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Roadmap

"If you [are] on a road for whatever reason, then that's the road you should take."

Graham Gladwell

The road leading to the conception of this dissertation was not direct. The original objective of this PhD project was to "monitor remote equatorial and tropical volcanoes using multi-sensor spaceborne imagery and in situ geophysical data". I planned to apply interferometry synthetic aperture radar (InSAR) geodesy to several volcanically active regions-Vanuatu, the Molucca Islands (Indonesia) and Guadeloupe. These regions had yet to be studied in detail using InSAR geodesy, at least in part due to the inherent difficulty of InSAR measurements in tropical regions caused by heavy vegetation.

In December 2018, a year after diving into this project, one of the volcanoes of interest-Ambrym-erupted. This was the largest unrest episode the volcano had experienced in nearly a century, and the subject of the PhD quickly reoriented itself to focus on this exceptional event. This event, which may have been the culmination of more than 15 years of volcanic unrest, opened our eyes to the complexity-and intriguing nature -of Ambrym's magmatic system.

Accordingly, this dissertation begins with a chapter introducing the region of interest (the New Hebrides arc). A regional focus is maintained to provide the reader with an adequate background of the tectonic and volcanological setting of Ambrym Island. Three focus questions are presented that will direct the discussion of the dissertation. A methods chapter follows, summarizing the state of the art of InSAR and geodetic modelling, focusing on the methods used throughout this dissertation. There is also a brief description of other volcano monitoring remote sensing methods that can be qualitatively integrated with geodesy. The next two chapters are studies on two separate eruptions at Ambrym (2018 and2015), followed by a discussion chapter. Here, the results from the two previous chapters are combined to present an updated understanding of Ambrym's magmatic system, caldera development, and system dynamics. The final chapter-the conclusions and perspectives-reflects on the focus questions presented in the introduction.

Before deciding to refocus this dissertation, I had the opportunity and pleasure to work on two additional volcanoes-Ibu (Indonesia) and La Soufrière (Guadeloupe). A brief summary of the results tracking Ibu's growing lava dome are presented in Appendix B. I also had the opportunity to take part in a GNSS campaign at La Soufrière in Spring 2018, during which we xi CONTENTS felt the island's largest volcano-tectonic (VT) earthquake in more than 40 years. The "failed phreatic eruption" that occurred in April 2018 sparked a study led by Roberto Moretti, presented in Appendix C. Additional field work was cancelled due to the unprecedented events of 2020, confining billions worldwide. Nonetheless, this experience in Guadeloupe, coupled with the near real-time analysis of Ambrym's 2018 unrest episode, reaffirmed my decision to apply geodetic techniques to answer the complex and challenging questions posed by volcanic systems.

xii Chapter 1

Regional introduction

The goal of this dissertation is to better understand the storage and movement of magma beneath Ambrym volcano, a basaltic volcanic island located in the New Hebrides (NH) arc (Vanuatu). To provide context for Ambrym's volcanic activity, we will briefly describe the tectonics of the arc region. The tectonic structures of the central NH subduction zone reflect the complex stress regime which influence magma ascent through the crust, as well as magma migration and eruption at the surface.

Tectonic setting of the New Hebrides arc 1.Subduction/collision of D'Entrecasteaux Ridge (DER) and West Torres Massif (WTM)

The NH arc is a 1500 km-long arc where the Indo-Australian plate subducts beneath the North Fiji Basin [START_REF] Isacks | Seismicity and tectonics of the central New Hebrides Island arc[END_REF], Collot et al., 1985, Louat et al., 1988, Lagabrielle et al., 2003] (See Figure 1-1). In the Late Miocene, a subduction polarity reversal caused the extinction of the north-east vergent Vitiaz Trench (See Figure 1-2) [START_REF] Chase | Tectonic history of the Fiji plateau[END_REF][START_REF] Kroenke | Geology of the Ontong Java Plateau[END_REF][START_REF] Falvey | Part 2. Younger Pacifics arcs and the eastern marginal seas: Arc reversals, and a tectonic model for the North Fiji Basin[END_REF][START_REF] Auzende | Recent geodynamic evolution of the north Fiji basin (southwest Pacific)[END_REF], 1995]. This reversal resulted in the opening of the North Fiji back-arc basin, which rifted the active NH arc away from the extinct Vitiaz arc. According to [START_REF] Greene | Ridge-arc collision; timing and deformation determined by Leg 134 drilling, central New Hebrides Island arc[END_REF], around 2 -3 Ma, another extinct Eocene-Oligocene volcanic arc, the D'Entrecasteaux Ridge (DER), began colliding with the NH arc (See Figure 1 -2). Other studies propose that subduction/collision of the DER, which can be divided further into the northern D'Entrecasteaux Ridge and the southern D'Entrecasteaux seamount chain, began soon after the subduction polarity reversal, in the Late Miocene [Greene et al., 1988, Meffre and[START_REF] Meffre | Collision tectonics in the New Hebrides arc (Vanuatu)[END_REF]. Subsequently, as subduction proceeded to "consume" the Indo-Australian plate, at around 0.7 Ma, a plateau called the West Torres Massif (WTM) also enetered the trench and began subducting/colliding with the NH arc to the north of the DER (See Figure 1-1) [START_REF] Meffre | Collision tectonics in the New Hebrides arc (Vanuatu)[END_REF]. The collision of both the DER and WTM in the central portion of the NH arc results in strong interplate coupling and compression along the width of the arc [START_REF] Taylor | Geodetic measurements of convergence at the New Hebrides island arc indicate arc fragmentation caused by an impinging aseismic ridge[END_REF], Bergeot et al., 2009[START_REF] Taylor | Rapid forearc uplift and subsidence caused by impinging bathymetric features: Examples from the New Hebrides and Solomon arcs[END_REF], Collot et al., 1985], and gives rise to the central arc's distinct characteristics. The NH subduction zone slab dips steeply (60-70 ∘ ) towards the east. However, the subduction interface has a shallower dip in the central portion of the arc near the DER collision, as determined using earthquake locations and focal mechanisms from local and global catalogues (See Figure 1-3) [START_REF] Baillard | Seismicity and shallow slab geometry in the central Vanuatu subduction zone[END_REF][START_REF] Foix | The 3-D velocity models and seismicity highlight forearc deformation due to subducting features (Central Vanuatu)[END_REF]. This change in dip is hypothesized to be due to the buoyant DER resisting subduction into a denser asthenosphere [START_REF] Baillard | Seismicity and shallow slab geometry in the central Vanuatu subduction zone[END_REF]. The convergence rate is also significantly slowed in the central portion of the arc (35 mm year -1 versus 90 mm year -1 to the south, Figure 1-1 [START_REF] Calmant | New insights on the tectonics along the New Hebrides subduction zone based on GPS results[END_REF], Pelletier et al., 1998, Bergeot et al., 2009]). [START_REF] Meffre | Collision tectonics in the New Hebrides arc (Vanuatu)[END_REF] propose that the convergence rate began to decrease no earlier than 1 Ma; if it began earlier, the arc would be notably offset. Therefore, the slowed convergence may be due to the onset of collision of the West Torres Massif. In the region where the DER collides with the NH arc, the trench is uplifted and a backthrust has developed. As a result, the backstop is tilted, resulting in an uplift of the forearc and subsidence of the arc volcanoes [START_REF] Taylor | Coseismic and Quaternary vertical tectonic movements, Santo and Malekula Islands, New Hebrides Island Arc[END_REF], Collot et al., 1985]. This tilting can be evidenced by the topography of Santo and Malekula Islands (See Figure 1-1). Collision-induced compression also causes uplift of the arc-backarc transition [START_REF] Calmant | New insights on the tectonics along the New Hebrides subduction zone based on GPS results[END_REF]. The uplifted regions, together with the arc volcanoes, form three parallel island chains [START_REF] Mitchell | Geological evolution of the new hebrides island arc[END_REF]Warden, 1971, Carney and[START_REF] Carney | Geological evidence bearing on the miocene to recent structural evolution of the new hebrides arc[END_REF] (See Figure 1-1).

Both coseismic and nonseismic tectonic uplift have been measured using emerged coral heads. Similar to trees, corals have annual growth bands, which record when a potion of the coral head emerges from the water and dies [START_REF] Scoffin | The nature and significance of microatolls[END_REF][START_REF] Stoddart | Microatolls: Review of form, origin and terminology[END_REF]. A coherence exists between the regional topography, the regions uplifted during the Late Quartenary (measured from coral reef terraces off the west coast of Santo, with maximum rates of 0.6 -0.7 cm year -1 [START_REF] Taylor | Coseismic and Quaternary vertical tectonic movements, Santo and Malekula Islands, New Hebrides Island Arc[END_REF]) and those with coral heads emerged since 1946 [START_REF] Taylor | Analysis of partially emerged corals and reef terraces in the central Vanuatu Arc: Comparison of contemporary coseismic and nonseismic with Quaternary vertical movements[END_REF]. By comparing uplift rates over various lengths of time, [START_REF] Taylor | Analysis of partially emerged corals and reef terraces in the central Vanuatu Arc: Comparison of contemporary coseismic and nonseismic with Quaternary vertical movements[END_REF] found that the forearc is segmented into four blocks (See Figure 1 -3). Each block has a different response to the DER collision, possibly indicating differences in plate coupling based on the locations of the topographic highs of the D'Entrecasteaux Ridge [START_REF] Taylor | Analysis of partially emerged corals and reef terraces in the central Vanuatu Arc: Comparison of contemporary coseismic and nonseismic with Quaternary vertical movements[END_REF]. Similar along-strike segmentation has been proposed to reflect differences in the phases of material underplating in a context of cyclic uplift-then-subsidence in Chile [START_REF] Menant | Transient stripping of subducting slabs controls periodic forearc uplift[END_REF].

The DER collision results in permanent (inelastic) deformation and shortening (uplift and eastward motion) of the central arc. However, on short time scales (tens to hundreds of years), this deformation can be difficult to discriminate from surface deformation due to mainly elastic, interseismic strain accumulation on the main thrust zone of the subduction interface [START_REF] Davies | Aleutian subduction zone seismicity, volcano-trench separation, and their relation to great thrust-type earthquakes[END_REF]. According to the back-slip model of [START_REF] Savage | A dislocation model of strain accumulation and release at a subduction zone[END_REF], nearly all of this elastic strain is released during coseismic events, resulting in no net deformation. Using this model, [START_REF] Taylor | Rapid forearc uplift and subsidence caused by impinging bathymetric features: Examples from the New Hebrides and Solomon arcs[END_REF] concluded that permanent deformation is instead due to shortening induced by the motion of seamounts during coseismic events, because the plate is "permanently" locked at depths of < 15 km (See Figure 1234). In fact, seismic hazard may be dominated by intermediate-to-deep earthquakes (See Figure 12345). Lack of megathrust earthquakes in historical data (largest shallow earthquake was M7.9 in 1903 [Centre, 2020]) may suggest moderate potential for release of elastic strain. Instrumental seismicity since 1970 may also be interpreted as being compatible with M 𝑚𝑎𝑥 < 8.0 [START_REF] Suckale | Probabilistic seismic hazard model for Vanuatu[END_REF]. On even shorter timescales, such as over the past 15 years, GPS measurements of interseismic deformation south of the DER can also be explained by locking of the shallow (< 15 km depth) portion of the subduction interface. However, the inelastic component of interseismic deformation (i.e., from GPS measurements facing the DER) induced by the ridge collision and back-arc thrusting has yet to be fully modelled [START_REF] Bergeot | Horizontal and vertical interseismic velocity fields in the Vanuatu subduction zone from GPS measurements: Evidence for a central Vanuatu locked zone[END_REF]. 4) are flowlines, black triangles (5) are active subduction zones, and white triangles (6) are incipient subduction zones. F: Fiji Platform; NC: New Caledonia; NH: New Hebrides arc; VA: Vitiaz trench; DER: D'Entrecasteaux Ridge. From [START_REF] Auzende | The North Fiji Basin: geology, structure and geodynamic evolution[END_REF].

Growth of the back-arc thrust belt (BATB)

While the forearc is being tilted and uplifted by the collision, the eastward motion of the central segment (compared to the rest of the arc) is accommodated along the back-arc thrust belt (BATB) [START_REF] Collot | Recent tectonics associated with the subduction/collision of the d' entrecasteaux zone in the central new hebrides[END_REF], Louat and Pelletier, 1989, Pelletier et al., 1994, Taylor et al., 1995, Pelletier et al., 1998, Lagabrielle et al., 2003]. The BATB is composed of three thrust faults to the east of Pentecost and Maewo, which merge to a single thrust to the east of Ambrym (See Figure 1-1). Either lower amounts of shortening or a reduced sedimentary supply may explain the transition from a series of thrusts to a single thrust in the south [START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF]. Since the onset of the DER collision, the BATB is thought to have undergone ∼50 km shortening (See Figure 1-6c) [START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF]. Back-arc shortening is proposed to occur at a rate of 5.5 cm year -1 , such that more convergence is accommodated at the BATB than at the trench (See Figure 1-1) [START_REF] Pelletier | Current tectonics of the Tonga-New Hebrides region[END_REF], Calmant et al., 2003, Bergeot et al., 2009]. Crustal thickening beneath Maewo, Pentecost, and possibly Ambrym, may be due to progressive stacking of slices of the oceanic crust in this back-arc region (See Figure 1-6c) [START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF]. There is also thrusting east of the Pentecost and Maewo islands, and the eastward propagating thrust wedge incorporates oceanic lithosphere from the North Fiji basin. [2015] from earthquake locations. The color indicates the interface depth, the dotted lines indicate the updip and downdip extents of the seismogenic zone, and the green contour is the intersection with the fore-arc Moho. The blue lines are the divisions between the forearc block segments determined by [START_REF] Taylor | Coseismic and Quaternary vertical tectonic movements, Santo and Malekula Islands, New Hebrides Island Arc[END_REF][START_REF] Taylor | Analysis of partially emerged corals and reef terraces in the central Vanuatu Arc: Comparison of contemporary coseismic and nonseismic with Quaternary vertical movements[END_REF]. NDR: North D'Entrecasteaux ridge; BS: Bougainville seamount. b. Cross-section of the subduction interface depth. The profile is indicated by the corresponding colored number in a.. c. Cross-section of the subduction interface dip along the subduction front. From [START_REF] Baillard | Seismicity and shallow slab geometry in the central Vanuatu subduction zone[END_REF].

On 26 November 1999, a large thrust earthquake (M 𝑤 7.5) took place in the BATB [Pelletier et al., 2000b[START_REF] Régnier | The M 𝑤 7.5 1999 Ambrym earthquake, Vanuatu: A back arc intraplate thrust event[END_REF]. The ruptured fault is located at the southern end of the BATB, and the epicenter was only 10 km northeast of Ambrym [START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF] (See Figure 1-6a,b). The fault scarp is located only 13 km from the eastern tip of Ambrym, and is visible in the bathymetry (See 1-6a,b) [Pelletier et al., 2000a, Lagabrielle et al., 2003]. If one considers the offshore extension of Ambrym's rift zone, then the fault scarp may be less than 5 km from this volcanic structure (See 1-6b).

Using mapping and dating of raised coral and reefs on Ambrym's SE coast, [START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF] estimated that progressive, accumulating uplift along the back-arc thrust belt has been occurring at a rate of 3.5 -4 mm yr -1 over the past 8000 years. This uplift rate was calculated assuming coseismic and interseismic uplift of only tectonic or seismogenic origin. However, we will show in Chapter 3 that volcanic deformation from a single rift zone dike intrusion can result in more than 2 m of permanent uplift of Ambrym's SE coast. We emphasize that future studies measuring long-term tectonic displacement using uplift markers on Ambrym's coasts should consider the contribution of volcanic deformation. Nonetheless, there is an indisputable line of evidence for tectonic uplift occurring in the backarc [START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF][START_REF] Taylor | Analysis of partially emerged corals and reef terraces in the central Vanuatu Arc: Comparison of contemporary coseismic and nonseismic with Quaternary vertical movements[END_REF].

Stress perturbation due to DER collision

Three arc volcanoes (Ambrym, Ambae, and Gaua) are aligned N-S to the west of the BATB. Both Ambrym and Ambae have well-defined rift zones, oriented N105 ∘ S and N55 ∘ S, respectively. Some authors have posited the existence of faults cutting the volcano edifices in the direction of the rift zones [Mallick, 1973, Greene and[START_REF] Greene | Ridge-arc collision; timing and deformation determined by Leg 134 drilling, central New Hebrides Island arc[END_REF], although the extension of these faults into the forearc (Malekula and Espiritu Santo Islands) is disputed [START_REF] Meffre | Collision tectonics in the New Hebrides arc (Vanuatu)[END_REF]. Regardless of whether the existence of these faults is confirmed, the orientation of the rift zones may indicate the direction of regional stress [Nakamura, 1977]. [START_REF] Collot | Recent tectonics associated with the subduction/collision of the d' entrecasteaux zone in the central new hebrides[END_REF] determined the stress distribution in this region from the rift zone orientations, among other geological structures, as well as from seismicity. The minimum compressive stress (𝜎 3 ) is vertical and the maximum compressive stress (𝜎 1 ) is horizontal (nearly E-W) in the central section of the NH arc, consistent with compression parallel to the direction of the colliding DER. The arrows show the uplift of the forearc as the seamount approaches and collides with the arc. Once the feature has been fully subducted (how this occurs is still debated), rapid subsidence occurs on timescales similar to uplift. Adapted from [START_REF] Taylor | Rapid forearc uplift and subsidence caused by impinging bathymetric features: Examples from the New Hebrides and Solomon arcs[END_REF].

By plotting the earthquake focal mechanisms from the GCMT catalogue since 1976, we note a vertical 𝜎 3 and horizontal (approx. E-W) 𝜎 1 in both the forearc and backarc of the central NH arc (See Figure 1234567) (Raphaël Grandin, personal communication). At about the latitude of Ambrym, 𝜎 3 rotates from vertical to horizontal, oriented NE-SW. To the SE of Ambrym island, 𝜎 1 remains horizontal but rotates slightly to the NW-SE. Ambrym is thus located at the southern edge of the segment experiencing a compressive stress regime, as has been shown by both the BATB fault scarp, as well as historical seismicity (See Figure 1234567). Earthquakes with M 𝑤 > 6.0 from 1976 to 2020 in the NH arc, from the GCMT catalogue. Color indicates depth, and size of the circle indicates the magnitude. Note the absence of shallow earthquakes in the central NH arc and the seismically active back-arc thrust belt. The M 𝑤 7.3 1999 BATB earthquake near Ambrym is labeled. From R. Grandin, personal communication.

Farther to the south, a transtensional tectonic regime dominates, also thought to be a result of the DER collision [START_REF] Collot | Recent tectonics associated with the subduction/collision of the d' entrecasteaux zone in the central new hebrides[END_REF]. The transition between the shortening segment and this transtensional segment is characterized by a right-lateral transverse shear zone from west of Vate Island to the west of Epi Island (See Figure 1-1). Magma-deficient back-arc rifting occurs in the Coriolis Troughs (which includes the Vate, Eromango, and Futuna Troughs, whose ages of initiation are still debated, but may be ∼ 5 Ma [START_REF] Maillet | Tectonics, Magmatism, and Evolution of the New Hebrides Backarc Troughs (Southwest Pacific)[END_REF][START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF]) as the New Hebrides arc rotates clockwise [START_REF] Anderson | Tectonic focusing of voluminous basaltic eruptions in magma-deficient backarc rifts[END_REF]. Stress heterogeneities induced by the colliding DER caused segmentation of the arc, and may have contributed to the strong focusing of basaltic eruptions in the Vate Trough, to the SE of Vate Island (See Figure 1-1) [START_REF] Anderson | Tectonic focusing of voluminous basaltic eruptions in magma-deficient backarc rifts[END_REF]. This magmatic activity resulted in the formation of Nifonea volcano, a large shield volcano with a 5 × 8 km summit caldera. [START_REF] Pelletier | Current tectonics of the Tonga-New Hebrides region[END_REF] with contour intervals at 200 m. Mapping of emerged reef limestones based on [START_REF] Mallick | Geology of Pentecost, regional report[END_REF]. b. Zoom of a March 2000 bathymetric map obtained from the ALAUFI cruise of R/V L'Atalante [Pelletier et al., 2000a]. The contour intervals are 50 m. c. Crustal sections at the profiles a -b and c -d in a. Inferred from geophysical and bathymetry data. [START_REF] Collot | Recent tectonics associated with the subduction/collision of the d' entrecasteaux zone in the central new hebrides[END_REF] estimated 1 km of Quartenary sediments, a Moho depth of 12 km in the Aoba basin, and the crustal root beneath Pentecost and Ambrym to be 18 -20 km. Figure from [START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF] The unique tectonic setting of the NH arc gave rise to a variety of basaltic and andesitic volcanism starting from 6 Ma, initially in the south on the islands of Erromango, Tanna and Anatom [START_REF] Mitchell | Geological evolution of the new hebrides island arc[END_REF]]. This includes, but is not limited to, rift zone volcanism and lava lake activity. Studies of magma composition provide clues to link magma genesis with the peculiarities of the tectonic setting. We observe that 𝜎 3 rotates from vertical in the central portion of the New Hebrides subduction zone, which is undergoing compression due to the DER collision, to NE-SW in the vicinity of the back-arc basins to the south. Ambrym lies on the transition between these compressional and transtensional stress regimes, as denoted by the red and blue lines.

Volcanism in the New Hebrides arc

In the NH arc, 14 volcanoes have been active in the Holocene, 9 of which have erupted in the past 150 years [Global Volcanism Program, 2020]. The arc-scale tectonics of the New Hebrides has been studied in detail [e.g., [START_REF] Collot | Recent tectonics associated with the subduction/collision of the d' entrecasteaux zone in the central new hebrides[END_REF], Taylor et al., 1980, 1987, Louat and Pelletier, 1989, Pelletier et al., 1994, 1998], and several studies have been undertaken to investigate the relationship between tectonics and volcanism in this region. These studies mainly address the varying magma composition along the arc [START_REF] Briqueu | Temporal magmatic evolution of the aoba basin, central New Hebrides sland Arc: Pb, Sr, and Nd isotopic evidence for the coexistence of two mantle components beneath the arc[END_REF][START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF][START_REF] Monzier | Geochemistry vs. seismo-tectonics along the volcanic New Hebrides Central Chain (Southwest Pacific)[END_REF][START_REF] Peate | Geochemical variations in Vanuatu arc lavas: The role of subducted material and a variable mantle wedge composition[END_REF][START_REF] Turner | Two mantle domains and the time scales of fluid transfer beneath the Vanuatu arc[END_REF][START_REF] Beaumais | Géochimie de l'arc du Vanuatu : évolution spatio-temporelle des édifices volcaniques et des sources mantelliques[END_REF]. [START_REF] Winter | Principles of Igneous and Metamorphic Petrology[END_REF]. b. The same isotopic ratios for various intra-oceanic arcs, including the New Hebrides arc. The domains NH1 and NH2 include samples from drilling sites 829, 831, 832, and 833 (See Figure 1-1). Samples from drilling site 833 that are within the NH2 domain represent pre-DER collision volcanics. BE represents bulk earth isotopic ratios. From [START_REF] Briqueu | Temporal magmatic evolution of the aoba basin, central New Hebrides sland Arc: Pb, Sr, and Nd isotopic evidence for the coexistence of two mantle components beneath the arc[END_REF].

MORB geochemical signatures

We will first make a slight digression to review how varying magma composition at the arc-scale relates to differing magma genesis sources. The compositions of basalts erupted at intra-oceanic settings provide a window into magma genesis, in particular because they are not contaminated by the continental crust, which is enriched in trace elements. Therefore, the elemental composition of island arc basalts may reflect the mantle source [Pearce, 1983].

Ocean-ridge magmatism comprises ∼75% of Earth's volcanism [START_REF] Crisp | Rates of magma emplacement and volcanic output[END_REF]. Mid-ocean ridge basalts (MORBs) are found at these oceanic spreading centers, generally due to passive mantle ascent and partial melting. The chemical reservoir from which MORBs are extracted (the upper mantle) is generally depleted in incompatable trace elements with respect to the bulk Earth [START_REF] Turcotte | Geodynamics[END_REF]. However, MORB compositions differ depending on where they are erupted. In order to differentiate between levels of depletion in incompatible elements, the radiogenic isotopic ratios of trace elements are measured. For example, depleted ratios of 87 Sr/ 86 Sr, 143 Nd/ 144 Nd, 176 Hf/ 177 Hf indicate, over geological timescales, low Rb/Sr, Nd/Sm, and Hf/Lu ratios [START_REF] Workman | Major and trace element composition of the depleted MORB mantle (DMM)[END_REF]. From [START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF].

Although the isotopic signatures of MORBs are fairly constant, variations in depletion of incompatible trace elements allow for differentiating MORB sources into Pacific and Atlantic N-MORB (depleted, "normal" source), as well as Indian E-MORB (relatively "en-riched" source) (See Figure 1-8a) [START_REF] Winter | Principles of Igneous and Metamorphic Petrology[END_REF]. The absolute level of incompatible major elements-K, for example-can also help distinguish between N-MORB and E-MORB sources. N-MORBs tend to have lower potassium contents, while E-MORBs have high potassium contents, for a given amount of differentiation [START_REF] Winter | Principles of Igneous and Metamorphic Petrology[END_REF].

Tectonic influence on volcanism in the New Hebrides arc

Both N-MORB and E-MORB sources have been determined for magmas erupted in the New Hebrides arc (which can be divided into the northern, southern, and central segments) [START_REF] Briqueu | Temporal magmatic evolution of the aoba basin, central New Hebrides sland Arc: Pb, Sr, and Nd isotopic evidence for the coexistence of two mantle components beneath the arc[END_REF][START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF][START_REF] Turner | Two mantle domains and the time scales of fluid transfer beneath the Vanuatu arc[END_REF]. Lavas erupted from arc volcanoes in the northern and southern segments have N-MORB isotopic signatures, while lavas erupted in the arc volcanoes in the central segment (from Gaua to Vate islands) have E-MORB isotopic signatures (See Figure 1-8b) [START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF]. Samples from an Ocean Drilling Program in the North Aoba basin (See Figure 1-1, green circles) provide evidence that older volcanics in the central segment (>2-3 Ma, around the time of onset of DER collision), had isotopic compositions similar to N-MORB (See Figure 1-8b) [START_REF] Briqueu | Temporal magmatic evolution of the aoba basin, central New Hebrides sland Arc: Pb, Sr, and Nd isotopic evidence for the coexistence of two mantle components beneath the arc[END_REF]. The E-MORB isotopic signatures can only be explained by a long-term (> 500 Myr) enrichment process, and the Pb and Sr isotopic signatures are not consistent with sediments or volcanics sampled from the subducting plate [START_REF] Briqueu | Temporal magmatic evolution of the aoba basin, central New Hebrides sland Arc: Pb, Sr, and Nd isotopic evidence for the coexistence of two mantle components beneath the arc[END_REF][START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF]. Therefore, [START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF], [START_REF] Peate | Geochemical variations in Vanuatu arc lavas: The role of subducted material and a variable mantle wedge composition[END_REF] hypothesize that, due to collision with the DER, magma genesis in the arc's central segment has shifted downward, and 50 km eastward, intersecting with a passively upwelling asthenosphere with E-MORB signatures (See Figure 1 -9). Upwelling is thought to be due to extension of backarc troughs in the northern and southern segments [START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF]. Volcanism in the central segment may also be related to the detatchment of the lithospheric slab, as determined by a seismic gap from 50 -150 km depth beneath Malakula and Vate islands [Louat et al., 1988, Picard et al., 1995] (See Figure 123456789).

However, some studies propose that the varying isotopic signatures along the arc are not related to the DER collision, since lavas with E-MORB affinities are found in regions currently thought to be unaffected by the DER collision (Gaua) [START_REF] Monzier | Geochemistry vs. seismo-tectonics along the volcanic New Hebrides Central Chain (Southwest Pacific)[END_REF]. [START_REF] Monzier | Geochemistry vs. seismo-tectonics along the volcanic New Hebrides Central Chain (Southwest Pacific)[END_REF] proposes an alternative hypothesis based on a combination of geochemical and seismic data. They state that a strip of E-MORB asthenosphere exists beneath the North Fiji Basin, extending upward and westward beneath Gaua and Aoba islands [START_REF] Monzier | Geochemistry vs. seismo-tectonics along the volcanic New Hebrides Central Chain (Southwest Pacific)[END_REF]. Further studies of isotopic signatures of lavas in older parts of the arc and backarc are needed to differentiate between these hypotheses.

Current understanding of Ambrym volcano

The geochemical studies on the scale of the arc, summarized above, provide hints regarding the genesis of New Hebrides magmas. In this dissertation, we will focus on an exceptionally active volcano on the southern boundary of the central segment of the NH arc-Ambrym. Using satellite geodesy (mainly from SAR satellites), we will investigate magmatic processes at Ambrym such as magma storage in the crust and lateral migration away from the central volcanic system. These processes, although occurring at shallow levels within the lithosphere, CHAPTER 1. REGIONAL INTRODUCTION are also affected by the region's tectonic evolution. Although this dissertation probes magmatic processes through the lens of geodesy, these results, in combination with geochemical and petrological studies, will help establish a better view of the volcanism in the central NH arc-from the mantle to surface.

Volcanological characteristics

We have summarized the tectonics and magma geochemistry in the NH arc, and will now concentrate on Ambrym in particular. Ambrym is a basaltic volcanic island measuring 35×50 km, whose summit rises 1800 m above the seafloor (1270 m a.s.l.) [New Hebrides Geological Survey, 1976, Chase and[START_REF] Chase | Submarine topography of the Vanuatu and southeastern Soloman Islands regions[END_REF] (See Figure 12345678910). An older volcanic edifice is located in the northern sector of the island, and is made of three cones aligned N10 ∘ S-Tuvio, Vetlam and Dalahum [Picard et al., 1995]. This edifice is constructed primarily of pyroclastic deposits and basaltic lava flows. Neither the age of onset nor extinction of this volcanism is known.

Volcanism then shifted ∼10 km to the south, where the morphology of the island changes. Two rift zones radiate N105 ∘ S from the center of a 12-km wide caldera for more than 20 km, both towards the SE and the NW (See Figure 1 -10). Two main craters, Marum and Benbow, are situated near the western border of the caldera. Semi-permanent lava lakes are hosted within the vents of Benbow (unnamed vents) and Marum (Mbewelsu and Niri Mbwelesu). These lava lakes are the sources of persistent, passive degassing [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF], Carn et al., 2017]. An intra-caldera eruption in 1988 -1989 was fed by a vent south of Marum, Niri Mbwelesu Taten (also called Maben Mbwelesu by locals) [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. In addition to hosting lava lakes, these vents also produce Strombolian eruptions.

Tuff rings and vents exist in other portions of the caldera (i.e., Lewolembwi crater, See Figure 1-11b), indicating that intra-caldera activity also manifests itself by fissure-fed lava flows away from the main craters [Picard et al., 1995]. In addition, magma laterally migrates away from the caldera, along the rift zone, and can erupt on or offshore, tens of kilometers downrift (volcanic rift zones will be introduced in more detail in Chapter 3). Tuff rings and maars along the coast reflect the potential hazards of these rift zone eruptions-they may result in explosive phreatomagmatic eruptions when lava interacts with ocean water, demonstrated by the eruption of 1913 [START_REF] Marshall | The recent volcanic eruptions on Ambrym Island[END_REF][START_REF] Frater | The volcanic eruption of 1913 on Ambrym Island, New Hebrides[END_REF], Németh and Cronin, 2011].

Figure 1-10: Geological map from New Hebrides Geological Survey [1976].
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Historical eruptions

The most devastating historical eruption at Ambrym occurred along the NW rift zone in 1913. The eruption began with explosions in the caldera craters, and fissures migrated downrift, opening up every few kilometers towards the west coast [START_REF] Frater | The volcanic eruption of 1913 on Ambrym Island, New Hebrides[END_REF]. The progression of the fissure opening along the rift zone indicates the westward lateral propagation of a dike intrusion. Within twelve hours, the intrusion had reached the west coast, and a fissure had opened near the Presbyterian Mission Station hospital (See Figure 1-11b) [START_REF] Frater | The volcanic eruption of 1913 on Ambrym Island, New Hebrides[END_REF]. Explosions of steam and pyroclasts (with varying degrees of phreatomagmatic and magmatic fragmentation) lasted for 4 days and destroyed the hospital [Marshall, 1915, Németh andCronin, 2011]. A second vent opened ∼1.6 km off Ambyrm's western coast, creating a tuff ring and extending the island's coastline. Explosions continued for four more days [START_REF] Marshall | The recent volcanic eruptions on Ambrym Island[END_REF]. Subsequent rift zone eruptions were recorded at Ambrym in 1915 (east coast) and 1929 (west coast). During the course of this PhD (in December 2018), a dike intrusion migrated towards the east coast, feeding a submarine eruption (See Chapter 3).

In addition to rift zone eruptions, historical volcanic activity over the past two centuries (1774 -1991) has been compiled by Eissen et al. [1991](See Figure 1-11a). Intra-caldera eruptions, forming new fissure vents, have occurred most recently in 1986, 1988-1989, 2015, and 2018. Lava flows originating within the caldera have breached the caldera wall and travelled down Ambrym's flanks, sometimes reaching the ocean (e.g., in 1863, 1914, and 1942). Intense degassing at Ambrym was first recorded by Captain James Cook in 1774 [START_REF] Beaglehole | The journals of Captain James Cook on his voyages of discovery II. The voyage of the Resolution and Adventure 1772-1775[END_REF]. Activity in the main vents (including the presence of lava lakes, Strombolian eruptions, ash fallout, and degassing) was recorded more or less continuously in the 1960's through the 1990's. It is quite possible that lava lakes were present in the main craters during earlier time periods, but were not recorded due to observation gaps. Following the November 1999 BATB earthquake, there were no observations of the lava lakes, and their disappearance was eventually confirmed in January 2000 [Global Volcanism Program, 2000]. Lava lake activity resumed, at the latest, in August 2000 [Global Volcanism Program, 2001]. Other reports of lava lake activity are described by Global Volcanism Program [2020], and will be discussed further, in relationship to Ambrym's magmatic system, in Chapter 5.

Figure 1-11: Ambrym's historical eruptions. a. Recorded volcanic activity since 1770 compiled from Eissen et al. [1991].

Gaps in activity may be due to lack of observations. Full description of eruptions can be found in Eissen et al. [1991]. b. Updated map from New Hebrides Geological Survey [1976] to include dates of lava flows from [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF]. Older volcanics/lava flows are shown with darker colors, overlaid on the topography. The two most recent lava flows, from 2015 and 2018, are shown in red.

Passive degassing

During periods of persistent lava lake activity, Ambrym passively degasses on such an extreme scale that it was the strongest volcanic source of passively emitted SO 2 from 2005 -2015 (7 kt day -1 , according to satellite SO 2 observations) [Carn et al., 2017[START_REF] Fioletov | A global catalogue of large SO 2 sources and emissions derived from the Ozone Monitoring Instrument[END_REF]. SO 2 and BrO column densities of Ambrym's plume were measured with Differential Optical Absorption Spectroscopy (DOAS) using an airborne UV spectrometer in January 2005, March and July 2005, and August 2007 [START_REF] Bani | Surge in sulphur and halogen degassing from Ambrym volcano, Vanuatu[END_REF]. The total SO 2 flux was 15 -24 kt day -1 in January 2005, with more gas emitted by Marum than Benbow [START_REF] Bani | Surge in sulphur and halogen degassing from Ambrym volcano, Vanuatu[END_REF]. For reference, SO 2 flux at other lava-lake hosting volcanoes are 3.3 kt day -1 at Nyiragongo (DRC), 0.1 kt day -1 at Erta 'Ale (Ethiopia), 0.06 kt day -1 at Erebus (Antarctica) [START_REF] Sawyer | Investigation into magma degassing at Nyiragongo volcano, democratic Republic of the Congo[END_REF][START_REF] Oppenheimer | Sulfur, heat, and magma budget of Erta 'Ale lava lake, Ethiopia[END_REF][START_REF] Sweeney | Sulfur dioxide emissions and degassing behavior of Erebus volcano, Antarctica[END_REF]. A similarly high flux was detected at Ambrym using airborne measurements in March 2005 (∼32 kt day -1 ), and a lower flux was detected in July 2005 (∼2 kt day -1 ) and August 2007 (∼4 kt day -1 ) [START_REF] Bani | Surge in sulphur and halogen degassing from Ambrym volcano, Vanuatu[END_REF]. Other DOAS measurements from another field campaign in October 2007 and October 2008 measured an average SO 2 flux of 7.8 kt day -1 [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. Although these values are consistent with the estimates of Carn et al. [2017], degassing flux can vary greatly over the span of just a few months (as reported by [START_REF] Bani | Surge in sulphur and halogen degassing from Ambrym volcano, Vanuatu[END_REF]), and mean passive degassing fluxes are most insightful when compared to other long-term (years-long) physical processes.

Magma composition and storage conditions

The tectonic evolution of the NH arc may have affected the ascent of mantle material, resulting in the distinct compositional signatures of lava erupted in the central segment.

The compressive stress regime imposed by the DER and WTM collision also impacts the location of magma ascent towards the surface and transport of magma at shallower levels (i.e., formation and persistence of rift zone volcanic activity at Ambrym), although this relationship has yet to be explored in depth.

The most primitive lavas (highest MgO content) at Ambrym are those in the older volcanic edifice to the north, which also have medium-K trends [Picard et al., 1995]. Farther south, pre-and post-caldera samples follow medium-to high-K trends (similar to other volcanoes in the central NH arc). These erupted lavas are either tholeiitic to calc-alkaline basalts, or are more evolved (rhyodactic compositions) (See Figure 1-12a). Basalts are enriched in light rare earth elements (LREE) such as Rb, Ba, K, Sr, and P, which may indicate a magmatic source with E-MORB affinities [Picard et al., 1995]. The evolved products are mainly related to a postulated Plinian eruption that may have caused the onset of caldera formation 2 ka (see Section 1.3.5). In addition, more evolved products (up to 60 wt% SiO 2 ) with high-K affinities have also been erupted from vents in the eastern portion of the caldera (e.g., 1986 lava flow) [Robin et al., 1993, Picard et al., 1995]. Picard et al. [1995] concluded that partial melting of the mantle beneath Ambrym is thought to occur at depths of 60 -45 km for the northern volcanics and more recent products with medium-K affinities, and 45 -30 km for more recent basalts. However, this upward migration of the mantle source contradicts the conclusion of [START_REF] Crawford | Coexistence of Indian and Pacific ocean upper mantle reservoirs beneath the central New Hebrides Island arc[END_REF], who hypothesized that the DER collision led to an eastward and downward shift of the mantle magma source. This contradiction CHAPTER 1. REGIONAL INTRODUCTION warrants a more detailed comparison of these studies.

The organization of Ambrym's crustal magma storage system has been investigated in various studies [START_REF] Legrand | Interpretation of very long period tremors at Ambrym volcano, Vanuatu, as quasi-static displacement field related to two distinct magmatic sources[END_REF], Allard et al., 2015, Firth et al., 2016[START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF], Hamling et al., 2019, Hamling and Kilgour, 2020]. At deep levels, mineral-melt thermobarometry of erupted products from both intra-caldera and extra-caldera eruptions have shown that magma stalls at depths ranging from 4 -30 km b.s.l [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF][START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF]. [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF] found no mixing in the primitive rift-zone eruptive products, and thus proposed that rift zone eruptions are sourced from a deeper reservoir (> 6 km) than the magma feeding the lava lakes. They also propose that during rift zone eruptions, ascending magma bypasses the shallower reservoir. This hypothesis will be revisited in Section 5. 1.3.2. At shallow levels, magma may be stored at depths of ∼2.7 -2.9 km b.s.l, as estimated by the locations of Very Long Period Tremors [START_REF] Legrand | Interpretation of very long period tremors at Ambrym volcano, Vanuatu, as quasi-static displacement field related to two distinct magmatic sources[END_REF]. [START_REF] Legrand | Interpretation of very long period tremors at Ambrym volcano, Vanuatu, as quasi-static displacement field related to two distinct magmatic sources[END_REF] proposed the existence of two laterally separated sources-one source in the eastern portion of the caldera and one in the western portion. This depth is consistent with melt inclusion entrapment pressures found by [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF], corresponding to depths ranging from 2.6 km -8.3 km b.s.l. Multiple sources at depths of < 5 km have also been modelled using InSAR geodesy, using ground displacement measurements from the 2015 and 2018 eruptions [Hamling et al., 2019, Hamling and Kilgour, 2020[START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF], 2021].

Caldera formation

While Ambrym has many striking features, its large caldera-one of the largest basaltic calderas on Earth [Pike, 1978, Wood, 1984]-may be the most controversial.

The age of the caldera was estimated by McCall et al. [1969] to be 2 ka, based on radiocarbon dating of charcoal associated with pre-caldera deposits in two locations. The first location was on the NE caldera rim, and the second was on the NW caldera flank [McCall et al., 1969]. Due to these limited dating measurements, further field campaigns to confirm the timing of pre-caldera activity would be of interest. In addition to the age of onset, McCall et al. [1969] also estimated a minimum caldera subsidence of 600 m, assuming a conical shape of the pre-collapse edifice, whose height was determined based on the current edifice's slope.

The formation mechanism of Ambrym's caldera is a topic of debate in the literature. On one hand, McCall et al. [1969] hypothesize that caldera formation was gradual, with the caldera subsiding when magma drains from a central reservoir by lateral rift zone intrusions [McCall et al., 1969, Cronin and Németh, 2005, Németh and Cronin, 2008, 2009, Sigmundsson, 2019]. This mechanism of formation will be discussed in more detail in Chapter 4. On the other hand, Robin et al. [1993] propose that caldera formation began with a Plinian eruption, which deposited dacitic ignimbrites around the island. Robin et al. [1993] reported four primary pyroclastic deposits (which together comprise the Ambrym Pyroclastic Series (APS)) on the flanks of the volcano and up to the caldera rim (See Figure 1-12b). The APS includes a 60 m thick sequence of pyroclastic flow deposits which overlay pre-caldera basaltic lava flows, located on the north coast. A fallout ash layer in the Figure 1-12: Ambrym Pyroclastic Series. a. A bimodal distribution of SO 2 content from 137 samples of vitric clasts from the Ambrym Pyroclastic Series. From Robin et al. [1993]. b. Ambrym Pyroclastic Series section from Robin et al. [1993]. middle of this sequence indicates that there may have been two major pyroclastic flows, with evidence of interaction with water during the sequence. The next sequence, hypothesized to be between 50 -200 m thick, is comprised of ash, quenched glass fragments and accretionary lapilli, indicating magma-water interaction. The third sequence is mainly ash flow deposits and is a total of 10 -25 m thick. The final sequence is composed of basaltic Strombolian deposits with a thicknesses of up to 200 m, thought to originate from the Woosantapaliplip vent (near Tower Peak, See . A 20 -25 m thick basaltic-andesite lava flow extends from within the northern portion of the caldera, where it was intersected by the collapse, to the coast [Robin et al., 1993]. The total duration of these eruptive sequences is not constrained, but they may have occurred over months or years. Robin et al. [1993] concludes that the sequence deposits are most likely not reworked because the vesiculated clasts and shards are fragile, the beds are sorted, and accretionary lapilli are preserved. Other works have challenged this statement. Cronin and Németh [2005], Németh and Cronin [2008], [START_REF] Németh | Intra-and extra-caldera volcaniclastic facies and geomorphic characteristics of a frequently active mafic island-arc volcano, Ambrym Island, Vanuatu[END_REF] argue that the APS is made of altered mafic deposits, with no evidence for dacites. The deposits are either from phreatomagmatic eruptions or from caldera sediments that had been deposited in the valleys on the volcano's flank by lahars and rivers [START_REF] Németh | Intra-and extra-caldera volcaniclastic facies and geomorphic characteristics of a frequently active mafic island-arc volcano, Ambrym Island, Vanuatu[END_REF]. Further details of this fieldwork, however, are unpublished.

Evidence for Ambrym's Plinian eruption

Given the aforementioned studies, we cannot discount the possibility of an initial Plinian eruption initiating caldera collapse. In summary, the sequence of caldera formation at Ambrym, according to Robin et al. [1993] is as follows:

1. "Earlier caldera collapse" due to a Plinian phase, with the possibility of a pre-existing caldera at the top of the original shield volcano edifice, 2. "Construction of the tuff cone as collapse enlarges," and 3. "Eruptive vents on the ring fracture."

Focus questions

Ambrym's activity has been recorded over the past century, and the depth of magma genesis and storage have been investigated through geochemical and petrological studies. However, many questions regarding the activity of this volcano remain. Episodes of unrest have been reported at Ambrym in the past, but the physical mechanisms driving these events remain enigmatic. During the course of this PhD, a rift zone intrusion occurred, briefly opening a window through which the mechanisms driving lateral magma transport and magma storage could be further investigated. This window just as rapidly closed when Ambrym's lava lakes drained in December 2018, cutting off the magma storage system from the surface for 2 years (at the time of writing they had yet to return). Using the information gleaned from this noteworthy volcanic event, past volcanic activity could be investigated in further detail. This dissertation culminates with a conceptual understanding of the magmatic system that controls Ambrym's eruptions, replenishment, and quiescence, and how these periods of activity can be discriminated using data from spaceborne satellites. Within this dissertation, we aim, through the lens of satellite volcano geodesy, to answer the following questions:

1.4.1 Question 1: How is Ambrym's magmatic plumbing system organized?

While past studies investigated deeper (e.g., > 6 km depth) levels of Ambrym's magma storage system, the organization of the shallower levels-for example, the reservoir(s) feeding dike intrusions-is not yet fully understood. We will discuss 7 episodes of deformation observed at Ambrym over the past 20 years, whose deformation source models are located at shallower levels in the system (< 6 km depth). The deformation source models, and possible physical mechanisms driving deformation, are discussed throughout Chapters 3, 4, and 5.1. Two of these episodes include intra-caldera dike intrusions and eruptions, and the physical processes driving the other 5 may include magma reservoir drainage, degassing, and magma replenishment. One significant motivation to better understand Ambrym's shallower magmatic system is that changes to this system may produce deformation before volcanic eruptions (i.e., precursors). In addition, studying Ambrym's magmatic system can help us determine whether the vigorous magmatic activity is a consequence of deep (magma genesis and ascent from the asthenosphere) or shallow (middle-to-upper crust) magmatic processes, or some combination of the two.

Question 2: How did Ambrym's caldera form and develop?

The mechanism that formed and developed Ambrym's signature 12 km wide caldera is still debated. Although we were not able to go into the field to address the existing hypotheses, using satellite geodesy (in particular, InSAR), we will discuss how Ambrym's current magmatic system can provide clues to determine whether the caldera formation mechanism is explosive or gradual, or a combination of both. For example, caldera ring-fault reactivation was identified with InSAR multiple times in the past two decades. This indicates that the caldera ring-faults are active structures that cause contemporary caldera subsidence (as discussed in Chapters 3,4,and 5.2). We will refine the hypotheses posited by past studies [McCall et al., 1969, Robin et al., 1993, Cronin and Németh, 2005] using these geodetic observations. Also, we will discuss how the depths, sizes, and geometries of Ambrym's present-day magma reservoir(s) may have been influenced by the formation of Ambrym's caldera. By understanding how Ambrym's caldera formed and developed, we can have a better idea of whether this volcano's present-day magmatic system could produce a similar caldera-forming eruption in the future.

Question 3:

What are the dynamics of Ambrym's magmatic system?

Past studies have not been able to provide many constraints on the timescales of activity of Ambrym-for example, rates of replenishment, eruption recurrence times, or dynamics of magma transport. In Chapter 5.3, by jointly analyzing two decades of ground deformation, gas emissions, and lava lake activity (through thermal anomaly detection), we will discuss first-order interpretations of changes to Ambrym's shallow magmatic system over time. We propose physical processes that may explain changes to the observed datasets. Physical processes within this open system due to volatile exsolution and degassing, for example, CHAPTER 1. REGIONAL INTRODUCTION may produce seemingly contradictory observations at the surface. Identifying the physical mechanisms controlling Ambrym's activity will help discern precursors of volcanic unrest.

Chapter 2

Methods

"Volcanology is in the midst of a revolution, and geodesy is helping to lead the way."

Daniel Dzurisin

Since the early 1900's, it was understood that geodetic techniques could measure volcanic deformation, providing a vision, albeit blurry, of subsurface magmatic activity. This vision has sharpened over the past few decades, largely due to the launch of numerous Earth Observation (EO) satellites. In particular, Synthetic Aperture Radar (SAR) satellites can measure, from space, centimetric ground displacements over hundreds of square kilometers. By enhancing and broadening ground displacement measurements thanks to satellites, geodesists are able to conduct detailed studies of volcanic deformation in remote regions of the world. The magmatic systems of remote volcanoes can be deciphered through analytical and numerical models which relate ground deformation to the stress and strain induced by pressure changes in the lithosphere. This wealth of new observations push these models to their limits.

Spaceborne SAR geodesy

In 1993, [START_REF] Massonnet | The displacement field of the Landers earthquake mapped by radar interferometry[END_REF] measured coseismic ground displacements of the 1992 Landers earthquake. These measurements were obtained from radar satellite observations, employing a technique called Interferometric Synthetic Aperture Radar (InSAR). Just a few years later, in 1995, (hypothesized) volcanic deformation was observed at Etna volcano (Italy) using InSAR [START_REF] Massonnet | Deflation of Mount Etna monitored by spaceborne radar interferometry[END_REF]. Although a portion of this deformation was later concluded to be an atmospheric artifact (See Section 2. 1.1.3) [START_REF] Beauducel | Volcano-wide fringes in ERS Synthetic Aperture Radar interferograms of Etna: Deformation or tropospheric effect[END_REF], these measurements sparked the interest of the volcanology community. The potential of measuring ground deformation from space was apparent, but so was the necessity to correctly distinguish signal from noise before including this technique in volcano monitoring and decision-making. These landmark InSAR measurements ushered in a new era of space-bourne earth observation. Since the early 1990's, the number of SAR satellites in orbit has increased more than tenfold. Time between SAR image acquisitions is as little as one day using the satellite constellation COSMO-SkyMed from the Italian Space Agency, and, with the European Space Agency's Sentinel-1 twin satellites, systematic image acquisition occurs worldwide every 6 days. Future missions, such as the joint National Aeronautics and Space Administration and Indian Space Research Organisation satellite NISAR, promise that the era of Earth Observation by SAR data is only just beginning.

Measuring small ground displacements: differential InSAR

The technique of differential InSAR has been exhaustively explained by a number of sources [e.g., [START_REF] Rosen | Synthetic Aperture Radar Interferometry[END_REF][START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF], 2015[START_REF] Massonnet | Imaging with Synthetic Aperture Radar[END_REF], as well as implemented in software packages, both research [e.g., Rosen et al., 2004, Rosen et al., 2012, Doin et al., 2011, Sandwell et al., 2011[START_REF] Kampes | Doris: the Delft Object-oriented Radar Interferometric Software[END_REF] and commercial [e.g., [START_REF] Werner | GAMMA SAR and interferometric processing software[END_REF]]. Here we will briefly summarize the fundamentals of a standard InSAR processing workflow, which includes acquiring and forming a SAR image from radar echoes, coregistering two SAR images, the formation of the interferogram, and any post-processing steps such as multilooking, filtering, and unwrapping (see Figure 2-1). We will also review the various contributions to the interferometric phase.

Acquiring and forming a SAR image

The following summary of Real and Synthetic Aperture Radar has been summarized from [START_REF] Massonnet | Imaging with Synthetic Aperture Radar[END_REF] and [START_REF] Cumming | Digital Processing of Synthetic Aperture Radar Data: Algorithms and Implementation[END_REF], and more advanced developments of the following concepts can be found within.

Radar systems release pulses of electromagnetic radiation in the microwave spectrum, which bounce off scatterers at the Earth's surface (see Figure 2-2). These echoes are received by the sensor and ordered in a 2D coordinate system as an image. The two dimensions are called range (across-track, perpendicular to flight path) and azimuth (along-track, parallel to flight path).

Scattering can be either due to surface or volume effects. Both effects are influenced by the surface or volume's dielectric properties, in particular the water content. In addition, the former results from the roughness of the surface on the scale of the radar wavelength (centimeters). The radar response due to surface effects increases when either the surface roughness or water content increases. Volume effects, on the other hand, result from the fact that scatterers' density and distribution depend on the media. One may imagine a forest canopy-the scatterers include rocks, trunks, and leaves. Electromagnetic radiation interacts with this cloud of scatterers at different vertical extents, where each scatterer class (rock, trunk, leaf, etc.) has its own properties, such as its structure and dielectric constant.

The amplitude of the radar return depends on two main factors. On one hand, many scatterers may exist within a single resolution element, and their scattered radiation adds coherently to produce the final radar echo of that element. Radar images display a "speckle" effect because constructive or destructive interference between scatterers' contributions results in large variations in amplitude and phase between resolution neighbors. Although speckle is due to the surface's physical properties, it is unpredictable and therefore considered multiplicative noise. However, speckle can be reduced by averaging neighboring pixels, otherwise known as multilooking.

On the other hand, a single scatterer may dominate the energy received from a given resolution element, or pixel. As a result, speckle noise does not affect the pixel amplitude.
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The phase and amplitude of such a pixel remains stable over many acquisitions. These pixels are called permanent scatterers (PSs), and the PS time series approach exploits their stable properties to extract reliable ground displacement measurements over time [START_REF] Ferretti | Permanent Scatters in SAR Interferometry[END_REF]. Typically, PSs are associated with targets with a large radar cross-section, a characteristic of many man-made structures. Hence, PSs are densely distributed in urban areas, and they are rare in natural terrain. The emitted radar pulse has a center frequency and wavelength within the microwave portion of the electromagnetic spectrum. The most common wavelength bands are X-, C-, and L-band, which are centered at respective wavelengths of 𝜆 ≈ 3.1 cm, 5.7 cm, and 24 CHAPTER 2. METHODS cm. Wavelength determines several properties of the radar pulse. It affects the penetration depth, or how far into a medium the wave will propagate before its amplitude attenuates by more than 1 √ 𝑒 [START_REF] Massonnet | Imaging with Synthetic Aperture Radar[END_REF]. For a given dielectric constant and dispersive media, longer wavelengths penetrate deeper. Furthermore, shorter wavelengths scatter off smaller features, such as leaves or branches, whose orientation, and scattering properties, vary between two acquisitions [START_REF] Zebker | Decorrelation in interferometric radar echoes[END_REF]. Consequently, in vegetated regions, shorter wavelengths have lower coherence (Section 2.1.1.4).

A two-dimensional image can be formed by measuring a target's distance on the Earth from the sensor (slant range or "fast time"), and its position along the sensor flight path (azimuth or "slow time"). The ability to resolve two different targets on the ground in the range direction (ground range resolution) depends on the sensor incidence angle, 𝛽, and the duration of the emitted pulse, 𝜏 𝑑 (see Figure 2-2a). The latter may either be the true pulse length, or obtained by frequency modulation (chirping) and matched filtering. The radar sensor looks to the side, as opposed to vertical, to ensure an unambiguous distance between the sensor and the targets. In Real Aperture Radar, the ability to resolve two different targets separated by a distance 𝑥 along azimuth (azimuth resolution) scales inversely with the length of the radar antenna, 𝐿. In other words, the azimuth resolution is directly related to the beam aperture, 𝛼 𝑏 , such that 𝛼 𝑏 is proportional to 𝜆 𝐿 . Targets can be resolved when 𝜆 𝐿 < 𝑥 𝑅 , where 𝑅 is the slant range distance. Considering a satellite-based SAR sensor with 𝑅 ≈ 1000 km, the antenna length would need to be unrealistically long (5 km!) to obtain a fine azimuth resolution of tens of meters, assuming 𝜆 ≈ 5 cm.

In Synthetic Aperture Radar, the azimuth resolution is improved by imaging ground targets with multiple pulses. The frequency of the received pulses will be "Doppler frequency shifted", due to the motion of the target relative to the sensor. The antenna's aperture is synthetically lengthened over the distance of the sensor path during which the target is illuminated. This is the origin of the name Synthetic Aperture Radar. For any target, the received pulses will drift over a range of frequencies, defining the target's Doppler frequency history. If the sensor's point of closest approach matches with the middle of the illuminated zone, then the targets will (in the time domain) be placed at their zero-Doppler time, and (in the frequency domain) have a zero Doppler centroid. In practice, however, the antenna squints either forwards or backwards (see , resulting in a shifted, or non-zero, Doppler centroid, which can be estimated from the received data.

The total change in the frequency of a target while it is illuminated is known as its Doppler bandwidth. The azimuth resolving power scales with the Doppler bandwidth, and high resolution can be obtained from this frequency modulated signal using pulse compression techniques called matched filtering. The azimuth resolution can be found to be approximately 𝜌 𝑎 ≈ 𝐿 2 , if the squint angle of the satellite (see Figure 2-2b) is close to zero. Hence, with 𝐿 = 10 m, we obtain 𝜌 𝑎 ≃ a few meters.

Just as the signal is frequency modulated in azimuth, range resolution can also be improved by frequency modulation, or a chirped signal. Shorter pulses can distinguish targets from one another, resulting in a finer resolution. However, for a given transmission power, a short pulse has a low signal-to-noise ratio (SNR). A more energetic pulse will have a higher SNR, but the pulse's energy is limited by the antenna's peak transmitted power. A chirped signal has a longer duration, and thus a higher SNR, and fine resolution can still be obtained using matched filtering.

The above discussion defines range and azimuth resolution, however, characteristics of the signal sampling ultimately determine the pixel size on the ground. The range pixel size on the ground, 𝑝 𝑔 , depends on the range sampling frequency, 𝑓 𝑟 , through the relationship 𝑝 𝑔 = 𝑐 2𝑓𝑟 sin(𝜃) , where 𝜃 is the sensor look angle (Figure 2-2a) and 𝑐 is the speed of light in a vacuum. If the sampling frequency 𝑓 𝑟 is not high enough (larger than the chirp bandwidth), the radar echo will be aliased. On the other hand, the azimuth pixel size (𝑝 𝑎 ) is determined by the pulse repetition frequency, or 𝑃 𝑅𝐹 , such that 𝑝 𝑎 = 𝑣 𝑃 𝑅𝐹 , where 𝑣 is the velocity of the sensor platform. The 𝑃 𝑅𝐹 is calibrated to ensure the azimuth signal is correctly sampled. To avoid aliasing, the 𝑃 𝑅𝐹 must be larger than the azimuth signal bandwidth, according to the Nyquist sampling rate [START_REF] Cumming | Digital Processing of Synthetic Aperture Radar Data: Algorithms and Implementation[END_REF].

After compression of the raw electromagnetic echos in range and azimuth, the image format obtained is called "Single Look Complex", or SLC. Today, most available SAR images can be downloaded from spaces agencies directly in SLC format. Every pixel in the twodimensional SLC is comprised of a complex number, (𝑥, 𝑦) = 𝐴𝑒 -𝑖𝜑 . The amplitude 𝐴 indicates the amount of radiation received by the sensor, and provides information regarding a combination of various surface properties-including roughness, topographic slope, and dielectric properties, as mentioned previously. The phase 𝜑, which is cyclic from [-𝜋, 𝜋], relates directly to the distance traveled from the sensor to Earth, and back. Synthetic Aperture Radar sensors can be mounted on various moving vehicles, including airplanes, satellites, unmanned aerial vehicles (i.e., drones), or cars. Throughout this dissertation, we will focus on satellite-based SAR sensors. Although aircraft-mounted SAR sensors exist for Earth science applications (e.g., UAVSAR [START_REF] Lundgren | Source models for the March 5-9, 2011 Kamoamoa fissure eruption, Kilauea Volcano, Hawai'i, constrained by InSAR and in-situ observations[END_REF], GLISTIN-A [START_REF] Lundgren | Topographic Changes During the 2018 Kīlauea Eruption From Single-Pass Airborne InSAR[END_REF]), their use is currently limited within the volcano geodesy community.

Coregistering SAR images

To calculate an interferogram, two SAR images must be acquired at different times, from the same sensor and the same orbital path. Before the phase difference can be calculated, corresponding pixels in the SAR images must image the same targets on the ground. Any satellite orbital seperation between acquisitions results in a distortion between SAR images. The difference in position between the satellite on the two acquisitions is called the baseline, 𝐵 (see Figure 23). The perpendicular baseline, 𝐵 ⊥ , can be calculated by 𝐵 ⊥ = 𝐵 cos(𝜃 -𝛼) (where 𝛼 is the angle of the baseline relative to a horizontal plane, Fig. 23). The component of the baseline parallel to the primary image's LOS is 𝐵 ‖ = 𝐵 sin(𝜃 -𝛼). A slant plane view of the satellite orbits (dotted lines) during the primary and secondary acquisitions. The baseline between the two satellite positions while imaging the ground point P is indicated by B. The along-track component of the baseline is 𝐵 𝑣 . We assume the satellite orbits are rectilinear and coplanar. The reference geometry orbit's inclination is shown to be purely north-south. Most SAR satellites have an inclination that is slightly skewed from true north. Adapted from [START_REF] Sansosti | Geometrical SAR Image Registration[END_REF].

b.

The side view of the satellite during the primary and secondary acquisitions. The perpendicular baseline is 𝐵 ⊥ , the parallel baseline is 𝐵 ‖ , the look angle and range of the primary image are 𝜃 and 𝑟, respectively, and the look angle and range of the secondary image are 𝜃 𝑠 and 𝑟 𝑠 , respectively. The angle the baseline makes with a horizontal plane is denoted by 𝛼. The difference between 𝜃 and 𝜃 𝑠 is Δ𝜃. We again assume the satellite orbits are rectilinear and coplanar. Adapted from [START_REF] Sansosti | Geometrical SAR Image Registration[END_REF].

Coregistration is the process of resampling one image to another so that corresponding pixels in each image view the same target. This is typically done by first modelling the satellite's orbital parameters during each acquisition, in order to resolve a target's theoretical range and azimuth shift between the two SAR images. These theoretical shifts assume no topography. In reality, this "flat Earth" assumption induces azimuth shift errors, Δ𝑗 𝑒𝑟𝑟 . Assuming that the satellites are at the same height during each pass, that the azimuth pixel spacing, Δ 𝑎𝑧 , does not change between passes, and a small 𝛼, Δ𝑗 𝑒𝑟𝑟 can be expressed by

Δ𝑗 𝑒𝑟𝑟 ≈ 𝐵 𝑣 𝑅 0 sin(𝜃) cot(𝜃)( 𝛿ℎ Δ 𝑎𝑧 ), (2.1)
where 𝑅 0 is the slant range during the first pass and 𝛿ℎ is the topography error such that 𝛿ℎ = |𝛿P| sin(𝜃) (𝛿P is the error of a point on the ground) [START_REF] Sansosti | Geometrical SAR Image Registration[END_REF]. Similarly, the range shift error would be

Δ𝑖 𝑒𝑟𝑟 ≈ 𝐵 ⊥ 𝑅 0 sin(𝜃) ( 𝛿ℎ Δ 𝑟𝑎𝑛𝑔𝑒 ), (2.2) 
where we assumed that the range pixel spacing, Δ 𝑟𝑎𝑛𝑔𝑒 , does not change, as well as that 𝑅 0 ≫ B. Using a previously acquired digital elevation model (DEM), 𝛿ℎ is known, and CHAPTER 2. METHODS these additional shifts can be corrected. Finally, cross-correlation can be used to adjust the image geometries to account for a global offset, related to the acquisition start times [START_REF] Sansosti | Geometrical SAR Image Registration[END_REF], Doin et al., 2011]. These steps ensure the two SAR images are coregistered with sub-pixel accuracy, increasing interferometric phase coherence.

Calculating an interferogram

Once the two SAR acquisitions have been coregistered, each corresponding pixel should image the same target. The complex product of the first image and the complex conjugate of the second image results in the interferogram

𝐼 𝑖𝑛𝑡 = 𝐼 1 • 𝐼 2 = 𝐴 1 𝐴 2 𝑒 𝑖(𝜑 2 -𝜑 1 ) . (2.
3)

The interferometric phase, Δ𝜑 = 𝜑 2 -𝜑 1 , is the sum of the following contributions

Δ𝜑 = Δ𝜑 𝑜𝑟𝑏 + Δ𝜑 𝑡𝑜𝑝𝑜 + Δ𝜑 𝑑𝑒𝑓 + Δ𝜑 𝑖𝑜𝑛𝑜 + Δ𝜑 𝑎𝑡𝑚𝑜 + Δ𝜑 𝑛𝑜𝑖𝑠𝑒 (2.4)
For InSAR, the term we wish to isolate is Δ𝜑 𝑑𝑒𝑓 , or the ground displacement in the radar's line of sight (LOS) between the two acquisitions. All other contributions that mask this signal should ideally be removed.

The first term, Δ𝜑 𝑜𝑟𝑏 , is a contribution originating from the orbital differences of the SAR sensor between the two acquisitions, which manifests itself as a ramp across the image in the range direction. The orbits of modern SAR satellites are known with high-precision, and the orbital phase ramp can be calculated and removed. Residual orbital ramps sometimes linger in interferograms and can be removed empirically by fitting a bilinear polynomial ramp in the post-processing [START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF].

The next phase contribution, Δ𝜑 𝑡𝑜𝑝𝑜 , is due to the presence of topography. The phase contribution due to topography [START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF] is

Δ𝜑 𝑡𝑜𝑝𝑜 = -4𝜋𝐵 ⊥ 𝛿ℎ 𝜆𝑅 0 sin(𝜃) . (2.5)
If the topography is known a priori with a DEM, this phase contribution can be calculated and removed. The DEM is projected into the radar viewing geometry, and the range distance, as well as the perpendicular baseline of the satellites during the two acquisitions, is calculated at each pixel. Increasingly high-resolution global DEMs are available to simulate and remove the Δ𝜑 𝑡𝑜𝑝𝑜 contribution. These include global DEMs acquired by the Shuttle Radar Topography Mission (SRTM) [START_REF] Farr | The Shuttle Radar Topography Mission[END_REF] and TanDEM-X [Wessel, 2016], with pixel postings of 30 and 12 m, respectively. The ionosphere may also induce phase shifts, resulting in the contribution Δ𝜑 𝑖𝑜𝑛𝑜 . Charged particles in the ionosphere affect its refractive index and subsequently result in a phase advance of the propagating signal [START_REF] Meyer | Performance requirements for ionospheric correction of low-frequency SAR data[END_REF]. Because the total electron content (TEC) in the ionosphere varies with time and space, these phase shifts can induce interferometric phase errors or even cause unpredictable curving of ray trajectories, resulting in a coherence decrease [START_REF] Meyer | Performance requirements for ionospheric correction of low-frequency SAR data[END_REF][START_REF] Gomba | Toward operational compensation of ionospheric effects in SAR interferograms: The split-spectrum method[END_REF]. The phase advance is dispersive, scaling CHAPTER 2. METHODS inversely with the frequency, 𝑓 , and can be expressed as (2.6) where 𝐾 = 40.28 m 3 s -2 [START_REF] Belcher | Theoretical limits on SAR imposed by the ionosphere[END_REF]. Ionospheric effects are thus more prominent for lowfrequency, or long-wavelength, signals (e.g., L-band, 𝜆 ≈ 24 cm). Leveraging the dispersive property of ionospheric phase advances, a "diverse-wavelength" system would be able to empirically estimate and remove the ionospheric contribution [START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF]. This technology will be implemented in the future NISAR mission. Some InSAR software packages, such as InSAR Scientific Computing Environment (ISCE) [Rosen et al., 2012], now include modules to remove ionospheric signal using both the Faraday rotation method and the range split-spectrum method [START_REF] Rosen | Techniques and tools for estimating ionospheric effects in interferometric and polarimetric SAR data[END_REF][START_REF] Liang | Ionospheric correction of InSAR time series analysis of C-band Sentinel-1 TOPS data[END_REF].

Δ𝜑 𝑖𝑜𝑛𝑜 (𝑓 ) = 4𝜋𝐾 𝑐𝑓 𝑇 𝐸𝐶,
The final phase contribution that can be mitigated is Δ𝜑 𝑎𝑡𝑚𝑜 , or the tropospheric phase delay. The atmosphere has an inhomogeneous index of refraction which is higher than that of free space, slowing down the propagating signal [START_REF] Zebker | Atmospheric effects in Interferometric Synthetic Aperture Radar surface deformation and topographic maps[END_REF]. Tropospheric phase delays are due to spatial and temporal atmospheric variations in pressure, temperature, and water vapor content [START_REF] Zebker | Atmospheric effects in Interferometric Synthetic Aperture Radar surface deformation and topographic maps[END_REF]. Atmospheric contributions may result from the fact that pressure, temperature, and water content vary with time and with altitude, resulting in interferometric phase delays which correlate with a region's topography. This "stratified" atmospheric contribution can be removed empirically, by fitting a polynomial to the elevation versus phase delay [START_REF] Beauducel | Volcano-wide fringes in ERS Synthetic Aperture Radar interferograms of Etna: Deformation or tropospheric effect[END_REF][START_REF] Remy | Accurate measurements of tropospheric effects in volcanic areas from SAR interferometry data: Application to Sakurajima volcano (Japan)[END_REF][START_REF] Doin | Corrections of stratified tropospheric delays in SAR interferometry: Validation with global atmospheric models[END_REF].

Alternatively, atmospheric water content can be modeled with global weather models, such as the High Resolution European Centre for Medium-Range Weather Forecasts (HRES-ECMWF) numerical weather model [START_REF] Yu | Generic atmospheric correction model for Interferometric Synthetic Aperture Radar observations[END_REF], the ERA40 reanalysis [START_REF] Doin | Corrections of stratified tropospheric delays in SAR interferometry: Validation with global atmospheric models[END_REF], or the ERA-Interim global meteorological model [START_REF] Jolivet | Systematic InSAR tropospheric phase delay corrections from global meteorological reanalysis data[END_REF]. These meterological models use data assimilation methods to retrospectively reconstruct atmospheric parameters, such as temperature or water vapor content, multiple times per day for various altitudes or pressure levels [START_REF] Dee | The ERA-Interim reanalysis: Configuration and performance of the data assimilation system[END_REF]. The spatial resolution varies from 75 km for ERA-Interim to less than 15 km for HRES-ECMWF. [START_REF] Yu | Generic atmospheric correction model for Interferometric Synthetic Aperture Radar observations[END_REF] integrated water vapor content measurements from GPS, acquired every 5 minutes, into the HRES-ECMWF global meterological model, to develop the Generic Atmospheric Correction Online Service (GACOS), which provide users wth atmospheric correction maps for interferograms. Tropospheric phase delays, whose spatiotemporal variations can be more than 10 cm [START_REF] Zebker | Atmospheric effects in Interferometric Synthetic Aperture Radar surface deformation and topographic maps[END_REF], are especially prominent in tropical regions [START_REF] Ebmeier | Applicability of InSAR to tropical volcanoes: insights from Central America[END_REF], or in areas with significant topographic relief [START_REF] Beauducel | Volcano-wide fringes in ERS Synthetic Aperture Radar interferograms of Etna: Deformation or tropospheric effect[END_REF]. However, the necessity of mitigating these phase delays depends on the relative magnitude of Δ𝜑 𝑑𝑒𝑓 . For large dike intrusions or earthquakes, for example, the magnitude of ground displacement can be orders of magnitude larger than that of the atmospheric noise.

The tropospheric phase delay also includes contributions from turbulent atmospheric effects, which are random in time and heterogeneous in space. They result from changes in tropospheric conditions, due to phenomena such as wind vortices or other dynamic processes, which change the atmosphere's index of refraction [START_REF] Hanssen | Radar Interferometry: Data Interpretation and Error Analysis[END_REF]. Turbulent contributions affect both flat and mountainous regions. They cannot be theoretically modelled or empirically removed due to insufficient information on the state of the atmosphere. Nonetheless, because they are temporally uncorrelated, "stacking" (or averaging) multiple interferograms reduce their effect and produce an average velocity map [START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF]. Turbulent atmospheric contributions are also spatially correlated, and can be taken into consideration by estimating the error covariance in a non-deforming region of the interferogram (See Section 2.2. 1.3.2) [START_REF] Sudhaus | Improved source modelling through combined use of InSAR and GPS under consideration of correlated data errors: Application to the June 2000 Kleifarvatn earthquake, Iceland[END_REF].

After the removal of the above four phase contributions, we are left with Δ𝜑 𝑑𝑒𝑓 and Δ𝜑 𝑛𝑜𝑖𝑠𝑒 . The former is the signal of interest, and the latter is inherent system noise in conjuction with any other unmodelled effects (moisture, DEM errors, etc.) that cannot be systematically removed. Once Δ𝜑 𝑑𝑒𝑓 has been unwrapped from a domain of [-𝜋, 𝜋] to [-∞, ∞] (See Section 2. 1.1.4.2), the displacement in meters can be calculated by

Δ𝑢 𝑑𝑒𝑓 = -𝜆Δ𝜑 𝑑𝑒𝑓 4𝜋 . (2.7)
Up to this point, the SLCs and interferograms have all been processed in radar geometry (i.e., slant range and azimuth). In order to produce an exploitable deformation map, radar coordinates must be transformed into geographical coordinates through a process called geocoding. Each pixel in the image is assigned a location on the surface of Earth using the DEM which has been simulated into the radar geometry. This method is assuming that no significant topographic change has occurred.

Post-processing

InSAR is especially useful due to both its sub-centimetric precision and all-weather, dayand-night capabilities. However, it is not without limitations. These include phase shifts due to atmospheric and ionospheric effects (See 2.1.1.3), as well as decorrelation.

Decorrelation occurs when surface properties change between two SAR acquisitions. For example, leaves may act as scatterers, but the position and orientation of leaves change rapidly, causing random scattering properties in two images. Surface changes are more likely to occur when two acquisitions have a long temporal baseline. Decorrelation may also occur when the perpendicular baseline between the satellite passes is greater than a few hundred meters. When the viewing geometry changes, the phases of off-center scatterers of each resolution element will change as well in a non-systematic way (random effect) [START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF].

The similarity between two SAR acquisitions, 𝐼 1 and 𝐼 2 , can be quantified by the coherence, calculated as

𝛾 = ∑︀ 𝑁 𝑖=1 𝐼 1,𝑖 • 𝐼 2,𝑖 √︁ ∑︀ 𝑁 𝑖=1 |𝐼 1,𝑖 | 2 ∑︀ 𝑁 𝑖=1 |𝐼 2,𝑖 | 2 , (2.8)
where 𝑁 is the number of pixels used to calculate the coherence, and |𝐼 1,𝑖 | is the modulus, or amplitude, of image 𝐼 1 for pixel 𝑖 [START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF]. In order to improve the SNR in densely vegetated regions, such as at tropical volcanic islands, we use the following workflow for filtering and unwrapping. Both algorithms take into account the coherence, in order to extract robust information from coherent regions. 

Coherence-based gradient filtering

A weighted power spectrum filter is initially applied with a low-to-medium strength (∼0.3 on a filter strength scale from 0 to 1) [START_REF] Goldstein | Radar Interferogram Filtering for Geophysical Applications[END_REF]. A second coherence-based filter further improves the SNR. This filter was already implemented in the NSBAS software package by Marie Pierre Doin and Romain Jolivet [Doin et al., 2011]. It combines square sliding windows of eight difference sizes (widths, 𝑤 𝑖 , of 2, 3, 4, 6, 9, 12, 15, and 20). The user provides both the complex interferogram, 𝐼, and the coherence, 𝛾, for each pixel, (𝑖, 𝑗). They also provide an amplitude threshold, 𝑎 𝑡ℎ𝑟𝑒𝑠ℎ .

Within a given window, each pixel's phase is filtered with a bilinear plane that best fits the window's phase gradient along range and azimuth. If the pixel's coherence is greater than 𝑎 𝑡ℎ𝑟𝑒𝑠ℎ , the filtered phase is weighted by the pixel's coherence 𝛾 𝑖𝑗 . Otherwise, the filtered phase is set to 0.

For each window size, the gradient is iteratively updated if the filtered phase is above an empirical threshold. This ensures an increasingly accurate phase gradient approximation for each window size. Taking into consideration the phase gradient, as well as a pixel's coherence, enables this filter to perform well when there is a high fringe gradient, as well as when the coherence varies substantially over the scene.

An interferogram filtered using this approach, compared to the weighted power spectrum filter, is shown in Figure 234. Although there may be artifacts in the phase, the coherence, which itself was incorporated in the phase filtering, can be used to mask out these unreliable values. Alternatively, these artifacts may be included during the unwrapping stage, after which they can be masked out by the unwrapping iteration number (See 2.1.1.4.2).

Coherence-based unwrapping

After filtering, the phase is still "wrapped", where 𝜑 𝑤𝑟𝑎𝑝𝑝𝑒𝑑 ∈ [-𝜋, 𝜋]. Typically, analytical and numerical models of ground displacement produce outputs such that

𝜑 𝑚𝑜𝑑𝑒𝑙 ∈ [-∞, ∞].
To facilitate data and model comparison, 2𝑘𝜋 should be added to 𝜑 𝑖,𝑗 , where 𝑘 ∈ Z. However, the direction in which the algorithm unwraps is non-unique, resulting in a non-unique value of 𝑘. Various unwrapping techniques have been created to compute a continuous, smooth 𝜑 𝑢𝑛𝑤𝑟𝑎𝑝𝑝𝑒𝑑 , without erroneous jumps of 2𝜋 between pixels.

Two main families of unwrapping algorithms exist-branch-cut [START_REF] Goldstein | Satellite radar interferometry: Two-dimensional phase unwrapping[END_REF] and statistical cost network flow [START_REF] Chen | Two-dimensional phase unwrapping with use of statistical models for cost functions in nonlinear optimization[END_REF] techniques. The former introduces "branches" between pixels that have residues with opposite signs. Residues occur when the sum of a closed path of pixel phases is nonzero. The algorithm will not unwrap across these branches. The latter maximizes the unwrapped solution's conditional probability using the wrapped phase, image amplitude, and coherence [START_REF] Chen | Two-dimensional phase unwrapping with use of statistical models for cost functions in nonlinear optimization[END_REF]. [Doin et al., 2011] described by Grandin et al. [2012]. User-defined bridges which connect fringes by integer multiples of 2𝜋 are indicated with dark blue, circle-capped lines. c. A visualization of the unwrapping algorithm and how the iteration number is determined. In the first column, each square's color represents the coherence, with yellow being a high coherence, and black being a low coherence. The numbers in each square represent the wrapped phase, and each number's color represent its iteration count. In the second column, the iterations begin with the seed pixel, in this case the pixel in the center, which has the highest coherence. Each square's color represents its iteration number, with white being the first iteration, and dark blue being a later iteration. The black square is not unwrapped, as its coherence is below the minimum coherence threshold. See the text for more details of this coherence-based iterative unwrapping. d. The final unwrapped interferogram, after masking pixels above a certain iteration count threshold. Although this masking ensures that the majority of noisy pixels are discarded, some residual unwrapping errors remain, as noted by the red oval. These errors can be masked out by hand.

In this dissertation, we mainly utilise a variant of the branch-cut unwrapping algorithm that considers the coherence of a pixel (𝑖, 𝑗) to determine the unwrapping path. The user inputs a minimum coherence threshold 𝛾 𝑚𝑖𝑛 , a seed pixel where the unwrapping begins, (𝑖 0 , 𝑗 0 ), as well as a list of connected points that should be unwrapped manually (the integer multiples of 2𝜋 must also be provided). This unwrapping method was implemented in NSBAS by Marie Pierre Doin [Doin et al., 2011], and described by Grandin et al. [2012] (see
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This unwrapping algorithm starts at point (𝑖 0 , 𝑗 0 ) with a phase of 𝜑 𝑖 0 ,𝑗 0 ,𝑢𝑛𝑤 = 𝜑 𝑖 0 ,𝑗 0 and an iteration number, 𝑛 = 0. The user also provides a minimum coherence threshold, 𝛾 𝑚𝑖𝑛 . If a pixel, for example (𝑖 0 + 1, 𝑗 0 ), in the direct vicinity of (𝑖 0 , 𝑗 0 ) has not been unwrapped, and its coherence is above the current coherence threshold, 𝛾 𝑡ℎ𝑟𝑒𝑠ℎ , then we calculate the unwrapped phase such that

𝜑 𝑖 0 +1,𝑗 0 ,𝑢𝑛𝑤 = 𝜑 𝑖 0 ,𝑗 0 ,𝑢𝑛𝑤 -arg (𝐼 𝑖 0 ,𝑗 0 • 𝐼 𝑖 0 +1,𝑗 0 ), (2.9) 
where 𝐼 𝑖,𝑗 = 𝐴 𝑖,𝑗 𝑒 𝑖𝜑 𝑖,𝑗 .

This procedure is repeated for all four pixels surrounding (𝑖 0 , 𝑗 0 ). If no surrounding pixels can be unwrapped during this step, a user-defined bridge may be applied. A bridge between two points, (𝑖 1 , 𝑗 1 ) and (𝑖 2 , 𝑗 2 ), performs the same operation as Equation 2.9, but adds the appropriate 𝑘 integer multiples of 2𝜋, such that

𝜑 𝑖 2 ,𝑗 2 ,𝑢𝑛𝑤 = 𝜑 𝑖 1 ,𝑗 1 -arg (𝐼 𝑖 1 ,𝑗 1 • 𝐼 𝑖 2 ,𝑗 2 ) -2𝑘𝜋.
(2.10)

The algorithm performs a set number of iterations, in this case 150000. If no pixels surrounding the current pixel can be unwrapped because their coherence is below the current 𝛾 𝑡ℎ𝑟𝑒𝑠ℎ , then 𝛾 𝑡ℎ𝑟𝑒𝑠ℎ is decreased by 0.018. Once 𝛾 𝑡ℎ𝑟𝑒𝑠ℎ ≤ 𝛾 𝑚𝑖𝑛 , no further pixels are unwrapped. If 6 pixels are consecutively unwrapped without lowering 𝛾 𝑡ℎ𝑟𝑒𝑠ℎ , then 𝛾 𝑡ℎ𝑟𝑒𝑠ℎ will be increased by 0.018, to direct the unwrapping path along the pixels with the highest coherence.

The final products obtained from this unwrapping method are the final unwrapped phase, which is added to the interferogram filtered with the weighted power spectrum. Other products include each pixel's iteration number and 𝛾 𝑡ℎ𝑟𝑒𝑠ℎ when it was unwrapped. The iteration number map can be used to mask the final unwrapped interferogram (see , where a lower iteration number is a proxy for a more reliable unwrapped phase. Because this algorithm unwraps along a path of the most coherent pixels, as well as includes the option to include user-defined bridges, it performs well when interferometric coherence varies significantly across the scene.

Measuring large ground displacements: additional SAR methods

To complement InSAR, other techniques to measure ground displacements include pixel offset tracking and multiple aperture interferometry. Both of these techniques are able to measure ground deformation in the azimuth direction, or the direction of the satellite flight path. Due to the near-polar orbits of SAR satellites, this component is mostly sensitive to N-S displacement. 

Amplitude pixel offset tracking

Large ground displacements may result in decorrelated InSAR measurements. In addition to measuring azimuth ground displacements, amplitude pixel offset tracking (incoherent cross-correlation) also maintains a coherent signal regardless of the magnitude of ground displacement (see . Pixel offset tracking is not restricted by the magnitude of ground displacement because the algorithm relies on tracking amplitude features by finding the cross-correlation peak between the amplitudes of an 𝑁 × 𝑀 pixel window in two SAR images [START_REF] Michel | Measuring ground displacements from SAR amplitude images : application to the Landers earthquake[END_REF]. Therefore, large ground displacements can be measured as long as the extent of the correlation search window is large enough to include the target in both images. Typical applications of this technique include large earthquakes [START_REF] Lauer | Fault geometry and slip distribution of the 2013 Mw 7.7 Balochistan earthquake from inversions of SAR and optical data[END_REF] or glacier flow [START_REF] Michel | Flow of Glaciar Moreno, Argentina, from repeat-pass Shuttle Imaging Radar images: comparison of the phase correlation method with radar interferometry[END_REF]. Pixel offset tracking, however, is less accurate than InSAR because the measurement sensitivity (10-15 cm for SAR satellites, or ∼10 -15% of the pixel size) depends on pixel size [START_REF] Simons | Interferometric Synthetic Aperture Radar Geodesy[END_REF].

Multiple aperture interferometry

Another method used to measure azimuth displacement is to split an interferogram into one forward-and one backward-looking interferogram, as first proposed by [START_REF] Bechor | Measuring two-dimensional movements using a single InSAR pair[END_REF]. This can be done by processing only a portion of the antenna beamwidth, with a squinted beam angle and a reduced beam azimuth aperture, for both the forward-and backward-looking cases (see Figure 234567). This processing results in two separate apertures, hence the name multiple aperture interferometry. The difference between the forward-and backward-looking interferograms is proportional to the azimuth displacement. Any phase contributions from topography, non-azimuthal deformation, or atmosphere are the same in both interferograms, due to their independence from the squint angle. These contributions cancel out in the final multiple aperture interferogram, leaving only the azimuth displacement. The accuracy of MAI is lower than LOS InSAR, due to the reduced angular aperture.

The accuracy is instead comparable to that of amplitude pixel offsets, although the phase is used instead. 

Current SAR satellite missions

Data availability and SAR system characteristics, such as wavelength, acquisition mode, and repeat time, dictate which techniques are most useful on a case-by-case basis. There are currently 8 main SAR missions with constellations in orbit, operated by national or international (e.g., ESA) space agencies. Half of these have X-band wavelengths-TerraSAR-X/TanDEM-X, PAZ, KOMPSAT-5, and COSMO-SkyMed. There are two current missions for C-band wavelengths-RADARSAT-2 and Sentinel-1, and two for L-band-ALOS-2 and SAOCOM. See Figure 2-8 for a summary of current and past SAR missions. These SAR satellites are able to acquire images in a variety of modes, resulting in data products with varying image footprints and spatial resolutions (see Figure 23456789). The fundamental SAR acquisition mode is Stripmap, where the antenna's look and squint direction are fixed. Stripmap pixel size of satellite-bourne SAR sensors range from ∼5 -10 m, and an image footprint (ground swath dimensions) between 50 and 100 km wide. In SAR systems, a compromise must be made between swath width and azimuth resolution. A larger swath width results in a longer pulse echo, which can only be fully resolved if the 𝑃 𝑅𝐹 is decreased. A lower 𝑃 𝑅𝐹 results in a coarser azimuth pixel spacing [START_REF] Grandin | From the earthquake source to seismic hazard: contribution of space geodesy[END_REF]. In other words, a wide swath cannot have a fine azimuth resolution. High-resolution products (< 1 -2 m pixel spacing) can be generated using special acquisition modes, such as Staring Spotlight. Staring Spotlight mode increases azimuth resolution by following the same spot on the Earth for an extended period. This increases a target's illumination time and consequently its Doppler bandwidth [START_REF] Massonnet | Imaging with Synthetic Aperture Radar[END_REF]. In Earth science applications, high resolution SAR is particularly useful for observing amplitude changes or pixel tracking. However, the high resolution is obtained at the cost of non-continuous observations when the antenna is following a point on the ground. Hence, images have a limited length in azimuth. The 𝑃 𝑅𝐹 is also increased, which reduces the swath width. An opposite strategy consists of using Wide Swath acquisition modes, such as ScanSAR and Terrain Observation by Progressive Scans (TOPS), resulting in large (up to 500 km wide) ground swaths. This allows for InSAR studies over large geographic areas, especially useful for regional tectonic studies. This also allows for a frequent revisit time, which is useful for studying volcanic systems. The original Wide Swath mode was ScanSAR, where pulse bursts consecutively image multiple subswaths (see Figure 23456789). However, a target's Doppler bandwidth is reduced according to the number of swaths, decreasing azimuth resolution [START_REF] Massonnet | Imaging with Synthetic Aperture Radar[END_REF]. ScanSAR is also susceptible to an effect called scalloping, where the gain of the antenna radiation pattern seen by a target varies along azimuth, creating periodic fluctuations in the amplitude, if uncorrected. Azimuth-varying ambiguities also occur when echos received of a target are imaged by both the antenna pattern's main and side lobes. TOPS, on the other hand, is an acquisition mode [START_REF] De Zan | TOPSAR: Terrain observation by progressive scans[END_REF] that was created to improve effects from scalloping and azimuth-varying ambiguities. In addition to sending bursts to image subswaths, the antenna beam also rotates progressively forward in the azimuth direction, which results in a longer burst where each target is seen by the same antenna pattern. TOPS is currently implemented in the European Space Agency's Sentinel-1, which systematically acquires SAR images of the globe every 6 -12 days.

Earth science applications

InSAR can obtain spatially dense ground displacement measurements regardless of weather or time of day, making it a powerful tool in Earth sciences. Study areas in Earth science may range from a tens of meters to hundreds of kilometers-from the growing Merapi lava dome to the creeping San Andreas fault. Processes within the Earth's crust also occur on all timescales, from seconds to millennia. Now that the SAR archive extends back 30 years, these processes can be studied on decadal timescales. In addition, commercial nanosatellite SAR missions (e.g, ICEYE, Cappella Space), may allow for geodetic observations of deformation processes occurring on hourly timescales. Phenomena that can be studied using ground displacement measurements include, but are not limited to, aquifer compaction, glacier flow, earthquakes, and volcanic unrest (see .

Anthropogenic deformation may occur during ground water extraction, resulting in subsidence. In regions where ground water extraction supports agricultural or urban activities, such as Mexico and California, InSAR measures subsidence on both large and local spatial scales [START_REF] Chaussard | Land subsidence in central Mexico detected by ALOS InSAR time-series[END_REF]. InSAR measurements are also sensitive to aquifer response due to modulating water extraction rates or seasonal meterological conditions [START_REF] Schmidt | Time-dependent land uplift and subsidence in the Santa Clara valley, California, from a large Interferometric Synthetic Aperture Radar data set[END_REF]Bürgmann, 2003, Murray and[START_REF] Murray | Short-lived pause in Central California subsidence after heavy winter precipitation of 2017[END_REF]. The spatially dense and extensive measurements of InSAR are necessary to map the widespread effect of ground water extraction across entire regions.

InSAR applied to glacier flow is of particular interest in the context of the changing climate. Ice sheets move at high velocities of up to 1 m day -1 , and accurate velocity measurements help constrain dynamic models [START_REF] Bindschadler | Monitoring ice sheet behavior from space[END_REF]. InSAR is able to map ice motion of large glaciers (in Greenland [START_REF] Joughin | Large fluctuations in speed on Greenland's Jakobshavn Isbrae glacier[END_REF], for example). There is even potential for InSAR to map ice flow velocity for the entirety of Antarctica [START_REF] Mouginot | Mapping of ice motion in Antarctica using synthetic-aperture radar data[END_REF]. Accurate velocity measurements help ensure accurate estimates of the mass balance of ice sheets [START_REF] Mouginot | Mapping of ice motion in Antarctica using synthetic-aperture radar data[END_REF].

The tectonics community has also taken full advantage of the capabilities of InSAR to measure deformation over different spatial and temporal scales. InSAR is used to study all aspects of the earthquake cycle-including coseismic ground displacement, postseismic deformation, and interseismic fault creep [START_REF] Massonnet | Radar interferometry and its application to changes in the earth's surface[END_REF]]. As mentioned previously, the first coseismic interferogram measured ground displacement produced by the 1992 Landers earthquake [START_REF] Massonnet | The displacement field of the Landers earthquake mapped by radar interferometry[END_REF]. Recent coseismic InSAR measurements, such as during the 2016 Kaikōura earthquake, have resulted in the realization that fault ruptures and segmentation are much more complex than previously thought [START_REF] Hamling | Complex multifault rupture during the 2016 M 𝑤 7.8 Kaikōura earthquake[END_REF].

Multitemporal InSAR time series allow for measurements of aseismic fault creep with subcentimetric accuracy across entire fault segments, such as the San Andreas [START_REF] Jolivet | Aseismic slip and seismogenic coupling along the central San Andreas Fault[END_REF] or the North Anatolian [START_REF] Rousset | An aseismic slip transient on the North Anatolian Fault[END_REF] faults. [START_REF] Massonnet | Radar interferometry and its application to changes in the earth's surface[END_REF]. The dotted red line shows the best-case scenario for future SAR satellite capabilities (daily acquisitions, millimetric accuracy). The top right of the figure is restricted due to phase decorrelation resulting from large deformation gradients. Adapted from [START_REF] Massonnet | Radar interferometry and its application to changes in the earth's surface[END_REF].

The above applications are by no means exhaustive. We end this section with a focus on the application of InSAR to volcanic unrest, which drives the bulk of the results found in this dissertation. As SAR acquisitions become increasingly temporally dense, InSAR can be used to study and model the various volcanic processes driving crustal deformation. Volcanic deformation may be due to a variety of processes which occur at depths ranging from the surface (e.g., lava flow compaction and cooling) to the mid-to-low crust (e.g., magmatic injection). In the late 1990's, just as InSAR was beginning to gain attention in the tectonics community, only 44 volcanoes were known to be deforming [START_REF] Dvorak | Volcano geodesy: The search for magma reservoirs and the formation of eruptive vents[END_REF]. In 2016, this number jumped to more than 220 [START_REF] Biggs | Global volcano monitoring: What does it mean when volcanoes deform?[END_REF]. This surge is due to the increasing prevalence of volcano monitoring using InSAR to complement ground-based techniques such as Global Navigation Satellite System (GNSS) [START_REF] Dzurisin | Volcano deformation-Geodetic monitoring techniques[END_REF], Pinel et al., 2014]. Interferograms are now produced routinely by volcano observatories worldwide, and are used in conjunction with other datasets to drive decision-making during eruptions (such as during the 2018 Kīlauea rift zone eruption and caldera collapse [Neal et al., 2018]).

As SAR observational strategies improve and expand, the quantity of observed volcanoes will increase, as will geodesists' ability to disentangle signals from the various volcanic processes that induce ground deformation. Analytical and numerical models of pressurized deformation sources embedded within the Earth's crust may fit observations at the surface to the first order. However, they are far from representing a transcrustal magmatic system consisting of melt and crystal-rich mush (See Section 5. 1.1.3). While SAR data availability is increasing exponentially, we must not forget that to translate these observations into a furthered physics-based understanding of volcanic systems, we must continue to develop our qualitative, and quantitative, understanding of the interacting constituents of a magmatic system.

Geodetic inverse modelling

Volcanic crustal deformation is the surface manifestation of physical processes occurring kilometers beneath the Earth's surface. The injection or migration of magma, as well as phase changes (e.g., volatile exsolution or crystallization), result in pressure changes in the magmatic or hydrothermal system. The lithosphere will deform in response to the given pressure change (imposed stress), and the resulting surface displacement depends on the crustal properties and the shape of the cavity. Magma can also open fractures in the brittle crust and migrate into these fractures, forming magmatic intrusions. If the crust is assumed to be homogeneous and elastic (which is reasonable for time scales on the order of seconds to months), its deformation can be calculated analytically for sources with various shapes and sizes (e.g., spheres, ellipsoids, rectangular dislocations) using the theory of linear elasticity [Mogi, 1958, Okada, 1985, McTigue, 1987, e.g.,].

These analytical formulations were developed when surface deformation was measured using sparse GNSS, tiltmeters, or trilateration lines measurements (such datasets typically only included tens of data points) [START_REF] Segall | Earthquake and Volcano Deformation[END_REF]Harris, 1987, Harris andSegall, 1987]. InSAR measurements, however, produce dense (nearly continuous) 2-D maps of ground displacements, making it easier to identify discrepancies between models and data. For example, complexities that are ignored in the aforementioned analytical formulations include complex geometries of the deformation sources or interactions between multiple sources.

In this dissertation, we attempt to explain complex spatial patterns of co-eruptive surface deformation at Ambrym by several sources with non-planar geometries (i.e., curved dikes and caldera ring-faults). We employ various inversion techniques, both linear and nonlinear, as well as analytical and numerical methods, depending on the data availability and the complexity of the source(s). We will begin this section by defining and setting up a general "inverse problem". Then, we will discuss the mathematical formulations and numerical methods which can be used to relate deformation source parameters to measured surface displacements.

Defining the inverse problem

Inverse problem theory can be used to estimate the source parameters necessary to explain geodetically measured surface displacements. Solving an inverse problem consists of finding 𝑚 (the model parameters) from 𝑑 = 𝑔(𝑚), (2.11) where 𝑑 is the observations and 𝑔 is an operator which relates the physical model to the observation [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF]. Equation 2.11 defines the forward problem. The forward problem can be used, for example, to calculate InSAR surface displacements 𝑑 given the appropriate operator 𝑔 determined by linear elasticity, as well as the location and geometry of the deformation source, described by 𝑚. The approach used to solve for 𝑚 in Equation 2.11 depends on whether the inverse problem is linear or nonlinear.

Linear inverse theory

If the operator 𝑔 is linear, then Equation 2.11 can be rewritten as the following 𝑑 = 𝐺𝑚, (2.12) where 𝑑 is the data vector, 𝑚 is the model parameter vector, and 𝐺 is a matrix defining the mathematical relationship between the model parameters and the data. When modelling surface deformation with InSAR, we often have more InSAR observations than model parameters, resulting in an overdetermined system of equations. In other words, our linear system of equations, expressed by Equation 2.12, has more equations than unknowns, and hence has no single solution that satisfies all of the observations. To solve an overdetermined linear system of equations, the least squares criterion can be applied [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF]. Under the assumption that the priors are Gaussian, we minimize the L2 norm between the predicted observables 𝑑 𝑝𝑟𝑒𝑑 and the measured observables 𝑑 𝑜𝑏𝑠 , which can be expressed as the misfit function: .13) where 𝐶 𝑑 is the data covariance matrix (See Section 2.2.1.3.2), 𝐶 𝑚 is the model covariance matrix (See Section 2.2.2.5.1), and 𝑚 0 represents the a priori model parameters. The solution that minimizes 𝑆(𝑚) can be computed by .14) In a broader sense, since the posterior uncertainties to the solution of a linear inverse problem are Gaussian, we can consider 𝑚 𝑒𝑠𝑡 to be the center, or mean, of the posterior probability density function 𝜎 𝑀 [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF]. Minimizing 𝑆(𝑚) is the same as maximizing 𝜎 𝑀 (or finding the maximum posterior likelihood).

𝑆(𝑚) = 1 2 [︁ (𝑑 𝑝𝑟𝑒𝑑 -𝑑 𝑜𝑏𝑠 ) 𝑇 𝐶 -1 𝑑 (𝑑 𝑝𝑟𝑒𝑑 -𝑑 𝑜𝑏𝑠 ) + (𝑚 -𝑚 0 ) 𝑇 𝐶 -1 𝑚 (𝑚 -𝑚 0 ) ]︁ , ( 2 
𝑚 𝑒𝑠𝑡 = 𝑚 0 + 𝐶 𝑚 𝐺 𝑇 (𝐺𝐶 𝑚 𝐺 𝑇 + 𝐶 𝑑 ) -1 (𝑑 𝑜𝑏𝑠 -𝐺𝑚 0 ). ( 2 

Nonlinear inverse theory

In many cases, the operator 𝑔 is nonlinear, or 𝑔 is linear but the priors are non-Gaussian. In both cases, the posterior probability density function will not be Gaussian. To solve a weakly nonlinear inverse problem, it is possible to linearize the operator around some determined prior model 𝑚 0 (See Figure 2-11c). Solving this linearized problem becomes the same as solving the linear problem [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF].

When the problem cannot be linearized, but is quasilinear near 𝑚 (e.g. Figure 2-11d), iterative "steepest descent algorithms" can be used to estimate 𝑚. One such approach is the Quasi-Newton method [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF], which is implemented in this dissertation using the code of [START_REF] Briole | Inversion of geodetic data and seismicity associated with the friuli earthquake sequence (1976-1977)[END_REF]. Each model parameter is given an a priori value, around which the algorithm can explore according to the provided "step" value. A larger step value results in the algorithm searching farther away from the a priori value, exploring a larger parameter space, but increasing the chance that the final 𝑚 estimated will represent a local, not global, minima. The case when the forward problem is linear, and the posterior probability density 𝜎 𝑀 (𝑚) is Gaussian. c. The forward problem is weakly nonlinear, and can be linearized around 𝑚 0 . d. The forward problem can be linearized around the maximum likelihood point, which can be estimated by iterative methods. e. The forward problem cannot be linearized, and other techniques, such as Monte Carlo approaches, are necessary. f. The nonlinearities of the forward problem are so strong that more sophisticated techniques are necessary. Adapted from [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF].

When inverse problems become highly nonlinear (many local maxima in the posterior probability density), Monte Carlo methods have to be implemented (See Figure 2-11e). Monte Carlo methods are extensive explorations of the model parameter space. They are optimized to sample a multi-dimensional probability density function in a (pseudo)random, yet efficient, manner [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF]. The optimization algorithms are called sampling methods (e.g., Gibbs Sampler, Metropolis Algorithm). The goal of the optimization is to densely sample areas of significant probability, which are small compared to the entire multi-dimensional parameter space [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF]. By performing random walks with probabilistic rules that reject or accept the direction of the next step, these algorithms efficiently sample the distributions of interest [START_REF] Tarantola | Inverse problem theory and methods for data fitting and model parameter estimation[END_REF]. The specific Monte Carlo method that has been utilised in this dissertation-the neighborhood algorithm [Sambridge, 1999a,b]-will be discussed further in Chapter 4.

Data preparation

As discussed previously, two of the main inputs of the inverse problem are the observation vector 𝑑 (in geodetic modelling, chosen via data downsampling) and the uncertainty of this data (incorporated via the data covariance matrix).

Data downsampling

InSAR displacement maps may include millions of data points. Appropriately downsampling the data, or choosing a subset of the data points, renders the inverse problem computationally feasible, while ensuring a representative data subset. The downsampled data should retain the spatial structure of displacement field (even in areas where the displacement gradient is high) and the full range of displacement values. To achieve this, data should be sampled finely in areas of high displacement or high displacement gradient (i.e., the near-field), and coarsely sampled in regions with low displacement (i.e., the far-field). Even measurements in the far-field, where there is no displacement, are necessary to determine the spatial extent of the deformation signal. In addition, the projection of 3-D surface displacements into a radar's line-of-sight (LOS) may result in null LOS displacement in the near-field, information that must be included to estimate the correct model parameters [Grandin, 2009, Smittarello et al., 2019].

Given these requirements, we can explore various downsampling schemes to establish the most suited for our problem. The first is uniform downsampling, which averages neighboring pixels to obtain a regular grid with fewer data points than the original dataset (See Figure 2-12a). However, this method oversamples the far-field, which includes redundant information that would not improve model parameter estimates.

Another downsampling method is based on distance, with increasing increments farther away from the source (See Figure 2-12b). In other words, the data points are sampled finely, yet uniformly, near the deformation source, and more coarsely farther away. Other methods ("quadtree") include subdividing quadrants of data until the variance (or displacement gradient) within each quadrant is below an (often arbitrarily-chosen) threshold [Jónsson et al., 2002]. However, this technique may undersample regions that have low LOS deformation in the near field, due to the projection of the displacement vector into the LOS, as mentioned above. Additional methods consider the generalized inverse problem itself-so-called "resolution-based" downsampling. Data points are chosen if the diagonal of the model resolution matrix (𝐺𝐺 -𝑔 , 𝐺 -𝑔 = (𝐺𝐺 𝑇 ) -1 𝐺 𝑇 ) is greater than a chosen threshold [START_REF] Lohman | Some thoughts on the use of InSAR data to constrain models of surface deformation: Noise structure and data downsampling[END_REF]. The data values themselves do not influence the downsampling, which may be useful when the data is noisy. However, there must be a priori knowledge on the deformation source, which may be complicated when the data is incoherent, or the displacement field is complex. In practice, since the model resolution depends strongly on distance, a "resolution-based" downsampling will be similar to the distance-based approach. 

Data covariance matrix

As mentioned in Section 2.1.1.3, atmospheric and ionospheric phase delays in the data cannot be fully removed from an interferogram. Nonetheless, the structure of this "noise" can be incorporated in the inversion with the data covariance matrix 𝐶 𝑑 , which weights the data according to the strength and distance of spatially correlated noise sources. Throughout this dissertation, we account for spatially correlated noise using a data covariance matrix populated with an empirically calculated semivariogram [START_REF] Chilés | Geostatistics-Modelling spatial uncertainties[END_REF]. A semivariogram is computed by taking the squared difference of a random subset of data points in non-deforming areas. Phase changes in these regions are thought to be only affected by noise, and noise structure is assumed to be similar in non-deforming and deforming areas [Lohman andSimons, 2005, Sudhaus and[START_REF] Jónsson | Stress interaction between magma accumulation and trapdoor faulting on Sierra Negra volcano, Galápagos[END_REF]. This value is then plotted against the distance between the two points [START_REF] Lohman | Some thoughts on the use of InSAR data to constrain models of surface deformation: Noise structure and data downsampling[END_REF], Fukushima et al., 2005, Sudhaus and Jónsson, 2009] (See Figure 2 -13). The semivariogram is fit by an exponential decay of the form (𝐶 -

𝜎 2 𝑑 • exp -||𝑘 1 ,𝑘 2 ||

𝑎

), where ||𝑘 1 , 𝑘 2 || is the Euclidean distance between two subsampled pixels 𝑘 1 = (𝑥 1 , 𝑦 1 ) and 𝑘 2 = (𝑥 2 , 𝑦 2 ), 𝜎 𝑑 is the variance, 𝑎 is the correlation distance, and 𝐶 is the horizontal asymptote. Estimating an empirical semiriogram means that no assumptions have to be made a priori about the error origin (atmosphere, ionosphere, but also post-processing steps like filtering) [START_REF] Lohman | Some thoughts on the use of InSAR data to constrain models of surface deformation: Noise structure and data downsampling[END_REF]. The data covariance matrix can then be populated for each pair of pixels in the interferogram through the following

𝐶 𝑑 (𝑘 1 , 𝑘 2 ) = 𝜎 2 𝑑 • exp(- ||𝑘 1 , 𝑘 2 || 𝑎 ).
(2.15) [START_REF] Fukushima | Finding realistic dike models from interferometric synthetic aperture radar data: The February 2000 eruption at Piton de la Fournaise[END_REF]. This function makes 𝐶 𝑑 positive-definite, hence always invertible [START_REF] Armstrong | Variogram models must be positive-definite[END_REF].

Once the data and data covariance matrix have been prepared, they define the 𝑑 vector and 𝐶 𝑑 matrix. In order to set up the system of linear equations in Equation 2.12, we must still choose the appropriate matrix 𝐺.

Choosing the appropriate analytical model

By choosing 𝐺, we are defining the appropriate mathematical operator that relates the model parameters to the surface observations. As mentioned previously, analytical formulations [Mogi, 1958, Okada, 1985[START_REF] Mctigue | Elastic stress and deformation near a finite spherical magma body: Resolution of the point source paradox[END_REF] have been derived to model volcanic deformation sources. Mode I fractures represent opening (or closing) dikes or sills, while ellipsoids or spheres represent magmatic reservoirs undergoing pressure changes. The type of analytical solution used needs to be chosen a priori, based on the spatial pattern of surface deformation and a conceptual understanding of the particular volcanic system. If the source geometry (shape, location, size, orientation) is also fixed a priori, we can use the linear least squares criterion to estimate volume or pressure changes. However, these analytical solutions have nonlinear relationships between source depth and surface displacements. Therefore, nonlinear inversion techniques must be implemented to solve for the source geometries. 

Common analytical volcanic sources

Two of the most widely used deformation sources used to model volcanic deformation are the Mogi (spherical pressurized cavity, represents a reservoir) and Okada (rectangular dislocation, represents a dike or sill) models. The simplest (i.e., requires the least amount of parameters) volcanic deformation source is the Mogi model, or a spherical source embedded in an homogeneous elastic half-space [Mogi, 1958].

The surface displacements (which are axisymmetric around the source's center) at a point (𝑢, 𝑣, 𝑤) can be calculated according to the relationship (2.16) such that (𝑥, 𝑦, -𝑑) is the cavity location, 𝛼 is the radius, 𝐺 is the elastic modulus, 𝜈 is Poisson's ratio, and 𝑅 = √ 𝑥 2 + 𝑦 2 + 𝑑 2 or the radial distance from the source to the surface (See Figure 2-15a). Surface displacements for a Mogi source depend only on its location, the cavity radius 𝛼, the pressure change Δ𝑃 of the source, as well as properties of the host rock. The depth -𝑑 must be much greater than the radius 𝛼 for the point source approximation to be valid.

⎛ ⎜ ⎝ 𝑢 𝑣 𝑤 ⎞ ⎟ ⎠ = 𝛼 3 Δ𝑃 (1 -𝜈) 𝐺 ⎛ ⎜ ⎝ 𝑥 𝑅 3 𝑦 𝑅 3 𝑑 𝑅 3 ⎞ ⎟ ⎠ ,
Difficulties arise when attempting to estimate Δ𝑃 in Equation 2.16. The cavity size and Δ𝑃 are coupled, such that a large cavity with a small pressure change may produce the same surface displacements as a small cavity with a large pressure change. In addition, the elastic modulus of the host rock tends to be poorly constrained, resulting in uncertainties on Δ𝑃 that may reach an order of magnitude [Lisowski, 2006]. On the other hand, the source volume change Δ𝑉 can be robustly estimated given the surface displacement measurements. Δ𝑉 is proportional to the surface volume change Δ𝑉 𝑠 = 2(1-𝜈)Δ𝑉 = 1.5Δ𝑉 when 𝜈 = 0.25 [START_REF] Delaney | Volume of magma accumulation or withdrawal estimated from surface uplift or subsidence, with application to the 1960 collapse of Kīlauea volcano[END_REF]. The factor of 1.5 comes from the presence of the free surface, which induces dilatation above the cavity [Lisowski, 2006]. To bypass the aforementioned difficulties, Δ𝑃 can be related to Δ𝑉 of a point source by the relationship Δ𝑉 ≃ Δ𝑃 𝐺 𝜋𝛼 3 [McTigue, 1987]. Equation 2.16 is therefore often expressed as a function of Δ𝑉 𝜋 instead of

𝛼 3 Δ𝑃 𝐺 .
A second commonly used model, developed by Okada [1985], is a rectangular tensile dislocation with uniform opening embedded in a homogeneous elastic half-space. Its geometrical parameters are shown in Figure 2-15b. The full analytical expressions can be found in Okada [1985]. A shearing Okada rectangular dislocation is commonly used to describe earthquake deformation (i.e., slip on a fault). Tensile dislocations can also approximate, in the far-field, a fluid-filled elliptical crack, as described by [START_REF] Pollard | On the mechanical interaction between a fluid-filled fracture and the earth's surface[END_REF] in 2-D [START_REF] Davis | Surface deformation associated with a dipping hydrofracture[END_REF]. Vertical displacements are symmetric when the plane has a dip of 0 ∘ and 90 ∘ (analogously, horizontal displacements are antisymmetric when the plane has a dip of 0 ∘ and 90 ∘ ) (See Figure 2 -14). Subsidence is observed directly above an opening verticallydipping tensile dislocation due to the dislocation's finite length. Outside of this region of extension, the surrounding host rock is under compression. This compression results in the following relationship between the surface volume change and dike volume change

Δ𝑉 𝑠 = 3 4 Δ𝑉, (2.17) 
if 𝜈 = 0.25 [Lisowski, 2006]. Other analytical solutions that represent volcanic cavities allow for finite and/or nonspherical sources, whose surface displacement depends on the axis ratios. These include the model of [START_REF] Mctigue | Elastic stress and deformation near a finite spherical magma body: Resolution of the point source paradox[END_REF], who derived the approximate analytical solution for surface displacements due to a pressurized finite spherical source, and of [START_REF] Davis | Surface deformation due to inflation of an arbitrarily oriented triaxial ellipsoidal cavity in an elastic half-space, with reference to Kīlauea volcano, Hawaii[END_REF], who found the point source approximation of an ellipsoid. There are also analytical solutions for prolate spheroids and horizontally-dipping cracks [START_REF] Yang | Deformation from inflation of a dipping finite prolate spheroid in an elastic half-space as a model for volcanic stressing[END_REF][START_REF] Fialko | Deformation due to a pressurized horizontal circular crack in an elastic half-space, with applications to volcano geodesy[END_REF]. While these models are useful, they also have limitations. For example, the analytical solution for the prolate spheroid of [START_REF] Yang | Deformation from inflation of a dipping finite prolate spheroid in an elastic half-space as a model for volcanic stressing[END_REF] is only valid as long as the source's depth remains greater than the upper surface's radius of curvature. This inaccuracy arises due to the addition of image solutions to obtain the analytical formulation in a half-space, modifying the pressure boundary conditions on the spheroid's surface [START_REF] Yang | Deformation from inflation of a dipping finite prolate spheroid in an elastic half-space as a model for volcanic stressing[END_REF].

A comparison of surface displacements produced by different cavity geometries can be found in Figure 2-16. Horizontal displacements vary depending on the cavity geometry, with prolate ellipsoids ("pill-shaped" stock in Figure 2-16) producing the most horizontal motion. However, if the source depth is scaled accordingly, the vertical displacements between different cavities are similar. InSAR measurements are more sensitive to vertical than horizontal displacements. As a result, a single interferogram may not adequately capture the horizontal displacements, making discrimination between the various cavity geometries difficult. A combination of multiple acquisition geometries with azimuth displacements can produce a 3-D displacement map, which may help to resolve a cavity's geometry (integrating 3-D GPS measurements would also be invaluable, if such measurements are available).

Figure 2-16: Ground displacements of inflating cavities. Profiles of vertical and horizontal surface displacements for a sphere (A), a circular sill (D), a "pill-shaped" stock (F), and a point source computed with the finite element method, normalized to the maximum vertical displacement. Note the horizontal scale (radial distance) is normalized according to the source depth. Adapted from [START_REF] Segall | Earthquake and Volcano Deformation[END_REF], [START_REF] Dieterich | Finite element modeling of surface deformation associated with volcanism[END_REF].

Compound Dislocation Model

As shown in Figure 2-16, the type of volcanic source chosen to explain InSAR observations affects the estimated model parameters (depth, pressure/volume change). With this in mind, a universal analytical model, which could represent both fractures and all cavity geometries, would alleviate the need to accurately choose a single type of model a priori. Such a universal model can be mathematically described by three orthogonal rectangular dislocations (Compound Dislocation Model, CDM developed by [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF]). A CDM's geometry can be fully explained by 10 parameters-three location parameters (x, y, z), three rotational parameters (𝜔 𝑋 , 𝜔 𝑌 , 𝜔 𝑍 ), three shape parameters (semi-axis lengths 𝑎, 𝑏, 𝑐), and the uniform opening of each dislocation (𝑢) (See Figure 2 -17). The surface deformation induced by each of these 3 individual rectangular dislocations is calculated from an improved version of Okada's equations, to account for the fact that the upper edge of the dislocations is not necessarily parallel to the surface [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF]. 

Moment tensors equivalencies

In order to quantitatively demonstrate the equivalence of the CDM to the analytical models mentioned above, their respective moment tensors can be compared. Moment tensors are widely used in seismology because they can provide information regarding source strengths and fault orientations and can be determined from long-wavelength teleseismic data [START_REF] Aki | Quantitative Seismology[END_REF]. The moment tensor's eigenvalues determine the principal axes of the source [START_REF] Jost | A Student's Guide to and Review of Moment Tensors[END_REF]. Seismic sources (shear dislocations) can be described with purely double-couple moment tensors that have a zero trace (sum of the eigenvalues) [START_REF] Jost | A Student's Guide to and Review of Moment Tensors[END_REF]. If the trace is non-zero, then the moment tensor contains an isotropic component, which provides information of the source's volume change.

In volcano geodesy, moment tensors can also be convenient to quantitatively compare deformation from sources with various geometries [Amoruso andCrescentini, 2009, Nikkhoo et al., 2017]. All point ellipsoidal cavities can be represented as a combination of orthogonal dipoles with varying strengths, and thus have corresponding moment tensors. The CDM is composed of three orthogonal tensile cracks, each of which produces far-field deformation that can be represented using a moment tensor of three orthogonal dipoles (i.e., force pairs that have equal magnitudes but opposite signs). The specific moment tensor representation for a single tensile crack in the XY plane is

𝑀 = 𝑀 𝐴 ⎡ ⎢ ⎣ 𝜆 0 0 0 𝜆 0 0 0 (𝜆 + 2𝜇) ⎤ ⎥ ⎦ ,
where 𝑀 𝐴 is the dislocation potency (𝑀 𝐴 = 4𝑏𝑐(𝑢)), while 𝜆 and 𝜇 are the Lamé coefficients, which define the elastic properties of the medium (𝜆 = 𝜇 if 𝜈 = 0.25). It follows that the moment tensor representation of the CDM is thus

𝑀 𝐶𝐷𝑀 = 4𝑎𝑏(𝑢) ⎡ ⎢ ⎣ (𝜆 + 2𝜇) 0 0 0 𝜆 0 0 0 𝜆 ⎤ ⎥ ⎦ + 4𝑎𝑐(𝑢) ⎡ ⎢ ⎣ 𝜆 0 0 0 (𝜆 + 2𝜇) 0 0 0 𝜆 ⎤ ⎥ ⎦ + 4𝑏𝑐(𝑢) ⎡ ⎢ ⎣ 𝜆 0 0 0 𝜆 0 0 0 (𝜆 + 2𝜇) ⎤ ⎥ ⎦ .
The total potency, Δ𝑉 𝑝 , of the CDM, for example, can thus be calculated from its moment tensor, such that

Δ𝑉 𝑝 = 𝑀 𝐶𝐷𝑀 𝑘𝑘 3𝐾 , ( 2.18) 
where 𝑀 𝐶𝐷𝑀 𝑘𝑘 is the trace of 𝑀 𝐶𝐷𝑀 , and 𝐾 = 𝜆 + 2 3 𝜇 [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF]. To compare the potency and volume change of a point ellipsoid to its corresponding CDM, the following relationship can be used .19) where 𝑝 is the uniform pressure in the cavity, 𝑉 is the cavity volume, and Δ𝑉 is the actual volume change [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF].

Δ𝑉 𝑝 = Δ𝑉 + 𝑝𝑉 𝐾 , ( 2 
The far-field surface displacements of the CDM can be compared directly to previously analytical formulations of spheroids or ellipsoids based on the relationship between their moment tensors, as shown in Figure 2-18. The CDM spans a wider range of moment tensors than the analytical solutions (which include spheres, spheroids, and ellipsoids). In other words, not all combinations of three mutually orthogonal opening dislocations can be associated with an inflating ellipsoidal cavity. We note that the full range of universal moment tensors include those that have one axis expanding while another is contracting. For example, the compensated linear vector dipole (CLVD) component of a moment tensor has two orthogonal dipoles with the same magnitude and polarity. The third dipole has the opposity polarity and is twice as large, so that the total volume change is zero [START_REF] Julian | Non-double-couple earthquakes. 1. Theory[END_REF], Shuler et al., 2013]. These types of sources are not addressed by [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF] in their description of the CDM.

While the CDM is useful when the type of cavity cannot be determined a priori, one should consider the fact that the axis ratios cannot always be well resolved, as discussed in [START_REF] Amoruso | Shape and volume change of pressurized ellipsoidal cavities from deformation and seismic data[END_REF]. As discussed above, the strain of the host rock due to a pressurizing ellipsoid (or CDM) can be described, in the far field, by an appropriate moment tensor. If the source's axes are aligned with the coordinate axes, the eigenvalues of the moment tensor are proportional to the source volume multiplied by the pressure change [START_REF] Amoruso | Shape and volume change of pressurized ellipsoidal cavities from deformation and seismic data[END_REF]. However, small variations in eigenvalues ratios can result in large differences in the semi-axis ratios (See Figure 2 -19). This means that, while the volume change can be well constrained from an inversion of far-field deformation, the axis ratios cannot always be easily inverted-for example, if the 𝑐 𝑏 ratio is small (< 0.4) (i.e., cavities with very different shapes can produce similar surface displacements, see Figure 2345678910111213141516) [START_REF] Amoruso | Shape and volume change of pressurized ellipsoidal cavities from deformation and seismic data[END_REF]. While the CDM is useful for first-order interpretations of source shapes, it is still important to consider additional available geophysical or geological information that constrain the volcanic reservoir's shape when modelling the magmatic plumbing system. The analytical formulations for various volcanic deformation sources, including the CDM, Mogi and Yang, have, over the course of this PhD, been implemented in the Classic Slip Inversion software [START_REF] Jolivet | Aseismic slip and seismogenic coupling along the central San Andreas Fault[END_REF]. This implementation has expanded the software to allow for deformation modelling of volcanic activity. A manual for this version of the software is included in Appendix A, and the updated software will soon be available on github. 

System compressibility

The analytical models summarized above are often used to estimate magma volume changes within a volcanic system. Volcanic eruptions must be fed by a source at depth, which depressurizes as magma is withdrawn. However, not all eruptions are accompanied by subsidence [Rivalta and Segall, 2008]. One explanation could be that the reservoir is located deep within the crust, and no geodetically measurable deformation is produced when the reservoir drains. In other cases, there is a volume change imbalance between the source and the eruption due to the compressibility of the system (the volume of erupted material may be an order of magnitude greater than that of the source even though mass balance is satisfied [Rivalta and Segall, 2008]). The compressibility of the system is comprised of the chamber compressibility, defined as 𝛽 𝑐 = 1 𝑉 𝑑𝑉 𝑑𝑃 where 𝑉 is the cavity volume and 𝑃 is the internal pressure, and magma compressibility, defined as 𝛽 𝑚 = 1 𝜌𝑚 𝑑𝜌𝑚 𝑑𝑃 where 𝜌 𝑚 is the magma density [Rivalta and Segall, 2008]. The chamber compressibility changes with chamber geometry-sills, for example, are more compliant than spherical sources [Rivalta andSegall, 2008, Anderson andSegall, 2011]. The volume change ratio between the erupted volume (Δ𝑉 𝑠 ) and the source (Δ𝑉 𝑐 ), Δ𝑉𝑠 Δ𝑉𝑐 = 𝑟 𝑣 = 1 + 𝛽𝑚 𝛽𝑐 , is only equal to 1 if the magma is incompressible, 𝛽 𝑚 → 0, or the host medium is compliant, 𝛽 𝑐 ≫ 𝛽 𝑚 . This is not likely the case in reality, and it is therefore important to consider the influence of magma compressibility when estimating volume changes with geodetic models.

Other modelling schemes

While the analytical solutions discussed above are able to model volcanic deformation to the first order, sometimes deformation sources-especially dikes and faults-have complex geometries that cannot be represented by uniform opening on a single plane. There are two general ways to address this issue:

1. "Distributed opening" models. Adjacent rectangular dislocations with uniform opening (or closing) represent a source with varying opening (or closing) along strike and dip.

In this dissertation, the geometry of the adjacent elements is determined a priori.

2. Numerical methods, such as Boundary or Finite Elements. In this dissertation, the Boundary Element method is applied in conjuction with a Monte Carlo inversion scheme to estimate complex source geometries. 

Distributed opening models

Distributed opening models take advantage of the analytical solutions for rectangular dislocations discussed previously. In reality, however, dike/sill opening (or closing) may vary along strike or dip, and a uniform rectangle dislocation can only roughly approximate this complex opening distribution. An alternative method is to create a more complex source opening (or closing) distribution by placing rectangular dislocations (elements) side-by-side, and imposing a certain amount of opening or closing on each dislocation (See Figure 2 -20).

In reality, the pressure within a hydraulic crack is constant (disregarding vertical lithostatic gradients), and thus the opening is not expected to change drastically over short distances.

To create a smooth opening distribution, a constraint on spatial smoothing can be introduced using two approaches-Tikhonov regularization [e.g., [START_REF] Segall | Slip deficit on the San Andreas fault at Parkfield, California, as revealed by inversion of geodetic data[END_REF] or, as used in this dissertation, with a model covariance matrix. Introducing a model covariance matrix controls the strength and distance of correlation between the opening of nearby elements [START_REF] Radiguet | Spatial and temporal evolution of a long term slow slip event: The 2006 Guerrero Slow Slip Event[END_REF]. We fix the location, orientation, size of the elements, and the smoothing constraint, and solve for the distributed opening using the least squares criterion.

The model covariance matrix 𝐶 𝑚 , discussed in Section 2.2.1.1, is constructed such that (2.20) where ||𝑖, 𝑗|| is the Euclidean distance between elements 𝑖 and 𝑗, 𝜆 is the correlation length, 𝜎 𝑚 is the a priori model parameter standard deviations, and 𝜆 0 is a scaling factor [START_REF] Radiguet | Spatial and temporal evolution of a long term slow slip event: The 2006 Guerrero Slow Slip Event[END_REF]. After fixing 𝜎 𝑚 and 𝜆 0 , we empirically estimate 𝜆 through an "L-curve" analysis [Jónsson et al., 2002]. As shown in Figure 2-21, the knee of this curve represents a compromise between a smooth model and a model with a low misfit. One of the weaknesses of distributed opening models is the arbitrary nature of the smoothing constraints, as well as the tradeoff between the number of parameters (number of elements) and the model fit to the data. For example, if our model has many small elements and a rough opening distribution, we would be able to explain complex surface displacements. However, the resulting opening distribution may be physically unrealistic. A more realistic modelling technique is based on a constant pressure across a single fracture, and using analytical solutions for linear elasticity to calculate the normal and parallel tractions (opening and shear) based on the orientation of the element. The opening distribution of the source would therefore be determined uniquely for a given source geometry and imposed pressure, with no required smoothing [START_REF] Fukushima | Finding realistic dike models from interferometric synthetic aperture radar data: The February 2000 eruption at Piton de la Fournaise[END_REF]. This approach is possible using Boundary Element numerical methods.

𝐶 𝑚 (𝑖, 𝑗) = 𝜎 𝑚 (︃ 𝜆 0 𝜆 )︃ 2 𝑒 -||𝑖,𝑗|| 𝜆 ,

Boundary Element method

Using a numerical method called the Boundary Element method (BEM) allows for more realistic source geometries and boundary conditions [Crouch, 1976]. In particular, instead of imposing uniform or distributed opening on a plane, pressure is imposed on a fracture with an arbitrary geometry. The volume change of a cavity can also be computed, regardless of the axes ratio.

Throughout this dissertation, we run initial geodetic nonlinear inversions based on analytical models to gain an understanding of what type of source is active (See Sections 3,4,5.1.1,and 5.3.1). Then, we model complex source geometries using the 3D Mixed Boundary Element (BE) method numerical approach developed by Cayol andCornet [1997, 1998]. 3-D BE methods are used to uniquely solve partial differential equations explaining the physics of region 𝑅 given constraints on the, often complex, boundary conditions. A 3-D boundary is divided into 𝑁 elements with simple geometries (e.g., triangles) for which an analytical solution to the partial differential equations exists. If the partial differential equations are linear, the imposed boundary conditions are obtained by summing the appropriate strengths of each analytical solution of the 𝑁 boundary elements. In the case of deformation modelling, the 3-D boundaries may represent pressurized dikes or cavities, shearing faults, and traction-free topography. A mesh of triangular elements with adjoining sides can effectively represent any source geometry, as well as the free surface (i.e., the topography). The solution is the displacement across the fractures or at the free surface, or at the boundary of the cavity.

More formally, the 3D Mixed Boundary Element (BE) method numerical approach of Cayol andCornet [1997, 1998] combines two BE methods-the displacement discontinuity method and the direct method. The former is numerically stable for fractures, while the latter is more exact and computationally efficient for massive boundaries (such as topographies and pressurized cavities).

In the displacement discontinuity approach, a fracture boundary is first discretized into 𝑁 elements. We can then solve the system of equations 𝐴𝐵 = 𝑃 . In this sytem, 𝑃 is the vector of 3𝑁 imposed traction conditions and 𝐴 is the matrix of influence coefficients relating a unit displacement across element 𝑗 to the stress on the centroid of element 𝑖 according to linear elasticity. The unknown, 𝐵, is the vector of 3𝑁 amplitudes of displacements 𝐷 𝑗 across an element (𝐷 𝑗 = 𝑢 + 𝑗 -𝑢 - 𝑗 , 𝑗 = (𝑥, 𝑦, 𝑧), where 𝑢 + 𝑗 and 𝑢 - 𝑗 are the displacement on the positive and negative sides of 𝑗). By solving the system of 3𝑁 linear equations with 3𝑁 unknowns, we can find the unique solution 𝐵 (i.e., the distribution of slip or opening that satisfies the imposed stress 𝑃 , given 𝐴). Once the displacements 𝐷 𝑗 across the planar element are known, stresses and displacements anywhere else in the finite elastic body can be calculated [Crouch andStarfield, 1983, Crouch, 1976].

The direct method, according to its name, solves directly for the unknown displacements and stresses on the boundary [Lachat and Watson, 1976]. The reciprocal theorem of Sokol-nikoff [1956] considers reciprocity of work between the unknown boundary conditions of the current problem and the boundary conditions of a problem with a known analytical solution (i.e., a point load in an infinite body). Similar to above, a system of equations 𝐻𝑈 = 𝐹 can be solved for 𝑈 , the vector of 3𝑁 unknown displacements on the boundary Γ of a finite elastic body Ω [Cayol and Cornet, 1997]. The matrix 𝐻 is composed of the influence coefficients, computed by evaluating the boundary integral of stresses and displacements produced on element 𝑗 due to a unit load on element 𝑖 in an infinite medium. The known vector 𝐹 has a size 3𝑁 , including the prescribed boundary tractions. When these two approaches are implemented together, as in Cayol andCornet [1997, 1998], the 3-D Mixed BE method can compute surface displacements due to a variety of volcanic sources. These sources encompass geometries equivalent to the analytical formulations mentioned above, but also allow for more complex geometries, while making it possible to model the mutual influence between the reservoirs and cracks, as well as topographic effects.

Non-negativity constraint

The BEM solution takes into consideration the stress interaction between multiple sources. The analytical solutions of Section 2.2.2.1 do not consider these interactions. Stress interactions are particularly relevant in volcanic environments, when there may be multiple sourcesdikes, faults, and reservoirs-activated over a short period of time (i.e., a single eruption), and all of which contribute to the deformation source [START_REF] Pascal | On precisely modelling surface deformation due to interacting magma chambers and dykes[END_REF]. In some cases, however, the stress interaction between nearby sources may induce geologically unrealistic behavior of the structure, such as fracture interpenetration (i.e., closing on a fault). In order to prevent interpenetration, a non-negativity constraint must be imposed on the system of linear equations that solves for the displacement across the fracture, hence making the inverse problem nonlinear (See Section 2.2.1.2). [START_REF] Cayol | Sheared sheet intrusions as mechanism for lateral flank displacement on basaltic volcanoes: Applications to Réunion Island volcanoes[END_REF] uses the method of Lagrangian multipliers to impose these non-negativity constraints.

To implement this method, the system of equations for the Mixed BE of Cayol andCornet [1997, 1998] can be expressed as 𝐴𝑋 = 𝑅, where 𝐴 is the influence coefficient matrix for displacements of 𝑁 𝐿 reservoir elements and displacement discontinuities of 𝑁 𝐹 fracture elements [START_REF] Cayol | Sheared sheet intrusions as mechanism for lateral flank displacement on basaltic volcanoes: Applications to Réunion Island volcanoes[END_REF]. The unknown vector 𝑋 is composed of both the displacements and displacement discontinuities, and 𝑅 is the vector of imposed boundary tractions [START_REF] Cayol | Sheared sheet intrusions as mechanism for lateral flank displacement on basaltic volcanoes: Applications to Réunion Island volcanoes[END_REF].

The aforementioned expression can be rewritten as the symmetric system 𝐴 𝑇 𝐴𝑋 = 𝐴 𝑇 𝑅. This sytem's solution is found by the minimization of

𝐽(𝑋) = 1 2 𝑋 𝑇 𝐴 𝑇 𝐴𝑋 -𝑅 𝑇 𝐴𝑋 (2.21)
under the constraints 𝑁 𝑋 ≤ 0, where the matrix 𝑁 has 𝑁 𝐹 rows and 𝑁 = 𝑁 𝐹 + 𝑁 𝐿 columns. Equation 2.21 is minimized with the augmented Lagrangian method [START_REF] Fortin | Augmented Lagrangian Methods: Applications to the Numerical Solution of Boundary-Value Problems[END_REF], as described in [START_REF] Cayol | Sheared sheet intrusions as mechanism for lateral flank displacement on basaltic volcanoes: Applications to Réunion Island volcanoes[END_REF].

Complementary remote sensing methods

SAR geodesy and geodetic modelling allows for studying remote volcanic activity, and is the primary focus of this dissertation. Geodetic modelling provides estimates on the location, depth and organization of the subsurface volcanic system, as well as the volume of magma moving through this system. Nonetheless, such studies face limitations-for example, the temporal resolution (between 6 -12 days for systematic acquisitions) limits studying a magmatic system's dynamics. We will briefly discuss three additional methods that can be used to study remote volcanoes. These methods will be incorporated at some point throughout this dissertation to help interpret geodetic models. These methods include recording gas emissions, thermal anomalies, and seismicity.

Gas spectroscopy can be ground-based, airborne, or spaceborne. Of particular interest are satellite spectrometers, which can measure gas emissions from even the most remote volcanoes. Satellite spectrometers can measure the quantity of SO 2 emitted from a volcano using either ultraviolet (UV) or infrared (IR) sensors. UV sensors in operation include the Ozone Monitoring Instrument (OMI), the Ozone Mapping and Profiler Suite (OMPS), and the TROPospheric Ozone Monitoring Instrument (TROPOMI). These instruments are sensitive to SO 2 emitted down to the lower troposphere (< 2 km). This is in contrast with IR sensors, which are mainly sensitive to gas emissions in the higher troposphere or stratosphere (> 7 km). OMI provides daily global coverage with a 13 km×24 km resolution, and successfully tracked the mass of volcanic SO 2 emissions over the past decade [Carn et al., 2017]. The feasibility of OMPS to continue these SO 2 measurements for volcanic sources has been verified during moderate-sized eruptions [START_REF] Carn | Extending the long-term record of volcanic SO2 emissions with the Ozone Mapping and Profiler Suite nadir mapper[END_REF]. In addition, TROPOMI-launched by the European Space Agency in 2017-has a significantly improved spatial resolution of 5.5 km×3.5 km [START_REF] Theys | Sulfur dioxide retrievals from TROPOMI onboard Sentinel-5 Precursor: Algorithm theoretical basis[END_REF]. IR sensors, such as the Infrared Atmospheric Sounding Interferometer (IASI), can also provide estimates for SO 2 mass, as well as SO 2 column heights [Clarisse et al., 2014[START_REF] Clerbaux | Monitoring of atmospheric composition using the thermal infrared IASI/MetOp sounder[END_REF].

Satellite-based thermal anomaly detection can also be used to track volcanic eruptive activity. Algorithms to detect thermal emissions have been developed using data from the satellite-mounted MODerate Resolution Imaging Spectroradiometer sensor (MODIS) aboard NASA's Aqua and Terra satellites. This sensor operates in the middle and longwave infrared wavelengths, and has a repeat time of twice per day, making it especially useful to detect changes in thermal emissions during eruptions [Wright et al., 2004]. Two detection algorithms using MODIS images are MODVOLC and Middle InfraRed Observation of Volcanic Activity (MIROVA), developed specifically to report thermal anomalies at volcanoes worldwide [Wright et al., 2004, 2015, Coppola et al., 2016b]. In addition, moderate-to highresolution optical satellites such as LANDSAT [START_REF] Oppenheimer | Remote sensing of heat, lava and fumarole emissions from Erta 'Ale volcano, Ethiopia[END_REF][START_REF] Harris | Calculation of lava effusion rates from Landstat TM data[END_REF][START_REF] Gray | Evidence for a lava lake on Mt. Michael volcano, Saunders Island (South Sandwich Islands) from Landsat, Sentinel-2 and ASTER satellite imagery[END_REF] and Sentinel-2 are also being utilized to detect thermal anomalies through algorithms such as HOTSPOT [START_REF] Murphy | HOTMAP: Global hot target detection at moderate spatial resolution[END_REF]. Sensors onboard of meteorological geostationary statellites, such as SEVIRI (onboard Meteosat Second Generation) or AHI (onboard Himawari-8) allow for detecting thermal emissions and SO 2 emissions nearly continuously (< 20 min intervals), albeit at reduced spatial resolution and high detection thresholds [START_REF] Prata | Simultaneous retrieval of volcanic ash and SO2 using MSG-SEVIRI measurements[END_REF][START_REF] Bonaccorso | Dynamics of a lava fountain revealed by geophysical, geochemical and thermal satellite measurements: The case of the 10 April 2011 Mt. Etna eruption[END_REF][START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF].

Seismicity is also of particular interest for understanding the physical and dynamic processes occurring within volcanic systems. Seismicity is not considered "remote sensing" like the methods mentioned previously. However, teleseismic data can be used to study remote regions which may not have well established regional seismic networks. For example, analysis of global teleseismic data provided the first indications of volcanic activity near Mayotte [START_REF] Cesca | Drainage of a deep magma reservoir near Mayotte inferred from seismicity and deformation[END_REF]). Long-period seismicity, for example, relates directly to fluid migration and pressure changes within a magmatic system [START_REF] Chouet | Long-period volcano seismicity: Its source and use in eruption forecasting[END_REF]. Earthquakes with large non-double-couple components (i.e., vertical compensated linear vector dipoles) may also occur during volcanic unrest episodes, possibly due to physical mechanisms such as caldera ring-faulting [START_REF] Shuler | Physical mechanisms for vertical-CLVD earthquakes at active volcanoes[END_REF].

Chapter 3

Magmatic architecture and dynamics of a basaltic caldera rift-zone system in a compressive tectonic setting

This chapter is based on a multidisciplinary study published as "From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics", Scientific Report, 9, 18868 in 2019. The collaboration included researchers from Institut de Physique du Globe de Paris, Université de Paris (Raphaël Grandin, Francisco Delgado, Martin Vallée), Laboratoire d'Optique Atmosphérique, Université de Lille (Marie Boichu, Nicolas Henriot), Vanuatu Meteorology and Geohazards Department (Esline Garaebiti, Sandrine Cevuard, Dan Tari), Laboratoire Magmas et Volcans, Université Clermont Auvergne (Yves Moussallam), Laboratoire Littoral Environnement et Sociétés, Université de La Rochelle (Valérie Ballu), Géoazur, Université Nice Sophia Antipolis (Frédérique Leclerc), and Géoazur, Institut de recherche pour le développement, Nouméa (Pierre Lebellegard, Bernard Pelletier).

This study synthesizes various multidisciplinary datasets to conclude that Ambrym's 2018 unrest episode included a voluminous rift zone intrusion, magma withdrawal from various levels in the storage system, and a prolonged submarine eruption. The first author processed the geodetic data, as well as performed and interpreted the geodetic modelling. The coauthors contributed ultraviolet, infrared and optical satellite, seismic, petrological, GPS, coastal uplift, and bathymetric datasets. The geodetic models were essential for the main conclusion and discussion of this paper, and comprise the bulk of the quantitative results throughout this study. In addition to the geodetic modelling, the first author also wrote the article's initial draft. Subsequent drafts were also reworked by the first author, with contributions from R. Grandin, M. Boichu, and B. Pelletier. R. Grandin also coordinated the collaboration, including the visualization of the datasets. The results found in this article were covered in an article by National Geographic in 2020 (https://www.nationalgeographic.com/science/ 2020/01/lava-lakes-drained-catastrophically-scientists-caught-action/). The chapter begins with an introduction to diking events in various tectonic settings, followed by a summary of the factors that influence lateral dike propagation. We then proceed with the published article and Supplementary Information. 

Scientific context

Rift zone dike intrusions

The largest contemporary diking event on Earth occurred from September to October 2005 in the Manda Hararo-Dabbahu rift of the central portion of the Afar triple junction (Ethiopia). It was the first of 14 diking events, which constituted a larger rifting episode lasting from 2005 -2010 [START_REF] Wright | Magma-maintained rift segmentation at continental rupture in the 2005 Afar dyking episode[END_REF]. Approximately 1 -2 km 3 of magma intruded into the crust during the initial diking event [Grandin et al., 2009]. A similar rifting episode occurred at Krafla in Iceland from 1975 -1984, but the cumulative intruded magma volume from the 21 dikes was only only half of the Manda Hararo-Dabbahu event [START_REF] Tryggvason | Widening of the Krafla fissure swarm during the 1975-1981 volcano-tectonic episode[END_REF][START_REF] Wright | Geophysical constraints on the dynamics of spreading centres from rifting episodes on land[END_REF]. Both in Afar and Iceland, magma injection accommodates extensional tectonic stress at these divergent plate boundaries [Buck et al., 2006], yet the size of individual events is limited by magma availability at the time of diking [START_REF] Qin | Why meter-wide dikes at oceanic spreading centers?[END_REF]. However, rift zones are not found only at divergent plate boundaries. Table 3.1 lists examples of notable diking events that took place in rift zones in the past 50 years, including their geodynamic context, duration, and size. As noted in the table, rift zones are found in all tectonic settings [START_REF] Walker | Volcanic rift zones and their intrusion swarms[END_REF].

In some cases, these volcanic rift zones are mechanically coupled with a caldera, providing evidence for a central magma body, and forming a caldera-rift system. Caldera-rift volcanic systems form when magma migrates laterally in a preferred orientation, draining the central magmatic storage area [Sigmundsson, 2019]. At the surface, the preferred intrusion orientation builds out a rift zone, or a corridor of fractures and fissures that can extend anywhere from a few to tens of kilometers away from the central reservoir. As the reservoir drains, its depressurization may cause the rock above the roof to sag, or, in extreme cases, collapse under its own weight, causing the formation of surrounding caldera ring-faults (See Chapter 4).

Rift zone intrusions can travel laterally tens of kilometers away from an active volcanic center, and are therefore significant hazards for distal populations. Hazards associated with these events tend to take the form of lava flows, as opposed to explosive eruptions (unless magma and water/ice interaction occurs) [Németh andCronin, 2009, 2011]. For example, in 1977, a dike intrusion travelled more than 6 km along Piton de la Fournaise's (La Réunion) NE rift zone, feeding a lava flow that destroyed 21 houses and a church [Global Volcanism Program, 1977[START_REF] Kieffer | Une éruption inhabituelle (avril 1977) du Piton de la Fournaise (Ile de La Réunion): ses enseignements volcanologiques et structuraux[END_REF]. This event resulted in the creation of the Volcanological Observatory of Piton de La Fournaise. At Nyiragongo (Democratic Republic of Congo), a dike intrusion travelled 16 km away from the volcano's main crater along the Southern Rift zone in 2002, destroying the homes of 120,000 people and claiming 70 -100 victims [Komorowski et al., 2002[Komorowski et al., /2003]].

Forecasting the timing and location of these events remains a challenge. The duration and magnitude of the 2018 Kīlauea rift zone eruption, which damaged more than 700 structures, were not well constrained at the eruption onset [START_REF] Neal | The 2018 rift eruption and summit collapse of Kīlauea Volcano[END_REF]Anderson, 2020]. Table 3.1 emphasizes how widely the duration and size of diking events vary between volcanic systems.

In order to improve forecasting of caldera-rift zone unrest episodes, a few overarching questions should be kept in mind:

1. When is magma transported laterally as opposed to vertically? 2. How far will magma travel laterally from a volcanic center, and how is this propagation influenced by changes within the magma reservoir?

3. Where and how is magma stored within the crust, and is there a continuous magma supply available?

The objective of the study presented in this chapter is to better understand the interplay between tectonics and magmatism at Ambrym volcano, which hosts two well-defined rift zones and a broad caldera. Using observations of a rift zone intrusion and widespread caldera subsidence that occurred in December 2018 (see Figure 3-1), we develop a conceptual model for the persistence of Ambrym's rift zones and the development of its caldera. Table 3.1: Major rift zone diking events. A summary of major diking events associated with rift zones over the past 50 years. Expanded from Table 1 in Gudmundsson et al. [2016]. Red cells with question marks indicate that the data was not available. Data for Bárðarbunga from [START_REF] Sigmundsson | Segmented lateral dyke growth in a rifting event at Bárðarbunga volcanic system, Iceland[END_REF], Gudmundsson et al. [2016], for Fernandina from [START_REF] Stix | Magma dynamics and collapse mechanisms during four historic caldera-forming events[END_REF], [START_REF] Simkin | Caldera collapse in the Galápagos Islands[END_REF], [START_REF] Filson | Seismicity of a caldera collapse: Galapagos Islands 1968[END_REF], for Kīlauea from Neal et al. [2018], [START_REF] Lundgren | Topographic Changes During the 2018 Kīlauea Eruption From Single-Pass Airborne InSAR[END_REF], for Miyakejima from [START_REF] Stix | Magma dynamics and collapse mechanisms during four historic caldera-forming events[END_REF], [START_REF] Geshi | Caldera collapse during the 2000 eruption of Miyakejima Volcano, Japan[END_REF], [START_REF] Shuler | Physical mechanisms for vertical-CLVD earthquakes at active volcanoes[END_REF], [START_REF] Kaneko | Submarine flank eruption preceding caldera subsidence during the 2000 eruption of Miyakejima Volcano, Japan[END_REF], Amma-Miyasaka et al. [2005], [START_REF] Nishimura | Crustal deformation caused by magma migration in the Northern Izu Islands, Japan[END_REF], for Nyiragongo from Komorowski et al. [2002Komorowski et al. [ /2003]], [START_REF] Tedesco | January 2002 volcano-tectonic eruption of Nyiragongo volcano, Democratic Republic of Congo[END_REF], [START_REF] Shuler | Anomalous earthquakes associated with Nyiragongo Volcano: Observations and potential mechanisms[END_REF], [START_REF] Wauthier | Magma sources involved in the 2002 Nyiragongo eruption, as inferred from an InSAR analysis[END_REF], for Piton de la Fournaise from [START_REF] Staudacher | The April 2007 eruption and the Dolomieu crater collapse, two major events at Piton de la Fournaise (La Réunion Island, Indian Ocean)[END_REF], [START_REF] Michon | Basaltic calderas: Collapse dynamics, edifice deformation, and variations of magma withdrawal[END_REF][START_REF] Michon | April 2007 collapse of Piton de la Fournaise: A new example of caldera formation[END_REF], [START_REF] Fontaine | The 2007 eruptions and caldera collapse of the Piton de la Fournaise volcano (La Réunion Island) from tilt analysis at a single very broadband seismic station[END_REF], Di [START_REF] Muro | The shallow plumbing system of Piton de la Fournaise Volcano (La Réunion Island, Indian Ocean) revealed by the major 2007 caldera-forming eruption[END_REF], [START_REF] Fontaine | Very-and ultra-long-period seismic signals prior to and during caldera formation on La Réunion Island[END_REF], for Krafla from [START_REF] Björnsson | Current rifting episode in north Iceland[END_REF], [START_REF] Tryggvason | Widening of the Krafla fissure swarm during the 1975-1981 volcano-tectonic episode[END_REF], for Manda Hararo from Grandin et al. [2009], [START_REF] Ayele | The volcano-seismic crisis in Afar, Ethiopia, starting September 2005[END_REF], [START_REF] Wright | Magma-maintained rift segmentation at continental rupture in the 2005 Afar dyking episode[END_REF] [START_REF] Kanamori | Determination of earthquake energy release and M 𝐿 Using TERRAscope[END_REF] ◇ Based on geodetic inversions or seismicity locations, except for Fernandina (distance between caldera and eruptive vent) and Nyiragongo (distance of fracture network from main crater) ⊙ Based on geodetic inversions ⊖ Maximum earthquake magnitude associated with caldera formation or dike propagation (determined from surface waves (M𝑠) for Fernandina, from duration magnitude (M𝑑) for Piton de la Fornaise, from moment magnitude (M𝑤 ) for very-long-period (VLP) events at Miyakejima and Bárðarbunga, and from M𝑤 for highly non-double-couple earthquakes at Nyiragongo) ≀ Energy release from the 6.9 M𝑤 earthquake related to slip on the basal décollement fault

Driving stress of a lateral dike intrusion

A conceptual understanding of a particular volcanic system-including its geological and tectonic context-is necessary to address the three questions listed above. Magma often rises vertically through the crust, either arresting at depth or erupting at the surface. Buoyancy drives a dike's vertical ascent, resulting from density differences between the magma (𝜌 𝑚 ) and the solid host rock (𝜌 𝑟 ) [START_REF] Weertman | Theory of water-filled crevasses in glaciers applied to vertical magma transport beneath oceanic ridges[END_REF]. A dike can also travel laterally for more than ten kilometers, such as along a rift zone. Whether a dike travels laterally or vertically depends fundamentally on the relationship between the magma pressure in the dike (𝑃 𝑚 ) and the remote stress normal to the dike opening (𝜎 3 , using the convention that positive 𝜎 3 indicates compressive stress) (see Figure 3-2) [START_REF] Rubin | Origin of blade-like dikes in volcanic rift zones[END_REF]. The difference between these two values defines the driving stress, 𝑃 𝑑 , such that

𝑃 𝑑 = 𝑃 𝑚 -𝜎 3 . (3.1)
The driving stress must be sufficiently high to allow crack propagation (i.e., overcome the fracture toughness, 𝜅 𝑐 , of the host rock at the dike tip) [START_REF] Broek | [END_REF]. The gradient of driving stress defines the direction of preferential propagation of the dike. Lateral migration can occur due to either a high 𝑃 𝑚 or a low 𝜎 3 , as long as the horizontal gradient of driving stress is greater than that of buoyancy [START_REF] Rubin | Origin of blade-like dikes in volcanic rift zones[END_REF]. On long time scales (thousands of years) and larger spatial scales (the entire rift zone), questions such as-Why did the rift zone develop? What are the stresses that drive its persistence? How does it accommodate spreading due to hundreds or thousands of dike intrusions?-can be addressed using the dependance of 𝑃 𝑑 on 𝑃 𝑚 and 𝜎 3 in Equation 3.1.

Factors influencing the driving stress

Exogenous stress, 𝜎 3

Various ideas have been proposed to explain the exogeneous stresses that control the lateral distance travelled by dikes, as well as their direction. On one hand, either the overlying rock burden, thickness of the elastic-brittle lithosphere, any crustal layering, or a combination of these factors, is thought to control the lateral distance dikes travel. On the other hand, either regional tectonic stresses or local gravitational stresses are thought to control the orientation of dikes, and ultimately the orientation of the rift zone. [START_REF] Lister | Fluid-mechanical models of crack propagation and their application to magma transport in dykes[END_REF] proposed that magma travels laterally at a depth where the crustal density becomes lower than that of the ascending magma ("level of neutral buoyancy"). The ability of dikes to travel long distances laterally then results at least in part from topographyinduced horizontal gradients in stress, if considering little horizontal variation in tectonic stress [START_REF] Fialko | What controls the along-strike slopes of volcanic rift zones[END_REF]. 

𝑃 𝑑 = 𝑃 𝑚 -𝜎 3 .
If the horizontal gradient in driving pressure, ∇𝑃 𝑑 , is above a certain "breakout pressure", and greater than buoyancy 𝑃 𝑏 , the dike will leave the reservoir and migrate laterally [Buck et al., 2006]. Structural discontinuities, rigidity and density layering in the host rock, and the topography, can all influence the dike's shape and path. This illustration shows a dike propagating in a host rock with a Young's modulus 𝐸 1 and density 𝜌 𝑟1 . The topography decreases ahead of the dike's path. There is a layer in the host rock with a lower rigidity, denoted by a Young's modulus 𝐸 2 , where the dike width increases. The Level of Neutral Buoyancy, 𝐿𝑁 𝐵, and the brittle ductile transition 𝐵𝐷𝑇 , may control at what depth and how far the dike will laterally propagate. The tip of the dike may be filled with exsolved gases or cooling magma [START_REF] Fialko | What controls the along-strike slopes of volcanic rift zones[END_REF]. The dike itself may be vesiculated due to bubble growth, resulting in a lower magma pressure at the top of the dike [START_REF] Rubin | Origin of blade-like dikes in volcanic rift zones[END_REF]. The dike path in this illustration is approximate-the top of the dike may be anywhere within the transparent red path, and if the dike will feed an eruption when it intersects the surface.

Yet, deviatoric stresses due to tectonic plate motion play a significant role in directing dike opening and propagation distance. Mode I crack planes orient perpendicular to the local 𝜎 3 direction, and aggregate rift zone orientations are parallel to the direction of maximum horizontal compressive stress, 𝜎 1 [Nakamura, 1977]. Rift zone orientations then reflect the regional distribution of stresses resulting from the tectonic setting. In extensional tectonic contexts, such as mid-ocean ridges, or in Afar and Iceland, Grandin et al. [2012] proposes that lateral dikes are emplaced near the brittle-ductile transition (BDT). The crust near the locus of magmatic upwelling is thermally weakened, therefore the farther away from these supply zones, the thicker the elastic-brittle lithosphere (in other words, the deeper the BDT). This thickening of the elastic-brittle lithosphere layer may control the distance travelled by dikes, which is not always correlated with topography (as observed during the 2005 -2010 rifting episode in Afar) [Grandin et al., 2012].

In addition, the orientation of rift zones may also be influenced by local stress effects due to gravitational forces. This may be due to the edifice topography, resulting in gravitational spreading of the volcanic edifice [START_REF] Borgia | Dynamic basis of volcanic spreading[END_REF]. At some volcanic islands, these gravitational stresses result in persistent flank instability [START_REF] Poland | The spectrum of persistent volcanic flank instability: A review and proposed framework based on Kīlauea, Piton de la Fournaise, and Etna[END_REF]. Once initiated, sliding of an unstable flank results in extensional stress within the volcanic edifice, which accommodates dike opening during hundreds or thousands of repetitive events, and plays a dominant role in controlling lateral propagation direction (e.g., south flank of Kīlauea) [START_REF] Fiske | Orientation and growth of Hawaiian volcanic rifts: the effect of regional structure and gravitational stresses[END_REF][START_REF] Dieterich | Growth and persistence of Hawaiian Volcanic rift zones[END_REF][START_REF] Münn | Gravitational spreading controls rift zones and flank instability on El Hierro, Canary Islands[END_REF]. There may be a feedback between rift zone intrusions and flank instability. Stress transferred by dike intrusions bring basal décollement faults closer to failure. Fault slip can then lead to further extension (unclamping) perpendicular to the rift zone, restarting the repeated process of flank sliding and rift zone intrusion (e.g., east and south flanks of Etna) [START_REF] Acocella | Link between major flank slip 2002 -2003 eruption at Mt. Etna (Italy)[END_REF], Walter et al., 2005a,b, Lundgren et al., 2003].

Finally, differing properties of the host rock may also influence dike propagation direction and distance. Such inhomogeneities include crustal rigidity differences (changes in elastic properties and thus changes in 𝜎 3 ), density differences, and discontinuities (faults, joints, bedding interfaces, etc.) [START_REF] Pollard | Derivation and evaluation of a mechanical model for sheet intrusions[END_REF][START_REF] Rubin | Origin of blade-like dikes in volcanic rift zones[END_REF][START_REF] Gudmundsson | Dyke emplacement in a layered and faulted rift zone[END_REF][START_REF] Urbani | What drives the lateral versus vertical propagation of dikes? Insights From analgue models[END_REF].

Magma pressure, 𝑃 𝑚

As discussed above, 𝜎 3 determines a rift zone's orientation, and to some extent the distance that the dike will travel. The magnitude of 𝑃 𝑚 may vary based on the magma reservoir pressure or increased vesicularity from bubble growth at the top of the dike. To trap dikes within a rift zone and cause them to migrate laterally without erupting at the surface, 𝑃 𝑑 must be greater in the downrift edge of the dike than the top and bottom. [START_REF] Rubin | Origin of blade-like dikes in volcanic rift zones[END_REF] showed, however, that 𝑃 𝑚 will never achieve this stress distribution. Therefore, only variations in 𝜎 3 , not 𝑃 𝑚 , can explain why dikes propagate laterally over long distances [START_REF] Rubin | Origin of blade-like dikes in volcanic rift zones[END_REF]. Nevertheless, variations in 𝑃 𝑚 control whether or not the dike has a sufficient gradient in 𝑃 𝑑 to continue to open and propagate [Rubin andPollard, 1987, Rubin, 1990]. Knowledge of the location and size of the magma reservoir feeding the dike intrusion would help determine whether or not a magmatic system is able to initiate or sustain a far-travelling diking event. This can be related to whether a continuous magma supply exists, which may result in shorter reccurrence times between diking events [Rubin, 1990]. Alternatively, if the magma supply is limited, as is hypothesized at magma-starved oceanic spreading centers (e.g., certain segments of the Mid Atlantic Ridge, the SW Indian Ridge), a dike's 𝑃 𝑚 during the course of an intrusion may decrease to a point that the driving stress is no longer sufficient for dike propagation while the crust remains under tension [START_REF] Qin | Why meter-wide dikes at oceanic spreading centers?[END_REF]Buck, 2008, Buck et al., 2006]. In this case, once the magma chamber pressure has been sufficiently recovered-by an influx of new magma, or other pressurization source (i.e., exsolution of volatiles)-diking events can restart.

What can we learn about the mechanisms driving a rift zone intrusion?

The magnitude of 𝜎 3 and 𝑃 𝑚 , as well as the magma availability, determine the direction, distance, frequency, and volume of dike intrusions and eruptions in rift zone settings. Decoupling these three factors for a specific volcano helps us answer the aforementioned questions of-Why did the rift zone develop? What are the stresses that drives its persistence? How does it accommodate spreading due to hundreds or thousands of dike intrusions?. Once we know conceptually what drives a rift zone's persistence (topography, tectonic stress, depth of BDT, etc.), we can direct quantitative modelling efforts to reflect these understandings (using the correct assumptions). These models may provide insights that can be used to answer the three overarching questions posed earlier in this section.

For example, the understanding that dikes accommodate spreading at the divergent plate boundary in Iceland led to the quantitative models of Buck et al. [2006], which explain the alternating direction, length of, and distance travelled by individual diking events during the Krafla 1975 -1984 rifting episode. The study of [START_REF] Heimisson | Forecasting the path of a laterally propagating dike[END_REF] hindcasted trajectories of the 2014 and 1996 dikes originating from Bárðarbunga in Iceland using a model that minimizes potential energy, and found that the 1996 dike direction was mainly influenced by tectonic stresses, while the 2014 dike direction was directed by gravitational stresses from varying topography. [START_REF] Dieterich | Growth and persistence of Hawaiian Volcanic rift zones[END_REF] aimed to answer the above questions directly for the case of Hawaiian rift zones, focusing on the feedback between a sliding fault at the edifice-seafloor interface, and rift zone spreading due to dike intrusions. The fact that slip on this fault accommodates large amounts of spreading along the rift zone has led to studies demonstrating the relationship between seismicity rates and crustal stress changes [START_REF] Dieterich | The use of earthquake rate changes as a stress meter at Kilauea volcano[END_REF][START_REF] Amelung | Stress control of deep rift intrusion at Mauna Loa Volcano[END_REF].

Magma transport in volcanic systems: additional considerations

The aforementioned stress balance between 𝜎 3 and 𝑃 𝑚 allows for conceptually investigating factors that influence the distance travelled by dikes and the orientation of rift zones. Even if datasets are sparse in time or space, Equation 3.1 is an appropriate starting point to understand the stresses driving magma propagation at volcanoes that may not be extensively monitored. However, additional factors also influence dike propagation. Although we did not develop these factors in our study at Ambrym, they should be mentioned for completeness.

The first of these considerations is the fracture criteria necessary for the crack to propagate. In brittle host rock, fracturing at the dike tip (called the "process zone") is complex, due to inelastic deformation resulting from the large stress concentration in this zone. The effects of inelasticity are not well constrained, and the fracture toughness, as defined previously, is instead used [START_REF] Rubin | Propagation of magma-filled cracks[END_REF].

The next consideration involves the fluid mechanical and thermodynamical aspects of dike propagation. Lateral dikes may arrest due to the cooling of magma within a rigid-walled channel, as explored by [START_REF] Fialko | Thermodynamics of lateral dike propagation: Implications for crustal accretion at slow spreading mid-ocean ridges[END_REF]. It is possible to estimate numerically the "thermal entry" length, or the distance the dike travels before losing all its heat to its surroundings [START_REF] Fialko | Thermodynamics of lateral dike propagation: Implications for crustal accretion at slow spreading mid-ocean ridges[END_REF]]. However, these estimates merely provide upper bounds on distance travelled, due to lack of constraints on input parameters, such as the channel thickness and dynamic viscosity.

Up until this point, we have not considered the dynamics of lateral dike propagation. As discussed by [START_REF] Segall | Constraints on dike propagation from continuous GPS measurements[END_REF], a mechanically coupled propagating dike and decompressing magma chamber can reasonably explain dike volume histories during the course of magma injection, as modelled using continuous GPS data. Solving these coupled nonlinear equations can ultimately provide constraints on whether a dike will erupt or arrest at depth. Similarly, analytical solutions to a simplified formulation of the problem were derived by Rivalta [2010] after including magma and chamber compressibilities. Unfortunately, datasets required to constrain such studies are rare, because they require high SNR, spatiotemporally dense measurements from continuous GPS, tiltmeters, and/or seismometers. This approach is also an oversimplification, as the magmatic system is certainly more complex than a dike coupled to a single magma chamber.

Finally, dike propagation distance and volume may be modulated by pressurization of the magma chamber during caldera collapse. In these extreme cases, the host rock above the reservoir may collapse in a piston-like manner [Gudmundsson et al., 2016, Patrick et al., 2019b, Neal et al., 2018]. Once a channel for lateral magma propagation opens, withdrawal of magma from the reservoir can be prolonged by the intrusion of the overlying host rock into the reservoir, repressurizing the system [Gudmundsson et al., 2016]. As mentioned previously, the rift zone eruption and caldera collapse at Kilauea in 2018 is a prime example of an eruption whose duration and magnitude were not well constrained at the onset of the eruption. Surges in the eruptive rate, and the duration of the eruption itself, were likely influenced by incremental piston collapses [Patrick et al., 2019b, Neal et al., 2018, Anderson et al., 2019]. This final consideration is relevant to our study, because Ambrym's submarine eruption in 2018 -2019 may have been prolonged due to a collapse of the reservoir roof at depth.

Paper 1: "From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics"

In this article, we combine multidisciplinary dataset from 8 different earth observations satellites, ranging from radar to UV/infrared to optical imagery, to document a rift zone intrusion that we conclude is strongly influenced by the regional tectonic stress field. Not only is a rift zone eruption at Ambrym studied geodetically for the first time, but the temporal sampling of the geodetic observations allows us to distinguish between multiple stages of the dike intrusion, and how the location of the initial intra-caldera dike intrusion triggered the lateral migration towards the island's coast. In addition, inverse modelling images a central reservoir with multiple storage levels, activated at different stages during the eruption. At Ambrym, there is a competition between the vigorous influx of magmatic activity in the central portion of the broad caldera (resulting in persistent magmatic activity at the surface in the form of lava lakes), and the tectonic stresses imposed by the Back Arc Thrust Belt (BATB) (which can lead to complete silencing the volcano's surface activity).

The volcano-tectonic relationship thus dictates fluctuations in Ambrym's activity on both long (edifice formation) and short (decadal cycles of lava lake persistence) time scales.

from prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics tara Shreve Eruptive activity shapes volcanic edifices. The formation of broad caldera depressions is often associated with major collapse events, emplacing conspicuous pyroclastic deposits. However, caldera subsidence may also proceed silently by magma withdrawal at depth, more difficult to detect. Ambrym, a basaltic volcanic island, hosts a Broad caldera formation (>10 km in diameter) is often attributed to ignimbrite-forming, explosive eruptions 1 .

For mafic to intermediate systems, however, caldera-forming processes may also be linked to the lateral propagation of dikes that arrest at depth 2-5 . Consequently, geological traces of associated magma discharge are often missing. Understanding caldera-forming processes thus relies heavily on contemporaneous observations, such as in 1968 at Fernandina and 2000 at Miyakejima 6,7 . Ambrym, a remarkably active volcanic island in the Vanuatu archipelago, hosts a 12-km wide caldera, making it one of the largest basaltic shield calderas on Earth 8,9 . Ambrym's caldera has been previously interpreted as resulting from the collapse of a giant tuff cone resulting from a sequence of explosive phreatomagmatic eruptions 10 . Onset of caldera subsidence is dated around 2000 BP, based on two 14 C dates of charcoal embedded in debris flows on the caldera rim and flank 11 . However, geological evidence for emplacement of voluminous ignimbrites coinciding with this dating is controversial 12-14 , raising questions about the process of caldera formation. Ambrym, in addition to its broad caldera, also hosts two well-defined straight rift zones oriented at N105°S, radiating bilaterally 10,11,15-17 (Fig. 1). Ambrym's caldera is the site of intense eruptive activity, with frequent strombolian eruptions originating from at least two permanent lava lakes within or on the flanks of the cones of Marum and Benbow as well as occasional intra-caldera lava flows, most recently in 1986, 1988 and 2015 12,18,19 . Continuous 1 Université de Paris, Institut de physique du globe de Paris, CNRS, F-75005, Paris, France. 2 Univ. Lille, UMR 8518 -LOA -Laboratoire d'Optique Atmosphérique, F-59000, Lille, France. 3 CNRS, UMR 8518, F-59000, Lille, France. 4 Vanuatu Meteorology and Geohazards Department (VMGD), Port Vila, Vanuatu. 5 Laboratoire Magmas et Volcans (LMV), Université Clermont Auvergne, Clermont-Ferrand, 63170, France. 6 Lamont-Doherty Earth Observatory, Columbia University, New York, USA. 7 Laboratoire Littoral Environnement et Sociétés (LIENSs), Université de La Rochelle, La Rochelle, 17000, France. 8 Géoazur, Univ. Nice Sophia Antipolis (Univ. Côte d'Azur, CNRS, IRD, Observatoire de la Côte d'Azur), Géoazur UMR 7329, 250 rue Albert Einstein, Sophia Antipolis, 06560, Valbonne, France. 9 Géoazur, Institut de recherche pour le développement, Nouméa, 98800, New Caledonia. *email: shreve@ ipgp.fr; grandin@ipgp.fr open open-vent passive degassing from the lava lakes, first reported by Captain James Cook in 1774 20 , ranks Ambrym first in worldwide volcanic sulfur dioxide (SO 2 ) emissions over the past decade 21-24 .

Between 1820 and 1937, 10 extra-caldera rift eruptions were reported at Ambrym 18 . Notably, in 1913, a phreatomagmatic eruption on the island's west coast completely destroyed a large hospital 25 . Based on geochemical evidence, these eruptions are believed to be fed from a central reservoir situated beneath the caldera, and magma transported to the coast by lateral dikes 26 . However, the response of the caldera ring faults during these past lateral eruptions is undetermined, due to a lack of direct observations. Hence, whether the broad caldera of Ambrym should be interpreted as a relict structure, or should be considered an active fault system, remains an open question. More broadly, the relationship between the evolution of Ambrym's caldera, the rift zone's persistence, and the complex tectonic setting of the New Hebrides is yet to be explored.

Results

Precursory intra-caldera eruption. On 14 December 2018, a volcano-seismic crisis begins at Ambrym when 8 M < 3 seismic events are detected inside the caldera between 13h00 and 20h00 UTC (Fig. 2b). Between 23h20 and 23h40 UTC, Himawari-8 geostationary satellite observations of thermal anomalies and SO 2 emissions indicate the onset of an intra-caldera eruption (Fig. 2c,d, Supplementary Figs. S1,S2). Field observations (Fig. 2e) reveal that the eruption initiated along a N110° pre-existing fracture at 590 meters a.s.l. at Lewolembwi tuff ring (Supplementary Fig. S3), and was characterized by scoria deposits associated with lava fountaining. Petrological analysis of scoria indicates an erupted magma of basaltic-trachy-andesitic composition (Supplementary Table S4). Once the eruption begins, thermal anomalies associated with the lava lakes progressively disappear within 12 hours, suggesting a drop in lava lake level (Fig. 2c, Supplementary Fig. S1). A helicopter flight (on 16 December 03h30 UTC) confirms both drainage of all the lava lakes and the partial collapse of Benbow and Marum (Fig. 2e). A lava flow, accompanied by lava fountaining and producing SO 2 and ash-rich emissions, is also emitted for ~24 hours from a second vent trending nearly N-S at 730 meters a.s.l. on the SE flank of Marum (Fig. 2c,e, Supplementary Fig. S3).

During this phase, surface deformation is measured with interferometric synthetic aperture radar (InSAR) thanks to the serendipitous acquisition of an image by the ALOS-2 satellite at 00h24 UTC on 15 December, about an hour after the eruption's onset 27 (Fig. 2d, Supplementary Table S1). The deformation field spanning 3 November to 15 December measures ~1.2 m of motion towards the satellite, consistent with an intra-caldera dike dipping 40°S and a maximum opening of ~2 m, yielding a total volume of intruded magma of ~34 × 10 6 m 3 (Supplementary Fig. S4). Until then, InSAR measures neither subsidence related to magma reservoir deflation, nor extra-caldera displacement, particularly no motion along the rift zones.

While Sentinel-2 satellite optical images indicate that lava flows reach their full extent on 15 December 23h10 (Fig. 2d), the eruption ends on 16 December around 07h00 UTC with a disappearance of thermal anomalies and an abrupt decrease of SO 2 /ash emissions (Fig. 2c). Spaceborne imaging of SO 2 by Sentinel-5P TROPOMI sensor constrains the total mass of released SO 2 during the eruption to at least ~50-60 kt (Supplementary Fig. S10), corresponding to a volume of degassed magma of ~13 × 10 6 m 3 (calculated assuming <5% crystal content and 0.075 wt% of sulphur in the melt 23 ). First-order agreement with the volume of erupted material derived from mapping of the flow of ~10 × 10 6 m 3 (constrained by multiplying the spatial extent of ~1.95 × 10 6 m 2 for the lava flow, Supplementary Fig. S3, and an estimated average lava flow thickness of ~5 m extrapolated from 3D mapping of the previous 2015 intra-caldera lava flow, Supplementary Fig. S11) suggests that the magma remaining trapped in the dike did not contribute significantly to the observed degassing.

Triggering of extra-caldera dike injection. Following a M w 5.6 strike-slip earthquake on 15 December at 20h21, a sharp increase in the seismic moment release is detected, marking the beginning of magma propagation into the SE rift zone (Fig. 2b). A few hours before the intra-caldera eruption's end, the lateral propagation of a voluminous dike is evidenced by a migration of seismicity from the caldera toward the eastern tip of the island, reaching 30 km from the eastern caldera rim by 17 December 12h00 UTC. Sub-pixel correlation of a Sentinel-2 optical image acquired on 15 December 23h10 UTC indicates that at that time the dike tip is leaving the caldera but did not reach farther than halfway to the east coast (Supplementary Fig. S15). On 16-17 December, local inhabitants report progressive fracturing at the coastal village of Pamal (13 km from the caldera border) (Fig. 3a,b). Joint inversion of SAR data (Supplementary Table S1) reveals ~3 m of opening along a >30 km long dike, extending from within the caldera to beyond the eastern coast 27 (Figs. 2a and4b). These SAR geodetic observations indicate the emplacement of a dike with a total volume of intruded magma between 419 and 532 × 10 6 m 3 (depending on the maximum depth and how far offshore the model extends, Supplementary Figs. S5,S6). Surface deformation across the trace of the dike is asymmetric, with more deformation to the south (Fig. 3a), indicating that the dike dips ~70° to the south. Due to this asymmetry, coastal uplift in excess of 2 meters occurred along the southeastern coast of the island, as later confirmed during a field campaign in early February and by a single GPS measurement at Ulei (Fig. 3a,c).

Submarine eruption and caldera subsidence.

The extremely narrow breadth of the faulted corridor observed above the dike at the surface, as small as 400 m along the east coast (Fig. 3b), indicates that the dike almost reached the surface. However, magma does not erupt from on-shore fractures and only minor gas emissions are detected from space until 17 December 14h00 UTC (Fig. 2c). The end of dike propagation, marked by an abrupt decrease of seismic moment release, takes place around 17 December 16h00 UTC (Fig. 2b). InSAR-derived models predict that maximum opening at the surface occurs offshore (Fig. 4b, Supplementary Fig. S6), suggesting a submarine eruption. This is confirmed on 18-19 December, when basaltic pumice is collected on the beach near Pamal and Ulei (Fig. 3c,d), indicating that lava erupted underwater. Although the depth and exact location of the underwater fissure are uncertain, the nature of erupted material (basaltic pumice) indicates a shallow (<100 m b.s.l) and high-rate underwater magma supply able to sustain a protective gas-rich envelope which allows pumice to cool before contact with sea water, preventing it from sinking 28 . This transport method differs from, for example, floating eruption products collected during basaltic eruptions in the Azores, when gas trapped in hollow cavities caused buoyant basaltic balloons to float to the ocean surface 29 . An alignment of volcanic cones visible in the bathymetry is consistent with an offshore prolongation of the rift zone, suggesting that similar submarine eruptions took place in the past (Fig. 3a).

In addition to the dike intrusion, we also measure >2 m of subsidence at Ambrym's summit craters, consistent with deflation of a nearly symmetrical pressurized source, roughly centered on Marum at ~4.5 km (Japan Meteorological Agency). Center: ALOS-2 (ScanSAR) (JAXA). Right: Sentinel-2 (optical). (e) Ground observations. Left: gas emissions at Lewolembwi (green star) and lava fountaining associated with vent opening on the SE flank of Marum (blue star). Image courtesy of and copyright to John Tasso, Vanuatu Island Experience. Right: Comparison of lava lake crater at Benbow before and in the final hours of the eruption. Maps generated with GMT and edited in Adobe Illustrator. S3) (Fig. 4c). The 2:1 volume ratio between the dike and deflating Mogi source is in fact consistent with mass conservation assuming standard 

Post-intrusion caldera subsidence

Rift zone intrusion and caldera subsidence

Intra-caldera dike and eruption magma compressibility and host-rock shear modulus 30 . Furthermore, SAR data indicate that caldera subsidence occurred between 15 December 00h24 and 18 December 06h10, hence was coeval to the extra-caldera dike intrusion (Fig. 4b2). There are several locations to the north of the caldera where the ascending ALOS-2 fringe pattern is discontinuous, indicating ~0.4 m slip along the caldera faults (Fig. 4b1, Supplementary Fig. S8). Two M w ~5.6 earthquakes with vertical compensated-linear-vector-dipole (CLVD) focal mechanisms are recorded in the migration's final 24 hours, on 16 December 15h34 UTC and 17 December 01h49 (Fig. 2b). These events are characterized by a long period (LP) content and long duration (exceeding 10 s of seconds) (Fig. 2b, Supplementary Fig. S14). At least 4 additional LP signals are recorded at station SANVU (~150 km away) on 16-17 December 31 .

These LP events with CLVD mechanisms are consistent with caldera ring faulting or pressure drop within a reservoir 32 .

In the weeks following the dike emplacement, caldera-wide subsidence, reaching ~80 cm at Marum crater and decaying exponentially with a half-life of about 6 days, is measured using ALOS-2 and Sentinel-1 InSAR (Fig. 4c, Supplementary Fig. S7). Exponentially decaying subsidence is consistent with elastic response to magma outflow driven by pressure difference between the central reservoir and the eruption site 33 . Modeling of this subsidence indicates a horizontal sill at ~4.1 km depth deflating with a total volume change of ~85 × 10 6 m 3 (Fig. 4c). This sill-shaped post-intrusion deflation contrasts with the Mogi-shaped co-intrusion deflation, suggesting that the central reservoir consists of several storage levels 34 . Low-magnitude seismicity during this phase is shallow (<6 km depth) and located within the caldera, possibly related to continued caldera faulting visible in post-eruptive interferograms (Supplementary Figs. S12,S13).

Although no additional large-scale deformation is observed along the east rift zone after 22 December, a localized <12 cm discontinuity is measured across the fractures mapped along the SE coast (Fig. 4c), suggesting a continuation of the distal submarine eruption, driving the progressive drainage of the central magma reservoir, similar to the 2014 Bárarbunga or the 2018 Kilauea eruptions 35,36 . Field surveys confirm that the submarine eruption may have continued past the 27 December, as more pumice was observed on 3 February 2019 than on 27 December 2018. At the time of writing (August 2019), there has been no satellite detection of sulphur dioxide above background levels since late January 2019, contrasting starkly with the intense persistent degassing measured over the past decade 24 .

Discussion

The December 2018 Ambrym diking event sheds light on the stress state that prevails at the scale of Ambrym island, while providing insight into the magma storage conditions beneath Ambrym's caldera (Fig. 5). Joint analysis of remote sensing and seismicity demonstrates that the condition initiating the rift intrusion in December 2018 was the creation of an open fracture at Lewolembwi, connecting the caldera's localized magma supply to the rift zone. Once such a connection is made, a blade-like fluid-filled crack (dike) is able to travel tens of kilometers Magma injection into the rift zone occurred in two stages. First, on 14 December, a small-volume dike was emplaced in the eastern part of the caldera. The dike breached the surface and fed an eruption lasting ~24 hours. Deflation of Ambrym's magma plumbing system as a result of the intra-caldera eruption induced a drop of pressure in the magma column, leading to lava lake drainage. On 15-16-17 December, a large-volume dike injection took place along the east rift zone, likely fed through the conduit opened by the previous intra-caldera dike. During its propagation and inflation, the voluminous dike intrusion induced intense faulting and fissuring above its upper edge, especially at the coastal village of Pamal, suggesting a shallow depth of emplacement. However, the dike did not produce any onshore eruption nor any substantial degassing. From 18 December, pumice washed up on the eastern shore of Ambrym indicating a submarine eruption. Continued subsidence of Ambrym caldera during the weeks following this eruption, as well as continuation of localized faulting at Pamal (Fig. 3c), suggest a prolongation of the submarine eruption without substantial additional inflation of the main dike, compatible with passive magma transport from Ambrym's central reservoir toward the submarine eruption site. The inset is a zoom on Ambrym's tectonic setting, emphasizing that Ambrym's rift zone orientation is sub-parallel to the regional maximum compressive stress, allowing us to interpret Ambrym as a large tension fracture. The activated plane and focal mechanism of the 1999 thrust earthquake are noted on the sketch in light blue.

away from its source, neither erupting at the surface, nor degassing significantly to the atmosphere. To sustain lateral magma propagation, pressure in the dike (P m ) must be greater than the host rock's minimum principal stress normal to the dike plane (σ 3 , positive), a difference defined as the driving stress (P d ) (P d = P m -σ 3 ) 37-39 . Furthermore, to travel horizontally for long distances, there must be a strong horizontal gradient of driving stress in the direction of magma propagation 40 . Magmatic systems in an extensionally-loaded host rock (low σ 3 ) do not necessarily require high magma overpressures to drive large diking events (high P d ) 41 . When comparing diking events at Icelandic and Hawaiian volcanoes, dike widths tend to be thicker in Iceland (higher P d in Iceland), but dikes reach the surface more often in Hawaii (higher P m in Hawaii). The >3 m dike thickness at Ambrym brings us to the conclusion that P d is high without having a large P m 41 . A similar conclusion was drawn after the dike intrusions and lava lake drainage of the 2002 Nyiragongo flank eruption 42,43 . In spite of enhanced thermal activity and increased lava lake vigor (Supplementary Figs. S16,S17), an absence of uplift in the months to years prior to the 2018 Ambrym crisis is evidenced (Supplementary Fig. S9), consistent with this inferred lack of overpressure 44 .

The fact that the central magma reservoir was able to store a large volume of magma (0.4 km 3 ) and sustain dike propagation over large distances without prior overpressurization is consistent with vigorous supply of a relatively volatile-poor magma 23 .

The thick 2018 dike-similar in width to dikes at plate boundaries in Iceland or Afar 45 -and energetic earthquake migration indicate that lithospheric stresses primed for magma injection drove lateral magma propagation. Assuming a minimum volume of intruded magma in the 2018 eruption (400 × 10 6 m 3 ), we calculate a minimum expansion rate along Ambrym's rift of ~2 cm/yr (assumptions: last event = 81 years ago; SE rift length = 25 km; height = 10 km). Gravitationally-induced extension can be plausibly discarded as a mechanism generating these stresses, due to the lack of curvature of Ambrym's rift zone 46 and to the fact that the 2018 rift zone intrusion led to uplift of the entire south-eastern part of the island, hence working against gravity. On the other hand, tectonic stresses induced by the proximity of regional faults involved in the convergence between the Pacific and Australian plates may provide the stress conditions driving rift development at Ambrym. Ambrym is facing the collision-subduction of the D'Entrecasteaux Ridge (DER) and, farther to the north, of the West Torres Massif (WTM) (Fig. 1a). The DER and WTM perturb the Vanuatu arc, resulting in the late Quaternary uplift of the western Santo-Malekula islands 47,48 and the growth of a back-arc thrust belt (BATB), uplifting the eastern islands of Pentecost-Maewo (Fig. 1a) 49-51 . Ambrym's east coast is located at the southern tip of the BATB, which was last activated in the thrusting 1999 M w 7.5 earthquake 52,53 . We note that the focal mechanisms during the 2018 diking event have P-axis orientations consistent with this regional compression (Fig. 2b). This triggered seismicity does not appear consistent with stress change caused by the dike inflation (increased compressive stress oriented perpendicular to the dike, i.e. N20°) but rather reflects the regional stress state (σ 3 oriented N110°), revealing the dominant overprint of this background compressive stress 54 . In this context, Ambrym may be envisioned as a giant tension fracture oriented sub-parallel to the local maximum compression axis σ 1 (inset of Fig. 5). The importance of the regional stress field's maximum compression axis was also emphasised after the 2000 lateral dike intrusion at Miyakejima, likewise situated in a convergent margin setting 55 .

The 2018 diking event illustrates how tectonically-induced stresses drive magma transport into Ambrym's well-defined rift zone, efficiently siphoning magma away from the caldera in a relatively silent manner for an observer at the surface. Similar to past events in hot-spot basaltic volcanoes of the Galapagos, especially in 1968 at Fernandina 56,57 , caldera subsidence was associated with non-explosive activity, thereby leaving little geological trace at the surface. Rather, the elevated rate of Ambrym's volcanic activity witnessed in the past decades contrasts with the near-complete muting of degassing and thermal activities at the surface during and since the December 2018 extra-caldera dike intrusion (Supplementary Fig. S17). Modulation of volcanic activity at Ambrym's lava lakes over historical times 18 may therefore be reinterpreted as resulting from recurrent pumping of magma into the rift zone, leading to episodic subsidence of the caldera floor. Open-vent degassing in the years prior to the 2018 eruption may have allowed for an increasing availability of non-overpressurized magma, with lava lakes acting as piezometers of a magma plumbing system that is well-connected to the surface. This offers a glimpse into a system where magma ascent, lateral magma transport, and caldera formation are controlled by regional compressive tectonics.

Methods

Himawari processing. Himawari-8 is a meteorological satellite operated by the Japan Meteorological Agency, providing multispectral observations from a geostationary orbit at 140.7°E. The Advanced Himawari Imager (AHI) covers 16 channels spanning visible to thermal infrared, and acquires images every 20 minutes. Images have a resolution of ~2.3 km at the location of Ambrym.

Following 58 , a raw thermal index is calculated by computing the normalized difference between top-of-atmosphere brightness temperatures from infrared channels centered on 10.41 microns and 3.9 microns: In order to mitigate the impact of clouds and diurnal variations in brightness temperature, a background thermal index is estimated by extracting the raw thermal index for a reference pixel situated at the border of the caldera, that is not affected by the thermal anomaly of lava and ash emissions while sharing similar ground properties as the intra-caldera pixels. This background thermal index is subtracted from the raw thermal index, yielding a corrected thermal index.
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The thermal index time series of Fig. 2c is then estimated by calculating the thermal index averaged in two regions corresponding to the lava lakes and lava flows. Supplementary Fig. S1 shows the same time series of Fig. 2c on a longer time window.

The SO 2 flux proxy is estimated in two steps. First, following 59 , a SO 2 column amount proxy is calculated for each pixel by differencing top-of-atmosphere brightness temperatures from infrared channels centered on 10.41 microns and 8.5 microns:
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Then, the time series of SO 2 flux proxy Q SO 2 in Fig. 2c is calculated by summing, for each acquisition, the value of CA SO 2 for all pixels with a CA SO 2 greater than 4 K within a ~50 × 35 km box centered on Ambrym (dashed polygon in Supplementary Fig. S2b). The threshold is intended to distinguish the signal associated with the presence of volcanic SO 2 from background oscillations. Supplementary Fig. S2a shows the SO 2 flux proxy of Fig. 3c on a longer time window, plotted both on a linear scale and a logarithmic scale.

InSAR processing.

The SAR images used in this study are listed in Supplementary Table S1. Processing of SAR data from the SLC level to wrapped, unfiltered interferograms is performed using the Interferometric SAR scientific computing environment (ISCE) 60 for ALOS-2 StripMap (SM3) and Cosmo-SkyMed (CSK) StripMap data and Generic Mapping Tool's software GMTSAR 61 for ALOS-2 wideswath (WD1) data, with additional post-processing using the NSBAS 62 . Topographic fringes are removed using DLR's TanDEM-X 12 meter Global (TDX) DEM (an average of DEMs acquired between 14 January 2011 and 22 November 2014) 63 . Interferograms are filtered with a weighted power spectrum filter 64 , followed by a cascading high-pass filter, especially useful in the areas with a high-gradient fringe rate and on the vegetated flanks 65 . An iterative, coherence-based unwrapping method is then used 65 , which we will call MPD, and is a module in NSBAS (see Supplementary Methods). The final unwrapped interferograms are then geocoded.

CSK interferograms have low coherence across the island, due to vegetation, atmospheric effects, and a high rate of deformation. Therefore, CSK descending pixel offsets, which complement the ascending ALOS-2 measurements, were exploited to measure deformation during the rift zone intrusion and the post-intrusion caldera subsidence. After unwrapping and geocoding, swaths F1 and F2 are merged for ALOS-2 WD1 interferograms. We also merge along-track frames for ALOS-2 SM3 interferograms, to ensure that the far-field signal (Pentecost island to the north and Lopevi, Paama, and Namuka islands to the south) is included in the inversion.

Geodetic modeling. Inversion procedure. We then perform the same inversion procedure for each of the three datasets, respectively corresponding to the (a) intra-caldera dike, (b) rift zone intrusion and caldera subsidence, and (c) post-intrusion caldera subsidence (Fig. 4). To focus on the first-order geometry of the pressure sources, we mask localized, near-field signals that may bias the model misfits (i.e. masking localized deformation within 2 km of the dike trace, deformation close to the craters that may be due to conduit pressurization, or subsidence due to lava flow cooling and compaction).

After downsampling the data using a distance-based averaging, we then run a non-linear inversion to find the first order geometry of the pressure sources 66 (See Supplementary Table S2). The forward model includes dislocations 67 and Mogi sources 68 . We find that the intra-caldera phase (a) is best explained by a single inflating dike, whereas the rift zone intrusion and caldera subsidence in phase (b) require an inflating dike and a deflating Mogi. We find that post-intrusion caldera subsidence in phase (c) cannot be explained by the same deflating Mogi as in phase (b), whereas a laterally extensive sill-like deflating source better reproduces the deformation measured in post-eruptive interferograms.

Following this non-linear inversion, the geometry of the pressurized sources is held fixed, and we then performed a constrained least squares inversion to investigate separately the distributed opening of the intra-caldera dike, extra-caldera rift intrusion (modeling the residual deformation field after removing the synthetic deformation from the deflating Mogi), and the closing of the post-intrusion sill 45,69 (see Supplementary Methods).

During the rift zone intrusion, there was significant deformation offshore, limiting the model's resolution. Therefore, we perturb the geometry of the dike used to model the rift zone intrusion by extending the depth, as well as the length offshore, by several kilometers. We derive four end-member models to determine a reasonable range of volumes, taking into account uncertainties imposed by the lack of model resolution (Supplementary Fig. S6). Final volumes range from 419 to 532 × 10 6 m 3 , with an "average" model chosen with a reasonable misfit, which extends 6 km offshore and 6 km along depth.

Once the distributed opening along the rift-zone dike is determined, we perform a final iteration to ensure that the initial removal of the Mogi model's synthetic deformation does not propagate significant model errors into the distributed opening inversion. We subtract the synthetic deformation field derived from the "average" model from the original datasets, and rerun the nonlinear inversion to solve for the Mogi depth and volume change. The volume and depth do not change significantly (<6% and <3%, respectively).

Temporal evolution of post-intrusion subsidence. In addition to an ALOS-2 interferogram and CSK pixel offsets measuring deformation after the rift zone intrusion (Fig. 4c), ascending Track 81 Sentinel-1 images were also acquired every 6 days, starting from 19 December 2018. The magnitude of deformation measured in the 6-day pairs decreases with time, allowing us to investigate the temporal evolution of the subsidence. The full extent of the deformation signal is not captured in some of the interferograms because coherence is limited to within the unvegetated part of the caldera. Conversely, ALOS-2 interferograms exhibit a better coherence, which allows for mapping the deformation outside the caldera. However, the temporal resolution of ALOS-2 data is insufficient to capture the temporal evolution of this transient post-intrusion subsidence signal.

In order to combine the high temporal resolution of Sentinel-1 and the high coherence of ALOS-2, we design a specific strategy by (a) first estimating the parameters (shape, depth) of the deflating source from the deformation pattern visible in ALOS-2 data and (b) solving for the temporal evolution of the deflation source by fitting the deformation signal projected in the line of sight (LOS) against the deformation measured in Sentinel-1 data.

To exploit the high coherence of the ALOS-2 interferogram, we use the same inversion procedure as mentioned above to invert for closing on a horizontal sill, fixed to a depth of 4.1 km, with patches 1 km × 1 km (Supplementary Fig. S4). The depth was derived from an initial non-linear inversion of a closing Okada plane. We then project the synthetic deformation field into the ascending Sentinel-1 LOS, and scale the model to fit the 15 interferograms spanning 19 December 2018 to 18 January 2019. The scaling is determined such that:

γ = u u , ( 3 
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where k is the interferogram index, u k and u model are the average velocities of the data and model, respectively (i.e. the displacement divided by the time span). Here, γ k is the scalar for interferogram k representing the rate of deformation in the time interval spanned by the interferogram. See Supplementary Methods for more details.

We then multiply each scalar by the total magma volume loss in the initial inversion (-85 × 10 6 m 3 ), and perform a least squares inversion to find volume loss for each acquisition (Fig. 4c) 70 . An exponential is fit to the volume loss vs. time,
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such that A = 0.144 m 3 , B = 9.55 days, C = 0.1 m 3 , and t is the time is days since 16 December 2018, which corresponds with the inferred time of onset of caldera subsidence based on seismicity. The half-life of the exponential decay is thus ~6.6 days.

Removing post-intrusion subsidence. The datasets spanning the rift zone intrusion and main caldera subsidence also span the beginning of the post-intrusion subsidence. We scale the post-intrusion synthetic deformation field, using the exponential described above, to remove post-intrusion deformation from the co-intrusion ALOS-2 and CSK data. However, after rerunning the non-linear inversion on these corrected interferograms, the RMS was not improved-24.03 (without removal) vs. 24.74 (with removal). This may be because the source geometry does not remain constant throughout the entire post-intrusion subsidence phase (especially in the days immediately after the intrusive event, 18-22 December, which are not covered by the initial post-intrusion ALOS-2/CSK inversion).

We therefore decide to proceed without removing the post-intrusion deformation.

Supplementary Methods

InSAR processing

MPD uses the interferogram's coherence, calculated in the previous filtering step, to optimize the unwrapping path. It begins unwrapping the phase at a seed pixel that is above a coherence threshold. MPD will slightly decrease the coherence threshold at each iteration, and will continue the phase unwrapping with nearby pixels that have a coherence above this new threshold.

Pixels with coherence beneath a minimum threshold will not be unwrapped. Bridges defined manually are used to connect fringes that are determined to be continuous, but which pass through incoherent regions. Unwrapping errors that could not be corrected with bridges are shifted manually by adding integer multiples of 2π. Each pixel in the unwrapped interferogram has an iteration number, which represents a proxy for coherence and phase reliability. This value is used to mask the interferograms after the unwrapping is completed.

Geodetic Modeling

Inversion procedure

The Classic Slip Inversion (CSI) software is used to setup the forward problem 1 . Before performing the least squares inversion, the synthetic deformation from the Mogi source is removed from interferograms spanning the rift zone intrusion and caldera subsidence, and the synthetic deformation from the non-linear inversion is used to shift the phase values of the spatially disconnected islands by an appropriate integer multiple of 2π.

Datasets are downsampled by a distance-based averaging, with a denser spacing in the region of high gradients in the deformation field, and coarser spacing in regions with less deformation (i.e. in the far-field) 1 . We define a starting and minimum block size (S block,start and S block,min ), a characteristic distance D char , and an exponent α (≥ 1), such that the block is divided into four smaller blocks if the following condition is met:

D block -D char < S block α , (1) 
where D block is the current distance from the source and S block is the current block size. After downsampling, the size of the decimated data vector is between 200 and 1000 points per image.

The data covariance matrix for each interferogram is created by calculating the covariogram from 5000 random samples in a region where no deformation is measured, after removing a phase ramp. The covariogram, γ h , is calculated from data binned every 0.5 km for InSAR measurements and every 0.2 km for pixel offsets, and is fit by an exponential of the form

γ h = γ 0 -(σ 2 d ) • exp( -x λ d
), where x is the distance between two points. This allows for empirically estimating the values of γ 0 , σ d and λ d . The covariance matrix, C d (i, j), is populated according to:

C d (i, j) = σ 2 d exp(- D λ d ), (2) 
where D is the distance between the elements in the matrix.

We assume the same dike geometry for both the intra-caldera dike and the extra-caldera rift intrusion, because the ALOS-2 ascending and CSK descending datasets span the emplacement of both the intra-caldera and extra-caldera dikes. Within the caldera, the westernmost portion of the dike has a dip of 40 • , and becomes progressively more vertical to the east, with a final dip of 70 • along the rift zone intrusion (See Fig. 4). The patches are 1.7 km wide along-dip and 1.17 km long along-strike.

The model covariance matrix controls the roughness of the model, and is defined as 2 :

C m (i, j) = σ m λ 0 λ m 2 exp( -||i, j|| 2 λ m ), (3) 
where i and j are two distinct patches, σ m is the correlation amplitude, λ 0 is a normalizing distance, λ m is the correlation length, and ||i, j|| 2 is the distance between patches i and j . We fix λ 0 to 4 km, and in order to find optimal values for the correlation length λ m and amplitude σ m , we plot an L-curve of maximum slip vs. misfit for various values of λ m and σ m (Fig. S5). The constrained least squares inversion utilizes a Sequential Least Squares Programming algorithm from the python package SciPy to invert for opening on each of the patches. We constrain the opening along the dike to the positive, and we do not allow for slip. A planar ramp is also fit and removed from the data.
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Temporal evolution of post-intrusion subsidence

We 

GPS data

The GPS displacement vector in ULEI is obtained by comparison of a series of measurements conducted before (15-16 July 2018) and after (04-09 February 2019) the volcanic event. The ground marker is sealed in a concrete basement and has been installed in 1999 following the 26 November 1999 M w 7.5 Ambrym earthquake. This point belongs to the Vanuatu geodetic network and is remeasured periodically as part of a long-term post-seismic deformation study. Data have been collected using a dual frequency Topcon GB1000 receiver and a Topcon PG_A1 with ground-plane antenna installed on a mast of known height above the ground marker. We calculated daily positions in the ITRF2014 reference frame with a IPPP strategy (Precise Point

Positioning with Integer ambiguity fixing) using the processing software GINS developed at CNES/GRGS 3 , with GRG orbits and clocks products and IGS igs14.atx file for antenna calibration. Wet tropospheric delays are estimated every two hours based on VMF1 global mapping functions 4 and GPT2 empirical slant delay model GPT2 5 . 4 in the text, wrapped such that one fringe = 12.12 cm (ALOS-2 fringe rate). For all three rows, the model is derived from a distributed opening constrained least square's inversion, as outlined in the supplementary text. The opening distribution is shown in the fourth column. First row: data, model, and residual for a single interferogram used to invert for opening of the initial, intra-caldera dike intrusion feeding the effusive eruptions. We fix the dike geometry (See Fig. 4 in text) to be the same for both this inversion and the rift zone intrusion. Second row: data, model, and residual for the most coherent of the four datasets used to invert for the rift zone intrusion and caldera subsidence (see Table S1). Remaining residuals may be related to oversimplified geometry of the decompressing source (Mogi, fixed at a depth of 4.5 km), as well as the fact that the near field (<2 km) signal along the dike was masked, and therefore not fit by the inversion. Third row: data, model, and residual for one of three datasets (see Table S1) used to invert for exponentially decaying subsidence lasting more than 2 months after the rift zone intrusion. The horizontal sill is fixed at a depth of 4.1 km.
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Figure S5. L-curve analysis for model smoothing parameters. To find the optimal amplitude of correlation (σ ) and correlation distance (λ ) for the model smoothing parameters, we iterate through a range of σ and λ values, and plot the model misfit vs. maximum opening. The maximum opening acts as a proxy for the model roughness, with a larger opening corresponding to a rougher model (smaller λ or larger σ ). We initially run the iteration of σ with a fixed value of λ (2 for the dike intrusions, 0.8 for the sill), and then subsequently iterate for λ given the optimal values for σ . To remain consistent between the intra-caldera dike and rift zone intrusion, we choose the same σ and λ for both of these inversions. 4, 15 December 2018, 20:22). The second event ( 2) is the first LP event of 16 December 2018 with a P-vertical CLVD mechanism reported by Global CMT (Mw5. 7 16 December 2018, 15:34). The LP event produces a much smaller signature in the broadband seismogram (left). In contrast, after low-pass filtering, both events show a similar amplitude (right). In addition, the clear differential signal duration between both events is a direct evidence of a long source process (at least several tens of seconds) for the Mw5.7 LP event.
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Mechanical models of caldera ring-fault reactivation at a broad and shallow basaltic magmatic system

This chapter is based on the study submitted as "What triggers caldera ring-fault subsidence at Ambrym volcano? Insights from the 2015 dike intrusion and eruption" to Journal of Geophysical Research: Solid Earth. In this study, the first author processed the primary geodetic datasets, performed and interpreted the geodetic numerical modelling, and wrote the initial draft. R. Grandin contributed to interpretations of the geodetic data and models, D. Smittarello and V. Cayol helped adapt the numerical model for use in this study, V. Pinel contributed to the interpretation of the geodetic models, M. Boichu contributed the IASI SO 2 data analysis, and Y. Morishita processed the ScanSAR-to-stripmap interferogram. All authors commented on the final draft.

In this chapter, we will first provide a summary of the factors affecting caldera ringfault formation and reactivation. The former occurs during caldera collapse. Ring-fault reactivation can occur either during a subsequent collapse event, or during episodes of moderate subsidence or uplift. Finally, we will present the submitted article and Supplementary Information, which discuss an episode of caldera ring-fault reactivation at Ambrym volcano.

Scientific context

Caldera collapse

Before discussing caldera ring-fault reactivation, it is important to understand the mechanisms of caldera formation. Calderas are created during an initial collapse that forms the caldera ring-faults. Caldera collapse styles have been divided into five main endmemberspiston, piecemeal, trap-door, downsag, and funnel (See Figure 4-1a) [START_REF] Lipman | Subsidence of ash-flow calderas: Relation to caldera size and magma-chamber geometry[END_REF][START_REF] Cole | Calderas and caldera structures: A review[END_REF], Acocella, 2007]. Acocella [2007] developed an additional classification of the caldera's stage of development based on the amount of caldera subsidence (See Figure 4-1b). However, this characterization may be difficult to apply when the collapse structure observed at the surface results from repeated collapse events. The five end-member caldera collapse styles, as defined by [START_REF] Lipman | Subsidence of ash-flow calderas: Relation to caldera size and magma-chamber geometry[END_REF]. b.

The evolution of caldera development with increasing subsidence, compared to the collapse styles of [START_REF] Lipman | Subsidence of ash-flow calderas: Relation to caldera size and magma-chamber geometry[END_REF]. From Acocella [2007].

Two types of volcanic activity can cause caldera collapse-either explosive eruptions or the lateral injection of magma into rift zones (possibly leading to effusive eruptions) [Acocella, 2007, Sigmundsson, 2019]. In both cases, a large volume of material is withdrawn from the magma storage system, which induces an underpressure in the central reservoir, resulting in collapse of the caldera roof under its own weight. Once the collapse has initiated along the caldera ring-faults, the weight of the subsiding caldera roof may continue to push the magma out of the reservoir, such as during the 2014 -2015 Bárðarbunga caldera collapse [Marti andGudmundsson, 2000, Sigmundsson, 2019]. Plinian or ultra-Plinian eruptions are common triggers for caldera collapse at silicic magmatic systems. Such eruptions may expel hundreds to thousands of cubic kilometers of erupted material in a single event, and it is this rapid removal of material that induces caldera collapse. Evidence of such caldera-forming eruptions has been recorded at the largest calderas in the world, such as at Yellowstone (40 × 65 km), Toba (100 × 30 km), and Long Valley (29 × 15 km) [START_REF] Christiansen | Yellowstone magmatic evolution: Its bearing on understanding large-volume explosive volcanism[END_REF][START_REF] Chesner | Stratigraphy of the Toba Tuffs and the evolution of the Toba Caldera Complex, Sumatra, Indonesia[END_REF][START_REF] Carle | Three-Dimensional gravity modeling of the geologic structure of Long Valley Caldera[END_REF]. In Chapters 1.3.5 and 5.2, we discuss the possibility of a Plinian eruption occurring at Ambrym volcano 2000 ka. This eruption may have produced tens of cubic kilometers of pyroclastic material, and initiated the formation of the caldera's ring-faults. However, as discussed in Chapter 3, we also observe caldera ring-fault reactivation during lateral rift zone intrusions. This leads us to the next possible driver of caldera collapse.

In the past 20 years, five caldera collapse events at basaltic cadera-rift systems (Fernandina, Miyakejima, Piton de la Fournaise, Bárðarbunga, and Kīlauea) have led to an increased understanding of the role of lateral magma injections in caldera formation [START_REF] Sigmundsson | Unexpected large eruptions from buoyant magma bodies within viscoelastic crust[END_REF]. During these events, magma drains from the central reservoir and travels kilometers into the rift zone (as discussed in Chapter 3). Although lava may erupt at the surface, there are cases when large dike intrusions may not be associated with significant subaerial eruptions, because magma is either erupted underwater or arrested at depth (e.g., Manda Hararo-Dabbahu, Miyakejima, Fernandina, etc.). Once enough magma has drained the reservoir, it becomes significantly underpressurized, and the caldera roof collapses.

The lateral propagation of magma may continue for days to weeks, resulting in periodic collapses as magma is gradually removed from the central reservoir [Sigmundsson, 2019, Anderson et al., 2019, Segall et al., 2019]. Each individual collapse can repressurize the reservoir, causing it to sustain the weight of the caldera roof. Once enough magma has been removed due to the ongoing lateral magma migration, another collapse occurs [START_REF] Kumagai | Very-long-period seismic signals and caldera formation at Miyake Island, Japan[END_REF], Anderson et al., 2019, Segall et al., 2019]. Many of the large dike intrusions mentioned in Table 3.1 resulted in caldera collapses, emphasizing the mechanical coupling between these two phenomena.

Caldera ring-fault activation

Regardless of the formation mechanism, the collapse of a caldera roof occurs along calderaring faults, which can be either inward or outward dipping. After these caldera ring-faults have formed, they can be reactivated during subsequent collapse events which may deepen the caldera floor by hundreds of meters. Repetitive caldera collapse events occur at both silicic and mafic systems, with shorter time intervals at mafic systems (tens [Delaney andMcTigue, 1994, Anderson et al., 2019] to thousands [START_REF] Tsukui | Eruptive history of Miyakejima volcano during the last 7000 years[END_REF]] of years).

Fault geometry and collapse style

Conceptual models of caldera formation are based primarily on results from analogue modelling [START_REF] Marti | Experimental studies of collapse calderas[END_REF], Roche et al., 2000[START_REF] Acocella | Analogue models of collapse calderas and resurgent domes[END_REF][START_REF] Geyer | The distribution of basaltic volcanism on Tenerife, Canary Islands: Implications on the origin and dynamics of the rift systems[END_REF]. Analogue models of caldera collapse are performed by embedding a magma analogue (air, water, or silicone) in a brittle crust analogue (sand, flour, or clay) and causing it to subside [Acocella, 2007]. Regardless of the analogue crust's strength or the magma analogue's viscos-ity, nearly all models produced outward dipping reverse faults, propagating from the top of the chamber towards the surface. At early stages of fault propagation, and thus early stages of collapse, diffuse deformation around the fault tip results in crustal downsag (See Figure 4-4), until eventually the deformation is fully localized at the fault scarp [Acocella, 2007]. If enough slip occurs on the reverse faults, inward dipping normal faults also propagate upwards, surrounding the reverse faults [Acocella, 2007] (See Figure 4-4). The analogue modelling of [START_REF] Roche | Experimental study of caldera formation[END_REF] also revealed that the structural development of the caldera depends on the roof aspect ratio, which is defined as 𝑅 𝑎 = ℎ 𝑑 , where ℎ is the depth of the magmatic reservoir and 𝑑 is the caldera diameter. On one hand, calderas that overlay shallow and broad magmatic reservoirs have low roof aspect ratios (𝑅 𝑎 ≪ 1), and tend to host a single set of reverse faults surrounded by a single set of normal faults (See Figure 4-1). This fault geometry favors an initial flexural downsag, followed by coherent or asymmetrical subsidence [START_REF] Roche | Experimental study of caldera formation[END_REF]. On the other hand, deeper and smaller magmatic systems result in calderas with high aspect ratios. Higher aspect ratios tend to form multiple outward dipping reverse faults. This often results in piecemeal collapse, since faults intersect at depth before reaching the surface [START_REF] Roche | Experimental study of caldera formation[END_REF].

Concentric reverse and normal ring-faults have been observed in nature. For example, seismicity was concentrated on subvertical normal faults during the caldera collapse of Bárðarbunga [Ágústsdóttir et al., 2019], as well on outward dipping reverse faults during the eruptions of Pinatubo and Mt. St. Helens (although no fault activation was observed at the surface) [START_REF] Scandon | Magma supply, magma discharge and readjustment of the feeding system of mount St. Helens during 1980[END_REF]Malone, 1985, Mori et al., 1996]. Both outward dipping reverse faults and inward dipping normal faults were also observed during the early stages of the Miyakejima caldera collapse [START_REF] Geshi | Caldera collapse during the 2000 eruption of Miyakejima Volcano, Japan[END_REF]. 

Fault activation thresholds

The roof aspect ratio plays a role not only in determining the collapse style, but also the timing of fault activation. [START_REF] Geyer | Relationship between caldera collapse and magma chamber withdrawal : An experimental approach[END_REF] performed analogue modelling where water is gradually emptied from a ballon buried in sand. They recorded the volume fraction, 𝑓 , of water removed from the balloon at the onset of fault formation. They categorize fault formation into two separate families-the formation of fractures at the surface, and the appearance of reverse faults at the surface (See Figure 45). As shown in Figure 4-5, a lower roof aspect ratio 𝑅 𝑎 results in a lower 𝑓 threshold. Analytical models have also been used to investigate the timing of caldera collapse onset. [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF] derived an analytical expression to estimate the critical volume fraction, 𝑓 𝑐𝑟𝑖𝑡 , needed to exceed the maximum static friction on a vertical cylindrical ring-fault with a Mohr Coulomb behavior [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF]. They obtain a lower bound on 𝑓 𝑐𝑟𝑖𝑡 as follows

𝑓 𝑐𝑟𝑖𝑡 = 𝜌𝑔ℎ 2 𝑟𝜅 tan 𝜑, (4.1)
where 𝜌 is the host rock density, ℎ is the depth of the magma chamber, 𝑟 is the radius of the subsiding block, 𝜅 is the magma bulk modulus, and 𝜑 is the host rock's angle of internal friction. Similar to the findings from [START_REF] Roche | Experimental study of caldera formation[END_REF], [START_REF] Geyer | Relationship between caldera collapse and magma chamber withdrawal : An experimental approach[END_REF], 𝑓 𝑐𝑟𝑖𝑡 is lower for smaller 𝑅 𝑎 . This is related to the fact that, provided a fixed caldera radius, shallower reservoirs have a smaller fault surface area, and hence a lower value of maximum static friction. 

Paper 2: "What triggers caldera ring-fault subsidence at Ambrym volcano? Insights from the 2015 dike intrusion and eruption"

In the presented study, we analyse an episode of caldera ring-fault reactivation at Ambrym caldera during a moderate-sized eruption (VEI 2/3). A different portion of the ring-fault was also reactivated during the much larger rift zone intrusion in 2018, as discussed in Chapter 3. The rich InSAR dataset available during the 2015 event allows us to investigate the conditions necessary to reactivate caldera ring-faults, a phenomenon that is rarely observed by geophysical methods. Through geodetic modelling of both an inflating dike, a draining magma reservoir, and a slipping ring-fault, this study infers an upper-bound of the volume fraction 𝑓 necessary to reactivate pre-existing caldera ring-faults (taking into account magma compressibility), an upper-bound of the pressure change Δ𝑃 , and a lower bound for the volume of the tapped reservoir. In accordance with the ideas introduced above, our study discusses the influence of Ambrym's roof aspect ratio on the caldera fault reactivation threshold, as well as its influence on the long-term development of Ambrym's caldera.

Abstract

Surface deformation accompanying dike intrusions is dominated by uplift and horizontal motion directly related to the intrusions and may include subsidence due to associated magma reservoir deflation. When reservoir deflation is large enough, it can form, or activate pre-existing, caldera ring-faults, sometimes resulting in full-scale caldera collapse. Ring-fault activation, however, is rarely observed during moderate-sized eruptions.

On February 21st, 2015 at Ambrym volcano (Vanuatu), a basaltic dike intrusion produced more than 1 meter of co-eruptive uplift, as measured by InSAR, SAR correlation, and Multiple Aperture Interferometry (MAI). Here we show that up to 30 cm of subsidence occurred on a normal caldera ring-fault during this moderate-sized event, which intruded a volume of ∼30×10 6 m 3 and erupted ∼12×10 6 m 3 of lava. We explore the stress change imposed by the opening dike and the decompressing reservoir on a passive, frictionless fracture (fault). Normal fault slip, at the surface and at depth, is promoted when stress is transferred from a decompressing reservoir beneath one of Ambrym's main craters.

After estimating magma compressibility, we provide an upper-bound on the critical fraction (f = 1.9 -5.8%) of material extracted from the reservoir needed to trigger fault slip.

We infer that broad basaltic calderas may form in part by hundreds of subsidence episodes no greater than a few meters, due to magma extraction from the reservoir during moderatesized dike intrusions.

Plain Language Summary

Many volcanoes feature large depressions, called calderas. Calderas form when enough magma leaves a deep reservoir, and the solid rock lid above this reservoir can no longer support its own weight. Caldera faults, or cracks surrounding the reservoir which extend kilometers from the reservoir to Earth's surface, form as the lid collapses. Ground sinking at wide calderas along caldera faults has been attributed to large, explosive eruptions.

Ambrym volcano (Vanuatu) has a 12-km wide caldera, and researchers propose it formed during an explosive eruption 2000 years ago. However, in 2018, Ambrym's caldera sunk along caldera faults during a non-explosive eruption, questioning the aforementioned conclusion. Furthermore, in February 2015, an eruption 10 times smaller than in 2018 also caused the ground to sink along caldera faults. Utilizing ground motion data obtained from satellite radar systems to model magma reservoir outflow and fault displacement, we conclude that, in 2015, the ground sank along caldera faults because a small amount of magma was removed from the reservoir. We therefore propose that Ambrym's wide caldera may have formed as a result of many frequently occurring medium-sized eruptions. This challenges the thought that wide calderas mainly form as a result of large eruptions.

Introduction

Although all calderas host collapse structures, instrumentally recorded caldera ringfault activation is rare. A handful of extreme cases of caldera ring-fault activation-catastrophic caldera collapse-have been observed historically (Neal et al., 2018;Gudmunds-son et al., 2016;[START_REF] Peltier | Formation of the April 2007 caldera collapse at Piton de La Fournaise volcano: Insights from GPS data[END_REF][START_REF] Geshi | Caldera collapse during the 2000 eruption of Miyakejima Volcano, Japan[END_REF]. The majority of these spectacular events were characterized by noncoherent, or piecemeal, collapse, where upwards propagating faults break up the collapsing piston [START_REF] Ágústsdóttir | Intense seismicity during the 2014-2015 BárÃřarbunga-Holuhraun rifting event, Iceland, reveals the nature of dike-induced earthquakes and caldera collapse mechanisms[END_REF]Neal et al., 2018;[START_REF] Peltier | Formation of the April 2007 caldera collapse at Piton de La Fournaise volcano: Insights from GPS data[END_REF]. On the other hand, volcanoes that host shallow and broad magmatic chambers tend to collapse in a coherent fashion, and the central portion of the collapsing piston stays intact [START_REF] Roche | Experimental study of caldera formation[END_REF]. [START_REF] Walker | Downsag calderas, ring faults, caldera sizes, and incremental caldera growth[END_REF] hypothesized that silicic calderas may form incrementally by downsagging, which can be accompanied by caldera ring-faulting. The fraction of material removed from a magma reservoir needed to activate caldera ring-faults does not depend strongly on eruptive style. Incremental caldera ring-fault activation may also occur during frequent eruptions at broad, shallow basaltic calderas. Notably, at Sierra Negra, which hosts the largest caldera in the Galápagos ( 9km maximum diameter), there is no evidence of catastrophic caldera collapse, despite voluminous historical eruptions [START_REF] Reynolds | Physical volcanology and structural development of Sierra Negra volcano, Isabela Island, Galapagos archipelago[END_REF]Munro & Rowland, 1996).

Confirming that incremental subsidence is an important driver of caldera development at broad, shallow basaltic systems is challenging. Any significant subsidence would only accumulate over timescales of hundreds of years. Little geological trace would be left at the surface, especially if lateral intrusions, which may arrest at depth, were the dominant mechanism of magma withdrawal from a central magmatic plumbing system.

Nonetheless, accurately reconstructing the historical timeline of caldera formation is important, as it plays a role in determining which volcanoes are candidates to produce VEI 7 eruptions in the future [START_REF] Newhall | Anticipating future Volcanic Explosivity Index (VEI) 7 eruptions and their chilling impacts[END_REF]. Increased space-geodetic monitoring of volcanoes worldwide improve the chances of measuring caldera subsidence and ring-fault activation during moderate-sized eruptions (VEI<3) [START_REF] Pinel | Volcanology: Lessons learned from Synthetic Aperture Radar imagery[END_REF].

Caldera ring-faults are activated due to an underpressure within a reservoir as material is extracted from the central magmatic plumbing system. At basaltic caldera-rift systems, this extraction occurs primarily through lateral dike intrusions (Sigmundsson, 2019). However, in some cases of dike propagation, regardless of whether or not ring-faults have been activated, surface displacements associated with a decompressing reservoir are not observed geodetically. This can either be due to a masking of the subsidence signal by the large displacements related to the dike intrusion (Grandin et al., 2009), or other factors such as host rock or magma compressibility (Rivalta & Segall, 2008). Accounting for mechanical source interactions allows additional constraints to help identify a decompressing source.

In February 2015, a dike intrusion fed an eruption at Ambrym volcano and produced more than 1 meter of asymmetrical uplift to the SW of the fissure, as measured by synthetic aperture radar (SAR) data. To understand the process of dike intrusions leading to caldera subsidence and ring-fault activation, we combine Boundary Element Method calculations with a neighborhood inversion algorithm to determine the deformation sources contributing to the surface displacement. We then calculate the static stress change on the fault to investigate the possible contribution of the dike opening and reservoir depletion on caldera ring-fault activation, as well as determine bounds on the pressure and volume change of the magma reservoir needed to trigger caldera ring-faulting.

Volcanological and Tectonic Setting

Ambrym volcano is a basaltic volcanic island located in the central portion of the New Hebrides subduction zone in Vanuatu. The island hosts two rift zones oriented N105 The caldera has been previously interpreted as resulting from the collapse of a giant tuff cone during a sequence of explosive phreatomagmatic eruptions (Robin et al., 1993). This view was later challenged by Cronin and Németh (2005). In December 2018, the first geodetically monitored rift zone intrusion occurred, with >0.4 km 3 of magma travelling more than 20 km into the SE rift zone, resulting in a submarine eruption that emitted basaltic pumice onto the nearby shoreline [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]. Coeval with the 2018 rift zone intrusion, the caldera floor subsided by more than 2 meters. The caldera ring-faults also activated, most notably in the northern half of the caldera. The decompressing deformation source was modelled to be between 1 -5 km beneath the summit, depending on how many sources were included (Hamling et al., 2019;[START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF].

This event confirms that the caldera-ring faults are part of an active fault system, not solely relict structures resulting from a major collapse 2000 years ago (Robin et al., 1993). Due to these observations of meter-scale caldera subsidence, in conjunction with historical documentation of reoccurring rift zone intrusions, recent studies (Hamling et al., 2019;[START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF] have invoked the hypothesis that Ambrym's caldera developed as a result of hundreds of similar rift zone intrusions, building out the elongation of the island, while simultaneously causing the gradual, incremental subsidence of the caldera floor. The rift zone intrusion in 2018 provided an example of caldera ringfault activation at Ambrym, but did not provide minimum constraints on the thresholds necessary to activate these faults. More frequently-occuring moderate-sized eruptions, such as a fissure eruption that occurred in 2015, provide additional constraints.

Gas and thermal remote sensing during the February 2015 eruption

Ambrym's volcanic activity over the past decades includes lava lakes and Strombolian explosions within the nested pit craters located in the two main volcanic cones, Marum and Benbow, near the western caldera rim (see Figure 1) (Németh & Cronin, 2008).

In addition to lava lake activity, occasional intra-caldera fissure eruptions have occurred, most notably in 1986 and 1988-89 (Eissen et al., 1991). The former took place in the eastern portion of the caldera, and erupted lava with a slightly elevated SiO 2 content (60 wt% SiO 2 ), compared to eruptive products from the main cones (∼50.5 wt% SiO 2 ) (Fig. 1c). This suggests various degrees of melt differentiation within the magmatic system (Robin et al., 1993;Eissen et al., 1991).

In February 2015, another fissure eruption occurred, with a main fissure located ∼3 km SE of Marum (Fig. 1d) (Coppola, Laiolo, & Cigolini, 2016;Hamling & Kilgour, 2020). This event was preceded by a 6.4 M w earthquake on 19 February 2015 at 13:18

UTC with a hypocenter 30 km southeast of Ambyrm's craters and a depth of ∼5 km (Fig. 1a, 16.50 • S, 168.28 • E, according to the location from the Oceania Regional Seismic NET-work (ORSNET), event ID ird2015dmnz). The earthquake had a reverse focal mechanism and moment tensor solution that included only 61% double couple component (Fig. 1a). According to thermal anomalies detected by the Middle Infrared Observation of Volcanic Activity (MIROVA) system (Coppola, (Stein et al., 2015;Crawford et al., 2016) and the Infrared Atmospheric Sounding Interferometer (IASI) (Clarisse et al., 2014)). Coppola, Laiolo, and Cigolini (2016) estimates the maximum effusion rate was 64 (±32) m 3 s -1 , emitting a total of 4.8 (±2.4)× 10 6 m 3 of lava from the main fissure oriented ∼N135 • S, travelling ∼3 km.

To directly constrain the lava flow volume, we calculate a digital elevation model (DEM) using MicMac software (Rupnik et al., 2018) and post-eruption Pléiades optical satellite images with no cloud cover over the lava flow. We estimate an improved lava flow volume of ∼12.4 (±0.08) × 10 6 m 3 (see Supporting Information Text S2 and Table S1), with an average flow thickness of ∼5 m (Fig. S1). Uncertainties were calculated using the methods of Bagnardi et al. (2016) and Favalli et al. (2010). We also note that in addition to the main fissure to the SE of Marum, a secondary fissure opened closer to Marum, ∼200 m south of Niri Mbwelesu Taten (see Figure 1d), oriented N133 • S, which fed a 900 m-long lava flow.

We use the Ozone Mapping and Profiler Suite (OMPS) products to conservatively estimate ∼40 kt of sulfur dioxide (SO 2 ) emitted during the eruption (see Text S3 and Figure 1e). Calibration was done for SO 2 column density estimates of plumes with a center of mass altitude (CMA) between 5 to 10 km (Li et al., 2017). An SO 2 mass estimate of ∼40 kt is consistent with degassing of a lava volume corresponding to the ∼12.4×10 6 m 3 lava flow (see Supporting Information Text S3). After 25 February, SO 2 degassing returned to passive background levels (∼7 kt/day, according to Carn et al. (2017)). These estimates of erupted lava volumes and emitted gas will be compared with volume changes at depth, as constrained by geodesy. This comparison will provide constraints on the balance between the erupted and intruded masses, and the overall size of the magma reservoirs at depth.

Geodetic Data

In this study, we exploit multiple synthetic aperture radar (SAR) datasets to measure the co-eruptive ground displacement (Table S2). A joint analysis of differential In-SAR and Multiple Aperture Interferometry from ALOS-2, and pixel offset tracking from CosmoSky-Med (CSK) allows to decompose the 3D co-eruptive displacement field.

Differential InSAR

The Japan Aerospace Exploration Agency's L-band SAR satellite ALOS-2 acquired images before and after the eruption, in both ascending (stripmap) and descending orbit geometries (stripmap and ScanSAR). With a wavelength of 24 cm, interferograms produced using data acquired from L-band SAR satellites maintain coherence in vegetated regions, such as tropical volcanic islands. We process interferograms from ascending stripmap mode (SM3) images spanning 24 January to 21 March 2015 with the Interferometric SAR scientific computing environment (ISCE) (Rosen et al., 2012). Filtering and unwrapping are performed with NSBAS modules (Doin et al., 2011;Rosen et al., 2004;Grandin et al., 2012). Supporting Information Text S4 describes in detail the processing steps.

Before the eruption, the ALOS-2 descending archive consists of only ScanSAR (interferometric wide-swath mode, WD1) acquisitions. Coherent ScanSAR-to-ScanSAR interferograms can only be calculated with images acquired after 8 February 2015, due to inadequate (less than 50%) burst synchronization on the ground for acquisitions before this date [START_REF] Lindsey | Line-of-sight displacement from ALOS-2 interferometry: M w 7.8 Gorkha Earthquake and M w 7.3 aftershock[END_REF][START_REF] Natsuaki | SAR interferometry using ALOS-2 PALSAR-2 data for the M w 7.8 Gorkha, Nepal earthquake[END_REF]. This was due to an issue with ALOS-2's navigation system, which was fixed on 8 February 2015 [START_REF] Lindsey | Line-of-sight displacement from ALOS-2 interferometry: M w 7.8 Gorkha Earthquake and M w 7.3 aftershock[END_REF]. As a result, standard ScanSAR-to-ScanSAR processing is replaced by ScanSAR-to-stripmap processing for descending images spanning 17 January 2015 to 14 March 2015 [START_REF] Ortiz | ScanSAR-to-Stripmap Mode Interferometry Processing Using ENVISAT / ASAR Data[END_REF][START_REF] Natsuaki | SAR interferometry using ALOS-2 PALSAR-2 data for the M w 7.8 Gorkha, Nepal earthquake[END_REF][START_REF] Kobayashi | Detailed crustal deformation and fault rupture of the 2015 Gorkha earthquake, Nepal, revealed from ScanSARbased interferograms of ALOS-2[END_REF]. This is implemented with the GSISAR software developed by the Geospatial Information Authority of Japan [START_REF] Kobayashi | Detailed crustal deformation and fault rupture of the 2015 Gorkha earthquake, Nepal, revealed from ScanSARbased interferograms of ALOS-2[END_REF][START_REF] Tobita | Development of SAR interferometry analysis and its application to crustal deformation study[END_REF]. A 30-m mesh Advanced Spaceborne Thermal Emission and Reflection Radiometer (ASTER) Global Digital Elevation Model (GDEM) was used to remove the topographic fringes [START_REF] Tachikawa | Characteristics of ASTER GDEM Version 2[END_REF]. The post-interferogram formation steps (multilooking, filtering, unwrapping and geocoding) are performed with NS-BAS modules, as described in the Supporting Information Text S4. The descending interferogram is multilooked 1 time in range and 8 times in azimuth.

Multiple aperture interferometry

In addition to differential InSAR, which measures satellite LOS displacements, we also process a multiple aperture interferogram (MAI) (Bechor & Zebker, 2006;Liang & Fielding, 2017), in order to derive the along-track, or azimuth, displacement using ascending SM3 images spanning 24 January to 4 April 2015. Azimuth common-band filtering with a normalized squint of 0.66 generates sub-aperture single-look-complex (SLC) pairs which are used to calculate forward and backward looking interferograms with a multilook factor of 8 and 16 in range and azimuth, respectively. The difference between these interferograms provides the along-track displacement, albeit with a lower accuracy than differential InSAR. The postprocessing steps include filtering (Goldstein & Werner, 1998), unwrapping, and geocoding with a pixel spacing of ∼85 m x 70 m.

Pixel offset tracking

Sub-pixel offset tracking measures surface displacement by finding the cross-correlation peak of two SAR image amplitudes [START_REF] Michel | Measuring ground displacements from SAR amplitude images : application to the Landers earthquake[END_REF]. Pixel offsets are less accurate than InSAR [START_REF] Michel | Measuring ground displacements from SAR amplitude images : application to the Landers earthquake[END_REF], yet complementary as they measure both LOS and azimuth displacement, as well as provide measurements in areas where phase is not coherent or surface displacements are large.

We S3).

3D decomposition

Following the method of T. J. Wright et al. (2004), we invert for the 3D co-eruptive displacement field using the InSAR LOS measurements, pixel offsets and MAI measurements. This results in the inversion of an overdetermined system of equations, and we can solve for the horizontal (N-S and E-W) and vertical components of deformation. Given the measured displacement and the satellites' LOS vectors, we perform a least squares inversion and decompose the 3D displacement field (see Figure 2). Each dataset was weighted equally in the inversion, which assumes similar accuracy for all measurements. InSAR has a higher accuracy than the other datasets, but the equal weighting ensures that contributions from the pixel offsets and MAI, such as displacement along the satellite azimuth, are not under-prioritized in the 3D decomposition [START_REF] Grandin | Significance of near-field geodetic data and diversified geometries of acquisition to model coseismic slip and refine shallow slip deficit: the case of the Balochistan earthquake[END_REF].

Co-eruptive displacement field description

The ascending and descending interferograms measure, respectively, up to 1.5 and 1 meters of line-of-sight (LOS) shortening (movement towards the satellite). This discrepancy indicates that horizontal displacements contribute to the LOS measurements.

The cross-sections in Figure 2 display the ratio of vertical to horizontal motion. In addition to horizontal motion, we emphasize three notable characteristics of the co-eruptive 3D displacement field:

1. There exists a N-S asymmetry and discontinuity across the eruptive fissures in all components (see Figure 2, Profile A-A'). The maximum LOS shortening is located just to the south of the main fissure, and this signal is most likely associated with the dike intrusion feeding the eruption. The ratio of subsidence to the north of the fissures compared to uplift to the south implies a dike dipping towards the SW.

2. There is also an E-W asymmetry in the western portion of the caldera, across a region that follows the caldera rim, and is incoherent and discontinuous in the interferograms (see Figure 2, Profile B-B'). This asymmetry is observed in all components. The ratio of horizontal to vertical displacement indicates that this signal may be attributed to normal slip on a portion of the caldera ring-fault. As measured by CSK pixel offsets, this displacement occurred before 6:00 UTC on 21 February, during the onset of the eruption (Fig. S3).

3. The 3D displacement field also estimates >20 cm of subsidence in the coherent region to the NW of the dike, beneath Marum crater (see 3D Decomposition, Figure 2). The ascending interferogram shows ∼24 cm (2 fringes) of LOS lengthening in the northern portion of the caldera, following the northeastern caldera rim.

However, this vegetated portion of the caldera is incoherent in the descending interferogram, limiting the ability to exploit two independent measurements to confirm whether these fringes are attributed to ground displacement or atmospheric effects. This signal, confined to within the caldera, is reminiscent of deformation which occurred in the month following the 2018 rift zone intrusion. The 2018-2019 deformation was modelled by a shallow (4-5 km depth) decompressing sill [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF].

Inversion of Deformation Sources

The displacement field's complexity hints at contributions from multiple sources.

Geodetic modelling of volcanic deformation often capitalizes on computationally efficient analytical solutions to describe displacement due to pressure sources (Mogi, 1958), as well as shear or tensile dislocations (Okada, 1985). When multiple sources are involved, the displacement fields produced by each of these sources in an elastic, homogeneous medium are added linearly. Any mechanical interaction, or stress transfer, between the sources is implicitly neglected.

Given the hypothesis that multiple sources are at play during this eruption, and the geological complexity of caldera systems (pre-existing weaknesses and faults due to caldera collapse (Acocella, 2007)), we choose to proceed with a numerical method, the Mixed Boundary Element Method (BEM) (Cayol & Cornet, 1997, 1998). This method calculates the surface displacement due to pressure changes within massive boundaries or within fractures with complex geometries (curvature, dip, etc.), as well as calculates the mechanical interaction between all modelled sources, which influence the final surface displacements. By combining the Mixed BEM forward models with a non-linear inversion, we are able to estimate the sources' geometries, while simultaneously inverting for a uniform stress change on the structures (i.e. pressure or shear stress changes).

Data subsampling and covariance matrix

To compare modelled and measured surface displacements, measurements must first be subsampled to include a reasonable number of datapoints in the inversion, while still retaining enough information to robustly estimate the relevant model parameters. We include and subsample both the ascending and descending InSAR measurements in the inversion. SAR pixel offsets are not included due to their low signal-to-noise ratio, however, we project modelled surface displacements into the LOS for all available datasets a posteriori (Fig. S4). The data is subsampled using an adaptive quadtree decomposition algorithm (Walstead, 1999;Jónsson et al., 2002), as described in the Supporting Information Text S5, Table S4 andFigure S5.

Displacement values at subsampled points may be spatially correlated due to phase contributions from atmospheric, ionospheric, or other noise sources (Sudhaus & Jónsson, 2009). To account for this spatially-correlated noise in the interferometric phase, the correlation distance and data variance are used to populate a data covariance matrix, according to

C d (k 1 , k 2 ) = σ 2 d • exp(-||k1,k2|| a 
), where σ 2 d is the variance, a is the correlation length, and ||k 1 , k 2 || is the Euclidian distance between two subsampled pixels k 1 = (x 1 , y 1 ), and k 2 = (x 2 , y 2 ) [START_REF] Tarantola | Inverse problem theory: Method for data fitting and model pa-rameter estimation[END_REF]. The data covariance matrix thus weights the data in the inversion, taking into account the correlated noise between two pixels that may be spatially correlated over wavelengths of up to 5a (Smittarello et al., 2019). According to [START_REF] Fukushima | Finding realistic dike models from interferometric synthetic aperture radar data: The February 2000 eruption at Piton de la Fournaise[END_REF], reasonable values for σ 2 d = 3 × 10 -4 m 2 and a = 330 m. Similarly to these authors, we found that varying these values did not result in significant changes to the inversion results (Fig. S6).

Mixed Boundary Element Method

As previously mentioned, we estimate the geometry and stress change of multiple pressure sources with a 3D Mixed BEM numerical approach (Cayol & Cornet, 1997, 1998).

In the Mixed BEM forward calculation, boundary conditions are the traction-free topography and uniform pressure changes on either surfaces (tensile cracks or shear fractures) or massive boundaries (reservoirs or the ground surface). Triangular elements are used to discretize all boundaries. The surface topography is derived from a 12 m resolution TanDEM-X DEM (Fig. S7a) (Wessel, 2016). Stress changes can either be imposed on the meshed triangular elements of the fractures or massive boundaries, or result from stress transfer from nearby sources, or both.

The Mixed BEM combines the displacement discontinuity and direct displacement methods (Lachat & Watson, 1976;Sokolnikoff, 1956;Crouch, 1976). A description of these methods can be found in the Supporting Information Text S6. Nine parameters control the fracture geometry (Fig. S8) [START_REF] Fukushima | Evolution of magma conduits during the 1998-2000 eruptions of Piton de la Fournaise volcano, Réunion Island[END_REF]. The fractures are connected to the topography mesh by user-defined echelons at the surface. While the location of the echelon has a degree of uncertainty, we use high-resolution optical satellite imagery from the Pléiades constellation to map the fissures that opened during the eruption (see Figure 1d). For the caldera ring-fault, the surface trace is determined using the SAR pixel offsets, in conjunction with identifying the incoherent regions in the InSAR measurements.

Displacements and stresses are discretized and interpolated on the boundaries. Thus, the more refined the mesh, the more precise the solutions. There is a tradeoff between accuracy and computational efficiency of the forward model, controlled by the number of meshed elements used to represent the topography (see Figure S7b for a plot of model run duration versus accuracy). In order to have a reasonable accuracy versus precision balance, the mesh is finer close to the echelons, where displacement is largest, and coarser in the far-field, where little-to-no displacement is measured (Fig. S7a). A Young's modulus of 5 GPa and a Poisson's ratio of 0.25 are chosen, consistent with in-situ measurements and depth of the inverted structures (Cayol & Cornet, 1998) and confirmed by laboratory measurements [START_REF] Heap | Towards more realistic values of elastic moduli for volcano modelling[END_REF].

Non-linear inversion: Neighborhood algorithm

The stress change and geometry of the fractures or reservoirs are inverted using a neighborhood algorithm [START_REF] Sambridge | Geophysical inversion with a neighbourhood algorithm-I. Searching a parameter space[END_REF][START_REF] Fukushima | Finding realistic dike models from interferometric synthetic aperture radar data: The February 2000 eruption at Piton de la Fournaise[END_REF]. An initial exploration of the parameter space picks N S 1 random combinations of the inverted parameters [START_REF] Sambridge | Exploring multidimensional landscapes without a map[END_REF][START_REF] Tridon | Inversion of coeval shear and normal stress of Piton de la Fournaise flank displacement[END_REF]. According to [START_REF] Tridon | Inversion of coeval shear and normal stress of Piton de la Fournaise flank displacement[END_REF], N S 1 is determined based on an exponential function which corresponds to the number of natural neighbors [START_REF] Sambridge | Exploring multidimensional landscapes without a map[END_REF], which is a function of the number of inverted parameters, k, such that N S 1 = 9.775•e 0.457•k . Each subsequent iteration picks N S 2 combinations of parameters, searching within the multi-dimensional Voronoi cells (nearest neighbor regions) with the lowest misfit in the previous iteration. Assuming the algorithm converges, a large NS 2 results in a more explorative search, while a small N S 2 results in a more exploitative search. Typically, N S 2 is taken to be 48, because it was found to be a reasonable compromise by [START_REF] Fukushima | Finding realistic dike models from interferometric synthetic aperture radar data: The February 2000 eruption at Piton de la Fournaise[END_REF].

The misfit is defined as

χ 2 (m) = (u o -u m ) T C -1 d (u o -u m )
, where u o is the data, u m is the modelled displacements, and C d is the data covariance matrix, as defined in Section 3.1. This iterative procedure continues until a threshold criterion, σ N LST , based on the standard deviation of the misfit values from the last N LST forward calculations (we set N LST = N S 2 ) is reached. Alternatively, the search can be terminated based on a pre-defined total number of iterations N IT . We terminate Inversion 3 after 1500 iterations. Even though the standard deviation threshold has not been reached, the estimated parameters are well-constrained (Fig. 4a). To calculate posterior probability density functions (PPD's), marginal PPD's, mean model parameters, and model uncertainties, we follow the bayesian inference framework [START_REF] Tarantola | Inverse problem theory: Method for data fitting and model pa-rameter estimation[END_REF] described in Sambridge (1999a) and implemented by [START_REF] Fukushima | Finding realistic dike models from interferometric synthetic aperture radar data: The February 2000 eruption at Piton de la Fournaise[END_REF] (Supporting Information Text S7).

The inversion procedure inverts for a phase constant, but does not invert for ramp parameters in the InSAR data that may be due to residual orbital errors [START_REF] Zebker | On the derivation of coseismic displacement fields using differential radar interferometry: the Landers earthquake[END_REF]. However, this does not effect the final geometry of the source, although it does slightly bias the estimated volume change. Figure S9 shows the results of an inversion with a deramped ascending interferogram (the only dataset with a far-field large enough to estimate the orbital ramp), to demonstrate the source geometry's insensitivity to this parameter.

Final inversions

Using the inversion scheme outlined in Section 3.3, we run three inversions of increasing complexity to test the necessity of adding multiple deformation sources. The number of non-linearly inverted free parameters and number of forward models for each inversion are listed in Table 1. In order to justify increasing complexity (i.e. adding a new source), we can calculate the Akaike Information Criterion for each inversion, defined as AIC = 2k + χ 2 + log |C d | + N × log(2π), where k is the number of inverted parameters, χ 2 is the misfit, |C d | is the determinant of the data covariance matrix, and N is the number of data points [START_REF] Akaike | A new look at the statistical model identification[END_REF]. The most likely models correspond to the lowest AIC. In each inversion, we use the same subsampled datasets and data covariance matrix from Section 3.1. Therefore, to compare the AIC of inversions, we can simply compare AIC = 2k + χ 2 . Changing the values of σ 2 and λ for the C d creation will change the value of χ 2 and the relative influence of the number of parameters in the final AIC value, but does not change the dike geometry or volume significantly (Fig. S6). In our case, when increasing the number of parameters, the decrease of the misfit largely counterbalances this increase, resulting in the AIC being equivalent to the misfit.

Dike (Inversion 1)

According to (1) in Section 2.5, the N-S asymmetry across the eruptive fissure implies a dike dipping towards the SW. The first inversion inverts non-linearly for the 9 dike geometry parameters and for the pressure change. The echelons are fixed at the surface, using mapping of eruptive fissures from optical satellite imagery, as described previously.

To avoid inverting for pressure as a linear parameter, the modelled surface displacements are scaled by a constant to find the pressure change that best fits the data. The bestfit model, as well as data, synthetics and residuals, are shown in Figure 3. The mean model, with 95% uncertainty intervals, are listed in the Supporting Information for all inversions (Table S5). The best-fit model dike is submitted to a scaled pressure change of ∆P = 2.9 MPa and the total scaled volume change is ∆V = 3.0 × 10 7 m 3 . When the ramp is removed from the ascending interferogram, ∆P = 2.2 MPa and ∆V = 2.7 × 10 7 m 3 (Fig. S9).

Dike and fault (Inversion 2)

The residuals from Inversion 1 reflect more than 20 cm of unexplained displacement in the western portion of the caldera, corresponding to the signal discussed in (2) in Section 2.5. The second inversion includes both a dike, as well as a frictionless fault, whose top edge is predefined and intersects the topography mesh. We invert for 3 additional parameters-the dip, bottom edge depth, and uniform shear stress change (normal fault motion) on the fault plane. To reduce the number of non-linearly inverted parameters, and ensure computational feasibility, we do not invert the angle of the bottom edge of the fault, the twist, shear, or any curvature (see [START_REF] Fukushima | Evolution of magma conduits during the 1998-2000 eruptions of Piton de la Fournaise volcano, Réunion Island[END_REF] for a description of these parameters). We justify this simplification because analogue and numerical models have found caldera ring-faults to be straight at depth (Beauducel et al., 2004;Gudmundsson et al., 2016;[START_REF] Liu | Influence of ring faulting in localizing surface deformation at subsiding calderas[END_REF]. We only include the portion of the fault that we hypothesize was activated in 2015.

Because the fault and dike orientations are perpendicular, pressurization of the dike results in closing (fracture wall interpenetration) on some sections of the fault plane (Fig. S10). We impose a nonnegativity constraint to avoid fracture wall interpenetration and thus ensuring a geologically realistic model. This nonnegativity constraint is enforced in the Mixed BEM through Lagrange multipliers, as described in [START_REF] Cayol | Sheared sheet intrusions as mechanism for lateral flank displacement on basaltic volcanoes: Applications to Réunion Island volcanoes[END_REF] (from hereon we call this constraint "preventing interpenetration"). Inversions have also been run without imposing this nonnegativity constraint, and the comparison between the resulting misfits and inversion durations is shown in Figure 3b. We remark that the misfit improves when the nonnegativity constraint is imposed.

The best-fit model, along with the dike opening and fault shear distributions, is shown in Figure S11. The dike's scaled pressure change is 2.4 MPa, the dike's total scaled volume change is ∆V = 2.6×10 7 m 3 , the fault's shear stress change is -0.26 MPa, and the fault's average slip is 0.5 m.

Dike, fault and reservoir (Inversion 3)

The misfit is significantly improved in Inversion 2 compared to Inversion 1 (Table 1 and Figure 3b). However, there remain long-wavelength residuals postulated to result from reservoir decompression, with a similar spatial footprint to the caldera floor subsidence measured after the Ambrym 2018 rift zone intrusion (see (3) in Section 2.5). Therefore, a final inversion includes a reservoir approximating a thin (semi-minor axis of 2.5 m), horizontal, oblate spheroid structure, whose location (beneath Marum crater, at 168.12 • E, 16.25 • S) and depth (4.1 km b.s.l) are fixed according to the post-intrusion deflation source estimated in [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]. Again, we invert for normal and shear stress changes on the dike and fault as non-linear parameters. We approximate the reservoir as a thin oblate spheroid as opposed to a horizontal fracture because the nonnegativity constraint restricts closing on all fractures in the inversion. Instead of closing of a horizontal fracture, we impose an internal negative pressure change within a massive boundary. The reservoir volume V and change in pressure ∆P are inversely proportional (Amoruso & Crescentini, 2009), resulting in the high ∆P obtained by the inversion given the thin reservoir. After running Mixed BEM computations for spheroids with various thicknesses, we find that the difference in both the surface displacement and the source volume change are negligible as long as the spheroid remains "thin" (with a ratio of semi-minor c to semimajor axis a = b, c a < 0.05).

We invert for the same parameters as Inversion 2, as well as the reservoir radius Table 1. The number of free parameters, number of total forward models, misfit, and convergence criterion for each of the inversion runs.

(

Inversion comparisons

We note that the final dike geometries diverge primarily at depth (Fig. 3), due at least in part to the lack of sensitivity of the surface displacement to pressure changes from deep sources [START_REF] Du | Comparison of various inversion techniques as applied to the determination of a geophysical deformation model for the 1983 Borah Peak earthquake[END_REF]. The misfit (and AIC), however, improves when adding additional sources, emphasizing that the surface displacements may result from the combination of these three sources.

The mean fault dip estimated in both Inversion 2 and 3 are within a few degrees, however, the dip tends towards a shallower value. We decide to constrain the minimum dip to 65 • based on numerical and analogue modelling, as well as geological observations, of steep, inward-dipping normal caldera-ring faults for calderas with low aspect ratios (ratio of chamber depth to width of caldera surface expression) [START_REF] Roche | Sub-surface structures and collapse mechanisms of summit pit craters[END_REF] and references within). In extreme cases, caldera sagging can result in material slumping along shallowly-dipping normal detachments formed within the footwall of steeper normal faults [START_REF] Holohan | Mechanical and geometric controls on the structural evolution of pit crater and caldera subsidence[END_REF], but whether or not this case is relevant for Ambrym is not constrained in this study and would need to be investigated further.

The depth of the fault's bottom edge also reaches the limits of the parameter search space. However, we fix the maximum depth at 4 km b.s.l to ensure that there is no interaction between intersecting elements of the fault plane and the reservoir. We acknowledge that the similarities between the fault dip and depth for Inversions 2 and 3 may be artificially imposed by the parameter limits.

The total volume change in the dike varies between 2.6 and 3.0×10 7 m 3 for the three inversions. All estimates and uncertainties for pressure changes, shear stress changes, total volume changes, and maximum and average slip values can be found in the Table S5 and Table S6.

Discussion

Reservoir decompression-not diking-induces faulting

In Section 3.4, we note that Inversion 3 has the lowest misfit (or AIC), indicating that it is the most likely source configuration. We conclude that contributions from three sources-a dike intrusion, caldera ring-fault, and reservoir-best fit the data. However, the misfit value relies solely on the data fit and data covariance matrix, without incorporating information about stress interactions between the various sources. In order to provide a complementary justification of our choice of the best-fit model, we now discuss whether this configuration of three deformation sources is mechanically consistent.

In Inversion 2, we invert for shear stress change on the caldera ring-fault in order to fit the surface displacements. In reality, an external stress perturbation must generate this shear stress change. Static stress transfer from the dike is the most obvious source of perturbation. In the context of rifting events, for example, stress transfer from an inflating dike has been invoked as the mechanism that explains normal faulting and graben subsidence, with normal faults slipping either above the dike or ahead of the dike's prop-agation path, as these are the locations that do not undergo dike-induced compression [START_REF] Rubin | Dike-induced faulting in rift zones of Iceland and Afar[END_REF]Grandin et al., 2009). In the context of a caldera, to test if stress perturbations due to dike opening promote normal caldera ring-faulting, we calculate the Coulomb stress change on the fault plane [START_REF] King | Static Stress Change and the Triggering of Earthquakes[END_REF][START_REF] Lin | Stress triggering in thrust and subduction earth--28-manuscript submitted to JGR: Solid Earth quakes and stress interaction between the southern San Andreas and nearby thrust and strike-slip faults[END_REF] Numerical modelling has shown that the stress field of a caldera is complex, influenced by the combination of regional tectonic stresses, edifice loading, unloading due to caldera formation, and other sources of local stresses (Buck et al., 2006;[START_REF] Pinel | The effect of edifice load on magma ascent beneath a volcano[END_REF][START_REF] Corbi | How caldera collapse shapes the shallow emplacement and transfer of magma in active volcanoes[END_REF]. Given the unknown initial stress state of the caldera, we cannot discount the possibility that the fault was brought closer to failure due to stress transfer from only the dike intrusion, given the slight CSC increase. However, the Coulomb stress change calculations indicate that it is more likely that fault activation was caused by the reservoir's decompression as it fed the dike intrusion and fissure eruption, rather than by stress transfer from the dike intrusion itself.

Nevertheless, stress transfer from the decompressing reservoir alone is not sufficient to explain the magnitude of fault slip resulting in the measured surface displacements.

The stress transfer reaches a maximum value of 0.5 MPa on the fault (Fig. 5). In Inversion 3, we accordingly invert for an additional shear stress change on the fault. This initial shear stress change may result from the accumulation of previous reservoir decompression events, and the stress transfer from the dike and reservoir during the 2015 eruption brought the fault to its failure threshold. The fault's inverted mean shear stress change decreases from -0.26 MPa in Inversion 2 to -0.13 MPa in Inversion 3, a change of 50%

(see Figure 5). In other words, in Inversion 3, less initial stress is required to produce the observed slip on the caldera fault, due to the stress transfer from the decompressing reservoir.

In Inversion 3, the initial shear stress is -0.13 MPa, which is equivalent to the shear stress transferred by the reservoir. We hypothesize that each fissure eruption and reservoir decompression event of this size may induce ∼ -0.13 MPa of shear stress on the fault. If this were the case, a second fissure eruption of similar size, such as the eruption that occurred in 1988-1989 (Fig. 1c), may have sufficed to generate the stress accumulation necessary to prime fault slip during the 2015 eruption.

Critical threshold for ring-fault activation

The influence of caldera roof aspect ratio

Caldera ring-faults are formed during caldera collapse. In basaltic systems, calderas develop due to lateral magma propagation which drains a central plumbing system, activating caldera ring-faults and resulting in gradual collapse of the caldera (Sigmundsson, 2019). The plumbing system's geometry influences the critical fraction of magma needed to trigger collapse (defined as

f crit = -∆q f V
, where ∆q f is the magma extraction volume and V is the reservoir volume). Analytical, analogue, and numerical models conclude that thresholds are lower for shallower, broader calderas (low roof aspect ratios,

R a = h
2r , where h is reservoir depth and r is the reservoir radius) [START_REF] Roche | Experimental study of caldera formation[END_REF][START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF][START_REF] Holohan | Mechanical and geometric controls on the structural evolution of pit crater and caldera subsidence[END_REF]. Studies of caldera collapse events at Kilauea, Piton de la Fournaise, Fernandina, Miyakejima, and Bárðarbunga conclude that f crit calculated from observations is smaller than estimated from analogue modelling. Recent studies concerning the best-documented basaltic caldera collapse, the Kilauea caldera collapse in 2018, emphasize the importance of moving beyond f crit . Because the initial stress state is unknown, it is important to estimate reservoir pressure change before collapse in order to physically explain the caldera roof failure due to stresses imparted upon it (K. R. [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF].

The caldera ring-faulting event at Ambrym, although not a full-scale caldera collapse event, allows us to draw bounds on the minimum reservoir depressurization needed to trigger caldera ring-faulting at a broad, shallow basaltic caldera. Ambrym has an especially low roof aspect ratio, estimated by comparing the depth of the main decompressing deformation source in 2018 and the width of the caldera surface expression. Based on estimates from [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]; Hamling et al. (2019), R a at Ambrym may be lower than 0.4.

Pressure change bounds and minimum reservoir volume

Using the Mixed BEM, we adjust the reservoir dimensions to establish bounds on V and ∆P , after fixing the shear modulus µ (here we have µ = 2 GPa). These bounds will allow us to estimate magma compressibility and constrain f , which we here define as the critical fraction of magma needed to trigger fault slip.

Given the tradeoff between ∆P and V , we set the semi-minor axis of the reservoir geometry found in Inversion 3 to values that range between 2.5 m and 750 m. We then adjust ∆P to ensure the forward Mixed BEM calculation results in a surface displacement that is within 2% error of the displacement field from Inversion 3 (Fig. S12). As the reservoir becomes more spherical (c → a), the ratio of vertical to horizontal displacements decreases (Lisowski, 2006), inconsistent with the best-fit model's displacement field.

A sill-like reservoir (a c) is consistent with caldera floor subsidence measured after Ambrym's 2018 rift zone intrusion [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]. This 2018 post-intrusion signal was modelled by a rectangular tensile dislocation (Okada, 1985), as opposed to a spherical point source (Mogi, 1958).

To obtain pressures within the tensile strength of the rock (conservative estimates being ∼1 -50 MPa based on [START_REF] Sparks | Causes and consequences of pressurisation in lava dome eruptions[END_REF]; K. [START_REF] Anderson | Bayesian inversion of data from effusive volcanic eruptions using physics-based models: Application to Mount St. Helens 2004-2008[END_REF]; Delgado et al. (2019)), c has to range from 50 to 750 m, resulting in ∆P ranging between -11.1 and -16.8 MPa, and the corresponding V ranging from 0.2 to 3 km 3 . Given this ∆P range, ∆V varies by less than 7%, from -1.18 to -1.25×10 7 m 3 . Although the estimated V ranges over one order of magnitude, from 0.2 to 3 km 3 , we note that [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] estimates Ambrym's minimum reservoir volume to be 0.5 km 3 . [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] estimates this volume by first calculating a magma residence time τ of 240 days, using a model similar to [START_REF] Gauthier | Degassing processes at Stromboli volcano inferred from short-lived disequilibria in volcanic gases[END_REF] based on measurements of radionuclide 210 Po, 210 Bi, and 210 Pb fluxes and activity ratios. This model assumes that radionuclides are in radioactive equilibrium when they are dissolved in melt stored in the deeper magma reservoir, and remain in radioactive equilibrium until the melt is degassed. This degassed melt is then either recycled, intruded or erupted. Then, [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] multiples the magma residence time by the estimated magma influx Φ 0 of 2.2×10 6 m 3 day -1 into the shallow magma reservoir, which sustains the measured SO 2 flux. The minimum shallow magma reservoir size is thus

V = τ • Φ 0 = 0.5 km 3 .
This value is a minimum estimate of the total magma stored in Ambrym's plumbing system. If magma is not intruded or erupted during its residence in the shallow magma chamber, according to [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]; [START_REF] Gauthier | Degassing processes at Stromboli volcano inferred from short-lived disequilibria in volcanic gases[END_REF], it must be recycled into a deeper magmatic system. To find a maximum estimate of V based on passive degassing estimates from Carn et al. (2017), we neglect magma recycling into a deeper magmatic system, and assume the entire magmatic system contributes to degassing over a period of ∼10 years, the time period of the Carn et al. (2017) study. Given 7 kt day -1 of SO 2 degassing, if we perform the same calculation as in Section 1.2, we obtain a volume of degassed magma of V ≈ 6 km 3 , without taking into account the effects of magma compressibility. Therefore, the independent bounds obtained from SO 2 flux, radioactive equilibria, and geodetic modelling have significant overlap. In addition, estimates for the reservoir volume change during the 2018 rift zone intrusion lie between 0.3 and 0.7 km 3 [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]Hamling et al., 2019). If we assume that the reservoir volume change was 0.7 km 3 in 2018 and that the entire reservoir did not drained, we conclude that the shallowest compartment of Ambrym's reservoir (i.e. the portion that contributes to feeding lava lake activity and degassing) has a minimum size of 1 -3 km 3 . More than 0.4 km 3 of magma migrated into the rift zone in 2018, emphasizing the large size of the entire magmatic system, but this intrusion was most likely fed from multiple storage zones beneath the caldera. We hypothesize that the reservoir tapped during the 2015 dike intrusion is a liquid lens within a trans-crustal magmatic system, which hosts both magma lenses and regions of uneruptible crustal-rich mush [START_REF] Edmonds | Architecture and dynamics of magma reservoirs[END_REF]. The bounds on V should therefore be taken as a minimum of the total amount of magma stored within Ambrym's plumbing system.

Magma compressibility estimate

By comparing the ratio of reservoir volume change to the volume of intruded material, r v , we can estimate to the first-order the magma compressibility (Rivalta & Segall, 2008;Rivalta, 2010). Magma compressibility is one factor that contributes to the discrepancy between estimates of reservoir volume change and the amount of magma extracted from the reservoir [START_REF] Johnson | Comment on 'volume of magma accumulation or withdrawal estimated from surface uplift or subsidence, with application to the 1960 collapse of Kilauea volcano[END_REF]. Rivalta and Segall (2008); Rivalta (2010) derived the generic formula for r v based on chamber compressibility β c and magma compressibility β m , such that

r v = ∆V s ∆V c = 1 + β m β c , (1) 
where ∆V s and ∆V c are the volume change in the sink (dike) and reservoir, respectively. (Amoruso & Crescentini, 2009), and K. [START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF] interpolated these estimations using finite element calculations for intermediate aspect ratios.

The reservoir that drained during the 2015 Ambrym eruption has an aspect ratio c a that ranges from 0.05-0.75 when imposing reasonable bounds on ∆P . We calculate chamber compressibility using analytical expressions (Amoruso & Crescentini, 2009), extrapolations of these expressions using finite element calculations (K. Anderson & Segall, 2011), and the Boundary Element Method. We confirm that the chamber compressibility ranges derived from these methods are comparable. Using the analytical expressions derived in [START_REF] Amoruso | Shape and volume change of pressurized ellipsoidal cavities from deformation and seismic data[END_REF], when a = b c, the following equation can be used to calculate chamber compressibility

β c = 3 µ a c 1 2π - 1 5 . ( 2 
)
Although Equation 2fails for shallow penny-shaped sills (K. Anderson & Segall, 2011), the "medium" depth (4-5 km b.s.l) of Ambrym's reservoir allows us to reasonably approximate β c using this expression for the aspect ratio lower-bounds. For the upper-bounds, chamber compressibility can, when aspect ratios range between ∼0.6 -10, be approximated as for a sphere (β c = 3 4µ ) within 25% error, as shown in K. [START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF]. Using Equation 2, it follows that β c ranges from 3.8×10 -10 -4.5×10 -9 Pa -1 .

The lower-bounds are based on a spheroidal geometry, and the upper-bounds are based on an assumption of a penny shaped sill with an aspect ratio of 0.05. We confirm these analytical approximations by calculating β c using the Boundary Element Method. β c in this case ranges from 3.9 × 10 -10 -3.1 × 10 -9 . The differences between the analytical and the computational values are consistent with K. [START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF], and we will proceed with the discussion using the latter range of values.

As mentioned in Section 2.5, the reservoir deflation and caldera ring-fault activation occurred before the end of the eruption, so the propagating dike had a larger volume than the modelled intrusion volume ∆V s arrested at depth. [START_REF] Wauthier | Magma pathways and their interactions inferred from InSAR and stress modeling at Nyamulagira Volcano[END_REF] derived an equation to include both erupted and intruded volumes in estimates of r v , and concluded that, in the case when the erupted volume V e accounts for 90% of the total volume, the erupted volume only contributes to 5% of the total r v value. However, during the Ambrym 2015 eruption, V e accounts for <40% of the total magma volume.

Therefore, we choose to neglect the emitted lava.

Our estimate of r v will be an underestimate, as it does not include the erupted volume. From Equation 1, given the modelled value of r v ≈ 2.2 (implying β m ≈ β c ) from Inversion 3, we obtain a magma compressibility that ranges from 4.7 × 10 -10 -3.7 × 10 -9 Pa -1 . Although spanning one order of magnitude, we can conclude that this value is higher than that for degassed basalts (Rivalta & Segall, 2008). This magma compressibility estimate is consistent with recent studies of the Ambrym 2015 eruption, which hypothesize that Ambrym's shallow reservoir was pressurized due to bubble nucleation and growth (Hamling & Kilgour, 2020). The existence of gas bubbles within the chamber may explain the relatively high magma compressibility.

Estimates of magma compressibility at Kilauea during the 2018 lava lake drainage and rift zone eruption ranged from 2 × 10 -10 -9 × 10 -10 Pa -1 , also higher than values estimated assuming gas-poor basalt (K. R. [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF]. K. R. Anderson et al. (2019) concludes that this may indicate the presence of bubbles in the reservoir, even though the value of β m relies strongly on prior estimates of the shear modulus µ and R = βm βc . Similarly, at Erta Ale, another volcano which hosts a lava lake, no significant cumulative post-intrusion subsidence was measured after the 2017 intrusion, indicating either highly compressible magma or magma fed from a deep source [START_REF] Moore | The 2017 Eruption of Erta 'Ale Volcano, Ethiopia: Insights into the Shallow Axial Plumbing System of an Incipient Mid-Ocean Ridge[END_REF].

The observations listed above regarding high compressibility magma at Ambrym, Kilauea, and Erta Ale need to be investigated in more detail before further conclusions can be drawn regarding magma compressibility at volcanoes hosting active lava lakes.

An alternative explanation for the discrepancy between the ∆V s and ∆V c is magma recharge of the plumbing system. However, even after the 2018 eruption, no post-eruptive uplift related to magmatic recharge was measured, despite SAR acquisitions every 6 days [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]. In addition, the caldera floor subsided in the months following the 2015 eruption, as measured with both ALOS-2 and Sentinel-1 (Fig. S13).

Minimum depressurization and critical fractions for caldera ringfault activation

Given the estimated β c , V , ∆P , and ∆V , we determine the critical volume fraction needed to trigger caldera ring faulting. Only the western portion of the caldera ringfault is activated, because the drained reservoir during the February 2015 event is located beneath the active vents and lava lakes, and this is thus where the largest stress transfer occurred onto the ring-fault. In the 2018 rift zone intrusion and reservoir drainage event, the northern portion of the caldera ring-fault was activated, possibly due to withdrawal of a larger quantity of magma from a more central storage area within Ambrym's magmatic system [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]Hamling et al., 2019). We hypothesize, given the conclusion drawn in Section 4, that a reservoir drainage events (1988)(1989)) occurred before the caldera ring fault was activated in 2015. We will therefore assume that the estimated ∆V and ∆P values need to be doubled in order to account for this event, and the event in 2015. We further assume that magma compressibility does not vary with time, which may not be the case due to possible changes in magma volatile content over the past few decades.

We assume a volume of reservoir change -∆V = 2.6 × 10 7 m 3 , a volume of extracted material -∆q = 5.8 × 10 7 m 3 , a ∆P from -22.2 to -33.6 MPa, and a reasonable range of reservoir volumes from 1-3 km 3 . The critical fraction V crit = -∆V V thus ranges from 0.9-2.6%, and after taking into account the compressibility of the system, the critical fraction f = -∆q V ranges from 1.9 -5.8%. This range of values is consistent with the fraction of extracted material found in analogue models f exp for the onset of fracture formation at the surface. [START_REF] Geyer | Relationship between caldera collapse and magma chamber withdrawal : An experimental approach[END_REF] estimates that f exp may be as low as 2% for calderas with the same roof aspect ratio as Ambrym (r ∼ 0.4). This estimate for f , however, is an upper-bound, considering the total volume of stored magma at Ambrym may be significantly larger than the assumed reservoir volume range (see Section 4.2.2).

Co-eruptive gas emission

The magma compressibility estimate at Ambrym from Section 4.2.3 implies that the reservoir feeding the eruption was not fully degassed. Magma may instead be degassed at shallow levels through persistent lava lake activity. This is consistent with [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF], who concludes that Ambrym's degassing occurs in a "closed system" [START_REF] Edmonds | New geochemical insights into volcanic degassing[END_REF]. Bubbles and melt coexist in equilibrium in the reservoir and conduit until magma vesiculation has reached a threshold of 50%. Bubbles can then percolate and rise through the magma column independent of the speed of the rising melt. In the case of Ambrym, this threshold is reached when dissolved water has exsolved, causing degassing to occur at very shallow levels (∼10 MPa, or <0.5 km depth). This was concluded by [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] from the H 2 O-CO 2 evolution pattern at decreasing pressure steps. In addition, the CO 2 and H 2 O mass degassed by the lava lakes is remarkably consistent with the difference between the H 2 O and CO 2 wt % in the primitive magma and that of the degassed basalt. Any exsolved gas was in chemical equilibrium with the melt as it rose from deeper levels to the surface. This degassing scheme-closed-system degassing at depth within the conduit, followed by open-system degassing at shallow levels-is also supported by observations at another lava lake-hosting volcano, Nyiragongo [START_REF] Sawyer | Investigation into magma degassing at Nyiragongo volcano, democratic Republic of the Congo[END_REF]. Their conclusion is based on stable proportions of gases that exsolve at depth (CO 2 , SO 2 , and CO) on timescales ranging from seconds to months. On the other hand, SO 2 -HCl-HF compositions (HCl and HF are more soluble gases and exsolve at shallower depths) fluctuate on time scales of seconds to minutes [START_REF] Sawyer | Investigation into magma degassing at Nyiragongo volcano, democratic Republic of the Congo[END_REF].

"Closed system" degassing at Ambrym is consistent with the mass balance between the degassing during the eruption and the volume of erupted material. If the melt degasses at very shallow levels, we could assume that there would be no significant degassing through the dike. When comparing the degassed SO 2 mass, conservatively 40 kt, which is equivalent to a degassing of 9.5 × 10 6 m 3 of lava, we indeed notice this is the same order of magnitude as the volume of erupted lava (see Section 1.2). Therefore, we conclude that none of the degassing during this eruption was related to degassing from deeper within the magmatic system, whether from the dike intrusion or the reservoir. This balance between the degassed sulfur mass and erupted lava volume has already been documented at other effusive volcanic eruptions (Barnie et al., 2016), yet this is not necessarily the case in explosive eruptions, as emphasized by the "excess" sulfur problem [START_REF] Wallace | Volcanic SO 2 emissions and the abundance and distribution of exsolved gas in magma bodies[END_REF][START_REF] Kilbride | Observing eruptions of gasrich compressible magmas from space[END_REF].

Implications for basaltic caldera formation

The 2015 eruption at Ambrym is an example of caldera ring-fault activation during a moderate-sized eruption. It is possible that localized caldera subsidence may occur during moderate-sized eruptions, which occur on decadal time scales at Ambrym.

Caldera-wide subsidence events, on the other hand, occur during rift zone intrusions, because they typically involve a greater volume of magma withdrawal [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF].

According to Eissen et al. (1991), more than 10 rift zone eruptions have occurred at Ambrym in the past 120 years. Assuming fault slip values similar to the the amount measured during the 2018 rift zone intrusion, ∼0.4 meters, this results in ∼4 meters of fault slip in a little over 100 years. Assuming the time frame estimated by Robin et al. (1993) since caldera formation (∼2000 years ago) and stability of Ambrym's activity, we calculate almost 80 meters of fault slip related to reservoir drainage due to rift zone intrusions and eruptions. The largest subsidence events at Ambrym, which occur during rift zone intrusions, contribute the most to caldera development. As observed in 2018, a more laterally extensive and slightly deeper magma lens may be tapped during these events than the moderate-sized eruption in 2015. Better constraining the scaling relations between ( 1) intrusion size and frequency, and between (2) intrusion size and fault slip magnitude, would allow for determing whether incremental caldera subsidence is dominated by larger, rarer events, or by numerous, repeated, moderate events.

The cumulative subsidence due to these discrete subsidence events is non-negligible for a caldera of this diameter. This subsidence is comparable with the magnitude of the Bárðarbunga caldera collapse in 2014-2015, where the caldera floor deepened by ∼65 me-ters over the course of 6 months (Gudmundsson et al., 2016). However, the dynamics of these two collapse styles contrast, caused by differences in the stress change on the ring-faults during reservoir drainage events.

Ambrym and Bárðarbunga host two of the largest basaltic calderas on the planet, with 12 and 8 km diameters, respectively. The difference in their caldera collapse dynamics may be derived from the difference in the depth of the magmatic reservoir feeding lateral dike intrusions, ∼4 km depth at Ambrym [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF] and >6 km depth at Bárðarbunga (Ágústsdóttir et al., 2019). This results in respective roof aspect ratios of <0.4 for Ambrym and ranging from 0.75-1.38 for Bárðarbunga. The threshold on pressure change or critical volume fraction activating caldera ring faults is smaller at Ambrym than at calderas with larger roof-aspect ratios. The lower the roof aspect ratio, the smaller the fault surface area, and the lower the reservoir depressurization needed for caldera ring-fault activation.

This may be further supported by deformation at Galápagos volcanoes that have broad and shallow systems, such as at Sierra Negra (Munro & Rowland, 1996). Previous studies have concluded that Sierra Negra's reservoir may be a thin ellipsoid 0.4 km tall and 7 km wide at ∼3 km depth, resulting in a roof aspect ratio of ∼0.4, similar to Ambrym [START_REF] Amelung | Widespread uplift and 'trapdoor' faulting on Galapagos volcanoes observed with radar interferometry[END_REF][START_REF] Yun | Constraints on magma chamber geometry at Sierra Negra Volcano, Galápagos Islands, based on InSAR observations[END_REF]. Much attention has been given to the uplift episodes that cumulate in trap-door faulting along the intra-caldera sinuous ridge-fault system in the southwestern portion of the caldera. Little is known, however, about the caldera formation itself, which has been classified as a coherent "piston-type" collapse [START_REF] Jónsson | Stress interaction between magma accumulation and trapdoor faulting on Sierra Negra volcano, Galápagos[END_REF]. Sierra Negra has hosted meter-scale co-eruptive subsidence events in both 2005 and 2018 [START_REF] Geist | The 2005 eruption of Sierra Negra volcano, Galápagos, Ecuador[END_REF][START_REF] References Abe | Surface Changes Due to the 2018 Eruption of Sierra Negra Volcano in Galápagos Island Revealed by ALOS-2/PALSAR-2[END_REF]. The magnitude of recent co-eruptive subsidence events-5 and 8 meters, respectively-makes them difficult to study with InSAR (S. H. [START_REF] Yun | Interferogram formation in the presence of complex and large deformation[END_REF][START_REF] Casu | Deformation time-series generation in areas characterized by large displacement dynamics: The SAR amplitude pixel-offset SBAS technique[END_REF], and there has been no modelling attempts to determine whether or not caldera ring-faults were activated during subsidence, separately from trap-door faulting along the sinuous ridge.

Future studies concerning subsidence during moderate-sized eruptions at broad mafic calderas, for example, in the Galápagos, Hawaii, or Iceland are needed to understand the role played by the depth, geometry, and size of the underlying magmatic plumbing system. An outstanding question is whether or not cumulative deformation over geologically significant time scales is net negative or positive. At Ambrym, over the short period of study (20 years), subsidence dominates caldera floor motion (cumulative maximum subsidence of >4 meters, including subsidence in 2018-2019 and post-eruptive subsidence in 2015, Fig. S13). In addition, geodetic measurements have observed only normal caldera ring-faulting associated with subsidence. However, many other volcanoes, such as those in the Galápagos, have cycles of pre-eruptive inflation and co-eruptive deflation, which may result in net uplift or no net displacement over longer periods of time [START_REF] Femina | Deformation of a basaltic shield volcano: Uplift, trapdoor Faulting, eruption Triggering and subsidence associated with the 2018 eruption of Sierra Negra Volcano, Galapagos[END_REF]. It is possible that Ambrym may be an exceptional case where cumulative subsidence results in caldera deepening over hundreds of events, however, more extensive monitoring will be needed to confirm this hypothesis. Furthermore, little is known regarding the history of the construction of Ambrym's shield volcano prior to the on-set of caldera formation. Such knowledge is essential in order to compare Ambrym's volcanic activity on geological (millennial) and geodetic (decadal) timescales.

Conclusion

The February 2015 dike intrusion, which resulted in more than 1 meter of surface uplift, was concomitant with the partial activation of Ambrym's caldera ring-faults, inducing localized subsidence along the caldera rim. Using the Boundary Element Method, we conclude that the stress transfer from a decompressing reservoir most likely promoted ring-faulting. This hypothesis would have been challenging to address using inversions that do not take into consideration mechanical source interactions. By comparing the volume change in the dike and the reservoir, we estimate a magma compressibility at Ambrym that ranges from 4.7×10 -10 -3.7×10 -9 Pa -1 . The critical fraction of extracted material to activate ring faults at Ambrym has an upper-bound ranging from f = 1.9-5.8%, and a pressure change upper-bound ranging from ∆P = -22.2 to -33.6 MPa, for a reservoir with a minimum volume ranging from V = 1-3 km 3 . It is possible that the value of f may be much lower, if we consider that the reservoir volume estimates do not take into consideration the complexity of an extensive, trans-crustal magmatic system. Continued geodetic monitoring of Ambrym, in conjunction with widespread observations at basaltic calderas around the world, will allow us to further constrain how moderatesized eruptions contribute to basaltic caldera development. S2, which also includes a MODVOLC thermal anomaly time series (R. Wright et al., 2004;R. Wright, 2016)). On 21 February, the OMPS satellite was in Zoom Mode, and the Level 2 middle tropospheric (TRM) data products were not accessible. The SO2 mass for this day was estimated using NASA's website (https://so2.gsfc.nasa.gov/pix/ daily/ixxxza/loopall_omps.php?yr=15&mo=02&dy=21&bn=vanuatu). The caldera is outlined with a thick black line, and Marum and Benbow craters are outlined with thin black lines.

[h] b. The misfit and run time plotted against the number of non-linearly inverted parameters. The squares correspond to the inversions that prevent interpentration, while the circles correspond to the inversions that allow interpenetration. Purple shapes plot the misfit, and the blue shapes plot the total run time, in days.
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Text S1 -Eruption Onset and Timing

To further constrain the eruption onset, we use National Oceanic and Atmospheric Administration (NOAA) Air Resources Laboratory's (ARL) Hybrid Single-Particle Lagrangian Integrated Trajectory model (HYSPLIT) (https://www.ready.noaa.gov/HYSPLIT _traj.php) to find the back-trajectory of SO 2 parcels in the leading edge of the eruption's volcanic plume (Stein et al., 2015;Crawford et al., 2016). The initialization parameters were set to a plume altitude of 8 km, as measured using height retrieval algorithms developed for observations from the Infrared Atmospheric Sounding Interferometer (IASI) (Clarisse et al., 2014). The forefront of the plume is located near 159. At the end of the eruption, MODVOLC, a volcanic thermal alert detection system (see Figure 2d), did not detect any thermal anomalies between 22 and 28 February. According to Coppola, Laiolo, and Cigolini (2016), using MIROVA, two thermal anomalies were still present in Marum, with no thermal anomalies present in Benbow. Although both MODVOLC and MIROVA detection algorithms use observations from the moderate resolution imaging spectro-radiometer (MODIS) sensors mounted on NASA's satellite Terra and Aqua (Figure 2c), MODVOLC detects and classifies thermal anomalies based on a normalized difference between radiance in the long-wave infrared (LWIR, 12.02 µm) and middle infrared (MIR, 3.959 µm) spectrums, and a pixel is considered a thermal anomaly if this normalized difference is greater than an empirically-established threshold (Wright et al., 2004;Wright, 2016). MIROVA, on the other hand, uses a normalized and enhanced thermal index, as well as including a spatial analysis, resulting in more sensibility to local hotspot detection, explaining the discrepancy between these two systems (Coppola, Laiolo, Cigolini, Delle Donne, & Ripepe, 2016).

Text S2 -Lava Flow Digital Elevation Model

In addition to ground displacement measurements, we also used MicMac software 

Uncertainty Estimates

To estimate the uncertainty of the lava flow volume, we follow the method of Bagnardi et al. (2016) and Favalli et al. (2010). These estimations include calculating the standard deviation of the variance propagation associated with both spatially correlated and uncorrelated errors. We fit σ and λ of an exponential, C r = σ 2 exp( -r λ ), where r is the distance between two pixels, to the covariograms of three control areas (see Figure 1 and Table 1). The equation for uncertainties given variance propagation when all errors are spatially correlated is the following

σ 2 V = A 2 i j C ij , (1) 
where A is a pixel's surface area and C ij is the covariance between the height error of pixels i and j.

Given the covariances shown in Figure 1b, we note that pixels separated by less than ∼60 m are spatially correlated for all control areas (pixel size of 12.1×12.1 m). We can therefore simplify Equation 1to

σ 2 V = A 2 N (σ 2 Z + n r=1 C r ), (2) 
where σ Z is the uncorrelated elevation standard deviation in each control area (see Table 1), N is the number of pixels, and n = 5 when pixels are correlated within ∼60 m.

Given the estimates of σ and λ for the three control areas, σ V for N = 18721, the size of the lava flow, are 0.048, 0.041, and 0.035 ×10 6 m 3 . The average σ V is 0.041×10 6 m 3 . We conclude that the lava flow volume estimate, including an error of two standard deviations from the mean, is 12.4 (±0.08) ×10 6 m 3 . If we assume an average vesiculation of basaltic a'a lava flows to be 25%, similar to Bagnardi et al. (2016), we obtain an adjusted volume of 9.3 (±0.08) ×10 6 m 3 DRE.

Even within the caldera, which is relatively flat, we still observe elevation errors that correlate with topographic relief and errors due to the presence of vegetation. A tristereo Pléiades acquisition would decrease the uncertainty due to topography. Nonetheless, the error on the total volume is less than 2%.

Text S3 -SO 2 Mass Calculation

Near the eruptive vent, IASI measures that the volcanic plume has an altitude of ∼5 km on 21 February ∼10:30 UTC. HYSPLIT trajectories show that, if parcels initiate at 5 km altitude at 3h00 21 February (approximate time of UV spectrometer Ozone

Mapping and Profiler Suite (OMPS) Zoom acquisition (Li et al., 2017)), they travel first to the west, then circulate counter-clockwise back eastwards towards Ambrym, finally travelling to the southeast on 24 February (see Fig. 2a). The parcels' altitudes range betweeen 5 -7 km. We assume that any SO 2 measured after the end of the eruption is due to the recirculation of SO 2 parcels in the region. The SO 2 measured is overestimated, as the same SO 2 parcels are likely measured on two consecutive dates. We resample the OMPS products using Delaunay triangulation to a regular grid, and apply a threshold of between 0.8 -2 Dobson Units (DU, where 1 DU = 2.69×10 16 molecules/cm 2 ) before calculating the total SO 2 mass.

As mentioned in the main text, we conservatively estimate ∼40 kt of SO 2 emitted during the eruption. Given the small crystal fraction (<5 wt%) and 0.075 wt% of sul-phur in the melt [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF][START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF], this corresponds to 9.5×10 6 m 3 of degassed lava, consistent with the erupted volume.

Text S4 -Geodetic Data Processing

Ascending stripmap-to-stripmap interferograms

The coregistration, topographic and orbital fringe removal, interferogram formation, multilooking, and geocoding steps are performed using the Interferometric SAR scientific computing environment (ISCE) (Rosen et al., 2012), while filtering and unwrapping are performed with NSBAS modules (Doin et al., 2011). Topographic fringes are removed with DLR's TanDEM-X 12 meter global DEM (an average of DEM's acquired before November 2014) (Wessel, 2016).

The phase is most coherent in regions with little vegetation, such as in the western portion of Ambrym's caldera. The interferogram near-field (areas which show more than 1 m of surface displacement, SW of the eruptive fissure) is multilooked 2 times in range and 4 times in azimuth, while the far-field is multilooked 8 times in range and 16 times in azimuth. Higher multilooking in the densely vegetated far-field increases coherence, while preserving the broad, long-wavelength signature of the signal.

Filtering and unwrapping

The filtering and unwrapping procedure followed for both the ascending and descending interferograms is outlined as follows. The interferometric phase is smoothed using a weighted power spectrum filter (Rosen et al., 2004), followed by a cascading highpass filter (Grandin et al., 2012). Due to the high gradient of interferometric fringes near the fissure, we unwrap the interferograms using an iterative, coherence-based method called MPD, which is a module in NSBAS (Grandin et al., 2012). This method uses the interferogram's coherence to optimize the unwrapping path. Unwrapping begins at a chosen seed pixel that is above a certain coherence threshold. At each iteration, MPD slightly decreases the coherence threshold, and unwraps the nearby pixels above the new threshold. Pixels below the minimum coherence threshold, γ min , will not be unwrapped. For coherent regions near the fissure and caldera rim. We also apply a water mask to the island.

Bridges connect fringes that are determined, by eye, to be continuous, but which pass through incoherent regions. Without bridges, MPD would not unwrap correctly across the incoherent regions, resulting in unwrapping errors. Remaining unwrapping errors are masked by hand. Interferograms are then referenced to the median of a box to the northwest of the caldera, near 168.07 • E, 16.23 • S. Due to more than 1 m of line of sight (LOS) motion, the phase contribution from atmospheric effects (which can be more than 10 cm in tropical regions) was negligible, and no atmospheric corrections were applied.

Text S5 -Data subsampling

The data is subsampled using an adaptive quadtree decomposition algorithm, which finely samples areas characterised by mean displacements or displacement gradients above empirically-derived thresholds (Table S4 and Fig. S5) (Walstead, 1999;Jónsson et al., 2002). The algorithm first divides the image into four equal-sized blocks, and within each block, the average deformation value, d, and the deformation gradient, ∆d = d maxd min , are calculated. Each block is further divided into four equal-sized blocks if either ∆d or d are above a given threshold, until the block size reaches a minimum size. The displacement value at the center of each block is then used as an input for the non-linear inversion. Respectively, 1329 and 1229 data points are included in the inversion for the ascending and descending interferograms (see Fig. S5).

Text S6 -Displacement discontinuity and direct boundary element methods

The displacement discontinuity method approximates a boundary as N elements, and solves the system of equations AB = P , where P is the vector of 3N imposed traction conditions, A is the matrix of influence coefficients which relates a unit displacement across element j to the stress on the centroid of element i according to linear elasticity. Finally, B is the vector of 3N amplitudes of displacements D j across an element (D j = u + ju - j , j = (x, y, z), where u + j and u - j are the displacement on the positive and negative sides of j). B is the only unknown, and can be found by solving the system of 3N linear equations with 3N unknowns. After inverting for D j , stresses and displacements anywhere within the finite elastic body can be calculated using the sum of known analytical solutions of displacement across a planar element (Crouch, 1976).

The direct method, on the other hand, solves for unknown displacements and stresses on the boundary, as opposed to first solving for the amplitude of displacements (Lachat & Watson, 1976). This is done by leveraging the reciprocal theorem (Sokolnikoff, 1956), considering reciprocity of work between the unknown boundary conditions of the current problem and the boundary conditions of a problem with a known analytical solution. In this case, the latter is a point load in an infinite body. We can then set up and solve a system of equations HU = F . H is the matrix of influence coefficients computed by evaluating the boundary integral of stresses produced on element j by a unit load on element i in an infinite medium, and the integrals of displacements produced on element j by a unit load on element i. F is a known vector of size 3N , including the pre-scribed boundary tractions, and U is the vector of 3N unknowns corresponding to the displacement on the boundary Γ of a finite elastic body Ω (Cayol & Cornet, 1997). Between these two methods, the former is numerically stable for fractures, while the latter is more exact and computationally efficient for massive boundaries (such as topographies and pressurized magmatic reservoirs).

Text S7 -Neighborhood Algorithm Appraisal

The appraisal problem is essentially an interpolation of the multidimensional parameter space, constructing an approximate PPD using 10000 resampled points through a random walk (Gibb's sampling) of the Voronoi cells of the forward models calculated in Section 3.3 of the main text. No further forward models need to be calculated, as the PPD of each Voronoi cell is considered uniform. The only calculations, for each step, include that of the intersection between Voronoi cells along each axis i in the parameter space, as well as the direction in which the next step will occur. This will always be in the direction of higher probability density (lower misfit). MODIS images with the least cloud cover before, during, and after the eruption. The cloud cover extent may effect the detection of lava lake thermal anomalies during and after the eruption. d.

A time series of excess radiation of thermal anomalies at Ambrym, as detected by MODIS. The orange dots correspond to lava lakes, while the red dots are due to lava effusion. The gray line is a moving average calculated using the lava lake thermal anomalies. The inset shows the lava lake thermal anomalies before, during, and after the eruption. The green line indicates the timing of the 6.4 Mw earthquake, and the dotted blue lines indicate the maximum eruption duration. The second inset shows the thermal anomalies from 19-27 February in map view.

Table 1. DEM statistical analysis of three control areas, including the surface area, mean elevation, and uncorrelated elevation standard deviation. We note that the error in the residuals is less than 2% for semi-minor axes ranging from 50 -500 m (aspect ratios 0.05 -0.5). Table 5. Mean and best-fit models from the non-linear inversion, including 95% confidence intervals and the full explored parameter bounds. Chapter 5

Discussion

Chapters 3 and 4 summarize and discuss the eruptions at Ambrym which occurred in the past 5 years. In this chapter, we will discuss additional deformation episodes that have been measured with InSAR from 2004 -2020. We will start by synthesizing the results from Chapters 3 and 4 with these additional 10 years of measurements, as well as with results from petrological studies. This allows us to develop an updated conceptual model of Ambrym's magmatic plumbing system and discuss the system's dynamics. We also explore possible physical mechanisms driving inter-eruptive subsidence, in particular the potential role of passive degassing in driving reservoir depressurization. Then, we will discuss whether the organization of Ambrym's current day magma plumbing system could, at least in part, be explained by the Plinian eruption and subsequent caldera collapse proposed by Robin et al. [1993]. We also extend the caldera formation model of Robin et al. [1993] to include an additional caldera development stage-episodic, meter scale deepening of the caldera by subsidence along caldera ring-faults. Finally, we end by qualitatively combining InSAR measurements with thermal anomalies and gas emissions measurements from 2004 -2020. We jointly interpret these datasets to hypothesize the occurrence of a magma intrusion in 2005, and briefly discuss the influence of magma replenishment on Ambrym's lava lake activity.

Organization of Ambrym's magmatic plumbing system

5.1.1 Magma storage inferred from geodesy: evidence for a vertically extensive plumbing system

Synthesis of observations and geodetic modelling

Over the past twenty years, Ambrym has experienced episodes of subsidence and uplift during both co-eruptive and inter-eruptive periods. We invert InSAR surface displacements spanning 2004 to the current day to estimate volume and location changes of pressure sources. We assume that each inverted source represents a magma reservoir. Accordingly, this is a simplification of reality, and the implications of this assumption will be discussed in Sections The middle plot shows the radiated thermal power at Marum and Benbow, associated to MODVOLC thermal alerts from MODIS observations. The bottom plot is the daily SO 2 mass flux at Ambrym derived from OMI satellite SO 2 observations (TRL product assuming a center of mass altitude at 3 km). A procedure was created to calculate the flux, adjusting for daily wind velocities at a pressure level of 900 hPa (∼1000 m a.s.l), as well as identify and remove measurements with contributions from nearby volcanic sources [START_REF] Boichu | Twenty years of multisatellite SO 2 observations at Ambrym volcano (Vanuatu): Insights into passive degassing, SO 2 lifetime and eruptive activity[END_REF]. The dotted portions of the curve correspond to periods of high degassing at nearby volcanoes (e.g., Ambae and Lopevi). A 90-day Gaussian filter was applied to the corrected time series. The light green bars indicate drastic degassing drops that coincide with at least partial lava lake drainage. In Chapters 3 and 4, geodetic inversions estimate co-eruptive reservoir volume changes. We model the drainage of magmatic sources during three events. The first is associated with the 2015 dike intrusion and eruption. A ∼4.1 km deep, sill-like reservoir beneath Marum crater deflated by ∼13 × 10 6 m 3 due to magma withdrawal (See Chapter 4, Figure 5-2c). During the 2018 rift zone intrusion and submarine eruption, a spherical point-source was estimated at ∼4.5 km depth, with a volume change of 195 -231 × 10 6 m 3 . It was also located beneath Marum crater, and deflated due to magma withdrawal and migration into the rift zone (See Chapter 3, Figure 5-2e). Magma continued to flow from the reservoir to an eruption site offshore until at least February 2019, causing the deflation of another sill-like reservoir (See Figure 5-2f). This source's volume decreased by ∼85 × 10 6 m 3 , and it was located at a depth of ∼4.1 km. This source extended laterally beneath the caldera, while the deflating source in 2015 was restricted to beneath Marum crater. Despite different lateral extents, the consistent depth may indicate a semi-permanent reservoir located ∼4 km beneath Ambrym. It is difficult to conclude whether the source that drained during the rift-zone intrusion is deeper (> 4.5 km) than the aforementioned sill. The depth difference may be due to modelling uncertainties (e.g., tradeoff between volume change and source depth, not taking into account topographic effects, etc.). Nonetheless, the different source geometries (spherical point-source vs. sill) may indicate that magma was extracted from two distinct storage regions during the eruptions in 2015 and 2018. This is corroborated by petrological analysis of the 2018 eruptive products (See Section 5. 1.3.2).

In addition to these co-eruptive magmatic sources, we observe two inter-eruptive subsidence episodes (See Figure 5-2a,d). The first episode spans 2004 -2009. More than 30 cm of subsidence is measured with Envisat. The second episode begins almost immediately after the 2015 eruption, resulting in ∼20 cm of subsidence over 2.5 years. In August 2017, this subsidence stops abruptly (See Figure 5-5). In Sections 5.1.2.1 and 5.3.1 we will demonstrate that these sources are shallower (< 3 km deep) than the co-eruptive magmatic sources active in 2015, 2018, and 2019. A period of uplift is also observed sometime between 2007 -2010, as shown in Figure 5-2b. At the time of writing (August 2020), a second uplift episode has been ongoing since the beginning of 2020 (See Figure 5-2g). We model source location and volume change during these uplift episodes with both uniform opening on a sill and pressurization of a spherical point-source using a nonlinear geodetic inversion [START_REF] Briole | Inversion of geodetic data and seismicity associated with the friuli earthquake sequence (1976-1977)[END_REF].

Variability in InSAR-derived reservoir depths: Is it real?

At Ambrym, deformation source models vary in geometry, lateral extent, and depth. On one hand, these variations may be due to low data quality or modelling biases. For example, if a dataset has low coherence or low temporal resolution, the estimated model parameters will be less reliable. There are also inherent trade-offs in the geodetic inversions, which can affect the estimated source depth. Tradeoffs exist between reservoir depth and geometry, or reservoir depth and pressure change (See Section 2.2.2). On the other hand, if we have redundant data with a high SNR, we can conclude that the estimated depth variations are reliable. These variations may then be explained by multiple storage levels within the magmatic system, or a combination of physical processes occurring at different levels within the system. The schematic illustration from [START_REF] Baker | Top-down inflation and deflation at the summit of Kilauea Volcano, Hawai'i observed with InSAR[END_REF] showing the numerous pressure sources beneath Kīlauea volcano that were active between 2004 and 2008.

In the case of the 2015 and 2018 eruptions, we jointly invert multiple InSAR and pixel offset tracking datasets. Robust model parameter estimates are ensured by combining ascending and descending interferograms, as well as pixel offset azimuth displacements. Therefore, neither sparse data, nor trade-offs, can explain the different source geometries and locations during the 2015 and 2018 eruptions. We proceed by assuming differences in source geometry or location reflect differences in the active magma reservoirs.

Inter-eruptive time periods (2004 -2009, 2015 -2017), however, have not been analyzed in as much detail as co-eruptive periods, and the model estimates are therefore less reliable. The geodetic models for these time periods, presented in Sections 5.1.2.1 and 5.3.1, are performed with limited datasets, resulting in uncertain source geometries and depths. Nonetheless, the deformation wavelength of the InSAR measurements from 2004 -2009 and 2015 -2017 seem to indicate that these sources are shallower than the magma lenses drained during the 2015 and 2018 eruptions. Bearing in mind these limitations, as well as the constraints obtained from detailed modelling of co-eruptive periods, we make preliminary interpretations of the physical mechanisms driving inter-eruptive deformation episodes (Sections 5.1.2.3 and 5.3.1). We acknowledge that further studies should be undertaken to test the hypotheses proposed in these sections (See Section 6.3).

Interpretation of geodetic models: Ambrym's mature, vertically extensive magmatic system

A first-order interpretation of the geodetic inversions suggests that at least two different sources of deformation at Ambrym are active between 2004 and 2020. The first is a source located < 3 km b.s.l, and is active during the inter-eruptive subsidence episodes. This source

has not yet been linked to magma injection or drainage. The second source, located < 5 km b.s.l, is active during eruptions. Activation of different sills may explain the variations in estimated source location. The presence of multiple sills has been proposed at basaltic volcanoes such as Fernandina, Kīlauea, and Eyjafjallajökull (See Figure 5-3) [START_REF] Bagnardi | Space-geodetic evidence for multiple magma reservoirs and subvolcanic lateral intrusions at Fernandina Volcano, Galápagos Islands[END_REF], Baker and Amelung, 2012[START_REF] Sigmundsson | Intrusion triggering of the 2010 Eyjafjallajökull explosive eruption[END_REF][START_REF] Tarasewicz | Magma mobilization by downward-propagating decompression of the Eyjafjallajkull volcanic plumbing system[END_REF].

If the sills are hydraulically connected, magma can migrate between them. Stacked sills may exist within rigid, sub-solidus host rock when there is a relatively low heat flux into the system, or significantly long pauses between magma injections (See Figure 5-4b). An alternative explanation is that these sources represent lenses of eruptible melt within a crystalline mush (See Figure 5-4a) [START_REF] Cashman | Calderas and magma reservoirs[END_REF]. This is envisaged to exist in a mature transcrustal magmatic system with a sustained and high magma flux (See Figure 5-4b). A high input of magma would heat the surrounding crust and alter its physical properties (such as viscosity, density, and strength) [START_REF] Sparks | Formation and dynamics of magma reservoirs[END_REF]. The existence of semi-permanent lava lakes, the high levels of passive degassing, and the quick construction of the main cones after caldera formation ∼2 ka all suggest a high magma flux at Ambrym, and hence a mature magmatic system.

According to [START_REF] Sparks | Formation and dynamics of magma reservoirs[END_REF], a "transcrustal magmatic system" is composed of magma (melt, crystals, exsolved fluids), mush (melt and fluids in a crystalline network), supersolidus rocks, and subsolidus host rocks (See Figure 5-4a). A "magma reservoir" is a domain which contains melt, including both melt-dominated domains ("magma chambers" or "magma lenses") and crystal-dominated domains ("mush") [START_REF] Sparks | Formation and dynamics of magma reservoirs[END_REF] (See Figure 5-4b).

Figure 5-4: Domains of a magmatic system. a. A description of the physical and rheological properties of the rock, mush, and magma domains in a magmatic system. b. A schematic depicting crustal properties at the onset of magmatism or at a system with low magma flux ("immature" system) and at a system with a developed, transcrustal magmatic system ("mature" system). Blue indicates a cold, brittle crust while red indicates a hot, ductile crust. The crust has an arbritrary depth. From [START_REF] Sparks | Formation and dynamics of magma reservoirs[END_REF].

These domains are divided by two main transitions-the melt connectivity transition and the mush-magma transition-determined in part by the strain rate, crystal size and shape, and melt fraction. The rheology of magma is controlled primarily by the melt viscosity and may become more complex (i.e., develop non-Newtonian rheologies) with increasing proportions of crystals and bubbles. The rheology of mush is a topic of ongoing research, and can be thought to be generally controlled by the deformation of the crystalline network, whose behavior depends on the melt fraction. In subsequent sections, we refer to regions with high fractions of eruptible melt as magma lenses, and use magma reservoir to describe regions of melt more generally.

This framework of a transcrustal magmatic system with domains of magma and mush forces us to rethink the physical mechanisms driving volcanic deformation. In this new paradigm, classic explanations for surface deformation-such as the injection or extraction of incompressible magma-are challenged. [START_REF] Sparks | Formation and dynamics of magma reservoirs[END_REF] proposes that reorganization in the magmatic system, such as upwards movement of magma, is compensated by downward movement of the mush. There is thus no net pressure change. Decompression and exsolution of volatiles (for uplift) or degassing (for subsidence) may therefore be the primary drivers of surface deformation [START_REF] Sparks | Dynamic magma systems: Implications for forecasting volcanic activity[END_REF][START_REF] Sparks | Formation and dynamics of magma reservoirs[END_REF][START_REF] Kazahaya | Budget of shallow magma plumbing system at Asama Volcano, Japan, revealed by ground deformation and volcanic gas studies[END_REF]. At Ambrym, geodetic modelling provides evidence for a vertically extensive magmatic system, where pressure changes in the shallow magma reservoirs cannot be explained solely by magma injection or drainage. We therefore wish to test the hypothesis that the 2015 -2017 inter-eruptive subsidence episodes is instead due to the passive degassing of volatiles.

A candidate physical mechanism driving inter-eruptive subsidence: passive degassing

From now on, we assume that Ambrym's magmatic system consists of vertically stacked magma lenses. Ambrym's inter-eruptive surface deformation, spanning 2004 -2009 and 2015 -2017, is dominated by subsidence. This is unusual, as inter-or pre-eruptive volcanic deformation often consists of uplift [START_REF] Biggs | Global volcano monitoring: What does it mean when volcanoes deform?[END_REF]. In the absence of a recorded eruption or intrusion, ground subsidence by drainage of a magma lens is difficult to justify [START_REF] Caricchi | The influence of cooling, crystallisation and re-melting on the interpretation of geodetic signals in volcanic systems[END_REF][START_REF] Hamlyn | What causes subsidence following the 2011 eruption at Nabro (Eritrea)?[END_REF]. If subsidence is not caused by magma lens drainage, we must explore alternative physical mechanisms that cause depressurization within the magmatic system. From 2005 to 2015, Ambrym's SO 2 gas flux was ∼7 kt day -1 , the strongest passively degassing volcano on earth [Carn et al., 2017]. Ambrym continued to passively degas at similar levels from 2015 -2017 (See Figure 5-1). The observation of an enigmatic episode of subsidence, coupled with persistent degassing, provides a unique opportunity to explore the potential relationship between mass loss by open-system degassing and subsequent magma reservoir depressurization.

Constraining depressurization from geodetic models

To estimate magma reservoir depressurization, we invert measurements obtained between March 2015 and October 2017, as measured by ALOS-2. A Sentinel-1 InSAR time series analysis [Doin et al., 2011] (un-corrected for atmospheric effects) measures a rate of subsidence of ∼9 cm year -1 during the time period 18 October 2015 to the end of August 2017 (See Figure 5-5). The Sentinel-1 time series has been shifted so that the best-fitting slope of displacement spanning September 2017 -December 2018 intersects with the ALOS-2 cumulative displacement in October 2017. The best fitting slope for the time period March 2015 -October 2017 was found using both the Sentinel-1 and ALOS-2 displacement measurements, assuming the majority of displacement is vertical. We note that the subsidence ends around the same time as seismicity increases, according to a report by the Vanuatu Meteorology and Geo-Hazards Department [Global Volcanism Program, 2017a] (yellow vertical line, Figure 5-5). Activity stabilizes a few months later (green vertical line, Figure 5-5) [Global Volcanism Program, 2017b]. Using the DEFVOLC Mixed Boundary Element method code (See Section 2.2.2.5.2), we perform an inversion of an ALOS-2 ascending interferogram which spans the longest consecutive period of inter-eruptive subsidence, 21 March 2015 -28 October 2017. We invert for the location, depth, and axes lengths of a sub-horizontal sill or ellipsoid, as well as for its total pressure change (See Table 5.1 andFigures 5-6, 5-7 and5-8 for the inverted parameters and final geometries). The final geometry of the source is a sill or an ellipsoid elongated N ∘ 125 at a depth of ∼2.2 km beneath the craters (1.3 km b.s.l.,(5)(6)(7). The northwest tip of the source is located between Benbow and Marum, and the source extends beneath the caldera for more than 7 km to the SE. The direction is slightly oblique to the N ∘ 110 rift zone.

The cumulative pressure change ranges from -1 to -3.7 MPa (See Table 5.1), given a Young's modulus of 5 GPa and Poisson's ratio of 0.25. Because the time series subsidence rate is approximately constant, we will assume that the depressurization rate and the source geometry remain constant throughout the deformation episode. The depressurization ends in the beginning of September 2017, as constrained by the Sentinel-1 InSAR time series. The subsidence persists for a total of ∼2.5 years, and the pressure change rate ranges between -0.4 to -1.5 MPa year -1 . By combining this mean depressurization rate with the mean degassing flux estimated by Carn et al. [2017], we can investigate whether these estimates are reasonably explained by a model coupling mass loss by passive degassing and magma reservoir depressurization.

Examples of physical models coupling deformation and degassing

Within the framework of a transcrustal magmatic system, [START_REF] Sparks | Dynamic magma systems: Implications for forecasting volcanic activity[END_REF], [START_REF] Sparks | Formation and dynamics of magma reservoirs[END_REF] hypothesize that ground subsidence may result from degassing, as opposed to migration of incompressible magma. Here we default to the terminology "reservoir" to refer to a general region of melt, as we have no constraints on this region's level of melt connectivity. In order to test the hypothesis that reservoir depressurization and ground subsidence can be explained by degassing of volatiles, we would need a theoretical model that couples the system's pressure change with volatile exsolution within and escape from a magmatic system (i.e., degassing processes). Existing theoretical models which couple degassing processes and reservoir pressure change explore a wide range of spatial and temporal scales. They may investigate inter-or co-eruptive time periods, and time scales that span many orders of magnitudes. They may also concern either closed or open volcanic systems, as well as either mafic or silicic systems. Some consider the entire magmatic system, while others consider only one part (reservoir, conduit, etc.). Below we summarize a few examples of such models, without attempting to perform an exhaustive literature review. For example, [START_REF] Tait | Pressure, gas content and eruption periodicity of a shallow, crystallising magma chamber[END_REF] investigates inter-eruptive reservoir pressurization and ground inflation over timescales of 10 0 -10 1 years. They do so by accounting for magma cooling-induced crystallisation, followed by volatile exsolution and reservoir pressure increase [START_REF] Tait | Pressure, gas content and eruption periodicity of a shallow, crystallising magma chamber[END_REF]. During fractional crystallization, melt becomes volatile saturated and volatiles eventually exsolve as bubbles. The presence of this gas phase pressurizes the reservoir, assuming the gas within the reservoir cannot escape through a conduit or through edifice fractures surrounding the reservoir (i.e., it is a closed system). This pressurization would be expected to result in uplift above the reservoir (but is not modelled by [START_REF] Tait | Pressure, gas content and eruption periodicity of a shallow, crystallising magma chamber[END_REF]). Uplift would provide an alternative mechanism to the classical interpretation of volcano inflation resulting mainly from magma replenishment. More generally, pressurization may occur if gas exsolution exceeds the system's capability to release gas into the atmosphere. Although this model does not have an explicit time dependence, it estimates reservoir overpressure at a given crystal mass fraction. It predicts when the overpressure will reach a threshold necessary to fracture the host rock, emplacing a dike or resulting in an eruption. As a result of this magma withdrawal, the reservoir will depressurize, which may cause the ground above the reservoir to subside (i.e., co-eruptive subsidence). This model is applied conceptually to explain periodic dike intrusions at mafic systems such as Kīlauea or Krafla (See Chapter 3) [START_REF] Tait | Pressure, gas content and eruption periodicity of a shallow, crystallising magma chamber[END_REF]]. It has also been extended to describe the episodic degassing of magma intrusions, later applied to the case of episodic degassing and seismic activity observed at La Soufrière de Guadeloupe in the 15 years following the 1975 -1977 crisis [START_REF] Boichu | A model for episodic degassing of an andesitic magma intrusion[END_REF][START_REF] Boichu | Degassing at La Soufrière de Guadeloupe volcano (Lesser Antilles) since the last eruptive crisis in 1975-77: Result of a shallow magma intrusion[END_REF]. In summary, the model of [START_REF] Tait | Pressure, gas content and eruption periodicity of a shallow, crystallising magma chamber[END_REF] would predict an anticorrelation between gas flux and uplift [Biggs and Pritchard, 2017, and references within]. However, this anticorrelation does not seem to apply to Ambrym's open system, where concurrent passive degassing and subsidence (not uplift) are observed. Anderson and Segall [2011] exploit ground subsidence measurements spanning months to years to investigate the evolution and duration of Mount St. Helens' silicic, effusive eruptive activity. They are able to model reservoir depressurization and resulting deformation by taking into account magma extraction from the reservoir, exsolution of H 2 O and CO 2 in the reservoir and conduit, the presence of phenocrysts in the conduit, a solidifying plug in the conduit which can slip with rate-dependent friction (resulting in a stick-slip behavior), the weight of the accumulating lava dome, and post-eruptive magma recharge. [START_REF] Wong | Constraining the magmatic system at Mount St. Helens (2004 -2008) using Bayesian inversion with physics-based models including gas escape and crystallization[END_REF] further develops their model to include pressure-dependent crystallization and gas escape from the conduit, which were neglected in the original model. However, like the model of [START_REF] Tait | Pressure, gas content and eruption periodicity of a shallow, crystallising magma chamber[END_REF] mentioned above, the system remains mostly closed. At much shorter time scales and shallower levels, Strombolian or Vulcanian eruptions cause conduit and reservoir depressurization on timescales of minutes. In response to a pressure drop, magma migrates upwards through a conduit, repressurizing the system and causing surface deformation. The model of [START_REF] Nishimura | Ground deformation caused by magma ascent in an open conduit[END_REF] investigates three different ascent processes-magma injection into the conduit from a deeper reservoir, bubble expansion causing magma to rise in the column, and upwards migration and expansion of bubbles in the viscous melt by buoyancy. They assume an open system, that deformation is due to the shear and normal stress on the conduit wall, and that there is no crystallization or degassing. The temporal evolution of surface deformation can ideally be used to distinguish between the three aforementioned physical mechanisms of magma ascent.

On similar short timescales (minutes to hours), a model developed by [START_REF] Poland | Continuous gravity and tilt reveal anomalous pressure and density changes associated with gas pistoning within the summit lava lake of Kīlauea volcano, Hawai'i[END_REF] couples transient reservoir depressurization with the onset of lava lake gas pistoning events. Gas pistoning occurs when the permeability and/or porosity near the lava lake surface decreases and bubbles accumulate, resulting in changes to the lava lake level and spattering [START_REF] Poland | Continuous gravity and tilt reveal anomalous pressure and density changes associated with gas pistoning within the summit lava lake of Kīlauea volcano, Hawai'i[END_REF]. This model was applied at Kīlauea, where both the lava lake level and gravity changes increased before gas pistoning. However, simultaneously, tiltmeters located less than 3 km from the shallow reservoir measured reservoir depressurization. This anticorrelation is counterintuitive, given that Kīlauea's lava lakes are commonly believed to act as piezometers of the shallow reservoir (i.e., a reservoir depressurization would result in a decrease in lava lake level). Assuming that the density of the gas in the conduit is negligible, [START_REF] Poland | Continuous gravity and tilt reveal anomalous pressure and density changes associated with gas pistoning within the summit lava lake of Kīlauea volcano, Hawai'i[END_REF] explain the reservoir depressurization by an increase in the gas volume in the conduit during gas ascent and expansion, and hence a decrease in the overall density in the conduit. The lava lake level change resulting from this volume increase is negligible. Therefore, if the reservoir responds passively to the pressure change in the conduit, a density decrease in the conduit results in reservoir depressurization. However, both the [START_REF] Nishimura | Ground deformation caused by magma ascent in an open conduit[END_REF] and [START_REF] Poland | Continuous gravity and tilt reveal anomalous pressure and density changes associated with gas pistoning within the summit lava lake of Kīlauea volcano, Hawai'i[END_REF] models are relevant for shallow, short duration gas emissions, not long-term passive degassing, as observed at Ambrym.

Finally, a theoretical model developed by [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] addresses the relationship between passive degassing and inter-eruptive reservoir depressurization on timescales of years. They assume the reservoir is connected to the surface by an open conduit, and that the pressure in the reservoir sustains the weight of the magma in the conduit. Consequently, mass changes within the system (either in the conduit or reservoir) due to degassing result in reservoir depressurization, causing ground subsidence. This model can take into account whether volatiles are degassed from the conduit or reservoir, as well as the viscoelastic behavior of the host rock, possible magma replenishment, and any magma density changes in the conduit.

Theoretical modelling of reservoir depressurization by passive degassing

Persistent passive degassing is observed at volcanoes worldwide [Carn et al., 2017], and we posit that gas mass removed from the magmatic system should affect the system's pressurization, especially in cases of large gas flux. Among the ten strongest passively degassing volcanoes on earth are Ambrym, Kīlauea, Nyiragongo, and Etna (See Carn et al. [2017] for an exhaustive ranking). However, only at Ambrym do we observe substantial inter-eruptive ground subsidence accompanying the significant gas flux (the highest of any volcano when considering SO 2 passively degassed from 2005-2015 [Carn et al., 2017]). For comparison, at Etna, which emits 3 kt day -1 of SO 2 during inter-eruptive phases, periods of volcano inflation (associated with magma intrusions and measured by continuous GPS stations), not subsi- The mean H 2 O gas flux is Q. The reservoir (which has a sill-like geometry) is located at a mean depth of 𝐿, has a volume of 𝑉 𝑟 , an initial bulk mass fraction of dissolved volatiles of 𝛼, and a weight percent of exsolved volatiles of 𝑛 𝑟 . The magma conduit extends 𝐷 into the reservoir, has a radius of 𝑅 𝑐 , and an initial volume fraction of exsolved gas of 𝛽 𝑐 . The pressure of the system is 𝑃 (𝑡). The compressibility of the sill is accounted for by a bulk modulus 𝑘 𝑟 , while the bulk modulus of the host rock surrounding the conduit is 𝑘. The effective viscosity of the host rock is 𝜇. Currently, we have no constraints on the characteristics of the crust beneath the sill, although we can postulate that it is comprised of an immobile, crystal-rich mush that does not contribute to degassing. Adapted from [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF].

dence, coincide with periods of high SO 2 emissions measured by satellite [START_REF] Coppola | Monitoring endogenous growth of open-vent volcanoes by balancing thermal and SO 2 emissions data derived from space[END_REF].

Starting assumptions

We therefore proceed with the theoretical model developed by [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] to investigate the coupling of ground subsidence and passive degassing. The [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] model simplifies the relationship between mass loss by degassing and reservoir depressurization by assuming the following:

1. A magma reservoir is connected to an open, magma-filled cylindrical conduit. The reservoir's magma pressure is magmastatic (See Figure 56789).

2. Gas mass in the conduit is much smaller than the (incompressible) melt (liquid and solid phase) mass in the conduit (i.e., 𝑚 𝑚,𝑐 (𝑡) ≫ 𝑚 𝑔,𝑐 (𝑡)).

3. The melt in the conduit is a mixture of a degassed melt and an undegassed parent melt. The former is denser than the latter.

4. Gas separation may occur in the conduit, or in the reservoir. If there is no magma recharge, degassing can continue until the total degassed volatile mass equals that of the initial mass of bulk dissolved volatiles in the undegassed magma.

5. We assume a mean degassing rate of Q that is constant over months to years.

6. Crystal content is neglected, temperature (𝑇 ) of the system is constant, gas solubility depends only on pressure, and the gas mass within the reservoir is calculated at a mean depth.

7. Melt volume decreases during degassing of H 2 O. No other volatiles are considered in this model.

8. The host rock of the system is a half-space with a Maxwell viscoelastic rheology (it has a bulk modulus 𝑘 and an effective viscosity 𝜇).

Governing equation

Using these assumptions, this model can be used to gain a first-order understanding of the relationship between a system's degassing and depressurization. This is especially useful when the neglected parameters cannot be constrained. We will investigate whether this model is consistent with the reservoir depressurization estimated from geodetic models at Ambrym. If so, we will then discuss if the model allows us to infer properties of Ambrym's magmatic system, such as conduit radius and reservoir volume.

Based on the first assumption mentioned above, the pressure change at the base of the conduit at time 𝑡 can be written as Δ𝑃 (𝑡) = 𝑃 (𝑡) -𝑃 (𝑡 0 ) = 𝑔(𝑚 𝑚,𝑐 (𝑡) + 𝑚 𝑔,𝑐 (𝑡)) 𝜋𝑅 𝑐 (𝑡) 2 -𝑃 (𝑡 0 ), (5.1) where 𝑃 (𝑡) and 𝑃 (𝑡 0 ) are the pressure within the reservoir at time 𝑡 and 𝑡 0 , 𝑚 𝑚,𝑐 (𝑡) is the mass of melt within the conduit of constant length 𝐿 (See Figure 56789), 𝑚 𝑔,𝑐 (𝑡) is the mass of gas within the conduit, 𝑅 𝑐 (𝑡) is the radius of the conduit, and 𝑔 is gravity. Equation 5.1 describes a pressurized reservoir which is sustaining the weight of the magma-filled conduit, which is acting on a surface area of 𝜋𝑅 𝑐 (𝑡) 2 [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF].

Taking (5.2)

We have substituted 𝑚 𝑚,𝑐 (𝑡) = ρ𝑚,𝑐 (𝑡)𝑉 𝑚,𝑐 (𝑡) and 𝑚 𝑔,𝑐 (𝑡) = ρ𝑔,𝑐 (𝑡)𝑉 𝑔,𝑐 (𝑡), where ρ𝑚,𝑐 (𝑡), 𝑉 𝑚,𝑐 (𝑡), ρ𝑔,𝑐 (𝑡), 𝑉 𝑔,𝑐 (𝑡) are the mean density and volume of the melt and gas in the conduit, respectively. Starting from Equation 5.2, we will discuss how Δ𝑃 evolves as a function of time according to four model scenarios of increasing fidelity.

Scenario 0: Elastic rheology

To derive a first-order relationship between Δ𝑃 and the gas flux, conduit radius, reservoir volume, and properties of the magma and host rock, we will derive Equation 45in [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] from Equation 5.2. To do so, a number of simplications are made.

We will first assume that the host rock is an elastic half-space. Next, we will address the conduit radius change d𝑅 𝑐 (𝑡) d𝑡 . [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] provides a simplified formulation for the conduit radius responding to an internal pressure change in a medium with a Maxwell viscoelastic rheology. In Scenario 0, we assume an elastic rheology, and we therefore simplify this formulation as follows d𝑅 𝑐 (𝑡) d𝑡 ≈ 𝑅 𝑐 (𝑡) 2𝑘 dΔ𝑃 (𝑡) d𝑡 .

(5.3)

We will assume a depressurization rate of ∼-10 MPa (larger than that estimated from geodetic models) over our time span of interest-2.5 years-and a host rock bulk modulus of 𝑘 = 10 10 Pa. The conduit radius change will be only 0.05% of the original conduit radius, indicating that 𝑅 𝑐 will not vary significantly with time. We will therefore hold the conduit radius 𝑅 𝑐 constant (also assuming no changes to the conduit radius due to thermal erosion or magma solidification), allowing us to eliminate the right-most term of Equation 5.2. Holding 𝑅 𝑐 constant also entails that the conduit volume, 𝑉 𝑚,𝑐 + 𝑉 𝑔,𝑐 = 𝜋𝑅 𝑅𝑔𝑇 . Taking 𝐿=2.2 km and a magma temperature of 1300 K, this upper bound is smaller than 0.04. Hence, the second term in the square brackets of Equation 5.2 can be safely dropped.

Finally, we assume steady-state magma convection within the conduit, which ensures a constant volume fraction of degassed and undegassed magma in the conduit and thus a constant ρ𝑚,𝑐 (𝑡), resulting in dρ 𝑚,𝑐 (𝑡) d𝑡 = 0. We are left with a simplified version of Equation 5.2: .4) Since the total volume of melt in the system 𝑉 𝑚,𝑟+𝑐 is the sum of the volume of melt in the conduit 𝑉 𝑚,𝑐 and the volume of melt in the reservoir 𝑉 𝑚,𝑟 , the derivative of 𝑉 𝑚,𝑐 can be written:

dΔ𝑃 d𝑡 = 𝑔 ρ𝑚,𝑐 (𝑡) 𝜋𝑅 2 𝑐 d𝑉 𝑚,𝑐 (𝑡) d𝑡 . ( 5 
d𝑉 𝑚,𝑐 (𝑡) d𝑡 = d𝑉 𝑚,𝑟+𝑐 (𝑡) d𝑡 - d𝑉 𝑚,𝑟 (𝑡) d𝑡 . ( 5.5) 
According to [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF], the total volume change of the melt in the system results entirely from the loss of dissolved volatiles as they are transferred to the gas phase by volatile exsolution, hence d𝑉 𝑚,𝑟+𝑐 (𝑡) d𝑡 = d𝑉 𝑑 (𝑡) d𝑡 (here neglecting replenishment from a deeper reservoir). Assuming that water is the dominant volatile species, this rate of volume loss is directly related to the mass flux of water Q released at the vent (in the form of water vapour). Considering that this mass was initially present in the condensed (dissolved) phase prior to its escape, d𝑉 𝑑 (𝑡) d𝑡 = -Q 𝜌 𝑤 (neglecting in particular gas scrubbing in the hydrothermal system, among other processes that may divert gas away from the summit vents). The parameter 𝜌 𝑤 is the partial density of dissolved water in an anhydrous melt when all dissolved volatiles are exsolved and there is no degassing-induced crystallization.

It can be calculated by 𝜌 𝑤 = 𝛼𝜌𝑐𝜌 𝑛𝑑 𝜌𝑐-(1-𝛼)𝜌 𝑛𝑑 , where 𝜌 𝑐 is the density of degassed melt and 𝜌 𝑛𝑑 is the density of the parent melt (undegassed) [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] assumes that the reservoir feeding the magma conduit is spherical. Models of Ambrym's magmatic reservoir (Chapters 3 and 4) argue for the existence of a sill. Sill-like reservoirs are more compressible than spherical reservoirs [Amoruso andCrescentini, 2009, Rivalta, 2010]. We adjust the reservoir bulk modulus to a value 𝑘 𝑟 , which accounts for this compressibility difference. The uncertainties imposed by this parameter are discussed in Section 5.1.2.7.1.

Substituting

d𝑉 𝑚,𝑐 (𝑡) d𝑡 into Equation 5.4 and grouping like terms, we obtain dΔ𝑃 d𝑡 .6) We will assume that the time-dependent term 𝑉 𝑟 (𝑡) does not vary significantly from its initial value 𝑉 𝑟 (𝑡 0 ) [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. After time integration, we obtain Equation 45of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] Δ𝑃 (𝑡) = -𝑔 ρ𝑚,𝑐 𝑘 𝑟 Q𝑡 𝜋𝑅 2 𝑐 𝜌 𝑤 𝑘 + 𝑔𝜌 𝑤 ρ𝑚,𝑐 𝑉 𝑟 (𝑡 0 ) .

(︃ 𝜋𝑅 2 𝑐 𝑔 ρ𝑚,𝑐 + 𝑉 𝑟 (𝑡) 𝑘 𝑟 )︃ = - Q 𝜌 𝑤 . ( 5 
(5.7) Equation 5.7 is the simplest scenario (which we call "Scenario 0") that couples reservoir depressurization with degassing.

Scenario 1: Viscoelastic rheology, gas exsolves in conduit

If we assume that the host rock has a Maxwell viscoelastic rheology, we obtain Scenario 1 of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. As a result, we can only eliminate the terms in Equation 5.2 that include dρ 𝑚,𝑐 (𝑡) d𝑡 , which we continue to assume is zero due to a constant ρ𝑚,𝑐 (𝑡). For this case, the pressure change can be calculated analytically with an equation of the form Δ𝑃 (𝑡) = -Δ𝑃 ∞ (1 -𝑒 -Γ𝑡 ), (5.8) where Δ𝑃 ∞ = 𝐶 1 (𝑡 0 ) 𝐶 2 (𝑡 0 ) and Γ = -𝐶 2 (𝑡 0 ) 𝐶 3 (𝑡 0 ) . The constants 𝐶 1 (𝑡 0 ), 𝐶 2 (𝑡 0 ), and 𝐶 3 (𝑡 0 ) are functions of the parameters summarized in Figure 56789. The full expansion of these constants and a table of parameters used in this study can be found in Appendix D.

Scenario 2: Viscoelastic rheology, gas can exsolve in reservoir

In the next scenario, Scenario 2, we will assume that gas can exsolve in the reservoir. The depressurization during this scenario can also be described by Equation 5.8. The depth at which gas (here, water) will exsolve can be calculated using Henry's Law for water solubility in silicate melts and assuming thermodynamic equilibrium [START_REF] Burnham | A method for determining the solubility of water in silicate melts[END_REF][START_REF] Burnham | Water and magmas; a mixing model[END_REF][START_REF] Huppert | The role of volatiles in magma chamber dynamics[END_REF][START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. The density of the gas in the reservoir can be calculated using the ideal gas law. The weight % of exsolved water in the reservoir is

𝑛 𝑟 (𝑡) = ⎧ ⎨ ⎩ 𝛼 -𝑆 (𝑃 (𝑡 0 ) + Δ𝑃 (𝑡))) 1 2 , if 𝛼 > 𝑆 (𝑃 (𝑡 0 ) + Δ𝑃 (𝑡))) 1 2 0, if 𝛼 ≤ 𝑆 (𝑃 (𝑡 0 ) + Δ𝑃 (𝑡))) 1 2 .
(5.9)

where 𝑆 is the solubility coefficient for water (𝑆 = 4 × 10 -6 Pa -1/2 ).

Scenario 3: Viscoelastic rheology, magma replenishment

The final fidelity step includes the replenishment of magma in the reservoir from a deeper source. We will discuss the possible relevance of this case in Section 5.3.2. Testing this scenario is outside the scope of this dissertation and will instead be the focus of future studies (See Section 6.3).

Depressurization rate comparison: Results

Equations 5.7 and 5.8 can be used to compare the depressurization measured with geodetic modelling (average Δ𝑃 ∝ surface deformation) at Ambrym to the theoretical depressurization of the magmatic system by passive degassing (using Q as input, measured by satellitebased spectrometers such as NASA's Ozone Monitoring Instrument (OMI) for SO 2 , and then converted to H 2 O). The remaining parameters necessary to calculate Δ𝑃 (𝑡) are fixed based on estimates from previous studies. The summary of parameters values used can be found in Table D.1, and the uncertainties on these parameters can be found in Section 5.1.2.7. The theoretically and geodetically estimated values for Δ𝑃 (𝑡) will now be compared for three scenarios of increasing complexity.

Scenario 0: Elastic rheology

We first calculate the theoretical depressurization rate at Ambrym using Scenario 0 for a range of 𝑉 𝑟 (𝑡 0 ) and 𝑅 𝑐 (𝑡 0 ). We fix Q by converting estimates of passive SO 2 flux (∼7 kt day -1 ) [Carn et al., 2017] to water vapor flux using a mass ratio of ∼13 for H 2 O SO 2 measured from Ambrym's bulk gas emissions [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. The water vapor flux is estimated to be Q ≈ 90 kt day -1 . We take this value to be a maximum (See Section 5. 1.2.7.2). The higher this value, the higher the depressurization rate. The bulk modulus of the reservoir 𝑘 𝑟 varies between 5 × 10 8 --1 × 10 10 MPa, as explained in Section 5. 1.2.7.1. As 𝑘 𝑟 increases, the host rock becomes more rigid, and the depressurization rate increases. Finally, we fix the initial bulk volatile content, 𝛼 (used to calculate 𝜌 𝑤 ), to 1.3 wt% (See Section 5. 1.2.7.3) [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. The lower the value of 𝛼, the higher the depressurization rate (for a given Q). The density of the parent melt is 𝜌 𝑛𝑑 = 2430 kg m -3 and the density of the degassed melt is 𝜌 𝑐 = 2670 kg m -3 (values implemented in [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF], uncertainties discussed in Section 5. 1.2.7.4). Following [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF], we assume that the conduit consists of 50% parent melt (undegassed) and 50% degassed melt, the constant mean melt density is ρ𝑚,𝑐 (𝑡) = ρ𝑚,𝑐 (𝑡 0 ) = 2550 kg m -3 .

Figure 5-10a shows the theoretical depressurization rate for Scenario 0 when 𝑘 𝑟 = 5 × 10 8 Pa, Q = 90 kt day -1 , and 𝛼 = 1.3 wt%. In Chapter 4, we discuss the possible volume range for Ambrym's shallow reservoir, inferring values from 1 -3 km 3 based on geodetic models. These values are a minimum, and for completeness we will run the theoretical model for reservoir values ranging from 0.5 -30 km 3 .

When 𝑘 𝑟 = 5 × 10 8 MPa, the depressurization rates inferred from geodesy can be reached for large conduit radii (𝑅 𝑐 > 700 m) when reservoir volumes are small (𝑉 𝑟 = 0.5 km 3 ). For larger reservoirs (𝑉 𝑟 = 30 km 3 ), the radius of the conduit feeding the lava lakes must be at least 300 m to obtain reasonable depressurization rates. The sensitivity of depressurization rates on the conduit radius, and realistic values for this parameter, will be discussed further in Section 5.1.2.6. For ranges of conduit radii 𝑅 𝑐 = 50 -1000 m and reservoir volumes 0.5 -30 km 3 , the theoretical model cannot account for the lower depressurization values (-0.4 MPa year -1 ). We may be able to account for this difference because the lowers bounds were obtained using a sill, as opposed to an ellipsoid, and that this reservoir geometry is much more compressible than the ellipsoid. If we lower 𝑘 𝑟 ≈ 1.2 × 10 8 Pa, we obtain depressurization rates of -0.4 MPa year -1 for 𝑉 𝑟 = 30 km 3 and 𝑅 𝑐 ≈ 300 m. We obtain similarly low depressurization rates if we assume a higher density difference between 𝜌 𝑛𝑑 and 𝜌 𝑐 .

It is possible that lower depressurization rates are not obtained in Scenario 0 due to oversimplifications of the model assumptions, including the fact that we eliminate terms that reflect changes to the gas density in the conduit, as well as neglecting viscoelastic effects. Therefore, we proceed with the next model fidelity step to compare with Scenario 0.

Scenario 1: Viscoelastic rheology, gas exsolves in conduit

For this next fidelity step, we will still assume that there is no exsolved gas in the reservoir, but we assume that the host rock has a Maxwell viscoelastic rheology. Gas is exsolved in and degassed from the conduit of length 𝐿, which has an initial gas volume fraction 𝛽 𝑐 = 0.1. As in Scenario 0, we impose steady-state magma convection in the conduit.

Despite these adjustments, for the range of parameters of interest (𝑉 𝑟 = 0.5 -30 km 3 and 𝑅 𝑐 = 50 -1000 m), no significant difference is noted between Scenario 0 and Scenario 1 (See Figure 5-10b). The solutions begin to diverge for larger values of 𝑉 𝑟 when the host rock becomes less viscous (𝜇 ≈ 10 17 Pa s). However, we have no constraints on this parameter for the host rock at Ambrym. Therefore, we will proceed with Scenario 2, which increases the fidelity of the model by allowing for gas exsolution in the reservoir.

Scenario 2: Viscoelastic rheology, gas can exsolve in reservoir

In the next scenario, we assume that gases may exsolve within the reservoir. Given that 𝛼 = 1.3 wt%, 𝑆 = 4 × 10 -6 Pa -1/2 for water, assuming the conduit is completely degassed (ρ 𝑚,𝑐 = 2670 kg m -3 ) and that Δ𝑃 (𝑡) ≪ 𝑃 (𝑡 0 ) = 𝜌𝑔𝐿 ≈ 52 MPa, the depth of the reservoir when gas exsolution occurs is 𝐿 < 1 𝑔𝜌 ( 𝛼 𝑆 ) 2 ≈ 400 m. Geodetic inversions in Section 5.1.2.1 estimate a reservoir depth of ∼2.2 km beneath Ambrym's lava lakes. We can therefore conclude, according to Henry's Law, that there is no exsolved H 2 O in the reservoir. In this case, Scenario 2 will have the same result as Scenario 1, where gas exsolution occurs at shallower depths, within the conduit. However, if we assume a slightly larger 𝛼 (e.g., 2.1 wt% as estimated by [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF]), gas exsolution may occur at deeper levels, ∼1 km. This is still too shallow to exsolve bubbles in a reservoir residing at 2 -4 km depth, as estimated for the shallowest levels of Ambrym's magmatic system.

Discussion: Constraining magma reservoir and conduit size

We have little to no constraints on the input parameters 𝑅 𝑐 (𝑡 0 ), 𝑉 𝑟 (𝑡 0 ), 𝜇 and 𝑘 𝑟 . For small values of 𝑅 𝑐 (𝑡) (< 200 m), varying 𝑉 𝑟 (𝑡 0 ) can change the depressurization rates by an order of magnitude . The depressurization rate is sensitive to 𝑅 𝑐 (𝑡 0 ) due to the fact that Equation 5.7 depends on the reciprocal of 𝑅 𝑐 (𝑡 0 ) 2 . The estimated depressurization rates on the lower-end of our range (-0.4 MPa) may therefore be obtained by increasing 𝑅 𝑐 (𝑡 0 ) accordingly. According to [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF], realistic bounds on conduit radius range from 5 -100 m, as obtained from theoretical models linking gas flux to magma convection in the conduit [START_REF] Stevenson | Modelling the dynamics and thermodynamics of volcanic degassing[END_REF], from models of magma supply rate, which can be related to eruptive column height [Pallister et al., 1992, Carey and[START_REF] Carey | The May 18, 1980 eruption of Mount St. Helens 2. Modeling of dynamics of the Plinian phase[END_REF] or from muon tomography [START_REF] Tanaka | Cosmic-ray muon imaging of magma in a conduit: Degassing process of Satsuma-Iwojima Volcano, Japan[END_REF]. These estimates (and, we acknowledge, the model of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]) are for single-conduit volcanic systems. Ambrym hosts multiple vents within Marum and Benbow craters, which are separated by ∼3 km. The vents are fed by the same degassing source, yet gas-melt separation occurs deeper at Marum than Benbow [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. The model discussed above may therefore be further oversimplified, as it does not take into account the complexity of the geometry of Ambrym's multiple conduits.

We will assume that the conduits feeding the lava lakes at Marum and Benbow connect at depth, although we have no constraints on this depth. The model's parameter space explores the radius of this single conduit at depth. Conduit radii at lava lake volcanoes range from 1 -2 m at Kīlauea (based on the magma ascent rate [START_REF] Edmonds | Magma storage, transport and degassing during the 2008-10 summit eruption at Kīlauea Volcano, Hawai'i[END_REF]), 15 m at Nyiragongo (based on the volumetric flow rate during a lava lake drainage event [START_REF] Burgi | Dynamics of the Mount Nyiragongo lava lake[END_REF]), and 160 m at Masaya (based on geodetic modelling [START_REF] Stephens | Transient deformation associated with explosive eruption measured at Masaya volcano (Nicaragua) using Interferometric Synthetic Aperture Radar[END_REF]). At Ambrym, the study of [START_REF] Allard | Degassing dynamics of basaltic lava lake at a top-ranking volatile emitter: Ambrym volcano, Vanuatu arc[END_REF] estimated the conduit radius of Benbow's main lava lake-hosting vent to be 3 m. This value is consistent with the magma supply rate which explains the SO 2 flux measured with differential optical absorption spectroscopy (DOAS) [START_REF] Allard | Degassing dynamics of basaltic lava lake at a top-ranking volatile emitter: Ambrym volcano, Vanuatu arc[END_REF]. Given the fact that Ambrym's conduit at depth feeds at least two separate lava lakes at the surface, we may consider that the conduit is wider than the values estimated above. We will consider conduit radii less than 300 m to be reasonable values. The estimated conduit radii obtained for smaller reservoir volumes (𝑉 𝑟 = 0.5 -15 km 3 , 𝑅 𝑐 > 600 m) are therefore considered unrealistic.

Due to the high uncertainties of our input model parameters, particularly 𝑅 𝑐 (𝑡 0 ) and 𝑉 𝑟 (𝑡 0 ), the theoretical model explored does not allow us to constrain with certainty Ambrym's conduit size. It is also challenging to constrain the volume of the degassed reservoir. Conservatively, the reservoir volume may be > 10 km 3 . Given reasonable ranges of conduit radii of less than 300 m, the volume is estimated to be much higher . Such a large volume may be reasonable, as magma at Ambrym may degas from a hydraulically connected stack of magma lenses, whose cumulative volume is much greater than individual volumes estimates made in Chapter 4, for example. We also note that to obtain the depressurization values constrained by geodetic modelling, a low value of 𝑘 𝑟 is necessary. This may emphasize the importance of taking into consideration the reservoir geometry.

In order to adequately assess the applicability of this theoretical model, it should be implemented in a variety of cases. In the specific case of Ambrym, our input parameters differ significantly from those of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. The degassing flux is one order of magnitude higher (90 kt day -1 compared to at most 10 kt day -1 ), the quantity of dissolved volatiles is much lower (1.3 wt% compared to 3 -6 wt%), and the reservoir bulk modulus is more than an order of magnitude smaller (5 × 10 8 Pa versus 10 10 -10 11 Pa). These initial assumptions each have their own uncertainties, which are discussed below. 

Uncertainties

We fix numerous input parameters based on previous studies. These include the bulk modulus, the mean gas flux, the mass fraction of dissolved volatiles, and the density of undegassed and degassed melt. This allows us to explore the effect of varying the parameters on which we have little to no prior information. The uncertainties on the fixed parameters are as follows.

Elastic moduli

As discussed previously, the same reservoir pressure change will result in different reservoir volume changes depending on the reservoir's shape (penny-shaped sill, sphere, vertical pipe, etc.). Ellipsoidal reservoir geometries are more compressible than spheres (See Figure 5-13 from [START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF] for analytical expressions and numerical estimates of chamber compressibility, 𝛽 𝑐ℎ , for a range of reservoir geometries). We would like to scale the bulk modulus in Equation 5.7 to account for the fact that the sill-like geometry of Ambrym's reservoir is more compressible than the spherical reservoir assumed in the model of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. According to [START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF], the compressibility ratio of a penny-shaped sill (with an aspect ratio of 𝑐 𝑎 = 0.05) to a spherical reservoir is ∼10 (See Figure 5 -13). Given the ratio of the inverted parameters found with DEFVOLC (Ratio of Axis 3 to Axis 1 < 0.03), this is a reasonable approximation. However, the geodetic inversion may only be sensitive to deformation from the top portion of the active magmatic system. The total volume and thickness of the degassed reservoir may be larger than the inverted source geometry.

Nonetheless, to account for a compressible penny-shaped sill, we will choose the chamber bulk modulus to be 𝑘 𝑟 = 1 10 𝑘 ≈ 0.1𝑘.

(5.10)

The value of 𝑘 in pristine host rock ranges from 10 10 -10 11 Pa [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF][START_REF] Blake | Volcanism and the dynamics of open magma chambers[END_REF][START_REF] Touloukian | Physical Properties of Rocks and Minerals[END_REF], therefore a reasonable range for 𝑘 𝑟 in our models is 10 9 -10 10 Pa. However, a volcanic edifice is most likely not composed of pristine rock, but instead rock that is fractured and porous. These factors, among others, influence the rock's elastic moduli. Recent experimental studies [START_REF] Heap | Towards more realistic values of elastic moduli for volcano modelling[END_REF] concluded that the bulk modulus of volcanic edifices is closer to 4.5 × 10 9 Pa, or, after taking into account Equation 5.10, 𝑘 𝑟 ≈ 4.5 × 10 8 Pa. Therefore, we have varied the value of 𝑘 𝑟 between 5 × 10 8 -1 × 10 10 Pa to investigate how this value's uncertainty affects the system's depressurization rate. ) as a function of aspect ratio ( 𝐿 ℎ 𝐿𝑤 , such that 𝐿 𝑤 = 𝑎 and 𝐿 ℎ = 𝑐 in the text). 𝜇 𝑀 is the shear modulus. This figure is adapted from [START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF] to include a correction in the analytical expression for sill chamber compressibility. This expression should include the inverse of the aspect ratio, 𝐿𝑤 𝐿 ℎ , according to [START_REF] Amoruso | Shape and volume change of pressurized ellipsoidal cavities from deformation and seismic data[END_REF]. Otherwise the estimate of 𝛽 𝑐ℎ will be negative.

In addition, the elastic modulus used in the geodetic inversion is not well constrained. Although the chosen Young's modulus is consistent with in-situ measurements, the depth of the inverted reservoirs, and laboratory measurements [Cayol andCornet, 1998, Heap et al., 2019], it still remains one of the largest uncertainties in the modelling framework. Varying the Young's modulus would change the inferred reservoir depressurization rate, which is compared to the output of the theoretical model. Fully exploring the uncertainties of the Young's modulus at the geodetic modelling step, and how these uncertainties are propagated into the theoretical model (i.e., influencing the chamber compressibility), should be addressed more thoroughly in future studies.

Mean gas flux, Q

We obtain estimates of the mean H 2 O gas flux by combining mean daily SO 2 gas fluxes measured by the satellite-based UV spectrometer OMI [Carn et al., 2017] with the bulk mass ratio of H 2 O SO 2 at Ambrym [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. The bulk mass ratio is estimated given relative gas fluxes measured at Benbow and Marum (Mbwelsu) [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. Carn et al. [2017] obtains a daily average assuming the emissions have a center of mass altitude (CMA) of 0.9 km (planetary boundary layer product, PBL). While they apply a correction factor which accounts for the volcano altitude [START_REF] Fioletov | A global catalogue of large SO 2 sources and emissions derived from the Ozone Monitoring Instrument[END_REF], this does not necessarily account for variable injection heights of the volcanic plume throughout time. This is especially pertinent because gas flux is proportional to injection height (𝑄 0 ∝ 𝐻 4 ) [Carazzo et al., 2008, Mastin et al., 2009, andreferences therein]. Since SO 2 mass burden can be significantly overestimated if the altitude is underestimated during the analysis [START_REF] Krueger | Volcanic sulfur dioxide measurements from the total ozone mapping spectrometer instruments[END_REF][START_REF] Lee | Retrieval of vertical columns of sulfur dioxide from SCIAMACHY and OMI: Air mass factor algorithm development, validation, and error analysis[END_REF], systematic errors are expected to be larger for episodes of strong degassing. The joint analysis of 20 years of wind properties from ECMWF ERA-5 reanalysis data and directions of Ambrym SO 2 plumes from satellite observations shows that Ambrym SO 2 passive gas emissions are generally emitted at altitudes ranging up to 3 km a.s.l. [START_REF] Boichu | Twenty years of multisatellite SO 2 observations at Ambrym volcano (Vanuatu): Insights into passive degassing, SO 2 lifetime and eruptive activity[END_REF]]. An unrealistically low CMA will overestimate the total SO 2 mass. Carn et al. [2017] states that SO 2 flux uncertainties for Ambrym are 55%, and we confirm that the average measurements used may bias the mean daily H 2 O gas flux.

On the other hand, remote sensing measurements of SO 2 flux do not account for sulfur dioxide that may have been dissolved in the hydrothermal system [START_REF] Symonds | Magmatic gas scrubbing: Implications for volcano monitoring[END_REF] (i.e., via scrubbing). The removal of SO 2 from the magmatic system by scrubbing, as opposed to degassing, would still contribute to the system's depressurization. Given an SO 2 flux of more than a few kilotons per day, we suspect that the effect of scrubbing would not significantly alter our results.

Mass fraction of dissolved volatiles, 𝛼

The depressurization rate of the system is controlled by the quantity of dissolved volatiles in the magma. This value also affects the volume of exsolved volatiles in the reservoir in Scenario 2. The value of 𝛼 = 1.3 wt% that we use as an input parameter is derived from olivine-pyroxene-hosted melt inclusions from samples collected within Ambrym's caldera (the flanks of Benbow), as well as on the SW coast (1913 tuff rung) [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. Postentrapment processes such as H + or molecular H 2 O diffusion may result in an underestimate of the H 2 O content [START_REF] Danyushevsky | Experimental and petrological studies of melt inclusions in phenocrysts from mantle-derived magmas: An overview of techniques, advantages and complications[END_REF]. Nonetheless, similarly low (< 2.1 wt%) H 2 O contents have been found in other petrological studies [START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF][START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF]. [START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF] also emphasizes that low H 2 O contents are found for melt inclusions in various mineral phases. Because these mineral phases have differing H + diffusivities, consistently low H 2 O contents would not be expected if post-entrapment H + diffusion had altered the H 2 O content.

For applications of Scenario 2 at other volcanoes, it would be necessary to constrain whether the reservoir can degas directly to the atmosphere through a vesicular conduit filled with degassed magma.

Conclusion

We have attempted to explain to the first-order the depressurization rates at Ambrym volcano over a period of ∼2.5 years. While the geometry of Ambrym's magmatic system remains difficult to resolve, we conclude that the theoretical model of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] is compatible with the depressurization rates estimated from geodetic modelling. Degassing-induced depressurization is therefore a plausible physical mechanism that could drive subsidence at Ambrym volcano.

For realistic conduit radii (< 300 m), this model estimates that the degassing magma body has a volume > 10 km 3 . This model may need to be revisited in order to incorporate multiple conduits, as well as multiple magma lenses that are hydraulically connected. Incorporating the latter element would be more consistent with a vertically extensive magmatic system. It would also be worthwhile to investigate Scenario 3, which includes magma replenishment, to account for changes in the subsidence rate over time.

Nonetheless, this is a model representing a "textbook" magmatic system, and there are large uncertainties in the model parameters. Testing other physical mechanisms would help determine if there are other reasonable, and better-constrained, explanations for the subsidence. For example, [START_REF] Caricchi | The influence of cooling, crystallisation and re-melting on the interpretation of geodetic signals in volcanic systems[END_REF] evokes a combination of crystallization, cooling, degassing, and partial melting of residual andesitic magma to explain year-long subsidence at Okmok volcano. At a volcano with a high magma influx rate, like Ambrym, it is difficult to envision cooling and crystallization of the system, although we cannot discount this as a possible mechanism given the potential existence of a reservoir hosting more evolved magma in the eastern part of the caldera [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF], Picard et al., 1994]. Partial melting could result in reabsorption of volatiles that were exsolved from a cooling basaltic magma which was previously injected into the system [START_REF] Caricchi | The influence of cooling, crystallisation and re-melting on the interpretation of geodetic signals in volcanic systems[END_REF]. Reabsorption of volatiles is not consistent with the high passive degassing flux at Ambrym, and is therefore not a plausible mechanism. Alternatively, a temperature increase in the system before or during the 2015 eruption could cause changes to the hydrothermal system (evaporation of water or drainage of the system resulting from changes in the crust's permeability), which may result in subsidence [START_REF] Lundgren | Modeling surface deformation observed with Synthetic Aperture Radar interferometry at Campi Flegrei caldera[END_REF][START_REF] Caricchi | The influence of cooling, crystallisation and re-melting on the interpretation of geodetic signals in volcanic systems[END_REF][START_REF] Lundgren | The dynamics of large silicic systems from satellite remote sensing observations: the intriguing case of Domuyo volcano, Argentina[END_REF].

A broader view of the magmatic system provided by petrology

We propose that both magma withdrawal during eruptions, as well as volatile degassing during inter-eruptive periods, can drive reservoir depressurization. At least two magma lenses are imaged with geodetic modelling, one that is tapped during the eruptions at a depth of < 5 km b.s.l. and one that is active during inter-eruptions periods and has a depth of < 3 km b.s.l. However, geodetic modelling has limitations. For example, deformation may only be sensitive to the shape of the top of the magma storage region [START_REF] Yun | Constraints on magma chamber geometry at Sierra Negra Volcano, Galápagos Islands, based on InSAR observations[END_REF], and it may not be sensitive to pressure changes from deep sources [START_REF] Du | Comparison of various inversion techniques as applied to the determination of a geophysical deformation model for the 1983 Borah Peak earthquake[END_REF].

To complement geodetic source models, we integrate our results with petrological studies.

We then synthesize these findings in an updated conceptual model of Ambrym's mature magmatic system.

Multiple storage depths and mixing conditions

Petrological studies impose additional constraints on magma storage depths and magma properties (composition, volatile content, etc.). [START_REF] Sheehan | Staged storage and magma convection at Ambrym volcano, Vanuatu[END_REF] collected samples from scoria and reticulite erupted from the lava lakes in 2005 and 2007, respectively. The whole rock composition of the former is 50.79 SiO 2 wt% and the latter is 51.45 SiO 2 wt%. Mineral-melt (plagioclase and clinopyroxene) thermobarometry indicates that this magma stalls at depths of 24 -29 km (crust/mantle interface), then again at 11 -18 km (base of volcanogenic crust) (assuming 𝜌 = 2700 kg m -3 ) (See Figure 5-15b).

Although [START_REF] Sheehan | Staged storage and magma convection at Ambrym volcano, Vanuatu[END_REF] propose that the magma doesn't evolve any further after stalling at the base of the volcanogenic crust, a petrological study by [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF] concludes that crystallization of magma feeding the lava lakes also occurs at shallow levels. [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF] analyzed eruptive products from eight different eruptions (See . These included samples from the lava lakes-lapilli from 2005, three scoria samples and reticulate from 2009, and a bomb from 2014. They also collected lavas from the 1942 and 1988 intra-caldera eruptions, as well as lavas from the 1913, 1929, and 1937 NW rift zone eruptions. The lava lake samples have the most evolved whole-rock compositions-50.8 -52.75 SiO 2 wt%. We note that no samples were taken from the 1986 trachy-andesitic lava flow in the eastern portion of the caldera, which is the most evolved of all post-caldera collapse products.

Using clinopyroxene-melt thermobarometery, [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF] estimates that initial fractional crystallization occurs at pressure ranges of 100 -600 MPa (or 4 -20 km depth, if 𝜌 = 2700 kg m -3 ). They conclude that primitive magmas erupting from the rift zones are sourced from this deep reservoir, and show no signs of mixing. This indicates they may bypass the shallow storage region(s) beneath the caldera (alternatively, the magma ascent rate may be too high for interactions between magmas to occur) (See Figure 5-15a) [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF]. The magma feeding the lava lakes is stored in these shallower regions, with the magma undergoing subsequent differentiation, possibly as a result of H 2 O exsolution. This would thus occur at low pressures, ≪ 100 MPa [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF].

Intra-caldera eruption samples show evidence of magma mixing. For example, plagioclase and clinopyroxene crystals have chemical similarities to minerals in the erupted flank and lava lakes products, as well as display resorption textures (re-fusion of a mineral back into the original melt) and, in the case of the 1988 lava, reverse zoning. [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF] concludes that the mafic magma that is involved in the rift zone intrusions is one of the mixing components, which provides the reabsorbed, high-anorthite plagioclase antecrysts. Pheno/antechrysts found in both the intra-caldera and flank lavas are geochemically similar [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF]. A second mixed magma may have been more evolved, pointing to possible mixing with the magma feeding the lava lakes [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF]. Disequilibrium textures in the lava lake samples may be due to recycling of plagioclase crystals during magma convection in the conduit, instead of mixing [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF].

By analyzing entrapment depths of melt inclusions (MIs), [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] found depths slightly shallower than the aforementioned studies. MI entrapment pressures range from 70 -220 MPa (corresponding to depths of 2.6 -8.3 km beneath the vents if 𝜌 = 2700 kg m -3 ). Due to rapid entrapment and quenching during fast magma ascent, there was likely little volatile diffusion after MI entrapment [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF].

These studies conclude that magma stalls at multiple levels within the crust before being erupted. Crystallization depths range from 4 -20 km, with evidence for deeper (up to 29 km) and shallower (up to 2.6 km) storage regions. These findings are consistent with our hypothesis of a vertically extensive transcrustal magmatic system, comprised of stacked magma lenses. Petrological studies also complement geodetic inversions by resolving storage levels that are too deep to be detected by geodesy.

Lateral separation of melt lenses

Preliminary results from the petrological analysis of the 2018 eruptive products provide new constraints on magma storage, ascent and mingling during rift zone intrusions. They also constrain the composition and volatile content of the erupted lavas. [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF] collected lapilli-size tephra from the intra-caldera eruption in Lewolembwi crater, an ash sample south of the main craters, and two samples of highly vesicular pumice washed onshore during the submarine eruption (one collected on 18 December 2018 and another on 4 February 2019).

Clinopyroxene and olivine melt inclusions and the matrix glass show compositions ranging from 50 -63 wt% SiO 2 [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF]. The intra-caldera melt inclusion compositions span this entire range. The pumice sample that was collected in December 2018 has a basaltic trachy-andesite composition (similar to the composition found by [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF], [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF], [START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF] for products erupted from the main craters). In contrast, the February 2019 sample shows a mingling (physical mixing) of a basaltic trachy-andesite composition as well as trachy-andesite to trachy-dacite components (similar to products erupted in the eastern portion of the caldera and during the caldera forming sequence, i.e. Ambrym Pyroclastic Series [Robin et al., 1993, Picard et al., 1995]). However, limited chemical mixing occurred between the two end members due to their brief interaction time [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF]. Analysis of volatiles entrapped in melt inclusions estimate up to 2.1 wt% of H 2 O, slightly higher than previous studies [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. However, H 2 O content may be underestimated due to H + diffusion, and there may be a difference between the initial H 2 O content in the basaltic and dacitic melt. [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF] also calculates inclusion entrapment pressures. The highest entrapment pressures (180 -280 MPa) were found for melt inclusions in the pumice, and the lowest entrapment pressures (< 24 MPa, < 1 km depth, assuming 𝜌 = 2700 kg m -3 ) were found for the melt inclusions in the intra-caldera eruptive products. Although [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF] hypothesizes that magma intruded into the rift zone bypasses the shallow storage zone, there is evidence of magma mixing and mingling during both the 2018 intra-caldera and submarine eruptions. This indicates that the primitive magma intruding into the rift zone did not bypass the shallow storage for the entire span of the eruption. [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF] concludes that the primitive and evolved melts are derived from two separate, vertically extensive storage regions that span similar depths, but are laterally separated and isolated from one another (See Section 5.2.1.1). Lateral separation of magma lenses was overlooked in past petrological studies [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF], Firth et al., 2016[START_REF] Sheehan | Staged storage and magma convection at Ambrym volcano, Vanuatu[END_REF]. In summary, Ambrym's magmatic storage system is both vertically and laterally extensive. Magma moves between (and sometimes through) vertically separated lenses as it ascends through the crust. Magma mingling occurs between laterally separated lenses during lateral magma migration (See Figure 5678910111213141516).

Synthesis of results from geodesy and petrology

Over the past 20 years, geodetic measurements have imaged 2 separate magma lenses, at least one of which has been tapped during multiple eruptions. Other physical mechanisms, related to the persistent degassing at Ambrym, may explain inter-eruptive subsidence. Figure 5-16 incorporates findings from geodetic modelling during the 2015 -2017 and 2018 -2019 time periods, as well as storage depths estimated from petrological analyses [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF], Firth et al., 2016[START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF], Allard et al., 2015].

The deepest souce imaged with geodetic models (< 5 km depth) was tapped during the 2018 rift zone intrusion and the ongoing 2020 uplift episode. This source is fed by an even deeper storage zone, which has been estimated from crystallization and melt inclusion entrapment depths [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF], Firth et al., 2016[START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF][START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF]. This deep source (> 8 km depth) may be connected to the original magma generation source within the mantle [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF][START_REF] Sheehan | Petrological insights into pre-and syn-eruptive degassing at Ambrym volcano[END_REF].

The lava lakes, on the other hand, are alimented by a shallow source (< 3 km depth), consistent with both geodetic inversions and melt inclusion entrapment depths [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF]. Degassing from the lava lakes causes the denser, degassed magma to sink and drives vigorous magma convection within the conduit. If continuous, this same process may also depressurize the shallow magma lens, resulting in subsidence. The possible tapping of this shallow magma lens during intra-caldera dike intrusions will be discussed in Section 5.3. Magma sources (both shallow and deep) in the eastern portion of the caldera may be isolated melt lenses that store crystallizing magma, which is occassionally withdrawn during both intra-caldera and rift-zone intrusion events [START_REF] Picard | Concomitant evolution of tectonic environment and magma geochemistry, Ambrym volcano (Vanuatu, New Hebrides arc)[END_REF][START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF].

Figure 5-16: Ambrym's magmatic system. An updated conceptual model of Ambrym's magmatic system, combining results from geodesy (solid black lines) and petrology (dotted black lines). The depths of the magma lenses imaged with geodesy have also been confirmed by petrological studies. Lighter colors indicate more primitive magma compositions. The depths of the magma lenses in the eastern portion of the caldera were estimated by [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF] from melt inclusion entrapment pressures. The shallowest source, in the western portion of the caldera, most likely feeds the lava lakes. Intra-caldera eruptions drain the shallower sources. Erupted intra-caldera products may include more primitive compositions if rift-zone intrusions pass through these storage regions during magma ascent and migration towards the rift zones.

Ambrym's caldera: formation and long-term development

Now that we have a better understanding of Ambrym's current magmatic system, we can begin to investigate the conditions under which it formed. To investigate the formation of Ambrym's magmatic system, which is both vertically and laterally extensive, and includes isolated melt lenses, we will return to a relatively recent event that may have caused substantial changes to the system-the contentious caldera collapse event that took place ∼2 ka [Robin et al., 1993]. In addition to caldera formation, we will also discuss new insights regarding the caldera's long-term development, drawn from the caldera ring-faulting observed in Chapters 3 and 4.

Before proceeding with the discussion, we distinguish caldera formation from caldera development at Ambrym. The former relates to the initial event which formed the caldera ring-faults. The latter occurs incrementally as the caldera continues to deepen along these ring-faults.

Caldera formation at Ambrym occurred ∼2 ka after either:

1. an initial Plinian eruption and subsequent phreatomagmatic eruptions, or 2. numerous subsidence events due to lateral drainage of magma into the rift zones.

Geodetic modelling provides evidence for caldera deepening mechanisms reminiscent of 2. However, we cannot discount the possibility of a Plinian eruption initiating caldera collapse and the formation of ring-faults. Robin et al. [1993] estimates the total erupted volume during the Plinian eruption ∼2 ka was 70±10 km 3 (≥ 20 km 3 DRE). This is an order of magnitude larger than the reservoir volume estimated from geodetic (1 -3 km 3 , Chapter 4) and theoretical (> 10 km 3 , See Section 5.1.2.6) models. The modelled volumes are underestimates, because they are only considering the shallow magma lenses at < 5 km depth. The shallowest lens sustains magma convection in the conduit, degassing, and lava lake activity, and the deeper lens drains during eruptions (magma may perturb the shallow reservoir as it ascends). It may be reasonable to envision either a larger reservoir, or an ensemble of magma lenses, underlying this shallow part of the system. The total volume of eruptible magma between the shallower and deeper systems may be > 50 km 3 . We explore how an explosive Plinian eruption ∼2 ka may have influenced the formation of Ambrym's present-day magmatic plumbing system.

Ambrym's disputed 2 ka Plinian eruption

Magmatic system reorganization after caldera formation

Ambrym's present-day magmatic system may not represent the interconnected network of magma lenses (or single, large reservoir) which emptied during the Plinian eruption. By combining results from geodesy and petrology, we conclude that Ambrym's magmatic system is comprised of isolated magma lenses, with different SiO 2 compositions (Figure 5 -16). For example, more evolved lavas (∼60% SiO 2 ) have been emitted from vents in the eastern portion of Ambrym's caldera in both 1986 and 2018 [Picard et al., 1995[START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF].

An explosive, caldera-forming eruption may explain the existence of isolated magma lenses. Such eruptions can change a volcano's local stress field, leading to a reorganization, or partial destruction, of the pre-collapse magmatic system [START_REF] Kennedy | Magma plumbing beneath collapse caldera volcanic systems[END_REF][START_REF] Bachmann | Evolution of silicic magmas in the Kos-Nisyros volcanic center, Greece: A petrological cycle associated with caldera collapse[END_REF][START_REF] Marti | The Las Cañadas caldera (Tenerife, Canary Islands): An overlapping collapse caldera generated by magma-chamber migration[END_REF]]. Ambrym's Plinian eruption is classified with a Volcanic Explosivity Index (VEI) 6, one of only 17 large VEI 6 or VEI 7 eruptions recorded in the past 10,000 years [START_REF] Newhall | Anticipating future Volcanic Explosivity Index (VEI) 7 eruptions and their chilling impacts[END_REF]. Analogously, after the Rotoiti eruption and caldera collapse 45 ka at the silicic Okataina Volcanic Center in New Zealand, a decrease in reservoir interconnectivity explained changes to zircon isotope and trace element composition variability [START_REF] Rubin | Changes in magma storage conditions following caldera collapse at Okataina Volcanic Center, New Zealand[END_REF]. In the post-Rotoiti collapse magmatic system, different amounts of magma flux into different magma pockets result in varying levels of crystallization throughout the system [START_REF] Rubin | Changes in magma storage conditions following caldera collapse at Okataina Volcanic Center, New Zealand[END_REF]. This may be similar to the case of Ambrym, where reorganization of the magmatic system may have resulted in decreased interconnectivity of the magma lenses. Magma and thermal flux is currently concentrated beneath the western portion of the caldera, where open conduits feed the lava lakes of Marum and Benbow.

In addition to decreasing the interconnectivity of the magmatic reservoir, gravitational unloading from the initial caldera collapse may have locally rotated the principal stresses. This would have favored the formation of a shallow network of sill-like magma lenses beneath the caldera, consistent with geodetic modelling of the present-day system. Similarly, after the 2007 Dolomieu caldera collapse at Piton de la Fournaise, a rotation of the principal stresses, resulting in a horizontal 𝜎 2 or 𝜎 1 , coupled with the low volumes of migrating magma, favored the stalling of dikes at depth [START_REF] Peltier | New behaviour of the Piton de La Fournaise volcano feeding system (La Réunion Island) deduced from GPS data: Influence of the 2007 Dolomieu caldera collapse[END_REF]. Stalled dike intrusions had only been recorded 7 times at Piton de la Fournaise from 1981 to 2007 (compared to at least 14 eruptions), yet occurred at least 7 times in the two years following the caldera collapse [START_REF] Peltier | New behaviour of the Piton de La Fournaise volcano feeding system (La Réunion Island) deduced from GPS data: Influence of the 2007 Dolomieu caldera collapse[END_REF]. Exemplifying a similar concept using Finite Element modelling, [START_REF] Corbi | How caldera collapse shapes the shallow emplacement and transfer of magma in active volcanoes[END_REF] argues that the circumferential and radial dike intrusions (which initiate as sills) at Fernandina (Galápagos) can be explained by stress changes in the volcano edifice due to unloading from caldera collapse (See Figure 5-17a).

We would like to investigate the potential influence of a 𝜎 3 rotation due to gravitational unloading post-caldera collapse on sill emplacement beneath Ambrym's caldera. According to [START_REF] Watanabe | Analog experiments on magma-filled cracks: Competition between external stresses and internal pressure[END_REF], [START_REF] Secor | On the stability of open hydraulic fractures in the Earth's crust[END_REF], in order for changes in 𝜎 3 to control dike trajectory, the excess pressure change associated with unloading (𝑃 𝑙 = 𝜌𝑔𝐻, where 𝜌 is the density of the host rock and 𝐻 is the height of the collapse, or depth of the caldera), should be ∼5 times greater than the liquid excess pressure change of the ascending crack (𝑃 𝑒 = Δ𝜌𝑔𝐿 4 , where Δ𝜌 is the density difference between the liquid and the host rock and 𝐿 is the length of the liquid-filled crack). To obtain a reasonable value for 𝐻 during the disputed initial Plinian eruption at Ambrym, we assume the volume of subsidence is equal to the volume of erupted material. Assuming a caldera surface area of 113 km 2 and an erupted volume of 50 km 3 , the collapse height is 𝐻 ≈ 440 m. This is a minimum estimate, considering the initial caldera diameter may have been smaller than the present-day structure, if it was widened during subsequent phreatomagmatic eruptions [Robin et al., 1993]. We will assume magma propagates from deeper parts of Ambrym's magmatic system (∼5 km depth) towards the surface (𝐿 𝑧 ≤ 4 km). Assuming an initial, unperturbed stress field before the caldera collapse, that 𝜌 = 2700 kg m -3 , 𝐻 ≈ 400 m, and Δ𝜌 ranges from 100 -300 kg m -3 , we find ratios of 𝑃 𝑙 𝑃𝑒 ranging from 3.6 to 10.8. The higher end of this ratio reflects the fact that perturbations to 𝜎 3 due to post-caldera collapse may have played a role in controlling magma propagation orientation and sill emplacement at Ambrym. After Ambrym's caldera formed, gravitational unloading may have encouraged sill formation beneath the caldera (Figure 5-17b).

In addition to sill formation, the local post-collapse stress field modelled by [START_REF] Corbi | How caldera collapse shapes the shallow emplacement and transfer of magma in active volcanoes[END_REF] encourages circumferential dikes. Volcanic activity following initial caldera formationsuch as the creation of Woosantapaliplip cone, the Bogorfan basaltic-andesite lava flow in the NW of the caldera, and the creation of Benbow and Marum cones (See Figure 5-17c)are consistent with a focusing of magma injection near the caldera rim. However, we cannot confirm if the dikes feeding these eruptions began as sills and rotated into circumferential fissures as they reached the surface, which would be most consistent with the stress field modelled in Figure 5-17a. The competition between buoyancy, magmatic overpressure, and tectonic stresses explains eruptive vents in other locations [START_REF] Corbi | How caldera collapse shapes the shallow emplacement and transfer of magma in active volcanoes[END_REF].

Given the high influx of magma at Ambrym [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] (which may have been even higher in historic times [McCall et al., 1969]), local post-collapse stresses may have encouraged a well-developed, shallow and broad magmatic plumbing system with isolated melt lenses. The emplacement of shallow sills may also be preferred at Ambrym due to regional compressive tectonic stresses. Analogue modelling shows that dikes propagating in regions subject to a horizontal compressive stress are likely to rotate into sills over length scales of 1 to 10 kilometers, depending on the magnitude of compressive stresses, dike overpressure, and buoyancy (Δ𝜌), as well as the rock's tensile strength and fracture toughness [START_REF] Menand | Dyke propagation and sill formation in a compressive tectonic environment[END_REF]. Theoretical models also predict that in environments of high compression, magma is likely to flow horizontally in sills [START_REF] Ida | Effects of the crustal stress on the growth of dikes: Conditions of intrusion and extrusion of magma[END_REF]. However, the experiments of [START_REF] Menand | Dyke propagation and sill formation in a compressive tectonic environment[END_REF] were performed assuming a homogeneous elastic medium, and they conclude their study by emphasizing the importance of crustal heterogeneities in dike orientation and arrest.

Next steps

Further discussion of the evolution of Ambrym's magmatic system post-Plinian eruption should include studies complementing geodetic measurements over the past 20 years. For example, further geochemical, petrological, and geochronological studies would be needed to explore homogeneity of magmas pre-, syn-, and post-caldera formation. These studies would be essential to adequately assess the hazard potential of a future Plinian eruption emplacing tens of cubic kilometers of eruptive products at Ambrym. Only with further field work and petrological studies can we resolve the controversy regarding the existence of dacitic ignimbrites on Ambrym island. [2015], which involves dike bending and twisting during radial fissure eruptions, is not shown here. We do not consider this case relevant to Ambrym, where rift zone eruptions on its flank are most likely controlled by tectonic stresses. Adapted from [START_REF] Corbi | How caldera collapse shapes the shallow emplacement and transfer of magma in active volcanoes[END_REF]. c. Zoom of Ambrym's caldera, adapted from [START_REF] Shreve | What triggers caldera ring-fault subsidence at Ambrym volcano? Insights from the 2015 dike intrusion and eruption[END_REF]. In light pink are the post-collapse Bogorfan basaltic-andesite flow and Woosantapaliplip cone, both located near the caldera rim. Both features were cut by subsequent caldera subsidence [Robin et al., 1993].

Successive stages of caldera development at Ambrym

Although we cannot resolve the discrepancy concerning Ambrym's possible Plinian eruption, our geodetic observations allow us to add a fourth and final step to the caldera formation model from Robin et al. [1993] (See Figure 5-18), 1. "Earlier caldera collapse" due to a Plinian phase, with the possibility of a pre-existing caldera at the top of the original shield volcano edifice, 2. "Construction of the tuff cone as collapse enlarges,"

3. "Eruptive vents on the ring fracture," and 4. Episodic, meter-scale deepening and caldera ring-fault reactivation due to lateral magma migration into the rift zones.

We therefore relabel this as a model of caldera development, as opposed to caldera formation. Smaller subsidence events, such as those driven by drainage from a magma lens during intra-caldera eruptions (Chapter 4) and degassing-induced decompression (Section 5.1.2.3), may also have contributed to caldera deepening during Stage 4. We cannot currently constrain the effect of magma replenishment on caldera deepening and ring-fault slip before large intrusive and eruptive events. Through continued monitoring of the current uplift episode (See Figure 5-2g), future studies may be able to estimate the cumulative caldera floor displacement and ring-fault slip spanning a magma lens drainage and replenishment cycle. 

Episodic subsidence at other volcanic systems

Basaltic calderas are known to develop as a result of multiple collapses, occurring every few hundred to few thousand of years [START_REF] Geshi | Caldera collapse during the 2000 eruption of Miyakejima Volcano, Japan[END_REF][START_REF] Tsukui | Eruptive history of Miyakejima volcano during the last 7000 years[END_REF], Simkin and Howard, 1970[START_REF] Swanson | Keanakāko'i Tephra produced by 300 years of explosive eruptions following collapse of Kīlauea's caldera in about 1500CE[END_REF], Anderson et al., 2019]. Collapses can be distinguished in geological sections when they are associated with substantial volumes of erupted lava flows or pyroclastic deposits. However, episodic modes of subsidence along caldera ringfaults, which contribute to caldera deepening, may be overlooked when there are little to no associated deposits. Taking Ambrym as an example, we would expect this mode of caldera development to be prevalant at volcanoes with voluminous rift-zone diking events which drain a shallow (< 5 km depth) magma reservoir that underlies a broad (> 6 km diameter) caldera. The low roof aspect ratio of such systems encourages ring-fault activation during both moderate and large magma withdrawals from the reservoir. In Chapter 4, Sierra Negra in the Galápagos was mentioned as another caldera which may deepen during meter-scale events that reactivate the bordering caldera ring-faults (although this reactivation has yet to be recorded), in addition to activating the fault along the sinuous ridge. Below we discuss three other calderas that may undergo "quiet" subsidence and caldera deepening, in a fashion similar to Ambrym. They are specifically associated with rift zone volcanism, emphasizing the importance of the regional tectonic stresses in directing lateral basaltic magma migration.

The first example concerns the broad, trachytic shield volcanoes hosting prominent calderas in the Kenyan (or Gregory) Rift, a segment of the East African Rift System. Among others, the formation of the Silali (7.5 × 5 km) and Suswa (12 km diameter) calderas are associated with no significant ash flow deposits [START_REF] Williams | Late Quaternary caldera volcanoes of the Kenya Rift Valley[END_REF][START_REF] Skilling | Incremental caldera collapse of Suswa volcano, Gregory Rift Valley, Kenya[END_REF] (See Figure 5 -19). For example, Suswa's largest caldera, with a 12 km diameter, is thought to have formed incrementally by magma drainage at depth, explaining the discrepency between erupted (6 km 3 DRE) and subsidence (22 km 3 ) volumes [START_REF] Skilling | Incremental caldera collapse of Suswa volcano, Gregory Rift Valley, Kenya[END_REF]. Ring-fault formation at Suswa's caldera was not correlated with a specific sequence of deposits, possibly indicating that reservoir underpressurization may have occurred after a dike intrusion arrested at depth, or propagated and erupted a significant distance from the central reservoir [START_REF] Skilling | Incremental caldera collapse of Suswa volcano, Gregory Rift Valley, Kenya[END_REF]. The second, smaller (5.5 km) caldera at Suswa is thought to have formed entirely by magma withdrawal at depth, because no deposits associated with this collapse are recorded. The caldera of Silali, located further to the north, is also thought to have subsided incrementally either during or after the eruption of fluid basalt lavas ("Katenmening Basalts", ∼100 -65 ka) from a volcanic rift zone that had recently developed. This subsidence may have been localized by ring-faults that had formed during two previous periods of explosive activity [START_REF] Smith | Geochronology, stratigraphy and structural evolution of Silali volcano, Gregory Rift, Kenya[END_REF]. The above conjectures do not address the magnitude of subsidence during these incremental events. Given their large diameters, we hypothesize the deepening mechanism would depend on the depth of the magma chamber. A shallower magma chamber results in a lower roof aspect ratio, and subsequently a lower threshold for reactivation of the caldera ring-faults. At Suswa, for example, source models of ground deformation measured with InSAR are best fit by a shallow (< 3.7 km) penny-shaped crack [START_REF] Biggs | Multiple inflation and deflation events at Kenyan volcanoes, East African Rift[END_REF]. Silali has also been observed to undergo periods of subsidence, with the signal centered above the caldera [START_REF] Robertson | Influence of regional tectonics and pre-existing structures on the formation of elliptical calderas in the Kenyan Rift[END_REF]. These deformation signals may be associated with changes in exsolved volatile content at the top level of a shallow magma chamber, in response to magma injection [START_REF] Biggs | Multiple inflation and deflation events at Kenyan volcanoes, East African Rift[END_REF]. In the case of shallow magma reservoirs, incremental caldera subsidence (on the scale of meters) along activated ring-faults would be the preferred mechanism of caldera deepening, as opposed to catastrophic caldera collapse (10's to 100's of meters). The total caldera deepening, however, depends on the magnitude and frequency of replenishment-driven uplift (and possibly reverse ring-fault motion) between reservoir drainage events. The formation of the ring-faults themselves also remains to be investigated in further detail, but seems to be associated with explosive events that incorporated magma-water interaction.

An extreme case of incremental caldera deepening may occur at Axial Seamount, where the Juan de Fuca Ridge intersects the Cobb Hotspot (NE Pacific). Before and during the April 2015 dike intrusion and eruption, earthquake hypocenters were located along outwarddipping ring-faults on the east and west walls of the 8.5 km × 3 km caldera [START_REF] Wilcock | Seismic constraints on caldera dynamics from the 2015 Axial Seamount eruption[END_REF]. Approximately 2.5 meters of subsidence coincided with the draining of the shallow magma reservoir, with most of the displacement occurring within the first day [Levy et al., 2018, Nooner and[START_REF] Nooner | Inflation-predictable behavior and co-eruption deformation at Axial Seamount[END_REF]. The Axial Seamount may be considered the "endmember" of this mode of caldera deepening due to its frequent eruption recurrence time (∼13 years [START_REF] Clague | Geologic history of the summit of Axial Seamount, Juan de Fuca Ridge[END_REF]). The high magma supply rate, the low roof aspect ratio of the caldera, and the rift extension (all relevant to the case of Ambrym as well), lead to single diking events, and short-duration (at most a few days) subsidence events which reactivate caldera ring-faults [START_REF] Nooner | Volcanic inflation measured in the caldera of axial seamount: Implications for magma supply and future eruptions[END_REF][START_REF] Clague | Geologic history of the summit of Axial Seamount, Juan de Fuca Ridge[END_REF][START_REF] Levy | Mechanics of fault reactivation before, during, and after the 2015 eruption of Axial Seamount[END_REF]. The shallower caldera of the Axial Seamount may be a result of the regular inflation-deflation cycles, both of which have been shown to reactivate caldera ring-faults. Fault slip was greater during co-eruptive deflation in 2015 than pre-eruptive inflation, as discussed by [START_REF] Levy | Mechanics of fault reactivation before, during, and after the 2015 eruption of Axial Seamount[END_REF] based on locations of microearthquakes (magnitude < 2) and the events' cumulative seismic moments. Using the scalar seismic moment equation, [START_REF] Levy | Mechanics of fault reactivation before, during, and after the 2015 eruption of Axial Seamount[END_REF] estimated 44 -175 cm of dip-slip during deflation vs. 8 -30 cm of dip-slip during inflation. Cumulative fault displacement and caldera deepening would thus be related to the ratio of ring-fault reactivation during inflation and deflation events over geological time scales.

We conclude that in order for incremental caldera deepening to occur at a given volcanic system, three conditions should be met-1. the magmatic storage system should be shallow and broad, 2. the regional or local stress regime should drive repeated rift-zone intrusions, and 3. magma replenishment must not produce enough uplift to compensate the long-term subsidence. The Kenyan Rift and Juan de Fuca Ridge are both located on divergent plate boundaries, and the regional stresses control the rift zone orientations. If we assume Ambrym is a large tension fracture resulting from compression in the central portion of the New Hebrides subduction zone (See Chapter 3), extension perpendicular to 𝜎 1 is accommodated by magma injection. Similar to the tectonic rifts mentioned above, magma injections at Ambrym have preferential orientations dictated by the regional tectonic stress, leading to the formation of the rift-zone. Assuming that there is a high thermal flux directly beneath the caldera, tectonic stresses in this region may undergo viscoelastic relaxation. In this case, local stresses (gravitational, magmatic overpressure, etc.) dominate near the caldera, while regional stresses dominate in the brittle crust of the volcano's flanks.

Caldera fault reactivation: silicic vs. basaltic systems

To explore similarities and differences between full-scale and meter-scale caldera deepening at both silicic and basaltic systems, we will compare these styles using the analytical model of [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF]. This study derives reservoir volume and critical volume fraction for caldera collapse onset (See Chapter 4) from the caldera dimensions, reservoir depth, and volume of erupted material at the onset of collapse. We note that [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF] does not include data from basaltic caldera collapse events because it is difficult to estimate intruded magma volumes. However, in-depth monitoring and analysis has been performed during and after the 2018 Kīlauea and 2014 -2015 Bárðarbunga caldera collapses. We therefore compare the findings of [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF] with the values obtained from the literature for the lateral rift zone intrusions and caldera collapses during these two events, as well as the event at Ambrym in 2018. We wish to investigate whether these styles of caldera collapse follow relationships similar to collapses at silicic systems.

In order to proceed with this comparison, we must account for the piston collapse repressurizing the magma reservoir, which affects the eruption dynamics by increasing the magma outflow rate and possibly prolonging the eruption [Gudmundsson et al., 2016]. We therefore only consider the volume of magma that has been withdrawn from the reservoir at the onset of collapse, which has been determined by various studies [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF][START_REF] Segall | Caldera collapse geometry revealed by near-field GPS displacements at Kīlauea volcano in 2018[END_REF], Gudmundsson et al., 2016[START_REF] Sigmundsson | Unexpected large eruptions from buoyant magma bodies within viscoelastic crust[END_REF]. In the case of Ambrym, this value cannot be directly constrained. We conclude that the volume of magma extracted from the reservoir at the onset of collapse would be at most the volume of the dike intrusion measured in an ALOS-2 interferogram spanning 24 November to 22 December 2018, although this may be an overestimate.

We first compare the caldera diameters to the analytically calculated reservoir volumes, the volumes of magma intruded and erupted at the onset of collapse, and the total volumes intruded and erupted (See Figure 5 -20). For Bárðarbunga, the total volume intruded in the dike (0.5 km 3 ), and the intruded volume at the onset of collapse (0.25 -0.35 km 3 ), were obtained through geodetic modelling of InSAR and GPS measurements [START_REF] Sigmundsson | Segmented lateral dyke growth in a rifting event at Bárðarbunga volcanic system, Iceland[END_REF]. The total erupted volume (1.6±0.3 km 3 ) was estimated from the lava flow's surface area (obtained using aircraft-based SAR) and its thickness (obtained through DEM differencing) [START_REF] Gfslason | Environmental pressure from the 2014-15 eruption of Bárðarbunga volcano, Iceland[END_REF]. For Kīlauea, the volume of magma extracted from the reservoir at the onset of collapse (0.027 -0.086 km 3 ) was obtained from the pressure change at roof failure and the estimated reservoir volume [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF]. The total intruded volume (0.08 km 3 ) was estimated through geodetic modelling of InSAR measurements [Neal et al., 2018], and the total volume of erupted lava flows (0.593±0.011 km 3 ) was estimated by DEMs generated with the airborne SAR GLISTIN-A instrument [START_REF] Lundgren | Topographic Changes During the 2018 Kīlauea Eruption From Single-Pass Airborne InSAR[END_REF]. The caldera radii are 1, 4.3, 6 km and the chamber depths are 1.9, 10, and 4.5 km for Kīlauea, Bárðarbunga, and Ambrym, respectively [START_REF] Segall | Caldera collapse geometry revealed by near-field GPS displacements at Kīlauea volcano in 2018[END_REF][START_REF] Sigmundsson | Unexpected large eruptions from buoyant magma bodies within viscoelastic crust[END_REF][START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]. Values for the magma bulk modulus are estimated in [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF] for Kīlauea (0.67 -5.0 ×10 9 Pa). For Bárðarbunga, [START_REF] Sigmundsson | Unexpected large eruptions from buoyant magma bodies within viscoelastic crust[END_REF] estimates a bulk modulus of ∼1×10 9 Pa, but we allow for a broader range of values, 0.5 -5 ×10 9 Pa. In Chapter 4, we estimate the bulk modulus at Ambrym during the 2015 eruption to range from 0.27 -2.13 ×10 9 Pa. [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF] accounts for magma compressibility, but does not take into account chamber compressibility. This can be done by replacing the erupted volume 𝑉 𝑒 in Equation 1of [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF] by the sum of the volume change from magma compressibility and the volume change of the reservoir, which is a function of its geometry [START_REF] Sigmundsson | Unexpected large eruptions from buoyant magma bodies within viscoelastic crust[END_REF]. To calculate the total volume extracted from the chamber, 𝑉 𝑒𝑡𝑜𝑡𝑎𝑙 , we add the intruded and erupted volumes, and thus neglect changes to magma compressibility, as well as chamber compressibility. While reasonable for our first-order interpretation, magma and chamber compressibility should be rigorously accounted for in future comparisons, possibly in a fashion similar to [START_REF] Wauthier | Magma pathways and their interactions inferred from InSAR and stress modeling at Nyamulagira Volcano[END_REF].

Given the above assumptions, as well as vertical ring-faults, we can use the analytical solution of [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF] to estimate the reservoir volume, .11) where 𝑉 𝑝𝑟𝑒𝑐 is the sum of the magma volume erupted and intruded at collapse onset, 𝜌 is the host rock density (2700 kg m -3 ), 𝑘 is the magma bulk modulus, 𝑔 is gravity, ℎ is the depth of the chamber, and 𝜑 is the angle of internal friction of the host rock. Figure 5-20 plots analytically-obtained estimates of 𝑉 𝑟 for Bárðarbunga, Kīlauea, Ambrym, and the silicic caldera collapse events compiled by [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF].

𝑉 𝑟 = 𝑉 𝑝𝑟𝑒𝑐 𝑟𝑘 𝜌𝑔ℎ 2 tan(𝜑) , ( 5 
The reservoir volume estimated at Kīlauea (∼4 km 3 ) is within the range estimated by [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF] (2.5 -7.2 km 3 ), although they acknowledge that their data does not preclude a reservoir with a volume > 10 km 3 . It is also consistent with the relationship 𝑉 𝑟 ∼ 10𝑟 2.9 , as estimated by [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF] (Figure 5 -20). Nonetheless, we note that the volume of erupted and intruded magma at collapse onset is much lower than that at silicic systems, which would result in a smaller critical volume fraction. The average 𝑉 𝑟 estimated at Bárðarbunga (2.6 km 3 ) is lower than expected for silicic volcanoes with a similar caldera diameter. It is also an order of magnitude smaller than the reservoir volume estimate of [START_REF] Sigmundsson | Unexpected large eruptions from buoyant magma bodies within viscoelastic crust[END_REF], who assumed a reservoir with a semi-major axis of 4.3 km and a semi-minor axis of 0.4 km, or 𝑉 𝑟 ≈ 31 km 3 . Finally, the 𝑉 𝑟 estimated for Ambrym (12 km 3 ) is also lower than that estimated using the relationship between 𝑉 𝑟 and 𝑟 stated above, but it is consistent with theoretical modelling from Section 5.1.2.6.

We cannot draw firm conclusions with only three examples of basaltic caldera ring-fault reactivation driven by lateral intrusions. However, a first-order interpretation is that basaltic, intrusion-driven collapses may not follow the relationship between caldera diameter and reservoir volume derived for silicic systems, especially for broad calderas. The model parameter that is the most uncertain and may influence our estimates of 𝑉 𝑟 is the magma bulk modulus, which is rarely well-constrained and may vary over an order of magnitude. If the model parameters are reasonable, we may hypothesize that there are upper limits to the size of 𝑉 𝑟 at large basaltic-caldera rift systems that are not analogous to the limits of silicic reservoir size.

Ambrym's reservoir volume estimate may also be lower than expected due to the fact that the reservoir roof did not completely collapse. While the magnitude of ring-fault slip at the surface may not seem significant at Ambrym, other characteristics of the event-specifically the very long period vertical-CLVD earthquakes-are similar to earthquakes recorded at full-scale caldera collapse events (See Chapter 3) [Duputel andRivera, 2019, Shuler et al., 2013]. This indicates a partial collapse of the reservoir roof at depth. The low critical volume fraction estimated at Kīlauea supports the idea that calderas may collapse earlier than previously thought [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF]. Nonetheless, we reiterate the caveat of [START_REF] Anderson | Magma reservoir failure and the onset of caldera collapse at KÄńlauea Volcano in 2018[END_REF], stating that pressure, not volume, change initiates roof failure. In future studies, attempts should be made to focus on the Δ𝑃 at the onset of caldera collapse, as opposed to the critical volume fraction. Translating Δ𝑉 to Δ𝑃 requires knowledge of the reservoir size and shape (See Section 2.2.2.1).

Figure 5-20: Chamber relationship with caldera diameter. Magma chamber volume, total erupted and intruded volume, and erupted and intruded volume during precursory stage for a compilation of silicic caldera collapse events, as well as for the Kīlauea, Bárðarbunga, and Ambrym events. The red line plots the relationship between caldera diameter and reservoir volume for the silicic systems. The dashed lines show the threshold of magma withdrawal before collapse for various reservoir depths ℎ and bubble fractions 𝑥. Adapted from [START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF].

To explore the differences between the dynamics of caldera deepening induced by either Plinian eruptions or lateral injection [Druitt andSparks, 1984, Sigmundsson, 2019], Ambrym may serve as a unique example. If the existence of dacitic ignimbrites is confirmed, then caldera ring-fault formation, reactivation, and subsidence may have occurred during both explosive eruptions, as well as "quiet" intrusion-driven subsidence. This would imply that these caldera development styles are not mutually exclusive at a particular volcano. A remaining open question is whether Ambrym's present day magmatic system would be capable of producing a Plinian eruption in the future.

Revisiting 20 years of volcanic activity using multisensor observations: Evidence for an unreported dike intrusion in 2005

Over the past two decades, we observe correlations and anticorrelations between ground displacement, gas emissions, and radiated thermal power (See Figure 5-1). These observations may reflect changes in system pressurization over time, manifesting at the surface as changes to lava lake activity. We will jointly interpret these datasets to propose a hypothesis for the physical mechanism driving the currently unexplained 2004 -2009 inter-eruptive subsidence episode.

Among the observations over the past 20 years is the drastic SO 2 degassing drop in December 2018. This drop is associated with the 2018 rift zone intrusion, which drained the lava lakes and collapsed the summit craters. A similar degassing drop is also measured by OMI and SCIAMACHY satellite SO 2 sensors in the middle of 2005 (See Figure 5-1) [START_REF] Boichu | Twenty years of multisatellite SO 2 observations at Ambrym volcano (Vanuatu): Insights into passive degassing, SO 2 lifetime and eruptive activity[END_REF]. SO 2 flux remained at low levels until around November 2006.

More subtle multi-year trends can also be identified. However, variations in degassing should be taken with caution, due to the dataset's uncertainties. To obtain the SO 2 flux time series, measurements that include gas emissions from the nearby volcanoes Ambae and Lopevi are removed [START_REF] Boichu | Twenty years of multisatellite SO 2 observations at Ambrym volcano (Vanuatu): Insights into passive degassing, SO 2 lifetime and eruptive activity[END_REF]. The daily wind velocity is also taken into consideration to obtain the daily SO 2 flux [START_REF] Boichu | Twenty years of multisatellite SO 2 observations at Ambrym volcano (Vanuatu): Insights into passive degassing, SO 2 lifetime and eruptive activity[END_REF]. Even after applying these corrections and a Gaussian filter, the SO 2 flux estimates remain uncertain, making it difficult to constrain subtle changes to gas emisisons. However, there is a clear increase in degassing from 2007 -2012, followed by a pause, and another slight increase in gas emissions starting in the months before the 2015 eruption and continuing until the 2018 eruption. Higher frequency SO 2 flux variations may be of magmatic origin, but are difficult to deconvolve from metereological processes.

The progressive disapperance of thermal anomalies over the course of 12 hours at Ambrym in December 2018 was interpreted as lava lake drainage, which was further confirmed by field observations [START_REF] Shreve | From prodigious volcanic degassing to caldera subsidence and quiescence at Ambrym (Vanuatu): the influence of regional tectonics[END_REF]. This lava lake drainage coincided with an abrupt decrease in SO 2 degassing. In 2005, thermal anomalies also disappeared around the same time as the SO 2007[Global Volcanism Program, 2007]. These ground observations are consistent with the absence and reappearance of thermal anomalies. SO 2 flux increased when the thermal anomalies returned to Benbow crater (See Figure 5 -23).

A decrease in radiated thermal power, or complete absence of thermal anomalies, can be interpreted as either draining of the lava lakes or cooling and formation of a solidified top layer [Wright andPilger, 2008b, Oppenheimer et al., 2004]. Heavy cloud cover (or volcanic particulates) may also decrease the radiated power. No field observations confirmed the draining of the lava lakes, but the multi-year absence of thermal anomalies and decreased degassing suggest that all lava lakes at least partially drained from mid-2005 to November 2006. There are additional time periods when no thermal anomalies are detected (e.g., 2000 and 2009). However, they are brief and do not correlate strongly with degassing changes.

The 2018 drop in degassing and thermal anomalies has been explained by the drainage of Ambrym's central magma lens and lava lakes, associated with the lateral migration of a major dike intrusion into the rift zone. Keeping this event in mind, we will propose a possible explanation for the degassing and thermal anomaly decrease that occurred in 2005.

2004 -2009 deformation episode

One Envisat interferogram (images acquired on 29 September 2004 and 2 December 2009) spans the 2005 -2006 hiatus in lava lake activity and degassing (See . Ground displacement in this interferogram is dominated by > 30 cm of subsidence within the caldera. In addition to subsidence, this interferogram has two unusual characteristics. First, two troughs of maximum subsidence are measured SE of Marum. Second, there is an increase in the displacement gradient and change in fringe orientation in the SE corner of the interferogram (corresponding to uplift-See Insets 1 and 2, . Unfortunately, only a portion of this uplift signal is coherent.

An ALOS interferogram (images acquired on 19 August 2007 and 12 October 2010) also spans the reappearance of thermal anomalies at Benbow (See . This interferogram measures ∼5 cm of uplift centered to the NE of Marum crater. However, it measures no subsidence, indicating that the subsidence episode measured by Envisat occurred between 29 September 2004 and19 August 2007. We hypothesize that the anomalous uplift in the SE corner of the Envisat interferogram is associated with a dike intrusion. If this dike intrusion drained the shallow magma lens feeding the lava lakes, this would explain the disappearance of the thermal anomalies and the decrease in degassing. To test this hypothesis, we use a non-linear inversion to estimate the parameters of an opening dike and a horizontal deflating sill (See . This inversion estimates a dike volume change of 14.8 × 10 6 m 3 and a sill volume change of -12.6 × 10 6 m 3 . The orientation of the dike is nearly E-W, aligned with the southern edge of the horizontal sill (See . The depth of the sill is ∼2 km beneath the craters.

Both the dike and sill volume changes are underestimated. For the dike, we have no far field measurements to constrain its length or depth. For the sill, post-eruptive magma replenishment may have the same spatial footprint as the deflating source, cancelling out a portion of the co-eruptive subsidence. However, deformation sources at Ambrym have been shown to have a variety of geometries (See Figure 5-2). We therefore test the possibility that the Envisat interferogram captures a post-eruptive inflating source with a geometry different than the deflating sill. The hypothesis of magma replenishment is further supported by the fact that the Envisat interferogram spans the lava lake reappearance.

This second non-linear inversion includes three sources-an opening dike, a deflating sill, and an inflating spherical point-source (See . The volume of magma intruded into the near-vertical dike is ∼16 × 10 6 m 3 , the volume change in the horizontal sill is ∼-15.1 × 10 6 m 3 (depth ∼2.6 km), and the volume change in the spherical source is ∼2.7 × 10 6 m 3 (depth ∼2 km). We then explore if this inflating spherical point-source could explain the uplift measured with the ALOS interferogram. We invert displacements measured by the aforementioned ALOS interferogram to estimate the depth and volume change of a spherical point-source. The estimated depth (∼4.1 km) is deeper than that found in the Envisat interferogram inversion. The location of this source is shifted to the north compared to the Envisat inversion, and the volume is doubled (∼5.4×10 6 m 3 ). Further modelling of the entire dataset of ALOS interferograms spanning 2007 -2010 would provide insights as to whether the Envisat and ALOS interferograms are imaging the same uplift episode. This would also provide further justification for including an inflating spherical source in the inversion of the Envisat interferogram.

Because these models underestimate source volume changes, we can conclude that this event involved a slightly larger volume of magma than in 2015 (which had a dike volume change of 30 × 10 6 m 3 and a magma lens volume change of -13 × 10 6 m 3 ). Nonetheless, the event was still an order of magnitude smaller than the 2018 rift zone intrusion and caldera subsidence episode. Although similar volume source changes are estimated during the 2015 eruption, we consider the 2005 event noteworthy because it drastically changed Ambrym's surface activity. The 2005 dike intrusion may have tapped only the shallow magma lens feeding the lava lakes, as opposed to the deeper sources tapped in 2015 and 2018. A relatively small depressurization event in 2005 may have led to the complete draining of the lava lakes. In 2015, the lava lakes may not have completely drained due to continuous replenishment of the magma lens from a deeper source (See Section 5.3.2). In other words, Ambrym's shallow magma lens may not have had enough magma available in 2005 to sustain lava lake activity. No anomalously high thermal anomalies are associated with the 2005 event, implying that magma did not erupt at the surface. This emphasizes the importance of using remote sensing observations to monitor volcanic unrest at Ambrym, as dikes stalling at depth can play a significant role in modulataing lava lake activity and degassing.

In summary, we conclude that a moderate-sized dike intrusion occurred at Ambrym in 2005, leading to a >1 year-long hiatus in lava lake activity and degassing. This event was not associated with an eruption, likely explaining why it went unnoticed. Similar diking events with no surface eruption have occurred in Afar, Iceland, and Saudi Arabia [START_REF] Grandin | Sequence of rifting in Afar, Manda-Hararo rift, Ethiopia, 2005-2009: Time-space evolution and interactions between dikes from Interferometric Synthetic Aperture Radar and static stress change modeling[END_REF][START_REF] Einarsson | Seismological evidence for lateral magma intrusion during the July 1978 deflation of the Krafla volcano in NE-Iceland[END_REF][START_REF] Pallister | Broad accommodation of rift-related extension recorded by dyke intrusion in Saudi Arabia[END_REF]. 

Evidence for system repressurization

Since the 2018 rift zone intrusion, no degassing or lava lake activity has been observed from space at Ambrym for almost 2 years. In the beginning of 2020, uplift within the caldera was measured for the first time since the event (See Figure 5-2g). Due to the large volume of magma that was withdrawn from the magma lens in 2018, we can assume that pressure differences drive replenishment from deeper levels into Ambrym's 3 -5 km deep storage system. Assuming this uplift is due to magma replenishment, the modelled volume gives a magma influx rate of ∼0.65 m 3 s -1 .

There is also evidence for magma replenishment spanning previous time periods. For example, a trend of increasing radiated thermal power from the vents in Benbow crater is observed starting 6 years prior to the 2015 eruption (See Figure 5-23 and also Coppola et al. [2016a]). This increase begins with the return of thermal anomalies at Benbow in November 2008, after more than 3 years of inactivity. Aside from a brief derease in radiated power after the 2015 eruption, overall radiated power continues to increase until 2016. Unfortunately, in the years prior to the 2015 eruption, the only available InSAR measurements span 2007 interferogram spanning this epoch measures uplift, modelled by a volume change of 5.4 × 10 6 m 3 of a ∼4 km deep source (See Section 5.3.1). This is also consistent with the hypothesis of magma replenishment.

An increase in radiated thermal power either indicates an increase in lava lake surface area, an increase in the thermal renewal of the lake's surface (i.e., by increased convection), the formation of an additional lave lake, or some combination of these factors [Wright and Pilger, 2008a]. On timescales longer than weeks, changes to the lava temperature does not contribute significantly to the radiated power [START_REF] Oppenheimer | Sulfur, heat, and magma budget of Erta 'Ale lava lake, Ethiopia[END_REF]. If the conduit is funnel-shaped, a pressure increase within the system due to replenishment would cause the lava lake level to rise and the surface area to increase. Alternatively, more vigorous magma convection could be favored by the replenishment of volatile-rich magma, which increases the density contrast between the degassed and undegassed magma [START_REF] Palma | Constraints on the rates of degassing and convection in basaltic open-vent volcanoes[END_REF]. Increased magma convection may also be favored by an increase in conduit radius.

Immediately after the brief drop in radiated power associated with the 2015 eruption, the radiated power from Benbow's vents appears to stay constant, while the radiated power from Marum's vents increases briefly. Post-eruptive replenishment of the shallow magma lens with volatile-rich magma from a deeper source may result in a more vigorous magma convection in the conduit. This could increase the mean gas flux, which, according to the model of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF], would increase the depressurization rate in the shallow magma lens. This would be consistent with degassing-induced depressurization of a shallow source during the time periods 2015 -2017, as measured with InSAR. However, the complexity of the multiple-conduit system is not taken into account in this interpretation, and differences in radiated power between the two craters' vents needs to be studied in more detail.

If we assume that the 2015 -2017 subsidence episode is due to increased degassing, the abrupt end in this subsidence could be explained by continued magma replenishment into the shallow magma lens. Degassing-induced magma lens depressurization can cause magma replenishment due to pressure differences between the deeper and shallower magma lens. This passive magma replenishment can continue without an overpressured deep magma source [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. The depressurization rate of the system will reach zero after a few years of magma replenishment, due to a balance between the depressurization induced by degassing and the pressurization induced by replenishment (See Figure 6 in [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]). This may explain in part the abruptly ending subsidence in September 2017 (i.e., the system reaches a pressure balance at this time, See . This is also consistent with the conclusion from Chapter 3 that Ambrym's magmatic system was not significantly overpressurized before the 2018 rift zone intrusion. Finally, in the year leading up to the 2018 eruption, lava lake activity increased substantially. According to field reports from Volcano Discovery [2018], lava lake activity in Niri-Mbwelesu resumed in January 2018, consistent with Sentinel-2 imagery (See Figure 5 -23). During a visit in October 2018, a second vent in Niri crater was incandescent. Between August and September 2018, the lava lake level in Benbow lowered 20 m [Volcano Discovery, 2018]. Local guides, however, remarked that the intensity of the convection was the strongest they had witnessed in more than 10 years [Volcano Discovery, 2018]. In the weeks prior to the eruption, the lava lake level in Marum crater increased noticeably [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF].

During the increase in lava lake activity, the Sentinel-1 time series does not detect displacement above the noise level (> 5 cm) (See Figure 5-5). Further analysis of the time series will include atmospheric corrections to verify whether pre-eruptive uplift occurred. It may be possible that uplift occurs only when the system is closed (i.e., no lava lakes), as has been observed at other open-system volcanoes [START_REF] Chaussard | Characterization of open and closed volcanic systems in Indonesia and Mexico using InSAR time series[END_REF][START_REF] Newhall | Treatise on Geophysics (Second Edition)[END_REF]. During periods of lava lake persistence, no significant presssurization occurs within the system because gas can freely escape and magmastatic equilibrium is maintained within the system by fluctuations of lava lake level. Conterintuitively, perhaps, the same open system that prohibits uplift can subside as mass is lost from the sytem through persistent degassing. It is also possible that increased radiated thermal power may not be due to lava lake level rise, but due to more a vigorous convection when volatile-rich magma is injected at depth.

The first period of replenishment may have spanned November 2008 to December 2018, ultimately leading to the 2018 rift zone intrusion and caldera subsidence episode. A second period of repressurization began a little over a year after the rift zone intrusion, beginning in early 2020. This may be caused by magma replenishment, but could also be due to the collapse of the summit vents, preventing gas from escaping the system. During the possible replenishment episode from 2008 to 2018, a combination of physical mechanisms contributed to pressure changes within Ambrym's magma lenses (See Figure 5 -24). The summary and interpretations presented in this section and Figure 5-24 are preliminary and require more detailed analysis of correlations between ground displacements, radiated thermal power and SO 2 mass flux. The number of deformation sources imaged at Ambrym over the past two decades reflects the complexities of caldera magmatic plumbing systems. In open systems, a pressure balance between replenishment and degassing may make it challenging to anticipate large eruptions by analysing only ground displacements. 

Chapter 6

Conclusion and perspectives

This dissertation has summarized Ambrym volcano's unrest over the past two decades using satellite geodesy, complemented by other remote sensing and in-situ geophysical techniques, when available. By jointly interpreting these results, we provide a conceptual model of magma storage at Ambrym, insights on magma migration within this system, and the effects of magma outgassing on system depressurization. In this final chapter, we will revisit the focus questions presented in Section 1.4, and address these questions using the results presented in the previous chapters. While investigating these questions, new ideas emerged which could not be fully addressed within the scope of this PhD project. We briefly discuss remaining open questions that can be the subject of future research, as well as ongoing collaborations developed over the course of this PhD. We finish with final thoughts on the direction of multidisciplinary remote sensing in the field of volcanology.

Focus questions

Question 1: Ambrym's vertically and laterally extensive magma plumbing system

The first focus question-How is Ambrym's magmatic plumbing system organized?-was addressed by combining the results of geodetic modelling of deformation episodes from 2004 -2020 (Chapters 3, 4, and5.1.1). We imaged at least two magma lenses beneath Ambrym's caldera. The shallower lens (< 3 km depth), located beneath Marum and Benbow craters, most likely feeds the lava lakes, whose level lowered during the 2015 eruption, and completely drained during the 2018 event. The deeper source (< 5 km depth) may be tapped during rift zone intrusions, as well as intra-caldera eruptions. However, we posit that rift-zone intrusions have the potential to withdraw a substantially larger volume from the magma lenses than intra-caldera dike intrusions. Petrological studies undertaken by collaborators concluded that there is an additional magma reservoir located in the eastern portion of Ambrym's caldera [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF], consistent with seismological studies [START_REF] Legrand | Interpretation of very long period tremors at Ambrym volcano, Vanuatu, as quasi-static displacement field related to two distinct magmatic sources[END_REF]. This reservoir is physically isolated from other magma lenses in the system. As a result, lava erupted from this reservoir has a more evolved, trachy-andesite to trachy-dacite composition. This evolved magma may erupt out of vents in the eastern portion of the caldera, as observed in 1986. This magma may also interact with dikes that intersect this reservoir before migrating into the rift zone, as recorded in 2018.

These findings draw us to the conclusion that the plumbing system located beneath Ambrym's caldera is both vertically and laterally extensive. We hypothesize that this system can be depressurized by magma withdrawal from the magma lenses, and/or during longterm passive degassing. Gas emissions at Ambrym are anomalously high, and Ambrym's degassing therefore deserves special attention for its possible influence on surface deformation during inter-eruptive periods. Magmatic recharge may also result in refilling of the deeper magma lens, causing uplift when the system is closed (i.e., no lava lakes at the surface). When lava lakes are present, connecting the magmatic plumbing system to the surface, magmatic injection may not necessarily result in uplift. This emphasizes the importance of incorporating complementary observations to identify periods of magma replenishment preceding eruptions.

Question 2: Episodic caldera subsidence and ring-fault reactivation at Ambrym

To answer the second focus question-How did Ambrym's caldera form and develop?-we draw on the observations of caldera ring-faulting during both the 2015 and 2018 events. In 2018, we observe widespread caldera ring-faulting along the northern caldera rim caused by magma withdrawal from the central magma lenses. Three years earlier, we also observed more modest caldera ring-faulting subsidence along the western ring-fault. These observations led us to conclude that the ring-faults can be reactivated during both moderate and large dike intrusions/eruptions, resulting in episodic, meter-scale deepening of the caldera. The majority of this deepening occurs during lateral rift zone intrusions, which are capable of extracting large volumes from the magma lenses without necessarily producing subaerial eruptions. However, we must continue to monitor the ongoing uplift episode at Ambrym to conclude whether co-eruptive and/or co-intrusive subsidence is compensated by uplift due to post-eruptive magmatic recharge when the lava lakes are inactive. This mechanism of caldera development may be present at other caldera-rift systems with low roof aspect ratios (i.e., broad and shallow magmatic systems).

Question 3: Decadal fluctuations in Ambrym's volcanic activity

What are the dynamics of Ambrym's magmatic system? is the third and final focus question.

Changes to Ambrym's magmatic system over time were investigated using a qualitative joint analysis of ground deformation, gas emissions, and thermal anomalies. This analysis led us to a conceptual understanding of the dynamics of Ambrym's magmatic system over the past two decades. We conclude that Ambrym's shallow magma lens was drained following a dike intrusion in 2005, causing a drastic decrease in both gas emissions and thermal anomaly detections associated with the lava lakes. After this event, we infer that replenishment continued at depth until ∼2008, when the shallowest magma lens began to refill, resulting in renewed activity of the lava lakes. This replenishment eventually led to a moderate-sized dike intrusion in 2015, followed by renewed magma replenishment in the shallow magma lens. Replenishment of volatile-rich magma may have triggered vigorous convection of the lava lakes and continued degassing. Counterintuitively, increased convection and degassing removed mass from the system, and the shallow magma lens may have depressurized, producing ground subsidence. Eventually the depressurization may have been cancelled by pressurization due to further magma replenishment, leading to no net ground displacement. Fifteen years after the previous lava lake drainage, a rift zone intrusion and submarine eruption in 2018 drained the central magma lenses and caused the disappearance of the lava lakes once again. While dike intrusions at Ambrym were recorded and studied in detail throughout this dissertation, the magmatic activity during inter-eruptive periods requires a more thorough investigation. Nonetheless, the possibility of magma replenishment without measurable uplift means that other observations that may precede eruptive activity (e.g., increased gas emissions, thermal anomalies, or seismicity) should be closely monitored at Ambrym.

Open questions

In order to improve forecasting of unrest episodes, and to better assess the associated hazards, at Ambrym, and other caldera-rift systems, four main questions should be addressed:

1. What signs precede the onset of lateral dike propagation and rift zone intrusions?

2. What is the recurrence time of rift zone intrusions?

3. How far will magma travel laterally from the volcanic center?

4. How much lava will erupt at the surface?

The results of this dissertation provide the following insights into these questions:

1. Precursors of lateral dike propagation include surface manifestations of replenishment at depth. If the magmatic system is open, replenishment may not necessarily manifest itself as uplift, but instead as an increase in either the lava lake convection (and hence increased degassing), the number of lava lakes, or the lava lake level. The timing of onset of lateral dike propagation, however, needs to be investigated further.

2. The recurrence time of rift zone intrusions at Ambrym may be higher than originally thought, especially in light of the possible 2005 dike intrusion and lava lake drainage.

Although the geodetic inversion estimates a modest amount of magma migrating towards the rift zone, we have no further constraints on the distance this dike travelled away from the main craters. It is also possible that a rift zone intrusion occurred co-eval with the 1988 intra-caldera eruption, due to evidence of magma mixing with a deeply-source magma component, as cited by [START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF]. Therefore, it is possible that rift zone intrusions occur every ∼20 years. This points to the possibility of caldera ring-fault activation on similar timescales, and continued deepening of the caldera by subsidence along these faults.

3. The distance magma will travel laterally from the central reservoir depends on the dike's driving stress. A strong horizontal gradient in driving stress allows dikes to travel long distances and erupt offshore at Ambrym. Further studies should try to quantify the influence of the regional tectonic stress, as well as magma availability, on the driving pressure, and hence distance travelled, by rift zone intrusions.

4. The volume of lava that erupts at the surface depends on the magmatic overpressure and the tectonic stress. Dikes tend to erupt more frequently when their overpressure is higher (See Chapter 3). Continued monitoring of the current uplift episodes at Ambrym will be necessary to understand magma lens overpressurization while Ambrym's system is closed (i.e., no lava lake activity).

Nonetheless, these questions remain to be fully answered, and consequently may direct future research projects at Ambrym and other caldera-rift systems.

Next steps

The original research contributed in this dissertation includes the analysis and modelling of geodetic data. However, interpretations of Ambrym's magmatic activity could not have been possible without insights from collaborators whose expertise include atmospheric sciences, active tectonics, petrology, and seismology, among others. These multidisciplinary collaborations have inspired the following projects:

• A more thorough study of Ambrym's 2015 -2017 subsidence episode, which we hypothesize may be due to magma lens depressurization due to passive degassing. This study will include a more careful analysis of the uncertainties mentioned in Section 5.1.2.7, will take into consideration the effect of magma replenishment, and attempt to extend the theoretical model of [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] so that changes to the lava lake level can be calculated from depressurization rates.

• Further studies jointly interpreting ground deformation, gas emissions, and thermal anomalies. This will include a more detailed study of the theorized dike intrusion and lava lake drainage event at Ambrym in 2005. In addition, another study may focus on the short-term coupling of passive degassing and ground deformation (Collaboration with R. Grandin, IPGP and M. Boichu, Université de Lille).

• A comparison of geodetic models to the petrological study of magma ascent and migration during the Ambrym 2018 eruption led by Y. Moussallam, Columbia University, and collaborators [START_REF] Moussallam | How to turn off a lava lake? A petrological investigation of the 2018 intra-caldera and submarine eruptions of Ambrym volcano[END_REF].

• Coupling of geodetic and thermodynamic models to infer pre-eruptive magma reservoir conditions at Ambae volcano, located 100 km to the north of Ambrym. These models will follow the framework of [START_REF] Kilbride | Observing eruptions of gasrich compressible magmas from space[END_REF]. They will attempt to exploit ground deformation and gas emissions to estimate the exsolved gas content in the reservoir before episodes of volcanic unrest at Ambae in 2017 -2018. This event culminated in a paroxysmal Plinian eruption in July 2018 (Project will be undertaken at Carnegie Institution for Science, under the supervision of H. Le Mével).

• A geodetic study estimating magma compressibility during the 2018 eruption at Sierra Negra, Galápagos, which included both co-and post-eruptive ring-fault subsidence (Collaboration with F. Delgado, Universidad de Chile).

Take home message

SAR data is more available and abundant than ever before. In addition to unprecedented availability of these datasets, processors such as LICSAR have been developed to automatically generate interferograms in volcanically active areas [START_REF] Lazecký | LiCSAR: An Automatic InSAR Tool for Measuring and Monitoring Tectonic and Volcanic Activity[END_REF]. To address the need to analyse large datasets, convolutional neural networks have been developed to automatically detect both rapid and slow volcanic deformation [Anantrasirichai et al., 2019a,b]. Such initiatives will allow the volcano geodesy community to identify candidate volcanoes which, like Ambrym, are actively deforming (but whose deformation has been overlooked).

Although a powerful tool, volcano geodesy by no means tells the whole story of a volcano's unrest. Volcanology is an inherently multidisciplinary field, given the complex nature of volcanic systems. A prime example of multidisciplinary volcano monitoring occurs at volcano observatories around the globe, where joint interpretations of seismicity, ground deformation, and gas emissions are often the basis for alert systems [e.g., [START_REF] Beauducel | WebObs: The volcano observatories missing link between research and real-time monitoring[END_REF]. However, not every active volcano has a dedicated observatory [START_REF] Sparks | Monitoring volcanoes[END_REF]. Remote sensing can, at least partially, fill the observational gap. Analysis of remote sensing data-whether detecting ground deformation, gas emissions, or thermal anomalies-is routine in the field of volcanology. Nonetheless, the field has yet to fully realize the potential of systematically combining these complementary datasets [Poland et al., 2020]. There is room to improve monitoring, modelling, and forecasting of volcanic systems by fully integrating satellite data from multiple disciplines. . pressure.createShape(168.099913, -16.386700, 3000, 2000, 400, 500, 40, 30, 20) Then read the location and geometrical shape from a given file.

pressureMogi.readPressureFromFile('fileName', donotreadvolume=True)

A ValueError will be thrown if the pressure object you defined is inconsistent with the pressure source type in the file.

4. Define data. The example below will use one dataset, but we can define as many as we wish and append them to a list. sar = insar('dataName') sar.read from varres('dataFileName', factor=1.0, step=0.0, header=2, cov=True) 5. For every data point, calculate the displacement (Green's functions) for unit opening (CDM), dimensionless unit pressure (Mogi or Yang), or potency change of 1000000 m 3 along each axis (pCDM). The latter value is arbitrarily chosen and defined in the init of pCDM.py.

pressure.buildGFs(sar, vertical=True, verbose=True)

6. Save these Green's functions.

pressure.saveGFs('GFDirectory')

7. Set GF's in the pressure object, as follows for CDM, Mogi, and Yang:

pressure.setGFsFromFile(sar, pressure='GFFileName', vertical=True))

and as follows for pCDM:

pressure.setGFsFromFile(sar, DVx='GFFileNameDVx',DVy='GFFileNameDVy',DVz='GFFileNameDVz',vertical=True))

8. Assemble GF's, data vector, and data covariance matrix.

pressure.assembleGFs(sar,polys= [3]) pressure.assembled(sar) pressure.assembleCd(sar)

9. Define model covariance matrix. User can choose the weight for both the pressure source and the polynomial estimator.

pressure.builddummyCm(user Cm=500.,extra params= np.ones((pressure.TransformationParameters,))*1000.) 10. Create the solver object and assemble the GF and model covariance matrices. Can include as many sources as you want.

slv = multifaultsolve('Solver Name', pressure) slv.assembleGFs() slv.assembleCm() 11. Solve using the Generalized Least Square's Method (Tarantola and Valette, 1982).

slv.GeneralizedLeastSquareSoln() slv.writeMpostBinaryFile ('name.GLSmodel', dtype='f') slv.distributem(verbose=True)

12. Save solution to file. Set add pressure as either 'volume' (CDM, pCDM, Mogi, or Yang) or 'pressure' (Mogi or Yang). This will determine whether pressure.deltavolume or pressure.deltapressure is written to the output file.

pressure.writePressure2File('outputFileName',add pressure='volume', scale=1.0)

13. Remove ramps and estimate model fit to data.

sar.buildsynth(pressure, direction=None) initVar, reducVar = sar.getVariance() print('Data set {} to type {}:'.format(data.name, data.dtype)) print('Variance: From {} to {} ({}%)'.format(initVar, reducVar, 100.*(1-reducVar/initVar)))

3 Benchmarking source code 1. Corrected Yang (prolate spheroid) analytical equations were taken from the Matlab software DMOD-ELS of [START_REF] Battaglia | DMODELS: A MATLAB software package for modeling crustal deformation near active faults and volcanic centers[END_REF]. To ensure consistency between the displacemets produced by the Python and Matlab scripts, the following tests have been run. We use a Generalized Linear Squares Inversion to solve for volume change and opening for a synthetic dataset using Mogi, Yang, and CDM pressure sources. The dataset is projected into the line of sight (LOS vector: -0.634, -0.146, 0.759). A synthetic ramp was added, and the datasets were downsampled using a distance-based algorithm.

(a) Geometrical parameters: Parameters Mogi Yang CDM x 0 , y 0 , -z 0 168.167357, -16.32353, 2000 m 168.119, -16.3689, 4000 m 168.21418, -16.2528, 2000 We then processed DEMs of Ibu's lava dome using TanDEM-X bistatic acquisitions spanning throughout 2018 (using a modified version of ROI-PAC and NSBAS modules), as well as a DEM using tri-stereo high-resolution Pléiades optical images acquired in 2013. By differencing the Pléiades and TanDEM-X DEMs acquired at different dates, we can measure the volume change of the lava dome over time. By blending multiple TanDEM-X DEMs acquired at similar time periods but with different acquisition geometries, we obtain a coherent DEM of Ibu's lava dome in 2018 that is not subject to geometrical effects such as shadow resulting from the sidelooking radar (See Figures B-3 and B-4). The total volume change between 2013 and 2018 was 49.5×10 6 m 3 , which is equivalent to an extrusion rate of 0.34 m 3 s -1 .

Appendix D

Degassing-induced depressurization model: Constant expansion and symbols Equation 5.8 of Section 5.1.2.3.4 calculates the final pressure change at time 𝑡 as a function of 𝐶 1 (𝑡 0 ), 𝐶 2 (𝑡 0 ), and 𝐶 3 (𝑡 0 ) [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. These constants are defined as followed: In our study, we have 𝐴 * = 0 (i.e., 𝜌 𝑚,𝑐 (𝑡 0 ) and 𝛾 𝑐 (𝑡 0 ) are constant), 𝐵 * = 0 and 𝑛 𝑟 (𝑡 0 ) = 0 (i.e., no gas exsolves in the reservoir), 𝜆(𝑡 0 ) = 0 (i.e., no magma replenishment), and [𝜋𝑅𝑐(𝑡0) 2 𝐿-𝑉𝑚,𝑐(𝑡 0 )]𝑀 𝐻 2 𝑂 ρ𝑚,𝑐(𝑡0)𝑅𝑔𝑇 is one order of magnitude lower than 𝜋𝑅𝑐(𝑡 0 ) 2 𝑔 ρ𝑚,𝑐(𝑡0) (for typical magma temperatures [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]). We can therefore simplify the constants as follows: The symbols included in these equations are listed below in Table D.1 [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF]. 

𝐶 1 (𝑡 0 ) = [︃ (1 -𝑛 𝑐 )Δ𝜌
𝐶 1 (𝑡 0 ) = - Q 𝜌 𝑤 (D.
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 11 Figure 1-1: Tectonic framework of the central NH arc. The D'Entrecasteaux Ridge (DER) and West Torres Massif (WTM), located on the Indo-Australian (AUS) plate, are colliding with the New Hebrides (NH) arc (pink). Convergence rates are shown in pink. These structures are subducting beneath the North Fiji basin, located on the Pacific (PAC) plate. The collision results in shortening accommodated by growth of the back-arc thrust belt (BATB). Arrows and numbers indicate relative velocities (in cm year -1 from Bergeot et al. [2009]) across the BATB (blue) and Vate trough (VT, orange). Yellow triangles are active volcanoes, orange lines indicate volcanic rift zones, and green circles show the drilling sites of Briqueu et al. [1994]. NAB: North Aoba Basin; Va: Vate; Ku: Kuwae; Ep: Epi; Lo: Lopevi; Mk: Malekula; Sa: Santo; Pe: Pentecost; Mw: Maewo; Ga: Gaua; Me: Mere Lava; Ni: Nifonea; Er: Erromango; ET: Erromango Trough. Adapted from Pelletier et al. [1998].
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 12 Figure 1-2: Geodynamic evolution of NH arc. The geodynamic evolution of the North Fiji Basin and New Hebrides arc over the past 12 million years. Thick solid lines (1) are active ridge axes, double dashed lines (2) are incipient ridge axes, thin solid lines (3) are transform faults, dashed lines (4) are flowlines, black triangles (5) are active subduction zones, and white triangles (6) are incipient subduction zones. F: Fiji Platform; NC: New Caledonia; NH: New Hebrides arc; VA: Vitiaz trench; DER: D'Entrecasteaux Ridge. From Auzende et al. [1995].
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 13 Figure 1-3: Subduction interface geometry. a. The subduction interface of the central portion of the NH subduction zone in map view, manually determined by Baillard et al.[2015] from earthquake locations. The color indicates the interface depth, the dotted lines indicate the updip and downdip extents of the seismogenic zone, and the green contour is the intersection with the fore-arc Moho. The blue lines are the divisions between the forearc block segments determined by[START_REF] Taylor | Coseismic and Quaternary vertical tectonic movements, Santo and Malekula Islands, New Hebrides Island Arc[END_REF][START_REF] Taylor | Analysis of partially emerged corals and reef terraces in the central Vanuatu Arc: Comparison of contemporary coseismic and nonseismic with Quaternary vertical movements[END_REF]. NDR: North D'Entrecasteaux ridge; BS: Bougainville seamount. b. Cross-section of the subduction interface depth. The profile is indicated by the corresponding colored number in a.. c. Cross-section of the subduction interface dip along the subduction front. From[START_REF] Baillard | Seismicity and shallow slab geometry in the central Vanuatu subduction zone[END_REF].
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 14 Figure 1-4: D'Entrecasteaux ridge subduction/collision. Evolution over time of the DER collision in the central portion of the NH arc. BG is the Bougainville Guyot of the Southern D'Entrecasteaux seamount chain. The arrows show the uplift of the forearc as the seamount approaches and collides with the arc. Once the feature has been fully subducted (how this occurs is still debated), rapid subsidence occurs on timescales similar to uplift. Adapted from Taylor et al. [2005].
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 15 Figure 1-5: Historical earthquakes. Earthquakes with M 𝑤 > 6.0 from 1976 to 2020 in the NH arc, from the GCMT catalogue. Color indicates depth, and size of the circle indicates the magnitude. Note the absence of shallow earthquakes in the central NH arc and the seismically active back-arc thrust belt. The M 𝑤 7.3 1999 BATB earthquake near Ambrym is labeled. From R. Grandin, personal communication.
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 16 Figure 1-6: Structure of the back-arc thrust belt. a. A bathymetric map based on Pelletier et al. [1998] with contour intervals at 200 m. Mapping of emerged reef limestones based on Mallick and Neef [1974]. b. Zoom of a March 2000 bathymetric map obtained from the ALAUFI cruise of R/V L'Atalante [Pelletier et al., 2000a]. The contour intervals are 50 m. c. Crustal sections at the profiles a -b and c -d in a. Inferred from geophysical and bathymetry data. Collot et al. [1985] estimated 1 km of Quartenary sediments, a Moho depth of 12 km in the Aoba basin, and the crustal root beneath Pentecost and Ambrym to be 18 -20 km. Figure from[START_REF] Lagabrielle | Coseismic and long-term vertical displacement due to back arc shortening, central Vanuatu: Offshore and onshore data following the Mw 7.5, 26[END_REF] 
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 17 Figure 1-7: 40 years of focal mechanisms in the NH arc. The map on the left shows GCMT focal mechanisms from 1 January 1976 to 1 April 2019 of earthquakes at depths less than 200 km. The map on the right shows orientation of the pressure and tension axes of the corresponding focal mechanisms. We observe that 𝜎 3 rotates from vertical in the central portion of the New Hebrides subduction zone, which is undergoing compression due to the DER collision, to NE-SW in the vicinity of the back-arc basins to the south. Ambrym lies on the transition between these compressional and transtensional stress regimes, as denoted by the red and blue lines.
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 18 Figure 1-8: MORB trace element isotopic ratios. a. Isotopic ratios of trace elements Sr and Nd for Pacific/Atlantic MORB and Indian MORB. From Winter [2010]. b. The same isotopic ratios for various intra-oceanic arcs, including the New Hebrides arc. The domains NH1 and NH2 include samples from drilling sites 829, 831, 832, and 833 (See Figure 1-1).Samples from drilling site 833 that are within the NH2 domain represent pre-DER collision volcanics. BE represents bulk earth isotopic ratios. From[START_REF] Briqueu | Temporal magmatic evolution of the aoba basin, central New Hebrides sland Arc: Pb, Sr, and Nd isotopic evidence for the coexistence of two mantle components beneath the arc[END_REF].
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 19 Figure 1-9: Asthenosphere ascent in the NH arc. Schematic illustration explaining E-MORB asthenosphere ascent in the central portion of the NH arc. The A-A' section (top) and B-B' section (bottom) cut the central and southern segments of the arc, respectively. From Crawford et al. [1995].
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 21 Figure 2-1: Interferogram formation workflow. A typical workflow to form an interferogram from two SAR Single Look Complex (SLC) images. The workflow begins when two SLCs are coregistered using high-precision orbits and cross-correlation. An interferogram is formed, and the topographic fringes are removed using a digital elevation model (DEM). Finally, the wrapped interferogram is filtered, multilooked, unwrapped, and geocoded to obtain the final deformation map in geographical coordinates.
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 22 Figure 2-2: Radar acquisition geometry. a. The geometry of a radar acquisition, indicating the azimuth (radar flight path) and range directions, as well as the swath extent. The pulse duration is 𝜏 𝑑 . The average look angle, 𝜃, and the average incidence angle, 𝛽, are both measured at the middle of the swath. b. A representation of the squint angle 𝜃 𝑠𝑞 , which can be directed either forward or backward. Figures adapted from Simonsand Rosen [2015].
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 23 Figure 2-3: Orbital baseline. a.A slant plane view of the satellite orbits (dotted lines) during the primary and secondary acquisitions. The baseline between the two satellite positions while imaging the ground point P is indicated by B. The along-track component of the baseline is 𝐵 𝑣 . We assume the satellite orbits are rectilinear and coplanar. The reference geometry orbit's inclination is shown to be purely north-south. Most SAR satellites have an inclination that is slightly skewed from true north. Adapted from[START_REF] Sansosti | Geometrical SAR Image Registration[END_REF]. b.The side view of the satellite during the primary and secondary acquisitions. The perpendicular baseline is 𝐵 ⊥ , the parallel baseline is 𝐵 ‖ , the look angle and range of the primary image are 𝜃 and 𝑟, respectively, and the look angle and range of the secondary image are 𝜃 𝑠 and 𝑟 𝑠 , respectively. The angle the baseline makes with a horizontal plane is denoted by 𝛼. The difference between 𝜃 and 𝜃 𝑠 is Δ𝜃. We again assume the satellite orbits are rectilinear and coplanar. Adapted from[START_REF] Sansosti | Geometrical SAR Image Registration[END_REF].
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 24 Figure 2-4: Coherence-based gradient filtering. a. The top left hand corner of the figure shows the ALOS-2 swath footprint, indicating the near and far range, as well as the first and last acquired samples, of the ascending orbit. The top right hand corner of the figure shows the unfiltered, wrapped interferogram. The bottom right hand corner shows the wrapped interferogram filtered using the weighted power spectrum approach with a strength of 0.3, and the bottom left hand corner shows the wrapped interferogram filtered using the coherence-based gradient approach. b. A visualization of the steps used to filter the wrapped interferogram using the coherence-based gradient approach. Each colored box represents a single phase value. The corners of the various window sizes (5 of the 8 are shown here) are indicated with red lines. The phase gradient for each row and column is iteratively estimated for each window size. The iterative procedure is visualized here for a single column and row. 35
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 25 Figure 2-5: Coherence-based unwrapping. a. Unwrapping performed by the snaphu algorithm of Chen and Zebker [2001]. Heavy dark blue lines indicate unrapping errors. Fault surface ruptures due to caldera ring-faulting are also indicated with toothed lines. b. Unwrapping performed by the coherence-based unwrapping algorithm of NSBAS[Doin et al., 2011] described byGrandin et al. [2012]. User-defined bridges which connect fringes by integer multiples of 2𝜋 are indicated with dark blue, circle-capped lines. c. A visualization of the unwrapping algorithm and how the iteration number is determined. In the first column, each square's color represents the coherence, with yellow being a high coherence, and black being a low coherence. The numbers in each square represent the wrapped phase, and each number's color represent its iteration count. In the second column, the iterations begin with the seed pixel, in this case the pixel in the center, which has the highest coherence. Each square's color represents its iteration number, with white being the first iteration, and dark blue being a later iteration. The black square is not unwrapped, as its coherence is below the minimum coherence threshold. See the text for more details of this coherence-based iterative unwrapping. d. The final unwrapped interferogram, after masking pixels above a certain iteration count threshold. Although this masking ensures that the majority of noisy pixels are discarded, some residual unwrapping errors remain, as noted by the red oval. These errors can be masked out by hand.
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 26 Figure 2-6: InSAR vs. SAR pixel offsets. The left hand hand column shows the unwrapped LOS displacement field spanning the 2018 Ambrym dike intrusion, as measured by ALOS-2 using InSAR. The right hand column shows the amplitude pixel offsets measured by both ALOS-2 (top row) and COSMO-SkyMed (bottom row). Pixel offsets are able to resolve displacement close to the dike trace, where InSAR is decorrelated. In addition, COSMO-SkyMed pixel offsets have a higher SNR than ALOS-2 pixel offsets, most likely due to the smaller pixel size (∼2 m vs. ∼4 m).
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 27 Figure 2-7: Multiple aperture interferometry. In multiple aperture interferometry (MAI), forward-and backward-looking interferograms are processed. This figure shows the mid-beam line of sight (LOS), which is squinted by 𝜃 𝑠𝑞 , as well as the forward-looking LOS, squinted further by 𝛽 𝑓 . The backward-looking LOS is squinted -𝛽 𝑓 . The full beam width is shown by the dotted line labelled -1 to 1. Adapted from Bechor and Zebker [2006].
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 28 Figure 2-8: Civilian SAR missions. Past and current SAR missions, and their corresponding radar wavelength. Missions that have yet to be launched at the time of writing are shown in lighter colors.
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 29 Figure 2-9: SAR acquisition modes. a. The fundamental Stripmap mode, where 𝜃 is the look angle and 𝛽 is the incidence angle, both measured at the center of the swath. Adapted from Simons and Rosen [2015]. b. The Wide Swath modes ScanSAR and Terrain Observation by Progressive Scans (TOPS), each with three radar subswaths. In ScanSAR, the satellite's squint angle is fixed. In TOPS, the beam angle in azimuth changes during the satellite flight path according to 𝜓 𝑑𝑐 = 𝑘 𝜓 𝜏 𝑎 , where 𝜏 𝑎 is the azimuth time and 𝑘 𝜓 is the antenna rotation rate. Adapted from De Zan and Guarnieri [2006]. c. The Spotlight mode, which increases the illumination time of a particular target by pointing the antenna in that direction for an extended period of time. This figure specifically displays the Staring Spotlight mode. Adapted from Mittermayer et al. [1999].

Figure 2 - 10 :

 210 Figure 2-10: Ground displacement via geological processes. The rate and duration of ground displacement for various geological phenomena. The region within the solid red line shows the displacement that can be measured by present-day InSAR, with a revisit time of 6 days and a sub-centimetric accuracy. The light red line indicates the capabilities of InSAR in 1998, according to[START_REF] Massonnet | Radar interferometry and its application to changes in the earth's surface[END_REF]. The dotted red line shows the best-case scenario for future SAR satellite capabilities (daily acquisitions, millimetric accuracy). The top right of the figure is restricted due to phase decorrelation resulting from large deformation gradients. Adapted from[START_REF] Massonnet | Radar interferometry and its application to changes in the earth's surface[END_REF].
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 211 Figure 2-11: Nonlinearity in forward problems. Plots showing a variety of levels of nonlinearity that can be encountered in the forward problem. a. The probability density 𝜌(𝑑, 𝑚) and marginal 𝜌 𝑀 (𝑚) which represent the a priori information on 𝑑 and 𝑚. b. The case when the forward problem is linear, and the posterior probability density 𝜎 𝑀 (𝑚) is Gaussian. c. The forward problem is weakly nonlinear, and can be linearized around 𝑚 0 . d. The forward problem can be linearized around the maximum likelihood point, which can be estimated by iterative methods. e. The forward problem cannot be linearized, and other techniques, such as Monte Carlo approaches, are necessary. f. The nonlinearities of the forward problem are so strong that more sophisticated techniques are necessary. Adapted from Tarantola [2005].
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 212 Figure 2-12: Downsampling methods. Example of uniform (lefthand map) and distancebased (righthand map) downsampling with data from an eruption in 2015 at Ambrym.
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 213 Figure 2-13: InSAR semivariogram. a. Semivariogram calculated from random data points 𝑘 1 and 𝑘 2 selected from a non-deforming section of the interferogram in b. The Euclidean distance between 𝑘 1 and 𝑘 2 is ||𝑘 1 , 𝑘 2 ||. b. An interferogram showing postintrusion subsidence spanning 22 December 2019 -16 February 2020. The semivariogram is calculated from data points randomly selected from within the dotted box.
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 214 Figure 2-14: Ground displacements due to dike inflation. The vertical and horizontal displacements along a perpendicular cross-section at the center of an inflating point tension crack, for various dike dips (0 ∘ , 30 ∘ , 60 ∘ , 90 ∘ ). The displacements are normalized to the displacements of a Mogi source with an equivalent moment (indicated by the gray line). Adapted from Lisowski [2006].
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 215 Figure 2-15: Mogi and Okada geometries. The geometrical parameters necessary to define a a. pressurized Mogi source or an b. opening rectangular dislocation. Adapted from Wright [2013].
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 217 Figure 2-17: CDM geometry. The Compound Dislocation Model (CDM), composed of three orthogonal rectangular tensile dislocations, and three rotational degrees of freedom (𝜔 𝑋 , 𝜔 𝑌 , 𝜔 𝑍 ). Adapted from Nikkhoo et al. [2017].
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 218 Figure 2-18: Ellipsoid and CDM moment tensor spectrum. Moment tensor spectrum in a medium with 𝜇 = 𝜆 as a function of the moment tensor eigenvalue (𝑚 𝑚𝑎𝑥 ≥ 𝑚 𝑖𝑛𝑡 ≥ 𝑚 𝑚𝑖𝑛 ) ratios. The point ellipsoid moment tensors are a subset of the CDM moment tensors. Adapted from Nikkhoo et al. [2017].
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 219 Figure 2-19: Moment tensor spectrum vs. Ellipsoid semi-axis ratios. The semi-axis (𝑎, 𝑏, 𝑐) ratios of an ellipsoid as a function of the moment tensor eigenvalue ratios. The dots are random eigenvalues from Gaussian distributions describing a 1970 deformation episode at Kīlauea. The medium is a Poisson solid, such that 𝜇 = 𝜆. From Amoruso and Crescentini [2009].
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 220 Figure 2-20: Distributed opening models. Distributed opening along a dike and a sill from the 2018 -2019 Ambrym unrest episode (See Chapter 3).

Figure 2 -

 2 Figure 2-21: L-curve. An example of an L-curve plot, used to find the appropriate 𝜆, which balances model smoothness (the smaller the maximum opening, the smoother the model) and the misfit (the rougher the model, the better the model will fit the data).
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 3 MAGMATIC ARCHITECTURE AND DYNAMICS OF A BASALTIC CALDERA RIFT-ZONE SYSTEM IN A COMPRESSIVE TECTONIC SETTING
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 31 Figure 3-1: Interferogram spanning Ambrym's 2018 rift zone intrusion. An ALOS-2 (L-band) interferogram spanning 24 November to 22 December 2018, during which > 0.4 km 3 intruded into Ambrym's SE rift zone, resulting in more than 2 meters of coastal uplift and caldera subsidence. The caldera rim is outlined in black, the dike trace is depicted by a dotted line, and the intra-caldera lava flow is yellow.

17 †

 17 Duration of caldera collapse ‡ Duration of eruption ⨿ Duration based on seismicity * Dense-rock equivalent ⋆ Converted to dense-rock equivalent assuming 25% vesicularity ⊕ Only includes the first diking event of the rifting episode ⊘ Converted by multiplying cumulative 𝑀0 by a factor of 5 × 10 -5 , based on energy-moment relationship from
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 32 Figure 3-2: Factors influencing dike propagation. The distance travelled by the dike is determined by the balance between the stress normal to the dike opening 𝜎 3 and the magma pressure 𝑃 𝑚 , according to Equation 3.1:𝑃 𝑑 = 𝑃 𝑚 -𝜎 3 .If the horizontal gradient in driving pressure, ∇𝑃 𝑑 , is above a certain "breakout pressure", and greater than buoyancy 𝑃 𝑏 , the dike will leave the reservoir and migrate laterally[Buck et al., 2006]. Structural discontinuities, rigidity and density layering in the host rock, and the topography, can all influence the dike's shape and path. This illustration shows a dike propagating in a host rock with a Young's modulus 𝐸 1 and density 𝜌 𝑟1 . The topography decreases ahead of the dike's path. There is a layer in the host rock with a lower rigidity, denoted by a Young's modulus 𝐸 2 , where the dike width increases. The Level of Neutral Buoyancy, 𝐿𝑁 𝐵, and the brittle ductile transition 𝐵𝐷𝑇 , may control at what depth and how far the dike will laterally propagate. The tip of the dike may be filled with exsolved gases or cooling magma[START_REF] Fialko | What controls the along-strike slopes of volcanic rift zones[END_REF]. The dike itself may be vesiculated due to bubble growth, resulting in a lower magma pressure at the top of the dike[START_REF] Rubin | Origin of blade-like dikes in volcanic rift zones[END_REF]. The dike path in this illustration is approximate-the top of the dike may be anywhere within the transparent red path, and if the dike will feed an eruption when it intersects the surface.
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 33 Figure 3-3: Examples of rift zone diking events. a. The schmematic cross-section of the 2014 -2015 Bárðarbunga dike intrusion and caldera collapse. Gravity-driven piston subsidence into the reservoir is hypothesized to have prolonged the eruption. From Gudmundsson et al. [2016]. b. Schematic magma plumbing system of Neal et al. [2018] summarizing the deformation sources acting during the 2018 Kīlauea rift zone intrusion and caldera collapse. The red colors indicate inflation, while the light blue colors indicate contraction. Flank motion is indicated by the arrows on the dark blue patch. c. Schematic illustration of the Miyakejima dike intrusion, caldera collapse, and submarine eruption. The unrest episode included 4 separate dikes (DK1 -DK4), whose order of emplacement is represented by the roman numerals, i -iv. From Ueda et al. [2005]. d. The schematic magma plumbing system which fed the 2002 Nyiragongo rift zone intrusion and eruptions. The different phases of the unrest episode are denoted by t1 -t3. From Wauthier et al. [2012].

  12-km wide caldera and several intensely-degassing lava lakes confined to intra-caldera cones. Using satellite remote sensing of deformation, gas emissions and thermal anomalies, combined with seismicity and ground observations, we show that in December 2018 an intra-caldera eruption at Ambrym preceded normal faulting with >2 m of associated uplift along the eastern rift zone and 2.5 m of caldera-wide subsidence. Deformation was caused by lateral migration of >0.4 cubic kilometers of magma into the rift zone, extinguishing the lava lakes, and feeding a submarine eruption in the rift edge. Recurring rifting episodes, favored by stress induced by the D'Entrecasteaux Ridge collision against the New Hebrides arc, lead to progressive subsidence of Ambrym's caldera and concurrent draining of the lava lakes. Although counterintuitive, convergent margin systems can induce rift zone volcanism and subsequent caldera subsidence.

Figure 1 .

 1 Figure 1. Tectonic and volcanic context of Ambrym. (a) Tectonic framework of the Central Vanuatu arc (modified after 71 ). Collision of the D'Entrecasteaux Ridge (DER), carried by the Australian plate (AUS) leads to (1) along-strike variations of the convergence rate (pink arrows) of AUS w.r.t Pacific plate (PAC) across the New Hebrides subduction (pink) and (2) deformation of the Vanuatu arc on the border of the Pacific plate, accommodated by the back-arc thrust belt (BATB), giving rise to an uplifted bivergent thrust wedge. Arrows indicate local relative velocities across the BATB (blue) and Vate trough (orange). Velocities in cm/yr are from 72 . Yellow triangles are active volcanoes. Yellow lines indicate rift zones. Va: Vate; Ku: Kuwae; Ep: Epi; Lo: Lopevi; Mk: Malekula; Sa: Santo; Pe: Pentecost; Mw: Maewo; Ga: Gaua; Me: Mere Lava. (b) Simplified geological map of Ambrym (after 11 and 18 ). Younger volcanic formations are indicated by light shading. Locations of historical fissure vents along the rift zones are shown by thick colored lines. Approximate locations of the 2018 intracaldera eruption and extra-caldera intrusion are indicated in red. Inset is a false-color Sentinel-2 image acquired on 25 November 2018 (R: band 12; G: band 11; B: band 08), showing six thermal anomalies associated with lava lakes and open vents. (c) Unwrapped ascending ALOS-2 interferogram spanning between 24 November 2018 and 22 December 2018. Blue (respectively red) indicates motion away from the satellite (respectively toward the satellite). Maps were generated with GMT version 5.4.3 (http://gmt.soest.hawaii.edu) and edited in Adobe Illustrator version 16.0.4 (https://www.adobe.com/products/illustrator.html).

Figure 2 .

 2 Figure 2. Temporal evolution of eruptive activity during the December 2018 event. (a) ALOS-2 interferogram of Fig. 1c (JAXA). (b) Upper panel: seismicity versus time, as a function of planimetric distance with respect to Marum lava lake. Symbol size increases with earthquake magnitude (dark grey: M > 3.5; light grey: M < 3.5). Green arrow highlights migration of seismicity along the east rift zone. Middle panel: cumulative seismic moment release. Focal mechanisms are from USGS (green) and GCMT (maroon). Lower panel: Absolute value of broadband (green) and low-passed (maroon) seismogram at SANVU Geoscope station (epicentral distance ~150 km) 31 . Spikes in the low-passed seismogram indicate detection of long period (LP) events. These events are not included in the cumulative seismic moment curve, which only includes volcano-tectonic (VT) events reported by VMGD. See Supplementary Fig. S14 for details and station location. (c) SO 2 flux proxy (blue) and thermal index of the lava lakes (yellow) and intra-caldera eruption (orange) derived from Himawari-8. (d) Satellite images acquired during the course of the eruption. Left: Himawari-8 (multispectral, geostationary)

Figure 3 .

 3 Figure 3. Faulting, coastal uplift and submarine eruption at the east coast of Ambrym. (a) Circles: coastal uplift derived from field mapping of dead coral and red algae. Green segments: fractures mapped in the field. Dashed green line: trace of the dike derived from SAR data. White arrow: motion of GPS Ulei site. Small black arrows indicate the location of a submarine volcanic ridge visible in high-resolution bathymetry acquired in 2003 (see Supplementary Methods). Pu: Pulvenu cone. Background is the wrapped ALOS-2 interferogram of Fig. 1c, where each fringe represents 12.1 cm of motion toward or away from the satellite. DEM ©DLR 2017. Maps generated with GMT and edited in Adobe Illustrator. (b) Normal faulting and fracturing at Pamal village. (c) Evidence for coastal uplift from dead coral. Black deposits consist of pumice stranded along the coast at Ulei. (d) Detail of a pumice sample.

Figure 4 .

 4 Figure 4. Deformation during and after the December 2018 event from InSAR. Left: data. Middle: synthetic. Right: model. (a) ALOS-2 interferogram covering the small-volume dike intrusion emplaced on 14 December (last image acquired on 15 December, 00h24). Dike inflation is indicated by red colors. Contraction or deflation is indicated by blue colors. (b) ALOS-2 interferogram (top) and COSMO-SkyMed azimuth offsets (bottom) covering the 15-18 December time interval. First inset shows local fringe discontinuities across the northern caldera rim, evidence of normal faulting. Second inset shows a profile of horizontal displacement across the dike. (c) ALOS-2 interferogram covering the post-intrusion caldera subsidence (first image acquired on 22 December). Inset to the left shows detail of deformation along the east coast. Inset to the right shows temporal evolution of post-intrusion subsidence derived from Sentinel-1, ALOS-2 and CSK (See Supplementary Fig. S7). Maps were generated with GMT version 5.4.3 (http://gmt.soest.hawaii.edu) and edited in Adobe Illustrator version 16.0.4 (https://www.adobe.com/products/illustrator.html).
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 5 Figure 5. Conceptual model of the December 2018 event.Magma injection into the rift zone occurred in two stages. First, on 14 December, a small-volume dike was emplaced in the eastern part of the caldera. The dike breached the surface and fed an eruption lasting ~24 hours. Deflation of Ambrym's magma plumbing system as a result of the intra-caldera eruption induced a drop of pressure in the magma column, leading to lava lake drainage. On 15-16-17 December, a large-volume dike injection took place along the east rift zone, likely fed through the conduit opened by the previous intra-caldera dike. During its propagation and inflation, the voluminous dike intrusion induced intense faulting and fissuring above its upper edge, especially at the coastal village of Pamal, suggesting a shallow depth of emplacement. However, the dike did not produce any onshore eruption nor any substantial degassing. From 18 December, pumice washed up on the eastern shore of Ambrym indicating a submarine eruption. Continued subsidence of Ambrym caldera during the weeks following this eruption, as well as continuation of localized faulting at Pamal (Fig.3c), suggest a prolongation of the submarine eruption without substantial additional inflation of the main dike, compatible with passive magma transport from Ambrym's central reservoir toward the submarine eruption site. The inset is a zoom on Ambrym's tectonic setting, emphasizing that Ambrym's rift zone orientation is sub-parallel to the regional maximum compressive stress, allowing us to interpret Ambrym as a large tension fracture. The activated plane and focal mechanism of the 1999 thrust earthquake are noted on the sketch in light blue.

  determine u k and u model by finding the average velocities within a 30x30 pixel box in the southern portion of the caldera (168.144324/168.168324/-16.284603/-16.260603). After exploring several different locations inside and outside the caldera, the scalar calculated in this location explains the most data variance. Several Sentinel-1 interferograms and their residuals (u res = u k -(u model * γ k )) are shown in Fig. S7. All final scalars are shown in Tab. S3.
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 S12424S324S4 Figure S1. Time series of thermal index at Ambrym from geostationary Himawari-8 imagery. Upper panel: time series of the normalized thermal index 6 retrieved for Himawari-8 pixels corresponding to the lava lakes (yellow) and the 2018 intra-caldera lava flows (orange). Map in the inset shows the pixels used for the definition of these two locations. Color circles represent the thermal index with respect to a reference background pixel (shown in black in inset) derived from individual images acquired every 20 minutes. Thick color lines represent the smoothed time series after applying a median filter over 10 points (i.e. filter width: 200 minutes). Lower panel: maps of normalized thermal index at three different times corresponding to (a) lava lake activity prior to the 2018 eruption, (b) onset of the eruption and (c) lack of thermal anomaly after the end of the eruption. Himawari-8 imagery provided by AERIS/ICARE Data and Service Center and Japan Meteorological Agency. Maps were generated with GMT version 5.4.3 (http://gmt.soest.hawaii.edu) and edited in Adobe Illustrator version 16.0.4 (https://www.adobe.com/products/illustrator.html).
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 S624S724S824S924S1024S1124S1224S1324S14 Figure S6. End-member distributed opening models. Four end-member models, resulting from the constrained least square's inversion of distribution opening, showing the uncertainty of volume estimates, ranging from 419 to 532×10 6 m 3 . Total volume depends on the final model depth and extent offshore. Based on the misfit of these end-members, a compromise is found with the dike extending offshore ∼6 km and to a depth of ∼6 km.

Figure S15 .

 S15 Figure S15. Sentinel-2 optical image correlation. Sub-pixel correlation of Sentinel-2 optical images covering the eastern rift zone of Ambrym with mild cloud cover. Images are acquired on (a) 30 November 2018, (b) 15 December 2018, 23:09 UTC, and (c) 9 January 2019. Upper row shows a preview of images for band 8 (near-infrared, 767-908 µm) which is characterized by a high reflectivity in vegetated area. Image resolution is 10 meters. Central row is the result of pair-wise sub-pixel correlation, processed with MicMac software 9 (https://micmac.ensg.eu). Lower row shows swath profiles in the boxes indicated by the rectangles in the central row. Grey points show raw results in a box spanning +/-1 km from a reference profile. The location of the box is shown in b. The colored curves are computed by applying a 0.2 km-wide median filter to the raw data. Negative (blue): motion toward the south. Positive (red): motion toward the north.

Figure S16 . 24 Figure

 S1624 Figure S16. 10-year MODIS thermal activity. Time-series of excess thermal radiation and total radiated power from 2009 to 2019, derived from MODIS (Wright et al., 2016). Upper panel shows the spatial distribution of thermal anomalies. Middle graph shows the total power over the whole Ambrym caldera as a function of time. Lower graph shows excess radiation as a function of time, colored according to the location of the radiation (green: Benbow; blue: Marum; pink: 2015 eruption; red: 2018 eruption). Circles in the upper panel indicate the spatial regions corresponding to each of the 4 locations. Processed data is from the MODVOLC service (http://modis.higp.hawaii.edu/algorithm.html) 6 .
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 41 Figure 4-1: Caldera collapse styles and stages. a.The five end-member caldera collapse styles, as defined by[START_REF] Lipman | Subsidence of ash-flow calderas: Relation to caldera size and magma-chamber geometry[END_REF]. b.The evolution of caldera development with increasing subsidence, compared to the collapse styles of[START_REF] Lipman | Subsidence of ash-flow calderas: Relation to caldera size and magma-chamber geometry[END_REF].From Acocella [2007].
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 42 Figure 4-2: Caldera collapse at a caldera-rift system. A schematic illustration of the steps leading up to, and following, a caldera collapse caused by propagation of magma into a rift zone. From Sigmundsson [2019].
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 43 Figure 4-3: Caldera collapse comparisons. The left-hand plot shows the total caldera subsided volume versus the total magma volume intruded and erupted at various caldera collapses observed in the past two decades. The size of the circle is the caldera diameter, and the color is the roof aspect ratio. The righthand plot uses the same dataset, but displays the intruded magma volume versus the erupted magma volume. Data from Gudmundsson et al. [2016], Neal et al. [2018], Anderson et al. [2019], Geshi et al. [2002], Fontaine et al. [2014].
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 44 Figure 4-4: Analogue modelling of caldera collapse. Caldera ring-fault structural development inferred from analogue models at the beginning of collapse (top row) and later in the collapse (bottom row). Results based on roof aspect ratios a. 𝑅 𝑎 ≪ 1 and b. 𝑅 𝑎 = 1. Figure adapted from Branney and Acocella [2015], Roche et al. [2000].
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 45 Figure 4-5: Caldera ring-fault formation thresholds. a. The progression of fracture and fault formation as a function of volume fraction removed from the reservoir, 𝑓 , and roof aspect ratio 𝑅 𝑎 . b. The empirical relationship between the roof aspect 𝑅 𝑎 and the volume fraction 𝑓 for surface fracturing initiating (lefthand figure) or for the arrival of the reverse faults at the surface (righthand figure). Adapted from Geyer et al. [2006].
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 46413 Figure 4-6: Critical volume fraction for caldera collapse. The analytical relationship between the roof aspect ratio 𝑅 𝑎 and the volume fraction of magma extracted from the reservoir at the onset of caldera collapse 𝑓 𝑐𝑟𝑖𝑡 (See Equation4.1). The magma bulk modulus 𝜅 plays a role in Equation4.1, and is a function of the bubble fraction in the magma. Here 𝑓 𝑐𝑟𝑖𝑡 is calculated using bubble fractions 𝑥 = 0.2, 0.1, and 0.05. Adapted from[START_REF] Geshi | Evaluating volumes for magma chambers and magma withdrawn for caldera collapse[END_REF].

  assuming it is axisymmetric) and internal pressure change. The best-fit model of Inversion 3 is shown in Figure 3, the marginal PPD's are shown in Figure 4a, and the slip and opening distribution of the sources is shown in Figure 4b. Pressure change (scaled)of the best-fit model dike is 2.9 MPa, the total scaled volume change of the dike is ∆V = 2.9 × 10 7 m 3 , the total scaled volume change of the reservoir is ∆V = -1.3 × 10 7 m 3 , and the average closing on the reservoir is -1.5 m. The fault's shear stress change is -0.13 MPa and the average slip on the fault is 0.6 m. Fault slip reaches one meter at depth, close to the reservoir.

  . The Coulomb stress change is calculated by τ CSC = τ +µ σ, where τ is the shear stress change, σ is the normal stress change (positive is unclamping), and µ is the effective friction coefficient, where µ = µ(1 -B). B is Skemptons coefficient, which relates pore pressure to confining stress, and we set µ = 0.4, approximated from laboratory values[START_REF] Nostro | Two-way coupling between Vesuvius eruptions and southern Apennine earthquakes, Italy, by elastic stress transfer[END_REF]. A positive τ CSC indicates that the stress perturbation promotes fault failure. Because we have no information regarding the initial stress state, Coulomb stress change calculations can only be used to estimate if the fault has been brought closer to failure, not if the yield strength has been reached.We calculate the Coulomb stress change in 3D, having a direction of shear stress consistent with families of normal dip-slip faults, parallel to those estimated in the inversions. The source geometries are fixed based on the results of Inversions 2 and 3. The normal and shear stress changes due to a pressurized dike are computed using the Mixed BEM. For each fault mesh element i, the strike, dip, normal and shear stress change are used to calculate τ CSC,i . The first row in Figure5shows the Coulomb stress change on each element of the fault from Inversion 2. We find that the dike opening prohibits normal dip-slip at the fault's southern end, where surface displacements are dominated by compression perpendicular to the dike plane[START_REF] Rubin | Dike-induced faulting in rift zones of Iceland and Afar[END_REF]. Normal dip-slip is also prohibited at depth. The Coulomb stress change calculation from Inversion 2 has a slight increase in the northern portion of the fault, where InSAR measures more than 20 cm of surface displacement. We then calculate the Coulomb stress change from Inversion 3, when the stress perturbation results from a combination of a pressurized dike and a decompressing reservoir. There is a positive Coulomb stress change at the fault's north end, both at the surface and at depth, which promotes normal fault failure.

β

  c expresses how the host rock responds elastically to pressure change, β c = 1 V dV dP , while β m defines the relationship between magmatic pressure change and density change, β m = 1 ρ ∂ρ ∂p . The relationship in Equation 1 can be expressed analytically for end-member reservoir shapes (penny-shaped sills (a = b c), spheres (a = b = c), and vertical pipes (a b = c))

Figure 1 .

 1 Figure 1. a. Tectonic setting of Ambrym volcano, located in the central portion of the New Hebrides subduction zone (pink). AUS is the Australian plate, PAC is the Pacific plate, and DER is the colliding D'Entrecasteaux Ridge. Yellow triangles are active volcanoes, and yellow lines indicate rift zones. The green star indicates the location of the 6.4 Mw earthquake that preceded the 2015 Ambrym eruption. Adapted from Shreve et al. (2019). b. Ambrym island, showing both the caldera and the rift zones. Dates of extra-caldera lava flows associated with rift-zone intrusions and eruptions are labelled. Adapted from Allard et al. (2015). c. Zoom of Ambrym's caldera, including the volcanic cones of Marum and Benbow, caldera rim, historical volcanic vents, and dates corresponding to historical lava flows. Lighter shades of gray indicate older volcanic deposits, and the lava flow from the February 2015 is shown in orange. d. Difference between a pre-eruptive TanDEM-X DEM and a post-eruptive Pléiades DEM (Fig. S1). Newly opened fissures are denoted by dotted lines. e. The cumulative seismic moment and daily SO2 mass (as measured by the Ozone Mapping and Profiler Suite, OMPS) emitted throughout the duration of the eruption. The 6.4 Mw earthquake on 19 February is plotted, alongside the earthquake's focal mechanism. The cumulative seismic moment, as recorded by the ORSNET catalogue, is calculated from earthquakes with depths of less than 50 km. It is important to consider that SO2 measurements on two consecutive days may measure the same parcel of SO2, and we should not simply sum each day's SO2 mass measurements during the entire eruption. The bounds on the SO2 mass estimate (shown in light blue) are determined by changing the Dobson Unit (DU) threshold from 2 DU for the lower-bounds, 1 DU for the solid blue line, and 0.8 DU for the upper-bounds. Only pixels above each of these thresholds are included in the daily mass calculation (see Fig. S2, which also includes a MODVOLC thermal anomaly time

Figure 2 .

 2 Figure 2. Measurements spanning the February 2015 eruption, including InSAR, MAI, and pixel offsets. The bottom right panel shows the 3D decomposition, with the arrows representing horizontal displacement and the blue-red colormap representing vertical displacement. The arrow in the upper right hand corner of the figure represents 1 meters of eastward displacement. The average and standard deviation of vertical, east-west and north-south displacement within two 1-km wide swath profiles, Profiles A-A' and B-B', are shown in the lower left hand corner of the figure. Positive displacement values indicate uplift, eastward, and northward ground movement.

Figure 3 .

 3 Figure 3. a. The left hand column shows the ascending and descending InSAR measurements, while the second column shows the modelled synthetic displacement field. The third and fourth columns show the residuals of the modelled and measured displacements, visualized as both unwrapped and wrapped. The final column shows the model geometry in both cross-section and map view. The first two rows are for Inversion 1, which includes a dike, and the last two rows are for Inversion 3, which includes a dike, fault and reservoir. Refer to Figure S11 for the displacement field and residuals from Inversion 2, which includes the dike and fault.b. The misfit and run time plotted against the number of non-linearly inverted parameters. The squares correspond to the inversions that prevent interpentration, while the circles correspond to the inversions that allow interpenetration. Purple shapes plot the misfit, and the blue shapes plot the total run time, in

Figure 4 .

 4 Figure 4. a. Marginal posterior probability density (PPD) functions showing tradeoffs between the 15 non-linearly inverted parameters. The first 9 parameters concern the dike geometry and pressure change, the next 2 parameters concern the reservoir size and pressure change, and the last three parameters concern the fault geometry and shear stress change. Parameter units are displayed in the bottom row next to each column label. b. Shear displacements and opening of the

Figure 5 .

 5 Figure 5. Normal (positive for unclamping), shear (positive for shear in the direction of normal slip, rake=-90 • ) and Coulomb stress change on the caldera ringfault. Also shown is the uniform shear stress change estimated in the inversion, as well as the final slip distribution on the fault, resulting from both the inverted uniform shear stress change and stress transfer from the dike and/or reservoir. The first row is the stress change and slip due to only dike opening (Inversion 2),and the second row is the stress change and slip due to both dike opening and reservoir decompression (Inversion 3). In the northern portion of the fault, where the fault-induced surface deformation is measured, the Coulomb stress change is higher at depth in Inversion 3.

and

  Pléiades satellite imagery to construct a Digital Elevation Model (DEM) of the lava flow, to calculate the total emplaced lava flow volume(Rupnik et al., 2018)(http://logiciels .ign.fr/?Micmac). We calculated the DEM from two 50 cm spatial resolution Pléiades panchromatic images acquired after the eruption (one on 20 March 2015 at 23:15 UTC and another on 30 September 2017 at 23:00 UTC).The DEM was downsampled to 12 m, the resolution of the TanDEM-X (TDX) DEM.Due to the spatial extent of the lava flow (>2.5 km 2 ), a coarser resolution should not bias the lava flow volume calculation. We then subtracted this downsampled DEM from the TDX DEM. There was an elevation ramp visible across this DEM difference, which could possibly be due to the lack of absolute calibration of the Pléiades DEM with Ground Control Points, or due to topography-related height errors. We masked the lava flow, fit a Gaussian to the binned elevation values, after removing unreasonable values between -15.5 m and 15.5 m. We calculated and removed the mean, µ = 1.4268 m, the best-fitting plane, and the unreasonable values from the original Pléiades DEM. The difference between this final Pléiades DEM, and the TDX DEM is shown in Figure1a. The total volume of the lava flows was estimated to be ∼12.4×10 6 m 3 , with an average height of ∼5 m.

  the ascending interferogram, the seed pixel is located southwest of the main fissure in the near-field interferogram and northwest of Benbow in the far-field interferogram. For both the near-and far-fields of the ascending interferogram, γ min,asc = 0.05, given a maximum coherence of 1.0. For the descending interferogram, γ min,desc = 0.1.MPD is advantageous because the iteration number depends on the pixel coherence, and can be used to mask the final, unwrapped interferogram, acting as a proxy for confidence in the unwrapped phase value. For the ascending interferogram, we mask the near-field and the far-field with a threshold of 25000 and 15000 iterations, respectively.The descending interferogram is masked at 14000 unwrapping iterations. These filtered, unwrapped interferograms are then geocoded with ISCE. The far-field of the ascending interferogram is then oversampled to the near-field resolution, resulting in a pixel posting of ∼14 m x 14 m after geocoding. The descending interferogram has a pixel posting of ∼30 m x 20 m after geocoding. Finally, we mask the 2015 lava flow, as well as in-

Figure 1 .

 1 Figure 1. a. The elevation difference between DEMâĂŹs pre-and post-February 2015, as explained in Text S2. The main and secondary flows are outlined with dotted lines, new fissures are mapped with solid lines, and the control areas are outlined with solid, colored lines. Adapted from Shreve et al. (2019). b. The semi-and co-variograms for each of the control areas (light colored lines), and the best-fitting exponentials (solid colored lines). The estimates for σ and λ are shown.

Figure 2 .

 2 Figure 2. a. SO2 concentration during the eruption measured by OMPS, using the TRM data product, as described in the main text. The largest plotted circles indicate the pixels above the 2 DU threshold, while the smaller plotted circles indicate those above the 0.8 -1 DU threshold. Datapoints with SO2 concentrations higher than 12 DU are saturated with black. The dotted line is the trajectory calculated by HYSPLIT of SO2 parcels emitted at 5 km altitude at 3h00 21 February. The red triangle indicates the location of these SO2 parcels at the time of the OMPS acquisition. b. The altitude estimated by IASI at ∼10:30 UTC 21 February. c.

Figure 3 .

 3 Figure 3. Displacement field during the first and final 24 hours of the eruption, as measured by CSK range pixel offsets. Caldera-ring fault activation, and the majority of dike-induced deformation, occurred during the first 24 hours. All images were acquired at 6:00 UTC.

Figure 4 .

 4 Figure 4. Data, synthetics, and residuals for datasets not included in the inversion. The left hand column shows the data, the middle column shows the ground displacements produced by the best-fit model from Inversion 3, projected into the LOS of each dataset. The right hand column shows the difference between the data and synthetic ground displacements. The colorbar is the same for all figures.

Figure 5 .

 5 Figure 5. The ascending and descending interferograms, downsampled using the adaptive quadtree decomposition algorithm.

Figure 6 .

 6 Figure 6. The dike geometry after varying the data covariance matrix. The correlation distance and variance of the residuals are calculated at the end of the neighborhood inversion. We used these values to reset the correlation length to a = 51 km and σ 2 = 0.0187 m 2 for the ascending interferogram and a = 11 km and σ 2 = 0.0160 m 2 for the descending interferogram. Here we compare the inverted dike geometry using these values (light blue mesh) to the geometry found in Inversion 1 (light purple mesh) , as described in the main text. The total volume change was 2.9 × 10 7 m 3 in the updated inversion, compared to 3.0 × 10 7 m 3 in Inversion 1.
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 7 Figure 7. a. The topography mesh in map view. Elements are finer where the dike and fault intersect the surface. b. A plot showing the relative squared error of the calculated ground displacement using a particular topography mesh, compared to a very fine topography mesh (>25000 elements), versus run time of the forward boundary element calculation. Color represents the number of elements in a particular mesh. The mesh used in the final inversions has 3477 elements, and is indicated by the dot outlined in black.

Figure 8 .

 8 Figure 8. Non-linearly inverted dike geometry parameters. Figure from Smittarello et al. (2019). a. The dip is the angle measured from the surface, dtop is the distance measured from the surface echelons to the top of the quadrangle, and botelev is the distance measured from sea level to the quadrangle's bottom edge. b. The shear is the angle between the line perpendicular to the upper edge of the quadrangle's strike (clockwise angle from North), and the line formed by the center of the quadrangle's upper edge to the center of it's bottom edge. The botlen is the ratio between the length of the quadrangle's upper and bottom edges. The botang is the angle of the bottom edge measured vertically from a line at the botelv elevation, parallel to the strike of the quadrangle's upper edge. c. The twist is the horizontal angle between the upper edge of the quadrangle's strike and the quadrangle's bottom edge. d. The botcurv is the angle between a line that connects both corners of the bottom edge and a line that is tangent to the bottom edge at one of the corners. e. The vertcurv is the vertical angle between a line connecting the center of the upper edge to the center of the bottom edge, and a line that is tangent to the center of the bottom edge.

Figure 9 .

 9 Figure 9. Dike geometry after removing a ramp from the ascending interferogram. A ramp is fit to and removed from the far-field of the ascending interferogram, after the deformation is masked, and the deramped dataset is used in the neighborhood inversion. Here we compare the inverted dike geometry using these values (red mesh) to the geometry found in Inversion 1 (light purple mesh). The total volume change was 2.7 × 10 7 m 3 in the updated inversion, compared to 3.0 × 10 7 m 3 in Inversion 1.

Figure 10 .

 10 Figure 10. a. Using the best-fit model parameters found in Inversion 2 (see Table 5), we calculate a forward model allowing fracture wall interpenetration. The figure in the left hand column shows the opening (and closing) on the fault elements, while the figure in the middle column shows the ground displacement resulting from both the fault slip and the dike opening, projected into the ascending line of sight. b. The left hand column is the opening on the fault when the nonnegativity constraint (preventing interpenetration) is applied. The middle column shows the ground displacement produced by both the fault and dike, projected into the ascending line of sight. The right hand column shows the difference between the two displacement fields, with more than 20 cm of difference in the displacement field of the two models, particularly to the west of the fault.

Figure 11 .

 11 Figure 11. Synthetics, wrapped residuals, and source geometries for the ascending and descending interferograms, using the results from Inversion 2. This inversion included both an opening dike and normal fault, but no decompressing reservoir.

Figure 12 .

 12 Figure 12. Histograms of the residuals after subtracting the modelled displacement field from Inversion 3 from the displacement field with a reservoir with an increasing aspect ratio (semiminor axis ranges from 50 m to 1000 m). A larger aspect ratio indicates a more spherical source.

Figure 13 .

 13 Figure 13. Cumulative LOS lengthening (subsidence) measured by ESA's C-band SAR Satellite Sentinel-1 (ascending Track 81). A small-baseline time series was processed using interferograms spanning about two years after the 2015 eruption, from 18 October 2015 to 4 May 2017 (Doin et al., 2011). Subsidence within the caldera dominated during this time period, at a rate of approximately 1 cm/month, elongated in the direction of the rift zone. Figure from Shreve et al. (2019).

5. 1

 1 .1.2 and 5.1.1.3. Our inversions suggest that the depths and geometries of the pressure sources comprising Ambrym's magmatic system change over time (See.
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 51 Figure 5-1: Summary of geodetic modelling, thermal anomalies, and gas emissions.The top plot shows the cumulative reservoir volume change on the left y-axis, and the color of the line indicates the depth of the source beneath the summit. Note that a different source may be activated during different time spans, given the variation in the depths. The right y-axis shows cumulative intruded and erupted volume. Eruptions are marked with red dotted lines. The middle plot shows the radiated thermal power at Marum and Benbow, associated to MODVOLC thermal alerts from MODIS observations. The bottom plot is the daily SO 2 mass flux at Ambrym derived from OMI satellite SO 2 observations (TRL product assuming a center of mass altitude at 3 km). A procedure was created to calculate the flux, adjusting for daily wind velocities at a pressure level of 900 hPa (∼1000 m a.s.l), as well as identify and remove measurements with contributions from nearby volcanic sources[START_REF] Boichu | Twenty years of multisatellite SO 2 observations at Ambrym volcano (Vanuatu): Insights into passive degassing, SO 2 lifetime and eruptive activity[END_REF]. The dotted portions of the curve correspond to periods of high degassing at nearby volcanoes (e.g., Ambae and Lopevi). A 90-day Gaussian filter was applied to the corrected time series. The light green bars indicate drastic degassing drops that coincide with at least partial lava lake drainage.
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 52 Figure 5-2: Episodes of ground displacement from 2004 -2020. Ascending interferograms inverted to obtain the reservoir volume changes and depths shown in Figure 5-1. The interferograms have been rewrapped to have the same fringe rate.
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 53 Figure 5-3: Examples of vertically extensive basaltic systems. Each system is composed of either stacked sills within rigid host rock or magma lenses in a crystalline mush network. a. The magmatic system of the basaltic shield volcano Fernandina, as imaged by modelling of interferograms spanning various time periods. The magmatic system is inferred to be made of at least two semi-permanent sills that are hydraulically connected. Illustration from Bagnardi and Amelung [2012]. b. Temporal evolution of progressive decompression at Eyjafjallajökull. Eruptions were first fed from the shallow sills. The sources deepened throughout the course of the eruption. Schematic illustration from Tarasewicz et al. [2012]. c.The schematic illustration from[START_REF] Baker | Top-down inflation and deflation at the summit of Kilauea Volcano, Hawai'i observed with InSAR[END_REF] showing the numerous pressure sources beneath Kīlauea volcano that were active between 2004 and 2008.
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 55 Figure 5-5: Sentinel-1 Time Series. a. The colored dots correspond to the cumulative LOS displacement calculated from a Sentinel-1 ascending time series in three different locations. At each location, the mean of a 3 × 3 pixel box is calculated. The triangles indicate the cumulative LOS displacement of a single ALOS-2 interferogram. b. On the left is a velocity map of the Sentinel-1 time series, assuming deformation spans 18 October 2015 -30 August 2017. The map on the right is the ALOS-2 interferogram, scaled by the assumed timespan of active deformation, 21 March 2015 -30 August 2017. The points plotted in the time series are identified with the colored dots and triangles, the caldera is outlined in black, and the extent of the 2015 lava flow is shown in red.
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 56 Figure 5-6: Geodetic inversion of sill. The left-hand column shows the data (March 2015 -October 2017), synthetics and residuals of the DEFVOLC inversion of a sill at ∼1.3 km b.s.l (2.2 km beneath the vents). The right-hand column shows a map and aerial view of closing on the depressurized sill. The caldera and the crater rims are outlined in black.
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 57 Figure 5-7: Geodetic inversion of ellipsoid. The left-hand column shows the data (March 2015 -October 2017), synthetics and residuals of the DEFVOLC inversion of an ellipsoid at ∼1.3 km b.s.l (2.2 km beneath the vents). The right-hand column shows a map and aerial view of closing on the depressurized ellipsoid. The caldera and the crater rims are outlined in black.
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 58 Figure 5-8: Marginal PPDs. The marginal posterior probability density functions, showing the uncertainties of the inverted parameters for the a. sill and b. ellipsoid.
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 59 Figure 5-9: Illustration of an open magmatic system and the model parameters.The mean H 2 O gas flux is Q. The reservoir (which has a sill-like geometry) is located at a mean depth of 𝐿, has a volume of 𝑉 𝑟 , an initial bulk mass fraction of dissolved volatiles of 𝛼, and a weight percent of exsolved volatiles of 𝑛 𝑟 . The magma conduit extends 𝐷 into the reservoir, has a radius of 𝑅 𝑐 , and an initial volume fraction of exsolved gas of 𝛽 𝑐 . The pressure of the system is 𝑃 (𝑡). The compressibility of the sill is accounted for by a bulk modulus 𝑘 𝑟 , while the bulk modulus of the host rock surrounding the conduit is 𝑘. The effective viscosity of the host rock is 𝜇. Currently, we have no constraints on the characteristics of the crust beneath the sill, although we can postulate that it is comprised of an immobile, crystal-rich mush that does not contribute to degassing. Adapted from[START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF].
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 510 Figure 5-10: Depressurization rate comparisons. A comparison of theoretical degassinginduced depressurization rates with the rates obtained from geodetic modelling. a. The results for Scenario 0 (elastic rheology), with 𝑉 𝑟 ranging from 0.5 -30 km 3 and 𝑅 𝑐 ranging from 50 -1000 m. The black dotted lines show the depressurization rates estimated from geodetic modelling. b. The results for Scenario 1 (viscoelastic rheology, gas exsolves in conduit), when 𝜇 = 10 18 Pa s. There is no significant difference between these results and those from Scenario 0. c. The results for Scenario 1, after decreasing the effective viscosity. The depressurization rate is slightly lower for larger reservoir volumes. For all of the above scenarios, Q = 90 kt day -1 , 𝑘 𝑟 = 5 × 10 8 Pa, 𝑘 = 10 10 Pa, 𝛼 = 1.3 wt%, 𝜌 𝑛𝑑 = 2430 kg m -3 , 𝜌 𝑐 = 2670 kg m -3 , 𝛽 𝑐 = 0.1, 𝐿 = 2.2 km (derived in Section 5.1.2.1), 𝑇 = 1300 K. A full list of the parameters can be found in Table D.1
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 511 Figure 5-11: Influence of conduit radius for various reservoir volumes. The lefthand column shows the pressure change after 1 year for conduit radii ranging from 1 -2000 m. The volume of the reservoir is fixed to either 0.5, 15.3 or 30 km 3 . The vertical red line indicates the inflection point of each curve, or where the depressurization rate begins to be less sensitive to changes in the conduit radius. The light gray box indicates the pressure change estimated from geodetic models. The right-hand column shows the time it takes to obtain a pressure change of -1 MPa (a Δ𝑃 within the range inferred from geodetic models) as a function of conduit radius. The location of the vertical red line is the radius found in the corresponding plot in the left-hand column.
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 512 Figure 5-12: Influence of reservoir volume for various conduit radii. The pressure change after 1 year as a function of reservoir volume for conduit radii ranging from 100 -400 m. The light gray box indicates the pressure change estimated from geodetic models.
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 513 Figure 5-13: Chamber compressibility. Chamber compressibility ratio ( 𝛽 𝑐ℎ 3 4𝜇
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 514 Figure 5-14: Historical lava flows. A map of Ambrym island showing the historical lava flows, as well as the locations of samples collected by Firth et al. [2016]. Adapted from Firth et al. [2016].
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 515  Magmatic system from petrological studies. Schematic illustration summarizing the findings of a.[START_REF] Firth | Variable conditions of magma storage and differentiation with links to eruption style at Ambrym volcano[END_REF] and b.[START_REF] Sheehan | Staged storage and magma convection at Ambrym volcano, Vanuatu[END_REF]. The numbers 1 -4 in b. indicate 1. stalling of primitive magma near the crust-mantle interface, 2. crystallization or recharge causing magma to ascend, 3. magma stalling, clinopyroxene and lower-anorthite plagioclase crystallization occurring at this level, thought to be the base of the volcanogenic crust, and 4. thermal/volatile recharge causing further ascent, and magma stalling at shallower levels (3 -5 km depth), as concluded by[START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] and[START_REF] Legrand | Interpretation of very long period tremors at Ambrym volcano, Vanuatu, as quasi-static displacement field related to two distinct magmatic sources[END_REF].
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 517 Figure 5-17: Gravitational unloading post-caldera collapse. a. Results from a Finite Element model showing the minimum and maximum principal stresses due to an isotopic reference stress and gravitational unloading from caldera collapse at Fernandina in the Galapagos. The green line represents the dike feeding the 2005 eruption, while the pink lines and rectangles show the dike feeding the 2009 eruption. H 𝑐 is the height of the caldera rim. Adapted from Corbi et al. [2015]. b. A schematic illustration showing the first three stages of a magmatic system's evolution post-caldera collapse. Gray and black lines are magma propagation and arrest locations, respectively. The final stage proposed by Corbi et al.[2015], which involves dike bending and twisting during radial fissure eruptions, is not shown here. We do not consider this case relevant to Ambrym, where rift zone eruptions on its flank are most likely controlled by tectonic stresses. Adapted from[START_REF] Corbi | How caldera collapse shapes the shallow emplacement and transfer of magma in active volcanoes[END_REF]. c. Zoom of Ambrym's caldera, adapted from[START_REF] Shreve | What triggers caldera ring-fault subsidence at Ambrym volcano? Insights from the 2015 dike intrusion and eruption[END_REF]. In light pink are the post-collapse Bogorfan basaltic-andesite flow and Woosantapaliplip cone, both located near the caldera rim. Both features were cut by subsequent caldera subsidence[Robin et al., 1993].
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 518 Figure 5-18: Caldera development. The four stages of caldera development at Ambrym volcano. The sketch is not to scale.
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 519 Figure 5-19: Episodic caldera subsidence in the Kenyan Rift. The evolution of four of the large calderas in the Kenyan Rift. Although we only discuss Suswa and Silali in the text, caldera formation at Emuruangogolak and Barrier are also associated with little co-collapse pumice deposits. Adapted from Williams et al. [1984].
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 521 Figure 5-21: Geodetic modelling of Envisat interferogram spanning 2004 -2009. a. The Envisat interferogram with two unusual fringe patterns, shown in Insets 1 and 2. b. The synthetics and residuals for the inversion with an opening dike and deflating sill (lefthand column) and an opening dike, a deflating sill, and an inflating spherical pointsource (righthand column). The source projections at the surface are shown by the heavy black lines.
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 522 Figure 5-22: Geodetic modelling results for the 2004 -2009 Envisat interferogram. Aerial and profile view of the two inversions mentioned in the text. The pink and blue rectangles are the opening dike and deflating sill, respectively. The orange circle is the inflating spherical point-source.
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 523 Figure 5-23: Annotated summary of geodetic modelling, thermal anomalies, and gas emissions. An annotated version of Figure 5-1, showing periods of lava lake drainage (light green) and possible magma replenishment (light red). Although magma replenishment may have been ongoing since the reappearance of the lava lakes in 2007 up until December 2018, we highlight only the periods that show evidence of replenishment from multiple datasets. For example, from 2009 -2014 we observe uplift measured with InSAR, an increase in radiated thermal power, and an increase in gas emissions (until ∼2012). Also, from 2017 to 2018, we observe an abrupt end to ground subsidence, and an increase in the number of thermal anomalies (from Sentinel-2, See middle pannel). Finally, we measure uplift starting in the beginning of 2020, following the major reservoir drainage in 2018. The middle panel shows Sentinel-2 RGB composite images using Band 12 (red), Band 11 (green), and Band 4 (blue). The white arrows indicate hot spots detected by Sentinel-2, with the arrow thickness corresponding to the (approximate) relative brightness of the hot spot. 236
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 524 Figure 5-24: 15 years of magmatic activity at Ambrym. The cycle of magma replenishment, lava lake activity, eruption, and inter-eruptive subsidence at Ambrym over the past 15 years. Results are synthesized from geodetic modelling, thermal anomalies, and SO 2 gas emissions. Not to scale. The shallower magma lens resides at a depth < 3 km and the deeper magma lens resides at a depth of 3 -5 km. Magma lenses are indicated by light pink colors, while dike intrusions are indicated by red colors.

  (a) Text file has the following format: > -Z0.0 #

3 .

 3 Once you have a parameter file saved, you can reread it at any point to define an object's location and geometrical shape. First define a geometry-less pressure object of the appropriate type. i.e., a Mogi: pressureMogi = Mogi('Name',utmzone=utm,lon0=lon,lat0=lat) 
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 2 Figure 2: Map view comparison between E-W ground displacements from Matlab and Python.
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 3 Figure 3: Map view comparison between N-S ground displacements.

Figure 4 :

 4 Figure 4: Map view comparison between vertical ground displacements. (b) Run time is notably faster in Python: Matlab: 0.3698 seconds, Python: 0.06454 seconds. 2. The pCDM code (Nikkhoo et al., 2017) was vectorized by François Beauducel, and the vectorized version was translated into Python. Ground displacements are compared below. (a) Parameters:
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 5 Figure 5: Map view comparison between E-W ground displacements from Matlab and Python.
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 6 Figure 6: Map view comparison between N-S ground displacements.

Figure 7 :Figure 8 :

 78 Figure 7: Map view comparison between vertical ground displacements. (b) Run time is slightly faster in Matlab: Matlab: 0.0544 seconds, Python: 0.0731 seconds.3. The CDM code[START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF] was also vectorized by François Beauducel, then translated into Python. Ground displacements are compared below.(a) Parameters:

Figure 9 :

 9 Figure 9: Map view comparison between N-S ground displacements.

Figure 10 :

 10 Figure 10: Map view comparison between vertical ground displacements. (b) Run time is faster in Matlab by a factor of 2. Matlab: 0.7144 seconds, Python: 1.465 seconds.
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Figure 11 : 3 Figure B- 1 :

 1131 Figure 11: Opening distribution on dike.

4 )𝐶 2 (

 42 𝑡 0 ) = -𝑉 𝑟 (𝑡 0 ) 𝜇 -𝑉 𝑚,𝑐 (𝑡 0 ) 𝜇 (D.5) 𝐶 3 (𝑡 0 ) = 𝜋𝑅 𝑐 (𝑡 0 ) 2 𝑔 ρ𝑚,𝑐 (𝑡 0 ) + 𝑉 𝑚,𝑐 (𝑡 0 ) 𝑘 + 𝑉 𝑟 (𝑡 0 ) 𝑘 𝑟 (D.6) 
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Table S1 .

 S1 SAR data used in inversions

	Data type InSAR	InSAR InSAR Azimuth/range pixel offsets	InSAR Azimuth/range pixel offsets
	2018/11/03 00:24 Master date (UTC) Slave date (UTC) Sensor Mode Geometry/Track 2018/12/15 00:24 ALOS-2 Wideswath (WD1) Descending T203	2018/11/24 13:14 2018/12/15 00:24 2018/12/22 13:14 ALOS-2 Stripmap (SM3) Ascending T101 2019/01/26 00:24 ALOS-2 Wideswath (WD1) Descending T203	2018/12/14 06:10 2018/12/18 06:10 CSK Stripmap (H4-04) Descending	2018/12/22 13:14 2019/02/16 13:14 ALOS-2 Stripmap (SM3) Ascending T101	2018/12/18 06:10 2019/01/15 06:10 CSK Stripmap (H4-04) Descending
	Inversion	Intra-caldera dike	Rift zone intrusion and caldera subsidence	Post-intrusion caldera subsidence
						20/24

Table S2 .

 S2 First-order geometries derived from non-linear inversion.

	Opening (m) / Volume (km 3 )	1.96/0.022	4.0/0.76	N/A/-0.231	-1.30/0.062
	Width (km)	3.46	6.94	N/A	6.14
	Length (km)	3.25	27.36	N/A	7.74
	Depth (km)	0.4	0.0 †	4.5	4.1
	Strike Dip	88 • 38 •	109 • 72 •	N/A N/A	-41 • 0.0 †
	Center position (lat/lon)	168.165 • E -16.267 • N	168.165 • E -16.267 • N	168.136 • E -16.253 • N	168.146 • E -16.255 • N
	Source type	Okada	Okada	Mogi	Okada
	Inversion	Intra-caldera dike	Rift zone intrusion and caldera subsidence	Post-intrusion caldera subsidence	: fixed.
						†
						21/24

Table S3 .

 S3 Sentinel-1 acquisition dates and scalars.

	Master date Slave date Scalar 2018/12/19 2018/12/25 0.55 2018/12/19 2018/12/31 0.87 2018/12/19 2019/01/06 1.03 2018/12/19 2019/01/12 1.04 2018/12/19 2019/01/18 1.09 2018/12/25 2018/12/31 0.29 2018/12/25 2019/01/06 0.41 2018/12/25 2019/01/12 0.47 2018/12/25 2019/01/18 0.52 2018/12/31 2019/01/06 0.11 2018/12/31 2019/01/12 0.17 2018/12/31 2019/01/18 0.23 2019/01/06 2019/01/12 0.06 2019/01/06 2019/01/18 0.12 2019/01/12 2019/01/18 0.06 2018/12/22 2019/01/15 1.00 ‡ 2018/12/22 2019/02/16 1.00 ‡
	22/24

‡ : reference (fixed).

Table S4 .

 S4 Average major element composition for lava erupted during the intra-caldera eruption at Lewolembwi. Given the very low crystal content (< 5%) of the rock samples and the close correspondence between melt inclusions and embayment and matrix glasses composition, these analyses can also be considered representative of the bulk rock composition.

	Al 2 O 3 FeO MnO MgO CaO Na 2 O K 2 O P 2 O 5 Total	16.09 10.80 0.20 3.50 8.77 3.23 2.48 0.45 100.00	16.32 10.90 0.23 3.62 8.60 3.16 2.43 0.42 100.00
	SiO 2 TiO 2	53.30 1.17	53.24 1.08
	Sample type Melt inclusions (N=9)	Embayments and matrix glasses (N=6)
			23/24

  • S, which radiate bilaterally from the island's central 12-km wide caldera[START_REF] Mccall | The Geology and Geophysics of the Ambrym Caldera, New Hebrides[END_REF].

  Laiolo, Cigolini, Delle Donne, & Ripepe, 2016), the eruption lasted for ∼44 hours, initiating sometime between 20 February 14:30 UTC and 21 February 2:40 UTC, and ending, at the latest, on 22 February 11:10 UTC(Coppola, 

	Laiolo, & Cigolini, 2016) (see Supporting Information Text S1 for confirmation of this
	onset time using Hybrid Single-Particle Lagrangian Integrated Trajectory model (HYS-
	PLIT)

  1 • E, 17.53 • S at 10:30 AM UTC 21 February (see Figure2b). Using the Global Data Assim- • global meteorological model, HYSPLIT estimates that the SO 2 parcels were emitted from Ambrym between 15:00 and 16:00 UTC 20 February at an altitude of ∼8800 m above ground level, consistent with the time-frame established by MIROVA for the onset of the eruption.

* Currently at the European Center for Geodynamics and Seismology, 19 rue Josy Welter, L-7256 Walferdange, Gd Duchy of Luxembourg ilation System (GDAS) 1

Table 2 .

 2 SAR datasets used in this study.

	Master date (UTC)	Slave date (UTC)	Sensor	Mode	Geometry/Track	Heading/Look Angle	Data type
	2015/01/24 13:14	2015/03/21 13:14	ALOS-2	Stripmap (SM3)	Ascending T101	-13.6 • /39.7 •	InSAR/azimuth pixel offsets
	2015/01/24 13:14	2015/04/04 13:14	ALOS-2	Stripmap (SM3)	Ascending T101	-13.6 • /39.7 •	MAI
	2015/1/17 00:24	2015/03/14 00:24	ALOS-2	Wideswath (WD1)/Stripmap (SM3)	Descending T203	192.7 • /33 •	InSAR
	2015/02/13 06:13	2015/02/25 06:13	CSK	Stripmap (H4-04)	Descending	192.8 • /32.2 •	Range/azimuth pixel offsets

Table 3 .

 3 Specifications used for pixel offset post-processing, including masking and filtering.

	Measurements	Displacement bounds Filter	SNR Mask
	ALOS-2 azimuth pixel offsets -2.7 m< ∆x < 1.6 m	None	∆xSNR < 8
	CSK range pixel offsets	-1.5 m< ∆x < 3 m	None	∆xSNR < 5
	CSK azimuth pixel offsets	-2.7 m< ∆x < 1.6 m	Median filter, block size 500 m × 500 m ∆xSNR < 5

Table 4 .

 4 Quadtree specifications used for downsampling.

	Dataset	Min/Max block size (m)	Deformation gradient threshold (m)	Maximum deformation threshold (m)
	ALOS-2 ascending (2015/01/24 -2015/03/21)	387/6190	0.05	0.13
	ALOS-2 descending (2015/01/17 -2015/03/14)	96/770	0.11	0.3

Table 6 .

 6 Volume, opening, and slip estimates for all inversions. Final estimates have been scaled by the value in the last column.

	Inversion	Parameter	Mean ± Standard Deviation	Best Fit Model	95% Confidence Interval	Explored Interval

Table 5 .

 5 

1: Inverted parameters. The parameters inverted with DEFVOLC and their estimated uncertainties. Estimated model geometrical parameters are similar between the two inversions.

  the derivative of this equation, we can obtain the rate of pressure change:

	dΔ𝑃 (𝑡) d𝑡	=	𝑔 ρ𝑚,𝑐 (𝑡)𝑉 𝑚,𝑐 (𝑡) 𝜋𝑅 𝑐 (𝑡) 2	{︃	1 ρ𝑚,𝑐 (𝑡)𝑉 𝑚,𝑐 (𝑡)	[︃	ρ𝑔,𝑐 (𝑡)	d𝑉 𝑔,𝑐 (𝑡) d𝑡	+ 𝑉 𝑔,𝑐 (𝑡)	dρ 𝑔,𝑐 (𝑡) d𝑡
			+ρ 𝑚,𝑐 (𝑡)	d𝑉 𝑚,𝑐 (𝑡) d𝑡	+ 𝑉 𝑚,𝑐 (𝑡)	dρ 𝑚,𝑐 (𝑡) d𝑡	]︃	-	2 𝑅 𝑐 (𝑡)	d𝑅 𝑐 (𝑡) d𝑡

}︃

.

  𝑂 is the molar mass of water 1 , 𝑅 𝑔 is the ideal gas constant and 𝑇 is the temperature.

	𝑀 𝐻 2 Factorizing by left-hand side of Equation 5.2. An upper bound for the dimensionless number 𝑔𝑉𝑔,𝑐(𝑡) dΔ𝑃 (𝑡) d𝑡 leads to a modified pressure change (︁ 1 -𝑔𝑉𝑔,𝑐(𝑡) 𝜋𝑅 2 𝑐 𝑀 𝐻 2 𝑂 𝑅𝑔𝑇 )︁ dΔ𝑃 (𝑡) on the d𝑡 𝑀 𝐻 2 𝑂 𝜋𝑅 2 𝑐 𝑅𝑔𝑇
	can be estimated, bearing in mind that 𝑉 𝑔,𝑐 (𝑡) is always smaller than the conduit volume,
	i.e. 𝑉 𝑔,𝑐 (𝑡) < 𝜋𝑅 2 𝑐 𝐿, so that 𝑔𝑉𝑔,𝑐(𝑡) 𝜋𝑅 2 𝑐	𝑀 𝐻 2 𝑂 𝑅𝑔𝑇	< 𝑔𝐿	𝑀 𝐻 2 𝑂
					2 𝑐 𝐿, remains
	constant, which leads to brackets can be eliminated because ρ𝑔,𝑐 (𝑡) ≪ ρ𝑚,𝑐 (𝑡). d𝑉 𝑚,𝑐 (𝑡) d𝑡 = -d𝑉 𝑔,𝑐 (𝑡) . As a result, the first term in the square d𝑡
	In the second term, the density variation of gases change in the system according to the ideal gas law:	dρ 𝑔,𝑐 (𝑡) d𝑡 dρ 𝑔,𝑐 (𝑡) can be related to pressure d𝑡 = 𝑀 𝐻 2 𝑂 𝑅 𝑔 𝑇 dΔ𝑃 (𝑡) d𝑡 , where

  the reservoir in absence of exsolved gas). When the reservoir volume decreases, magma migrates into the conduit. The reservoir's elastic response to the pressure change is determined by an effective bulk modulus 𝑘 𝑟 , which depends on the reservoir's shape.

				.				
	Moreover, magma volume in the reservoir 𝑉 𝑚,𝑟 (𝑡) is assumed equal to the reservoir volume
	itself 𝑉 𝑟 (𝑡) if there is no exsolved gas at the reservoir depth, so that reservoir responds elastically to internal pressure change, which allows for relating its volume d𝑉 𝑚,𝑟 (𝑡) d𝑡 = d𝑉 𝑟 (𝑡) . The d𝑡
	change and its pressure change according to	d𝑉 𝑚,𝑟 (𝑡) d𝑡	=	d𝑉 𝑟 (𝑡) d𝑡	=	𝑉 𝑟 (𝑡) 𝑘 𝑟	dΔ𝑃 d𝑡	(neglecting
	magma compressibility in							

  2 degassing decrease. No thermal anomalies were reported from 19 June 2005 until April 2006, when a single anomaly was detected at Benbow crater. Thermal anomalies were detected in Marum crater from November 2006 onwards (accompanied by an increase in SO 2 degassing, See Figure 5-23). A second hiatus in Marum crater's thermal anomalies occured from July to November 2007, and again from December 2007 to October 2008. Radiated thermal power progressively increased in both craters starting from November 2008. According to the Global Volcanism Program [2005], ash stopped falling on 1 June 2005. A lava lake was reported in Marum (Mbwelesu) crater in May 2007 until at least 12 June

  pressure.deltavolume or pressure.deltapressure Source of type pressure.source [∆pressure or ∆volume] # x0 y0 -z0 pressure.lon pressure.lat pressure.depth # ax ay az (if pCDM, then DVx, DVy, DVz) pressure.ellipshape['ax'] pressure.ellipshape['ay'] pressure.ellipshape['az'] # strike dip plunge pressure.ellipshape['strike'] pressure.ellipshape['dip'] pressure.ellipshape['plunge']

	(ex

  1,2 𝐴 * 𝑛 𝑐 𝜌 𝑐1 ρ𝑚,𝑐 (𝑡 0 ) 𝜆(𝑡 0 )Δ𝑃 𝑠 (𝑡 0 ) (D.1) 𝐶 2 (𝑡 0 ) = -𝑉 𝑟 (𝑡 0 ) 𝑘 𝑟 + 𝜌 𝑛𝑑 𝑉 𝑟 (𝑡 0 )𝑆 2 𝐵 * 2ρ 𝑔,𝑟 (𝑡 0 )(𝛼 -𝑛 𝑟 (𝑡 0 )) 𝑛 𝑟 (𝑡 0 )𝜌 𝑛𝑑 𝑉 𝑟 (𝑡 0 ) ρ𝑔,𝑟 (𝑡 0 ) 2 -𝜋𝑅 𝑐 (𝑡 0 ) 2 𝐿 -𝑉 𝑚,𝑐 (𝑡 0 ) ρ𝑚,𝑐 (𝑡 0 )

				-Q + {︃[︃ ]︃ 1 𝜌 𝑤 1 -𝑛 𝑟 (𝑡 0 )𝜌 𝑛𝑑 ρ𝑔,𝑟 (𝑡 0 ) ]︃ 𝑉 𝑟 (𝑡 0 ) 𝜇 + 𝜆(𝑡 0 ) +	𝑉 𝑚,𝑐 (𝑡 0 ) 𝜇	}︃		(D.2)
	𝐶 3 (𝑡 0 ) =	𝜋𝑅 𝑐 (𝑡 0 ) 2 𝑔 ρ𝑚,𝑐 (𝑡 0 )	+	𝑉 𝑚,𝑐 (𝑡 0 ) 𝑘 +	+ [︃	[︃ 1 -	𝑛 𝑟 (𝑡 0 )𝜌 𝑛𝑑 ρ𝑔,𝑟 (𝑡 0 )	]︃		]︃	𝑅 𝑔 𝑇 𝑀 𝐻 2 𝑂	(D.3)

  Pa 𝑘 𝑟 bulk modulus accounting for chamber compressibility 5 × 10 8 -1 × 10 10 Pa 𝜇 effective viscosity of the crust 10 17 -10 18 Pa s 𝑔 gravity 9.8 m s -2 ρ𝑚,𝑐 mean density of melt inside the magma column 2550 kg m -3 ρ𝑔,𝑐 mean density of gas inside the magma column ≤ 200 kg m -3 𝜌 𝑐 density of fully degassed melt in the column 2670 kg m -3 𝜌 𝑛𝑑 density of the parent undegassed magma 2430 kg m -3 𝜌 𝑥 density of the melt at gas-magma separation level 𝜌 𝑥 = 𝜌 𝑐 𝑛 𝑐 wt % of water exsolved in the upper conduit ≤ 𝛼 𝑛 𝑟 wt % of water exsolved in the reservoir 0% 𝑛 𝑥 wt % of water exsolved in the reservoir or conduit 𝑛 𝑥 = 𝑛 𝑐 𝛾 𝑐 volume fraction of degassed melt in the magma column 0.5 𝜇 𝑛𝑑 viscosity of undegassed parent melt 10 2 -10 5 Pa s 𝜇 1 viscosity of degassed melt in the conduit > 𝜇 𝑛𝑑 𝜌 𝑤 parameter defined in equation (20) of Girona et al. [2014] 𝑚 𝑔,𝑐 mass of gas within the column of length 𝐿 𝑚 𝑚,𝑐 mass of melt within the column of length 𝐿 𝑚 𝑔,𝑟 mass of gas within the reservoir 𝑉 𝑔,𝑐 volume of gas inside the column of length 𝐿 𝑉 𝑔,𝑟 volume of gas that exsolves in the reservoir 𝑉 𝑚,𝑐 volume of melt inside the column of length 𝐿 d𝑉 𝑑 d𝑡 volume decrease of melt in the system due to gas exsolution 𝑉 𝑚,𝑟+𝑐 volume of melt in the conduit-reservoir 𝑉 𝑚,𝑟 volume of melt in the reservoir 𝐷 portion of the magma column which is within the reservoir 𝛽 𝑟 gas volume fraction in the reservoir 𝛽 𝑐 gas volume fraction in the magma column Table D.1: List of symbols. A description of the symbols used in Chapter 5.1.2.3, as well as the ranges chosen for the parameters in this study. Symbols with no range presented are calculated from the defined parameters.

	Symbol	Description	Range used in this study
	Δ𝑃	pressure change during quiescence	≤ 10 MPa (absolute value)
	Q	total mean gas flux	90 kt d -1
	𝑡	time of passive degassing	≤ 10 years
	𝑅 𝑐	volcanic conduit radius	≤ 300 m
	𝑉 𝑟	volume of the reservoir	5 × 10 8 -3 × 10 10 m 3
	𝐿	length of the magma column (up to the average reservoir depth)	2.2 km
	𝛼	mass fraction of dissolved volatiles in parent melt	1.3 wt%
	𝑘 10 10 𝑀 𝐻2𝑂 bulk modulus of host rock molar mass of water 18 g mol -1
	𝑇	temperature of magma	1300 K
	𝑆	constant of Henry's law for water	4 × 10 -6 Pa -1 2
	𝑅 𝑔	universal gas constant	8.31 J (K mol) -1
	𝐴 *	indicator variable	0
	𝐵 *	indicator variable	0
	Δ𝑃 ∞	maximum pressure change	
	Γ	parameter defined in equation (39) of Girona et al. [2014]	

épisodes de déformation du sol au cours des 20 dernières années. Depuis 2015, deux éruptions ont eu lieu à l'intérieur de sa caldera de 12 km de diamètre. La première éruption a eu lieu après 15 ans de dégazage passif et d'activité des lacs de lave. L'éruption la plus récente, en décembre 2018, a vidangé les lacs de lave des cratères sommitaux, provoquant l'intrusion d'un volume >0.4 km 3 dans la zone de rift sud-est. Le dike engendré a parcouru une distance de plus de 20 km, et s'est ouvert de plus de 4 mètres en profondeur. La vidange du magma a produit une subsidence de la caldera à grande échelle, associée à une activation des failles bordant la caldera, et a alimenté une éruption sous-marine de ponces basaltiques. Une éruption plus modeste a eu lieu en février 2015, activant également une portion de la caldera, et extrayant du magma depuis une chambre située à une profondeur de ∼4.1 km.Ces deux événements confirment que les failles bordières de la caldera d'Ambrym sont des structures actives. L'activité de ces failles contribue à la topographie de la caldera d'Ambrym, dont le mécanisme de formation est discuté (éruption Plinienne initiale à 2ka, suivie d'éruptions phréatomagmatiques). La détection d'une activation des failles de caldera par la géodésie spatiale nous permet de formuler l'hypothèse que des centaines d'intrusions de tailles modérées à grandes peuvent contribuer à un approfondissement de la caldera, en drainant le magma stocké temporairement sous la caldera d'Ambrym.Outre ces deux événements éruptifs majeurs, nous mettons en évidence deux épisodes(2004 -2007, 2015 -2017) de subsidence rapide (∼10 cm an -1 ), mesurés par InSAR. Aucune de ces deux périodes n'est associée à une éruption répertoriée. A partir des informations v glanées au cours des éruptions de 2015 et 2018 (e.g., la profondeur des zones de stockage, le volume des intrusions, la relation entre l'activité éruptive et les lacs de lave), nous explorons les mécanismes physiques pouvant expliquer cette subsidence inter-éruptive. L'épisode de 2004 -2007 est probablement associé à une intrusion de dike (en l'absence d'éruption), engendrant la dépressurisation d'un sill superficiel, hydrauliquement connecté aux lacs de lave. A partir d'un modèle théorique proposé par Girona et al. [2014], en couplant le dégazage passif (mesuré par spectroscopie satellitaire) et la dépressurisation du réservoir magmatique (déduite de la géodésie spatiale), nous proposons que l'épisode de 2015 -2017 ait pour origine la dépressurisation d'un réservoir magmatique de grande taille (>10 km 3 ). Par contraste, de courtes périodes de soulèvement pourraient être limité aux périodes de temps pendant lesquelles le système est fermé, par exemple en 2019 -2020 après l'épisode de vidange des lacs de lave en 2018, et potentiellement en 2007 -2010 à la suite d'un événement d'intrusion non répertorié en 2005.En comparant les phases de regain d'activité d'Ambrym avec celles observées dans les autres systèmes rift-caldera basaltiques (Kīlauea, Bárðarbunga, Sierra Negra, etc.), les ré-

Scientific RepoRtS | (2019) 9:18868 | https://doi.org/10.1038/s41598-019-55141-7

Both analogue and analytical studies emphasize that the lower the roof aspect ratio 𝑅 𝑎 , the lower the 𝑓 threshold for caldera ring-fault activation. Up until this point, we have addressed the mechanisms and conditions under which caldera ring-faults form, but not specifically their reactivation. Because caldera ring-faults are pre-existing weaknesses, the reactivation threshold 𝑓 is likely lower than that necessary to form the faults, due to a lower frictional resistance, but quantification of this threshold is lacking[START_REF] Sibson | A note on fault reactivation[END_REF]. If this threshold could be calculated, and the typical eruption volume and recurrence time are known, it may be possible to calculate the amount of long-term subsidence due to ring-fault reactivation (taking into account the amount of uplift due to magma replenishment). This value could be compared to the total caldera subsidence, in order to calculate the amount of initial ring-fault subsidence during the caldera formation. Unfortunately, aside from a few geophysical studies regarding seismicity or ground deformation[START_REF] Scandon | Magma supply, magma discharge and readjustment of the feeding system of mount St. Helens during 1980[END_REF][START_REF] Mori | Volcanic earthquakes following the 1991 climactic eruption of Mount Pinatubo, Philippines: strong seismicity during a waning eruption[END_REF][START_REF] Cesca | Drainage of a deep magma reservoir near Mayotte inferred from seismicity and deformation[END_REF], Liu et al., 2019, and references within], caldera ring-fault reactivation has been rarely been observed in nature.

[START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] relates this term to the molecular weight of water.
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Supporting Information for "What triggers caldera ring-fault subsidence at Ambrym volcano? Insights from the 2015 dike intrusion and eruption" Fault Dip ( • ) 65.024 ± 0.0161 65.012 [65.002,65.061] [START_REF] Grandin | Long-term growth of the Himalaya inferred from interseismic InSAR measurement[END_REF]90] 

-3980. 16 ± 10.48 -3995.32 [-3964.65,-3823.23] 

-3889. 48 ± 86.59 -3846.76 [-3964.65,-3611.11] [-4000,-500 The chosen densities for the degassed (𝜌 𝑥 =𝜌 𝑐 ) and undegassed parent melt (𝜌 𝑛𝑑 ) control both the partial density of water 𝜌 𝑤 and the average melt density in the conduit ρ𝑚,𝑐 . We performed our model calculations using the densities given by [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF], which were calculated for an andesitic magma composition at 𝑇 = 1300 K and 250 MPa (𝜌 𝑐 = 2670 kg m -3 and 𝜌 𝑛𝑑 = 2430 kg m -3 ). Lowering these densities results in a lowering of the depressurization rate. [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] indicates that the density of the degassed magma is ∼2650 kg m -3 . The density of the parent magma could be calculated using the MELTS algorithm, for example, considering the pressure and temperature conditions, as well as the magmatic composition [START_REF] Ghiorso | Chemical mass transfer in magmatic processes iv. a revised and internally consistent thermodynamic model for the interpolation and extrapolation of liquid-solid equilibria in magmatic systems at elevated temperatures and pressures[END_REF]. More realistic estimates of magma density will be addressed in a future study using magma density estimates from Allard et al.

[2016] (See Section 6.3).

How to further constrain the initial parameters

To confirm the fidelity of this theoretical model, it is important to either obtain additional constraints on the input parameters at Ambrym, or to apply this model to other volcanic systems. The latter may be difficult, given the lack of long-term volcanic subsidence during quiescence in the literature. An alternative may be to investigate other time periods of subsidence at Ambrym (e.g., 2004Ambrym (e.g., -2009)). Unfortunately, only one pair of SAR images span this subsidence event, precluding a detailed investigation of the duration of the depressurization. Measuring Ambrym's conduit radius and geometry, even to the first-order, would decrease significantly the size of the model's unknown parameter space. The conduit radius, for example, could be estimated with density measurements from muon tomography or gravimetry [START_REF] Tanaka | Cosmic-ray muon imaging of magma in a conduit: Degassing process of Satsuma-Iwojima Volcano, Japan[END_REF]]. An analysis of infrasound tremors [START_REF] Yokoo | Monochromatic infrasound waves observed during the 2014-2015 eruption of Aso volcano, Japan[END_REF] could provide constraints on the size and shape of the uppermost part of the conduit. Continuous gravity measurements would be useful to identify the physical mechanisms that control lava lake level changes [Patrick et al., 2019a]. This could help improve our understanding of the dynamics of magma convection and recycling from the surface to deeper parts of the system. In addition, tiltmeters or GPS stations near the vents would provide constraints on the dynamics of magma and bubble ascent within the conduits. Finally, installing a thermal camera at the summit would allow for directly monitoring the lava lake level, which, assuming an open system, responds to reservoir pressure changes.

We have not yet addressed the fact that in the [START_REF] Girona | On depressurization of volcanic magma reservoirs by passive degassing[END_REF] model, the volcano is considered an open system. The reservoir is connected to the surface and gas can escape through the conduit. This is the case, for example, at Kīlauea's lava lake in the Halema'uma'u crater [START_REF] Patrick | Lava lake level as a gauge of magma reservoir pressure and eruptive hazard[END_REF]. When taking into consideration H 2 O-CO 2 evolution patterns, Ambrym is best modelled with a closed system at depth and open system degassing at shallow levels (< 0.5 km) [START_REF] Allard | Prodigious emission rates and magma degassing budget of major, trace and radioactive volatile species from Ambrym basaltic volcano, Vanuatu island Arc[END_REF] (See Section 4.2). If the entirety of Ambrym's conduit system (which we assume has a depth of 2.2 km) does not allow for gas escape, then the model may be oversimplified by assuming magma convection and degassing from a conduit that is much larger than in reality. However, given that Scenario 0 is not dependent on the length of the conduit 𝐿, this simplification will not alter the modelled depressurization rates. In Scenario 2, 𝐿 determines the volume fraction of exsolved of gas in the reservoir.

Appendix A Classic Slip Inversion software: Analytical volcano source models

The Classic Slip Inversion (CSI) software is written in Python, and a description can be found at http://www.geologie.ens.fr/~jolivet/csi/ [START_REF] Jolivet | Aseismic slip and seismogenic coupling along the central San Andreas Fault[END_REF]. The software was originally designed for distributed modelling of fault slip (See Section 2.2.2.5.1). During my PhD, I implemented the analytical solutions for the point compound dislocation model (pCDM), compound dislocation model (CDM), Mogi and Yang in CSI. The implementation was motivated by the 2018 Ambrym unrest episode, which necessitated an inversion of both distributed opening along a dike, as well as a cavity volume change. This appendix includes a manual of the updated CSI software, which describes the new Python classes for volcanic sources, the workflow, and the benchmarking of the models against the DMODELS software package of [START_REF] Battaglia | DMODELS: A MATLAB software package for modeling crustal deformation near active faults and volcanic centers[END_REF] and the CDM models of [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF]. i. Attributes include: pressure.source (pressure source category), pressure.ellipshape (source geometrical shape), and pressure.type ("Pressure" as opposed to "Fault").

CSI Pressure Sources -User Guide

ii. When appropriate, a simpler, degenerate case will be assigned, as shown below:

Mogi if a x = a y = a z (Mogi, 1958), Yang if the shortest axes are equal, i.e. a x = a y < a z [START_REF] Battaglia | DMODELS: A MATLAB software package for modeling crustal deformation near active faults and volcanic centers[END_REF]. Semi-major axis set to a z so that source oriented vertically when θ = 90. CDM will be used if the above conditions are not met [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF]. pressureMogi = Mogi('Name',x c , y c , -z 0 , a x , utmzone=utm, lon0=lon,lat0=lat) pressureYang = Yang('Name',x c , y c , -z 0 , a x , a y , a z , θ, φ, utmzone=utm, lon0=lon,lat0=lat) pressurepCDM = pCDM('Name',x c , y c , -z 0 , None,None,None, θ, φ, β, utmzone=utm, lon0=lon,lat0=lat) pressureCDM = CDM('Name',x c , y c , -z 0 , a x , a y , a z , θ, φ, β, utmzone=utm, lon0=lon,lat0=lat) 

B.2 Digital Elevation Models of dome growth

To assess lava dome volume change during the first 15 years of dome growth, we calculate the difference between two global Digital Elevation Models (DEMs)-the Shuttle Radar Topography Mission (SRTM, 2000) and TanDEM-X global DEM (2014) (See Figure B-2). We measure a total volume difference of 127×10 6 m 3 , or an extrusion rate of 0.29 m 3 s -1 . INDONESIA)