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Titre : Courbes rationnelles sur les compactifications magnifiques des espaces symétriques 

Mots clés : courbes rationnelles, espaces symétriques, compactifications magnifiques 

Résumé : Nous fournissons d'abord un contexte 

général sur les variétés magnifiques et les espaces 

de modules des courbes rationnelles. En travaillant 

sur les nombres complexes, nous prouvons que 

l'espace de modules des courbes rationnelles sans 

points marqués sur la compactification merveilleuse 

d'un espace symétrique n'est pas irréductible en 

général. 

Enfin, nous montrons que dans le cas des 

compactifications magnifiques de groupes, 

l'ensemble des courbes rationnelles sans points 

marqués et de source irréductible est irréductible  

 

 

Title : Rational curves on wonderful compactifications of symmetric varieties 

Keywords : rational curves, wonderful compactifications, symmetric varieties 

Abstract : First we provide some general context on 

wonderful varieties and moduli spaces of rational 

curves. Working over complex numbers we prove 

that the moduli space of rational curves with no 

marked points on the wonderful compactification of 

a symmetric space is not irreducible in general. 

Lastly we show that in the case of wonderful 

group compactifications the set of rational curves 

with no marked points and irreducible source is 

irreducible. 
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▲❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ♦♥t t♦✉❥♦✉rs ❥♦✉é ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❡♥ ❣é♦♠étr✐❡ ❛❧✲
❣é❜r✐q✉❡ ❝♦♠♣❧❡①❡✱ q✉❡ ❝❡ s♦✐t ♣♦✉r ❧❡ ♣r♦❣r❛♠♠❡ ❞✉ ♠♦❞è❧❡ ♠✐♥✐♠❛❧ ✭▼▼P✮✱
♣♦✉r ❧❡s ✈❛r✐étés ❞❡s t❛♥❣❡♥t❡s r❛t✐♦♥♥❡❧❧❡s ♠✐♥✐♠❛❧❡s ✭❱▼❘❚✮✱ ♣♦✉r ❧❛ ♥♦✉✈❡❧❧❡
♥♦t✐♦♥ ❞❡ s✐♠♣❧❡ ❝♦♥♥❡①✐té r❛t✐♦♥♥❡❧❧❡ ♦✉ ♣♦✉r ❧❛ ❣é♦♠étr✐❡ é♥✉♠ér❛t✐✈❡✱ ❝♦♠♠❡
♣❛r ❡①❡♠♣❧❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ q✉❛♥t✐q✉❡✳ ❉❛♥s ♣❧✉s✐❡✉rs ❝❛s✱ ❧❡ ♣r❡♠✐❡r ♣❛s ❡st ❞❡
❝♦♠♣r❡♥❞r❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡ ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s s✉r ✉♥❡ ✈❛r✐été ❞♦♥♥é❡✳
❇❡❛✉❝♦✉♣ ❞❡ rés✉❧t❛ts ♦♥t été ❞é❥à ♦❜t❡♥✉s s✉r ❝❡ s✉❥❡t✱ ♣❛r ❡①❡♠♣❧❡ ❬❋P✾✺❪ ❡①✲
♣❧✐q✉❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬❡s♣❛❝❡s ❞❡ ♠♦❞✉❧❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s st❛❜❧❡s ❡t ❧❡ ❢❛✐t q✉❡ ❝❡s
❡s♣❛❝❡s s♦♥t ♣r♦❥❡❝t✐❢s ❞❛♥s ❧❡ ❝❛s ❞❡s ✈❛r✐étés ♣r♦❥❡❝t✐✈❡s✳

▲✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❧✬ét✉❞❡ ❞❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s s✉r ❧❡s
G✲✈❛r✐étés ♠❛❣♥✐✜q✉❡s✳ ❈❡ ❝❤♦✐① ❡st ❜❛sé s✉r ❧❡ ❢❛✐t q✉❡ ❝❡s ✈❛r✐étés ♦♥t ✉♥❡
str✉❝t✉r❡ ❞✬♦r❜✐t❡s s✐♠♣❧❡✳ ❈❡❧❛ ♥♦✉s ♣❡r♠❡t ❞❡ ❜✐❡♥ ❝♦♥trô❧❡r ❧❡ ❣r♦✉♣❡ ❞❡s ❝❧❛ss❡s
❞❡ ❞✐✈✐s❡✉rs Pic(X) ❡t s♦♥ ❞✉❛❧✱ ❧❡ ❣r♦✉♣❡ ❞❡s ❝♦✉r❜❡s N1(X) ♠♦❞✉❧♦ éq✉✐✈❛❧❡♥❝❡
♥✉♠ér✐q✉❡✳

✶✳✷ ❱❛r✐étés ♠❛❣♥✐✜q✉❡s

◆♦✉s ❛❧❧♦♥s tr❛✈❛✐❧❧❡r s✉r C✳ ❙♦✐t G ✉♥ ❣r♦✉♣❡ ❛❧❣é❜r✐q✉❡ ré❞✉❝t✐❢ ❝♦♥♥❡①❡ ❞❡ r❛♥❣
rk(G) = r✳ ❋✐①♦♥s ✉♥ s♦✉s✲❣r♦✉♣❡ ❞❡ ❇♦r❡❧ B ⊂ G ❡t ✉♥ t♦r❡ ♠❛①✐♠❛❧ T ❞❡ G
❛✈❡❝ T ⊂ B✳ ◆♦t♦♥s R = RG ❧❡ s②stè♠❡ ❞❡ r❛❝✐♥❡s ❞❡ (G, T )✱ R+

G ❧❡s r❛❝✐♥❡s ❞❡ B✱
R−

G = −R+
G ❡t S = SG ❧❛ ❜❛s❡ ❞❡s r❛❝✐♥❡s s✐♠♣❧❡s✳ ❯♥ s♦✉s✲❣r♦✉♣❡ ♣❛r❛❜♦❧✐q✉❡ P

❞❡ G ❡st ❞✐t st❛♥❞❛r❞✱ s✐ B ⊂ P ✱ ♥♦t♦♥s P− s♦♥ s♦✉s✲❣r♦✉♣❡ ♣❛r❛❜♦❧✐q✉❡ ♦♣♣♦sé✱
t❡❧ q✉❡ T ⊂ P−✳ ❙♦✐t S ′ ⊂ S✱ RG,S′ ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s r❛❝✐♥❡s ❡♥❣❡♥❞ré❡s ♣❛r S ′

❡t PS′ ❡st ❧❡ s♦✉s✲❣r♦✉♣❡ ♣❛r❛❜♦❧✐q✉❡ ❛✈❡❝ ❧✬❡♥s❡♠❜❧❡ ❞❡ r❛❝✐♥❡s R+
G ∪ RG,S′ ✳ ❈❡

♣❛r❛❜♦❧✐q✉❡ PS′ ❡st ❞✐t ❛ss♦❝✐é à S ′✳
❯♥❡ G✲✈❛r✐été ♥♦r♠❛❧❡ X ❛✈❡❝ ✉♥❡ B✲♦r❜✐t❡ ♦✉✈❡rt❡ ❡st ❞✐t❡ s♣❤ér✐q✉❡✱ s✐ ❞❡

♣❧✉s X ♥❡ ❝♦♥t✐❡♥t q✉✬✉♥❡ s❡✉❧❡ G✲♦r❜✐t❡ ❢❡r♠é❡✱ X ❡st ❞✐t❡ s✐♠♣❧❡✳ ❯♥❡ t❡❧❧❡
✈❛r✐été ♣♦ssè❞❡ ✉♥❡ G✲♦r❜✐t❡ ♦✉✈❡rt❡✱ ✐s♦♠♦r♣❤❡ à G/H ♣♦✉r ✉♥ s♦✉s✲❣r♦✉♣❡ H ⊂

✹



G✱ q✉✐ ❡st ❞✐t ❛✉ss✐ s♣❤ér✐q✉❡✳ ❆❧♦rs✱ ✐❧ ② ❛ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ B ❡t G✲♦r❜✐t❡s ❞❛♥s
X✳ ◆♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞✐✈✐s❡✉rs ♣r❡♠✐❡rs st❛❜❧❡s ♣❛r B✱ ♠❛✐s
♣❛s ♣❛r G✱ ❛♣♣❡❧és ❝♦✉❧❡✉rs ❡t ♥♦tés D ∈ ∆X ✳ ❈❤❛q✉❡ G✲✈❛r✐été s♣❤ér✐q✉❡ s✐♠♣❧❡
♣r♦❥❡❝t✐✈❡ ❡st ❞é✜♥✐❡ ✉♥✐q✉❡♠❡♥t à ✐s♦♠♦r♣❤✐s♠❡ ♣rès ♣❛r ❧❡ ❝ô♥❡ ❞❡s ✈❛❧✉❛t✐♦♥sG✲
✐♥✈❛r✐❛♥t❡s ❡t ❧❡ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡s ❝♦✉❧❡✉rs q✉✐ ❝♦♥t✐❡♥♥❡♥t ❧❛ G✲♦r❜✐t❡ ❢❡r♠é❡ ❞❡
X✳ ❈❡tt❡ ❞♦♥♥é❡ ❡st ❛♣♣❡❧é❡ ❧❡ ❝ô♥❡ ❝♦❧♦r✐é ❞❡ X✳ ❯♥ ❡s♣❛❝❡ ❤♦♠♦❣è♥❡ s♣❤ér✐q✉❡
❡st ❞✐t s♦❜r❡✱ s✐ s♦♥ ❝ô♥❡ ❞❡s ✈❛❧✉❛t✐♦♥s G✲✐♥✈❛r✐❛♥t❡s ❡st str✐❝t❡♠❡♥t ❝♦♥✈❡①❡
♦✉✱ ❞❡ ♠❛♥✐èr❡ éq✉✐✈❛❧❡♥t❡✱ ♥❡ ❝♦♥t✐❡♥t ♣❛s ❞❡ s♦✉s✲❡s♣❛❝❡ ❧✐♥é❛✐r❡✳ ❯♥❡ ✈❛r✐été
s♣❤ér✐q✉❡ s✐♠♣❧❡ X ❡st ❞✐t❡ t♦r♦ï❞❛❧❡✱ s✐ ❧❛ G✲♦r❜✐t❡ ❢❡r♠é❡ Y ♥✬❡st ❝♦♥t❡♥✉❡ ❞❛♥s
❛✉❝✉♥❡ ❝♦✉❧❡✉r D ∈ ∆X ✳ ❯♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝ô♥❡s ❝♦❧♦rés ✭✈ér✐✜❛♥t ❝❡rt❛✐♥❡s
❝♦♥❞✐t✐♦♥s✮✱ ❛♣♣❡❧é ❧✬é✈❡♥t❛✐❧ ❝♦❧♦r✐é ♣❡✉t êtr❡ ✉t✐❧✐sé ♣♦✉r ❝❧❛ss✐✜❡r ❧❡s ✈❛r✐étés
s♣❤ér✐q✉❡s ♥♦♥✲s✐♠♣❧❡s ❞❛♥s ❧✬❡s♣r✐t ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ✈❛r✐étés t♦r✐q✉❡s✳

❯♥❡ ✈❛r✐été ♠❛❣♥✐✜q✉❡ ❡st ✉♥❡ G✲✈❛r✐été ❧✐ss❡ ♣r♦❥❡❝t✐✈❡ ❛②❛♥t ✉♥❡ G✲♦r❜✐t❡
♦✉✈❡rt❡ G/H✱ t❡❧❧❡ q✉❡ ❧❡ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❞❡ ❝❡tt❡ ♦r❜✐t❡ ♥♦té ∂X = X \ (G/H)
❡st ✉♥ ❞✐✈✐s❡✉r à ❝r♦✐s❡♠❡♥ts ♥♦r♠❛✉① ❧✐ss❡s✳ ❉❡ ♣❧✉s ❧❡s ❛❞❤ér❡♥❝❡s ❞❡s G✲♦r❜✐t❡s
❞❡ X s♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ✐♥t❡rs❡❝t✐♦♥s ♣❛rt✐❡❧❧❡s ❞❡ ❝♦♠♣♦s❛♥t❡s ✐rré❞✉❝t✐❜❧❡s ❞❡
∂X✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ X ❛ ✉♥❡ ✉♥✐q✉❡ G✲♦r❜✐t❡ ❢❡r♠é❡✿ ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡ t♦✉t❡s ❧❡s
❝♦♠♣♦s❛♥t❡s ✐rré❞✉❝t✐❜❧❡s✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s ✐rré❞✉❝t✐❜❧❡s ❞❡ ∂X ❡st
❧❡ r❛♥❣ ❞❡ X✱ ♥♦té rk(X)✳ ❖♥ ♣❡✉t é❝r✐r❡ ∂X = ∪

rk(X)
i=1 Xi✱ ♦ù t♦✉t Xi ❡st ✉♥

❞✐✈✐s❡✉r ♣r❡♠✐❡r G✲st❛❜❧❡✳ ❯♥ t❡❧ ❞✐✈✐s❡✉r ♣r❡♠✐❡r G✲st❛❜❧❡ ❡st ❞✐t ❞✐✈✐s❡✉r ❞❡
❜♦r❞✳ ◆♦✉s ❛❧❧♦♥s é❝r✐r❡ XI = ∩i∈IXi ♣♦✉r t♦✉t❡ s♦✉s✲✈❛r✐été G✲st❛❜❧❡ ❞❡ X✱ ♦ù
I ⊂ {1, . . . , rk(X)}✳

❉♦♠✐♥❣♦ ▲✉♥❛ ❛ ♣r♦✉✈é ❞❛♥s ❬▲✉♥✾✻❪✱ q✉❡ t♦✉t❡ ✈❛r✐été ♠❛❣♥✐✜q✉❡ ❡st s♣❤ér✐✲
q✉❡ t♦r♦ï❞❛❧❡✳ ◆♦✉s ❞é❝r✐✈♦♥s ❧❛ ❝♦♠❜✐♥❛t♦✐r❡✱ ✉t✐❧✐sé❡ ♣♦✉r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s
✈❛r✐étés ♠❛❣♥✐✜q✉❡s✳ ❖♥ ❞✐t q✉✬✉♥❡ ❝♦✉❧❡✉r D ∈ ∆X ❡st ❞é♣❧❛❝é❡ ♣❛r ✉♥❡ r❛❝✐♥❡
s✐♠♣❧❡ α✱ s✐ D ♥✬❡st ♣❛s st❛❜❧❡ s♦✉s ❧✬❛❝t✐♦♥ ❞✉ s♦✉s✲❣r♦✉♣❡ ♣❛r❛❜♦❧✐q✉❡ ♠✐♥✐♠❛❧
Pα✱ ❛ss♦❝✐é à α✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ❝♦✉❧❡✉rs ❞é♣❧❛❝é❡s ♣❛r α ❡st ♥♦té ∆X(α)✳ ❖♥
♥♦t❡ Sp

X ❧✬❡♥s❡♠❜❧❡ ❞❡s r❛❝✐♥❡s s✐♠♣❧❡s α ∈ SG✱ t❡❧ q✉❡ ∆X(α) = ∅✳ ▲❡s r❛❝✐♥❡s
s♣❤ér✐q✉❡s ΣX s♦♥t ❧❡s T ✲♣♦✐❞s ❞❡ ❧✬❡s♣❛❝❡ ♥♦r♠❛❧

TzX

TzGz
,

♦ù z ❡st ❧✬✉♥✐q✉❡ ♣♦✐♥t ✜①❡ ♣❛r B− ❞❡ ❧❛ G✲♦r❜✐t❡ ❢❡r♠é❡ ❞❡ X✳ ❙♦✐t AG,X ⊂ ∆X

❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦✉❧❡✉rs D ∈ ∆X ❞é♣❧❛❝é❡s ♣❛r ✉♥❡ r❛❝✐♥❡ s✐♠♣❧❡ α ∈ SG ∩ ΣX ✱
q✉✐ ❡st ❛✉ss✐ ✉♥❡ r❛❝✐♥❡ s♣❤ér✐q✉❡ ❞❡ X✳ ❚♦✉t❡ r❛❝✐♥❡ s♣❤ér✐q✉❡ γ ∈ ΣX ❡st ✉♥❡
❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ à ❝♦❡✣❝✐❡♥ts ♣♦s✐t✐❢s ❞❡ r❛❝✐♥❡s s✐♠♣❧❡s ❞❡ G✳ ❖♥ ❞é✜♥✐t ❧❡
s✉♣♣♦rt ❞❡ γ✱ ♥♦té supp(γ)✱ ❝♦♠♠❡ ❧❡s r❛❝✐♥❡s s✐♠♣❧❡s ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ♥♦♥✲
♥✉❧s ❞❛♥s ❧❛ ♣rés❡♥t❛t✐♦♥ ❞❡ γ✳ ▲❡ s②stè♠❡ s♣❤ér✐q✉❡ ❞❡ X ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❛
❞♦♥♥é❡ (Sp

X ,ΣX , AG,X)✳
❉♦♠✐♥❣♦ ▲✉♥❛ ❛ ❝♦♥❥❡❝t✉ré ❞❛♥s ❬▲✉♥✵✶❪✱ q✉❡ t♦✉t❡ ✈❛r✐été ♠❛❣♥✐✜q✉❡ ❡st

❞ét❡r♠✐♥é❡ ♣❛r s♦♥ s②stè♠❡ s♣❤ér✐q✉❡ à ✐s♦♠♦r♣❤✐s♠❡ ♣rès ❡t ✐❧ ❛ ét❛❜❧✐ ❝❡tt❡

✺



❝♦♥❥❡❝t✉r❡ ❡♥ t②♣❡ A✳ ❘é❝❡♠♠❡♥t P❛♦❧♦ ❇r❛✈✐ ❡t ●✉✐❞♦ P❡③③✐♥✐ ❧✬♦♥t ♣r♦✉✈é❡
❞❛♥s ❬❇P✶✺❪✿

❚❤é♦rè♠❡ ✭❬❇P✶✺❪✮✳ ■❧ ❡①✐st❡ ✉♥❡ ❜✐❥❡❝t✐♦♥ ❡♥tr❡ ❧❡s ❝❧❛ss❡s ❞✬✐s♦♠♦r♣❤✐s♠❡ ❞❡
G✲✈❛r✐étés ♠❛❣♥✐✜q✉❡s ❡t ❧❡s G✲s②stè♠❡s s♣❤ér✐q✉❡s✳

■❧s ♦♥t ✐♥tr♦❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡ G✲s②stè♠❡ ❛❜str❛✐t ❡t ♦♥t ♠♦♥tré q✉❡ t♦✉t G✲
s②stè♠❡ ❛❜str❛✐t ❡st ❧❡ s②stè♠❡ s♣❤ér✐q✉❡ ❞✬✉♥❡ G✲✈❛r✐été ♠❛❣♥✐✜q✉❡✳

❊①❡♠♣❧❡ ✶ ▲❡s ✈❛r✐étés ♣r♦❥❡❝t✐✈❡s ❤♦♠♦❣è♥❡s s♦♥t ♠❛❣♥✐✜q✉❡s ❞❡ r❛♥❣ ♥✉❧✳ ❙♦✐t
PS′ ✉♥ s♦✉s✲❣r♦✉♣❡ ♣❛r❛❜♦❧✐q✉❡ st❛♥❞❛r❞ ❞❡ G ♣♦✉r ✉♥ S ′ ⊂ S✳ ❆❧♦rs ❧❛ ✈❛r✐été
♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣è♥❡ G/P−

S′ ♣♦ssè❞❡ ✉♥❡ B✲♦r❜✐t❡ ♦✉✈❡rt❡✱ ♦ù P−
S′ ❡st ❧❡ s♦✉s✲❣r♦✉♣❡

♣❛r❛❜♦❧✐q✉❡✱ ♦♣♣♦sé ❞❡ PS′ ✳ ▲❛ B✲♦r❜✐t❡ ♦✉✈❡rt❡ ❡st ❞♦♥♥é❡ ♣❛r BP−
S′/P

−
S′ ✱ ❡❧❧❡

❡st ❛✣♥❡✱ ❞♦♥❝ s♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❡st ❞❡ ❝♦❞✐♠❡♥s✐♦♥ 1 ❡t ❧❡s ❝♦♠♣♦s❛♥t❡s ✐r✲
ré❞✉❝t✐❜❧❡s ❞❡ ❝❡ ❝♦♠♣❧é♠❡♥t❛✐r❡ s♦♥t ❧❡s ❞✐✈✐s❡✉rs ♣r❡♠✐❡rs B✲st❛❜❧❡s✱ q✉✐ s♦♥t
❡①❛❝t❡♠❡♥t ❧❡s ❝♦✉❧❡✉rs ❞❡ G/P−

S′ ✳ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❇r✉❤❛t ♥♦✉s ❞✐t✱ q✉❡ ❝❡s
❝♦✉❧❡✉rs s♦♥t ❞❡ ❧❛ ❢♦r♠❡

Dα(G/P
−
S′) = BsαP

−
S′/P

−
S′ ,

♦ù α ❡st ✉♥❡ r❛❝✐♥❡ s✐♠♣❧❡ ❞❡ G✱ ♠❛✐s ♣❛s ❞❡ P−
S′ ❡t sα ❡st ✉♥ r❡♣rés❡♥t❛♥t ❞❡ ❧❛

ré✢❡①✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ❲❡②❧ ❞❡ G✳
▲❡ ♣❛r❛❜♦❧✐q✉❡ PS′ ✜①❡ ❧❡s ❞✐✈✐s❡✉rs st❛❜❧❡s ♣❛r B✱ ❞♦♥❝ Sp

G/P−
S′

= S ′✳ ❈♦♠♠❡

TzG/P
−
S′ = TzGz ♣♦✉r t♦✉t ♣♦✐♥t ✜①❡ z ❞❡ B✱ ♥♦✉s ❛✈♦♥s q✉❡ ΣG/P−

S′
= ∅✱ ❞♦♥❝

AG,G/P−
S′

= ∅ ❛✉ss✐✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❡ s②stè♠❡ s♣❤ér✐q✉❡ ❞❡ G/P−
S′ ❡st ❞♦♥♥é ♣❛r

(S ′, ∅, ∅)✳

❚♦✉t❡ s♦✉s✲✈❛r✐été G✲st❛❜❧❡ ❢❡r♠é❡ ❞✬✉♥❡ ✈❛r✐été ♠❛❣♥✐✜q✉❡ X ❡st ❡♥❝♦r❡ ♠❛❣✲
♥✐✜q✉❡✳ ❙✉♣♣♦s♦♥s✱ q✉❡ XI ⊂ X ❡st ✉♥❡ s♦✉s✲✈❛r✐été G✲st❛❜❧❡ ❢❡r♠é❡✳ ❖♥ ❛
Sp
XI

= Sp
X ✳ ❈♦♠♠❡ ∂X = ∪

rk(X)
i=1 Xi ❡st ✉♥ ❞✐✈✐s❡✉r à ❝r♦✐s❡♠❡♥ts ♥♦r♠❛✉① ❧✐ss❡s✱

ΣX ❡st ❛✉ss✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s T ✲♣♦✐❞s s✉r TzX/TzXi ♣♦✉r t♦✉t i ∈ {1, . . . , rk(X)}✳
❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ΣXI

= {γi ∈ ΣX | i /∈ I} ❡t AG,XI
❡st ❢♦r♠é ❞❡s ❝♦✉❧❡✉rs ❞é✲

♣❧❛❝é❡s ♣❛r ❧❡s r❛❝✐♥❡s s✐♠♣❧❡s ❞❛♥s SG ∩ ΣXI
✳ ❉❡ ♣❧✉s ✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥

XI → G/PSI
❡t s✐ XI ❡st ❧❛ ✜❜r❡ ❛✉ ♣♦✐♥t ❞❡ ❜❛s❡✱ ♥♦✉s ❛✈♦♥s XI = G ×PSI XI ✱

♦ù PSI
❡st ❧❡ ♣❛r❛❜♦❧✐q✉❡ ❛ss♦❝✐é à SI = SG \

(

Sp
X ∪

⋃

i∈I supp(γi)
)

✳

❊①❡♠♣❧❡ ✷ ❙✉♣♣♦s♦♥s q✉❡ G ❡st ✉♥ ❣r♦✉♣❡ ❛❧❣é❜r✐q✉❡ s✐♠♣❧❡ ❞❡ t②♣❡ ❛❞❥♦✐♥t ❞❡
r❛♥❣ rk(G) = r✳ ▲❡ ❣r♦✉♣❡ G ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥❡ ✈❛r✐été s♣❤ér✐q✉❡✱
s♦✉s ❧✬❛❝t✐♦♥ ❞❡ G × G✱ ❞♦♥♥é❡ ♣❛r (g, g′)x = gx(g′)−1✳ ▲❡ ❣r♦✉♣❡ B × B− ❡st
✉♥ s♦✉s✲❣r♦✉♣❡ ❞❡ ❇♦r❡❧ ❞❡ G × G ❡t ❧✬❡♥s❡♠❜❧❡ BB− ⊂ G ❡st ❧❛ B × B−✲♦r❜✐t❡
♦✉✈❡rt❡ ❞❡ id ∈ G✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ G ❡st s♣❤ér✐q✉❡✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ❛❞♠❡t ✉♥❡
❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ X✳

✻



❙♦✐t SG×G = {α1, . . . , αr, β1, . . . , βr} ✉♥❡ ❜❛s❡ ❞❡ r❛❝✐♥❡s s✐♠♣❧❡s ❞❡ G✱ ❝♦rr❡s✲
♣♦♥❞❛♥t à B × B−✱ t❡❧❧❡ q✉❡ αi s♦♥t ❧❡s r❛❝✐♥❡s s✐♠♣❧❡s ❞✉ ♣r❡♠✐❡r ❢❛❝t❡✉r ❞❡
G × G ❡t ❧❡s βi ❞✉ ❞❡✉①✐è♠❡ ♣♦✉r i ∈ {1, . . . , r}✳ ❙♦✐t z ∈ Y ⊂ X ❧✬✉♥✐q✉❡ ♣♦✐♥t
✜①❡ ❞❡ B×B− ❞❛♥s ❧✬♦r❜✐t❡ ❢❡r♠é❡ ❞❡ X✱ q✉✐ ❡st ✐s♦♠♦r♣❤❡ à G/B−×G/B✳ ❆❧♦rs
TzX/Tz(G × Gz) ≃ t✱ ♦ù t ❡st ❧✬❛❧❣è❜r❡ ❞❡ ▲✐❡ ❞✉ t♦r❡ ♠❛①✐♠❛❧ T = B ∩ B−✳ ▲❡
t♦r❡ T × T ❛❣✐t s✉r t ❧✐♥é❛✐r❡♠❡♥t ❛✈❡❝ ❞❡s ♣♦✐❞s γi = αi − βi✳ ❈❡ s♦♥t ❧❡s r❛❝✐♥❡s
s♣❤ér✐q✉❡s γi ∈ ΣX ❞❡ X✳

▲❡s ❞✐✈✐s❡✉rs ♣r❡♠✐❡rs B×B−✲st❛❜❧❡s s♦♥t ❧❡s ❛❞❤ér❡♥❝❡s ❞❡s ❝❡❧❧✉❧❡s ❞❡ ❇r✉❤❛t
❞❡ ❝♦❞✐♠❡♥s✐♦♥ ✉♥✳ ❈❡ s♦♥t ❧❡s ❝♦✉❧❡✉rs ❞❡ X ❡t ❝❤❛q✉❡ ❝♦✉❧❡✉r ❡st ❞é♣❧❛❝é❡ ♣❛r
♣ré❝✐sé♠❡♥t ❞❡✉① r❛❝✐♥❡s s✐♠♣❧❡s ❞❡ G × G✿ αi ❡t βi✳ ❖♥ ❛ Sp

X = ∅✳ ❈♦♠♠❡
ΣX ∩ SG×G = ∅✱ ♦♥ ❛ q✉❡ AG×G,X ❡st ✈✐❞❡ ❛✉ss✐✳ ▲❡ s②stè♠❡ s♣❤ér✐q✉❡ ❞❡ ❧❛
❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞❡ G ❡st ❞♦♥♥é ♣❛r (∅, {αi − βi | 1 ≤ i ≤ r}, ∅)✳

✶✳✸ ❉✐✈✐s❡✉rs✱ ❝♦✉r❜❡s ❡t ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s

P♦✉r ✉♥❡ ✈❛r✐été s♣❤ér✐q✉❡ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ X✱ ❧❡s ❝♦✉❧❡✉rs q✉✐ ♥❡ ❝♦♥t✐❡♥♥❡♥t
♣❛s ❧✬♦r❜✐t❡ ❢❡r♠é❡ Y ❢♦r♠❡♥t ✉♥❡ ❜❛s❡ ❞✉ ❣r♦✉♣❡ ❞❡ P✐❝❛r❞ Pic(X)✿

Pic(X) =
⊕

D∈∆X ,Y 6⊂D

ZD

❖♥ ♥♦t❡ N1(X) ❧❡ ❣r♦✉♣❡ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦✉r❜❡s ♠♦❞✉❧♦ ❧✬éq✉✐✈❛❧❡♥❝❡ ♥✉♠ér✐q✉❡✳
❙✐ X ❡st s♣❤ér✐q✉❡ ❝♦♠♣❧èt❡✱ ❛❧♦rs N1(X) ❡st ❧❡ ❞✉❛❧ ❞❡ Pic(X)✱ ✈♦✐r Pr♦♣♦s✐t✐♦♥s
✸✳✶ ❡t ✸✳✷ ❬❇r✐✾✼❛❪✳ ◆♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ❧❛ ♥♦t❛t✐♦♥

〈 , 〉 : Pic(X)×N1(X) → Z

♣♦✉r ❧❡ ♣r♦❞✉✐t ❞✬✐♥t❡rs❡❝t✐♦♥ ❡♥tr❡ ❝♦✉r❜❡s ❡t ❞✐✈✐s❡✉rs✳ ❙✉r ✉♥❡ ✈❛r✐été ♠❛❣✲
♥✐✜q✉❡ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦✉r❜❡ CD ♣♦✉r t♦✉t❡ ❝♦✉❧❡✉r D ∈ ∆X ✱ q✉✐ ❡st ✐rré❞✉❝t✐❜❧❡✱
B✲st❛❜❧❡ ❡t ♣❛ss❡ ♣❛r ❧✬✉♥✐q✉❡ ♣♦✐♥t ✜①❡ ❞❡ B− ❞❛♥s ❧✬♦r❜✐t❡ ❢❡r♠é❡ ❞❡ X ❡t t❡❧❧❡
q✉❡ ♣♦✉r t♦✉t❡ ❝♦✉❧❡✉r D ♦♥ ❛ 〈D, [CD]〉 = 1 ❡t 〈D, [C ′

D]〉 = 0 ♣♦✉r t♦✉t D′ 6= D✱
✈♦✐r ❬▲✉♥✾✼❪✳

❊①❡♠♣❧❡ ✸ ❙♦✐t G/P− ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣è♥❡✳ ◆♦✉s s❛✈♦♥s ❞é❥à✱ q✉❡
❧❡s ❝♦✉❧❡✉rs ❞❡ G/P− s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡s ❝❡❧❧✉❧❡s ❞❡ ❇r✉❤❛t ❞❡ ❝♦❞✐♠❡♥s✐♦♥ 1✱
❞♦♥❝ ❧❡s ❝♦✉❧❡✉rs ❞❡ G/P− s♦♥t ❧❡s ❞✐✈✐s❡✉rs ❞❡ ❙❝❤✉❜❡rt✳ ▲❡s ❝♦✉r❜❡s CD s♦♥t ❧❡s
❝♦✉r❜❡s ❞❡ ❙❝❤✉❜❡rt ❞❡ G/P−✱ ❞♦♥♥é❡s ♣❛r PαP−/P−✱ ♦ù Pα ❡st ❧❡ ♣❛r❛❜♦❧✐q✉❡
♠✐♥✐♠❛❧✱ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ r❛❝✐♥❡ s✐♠♣❧❡ α ❞❡ G✱ ♠❛✐s ♣❛s ❞❡ P ✳

◆♦✉s s♦♠♠❡s ✐♥tér❡ssés ♣❛r ❧❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s s✉r ❧❡s ✈❛r✐étés ♠❛❣♥✐✜q✉❡s✳
❈❡s ❝♦✉r❜❡s ♦♥t ❞é❥à été ❝♦♥s✐❞éré❡s✳ P❛r ❡①❡♠♣❧❡✱ ▼✐❝❤❡❧ ❇r✐♦♥ ❡t ❇❛♦❤✉❛ ❋✉ ❞❛♥s

✼



❬❇❋✶✺❪ ♦♥t ét✉❞✐é ❧❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ♠✐♥✐♠❛❧❡s✱ ♣❛ss❛♥t ♣❛r ❧✬✐❞❡♥t✐té x ∈ X
❞❛♥s ❧❛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞✬✉♥ ❣r♦✉♣❡ s❡♠✐s✐♠♣❧❡ ❞❡ t②♣❡ ❛❞❥♦✐♥t✳

◆♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❡s ❞é✜♥✐t✐♦♥s ❝♦♠♠❡ ❞❛♥s ❬❇❋✶✺❪✳ ❙♦✐t RatCurvesn(X) ❧❛
♥♦r♠❛❧✐s❛t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s s✉r X✳ ■❧ ❡①✐st❡ ✉♥❡ ❢❛♠✐❧❧❡ ✉♥✐✲
✈❡rs❡❧❧❡ U ❛✈❡❝ ❞❡s ♣r♦❥❡❝t✐♦♥s ρ : U → K ❡t µ : U → X✱ ♦ù K ⊂ RatCurvesn(X)
❡st ✉♥❡ ❝♦♠♣♦s❛♥t❡ ✐rré❞✉❝t✐❜❧❡✳ P♦✉r t♦✉t x ∈ X ❞é✜♥✐ss♦♥s Ux = µ−1(x) ❡t
Kx = ρ(Ux)✳ ▲❛ ❢❛♠✐❧❧❡ K ❡st ❞✐t❡ ❢❛♠✐❧❧❡ ❞❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ♠✐♥✐♠❛❧❡s s✐
Kx ❡st ♥♦♥✲✈✐❞❡ ❡t ♣r♦❥❡❝t✐✈❡ ♣♦✉r ✉♥ ♣♦✐♥t x ❣é♥ér❛❧✳ ■❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
r❛t✐♦♥♥❡❧❧❡ τ : Kx 99K PTx(X) q✉✐ ❡♥✈♦✐❡ t♦✉t❡ ❝♦✉r❜❡ ❧✐ss❡ ❡♥ x s✉r s❛ ❞✐r❡❝✲
t✐♦♥ t❛♥❣❡♥t❡✳ ▲✬❛❞❤ér❡♥❝❡ ❞❡ ❧✬✐♠❛❣❡ ❞❡ τ ❡st ♥♦té❡ Cx ❡t ❛♣♣❡❧é❡ ❧❛ ✈❛r✐été ❞❡s
t❛♥❣❡♥t❡s r❛t✐♦♥♥❡❧❧❡s ♠✐♥✐♠❛❧❡s ✭❱▼❘❚✮ ❡♥ x✳ ❙✐ X = G×G/G ❡st ❧❛ ❝♦♠♣❛❝t✲
✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞✬✉♥ ❣r♦✉♣❡ ❛❧❣é❜r✐q✉❡ G s✐♠♣❧❡ ❞❡ t②♣❡ ❛❞❥♦✐♥t ❛✈❡❝ ❛❧❣è❜r❡
❞❡ ▲✐❡ g✱ ❛❧♦rs Tx(X) = g ♣♦✉r ❧❡ ♣♦✐♥t ❞❡ ❜❛s❡ x ❞❡ ❧❛ G × G✲♦r❜✐t❡ ♦✉✈❡rt❡ ❞❡
X✳ ▲❡ ❣r♦✉♣❡ G ❛❣✐t s✉r Tx(X) ♣❛r ❧❡ ♣❧♦♥❣❡♠❡♥t ❞✐❛❣♦♥❛❧ ❡t ❧✬❛❝t✐♦♥ ✐♥❞✉✐t❡ s✉r
Pg st❛❜✐❧✐s❡ Cx✳

▲❡ rés✉❧t❛t s✉✐✈❛♥t ❡st ♣r♦✉✈é ❞❛♥s ❬❇❋✶✺❪✿

❚❤é♦rè♠❡ ✭❬❇❋✶✺✱ ❚❤❡♦r❡♠ ✶✳✶❪✮✳ ❙♦✐t X ❧❛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞✬✉♥
❣r♦✉♣❡ ❛❧❣é❜r✐q✉❡ s✐♠♣❧❡ G ❞❡ t②♣❡ ❛❞❥♦✐♥t✳ ❆❧♦rs

✭❛✮ ■❧ ❡①✐st❡ ✉♥❡ ❢❛♠✐❧❧❡ ✉♥✐q✉❡ ❞❡ ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ♠✐♥✐♠❛❧❡s K s✉r X✳ ❉❡
♣❧✉s✱ ❧❛ ❢❛♠✐❧❧❡ Kx ❞❡s ❝♦✉r❜❡s ♣❛ss❛♥t ♣❛r x ❡st ❧✐ss❡ ❡t ❧✬❛♣♣❧✐❝❛t✐♦♥ r❛✲
t✐♦♥♥❡❧❧❡ τ : Kx 99K Cx ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡✳

✭❜✮ Cx ❡st ❧❛ G✲♦r❜✐t❡ ❢❡r♠é❡ ❞❛♥s Pg✱ s✐ G ♥✬❡st ♣❛s ❞✉ t②♣❡ A✳

✭❝✮ ◗✉❛♥❞ G ❡st ❞❡ t②♣❡ Al (l ≥ 2)✱ ❝✬❡st✲à ❞✐r❡ G = PGL(V ) ♣♦✉r ✉♥ ❡s✲
♣❛❝❡ ✈❡❝t♦r✐❡❧ V ❞❡ ❞✐♠❡♥s✐♦♥ l + 1✱ ❧❛ ❱▼❘❚ Cx ❡st ❧✬✐♠❛❣❡ ❞❡ PV × PV ∗

s♦✉s ❧❡ ♣❧♦♥❣❡♠❡♥t ❞❡ ❙❡❣r❡ PV × PV ∗ → PEnd(V )✱ s✉✐✈✐ ♣❛r ❧❛ ♣r♦❥❡❝t✐♦♥
PEnd(V ) 99K P(End(V )/Cid) = Pg ❞❡ ❝❡♥tr❡ x = [id]✳

❯♥ ❛✉tr❡ ♦❜❥❡t ✐♠♣♦rt❛♥t✱ q✉❡ ♥♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❡ t❡①t❡✱ ❡st ❧❛ ❝♦♠♣❛❝t✲
✐✜❝❛t✐♦♥ ❞❡ ❉❡❧✐❣♥❡✲▼✉♠❢♦r❞ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡ ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ❞❡
❝❧❛ss❡ η ∈ N1(X) ❛✈❡❝ n ♣♦✐♥ts ♠❛rq✉és✳ ❈❡t ❡s♣❛❝❡ ❡st ♥♦té M0,n(X, η)✱ ♦♥
❧✬❛♣♣❡❧❧❡ ❛✉ss✐ ❧✬❡s♣❛❝❡ ❞❡ ❑♦♥ts❡✈✐❝❤ ❞❡ ♠♦❞✉❧❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s st❛❜❧❡s✳ ❈❡tt❡
❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ❝♦♥t✐❡♥t ✉♥ ❡♥s❡♠❜❧❡ ♦✉✈❡rt ❝♦♠♣♦sé ❞❡s ♠♦r♣❤✐s♠❡s {f : P1 →
X | f∗[P

1] = η} ❡t ❧✬ét❡♥❞ ❛✈❡❝ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s st❛❜❧❡s✳ ❯♥❡ ❛♣♣❧✐❝❛t✐♦♥ st❛❜❧❡ ❞❡
❣❡♥r❡ 0 ❡t ❞❡ ❝❧❛ss❡ η ❛✈❡❝ n ♣♦✐♥ts ♠❛rq✉és ❡st ❧❛ ❞♦♥♥é❡ (C, p1, . . . , pn, f)✱ ♦ù C
❡st ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ ❝♦♥♥❡①❡ ♥♦❞❛❧❡ ❞❡ ❣❡♥r❡ 0✱ ♦ù p1, . . . , pn s♦♥t ❞❡s ♣♦✐♥ts
ré❣✉❧✐❡rs ❞✐st✐♥❝ts s✉r C ❡t ♦ù f : C → X ❡st ✉♥ ♠♦r♣❤✐s♠❡✱ t❡❧ q✉❡ f∗[C] = η ❡t
q✉✐ ✈ér✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ ♣♦✉r ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ✐rré❞✉❝t✐❜❧❡ E ⊂ C✿ s✐
E ≃ P1 ❡t f(E) ❡st ✉♥ ♣♦✐♥t✱ ❛❧♦rs E ❞♦✐t ❝♦♥t❡♥✐r ❛✉ ♠♦✐♥s tr♦✐s ♣♦✐♥ts s♣é❝✐❛✉①
✭s♦✐t ❧❡s ♣♦✐♥ts ♠❛rq✉és s♦✐t ❧❡s ✐♥t❡rs❡❝t✐♦♥s ❛✈❡❝ ❧❡s ❛✉tr❡s ❝♦♠♣♦s❛♥t❡s ❞❡ C✮✳
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❚❤é♦rè♠❡ ✭❬❋P✾✺✱ ❚❤❡♦r❡♠ ✶❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡✳
■❧ ❡①✐st❡ ✉♥ ❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡ ❣r♦ss✐❡r ♣r♦❥❡❝t✐❢ M0,n(X, η) ❝♦♥t❡♥❛♥t M0,n(X, η)
❝♦♠♠❡ ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ♦✉✈❡rt✳

❚❤é♦rè♠❡ ✭❬❋P✾✺✱ ❚❤❡♦r❡♠ ✷❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ t❡❧❧❡ q✉❡
H1(P1, µ∗(TX)) = 0 ♣♦✉r t♦✉t❡ ❛♣♣❧✐❝❛t✐♦♥ µ : P1 → X✳

❼ M0,n(X, η) ❡st ✉♥❡ ✈❛r✐été ♥♦r♠❛❧❡✱ ♣r♦❥❡❝t✐✈❡ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ♣✉r❡

dim(X)− 〈KX , η〉+ n− 3.

❼ M0,n(X, η) ❡st ❧♦❝❛❧❡♠❡♥t ✉♥ q✉♦t✐❡♥t ❞✬✉♥❡ ✈❛r✐été ❧✐ss❡ ♣❛r ✉♥ ❣r♦✉♣❡ ✜♥✐✳

■❧ ❡st ❞é❥à ❝♦♥♥✉✱ q✉❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡ ❡st ✐rré❞✉❝t✐❜❧❡ ❞❛♥s ❧❡ ❝❛s ❞✬❡s♣❛❝❡s
❤♦♠♦❣è♥❡s ♣r♦❥❡❝t✐❢s✳

❚❤é♦rè♠❡ ✭❬❚❤♦✾✽✱ ❚❤❡♦r❡♠ ✶❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❞❡s ❞r❛♣❡❛✉①✱ s♦✐t η ∈
N1(X) ✉♥❡ ❝❧❛ss❡ ❡✛❡❝t✐✈❡✳ ❆❧♦rs ❧✬❡s♣❛❝❡ M0,n(X, η) ❡st ✐rré❞✉❝t✐❜❧❡ ♣♦✉r t♦✉t
n ∈ N ❡♥t✐❡r ♣♦s✐t✐❢✳

❯♥❡ ❞❡ ♥♦s ♠♦t✐✈❛t✐♦♥s ❞❛♥s ❝❡tt❡ t❤ès❡ ét❛✐t ❞❡ ✈♦✐r s✐ ❝❡ rés✉❧t❛t s✬ét❡♥❞ ❛✉
❝❛s ❞❡s ✈❛r✐étés ♠❛❣♥✐✜q✉❡s✳

✶✳✹ ❆♣♣❧✐❝❛t✐♦♥ ❧✐♠✐t❡ ❞❡ ▲✉♥❛

◆♦✉s ❞é❝r✐✈♦♥s ❧❡s ♦✉t✐❧s ❝♦♠❜✐♥❛t♦✐r❡s✱ ✉t✐❧✐sés ♣♦✉r ♣r♦✉✈❡r ♥♦tr❡ rés✉❧t❛t✳ ❙♦✐t
X ✉♥❡ G✲✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❧✐ss❡✳ ❙♦✐t λ : C∗ → G ✉♥ s♦✉s✲❣r♦✉♣❡ à ✉♥ ♣❛r❛♠ètr❡
❞❡ G✳ ◆♦t♦♥sXλ ❧❛ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts ✜①❡sXλ(C)∗ ✱ t❡❧❧❡
q✉❡ ❧✬❡♥s❡♠❜❧❡ Xλ = {x ∈ X | limt→0 λ(t)x ∈ Xλ} ❡st ♦✉✈❡rt ❞❛♥s X✳ ▲✬❡♥s❡♠❜❧❡
❞❡s ♣♦✐♥ts ✜①❡s Xλ ❡st ❧✐ss❡✳ ❉é✜♥✐ss♦♥s ❛✉ss✐ ❧❡ s♦✉s✲❣r♦✉♣❡ ♣❛r❛❜♦❧✐q✉❡ Gλ =
{g ∈ G | limt→0 λ(t)gλ(t)

−1 ∈ Gλ}✱ ♦ù Gλ ❡st ❧❡ ❝❡♥tr❛❧✐s❛t❡✉r ❞❛♥s G ❞❡ λ(C∗) ❡t
❡st ✉♥ s♦✉s✲❣r♦✉♣❡ ❞❡ ▲❡✈✐ ❞❡ Gλ✳ ❙✉r ❧❛ ❝❡❧❧✉❧❡ ♦✉✈❡rt❡ Xλ ❞❡ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥
✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❧✐♠✐t❡

ϕλ : Xλ → Xλ

x 7→ lim
t→0

λ(t)x

q✉✐ ❡st ✉♥❡ ✜❜r❛t✐♦♥ ❧♦❝❛❧❡♠❡♥t tr✐✈✐❛❧❡ ❡♥ ❡s♣❛❝❡s ❛✣♥❡s✳ ❈❡❧❛ ♣r♦❞✉✐t ✉♥❡ ❛♣✲
♣❧✐❝❛t✐♦♥ r❛t✐♦♥♥❡❧❧❡ ϕλ : X 99K Xλ ⊂ X✳ P♦✉r t♦✉t❡ ❛♣♣❧✐❝❛t✐♦♥ r❛t✐♦♥♥❡❧❧❡ ❡♥tr❡
✈❛r✐étés ♣r♦❥❡❝t✐✈❡s ❧✐ss❡s ❧❡ ❧✐❡✉ ❞✬✐♥❞ét❡r♠✐♥❛t✐♦♥ ❡st ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s
❞❡✉①✱ ❞♦♥❝ ♣♦✉r ✉♥❡ ❝♦✉r❜❡ ❛ss❡③ ♣♦s✐t✐✈❡ C s✉r X✱ ♥♦✉s ♣♦✉✈♦♥s s✉♣♣♦s❡r✱ q✉✬❡❧❧❡
é✈✐t❡ ❝❡ ❧✐❡✉ ❞✬✐♥❞ét❡r♠✐♥❛t✐♦♥ ❡t ♥♦✉s ♣♦✉✈♦♥s ❝♦♥s✐❞ér❡r ❧❛ ❝♦✉r❜❡ ϕλ(C) ❞❛♥s
Xλ✳ ❈❡❧❛ ✈❛ ♥♦✉s ♣❡r♠❡ttr❡ ❞❡ ♣r♦❝é❞❡r ♣❛r ré❝✉rr❡♥❝❡ s✉r ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡s
✈❛r✐étés ♠❛❣♥✐✜q✉❡s✳
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✶✳✺ ❱❛r✐étés ♠❛❣♥✐✜q✉❡s s②♠étr✐q✉❡s

▲❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ t❤ès❡ ♣♦rt❡♥t s✉r ✉♥❡ ❝❧❛ss❡ s♣é❝✐❛❧❡ ❞❡ ✈❛r✐étés ♠❛❣♥✐✜q✉❡s✱
❧❡s ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s ♠❛❣♥✐✜q✉❡s ❞❡s ❡s♣❛❝❡s s②♠étr✐q✉❡s✱ ✐♥tr♦❞✉✐t❡s ♣❛r ❈♦rr❛❞♦
❉❡ ❈♦♥❝✐♥✐ ❡t ❈❧❛✉❞✐♦ Pr♦❝❡s✐ ❞❛♥s ❬❈P✽✸❪✳ ❯♥ ❡s♣❛❝❡ s②♠étr✐q✉❡ ❡st ✉♥❡ ✈❛r✐été
❛❧❣é❜r✐q✉❡✱ ✐s♦♠♦r♣❤❡ à ✉♥ q✉♦t✐❡♥t G/Gσ ♣♦✉r ✉♥❡ ✐♥✈♦❧✉t✐♦♥ σ : G → G✱ ♦ù G
❡st ❡st ✉♥ ❣r♦✉♣❡ ré❞✉❝t✐❢✳ ▲❡s ❡s♣❛❝❡s s②♠étr✐q✉❡s s♦♥t s♣❤ér✐q✉❡s✳

❙♦✐t G ✉♥ ❣r♦✉♣❡ ❛❧❣é❜r✐q✉❡ s❡♠✐s✐♠♣❧❡ ❞❡ t②♣❡ ❛❞❥♦✐♥t✱ ❛❧♦rs ♣♦✉r t♦✉t ❡s♣❛❝❡
s②♠étr✐q✉❡ G/Gσ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ X = G/Gσ✳ ❯♥ t❡❧ X
❡st ❛♣♣❡❧é ✉♥❡ ✈❛r✐été ♠❛❣♥✐✜q✉❡ s②♠étr✐q✉❡✳

❉❛♥s ❝❡ ❝❛s ❧❡s r❛❝✐♥❡s s♣❤ér✐q✉❡s ❞❡ X s♦♥t ❞♦♥♥é❡s ♣❛r ᾱi = αi − σ(αi) ♣♦✉r
1 ≤ i ≤ rk(X)✳ ■❧ ❢❛✉t ♥♦t❡r q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ rk(X) < rk(G) ❡t q✉✬✐❧ ❡①✐st❡
1 ≤ i 6= j ≤ rk(X)✱ t❡❧s q✉❡ ᾱi = ᾱj✳

P♦✉r ✉♥❡ ✈❛r✐été s②♠étr✐q✉❡ ♠❛❣♥✐✜q✉❡ X ✐❧ ❡①✐st❡ ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ♦✉✈❡rt
❛✣♥❡ V ✱ t❡❧ q✉❡ V ≃ U × Al✱ ♦ù U = Ru(PSp

X
)✳ ◆♦✉s é❝r✐✈♦♥s (u, x) ∈ V ❛✈❡❝

x = (x1, . . . , xl)✳ P♦✉r ❝❡ V t♦✉t ❞✐✈✐s❡✉r ❞❡ ❜♦r❞ Xi ❞❡ X ❡st ❧♦❝❛❧❡♠❡♥t ❞♦♥♥é
♣❛r

Xi ∩ V = {(u, x) | xi = 0}.

❙♦✐t I ⊂ {1, . . . , l} ❡t s♦✐t XI ✉♥❡ ✈❛r✐été G✲st❛❜❧❡ ❢❡r♠é❡ ❞❡ X✳ ▲❛ ✈❛r✐été
XI ❡st ❞❡ ❧❛ ❢♦r♠❡ G ×P−

XI ✱ ♦ù P ❡st ❧❡ s♦✉s✲❣r♦✉♣❡ ♣❛r❛❜♦❧✐q✉❡✱ ❛ss♦❝✐é à
SI = {α ∈ S | ᾱ = ᾱi ❢♦r s♦♠❡ i /∈ I}✳

▲❡ ❣r♦✉♣❡ ❞❡ P✐❝❛r❞ Pic(X) ≃ Zl+s✱ ♦ù s ❡st ❧❡ ♥♦♠❜r❡ ❞❡ r❛❝✐♥❡s s♣❤ér✐q✉❡s
ᾱ✱ t❡❧❧❡s q✉✬✐❧ ❡①✐st❡ ❞❡✉① r❛❝✐♥❡s s✐♠♣❧❡s ❞✐st✐♥❝t❡s α, α′ ∈ S✱ ❛✈❡❝ s♦✐t α 6= −σ(α′)
s♦✐t α 6= −σ(α′) ❡t (α, α′) 6= 0✳

❉❡ ♣❧✉s ♣♦✉r t♦✉t❡ ✈❛r✐été G✲st❛❜❧❡ ❢❡r♠é❡ XI ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❝♦✉rt❡

0 Pic(G/P−
SI
) Pic(XI) Pic(XI) 0

π∗
I ι∗

♦ù πI : XI → G/P−
SI

❡st ❧❛ ♣r♦❥❡❝t✐♦♥ G✲éq✉✐✈❛r✐❛♥t❡ ❡t ι : XI → XI ❡st ❧✬✐♥❝❧✉s✐♦♥
❞❡ ❧❛ ✜❜r❡ ❛✉ ♣♦✐♥t P−

SI
✲✜①❡ ❞❡ G/P−

SI
✳

✶✳✻ ❘é❞✉❝t✐❜✐❧✐té ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s

❙♦✐t X ✉♥❡ ✈❛r✐été s②♠étr✐q✉❡ ♠❛❣♥✐✜q✉❡ ❡t s♦✐t η ∈ N1(X) \ {0} ✉♥❡ ❝❧❛ss❡
❞❡ ❝♦✉r❜❡s ♠♦❜✐❧❡s✳ P♦✉r ❧❡s ✈❛r✐étés ♠❛❣♥✐✜q✉❡s s②♠étr✐q✉❡s✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st
éq✉✐✈❛❧❡♥t❡ ❛✉ ❢❛✐t✱ q✉❡ η ❛ ✉♥❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦s✐t✐✈❡ ❛✈❡❝ t♦✉s ❧❡s ❞✐✈✐s❡✉rs ❡✛❡❝t✐❢s
❞❡ X✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡ M0,0(X, η) ❞❡s ❛♣♣❧✐❝❛t✐♦♥s st❛❜❧❡s
❞❡ ❣❡♥r❡ 0 s❛♥s ♣♦✐♥t ♠❛rq✉é ❡t ❞é✜♥✐ss♦♥s ❧❡ s♦✉s✲❡♥s❡♠❜❧❡ ♦✉✈❡rt M◦

0,0(X, η)
❞❡ ❝♦✉r❜❡s ✐rré❞✉❝t✐❜❧❡s r❡♥❝♦♥tr❛♥t ❧❛ G✲♦r❜✐t❡ ♦✉✈❡rt❡ ❞❡ X✳ ■❧ s❡ tr♦✉✈❡ q✉❡

✶✵



❧✬❡♥s❡♠❜❧❡ M◦
0,0(X, η) ❡st ♥♦♥✲✈✐❞❡ s✐ η = 2η′ ♣♦✉r ✉♥❡ ❝❧❛ss❡ η′ ∈ N1(X)✱ ♣♦s✐t✐✈❡

s✉r ❧❡s ❞✐✈✐s❡✉rs ❡✛❡❝t✐❢s ❞❡ X✳ ◆♦✉s ♣r♦✉✈♦♥s ❛✉ss✐ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✱ q✉✐
♠♦♥tr❡ q✉❡ ❞❛♥s ❜❡❛✉❝♦✉♣ ❞❡ ❝❛s ❧✬❡s♣❛❝❡ M0,0(X, η) ❡st ré❞✉❝t✐❜❧❡✳

❚❤é♦rè♠❡ ❆✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♠❛❣♥✐✜q✉❡ s②♠étr✐q✉❡✳ ❙♦✐t η ∈ N1(X) \
{0} ✉♥❡ ❝❧❛ss❡ ❞❡ ❝♦✉r❜❡s t❡❧❧❡ q✉❡ M◦

0,0(X, η) 6= ∅✳ ❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡
❞é❝♦♠♣♦s✐t✐♦♥ η = η1 + η2✱ t❡❧❧❡ q✉❡ η1 ❡t η2 s♦♥t ❞❡s ❝❧❛ss❡s ❞❡ ❝♦✉r❜❡s s✉r X
♥♦♥✲tr✐✈✐❛❧❡s ❡✛❡❝t✐✈❡s ❡t ✐❧ ❡①✐st❡ ✉♥ ❞✐✈✐s❡✉r ❞❡ ❜♦r❞ D t❡❧ q✉❡

〈D, η2〉 ≤ −2.

❆❧♦rs ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s M0,0(X, η) ❡st ré❞✉❝t✐❜❧❡✳

❊♥ ♣❛rt✐❝✉❧✐❡r ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t✿

❚❤é♦rè♠❡ ❇✳ ❙♦✐t X ❧❛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞✬✉♥ ❣r♦✉♣❡ s✐♠♣❧❡ ❞❡ t②♣❡
❛❞❥♦✐♥t G ❞❡ r❛♥❣ rk(G) ≥ 3✳ ❆❧♦rs M0,0(X, η) ❡st ré❞✉❝t✐❜❧❡ ♣♦✉r t♦✉t❡ ❝❧❛ss❡ ❞❡
❝♦✉r❜❡s ♠♦❜✐❧❡s η✳

❈❡ rés✉❧t❛t ❝♦♥str❛st❡ ❛✈❡❝ ❧❡ ❢❛✐t✱ q✉❡ ❧❛ ❱▼❘❚ ❡st ✐rré❞✉❝t✐❜❧❡ ♣♦✉r ✉♥❡
❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞✬✉♥ ❣r♦✉♣❡✳

❈❡ rés✉❧t❛t ♠♦t✐✈❡ ❛✉ss✐ ❧❛ ♣❛rt✐❡ ✜♥❛❧❡ ❞❡ ❧❛ t❤ès❡ ❡t ❧❛ r❡❝❤❡r❝❤❡ ❞✬✉♥❡ ❝♦♠✲
♣♦s❛♥t❡ ✐rré❞✉❝t✐❜❧❡ s♣é❝✐❛❧❡ ❞❡ M0,0(X, η)✳

✶✳✼ ■rré❞✉❝t✐❜✐❧✐té ❞✬✉♥❡ ❝♦♠♣♦s❛♥t❡ s♣é❝✐❛❧❡

❙♦✐tX ❧❛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞✬✉♥ ❣r♦✉♣❡G ❛❧❣é❜r✐q✉❡ s❡♠✐s✐♠♣❧❡ ❞❡ t②♣❡
❛❞❥♦✐♥t ❞❡ r❛♥❣ rk(G) = r✳ ❚♦✉t ❝♦✲♣♦✐❞s ❢♦♥❞❛♠❡♥t❛❧ ωi0 ♣♦✉r ✉♥ i0 ∈ {1, . . . , r}
❞❡ G ❞é✜♥✐t ✉♥ s♦✉s✲❣r♦✉♣❡ à ✉♥ ♣❛r❛♠ètr❡ ❞❡ G ❡t ❛✉ss✐ ❞❡ G×G ❛✈❡❝ ❧✬✐♥❝❧✉s✐♦♥
g 7→ (g, 1G)✳ ■❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❧✐♠✐t❡ ϕi0 : X 99K X ❛✈❡❝ ϕi0(X) ⊂ Xi0 ✳
❙♦✐t η ✉♥❡ ❝❧❛ss❡ ❞✬éq✉✐✈❛❧❡♥❝❡ ♥✉♠ér✐q✉❡ ❞❡ ❝♦✉r❜❡s ♠♦❜✐❧❡s✳ ❖♥ ♠♦♥tr❡ q✉❡
M◦

0,0(X, η) ♥✬❡st ♣❛s ✈✐❞❡ ❡t q✉✬✐❧ ❝♦♥t✐❡♥t ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ♦✉✈❡rt ❞❡ ❝♦✉r❜❡s✱
é✈✐t❛♥t ❧❡ ❧✐❡✉ ❞✬✐♥❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ϕi0 ✳ ❉♦♥❝ ✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ r❛t✐♦♥♥❡❧❧❡

ϕi0 :M
◦
0,0(X, η) 99KM

◦
0,0(Xi0 , η̄)

C 7→ ϕi0(C),

♦ù η̄ ❡st ❧❛ ❝❧❛ss❡ ❞❡ ϕi0(C) ❞❛♥s Xi0 ✳ ❯♥❡ ❛ss❡rt✐♦♥ s✐♠✐❧❛✐r❡ ❡st ✈r❛✐❡ ♣♦✉r
❧❡s s♦✉s✲✈❛r✐étés G✲st❛❜❧❡s ❢❡r♠é❡s ❞❡ X✳ ◆♦✉s ♣r♦❝é❞♦♥s ♣❛r ré❝✉rr❡♥❝❡ ♣♦✉r
♠♦♥tr❡r✿

❚❤é♦rè♠❡ ❈✳ ❙♦✐t X ❧❛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠❛❣♥✐✜q✉❡ ❞✬✉♥ ❣r♦✉♣❡ ❛❧❣é❜r✐q✉❡ s❡♠✐✲
s✐♠♣❧❡ G ❞❡ t②♣❡ ❛❞❥♦✐♥t✳ ❙♦✐t η ∈ N1(X) ✉♥❡ ❝❧❛ss❡ ❞❡ ❝♦✉r❜❡s ♠♦❜✐❧❡s✳ ❆❧♦rs
❧✬❡s♣❛❝❡ M◦

0,0(X, η) ❡st ✐rré❞✉❝t✐❜❧❡✳

✶✶



❯♥❡ s✉✐t❡ ♣♦ss✐❜❧❡ à ❝❡ tr❛✈❛✐❧ s❡r❛✐t ❞✬é❧❛r❣✐r ❧❛ ❝❧❛ss❡ ❞❡ ✈❛r✐étés✱ ♣♦✉r ❧❡s✲
q✉❡❧❧❡s ❧✬❛ss❡rt✐♦♥ s✉r ❧✬✐rré❞✉❝t✐❜✐❧✐té ❡st ✈r❛✐❡✱ ♠❛✐s ♥♦✉s ♣♦✉rr✐♦♥s ❛✉ss✐ ❝♦♥✲
s✐❞ér❡r ❧❛ ❝♦♥♥❡①✐té r❛t✐♦♥♥❡❧❧❡ s✐♠♣❧❡ ❞❡s ✈❛r✐étés ♠❛❣♥✐✜q✉❡s✳ ❯♥❡ ✈❛r✐été X
❡st ❞✐t❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡✱ s✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ ✐rré❞✉❝t✐❜❧❡✱
♣❛ss❛♥t ♣❛r ❞❡✉① ♣♦✐♥ts ❣é♥ér❛✉① q✉❡❧❝♦♥q✉❡s✳ ❯♥ ♣r❡♠✐❡r ❡①❡♠♣❧❡ ❡st ❧❡ ❝❛s ❞❡
❧✬❡s♣❛❝❡ ♣r♦❥❡❝t✐❢ PN ✳

▲❛ s✐♠♣❧❡ ❝♦♥♥❡①✐té r❛t✐♦♥♥❡❧❧❡ ❡st ♣❧✉s ❝♦♠♣❧❡①❡✱ ✐❧ ❢❛✉t q✉❡ ❧✬❡s♣❛❝❡ ❞❡
❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s s♦✐t r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡✳ P✉✐sq✉✬✐❧ ② ❛ ❜❡❛✉❝♦✉♣ ❞✬❡s♣❛✲
❝❡s ❞❡ ♠♦❞✉❧❡s ✭♣♦✉r ❝❤❛q✉❡ ❝❧❛ss❡ η ∈ N1(X)✮ ❡t q✉❡ ❝❡s ❡s♣❛❝❡s ♦♥t ❞❡ ♥♦♠✲
❜r❡✉s❡s ❝♦♠♣♦s❛♥t❡s ✐rré❞✉❝t✐❜❧❡s✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ❚❤é♦rè♠❡ ❆✱ ✉♥❡
❜♦♥♥❡ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ s✐♠♣❧❡ ❝♦♥♥❡①✐té r❛t✐♦♥♥❡❧❧❡ ❛ ❜❡s♦✐♥ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡
❝♦♠♣♦s❛♥t❡ ❝❛♥♦♥✐q✉❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s st❛❜❧❡s ❞✬✉♥❡ ❝❧❛ss❡ η
❛ss❡③ ♣♦s✐t✐✈❡✱ ❡t q✉❡ ❝❡❧❧❡✲❝✐ s♦✐t r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡✳ ▲❛ ❝♦♠♣♦s❛♥t❡ ét✉❞✐é❡
❞❛♥s ❧❡ ❚❤é♦rè♠❡ ❇ ❡st ✉♥❡ ❜♦♥♥❡ ❝❛♥❞✐❞❛t❡ ♣♦✉r êtr❡ ❝❡tt❡ ✧❝♦♠♣♦s❛♥t❡ ❝❛♥♦♥✲
✐q✉❡✧✳

✶✷



■♥tr♦❞✉❝t✐♦♥

✷✳✶ ▼♦t✐✈❛t✐♦♥

❘❛t✐♦♥❛❧ ❝✉r✈❡s ❤❛✈❡ ❛❧✇❛②s ♣❧❛②❡❞ ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ ❣❡♦♠✲
❡tr②✱ ❜❡ ✐t t❤❡ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♣r♦❣r❛♠ ✭▼▼P✮✱ t❤❡ ✈❛r✐❡t② ♦❢ ♠✐♥✐♠❛❧ r❛t✐♦♥❛❧
t❛♥❣❡♥ts ✭❱▼❘❚✮✱ t❤❡ ♥❡✇ ♥♦t✐♦♥ ♦❢ s✐♠♣❧❡ r❛t✐♦♥❛❧ ❝♦♥♥❡❝t❡❞♥❡ss ♦r ❡♥✉♠❡r❛✲
t✐✈❡ ❣❡♦♠❡tr②✱ ❧✐❦❡ q✉❛♥t✉♠ ❝♦❤♦♠♦❧♦❣②✳ ■♥ ♠❛♥② ♦❢ t❤❡s❡ ❝❛s❡s ♦♥❡ ♦❢ t❤❡ st❡♣s
t♦ r❡s✉❧ts ✇♦✉❧❞ ❜❡ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦♥ ❛ ❣✐✈❡♥
✈❛r✐❡t②✳ ❆ ❧♦t ❤❛s ❜❡❡♥ ❞♦♥❡ ♦♥ t❤✐s t♦♣✐❝ ❛❧r❡❛❞②✱ ❢♦r ❡①❛♠♣❧❡ ❬❋P✾✺❪ ❡①♣❧❛✐♥s t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ st❛❜❧❡ ♠❛♣s ❛♥❞ t❤❛t ✐t ✐s ♣r♦❥❡❝t✐✈❡ ✐♥ ❝❛s❡
t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛r✐❡t② ✐s ❛ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✳

❖✉r ♠❛✐♥ ❢♦❝✉s ✐♥ t❤✐s P❤❉ t❤❡s✐s ❛r❡ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t✐❡s✳ ❚❤✐s ❝❤♦✐❝❡ ✐s
❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡s❡ ✈❛r✐❡t✐❡s ❤❛✈❡ ❛ ✈❡r② ♥✐❝❡ str✉❝t✉r❡ ♦❢ G✲♦r❜✐ts✳ ❚❤✐s
❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ ✈❡r② ✇❡❧❧ t❤❡ ❞✐✈✐s♦r ❝❧❛ss ❣r♦✉♣ Pic(X) ❛♥❞ ✐ts ❞✉❛❧✱ t❤❡ ❣r♦✉♣
♦❢ ❝✉r✈❡s N1(X) ♠♦❞✉❧♦ ♥✉♠❡r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✳

✷✳✷ ❲♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s

❲❡ ✇✐❧❧ ✇♦r❦ ♦✈❡r C✳ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ r❡❞✉❝t✐✈❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ♦❢ r❛♥❦
rk(G) = r✳ ❋✐① ❛ ❇♦r❡❧ s✉❜❣r♦✉♣ B ⊂ G ❛♥❞ ❛ ♠❛①✐♠❛❧ t♦r✉s T ♦❢ G ✇✐t❤
T ⊂ B✳ ❉❡♥♦t❡ ❜② R = RG t❤❡ r♦♦t s②st❡♠ ♦❢ (G, T )✱ ❜② R+

G t❤❡ r♦♦ts ♦❢ B✱ ❜②
R−

G = −R+
G ❛♥❞ ❜② S = SG t❤❡ ❜❛s✐s ♦❢ s✐♠♣❧❡ r♦♦ts✳ ❆ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ P ♦❢

G ✐s st❛♥❞❛r❞ ✐❢ ✐t ❝♦♥t❛✐♥s B✱ ✐ts ♦♣♣♦s✐t❡ ♣❛r❛❜♦❧✐❝ ❝♦♥t❛✐♥✐♥❣ T ✐s ❞❡♥♦t❡❞ ❜②
P−✳ ▲❡t S ′ ⊂ S✱ t❤❡♥ RG,S′ ❞❡♥♦t❡s t❤❡ s❡t ♦❢ r♦♦ts✱ ❣❡♥❡r❛t❡❞ ❜② S ′ ❛♥❞ PS′ ✐s
t❤❡ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ ♦❢ G ✇✐t❤ r♦♦ts R+

G ∪ RG,S′ ✳ ❚❤❡ ♣❛r❛❜♦❧✐❝ PS′ ✐s s❛✐❞ t♦
❜❡ ❛ss♦❝✐❛t❡❞ t♦ S ′✳

❆ ♥♦r♠❛❧ G✲✈❛r✐❡t② X ✇✐t❤ ❛♥ ♦♣❡♥ B✲♦r❜✐t ✐s ❝❛❧❧❡❞ s♣❤❡r✐❝❛❧✳ ■❢ X ❝♦♥t❛✐♥s
❡①❛❝t❧② ♦♥❡ ❝❧♦s❡❞ G✲♦r❜✐t✱ ✐t ✐s ❛❧s♦ ❝❛❧❧❡❞ s✐♠♣❧❡✳ ❙✉❝❤ ❛ ✈❛r✐❡t② ❤❛s ❛♥ ♦♣❡♥
G✲♦r❜✐t✱ t❤❛t ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ G/H ❢♦r s♦♠❡
s✉❜❣r♦✉♣ H ⊂ G✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❝❛❧❧❡❞ s♣❤❡r✐❝❛❧✳ ■♥ t❤❡ s❡tt✐♥❣ ♦❢ ❛❧❣❡❜r❛✐❝ ❣❡✲
♦♠❡tr② t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❛r❡ ✜♥✐t❡❧② ♠❛♥② B ❛♥❞ G✲♦r❜✐ts ✐♥ X✳ ❲❡ ❝❛♥

✶✸



❞❡✜♥❡ t❤❡ s❡t ♦❢ B✲ ❛♥❞ ♥♦t G✲st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦rs✱ ❝❛❧❧❡❞ ❝♦❧♦rs ❛♥❞ ❞❡♥♦t❡❞ ❜②
D ∈ ∆X ✳ ■t t✉r♥s ♦✉t t❤❛t ❛ ♣r♦❥❡❝t✐✈❡ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ G✲✈❛r✐❡t② X ✐s ✉♥✐q✉❡❧②
❞❡✜♥❡❞ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ❜② t❤❡ ❝♦♥❡ ♦❢ G✲✐♥✈❛r✐❛♥t ✈❛❧✉❛t✐♦♥s ❛♥❞ ❜② t❤❡ s✉❜s❡t
♦❢ ❝♦❧♦rs t❤❛t ❝♦♥t❛✐♥ t❤❡ ❝❧♦s❡❞G✲♦r❜✐t ♦❢X✳ ❚❤✐s ❞❛t✉♠ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦❧♦r❡❞ ❝♦♥❡
♦❢ X✳ ❆ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✐s ❝❛❧❧❡❞ s♦❜❡r✱ ✐❢ t❤❡ ❝♦♥❡ ♦❢ G✲✐♥✈❛r✐❛♥t
✈❛❧✉❛t✐♦♥s ✐s str✐❝t❧② ❝♦♥✈❡① ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡✳ ❆
s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② X ✐s ❝❛❧❧❡❞ t♦r♦✐❞❛❧ ✐❢ ✐ts G✲❝❧♦s❡❞ ♦r❜✐t Y ✐s ♥♦t ❝♦♥t❛✐♥❡❞
✐♥ ❛♥② ❝♦❧♦r D ∈ ∆X ✳ ❆ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦❧♦r❡❞ ❝♦♥❡s ✇✐t❤ s♣❡❝✐❛❧ ❝♦♥❞✐t✐♦♥s✱
❝❛❧❧❡❞ ❝♦❧♦r❡❞ ❢❛♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❧❛ss✐❢② ♥♦♥s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s ✐♥ t❤❡ s❛♠❡
s♣✐r✐t ❛s t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t♦r✐❝ ✈❛r✐❡t✐❡s✳

❆ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t② ✐s ❛ s♠♦♦t❤ ❝♦♠♣❧❡t❡ G✲✈❛r✐❡t② ✇✐t❤ ❛♥ ♦♣❡♥ G✲♦r❜✐t G/H✱
s✉❝❤ t❤❛t ✐ts ❝♦♠♣❧❡♠❡♥t ∂X = X \ (G/H) ✐s ❛ s♠♦♦t❤ ♥♦r♠❛❧ ❝r♦ss✐♥❣ ❞✐✈✐s♦r✳
❋✉rt❤❡r♠♦r❡ t❤❡ ❝❧♦s✉r❡s ♦❢ G✲♦r❜✐ts ♦❢ X ❛r❡ ❡①❛❝t❧② t❤❡ ♣❛rt✐❛❧ ✐♥t❡rs❡❝t✐♦♥s ♦❢
✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ ∂X✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ G✲♦r❜✐t✱ t❤❡
✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛❧❧ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ ∂X ✐s
❝❛❧❧❡❞ t❤❡ r❛♥❦ ♦❢ X✱ ❞❡♥♦t❡❞ ❜② rk(X)✳ ❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ ∂X = ∪

rk(X)
i=1 Xi✱ ✇❤❡r❡

❡✈❡r② Xi ✐s ❛ G✲st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦r✳ ❙✉❝❤ G✲st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦rs ♦♥ ✇♦♥❞❡r❢✉❧
✈❛r✐❡t✐❡s ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❜♦✉♥❞❛r② ❞✐✈✐s♦rs✳ ❲❡ ✇✐❧❧ ✇r✐t❡ XI = ∩i∈IXi ❢♦r ❛♥②
G✲st❛❜❧❡ s✉❜✈❛r✐❡t② ♦❢ X✱ ✇❤❡r❡ I ⊂ {1, . . . , rk(X)}✳

❉♦♠✐♥❣♦ ▲✉♥❛ ♣r♦✈❡❞ ✐♥ ❬▲✉♥✾✻❪ t❤❛t ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s ❛r❡ t♦r♦✐❞❛❧ s♣❤❡r✐❝❛❧
✈❛r✐❡t✐❡s✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♠❜✐♥❛t♦r✐❝s✱ ✉s❡❞ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢
✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳ ❲❡ s❛② t❤❛t ❛ ❝♦❧♦r D ∈ ∆X ✐s ♠♦✈❡❞ ❜② ❛ s✐♠♣❧❡ r♦♦t α ✐❢
D ✐s ♥♦t st❛❜❧❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ Pα✳ ❚❤❡ s❡t
♦❢ ❝♦❧♦rs ♠♦✈❡❞ ❜② ❛ s✐♠♣❧❡ r♦♦t α ✐s ❞❡♥♦t❡❞ ❜② ∆X(α)✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Sp

X

t❤❡ s❡t ♦❢ ❛❧❧ s✐♠♣❧❡ r♦♦ts ♦❢ G✱ s✉❝❤ t❤❛t ∆X(α) = ∅✳ ❚❤❡ s♣❤❡r✐❝❛❧ r♦♦ts ΣX ❛r❡
t❤❡ T ✲✇❡✐❣❤ts ♦❢ t❤❡ ♥♦r♠❛❧ s♣❛❝❡

TzX

TzGz
,

✇❤❡r❡ z ✐s t❤❡ B− ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❝❧♦s❡❞ ♦r❜✐t ♦❢ X✳ ▲❡t AG,X ⊂ ∆X ❜❡ t❤❡ s❡t
♦❢ ❝♦❧♦rs D ∈ ∆X ✱ ✇❤✐❝❤ ❛r❡ ♠♦✈❡❞ ❜② s♦♠❡ s✐♠♣❧❡ r♦♦t α ∈ SG∩ΣX ✱ t❤❛t ✐s ❛❧s♦
❛ s♣❤❡r✐❝❛❧ r♦♦t ♦❢ X✳ ❆♥② γ ∈ ΣX ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✐♠♣❧❡ r♦♦ts ♦❢ G
✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts✳ ❲❡ ❞❡✜♥❡ t❤❡ s✉♣♣♦rt ♦❢ γ✱ ❞❡♥♦t❡❞ ❜② supp(γ) t♦
❜❡ t❤❡ s✐♠♣❧❡ r♦♦ts ❤❛✈✐♥❣ ❛ ♥♦♥③❡r♦ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ γ✳

❚❤❡ s♣❤❡r✐❝❛❧ s②st❡♠ ♦❢ X ✐s ❞❡✜♥❡❞ ❛s (Sp
X ,ΣX , AG,X)✳ ■t ✇❛s ♣r❡✈✐♦✉s❧②

❝♦♥❥❡❝t✉r❡❞ ❛♥❞ ♣r♦✈❡❞ ✐♥ t②♣❡ A ❜② ❉♦♠✐♥❣♦ ▲✉♥❛ ✐♥ ❬▲✉♥✵✶❪✱ t❤❛t ❛♥② ✇♦♥❞❡r❢✉❧
✈❛r✐❡t② ✐s ❞❡✜♥❡❞ ✉♥✐q✉❡❧② ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ❜② ✐ts s♣❤❡r✐❝❛❧ s②st❡♠✳ ❘❡❝❡♥t❧②
P❛♦❧♦ ❇r❛✈✐ ❛♥❞ ●✉✐❞♦ P❡③③✐♥✐ ♣r♦✈❡❞ ✐t ✐♥ ❬❇P✶✺❪✿

❚❤❡♦r❡♠ ✭❬❇P✶✺✱ ❚❤❡♦r❡♠ ✶✳✷✳✸❪✮✳ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ✐s♦♠♦r♣❤✐s♠
❝❧❛ss❡s ♦❢ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t✐❡s ❛♥❞ s♣❤❡r✐❝❛❧ G✲s②st❡♠s✳
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❚❤❡② ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❛♥ ❛❜str❛❝t s♣❤❡r✐❝❛❧ G✲s②st❡♠ ❛♥❞ s❤♦✇♥
t❤❛t ❡✈❡r② ❛❜str❛❝t s♣❤❡r✐❝❛❧ G✲s②st❡♠ ✐s ❛ s♣❤❡r✐❝❛❧ s②st❡♠ ♦❢ s♦♠❡ ✇♦♥❞❡r❢✉❧
G✲✈❛r✐❡t②✳

❊①❛♠♣❧❡ ✶ Pr♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧ ❤♦♠♦❣❡♥❡♦✉s ✈❛r✐❡t✐❡s ❛r❡ ✇♦♥❞❡r❢✉❧ ♦❢ tr✐✈✐❛❧
r❛♥❦✳ ▲❡t PS′ ❜❡ ❛ st❛♥❞❛r❞ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ ♦❢ G✱ ❛ss♦❝✐❛t❡❞ t♦ s♦♠❡ S ′ ⊂ SG✳
❚❤❡♥ t❤❡ ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s ✈❛r✐❡t② G/P−

S′ ❤❛s ❛♥ ♦♣❡♥ B✲♦r❜✐t✱ ✇❤❡r❡ P−
S′

❞❡♥♦t❡s t❤❡ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣✱ ♦♣♣♦s✐t❡ ♦❢ PS′ ✳ ❚❤❡ ♦♣❡♥ B✲♦r❜✐t ♦❢ G/P−
S′ ✐s

❣✐✈❡♥ ❜② BP−
S′/P

−
S′ ✱ ✐t ✐s ❛✣♥❡✱ s♦ ✐ts ❝♦♠♣❧❡♠❡♥t ✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ❛♥❞ ✐ts

✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ❛r❡ t❤❡ B✲st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦rs✱ ✇❤✐❝❤ ❛r❡ ♣r❡❝✐s❡❧② t❤❡
❝♦❧♦rs ♦❢ G/P−

S′ ✳ ❇r✉❤❛t ❞❡❝♦♠♣♦s✐t✐♦♥ t❡❧❧s ✉s t❤❛t t❤❡s❡ ❝♦❧♦rs ❛r❡ ♦❢ t❤❡ ❢♦r♠

Dα(G/P
−
S′) = BsαP

−
S′/P

−
S′ ,

✇❤❡r❡ α ✐s ❛ s✐♠♣❧❡ r♦♦t ♦❢ G✱ ✇❤✐❝❤ ✐s ♥♦t ❛ s✐♠♣❧❡ r♦♦t ♦❢ P−
S′ ❛♥❞ sα ✐s ❛

r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡✢❡❝t✐♦♥ ✐♥ t❤❡ ❲❡②❧ ❣r♦✉♣ ♦❢ G✳
❚❤❡ ♣❛r❛❜♦❧✐❝ P ✜①❡s t❤❡ B✲st❛❜❧❡ ❞✐✈✐s♦rs✱ s♦ Sp

G/P− = S ′✳ ❙✐♥❝❡ TzG/P
−
S′ =

TzGz ❢♦r ❛♥② ✜①❡❞ ♣♦✐♥t z ♦❢ B✱ ✇❡ ❣❡t t❤❛t ΣG/P−
S′

= ∅ s♦ AG,G/P−
S′

= ∅ ❛s ✇❡❧❧✳

❆❧t♦❣❡t❤❡r✱ t❤❡ s♣❤❡r✐❝❛❧ s②st❡♠ ♦❢ G/P−
S′ ✐s ❣✐✈❡♥ ❜② (S ′, ∅, ∅)✳

❆♥② ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② ♦❢ ❛ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t② X ✐s ❛❣❛✐♥ ✇♦♥❞❡r❢✉❧✳
❙✉♣♣♦s❡ t❤❛t XI ⊂ X ✐s ❛ ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t②✳ ❚❤❡♥ Sp

XI
= Sp

X ✳ ❆s

∂X = ∪
rk(X)
i=1 Xi ✐s ❛ s✐♠♣❧❡ ♥♦r♠❛❧ ❝r♦ss✐♥❣s ❞✐✈✐s♦r✱ ΣX ✐s ❛❧s♦ t❤❡ s❡t ♦❢ T ✲✇❡✐❣❤ts

♦♥ TzX/TzXi ❢♦r ❛❧❧ i ∈ {1, . . . , rk(X)}✳ ❚❤✐s ♠❡❛♥s t❤❛t ΣXI
= {γi ∈ ΣX | i /∈ I}

❛♥❞ AG,XI
❛r❡ t❤❡ ❝♦❧♦rs ♠♦✈❡❞ ❜② s✐♠♣❧❡ r♦♦ts ✐♥ SG ∩ ΣXI

✳ ❆❞❞✐t✐♦♥❛❧❧② t❤❡r❡
❡①✐sts ❛ G✲❡q✉✐✈❛r✐❛♥t ♠❛♣ XI → G/PSI

❛♥❞ ✐❢ XI ✐s t❤❡ ✜❜❡r ❛t t❤❡ ❜❛s❡ ♣♦✐♥t
♦❢ G/PSI

✱ ✇❡ ❤❛✈❡ XI = G ×PSI XI ✱ ✇❤❡r❡ PSI
✐s t❤❡ ♣❛r❛❜♦❧✐❝ ❛ss♦❝✐❛t❡❞ t♦

SI = SG \
(

Sp
X ∪

⋃

i∈I supp(γi)
)

✳

❊①❛♠♣❧❡ ✷ ❙✉♣♣♦s❡ t❤❛t G ✐s ❛ s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ♦❢ ❛❞❥♦✐♥t t②♣❡ ♦❢ r❛♥❦
rk(G) = r✳ ❚❤❡ ❣r♦✉♣ G ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ✐ts❡❧❢✱ ✉♥❞❡r t❤❡
❛❝t✐♦♥ ♦❢ G × G✱ ❣✐✈❡♥ ❜② (g, g′)x = gx(g′)−1✳ ❚❤❡♥ B × B− ✐s ❛ ❇♦r❡❧ s✉❜❣r♦✉♣
♦❢ G×G ❛♥❞ t❤❡ s❡t BB− ⊂ G ✐s t❤❡ ♦♣❡♥ B ×B−✲♦r❜✐t ♦❢ id ∈ G✳ ❚❤❛t ♠❡❛♥s
t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ X ♦❢ G✳

▲❡t SG×G = {α1, . . . , αr, β1, . . . , βr} ❜❡ ❛ ❜❛s✐s ♦❢ s✐♠♣❧❡ r♦♦ts ♦❢ G ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ B×B−✱ s✉❝❤ t❤❛t αi ❞❡♥♦t❡ t❤❡ s✐♠♣❧❡ r♦♦ts ♦❢ t❤❡ ✜rst ❢❛❝t♦r ♦❢ G×G ❛♥❞
βi t❤♦s❡ ♦❢ t❤❡ s❡❝♦♥❞ ❢♦r i ∈ {1, . . . , r}✳ ▲❡t z ∈ Y ⊂ X ❜❡ t❤❡ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t
♦❢ B × B− ✐♥ t❤❡ ❝❧♦s❡❞ ♦r❜✐t ♦❢ X✱ ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ G/B− × G/B✳ ❚❤❡♥
TzX/Tz(G×Gz) ≃ t✱ ✇❤❡r❡ t ✐s t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ ♠❛①✐♠❛❧ t♦r✉s T = B∩B−✳
❚❤❡♥ T × T ❛❝ts ♦♥ t ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ✇❡✐❣❤ts γi = αi − βi✳ ❚❤❡② ❛r❡ ♣r❡❝✐s❡❧②
t❤❡ s♣❤❡r✐❝❛❧ r♦♦ts γi ∈ ΣX ✳

✶✺



❚❤❡ B × B− st❛❜❧❡ ❞✐✈✐s♦rs ♦❢ X ❛r❡ t❤❡ ❝❧♦s✉r❡s ♦❢ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡
❇r✉❤❛t ❝❡❧❧s✳ ❚❤❡s❡ ❛r❡ ♣r❡❝✐s❡❧② t❤❡ ❝♦❧♦rs ♦❢ X ❛♥❞ ❡✈❡r② ❝♦❧♦r ✐s ♠♦✈❡❞ ❜②
❡①❛❝t❧② t✇♦ ♦rt❤♦❣♦♥❛❧ s✐♠♣❧❡ r♦♦ts ♦❢ G × G✱ ♥❛♠❡❧② αi ❛♥❞ βi✳ ❚❤✐s ♠❡❛♥s
t❤❛t Sp

X = ∅✳ ◆♦t✐❝❡ t❤❛t ΣX ∩ SG×G = ∅✱ t❤❡ s❡t AG×G,X ✐s ❡♠♣t② ❛s ✇❡❧❧✳
❚❤❡♥ t❤❡ s♣❤❡r✐❝❛❧ s②st❡♠ ♦❢ t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ G ✐s ❣✐✈❡♥ ❜②
(∅, {αi − βi | 1 ≤ i ≤ r}, ∅)✳

✷✳✸ ❉✐✈✐s♦rs✱ ❝✉r✈❡s ❛♥❞ r❛t✐♦♥❛❧ ❝✉r✈❡s

▲❡t X ❜❡ ❛ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✱ t❤❡ P✐❝❛r❞ ❣r♦✉♣ Pic(X) ✐s t❤❡
❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦♥ t❤❡ s❡t ♦❢ ❝♦❧♦rs ∆X ✱ ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ t❤❡ ❝❧♦s❡❞ ♦r❜✐t
Y ⊂ X✿

Pic(X) =
⊕

D∈∆X ,Y 6⊂D

ZD.

❲❡ ❞❡♥♦t❡ ❜② N1(X) t❤❡ ❣r♦✉♣ ♦❢ ❝❧❛ss❡s ♦❢ ❝✉r✈❡s ♠♦❞✉❧♦ ♥✉♠❡r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✳
■❢ X ✐s s♣❤❡r✐❝❛❧ ❛♥❞ ❝♦♠♣❧❡t❡✱ t❤❡♥ N1(X) ✐s ❞✉❛❧ t♦ Pic(X)✱ s❡❡ Pr♦♣♦s✐t✐♦♥s ✸✳✶
❛♥❞ ✸✳✷ ❬❇r✐✾✼❛❪✳ ❋r♦♠ ❤❡r❡ ♦♥ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

〈 , 〉 : Pic(X)×N1(X) → Z

❢♦r t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣❛✐r✐♥❣ ❜❡t✇❡❡♥ ❝✉r✈❡s ❛♥❞ ❞✐✈✐s♦rs✳ ❖♥ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s
t❤❡r❡ ❡①✐sts ❛ ❝✉r✈❡ CD ❢♦r ❛♥② D ∈ ∆X ✱ ✇❤✐❝❤ ✐s ✐rr❡❞✉❝✐❜❧❡✱ B✲st❛❜❧❡ ❛♥❞ ♣❛ss❡s
t❤r♦✉❣❤ t❤❡ ✉♥✐q✉❡ B− ✜①❡❞ ♣♦✐♥t ✐♥ t❤❡ ❝❧♦s❡❞ ♦r❜✐t ♦❢ X ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❛♥②
❝♦❧♦r D ✇❡ ❤❛✈❡ t❤❛t 〈D, [CD]〉 = 1 ❛♥❞ 〈D, [C ′

D]〉 = 0 ❢♦r ❛♥② D′ 6= D✱ s❡❡ ❬▲✉♥✾✼❪✳

❊①❛♠♣❧❡ ✸ ▲❡t G/P− ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s ✈❛r✐❡t②✱ ✇❤❡r❡ G ✐s r❡❞✉❝t✐✈❡✳
❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❝♦❧♦rs ♦❢ G/P− ❛r❡ ❣✐✈❡♥ ❜② ❇r✉❤❛t ❝❡❧❧s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ 1✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❝♦❧♦rs ♦❢ G/P− ❛r❡ t❤❡ ❙❝❤✉❜❡rt ❞✐✈✐s♦rs✳ ❚❤❡♥ CD ❞❡✜♥❡❞
♣r❡✈✐♦✉s❧② ❛r❡ t❤❡ ❙❝❤✉❜❡rt ❝✉r✈❡s ♦❢ G/P−✱ ❣✐✈❡♥ ❜② PαP−/P−✱ ✇❤❡r❡ Pα ❛r❡ t❤❡
♠✐♥✐♠❛❧ ♣❛r❛❜♦❧✐❝s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♠♣❧❡ r♦♦ts α ♦❢ G✱ t❤❛t ❛r❡ ♥♦t s✐♠♣❧❡
r♦♦ts ♦❢ P−✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦♥ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳ ❚❤❡s❡ ❝✉r✈❡s ❤❛✈❡
❜❡❡♥ ❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ▼✐❝❤❡❧ ❇r✐♦♥ ❛♥❞ ❇❛♦❤✉❛ ❋✉ ✐♥ ❬❇❋✶✺❪ ❤❛✈❡
❝❧♦s❡❧② st✉❞✐❡❞ ♠✐♥✐♠❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ✐❞❡♥t✐t② ✐♥ ✇♦♥❞❡r❢✉❧
❝♦♠♣❛❝t✐✜❝❛t✐♦♥s ♦❢ ❣r♦✉♣s✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡✜♥✐t✐♦♥s ❛s ✐♥ ❬❇❋✶✺❪✳ ▲❡t RatCurvesn(X) ❞❡♥♦t❡ t❤❡
♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦♥ X✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐✈❡rs❛❧ ❢❛♠✐❧②
U t♦❣❡t❤❡r ✇✐t❤ ♣r♦❥❡❝t✐♦♥s ρ : U → K ❛♥❞ µ : U → X✱ ✇❤❡r❡ K ⊂ RatCurvesn(X)
✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ ❢❛♠✐❧② K ✐s ❝❛❧❧❡❞ ❛ ❢❛♠✐❧② ♦❢ ♠✐♥✐♠❛❧ r❛t✐♦♥❛❧
❝✉r✈❡s ✐❢ Kx ✐s ♥♦♥❡♠♣t② ❛♥❞ ♣r♦❥❡❝t✐✈❡ ❢♦r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t x✳ ❋♦r ❛♥② x ∈ X
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❞❡✜♥❡ Ux = µ−1(x) ❛♥❞ Kx = ρ(Ux)✳ ❚❤❡r❡ ✐s ❛ r❛t✐♦♥❛❧ ♠❛♣ τ : Kx 99K PTx(X)
t❤❛t s❡♥❞s ❛♥② ❝✉r✈❡✱ ✇❤✐❝❤ ✐s s♠♦♦t❤ ❛t x t♦ ✐ts t❛♥❣❡♥t ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❝❧♦s✉r❡ ♦❢
t❤❡ ✐♠❛❣❡ ♦❢ τ ✐s ❞❡♥♦t❡❞ ❜② Cx ❛♥❞ ❝❛❧❧❡❞ t❤❡ ✈❛r✐❡t② ♦❢ ♠✐♥✐♠❛❧ r❛t✐♦♥❛❧ t❛♥❣❡♥ts
✭❱▼❘❚✮ ❛t t❤❡ ♣♦✐♥t x✳ ■❢ X = G×G/G ✐s t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛
s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ G ♦❢ ❛❞❥♦✐♥t t②♣❡ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ g✱ t❤❡♥ Tx(X) = g ❢♦r
t❤❡ ❜❛s❡ ♣♦✐♥t x ✐♥ t❤❡ ♦♣❡♥ ♦r❜✐t ♦❢ X✳ ❚❤❡♥ G ❛❝ts ♦♥ Tx(X) ✈✐❛ t❤❡ ❞✐❛❣♦♥❛❧
❡♠❜❡❞❞✐♥❣ ❛♥❞ t❤❡ ✐♥❞✉❝❡❞ ❛❝t✐♦♥ ♦♥ Pg st❛❜✐❧✐③❡s Cx✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t r❡s✉❧t ✐s ♣r♦✈❡❞ ✐♥ ❬❇❋✶✺❪✿

❚❤❡♦r❡♠ ✭❬❇❋✶✺✱ ❚❤❡♦r❡♠ ✶✳✶❪✮✳ ▲❡t X ❜❡ t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛
s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ G ♦❢ ❛❞❥♦✐♥t t②♣❡✳ ❚❤❡♥

✭❛✮ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❢❛♠✐❧② ♦❢ ♠✐♥✐♠❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡s K ♦♥ X✳ ▼♦r❡♦✈❡r✱
Kx ✐s s♠♦♦t❤ ❛♥❞ t❤❡ r❛t✐♦♥❛❧ ♠❛♣ τ : Kx 99K Cx ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✭❜✮ Cx ✐s t❤❡ ❝❧♦s❡❞ G✲♦r❜✐t ✐♥ Pg✱ ✐❢ G ✐s ♥♦t ♦❢ t②♣❡ A✳

✭❝✮ ❲❤❡♥ G ✐s ♦❢ t②♣❡ Al (l ≥ 2)✱ s♦ t❤❛t G = PGL(V ) ❢♦r ❛ ✈❡❝t♦r s♣❛❝❡ V ♦❢
❞✐♠❡♥s✐♦♥ l + 1✱ t❤❡ ❱▼❘❚ Cx ✐s t❤❡ ✐♠❛❣❡ ♦❢ PV × PV ∗ ✉♥❞❡r t❤❡ ❙❡❣r❡
❡♠❜❡❞❞✐♥❣ PV × PV ∗ → PEnd(V )✱ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ PEnd(V ) 99K
P(End(V )/Cid) = Pg ✇✐t❤ ❝❡♥t❡r x = [id]✳

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❱▼❘❚ ✐s ✐rr❡❞✉❝✐❜❧❡✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♦❜❥❡❝t ✇❡ ✐♥tr♦❞✉❝❡ ✐s t❤❡ ❉❡❧✐❣♥❡✲▼✉♠❢♦r❞ ❝♦♠♣❛❝t✐✜❝❛✲
t✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦❢ ❝❧❛ss η ∈ N1(X) ✇✐t❤ n ♠❛r❦❡❞
♣♦✐♥ts✳ ❚❤✐s s♣❛❝❡ ✐s ❞❡♥♦t❡❞ ❜② M0,n(X, η)✱ s♦♠❡t✐♠❡s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❑♦♥ts❡✲
✈✐❝❤ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ st❛❜❧❡ ♠❛♣s✳ ❚❤✐s ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ t❛❦❡s ❛s ❛ ❜❛s❡ ♦♣❡♥
s✉❜s❡t t❤❡ s❡t ♦❢ ♠♦r♣❤✐s♠s {f : P1 → X | f∗[P

1] = η} ❛♥❞ ❡①♣❛♥❞s ✐t ✇✐t❤
st❛❜❧❡ ♠❛♣s✳ ❆ st❛❜❧❡ ♠❛♣ ♦❢ ❣❡♥✉s 0 ❛♥❞ ❝❧❛ss η ✇✐t❤ n ♠❛r❦❡❞ ♣♦✐♥ts ✐s t❤❡
❞❛t❛ (C, p1, . . . , pn, f)✱ ✇❤❡r❡ C ✐s ❛ r❛t✐♦♥❛❧ ♥♦❞❛❧ ❝✉r✈❡ ♦❢ ❣❡♥✉s 0✱ p1, . . . , pn ❛r❡
❞✐st✐♥❝t s♠♦♦t❤ ♣♦✐♥ts ♦♥ C ❛♥❞ f : C → X ✐s ❛ ♠♦r♣❤✐s♠✱ s✉❝❤ t❤❛t f∗[C] = η
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ❛♥② ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t E ⊂ C✿ ✐❢ E ≃ P1 ❛♥❞
E ✐s ♠❛♣♣❡❞ t♦ ❛ ♣♦✐♥t ❜② f ✱ t❤❡♥ E ♠✉st ❝♦♥t❛✐♥ ❛t ❧❡❛st t❤r❡❡ s♣❡❝✐❛❧ ♣♦✐♥ts
✭❡✐t❤❡r ♠❛r❦✐♥❣s ♦r ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ C✮✳

❚❤❡♦r❡♠ ✭❬❋P✾✺✱ ❚❤❡♦r❡♠ ✶❪✮✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡① ✈❛r✐❡t②✳
❚❤❡r❡ ❡①✐sts ❛ ❝♦❛rs❡ ♠♦❞✉❧✐ s♣❛❝❡ M0,n(X, η) ❝♦♥t❛✐♥✐♥❣ M0,n(X, η) ❛s ❛ ♦♣❡♥
s✉❜s❡t✳

❚❤❡♦r❡♠ ✭❬❋P✾✺✱ ❚❤❡♦r❡♠s ✶ ❛♥❞ ✷❪✮✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡✱ s♠♦♦t❤ ✈❛r✐❡t② s✉❝❤
t❤❛t H1(P1, µ∗(TX)) = 0 ❢♦r ❡✈❡r② ♠❛♣ µ : P1 → X✳
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❼ M0,n(X, η) ✐s ❛ ♥♦r♠❛❧✱ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② ♦❢ ♣✉r❡ ❞✐♠❡♥s✐♦♥

dim(X)− 〈KX , η〉+ n− 3.

❼ M0,n(X, η) ✐s ❧♦❝❛❧❧② ❛ q✉♦t✐❡♥t ♦❢ ❛ s♠♦♦t❤ ✈❛r✐❡t② ❜② ❛ ✜♥✐t❡ ❣r♦✉♣✳

❆ ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ G/P s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s t❤❡♦r❡♠✳
❆❞❞✐t✐♦♥❛❧❧② ✐t ✐s ❦♥♦✇♥ t❤❛t M0,n(G/P, η) ✐s ✐rr❡❞✉❝✐❜❧❡✳

❚❤❡♦r❡♠ ✭❬❚❤♦✾✽✱ ❚❤❡♦r❡♠ ✶❪✮✳ ▲❡t X ❜❡ ❛ ✢❛❣ ✈❛r✐❡t② ❛♥❞ η ∈ N1(X) ❛♥
❡✛❡❝t✐✈❡ ❝❧❛ss✳ ❚❤❡ s♣❛❝❡ M0,n(X, η) ✐s ✐rr❡❞✉❝✐❜❧❡ ❢♦r ❡✈❡r② ♥♦♥ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡r
n✳

❖♥❡ ♦❢ ♦✉r ♠♦t✐✈❛t✐♦♥s ❢♦r t❤✐s P❤❉ t❤❡s✐s ✇❛s t♦ s❡❡ ✇❤❡t❤❡r t❤✐s ✐s ❞✐✛❡r❡♥t
✐♥ t❤❡ ❝❛s❡ ♦❢ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳

✷✳✹ ▲✉♥❛ ❧✐♠✐t ♠❛♣

◆♦✇ ✇❡ ❞❡s❝r✐❜❡ s♦♠❡ ♦❢ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ t♦♦❧s ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡ t♦ ♣r♦✈❡ ♦✉r
r❡s✉❧ts✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ G✲✈❛r✐❡t②✳ ▲❡t λ : C∗ → G ❜❡ ❛ 1✲
♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ♦❢ G✳ ❉❡♥♦t❡ ❜② Xλ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜①❡❞
♣♦✐♥t s❡t Xλ(C)∗ ✱ s✉❝❤ t❤❛t t❤❡ s❡t Xλ = {x ∈ X | limt→0 λ(t)x ∈ Xλ} ✐s ♦♣❡♥ ✐♥
X✳ ❚❤❡ ✜①❡❞ ♣♦✐♥t s❡t Xλ ✐s s♠♦♦t❤✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❛ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣
Gλ = {g ∈ G | limt→0 λ(t)gλ(t)

−1 ∈ Gλ}✱ ✇❤❡r❡ Gλ ✐s t❤❡ ❝❡♥tr❛❧✐③❡r ✐♥ G ♦❢ λ(C∗)
❛♥❞ ❛ ▲❡✈✐ ♦❢ Gλ✳ ❚❤❡♥ ♦♥ t❤❡ ♦♣❡♥ ❝❡❧❧ Xλ ♦❢ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡r❡ ❡①✐sts ❛
❧✐♠✐t ♠❛♣

ϕλ : Xλ → Xλ

x 7→ lim
t→0

λ(t)x,

✇❤✐❝❤ ✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ ✜❜r❛t✐♦♥ ✐♥ ❛✣♥❡ s♣❛❝❡s✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ ❛ r❛t✐♦♥❛❧ ♠❛♣
ϕλ : X 99K Xλ ⊂ X✳ ❋♦r ❛♥② r❛t✐♦♥❛❧ ♠❛♣ ❜❡t✇❡❡♥ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s
t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st t✇♦✱ s♦ ❢♦r ❛ ♣♦s✐t✐✈❡ ❡♥♦✉❣❤
❝✉r✈❡ C ♦♥ X ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✐t ❛✈♦✐❞s t❤✐s ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ❛♥❞ ✇❡ ❝❛♥
❝♦♥s✐❞❡r t❤❡ ❝✉r✈❡ ϕλ(C) ✐♥ X

λ✳ ❚❤✐s ✇✐❧❧ ❧❛t❡r ❛❧❧♦✇ ✉s t♦ ❛♣♣❧② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡
❞✐♠❡♥s✐♦♥ ♦❢ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳

✷✳✺ ❲♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t✐❡s

❖✉r r❡s✉❧ts ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✱ t❤❡ ✇♦♥❞❡r❢✉❧
❝♦♠♣❛❝t✐✜❝❛t✐♦♥s ♦❢ s②♠♠❡tr✐❝ s♣❛❝❡s✱ ✐♥tr♦❞✉❝❡❞ ❜② ❈♦rr❛❞♦ ❉❡ ❈♦♥❝✐♥✐ ❛♥❞

✶✽



❈❧❛✉❞✐♦ Pr♦❝❡s✐ ✐♥ ❬❈P✽✸❪✳ ❆ s②♠♠❡tr✐❝ s♣❛❝❡ ✐s ❛ G✲❤♦♠♦❣❡♥❡♦✉s ❛❧❣❡❜r❛✐❝
✈❛r✐❡t②✱ ✐s♦♠♦r♣❤✐❝ t♦ ❛ q✉♦t✐❡♥t G/Gσ ❢♦r s♦♠❡ ✐♥✈♦❧✉t✐♦♥ σ : G → G✱ ✇❤❡r❡ G
✐s ❛ r❡❞✉❝t✐✈❡ ❣r♦✉♣✳ ❙②♠♠❡tr✐❝ s♣❛❝❡s ❛r❡ s♣❤❡r✐❝❛❧✳

▲❡t G ❜❡ ❛ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ♦❢ ❛❞❥♦✐♥t t②♣❡✱ t❤❡♥ ❢♦r ❛♥② s②♠♠❡tr✐❝
s♣❛❝❡ G/Gσ t❤❡r❡ ❡①✐sts ❛ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ X = G/Gσ✳ ❙✉❝❤ X ✐s
❝❛❧❧❡❞ ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t②✳

■♥ t❤✐s ❝❛s❡ t❤❡ s♣❤❡r✐❝❛❧ r♦♦ts ♦❢ X ❛r❡ ❣✐✈❡♥ ❜② ᾱi = αi − σ(αi) ❢♦r 1 ≤ i ≤
rk(X)✳ ◆♦t❡ t❤❛t ✐t ♠❛② ❛♣♣❡❛r t❤❛t rk(X) < rk(G) ❛♥❞ t❤❡r❡ ❡①✐st 1 ≤ i 6= j ≤
rk(X)✱ s✉❝❤ t❤❛t ᾱi = ᾱj✳

❋♦r ❛ ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t② X t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ❛✣♥❡ s✉❜s❡t V ✱ s✉❝❤
t❤❛t V ≃ U ×Al✱ ✇❤❡r❡ U = Ru(PSp

X
)✳ ❲❡ ✇r✐t❡ (u, x) ∈ V ✇✐t❤ x = (x1, . . . , xl)✳

❋♦r t❤✐s V ❛♥② ❜♦✉♥❞❛r② ❞✐✈✐s♦r Xi ♦❢ X ✐s ❧♦❝❛❧❧② ❣✐✈❡♥ ❜②

Xi ∩ V = {(u, x) | xi = 0}.

▲❡t I ⊂ {1, . . . , l} ❛♥❞ ❧❡t XI ❜❡ ❛ ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② ♦❢ X✳ ❚❤❡♥
XI ✐s ♦❢ t❤❡ ❢♦r♠ G ×P−

XI ✱ ✇❤❡r❡ P ✐s t❤❡ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣✱ ❛ss♦❝✐❛t❡❞ t♦
SI = {α ∈ S | ᾱ = ᾱi ❢♦r s♦♠❡ i /∈ I}✳

❚❤❡ P✐❝❛r❞ ❣r♦✉♣ Pic(X) ≃ Zl+s✱ ✇❤❡r❡ s ✐s t❤❡ ♥✉♠❜❡r ♦❢ s♣❤❡r✐❝❛❧ r♦♦ts ᾱ✱
s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❞✐st✐♥❝t s✐♠♣❧❡ r♦♦ts α, α′ ∈ S✱ ✇✐t❤ ❡✐t❤❡r α 6= −σ(α′)
♦r α 6= −σ(α′) ❛♥❞ (α, α′) 6= 0✳

❆❧s♦ ❢♦r ❛♥② ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② XI t❤❡r❡ ❡①✐sts ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 Pic(G/P−
SI
) Pic(XI) Pic(XI) 0

π∗
I ι∗

✇❤❡r❡ πI : XI → G/P−
SI

✐s t❤❡ G✲❡q✉✐✈❛r✐❛♥t ♣r♦❥❡❝t✐♦♥ ❛♥❞ ι : XI → XI ✐s t❤❡
✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ✜❜❡r ♦✈❡r t❤❡ ✉♥✐q✉❡ P−

SI
✲✜①❡❞ ♣♦✐♥t ♦❢ G/P−

SI
✳

✷✳✻ ❘❡❞✉❝✐❜✐❧✐t② ♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ st❛❜❧❡ ♠❛♣s

▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t② ❛♥❞ ❧❡t η ∈ N1(X) \ {0} ❜❡ ❛ ♠♦✈❛❜❧❡
❝✉r✈❡ ❝❧❛ss✳ ❋♦r ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t✐❡s t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t η
❤❛s ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ❛❧❧ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦rs ♦❢ X✳ ❲❡ ✇✐s❤ t♦ ❝♦♥s✐❞❡r
t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ M0,0(X, η) ♦❢ st❛❜❧❡ ♠❛♣s ♦❢ ❣❡♥✉s 0 ✇✐t❤ ♥♦ ♠❛r❦❡❞ ♣♦✐♥ts✳ ❲❡
❞❡✜♥❡ ❛♥ ♦♣❡♥ s✉❜s❡t M◦

0,0(X, η) ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡s ♠❡❡t✐♥❣ t❤❡ ♦♣❡♥ G✲♦r❜✐t
♦❢ X✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ s❡t M◦

0,0(X, η) ✐s ❛❧✇❛②s ♥♦♥❡♠♣t② ✐❢ η = 2η′ ❢♦r s♦♠❡
❝❧❛ss η′ ∈ N1(X)✱ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦rs✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✱ s❤♦✇✐♥❣ t❤❛t ✐♥ ♠❛♥② ❝❛s❡s t❤❡ s♣❛❝❡ M0,0(X, η) ✐s r❡❞✉❝✐❜❧❡✳

❚❤❡♦r❡♠ ❆✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t②✳ ▲❡t η ∈ N1(X) \ {0}
❜❡ ❛ ❝✉r✈❡ ❝❧❛ss s✉❝❤ t❤❛t M◦

0,0(X, η) 6= ∅✳ ❆ss✉♠❡ t❤❡r❡ ❡①✐sts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥

✶✾



η = η1 + η2✱ s✉❝❤ t❤❛t η1 ❛♥❞ η2 ❛r❡ ♥♦♥tr✐✈✐❛❧ ❡✛❡❝t✐✈❡ ❝✉r✈❡ ❝❧❛ss❡s ♦♥ X ❛♥❞ ❛
❜♦✉♥❞❛r② ❞✐✈✐s♦r D ✇✐t❤

〈D, η2〉 ≤ −2.

❚❤❡♥ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ M0,0(X, η) ✐s r❡❞✉❝✐❜❧❡✳

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❣❡t✿

❚❤❡♦r❡♠ ❇✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ s✐♠♣❧❡ ❣r♦✉♣ G ♦❢
❛❞❥♦✐♥t t②♣❡ ✇✐t❤ rk(G) ≥ 3✳ ❚❤❡♥ M0,0(X, η) ✐s r❡❞✉❝✐❜❧❡ ❢♦r ❛♥② ♠♦✈❛❜❧❡ ❝❧❛ss
♦❢ ❝✉r✈❡s η ∈ N1(X) \ {0}✳

❚❤✐s r❡s✉❧t ❝♦♥tr❛sts ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ ❱▼❘❚ ✐s ✐rr❡❞✉❝✐❜❧❡ ❢♦r ✇♦♥❞❡r❢✉❧
❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✳

❚❤✐s r❡s✉❧t ♠♦t✐✈❛t❡s ✉s t♦ ❝♦♥s✐❞❡r t❤❡ s❡t M◦
0,0(X, η) ❛♥❞ t♦ ♣r♦✈❡ t❤❛t ✐t ✐s

✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ s♣❡❝✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✇❤♦❧❡ ♠♦❞✉❧✐ s♣❛❝❡✳

✷✳✼ ■rr❡❞✉❝✐❜✐❧✐t② ♦❢ t❤❡ s♣❡❝✐❛❧ ❝♦♠♣♦♥❡♥t

▲❡t G ❜❡ ❛ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ♦❢ ❛❞❥♦✐♥t t②♣❡✳ ❲❡ t❛❦❡ X t♦ ❜❡ t❤❡
✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ G✱ ✈✐❡✇❡❞ ❛s ❛ s②♠♠❡tr✐❝ s♣❛❝❡ G×G/G
❢♦r t❤❡ ✐♥✈♦❧✉t✐♦♥ (x, y) 7→ (y, x)✳ ❊✈❡r② ❢✉♥❞❛♠❡♥t❛❧ ❝♦✲✇❡✐❣❤t ωi0 ❢♦r s♦♠❡ i0 ∈
{1, . . . , r} ❞❡✜♥❡s ❛ 1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ♦❢ G ❛♥❞ ❛❧s♦ ♦❢ G×G ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥
g 7→ (g, 1G)✳ ❚❤❡r❡ ❡①✐sts ❛ ❧✐♠✐t ♠❛♣ ϕi0 : X 99K X ✇✐t❤ ϕi0(X) ⊂ Xi0 ✳ ▲❡t η ❜❡
❛ ♥✉♠❡r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ♠♦❜✐❧❡ ❝✉r✈❡s✳ ❚❤❡♥ M◦

0,0(X, η) ✐s ♥♦♥❡♠♣t② ❛♥❞
❝♦♥t❛✐♥s ❛♥ ♦♣❡♥ s❡t ♦❢ ❝✉r✈❡s✱ ❛✈♦✐❞✐♥❣ t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ♦❢ ϕi0 ✳ ❙♦ t❤❡r❡
❡①✐sts ❛ r❛t✐♦♥❛❧ ♠❛♣

ϕi0 :M
◦
0,0(X, η) 99KM

◦
0,0(Xi, η̄)

C 7→ ϕi0(C),

✇❤❡r❡ η̄ ✐s t❤❡ ❝❧❛ss ♦❢ ϕi0(C)✳ ❆ s✐♠✐❧❛r st❛t❡♠❡♥t ✐s tr✉❡ ❢♦r ❝❧♦s❡❞ G✲st❛❜❧❡
s✉❜✈❛r✐❡t✐❡s ✐♥ X✱ ✇❤✐❝❤ ✇❡ ✉s❡ t♦❣❡t❤❡r ✇✐t❤ ✐♥❞✉❝t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ❈✳ ▲❡t X ❜❡ t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝
❣r♦✉♣ G ♦❢ ❛❞❥♦✐♥t t②♣❡✳ ▲❡t η ∈ N1(X) ❜❡ ❛ ♠♦✈❛❜❧❡ ❝✉r✈❡ ❝❧❛ss✳ ❚❤❡♥ t❤❡ s♣❛❝❡
M◦

0,0(X, η) ✐s ✐rr❡❞✉❝✐❜❧❡✳

❚❤❡ ♦❜✈✐♦✉s ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✇♦✉❧❞ ❜❡ t♦ ❜r♦❛❞❡♥ t❤❡ ❝❧❛ss ♦❢ ✈❛r✐❡t✐❡s✱
❢♦r ✇❤✐❝❤ t❤❡ ❧❛st ✐rr❡❞✉❝✐❜✐❧✐t② st❛t❡♠❡♥t ✐s tr✉❡✱ ❜✉t ✇❡ ❝♦✉❧❞ ❛❧s♦ ❧♦♦❦ t♦✇❛r❞s
r❛t✐♦♥❛❧ s✐♠♣❧❡ ❝♦♥♥❡❝t❡❞♥❡ss ♦❢ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳ ❆ ✈❛r✐❡t② X ✐s r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞✱ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❛t✐♦♥❛❧ ❝✉r✈❡✱ ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛♥② t✇♦
❣❡♥❡r❛❧ ♣♦✐♥ts ♦❢ X✳ ❚❤❡ ♦❜✈✐♦✉s ❡①❛♠♣❧❡ ✐s t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ PN ✳ ❘❛t✐♦♥❛❧
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s✐♠♣❧❡ ❝♦♥♥❡❝t❡❞♥❡ss r❡q✉✐r❡s ♠♦r❡✱ ♥❛♠❡❧② t❤❛t t❤❡ s♣❛❝❡ ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐ts❡❧❢
✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ♠❛♥② ♠♦❞✉❧✐ s♣❛❝❡s ✭❢♦r ❡❛❝❤ ❝❧❛ss ♦❢
❝✉r✈❡s✮ ❛♥❞ s✐♥❝❡ t❤❡s❡ ♠♦❞✉❧✐ s♣❛❝❡s ✉s✉❛❧❧② ❤❛✈❡ ♠❛♥② ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts
❛s ❚❤❡♦r❡♠ ❆ s❤♦✇s✱ ❛ ❣♦♦❞ ❞❡✜♥✐t✐♦♥ ♦❢ r❛t✐♦♥❛❧ s✐♠♣❧❡ ❝♦♥♥❡❝t❡❞♥❡ss r❡q✉✐r❡s
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✧❝❛♥♦♥✐❝❛❧✧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s♣❛❝❡ ♦❢ st❛❜❧❡ ♠❛♣s ♦❢ s♦♠❡ ❝❧❛ss
η s✉✣❝✐❡♥t❧② ♣♦s✐t✐✈❡ ✇❤✐❝❤ ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳ ❚❤❡ ❝♦♠♣♦♥❡♥t ❝♦♥str✉❝t❡❞
✐♥ ❚❤❡♦r❡♠ ❇ ✐s ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡ ❢♦r ❜❡✐♥❣ t❤✐s ✧❝❛♥♦♥✐❝❛❧ ❝♦♠♣♦♥❡♥t✧✳

✷✶



❙♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s

✸✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ❆ ♥♦r♠❛❧ G✲✈❛r✐❡t② X ✐s ❝❛❧❧❡❞ s♣❤❡r✐❝❛❧ ✐❢ ✐t t❤❡r❡ ❡①✐sts ❛♥
x ∈ X s✉❝❤ t❤❛t Bx = X✳ ❚❤❡ st❛❜✐❧✐③❡r s✉❜❣r♦✉♣ H = StabG(x) ♦❢ t❤❡ ♣♦✐♥t x
✐s ❝❛❧❧❡❞ ❛ s♣❤❡r✐❝❛❧ s✉❜❣r♦✉♣ ♦❢ G✳ ❚❤❡ ✈❛r✐❡t② X ❜❡✐♥❣ s♣❤❡r✐❝❛❧ ✐s ❡q✉✐✈❛❧❡♥t t♦
Bx ❜❡✐♥❣ ♦♣❡♥ ✐♥ X ♦r BH ❜❡✐♥❣ ♦♣❡♥ ✐♥ G✳ ❆ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ✐s ❝❛❧❧❡❞ s✐♠♣❧❡
✐❢ ✐t ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ G✲♦r❜✐t✳ ❚❤❡ q✉♦t✐❡♥t G/H ❜② ❛ s♣❤❡r✐❝❛❧ s✉❜❣r♦✉♣
H ✐s ❝❛❧❧❡❞ ❛ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t X ✐s ❛ s♣❤❡r✐❝❛❧ ✈❛r✐❡t②✱ ✉♥❧❡ss st❛t❡❞ ♦t❤❡r✲
✇✐s❡✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷✳ ✭❛✮ ❉❡✜♥❡ t❤❡ s❡t ♦❢ B✲s❡♠✐✲✐♥✈❛r✐❛♥t r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ♦♥
X✿

C(X)(B) = {f ∈ C(X) \ {0} | bf = χ(b)f ∀b ∈ B, ✇❤❡r❡ χ : B → C∗};

✭❜✮ ❋♦r ❛♥② f ∈ C(X)(B)✱ χ ✐s ❝❛❧❧❡❞ t❤❡ ❛ss♦❝✐❛t❡❞ B✲✇❡✐❣❤t✱ ✐t ✐s ❛ ❝❤❛r❛❝t❡r
♦❢ B ❛♥❞ ✐s ❛❧s♦ ❞❡♥♦t❡❞ χf ❀

✭❝✮ ❚❤❡ s❡t ♦❢ ❛❧❧ B✲✇❡✐❣❤ts ♦❢ ♥♦♥③❡r♦ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ♦♥ X ✐s ❞❡♥♦t❡❞ ❜②✿

Λ(X) = {χf | f ∈ C(X)(B) \ {0}};

✭❞✮ ❉❡✜♥❡ t❤❡ Q✲✈❡❝t♦r s♣❛❝❡✿

Q(X) = HomZ(Λ(X),Q)

❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ♦♣❡♥ ♦r❜✐t ♦❢ X✱ ✇❤✐❝❤ ✐s ❛ s♣❤❡r✐❝❛❧
❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡✳

❚❤❡♦r❡♠ ✸✳✶✳✸ ✭❬❙✉♠✼✺❪✮✳ ▲❡t X ❜❡ ❛ ♥♦r♠❛❧ G✲✈❛r✐❡t②✱ Y ⊂ X ❛ G✲♦r❜✐t✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ s❡t U ♦❢ X ❝♦♥t❛✐♥✐♥❣ Y ✱ G✲st❛❜❧❡✱ ❛♥❞ ✐s♦♠♦r♣❤✐❝ t♦
❛ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② ♦❢ P(V ) ❢♦r s♦♠❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ r❛t✐♦♥❛❧ G✲♠♦❞✉❧❡ V ✳
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❈♦r♦❧❧❛r② ✸✳✶✳✹✳ ❆♥② ♥♦r♠❛❧ G✲✈❛r✐❡t② X ✇✐t❤ ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ ♦r❜✐t ✐s q✉❛s✐✲
♣r♦❥❡❝t✐✈❡✳

❈♦r♦❧❧❛r② ✸✳✶✳✺ ✭❬P❡③✶✵✱ ❈♦r♦❧❧❛r② ✷✳✷✳✷❪✮✳ ▲❡t X ❜❡ ❛ ♥♦r♠❛❧ G✲✈❛r✐❡t②✱ Y ⊂ X
❛♥ ✐rr❡❞✉❝✐❜❧❡ G✲st❛❜❧❡ ❝❧♦s❡❞ s✉❜✈❛r✐❡t②✳ ❚❤❡♥ B✲s❡♠✐✲✐♥✈❛r✐❛♥t r❛t✐♦♥❛❧ ❢✉♥❝✲
t✐♦♥s ♦♥ Y ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ B✲s❡♠✐✲✐♥✈❛r✐❛♥t r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ♦♥ X✱ ❛s ❛
❝♦♥s❡q✉❡♥❝❡ Λ(X) ⊃ Λ(Y )✳

❚❤❡♦r❡♠ ✸✳✶✳✻ ✭❬❇r✐✾✼❜✱ ❈♦r♦❧❧❛r② ✷✳✶❪✮✳ ▲❡t X ❜❡ ❛ s♣❤❡r✐❝❛❧ G✲✈❛r✐❡t②✳ ❚❤❡♥
❜♦t❤ G ❛♥❞ B ❤❛✈❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♦r❜✐ts ✐♥ X✳ ■❢ Y ✐s ❛ ♥♦r♠❛❧ G✲st❛❜❧❡ ❝❧♦s❡❞
s✉❜✈❛r✐❡t② ♦❢ X t❤❡♥ Y ✐s s♣❤❡r✐❝❛❧✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✼✳ ▲❡t X ❜❡ ❛ s♣❤❡r✐❝❛❧ ✈❛r✐❡t②✳ ❲❡ ❞❡♥♦t❡ ❜② DX t❤❡ s❡t ♦❢
B✲st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦rs✳ ❚❤❡ G✲st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦rs ✐♥ DX ❛r❡ ❝❛❧❧❡❞ ❜♦✉♥❞❛r②
❞✐✈✐s♦rs ❛♥❞ t❤❡ B✲st❛❜❧❡ ❜✉t ♥♦t G✲st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦rs ✐♥ DX ❛r❡ ❝❛❧❧❡❞ ❝♦❧♦rs
♦❢ X✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❝♦❧♦rs ❜② ∆X ✳ ▲❡t Y ❜❡ ❛ G✲♦r❜✐t ♦❢ X✱ ❞❡✜♥❡
∆X,Y = {D ∈ ∆X | Y ⊂ D}✱ DX,Y = {D ∈ DX | Y ⊂ D} ❛♥❞

XY,B = X \
⋃

D∈∆X\∆X,Y

D.

❙✐♥❝❡ X ❤❛s ❛ ❞❡♥s❡ B✲♦r❜✐t ♥♦t❡ t❤❛t ❢♦r χ ∈ Λ(X) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✉♣
t♦ ❛ s❝❛❧❛r f ∈ C(X) ✇✐t❤ χf = χ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣ ✐s ✇❡❧❧
❞❡✜♥❡❞✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✽✳ ▲❡t X ❜❡ ❛ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t②✳ ❉❡✜♥❡ t❤❡ ♠❛♣

ρX : ∆X → Q(X)

D 7→ ρX(D)

✈✐❛ 〈ρX(D), χ〉 = νD(f)✱ ✇❤❡r❡ f ∈ C(X)(B) ✇✐t❤ χf = χ ❛♥❞ νD(f) ✐s t❤❡
✈❛♥✐s❤✐♥❣ ♠✉❧t✐♣❧✐❝✐t② ♦❢ f ♦♥ D✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✾✳ ▲❡t H ❜❡ ❛ s♣❤❡r✐❝❛❧ s✉❜❣r♦✉♣ ♦❢ G✳ ❆ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥
ν : C(G/H) → Q ∪ {∞} ✐s ❝❛❧❧❡❞ G✲✐♥✈❛r✐❛♥t✱ ✐❢ ν(gf) = ν(f) ❢♦r ❛♥② g ∈ G ❛♥❞
f ∈ C(G/H)✳ ❋♦r G/H ❛ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ❞❡♥♦t❡ ❜② VG/H t❤❡ s❡t ♦❢
❛❧❧ G✲✐♥✈❛r✐❛♥t ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✵ ✭❬❇P✽✼✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷❪✮✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ ❝♦♥❡ VG/H ✐s ❛
♣♦❧②❤❡❞r❛❧ ❝♦♥✈❡① ❝♦♥❡✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✶✳ ❋♦r ❛ G✲s♣❤❡r✐❝❛❧ ✈❛r✐❡t② X ✇✐t❤ ❞❡♥s❡ ♦r❜✐t G/H ❛♥❞ Y ⊂ X
❛ G✲♦r❜✐t✱ ❞❡✜♥❡ VX,Y = {νD ∈ VG/H | D ∈ DX,Y \∆X,Y }✳
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✸✳✷ ▲♦❝❛❧ str✉❝t✉r❡ ♦❢ s♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s

❚❤❡♦r❡♠ ✸✳✷✳✶ ✭❬❇r✐✾✼❜✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸❪✮✳ ▲❡t X ❜❡ ❛ s♣❤❡r✐❝❛❧
G✲✈❛r✐❡t② ❛♥❞ Y ⊂ X ❛ ❝❧♦s❡❞ G✲♦r❜✐t✱ t❤❡♥✿

✭❛✮ ❚❤❡ s❡t XY,B ✐s ❛✣♥❡ B✲st❛❜❧❡ ❛♥❞ ✐s ❡q✉❛❧ t♦ {x ∈ X | Bx ⊃ Y }❀

✭❜✮ ■❢ X ✐s s✐♠♣❧❡ ❛♥❞ Y ✐s t❤❡ ✉♥✐q✉❡ ❝❧♦s❡❞ G✲♦r❜✐t t❤❡♥ ❛♥② ❞✐✈✐s♦r D ∈ ∆X

✇✐t❤ Y 6⊂ D ✐s ❈❛rt✐❡r ❛♥❞ ❣❧♦❜❛❧❧② ❣❡♥❡r❛t❡❞❀

✭❝✮ ▲❡t P ⊂ G ❜❡ t❤❡ st❛❜✐❧✐③❡r ♦❢ XY,B ❛♥❞ ❧❡t L ⊂ P ❜❡ ❛ ▲❡✈✐ s✉❜❣r♦✉♣ ♦❢ P ✳
❚❤❡r❡ ❡①✐sts ❛♥ ❛✣♥❡ L✲st❛❜❧❡ L✲s♣❤❡r✐❝❛❧ s✉❜✈❛r✐❡t② M ♦❢ XY,B s✉❝❤ t❤❛t
t❤❡ ❛❝t✐♦♥

Ru(P )×M → XY,B

✐s ❛ P ✲❡q✉✐✈❛r✐❛♥t ✐s♦♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r rk(X) = rk(M)✳

❈♦r♦❧❧❛r② ✸✳✷✳✷ ✭❬❇r✐✾✼❜✱ ❈♦r♦❧❧❛r② ✶✳✹✳✶❪✮✳ ❆ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ❤❛s r❛♥❦ ✵ ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐t ✐s ❛ ❝♦♠♣❧❡t❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ G/P ❢♦r s♦♠❡ ♣❛r❛❜♦❧✐❝ P ✳

❈♦r♦❧❧❛r② ✸✳✷✳✸ ✭❬P❡③✶✵✱ ❈♦r♦❧❧❛r② ✷✳✸✳✷❪✮✳ ❚❤❡ ✈❛r✐❡t② X ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✶ ✐s
s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s s♠♦♦t❤✳

✸✳✸ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ s♣❤❡r✐❝❛❧ ❡♠❜❡❞❞✐♥❣s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s ✈✐❛ ❝♦♠❜✐✲
♥❛t♦r✐❛❧ ❞❛t❛ ❝❛❧❧❡❞ ❝♦❧♦r❡❞ ❝♦♥❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✳ ❆♥ ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ G/H ✐s ❛ ♥♦r✲
♠❛❧ G✲✈❛r✐❡t② ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♣♦✐♥t x ∈ X✱ s✉❝❤ t❤❛t Gx ✐s ♦♣❡♥ ❛♥❞ StabG(x) =
H✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✷✳ ▲❡t V ❜❡ ❛ Q✲✈❡❝t♦r s♣❛❝❡ ❛♥❞ C ⊂ V ✳

✭❛✮ C ✐s ❛ ❝♦♥❡ ✐❢ ✐t ✐s ❛ s❡♠✐✲❣r♦✉♣ ✇✐t❤ r❡s♣❡❝t t♦ ❛❞❞✐t✐♦♥ ✐♥ V ❛♥❞ st❛❜❧❡
✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ Q≥0❀

✭❜✮ ❆ ❝♦♥❡ C ✐s str✐❝t❧② ❝♦♥✈❡① ✐❢ C ∩ −C = 0 ✭❡q✉✐✈❛❧❡♥t❧② ✐❢ C ❝♦♥t❛✐♥s ♥♦
❧✐♥❡✮❀

✭❝✮ ❆ ❝♦♥❡ C ✐s ♣♦❧②❤❡❞r❛❧ ✐❢ C = Q≥0v1 + · · ·+Q≥0vn ❢♦r s♦♠❡ v1, . . . , vn❀

✭❞✮ C∨ = {ν ∈ V ∨ | 〈ν, v〉 ≥ 0 ❢♦r ❛♥② v ∈ C} ✐s t❤❡ ❞✉❛❧ ❝♦♥❡ ♦❢ C❀

✭❡✮ C◦ ✐s t❤❡ r❡❧❛t✐✈❡ ✐♥t❡r✐♦r ♦❢ C❀

✷✹



✭❢✮ ❆ ❢❛❝❡ Ff ♦❢ ❛ ❝♦♥❡ C ✐s ❛ s✉❜s❡t Ff = {v ∈ C | f(v) = 0} ❢♦r s♦♠❡ f ∈ C∨✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✳ ▲❡t X ❜❡ ❛ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ G✲✈❛r✐❡t② ❛♥❞ Y ⊂ X ❛ ❝❧♦s❡❞
G✲♦r❜✐t✳ ❉❡✜♥❡ t❤❡ ❝♦♥❡ CY (X) ⊂ Q(X) t♦ ❜❡ t❤❡ ❝♦♥❡ ❣❡♥❡r❛t❡❞ ❜② VX,Y ❛♥❞
ρX(∆X,Y )✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✹✳ ❆ ❝♦❧♦r❡❞ ❝♦♥❡ ♦❢ G/H✱ ✐s ❛ ♣❛✐r (C,F) ✇✐t❤ C ⊂ Q(G/H) ❛♥❞
F ⊂ DG/H ❤❛✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭❛✮ C ✐s ❛ ❝♦♥❡ ❣❡♥❡r❛t❡❞ ❜② ρG/H(F) ❛♥❞ ✜♥✐t❡❧② ♠❛♥② ❡❧❡♠❡♥ts ♦❢ VG/H

✭❜✮ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ C◦ ∩ VG/H ✐s ♥♦♥❡♠♣t②✳

❚❤❡ ❝♦❧♦r❡❞ ❝♦♥❡ C ✐s ❝❛❧❧❡❞ str✐❝t❧② ❝♦♥✈❡① ✐❢ t❤❡ ❝♦♥❡ C ✐s str✐❝t❧② ❝♦♥✈❡① ❛♥❞
0 /∈ F ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✺ ✭❬▲❱✽✸✱ ➓✽❪✮✳ ❚❤❡ ♠❛♣ X 7→ (CY (X),∆X,Y ) ✐s ❛ ❜✐❥❡❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ❡♠❜❡❞❞✐♥❣s X ♦❢ G/H ✇✐t❤
❝❧♦s❡❞ ♦r❜✐t Y ❛♥❞ str✐❝t❧② ❝♦♥✈❡① ❝♦❧♦r❡❞ ❝♦♥❡s✳ ❚❤❡ ❝♦♥❡ VG/H ✐s ❛ ♣♦❧②❤❡❞r❛❧
❝♦♥❡✳

❋✉rt❤❡r♠♦r❡ t❤❡ ✈❛r✐❡t② X ✐s ❝♦♠♣❧❡t❡ ✐❢ VG/H ⊂ CY (X)✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✻✳ ❆ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② X ✐s ❝❛❧❧❡❞ t♦r♦✐❞❛❧ ✐❢ ∆X,Y = ∅ ❢♦r ❛♥②
❝❧♦s❡❞ G✲♦r❜✐t Y ⊂ X✳ ❆ s♣❤❡r✐❝❛❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/H ✐s ❝❛❧❧❡❞ t♦r♦✐❞❛❧ ✐❢ ✐t ✐s ❛
t♦r♦✐❞❛❧ ✈❛r✐❡t②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✼ ✭❬❇P✽✼✱ ❈♦r♦❧❧❛✐r❡ ✸✳✷❪✮✳ ❊✈❡r② t♦r♦✐❞❛❧ s♣❤❡r✐❝❛❧ ❡♠❜❡❞❞✐♥❣
♦❢ G/H ❤❛s ❛♥ ❡q✉✐✈❛r✐❛♥t t♦r♦✐❞❛❧ ❝♦♠♣❧❡t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✽✳ ▲❡t (C,F) ❜❡ ❛ ❝♦❧♦r❡❞ ❝♦♥❡✳ ❆ ❝♦❧♦r❡❞ ❝♦♥❡ (C ′,F ′) ✐s ❝❛❧❧❡❞
❛ ❝♦❧♦r❡❞ ❢❛❝❡ ♦❢ (C,F) ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭❛✮ C ′ ✐s ❛ ❢❛❝❡ ♦❢ C

✭❜✮ F ′ = F ∩ ρ−1
X (C ′)

❚❤❡ ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t✐❡s ♦❢ ❛ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s
❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✾ ✭❬❑♥♦✾✶✱ ▲❡♠♠❛ ✸✳✷❪✮✳ ▲❡t X ❜❡ ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ s♣❤❡r✐❝❛❧
❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ G/H ❛♥❞ ❧❡t Y ⊂ X ❛ G✲♦r❜✐t✳ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ s❡t ♦❢ G✲♦r❜✐ts ✐♥ X ❝♦♥t❛✐♥✐♥❣ Y ✐♥ t❤❡✐r ❝❧♦s✉r❡ ❛♥❞ t❤❡ s❡t ♦❢ ❢❛❝❡s ♦❢
(CY (X),∆X,Y )✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✵✳ ❆ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ G/H ✐s ❝❛❧❧❡❞ s♦❜❡r ✐❢ ✐t ❛❞✲
♠✐ts ❛ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ s♣❤❡r✐❝❛❧ ❡♠❜❡❞❞✐♥❣✳
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Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✶ ✭❬❇P✽✼✱ ❈♦r♦❧❧❛r② ✺✳✸❪✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈✲
❛❧❡♥t✿

❼ G/H ✐s s♦❜❡r❀

❼ ❚❤❡ ❝♦♥❡ VG/H ✐s str✐❝t❧② ❝♦♥✈❡①❀

❼ NG(H)/H ✐s ✜♥✐t❡✳

❘❡❝❛❧❧ t❤❛t s✐♠♣❧❡ ✈❛r✐❡t✐❡s ❛r❡ q✉❛s✐✲♣r♦❥❡❝t✐✈❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✷✳ ❚❤❡r❡ ❡①✐sts ❛ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ t♦r♦✐❞❛❧ ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ s♦❜❡r
s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ❛♥❞ ✐t ✐s ✉♥✐q✉❡ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦❧♦r❡❞ ❝♦♥❡ (VG/H , ∅)✳

✸✳✹ ❈✉r✈❡s ❛♥❞ ❞✐✈✐s♦rs ♦♥ s♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧t ♦♥ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ▲❡t G ❜❡ ❛ r❡❞✉❝t✐✈❡ ❣r♦✉♣✱ S ′ ⊂ SG ❛ s✉❜s❡t ♦❢ s✐♠♣❧❡ r♦♦ts✳
▲❡t P = PS′ ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ ♦❢ G✳ ❚❤❡♥

Pic(G/P−) =
⊕

α∈SG\SP

ZDα(G/P
−),

✇❤❡r❡ Dα(G/P
−) = PsαP−/P− ❛♥❞ sα ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥

❝♦rr❡s♣♦♥❞✐♥❣ t♦ α ✐♥ t❤❡ ❲❡②❧ ❣r♦✉♣ ♦❢ G✳ ❚❤❡ ❞✐✈✐s♦rs Dα(G/P
−) ❛r❡ t❤❡ ❝♦❧♦rs

♦❢ G/P−✳

❚❤❡r❡ ✐s ❛♥♦t❤❡r ✇❛② t♦ ❞❡s❝r✐❜❡ t❤❡ P✐❝❛r❞ ❣r♦✉♣ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✷✳ ▲❡t L ∈ Pic(G/P−) ❜❡ ❛ ❧✐♥❡ ❜✉♥❞❧❡✱ z ∈ G/P− ❜❡ t❤❡ P−✲
✜①❡❞ ♣♦✐♥t ❛♥❞ Lz ❜❡ t❤❡ ✜❜❡r ♦❢ L ❛t z✳ ▲❡t G̃ ❜❡ ❛ ✜♥✐t❡ ❝♦✈❡r✐♥❣ ♦❢ G✱ s✉❝❤ t❤❛t
L ✐s G̃✲❧✐♥❡❛r✐s❛❜❧❡ ❛♥❞ P̃− ⊂ G̃ t❤❡ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ ♦❜t❛✐♥❡❞ ❛s ✐♥✈❡rs❡ ✐♠❛❣❡
♦❢ P−✳ ❚❤❡♥ L ≃ G̃ ×P̃−

Lz✳ ❚❤❡ 1✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ Cχ = Lz ♦❢ P̃−✱
✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② ❛ ❝❤❛r❛❝t❡r χ ∈ Λ(G̃/P̃−)✳ ❲❡ ✇✐❧❧ ✇r✐t❡ L = Lχ✳

▼♦r❡♦✈❡r OG/P−(Dα(G/P
−)) = Lωα

✱ ✇❤❡r❡ ωα ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✇❡✐❣❤t✱ ❝♦r✲
r❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♠♣❧❡ r♦♦t α ∈ S✳

◆♦t❛t✐♦♥ ✸✳✹✳✸✳ ▲❡t L ❜❡ ❛ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ G/B−✳ ❘❡♣❧❛❝❡ G ✇✐t❤ ❛ ✜♥✐t❡ ❝♦✈❡r✐♥❣✱
s✉❝❤ t❤❛t L ✐s G✲❧✐♥❡❛r✐s❛❜❧❡✳ ❚❤❡♥ ✐t ✐s ✐s♦♠♦r♣❤✐❝ t♦ G ×B−

Cλ ❢♦r s♦♠❡ B−✲
✇❡✐❣❤t λ✳ ❲❡ ✇✐❧❧ ✇r✐t❡ L = Lλ✳

✷✻



▲❡t X ❜❡ ❛ ❝♦♠♣❧❡t❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ❛♥❞ ❧❡t D ❜❡ ❛ ❝♦❧♦r ♦❢ X✳ ❚❤❡♥ ✇❡
❤❛✈❡ ❛ ❧✐♥❡ ❜✉♥❞❧❡ OX(D) ♦♥ X✳ ▲❡t Y ❜❡ ❛ ❝❧♦s❡❞ G✲♦r❜✐t ♦❢ X✳ ▲❡t ι : Y → X
❜❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞ ♦r❜✐t Y ✐♥ X ❛♥❞ π : G/B− → Y ❜❡ t❤❡ ✉s✉❛❧ ♠❛♣
♦❢ ✢❛❣ ✈❛r✐❡t✐❡s✳ ❚❤❡♥ (ι ◦ π)∗OX(D) = Lλ(G/B

−) ❢♦r s♦♠❡ B−✲✇❡✐❣❤t λ✳
■❢ X ✐s s✐♠♣❧❡✱ t❤❡♥ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ❝❧♦s❡❞ G✲♦r❜✐t Y ⊂ X✳ ■❢ (ι ◦

π)∗OX(D) = Lλ(G/B
−) ✇❡ ✇✐❧❧ ✇r✐t❡ Lλ = Lλ(G/B

−) ❛♥❞ ✇❡ ✇✐❧❧ s❛② t❤❛t
D ❝♦rr❡s♣♦♥❞s t♦ t❤❡ B−✲✇❡✐❣❤t λ✳

◆♦t❛t✐♦♥ ✸✳✹✳✹✳ ❉❡♥♦t❡ ❜② Ak(X) t❤❡ ❣r♦✉♣ ♦❢ k✲❝②❝❧❡s ♦♥ X ♠♦❞✉❧♦ r❛t✐♦♥❛❧
❡q✉✐✈❛❧❡♥❝❡✳ ❉❡♥♦t❡ ❜② Effk(X) ⊂ Ak(X)Q t❤❡ ❝♦♥❡ ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ ❡✛❡❝t✐✈❡
k✲❝②❝❧❡s ♦♥ X✳ ❲❡ ✇✐❧❧ ✇r✐t❡ Effk(X) = EffdimX−k(X) ❛♥❞ Eff(X) ❢♦r t❤❡
❝♦♥❡ ♦❢ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦rs ♦♥ X✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✺ ✭❬❋▼❙❙✾✹✱ ❈♦r♦❧❧❛r② t♦ ❚❤❡♦r❡♠ ✶❪✮✳ ❋♦r X s♣❤❡r✐❝❛❧ t❤❡
❝♦♥❡ ♦❢ ❡✛❡❝t✐✈❡ ❝②❝❧❡s Effk(X) ⊂ Ak(X)Q ✐s ❛ ♣♦❧②❤❡❞r❛❧ ❝♦♥❡✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡
❝❧❛ss❡s ♦❢ t❤❡ ❝❧♦s✉r❡s ♦❢ t❤❡ B✲♦r❜✐ts✳

▲❡t Div(X) ❜❡ t❤❡ ❣r♦✉♣ ♦❢ ❈❛rt✐❡r ❞✐✈✐s♦rs ♦♥ X ❛♥❞ ❧❡t Z1(X) ❜❡ t❤❡ ❣r♦✉♣
♦❢ 1✲❝②❝❧❡s ♦♥ X✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✻✳ ❆ ❈❛rt✐❡r ❞✐✈✐s♦r ✐s ❝❛❧❧❡❞ ❡✛❡❝t✐✈❡ ✐❢ ✐t ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣r✐♠❡ ❞✐✈✐s♦rs✳ ❆ 1✲❝②❝❧❡ ✐s ❝❛❧❧❡❞ ❡✛❡❝t✐✈❡ ✐❢ ✐t ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡
❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡s✳

❚❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣❛✐r✐♥❣ ♦♥ 〈, 〉 : Div(X) × Z1(X) → Z ❣✐✈❡♥ ❜②
deg(OX(D)

∣

∣

C
)✱ ❢♦r OX(D) ∈ Div(X) ❛♥❞ C ❛♥ ✐rr❡❞✉❝✐❜❧❡ 1✲❝②❝❧❡✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✼✳ ❉❡✜♥❡ N1(X) t♦ ❜❡ t❤❡ q✉♦t✐❡♥t ♦❢ Div(X) ❜② t❤❡ ♦rt❤♦❣♦♥❛❧
♦❢ Z1(X) ❛♥❞ N1(X) t♦ ❜❡ t❤❡ q✉♦t✐❡♥t ♦❢ Z1(X) ❜② t❤❡ ♦rt❤♦❣♦♥❛❧ ♦❢ Div(X)✳

❚❤❡♥ ✇❡ ❤❛✈❡ ❛ ♣❡r❢❡❝t ♣❛r✐r✐♥❣ ❜❡t✇❡❡♥ N1(X) ❛♥❞ N1(X)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✽ ✭❬❇r✐✾✼❛✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷❪✮✳ ▲❡t X ❜❡ ❛ ❝♦♠♣❧❡t❡ s♣❤❡r✐❝❛❧
✈❛r✐❡t②✳ ❚❤❡ ♠❛♣ Pic(X) → N1(X) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✾✳ ❆ ❈❛rt✐❡r ❞✐✈✐s♦r D ♦♥ ❛ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② X ✐s ❝❛❧❧❡❞ ♥❡❢ ✐❢
〈D,C〉 ≥ 0 ❢♦r ❛♥② ❡✛❡❝t✐✈❡ 1✲❝②❝❧❡ C ∈ Z1(X)✳ ❚❤❡ ❝❧❛ss [D] ∈ Pic(X) ✐s ❛❧s♦
❝❛❧❧❡❞ ♥❡❢✳ ❲❡ ✇r✐t❡ Nef(X) ⊂ N1(X)Q = Pic(X)Q ❢♦r t❤❡ ❝♦♥❡ ♦❢ ♥❡❢ ❞✐✈✐s♦r
❝❧❛ss❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✵ ✭❬❑❧❡✻✻✱ ❚❤❡♦r❡♠ ✸✳✷✳✶❪✮✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✳ ❚❤❡
♥❡❢ ❝♦♥❡ ♦❢ X ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♥❡ ♦❢ ❛♠♣❧❡ ❞✐✈✐s♦rs ♦❢ X✳

▼✐❝❤❡❧ ❇r✐♦♥ ❣✐✈❡s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛♠♣❧❡ ❞✐✈✐s♦rs ♦❢ ❛ s✐♠♣❧❡ s♣❤❡r✐❝❛❧
✈❛r✐❡t② ✐♥ ❬❇r✐✽✾❪✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ✉s❡ t♦ ❞❡s❝r✐❜❡ Nef(X)✳
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Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✶ ✭❬❇r✐✽✾✱ ❚❤❡♦r❡♠ ✷✳✻❪✮✳ ▲❡t X ❜❡ ❛ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ s♣❤❡r✐❝❛❧
✈❛r✐❡t②✳ ❆ ❈❛rt✐❡r ❞✐✈✐s♦r ♦♥ X ✐s ❛♠♣❧❡ ✐s ❛♥❞ ♦♥❧② ✐❢ ✐t ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ ❛
♣♦s✐t✐✈❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞✐✈✐s♦rs ✐♥ ∆X \∆X,Y ✳

❈♦r♦❧❧❛r② ✸✳✹✳✶✷✳ ▲❡t X ❜❡ ❛ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t②✳ ❚❤❡ P✐❝❛r❞
❣r♦✉♣ Pic(X) ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝♦❧♦rs ♦❢ X✱ ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ t❤❡ ❝❧♦s❡❞
G✲♦r❜✐t✳

❈♦r♦❧❧❛r② ✸✳✹✳✶✸✳ ▲❡t X ❜❡ ❛ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✳ ❚❤❡ ♥❡❢ ❝♦♥❡
✐s ❣✐✈❡♥ ❜②

Nef(X) =
⊕

D∈∆X\∆X,Y

N0D

■♥ t❤❡ s❛♠❡ ♣❛♣❡r ▼✐❝❤❡❧ ❇r✐♦♥ s❤♦✇s t❤❛t ❛ ❞✐✈✐s♦r ♦♥ ❛ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡
s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ✐s ❣❡♥❡r❛t❡❞ ❜② ✐ts s❡❝t✐♦♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦❧♦rs ♦❢ X✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✹ ✭❬❇r✐✽✾✱ Pr♦♣♦s✐t✐♦♥ ✷✳✻❪✮✳ ▲❡t X ❜❡ ❛ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ s♣❤❡r✲
✐❝❛❧ ✈❛r✐❡t②✳ ❆ ❞✐✈✐s♦r ♦♥ X ✐s ❣❡♥❡r❛t❡❞ ❜② ✐ts s❡❝t✐♦♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❧✐♥❡❛r❧②
❡q✉✐✈❛❧❡♥t t♦

∑

D∈∆X\∆X,Y

nDD,

✇✐t❤ ❛❧❧ nD ≥ 0✳

■❢ t❤❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ✐s ❝♦♠♣❧❡t❡✱ t❤❡♥ t❤❡ s♣❛❝❡ ♦❢ ❝✉r✈❡ ❝❧❛ss❡s ✐s ❞✉❛❧ t♦
t❤♦s❡ ♦❢ ❞✐✈✐s♦r ❝❧❛ss❡s✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✺ ✭❬❇r✐✾✼❛✱ Pr♦♣ ✸✳✶ ❛♥❞ ✸✳✷❪✮✳ ▲❡t X ❜❡ ❛ ❝♦♠♣❧❡t❡ s♣❤❡r✐❝❛❧
✈❛r✐❡t②✱ t❤❡ ♠❛♣ Pic(X) → Hom(A1(X),Z) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r t❤❡
s❡q✉❡♥❝❡

0 A1(X)tors A1(X) N1(X) 0

✐s ❡①❛❝t✳ ▼♦r❡♦✈❡r ✐❢ X ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ G✲♦r❜✐t✱ t❤❡♥ A1(X) ✐s t♦rs✐♦♥
❢r❡❡ ❛♥❞ N1(X) = A1(X)✳

❲❡ ❞❡✜♥❡❞ t❤❡ ♥❡❢ ❝♦♥❡ ❢♦r ❞✐✈✐s♦rs✳ ❚❤❡ ♥❡❢ ❝♦♥❡ ✐s ❞✉❛❧ t♦ t❤❡ ❝♦♥❡ ♦❢ ❡✛❡❝t✐✈❡
❝✉r✈❡ ❝❧❛ss❡s✳ ❲❡ ❞❡✜♥❡ ❛ s✐♠✐❧❛r ❝♦♥❡ ♦❢ ❝✉r✈❡ ❝❧❛ss❡s Nef1(X) ⊂ N1(X)Q ❞✉❛❧
t♦ t❤❡ ❝♦♥❡ ♦❢ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦rs✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♠♦✈❛❜❧❡ ❝✉r✈❡ ❝❧❛ss❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✶✻✳ ❆ ❝✉r✈❡ ❝❧❛ss η ∈ N1(X)R ✐s ❝❛❧❧❡❞ ♠♦✈❛❜❧❡ ✐❢ ❢♦r ❛♥② ♣♦✐♥t
x ∈ X t❤❡r❡ ❡①✐sts ❛ r❡♣r❡s❡♥t❛t✐✈❡ Cx ♦❢ η✱ s✉❝❤ t❤❛t Cx ✐s ❛♥ ❡✛❡❝t✐✈❡ ❝✉r✈❡
♣❛ss✐♥❣ t❤r♦✉❣❤ x✳ ❉❡♥♦t❡ ❜②Mov(X) t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♥❡ ♦❢ ♠♦✈❛❜❧❡ ❡✛❡❝t✐✈❡
❝❧❛ss❡s ♦❢ ❝✉r✈❡s✳
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■t t✉r♥s ♦✉t t❤❛t ❢♦r s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s Nef1(X) =Mov(X)✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✼ ✭❬❇❉PP✶✸✱ ❚❤❡♦r❡♠ ✷✳✷❪✮✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡
✈❛r✐❡t②✱ t❤❡♥ t❤❡ ❝♦♥❡ Mov(X) ✐s ❞✉❛❧ t♦ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♥❡ ❣❡♥❡r❛t❡❞ ❜②
❡✛❡❝t✐✈❡ ❞✐✈✐s♦r ❝❧❛ss❡s ✐♥ N1(X)R✳

❲❡ ✜♥✐s❤ t❤❡ s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❞✐✈✐s♦r ♦❢ ❛ s♣❤❡r✲
✐❝❛❧ ✈❛r✐❡t②✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✽ ✭❬P❡r✶✽✱ ❚❤❡♦r❡♠ ✻✳✶✳✶❪✮✳ ▲❡t X ❜❡ ❛ s♣❤❡r✐❝❛❧ ✈❛r✐❡t②✱ t❤❡♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❢♦r t❤❡ ❛♥t✐❝❛♥♦♥✐❝❛❧ ❞✐✈✐s♦r −KX ♦❢ X

−KX =
∑

D∈DX\∆X

D +
∑

D∈∆X

aDD,

✇❤❡r❡ aD ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳

✷✾



❲♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞❡✜♥❡ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳ ❚❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r
✇❡ ❛ss✉♠❡ X t♦ ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t②✱ ✉♥❧❡ss st❛t❡❞ ♦t❤❡r✇✐s❡✳

✹✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ▲❡t X ❜❡ ❛ G ✈❛r✐❡t②✳ ❚❤❡♥ X ✐s ✇♦♥❞❡r❢✉❧ ✐❢✿

✭❛✮ X ✐s s♠♦♦t❤ ❛♥❞ ❝♦♠♣❧❡t❡

✭❜✮ X ❝♦♥t❛✐♥s ❛♥ ♦♣❡♥ G✲♦r❜✐t X◦
G ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t❛r② ✐s t❤❡ ✉♥✐♦♥ ♦❢ G✲

st❛❜❧❡ ♣r✐♠❡ ❞✐✈✐s♦rs X1, . . . , Xl✱ ✇❤✐❝❤ ❤❛✈❡ s✐♠♣❧❡ ♥♦r♠❛❧ ❝r♦ss✐♥❣s

✭❝✮ ❢♦r ❛❧❧ x, y ∈ X ✇❡ ❤❛✈❡✿

Gx = Gy ❡q✉✐✈❛❧❡♥t t♦ {i|x ∈ Xi} = {j|y ∈ Xj}

❚❤❡ ♥✉♠❜❡r l ✐s ❝❛❧❧❡❞ t❤❡ r❛♥❦ rk(X) ♦❢ X✱ ❛♥❞ t❤❡ ✉♥✐♦♥ ♦❢ G✲st❛❜❧❡ ♣r✐♠❡
❞✐✈✐s♦rs ✐s ❝❛❧❧❡❞ t❤❡ ❜♦✉♥❞❛r② ♦❢ X✱ ❞❡♥♦t❡❞ ∂X✳ ❚❤❡ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t② X ✐s
❝❛❧❧❡❞ ❡①❝❡♣t✐♦♥❛❧ ✐❢ rk Pic(X) > rk(X)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷✳ ❆♥② ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② ♦❢ X ✐s ♦❢ t❤❡ ❢♦r♠✿

XI =
⋂

i∈I

Xi

❢♦r s♦♠❡ I ⊂ {1, . . . , r}✳ ▼♦r❡♦✈❡r✱ XI ✐s ✇♦♥❞❡r❢✉❧ ❛♥❞ rk(XI) = rk(X)− |I|✳

❲♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s ❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ s♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s✱ ❛s ♣r♦✈❡❞ ❜② ▲✉♥❛
✐♥ ❬▲✉♥✾✻❪✳

❚❤❡♦r❡♠ ✹✳✶✳✸ ✭❬▲✉♥✾✻❪✮✳ ❆♥② ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t② ✐s ❛ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ✈❛r✐❡t②✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✹✳ ▲❡t G/H ❜❡ ❛ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ❛♥❞ X ❛ ✇♦♥❞❡r❢✉❧
✈❛r✐❡t②✱ s✉❝❤ t❤❛t ✐ts ♦♣❡♥ G✲♦r❜✐t X◦

G ✐s ✐s♦♠♦r♣❤✐❝ t♦ G/H✳ ❚❤❡♥ X ✐s ❝❛❧❧❡❞ ❛
✇♦♥❞❡r❢✉❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/H✳
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❘❡♠❛r❦ ✹✳✶✳✺✳ ◆♦t❡ t❤❛t ✐❢ G/H ❛❞♠✐ts ❛ ✇♦♥❞❡r❢✉❧ ❡♠❜❡❞❞✐♥❣✱ t❤❡♥ G/H ✐s
s♦❜❡r✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✻ ✭❬P❡③✶✵✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶❪✮✳ ▲❡t G/H ❜❡ ❛ s♦❜❡r s♣❤❡r✐❝❛❧
❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡✳ ❆ s♣❤❡r✐❝❛❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/H ✐s ✇♦♥❞❡r❢✉❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t
✐s t❤❡ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ t♦r♦✐❞❛❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/H ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✷✮ ❛♥❞ ✐t
✐s s♠♦♦t❤✳ ❚❤❡ r❛♥❦s ❛s ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t② ❛♥❞ ❛s s♣❤❡r✐❝❛❧ ✈❛r✐❡t② ❝♦✐♥❝✐❞❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ❣❡t ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s ✐♥ t❤❡ ❝❛t❡✲
❣♦r② ♦❢ s♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s✳

❈♦r♦❧❧❛r② ✹✳✶✳✼✳ ❆ s♣❤❡r✐❝❛❧ ✈❛r✐❡t② X ✐s ✇♦♥❞❡r❢✉❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s♠♦♦t❤
s✐♠♣❧❡ ❝♦♠♣❧❡t❡ ❛♥❞ t♦r♦✐❞❛❧✳

❉♦♠✐♥❣♦ ▲✉♥❛ ✐♥tr♦❞✉❝❡❞ s♣❤❡r✐❝❛❧ s②st❡♠s ✐♥ ❬▲✉♥✵✶❪ ❛♥❞ ❝♦♥❥❡❝t✉r❡❞ t❤❛t
t❤❡② ❝❧❛ss✐❢② ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳ ■♥ t❤❡ s❛♠❡ ♣❛♣❡r ❤❡ ♣r♦✈❡❞ t❤✐s ❝♦♥❥❡❝t✉r❡ ✐♥
t②♣❡ A✳ ❚❤❡ ❝♦♥❥❡❝t✉r❡ ✇❛s ❝♦♠♣❧❡t❡❞ ✐♥ ✷✵✶✺ ❜② P❛♦❧♦ ❇r❛✈✐ ❛♥❞ ●✉✐❞♦ P❡③③✐♥✐✱
s❡❡ ❬❇P✶✺❪✳ ❚❤✐s ❝❧❛ss✐✜❝❛t✐♦♥ ✐s ✉s❡❞ t♦ ❝❧❛ss✐❢② ❛❧❧ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s
❜② ❝♦♠❜✐♥❛t♦r✐❛❧ ❞❛t❛✳ ❲❡ ✐♥tr♦❞✉❝❡ s♣❤❡r✐❝❛❧ s②st❡♠s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✹✳✷ ❙♣❤❡r✐❝❛❧ s②st❡♠s

❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ▲❡t H ❜❡ ❛ s♣❤❡r✐❝❛❧ s✉❜❣r♦✉♣ ♦❢ G✱ ❧❡t VG/H ❜❡ t❤❡ ❝♦♥❡ ♦❢ G✲
✐♥✈❛r✐❛♥t ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥s ♦♥ t❤❡ s♣❤❡r✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ G/H✳ ❲❡ ❞❡✜♥❡
t❤❡ s❡t ΣG/H ♦❢ s♣❤❡r✐❝❛❧ r♦♦ts ❛s t❤❡ ✉♥✐q✉❡ s❡t ✈❡r✐❢②✐♥❣✿

❼ ΣG/H ❝♦♥s✐sts ♦❢ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ♣r✐♠✐t✐✈❡ ❡❧❡♠❡♥ts ♦❢ Λ(G/H)

❼ VG/H = {v ∈ Q(G/H) | 〈v, γ〉 ≤ 0, γ ∈ ΣG/H}

❙✐♥❝❡ t❤❡ s♣❤❡r✐❝❛❧ r♦♦ts ❧✐❡ ✐♥ ❛ ❤❛❧❢✲♣❧❛♥❡✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ❇♦r❡❧ s✉❜❣r♦✉♣ B ♦❢ G✱
s✉❝❤ t❤❛t ❛♥② s♣❤❡r✐❝❛❧ r♦♦t ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✐♠♣❧❡ r♦♦ts
♦❢ G✳ ❉❡✜♥❡ t❤❡ s✉♣♣♦rt ♦❢ ❛ s♣❤❡r✐❝❛❧ r♦♦t γ ❞❡♥♦t❡❞ ❜② ❙✉♣♣(γ) ❛s t❤❡ s❡t ♦❢
s✐♠♣❧❡ r♦♦ts ♦❢ G✱ s✉❝❤ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ γ ❛r❡ ♥♦♥③❡r♦✳ ❚❤❡ s✉♣♣♦rt ♦❢ ❛
s✉❜s❡t ♦❢ ΣG/H ✐s t❤❡ ✉♥✐♦♥ ♦❢ s✉♣♣♦rts ♦❢ ✐ts ❡❧❡♠❡♥ts✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷ ✭❬▲✉♥✵✶✱ ❙❡❝t✐♦♥ ✶✳✷❪✮✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t② ✇✐t❤
Y ⊂ X ✐ts ✉♥✐q✉❡ ❝❧♦s❡❞ ♦r❜✐t✳ ▲❡t z ∈ Y ⊂ X ❜❡ t❤❡ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t ♦❢ B−✳
❚❤❡♥ t❤❡ s❡t ♦❢ ✇❡✐❣❤ts ♦❢ t❤❡ T ✲❛❝t✐♦♥ ♦♥ t❤❡ ♥♦r♠❛❧ s♣❛❝❡

TzX

Tz(Gz)

❝♦✐♥❝✐❞❡s ✇✐t❤ ΣX s❡❡♥ ❛s ❡❧❡♠❡♥ts ♦❢ Λ(X)✳
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❉❡✜♥✐t✐♦♥ ✹✳✷✳✸✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t②✳ ▲❡t D ∈ ∆X ❜❡ ❛ ❝♦❧♦r ♦❢ X✳
❆ s✐♠♣❧❡ r♦♦t α ∈ SG ♠♦✈❡s D ✐❢ D ✐s ♥♦t st❛❜❧❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠❛❧
♣❛r❛❜♦❧✐❝ Pα✳ ❉❡♥♦t❡ ❜② ∆X(α) t❤❡ s❡t ♦❢ ❝♦❧♦rs ♠♦✈❡❞ ❜② α✳ ❲✐t❤ t❤❛t ✇❡ ❞❡✜♥❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜❥❡❝ts✿

❼ Sp
X ⊂ S ✐s t❤❡ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts ♦❢ G ♠♦✈✐♥❣ ♥♦ ❝♦❧♦r❀

❼ AG,X t❤❡ s❡t ♦❢ ❝♦❧♦rs ✇❤✐❝❤ ❛r❡ ♠♦✈❡❞ ❜② s✐♠♣❧❡ r♦♦ts α ∈ G t❤❛t ❛r❡ ❛❧s♦
s♣❤❡r✐❝❛❧ r♦♦ts✱ ✐✳❡✳ α ∈ S ∩ ΣX ✳

❚❤❡ tr✐♣❧❡ (Sp
X ,ΣX , AG,X) ✐s ❝❛❧❧❡❞ t❤❡ s♣❤❡r✐❝❛❧ G✲s②st❡♠ ♦❢ X✳

❘❡♠❛r❦ ✹✳✷✳✹✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ s♣❤❡r✐❝❛❧ G✲s②st❡♠ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ ❛ ♣✉r❡❧② ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ✇❛②✱ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ X✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✷ ✐♥ ❬❇P✶✺❪✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺ ✭❬▲✉♥✾✼✱ ❙❡❝t✐♦♥ ✷✳✼❪✮✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t② ✇✐t❤
♦♣❡♥ G✲♦r❜✐t G/H✳ ❚❤❡♥ ❢♦r ❛♥② s✐♠♣❧❡ r♦♦t ♦❢ G ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡ ❢♦✉r ❝❛s❡s ✐s
tr✉❡✿

(p) ∆X(α) = ∅✱ ✐❢ α ∈ Sp
X ❀

(a) ∆X(α) ❝♦♥t❛✐♥s t✇♦ ❡❧❡♠❡♥ts ❛♥❞ α ∈ ΣX ❀

(a′) ∆X(α) ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ❡❧❡♠❡♥t ❛♥❞ 2α ∈ ΣX ❀

(b) ∆X(α) ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ❡❧❡♠❡♥t✱ ❜✉t 2α /∈ ΣX ❀

❲❡ ✇✐❧❧ ✇r✐t❡ t❤❛t α ∈ Sp
X ✭r❡s♣✳ Sa

X ✱ Sa′

X ♦r Sb
X✮ ✐❢ t❤❡ ❝❛s❡ ✭♣✮ ✭r❡s♣✳ ✭❛✮✱ ✭❛✬✮✱

✭❜✮✮ ❤♦❧❞s✳ ❚❤❡ ✉♥✐♦♥ ♦❢ s❡ts
⋃

α∈Sa

∆X(α) ∪
⋃

α∈Sa′

∆X(α) ∪
⋃

α∈Sb

∆X(α)

✐s ❞✐s❥♦✐♥t✳

✹✳✸ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ s♣❤❡r✐❝❛❧ s②st❡♠ ✇❡ ❝❛♥ ❣✐✈❡ t❤❡ ❚❤❡♦r❡♠ ✐♥ ❬❇P✶✺❪
❝❧❛ss✐❢②✐♥❣ t❤❡ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳

❚❤❡♦r❡♠ ✹✳✸✳✶ ✭❬❇P✶✺✱ ❚❤❡♦r❡♠ ✶✳✷✳✸❪✮✳ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ✐s♦♠♦r✲
♣❤✐s♠ ❝❧❛ss❡s ♦❢ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t✐❡s ❛♥❞ s♣❤❡r✐❝❛❧ G✲s②st❡♠s✳

▲❡♠♠❛ ✹✳✸✳✷✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t②✳ ❚❤❡♥ t❤❡ ❝❧♦s❡❞ ♦r❜✐t Y ♦❢ G ✐s
✐s♦♠♦r♣❤✐❝ t♦ G/P−

Sp
X

✳

✸✷



Pr♦♦❢✳ ❚❤❡ ❝❧♦s❡❞ ♦r❜✐t Y ✐s ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s ✈❛r✐❡t②✱ s♦ ✐t ✐s ♦❢ t❤❡ ❢♦r♠
G/P− ❢♦r s♦♠❡ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ P ⊂ G✳ ❆s ❛♥② ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t② ✐s t♦r♦✐❞❛❧✱
✇❡ ❤❛✈❡ t❤❛t XY,B ∩ Y ✐s ♥♦♥❡♠♣t② ❛♥❞ ✐s t❤❡ ♦♣❡♥ B✲♦r❜✐t ✐♥ Y = G/P− ❜②
❚❤❡♦r❡♠ ✸✳✷✳✶✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ P = Stab(XY,B ∩ Y )✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t
PSp

X
= P ✳

❲❡ ❤❛✈❡ t❤❛t PSp
X
st❛❜✐❧✐③❡s XY,B✱ t❤✉s PSp

X
st❛❜✐❧✐③❡s XY,B ∩ Y ❛♥❞ PSp

X
⊂ P ✳

▲❡t Pα ❜❡ ❛ ♠✐♥✐♠❛❧ ♣❛r❛❜♦❧✐❝✳ ❙✉♣♣♦s❡ t❤❡r❡ ❡①✐sts ❛ ❝♦❧♦r D ∈ ∆X ✱ s✉❝❤
t❤❛t PαD = X✳ ❚❤❡♥ Pα(D ∩ Y ) = PαD ∩ Y = Y ✱ s♦ Pα 6⊂ P ✳ ❲❡ ❤❛✈❡
P ⊂ 〈Pα | ∆X(α) = ∅〉✱ ✐✳❡✳ P ⊂ PSp

X
✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸ ✭❬P❡③✵✾✱ ♣❛❣❡ ✸❪✮✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t②✳ ▲❡t z ❜❡ t❤❡
✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t ♦❢ B− ✐♥ t❤❡ ❝❧♦s❡❞ ♦r❜✐t Y ⊂ X✳ ❋♦r ❛♥② ❜♦✉♥❞❛r② ❞✐✈✐s♦r
Xi t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♣❤❡r✐❝❛❧ r♦♦t γi✱ s✉❝❤ t❤❛t t❤❡ T ✲✇❡✐❣❤t ♦❢ t❤❡ q✉♦t✐❡♥t
TzX/TzXi ✐s ♣r❡❝✐s❡❧② {γi}✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹✳ ▲❡t XI ⊂ X ❜❡ ❛ ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② ❢♦r s♦♠❡ I ⊂
{1, . . . , rk(X)}✳ ❚❤❡♥ t❤❡ s♣❤❡r✐❝❛❧ s②st❡♠ ♦❢ XI ✐s ❣✐✈❡♥ ❜② (Sp

XI
,ΣXI

, AG,XI
)✱

✇❤❡r❡

❼ Sp
XI

= Sp
X

❼ ΣXI
= {γi ∈ ΣX | i /∈ I}

❼ AG,XI
=

⋃

α∈SG∩ΣXI

∆(α)

Pr♦♦❢✳ ❆s s❡❡♥ ✐♥ ▲❡♠♠❛ ✹✳✸✳✷✱ Sp
X ✐s ❛❧s♦ ❞❡✜♥❡❞ ❜② t❤❡ ❝❧♦s❡❞ ♦r❜✐t Y ♦❢ X✳

❙✐♥❝❡ Y ⊂ XI ⊂ X✱ ✇❡ ❤❛✈❡ t❤❛t Sp
XI

= Sp
X ✳ ◆❡①t ✇❡ ❝♦♥s✐❞❡r ΣXI

✳ ❲❡ ❤❛✈❡
t❤❛t Xi ∩ XI ✐s ❛ ❜♦✉♥❞❛r② ❞✐✈✐s♦r ♦❢ XI ❢♦r ❡✈❡r② i /∈ I ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♣❤❡r✐❝❛❧ r♦♦t ✐s t❤❡ T ✲✇❡✐❣❤t ♦❢ t❤❡ q✉♦t✐❡♥t TzX/TzXi = TzXI/Tz(Di ∩ XI)✱
❜❡❝❛✉s❡ ∂X ✐s ❛ s♠♦♦t❤ ♥♦r♠❛❧ ❝r♦ss✐♥❣s ❞✐✈✐s♦r✳ ❙♦ ΣXI

= {γi ∈ ΣX | i /∈ I}✳
▲❛st❧② AG,XI

=
⋃

α∈SG∩ΣXI

∆(α) ❜② ❞❡✜♥✐t✐♦♥ ♦❢ AG,XI
✳ �

✹✳✹ ❈✉r✈❡s ❛♥❞ ❞✐✈✐s♦rs ♦♥ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s

❲♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s ❛r❡ s♣❤❡r✐❝❛❧✱ s♦ ✇❡ ❝❛♥ ✉s❡ ❡✈❡r②t❤✐♥❣ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥
❙❡❝t✐♦♥ ✸✳✹✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦❧♦rs ❢♦r♠ ❛ ❜❛s✐s ♦❢ Pic(X) ❛♥❞ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r
t❤❡ ❞✉❛❧ ❜❛s✐s ♦❢ N1(X)✳

▲❡♠♠❛ ✹✳✹✳✶ ✭❬▲✉♥✾✼✱ ▲❡♠♠❛ ✸✳✷✳✷❪✮✳ ❋♦r ❛♥② ❞✐✈✐s♦r D ∈ ∆X t❤❡r❡ ❡①✐sts ❛
❝✉r✈❡ CD ♦♥ X✱ s✉❝❤ t❤❛t ❢♦r ❛♥② D′ ∈ ∆X ✿

〈D′, [CD]〉 =

{

1 D = D′,

0 D 6= D′.

✸✸



▲❡t Y ❜❡ ❛s ✉s✉❛❧ t❤❡ ❝❧♦s❡❞ ♦r❜✐t ♦❢ X✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t Y = G/P−✳ ▲❡t α ∈
S\Sp

X ✳ ❚❤❡ ❙❝❤✉❜❡rt ❝✉r✈❡ ✐♥ Y ✱ ❛ss♦❝✐❛t❡❞ t♦ α ✐s Cα = B−sαP−/P−✳ ❚❤❡ ❝❧❛ss❡s
([Cα])α∈S\Sp

X
❢♦r♠ ❛ ❜❛s✐s ♦❢ N1(Y )✱ ✇❤✐❝❤ ✐s ❞✉❛❧ t♦ t❤❡ ❜❛s✐s (Dα(G/P

−))α∈S\Sp
X

♦❢ Pic(Y )✳ ❉❡♥♦t❡ ❜② ι : Y → X t❤❡ ✐♥❝❧✉s✐♦♥ ❛♥❞ ❝♦♥s✐❞❡r ι∗[Cα]✳

▲❡♠♠❛ ✹✳✹✳✷ ✭❬▲✉♥✾✼✱ ▲❡♠♠❛ ✸✳✷✳✶❪✮✳ ▲❡t α ∈ S \Sp
X ❜❡ ❛ s✐♠♣❧❡ r♦♦t ♦❢ G✳ ❲❡

❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r ι∗[Cα]✿

❼ ✐❢ α ∈ Sa
X ✱ ✇❡ ❤❛✈❡ ι∗[Cα] = [CD+ ] + [CD− ]✱ ✇❤❡r❡ ∆X(α) = {D+, D−}❀

❼ ✐❢ α ∈ Sa′

X ✱ ✇❡ ❤❛✈❡ ι∗[Cα] = 2[CD]✱ ✇❤❡r❡ ∆X(α) = {D}❀

❼ ✐❢ α ∈ Sb
X ✱ ✇❡ ❤❛✈❡ ι∗[Cα] = [CD]✱ ✇❤❡r❡ ∆X(α) = {D}✳

❲♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s ❛r❡ ❝♦♠♣❧❡t❡ ❛♥❞ s♣❤❡r✐❝❛❧✱ s♦ t❤❡ ❝♦❧♦rs ❣❡♥❡r❛t❡ t❤❡ P✐✲
❝❛r❞ ❣r♦✉♣ ♦❢ X✱ ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡①♣❧✐❝✐t ✇❛② t♦ ✇r✐t❡ t❤❡ ❜♦✉♥❞❛r② ❞✐✈✐s♦rs ❛s
❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❝♦❧♦rs✿

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✸ ✭❬▲✉♥✾✼✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪✮✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t② ❢♦r
❛ ❝♦♥♥❡❝t❡❞ r❡❞✉❝t✐✈❡ ❣r♦✉♣ G✳ ▲❡t Xi ❜❡ ✐ts ❜♦✉♥❞❛r② ❞✐✈✐s♦rs ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣
s♣❤❡r✐❝❛❧ r♦♦ts γi ❛♥❞ ❧❡t ∆X ❜❡ t❤❡ s❡t ♦❢ ❝♦❧♦rs ♦❢ X✳ ❚❤❡♥

Xi =
∑

D∈∆X

〈ρX(D), γi〉D,

✇❤❡r❡ ρX : ∆X → Q ✐s ❞❡✜♥❡❞ ✐♥ ✸✳✶✳✽✳

❈♦r♦❧❧❛r② ✹✳✹✳✹✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t②✱ Xi ✐ts ❜♦✉♥❞❛r② ❞✐✈✐s♦rs ✇✐t❤
s♣❤❡r✐❝❛❧ r♦♦ts γi ❛♥❞ ∆X ✐ts s❡t ♦❢ ❝♦❧♦rs✳ ▲❡t η ∈ N1(X) ❜❡ t❤❡ ❝❧❛ss ♦❢ ❛ ❝✉r✈❡
♦♥ X ✇✐t❤ η =

∑

D∈∆X
cD[CD]✳ ❚❤❡♥

〈Xi, η〉 =
∑

D∈∆X

cD〈ρX(D), γi〉

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✺ ✭❬▲✉♥✾✼✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹❪✮✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t②✱
γ ❜❡ ❛ s♣❤❡r✐❝❛❧ r♦♦t✳ ▲❡t α ❜❡ ❛ s✐♠♣❧❡ r♦♦t ♦❢ G✱ t❤❡♥

❼ ✐❢ ∆X(α) = {D} ❛♥❞ 2α ∈ ΣX ✱ t❤❡♥ 〈ρX(D), γ〉 = 1
2
α∨(γ)❀

❼ ✐❢ ∆X(α) = {D+, D−}✱ t❤❡♥ 〈ρX(D
+) + ρX(D

−), γ〉 = α∨(γ)❀

❼ ✐❢ ∆X(α) = {D} ❛♥❞ 2α /∈ ΣX ✱ 〈ρX(D), γ〉 = α∨(γ)✳

✸✹



✹✳✺ ▲✉♥❛ ❝❡❧❧s ❛♥❞ ❧✐♠✐t ♠❛♣

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ X t♦ ❜❡ s♠♦♦t❤ s✐♠♣❧❡ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✱ ✉♥❧❡ss st❛t❡❞
♦t❤❡r✇✐s❡ ❛♥❞ Y ⊂ X t♦ ❜❡ t❤❡ ✉♥✐q✉❡ ❝❧♦s❡❞ ♦r❜✐t ♦❢ X✳

❉❡✜♥✐t✐♦♥ ✹✳✺✳✶✳ ❋✐① ❛ s✉❜s❡t S ′ ⊂ S ♦❢ t❤❡ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts✳ ❲❡ ✐♥tr♦❞✉❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

✭❛✮ GS′
= PS′ ∩ P−

S′ ✱ t❤❡ ▲❡✈✐ s✉❜❣r♦✉♣ ♦❢ PS′ ✱ ❝♦♥t❛✐♥✐♥❣ T ❀

✭❜✮ XS′ = {x ∈ X | PS′x ⊃ Y }✱ ❛♥ ♦♣❡♥ s✉❜s❡t ✐♥ X❀

✭❝✮ XS′
= {x ∈ X | Z(GS′

)◦x = x}✱ t❤❡ ✜①❡❞ ♣♦✐♥ts ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡
❝♦♥♥❡❝t❡❞ ❝❡♥tr❡ ♦❢ GS′

❀

✭❞✮ ∆X(S
′) = ∪α∈S′∆X(α)✱ t❤❡ s❡t ♦❢ ❝♦❧♦rs ♥♦t st❛❜✐❧✐③❡❞ ❜② t❤❡ ♣❛r❛❜♦❧✐❝ PS′ ✳

❉❡✜♥✐t✐♦♥ ✹✳✺✳✷✳ ▲❡t λ : C∗ → T ❜❡ ❛ 1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ♦❢ G✱ ✇r✐t❡ λ ∈
Λ(T )∗✳ ❲❡ ✇✐❧❧ ❝❛❧❧ λ ❛❞❛♣t❡❞ t♦ S ′ ✐❢✿

〈λ, α〉

{

= 0 ✐❢ α ∈ S ′,

> 0 ✐❢ α ∈ S \ S ′.

❉❡✜♥✐t✐♦♥ ✹✳✺✳✸✳ ▲❡t λ ❜❡ ❛ 1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ♦❢ G✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❛✮ XZ = {x ∈ X | limt→0 λ(t)x ∈ Z} ❢♦r Z ⊂ X ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡
s♠♦♦t❤ ✜①❡❞ ♣♦✐♥ts s❡t Xλ(C∗)❀

✭❜✮ Xλ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Xλ(C∗) s✉❝❤ t❤❛t XXλ =: Xλ ✐s ♦♣❡♥ ✐♥ X❀

✭❝✮ Gλ = CG(λ(C
∗)) ❛ r❡❞✉❝t✐✈❡ s✉❜❣r♦✉♣ ♦❢ G❀

✭❞✮ Gλ = {g ∈ G | limt→0 λ(t)gλ(t)
−1 ∈ Gλ} ❛ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ ♦❢ G✱ ✇❤♦s❡

▲❡✈✐ ✐s Gλ✳

✭❡✮ πλ : Xλ → Xλ ❞❡✜♥❡❞ ❜② πλ(x) = limt→0 λ(t)x ❛♥❞ ❜② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥
πλ : Gλ → Gλ ❞❡✜♥❡❞ ❜② πλ(g) = limt→0 λ(t)gλ(t)

−1✳ ❈❧❡❛r❧② πλ(gx) =
πλ(g)πλ(x)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✹ ✭❬▲✉♥✾✼✱ Pr♦♣♦s✐t✐♦♥s ✶✳✸ ❛♥❞ ✷✳✻❪✮✳ ▲❡t S ′ ⊂ S✳ ❚❤❡♥

✭❛✮ ❢♦r ❡✈❡r② λ ∈ Λ(T )∗ ❛❞❛♣t❡❞ t♦ S ′ ✇❡ ❤❛✈❡ Xλ = XS′ ❛♥❞ Xλ = XS′
❀

✭❜✮ Ru(PS′) ✜①❡s XS′
❀

✸✺



✭❝✮ t❤❡ PS′✲✈❛r✐❡t② XS′
✐s s✐♠♣❧❡ s♣❤❡r✐❝❛❧❀

✭❞✮ ✐❢ X ✐s ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t②✱ t❤❡♥ XS′
✐s ❛ ✇♦♥❞❡r❢✉❧ GS′

✲✈❛r✐❡t②✳

❋♦r ❛♥② D ∈ ∆X(S
′) ✇❡ ❤❛✈❡ D ∩XS′

∈ ∆XS′ ✳ ▼♦r❡♦✈❡r t❤❡ ❛ss✐❣♠❡♥t

∆X(S
′) → ∆XS′

D 7→ D ∩X ′

✐s ❜✐❥❡❝t✐✈❡ ❛♥❞ ✐ts ✐♥✈❡rs❡ ✐s ❣✐✈❡♥ ❜② D′ 7→ π−1
λ (D′) = PS′D✳

❋✉rt❤❡r♠♦r❡ t❤❡ s❡t ♦❢ s♣❤❡r✐❝❛❧ r♦♦ts ♦❢ Xλ ✐s ❣✐✈❡♥ ❜②

ΣXλ = ΣX ∩ ΛGS′ ,

✇❤❡r❡ ΛGS′ ✐s t❤❡ ❧❛tt✐❝❡✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ r♦♦ts ♦❢ GS′
✳

▲❡♠♠❛ ✹✳✺✳✺✳ ▲❡t S ′ ⊂ S ❜❡ ❛ s✉❜s❡t ♦❢ s✐♠♣❧❡ r♦♦ts ♦❢ G ❛♥❞ ❧❡t P = PS′ ❛♥❞ ❧❡t
L = GS′

❜❡ ✐ts ▲❡✈✐ s✉❜❣r♦✉♣✳ ■❢ X ′ ✐s ❛ ✇♦♥❞❡r❢✉❧ L✲✈❛r✐❡t②✱ t❤❡♥ X = G×P−
X ′✱

✇❤❡r❡ P− ❛❝ts ✈✐❛ ✐ts ▲❡✈✐ s✉❜❣r♦✉♣ L✱ ✐s ❛ ✇♦♥❞❡r❢✉❧ G✲✈❛r✐❡t② ❛♥❞ XS′
= X ′✳

Pr♦♦❢✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ G ×P−
X ′ → G/P− ✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ ✜❜r❛t✐♦♥✳ ❆♥② G✲

♦r❜✐t O ⊂ X ✐s ♦❢ t❤❡ ❢♦r♠ GO′ ❢♦r ❛ ✉♥✐q✉❡ L✲♦r❜✐t O′ ⊂ X ′ ❛♥❞ t❤❡ ❛ss✐❣♠❡♥t
O 7→ O′ ♣r❡s❡r✈❡s ❝♦❞✐♠❡♥s✐♦♥s✳ ■t ❢♦❧❧♦✇s t❤❛t X ✐s ✇♦♥❞❡r❢✉❧✳

▲❡t λ ❜❡ ❛ 1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣✱ ❛❞❛♣t❡❞ t♦ S ′✳ ▲❡t L/H ❜❡ t❤❡ ♦♣❡♥ L✲
♦r❜✐t ♦❢ X ′ ❢♦r s♦♠❡ s♣❤❡r✐❝❛❧ s✉❜❣r♦✉♣ H ⊂ L✳ ❚❤❡ ✈❛r✐❡t② X ′ ✐s ✇♦♥❞❡r❢✉❧✱ s♦ ✐♥
♣❛rt✐❝✉❧❛rX ′ ✐s s✐♠♣❧❡✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✶ ✇❡ ❤❛✈❡ t❤❛tNL(H)/H ✐s ✜♥✐t❡✳ ❚❤❡
1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ λ(C∗) ❧✐❡s ✐♥ Z(L)◦ ⊂ NL(H)✱ ❛s λ ✐s ❛❞❛♣t❡❞ t♦ S ′ ❛♥❞ L
✐s t❤❡ ▲❡✈② s✉❜❣r♦✉♣ ♦❢ PS′ ✳ ❇② t❤❡ ✐s♦♠♦r♣❤✐s♠ t❤❡♦r❡♠ t❤❡ q✉♦t✐❡♥t λ(C∗)/H∩
λ(C∗) ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ s✉❜❣r♦✉♣ λ(C∗)H/H ♦❢ NL(H)/H ❛♥❞ t❤❡r❡❢♦r❡ ✜♥✐t❡✳
❚❤❡ 1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ λ(C∗) ✐s ♥♦♥tr✐✈✐❛❧ ❛♥❞ ❝♦♥♥❡❝t❡❞✱ s♦ λ(C∗) ⊂ H ❛♥❞
t❤❡ ✈❛r✐❡t② X ′ ✐s ✜①❡❞ ❜② λ✳ ❚❤✐s ♠❡❛♥s t❤❛t X ′λ = X ′✳

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ λ ♦♥ G/P−✳ ❲❡ ❤❛✈❡ t❤❛t (G/P−)S′ = {x ∈
G/P− | PS′x ⊃ G/P−}✱ ❛s G/P− ✐s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ♣r♦❥❡❝t✐✈❡✳ ■♥ ♦t❤❡r ✇♦r❞s
(G/P−)S′ ✐s t❤❡ ♦♣❡♥ P ✲♦r❜✐t ♦❢ G/P−✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✹ (G/P−)S′ = {x ∈
G/P− | limt→0 λ(t)x ∈ (G/P−)S

′
}✱ ✇❤❡r❡ (G/P−)λ = (G/P−)S

′
✐s t❤❡ s❡t ♦❢

P−✲✜①❡❞ ♣♦✐♥ts ✐♥ (G/P−)S′ ✳ ❚❤❡♥ (G/P−)S
′
✐s ❥✉st t❤❡ s✐♥❣❧❡ P−✲✜①❡❞ ♣♦✐♥t

[1G] ∈ (G/P−)S′ ✳ ❆s t❤❡ ♣r♦❥❡❝t✐♦♥ G×P−
X ′ → G/P− ✐s G✲❡q✉✐✈❛r✐❛♥t✱ π(XS′

) =
π(X)S

′
= (G/P−)S

′
✐s t❤❡ ♣♦✐♥t [1G] ❛♥❞ X

S′
✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜❜❡r π−1([1G])✱

t❤❡r❡❢♦r❡ XS′
❧✐❡s ✐♥ t❤❡ ✜❜❡r ♦✈❡r [1G]✳ ❚❤❡ ✜❜❡r π−1([1G]) ✐s ♣r❡❝✐s❡❧② X ′✱ t❤✉s

XS′
⊂ X ′✳
❙✐♥❝❡ X ′ ✐s ✜①❡❞ ❜② λ✱ ✇❡ ❤❛✈❡ X ′ ⊂ XS′

✱ ♣r♦✈✐♥❣ t❤❡ r❡s✉❧t✳ �

▲❡♠♠❛ ✹✳✺✳✻ ✭❬▲✉♥✾✼✱ Pr♦♣♦s✐t✐♦♥ ✷✳✻❪ ❢♦r ✭❛✮ ❛♥❞ ✭❜✮✮✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧
G✲✈❛r✐❡t②✱ S ′ ⊂ S✱ λ ❛❞❛♣t❡❞ t♦ S ′✳ ❋♦r D ∈ ∆X ✐♥ X t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿

✸✻



✭❛✮ 〈ρX(D), λ〉 = 0✱ D ∩XS′ 6= ∅ ❛♥❞ D ✐s ♥♦t PS′✲st❛❜❧❡✱

✭❜✮ 〈ρX(D), λ〉 6= 0✱ D ∩XS′ = ∅ ❛♥❞ D ✐s PS′✲st❛❜❧❡✳

❋✉rt❤❡r♠♦r❡ ❛♥② ♣r✐♠❡ G✲st❛❜❧❡ ❞✐✈✐s♦r ✐♥t❡rs❡❝ts XS′ ❛♥❞

X = XS′ ∪
⋃

D∈∆X\∆X(S′)

D.

Pr♦♦❢✳ ❋✐rst✱ ♥♦t❡ t❤❛t XS′ ❝♦♥t❛✐♥s t❤❡ ❝❧♦s❡❞ ♦r❜✐t✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢
❛❧❧ t❤❡ G✲st❛❜❧❡ ❞✐✈✐s♦rs✳ ❚❤❡ ♣♦✐♥ts ✭❛✮ ❛♥❞ ✭❜✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬▲✉♥✾✼❪ ♣r♦♦❢ ♦❢
Pr♦♣♦s✐t✐♦♥ ✷✳✻✳

❲❡ ❝♦♥s✐❞❡r X∅ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✺✳✶ ✇✐t❤ ∅ ⊂ S t❤❡♥ X∅ ∩ Y 6= ∅✱ ✇❤❡r❡
Y ⊂ X ✐s t❤❡ ❝❧♦s❡❞ G✲♦r❜✐t✳ ❋♦r ❛♥② ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② Z ⊂ X✱ ✇❡ ❤❛✈❡
Y ⊂ Z✱ s♦ Z∩X∅ 6= ∅✳ ❋♦r ❛♥② S ′ ⊂ S ✇❡ ❤❛✈❡ X∅ ⊂ XS′ ✱ s♦ Z∩X∅ ⊂ Z∩XS′ 6= ∅✳

◆❡①t✱ ✇❡ ❤❛✈❡ t❤❛t X∅ ∩G/H ✐s t❤❡ ♦♣❡♥ B✲♦r❜✐t ♦❢ G/H ❛♥❞ ✐ts ❝♦♠♣❧❡♠❡♥t
✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ ❝♦❧♦rs✳ ❋♦r ❛♥② S ′ ⊂ S ✇❡ ❤❛✈❡ X∅ ⊂ XS′ ✱ s♦ X \XS′ ✐s ❛ ✉♥✐♦♥
♦❢ s♦♠❡ ❝♦❧♦rs✱ t❤❡r❡❢♦r❡

X \XS′ =
⋃

D∈∆X ,D∩XS′=∅

D.

P❛rt ✭❛✮ t❡❧❧s ✉s t❤❛t t❤❡ s❡t ∆X(S
′) ♦❢ ❝♦❧♦rs t❤❛t ❛r❡ ♥♦t PS′✲st❛❜❧❡ ✐s ❣✐✈❡♥ ❜②

{D ∈ ∆X | D ∩XS′ 6= ∅}✳ �

✹✳✻ ❲♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t✐❡s

❍❡r❡ ❛♥❞ ❧❛t❡r G st❛♥❞s ❢♦r ❛ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ♦❢ ❛❞❥♦✐♥t t②♣❡✳ ▲❡t
σ : G → G ❜❡ ❛♥ ✐♥✈♦❧✉t✐♦♥ ❛♥❞ H = Gσ = {g ∈ G | σ(g) = g} ❜❡ t❤❡ ✜①❡❞
♣♦✐♥t s❡t✳ ❚❤❡♥ t❤❡ s♣❛❝❡ G/H ✐s ❝❛❧❧❡❞ ❛ s②♠♠❡tr✐❝ s♣❛❝❡✳ ❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✇♦♥❞❡r❢✉❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/H ❛♥❞ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
Pic(X)✳

▲❡♠♠❛ ✹✳✻✳✶ ✭❬❈P✽✸✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶❪✮✳ ❊✈❡r② σ✲st❛❜❧❡ t♦r✉s ✐♥ G ✐s ❝♦♥t❛✐♥❡❞
✐♥ ❛ ♠❛①✐♠❛❧ t♦r✉s ♦❢ G ✇❤✐❝❤ ✐s σ✲st❛❜❧❡✳

▲❡t ✉s ✜① ❛ σ✲st❛❜❧❡ ♠❛①✐♠❛❧ t♦r✉s T ✱ s✉❝❤ t❤❛t t❤❡ s✉❜t♦r✉s T1 = {t ∈
T | σ(t) = t−1}◦ ✭t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✱ ❝♦♥t❛✐♥✐♥❣ idG✮ ✐s ♦❢ ♠❛①✐♠❛❧ ❞✐✲
♠❡♥s✐♦♥✳ ❚❤❡ ✐♥✈♦❧✉t✐♦♥ σ ❛❝ts ♦♥ t❤❡ r♦♦t s②st❡♠ RG ♦❢ G ✈✐❛ ❝♦♠♣♦s✐t✐♦♥✿
σ(α) = α◦σ✳ ❲✐t❤ t❤❛t ✇❡ s♣❧✐t R ✐♥t♦ R0 = {α ∈ R | σ(α) = α} ❛♥❞ R1 = R\R0✳
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▲❡♠♠❛ ✹✳✻✳✷ ✭❬❈P✽✸✱ ▲❡♠♠❛ ✶✳✷❪✮✳ ❚❤❡r❡ ✐s ❛ ❜❛s✐s ♦❢ s✐♠♣❧❡ r♦♦ts

S = {β1, . . . , βm, α1, . . . , αn}

♦❢ R✱ s✉❝❤ t❤❛t {β1, . . . , βm} ⊂ R0 ❛♥❞ {α1, . . . , αn} ⊂ R1✳ ❉❡♥♦t❡ ❜② R+ t❤❡
♣♦s✐t✐✈❡ r♦♦ts ❞❡✜♥❡❞ ❜② S ❛♥❞ R− = −R+✳ ❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥ σ(α) ∈ R−

1 ❢♦r
❛♥② α ∈ R+

1 ✳

❲❡ ✜① ❛ ❝❤♦✐❝❡ ♦❢ ❛ ❇♦r❡❧ s✉❜❣r♦✉♣ B ⊂ G✱ s✉❝❤ t❤❛t R+ ❛r❡ ✐ts r♦♦ts✳ ◆♦t❡
t❤❛t BH ✐s ♦♣❡♥ ✐♥ G✳

▲❡♠♠❛ ✹✳✻✳✸ ✭❬❈P✽✸✱ ♣❛❣❡s ✺✲✻❪✮✳ ❚❤❡r❡ ❡①✐sts ❛ ♣❡r♠✉t❛t✐♦♥ σ̃ : S∩R1 → S∩R1

♦❢ ♦r❞❡r ❛t ♠♦st 2✱ s✉❝❤ t❤❛t σ(α) = −σ̃(α) − β✱ ✇❤❡r❡ β ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✐♠♣❧❡ r♦♦ts ♦❢ R0✳

❉❡✜♥✐t✐♦♥ ✹✳✻✳✹✳ ❚❤❡ ✇❡✐❣❤ts ᾱi = αi − σ(αi) ❛r❡ ❝❛❧❧❡❞ t❤❡ s♣❤❡r✐❝❛❧ r♦♦ts
♦❢ G/H✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s♣❤❡r✐❝❛❧ r♦♦ts ✐s ❝❛❧❧❡❞ t❤❡ r❛♥❦ ♦❢ G/H ❞❡♥♦t❡❞ l =
rk(G/H)✱ t❤✐s ✐s ❛❧s♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ T1✳ ❆ s✐♠♣❧❡ r♦♦t α ♦❢ G ✐s ❝❛❧❧❡❞ ❡①❝❡♣t✐♦♥❛❧
✐❢ α 6= σ̃(α) ❛♥❞ (α, σ̃(α)) 6= 0✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❝❛❧❧ ᾱ ❛♥ ❡①❝❡♣t✐♦♥❛❧ s♣❤❡r✐❝❛❧ r♦♦t ♦❢
X✳ ❲❡ r❡♦r❞❡r t❤❡ s✐♠♣❧❡ r♦♦ts ♦❢ G✱ s♦ t❤❛t ᾱ1, . . . , ᾱl ❛r❡ ❛❧❧ ❞✐st✐♥❝t✳

❘❡♠❛r❦ ✹✳✻✳✺✳ ❇② ▲❡♠♠❛ ✹✳✻✳✷ t❤❡r❡ ❡①✐st ❛t ♠♦st t✇♦ s✐♠♣❧❡ r♦♦ts α, α′ ∈ S✱
s✉❝❤ t❤❛t ᾱ = ᾱ′ ❛♥❞ ✐❢ ᾱ = ᾱ′✱ t❤❡♥ α = σ̃(α′)✳

❚❤❡r❡ ✐s ❛❧s♦ ❛♥ ✐♥❞✉❝❡❞ ♣❡r♠✉t❛t✐♦♥ σ̃ : {1, . . . , n} → {1, . . . , n}✱ ❞❡✜♥❡❞ ❜②
σ̃(αi) = ασ̃(i)✳ ❋♦r ❛♥② s♣❤❡r✐❝❛❧ r♦♦t ᾱi ✇✐t❤ 1 ≤ i ≤ l t❤❡r❡ ❛r❡ ❛t ♠♦st t✇♦
s✐♠♣❧❡ r♦♦ts αi ❛♥❞ ασ̃(i) ✇✐t❤ σ̃(i) > l✱ s✉❝❤ t❤❛t ᾱi = ᾱσ̃(i)✳

▲❡♠♠❛ ✹✳✻✳✻ ✭❬❈P✽✸✱ ♣❛❣❡s ✺✲✻❪✮✳ ▲❡t α ∈ S ❜❡ ❛ s✐♠♣❧❡ r♦♦t ❛♥❞ ωα ❜❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ ✇❡✐❣❤t✱ t❤❡♥

σ(ωα) =

{

ωσ̃(α) ✐❢ α ∈ R0,

−ωσ̃(α) ✐❢ α ∈ R1.

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ωαi
❜② ωi✳ ❆❞❞✐t✐♦♥❛❧❧② ✐❢ 1 ≤ i ≤ l ❛♥❞ σ̃(i) 6= i✱ t❤❡♥ ✇❡ ❤❛✈❡

σ̃(i) > l✳

❚❤❡♦r❡♠ ✹✳✻✳✼ ✭❬❘✐❝✽✷✱ Pr♦♣♦s✐t✐♦♥ ✹✳✼❪✮✳ ❚❤❡ s❡t R̄ = {α − σ(α) | α ∈ R} ✐s
❛ ✭♣♦ss✐❜❧② ♥♦♥r❡❞✉❝❡❞✮ r♦♦t s②st❡♠✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❲❡②❧ ❣r♦✉♣ ✐s ❣✐✈❡♥ ❜②
NG(T1)/ZG(T1)✳

▲❡♠♠❛ ✹✳✻✳✽ ✭❬❈P✽✸✱ ▲❡♠♠❛ ✶✳✺ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✽❪✮✳ ▲❡t λ ❜❡ ❛ ❞♦♠✐♥❛♥t
✇❡✐❣❤t ♦❢ G ❛♥❞ Vλ ❜❡ t❤❡ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G̃ ✇✐t❤ ❤✐❣❤❡st ✇❡✐❣❤t λ✱
✇❤❡r❡ G̃ ✐s t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦✈❡r✐♥❣ ♦❢ G✳ ▲❡t H̃ ❜❡ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ H ✐♥ G̃✳
▲❡t V H̃

λ ❜❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ H̃✲✐♥✈❛r✐❛♥t ✈❡❝t♦rs ✐♥ t❤❡ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ Vλ✳
❚❤❡♥ dimV H̃

λ ≤ 1✳ ■❢ V H̃
λ 6= 0✱ t❤❡♥ σ(λ) = −λ✳ ■❢ σ(λ) = −λ✱ t❤❡♥ dimV H̃

2λ = 1✳
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❉❡✜♥✐t✐♦♥ ✹✳✻✳✾✳ ❆ ✇❡✐❣❤t ✐s ❝❛❧❧❡❞ s♣❤❡r✐❝❛❧ ✐❢ V H̃
λ 6= 0✳ ❆ ❢✉♥❞❛♠❡♥t❛❧ ✇❡✐❣❤t

ωα ♦❢ G ✐s ❝❛❧❧❡❞ ❡①❝❡♣t✐♦♥❛❧ ✐❢ t❤❡ s✐♠♣❧❡ r♦♦t α ✐s ❡①❝❡♣t✐♦♥❛❧✳

▲❡t λ ❜❡ ❛ r❡❣✉❧❛r ❞♦♠✐♥❛♥t s♣❤❡r✐❝❛❧ ✇❡✐❣❤t✳ ▲❡t Vλ ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡✲
s❡♥t❛t✐♦♥ ♦❢ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦✈❡r✐♥❣ G̃ ♦❢ G ♦❢ ❤✐❣❤❡st ✇❡✐❣❤t λ ❛♥❞ V σ

λ ❜❡
t❤❡ σ✲t✇✐st❡❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✐✳❡✳ gv = σ(g)v✳ ■t ✐s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✶ ♦❢ ❬❈P✽✸❪✱
t❤❛t V σ

λ ≃ V ∗
λ ✳ ▲❡t vλ ∈ Vλ ❜❡ t❤❡ ❤✐❣❤❡st ✇❡✐❣❤t ✈❡❝t♦r✳ P✐❝❦ vλ ∈ V ∗

λ ✱ s✉❝❤ t❤❛t
vλ(vλ) = 1 ❛♥❞ vλ(W ) = 0✱ ✇❤❡r❡W ✐s t❤❡ ✉♥✐q✉❡ T ✲st❛❜❧❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ❧✐♥❡
Cvλ✳ ▲❡t h̃ : V ∗

λ → Vλ ❜❡ t❤❡ ✉♥✐q✉❡ σ✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠✱ s✉❝❤ t❤❛t h̃(vλ) = vλ✳
❚❤❡♥ h̃ ∈ Vλ ⊗ Vλ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ p : Vλ ⊗ Vλ → V2λ✳ ❋✐♥❛❧❧② t❤❡
❡❧❡♠❡♥t [p(h̃)] ∈ P(V2λ) ✐s H✲✐♥✈❛r✐❛♥t✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❡❧❡♠❡♥t ❜② h✳ ◆♦t❡ t❤❛t
t❤❡ ❛❝t✐♦♥ ♦❢ G̃ ♦♥ t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ❢❛❝t♦rs t❤r♦✉❣❤ G✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✻✳✶✵ ✭❬❈P✽✸✱ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞ ❙❡❝t✐♦♥ ✹❪✮✳ ▲❡t X = Gh ⊂ P(V2λ)✳
❚❤❡♥ X ✐s t❤❡ ✇♦♥❞❡r❢✉❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/H✳ ❆s ❛♥ ❛❜str❛❝t G✲✈❛r✐❡t②✱ X ✐s
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ λ✳

▲❡t ✉s ✜① X t♦ ❜❡ t❤❡ ✇♦♥❞❡r❢✉❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/H✱ ✇✐t❤ X = Gh ⊂ P(Vλ)
❢♦r s♦♠❡ λ ❛♥❞ h✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s ✉s ❛♥ ❛✣♥❡ ❝❤❛rt ♦❢ X✱ t❤❛t ❛❧❧♦✇s
✉s t♦ st✉❞② X ❧♦❝❛❧❧②✳ ▲❡t vλ ❞❡♥♦t❡ t❤❡ ❤✐❣❤❡st ✇❡✐❣❤t ✈❡❝t♦r ✐♥ Vλ✳ ▲❡t W ❜❡
t❤❡ T ✲st❛❜❧❡ ❝♦♠♣❧❡♠❡♥t ♦❢ Cvλ✱ s✉❝❤ t❤❛t Vλ = Cvλ +W ✳ ❉❡✜♥❡ A ⊂ P(Vλ) ❛s
t❤❡ ♦♣❡♥ s✉❜s❡t ✇❤❡r❡ t❤❡ ❝♦♦r❞✐♥❛t❡ ♦♥ vλ ✐s ♥♦♥③❡r♦✳ ❇② ❝♦♥str✉❝t✐♦♥ ✐♥ ❬❈P✽✸❪
✇❡ ❤❛✈❡ h ∈ A✳

▲❡♠♠❛ ✹✳✻✳✶✶ ✭❬❈P✽✸✱ ▲❡♠♠❛ ✷✳✷❪✮✳ ❚❤❡ ❝❧♦s✉r❡ ✐♥ A ♦❢ t❤❡ T1 ♦r❜✐t T1h ✐s
✐s♦♠♦r♣❤✐❝ t♦ Al✳ ▲❡t x = (x1, . . . , xl) ❜❡ ❛ ♣♦✐♥t ✐♥ Al✱ t❤❡♥

t(x1, . . . , xl) = (−ᾱ1(t)x1, . . . ,−ᾱl(t)xl),

❛♥❞ t❤❡ ♦r❜✐t T1h ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡t {x ∈ Al | xi 6= 0 ∀i}✳

❚❤❡ ✈❛r✐❡t② X ✐s ✇♦♥❞❡r❢✉❧✱ s♦ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ r❛♥❦ ♦❢ X✱ ❛s ✇❡❧❧ ❛s t❤❡
❜♦✉♥❞❛r② ❞✐✈✐s♦rs Xi ❢♦r i ∈ {1, . . . , rk(X)} ❛♥❞ ✇✐t❤ t❤❛t t❤❡ ❝❧♦s❡❞ G✲st❛❜❧❡
s✉❜✈❛r✐❡t✐❡s XI = ∩i∈IXi ❢♦r I ⊂ {1, . . . , rk(X)}✳ ❚❤❡ ❝❧♦s❡❞ G✲♦r❜✐t ♦❢ X ✐s
Y = X{1,...,rk(X)} ❛♥❞ ✐s ✐s♦♠♦r♣❤✐❝ t♦ G/P−

Sp
X

✳

❚❤❡r❡ ❡①✐sts ❛♥ ❡①♣❧✐❝✐t ✈❡rs✐♦♥ ♦❢ ❧♦❝❛❧ str✉❝t✉r❡ ❚❤❡♦r❡♠ ✸✳✷✳✶ ❢♦r ✇♦♥❞❡r❢✉❧
✈❛r✐❡t✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✷ ✭❬❈P✽✸✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸❪✮✳ ▲❡t U− =
∏

α∈R−
1

Uα ⊂ G✱ t❤❡♥
t❤❡ ♠❛♣

U− × Al → X

(u, x) 7→ ux

✸✾



✐s ❛♥ ♦♣❡♥ ✐♠♠❡rs✐♦♥✱ ✇❤❡r❡ Al ≃ T1h ∩ A✳ ▲❡t V − ❞❡♥♦t❡ ✐ts ✐♠❛❣❡✱ t❤❡♥ V − ✐s
B− st❛❜❧❡ ❛♥❞ X = ∪g∈GgV

−✳
▼♦r❡♦✈❡r rk(X) = l ❛♥❞ ❢♦r ❛♥② ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t✐❡s XI ✇❡ ❤❛✈❡

XI ∩ V
− = {(u, x) ∈ U × Al | xi = 0 ❢♦r ❛❧❧ i ∈ I}.

❘❡♠❛r❦ ✹✳✻✳✶✸✳ ❚❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ V − ❜② t❤❡ ❧♦♥❣❡st ❡❧❡♠❡♥t ♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣
♦❢ G ✐s ❛♥ ♦♣❡♥ B✲st❛❜❧❡ s✉❜s❡t V ✳ ❚❤✐s V ✐s ✐s♦♠♦r♣❤✐❝ t♦ U × Al✱ ✇❤❡r❡ t❤❡
✇❡✐❣❤ts ♦❢ t❤❡ T ✲❛❝t✐♦♥ ♦♥ Al ❛r❡ ᾱi ❢♦r 1 ≤ i ≤ l ❛♥❞ U =

∏

α∈R+

1

Uα✳
❚❤❡ s✉❜s❡t V ⊂ X ✐s t❤❡ s✉❜s❡tXY,B ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✼✳ ■t ❝♦✐♥❝✐❞❡s

✇✐t❤ X∅ ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✺✳✶✳ ◆♦t❡ t❤❛t ❛❧s♦ Sp
X = S ∩ R0✱ s✐♥❝❡ t❤❡

♣❛r❛❜♦❧✐❝ PS∩R0
st❛❜✐❧✐③❡s V ✳

❈♦r♦❧❧❛r② ✹✳✻✳✶✹✳ ❚❤❡ s♣❤❡r✐❝❛❧ r♦♦ts ᾱi✱ ❞❡✜♥❡❞ ✐♥ ✹✳✻✳✹ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♦♥❡s
❞❡✜♥❡❞ ✐♥ ✹✳✷✳✶✳ ❆♥② ❝♦❧♦r α ∈ S \ Sp

X ✐s ♦❢ t②♣❡ (a′) ♦r (b) ✐♥ t❤❡ s❡♥s❡ ♦❢
Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛♥② s✐♠♣❧❡ r♦♦t α ∈ S ♠♦✈❡s ❛t ♠♦st ♦♥❡ ❝♦❧♦r✳

Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷ ❛♥❞ ✹✳✻✳✶✷ ❛♥❞
t❤❡ ♣r❡✈✐♦✉s ❘❡♠❛r❦✳ ▲❡t z = (id, 0) ∈ U × Al✱ ✐t ✐s ❛ ♣♦✐♥t ✐♥ t❤❡ ❝❧♦s❡❞ ♦r❜✐t Y
♦❢ X✳ ❲❡ ❤❛✈❡ t❤❛t V ∩Y ≃ U = Ru(P )✱ ✇❤❡r❡ Ru ❞❡♥♦t❡s t❤❡ ✉♥✐♣♦t❡♥t r❛❞✐❝❛❧✳
❚❤❡♥ z ✐s t❤❡ B−✲✜①❡❞ ♣♦✐♥t ♦❢ G/P−✱ ❛♥❞ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ T ✲❛❝t✐♦♥ ♦♥ t❤❡
♥♦r♠❛❧ s♣❛❝❡ TzX/TzY ❛r❡ ❣✐✈❡♥ ❜②

t(x1, . . . , xl) = (ᾱ1(t)x1, . . . , ᾱl(t)xl)

■❢ D ✐s ❛ ❝♦❧♦r ♦❢ t②♣❡ (a)✱ t❤❛t ✇♦✉❧❞ ♠❡❛♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ s✐♠♣❧❡ r♦♦t
α ∈ S✱ s✉❝❤ t❤❛t α ✐s ❛ s♣❤❡r✐❝❛❧ r♦♦t✳ ❚❤❡♥ α = αi − σ(αi) ❢♦r s♦♠❡ 1 ≤ i ≤ l✱ ❛
❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ❢❛❝t t❤❛t α ✐s s✐♠♣❧❡✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✺ ✭❬❈P✽✸✱ ❚❤❡♦r❡♠ ✺❪✮✳ ▲❡t XI ⊂ X ❜❡ ❛ ❝❧♦s❡❞ G✲st❛❜❧❡
s✉❜✈❛r✐❡t②✳ ▲❡t SI = {αi, σ̃(αi) ∈ SG | i /∈ I} ∪ Sp

X ✳

❚❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛r✐❛♥t ✜❜r❛t✐♦♥ XI ≃ G ×P−
SI XI ✇✐t❤ ✜❜❡rs ✐s♦♠♦r♣❤✐❝

t♦ t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ XI ♦❢ t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡ LI/(LI ∩H)✱ ✇❤❡r❡
P−
SI

❛❝ts ♦♥ XI ✈✐❛ ✐ts ❛❞❥♦✐♥t ▲❡✈✐ q✉♦t✐❡♥t LI ✳

❘❡♠❛r❦ ✹✳✻✳✶✻✳ ◆♦t❡ t❤❛t SI = {α ∈ S | ᾱi = α− σ(α) ❢♦r s♦♠❡ i /∈ I} ∪Sp
X ✱ t❤✐s

❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ❘❡♠❛r❦ ✹✳✻✳✺✳

◆❡①t ✇❡ ✇✐s❤ t♦ ❞❡s❝r✐❜❡ t❤❡ P✐❝❛r❞ ❣r♦✉♣ ♦❢ X ❛♥❞ ♦❢ ❛♥② ❝❧♦s❡❞ G✲st❛❜❧❡
s✉❜✈❛r✐❡t② XI ⊂ X✳ ❚❤✐s ✐s t❤❡ ✜rst st❡♣ t♦ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ s♣❛❝❡ ♦❢ ❝✉r✈❡s✱ ❛s
Pic(X) = A1(X)∨ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✺✳

✹✵



Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✼ ✭❬❈P✽✸✱ Pr♦♣♦s✐t✐♦♥ ✽✳✶❪✮✳ ▲❡t ι : Y → X ❞❡♥♦t❡ t❤❡ ✐♥❝❧✉✲
s✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞ ♦r❜✐t Y ⊂ X✳ ❚❤❡♥ t❤❡ ♣✉❧❧❜❛❝❦

ι∗ : Pic(X) → Pic(Y )

✐s ✐♥❥❡❝t✐✈❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✽ ✭❬❈❙✾✾✱ ❚❤❡♦r❡♠s ✹✳✷ ❛♥❞ ✹✳✽❪✮✳ ❚❤❡ P✐❝❛r❞ ❣r♦✉♣ Pic(X) ♦❢
X ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ s✉❜❧❛tt✐❝❡ ΛX ♦❢ X(T )∗✱ ❣❡♥❡r❛t❡❞ ❜② s♣❤❡r✐❝❛❧ ✇❡✐❣❤ts ❛♥❞
❡①❝❡♣t✐♦♥❛❧ ❢✉♥❞❛♠❡♥t❛❧ ✇❡✐❣❤ts✳ ❚❤❡ r❛♥❦ ♦❢ t❤❡ P✐❝❛r❞ ❣r♦✉♣ Pic(X) ✐s ❡q✉❛❧ t♦
l + s✱ ✇❤❡r❡ l ✐s t❤❡ r❛♥❦ ♦❢ R̄ ❛♥❞ s ✐s t❤❡ ♥✉♠❜❡r ♦❢ s♣❤❡r✐❝❛❧ r♦♦ts ᾱ✱ s✉❝❤ t❤❛t
α ✐s ❡①❝❡♣t✐♦♥❛❧✳

❉❡✜♥✐t✐♦♥ ✹✳✻✳✶✾✳ ❚❤❡ ✈❛r✐❡t② X ✐s ❝❛❧❧❡❞ ❡①❝❡♣t✐♦♥❛❧ ✐❢ ✐t ❤❛s ❡①❝❡♣t✐♦♥❛❧ s♣❤❡r✲
✐❝❛❧ r♦♦ts✱ ♦r ❡q✉✐✈❛❧❡♥t❧② rk(X) < |∆X |✳ ❖t❤❡r✇✐s❡ X ✐s ❝❛❧❧❡❞ ♥♦♥❡①❝❡♣t✐♦♥❛❧✳

❲❡ ❝❛♥ ❛❧s♦ ❞❡s❝r✐❜❡ t❤❡ P✐❝❛r❞ ❣r♦✉♣ ❢♦r ❛♥② ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t② XI

✐♥ t❡r♠s ♦❢ P✐❝❛r❞ ❣r♦✉♣s ♦❢ ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t✐❡s ❛♥❞ ♣r♦❥❡❝t✐✈❡ ❤♦♠♦✲
❣❡♥❡♦✉s ✈❛r✐❡t✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✷✵ ✭❬❈▼✵✷✱ ♣❛❣❡ ✼❪✮✳ ▲❡t XI ✱ XI ❛♥❞ PSI
❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥

✹✳✻✳✶✺✱ ✇✐t❤ ♠❛♣ πI : XI → G/P−
SI
✳ ▲❡t ιI : XI → XI ❜❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ✜❜❡r

π−1
I ([1G]) ❢♦r [1G] ∈ G/P−

SI
✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ✐s ❡①❛❝t✿

0 Pic(G/P−
SI
) Pic(XI) Pic(XI) 0

π∗
I ι∗I

❈♦r♦❧❧❛r② ✹✳✻✳✷✶✳ ❚❤❡ ♠❛♣

Pic(G/P−
SI
)⊕ Pic(XI) → Pic(XI)

(Zbase, Zfiber) 7→ π∗
IZbase +BZfiber

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳

Pr♦♦❢✳ ▲❡t SI ⊂ S ❜❡ t❤❡ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts ♦❢ G✱ s✉❝❤ t❤❛t PSI
✐s t❤❡ ♣❛r❛❜♦❧✐❝

❛ss♦❝✐❛t❡❞ t♦ SI ✳ ❘❡❝❛❧❧ t❤❛t XI = G×P−
SI XI ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✺✳ ❇② ▲❡♠♠❛

✹✳✺✳✺ ✇❡ ❤❛✈❡ XI ≃ (XI)
SI ✳

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✹ ✇❡ ❤❛✈❡ t❤❛t ∆XI
(SI) = ∆XI ✱ ✇❤❡r❡ t❤❡ ❜✐❥❡❝t✐♦♥ ✐s ❣✐✈❡♥

❜② Z 7→ BZ ❢♦r Z ∈ ∆XI ❛♥❞ D 7→ D ∩XI ❢♦r D ∈ ∆XI
(SI)✳ ❚❤✐s ❜✐❥❡❝t✐♦♥ ❛❧s♦

t❡❧❧s ✉s t❤❛t Z = ι∗(D) 6= 0 ✐♥ Pic(XI)✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t ι∗(D) = 0 ❢♦r s♦♠❡ D ∈ ∆XI

✳ ❚❤❡♥ D ∈ Im(π∗
I )✱ s♦ t❤❡r❡

❡①✐sts s♦♠❡ ❞✐✈✐s♦r Z ∈ Pic(G/P−
SI
)✱ s✉❝❤ t❤❛t D = π−1

I (Z)✳ ❚❤❡♥ πI(D) =

πI(π
−1
I (Z)) = Z ❛♥❞ s✐♥❝❡ D ✐s B✲st❛❜❧❡ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ πI ✐s ❛ G✲❡q✉✐✈❛r✐❛♥t

♣r♦❥❡❝t✐♦♥✱ ✇❡ ❣❡t t❤❛t Z ✐s ❛❧s♦ B✲st❛❜❧❡ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡✳ �

✹✶



❘❡❝❛❧❧ t❤❛t ❛♥② ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ X ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ B−✲✇❡✐❣❤t ❛s ❢♦❧❧♦✇s✿
✜rst r❡♣❧❛❝❡ G ❜② ✐ts s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦✈❡r✐♥❣✱ t❤❡♥ ❧❡t ψ : G/B− → X ❜❡
t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛♣ ❜❡t✇❡❡♥ ✢❛❣ ✈❛r✐❡t✐❡s G/B− → Y ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥
Y ⊂ X✳ ❚❤❡♥ ❢♦r ❛♥② ❞✐✈✐s♦r D ♦♥ X ✇❡ ❤❛✈❡

ψ∗OX(D) ≃ G/B− ×B−

Cχ = Lχ

❢♦r s♦♠❡ B−✲✇❡✐❣❤t χ✳ ❚❤❡ ❢❛❝t t❤❛t ι∗ : Pic(X) → Pic(Y ) ✐s ✐♥❥❡❝t✐✈❡ ❢♦r ✇♦♥✲
❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t✐❡s✱ ♠❡❛♥s t❤❛t t❤❡ ✇❡✐❣❤t χ ❞❡t❡r♠✐♥❡s t❤❡ ❝♦❧♦r D✳

❋✐rst ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ❛♥② ❝♦❧♦r D ∈ ∆X ✐s ♠♦✈❡❞ ❜② ❛t ♠♦st t✇♦ s✐♠♣❧❡
r♦♦ts✳

▲❡♠♠❛ ✹✳✻✳✷✷✳ ▲❡t D ❜❡ ❛ ❝♦❧♦r ✐♥ ∆X ✳ ■❢ {D} = ∆X(αi) = ∆X(αj) ❢♦r ❞✐st✐♥❝t
αi, αj ∈ S \ Sp

X ✱ t❤❡♥ αi = −σ̃(αj) ❛♥❞ (αi, αj) = 0✳ ❖t❤❡r✇✐s❡ t❤❡r❡ ❡①✐sts ✉♥✐q✉❡
αi ∈ S✱ s✉❝❤ t❤❛t {D} = ∆X(αi)✳

Pr♦♦❢✳ ▲❡tD ❜❡ ❛ ❝♦❧♦r✱ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❞✐st✐♥❝t s✐♠♣❧❡ r♦♦ts αi, αj ∈
S \ Sp

X ✱ s✉❝❤ t❤❛t {D} = ∆X(αi) = ∆X(αj)✳ ❚❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✺ ❛♥❞
❈♦r♦❧❧❛r② ✹✳✻✳✶✹ ❢♦r ❛♥② s♣❤❡r✐❝❛❧ r♦♦t α− σ(α) ∈ ΣX ✇❡ ❤❛✈❡

α∨
i (α− σ(α)) = α∨

j (α− σ(α))

♦r
(α∨

i − α∨
j )(α− σ(α)) = 0.

❙♦ α∨
i − α∨

j ✐s ♦rt❤♦❣♦♥❛❧ t♦ R̄ ❛♥❞ t❤❡r❡❢♦r❡ α∨
i − α∨

j ∈ 〈R∨
0 〉✳ ❙♦ ✇❡ ❤❛✈❡

αi − αj = σ(αi − αj)

♦r
αi − σ(αi) = αj − σ(αj)

❛♥❞ ❜② ❘❡♠❛r❦ ✹✳✻✳✺ ✇❡ ❤❛✈❡
αi = σ̃(αj).

❚❤❡ ♦r❞❡r ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥ σ̃ ✐s t✇♦✱ s♦ ❛♥② ❝♦❧♦r ✐s ♠♦✈❡❞ ❜② ❛t ♠♦st t✇♦ s✐♠♣❧❡
r♦♦ts✱ ♥❛♠❡❧② αi ❛♥❞ σ̃(αi)✳

❇② ❘❡♠❛r❦ ✹✳✻✳✺ ✇❡ ❤❛✈❡ t❤❛t αi ❛♥❞ αj ❛r❡ t❤❡ ♦♥❧② s✐♠♣❧❡ r♦♦ts✱ ❛ss♦❝✐❛t❡❞
t♦ t❤❡ s♣❤❡r✐❝❛❧ r♦♦t ᾱi = ᾱj✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
i < j✱ s♦ 1 ≤ i ≤ l ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✹✳ ❋♦r I = {1, . . . l} \ {i} ✇❡ ✐♥tr♦❞✉❝❡
SI = {αi, σ̃(αi) | i /∈ I} ∪ Sp

X ✱ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✺✳ ▲❡t P = PSI
❜❡ t❤❡

♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣✱ ❛ss♦❝✐❛t❡❞ t♦ SI ❛♥❞ L = GSI ❜❡ t❤❡ ▲❡✈✐ q✉♦t✐❡♥t ♦❢ P ✳
❲❡ ❤❛✈❡ XI = G ×P−

XI ✱ ✇❤❡r❡ XI ✐s ❛♥ ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ L✲✈❛r✐❡t② ✇✐t❤
rk(XI) = rk(XI) = 1✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t

∆X(SI) =
⋃

α∈SI

∆X(α) = ∆X(αi) ∪∆X(αj),

✹✷



❛s ∆X(α) = ∅ ❢♦r ❛♥② α ∈ Sp
X ✳

❚❤❡ r♦♦t s②st❡♠ ♦❢ L ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ r♦♦ts αi ❛♥❞ αj ❛♥❞ S
p
X ✳ ❇② Pr♦♣♦✲

s✐t✐♦♥ ✹✳✻✳✶✽ ✇❡ ❤❛✈❡

rk(Pic(XI)) =

{

1 ✐❢ (αi, αj) = 0,

2 ❡❧s❡.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ P✐❝❛r❞ ❣r♦✉♣ Pic(XI) ✐s ❣❡♥❡r❛t❡❞ ❜② ∆XI ✱ s♦ |∆XI | =
rk(Pic(XI))✳ ❇② ▲❡♠♠❛ ✹✳✺✳✺ ✇❡ ❤❛✈❡ XI = XSI ✳ ❲❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✹ t♦
❣❡t t❤❛t ∆X(SI) ✐s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ ∆XI ✱ s♦

|∆X(SI)| =

{

1 ✐❢ (αi, αj) = 0,

2 ❡❧s❡.

❇② ❈♦r♦❧❧❛r② ✹✳✻✳✶✹ ✇❡ ❤❛✈❡ |∆X(α)| = 1 ❢♦r ❛♥② α ∈ S \ Sp
X ✱ s♦

∆X(SI) =

{

∆X(αi) = ∆X(αj) ✐❢ (αi, αj) = 0,

∆X(αi) ·∪∆X(αj) ❡❧s❡.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ st✉❞✐❡❞ {α ∈ S \ Sp
X | D ∈ ∆X(α)} ❢♦r ❛♥② ❝♦❧♦r D ∈ ∆X

✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ❞❡s❝r✐❜✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝♦❧♦rs
❛♥❞ B−✲✇❡✐❣❤ts✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✷✸✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ s②♠♠❡tr✐❝ ✈❛r✐❡t② ♦❢ r❛♥❦ l✳ ▲❡t
D ∈ ∆X ❜❡ ❛ ❝♦❧♦r✳ ❙✉♣♣♦s❡ t❤❛t D ✐s ♠♦✈❡❞ ❜② ♥♦♥❡①❝❡♣t✐♦♥❛❧ s✐♠♣❧❡ r♦♦ts✳
❚❤❡♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

❼ ∃!α ∈ S : D ∈ ∆X(α), α = −σ(α)✱ t❤❡♥ ι∗(OX(D)) ≃ L2ωα
❀

❼ ∃!α ∈ S : D ∈ ∆X(α), α 6= −σ(α)✱ t❤❡♥ ι∗(OX(D)) ≃ Lωα
❀

❼ ∃α, α′ ∈ S : α 6= α′, D ∈ ∆X(α) = ∆X(α
′)✱ t❤❡♥ ι∗(OX(D)) ≃ Lωα+ωα′ ❀

Pr♦♦❢✳ ▲❡t D ❜❡ ❛ ❝♦❧♦r ♦❢ X ❛♥❞ ❧❡t ι : Y → X ❜❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞
♦r❜✐t✳ ❲❡ ❤❛✈❡ Y ≃ G/P−✱ ✇❤❡r❡ P = PSp

X
✳ ❚❤❡ P✐❝❛r❞ ❣r♦✉♣ ♦❢ Y ✐s ❣❡♥❡r❛t❡❞

❜② t❤❡ ❙❝❤✉❜❡rt ❞✐✈✐s♦rs Dα(G/P
−) ❢♦r α ∈ S\Sp

X ✳ ❲❡ ❦♥♦✇ t❤❛t N1(Y ) ✐s ❞✉❛❧ t♦
Pic(X) ❛♥❞ ❛♥② ❞✐✈✐s♦r ♦♥ Y ✐s ❞❡✜♥❡❞ ❜② t❤❡ ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ ❙❝❤✉❜❡rt ❝✉r✈❡s✳
■♥ ♣❛rt✐❝✉❧❛r ❢♦r ι∗D ✇❡ ❤❛✈❡

ι∗D =
∑

α∈S\Sp
X

〈ι∗D, [Cα]〉Dα(G/P
−),

✹✸



✇❤❡r❡ [Cα] ❞❡♥♦t❡ ❛ ❙❝❤✉❜❡rt ❝✉r✈❡ ❝❧❛ss✳
■♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ ι∗D ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ 〈ι∗D, [Cα]〉 ❢♦r ❛♥② ❙❝❤✉❜❡rt ❝✉r✈❡

❝❧❛ss [Cα]✳ ❇② ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡

〈ι∗D, [Cα]〉 = 〈D, ι∗[Cα]〉.

❇② ❈♦r♦❧❧❛r② ✹✳✻✳✶✹ ❛♥② s✐♠♣❧❡ r♦♦t α ✐s ❡✐t❤❡r ✐♥ Sa′

X ♦r ✐♥ Sb
X ❛♥❞ s♦ ❜② ▲❡♠♠❛

✹✳✹✳✷ ✇❡ ❝❛♥ ✇r✐t❡ ι∗[Cα] ❛s ❛ ♠✉❧t✐♣❧❡ ♦❢ ❛ ❝✉r✈❡ ❝❧❛ss [CD′ ] ❢♦r s♦♠❡ D′ ∈ ∆X ✳
❍❡r❡ [CD′ ] ✐s ❛ ❝✉r✈❡ ❝❧❛ss ♦♥ X✱ s✉❝❤ t❤❛t

〈D, [CD′ ]〉 =

{

1 ✐❢ D = D′,

0 ❡❧s❡,

s❡❡ ▲❡♠♠❛ ✹✳✹✳✶✳
▲❡t SD = {α ∈ S | D ∈ ∆X(α)} ❜❡ t❤❡ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts ♠♦✈✐♥❣ D✳ ❇②

❈♦r♦❧❧❛r② ✹✳✻✳✶✹ ❡❛❝❤ r♦♦t ♠♦✈❡s ❛t ♠♦st ♦♥❡ ❝♦❧♦r✱ s♦ ∆X(SD) = {D}✳ ❋♦r ❛♥②
s✐♠♣❧❡ r♦♦t α ∈ S \ SD ✇❡ ❤❛✈❡ D /∈ ∆X(α) ❛♥❞ [Cα] ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ [CD′ ] ❢♦r
s♦♠❡ D′ 6= D✱ s♦ 〈ι∗D, [Cα]〉 = 0✳ ❲✐t❤ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡

ι∗D =
∑

α∈SD

〈ι∗D, [Cα]〉Dα(G/P
−).

❇② ▲❡♠♠❛ ✹✳✻✳✷✷ ❡✈❡r② ❝♦❧♦r ✐s ♠♦✈❡❞ ❡✐t❤❡r ❜② ♦♥❡ r♦♦t αD ♦r ❜② t✇♦ ♦rt❤♦❣♦♥❛❧
s✐♠♣❧❡ r♦♦ts αD ❛♥❞ σ̃(α′

D)✳ ❚❤✐s ♠❡❛♥s t❤❛t SD ❤❛s ❡✐t❤❡r ♦♥❡ ♦r t✇♦ ❡❧❡♠❡♥ts✳
❙✉♣♣♦s❡ t❤❛t SD = {αD} ❝♦♥t❛✐♥s ❛ s✐♥❣❧❡ s✐♠♣❧❡ r♦♦t✳ ■❢ αD = −σ(αD)✱ ✇❡

❤❛✈❡ t❤❛t αD − σ(αD) = 2αD ∈ ΣX ✳ ❇② ▲❡♠♠❛ ✹✳✹✳✷ ✇❡ ❤❛✈❡ ι∗[CαD
] = 2[CD]✱ s♦

〈ι∗D, [CαD
]〉 = 2 ❛♥❞

ι∗D = 2DαD
(G/P−).

■❢ αD 6= −σ(αD)✱ t❤❡♥ 2αD /∈ ΣX ❛♥❞ α ∈ Sb
X ✱ s♦ ❜② ▲❡♠♠❛ ✹✳✹✳✷ ✇❡ ❤❛✈❡

ι∗[CαD
] = [CD] ❛♥❞ s✐♠✐❧❛r❧②

ι∗D = DαD
(G/P−).

❙✉♣♣♦s❡ ♥♦✇ t❤❛t SD = {αD, σ̃(αD)} ❛♥❞ (α, σ̃(α)) = 0✳ ❚❤❡♥ ♥❡✐t❤❡r 2αD

♥♦t 2σ̃(αD) ❛r❡ s♣❤❡r✐❝❛❧ r♦♦ts✱ s♦ ❜② ▲❡♠♠❛ ✹✳✹✳✷ ✇❡ ❤❛✈❡ ι∗[CαD
] = [CD] ❛♥❞

ι∗[Cσ̃(αD)] = [CD]✱ t❤❡r❡❢♦r❡

ι∗D = DαD
(G/P−) +Dσ̃(αD)(G/P

−).

▲❛st❧② ✇❡ ♥♦t❡ t❤❛t OY (Dα(Y )) = Lωα
❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

✹✹



▼♦❞✉❧✐ s♣❛❝❡ ♦❢ st❛❜❧❡ ♠❛♣s ♦❢ ❛ ✇♦♥❞❡r❢✉❧ s②♠✲

♠❡tr✐❝ ✈❛r✐❡t②

✺✳✶ ▼♦❞✉❧✐ s♣❛❝❡ ♦❢ st❛❜❧❡ ♠❛♣s

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡① ✈❛r✐❡t② ❛♥❞ η ∈ N1(X)✳
▲❡tM0,n(X, η) ❜❡ t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ♣♦✐♥t❡❞ ♠❛♣s (C, p1, . . . , pn, µ)✱
✇❤❡r❡ C ✐s ❛ ♣r♦❥❡❝t✐✈❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡✱ p1, . . . , pn ❛r❡ ❞✐st✐♥❝t ♣♦✐♥ts ♦♥ C
❛♥❞ µ : C → X ✐s ❛ ♠♦r♣❤✐s♠✱ s✉❝❤ t❤❛t µ∗([C]) = η✳ ❲❤❡♥ X = {pt} ✐s ❛ ♣♦✐♥t
✇❡ ✇✐❧❧ ✇r✐t❡ M0,n =M0,n({pt}, 0)✳

❆ n✲♣♦✐♥t❡❞ r❛t✐♦♥❛❧ ❝♦♠♣❧❡① q✉❛s✐✲st❛❜❧❡ ❝✉r✈❡

(C, p1, . . . , pn)

✐s ❛ ♣r♦❥❡❝t✐✈❡ ❝♦♥♥❡❝t❡❞ r❡❞✉❝❡❞ ✭❛t ✇♦rst✮ ♥♦❞❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡ ✇✐t❤ n ❞✐st✐♥❝t
s♠♦♦t❤ ♠❛r❦❡❞ ♣♦✐♥ts✳ ▲❡t S ❜❡ ❛♥ ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡ ♦✈❡r C✳ ❆ ❢❛♠✐❧② ♦❢ n✲
♣♦✐♥t❡❞ r❛t✐♦♥❛❧ q✉❛s✐✲st❛❜❧❡ ❝✉r✈❡s ♦✈❡r S ✐s ❛ ✢❛t ♣r♦❥❡❝t✐✈❡ ♠❛♣ π : C → S
✇✐t❤ n s❡❝t✐♦♥s p1, . . . , pn✱ s✉❝❤ t❤❛t ❡❛❝❤ ❣❡♦♠❡tr✐❝ ✜❜❡r (Cs, p1(s), . . . , pn(s)) ✐s
❛♥ n✲♣♦✐♥t❡❞ r❛t✐♦♥❛❧ q✉❛s✐✲st❛❜❧❡ ❝✉r✈❡✳ ❆ ❢❛♠✐❧② ♦❢ ♠❛♣s ♦✈❡r S ❢r♦♠ n✲♣♦✐♥t❡❞
r❛t✐♦♥❛❧ q✉❛s✐✲st❛❜❧❡ ❝✉r✈❡s t♦ X ❝♦♥s✐sts ♦❢ ❞❛t❛ (π : C → S, {pi}1≤i≤n, µ : C →
X)✿

❼ ❆ ❢❛♠✐❧② ♦❢ n✲♣♦✐♥t❡❞ r❛t✐♦♥❛❧ q✉❛s✐ st❛❜❧❡ ❝✉r✈❡s π : C → S ✇✐t❤ n s❡❝t✐♦♥s
{p1, . . . , pn}✳

❼ ❆ ♠♦r♣❤✐s♠ µ : C → X✳

❚✇♦ ❢❛♠✐❧✐❡s ♦❢ ♠❛♣s ♦✈❡r S✱

(π : C → S, {pi}1≤i≤n, µ : C → X), (π′ : C ′ → S, {p′i}1≤i≤n, µ
′ : C ′ → X)

❛r❡ ✐s♦♠♦r♣❤✐❝ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❝❤❡♠❡ ✐s♦♠♦r♣❤✐s♠ τ : C → C ′ s❛t✐s❢②✐♥❣ π =
π′ ◦ τ, p′i = τ ◦ pi, µ = µ′ ◦ τ ✳ ❲❤❡♥ π : C → Spec(C) ✐s t❤❡ str✉❝t✉r❡ ♠❛♣✱
(π : C → S, {pi}1≤i≤n, µ : C → X) ✐s ✇r✐tt❡♥ ❛s (C, {pi}, µ)✳

✹✺



▲❡t (C, {pi}, µ) ❜❡ ❛ ♠❛♣ ❢r♦♠ ❛♥ n✲♣♦✐♥t❡❞ r❛t✐♦♥❛❧ q✉❛s✐✲st❛❜❧❡ ❝✉r✈❡ t♦ X✳
❚❤❡ s♣❡❝✐❛❧ ♣♦✐♥ts ♦❢ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t E ⊂ C ❛r❡ t❤❡ ♠❛r❦❡❞ ♣♦✐♥ts ❛♥❞
t❤❡ ❝♦♠♣♦♥❡♥t ✐♥t❡rs❡❝t✐♦♥s ♦❢ C✱ t❤❛t ❧✐❡ ♦♥ E✳ ❚❤❡ ♠❛♣ (C, {pi}, µ) ✐s st❛❜❧❡
✐❢ ❡✈❡r② ❝♦♠♣♦♥❡♥t E ≃ P1✱ t❤❛t ✐s ♠❛♣♣❡❞ t♦ ❛ ♣♦✐♥t ❜② µ ❝♦♥t❛✐♥s ❛t ❧❡❛st
t❤r❡❡ s♣❡❝✐❛❧ ♣♦✐♥ts✳ ❆ ❢❛♠✐❧② ♦❢ ♣♦✐♥t❡❞ ♠❛♣s (π : C → S, {pi}, µ) ✐s st❛❜❧❡ ✐❢ t❤❡
♣♦✐♥t❡❞ ♠❛♣ ♦♥ ❡❛❝❤ ❣❡♦♠❡tr✐❝ ✜❜❡r ♦❢ π ✐s st❛❜❧❡✳

▲❡t η ∈ N1(X)✳ ❆ ♠❛♣ µ : C → X r❡♣r❡s❡♥ts η ✐❢ t❤❡ µ✲♣✉s❤✲❢♦r✇❛r❞ ♦❢ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❝❧❛ss [C] ❡q✉❛❧s η✳

❲❡ ❞❡✜♥❡ ❛ ❢✉♥❝t♦rM0,n(X, η) ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡s
t♦ s❡ts✿

M0,n(X, η)(S) =







✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ st❛❜❧❡ ❢❛♠✐❧✐❡s ♦✈❡r S
♦❢ ♠❛♣s ❢r♦♠ n✲♣♦✐♥t❡❞ r❛t✐♦♥❛❧ ❝✉r✈❡s
t♦ X r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝❧❛ss η







❚❤❡♦r❡♠ ✺✳✶✳✷ ✭❬❋P✾✺✱ ❚❤❡♦r❡♠ ✶❪✮✳ ❚❤❡r❡ ❡①✐sts ❛ ♣r♦❥❡❝t✐✈❡ ❝♦❛rs❡ ♠♦❞✉❧✐
s♣❛❝❡ M0,n(X, η)✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❢✉♥❝t♦r M0,n(X, η) ❛♥❞ ❝♦♥t❛✐♥✐♥❣ M0,n(X, η)
❛s ❛♥ ♦♣❡♥ s✉❜s❡t✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✸✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✱ t❤❡♥ X ✐s ❝❛❧❧❡❞ ❝♦♥✈❡①
✐❢ H1(P1, µ∗(TX)) = 0 ❢♦r ❡✈❡r② ♠❛♣ µ : P1 → X✳

❚❤❡♦r❡♠ ✺✳✶✳✹ ✭❬❋P✾✺✱ ❚❤❡♦r❡♠ ✷❪✮✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡✱ s♠♦♦t❤✱ ❝♦♥✈❡① ✈❛✲
r✐❡t②✳

❼ M0,n(X, η) ✐s ❛ ♥♦r♠❛❧✱ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② ♦❢ ♣✉r❡ ❞✐♠❡♥s✐♦♥

dim(X)− 〈KX , η〉+ n− 3.

❼ M0,n(X, η) ✐s ❧♦❝❛❧❧② ❛ q✉♦t✐❡♥t ♦❢ ❛ s♠♦♦t❤ ✈❛r✐❡t② ❜② ❛ ✜♥✐t❡ ❣r♦✉♣✳

Pr♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s ✈❛r✐❡t✐❡s ❛r❡ ❝♦♥✈❡①✱ ❜✉t t❤❡r❡ ✐s ❛ str♦♥❣❡r r❡s✉❧t ❜②
❚❤♦♠s❡♥✱ t❤❛t st❛t❡s t❤❛t M0,n(X, η) ✐s ✐rr❡❞✉❝✐❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✺ ✭❬❚❤♦✾✽✱ ❚❤❡♦r❡♠ ✶❪✮✳ ▲❡t X ❜❡ ❛ ✢❛❣ ✈❛r✐❡t② ❛♥❞ η ∈ N1(X)
❛♥ ❡✛❡❝t✐✈❡ ❝❧❛ss✳ ❚❤❡ s♣❛❝❡ M0,n(X, η) ✐s ✐rr❡❞✉❝✐❜❧❡ ❢♦r ❡✈❡r② ♥♦♥ ♥❡❣❛t✐✈❡ ✐♥t❡✲
❣❡r n✳

❘❡♠❛r❦ ✺✳✶✳✻✳ ❈❧❡❛r❧② {pt} ✐s ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s✱ s♦ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ❣❡t t❤❛t
dim(M0,n) = n − 3 ❢♦r n ≥ 3 ❛♥❞ M0,n ✐s ♦♣❡♥ ❞❡♥s❡ ✐♥ M0,n✳ ❋♦r n < 3 t❤❡r❡ ✐s
❛ s✐♥❣❧❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss ♦❢ ♠❛♣s P1 → Spec(C)✱ s♦ M0,n = {pt}✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✼✳ ▲❡t X ❜❡ ❛ G✲✈❛r✐❡t② ✇✐t❤ ❛ ✉♥✐q✉❡ ♦♣❡♥ G✲♦r❜✐t X◦✳ ❉❡♥♦t❡
❜② M◦

0,n(X, η) ⊂M0,n(X, η) t❤❡ s✉❜s❡t ♦❢ st❛❜❧❡ ♠❛♣s (P1, p1, . . . , pn, µ)✱ s✉❝❤ t❤❛t
t❤❡ ✐♠❛❣❡ ♦❢ µ ♠❡❡ts X◦✳

✹✻



❉❡✜♥✐t✐♦♥ ✺✳✶✳✽✳ ❆ ♣r♦♣❡r ❝♦♠♣❧❡① ❝✉r✈❡ C ♦✈❡r C ✐s ❝❛❧❧❡❞ s♠♦♦t❤❛❜❧❡ ✐❢ t❤❡r❡
✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ♣♦✐♥t❡❞ ❝♦♠♣❧❡① ✈❛r✐❡t② (0, T ) ❛♥❞ ❛ ♣r♦♣❡r ✢❛t ❢❛♠✐❧② ♦❢ ❝✉r✈❡s
g : Z → T s✉❝❤ t❤❛t C ≃ g−1(0) ❛♥❞ t❤❡ ❣❡♥❡r✐❝ ✜❜❡r ♦❢ g ✐s s♠♦♦t❤✳

❆♥② s✉❝❤ g : Z → T ✐s ❝❛❧❧❡❞ ❛ s♠♦♦t❤✐♥❣ ♦❢ C✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✾ ✭❬❑♦❧✾✻✱ ❊①❛♠♣❧❡ ■■✳✶✳✶✷❪✮✳ ▲❡t C =
∑n

i=0Ci ❜❡ ❛ ❝✉r✈❡✱ ✇❤✐❝❤
✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ s♠♦♦t❤ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡ C0 ❜② ❛tt❛❝❤✐♥❣ tr❡❡s ♦❢ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s t♦ ✐t✳

❚❤❡♥ C ✐s s♠♦♦t❤❛❜❧❡✳

❘❡♠❛r❦ ✺✳✶✳✶✵✳ ◆♦t❡ t❤❛t t❤❡ ❝✉r✈❡s ✐♥ M0,0(X, η) ❛r❡ s♠♦♦t❤❛❜❧❡✳

❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Hom(C,X) ❢r♦♠ ❬❑♦❧✾✻❪✳ ■t ✐s ❛ s❝❤❡♠❡✱ ❧♦❝❛❧❧② ♦❢ ✜♥✐t❡
t②♣❡✳

❚❤❡♦r❡♠ ✺✳✶✳✶✶ ✭❬❑♦❧✾✻✱ ❚❤❡♦r❡♠ ■■✳✶✳✼❪✮✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✱
❧❡t µ : C → X ❜❡ ❛ ❝✉r✈❡ ♦♥ X✳ ❚❤❡ ❩❛r✐s❦✐ t❛♥❣❡♥t s♣❛❝❡ ♦❢ Hom(C,X) ❛t µ ✐s
✐s♦♠♦r♣❤✐❝ t♦

H0(C, µ∗TX).

❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❡✈❡r② ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ Hom(C,X) ❛t µ ✐s ❛t ❧❡❛st

h0(C, µ∗TX)− h1(C, µ∗TX).

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✷ ✭❬❑♦❧✾✻✱ ❚❤❡♦r❡♠ ■■✳✶✳✶✶❪✮✳ ▲❡t C ❜❡ ❛ ♣r♦♣❡r s♠♦♦t❤❛❜❧❡
❝✉r✈❡ ♦✈❡r C✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥♦r♠❛❧ ♣♦✐♥t❡❞ ❝♦♠♣❧❡① ✈❛r✐❡t② (0, S) ❛♥❞ ❛ ✢❛t
❛♥❞ ♣r♦♣❡r ❢❛♠✐❧② ♦❢ ❝✉r✈❡s f : C → S s✉❝❤ t❤❛t✿

(1) f−1(0) ≃ C❀

(2) ✐❢ V ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ♣♦✐♥t❡❞ ❝♦♠♣❧❡① ✈❛r✐❡t② ❛♥❞ t : v ∈ V → 0 ∈ S ❛
♠♦r♣❤✐s♠ s✉❝❤ t❤❛t

[V ×S C → V ] ≃ [V ×Spec(C) C → V ],

t❤❡♥ t(V ) = 0❀

(3) dimS = −3χ(OC) + dimAut(C)✳

❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Hom(C/S,X×S/S) ❢r♦♠ ❬❑♦❧✾✻❪✳ ■t ✐s ❛ s❝❤❡♠❡✱ ❧♦❝❛❧❧②
♦❢ ✜♥✐t❡ t②♣❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✸ ✭❬❑♦❧✾✻✱ Pr♦♣♦s✐t✐♦♥ ■■✳✶✳✶✸❪✮✳ ▲❡t C ❜❡ ❛ ♣r♦♣❡r ❛❧❣❡❜r❛✐❝
❝✉r✈❡✳ ▲❡t h : C → X ❜❡ ❛ ♠♦r♣❤✐s♠ t♦ ❛ q✉❛s✐ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② X ♦❢ ♣✉r❡
❞✐♠❡♥s✐♦♥ dimX✳ ❆ss✉♠❡ t❤❛t X ✐s ❛ ❧♦❝❛❧ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥ ❛♥❞ t❤❡ ✐♠❛❣❡
♦❢ ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢ C ✐♥t❡rs❡❝ts t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X✳ ❆ss✉♠❡ t❤❛t C ✐s
s♠♦♦t❤❛❜❧❡ ❛♥❞ ❧❡t f : C → S ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ❛❜♦✈❡✳ ❚❤❡♥

dim[h] Hom(C/S,X × S/S) ≥ −〈KX , C〉+ (dimX − 3)χ(OC) + dimAut(C)
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❘❡♠❛r❦ ✺✳✶✳✶✹✳ ◆♦t❡ t❤❛t ❬❑♦❧✾✻❪ ❛❝t✉❛❧❧② ♣r♦✈❡s t❤❛t ❛♥② ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t
♦❢ Hom(C/S,X×S/S) ❝♦♥t❛✐♥✐♥❣ [h] ❤❛s ❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st −〈KX , C〉+(dimX−
3)χ(OC) + dimAut(C)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✺✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✱ ❧❡t η ∈ N1(X) ❜❡ ❛♥
❡✛❡❝t✐✈❡ ❝✉r✈❡ ❝❧❛ss✳ ❚❤❡♥ ❛♥② ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ M0,n(X, η) ❤❛s ❞✐♠❡♥s✐♦♥
❛t ❧❡❛st

−〈KX , η〉+ dimX − 3 + n

▼♦r❡♦✈❡r ❛ ♣♦✐♥t (µ : C → X, p1, . . . , pn) ✐s s♠♦♦t❤ ✐♥M0,n(X, η) ✐❢ H1(C, µ∗TX) =
0✳

❚❤❡ ❢❛❝t t❤❛t ❛♥② ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ M0,n(X, η) ✐s ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st
−〈KX , η〉+ dimX − 3 + n ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❍❘❙✵✹✱ ▲❡♠♠❛ ✹✳✷❪✳ ❆❧s♦ ✐♥ t❤❡ ✜rst
♣❛r❛❣r❛♣❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❬❇▼✾✻✱ Pr♦♣♦s✐t✐♦♥ ✼✳✹❪ ✐t ✐s s❤♦✇♥ t❤❛t ❛ ♣♦✐♥t ✐♥ t❤❡
♠♦❞✉❧✐ s♣❛❝❡ ✐s s♠♦♦t❤ ✐❢ H1(C, µ∗TX) = 0✳ ❍♦✇❡✈❡r ❜♦t❤ ❛rt✐❝❧❡s ✉s❡ ❞✐✛❡r❡♥t
♥♦t❛t✐♦♥s t♦ t❤❡ ♦♥❡s ♣r❡s❡♥t❡❞ ❤❡r❡✳

Pr♦♦❢✳ ❚❤❡ ♠❛♣ M0,n+1(X, η) →M0,n(X, η) ✐s ✢❛t ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ s❡❡
❬❑♥✉✽✸❪✱ s♦ ✇❡ ♠❛② ❛ss✉♠❡ n = 0 ❢♦r t❤❡ ✜rst st❛t❡♠❡♥t✳

▲❡t µ : C → X ❜❡ ❛ ♠❛♣ ✐♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t M ⊂M0,0(X, η)✳ ▲❡t ni

❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ C ✇✐t❤ 3−i ♥♦❞❡s ❢♦r i ∈ {1, 2, 3}✳
◆♦t❡ t❤❛t✱ ❜❡❝❛✉s❡ C ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ st❛❜❧❡✱ n3 > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ C ✐s ✐rr❡❞✉❝✐❜❧❡
❛♥❞ ✐♥ t❤❛t ❝❛s❡ n1 = n2 = 0✳

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠s ❣r♦✉♣ Aut(C) ❝♦♥s✐sts ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ❡①❝❤❛♥❣✐♥❣ t❤❡
✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ❡❛❝❤ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ C✳
❆s t❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts✱ t❤❡ ✐♠❛❣❡ ♦❢ Aut(C) ✐♥ t❤❡
♣❡r♠✉t❛t✐♦♥ ❣r♦✉♣ ♦❢ t❤❡ s❡t ♦❢ ❝♦♠♣♦♥❡♥ts ✐s ✜♥✐t❡✱ s♦ dimAut(C) ✐s ❡q✉❛❧ t♦
t❤❛t ♦❢ t❤❡ s✉❜❣r♦✉♣✱ ✜①✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts✳ ▲❡t C0 ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t
♦❢ C✱ t❤❡♥ C0 ≃ P1 ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ C0✱ ✜①✐♥❣
t❤❡ ♥♦❞❡s ✐s ❡q✉❛❧ t♦ 3 − |{x ∈ C0 | x ✐s ❛ ♥♦❞❡ ✐♥ C}|✳ ❙❡t n = n1 + 2n2 + 3n3✱
t❤❡♥ n = dim(Aut(C))✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡ M0,n✱ ✇❤✐❝❤ ✇✐❧❧
♥♦✇ ❤❛✈❡ 3 ♠❛r❦❡❞ ♣♦✐♥ts ♦♥ ❡✈❡r② ❝♦♠♣♦♥❡♥t✱ s♦ ❢♦r ❛♥② (C, p1, . . . , pn) ✇❡ ❤❛✈❡
t❤❛t dimAut(C, p1, . . . , pn) = 0✳ ❲r✐t❡ (C, p1, . . . , pn) ❢♦r ♣♦✐♥ts ✐♥ M0,n ✇✐t❤ t❤❡
♦❜✈✐♦✉s ♠♦r♣❤✐s♠ C → Spec(C)✳ ❇② ❬❑♥✉✽✸❪ M0,n+1 ✐s t❤❡ ✉♥✐✈❡rs❛❧ ❝✉r✈❡ ♦✈❡r
M0,n✱ s♦ t❤❡ ✜❜❡r ♦✈❡r s♦♠❡ ♣♦✐♥t (C, p1, . . . , pn) ∈ M0,n ✐s ✐s♦♠♦r♣❤✐❝ t♦ C✳ ❲❡
✇r✐t❡ C =M0,n+1 ❛♥❞ S =M0,n ❢♦r ❜r❡✈✐t②✳ ◆♦t❡ t❤❛t t❤❡ ♣♦✐♥t❡❞ ♥♦r♠❛❧ ❝♦♠♣❧❡①
✈❛r✐❡t② (C, p1, . . . , pn) ∈ S t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❛♣ C → S ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①❛♠♣❧❡
♦❢ t❤❡ ❢❛♠✐❧② ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✷✳

❲❡ ❣❡t ❛ ♠❛♣ p : Hom(C/S,X × S/S) →M0,0(X, η) ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥
♦❢ ♠❛♣s Hom(C/S,X × S/S) → M0,n(X, η) ❛♥❞ M0,n(X, η) → M0,0(X, η)✳ ❚❤❡
♠❛♣ Hom(C/S,X × S/S) → M0,n(X, η) ✐s ❞♦♠✐♥❛♥t ❜② ❞❡✜♥✐t✐♦♥ ❛♥❞ ✐♥❥❡❝t✐✈❡

✹✽



♦♥t♦ ❛♥ ♦♣❡♥ s✉❜s❡t✱ t❤❛t ❝♦♥t❛✐♥s (C, p1, . . . , pn, µ)✱ ❜❡❝❛✉s❡ (C, p1, . . . , pn, µ) ❤❛s
♥♦ ❛✉t♦♠♦r♣❤✐s♠s ❛s ❛ st❛❜❧❡ ♠❛♣✳ ❚❤❡ s❡❝♦♥❞ ♠❛♣ M0,n(X, η) → M0,0(X, η) ✐s
✢❛t ❛♥❞ ♣r♦♣❡r ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ n✱ s♦ p ✐s ❞♦♠✐♥❛♥t✳

▲❡t M ⊂M0,0(X, η) ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t✱ t❤❛t ❝♦♥t❛✐♥s (C, µ)✱ ❞❡♥♦t❡
❜② H ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ Hom(C/S,X ×S/S) s✉❝❤ t❤❛t p(H) ⊂M ✐s ❛♥
♦♣❡♥ s✉❜s❡t✱ t❤❛t ❛❣❛✐♥ ❝♦♥t❛✐♥s (C, µ)✳

❚❤❡ ✜❜❡r F ♦❢ M0,n(X, η) →M0,0(X, η) ✐s ♦❢ ❞✐♠❡♥s✐♦♥ n ❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥
✺✳✶✳✶✸ ✇❡ ❤❛✈❡ t❤❛t

dimµH ≥ −〈KX , η〉+ dimX − 3 + n

❆❧t♦❣❡t❤❡r

dim[µ]M ≥ dim Im(H →M0,0(X, η))

≥ dimµ Hom(C/S,X × S/S)− dimF

= −〈KX , η〉+ dimX − 3,

♣r♦✈✐♥❣ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ r❡s✉❧t✳
◆♦✇ ✇❡ ♣r♦✈❡ t❤❛t ✐❢ H1(C, µ∗TX) = 0✱ t❤❡♥ t❤❡ ♣♦✐♥t (µ : C → X) ✐s ❛ s♠♦♦t❤

♣♦✐♥t ♦❢ M0,n(X, η)✳ ❲❡ ❤❛✈❡ t❤❡ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ Hom(C/S,X × S/S) ♦❢
(µ : C → X, p1, . . . , pn) ✐♥ M0,n(X, η)✱ s♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t (µ : C →
X, p1, . . . , pn) ✐s s♠♦♦t❤ ✐♥ Hom(C/S,X × S/S)✳

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✶ ✇❡ ❤❛✈❡ t❤❛t Hom(C,X) ✐s s♠♦♦t❤ ❛♥❞ ♦❢ ♠✐♥✐♠❛❧ ❞✐✲
♠❡♥s✐♦♥ ❛t µ✱ ❛sH1(C, µ∗TX) = 0✳ ❚❤✐s ✐s t❤❡ ✜❜❡r ♦❢ t❤❡ ♠♦r♣❤✐s♠Hom(C/S,X×
S/S) → S ❛t 0 ∈ S✳

❇② ❬❑♦❧✾✻✱ ❚❤❡♦r❡♠ ■✳✷✳✶✺✳✹❪ ✇❡ ❤❛✈❡ t❤❛t ✐❢ Hom(C,X) ✐s ♦❢ ♠✐♥✐♠❛❧ ❞✐♠❡♥✲
s✐♦♥ ❛t µ✱ t❤❡♥ t❤❡ ♠❛♣ Hom(C/S,X × S/S) → S ✐s ✢❛t ❛t µ✳ ❙✐♥❝❡ t❤❡ ✜❜❡r
♦✈❡r 0 ∈ S ✐s Hom(C,X) ❛♥❞ ✐s s♠♦♦t❤✱ t❤❡ ✈❛r✐❡t② Hom(C/S,X × S/S) → S ✐s
t❤❡r❡❢♦r❡ s♠♦♦t❤ ❛t µ ✐❢ ❛♥❞ ♦♥❧② ✐❢ 0 ∈ S ✐s s♠♦♦t❤✳ ❚❤✐s ✐s tr✉❡✱ s✐♥❝❡ S =M0,n

✐s s♠♦♦t❤✳
❚❤❡r❡❢♦r❡ µ ✐s s♠♦♦t❤ ✐♥M0,n(X, η)✳ ❚❤❡♥ t❤❡ ♠❛♣M0,n(X, η) →M0,n−1(X, η)

✐s ✢❛t ❢♦r ❛♥② n ❛♥❞ s♠♦♦t❤♥❡ss ❞❡s❝❡♥❞s ✈✐❛ ✢❛t ♠♦r♣❤✐s♠s✳
▲❛st❧② ❢♦r ❛r❜✐tr❛r② n ≥ 0 ✇❡ ❤❛✈❡ t❤❛tM0,n+1(X, η) →M0,n(X, η) ✐s ✢❛t✳ ❋♦r

❛♥② ♣♦✐♥t (µ : C → X, p1, . . . , pn, pn+1) t❤❡ ✐♠❛❣❡ ✐s (µ : C → X, p1, . . . , pn)✱ ✇❤✐❝❤
✐s s♠♦♦t❤✳ ❚❤❡ ✜❜❡r ♦✈❡r (µ : C → X, p1, . . . , pn) ✐s {(µ : C → X, p1, . . . , pn, x) | x ∈
C}✳ ❙✐♥❝❡ ♠❛r❦❡❞ ♣♦✐♥ts ❛r❡ s♠♦♦t❤ ❢♦r st❛❜❧❡ ♠❛♣s ✇❡ ❤❛✈❡ t❤❛t t❤❡ ♣♦✐♥t
(µ : C → X, p1, . . . , pn, pn+1) ✐s s♠♦♦t❤ ✐♥ t❤❡ ✜❜❡r ❛♥❞ ✐♥ t❤❡ ❜❛s❡✱ s♦ ❜② ❛ ♣r♦♣✲
❡rt② ♦❢ ✢❛t ♠♦r♣❤✐s♠s ❢♦r ❧♦❝❛❧❧② ◆♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✐t ✐s s♠♦♦t❤ ✐♥M0,n+1(X, η)✳

�

❚❤❡ ♦♣❡♥ s❡tM◦
0,n(X, η) ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣✱ ❜❡❝❛✉s❡ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡

✐s ❣❧♦❜❛❧❧② ❣❡♥❡r❛t❡❞ ♦♥ t❤❡ ♦♣❡♥ G✲♦r❜✐t ✇❤✐❝❤ ❣✐✈❡s ❛ r❡s✉❧t s✐♠✐❧❛r t♦ t❤❡ ♦♥❡
✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥✈❡① ✈❛r✐❡t② X✳
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❈♦r♦❧❧❛r② ✺✳✶✳✶✻✳ ❋♦r X ❛ G✲✈❛r✐❡t② ✇✐t❤ ❛ ❞❡♥s❡ G✲♦r❜✐t✱ t❤❡ ♣♦✐♥ts ♦❢M◦
0,n(X, η)

❛r❡ s♠♦♦t❤ ✐♥ M0,n(X, η) ❛♥❞

dimM◦
0,n(X, η) = dimX + 〈−KX , η〉+ n− 3.

Pr♦♦❢✳ ❆♥② (µ : C → X, p1, . . . , pn) ∈ M◦
0.n(X, η) ♠❡❡ts t❤❡ ♦♣❡♥ ♦r❜✐t ♦❢ X✱

t❤❡r❡❢♦r❡ µ∗TX ✐s ❣❧♦❜❛❧❧② ❣❡♥❡r❛t❡❞ ❛♥❞ H1(C, µ∗TX) = 0✳ �

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✼✳ ❋♦r ❛ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s M0,n(X, η) ✇✐t❤ n > 0
♠❛r❦❡❞ ♣♦✐♥ts p1, . . . pn ❞❡✜♥❡ n ♠❛♣s

evX,i :M0,n(X, η) → X

(f : C → X) 7→ f(pi)

❙♦♠❡t✐♠❡s ✐♥❞✐❝❡s ❝❛♥ ❜❡ ❞r♦♣♣❡❞ ✐❢ t❤❡r❡ ✐s ♥♦ ❞❛♥❣❡r ♦❢ ❝♦♥❢✉s✐♦♥✳

✺✳✷ ●❡♥❡r❛❧ r❡❞✉❝✐❜✐❧✐t② ♦❢ M0,0(X, η)

▲❡t G ❜❡ ❛ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ ♦❢ ❛❞❥♦✐♥t t②♣❡ ❛♥❞ ❧❡t X ❜❡ t❤❡ ✇♦♥❞❡r❢✉❧
❡♠❜❡❞❞✐♥❣ ♦❢ ❛ s②♠♠❡tr✐❝ s♣❛❝❡ G/H ♦❢ r❛♥❦ rk(X) = l✳

▲❡♠♠❛ ✺✳✷✳✶✳ ▲❡t η ∈ N1(X) \ {0} ❜❡ t❤❡ ❝❧❛ss ♦❢ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡ ♠❡❡t✐♥❣
t❤❡ ♦♣❡♥ G✲♦r❜✐t✳ ❚❤❡♥ 〈D, η〉 ≥ 0 ❢♦r ❛♥② B✲st❛❜❧❡ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦r D ♦❢ X✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✺ t❤❡ ❝♦♥❡ ♦❢ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦rs ♦♥ X ✐s ❣❡♥❡r❛t❡❞ ❜②
t❤❡ ❝❧♦s✉r❡s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ B✲♦r❜✐ts✳ ❚❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ B✲♦r❜✐t ❝❧♦s✉r❡ ✐♥
X ❛r❡ t❤❡ ❝♦❧♦rs ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❞✐✈✐s♦rs✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✸ t❤❡ ❝♦❧♦rs ♦❢ X
❣❡♥❡r❛t❡ t❤❡ ♥❡❢ ❝♦♥❡✱ s♦ 〈D, η〉 ≥ 0 ❢♦r ❛♥② ❝♦❧♦r D ∈ ∆X ✱ ❜❡❝❛✉s❡ η ✐s ❡✛❡❝t✐✈❡✳

▲❡t C ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ η✱ ♠❡❡t✐♥❣ t❤❡ ♦♣❡♥ ♦r❜✐t✳ ❚❤❡♥
C ∩Xi ✐s ♦❢ ❞✐♠❡♥s✐♦♥ 0 ❢♦r ❛♥② ❜♦✉♥❞❛r② ❞✐✈✐s♦r Xi✱ ❛♥❞ ✇❡ ❣❡t t❤❛t 〈Xi, η〉 ≥
|C ∩Xi| ≥ 0✳ �

▲❡♠♠❛ ✺✳✷✳✷✳ ▲❡t η ∈ N1(X) ❜❡ ❛♥ ❡✛❡❝t✐✈❡ ❝✉r✈❡ ❝❧❛ss✱ ❧❡t G/P− = ∩l
i=1Xi

❜❡ t❤❡ ❝❧♦s❡❞ ♦r❜✐t ♦❢ X✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❡✛❡❝t✐✈❡ ❝✉r✈❡ ❝❧❛ss ηG/P− ∈
N1(G/P

−)✱ s✉❝❤ t❤❛t ι∗ηG/P− = 2η✳
■❢ X ✐s ❛ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱ t❤❡♥ t❤❡r❡ ❡①✐sts ηG/P− ❡✛❡❝t✐✈❡

s✉❝❤ t❤❛t ι∗ηG/P− = η✳

Pr♦♦❢✳ ▲❡t ηG/P− ❜❡ ❛ ❝✉r✈❡ ❝❧❛ss ♦♥ G/P−✳ ❚❤❡♥ ηG/P− =
∑

α∈S\Sp
X
cα[Cα]✱

✇❤❡r❡ [Cα] ✐s t❤❡ ❝✉r✈❡ ❝❧❛ss✱ ❞✉❛❧ t♦ t❤❡ ❝♦❧♦r Dα(G/P
−)✳ ▲❡t ι : G/P− → X

❜❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞ ♦r❜✐t ✐♥ X✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✹✳✷ ✇❡ ❤❛✈❡ t❤❛t

✺✵



ι∗[Cα] = k[CD]✱ ✇❤❡r❡ D ∈ ∆X(α) ❛♥❞ k = 1✱ ✐❢ α ∈ Sb
X ♦r k = 2✱ ✐❢ α ∈ Sa

X ✳ ❲❡
❤❛✈❡ t❤❛t 2A1(X) ⊂ Im(ι∗)✳

▲❡t η =
∑

D∈∆X
cD[CD] ❜❡ ❛♥ ❡✛❡❝t✐✈❡ ❝✉r✈❡ ❝❧❛ss ♦♥ X✳ ❙✉♣♣♦s❡ t❤❛t D

✐s ♠♦✈❡❞ ❜② ❛ s✐♥❣❧❡ s✐♠♣❧❡ r♦♦t α ∈ Sb
X ✱ t❤❡♥ ✇❡ s❡t cα = 2cD✳ ❖t❤❡r✇✐s❡ ❢♦r

❛♥② ❝♦❧♦r D ∈ ∆X(α) ❢♦r s♦♠❡ α ∈ S \ Sp
X ✇❡ s❡t cα = cD✳ ❚❤❡♥ ηG/P− =

∑

α∈S\Sp
X
cα[Cα] ✐s ❡✛❡❝t✐✈❡ ❛s cα ≥ 0 ❢♦r ❡✈❡r② α ∈ S \ Sp

X ❛♥❞ ι∗(ηG/P−) = 2η✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t X ✐s ❛ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✳ ❚❤❡♥ ❢♦r ❛♥②
s✐♠♣❧❡ r♦♦t α ∈ S ✇❡ ❤❛✈❡ σ(α) 6= α✱ s♦ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺ α ∈ Sb

X ∪ Sp
X ✳ ❲✐t❤

t❤❛t t❤❡r❡ ✐s ♥♦ ❝✉r✈❡ ❝❧❛ss [Cα] ∈ N1(G/P
−)✱ s✉❝❤ t❤❛t ι∗[Cα] = 2[CD] ❢♦r s♦♠❡

D ❛♥❞ t❤❡r❡❢♦r❡ N1(X) ⊂ Im(ι∗)✳ ❋♦r ❛♥② ❝♦❧♦r D t❤❡r❡ ❛r❡ ❡①❛t❝❧② t✇♦ s✐♠♣❧❡
r♦♦ts αD ❛♥❞ βD ♠♦✈✐♥❣ D✳ ❚❤❡♥ ✇❡ ❝❛♥ ♣✐❝❦ ηG/P− ❡✛❡❝t✐✈❡✱ s✉❝❤ t❤❛t cαD

= cD
❛♥❞ cβD

= 0✳ �

▲❡♠♠❛ ✺✳✷✳✸✳ ▲❡t η ∈ N1(X) ❜❡ ❛ ♠♦✈❛❜❧❡ ❝✉r✈❡ ❝❧❛ss ♦♥ X✳ ▲❡t

M irr
0,0 (X, η) = {(f : C → X) | C ✐rr❡❞✉❝✐❜❧❡}

❜❡ t❤❡ s✉❜s❡t ♦❢ M0,0(X, η) ♦❢ st❛❜❧❡ ♠❛♣s✱ ❤❛✈✐♥❣ ❛♥ ✐rr❡❞✉❝✐❜❧❡ s♦✉r❝❡✳ ❙✉♣♣♦s❡
t❤❛t M irr

0,0 (X, η) ✐s ♥♦♥❡♠♣t②✱ t❤❡♥ M◦
0,0(X, η) ✐s ♥♦♥❡♠♣t② ❛s ✇❡❧❧✳

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t ❢♦r ❛♥② ♠♦r♣❤✐s♠ f : C → X ✇✐t❤ C ✐rr❡❞✉❝✐❜❧❡ t❤❡r❡
❡①✐sts ❛ ♠✐♥✐♠❛❧ G✲st❛❜❧❡ ✈❛r✐❡t② XI = ∩i∈IXi ✇✐t❤ I ⊂ {1, . . . , rk(X)}✱ s✉❝❤ t❤❛t
f(C) ⊂ XI ✳ ▲❡t ιI : XI → X ❜❡ t❤❡ ✐♥❝❧✉s✐♦♥✱ ❧❡t ηI ∈ N1(XI) ❜❡ ❛♥② ❝✉r✈❡ ❝❧❛ss✱
s✉❝❤ t❤❛t (ιI)∗ηI = η t❤❡♥ ✇❡ ❣❡t ❛♥ ✐♥❝❧✉s✐♦♥

M◦
0,0(XI , ηI) →M irr

0,0 (X, η)

(f : C → X) 7→ ιI ◦ f

❛♥❞ t❤❡r❡❢♦r❡

M irr
0,0 (X, η) =

⋃

I⊂{1,...,rk(X)}

⋃

(ιI)∗ηI=η

M◦
0,0(XI , ηI),

s♦ ✇❡ ❤❛✈❡

dimM irr
0,0 (X, η) = max

I⊂{1,...,rk(X)}
max

(ιI)∗ηI=η
dimM◦

0,0(XI , ηI).

❋♦r ❛♥② I ⊂ {1, . . . , rk(X)} ❜② ❈♦r♦❧❧❛r② ✺✳✶✳✶✻ ✇❡ ❤❛✈❡

dimM◦
0,0(XI , ηI) = −〈KXI

, ηI〉+ dimXI − 3.

❲❡ ❛♣♣❧② ❛❞❥✉♥❝t✐♦♥ ❛♥❞ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛s t♦ 〈KXI
, ηI〉✿

−〈KXI
, ηI〉 = −〈(KX +

∑

i∈I

Xi)

∣

∣

∣

∣

∣

XI

, ηI〉 = −〈KX +
∑

i∈I

Xi, η〉.

✺✶



❆❧s♦ XI ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ tr❛♥s✈❡rs❛❧ ❞✐✈✐s♦rs✱ s♦ dimXI = dimX − |I| ❛♥❞ ✇❡
❣❡t

dimM◦
0,0(XI , ηI) = −〈KX , η〉+ dimX − 3− |I| −

∑

i∈I

〈Xi, η〉.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✺ ✇❡ ❤❛✈❡

dimM irr
0,0 (X, η) ≥ −〈KX , η〉+ dimX − 3.

▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❡st✐♠❛t❡s ❢♦r dimM irr
0,0 (X, η)✿

dimM irr
0,0 (X, η)− dimM◦

0,0(XI , ηI)

= |I|+
∑

i∈I

〈Xi, η〉

❆s η ✐s ♠♦✈❛❜❧❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✼ ✐t ❧✐❡s ✐♥ t❤❡ ❞✉❛❧ ❝♦♥❡ t♦ t❤❡ ❝♦♥❡ ♦❢ ❡✛❡❝t✐✈❡
❞✐✈✐s♦rs✱ s♦ 〈Xi, η〉 ≥ 0✳ ❲✐t❤ t❤❛t ✇❡ ❤❛✈❡ t❤❛t

dimM irr
0,0 (X, η)− dimM◦

0,0(XI , ηI) = 0

✐❢ ❛♥❞ ♦♥❧② ✐❢ |I| = 0 ❛♥❞ s♦ M◦
0,0(X, η) ✐s ♥♦♥❡♠♣t②✳ �

❈♦r♦❧❧❛r② ✺✳✷✳✹✳ ▲❡t η ∈ N1(X)\{0} ❜❡ ❛ ♠♦✈❛❜❧❡ ❝❧❛ss ♦♥ X✳ ❚❤❡♥ M◦
0,0(X, 2η)

✐s ♥♦♥❡♠♣t②✳ ■❢ X ❛ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱ t❤❡♥M◦
0,0(X, η) ✐s ♥♦♥❡♠♣t②

❛s ✇❡❧❧✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✷✳✸ ✇❡ ♦♥❧② ❤❛✈❡ t♦ s❤♦✇ t❤❛t M irr
0,0 (X, 2η) ✐s ♥♦♥❡♠♣t②✳

❆ ♠♦✈❛❜❧❡ ❝❧❛ss ✐s ♥♦♥♥❡❣❛t✐✈❡ ♦♥ ❝♦❧♦rs ♦❢ X✱ s♦ ❜② ▲❡♠♠❛ ✺✳✷✳✷ t❤❡r❡ ❡①✐sts
❛♥ ❡✛❡❝t✐✈❡ ❝✉r✈❡ ❝❧❛ss ηG/P− ∈ N1(G/P

−)✱ s✉❝❤ t❤❛t ι∗ηG/P− = 2η✱ ✇❤❡r❡ ι :
G/P− → X ✐s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞ G✲♦r❜✐t✳ ◆♦t❡ t❤❛t ✐❢ X ✐s ❛ ✇♦♥❞❡r❢✉❧
❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱ t❤❡♥ t❤❡r❡ ❡①✐sts ηG/P− ❡✛❡❝t✐✈❡ s✉❝❤ t❤❛t ι∗ηG/P− = η✳
▲❡t η′ = ι∗ηG/P− ✳

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✺ ✇❡ ❤❛✈❡ t❤❛t M◦
0,0(G/P

−, ηG/P−) ✐s ♥♦♥❡♠♣t②✳ ■t ❡♠❜❡❞s
✐♥t♦ M irr

0,0 (X, η
′) ✈✐❛ ❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ ι✱ t❤❡r❡❢♦r❡ M irr

0,0 (X, η
′) 6= ∅ ❛♥❞ t❤❡ r❡s✉❧t

❢♦❧❧♦✇s✳ �

❚❤❡♦r❡♠ ✺✳✷✳✺✳ ▲❡t η ∈ N1(X) \ {0} ❜❡ ❛ ❝✉r✈❡ ❝❧❛ss s✉❝❤ t❤❛t M◦
0,0(X, η) 6= ∅✳

❆ss✉♠❡ t❤❡r❡ ❡①✐sts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ η = η1+η2✱ s✉❝❤ t❤❛t η1 ❛♥❞ η2 ❛r❡ ♥♦♥tr✐✈✐❛❧
❡✛❡❝t✐✈❡ ❝✉r✈❡ ❝❧❛ss❡s ♦♥ X ❛♥❞ ❛ ❜♦✉♥❞❛r② ❞✐✈✐s♦r D ✇✐t❤

〈D, η2〉 ≤ −2.

❚❤❡♥ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ M0,0(X, η) ✐s r❡❞✉❝✐❜❧❡✳

✺✷



Pr♦♦❢✳ ▲❡t I1 = {i ∈ {1, . . . , l} | 〈Xi, η1〉 < 0} ❛♥❞ I2 = {i ∈ {1, . . . , l} | 〈Xi, η2〉 <
0}✳ ❇② ▲❡♠♠❛ ✺✳✷✳✶ t❤❡ ❝❧❛ss η ✐s ♥♦♥♥❡❣❛t✐✈❡ ♦♥ ❜♦✉♥❞❛r② ❞✐✈✐s♦rs✱ s♦ I1 ∩ I2
✐s ❡♠♣t②✳ ❲r✐t❡ X1 = XI1 ❛♥❞ X2 = XI2 ✳ ❚❤❡♥ η1 ✭r❡s♣✳ η2✮ ✐s ♥♦♥♥❡❣❛t✐✈❡ ♦♥
❜♦✉♥❞❛r② ❞✐✈✐s♦rs ❛♥❞ ❝♦❧♦rs ♦❢ X1 ✭r❡s♣✳ X2✮✱ s♦ ✐♥ ♣❛rt✐❝✉❧❛r ❜② Pr♦♣♦s✐t✐♦♥
✸✳✹✳✶✼ η1 ✭r❡s♣✳ η2✮ ✐s ♠♦✈❛❜❧❡ ♦♥ X1 ✭r❡s♣✳ X2✮✳ ❲✐t❤ t❤❛t t❤❡r❡ ❡①✐st r❡♣r❡s❡♥✲
t❛t✐✈❡s ♦❢ ❜♦t❤ η1 ❛♥❞ η2✱ t❤❛t ♠❡❡t ✐♥ ❛t ❧❡❛st ♦♥❡ ♣♦✐♥t ♦❢ X1∩X2✱ s♦ t❤❡ ♠♦❞✉❧✐
s♣❛❝❡ M0,1(X1, η1) ×X M0,1(X2, η2) ✐s ♥♦♥❡♠♣t②✳ ❚❤❡ ❝❧❛ss ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡s❡
r❡♣r❡s❡♥t❛t✐✈❡s ✐s η1 + η2 = η✱ ❛♥❞ ✐♥ ❣❡♥❡r❛❧ ✇❡ ❣❡t ❛ ♠❛♣

M0,1(X1, η1)×X M0,1(X2, η2) →M0,0(X, η),

✉♥♠❛r❦✐♥❣ t❤❡ ♣♦✐♥t ♦♥ ❜♦t❤ M0,1(X1, η1) ❛♥❞ M0,1(X2, η2)✳
❇② ♦✉r ❛ss✉♠♣t✐♦♥ t❤❡ s♣❛❝❡ M◦

0,0(X, η) ✐s ♥♦♥❡♠♣t② ❛♥❞ ❜② ❈♦r♦❧❧❛r② ✺✳✶✳✶✻
✐t ✐s ♦❢ ❞✐♠❡♥s✐♦♥

−〈KX , η〉+ dimX − 3.

❲❡ ✇✐s❤ t♦ ❡st✐♠❛t❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ M0,1(X1, η1)×X M0,1(X2, η2) ❢r♦♠ ❜❡❧♦✇ t♦
s❤♦✇ t❤❛t M0,1(X1, η1)×X M0,1(X2, η2) ❝❛♥♥♦t ❧✐❡ ✐♥ t❤❡ s❛♠❡ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦✲
♥❡♥ts ❛s M◦

0,0(X, η)✳
❚♦ ❞♦ s♦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥✿

p1 :M0,1(X1, η1)×X M0,1(X2, η2) →M0,1(X1, η1).

❲❡ ❤❛✈❡ t❤❛t

Im(p1) = {(f, x1) ∈M0,1(X1, η1) | f(x1) ∈ X1 ∩X2},

❜❡❝❛✉s❡ η2 ✐s ♠♦✈❛❜❧❡✱ s♦ t❤❡r❡ ✐s ❛ ❝✉r✈❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛♥② ♣♦✐♥t ♦❢ X2✳ ▲❡t ✉s
❝♦♥s✐❞❡r t❤❡ ♠❛♣

evX1
:M0,1(X1, η1) → X1

(f, x1) 7→ f(x1),

t❤❡♥ Im(p1) = ev−1
X1
(X2 ∩X1)✳ ❋r♦♠ t❤❛t ✇❡ ❣❡t t❤❛t

codimM0,1(X1,η1)
Im(p1) ≤ codimX1

X1 ∩X2,

♦r ❡q✉✐✈❛❧❡♥t❧②✿

dim Im(p1) ≥ dimM0,1(X1, η1)− dimX1 + dimX1 ∩X2.

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✺ ✇❡ ❣❡t t❤❛t

dimM0,1(X1, η1) ≥ −〈KX1
, η1〉+ dimX1 − 3 + 1,

✺✸



s♦
dim Im(p1) ≥ −〈KX1

, η1〉+ dimX1 ∩X2 − 2.

▲❡t (f, x1) ∈ Im(p1)✱ ✇❡ ✇✐s❤ t♦ ❡st✐♠❛t❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ p−1
1 (f, x1)✳ ❲❡ ❤❛✈❡

t❤❛t

p−1
1 (f, x1) ={(f, x1)×X M0,1(X2, η2)}

= {
(

(f, x1),(g, x2)
)

| (g, x2) ∈M0,1(X2, η2) ✇✐t❤ f(x1) = g(x2)}.

❲❡ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ♣r♦❥❡❝t✐♦♥

p2 :M0,1(X1, η1)×X M0,1(X2, η2) →M0,1(X2, η2),

t❤❡♥
p2(p

−1
1 (f, x1)) = {(g, x2) ∈M0,1(X2, η2) | f(x1) = g(x2)}.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ♠❛♣

evX2
:M0,1(X2, η2) → X2

(g, x2) 7→ g(x2),

❛♥❞

ev−1
X2
(f(x1)) = {(g, x2) ∈M0,1(X2, η2) | g(x2) = f(x1)} = p2(p

−1
1 (f, x1)).

❲✐t❤ t❤❛t ✇❡ ❣❡t ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✜❜❡r p2(p
−1
1 (f, x1))✿

codimM0,1(X2,η2)
p2(p

−1
1 (f, x1)) ≤ codimX2

{x1},

♦r ❡q✉✐✈❛❧❡♥t❧②✿

dim p2(p
−1
1 (f, x1)) ≥ dimM0,1(X2, η2)− dimX2,

❛♥❞ ❛❣❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✺ ✇❡ ❤❛✈❡✿

dim p2(p
−1
1 (f, x1)) ≥ −〈KX2

, η2〉 − 2.

❚♦ ❝♦♠❜✐♥❡ t❤❡s❡ t✇♦ ❡st✐♠❛t❡s t♦ ❣❡t ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r dimM0,1(X1, η1)×X

M0,1(X2, η2) ✇❡ ♣✐❝❦ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t Mim ♦❢ Im(p1) ♦❢ ♠❛①✐♠❛❧ ❞✐♠❡♥✲
s✐♦♥ ❛♥❞ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t Ms ♦❢ p

−1
1 (Mim)✱ ❞♦♠✐♥❛t✐♥❣ Mim ❛❧s♦ ♦❢ ♠❛①✲

✐♠❛❧ ❞✐♠❡♥s✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ r❡str✐❝t✐♦♥ p1
∣

∣

Ms
t♦ ❣❡t

dimMs = dimMim + dimF,

✺✹



✇❤❡r❡ F ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ p1
∣

∣

Ms
✳ ❲❡ ❤❛✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❛♥②

✜❜❡r ♦❢ p1✱ s♦ ✐♥ t♦t❛❧ ✇❡ ❤❛✈❡

dimM0,1(X1, η1)×X M0,1(X2, η2) ≥ dimMim + dimF

≥ dim Im(p1) + dimM0,1(X2, η2)− dimX2

≥ −〈KX1
, η1〉+ dimX1 ∩X2 − 2− 〈KX2

, η2〉 − 2

=
∑

j=1,2

(−〈KXj
, ηj〉) + dimX1 ∩X2 − 4.

❇② ❛❞❥✉♥❝t✐♦♥ ❢♦r♠✉❧❛ KXj
= KX −

∑

i∈Ij
Xi ❢♦r j = 1, 2 ❛♥❞ ✇❡ ❣❡t

dimM0,1(X1, η1)×X M0,1(X2, η2)

≥
∑

j=1,2

(

− 〈KX , ηj〉 −
∑

i∈Ij

〈Xi, ηj〉
)

+ dimX1 ∩X2 − 4

=− 〈KX , η1 + η2〉 −
∑

j=1,2

∑

i∈Ij

〈Xi, ηj〉+ dimX1 ∩X2 − 4

=− 〈KX , η〉 −
∑

j=1,2

∑

i∈Ij

〈Xi, ηj〉+ dimX1 ∩X2 − 4

❆s X1∩X2 = ∩i∈I1∪I2Xi ❛♥❞ ❛❧❧ Xi✬s ✐♥t❡rs❡❝t tr❛♥s✈❡rs❛❧❧②✱ ✇❡ ❤❛✈❡ dimX1∩X2 =
dimX − codimX1 ∩X2 = dimX − |I1 ∪ I2|✳ ❆♣♣❧②✐♥❣ t❤❛t I1 ❛♥❞ I2 ❛r❡ ❞✐s❥♦✐♥t
②✐❡❧❞s t❤❡ ✜♥❛❧ ❢♦r♠ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞✿

dimM0,1(X1, η1)×X M0,1(X2, η2) ≥

−〈KX ,η〉 −
∑

j=1,2

∑

i∈Ij

〈Xi, ηj〉+ dimX − (|I1|+ |I2|)− 4

❆♥② ❝✉r✈❡✱ t❤❛t ✐s ❛ ✉♥✐♦♥ ♦❢ ❝✉r✈❡s ♦❢ ❝❧❛ss❡s η1 ❛♥❞ η2 ✇✐❧❧ ♥♦t ❧✐❡ ✐♥M
◦
0,0(X, η)✱

❜❡❝❛✉s❡ ✐t ✐s r❡❞✉❝✐❜❧❡✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢M◦
0,0(X, η) ❣✐✈❡♥ ❜② ❈♦r♦❧❧❛r②

✺✳✶✳✶✻ ❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ M0,1(X1, η1)×X M0,1(X2, η2)✿

dimM◦
0,0(X, η)− dimM0,1(X1, η1)×X M0,1(X2, η2)

≤− 〈KX , η〉+ dimX − 3

−
(

− 〈KX , η〉 −
∑

j=1,2

∑

i∈Ij

〈Xi, ηj〉+ dimX − |I1| − |I2| − 4
)

=1 + |I1|+ |I2|+
∑

i∈I1

〈Xi, η1〉+
∑

i∈I2

〈Xi, η2〉

❇② ❞❡✜♥✐t✐♦♥ ♦❢ Ij ✇❡ ❤❛✈❡ t❤❛t 〈Xi, ηj〉 < 0 ❢♦r ❛❧❧ i ∈ Ij✱ s♦

|Ij|+
∑

i∈Ij

〈Xi, ηj〉 ≤ 0,

✺✺



❛♥❞ s♦
dimM◦

0,0(X, η)− dimM0,1(X1, η1)×X M0,1(X2, η2) ≤ 1.

❲❡ ❛♣♣❧② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ η ❛♥❞ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ η = η1 + η2✱ t❤❛t t❤❡r❡
❡①✐sts i0 ∈ {1, . . . , l} s✉❝❤ t❤❛t D = Xi0 ✐s ❛ ❜♦✉♥❞❛r② ❞✐✈✐s♦r ✇✐t❤

〈D, η2〉 < −2,

t❤❡♥
|I2|+

∑

i∈I2

〈Xi, η2〉 ≤ −1,

s♦
dimM◦

0,0(X, η)− dimM0,1(X1, η1)×X M0,1(X2, η2) ≤ 0.

❚❤❡ ❣❡♥❡r❛❧ ❝✉r✈❡ ✐♥ M0,1(X1, η1) ×X M0,1(X2, η2) ✐s r❡❞✉❝✐❜❧❡ ❜② ❝♦♥str✉❝t✐♦♥✱
✇❤❡r❡❛s t❤❡ ❣❡♥❡r❛❧ ❝✉r✈❡ ✐♥ M◦

0,0(X, η) ✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡r❡❢♦r❡ M
◦
0,0(X, η) ❝❛♥♥♦t

❧✐❡ ✐♥ M0,1(X1, η1)×X M0,1(X2, η2)✳ ❆❧t♦❣❡t❤❡r t❤❡ ✇❤♦❧❡ s♣❛❝❡ M0,0(X, η) ❤❛s ❛t
❧❡❛st t✇♦ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ✐s r❡❞✉❝✐❜❧❡✳ �

❚❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ ✐s s❛t✐s✜❡❞ ✐♥ ❛ ✈❡r② ❜✐❣ ❝❧❛ss ♦❢ ✇♦♥❞❡r❢✉❧ ✈❛r✐✲
❡t✐❡s✱ ♥❛♠❡❧② t❤❡ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✳

❈♦r♦❧❧❛r② ✺✳✷✳✻✳ ▲❡t X ❜❡ ❛ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ s✐♠♣❧❡ ❣r♦✉♣
G ♦❢ ❛❞❥♦✐♥t t②♣❡ ✇✐t❤ rk(G) ≥ 3✳ ❚❤❡♥ M0,0(X, η) ✐s r❡❞✉❝✐❜❧❡ ❢♦r ❛♥② ♠♦✈❛❜❧❡
❝❧❛ss ♦❢ ❝✉r✈❡s η ∈ N1(X) \ {0}✳

Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✺✳✷✳✹ M◦
0,0(X, η) 6= ∅✳ ❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ❜♦✉♥❞❛r② ❞✐✈✐s♦r

D ❛♥❞ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ η = η1 + η2✱ s✉❝❤ t❤❛t 〈D, η2〉 ≤ −2✳
❚❤❡ ✈❛r✐❡t② X ✐s t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡ G ×

G/(G×G)σ✱ ✇❤❡r❡ σ(x, y) = (y, x) ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ G×G✳ ❚❤❡ r♦♦t s②st❡♠ ♦❢
G × G ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♣✐❡s ♦❢ t❤❡ r♦♦t s②st❡♠s ♦❢ G✳ ▲❡t ΦG ❜❡ t❤❡ ✜rst
❝♦♣② ❛♥❞ Φ′

G t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❚❤❡♥ t❤❡ s♣❤❡r✐❝❛❧ r♦♦ts ♦❢ X ❛r❡ ♦❢ t❤❡ ❢♦r♠ αi+α
′
i✱

✇❤❡r❡ αi ∈ ΦG ❛♥❞ α′
i ∈ Φ′

G ❛r❡ s✐♠♣❧❡ r♦♦ts✱ s✉❝❤ t❤❛t σ(αi) = −α′
i✳ ❉❡♥♦t❡ ❜②

SG ✭r❡s♣✳ S ′
G✮ t❤❡ s❡ts ♦❢ s✐♠♣❧❡ r♦♦ts ♦❢ ΦG ✭r❡s♣✳ Φ′

G✮✳ ◆♦t❡ t❤❛t αi ❛♥❞ α
′
j ❛r❡

♦rt❤♦❣♦♥❛❧ ❢♦r ❛♥② i, j ∈ {1, . . . , rk(G)}✱ ❛♥❞ ✇✐t❤ t❤❛t ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t X ✐s
♥♦♥❡①❝❡♣t✐♦♥❛❧ ❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✽ ✇❡ ❤❛✈❡ t❤❛t rk Pic(X) = rk(G)✳

❋♦r ❛♥② s✐♠♣❧❡ r♦♦t α ∈ S ✇❡ ❤❛✈❡ t❤❛t ♥❡✐t❤❡r α✱ ♥♦r 2α ✐s ❛ s♣❤❡r✐❝❛❧ r♦♦t ♦❢
X✱ s♦ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✱ ✇❡ ❤❛✈❡ t❤❛t α ∈ Sb

X ∪Sp
X ✳ ❇② ▲❡♠♠❛ ✹✳✹✳✶ ❛♥② ❝✉r✈❡

❝❧❛ss η ✐s ♦❢ t❤❡ ❢♦r♠
∑

D∈∆X
cD[CD]✳ ❋♦r ❛♥② s✐♠♣❧❡ r♦♦t α ∈ SG✱ t❤❡r❡ ❡①✐sts ❛

❞✐✈✐s♦r Dα ∈ ∆X(α)✱ ♠♦✈❡❞ ❜② α✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥
Dα ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❇r✉❤❛t ❝❡❧❧ ♦❢ G✱ s♦ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r α 6= β✱ ✇❡ ❤❛✈❡
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Dα 6= Dβ✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝♦❧♦rs {Dα | α ∈ SG} ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞
t❤❡r❡❢♦r❡ ❣❡♥❡r❛t❡ Pic(X)✱ s✐♥❝❡

Pic(X) ≃ Zrk(G) ≃
⊕

α∈SG

ZDα

❛r❡ ❛❧❧ ♦❢ t❤❡ s❛♠❡ r❛♥❦ ❛♥❞ Pic(X) ✐s ❣❡♥❡r❛t❡❞ ❜② ❝♦❧♦rs ♦❢ X✳ ❲✐t❤ t❤❛t ✇❡
❝❛♥ ✇r✐t❡

η =

rk(G)
∑

i=1

ci[CDαi
].

❆s G ✐s s✐♠♣❧❡ ❛♥❞ ♦❢ r❛♥❦ ≥ 3✱ t❤❡r❡ ❡①✐st s✐♠♣❧❡ r♦♦ts ♦❢ G✱ ✇❤✐❝❤ ❛r❡
❝♦♥♥❡❝t❡❞ t♦ ♠♦r❡ t❤❛t ♦♥❡ r♦♦t ✐♥ t❤❡ ❉②♥❦✐♥❣ ❞✐❛❣r❛♠ ♦❢ G✳ ❲❡ ✇✐❧❧ ❝❛❧❧ s✉❝❤
r♦♦ts ♥♦♥❡①tr❡♠❛❧ ✐♥ t❤✐s ♣r♦♦❢✳

❲❡ ✇✐s❤ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ♥♦♥❡①tr❡♠❛❧ s✐♠♣❧❡ r♦♦t αi0 ∈ S✱ s✉❝❤
t❤❛t ci0 6= 0✳ ❆s η 6= 0✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ 1 ≤ j ≤ rk(G)✱ s✉❝❤ t❤❛t cj 6= 0✳
■❢ αj ✐s ♥♦♥❡①tr❡♠❛❧✱ ✇❡ ❛r❡ ❞♦♥❡ ❛♥❞ i0 = j✳ ❙✉♣♣♦s❡ t❤❛t αj ✐s ❡①tr❡♠❛❧✱ ✇❡
❝❧❛✐♠ t❤❛t ci0 6= 0 ❢♦r αi0 ♥♦♥❡①tr❡♠❛❧✱ ❛❞❥❛❝❡♥t t♦ αj✳ ❇② ❈♦r♦❧❧❛r② ✹✳✹✳✹ ❛♥❞
Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✺ ✇❡ ❤❛✈❡ ❢♦r ❛♥② ❜♦✉♥❞❛r② ❞✐✈✐s♦r Xi′

〈Xi′ , η〉 =

rk(G)
∑

i=1

ci〈ρX(Dαi
), αi′ − σ(αi′)〉 =

rk(G)
∑

i=1

ciα
∨
i (αi′ − σ(αi′))

❲❡ ❤❛✈❡ t❤❛t αi ∈ Sb
X ❢♦r ❡✈❡r② 1 ≤ i ≤ rk(G) ❛♥❞ t❤❛t αi ✐s ♦rt❤♦❣♦♥❛❧ t♦ σ(αi′)✱

❛s σ(αi′) ❧✐❡s ✐♥ SG′ ✳ ❲✐t❤ t❤❛t ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t η ✐s ♠♦✈❛❜❧❡✱ ✇❡ ❣❡t ❢♦r
t❤❡ ❜♦✉♥❞❛r② ❞✐✈✐s♦r Xi0 ✿

0 ≤ 〈Xi0 , η〉 =

rk(G)
∑

i=1

ciα
∨
i (αi0) ≤ cjα

∨
j (αi0) + ci0α

∨
i0
(αi0)

❛♥❞ cjα
∨
j (αi0) < 0✱ s♦ ci0 ❤❛s t♦ ❜❡ ♣♦s✐t✐✈❡✳

▲❡t η1 = ci0 [Dαi0
] ❛♥❞ η2 = η − ci0 [Dαi0

]✱ t❤❡♥ η = η1 + η2✳ ❋♦r ❛❧❧ k ✇✐t❤ αk

❛❞❥❛❝❡♥t t♦ αi0 ✇❡ ❤❛✈❡ 〈Xk, η1〉 = ci0α
∨
i0
(αk) < 0✱ t❤✉s ✇❡ ❤❛✈❡ t❤❛t 〈Xk, η2〉 > 0✱

❜❡❝❛✉s❡ η ✐s ♥♦♥♥❡❣❛t✐✈❡ ♦♥ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦rs✳ ❚❤✐s ♠❡❛♥s t❤❛t ck ✐s ♣♦s✐t✐✈❡ ❢♦r
❛❧❧ k✱ s✉❝❤ t❤❛t αk ✐s ❛❞❥❛❝❡♥t t♦ αi0

❙✐♥❝❡ i0 ✐s ♥♦♥❡①tr❡♠❛❧✱ ✇❡ ❤❛✈❡

〈Xi0 , η2〉 =
∑

i 6=i0

ciα
∨
i (αi0) ≤

∑

αk ❛❞❥✳ αi0

ckα
∨
k (αi0) ≤ −2,

❛♥❞ ❜♦t❤ η1 ❛♥❞ η2 ❛r❡ ❡✛❡❝t✐✈❡✱ ❛s t❤❡② ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢
s✐♠♣❧❡ ❝♦r♦♦ts✳ ❚❤❡ ❞✐✈✐s♦r Xi0 ✐s t❤❡ D ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜②
❚❤❡♦r❡♠ ✺✳✷✳✺✳ �
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❈♦r♦❧❧❛r② ✺✳✷✳✼✳ ❋♦r η t❤❡ ❝❧❛ss ♦❢ t❤❡ ❱▼❘❚ ♦❢ ❛ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢
❛ s✐♠♣❧❡ ❣r♦✉♣ ♦❢ ❛❞❥♦✐♥t t②♣❡ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ M0,0(X, η) ✐s r❡❞✉❝✐❜❧❡✳

❊①❛♠♣❧❡✳ ▲❡t X = PGL4(C) ❜❡ t❤❡ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✳ ■♥ ♦t❤❡r
✇♦r❞s ✐t ✐s t❤❡ ✇♦♥❞❡r❢✉❧ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡ G × G/G ❢♦r G =
PGL4(C)✳ ▲❡t

{α1, α2, α3, β1, β2, β3}

❜❡ t❤❡ ✉s✉❛❧ s✐♠♣❧❡ r♦♦ts ♦❢ PGL4(C) × PGL4(C) ✇✐t❤ β1, β2, β3 ❞❡♥♦t✐♥❣ t❤❡
s✐♠♣❧❡ r♦♦ts ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t✳ ❚❤❡ ✐♥✈♦❧✉t✐♦♥ σ : G → G ❣✐✈❡♥
❜② (x, y) 7→ (y, x) ❛❝ts ♦♥ t❤❡ s✐♠♣❧❡ r♦♦ts ❛s ❢♦❧❧♦✇s✿

σ(αi) = −βi.

❋♦r i ∈ {1, 2, 3} t❤❡r❡ ✐s ❛ ❝♦❧♦r Di ♠♦✈❡❞ ❜② r♦♦ts αi, βi✳ ❆ ❜♦✉♥❞❛r② ❞✐✈✐s♦r Xi

❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♣❤❡r✐❝❛❧ r♦♦t

ᾱi = αi − σ(αi) = αi + βi

❜② ❝❛❧❝✉❧❛t✐♥❣ ✐ts ♣r❡s❡♥t❛t✐♦♥ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦❧♦rs ✉s✐♥❣ ✹✳✹✳✸✳
❚❛❦❡ t❤❡ ❝❧❛ss η t♦ ❜❡ t❤❡ ✉♥✐q✉❡ ❝❧❛ss ♦❢ ♠✐♥✐♠❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡s✱ ❞❡s❝r✐❜❡❞

❜② ▼✐❝❤❡❧ ❇r✐♦♥ ❛♥❞ ❇❛♦❤✉❛ ❋✉ ✐♥ ❬❇❋✶✺❪✳ ❚❤✐s ❝❧❛ss ✐♥ t②♣❡ A ✐s ❣✐✈❡♥ ❜② t❤❡
❝♦r♦♦t ♦❢ t❤❡ ❤✐❣❤❡st r♦♦t✳ ■♥ ❝❛s❡ ♦❢ PGL4(C) ✐t ✐s ❣✐✈❡♥ ❜② α∨

1 + α∨
2 + α∨

3 ✳
❚❤❡♥ ❢♦r ❛♥② ❝♦❧♦r Di ♦❢ X ✇❡ ❤❛✈❡ t❤❛t 〈Di, η〉 = 1✱ ✇❤❡r❡❛s ❢♦r t❤❡ ❜♦✉♥❞❛r②

❞✐✈✐s♦rs ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✿ 〈X1, η〉 = 〈X3, η〉 = 1 ❛♥❞ 〈X2, η〉 = 0✳
❲❡ ❛♣♣❧② ♦✉r r❡s✉❧t ❢♦r ᾱi0 = ᾱ2 = α2+β2 ❛♥❞ ✇❡ ❣❡t ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ η1 = α∨

2

❛♥❞ η2 = α∨
1 + α∨

3 ✳ ◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ r❡s♣❡❝t✐✈❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ t❤❡s❡ ❝❧❛ss❡s
✇✐t❤ ❜♦✉♥❞❛r② ❞✐✈✐s♦rs ❛♥❞ ✇❡ ❣❡t

〈X1, η1〉 = −1

〈X2, η1〉 = 2

〈X3, η1〉 = −1

〈X1, η2〉 = 2

〈X2, η2〉 = −2

〈X3, η2〉 = 2

❆s r❡q✉✐r❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ ✇❡ ❤❛✈❡ t❤❛t 〈X2, η2〉 ≤ −2✳ ❆
s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✇♦r❦s ❢♦r ❛♥② ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ ❣r♦✉♣ G✱ s✉❝❤ t❤❛t
t❤❡ ❡♥tr✐❡s ✐♥ ❛t ❧❡❛st ♦♥❡ r♦✇ ♦❢ t❤❡ ❈❛rt❛♥ ♠❛tr✐① ♦❢ G ❛❞❞ ✉♣ t♦ ❛ ♥♦♥♣♦s✐t✐✈❡
✈❛❧✉❡✳

✺✳✸ ■rr❡❞✉❝✐❜✐❧✐t② ♦❢ t❤❡ s♣❡❝✐❛❧ ❝♦♠♣♦♥❡♥t

▲❡t X ❜❡ t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ❣r♦✉♣ G ♦❢
❛❞❥♦✐♥t t②♣❡✳ ■♥ t❡r♠s ♦❢ ♥♦t❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✹✳✻✱ X ✐s t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡
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s②♠♠❡tr✐❝ s♣❛❝❡ G×G/G✱ ✇❤❡r❡ t❤❡ ✐♥✈♦❧✉t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

σ : G×G→ G×G

(g, g′) 7→ (g′, g)

❲❡ ✇r✐t❡ G = G × G✳ ❉❡♥♦t❡ ❜② R t❤❡ r♦♦t s②st❡♠ ♦❢ G ❛♥❞ ❜② S ✐ts ❜❛s✐s ♦❢
s✐♠♣❧❡ r♦♦ts

S = {α1, . . . , αl, β1, . . . βl},

s✉❝❤ t❤❛t σ(αi) = −βi✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❇♦r❡❧ s✉❜❣r♦✉♣ ✐s ♦❢ t❤❡ ❢♦r♠ B ×
B−✱ ✇❤❡r❡ B ⊂ G ✐s ❛ ❇♦r❡❧ s✉❜❣r♦✉♣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜❛s✐s ♦❢ s✐♠♣❧❡ r♦♦ts
α1, . . . , αl✳ ▲❡t ωi ✭r❡s♣✳ ζi✮ ❜❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✇❡✐❣❤t✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ αi ✭r❡s♣✳
βi✮ ❢♦r 1 ≤ i ≤ l✳ ❉❡♥♦t❡ ❜②

ΣX = {ᾱ1, . . . , ᾱl}

t❤❡ s❡t ♦❢ s♣❤❡r✐❝❛❧ r♦♦ts ♦❢ X ✇❤❡r❡ ᾱi = αi − σ(αi) = αi + βi✳ ❚♦ ❡✈❡r② ᾱi

t❤❡r❡ ❡①✐sts ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r② ❞✐✈✐s♦r Xi✱ s✉❝❤ t❤❛t ᾱi ✐s t❤❡ ✇❡✐❣❤t ♦❢ t❤❡
T ✲❛❝t✐♦♥ ♦♥ TzX/TzXi✱ ✇❤❡r❡ z ✐s t❤❡ ✉♥✐q✉❡ B−✲✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❝❧♦s❡❞ ♦r❜✐t
Y ⊂ X✳

▲❡♠♠❛ ✺✳✸✳✶✳ ❚❤❡ ❝❧♦s❡❞ ♦r❜✐t Y ♦❢ X ✐s ✐s♦♠♦r♣❤✐❝ t♦ G × G/B × B−✳ ❚❤❡
s✐♠♣❧❡ r♦♦ts ♦❢ G ❛r❡ ❛❧❧ ♦❢ t②♣❡ (b)✱ ✐✳❡✳ Sb

X = SG✱ ❛♥❞ ∆X(αi) = ∆X(βi) = {Di}
❢♦r ❡✈❡r② 1 ≤ i ≤ l✳ ▼♦r❡♦✈❡r ∆X = {D1, . . . , Dl}✳

Pr♦♦❢✳ ❋♦r ❛♥② s✐♠♣❧❡ r♦♦t α ∈ S ✇❡ ❤❛✈❡ t❤❛t α, 2α /∈ ΣX ✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡
♥♦ s✐♠♣❧❡ r♦♦ts st❛❜❧❡ ✉♥❞❡r σ✱ s♦ Sp

X = ∅✱ s♦ ❜② ▲❡♠♠❛ ✹✳✸✳✷ Y = G/B × B−✳
❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺ S = Sb

X ✱ ✐♥ ♦t❤❡r ✇♦r❞s ❢♦r ❛♥② s♣❤❡r✐❝❛❧ r♦♦t ᾱi ✇❡ ❤❛✈❡
〈ρX(D), ᾱi〉 = α∨(ᾱi)✱ ✇❤❡r❡ α ✐s s♦♠❡ s✐♠♣❧❡ r♦♦t ♦❢ G ✇✐t❤ {D} = ∆X(α)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛♥② ❝♦❧♦r D ♦❢ X ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ ❛ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ❇r✉❤❛t
❝❡❧❧ ♦❢ G✳ ❚❤✐s ♠❡❛♥s t❤❛t D = Bsαi

B− ❢♦r s♦♠❡ αi✳ ❲❡ ❤❛✈❡ t❤❛t Pαi
Bsαi

B−

❛♥❞ Bsαi
B−P−

αi
❛r❡ ❜♦t❤ ♦♣❡♥ ✐♥ G✳ ▲❡t Pαi

❞❡♥♦t❡ t❤❡ ♠✐♥✐♠❛❧ ♣❛r❛❜♦❧✐❝ ♦❢
G×G ❣✐✈❡♥ ❜② Pαi

× {id} ❛♥❞ Pβi
❞❡♥♦t❡ t❤❡ ♠✐♥✐♠❛❧ ♣❛r❛❜♦❧✐❝ ♦❢ G×G ❣✐✈❡♥

❜② {id} × P−
αi
✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❛t

PαBsαi
B− = Pαi

Bsαi
B−

❛♥❞
Bsαi

B−P−
αi

= Pβi
Bsαi

B−.

❚❤✐s ♠❡❛♥s t❤❛t ❡✈❡r② Di ✐s ♠♦✈❡❞ ❜② ❡①❛❝t❧② t✇♦ s✐♠♣❧❡ r♦♦ts ♦❢ G✱ ♥❛♠❡❧② αi

❛♥❞ βi✳
■♥ t♦t❛❧ ✇❡ ❣❡t t❤❛t ∆X =

⋃l
i=1 ∆X(αi) ∪∆X(βi) = {D1, . . . , Dl}✳ �

✺✾



▲❡t V ≃ U ×Al ❜❡ t❤❡ ❛✣♥❡ s✉❜s❡t ✐♥tr♦❞✉❝❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✻✳✶✸✳ ❆s X ✐s t❤❡
✇♦♥❞❡r❢✉❧ ❡♠❜❡❞❞✐♥❣ ♦❢ G/G✱ U ✐s t❤❡ ✉♥✐♣♦t❡♥t r❛❞✐❝❛❧ ♦❢ t❤❡ ❇♦r❡❧ s✉❜❣r♦✉♣
B × B−✱ ✇❤❡r❡ B ✐s t❤❡ ❇♦r❡❧ ♦❢ G ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s❡ ♦❢
s✐♠♣❧❡ r♦♦ts ❛♥❞ Al ✐s t❤❡ ❛✣♥❡ s♣❛❝❡✱ ♦♥ ✇❤✐❝❤ t❤❡ ♠❛①✐♠❛❧ t♦r✉s ❝❤♦s❡♥ ✐♥ ✹✳✻✳✶
❛❝ts ✈✐❛

t(x1, . . . xl) = (ᾱ1(t)x1, . . . , ᾱl(t)xl)

❢♦r (x1, . . . xl) ∈ Al✳
▲❡t λ ❜❡ t❤❡ 1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ❣✐✈❡♥ ❜② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ωi0 ♦❢

t❤❡ s✐♠♣❧❡ r♦♦t αi0 ✳ ❚❤❡♥ ❢♦r ❛♥② s✐♠♣❧❡ r♦♦t α ♦❢ G ✇❡ ❤❛✈❡ t❤❛t

〈λ, α〉 =

{

1 ✐❢ α = αi0 ,

0 ❡❧s❡.

❉❡✜♥❡ t❤❡ ❢❛♠✐❧② ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦♥ X ❜② ϕt : x → λ(t)x ❢♦r t ∈ C∗ ❛♥❞
❝♦♥s✐❞❡r t❤❡ ❧✐♠✐t ♠❛♣ ❛s t→ 0✿

ϕ : X 99K X

x 7→ lim
t→0

λ(t)x

❲❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤❡ ♥❡①t Pr♦♣♦s✐t✐♦♥ t❤❛t t❤✐s ♠❛♣ ✐s ❞❡✜♥❡❞ ♦♥ V ✱ ✇❤✐❝❤ ✐s
❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ X ✐♥t❡rs❡❝t✐♥❣ ❡✈❡r② G✲♦r❜✐t ♦❢ X✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s ♠❡❛♥s t❤❛t
❢♦r ❛♥② G✲st❛❜❧❡ s✉❜✈❛r✐❡t② XI ❢♦r s♦♠❡ I ⊂ {1, . . . , l} t❤❡r❡ ❡①✐sts ❛ r❡str✐❝t✐♦♥
ϕ
∣

∣

XI
: XI 99K XI ✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✷✳ ▲❡t XI ⊂ X ❜❡ ❛ ❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t②✳ ❚❤❡ r❛t✐♦♥❛❧
♠❛♣ ϕ r❡str✐❝ts t♦ ❛ r❛t✐♦♥❛❧ ♠❛♣

ϕ
∣

∣

XI
: XI 99K XI ∩Xi0 ,

✇❤✐❝❤ ❤❛s ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st t✇♦ ❛♥❞ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢
XI ✐s ♠❛♣♣❡❞ ✐♥s✐❞❡ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ Xi0 ∩XI ✳

Pr♦♦❢✳ ❋✐rst ✇❡ ♥♦t❡ t❤❛t t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ♦❢ ❛♥② r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ ❜❡✲
t✇❡❡♥ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s ✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2✳

❚❤❡ ♠❛♣ ϕ ✐s ❞❡✜♥❡❞ ❡✈❡r②✇❤❡r❡ ♦♥ V ≃ U × Al✳ ■♥❞❡❡❞✱ ❢♦r (u, x)✱ ✇❤❡r❡
u ∈ U ❛♥❞ x = (x1, . . . xl) ∈ Al ✇❡ ❤❛✈❡

λ(t)(u, x) = (λ(t)uλ(t)−1, (t〈λ,ᾱi〉xi)1≤i≤l).

❈♦♠♣✉t❡ 〈λ, ᾱi〉 = 〈ωi0 , αi − βi〉 = δi0i ❛♥❞ t❛❦❡ t❤❡ ❧✐♠✐t ♦♥ t❤❡ Al ♣❛rt t♦ ❣❡t

lim
t→0

(t〈λ,ᾱi〉xi)1≤i≤l = (x1, . . . , xi0−1, 0, xi0+1, . . . xl).

✻✵



❆s ❢♦r t❤❡ ♣❛rt U ✱ ✉s❡ t❤❛t U =
∏

α∈R+ Uα ✇✐t❤ ❡✈❡r② Uα ≃ C ❛♥❞ ❢♦r s♦♠❡
uα ∈ Uα ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs

λ(t)uαλ(t)
−1 = t〈λ,α〉uα,

s♦ ❢♦r ❛♥② α ∈ R+ ✇❡ ❤❛✈❡

lim
t→0

λ(t)uαλ(t)
−1 =

{

1G ✐❢ α ≥ αi0 ,

uα ❡❧s❡.

❘❡❝❛❧❧ t❤❛t V ∩Xi0 = {(u, x) ∈ V | xi0 = 0} ❛♥❞ λ(t) ❢♦r t ∈ C∗ ❛❝ts ✈✐❛

λ(t)(u, x) = (λ(t)uλ(t)−1, x1, . . . , txi0 , . . . , xl)

s♦ ✐t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ ϕ ❧✐❡s ✐♥ Xi0 ✳ ◆❡①t✱ XI ✐s G✲st❛❜❧❡ ❛♥❞
ϕ ✐s ❞❡✜♥❡❞ ✈✐❛ t❤❡ G✲❛❝t✐♦♥✱ s♦ ✐t r❡str✐❝ts t♦ XI ✿

ϕ
∣

∣

XI
: XI 99K XI ∩Xi0 .

❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ V ✇✐t❤ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ Xi0 ✐s ❣✐✈❡♥ ❜②

{(u, x) ∈ V ∩Xi0 | xi 6= 0, i /∈ {i0}},

❛♥❞ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ V ✇✐t❤ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ XI ✐s ❣✐✈❡♥ ❜②

{(u, x) ∈ V ∩XI | xi 6= 0, i /∈ I},

s✐♥❝❡ XI = ∩i∈IXi ❢♦r s♦♠❡ I ⊂ {1, . . . l}✳ ❚❤❡r❡❢♦r❡ ❛♥② ♣♦✐♥t ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥
♦❢ V ✇✐t❤ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ XI ✐s ♠❛♣♣❡❞ ✈✐❛ ϕ t♦ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ Xi0 ∩XI ✳
�

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✷✵ ✇❡ ❤❛✈❡

rk Pic(Xi0) = rkPic(G/P−
S{i0}

) + rkPic(X{i0}).

❘❡❝❛❧❧ t❤❛t S{i0} = S \ {α, σ(α)}✱ s♦ rk Pic(G/P−
S{i0}

) = 2 ❛♥❞ t❤❛t X{i0} ✐s t❤❡

✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ▲❡✈✐ q✉♦t✐❡♥t ♦❢ LS{i0}
✱ s♦ rk Pic(X{i0}) =

rkPic(X)− 1✳ ❆❧❧t♦❣❡t❤❡r rk Pic(Xi0) = rkPic(X) + 1✳ ❙✐♠✐❧❛r❧② ❢♦r ❛♥② XI ⊂ X
❝❧♦s❡❞ G✲st❛❜❧❡ s✉❜✈❛r✐❡t②✱ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ Xi0 ✱ rk Pic(XI ∩Xi0) = rkPic(XI)+1✳

❲❡ ✇✐❧❧ r❡❝❛❧❧ ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ❢r♦♠ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ❞✉❡ t♦ ❙t❡✈❡♥ ▲✳
❑❧❡✐♠❛♥✳ ❚❤✐s ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ✐♥✈♦❦❡ ❛ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥ ❛r❣✉♠❡♥t ❢♦r ❛ ❝❡rt❛✐♥
❝✉r✈❡ t♦ ❛✈♦✐❞ t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ♦❢ ϕ

∣

∣

XI
✱ s♦ t❤❛t t❤❡ ❧✐♠✐t ♠❛♣ ✐s ❞❡✜♥❡❞

❡✈❡r②✇❤❡r❡ ♦♥ t❤❛t ❝✉r✈❡✳

✻✶



Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✸ ✭❬❑❧❡✼✹✱ ❑❧❡✐♠❛♥ ❇❡rt✐♥✐ ❚❤❡♦r❡♠❪✮✳ ▲❡t G ❜❡ ❛♥ ❛❧❣❡❜r❛✐❝
❣r♦✉♣✳ ■❢ X ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s G✲✈❛r✐❡t② ❛♥❞ Y, Z ⊂ X s✉❜✈❛r✐❡t✐❡s✱ t❤❡♥ t❤❡r❡
❡①✐sts ❛♥ ♦♣❡♥ ❞❡♥s❡ s✉❜s❡t G0 ⊂ G✱ s✉❝❤ t❤❛t ❢♦r ❛♥② g ∈ G0 t❤❡ s✉❜✈❛r✐❡t✐❡s gY
❛♥❞ Z ✐♥t❡rs❡❝t ♣r♦♣❡r❧② ❛♥❞ ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢ gY ∩ Z ❤❛s ❞✐♠❡♥s✐♦♥ dimY +
dimZ − dimX✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ dimY + dimZ < dimX✱ t❤❡♥ gY ∩ Z = ∅✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ❢♦r t❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥✳

◆♦t❛t✐♦♥ ✺✳✸✳✹✳ ▲❡t XI ⊂ X✱ ✇❤❡r❡ ❛s ❜❡❢♦r❡ XI = ∩i∈IXi✱ i0 /∈ I ❜❡ ❛ ❝❧♦s❡❞
G✲st❛❜❧❡ s✉❜✈❛r✐❡t②✱ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ Xi0 ✱ ✇r✐t❡ I

′ ❢♦r I ∪ {i0} ❛♥❞ XI′ ❢♦r t❤❡
❞✐✈✐s♦r XI ∩Xi0 ♦❢ XI ✳

❋r♦♠ ♥♦✇ ♦♥ ❧❡t η ❜❡ ❛ ♠♦✈❛❜❧❡ ❝✉r✈❡ ❝❧❛ss ♦♥ XI ✳

▲❡♠♠❛ ✺✳✸✳✺✳ ❆♥② ❝♦♠♣♦♥❡♥t ♦❢ M◦
0,0(XI , η) ❝♦♥t❛✐♥s ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛✲

t✐✈❡ ♦❢ ❝❧❛ss η✱ t❤❛t ♠❡❡ts t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ XI ❛♥❞ ❛✈♦✐❞s t❤❡ ✐♥❞❡t❡r♠✐♥❛❝②
❧♦❝✉s ♦❢ ϕ

∣

∣

XI
✳ ❋✉rt❤❡r♠♦r❡✱ M◦

0,0(XI , η) ✐s ♥♦♥❡♠♣t②✳

Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✺✳✷✳✹ t❤❡r❡ ❡①✐sts ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡ C ♦❢ ❝❧❛ss η ♣❛ss✐♥❣
t❤r♦✉❣❤ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ XI ✱ s♦ M

◦
0,0(XI , η) 6= ∅✳

❇② ❞❡✜♥✐t✐♦♥ ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢M◦
0,0(XI , η)♠✉st ❝♦♥t❛✐♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡✳

▲❡t M ⊂M◦
0,0(XI , η) ❜❡ s♦♠❡ ❝♦♠♣♦♥❡♥t ❛♥❞ ❧❡t CM ❜❡ s✉❝❤ ❛ ❝✉r✈❡✳

❲❡ ❤❛✈❡ t❤❛t XI ✐s ❛ ✉♥✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s G✲✈❛r✐❡t✐❡s✱ ♥❛♠❡❧② t❤❡ ♦r❜✐ts ♦❢
G ✐♥ XI ✳ ❚❤❡ ❝✉r✈❡ CM ♠❡❡ts t❤❡ ♦♣❡♥ ♦r❜✐t ❛♥❞ ✐s ✐rr❡❞✉❝✐❜❧❡✱ s♦ ✐ts ✐♥t❡rs❡❝t✐♦♥
✇✐t❤ ❡✈❡r② ♥♦♥♦♣❡♥ ♦r❜✐t ✐s ♦❢ ❞✐♠❡♥s✐♦♥ 0✳ ❙✐♥❝❡ ϕ ✐s r❡str✐❝ts t♦ ❡✈❡r② ♦r❜✐t
❝❧♦s✉r❡ ✐♥ XI ✱ ✇❡ ❣❡t t❤❛t t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s I(ϕ

∣

∣

XI
) ✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t

❧❡❛st 2 ❢♦r t❤❡ ♦♣❡♥ G✲♦r❜✐t X◦
I ⊂ XI ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✷✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

ϕ
∣

∣

XI
✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ♦♣❡♥ s❡t V ✱ ✇❤✐❝❤ ✐♥t❡rs❡❝ts ❡✈❡r② G✲♦r❜✐t ❝❧♦s✉r❡ ✐♥ XI ✱ s♦

❢♦r ❛♥② G✲♦r❜✐t O t❤❡ s❡t I(ϕ
∣

∣

XI
) ∩ O ✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 1✳ ❚❤✐s ❣✐✈❡s ✉s

t❤❛t dim I(ϕ
∣

∣

XI
) ∩O + dimCM ∩O < dimO✳

◆❡①t ✇❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✸ t♦ ❡✈❡r② G ♦r❜✐t O✱ t❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐st ♦♣❡♥
s✉❜s❡ts GO ⊂ G✱ s✉❝❤ t❤❛t ❢♦r ❛♥② g ∈ GO ✇❡ ❤❛✈❡ gCM ∩ I(ϕ) ∩ O = ∅✳ ❚❤❡r❡
✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♦r❜✐ts✱ ❧❡t G◦ = ∩O⊂XI

GO✳ ■t ✐s st✐❧❧ ♦♣❡♥ ✐♥ G ❛♥❞ ❢♦r ❛♥②
g ∈ G◦ t❤❡ ❝✉r✈❡ gCM ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❝❧❛ss η ✇✐t❤ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s✳ �

▲❡t C ∈M◦
0,0(XI , η) ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡✱ ❛✈♦✐❞✐♥❣ t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s

♦❢ ϕ✳

▲❡♠♠❛ ✺✳✸✳✻✳ ❚❤❡ ✐♠❛❣❡ ♦❢ C ✉♥❞❡r ϕ ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝✉r✈❡ ϕ(C)✱ ♠❡❡t✐♥❣ t❤❡
♦♣❡♥ G✲♦r❜✐t ♦❢ XI′✳

Pr♦♦❢✳ ❚❤❡ ❝✉r✈❡ C ❛✈♦✐❞s t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ♦❢ ϕ✱ s♦ ϕ ✐s ❞❡✜♥❡❞ ❡✈❡r②✲
✇❤❡r❡ ♦♥ C ❛♥❞ ❛s C ✐s ✐rr❡❞✉❝✐❜❧❡✱ ✐ts ✐♠❛❣❡ ϕ(C) ✐s ✐rr❡❞✉❝✐❜❧❡ ❛s ✇❡❧❧✳

✻✷



❇② Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✷ t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ XI ✐s ♠❛♣♣❡❞ ✈✐❛ ϕ ✐♥s✐❞❡ t❤❡ ♦♣❡♥
G✲♦r❜✐t ♦❢ XI′ ✳ ❆s C ♠❡❡ts t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ XI ✱ ✐ts ✐♠❛❣❡ ϕ(C) ♠❡❡ts t❤❡ ♦♣❡♥
G✲♦r❜✐t ♦❢ XI′ ✳ �

▲❡♠♠❛ ✺✳✸✳✼✳ ▲❡t ιII′ : XI∪{i0} → XI ❜❡ t❤❡ ✐♥❝❧✉s✐♦♥✳ ❚❤❡♥ (ιII′)∗[ϕ(C)] = η✳ ■♥
♦t❤❡r ✇♦r❞s ϕ(C) ✐s r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ C ✐♥ XI ✳

Pr♦♦❢✳ ▲❡t V ′ ❜❡ t❤❡ ♦♣❡♥ s❡t✱ ♦♥ ✇❤✐❝❤ ϕ ✐s ❞❡✜♥❡❞✳ ❋♦r ❡✈❡r② t ∈ C∗ t❤❡
r❛t✐♦♥❛❧ ♠❛♣ ϕt(x) : x 7→ λ(t)x ✐s ❛ tr✉❡ ♠♦r♣❤✐s♠✳ ❈♦♥s✐❞❡r t❤❡ ♠♦r♣❤✐s♠

F : V ′ × A1 → X

(x, t) 7→ ϕt(x),

✇❤❡r❡ ϕ0 = ϕ✳ ▲❡t p : V ′ × A1 ❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥✳ ❚❤❡♥ F (p−1(1)) = C ❛♥❞
F (p−1(0)) = ϕ(C)✱ s♦ C ❛♥❞ ϕ(C) ❛r❡ ♠❡♠❜❡rs ♦❢ ❛ ❢❛♠✐❧② ♦❢ ❝②❝❧❡s✱ ♣❛r❛♠❡tr✐③❡❞
❜② ❛ r❛t✐♦♥❛❧ ✈❛r✐❡t② A1✳ ❇② ❬❋✉❧✽✹✱ ❊①❛♠♣❧❡ ✶✵✳✶✳✼❪ ✇❡ ❤❛✈❡ t❤❛t ϕ(C) ✐s r❛t✐♦♥❛❧❧②
❡q✉✐✈❛❧❡♥t t♦ C ❛♥❞ (ιII′)∗[ϕ(C)] = η✳ �

▲❡t ιI : XI → X ❜❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❝❧♦s❡❞G✲st❛❜❧❡ s✉❜✈❛r✐❡t②XI = G×P−
SIXI

❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✶✺✱ ✇❤❡r❡ PSI
✐s t❤❡ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣ ♦❢ G ❛ss♦❝✐❛t❡❞ t♦

t❤❡ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts SI ✳ ■♥ ❝❛s❡ ♦❢ ✇♦♥❞❡r❢✉❧ ❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ SI =
{αi, βi | i /∈ I}✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✷✵ Pic(XI) = Pic(XI) ⊕ Pic(G/P−

SI
)✱ ❇②

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✹ ✇❡ ❤❛✈❡
∆XI = ∆X(SI),

s♦
Pic(XI) =

∑

i/∈I

ZDi ∩X
I .

❋♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❛rt ✇❡ ❤❛✈❡

Pic(G/P−
SI
) =

∑

α∈S\SI

ZDα(G/P
−
SI
).

❚❤❡r❡❢♦r❡ ✐♥ t♦t❛❧ ✇❡ ❤❛✈❡

Pic(XI) =
(

∑

i/∈I

ZDi ∩XI

)

⊕
(

∑

α∈S\SI

Zπ∗
IDα(G/P

−
SI
)
)

,

✇❤❡r❡ πI : XI → G/P−
SI

✐s t❤❡ G✲❡q✉✐✈❛r✐❛♥t ♣r♦❥❡❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡
t❤❛t

∆XI
= {Di ∩XI | i /∈ I} ∪ {π∗

IDαi
(G/P−

SI
), π∗

IDβi
(G/P−

SI
) | i ∈ I}.

❲❡ ✇✐❧❧ ✇r✐t❡ Di(XI) = Di ∩ XI ❢♦r i /∈ I ❛♥❞ D+
i (XI) = π∗

IDαi
(G/P−

SI
)✱ ❛s ✇❡❧❧

❛s D−
i (XI) = π∗

IDβi
(G/P−

SI
) ❢♦r i ∈ I✳ ❙✐♠✐❧❛r r❡s✉❧ts ❤♦❧❞ ❢♦r XI′ ❛♥❞ ✇❡ ✇❛♥t t♦

✉♥❞❡rst❛♥❞ t❤❡ ♠❛♣ Pic(XI) → Pic(XI′) ✐♥❞✉❝❡❞ ❜② t❤❡ ✐♥❝❧✉s✐♦♥ ιII′ : XI′ → XI ✳

✻✸



▲❡♠♠❛ ✺✳✸✳✽✳ ▲❡t ιII′ : XI′ → XI ❜❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❜♦✉♥❞❛r② ❞✐✈✐s♦r ❛♥❞
I ′ = I ∪ {i0}✳ ❚❤❡♥

❼ (ιII′)
∗Di0(XI) = D+

i0
(X ′

I) +D−
i0
(X ′

I)❀

❼ (ιII′)
∗Di(XI) = Di(XI′)✱ ✐❢ i /∈ I ′❀

❼ (ιII′)
∗D+

i (XI) = D+
i (X

′
I)✱ ✐❢ i ∈ I❀

❼ (ιII′)
∗D−

i (XI) = D−
i (X

′
I)✱ ✐❢ i ∈ I❀

Pr♦♦❢✳ ❋♦r i /∈ I ❛♥② ❝♦❧♦r Di(XI) ✐s ♠♦✈❡❞ ❜② ❡①❛❝t❧② t✇♦ s✐♠♣❧❡ r♦♦ts αi ❛♥❞
βi ♦❢ G✱ s♦ t❤❡ ♣✉❧❧❜❛❝❦ (ιII′)

∗Di(XI) ✐s ♠♦✈❡❞ ❜② αi ❛♥❞ βi ❛s ✇❡❧❧✳
■❢ i /∈ I ′✱ t❤❡♥ (ιII′)

∗Di(XI) ✐s ♠✉❧t✐♣❧❡ ♦❢ Di(XI′)✳
■❢ i = i0✱ t❤❡♥ (ιII′)

∗Di0(XI) ✐s ❛ ♣♦s✐t✐✈❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ D+
i0
(X ′

I) ❛♥❞
D−

i0
(X ′

I)✱ ♦t❤❡r✇✐s❡ ✐t ✇♦✉❧❞ ♥♦t ❜❡ ♠♦✈❡❞ ❜② ❜♦t❤ r♦♦ts✳
❋♦r i ∈ I ❛♥② ❝♦❧♦r D+

i (XI) ♦r D−
i (XI) ✐s ♠♦✈❡❞ ❜② ♣r❡❝✐s❡❧② ♦♥❡ s✐♠♣❧❡

r♦♦t ♦❢ G✱ ♥❛♠❡❧② αi ♦r βi r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡ t❤❡ ♣✉❧❧❜❛❝❦ (ιII′)
∗D+

i (XI) ♦r
(ιII′)

∗D−
i (XI) ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ D+

i (X
′
I) ♦r D

−
i (X

′
I) r❡s♣❡❝t✐✈❡❧②✳

▲❡t [CD] ❜❡ ❛ ❝✉r✈❡ ❝❧❛ss✱ ❞✉❛❧ t♦ s♦♠❡ ❝♦❧♦r D ∈ ∆XI
❛s ✐♥ ▲❡♠♠❛ ✹✳✹✳✶✳

❚❤❡♥ ✇❡ ❤❛✈❡ t❤❛t

〈D′, [CD]〉 =

{

1 ✐❢ D′ = D,

0 ❡❧s❡ ,

❢♦r ❛❧❧ D′ ∈ ∆XI
✱ t❤❡r❡❢♦r❡ t❤❡ s❛♠❡ ❛❧s♦ ❤♦❧❞s ❢♦r ❛❧❧ t❤❡ ❝✉r✈❡ ❝❧❛ss❡s [Cαi

] ♦r
[Cβi

] ♦❢ t❤❡ ❝❧♦s❡❞ ♦r❜✐t✱ ❛s ❜② ▲❡♠♠❛ ✹✳✹✳✷ ✇❡ ❤❛✈❡ t❤❛t ιIY [Cαi
] = [CD] ❢♦r s♦♠❡

❝♦❧♦r D✱ ♠♦✈❡❞ ❜② αi✳ ❙♦ ❢♦r ❛♥② D ∈ ∆XI
❛♥② ❝♦❡✣❝✐❡♥t ✐s ❛t ♠♦st 1 ✐♥ t❤❡

♣r❡s❡♥t❛t✐♦♥ ♦❢ (ιII′)
∗D ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦❧♦rs ♦❢ XI′ ✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

�

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✾✳ ▲❡t η ❜❡ ❛ ♠♦✈❛❜❧❡ ❝✉r✈❡ ❝❧❛ss✳ ❚❤❡r❡ ❡①✐sts ❛ r❛t✐♦♥❛❧ ♠❛♣

ϕ∗ :M
◦
0,0(XI , η) 99KM

◦
0,0(XI∪{i0}, η̄)

C 7→ ϕ(C)

✇❤❡r❡ t❤❡ ❝❧❛ss η̄ ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞✳ ❙✉♣♣♦s❡ t❤❛t

η =
∑

i/∈I

ci[Ci(XI)] +
∑

i∈I

(ai[Cαi
(XI)] + bi[Cβi

(XI)]),

✇❤❡r❡ t❤❡ ❝✉r✈❡ ❝❧❛ss [Ci(XI)] ✐s ❞✉❛❧ t♦ Di(XI) ❛♥❞ [Cαi
(XI)] ✭r❡s♣✳ [Cβi

(XI)]✮
✐s ❞✉❛❧ t♦ Di(XI)

+ ✭r❡s♣✳ Di(XI)
−✮✱ t❤❡♥ ✇✐t❤ s✐♠✐❧❛r ♥♦t❛t✐♦♥ ❢♦r XI′

η̄ =
∑

i/∈I′

ci[Ci(XI′)] + ci0 [Cβi0
(XI′)] +

∑

i∈I

(ai[Cαi
(XI′)] + bi[Cβi

(XI′)]).

✻✹



Pr♦♦❢✳ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✷ t❡❧❧s ✉s t❤❛t ϕ(C) ⊂ XI ∩ Xi0 = XI′ ❛♥❞ ▲❡♠♠❛ ✺✳✸✳✻
t❡❧❧ ✉s t❤❛t ✐t ❧✐❡s ✐♥M◦

0,0(XI′ , η̄) ❢♦r s♦♠❡ η̄✳ ❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❝❧❛ss η̄ ✐♥❞❡♣❡♥❞❡♥t❧②
♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ C✳

❲r✐t❡ I ′ = I ∪ {i0} ❢♦r ❜r❡✈✐t②✱ t❤❡♥ ✇❡ ❤❛✈❡

∆XI
= {Di(XI) | i /∈ I} ∪ {Di(XI)

+, Di(XI)
− | i ∈ I}

❛♥❞
∆XI′

= {Di(XI′) | i /∈ I ′} ∪ {Di(XI′)
+, Di(XI′)

− | i ∈ I ′}

❇② ▲❡♠♠❛ ✺✳✸✳✽ ✇❡ ❤❛✈❡ (ιII′)
∗Di0(XI) = Di0(XI′)

+ + Di0(XI′)
−✳ ❋♦r i 6= i0 ✇❡

❤❛✈❡ (ιII′)
∗Di(XI) = Di(XI′) ✭r❡s♣✳ (ιII′)

∗D+
i (XI) = D+

i (XI′) ❛♥❞ (ιII′)
∗D−

i (XI) =
D−

i (XI′)✮✳ ❇② ▲❡♠♠❛ ✹✳✹✳✶

η̄ =
∑

i/∈I′

c̄i[Ci(XI′)] +
∑

i∈I′

(āi[Cαi
(XI′)] + b̄i[Cβi

(XI′)]),

✇❤❡r❡ t❤❡ ❝✉r✈❡ ❝❧❛ss [Ci(XI′)] ✐s ❞✉❛❧ t♦ Di(XI′) ❛♥❞ [Cαi
(XI′)] ✭r❡s♣✳ [Cβi

(XI′)]✮
✐s ❞✉❛❧ t♦ Di(XI′)

+ ✭r❡s♣✳ Di(XI′)
−✮✳ ❙✐♠✐❧❛r❧② ✇❡ ✇r✐t❡

η =
∑

i/∈I

ci[Ci(XI)] +
∑

i∈I

(ai[Cαi
(XI)] + bi[Cβi

(XI)]).

◆♦✇ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ (ιII′) : XI′ → XI ✿

〈(ιII′)
∗D, η̄〉 = 〈D, ι∗η̄〉 = 〈D, η〉,

❢♦r ❛♥② ❝♦❧♦r D ∈ ∆XI
✱ ✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✺✳✸✳✼✳ ❚❤✐s

②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ❢♦r 〈(ιII′)
∗D, η̄〉✿

〈(ιII′)
∗D, η̄〉 = 〈D, η〉 =











ci D = Di(XI), i /∈ I,

ai D = D+
i (XI), i ∈ I,

bi D = D−
i (XI), i ∈ I.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ t❤❛t (ιII′)
∗D ∈ ∆XI′

❢♦r D 6= Di0(XI)✱ s♦

〈(ιII′)
∗D, η̄〉 =











c̄i D = Di(XI), i /∈ I ∪ {i0},

āi D = D+
i (XI), i ∈ I,

b̄i D = D−
i (XI), i ∈ I.

❚❤❡r❡❢♦r❡ ❢♦r ❛♥② i 6= i0 ✇❡ ❤❛✈❡ āi = ai✱ b̄i = bi ❛♥❞ c̄i = ci✳
▲❛st❧② ✇❡ ✇✐s❤ t♦ ❝♦♠♣✉t❡ āi0 ❛♥❞ b̄i0 ✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t

〈D+
i0
(XI′) +D−

i0
(XI′), η̄〉 = āi0 + b̄i0 = ci0 = 〈Di0(XI), η〉

✻✺



❲❡ ✇✐s❤ t♦ ❝♦♠♣✉t❡ ❡✐t❤❡r āi0 ♦r b̄i0 t♦ ❣❡t t❤❡ ✜♥❛❧ r❡s✉❧t✳ ▲❡t ✉s ❧♦♦❦ ❛t t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✿

XI XI′

G/PI G/PI′

G/Pi0

pI

ϕ

pI′

ϕ̃

θ

❍❡r❡ PI ✱ PI′ ❛♥❞ Pi0 ❛r❡ ♣❛r❛❜♦❧✐❝ s✉❜❣r♦✉♣s ♦❢ G ❛ss♦❝✐❛t❡❞ t♦ {αi, βi | i /∈ I} ⊂ S✱
{αi, βi ∈ S | i /∈ I ′} ❛♥❞ {αi, βi | i 6= i0} r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t Pi0 = Pi0 × P−

i0
✱

✇❤❡r❡ Pi0 ✐s t❤❡ ♠❛①✐♠❛❧ ♣❛r❛❜♦❧✐❝✱ ❛ss♦❝✐❛t❡❞ t♦ {αi | i 6= i0}✳ ❚❤❡ ♠❛♣ θ :
G/PI′ → G/Pi0 ✐s t❤❡ ✉s✉❛❧ ♠❛♣ ♦❢ ✢❛❣ ✈❛r✐❡t✐❡s✱ s✐♥❝❡ PI′ ⊂ PI ⊂ Pi0 ✳ ❙♦ ✇❡ ❝❛♥
✇r✐t❡

G/Pi0 = G/Pi0 ×G/P−
i0

❖♥ G/Pi0 ✇❡ ❤❛✈❡ t✇♦ ❞✐✈✐s♦rs✱ Dαi0
(G/Pi0) ❛♥❞ Dβi0

(G/Pi0)✳ ❲❡ ❤❛✈❡ t❤❛t

D+
i0
(XI′) = θ∗Dαi0

(G/Pi0) ❛♥❞ D
−
i0
(XI′) = θ∗Dβi0

(G/Pi0)✳
❚❤❡ ❧✐♠✐t ♠❛♣ ϕ ✐s ❞❡✜♥❡❞ ♦♥ ❛♥ ♦♣❡♥ ❛✣♥❡ s✉❜s❡t ♦❢ G/Pi0 ✳ ❚❤✐s ♦♣❡♥ ❛✣♥❡

s✉❜s❡t ✐s ✐s♦♠♦r♣❤✐❝ t♦
∏

α≥αi0

Uα ×
∏

β≥βi0

Uβ,

✇❤❡r❡ α ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ r♦♦ts α1, . . . , αl ❛♥❞ β ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥
♦❢ r♦♦ts β1, . . . , βl✳ ❆s t❤❡ ✇❡✐❣❤t λ✱ ❞❡✜♥✐♥❣ t❤❡ ❧✐♠✐t ♠❛♣ ϕ✱ ✐s tr✐✈✐❛❧ ♦♥ t❤❡
r♦♦ts βi0 ✱ t❤❡ ❧✐♠✐t ♠❛♣ ϕ ✐ts❡❧❢ ✐s ❝♦♥st❛♥t ♦♥ t❤❡ ♣❛rt

∏

β≥βi0
Uβ ❛♥❞ t❤❡r❡❢♦r❡

✐t ✐s tr✐✈✐❛❧ ♦♥ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r ♦❢ G/Pi0 ✳ ❖♥ t❤❡ ✜rst ❢❛❝t♦r✱ s✐♥❝❡ 〈λ, α〉 > 0 ❢♦r
❛♥② r♦♦t α ≥ αi0 ♦❢ G✱ ✇❡ ❣❡t t❤❛t

ϕ(Uα) = lim
t→0

λ(t)Uα = lim
t→0

t〈λ,α〉Uα = 0.

■♥ ♦t❤❡r ✇♦r❞s✱ ϕ ❝♦♥tr❛❝ts ❛♥ ♦♣❡♥ s✉❜s❡t t♦ ❛ ♣♦✐♥t✳
❚❤❡♥ ✇❡ ❤❛✈❡

〈D+
i0
(XI′), η̄〉 = 〈θ∗Dαi0

(G/Pi0), η̄〉.

❲❡ ❝❛♥ ❛❣❛✐♥ ❛♣♣❧② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛ t♦ θ✿

〈θ∗Dαi0
(G/Pi0), η̄〉 = 〈Dαi0

(G/Pi0), θ∗η̄〉.

❇② ▲❡♠♠❛ ✺✳✸✳✺ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ❞❡♥s❡ s✉❜s❡t M ⊂M◦
0,0(XI , η) ♦❢ ❝✉r✈❡s✱

t❤❛t ❛✈♦✐❞ t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ❧♦❝✉s ♦❢ ϕ✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♣✐❝❦ ❛ r❡♣r❡s❡♥t❛t✐✈❡

✻✻



C ∈ M ❛♥❞ t♦ ❧♦♦❦ ❛t ✐ts ✐♠❛❣❡ ❞✐r❡❝t❧②✳ ❚❤❡ ❝❧❛ss θ∗η̄ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡
❝✉r✈❡ θ(ϕ(C))✳ ❆s ϕ ✐s ❞❡✜♥❡❞ ✈✐❛ t❤❡ G✲❛❝t✐♦♥✱ ✐t ❝♦♠♠♠✉t❡s ✇✐t❤ θ✱ ✇❤✐❝❤ ✐s
G✲❡q✉✐✈❛r✐❛♥t✳ ❚❤❡♥ ✇❡ ❣❡t

〈D+
i0
(XI′), η̄〉 = 〈Dαi0

(G/Pi0), [θ(ϕ(C))]〉 = 〈Dαi0
(G/Pi0), [ϕ(θ(C))]〉.

♥♦t❡ t❤❛t
〈Dαi0

(G/Pi0), [ϕ(θ(C))]〉 = 0,

❜❡❝❛✉s❡ ϕ(θ(C)) ✐s ♦❢ ❞✐♠❡♥s✐♦♥ 0 ♦♥ t❤❡ ✜rst ❢❛❝t♦r ♦❢ G/Pi0 ✳
❆❧t♦❣❡t❤❡r ✇❡ ❤❛✈❡ t❤❛t

āi0 = 〈D+
i0
(XI′), η̄〉 = 0,

✇❤✐❝❤ ♠❡❛♥s t❤❛t
b̄i0 = 〈D−

i0
(XI′), η̄〉 = 〈Di0 , η〉.

❙♦ ✐♥ t❤❡ ❡♥❞ ✇❡ ❤❛✈❡ t❤❛t

η̄ =
∑

i/∈I′

ci[Ci(XI′)] + ci0 [Cβi0
(XI′)] +

∑

i∈I

(ai[Cαi
(XI′)] + bi[Cβi

(XI′)]),

♣r♦✈✐♥❣ t❤❡ r❡s✉❧t✳ �

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✵✳ ❚❤❡ ♣♦✐♥t ϕ(C) ✐s s♠♦♦t❤ ✐♥ M0,0(XI′ , η̄) ❛♥❞ t❤❡ ♣♦✐♥t
(ιII′) ◦ ϕ(C) ✐s s♠♦♦t❤ ✐♥ M0,0(XI , η)✳

Pr♦♦❢✳ ▲❡t (ιII′) : XI′ → XI ❜❡ t❤❡ ✐♥❝❧✉s✐♦♥✱ f : P1 → XI ❜❡ t❤❡ ❝✉r✈❡ C ❛♥❞
f̄ = ϕ◦ f ❜❡ t❤❡ ❝✉r✈❡ ϕ(C) ♦♥ XI′ ✳ ❚❤❡♥ (ιII′)◦ f̄ : P1 → XI ✐s ❛ ❝✉r✈❡ ♦♥ XI ✳ ❆s
ϕ(C) ♠❡❡ts t❤❡ ♦♣❡♥ G✲♦r❜✐t ♦❢ XI′ ✱ ✇❡ ❤❛✈❡ t❤❛t H1(f̄ ∗TXI′

) = 0 ❛♥❞ t❤❡ ♣♦✐♥t
ϕ(C) ✐s s♠♦♦t❤ ✐♥ M0,0(XI′ , η̄) ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✺✳

◆♦✇ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛tH1(((ιII′)◦f̄)
∗TXI

) = 0✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛❝t s❡q✉❡♥❝❡✿

0 TXI′
TXI

∣

∣

XI′
OXI′

(XI′) 0

❛♥❞ ♣✉❧❧ ✐t ❜❛❝❦ ♦♥t♦ P1 t♦ ❣❡t✿

0 f̄ ∗TXI′
f̄ ∗TXI

∣

∣

XI′
f̄ ∗OXI′

(XI′) 0

❲❡ ❤❛✈❡ TXI

∣

∣

X′
I

= (ιII′)
∗TXI

✳ ❘❡♣❧❛❝❡ f̄ ∗TX
∣

∣

XI′
❜② (ιII′ ◦ f̄)

∗TXI
✿

0 f̄ ∗TXI′
(ιII′ ◦ f̄)

∗TXI
f̄ ∗OXI′

(XI′) 0

✻✼



❍❡r❡ ✇❡ ♥♦t✐❝❡ t❤❛t f̄ ∗OXI′
(XI′) = OP1(〈XI′ , η〉)✱ s♦ ✇❤❡♥ ✇❡ t❛❦❡ H1 ♦❢ t❤❡

♣r❡✈✐♦✉s ❡①❛❝t s❡q✉❡♥❝❡ ✇❡ ❣❡t✿

H1(f̄ ∗TXI′
) H1((ιII′ ◦ f̄)

∗TXI
) H1(OP1(〈XI′ , η〉)) 0

■♥ t❤✐s ❡①❛❝t s❡q✉❡♥❝❡ H1(OP1(〈XI′ , η〉)) ✈❛♥✐s❤❡s ❜❡❝❛✉s❡ 〈XI′ , η〉 ≥ 0 ≥ −1 ❜②
❞❡✜♥✐t✐♦♥ ♦❢ η ❛♥❞ H1(f̄ ∗TXI′

) ✈❛♥✐s❤❡s s✐♥❝❡ t❤❡ ❝✉r✈❡ f ∗C ♠❡❡ts t❤❡ ♦♣❡♥ G✲
♦r❜✐t ♦❢ XI′ ✳ ❲✐t❤ t❤❛t H1((ιII′ ◦ f̄)

∗TXI
) = 0 ❛♥❞ t❤❡ ♣♦✐♥t ϕ(C) ✐s s♠♦♦t❤ ✐♥

M0,0(XI , η) ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✺✳ �

▲❡♠♠❛ ✺✳✸✳✶✶✳ ▲❡t XI′ = XI ∩ Xi0 ⊂ XI ❜❡ ❛ ❜♦✉♥❞❛r② ❞✐✈✐s♦r ♦❢ ❛ G✲st❛❜❧❡
s✉❜✈❛r✐❡t② XI ⊂ X✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s♣❛❝❡ M◦

0,0(XI′ , η̄) ✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ t❤❡
s♣❛❝❡ M◦

0,0(XI , η) ✐s ✐rr❡❞✉❝✐❜❧❡ ❛s ✇❡❧❧✳

Pr♦♦❢✳ ❲r✐t❡ M ❢♦r t❤❡ ♦♣❡♥ s✉❜s❡t ♦❢ M◦
0,0(X, η)✱ ♦♥ ✇❤✐❝❤ ϕ∗ ✐s ❞❡✜♥❡❞✳ ❇②

▲❡♠♠❛ ✺✳✸✳✺ ❛♥② ❝♦♠♣♦♥❡♥t ♦❢ M◦
0,0(XI , η) ♠❡❡ts M ❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✺

M◦
0,0(XI , η) ♦♥❧② ❝♦♥t❛✐♥ s♠♦♦t❤ ♣♦✐♥ts✱ s♦ M ✐s ❞❡♥s❡ ✐♥ M◦

0,0(XI , η)✳ ❇② ▲❡♠♠❛
✺✳✸✳✼ (ιII′)∗η̄ = η✱ s♦ ϕ∗(M) ⊂M◦

0,0(XI′ , η̄)✳ ❲❡ ❝❛♥ ❛❧s♦ ❛♣♣❧② t❤❡ ❧✐♠✐t ♠❛♣ ϕ∗ t♦
t❤❡ s❡t M◦

0,0(XI′ , η̄)✱ ❛s ✐t ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ G✲❛❝t✐♦♥ ❛s ✇❡❧❧✱ s♦ ✇❡ ❣❡t ❛ ❢♦❧❧♦✇✐♥❣
❞✐❛❣r❛♠✿

M◦
0,0(XI′ , η̄) M

M◦
0,0(XI′ , η̄)

ι∗

ϕ∗ ϕ∗

❋♦r ❛ ❝✉r✈❡ C ⊂ XI ✱ s✉❝❤ t❤❛t ϕ ✐s ❞❡✜♥❡❞ ♦♥ C✱ t❤❡ ❝✉r✈❡ ϕ(C) ✐s st❛❜❧❡ ✉♥❞❡r
t❤❡ ❛❝t✐♦♥ ♦❢ λ(C)✱ s♦ ϕ(ϕ(C)) = ϕ(C)✳ ▲❡tM ′ ❜❡ t❤❡ ♦♣❡♥ s✉❜s❡t ♦❢M◦

0,0(XI′ , η̄)✱
✇❤❡r❡ ϕ∗ ✐s ❞❡✜♥❡❞✳ ❚❤❡♥ ϕ∗(M

′) = ϕ∗(M)✳ ❆s M◦
0,0(XI′ , η̄) ✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡

✐♠❛❣❡ ϕ∗(M
′) ✐s ✐rr❡❞✉❝✐❜❧❡ ❛s ✇❡❧❧ ❛♥❞ s♦ ✐s ϕ∗(M)✳

◆❡①t✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♠❛♣ ϕ∗ : M → ϕ∗(M)✳ ■ts ✐♠❛❣❡ ✐s ✐rr❡❞✉❝✐❜❧❡✱ s♦ t❤❡r❡
❡①✐sts ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t M0 ⊂ M s✉❝❤ t❤❛t ϕ∗(M0) = ϕ∗(M)✳ ❙✉♣♣♦s❡
t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t M1 ⊂M ✳ ❙✐♥❝❡ (ϕt(C))t∈C ✐s ❛ ❝♦♥t✐♥✲
✉♦✉s ❢❛♠✐❧② ♦❢ ❝✉r✈❡s✱ ✇❡ ❣❡t t❤❛t ϕ∗(M0) ⊂M0 ❛♥❞ ϕ∗(M1) ⊂M1✳ ❆❧s♦ ✇❡ ❤❛✈❡
ϕ∗(M1) ⊂ ϕ∗(M) = ϕ∗(M0) ⊂M0✳

❚❤❡♥ ❛♥② ♣♦✐♥t x ∈ ϕ∗(M1) ❧✐❡s ✐♥ t❤❡ ❝❧♦s✉r❡s M0 ❛♥❞ M1 ♦❢ t✇♦ ✐rr❡❞✉❝✐❜❧❡
❝♦♠♣♦♥❡♥ts ✐♥ M ✳ ❆s x ❧✐❡s ✐♥ t❤❡ ✐♠❛❣❡ ϕ∗(M1) ⊂ ϕ∗(M)✱ ✐t ✐s ♦❢ t❤❡ ❢♦r♠
ϕ(C0) ❢♦r s♦♠❡ C0 ∈ M ⊂ M◦

0,0(XI , η)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✵ t❤❡ ♣♦✐♥t x =
ϕ(C0) ✐s s♠♦♦t❤ ✐♥ ❜♦t❤ M0,0(XI , η) ❛♥❞ M0,0(XI′ , η)✱ t❤❡♥ t❤❡ t✇♦ ✐rr❡❞✉❝✐❜❧❡
❝♦♠♣♦♥❡♥ts ♠❡❡t ❛t t❤❡ s♠♦♦t❤ ♣♦✐♥t x ❛♥❞ t❤❡r❡❢♦r❡ ♠✉st ❝♦✐♥❝✐❞❡✳ ❆s M ✐s
❞❡♥s❡ ✐♥ M◦

0,0(XI , η)✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

✻✽



❚❤❡♦r❡♠ ✺✳✸✳✶✷✳ ▲❡t X ❜❡ t❤❡ ✇♦♥❞❡r❢✉❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ s❡♠✐s✐♠♣❧❡ ❛❞❥♦✐♥t
❣r♦✉♣ G✳ ▲❡t η ❜❡ ❛ ♠♦✈❛❜❧❡ ❝✉r✈❡ ❝❧❛ss ♦♥ X✳ ❚❤❡♥ t❤❡ s♣❛❝❡ M◦

0,0(X, η) ✐s
✐rr❡❞✉❝✐❜❧❡✳

Pr♦♦❢✳ ❋✐rst ✇❡ ♥♦t❡ t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹ M◦
0,0(X, η) ✐s ♥♦♥❡♠♣t②✳

❲❡ ❤❛✈❡ ❛ ❝❤❛✐♥ ♦❢ G✲st❛❜❧❡ s✉❜✈❛r✐❡t✐❡s ✐♥ X✿

∩l
i=1Xi ⊂ ∩l

i=2Xi ⊂ · · · ⊂ Xl ⊂ X,

✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ❛s

X{1,...,l} ⊂ X{2,...,l} ⊂ · · · ⊂ X{l−1,l} ⊂ X{l} ⊂ X

✇❤❡r❡ ❡✈❡r② ♣❛✐r XI′ = XI∪{j} ⊂ XI ✇✐t❤ I = {j+1, . . . , l} s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s
♦❢ ▲❡♠♠❛ ✺✳✸✳✶✶ ❢♦r ❛♥② j ∈ {1, . . . , l}✳

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✺ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ M◦
0,0(∩

l
i=1Xi, η) ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ❜②

▲❡♠♠❛ ✺✳✸✳✶✶ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r M◦
0,0(∩

l
i=2Xi, η)✳ ❇② tr✐✈✐❛❧ ✐♥❞✉❝t✐♦♥ ♦♥ j ∈

{1, . . . , l} ✇❡ ❣❡t t❤❛t M◦
0,0(∩

l
i=j+1Xi, η) ✐s ✐rr❡❞✉❝✐❜❧❡ ❢♦r ❡✈❡r② j ∋ {1, . . . , l}✱ ✐♥

♣❛rt✐❝✉❧❛r ❢♦r j = l✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ✐rr❡❞✉❝✐❜✐❧✐t② ♦❢ M◦
0,0(X, η)✳ �

✻✾



❇✐❜❧✐♦❣r❛♣❤②

❬❇❉PP✶✸❪ ❙é❜❛st✐❡♥ ❇♦✉❝❦s♦♠✱ ❏❡❛♥✲P✐❡rr❡ ❉❡♠❛✐❧❧②✱ ▼✐❤❛✐ P➔✉♥✱ ❛♥❞ ❚❤♦♠❛s
P❡t❡r♥❡❧❧✳ ❚❤❡ ♣s❡✉❞♦✲❡✛❡❝t✐✈❡ ❝♦♥❡ ♦❢ ❛ ❝♦♠♣❛❝t ❦ä❤❧❡r ♠❛♥✐❢♦❧❞ ❛♥❞
✈❛r✐❡t✐❡s ♦❢ ♥❡❣❛t✐✈❡ ❦♦❞❛✐r❛ ❞✐♠❡♥s✐♦♥✳ ❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr②✱ ✷✷✭✷✮✿✷✵✶✕
✷✹✽✱ ✷✵✶✸✳

❬❇❋✶✺❪ ▼✐❝❤❡❧ ❇r✐♦♥ ❛♥❞ ❇❛♦❤✉❛ ❋✉✳ ▼✐♥✐♠❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡s ♦♥ ✇♦♥❞❡r❢✉❧
❣r♦✉♣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✳ ❏♦✉r♥❛❧ ❞❡ ❧✬➱❝♦❧❡ ♣♦❧②t❡❝❤♥✐q✉❡ ✲ ▼❛t❤é♠❛✲
t✐q✉❡s✱ ♣❛❣❡s ✶✺✸✕✶✼✵✱ ✷✵✶✺✳

❬❇▼✾✻❪ ❑❛✐ ❇❡❤r❡♥❞ ❛♥❞ ❨✉r✐ ▼❛♥✐♥✳ ❙t❛❝❦s ♦❢ st❛❜❧❡ ♠❛♣s ❛♥❞ ❣r♦♠♦✈✲✇✐tt❡♥
✐♥✈❛r✐❛♥ts✳ ❉✉❦❡ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱ ✽✺✭✶✮✿✶✕✻✵✱ ✶✾✾✻✳

❬❇P✽✼❪ ▼✐❝❤❡❧ ❇r✐♦♥ ❛♥❞ ❋r❛♥③ P❛✉❡r✳ ❱❛❧✉❛t✐♦♥s ❞❡s ❡s♣❛❝❡s ❤♦♠♦❣è♥❡s
s♣❤ér✐q✉❡s✳ ❈♦♠♠❡♥t❛r✐✐ ▼❛t❤❡♠❛t✐❝✐ ❍❡❧✈❡t✐❝✐✱ ✻✷✿✷✻✺✕✷✽✺✱ ✶✾✽✼✳

❬❇P✶✺❪ P❛♦❧♦ ❇r❛✈✐ ❛♥❞ ●✉✐❞♦ P❡③③✐♥✐✳ Pr✐♠✐t✐✈❡ ✇♦♥❞❡r❢✉❧ ✈❛r✐❡t✐❡s✳ ▼❛t❤❡✲
♠❛t✐s❝❤❡ ❩❡✐ts❝❤r✐❢t✱ ✷✽✷✿✶✵✻✼✕✶✵✾✻✱ ✷✵✶✺✳

❬❇r✐✽✾❪ ▼✐❝❤❡❧ ❇r✐♦♥✳ ●r♦✉♣❡ ❞❡ ♣✐❝❛r❞ ❡t ♥♦♠❜r❡s ❝❛r❛❝t❡rst✐q✉❡s ❞❡s ✈❛r✐❡t❡s
s♣❤❡r✐q✉❡s✳ ❉✉❦❡ ♠❛t❤✳ ❥♦✉r♥❛❧✱ ✺✽✭✷✮✿✸✾✼✕✹✷✹✱ ✶✾✽✾✳

❬❇r✐✾✼❛❪ ▼✐❝❤❡❧ ❇r✐♦♥✳ ❈✉r✈❡s ❛♥❞ ❞✐✈✐s♦rs ✐♥ s♣❤❡r✐❝❛❧ ✈❛r✐❡t✐❡s✳ ❆❧❣❡❜r❛✐❝
●r♦✉♣s ❛♥❞ ▲✐❡ ●r♦✉♣s✱ ✾✿✷✶✕✸✹✱ ✶✾✾✼✳

❬❇r✐✾✼❜❪ ▼✐❝❤❡❧ ❇r✐♦♥✳ ❱❛r✐étés s♣❤ér✐q✉❡s✳ ✶✾✾✼✳

❬❈▼✵✷❪ ❘♦❝❝♦ ❈❤✐r✐✈ì ❛♥❞ ❆♥❞r❡❛ ▼❛✛❡✐✳ Pr♦❥❡❝t✐✈❡ ♥♦r♠❛❧✐t② ♦❢ ❝♦♠♣❧❡t❡
s②♠♠❡tr✐❝ ✈❛r✐❡t✐❡s✳ ❉✉❦❡ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱ ✶✷✷✭✶✮✿✾✸✕✶✷✸✱ ✷✵✵✷✳

❬❈P✽✸❪ ❈♦rr❛❞♦ ❉❡ ❈♦♥❝✐♥✐ ❛♥❞ ❈❧❛✉❞✐♦ Pr♦❝❡s✐✳ ❈♦♠♣❧❡t❡ s②♠♠❡tr✐❝ ✈❛r✐✲
❡t✐❡s✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✾✾✻✿✶✕✹✹✱ ✶✾✽✸✳

❬❈❙✾✾❪ ❈♦rr❛❞♦ ❉❡ ❈♦♥❝✐♥✐ ❛♥❞ ❚♦♥♥② ❆❧❜❡rt ❙♣r✐♥❣❡r✳ ❈♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢
s②♠♠❡tr✐❝ ✈❛r✐❡t✐❡s✳ ❚r❛♥s❢♦r♠❛t✐♦♥ ●r♦✉♣s✱ ✭✹✮✿✷✼✸✕✸✵✵✱ ✶✾✾✾✳

✼✵



❬❋▼❙❙✾✹❪ ❲✐❧❧✐❛♠ ❋✉❧t♦♥✱ ❘♦❜❡rt ▼❛❝♣❤❡rs♦♥✱ ❋r❛♥❦ ❙♦tt✐❧❡✱ ❛♥❞ ❇❡r♥❞ ❙t✉r♠✲
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