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Résumé en francais

1.1 Motivation

Les courbes rationnelles ont toujours joué un roéle important en géométrie al-
gébrique complexe, que ce soit pour le programme du modéle minimal (MMP),
pour les variétés des tangentes rationnelles minimales (VMRT), pour la nouvelle
notion de simple connexité rationnelle ou pour la géométrie énumérative, comme
par exemple la cohomologie quantique. Dans plusieurs cas, le premier pas est de
comprendre 'espace de modules de courbes rationnelles sur une variété donnée.
Beaucoup de résultats ont été déja obtenus sur ce sujet, par exemple [FP95| ex-
plique la construction d’espaces de modules d’applications stables et le fait que ces
espaces sont projectifs dans le cas des variétés projectives.

L’objectif principal de cette thése est I’étude des courbes rationnelles sur les
G-variétés magnifiques. Ce choix est basé sur le fait que ces variétés ont une
structure d’orbites simple. Cela nous permet de bien controéler le groupe des classes
de diviseurs Pic(X) et son dual, le groupe des courbes N;(X) modulo équivalence
numérique.

1.2 Variétés magnifiques

Nous allons travailler sur C. Soit G' un groupe algébrique réductif connexe de rang
rk(G) = r. Fixons un sous-groupe de Borel B C G et un tore maximal 7' de G
avec T' C B. Notons R = R le systéme de racines de (G, T), R, les racines de B,
Rg = —R} et S = Sg la base des racines simples. Un sous-groupe parabolique P
de G est dit standard, si B C P, notons P~ son sous-groupe parabolique opposé,
tel que T'C P~. Soit " C S, Rg,s est I'ensemble des racines engendrées par S’
et Pg est le sous-groupe parabolique avec Pensemble de racines R, U Rg . Ce
parabolique Pg est dit associé a S’.

Une G-variété normale X avec une B-orbite ouverte est dite sphérique, si de
plus X ne contient qu'une seule G-orbite fermée, X est dite simple. Une telle
variété posséde une G-orbite ouverte, isomorphe a G/H pour un sous-groupe H C



GG, qui est dit aussi sphérique. Alors, il y a un nombre fini de B et G-orbites dans
X. Nous pouvons définir I’ensemble des diviseurs premiers stables par B, mais
pas par G, appelés couleurs et notés D € Ax. Chaque G-variété sphérique simple
projective est définie uniquement & isomorphisme prés par le cone des valuations G-
invariantes et le sous-ensemble des couleurs qui contiennent la G-orbite fermée de
X. Cette donnée est appelée le cone colorié de X. Un espace homogeéne sphérique
est dit sobre, si son cone des valuations G-invariantes est strictement convexe
ou, de maniére équivalente, ne contient pas de sous-espace linéaire. Une variété
sphérique simple X est dite toroidale, si la G-orbite fermée Y n’est contenue dans
aucune couleur D € Ax. Une combinaison de cones colorés (vérifiant certaines
conditions), appelé I'éventail colorié peut étre utilisé pour classifier les variétés
sphériques non-simples dans l'esprit de la classification des variétés toriques.

Une variété magnifique est une G-variété lisse projective ayant une G-orbite
ouverte G/H, telle que le complémentaire de cette orbite noté 0X = X \ (G/H)
est un diviseur & croisements normaux lisses. De plus les adhérences des G-orbites
de X sont exactement les intersections partielles de composantes irréductibles de
0X. En particulier, X a une unique G-orbite fermée: I'intersection de toutes les
composantes irréductibles. Le nombre de composantes irréductibles de 90X est
le rang de X, noté rk(X). On peut écrire 0X = Uzl;(lx)Xi, ol tout X; est un
diviseur premier G-stable. Un tel diviseur premier G-stable est dit diviseur de
bord. Nous allons écrire X; = N;c;X; pour toute sous-variété G-stable de X, ou
Ic{1,....7k(X)}.

Domingo Luna a prouvé dans [Lun96|, que toute variété magnifique est sphéri-
que toroidale. Nous décrivons la combinatoire, utilisée pour la classification des
variétés magnifiques. On dit qu’'une couleur D € Ay est déplacée par une racine
simple «a, si D n’est pas stable sous ’action du sous-groupe parabolique minimal
P,, associé¢ & a. L’ensemble des couleurs déplacées par « est noté Ax(a). On
note S% l'ensemble des racines simples a € Sg, tel que Ax(«) = 0. Les racines
sphériques > x sont les T-poids de 'espace normal

T.X
T.Gz’

ou z est l'unique point fixe par B~ de la G-orbite fermée de X. Soit Ag x C Ax
I’ensemble des couleurs D € Ax déplacées par une racine simple o € Sg N X,
qui est aussi une racine sphérique de X. Toute racine sphérique v € Y x est une
combinaison linéaire & coefficients positifs de racines simples de GG. On définit le
support de v, noté supp(y), comme les racines simples avec des coefficients non-
nuls dans la présentation de . Le systeme sphérique de X est défini comme la
donnée (S%,Xx, Ag x).

Domingo Luna a conjecturé dans [Lun01]|, que toute variété magnifique est
déterminée par son systéme sphérique a isomorphisme prés et il a établi cette



conjecture en type A. Récemment Paolo Bravi et Guido Pezzini 'ont prouvée
dans [BP15]:

Théoréme (|BP15|). Il existe une bijection entre les classes d’isomorphisme de
G-variétés magnifiques et les G-systémes sphériques.

Ils ont introduit la notion de G-systéme abstrait et ont montré que tout G-
systéme abstrait est le systéme sphérique d'une G-variété magnifique.

Exemple 1 Les variétés projectives homogénes sont magnifiques de rang nul. Soit
Ps/ un sous-groupe parabolique standard de G pour un S’ C S. Alors la variété
projective homogéne G/ Py, posséde une B-orbite ouverte, ot Pg, est le sous-groupe
parabolique, opposé de Pg,. La B-orbite ouverte est donnée par BPg, /Pg,, elle
est affine, donc son complémentaire est de codimension 1 et les composantes ir-
réductibles de ce complémentaire sont les diviseurs premiers B-stables, qui sont
exactement les couleurs de G/ Pg,. La décomposition de Bruhat nous dit, que ces
couleurs sont de la forme

D.(G/Pg) = Bs,Pg /P,

oll v est une racine simple de GG, mais pas de Pg, et s, est un représentant de la
réflexion correspondante dans le groupe de Weyl de G.
Le parabolique Ps fixe les diviseurs stables par B, donc SZ, po = S’. Comme
S/
T.G/Pg = T,Gz pour tout point fixe z de B, nous avons que Yoo, = (), donc
S/
Aq G/po = () aussi. Finalement, le systéme sphérique de G/Pg, est donné par
El S/

(S",0,0).

Toute sous-variété G-stable fermée d’une variété magnifique X est encore mag-
nifique. Supposons, que X; C X est une sous-variété G-stable fermée. On a
S%, = S%. Comme 0X = UEE(IX )X, est un diviseur & croisements normaux lisses,
Y.x est aussi 'ensemble des T-poids sur T, X /T, X; pour tout i € {1,...,rk(X)}.
Cela signifie que Xy, = {7 € Xx | i ¢ I} et Ag.x, est formé des couleurs dé-
placées par les racines simples dans Sg N Xx,. De plus il existe une application
X; — G/Ps, et si X! est la fibre au point de base, nous avons X; = G x5 X1,
ol Ps, est le parabolique associé¢ a S; = S\ (S% UU,c; supp(71))-

Exemple 2 Supposons que G est un groupe algébrique simple de type adjoint de
rang rk(G) = r. Le groupe G peut étre considéré comme une variété sphérique,
sous l'action de G x G, donnée par (g,¢)r = gx(g')~'. Le groupe B x B~ est
un sous-groupe de Borel de G x G et 'ensemble BB~ C G est la B x B~ -orbite
ouverte de id € GG. Cela signifie que G est sphérique. Par ailleurs, il admet une
compactification magnifique X.



Soit Sgxg = {a1,..., ., B1,..., 5.} une base de racines simples de G, corres-
pondant & B x B, telle que «; sont les racines simples du premier facteur de
G x G et les f; du deuxiéme pour i € {1,...,r}. Soit z € Y C X 'unique point
fixe de B x B~ dans l'orbite fermée de X, qui est isomorphe &4 G/B~ x G/B. Alors
T.X/T,(G x Gz) ~ t, ou t est I'algébre de Lie du tore maximal T'= BN B~. Le
tore T' x T agit sur t linéairement avec des poids 7; = a; — ;. Ce sont les racines
sphériques v; € X x de X.

Les diviseurs premiers B X B~ -stables sont les adhérences des cellules de Bruhat
de codimension un. Ce sont les couleurs de X et chaque couleur est déplacée par
précisément deux racines simples de G x G: «; et ;. On a S5 = (. Comme
Yx N Sexc = 0, on a que Agxg x est vide aussi. Le systéme sphérique de la
compactification magnifique de G est donné par (0, {c; — 3; | 1 <1 <r}, ().

1.3 Diviseurs, courbes et courbes rationnelles

Pour une variété sphérique simple projective X, les couleurs qui ne contiennent
pas l'orbite fermée Y forment une base du groupe de Picard Pic(X):

Pic(X)= € ZD

DEAx,YZD

On note N;(X) le groupe de classes de courbes modulo I’équivalence numérique.
Si X est sphérique compléte, alors Ni(X) est le dual de Pic(X), voir Propositions
3.1 et 3.2 [Bri97a]. Nous allons utiliser la notation

(,):Pic(X) x Ni(X) = Z

pour le produit d’intersection entre courbes et diviseurs. Sur une variété mag-
nifique il existe une courbe C'p pour toute couleur D € Ay, qui est irréductible,
B-stable et passe par I'unique point fixe de B~ dans l'orbite fermée de X et telle
que pour toute couleur D on a (D, [Cp]) =1 et (D, [C]) = 0 pour tout D’ # D,
voir |Lun97|.

Exemple 3 Soit G/P~ une variété projective homogéne. Nous savons déja, que
les couleurs de G/P~ sont données par les cellules de Bruhat de codimension 1,
donc les couleurs de G/ P~ sont les diviseurs de Schubert. Les courbes Cp sont les
courbes de Schubert de G/P~, données par P,P~/P~, ou P, est le parabolique
minimal, correspondant & une racine simple a de G, mais pas de P.

Nous sommes intéressés par les courbes rationnelles sur les variétés magnifiques.
Ces courbes ont déja été considérées. Par exemple, Michel Brion et Baohua Fu dans



[BF15] ont étudié les courbes rationnelles minimales, passant par l'identité x € X
dans la compactification magnifique d’un groupe semisimple de type adjoint.

Nous introduisons les définitions comme dans [BF15]. Soit RatCurves™(X) la
normalisation de I'espace des courbes rationnelles sur X. Il existe une famille uni-
verselle U avec des projections p: U — K et p: U — X, ou K C RatCurves”"(X)
est une composante irréductible. Pour tout x € X définissons U, = p~'(z) et
K. = p(U,). La famille IC est dite famille des courbes rationnelles minimales si
IC; est non-vide et projective pour un point x général. Il existe une application
rationnelle 7 : I, --» PT,(X) qui envoie toute courbe lisse en = sur sa direc-
tion tangente. L’adhérence de I'image de 7 est notée C, et appelée la variété des
tangentes rationnelles minimales (VMRT) en z. Si X = G x G/ est la compact-
ification magnifique d’un groupe algébrique G simple de type adjoint avec algébre
de Lie g, alors T,.(X) = g pour le point de base x de la G x G-orbite ouverte de
X. Le groupe G agit sur T,(X) par le plongement diagonal et 'action induite sur
Pg stabilise C,.

Le résultat suivant est prouvé dans [BF15]:

Théoréme (|[BF15, Theorem 1.1]). Soit X la compactification magnifique d’un
groupe algébrique simple G de type adjoint. Alors

(a) Il existe une famille unique de courbes rationnelles minimales K sur X. De
plus, la famille IC, des courbes passant par x est lisse et ['application ra-
tionnelle T : K, --» C,, est un isomorphisme.

(b) C. est la G-orbite fermée dans Pg, si G n'est pas du type A.

(¢c) Quand G est de type A, (I > 2), c’est-a dire G = PGL(V) pour un es-
pace vectoriel V de dimension |+ 1, la VMRT C, est l'image de PV x PV*

sous le plongement de Segre PV x PV* — PEnd(V), suivi par la projection
PEnd(V) --» P(End(V)/Cid) = Pg de centre x = [id].

Un autre objet important, que nous présentons dans ce texte, est la compact-
ification de Deligne-Mumford de I’espace de modules de courbes rationnelles de
classe n € Ni(X) avec n points marqués. Cet espace est noté My, (X,n), on
Pappelle aussi 'espace de Kontsevich de modules d’applications stables. Cette
compactification contient un ensemble ouvert composé des morphismes {f : P! —
X | f.[PY] = n} et 'étend avec des applications stables. Une application stable de
genre 0 et de classe n avec n points marqués est la donnée (C,py,...,p,, f), ou C
est une courbe rationnelle connexe nodale de genre 0, ol py, . . ., p, sont des points
réguliers distincts sur C' et ou f: C'— X est un morphisme, tel que f,[C] =n et
qui vérifie la condition suivante pour chaque composante irréductible £ C C: si
E ~ P! et f(E) est un point, alors E doit contenir au moins trois points spéciaux
(soit les points marqués soit les intersections avec les autres composantes de C').
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Théoréme (|[FP95, Theorem 1]). Soit X une variété compleze projective lisse.
Il existe un espace de module grossier projectif Mo, (X,n) contenant My, (X, n)
comme un sous-ensemble ouvert.

Théoréme ([FP95, Theorem 2|). Soit X wune variété projective lisse telle que
HY (P, u*(Tx)) = 0 pour toute application u: P* — X.

° Mo,n(X, n) est une variété normale, projective de la dimension pure

dim(X) — (Kx,n) +n— 3.

° HO,R(X, n) est localement un quotient d’une variété lisse par un groupe fini.

Il est déja connu, que 'espace de module est irréductible dans le cas d’espaces
homogénes projectifs.

Théoréme ([Tho98, Theorem 1]). Soit X une variété des drapeauz, soit n €
Ni(X) une classe effective. Alors l'espace M, (X,n) est irréductible pour tout
n € N entier positif.

Une de nos motivations dans cette thése était de voir si ce résultat s’étend au
cas des variétés magnifiques.

1.4 Application limite de Luna

Nous décrivons les outils combinatoires, utilisés pour prouver notre résultat. Soit
X une G-variété projective lisse. Soit A : C* — G un sous-groupe a un parameétre
de G. Notons X* la composante connexe de 'ensemble des points fixes XMO)" telle
que I'ensemble X = {z € X | lim;_,o A(t)z € X} est ouvert dans X. L’ensemble
des points fixes X* est lisse. Définissons aussi le sous-groupe parabolique Gy =
{g € G| limy_o A(t)gA(t)t € G*}, ot G* est le centralisateur dans G de A\(C*) et
est un sous-groupe de Levi de G. Sur la cellule ouverte X, de cette décomposition
il existe une application limite

©x - X)\ — X)\
x — lim A\(¢)x
t—0
qui est une fibration localement triviale en espaces affines. Cela produit une ap-
plication rationnelle ¢y : X --» X* C X. Pour toute application rationnelle entre
variétés projectives lisses le lieu d’indétermination est de codimension au moins
deux, donc pour une courbe assez positive C' sur X, nous pouvons supposer, qu’elle
évite ce lieu d’indétermination et nous pouvons considérer la courbe ¢, (C) dans
X?*. Cela va nous permettre de procéder par récurrence sur la dimension des
variétés magnifiques.



1.5 Variétés magnifiques symétriques

Les résultats de cette thése portent sur une classe spéciale de variétés magnifiques,
les compactifications magnifiques des espaces symétriques, introduites par Corrado
De Concini et Claudio Procesi dans [CP83|. Un espace symétrique est une variété
algébrique, isomorphe & un quotient G/G? pour une involution ¢ : G — G, ou G
est est un groupe réductif. Les espaces symétriques sont sphériques.

Soit G un groupe algébrique semisimple de type adjoint, alors pour tout espace
symétrique G /G il existe une compactification magnifique X = G/G°. Un tel X
est appelé une variété magnifique symétrique.

Dans ce cas les racines sphériques de X sont données par &; = a; — o(a;) pour
1 < i <rk(X). Il faut noter qu’il est possible que rk(X) < rk(G) et qu’il existe
1 <i#j <r1k(X), tels que a; = @;.

Pour une variété symétrique magnifique X il existe un sous-ensemble ouvert
affine V, tel que V ~ U x Al, ot U = Ry(Psz ). Nous écrivons (u,z) € V avec
r = (x1,...,2;). Pour ce V tout diviseur de bord X; de X est localement donné
par

X;NV ={(u,z) | z; = 0}.

Soit I C {1,...,1} et soit X; une variété G-stable fermée de X. La variété
X est de la forme G xP~ X7, ou P est le sous-groupe parabolique, associé 2
Sr={aeS|a=a;forsomei ¢ [}

Le groupe de Picard Pic(X) ~ Z*, o s est le nombre de racines sphériques
a, telles qu’il existe deux racines simples distinctes a, o’ € S, avec soit a # —o ()
soit a # —o () et (a, ') # 0.

De plus pour toute variété G-stable fermée X7 il existe une suite exacte courte

0 —— Pic(G/P;,) — 1 Pic(X;) — Pic(XT) —— 0

ournyr: X;— G/P§I est la projection G-équivariante et ¢ : X! — X est I'inclusion
de la fibre au point Py -fixe de G/ Pg .

1.6 Reéductibilité de ’espace de modules

Soit X une variété symétrique magnifique et soit n € Ny(X) \ {0} une classe
de courbes mobiles. Pour les variétés magnifiques symétriques, cette condition est
équivalente au fait, que n a une intersection positive avec tous les diviseurs effectifs
de X. Nous considérons l'espace de module Moyo(X ,m) des applications stables
de genre 0 sans point marqué et définissons le sous-ensemble ouvert Mg (X, 7)
de courbes irréductibles rencontrant la G-orbite ouverte de X. Il se trouve que
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Pensemble Mg (X, n) est non-vide si 7 = 21’ pour une classe " € N1(X), positive
sur les diviseurs effectifs de X. Nous prouvons aussi le théoréme suivant, qui
montre que dans beaucoup de cas U'espace M o(X,n) est réductible.

Théoréme A. Soit X une variété magnifique symétriqgue. Soit n € Ny(X) \
{0} wne classe de courbes telle que Mg,(X,n) # 0. Supposons qu’il existe une
décomposition n = n1 + 1, telle que n1 et 1o sont des classes de courbes sur X
non-triviales effectives et il existe un diviseur de bord D tel que

<D7 772> < -2
Alors l’espace de modules Mg o(X,n) est réductible.
En particulier nous obtenons le résultat suivant:

Théoréme B. Soit X la compactification magnifique d’un groupe simple de type
adjoint G de rang tk(G) > 3. Alors M o(X,n) est réductible pour toute classe de
courbes mobiles 1.

Ce résultat constraste avec le fait, que la VMRT est irréductible pour une
compactification magnifique d’un groupe.

Ce résultat motive aussi la partie finale de la thése et la recherche d’une com-
posante irréductible spéciale de Mg o(X, 7).

1.7 Irréductibilité d’'une composante spéciale

Soit X la compactification magnifique d'un groupe G algébrique semisimple de type
adjoint de rang rk(G) = r. Tout co-poids fondamental w;, pour un iy € {1,...,r}
de GG définit un sous-groupe a un parameétre de GG et aussi de G x G avec 'inclusion
g — (g,1g). 1l existe une application limite ¢;, : X --+ X avec ¢, (X) C Xj,.
Soit 1 une classe d’équivalence numérique de courbes mobiles. On montre que
Mg o(X,n) n’est pas vide et qu'il contient un sous-ensemble ouvert de courbes,
évitant le lieu d’indétermination de ¢;,. Donc il existe une application rationnelle

Pig - M()O,O(Xv 77) - MS,O(Xioaﬁ)
C Pio (C)v
ou 77 est la classe de ¢;,(C) dans X;,. Une assertion similaire est vraie pour

les sous-variétés G-stables fermées de X. Nous procédons par récurrence pour
montrer:

Théoréeme C. Soit X la compactification magnifique d’un groupe algébrique semi-
simple G de type adjoint. Soit n € N1(X) une classe de courbes mobiles. Alors
Vespace Mg (X, n) est irréductible.
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Une suite possible a ce travail serait d’élargir la classe de variétés, pour les-
quelles I’assertion sur l'irréductibilité est vraie, mais nous pourrions aussi con-
sidérer la connexité rationnelle simple des variétés magnifiques. Une variété X
est dite rationnellement connexe, s’il existe une courbe rationnelle irréductible,
passant par deux points généraux quelconques. Un premier exemple est le cas de
'espace projectif PV,

La simple connexité rationnelle est plus complexe, il faut que l’espace de
courbes rationnelles soit rationnellement connexe. Puisqu’il y a beaucoup d’espa-
ces de modules (pour chaque classe n € N1(X)) et que ces espaces ont de nom-
breuses composantes irréductibles, comme nous 'avons vu au Théoréme A, une
bonne définition de la simple connexité rationnelle a besoin de l'existence d’une
composante canonique de I'espace de modules d’applications stables d’une classe 7
assez positive, et que celle-ci soit rationnellement connexe. La composante étudiée
dans le Théoréme B est une bonne candidate pour étre cette "composante canon-
ique”.
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Introduction

2.1 Motivation

Rational curves have always played an important role in complex algebraic geom-
etry, be it the minimal model program (MMP), the variety of minimal rational
tangents (VMRT), the new notion of simple rational connectedness or enumera-
tive geometry, like quantum cohomology. In many of these cases one of the steps
to results would be understanding the moduli space of rational curves on a given
variety. A lot has been done on this topic already, for example [FP95] explains the
construction of the moduli space of stable maps and that it is projective in case
the underlying variety is a projective variety.

Our main focus in this PhD thesis are wonderful G-varieties. This choice is
based on the fact that these varieties have a very nice structure of G-orbits. This
allows us to control very well the divisor class group Pic(X) and its dual, the group
of curves Np(X) modulo numerical equivalence.

2.2 Wonderful varieties

We will work over C. Let G be a connected reductive algebraic group of rank
tk(G) = r. Fix a Borel subgroup B C G and a maximal torus T of G with
T C B. Denote by R = R¢ the root system of (G,T), by R{, the roots of B, by
R; = —R{, and by S = Sg the basis of simple roots. A parabolic subgroup P of
G is standard if it contains B, its opposite parabolic containing 7" is denoted by
P~. Let 5" C 5, then R g denotes the set of roots, generated by 5" and Pg is
the parabolic subgroup of G with roots RZE U Rg,s. The parabolic Pg is said to
be associated to 5.

A normal G-variety X with an open B-orbit is called spherical. If X contains
exactly one closed G-orbit, it is also called simple. Such a variety has an open
G-orbit, that is isomorphic to the spherical homogeneous space G/H for some
subgroup H C G, which is also called spherical. In the setting of algebraic ge-
ometry this implies that there are finitely many B and G-orbits in X. We can
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define the set of B- and not G-stable prime divisors, called colors and denoted by
D € Ax. It turns out that a projective simple spherical G-variety X is uniquely
defined up to isomorphism by the cone of G-invariant valuations and by the subset
of colors that contain the closed G-orbit of X. This datum is called the colored cone
of X. A spherical homogeneous space is called sober, if the cone of G-invariant
valuations is strictly convex or, equivalently, does not contain a linear subspace. A
simple spherical variety X is called toroidal if its GG-closed orbit Y is not contained
in any color D € Ax. A combination of colored cones with special conditions,
called colored fan can be used to classify nonsimple spherical varieties in the same
spirit as the classification of toric varieties.

A wonderful variety is a smooth complete G-variety with an open G-orbit G/H,
such that its complement 0X = X \ (G/H) is a smooth normal crossing divisor.
Furthermore the closures of G-orbits of X are exactly the partial intersections of
irreducible components of 0X. In particular there is a unique closed G-orbit, the
intersection of all components. The number of irreducible components of 90X is
called the rank of X, denoted by rk(X). Then we can write 0X = Ui(lx)Xi, where
every X; is a G-stable prime divisor. Such G-stable prime divisors on wonderful
varieties will be called boundary divisors. We will write X; = N;c; X; for any
G-stable subvariety of X, where I C {1,...,rk(X)}.

Domingo Luna proved in [Lun96] that wonderful varieties are toroidal spherical
varieties. We are going to describe the combinatorics, used in the classification of
wonderful varieties. We say that a color D € Ay is moved by a simple root « if
D is not stable under the action of the minimal parabolic subgroup P,. The set
of colors moved by a simple root « is denoted by Ax(«). We will denote by S%
the set of all simple roots of G, such that Ax(«) = 0. The spherical roots Y.x are
the T-weights of the normal space

T.X
T.Gz’

where z is the B~ fixed point of the closed orbit of X. Let Ag x C Ax be the set
of colors D € Ay, which are moved by some simple root @ € Sg N Xy, that is also
a spherical root of X. Any v € Xx is a linear combination of simple roots of G
with nonnegative coefficients. We define the support of v, denoted by supp(7) to
be the simple roots having a nonzero coefficient in the presentation of ~.

The spherical system of X is defined as (S%,YXx, Agx). It was previously
conjectured and proved in type A by Domingo Luna in [Lun01], that any wonderful
variety is defined uniquely up to isomorphism by its spherical system. Recently
Paolo Bravi and Guido Pezzini proved it in [BP15]:

Theorem (|BP15, Theorem 1.2.3]). There is a bijection between isomorphism
classes of wonderful G-varieties and spherical G-systems.

14



They have introduced the notion of an abstract spherical G-system and shown
that every abstract spherical G-system is a spherical system of some wonderful
G-variety.

Example 1 Projective rational homogeneous varieties are wonderful of trivial
rank. Let Pg be a standard parabolic subgroup of (G, associated to some S’ C Sg.
Then the projective homogeneous variety G/Pg, has an open B-orbit, where Pg,
denotes the parabolic subgroup, opposite of Ps. The open B-orbit of G/Pg, is
given by BPg /P, it is affine, so its complement is of codimension one and its
irreducible components are the B-stable prime divisors, which are precisely the
colors of G/ Pg,. Bruhat decomposition tells us that these colors are of the form

D,(G/Pg) = BsaPg /Pg,

where « is a simple root of G, which is not a simple root of Pg and s, is a
representative of the corresponding reflection in the Weyl group of G.

The parabolic P fixes the B-stable divisors, so SZ/P, = §'. Since T.G/Pg, =

T.Gx for any fixed point 2 of B, we get that X p- = 0 s0 Ag 5/p- = 0 as well.
S/ I S/
Altogether, the spherical system of G/Pg, is given by (5,0, 0).

Any closed G-stable subvariety of a wonderful variety X is again wonderful.
Suppose that X; C X is a closed G-stable subvariety. Then S% = S%. As
0X = U;i(lx )Xi is a simple normal crossings divisor, Xy is also the set of T-weights
on T,X/T.X; for all : € {1,...,rk(X)}. This means that ¥x, = {y; € Xx | i & I}
and Ag x, are the colors moved by simple roots in S¢ N Xx,. Additionally there
exists a G-equivariant map X; — G/Ps, and if X7 is the fiber at the base point
of G/Ps,, we have X; = G x's1 XI where Ps, is the parabolic associated to

Sr=Sa\ (5% UUie;supp(%:))-

Example 2 Suppose that G is a simple algebraic group of adjoint type of rank
rk(G) = r. The group G can be considered as a spherical variety itself, under the
action of G x G, given by (g,¢' )z = gx(g’)~'. Then B x B~ is a Borel subgroup
of G x G and the set BB~ C ( is the open B x B~ -orbit of id € G. That means
that we can consider the wonderful compactification X of G.

Let Sexg = {a1,..., a4, b1,..., 5.} be a basis of simple roots of G correspond-
ing to B x B~ such that a; denote the simple roots of the first factor of G x G and
i those of the second for ¢ € {1,...,r}. Let 2 € Y C X be the unique fixed point
of B x B~ in the closed orbit of X, which is isomorphic to G/B~ x G/B. Then
T.X/T.(G x Gz) ~ t, where t is the Lie algebra of the maximal torus T'= BN B~.
Then T x T acts on t linearly with the weights v; = a; — 8;. They are precisely
the spherical roots v; € X x.
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The B x B~ stable divisors of X are the closures of the codimension one
Bruhat cells. These are precisely the colors of X and every color is moved by
exactly two orthogonal simple roots of G x G, namely «; and ;. This means
that S% = 0. Notice that Xx N Sgxe = 0, the set Agxe x is empty as well.
Then the spherical system of the wonderful compactification of G is given by

(0, {o; = Bi | 1 <i <}, 0).

2.3 Divisors, curves and rational curves

Let X be a simple spherical projective variety, the Picard group Pic(X) is the
free abelian group on the set of colors Ax, which do not contain the closed orbit

Y CX:
Pic(X)= € ZD.
DeAx,Y¢D

We denote by N;(X) the group of classes of curves modulo numerical equivalence.
If X is spherical and complete, then N;(X) is dual to Pic(X), see Propositions 3.1
and 3.2 [Bri97al. From here on we will use the notation

(,):Pic(X)x N(X)—=2Z

for the intersection pairing between curves and divisors. On wonderful varieties
there exists a curve C'p for any D € Ay, which is irreducible, B-stable and passes
through the unique B~ fixed point in the closed orbit of X and such that for any
color D we have that (D, [Cp]) = 1 and (D, [C},]) = 0 for any D" # D, see [Lun97].

Example 3 Let G/P~ be a projective homogeneous variety, where G is reductive.
We have seen that colors of G/P~ are given by Bruhat cells of codimension 1,
which means that the colors of G/P~ are the Schubert divisors. Then Cp defined
previously are the Schubert curves of G/P~, given by P, P~/P~, where P, are the
minimal parabolics, corresponding to the simple roots « of GG, that are not simple
roots of P~.

We are interested in rational curves on wonderful varieties. These curves have
been already considered. For example, Michel Brion and Baohua Fu in [BF15] have
closely studied minimal rational curves passing through the identity in wonderful
compactifications of groups.

We introduce the definitions as in [BF15|. Let RatCurves"(X) denote the
normalization of the space of rational curves on X. There exists a universal family
U together with projections p : U — K and p : U — X, where K C RatCurves™(X)
is an irreducible component. The family I is called a family of minimal rational
curves if IC, is nonempty and projective for a general point x. For any x € X
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define U, = p~*(z) and K, = p(U,). There is a rational map 7 : K, --» PT,(X)
that sends any curve, which is smooth at z to its tangent direction. The closure of
the image of 7 is denoted by C, and called the variety of minimal rational tangents
(VMRT) at the point z. If X = G x G/G is the wonderful compactification of a
simple algebraic group G of adjoint type with Lie algebra g, then T, (X) = g for
the base point = in the open orbit of X. Then G acts on 7,(X) via the diagonal
embedding and the induced action on Pg stabilizes C,.

The following important result is proved in [BF15]:

Theorem (|BF15, Theorem 1.1]). Let X be the wonderful compactification of a
simple algebraic group G of adjoint type. Then

(a) There exists a unique family of minimal rational curves K on X. Moreover,
K, is smooth and the rational map 7 : IC, --+ C, is an isomorphism.

(b) C, is the closed G-orbit in Pg, if G is not of type A.

(¢) When G is of type A; (I > 2), so that G = PGL(V) for a vector space V' of
dimension | + 1, the VMRT C, is the image of PV x PV* under the Segre
embedding PV x PV* — PEnd(V'), followed by the projection PEnd(V) --»
P(End(V)/Cid) = Pg with center x = [id].

In particular the VMRT is irreducible.

Another important object we introduce is the Deligne-Mumford compactifica-
tion of the moduli space of rational curves of class n € N;(X) with n marked
points. This space is denoted by MOJL(X ,m), sometimes also called the Kontse-
vich moduli space of stable maps. This compactification takes as a base open
subset the set of morphisms {f : P* — X | f.[P'] = n} and expands it with
stable maps. A stable map of genus 0 and class n with n marked points is the
data (C,p1,...,pn, f), where C' is a rational nodal curve of genus 0, py,...,p, are
distinct smooth points on C' and f : C' — X is a morphism, such that f.[C] =17
with the following condition for any irreducible component E C C: if E ~ P! and
FE is mapped to a point by f, then E must contain at least three special points
(either markings or intersections with other components of C).

Theorem ([FP95, Theorem 1]). Let X be a smooth projective complexr variety.
There exists a coarse moduli space My, (X,n) containing My, (X,n) as a open
subset.

Theorem ([FP95, Theorems 1 and 2|). Let X be a projective, smooth variety such
that H'(P', u1*(Tx)) = 0 for every map p: P! — X.
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o Mo, (X,n) is a normal, projective variety of pure dimension

dim(X) — (Kx,n) +n— 3.

o Mo, (X,n) is locally a quotient of a smooth variety by a finite group.

A projective homogeneous space GG/ P satisfies the conditions of this theorem.
Additionally it is known that M, (G/P,n) is irreducible.

Theorem (|Tho98, Theorem 1]). Let X be a flag variety and n € Ni(X) an
effective class. The space Mo n(X,n) is irreducible for every non negative integer
n.

One of our motivations for this PhD thesis was to see whether this is different
in the case of wonderful varieties.

2.4 Luna limit map

Now we describe some of the combinatorial tools which we will use to prove our
results. Let X be a smooth projective G-variety. Let A : C* — G be a 1-
parameter subgroup of G. Denote by X* the connected component of the fixed
point set XM©" such that the set Xy = {z € X | lim;_,o A(t)z € X*} is open in
X. The fixed point set X?* is smooth. We can also define a parabolic subgroup
Gy ={g € G| limy_o A(t)gA(t)~! € G*}, where G* is the centralizer in G of A(C*)
and a Levi of GG). Then on the open cell X, of this decomposition there exists a
limit map

©x - X)\ — X/\
x — lim A(t)z,
t—0
which is a locally trivial fibration in affine spaces. This gives rise to a rational map
¢y : X --» X* C X. For any rational map between smooth projective varieties
the indeterminacy locus is of codimension at least two, so for a positive enough
curve C' on X we can assume that it avoids this indeterminacy locus and we can
consider the curve ) (C) in X*. This will later allow us to apply induction on the
dimension of wonderful varieties.

2.5 Wonderful symmetric varieties

Our results are concerned with a special class of wonderful varieties, the wonderful
compactifications of symmetric spaces, introduced by Corrado De Concini and
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Claudio Procesi in [CP83]. A symmetric space is a G-homogeneous algebraic
variety, isomorphic to a quotient G/G° for some involution o : G — G, where GG
is a reductive group. Symmetric spaces are spherical.

Let G be a semisimple algebraic group of adjoint type, then for any symmetric
space G/G? there exists a wonderful compactification X = G/G?. Such X is
called wonderful symmetric variety.

In this case the spherical roots of X are given by &; = o; — () for 1 <
rk(X). Note that it may appear that rk(X) < rk(G) and there exist 1 < i # j
rk(X), such that &; = @;.

For a wonderful symmetric variety X there exists an open affine subset V', such
that V o~ U x A', where U = R, (Psp ). We write (u,z) € V with o = (z1,...,2).
For this V' any boundary divisor X; of X is locally given by

<
<

X;NV ={(u,z) | z; = 0}.

Let I C {1,...,l} and let X; be a closed G-stable subvariety of X. Then
X7 is of the form G x~ X!, where P is the parabolic subgroup, associated to
S;={aeS|a=a; for somei ¢ I}.

The Picard group Pic(X) ~ Z'"* where s is the number of spherical roots @,
such that there exist two distinct simple roots «, o’ € S, with either o« # —o (/)
or a # —o(a’) and (o, ) # 0.

Also for any closed G-stable subvariety X there exists a short exact sequence

0 —— Pic(G/Pg) — 1 Pic(X;) — Pic(XT) —— 0

where 7w : X7 — G/PS_I is the G-equivariant projection and ¢ : X! — X7 is the
inclusion of the fiber over the unique Pg -fixed point of G/PS_I.

2.6 Reducibility of the moduli space of stable maps

Let X be a wonderful symmetric variety and let n € N;(X) \ {0} be a movable
curve class. For wonderful symmetric varieties this is equivalent to the fact that n
has nonnegative intersection with all effective divisors of X. We wish to consider
the moduli space MO,O(X, n) of stable maps of genus 0 with no marked points. We
define an open subset Mg ,(X,n) of irreducible curves meeting the open G-orbit
of X. It turns out that the set Mg,(X,n) is always nonempty if n = 27’ for some
class ' € N;(X), nonnegative on effective divisors. We also prove the following
theorem, showing that in many cases the space M (X, n) is reducible.

Theorem A. Let X be a wonderful symmetric variety. Let n € Ny(X) \ {0}
be a curve class such that Mg (X,n) # 0. Assume there exists a decomposition
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1N =mn + 1, such that ny and ny are nontrivial effective curve classes on X and a
boundary divisor D with
<D7 772> < —2.

Then the moduli space Mo o(X,n) is reducible.
In particular we get:

Theorem B. Let X be a wonderful group compactification of a simple group G of
adjoint type with tk(G) > 3. Then Moo(X,n) is reducible for any movable class
of curves n € Ni(X)\ {0}.

This result contrasts with the fact that the VMRT is irreducible for wonderful
group compactifications.

This result motivates us to consider the set Mg,(X,n) and to prove that it is
irreducible and can be considered a special component of the whole moduli space.

2.7 Irreducibility of the special component

Let G be a semisimple algebraic group of adjoint type. We take X to be the
wonderful compactification of the group G, viewed as a symmetric space G x G/G
for the involution (x,y) — (y,x). Every fundamental co-weight w;, for some iy €
{1,...,r} defines a 1-parameter subgroup of G and also of G x G with the inclusion
g — (g,1g). There exists a limit map ¢;, : X --» X with ¢; (X) C X;,. Let n be
a numerical equivalence class of mobile curves. Then Mg ,(X,7) is nonempty and
contains an open set of curves, avoiding the indeterminacy locus of ¢;,. So there
exists a rational map

Pig M§70(X7 77) - M&O(Xhﬁ)
Cr Pig (C)v

where 77 is the class of ¢;,(C). A similar statement is true for closed G-stable
subvarieties in X, which we use together with induction to prove the following:

Theorem C. Let X be the wonderful compactification of a semisimple algebraic
group G of adjoint type. Let n € N1(X) be a movable curve class. Then the space
Mg o(X,n) is irreducible.

The obvious continuation of this work would be to broaden the class of varieties,
for which the last irreducibility statement is true, but we could also look towards
rational simple connectedness of wonderful varieties. A variety X is rationally
connected, if there exists an irreducible rational curve, passing through any two
general points of X. The obvious example is the projective space PV. Rational
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simple connectedness requires more, namely that the space of rational curves itself
is rationally connected. Since there are many moduli spaces (for each class of
curves) and since these moduli spaces usually have many irreducible components
as Theorem A shows, a good definition of rational simple connectedness requires
the existence of a "canonical" component of the space of stable maps of some class
n sufficiently positive which is rationally connected. The component constructed
in Theorem B is a good candidate for being this "canonical component".
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Spherical varieties

3.1 Definitions and preliminaries

Definition 3.1.1. A normal G-variety X is called spherical if it there exists an
x € X such that Br = X. The stabilizer subgroup H = Stabg(z) of the point x
is called a spherical subgroup of G. The variety X being spherical is equivalent to
Bz being open in X or BH being open in G. A spherical variety is called simple
if it contains a unique closed G-orbit. The quotient G/H by a spherical subgroup
H is called a spherical homogeneous space.

From now on we will assume that X is a spherical variety, unless stated other-
wise.

Definition 3.1.2. (a) Define the set of B-semi-invariant rational functions on
X:

CX)B ={feC(X)\ {0} | bf = x(b)f Vb € B, where xy : B — C*};

(b) For any f € C(X)®), y is called the associated B-weight, it is a character
of B and is also denoted x;

(c¢) The set of all B-weights of nonzero rational functions on X is denoted by:
AX) = {xs | f € CX)P\ {0} };
(d) Define the Q-vector space:
Q(X) = Homz(A(X),Q)

These definitions only depend on the open orbit of X, which is a spherical
homogeneous space.

Theorem 3.1.3 (|Sum75|). Let X be a normal G-variety, Y C X a G-orbit.
Then there exists an open set U of X containing Y, G-stable, and isomorphic to
a G-stable subvariety of (V') for some finite dimensional rational G-module V.
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Corollary 3.1.4. Any normal G-variety X with a unique closed orbit is quasi-
projective.

Corollary 3.1.5 (|[Pez10, Corollary 2.2.2|). Let X be a normal G-variety, Y C X
an 1rreducible G-stable closed subvariety. Then B-semi-invariant rational func-

tions on Y can be extended to B-semi-invariant rational functions on X, as a
consequence A(X) D A(Y).

Theorem 3.1.6 (|Bri97b, Corollary 2.1]). Let X be a spherical G-variety. Then
both G and B have finite number of orbits in X. If Y is a normal G-stable closed
subvariety of X then'Y 1is spherical.

Definition 3.1.7. Let X be a spherical variety. We denote by Dx the set of
B-stable prime divisors. The G-stable prime divisors in Dy are called boundary
divisors and the B-stable but not G-stable prime divisors in Dy are called colors
of X. We denote the set of all colors by Ax. Let Y be a G-orbit of X, define
AX7YZ{D€AX|YCD},DXVYZ{D€DX|YCD}aIld

Xyvz=X\ |J D
DGAx\Axyy

Since X has a dense B-orbit note that for x € A(X) there exists a unique up
to a scalar f € C(X) with xy = x. This implies that the following map is well
defined.

Definition 3.1.8. Let X be a simple spherical variety. Define the map

PX : AX — Q(X)
D~ px(D)

via {px(D),x) = vp(f), where f € C(X)®) with y; = x and vp(f) is the
vanishing multiplicity of f on D.

Definition 3.1.9. Let H be a spherical subgroup of G. A discrete valuation
v:C(G/H) — QU {oo} is called G-invariant, if v(gf) = v(f) for any g € G and
f € C(G/H). For G/H a spherical homogeneous space denote by Vi, the set of
all G-invariant discrete valuations.

Proposition 3.1.10 ([BP87, Proposition 4.2]). The valuation cone Vg/u is a
polyhedral conver cone.

Definition 3.1.11. For a G-spherical variety X with dense orbit G/H and Y C X
a G-orbit, define Vxy = {vp € Vou | D € Dxy \ Axy}.
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3.2 Local structure of spherical varieties

Theorem 3.2.1 (|Bri97b, Proposition 2.2 and Theorem 2.3|). Let X be a spherical
G-variety and Y C X a closed G-orbit, then:

(a) The set Xy p is affine B-stable and is equal to {x € X | Bx D Y};

(b) If X is simple and Y is the unique closed G-orbit then any divisor D € Ax
with Y ¢ D is Cartier and globally generated;

(¢) Let P C G be the stabilizer of Xy g and let L C P be a Levi subgroup of P.
There exists an affine L-stable L-spherical subvariety M of Xy p such that

the action
RU(P) x M — XY,B

is a P-equivariant isomorphism. Moreover rk(X) = rk(M).

Corollary 3.2.2 (|Bri97b, Corollary 1.4.1|). A spherical variety has rank 0 if and
only if it is a complete homogeneous space G /P for some parabolic P.

Corollary 3.2.3 ([Pez10, Corollary 2.3.2]). The variety X in Theorem 3.2.1 is
smooth if and only if M is smooth.

3.3 Classification of spherical embeddings

In this section we present a classification of simple spherical varieties via combi-
natorial data called colored cones.

Definition 3.3.1. An embedding of a spherical homogeneous space G/ H is a nor-
mal G-variety equipped with a point € X, such that Gz is open and Stabg(z) =
H.

Definition 3.3.2. Let V be a Q-vector space and C' C V.

(a) C is a cone if it is a semi-group with respect to addition in V' and stable
under multiplication with Qx;

(b) A cone C is strictly convex if C N —C = 0 (equivalently if C' contains no
line);

(¢) A cone C'is polyhedral if C = Qsqvy + - - - + Qv for some vy, ..., vp;
(d) CV ={veVY | (v,v) >0 for any v € C'} is the dual cone of C;

(e) C° is the relative interior of C;
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(f) A face Fy of a cone C is a subset Fy = {v e C | f(v) =0} for some f € CV.

Definition 3.3.3. Let X be a simple spherical G-variety and Y C X a closed
G-orbit. Define the cone Cy(X) C Q(X) to be the cone generated by Vxy and

px(Axy).

Definition 3.3.4. A colored cone of G/H, is a pair (C, F) with C C Q(G/H) and
F C Dg/g having the following properties:

(a) C is a cone generated by pg/u(F) and finitely many elements of Vi i
(b) The intersection C° N Vg, is nonempty.

The colored cone C is called strictly conver if the cone C is strictly convex and
0¢F.

Proposition 3.3.5 (|[LV83, §8|). The map X — (Cy(X),Axy) is a bijection
between the isomorphism classes of simple spherical embeddings X of G/H with
closed orbit Y and strictly convex colored cones. The cone Vg y is a polyhedral
cone.

Furthermore the variety X is complete if Vg/u C Cy(X).

Definition 3.3.6. A spherical variety X is called toroidal if Axy = 0 for any
closed G-orbit Y C X. A spherical embedding of G/H is called toroidal if it is a
toroidal variety.

Proposition 3.3.7 (|[BP87, Corollaire 3.2|). Every toroidal spherical embedding
of G/H has an equivariant toroidal completion.

Definition 3.3.8. Let (C,F) be a colored cone. A colored cone (C’', F’) is called
a colored face of (C,F) if the following conditions are satisfied:

(a) C'is a face of C
() F = Fpy'(C)

The closed G-stable subvarieties of a spherical variety can be described as
follows:

Proposition 3.3.9 (|[Kno91, Lemma 3.2|). Let X be an embedding of a spherical
homogeneous space G/H and let Y C X a G-orbit. There is a bijection between
the set of G-orbits in X containing Y in their closure and the set of faces of

(Cy(X),Axy).

Definition 3.3.10. A spherical homogeneous space G/H is called sober if it ad-
mits a simple projective spherical embedding.
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Proposition 3.3.11 ([BP87, Corollary 5.3|). The following conditions are equiv-
alent:

e G/H is sober;

e The cone Vg g is strictly conver;

e Ng(H)/H is finite.

Recall that simple varieties are quasi-projective.

Proposition 3.3.12. There exists a simple projective toroidal embedding of a sober
spherical homogeneous space and it is unique up to isomorphism.

Proof. The embedding is given by the colored cone (Vi u, ).

3.4 Curves and divisors on spherical varieties

The following is a well known result on projective rational homogeneous spaces.

Proposition 3.4.1. Let G be a reductive group, S C S a subset of simple roots.
Let P = Pg be the associated parabolic subgroup of G. Then

Pic(G/P™) = @) ZD.(G/P7),
aeSc\Sp

where Do(G/P~) = Ps,P~/P~ and s, is a representative of a simple reflection
corresponding to o in the Weyl group of G. The divisors D,(G/P~) are the colors
of G/P~.

There is another way to describe the Picard group of a homogeneous space:

Proposition 3.4.2. Let £ € Pic(G/P~) be a line bundle, z € G/P~ be the P~ -
fized point and L, be the fiber of L at z. Let G be a finite covering of G, such that
L is G-linearisable andf’_ C G the parabolic subgroup obtained as inverse image
of P~. Then L ~ G x¥" L,. The 1-dimensional representation Cy =L, of P,
which is given by a character x € A(G/P~). We will write L = L.

Moreover Og p-(Do(G/P7)) = L., where w, is the fundamental weight, cor-
responding to the simple root o € S.

Notation 3.4.3. Let L be a line bundle on G/B~. Replace G with a finite covering,
such that £ is G-linearisable. Then it is isomorphic to G x®~ C, for some B~ -
weight A. We will write £ = L,.
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Let X be a complete spherical variety and let D be a color of X. Then we
have a line bundle Ox (D) on X. Let Y be a closed G-orbit of X. Let ¢ : Y — X
be the inclusion of the closed orbit Y in X and 7 : G/B~ — Y be the usual map
of flag varieties. Then (1o m)*Ox (D) = L,(G/B~) for some B~ -weight .

If X is simple, then there is exactly one closed G-orbit Y C X. If (1o
m)*Ox (D) = LA\(G/B~) we will write £, = L£,(G/B~) and we will say that
D corresponds to the B~-weight \.

Notation 3.4.4. Denote by Ai(X) the group of k-cycles on X modulo rational
equivalence. Denote by Ef fi,(X) C Aip(X)g the cone generated by all effective

k-cycles on X. We will write Eff*(X) = Ef famx_x(X) and Eff(X) for the
cone of effective divisors on X.

Proposition 3.4.5 ([FMSS94, Corollary to Theorem 1|). For X spherical the
cone of effective cycles Ef fr(X) C Ap(X)qg is a polyhedral cone, generated by the
classes of the closures of the B-orbits.

Let Div(X) be the group of Cartier divisors on X and let Z;(X) be the group
of 1-cycles on X.

Definition 3.4.6. A Cartier divisor is called effective if it is a nonnegative linear
combination of prime divisors. A 1-cycle is called effective if it is a nonnegative
linear combination of irreducible curves.

There exists an intersection pairing on (,) : Div(X) x Z;(X) — Z given by
deg(@X(D)|C), for Ox (D) € Div(X) and C an irreducible 1-cycle.

Definition 3.4.7. Define N'(X) to be the quotient of Div(X) by the orthogonal
of Z1(X) and N;(X) to be the quotient of Z;(X) by the orthogonal of Div(X).

Then we have a perfect pariring between N;(X) and N!(X).

Proposition 3.4.8 ([Bri97a, Proposition 3.2|). Let X be a complete spherical
variety. The map Pic(X) — NY(X) is an isomorphism.

Definition 3.4.9. A Cartier divisor D on a projective variety X is called nef if
(D,C) > 0 for any effective 1-cycle C' € Z;(X). The class [D] € Pic(X) is also
called nef. We write Nef(X) C N'(X)g = Pic(X)q for the cone of nef divisor
classes.

Proposition 3.4.10 ([Kle66, Theorem 3.2.1]). Let X be a projective variety. The
nef cone of X s the closure of the cone of ample divisors of X.

Michel Brion gives a description of the ample divisors of a simple spherical
variety in [Bri89]|, which we can use to describe Nef(X).
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Proposition 3.4.11 (|Bri89, Theorem 2.6|). Let X be a simple projective spherical
variety. A Cartier divisor on X is ample is and only if it linearly equivalent to a
positive linear combination of divisors in Ax \ Axy.

Corollary 3.4.12. Let X be a stmple projective spherical variety. The Picard
group Pic(X) is generated by the colors of X, which do not contain the closed
G-orbit.

Corollary 3.4.13. Let X be a simple spherical projective variety. The nef cone
15 given by
Nef(X)= € ND

DGAx\Axyy

In the same paper Michel Brion shows that a divisor on a simple projective
spherical variety is generated by its sections if and only if it is a nonnegative linear
combination of colors of X.

Proposition 3.4.14 (|Bri89, Proposition 2.6]). Let X be a simple projective spher-
ical variety. A divisor on X is generated by its sections if and only if it is linearly

equivalent to
>, oD,
DEAX \Axﬂy

with all np > 0.

If the spherical variety is complete, then the space of curve classes is dual to
those of divisor classes:

Proposition 3.4.15 (|Bri97a, Prop 3.1 and 3.2|). Let X be a complete spherical
variety, the map Pic(X) — Hom(A;(X),Z) is an isomorphism. Moreover the
sequence

0 —— A1(X)ors —— A1(X) —— Ni(X) —— 0

is exact. Moreover if X contains a unique closed G-orbit, then Ai(X) is torsion
free and N,(X) = A1 (X).

We defined the nef cone for divisors. The nef cone is dual to the cone of effective
curve classes. We define a similar cone of curve classes Nef;(X) C Ny (X)q dual
to the cone of effective divisors.

We now define the movable curve classes.

Definition 3.4.16. A curve class n € Ni(X)g is called movable if for any point
x € X there exists a representative C, of 7, such that C, is an effective curve
passing through z. Denote by Mov(X) the closure of the cone of movable effective
classes of curves.

28



It turns out that for smooth projective varieties Nef;(X) = Mov(X):

Proposition 3.4.17 (|[BDPP13, Theorem 2.2|). Let X be a smooth projective
variety, then the cone Mov(X) is dual to the closure of the cone generated by
effective divisor classes in N'(X)g.

We finish the section by giving a description of the canonical divisor of a spher-
ical variety:

Proposition 3.4.18 (|Perl18, Theorem 6.1.1]). Let X be a spherical variety, then
the following holds for the anticanonical divisor —Kx of X

—KX: Z D+ Z CLDD,

DE’D)(\AX DGAX

where ap 1 a nonnegative integer.
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Wonderful varieties

In this chapter we define wonderful varieties. Throughout the rest of the chapter
we assume X to be a wonderful G-variety, unless stated otherwise.

4.1 Definitions and preliminaries

Definition 4.1.1. Let X be a G variety. Then X is wonderful if:

(a) X is smooth and complete

(b) X contains an open G-orbit Xg whose complementary is the union of G-
stable prime divisors X1, ..., X, which have simple normal crossings

(c) for all z,y € X we have:

Gz = Gy equivalent to {i|r € X;} = {jly € X;}

The number [ is called the rank rk(X) of X, and the union of G-stable prime
divisors is called the boundary of X, denoted 0X. The wonderful variety X is
called ezceptional if rk Pic(X) > rk(X).

Proposition 4.1.2. Any closed G-stable subvariety of X is of the form:
X=X
iel
for some I C {1,...,r}. Moreover, X is wonderful and rk(X;) = rk(X) — |1].

Wonderful varieties are a special case of spherical varieties, as proved by Luna
in [Lun96|.

Theorem 4.1.3 (|[Lun96|). Any wonderful G-variety is a simple spherical variety.

Definition 4.1.4. Let G/H be a spherical homogeneous space and X a wonderful
variety, such that its open G-orbit X¢ is isomorphic to G/H. Then X is called a
wonderful embedding of G/H.
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Remark 4.1.5. Note that if G/H admits a wonderful embedding, then G/H is
sober.

Proposition 4.1.6 ([Pez10, Proposition 3.3.1|). Let G/H be a sober spherical
homogeneous space. A spherical embedding of G/H 1is wonderful if and only if it
is the simple projective toroidal embedding of G/H (see Proposition 3.3.12) and it
15 smooth. The ranks as wonderful variety and as spherical variety coincide.

As a consequence we get a characterization of wonderful varieties in the cate-
gory of spherical varieties.

Corollary 4.1.7. A spherical variety X is wonderful if and only if it smooth
simple complete and toroidal.

Domingo Luna introduced spherical systems in [Lun01| and conjectured that
they classify wonderful varieties. In the same paper he proved this conjecture in
type A. The conjecture was completed in 2015 by Paolo Bravi and Guido Pezzini,
see |BP15]. This classification is used to classify all spherical homogeneous spaces
by combinatorial data. We introduce spherical systems in the next section.

4.2 Spherical systems

Definition 4.2.1. Let H be a spherical subgroup of G, let Viz/5 be the cone of G-
invariant discrete valuations on the spherical homogeneous space G/H. We define
the set Yg, g of spherical roots as the unique set verifying:

® Y i consists of linearly independent primitive elements of A(G/H)

e Voyu={ve QG/H) | (v,7) <0,v € Zgn}

Since the spherical roots lie in a half-plane, we can find a Borel subgroup B of G,
such that any spherical root is a nonnegative linear combination of simple roots
of G. Define the support of a spherical root 7y denoted by Supp(7y) as the set of
simple roots of G, such that the coefficients of + are nonzero. The support of a
subset of X, g is the union of supports of its elements.

Proposition 4.2.2 (|[Lun01, Section 1.2]). Let X be a wonderful G-variety with
Y C X its unique closed orbit. Let z € Y C X be the unique fized point of B™.
Then the set of weights of the T-action on the normal space

T.X

T.(Gz)

coincides with Xx seen as elements of A(X).
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Definition 4.2.3. Let X be a wonderful G-variety. Let D € Ax be a color of X.
A simple root @ € Sg moves D if D is not stable under the action of the minimal
parabolic P,. Denote by Ay («) the set of colors moved by a. With that we define
the following objects:

o S% C S is the set of simple roots of G moving no color;

e Ag x the set of colors which are moved by simple roots o € G that are also
spherical roots, i.e. « € SN Xx.

The triple (S%, X x, Ag x) is called the spherical G-system of X.

Remark 4.2.4. The notion of spherical G-system can be defined in a purely com-
binatorial way, not depending on X, see Definition 1.2.2 in [BP15].

Proposition 4.2.5 ([Lun97, Section 2.7|). Let X be a wonderful G-variety with
open G-orbit G/H. Then for any simple root of G exactly one of the four cases is
true:

(p) Ax(a) =10, if a € S%;

(a) Ax(a) contains two elements and o € Xx;

(@) Ax(«) contains exactly one element and 2a € Xx;
(b) Ax(«) contains exactly one element, but 2 ¢ Yx;

We will write that o € S5 (resp. S%, S% or S%) if the case (p) (resp. (a), (a’),
(b)) holds. The union of sets

U 2ax(@u | Ax(e)u [ Ax(a)
aEgsS® aesae’ a€eSt

15 disjoint.

4.3 Classification of wonderful varieties

Now that we have defined the spherical system we can give the Theorem in [BP15]
classifying the wonderful varieties.

Theorem 4.3.1 ([BP15, Theorem 1.2.3]). There is a bijection between isomor-
phism classes of wonderful G-varieties and spherical G-systems.

Lemma 4.3.2. Let X be a wonderful G-variety. Then the closed orbit Y of G is
isomorphic to G/ Pg,
X
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Proof. The closed orbit Y is projective homogeneous variety, so it is of the form
G /P~ for some parabolic subgroup P C G. As any wonderful variety is toroidal,
we have that Xy NY is nonempty and is the open B-orbit in Y = G/P~ by
Theorem 3.2.1. We therefore have P = Stab(Xy p NY). We want to show that
Pgp = P.

We have that Psg; stabilizes Xy g, thus Psg} stabilizes Xy pNY and P5§ C P.

Let P, be a minimal parabolic. Suppose there exists a color D € Ay, such
that P,D = X. Then P,(DNY) = P,DNY =Y, s0 P, ¢ P. We have
P C (P, | Ax(a) =0), ie. P C Pgr. [ |

Proposition 4.3.3 (|Pez09, page 3|). Let X be a wonderful variety. Let z be the
unique fized point of B~ in the closed orbit Y C X. For any boundary divisor
X, there exists a unique spherical root v;, such that the T-weight of the quotient

T.X/T.X; is precisely {v;}.

Proposition 4.3.4. Let X; C X be a closed G-stable subvariety for some I C
{1,...,xk(X)}. Then the spherical system of X is given by (S%,,Xx,, Ac.x,);
where

. S5, =S
o Yy, ={vieix|i¢l}
b AG7XI = UaGSGﬂEXI A(Oé)

Proof. As seen in Lemma 4.3.2, S% is also defined by the closed orbit Y of X.
Since Y C X; C X, we have that S5 = S%. Next we consider Xy,. We have
that X; N X7 is a boundary divisor of X for every i ¢ I and the corresponding
spherical root is the T-weight of the quotient T, X/T.X; = T.X;/T.(D; N X;),
because 0X is a smooth normal crossings divisor. So Xx, = {v; € ¥x | ¢ ¢ I}.
Lastly Ag x, = UaESgﬁEXI A(a) by definition of Ag x,. |

4.4 Curves and divisors on wonderful varieties

Wonderful varieties are spherical, so we can use everything already mentioned in
Section 3.4. In particular, the colors form a basis of Pic(X) and we now consider
the dual basis of N;(X).

Lemma 4.4.1 ([Lun97, Lemma 3.2.2]). For any divisor D € Ax there ezists a
curve Cp on X, such that for any D' € Ax:

1 D=D,

<D«%D=L)D#Dﬁ
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Let Y be as usual the closed orbit of X, we have seen that Y = G/P~. Let a €
S\ S%. The Schubert curve in Y, associated to a is C,, = B~s,P~/P~. The classes
([Cal)aes\sz form a basis of Ni(Y'), which is dual to the basis (Do(G/P7))aes\s7
of Pic(Y'). Denote by ¢ : Y — X the inclusion and consider ¢,[C,].

Lemma 4.4.2 (|[Lun97, Lemma 3.2.1]). Let a € S\ S% be a simple root of G. We
have the following for 1.[Cy):

o if a € 5%, we have 1.[C,] = [Cp+| + [Cp-], where Ax(a) ={D*,D~};
o ifa € S%, we have 1,[Cy) = 2[Cp), where Ax(a) = {D};
o if a € S%, we have 1.[Cy] = [Cp], where Ax(a) = {D}.

Wonderful varieties are complete and spherical, so the colors generate the Pi-
card group of X, and there is an explicit way to write the boundary divisors as
linear combinations of colors:

Proposition 4.4.3 (|[Lun97, Proposition 3.1|). Let X be a wonderful G-variety for
a connected reductive group G. Let X; be its boundary divisors with corresponding
spherical roots v; and let Ax be the set of colors of X. Then

X = Z (px(D),:)D,

DeAx
where px : Ax — Q is defined in 3.1.8.

Corollary 4.4.4. Let X be a wonderful G-variety, X; its boundary divisors with
spherical roots ; and Ay its set of colors. Let n € N1(X) be the class of a curve
on X withn =3 pca, cp[Cp]. Then

an Z CD PX >

DeAx

Proposition 4.4.5 ([Lun97, Proposition 3.4|). Let X be a wonderful G-variety,
v be a spherical root. Let o be a simple root of G, then

o if Ax(a) = {D} and 2a € Sx, then (px(D),7) = 30" (7);
o if Ax(a)={D*, D7}, then (px(DF) + px(D~),7) = a¥(7);
o if Ax(a) ={D} and 2a ¢ Xx, (px(D),7) = a’(7).
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4.5 Luna cells and limit map

In this section we assume X to be smooth simple projective variety, unless stated
otherwise and Y C X to be the unique closed orbit of X.

Definition 4.5.1. Fix a subset S’ C S of the set of simple roots. We introduce
the following notation:

(a) G = Ps/ N Pg,, the Levi subgroup of Ps/, containing T}
(b) Xg ={x € X | Pyx DY}, an open subset in X;

(c) X% ={z € X | Z(G")°x = x}, the fixed points under the action of the
connected centre of G%';

(d) Ax(9") = UsesrAx (), the set of colors not stabilized by the parabolic Pg.

Definition 4.5.2. Let A\ : C* — T be a l-parameter subgroup of G, write A €
A(T)*. We will call \ adapted to S" if:

pum— 'f !
Doy "0 e
>0 ifaeS\S.

Definition 4.5.3. Let A be a 1-parameter subgroup of G, we define the following:

(a) Xz ={z € X | limy_o\(t)x € Z} for Z C X a connected component of the
smooth fixed points set XMC):

(b) X* the connected component of X*(©") such that Xy =: X, is open in X;
(¢c) G* = Cq(M(C*)) a reductive subgroup of G

(d) Gy ={g € G| lim_o A(t)g\(t)~' € G*} a parabolic subgroup of G, whose
Levi is G

(e) mn : Xy — X?* defined by my(z) = limy ;o A\(t)z and by abuse of notation
7\ 1 Gy — G defined by my\(g9) = limeo A(#)gA(¢)t. Clearly m\(gx) =
ma(g)ma ().

Proposition 4.5.4 (|[Lun97, Propositions 1.3 and 2.6]). Let S C S. Then
(a) for every A € A(T)* adapted to S" we have Xy = Xg and X* = X%';
(b) Ru(Ps) fives X¥';
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(c) the Ps-variety X°' is simple spherical;
(d) if X is a wonderful G-variety, then X5 is a wonderful G% -variety.
For any D € Ax(S") we have DN X5 € Ays. Moreover the assigment

Ax(S) = Ays
D—DNX'

is bijective and ils inverse is given by D'~ 7, (D') = P/ D.
Furthermore the set of spherical roots of X* is given by

ZX)‘ - EX ﬂ AGS/,
where Ags is the lattice, generated by the roots of GY'.

Lemma 4.5.5. Let S' C S be a subset of simple roots of G and let P = P/ and let
L = G% be its Levi subgroup. If X' is a wonderful L-variety, then X = G x¥~ X',
where P~ acts via its Levi subgroup L, is a wonderful G-variety and X° = X'.

Proof. The projection G x¥~ X' — G/P~ is a locally trivial fibration. Any G-
orbit O C X is of the form GO’ for a unique L-orbit O’ C X’ and the assigment
O — O' preserves codimensions. It follows that X is wonderful.

Let A be a l-parameter subgroup, adapted to S’. Let L/H be the open L-
orbit of X’ for some spherical subgroup H C L. The variety X' is wonderful, so in
particular X’ is simple. By Proposition 3.3.11 we have that N (H)/H is finite. The
I-parameter subgroup A(C*) lies in Z(L)° C Np(H), as A is adapted to S’ and L
is the Levy subgroup of Ps/. By the isomorphism theorem the quotient A\(C*)/H N
A(C*) is isomorphic to the subgroup A(C*)H/H of Ny (H)/H and therefore finite.
The 1-parameter subgroup A(C*) is nontrivial and connected, so A(C*) C H and
the variety X’ is fixed by A. This means that X"* = X',

Now we consider the action of A on G/P~. We have that (G/P7)g = {z €
G/P~ | Psx D G/P~}, as G/P~ is homogeneous and projective. In other words
(G/P~)g is the open P-orbit of G/P~. By Proposition 4.5.4 (G/P~)s = {z €
G/P~ | lim_oA(t)z € (G/P7)%}, where (G/P™)* = (G/P™)¥ is the set of
P~-fixed points in (G/P~)g. Then (G/P~)% is just the single P~-fixed point
[1¢] € (G/P7)g. As the projection G x¥~ X’ — G/P~ is G-equivariant, 7(X*") =
m(X)% = (G/P~)¥ is the point [1g] and X is contained in the fiber 7 ([14]),
therefore X' lies in the fiber over [1g]. The fiber 7([1¢]) is precisely X', thus
XY cX.

Since X’ is fixed by A, we have X’ € X%, proving the result. [ |

Lemma 4.5.6 (|Lun97, Proposition 2.6] for (a) and (b)). Let X be a wonderful
G-variety, S C S, X adapted to S’. For D € Ax in X there are two possibilities:
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(a) {px(D),\) =0, DN Xg # () and D is not Ps-stable,
(b) (px(D),\) #0, DN Xg =0 and D is Pg-stable.

Furthermore any prime G-stable divisor intersects Xg and

X =Xg U U D.
DEAx\Ax(S/)

Proof. First, note that Xg contains the closed orbit, which is the intersection of
all the G-stable divisors. The points (a) and (b) can be found in [Lun97| proof of
Proposition 2.6.

We consider Xy as in Definition 4.5.1 with () € S then Xy NY # (), where
Y C X is the closed G-orbit. For any closed G-stable subvariety Z C X, we have
Y C Z,s0 ZNXy # 0. Forany S’ C S we have Xy C Xg,50 ZNXy C ZNXg # 0.

Next, we have that Xy NG /H is the open B-orbit of G/H and its complement
is the union of all colors. For any S’ C S we have Xy C Xg, so X \ X is a union
of some colors, therefore

X\ Xy = U D.

DeAx,DNX g/=0

Part (a) tells us that the set Ax(S’) of colors that are not Pg-stable is given by
(DeAx | DNXg £ 0} n

4.6 Wonderful symmetric varieties

Here and later G stands for a semisimple algebraic group of adjoint type. Let
o : G — G be an involution and H = G° = {g € G | o(g) = g} be the fixed
point set. Then the space G/H is called a symmetric space. We will explain the
construction of the wonderful embedding of G/H and give a precise description of
Pic(X).

Lemma 4.6.1 (|[CP83, Proposition 1.1|). Every o-stable torus in G is contained
in a mazimal torus of G which is o-stable.

Let us fix a o-stable maximal torus 7', such that the subtorus T3 = {t €
T | o(t) = t7'}° (the connected component, containing idg) is of maximal di-
mension. The involution o acts on the root system Rg of G via composition:
o(a) = aoo. With that we split R into Ry = {a € R | o(a) = a} and R, = R\ Ry.
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Lemma 4.6.2 ([CP83, Lemma 1.2]). There is a basis of simple roots

S:{ﬁl,...,ﬁm,@l,...,&n}

of R, such that {B1,...,0m} C Ro and {a1,...,a,} C Ry. Denote by R the
positive roots defined by S and R~ = —R*Y. With this definition o(«) € Ry for
any a € RY.

We fix a choice of a Borel subgroup B C G, such that R are its roots. Note
that BH is open in G.

Lemma 4.6.3 (|[CP83, pages 5-6|). There ezists a permutation & : SNRy — SN Ry
of order at most 2, such that o(a) = —a(a) — B, where (B is a nonnegative linear
combination of simple roots of Ry.

Definition 4.6.4. The weights a; = «; — o(q;) are called the spherical roots
of G/H. The number of spherical roots is called the rank of G/H denoted | =
rk(G/H), this is also the dimension of T7. A simple root a of G is called ezceptional
if @ # () and (o, 6()) # 0. We will also call & an ezceptional spherical root of
X. We reorder the simple roots of GG, so that ay,...,qa; are all distinct.

Remark 4.6.5. By Lemma 4.6.2 there exist at most two simple roots o, a’ € S,
such that @ = & and if @ = @/, then a = &(o/).

There is also an induced permutation ¢ : {1,...,n} — {1,...,n}, defined by
d(0y) = az(). For any spherical root &; with 1 < ¢ < [ there are at most two
simple roots a; and o) with (i) > [, such that &; = as().

Lemma 4.6.6 (|[CP83, pages 5-6]). Let o € S be a simple root and w, be the
corresponding fundamental weight, then

O‘(u)a) _ Ws () if a € Ry,
—W&(a) ZfOé c Rl.

We will denote w,, by w;. Additionally if 1 < i <1 and &(i) # i, then we have
a(i) > 1.

Theorem 4.6.7 (|Ric82, Proposition 4.7]). The set R = {a — o(a) | a € R} is
a (possibly nonreduced) root system. The corresponding Weyl group is given by
Ng(Th)/Za(Th).

Lemma 4.6.8 (|CP83, Lemma 1.5 and Proposition 1.8|). Let A\ be a dominant
weight of G and Vy be the irreducible representation of G with highest weight \,
whereG is the simply connected covering of G. Let H be the preimage of H in G.
Let Vi be the subspace of H -invariant vectors in the irreducible representation Vy.

Then dim VH < 1. If VH #£0, then o(\) = —=X. If o(A) = —A, then dim Vi = 1.
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Definition 4.6.9. A weight is called spherical if V/\ﬁ # 0. A fundamental weight
w, of G is called exceptional if the simple root « is exceptional.

Let A be a regular dominant spherical weight. Let V), be an irreducible repre-
sentation of the simply connected covering G of G of highest weight A and VY be
the o-twisted representation, i.e. gv = o(g)v. It is shown in Section 1 of [CP83],
that V¥ ~ V. Let vy € V3 be the highest weight vector. Pick v* € V¥, such that
v (vy) = 1 and v*(W) = 0, where W is the unique T-stable complement of the line
Cuvy. Let h: Vi — V) be the unique o-linear isomorphism, such that h(v) = vj.
Then h € V\ ® V) and we consider the projection p : V), ® V), — V5. Finally the
element [p(h)] € P(V4y) is H-invariant. We denote this element by h. Note that
the action of G on the projective space factors through GG. We have the following

result.

Theorem 4.6.10 ([CP83, Theorem 3.1 and Section 4]). Let X = Gh C P(Vay).
Then X is the wonderful embedding of G/H. As an abstract G-variety, X is
independent of the choice of \.

Let us fix X to be the wonderful embedding of G/H, with X = Gh C P(V})
for some A and h. The next proposition gives us an affine chart of X, that allows
us to study X locally. Let vy denote the highest weight vector in V). Let W be
the T-stable complement of Cu,, such that V), = Cuvy + W. Define A C P(V)) as
the open subset where the coordinate on vy is nonzero. By construction in [CP83]
we have h € A.

Lemma 4.6.11 (|[CP83, Lemma 2.2|). The closure in A of the Ty orbit Tih is
isomorphic to Al. Let x = (z1,...,7;) be a point in Al then

t(xla s ,I'l) = <—d1(t)l'1, SRR _@l(t)wl)a
and the orbit Tih corresponds to the set {x € Al | x; # 0 Vi}.

The variety X is wonderful, so we can define the rank of X, as well as the
boundary divisors X; for i € {1,...,rk(X)} and with that the closed G-stable
subvarieties X; = Mie;X; for I C {1,...,tk(X)}. The closed G-orbit of X is

There exists an explicit version of local structure Theorem 3.2.1 for wonderful
varieties.

Proposition 4.6.12 (|[CP83, Proposition 2.3|). Let U™ = [[,ep- Ua C G, then
the map

U xA' = X
(u,z) — ux
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is an open immersion, where A' ~ Tyh N A. Let V— denote its image, then V™ is
B~ stable and X = UgzeqgV ™.
Moreover tk(X) =1 and for any closed G-stable subvarieties X; we have

XNV ={(u,2) €U x A | 2; =0 for all i € I}.

Remark 4.6.13. The translation of V= by the longest element of the Weyl group
of G is an open B-stable subset V. This V is isomorphic to U x A!, where the
weights of the T-action on Al are @; for 1 <i <land U =], ert Ua-

The subset V' C X is the subset Xy p introduced in Definition 3 1.7. It coincides
with X introduced in Definition 4.5.1. Note that also S% = S N Ry, since the
parabolic Psng, stabilizes V.

Corollary 4.6.14. The spherical roots o;, defined in 4.6.4 coincide with the ones
defined in 4.2.1. Any color a € S\ S% is of type (') or (b) in the sense of
Proposition 4.2.5, in particular any simple root o € .S moves at most one color.

Proof. The first part is a direct consequence of Proposition 4.2.2 and 4.6.12 and
the previous Remark. Let z = (id,0) € U x Al, it is a point in the closed orbit Y
of X. We have that VNY ~ U = R,(P), where R, denotes the unipotent radical.
Then z is the B~-fixed point of G/P~, and the weights of the T-action on the
normal space T,X/T.Y are given by

..., x) = (@q(t)xy, ..., ¢(t)x)

If D is a color of type (a), that would mean that there exists a simple root
a € S, such that « is a spherical root. Then oo = «; — o(cv;) for some 1 <i <[, a
contradiction to the fact that « is simple. [

Proposition 4.6.15 (|[CP83, Theorem 5|). Let X; C X be a closed G-stable
subvariety. Let S; = {w;,0(a;) € Sg | 1 ¢ 1} U S%.

There exists an equivariant fibration X; ~ G xFsr X1 with_fibers isomorphic
to the wonderful compactification X! of the symmetric space Ly/(Lr 0 H), where
Pg acts on X' via its adjoint Levi quotient L.

Remark 4.6.16. Note that S; = {a € S | @ = a — () for some i ¢ 1} U S%, this
follows directly from Remark 4.6.5.

Next we wish to describe the Picard group of X and of any closed G-stable
subvariety X; C X. This is the first step to understanding the space of curves, as
Pic(X) = Ai(X)Y by Proposition 3.4.15.
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Proposition 4.6.17 (|[CP83, Proposition 8.1]). Let ¢ : Y — X denote the inclu-
sion of the closed orbit Y C X. Then the pullback

" : Pic(X) — Pic(Y)
18 tnjective.

Proposition 4.6.18 ([CS99, Theorems 4.2 and 4.8|). The Picard group Pic(X) of
X s isomorphic to the sublattice Ax of X(T)*, generated by spherical weights and
exceptional fundamental weights. The rank of the Picard group Pic(X) is equal to
l + s, where | is the rank of R and s is the number of spherical roots &, such that
a s exceptional.

Definition 4.6.19. The variety X is called exceptional if it has exceptional spher-
ical roots, or equivalently rk(X) < |Ax|. Otherwise X is called nonezceptional.

We can also describe the Picard group for any closed G-stable subvariety X;
in terms of Picard groups of wonderful symmetric varieties and projective homo-
geneous varieties.

Proposition 4.6.20 (|[CM02, page 7|). Let X;, X! and Ps, be as in Proposition
4.6.15, with map 7y : X; — G/Pg. . Let 1 : X1 — X, be the inclusion of the fiber
m; ' ([1a]) for [1c] € G/Pg . The following sequence is ezact:

0 —— Pic(G/Pg,) —— Pic(X;) — Pic(XT) — 0

Corollary 4.6.21. The map

Pic(G/Pg,) & Pic(X') — Pic(X)
(Zbasey Zfiber) — 7T?Zbase + BZfiber

15 an isomorphism of abelian groups.

Proof. Let S; C S be the set of simple roots of G, such that Pg, is the parabolic

associated to 9. Recall that X; = G x"51 X! by Proposition 4.6.15. By Lemma
4.5.5 we have X1 ~ (X7)51.

By Proposition 4.5.4 we have that A, (S;) = Axr, where the bijection is given
by Z — BZ for Z € Axr and D — DN X! for D € Ax,(S;). This bijection also
tells us that Z = +*(D) # 0 in Pic(X7).

Suppose now that *(D) = 0 for some D € Ax,. Then D € Im(n}), so there
exists some divisor Z € Pic(G/Pg, ), such that D = 771(Z). Then 7/(D) =
71(7;'(Z)) = Z and since D is B-stable and irreducible and 77 is a G-equivariant
projection, we get that Z is also B-stable and irreducible. |
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Recall that any line bundle on X can be identified with a B~-weight as follows:
first replace G by its simply connected covering, then let ¢ : G/B~ — X be
the composition of the map between flag varieties G/B~ — Y and the inclusion
Y C X. Then for any divisor D on X we have

V*Ox (D) ~G/B~ xP C, =L,

for some B~-weight x. The fact that * : Pic(X) — Pic(Y') is injective for won-
derful symmetric varieties, means that the weight y determines the color D.

First we need to prove that any color D € Ay is moved by at most two simple
roots.

Lemma 4.6.22. Let D be a color in Ax. If {D} = Ax(a;) = Ax(« ) for distinct
a;,a; € S\ S%, then o, = —6(a;) and (ou, ;) = 0. Otherwise there exists unique

a; € S, such that {D} = Ax(«;).

Proof. Let D be a color, suppose that there exist two distinct simple roots o, o; €
S\ S%, such that {D} = Ax(w) = Ax(cj). Then by Proposition 4.4.5 and
Corollary 4.6.14 for any spherical root o — o(«) € X.x we have

(@ —o(a)) = af (@ - a(a))

or
() — a;)(a —o(a)) =0.
So a — o is orthogonal to R and therefore oy — Y € (Ry). So we have
o; — Oéj = O'(Oéi — Oéj)

or
a; — o) = a; — o(ay)
and by Remark 4.6.5 we have
a; = o(ay).
The order of the involution ¢ is two, so any color is moved by at most two simple
roots, namely «; and ().

By Remark 4.6.5 we have that a; and «; are the only simple roots, associated
to the spherical root &; = &;. Without loss of generality we can assume that
i < j,s01 < i <[ asin Definition 4.6.4. For I = {1,...1} \ {i} we introduce
St = {a,0(q;) | i ¢ I} USY, as in Proposition 4.6.15. Let P = Ps, be the
parabolic subgroup, associated to S; and L = G°' be the Levi quotient of P.

We have X; = G x¥ X!, where X! is an wonderful symmetric L-variety with
rk(X7) = rk(X;) = 1. We also have that

Ax(S1) = |J Ax(e) = Ax(a) U Ax(ay),

a€eSy
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as Ax(a) =0 for any o € S%.
The root system of L is generated by the roots a; and «; and S%. By Propo-
sition 4.6.18 we have

1 if (Oéi, ij) = O,
2 else.

rk(Pic(X')) = {

On the other hand the Picard group Pic(X?) is generated by Ay, so |Ax:| =
rk(Pic(X7)). By Lemma 4.5.5 we have XT = X5, We apply Proposition 4.5.4 to
get that Ax(Sy) is in bijection with Axr, so

1 if (Oéi,Oéj) :0,
2 else.

|AX(SI)| = {

By Corollary 4.6.14 we have |Ax(a)| =1 for any o € S\ S%, so

Ax(o) = Ax(ay) if (a4, 5) =0,

Ax(Sr) = {Ax(ai) U Ax(a;) else.

The result follows. [

Now that we have studied {a € S\ S% | D € Ax(«)} for any color D € Ax
we can state the following proposition, describing the relationship between colors
and B~ -weights.

Proposition 4.6.23. Let X be a wonderful symmetric variety of rank . Let
D € Ax be a color. Suppose that D is moved by nonexceptional simple roots.
Then one of the following holds:

o dlaeS:DeAx(a),a=—0c(a), then 1*(Ox(D)) ~ Loy, ;
e dlaeS:DeAx(a),a# —o(a), then 1*(Ox(D)) ~ L, ;
e da,o' € S:a#d,D e Ax(a)=Ax(d), then 1*(Ox(D)) ~ Liyyu,,;

Proof. Let D be a color of X and let + : Y — X be the inclusion of the closed
orbit. We have Y ~ G/P~, where P = Pgr . The Picard group of Y is generated
by the Schubert divisors D, (G/P~) for a € S\ S%. We know that N;(Y") is dual to
Pic(X) and any divisor on Y is defined by the intersections with Schubert curves.
In particular for :*D we have

D= ) ('D,[C))Da(G/P7),
aeS\S%
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where [C,] denote a Schubert curve class.
In order to describe ¢* D we need to compute (¢*D, [C,]) for any Schubert curve
class [Cy]. By projection formula we have

("D, [Col) = (D, 1] Cal)-

By Corollary 4.6.14 any simple root « is either in S% or in S% and so by Lemma
4.4.2 we can write 1.[C,] as a multiple of a curve class [Cp/| for some D' € Ay.
Here [Cp/] is a curve class on X, such that

: /
(D, [Cn) = {é o
else,
see Lemma 4.4.1.

Let Sp = {a € S| D € Ax(«a)} be the set of simple roots moving D. By
Corollary 4.6.14 each root moves at most one color, so Ax(Sp) = {D}. For any
simple root v € S\ Sp we have D ¢ Ax(a) and [C,] is a multiple of [Cp/] for
some D' # D, so (¢*D,[C,]) = 0. With that we can write

D= (1D, [Cu])Da(G/P7).

aESp

By Lemma 4.6.22 every color is moved either by one root ap or by two orthogonal
simple roots ap and &(a/y). This means that Sp has either one or two elements.
Suppose that Sp = {ap} contains a single simple root. If ap = —o(ap), we
have that ap —o(ap) = 2ap € Xx. By Lemma 4.4.2 we have ,[C,,,] = 2[Cp], so
(t*D,[Cq,]) = 2 and
*D =2D,,(G/P™).

If ap # —o(ap), then 2ap ¢ Yy and a € S%, so by Lemma 4.4.2 we have
t:[Cap] = [Cp] and similarly

v*D =D, (G/P).

Suppose now that Sp = {ap,d(ap)} and (a,6(a)) = 0. Then neither 2ap
not 26(ap) are spherical roots, so by Lemma 4.4.2 we have ,[C,,] = [Cp] and
t«|Cs(ap)] = [Cp], therefore

D = DQD(G/P_) + D;,(QD)(G/P_).

Lastly we note that Oy (D, (Y)) = L,,, and the result follows. [
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Moduli space of stable maps of a wonderful sym-
metric variety

5.1 Moduli space of stable maps

Definition 5.1.1. Let X be a smooth projective complex variety and n € N;(X).
Let My (X, n) be the set of isomorphism classes of pointed maps (C, p1, ..., D, 1),
where C' is a projective smooth rational curve, py,...,p, are distinct points on C'
and g : C'— X is a morphism, such that u.([C]) =n. When X = {pt} is a point
we will write My, = My,.({pt},0).

A n-pointed rational complex quasi-stable curve

(C7p17 s 7pn>

is a projective connected reduced (at worst) nodal rational curve with n distinct
smooth marked points. Let S be an algebraic scheme over C. A family of n-
pointed rational quasi-stable curves over S is a flat projective map = : C — S
with n sections py, ..., pn, such that each geometric fiber (Cs,p1(s),...,pn(s)) is
an n-pointed rational quasi-stable curve. A family of maps over S from n-pointed
rational quasi-stable curves to X consists of data (7 : C — S, {pi}1<i<n,pt : C —
X):

e A family of n-pointed rational quasi stable curves 7 : C — S with n sections
{p17 s 7pn}

e A morphism p:C — X.
Two families of maps over S,
(ﬂ' :C = S, {pi}lgign,,u :C = X), (ﬂ'/ : Cl — S, {p;}lgignﬁ/ . Cl — X)

are isomorphic if there exists a scheme isomorphism 7 : C — C’ satisfying 7 =
7 or,p, =71op,u = pwor. When 7 : C — Spec(C) is the structure map,
(m:C = S, {piti<i<n, pt : C = X) is written as (C, {p;}, u)-
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Let (C,{p;}, ) be a map from an n-pointed rational quasi-stable curve to X.
The special points of an irreducible component £ C (' are the marked points and
the component intersections of C, that lie on E. The map (C,{p;}, ) is stable
if every component £ ~ P!, that is mapped to a point by u contains at least
three special points. A family of pointed maps (7 : C — S, {p;}, i) is stable if the
pointed map on each geometric fiber of 7 is stable.

Let n € N1(X). A map p: C — X represents n if the py-push-forward of the
fundamental class [C] equals 7.

We define a functor Mg ,,(X,n) from the category of complex algebraic schemes
to sets:

o isomorphism classes of stable families over S
Mo (X,n)(S) =< of maps from n-pointed rational curves
to X representing the class n

Theorem 5.1.2 ([FP95, Theorem 1]). There exists a projective coarse moduli
space Mo (X, n), representing the functor My ,,(X,n) and containing My (X, n)
as an open subset.

Definition 5.1.3. Let X be a smooth projective variety, then X is called convex
it H'(P', u*(Tx)) = 0 for every map p: P! — X.

Theorem 5.1.4 ([FP95, Theorem 2|). Let X be a projective, smooth, conver va-
riety.

o Mo, (X,n) is a normal, projective variety of pure dimension

dim(X) — (Kx,n) +n— 3.

) MOW(X, n) is locally a quotient of a smooth variety by a finite group.

Projective homogeneous varieties are convex, but there is a stronger result by
Thomsen, that states that M, (X, n) is irreducible.

Proposition 5.1.5 ([Tho98, Theorem 1[). Let X be a flag variety and n € N1(X)
an effective class. The space My, (X,n) is irreducible for every non negative inte-
ger n.

Remark 5.1.6. Clearly {pt} is projective homogeneous, so in particular we get that
dim(My,) =n — 3 for n > 3 and M,,, is open dense in M ,. For n < 3 there is
a single isomorphism class of maps P* — Spec(C), so My, = {pt}.

Definition 5.1.7. Let X be a G-variety with a unique open G-orbit X°. Denote
by Mg, (X,n) C My, (X,n) the subset of stable maps (P!, py, ..., pn, it), such that
the image of y meets X°.
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Definition 5.1.8. A proper complex curve C' over C is called smoothable if there
is an irreducible pointed complex variety (0,7") and a proper flat family of curves
g : Z — T such that C ~ ¢g=*(0) and the generic fiber of g is smooth.

Any such g : Z — T is called a smoothing of C.

Proposition 5.1.9 ([Kol96, Example I1.1.12]). Let C' = >"""  C; be a curve, which
s obtained from the smooth and irreducible curve Cy by attaching trees of smooth
rational curves to it.

Then C' is smoothable.
Remark 5.1.10. Note that the curves in M o(X,n) are smoothable.

Recall the definition of Hom(C, X) from [Kol96|. Tt is a scheme, locally of finite
type.

Theorem 5.1.11 (|[Kol96, Theorem I1.1.7]). Let X be a smooth projective variety,
let u: C — X be a curve on X. The Zariski tangent space of Hom(C, X) at p is
1somorphic to

HO(CJ M*TX>
The dimension of every irreducible component of Hom(C, X) at p is at least

hO(C, M*Tx) - hl((], ,u*Tx)

Proposition 5.1.12 ([Kol96, Theorem I1.1.11]). Let C' be a proper smoothable
curve over C. Then there is a normal pointed complex variety (0,5) and a flat
and proper family of curves f :C — S such that:

(1) f71(0) ~C;

(2) if V is an irreducible pointed complex variety andt : v € V. — 0 € S a
morphism such that

[V XgC — V] ~ [V X Spec(C) C — V],
then t(V) = 0;
(3) dim S = —3x(O¢) + dim Aut(C).

Recall the definition of Hom(C/S, X x S/S) from [Kol96]. It is a scheme, locally
of finite type.

Proposition 5.1.13 (|Kol96, Proposition 11.1.13]). Let C' be a proper algebraic
curve. Let h : C' — X be a morphism to a quasi projective variety X of pure
dimension dim X. Assume that X is a local complete intersection and the image
of every component of C intersects the smooth locus of X. Assume that C' s
smoothable and let f : C — S be as in Proposition above. Then

dimp, Hom(C/S, X x S/S) > —(Kx,C) + (dim X — 3)x(O¢) + dim Aut(C)
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Remark 5.1.14. Note that [Kol96] actually proves that any irreducible component
of Hom(C/S, X x S/S) containing [h] has dimension at least —(Kx, C') 4 (dim X —
3)x(Oc¢) + dim Aut(C).

Proposition 5.1.15. Let X be a smooth projective variety, let n € N1(X) be an
effective curve class. Then any irreducible component ofMOm(X, n) has dimension
at least

—(Kx,n) +dimX —3+n

Moreover a point (1 : C — X, py, ..., pn) is smooth in Mo, (X,n) if H(C, u*Tx) =
0.

The fact that any irreducible component of My, (X,n) is of dimension at least
—(Kx,n)+dim X — 3+ n can be found in [HRS04, Lemma 4.2]. Also in the first
paragraph of the proof of [BM96, Proposition 7.4] it is shown that a point in the
moduli space is smooth if H(C, u*Tx) = 0. However both articles use different
notations to the ones presented here.

Proof. The map Mg,,.1(X,n) — Mo,(X,n) is flat of relative dimension one, see
[Knu83|, so we may assume n = 0 for the first statement.

Let p: C — X be a map in an irreducible component M C My (X, n). Let n;
denote the number of irreducible components of C' with 3—14 nodes for ¢ € {1,2,3}.
Note that, because C' is connected and stable, n3 > 0 if and only if C is irreducible
and in that case n; = ny = 0.

The automorphisms group Aut(C') consists of automorphisms exchanging the
irreducible components and automorphisms of each irreducible component of C'.
As there is a finite number of irreducible components, the image of Aut(C) in the
permutation group of the set of components is finite, so dim Aut(C) is equal to
that of the subgroup, fixing the components. Let Cy be an irreducible component
of C, then Cy ~ P! and the dimension of the group of automorphisms of C, fixing
the nodes is equal to 3 — [{z € Cj | = is a node in C}|. Set n = ny + 2ny + 3ns,
then n = dim(Aut(C)). This allows us to consider the space M, which will
now have 3 marked points on every component, so for any (C,py,...,p,) we have
that dim Aut(C, py,...,p,) = 0. Write (C,p1,...,p,) for points in My, with the
obvious morphism C' — Spec(C). By [Knu83] My, is the universal curve over
M., s0 the fiber over some point (C,py,...,pn) € Mg, is isomorphic to C. We
write C = Momﬂ and S = Mo,n for brevity. Note that the pointed normal complex
variety (C,p1,...,pn) € S together with the map C — S give an explicit example
of the family in Proposition 5.1.12.

We get a map p : Hom(C/S, X x S/S) — Myo(X,n) given by the composition
of maps Hom(C/S, X x S/S) — Mg,(X,n) and Mg, (X,n) — Mgo(X,n). The
map Hom(C/S, X x S/S) — Mg,(X,n) is dominant by definition and injective
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onto an open subset, that contains (C, p1, ..., ps, 1), because (C,p1,...,pn, ) has
no automorphisms as a stable map. The second map M ,,(X,n) — Mo(X,n) is
flat and proper of relative dimension n, so p is dominant.

Let M C Mgo(X,n) be an irreducible component, that contains (C, i), denote
by H an irreducible component of Hom(C/S, X x S/S) such that p(H) C M is an
open subset, that again contains (C, u).

The fiber F of M,,(X,1) — Mgo(X,n) is of dimension n and by Proposition
5.1.13 we have that

dim, H > —(Kx,n) +dimX —3+n
Altogether

dimg, M > dimIm(H — Moo(X, 7))
> dim, Hom(C/S, X x S/S) —dim F

proving the first part of the result.

Now we prove that if H*(C, u*Tx) = 0, then the point (1 : C' — X) is a smooth
point of My, (X,n). We have the open neighbourhood Hom(C/S, X x S/S) of
(n:C = X,p1,...,pn) in Mg,(X,n), so we only need to prove that (u : C —
X,p1,-..,pn) is smooth in Hom(C/S, X x S/95).

By Proposition 5.1.11 we have that Hom(C, X) is smooth and of minimal di-
mension at p, as H'(C, u*Tx) = 0. This is the fiber of the morphism Hom(C/S, X x
S/S)— Sat0eS.

By [Kol96, Theorem 1.2.15.4] we have that if Hom(C, X) is of minimal dimen-
sion at y, then the map Hom(C/S, X x S/S) — S is flat at u. Since the fiber
over 0 € S is Hom(C, X) and is smooth, the variety Hom(C/S, X x S/S) — S is
therefore smooth at j if and only if 0 € S is smooth. This is true, since S = My,
is smooth.

Therefore y is smooth in Mg, (X, ). Then the map Mg,.(X,n) — Mq,_1(X,n)
is flat for any n and smoothness descends via flat morphisms.

Lastly for arbitrary n > 0 we have that M, ,1(X,n) — My, (X,n) is flat. For
any point (¢ : C' — X, p1,...,Dn, Pnr1) the imageis (u: C — X, p1,...,pn), which
is smooth. The fiberover (u: C' — X,p1,...,pn)is{(p:C — X,p1,...,pn,x) | x €
C'}. Since marked points are smooth for stable maps we have that the point
(u:C — X,p1,...,PnyPns1) is smooth in the fiber and in the base, so by a prop-
erty of flat morphisms for locally Noetherian schemes it is smooth in M, ,1(X, 7).

[

The open set M&H(X, n) is particularly interesting, because the tangent bundle
is globally generated on the open G-orbit which gives a result similar to the one
in the case of a convex variety X.
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Corollary 5.1.16. For X a G-variety with a dense G-orbit, the points of Mg, (X, n)
are smooth in My, (X,n) and

dim Mg, (X,n) = dim X + (- Kx,n) +n — 3.

Proof. Any (u : C — X,p1,...,pn) € Mg, (X,n) meets the open orbit of X,
therefore ;*Ty is globally generated and H'(C, u*Tx) = 0. |

Definition 5.1.17. For a moduli space of rational curves My, (X,n) with n > 0
marked points pq,...p, define n maps

evx; - Mo,n(Xa 77) -+ X
(f:C— X)) f(p)

Sometimes indices can be dropped if there is no danger of confusion.

5.2 General reducibility of M (X, n)

Let GG be a semisimple algebraic group of adjoint type and let X be the wonderful
embedding of a symmetric space G/H of rank rk(X) = [.

Lemma 5.2.1. Let n € N1(X) \ {0} be the class of an irreducible curve meeting
the open G-orbit. Then (D,n) > 0 for any B-stable effective divisor D of X.

Proof. By Proposition 3.4.5 the cone of effective divisors on X is generated by
the closures of codimension one B-orbits. The codimension one B-orbit closure in
X are the colors and the boundary divisors. By Proposition 3.4.13 the colors of X
generate the nef cone, so (D, n) > 0 for any color D € Ax, because 7 is effective.

Let C be an irreducible representative of 7, meeting the open orbit. Then
C' N X, is of dimension 0 for any boundary divisor X;, and we get that (X;,n) >
|C'NX;| >0. [ |

Lemma 5.2.2. Let n € Ni(X) be an effective curve class, let G/P~ = Ni_, X;
be the closed orbit of X. Then there exists an effective curve class ng/p- €
Ni(G/P™), such that v p- = 2.

If X is a wonderful group compactification, then there exists ng/p- effective
such that v.ng p- = 1.

Proof. Let ng/p- be a curve class on G/P~. Then ng/p- = ZaeS\Sf( ca|Cal,

where [C,] is the curve class, dual to the color D,(G/P~). Let + : G/P~ — X
be the inclusion of the closed orbit in X. Then by Lemma 4.4.2 we have that
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1:|Cs] = k[Cp], where D € Ax(a) and k = 1,if a € S§ or k =2, if a € S%&. We
have that 24, (X) C Im(c.).

Let n = > pea, ¢p[Cp] be an effective curve class on X. Suppose that D
is moved by a single simple root o € S%, then we set ¢, = 2cp. Otherwise for
any color D € Ax(a) for some o € S\ S% we set ¢, = ¢p. Then ng/p- =
ZaeS\Sg’( ca|Ca] is effective as ¢, > 0 for every a € S\ S% and 1, (ng/p-) = 2.

Suppose now that X is a wonderful group compactification. Then for any
simple root o € S we have o(a) # a, so by Proposition 4.2.5 a € S U S%.. With
that there is no curve class [C,] € N1(G/P~), such that ¢,[C,] = 2[Cp] for some
D and therefore Ny(X) C Im(¢,). For any color D there are exatcly two simple
roots ap and Sp moving D. Then we can pick ng/p- effective, such that c,,, = cp
and cg, = 0. [

Lemma 5.2.3. Let n € Ni(X) be a movable curve class on X. Let
Méfo””(X, n) ={(f:C — X) | C irreducible}

be the subset of MO,O(X, n) of stable maps, having an irreducible source. Suppose
that Méfg(X, n) is nonempty, then Mg (X, n) is nonempty as well.

Proof. First note that for any morphism f : ¢ — X with C irreducible there
exists a minimal G-stable variety X; = M/ X; with I C {1,...,rk(X)}, such that
f(C) C X;. Let ¢y : X; — X be the inclusion, let n; € N1(X;) be any curve class,
such that (¢7).n; = n then we get an inclusion

MS,O(va 771) — M(Z)T()T(Xv 77)
(f:C—=X)—yof
and therefore
MS:X(X, n) = U U Mg o(Xrm1),
IC{1,...,rk(X)} (er)«mr=n

so we have

dim M7 (X, n) = dim M (X7, n1).
I MES M) = (2 oy ey W0 Moo Xr )

For any I C {1,...,rk(X)} by Corollary 5.1.16 we have
dim Mg (X7, mr) = —(Kx;,nr) + dim X — 3.

We apply adjunction and projection formulas to (Kx,, nr):



Also X7 is an intersection of transversal divisors, so dim X; = dim X — |I| and we
get
dim Mgo(X1,mr) = —(Kx,n) + dim X =3 — [I| =Y (X, ).
il
On the other hand by Proposition 5.1.15 we have

dim M{§ (X, n) > —(Kx,n) + dim X — 3.
Let us compare the estimates for dim Mg (X, n):
dim M5 (X, ) — dim Mg (X7, 7r)
= |I|+ (Xim)
el

As nis movable, by Proposition 3.4.17 it lies in the dual cone to the cone of effective
divisors, so (X;,n) > 0. With that we have that

dim Méfg(X, n) — dim MOOD(X[, nr) =0
if and only if |I| = 0 and so Mg (X, n) is nonempty. [

Corollary 5.2.4. Let n € N1(X)\{0} be a movable class on X. Then Mg (X, 2n)
s nonempty. If X a wonderful group compactification, then M&O(X, n) is nonempty
as well.

Proof. By Lemma 5.2.3 we only have to show that Mgfg(X, 2n) is nonempty.

A movable class is nonnegative on colors of X, so by Lemma 5.2.2 there exists
an effective curve class ng/p- € Ni(G/P~), such that t.ng/p- = 27, where ¢+ :
G /P~ — X is the inclusion of the closed G-orbit. Note that if X is a wonderful
group compactification, then there exists ng/p- effective such that t.ng/p- = n.
Let 7' = t.nq/p-.

By Proposition 5.1.5 we have that Mg ,(G/P~,ng/p-) is nonempty. It embeds
into M5 (X, n') via composition with ¢, therefore My (X,n') # () and the result
follows. |

Theorem 5.2.5. Let n € Ni(X)\ {0} be a curve class such that Mg,(X,n) # 0.
Assume there exists a decomposition n = 1y +mn2, such that n; and ny are nontrivial
effective curve classes on X and a boundary divisor D with

<D7 772> S —2.

Then the moduli space Moo(X,n) is reducible.
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Proof. Let I} = {Z S {17,l} | <X“7]1> < 0} and [, = {l S {1,,[} | <XZ,772> <
0}. By Lemma 5.2.1 the class 1 is nonnegative on boundary divisors, so I; N I
is empty. Write X; = X, and Xy = Xj,. Then n; (resp. 72) is nonnegative on
boundary divisors and colors of X (resp. X3), so in particular by Proposition
3.4.17 my (resp. 72) is movable on X (resp. X»). With that there exist represen-
tatives of both 7; and 7, that meet in at least one point of X; N X5, so the moduli
space MOJ(Xl,m) X x Mo,l(Xg,ng) is nonempty. The class of the union of these
representatives is 1y + 7o = 1, and in general we get a map

Mo1(X1,m) Xx Mo1(Xa,m2) = Moo(X,n),

unmarking the point on both Mo,l(Xl, 71) and MOJ(XQ, 72).
By our assumption the space Mg (X, 7) is nonempty and by Corollary 5.1.16
it is of dimension
—(Kx,n) +dim X — 3.

We wish to estimate the dimension of MOJ(Xl, M) X x MOJ(XQ, 1n2) from below to
show that Mg (X1, 1) Xx Mo1(Xz,72) cannot lie in the same irreducible compo-
nents as Mg (X, 7).

To do so we consider the projection:

D1 2M0,1(X17771) Xx MO,I(X27772) — Mm()ﬁﬂh)-
We have that
Im(p) = {(f,21) € Mo,l(Xlﬂh) | f(z1) € Xi N Xy},

because 7y is movable, so there is a curve passing through any point of Xs. Let us
consider the map

evx, : MO,I(X17771> — X
(fs 1) = f(21),

then Im(p;) = evyl (X3 N X1). From that we get that

codimyz, | (x, ) Im(p1) < codimy, X; N Xo,

X1,m
or equivalently:

dim Im(p;) > dim Mo (X1, m) — dim X; + dim X; N Xs.
By Proposition 5.1.15 we get that

dimM071(X1,7]1) Z _<KX1;771> + dlle — 3 + 1,
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SO
dlmIm(pl) Z —<KX1,T]1> + dlle N X2 — 2.

Let (f,z1) € Im(p;), we wish to estimate the dimension of p; ' (f,z;). We have
that

Pt (fy ) ={(f, 1) xx Moa(Xa,m2)}
={((f,21),(9,32)) | (9,22) € Mo1(Xa,m2) with f(z1) = g(a2)}.

We consider the second projection

pot Mo (X1,m) Xx Moi(Xa,m9) — Mo1(Xa, 1),

then o
pa(py(fo21)) = {(9,22) € Mo1(Xo,m0) | f(z1) = g(2)}.

On the other hand we have the map

evx, : M0,1<X27 n2) — Xo
(9, 72) = g(x2),

and
vy, (f(21)) = {(g,72) € Mo1(Xo,1m2) | g(2) = f(21)} = pa(py (f,71))-
With that we get an estimate for the dimension of the fiber py(p;*(f, z1)):
codimﬂo’l(&m)pg(pl—l(f, x1)) < codimy,{z; },
or equivalently:
dim po(py ' (f, 21)) > dim Mg 1 (Xo, 179) — dim Xy,
and again by Proposition 5.1.15 we have:
dim ps(py ' (f, 1)) > —(Kx,,72) — 2.

To combine these two estimates to get a lower bound for dim Hojl(Xl, M) Xx
M1 (Xo,m2) we pick an irreducible component Mj,, of Im(p;) of maximal dimen-
sion and an irreducible component M, of p; '(M;,,), dominating M;,, also of max-
imal dimension. We consider the restriction p1| u, o get

dim M, = dim M;,,, + dim F
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where F'is a general fiber of p,
fiber of py, so in total we have
dim Mo (X1,m) Xx Mo1(Xa,m) > dim M, + dim F
> dim Im(py) + dim M1 (X3, 72) — dim X,
> —(Kx,,m)+dimX; NXy —2— (Kx,,m2) — 2
—Z (Kx;,n;)) +dim X; N X, — 4.

7=1,2

v.- We have an estimate for the dimension of any

By adjunction formula Ky, = Kx — Zigj X; for j = 1,2 and we get
dimMO 1(X1,m) Xx Mo 1(X2,m2)
> Z K)(,T]J Z<XZ,T]]>) —|—d1mX1ﬂX2—4

Jj=12 ZGIJ‘
= — (Kx,m+m) = > > (Ximy) +dim Xy N X, — 4
Jj=1,2 i€l;
Jj=1,214€l;

As X1NXy = Nier,un, X; and all X;’s intersect transversally, we have dim X,NX, =
dim X — codimX; N Xy = dim X — |I; U I]. Applying that I; and Iy are disjoint
yields the final form of the lower bound:

dlmﬁo 1(X1,771) XXMO 1(X2a772) =
—(Kxm) = Y > (Xiymy) +dim X — (|11] + | L) -

Jj=1,2 i€l;

Any curve, that is a union of curves of classes 7, and 7, will not lie in Mg (X, ),
because it is reducible. We compare the dimension of Mg (X, n) given by Corollary

5.1.16 and the lower bound on the dimension of M ;(X1,m1) Xx Mo1(Xa, 1)
dim M&O(X, T]) — dimMoJ(Xl, 771) X x MOJ(XQ, 772)
—(Kx,n) +dim X — 3

— (= (Kx,m) = > (Xiymy) +dim X — || — || — 4)

j=1,2i€l;
=1+ [N+ | L] + > (Xiym) + ) (Xi,m)
i€l i€l

By definition of I; we have that (X;,n;) <0 for all i € I;, so

L]+ (Xim) <0,

1€l
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and so o o
dimMS,o(X, n) —dim Mo (X1, m) Xx Mo1(Xa,m2) < 1.

We apply the assumption on 7 and its decomposition 7 = 7, + 175, that there
exists ig € {1,...,l} such that D = Xj, is a boundary divisor with

<D7772> < _27
then
L]+ Y (Xi,m) < -1,
i€ly
S0

dim M&O(Xv n) — dimWo,l(Xum) XX Mo,l(Xz,nz) < 0.

The general curve in Mo (X1,m) Xx Mo1(Xa,7) is reducible by construction,
whereas the general curve in Mg (X, n) is irreducible, therefore Mg (X, n) cannot
lie in Mo1(X1,m) Xx Mo1(Xa,m). Altogether the whole space M (X, n) has at
least two irreducible components and is reducible. [ |

The condition of the theorem is satisfied in a very big class of wonderful vari-
eties, namely the wonderful group compactifications.

Corollary 5.2.6. Let X be a wonderful group compactification of a simple group
G of adjoint type with tk(G) > 3. Then Mo(X,n) is reducible for any movable
class of curves n € N1(X) \ {0}.

Proof. By Corollary 5.2.4 Mg, (X,n) # (. We are looking for a boundary divisor
D and a decomposition 1 = 1y + 72, such that (D, ny) < —2.

The variety X is the wonderful compactification of the symmetric space G x
G /(G x G)?, where o(z,y) = (y,x) is an involution on G x G. The root system of
G x G is the product of two copies of the root systems of GG. Let ®4 be the first
copy and ®f, the second one. Then the spherical roots of X are of the form «; + o/,
where a; € &g and o) € O}, are simple roots, such that o(a;) = —a}. Denote by
S (resp. Sg) the sets of simple roots of ®g (resp. ®f;). Note that a; and o are
orthogonal for any i,7 € {1,...,rk(G)}, and with that we can conclude that X is
nonexceptional and by Proposition 4.6.18 we have that rk Pic(X) = rk(G).

For any simple root o € S we have that neither o, nor 2« is a spherical root of
X, so by Proposition 4.2.5, we have that o € S% US%. By Lemma 4.4.1 any curve
class 7 is of the form ), . ¢cp[Cp]. For any simple root o € Sg, there exists a
divisor D, € Ax(«), moved by a. Note that in the case of group compactification
D, is the closure of the Bruhat cell of G, so in particular for a # [, we have
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D, # Dg. This means that the colors {D, | & € Sg} are linearly independent and
therefore generate Pic(X), since

Pic(X) ~ zM9 ~ P ZD,

aESq

are all of the same rank and Pic(X) is generated by colors of X. With that we

can write
rk(G)

n = Z CZ[CDaL]
i=1

As G is simple and of rank > 3, there exist simple roots of G, which are
connected to more that one root in the Dynking diagram of GG. We will call such
roots nonextremal in this proof.

We wish to show that there exists an nonextremal simple root o, € S, such
that ¢;, # 0. As n # 0, there exists at least one 1 < j < rk(G), such that ¢; # 0.
If a; is nonextremal, we are done and ¢y = j. Suppose that «; is extremal, we
claim that ¢;, # 0 for «;, nonextremal, adjacent to «;. By Corollary 4.4.4 and
Proposition 4.4.5 we have for any boundary divisor X

Xy ) Zcz px(Da,), air — (i) Zcz ai —o(ai))

We have that o; € S% for every 1 <i < 1k(G) and that o is orthogonal to o(a;),
as o(ay) lies in S With that and the assumption that 7 is movable, we get for
the boundary divisor X;,:

0< >~ 107 77 Z G azo < F1¢ (aio) + Cioa;; (aio)

and cjaf (ay,) < 0, 50 ¢;, has to be positive.

Let 771 = ¢ [D%] and 1y = 1 — ¢;y[Da, |, then 7 = 0y + ne. For all k with oy
adjacent to a;, we have (X, m1) = ¢y (o) < 0, thus we have that (Xj,7,) > 0,
because 7 is nonnegative on effective divisors. This means that ¢, is positive for
all k£, such that a4 is adjacent to a;,

Since ig is nonextremal, we have

Vv
Xigs M2) E cio (ay,) < E cray (ag,) < =2,
i#ig ag adj. agg

and both 7, and 7, are effective, as they are nonnegative linear combinations of
simple coroots. The divisor X;, is the D we are looking for. The result follows by
Theorem 5.2.5. n

57



Corollary 5.2.7. Forn the class of the VMRT of a wonderful compactification of
a simple group of adjoint type the moduli space M o(X,n) is reducible.
Example. Let X = PGL4(C) be the wonderful group compactification. In other
words it is the wonderful embedding of the symmetric space G x G/G for G =
PGL4(C). Let

{Oé1, Qa, a3, B, Ba, 53}

be the usual simple roots of PGL4(C) x PGL4(C) with 1, 52, 83 denoting the
simple roots of the second term of the product. The involution ¢ : G — G given
by (x,y) — (y,x) acts on the simple roots as follows:

O'(Oéi) = —BZ

For i € {1,2,3} there is a color D; moved by roots «;, §;. A boundary divisor X
corresponds to the spherical root

& =a; — o) =a; + B
by calculating its presentation as a linear combination of colors using 4.4.3.

Take the class 1 to be the unique class of minimal rational curves, described
by Michel Brion and Baohua Fu in [BF15]. This class in type A is given by the
coroot of the highest root. In case of PGL4(C) it is given by o + oy + .

Then for any color D; of X we have that (D;,n) = 1, whereas for the boundary
divisors we have the following values: (Xi,7n) = (X3,1n) = 1 and (Xs,n) = 0.

We apply our result for a;, = ay = an+ 2 and we get a decomposition 7; = g
and 17, = o) + ay. Now we calculate the respective intersections of these classes
with boundary divisors and we get

<X17771> =-1 <X17772> =2
(Xo,m) =2 (Xa,m2) = =2
<X37771> =-1 <X377]2> =2

As required in the statement of the theorem we have that (X5, 7m9) < —2. A
similar approach works for any wonderful compactification of a group G, such that
the entries in at least one row of the Cartan matrix of G' add up to a nonpositive
value.

5.3 Irreducibility of the special component

Let X be the wonderful compactification of a semisimple algebraic group G of
adjoint type. In terms of notation of Section 4.6, X is the compactification of the
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symmetric space G X G/G, where the involution is defined as

c:GxG—=Gxd
(9,9)— (d,9)

We write G = GG x G. Denote by R the root system of G and by S its basis of
simple roots

S={ai,...,oq, b1, ... 0},

such that o(a;) = —f;. The corresponding Borel subgroup is of the form B x
B~, where B C (G is a Borel subgroup associated with the basis of simple roots
ai,...,qq. Let w; (resp. ¢;) be the fundamental weight, corresponding to a; (resp.

;) for 1 < i <. Denote by
Yx =Aay,...,q}

the set of spherical roots of X where a; = o; — o(o;) = oy + 5;. To every a;
there exists a corresponding boundary divisor X;, such that &; is the weight of the
T-action on T,X/T.X;, where z is the unique B~ -fixed point of the closed orbit
Y C X.

Lemma 5.3.1. The closed orbit Y of X is isomorphic to G x G/B x B~. The
simple roots of G are all of type (b), i.e. S% = Sg, and Ax (o) = Ax(8;) = {D;}
for every 1 <1i <. Moreover Ax ={D,...,D,}.

Proof. For any simple root a € S we have that a,2a ¢ Y x. Moreover, there are
no simple roots stable under o, so S% = (), so by Lemma 4.3.2 Y = G/B x B™.
By Proposition 4.2.5 S = S%, in other words for any spherical root @; we have
(px(D),a;) = a¥(@;), where « is some simple root of G with {D} = Ax(«).

On the other hand any color D of X is the closure of a codimension one Bruhat
cell of G. This means that D = Bs,, B~ for some «;. We have that P,,Bs,, B~
and Bs,, B~ P, are both open in GG. Let P,, denote the minimal parabolic of
G x G given by P,, x {id} and Ps, denote the minimal parabolic of G x G given
by {id} x P, . Then we have that

P,Bsy, B~ = Py, Bs,, B~

and
Bsa, B P, = Pg,Bsa,B".

This means that every D; is moved by exactly two simple roots of G, namely «;
and ;.
In total we get that Ax = |\, Ax () UAx () = {Ds,...,D;}. |
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Let V ~ U x A be the affine subset introduced in Remark 4.6.13. As X is the
wonderful embedding of G/G, U is the unipotent radical of the Borel subgroup
B x B, where B is the Borel of G corresponding to the choice of the base of
simple roots and A! is the affine space, on which the maximal torus chosen in 4.6.1
acts via

t(xy,...x) = (@ (t)xy, ..., qt)x;)

for (z1,...1;) € Al.
Let A be the 1-parameter subgroup given by the fundamental coweight w;, of
the simple root «;,. Then for any simple root a of G we have that

a) = {1 if o = a;,,

0 else.

Define the family of automorphisms on X by ¢; : @ — A(t)x for t € C* and
consider the limit map as t — 0:

p: X - X
x = lim \(t)x
t—0

We will show in the next Proposition that this map is defined on V', which is
an open subset of X intersecting every G-orbit of X. In particular this means that
for any G-stable subvariety X for some I C {1,...,l} there exists a restriction
gp}XI X7 --» X

Proposition 5.3.2. Let X; C X be a closed G-stable subvariety. The rational
map @ restricts to a rational map

¢ly, X1 - XN X,

which has indeterminacy locus of codimension at least two and the open G-orbit of
X7 is mapped inside the open G-orbit of X;, N X;.

Proof. First we note that the indeterminacy locus of any rational morphism be-
tween smooth projective varieties is of codimension at least 2.

The map ¢ is defined everywhere on V ~ U x Al. Indeed, for (u,z), where
ueUand z = (11,...2;) € Al we have

At (u, ) = ABuA®) ™, E32)1 <)
Compute (\, @&;) = {(wi,, a; — B;) = d;,; and take the limit on the A’ part to get

. A,&, -
15%(15( Z>Ii>1§i§l = (1, ., Tig—1,0, Tig41, . . . T7).
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As for the part U, use that U = Haem U, with every U, ~ C and for some
Uy € U, identified with the complex numbers

A ugA(t) ™t = tDy,,
so for any @ € R™ we have

it a > oy,

t—0 u, else.

1
Hm A () uaA(t) ™" = { “
Recall that V N X;, = {(u,z) € V | 2;, = 0} and A(¢) for t € C* acts via

M) (u, 2) = A uAE) 2y, .ty .., 1)

so it follows immediately that the image of ¢ lies in X;,. Next, X; is G-stable and
 is defined via the G-action, so it restricts to X;:

¢ly, X1 - Xi N X,
The intersection of V' with the open G-orbit of X, is given by
{(u,z) e VN Xy | 2 #0, 1 ¢ {io}},
and the intersection of V' with the open G-orbit of X7 is given by
{(u,z) e VNX;|a; £0, i ¢ I},

since X; = NM;e; X; for some I C {1,...1}. Therefore any point in the intersection
of V' with the open G-orbit of X; is mapped via ¢ to the open G-orbit of X; N X;.
[ |

By Proposition 4.6.20 we have
rk Pic(X;,) = rk Pic(g/Pg{_ }) + rk Pic(X o)),
ig

Recall that Sg;p3 = S\ {a,0(a)}, so rk Pic(g/PbT{iO}) = 2 and that X1} is the
wonderful group compactification of the Levi quotient of LS“O}, so rk Pic(X lio}) =
rk Pic(X) — 1. Alltogether rk Pic(X;,) = rk Pic(X) + 1. Similarly for any X; C X
closed G-stable subvariety, not contained in X;,, rk Pic(X; N X;,) = rk Pic(X;) + 1.

We will recall a classical result from algebraic geometry due to Steven L.
Kleiman. This will be used to invoke a general position argument for a certain
curve to avoid the indeterminacy locus of <p’ X, 50 that the limit map is defined
everywhere on that curve.
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Proposition 5.3.3 ([Kle74, Kleiman Bertini Theorem|). Let G be an algebraic
group. If X is a homogeneous G-variety and Y,Z C X subvarieties, then there
exists an open dense subset Gy C G, such that for any g € Gy the subvarieties gY

and Z intersect properly and every component of gY N Z has dimension dimY +
dim Z — dim X. In particular if dimY + dim Z < dim X, then gY N Z = (.

We will use the following definitions and notations for the rest of the section.

Notation 5.3.4. Let X; C X, where as before X; = N1 X;, ip ¢ I be a closed
G-stable subvariety, not contained in X;,, write I’ for I U {io} and X for the
divisor X; N X;, of X;.

From now on let  be a movable curve class on Xj.

Lemma 5.3.5. Any component of Mg (Xr,m) contains an irreducible representa-
tive of class n, that meets the open G-orbit of X; and avoids the indeterminacy
locus of QO}XI. Furthermore, Mg (X1,n) is nonempty.

Proof. By Corollary 5.2.4 there exists an irreducible curve C of class n passing
through the open G-orbit of X, so Mg (X1,n) # 0.

By definition every component of Mg (X, n) must contain an irreducible curve.
Let M C Mg,(X;,n) be some component and let Cj; be such a curve.

We have that X; is a union of homogeneous G-varieties, namely the orbits of
G in X;. The curve C'); meets the open orbit and is irreducible, so its intersection
with every nonopen orbit is of dimension 0. Since @ is restricts to every orbit
closure in X, we get that the indeterminacy locus (@} Xz) is of codimension at
least 2 for the open G-orbit X7} C X; by Proposition 5.3.2. On the other hand
go‘XI is defined on the open set V', which intersects every G-orbit closure in X7, so
for any G-orbit O the set I(@‘XI) N O is of codimension at least 1. This gives us
that dim](gp‘XI) NO +dimCy NO < dimO.

Next we apply Proposition 5.3.3 to every G orbit O, therefore there exist open
subsets Go C G, such that for any g € Go we have gCy N I(¢) N O = (. There
is a finite number of orbits, let G° = Npcx,G0. It is still open in G and for any
g € G° the curve gC); is a representative of class n with required properties. W

Let C' € Mg (X1, n) be an irreducible curve, avoiding the indeterminacy locus
of ¢.

Lemma 5.3.6. The image of C' under ¢ is an irreducible curve p(C'), meeting the
open G-orbit of Xy.

Proof. The curve C' avoids the indeterminacy locus of ¢, so ¢ is defined every-
where on C' and as C'is irreducible, its image ¢(C) is irreducible as well.
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By Proposition 5.3.2 the open G-orbit of X; is mapped via ¢ inside the open
G-orbit of X. As C meets the open G-orbit of X, its image ¢(C') meets the open
G-orbit of Xp. [ |

Lemma 5.3.7. Let o}, : Xyupi,y — X7 be the inclusion. Then (i},).[¢(C)] =n. In
other words ©(C') is rationally equivalent to C' in X;.

Proof. Let V' be the open set, on which ¢ is defined. For every t € C* the
rational map ¢, (z) : x — A(t)x is a true morphism. Consider the morphism

F:V'xA'— X
($7t> = g0t<£L’),
where ¢y = . Let p: V' x Al denote the projection. Then F(p~!(1)) = C and
F(p~(0)) = »(C), so C and ¢(C) are members of a family of cycles, parametrized

by a rational variety A'. By |[Ful84, Example 10.1.7] we have that ¢(C) is rationally
equivalent to C' and (:4,).[p(C)] = n. [ |

Let 17 : X; — X be the inclusion of a closed G-stable subvariety X; = G xPsr X1
as in Proposition 4.6.15, where Pg, is the parabolic subgroup of G associated to
the set of simple roots S;. In case of wonderful group compactification S; =
{as, 8 | © ¢ I}. By Proposition 4.6.20 Pic(X;) = Pic(X') @ Pic(G/Pg,), By
Proposition 4.5.4 we have

Axr = Ax(S)),
SO
Pic(X') =) ZD;n X",
i¢l
For the homogeneous part we have
Pic(G/Ps,) = > ZDu.(G/Pg,).
aeS\St

Therefore in total we have

Pic(X;) = () _ZDinX;) & (Y ZmiDu(G/Pg,)).

¢l aeS\St

where 7; : X; — Q’/Pgl is the G-equivariant projection. In particular we have
that

Ax, ={DinN Xy [0 ¢ 1} U{n7Da,(G/Ps,), 71D, (G/Ps,) | i € 1}

We will write D;(X;) = D; N X, for i ¢ I and D (X;) = 77Dq,(G/Pg,), as well
as Dy (X1) = 17 Dg,(G/Pg,) for i € I. Similar results hold for X and we want to
understand the map Pic(X;) — Pic(Xy) induced by the inclusion of, : X; — X7.
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Lemma 5.3.8. Let o}, : X; — X7 be the inclusion of a boundary divisor and
I'=T1TU{io}. Then

o (1) Dyy(X1) = D(X)) + Dy (X):
o (th)'Dy(X1) = Di(X0), if i ¢ I';
e (th)'Df (X)) = Df (X)), ifie I

e (th)'D; (X1) = Dy (X)), if i € I;

Proof. For i ¢ I any color D;(X;) is moved by exactly two simple roots «; and
B; of G, so the pullback (:1,)*D;(X;) is moved by «; and ; as well.

If i ¢ I', then (.1,)*D;(X;) is multiple of D;(X/).

If i = ip, then (1],)*D;,(X;) is a positive linear combination of Dj (X}) and
D; (X7}), otherwise it would not be moved by both roots.

For i € I any color D (X) or D; (X;) is moved by precisely one simple
root of G, namely «; or 3; respectively. Therefore the pullback (.£)*D;(X;) or
(1)*D; (X7) is a multiple of D (X}) or D; (X)) respectively.

Let [Cp] be a curve class, dual to some color D € Ay, as in Lemma 4.4.1.
Then we have that
1 if D' =D,

0 else,

<D/v [CDD = {

for all D" € Ax,, therefore the same also holds for all the curve classes [C,,] or
[C.] of the closed orbit, as by Lemma 4.4.2 we have that ([C,,] = [Cp] for some
color D, moved by «a;. So for any D € Ay, any coefficient is at most 1 in the

presentation of (:1,)*D as a linear combination of colors of Xp.. The result follows.
|

Proposition 5.3.9. Let n be a movable curve class. There exists a rational map
P - M(iO(XIa 77) - M(S),O(XIU{i()}a 77)
C = o(C)

where the class 1) is uniquely defined. Suppose that
n=>_ alCi(X)] + Y (aCa,(X0)] + bi[Cs, (X)),
i¢l iel

where the curve class [C;(X1)] is dual to D;(Xy) and [Cy,(X))] (resp. [Cp,(X1)])

K3

is dual to Di(X)" (resp. Di(X1)™), then with similar notation for Xy

N=Y_alCilXr)] + ¢io[Cayy (X)] + D (@il Cay (Xr)] + bi[C, (X1)])-

il icl
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Proof. Proposition 5.3.2 tells us that ¢(C) C X; N X;, = X and Lemma 5.3.6
tell us that it lies in Mg (X, 77) for some 7. We calculate the class 7 independently
of the representative C.

Write I’ = I U {ip} for brevity, then we have

Ay, ={Di(Xy) | i ¢ I} U{Dy(X1)", Di(Xy)™ | i € I}

and
Ax, ={Di(Xp) | i ¢ I'V U{Di(Xp)", Di(Xp)~ | i€ I'}

By Lemma 5.3.8 we have (.1,)*D;,(X7) = D;,(Xp)" + D;,(Xp)~. For i # ip we
have (17,)"Di(X;) = Di(Xp) (resp. (u1,)*Di (X1) = D (Xp) and (1,)" Dy (X) =
D;(Xyp)). By Lemma 4.4.1

1= GlCi(X0)] + > (@[Ca(Xr)] + bilCs,(X1)]),
igl’ i€l
where the curve class [C;(Xp)] is dual to D;(Xp/) and [Cy, (X)) (resp. [Cs, (X1)])
is dual to D;(X/)* (resp. D;(Xy)™). Similarly we write
n= Y alCi(Xn]+ Y (aCoy(XD)] + bilCa (XD)]).
il iel

Now we can apply the projection formula to the inclusion (¢4,) : Xp — X

(1) D, 7)) = (D, v.7j) = (D,m),

for any color D € Ax,, where the last equality follows from Lemma 5.3.7. This
vields the following values for ((.1,)*D, 7):

C; D:D1<X[>,Z¢[,
<(LI’) D 77) <D 77) a; D:D:_(XI>7Z €I7
b; D=D;(X;),i€l

On the other hand we have that (¢},)*D € Ax,, for D # D;,(X;), so

& D=Di(Xy),i¢U{i},
(ts)* D,y =< a; D=Dj(Xp),iel,
bi D=Dj(Xp),iel.

Therefore for any ¢ # iy we have a; = i, b; = b; and ¢ = ¢;.
Lastly we wish to compute a;, and b;,. We already know that

<D;E<XI/) + DzB(XI,)7ﬁ> = a’io + Z_)io - Cio - <D20(XI)77]>
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We wish to compute either @;, or b;, to get the final result. Let us look at the
following commutative diagram:

X, -2 Xy
lpl lpﬂ
G/Pr % G/Py
\\\\\) lg
g/Pio

Here P, P and P;, are parabolic subgroups of G associated to {«y, 8; | i ¢ I} C S,
{ai, B € S |i¢ I'} and {ay, B; | © # do} respectively. Note that P;, = P, X Py,
where P;, is the maximal parabolic, associated to {a; | i # ig}. The map 6 :
G/Pr — G/P;, is the usual map of flag varieties, since P, C Pr C P;,. So we can
write

g/Pio = G/Pio X G/Pzg

On G/P;, we have two divisors, Do, (G/Pi,) and Dg, (G/P;,). We have that
D (Xp) = 0* Dy, (G/Py,) and D; (Xp) = 6*Dg, (G/Pi,).
The limit map ¢ is defined on an open affine subset of G/P;,. This open affine

subset is isomorphic to
H Ua X H Ug,

a>a;, B>Big

where « is a linear combination of roots «aq,...,a; and S is a linear combination

of roots f1,...,0,. As the weight A\, defining the limit map ¢, is trivial on the

roots f3;,, the limit map ¢ itself is constant on the part HB>B‘ Up and therefore
- ZO

it is trivial on the second factor of G/P;,. On the first factor, since (A, ) > 0 for
any root a > ay, of G, we get that

©(Uy) = lim A\(t)U, = lim ™0, = 0.
t—0 t—0

In other words, ¢ contracts an open subset to a point.
Then we have

(D3 (X)) = (0" Do, (G/Pi), ).
We can again apply the projection formula to 6:

<9*‘Dai0 (g/Pi0)7 T_]> = <DC¥1:0 (g/Pi0>7 9*7_]>

By Lemma 5.3.5 there exists an open dense subset M C Mg (X}, n) of curves,
that avoid the indeterminacy locus of ¢. This allows us to pick a representative
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C € M and to look at its image directly. The class 6.7 is represented by the
curve 0(p(C)). As ¢ is defined via the G-action, it commmutes with 6, which is
G-equivariant. Then we get

(D3 (X1), 1) = (Day, (G/Pis): [0((C))]) = (Day, (G/ Py ), [0(0(C))])-
note that
(Da,, (G/Pio ), [0(0(C))]) = 0,

because p(6(C)) is of dimension 0 on the first factor of G/P;,.
Altogether we have that

a;, = (D (Xp),7) =0,
which means that B
bio = <D;(XI')777> = <Di0777>'
So in the end we have that
1= clCi(Xp)] + ciy[Coy (Xi)] + ) (ai[Ca, (X)) + bilC, (X1)]),
gl i€l
proving the result. [

Proposition 5.3.10. The point ¢(C) is smooth in Moo(Xp,n) and the point
(1) 0 p(C) is smooth in Mo o(Xr,n).

Proof. Let (¢},) : X;» — X be the inclusion, f : P! — X be the curve C' and
f = o f be the curve ¢(C) on X;.. Then (¢1,)o f: P! — X/ is a curve on X;. As
¢(C) meets the open G-orbit of X/, we have that H'(f*Tx,) = 0 and the point
©(C) is smooth in My (X, 7) by Proposition 5.1.15.

Now we want to show that H*(((¢,)of)*Tx,) = 0. Let us consider the following
exact sequence:

0 > TXI’ > TXI

, E— OXI/(XI’) — 0

and pull it back onto P! to get:

0 —— f*TXI’ E— f_*TX[ E— f_*OXI/ (X[/) — 0

‘XI/

We have T,

X = (¢3)*Tx,. Replace f*TX‘XI/ by (1, o f)*Tx,:
O B f*TX]/ B (L? of)*TX] — .f*OXI/(XI’) I 0
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Here we notice that f*Ox,,(Xp) = Opi((Xy,n)), so when we take H' of the
previous exact sequence we get:

HY(f*Tx,) — H'((u 0 [)'Tx,) — H' (O ((Xp,m))) —— 0

In this exact sequence H'(Opi({Xy,n))) vanishes because (X, n) > 0 > —1 by
definition of n and H'(f*T,) vanishes since the curve f*C meets the open G-
orbit of Xp. With that H'((:}, o f)*Tx,) = 0 and the point ¢(C) is smooth in
Mg o(X7,m) by Proposition 5.1.15. [ |

Lemma 5.3.11. Let X; = X; N X;, C X1 be a boundary divisor of a G-stable
subvariety Xy C X. Suppose that the space Mg (X, 1) is irreducible, then the
space Mg o(Xr,n) is irreducible as well.

Proof. Write M for the open subset of Mg,(X,7), on which ¢, is defined. By
Lemma 5.3.5 any component of Mg,(X;,7) meets M and by Proposition 5.1.15
Mg o(X1,n) only contain smooth points, so M is dense in Mg ,(X;,7). By Lemma
5.3.7 (1]:)«1 = 1, 50 (M) C Mg (X, 7). We can also apply the limit map ¢, to
the set Mg (X, 1), as it is endowed with a G-action as well, so we get a following
diagram:

MOO,O(XI” ﬁ) — M
S EW*

ST

M8,0<X1’7 77)

For a curve C' C X/, such that ¢ is defined on C, the curve ¢(C) is stable under
the action of A(C), so p(p(C)) = ¢(C). Let M’ be the open subset of Mg (X, 1),
where ¢, is defined. Then p.(M') = @.(M). As Mg,(Xy,7) is irreducible, the
image @.(M') is irreducible as well and so is @, (M).

Next, we look at the map ¢, : M — @, (M). Its image is irreducible, so there
exists an irreducible component M, C M such that p.(My) = ¢.(M). Suppose
there exists another irreducible component M; C M. Since (¢:(C))iec is a contin-
uous family of curves, we get that ¢.(My) C My and ¢.(M;) C M;. Also we have
(M) C 9.(M) = g.(My) € Mo, o

Then any point = € ¢,(M;) lies in the closures My and M; of two irreducible
components in M. As x lies in the image o.(M;) C @.(M), it is of the form
¢(Co) for some Cy € M C Mgo(Xs,n). By Proposition 5.3.10 the point z =
©(Cp) is smooth in both My o(X;,n) and Myo(Xp,n), then the two irreducible
components meet at the smooth point x and therefore must coincide. As M is
dense in Mg ,(X;,n), the result follows. [ |
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Theorem 5.3.12. Let X be the wonderful compactification of a semisimple adjoint
group G. Let n be a movable curve class on X. Then the space Mg§,(X,n) is
irreducible.

Proof. First we note that by Proposition 5.2.4 Mg ,(X,n) is nonempty.
We have a chain of G-stable subvarieties in X:

N, X cnlL,X, C---C X, CX,

)

which can also be written as

,,,,,,,,,, pC-C X{l—l,l} - X{l} c X

where every pair Xy = X5 € Xy with I = {j+1,...,1} satisfies the conditions
of Lemma 5.3.11 for any j € {1,...,1}.

By Proposition 5.1.5 the moduli space Mg ,(Ni_,X;,7) is irreducible and by
Lemma 5.3.11 the same holds for Mg,(N._,X;, 7). By trivial induction on j €
{1,...,1} we get that Mg,(Ni_,,,X;,n) is irreducible for every j 3 {1,...,1}, in
particular for j = I, which yields the irreducibility of Mg,(X,n). [
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