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Nomenclature

Latin symbols
a acceleration of a fluid particle
c chord
cref reference chord
CD drag coefficient
CDi lift-induced drag coefficient
CDP profile drag coefficient
CDv viscous drag coefficient
CDw wave drag coefficient
d distance from the body surface Sb
D drag
Di lift-induced drag
DP profile drag
Dv viscous drag
Dw wave drag
ex, ey, ez wind-fixed frame
eX , eY , eZ body-fixed frame
F aerodynamic force
h specific enthalpy
H total specific enthalpy
I unit tensor
L lift
l Lamb vector; ω × q
M∞ freestream Mach number
mρ compressibility term; r

N−1 ×
(
∇ρ×∇

(
q2

2

))
N dimension of the physical space
n unit normal pointing outside Ω
N unit normal to the shock surface
nsw unit normal pointing outside Ωsw

p pressure
P total pressure (in incompressible flows); p+ 1

2ρq
2

q velocity vector; Uex + vey + wez
q2 velocity squared; U2 + v2 + w2

R perfect gas constant
r position vector
Re Reynolds number
s specific entropy
Se external surface
Sb body surface
SW shock wave surface
T temperature
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Nomenclature

U streamwise velocity component; U∞ + u
U∞ freestream velocity; U∞ex
W wake plane
Wsw shock wake plane
x, y, z wind-fixed coordinate system
X,Y, Z body-fixed coordinate system

Greek symbols
α angle of attack
β∆s entropy threshold
βω vorticity threshold
γ ratio of specific heats
δΓ wake-induced circulation penalty
δΓ∗ wake-induced compressible circulation penalty
δq perturbation velocity vector; uex + vey + wez
δq2 perturbation velocity squared; u2 + v2 + w2

∆H total specific enthalpy variation with respect to its freestream value
∆ρ density variation with respect to its freestream value
∆p static pressure variation with respect to its freestream value
∆P variation in P with respect to its freestream value
∆s specific entropy variation with respect to its freestream value
∆T temperature variation with respect to its freestream value
∆u irreversible streamwise velocity defect
Γ circulation vector; −Γey
Γ∗ compressible circulation vector; −Γ∗ey
µ dynamic viscosity
Ω fluid domain
ω vorticity vector; ∇× q
Ωv boundary layer region
Ωsw shock wave region
ρ density
τ viscous-stress tensor

Other symbols
∇ gradient operator; (∂/∂x) ex + (∂/∂y) ey + (∂/∂z) ez
· scalar product
× vector product
⊗ tensor product
∞ freestream state
[[•]] jump operator; •2 − •1

Acronyms
CFD Computational Fluid Dynamics
CRM Common Research Model
KJMB Kutta-Joukowski-Maskell-Betz
NACA National Advisory Committee for Aeronautics
NASA National Aeronautics and Space Administration
ONERA Office National d’Études et de Recherches Aérospatiales
Osw Oswatitsch
RANS Reynolds-Averaged Navier Stokes
VdV Van der Vooren
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Introduction

Context

The reduction of operating costs and environmental footprint has been the paradigm of
aviation throughout its history. Consequently, improving the performance of aircrafts in terms of
fuel consumption has always remained essential. To do so, engineers may work on the propulsion
system in order to maximize the engine efficiency. This can be done by increasing the engine
bypass ratio. Engineers may also focus on the aircraft structure in order to reduce its weight. This
can be done with the use of lightweight materials, for instance carbon-fiber or other composite
materials. Finally, they may enhance the aerodynamic performance of the aircraft. This can be
done by reducing the drag or resistance, the force caused by friction and pressure at the skin
which opposes the aircraft motion.

Before reducing the drag exerted on an aircraft, it is necessary to accurately measure it.
That is why scientists and engineers have ceaselessly developed methods able to define, accu-
rately predict and decompose the aerodynamic force acting on an aircraft. This aerodynamic
force comprises the drag, already introduced above, and the lift which enables the aircraft to
sustain itself into air. The measurement of lift and drag has first been made possible with the
use of various experimental methods during wind-tunnel tests. For example, engineers have
been using balances in order to measure the net force exerted on a model, pressure probes
or pressure-sensitive paint on the skin, five-hole probes in the wake and even laser technolo-
gies such as Laser-Doppler-Velocimetry (LDV) and Particle-Image-Velocimetry (PIV). However,
wind-tunnel testing is very expensive since it requires a great amount of energy in high-speed
tests. Moreover, it provides only limited information on the flow. This motivated the need for
numerical methods able to compute the aerodynamic force from Computational Fluid Dynam-
ics (CFD) flow solutions. The most direct approach is the so-called near-field method which
consists in integrating the friction and pressure stresses exerted by the fluid on the skin of the
aircraft. Hence, this method provides a mechanical breakdown of lift and drag into friction and
pressure contributions. Nevertheless, the drag being weaker than the lift by one to two orders of
magnitude, the numerical spurious drag generated in the vicinity of the skin may undermine the
accuracy of this method. Furthermore, the decomposition provided by the near-field approach
does not identify the phenomenological sources of lift and drag.

In this regard, the development of far-field methods becomes paramount in order to phe-
nomenologically decompose the aerodynamic force acting on an aircraft. Rather than the friction
and pressure effects exerted by the fluid on the aircraft skin, the far-field approach focuses on the
aerodynamic phenomena produced in the fluid by the presence of the aircraft: vortices, viscous
boundary layers and wakes or shock waves. Indeed, the fluid undergoes the same force as that it
actually exerts on the aircraft. By measuring the stresses in the fluid, one can then equivalently
compute the force exerted by the fluid on the aircraft and decompose the drag into three main
contributions: the lift-induced drag, related to the presence of vortices due to the generation
of lift, the viscous drag, related to the presence of viscous boundary layers and wakes, and the
wave drag, related to the presence of shock waves in transonic and supersonic flight. In fact, the
knowledge of the aerodynamic phenomena at the origin of drag enables the aerodynamicist to
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Introduction

improve the design of an aircraft. For instance, winglets are added at the tip of the wings in
order to mitigate the strength of the tip vortices and hence to reduce the lift-induced drag [1].
The use of laminar wings or riblets has a positive impact on the viscous drag since it allows to
reduce the viscous stresses at the skin [2]. Finally, supercritical airfoils undermine the strength
of the transonic shock wave and reduce the wave drag, while producing enough lift to sustain
the aircraft into air. This drag decomposition is nonetheless artificial since the aforementioned
aerodynamic phenomena are all intertwined and interact with each other. For this reason and
given the complex physics at work, it is often necessary to model the physics of a specific phe-
nomenon, or even approximate the flow parameters under particular conditions when developing
a far-field drag decomposition method.

Far-field formulations have proved their maturity and reliability and have been widely used
in recent studies [3, 4]. Their use has most of the time been limited to steady flows, for instance
the flow encountered by an aircraft in cruise flight at constant speed and altitude. In fact, the
flow becomes unsteady in occasional situations: when the aircraft flies in a turbulent atmosphere,
when the flaps are deployed prior to landing, when they are retracted after take-off, upon flow
separation due to adverse pressure gradients, or when the transonic shock wave starts buffeting.
In this dissertation, the focus will be given to steady flows only. Another crucial characteristic
to think about is the compressibility of the flow. It is indeed more common to talk about the
compressibility of a fluid, for instance when one compresses the air in a piston. Rigorously
speaking, the airflow around an object is always compressible. Yet, at very low flight speed,
the airflow around the aircraft can be considered incompressible, i.e. the fluid density remains
constant on the trajectory of the fluid particle. At high flight speed, the compressibility is not
negligible anymore at all since the fluid density varies along the way. In fact, the compressibility
character of the flow greatly increases the intricacy of the various phenomena at work and
inevitably has an impact on the lift and the drag exerted on the aircraft. That is why the
development of far-field methods able to address such complex flow conditions is still of great
interest.

Problem statement

A thorough review of the state-of-the-art of the main existing far-field formulations can be
found in the first chapter of this dissertation. The most important ones are summarized there-
after. The first far-field methods were developed at the beginning of the twentieth century by
the pioneering aerodynamicists Kutta, Joukowski, Prandtl and Betz [5, 6, 7, 8]. Considering a
two-dimensional incompressible inviscid flow, Kutta and Joukowski arrived at the same conclu-
sion that the lift generated by an airfoil is related to the circulation of the fluid flowing around
it. Their work constitutes the first definition of the aerodynamic lift using the far-field approach.
However, their study was initially rejected by the scientific community on the grounds that,
according to Kelvin’s theorem, no circulation can be generated in such a flow.

This controversy persisted until Prandtl introduced the concept of effectively inviscid flow, a
fluid flow for which the viscosity tends to zero but is not zero [7]: in this case the airfoil effectively
generates a circulation. Along with that, Prandtl was the first to introduce the concept of lift-
induced drag generated by wings of finite span. His theory is still widely used as a simplified
model in low-fidelity simulations but is nonetheless unable to accurately predict the lift and the
lift-induced drag in highly complex flows such as the compressible transonic flow encountered
by nowadays high-capacity aircrafts. A few years later, Betz [8] investigated the wake of a non-
lifting viscous flow. His model allowed him to relate the profile drag (in this case the viscous
drag) to the total pressure losses in the viscous wake. Although Betz’s formula has until now
been largely and successfully used in wind-tunnel wake surveys, its application is however limited
to the incompressible regime.

Fifty years later, Maskell [9] addressed the flow around a wing of finite span. His analysis
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allowed him to extend the use of Betz’s profile drag formula to lifting flows and to define for the
first time the lift-induced drag in viscous flows. This drag decomposition is still used today in
wind-tunnel experiments and the proposed definition of lift-induced drag has even been applied
to compressible flows [10, 11, 12, 13, 14, 15, 16, 17, 18], provided that the wake plane survey
is performed far enough downstream of the model. However, Maskell’s formula is theoretically
valid in incompressible flows only, and its use in compressible flows inevitably yields errors in
the measurement of the lift-induced drag.

The limitations of the aforementioned developments justified the need for formulations able
to decompose the drag and grasp the intricate flow physics in compressible flows. In this regard,
Destarac and Van der Vooren [19, 20, 21] developed a thermodynamic definition of the irreversible
drag able to decompose it into viscous and wave drag contributions. The lift-induced drag was
nonetheless defined by default, upon subtracting the obtained irreversible drag from the total
drag. Thus, the decomposition proposed by Destarac and Van der Vooren relates the viscous drag
to the entropy generated within viscous boundary layers and the wave drag to that generated
across shock waves but does not directly link the lift-induced drag to its phenomenological
sources.

Over the last twenty-five years, several formulations based on the velocity vector were devel-
oped [22, 23, 24, 25, 26, 27, 28, 29]. Those formulae all involve moment transformations that
allow to eliminate the pressure from the final expression upon introducing the position vector.
Wu et al. [29] especially developed a Lamb-vector-based aerodynamic force decomposition known
as vortex-force theory. The Lamb vector is the cross product of the vorticity vector and the ve-
locity vector, and was first introduced by Lamb [30]. In this formulation, the lift-induced drag
was directly defined and related to the Lamb vector field produced in viscous boundary layers
and wakes. The lift and the viscous drag were also defined but the application of such a formula
remained however limited to incompressible flows. The same authors extended their analysis to
compressible flows, but the obtained formulation did not allow to substantially decompose the
aerodynamic force into lift, lift-induced drag and profile drag.

The decomposition in compressible transonic flows was made possible very recently by the
works of Mele et al. [31]. In particular, they investigated the effect of the Mach number on
the terms of the decomposition. In fact, CFD simulations emphasized the influence of the com-
pressibility on the lift and the lift-induced drag at high Mach numbers (transonic and supersonic
conditions). Besides, they proposed a first Lamb-vector-based definition of the wave drag, but
their results were rather unsatisfactory. Moreover, the reference point introduced by the moment
transformations was always arbitrarily set on the wake plane. Yet, Kang et al. [18] recently high-
lighted the sensitivity of the terms of the decomposition to the location of this point. Besides,
the decomposition of the drag into lift-induced drag and profile drag is also sensitive to the
size of the integration domain in three-dimensional flows [18, 32]. In practice, the size of the
integration domain was always chosen in order to obtain maximum lift-induced drag. Further-
more, the physical role of the compressibility in lift and drag was not clearly identified. Finally,
the obtained results sometimes differed significantly from that provided by the tried-and-tested
formulation of Destarac and Van der Vooren [21].

In summary, several far-field methods applicable to compressible flows have been developed
so far. On the one hand, the formulation of Destarac and Van der Vooren provides a thermody-
namic breakdown of the drag into viscous drag, wave drag and lift-induced drag, but the latter
contribution is not directly defined and its physical sources are not clearly identified. On the
other hand, the Lamb-vector-based formulation introduced by Mele et al. constitutes the first
vorticity-based definition able to compute all at once the lift, the lift-induced drag and the profile
drag (viscous plus wave drag) in transonic flows. However, this method is sensitive to the loca-
tion of the reference point and to the size of the integration domain. Furthermore, the physical
role of the compressibility in lift and drag is still not clearly identifiable due to the complexity
of the mathematical expressions. Finally, no robust definition for the wave drag using the Lamb
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vector has been proposed so far. Consequently, all those limitations question the legitimacy of
the proposed decomposition and its robustness with regard to its potential use for industrial
purposes.

This is what justifies this study. It consists in developing a Lamb-vector-based force decom-
position which is invariant to the location of the reference point and to the size of the integration
domain everywhere in the flow field. Along with that, the objective is to physically interpret
the terms of the decomposition. For this purpose, the new formulation must be able to identify
the role of compressibility in lift and drag. The third goal is to develop a method based on the
Lamb vector for extracting the wave drag. Finally, the new formulation has to be implemented
in a post-processing code in order to be applied to several configurations.

Outline

In the first chapter, the main existing methods for lift and drag breakdown are presented. The
focus is first given to the thermodynamic approaches, which allowed to define for the first time
the profile drag in incompressible and compressible flows, and later the wave drag in transonic
flows. Then, the vortical formulations are examined: those formulations enabled to understand
very early the physics responsible for the generation of the lift and the lift-induced drag. Finally,
the focus is given to the previous developments on the Lamb-vector-based formulation and the
physical insights it provides on lift and drag in incompressible flows.

In the second chapter, the aim is to study the influence of the flow symmetries on the
sensitivities of the Lamb-vector-based force decomposition. To do so, it is necessary to study the
evolution of the sensitivity to the reference point and the size of the integration domain in various
flow regions, in order to identify the regions of sensitivity and those of invariance. It consists in
measuring the variations in lift and drag contributions induced by a change in the location of the
reference point and the size of the integration domain. Secondly, the aim is to study the influence
of the flow symmetries on the invariance in the far field. Indeed, the importance of symmetries
was shown by Curie [33]. Their study is now widely spread in physics and they are often used
to shed light on invariance properties. In this regard, the focus is given to the behaviour of the
sensitive terms in the regions where the flow satisfies the symmetries.

In the third chapter, the aim is to develop a reference-point-invariant Lamb-vector-based
formulation. This new formulation has been presented at the AIAA Scitech 2020 Forum [34]
and published in the AIAA Journal [35]. To do so, it is first necessary to symmetrize the
flow in the near field in order to establish the same flow conditions as those responsible for the
invariance in the far field. It consists in splitting the flow quantities into near-field and far-
field components. The reference-point-invariant formulation is then established by integrating
the far-field component only, in order to eliminate the sensitive terms of the decomposition.
Along with that, it is also necessary to reconstruct the various lift and drag terms in order to
properly calculate the aerodynamic force. However, the obtained formulation is nothing but the
equivalent invariant form of the decomposition developed by Mele et al. [31, 36] and does not
clearly identify the physical role of compressibility in lift and drag.

In the fourth chapter, the aim is then to develop a revised Lamb-vector-based formulation
identifying the role of compressibility in lift and drag. Indeed, there is little or no coverage of
this role in the literature. It first consists in investigating the existing links between the Lamb-
vector-based formulation and the classical analyses of Kutta, Joukowski, Maskell and Betz.
Notably, a link with the analyses of Kutta-Joukowski and Maskell has already been published
as a Technical Note in the AIAA Journal [37] while the link with Betz’s formula has been
presented at the AIAA Aviation 2021 Forum [38] and recently submitted to the AIAA Journal
[39]. In fact, those theories were the first to relate lift and drag to their phenomenological
sources. The next step consists in adapting the Lamb-vector-based formulation in order to make
it mathematically equivalent to the classical analyses. The revised formulation also has the
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advantage to be naturally invariant to the choice of the reference point. Then, an analysis is
conducted on the equivalent form of the revised formulation, based this time directly on the
classical analyses. Unfortunately, those new formulations are still not able to decompose the
profile drag into viscous and wave drag contributions.

Therefore, in the fifth chapter, the aim is to develop a Lamb-vector-based definition of the
wave drag. A theoretical comparative study is first conducted in the shock wave wake between
famous wave drag extraction methods of the literature and two definitions of the profile drag
based on the Lamb vector. This study emphasizes the similarities and differences between the
various approaches and highlights the ability of the Lamb-vector-based approach to predict the
wave drag. Secondly, it is necessary to identify the shock wave wake in the numerical flow solution
in order to separate it from the viscous wake. This is done by means of a physical criterion based
on vorticity and entropy. Finally, the wave drag is extracted by integrating on the identified
shock wave wake, and compared to the predictions of Oswatitsch [40, 41] and Destarac and Van
der Vooren [21].

Communications

The developments contained in this dissertation have been presented in two international
conferences. The reference-point-invariant formulation derived in Chapter 3 has been presented
at the AIAA Scitech 2020 Forum and published in the AIAA Journal, and the two novel for-
mulations developed in Chapter 4 have been presented at the AIAA Aviation 2021 Forum. An
AIAA Journal article on these two novel formulations is in preparation.
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Chapter 1

Presentation of the Main Existing
Methods for Aerodynamic Force
Breakdown

The breakdown of the aerodynamic force into lift, lift-induced drag, viscous drag and wave
drag is called a far-field decomposition and consists of two main families of formulations: vortical
formulations and thermodynamic formulations. In steady flows, all far-field decompositions
usually start from the same momentum balance in a control volume of fluid Ω bounded by a
closed surface Se (see Fig.1.1):

F =

˛
Se

ρ (U∞ − q) (q · n) dS +

˛
Se

[(p∞ − p)n+ τ · n] dS

where τ is the viscous-stress tensor and n is the unit normal pointing outside the fluid.

Ω

W

Se

x

y
z

U∞

Figure 1.1: Fluid domain and its boundaries

The profile drag is defined as the sum of the viscous and the wave contributions and accounts
for the momentum loss caused by the presence of an obstacle in the flow. The viscous drag
is generated in the boundary layers whereas the wave drag is produced across shock waves in
transonic and supersonic flows. The lift-induced drag is linked to the vortices created by the
presence of lifting surfaces and is often called vortex-induced drag.

The need for an accurate determination of those various contributions has led to the devel-
opment of numerous formulations which are presented hereafter. The focus is first given to the
thermodynamic formulations, i.e. the formulations which evaluate the aerodynamic force from
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the measurement of the fluid thermodynamic quantities such as pressure, temperature, entropy
and total enthalpy. After that, the focus is given to the vortical formulations, i.e. the formula-
tions mainly based on the velocity and vorticity vectors. Finally, a whole section is devoted to the
Lamb-vector-based formulation, from its inception to its physical interpretation and numerical
applications.
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1.1 Thermodynamic formulations

Within the family of thermodynamic formulations, a distinction can be made between the
pressure-based formulations (e.g. Betz, Jones and Schmitz), and the entropy-based formulations
(e.g. Oswatitsch, Paparone and Tognaccini, Destarac and Van der Vooren). Yet, all those
approaches are very similar since the main differences lie in the choice of the variables. They are
based on various flow models and were mainly developed to define the profile drag, also called
irreversible drag (viscous plus wave drag).

1.1.1 Betz’s profile drag definition

One of the first thermodynamic definitions of profile drag in incompressible flows was de-
veloped by Betz [8] in 1925 and consisted in assessing the total pressure loss between the inlet
and the outlet of a control volume of fluid. In fact, in an incompressible potential flow, the
total pressure remains constant. Energy losses within the boundary layers and wakes are then
characterized by a loss in total pressure. Betz assumed a flow for which there is no lift and that
is almost two-dimensional with parallel streamlines at the measuring point in the wake:

• L = 0

• v = w = 0

He performed a momentum balance on a wake plane W downstream of the wing (see Fig.1.1) in
order to express the profile drag as follows:

DP =

ˆ
W

(P∞ − P ) dS +
1

2
ρ∞

ˆ
W

(
U2
∞ − U2

)
dS (1.1.1)

where P = p + ρ∞U
2/2 is the total pressure and P∞ = p∞ + ρ∞U

2
∞/2 is the freestream total

pressure.
The second integral was addressed by considering a potential flow (producing no drag) with

velocity U ′ and the same mass flow rate as U . This flow is identical to the real flow outside
the vortical wake and the total pressure in the vortical wake is the same as that of the real flow
outside of it:

p+
1

2
ρ∞U

′2 = P∞ (1.1.2)

Equation (1.1.1) was then transformed as

DP =

ˆ
W

(P∞ − P ) dS − 1

2
ρ∞

ˆ
W

(
U ′ − U

) (
2U∞ − U ′ − U

)
dS (1.1.3)

The second integral of (1.1.3) was neglected in the case of a measuring point taken far enough
in the wing wake. A few months later, Taylor [42] derived this expression by adopting the same
far-field approximation.

1.1.2 Jones’ formulation

In 1936, Jones [43] assumed more restrictive hypotheses and established a formula that could
be used in order to experimentally assess the profile drag by wake plane measurements with a
Pitot tube. He assumed a non-lifting steady flow on a wake plane where the velocity vector is
almost parallel to the freestream and the pressure has almost reached its undisturbed value:

• L = 0

• v = w = 0

• p ≈ p∞

11
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Applying those conditions to the momentum balance, the profile drag exerted on the body was
written as follows:

DP = ρ∞

ˆ
W
U (U∞ − U) dS (1.1.4)

Unfortunately, the assumptions made in this model require that the wake survey be carried
out on a plane located far downstream of the body. Yet, Jones wanted to develop a method
able to assess the drag generated by a single component of the aircraft. Knowing that the wake
gradually merges with the wake of other components downstream, the wake survey must be
conducted closer to the body and variations in static pressure must be accounted for on the wake
plane. To do so, Jones assumed the total pressure to be conserved between BB and AA (see

Figure 1.2: Sketch of the two wake planes AA and BB (from [43])

Fig.1.2) and the static pressure on AA to be almost equal to p∞. Denoting pd∞ = ρ∞U
2
∞/2 the

freestream dynamic pressure, pd = ρ∞U
2/2 the dynamic pressure on AA and ∆p = pB − pA,

Jones’ formulation finally write

DP = 2

ˆ
BB

√
pd −∆p

(√
pd∞ −

√
pd
)

dS (1.1.5)

1.1.3 Oswatitsch’s entropy drag

In the fifties, Oswatitsch [40, 41, 44] derived a famous thermodynamic formula which links
the drag to the entropy production and is now referred to as the entropy drag concept. His
formula was derived from a momentum balance on a control surface taken far from the body and
assuming an isenthalpic flow. Therefore the velocity in the wake was supposed to be very close
to U∞:

• H = H∞

• q ≈ U∞ in the wake

where H = h + q2/2 is the total specific enthalpy in the wake and H∞ = h∞ + U2
∞/2 is the

freestream total specific enthalpy. Oswatitsch substituted the pressure for the specific entropy
by assuming that the thermodynamic state differs little from that of the freestream. With his
small perturbation approximation, he linearized the second thermodynamic principle as follows:

p− p∞ = ρ∞ (h− h∞)− ρ∞T∞ (s− s∞) (1.1.6)

The linearized version expresses the profile drag DP as

DP = ρ∞T∞

˛
Se

∆snxdS (1.1.7)
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where ∆s = s−s∞ is the increment in specific entropy s. The non-linearized version now referred
to as Oswatitsch’s entropy drag is given by

DP =
T∞
U∞

˛
Se

∆s (ρq · n) dS (1.1.8)

It is important to remind that the aforementioned definition was established upon adopting
restrictive hypotheses. The specific entropy jump ∆s is supposed to be small, and the flow is
assumed to be in a thermodynamic state close to that of the freestream. That is why the formula
provided by (1.1.8) has given satisfaction in transonic flows in which the shock waves are weak. It
has also been applied to wind-tunnel wake surveys for extracting the wave drag from the profile
drag by means of a criterion based on the transverse vorticity [45].

1.1.4 Paparone and Tognaccini’s formulation

In 2003, Paparone and Tognaccini [46] proposed a formulation that is able to decompose the
drag into lift-induced, viscous and wave contributions. They considered that Se extends far away
from the body such that:

• τ · n ≈ 0

• ∆p/p∞, ∆s/R, ∆H/U2
∞ � 1 where ∆p = p− p∞ and ∆H = H −H∞

Denoting the velocity field as q = qk where k is a unit vector, they expressed the drag as follows:

D =

˛
Se

(
ρ∞U

2
∞

1

γM2
∞

∆p

p∞
nx + U∞f

(
∆p

p∞
,
∆s

R
,
∆H

U2
∞

)
ρ (q · n) kx

)
dS (1.1.9)

with f

(
∆p

p∞
,
∆s

R
,
∆H

U2
∞

)
=

√√√√1 +
2∆H

U2
∞
− 2

(γ − 1)M2
∞

(((
1 +

∆p

p∞

)
e∆s/R

)(γ−1)/γ

− 1

)

The latter relation holds for a perfect gas only. Again, with a small perturbation approximation,
they made a Taylor expansion on f and wrote

D = U∞

˛
Se

[
1

γM2
∞

∆s

R
+

1 + (γ − 1)M2
∞

2γ2M4
∞

(
∆s

R

)2
]
ρ (q · n) kxdS

− U∞
˛
Se

[
∆H

U2
∞
− 1

2

(
∆H

U2
∞

)2
]
ρ (q · n) kxdS

− U∞
˛
Se

[
1− 1

γM2
∞

∆p

p∞
− 1 + γM2

∞
2γ2M4

∞

(
∆p

p∞

)2
]
ρ (q · n) kxdS

− ρ∞U2
∞

1

γM2
∞

˛
Se

∆p

p∞
nxdS

− U∞
˛
Se

[
−1 + (γ − 1)M2

∞
γ2M4

∞

∆p

p∞

∆s

R
+

1

γM2
∞

∆s

R

∆H

U2
∞

]
ρ (q · n) kxdS

+O
[(

∆s

R

)3

,

(
∆H

U2
∞

)3

,

(
∆p

p∞

)3

...

]
(1.1.10)

The first integral of (1.1.10) is identical to Oswatitsch’s formula (1.1.8) at first order: it is
then referred to as entropy drag, namely the drag due to the presence of boundary layers and
shock waves. The second integral is also involved in the drag generated by irreversible processes
although it also accounts for the thrust in power-on conditions [15]. The third and fourth
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integrals, linked to the pressure difference, are related to the vortex-induced drag. The last
integral is a coupling contribution between entropy, total enthalpy and pressure variations.

The proposed definition of the profile drag is based on the entropy drag and can be expressed
with a volume integral upon applying the divergence theorem:

DP = U∞

ˆ
Ω
∇ ·
(
ρg

(
∆s

R

)
q

)
dv (1.1.11)

with g

(
∆s

R

)
=

1

γM2
∞

∆s

R
+

1 + (γ − 1)M2
∞

2γ2M4
∞

(
∆s

R

)2

(1.1.12)

The volume Ω is then split into a boundary layer region Ωv and a shock wave region Ωsw thanks
to physical criteria such that the profile drag is decomposed in viscous and wave contributions:

Dv = U∞

ˆ
Ωv

∇ ·
(
ρg

(
∆s

R

)
q

)
dv (1.1.13)

Dw = U∞

ˆ
Ωsw

∇ ·
(
ρg

(
∆s

R

)
q

)
dv (1.1.14)

1.1.5 Destarac and Van der Vooren’s generalization of the entropy drag con-
cept

Actually, the aforementioned definitions are nothing but Taylor expansions of an exact for-
mula applicable to compressible flows of perfect gases developed by Van der Vooren, Sloof and
Destarac [19, 20, 21]. In this approach, there is no small perturbation approximation. Rather,
it is assumed that there are not any trailing vortices in the flow, hence the drag exerted on the
aircraft is only of irreversible nature. The transverse part of the velocity field is zero, the viscous
stresses are neglected on a control surface taken far enough from the body and the pressure is
equal to its freestream value:

• τ · n ≈ 0

• v = w = 0

• p = p∞

Hence, with those asumptions:

DP =

˛
Se

ρ (U∞ − U) (q · n) dS (1.1.15)

The aim is now to express the velocity deficit U − U∞ with the thermodynamic quantities.
It differs from Oswatitsch’s development where the specific entropy is introduced in place of the
pressure. The definition of specific entropy and total specific enthalpy variations are given in
this case by

∆s = Cv ln

((
T

T∞

)γ)
(1.1.16)

∆H = Cp (T − T∞) +
U2 − U2

∞
2

(1.1.17)

where Cv and Cp are respectively the specific heats at constant volume and pressure. The
combination of equations (1.1.16) and (1.1.17) provides an expression of U −U∞ = ∆u in terms
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of specific entropy and total specific enthalpy. Finally, in the case of a flow without trailing
vortices the profile drag is defined as

DP = −
˛
Se

∆u (ρq · n) dS (1.1.18)

with ∆u = U∞

√
1 +

2∆H

U2
∞
− 2

(γ − 1)M2
∞

(
e∆s/Cp − 1

)
− U∞ (1.1.19)

Taylor expansions on the latter expression lead to Oswatitsch’s formula (1.1.8) at first order and
to Paparone and Tognaccini’s formula (1.1.11) at second order. Hence, the domain of applicability
of Destarac and Van der Vooren’s formulation is wider. The viscous/wave drag bookkeeping is
achieved by integrating on the boundaries of Ωv and Ωsw:

Dv = −
˛
∂Ωv

∆u (ρq · n) dS (1.1.20)

Dw = −
˛
∂Ωsw

∆u (ρq · n) dS (1.1.21)

It is now possible to define a vector f = fP + fi in order to express the total drag. The
lift-induced drag is computed upon subtracting the profile drag from the total drag with the
integration of fi:

fP = −ρ∆uq (1.1.22)
fi = −ρ (U − U∞ −∆u) q − (p− p∞) ex + τ · ex (1.1.23)

Di +DP =

˛
Se

(f · n) dS (1.1.24)

Although this formulation is now widely used in industrial applications, its main drawback
lies in the fact that it cannot link the definition of the lift-induced drag to any flow structures
or physical phenomena since its magnitude is found only after having computed the profile
drag. On the contrary, this latter contribution is defined directly and its irreversible origin is
clearly emphasized since it is calculated by assessing the entropy production and total enthalpy
dissipation in the flow. It should finally be noted that, unlike the formulations of Betz, Jones
and Oswatitsch that were intended for use in wind-tunnel tests, the formulations of Paparone,
Tognaccini, Destarac and Van der Vooren were designed to be used in CFD applications.

1.1.6 Schmitz and Coder’s partial-pressure-field decomposition

Very recently, Schmitz and Coder [47] developed a partial-pressure-based decomposition of
the aerodynamic force in incompressible flows. This work was later extended by Schmitz [48] in
compressible flows. Their idea was to split the pressure into a Euler (inviscid) part pE and a
dissipative (viscous) part pµ. By doing so, they hypothesized that it is possible to decouple the
inviscid effects from the viscous effects. In the steady compressible Navier-Stokes equations, the
two parts are then separated:

∇pE + ρ∇
(
q2

2

)
+ ρω × q = −∇pµ +∇ · τ (1.1.25)

where ω = ∇ × q is the vorticity vector. Considering an inviscid flow, the right-hand side of
(1.1.25) and then the left-hand side are equal to zero. The application of the divergence operator
leads to two Poisson equations:

∆pE = ∇ · (ρq × ω)− ρ∆

(
q2

2

)
(1.1.26)

∆pµ = ∇ · (∇ · τ ) (1.1.27)
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which can be solved simultaneously with the converging flow solution [47]. Therefore, the com-
puted pE and pµ can be used individually in the momentum balance to decompose the aerody-
namic force as follows:

F = FpE + Fpµ,τ (1.1.28)

with

FpE = −
˛
Se

ρq (q · n) dS +

˛
Se

(p∞ − pE)ndS (1.1.29)

Fpµ,τ =

˛
Se

(p∞ − pµ)ndS +

˛
Se

τ · ndS (1.1.30)

By means of several Taylor expansions on the fluid quantities, Schmitz demonstrated the
close relation between FpE and the works of Kutta-Joukowski and Maskell (see section 1.2) and
showed that the drag component of Fpµ,τ is closely related to Oswatitsch’s formula (1.1.8).

Unlike the previous thermodynamic methods for which the wave drag is mixed with the
viscous drag due to the presence of ∆s in the expressions, it is in this case mixed with the lift-
induced drag because both are contained in the inviscid part FpE . In 2019, Coder and Schmitz
[49] introduced a similar splitting for the density field and successfully separated the two drag
contributions in inviscid transonic flows.
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1.2 Vortical formulations

Within the family of vortical formulations, a distinction can be made between the circulation-
based and vorticity-based formulations (a thorough review is available in [50]). The circulation-
based formulations evaluate the aerodynamic force from the circulation produced by the wings.
They were developed by pioneering aerodynamicists who provided the first models for predicting
the lift and the lift-induced drag. The vorticity-based formulations are more recent and relate the
aerodynamic force to the velocity and vorticity vectors. Moreover, they are usually applicable
to more complex flow conditions.

1.2.1 Kutta-Joukowski theorem

Back in the very beginning of the twentieth century, Kutta in his unpublished thesis from
1902 and later Joukowski [6, 51] in 1906 derived a formula now referred to as the Kutta-Joukowski
theorem. They considered the same flow model:

• Two-dimensional flow

• Inviscid potential flow

• Incompressible flow

Their formula relates the lift generated by an airfoil to the circulation of the incompressible flow
passing around it:

L′ = −ρ∞U∞Γ (1.2.1)
D′ = 0 (1.2.2)

with Γ =

˛
C
q · tdl (1.2.3)

where L′ is the lift per unit span, Γ is the circulation, C is a closed contour and t is the unit
tangent vector.

The proof of this theorem is not presented here because it requires the analysis of the asymp-
totic field, or complex notions on analytic functions and Joukowski conformal mappings (see [52]
p.57-66 and p.91 for more details). This formula provides no drag since it assumes that the flow
is inviscid: this is the famous d’Alembert’s paradox. Yet, the circulation is conserved over time
in an inviscid and barotropic flow on which no external forces are exerted according to Kelvin’s
theorem. Therefore, no circulation should be produced in the conditions presented above and
it explains why this theorem was initially left on the sidelines. The circulation of the airfoil is
actually set by the Kutta condition (see Fig.1.3) which states that the fluid must leave the airfoil
at the trailing edge.

Figure 1.3: Link between circulation and exit point (from [53])

Relation (1.2.1) highlights the necessity for a body to generate a circulation in order to
produce the lift. It simply illustrates that the velocity of the flow must be greater on the suction

17



CHAPTER 1. PRESENTATION OF THE MAIN EXISTING METHODS FOR AERODYNAMIC FORCE
BREAKDOWN

side than on the pressure side such that a pressure differential is created. Later on, Bryant and
Williams [54] studied the case of a rotational flow and stated that equation (1.2.1) may even
hold in such a case, provided that the downstream edge of the contour of integration is chosen
perpendicular to the velocity vector in the wake.

1.2.2 Joukowski-Filon theorem

In 1926, in parallel with the work of Taylor, Filon [55] derived a drag formula which is the
analogue to the Kutta-Joukowski theorem on lift. Denoting Qψ what he defined as “the total
outwards flow at infinity”, the total drag is given by

D = ρ∞U∞Qψ (1.2.4)

Very recently, Liu et al. [56, 57] generalized the Kutta-Joukowski lift theorem and Filon’s
drag formula to compressible steady viscous flows and derived a unified force formula. They
adopted a far-field approximation on the flow quantities:

• q = U∞ + δq with ||δq||/U∞ � 1

• ρ = ρ∞ + ∆ρ with ∆ρ/ρ∞ � 1

• p = p∞ + ∆p with ∆p/p∞ � 1

• µ = µ∞ + ∆µ with ∆µ/µ∞ � 1

Moreover the perturbation velocity vector δq is given by the following Helmholtz-Hodge decom-
position:

δq = qφ + qψ = ∇φ+∇×ψ with ∇ ·ψ = 0 (1.2.5)

where φ is the scalar velocity potential and ψ is a vector potential. The theorem is valid for
compressible steady viscous flows and is stated as follows:

F = (N − 1) ρ∞U∞ × Γφ + ρ∞U∞Qψ (1.2.6)

where

Γφ =

˛
Se

n×∇φdS (1.2.7)

Qψ = −
˛
Se

(n×∇) ·ψdS (1.2.8)

and N = 2 or 3 is the dimension of the physical space. Γφ and Qψ are independent of the choice
of Se due to the generalized Stokes theorem [57]. Then, the theorem holds in the near field as
well even if it was established upon making a small perturbation approximation valid only in
the far field. Unfortunately, the quantities involved in equation (1.2.6) are not experimentally
observable since they come out of the definition of φ and ψ.

This issue was bypassed by the same authors upon deriving what they called the testable
unified force formula. This formula is this time valid only in the far field and is given by

F = ρ∞U∞ × Γ + ρ∞U∞QW (1.2.9)

with

Γ =

ˆ
Ω
ωdv = Γφ +

˛
Se

n× (∇×ψ) dS (1.2.10)

QW =
1

N − 1

ˆ
W

(zωy − yωz) dS (1.2.11)
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Here, W is the downstream boundary of Se perpendicular to the freestream and lies in the
asymptotic far field.

The above-stated theorem provides a generalization of the Kutta-Joukowski formula and
Filon’s drag expression in the case of compressible steady viscous flows. It should be noted,
however, that this formulation cannot provide any drag breakdown but only an expression of the
total drag in terms of vorticity components.

1.2.3 Prandtl’s induced drag formula

At the same period as Betz’s, Ludwig Prandtl’s works on boundary layers allowed him to
lift the veil on d’Alembert’s paradox. He actually considered an effectively inviscid flow for
which µ → 0 but µ 6= 0. In this case the Kutta condition is indeed satisfied by the fluid and
the production of circulation is consigned to the very thin boundary layers, the vorticity being
generated on the body surface [58]. More recent studies held at the end of the twentieth century
by Wu et al. [59, 60, 61] on the boundary vorticity flux even relate the production of vorticity
to the tangent pressure gradient following the works of Lighthill [62] and the discussion given
by Batchelor [63] thirty years earlier. Finally, numerical studies have been led very recently in
order to illustrate the role of viscosity in vorticity and lift generation [64, 65].

With his way of examining, Prandtl also asserted that “the fluid leaves the body along a line
called the line of separation, forming the generation of a surface of scission such that the speeds
are not the same on both sides of the surface, thus forming a vortical layer” [7]. This vortical
layer is what is commonly called a vortex sheet. In a real viscous flow, the vortex sheet is of finite
width. Along with the vortex sheet generated in the body wake, the lifting surface is replaced
by a distribution of vortices referred to as attached vortices (see Fig.1.4a). This distribution
is responsible for the generation of the circulation around the body. Prandtl considered the
following flow model:

• q =
(
U∞ 0 w

)T
• Inviscid flow

• Incompressible flow

In this case the Bernoulli theorem applies, then the total pressure is conserved and Prandtl
expressed the force acting on a wing solely in terms of the vortex force:

F = ρ∞

ˆ
Ω
q × ωdv (1.2.12)

Considering Prandtl’s assumptions [7] and denoting b the wing span, it is possible to express

(a) Distribution of vortices on the wing (from [66])

qeff

U

w

i

L' Li'

Di'

(b) Induced downsweep w

Figure 1.4: The lifting line theory
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the downsweep (see Fig.1.4b) produced by the vortices in the flow by means of the Biot-Savart
law:

w(y0) =
1

4π

ˆ b

−b

dΓ

dy

dy

y0 − y
= −U∞ tan (αi (y0)) ≈ −U∞αi (y0) (1.2.13)

Moreover, the lift-induced drag Di can be expressed upon using the Kutta-Joukowski theorem
(1.2.1) and equation (1.2.13) such that

Di ≈
ˆ b

−b
L′ (y0)αi (y0) dy = ρ∞U∞

ˆ b

−b
Γ (y0)αi (y0) dy = −ρ∞

ˆ b

−b
Γ (y0)w(y0)dy (1.2.14)

Writing the circulation Γ as a Laurent series of expansion, a lengthy but not difficult integral
calculus yields the very first known lift-induced drag definition now referred to as Prandtl’s
lift-induced drag formula:

CDi =
C2
L

πÆRe
(1.2.15)

where CDi = 2Di/
(
ρ∞U

2
∞S
)
is the lift-induced drag coefficient, CL = 2L/

(
ρ∞U

2
∞S
)
is the lift

coefficient, S is a surface of reference, ÆR = b2/S is the wing aspect ratio and e is the Oswald
factor with e ≤ 1 (e = 1 for an elliptic spanwise lift distribution).

It is then clear that this drag component appears due to the fact that the wing is of finite
span. Furthermore, a more slender wing produces less lift-induced drag since it is inversely
proportional to ÆR: it explains why the use of winglets at the tip of the wings reduces this drag
contribution. Indeed, those devices increase the aspect ratio of the wing without increasing too
much the bending moment caused by its weight.

1.2.4 Maskell’s formula

Although Prandtl’s formula has remained so far a cornerstone in aerodynamics, the ever
more pressing need for formulations able to deal with viscous and high-lifting flows encouraged
aerodynamicists to wage further research on more accurate lift-induced drag predictions. Maskell
[9] proposed in 1972 a formula that can compute the profile drag and the lift-induced drag in
incompressible flows. His analysis is applicable to wake surveys in wind-tunnel experiments for
which the measurements must be confined to the vortical wake. He pointed out that a consistent
decomposition of the drag is ensured when the two contributions do not depend on the location
of the wake plane, a constraint that is still a great issue for several other formulae. He adopted
the same approach as Betz’s without assuming a parallel flow in order to derive the following
breakdown:

DP =

ˆ
W

(P∞ − P ) dS − 1

2
ρ∞

ˆ
W

(
U ′ − U

) (
2 (U∞ + u∗)− U ′ − U

)
dS (1.2.16)

Di =
1

2
ρ∞

ˆ
W

(
v2 + w2

)
dS (1.2.17)

where u∗ is a wake-blockage velocity. Then, Maskell introduced two scalar functions ψ (y, z) and
φ (y, z) in order to express the transverse velocity components as follows:

v =
∂φ

∂y
+
∂ψ

∂z
(1.2.18)

w =
∂φ

∂z
− ∂ψ

∂y
(1.2.19)

with
∂2ψ

∂y2
+
∂2ψ

∂z2
= −ωx (1.2.20)

∂2φ

∂y2
+
∂2φ

∂z2
= σ (1.2.21)
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where ωx is the streamwise component of the vorticity vector and σ is a source term. Denoting
Wv the vortical wake, Maskell’s lift-induced drag formula is then given by (a proof is provided
in [67])

Di =
1

2
ρ∞

ˆ
Wv

ψωxdS − 1

2
ρ∞

ˆ
W
φσdS (1.2.22)

In practice, the second integral can often be neglected such that the lift-induced drag inte-
gral can be limited to the vortical part of the wake Wv. This formula is still widely used in
experimental fluid dynamics [12, 68, 69, 70] and a link with the lifting line theory can be found
in several studies [11, 15, 71].
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1.3 Definition and application of the Lamb-vector-based force
formula

Despite the great number of drag formulations, and even though Destarac and Van der
Vooren’s decomposition already proved to give accurate results when applied to industrial cases
[72], it is still lacking an in-depth physical insight of the origin of the lift-induced drag in com-
pressible flows. Indeed, it defines the profile drag along with a viscous and wave drag breakdown
but the lift-induced drag is only deduced by subtraction which understrikes once again the dif-
ficulty to directly define the lift-induced drag in a complex flow [73]. Moreover, Destarac and
Van der Vooren’s formulation cannot compute the lift. In this regard, vortical formulations are
more suited to define the lift and the lift-induced drag since they are generated by the presence
of vortices. Yet, those presented above require that restrictive hypotheses be made and may not
be applicable to more complex flows. That is precisely where the Lamb-vector-based formulation
may help.

1.3.1 An unconventional force formula

The Lamb-vector-based aerodynamic force breakdown also belongs to the family of the vorti-
cal formulations since it involves the Lamb vector l which is defined as the cross-product between
the vorticity vector and the velocity vector:

l = ω × q (1.3.1)

Following the same approach as Prandtl, Saffman [74] expressed the total force acting on a body
solely in terms of the vortex force (1.2.12). Unfortunately, the extension to viscous flows had to
await the development of Wu et al. [29, 75] conducted fifteen years later.

In order to derive the Lamb-vector-based aerodynamic force breakdown in viscous flows, the
pressure must be eliminated from the final formula such that the total force is solely expressed
by means of the velocity vector and its derivatives. In their works, Prandtl and Saffman used
the hypothesis of inviscid flow and applied the Bernoulli equation. In the case of viscous flows,
the pressure is eliminated by applying the derivative moment transformations (DMT) (A.1) and
(A.2) (see Appendix A). According to Wu et al. [29], this kind of unconventional expressions
are nothing but a generalization of the integration by parts in three dimensions, using the curl
and divergence operators on vector fields, and allow for a better understanding of the local flow
structures responsible for the lift and the drag.

Those relations previously found trace in several textbooks [63, 74, 76] where the total force
was expressed by means of the vorticity moment theorem. As derived in more recent books
for N -dimensional flows, the force formula involves the vortex impulse which is actually the
volume integral of the first moment of the vorticity vector (see Wu [77] or Wu et al. [75, 78]
for instance). The force was then linked to the growth rate of the area delimited by the bound
vortex, the tip vortices and the starting vortex. It provides a generalization of the work conducted
by Von Kármán and Sears [79] on airfoil theory. Wu and Wu [61, 80] also used derivative
moment transformations in order to express the force acting on a body in terms of boundary
vorticity fluxes that provide more in-depth physical insights on how the aerodynamic force is
produced on the body surface. Later on, Noca et al. [22, 23, 24] developed several force formulae,
namely the impulse equation, the momentum equation and the flux equation to experimentally
and numerically determine the aerodynamic force acting on a cylinder using only the velocity
vector and its partial derivatives. Finally, Wu et al. [26] tested another formula applicable to
unsteady incompressible viscous flows on a fish-like body while Zhu et al. [25, 27] extended the
application of those formulations to compressible flows.

The aforementioned developments provided new techniques for predicting the drag and the
lift in complex flows using only the velocity vector and its derivatives. However, no formulation
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could decompose the drag into lift-induced and profile contributions. Hence and for the sake of
conciseness, all those analyses are not presented in further details in this dissertation. The first
Lamb-vector-based formulation able to decompose the aerodynamic force in viscous flows was
proposed by Wu et al. [75] in 2007.

1.3.2 Incompressible version

Derivation of the formula and decomposition of the force

Assuming a uniform flow at infinity, Wu et al. [75] started from the incompressible Navier-
Stokes equations in order to express the acceleration of a fluid particle:

ρ∞a = ρ∞
∂q

∂t
+ ρ∞l+∇

(
ρ∞

q2

2

)
= −∇p+∇ · τ (1.3.2)

In the far-field approach, the total aerodynamic force is expressed as follows:

F = −ρ∞
ˆ

Ω
adv +

˛
Se

(−pI + τ ) · ndS (1.3.3)

Upon using the first DMT (A.1), (1.3.3) becomes

F = − ρ∞
N − 1

ˆ
Ω
r × (∇× a) dv +

ρ∞
N − 1

˛
∂Ω
r × (n× a) dS +

˛
Se

(−pI + τ ) · ndS (1.3.4)

The substitution of a for the left part of equation (1.3.2) yields

F = − ρ∞
N − 1

ˆ
Ω
r ×

(
∇×

(
∂q

∂t
+ l

))
dv +

ρ∞
N − 1

˛
∂Ω
r × (n× a) dS +

˛
Se

(−pI + τ ) · ndS

(1.3.5)
where ∂Ω = Sb ∪Se. Using again the first DMT (A.1) on the first integral in the right-hand side
of equation (1.3.5), one can retrieve the vortex force first recognized by Prandtl [7]:

− ρ∞
N − 1

ˆ
Ω
r ×

(
∇×

(
∂q

∂t
+ l

))
dv =− ρ∞

N − 1

ˆ
Ω
r × ∂ω

∂t
dv

− ρ∞
ˆ

Ω
ldv

− ρ∞
N − 1

˛
∂Ω
r × (n× l) dS (1.3.6)

The second integral of equation (1.3.5) is expressed upon replacing a by the right part of equation
(1.3.2):

ρ∞
N − 1

˛
∂Ω
r× (n× a) dS =

ρ∞
N − 1

˛
Sb

r× (n× a) dS+
1

N − 1

˛
Se

r× (n× (−∇p+∇ · τ )) dS

(1.3.7)
The application of the second DMT (A.2) yields

ρ∞
N − 1

˛
∂Ω
r×(n× a) dS =

ρ∞
N − 1

˛
Sb

r×(n× a) dS+

˛
Se

pndS+
1

N − 1

˛
Se

r×(n×∇ · τ ) dS

(1.3.8)
The pressure is then eliminated in (1.3.5). Finally, the advection form of the total force can be
defined as follows:

F = Fρl + F∂Ω + Fτ + Fb + Ft (1.3.9)
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with

Fρl = −ρ∞
ˆ

Ω
ldv (1.3.10)

F∂Ω = − ρ∞
N − 1

˛
∂Ω
r × (n× l) dS (1.3.11)

Fτ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇ · τ ) dS (1.3.12)

Fb =
ρ∞
N − 1

˛
Sb

r × (n× a) dS (1.3.13)

Ft = − ρ∞
N − 1

ˆ
Ω
r × ∂ω

∂t
dv (1.3.14)

In the case of an incompressible steady viscous flow, Ft = 0 and the no-slip condition states
that the velocity is zero on the wall such that Fb = 0. Moreover, on the wall the Lamb vector
l = ω × q is also equal to zero, hence F∂Ω is limited to Se. Finally, the term Fτ is negligible in
the case of high Reynolds number flows when Se is taken far enough from the body surface and
boundary layers [81]. Equation (1.3.9) then becomes

F = Fρl + FSe (1.3.15)

with

FSe = − ρ∞
N − 1

˛
Se

r × (n× l) dS (1.3.16)

The lift component of FSe was shown to be equal to zero in the wake [75]. The decomposition
into lift, profile drag and lift-induced drag proposed by Wu et al. [75] is given by

L = Fρl · ez (1.3.17)
Di = Fρl · ex (1.3.18)
DP = FSe · ex (1.3.19)

It is important to note that this formulation depends on the Lamb vector only, and the only
assumption made in the present analysis is that the fluid must be newtonian and the flow
incompressible: this formulation can therefore be used in aerodynamics and hydrodynamics [82].

First applications to steady numerical cases

Yang et al. (2007)
This decomposition was later applied to a slender delta-wing by Yang et al. [28] to investigate

the physics of the Lamb vector field. First of all, they derived transport equations governing the
evolution of the dilatation ∇ · q and the vorticity ω in compressible flows and noticed that the
Lamb vector is involved in both, through its divergence in the former and its curl in the latter.
The dilatation transport equation is said to govern compressing processes and to contain the
vortex-sound theory (see also Mao et al. [83]) while the vorticity transport governs the shearing
processes. After showing that the production of the Lamb vector on the body surface is linked
to enstrophy and boundary vorticity, they noticed that the Lamb vector field is highly localized
in the flow as shown in Fig.1.5. It is more localized than the vorticity since it accounts only for
the component perpendicular to the velocity, but it displays more complicated patterns since a
vortex can contain regions where the Lamb vector is positive and others where it is negative.
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(a) Contour of lx (b) Contour of lz

Figure 1.5: Contours of l on a transverse plane at x/c = 0.8 (from [28])

Marongiu and Tognaccini (2010)
In 2010, Marongiu and Tognaccini [84] applied the method to steady and unsteady turbu-

lent flows around a NACA0012 airfoil. They first proved that the Lamb-vector-based aerody-
namic force breakdown (1.3.15) can be extended to the study of Reynolds-Averaged-Navier-Stokes
(RANS) flows provided that all the instantaneous fields are replaced by their averaged value and
that the Reynolds stress tensor is included in the term Fτ . Thus, they investigated the sensitivity
to the size of the integration domain Ω shown in Fig.1.6. In steady flows, setting yS/c = 15, the
total lift coefficient remains constant with xS while the volume and the surface contributions (Fρl
and FSe) given in the RANS version of (1.3.15) vary linearly. However, the same authors showed
that for yS/c = 50, the lift coefficient is solely given by the volume integral of the Lamb vector
Fρl. Regarding the drag coefficient, the total value is accurately predicted up to a certain xS ,
and the volume contribution Fρl gradually vanishes such that the drag is entirely given by the
surface integral FSe . The loss of accuracy was explained by the poor quality of the CFD solution
far downstream. Setting xS/c = 0.004, the lift coefficient progressively reaches its correct value
as yS increases and is fully given by the volume integral Fρl. On the contrary, the drag coefficient
is shared between the volume and surface integrals: indeed, it is argued that the position of ΣI

is close to the trailing edge which explains why the volume integral still contributes to the drag.
Although it was investigated the weight of the various contributions in the total lift and drag,

Figure 1.6: Sketch of the control volume and its boundaries (from [84])

no classical breakdown into lift-induced and profile components was clearly tested at that time.
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Lift and lift-induced drag predictions

Marongiu et al. (2013)
Marongiu et al. [81] were the first to compare the definition of the lift-induced drag given by

equation (1.3.18) to the so far well-known Prandtl’s and Maskell’s formulae (1.2.15) and (1.2.22).
The numerical application was carried out on an elliptic wing of aspect ratio ÆR = 7 for which
the airfoil section is a NACA0012. Profiles of the components of the Lamb vector with respect to
the distance from the wall were provided and confirmed the first impressions of Yang et al. [28]
that the normal component is dominant. Indeed, lz = ωxv−ωyu involves the tangential velocity
times the transverse vorticity to the wall. Moreover, it was outlined that the surface integral
involved in the definition of the profile drag (1.3.19) can be limited to the section crossing the
wake. Besides, it was stated that the Lamb vector associated to the wake vorticity vanishes in
the limit of an inviscid flow, making it consistent with the fact that the profile drag is a finite
Reynolds number effect. The sensitivity of the force breakdown with respect to the position of

(a) Integration in Ω (b) Integration in boundary layer region

Figure 1.7: CL VS wake plane position xT for an elliptic wing with M∞ = 0.01, Re = 3 × 106,
α = 4◦. - near-field, −♦− Fρl, −5− FSe (from [81])

the wake plane was also investigated. The volume and surface contributions of the lift coefficient
plotted in Fig.1.7 show that the lift is almost completely computed by the vortex force Fρl
while the surface integral FSe does not contribute. The drag coefficient shown in Fig.1.8 is not
accurately computed when the wake plane is placed too close to the trailing edge. Moreover, the
drag breakdown into profile and lift-induced drag components depends on its location: the near
wake still contributes to the lift-induced drag. Finally, a better accuracy is ensured when the
integration is performed in the boundary layer region, also enclosing the near wake of the wing.
The comparison with the lift-induced drag computed by Maskell’s formula in Fig.1.9 suggests
that the Lamb-vector-based definition is less sensitive to xT once it has reached its maximum.
Moreover, the evolutions are different since the vortex force keeps increasing in the near wake
while Maskell’s induced drag decreases. The compatibility of the two formulae is improved as well
when integrating in the boundary layer region. The comparison with Prandtl’s formula (1.2.15)
also showed a good agreement with the vortex force. Although the derivation of equation (1.3.15)
was conducted without making any hypotheses on the size and shape of the control volume Ω and
its external boundary Se, the first results suggest that the Lamb-vector-based drag breakdown
actually depends on its size. Of course the total force remains constant but the decomposition
into profile drag and lift-induced drag varies with the extent of the integration domain.
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(a) Integration in Ω (b) Integration in boundary layer region

Figure 1.8: CD VS wake plane position xT for an elliptic wing with M∞ = 0.01, Re = 3× 106,
α = 4◦. - near-field, −♦− Fρl, −5− FSe , −4− Fρl + FSe (from [81])

(a) Integration in Ω (b) Integration in boundary layer region

Figure 1.9: Comparison of the Lamb-vector-based definition (1.3.18) and Maskell’s formula
(1.2.22) VS wake plane position xT for an elliptic wing with M∞ = 0.01, Re = 3× 106, α = 4◦.
−♦− Fρl, −©− Maskell’s formula (from [81])

Zou et al. (2019)
Very recently, Zou et al. [85] investigated the sensitivity of the Lamb-vector-based lift-induced

drag formula with the location of the wake plane in incompressible viscous flows around the same
elliptic wing as before and around a delta wing of sweep angle χ = 76◦. First of all, assuming
that Se is bounded by a wake plane Wv perpendicular to the freestream such that n = ex and
writing the velocity field as q = U∞+ δq with δq =

(
u v w

)T , it is possible to cast the profile
drag previously defined by equation (1.3.19) as follows (see [75] p.630):

DP =
ρ∞
N − 1

U∞ ·
ˆ
Wv

ω × r⊥dS +
ρ∞
N − 1

ˆ
Wv

r⊥ · (δq × ω) dS (1.3.20)

where r⊥ =
(
0 y z

)T . Cumbersome derivations starting from the Lamb-vector-based lift-
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induced drag definition (1.3.18) yield to the following expression [85]:

Di =
ρ∞
N − 1

ˆ
Wv

ω ·ψdS + ρ∞

ˆ
Wv

r⊥ · (δq × ω) dS

+
ρ∞
N − 1

d

dx

ˆ
W

[ex · (ψ × δq) + 2uδq · r⊥] dS (1.3.21)

where ψ is the vector potential. The evolution of the profile and lift-induced drag contributions

(a) Elliptic wing, Re = 105, α = 4◦ (b) Delta wing, Re = 5× 105, α = 20◦

Figure 1.10: Evolution of the drag breakdown proposed by Zou et al. VS wake plane position x.
Magenta curve Di, green curve DP , blue curve Di +DP (from [85])

with respect to the location of Wv are displayed in Fig.1.10 for the elliptic wing and the delta
wing. In both cases, they evolve compensating each other. In the case of the delta wing, the
sensitivity of the decomposition to x is much greater. It was argued that the attached flow
around the elliptic wing is less dissipated in the wake than that of the detached flow around the
delta wing. Indeed, leading edge vortices merge with the free shear layer created downstream
of the trailing edge. Fig.1.11 shows the evolution of ωx in the wake: the tip vortices dissipate
quicker in the case of the delta wing. Furthermore, in the case of the elliptic wing, the growth in
lift-induced drag occuring in the near wake is explained by the increase in ωx due to the rolling-up
of the vortex sheet. It later stabilizes once the size of the tip vortices becomes constant.

Figure 1.11: Evolution of ωx VS wake plane position x (from [85])

Finally, the Lamb-vector-based formulation provides a definition of the lift, the lift-induced
drag and the profile drag in incompressible steady viscous flows and its applications showed
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good agreement with former methods. Therefore, it appeared necessary to extend the formula to
compressible flows in order to check if the aerodynamic force generated at higher Mach numbers
can be well predicted and decomposed. The aim is of course to apply this breakdown to standard
commercial airplanes flying at high altitude in transonic conditions.

1.3.3 Extension to compressible flows

Wu et al.’s formulation

An extension of equation (1.3.9) was already derived by Wu et al. [75] and adopted by
Liu et al. [86, 87] in several studies of the various processes and their couplings involved in
compressible flows. The derivation of the extended formula is done by following the same steps
as before, starting from the compressible Navier-Stokes equations:

ρa = ρ
∂q

∂t
+ ρl− q2

2
∇ρ+∇

(
ρ
q2

2

)
= −∇p+∇ · τ (1.3.22)

This time, the total aerodynamic force is given by

F = −
ˆ

Ω
ρadv +

˛
Se

(−pI + τ ) · ndS (1.3.23)

The use of the first DMT (A.1) allows to cast (1.3.23) as follows:

F = − 1

N − 1

ˆ
Ω
r× (∇× (ρa)) dv+

1

N − 1

˛
∂Ω
r× (n× ρa) dS+

˛
Se

(−pI + τ ) ·ndS (1.3.24)

The substitution of ρa for the left part of equation (1.3.22) yields

F =− 1

N − 1

ˆ
Ω
r ×

(
∇×

(
ρ
∂q

∂t
+ ρl− q2

2
∇ρ
))

dv

+
1

N − 1

˛
∂Ω
r × (n× ρa) dS +

˛
Se

(−pI + τ ) · ndS (1.3.25)

An additional application of the first DMT (A.1) to the first integral in the right-hand side of
equation (1.3.25) yields

− 1

N − 1

ˆ
Ω
r ×

(
∇×

(
ρ
∂q

∂t
+ ρl− q2

2
∇ρ
))

dv =−
ˆ

Ω

(
ρl− q2

2
∇ρ
)

dv

− 1

N − 1

˛
∂Ω
r ×

(
n×

(
ρl− q2

2
∇ρ
))

dS

− 1

N − 1

ˆ
Ω
r ×

(
∇×

(
ρ
∂q

∂t

))
dv

(1.3.26)

The second integral of equation (1.3.25) is expressed upon replacing ρa by the right part of
equation (1.3.22):

1

N − 1

˛
∂Ω
r × (n× ρa) dS =

1

N − 1

˛
Sb

r × (n× ρa) dS +

˛
Se

pndS

+
1

N − 1

˛
Se

r × (n×∇ · τ ) dS (1.3.27)
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where the second DMT (A.2) has been used. Finally, the compressible expression of the total
force is

F =−
ˆ

Ω

(
ρl− q2

2
∇ρ
)

dv − 1

N − 1

˛
∂Ω
r ×

(
n×

(
ρl− q2

2
∇ρ
))

dS

+

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇ · τ ) dS

+
1

N − 1

˛
Sb

r × (n× ρa) dS − 1

N − 1

ˆ
Ω
r ×

(
∇×

(
ρ
∂q

∂t

))
dv (1.3.28)

In the case of a compressible steady viscous flow, assuming that Se retreats far from the body
surface such that the viscous stresses are negligible, the compressible version of equation (1.3.15)
is given by

F = −
ˆ

Ω

(
ρl− q2

2
∇ρ
)

dv − 1

N − 1

˛
Se

r ×
(
n×

(
ρl− q2

2
∇ρ
))

dS (1.3.29)

The formula is the same except that the Lamb vector ρl is replaced by its compressible counter-
part ρl− q2

2 ∇ρ. Yet, Liu [88] observed that the surface integral is no longer just a drag component
but also contributes to the lift, which makes it tough to define an equivalent breakdown in com-
pressible flows. Moreover, in incompressible flows, the integration could be limited to regions
close to the body surface since the Lamb vector is zero everywhere except in the boundary layers
and the wake. In compressible flows, this property is lost since q2

2 ∇ρ may be different from zero
even outside those regions as pointed out by Mele and Tognaccini [31].

Breakdown for steady compressible flows

Mele et al. (2014, 2016, 2017)
This issue was circumvented by Mele and Tognaccini [31] who applied the first DMT (A.1)

to q2

2 ∇ρ in order to express the aerodynamic force breakdown as follows:

F = Fρl + Fmρ + FSe (1.3.30)

with

Fρl = −
ˆ

Ω
ρldv (1.3.31)

Fmρ = − 1

N − 1

ˆ
Ω
r ×

(
∇ρ×∇

(
q2

2

))
dv = −

ˆ
Ω
mρdv (1.3.32)

FSe = − 1

N − 1

˛
Se

r × (n× ρl) dS (1.3.33)

The decomposition into lift and profile and lift-induced drag contributions proposed by Mele and
Tognaccini [31] is given by

L =
(
Fρl + Fmρ

)
· ez (1.3.34)

Di =
(
Fρl + Fmρ

)
· ex (1.3.35)

DP = FSe · ex (1.3.36)

With this formulation, the integrands involved in the volume integrals are different from zero
only in the boundary layers, in the wake and downstream of curved shock waves since everywhere
else, high Reynolds number flows are actually homoenthalpic and homoentropic. The inviscid
Crocco-Vazsonyi equation writes

ρl = ρT∇s− ρ∇H (1.3.37)
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The Lamb vector is then equal to zero in regions where the flow has constant H and constant s.
Moreover, the second thermodynamic identity is given by

∇h = T∇s+
∇p
ρ

(1.3.38)

Therefore, in regions where the flow is homoenthalpic and homoentropic ∇h = −∇
(
q2

2

)
such

that

ρ∇
(
q2

2

)
= −∇p⇒ ∇ρ×∇

(
q2

2

)
= 0 (1.3.39)

As a consequence, ρl and mρ are equal to zero everywhere except in boundary layers, behind
curved shocks and inside the wakes. Mele and Tognaccini [31] also noticed that setting the
reference point for the computation of moments on the wake plane W reduces FSe to a drag con-
tribution only. It was already proved with different arguments by Wu et al. in the incompressible
case. Finally, they extended the application of equation (1.3.30) to turbulent flows provided that
the instantaneous quantities are replaced by their Favre averaged values.

This force breakdown was then tested on a NACA0012 airfoil [31] and on an elliptic wing
[18, 32]. Two-dimensional computations suggest that when the Mach number increases, the lift

Figure 1.12: Evolution of the lift breakdown proposed by Mele and Tognaccini VS Mach number
M∞, NACA0012 airfoil, Re = 9×106, CL ≈ 0.5. −©− near-field, −C− Fρl, −�− Fmρ , −5−
Fρl + Fmρ (from [31])

contribution provided by Fρl decreases in favor of that given by Fmρ (see Fig.1.12). This tendency
had already been noticed by Chang et al. [89, 90] who used the projection theory on harmonic
functions to determine the aerodynamic force on a delta wing in subsonic and supersonic flows.
Fig.1.13 sketches the evolution of the drag breakdown on the NACA0012 airfoil with respect
to the freestream Mach number. The total drag is fully computed by the surface integral as
in incompressible flows. Moreover, the compressibility term Fmρ compensates the increase of
the vortex force Fρl up to low transonic Mach numbers. When M∞ → 1, Mele and Tognaccini
[31] asserted that the increasing size of the shock wave region implies an integration performed
in zones where the numerical scheme is only first-order accurate, which explains why Fmρ does
not compensate Fρl anymore. This issue was bypassed by Mele et al. [36] who proposed an
alternative formula for Fmρ which avoids the integration in the shock wave region. Additionally,
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they noticed that the lift computed by the incompressible definition (1.3.17) of Fρl is in good
agreement with the near-field reference value in transonic and even supersonic conditions.

Figure 1.13: Evolution of the drag breakdown proposed by Mele and Tognaccini VS Mach number
M∞, NACA0012 airfoil, Re = 9×106, CL ≈ 0.5. −©− near-field, −C− Fρl, −�− Fmρ , −5−
FSe (from [31])

Depending on the freestream Mach number, the total drag computed in the case of the el-
liptic wing [32] was more or less accurate when compared to the near-field value as sketched in
Fig.1.14. It was shown that the contribution to the lift given by the compressibility term Fmρ still
increases with the Mach number while the contribution of the vortex force Fρl diminishes. The
lift-induced drag computed by the authors consisted in selecting the maximum obtained value of
the term Fρl + Fmρ and was compared to Prandtl’s formula (1.2.15). They concluded that this
incompressible inviscid formulation is also able to predict the lift-induced drag in compressible
and even transonic flows where strong shocks are present.

Kang et al. (2019)
Very recently, Kang et al. [18] provided additional results and notably emphasized the sensi-

tivity of the Lamb-vector-based decomposition to the location of the reference point chosen for
the computation of moments, and also to the size of the integration domain. Those sensitivities
greatly question the robustness of the method although they concluded that the discrepancies in
drag prediction are small as long as the reference point is located close to the body skin.

They also compared the profile and lift-induced drag contributions computed by the Lamb-
vector-based formula to those calculated by Destarac and Van der Vooren’s formulation and
Maskell’s wake integral: their results are displayed in Fig.1.15. They showed that the surface
integral FSe does not contribute to the lift and gives the total drag in two-dimensional flows,
as soon as the wake plane is positioned sufficiently downstream of the trailing edge and the
near wake is accounted for. In three-dimensional flows, the total drag is well predicted although
some discrepancies can be noted. Moreover, there is a quite satisfactory agreement between the
profile drag computed by the Lamb-vector-based formulation and Destarac and Van der Vooren’s
formula. The lift-induced drag is also close to the one predicted by Maskell’s formula.

The same authors also investigated the case of an effectively inviscid flow. Nevertheless,
without boundary layers, no vorticity can be generated and then no lift is produced. Therefore,
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(a) M∞ = 0.5

(b) M∞ = 0.75

Figure 1.14: Evolution of the drag breakdown proposed by Mele et al. VS xS (left) and yS
(right), elliptic wing Re = 3 × 106, α = 4◦. - near-field, − Fρl + Fmρ + FSe , · · · FSe , − · −
Fρl + Fmρ , −−− Fρl, −− −− Fmρ (from [32])

(a) NACA0012 airfoil, M∞ = 0.75, Re = 6 × 106,
α = 2◦

(b) Elliptic wing, M∞ = 0.5, Re = 3× 106, α = 4◦

Figure 1.15: Evolution of the drag breakdown proposed by Kang et al. VS wake plane position
xW . Di = ex ·

(
Fρl + Fmρ

)
, DMi computed by Maskell’s formula, Dvw = ex ·FSe , DDVvw computed

by Destarac and Van der Vooren’s formula, Fvf = Fρl +Fmρ +FSe , Fnf computed by near-field
integration (from [18])
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choice was made to add a vortex sheet on the body surface in order to generate the lift. Two-
dimensional computations emphasized the fact that the total drag is zero in subsonic conditions
and is solely given by the surface integral FSe in transonic flight. Furthermore, the lift computed
on the elliptic wing is in agreement with the one given by the near-field integration. Besides,
the computed lift-induced drag is again close to the one computed by Prandtl’s formula (1.2.15).
The term Fρl + Fmρ then seems to systematically predict the lift and the lift-induced drag at
subsonic and transonic Mach numbers. Finally, the effect the Reynolds number was investigated:
for low Reynolds numbers the vortex force Fρl produces a thrust contribution which progressively
vanishes as Re increases.

Two definitions of the wave drag

Mele et al. (2017)
An ambition was then to find a vortical definition of the wave drag generated in transonic

and supersonic flows. Indeed, the breakdown (1.3.30) only provides a decomposition into profile
and lift-induced drag components, the viscous and wave contributions being mixed altogether.
The profile drag can be assessed with the surface integral FSe limited to the wake section but
distinguishing the wake of the boundary layers and the wake of the shock appears to be tough
since they progressively merge downstream of the trailing edge. To address this feature, Mele et
al. [36] proposed to define the wave drag as the surface integral on a plane located downstream
of the shock as sketched in Fig.1.16. The viscous and wave drag contributions were then defined
as follows:

Dw = ex ·
(
− 1

N − 1

ˆ
Wsw

r × (n× ρl) dS

)
(1.3.40)

Dv = DP −Dw (1.3.41)

This vorticity-based breakdown was compared to the thermodynamic formulation developed by
Paparone and Tognaccini [46] on a NACA0012 airfoil for Mach numbers from low subsonic to
high transonic conditions (see Fig.1.17). The accuracy of the computed wave drag seems to be
excellent although the chart scale chosen does not allow for a neater comparison. The method
was also applied to real cruise flight conditions on a NASA Common Research Model (NASA
CRM) for several angles of attack and the results were also very satisfactory.
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Figure 1.16: Wake plane Wsw downstream of the shock wave (from [36])

Figure 1.17: Viscous/wave drag breakdown with respect to freestream Mach number. − 4 −
entropy-based viscous drag, −N− entropy-based wave drag, −�− vorticity-based viscous drag,
−�− vorticity-based wave drag (from [36])
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Ostieri and Tognaccini (2018)
Yet, a few months later, Ostieri and Tognaccini [91] stated that, in spite of the good results,

the latter definition provides “a systematic overprediction of the wave drag at the expense of the
viscous contribution”. They pointed out that transforming the surface integral FSe which provides
the profile drag in a volume integral would be more suited to define the different contributions.
To do so, they used the double cross product identity in order to re-express F∂Ωsw , the force
computed on the external boundary ∂Ωsw of the shock wave region:

F∂Ωsw = − 1

N − 1

˛
∂Ωsw

(r · ρl)ndS +
1

N − 1

˛
∂Ωsw

(r · n) ρldS

= − 1

N − 1

ˆ
Ωsw

∇ (r · ρl) dv +
1

N − 1

ˆ
Ωsw

∇ · (r ⊗ ρl) dv (1.3.42)

where the Gauss and divergence theorems have been applied. The same authors emphasized that
the volume Ωsw must enclose the near shock wake in order to account for the Lamb vector field
which still contributes to the drag. Fig.1.18 sketches the adopted volume for the computation of
the wave drag on a NACA0012 airfoil immersed in a steady flow with M∞ = 0.8, Re = 9× 106

and α = 0◦. The computed wave drag plotted in Fig.1.19 increases with yS before it reaches

Figure 1.18: Definition of Ωsw (from [91])

the value computed by the thermodynamic method [46]. It was concluded that the results are
satisfactory since the wave drag can be accurately predicted in a wide range of yS values.

1.3.4 Discussion on the physical interpretation in incompressible flows

The Lamb-vector-based formulation seems to correctly predict the lift and the drag along with
a decomposition into profile and lift-induced contributions. Furthermore, the results provided
by the incompressible analyses of Kutta-Joukowski, Prandtl and Maskell showed to be in quite
good agreement with those provided by the Lamb-vector-based formulation, even in compressible
regime. Hence it appears necessary to have a formal physical interpretation of the terms involved
in the decomposition in order to investigate the existing links between the Lamb-vector-based
formulation and former analyses in incompressible flows.

A generalized Kutta-Joukowski theorem

Starting from the expression of the vortex force Fρl (1.3.18), it is possible to interpret the
volume integral in terms of the Kutta-Joukowski theorem (1.2.1) (see Wu et al. [75]). Indeed,
by applying the curl theorem, the three-dimensional definition of the circulation is given by

Γ =

˛
Se

n× qdS =

ˆ
Ω
ωdv = −Γey (1.3.43)
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Figure 1.19: Evolution of CDw on the NACA0012 with the position yS of the lower surface of
the selected shock wave region (from [91])

Therefore, with q = U∞ + δq, the vortex force can be decomposed as follows:

Fρl = ρ∞

ˆ
Ω
q × ωdv

= ρ∞U∞ ×
ˆ

Ω
ωdv + ρ∞

ˆ
Ω
δq × ωdv

= ρ∞U∞ × Γ− ρ∞
ˆ

Ω
∇ ·
(
δq ⊗ δq − δq2

2
I

)
dv

= ρ∞U∞ × Γ− ρ∞
˛
Se

(
δq (δq · n)− δq2

2
n

)
dS (1.3.44)

The expression (1.3.44) was already derived by Marongiu et al. [81] in 2013. Schmitz [92]
described the surface integral as a finite domain viscous correction to the circulation theory.
Indeed, he reminded that the velocity perturbation rapidly decreases in the far field such that
when Se retreats to infinity, the terms inside the integral can be neglected. Moreover, when
projecting onto the direction perpendicular to the freestream, a perturbation circulation δΓ may
be defined [47, 92]:

δΓ =
1

U∞

˛
Se

(
w (δq · n)− δq2

2
nz

)
dS (1.3.45)

The integral can be limited to a wake planeW perpendicular to the freestream such that n = ex.
In this case, δΓ reduces to

δΓ =
1

U∞

ˆ
W
uwdS (1.3.46)

and
Fρl · ez = −ρ∞U∞ (Γ + δΓ) (1.3.47)

as previously found by Schmitz [92]. In a real flow, the momentum loss caused by the presence
of the obstacle implies u ≤ 0. It suggests that δΓ can be interpreted as a correction to the lift
due to the viscosity of the fluid. The presence of w in the expression may be understood as the
influence of the downsweep on the actual lift exerted on the body (see Fig.1.4b).
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Link with the lifting line theory

In the expression of the vortex force Fρl, the finite domain viscous term provides a correction
to the lift and to the drag: this term is fully non-linear. Its projection on the x-axis yields

Di = Fρl · ex = ρ∞

ˆ
Ω

(vωz − wωy) dv (1.3.48)

This expression involves the downsweep w and the sidesweep v (see Fig.1.20). Considering
that the control volume Ω is confined to the vortical regions where ω 6= 0, assume that w is
weakly dependent on x and z and that v is weakly dependent on x and y. It is nothing but
a three-dimensional generalization of the asumptions considered by Prandtl in the case of a
two-dimensional flow. Therefore it is possible to express the lift-induced drag as follows:

Di = ρ∞

ˆ e

−e
vΓzdz − ρ∞

ˆ b

−b
wΓydy (1.3.49)

where e is the width of the body, b is its span, Γz =
´
S ωzdxdy is the vertical circulation and

Γy =
´
S ωydxdz is the transverse circulation. The second term of (1.3.49) appears in several

studies [58, 75, 93] but not the first one. In fact, in Prandtl’s lifting line theory, the lift-induced
drag was linked to the downsweep induced by the generation of transverse vorticity ωy or bound
circulation Γ directly responsible for the lift. In the Lamb-vector-based formulation, the lift-
induced drag is actually related to the same downsweep (second term of equation (1.3.49)) along
with the sidesweep due to the presence of boundary layers on the sides (wing tips, fuselage,
rudder) and hence the production of vertical vorticity ωz (first term of equation (1.3.49)).

Figure 1.20: Velocities induced by the vertical and transverse vorticity components (adapted
from [60])

In (1.3.49), only the transverse vorticity ωy is involved in the lift whereas the vertical vorticity
ωz produced by the left part of the aircraft is actually compensated by the production on the
right part. However, it is possible to show that the term vωz still contributes to the lift-induced
drag. Indeed, in Fig.1.20 it is shown that ωz ≤ 0 and v ≤ 0 for y ≥ 0 while ωz ≥ 0 and v ≥ 0
for y ≤ 0. Therefore vωz is always positive and effectively contributes to the lift-induced drag.
It confirms that in three-dimensional flows, not only the downsweep but also the sidesweep is
responsible for the drag. It emphasizes the kinematic character of the Lamb vector: it represents
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a deviation of the flow perpendicular to the velocity vector and induced by the presence of a
vorticity field in shear regions (boundary layers and wakes). Therefore, this deviation of the flow
is manifested by the generation of a lift and a vorticity-induced drag.

Link with Betz’s and Maskell’s wake integrals

In steady incompressible flows, the link between the profile drag integral and Betz’s formula
was already known [18, 28, 50, 75]. Actually, the Lamb-vector-based force breakdown (1.3.9)
is completely equivalent to the force expression which involves the generalized Kutta-Joukowski
theorem for predicting the lift, Maskell’s formula for the lift-induced drag and Betz’s total pres-
sure loss integral for the profile drag. A simple derivation is presented hereafter.

Indeed, if viscous stresses are not negligible, the aerodynamic force can be expressed as
follows:

F = −ρ∞
ˆ

Ω
ldv − 1

N − 1

˛
Se

r × (n× (ρ∞l−∇ · τ )) dS +

˛
Se

τ · ndS (1.3.50)

The steady incompressible Navier-Stokes equations are

ρ∞l = −∇p− ρ∞∇
(
q2

2

)
+∇ · τ ⇔ ρ∞l−∇ · τ = −∇P (1.3.51)

where P = p+ρ∞q
2/2 is the total pressure in incompressible regime. The vortex force Fρl is then

expressed with equation (1.3.44), the total pressure deficit is introduced in the second integral
with equation (1.3.51) and the second DMT (A.2) yields

F = ρ∞U∞×Γ− ρ∞
˛
Se

(
δq (δq · n)− δq2

2
n

)
dS +

˛
Se

(P∞ − P )ndS +

˛
Se

τ ·ndS (1.3.52)

The surface integrations are here limited to the wake plane W with n = ex, provided that
the inlet and lateral parts of Se are located far from the body skin. Indeed, In this case, the
projection of F onto the x and z-axes gives

L = −ρ∞U∞ (Γ + δΓ)︸ ︷︷ ︸
Generalized KJ theorem

+

ˆ
W
τxzdS (1.3.53)

D =
1

2
ρ∞

ˆ
W

(
v2 + w2 − u2

)
dS︸ ︷︷ ︸

Maskell’s lift-induced drag

+

ˆ
W

(P∞ − P ) dS︸ ︷︷ ︸
Betz’s profile drag

+

ˆ
W
τxxdS (1.3.54)

where

Γ =

˛
Se

n× δqdS = −Γey (1.3.55)

δΓ =
1

U∞

ˆ
W
uwdS (1.3.56)

In the lift equation, the link with Schmitz’s formula [92] is recovered. In equation (1.3.54),
Maskell’s vortex-induced drag is the same as the one derived in several papers [11, 12, 45, 47]
although it is a bit different from the definition (1.2.17) since it contains the square of the
streamwise velocity deficit u2. This equation demonstrates the close relation between the Lamb-
vector-based decomposition and former analyses in incompressible flows. The lift is related to
the circulation plus a viscous penalty, the lift-induced drag is related to the kinetic energy of the
transverse flow, and the profile drag is related to the total pressure losses occuring in the flow.
It is important to note that the breakdown introduced by (1.3.54) is applicable in wind-tunnel
experiments, as the integrations are performed on the wake plane W downstream of the model.
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Chapter summary

A presentation of the main aerodynamic force decomposition methods has been proposed.
Thermodynamic methods have proved their capacity to evaluate the profile drag generated by
irreversible processes (boundary layers, shocks and wakes). Among these, Destarac and Van
der Vooren’s formulation definitely appears to be the most robust and advanced method since
it provides a breakdown into viscous, wave and lift-induced drag contributions. This model is
initially based on the assumption that no trailing vorticity is present in the wake. Yet, the total
drag computed by this method is exact whereas former analyses always approximate the flow
quantities under particular conditions, thus leading to inevitable errors in the assessment of the
total drag. However, Destarac and Van der Vooren’s approach is unable to relate the lift-induced
drag to its physical sources. Even though its magnitude is evaluated, this contribution is defined
by default, after subtracting the viscous and the wave drag from the total drag.

For their part, vortical formulations have proved their ability to evaluate the lift and the
lift-induced drag generated by the vortices in the flow. Among these, Maskell’s analysis for
wake surveys is the most advanced one for predicting the lift-induced drag. Its application has
even been extended to compressible flows in several studies. Nevertheless, the vortical formu-
lations presented earlier were all developed assuming restrictive hypotheses: two-dimensional
flows, inviscid and/or incompressible flows and small perturbation approximations. Yet, the flow
encountered by a high-capacity aircraft in cruise flight is highly compressible and shock waves
may also be present on the wings.

The Lamb-vector-based formulation may well be a solution to this problem. In fact, its field of
application extends from the incompressible viscous regime to the high-transonic viscous regime.
Moreover, the preliminary results are very promising since the formula can decompose the drag
into lift-induced and profile contributions, and can also compute the lift. The comparison with
the numerical results given by former analyses suggests that the Lamb-vector-based formulation
is actually a generalization to compressible viscous flows of the classical vortical formulations. A
physical interpretation of the decomposition was made possible by highlighting the mathematical
equivalence with the theories of Kutta-Joukowski, Maskell and Betz in incompressible viscous
flows. The link with the vortical formulations of Kutta-Joukowski and Maskell comes from a
kinematic interpretation of the Lamb vector (through the acceleration of a fluid particle) while the
link with the thermodynamic formulation of Betz comes from a dynamic interpretation (through
the Navier-Stokes equations). It shows the intricate but remarkable role played by the Lamb
vector in fluid mechanics.

However, in spite of those auspicious findings, the Lamb-vector-based decomposition presents
sensitivity issues with respect to the location of the reference point chosen for the computation
of moments and to the size of the integration domain. Moreover, an equivalent physical inter-
pretation in compressible viscous flows is still lacking. Finally, the possibility to evaluate the
wave drag using the Lamb vector and therefore to further decompose the profile drag in viscous
and wave contributions remains an open question. For all these reasons, the Lamb-vector-based
formulation is not mature enough to be applied as such and to be integrated in industrial cal-
culation chains. This study will therefore focus on the axes of improvement of the formulation.
It will first achieve the invariance with respect to the reference point, then identify the role of
compressibility in lift and drag and finally introduce a method for extracting the wave drag.
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Chapter 2

Study of the Influence of the Flow
Symmetries on the Sensitivities of the
Lamb-Vector-Based Decomposition

In this chapter, the focus is given to the Lamb-vector-based force decomposition proposed by
Mele et al. [31, 32, 36]. The first goal is to understand how and why their decomposition varies
with a change in the location of the reference point and an increase in the size of the integration
domain. As it has been presented in the state-of-the-art, this decomposition is characterized
by its sensitivity to those two parameters, which unfortunately undermines its robustness. The
second aim is to find out whether the flow symmetries lead to an invariance in the far field.

In the first section, the focus is first given to the sensitivity to the location of the reference
point. A theoretical analysis is carried out by proceeding to a shift in the reference point in order
to identify the sensitive terms, observe their effects on the decomposition and find a necessary
condition for the invariance. Then, the sensitive terms are evaluated with two-dimensional and
three-dimensional numerical simulations in order to identify the regions where they are significant
and those where they are negligible.

In the second section, the focus is then given to the sensitivity to the size of the integration
domain. A theoretical analysis is done by increasing the size of the integration domain in
order to describe the transfer occuring between the different terms of the decomposition, find a
necessary condition for the invariance and search for an invariant physical quantity. This transfer
is later quantified with two-dimensional and three-dimensional numerical simulations in order to
determine which terms vary the most and in which flow regions.

In the third section, the aim is to understand how the progressive symmetry properties satis-
fied by the flow quantities lead to the invariance with respect to the location of the reference point
and the size of the integration domain. First of all, two families of symmetries are introduced:
the symmetries in the far wake and the symmetries up and downstream of the aircraft. Then, it
is shown that the sensitive terms gradually vanish as these far-field symmetries establish.
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2.1 Study of the sensitivity to the location of the reference point

So far, the issue of the sensitivity to the location of the reference point was circumvented in
several studies [18, 31, 32, 36] by choosing this point on the wake planeW adopted for integration.
Unfortunately, it implies to interpolate the flow solution on W , which inevitably leads to errors
in the assessment of the total force. Besides, Kang et al. [18] noticed this sensitivity on a simple
two-dimensional flow. Hence, deliberately prescribing the location of such a point obviously
raises the question of the objectiveness and hence the robustness of the force decomposition.

In their study, Kang et al. [18] finally concluded that the drag sensitivity to the location of
the reference point is not significant as long as the reference point is not chosen too far from the
x-axis. Besides, Gao and Wu [94] recently highlighted the invariance of the total aerodynamic
force to the location of the reference point but did not focus on the terms of the decomposition.
In the present analysis, those observations are confirmed, extended and illustrated on practical
test cases.

2.1.1 Identification of the sensitive terms

It is first necessary to identify the terms responsible for the sensitivity to the reference point.
The Lamb-vector-based formulation derived by Mele et al. [31, 32, 36] is

F = Fρl + Fmρ + FSe + Fτ (2.1.1)

with

Fρl = −
ˆ

Ω
ρldv (2.1.2)

Fmρ =
1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
dv (2.1.3)

FSe = − 1

N − 1

˛
Se

r × (n× ρl) dS (2.1.4)

Fτ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇ · τ ) dS (2.1.5)

In high Re flows, Fτ is negligible [28, 84] and the aerodynamic force decomposition proposed by
Mele et al. [31, 32, 36] is given by

LMele = ez ·
(
Fρl + Fmρ

)
(2.1.6)

DMele
i = ex ·

(
Fρl + Fmρ

)
(2.1.7)

DMele
P = ex · FSe (2.1.8)

In the expression (2.1.1) of the total force, Fmρ , FSe and Fτ all contain the position vector r.
It may then explain the sensitivity of these terms to the location of the reference point. The
application of the first DMT (A.1) to Fmρ enables to get an equivalent expression which is more
convenient for the analysis to follow:

Fmρ =

ˆ
Ω

q2

2
∇ρdv +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (2.1.9)

For the sake of exactness, choice is made to keep the term Fτ in this theoretical analysis. In
high Re flows however, it is important to keep in mind that Fτ is negligible: it will be the case
in the following numerical applications. The cartesian frame remains the same: the coordinates
of the flow particles are still measured with respect to the same origin. What changes is the
location of the reference point chosen for the computation of moments. In the initial formulation
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(2.1.1), the origin of the frame and the reference point of the moments are the same by default.
But, if the lever arm r is shifted by a constant vector r0 (r → r + r0, see Fig.2.1) in (2.1.4),
(2.1.5) and (2.1.9), additional terms appear in Fmρ , FSe and Fτ :

Fmρ =

ˆ
Ω

q2

2
∇ρdv +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS + r0 ×Rmρ (2.1.10)

FSe = − 1

N − 1

˛
Se

r × (n× ρl) dS + r0 ×RSe (2.1.11)

Fτ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇ · τ ) dS + r0 ×Rτ (2.1.12)

with

Rmρ =
1

N − 1

˛
Se

n× q2

2
∇ρdS (2.1.13)

RSe = − 1

N − 1

˛
Se

n× ρldS (2.1.14)

Rτ =
1

N − 1

˛
Se

n×∇ · τdS (2.1.15)

Upon using the curl theorem (A.5), the resulting term Rmρ can also be expressed with the
following volume integral:

Rmρ =
1

N − 1

ˆ
Ω
∇
(
q2

2

)
×∇ρdv (2.1.16)

Ω

Se

x

y

z

U
r

r0
r+r0

O

O'

Figure 2.1: Illustration of a change in the reference point

In the expressions of the resulting termsRmρ ,RSe andRτ , the integrals are not automatically
equal to zero. Consequently, the sensitivity of Mele et al.’s force decomposition [31, 32, 36] to the
location of the reference point is directly caused by these terms. Moreover, the force contributions
Fmρ , FSe and Fτ are proportional to the magnitude r0 of the point shift. It means that if the
reference point is located close to the origin of the frame (i.e. ||r0|| is small), the variations
in Fmρ , FSe and Fτ are not significant, which confirms Kang et al.’s conclusion [18]. On the
contrary, if the reference point is located far from the origin of the frame (i.e. ||r0|| is big), the
variations in Fmρ , FSe and Fτ may become so large that the initially proposed decomposition
into lift, lift-induced drag and profile drag is totally lost.
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It is important to note that Fτ represents viscous and turbulent stresses, which suggests that
it contributes to the profile drag. Therefore, a necessary condition for the invariance of the lift,
the lift-induced drag and the profile drag to the location of the reference point is

Rmρ = 0 (2.1.17a)
RSe +Rτ = 0 (2.1.17b)

In high Re flows, Rτ is negligible and the condition (2.1.17b) reduces to

RSe = 0 (2.1.18)

2.1.2 Effects on lift and drag contributions

It has been shown that a shift r0 in the location of the reference point gives birth to additional
terms which may change the aerodynamic force decomposition. Then, the following analysis will
investigate in more details how those additional terms affect the contribution of the various
terms to the lift and the drag. By definition, this point shift does not change the magnitude
of the total force F . Even though this property is self-evident, it is possible to demonstrate it
mathematically by analysing the sum of the resulting terms Rmρ , RSe and Rτ :

Rmρ +RSe +Rτ =
1

N − 1

˛
Se

n×
(
∇ · τ +

q2

2
∇ρ− ρl

)
dS (2.1.19)

Then, the steady compressible Navier-Stokes equations can be expressed as follows:

ρl+ ρ∇
(
q2

2

)
= −∇p+∇ · τ

⇐⇒ ρl− q2

2
∇ρ+∇

(
ρ
q2

2

)
= −∇p+∇ · τ

⇐⇒ ∇ · τ +
q2

2
∇ρ− ρl = −∇P (2.1.20)

where P = p+ ρq2/2. Then, using (2.1.20), the sum of the resulting terms (2.1.19) becomes

Rmρ +RSe +Rτ = − 1

N − 1

˛
Se

n×∇PdS (2.1.21)

Here, Se is a closed surface so ∂Se = ∅. Hence, the application of the generalized Stokes theorem
(A.6) (see Appendix A) yields

Rmρ +RSe +Rτ = 0 (2.1.22)

Therefore it is obvious that the total force F is independent of the location of the reference point.
However, the decomposition of the force F changes with a shift r0. Depending on the direction

of this shift (x, y or z-direction), the change undergone by the decomposition is manifested on
the drag component, the transverse component or the lift component. Considering first that the
shift r0 is exclusively performed in the x-direction, i.e. r0 =

(
x0 0 0

)T , the variation of a
contribution, say FSe , is given by

r0 ×RSe = − 1

N − 1

x0

0
0

× ˛
Se

ρ

nxny
nz

×
lxly
lz

 dS

=
x0

N − 1

˛
Se

ρ

 0
nxly − nylx
nxlz − nzlx

 dS (2.1.23)
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Therefore, since the x-component of (2.1.23) is zero, a shift in the x-direction has no impact
on the drag contribution but may greatly modify the lift and the transverse contributions. This
is exactly what was numerically noticed by Kang et al. [18] but the lift variations were not
significant because the shift in the x-direction was small. Actually, the integral can be limited
to the wake plane W where n = ex since the Lamb vector is zero outside the wake. In this case,
(2.1.23) becomes

r0 ×RSe =
x0

N − 1

ˆ
W
ρ

0
ly
lz

 dS (2.1.24)

In the latter expression, nothing suggests that the necessary condition (2.1.18) for the invariance
is or will at some point be satisfied since ly and lz may remain significant in the wake [28].

Besides, in the case of a shift performed exclusively in the y-direction, i.e. r0 =
(
0 y0 0

)T ,
the variation of FSe is given by

r0 ×RSe = − 1

N − 1

 0
y0

0

× ˛
Se

ρ

nxny
nz

×
lxly
lz

 dS

=
y0

N − 1

˛
Se

ρ

nylx − nxly0
nylz − nzly

 dS (2.1.25)

A shift in the y-direction has theoretically no impact on the transverse contribution but may
greatly modify the drag and the lift contributions. On W , the variation becomes

r0 ×RSe =
y0

N − 1

ˆ
W
ρ

−ly0
0

dS (2.1.26)

which suggests that in this case, a shift in the y-direction has an impact on the drag contribution
only.

Finally, in the case of a shift performed exclusively in the z-direction, i.e. r0 =
(
0 0 z0

)T ,
the variation of FSe is given by

r0 ×RSe = − 1

N − 1

 0
0
z0

× ˛
Se

ρ

nxny
nz

×
lxly
lz

 dS

=
z0

N − 1

˛
Se

ρ

nzlx − nxlznzly − nylz
0

dS (2.1.27)

A shift in the z-direction has theoretically no impact on the lift contribution but may greatly
modify the drag and the transverse contributions. On W , the variation becomes

r0 ×RSe =
z0

N − 1

ˆ
W
ρ

−lz0
0

dS (2.1.28)

which again suggests that in this case, a shift in the z-direction has an impact on the drag
contribution only.

2.1.3 Illustration on practical numerical cases

It has been shown that, depending on the direction of the shift in the location of the reference
point, the force decomposition may be impacted primarily on the drag component, the lift
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component, the transverse component, or several components at the same time. Therefore, it
appears necessary to quantify this impact in practice, in order to identify the regions where the
decomposition is the most sensitive, those where it is less and to find out whether invariance is
achieved at some point.

From now on, the analysis is restricted to the study of high Re flows such that the contribution
of Fτ and its resulting term Rτ are negligible. Besides, the plane y = 0 being a symmetry plane
for the aircraft, the reference point is now shifted in the x and/or z-directions only. The aircraft
is assumed to remain in cruise flight, hence the focus is given to the variations in lift and drag
contributions only. Therefore, in this case r0 =

(
x0 0 z0

)T . For a given resulting term
R =

(
Rx Ry Rz

)T , the corresponding variation is given by

r0 ×R =

x0

0
z0

×
RxRy
Rz

 =

 −z0Ry
z0Rx − x0Rz

x0Ry

 (2.1.29)

In practice the shifts in the location of the reference point are carried out in the body-fixed frame
eX , eY , eZ with eXeY

eZ

 =

cos (α) 0 − sin (α)
0 1 0

sin (α) 0 cos (α)

exey
ez

 (2.1.30)

where α is the angle of attack of the aircraft. If the reference point is shifted in the X-direction
by X0, it is equivalent to a shift X0 cos (α) in the x-direction plus a shift −X0 sin (α) in the
z-direction. If the reference point is now shifted in the Z-direction by Z0, it is equivalent to a
shift Z0 sin (α) in the x-direction plus a shift Z0 cos (α) in the z-direction.

According to (2.1.29), the variations in lift and drag entailed by a shift in the x and/or
z-directions are proportional to Ry, i.e. the y-component of the resulting term of the force
contribution. Ry is indeed not equal to zero: the vector resulting from the cross product between
the unit normal n and the physical quantities has a nonzero y-component. In the following, the
evolutions of RSe,y and Rmρ,y, the y-components of the resulting termsRSe andRmρ , are plotted
with respect to the size of the integration domain in the case of the OAT15A airfoil and the NASA
CRM (see the convergence in Appendix F).

(a) OAT15A airfoil (b) NASA Common Research Model

Figure 2.2: Definition of the size integration domain Ω by the distance d between Sb and Se

The size of the integration domain is changed in practice by increasing or decreasing the
distance to chord ratio d/c (airfoil configurations) or d/cref (wing and wing-body configurations)
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between the cells located on Se and those on Sb: d is the distance (see Fig.2.2), c is the chord
and cref is the mean aerodynamic chord.

The evolutions on the OAT15A airfoil are plotted in Figs.2.3 and 2.4. Although the evolution
of RSe,y is characterized by a peak at d/c = 6 due to grid inaccuracies, it seems that the resulting
term tends to zero when the size of the integration domain is increased. As seen from (2.1.13)
and (2.1.16), Rmρ,y can be expressed with a volume integral or a surface integral. Again, some
discrepancies due to the grid can be noticed around d/c = 2 although both expressions are
practically equivalent. Like RSe,y, Rmρ,y tends to zero in the far field of the airfoil.

The evolutions on the NASA CRM are plotted in Figs.2.5 and 2.6. Like in the two-dimensional
case, RSe,y decreases and seems to vanish in the far field. Regarding Rmρ,y, the two equivalent
expressions do not yield the same value although they both become constant in the far field. Only
the surface integral expression of (2.1.13) seems to tend to zero as the size of the integration
domain is increased. The gap between the two expressions may be caused by numerical errors
in the assessment of the volume integral since it requires to compute several times the gradient
of the flow quantities.

In order to better appreciate the sensitivity of Mele et al.’s decomposition [31, 32, 36] to the
location of the reference point, choice was made to perform great shifts, of the order of 25 to
50 reference-chord lengths with respect to the origin of the frame. Figs.2.7 to 2.10 display the
evolution of the lift and drag components of FSe and Fmρ on the OAT15A airfoil where

CLSe =
2FSe · ez
ρ∞U2

∞S
(2.1.31a)

CDSe =
2FSe · ex
ρ∞U2

∞S
(2.1.31b)

and

CLmρ =
2Fmρ · ez
ρ∞U2

∞S
(2.1.32a)

CDmρ =
2Fmρ · ex
ρ∞U2

∞S
(2.1.32b)

Figs.2.11 to 2.14 show the same quantities in the case of the NASA CRM. It is clear that when
the shift in the location of the reference point is performed in the X-direction, the lift component
is much more impacted than the drag component. On the contrary, when the shift is performed in
the Z-direction, the drag component is much more impacted than the lift component. Actually,
a shift in the Z-direction can entail great variations in drag contributions, up to more than 80
drag counts (1 drag count is equivalent to a 10−4 increment in the drag coefficient) in the case
of CDSe on the OAT15A airfoil (see Fig.2.7b).

It can also be noticed that FSe is much more sensitive than Fmρ : it comes from the fact that
RSe,y � Rmρ,y as seen in Figs.2.3 to 2.6. In all the charts, it is obvious that the regions of the
flow where the sensitivity to the location of the reference point is the greatest are the regions
close to the airfoil and the aircraft, i.e. the near field. Indeed, it corresponds to the region where
the resulting terms RSe,y and Rmρ,y are still significant. When the size of the integration domain
is increased, i.e. Se extends further away from Sb, this sensitivity is weaker, the gap between
the curves tends to zero and the force contributions become invariant in the far field. In fact, it
corresponds to the region where RSe,y and Rmρ,y tend to zero and where the necessary condition
(2.1.17) is satisfied. It means that something may happen in the far field which eliminates the
resulting terms and hence the sensitivity: it will be shown in section 2.3 that the invariance is
the result of the symmetries which progressively establish in the flow.
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Figure 2.3: Evolution of CRSe,y = 2RSe,y/ρ∞U
2
∞S with respect to the size of the integration

domain on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦
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Figure 2.4: Evolution of CRmρ,y = 2Rmρ,y/ρ∞U
2
∞S with respect to the size of the integration

domain on the OAT15A airfoil, M∞ = 0.85, Re = 3× 106, α = 1.15◦
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Figure 2.5: Evolution of CRSe,y = 2RSe,y/ρ∞U
2
∞S with respect to the size of the integration

domain on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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Figure 2.6: Evolution of CRmρ,y = 2Rmρ,y/ρ∞U
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∞S with respect to the size of the integration

domain on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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Figure 2.7: Sensitivity of CDSe on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦
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Figure 2.8: Sensitivity of CLSe on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦
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Figure 2.9: Sensitivity of CDmρ on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦
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Figure 2.10: Sensitivity of CLmρ on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦
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Figure 2.11: Sensitivity of CDSe on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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Figure 2.12: Sensitivity of CLSe on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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(a) X → X +X0 (b) Z → Z + Z0

Figure 2.13: Sensitivity of CDmρ on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5

(a) X → X +X0 (b) Z → Z + Z0

Figure 2.14: Sensitivity of CLmρ on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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2.2 Study of the sensitivity to the size of the integration domain

In this section, the focus is this time given to the sensitivity of Mele et al.’s force decomposition
[31, 32, 36] to the size of the integration domain for a fixed reference point. This sensitivity may
undermine the robustness of the decomposition since the choice of the integration domain may be
different from one case to another. This feature has been noticed in several studies [18, 32, 81] but
seldom put into equation. Only Zou et al. [85] managed to theoretically investigate the physics
responsible for the sensitivity, but their study was restricted to the case of incompressible flows.

In the present analysis, a Lamb-vector-based momentum balance is performed in order to
emphasize the transfer between the various force contributions. Then, another analysis is con-
ducted in order to find a physical quantity which does not depend on the size of the integration
domain. Finally, the transfer between the various force contributions is quantified with the help
of practical test cases in order to identify which terms are the most sensitive and where they
become invariant.

2.2.1 Transfer between the terms of the decomposition

To investigate the sensitivity of Mele et al.’s force decomposition to the choice of the inte-
gration domain, it is necessary to evaluate the variations in the lift and drag decompositions
induced by an increase in the size of this domain. Let Ω∗ be the integration domain of increased
size (delimited by the solid line in Fig.2.15), S∗e its external surface and ∆Ω = Ω∗ \Ω the volume
extension (delimited by the dotted line and the solid line in Fig.2.15).

By definition, the total aerodynamic force must be independent of the size of the integration
domain and can be expressed in Ω or Ω∗. Denoting F ∗ρl, F

∗
mρ , F

∗
Se

and F ∗τ the force contributions
evaluated in Ω∗, it is possible to express the total aerodynamic force F as follows:

F = F ∗ρl + F ∗mρ + F ∗Se + F ∗τ (2.2.1)

with

F ∗ρl = −
ˆ

Ω∗
ρldv (2.2.2)

F ∗mρ =
1

N − 1

ˆ
Ω∗
r ×

(
∇
(
q2

2

)
×∇ρ

)
dv (2.2.3)

F ∗Se = − 1

N − 1

˛
S∗e

r × (n∗ × ρl) dS (2.2.4)

F ∗τ =

˛
S∗e

τ · n∗dS +
1

N − 1

˛
S∗e

r × (n∗ ×∇ · τ ) dS (2.2.5)

Again, the term Fτ (respectively F ∗τ ) comes from viscous and turbulent stresses and is there-
fore added to FSe (respectively F ∗Se) in the profile drag contribution. Denoting

∆Fρl = F ∗ρl − Fρl (2.2.6)

∆Fmρ = F ∗mρ − Fmρ (2.2.7)

∆FSe = F ∗Se − FSe (2.2.8)
∆Fτ = F ∗τ − Fτ (2.2.9)

the variation in FSe + Fτ induced by a change in the size of the integration domain is given by

∆FSe + ∆Fτ =
1

N − 1

˛
S∗e

r × (n∗ × (∇ · τ − ρl)) dS

− 1

N − 1

˛
Se

r × (n× (∇ · τ − ρl)) dS +

˛
S∗e

τ · n∗dS −
˛
Se

τ · ndS (2.2.10)
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Figure 2.15: Illustration of a change in the size of the integration domain

By applying the first DMT (A.1) to the first line of (2.2.10) and the Gauss theorem (A.5) to the
second line, ∆FSe + ∆Fτ can be expressed with volume integrals on ∆Ω:

∆FSe + ∆Fτ = −
ˆ

∆Ω
(∇ · τ − ρl) dv +

ˆ
∆Ω
∇ · τdv

+
1

N − 1

ˆ
∆Ω
r × (∇× (∇ · τ − ρl)) dv (2.2.11)

The first line of (2.2.11) simply corresponds to −∆Fρl. In the second line, reminding that

∇×∇P = 0

− q2

2 ∇ρ can be introduced in place of ∇ · τ − ρl by using the steady Navier-Stokes equations
(2.1.20):

∆FSe + ∆Fτ =

ˆ
∆Ω

ρldv − 1

N − 1

ˆ
∆Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
dv (2.2.12)

The latter equation then emphasizes the transfer between FSe +Fτ and Fρl +Fmρ when the size
of the integration domain is changed:

∆FSe + ∆Fτ = −∆Fρl −∆Fmρ (2.2.13)

Relation (2.2.13) analytically confirms the invariance of the total aerodynamic force F to
the size of the integration domain but clearly shows that the breakdown proposed by Mele et al.
[31, 32] is sensitive as long as the contributions ∆Fρl and ∆Fmρ are not equal to zero. Hence, a
necessary condition for the invariance of Mele et al.’s decomposition [31, 32, 36] is

∆Fρl + ∆Fmρ = 0 (2.2.14)

2.2.2 Search for an invariant physical quantity

Unfortunately, this necessary condition may not be satisfied in the near field since the flow
quantities can still vary a lot in this region. Therefore, it would be desirable to find a physical
quantity which remains constant whatever the location of Se and from which one could possibly
define a domain-invariant force decomposition. To do so, it is necessary to transform the volume
integrals of (2.2.12) into surface integrals in order to find which quantity is conserved from Se
to S∗e .
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The application of the first DMT (A.1) to the second volume integral of (2.2.12) yields

∆FSe + ∆Fτ =

ˆ
∆Ω

(
ρl− q2

2
∇ρ
)

dv +
1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

− 1

N − 1

˛
S∗e

r ×
(
n∗ × q2

2
∇ρ
)

dS (2.2.15)

where the + sign in front of the surface integral in the first line comes from the fact that n is
the unit normal pointing outside Ω. Then, by using the relation

ρl− q2

2
∇ρ = ∇ ·

(
ρq ⊗ q − ρq

2

2
I

)
the volume integral of (2.2.15) can be transformed into surface integrals on Se and S∗e :

∆FSe + ∆Fτ =

˛
S∗e

ρq (q · n∗) dS −
˛
S∗e

ρ
q2

2
n∗dS − 1

N − 1

˛
S∗e

r ×
(
n∗ × q2

2
∇ρ
)

dS

−
˛
Se

ρq (q · n) dS +

˛
Se

ρ
q2

2
ndS +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (2.2.16)

Upon applying the second DMT (A.2), it is possible to show that
˛
Se

ρ
q2

2
ndS+

1

N − 1

˛
Se

r×
(
n× q2

2
∇ρ
)

dS = − 1

N − 1

˛
Se

r×
(
n× ρ∇

(
q2

2

))
dS (2.2.17)

and ∆FSe + ∆Fτ can be simplified as follows:

∆FSe + ∆Fτ =

˛
S∗e

ρq (q · n∗) dS +
1

N − 1

˛
S∗e

r ×
(
n∗ × ρ∇

(
q2

2

))
dS

−
˛
Se

ρq (q · n) dS − 1

N − 1

˛
Se

r ×
(
n× ρ∇

(
q2

2

))
dS (2.2.18)

The last step of the demonstration consists in replacing ∆FSe + ∆Fτ by its initial expression
(2.2.10). The integrals on S∗e are moved to the left-hand side of the equal sign and those on Se
are moved to the right-hand side:

˛
S∗e

[
−ρq (q · n∗) +

r

N − 1
×
(
n∗ ×

(
∇ · τ − ρ∇

(
q2

2

)
− ρl

))
+ τ · n∗

]
dS

=

˛
Se

[
−ρq (q · n) +

r

N − 1
×
(
n×

(
∇ · τ − ρ∇

(
q2

2

)
− ρl

))
+ τ · n

]
dS (2.2.19)

Actually, relation (2.2.19) is nothing but an equivalent expression of the conservation of the
momentum between Se and S∗e . Indeed, using the steady Navier-Stokes equations

ρl+ ρ∇
(
q2

2

)
= −∇p+∇ · τ

and again the second DMT (A.2), relation (2.2.19) is expressed as follows:

−
˛
S∗e

ρq (q · n∗) dS+

˛
S∗e

(−pI + τ )·n∗dS = −
˛
Se

ρq (q · n) dS+

˛
Se

(−pI + τ )·ndS (2.2.20)

Therefore, the physical quantity which remains constant whatever the location of Se is the
momentum of the fluid and (2.2.20) is another evidence that only the total aerodynamic force F
is conserved. In fact, the present analysis could not identify any physical quantity from which
one could establish a domain-invariant Lamb-vector-based force decomposition. As a matter
of fact, it seems that this decomposition will inevitably vary with a change in the size of the
integration domain.
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2.2.3 Illustration on practical numerical cases

It has been shown that increasing the size of the integration domain leads to a transfer
between the various terms of the decomposition. On the one hand, it suggests that there is a
transfer between the lift-induced drag and the profile drag. But is this transfer going from the
lift-induced drag to the profile drag or the other way around? On the other hand, it raises the
question of the lift decomposition: is it always solely given by Fρl + Fmρ? To answer those
questions, RANS computations were performed on the OAT15A airfoil and the NASA Common
Research Model wing-fuselage configuration (see the convergence in Appendix F) in order to
investigate in practice the evolution of the force decomposition when increasing the size of the
integration domain. Here, the reference point coincides with the origin of the frame (at the
leading edge of the OAT15A airfoil, at the nose of the NASA CRM).

In the following, the study is once again restricted to high Re flows such that the viscous-
turbulent term Fτ is negligible and will not be accounted for. The lift and drag coefficients are
defined as follows:

CLρl =
2Fρl · ez
ρ∞U2

∞S
(2.2.21a)

CDρl =
2Fρl · ex
ρ∞U2

∞S
(2.2.21b)

As a reminder, Mele et al.’s force decomposition [31, 32, 36] is given by

CMele
L = CLρl + CLmρ (2.2.22a)

CMele
D = CDρl + CDmρ + CDSe (2.2.22b)

CMele
Di = CDρl + CDmρ (2.2.22c)

CMele
DP

= CDSe (2.2.22d)

where CLSe and CDSe are defined in (2.1.31), CLmρ and CDmρ are defined in (2.1.32) and the
superscript Mele refers to Mele et al.: CMele

L is the corresponding total lift coefficient, CMele
D is

the total drag coefficient, CMele
Di

is the lift-induced drag coefficient and CMele
DP

is the profile drag
coefficient.

For the OAT15A airfoil, the evolution of Mele et al.’s decomposition with respect to the
size of the integration domain is shown in Figs.2.16 and 2.17. CMele

D remains constant and is
in good agreement with the near-field drag coefficient CNear−field

D (see Fig.2.16a). In this case,
the lift-induced drag must technically be equal to zero since this drag contribution is present
only in three-dimensional flows around wings of finite span. Yet, it can be noticed that CMele

Di
is

negative and not exactly equal to zero, as already observed by Kang et al. [18]. Nevertheless,
the magnitude of this contribution tends to zero when increasing the size of the integration
domain. Reversely, CMele

DP
initially overestimates the near-field prediction although it decreases

and converges to the same value in the far field. On the contrary, the lift coefficient CMele
L is

not sensitive to the size of the integration domain and is in very good agreement with the near-
field lift coefficient CNear−field

L (see Fig.2.16b). Finally, CLSe does not contribute to the lift at all
although a small discrepancy due to a bad computation of the Lamb vector is noticed at d/c = 6.

Hence, the drag decomposition is sensitive to the size of the integration domain in the near
field and progressively becomes invariant in the far field. The evolution of the lift-induced drag
is investigated in further details in Fig.2.17a: it is clear that the sensitivity of CMele

Di
to the size

of the integration domain comes from CDρl when d/c ≤ 2. In fact, the Lamb vector is nonzero in
the boundary layers and in the wake. Here, the increase in the lift-induced drag is caused by the
contribution of the Lamb vector in the near wake as it was previously noted by Marongiu et al.
[81]. On the contrary, CDmρ is always constant and for d/c ≥ 2, it can be seen that its negative
contribution is never completely compensated by CDρl , which explains why the lift-induced drag
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is never exactly equal to zero. This might come from regions where the Lamb vector slightly
contributes to the thrust in Fρl, as already observed by Kang et al. [18], especially at lower
Re, and by Ostieri et al. in unsteady flows [95]. Regarding the lift decomposition displayed in
Fig.2.17b, both CLρl and CLmρ remain constant and CLmρ is responsible for almost 55% of the
lift, which suggests that the compressibility plays a great role in the generation of lift in this
case.

In conclusion, the analysis on the OAT15A airfoil suggests that the lift is invariant to the size
of the integration domain but also that the two-dimensional profile drag of Mele et al. [31, 32, 36]
is equal to the total drag only in the extreme far field. Therefore, to compute the total drag
in two-dimensional flows, it is recommended to account for all the terms of the decomposition
Fρl + Fmρ + FSe , and not only FSe .

For the NASA CRM, the evolution of Mele et al.’s decomposition with respect to the size of
the integration domain is shown in Figs.2.18 and 2.19. Like in the two-dimensional case, CMele

D

remains constant and is almost always in very good agreement with the near-field prediction:
some discrepancies are noted for d/cref ≤ 1. On the contrary, the drag decomposition is again
sensitive to the size of the integration domain. Indeed, the transfer going from the profile drag
to the lift-induced drag is clearly visible in Fig.2.18a: CMele

DP
decreases while CMele

Di
increases for

d/cref ≤ 1. It is surprising since one usually expects the lift-induced drag to be transferred
to the profile drag as a consequence from the diffusion and dissipation of the trailing vortices
[85, 96]. Zou et al. [85] explained the increase in lift-induced drag by the rolling-up of the vortex
sheet in the very near wake, which leads to the formation of the trailing vortices responsible
for this drag contribution. This increase in lift-induced drag is in fact caused by the increase
in CDρl (see Fig.2.19a) and hence by a still significant contribution of the Lamb vector in the
vortex sheet [18, 32, 81]. On the contrary, CDmρ is much less sensitive and remains almost
constant. Anyways, for d/cref ≥ 1 the profile drag and the lift-induced drag progressively
stabilize and remain constant afterwards. Then the drag decomposition is sensitive to the size of
the integration domain in the near field where the flow evolves rapidly, and becomes invariant in
the far field where the vortical wake reaches an equilibrium. Nevertheless, the lift-induced drag
will inevitably decrease and be transferred to the profile drag further downstream, as the fluid
viscosity and the numerical scheme dissipate the trailing vortices.

Again, CMele
L is almost not sensitive to the size of the integration domain and CLSe is almost

negligible (see Fig.2.18b): for 0.2 ≤ d/cref ≤ 0.4, CMele
L slightly overestimates the near-field

prediction and CLSe provides a small negative value. As seen in Fig.2.19b, this overestimation of
the lift comes from CLρl which has still not converged, while CLmρ is constant. For d/cref ≥ 0.4,
CMele
L is always in perfect agreement with the near-field computation.
In conclusion, the lift is invariant to the size of the integration domain. On the contrary,

the drag decomposition is very sensitive when the integration domain is small and progressively
stabilizes as its size increases. In two-dimensional flows, the profile drag is systematically overes-
timated and the lift-induced drag provides a very slight thrust contribution. In fact, the profile
drag converges to the near-field drag only in the extreme far field, once the lift-induced drag is
equal to zero. In three-dimensional flows, the lift-induced drag and the profile drag evolve due to
the transfer going from the latter to the former and become constant only a few reference-chord
lengths away from the aircraft. The invariance is achieved in a region where the expansion of
the trailing vortices is very slow and balanced by the viscous diffusion inside their cores [85]. It
suggests that, in the very near field, the computed drag decomposition does still not correspond
to a breakdown into profile drag and lift-induced drag. Further downstream, the lift-induced
drag is transferred this time to the profile drag due the dissipation of the vortices. Hence, Mele
et al.’s drag decomposition [31, 32, 36] is only locally domain-invariant in a specific flow region of
the far field. In the next section, it will be shown that the invariance of the drag decomposition
in this region is not only caused by the decrease in the magnitude of the Lamb vector, but also
to the appearance of symmetries in the flow.
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Figure 2.16: Sensitivity of Mele et al.’s decomposition [31, 32, 36] to the size of the integration
domain on the OAT15A airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦
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Figure 2.17: Sensitivity of Fρl and Fmρ to the size of the integration domain on the OAT15A
airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦
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Figure 2.18: Sensitivity of Mele et al.’s decomposition [31, 32, 36] to the size of the integration
domain on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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Figure 2.19: Sensitivity of Fρl and Fmρ to the size of the integration domain on the NASA CRM,
M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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2.3 Influence of the flow symmetries on the invariance in the far
field

In section 2.1, it has been shown that Mele et al.’s aerodynamic force decomposition [31,
32, 36] is sensitive to the location of the reference point chosen for the computation of moment
transformations. In particular, the decomposition is greatly impacted by a shift in the reference
point when the size of the integration domain is small, i.e. when the surface integrals containing
the position vector r, in FSe and Fmρ , are computed in the near field. On the contrary, the
decomposition becomes progressively invariant as the size of the integration domain is increased,
i.e. when the same surface integrals are computed in the far field.

Similarly, in section 2.2, it has been shown that, for a fixed reference point, an increase in
the size of the integration domain leads to a transfer from the profile drag to the lift-induced
drag while the total drag remains constant. In particular, this transfer occurs in the near field
and the drag decomposition becomes constant in the far field.

In the present analysis, it is proved that the flow symmetries which progressively establish in
the far field are responsible for the invariance to the location of the reference point, and that they
partly contribute to the invariance to the size of the integration domain. First of all, two families
of symmetries are introduced: the wake symmetries and the upstream-downstream symmetries.
Then, their consequences on the previously identified sensitive terms are thoroughly analysed.

2.3.1 Presentation of the wake symmetries

In the Lamb-vector-based force decomposition proposed by Mele et al. [31, 32, 36], it has
been shown in section 2.1 that the sensitivity of the decomposition to the location of the reference
point is caused by the presence of the resulting terms RSe and Rmρ . Similarly, it has been shown
in section 2.2 that the sensitivity to the size of the integration domain is caused by the variations
∆Fρl and ∆Fmρ in the near field. RSe and ∆Fρl involve the Lamb vector l = ω × q while Rmρ

and ∆Fmρ contain the quantity q2

2 ∇ρ. In RSe and ∆Fρl, the Lamb vector is nonzero only on the
portions of Se and ∆Ω crossing the wake. Hence, it is necessary to find the symmetries satisfied
by the velocity vector q, the vorticity vector ω and then the Lamb vector in the wake. Besides,
since the flow is assumed compressible, it is also necessary to investigate the wake symmetries
of the density, the kinetic energy q2/2, the density gradient ∇ρ and then the quantity q2

2 ∇ρ.
In particular, the study is restricted to the far wake where the symmetries are satisfied. To

do so, several hypotheses must be considered:

1. The aircraft is in cruise flight such that there is no side-slip angle.

2. The viscous wake is vertically symmetrical.

3. The vortical wake consists of a counter-rotating vortex pair as observed in numerous studies
[97, 98, 99, 100, 101].

4. The wake is steady [102] and the expansion of the trailing vortices is assumed to be slow.
Hence, the physical and numerical dissipations of the vortices are not accounted for.

5. The external surface Se is chosen symmetrical with respect to the horizontal plane z = 0
and the vertical plane y = 0.

Those assumptions are realistic and often observed in practice. Indeed, the trailing vortices
can have a great lifetime in aircraft wakes [101] which explains why each aircraft must respect
a specific waiting time prior to take-off and landing on airport runways. In terms of the flow
quantities, the aforementioned hypotheses respectively imply the following properties:

1. The velocity vector and the density are symmetrical with respect to the vertical plane
y = 0.
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2. The velocity defect u caused by the boundary layers and shock waves is symmetrical with
respect to the horizontal plane z = 0.

3. The transverse part of the velocity vector (v, w) is symmetrical with respect to the plane
y = 0 and antisymmetrical with respect to the plane z = 0.

4. The x-derivatives are negligible compared to the y and z-derivatives: ∂/∂x� ∂/∂y, ∂/∂z.

5. The position vector r and the unit normal n on Se are symmetrical with respect to the
planes y = 0 and z = 0.

To describe the various symmetry properties, three matrices Sx, Sy and Sz are introduced for
more convenience:

Sx =

−1 0 0
0 1 0
0 0 1

 (2.3.1)

Sy =

1 0 0
0 −1 0
0 0 1

 (2.3.2)

Sz =

1 0 0
0 1 0
0 0 −1

 (2.3.3)

Hence, in the vortical wake, hypotheses 1 and 2 imply that the velocity vector satisfies the
following symmetry properties (see Fig.2.20):

U

z

x

y

U

v

v

w

w

v

w
v

w

Figure 2.20: Illustration of the symmetries of the velocity vector in the vortical wake

q (x,−y, z) = Sy · q (x, y, z) (2.3.4a)
q (x, y,−z) = Sy · q (x, y, z) (2.3.4b)

Besides, the density and the kinetic energy q2

2 satisfy

ρ (x,−y, z) = ρ (x, y, z) (2.3.5a)
ρ (x, y,−z) = ρ (x, y, z) (2.3.5b)
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and

q2

2
(x,−y, z) =

q2

2
(x, y, z) (2.3.6a)

q2

2
(x, y,−z) =

q2

2
(x, y, z) (2.3.6b)

In order to obtain the symmetry properties satisfied by the Lamb vector in the vortical wake,
it is necessary to write those satisfied by the vorticity vector. Yet, the vorticity vector contains
the derivatives of the velocity vector:

ω =

∂w/∂y − ∂v/∂z∂u/∂z − ∂w/∂x
∂v/∂x− ∂u/∂y

 (2.3.7)

Then, under hypothesis 4, the x-derivatives are negligible and the vorticity vector simply writes
as

ω =

∂w/∂y − ∂v/∂z∂u/∂z
−∂u/∂y

 (2.3.8)

The symmetries of the derivatives of the velocity vector are demonstrated in Appendix B. They
are summarized here:

∂q

∂x
(x,−y, z) = Sy ·

∂q

∂x
(x, y, z) (2.3.9a)

∂q

∂y
(x,−y, z) = −Sy ·

∂q

∂y
(x, y, z) (2.3.9b)

∂q

∂z
(x,−y, z) = Sy ·

∂q

∂z
(x, y, z) (2.3.9c)

and

∂q

∂x
(x, y,−z) = Sy ·

∂q

∂x
(x, y, z) (2.3.10a)

∂q

∂y
(x, y,−z) = Sy ·

∂q

∂y
(x, y, z) (2.3.10b)

∂q

∂z
(x, y,−z) = −Sy ·

∂q

∂z
(x, y, z) (2.3.10c)

Therefore, using (2.3.9b), (2.3.9c), (2.3.10b) and (2.3.10c), it is possible to express the symmetry
properties satisfied by the vorticity vector in the far wake (see Fig.2.21):

ω (x,−y, z) = −Sy · ω (x, y, z) (2.3.11a)
ω (x, y,−z) = Sy · ω (x, y, z) (2.3.11b)

As expected, ωx is antisymmetrical with respect to the vertical plane y = 0 and symmetrical
with respect to the horizontal plane z = 0 because of the presence of the counter-rotating tip
vortices in the wake. Besides, ωy is the result of the shearing processes occuring in the boundary
layers of the horizontal surfaces of the aircraft and is then symmetrical with respect to the plane
y = 0 and antisymmetrical with respect to the plane z = 0. On the contrary, ωz is the result of
the same shearing processes occuring this time in the boundary layers of the vertical surfaces of
the aircraft, and is therefore antisymmetrical with respect to the plane y = 0 and symmetrical
with respect to the plane z = 0.
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Figure 2.21: Illustration of the symmetries of the vorticity vector in the vortical wake

It is now possible to find out the symmetries satisfied by the Lamb vector in the far wake
of an aircraft. As already said in this dissertation, the Lamb vector is the cross product of the
vorticity and the velocity:

l = ω × q =

ωyw − ωzvωzu− ωxw
ωxv − ωyu

 (2.3.12)

Before deriving the symmetries, it is worthwhile keeping in mind the following points:

• The product of two symmetrical quantities yields a symmetrical quantity.

• The product of a symmetrical quantity with an antisymmetrical quantity yields an anti-
symmetrical quantity.

• The product of two antisymmetrical quantities yields a symmetrical quantity.

Therefore, using the symmetries of the velocity vector (2.3.4), the symmetries of the density field
(2.3.5) and the symmetries of the vorticity vector (2.3.11), it is possible to show that ρl satisfies
the following symmetry properties in the far wake (see Fig.2.22):

ρl (x,−y, z) = Sy · ρl (x, y, z) (2.3.13a)
ρl (x, y,−z) = −Sy · ρl (x, y, z) (2.3.13b)

Regarding the quantity q2

2 ∇ρ, it is necessary to combine the symmetries of the kinetic energy
and the symmetries of the derivatives of the density field which are summarized below (see
Fig.2.23, the proof is given in Appendix B):

∇ρ (x,−y, z) = Sy · ∇ρ (x, y, z) (2.3.14a)
∇ρ (x, y,−z) = Sz · ∇ρ (x, y, z) (2.3.14b)

Indeed, the density field is symmetrical with respect to the vertical plane y = 0 and the horizontal
plane z = 0 in the wake: it entails that only ∂ρ/∂y is antisymmetrical with respect to the plane
y = 0, and only ∂ρ/∂z is antisymmetrical with respect to the plane z = 0. Similarly, the gradient
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Figure 2.22: Illustration of the symmetries of the Lamb vector in the vortical wake
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Figure 2.23: Illustration of the symmetries of the density gradient in the vortical wake

of kinetic energy satisfies the same symmetries:

∇
(
q2

2

)
(x,−y, z) = Sy · ∇

(
q2

2

)
(x, y, z) (2.3.15a)

∇
(
q2

2

)
(x, y,−z) = Sz · ∇

(
q2

2

)
(x, y, z) (2.3.15b)

Then, using (2.3.6) and (2.3.14), it can be shown that the quantity q2

2 ∇ρ satisfies the same
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symmetries as ∇ρ in the far wake:

q2

2
∇ρ (x,−y, z) = Sy ·

q2

2
∇ρ (x, y, z) (2.3.16a)

q2

2
∇ρ (x, y,−z) = Sz ·

q2

2
∇ρ (x, y, z) (2.3.16b)

Finally, it is also necessary to express the symmetry properties satisfied by the position vector
r and the unit normal n on the surface Se. Under the fifth hypothesis, Se is chosen symmetrical
with respect to the vertical plane y = 0 and the horizontal plane z = 0. Therefore, r and n
satisfy the same symmetries as the quantity q2

2 ∇ρ:

r (x,−y, z) = Sy · r (x, y, z) (2.3.17a)
r (x, y,−z) = Sz · r (x, y, z) (2.3.17b)

and

n (x,−y, z) = Sy · n (x, y, z) (2.3.18a)
n (x, y,−z) = Sz · n (x, y, z) (2.3.18b)

In conclusion, the analysis of the vortical flow downstream of an aircraft enabled to elucidate
the symmetries satisfied by the Lamb vector, the gradient of density, the gradient of kinetic energy
and the quantity q2

2 ∇ρ in the far wake. Yet, the quantity q2

2 ∇ρ is linked to the compressibility
of the flow and may be nonzero in other parts of the far field. Hence, the symmetries satisfied
in the wake are not necessarily satisfied outside. That is why it is necessary to investigate other
symmetries satisfied by this quantity, in particular the far-field symmetries up and downstream
of the aircraft.

2.3.2 Presentation of the upstream-downstream symmetries

Indeed, in compressible flows, the presence of an obstacle produces a density gradient up-
stream of the aircraft. In the present analysis, a new set of symmetries satisfied outside the
wake by the quantity q2

2 ∇ρ between the flow regions up and downstream of the aircraft will be
introduced.

In fact, as |x| tends to infinity, the density and the kinetic energy recover their freestream
value and therefore become symmetrical with respect to the vertical planes y = 0 (since the
aircraft is symmetrical) and x = x0 where x0 approximately corresponds to half of the chord in
the case of an airfoil and half of the length of the fuselage in the case of an aircraft. In practice,
the exact value of x0 is not required since the location of the plane x = x0 does not affect the
following analyses. Moreover, in the far field, |x| tends to infinity, hence |x0| � |x| and the
upstream-downstream symmetries satisfied outside the wake can be expressed with respect to
the plane x = 0:

ρ (−x, y, z) = ρ (x, y, z) (2.3.19a)
ρ (x,−y, z) = ρ (x, y, z) (2.3.19b)

and

q2

2
(−x, y, z) =

q2

2
(x, y, z) (2.3.20a)

q2

2
(x,−y, z) =

q2

2
(x, y, z) (2.3.20b)
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Therefore, the gradients of density and kinetic energy satisfy the following symmetries (see
Appendix B):

∇ρ (−x, y, z) = Sx · ∇ρ (x, y, z) (2.3.21a)
∇ρ (x,−y, z) = Sy · ∇ρ (x, y, z) (2.3.21b)

and

∇
(
q2

2

)
(−x, y, z) = Sx · ∇

(
q2

2

)
(x, y, z) (2.3.22a)

∇
(
q2

2

)
(x,−y, z) = Sy · ∇

(
q2

2

)
(x, y, z) (2.3.22b)

To illustrate the symmetries fulfilled by the quantity q2

2 ∇ρ in the far field, several RANS com-
putations were performed. A first simulation was conducted on the fine mesh of the NACA0012
airfoil (see meshes in Appendix F) for a Mach numberM∞ = 0.8, a Reynolds numberRe = 3×106

and α = 0◦ in order to analyse the case of a symmetrical flow between the suction side and the
pressure side. The contours of the x and z-components of q2

2 ∇ρ are shown in Fig.2.24. In this

(a) x-component (b) z-component

Figure 2.24: Contours of q
2

2 ∇ρ around the NACA0012 airfoil, M∞ = 0.8, Re = 9× 106, α = 0◦

symmetrical case, the flow first undergoes a compression in front of the leading edge which ex-
plains why the x-component is positive (see Fig.2.24a). It becomes negative further downstream
on both sides of the airfoil when the flow accelerates due to the wall curvature (expansion).
Then, the x-component becomes positive when the flow faces an adverse pressure gradient and
decelerates (compression). It becomes negative again when the flow is expanded downstream of
the trailing edge.

On the suction side of the airfoil, the z-component is negative in front of the leading edge
because the fluid particles are less compressed far from the wall than close to the wall (see
Fig.2.24b): then the density decreases with z. Further downstream, the z-component becomes
positive because the fluid particles are again less expanded far from the wall than close to the wall:
this time the density increases with z. Finally, near the trailing edge, the presence of a region
of higher pressure explains why the z-component becomes negative. Finally, both components
gradually satisfy symmetry properties in the far field with respect to the vertical plane x = 0:
the x-component is antisymmetrical while the z-component is symmetrical. In this nonlifting
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case, it can also be seen that the x-component is symmetrical with respect to the horizontal
plane z = 0 (see Fig.2.24a) while the z-component is antisymmetrical (see Fig.2.24b).

The phenomena described above are visible when α 6= 0◦ as well but their location has
changed: it is due to the generation of lift. It is illustrated by the flow around the OAT15A
airfoil in Fig.2.25 and around the NASA CRM in Fig.2.26. In those cases, as the flow arrives with

(a) x-component (b) z-component

Figure 2.25: Contours of q
2

2 ∇ρ around the OAT15A airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦

(a) x-component (b) z-component

Figure 2.26: Contours of q
2

2 ∇ρ around the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5

an angle α from the bottom left corner, the compression zone (in red) and the expansion zone
(in blue) respectively in front of the leading edge and downstream of the trailing edge are moved
downwards: they are now located under the pressure side (see Fig.2.25a). As a consequence
the symmetries observed in the symmetrical case are modified: unlike the nonlifting case, the
x-component of q2

2 ∇ρ becomes this time antisymmetrical with respect to the horizontal plane
z = 0 in the far field while the z-component becomes symmetrical. Yet, the quantity q2

2 ∇ρ still
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satisfies the same symmetry properties as before with respect to the planes x = 0 and y = 0:

q2

2
∇ρ (−x, y, z) = Sx ·

q2

2
∇ρ (x, y, z) (2.3.23a)

q2

2
∇ρ (x,−y, z) = Sy ·

q2

2
∇ρ (x, y, z) (2.3.23b)

Finally, if Se is chosen symmetrical with respect to these two planes, the position vector r
and the unit normal n satisfy the same symmetries as the quantity q2

2 ∇ρ:
r (−x, y, z) = Sx · r (x, y, z) (2.3.24a)
r (x,−y, z) = Sy · r (x, y, z) (2.3.24b)

and

n (−x, y, z) = Sx · n (x, y, z) (2.3.25a)
n (x,−y, z) = Sy · n (x, y, z) (2.3.25b)

In conclusion, it has been shown that the Lamb vector, the gradients of density and kinetic
energy and the quantity q2

2 ∇ρ progressively fulfill symmetry properties in the far wake. Moreover,

∇ρ,∇
(
q2

2

)
and q2

2 ∇ρ also satisfy symmetries between the upstream and downstream flow regions
in the far field whereas the Lamb vector is zero outside the wake. Therefore, as the resulting
terms RSe and ∆Fρl contain the Lamb vector only, their contribution will be impacted only by
the symmetries in the far wake. On the contrary, the resulting terms Rmρ and ∆Fmρ contain the

quantities∇
(
q2

2

)
×∇ρ and q2

2 ∇ρ, hence their contribution will be impacted by the symmetries in
the far wake and the symmetries up and downtream the aircraft. In the following, the influence of
the symmetries on the sensitive termsRSe , Rmρ , ∆Fρl and ∆Fmρ will be analysed. In particular,
it will be shown that the appearance of symmetries eliminates the contributions of RSe , Rmρ

and ∆Fρl.

2.3.3 Symmetry properties of the cross products

RSe is the surface integral of n×ρl, Rmρ can be expressed as the surface integral of n× q2

2 ∇ρ
or the volume integral of ∇

(
q2

2

)
×∇ρ and ∆Fmρ is the volume integral of r×

(
∇
(
q2

2

)
×∇ρ

)
.

Hence, before analysing the consequences of the appearance of symmetries on the sensititive
terms in the far field, it is necessary to write the symmetry properties satisfied by a vector
resulting from a cross product.

The symmetry properties of the Lamb vector, the gradients of density and kinetic energy,
the quantity q2

2 ∇ρ, the position vector r and the unit normal n are summarized below:

ρl (x,−y, z) = Sy · ρl (x, y, z)
ρl (x, y,−z) = −Sy · ρl (x, y, z)

}
in the far wake (2.3.26)

∇ρ (−x, y, z) = Sx · ∇ρ (x, y, z) outside the wake
∇ρ (x,−y, z) = Sy · ∇ρ (x, y, z)

∇ρ (x, y,−z) = Sz · ∇ρ (x, y, z) in the far wake
(2.3.27)

∇
(
q2

2

)
(−x, y, z) = Sx · ∇

(
q2

2

)
(x, y, z) outside the wake

∇
(
q2

2

)
(x,−y, z) = Sy · ∇

(
q2

2

)
(x, y, z)

∇
(
q2

2

)
(x, y,−z) = Sz · ∇

(
q2

2

)
(x, y, z) in the far wake

(2.3.28)
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q2

2
∇ρ (−x, y, z) = Sx ·

q2

2
∇ρ (x, y, z) outside the wake

q2

2
∇ρ (x,−y, z) = Sy ·

q2

2
∇ρ (x, y, z)

q2

2
∇ρ (x, y,−z) = Sz ·

q2

2
∇ρ (x, y, z) in the far wake

(2.3.29)

n (−x, y, z) = Sx · n (x, y, z)

n (x,−y, z) = Sy · n (x, y, z)

n (x, y,−z) = Sz · n (x, y, z)

(2.3.30)

r (−x, y, z) = Sx · r (x, y, z)

r (x,−y, z) = Sy · r (x, y, z)

r (x, y,−z) = Sz · r (x, y, z)

(2.3.31)

First of all, let f and g be two vectors which satisfy the same symmetry properties as those
of the gradient of density, the gradient of kinetic energy, the quantity q2

2 ∇ρ and the unit normal
n (see (2.3.27) for instance). The cross product of f and g writes as follows:

f × g =

fygz − fzgyfzgx − fxgz
fxgy − fygx

 (2.3.32)

Then, it follows that f × g satisfies the following symmetries in the far field:

(f × g) (−x, y, z) = −Sx · (f × g) (x, y, z) outside the wake (2.3.33a)
(f × g) (x,−y, z) = −Sy · (f × g) (x, y, z) (2.3.33b)
(f × g) (x, y,−z) = −Sz · (f × g) (x, y, z) in the far wake (2.3.33c)

with f × g = n × q2

2 ∇ρ or ∇
(
q2

2

)
× ∇ρ. It is also possible to find the symmetry properties

satisfied by the quantities r×
(
∇
(
q2

2

)
×∇ρ

)
and r×

(
n× q2

2 ∇ρ
)
in the far field. To do so, it

is more convenient to use the rule of the double cross product

r × (f × g) = (r · g)f − (r · f) g (2.3.34)

and the matrix writing format for the scalar product and the transposed matrix product

f · g = fT · g (2.3.35)

(S · f)T = fT · ST (2.3.36)

where S is any of the symmetry matrices presented earlier. Then, with r, f and g satisfying
symmetry properties with respect to a random plane, and having that ST ·S = I, the symmetrical
double cross product can be written as

S · r × (S · f × S · g) =
(
rT · ST · S · g

)
S · f −

(
rT · ST · S · f

)
S · g

= S ·
{(
rT · ST · S · g

)
f −

(
rT · ST · S · f

)
g
}

= S · (r × (f × g)) (2.3.37)

Similarly, having that STx · Sx = STy · Sy = STz · Sz = I, and using (2.3.27), (2.3.28), (2.3.29),

(2.3.30) and (2.3.31), then the symmetry properties of the quantities r ×
(
∇
(
q2

2

)
×∇ρ

)
and
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r ×
(
n× q2

2 ∇ρ
)
in the far field are given by

(r × (f × g)) (−x, y, z) = Sx · (r × (f × g)) (x, y, z) outside the wake (2.3.38a)
(r × (f × g)) (x,−y, z) = Sy · (r × (f × g)) (x, y, z) (2.3.38b)
(r × (f × g)) (x, y,−z) = Sz · (r × (f × g)) (x, y, z) in the far wake (2.3.38c)

with f × g = n× q2

2 ∇ρ or ∇
(
q2

2

)
×∇ρ.

Regarding the quantity n × ρl, n satisfies (2.3.30) and ρl satisfies (2.3.26) in the far wake.
The cross product is then written as follows:

n× ρl = ρ

nylz − nzlynzlx − nxlz
nxly − nylx

 (2.3.39)

Yet, in the far wake the velocity field can be approximated as q = (U∞ + u) ex+ vey +wez such
that |u/U∞| , |v/U∞| , |w/U∞| � 1. In this case, the Lamb vector consists of a first-order and a
second-order term:

l =

 0
ωzU∞
−ωyU∞


︸ ︷︷ ︸

first order

+

ωyw − ωzvωzu− ωxw
ωxv − ωyu


︸ ︷︷ ︸

second order

(2.3.40)

Besides, in the far wake the direction of the flow is almost parallel to that of the freestream,
hence the region where the Lamb vector is nonzero coincides with a portion of Se where n ≈ ex.
Therefore, at first order lx � ly, lz and ny, nz � nx [34, 35]. Hence, it follows that, at first order:

n× ρl = ρ

nylz − nzly−nxlz
nxly

 (2.3.41)

In the far wake, using (2.3.26) and (2.3.30), it is then possible to write the symmetries of the
cross product n× ρl:

(n× ρl) (x,−y, z) = −Sy · (n× ρl) (x, y, z) (2.3.42a)
(n× ρl) (x, y,−z) = −Sz · (n× ρl) (x, y, z) (2.3.42b)

and using (2.3.31), those of the double cross product r × (n× ρl):

(r × (n× ρl)) (x,−y, z) = Sy · (r × (n× ρl)) (x, y, z) (2.3.43a)
(r × (n× ρl)) (x, y,−z) = Sz · (r × (n× ρl)) (x, y, z) (2.3.43b)

The symmetry properties derived in this part will now be introduced in the integrals in
order to emphasize the influence of the flow symmetries on the sensitive terms of Mele et al.’s
decomposition [31, 32, 36].

2.3.4 Consequences on the sensitive terms

Consequences on the resulting terms RSe and Rmρ

In the present analysis, it will be explained how Mele et al.’s aerodynamic force decomposition
becomes totally independent of the location of the reference point in the far field. To do so, it
is necessary to focus on the resulting terms RSe and Rmρ responsible for the sensitivity to the
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reference point (see section 2.1), and especially to investigate how they are impacted by the
appearance of symmetries.

Let Sw represent the part of Se crossing the wake: Sw is not a wake plane and then n 6= ex on
it. The integral in the term RSe can be limited to Sw since the Lamb vector is zero everywhere
else:

RSe = − 1

N − 1

ˆ
Sw

n× ρldS

= − 1

N − 1

ˆ y≥0

Sw

n× ρldS − 1

N − 1

ˆ y≤0

Sw

n× ρldS (2.3.44)

Then the second integral for y ≤ 0 is equivalently expressed for y ≥ 0 by using the symmetry
properties (2.3.42a) satisfied in the far wake:

RSe = − 1

N − 1
(I − Sy) ·

ˆ y≥0

Sw

n× ρldS (2.3.45)

The same splitting is performed with the z-coordinate and using the symmetry properties
(2.3.42b), RSe is finally written as follows:

RSe = − 1

N − 1
(I − Sy) · (I − Sz)︸ ︷︷ ︸

=0

·
ˆ y,z≥0

Sw

n× ρldS = 0 (2.3.46)

Therefore RSe vanishes in the far wake which explains why FSe becomes invariant with respect
to the location of the reference point. Moreover, by using the same method, it is possible to split
the integral in FSe into contributions for y ≥ 0, y ≤ 0, z ≥ 0 and z ≤ 0. By using the symmetry
properties (2.3.43) of the double cross product r × (n× ρl) in the far wake, FSe is expressed as

FSe = − 1

N − 1
(I + Sy) · (I + Sz)

ˆ y,z≥0

Sw

r × (n× ρl) dS (2.3.47)

Yet, it turns out that

(I + Sy) · (I + Sz) =

4 0 0
0 0 0
0 0 0

 (2.3.48)

Hence, the symmetries satisfied by the Lamb vector and the unit normal in the far wake reduce
FSe to a drag contribution only:

FSe = − 4

N − 1

(ˆ y,z≥0

Sw

r × (n× ρl) dS

)
· ex (2.3.49)

Unlike RSe , the integral in Rmρ must be split into a wake contribution on Sw and a contri-
bution on the rest Se \ Sw since q2

2 ∇ρ is nonzero in and outside the wake:

Rmρ =
1

N − 1

ˆ
Sw

n× q2

2
∇ρdS +

1

N − 1

ˆ
Se\Sw

n× q2

2
∇ρdS (2.3.50)

As for RSe , the two integrals are split into a contribution for y ≥ 0 and another for y ≤ 0.
Therefore, using the symmetry properties (2.3.33b) for n× q2

2 ∇ρ, it is possible to write Rmρ as
follows:

Rmρ =
1

N − 1
(I − Sy) ·

ˆ y≥0

Sw

n× q2

2
∇ρdS

+
1

N − 1
(I − Sy) ·

ˆ y≥0

Se\Sw
n× q2

2
∇ρdS (2.3.51)
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The first integral on Sw is split into contributions for z ≥ 0 and z ≤ 0 in order to use the
symmetry properties (2.3.33c) of n× q2

2 ∇ρ with respect to the plane z = 0 in the wake. Then,
the second integral on Se \ Sw is split into contributions for x ≥ 0 and x ≤ 0 in order to use
the symmetry properties (2.3.33a) of n× q2

2 ∇ρ, satisfied up and downstream of the aircraft with
respect to the plane x = 0. Finally, Rmρ is expressed as

Rmρ =
1

N − 1
(I − Sy) · (I − Sz)︸ ︷︷ ︸

=0

·
ˆ y,z≥0

Sw

n× q2

2
∇ρdS

+
1

N − 1
(I − Sx) · (I − Sy)︸ ︷︷ ︸

=0

·
ˆ x,y≥0

Se\Sw
n× q2

2
∇ρdS = 0 (2.3.52)

Therefore Rmρ also vanishes in the far field which explains why Fmρ also becomes invariant with
respect to the location of the reference point. Besides, one must keep in mind that Fmρ consists
of a volume and a surface integral according to (2.1.9). The surface integral is then split in
the same way as Rmρ by using the symmetry properties (2.3.38) of the double cross product

r ×
(
n× q2

2 ∇ρ
)
in the far field and Fmρ is expressed as follows:

Fmρ =

ˆ
Ω

q2

2
∇ρdv

+
1

N − 1
(I + Sy) · (I + Sz) ·

ˆ y,z≥0

Sw

r ×
(
n× q2

2
∇ρ
)

dS

+
1

N − 1
(I + Sx) · (I + Sy) ·

ˆ x,y≥0

Se\Sw
r ×

(
n× q2

2
∇ρ
)

dS (2.3.53)

Having that

(I + Sx) · (I + Sy) =

0 0 0
0 0 0
0 0 4

 (2.3.54)

it means that the wake symmetries with respect to the planes y = 0 and z = 0 again reduce the
surface integral on Sw to a drag contribution only, while the upstream-downstream symmetries
with respect to the planes x = 0 and y = 0 reduce the surface integral on Se \ Sw to a lift
contribution only:

Fmρ =

ˆ
Ω

q2

2
∇ρdv

+
4

N − 1

(ˆ y,z≥0

Sw

r ×
(
n× q2

2
∇ρ
)

dS

)
ex

+
4

N − 1

(ˆ x,y≥0

Se\Sw
r ×

(
n× q2

2
∇ρ
)

dS

)
ez (2.3.55)

In the end, it has been shown that the appearance of flow symmetries eliminates the resulting
terms RSe and Rmρ such that the necessary condition (2.1.17) for the invariance to the location
of the reference point is fulfilled. It explains why Mele et al.’s decomposition [31, 32, 36] becomes
reference-point-invariant in the far field. Moreover, it has been observed that the wake symme-
tries reduce the surface integrals in FSe and Fmρ to a drag contribution, while the upstream-
downstream symmetries reduce them to a lift contribution. Those insights will actually be crucial
for the development of a Lamb-vector-based force decomposition completely invariant to the lo-
cation of the reference point everywhere in the flow field. In the following, the influence of the
symmetries on the terms ∆Fρl and ∆Fmρ will be investigated.
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Consequences on the terms ∆Fρl and ∆Fmρ

In the present analysis, it will be shown that the appearance of symmetries, expecially the
wake symmetries, partially explains why Mele et al.’s decomposition progressively becomes in-
variant to the size of the integration domain. Here, it is necessary to focus on the effects of
the symmetries on the terms ∆Fρl and ∆Fmρ which are responsible for the sensitivity in the
near field. In this case, the invariance to the size of the integration domain is achieved faster
in practice than the invariance to the reference point (see section 2.2). Therefore, the velocity
field cannot be linearized as in the previous analysis and the Lamb vector satisfies the symmetry
properties (2.3.13) initially derived in subsection 2.3.1.

Let ∆Ωw be the part of the volume extension ∆Ω which crosses the wake. Then, the volume
integral in the term ∆Fρl can be limited to ∆Ωw since this term contains only the Lamb vector:

∆Fρl = −
ˆ

∆Ωw

ρldv (2.3.56)

The next step consists in splitting the integral into contributions for y ≥ 0, y ≤ 0, z ≥ 0 and
z ≤ 0. Then, by using the symmetry properties (2.3.13) satisfied by the Lamb vector in the far
wake, ∆Fρl is expressed as

∆Fρl = − (I + Sy) · (I − Sy)︸ ︷︷ ︸
=0

·
ˆ y,z≥0

∆Ωw

ρldv = 0 (2.3.57)

Regarding the term ∆Fmρ , the volume integral is split into a wake contribution on ∆Ωw and
another one on ∆Ω \∆Ωw:

∆Fmρ =
1

N − 1

ˆ
∆Ωw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv +

1

N − 1

ˆ
∆Ω\∆Ωw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv

(2.3.58)
Then the first integral on ∆Ωw is split into contributions for y ≥ 0, y ≤ 0, z ≥ 0 and z ≤ 0
and the second integral into contributions for y ≥ 0, y ≤ 0, x ≥ 0 and x ≤ 0. With the use of
the symmetry properties (2.3.38) with respect to y = 0 and z = 0 on the first integral and those
with respect to x = 0 and y = 0 on the second integral, it is possible to write ∆Fmρ as follows:

∆Fmρ =
1

N − 1
(I + Sy) · (I + Sz) ·

ˆ y,z≥0

∆Ωw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv

+
1

N − 1
(I + Sx) · (I + Sy) ·

ˆ x,y≥0

∆Ω\∆Ωw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv (2.3.59)

Finally,

∆Fmρ =
4

N − 1

(ˆ y,z≥0

∆Ωw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv

)
ex

+
4

N − 1

(ˆ x,y≥0

∆Ω\∆Ωw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv

)
ez 6= 0 (2.3.60)

In the end, it was shown that ∆Fρl progressively disappears because of the symmetries
satisfied by the Lamb vector in the wake so that the vortex force Fρl does not contribute anymore
to the lift and the drag in the far field. However, the study of the symmetries has not enabled to
determine why Fmρ quickly becomes constant: indeed, the symmetries satisfied in the far field

by the quantity r ×
(
∇
(
q2

2

)
×∇ρ

)
do not yield ∆Fmρ = 0 and the necessary condition for

the invariance (2.2.14) is theoretically not satisfied. Yet, it was observed in section 2.2 that the
sensitivity of the lift and the lift-induced drag to the size of the integration domain is mostly
caused by the evolution of Fρl whereas Fmρ is almost constant.
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Chapter summary

A theoretical analysis has emphasized the appearance of additional terms in the force de-
composition when proceeding to a shift in the reference point. It has been shown that these
additional terms are responsible for the sensitivity of the decomposition to the location of this
point. Then, numerical simulations have evidenced that the sensitivity to the reference point
is more important when the size of the integration domain is small, because the magnitude of
the additional terms is still significant in the near field. On the contrary, they have suggested
that the decomposition becomes invariant when the size of the integration domain is increased,
because the magnitude of these terms tends to zero in the far field.

Then, for a fixed reference point, another theoretical analysis has highlighted the transfer
occuring between the various force contributions when increasing the size of the integration
domain. It has been shown that only the total force remains constant whereas the contributions
responsible for the lift-induced drag and the profile drag are likely to vary. It has later been
confirmed by numerical simulations: they featured the transfer from the profile drag to the lift-
induced drag in the near field of the aircraft. Yet, they have also suggested that the profile drag
and the lift-induced drag progressively reach a constant value in the far field.

Finally, the role of the flow symmetries on the invariance in the far field has been proved.
First of all, two sets of symmetries have been introduced: the symmetries in the wake and the
symmetries up and downstream of the aircraft. Then, it has been shown that the symmetries
eliminate the additional terms resulting from a shift in the reference point, therefore explaining
how Mele et al.’s decomposition [31, 32, 36] becomes reference-point-invariant in the far field.
Moreover, it has also been shown that the Lamb vector does not contribute anymore to the
aerodynamic force in the presence of those symmetries in the far field, which partially, if not
largely, explains how Mele et al.’s decomposition becomes domain-invariant.

In conclusion, the sensitivities to the reference point and the integration domain inevitably
question the objectiveness of the method: how to legitimately define the lift-induced drag and the
profile drag if both depend on such parameters? Fortunately, the study of the flow symmetries
highlighted the mechanisms that bring the decomposition to become invariant in the far field.
In fact, the control volume must be such that its external boundaries lie in regions where the
symmetries are fulfilled. Unfortunately, this implies that the grid on which the surface integrals
are computed is coarser which inevitably leads to errors in the assessment of the lift and the
drag. Thus, it is crucial to find a method which makes the decomposition invariant everywhere.
In the next chapter, a method based on flow symmetrization will be implemented in order to
develop a reference-point-invariant Lamb-vector-based aerodynamic force decomposition.
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Chapter 3

Development of a
Reference-Point-Invariant
Lamb-Vector-Based Decomposition by
Flow Symmetrization

It has been shown that Mele et al.’s decomposition [31, 32, 36] is sensitive to the location of
the reference point in the near field and is invariant in the far field. The aim of this chapter is
to develop a new formulation which provides a decomposition invariant everywhere in the flow
field, i.e. whatever the size of the integration domain.

In the first section, the flow is first symmetrized in order to set up in the near field the same
symmetry properties it fulfills in the far field, and hence be in the same flow conditions as those
responsible for the invariance to the reference point. In particular, the flow quantities are split
into a near-field component and a far-field component which satisfies the symmetries.

In the second section, the new formulation is established. To do so, only the far-field compo-
nent is accounted for and introduced in the integrals of the terms responsible for the sensitivity.
Then, it is shown that the new expressions eliminate the sensitive terms and hence ensure the
invariance of the decomposition to the location of the reference point everywhere in the flow
field. Finally, the lift and drag contributions of each term are reconstructed by introducing the
far-field components in the integrals containing the position vector.

In the third section, the new formulation is tested on the OAT15A airfoil and the NASA
CRM in order to compare the results with those obtained with the sensitive formulation. Even-
tually, the decomposition provided by the new formulation is compared to that provided by the
thermodynamic approach of Destarac and Van der Vooren [21].

77



CHAPTER 3. DEVELOPMENT OF A REFERENCE-POINT-INVARIANT LAMB-VECTOR-BASED
DECOMPOSITION BY FLOW SYMMETRIZATION

3.1 Flow symmetrization in the near field

It has been proved that the invariance of Mele et al.’s decomposition [31, 32, 36] to the
location of the reference point appears in the far field where the flow satisfies symmetries. In
order to develop a reference-point-invariant formulation, it is then necessary to isolate the flow
quantities which satisfy the far-field symmetries everywhere in the flow field.

To do so, the flow quantities are split into a near-field component and a far-field compo-
nent: this is what is called the flow symmetrization. The principle is first explained on a
one-dimensional function of a single variable. Then, it is applied to the flow quantities and
the far-field component is defined such that it fulfills the previously introduced symmetries (see
section 2.3).

3.1.1 Illustration with a one-dimensional example

In section 2.1, it has been shown that the Lamb vector and the quantities q2

2 ∇ρ and ∇
(
q2

2

)
×

∇ρ are involved in the terms responsible for the sensitivity to the location of the reference point.
In section 2.3, it has been proved that the invariance is achieved as soon as they satisfy symmetry
properties in the far field. It suggests that these flow quantities can be decomposed into a part
which does not satisfy the symmetries and is theoretically expected to disappear in the far field,
and another one which satisfies the symmetries everywhere in the flow and persists in the far
field. The former part is from now on referred to as the near-field component and the latter part
as the far-field component.

To illustrate this point, let us analyse the case of a function ϕ of a single variable ξ. It can be
shown that ϕ is uniquely decomposed into a symmetrical part ϕs and an antisymmetrical part
ϕa as follows:

ϕ (ξ) = ϕs (ξ) + ϕa (ξ) (3.1.1)

with

ϕs (ξ) =
1

2
(ϕ (ξ) + ϕ (−ξ)) (3.1.2)

ϕa (ξ) =
1

2
(ϕ (ξ)− ϕ (−ξ)) (3.1.3)

In fact, it is clearly seen that

ϕs (−ξ) = ϕs (ξ) (3.1.4)
ϕa (−ξ) = −ϕa (ξ) (3.1.5)

In section 2.1, it has been evidenced that the sensitivity to the location of the reference point is
caused by the presence of the position vector r in the integrals of FSe and Fmρ :

FSe = − 1

N − 1

˛
Se

r × (n× ρl) dS (3.1.6)

Fmρ =

ˆ
Ω

q2

2
∇ρdv +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (3.1.7)

or

Fmρ =
1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
dv (3.1.8)

In the case of the one-dimensional function ϕ, those integrals are represented by
ˆ a

−a
ξϕ (ξ) dξ
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where ϕ may represent n × ρl, n × q2

2 ∇ρ or ∇
(
q2

2

)
× ∇ρ, and ξ represents r. The interval

[−a, a] is centered on zero and represents a surface Se chosen symmetrical with respect to the
planes x = 0, y = 0 and z = 0 in three dimensions. In this case, changing the location of the
reference point comes down to replacing ξ by ξ + ξ0. Let us define the integral I (ξ0) as follows:

I (ξ0) =

ˆ a

−a
(ξ + ξ0)ϕ (ξ) dξ (3.1.9)

Therefore, the invariance to the location of the reference point is ensured when

I (ξ0) = I (0) (3.1.10)

By using the decomposition of ϕ in (3.1.1), it is possible to develop the integral in (3.1.9):

I (ξ0) =

ˆ a

−a
ξϕ (ξ) dξ + ξ0

ˆ a

−a
ϕ (ξ) dξ

= I (0) + ξ0

ˆ a

−a
ϕs (ξ) dξ + ξ0

ˆ a

−a
ϕa (ξ) dξ (3.1.11)

Using the variable shift χ = −ξ, it is possible to show that the integral of ϕa is zero:
ˆ a

−a
ϕa (ξ) dξ =

ˆ 0

−a
ϕa (ξ) dξ +

ˆ a

0
ϕa (ξ) dξ

= −
ˆ 0

a
ϕa (−χ) dχ+

ˆ a

0
ϕa (ξ) dξ

=

ˆ 0

a
ϕa (χ) dχ+

ˆ a

0
ϕa (ξ) dξ

= −
ˆ a

0
ϕa (χ) dχ+

ˆ a

0
ϕa (ξ) dξ

= 0 (3.1.12)

Hence, I (ξ0) = I (0) and the invariance is achieved as soon as ϕs (ξ) = 0. For Mele et al.’s
decomposition [31, 32, 36], ϕs (ξ) = 0 in the far field, hence the flow quantities n× ρl, n× q2

2 ∇ρ
and ∇

(
q2

2

)
×∇ρ become antisymmetrical as ϕa, the resulting termsRSe andRmρ are eliminated

and the invariance is achieved. However, those quantities do not enjoy the same properties in
the near field since the magnitude of ϕs is still significant there.

Therefore, in order to enforce the invariance everywhere in the flow field, it is necessary
to account only for the antisymmetrical part in the integrals containing the position vector r.
However, the flow quantities involved in Mele et al.’s decomposition are vectorial quantities which
depend on the three cartesian coordinates x, y and z. As a consequence, it is not convenient
to talk about their symmetrical and antisymmetrical parts: rather, those quantities are split
into a near-field component and a far-field component. The near-field component is expected to
vanish in the far field while the far-field component persists and satisfies the symmetry properties
derived earlier.

3.1.2 Breakdown of the flow quantities into near-field and far-field compo-
nents

In section 2.3, two different families of symmetries have been presented: the wake symmetries
and the upstream-downstream symmetries. Therefore, it is necessary to analyse separately the
two cases since the flow quantities will be split differently depending on the symmetries the
far-field component must satisfy in the flow field.
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In subsection 2.3.1, it has been shown that the Lamb vector progressively fulfills symmetry
properties in the far wake. Later on, in subsection 2.3.3, it has been shown that ly and lz are
first-order terms while lx is a second-order term and is negligible. Then in the far wake:

l ≈ l⊥ =

0
ly
lz

 (3.1.13)

where l⊥ represents the transverse part of the Lamb vector. Under those considerations and
using the initial symmetry properties (2.3.13) satisfied by ρl in the far wake, it is possible to
show that, still in the far wake, ρl now satisfies the following symmetries:

ρl (x,−y, z) = Sy · ρl (x, y, z) (3.1.14a)
ρl (x, y,−z) = Sz · ρl (x, y, z) (3.1.14b)

Therefore, in the near field, the Lamb vector must be split into a near-wake component ρlnw
and a far-wake component ρlfw which satisfies (3.1.14) everywhere in the flow field (see [35] for
further details):

ρl = ρlnw + ρlfw (3.1.15)

where

ρlnw = ρl− ρlfw (3.1.16)

ρlfw =
1

4
[ρl⊥ (x, y, z) + Sy · ρl⊥ (x,−y, z)

+Sz · ρl⊥ (x, y,−z) + Syz · ρl⊥ (x,−y,−z)] (3.1.17)

and Syz = Sy ·Sz = Sz ·Sy. Using the definition (3.1.17), it is possible to show that ρlfw satisfies
everywhere in the flow field the same symmetries (3.1.14) satisfied by ρl only in the far wake.
Indeed, given that S2

y = S2
z = I, switching y for −y and z for −z yields

ρlfw (x,−y, z) =
1

4
[ρl⊥ (x,−y, z) + Sy · ρl⊥ (x, y, z)

+Sz · ρl⊥ (x,−y,−z) + Syz · ρl⊥ (x, y,−z)]

=
1

4

[
S2
y · ρl⊥ (x,−y, z) + Sy · ρl⊥ (x, y, z)

+S2
y · Sz · ρl⊥ (x,−y,−z) + Sy · Sz · ρl⊥ (x, y,−z)

]
=

1

4
Sy · [Sy · ρl⊥ (x,−y, z) + ρl⊥ (x, y, z)

+Syz · ρl⊥ (x,−y,−z) + Sz · ρl⊥ (x, y,−z)]
= Sy · ρlfw (x, y, z) (3.1.18a)

and

ρlfw (x, y,−z) =
1

4
[ρl⊥ (x, y,−z) + Sy · ρl⊥ (x,−y,−z)

+Sz · ρl⊥ (x, y, z) + Syz · ρl⊥ (x,−y, z)]

=
1

4

[
S2
z · ρl⊥ (x, y,−z) + Sy · S2

z · ρl⊥ (x,−y,−z)
+Sz · ρl⊥ (x, y, z) + Sy · Sz · ρl⊥ (x,−y, z)]

=
1

4
Sz · [Sz · ρl⊥ (x, y,−z) + Syz · ρl⊥ (x,−y,−z)

+ρl⊥ (x, y, z) + Sy · ρl⊥ (x,−y, z)]
= Sz · ρlfw (x, y, z) (3.1.18b)
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Along with the Lamb vector, it is also necessary to decompose the quantity q2

2 ∇ρ into near-
field and far-field components. This quantity is not limited to the wake as ρl and also satisfies
symmetries outside the wake in the far field. Therefore, its decomposition into near-field and
far-field components depends on the symmetries the far-field component must satisfy

q2

2
∇ρ =

q2

2
∇ρ
∣∣∣∣
nf

+


q2

2
∇ρ
∣∣∣∣
fw

q2

2
∇ρ
∣∣∣∣
ud

(3.1.19)

Here the near-field component is q2

2 ∇ρ
∣∣∣
nf

while the far-field component can be defined either as

a far-wake component

q2

2
∇ρ
∣∣∣∣
fw

=
1

4

[
q2

2
∇ρ (x, y, z) + Sy ·

q2

2
∇ρ (x,−y, z)

+Sz ·
q2

2
∇ρ (x, y,−z) + Syz ·

q2

2
∇ρ (x,−y,−z)

]
(3.1.20)

or as an upstream-downstream component

q2

2
∇ρ
∣∣∣∣
ud

=
1

4

[
q2

2
∇ρ (x, y, z) + Sx ·

q2

2
∇ρ (−x, y, z)

+Sy ·
q2

2
∇ρ (x,−y, z) + Sxy ·

q2

2
∇ρ (−x,−y, z)

]
(3.1.21)

with Sxy = Sx · Sy = Sy · Sx. The far-wake component satisfies the wake symmetries while the
upstream-downstream component satisfies the symmetries up and downstream of the aircraft
(see relation (2.3.29) in subsection 2.3.3). Indeed, as it has been shown for ρl, by switching x for
−x, y for −y or z for −z in (3.1.20) and (3.1.21), it is possible to show that they satisfy those
symmetries everywhere in the flow field:

q2

2
∇ρ
∣∣∣∣
fw

(x,−y, z) = Sy ·
q2

2
∇ρ
∣∣∣∣
fw

(x, y, z) (3.1.22a)

q2

2
∇ρ
∣∣∣∣
fw

(x, y,−z) = Sz ·
q2

2
∇ρ
∣∣∣∣
fw

(x, y, z) (3.1.22b)

while

q2

2
∇ρ
∣∣∣∣
ud

(−x, y, z) = Sx ·
q2

2
∇ρ
∣∣∣∣
ud

(x, y, z) (3.1.22c)

q2

2
∇ρ
∣∣∣∣
ud

(x,−y, z) = Sy ·
q2

2
∇ρ
∣∣∣∣
ud

(x, y, z) (3.1.22d)

In the case of a two-dimensional flow, the expressions of the far-field quantities can actually
be simplified since the flow is limited to the plane y = 0 and hence the y-component of ρl and
q2

2 ∇ρ is identically zero. Then, the implementation in a post-processing code can be facilitated
with the far-field components of ρl and q2

2 ∇ρ defined as follows:

ρlfw =
1

2
[ρl⊥ (x, 0, z) + Sz · ρl⊥ (x, 0,−z)] (3.1.23)

and

q2

2
∇ρ
∣∣∣∣
fw

=
1

2

[
q2

2
∇ρ (x, 0, z) + Sz ·

q2

2
∇ρ (x, 0,−z)

]
(3.1.24)
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while

q2

2
∇ρ
∣∣∣∣
ud

=
1

2

[
q2

2
∇ρ (x, 0, z) + Sx ·

q2

2
∇ρ (−x, 0, z)

]
(3.1.25)

Of course, the initial definitions of the far-field components given in (3.1.17), (3.1.20) and (3.1.21)
can be implemented as such in the post-processing code in the two-dimensional case as well, but
the simplified expressions presented above may greatly ease the work of the developer.

In the end, ρl has been decomposed as a near-wake component and a far-wake component
while q2

2 ∇ρ has been decomposed as a near-field component and a far-field component which can
take the form of a far-wake component or an upstream-downstream component. In both cases,
the near-field components are expected to vanish in the far field, and it has been shown that the
far-field components satisfy the symmetries everywhere in the flow field. Yet, the flow quantities
involved in the resulting terms and the force contributions are the cross products between the
position vector r and/or the unit normal n, ρl and q2

2 ∇ρ. Then, it is necessary to derive the
symmetries of these cross products.

3.1.3 Symmetry properties of the cross products

In the case of a surface Se chosen symmetrical with respect to the planes x = 0, y = 0 and
z = 0, the unit normal n satisfies the symmetry properties (2.3.30), and it is possible to express
the symmetries of the single cross products (the proof is the same as in subsection 2.3.3):

(n× ρlfw) (x,−y, z) = −Sy · (n× ρlfw) (x, y, z) (3.1.26a)
(n× ρlfw) (x, y,−z) = −Sz · (n× ρlfw) (x, y, z) (3.1.26b)

and (
n× q2

2
∇ρ
∣∣∣∣
fw

)
(x,−y, z) = −Sy ·

(
n× q2

2
∇ρ
∣∣∣∣
fw

)
(x, y, z) (3.1.27a)(

n× q2

2
∇ρ
∣∣∣∣
fw

)
(x, y,−z) = −Sz ·

(
n× q2

2
∇ρ
∣∣∣∣
fw

)
(x, y, z) (3.1.27b)

while (
n× q2

2
∇ρ
∣∣∣∣
ud

)
(−x, y, z) = −Sx ·

(
n× q2

2
∇ρ
∣∣∣∣
ud

)
(x, y, z) (3.1.27c)(

n× q2

2
∇ρ
∣∣∣∣
ud

)
(x,−y, z) = −Sy ·

(
n× q2

2
∇ρ
∣∣∣∣
ud

)
(x, y, z) (3.1.27d)

Similarly, the position vector r satisfies the symmetry properties (2.3.31), and it is possible
to express the symmetries of the double cross products:

(r × (n× ρlfw)) (x,−y, z) = Sy · (r × (n× ρlfw)) (x, y, z) (3.1.28a)
(r × (n× ρlfw)) (x, y,−z) = Sz · (r × (n× ρlfw)) (x, y, z) (3.1.28b)

and (
r ×

(
n× q2

2
∇ρ
∣∣∣∣
fw

))
(x,−y, z) = Sy ·

(
r ×

(
n× q2

2
∇ρ
∣∣∣∣
fw

))
(x, y, z) (3.1.29a)(

r ×
(
n× q2

2
∇ρ
∣∣∣∣
fw

))
(x, y,−z) = Sz ·

(
r ×

(
n× q2

2
∇ρ
∣∣∣∣
fw

))
(x, y, z) (3.1.29b)
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while (
r ×

(
n× q2

2
∇ρ
∣∣∣∣
ud

))
(−x, y, z) = Sx ·

(
r ×

(
n× q2

2
∇ρ
∣∣∣∣
ud

))
(x, y, z) (3.1.29c)(

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

))
(x,−y, z) = Sy ·

(
r ×

(
n× q2

2
∇ρ
∣∣∣∣
ud

))
(x, y, z) (3.1.29d)

Those symmetry properties are fundamental for the analyses to follow: it will be shown that
the symmetries of the single cross products eliminate the resulting terms responsible for the
sensitivity to the location of the reference point, and those of the double cross products will be
used to reconstruct the lift and drag components of the various contributions to the total force.
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3.2 Definition of the reference-point-invariant decomposition

The study of the flow symmetries (see section 2.3) has not only provided an explanation
for the invariance of Mele et al.’s decomposition [31, 32, 36] to the location of the reference
point in the far field: it has also provided the necessary insights for the development of a new
decomposition that is invariant everywhere in the flow field. Indeed, in section 3.1, the flow
quantities have been decomposed into a near-field component and a far-field component which
satisfies the far-field symmetries everywhere in the flow field.

In the following, the invariance to the location of the reference point is achieved by introducing
only the far-field component in the integrals so that the resulting terms responsible for the
sensitivity are identically zero. Yet, accounting solely for the far-field component may change
the contribution of the various integrals to the total force. Hence, the force contributions must
be reconstructed with the appropriate far-field components in order to preserve the contribution
of the integral and ensure its invariance to the reference point. Eventually, the final expression
of the invariant decomposition is presented.

3.2.1 Proof of the invariance to the location of the reference point

First of all, it is necessary to check that the previously defined far-field components guarantee
the elimination of the resulting terms Rmρ and RSe

Rmρ =
1

N − 1

˛
Se

n× q2

2
∇ρdS (3.2.1)

RSe = − 1

N − 1

˛
Se

n× ρldS (3.2.2)

and hence the invariance of the decomposition to the location of the reference point. To do so,
only the far-field components of ρl and q2

2 ∇ρ are introduced in the integrals.
For the resulting term RSe , the far-field component of ρl is the far-wake component ρlfw

defined in (3.1.17). When replacing ρl by ρlfw in (3.2.2), and using the symmetry properties
(3.1.26), it is possible to show that the resulting term is zero (the proof is the same as in
subsection 2.3.4):

˛
Se

n× ρlfwdS = (I − Sy) · (I − Sz)︸ ︷︷ ︸
=0

·
ˆ y,z≥0

Se

n× ρlfwdS = 0 (3.2.3)

For the resulting term Rmρ , the far-field component of q
2

2 ∇ρ may be the far-wake component
or the upstream-downstream component, defined in (3.1.20) and (3.1.21). When replacing q2

2 ∇ρ
by the far-wake component in (3.2.1), and using the symmetry properties (3.1.27a) and (3.1.27b),
it is possible to show that the resulting term is zero:

˛
Se

n× q2

2
∇ρ
∣∣∣∣
fw

dS = (I − Sy) · (I − Sz)︸ ︷︷ ︸
=0

·
ˆ y,z≥0

Se

n× q2

2
∇ρ
∣∣∣∣
fw

dS = 0 (3.2.4)

Similarly, when replacing by the upstream-downstream component this time, and using the
symmetry properties (3.1.27c) and (3.1.27d), it can be shown that

˛
Se

n× q2

2
∇ρ
∣∣∣∣
ud

dS = (I − Sx) · (I − Sy)︸ ︷︷ ︸
=0

·
ˆ x,y≥0

Se

n× q2

2
∇ρ
∣∣∣∣
ud

dS = 0 (3.2.5)

Hence, the far-field components defined earlier eliminate the resulting terms responsible for
the sensitivity to the location of the reference point and the invariance is achieved everywhere
in the flow field. The aim is now to introduce these far-field components in the expression of the
various contributions to the total force in order to reconstruct their lift and drag components.
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3.2.2 Reconstruction of the aerodynamic force

Indeed, it has been shown in subsection 2.3.4 that the far-field symmetries preserve one
component of the force contribution at a time: the wake symmetries conserve the drag component
while the lift component is eliminated and the upstream-downstream symmetries conserve the lift
component while the drag component is eliminated. That is why it is necessary to reconstruct
the lift and the drag components of a given force contribution with the appropriate far-field
quantity.

Let us first analyse the case of FSe . According to Mele et al. [31, 32, 36] and Kang et al.
[18], this contribution is responsible for the profile drag and no lift, and only the transverse part
of the Lamb vector l⊥ is involved as soon as lx becomes negligible in the wake:

FSe = − 1

N − 1

˛
Se

r × (n× ρl⊥) dS (3.2.6)

When replacing ρl⊥ by the far-wake component ρlfw in (3.2.6), and using the symmetry prop-
erties (3.1.28) of the double cross product this time, it is possible to show that the obtained
integral is, indeed, only a drag component:

− 1

N − 1

˛
Se

r × (n× ρlfw) dS = − 1

N − 1
(I + Sy) · (I + Sz)

ˆ y,z≥0

Se

r × (n× ρlfw) dS

= − 1

N − 1

4 0 0
0 0 0
0 0 0

ˆ y,z≥0

Se

r × (n× ρlfw) dS (3.2.7)

The next step consists in introducing the expression (3.1.17) of ρlfw in (3.2.7) in order to obtain
an integration on the entirety of Se. To do so, it is necessary to proceed to the coordinate shifts
y → −y and/or z → −z in order to integrate in (x,−y, z), (x, y,−z) and (x,−y,−z). Then the
application of the symmetry properties (2.3.30) and (2.3.31) of r and n yields

− 1

N − 1

˛
Se

r × (n× ρlfw) dS = − 1

N − 1

1 0 0
0 0 0
0 0 0

{ˆ y,z≥0

Se

r × (n× ρl⊥) dS

+

ˆ y≤0,z≥0

Se

Sy · r × (Sy · n× Sy · ρl⊥) dS

+

ˆ y≥0,z≤0

Se

Sz · r × (Sz · n× Sz · ρl⊥) dS

+

ˆ y,z≤0

Se

Syz · r × (Syz · n× Syz · ρl⊥) dS

}
(3.2.8)

Then, by following the same method as in subsection 2.3.3 (see relation (2.3.37)), the latter
expression simplifies as follows:

− 1

N − 1

˛
Se

r × (n× ρlfw) dS = − 1

N − 1

1 0 0
0 0 0
0 0 0

{ˆ y,z≥0

Se

r × (n× ρl⊥) dS

+Sy ·
ˆ y≤0,z≥0

Se

r × (n× ρl⊥) dS

+Sz ·
ˆ y≥0,z≤0

Se

r × (n× ρl⊥) dS

+ Syz ·
ˆ y,z≤0

Se

r × (n× ρl⊥) dS

}
(3.2.9)
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Finally, having that1 0 0
0 0 0
0 0 0

 · Sy =

1 0 0
0 0 0
0 0 0

 · Sz =

1 0 0
0 0 0
0 0 0

 · Syz =

1 0 0
0 0 0
0 0 0

 (3.2.10)

it is possible to write the integral as

− 1

N − 1

˛
Se

r × (n× ρlfw) dS = − 1

N − 1

1 0 0
0 0 0
0 0 0

{ˆ y,z≥0

Se

r × (n× ρl⊥) dS

+

ˆ y≤0,z≥0

Se

r × (n× ρl⊥) dS

+

ˆ y≥0,z≤0

Se

r × (n× ρl⊥) dS

+

ˆ y,z≤0

Se

r × (n× ρl⊥) dS

}
= − 1

N − 1

(
ex ·
˛
Se

r × (n× ρl⊥) dS

)
ex

= (ex · FSe) ex (3.2.11)

The obtained contribution is only the drag component of FSe as expected. There is no need to
reconstruct the lift component in this case since FSe does not contribute.

Let us now analyse the case of Fmρ . Unlike FSe , this contribution is responsible for part of
the lift and part of the lift-induced drag in the decomposition proposed by Mele et al. [31, 32, 36]:

Fmρ =

ˆ
Ω

q2

2
∇ρdv +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (3.2.12)

Therefore, it is here necessary to reconstruct the lift and the drag contributions of the surface
integral. For the drag contribution, the method is the same as that applied to FSe :

q2

2 ∇ρ
is replaced by the far-wake component and by following the same steps as before, the surface
integral is expressed as follows:

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
fw

)
dS =

1

N − 1

(
ex ·
˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

)
ex (3.2.13)

For the lift contribution, the steps to follow are the same but q2

2 ∇ρ is replaced this time by the
upstream-downstream component in the surface integral of (3.2.12). When using the symmetry
properties (3.1.29c) and (3.1.29d), it is possible to show that the obtained integral is only a lift
component:

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS =

1

N − 1
(I + Sx) · (I + Sy)

ˆ x,y≥0

Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS

=
1

N − 1

0 0 0
0 0 0
0 0 4

ˆ x,y≥0

Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS

(3.2.14)

It is now necessary to replace q2

2 ∇ρ
∣∣∣
ud

by its expression (3.1.21) and proceed to the coordinate
shifts x → −x and/or y → −y in order to integrate in (−x, y, z), (x,−y, z) and (−x,−y, z)
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and obtain an integration on the entirety of Se. Then, with the application of the symmetry
properties (2.3.30) and (2.3.31) of r and n, and the method introduced in relation (2.3.37), the
integral is transformed as

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS =

1

N − 1

0 0 0
0 0 0
0 0 1

{ˆ x,y≥0

Se

r ×
(
n× q2

2
∇ρ
)

dS

+Sx ·
ˆ x≤0,y≥0

Se

r ×
(
n× q2

2
∇ρ
)

dS

+Sy ·
ˆ x≥0,y≤0

Se

r ×
(
n× q2

2
∇ρ
)

dS

+ Sxy ·
ˆ x,y≤0

Se

r ×
(
n× q2

2
∇ρ
)

dS

}
(3.2.15)

Finally, having that0 0 0
0 0 0
0 0 1

 · Sx =

0 0 0
0 0 0
0 0 1

 · Sy =

0 0 0
0 0 0
0 0 1

 · Sxy =

0 0 0
0 0 0
0 0 1

 (3.2.16)

it is possible to write the integral as

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS =

1

N − 1

0 0 0
0 0 0
0 0 1

{ˆ x,y≥0

Se

r ×
(
n× q2

2
∇ρ
)

dS

+

ˆ x≤0,y≥0

Se

r ×
(
n× q2

2
∇ρ
)

dS

+

ˆ x≥0,y≤0

Se

r ×
(
n× q2

2
∇ρ
)

dS

+

ˆ x,y≤0

Se

r ×
(
n× q2

2
∇ρ
)

dS

}
=

1

N − 1

(
ez ·
˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

)
ez (3.2.17)

The obtained contribution is only the lift component of the surface integral of Fmρ as expected.
In conclusion, the drag contribution of FSe and the surface contribution of Fmρ to the total

force F have been recovered upon replacing ρl and q2

2 ∇ρ by their far-field components in the
integrals containing the position vector. The expressions are summarized below:

− 1

N − 1

˛
Se

r × (n× ρlfw) dS = − 1

N − 1

(
ex ·
˛
Se

r × (n× ρl⊥) dS

)
ex

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
fw

)
dS =

1

N − 1

(
ex ·
˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

)
ex

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS =

1

N − 1

(
ez ·
˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

)
ez

(3.2.18)

(3.2.19)

(3.2.20)

3.2.3 Implementation in the case of unsymmetrical surfaces

The aforementioned developments have been carried out considering a surface Se that is
symmetrical with respect to the planes x = 0, y = 0 and z = 0, such that the position vector r

87



CHAPTER 3. DEVELOPMENT OF A REFERENCE-POINT-INVARIANT LAMB-VECTOR-BASED
DECOMPOSITION BY FLOW SYMMETRIZATION

and the unit normal n satisfy symmetry properties. It should be noted, however, that the way the
flow symmetrization is implemented in the post-processing code allows the method to be applied
to unsymmetrical surfaces as well, on which r and n do not necessarily satisfy symmetries.
It is due to the fact that, in the post-processing code, it is impossible to evaluate the flow
quantities in (−x, y, z), (x,−y, z) or (x, y,−z) since the structured grid cells are identified by
their (i, j, k) indices and not by their cartesian coordinates. Then, the far-field components of
the flow quantities are not directly defined as such in the code.

Rather, say for FSe , it is necessary to replace ρlfw by its expression (3.1.17) and proceed to
the variable shifts y → −y and z → −z in order to write the integral in the following form on
Se:

− 1

N − 1

˛
Se

r × (n× ρlfw) dS = − 1

4 (N − 1)

{˛
Se

r × (n× ρl⊥) dS

+

˛
Se

Sy · r × (Sy · n× Sy · ρl⊥) dS

+

˛
Se

Sz · r × (Sz · n× Sz · ρl⊥) dS

+

˛
Se

Syz · r × (Syz · n× Syz · ρl⊥) dS

}
(3.2.21)

With the method presented in subsection 2.3.3 (see relation (2.3.37)) and having that

I + Sy + Sz + Syz =

4 0 0
0 0 0
0 0 0

 (3.2.22)

the integral yields only the drag component of FSe as expected.
Similarly, in the case of Fmρ , it is necessary to replace the far-wake component by its ex-

pression (3.1.20) and proceed to the variables shifts y → −y and z → −z, and replace the
upstream-downstream component by its expression (3.1.21) and proceed to the variables shifts
x→ −x and y → −y in order to obtain

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
fw

)
dS =

1

4 (N − 1)

{˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

+

˛
Se

Sy · r ×
(
Sy · n× Sy ·

q2

2
∇ρ
)

dS

+

˛
Se

Sz · r ×
(
Sz · n× Sz ·

q2

2
∇ρ
)

dS

+

˛
Se

Syz · r ×
(
Syz · n× Syz ·

q2

2
∇ρ
)

dS

}
(3.2.23)

and

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS =

1

4 (N − 1)

{˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

+

˛
Se

Sx · r ×
(
Sx · n× Sx ·

q2

2
∇ρ
)

dS

+

˛
Se

Sy · r ×
(
Sy · n× Sy ·

q2

2
∇ρ
)

dS

+

˛
Se

Sxy · r ×
(
Sxy · n× Sxy ·

q2

2
∇ρ
)

dS

}
(3.2.24)
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Again, using the method of subsection 2.3.3 in (2.3.37), the first integral yields only the drag
component and the second yields the lift component since

I + Sx + Sy + Sxy =

0 0 0
0 0 0
0 0 4

 (3.2.25)

In the post-processing code, it is therefore necessary to move to the calculation step which
is described in the aforementioned relations: hence all the integrals on the right-hand side are
calculated, summed and their sum is eventually divided by 4 (the number of integrals). As a
consequence, this implementation process is applicable to any kind of surfaces, no matter whether
they are symmetrical are not, even if the method was initially developed for symmetrical ones
only.

3.2.4 Presentation of the final invariant formulation

Subsonic flows

The flow symmetrization in the near field has allowed to split the flow quantities and has
led to the definition of far-field quantities with which the resulting terms are eliminated and the
force contributions reconstructed. In this study, the force decomposition initially proposed by
Mele et al. [31, 32, 36] has then been made completely invariant to the location of the reference
point. The equivalent reference-point-invariant version of this formulation is defined as follows
in subsonic flows:

LMele
inv =

(
Fρl + F inv

mρ

)
· ez

DMele
i,inv =

(
Fρl + F inv

mρ

)
· ex

DMele
P,inv = F inv

Se · ex

(3.2.26)

(3.2.27)

(3.2.28)

with

Fρl = −
ˆ

Ω
ρldv

F inv
mρ =

ˆ
Ω

q2

2
∇ρdv +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
fw

)
dS

+
1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
∣∣∣∣
ud

)
dS

F inv
Se = − 1

N − 1

˛
Se

r × (n× ρlfw) dS

(3.2.29)

(3.2.30)

(3.2.31)

In this decomposition, F inv
mρ is expressed with a surface integral. Mele and Tognaccini [31]

noticed that this form implies that the integration is not limited to the boundary layers and the
near wake. Rather, an expression based on a single volume integral is better suited:

Fmρ =
1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
dv (3.2.32)

The invariant form of the latter expression is obtained after defining the far-field components of
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f = ∇
(
q2

2

)
×∇ρ:

ffw =
1

4
[f (x, y, z)− Sy · f (x,−y, z)
−Sz · f (x, y,−z) + Syz · f (x,−y,−z)] (3.2.33)

fud =
1

4
[f (x, y, z)− Sx · f (−x, y, z)
−Sy · f (x,−y, z) + Sxy · f (−x,−y, z)] (3.2.34)

and

F inv
mρ =

1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
fw

dv

+
1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
ud

dv (3.2.35)

In practice, it is recommended to use the expression based on the single volume integral because
it yields more accurate lift and drag predictions than the expression involving the surface integral.
In the case of an unsymmetrical surface Se, the volume Ω is unsymmetrical as well and r does
not necessarily satisfies symmetries in Ω. In this case, the invariance to the reference point is
achieved with the same implementation procedure as that described in subsection 3.2.3.

Transonic flows

In transonic flows, shock waves are present on the fuselage and the suction side of the wing
(see Fig.F.13 in Appendix F): in such conditions, Mele et al. [36] adapted their formulation in
order to avoid the integration in the shock wave region Ωsw where the computation of Fmρ was
seen to be inaccurate (see Fig.1.13). Its alternative expression in transonic flows is the following:

F trans
mρ =

1

N − 1

ˆ
Ω\Ωsw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv +

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS +

ˆ
Ωsw

ρldv (3.2.36)

where ∂Ωsw is the closed surface bounding the shock wave volume Ωsw and nsw is the unit normal
pointing outwards. The reason why Fmρ is inaccurate in transonic flows and the derivation of
F trans
mρ will be addressed in the next chapter.
In the second line of (3.2.36), a surface integral on ∂Ωsw contains the position vector r.

The surface ∂Ωsw is actually an unsymmetrical surface, on which r and nsw do not necessarily
satisfy symmetries, but thanks to the implementation procedure presented in subsection 3.2.3,
the invariance of F trans,inv

mρ to the location of the reference point is nevertheless guaranteed:

F trans,inv
mρ =

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS +

ˆ
Ωsw

ρldv

+
1

N − 1

ˆ
Ω\Ωsw

rsym ×
(
∇
(
q2

2

)
×∇ρ

)
fw

dv

+
1

N − 1

ˆ
Ω\Ωsw

rsym ×
(
∇
(
q2

2

)
×∇ρ

)
ud

dv

+
1

N − 1

˛
∂Ωsw

rsym ×
(
nsym
sw ×

q2

2
∇ρ
∣∣∣∣
fw

)
dS

+
1

N − 1

˛
∂Ωsw

rsym ×
(
nsym
sw ×

q2

2
∇ρ
∣∣∣∣
ud

)
dS (3.2.37)
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where rsym and nsym are the symmetrized versions of r and n implemented in the post-processing
code which satisfy symmetries on ∂Ωsw. Hence, in transonic flows, the reference-point-invariant
version of Mele et al.’s decomposition is defined as follows:

LMele
inv =

(
Fρl + F trans,inv

mρ

)
· ez

DMele
i,inv =

(
Fρl + F trans,inv

mρ

)
· ex

DMele
P,inv = F inv

Se · ex

(3.2.38)

(3.2.39)

(3.2.40)
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3.3 Application to practical numerical cases

In the following, the reference-point-invariant version of Mele et al.’s decomposition is applied
to the same test cases as the sensitive formulation (see subsection 2.1.3): on the OAT15A airfoil
and on the NASA CRM in order to check that the proposed formulation is indeed invariant to
the reference point on two-dimensional and three-dimensional test cases.

Later on, the invariant decomposition is compared to the thermodynamic decomposition
proposed by Destarac and Van der Vooren [21] in order to compare the predictions of the lift-
induced drag and profile drag to those provided by a tried-and-tested method already widely
used in the industry.

3.3.1 Application to the OAT15A airfoil

The reference-point-invariant formulation of Mele et al.’s decomposition is here applied to the
same flow conditions around the OAT15A airfoil as in subsection 2.1.3: M∞ = 0.724, Re = 3×106

and α = 1.15◦. Once again, choice was made to perform great shifts in the location of the
reference point, of the order of 25 and 50 chord lengths in the X and Z-directions, in order to
make sure that the flow symmetrization method presented earlier is effective.

The evolutions of F inv
Se

and F inv
mρ with respect to the reference point are displayed in Figs.3.1,

3.2 and 3.3 for an integration domain of increasing size. The aim is to compare the present
results to those previously shown in subsection 2.1.3 with the sensitive formulation: that is why
F inv
mρ is computed here with the surface integral in (3.2.30). The lift and drag coefficient are

defined as follows:

C inv
Lmρ

=
2F inv

mρ · ez
ρ∞U2

∞S
(3.3.1)

C inv
Dmρ

=
2F inv

mρ · ex
ρ∞U2

∞S
(3.3.2)

C inv
DSe

=
2F inv

Se
· ex

ρ∞U2
∞S

(3.3.3)

Only the drag component of F inv
Se

is shown here: its lift component is identically zero because
of the symmetries fulfilled by the far-field component of the Lamb vector in the far wake (see
subsection 3.2.2). The axes limits have been kept identical to those used in the figures relative
to the sensitive formulation in order to better appreciate how well the sensitivity is eliminated
by the invariant formulation. In the charts, the three curves correspond to the various locations
of the reference point.

First of all, it can be clearly seen in Figs.3.1a and 3.2a that the evolutions of F inv
Se

and F inv
mρ

are blurred by some discrepancies at one or several locations in the far field, due to numerical
errors in the assesment of the surface integrals. Indeed, those integrals contain double cross
products involving among else the unit normal and the gradient of the flow quantities, and their
evaluation on an ever coarser grid may become inaccurate.

Nevertheless, this issue has been noticed on the sensitive formulation as well. Moreover, the
new formulation guarantees a strict invariance to the reference point since the three curves are
merged and have all the same evolution. Those results confirm that the reference-point-invariant
version of Mele et al.’s decomposition is perfectly effective in the case of two-dimensional flows.
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(a) X → X +X0 (b) Z → Z + Z0

Figure 3.1: Invariance of C inv
DSe

on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦

(a) X → X +X0 (b) Z → Z + Z0

Figure 3.2: Invariance of C inv
Dmρ

on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦

(a) X → X +X0 (b) Z → Z + Z0

Figure 3.3: Invariance of C inv
Lmρ

on the OAT15A airfoil, M∞ = 0.724, Re = 3× 106, α = 1.15◦
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3.3.2 Application to the NASA Common Research Model

The invariant formulation is now applied to the same transonic cruise flight conditions around
the NASA CRM as before: M∞ = 0.85, Re = 5× 106 and CL ≈ 0.5. The shifts in the location
of the reference point are the same as in the two-dimensional case: of the order of 25 and 50
reference-chord lengths in the X and Z-directions (cref = 7.00532 m in this case).

The evolutions of F inv
Se

and F inv
mρ with respect to the reference point are displayed in Figs.3.4,

3.5 and 3.6 for an integration domain of increasing size. Again, F inv
mρ is evaluated with the surface

integral in (3.2.30) in order to directly compare the results to those presented in subsection 2.1.3.
The definitions of the lift and drag coefficients are the same as in the case of the OAT15A airfoil.
In this three-dimensional case, the discrepancies due to the numerical errors seem to be less
pronounced than in the two-dimensional case. Once again, the new formulation guarantees a
strict invariance to the location of the reference point which acknowledges that the reference-
point-invariant version of Mele et al.’s decomposition is perfectly effective in the case of three-
dimensional flows as well.

In the end, a new invariant aerodynamic force decomposition based on the Lamb vector has
been developed and successfully applied to compressible steady viscous flows around the OAT15A
airfoil and the NASA CRM. Initially, it has been shown that the decomposition proposed by Mele
et al. [31, 32, 36] is sensitive to the location of the reference point. Moreover, the sensitivity
of FSe and Fmρ to the size of the integration domain also varies with a shift in the location of
this point (see subsection 2.1.3). On the contrary, the new formulation proposed here guarantees
that the sensitivity of F inv

Se
and F inv

mρ with respect to the size of the integration domain is the
same whatever the location of the reference point.

It is then possible to objectively decompose the lift and the drag with the Lamb vector. In
particular, it is now possible to objectively investigate the physical evolution of the decomposi-
tion with respect to the size of the integration domain, whatever the location of the reference
point. Furthermore, the aerodynamic force decomposition provided by this method may now be
compared to former ones.

(a) X → X +X0 (b) Z → Z + Z0

Figure 3.4: Invariance of C inv
DSe

on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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(a) X → X +X0 (b) Z → Z + Z0

Figure 3.5: Invariance of C inv
Dmρ

on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5

(a) X → X +X0 (b) Z → Z + Z0

Figure 3.6: Invariance of C inv
Lmρ

on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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3.3.3 Comparison with Destarac and Van der Vooren’s formulation

It is interesting to compare the drag decomposition of the new invariant Lamb-vector-based
formulation to that calculated by the thermodynamic approach of Destarac and Van der Vooren
[21]. Indeed, this thermodynamic formulation is now widely used in industrial projects, owing to
its unprecedented robustness and applicability to transonic flows. In the present analysis, both
formulations are once again applied to the NASA CRM wing-fuselage configuration in transonic
cruise flight conditions: M∞ = 0.85, Re = 5× 106, CL ≈ 0.5.

Yet, the previous computations of Fmρ and F inv
mρ did not avoid the shock wave region, which

could potentially lead to erroneous lift and drag predictions. The aim is now to obtain accurate
results in order to compare them to the thermodynamic decomposition. Then, the contribution
of Fmρ is computed using the invariant transonic version F trans,inv

mρ defined in (3.2.37) such that
the lift, the lift-induced drag and the profile drag are evaluated using the transonic reference-
point-invariant formulation given in (3.2.38), (3.2.39) and (3.2.40).

The evolutions of the lift and the drag with respect to the size of the integration domain
are displayed in Fig.3.7. The superscript VdV refers to the drag contributions computed with
the thermodynamic formulation of Destarac and Van der Vooren [21]. In Fig.3.7a, the profile
drag coefficient CVdV

DP
and the lift-induced drag coefficient CVdV

Di
are constant and represented by

horizontal lines: actually, the profile drag is computed on the contours of the shock wave region
and the boundary layer region which are volumes of constant size. Hence, the lift-induced drag
is also a constant because the total drag coefficient CVdV

D does not depend on the size of the
integration domain and CVdV

Di
= CVdV

D −CVdV
DP

. In the present analysis CVdV
DP

and CVdV
Di

are taken
as reference for the comparison with the drag decomposition provided by the Lamb-vector-based
formulation.

It can be seen in Fig.3.7a that the total drag computed by the Lamb-vector-based formulation
is in very good agreement with that calculated by the thermodynamic approach starting from
d/cref ≥ 1. Similarly, the computed lift stabilizes for d/cref ≥ 1.6 and is in quite good agreement
with the near-field prediction (see Fig.3.7b). On the contrary, it seems that the Lamb-vector-
based drag decomposition never reaches the thermodynamic one: the computed lift-induced drag
is always lower while the profile drag is always higher.

It is better seen in Fig.3.8. The lift-induced drag increases until it reaches a maximum value at
d/cref = 1.6 but is still around 13 counts lower than the thermodynamic reference (see Fig.3.8a).
Similarly, the profile drag decreases until it reaches a local minimum value at d/cref = 1.8 but
is still 13 counts higher than the thermodynamic prediction (see Fig.3.8b). It suggests that,
although the total drag is the same, the drag decomposition provided by the Lamb-vector-based
formulation is different from the thermodynamic one and that the physics at stake in the various
drag contributions may also differ from one formulation to another.
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Figure 3.7: Evolution of the aerodynamic force breakdown with respect to the size of the inte-
gration domain: comparison between the reference-point-invariant version of Mele et al.’s for-
mulation and Destarac and Van der Vooren’s formulation [21] on the NASA CRM, M∞ = 0.85,
Re = 5× 106, CL ≈ 0.5
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(a) Lift-induced drag

(b) Profile drag

Figure 3.8: Evolution of the lift-induced drag and the profile drag with respect to the size of
the integration domain: comparison between the reference-point-invariant version of Mele et al.’s
formulation and Destarac and Van der Vooren’s formulation [21] on the NASA CRM,M∞ = 0.85,
Re = 5× 106, CL ≈ 0.5
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Chapter summary

A symmetrization of the flow has been performed in order to decompose the flow quantities
into near-field and far-field components. The far-field components have been defined such that
they satisfy the symmetries in the wake or the symmetries up and downstream of the aircraft.

Then, only the far-field components have been accounted for in the integrals of the terms
resulting from a shift in the location of the reference point. By doing so, the flow in the near
field has been given the same symmetry properties as those it naturally fulfills in the far field.
In particular, it has been shown that the resulting terms are identically equal to zero, which
guarantees the invariance to the reference point everywhere in the flow field. Later on, the
contributions of the integrals containing the position vector have been reconstructed each time
with the appropriate far-field component, in order to conserve the invariance to the reference
point, and recover the lift or the drag component of the initial integral.

The flow symmetrization method has also proved to be applicable in practice to unsym-
metrical surfaces on which the position vector and the unit normal do not necessarily satisfy
symmetries. Consequently, this method can be applied to the case of transonic flows, for which
there is an additional surface integral containing the position vector on the contour of the shock
wave region.

Thus, an exact reference-point-invariant version of Mele et al.’s aerodynamic force decompo-
sition [31, 32, 36] has been devised:

Subsonic flows

LMele
inv =

(
Fρl + F inv

mρ

)
· ez

DMele
i,inv =

(
Fρl + F inv

mρ

)
· ex

DMele
P,inv = F inv

Se · ex

Transonic flows

LMele
inv =

(
Fρl + F trans,inv

mρ

)
· ez

DMele
i,inv =

(
Fρl + F trans,inv

mρ

)
· ex

DMele
P,inv = F inv

Se · ex
with

Fρl = −
ˆ

Ω
ρldv

F inv
mρ =

1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
fw

dv

+
1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
ud

dv

F trans,inv
mρ =

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS +

ˆ
Ωsw

ρldv

+
1

N − 1

ˆ
Ω\Ωsw

rsym ×
(
∇
(
q2

2

)
×∇ρ

)
fw

dv

+
1

N − 1

ˆ
Ω\Ωsw

rsym ×
(
∇
(
q2

2

)
×∇ρ

)
ud

dv

+
1

N − 1

˛
∂Ωsw

rsym ×
(
nsym
sw ×

q2

2
∇ρ
∣∣∣∣
fw

)
dS

+
1

N − 1

˛
∂Ωsw

rsym ×
(
nsym
sw ×

q2

2
∇ρ
∣∣∣∣
ud

)
dS

F inv
Se = − 1

N − 1

˛
Se

r × (n× ρlfw) dS

Then it has successfully been tested on the OAT15A airfoil and the NASA CRM wing-fuselage
configuration. With this new formulation, the evolution of the terms of the decomposition with
respect to the size of the integration domain does not depend anymore on the location of the
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reference point, unlike the initial formulation (see subsection 2.1.3).
Yet, it has been noticed that the new Lamb-vector-based formulation systematically under-

estimates the lift-induced drag and overestimates the profile drag when compared to the tried-
and-tested drag decomposition of Destarac and Van der Vooren [21]. It means that, in these
two decompositions, the phenomenological sources of each drag contribution are not exactly the
same. As it happens, the physical role of compressibility in lift and drag is still not identified in
the Lamb-vector-based formulation. Unfortunately, the mathematical expressions of the terms
of Mele et al.’s decomposition are difficult to interpret phenomenologically. That is why it is
necessary to develop a new formulation more related to former theories, able to identify the role
of compressibility in lift and drag, and which could at once improve the decomposition.
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Chapter 4

Development of a Transonic
Lamb-Vector-Based Formulation
Identifying the Role of Compressibility
in Lift and Drag

The physical role of the compressibility term Fmρ in the lift and the lift-induced drag has
never been identified in the decomposition proposed by Mele et al. [31, 32, 36]. The aim of
this chapter is then to understand the physical role played by the compressibility of the flow in
lift and drag. By doing so, it may also allow for a better phenomenological interpretation of
the other terms of the decomposition in compressible flows. For simplicity, all the mathematical
developments are carried out on the original formulation of Mele et al. [31, 32, 36] while the
reference-point-invariant version is used for the numerical applications.

In the first section, the first step is to find the links between Mele et al.’s formulation and the
classical theories of Kutta, Joukowski, Maskell and Betz in transonic flows. Indeed, those analyses
were the first to relate the lift, the lift-induced drag and the profile drag to their physical sources
and the links with Mele et al.’s formulation may help understand the role of compressibility.
During the process, a compressibility correction term is identified in the expressions. By means
of a theoretical asymptotic study and numerical simulations, it is shown that the magnitude of
this correction progressively tends to zero in the far field.

In the second section, Mele et al.’s formulation is revised in order to shape a new decomposi-
tion completely equivalent to the classical theories in transonic flows. This decomposition is called
the ONERA decomposition and is naturally independent of the location of the reference point
[39]. It is finally applied to practical test cases and compared to the transonic Lamb-vector-based
decomposition developed by Mele et al. [36] and the thermodynamic decomposition of Destarac
and Van der Vooren [21].

In the third section, it is shown that the aerodynamic force can be equivalently decomposed
in transonic flows by means of a formulation embedding the three classical theories in a single
expression. This formulation is called the Kutta-Joukowski-Maskell-Betz (KJMB) formulation
and is applied to practical test cases in order to be compared to the drag decomposition of
Destarac and Van der Vooren [21]. Then, the results provided by the ONERA formulation, the
formulation of Mele et al. [31, 32, 36] and the formulation of Destarac and Van der Vooren [21]
are all compared to one another. Finally, the physical role of compressibility in the ONERA and
KJMB decompositions is investigated.
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4.1 Identification of the role of compressibility through the links
with classical theories

In the present section, the Lamb-vector-based decomposition into lift, lift-induced drag and
profile drag proposed by Mele et al. [31, 32, 36] is analysed. In particular, the role of compress-
ibility in lift and drag is investigated in transonic flows.

First of all, it is necessary to rigorously derive the transonic formulation previously introduced
by Mele et al. [36]. Actually, they developed their formulation within the frame of transonic
flows governed by the RANS equations, considering that the solution is differentiable across
shock waves. Hence, in the following momentum balance, the shock waves are this time modeled
as discontinuities. Then, an additional contribution to the force involving the jump of the flow
quantities on the shock wave surface is identified and Fmρ is re-expressed in its transonic version
F trans
mρ .
Indeed, Mele and Tognaccini [31] initially defined the lift and the lift-induced drag as the sum

of Fρl and Fmρ in subsonic flows. Later on, Mele et al. [36] defined it as the sum of Fρl and F trans
mρ

(defined in (3.2.36)) in transonic flows. Their proposals were actually supported by numerical
results. Yet, nothing suggests in the expressions of Fmρ and F trans

mρ that they should contribute
to the lift and the lift-induced drag. That is why a theoretical analysis is conducted in order
to understand why they should be added to Fρl in the definition of the lift and the lift-induced
drag. To do so, the links with the Kutta-Joukowski lift theorem and Maskell’s lift-induced drag
formula are investigated.

Similarly, Mele et al. [31, 32, 36] initially identified FSe to be responsible for the profile drag
and no lift. In practice, the viscous-turbulent term Fτ is negligible and was not accounted for.
Those observations were again confirmed by numerical results. Here, a theoretical analysis is
carried out on the sum of FSe and Fτ in order to find a link with Betz’s profile drag formula.

4.1.1 Derivation of Mele et al.’s formulation in transonic flows

In the following analysis, Mele et al.’s formulation will be derived in transonic flows. The
flow field is then characterized by the presence of shock waves. In fact, because of the fluid
acceleration on the wing, a shock wave usually appears on the suction side. In practice, a shock
wave is a layer of very small thickness: it is more or less the same order of magnitude as the
mean free path of the gas molecules [103]. Yet, the Navier-Stokes equations come from continuum
mechanics, and hence they are not adapted to predict the internal structure of shock waves (see
e.g. [41] p. 550-551 or [104] p. 353). To bypass this issue, it is common to represent a shock wave
with a surface or line of discontinuity (denoted SW in Fig.4.1) on which the Rankine-Hugoniot
relations apply [41, 53, 78, 104]: mass, momentum and energy conservation. To derive the
transonic formulation, it is then necessary to account for the presence of those discontinuities.

The fluid domain Ω is divided in three sub-volumes Ω1, Ω2 and Ω3 as shown in Fig.4.1. By
proceeding to a Lamb-vector-based momentum balance in each sub-volume (see Appendix C),
the transonic version of the Lamb-vector-based formula is obtained:

F = Fρl + Fmρ + FSe + Fτ + FSW (4.1.1)

where

FSW = −
ˆ

SW
[[τ ]] ·NdS − 1

N − 1

ˆ
SW
r ×

(
N × [[∇p+ ρ∇

(
q2

2

)
]]

)
dS (4.1.2)

Hence the appearance of the additional contribution FSW is directly caused by the discontinuity
of the shock wave since it contains the jump of the flow quantities at the shock surface SW.
This term has never been noticed previously, hence it raises the question whether adding its
contribution to Fmρ might mitigate the discrepancies noticed by Mele and Tognaccini [31] in
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Figure 4.1: Partition of the fluid domain in transonic flows

transonic flows (see Fig.1.13). Unfortunately, FSW is tough to evaluate in practice because the
shock wave detection is not an easy task and the numerical scheme is only first order accurate
in this region. Furthermore, the derivatives of the flow quantities are no longer defined in the
classical sense but rather in the sense of distributions with the jump of the flow quantities across
SW. The next step is then to find an equivalent form of FSW which avoids the integration on
SW.
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Figure 4.2: Fluid domains and boundaries in transonic flows

The new expression of FSW is derived in Appendix D. It comprises only integrations in the
shock wave volume Ωsw (see Fig.4.2), on its contour ∂Ωsw, and no integration on SW:

FSW =

ˆ
Ωsw

mρdv +

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS +

ˆ
Ωsw

ρldv (4.1.3)

where nsw denotes the unit normal pointing outside Ωsw (see Fig.4.2) and mρ is defined as

mρ =
r

N − 1
×
(
∇ρ×∇

(
q2

2

))
(4.1.4)

Yet, Mele and Tognaccini [31] precisely observed that the numerical inaccuracies in transonic
flows come from the integration of mρ in Ωsw. Therefore, it is more convenient to merge FSW
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with Fmρ in order to avoid the integration of mρ in Ωsw:

Fmρ + FSW = −
ˆ

Ω\Ωsw
mρdv +

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS +

ˆ
Ωsw

ρldv (4.1.5)

The right-hand side of (4.1.5) is nothing but the transonic version F trans
mρ of the term Fmρ first

introduced by Mele et al. [36] (see relation (3.2.36)):

Fmρ + FSW = F trans
mρ (4.1.6)

In the end, this cumbersome mathematical step is paramount because it leads to the ap-
pearance of FSW in (4.1.1). Then, it provides an elegant, rigorous derivation of F trans

mρ , and
hence of Mele et al.’s formulation in transonic flows. Besides, the presence of FSW illustrates in
mathematical terms that Mele and Tognaccini’s formulation [31] might be not complete in the
presence of shock wave discontinuities. Hence, the aerodynamic force summarizes as

F = Fρl + F trans
mρ + FSe + Fτ (4.1.7)

and can now be used in transonic flows. The next step consists in analysing how (4.1.7) is related
to the Kutta-Joukowski theorem and Maskell’s formula through Fρl and F trans

mρ and to Betz’s
formula through FSe and Fτ .

4.1.2 Analysis of the links with the Kutta-Joukowski theorem and Maskell’s
formula

In incompressible flows, the existing links between the Lamb-vector-based formula, the Kutta-
Joukowski lift theorem and Maskell’s lift-induced drag formula were already identified by several
authors [47, 75, 81, 92]. In particular, it has been shown in subsection 1.3.4 that the Lamb-vector-
based formula is related to those theories through the vortex force Fρl which hence explains why
this term is responsible for the lift and the lift-induced drag in incompressible flows.

In compressible regime, Mele and Tognaccini [31] noticed in numerical simulations that Fmρ
contributes to the lift in two-dimensional flows, and Mele et al. [32] observed that it also con-
tributes to the lift-induced drag in three-dimensional flows. Yet, it has never been conducted any
theoretical analysis effectively proving that Fmρ is related to the lift and the lift-induced drag.
In fact, one must first understand why the vortex force Fρl is not sufficient anymore in this case.
That is why it is necessary to find the links between Mele et al.’s formulation [31, 32, 36], the
Kutta-Joukowski theorem and Maskell’s formula in compressible flows, in order to identify the
role of Fmρ in the lift and the lift-induced drag.

Subsonic flows

Let us first consider the case of a subsonic flow. In this case, no shock wave is present in the
flow and Ωsw = ∅. In compressible flows, Fρl is defined as follows:

Fρl = −
ˆ

Ω
ρldv =

ˆ
Ω
ρq × ωdv (4.1.8)

In steady conditions, the acceleration of a fluid particle a is given by

ρa = ∇ · (ρq ⊗ q) = ρl+ ρ∇
(
q2

2

)
(4.1.9)
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such that

ρl = ∇ ·
(
ρq ⊗ q − ρq

2

2
I

)
+
q2

2
∇ρ (4.1.10)

By using the Gauss theorem (A.5), the volume integral of the first term on the right-hand side
of (4.1.10) can be transformed into a surface integral on Se (q = 0 on Sb due to the no-slip
condition). Fρl is then expressed in the following form:

Fρl =

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS −

ˆ
Ω

q2

2
∇ρdv (4.1.11)

The next step consists in decomposing the velocity vector as q = U∞ + δq. By introducing this
decomposition in the surface integral, it is possible to write Fρl as follows:

Fρl =

˛
Se

ρ (U∞ · δq)ndS −
˛
Se

ρδq (U∞ · n) dS

−
˛
Se

ρU∞ (U∞ · n) dS −
˛
Se

ρU∞ (δq · n) dS

+

˛
Se

ρ
δq2

2
ndS −

˛
Se

ρδq (δq · n) dS

+
U2
∞
2

˛
Se

ρndS −
ˆ

Ω

q2

2
∇ρdv (4.1.12)

According to the rule of the double cross product, the first line of (4.1.12) is equal to

U∞ ×
˛
Se

n× ρδqdS

while the second line is equal to zero due to the steady continuity equation:

−
˛
Se

ρU∞ (U∞ · n) dS −
˛
Se

ρU∞ (δq · n) dS = −
(˛

Se

ρq · ndS

)
U∞ = 0 (4.1.13)

Then, Fρl becomes

Fρl = U∞ ×
˛
Se

n× ρδqdS

+

˛
Se

ρ
δq2

2
ndS −

˛
Se

ρδq (δq · n) dS

+
U2
∞
2

˛
Se

ρndS −
ˆ

Ω

q2

2
∇ρdv (4.1.14)

The first line of (4.1.14) is a Kutta-Joukowski formula involving the local density ρ instead of
ρ∞: ˛

Se

n× ρδqdS = ρ∞Γ∗ (4.1.15)

where Γ∗ is a circulation vector which accounts for compressibility effects. Using the far-wake
symmetries introduced previously, it is possible to show that

Γ∗ · ex = 0 (4.1.16)
Γ∗ · ez = 0 (4.1.17)

Hence the first line of (4.1.14) contributes solely to the lift. On the contrary, the second line
contributes to the lift and the drag. Considering that the inlet and lateral parts of Se are located
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far from the aircraft skin, it is possible to limit the integrals containing the velocity perturbation
δq2 and δq (δq · n) to the wake plane W on which n = ex. In fact, δq asymptotically decays at
least as r−(N−1) outside the wake [63]. Hence, knowing that dS ∝ rN−1, the integrands in the
second line of (4.1.14) behave as r−(N−1) outside the wake and the integrals become negligible
on the inlet and lateral parts of Se. In this case, by projecting onto the x and z-directions, Fρl
becomes

Fρl = −ρ∞U∞ (Γ∗ + δΓ∗) ez

+

(
1

2

ˆ
W
ρ
(
v2 + w2 − u2

)
dS

)
ex

+
U2
∞
2

˛
Se

ρndS −
ˆ

Ω

q2

2
∇ρdv (4.1.18)

with

Γ∗ =

˛
Se

n× ρ

ρ∞
δqdS = −Γ∗ey (4.1.19)

δΓ∗ =
1

U∞

ˆ
W

ρ

ρ∞
uwdS (4.1.20)

In (4.1.18), the first line is the compressible counterpart of the generalized Kutta-Joukowski
theorem already presented in (1.3.53) in its incompressible form: this time, Γ∗ and δΓ∗ account
for the compressibility of the flow with the presence of ρ/ρ∞ in the integrals. The term δΓ∗ was
previously identified by Schmitz [92] in incompressible flows and is nothing but a wake-induced
lift penalty (u,w ≤ 0 in the wake between the two tip vortices, so that −δΓ∗ ≤ 0 too). The
second line is a compressible version of Maskell’s lift-induced drag formula already identified in
(1.3.54) in incompressible flows: here the integral contains the local density ρ instead of ρ∞.
Anyways, having that

lim
Se→∞

ρ = ρ∞ (4.1.21)

lim
Se→∞

u = 0 (4.1.22)

the first line progressively returns to the classical Kutta-Joukowski theorem and yields the total
lift [56, 57], while the second line returns to the original Maskell’s formula and yields the lift-
induced drag [12]. Finally, the third line is present only in compressible flows and accounts
for compressibility effects. In conclusion, it can be deduced from (4.1.18) that Fρl is related to
the lift and the lift-induced drag in compressible flows as well, although it is not their unique
source. Indeed, Fρl also involves compressible terms containing the density and its gradient
which suggests that it contributes only to part of the total lift and lift-induced drag. In this
instance, the contribution of Fmρ is essential. In subsonic flows, Fmρ can be expressed as follows:

Fmρ =

ˆ
Ω

q2

2
∇ρdv +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (4.1.23)

When adding (4.1.23) to (4.1.18), the sum of Fρl and Fmρ is given by

Fρl + Fmρ = −ρ∞U∞ (Γ∗ + δΓ∗) ez

+

(
1

2

ˆ
W
ρ
(
v2 + w2 − u2

)
dS

)
ex

+
U2
∞
2

˛
Se

ρndS +
1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (4.1.24)
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The first integral in the third line of (4.1.24) is re-expressed upon applying the second DMT
(A.2) in order to obtain

Fρl + Fmρ = −ρ∞U∞ (Γ∗ + δΓ∗) ez︸ ︷︷ ︸
Compressible KJ theorem

+

(
1

2

ˆ
W
ρ
(
v2 + w2 − u2

)
dS

)
ex︸ ︷︷ ︸

Compressible Maskell’s formula

+ F∇ρ (4.1.25)

where

F∇ρ =
1

N − 1

˛
Se

r ×
(
n× q2 − U2

∞
2

∇ρ
)

dS (4.1.26)

is a compressibility correction which asymptotic behaviour is investigated in Appendix E:

lim
Se→∞

F∇ρ = 0 (4.1.27)

This results suggests that, at least in the far field, the lift component of Fρl+Fmρ is equivalent
to the Kutta-Joukowski lift theorem while its drag component corresponds to Maskell’s lift-
induced drag formula. Hence, according to (4.1.18), it means that Fρl is equal to the total lift and
lift-induced drag minus the lift and lift-induced drag generated by compressibility phenomena.
It explains why the relative contribution of Fρl decreases as the Mach number increases (see
[31, 89, 90] for instance). With the addition of Fmρ , the total lift and lift-induced drag are then
recovered.

Transonic flows

The preceding analysis has been conducted in subsonic flows on the contributions of Fρl and
Fmρ . In transonic flows, with the presence of shock waves, it is necessary to use the transonic
expression F trans

mρ instead of Fmρ . In this case, it is more convenient to analyse the sum Fρl+F trans
mρ

directly. Starting over from (4.1.4), (4.1.5) and (4.1.6), F trans
mρ is expressed as follows:

F trans
mρ =

1

N − 1

ˆ
Ω\Ωsw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv +

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS +

ˆ
Ωsw

ρldv (4.1.28)

where nsw is the unit normal pointing outside Ωsw. Hence, the sum with Fρl yields

Fρl + F trans
mρ = −

ˆ
Ω\Ωsw

ρldv +
1

N − 1

ˆ
Ω\Ωsw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv

+

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS (4.1.29)

By using the first DMT (A.1), it is possible to express the second volume integral of (4.1.29) as

1

N − 1

ˆ
Ω\Ωsw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv =

ˆ
Ω\Ωsw

q2

2
∇ρdv

+
1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS

− 1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS (4.1.30)
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such that Fρl + F trans
mρ becomes

Fρl + F trans
mρ = −

ˆ
Ω\Ωsw

(
ρl− q2

2
∇ρ
)

dv

+

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (4.1.31)

Then, relation (4.1.10) implies that

q2

2
∇ρ− ρl = ∇ ·

(
ρ
q2

2
I − ρq ⊗ q

)
(4.1.32)

and by using the generalized Gauss theorem (A.5), it is possible to transform the volume integral
of (4.1.31) into a surface integral on Se and ∂Ωsw:

−
ˆ

Ω\Ωsw

(
ρl− q2

2
∇ρ
)

dv =

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS

−
˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS (4.1.33)

As a consequence, Fρl + F trans
mρ is simplified as follows:

Fρl + F trans
mρ =

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (4.1.34)

In (4.1.34), the first surface integral is exactly the same as that derived in (4.1.11) for Fρl in
subsonic flows. With the same decomposition of the velocity vector q = U∞+ δq, and following
the same steps as before, it is possible to demonstrate the links between Fρl +F trans

mρ , the Kutta-
Joukowski theorem and Maskell’s formula in transonic flows:

Fρl + F trans
mρ = −ρ∞U∞ (Γ∗ + δΓ∗) ez︸ ︷︷ ︸

Compressible KJ theorem

+

(
1

2

ˆ
W
ρ
(
v2 + w2 − u2

)
dS

)
ex︸ ︷︷ ︸

Compressible Maskell’s formula

+ F∇ρ (4.1.35)

In conclusion, it has been shown that Fρl + Fmρ and Fρl + F trans
mρ are linked to the Kutta-

Joukowski theorem and Maskell’s formula in subsonic and transonic flows. The Kutta-Joukowski
theorem relates the lift to the circulation on Se and Maskell’s formula relates the lift-induced
drag to the transverse kinetic energy on W . On the contrary, Fρl, Fmρ and F trans

mρ evaluate the

volume contributions of the Lamb vector and the quantity q2

2 ∇ρ close to the aircraft. Hence,
Mele et al.’s formulation [31, 32, 36] provides new insights on the local physical sources of the
lift and the lift-induced drag in compressible flows. In this case, the contribution of Fρl is not
sufficient to correctly predict the lift and the lift-induced drag. Indeed, as in the incompressible
case, Fρl represents the contribution coming from the Lamb vector, hence the vorticity generated
in boundary layers. It is then related to the viscous character of the flow [65]. In compressible
flows, its impact in lift and lift-induced drag gradually weakens in favour of Fmρ (or F trans

mρ
in transonic flows) which represents the lift and the lift-induced drag generated by the density
gradient in compressions and expansions. In the next analysis, the link between Mele et al.’s
formulation and Betz’s profile drag formula will be investigated in compressible flows.
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4.1.3 Analysis of the link with Betz’s formula

In fact, the link was already known in incompressible flows [18, 75, 78] (see subsection 1.3.4).
For the sake of thoroughness, the viscous stresses are not neglected here so that the contribution
of Fτ is included in the profile drag. Therefore, the profile drag is given by the sum of FSe and
Fτ in this case:

FSe = − 1

N − 1

˛
Se

r × (n× ρl) dS (4.1.36)

Fτ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇ · τ ) dS (4.1.37)

Then, with the Navier-Stokes equations written as

ρl−∇ · τ = −∇P +
q2

2
∇ρ (4.1.38)

where P = p+ ρq2/2, it is possible to write FSe + Fτ as follows:

FSe + Fτ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇P ) dS

− 1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (4.1.39)

Using the second DMT (A.2), the second integral of (4.1.39) can be simplified:

1

N − 1

˛
Se

r × (n×∇P ) dS = −
˛
Se

PndS =

˛
Se

(P∞ − P )ndS (4.1.40)

where P∞ = p∞ + ρ∞U
2
∞/2. Moreover, using the definition (4.1.26) of F∇ρ it is possible to

replace the last integral of (4.1.39):

− 1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS = −F∇ρ −
1

N − 1

˛
Se

r ×
(
n× U2

∞
2
∇ρ
)

dS

= −F∇ρ +
U2
∞
2

˛
Se

ρndS

= −F∇ρ −
U2
∞
2

˛
Se

(ρ∞ − ρ)ndS (4.1.41)

where the second DMT (A.2) has been applied to U2
∞
2 ∇ρ. Finally, FSe +Fτ is written as follows:

FSe + Fτ =

˛
Se

τ · ndS +

˛
Se

(P∞ − P )ndS − U2
∞
2

˛
Se

(ρ∞ − ρ)ndS︸ ︷︷ ︸
Compressible Betz’s formula

−F∇ρ (4.1.42)

Here, the contribution of τ is introduced in the compressible Betz’s formula even if its magnitude
is always negligible in high Re flows. Then, it has been shown that FSe + Fτ is equal to a
compressible Betz’s formula minus the same compressibility correction F∇ρ discovered in the
previous analysis.

First identified by Betz [8], P∞ − P is recovered in the latter expression. In this case, P
contains the local density ρ instead of ρ∞. Yet, unlike the compressible expressions of the
Kutta-Joukowski theorem and Maskell’s formula, the compressible Betz’s formula involves the
additional contribution

−U
2
∞
2

˛
Se

(ρ∞ − ρ)ndS
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This term has no equivalent in the incompressible profile drag definition and represents the
variations in kinetic energy due to the density variations of a fluid flowing at U∞. In fact, in
compressible flows, it seems that the profile drag can no longer be evaluated with the losses in P
only, and variations in P may also come from variations in density occuring in compressions and
expansions. Hence, it seems that the additional contribution withdraws the part of the variations
in P induced by the compressibility. This term will be investigated in subsection 4.3.3.
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4.2 Definition of a transonic Lamb-vector-based decomposition
directly related to classical theories

It has been shown that the Lamb-vector-based aerodynamic force decomposition developed
by Mele et al. [31, 32, 36] is related to the classical analyses of Kutta, Joukowski, Maskell and
Betz. Hence, it is now easier to understand why the lift, the lift-induced drag and the profile drag
computed in Mele et al.’s numerical applications are almost always in agreement with former
formulations from the literature.

Nevertheless it has been observed in section 3.3.3 that their decomposition underestimates
the lift-induced drag and overestimates the profile drag when compared to the thermodynamic
decomposition of Destarac and Van der Vooren [21]. Besides, mathematically speaking, their
decomposition is not strictly equivalent to the classical analyses. Indeed, although it progres-
sively disappears in the far field, a compressibility correction term has been identified in the
final expression. The aim of this section is then to develop a new Lamb-vector-based decom-
position which is directly equivalent to the classical analyses: this new decomposition is called
the ONERA decomposition. In the process, the ONERA decomposition unexpectedly turns out
to be naturally invariant to the location of the reference point. The ONERA decomposition is
finally applied to practical test cases and compared to the decompositions of Mele et al. [36] and
Destarac and Van der Vooren [21].

4.2.1 Presentation of the new decomposition

The previous mathematical developments showed that Fρl + F trans
mρ are linked to the Kutta-

Joukowski lift theorem and Maskell’s lift-induced drag formula and that FSe + Fτ is related
to Betz’s profile drag formula. Thus, it better explains why Mele et al.’s aerodynamic force
decomposition [36]

LMele = ez ·
(
Fρl + F trans

mρ

)
DMele
i = ex ·

(
Fρl + F trans

mρ

)
DMele
P = ex · FSe

(4.2.1)

(4.2.2)

(4.2.3)

often provides satisfying results in transonic flows (Fτ is negligible in high Re flows). However,
in some cases (e.g. on the NASA CRM in section 3.3.3), the decomposition provided by this
formulation is not correct when compared to the robust thermodynamic method of Destarac and
Van der Vooren [21]. This might be due to the fact that the compressibility correction F∇ρ is
not negligible in the near field and hence that Mele et al.’s decomposition is not equivalent to
the classical analyses there. The equivalence is indeed achieved only in the far field where the
magnitude of F∇ρ tends to zero. Unfortunately, the dissipation of the trailing vortices caused
by the viscous diffusion and the numerical scheme in the far field induces a transfer from the
lift-induced drag to the profile drag [96] and reduces the accuracy of the decomposition.

It is therefore necessary to develop a new decomposition which is directly equivalent to the
classical analyses even in the near field. It has been shown previously that the decomposition of
Mele et al. [36] can be equivalently written as follows:

Fρl + F trans
mρ = −ρ∞U∞ (Γ∗ + δΓ∗) ez︸ ︷︷ ︸

Compressible KJ theorem

+

Compressible Maskell’s formula︷ ︸︸ ︷(
1

2

ˆ
W
ρ
(
v2 + w2 − u2

)
dS

)
ex +F∇ρ (4.2.4)

FSe + Fτ =

˛
Se

τ · ndS +

˛
Se

(P∞ − P )ndS − U2
∞
2

˛
Se

(ρ∞ − ρ)ndS︸ ︷︷ ︸
Compressible Betz’s formula

−F∇ρ (4.2.5)
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In order to obtain a decomposition completely equivalent to the classical analyses, it is then
necessary to subtract F∇ρ from Fρl + F trans

mρ and add it to FSe + Fτ . The new decomposition
called ONERA decomposition is then defined as follows:

LONERA = ez ·
(
Fρl + F trans

mρ − F∇ρ
)

DONERA
i = ex ·

(
Fρl + F trans

mρ − F∇ρ
)

DONERA
P = ex · (FSe + Fτ + F∇ρ)

(4.2.6)

(4.2.7)

(4.2.8)

It is crucial to note that no approximation has been introduced in the ONERA decomposition.
Its expression is an exact formula and the total force F is conserved:

F = Fρl + F trans
mρ −F∇ρ + FSe + Fτ +F∇ρ (4.2.9)

The ONERA decomposition is strictly equivalent to the classical analyses of Kutta, Joukowski,
Maskell and Betz, no matter the location of Se: it allows for an integration in a better refined
part of the grid and hence improves the accuracy of the decomposition. Besides, this equivalence
with the classical analyses enables to interpret differently the physical sources of lift, lift-induced
drag and profile drag in compressible flows (a physical analysis is presented in subsection 4.3.3).
Another key advantage is that the ONERA decomposition is naturally invariant to the location
of the reference point chosen for the computation of moment transformations.

4.2.2 Proof of the direct invariance to the location of the reference point

The aim of the present analysis is to demonstrate this invariance. To do so, let us consider
a shift r̂ = r − r0. In this case, it is possible to write the ONERA decomposition as follows:

Fρl + F trans
mρ − F∇ρ = −

ˆ
Ω\Ωsw

ρldv +
1

N − 1

ˆ
Ω\Ωsw

r̂ ×
(
∇
(
q2

2

)
×∇ρ

)
dv

+

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r̂ ×
(
nsw ×

q2

2
∇ρ
)

dS

− 1

N − 1

˛
Se

r̂ ×
(
n× q2 − U2

∞
2

∇ρ
)

dS

+
r0

N − 1
×
[ˆ

Ω\Ωsw
∇
(
q2

2

)
×∇ρ dv −

˛
Se

n× q2 − U2
∞

2
∇ρ dS

+

˛
∂Ωsw

nsw ×
q2

2
∇ρ dS

]
(4.2.10)

and

FSe + Fτ + F∇ρ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r̂ × (n× (∇ · τ − ρl)) dS

+
1

N − 1

˛
Se

r̂ ×
(
n× q2 − U2

∞
2

∇ρ
)

dS

+
r0

N − 1
×
˛
Se

n×
(
∇ · τ − ρl+

q2 − U2
∞

2
∇ρ
)

dS (4.2.11)

Let us now analyse the last lines of the two preceding equations. In the last line of (4.2.10),
it is possible to write the first integral asˆ

Ω\Ωsw
∇
(
q2

2

)
×∇ρ dv =

ˆ
Ω\Ωsw

∇×
(
q2

2
∇ρ
)

dv (4.2.12)
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and using the generalized Gauss theorem (A.5), it is possible to show that
ˆ

Ω\Ωsw
∇×

(
q2

2
∇ρ
)

dv =

˛
Se

n× q2

2
∇ρ dS −

˛
∂Ωsw

nsw ×
q2

2
∇ρ dS (4.2.13)

such that

Fρl + F trans
mρ − F∇ρ = −

ˆ
Ω\Ωsw

ρldv +
1

N − 1

ˆ
Ω\Ωsw

r̂ ×
(
∇
(
q2

2

)
×∇ρ

)
dv

+

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r̂ ×
(
nsw ×

q2

2
∇ρ
)

dS

− 1

N − 1

˛
Se

r̂ ×
(
n× q2 − U2

∞
2

∇ρ
)

dS

+
r0

N − 1
× U2

∞
2

˛
Se

n×∇ρdS (4.2.14)

Using the Stokes theorem (A.6) with ∂Se = ∅ (Se is closed) and knowing that Se is not crossed
by any line of discontinuity, it is possible to show that˛

Se

n×∇ρdS = 0 (4.2.15)

and Fρl + F trans
mρ − F∇ρ is finally written as follows:

Fρl + F trans
mρ − F∇ρ = −

ˆ
Ω\Ωsw

ρldv +
1

N − 1

ˆ
Ω\Ωsw

r̂ ×
(
∇
(
q2

2

)
×∇ρ

)
dv

+

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r̂ ×
(
nsw ×

q2

2
∇ρ
)

dS

− 1

N − 1

˛
Se

r̂ ×
(
n× q2 − U2

∞
2

∇ρ
)

dS (4.2.16)

To address the last line of (4.2.11), one must first write the Navier-Stokes equations (4.1.38) and
notice that˛

Se

n×
(
∇ · τ − ρl+

q2 − U2
∞

2
∇ρ
)

dS =

˛
Se

n×∇
(
P − U2

∞
2
ρ

)
dS (4.2.17)

Using again the Stokes theorem (A.6) on the closed surface Se, it is possible to show that
˛
Se

n×∇
(
P − U2

∞
2
ρ

)
dS = 0 (4.2.18)

The last line of (4.2.11) vanishes and

FSe + Fτ + F∇ρ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r̂ × (n× (∇ · τ − ρl)) dS

+
1

N − 1

˛
Se

r̂ ×
(
n× q2 − U2

∞
2

∇ρ
)

dS (4.2.19)

Therefore, the ONERA formulation naturally provides the same force decomposition whatever
the reference point (r or r̂) chosen for the computation of moment transformations.
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4.2.3 Comparison with Destarac and Van der Vooren’s formulation

Although the ONERA decomposition is theoretically independent of the location of the ref-
erence point, the numerical errors made in the computation of the integrals make it slightly
dependent in practice. That is why the integrals involved in the ONERA decomposition (4.2.6),
(4.2.7) and (4.2.8) will be evaluated using the flow symmetrization method presented in section
3.1. Then, neglecting Fτ in high Re flows, the reference-point-invariant ONERA decomposition
is given by

LONERA
inv =

(
Fρl + F trans,inv

mρ − F inv
∇ρ

)
· ez

DONERA
i,inv =

(
Fρl + F trans,inv

mρ − F inv
∇ρ

)
· ex

DONERA
P,inv =

(
F inv
Se + F inv

∇ρ
)
· ex

(4.2.20)

(4.2.21)

(4.2.22)

with

F inv
∇ρ =

1

N − 1

˛
Se

r ×
(
n× q2 − U2

∞
2

∇ρ
∣∣∣∣
fw

)
dS

+
1

N − 1

˛
Se

r ×
(
n× q2 − U2

∞
2

∇ρ
∣∣∣∣
ud

)
dS (4.2.23)

The reference-point-invariant ONERA decomposition is now applied to transonic flows around
the OAT15A airfoil at M∞ = 0.72, Re = 3 × 106 and α = 2◦ and around the NASA CRM in
cruise flight conditions: M∞ = 0.85, Re = 5× 106 and CL ≈ 0.5. The evolution of the reference-
point-invariant Mele et al.’s decomposition defined in (3.2.38), (3.2.39) and (3.2.40) is also shown
for comparison. Both formulations provide the same total drag so only the total drag computed
by the ONERA formulation will be shown here. They are finally compared to the reference
Destarac and Van der Vooren’s thermodynamic formulation [21] (superscript VdV).

OAT15A airfoil

The evolution of the drag on the OAT15A airfoil with respect to the size of the integration
domain is displayed in Fig.4.3a. The total drag computed by the ONERA formulation is almost
always constant and equal to the thermodynamic prediction: some discrepancies due to numerical
errors are reported for d/c = 5.5.

The evolution of the lift is presented in Fig.4.3b. Here, the lift predicted by Mele et al.’s
formulation is always constant while that predicted by the ONERA formulation becomes constant
only for d/c ≥ 2. Anyways, both expressions eventually yield the same value when the size of
the integration domain is increased: indeed, the lift component of F∇ρ vanishes in the far field
of the airfoil.

The decomposition of the drag is shown in Fig.4.4. Even though there is theoretically no lift-
induced drag in two-dimensional flows, the evolutions of CMele

Di,inv
and CONERA

Di,inv
are investigated

because their magnitude is not negligible in the near field (see Fig.4.4a): as already said in
subsection 2.2.3, it might come from a slight thrust contribution from the Lamb vector. It can
be seen that CONERA

Di,inv
is always closer to zero than CMele

Di,inv
although the gap between the two

curves progressively shrinks as the size of the integration domain is increased. Similarly, it can
be seen that CONERA

DP,inv
is always closer to CVdV

DP
than CMele

DP,inv
(see Fig.4.4b). It suggests that the

ONERA drag decomposition is in slightly better agreement with the decomposition of Destarac
and Van der Vooren [21], although the difference becomes very tiny as the drag component of
F∇ρ tends to zero in the far field.
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Figure 4.3: Evolution of the aerodynamic force breakdown with respect to the size of the in-
tegration domain: comparison between the reference-point-invariant ONERA formulation, the
reference-point-invariant Mele et al.’s formulation and Destarac and Van der Vooren’s formula-
tion [21] on the OAT15A airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦
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Figure 4.4: Evolution of the lift-induced drag and the profile drag with respect to the size of the
integration domain: comparison between the reference-point-invariant ONERA formulation, the
reference-point-invariant Mele et al.’s formulation and Destarac and Van der Vooren’s formulation
[21] on the OAT15A airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦
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NASA Common Research Model

The evolution of the drag on the NASA CRM with respect to the size of the integration
domain is given in Fig.4.5a. The total drag predicted by the ONERA formulation is constant
and equal to the thermodynamic value for d/cref ≥ 1. The slight discrepancies occuring for
d/cref ≤ 1 are due to numerical errors.

The evolution of the lift is shown in Fig.4.5b. The lift evolutions are different in this case, due
to the subtraction of F∇ρ in the ONERA formulation: CMele

Linv
decreases while CONERA

Linv
increases.

Both converge to the same value, which again confirms that the lift component of F∇ρ disappears
in the far field of the aircraft.

Regarding the drag decomposition, the lift-induced drag computed by the ONERA formu-
lation is always higher than that computed by Mele et al.’s formulation. On the contrary, the
profile drag computed by the ONERA formulation is always lower. It confirms that the drag
component of F∇ρ is not neglibible in the near field of the aircraft, at least for d/cref ≤ 2. The
evolution of the lift-induced drag is better perceived in Fig.4.6a. The predictions given by the
ONERA formulation and Mele et al.’s formulation are compared to those of Destarac and Van
der Vooren [21]: CONERA

Di,inv
is always closer to CVdV

Di
than CMele

Di,inv
. Moreover, CONERA

Di,inv
becomes con-

stant starting from d/cref = 0.6, i.e. much faster than CMele
Di,inv

which stabilizes at d/cref = 2. As
already said, the increase in lift-induced drag is mostly caused by a still significant contribution
of the Lamb vector in the near wake [18, 32, 81], likely coming from the rolling-up of the vortex
sheet into two tip vortices [85, 105]. This increase also comes from F∇ρ: hence CONERA

Di,inv
is less

sensitive to the size of the integration domain than CMele
Di,inv

since, in CONERA
Di,inv

, the contribution
of F∇ρ is subtracted from Fρl + F trans

mρ . The evolution of the profile drag is shown in Fig.4.6b.
CONERA
DP,inv

is again always closer to CVdV
DP

than CMele
DP,inv

. Here, the bumpy aspect of the CONERA
DP,inv

curve is caused by numerical errors in the computation of the vorticity on Se.
In conclusion, a new ONERA decomposition has been developed in order to mathematically

match the classical analyses of Kutta, Joukowski, Maskell and Betz in compressible flows. By
doing so, the local phenomenological sources of the lift, the lift-induced drag and the profile
drag carried by this formulation have been identified. In particular, it has been shown that
the compressibility contributes to the lift and the lift-induced drag in the regions characterized
by a density gradient, i.e. in compressions and expansions. The ONERA decomposition has
then successfully been tested in transonic flows around the OAT15A airfoil and the NASA CRM
aircraft configuration. It has been observed that the predicted lift is more sensitive to the size of
the integration domain than that computed by Mele et al ’s formulation [31, 32, 36]. Anyways,
both predictions converge to the same value in the far field. Regarding the drag, the agreement
with the reference Destarac and Van der Vooren’s decomposition [21] is enhanced by using the
ONERA decomposition instead of Mele et al ’s decomposition. This is especially the case on
the NASA CRM, suggesting that the compressibility correction F∇ρ is not negligible in the
near field. Therefore, it seems that the ONERA decomposition is better suited in the case of
compressible flows around aircraft configurations. In the end, the ONERA decomposition has
several advantages: it is strictly equivalent to the classical analyses, it is theoretically independent
of the location of the reference point, and it improves the evaluation of the drag decomposition of
typical industrial aircrafts. In the following, its equivalent form based on the theories of Kutta,
Joukowski, Maskell and Betz will be analysed.
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Figure 4.5: Evolution of the aerodynamic force breakdown with respect to the size of the in-
tegration domain: comparison between the reference-point-invariant ONERA formulation, the
reference-point-invariant Mele et al.’s formulation and Destarac and Van der Vooren’s formula-
tion [21] on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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Figure 4.6: Evolution of the lift-induced drag and the profile drag with respect to the size of the
integration domain: comparison between the reference-point-invariant ONERA formulation, the
reference-point-invariant Mele et al.’s formulation and Destarac and Van der Vooren’s formulation
[21] on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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4.3 Analysis of the equivalent Kutta-Joukowski-Maskell-Betz for-
mulation

In the present section, the focus is given to the Kutta-Joukowski-Maskell-Betz (KJMB) for-
mulation, which is mathematically equivalent to the ONERA formulation presented earlier. The
goal of this analysis is to find out whether this unprecedented formulation related to classical
aerodynamics can accurately predict and decompose the aerodynamic force exerted on an aircraft
in cruise flight conditions.

First of all, the KJMB formulation is derived starting from the definition of the ONERA
formulation. Then, it is shown that the KJMB formulation summarizes in a single expression
the classical analyses of Kutta, Joukowski, Maskell and Betz in compressible flows.

The KJMB formulation is later applied to the same practical test cases as before: the OAT15A
airfoil and the NASA CRM. Once again, its drag decomposition is compared to that of Destarac
and Van der Vooren [21]. A comparative study with the reference-point-invariant versions of the
ONERA formulation and Mele et al.’s formulation is also conducted.

Finally, a phenomenological analysis is carried out on the compressible Betz’s profile drag
expression, in order to gain a better understanding of the role of compressibility in the ONERA
and KJMB decompositions. It consists in analysing in more details the role of the term involving
density variations in lift and drag.

4.3.1 Presentation of the formulation

In the previous analyses, the ONERA decomposition has been developed in order to be
mathematically equivalent to the Kutta-Joukowski theorem, Maskell’s formula and Betz’s for-
mula. Yet, it has been decided that the lateral parts of Se are not too close to the aircraft so that
the integrals containing the velocity perturbation δq reduce to a wake integration on W only.
Here, this hypothesis is lifted in order to avoid interpolating the flow solution onto W , since the
interpolation may introduce errors in the assessment of the aerodynamic force. Consequently, for
the lift and the lift-induced drag, it is necessary to start over from the expression of Fρl +F trans

mρ
given in (4.1.34):

Fρl + F trans
mρ =

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS +

1

N − 1

˛
Se

r ×
(
n× q2

2
∇ρ
)

dS (4.3.1)

Then, using the definition (4.1.26) of F∇ρ, it is possible to write Fρl + F trans
mρ − F∇ρ as follows:

Fρl + F trans
mρ − F∇ρ =

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS +

1

N − 1

U2
∞
2

˛
Se

r × (n×∇ρ) dS

=

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS − U2

∞
2

˛
Se

ρndS (4.3.2)

where the second DMT (A.2) has been applied to ρ. Then, the velocity vector is once again
decomposed as q = U∞ + δq and the first integral of (4.3.2) is transformed by following the
same steps that led from (4.1.11) to (4.1.14):

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS = U∞ ×

˛
Se

n× ρδqdS

+

˛
Se

ρ
δq2

2
ndS −

˛
Se

ρδq (δq · n) dS

+
U2
∞
2

˛
Se

ρndS (4.3.3)
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Finally, by replacing in (4.3.2), it is possible to equivalently express Fρl+F trans
mρ −F∇ρ as follows:

Fρl + F trans
mρ − F∇ρ = FKJ + FMSK (4.3.4)

with

FKJ = U∞ ×
˛
Se

n× ρδqdS +

(˛
Se

ρ

(
δq2

2
nz − w (δq · n)

)
dS

)
ez

FMSK =

(˛
Se

ρ

(
δq2

2
nx − u (δq · n)

)
dS

)
ex

(4.3.5)

(4.3.6)

Here, FKJ and FMSK correspond to the Kutta-Joukowski lift theorem and Maskell’s lift-induced
drag formula when Se is close to the aircraft. If the lateral parts of Se are relegated far from the
aircraft, then FKJ and FMSK reduce to more familiar expressions:

FKJ = −ρ∞U∞ (Γ∗ + δΓ∗) ez (4.3.7)

FMSK =

(
1

2

ˆ
W
ρ
(
v2 + w2 − u2

)
dS

)
ex (4.3.8)

with Γ∗ and δΓ∗ defined in (4.1.19) and (4.1.20).
For the profile drag, it is necessary to start over from the expression of FSe + Fτ given in

(4.1.42) and notice that
FSe + Fτ + F∇ρ = FBETZ (4.3.9)

with

FBETZ =

˛
Se

τ · ndS +

˛
Se

(P∞ − P )ndS − U2
∞
2

˛
Se

(ρ∞ − ρ)ndS (4.3.10)

FBETZ is the compressible Betz’s profile drag formula established in (4.1.42).
Finally, when adding up (4.3.4) and (4.3.9), the aerodynamic force F exerted on the aircraft

is recovered:
F = FKJ + FMSK + FBETZ (4.3.11)

As for the ONERA decomposition, the latter formulation is an exact expression since no approx-
imation has been introduced in the derivations. Then, it can be seen that (4.3.11) summarizes in
the same expression the classical theories of Kutta, Joukowski, Maskell and Betz. Besides, this
relation holds from subsonic to transonic flows although these theories were initially developed
in incompressible flows. The KJMB decomposition is then defined as follows:

LKJMB = ez · FKJ

DKJMB
i = ex · FMSK

DKJMB
P = ex · FBETZ

(4.3.12)

(4.3.13)

(4.3.14)

4.3.2 Comparison with the Lamb-vector-based approaches and Destarac and
Van der Vooren’s formulation

The KJMB decomposition is now tested on the OAT15A airfoil at M∞ = 0.72, Re = 3× 106

and α = 2◦ and on the NASA CRM in cruise flight conditions: M∞ = 0.85, Re = 5 × 106 and
CL ≈ 0.5.

First of all, the evolution of the decomposition with respect to the size of the integration
domain is investigated. In the same time, a comparison is made with the reference Destarac and
Van der Vooren’s decomposition [21]. Eventually, the KJMB decomposition is also compared to
the reference-point-invariant versions of the ONERA formulation and Mele et al.’s formulation.
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OAT15A airfoil

The evolution of the drag on the OAT15A airfoil is shown in Fig.4.7a. In this case, the total
drag computed by the KJMB formulation is always in perfect agreement with the thermodynamic
value.

The lift evolution is presented in Fig.4.7b. Like CONERA
Linv

, CKJMB
L reaches the near-field

prediction as soon as d/c ≥ 2 and remains constant afterwards, although a numerical error is
reported at d/c = 6.

Regarding the drag breakdown, like in the ONERA decomposition and Mele et al.’s decom-
position, the KJMB decomposition overestimates the profile drag, and the lift-induced drag is
not exactly equal to zero (see Fig.4.8). Nevertheless, CKJMB

Di
is anyhow closer to zero than CMele

Di,inv

and CONERA
Di,inv

(see Fig.4.4a). Similarly, CKJMB
DP

is closer to CVdV
DP

than CMele
DP,inv

and CONERA
DP,inv

(see
Fig.4.4b). The ONERA and KJMB formulations being mathematically equivalent, the discrep-
ancies observed when comparing their respective results may come from numerical errors. Again,
it is expected that CKJMB

Di
tends to zero and CKJMB

DP
tends to CVdV

DP
only in the extreme far field.

Those observations are confirmed by the results listed in Table 4.1 for d/c = 10. In this
case, the total drag computed by the KJMB formulation is exactly equal to the near-field drag,
and the computed lift is in better agreement with the near-field lift than the ONERA formula-
tion and Mele et al.’s formulation. Hence, the KJMB formulation slightly outperforms the two
formulations based on the Lamb vector in this two-dimensional case.

Formulation CDi × 104 CDP × 104 CD × 104 CL
Destarac and Van der Vooren [21] 0.00 177.63 177.63 –
Mele et al. invariant -5.54 181.69 176.15 0.89452
ONERA invariant -4.96 181.11 176.15 0.89436
Kutta-Joukowski-Maskell-Betz -2.88 180.72 177.84 0.89324
Near-field – – 177.84 0.89272

Table 4.1: Comparison between the various aerodynamic force breakdown formulations on the
OAT15A airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦ and d/c = 10.
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(a) Drag

(b) Lift

Figure 4.7: Evolution of the aerodynamic force breakdown with respect to the size of the inte-
gration domain: comparison between the KJMB formulation and Destarac and Van der Vooren’s
formulation [21] on the OAT15A airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦
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(a) Lift-induced drag

(b) Profile drag

Figure 4.8: Evolution of the lift-induced drag and the profile drag with respect to the size of
the integration domain: comparison between the KJMB formulation and Destarac and Van der
Vooren’s formulation [21] on the OAT15A airfoil, M∞ = 0.72, Re = 3× 106, α = 2◦
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NASA Common Research Model

The evolution of the drag on the NASA CRM is shown in Fig.4.9a. Once again, the total
drag computed by the KJMB formulation is always in perfect agreement with the thermodynamic
prediction.

The evolution of the lift is presented in Fig.4.9b. The agreement with the near-field prediction
is very satisfying starting from d/cref = 0.8 and is almost perfect for d/cref ≥ 1.6. It confirms
that the Kutta-Joukowski theorem can be used to measure the lift in viscous transonic flows.
Here it is expected that the KJMB formulation gives the same values as the ONERA formulation,
yet the total lift and drag predictions of the KJMB formulation are more accurate (see Fig.4.5).
The gaps are again likely imputable to numerical errors in the assessment of the integrals.

The decomposition of the drag is illustrated in Fig.4.10. As for the ONERA decomposition
and Mele et al.’s decomposition, the lift-induced drag increases in the near field (see Fig.4.10a)
while the profile drag decreases (see Fig.4.10b). However, the agreement with the thermodynamic
decomposition of Destarac and Van der Vooren [21] seems better in the KJMB decomposition.
CKJMB
Di

and CKJMB
DP

respectively reach their maximum and minimum value at d/cref = 1. For
d/cref ≥ 1, it can be seen that CKJMB

DP
slightly increases while CKJMB

Di
slightly decreases, keeping

CKJMB
D constant. This is the transfer from the lift-induced drag to the profile drag caused by

the viscous and numerical dissipations. Yet, this transfer has surpringly not been noticed in the
ONERA decomposition, which proved to be less sensitive to the size of the integration domain
in the far field (see Fig.4.6). No satisfying explanation has been found until now to explain this
difference.

Additional results are listed in Table 4.2 for d/cref = 1. Taking the decomposition of Destarac
and Van der Vooren [21] as reference, it is clear that the ONERA and KJMB decompositions
outperform by far Mele et al.’s decomposition. Indeed, the lift-induced drag is increased by
almost 10 counts with the ONERA decomposition and is then in much greater agreement with
the thermodynamic value: it is 6 counts lower for the ONERA decomposition and 15 counts lower
for Mele et al.’s decomposition. The agreement is even better for the KJMB decomposition with
a lift-induced drag prediction only 5 counts lower than the thermodynamic value. Similarly, the
profile drag values computed by the ONERA and KJMB decompositions are also closer to that
computed by the thermodynamic approach.

Formulation CDi × 104 CDP × 104 CD × 104 CL
Destarac and Van der Vooren [21] 92.81 161.70 254.51 –
Mele et al. invariant 77.01 178.39 255.40 0.49852
ONERA invariant 86.29 169.11 255.40 0.49198
Kutta-Joukowski-Maskell-Betz 87.26 167.63 254.89 0.49698
Near-field – – 254.70 0.49946

Table 4.2: Comparison between the various aerodynamic force breakdown formulations on the
NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5 and d/cref = 1.
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(a) Drag

(b) Lift

Figure 4.9: Evolution of the aerodynamic force breakdown with respect to the size of the inte-
gration domain: comparison between the KJMB formulation and Destarac and Van der Vooren’s
formulation [21] on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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(a) Lift-induced drag

(b) Profile drag

Figure 4.10: Evolution of the lift-induced drag and the profile drag with respect to the size of
the integration domain: comparison between the KJMB formulation and Destarac and Van der
Vooren’s formulation [21] on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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4.3.3 Phenomenological analysis of the role of compressibility in the KJMB
and ONERA decompositions

Hence, the KJMB formulation is completely suited to predict and decompose the aerody-
namic force exerted on an aircraft in cruise flight with intricate physics at work. The numerical
results also confirm the equivalence between the ONERA and KJMB decompositions shown in
subsection 4.3.1. Hence, it gives the opportunity to identify the role of compressibility in the lift,
the lift-induced drag and the profile drag in the ONERA decomposition. Indeed, the ONERA
decomposition may now be interpreted with the physical quantities involved in the KJMB decom-
position, rather than with the Lamb vector and the density gradient. In the following analysis,
the focus is first given to the compressible Betz’s profile drag formula because the compressibility
appears explicitly in its expression (4.3.10).

With (4.3.14), it has been shown in the KJMB decomposition that the profile drag corre-
sponds to a compressible Betz’s formula. This extension to compressible flows is unprecedented
and the physics at stake are not fully understood yet. Hence, the aim of the present analysis
is to identify the role of compressibility by establishing the links between this formula and its
incompressible version. For this purpose, FBETZ is decomposed into

FBETZ =

˛
Se

τ · ndS + F∆P + F∆ρ (4.3.15)

with

F∆P = −
˛
Se

∆PndS =

˛
Se

(P∞ − P )ndS (4.3.16)

F∆ρ =
U2
∞
2

˛
Se

∆ρndS =
U2
∞
2

˛
Se

(ρ− ρ∞)ndS (4.3.17)

where ∆P = P −P∞ and ∆ρ = ρ− ρ∞. As mentioned in subsection 1.1.1, Betz initially defined
the profile drag as the total pressure losses P∞ − P in incompressible flows [8]. In compressible
flows however, the contribution of F∆ρ must be accounted for. Hence Betz’s definition does not
hold anymore. In fact, it is necessary to identify the physical role of F∆ρ in compressible flows. It
is possible to relate the compressible Betz’s formula FBETZ to its incompressible version F incomp

BETZ :

FBETZ = F incomp
BETZ −

˛
Se

(ρ− ρ∞)
q2 − U2

∞
2

ndS (4.3.18)

with

F incomp
BETZ =

˛
Se

τ · ndS +

˛
Se

[
P∞ −

(
p+

1

2
ρ∞q

2

)]
ndS (4.3.19)

In (4.3.18), the sum of F∆P and F∆ρ is equal to the incompressible profile drag expression
F incomp

BETZ established by Betz [8] plus a correction term containing the density and kinetic energy
perturbations. This correction term is expected to vanish in the far field of the aircraft. Hence, in
order to understand the role of compressibility in the profile drag, it is necessary to examine the
evolution of F∆P , F∆ρ and F

incomp
BETZ with respect to the size of the integration domain. In addition

to the profile drag, the analysis will also allow to identify how the compressibility contributes to
the lift and the lift-induced drag in the KJMB and ONERA decompositions. For this purpose,
it is necessary to combine (4.3.2), (4.3.4), and the definition (4.3.17) of F∆ρ in order to write

Fρl + F trans
mρ − F∇ρ = FKJ + FMSK =

˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS − F∆ρ (4.3.20)
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Hence, with (4.2.6), (4.2.7), (4.3.12) and (4.3.13), there is:

LONERA = LKJMB = ez ·
˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS − L∆ρ (4.3.21)

DONERA
i = DKJMB

i = ex ·
˛
Se

(
ρ
q2

2
n− ρq (q · n)

)
dS −D∆ρ (4.3.22)

Besides, with (4.2.8), (4.3.9), (4.3.14) and (4.3.15), there is:

DONERA
P = DKJMB

P = DBETZ = ex ·
˛
Se

τ · ndS +D∆P +D∆ρ (4.3.23)

The analysis of F∆ρ will then allow to gain more insights on all the contributors of the aerody-
namic force, in both decompositions.

The evolution of FBETZ is shown in Fig.4.11. It can be seen that the lift component of F∆P

is positive and not equal to zero. It means that the variations in P are not only responsible
for a drag contribution in compressible flows, but also for a lift contribution. Actually, CL∆ρ

exactly balances CL∆P
, which suggests that the lift contribution produced by the variations in P

actually come from density variations. It is illustrated in Fig.4.12: the losses in P on the suction
side of the wing (see Fig.4.12a in green) exactly coincide with the decrease in density caused by
the fluid expansion in this region (see Fig.4.12b in purple). This expansion is responsible for
part of the lift in compressible flows. Indeed, according to (4.3.21), the flow expansion on the
suction side leading to L∆ρ ≤ 0 contributes to the lift. Hence, both in the ONERA and KJMB
decompositions, (4.3.21) reveals that the compressibility plays a role in the lift through F∆ρ, i.e.
through the density variations occuring in compressions and expansions. In CLBETZ

, CL∆P
is

instead cancelled by CL∆ρ
, therefore guaranteeing that FBETZ is only a drag contribution: the

profile drag contributions DONERA
P and DKJMB

P according to (4.3.23). Finally, the lift component
of the correction term identified in (4.3.18) effectively disappears in the far field since C incomp

LBETZ

quickly converges to zero and the CLBETZ
curve.

Regarding the drag, CD∆P
and CD∆ρ

have once again complementary evolutions: for d/cref ≥
0.6, CDBETZ

remains almost constant. Notably, the decrease in CD∆P
is always compensated by

the increase in CD∆ρ
. Yet, it is not trivial to understand this increase since U2

∞
2 ∆ρ is evaluated on

Se, which is itself defined by the distance d to the aircraft surface Sb (see Fig.2.2). Consequently,
the boundaries of Se follow the shape of the aircraft and intersect alternatively compression and
expansion zones away from the leading and trailing edges (see Fig.4.13). That is why it makes
it difficult to interpret the behaviour of CD∆ρ

. To do so, it is necessary to analyse the quantity
U2
∞
2 ∆ρ in the vicinity of the aircraft. As seen in Fig.4.12b, compressions occuring at the nose, the

wing leading edge and the bottom part of the aircraft increase the fluid density (in orange), hence
increase P (see Fig.4.12a in orange), and generate a drag contribution. That is why CD∆P

≥
CDBETZ

and CD∆ρ
≤ 0 for d/cref ≤ 1.3. In CDBETZ

, CD∆P
is however compensated by CD∆ρ

such
that those compression-induced density variations do not contribute to the profile drag. Rather,
they contribute to the lift-induced drag. Indeed, D∆ρ is negative in the compressions occuring
at the nose and the leading edge (where nx ≤ 0), and then contributes to the lift-induced drag
according to (4.3.22). Hence, both in the ONERA and KJMB decompositions, (4.3.22) suggests
that the compressibility also plays a role in the lift-induced drag through F∆ρ.

The evolution of F∆ρ with respect to the location of Se (see Fig.4.11) is directly related to the
compressions and expansions occuring in the vicinity of the aircraft. The positive contribution
to the profile drag for d/cref ≥ 1.3 corresponds to Se crossing in the same time the expansion
(see Fig.4.13 in blue) caused by the fuselage upstream of the wing (where nx ≤ 0) and the
compression (in red) near the tail of the fuselage (where nx ≥ 0). Anyways, it has been shown
that CD∆ρ

represents the variations in P induced by density variations and that it always balances
CD∆P

. As in the incompressible case, it means that the profile drag computed by FBETZ comes
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Figure 4.11: Breakdown of FBETZ on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5

from the losses in P induced by losses in static pressure and kinetic energy only. These losses
occur in boundary layers and wakes (see Fig.4.12a). This interpretation is confirmed by C incomp

DBETZ

converging to the same value as CDBETZ
in the far field (see Fig.4.11b). It also proves that

the drag component of the correction term identified in (4.3.18) vanishes in the far field. In
conclusion, the incompressible Betz’s profile drag formula F incomp

BETZ [8] still holds in compressible
flows, provided that Se is located sufficiently far from the aircraft.

130



CHAPTER 4. DEVELOPMENT OF A TRANSONIC LAMB-VECTOR-BASED FORMULATION IDENTIFYING
THE ROLE OF COMPRESSIBILITY IN LIFT AND DRAG

(a) ∆P

(b) U2
∞
2

∆ρ

Figure 4.12: Visualisations of the contributors of FBETZ on the NASA CRM, M∞ = 0.85,
Re = 5× 106, CL ≈ 0.5
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(a) y/cref = 0 (b) y/cref = 0.5

(c) y/cref = 1 (d) y/cref = 1.5

Figure 4.13: Visualisations of U
2
∞
2 ∆ρ on the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5
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Chapter summary

The role of the compressibility term Fmρ has been investigated by highlighting the links
between Mele et al.’s Lamb-vector-based decomposition [31, 32, 36] and pioneering theories from
classical aerodynamics. In particular, it has been shown that the sum of Fρl and Fmρ (or F trans

mρ )
yields to compressible versions of the Kutta-Joukowski lift theorem and Maskell’s lift-induced
drag formula. Similarly, it has been shown that the sum of FSe and Fτ leads to a compressible
version of Betz’s profile drag formula. Additionally, a compressibility correction term vanishing
in the far field has been discovered. Then, the total lift has been reconnected to the circulation
generated by the wings, the lift-induced drag to the kinetic energy of the trailing vortices, and
the profile drag to the losses in P = p + ρq2/2. For the profile drag however, an additional
contribution withdrawing the variations in P induced by the compressibility of the flow explicitly
appears in the expression.

Then, starting from the transonic formulation developed by Mele et al. [36], the ONERA
formulation has been devised in order to be mathematically equivalent to the classical analyses
of Kutta, Joukowski, Maskell and Betz:

LONERA =
(
Fρl + F trans

mρ − F∇ρ
)
· ez

DONERA
i =

(
Fρl + F trans

mρ − F∇ρ
)
· ex

DONERA
P = (FSe + Fτ + F∇ρ) · ex

with

Fρl = −
ˆ

Ω
ρldv

F trans
mρ =

1

N − 1

ˆ
Ω\Ωsw

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv +

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS +

ˆ
Ωsw

ρldv

F∇ρ =
1

N − 1

˛
Se

r ×
(
n× q2 − U2

∞
2

∇ρ
)

dS

FSe = − 1

N − 1

˛
Se

r × (n× ρl) dS

Fτ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇ · τ ) dS

Indeed, the terms of this new decomposition are still based on the Lamb vector and the density
gradient, yet they are nothing but alternative expressions of the compressible versions of the
Kutta-Joukowski lift theorem, Maskell’s lift-induced drag formula and Betz’s profile drag formula.
As a consequence, the obtained decomposition is naturally independent of the location of the
reference point everywhere in the flow field. The ONERA formulation has been successfully
tested on the OAT15A airfoil and the NASA CRM. Particularly on the NASA CRM, it has been
shown that, compared to Mele et al.’s formulation [36], the ONERA formulation provides a drag
decomposition in much better agreement with Destarac and Van der Vooren’s thermodynamic
approach [21]. Hence, the ONERA formulation is more robust and better suited for applications
to industrial aircrafts.

Finally, starting over from the ONERA formulation, the equivalent Kutta-Joukowski-Maskell-
Betz (KJMB) formulation has been derived. This formulation can predict and decompose the
aerodynamic force with an expression embedding in the same equation the compressible versions
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of the Kutta-Joukowski theorem, Maskell’s formula and Betz’s formula:

LKJMB = ez · FKJ

DKJMB
i = ex · FMSK

DKJMB
P = ex · FBETZ

with

FKJ = U∞ ×
˛
Se

n× ρδqdS +

(˛
Se

ρ

(
δq2

2
nz − w (δq · n)

)
dS

)
ez

FMSK =

(˛
Se

ρ

(
δq2

2
nx − u (δq · n)

)
dS

)
ex

FBETZ =

˛
Se

τ · ndS +

˛
Se

(P∞ − P )ndS − U2
∞
2

˛
Se

(ρ∞ − ρ)ndS

Then, the KJMB decomposition has successfully been applied to the OAT15A airfoil and the
NASA CRM. Particularly on the NASA CRM, it has been shown that the lift is better predicted
with the KJMB formulation than with the ONERA formulation, although they are mathemat-
ically equivalent. Moreover it has been shown that, compared to Mele et al.’s formulation [36]
and the ONERA formulation, the KJMB formulation provides a drag decomposition in even
better agreement with Destarac and Van der Vooren’s approach [21]. In the end, a physical
analysis of the variations in P has shown that, in compressible flows, one part of the lift and the
lift-induced drag comes from the variations in density caused by compressions and expansions.
On the contrary, it has shown that the profile drag corresponds to the losses in P induced only
by the decrease in static pressure and kinetic energy in the wake.

In conclusion, two innovative formulations have been developed. The ONERA formulation
is based on local flow quantities, the Lamb vector and the density gradient, while the KJMB
formulation is based on global flow quantities, the circulation around the wings, the kinetic
energy of the vortices, and the losses in pressure and kinetic energy in the wake. Notably, the
discovery of the KJMB formulation enables to bridge the gap between classical incompressible
aerodynamics and the study of highly complex transonic flows. The equivalence between these
two formulations has enabled to better understand the physical roles of the Lamb vector and
the density gradient in lift and drag. Besides, both formulations have shown their ability to
accurately predict and decompose the aerodynamic force into lift, lift-induced drag and profile
drag on a typical industrial aircraft in cruise flight. However, the breakdown of the profile drag
into viscous and wave contributions is still not achieved. That is why it is now necessary to
develop a method that can extract the wave drag from the profile drag.
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Chapter 5

Lamb-Vector-Based Wave Drag
Extraction by Shock Wave Wake
Identification

In Mele et al.’s formulation [31, 32, 36], the ONERA formulation and the KJMB formulation,
it has been shown that the profile drag varies when increasing the size of the integration domain.
In particular, it has been observed that the profile drag decreases in the near field with the
rolling-up of the vortex sheet. Hence, unlike Destarac and Van der Vooren’s approach [21], the
wave contribution to the profile drag cannot be evaluated on the contour of the shock wave
volume since it would be overestimated. For the same reason, it cannot either be evaluated on a
shock wake plane directly downstream of the shock wave as already observed in several studies
[36, 91]. Thus, the aim of this chapter is to find a method for extracting the wave drag in the
wake of the aircraft.

First of all, it is necessary to investigate the relations between the Lamb-vector-based for-
mulations (Mele et al.’s and ONERA formulations) and former wave drag extraction methods
in order to check whether the wave drag can be evaluated with the Lamb vector. To do so, a
theoretical study is conducted in the shock wave wake in order to emphasize the link between
Mele et al.’s formulation [31, 32, 36] and Oswatitsch’s wave drag formula [40, 41]. Then, another
theoretical analysis is carried out in order to highlight the links between the ONERA formulation,
the KJMB formulation and Destarac and Van der Vooren’s wave drag formula [21].

Then, with the observations made in the first part, it becomes clear that the wave drag must
be extracted from the profile drag in the wake of the shock wave. To do so, it is necessary to
identify the part of the wake coming from the shock wave and to separate it from the viscous
wake coming from the boundary layers: this is done by means of a physical criterion based on
entropy and vorticity. The separation of the shock wave wake and the viscous wake is then
illustrated around the NACA0012 airfoil.

Finally, two Lamb-vector-based wave drag formulae are presented: the first one is based on the
wave drag definition proposed by Mele et al. [36] while the second one is based on the profile drag
expression given in the ONERA formulation. Additionally, another wave drag formula based on
the profile drag expression given in the KJMB formulation is presented. A numerical comparative
study of those three formulae and the thermodynamic methods of Oswatitsch, Destarac and Van
der Vooren is then conducted on two-dimensional and three-dimensional configurations.
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5.1 Theoretical comparison between the Lamb-vector-based for-
mulations and thermodynamic wave drag extraction methods

In this section, the focus is given to the links between the Lamb-vector-based formulations
and the thermodynamic approaches of Oswatitsch [40, 41], Destarac and Van der Vooren [21]. In
fact, the thermodynamic approaches were the first to predict the wave drag and it is fundamental
to identify the similarities and differences with the formulations based on the Lamb vector in
order to find out where the drag predictions might differ or become equal to each other.

First of all, the link between Mele et al.’s profile drag definition [31, 32, 36] and Oswatitsch’s
wave drag formula [40, 41] is established with a theoretical study of FSe in the shock wave wake.

Then, by considering the same hypotheses as Destarac and Van der Vooren [21], a similar
analysis of FSe + F∇ρ and FBETZ is conducted. It reveals the existing relation between the
profile drag expression of the ONERA formulation, the profile drag expression of the KJMB
formulation, and Destarac and Van der Vooren’s wave drag formula.

In the end, the theoretical speculations made in the first two parts are validated through a
numerical simulation around the NACA0012 airfoil. This simulation is performed on an Euler
(inviscid) flow in order to ensure that the wake downstream of the airfoil comes from the presence
of the shock wave only.

5.1.1 Link with Oswatitsch’s formula

In the first chapter of this dissertation, it has been shown that Oswatitsch’s formula is a
surface integral which relates the profile drag to the entropy generated in boundary layers and
across shock waves (see subsection 1.1.3). Should this integration be performed directly down-
stream of the shock wave, one will obtain the wave drag. In order to find the links between the
Lamb-vector-based profile drag definition of Mele et al. [31, 32, 36] and Oswatitsch’s wave drag
formula [40, 41], it is then necessary to find a way to express the Lamb vector with the entropy.
This is done by means of the Crocco-Vazsonyi equation.

The flow inside and outside the shock wave wake is considered almost inviscid (Re → ∞).
Hence, the contribution of the viscous-stress tensor τ is negligible and the Crocco-Vazsonyi
equation is given by

ρl = ρT∇s− ρ∇H (5.1.1)

Denoting ∆s = s− s∞ and ∆H = H −H∞, it is also possible to write

ρl = ρT∇ (∆s)− ρ∇ (∆H) (5.1.2)

Moreover, across a steady shock, the total specific enthalpy H is conserved. Additionally, the
flow is steady, almost inviscid, and thermal effects are negligible [40], hence the flow remains
isenthalpic between the upstream far field and the region just upstream of the shock. Therefore,
∆H represents in this case the difference in total specific enthalpy between the upstream far
field and the wake of the shock wave. With the aforementioned arguments, it is then clear that
∆H = 0 everywhere in the flow. Using the perfect gas relation

p = ρRT (5.1.3)

where R is the perfect gas constant, the Crocco-Vazsonyi equation may now be written as follows:

ρl = ∇ (ρT∆s)− ∆s

R
∇p (5.1.4)

To analyse the wave drag, one must first start from the expression of the profile drag. In the
decomposition proposed by Mele et al. [31, 32, 36], the profile drag is given by the x-component
of FSe :

DMele
P = FSe · ex = ex ·

(
− 1

N − 1

˛
Se

r × (n× ρl) dS

)
(5.1.5)
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Figure 5.1: Definition of Wsw

By using (5.1.4), it is possible to re-express FSe with the entropy:

FSe = − 1

N − 1

˛
Se

r × (n×∇ (ρT∆s)) dS

+
1

N − 1

˛
Se

r ×
(
n× ∆s

R
∇p
)

dS (5.1.6)

With the second DMT (A.2), the first integral can be simplified:

FSe =

˛
Se

ρT∆sndS +
1

N − 1

˛
Se

r ×
(
n× ∆s

R
∇p
)

dS (5.1.7)

Knowing that ex = U∞/U∞, it is then possible to write the profile drag DMele
P as follows:

DMele
P =

1

U∞

˛
Se

ρT∆s (U∞ · n) dS

+ ex ·
(

1

N − 1

˛
Se

r ×
(
n× ∆s

R
∇p
)

dS

)
(5.1.8)

The temperature may be written as T = T∞ + ∆T in the latter expression:

DMele
P =

T∞
U∞

˛
Se

∆s (ρU∞ · n) dS

+
1

U∞

˛
Se

∆s∆T (ρU∞ · n) dS

+ ex ·
(

1

N − 1

˛
Se

r ×
(
n× ∆s

R
∇p
)

dS

)
(5.1.9)

Then, with the decomposition of the velocity vector q = U∞ + δq, the first integral can be
re-expressed:

DMele
P =

T∞
U∞

˛
Se

∆s (ρq · n) dS − T∞
U∞

˛
Se

∆s (ρδq · n) dS

+ ex ·
˛
Se

ρ∆s∆TndS + ex ·
(

1

N − 1

˛
Se

r ×
(
n× ∆s

R
∇p
)

dS

)
(5.1.10)

In (5.1.10), the first integral is Oswatitsch’s profile drag formula (see subsection 1.1.3). Yet,
∆s = 0 outside the shock wave wake in the case of an inviscid transonic flow. Hence, the
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integrals are limited to the shock wake plane Wsw (see Fig.5.1). Then, the link between Mele et
al.’s profile drag definition [31, 32, 36] and Oswatitsch’s wave drag formula [40, 41] is obtained:

DMele
P = DOsw

w +Dδq∆s +D∆s∆T +D∆s∇p (5.1.11)

with

DOsw
w =

T∞
U∞

ˆ
Wsw

∆s (ρq · n) dS (5.1.12)

Dδq∆s = −T∞
U∞

ˆ
Wsw

∆s (ρδq · n) dS (5.1.13)

D∆s∆T = ex ·
ˆ
Wsw

ρ∆s∆TndS (5.1.14)

D∆s∇p = ex ·
(

1

N − 1

ˆ
Wsw

r ×
(
n× ∆s

R
∇p
)

dS

)
(5.1.15)

The other terms of (5.1.11) are expected to vanish in the far wake of the shock wave. First
of all, ∆s is generally small provided that the shock is not too strong. Besides, according to
Oswatitsch [40], it is reasonable to assume a “slightly perturbed parallel flow" in the far wake.
Indeed, with turbulence and viscous effects (although limited in this case), there is

lim
Wsw→∞

∆s (δq · n) = lim
Wsw→∞

u∆s = 0 (5.1.16)

since u is small far downstream. Additionally, the temperature T returns to T∞. Hence,

lim
Wsw→∞

∆s∆T = (T∞ − T∞) ∆s = 0 (5.1.17)

Moreover, in transonic flows, the shock wave is weakly curved and almost straight, so that
the tangential pressure gradient n × ∇p is small and progressively disappears as well. As a
consequence,

lim
Wsw→∞

Dδq∆s = 0 (5.1.18)

lim
Wsw→∞

D∆s∆T = 0 (5.1.19)

lim
Wsw→∞

D∆s∇p = 0 (5.1.20)

so that
DMele
P = DOsw

w (5.1.21)

in the far wake. All these speculations will be confirmed by numerical results in subsection 5.1.3.
In the next analysis, the focus is given to the profile drag expressions of the ONERA and KJMB
formulations, and the links with Destarac and Van der Vooren’s wave drag formula [21].

5.1.2 Link with Destarac and Van der Vooren’s approach

Oswatitsch’s formula is one of the first definitions of the wave drag and is actually a lin-
earization of the formula later developed by Destarac and Van der Vooren [21]. Then, through
its link with Oswatitsch’s formula, DMele

P is somewhat linked to Destarac and Van der Vooren’s
approach as well. In the following, however, the focus is on the profile drag expressions of the
ONERA and KJMB formulations.

The approach of Destarac and Van der Vooren is based on the assumption that no trailing
vorticity is present in the wake, hence the drag only comes from irreversible processes (see
subsection 1.1.5). Moreover, the viscous stresses are neglected and the pressure is assumed to be
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equal to its freestream value. In this case, the profile drag DVdV
P is expressed with the irreversible

velocity deficit ∆u:

DVdV
P = −

˛
Se

∆u (ρq · n) dS (5.1.22)

In the ONERA and KJMB formulations, the force decomposition is the same since both formu-
lations are mathematically equivalent, but they are based on different physical quantities. In the
case of an inviscid flow, the viscous stresses are negligible. Hence the profile drag is given by

DONERA
P = ex · (FSe + F∇ρ) = FBETZ · ex = DKJMB

P (5.1.23)

with

FSe + F∇ρ = − 1

N − 1

˛
Se

r × (n× ρl) dS

+
1

N − 1

˛
Se

r ×
(
n× q2 − U2

∞
2

∇ρ
)

dS (5.1.24)

FBETZ =

˛
Se

(P∞ − P )ndS − U2
∞
2

˛
Se

(ρ∞ − ρ)ndS (5.1.25)

Here, it is more convenient to express FBETZ with the static pressure for the analysis to follow:

FBETZ =

˛
Se

(p∞ − p)ndS −
˛
Se

ρ
q2 − U2

∞
2

ndS (5.1.26)

Then, reminding that ex = U∞/U∞, the profile drag DONERA
P = DKJMB

P is expressed with the
x-component of FBETZ:

DONERA
P = DKJMB

P = ex ·
˛
Se

(p∞ − p)ndS −
˛
Se

ρ
q2 − U2

∞
2U∞

(U∞ · n) dS (5.1.27)

Let us now analyse the second term of (5.1.27). First of all, it is possible to re-express it as
follows:

−
˛
Se

ρ
q2 − U2

∞
2U∞

(U∞ · n) dS = −
˛
Se

ρ (q − U∞)
q + U∞

2U∞
(U∞ · n) dS (5.1.28)

To find the link with Destarac and Van der Vooren’s formula [21], it is necessary to consider the
same hypotheses as those they made in the far wake:

• v = w = 0

• p = p∞

In this specific case, the flow in the wake is parallel to the x-axis and the velocity q simplifies as
follows (see subsection 1.1.5):

Uirr = U∞ + ∆u (5.1.29)

Hence, (5.1.28) becomes

−
˛
Se

ρ
U2
irr − U2

∞
2U∞

(U∞ · n) dS = −
˛
Se

∆u

(
1 +

∆u

2U∞

)
(ρU∞ · n) dS

= −
˛
Se

∆u (ρU∞ · n) dS − ex ·
˛
Se

ρ
∆u2

2
ndS (5.1.30)

The next step consists in adding and subtracting the term

−
˛
Se

ρ
U2
irr − U2

∞
2U∞

(U∞ · n) dS
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to (5.1.27) in order to obtain

DONERA
P = DKJMB

P = ex ·
˛
Se

(p∞ − p)ndS −
˛
Se

ρ
U2
irr − U2

∞
2U∞

(U∞ · n) dS

−
˛
Se

ρ
q2 − U2

irr

2U∞
(U∞ · n) dS (5.1.31)

Then, by introducing (5.1.30) into (5.1.31), it is possible to write

DONERA
P = DKJMB

P = ex ·
˛
Se

(p∞ − p)ndS −
˛
Se

∆u (ρU∞ · n) dS

−
˛
Se

ρ
q2 + ∆u2 − U2

irr

2U∞
(U∞ · n) dS (5.1.32)

Using (5.1.29) and the decomposition of the velocity vector q = U∞ + δq, the latter expression
is re-expressed as follows:

DONERA
P = DKJMB

P = −
˛
Se

∆u (ρq · n) dS + ex ·
˛
Se

(p∞ − p)ndS

+

˛
Se

∆u (ρδq · n) dS

−
˛
Se

(u−∆u) (ρU∞ · n) dS − ex ·
˛
Se

ρ
δq2

2
ndS (5.1.33)

In (5.1.33), the first integral represents Destarac and Van der Vooren’s profile drag formula [21].
Moreover, the flow is inviscid and transonic, so the integrals containing u, ∆u and δq2 are limited
to the shock wake plane Wsw. Finally, considering that the lateral parts of Se are far enough
from the aircraft, the integral containing the pressure difference p∞ − p can also be limited to
Wsw. Consequently, the link with the wave drag computed by Destarac and Van der Vooren’s
formula [21] is obtained:

DONERA
P = DKJMB

P = DVdV
w +D∆p +Dδq∆u (5.1.34)

with

DVdV
w = −

ˆ
Wsw

∆u (ρq · n) dS (5.1.35)

D∆p = ex ·
ˆ
Wsw

(p∞ − p)ndS (5.1.36)

Dδq∆u =

ˆ
Wsw

∆u (ρδq · n) dS − ex ·
ˆ
Wsw

ρ
δq2

2
ndS

−
ˆ
Wsw

(u−∆u) (ρU∞ · n) dS (5.1.37)

The other terms of (5.1.34) are expected to vanish in the far wake of the shock wave. First
of all, in D∆p, the pressure p progressively returns to its freestream value p∞:

lim
Wsw→∞

p = p∞ (5.1.38)

Moreover, v and w tend to zero and u tends to ∆u. Hence, in Dδq∆u, there is

lim
Wsw→∞

[
∆u (δq · n)− ex ·

δq2

2
n

]
= lim

Wsw→∞

[
u∆u− δq2

2

]
= lim

Wsw→∞

[
∆u2 − ∆u2 + v2 + w2

2

]
= lim

Wsw→∞

∆u2

2
= 0 (5.1.39)
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and

lim
Wsw→∞

[(u−∆u) (U∞ · n)] = (∆u−∆u)U∞ = 0 (5.1.40)

As a consequence,

lim
Wsw→∞

D∆p = 0 (5.1.41)

lim
Wsw→∞

Dδq∆u = 0 (5.1.42)

so that
DONERA
P = DKJMB

P = DVdV
w (5.1.43)

in the far wake. The aforementioned results will be confirmed in the next subsection with a
numerical transonic Euler simulation around the NACA0012 airfoil.

5.1.3 Numerical study in the inviscid wake of a NACA0012 airfoil

In fact, in this case, the lift-induced drag and the viscous drag are equal to zero, hence the
total drag exerted on the airfoil is equal to the wave drag only. The aim of this numerical
application is to find out whether the theoretical speculations made earlier in the shock wave
wake are correct. In particular, it is necessary to check whether the expressions of the profile
drag based on the Lamb vector predict the same drag as Oswatitsch’s and Destarac and Van
der Vooren’s wave drag formulae. To do so, the evolution of the different drag contributors is
investigated in the shock wave wake. The location of the shock wake plane Wsw is defined by the
position xW downstream of the trailing edge. In the following charts, the near-field drag (equal
to the wave drag in this case) is taken as reference value.

The analysis of (5.1.11) is illustrated in Fig.5.2. In Fig.5.2a, the profile drag computed by the
reference-point-invariant version of Mele et al.’s formulation is compared to the near-field drag
and Oswatitsch’s wave drag. It can be seen that the difference in drag computed by the three
formulae is always less than one drag count. Moreover, Mele et al.’s profile drag quickly converges
to the constant value predicted by Oswatitsch’s formula which confirms the speculation made
in (5.1.21). The other terms of (5.1.11) are displayed in Fig.5.2b: their magnitude is always
less than one drag count. Besides, D∆s∇p ' 0 and the two other drag contributors tend to zero
which gives further support to the validity of (5.1.21) in the far wake.

The analysis of (5.1.34) is illustrated in Fig.5.3. In Fig.5.3a, the profile drag computed by the
reference-point-invariant version of the ONERA formulation and that computed by the KJMB
formulation are compared to the near-field drag and Destarac and Van der Vooren’s wave drag.
This time, the difference in drag is more pronounced in the very near wake (3 to 4 drag counts)
but the profile drag computed by the ONERA and KJMB formulations quickly returns to that
computed by Destarac and Van der Vooren’s formula. Once again, the predicted drag becomes
invariant to xW in the far wake. Then, the speculation made in (5.1.43) seems correct. The
other terms of (5.1.34) are shown in Fig.5.3b: D∆p and Dδq∆u both tend to zero in the far wake.
Even more compelling, they seem to always compensate each other (the reason is still not clear),
suggesting that (5.1.43) should hold in the near wake as well. As a matter of fact, the difference
with DVdV

w noticed for xW /c ≤ 20 may be explained with various arguments:

• DONERA
P,inv andDKJMB

P are computed on the closed surface Se, in this case a rectangle with the
planeW as its dowstream boundary. Hence, the difference may come from contributions on
W located outside the wake whenW is close to the trailing edge. Then, those contributions
gradually disappear as W retreats further downstream.

• It could instead/also be due to the fact that the hypotheses made in the derivation of
(5.1.34) hold only far enough in the shock wave wake.
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(a) Mele et al.’s profile drag VS Oswatitsch’s wave drag
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Figure 5.2: Evolution of the profile drag computed by Mele et al.’s definition [31, 32, 36] and
the wave drag computed by Oswatitsch’s formula [40, 41] in the wake of the NACA0012 airfoil,
M∞ = 0.72, Re→∞, α = 2◦
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(a) ONERA/KJMB profile drag VS Destarac and Van der Vooren’s wave drag
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Figure 5.3: Evolution of the profile drag computed by the ONERA and KJMB formulations
and the wave drag computed by Destarac and Van der Vooren’s formula [21] in the wake of the
NACA0012 airfoil, M∞ = 0.72, Re→∞, α = 2◦
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5.2 Identification of the shock wave wake in the flow solution

In the shock wave wake, it has been shown that the Lamb-vector-based expressions of the
profile drag progressively become equivalent to the wave drag computed by the thermodynamic
approaches of Oswatitsch [40, 41] and Destarac and Van der Vooren [21]. Then, it seems that an
evaluation of the wave drag using the Lamb vector is possible. In fact, the equivalence between
the Lamb-vector-based formulations and the thermodynamic approaches is achieved only in the
far wake of the shock wave. Yet, in viscous flows, the shock wave wake quickly merges with the
wake of the boundary layer, therefore making it impossible to distinguish the wave drag and the
viscous drag.

Hence, it appears necessary to perform the integration closer to the shock. Unfortunately,
Mele et al. [36] and Ostieri and Tognaccini [91, 106] noticed that the wave drag is overestimated
when the plane of integration is located too close to the shock. That is why choice is made to
integrate on a plane located not too close to the shock, but not too far in the wake in order to
avoid the entrainment of the shock wave wake into the viscous wake. To do so, a physical criterion
able to identify the shock wave wake is defined: two filters based on entropy and vorticity enable
to delineate it from the spurious regions (characterized by the production of numerical drag) and
the viscous wake. Then, the region selected by the criterion is shown in a viscous flow around
the NACA0012 airfoil.

5.2.1 Definition of a physical criterion based on entropy and vorticity

In the first place, the criterion used to separate the shock wave wake from the viscous wake
has been inspired from the one developed by Kusunose [45]. His criterion was based on the
magnitude of the Lamb vector in the wake of the aircraft: when the magnitude of the Lamb
vector is less than a specific value, the cell is considered to be part of the shock wave wake.

In the present study, rather than the Lamb vector, the physical quantity used to distin-
guish the viscous wake and the shock wave wake is the vorticity. Besides, it has also appeared
paramount to exclude all spurious contributions from the selected region. In fact, inaccuracies
in the numerical simulation may generate an additional unphysical drag contribution outside the
wake. To avoid the spurious regions, the physical quantity used to delimit the physical wake is
the entropy. In the end, the physical criterion developed here is very similar to the one proposed
by Toubin [107] for the identification of an extended shock wave volume.

Unlike Toubin, the criterion is here intended for use on a surface rather than a volume. Hence,
the location of the surface in the wake must be specified. In this regard, it has been observed
that the integration should not be performed too close nor too far from the shock wave. Then
the shock wake plane Wsw is defined as follows:

xW =


xte + c/10 in RANS flows around airfoils
xte + c in Euler flows around airfoils
xwt in RANS flows around wings or aircrafts

(5.2.1)

where the subscript te refers to the trailing edge and wt to the wing tip. Then, a cell is tagged
as belonging to Wsw if:

1. The entropy increment satisfies ∆s ≥ β∆s in order to avoid the spurious regions.

2. The vorticity modulus ||ω|| is such that ||ω||cref/U∞ ≤ βω to avoid the wake of the
boundary layer.

3. The cell does not belong to the boundary layer region.

Here, β∆s and βω are two thresholds to be specified empirically. They must be chosen so that
the criterion is applicable to any configuration, and for a wide variety of flow conditions. That
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is why the criterion uses the normalized vorticity modulus instead of its gross value. Regarding
the entropy, the threshold must be low enough to capture the shock wave wake, but high enough
to avoid the entropy generated in spurious regions. In the following, these thresholds will be set
with an application to a viscous flow around the NACA0012 airfoil.

5.2.2 Illustration with the viscous flow around a NACA0012 airfoil

In order to calibrate the parameters and test the criterion on a typical transonic case, a
RANS simulation has been performed on the NACA0012 airfoil at M∞ = 0.72, Re = 3 × 106,
and α = 2◦ (CL ≈ 0.5). Fig.5.4 illustrates the vorticity and the entropy generated within the
shock wave and the boundary layer. The shock wake planeWsw is positioned at xW = xte+c/10.

(a) Vorticity filter (b) Entropy filter

Figure 5.4: Illustration of Wsw past the NACA0012 airfoil, M∞ = 0.72, Re = 3× 106, CL ≈ 0.5

A contour of the normalized vorticity ||ω||cref/U∞ is provided in Fig.5.4a. It is clear that
the shock wave generates much less vorticity than the boundary layer, due to the fact that
the transonic shock is almost straight. Hence, it confirms that the vorticity is the key for
distinguishing the shock wave wake from the viscous wake. In the present case, the threshold
has been set at βω = 1.8.

The goal is now to find the upper boundary of the shock wave wake. A contour of the entropy
increment ∆s is proposed in Fig.5.4b. Here again, the entropy generated by the presence of the
shock wave enables to clearly distinguish the shock wave wake from regions located outside the
wake. In the present case, the threshold has been set at β∆s = 0.05 in order to capture as much
as possible the wake of the shock wave.

In the end, the approach chosen here for the evaluation of the wave drag is not very different
from that of Mele et al. [36]. Yet, the shock wake plane Wsw is not located directly downstream
of the shock wave, but rather further in the wake this time. Moreover, the boundaries of Wsw

are now defined by means of the two filters based on entropy and vorticity, which was not the
case in Mele et al.’s study.

In the following, various wave drag formulations will be tested. Among these ones, two
definitions are based on the Lamb vector and one is based on the profile drag expression of
the KJMB formulation. Additionally, the Lamb-vector-based wave drag definition proposed by
Ostieri and Tognaccini [91] will be examined. The applications will be held on the NACA0012
airfoil, the OAT15A airfoil, the ONERA M6 wing and the NASA CRM.
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5.3 Wave drag extraction using the Lamb vector in the shock
wave wake

In this section, the four wave drag formulations described earlier are first presented. The aim
of this analysis is to compare them to one another in order to identify which ones are the most
robust for extracting the wave drag, and which ones must be definitively discarded.

To do so, the formulations are first tested on simple airfoils in order to find out whether their
predictions on the shock wake plane match the predictions of the thermodynamic approaches
of Oswatitsch [40, 41] and Destarac and Van der Vooren [21]. After this analysis, only the
definitions that have given satisfaction are retained for the next applications.

Then, the remaining formulations are tested this time on the ONERA M6 wing and the
NASA CRM in order to investigate their validity in three-dimensional flows around geometries of
increasing complexity. In particular, the focus is given to the ability of the remaining formulations
to deal with the wing sweep of the ONERA M6 wing and the wing of the NASA CRM.

5.3.1 Presentation of the final wave drag definitions

Several force decompositions have been analysed in this dissertation so far: Mele et al.’s
decomposition [31, 32, 36], the ONERA decomposition and the KJMB decomposition. The
aim of this subsection is to develop a specific wave drag extraction method for each of these
decompositions.

Figure 5.5: Definition of Ωsw and Ωext
sw on the NACA0012 airfoil, M∞ = 0.72, Re = 3 × 106,

CL ≈ 0.5

First of all, Toubin [107] showed that, in the thermodynamic approaches of Oswatitsch,
Destarac and Van der Vooren, the wave drag can either be evaluated on the shock wake plane
Wsw or on the contour of the shock wave volume Ωsw (see Fig.5.5). Indeed, she considered a
streamtube enclosing the shock wave and its wake and assumed that the flow in there is isentropic
and isenthalpic. Under those hypotheses, she demonstrated that ∆s and ∆u remain constant on a
streamline, so that the wave drag is independent of the location of Wsw in the shock wave wake.
Hence, Oswatitsch’s formula and Destarac and Van der Vooren’s formula can be equivalently
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expressed as follows:

DOsw
w =

T∞
U∞

˛
∂Ωsw

∆s (ρq · n) dS (5.3.1)

DVdV
w = −

˛
∂Ωsw

∆u (ρq · n) dS (5.3.2)

On the contrary, this invariance property is not fulfilled by the Lamb vector. Then, the wave
drag computed by the term FSe may well not be the same depending on the surface chosen for
integration. Very recently, Ostieri and Tognaccini [91] proposed to evaluate the wave drag by
computing the contribution of FSe on the contour of an extended shock wave volume Ωext

sw (see
Fig.5.5):

DOstieri
w = ex ·

(
− 1

N − 1

˛
∂Ωext

sw

r × (n× ρl) dS

)
(5.3.3)

For the other formulations, the wave drag is evaluated on the shock wake plane Wsw defined by
the criterion presented earlier. A first formulation called ONERA1 uses the Lamb vector and is
based on Mele et al.’s expression of the profile drag with FSe [31, 32, 36]. A second definition
called ONERA2 uses the Lamb vector and the density gradient, and is based on the expression
of the profile drag expression using FSe + F∇ρ in the ONERA formulation. Then, a third and
last definition not using the Lamb vector is based on the profile drag expression of the KJMB
formulation:

DONERA1
w = ex ·

(
− 1

N − 1

ˆ
Wsw

r × (n× ρl) dS

)
DONERA2
w = ex ·

(
1

N − 1

ˆ
Wsw

r ×
(
n×

(
q2 − U2

∞
2

∇ρ− ρl
))

dS

)
DKJMB
w = ex ·

(ˆ
Wsw

(P∞ − P )ndS − U2
∞
2

ˆ
Wsw

(ρ∞ − ρ)ndS

)
(5.3.4)

(5.3.5)

(5.3.6)

Again, it is important to note that DONERA1
w is very similar to the wave drag expression proposed

by Mele et al. [36] but here, Wsw is located downstream of the trailing edge and its definition is
addressed by a physical criterion.

It should also be noted that the Lamb-vector-based wave drag expressions introduce the
position vector r on ∂Ωext

sw and Wsw which do not necessarily satisfy the symmetry properties
expected in subsections 2.3.1 and 2.3.2. Hence, the wave drag will be evaluated with the corre-
sponding invariant expressions of those definitions:

DOstieri
w,inv = ex ·

(
− 1

N − 1

˛
∂Ωext

sw

rsym × (nsym × ρlfw) dS

)
(5.3.7)

DONERA1
w,inv = ex ·

(
− 1

N − 1

ˆ
Wsw

rsym × (nsym × ρlfw) dS

)
(5.3.8)

DONERA2
w,inv = ex ·

(
− 1

N − 1

ˆ
Wsw

rsym × (nsym × ρlfw) dS

+
1

N − 1

ˆ
Wsw

rsym ×
(
nsym × q2 − U2

∞
2

∇ρ
∣∣∣∣
fw

)
dS

)
(5.3.9)

In the following, the KJMB wave drag definition and the formulations based on the Lamb
vector will be applied to airfoils, the ONERA M6 wing and the NASA CRM. In particular, their
predictions will be compared to those of the thermodynamic definitions of Oswatitsch [40, 41]
and Destarac and Van der Vooren [21].
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5.3.2 Application to airfoils

The wave drag formulations are applied to the NACA0012 airfoil and the OAT15A airfoil for
various lift coefficients in order to find out whether the definitions can be considered reliable on
any kind of airfoil and for a wide variety of flow conditions. For the NACA0012 airfoil, the lift
coefficient is low (it ranges from 0.08 to 0.5) while for the OAT15A airfoil, it is high (it ranges
from 0.72 to 0.93): it allows to analyse the behaviour of the various wave drag formulations in
low-lift conditions, cruise flight conditions (when CL ≈ 0.5) and high-lift conditions.
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Figure 5.6: Wave drag coefficient VS lift coefficient on the NACA0012 airfoil, M∞ = 0.72,
Re = 3× 106
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Figure 5.7: Wave drag coefficient VS lift coefficient on the OAT15A airfoil, M∞ = 0.724, Re =
3× 106
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The evolution of the wave drag coefficient versus the lift coefficient is shown in Figs.5.6 and
5.7. First of all, it is seen that the predictions of Oswatitsch’s formula [40, 41] are always in perfect
agreement with those of Destarac and Van der Vooren’s formula [21] even when the strength of
the shock wave increases at high CL: in fact Oswatitsch’s formula is a Taylor expansion of
Destarac and Van der Vooren’s formula but still constitutes a fine alternative for wave drag
evaluation in transonic flows.

Regarding the Lamb-vector-based approaches, it is clear that Ostieri’s formulation does not
provide satisfying results. Indeed, its predictions are already way off the expected values at
very low CL. Then, it seems to progressively follow the same trend as the other formulations
when increasing the CL, but the gap is never completely overtaken. For this reason, Ostieri’s
formulation will be discarded. On the contrary, the predictions of the ONERA1 and ONERA2
definitions are always in very good agreement with those of the thermodynamic approaches.
Hence, it is the first time that the wave drag is correctly evaluated using the Lamb vector in
viscous flows. It should be noted that the ONERA1 and ONERA2 definitions are very different
from the thermodynamic definitions regarding the physical content, but they still predict the
same wave drag which is quite promising. Besides, the wave drag expression based on the KJMB
formulation also yields very good results, which provides another unprecedented definition of the
wave drag so far.

5.3.3 Application to the ONERAM6 wing and the NASA Common Research
Model

Predictions on the ONERA M6 wing

Three-dimensional RANS computations were conducted on the ONERA M6 wing. The flight
conditions are summarized in Table 5.1 and the wave drag results are listed in Table 5.2. Although
the agreement with the thermodynamic approaches is not as good as in the two-dimensional cases,
the results are still reasonably close. The difficulty here is the presence of several shock waves
which form a lambda pattern on the wing (see Fig.F.11).

Case 1 Case 2 Case 3 Case 4 Case 5
M∞ 0.6 0.699 0.84 0.8803 0.88400
Re 10× 106 11.74× 106 12× 106 11.78× 106 11.71× 106

α 3◦ 3.06◦ 3.06◦ 2.05◦ 0.03◦

Table 5.1: Flight conditions for the ONERA M6 wing.

Case 1 Case 2 Case 3 Case 4 Case 5
Destarac and Van der Vooren [21] 0.00 2.58 28.85 57.83 38.58
Oswatitsch [40, 41] 0.00 2.61 28.17 57.44 38.33
ONERA1 invariant 0.01 0.03 20.29 50.92 38.55
ONERA2 invariant 0.01 0.04 21.46 57.84 43.25
Kutta-Joukowski-Maskell-Betz 0.03 0.08 21.64 55.74 41.24

Table 5.2: Wave drag predictions (in counts) on the ONERA M6 wing.

Moreover, the wing sweep angle makes it tough to find a suitable wake plane for wave drag
computation. As mentioned earlier, the wake plane Wsw is located at xW = xwt in this case. A
potential refinement would be to integrate on a wake plane which follows the shape of the wing
trailing edge.

149



CHAPTER 5. LAMB-VECTOR-BASED WAVE DRAG EXTRACTION BY SHOCK WAVE WAKE IDENTIFICATION

Sensitivity to the sweep angle

Such a wake plane can be defined for yW ≤ ywt by choosing

xW = xwt − (ywt − yW ) / tan θ (5.3.10)

where θ is the sweep angle between Wsw (see Fig.5.8 in grey) and the vertical black line down-
stream of the trailing edge. Unfortunately, a strong sensitivity with respect to θ was evidenced,
which underlines the drawbacks of the Lamb-vector-based wave drag definitions compared to
the thermodynamic approaches. The results on the NASA CRM are presented in Fig.5.9. Only
CKJMB
Dw

seems to converge to the correct value as Wsw is tilted towards the wing trailing edge.
Unexpectedly, CONERA2

Dw
and CKJMB

Dw
are not always equal to each other although the profile drag

expressions from which they are inspired are mathematically equivalent. The discrepancy might
be due to numerical errors in the computation of the Lamb vector and/or the density gradient.
It suggests that CKJMB

Dw
may be the most reliable wave drag definition in this case.

The same θ sensitivity study was conducted on the ONERA M6 wing. The results for Cases
3, 4 and 5 are shown in Figs.5.10, 5.11 and 5.12. In this case, the wave drag computed by
the ONERA2 and KJMB formulations with θ = 0◦ are sometimes in good agreement with the
expected value (see Figs.5.11 and 5.12) and sometimes not (see Fig.5.10): it depends on the flight
conditions, which is an additional issue. Nevertheless, it seems that the optimal sweep angle for
Wsw is θ = 20◦ in this case, since the ONERA1, ONERA2 and KJMB definitions all predict a
value in reasonable agreement with the thermodynamic approaches.

In the end, three unprecedented wave drag formulations have been presented and applied
to transonic flows around airfoils, a wing and a commercial aircraft wing-body configuration.
All yield very good results on airfoils but difficulties have been encountered regarding three-
dimensional configurations due to the sweep angle of the wings. In conclusion, it seems that,
except the thermodynamic approaches, the most satisfying wave drag definition is the one based
on the KJMB formulation. Indeed, this is the only one able to provide a correct value on the
NASA CRM when Wsw exactly follows the shape of the trailing edge (the wing sweep angle is
26◦), while the other formulations either overestimate or underestimate way too much the wave
drag in this case.
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Figure 5.8: Illustration of Wsw and the angle θ made with the vertical line on the NASA CRM
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Figure 5.9: Sensitivity of CDw with respect to θ on the NASA CRM, M∞ = 0.85, Re = 5× 106,
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Figure 5.11: Sensitivity of CDw with respect to θ on the ONERA M6 wing, M∞ = 0.8803,
Re = 11.78× 106, α = 2.05◦
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Figure 5.12: Sensitivity of CDw with respect to θ on the ONERA M6 wing, M∞ = 0.884,
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Chapter summary

In this chapter, the focus has been given to the extraction of the wave drag using the Lamb
vector. In fact, the various force decompositions previously developed in this dissertation were
only able to provide the profile drag, i.e. the sum of the wave drag and the viscous drag.
Consequently, the aim of the chapter has consisted in extracting the wave drag from the profile
drag.

In the first step, several theoretical links have been emphasized between the Lamb-vector-
based formulations and former thermodynamic methods: the links between Mele et al.’s formu-
lation [31, 32, 36] and Oswatitsch’s formula [40, 41], and those between the ONERA and KJMB
formulations and Destarac and Van der Vooren’s formula [21]. Those theoretical analyses have
allowed to confirm that the wave drag can be evaluated with the Lamb vector, provided that the
integration is performed far enough from the shock wave.

Yet, knowing that the shock wave wake progressively merges with the viscous wake further
downstream, the second step has consisted in identifying the part of the wake coming from the
presence of the shock wave. To do so, a physical criterion has been proposed in order to define
a shock wake plane which allows to extract the wave drag before it becomes undistinguishable
from the viscous drag. This physical criterion is based on entropy and vorticity. The entropy
filter enables to avoid the spurious regions outside the physical wake, while the vorticity filter
allows to delineate the shock wave wake from the vortical wake of the boundary layer.

Then, three novel wave drag definitions have been presented. Two are based on the Lamb
vector, among which one is inspired from Mele et al.’s profile drag definition [31, 32, 36] and one
is inspired from the profile drag expression of the ONERA formulation. The third one is based
on the profile drag definition of the KJMB formulation:

DONERA1
w = ex ·

(
− 1

N − 1

ˆ
Wsw

r × (n× ρl) dS

)
DONERA2
w = ex ·

(
1

N − 1

ˆ
Wsw

r ×
(
n×

(
q2 − U2

∞
2

∇ρ− ρl
))

dS

)
DKJMB
w = ex ·

(ˆ
Wsw

(P∞ − P )ndS − U2
∞
2

ˆ
Wsw

(ρ∞ − ρ)ndS

)
with the shock wake plane Wsw defined as follows:

xW =


xte + c/10 in RANS flows around airfoils
xte + c in Euler flows around airfoils
xwt in RANS flows around wings or aircrafts

and
∆s ≥ β∆s

||ω||cref/U∞ ≤ βω
cell /∈ boundary layer region

Those three wave drag definitions have been compared to the thermodynamic approaches and
to Ostieri and Tognaccini’s Lamb-vector-based formula [91]. The applications to the NACA0012
airfoil and the OAT15A airfoil have proved the great potential of the three novel wave drag
definitions and have allowed to discard Ostieri and Tognaccini’s approach. Yet, some difficulties
have been encountered on the ONERA M6 wing and the NASA CRM regarding the wing sweep
angle, which suggests that the computation of the wave drag using the Lamb vector still requires
further developments.
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The first goal of this thesis was to develop a Lamb-vector-based aerodynamic force decompo-
sition which is invariant to the location of the reference point and to the size of the integration
domain everywhere in the flow field. Then, the second goal was to phenomenologically interpret
the terms of the decomposition by identifying the role of compressibility in lift and drag. The
third objective was to develop a method for extracting the wave drag from the profile drag.
Finally, the last goal was to implement it in a post-processing code and to test it on various con-
figurations. All those steps have been addressed in the preceding chapters. The outcome of the
work carried out so far may now be examined and discussed before concluding this dissertation.

Regarding the invariance

Before developing an invariant Lamb-vector-based force decomposition, it has been necessary
to investigate how the terms of Mele et al.’s formulation [31, 32, 36] are impacted by a change
in the location of the reference point, and by an increase in the size of the integration domain.
This first step has evidenced the sensitivity of the decomposition to those two parameters in the
near field, its invariance in the far field, and also demonstrated that the invariance is ensured as
soon as the flow progressively satisfies symmetries in the far field.

The study of these symmetries has also paved the way towards the development of a reference-
point-invariant version of Mele et al.’s formulation: by symmetrizing each flow quantity involved
in the integrals. This new formulation has then been tested on several configurations, and the
complete invariance to the location of the reference point has been achieved. Nevertheless, the
force decomposition computed by the reference-point-invariant formulation is still sensitive to
the size of the integration domain.

Later on, another reference-point-invariant Lamb-vector-based formulation has been devel-
oped: the ONERA formulation. The decomposition provided by this formulation is theoretically
totally invariant to the location of the reference point. Yet, numerical errors are made by the
post-processing code in the computation of the integrals, and the invariance is not completely
guaranteed in practice. To remedy this issue, the very same symmetrization procedure has been
employed on the integrals of the formulation. Unfortunately, the force decomposition computed
by the ONERA formulation is still sensitive to the size of the integration domain as well.

To address the uncertainty regarding the choice of the integration domain, it has appeared
necessary to draw good practice recommendations from the numerical results and to set default
parameters. In fact, in order to obtain a satisfying drag decomposition into lift-induced drag
and profile drag, these results have suggested that:

• For the study of airfoils, the distance d between Se and Sb is set at d/c = 10.

• For the study of wings or aircrafts, the distance d between Se and Sb is set at d/cref = 1.

Of course, the issue of the sentivity to the size of the integration domain is not solved
upon defining such default parameters. Rather, it allows the user to obtain an optimal drag
decomposition with the Lamb-vector-based formulations and the KJMB formulation.

155



General Discussion

Regarding the phenomenological interpretation

In this thesis, the role of compressibility in lift and drag has been identified by emphasizing
the links between Mele et al.’s decomposition [31, 32, 36] and the classical theories of Kutta,
Joukowski, Maskell and Betz. Then, this theoretical analysis has allowed to phenomenologically
interpret all the terms of the decomposition and hence to better understand why the decompo-
sition established by Wu et al. [75] in incompressible flows is not valid anymore in compressible
flows. Yet, Mele et al.’s decomposition is not exactly equivalent to the classical theories of Kutta,
Joukowski, Maskell and Betz, due to the presence of a compressibility correction term.

With the development of the ONERA formulation, the decomposition is now strictly equiv-
alent to the classical theories. Moreover, its equivalent KJMB formulation encompasses these
three classical theories in a single expression and bridges the gap between classical incompress-
ible aerodynamics and the study of complex transonic flows. Finally, the ONERA and KJMB
formulations have successfully been applied to airfoils and a commercial aircraft configuration.

Hence, the role of compressibility is better identified in the decomposition provided by these
two formulations, which are then much easier to interpret phenomenologically than Mele et al.’s
decomposition. Yet, although the role of compressibility has been clearly highlighted in the lift,
its role in the lift-induced drag and the profile drag deserves to be analysed more thoroughly.

Regarding the wave drag

It has been shown that the KJMB formulation and the formulations based on the Lamb
vector can be used for predicting the wave drag. Indeed, their connections with the approaches
developed by Oswatitsch [40, 41] and by Destarac and Van der Vooren [21] have been evidenced.
However, they seemed to correctly predict the wave drag only in the wake. Unfortunately,
the wakes of the shock wave and the boundary layer progressively merge downstream and the
corresponding drag contributions become ever more difficult to distinguish.

To circumvent this issue, a method has been developed allowing to extract the wave drag in
the very near wake where the two wakes are still not merged. For this purpose, default parameters
have been set for the definition of the shock wake plane of integration Wsw:

• For airfoils, xW = xte + c/10 in viscous flows while xW = xte + c in inviscid flows.

• For wings or aircrafts in viscous flows, xW = xwt.

• The physical thresholds are set at β∆s = 0.05 and βω = 1.8.

This approach has given very satisfying wave drag predictions on airfoils. However difficulties
remain on swept wings, due to the sensitivity to the location of the shock wake plane, which
suggests that the present method has not completely solved the wave drag problem, and that
further developments should be undertaken. Among these, potential improvements could be
made by interpolating the solution onto a shock wake plane shaped in order to best fit the
geometry of the wing trailing edge, or by developing a hybrid vortical/thermodynamic wave
drag definition.

Regarding the numerical implementation

The KJMB formulation and the formulations using the Lamb vector have been implemented
in the ONERA FORTRAN code ffd01. This code now calculates the aerodynamic force from
CFD solutions converged on structured grids with the near-field approach, Destarac and Van der
Vooren’s formulation [21], the KJMB formulation and the two Lamb-vector-based formulations,
among which only the last three allow for a far-field estimation of the lift.
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The only limitation observed with the formulations using the Lamb vector is the extended
computational time compared to other methods. In fact, they require the computation of several
gradients and curls that are presently calculated from scratch for each term of the decomposition.
A better implementation could be achieved by computing them only once in a specific routine,
store them in big matrices, and call these matrices in the routines aimed at computing the terms
of the decomposition.
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Synthesis

At the beginning of this dissertation, several questions were still left unanswered regarding
the Lamb-vector-based formulation. Hence, the aim of this thesis has been to address those
questions and to provide solid answers as much as possible. The main achieved objectives of this
work are summarized here:

• The sensitivity of Mele et al.’s Lamb-vector-based decomposition [31, 32, 36] to the location
of the reference point has been clearly emphasized in the near field.

• Its invariance in the far field has been related to the progressive appearance of far-field
symmetries in the flow.

• The study of those symmetries has allowed to develop a reference-point-invariant version
of Mele et al.’s decomposition.

• The role of compressibility in lift and drag has been evidenced by identifying the links
between Mele et al.’s formulation and the classical theories of Kutta, Joukowski, Maskell
and Betz, therefore providing a phenomenological interpretation of the terms of the de-
composition in compressible flows.

• A new Lamb-vector-based force decomposition (the ONERA formulation) strictly equiv-
alent to the classical theories has been devised and successfully tested on airfoils and a
commercial aircraft configuration. Compared to Mele et al.’s decomposition, the new drag
breakdown into lift-induced drag and profile drag has proved to be in better agreement
with Destarac and Van der Vooren’s approach [21]. This new decomposition has later been
made completely invariant to the location of the reference point.

• Another brand new aerodynamic force decomposition (the KJMB formulation) embedding
the classical theories in a single equation has also been developed and successfully applied
to airfoils and the same commercial aircraft configuration. This formulation extends the
field of application of the classical theories to viscous transonic aerodynamics. Besides,
compared to the ONERA decomposition and Mele et al.’s decomposition, its drag break-
down has proved to be in even better agreement with Destarac and Van der Vooren’s
approach [21].

• Later, the ability of the Lamb-vector-based formulations and the KJMB formulation to
predict the wave drag has been confirmed by identifying the links with Oswatitsch’s formula
[40, 41] and Destarac and Van der Vooren’s formula [21].

• Finally, a method for extracting the wave drag from the profile drag has been implemented
in the very near wake upon defining a physical criterion used to separate the shock wave
wake from the viscous wake. The application of this method to the Lamb-vector-based
formulations and the KJMB formulation has notably provided very accurate wave drag
predictions on airfoils.
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Perspectives

Although a lot of positive achievements can be drawn from this thesis, the Lamb-vector-based
formulations and the KJMB formulation may still be subject to improvements and discoveries.
Hereafter are summarized several points that are still worth investigating in the future:

Regarding the invariance to the size of the integration domain

Throughout the analyses conducted on the Lamb-vector-based formulations and the KJMB
formulation, it has been observed that the lift-induced drag increases in the near field (while the
profile drag decreases), then reaches a maximum (while the profile drag reaches a minimum) and
later decreases (while the profile drag increases) because of the dissipation of the vortices in the
wake.

In order to achieve or at least tend towards the invariance to the size of the integration
domain, several possibilities exist:

1. Find an invariant vortical quantity upon which establish a new drag decomposition, even
if the only invariant quantity found so far is the fluid momentum (see subsection 2.2.2).
There might be particular flow physics to account for in order to find this invariant quan-
tity: it could be found by analysing the Navier-Stokes equations together with Helmholtz
vorticity transport equation, since the Lamb vector and the density gradient appear in
both. Although the analysis seems difficult, this possibility is interesting because it would
lead to a better understanding of the vorticity dynamics at stake in the rolling-up of the
vortex sheet.

2. Use a vorticity confinement technique in order to counterbalance the numerical dissipation
of the vortices responsible for the transfer from the lift-induced drag to the profile drag in
the wake. By doing so, the lift-induced drag would reach a maximum and remain constant
further downstream, so that the size of the integration domain could be chosen arbitrarily
once this maximum value has been reached. Yet, the physical existence of such a flow
solution could be questioned by proceeding this way.

Regarding the wave drag

Further investigations could be made concerning the case of unswept wings in both inviscid
and viscous flows. On a theoretical point of view, the previously proposed method for extracting
the wave drag could be adapted to better fit the analysis of the more complex geometries of
swept wings and aircrafts.

Regarding the domain of application

In this study, the Lamb-vector-based formulations and the KJMB formulation have been
applied to subsonic and transonic aerodynamics. In particular, the focus has been given to
steady flows in order to simplify the resolution of the important issues raised in the introduction
of this dissertation.

Yet, several authors have proposed formulations able to decompose the aerodynamic force in
unsteady flows [75, 88, 95, 108]. It could be interesting to pursue these works and address the
same sensitivity issues in unsteady flows as those encountered in steady flows. It could allow
one to apply the Lamb-vector-based formulations to rotating frames such as turbomachines,
rotorcrafts and also flight conditions characterized by flow separation or transonic buffet.

Another axis of research could concern the decomposition of the aerodynamic force in super-
sonic flows. It would imply to adapt the grid topology, with grid lines following the shape of
the characteristics in order to avoid a significant increase in spurious drag. Mele and Tognaccini
[31] already analysed the case of the NACA0012 airfoil. It would be worth investigating the
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decomposition provided by the ONERA and the KJMB formulations in this case around wings
and fighter aircraft configurations.

The possibility to achieve a drag-thrust bookkeeping with those formulations could also be of
interest: Russo et al. [109] already studied the case of an actuator disk in incompressible flows.
It could be interesting to carry on their work, extend the analysis to compressible flows, apply
it to other models such as body force, and even use it in turbomachinery.

Besides, it would be appealing to apply the ONERA and the KJMB formulations to disruptive
configurations in order to obtain a phenomenological force breakdown analysis on these new
geometries: the box wing, on which Mele et al.’s formulation [31, 32, 36] has already been tested
[110], blended-wing-body configurations and so on.

From a practical point of view, it could be interesting to investigate the possibility to use the
Lamb-vector-based formulations and the KJMB formulation in wind-tunnel tests. For sure, it
would imply to have technologies able to probe the flow very close to the skin of the model, or
to adapt the formulation and thoroughly define the boundaries of the control volume. For this
purpose, the KJMB formulation seems to be the most suitable method since it contains only
surface integrals.

Finally, it is important to remind that the Lamb-vector-based formulations and the KJMB
formulation can be applied to hydrodynamics as well, unlike Destarac and Van der Vooren’s
approach [21] which is valid only for perfect gases. Their use in hydrodynamics could in the end
lead to a hydrodynamic force decomposition on foils, boats or submarines.

Regarding the numerical implementation

For the moment, the gradients and curls are recalculated in each routine aimed at computing
a term of the decomposition involving the Lamb vector or the density gradient. Consequently,
the computational time spent by the routines coding the Lamb-vector-based formulations is much
more important than that spent by those coding the KJMB formulation and Destarac and Van
der Vooren’s approach [21].

In order to reduce the computational time spent with the Lamb-vector-based formulations,
two possibilities stand out:

1. Calculate the derivatives of the density and the velocity vector in a specific routine and call
the computed values in those aimed at computing the terms of the decomposition. Hence,
the derivatives would be calculated only once and kept in computer memory.

2. Directly calculate and extract the derivatives from the CFD solver. In this case, it would
imply to modify the input strategy of the post-processing code since ffd01 is formatted to
receive only the five conservative variables (density, momentum in the x, y, z-directions and
total energy) plus the turbulent viscosity in RANS computations. Nevertheless, the user
could benefit from this approach since the derivatives could be computed more accurately
with the frequently implemented high-order capabilities of CFD solvers.
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Appendix A. INTEGRAL THEOREMS

A Integral theorems

This appendix presents the main integral theorems used in the mathematical demonstrations
of this dissertation. Let f be a differentiable vector field, φ be a differentiable scalar field,
Ω be a domain bounded by ∂Ω and S be a surface bounded by ∂S. The derivative moment
transformations state that in a N -dimensional space with N = 2 or 3:ˆ

Ω
fdv =

1

N − 1

ˆ
Ω
r × (∇× f) dv − 1

N − 1

˛
∂Ω
r × (n× f) dS (A.1)

ˆ
S
φndS = − 1

N − 1

ˆ
S
r × (n×∇φ) dS +

1

N − 1

˛
∂S
φr × dr (A.2)

where n is the unit normal pointing outside the fluid and dr is the unit vector tangential to S.

Sdis

 
1 N

Se

2

n

(a) Discontinuous volume

Ldis

 
S1 N

S2

(b) Discontinuous surface

Figure A.1: Discontinuous domain of integration

In the presence of a discontinuity, f and φ are no longer differentiable in the whole domain
Ω or on the whole surface S. In this case, Ω is split into Ω1 ∪ Ω2 with Ω1 and Ω2 separated by
a surface of discontinuity Sdis and S is split into S1 ∪ S2 with S1 and S2 separated by a line of
discontinuity Ldis (see Fig.A.1). Denoting N the unit normal on the discontinuity pointing from
region 1 to 2, [[f ]] = f2− f1 and [[φ]] = φ2− φ1, the application of (A.1) to Ω1 and Ω2 and (A.2)
to S1 and S2 yieldsˆ

Ω
fdv =

1

N − 1

ˆ
Ω
r × (∇× f) dv − 1

N − 1

˛
∂Ω
r × (n× f) dS

+
1

N − 1

ˆ
Sdis

r × (N × [[f ]]) dS (A.3)
ˆ
S
φndS = − 1

N − 1

ˆ
S
r × (n×∇φ) ds+

1

N − 1

˛
∂S
φr × dr − 1

N − 1

ˆ
Ldis

[[φ]]r × dr (A.4)

Those identities are independent of the magnitude of r0: a shift r → r + r0 gives birth to
several additional terms that cancel each other according to the Gauss theorem. However, the
right-hand side integrals individually depend on the choice of r0.

Similarly, it is possible to generalize the Gauss and Stokes theorems in the presence of discon-
tinuities inside the integration domain. Let F be a tensor of any rank. Denoting [[F ]] = F2−F1

and letting ◦ be any permissible operation:ˆ
Ω
∇ ◦ Fdv =

˛
∂Ω
n ◦ FdS −

ˆ
Sdis

N ◦ [[F ]]dS (A.5)
ˆ
S

(n×∇) ◦ FdS =

˛
∂S

dr ◦ F −
ˆ
Ldis

dr ◦ [[F ]] (A.6)
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Appendix B. SYMMETRY PROPERTIES OF THE VELOCITY VECTOR DERIVATIVES AND THE DENSITY
GRADIENT

B Symmetry properties of the velocity vector derivatives and the
density gradient

This appendix demonstrates the symmetry properties satisfied by the velocity vector and the
density gradient in the far field. The derivatives of the velocity vector with respect to the x, y
and z-coordinates are defined as follows:

∂q

∂x
(x, y, z) = lim

ε→0

q (x+ ε, y, z)− q (x, y, z)

ε
(B.1a)

∂q

∂y
(x, y, z) = lim

ε→0

q (x, y + ε, z)− q (x, y, z)

ε
(B.1b)

∂q

∂z
(x, y, z) = lim

ε→0

q (x, y, z + ε)− q (x, y, z)

ε
(B.1c)

with ε > 0. Therefore, using the symmetry properties (2.3.4a) and (2.3.4b) of the velocity vector
in the far wake, it is possible to derive those of its derivatives in (x,−y, z):

∂q

∂x
(x,−y, z) = lim

ε→0

q (x+ ε,−y, z)− q (x,−y, z)
ε

= lim
ε→0

Sy ·
q (x+ ε, y, z)− q (x, y, z)

ε
= Sy ·

∂q

∂x
(x, y, z) (B.2a)

∂q

∂y
(x,−y, z) = lim

ε→0

q (x,−y + ε, z)− q (x,−y, z)
ε

= lim
ε→0

q (x,− (y − ε) , z)− q (x,−y, z)
ε

= lim
ε→0

Sy ·
q (x, y − ε, z)− q (x, y, z)

ε
= −Sy ·

∂q

∂y
(x, y, z) (B.2b)

∂q

∂z
(x,−y, z) = lim

ε→0

q (x,−y, z + ε)− q (x,−y, z)
ε

= lim
ε→0

Sy ·
q (x, y, z + ε)− q (x, y, z)

ε
= Sy ·

∂q

∂z
(x, y, z) (B.2c)

and similarly those of its derivatives in (x, y,−z):

∂q

∂x
(x, y,−z) = Sy ·

∂q

∂x
(x, y, z) (B.3a)

∂q

∂y
(x, y,−z) = Sy ·

∂q

∂y
(x, y, z) (B.3b)

∂q

∂z
(x, y,−z) = −Sy ·

∂q

∂z
(x, y, z) (B.3c)

The derivatives of the density field with respect to the x, y and z-coordinates are defined as
follows:

∂ρ

∂x
(x, y, z) = lim

ε→0

ρ (x+ ε, y, z)− ρ (x, y, z)

ε
(B.4a)

∂ρ

∂y
(x, y, z) = lim

ε→0

ρ (x, y + ε, z)− ρ (x, y, z)

ε
(B.4b)

∂ρ

∂z
(x, y, z) = lim

ε→0

ρ (x, y, z + ε)− ρ (x, y, z)

ε
(B.4c)

Therefore, using the symmetry properties (2.3.5a) and (2.3.5b) of the density field in the far
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GRADIENT

wake, it is possible to derive those of its derivatives in (x,−y, z):

∂ρ

∂x
(x,−y, z) =

∂ρ

∂x
(x, y, z) (B.5a)

∂ρ

∂y
(x,−y, z) = −∂ρ

∂y
(x, y, z) (B.5b)

∂ρ

∂z
(x,−y, z) =

∂ρ

∂z
(x, y, z) (B.5c)

and similarly those of its derivatives in (x, y,−z):

∂ρ

∂x
(x, y,−z) =

∂ρ

∂x
(x, y, z) (B.6a)

∂ρ

∂y
(x, y,−z) =

∂ρ

∂y
(x, y, z) (B.6b)

∂ρ

∂z
(x, y,−z) = −∂ρ

∂z
(x, y, z) (B.6c)

Finally, using (2.3.19a), it is possible to express the symmetries of the density derivatives in
(−x, y, z):

∂ρ

∂x
(−x, y, z) = −∂ρ

∂x
(x, y, z) (B.7a)

∂ρ

∂y
(−x, y, z) =

∂ρ

∂y
(x, y, z) (B.7b)

∂ρ

∂z
(−x, y, z) =

∂ρ

∂z
(x, y, z) (B.7c)

It should be noted that the derivatives of the kinetic energy q2

2 satisfy the same symmetries in
the far field as those of the density derivatives.
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Appendix C. LAMB-VECTOR-BASED MOMENTUM BALANCE IN TRANSONIC FLOWS

C Lamb-vector-based momentum balance in transonic flows

In this appendix, the mathematical developments leading to the transonic version of the
Lamb-vector-based formulation are presented. In particular, a Lamb-vector-based momentum
balance is performed in a control volume which comprises a shock wave discontinuity. To do so,

 

Ω1

Sb

NSWn12

Se

Ω2

Ω3

n

n23

S12

S23

Figure C.1: Partition of the control volume in transonic flows

the control volume Ω is split into three sub-volumes Ω = Ω1 ∪Ω2 ∪Ω3 as shown in Fig.C.1. The
steady Navier-Stokes equations write as follows:

ρl+ ρ∇
(
q2

2

)
= −∇p+∇ · τ (C.1)

The steady Helmholtz equations are found by applying the curl operator to the latter relation:

−∇× (ρl) +∇
(
q2

2

)
×∇ρ = −∇× (∇ · τ ) (C.2)

Then, by taking the cross product between the position vector r and the Helmholtz equations
in Ω1, it is possible to write

− 1

N − 1

ˆ
Ω1

r × (∇× (ρl)) dv + Fmρ1
= − 1

N − 1

ˆ
Ω1

r × (∇× (∇ · τ )) dv (C.3)

By applying the first DMT (A.1) to the volume integrals, and then the Gauss theorem (A.5),
the Lamb-vector-based momentum balance in Ω1 is written as follows:

Fρl1 + Fmρ1
+ FSe1

+ Fτ1 = 0 (C.4)

with

Fρl1 = −
ˆ

Ω1

ρldv (C.5)

Fmρ1
=

1

N − 1

ˆ
Ω1

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv (C.6)

FSe1
= − 1

N − 1

ˆ
S12

r × (n12 × ρl) dS − 1

N − 1

ˆ
∂Ω1\S12

r × (n× ρl) dS (C.7)

Fτ1 =

ˆ
S12

τ · n12dS +
1

N − 1

ˆ
S12

r × (n12 ×∇ · τ ) dS

+

ˆ
∂Ω1\S12

τ · ndS +
1

N − 1

ˆ
∂Ω1\S12

r × (n×∇ · τ ) dS (C.8)
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Again, by taking the cross product between the position vector r and the Helmholtz equations
in Ω2, it is possible to write

− 1

N − 1

ˆ
Ω2

r × (∇× (ρl)) dv + Fmρ2
= − 1

N − 1

ˆ
Ω2

r × (∇× (∇ · τ )) dv (C.9)

This time Ω2 contains the shock wave discontinuity SW. When applying the first generalized
DMT (A.3) to the volume integrals, and then the Gauss theorem (A.5), the latter relation is
transformed as follows:

Fρl2 + Fmρ2
+ FSe2

+
1

N − 1

ˆ
SW
r × (N × [[ρl]]) dS = −Fτ2 +

1

N − 1

ˆ
SW
r × (N × [[∇ · τ ]]) dS

+

ˆ
SW

[[τ ]] ·NdS (C.10)

Finally, by using the steady Navier-Stokes equations, the Lamb-vector-based momentum balance
in Ω2 becomes

Fρl2 + Fmρ2
+ FSe2

+ Fτ2 =
1

N − 1

ˆ
SW
r ×

(
N × [[∇p+ ρ∇

(
q2

2

)
]]

)
dS

+

ˆ
SW

[[τ ]] ·NdS (C.11)

with

Fρl2 = −
ˆ

Ω2

ρldv (C.12)

Fmρ2
=

1

N − 1

ˆ
Ω2

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv (C.13)

FSe2
=

1

N − 1

ˆ
S12

r × (n12 × ρl) dS − 1

N − 1

ˆ
S23

r × (n23 × ρl) dS

− 1

N − 1

ˆ
∂Ω2\(S12∪S23)

r × (n× ρl) dS (C.14)

Fτ2 = −
ˆ
S12

τ · n12dS − 1

N − 1

ˆ
S12

r × (n12 ×∇ · τ ) dS

+

ˆ
S23

τ · n23dS +
1

N − 1

ˆ
S23

r × (n23 ×∇ · τ ) dS

+

ˆ
∂Ω2\(S12∪S23)

τ · ndS +
1

N − 1

ˆ
∂Ω2\(S12∪S23)

r × (n×∇ · τ ) dS (C.15)

Eventually, by taking the cross product between the position vector r and the Helmholtz
equations in Ω3, the following relation is obtained:

− 1

N − 1

ˆ
Ω3

r × (∇× (ρl)) dv + Fmρ3
= − 1

N − 1

ˆ
Ω3

r × (∇× (∇ · τ )) dv (C.16)

This time Ω3 encloses the skin surface Sb. Here, the no-slip condition ensures that the Lamb
vector is zero on Sb. Therefore, when applying the first DMT (A.1) to the volume integrals, and
then the Gauss theorem (A.5), it is possible to write

Fρl3 + Fmρ3
+ FSe3

= −
ˆ

Ω3

∇ · τdv − 1

N − 1

˛
∂Ω3

r × (n×∇ · τ ) dS (C.17)

⇐⇒ Fρl3 + Fmρ3
+ FSe3

+ Fτ3 = −
˛
Sb

τ · ndS − 1

N − 1

˛
Sb

r × (n×∇ · τ ) dS (C.18)
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Having that ∇ · τ = ∇p on Sb due to the no-slip condition, and using the second DMT (A.2) for
the pressure, it is therefore possible to express the Lamb-vector-based momentum balance in Ω3

as follows:

Fρl3 + Fmρ3
+ FSe3

+ Fτ3 = −
˛
Sb

(−pI + τ ) · ndS = F (C.19)

with

Fρl3 = −
ˆ

Ω3

ρldv (C.20)

Fmρ3
=

1

N − 1

ˆ
Ω3

r ×
(
∇
(
q2

2

)
×∇ρ

)
dv (C.21)

FSe3
=

1

N − 1

ˆ
S23

r × (n23 × ρl) dS − 1

N − 1

ˆ
∂Ω3\S23

r × (n× ρl) dS (C.22)

Fτ3 = −
ˆ
S23

τ · n23dS − 1

N − 1

ˆ
S23

r × (n23 ×∇ · τ ) dS

+

ˆ
∂Ω3\S23

τ · ndS +
1

N − 1

ˆ
∂Ω3\S23

r × (n×∇ · τ ) dS (C.23)

Finally, by summing altogether the momentum balances in each sub-volume (C.4), (C.11)
and (C.19), the Lamb-vector-based formulation in transonic flows is obtained:

F = Fρl + Fmρ + FSe + Fτ + FSW (C.24)

with

Fρl = −
ˆ

Ω
ρldv (C.25)

Fmρ =
1

N − 1

ˆ
Ω
r ×

(
∇
(
q2

2

)
×∇ρ

)
dv (C.26)

FSe = − 1

N − 1

˛
Se

r × (n× ρl) dS (C.27)

Fτ =

˛
Se

τ · ndS +
1

N − 1

˛
Se

r × (n×∇ · τ ) dS (C.28)

FSW = −
ˆ

SW
[[τ ]] ·NdS − 1

N − 1

ˆ
SW
r ×

(
N × [[∇p+ ρ∇

(
q2

2

)
]]

)
dS (C.29)
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Appendix D. EQUIVALENT EXPRESSION OF FSW

D Equivalent expression of FSW

In this appendix, an equivalent expression of the term FSW is derived in order to avoid the
integration of the jump of the flow quantities on the shock wave surface SW. By using the first
generalized DMT (A.3) and the generalized Gauss theorem (A.5) in the shock wave region Ωsw

(see Fig.4.2), it is possible to express FSW as follows:

FSW =

ˆ
Ωsw

∇ · τdv −
˛
∂Ωsw

τ · nswdS −
ˆ

Ωsw

(
∇p+ ρ∇

(
q2

2

))
dv

+
1

N − 1

ˆ
Ωsw

r ×
(
∇ρ×∇

(
q2

2

))
dv

− 1

N − 1

˛
∂Ωsw

r ×
[
nsw ×

(
∇p+ ρ∇

(
q2

2

))]
dS (D.1)

It is important to remind here that nsw is the unit normal pointing outside Ωsw. Using the
steady Navier-Stokes equations

ρl+ ρ∇
(
q2

2

)
= −∇p+∇ · τ (D.2)

∇p+ ρ∇
(
q2

2

)
is replaced by ∇ · τ − ρl in the volume integral of the first line of (D.1) such that

FSW =−
˛
∂Ωsw

τ · nswdS +

ˆ
Ωsw

ρldv +

ˆ
Ωsw

mρdv

− 1

N − 1

˛
∂Ωsw

r ×
[
nsw ×

(
∇p+ ρ∇

(
q2

2

))]
dS (D.3)

where mρ is defined as

mρ =
r

N − 1
×
(
∇ρ×∇

(
q2

2

))
(D.4)

Let us have a closer look at the second line of (D.3). ∂Ωsw is a closed surface which comprises
the shock and its surroundings such that it does not cross the shock discontinuity. Hence, no
line of discontinuity crosses ∂Ωsw. Having that

∇p+ ρ∇
(
q2

2

)
= ∇

(
p+ ρ

q2

2

)
− q2

2
∇ρ

and using the second DMT (A.2), FSW is now written in the following form:

FSW =

˛
∂Ωsw

(pI − τ ) · nswdS +

ˆ
Ωsw

ρldv +

ˆ
Ωsw

mρdv

+

˛
∂Ωsw

ρ
q2

2
nswdS +

1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS (D.5)

Let us now analyse the surface integral in the first line of (D.5). The generalized Gauss
theorem (A.5) yields

˛
∂Ωsw

(pI − τ ) · nswdS =

ˆ
Ωsw

(∇p−∇ · τ ) dv +

ˆ
SW

[[pI − τ ]] ·NdS (D.6)

With the equivalent form of the steady Navier-Stokes equations

∇ · (ρq ⊗ q) = −∇p+∇ · τ
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∇p − ∇ · τ is replaced by −∇ · (ρq ⊗ q) in the volume integral of (D.6). Using once again the
generalized Gauss theorem (A.5) in order to cast it to a surface integral, it is possible to write

˛
∂Ωsw

(pI − τ ) · nswdS = −
˛
∂Ωsw

ρq (q · nsw) dS +

ˆ
SW

[[ρq ⊗ q + pI − τ ]] ·NdS︸ ︷︷ ︸
= 0

(D.7)

The third term of (D.7) is always zero since

[[ρq ⊗ q + pI − τ ]] ·N = 0

on the shock wave SW. The introduction of (D.7) into (D.5) yields the desired form of FSW:

FSW =

ˆ
Ωsw

mρdv +

˛
∂Ωsw

(
ρ
q2

2
nsw − ρq (q · nsw)

)
dS

+
1

N − 1

˛
∂Ωsw

r ×
(
nsw ×

q2

2
∇ρ
)

dS +

ˆ
Ωsw

ρldv (D.8)
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E Asymptotic study of the compressibility correction F∇ρ

This appendix is devoted to the asymptotic evolution of the compressibility correction F∇ρ
defined as

F∇ρ =
1

N − 1

˛
Se

r ×
(
n× q2 − U2

∞
2

∇ρ
)

dS (E.1)

F∇ρ involves the kinetic energy perturbation, hence its asymptotic behaviour will be sought only
in the wake, provided that the lateral surfaces are located sufficiently far from the aircraft. The
asymptotic behaviour of the velocity perturbation in the wake was addressed by Batchelor [63]
(p.352), Schlichting [111] (p.732) and White [112] (p.481) for two-dimensional planar wakes and
three-dimensional circular wakes in incompressible flows. They both used the two-dimensional
form of Navier-Stokes equations in the (x, z)-plane. In such conditions, and assuming that the
same study can be held in the (x, y)-plane, the lateral extent of the planar wake behaves as
y, z = O

(
x1/2

)
while the longitudinal velocity perturbation behaves as u = O

(
x−1/2

)
. Hence

the incompressible continuity equation yields v, w = O
(
x−1

)
. For circular wakes, y, z = O

(
x1/3

)
while u = O

(
x−2/3

)
which yields v, w = O

(
x−4/3

)
. Experimental studies conducted on three-

dimensional wakes highlighted that the asymptotic behaviour of u becomes equivalent to that
for circular wakes [113] in the far field. Furthermore, Kuo and Baldwin [114] observed that the
lateral and vertical widths of the three-dimensional wake progressively increase as x1/3 as in the
case of a circular wake.

The aforementioned results were established in incompressible flows. Yet, the flows considered
in this study are compressible. Here, the asymptotic behaviour will then be sought only in the
wake far enough downstream such that compressibility effects become negligible. Indeed, consider
the steady continuity equation:

∇ · (ρq) = 0⇔ ∇ · q = −q · ∇ (ln ρ) (E.2)

The local density can be written as follows [18]:

ρ = ρ∞e
−∆s/R

(
T

T∞

) 1
γ−1

(E.3)

with
T

T∞
= 1 +

γ − 1

2
M2
∞

(
1− q2

U2
∞

+
2∆H

U2
∞

)
(E.4)

It is therefore possible to express (E.2) in terms of ∇s, ∇H and ∇
(
q2

2

)
:

∇ · q =
1

R
q · ∇s+

1

γRT

(
q · ∇

(
q2

2

)
− q · ∇H

)
(E.5)

In steady conditions, the evolution of q
2

2 along a streamline is given by

q · ∇
(
q2

2

)
= −q · ∇p

ρ
+ q · ∇ · τ

ρ
(E.6)

Using the Crocco-Vazsonyi equation

ρω × q = ρT∇s− ρ∇H +∇ · τ (E.7)

it is possible to express q · (∇ · τ ) in terms of q · ∇s and q · ∇H. Hence, (E.6) becomes

q · ∇
(
q2

2

)
= −q · ∇p

ρ
+ q · ∇H − Tq · ∇s (E.8)
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Combining (E.5) and (E.8), the steady continuity equation can be written as follows:

∇ · q = −q · ∇p
γp

+
γ − 1

γR
q · ∇s (E.9)

Finally for an adiabatic steady flow, the evolution of the entropy along a streamline is solely
driven by viscous effects:

ρq · T∇s = τ : ∇q (E.10)

Hence, (E.9) becomes

∇ · q =
1

γp
(−q · ∇p+ (γ − 1) τ : ∇q) (E.11)

Wakes are free turbulent flows where it is common to assume that the pressure is nearly constant
provided that the wake survey is performed sufficiently far downstream of the obstacle [111].
Hence it suggests that the streamwise pressure gradient can be neglected. Moreover, in high Re
flows it is common to neglect the viscous effects in the far wake [28, 81] and the velocity gradients
progressively vanish downstream. In those conditions, and according to (E.11),

∇ · q = o (1) (E.12)

and the flow in the far wake can effectively be assumed incompressible. This is consistent with
Bradshaw’s statement [115]: “The most important feature of free shear layers, with the exception
of the mixing layer or "half-jet," is that typical velocity and temperature differences decrease
rapidly with streamwise distance, so that, for instance, an axisymmetric jet or wake becomes
effectively incompressible a few tens of nozzle or body diameters downstream, unless the initial
Mach number is extremely large". As a consequence, the results for the asymptotic behaviour of
the velocity perturbation in planar and circular wakes presented above may be applied.

The asymptotic behaviour of F∇ρ may now be investigated. In the far wake the local density
is equal to its freestream value plus a small perturbation ρ = ρ∞ + ∆ρ with ∆ρ = O (x−ε) and
ε > 0. Starting over from the definition of F∇ρ in (E.1), and neglecting the x-derivatives, it is
possible to write

F∇ρ =
1

N − 1

ˆ
W

(
U∞u+

u2 + v2 + w2

2

)y (∂ρ/∂y) + z (∂ρ/∂z)
−x (∂ρ/∂y)
−x (∂ρ/∂z)

dS (E.13)

Hence F∇ρ is of the order of

F∇ρ =
1

N − 1

ˆ
W

O (x−(ε+η)
)

O (x−ε)
O (x−ε)

 dS (E.14)

with η =

{
1
2 planar wake
2
3 circular wake

Then, having that dS ∝ xη in the wake, F∇ρ asymptotically behaves as

F∇ρ =

 O (x−ε)
O (x−ε+η)
O (x−ε+η)

 (E.15)

Finally, due to the symmetrical character of u with respect to the planes y = 0 and z = 0 in
the far wake (see relation (2.3.4)), the antisymmetrical character of ∂ρ/∂y with respect to the
plane y = 0 (see relation (B.5b)), and the antisymmetrical character of ∂ρ/∂z with respect to the
plane z = 0 in the far wake (see relation (B.6c)), the transverse and lift components disappear
and F∇ρ is theoretically expected to vanish when Se retreats to infinity, in the case of a planar
or a circular wake sufficiently far downstream of the obstacle:

lim
Se→∞

F∇ρ = 0 (E.16)
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F Presentation of the test cases

F.1 NACA0012 airfoil

Grids

The NACA0012 airfoil is a symmetrical airfoil for which the maximum thickness is 12% of
the chord. In this study, three grid levels were tested in viscous and inviscid flows (see Figs.F.1
and F.2).

(a) Coarse grid (b) Intermediate grid (c) Fine grid

Figure F.1: Three grid levels of the NACA0012 airfoil for the analysis of RANS simulations

(a) Coarse grid (b) Intermediate grid (c) Fine grid

Figure F.2: Three grid levels of the NACA0012 airfoil for the analysis of Euler simulations

The grids used for the analysis of RANS simulations are indeed more refined in the boundary
layer regions than those used for the analysis of Euler flows. Those grids are divided in two blocks:
a C block containing the airfoil and the upstream region and an H block containing the wake.
The coarse grid contains 301 × 113 + 61 × 225 = 47, 738 points, the intermediate grid contains
361×217+141×433 = 139, 390 points and the fine grid contains 417×385+193×769 = 308, 962
points. For the three grid levels, the y+ is always lower than 0.5 in order to accurately compute
the gradients and hence the Lamb vector in the boundary layer, and the far field lies 50, 000
chords away from the airfoil surface.

Regarding the analysis of Euler flows, the grids are divided into 32 blocks of equal size. These
grids are O-type grids. The coarse grid contains 65×129×32 = 268, 320 points, the intermediate
grid contains 129×129×32 = 532, 512 points and the fine grid contains 129×257×32 = 1, 060, 896
points. For the three grid levels, the far field lies 150 chords away from the airfoil surface.

174



Appendix F. PRESENTATION OF THE TEST CASES

Convergence

All the simulations on the NACA0012 airfoil were performed using Spalart-Allmaras tur-
bulence model [116] (for the RANS simulations) and Jameson’s numerical scheme [117] (cell-
centered, 2nd and 4th order artificial viscosities) in the AIRBUS-SAFRAN-ONERA elsA solver
[118]. The convergence is checked by looking at the lift and drag components computed by the
elsA solver at each iteration and the evolution of the L2-norm of the residuals (see Figs.F.3 and
F.4). On Fig.F.3a, it is shown that the lift and drag computed by the elsA solver converge fast

(a) Lift and drag convergence (b) Residuals

Figure F.3: Convergence on the fine grid of the NACA0012 airfoil for the analysis of RANS
simulations, M∞ = 0.72, Re = 3× 106, α = 2◦

to their final value and remain constant until the end. On Fig.F.3b, one can notice that the
L2-norm of the density residual decreases by eight orders of magnitude between the first and the
last iteration while the lift and drag residuals decrease by nine orders of magnitude, therefore
guaranteeing a clean convergence of the computation. A visualization of the contours of the
Mach number is displayed in Fig.F.5a. The flow around the NACA0012 airfoil is transonic and
characterized by the presence of a shock wave on the suction side. Just downstream of the shock,
the flow is subsonic which suggests that the shock is almost straight although its curvature is
clearly visible at the edges. The presence of the shock also increases the boundary layer thickness
downstream due to the adverse pressure gradient.

The same flight conditions were tested in the case of an Euler (inviscid) flow. Once again,
the convergence of the lift and drag components calculated by the elsA solver is very fast (see
Fig.F.4a). This time, the residuals decrease by more than twelve orders of magnitude which
ensures a very clean convergence of the simulation (see Fig.F.4b). The same visualization of the
contours of the Mach number is displayed in Fig.F.5b. In this case there is no boundary layer
because the flow is inviscid. It can be seen that the shock wave is located further on the suction
side than in the RANS simulation. Moreover, the strength of the shock seems greater since the
Mach number just upstream of the shock is higher than in the RANS computation. The wave
drag generated by the shock is then higher in the Euler case (CDw ∼ 40 × 10−4) than in the
RANS case (CDw ∼ 17× 10−4).

175



Appendix F. PRESENTATION OF THE TEST CASES

(a) Lift and drag convergence (b) Residuals

Figure F.4: Convergence on the fine grid of the NACA0012 airfoil for the analysis of Euler
simulations, M∞ = 0.72, Re→∞, α = 2◦

(a) Re = 3× 106 (b) Re→∞

Figure F.5: Contour of Mach number on the fine meshes of the NACA0012 airfoil, M∞ = 0.72,
α = 2◦

Grid studies

Table F.1 presents the computed lift and drag contributions on the three grid levels used in
the study of RANS simulations. It can be seen that the grid refinement has much more impact
on the Lamb-vector-based drag decompositions (ONERA and Mele et al.’s formulations [36])
than on the thermodynamic formulation of Destarac and Van der Vooren [21]. In fact, the use
of Lamb-vector-based formulae implies the computation of the vorticity which can be inaccurate
with coarse grids. Regarding the lift, for a given grid level the predictions are always in very good
agreement. Moreover, the lift coefficient increases with the refinement. In conclusion, the results
computed on the fine grid and the intermediate grid are very close to each other which suggests
that the intermediate grid is fine enough to be used in the context of lift and drag analysis using

176



Appendix F. PRESENTATION OF THE TEST CASES

the Lamb vector.

Grid level Coarse Intermediate Fine
CDP × 104

ONERA invariant 126.54 122.83 122.12
Kutta-Joukowski-Maskell-Betz 123.27 121.97 121.82
Mele et al. invariant 125.67 122.83 122.51
Destarac and Van der Vooren [21] 120.46 120.03 120.06

CD × 104

ONERA invariant 123.26 119.48 119.93
Kutta-Joukowski-Maskell-Betz 121.62 120.21 120.04
Mele et al. invariant 123.26 119.48 119.93
Destarac and Van der Vooren [21] 120.46 120.03 120.06
Near-field 120.77 120.17 120.07

CL
ONERA invariant 0.33454 0.33925 0.34054
Kutta-Joukowski-Maskell-Betz 0.33422 0.33895 0.34023
Mele et al. invariant 0.33464 0.33935 0.34057
Near-field 0.33385 0.33855 0.33983

Table F.1: Effect of the NACA0012 airfoil grid sizing on the force prediction and breakdown,
M∞ = 0.72, Re = 3× 106, α = 2◦, d/c = 10.

Grid level Coarse Intermediate Fine
CDw × 104

ONERA 39.07 37.23 37.28
Kutta-Joukowski-Maskell-Betz 40.61 40.23 39.77
Mele 39.19 37.35 37.40
Destarac and Van der Vooren [21] 38.58 38.37 38.54

CD × 104

Kutta-Joukowski-Maskell-Betz 39.96 39.81 39.54
Destarac and Van der Vooren [21] 38.58 38.37 38.54
Near-field 40.03 39.80 39.49

CL
Kutta-Joukowski-Maskell-Betz 0.40084 0.40001 0.40166
Near-field 0.40105 0.40010 0.40107

Table F.2: Effect of the NACA0012 airfoil grid sizing on the force prediction and breakdown,
M∞ = 0.72, Re→∞, α = 2◦, d/c = 10 for CD and CL, d/c = 1 for CDw .

In the Euler case, the total drag is equal to the wave drag generated by the shock. As shown
in Table F.2, the effect of the grid sizing on the Euler grid of the NACA0012 airfoil is weak due to
the fact that all grids are fine. Again, the grid sizing has more impact on the Lamb-vector-based
drag predictions for the same reasons as before. The results in total lift and drag computed by
the ONERA and Mele et al.’s formulations [36] are not shown here because they cannot be used
as such for the analysis of Euler flows. Indeed, it is necessary to add a vortex sheet at the airfoil
skin to generate the lift since no vorticity is produced in inviscid flows [18]. Only the KJMB
formulation is directly applicable to Euler conditions: the computed results are very satisfactory
and are weakly sensitive to the grid refinement.
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F.2 OAT15A airfoil

Grids

The OAT15A airfoil is a supercritical airfoil designed at ONERA and was used in numerous
studies on the buffet onset in transonic flows [119, 120, 121, 122]. In this study, only RANS
computations were performed on this airfoil and three grids were used, all having a C-block
and an H-block as in the case of the NACA0012 airfoil (see Fig.F.6). The coarse grid contains
97×289+61×213 = 41, 026 points, the intermediate grid contains 385×193+97×425 = 115, 530
points and the fine grid contains 385 × 385 + 193 × 849 = 312, 082 points. For the three grid
levels, the y+ is always lower than 0.5 and the far field lies 50, 000 chords away from the airfoil
surface.

(a) Coarse grid (b) Intermediate grid (c) Fine grid

Figure F.6: Three grid levels of the OAT15A airfoil for the analysis of RANS simulations

Convergence

As for the NACA0012 airfoil, the simulations were performed using Spalart-Allmaras tur-
bulence model and Jameson’s numerical scheme. The convergence of a typical transonic flow is
presented in Fig.F.7. Once again, the convergence of the lift and drag components is very fast

(a) Lift and drag convergence (b) Residuals

Figure F.7: Convergence on the fine grid of the OAT15A airfoil for the analysis of RANS simu-
lations, M∞ = 0.724, Re = 3× 106, α = 1.15◦
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Figure F.8: Contour of Mach number on the fine mesh of the OAT15A airfoil, M∞ = 0.724,
Re = 3× 106, α = 1.15◦

and this time the convergence is even better since the residuals decrease by fourteen orders of
magnitude between the first and the last iteration.

As shown in Fig.F.8, the flow around the airfoil produces a much weaker shock than in the
case of the NACA0012 airfoil. In fact, a supercritical airfoil enables to reduce the strength of
the transonic shock while producing enough lift to sustain the aircraft into air.

Grid studies

A grid convergence study was held on the three grid levels (see Table F.3). The coarsening
of the grid has the same effects on the Lamb-vector-based formulations as before: the coarser
the grid, the less accurate the drag prediction. The intermediate grid still yields a two-drag-
count discrepancy between the Lamb-vector-based formulations and the near-field computation.
Moreover the lift coefficient is more impacted by the grid refinement in this case than in the case
of the NACA0012 airfoil. Therefore it is better to use the fine grid for the analysis of lift and
drag using the Lamb vector.

In conclusion, regarding the two-dimensional cases, the recommendation is to use fine grids
when one wants to assess the aerodynamic force with vorticity-based formulations. If one uses
less refined grids, it is then recommended to use the thermodynamic formulation of Destarac
and Van der Vooren [21] which is less sensitive to the grid refinement although it is unable to
provide a far-field evaluation of the lift.

F.3 ONERA M6 wing

Grids

The M6 wing was designed at ONERA and tested in wind-tunnel experiments at low and high
transonic Mach numbers in order to emphasize a lambda pattern drawn by the shock wave on
the suction side [123]. In this study, two multiblock grids were used: a coarse grid of 3, 800, 000
points and a fine grid of 10, 200, 000 points (see Fig.F.9). Theses meshes were used by Mayeur
et al. [124] in CFD computations in the elsA solver in order to compare their results to those
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Grid level Coarse Intermediate Fine
CDP × 104

ONERA invariant 126.00 120.78 119.50
Kutta-Joukowski-Maskell-Betz 123.06 119.49 119.22
Mele et al. invariant 124.02 120.85 119.79
Destarac and Van der Vooren [21] 116.71 117.42 117.50

CD × 104

ONERA invariant 124.98 119.45 117.28
Kutta-Joukowski-Maskell-Betz 121.79 117.81 117.55
Mele et al. invariant 124.98 119.45 117.28
Destarac and Van der Vooren [21] 116.71 117.42 117.50
Near-field 119.68 117.79 117.55

CL
ONERA invariant 0.71089 0.72017 0.72368
Kutta-Joukowski-Maskell-Betz 0.71341 0.72152 0.72382
Mele et al. invariant 0.71104 0.72046 0.72380
Near-field 0.71330 0.72137 0.72366

Table F.3: Effect of the OAT15A airfoil grid sizing on the force prediction and breakdown,
M∞ = 0.724, Re = 3× 106, α = 1.15◦, d/c = 10.

coming from wind-tunnel experiments. In both grids, the y+ is always close or below one and
the far field lies 185 reference-chord lengths (cref = 0.64607 m) away from the wing surface.

(a) Coarse grid (b) Fine grid

Figure F.9: Two grid levels of the ONERA M6 wing for the analysis of RANS simulations

Convergence

All the simulations on the M6 wing were performed using Spalart-Allmaras turbulence model
and Roe’s numerical scheme [125]. The convergence of the lift and drag components computed
by the elsA solver is shown in Fig.F.10: both converge after less than 1, 500 iterations. The
evolution of the L2-norm of the residuals shows that they decrease by six to seven orders of
magnitude between the first and the last iteration on the fine grid.
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(a) Lift and drag convergence (b) Residuals

Figure F.10: Convergence on the fine grid of the ONERA M6 wing for the analysis of RANS
simulations, M∞ = 0.84, Re = 12× 106, α = 3.06◦

Figure F.11: Contour of Mach number and isosurface of Q-criterion coloured by the vorticity
modulus ω on the fine mesh of the ONERA M6 wing, M∞ = 0.84, Re = 12× 106, α = 3.06◦

Fig.F.11 displays the Mach number on several wing sections along the span and an isosurface
of Q-criterion coloured by the modulus of the vorticity. The Q-criterion is used to identify the
vortical regions, i.e. the regions where vortices are present. Therefore, the Q-criterion is high
in regions where the rotation is dominant. On the contrary, the Q-criterion is weak in regions
of pure deformation. Here, the wing-tip vortex is materialized by the Q-criterion isosurface and
the vorticity decreases as the vortex extends in the wake. On the suction side, the feet of the
shocks are characterized by a region of strong deformation where the Q-criterion is zero (grey
lines): it can be seen that the shocks form a lambda pattern on the suction side, which implies
that the fluid particles will go through two succesive shock waves as seen on the Mach contours.
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Grid studies

The grid convergence study on the M6 wing is summarized in Table F.4. The results provided
by the formulation of Destarac and Van der Vooren [21] suggest that the grid refinement has
a greater impact on the lift-induced drag prediction: it increases by more than one drag count
between the two grids while the profile drag decreases by 0.7 drag count, the total drag increasing
itself by 0.64 drag count. Besides, it is clear that the near-field evaluation of the drag is much
more impacted by the refinement since it decreases by three drag counts between the two grids.
Once again, the Lamb-vector-based formulations are more sensitive to the refinement and the
total drag increases by more than four drag counts.

Grid level Coarse Fine
CDi × 104

ONERA invariant 50.85 52.33
Kutta-Joukowski-Maskell-Betz 55.33 54.72
Mele et al. invariant 47.46 51.17
Destarac and Van der Vooren [21] 60.48 61.82

CDP × 104

ONERA invariant 115.18 118.50
Kutta-Joukowski-Maskell-Betz 119.17 117.38
Mele et al. invariant 118.57 119.66
Destarac and Van der Vooren [21] 109.87 109.17

CD × 104

ONERA invariant 166.03 170.83
Kutta-Joukowski-Maskell-Betz 174.50 172.10
Mele et al. invariant 166.03 170.83
Destarac and Van der Vooren [21] 170.35 170.99
Near-field 175.17 172.23

CL
ONERA invariant 0.26806 0.27090
Kutta-Joukowski-Maskell-Betz 0.26781 0.27076
Mele et al. invariant 0.27013 0.27298
Near-field 0.26966 0.27209

Table F.4: Effect of the ONERA M6 wing grid sizing on the force prediction and breakdown,
M∞ = 0.84, Re = 12× 106, α = 3.06◦, d/cref = 1.

In this three-dimensional case, the lift coefficient is well predicted with both grids although
the agreement between the various approaches is better when using the fine grid. The lift seems
to be less sensitive to the grid refinement than the drag. Anyways, in this case, the use of a fine
mesh is recommended if one chooses to evaluate the aerodynamic force with a formulation based
on the Lamb vector, especially due to the discrepancies occuring on the drag component and its
decomposition with the coarse mesh.

F.4 NASA Common Research Model

Grids

In order to show the maturity and applicability of the Lamb-vector-based force decomposi-
tion to industrial aircraft configurations, a RANS computation on the NASA Common Research
Model (CRM) was performed. The simulation was carried out using Spalart-Allamaras turbu-
lence model and Jameson’s numerical scheme. The Mach number was set to M∞ = 0.85, the
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Reynolds number to Re = 5 × 106 and the lift coefficient to CL ≈ 0.5 in order to match the
transonic cruise flight conditions encountered by a high-capacity transport aircraft.

The four grids used in this study are the same as those used by Hue [72] in the fifth Drag
Prediction Workshop (DPW): they correspond to the L2′, L3′, L4′ and L5′ grids introduced in
Ref.[72]. Those meshes are all multiblock meshes and they differ from the L2, L3, L4 and L5
versions introduced by Vassberg [126] only by the added wing twist used to better match wind-
tunnel experiments. The L2′ has a y+ = 1.33, the L3′ has a y+ = 1, the L4′ has a y+ = 0.67,
the L5′ has a y+ = 0.5 and the far field always lies more than a hundred reference-chord lengths
(cref = 7.00532 m) away from the aircraft surface. In this study, the grid used for the analysis
of lift and drag prediction and breakdown is the L4′ refinement since it is already fine enough
according to Hue’s results [72].

Convergence

The convergence on the L4′ grid of the NASA CRM is shown in Fig.F.12. The computation
required a much greater amount of iterations in order to guarantee a very clean convergence
even if the lift and drag components computed by the elsA solver converge quite fast, after only
1, 500 iterations. In fact, the residuals decrease by thirteen orders of magnitude after 105, 000
iterations and remain constant afterwards.

(a) Lift and drag convergence (b) Residuals

Figure F.12: Convergence on the L4′ grid of the NASA CRM for the analysis of RANS simula-
tions, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5

A visualization of the Mach number on the suction side of the wings and a Q-criterion
isosurface coloured by the vorticity modulus are displayed in Fig.F.13. In this case, the wing
is swept in the streamwise direction which enables to reduce the strength of the shock wave:
the component of the Mach number normal to the leading edge is lower than the effective Mach
number and the entropy jump is weaker. Moreover, the wing section is a supercritical airfoil
which further reduces the strength of the shock wave: the maximum Mach number is around 1.08
whereas it was 1.3 in the case of the NACA0012 airfoil. The Q-criterion isosurface emphasizes
three counter-rotating vortex pairs: the wing-tip vortices and two others generated by the tail of
the aircraft. In the near wake, the wing-tip vortices progressively acquire their cylindrical shape
as the vortex sheet rolls up. Regarding the two other vortex pairs, they may not show up in the
presence of the horizontal tail plane and the vertical stabilizer.
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Figure F.13: Contour of Mach number and isosurface of Q-criterion coloured by the vorticity
modulus ω on the L4′ grid of the NASA CRM, M∞ = 0.85, Re = 5× 106, CL ≈ 0.5

Grid studies

The effect of the grid sizing on the NASA CRM is presented in Table F.5. It can be seen that
the grid refinement has opposite effects on the lift-induced drag whether it is calculated by Lamb-
vector-based approaches or the thermodynamic method of Destarac and Van der Vooren [21]:
indeed, the ONERA and Mele et al.’s formulations [36] see their lift-induced drag component
increase whereas Destarac and Van der Vooren’s formulation sees its lift-induced drag component
decrease. Reversely, the profile drag component computed by the ONERA, the KJMB and Mele
et al.’s formulations decreases. Actually, the grid refinement allows for a better resolution of
the vortices which explains why the lift-induced drag computed by Lamb-vector-based formulae
increases. Yet, the ONERA and the KJMB formulations provide a drag decomposition in better
agreement with the thermodynamic approach than Mele et al.’s formulation. Finally, the results
obtained with the L4′ and L5′ grids suggest that the L4′ version is already a well refined grid
and is fine enough for fine drag decomposition analyses.

Besides, it can be seen that the predicted lift increases with the grid refinement for the
same reason as the lift-induced drag. The lift predicted by the ONERA formulation seems to
be less accurate than that computed by Mele et al.’s formulation. Yet, the KJMB formulation
(mathematically equivalent to the ONERA formulation) provides a better lift prediction when
compared to the classical near-field approach. Finally, the results obtained with the L4′ and L5′

grids again suggest that the L4′ version is enough for a fine lift analysis.
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Grid level L2′ L3′ L4′ L5′

CDi × 104

ONERA invariant 84.94 84.57 86.29 86.72
Kutta-Joukowski-Maskell-Betz 87.81 88.34 87.26 87.69
Mele et al. invariant 73.79 75.19 77.01 77.45
Destarac and Van der Vooren [21] 93.54 93.24 92.81 92.75

CDP × 104

ONERA invariant 169.23 165.50 169.11 168.40
Kutta-Joukowski-Maskell-Betz 171.61 168.56 167.63 166.69
Mele et al. invariant 180.37 174.88 178.39 177.68
Destarac and Van der Vooren [21] 163.30 162.41 161.70 161.55

CD × 104

ONERA invariant 254.16 250.07 255.40 255.13
Kutta-Joukowski-Maskell-Betz 259.43 256.90 254.89 254.38
Mele et al. invariant 254.16 250.07 255.40 255.13
Destarac and Van der Vooren [21] 256.84 255.65 254.51 254.30
Near-field 258.38 256.34 254.70 254.35

CL
ONERA invariant 0.48583 0.48933 0.49198 0.49446
Kutta-Joukowski-Maskell-Betz 0.49697 0.49741 0.49698 0.49768
Mele et al. invariant 0.49280 0.49610 0.49852 0.50088
Near-field 0.49967 0.49990 0.49946 0.49963

Table F.5: Effect of the NASA CRM grid sizing on the force prediction and breakdown, M∞ =
0.85, Re = 5× 106, CL ≈ 0.5, d/cref = 1.
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