ) H for some iy > ig. If
the initial approximation is symmetric, so are all the iterates. Then u}(z) = u};(a)
forall x € (a,b) and A} = 0 so that the coarse problem is simplified to

1 b
/ (uly)'vly = / (™), Yoy € Vi
0 a

This equation has a simple explicit solution if we take uy; such that u%;(x) = 0 for
x € [0,igH| N [iyH, 1] and u%(z) = 1 for x € [(io + 1) H, (i1 — 1) H]. We have then
(recall that both Vi and V), are supposed to be the spaces of piecewise linear functions
on the corresponding meshes)

ut = (1 — kg)"u.

This proves that Algorithm 2.1 can indeed converge very slowly if ky << 1.

This being said, the numerical tests usually demonstrate that Algorithm 2.1 con-
verges rapidly even on “bad” meshes, more precisely the slow convergence is ob-
served in practice only when we measure the error between the iterates u';,;, and the
converged numerical solution wgy,, but not for the error between u},;, and the exact
solution u, which is ultimately the only quantity of practical interest. We do not
have a theoretical justification of this phenomenon, neither can we assure its gener-
ality. We can conjecture, however, the following scenario that may be quite common:
the error on each iteration (u}y, — ugy) can be decomposed into the sum of “fast”
modes (the convergence on these if not affected by the possible smallness of k) and
“slow” ones which are diminished by the algorithm at the rate proportional to Ky,
as in the 1D example above. This example suggests also that the slow modes are
somewhat “pathological”, in the sense that they are finite element approximations of
some discontinuous functions. The contribution of such modes is small already in
the initial approximation (u%, — ugy) if one constructs uly, properly, for example
as the numerical solution on the coarse mesh. The part of the error on the “slow”
modes is thus masked out by the discretization error (uy, — u). The possible slow
convergence on general meshes remains nevertheless an undesirable feature of Algo-
rithm 2.1. In the next section, we propose a modification of this algorithms to get rid
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of the dependence on k.

24 Numerical Zomm with discontinuous La-
grange multipliers for non ['-nested meshes

Algorithm 2.1 is not completely satisfactory if one wants to deal with arbi-
trary, not necessarily I'-nested triangulations 7y and 7. Indeed, one cannot
guarantee then the optimal a priori estimate as in Theorem 2.1. The main
trouble is in the choice of continuous finite elements as the space M), for the
Lagrange multiplier \;. This quantity can be interpreted as an approxima-
tion to the normal flux A\ = n - Vu|r which is discontinuous at the corners
of I'. The error \;, — X cannot thus be of the optimal order. This does not
affect the error uy;, — u (the only quantity of interest for us) in the case of
['-nested meshes since )\, can be then essentially eliminated from the system,
cf. the proof of Theorem 2.1. However, this will not be necessarily the case
if one works on non I'-nested meshes. We propose therefore to replace the
continuous finite element space M}, by the discontinuous one

M = {puy € L*(T) : up|p € Py_1 onevery boundary edge F
of the mesh 7, inside '} (2.53)

The pair of spaces Vj, x M} does no longer enjoy the infsup property with
respect to the bilinear form fr pnlvgr]. We introduce therefore a Barbosa-
Hughes stabilization in the fine problem for (uj, A\}) as in [5,24]. This gives
Algorithm 2.2.

In this Subsection, we shall investigate the precision and the convergence
of this Algorithm. As expected, an optimal a priori error estimates will be
established. On the other hand, Algorithm 2.2 can still suffer from slow con-
vergence if the meshes do not present a conforming interface (Definition 2.2).

241 The error estimate for Algorithm 2.2

The first thing to check about this algorithm is whether each iteration of it is
well defined. In particular, it is not immediate to see if the fine problem for
(ul, A7) admits a unique solution in Vj, x M. In order to see it, we note that
this problem can be rewritten in a compact form as: find (uy, \7) € Vj, x M}
such that

Ba, ((up, A), (Vns p1n)) = / fvh—/lf}{,uh, Y (vp, i) € Vi x M}
Ae r

where

BAE((U,»,(U,M)):/AEvu-w—/rm—/r,m—ahfr(x—n-vu)(u—n-vv)
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forn=1,2,3,...do
Find u} € V;, and \} € M such that

/ VuZ-Vvh—/)\th+ah/()\Z—n-VuZ)n-Vvh
Ae r r

Find uY}; € Vi such that

= [ fon, Yoy, € Vy

O\A
+(1 —w) / Vu’{l - Vg, Yog € Vg
Q
Set
o2 ] ugs A g J uns A
Hh 7wl outside A Hh = u¥, outside A
end

Choose an initial guess u}; € V and the parameters w € (0,1], 0 > 0

= - / wh s Vin € My
I

/VUZ~VUH = w va—w/)\ZUH+w/Vu"H1-VUH
Q r A

Algorithm 2.2: Multi-model numerical zoom with discontinuous La-

grange multipliers

Lemma 2.13. There exists mesh-independent constants oy > 0, C' > 0and ¢ > 0

such that for all o < o,

BAE ((ufw >‘h)7 (Uha :u’h>)

inf sup > c,
(wn AEVIME (5, i yevioantt || [Uns Anl | [|[on, pin]]|a.
B A
Sup Sup AE((uhu h)? (U}m Mh)) < C,

(uh,kh)GVthMh (’Uh,,uh)EVhXMg |Huh7 )\h|||AE H|/Uh7/l/h|||/\5 N

where the triple norm is defined by

] 1/2
e Al = (Iufa, + e + IR )

and c, C' are mesh-independent constants.

(2.54)

(2.55)
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The proof of this lemma is virtually the same as that of the forthcoming
Lemma 2.14 and we omit it. We note only that the infsup condition (2.54)
ensures indeed that the matrix of the problem for (u}, A\}) on each iteration
of Algorithm 2.2 is indeed non singular and thus (uj, A\}) are well defined
provided the stabilization parameter o is chosen sufficiently small.

We now turn to the study of the precision of Algorithm 2.2. Assuming
for the moment that this algorithm converges (this will be indeed proved in
the next section), we write v}, — ugy, v — up on Q@ and A\} — A\, on I as
n — oo. Passing to the limit in Algorithm 2, it is easy to see that the functions
ug € Vi, up, € Vi and A, € M{ satisfy (2.6) and

/ Vuy, - Vuy, — / AnUn, + ah/()\h —n-Vup)n-Vu, = / fon, (2.56)
Ae r r Ae

/Mhuh +oh /()‘h —-—n- Vuh),uh = /MhUH, (2.57)
r r r
Yo, € Vj, and Hn € M;,

Taking the difference between the two equations above, adding the result to
(2.6), and combining u and uy, into ugy, € V4, where V2, is the space of pos-
sibly discontinuous finite element functions (2.32), we see that the problem
for (umn, An) € Vi, x M} can be written in the compact form

B((wmn: An), (Vn, pin)) = L(vmn)  Y(van, ) € Vi, x My (2.58)

where
B((u. A), (0, 1)) = a(u,v) + / Alo] + / ulu] — o / (A—n-Vals) (u—n-Vola.)

and the brackets stand for the jump on T', i.e. [v] = v|g\z — v|a..
The following result is an adaptation of Lemma 3 from [24].

Lemma 2.14. There exists mesh-independent constants oy > 0, C' > 0 and ¢ > 0
such that for all o < o

B((wrn, An), (UHth))

inf sup > c, (2.59)
(VML (ot st | Ml [] v, ]l
B A
sup Sup ((UHha h); (UHha Mh)) <c, (2.60)
(uHh,)\h)GVgth;f (th’“h)GVghXM;f H |uHh7 Ah‘ ‘ | ‘ | |UHh7 ,LLh| ’ ’

where the triple norm is defined by

1 1/2
mu,A\H:(|ur%,ﬂ\p+E|Huu|3,p+huxu3,p) o =l g+l
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and c, C are mesh-independent constants.

Proof. We observe Y(urn, An) € Vit x Mil with ugp|ox = g and wups|a, = up

B((umn, An), (wan, —=An)) = |uHh|isz\r—0h/\”'Vuh|2+0h/>\i
I r
1
2 Slumliow + ohlMnlor-

We have used here the inverse inequality

[Vuplor < THVUhHO,AE (2.61)

valid for any u;, € V;, and assumed that ¢ is small enough so that cC7 < 1.
Inequality (2.61) can be easily proved element by element by running over
all the cells of 7, adjacent to I' and passing to a reference cell. This ensures in
particular that C; depends only on the regularity of 7.

Let us now take ji, = 7 Py, [ug)] where P, is the L?(I')-orthogonal projector
on M{. Using again the inverse inequality above, we obtain

B((umn, )o (0. n)) = FIPalumlle = o [ (= ) Pyfusn)

1 1
> IPdusmllie = o (VAo + VAlVunllor) = Palusndlos

1
> ﬁllph[uﬂh]llg,r = 20° MMl - — 20°CTFlumnli oyr-

Combining the results above and taking n > 0 small enough yields

Bl(wsns M), (s =+ 1)) = ¢l + BN - + Sl Palusanl )
= ¢ (Ll oy + bl £ + 5 N wrnl I = S lfwsn] = Palusaal I3 )

The equality in the last line is valid by Pythagoras theorem.
In order to eliminate the projector P, in the last estimate, we remark first
the bound
lv = Pyvllor < CVA|v[1a. (2.62)

valid for any v € H'(A.). To prove (2.62) let us consider a boundary edge E
of mesh 7}, attached to a mesh element (cell) 7. Denoting by vy the average
of vover E,ie. vp = ﬁ f £ U, we see by scaling to a reference cell

v — g0,z < C\/_\UhT (2.63)
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Since the space of piecewise constants on the boundary edges of 7, on I' is a
subspace of M), we see that

1/2
v — Pyollor < (Z v — 77EH3E>
B

with the sum taken over all boundary edges of 7, on I'. Combining the last
two bounds leads to (2.62).
We also have the bound

lv = Pyllor < CVRIv|, o5 (2.64)

for any v € HY(Q2\ A). This can be proved similar to (2.62) by associating
to any boundary edge E of mesh T, a regular cell T lying inside 2 \ A and
having £ as a side. One can construct these cells so that they intersect each
other only a finite (bounded uniformly in &) number of times. Then summing
of (2.63) with these cells over the edges E on I' yields (2.64).

Applying (2.62) to v = u;, and (2.64) to v = uy we conclude

\wern] — Prlumnlllor < ||lug — Prug|lor + ||un — Prunllor

<CVh <|UH|17Q\K + |Uh|17As> < C\/E|UHh|1,Q\F
so that, recalling that 7 is supposed sufficiently small,

_ 1 n
B(Curns ). (s =+ 1) > ¢ (gl + Al + 25 Nl ).

This proves (2.59).
In order to prove (2.60) we remark

B((wrn, An), (Van, pn)) < ||[wen, Aull[ Jven, pall] + oh([[Vunllor + [[Arllo.r) (I Vorllo,r + [|nllor)
< Cl|wgn, Mll| |[vEns pn]

using the inverse inequality (2.61). O

Theorem 2.15. Problem (2.58) admits the unique solution (ugn, \p,) € Vi, x M}
provided the stabilization parameter o is sufficiently small. If u, the exact solution
to (2.1), is in H*"1(2), we have moreover the following a priori error estimate

lwmn — ulliovr < C (H* |l i + P ullkira.) (2.65)

with a constant C' independent of H, h and .
Proof. Let

VE = {ve LX) : v\ A€ H(Q\A), vla, € H'(A:), vlon =0},
M = L*I).
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The exact solution u € V¥ together with A = n - Vu|r € M satisfy
B((u, \), (v, 1)) = L(v) V(v p) € VIxM
Subtracting (2.58) from the last equation we see that

B((u = wmn, X = M), (Vans pin)) = L(vin) - ¥(vmn, pin) € Vig, x M

so that Lemma 2.14 implies

lu —vwmnlliow < ||Ju—ugn, A= Ml|| <C inf e = grn, A — Al|]-
(G, n)EVE XM
(2.66)

It remains thus to find the interpolants i, and \j, to u and \ respectively
that provide the optimal error estimate in the sense of inequality (2.65). We
begin by constructing the appropriate vy,. Let & € H*™(Q) be the extension
of u from Q\ A to the whole of ©, i.e. @ = u on Q\ A. By the extension theorem
for Sobolev spaces [1,38], we can construct @ so that ||@|xy1,0 < Cllullgy10\a
where C is a constant that depends only on Q and A.. Let Iy : H*(Q) —
Vg and I, : H*'(A.) — Vj be the Clément type interpolation operators
satisfying [v — Ixv]1.q < CHF|v|py1 for any v € H*1(Q) and |v — Iv|10 <
Ch¥|v|k41.a. for any v € H"(A.) where the constant C' depends only on
the regularity of the meshes. Several other properties of the interpolation
operators will be also used. All of them can be proven by the methods of
[7,37]. We choose now g, € Vi, so that dy, = Iyt on Q\ A and gy, =
I(u+ Igu — u) on A.. Hence

=

2

Hu_ﬂHhHLQ\F = (’u—]Hﬂﬁ’Q\/‘\‘i‘ |U—Ihu+lh<~ —IH’a)E’AE) (267)
1
< C(lﬂ—[HfL|iQ+ |u—[hu|iA6)2

< C(H"lerr,0 + A |ulksia.) < C(HkHu||k+1,Q\[\ + P*|ulps1,a.)

Note that we have used here, besides the above mentioned interpolation
estimates, the H'-stability of operator I, ie. |[v)ia. < Clv|1a. for any
ve HY (A,).

The interpolation operator I, also satisfies |[v — Ipvllor < CR**2 |v]gi1a.
(resp. ||v — Lwllor < CVh|v|s.) for any v € H*'(A,) (resp. v € H'(A.)
). Operator I;, can be constructed to preserve the homogeneous boundary
conditions on I" so that ;,(u — @) = 0 on I'. Hence,

[w—tgn]llor = Tat — InIgtllor < gt — @ — I,(Igt — @)|or + ||@ — Inilor
(2.68)
< C(Vh|Igi — dlia, + W2 |k n,)
< OVR(H |i|rs10 + W ilke1a.) < CVRH|u]lpi o0k

Let us finally take \, = P,\ where P, is the L?(I")-orthogonal projector on
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M. Let us recall that I" consists of Ny sides I'y, ..., 'y,.. The standard finite
element estimates give on any side I,

lv = Pivllor, < CR*olle-1r, and [lv — Puvllor, < Ch¥|[v]lkr,
for any v € H*"}(T';) (resp. v € H*(T') ) so that, by interpolation,

_1
|v — Pyollor, < ChF2 ||U||k—§,rs

for any v € H2(I,). Since u € H¥(A,), the trace theorem ensures that
Ar, € H*=Y2(T,) on any side I, with the usual estimate of the norms. Hence,

Np 2 NF
_1 _1
[A—pnllor = (Z A — Ph>\||(2),r5> < CR72 Y |Mlesr, < CRF 2 [lulligan,
s=1

s=1
(2.69)
Combining (2.67), (2.68) and (2.69) yields
lw = @z, A — Mall] < C (HF|Jullprrona + h¥lullisna,) -
which leads to (2.65) in view of (2.66). O

2.4.2 Convergence of the iterative algorithm 2.2

The proof of the convergence of Algorithm 2.2 will be based on a study of
operator A%, : Vg — Vg defined for fixed Ty and 7j, as follows: for any
zg € Vi the function A%,z € Vi solves

Vzy - Vog + / vpvg, Yog € Vg (2.70)
r

C(A?l{hZH, UH) = /

O\&

where (-, ) is the scalar product (2.15) and v, € M} together with z;, € V,
come as the solution to

Vz, - Vo, — / UpUp, + ah/(uh —n-Vz)n-Vu, =0, Vv, €V, (2.71)
Ae r r
/zhuh + O'h/(l/h —n- V), = /ZH,uh, Yu, € M7
r r r
(2.72)

Repeating the calculation from the beginning of Section 2.2.2, we easily see
that u7; evolves from one iteration to another as

uly = (I —wA uly 4+ wFy (2.73)

with Fy € Vi defined by (2.19).



2.4. Numerical Zomm with discontinuous Lagrange multipliers for non
I'-nested meshes

Taking the linear combination of equations (2.70), (2.71), (2.72) with coef-
ficients 1, -1, 1 we observe

c(AYpzm, ve) = B((zan, va), (Vmn, pn) (2.74)

where zp;, € V§, is the combination of zy and z, given by (2.71)~(2.72), v, is
also given by (2.71)-(2.72), while vy, € V§, and p;, € M, are arbitrary.

We will now prove that operator A, is self-adjoint and coercive with re-
spect to the scalar product (2.15) on V}} C Vj, i.e. the orthogonal complement
of V}} as defined by (2.24).

Lemma 2.16. Operator A%y, is self-adjoint with respect to the scalar product (2.15)
(A zm, 25 = clzm, A4 2y), Vo, 2 € Vi (2.75)

Proof. Take any zy, 2 € Vi and let (zp,,v3,) € Vi, x M, resp. (25, v;) € Vi x M{
be the solutions to (2.71)-(2.72) with zy, resp. 2z}, on the right hand side of
(2.72). The relation (2.74) then gives

c(Abnzm, 24) = B((zan, vn), (2in: Vi)

where 23, € V2, is the combination of 2}; and z;. This entails (2.75) since the
bilinear form B is symmetric. O

In what follows we shall work with the ensemble Ay of the cells from the
coarse mesh that lie inside A and we shall need to introduce some assump-
tions about this set, cf. Definitions 2.3, 2.4 and 2.5.

Lemma 2.17. The kernel of operator A%, coincides with V3, cf. (2.24), and A%,
is coercive on its orthogonal complement V3. More precisely, assuming that A is
reqular with respect to Ty, there exists m > 0 depending only on the regularity
parameters of A with respect to Ty, on kg € (0, 1], and on the regularity parameters

of T itself, such that
C(Af,l{th,vH) > m]vH]iQ Yoy € V. (2.76)

The norm of A%, as an operator in the Hilbert space H} () equipped with the scalar
product (2.15) is bounded by a mesh-independent constant.

Proof. Let us first prove that ker A%, C VJ. If zy € ker A%, then z; = 0 on
Q \ A as follows from the expression for ¢(A%, 2y, zx) in (2.22). This means
that 2y = 0 on every cell T € Ty which is not entirely inside A, since zy
is a polynomial. We have thus zy = 0 on Q \ Ag. On the other hand, if
zg € Vo then z;, = 0on A, and v, = 0 on I so that A%, zy = 0. This entails
ker A4, = V.

In order to prove the coercivity estimate we invoke again (2.74) with
vy = zy € V3, which implies for o sufficiently small thanks to the inverse
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inequality (2.61)
(Afnzm, zu) = B((zan, vn), (zan, —vn)) = llzanll} o + obllvalli e — ohln - Vus|§
> Vag-Vey 2 ) / Vzu|? >0 Vzu|? (2.77)
Q\A TeTy Y T\A O\Agy

From this point on, we can repeat the proof of the similar Lemma 2.11, lead-
ing to
X 2
<H )
(1R 21 E]2 + 1) Cp =

(Afpzm, 2m) >

which is equivalent to (2.76).

The last statement of the Lemma concerns the norm of operator A%,;. In
order to prove it, we first observe that problem (2.71)-(2.72) for (zp,v),) €
Vi, x M;, can be written as

B ((zh, va)s (Un, pir)) = —/ZH hy  Y(on, i) € Vi x M

Let z,, = I,,zy with Ij, being an appropriate Clément-like interpolation oper-
ator on Vj,. Let r;, = z;, — z;, and observe

Ba.((rhs vh), (Un, pin)) = —a(Zh, vn) — /F<ZH — Zn) it — ah/n V(i —n - V)

T
< Znlualonlia. + 2 = Zalloxllinllor + [Zalia. (VA asllor + Jonlia.)

- 1 -
< (|Znla. + ﬁHZH — Zullo,0) [vn, pnll|a.

Lemma 2.13 together with the properties of the interpolation /;, imply

20— Zn, valla. = [l|7n, vallla. < C(hzmlia. + \/—||ZH Inzullor) < Cllzullie

with a constant that depends only on A.. Using (2.71) we obtain for any
ve HY(Q)

/th —/l/h v— Ipv) + /Vh]hv (2.78)

Z/Vh(v—fhv)+ Vzh-VIhv—l—Jh/(Vh—n-Vzh)n~VIhv
r A

T
< wnllorllv = Tnvllor + Cllzalliacl[Tav]|1a. + Ch([vrllor + [ Vzullor) | VIRv|or
< C(Vh|wllor + lznllua) o]0
<

C(lllzn = 2, INvlhe < Cllzalhellvlie
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The definition of operator A%, now gives Vzy, vy € Vi

c(Afzmvn) < Cllzuhaglvalios + lzelliellvellie)
<
~

Cllzullrellvalle

where we have used (2.78) with v = vy. This proves ||A%, || < C with a
mesh-independent constants C'.
O

Theorem 2.18. Algorithm 2.2 converges to the solution to (2.58) provided 0 <
w < w* where w* is a mesh-independent constant. This means that v}, — wmp
and X} — X\, as n — oo where (upp, \p) € Vi, x M is solution to (2.9). The
convergence rate depends on the regularity of Ty, on A, and on its reqularity with
respect to Ty and also on the parameter ky introduced in Lemma 2.3.

The proof of this Theorem is completely the same as that of Theorem 2.4
and we omit it.

2.5 A modification of the algorithm for the case of
a strongly non conforming interface

Algorithm 2.2 presented in the last section improves (at least in theory) the
accuracy of the original Algorithm 2.1 in the case of general non I'-nested
meshes. However, it does not resolve the issue of slow convergence on
meshes without conformal interface, which can be of practical importance,
as outlined in Remark 2.3. In this section, we present a slight modification
of Algorithm 2.2, namely Algorithm 2.3. Choosing the patch A conveniently
(possibly slightly larger than what was required in Algorithm 2.2), we can al-
ways ensure that the multi-scale geometrical perturbation w, is inside Ay, cf.
Definition 2.3. This is implicitly assumed from now on. We shall show that
the rate of convergence of the new Algorithm 2.3 is essentially independent
of the manner in which the patch A cuts the coarse mesh 7.

Note that the reconstruction of the global solution uyy, is now intention-
ally ambiguous: we can take both uy and w;, as good approximations to u on
the sub-domain A \ Ay, cf. the error estimate below. In fact, the whole idea
behind Algorithm 3 is to impose on uy to be approximately equal to u; on
A\ Ay in order to control better the behaviour of uy there. Intuitively, one
can say that the term with ), is not sufficient alone, as in Algorithm 2.2, to
impose the correct normal derivative on uy near I'. We emphasize that this
remark holds only in the case of a non conforming interface. If the interface
is conforming, i.e. A, = Ay, the two Algorithms 2.2 and 2.3 are exactly the
same.
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Choose an initial guess u}; € Vy and the parameters w € (0,1], 0 > 0
forn=1,2,3,...do
Find u}! € Vj, and A} € M such that

/ Vup - Vuy, —//\th—kah/(/\z —n - Vup)n - Vuy,
Ae r r
= fon, Yo, € Vi,
Ae
—/uZuh—Fcrh/(/\Z—n-VuZ),uh
r r
= —/u%_l [h; Yin € My,
r
Find u}, € Vi
/ Vuy -Vog = w/ fog — w/ Apvg +w Vu?{l - Vg
Q oA r Am

+w / Vup - Vog
MAy

+(1 — w) / Vu’}{l . V?JH, \V/’UH e Vy
Q
Set
V2 ) s A g un in A
Hh =yt outside A Hh ™l outside A
end

Algorithm 2.3: Numerical zoom for non conforming interfaces

2.5.1 An a priori error estimate for Algorithm 2.3

Our first goal is to characterize the limit of the iterative process in Algo-
rithm 2.3 (provided it converges) and to study the precision of this limit
with respect to the exact solution of problem (2.1). We suppose thus that
ufy — up, up — up on Qand A} — A, onI'as n — oo. Then, the limit
(wpr, up, \p) € Vg x Vi, x M satisfies

V'LLH . VUH — V'Lbh . V’UH -+ / )\hUH = f’UH, (279)
N\Agy MAg r O\A

Yog € Vg

together with (2.56)—(2.57). If we compare this with the previous versions
of our algorithm leading to the discrete problem (2.6), we observe again that
there is now an overlap between the limit solutions vy and uj, on A\Ay while
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these solutions lived on non overlapping subdomains 2\ A and A. in the orig-
inal version. We need to adjust accordingly the functional setting to analyse
the new formulation. We introduce the space of functions represented by two
contributions that are defined on overlapping domains:

V = {ve  H(Q\Ay) : v]pq = 0} x H'(A,)
= {U = (Ul,’Ug) such that V1 € HI(Q\[_\H), Vo € Hl(Aa) and ’U1|3Q = 0}

equipped with the norm

1/2
lolly = lowe)lly = (Ioal ou,, + loaliEn.) -

We introduce also a bilinear form G on V x V defined on any u = (uy, uy) and
v = (v1,v2) as

d(u, U) = Vu1 . VU1 + / VUQ . VUQ — / VUQ . Vvl.
O\Ag Ae MAg
and the bilinear form B on (V x M)?

B((u, \), (v, 1)) = a(u, v) / / —ah/ V) (i — - Vi)

where [u] stands for the jump on T, i.e. [u] = (u1 — u2)|r for any u = (uy,u2) €
V. We can now rewrite problem (2.79)-(2.56)—(2.57) as: find (ugp, \n) € V&, %
M¢ such that

B((UHha An), (Vrrhs fin)) = / forn V(0 pn) € Vig, x Mj! (2.80)
Q

We have interpreted here the combined finite element space V2, as Vi xV}, so
that any vy, € V&, is simply a combination of vy € Vi andvy, € Vj,. Note that
the exact solution u to (2.1) can be viewed as an element of V if we redefine
u = (uy,uz) with u; = ulg\x,, and uy = uls.. We see thus that u € V and
A= Vu-n|p € M satisfy

B((U,A),(U,N)):/va (v, 1) € V x M (2.81)

We see thus that the finite element problem (2.80) is consistent with (2.81)
and an a priori error estimate for (2.80) can be proved in the same way as
that for problem (2.6)—(2.56)—(2.57) once one properly modifies Lemma 2.14.
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Lemma 2.19. There exists mesh-independent constants oy > 0, C' > 0and ¢ > 0
such that for all o < o

~

B((umn, An); (Vbn, in))

inf sup > c, (2.82)
(uHhﬂkh)EV]fi[hXM}(j (Uth,U'h)EVghXMg | ’ ’uHhJ )\h| H ’HUHh7 /'I’h‘ | |
B A
sup sup (Crzn, M), (Vrn, pin) <C, (2.83)

(wrnn) eV s (o an)evi sard | wens Al lg ven, pmllly —

where the triple norm is defined by

1 1/2
[, Allly = (HU||2V + - llor + hllkllﬁ,r) 7

and c, C are mesh-independent constants.

~

Proof. We observe first that for any u = (uy,u) € V

a(u,w) K|Vu,|* + A K|Vuy|* — /A\A Vug - Vuy,  (2.84)

N\Ag
1 1 a
> = K|Vu, |* + —/ K|Vug|* > < ull?,
2 AN\Ag 2 Ae 2

by Young’s inequality. It is now easy to modify the proof of Lemma 2.14 to
the present context. For example, we have for any (ugn, \n) € Vi x M

A

B((uHh,)\h),(uHh,—)\h)) = &(uHh,uHh)—ah/\n-Vuh]2+ah/)\%
I I
(07
> leuHh||€+ah||Ah||§,p-

by the inverse inequality (2.61). The rest of the proof of (2.82) goes as that of
(2.59) without major changes. Similarly, to prove (2.83) it suffices to repeat
that of (2.60) and remark that

a(u,v) < |[ullglvllg, Yu,veV (2.85)
O

Theorem 2.20. Problem (2.80) admits a unique solution (ugp, A\n) € Vi, x M2
Provided v € H*"'($2), we have moreover the following a priori error estimate

1/2
lusn=ully = (=l gz, + = ullf ) < CO fullir o+ ullirn,)

with a constant C' independent of H, h and .
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Proof. We can repeat the proof of Theorem 2.15 using the lemma above and

the fact that the exact solution u to (2.1), viewed as an element of V/, satisfies
(2.81). O

2.5.2 Convergence on iterations in Algorithm 2.3

In order to study the convergence of the iterative procedure in Algorithm 2.3,
we introduce the operator A%, : Vg — Vi

/V(A%hZH)VUH = VUHVUH+/ VR — VZh'VUH, Yog € Vg
Q

r AMAg
(2.86)
where (2, 13,) € Vi xM;! come as the solution to (2.71)-(2.72). Unlike operator
A4, , operator A%, is not symmetric, but it still coercive and bounded.

O\Ap

Lemma 2.21. The kernel of A%, coincides with V) and the image of A%, coincides
with V. Operator AY,, is coercive and bounded on Vi, i.e. Vzg, vy € Vi

(A2, 2m) = m|ZH|%,Q

~

(AYpzm,vr) < Mlzglhialvrlie
with positive constants m and M that depend only on the regularity of Ty and Ty,

Proof. The statements about the kernel and the image of A%, are immediately
seen from the definition of this operator. Taking the linear combination of
equations (2.86), (2.71), (2.72) with coefficients 1, -1, 1 we observe

~

(AYzm, v) = B((zns vn), (Vi pin) (2.87)

where zp;, € V{4, is the combination of 2y and z;, given by (2.71)~(2.72), v, is
also given by (2.71)-(2.72), while vy, € V3, and p, € M, are arbitrary. In
order to prove the coercivity estimate we invoke again (2.87) with vy = 2y €

Vi, which implies for o sufficiently small thanks to the inverse inequality
(2.61)

(Acll{hzm ZH) = B((ZHha Vh), (ZHh; —Vh))

= a(zan, zuan) + ohl|lvnl|d p — ohlln - Va5

WV

1
Vzg - Vzg + = Vz, - Vz, — Vzg - Vz,
Q\/_\H 2 Ae A\/_\H

> — Vzg -Vzg > n|zH|%Q
2 Jox

with a mesh independent constant m > 0. The last inequality here is bor-
rowed from the proof of Lemma 2.17. The boundness of the operator A%,
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with a mesh independent constant is also proved exactly as in the proof of
Lemma 2.17, using now the boundedness of form a, cf. (2.85). O

Theorem 2.22. Algorithm 2.3 converges to the solution of (2.80) provided one takes
the relaxation parameter w > 0 small enough. This means that v}, — wyp and
AR — A as n — oo. Moreover, the convergence rate depends only on the regularity

of Trr and T,

Proof. As in the proof of Theorem 2.4, we decompose each iterate of Algo-
n,0 n,1l

rithm 2.3 as u}, = u}y’ + ufy' with ;" € V} and u};' € V}; which evolve
as

n,0 n—1,0
Ug = Ug
nl Ad n—1,1

with some fixed Fjy. Again, as in the proof of Theorem 2.4, it is sufficient
to study the convergence of «}; . It is sufficient to this end to prove that the
norm of operator (I — wA%,) is < 1. This follows from Lemma 2.21. Indeed,
Yug € Vg

(1 = wASyun, (T = wity, )

= (UH,UH) — 2w (AdHhuH,uH> + w2

/—

Ad Ad

S (1 — 2cw + CWQ)(UH, UH).

and 1 — 2cw + Cw? < 1 for sufficiently small w. O

2.6 Numerical tests
We shall test our methods on a slightly more general version of Problem (2.1):

—Au = [ inQ,,
u = g onodf, (2.88)
Vu-n = 0 onOdw,,

We add namely the possibility for a non-homogeneous Dirichlet boundary
condition on the external border 0f). The only modification that it induces
into the Algorithms 2.1-2.3 is that the contributions on the coarse mesh
should be adapted on the boundary 0S) by setting u}; = gy where gy is the
nodal interpolation of g on 052.

For our numerical experiments, we have chosen the domain as in Fig. 2.1.
The boundary of w. is the curve given in the parameterized form as

sin(t) + cos*(t)
2 Y

r=ccos(t), y=¢ t €1[0,27]
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This curve can be also be represented by the level-set function

o(r,y) = (5)2 + (2—y — ””—2)2 —1 (2.89)

€ € g2

We mean by this that dw. is given by the equation ¢(z,y) = 0. Here, ¢ > 0
is a parameter which serves also as the characteristic size of the perforation
we (in fact, diam(w.) = 2¢). In Fig. 2.1 we have set ¢ = 0.1 while the whole
domain (2 is set as the square (—1,1)%.

The exact solution u to (2.88) is taken as

U = exp (—%) (2.90)

where ¢ is the level set (2.89) and ¢ is a positive parameter. In this way, the
Neumann boundary condition on dw, is automatically satisfied. Indeed, the
normal n is colinear with Vi on dw. = {¢ = 0} and

Ve Vu= —?quoF =0 ondw..

The data f and ¢ in (2.88) are calculated from v as f = —Auand g =uon .

We have implemented Algorithms 2.1-2.3 in the general purpose finite
element software FreeFEM [26]. The implementation is particularly straight-
forward in the case of Algorithm 2.1 on I'-nested meshes. The only non stan-
dard feature from the implementation viewpoint is the presence of integrals
on the boundary of the patch mixing the contributions from the two meshes
of the type [, A\jvy. These integrals are computed exactly by FreeFEM if
we take care to define them on the boundary of the fine mesh 7, by writ-
ing int1d(Th) (...) with Th being the FreeFEM’s name for the fine mesh.
This is achieved by the interpolation from Vj to V}, which is (implicitly) per-
formed by FreeFEM. Another slightly non-trivial feature of our algorithms,
the integrals of the type [, Vuy - Vuy, is implemented by the standard inte-
gration on the whole mesh 7y by multiplying the integrand by a piecewise
constant indicator function (1 on A, 0 elsewhere). The things become more
complicated when we implement the methods on general meshes, not nec-
essarily I'-nested meshes. We return to this issue in the corresponding para-
graph below.

2.6.1 Algorithm 2.1 on I'-nested meshes

The behavior of our simplest Algorithm 2.1 without relaxation (i.e. w = 1) in
the simplest case of I'-nested meshes 7y and 7, is illustrated at Fig. 2.2. We
use the meshes depicted at Fig. 2.1, cf. a more detailed description of the pa-
rameters in the caption of Fig. 2.2. We observe that the initial approximation
(on the coarse mesh without the patch) is (not surprisingly) very bad and it
gets corrected essentially on first 4 iterations.
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These observations are made more precise and complete by more numer-
ical experiments reported at Fig. 2.3. We consider there the same test case
as before and refine both meshes 7 and 7, twofold several times. The rela-
tive errors are reported in H' and L? norms for both reconstruction %, and
u?{_hl/ ?. We observe that the method stabilizes indeed at n = 4 on the original
meshes with 4 = 0.2, h = 0.01 and the convergence occurs even faster on
finer meshes (after 2 or 3 iterations). The numerical results also confirm the

optimal convergence with respect to the mesh size in both A' and L? norms.

2.6.2 A numerical comparison of Algorithms 2.1-2.3 on gen-
eral meshes

Before presenting the result on general meshes, we return to some implemen-
tation issues in this case. The implementation of our methods in FreeFEM re-
mains rather simple, but it now involves several extra approximations with
respect to what is written on paper. These additional approximations are dif-
ficult to analyze theoretically and we do not attempt to do it here. We note
the following details:

— The integrals of the type [ A\jvy are still evaluated by FreeFEM com-
mand int1d (Th) (...) ontheboundary of the fine mesh 7. This still
involves the interpolation from Vy toV}, (more strictly speaking, the in-
terpolation to some Gauss points on the boundary of 7). The resulting
evaluation is not exact.

— The integrals of the type [, Vuy - Vuy are now also difficult to im-
plement exactly. The difficulty is not interpolating from mesh to an-
other (both integrands are defined on the coarse mesh 7y) but rather
in the fact that the integration domain A is no longer a union of trian-
gles of Ty: the boundary I' cuts the mesh cells in an arbitrary man-
ner. We have chosen to implement this integral by the command
int2d (TH, levelset=phiP) where TH denotes the coarse mesh, and
phiP is alevel-set for the patch A, i.e. a continuous function that is neg-
ative inside A and positive outside it. The keyword levelset makes
FreeFEM to perform the integration only on the cut portion of mesh tri-
angles. However, this cut is performed approximately by interpolating
the level-set phiP by a piecewise linear function on 7. The resulting
integration is thus not exact.

— Algorithm 2.3 avoids the integration on A of quantities defined on the
coarse mesh 7y, and introduces instead the integrals on Ay which are
computed exactly in our code by multiplying the integrand by a piece-
wise constant indicator function on 7. However, there is now another
difficult integral [ iy VUi Vg, Wehave chosen to approximate those
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FIGURE 2.3: Convergence of Algorithm 2.1 under the mesh re-
finement in the I'-nested case. The test case (2.89)-(2.90) with
= 0.1, 6 = 0.5, the varying mesh size H, and the fine mesh
size h = H/20 on the patch A = (—0.2,0.2)2.
Top left: the relative H'-error on iterations; Top right: the rela-
tive L2-error on iterations; Bottom: the relative errors as func-
tions on the mesh size H
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by a numerical quadrature on the fine mesh involving the multiplica-
tion by a piecewise constant indicator function on 7 taking into ac-
count Ag. It involves thus an interpolation of discontinuous functions
from one mesh to another and the resulting computation is not exact.

In order to investigate the behavior of our methods on general, not neces-
sary I'-nested meshes, we take the benchmark as above (2 = (-1, 1)?, the per-
foration w. given by (2.89), the exact solution (2.90) withe = 0.1, § = 0.5) and
slightly vary one of the mesh configurations considered above, cf. Fig. 2.4:

Situation 1 I'nested meshes as in Fig. 3.1, refined 4 times. Recalling Defini-
tion 2.4, this corresponds to ki = 1.

Situation 2 We slightly enlarge the patch A (with respect to Situation 1) so
that some of the coarse mesh triangles are only slightly covered by
A (the majority of coarse triangles being either completely inside the
patch or completely outside it). This corresponds to ~y close to 1, in
fact ky ~ 0.8.

Situation 3 We slightly shrink the patch A (with respect to Situation 1) so
that some of the coarse mesh triangles are almost covered by A with
only a small portion of the triangle being outside the patch. This corre-
sponds to ky close to 0, in fact Ky ~ 0.2.

Situation 4 A less artificial configuration where some of coarse triangles are
"badly" cut by A (as in Sutuation 3), the others "well" cut by A (as in
Situation 2). This is achieved by going to a non-uniform coarse mesh

T

We present the convergence of our 3 algorithms in the 4 situations above
at Figs. 2.5-2.7. We note that the possible "bad" intersections of the coarse
mesh cells with A do not seem to influence significantly the speed of con-
vergence towards the exact solution on iterations. On the other hand, the
precision of the methods (especially when measured in the L? norm) can be
largely deteriorated on the "dangerous" meshes (Situations 3 and 4) if one
measures the error in the L? norm.
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FIGURE 2.4: The meshes (partial view around A) in 4 situations.
The coarse mesh with H ~ 0.05 on 2 = (—1,1)2. The fine mesh
with h & 0.025 on the patch A = (—L, L)2.

Situation 1: L = 0.2; Situation 2: L = 0.21; Situation 3: L = 0.19;
Situation 4: L = 0.2 and a non-uniform coarse mesh 7.
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FIGURE 2.6: Evolution of Algorithm 2.2 in 4 situations, as in
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FIGURE 2.7: Evolution of Algorithm 2.3 in 4 situations, as in
Fig. 2.4.
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Chapter 3

The approach of matched
asymptotic expansions and
comparisons with the numerical
Zoom

In this chapter, we study an alternative approach to the numerical solution
of Problem (2.1) in domain 2 with a small hole w.. We shall consider the
solution to this problem as a perturbation to that of a simpler problem posed
in the whole domain (2 and employ the approach of the matched asymptotic
expansions treating the size of the hole ¢ as the small perturbation parameter.
Our work will be inspired by that of V. Bonnaillie-Noél, G. Vial et al [9-11,
42] although we only consider here the simplest case of a single inclusion.
The basic mathematical principles of the approach of the matched asymptotic
expansions are well known and can be found, for example, in monographs
[28,33]. In the following section, we recall some basic results of this theory
and give formally the construction of the expansion.

3.1 The method of matched asymptotic expan-
sions

FIGURE 3.1: A domain 2. with a small perforation w..



Chapter 3. The approach of matched asymptotic expansions and com-

62 parisons with the numerical zoom

The assumptions on the geometry of the computational domain remain
essentially the same as in the preceding chapter. We consider a fixed domain
Q C R? with a hole w.. However, we should now be more precise about the
geometry of the hole: we assume that w, is obtained from a fixed domain w,
centered at the origin, shrinking it by the factor . In order to be sure that
w, is inside €2 we assume that both 2 and w contain the origin and that ¢ is
sufficiently small. We define now the perturbed domain (2., see Fig. 3.1, as

Q.= Nw., with w. =ew
The problem we are interested in reads

—Au., = f in€),
u. = 0 on o) (3.1)
Oyu: = 0 onduw,,

for some f € L*(Q). As e — 0, we should recover, at least formally, the
solution u of the Dirichlet-Laplacian on the unperturbed domain €:

—AUO = f in Q
{ up = 0 onof (3.2)

Now, for small ¢ > 0, we can represent the solution u. as the asymptotic
series
Ue :U0+€U1+52UQ+"‘

with u, being the solution to the non-perturbed problem (3.2). The following
terms uy, uy, . . . should decay away from the origin at the lengthscale ~ . We
can take this into account by postulating that these terms are functions of the
“fast variable” x/e. We shall thus search for the asymptotic development of
the form

ue (7) = ug (7) + cuy (g) + 2wy (g) 4.

One can estimate r? := u. — uy and thus prove that v is the zeroth order term
of the expansion of u., cf. the literature cited above.

Let us explain formally how we determine the following term in the
asymptotic expansion. To determine the first order term, we notice that r?
satisfies:

—Ar? =0 in ),
=0 on 02
Onr? = —0,up on Ow.

where n denotes the unit normal outward looking from 2., thus pointing
into w.. At the leading order, we can approximate 9,u, on dw, by its value at
0:

0,r? = —Vup(0).n+ O(e)  on dw..

Let us now rescale the small domain w, of size ~ ¢ to the “reference" domain
w of size ~ 1 and represent r? in the rescaled variables as r?(-) = ¢V (3). Note,

)
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by the chain rule, 9;7%(-) = (9;V) () where ; denotes the partial derivative
in the ¢-th direction. Neglecting the higher order terms in the boundary con-
ditions on Jw. and assuming that the outer boundary 02 is sufficiently far
for w. to treat it essentially as the infinity, we obtain the following problem

for V:

-AV = 0 inR*\ @
0,V = —Vue(0) -n on dw (3.3)
V — 0 at infinty

By linearity we get then at the leading order

2

) e (u0)(0)V; (g) (3.4)
i=1
where Vi, V; are so called profiles:
—AV; = 0 inR*\@
o,V = —n,; on ow (3.5)
Vi — 0 atinfinty

The validity of the asymptotic expansion (3.4) is established thanks to the
decay of the profiles at the infinity. We recall in particular a result from [3]:

Proposition 3.1. Let w be a smooth bounded domain of R* with 0 € w. We assume
that g € H=Y/% (0w) satisfies (g, 1) ;;-1/2, 712 = 0. Then the boundary value problem

—Av = 0 mR)\w
ov = g ondw (3.6)
v — 0 atinfinty

admits a unique weak solution v, in the variational space

TR € F B9}

{v : Vv e L* (R*\w) and

Starting from this result one can indeed show that the error in the approx-
imation (3.4) is of order . Finally, the first order expansion of u. takes the
form

wa () = w0 () + Y (Do) OV () (3.7)
and one can prove

< Oe, (3.8)

U. =u.1+r. with HriHHl(QE) =
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3.2 Finite element methods based on asymptotic
expansions

3.2.1 Superposition method

The numerical computation of the solution u. to problem (3.1) can be difficult
since a very fine mesh is required if € is small. For such values of ¢, it is nat-
ural to use the asymptotic expansion (3.7). We thus introduce a coarse global
mesh Ty of meshsize H on (2, with H typically bigger than ¢. Introducing
the P finite element space Vy on Ty (with functions vanishing on 02) we
approximate the zeroth order term u, in (3.7) by ug iz € Vi such that

/ VU[)’H Vv = / fv, YveVy (39)
Q Q

We also need to approximate the profiles V; that are solutions to (3.5).
The difficulty lies in the fact that these problems are posed on an unbounded
domain with zero Dirichlet boundary conditions at infinity. The simplest ap-
proach to discretize such a problem is to truncate the whole space R? to a
sufficiently large ball and to impose homogeneous Dirichlet boundary con-
ditions on the boundary of this ball. For our numerical purposes it is more
convenient to transform the problems (3.5) back to the original scale c. We
thus introduce the “patch” A = Bp(0) with R >> ¢ but still R not too big
so that A C Q. We denote I' = OA and A. = A\ w. and are looking to
VE(-) = eV; (£) on A.. The problems (3.5) are now truncated and rewritten as

€

—AVF = 0 inA;
o,VE = —n; on Jw, (3.10)
Ve = 0 onTl

We now introduce the fine local mesh 7, on A (typically, the meshsize h
is thus much smaller than ¢). Introducing the P finite element space V;? on 7,
(with functions vanishing on I') we approximate the profiles V7 by V3, € V}?
such that
VVs, - Vo = —/ nv, Yv eV (3.11)

Ae Owe

Finally, we propose the following approximation to the exact solution u.
of Problem (3.1) inspiring ourselves from the asymptotic expansion (3.7):

2

Ue 1, Hh = U, H + Z(aIUQH)(O)th (3.12)

=1



3.2. Finite element methods based on asymptotic expansions 65

We call this approach “the superposition method" since the global approxi-
mation is corrected by superimposing the local corrections V5, on it, multi-
plying them with easily computable coefficients borrowed from the asymp-
totic expansions theory on the continuous level. Note that the resulting ap-
proximation u. ; g, is conforming, i.e. continuous on €2, since V5, vanish on
I' = OA.

3.2.2 A variational method with profiles vanishing on A

One can argue that taking (0;ug x)(0) as coefficients in the linear combination
of profiles in (3.12) is not necessarily the best choice because the finite element
approximation of the derivatives J,uy may be rather poor pointwise. One
can try then to automatically adjust these coefficients by putting the profiles
V5, directly into an approximate (Galerkin) variational formulation. We thus
introduce a “locally corrected” finite element space

V}?Dir — VH D Span {‘/f’ha Vf,h}

We put the abbreviation “c” and “Dir” to emphasize the fact that homoge-
neous Dirichlet boundary conditions on I' were used for Vy,, V;, here and
the resulting augmented finite element space is thus conforming (it contains
only continuous functions).

The method that we call Variational Superposition goes now as: find
uGP" € VP such that

/ VuGP" Vo= [ fv, Yoe V5P (3.13)
€ QE

This method is of course much more expensive that the superposition
method which consists in solving the standard finite element problem (3.9)
and then putting things together as in (3.12). To implement (3.13) one should
calculate the integrals involving both the profiles V5, and the basis functions
of V. Moreoever, even the part of the problem on Vj is not standard since
the integrals are performed on the perforated domain (2. while the basis func-
tions of Vi live on the triangles of the mesh 7 which is cut by the hole w..

3.2.3 Variational methods with more accurate profiles

The accuracy and computational cost of the methods above can be greatly
affected by the truncation parameter R. The choice of R may be not easy
to do in practice: on one hand, we want R to be sufficiently large so that
the truncated problem (3.10) approximates well the original problem for the
profiles (3.5), which is set in an unbounded domain. On the other hand, R
should be not too large to keep the method computationally attractive (the
problem on the perforated patch A. is discretized on the fine mesh 7, with
h << ¢) and to keep A inside (2.
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We know from [10] that one can choose artificial boundary conditions on
I', more intricate than the homogeneous Dirichlet ones used above, allowing
us to obtain more accurate approximation of the profiles at a given trunca-
tion radius R or, more interestingly for us, to obtain sufficient accuracy at
reduced R. The derivation of these conditions is based on the representa-
tion of the profile by the sum of harmonics that behave at infinity as |z|77*,
p=0,1,...One seeks then for a linear combination of V; with its derivatives
on I that vanishes on a certain number of leading terms in this sum. If one
stops at orders p = 0, 1, 2, one obtains respectively Dirichlet, Robin, and Vent-
cel conditions. In particular, the last two boundary conditions are written
as

Robin boundary conditions to truncate (3.5):

Vi + RO,V; = 0, (3.14)

Ventcel boundary conditions to truncate (3.5)

2
Vit Doy - a0 3.15)

where Ar is the Laplace-Beltrami operator on I'.

In order to discretize the truncated problems (3.10) with Robin or Ventcel
boundary conditions on I' instead of the Dirichlet ones, we introduce again
the fine mesh 7, on A., and the P, finite element space V}, on 7, (note that
the functions in V}, are free on I'). The approximated profiles V;f,;R with Robin

boundary conditions are then defined by: V;;LR € Vj, such that

1
VVl.E,’lR Vo + — / Vf;LRU = —/ nv, Yv eV, (3.16)
A. ’ R Jp " F)

We

The approximated profiles Vf,’lv with Ventcel boundary conditions are then
defined by: Vf;lv € Vj such that

2 R
vV Vo4 — / Vv + 3 / ViV Vv = —/ nw, Vv eV,
r T Owe

AE 3R
(3.17)
where Vr is the tangential part of the gradientonI': Vrv = Vv — (Vv - n)n.
The technical problem with the approximate profiles above is that they do
no vanish on I', unlike the Dirichlet case. They are not even supposed to be
very small on I'. Indeed, the whole point of introducing the approximation
with Robin or Ventcel boundary conditions is to be able to reduce the size of
the “patch” A so that its boundary I' is not too far from the perforation w.. We
thus cannot simply add these approximate profiles to the coarse space Vy, as
we did in the Dirichlet case. Our solution to this problem is to work with
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discontinuous approximations, and to impose an approximate continuity by
Lagrange multipliers.
We introduce the coarse mesh approximation of the patch A

Ay = (UTeTH, Tc]\T)O

and denote its boundary by I'y; = 0Ap, as in Definition 2.3. The corrections
Vf,’lR or Vif,’lv will be used on Ay only and will introduce a discontinuity across
I'g. In order to treat this discontinuity and to impose a weak continuity in a
finite element fashion, we introduce the space of Lagrange multipliers on I'y

My = {,uH :I'y — R such that Jvyg € Vg with " = UH|FH}

We are now set to propose a finite element approximation augmented by
the asymptotic profiles truncated with the Robin boundary condition. We
thus introduce the discontinuous counterpart of Vi (with discontinuity pos-
sible on I'y only) and augment it by approximate profiles Vif,ibR (inside Ay
only):

VibHob — {UH : Q. — R such that Elvl(;,’m) € Vu, vgn) € Vy and

Vg = Ul(t?m) on \ AH,

2
vy = Ugn) + Z ozﬂ/f;lR with some a1, 0 € Ron Ay \wg}
i—1

The method, referred to as the Robin Zoom, finds an approximation in this
discontinuous space V;7*” and imposes continuity weakly on I'y; using the
Lagrange multipliers from My. It reads thus: find ui’,ROb € ngR"b, Ay € My
such that

Vu§ ™ Vo + / Aulv]= [ fo, Yo € VR (3.18)
FH QE

Qe

/ p[uh ) =0, Vu e My
I

Here [] stand for the jump over I'y;.

Similarly, for Ventcel based approximate profiles, we introduce the dis-
continuous counterpart of V; augmented by approximate profiles Vf;lv (in-
side Ay only):

yhVen — {UH . Q. — R such that 30{%"Y € V7, 0" € Vi and

Vg — ’Ugmt) on ) \ AH,

2
vy = vg“) + Zai\/f,;v with some o, a0 € Ron Ay \wg}

i=1
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The Ventcel Zoom method reads then: find ui}ven S ngve", Ay € My such

that

Vuby " Y+ / Al = [ fo, Yo e VEver (3.19)
Qe 'y Qe
/ plub’ " =0, Vp e My
Iy

To complete our palette of methods, we introduce a discontinuous treate-
ment for Dirichlet based approximate profiles (as an alternative to the con-
tinuous treatment (3.13) although the latter was already well suited to the
Dirichlet case). We introduce the discontinuous counterpart of Vi aug-
mented by approximate profiles V5, as defined by (3.11), inside Ay only:

V&P — {UH : ). — R such that va’ut) € Vu, Ugn) € Vy and

Vg = ’Ul(r;ut) on ) \ /_\H,
2
vy = Ugn) + ZaiVifh with some a1, a5 € Ron Ay \wg}
i=1

The Dirichlet Zoom method reads then: find u%’rD" € Vg’D”, Ay € My such
that

VubP" . Vo + / ] = [ fo, Yo € VP (3.20)
Qe 'y Qe
/ plubPT =0, Ve My
Iy

3.3 Numerical results

We illustrate all the methods presented above on the example of Problem
(3.1) in the domain (2, as in Fig. 2.1. We set namely Q = (—1,1)?, w, given
by the level-set (2.89) with ¢ = 0.1, and Q. = Q \ w.. Unlike the numerical
experiments of the previous chapter, we choose here a simpler expression for
the right-hand side'

f=x+y. (3.21)

In all our numerical tests, we use piecewise linear finite elements on a
coarse mesh 7y on 2. We set the patch A as the circle of radius 0.2 centered
at the origin, and use piecewise linear finite elements on a fine mesh 7, on
A. Typical meshes are given at Fig. 3.2. As our problem does not have an
analytic solution, we should also employ a fine global mesh 7,7 to compute

'We have also tried the test case with the exact solution (2.90) but found the asymptotic
expansion methods inappropriate. Indeed, these methods are designed work only if u. is a
small perturbation of uy which is not the case of (2.90).
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FIGURE 3.2: The coarse mesh 7g on €2 and the fine mesh 7, on
A, H = 0.15, h = 0.02. Left: the whole picture; Right: a zoom
around A.

a reference solution on .. We always construct 7,7'”” with approximately the
same mesh size as that of 7},.

We start by summarizing the methods to be tested, giving them "nick-
names" for future reference.

Zoom The Numerical Zoom Algorithm 2.1. We shall also use the abbrevi-
ation "Zoom n'" to designate the result obtained after n iteration of the
method, i.e. u},.

Superpos The simplest implementatino of the approach of matched asymp-
totic expansions where we solve first the unperturbed problem on the
coarse mesh and then superimpose the corrections by (3.12).

SupVar Variational superposition approach where the corrections (Dirichlet
profiles (3.11), the same as in the previous method) are incorporated in
the variational formulation, cf. (3.13).

DirZoom Dirichlet Zoom method, using the same profiles as abobe, but on
Ay only, coupling everything together by (3.20).

RobZoom Robin Zoom method, using profiles (3.16) on Ay only, coupling
everything together by (3.18).

VenZoom Ventcel Zoom method, using profiles (3.17) on Ay only, coupling
everything together by (3.19).

We present first the convergence of the Zoom method, Fig. 3.3. We ob-
serve that the method has essentially converged in 4 iterations. The same
is true on finer meshes, cf. Fig. 3.9. We recall now that the asymptotic ex-
pansion methods arrive to correct the coarse solution at "one shot" by pre-
calculating the profiles as presented at Figs. 3.4, 3.5, and 3.6 for, respectively,
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Dirichlet, Robin, and Ventcel boundary conditions on I'. The results obtained
using these profiles are presented at Fig. 3.7. Visually, all of them resemble
much the results obtained by 4 iterations of Zoom method. This is confirmed
by a mesh convergence study at Fig. 3.8. All the methods arrive at very simi-
lar precision with the exception of the simplest (and cheapest) superposition
method, which degrades significantly, especially on the finer meshes.
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Chapter 4

Numerical zoom for monotone non
linear problems

In this chapter, we shall consider non-linear monotone problems with
localized non-linearity. = We shall adapt the multi-model numerical
zoom(Algorithm 2.1) to this situation, by introducing a non-linear local prob-
lem on the fine mesh in this algorithm. Such an algorithm has been already
proposed and theoretically investigated on the continuous level in [34]. Here,
we shall prove the a priori error estimate and the convergence of the algo-
rithm on the discrete level, restricting our attention to the case of I'nested
meshes.

4.1 General properties of monotone operators and
applications to PDEs

Let us start by some generalities on non-linear monotone problems, follow-
ing [35]. We shall assume V' a real Hilbert space (the general theory can be
also set in reflexive Banach spaces). We consider mappings A : V' — V* with
V* being the dual space, i.e. the space of continuous linear functions on V.
For element g € V* and v € V, we write (g, v) for g(v).

Definition 4.1. We say that a mapping A : V. — V* is bounded if it maps bounded
sets in V to bounded sets in V*. The mapping is continuous if for every u € V and
any sequence {u, } C V such that u, — u we have

[ A(u) = Alun) [y = 0.
Definition 4.2. We say that a mapping A : V — V* is monotone if
(A(u) — A(v),u —v) = 0forall u,v €V,

and strictly monotone if this inequality is strict whenever u # v.
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Definition 4.3. We say that a mapping A : V — V* is coercive if
(A(u), u)

— 00 as ||ul]ly — oo
[ullv

The properties above can be seen as a non-linear generalization of the as-
sumption of the Lax-Milgram lemma. In particular, they ensure the existence
and uniqueness of solutions to equation with non-linear monotone opera-
tors, as specified by the following theorem due to Browder and Minty. We
shall further reformulate this theorem in a form closer to the Lax-Milgram
lemma, cf. Corollary 4.2 below.

Theorem 4.1. Let V' be a real Hilbert space and let A : V. — V* be bounded,
continuous, coercive and monotone. Then A(V) = V*, i.e. for any g € V* there
exists a solution u € V' of the equation

A(u) = g.

Remark 4.1. The solution given by Browder-Minty theorem is unique if the map-
ping A is strictly monotone. Indeed, supposing that there are two different solutions
u # uof A(u) = A(a) = g leads to

(A(w) — A(@),u— @) =0

in contradiction with the property of the strictly monotone mapping.

In practice, the mapping A is usually introduced by a variataional formu-
lation of a partial differential equation. We thus associate with A : V' — V*
a semi-linear form (a real-valued functional of two variables, which is linear
with respect to the second parameter, but generally non-linear with respect
to the first one) a : V xV — R defined by

a(u,v) = (A(u),v) for all u,v € V. (4.1)

We shall always assume that the form a satisfies the following 3 assumptions
which are more stringent than the properties required by Browder-Minty the-
orem:

Assumption 4.1. There exists o > 0 such that for all u,v € V
a(u,u —v) —alv,u—v) > allu—o|} (4.2)

Assumption 4.2. There exists a non decreasing function ¢ : Rt — R™* such that
forall u,v,w eV

|a(u, w) —av, w)| < o([[ullv + [[v]lv)l[u = vllv[lw]y (4.3)
Assumption 4.3. It holds forallv € V

a(0,v) = 0.
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Remark 4.2. Assumption 4.1 is known as strong monotonicity. Assumption 4.2
means that the mapping A is locally Lipschitz continuous, i.e. Lipschitz continuous
on any ball. Note that we do not necessarily suppose that A is Lipschitz continuous
on V. The last Assumption 4.3 says simply A(0) = 0 and is not essential. Indeed
if A(0) # 0 one can introduce a corrected mapping A'(u) = A(u) — A(0) so that
A'(0) = 0 and the Assumptions 4.1 and 4.2 hold for A’ if they hold for A, when
one associates with them the semi-linear forms a' and a via (4.1). We prefer however
to announce Assumption 4.3 since it is natural for applications in PDEs and it
simplifies some calculations below.

Under Assumptions 4.1-4.3, the mappting A is

— bounded; indeed |jul|y < C implies ||.A(u)]
v=0.

v+ < ¢(C) by (4.3) with

— continuous; indeed if u, — wu then | A(u,) — A(u)|lv+ < o(||unllv +
|wllv)||un — ully — 0 so that A(u,) — A(u) since the sequence {u,} is
bounded in V.

— strictly monotone; indeed for all u,v € V we have (A(u) — A(v),u —
v) = allu — ||} by (4.2).

— coercive; indeed for all u € V we have (A(u),u) > al|ul|} by (4.2) with
v=0.

We have thus the following simple corollary of Browder-Minty Theorem:

Corollary 4.2. Let V' be a real Hilbert space and suppose that the semi-linear form
a: VxV — R satisfies Assumptions 4.1-4.3. Then, for any g € V* there exists the
unique solution u € V of the equation

a(u,v) = (g,v) forallv e V. (4.4)

Under Assumptions 4.1-4.3, we can also easily prove the analogue of Céa
lemma for the Galerkin approximation.

Lemma 4.3. Let V be a real Hilbert space and suppose that the semi-linear form
a: VxV — R satisfies Assumptions 4.1-4.3. Let g € V* and uw € V the unique
solution of equation (4.4). Take a subspace Vj, C V and consider the unique solution
uy, € Vy, of equation

a(up,v) = (g,vs) forall v, € V. (4.5)

Then,

= unlly < € inf flu anllv

with a constant that depends on a and g but does not depend on the choice of the
subspace V},.
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Proof. Put v = v in (4.4) and apply Assumptions 4.1, 4.3

allully < au,v) —a(0,u) = (g,u) < llgllv-[lullv

so that ||ul|y < ||g||lv+/c. Similarly, ||up||v < [lg]/v+/a
Put v = vy, for any vy, € V}, in (4.4) and subtract (4.5) from it. This gives the
Galerkin orthogonality relation

a(u,vp) — alup,vp) =0, Yo, € V.

Take any uj;, € Vj,. By Assumption 4.1, the linearity of a with respect to the
second argument, and the relation above for v, = u;, — uj,

allu — uh||%/ < alu,u —up) — alup, v —up) = alu,u — ay) — alup, u — Uyp,)
We continue using Assumption 4.2
allu —uplly, < d(ullv + llunllv)lle = wpllv]lu — v

By the estimates above

Q|+

¢(2[|g]

[ = unllv < ve/a)llu = anllv

]

Example 4.1. Consider the non-linear PDE with Dirichlet boundary conditions in
a bounded doman Q C R? or R?

—Autud = FfinQ

u = 0on 0f)

Supposing f € L*(2), the weak formulation is posed in the Hilbert space V =
Hy(Q) and reads: find w € V such that

a(u,v) = /vaforall veV

where

a(u,v):/Vu-Vv+/u3v
Q Q

We equip the space V with the H' semi-norm || - ||y = | - |1.o and prove that As-
sumptions 4.1 and 4.2 are satisfied (Assumptions 4.3 is obvious). Indeed, for all
u,v eV

ofusu =)~ a(o,u=v) = =i+ [ (=)o) > u= ol
Q
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since

(uw? —v*)(u —v) = (u—v)* (W +uv +v*) > =(u—v)*(u* +v*) > 0.

N —

This proves Assumption 4.1.
Now, for all u,v,w € V

forom

3
[u? — 0| = |u — v|(u? + uv +v?) < §|u—v|(u2+v2)

|a(u, w) = a(v,w)] < |u—volwhae+

Note that

so that by Holder inequality

3
[ =] < = vl lle? + sl
< 2= vl sy + 01 el

By Sobolev embedding H'(Q) C L°(Q) C L3(Q) and the fact the H* semi-norm is
equivalent to the full H* norm on Hy(S2), we conclude

[ v?’)w' < Clu—vlyaluly o + o] 0) @] o

This proves Assumption 2 with ¢(t) = 1 + Ct*.

Example 4.2. A more practical example is provided by the stationary (Kirchhoff
transformed) Richards equation that describes the groundwater flow in unsaturated
soils (c.f. [2,8]). The equation reads

V- (KEVu) =V - (K kr(M(u))g) = [,

where w is the so-called generalized pressure, K is the hydraulic conductivity in the
soil, kr the relative permeability depending on the saturation, M is some nonlin-
earity arising from the Kirchhoff transformation and g denotes the gravity vector.
Various explicit formulas for kr o M are available and, usually, this is a Lipschitz
continuous function on R (after a possible regularization).

Introducing the semi-linear form of the weak formulation of the problem on V =
HA(Q)

o(u, v) :/QKVU.VH/QKM(M(U))@W

we see that it is globally Lipschitz continuous, i.e. Assumption 4.2 is satisfied with
¢ = const. Moreover, if the Lipschitz constant L of kr o M is sufficiently small, than
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a is strongly monotone, i.e. Assumption 4.1 is satisfied. Indeed, assuming
alf]? < KE-€ < BlEf, VEeR

we have for all u,v € V

a(u,u—v)—a(v,u—v))/KV(u—v)~V(u—v)—/KL|u—v\g“‘V(u—v)
Q Q
> alu—vfiq = BLIGlIu — vloglu — via = (a — BLIGICE)lu —vfi,

where Cp is the constant in Poincaré inequality on ). Hence, Assumption 4.1 is
satisfied if « — SL|g|Cp > 0.

4.2 A class of monotone PDEs with localized non-
linearity and a Numerical Zoom for it

We are here interested in monotone PDEs, as in Examples 4.1-4.2, assum-
ing that the non-linearity is present only in a small sub-region of the whole
computational domain. Let Q € R? be a bounded domain, w C 2 its small
sub-domain, and V = H}(Q2). We consider the problem: find u € V such that

&Q(U, U) = (fa U)Qa YoeV (46)

where ag, is a semi-linear form satisfying Assumptions 4.1-4.3 on space V'
equipped with the norm |- ||y = |- |1, and (-, -)q stands for the scalar product
in L?(£2). More precisely

ao(u,v) = col(u,v) + a™(u,v) 4.7)

where ¢, is a coercive continuous symmetric bi-linear form on V' and agl is
a semi-linear form on H'(w) satisfying properly modified Assumptions 4.1-
4.3, namely:

Monotonicity: There exists a > 0 such that for all u,v € H'(w)

a™(u,u —v) —a™(v,u —v) =0 (4.8)

Lipschitz: There exists a non decreasing function ¢ : R* — R* such that for
all u,v,w € H'(w)

nl

g (u, w) = ag (v, w)] < G(l[ullw + Wlhw)llu = vlhelwlie  (49)

Vanishing at 0: It holds for all v € H'(w)

a™(0,v) = 0. (4.10)
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In all the assumptions above and in (4.7), we implicitly assume that o works
on the restrictions to w of functions in H}(2). Note that monotonicity of a in
(4.8) implies the strong monotonicity of ag, as in (4.1), thanks to the coerciity
of CQ.

In order to have concrete examples in mind, we may consider localized
version of problems in Examples 4.1-4.2.

Example 4.3. Consider the non-linear PDE with Dirichlet boundary conditions in
a bounded domain Q) C R? or R?

—Au+yut = finQ (4.11)
u = 0on 0
where x = @ — R is localized in a small subdomain w C Q, i.e. supp(x) C w.

Supposing f € L*(Q), x > 0,and x € L>(Q), the weak formulationin V = H}(2)
reads: find u € V such that

a(u,v) = /vaforallv eV

where

a(u,v) = / Vu- Vo + / xuv
Q Q
Assumptions (4.8)—(4.10) are satisfied setting

co(u,v) :/VU-VU and a?f(u,v):/xu?’v
Q w

This is proved in the same manner as in Example 4.1. Thus, Assumptions 4.1-4.3
are also satisfied and the problem admits the unique solution.

Example 4.4. We reconsider Richards equation modeling the groundwater flow in
unsaturated soils, as in Example 4.2, but assume in addition that one can simplify
the equation to the linear Darcy equation everywhere on §2 except a small subdomain
w. The governing equation then reads

V- (KVu) =V - (Kxokr(M(u))g) = f,

where X, is the characteristic function of the subdomain w. The semi-linear form of
the weak formulation of the problem on'V = Hy(Q) is now

a(u,v) = / KVu-Vov+ / Kkr(M(u))g- Vv
Q w
Assumptions (4.8)—(4.10) are satisfied setting

cQ(u,v):/KVu~Vv and agl(u,v):/Kkr(M(u))jVU
Q w
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Thus, Assumptions 4.1-4.3 are also satisfied and the problem admits a unique solu-
tion. In particular, Assumptions 4.9 and 4.2 are satisfied with ¢ = const.

We want to devise a finite element method that works on a relatively
coarse mesh 7y on ) and solves on this mesh only the linear part of the
problem, with the bilinear form c,. The mesh 7y will be typically too coarse
to take properly into account the small inclusion w, and the possibly sharp
behavior of the solution on it. Any way, the global coarse solver on 75 will
not see the nonlinearity inside w. This coarse approximation will be then
corrected iteratively using another sufficiently fine mesh around w. We in-
troduce thus the patch A, w C A C €, and the fine local mesh 7, on A.
For the sake of simplicity, both domains (2 and A are supposed polygonal
and A is supposed to lie inside €2, i.e. the boundaries of A and 2 do not in-
tersect each other. Both meshes 7, and 7y are supposed regular simplicial
triangulations of (2 and A respectively, i.e. the maximal aspect ratio of the
triangles/tetrahedrons in both these meshes is fixed once for all.

Introduce the finite element spaces

Vg = {UH € CO(Q) : UH|T e P VT € TH, UH|3Q = 0}

and
Vi, = {vn € C°(A) : vp|r € P VT € Ty}

where P, is the set of polynomials in d real variables of a given degree k > 1.
LetI' = OA. We shall need a finite element space on I' to be used for Lagrange
multipliers and defined as the space of traces of functions in V;:

My, = {un, € C°T') : uu|r € P on every boundary facet E of mesh 7}

The approach outlined above is formalized as Algorithm 4.1, which is a
natural extension of our basic Algorithm 2.1 to the present nonlinear setting.
In writing this algorithm, we adopt the following assumptions and notations:

- (+,-)o and (-, ), stand for the scalar product in L?(2) and L?*(A) respec-
tively.

- (-,-) the scalar product in L*(T")
— We suppose that the bilinear form ¢, can be decomposed as
ca(u,v) = cp(u,v) + co\x(u, v) (4.12)

with bilinear forms ¢, which is semicoercive and continuous on H'(A)
in the sense

ca(u,u) > aluli 5, ealu,v) < Mlulyalvlia,  Yu,0 € H'(A), (413)

and cq,x which is coercive and continuous on the restriction of V' on
Q\ A.
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Compute the initial guess u}; € Vj such that

co(uly,vg) = (f,vm)a, Yog € Vi

and choose the relaxation parameter w € (0, 1].
forn=1,2,3,...do
Find uj € V}, and A} € M), such that

an(up,vn) — (Ny,vn) = (fyon)a, Yo, €Vy
<u27,uh> = <uz_lvﬂh>7 vuh S Mh
Find v} € Vy such that
co(ufy,vg) = w(fiva)oa — WAL, i) +wea(uly " vn)

+(1 — w)eq(ulyt, vy), Yog € Vi

Set
n—1/2 UZ, in A n UZL, in A
u = _ . u = .
Hh u ', outside A Hh u, outside A
end

Algorithm 4.1: Numerical zoom for monotone nonlinear problems

Similarly, the semi-linear form ag, is decomposed as
CLQ(U7 U) = (IA<U, U) + aQ\Z\(% U) (414)

where
CLA(U, U) = CA(ua U) + a:})l(ua U)

and QQ\A = CQ\]\.

4.3 Analysis of Algorithm 4.1 on ['-nested meshes

We shall analyze the accuracy and convergence of Algorithm 4.1 only in the
case of I'-nested meshes in the sense of Definition 2.1. We assume throughout
the Section that the localized linearity satisfies (4.8)—(4.10) so that Assump-
tions 4.1-4.3 hold true. We shall prove the convergence of iterations, under 2
additional alternative assumptions:

Non-linearity localized well away from I' as in [34]: the nonlinearity re-
gion w is well inside A, i.e. there is a big enough gap between dw and
I' = OA. The (theoretical) convergence rate depends on the width of the
gap so that the iterative algorithm can converge very slowly is the gap
is very narrow. The proofs are in Subsection 4.3.2.
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Globally Lipschitz non-linearity: Assumption 4.9 is satisfied with ¢ =
const. The proofs are in Subsection 4.3.3.

4.3.1 The finite element problem: an a priori error estimate

Assume for the moment that Algorithm 4.1 converges (as proved in the next
subsections under some additional assumptions). Here, we are going to char-
acterize the limit of the iterative process in Algorithm 4.1 and examine the
precision of this limit with respect to the exact solution of problem (4.6). Let
us suppose thus that u}; — uy on , u} — u, on A, and A} — A\, on T as
n — 00. Passing to the limit in Algorithm 1, it is easy to see that the functions
ug € Vg, up € Vi, and N\, € M, satisfy

CQ\ZX(UHa UH) + <>\h7 UH> = (f7 UH)Q\]\; Vog € Vi (415)
ap(un,vn) = Ansvn) = (f,on)a, Von €V (4.16)
(nsupg —up) = 0, Vup € M. (4.17)

We emphasize that uy survives at the limit n — oo only outside A.
Assuming that the meshes are I''nested, cf. Definition 2.1, let us denote
the combined approximation space

Vi = {v e C(Q)suchthatv =vyonQ\ A v=uv,0nA
with some vy € Vi, v, € V3, }

and gather uy and wy, into uy, € Vg, such that uy, = ug on Q \ A and
ugp = up on A. Note that ugyy, is indeed continuous on I' thanks to (4.17)
which is equivalent to say uy = w;, on I' in the case of I''nested meshes.
Taking the sum of (4.15) and (4.16) we can easily eliminate )\, and rewrite
this problem in terms of uyy, alone: find uyy, € Vi, such that

ao(umn, var) = (fy,omn)a,  Youn € Van. (4.18)

Theorem 4.4. Problem (4.18) admits a unique solution ug;, € Vyp. If u, the ex-
act solution to (4.6), is in H**1(Q), we have moreover the following a priori error
estimate

upn — ullie < C (H*ulgpyong + *uliiia) (4.19)

with a constant C' independent of H, h and .
Proof. The semi-linear form ag, satisfies Assumptions 4.1-4.3 so that Problem
(4.18) admits the unique solution thanks to Browder-Minty theorem. Recall

the interpolation estimate from the proof of Theorem 2.1: there exists @y €
Vi, such that

lu— a0, < C(Hulpp o\ + W ulriaa) (4.20)
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In view of (4.18), (4.6) and the fact that Vj;, C V, the nonlinear adaptation of
Céa lemma 4.3 ensures that ||ugy, — u||1.0 < C||agn — ul|1.o so that (4.20) leads
to (4.19). O

4.3.2 Convergence of the iterative algorithm for well local-
ized non-linearities

The proof of the convergence of Algorithm 4.1 will be here done under the
additional geometrical assumption, also introduced in [34]:

Assumption 4.4. There is a gap between Ow and T', i.e. § = dist(Ow,I") > 0.
Moreover, the meshsize of T, is small enough so that the mesh cells of T}, adjacent to
I" do not intersect w.

Let us recall the decomposition of the finite element space Vg = V) &
Vi where V}) is defined by (2.24) and V}} is the orthogonal complement of
V] with respect to the scalar product co. The proof of the convergence of
Algorithm 4.1 will be based on a study of the mapping Ay, : Vi — Vg
defined for fixed Tz and 7}, as follows: for any zy € V}; the function Agzy €
Vi solves

co(Amnzu, vn) = co\a(zm,va) + (Wn,vm) — (f,vm)oa, Vou € Vi (4.21)
where v}, € M), together with z;, € V}, come as the solution to

CLA<Zh, Uh) — <Vh7vh> = (f, Uh)A, VU}L c Vh (4:22)
(Zhsftn) = (2w, pn),  Vun € My, (4.23)

Comparing with Algorithm 4.1 we observes that the iterates uf; evolve in this
Algorithm from one iteration to another as

uly = (I — wAgp)uly . (4.24)

It is thus a fixed point algorithm to solve the equation
Az = 0 (4.25)

Combining (4.21) and (4.22), we observe Vzy, vy € Vi
co(Aunzr, vn) = co\i(zu, vm) + an(zn, vn) — (f;ve)ong — (f;on)a (4:26)

where z;, € V), is the solution to (4.22)—(4.23) and v;, € V}, is such that v, = vy
onl'

We will now prove that the mapping Apy, is a contraction in the norm
|| - || associated to the scalar product cq, provided w > 0 is chosen sufficiently
small.
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Lemma 4.5. Assuming properties (4.8)—(4.10) together with the properties of cy
and cq ; lised on page 82, the mapping Apy, is strictly monotone on Vi with respect
to the scalar product cq: there exists v > 0 such that for all zy, Zy € V}}

co(Aunzi, 2z — 2u) — co(AanZu, zn — Zn) = vllza — Zul? (4.27)

Proof. Take any zy, z2y € Vi and let (z4,v4) € Vi, x My, resp. (Z, ) € Vi, X M,
be the solutions to (4.22)—(4.23) with zy, resp. Zy, in the right hand side of
(4.23). Set vy = zy — Zg, vy, = 2z, — Z. By (4.26), the linearity of the form cq,
and (4.8),

co(Amnzm, vm) — co(AunZu, vi) = co\a(2n — Zm, vm) + aa(2n, vn) — aa(Zn, vp)

> co\x(vm, vi) > C’UH’iQ\fX'

The last inequality is valid since cq,; is coercive. We now recall from the
proof of Lemma 2.3
lvilioa = Clomhe

since vy € V4. This entails (4.27). O

Lemma 4.6. Assuming properties (4.8)—(4.10) and Assumption 4.4, the mapping
Apy is Lipschitz continuous on V3 with respect to the scalar product cq: there exists
M > 0 such that for all zy, Zy € Vi

WArnzg — AanZalle < M||zg — Za||. (4.28)
with M ~ 1/4.

Proof. Take any zy, 2y € V} and let (z, 1) € Vi, x My, resp. (2, U) € Vi, X M,
be the solutions to (4.22)—(4.23) with zy, resp. Zy, in the right hand side of
(4.23).

Introduce a lifting operator R}, : M;, — V, that takes a function on I in the
trace space of V}, and reconstructs a function in V,, having the prescribed trace
on I'. Thanks to Assumption 4.4, we can safely assume that for any p;, € M,

Ry = 0 onw, and |Rj 1.4 < Crlualip (4.29)

with a constant Ct of order 1/6.
We decompose zj, = zj, + R}, zyy with z}) € V},, 2)|r = 0 and similarly for Z,.
Problems (4.22)—(4.23) can be then rewritten as

ar(z) + Ry zm,v)) = (f,v5)a

ar(Z) + Ry Zu,vp) = (f,v3)a

for any v) € V, such that v)|r = 0. Since the non-linearity in a, acts only
inside w, it does not affect the contributions with R} which are non-zero only
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on A \ w. The problems above can be thus recast as
ax(zp, o) + ea(Ryzm, vp) = (f,vh)a

ar(Zh,vn) + ea(RyZm,vp) = (f,vp)a
0

Taking the difference between these two equations, setting v} = zj, — z} and
applying the monotonicity property (4.8) gives

alzy = Zlta < aa(z,vh) — an(Z,0p) = —ca(Ryzm — Ry Zn, vp)
so that, by (4.13),

120 — 20|\ < C|Ry 2y — Ry Zr|ia (4.30)

We now note that the calculation of v, in (4.22) is only affected by the test
functions vj, attached to I', i.e. (having already computed z;) we can assume
that v;, in (4.22) vanishes on w thanks to Assumption 4.4. But a, coincides
on A with the bilinear form c, so that (4.22) can be rewritten for such test
functions as

ca(Zhy vn) = (Wnyvn) = (f,vn)a

Writing the same for Z, 7, and taking v, = R} vy for vy = 2y — Zp, we see
that

(Uh — Dnyvm) = calzn — Zn, Ryon) < Clzn — Znlial Ryvelia
< C(lzp — Zlia + [Ryze — Ry Zulia)loelioa
< CCrlzn — Zulhoalvelioa

We have used here (4.30) and (4.29) together with a trace inequality on Q\ A.
Substituting this into (4.21) gives

co(Aunzu — AunZu,vi) = co\x(2r — Zm,vi) + (Vn — Un, Vi)

< CCrlzn — Zulhoalvelion

which implies (4.28) with a constant of order 1/0.
[

Corollary 4.7. Assuming properties (4.8)—(4.10) and Assumption 4.4, the mapping
I—wApy is a contraction on Vi for 0 < w < wo with some sufficiently small wy > 0.

Proof. For any uy,vy € V}, using (4.27) and (4.28),
(I —wAmn)ug — (I — wAmn)vall?

= ||lug — vH||3 — 2weq(Apnug — Appve, ug —vy) + ||Agpug — AHthH?
< ug — vH||z(1 — 2wy + w2M2)

We note that 1 — 2wy + w?M? < 1 for all w € (0,wp) with wy = % Hence,
(I —wApy) is a contraction for these w. O
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Theorem 4.8. Assuming properties (4.8)—(4.10) and Assumption 4.4, Algorithm
4.1 converges to the solution of (4.18) provided 0 < w < w* where w* is a mesh-
independent constant, i.e. uy,;, — ugy as n — oo where uyy, € Vyy, is the unique
solution of (4.18). The convergence rate is independent from h and H, but may
depend on § from Assumption 4.4.

Proof We decompose each iterate of Algorithm 4.1 as u}, = u};’ + u};' with
O VY and u};' € V};. Taking the test functions vy € V}} in the equation
for Uy of Algorithm 4.1 we see immediately

Similarly, taking the test functions vy € V}}, we rediscover
= ([ — wAHh)u?fl’l

As proved in the preceding corollary, (I —wA Hh) is a contraction on V}. This
shows the convergence of the sequence {u};'}. The iterates u} are um%uely
determined by the traces of {u},} on I" which coincide with those of u};". We
see thus that the sequence {uj } is also convergent, as is the sequence {u}, }
since ufy;, = u' on Q \ A and u};, = u?; on A. O

An unfortunate feature of Algorithm 4.1 is that its convergence rate
strongly depends on the distance § between Ow and I' in Assumption 4.4
so that, at least according to our proofs, the patch A should be taken much
larger than the nonlinearity zone w. The (theoretical) reason for this lies in
the Dirichlet boundary conditions for .. Technically, this obliges us to intro-
duce the lifting operator R} in the analysis of Lemma 4.6 that should live in
the gap between Jw and I" and thus prevents us from shrinking this gap. In
the next Subsection, we present a convergence analysis avoiding the annoy-
ing geometrical Assumption 4.4.

4.3.3 Convergence of the iterative algorithm for globally Lip-
schitz non-linearities

The proof of the convergence of Algorithm 4.1 will be done here under the

additional assumption about the form a,, which is stronger than property
(4.9):

Assumption 4.5. There exists L > 0 such that for all u,v,w € H*(A)
|aa(u, w) = ax(v, w)] < Liju = vl alwla

Remark 4.3. The assumption of the global Lipschitz continuity is of course rather
restrictive. We argue however that we can often adopt it in practice. For instance,
Richards equation (Examples 4.2 or 4.4) leads naturally to global Lipschitz problems.
On the other hand, the cubic linearity in Examples 4.1 or 4.3 is only locally Lipschitz.
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However, if the solution to (4.11) is bounded, i.e. |u(z)| < 0 for all x € Q for some
8 > 0, we can replace the governing equation with

— Au+ xNg(u) = f (4.31)

where ; forlu| < 6
u’,  for|u| <
No(u) = { 0?u, for|u| >0 (4.32)

This does not change the solution and the associated semi-linear form is globally
Lipschitz.

Lemma 4.9. Under Assumption 4.5 and properties (4.8), (4.10), the mapping Ay,
is Lipschitz continuous on Vj, with respect to the scalar product cq: there exists
M > 0 such that for all 2y, 2 € Vi

|Aunzer — AgnZulle < Mzg — Zu|l. (4.33)

Proof. Take any zy,Zy € Vb and let (23, v3) € Vi, X My, resp. (2, oy) € Vi X M,
be the solutions to (4.22)—(4.23) with zy, resp. Zy, in the right hand side of
(4.23).

Introduce w € H'(A) as the solution to

—Aw=0inA, w=zg—Zgonl

and construct w;, € V} as a Scott-Zhang interpolation of w being a projection
on the finite element trace space on I' so that we have w;, = zy — Zy on I'. By
the properties of Scott-Zhang interpolation

lwnllra < Cllwllia < Cllzg = Zallor (4.34)

Take vy, = 2, — Z;, — wy, in problems (4.22)—(4.23). Noting that v, = Oon I,
these problems can be then rewritten as

an(zy,vn) = (f,vn)a
an(Zn; vn) = (f; vn)a
Taking the difference between these two equations gives
a’A(Zha Uh) - CLA(Zh, Uh) - 0

which we can rewrite, thanks to the linearity of a, with respect to the second
argument, as

an(zps 20 — Zn) — an(Zn, 21 — 2n) = aa(zy, wn) — an(Zn, wh)
This gives, since a, is monotone and globally Lipschitz,

5 - Le R L
oz — ZnlTa < Lllzn = Znlliallwnllia < 7||Zh — Z)ITa + 2_€||wh||iA
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for any € > 0. Using Poincaré and trace inequalities, one can prove
1z = Zullia = 20 = Zali a + 12 = Zullon < Cllzn = Zalia + ll2n — Zllr) -
Hence, taking € small enough
20 = Znlin < Clllzm = Zullor + lwalli ») < Cllzm — Zullor
thanks to (4.34). We now use a trace inequality on 2\ A to conclude

2 — Znllia < Clzu — Zulio\a

Substituting this into (4.26) gives

ca(Aunza — AunZi,vi) = co\x(2u — Zm,vi) + aa(2n, vn) — an(Zn, vn)

< Clzm — Zulioalvalion
which implies (4.33). O]

We note that the monotonicity of the mapping Ag;, without additional
Assumptions 4.4 and 4.5, cf. Lemma 4.5. Thus, combining Lemmas 4.5 and
4.9, we arrive at

Theorem 4.10. Under Assumptions 4.1-4.3 and 4.5 and properties (4.8), (4.10),
Algorithm 4.1 converges to the solution of (4.18) provided 0 < w < w* where w* is
a mesh-independent constant, i.e. u};, — wyp as n — oo where uyy € Vi, is the
unique solution of (4.18). The convergence rate is independent of h and H.

4.4 Numerical tests

We shall test the numerical zoom Algorithm 4.1 on a problem with localized
cubic non-linearity (4.11). We choose the domain 2 as the square (—1,1)?
and the subdomain w where the non-linearity is active in the disk of radius
rw={(x,y) : 2> +y* < r*}. We set y accordingly and choose the right-hand
side as

o 2t +yr<r? B
X(x,y) = { 0. otherwise and f = const (4.35)
We have thus three numerical parameters r, 77, and f to fix in each numerical

experiment.

We use the uniform Cartesian mesh of size h in x and y directions on A =
(=L, L)? with L,H,h set so that L/H and H/h are integers. The non-linear
problems on the fine mesh in Algorithm 4.1 are solved by Newton’s method
with the stopping criterion [|u]® —u*"V ||y, < 1078, Problem (4.11) with the
settings above does not have an analytical solution. We have thus compared
the approximation with the reference solution computed on a global uniform
Cartesian mesh of size h.
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First test case (well localized non linearity). We consider Problem (4.11)
with coefficients (4.35) and r = v/0.02, n = f = 10. We take the patch
A = (—0.2,0.2)? so that the non-linearity zone w (the disc or radius 1/0.02)
is separated from I' = OA by a comfortable gap. We present the convergence
of Algorithm 4.1 without relaxation (i.e. w = 1) at Fig. 4.1. Visually, we ob-
serve that the algorithm converges, but its first iterations are very far from
the final solution, and the convergence is rather slow. This is confirmed by
convergence curve at Fig. 4.2. We report there the relative errors in /' and L?
norms on iteration using several, more and more refined grids. The conver-
gence becomes slower on more refined meshes, and one needs 40 iterations
in order to observe the converged solution on all the meshes if one looks at
the H' norm. One observes the optimal O(H) behavior of the error in this
norm for the converged approximate solutions. On the contrary, these 40 it-
eration seem not enough when we look at the L* norm, which can explain
the lack of the optimal O(H?) behavior of the error.

Second test case (non linearity touching I'). We consider again Problem
(4.11) with coefficients (4.35) and put » = 0.02, while keeping n = f = 10
and the patch A = (—0.2,0.2)? so that the non-linearity zone w (the disc or
radius 0.02) touches I'. Algorithm 4.1 without relaxation (i.e. w = 1) does
not converge in this case, as reported at Fig. 4.3 (red curves). We have tried
to make the cubic non linearity by a globally Lipschitz one (4.31)—(4.32) with
¢ = 6. This, however, does not make the method convergent, only slowing
the divergence, as seen at Fig. 4.3 (green curves). The only trick to retrieve
convergence is to introduce some relaxation in the method, i.e. take w < 1.
For example, taking w = 0.2, the method converges at essentially 5 iteration,
see Fig. 4.3 (blue curves). Note that we do not introduce the cut-off in these
last experiments. The convergence is thus not guaranteed by our theory of
Subsections 4.3.2 or 4.3.3. The convergence of the method with w = 0.2 is ad-
ditionally illustrated by Figs. 4.4-4.5, where the iteration up to 4th are plotted
and we see clearly that the iterative process has stabilized.

As a conclusion of these first numerical experiments, we can say that ad-
ditional Assumptions 4.4 or 4.5 are not really necessary for Algorithm 4.1 to
converge (contrary to the relaxation, which can be indeed necessary). One
needs a subtler theory to investigate Algorithm 4.1 without Assumptions 4.4
or 4.5.
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titre La méthode de Zoom Numérique pour des problémes elliptiques per-
turbés et des problemes non linéaires

Mots clés elements finis, zoom numérique, problémes non linéaires

Résumé Nous proposons plusieurs nouvelles variantes de la méthode du Zoom
Numérique et les étudions mathématiquement. Nous considérons principale-
ment la situation suivante simple, mais pertinente aux applications pratiques :
I’équation de Poisson dans un domaine contenant un petit trou. Nous util-
isons un maillage global grossier qui ne voit pas le trou et corrigeons ce défaut
grace a un maillage fin placé autour du trou et conforme a celui-ci. Un al-
gorithme itératif (zoom numérique multi-modéles ou couplage des modeles
non intrusif) est alors proposé, résolvant alternativement les problémes sur
les maillages global et local. Nous introduisons un cadre mathématique pour
ces méthodes sous des hypothéses trés générales sur les maillages : le mail-
lage fin peut étre placé sur le maillage grossier de maniere arbitraire. Nous
analysons ensuite théoriquement a la fois la précision de la méthode par rap-
port aux raffinements du maillage et le taux de convergence des itérations.
Nous comparons également cette approche avec la méthode des développe-
ments asymptotiques. Enfin, nous adaptons notre méthode aux problemes
monotones avec des non-linéarités localisées, en modifiant la preuve de con-
vergence et en donnant une estimation d’erreur a priori.

Title : The Numerical Zoom method for the elliptic perturbed problems and
non-linear problems

Keywords :] finite elements, numerical zoom, nonlinear problems

Abstract : We propose several new variants of the method of Numerical Zoom and
study them mathematically on several model problems. We consider mostly
the following simple situation, yet pertinent to some practical application:
Poisson equation in a domain containing a small hole. We employ a coarse
global mesh that does not see the hole and correct this defect using an addi-
tional fine mesh placed around the hole and conforming with it. An iterative
algorithm (multi-model numerical zoom or non intrusive model coupling) is
then proposed, solving alternatively the problems on global and local meshes.
We introduce a mathematical framework for these methods under very gen-
eral assumptions on the meshes: the fine mesh may be placed over the coarse
one in an arbitrary manner. We perform then a complete theoretical analysis
both of the accuracy with respect to a mesh refinement and of the convergence
rate of iterations. We also compare this approach with the method of matched
asymptotic expansions. Finally, we adapt our method to monotone problems
with localized non-linearities, adapting the convergence proof and giving an
a priori error estimate.
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