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|❛♣♣❡•♦♥s q✉❡ K N (Ω) ❡st ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡• ❞❡ ❞✐♠❡♥s✐♦♥ I ✭❝❢✳ ❬✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽( ❡t ❬✶✺✱ ❈♦r♦••❛r② ✹✳✷(✮ ❡t ✐• ❡st ❡♥❣❡♥❞ré ♣❛r •❡s ✈❡❝t❡✉rs ∇q N i ✱ i = 1, . . . , I ❛✈❡❝ q N i ∈ H 1 (Ω) s♦•✉t✐♦♥s ❞✉ ♣r♦❜•è♠❡ ✿    -∆q N i = 0 in Ω, q N i | Γ 0 = 0 and q N i | Γ k = constant, 1 ≤ k ≤ I ∂ n q N i , 1 Γ k = δ i k , 1 ≤ k ≤ I, and ∂ n q N i , 1 Γ 0 = -1. ❆♣rès ❛✈♦✐r ét✉❞✐é •❡ ❝❛s ❤✐•❜❡rt✐❡♥✱ ♦♥ s✬✐♥tér❡ss❡ ❞❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s à •❛ ré❣✉•❛r✐té ❞❡ ❝❡s s♦•✉t✐♦♥s✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛r ♠♦♥tr❡r •✬❡①✐st❡♥❝❡ ❞❡s s♦•✉t✐♦♥s ❞❛♥s •❛ ❝•❛ss❡ ❞✬❡s♣❛❝❡s W 1,p (Ω) ♣♦✉r p > 2✳ ▲✬✐❞é❡ ❡st ❞❡ réé❝r✐r❡ •❡ s②stè♠❡ s♦✉s •❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿                    -∆u + ∇P = f -(curl u) × u + (curl b) × b et div u = 0 dans Ω, curl curl b = g + curl(u × b) et div b = 0 ❞❛♥s Ω, u × n = ✵ et b × n = ✵ sur Γ, P = P 0 s✉r Γ 0 et P = P 0 + α i s✉r Γ i , u • n, 1 Γ i = 0, et b • n, 1 Γ i = 0, ∀1 i I. ❖♥ ❞é♠♦♥tr❡ •❛ ré❣✉•❛r✐té W 1,p (Ω) ♣♦✉r •❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡♥ ❛♣♣•✐q✉❛♥t •❡s rés✉•t❛ts ❞❡ ré❣✉•❛r✐té ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ❙t♦❦❡s (S N ) ✭❝❢✳ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✻✱ ❚❤❡♦r❡♠ ✺✳✼( ♣♦✉r •❡ ❝❛s h = 0✮ ✿ (S N )              -∆u + ∇P = f et div u = h dans Ω, u × n = ✵ sur Γ, P = P 0 s✉r Γ 0 et P = P 0 + c i s✉r Γ i , u • n, 1 Γ i = 0, 1 ≤ i ≤ I, ♦ù h ❡st ❞♦♥♥é❡✳ P♦✉r •❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b✱ ♥♦✉s ❛♣♣•✐q✉♦♥s •❡s rés✉•t❛ts ❞❡ ré❣✉•❛r✐té ❞✉ ♣r♦❜•è♠❡ ❡••✐♣t✐q✉❡ (E N ) ✭❝❢✳ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ❈♦r♦••❛r② ✺✳✹(✮ ✿ (E N )          -∆b = g et div b = 0 dans Ω, b × n = ✵ sur Γ b • n, 1 Γ i = 0, ∀1 i I. ❯♥ ❞❡s ♣♦✐♥ts ❝•❡❢s ♣♦✉r ét✉❞✐❡r •❡s ♣r♦❜•è♠❡s (S N ) ❡t (E N ) ❝♦♥❝❡r♥❡ ✉♥❡ ✐♥é❣❛•✐té ❞❡ t②♣❡ P♦✐♥❝❛ré✱ ét❛❜•✐❡ ❞❛♥s ❬✶✺✱ ❈♦r♦••❛r② ✸✳✷(✱ q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥trô•❡r •❛ ♥♦r♠❡ W 1,p (Ω) ✭1 < p < ∞✮ ♣❛r •❛ ♥♦r♠❡ L p ❞❡ •❛ ❞✐✈❡r❣❡♥❝❡✱ ❞✉ r♦t❛t✐♦♥♥❡• ❡t ❞❡s ✢✉① à tr❛✈❡rs •❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞✉ ❜♦r❞ ✿ v W 1,p (Ω) ≤ C curl v L p (Ω) + div v L p (Ω) + I i=1 v•n, 1 Γ i , ∀v ∈ W 1,p (Ω), v×n = ✵ sur Γ. |❡♠❛rq✉♦♥s ✐❝✐ q✉❡ s✐ v ❛♣♣❛rt✐❡♥t à •✬❡s♣❛❝❡ V N (Ω)✱ •❛ ♥♦r♠❡ v → curl v L 2 (Ω) ❡st éq✉✐✈✲ ❛•❡♥t❡ à •❛ ♥♦r♠❡ • H 1 (Ω) ✱ ❞✬♦✉ •✬✐♠♣♦rt❛♥❝❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ✢✉① ♥✉•s s✉r •❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞✉ ❜♦r❞✳ ❉❛♥s ❝❡ tr❛✈❛✐•✱ ♦♥ ❣é♥ér❛•✐s❡ •❡ rés✉•t❛t ❞❡ ré❣✉•❛r✐té ❞♦♥♥é ❞❛♥s ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✼( ♣♦✉r (S N ) ❛✉ ❝❛s ❞✬✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ à ❞✐✈❡r❣❡♥❝❡ ♥♦♥ ♥✉••❡ ✭❝❛s h = 0✮✳ P♦✉r •❡ ♣r♦❜•è♠❡ (E N )✱ ♥♦✉s ét❡♥❞♦♥s •❡ rés✉•t❛t ❞❡ ré❣✉•❛r✐té ❞❡ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶( à ✉♥ ❝❛❞r❡ ♣•✉s ❣é♥ér❛• ❛✈❡❝ ❞❡s ❞♦♥♥é❡s ❞❛♥s ❞❡s ❡s♣❛❝❡s ❢♦♥❝t✐♦♥♥❡•s ♣•✉s •❛r❣❡s✱ ♣•✉s ♣ré❝✐sé♠❡♥t ❞❛♥s (H r ′ ,p ′ 0 (curl, Ω)) ′ ❛✈❡❝ p ′ ✭r❡s♣❡❝t✐✈❡♠❡♥t r ′ ✮ •❡ ❝♦♥•✉❣✉é ❞❡ p ✭r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ r✮ ❡t (H r ′ ,p ′ 0 (curl, Ω)) ′ = {F + curl Ψ; F ∈ L r (Ω), Ψ ∈ L p (Ω)}, 1 r = 1 p + 1 3 .
♦♥ ❝♦♥❢♦r♠❡s✳ ❉❡ ♣•✉s✱ •❡ ❞❡❣ré p ❞❡s ♣♦•②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❡✉t êtr❡ ❛✉❣♠❡♥té ❞❛♥s •❡s é•é♠❡♥ts ❞✉ ♠❛✐••❛❣❡ ♦ù •❛ s♦•✉t✐♦♥ ❡st ♣•✉s ré❣✉•✐èr❡✱ ❝❡ q✉✐ ♣❡✉t êtr❡ ❝♦♠❜✐♥é ❛✈❡❝ ✉♥ r❛✣♥❡♠❡♥t ❞✉ ♠❛✐••❛❣❡ h ❞❛♥s •❡s ♣❛rt✐❡s ❞❡ ♠♦✐♥❞r❡ ré❣✉•❛r✐té ❞❡ •❛ s♦•✉t✐♦♥✳ ▲✬❡♥s❡♠❜•❡ ❢♦r♠❡ ❛•♦rs ✉♥ ♠❛✐••❛❣❡ hp✳ ❉❡ ♣•✉s✱ •✬❛♣♣r♦①✐♠❛t✐♦♥ ❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡ ✐♠♣♦s❡ ❞✬❛✈♦✐r r❡✲ ❝♦✉rs à ✉♥❡ ❢♦r♠✉•❛t✐♦♥ ❢❛✐❜•❡ •♦❝❛•❡ ♦ù •❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① •✐♠✐t❡s ❡st ❢❛✐t❡ ❛✉ s❡♥s ❢❛✐❜•❡✱ ❞✐r❡❝t❡♠❡♥t ❞❛♥s •❛ ❢♦r♠✉•❛t✐♦♥ ❞✉ ♣r♦❜•è♠❡ s❛♥s •❡s ✐♠♣♦s❡r ❞❛♥s •❛ ❞é✜♥✐✲ t✐♦♥ ❞❡ •✬❡s♣❛❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳ ❈❡❝✐ ♣❡r♠❡t ✉♥❡ ♠✐s❡ ❡♥ ÷✉✈r❡ s✐♠♣•✐✜é❡ ❞❡ •❛ ♠ét❤♦❞❡✳ ❯♥❡ ✐♥té❣r❛t✐♦♥ ♣
❛r ♣❛rt✐❡s ❢❛✐t ❛•♦rs ❛♣♣❛r❛îtr❡ ❞❡s t❡r♠❡s ❞❡ ❜♦r❞ ♦ù •❡s ✢✉① ♣❤②s✐q✉❡s s♦♥t ❛♣♣r♦❝❤és ♣❛r ❞❡s ✢✉① ♥✉♠ér✐q✉❡s ❛✉① ✐♥t❡r❢❛❝❡s à ❝❛✉s❡ ❞❡s ❞✐s❝♦♥t✐♥✉✐tés ❡♥tr❡ •❡s 

♠❛✐••❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣♦ssè❞❡ ❞✬❛✉tr❡ ♣r♦♣r✐étés ✐♠♣♦rt❛♥t❡s✳ ❊••❡ ❡st •♦❝❛•❡♠❡♥t ❝♦♥s❡r✈❛✲ t✐✈❡✱ ❡••❡ ❡st ❛✐sé♠❡♥t ♣❛r❛••é•✐s❛❜•❡ ❝❡ q✉✐ ❞♦♥♥❡ à •❛ ♠ét❤♦❞❡ ✉♥ ❣r❛♥❞ ✐♥térêt✳ ❈❡♣❡♥❞❛♥t✱ •❡s ♠ét❤♦❞❡s ❉• s♦♥t ♣•✉s ❝♦ût❡✉s❡s ❡♥ t❡♠♣s ❡t ❡♥ ♠é♠♦✐r❡ q✉❡ •❡s ♠ét❤♦❞❡s ❞✬é•é♠❡♥ts ✜♥✐s st❛♥❞❛r❞s à ❝❛✉s❡ ❞❡s ✈❛•❡✉rs ❞♦✉❜•❡s ❞❡ •❛ s♦•✉t✐♦♥ ❛✉① ✐♥t❡r❢❛❝❡s✳ ❈❡•❛ ❛✉❣♠❡♥t❡ ❝♦♥✲ s✐❞ér❛❜•❡♠❡♥t •❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ •✐❜❡rté •♦❝❛✉① s✉r •❡sq✉❡•s •❡s ✐♥❝♦♥♥✉❡s ❞✉ ♣r♦❜•è♠❡ r❡♣♦s❡♥t✳ (v h × b h ) • curl b h dx -κ e∈F I h e { {v h × b h } } • [[b h ]] T ds. ✭✵✳✵✳✶✻✮ ❉❛♥s ✉♥ tr❛✈❛✐• ré❝❡♥t ❬✽✶(✱ •❡s ❛✉t❡✉rs ♣r♦♣♦s❡♥t ✉♥❡ ❛♥❛•②s❡ ❞✬✉♥ s❝❤é♠❛ ❉• ♣♦✉r •❡ s②stè♠❡ ✭▼❍❉✮ ❞❛♥s R 3 ♦ù •❡s ❝♦♥❞✐t✐♦♥s ❛✉① •✐♠✐t❡s s♦♥t ❞❡ t②♣❡ ❉✐r✐❝❤•❡t ♣♦✉r •❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ❞❡ t②♣❡ ◆❛✈✐❡r ✭✵✳✵✳✶✮ ♣♦✉r •❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ■•s ❝♦♥s✐❞èr❡♥t •❡ ❝❛s ❣é♥ér❛• ❞✬✉♥ ❞♦♠❛✐♥❡ Ω •✐♣s❝❤✐t③✐❡♥✳ ■•s ♠♦♥tr❡♥t •❛ ❝♦♥t✐♥✉✐té ❞❡ C h ❡♥ ❛♣♣•✐q✉❛♥t ✉♥ ❛r❣✉♠❡♥t L 6 ✲ L 3 ✲ L 2 ♣♦✉r •❡ t❡r♠❡ ❞♦♥♥é s✉r •❡s ♠❛✐••❡s ♣✉✐s •✬✐♥é❣❛•✐té ❞❡ tr❛❝❡ ❞✐s❝rèt❡ ❡st ✉t✐•✐sé❡ ♣♦✉r •❡ t❡r♠❡ ❞♦♥♥é s✉r •❡ ❜♦r❞✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st ♥❛t✉r❡••❡ ❞❛♥s •❡ ❝❛s ❞✬✉♥ ❞♦♠❛✐♥❡ ♣❡✉ ré❣✉•✐❡r✳ ❊♥ ❡✛❡t✱ s❛♥s ❤②♣♦t❤ès❡ ❞❡ ré❣✉•❛r✐té s✉r •❡ ❞♦♠❛✐♥❡✱ ❡t ❛✉ ✈✉ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① •✐♠✐t❡s ❝♦♥s✐❞éré❡s ♣♦✉r •❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b✱ •❛ s♦•✉t✐♦♥ b ❞✉ s②stè♠❡ ✭✵✳✵✳✶✹✮ ❡st s❡✉•❡♠❡♥t H 1/2 (Ω) ❡t ❞♦♥❝ L 3 (Ω) ♣❛r •❡s ✐♥•❡❝t✐♦♥s ❞❡ ❙♦❜♦•❡✈✳ ❈❡♣❡♥❞❛♥t✱ •❛ s♦•✉t✐♦♥ u ❡st ❜✐❡♥ H 1 (Ω) ❡t ❞♦♥❝ L 6 (Ω) ❝❡ q✉✐ ♣❡r♠❡t ❞✬❛♣♣•✐q✉❡r •✬✐♥é❣❛•✐té ❞✐s❝rèt❡ ❞ér✐✈é❡ ❞❛♥s ❬✹✼✱ ✹✾( ✭✈♦✐r ❛✉ss✐ ❬✸✾( ✮ q✉✐ ❛✣r♠❡ q✉❡ •❛ ♥♦r♠❡ L 6 ❡st ❝♦♥trô•é❡ ♣❛r •❛ ♥♦r♠❡ ❉• ♥♦té❡ ♣❛r |||•||| h ✭✈♦✐r ✭✸✳✹✳✶✽✮ ❛✈❡❝ r = 6✮ ✿ v h L 6 (Ω) ≤ C|||v h ||| h := C T ∈T h ∇v h 2 0,T + e∈F h γ h e [[v h ]] 2 0,
♦•✉t✐♦♥s u ❡t b ❞✉ s②stè♠❡ ✭✵✳✵✳✶✹✮ s♦♥t t♦✉t❡s •❡s ❞❡✉① H 1/2 (Ω) ֒→ L 3 (Ω)✳ ❉♦♥❝ •✬❛r❣✉♠❡♥t ♣ré❝é❞❡♥t ♥❡ ♣❡✉t ♣❛s êtr❡ ❛♣♣•✐q✉é ♣♦✉r ♠♦♥tr❡r •❛ ❝♦♥t✐♥✉✐té ❞❡ •❛ ❢♦r♠❡ C h ✳ ❉❡s ❤②♣♦t❤ès❡s ❛❞❞✐t✐♦♥♥❡••❡s ❞❡ ré❣✉•❛r✐té s✉r •❛ s♦•✉t✐♦♥ ❡①❛❝t❡ s♦♥t ❞♦♥❝ ✐♥❞✐s♣❡♥s❛❜•❡s✳ ❉❛♥s ❝❡ tr❛✈❛✐•✱ ♥♦✉s ♠♦♥tr♦♥s ✉♥❡ ♥♦✉✈❡••❡ ✐♥é❣❛•✐té ❞✐s❝rèt❡ ❛♥❛•♦❣✉❡ à ✭✵✳✵✳✶✼✮ s✉r •❡s ❡s♣❛❝❡s ❞✐s❝♦♥t✐♥✉s s♦✉s rés❡r✈❡ q✉❡ •❛ ❢r♦♥t✐èr❡ ❞✉ ❞♦♠❛✐♥❡ s♦✐t s✉✣s❛♠♠❡♥t ré❣✉•✐èr❡✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ •❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ t♦✉t ❝♦♠♠❡ •❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡s✱ ♦♥t ❜✐❡♥ •❛ ré❣✉•❛r✐té H 1 (Ω)✳ P•✉s ♣ré❝✐sé♠❡♥t✱ ♣♦✉r 1 ≤ p ≤ 6✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ •❛ ♥♦r♠❡ L p ❡st ❝♦♥trô•é❡ ♣❛r •❛ ♥♦r♠❡ ❉• s✉✐✈❛♥t❡ ✿ v h L p (Ω) ≤ C v h 2 v,h := T ∈T h div v h 2 0,T + curl v h 2 0,T + e∈F h σ 1 h e [[v h ]] N 2 0,e + e∈F I h σ 2 h e [[v h ]] T 2 0,e , ❛✈❡❝ C = C(Ω) ✉♥❡ ❝♦♥st❛♥t❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ h✳ ❈❡tt❡ ✐♥é❣❛•✐té ❡st ♥❛t✉r❡••❡ ❝❛r •❛ ♥♦r♠❡ ❉• • v,h ❡st •✬éq✉✐✈❛•❡♥t ❞✐s❝r❡t ❞❡ •❛ ♥♦r♠❡ H 1 T (Ω)✳ ▲❡s t❡❝❤♥✐q✉❡s ❞❡ ❞é♠♦♥str❛t✐♦♥ ♦♥t été ✐♥s♣✐ré❡s ♣❛r •❡s tr❛✈❛✉① ❞❡ •✐r❛✉•t ❡t |✐✈✐èr❡ ❬✹✼✱ ▲❡♠♠❛ ✻✳✷( ♣♦✉r •❛ ♣r❡✉✈❡ ❞❡ ✭✵✳✵✳✶✼✮✳ ❈❡♣❡♥❞❛♥t✱ •❛ ♣r❡✉✈❡ ♥✬❡st ♣❛s tr✐✈✐❛•❡ ❡t r❡♣♦s❡ s✉r ✉♥ rés✉•t❛t ❞❡ ré❣✉•❛r✐té ❞❡ •✬♦♣ér❛t❡✉r ❡••✐♣t✐q✉❡ ❞❡ s❡❝♦♥❞ ♦r❞r❡ -∆ = curl(curl) -grad(div) ❛✈❡❝ •❛ ❝♦♥❞✐t✐♦♥ ❛✉① •✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é Ω ∈ R 3 ❞❡ ❝•❛ss❡ C 2,1 ✳ ❈❡tt❡ ♥♦✉✈❡••❡ ✐♥é❣❛•✐té ❞✐s❝rèt❡ ♣❡r♠❡t✱ ❞✬✉♥❡ ♣❛rt✱ ❞✬❛♣♣•✐q✉❡r ✉♥ ❛r❣✉♠❡♥t L 4 ✲L 4 ✲L 2 ♣♦✉r ♠♦♥tr❡r •❛ ❝♦♥t✐♥✉✐té ❞❡ •❛ ❢♦r♠❡ C h ❡t ❞❡ •❛ ❢♦r♠❡ O h ✭✈♦✐r ✭✸✳✷✳✸✼✮ ♣♦✉r •❛ ❞é✜♥✐t✐♦♥ ❞❡ O h ❡t ✭✵✳✵✳✶✻✮ ♣♦✉r •❛ ❞é✜♥✐t✐♦♥s ❞❡ C h ✮
       u t -∆u + ∇p + u • ∇u = f ❡t div u = 0 ❞❛♥s Ω×]0, T [, u • n = 0 et curl u × n = 0 s✉r Γ×]0, T [, u(0) = u 0 , dans Ω. ◆♦✉s s✉♣♣♦s♦♥s q✉❡ Ω ❡st ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é s✐♠♣•❡♠❡♥t ❝♦♥♥❡①❡✱ ❞❡ ❜♦r❞ Γ ❞❡ ❝•❛ss❡ C 1,1 ✳ ■• ❡st ❝♦♥♥✉ q✉❡ •❛ ❝♦♥❞✐t✐♦♥ ❞✬✐♥❝♦♠♣r❡ss✐❜✐•✐té div u = 0 ❞❛♥s Ω r❡♥❞ ❛ss❡③ ❞✐✣❝✐•❡ •❛ ♠✐s❡ ❡♥ ♦
•❡ ✭✵✳✵✳✹✮✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ✉♥❡ ét✉❞❡ ❞✬❡①✐st❡♥❝❡ ❞❡ s♦•✉t✐♦♥s ❢❛✐❜•❡s ♣♦✉r •❡ ♣r♦❜•è♠❡ ❞❡ ◆❛✈✐❡r ❙t♦❦❡s (N S) ❡♥ ✉t✐•✐s❛♥t •❛ ♠ét❤♦❞❡ ❞❡ ❋❛❡❞♦ •❛•❡r❦✐♥✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ s②stè♠❡ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❛✈❡❝ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❉✐r✐❝❤•❡t✱ ♦ù •✬✐♥é❣❛•✐té ❞❡ P♦✐♥❝❛ré •♦✉❡ ✉♥ rô•❡ ✐♠✲ ♣♦rt❛♥t✱ ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ✐❝✐ ❞❡s ✐♥é❣❛•✐tés ♣♦✉r •❡s ❝❤❛♠♣s ❞❡ ✈❡❝t❡✉rs ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r •❡s ♦♣ér❛t❡✉rs curl ❡t div✳ ❊♥s✉✐t❡✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ •❡ ♣r♦❜•è♠❡ ♣❡rt✉r❜é ♣♦ssè❞❡ ❛✉ ♠♦✐♥s ✉♥❡ s♦•✉t✐♦♥ (u ε , p ε ) q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs (u, p) s♦•✉t✐♦♥ ❞✉ s②stè♠❡ ♥♦♥ ♣❡rt✉r❜é (N S) •♦rsq✉❡ ε t❡♥❞ ✈❡rs ③ér♦✳ ◆♦✉s t❡r♠✐♥♦♥s ♣❛r ✉♥❡ ❛♥❛•②s❡ ❞✬❡rr❡✉r ♣♦✉r ❝❡tt❡ ♠ét❤♦❞❡✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ♥♦✉s ét✉❞✐♦♥s ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ s②stè♠❡ (N S) ✈✐❛ •❛ ♠ét❤✲ ♦❞❡ ❞❡ ♣s❡✉❞♦✲❝♦♠♣r❡ss✐❜✐•✐té ✭✵✳✵✳✺✮✳ ❆♣rès ❛✈♦✐r ét❛❜•✐ ❞❡s ❡st✐♠❛t✐♦♥s ❛ ♣r✐♦r✐ ♣♦✉r •❛ s♦✲ •✉t✐♦♥ (u ε , p ε ) ❞✉ ♣r♦❜•è♠❡ ♣❡rt✉r❜é✱ ♥♦✉s ♠♦♥tr♦♥s ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❡♥tr❡ •❛ s♦•✉t✐♦♥ (u, p) ❞✉ s②stè♠❡ (N S) ❡t (u ε , p ε )✳ ▲❛ ♣r❡✉✈❡ ❡st ❞♦♥♥é❡ ❡♥ ❞❡✉① ét❛♣❡s ✿ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r ♠♦♥tr❡r ✉♥❡ ❡st✐♠❛t✐♦♥ ♣♦✉r •❛ ♣❛rt✐❡ ❞✬❡rr❡✉r ✐♥tr♦❞✉✐t❡ ♣❛r •❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ •✬♦♣ér❛t❡✉r •✐♥é❛✐r❡✳ ❊♥s✉✐t❡ ♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ❡st✐♠❛t✐♦♥ ♣♦✉r •❛ ♣❛rt✐❡ ❞✬❡rr❡✉r ❛ss♦❝✐é❡ ❛✉ t❡r♠❡ ♥♦♥ •✐♥é❛✐r❡✳ P♦✉r t❡r♠✐♥❡r ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ s❝❤é♠❛ ❞✬♦r❞r❡ 2 ❡♥ t❡♠♣s ♣♦✉r ❛♣♣r♦❝❤❡r •❡ ♣r♦❜•è♠❡ ♣❡rt✉r❜é ❛✈❡❝ •❛ ♠ét❤♦❞❡ ❞❡ ♣s❡✉❞♦✲❝♦♠♣r❡ss✐❜✐•✐té✳ ◆♦✉s ♠♦♥tr♦♥s •❛ st❛❜✐•✐té ❞✉ s❝❤é♠❛ ❛✐♥s✐ q✉✬✉♥❡ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❞✬♦r❞r❡ 2✳ ❈❤❛♣t❡r ✶ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✶✳✶ ■♥tr♦❞✉❝t✐♦♥ ▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s❡t ♦❢ R 3 ♦❢ ❝•❛ss C 1,1 ✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ✐♥❝♦♠♣r❡ss✐❜•❡ st❛t✐♦♥
= P 0 + α i ♦♥ Γ i , u • n, 1 Γ i = 0, and b • n, 1 Γ i = 0, ∀1 i I ✭✶✳✶✳✶✮ ✇❤❡r❡ Γ ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r② ❝♦♥♥❡❝t❡❞✳ ❍❡r❡ Γ = I i=0 Γ i ✇❤❡r❡ Γ i ❛r❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ Γ ✇✐t❤ Γ 0 t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② ✇❤✐❝❤ ❝♦♥t❛✐♥s Ω ❛♥❞ ❛•• t❤❡ ♦t❤❡r ❜♦✉♥❞❛r✐❡s✳ ❲❡ ❞❡♥♦t❡ ❜② n t❤❡ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛• t♦ Γ✳ ❚❤❡ ❝♦♥st❛♥ts ν✱ µ ❛♥❞ κ ❛r❡ ❝♦♥st❛♥t ❦✐♥❡♠❛t✐❝✱ ♠❛❣♥❡t✐❝ ✈✐s❝♦s✐t② ❛♥❞ ❛ ❝♦✉♣•✐♥❣ ♥✉♠❜❡r r❡s♣❡❝t✐✈❡•②✳ ❲❡ r❡❢❡r t♦ ❬✸✼✱ ✹✷( ❢♦r ❢✉rt❤❡r ❞✐s❝✉ss✐♦♥ ♦❢ t②♣✐❝❛• ✈❛•✉❡s ❢♦r t❤❡s❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ✈❡❝t♦r f ✱ g ❛♥❞ t❤❡ s❝❛•❛r h ❛♥❞ P 0 ❛r❡ ❣✐✈❡♥✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛ss✉♠❡ t❤❛t ν = µ = κ = 1 ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ❯s✐♥❣ t❤❡ ✐❞❡♥t✐t② u • ∇u = (curl u) × u + 1 2 ∇|u| 2 ✱ t❤❡ ❝•❛ss✐❝❛• ♥♦♥•✐♥
✱ i = 1 . . . I ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ ✉♥❦♥♦✇♥ ♣r❡ss✉r❡ ❞r♦♣ ♦♥ ✐♥✢♦✇ ❛♥❞ ♦✉t✢♦✇ s❡❝t✐♦♥s Γ i ✐♥ ❛ ♥❡t✇♦r❦ ♦❢ ♣✐♣❡s✳ ❚❤✐s ✇♦r❦ ✐s ❡①t❡♥❞❡❞ t♦ L p ✲t❤❡♦r② ❢♦r 1 < p < ∞ ✐♥ ❬✶✹(✳ ■♥ ♦✉r ✇♦r❦✱ ✇❡ st✉❞② t❤❡ ▼❍❉ s②st❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ ♣r❡ss✉r❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤ ♥♦ t❛♥❣❡♥t✐❛• ✢♦✇ ❛♥❞ ♥♦ t❛♥❣❡♥t✐❛• ♠❛❣♥❡t✐❝ ✜❡•❞ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❯♣ t♦ ♦✉r ❦♥♦✇•❡❞❣❡✱ ✇✐t❤ t❤❡s❡ t②♣❡ ♦❢ ❜♦♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤✐s ✇♦r❦ ✐s t❤❡ ✜rst ♦♥❡ t♦ ❣✐✈❡ ❛ ❝♦♠♣•❡t❡ L p ✲t❤❡♦r② ❢♦r t❤❡ ▼❍❉ s②st❡♠ ✭✶✳✶✳✶✮ ♥♦t ♦♥•② ❢♦r •❛r❣❡ ✈❛•✉❡s ♦❢ p ≥ 2 ❜✉t ❛•s♦ ❢♦r s♠❛•• ✈❛•✉❡s 3/2 < p < 2 ✐♥ Ω ⊂ R 3 ❞♦♠❛✐♥ ✇✐t❤ ❛ ❜♦✉♥❞❛r② Γ ♥♦t ♥❡❝❡ss❛r② ❝♦♥♥❡❝t❡❞✳ ❚❤❡s❡ r❡s✉•ts ✇❡r❡ ❛♥♥♦✉♥❝❡❞ ✐♥ ❛ ❈|❆❙ ♥♦t❡ ✐♥ ❈♦♠♣t❡s |❡♥❞✉s ▼❛t❤é♠❛t✐q✉❡ ❬✼✾(✳ ✶✳✷ ▼❛✐♥ r❡s✉•ts ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ♠❛✐♥ r❡s✉•ts ♦❢ t❤✐s ❝❤❛♣t❡r✱ ❢♦r ✇❤✐❝❤ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞✿ ❋♦r p ∈ [1, ∞)✱ p ′ ❞❡♥♦t❡s t❤❡ ❝♦♥•✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p✱ ✐✳❡✳ 1 p ′ = 1 -1 p ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ s♣❛❝❡ ❍ r,p (curl, Ω) := {✈ ∈ ▲ r (Ω); curl ✈ ∈ ▲ p (Ω)} , with 1 r = 1 p + 1 3 ✭✶✳✷✳✶✮ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ v ❍ r,p (curl,Ω) = v L r (Ω) + curl v L p (Ω) .
❚❤❡ ❝•♦s✉r❡ ♦❢ D(Ω) ✐♥ ❍ r,p (curl, Ω) ✐s ❞❡♥♦t❡❞ ❜② ❍ r,p 0 (curl, Ω) ✇✐t❤ ❍ r,p 0 (curl, Ω) := {✈ ∈ ❍ r,p (curl, Ω); v × n = ✵ on Γ} . ❚❤❡ ❞✉❛• s♣❛❝❡ ♦❢ ❍ r,p 0 (curl, Ω) ✐s ❞❡♥♦t❡❞ ❜② [❍ r,p 0 (curl, Ω)] ′ ❛♥❞ ✐ts ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛•s♦ t❤❡ ❦❡r♥❡•

K p N (Ω) = {v ∈ L p (Ω); div v = 0, curl v = ✵, v × n = ✵ on Γ}, ▼❛✐♥ r❡s✉•ts ✷✸ ✇❤✐❝❤ ✐s s♣❛♥♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥s ∇q N i ∈ W 1,q (Ω) ❢♦r ❛♥② 1 < q < ∞ ❬✶✺✱ ❈♦r♦••❛r② ✹✳✷( ❛♥❞ q N i ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠    -∆q N i = 0 in Ω, q N i | Γ 0 = 0 and q N i | Γ k = constant, 1 ≤ k ≤ I ∂ n q N i , 1 Γ k = δ i k , 1 ≤ k ≤ I, and ∂ n q N i , 1 Γ 0 = -1. ✭✶✳✷✳✷✮ ❲❡ ✇✐•• ✉s❡ t❤❡ s②♠❜♦• σ t♦ r❡♣r❡s❡♥t ❛ s❡t ♦❢ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❢✉♥❝t✐♦♥s✳ ❋♦r ❡①❡♠♣•❡ t❤❡ s♣❛❝❡ L p σ (Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ L p (Ω) ✇✐t❤ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡✳ ❲❡ ✇✐•• ❞❡♥♦t❡ ❜② C ❛♥ ✉♥s♣❡❝✐✜❡❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ Ω ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs ✇✐•• ❜❡ s♣❡❝✐✜❡❞ ✐❢ ♥❡❝❡ss❛r②✳ ❚❤❡ ✜rst t❤❡♦r❡♠ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❍✐•❜❡rt s♣❛❝❡s ❢♦r t❤❡ ❢♦••♦✇✐♥❣ ▼❍❉ ♣r♦❜•❡♠✿                    -∆u + (curl u) × u + ∇P -(curl b) × b = f and div u = h in Ω, curl curl b -curl(u × b) = g and div b = 0 ✐♥ Ω, u × n = ✵ and b × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + α i ♦♥ Γ i , u • n, 1 Γ i = 0 and b • n, 1 Γ i = 0, ∀1 i I ✭▼❍❉✮ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❙✉❜s❡❝t✐♦♥ ✶✳✻✳✶ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✻✳✶✮✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ ∂Ω ✐s ♥♦t ❝♦♥♥❡❝t❡❞✱ t♦ ❡♥s✉r❡ t❤❡ s♦•✈❛❜✐•✐t② ♦❢ ♣r♦❜•❡♠ ✭▼❍❉✮✱ ✇❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r u ❛♥❞ b ♦♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts Γ i ✿ u • n, 1 Γ i = 0 and b • n, 1 Γ i = 0 ❢♦r 1 ≤ i ≤ I✳ ✭❙❡❡ ❬✶✺( ❛♥❞ ❬✶✹( ❢♦r ❛♥ ❡q✉✐✈❛•❡♥t ❢♦r♠ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✮✳ ❖❢ ❝♦✉rs❡✱ ✐❢ ∂Ω ✐s ❝♦♥♥❡❝t❡❞✱ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦ •♦♥❣❡r ♥❡❝❡ss❛r②✳ ❚❤❡♦r❡♠ ✶✳✷✳✶✳ ✭❲❡❛❦ s♦•✉t✐♦♥s ♦❢ t❤❡ ✭▼❍❉✮ s②st❡♠ ✐♥ H 1 (Ω)✮✳ ▲❡t f , g ∈ [H 6,2 0 (curl, Ω)] ′ ✱ h = 0 ❛♥❞ P 0 ∈ H -1 2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ∀ v ∈ K 2 N (Ω), g, v Ω 6,2 = 0, ✭✶✳✷✳✸✮ div g = 0 in Ω, ✭✶✳✷✳✹✮ ✇❤❡r❡ •, • Ω r,p ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [H r,p 0 (curl, Ω)] ′ ❛♥❞ H r,p 0 (curl, Ω)✳ ❚❤❡♥ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠ ❤❛s ❛t •❡❛st ♦♥❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P, α) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω) × R I s✉❝❤ t❤❛t u H 1 (Ω) + b H 1 (Ω) + P L 2 (Ω) ≤ M, ✇❤❡r❡ M = C( f [H 6,2 0 (curl,Ω)] ′ + g [H 6,2
0 (curl,Ω)] ′ + P 0 H -1/2 (Γ) ) ❛♥❞ α = (α 1 , . . . , α I ) ❞❡✜♥❡❞ ❜②

α i = f , ∇q N i Ω 6,2 -P 0 , ∇q N i •n Γ + Ω (curl b)×b•∇q N i dx- Ω (curl u)×u•∇q N i dx, ✭✶✳✷✳✺✮ ✇❤❡r❡ •, • Γ ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H -1/2 (Γ) ❛♥❞ H 1/2 (Γ)✳ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✷✹ ■♥ ❛❞❞✐t✐♦♥✱ s✉♣♣♦s❡ t❤❛t f ✱ g ❛♥❞ P 0 ❛r❡ s♠❛•• ✐♥ t❤❡ s❡♥s❡ t❤❛t C 1 C 2 2 M ≤ 2 3C 2 P , ✭✶✳✷✳✻✮ ✇❤❡r❡ C P ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✶✳✸✳✻✮ ❛♥❞ C 1 ✱ C 2 ❛r❡ t❤❡ ❝♦♥st❛♥ts ❞❡✜♥❡❞ ✐♥ ✭✶✳✻✳✶✺✮✳ ❚❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ♦❢ ✭▼❍❉✮ ✐s ✉♥✐q✉❡✳ ❚❤❡ ♥❡①t t✇♦ t❤❡♦r❡♠s ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❣❡♥❡r❛•✐③❡❞ s♦•✉t✐♦♥s ✐♥ W 1,p (Ω) ❢♦r p > 2 ❛♥❞ str♦♥❣ s♦•✉t✐♦♥s ✐♥ W 2,p (Ω) ❢♦r p ≥ 6/5✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥ ✐♥ W 1,p (Ω) ❢♦r 3 2 < p < 2 ✐s ♥♦t tr✐✈✐❛•✳ ❲❡ ✇✐•• ♣r❡❝✐s❡ t❤✐s ❝❛s❡ •❛t❡r✳ ❚❤❡♦r❡♠ ✶✳✷✳✷✳ ✭❲❡❛❦ s♦•✉t✐♦♥s ✐♥ W 1,p (Ω) ✇✐t❤ p > 2 ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠✮✳ ▲❡t p > 2✳ ❙✉♣♣♦s❡ t❤❛t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ h = 0 ❛♥❞ P 0 ∈ W 1-1 r ,r (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✷✳✹✮ ❛♥❞ ∀ v ∈ K p ′ N (Ω), g, v Ω r ′ ,p ′ = 0. ✭✶✳✷✳✼✮ ❚❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶ s❛t✐s✜❡s (u, b, P ) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω). ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 1,p (Ω) + b W 1,p (Ω) + P W 1,r (Ω) C( f (H r ′ ,p ′ 0 (curl,Ω)) ′ + g (H r ′ ,p ′ 0 (curl,Ω)) ′ + P 0 W 1/r ′ ,r (Γ) )
❚❤❡♦r❡♠ ✶✳✷✳✸✳ ✭❙tr♦♥❣ s♦•✉t✐♦♥s ✐♥ W 2,p (Ω) ✇✐t❤ p ≥ 6 5 ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠✮✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ❛♥❞ p ≥ 6 5 ✳ ▲❡t f ✱ g ❛♥❞ P 0 ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮ ❛♥❞ f ∈ L p (Ω), g ∈ L p (Ω), h = 0 and P 0 ∈ W 1-1 p ,p (Γ).

❚❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶ ❜❡ (curl, Ω)] ′ , P 0 ∈ W 1-1 r ,r (Γ), h ∈ W 1,r (Ω) 

•♦♥❣s t♦ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) C( f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) ) ❲❡ r❡❢❡r t♦ ❚❤❡♦r❡♠ ✶✳✻✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✻✳✹ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉•t✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❍✐•❜❡rt ❝❛s❡ ❛♥❞ ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t ✉s✐♥❣ r❡❣✉•❛r✐t② r❡s✉•ts ♦❢ s♦♠❡ ❙t♦❦❡s ❛♥❞ ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ ❬✶✺( ❛♥❞ ❬✶✹(✳ ❚♦ ❞❡❛• ✇✐t❤ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ✭▼❍❉✮ s②st❡♠ ✐♥ W 1,p (Ω) ✇✐t❤ 3 2 < p < 2✱ ✇❡ ♥❡❡❞ t♦ st✉❞② t❤❡ ❢♦••♦✇✐♥❣ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ ❋✐♥❞ ✭u✱ b✱ P✱ c✮ ✇✐t❤ c = (c 1 , . . . , c I ) s✉❝❤ t❤❛t ❢♦r 1 ≤ i ≤ I✿                   
✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮✳ ✭✶✮✳ ❋♦r ❛♥② p ≥ 2✱ ✐❢ curl w ∈ L s (Ω)✱ d ∈ W 1,s σ (Ω) ✇❤❡r❡ s ✐s ❣✐✈❡♥ ❜② s = 3 2 if 2 < p < 3, s > 3 2 if p = 3 and s = r if p > 3, t❤❡♥ t❤❡ •✐♥❡❛r✐③❡❞ s②st❡♠ ✭✶✳✷✳✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✇✐t❤ c = (c 1 , . . . , c I )✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡✿ u W 1,p (Ω) + b W 1,p (Ω) + P W 1,r (Ω) ≤ C(1 + curl w L s (Ω) + d W 1,s (Ω) ) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + g [H r ′ ,p ′ 0 (curl,Ω)] +(1+ curl w L s (Ω) + d W 1,s (Ω) ) h W 1,r (Ω) ✭✷✮✳ ▲❡t 3 2 < p < 2✳ ■❢ curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 σ (Ω)✱ t❤❡♥ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✷✳✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u W 1, p (Ω) + b W 1, p (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + g [H r ′ ,p ′ 0 (curl,Ω)] + (1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) h W 1,r (Ω) ❛♥❞ P W 1,r (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) 2 × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + g [H r ′ ,p ′ 0 (curl,Ω)] + (1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) h W 1,r (Ω) . ✭✸✮✳ ❆•s♦ ❢♦r ❛♥② p ∈ (1, ∞)✱ ✐❢ Ω ✐s ♦❢ ❝•❛ss C 2,1 ✱ h = 0 ✐♥ Ω ❛♥❞ f ∈ L p (Ω), g ∈ L p (Ω), curl w ∈ L 3/2 (Ω), d ∈ W 1,3/2 (Ω), and P 0 ∈ W 1-1 p ,p (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮✱ t❤❡♥ (u, b, P, c) ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) × R I ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿ u W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) ≤ C(1 + curl w L 3 2 (Ω) + d W 1,3/2 (Ω) ) × f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p ( 
3 2 < p < 2 ❛♥❞ r ✇✐t❤ 1 r = 1 p + 1 3 ✳ ▲❡t ✉s ❝♦♥s✐❞❡r f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ P 0 ∈ W 1-1 r ,r (Γ) ❛♥❞ h ∈ W 1,r (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮✳ ✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t δ 1 s✉❝❤ t❤❛t✱ ✐❢ f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) ≤ δ 1 ❚❤❡♥✱ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠ ❤❛s ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥ (u, b, P, α) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u W 1,p (Ω) + b W 1,p (Ω) C 1 f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) ✭✶✳✷✳✾✮ P W 1,r (Ω) C 1 (1 + C * η) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) , ✭✶✳✷✳✶✵✮ ✇❤❡r❡ δ 1 = (2C 2 C * ) -1 ✱ C 1 = C(1 + C * η) 2 ✇✐t❤ C > 0✱ C * > 0 ❛r❡ t❤❡ ❝♦♥st❛♥ts ❣✐✈❡♥ ✐♥ ✭✶✳✻✳✷✺✮ ❛♥❞ η ❞❡✜♥❡❞ ❜② ✭✶✳✻✳✷✻✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• 1 i I α i = f , ∇q N i Ω - Ω (curl w) × u • ∇q N i dx + Ω (curl b) × d • ∇q N i dx + Γ (h -P 0 )∇q N i • n dσ ✭✐✐✮ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ❞❛t❛ s❛t✐s❢② t❤❛t f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) ≤ δ 2 , ❢♦r s♦♠❡ δ 2 ∈]0, δ 1 ]✱ t❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ✭▼❍❉✮ ♣r♦❜•❡♠ ✐s ✉♥✐q✉❡✳ ✶✳✸ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡•✐♠✐♥❛r② r❡s✉•ts ❇❡❢♦r❡ st✉❞②✐♥❣ t❤❡ ▼❍❉ ♣r♦❜•❡♠ ✭▼❍❉✮✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❜❛s✐❝ ♥♦t❛t✐♦♥s ❛♥❞ s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥❛• ❢r❛♠❡✇♦r❦ t♦ t❤✐s ❝❤❛♣t❡r✳ ■❢ ✇❡ ❞♦ ♥♦t st❛t❡ ♦t❤❡r✇✐s❡✱ Ω ✇✐•• ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R 3 ✱ ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r② ❝♦♥♥❡❝t❡❞✱ ♦❢ ❝•❛ss ❛t •❡❛st C 1,1 ❛♥❞ s♦♠❡t✐♠❡s ♦❢ ❝•❛ss C 2,1 ✳ ❲❡ ❞❡♥♦t❡ ❜② Γ i ✱ 0 ≤ i ≤ I✱ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ Γ✱ Γ 0 ❜❡✐♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ♦♥•② ✉♥❜♦✉♥❞❡❞ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ R 3 \Ω✳ ❚❤❡ ✈❡❝t♦r ✜❡•❞s ❛♥❞ ♠❛tr✐① ✜❡•❞s ❛s ✇❡•• ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡s ❛r❡ ❞❡♥♦t❡❞ ❜② ❜♦•❞ ❢♦♥t✳ ❲❡ ✇✐•• ✉s❡ C t♦ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ Ω ❛♥❞ t❤❡ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡•✐♠✐♥❛r② r❡s✉•ts ✷✼ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs ✇✐•• ❜❡ s♣❡❝✐✜❡❞ ✐❢ ♥❡❝❡ss❛r②✳ ❋♦r 1 < p < ∞✱ L p (Ω) ❞❡♥♦t❡s t❤❡ ✉s✉❡• ✈❡❝t♦r✲✈❛•✉❡❞ L p ✲s♣❛❝❡ ♦✈❡r Ω✳ ❆s ✉s✉❛•✱ ✇❡ ❞❡♥♦t❡ ❜② W m,p (Ω) t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ L p (Ω) ✇❤♦s❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡s ♦❢ ♦r❞❡r •❡ss t❤❛♥ ♦r ❡q✉❛• t♦ m ❛r❡ ❛•s♦ ✐♥ L p (Ω)✳ ■♥ t❤❡ ❝❛s❡ p = 2✱ ✇❡ s❤❛•• ✇r✐t❡ H m (Ω) ✐♥st❡❛❞ t♦ W m,2 (Ω)✳ ■❢ p ∈ [1, ∞)✱ p ′ ❞❡♥♦t❡s t❤❡ ❝♦♥•✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p✱ ✐✳❡✳ 1 p ′ = 1 -1 p ✳ ❲❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡s X p (Ω) = {v ∈ L p (Ω); div v ∈ L p (Ω), curl v ∈ L p (Ω)}, ✇❤✐❝❤ ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿ v X p (Ω) = v L p (Ω) + curl v L p (Ω) + div v L p (Ω) . ❚❤❡ s✉❜s♣❛❝❡s X p N (Ω) ❛♥❞ V p N (Ω) ❛r❡ ❞❡✜♥❡❞ ❜② X p N (Ω) = {v ∈ L p (Ω); div v ∈ L p (Ω), curl v ∈ L p (Ω), v × n = ✵ on Γ}, V p N (Ω) = {v ∈ X p N (Ω); div v = 0 in Ω}. ❲❤❡♥ p = 2✱ ✇❡ ✇✐•• ✉s❡ t❤❡ ♥♦t❛t✐♦♥ X N (Ω) ✐♥st❡❛❞ t♦ X 2 N (Ω)✳ ❲❡ ❞❡♥♦t❡ ❜② D(Ω) t❤❡ s❡t ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✭✐♥✜♥✐t❡•② ❞✐✛❡r❡♥t✐❛❜•❡✮ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω✳ ❋♦r p, r ∈ [1, ∞)✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ s♣❛❝❡ ❍ r,p (curl, Ω) := {✈ ∈ ▲ r (Ω); curl ✈ ∈ ▲ p (Ω)} , with 1 r = 1 p + 1 3 ✭✶✳✸✳✶✮ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ v ❍ r,p (curl,Ω) = v L r (Ω) + curl v L p (Ω) . ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t D(Ω) ✐s ❞❡♥s❡ ✐♥ ❍ r,p (curl, Ω) ✭❝❢✳ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✷( ❢♦r t❤❡ ❝❛s❡ r = p✮✳ ❚❤❡ ❝•♦s✉r❡ ♦❢ D(Ω) ✐♥ ❍ r,p (curl, Ω) ✐s ❞❡♥♦t❡❞ ❜② ❍ r,p 0 (curl, Ω) ✇✐t❤ ❍ r,p 0 (curl, Ω) := {✈ ∈ ❍ r,p (curl, Ω); v × n = ✵ on Γ} . D(Ω) ✐s ❞❡♥s❡ ✐♥ ❍ r,p 0 (curl, Ω) ❛♥❞ ✐ts ❞✉❛• s♣❛❝❡ ❞❡♥♦t❡❞ ❜② [❍ r,p 0 (curl, Ω)] ′ ❝❛♥ ❜❡ ❝❤❛r✲ ❛❝t❡r✐③❡❞ ❛s ❢♦••♦✇s ✭❝❢✳ ❬✶✹✱ ▲❡♠♠❛ ✷✳✹(✱ ❬✶✹✱ ▲❡♠♠❛ ✷✳✺( ❛♥❞ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✻( ❢♦r t❤❡ ❝❛s❡ r = p✮✿ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❆ ❞✐str✐❜✉t✐♦♥ f ❜❡•♦♥❣s t♦ [❍ r,p 0 (curl, Ω)] ′ ✐✛ t❤❡r❡ ❡①✐sts F ∈ L r ′ (Ω) ❛♥❞ ψ ∈ L p ′ (Ω) s✉❝❤ t❤❛t f = F + curl ψ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ✿ f [❍ r,p 0 (curl,Ω)] ′ ≤ inf f =F +curl ψ max{ F L r ′ (Ω) , ψ L p ′ (Ω) }. ◆❡①t ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❦❡r♥❡• K p N (Ω) = {v ∈ L p (Ω); div v = 0, curl v = ✵, v × n = ✵ on Γ}. ❚❤❛♥❦s t♦ ❬✶✺✱ ❈♦r♦••❛r② ✹✳✷(✱ ✇❡ ❦♥♦✇ t❤❛t t❤✐s ❦❡r♥❡• ✐s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ s♣❛♥♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥s ∇q N i ✱ 1 ≤ i ≤ I✱ ✇❤❡r❡ q N i ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠    -∆q N i = 0 in Ω, q N i | Γ 0 = 0 and q N i | Γ k = constant, 1 ≤ k ≤ I ∂ n q N i , 1 Γ k = δ i k , 1 ≤ k ≤ I, and ∂ n q N i , 1 Γ 0 = -1. ✭✶✳✸✳✷✮ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥s ∇q N i ✱ 1 ≤ i ≤ I✱ ❜❡•♦♥❣ t♦ W 1,q (Ω) ❢♦r ❛♥② 1 < q < ∞✳ ❲❡ ✇✐•• ✉s❡ ❛•s♦ t❤❡ s②♠❜♦• σ t♦ r❡♣r❡s❡♥t ❛ s❡t ♦❢ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❢✉♥❝t✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ X ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ t❤❡♥ X σ = {v ∈ X; div v = 0 in Ω}✳ ❲❡ r❡❝❛•• s♦♠❡ ✉s❡❢✉• r❡s✉•ts t❤❛t ♣•❛② ❛♥ ✐♠♣♦rt❛♥t r♦•❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡❣✉•❛r✐t② ♦❢ s♦•✉t✐♦♥s ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ✭s❡❡ ❬✶✺✱ ❚❤❡♦r❡♠ ✸✳✷✳(✮ ❚❤❡♦r❡♠ ✶✳✸✳✶✳ ❚❤❡ s♣❛❝❡ ❳ p N (Ω) ✐s ❝♦♥t✐♥✉♦✉s•② ❡♠❜❡❞❞❡❞ ✐♥ ❲ 1,p (Ω) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C✱ s✉❝❤ t❤❛t ❢♦r ❛♥② ✈ ✐♥ ❳ p N (Ω)✿ ✈ ❲ 1,p (Ω) ≤ C ✈ ▲ p (Ω) + div ✈ L p (Ω) + curl ✈ ▲ p (Ω) + I i=1 | ✈ • ♥, 1 Γ i | . ✭✶✳✸✳✸✮ ❆♥❞ ♠♦r❡ ❣❡♥❡r❛••② ✭s❡❡ ❬✶✺✱ ❈♦r♦••❛r② ✺✳✸(✮ ❈♦r♦••❛r② ✶✳✸✳✷✳ ▲❡t m ∈ N * ❛♥❞ Ω ♦❢ ❝•❛ss C m,1 ✳ ❚❤❡♥ t❤❡ s♣❛❝❡ ❳ m,p (Ω) = {✈ ∈ ▲ p (Ω); div ✈∈W m-1,p (Ω), curl ✈∈❲ m-1,p (Ω), ✈ • ♥∈❲ m-1 p ,p (Γ)} ✐s ❝♦♥t✐♥✉♦✉s•② ❡♠❜❡❞❞❡❞ ✐♥ ❲ m,p (Ω) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ✈ ✐♥ ❲ m,p (Ω)✱ ✈ ❲ m,p (Ω) ≤ C ✈ ▲ p (Ω) + curl ✈ ❲ m-1,p (Ω) + div ✈ W m-1,p (Ω) + ✈ × ♥ ❲ m-1 p ,p (Γ) ✭✶✳✸✳✹✮ ❲❡ ❛•s♦ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ✭❝❢✳ ❬✶✺✱ ❈♦r♦••❛r② ✸✳✷(✮ ✇❤✐❝❤ ❣✐✈❡s ❛ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ∈ W 1,p (Ω) ✇✐t❤ v × n = ✵ ♦♥ Γ✳ ❈♦r♦••❛r② ✶✳✸✳✸✳ ❖♥ t❤❡ s♣❛❝❡ ❳ p N (Ω)✱ t❤❡ s❡♠✐♥♦r♠ ✈ → curl ✈ ▲ p (Ω) + div ✈ L p (Ω) + I i=1 | ✈ • ♥, 1 Γ i | ✭✶✳✸✳✺✮ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ♥♦r♠ • ❳ p (Ω) ❢♦r ❛♥② 1 < p < ∞✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ∈ W 1,p (Ω) ✇✐t❤ v × n = ✵ ♦♥ Γ✿ v W 1,p (Ω) ≤ C P div v L p (Ω) + curl v L p (Ω) + I i=1 | ✈ • ♥, 1 Γ i | , ✭✶✳✸✳✻✮ ✇❤❡r❡ C P = C P (Ω) > 0✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥♦r♠ ✭✶✳✸✳✺✮ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢✉•• ♥♦r♠ • W 1,p (Ω) ♦♥ X p N (Ω)✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡•✐♠✐♥❛r② r❡s✉•ts ✷✾ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❙t♦❦❡s ♣r♦❜•❡♠✿ (S N )              -∆u + ∇P = f and div u = h in Ω, u × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , u • n, 1 Γ i = 0, 1 ≤ i ≤ I. ❚❤❡♥✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❛t ✐♥ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✼( t♦ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭h = 0✮✳ ■t ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦•✉t✐♦♥s ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N )✳ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✳ ❲❡ ❛ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ✳ ▲❡t ❢✱ h ❛♥❞ P 0 s✉❝❤ t❤❛t ❢ ∈ [❍ r ′ ,p ′ 0 (curl, Ω)] ′ , h ∈ W 1,r (Ω) and P 0 ∈ W 1-1/r,r (Γ), ✇✐t❤ r ≤ p ❛♥❞ 1 r ≤ 1 p + 1 3 ✳ ❚❤❡♥✱ t❤❡ ♣r♦❜•❡♠ (S N ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (✉, P ) ∈ ❲ 1,p (Ω) × W 1,r (Ω) ❛♥❞ ❝♦♥st❛♥ts c 1 , . . . , c I s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ ✉ ❲ 1,p (Ω) + P W 1,r (Ω) ≤ C ❢ [❍ r ′ ,p ′ 0 (curl, Ω)] ′ + h W 1,r (Ω) + P 0 W 1-1/r,r (Γ) , ✭✶✳✸✳✼✮ ❛♥❞ c 1 , . . . , c I ❛r❡ ❣✐✈❡♥ ❜② c i = ❢, ∇ q N i [❍ r ′ ,p ′ 0 (curl, Ω)] ′ ×❍ r ′ ,p ′ 0 (curl, Ω) + Γ (h -P 0 ) ∇ q N i • ♥dσ. ✭✶✳✸✳✽✮ ▼♦r❡♦✈❡r✱ ✐❢ f ∈ L p (Ω)✱ h ∈ W 1,p (Ω) ❛♥❞ P 0 ∈ W 1-1 p ,p (Γ)✱ t❤❡♥ (u, P ) ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 1,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ u W 2,p (Ω) + P W 1,p (Ω) C S f L p (Ω) + h W 1,p (Ω) + P 0 W 1-1 p ,p (Γ) + I i=1 |c i | , ✭✶✳✸✳✾✮ ✇❤❡r❡ C S = C S (Ω) > 0✳ Pr♦♦❢✳ ❚♦ r❡❞✉❝❡ t❤❡ ♥♦♥ ✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ♣r♦❜•❡♠ (S N ) t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ div u = 0 ✐♥ Ω✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜•❡♠ ∆ θ = h in Ω and θ = 0 on Γ. ❙✐♥❝❡ h ∈ W 1,r (Ω)✱ ✐t ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ θ ∈ W 3,r (Ω) ֒→ W 2,p (Ω)✱ ✇✐t❤ ✭❝❢✳ ❬✹✻✱ ❚❤❡♦r❡♠ ✶✳✽(✮ θ W 2,p (Ω) ≤ C h W 1,r (Ω) . ✭✶✳✸✳✶✵✮ ❚❛❦✐♥❣ ✇ = ∇ θ ❛♥❞ ❞❡✜♥✐♥❣ ✇ = ✇ - I i=1 ✇ • ♥, 1 Γ i grad q N i , ✭✶✳✸✳✶✶✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✵ ✇❡ s❡❡ t❤❛t ✇ ∈ ❲ 1,p (Ω) ✇✐t❤ div ✇ = h✱ curl ✇ = 0 ✐♥ Ω✱ ✇×♥ = 0 ♦♥ Γ ❛♥❞ ✇•♥, 1 Γ i = 0 ❢♦r ❛♥② 1 ≤ i ≤ I✳ ❋✐♥❛••②✱ t❛❦✐♥❣ ③ = ✉ -✇✱ ✇❡ s❡❡ t❤❛t t❤❡ ♣r♦❜•❡♠ (S N ) ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠ ❢♦r ③ ❛♥❞ P ✿              -∆z + ∇P = f + ∆ w and div z = 0 in Ω, z × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , z • n, 1 Γ i = 0, 1 ≤ i ≤ I. ✭✶✳✸✳✶✷✮ ❙✐♥❝❡ ✇ = ∇ θ ❛♥❞ ∆(∇q N i ) = 0✱ ✐t ❢♦••♦✇s ❢r♦♠ ✭✶✳✸✳✶✶✮ t❤❛t ∆ ✇ = ∇ (∆θ) ∈ L r (Ω) ֒→ [❍ r ′ ,p ′ 0 (curl, Ω)] ′ ❛♥❞ Ω ∆ w • ∇q N i dx = 0✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✼(✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (z, P, c) ∈ W 1,p (Ω) × W 1,r (Ω) × R I ♦❢ ✭✶✳✸✳✶✷✮ ✇✐t❤ c = (c 1 , . . . , c I ) ❣✐✈❡♥ ❜② ✭✶✳✸✳✽✮✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✶✳✸✳✶✵✮✱ ✇❡ ❤❛✈❡ ∆ w [H r ′ ,p ′ 0 (curl,Ω)] ′ ≤ C h W 1,r (Ω) ❛♥❞ t❤❡♥ (z, P ) s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿ ③ ❲ 1,p (Ω) + P W 1,r (Ω) ≤ C ❢ [❍ r ′ ,p ′ 0 (curl, Ω)] ′ + h W 1,r (Ω) + P 0 W 1-1/r,r (Γ) .✭✶✳✸✳✶✸✮ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ (✉, P ) = (③ + ✇,P) ∈ ❲ 1,p (Ω) × W 1,r (Ω) ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ (S N ) ❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✶✳✸✳✼✮ ❢♦••♦✇s ❢r♦♠ ✭✶✳✸✳✶✵✮ ❛♥❞ ✭✶✳✸✳✶✸✮✳ ◆♦✇✱ ✇❡ s✉♣♣♦s❡ t❤❛t f ∈ L p (Ω)✱ h ∈ W 1,p (Ω) ❛♥❞ P 0 ∈ W 1-1/p,p (Γ)✳ ❲❡ ❦♥♦✇ t❤❛t (u, P ) ❜❡•♦♥❣s t♦ W 1,p (Ω) × W 1,r (Ω)✳ ❲❡ s❡t z = curl u✳ ❙✐♥❝❡ u × n = ✵ ♦♥ Γ✱ ✇❡ ❤❛✈❡ z • n = 0 ♦♥ Γ ❛♥❞ t❤❡♥ z ❜❡•♦♥❣s t♦ X N (Ω)✳ ❇② ❚❤❡♦r❡♠ ✶✳✸✳✶✱ t❤❡ ❢✉♥❝t✐♦♥ z ❜❡•♦♥❣s t♦ W 1,p (Ω)✳ ❚❤❡♥✱ u s❛t✐s✜❡s u ∈ L p (Ω), div u = h ∈ W 1,p (Ω), curl u ∈ W 1,p (Ω) and u × n = ✵ on Γ. ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❈♦r♦••❛r② ✶✳✸✳✷ ✭✇✐t❤ m = 2✮ t❤❛t u ❜❡•♦♥❣s t♦ W 2,p (Ω)✳ ❲❡ ♥❡❡❞ ❛•s♦ s♦♠❡ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r t❤❡ ❢♦••♦✇✐♥❣ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N )          -∆b = g and div b = 0 in Ω, b × n = ✵ on Γ b • n, 1 Γ i = 0, ∀1 i I, ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❙t♦❦❡s ♣r♦❜•❡♠ ✇✐t❤♦✉t ♣r❡ss✉r❡✳ ❲❡ ♥♦t❡ t❤❛t (E N ) ✐s ✇❡••✲♣♦s❡❞✳ ■♥❞❡❡❞✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ div g = 0 ✐♥ Ω ✐s ♥❡❝❡ss❛r② t♦ s♦•✈❡ (E N ) ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t ✐t ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -∆ ❜ = g in Ω div ❜ = 0, and ❜ × ♥ = ✵ on Γ, b • n, 1 Γ i = 0, ∀1 i I, ✭✶✳✸✳✶✹✮ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡•✐♠✐♥❛r② r❡s✉•ts ✸✶ ✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣•❛❝❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ div ❜ = 0 ✐♥ Ω ❜② div ❜ = 0 ♦♥ Γ✳ ◆❡①t✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛♥② ❜ ∈ ❲ 1,p (Ω) s✉❝❤ t❤❛t div ❜ ∈ W 1,p (Ω)✱ ✇❡ ❤❛✈❡ ✭❝❢✳ ❬✶✵( ♦r ❬✺✺( ❢♦r ❜ ∈ ❲ 2,p (Ω)✮✿ div ❜ = div Γ ❜ t + ∂ ❜ ∂ ♥ • ♥ -2K❜ • ♥ on Γ, ✭✶✳✸✳✶✺✮ ✇❤❡r❡ b t ✐s t❤❡ t❛♥❣❡♥t✐❛• ❝♦♠♣♦♥❡♥t ♦❢ b✱ K ❞❡♥♦t❡s t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ Γ ❛♥❞ div Γ ✐s t❤❡ s✉r❢❛❝❡ ❞✐✈❡r❣❡♥❝❡✳ ❚❤❡♥✱ ✉s✐♥❣ ✭✶✳✸✳✶✺✮✱ t❤❡ ♣r♦❜•❡♠ ✭✶✳✸✳✶✹✮ ✐s ❡q✉✐✈❛•❡♥t t♦✿ ✜♥❞ ❜ ∈ ❲ 1,p (Ω) s✉❝❤ t❤❛t          -∆ ❜ = g in Ω, ❜ × ♥ = 0 and ∂ ❜ ∂ ♥ • ♥ -2K❜ • ♥ = 0 on Γ, b • n, 1 Γ i = 0, ∀1 i I, ✭✶✳✸✳✶✻✮ ✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥ ∂ ❜ ∂ ♥ • ♥ -2K❜ • ♥ = 0 on Γ ✐s ❛ ❋♦✉r✐❡r✲|♦❜✐♥ t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ r❡❣✉•❛r✐t② r❡s✉•t ❢♦r (E N ) ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✺✱ ❈♦r♦••❛r② ✺✳✹✳(✳ ❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❆ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ✳ ▲❡t g ∈ L p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ∀ v ∈ K p ′ N (Ω), Ω g • v dx = 0, ✭✶✳✸✳✶✼✮ div g = 0 in Ω. ✭✶✳✸✳✶✽✮ ❚❤❡♥ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ b ∈ W 2,p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡ b W 2,p (Ω) C E g L p (Ω) . ✭✶✳✸✳✶✾✮ ❲❡ ♥❡❡❞ ❛•s♦ t❤❡ ❢♦••♦✇✐♥❣ ✉s❡❢✉• r❡s✉•t ❢♦r (E N ) ✇❤✐❝❤ ❣✐✈❡s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❛t ✐♥ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶(✳ ■♥❞❡❡❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✉❛• s♣❛❝❡ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✇✐t❤ 1 r = 1 p + 1 3 ✭❝✳❢✳ ✭✶✳✸✳✶✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✭✶✳✸✳✶✮✮ ❢♦r ❞❛t❛ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥st❡❛❞ ♦❢ [H p ′ ,p ′ 0 (curl, Ω)] ′ ✳ ▲❡♠♠❛ ✶✳✸✳✹✳ ▲❡t Ω ♦❢ ❝•❛ss C 2,1 ✳ ▲❡t g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ∀ v ∈ K p ′ N (Ω), g, v [H r ′ ,p ′ 0 (curl,Ω)] ′ ×H r ′ ,p ′ 0 (curl,Ω) = 0, ✭✶✳✸✳✷✵✮ div g = 0 in Ω. ✭✶✳✸✳✷✶✮ ❚❤❡♥✱ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ b ∈ W 1,p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ b W 1,p (Ω) C g [H r ′ ,p ′ 0 (curl,Ω)] ′ ✭✶✳✸✳✷✷✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✷ Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✉❛• s♣❛❝❡ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✱ ✇❡ ❝❛♥ ✇r✐t❡ g ❛s✿ g = G + curl Ψ, where G ∈ L r (Ω) and Ψ ∈ L p (Ω). ✭✶✳✸✳✷✸✮ ◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✶✳✸✳✷✮✱ ❢♦r ❛♥② 1 i I✱ curl Ψ, ∇q N i Ω = 0✱ t❤❡♥ ✐t ❢♦••♦✇s ❢r♦♠ ✭✶✳✸✳✷✵✮ ❛♥❞ ✭✶✳✸✳✷✸✮ t❤❛t G ❛•s♦ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✸✳✷✵✮✳ ❙✐♠✐•❛r•②✱ ❜② ✭✶✳✸✳✷✸✮✱ ✇❡ ❤❛✈❡ div G = 0✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -∆b 1 = G in Ω and div b 1 = 0 in Ω, b 1 × n = 0 on Γ, b 1 • n, 1 Γ i = 0, ∀1 i I ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ b 1 ∈ W 2,r (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ b 1 W 2,r (Ω) C G L r (Ω) . ✭✶✳✸✳✷✹✮ ◆❡①t✱ s✐♥❝❡ curl Ψ ∈ [H p ′ 0 (curl, Ω)] ′ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✸✳✷✵✮✱ ❜② ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳( t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠          -∆b 2 = curl Ψ in Ω and div b 2 = 0 in Ω, b 2 × n = 0 on Γ, b 2 • n, 1 Γ i = 0, ∀1 i I ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ b 2 ∈ W 1,p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ b 2 W 1,p (Ω) C curl Ψ L p (Ω) . ✭✶✳✸✳✷✺✮ ❙✐♥❝❡ 1 r = 1 p + 1 3 ✱ W 2,r (Ω) ֒→ W 1,p (Ω)✳ ❚❤❡♥✱ b = b 1 + b 2 ❜❡•♦♥❣s t♦ W 1,p (Ω) ❛♥❞ ✐t ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ (E N )✳ ❚❤❡ ❡st✐♠❛t❡ ✭✶✳✸✳✷✷✮ ❢♦••♦✇s ❢r♦♠ ✭✶✳✸✳✷✹✮ ❛♥❞ ✭✶✳✸✳✷✺✮✳ |❡♠❛r❦ ✶✳✸✳✹✳ ✭✶✮✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉•❛r✐t② C 2,1 ✐♥ ▲❡♠♠❛ ✶✳✸✳✹ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ C 1,1 ✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (E N ) ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢♦••♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛• ❢r♠✉•❛t✐♦♥ ✭❝✳❢✳ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶(✮✿ ❋✐♥❞ b ∈ W 1,p (Ω) s✉❝❤ t❤❛t ❢♦r ❛♥② a ∈ V p ′ N (Ω)✿ Ω curl b • curl a dx = g, a [H r ′ ,p ′ 0 (curl,Ω)] ′ ×H r ′ ,p ′ 0 (curl,Ω) . ✭✶✳✸✳✷✻✮ ❚❤❛♥❦s t♦ ❬✶✺✱ ▲❡♠♠❛ ✺✳✶(✱ ✐❢ Ω ✐s ♦❢ ❝•❛ss C 1,1 ✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♥✜✲s✉♣ ❝♦♥❞✐t✐♦♥ ❤♦•❞s✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β > 0✱ s✉❝❤ t❤❛t✿ inf ❛∈❱ p ′ N (Ω) ❛ =0 sup ❜∈❱ p N (Ω) ❜ =0 Ω curl ❜ • curl ❛ d① ❜ ❲ 1,p (Ω) ❛ ❲ 1,p ′ (Ω) ≥ β. ✭✶✳✸✳✷✼✮ ❙♦✱ ♣r♦❜•❡♠ ✭✶✳✸✳✷✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ u ∈ V p N (Ω) ⊂ W 1,p (Ω) s✐♥❝❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s ❞❡✜♥❡s ❛♥ ❡•❡♠❡♥t ♦❢ (V p N (Ω)) ′ ✳ ✭✷✮✳ ■♥ t❤❡ ❝•❛ss✐❝❛• st✉❞② ♦❢ t❤❡ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ t❤❡ ♣r❡ss✉r❡ P ✐s ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ ❛ ✈❛r✐❛♥t ♦❢ ❉❡ |❤❛♠✬s t❤❡♦r❡♠ ✭s❡❡ ❬✶✵✱ ❚❤❡♦r❡♠ ✷✳✽(✮✳ ■♥❞❡❡❞✱ •❡t Ω ⊂ R 3 ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ❛♥❞ f ∈ W -1,p (Ω)✱ 1 < p < ∞ s❛t✐s❢②✐♥❣ ∀v ∈ D σ (Ω), f , v D ′ (Ω)×D(Ω) = 0. ❚❤❡♥ t❤❡r❡ ❡①✐sts P ∈ L p (Ω) s✉❝❤ t❤❛t f = ∇P ✳ ❯♥•✐❦❡ t❤❡ ❝❛s❡ ♦❢ ❉✐r✐❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r❡ss✉r❡ ✐♥ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ t❤❡ ✈❡•♦❝✐t② u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b✳ ■♥❞❡❡❞✱ t❤❡ ♣r❡ss✉r❡ P ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠    ∆P = div f -div((curl w) × u) + div((curl b) × d) in Ω P = P 0 on Γ 0 and P = P 0 + α i on Γ i . ❙♦✱ ✇❤❡♥ ✇❡ t❛•❦ ❛❜♦✉t t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ♦r W 2,p (Ω) ✐t ❝♦♥❝❡r♥s (u, b) ❛♥❞ ✇❡ ♠❡❛♥ t❤❛t (u, b, P ) ✐s t❤❡ ✇❡❛❦ ♦r str♦♥❣ s♦•✉t✐♦♥ ♦❢ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠✳ ✶✳✹ ❚❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L 2 ✲t❤❡♦r② ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ t❛❦❡ w ❛♥❞ d s✉❝❤ t❤❛t✿ curl w ∈ L 3/2 (Ω), d ∈ L 3 (Ω), div d = 0 in Ω, ✭✶✳✹✳✶✮ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ ❋✐♥❞ ✭u✱ b✱ P✱ c✮ ✇✐t❤ c = (c 1 , . . . , c I ) s✉❝❤ t❤❛t ❢♦r 1 ≤ i ≤ I✿                    -∆u + (curl w) × u + ∇P -(curl b) × d = f and div u = h in Ω, curl curl b -curl(u × d) = g and div b = 0 ✐♥ Ω, u × n = ✵ and b × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , u • n, 1 Γ i = 0, and b • n, 1 Γ i = 0. ✭✶✳✹✳✷✮ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇✱ ✉♥❞❡r ♠✐♥✐♠❛• r❡❣✉•❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ f ✱ g✱ h ❛♥❞ P 0 ✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s (u, b, P, c) ✐♥ H 1 (Ω)×H 1 (Ω)×L 2 (Ω)×R I ✳ ❈•❛ss✐❝❛••②✱ t❤❡ ✐❞❡❛ ✐s t♦ ✇r✐t❡ ❛♥ ❡q✉✐✈❛•❡♥t ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ❛♥❞ ✉s❡ ▲❛① ▼✐•❣r❛♠ ✐❢ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ ✐♥✈♦•✈❡❞ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✐s ❝♦❡r❝✐✈❡✳ ■t ✐s ♥❛t✉r❛• t♦ •♦♦❦ ❢♦r ❛ s♦•✉t✐♦♥ (u, b) ✐♥ V N (Ω) × V N (Ω) ✇✐t❤ V N (Ω) := {v ∈ H 1 (Ω); div v = 0 ✐♥ Ω, v × n = 0 ♦♥ Γ, v • n, 1 Γ i = 0, ∀1 i I}. ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✹ ❯♥•✐❦❡ t❤❡ ❝❛s❡ ♦❢ ❉✐r✐❝❤•❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ s♣❛❝❡ H -1 (Ω) ✐s ♥♦t s✉✐t❛❜•❡ ❢♦r s♦✉r❝❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t♦ ✜♥❞ s♦•✉t✐♦♥s ✐♥ H 1 (Ω)✳ ▲❡t ✉s ❛♥❛•②s❡ t❤❡ ❝❛s❡ ♦❢ f ✱ ✐t ❤♦•❞s tr✉❡ ❛•s♦ ❢♦r g✳ ❙✐♥❝❡ v ∈ V N (Ω)✱ t❤❡♥ ✇❡ ❝❛♥ ✜rst•② ❝♦♥s✐❞❡r t❤❡ ❞✉❛•✐t② ♣❛✐r✐♥❣ f , v [H 2,2 0 (curl,Ω)] ′ ×H 2,2 0 (curl,Ω) ✐♥ ✈✐❡✇ t♦ ✇r✐t❡ ❛♥ ❡q✉✐✈❛•❡♥t ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛✲ t✐♦♥✳ ❚❤❡♥✱ ✇❡ ♠✉st s✉♣♣♦s❡ t❤❛t f ❜❡•♦♥❣s t♦ [H 2,2 0 (curl, Ω)] ′ ✳ ❇✉t✱ ✇❡ ❤❛✈❡ v ❜❡•♦♥❣s t♦ H 1 (Ω) ֒→ L 6 (Ω)✳ ❚❤❡♥✱ t❤❡ ♣r❡✈✐♦✉s ❤②♣♦t❤❡s✐s ♦♥ f ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♣❛❝❡ [H 6,2 0 (curl, Ω)] ′ ✇❤✐❝❤ ✐s ❛ s✉❜s♣❛❝❡ ♦❢ H -1 (Ω)✳ ■♥❞❡❡❞✱ t❤❛♥❦s t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✱ ✇❡ ❤❛✈❡ ❢♦r r = 6 ❛♥❞ p = 2✱ [H 6,2 0 (curl, Ω)] ′ = {F + curl ψ; F ∈ L 6/5 (Ω), ψ ∈ L 2 (Ω)}. ✭✶✳✹✳✸✮ ❚❤❡♥✱ s✐♥❝❡ V N (Ω) ֒→ H 6,2 0 (curl, Ω)✱ t❤❡ ♣r❡✈✐♦✉s ❞✉❛•✐t② ✐s r❡♣•❛❝❡❞ ❜② f , v [H 6,2 0 (curl,Ω)] ′ ×H 6,2 0 (curl,Ω) = Ω F • v dx + Ω ψ • curl v dx. ■♥ t❤❡ s❡q✉❡•✱ ✇❡ ✇✐•• ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡ [H 6,2 0 (curl, Ω)] ′ ❢♦r f ❛♥❞ g t♦ ♦❜t❛✐♥ s♦•✉t✐♦♥s ✐♥ H 1 (Ω)✳ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✳ ▲❡t ✉s s✉♣♣♦s❡ h = 0✳ ▲❡t f , g ∈ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ P 0 ∈ H -1 2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ∀ v ∈ K 2 N (Ω), g, v Ω 6,2 = 0, ✭✶✳✹✳✹✮ div g = 0 on Ω, ✭✶✳✹✳✺✮ ✇❤❡r❡ •, • Ω 6,2 ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ H 6,2 0 (curl, Ω)✳ ❚❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ ♣r♦❜•❡♠s ❛r❡ ❡q✉✐✈❛•❡♥t✿ ✭✐✮ ❋✐♥❞ (u, b, P, c) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω) × R I s♦•✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳ ✭✐✐✮ ❋✐♥❞ (u, b) ∈ V N (Ω) × V N (Ω) ❛♥❞ c ∈ R I s✉❝❤ t❤❛t✿ ❢♦r ❛•• (v, Ψ) ∈ V N (Ω) × V N (Ω) Ω curl u • curl v dx + Ω (curl w) × u • v dx - Ω (curl b) × d • v dx + Ω curl b • curl Ψ dx + Ω (curl Ψ) × d • u dx = f , v Ω 6,2 + g, Ψ Ω 6,2 -P 0 , v • n Γ0 - I i=1 P 0 + c i , v • n Γi ✭✶✳✹✳✻✮ ❛♥❞ c = (c 1 , • • • , c I ) s❛t✐s❢②✐♥❣ ❢♦r 1 ≤ i ≤ I✿ c i = f , ∇q N i Ω 6,2 -P 0 , ∇q N i • n Γ - Ω (curl w) × u • ∇q N i dx + Ω (curl b) × d • ∇q N i dx, ✭✶✳✹✳✼✮ ✇❤❡r❡ •, • Γ ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H -1/2 (Γ) ❛♥❞ H 1/2 (Γ)✳ Pr♦♦❢✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❬✶✺✱ ▲❡♠♠❛ ✺✳✺(✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t D σ (Ω) × D(Ω) ✐s ❞❡♥s❡ ✐♥ t❤❡ s♣❛❝❡ E(Ω) = {(u, P ) ∈ H 1 σ (Ω) × L 2 (Ω); ∆u + ∇P ∈ [❍ 6,2 0 (curl, Ω)] ′ }. ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ •r❡❡♥ ❢♦r♠✉•❛✿ ❋♦r ❛♥② (✉, P ) ∈ E(Ω) ❛♥❞ ϕ ∈ ❍ 1 σ (Ω) ✇✐t❤ ϕ × ♥ = ✵ ♦♥ Γ✿ -∆ ✉ + ∇ P, ϕ Ω 6,2 = Ω curl ✉ • curl ϕ d① + P, ϕ • ♥ Γ . ✭✶✳✹✳✽✮ ❯s✐♥❣ •r❡❡♥ ❢♦r♠✉•❛ ✭✶✳✹✳✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❛♥② (u, b, P, c) ∈ H 1 (Ω)×H 1 (Ω)×L 2 (Ω)×R I s❛t✐s❢②✐♥❣ ✭✶✳✹✳✷✮ ❛•s♦ s♦•✈❡s ✭✶✳✹✳✻✮✳ ■t r❡♠❛✐♥s t♦ r❡❝♦✈❡r t❤❡ r❡•❛t✐♦♥ ✭✶✳✹✳✼✮✳ ▲❡t ✉s t❛❦❡ v ∈ H 1 σ (Ω) ✇✐t❤ v × n = 0 ♦♥ Γ ❛♥❞ s❡t✿ v 0 = v - I i=1 v • n, 1 Γ i ∇q N i ✭✶✳✹✳✾✮ ❖❜s❡r✈❡ t❤❛t v 0 ∈ H 1 σ (Ω)✱ v 0 × n = ✵ ♦♥ Γ ❛♥❞ ❞✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ q N i ✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• 1 ≤ i ≤ I✱ v 0 • n, 1 Γ i = 0✳ ❚❤❡♥ v 0 ❜❡•♦♥❣s t♦ V N (Ω)✳ ▼✉•t✐♣•②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦♥ t❤❡ •❡❢t ♦❢ t❤❡ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ✇✐t❤ v = v 0 + I i=1 v • n, 1 Γ i ∇q N i ✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ Ω✱ ✇❡ ♦❜t❛✐♥ Ω curl u • curl v dx + Ω (curl w) × u • v dx - Ω (curl b) × d • v dx -f , v Ω + P 0 , v • n Γ0 + I i=1 P 0 + c i , v • n Γi = Ω curl u • curl v 0 dx + Ω (curl w) × u • v 0 dx - Ω (curl b) × d • v 0 dx -f , v 0 Ω + P 0 , v 0 • n Γ0 + I i=1 P 0 + c i , v 0 • n Γi + I i=1 v • n, 1 Γi Ω (curl w) × u • ∇q N i dx + I i=1 v • n, 1 Γi - Ω (curl b) × d • ∇q N i dx -f , ∇q N i Ω + P 0 , ∇q N i • n Γ + I i=1 c i v • n, 1 Γi = 0 ❈♦♠♣❛r✐♥❣ ✇✐t❤ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✹✳✻✮ ❢♦r t❤❡ t❡st ❢✉♥❝t✐♦♥ (v 0 , 0)✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛•• 1 i I✿ I i=1 c i v • n, 1 Γi = I i=1 v • n, 1 Γi - Ω (curl w) × u • ∇q N i dx + Ω (curl b) × d • ∇q N i dx + f , ∇q N i Ω -P 0 , ∇q N i • n Γ ❋✐♥❛••②✱ t❛❦✐♥❣ v = ∇q N j ✱ ❞✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ q N i ✐♥ ✭✶✳✸✳✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡•❛t✐♦♥ ✭✶✳✹✳✼✮ ❢♦r ❛•• 1 j I✳ ❈♦♥✈❡rs❡•②✱ •❡t (u, b) ∈ V N (Ω) × V N (Ω) ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ✭✶✳✹✳✻✮ ❛♥❞ c = (c 1 , • • • , c I ) s❛t✐s❢②✐♥❣ ✭✶✳✹✳✼✮✳ ❲❡ ✇❛♥t t♦ s❤♦✇ ✐t ✐♠♣•✐❡s (i)✳ ❲❡ ♥♦t❡ t❤❛t D σ (Ω) ✐s ♥♦t ❛ s✉❜s♣❛❝❡ ♦❢ V N (Ω)✱ s♦ ✐t ✐s ♥♦t ♣♦ss✐❜•❡ t♦ ♣r♦✈❡ ❞✐r❡❝t•② t❤❛t ✭✶✳✹✳✻✮✲✭✶✳✹✳✼✮ ✐♠♣•✐❡s (i)✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ❝❛♥ ♥♦t ❛♣♣•② t❤❡ ❉❡ |❤❛♠✬s •❡♠♠❛ t♦ r❡❝♦✈❡r t❤❡ ♣r❡ss✉r❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♥❡❡❞ t♦ ❡①t❡♥❞ ✭✶✳✹✳✻✮ ❢♦r ❛•• ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❢✉♥❝t✐♦♥s (v, Ψ) ∈ X N (Ω) × X N (Ω)✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ •❡t (v, Ψ) ∈ X N (Ω) × X N (Ω) ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮ ❢♦r v t♦ ♦❜t❛✐♥ v 0 ∈ V N (Ω)✳ ❙✐♠✐•❛r•②✱ ✇❡ s❡t Ψ 0 = Ψ - I i=1 Ψ • n, 1 Γi ∇q N i , ✭✶✳✹✳✶✵✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✻ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t Ψ 0 ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ V N (Ω)✳ |❡♣•❛❝✐♥❣ ✐♥ ✭✶✳✹✳✻✮✱ ✇❡ ♦❜t❛✐♥✿ Ω curl u • curl v dx + Ω (curl w) × u • v dx - Ω (curl b) × d • v dx + Ω curl b • curl Ψ dx + Ω (curl Ψ) × d • u dx -f , v Ω -g, Ψ Ω + P 0 , v • n Γ0 + I i=1 P 0 + c i , v • n Γi = I i=1 v • n, 1 Γi - Ω (curl b) × d • ∇q N i dx + Ω (curl w) × u • ∇q N i dx -f , ∇q N i Ω + P 0 , ∇q N i • n Γ = -ci + I i=1 v • n, 1 Γi c i + I i=1 Ψ • n, 1 Γi g, ∇q N i Ω , ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛•• 1 i I✿ I j=1 c j ∇q N i • n, 1 Γj = c i ✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮ ✐♠♣•✐❡s t❤❛t g, ∇q N i Ω = 0 ❢♦r ❛•• 1 i I✳ ❚❤✉s✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ r❡•❛t✐♦♥ ✐s ❡q✉❛• t♦ ③❡r♦ ❛♥❞ t❤❡♥ ❢♦r ❛♥② (v, Ψ) ∈ X N (Ω) × X N (Ω)✱ ✇❡ ❤❛✈❡ Ω curl u • curl v dx + Ω (curl w) × u • v dx - Ω (curl b) × d • v dx + Ω curl b • curl Ψ dx + Ω (curl Ψ) × d • u dx = f , v Ω + g, Ψ Ω -P 0 , v • n Γ0 - I i=1 P 0 + c i , v • n Γi . ✭✶✳✹✳✶✶✮ ❚❤❛t ♠❡❛♥s t❤❛t ♣r♦❜•❡♠ ✭✶✳✹✳✶✶✮ ❛♥❞ ✭✶✳✹✳✻✮ ❛r❡ ❡q✉✐✈❛•❡♥t✳ ❙♦✱ ✐♥ t❤❡ s❡q✉❡•✱ ✇❡ ✇✐•• ♣r♦✈❡ t❤❛t ♣r♦❜•❡♠ ✭✶✳✹✳✶✶✮ ✐♠♣•✐❡s (i)✳ ❈❤♦♦s✐♥❣ (v, 0) ✇✐t❤ v ∈ D σ (Ω) ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✹✳✶✶✮✱ ✇❡ ❤❛✈❡ -∆u + (curl w) × u -(curl b) × d -f , v D ′ (Ω)×D(Ω) = 0 ❙♦ ❜② ❉❡ |❤❛♠✬s t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ❞✐str✐❜✉t✐♦♥ P ∈ D ′ (Ω)✱ ❞❡✜♥❡❞ ✉♥✐q✉❡•② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t -∆u + (curl w) × u -(curl b) × d -f = -∇P in Ω. ✭✶✳✹✳✶✷✮ ❙✐♥❝❡ u ❛♥❞ b ❜❡•♦♥❣ t♦ H 1 (Ω) ֒→ L 6 (Ω)✱ t❤❡ t❡r♠s (curl w) × u ❛♥❞ (curl b) × d ❜❡•♦♥❣ t♦ L 6 5 (Ω) ֒→ H -1 (Ω)✳ ❆s f ∈ [H 6,2 0 (curl, Ω)] ′ ֒→ H -1 (Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∇P ∈ H -1 (Ω) ❛♥❞ t❤❡♥ P ∈ L 2 (Ω) ✇✐t❤ ❛ tr❛❝❡ ✐♥ H -1 2 (Γ) ✭✇❡ r❡❢❡r t♦ ❬✶✶(✮✳ ◆❡①t✱ ❝❤♦♦s✐♥❣ (0, Ψ) ✇✐t❤ Ψ ∈ D σ (Ω) ✐♥ ✭✶✳✹✳✶✶✮✱ ✇❡ ❤❛✈❡ curl curl b -curl(u × d) -g, Ψ D ′ (Ω)×D(Ω) = 0 ❚❤❡♥✱ ❛♣♣•②✐♥❣ ❬✼✻✱ ▲❡♠♠❛ ✷✳✷(✱ ✇❡ ❤❛✈❡ χ ∈ L 2 (Ω) ❞❡✜♥❡❞ ✉♥✐q✉❡•② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t curl curl b -curl(u × d) -g = ∇χ in Ω and χ = 0 on Γ ❲❡ ♥♦t❡ t❤❛t t❤❡ tr❛❝❡ ♦❢ χ ✐s ✇❡•• ❞❡✜♥❡❞ ❛♥❞ ❜❡•♦♥❣s t♦ H -1/2 (Γ)✳ ❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ t❤❡ ❢✉♥❝t✐♦♥ χ ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♣r♦❜•❡♠ ∆χ = 0 in Ω and χ = 0 on Γ. ❙♦✱ ✇❡ ❞❡❞✉❝❡ t❤❛t χ = 0 ✐♥ Ω ✇❤✐❝❤ ❣✐✈❡s t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✹✳✷✮✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ❢❛❝t t❤❛t u ❛♥❞ b ❜❡•♦♥❣ t♦ t❤❡ s♣❛❝❡ V N (Ω)✱ ✇❡ ❤❛✈❡ div u = div b = 0 ✐♥ Ω ❛♥❞ u × n = b × n = 0 ♦♥ Γ✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣r❡ss✉r❡✳ ▼✉•t✐♣•②✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✹✳✶✷✮ ❜② v ∈ X N (Ω)✱ ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦♥ Ω✱ ✇❡ ♦❜t❛✐♥ Ω curl u • curl v 0 dx + Ω (curl w) × u • v 0 dx - Ω (curl b) × d • v 0 dx -f , v 0 Ω + P, v 0 • n Γ = I i=1 v • n, 1 Γi - Ω (curl w) × u • ∇q N i dx + Ω (curl b) × d • ∇q N i dx + f , ∇q N i Ω -P, ∇q N i • n Γ ❚❛❦✐♥❣ (v, 0) t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✹✳✻✮✱ ✇❡ ❤❛✈❡✿ Ω curl u • curl v 0 dx + Ω (curl w) × u • v 0 dx - Ω (curl b) × d • v 0 dx -f , v 0 Ω + P 0 , v 0 • n Γ0 + I i=1 P 0 + c i , v 0 • n Γi = I i=1 v • n, 1 Γi - Ω (curl w) × u • ∇q N i dx + Ω (curl b) × d • ∇q N i dx + f , ∇q N i Ω -P 0 , ∇q N i • n Γ0 - I j=1 P 0 + c j , ∇q N i • n Γj ❙✉❜str❛❝t✐♥❣ ❜♦t❤ ❡q✉❛t✐♦♥s ❛♥❞ ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮✱ ✇❡ ♦❜t❛✐♥✿ P, v 0 • n Γ + I i=1 v • n, 1 Γi P, ∇q N i • n Γ P,v•n Γ = P 0 , v 0 • n Γ0 + I i=1 P 0 + c i , v 0 • n Γi P0,v0•n Γ +ci I i=1 v0•n,1 Γ i + I i=1 v • n, 1 Γi P 0 , ∇q N i • n Γ0 + I j=1 P 0 + c j , ∇q N i • n Γj P0,∇q N i •n Γ +ci ❙✐♥❝❡ v 0 • n, 1 Γi = 0✱ 1 ≤ i ≤ I✱ ✇❡ ❤❛✈❡ P, v • n Γ = P 0 , v • n Γ + I i=1 c i , v • n Γi = P 0 , v • n Γ0 + I i=1 P 0 + c i , v • n Γi ◆❡①t✱ t❤❡ ❛r❣✉♠❡♥t t♦ ❞❡❞✉❝❡ t❤❛t P = P 0 ♦♥ Γ 0 ❛♥❞ P = P 0 + c j ♦♥ Γ j ✐s ✈❡r② s✐♠✐•❛r t♦ t❤❛t ♦❢ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼(✱ ❤❡♥❝❡ ✇❡ ♦♠✐t ✐t✳ |❡♠❛r❦ ✶✳✹✳✶✳ ✭✐✮ ◆♦t❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮ ✐s ♥❡❝❡ss❛r②✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝❤♦♦s❡ v = ✵ ❛♥❞ ψ = ∇q N i ✐♥ ✭✶✳✹✳✻✮✱ ✇❡ ❤❛✈❡ g, ∇q N i Ω 6,2 = 0✱ 1 ≤ i ≤ I✳ ❖❜s❡r✈❡ t❤❛t s✐♥❝❡ Ω ✐s ♦❢ ❝•❛ss C 1,1 ✱ t❤❡ ❢✉♥❝t✐♦♥s q N i ❜❡•♦♥❣ t♦ H 2 (Ω) ❛♥❞ t❤❡♥ t❤❡ ✈❡❝t♦rs ∇q N i ❜❡•♦♥❣ t♦ H 6,2 0 (curl, Ω)✳ ❋r♦♠ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭✶✳✹✳✸✮✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❝t✉❛••② ✇r✐tt❡♥ ❛s Ω F • ∇q N i dx = 0✱ 1 ≤ i ≤ I✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Ω ✐s s✐♠♣•② ❝♦♥♥❡❝t❡❞✱ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮ ✐s ♥♦t ♥❡❝❡ss❛r② t♦ s♦•✈❡ ✭✶✳✹✳✷✮ ❜❡❝❛✉s❡ t❤❡ ❦❡r♥❡• K 2 N (Ω) = {✵}✳ ✭✐✐✮ ■❢ g ✐s t❤❡ curl ♦❢ ❛♥ ❡•❡♠❡♥t ξ ∈ L 2 (Ω)✱ t❤❡♥ g ✐s st✐•• ❛♥ ❡•❡♠❡♥t ♦❢ [H 6,2 0 (curl, Ω)] ′ ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ div g = 0 ✐♥ Ω✱ ✐t ❛•✇❛②s s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮✳ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✽ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ s♦•✈❛❜✐•✐t② ♦❢ t❤❡ ♣r♦❜•❡♠ ✭✶✳✹✳✻✮✳ ❚❤❡♦r❡♠ ✶✳✹✳✷✳ ▲❡t Ω ❜❡ C 1,1 ❛♥❞ ✇❡ s✉♣♣♦s❡ h = 0✳ ▲❡t f , g ∈ [H 6,2 0 (curl, Ω)] ′ and P 0 ∈ H -1 2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✹✮✲✭✶✳✹✳✺✮✳ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P, c) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω) × R I ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡s✿ u H 1 (Ω) + b H 1 (Ω) C( f [H 6,2 0 (curl,Ω)] ′ + g [H 6,2 0 (curl,Ω)] ′ + P 0 H -1 2 (Γ) ) ✭✶✳✹✳✶✸✮ P L 2 (Ω) C(1+ curl w L 3/2 (Ω) + d L 3 (Ω) )( f [H 6,2 0 (curl,Ω)] ′ + g [H 6,2 0 (curl,Ω)] ′ + P 0 H -1 2 (Γ) ) ✭✶✳✹✳✶✹✮ ▼♦r❡♦✈❡r✱ ✐❢ Ω ✐s C 2,1 ✱ f , g ∈ L 6/5 (Ω) ❛♥❞ P 0 ∈ W 1/6,6/5 (Γ)✱ t❤❡♥ (u, b, P ) ∈ W 2, 6 5 (Ω) × W 2, 6 5 (Ω) × W 1, 6 5 (Ω) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 2, 6/5 (Ω) + b W 2, 6/5 (Ω) + P W 1, 6/5 (Ω) C(1 + curl w L 3/2 (Ω) + d L 3 (Ω) ) × ( f L 6/5 (Ω) + g L 6/5 (Ω) + P 0 W 1/6,6/5 (Γ) ) ✭✶✳✹✳✶✺✮ Pr♦♦❢✳ ❲❡ ❦♥♦✇✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✱ t❤❛t t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ✐s ❡q✉✐✈❛✲ •❡♥t t♦ ✭✶✳✹✳✻✮✲✭✶✳✹✳✼✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦•✉t✐♦♥ (u, b) ∈ H 1 (Ω)×H 1 (Ω) ❢♦••♦✇ ❢r♦♠ ▲❛①✲▼✐•❣r❛♠ t❤❡♦r❡♠✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❜✐•✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠s a : Z N (Ω) × Z N (Ω) → R ❛♥❞ a w,d : Z N (Ω) × Z N (Ω) → R ❛s ❢♦••♦✇s✿ a((u, b), (v, Ψ)) = Ω curl u • curl v dx + Ω curl b • curl Ψ dx a w,d ((u, b), (v, Ψ)) = Ω (curl w) × u • v dx + Ω (curl Ψ) × d • u dx - Ω (curl b) × d • v dx ✭✶✳✹✳✶✻✮ ✇❤❡r❡ Z N (Ω) = V N (Ω) × V N (Ω) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♣r♦❞✉❝t ♥♦r♠ (v, Ψ) 2 Z N (Ω) = v 2 H 1 (Ω) + Ψ 2 H 1 (Ω) . ✭✶✳✹✳✶✼✮ ◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ •✐♥❡❛r ❢♦r♠ L : Z N (Ω) → R ❞❡✜♥❡❞ ❛s ❢♦••♦✇s L(v, Ψ) = f , v Ω 6,2 + g, Ψ Ω 6,2 -P 0 , v • n Γ 0 - I i=1 P 0 + c i , v • n Γ i ❙♦✱ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✹✳✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿ ❢♦r ❛♥② (v, Ψ) ∈ Z N (Ω) A((u, b), (v, Ψ)) = a((u, b), (v, Ψ)) + a w,d ((u, b), (v, Ψ)) = L(v, Ψ) ✭✶✳✹✳✶✽✮ ❙✐♥❝❡ ((curl w) × u) • u = ✵✱ t❤❡♥ ✇❡ ❤❛✈❡ a w,d ((u, b), (u, b)) = 0 ❢♦r ❛•• (u, b) ∈ Z N (Ω)✳ ❙✐♥❝❡ v ❛♥❞ Ψ ❜❡•♦♥❣ t♦ V N (Ω)✱ ✇❡ ❤❛✈❡ ❢r♦♠ ❬✶✺✱ ❈♦r♦••❛r② ✸✳✷✳( t❤❛t t❤❡ ❛♣♣•✐❝❛t✐♦♥ v → curl v L 2 (Ω) ✭r❡s♣❡❝t✐✈❡•② Ψ → curl Ψ L 2 (Ω) ✮ ✐s ❛ ♥♦r♠ ♦♥ V N (Ω) ❡q✉✐✈❛•❡♥t t♦ t❤❡ ♥♦r♠ v H 1 (Ω) ✭r❡s♣❡❝t✐✈❡•② Ψ H 1 (Ω) ✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ A((u, b), (v, Ψ)) = |a((v, Ψ), (v, Ψ))| = curl v 2 L 2 (Ω) + curl Ψ 2 L 2 (Ω) 2 C 2 P (v, Ψ) 2 Z N (Ω) ✭✶✳✹✳✶✾✮ ✇❤❡r❡ C P ✐s t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ ✭✶✳✸✳✻✮✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ A(•, •) ✐s ❝♦❡r❝✐✈❡ ♦♥ Z N (Ω)✳ ▼♦r❡♦✈❡r✱ ❛♣♣•②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡✿ |a((u, b), (v, Ψ))| curl u L 2 (Ω) curl v L 2 (Ω) + curl b L 2 (Ω) curl Ψ L 2 (Ω) C (u, b) Z N (Ω) (v, Ψ) Z N (Ω) ✭✶✳✹✳✷✵✮ ◆♦✇✱ ✉s✐♥❣ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡ |a w,d ((u, b), (v, Ψ))| curl w L 3 2 (Ω) u L 6 (Ω) v L 6 (Ω) + curl Ψ L 2 (Ω) u L 6 (Ω) d L 3 (Ω) + curl b L 2 (Ω) d L 3 (Ω) v L 6 (Ω) ◆♦✇✱ ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ❡q✉✐✈❛•❡♥❝❡ ♦❢ ♥♦r♠s • V N (Ω) ❛♥❞ • H 1 (Ω) ✱ ✇❡ ♦❜t❛✐♥ ❢♦r C 1 > 0 t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 6 (Ω) |a w,d ((u, b), (v, Ψ))| C 2 1 curl w L 3 2 (Ω) + C 1 d L 3 (Ω) (u, b) Z N (Ω) (v, Ψ) Z N (Ω) ✭✶✳✹✳✷✶✮ ❋r♦♠ ✭✶✳✹✳✷✵✮ ❛♥❞ ✭✶✳✹✳✷✶✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❢♦r♠ A(•, •) ✐s ❝♦♥t✐♥✉♦✉s✳ ❯s✐♥❣ s✐♠✐•❛r ❛r❣✉♠❡♥ts✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✹✳✶✽✮ ❞❡✜♥❡s ❛♥ ❡•❡♠❡♥t ✐♥ t❤❡ ❞✉❛• s♣❛❝❡ ♦❢ Z N (Ω)✳ ❚❤✉s✱ ❜② ▲❛①✲▼✐•❣r❛♠ •❡♠♠❛✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (u, b) ∈ Z N (Ω) s❛t✐s❢②✐♥❣ ✭✶✳✹✳✶✽✮✳ ❙♦✱ ❞✉❡ t♦ ❚❤❡♦r❡♠ ✶✳✸✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b) ∈ H 1 (Ω) × H 1 (Ω)✳ ❯s✐♥❣ ✭✶✳✹✳✶✾✮✱ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ❛♥❞ tr❛❝❡ t❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♣r❡ss✉r❡ ❢♦••♦✇s ❢r♦♠ ❉❡ |❤❛♠✬s t❤❡♦r❡♠✳ ▼♦r❡♦✈❡r ❢♦r t❤❡ ♣r❡ss✉r❡ ❡st✐♠❛t❡✱ ✇❡ ❝❛♥ ✇r✐t❡ P L 2 (Ω) ≤ C ∇P H -1 (Ω) ≤ C f H -1 (Ω) + ∆u H -1 (Ω) + (curl w) × u H -1 (Ω) + (curl b) × d H -1 (Ω) . ❲❡ ❦♥♦✇ t❤❛t f H -1 (Ω) ≤ C f [H 6,2 0 (curl,Ω)] ′ ❛♥❞ ∆u H -1 (Ω) ≤ C u H 1 (Ω) ✳ ❋♦r t❤❡ t✇♦ r❡♠❛✐♥✲ ✐♥❣ t❡r♠s✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦••♦✇s (curl w) × u H -1 (Ω) ≤ C (curl w) × u L 6/5 (Ω) ≤ C curl w L 3/2 (Ω) u L 6 (Ω) , s♦✱ ✇❡ ❤❛✈❡ (curl w) × u H -1 (Ω) ≤ CC 1 curl w L 3/2 (Ω) u H 1 (Ω) . Pr♦❝❡❡❞✐♥❣ s✐♠✐•❛r•②✱ ✇❡ ❣❡t (curl b) × d H -1 (Ω) ≤ C d L 3 (Ω) b H 1 (Ω) ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ♣r❡ss✉r❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✹✮✳ ◆♦✇✱ ✐❢ f , g ∈ L ✇❡ ❤❛✈❡ curl(u × d) = (d • ∇)u -(u • ∇)d ❜❡•♦♥❣s t♦ L 6/5 (Ω)✳ ❖❜s❡r✈❡ t❤❛t (u, P, c) ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❙t♦❦❡s ♣r♦❜•❡♠        -∆u + ∇P = F and div u = 0 ✐♥ Ω, u × n = ✵ ♦♥ Γ and P = P 0 ♦♥ Γ 0 , P = P 0 + c i ♦♥ Γ i , u • n, 1 Γi = 0, ∀1 i I, ✇✐t❤ F = f -(curl w) × u + (curl b) × d ✐♥ L 6/5 (Ω)✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✮✱ (u, P ) ❜❡•♦♥❣s t♦ W 2,6/5 (Ω) × W 1,6/5 (Ω) ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t❡✳ ◆❡①t✱ s✐♥❝❡ b ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❡••✐♣t✐❝ ♣r♦❜•❡♠        curl curl b = G and div b = 0 ✐♥ Ω, b × n = ✵ ♦♥ Γ, b • n, 1 Γi = 0, ∀1 i I, ✇✐t❤ G = g + curl(u × d) ✐♥ L 6/5 (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✹✮✲✭✶✳✹✳✺✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✸✳✸ t❤❛t b ❜❡•♦♥❣s t♦ W 2,6/5 (Ω)✳ ❚❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✺✮ t❤❡♥ ❢♦••♦✇s ❢r♦♠ t❤❡ r❡❣✉•❛r✐t② ❡st✐♠❛t❡s ♦❢ t❤❡ ❛❜♦✈❡ ❙t♦❦❡s ♣r♦❜•❡♠ ♦♥ (u, P ) ❛♥❞ ❡••✐♣t✐❝ ♣r♦❜•❡♠ ♦♥ b✳ ✶✳✺ ❚❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L p ✲t❤❡♦r② ❆❢t❡r t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❍✐•❜❡rt s♣❛❝❡s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦•✉t✐♦♥s ✐♥ L p ✲t❤❡♦r② ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ s②st❡♠ ✭✶✳✹✳✷✮✳ ❲❡ ❜❡❣✐♥ ❜② st✉❞②✐♥❣ str♦♥❣ s♦•✉t✐♦♥s✳ ■❢ p ≥ 6/5✱ ✐t ❢♦••♦✇s t❤❛t L p (Ω) ֒→ L 6/5 (Ω)✱ W 1-1/p,p (Γ) ֒→ W 1/6,6/5 (Γ)✳ ❚❤❡♥✱ ❞✉❡ t♦ ❚❤❡♦r❡♠ ✶✳✹✳✷✱ ✇❡ ❤❛✈❡ (u, b) ∈ W 2,6/5 (Ω) × W 2,6/5 (Ω)✳ ■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ✇❡ ✇✐•• ♣r♦✈❡ t❤❛t t❤✐s s♦•✉t✐♦♥ ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 2,p (Ω) ❢♦r ❛♥② p > 6/5✳ ✶✳✺✳✶ ❙tr♦♥❣ s♦•✉t✐♦♥ ✐♥ W 2,p (Ω) ✇✐t❤ p ≥ 6/5 ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ ❛♥ ❛♥s✇❡r t♦ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❣✉•❛r s♦•✉t✐♦♥ (u, b, P ) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮✳ ❲❤❡♥ p < 3✱ ✇❡ ❤❛✈❡ t❤❡ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ W 1,p * (Ω) ✇✐t❤ 1 p * = 1 p -1 3 ✳ ❚❤❡♥✱ s✉♣♣♦s✐♥❣ d ∈ W 1,3/2 (Ω) ֒→ L 3 (Ω) ✐♠♣•✐❡s t❤❛t t❤❡ t❡r♠ (curl b) × d ❜❡•♦♥❣s t♦ L p (Ω)✳ ■❢ p < 3/2✱ W 1,p * (Ω) ֒→ L p * * (Ω) ✇✐t❤ 1 p * * = 1 p * -1 3 ❛♥❞ t❤❡♥ s✉♣♣♦s✐♥❣ curl w ∈ L 3/2 (Ω) ✐♠♣•✐❡s t❤❛t t❤❡ t❡r♠ (curl w) × u ❜❡•♦♥❣s t♦ L p (Ω)✳ ❙♦✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ✇❡••✲❦♥♦✇♥ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ r❡❣✉•❛r✐t② W 2,p (Ω) × W 1,p (Ω) ✇✐t❤ p < 3/2 ❢♦r (u, P ) s✐♥❝❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ f -(curl w) × u + (curl b) × d ❜❡•♦♥❣s t♦ L p (Ω)✳ ❙✐♠✐•❛r•②✱ t❤❡ t❡r♠ curl(u × d) = (d • ∇)u -(u • ∇)d ❜❡•♦♥❣s t♦ L p (Ω) ❛♥❞ ✇❡ ❝❛♥ ✉s❡ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) t♦ ♣r♦✈❡ t❤❡ r❡❣✉•❛r✐t② W 2,p (Ω) ✇✐t❤ p < 3/2 ❢♦r b✳ ◆♦✇✱ ✐❢ 3/2 ≤ p < 3✱ t❤❡ t❡r♠s (curl b) × d ❛♥❞ (d • ∇)u st✐•• ❜❡•♦♥❣ t♦ L p (Ω) ❜✉t t❤❡ s✐t✉❛t✐♦♥ ✐s ❞✐✛❡r❡♥t ❢♦r t❤❡ t❡r♠s (curl w) × u ❛♥❞ (u • ∇)d ✐❢ curl w ❛♥❞ ∇d ❜❡•♦♥❣ ♦♥•② t♦ L 3/2 (Ω)✳ ■♥❞❡❡❞✱ ✇❡ ♠✉st s✉♣♣♦s❡ curl w ∈ L s (Ω) ❛♥❞ ∇d ∈ L s (Ω) ✇✐t❤ s = 3 2 if p < 3 2 , s > 3 2 if p = 3 2 and s = p if p > 3 2 . ◆♦✇✱ ✐❢ p ≥ 3✱ t❤❡ ♣r♦❜•❡♠ ❛r✐s❡s ❢♦r t❤❡ t❡r♠s (curl b) × d ❛♥❞ (d • ∇)u ✐❢ ✇❡ s✉♣♣♦s❡ ♦♥•② d ✐♥ L 3 (Ω)✳ ❙♦✱ ✇❡ ♠✉st s✉♣♣♦s❡ t❤❛t d ∈ L s ′ (Ω) ✇✐t❤ s ′ = 3 if p < 3, s ′ > 3 if p = 3 and s ′ = p if p > 3. ❙♦✱ t♦ ❝♦♥s❡r✈❡ t❤❡ ❛ss✉♠♣t✐♦♥s curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 (Ω) ❛♥❞ ♣r♦✈❡ str♦♥❣ s♦•✉t✐♦♥s (u, b, P ) ✐♥ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω)✱ ✇❡ ✜rst ❛ss✉♠❡ t❤❛t w ❛♥❞ d ❛r❡ ♠♦r❡ r❡❣✉•❛r ❛♥❞ ❜❡•♦♥❣ t♦ D(Ω)✳ ❲❡ ✇✐•• t❤❡♥ ♣r♦✈❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❛••♦✇✐♥❣ t♦ r❡♠♦✈❡ t❤✐s •❛tt❡r r❡❣✉•❛r✐t②✳ ❲❡ r❡❢❡r t♦ ❬✶✷✱ ❚❤❡♦r❡♠ ✷✳✹( ❢♦r ❛ s✐♠✐•❛r ♣r♦♦❢ ❢♦r t❤❡ ❖s❡❡♥ ♣r♦❜•❡♠✳ ❚❤❡ ❞❡t❛✐•s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ r❡❣✉•❛r✐t② r❡s✉•t ✐♥ ❛ s♦•❡♥♦✐❞❛• ❢r❛♠❡✇♦r❦✳ ❚❤❡♦r❡♠ ✶✳✺✳✶✳ ▲❡t Ω ❜❡ C 2,1 ❛♥❞ p ≥ 6/5✳ ❆ss✉♠❡ t❤❛t h = 0✱ ❛♥❞ •❡t f , g✱ w✱ d ❛♥❞ P 0 s❛t✐s❢②✐♥❣ ✭✶✳✹✳✺✮✱ f ∈ L p (Ω), g ∈ L p (Ω), curl w ∈ L 3/2 (Ω), d ∈ W 1,3/2 σ (Ω), and P 0 ∈ W 1-1 p ,p (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ∀ v ∈ K p ′ N (Ω), Ω g • v dx = 0. ✭✶✳✺✳✶✮ ❚❤❡♥✱ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ♦❢ t❤❡ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✹✳✷ ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) ✇❤✐❝❤ ❛•s♦ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿ u W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) ≤ C(1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) ) × f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) ✭✶✳✺✳✷✮ Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✐t ✐♥ t✇♦ st❡♣s✿ ❋✐rst st❡♣✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ w ∈ D(Ω) ❛♥❞ d ∈ D σ (Ω)✳ ❲❡ ❦♥♦✇ t❤❛t ❢♦r ❛•• p ≥ 6/5 ✇❡ ❤❛✈❡ L p (Ω) ֒→ L 6/5 (Ω) and W 1-1/p,p (Γ) ֒→ H 1/2 (Γ). ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✹✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 2, 6 5 (Ω) × W 2, 6 5 (Ω) × W 1, 6 5 (Ω) × R I ✈❡r✐❢②✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✶✳✹✳✶✸✮✲✭✶✳✹✳✶✹✮✳ ❙✐♥❝❡ u ∈ W 2, 6 5 (Ω) ֒→ L 6 (Ω) ❛♥❞ curl b ∈ W 1, 6 5 (Ω) ֒→ L 2 (Ω) ✱ ✐t ❢♦••♦✇s t❤❛t (curl w)×u ∈ L 6 (Ω) ❛♥❞ (curl b) × d ∈ L 2 (Ω)✳ ◆♦t❡ t❤❛t L 2 (Ω) ֒→ L p (Ω) ✐❢ p ≤ 2✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s✿ ❈❛s❡ 6 5 < p 2✿ ❙✐♥❝❡ f -(curl w) × u + (curl b) × d ∈ L p (Ω)✱ t❤❛♥❦s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦•✉t✐♦♥s ❢♦r ❙t♦❦❡s ❡q✉❛t✐♦♥s ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳✷✮✱ ✇❡ ❤❛✈❡ t❤❛t (u, P ) ∈ W 2,p (Ω) × W 1,p (Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ g + curl(u × d) ∈ L p (Ω)✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ ❡••✐♣t✐❝ ♣r♦❜•❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳✸✮✱ ✇❡ ❤❛✈❡ t❤❛t b ∈ W 2,p (Ω)✳ ❈❛s❡ 2 p 6✿ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ (u, b, P ) ∈ H 2 (Ω) × H 2 (Ω) × H 1 (Ω)✳ ❙✐♥❝❡ H 2 (Ω) ֒→ W 1,6 (Ω) ֒→ L ∞ (Ω), t❤❡♥ (curl w) × u ∈ L ∞ (Ω) ❛♥❞ (curl b) × d ∈ L 6 (Ω)✳ ❍❡♥❝❡ ✇❡ ❤❛✈❛ t❤❛t f -curl w × u + (curl b) × d ∈ L p (Ω)✳ ❆❣❛✐♥✱ ❜② ❚❤❡♦r❡♠ ✶✳✸✳✷✱ ✐t ❢♦••♦✇s t❤❛t (u, P ) ∈ W 2,p (Ω) × W 1,p (Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t g + curl(u × d) ∈ L 6 (Ω)✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ ✇❡ ❤❛✈❡ t❤❛t b ∈ W 2,p (Ω)✳ ❈❛s❡ p > 6✿ ❲❡ ❦♥♦✇ t❤❛t (u, b, P ) ∈ W 2,6 (Ω) × W 2,6 (Ω) × W 1,6 (Ω)✳ ❙✐♥❝❡ W 2,6 (Ω) ֒→ W 1,∞ (Ω) t❤❡♥ (curl w) × u ∈ L q (Ω)✱ (curl b) × d ∈ L q (Ω) ❛♥❞ curl(u × d) ∈ L q (Ω) ❢♦r ❛♥② q ≥ 1✳ ❆❣❛✐♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ ❙t♦❦❡s ❛♥❞ ❡••✐♣t✐❝ ♣r♦❜•❡♠s✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) C SE f L p (Ω) + (curl w) × u L p (Ω) + (curl b) × d L p (Ω) + P 0 W 1-1 p ,p (Γ) + I i=1 |c i | + g L p (Ω) + curl(u × d) L p (Ω) , ✭✶✳✺✳✸✮ ✇❤❡r❡ C SE = max(C S , C E ) ✇✐t❤ C S t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ ✭✶✳✸✳✾✮ ❛♥❞ C E t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ ✭✶✳✸✳✶✾✮✳ ❚♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✷✮✱ ✇❡ ♠✉st ❜♦✉♥❞ t❤❡ t❡r♠s (curl w) × u L p (Ω) ✱ (curl b) × d L p (Ω) ✱ curl(u × d) L p (Ω) ❛♥❞ I i=1 |c i | ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✺✳✸✮✳ ❋♦r t❤✐s✱ •❡t ǫ > 0 ❛♥❞ ρ ǫ/2 t❤❡ ❝•❛ss✐❝❛• ♠♦••✐✜❡r✳ ❲❡ ❝♦♥s✐❞❡r y = curl w ❛♥❞ d t❤❡ ❡①t❡♥s✐♦♥s ❜② 0 ♦❢ y ❛♥❞ d t♦ R 3 ✱ r❡s♣❡❝t✐✈❡•②✳ ❲❡ ❞❡❝♦♠♣♦s❡ curl w ❛♥❞ d✿ curl w = y ǫ 1 + y ǫ 2 where y ǫ 1 = curl w * ρ ǫ/2 and y ǫ 2 = curl w -y ǫ 1 , ✭✶✳✺✳✹✮ d = d ǫ 1 + d ǫ 2 where d ǫ 1 = d * ρ ǫ/2 ✭✶✳✺✳✺✮ ✭✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ (curl w) × u L p (Ω) ✳ ❋✐rst✱ ✇❡ •♦♦❦ ❢♦r t❤❡ ❡st✐♠❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ y ε 2 ✳ ❖❜s❡r✈❡ t❤❛t W 2,p (Ω) ֒→ L m (Ω) ✇✐t❤ 1 m = 1 p - 2 3 if p < 3/2, m = 3s 2s -3 ∈ [1, ∞[ if p = 3/2 and m = ∞ if p > 3/2. ❯s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ❤❛✈❡ y ǫ 2 × u L p (Ω) y ǫ 2 L s (Ω) u L m (Ω) ≤ C y ǫ 2 L s (Ω) u W 2,p (Ω) ✇❤❡r❡ 1 p = 1 m + 1 s ❛♥❞ s t❤❡ r❡❛• ♥✉♠❜❡r ❞❡✜♥❡❞ ❛s✿ s = 3 2 if p < 3 2 , s > 3 2 if p = 3 2 and s = p if p > 3 2 . ✭✶✳✺✳✻✮ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ y ǫ 2 L s (Ω) = curl w -curl w * ρ ǫ/2 L s (Ω) ≤ ǫ. ❚❤❡♥✱ ✐t ❢♦••♦✇s t❤❛t y ǫ 2 × u L p (Ω) Cǫ u W 2,p (Ω) . ✭✶✳✺✳✼✮ ❚♦ ❣❡t t❤❡ ❡st✐♠❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ y ǫ 1 ✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ st❡♣s ✭s✐♠✐•❛r t♦ ❬✶✹✱ ❚❤❡♦r❡♠ ✸✳✺(✮✿ • ❈❛s❡ 6 5 ≤ p 6 ✿ t❤❡r❡ ❡①✐sts q ∈ [ 3 2 , ∞] s✉❝❤ t❤❛t 1 p = 1 q + 1 6 ✳ ❇② ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡ y ǫ 1 × u L p (Ω) y ǫ 1 L q (Ω) u L 6 (Ω) . ▲❡t t ∈ [1, 3] s✉❝❤ t❤❛t 1 + 1 q = 2 3 + 1 t ✱ ✇❡ ♦❜t❛✐♥ y ǫ 1 × u L p (Ω) curl w L 3 2 (Ω) ρ ǫ L t (Ω) u L 6 (Ω) ≤ C ε curl w L 3 2 (Ω) u L 6 (Ω) , ✇❤❡r❡ C ε ✐s t❤❡ ❝♦♥st❛♥t ❛❜s♦r❜✐♥❣ t❤❡ ♥♦r♠ ♦❢ t❤❡ ♠♦••✐✜❡r✳ ❙✐♥❝❡ H 1 (Ω) ֒→ L 6 (Ω)✱ ✐t ❢♦••♦✇s ❢r♦♠ ✭✶✳✹✳✶✸✮ t❤❛t y ǫ 1 × u L p (Ω) C 2 C ǫ curl w L 3 2 (Ω) f [H 6,2 0 (curl,Ω)] ′ + g [H 6,2 0 (curl,Ω)] ′ + P 0 H -1 2 (Γ) , ✇❤❡r❡ C 2 ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 6 (Ω)✳ ❙✐♥❝❡✱ p 6 5 ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t y ǫ 1 × u L p (Ω) C 3 C ǫ curl w L 3 2 (Ω) f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) , ✭✶✳✺✳✽✮ ✇❤❡r❡ C 3 ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ C 2 ✱ L p (Ω) ֒→ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ W 1-1 p ,p (Γ) ֒→ H -1 2 (Γ)✳ • ❈❛s❡ p > 6✿ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ W 1,m (Ω), ✐s ❝♦♠♣❛❝t ❢♦r ❛♥② m ∈ [1, p * [ ✐❢ p < 3✱ ❢♦r ❛♥② m ∈ [1, ∞[ ✐❢ p = 3 ❛♥❞ ❢♦r m ∈ [1, ∞] ✐❢ p > 3✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❡①♣♦♥❡♥t m s✉❝❤ t❤❛t 6 < m < +∞✳ ❙♦✱ ✇❡ ❤❛✈❡✿ W 2,p (Ω) ֒→ compact W 1,m (Ω) ֒→ continuous L 6 (Ω). ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✹ ❍❡♥❝❡✱ ❢♦r ❛♥② ε ′ > 0✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ε ′ s✉❝❤ t❤❛t t❤❡ ❢♦••♦✇✐♥❣ ✐♥t❡r♣♦•❛t✐♦♥ ✐♥❡q✉❛•✐t② ❤♦•❞s✿ u W 1,m (Ω) ε ′ u W 2,p (Ω) + C ε ′ u H 1 (Ω) ✭✶✳✺✳✾✮ ❋♦r t > 2 s✉❝❤ t❤❛t 1 + 1 p = 2 3 + 1 t ✱ ✇❡ ❤❛✈❡ y ǫ 1 × u L p (Ω) C y ǫ 1 L p (Ω) u W 1,m (Ω) C curl w L 3 2 (Ω) ρ ǫ/2 L t (R 3 ) u W 1,m (Ω) . ❯s✐♥❣ ✭✶✳✺✳✾✮✱ ✇❡ ♦❜t❛✐♥ y ǫ 1 × u L p (Ω) CC ǫ curl w L 3 2 (Ω) (ε ′ u W 2,p (Ω) + C ε ′ u H 1 (Ω) ) ✭✶✳✺✳✶✵✮ ❚❤✉s✱ ❝❤♦♦s✐♥❣ ε ′ > 0 s♠❛•• ❡♥♦✉❣❤✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✺✳✽✮ ♦r ✭✶✳✺✳✶✵✮ t❤❛t y ǫ 1 × u L p (Ω) CC ǫ curl w L 3 2 (Ω) (ε ′ u W 2,p (Ω) + C ε ′ u H 1 (Ω) ). ✭✶✳✺✳✶✶✮ ✭✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ (curl b) × d L p (Ω) ✳ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✺✮✱ ❛s ♣r❡✈✐✲ ♦✉s•②✱ ✇❡ ❤❛✈❡ ❢♦r t❤❡ ♣❛rt d ε 2 ✿ d ǫ 2 L s ′ (Ω) d -d * ρ ǫ/2 L s ′ (Ω) ≤ ǫ. ✭✶✳✺✳✶✷✮ |❡❝❛•• t❤❛t W 2,p (Ω) ֒→ W 1,k (Ω) ❢♦r k = p * = 3p 3 -p ✐❢ p < 3✱ ❢♦r ❛♥② k ∈ [1, ∞[ ✐❢ p = 3 ❛♥❞ k = ∞ ✐❢ p > 3✳ ❯s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ ✭✶✳✺✳✶✷✮✱ ✇❡ ❤❛✈❡ (curl b) × d ǫ 2 L p (Ω) curl b L k (Ω) d ǫ 2 L s ′ (Ω) Cǫ b W 2,p (Ω) , ✭✶✳✺✳✶✸✮ ✇❤❡r❡ 1 p = 1 k + 1 s ′ ❢♦r s ′ ❣✐✈❡♥ ❜②✿ s ′ = 3 if p < 3, s ′ > 3 if p = 3 and s ′ = p if p > 3. ✭✶✳✺✳✶✹✮ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ d ǫ 1 ✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s✿ • ❈❛s❡ p ≤ 2✿ ❯s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡ (curl b) × d ǫ 1 L p (Ω) d ǫ 1 L k (Ω) curl b L 2 (Ω) , ✇❤❡r❡ 1 p = 1 k + 1 2 ✳ ▲❡t t ∈ [1, 3/2] s✉❝❤ t❤❛t 1 + 1 k = 1 3 + 1 t ✱ ✇❡ ♦❜t❛✐♥ ✭s✐♥❝❡ r ≥ 3✮ (curl b) × d ǫ 1 L p (Ω) d L 3 (Ω) ρ ǫ/2 L t (R 3 ) curl b L 2 (Ω) ≤ C ǫ d L 3 (Ω) b H 1 (Ω) . ✭✶✳✺✳✶✺✮ ✇❤❡r❡ C 4 ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ L p (Ω) ֒→ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ W 1-1 p ,p (Γ) ֒→ H -1 2 (Γ)✳ • ❈❛s❡ 2 < p < 3✿ ❆ss✉♠✐♥❣ 2 < q < p * ✱ ❢r♦♠ t❤❡ r❡•❛t✐♦♥ W 2,p (Ω) ֒→ compact W 1,q (Ω) ֒→ continuous H 1 (Ω) ✇❡ ❤❛✈❡ ❢♦r ❛♥② ǫ ′ > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ǫ s✉❝❤ t❤❛t b W 1,q (Ω) ε ′ b W 2,p (Ω) + C ε ′ b H 1 (Ω) ✭✶✳✺✳✶✻✮ ▲❡t k ❜❡ ❞❡✜♥❡❞ ❜② 1 p = 1 q + 1 k ❛♥❞ t 1 ❞❡✜♥❡❞ ❜② 1 + 1 k = 1 3 + 1 t ✳ ❚❤✉s✱ s✐♥❝❡ k > 3✱ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦•❞s✿ (curl b) × d ǫ 1 L p (Ω) d ǫ 1 L k (Ω) curl b L q (Ω) ≤ d L 3 (Ω) ρ ǫ/2 L t (R 3 ) curl b L q (Ω) .
◆❡①t ✉s✐♥❣ ✭✶✳✺✳✶✻✮ ②✐❡•❞s✱

(curl b) × d ǫ 1 L p (Ω) ≤ C ǫ d L 3 (Ω) (ε ′ b W 2,p (Ω) + C ε ′ b H 1 (Ω) ).
✭✶✳✺✳✶✼✮

• ❈❛s❡ p ≥ 3✿ ❋♦r 1 p = 1 s ′ + 1 p * ✇✐t❤ s ′ ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✳✶✹✮✱ ✇❡ ❤❛✈❡ (curl b) × d ǫ 1 L p (Ω) d ǫ 1 L s ′ (Ω) curl b L p * (Ω) . ▲❡t t ❜❡ ❞❡✜♥❡❞ ❜② 1 + 1 s ′ = 1 3 + 1 t ✳ ❚❤✉s✱ ✉s✐♥❣ ✭✶✳✺✳✶✻✮ ✇✐t❤ q = p * ✱ ✇❡ ♦❜t❛✐♥✿ (curl b) × d ǫ 1 L p (Ω) ≤ C ǫ d L 3 (Ω) (ε ′ b W 2,p (Ω) + C ε ′ b H 1 (Ω) ). ✭✶✳✺✳✶✽✮ ❈❤♦♦s✐♥❣ ǫ ′ > 0 s♠❛•• ❡♥♦✉❣❤✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✺✳✶✺✮✱ ✭✶✳✺✳✶✼✮ ♦r ✭✶✳✺✳✶✽✮ t❤❛t (curl b) × d ǫ 1 L p (Ω) ≤ C ǫ d L 3 (Ω) (ε ′ b W 2,p (Ω) + C ε ′ b H 1 (Ω) ). ✭✶✳✺✳✶✾✮ ✭✐✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ curl(u × d) L p (Ω) ✳ ◆♦t❡ t❤❛t✱ s✐♥❝❡ div u = 0 ❛♥❞ div d = 0 ✿ curl (u × d) = d • ∇u -u • ∇d. • ❚❤❡ t❡r♠ d • ∇u L p (Ω) ✳ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✺✮ ❛♥❞ ❡①❛❝t•② t❤❡ s❛♠❡ ❛♥❛•②s✐s ❛s ✐♥ ✭✐✐✮ ❢♦r t❤❡ t❡r♠ (curl b)×d ✇✐t❤ curl b r❡♣•❛❝❡❞ ❜② ∇u✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ d ǫ 2 • ∇u L p (Ω) ∇u L k (Ω) d ǫ 2 L s ′ (Ω) Cǫ u W 2,p (Ω) , ✭✶✳✺✳✷✵✮ ✇❤❡r❡ s ′ ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✳✶✹✮ ❛♥❞ d ǫ 1 • ∇u L p (Ω) ≤ C ǫ d L 3 (Ω) (ε ′ u W 2,p (Ω) + C ε ′ u H 1 (Ω) ). ✭✶✳✺✳✷✶✮ • ❚❤❡ t❡r♠ u • ∇d L p (Ω) ✳ ❚❤❡ ❛♥❛•②s✐s ✐s s✐♠✐•❛r t♦ t❤❡ ❝❛s❡ ✭✐✮✳ ❲❡ ❝♦♥s✐❞❡r✿ ∇d = z ǫ 1 + z ǫ 2 where z ǫ 1 = ∇d * ρ ǫ/2 and z ǫ 2 = ∇d -∇d * ρ ǫ/2 , ✭✶✳✺✳✷✷✮ ∇d ✐s t❤❡ ❡①t❡♥s✐♦♥ ❜② ③❡r♦ ♦❢ ∇d t♦ R 3 ✳ ❖❜s❡r✈❡ t❤❛t z ǫ 2 L s (Ω) ∇d -∇d * ρ ǫ/2 L s (Ω) ≤ ǫ, ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✻ ✇✐t❤ s ❣✐✈❡♥ ✐♥ ✭✶✳✺✳✻✮✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ❝❛s❡ ✭✐✮✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ z ǫ 2 ✐♥ t❤❡ ❜♦✉♥❞ ♦❢ u • ∇d L p (Ω) ✐s ❣✐✈❡♥ ❜②✿ u • z ǫ 2 L p (Ω) ≤ C z ǫ 2 L s (Ω) u L m (Ω) ≤ Cǫ u W 2,p (Ω) . ✭✶✳✺✳✷✸✮ ❆♥❞ ❢♦r t❤❡ ❜♦✉♥❞ ❞❡♣❡♥❞✐♥❣ ♦♥ z ǫ 1 ✱ ♣r♦❝❡❡❞✐♥❣ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ❝❛s❡ ✭✐✮✱ ✇❡ ❞❡r✐✈❡✿ z ǫ 1 • u L p (Ω) CC ǫ ∇d L 3 2 (Ω) (ε ′ u W 2,p (Ω) + C ε ′ u H 1 (Ω) ) ✭✶✳✺✳✷✹✮ ✭✐✈✮ ❊st✐♠❛t❡ ♦❢ t❤❡ ❝♦♥st❛♥ts I i=1 |c i |✳ ❲❡ ♥♦t❡ t❤❛t |c i | | Ω f • ∇q N i dx| + | Ω (curl b × d) • ∇q N i dx| + | Ω (curl w × u) • ∇q N i ) dx| + | Γ P 0 ∇q N i • n dσ| f L 6 5 (Ω) ∇q N i L 6 (Ω) + curl b L 2 (Ω) d L 3 (Ω) ∇q N i L 6 (Ω) + curl w L 3 2 (Ω) u L 6 (Ω) ∇q N i L 6 (Ω) + P 0 H -1 2 (Γ) ∇q N i • n H 1 2 (Γ) ❚❤❛♥❦s t♦ ❬✽✼✱ ❈♦r♦••❛r② ✸✳✸✳✶(✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ∇q N i ❜❡•♦♥❣ t♦ W 1,q (Ω) ❢♦r ❛♥② q ≥ 2 ✇❤❡r❡ ❡❛❝❤ q N i ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠ ✭✶✳✸✳✷✮✳ ◆♦✇✱ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮ ②✐❡•❞s✿ I i=1 |c i | C(1 + d L 3 (Ω) + curl w L 3 2 (Ω) )( f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) ) ✭✶✳✺✳✷✺✮ ❯s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣s W 1,3/2 (Ω) ֒→ L 3 (Ω), L p (Ω) ֒→ [H 6,2 0 (curl, Ω)] ′ , W 1-1 p ,p (Γ) ֒→ H -1 2 (Γ), ❝❤♦♦s✐♥❣ ǫ ❛♥❞ ǫ ′ s✉❝❤ t❤❛t ǫ ′ C SE C ǫ ( curl w L 3/2 (Ω) + d W 1, 3 2 (Ω) ) < 1 2 , ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✺✳✼✮✱✭✶✳✺✳✶✶✮✱ ✭✶✳✺✳✶✺✮✱ ✭✶✳✺✳✶✾✮✲✭✶✳✺✳✷✶✮✱ ✭✶✳✺✳✷✸✮✲✭✶✳✺✳✷✺✮✱ t❤❡ ✇❡❛❦ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮ ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1, 3 2 (Ω) ֒→ L 3 (Ω) t❤❛t t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✷✮ ❤♦•❞s ✐♥ ❛•• ❝❛s❡s✳ ❙❡❝♦♥❞ st❡♣✿ ❚❤❡ ❝❛s❡ ♦❢ curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 σ (Ω)✳ ▲❡t w λ ∈ D(Ω) ❛♥❞ d λ ∈ D(Ω) s✉❝❤ t❤❛t curl w λ → curl w ✐♥ L 3/2 (Ω) ❛♥❞ d λ → d ✐♥ W 1,3/2 (Ω)✳ ❈♦♥s❡q✉❡♥t•②✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿                    -∆u λ + (curl w λ ) × u λ + ∇P λ -(curl b λ ) × d λ = f and div u λ = 0 in Ω, curl curl b λ -curl(u λ × d λ ) = g and div b λ = 0 ✐♥ Ω, u λ × n = 0 and b λ × n = 0 on Γ, P λ = P 0 ♦♥ Γ 0 and P λ = P 0 + c i ♦♥ Γ i , u λ • n, 1 Γi = 0, and b λ • n, 1 Γi = 0, 1 ≤ i ≤ I. ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u λ , b λ , P λ , c λ ) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) × R I ❛♥❞ s❛t✐s✜❡s✿ u λ W 2,p (Ω) + b λ W 2,p (Ω) + P λ W 1,p (Ω) ≤ C(1 + curl w λ L 3 2 (Ω) + d λ W 1, 3 2 (Ω) ) × f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) , ✭✶✳✺✳✷✻✮ ✇❤❡r❡ C ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ✳ ❋✐♥❛••②✱ t❤❡s❡ ✉♥✐❢♦r♠ ❜♦✉♥❞s ❡♥❛❜•❡ ✉s t♦ ♣❛ss t♦ t❤❡ •✐♠✐t λ → 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ (u λ , b λ , P λ , c λ ) ❝♦♥✈❡r❣❡s t♦ (u, b, P, c) t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✷✮✳ ✶✳✺✳✷ ❲❡❛❦ s♦•✉t✐♦♥ ✐♥ W 1,p (Ω) ✇✐t❤ 1 < p < +∞ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❝❛s❡ p > 2✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠ ✇✐•• ❜❡ ✐♠♣r♦✈❡❞ ✐♥ ❈♦r♦••❛r② ✶✳✺✳✶✵ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❞❛t❛ P 0 •❡ss r❡❣✉•❛r✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② •, • Ω r,p t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [H r,p 0 (curl, Ω)] ′ ❛♥❞ H r,p 0 (curl, Ω)✳ ❚❤❡♦r❡♠ ✶✳✺✳✷✳ ✭•❡♥❡r❛•✐③❡❞ s♦•✉t✐♦♥ ✐♥ W 1,p (Ω) ✇✐t❤ p > 2✮✳ ❙✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 1,1 ❛♥❞ p > 2✳ ❆ss✉♠❡ t❤❛t h = 0✱ ❛♥❞ •❡t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❛♥❞ P 0 ∈ W 1-1 r ,r (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ∀ v ∈ K p ′ N (Ω), g, v Ω r ′ ,p ′ = 0, ✭✶✳✺✳✷✼✮ div g = 0 in Ω. ✭✶✳✺✳✷✽✮ ❛♥❞ curl w ∈ L s (Ω), d ∈ W 1,s σ (Ω), ✭✶✳✺✳✷✾✮ ✇✐t❤ s = 3 2 if 2 < p < 3, s > 3 2 if p = 3 and s = r if p > 3. ✭✶✳✺✳✸✵✮ r ≥ 1 such that 1 r = 1 p + 1 3 . ✭✶✳✺✳✸✶✮ ❚❤❡♥ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 1, p (Ω) + b W 1, p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1/r,r (Γ) . ✭✶✳✺✳✸✷✮ Pr♦♦❢✳ ❆✮ ❊①✐st❡♥❝❡✿ ❆♣♣•②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u 1 , P 1 , α (1) ) ∈ W 1,p (Ω) × W 1,r (Ω) × R I s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿                -∆u 1 + ∇P 1 = f and div u 1 = 0 in Ω, u 1 × n = ✵ on Γ, P 1 = P 0 on Γ 0 , P 1 = P 0 + α (1) i on Γ i , u 1 • n, 1 Γ i = 0, ∀1 i I ✇❤❡r❡ α (1) i = f , ∇q N i Ω r ′ ,p ′ - Γ P 0 ∇q N i • n dσ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ u 1 W 1,p (Ω) + P 1 W 1,r (Ω) C f [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) . ✭✶✳✺✳✸✸✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✽ ◆❡①t✱ s✐♥❝❡ g s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✳✸✳✹✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -∆b 1 = g and div b 1 = 0 in Ω, b 1 × n = ✵ on Γ, b 1 • n, 1 Γ i = 0 ∀1 i I ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ b 1 ∈ W 1,p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ b 1 W 1,p (Ω) C g [H r ′ ,p ′ 0 (curl,Ω)] ′ ✭✶✳✺✳✸✹✮ ❚❤❡♥✱ s✐♥❝❡ curl w ∈ L s (Ω) ❛♥❞ u 1 ∈ W 1,p (Ω)✱ ✇❡ ❤❛✈❡ (curl ✇) × ✉ 1 ∈ ▲ r (Ω)✳ ■♥❞❡❡❞✱ ✐❢ p < 3✱ t❤❡♥ ❲ 1,p (Ω) ֒→ ▲ p * (Ω) ✇✐t❤ 1 p * = 1 p -1 3 ❛♥❞ 1 s + 1 p * = 1 r ✳ ■❢ p = 3✱ t❤❡♥ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t 1 3 2 + ε + 1 p * = 2 3 ✳ ❋✐♥❛••②✱ ✐❢ p > 3✱ t❤❡♥ p * = ∞ ❛♥❞ r = s✳ ◆❡①t✱ s✐♥❝❡ s 3 2 ✱ t❤❡♥ W 1,s (Ω) ֒→ L 3 (Ω) s♦ d ∈ L 3 (Ω)✱ ❛♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r ✐♥ ✭✶✳✺✳✸✶✮✱ ✇❡ ❤❛✈❡ (curl b 1 ) × d ∈ L r (Ω)✳ ❚❤❡♥ f 1 = -(curl w) × u 1 + (curl b 1 ) × d ❜❡•♦♥❣s t♦ L r (Ω)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡t g 1 = curl(u 1 × d) = (d • ∇)u 1 -(u 1 • ∇)d✳ ❇② t❤❡ s❛♠❡ ✇❛②✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ s ❛♥❞ r✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t g 1 ∈ L r (Ω)✳ ▼♦r❡♦✈❡r✱ g 1 s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❖❜s❡r✈❡ t❤❛t ✇✐t❤ t❤❡ ✈❛•✉❡s ♦❢ s ❣✐✈❡♥ ✐♥ ✭✶✳✺✳✸✵✮ ❢♦r p > 2✱ ✇❡ ❤❛✈❡ r ∈ [ 6 5 , 3) ❛♥❞ s❛t✐s✜❡s s = 3 2 if 6 5 < r < 3 2 , s > 3 2 if r = 3 2 and s = r if r > 3 2 . ✭✶✳✺✳✸✺✮ ❙♦✱ s ≥ 3 2 ❛♥❞ t❤❡♥ curl w ✐s ❛t •❡❛st ✐♥ L 3 2 (Ω) ❛♥❞ d ✐s ❛t •❡❛st ✐♥ W 1, 3 2 (Ω)✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✺✳✶ t❤❛t t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿                    -∆u 2 + (curl w) × u 2 + ∇P 2 -(curl b 2 ) × d = f 1 and div u 2 = 0 in Ω, curl curl b 2 -curl(u 2 × d) = g 1 and div b 2 = 0 in Ω, u 2 × n = ✵ and b 2 × n = ✵ on Γ, P 2 = 0 on Γ 0 and P 2 = α (2) i on Γ i , u 2 • n, 1 Γ i = 0, and b 2 • n, 1 Γ i = 0, 1 ≤ i ≤ I. ✭✶✳✺✳✸✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u 2 , b 2 , P 2 , α (2) ) ∈ W 2,r (Ω) × W 2,r (Ω) × W 1,r (Ω) × R I s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ u 2 W 2,r (Ω) + b 2 W 2,r (Ω) + P 2 W 1,r (Ω) C(1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) )( f 1 L r (Ω) + g 1 L r (Ω) ) ✭✶✳✺✳✸✼✮ ✇✐t❤ α (2) i = (curl(b 1 + b 2 )) × d, ∇q N i Ω r ′ ,p ′ -(curl w) × (u 1 + u 2 ), ∇q N i Ω r ′ ,p ′ . ✭✶✳✺✳✸✽✮ ❚❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L p ✲t❤❡♦r② ✹✾ ❋✐♥❛••②✱ ✉s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣ W 2,r (Ω) ֒→ W 1,p (Ω)✱ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ✐s ❣✐✈❡♥ ❜② (u 1 + u 2 , b 1 + b 2 , P 1 + P 2 , α (1) + α (2) ) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ❝♦♥st❛♥ts c i = α (1) i + α (2) i ❛r❡ ❣✐✈❡♥ ❜② c i = f , ∇q N i Ω r ′ ,p ′ - Γ P 0 ∇q N i • n dσ + (curl b) × d, ∇q N i Ω r ′ ,p ′ -(curl w) × u, ∇q N i Ω r ′ ,p ′ . ✭✶✳✺✳✸✾✮ ❇✮ ❊st✐♠❛t❡s✿ ❚❤❡ t❡r♠s ♦♥ f 1 ❛♥❞ g 1 ✐♥ ✭✶✳✺✳✸✼✮ ❝❛♥ ❜❡ ❝♦♥tr♦••❡❞ ❛s✿ f 1 L r (Ω) ≤ C curl w L s (Ω) u 1 W 1,p (Ω) + d L 3 (Ω) b 1 W 1,p (Ω) .
✭✶✳✺✳✹✵✮

g 1 L r (Ω) ≤ C d L 3 (Ω) u 1 W 1,p (Ω) + ∇d L s (Ω) u 1 W 1,p (Ω) . ✭✶✳✺✳✹✶✮ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣s W 1,s (Ω) ֒→ W 1, 3 2 (Ω) ֒→ L 3 (Ω) ❢♦r s ≥ 3/2✱ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✸✼✮ ❜❡❝♦♠❡s u 2 W 2,r (Ω) + b 2 W 2,r (Ω) + P 2 W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) × curl w L s (Ω) + d W 1,s (Ω) ( u 1 W 1,p (Ω) + b 1 W 1,p (Ω) ). ✭✶✳✺✳✹✷✮ ❚❤❛♥❦s t♦ ✭✶✳✺✳✸✸✮✱ ✭✶✳✺✳✸✹✮ ❛♥❞ ✭✶✳✺✳✹✷✮✱ t❤❡ s♦•✉t✐♦♥ (u, b, P ) s❛t✐s✜❡s u W 1, p (Ω) + b W 1, p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) 2 × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1/r,r (Γ) . ✭✶✳✺✳✹✸✮ ❚❤✐s ❡st✐♠❛t❡ ✐s ♥♦t ♦♣t✐♠❛• ❛♥❞ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞✳ ❋♦r t❤✐s✱ ✇❡ ✇✐•• ❝♦♥s✐❞❡r (u, b, P ) ∈ W 1,p (Ω)× W 1,p (Ω) × W 1,r (Ω) t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❡①✐st❡♥❝❡ ♣❛rt✳ ◆♦t❡ t❤❛t✱ ❞✉❡ t♦ t❤❡ ❤②♣♦t❤❡s✐s ♦♥ d ❛♥❞ curl w✱ t❤❡ t❡r♠s (curl w)×u✱ (curl b)×d ❛♥❞ curl(u×d) ❜❡•♦♥❣ t♦ L r (Ω) ✇✐t❤ 1 r = 1 p + 1 3 ✳ ❚❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✮ ❛♥❞ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) ✭s❡❡ ▲❡♠♠❛ ✶✳✸✳✹✮✱ ✇❡ ❤❛✈❡✿ u W 1,p (Ω) + b W 1,p (Ω) + P W 1,r (Ω) C f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + (curl w) × u L r (Ω) + (curl b) × d L r (Ω) + curl(u × d) L r (Ω) ✭✶✳✺✳✹✹✮ ❲❡ ♣r♦❝❡❡❞ ✐♥ ❛ ✇❛② s✐♠✐•❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✶✿ ✇❡ ❜♦✉♥❞ t❤❡ t❤r❡❡ •❛st t❡r♠s ♦❢ ✭✶✳✺✳✹✹✮✱ ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ curl w✱ d ❛♥❞ ∇d ❣✐✈❡♥ ✐♥ ✭✶✳✺✳✹✮✲✭✶✳✺✳✺✮ ❛♥❞ ✭✶✳✺✳✷✷✮ r❡s♣❡❝t✐✈❡•②✳ ✭✐✮ ❚❤❡ t❡r♠ (curl w) × u L r (Ω) ✿ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✹✮ ❢♦r y = curl w✱ ✇❡ ♦❜t❛✐♥✿ y ǫ 2 × u L r (Ω) y ǫ 2 L s (Ω) u L p * (Ω) Cǫ u W 1,p (Ω) ✭✶✳✺✳✹✺✮ ✇❤❡r❡ W 1,p (Ω) ֒→ L p * (Ω) ✇✐t❤ 1 p * = 1 p -1 3 ✐s p < 3✱ ❢♦r p * = 3s 2s-3 ✐❢ p = 3 ❛♥❞ p * = ∞ ✐❢ p > 3✳ ◆❡①t✱ ❢♦r t❤❡ t❡r♠ y ǫ 1 × u✱ •❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✜rst t❤❡ ❝❛s❡ p < 3✳ ❲❡ ❤❛✈❡ y ǫ 1 × u L r (Ω) y ǫ 1 L t (Ω) u L m (Ω) y L 3 2 (Ω) ρ ǫ/2 L k (Ω) u L m (Ω) ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✵ ✇✐t❤ 1 r = 1 t + 1 m ❛♥❞ 1 + 1 t = 2 3 + 1 k ✳ ❈❤♦♦s✐♥❣ 6 < m < p * ✱ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,p (Ω) ֒→ L m (Ω) ✐s ❝♦♠♣❛❝t✳ ❋♦••♦✇✐♥❣ t❤✐s ❝❤♦✐❝❡✱ ✇❡ ❤❛✈❡ t ∈] 3 2 , 2p 2+p [ ❛♥❞ k ∈]1, 6p 5p+6 [✳ ❚❤❡♥✱ ❢♦r ❛♥② ε ′ > 0✱ t❤❡r❡ ❡①✐sts C ε ′ > 0 s✉❝❤ t❤❛t u L m (Ω) ≤ ε ′ u W 1,p (Ω) + C ε ′ u L 6 (Ω) . ❙♦✱ ✇❡ ❞❡❞✉❝❡ y ǫ 1 × u L r (Ω) ε ′ C ε y L 3/2 (Ω) u W 1,p (Ω) + C 1 C ε ′ C ǫ y L 3 2 (Ω) u H 1 (Ω) ✭✶✳✺✳✹✻✮ ✇❤❡r❡ C ǫ ✐s t❤❡ ❝♦♥st❛♥t ✇❤✐❝❤ ❛❜s♦r❜❡s t❤❡ ♥♦r♠ ♦❢ t❤❡ ♠♦••✐✜❡r ❛♥❞ C 1 ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 6 (Ω)✳ ■❢ p ≥ 3✱ ✇❡ ❤❛✈❡ y ǫ 1 × u L r (Ω) y ǫ 1 L s (Ω) u L m (Ω) y L s (Ω) ρ ǫ/2 L 1 (Ω) u L m (Ω) , ✭✶✳✺✳✹✼✮ ✇❤❡r❡ ✇❡ ❝❤♦♦s❡ m = ∞ ✐❢ p > 3 ❛♥❞ m ∈ (1, ∞) ✐❢ p = 3✳ ✭✐✐✮ ❚❤❡ t❡r♠ (curl b) × d L r (Ω) ✿ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✺✮ ❢♦r d✱ ✇❡ ❤❛✈❡✿ (curl b) × d ǫ 2 L r (Ω) curl b L p (Ω) d ǫ 2 L 3 (Ω) Cǫ b W 1,p (Ω) ✭✶✳✺✳✹✽✮ ◆❡①t✱ ✐♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ t❡r♠ (curl b) × d ǫ 1 ✱ ✇❡ ❤❛✈❡ t✇♦ ❝❛s❡s✿ • ❚❤❡ ❝❛s❡ 2 < p ≤ 6✿ ✇❡ ❤❛✈❡ (curl b) × d ǫ 1 L r (Ω) curl b L 2 (Ω) d ǫ 1 L t (Ω) curl b L 2 (Ω) d L 3 (Ω) ρ ǫ/2 L k (R 3 ) C ǫ d L 3 (Ω) b H 1 (Ω) ✭✶✳✺✳✹✾✮ ✇✐t❤ 1 r = 1 2 + 1 t ❛♥❞ 1 + 1 t = 1 3 + 1 k ✱ s♦ ✇❡ ❤❛✈❡ t♦ t❛❦❡ t = 6p 6-p ❛♥❞ k = 2p 2+p ✇❤✐❝❤ ❛r❡ ✇❡••✲❞❡✜♥❡❞✳ • ❚❤❡ ❝❛s❡ p > 6✳ ❲❡ ❤❛✈❡✿ (curl b) × d ǫ 1 L r (Ω) curl b L q (Ω) d ǫ 1 L t (Ω) curl b L q (Ω) d L 3 (Ω) ρ ǫ/2 L k (R 3 ) ✭✶✳✺✳✺✵✮ ✇✐t❤ 1 r = 1 q + 1 t ❛♥❞ 1 + 1 t = 1 k + 1 3 ✳ ❲❡ ❝❤♦♦s❡ 3 < q < p✱ ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t t ∈]3, p[ ❛♥❞ k ∈]1, 3p 2p+3 [✳ ❚❤❡ ✐♥t❡r♣♦•❛t✐♦♥ ❡st✐♠❛t❡ ♦❢ W 1,q (Ω) ❜❡t✇❡❡♥ H 1 (Ω) ❛♥❞ W 1,p (Ω) ❣✐✈❡s ✭❝❢✳ ❬✼✺(✮✿ curl b L q (Ω) b θ W 1,p (Ω) b 1-θ H 1 (Ω) , ✇✐t❤ θ = p(q-2) q(p-2) ✳ ❆♣♣•②✐♥❣ t❤❡ (♦✉♥❣ ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ ❢♦r s♠❛•• ǫ ′ > 0✿ curl b L q (Ω) ǫ ′ b W 1,p (Ω) + C ǫ ′ b H 1 (Ω) . |❡♣•❛❝✐♥❣ t❤✐s ❡st✐♠❛t❡ ✐♥ ✭✶✳✺✳✺✵✮✱ ✇❡ ♦❜t❛✐♥✿ (curl b) × d ǫ 1 L r (Ω) ǫ ′ C ǫ d L 3 (Ω) b W 1,p (Ω) + C ǫ ′ C ǫ d L 3 (Ω) b H 1 (Ω) . ✭✶✳✺✳✺✶✮ ✭✐✐✐✮ ❚❤❡ t❡r♠ curl(u × d) L r (Ω) ✿ ❙✐♥❝❡ div u = 0 ❛♥❞ div d = 0 ✐♥ Ω✱ t❤✉s ✇❡ r❡✇r✐t❡ curl(u×d) = (d • ∇)u -(u • ∇)d✳ • ❚❤❡ t❡r♠ (d • ∇)u L r (Ω) ✿ ❢♦••♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ❢♦r t❤❡ t❡r♠ (curl b) × d ❜② r❡♣•❛❝✐♥❣ curl b ✇✐t❤ ∇u✱ ✇❡ ♦❜t❛✐♥ (d ǫ 2 • ∇)u L r (Ω) Cǫ u W 1,p (Ω) ✭✶✳✺✳✺✷✮ ❚❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L p ✲t❤❡♦r② ✺✶ ❛♥❞ (d ǫ 1 • ∇)u L r (Ω) C ǫ d L 3 (Ω) ε ′ u W 1,p (Ω) + C ǫ ′ u H 1 (Ω) ✭✶✳✺✳✺✸✮ • ❚❤❡ t❡r♠ (u • ∇)d L r (Ω) ✿ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ r❡♠❛r❦ t❤❛t ✇❡ ❝❛♥ ❝♦♥tr♦• t❤✐s t❡r♠ ❛s ❢♦r (curl w) × u L r (Ω) ❜② r❡♣•❛❝✐♥❣ curl w ✇✐t❤ ∇d✳ ❆♣♣•②✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✷✷✮ ❢♦r ∇d✱ ✇❡ t❤✉s ♣r♦✈❡ t❤❛t✿ z ǫ 2 • u L r (Ω) Cǫ u W 1,p (Ω) ✭✶✳✺✳✺✹✮ ❛♥❞ z ǫ 1 • u L r (Ω) CC ǫ ∇d L s (Ω) ε ′ u W 1,p (Ω) + C ε ′ u H 1 (Ω) ✭✶✳✺✳✺✺✮ ❋✐♥❛••②✱ t❛❦✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✶✳✺✳✹✺✮✲✭✶✳✺✳✺✺✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,s (Ω) ֒→ L 3 (Ω) ❢♦r s ≥ 3/2 ❛♥❞ ✭✶✳✺✳✹✹✮✱ t❤❡♥ ❝❤♦♦s✐♥❣ ǫ, ǫ ′ > 0 s♠❛•• ❡♥♦✉❣❤ ❛♥❞ ✉s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮✱ ✇❡ t❤✉s ♦❜t❛✐♥ ✭✶✳✺✳✸✷✮✳ |❡♠❛r❦ ✶✳✺✳✶✳ ✭✐✮ ❚❤❡ ❝❛s❡ p > 2 ❝❛♥ ❜❡ ❛♥❛•②③❡❞ ✐♥ ❛ s✐♠✐•❛r ✇❛② t♦ t❤❡ ❝❛s❡ p = 2 t♦ ♣r♦✈❡ t❤❛t t❤❡ s♣❛❝❡ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✇✐t❤ 1 r = 1 p + 1 3 ✐s ♦♣t✐♠❛• t♦ ♦❜t❛✐♥ t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω)✳ ✭✐✐✮ ❲❤② ❞♦ ✇❡ t❛❦❡ P 0 ∈ W 1-1/r,r (Γ) ✐♥st❡❛❞ ♦❢ W -1/p,p (Γ)❄ ■❢ ✇❡ t❛❦❡ P 0 ∈ W -1/p,p (Γ)✱ ✇❡ ♦❜t❛✐♥ t❤❛t P ∈ L p (Ω) ❛s ✐♥ t❤❡ ❝•❛ss✐❝ ❝❛s❡ ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❉✐r✐❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❇✉t ✇❡ ❛r❡ ♥♦t ❛❜•❡ t♦ s♦•✈❡ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ❜❡❝❛✉s❡✱ ✐♥ t❤✐s ❝❛s❡✱ f = curl(curl u) + ∇P / ∈ [H r ′ ,p ′ (curl, Ω)] ′ ✳ ❲❡ ❛•s♦ ♥❡❡❞ t♦ st✉❞② t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐s ♥♦t ❢r❡❡ ❢♦r t❤❡ ✈❡•♦❝✐t② ✜❡•❞✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠ ❛♣♣❡❛rs ❛s t❤❡ ❞✉❛• ♣r♦❜•❡♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ✐♥ t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ❢♦r p < 2✿                    -∆u + (curl w) × u + ∇P -(curl b) × d = f and div u = h in Ω, curl curl b -curl(u × d) + ∇χ = g and div b = 0 ✐♥ Ω, u × n = ✵, b × n = ✵ and χ = 0 on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , u • n, 1 Γ i = 0, and b • n, 1 Γ i = 0. ✭✶✳✺✳✺✻✮ ❖❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✹✳✷✮ ✐s r❡♣•❛❝❡❞ ❜② curl curl b -curl(u × d) + ∇χ = g in Ω ✇✐t❤ χ = 0 ♦♥ Γ✳ ❚❤❡ s❝❛•❛r χ r❡♣r❡s❡♥ts t❤❡ ▲❛❣r❛♥❣❡ ♠✉•t✐♣•✐❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠❛❣♥❡t✐❝ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t✳ ◆♦t❡ t❤❛t✱ t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ χ ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❉✐r✐❝❤•❡t ♣r♦❜•❡♠✿ ∆χ = div g in Ω and χ = 0 on Γ. ✭✶✳✺✳✺✼✮ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ g ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱ ✇❡ ❤❛✈❡ χ = 0✳ ◆❡✈❡rt❤❡•❡ss✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ χ ✇✐•• ❜❡ ✉s❡❢✉• t♦ ❡♥❢♦r❝❡ ③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ♦✈❡r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ❋✐rst✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❢♦r t❤❡ ❝❛s❡ h = 0✳ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✷ ❈♦r♦••❛r② ✶✳✺✳✸✳ ❙✉♣♣♦s❡ t❤❛t p 2 ❛♥❞ h = 0✳ ▲❡t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ P 0 ∈ W 1-1 r ,r (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮ ❛♥❞ w✱ d ❞❡✜♥❡❞ ✇✐t❤ ✭✶✳✺✳✷✾✮✲✭✶✳✺✳✸✶✮✳ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ ✭✶✳✺✳✺✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, χ, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × W 1,r (Ω) × R I ✇❤❡r❡ c = (c 1 , . . . , c I ) ✐s ❣✐✈❡♥ ❜② ✭✶✳✺✳✸✾✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u W 1,p (Ω) + b W 1,p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1/r,r (Γ) . ✭✶✳✺✳✺✽✮ χ W 1,r (Ω) ≤ C g [H r ′ ,p ′ 0 (curl,Ω)] ′ ✭✶✳✺✳✺✾✮ Pr♦♦❢✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ s❝❛•❛r χ ❝❛♥ ❜❡ ❢♦✉♥❞ ❞✐r❡❝t•② ❛s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❉✐r❝❤•❡t ♣r♦❜•❡♠ ✭✶✳✺✳✺✼✮✳ ❙✐♥❝❡ g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ div g ∈ W -1,r (Ω) ❛♥❞ t❤❡♥ χ ❜❡•♦♥❣s t♦ W 1,r (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✺✾✮✳ ❲❡ s❡t g ′ = g -∇χ✳ ■t ✐s ❝•❡❛r t❤❛t g ′ ✐s ❛♥ ❡•❡♠❡♥t ♦❢ t❤❡ ❞✉❛• s♣❛❝❡ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❝•❡❛r t❤❛t div g ′ = 0 ✐♥ Ω ❛♥❞ g ′ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✳ ❙♦✱ ♣r♦❜•❡♠ ✭✶✳✺✳✺✻✮ ❜❡❝♦♠❡s                    -∆u + (curl w) × u + ∇P -(curl b) × d = f and div u = 0 in Ω, curl curl b -curl(u × d) = g ′ and div b = 0 ✐♥ Ω, u × n = ✵ and b × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , u • n, 1 Γ i = 0, and b • n, 1 Γ i = 0. ✭✶✳✺✳✻✵✮ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✷✱ ♣r♦❜•❡♠ ✭✶✳✺✳✻✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ✐♥ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ u W 1, p (Ω) + b W 1, p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g ′ [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1/r,r (Γ) . ✭✶✳✺✳✻✶✮ ❯s✐♥❣ ✭✶✳✺✳✺✾✮✱ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡ st✐•• ❤♦•❞s ✇❤❡♥ g ′ ✐s r❡♣•❛❝❡❞ ❜② g✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠ ❣✐✈❡s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ❢♦r t❤❡ ❝❛s❡ h = 0✳ ❚❤❡♦r❡♠ ✶✳✺✳✹✳ ❙✉♣♣♦s❡ t❤❛t p 2✳ ▲❡t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ P 0 ∈ W 1-1 r ,r (Γ) ❛♥❞ h ∈ W 1,r (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮ ❛♥❞ w✱ d ❞❡✜♥❡❞ ✇✐t❤ ✭✶✳✺✳✷✾✮✲✭✶✳✺✳✸✶✮✳ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ ✭✶✳✺✳✺✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, χ, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × W 1,r (Ω) × R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r (u, b, P )✿ u W 1,p (Ω) + b W 1,p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) 2 × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + h W 1,r (Ω) + P 0 W 1-1/r,r (Γ) . ✭✶✳✺✳✻✷✮ Pr♦♦❢✳ ❚❤❡ ✐❞❡❛ ✐s t♦ •✐❢t t❤❡ ❞❛t❛ h ❜② ✉s✐♥❣ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠✿                -∆u 1 + ∇P 1 = f and div u 1 = h in Ω, u 1 × n = 0 on Γ, P 1 = P 0 on Γ 0 and P 1 = P 0 + α (1) i on Γ i , u 1 • n, 1 Γ i = 0, ∀1 i I ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u 1 , P 1 , α (1) ) ∈ W 1,p (Ω)×W 1,r (Ω)× R I s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ u 1 W 1,p (Ω) + P 1 W 1,r (Ω) C f [H r ′ ,p ′ 0 (curl,Ω)] ′ + h W 1,r (Ω) + P 0 W 1-1 r ,r (Γ) . ✭✶✳✺✳✻✸✮ ✇❤❡r❡ α (1) i = f , ∇q N i Ω + Γ (h -P 0 ) ∇q N i • n dσ✳ ◆❡①t✱ s✐♥❝❡ g s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮✱ ❞✉❡ t♦ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✷(✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -∆b 1 + ∇χ = g and div b 1 = 0 in Ω, b 1 × n = 0 and χ = 0 on Γ, b 1 • n, 1 Γ i = 0 ∀1 i I ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (b 1 , χ) ∈ W 1,p (Ω) × W 1,r (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ b 1 W 1,p (Ω) + χ W 1,r (Ω) C g [H r ′ ,p ′ 0 (curl,Ω)] ′ ✭✶✳✺✳✻✹✮ ❋✐♥❛••②✱ ✇❡ ❝♦♥s✐❞❡r (u 2 , b 2 , P 2 , α (2) ) ∈ W 2,r (Ω) × W 2,r (Ω) × W 1,r (Ω) × R I t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✶✳✺✳✸✻✮ s❛t✐s❢②✐♥❣ ✭✶✳✺✳✸✽✮ ❛♥❞ ✭✶✳✺✳✹✷✮✳ ❚❤❡r❡❢♦r❡✱ (u 1 + u 2 , b 1 + b 2 , P 1 + P 2 , χ, α (1) + α (2) ) ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✶✳✺✳✺✻✮✳ ❊st✐♠❛t❡ ✭✶✳✺✳✻✷✮ ❢♦••♦✇s ❢r♦♠ ✭✶✳✺✳✻✸✮✱✭✶✳✺✳✻✹✮ ❛♥❞ ✭✶✳✺✳✹✷✮✳ ◆♦t❡ t❤❛t t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✻✷✮ ✐s ♥♦t ♦♣t✐♠❛• ❛♥❞ ✇✐•• ❜❡ ✐♠♣r♦✈❡❞ ✐♥ t❤❡ ♥❡①t r❡s✉•t✳ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✺✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✹✱ t❤❡ ♣r♦❜•❡♠ ✭✶✳✺✳✺✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, χ, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × W 1,r (Ω) × R I s❛t✐s❢②✐♥❣ ✭✶✳✺✳✺✾✮ ❛♥❞ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 1,p (Ω) + b W 1,p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1/r,r (Γ) + h W 1,r (Ω) 1 + curl w L s (Ω) + d W 1,s (Ω) . ✭✶✳✺✳✻✺✮ Pr♦♦❢✳ ❲❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♥♦♥ ✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ♣r♦❜•❡♠ ✭✶✳✺✳✺✻✮ ❢♦r t❤❡ ✈❡•♦❝✐t② t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ div u = 0 ✐♥ Ω✱ ❜② s♦•✈✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❉✐r✐❝❤•❡t ♣r♦❜•❡♠✿ ∆θ = h ✐♥ Ω and θ = 0 ♦♥ Γ ✭✶✳✺✳✻✻✮ ❋♦r h ∈ W 1,r (Ω)✱ ♣r♦❜•❡♠ ✭✶✳✺✳✻✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ θ ∈ W 3,r (Ω) ֒→ W 2,p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ θ W 2,p (Ω) C h W 1,r (Ω) ✭✶✳✺✳✻✼✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✹ ❙❡tt✐♥❣ z = u -∇θ✱ t❤❡♥ ✭✶✳✺✳✺✻✮ ❜❡❝♦♠❡s✿ ❋✐♥❞ (z, b, P, χ, c) s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠✿                            -∆z + (curl w) × z + ∇P -(curl b) × d = f + ∇h -(curl w) × ∇θ in Ω curl curl b -curl(z × d) + ∇χ = g + curl(∇θ × d) in Ω div z = 0, div b = 0 ✐♥ Ω z × n = ✵, b × n = ✵ and χ = 0 ♦♥ Γ P = P 0 ♦♥ Γ 0 , P = P 0 + c i ♦♥ Γ i z • n, 1 Γ i = b • n, 1 Γ i = 0, ∀1 i I, ✭✶✳✺✳✻✽✮ ✇❤✐❝❤ ✐s ❛ ♣r♦❜•❡♠ tr❡❛t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦••❛r② ✶✳✺✳✸✳ ❙✐♥❝❡ ∇θ ∈ W 1,p (Ω) ֒→ L p * (Ω)✱ ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s ✐♥ ✭✶✳✺✳✻✮✱ ✇❡ ❤❛✈❡ (curl w) × ∇θ ∈ L r (Ω) ✇✐t❤ 1 p * = 1 p -1 3 ✐❢ p < 3✱ p * = rs s-r ✐❢ p = 3 ❛♥❞ p * = ∞ ✐❢ p > 3✳ ❙♦ f + ∇h -(curl w) × ∇θ ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❡r♠ curl(∇θ × d) = d • ∇∇θ -∇θ • ∇d ✳ ❙✐♥❝❡ d ∈ W 1,s (Ω) ֒→ L 3 (Ω) ✭s 3/2✮✱ t❤❡♥ d • ∇∇θ ❜❡•♦♥❣s t♦ L r (Ω)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ∇d ∈ L s (Ω)✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❢♦r t❤❡ t❡r♠ (curl w) × ∇θ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∇θ • ∇d ❜❡•♦♥❣s t♦ L r (Ω)✳ ❙♦✱ g + curl(∇θ × d) ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❛♥❞ s❛t✐s✜❡s ✭✶✳✺✳✷✼✮✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (z, b, P, χ, c) ∈ W 1,p (Ω)×W 1,p (Ω)×W 1,r (Ω)×W 1,r (Ω)×R I s❛t✐s❢②✐♥❣ ✭✶✳✺✳✺✾✮ ❛♥❞ z W 1, p (Ω) + b W 1, p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + ∇h L r (Ω) + (curl w) × ∇θ L r (Ω) + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + curl(∇θ × d) L r (Ω) + P 0 W 1-1/r,r (Γ) . ✭✶✳✺✳✻✾✮ ✇✐t❤ c i = f , ∇q N i Ω r ′ ,p ′ + Γ (h -P 0 )∇q N i • n dσ -(curl w) × ∇θ, ∇q N i Ω r ′ ,p ′ -(curl w) × z, ∇q N i Ω r ′ ,p ′ + (curl b) × d, ∇q N i Ω r ′ ,p ′ ❚♦ ❜♦✉♥❞ t❤❡ t❡r♠s (curl w) × ∇θ L r (Ω) ❛♥❞ curl(∇θ × d) L r (Ω) ✐♥ ✭✶✳✺✳✻✾✮✱ ✇❡ ✇r✐t❡ ❜② ✉s✐♥❣ ✭✶✳✺✳✻✼✮ (curl w) × ∇θ L r (Ω) ≤ curl w L s (Ω) ∇θ L p * (Ω) ≤ curl w L s (Ω) ∇θ W 1,p (Ω) ≤ C curl w L s (Ω) h W 1,r (Ω) . ✭✶✳✺✳✼✵✮ ■♥ ❛❞❞✐t✐♦♥ ✇❡ ❤❛✈❡ curl(∇θ × d) L r (Ω) ≤ d • ∇∇θ L r (Ω) + ∇d • ∇θ L r (Ω) ≤ d L 3 (Ω) ∇∇θ L p (Ω) + ∇d L s (Ω) ∇θ L p * (Ω) ≤ C d W 1,s (Ω) h W 1,r (Ω) . ✭✶✳✺✳✼✶✮ ◆♦✇ ♣•✉❣❣✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✶✳✺✳✼✵✮ ❛♥❞ ✭✶✳✺✳✼✶✮ ✐♥ ✭✶✳✺✳✻✾✮ ❣✐✈❡s z W 1, p (Ω) + b W 1, p (Ω) + P W 1,r (Ω) C 1 + curl w L s (Ω) + d W 1,s (Ω) × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1/r,r (Γ) + h W 1,r (Ω) 1 + curl w L s (Ω) + d W 1,s (Ω) . ✭✶✳✺✳✼✷✮ ❚❤✉s✱ s✉♠♠✐♥❣ t❤❡ r❡s✉•t✐♥❣ ❡st✐♠❛t❡ ✭✶✳✺✳✼✷✮ ❛•♦♥❣ ✇✐t❤ ❡st✐♠❛t❡ ✭✶✳✺✳✻✼✮✱ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞ ❢♦r (u, b, P ) ✐♥ ✭✶✳✺✳✻✺✮✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ♥♦✇ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦•✉t✐♦♥ ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ✐♥ W 1,p (Ω) ✇✐t❤ p < 2✳ ❙✐♥❝❡ t❤❡ ♣r♦❜•❡♠ ✐s •✐♥❡❛r✱ ✇❡ ✇✐•• ✉s❡ ❛ ❞✉❛•✐t② ❛r❣✉♠❡♥t ❞❡✈❡•♦♣❡❞ ❜② ▲✐♦♥s✲▼❛❣❡♥❡s ❬✻✻(✳ ❚❤✐s ✇❛② ❡♥s✉r❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦•✉t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ♠✉st ❞❡r✐✈❡ t❤❛t ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛♥ ❡q✉✐✈❛•❡♥t ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥✳ ❲❡ t❤❡♥ ♥❡❡❞ ❛❞❡q✉❛t❡ ❞❡♥s✐t② •❡♠♠❛ ❛♥❞ •r❡❡♥ ❢♦r♠✉•❛❡✱ ❛❞❛♣t❡❞ t♦ ♦✉r ❢✉♥❝t✐♦♥❛• ❢r❛♠❡✇♦r❦✱ t♦ ❞❡✜♥❡ r✐❣♦r♦✉s•② ❡❛❝❤ t❡r♠✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ V(Ω) := (v, a, θ, τ ) ∈ W 1,p ′ (Ω) × W 1,p ′ (Ω) × W 1,(p * ) ′ (Ω) × W 1,(p * ) ′ 0 (Ω); div v ∈ W 1,(p * ) ′ 0 (Ω), v × n = a × n = ✵ ♦♥ Γ, θ = 0, ♦♥ Γ 0 and θ = cste ♦♥ Γ i , v • n, 1 Γi = a • n, 1 Γi = 0, ∀1 i I ❛♥❞ ✇❡ r❡❝❛•• t❤❛t •, • Ω p * ,p ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ❜❡t✇❡❡♥ H p * ,p 0 (curl, Ω) ❛♥❞ [H p * ,p 0 (curl, Ω)] ′ ✇✐t❤ 1 p * = 1 p -1 3 ✳ ▲❡♠♠❛ ✶✳✺✳✻✳ ❲❡ s✉♣♣♦s❡ Ω ♦❢ ❝•❛ss C 1,1 ✳ ▲❡t 3 2 < p < 2✳ ❆ss✉♠❡ t❤❛t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ h = 0 ❛♥❞ P 0 ∈ W 1-1 r ,r (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ t♦❣❡t❤❡r ✇✐t❤ curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 σ (Ω)✳ ❚❤❡♥✱ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ ♣r♦❜•❡♠s ❛r❡ ❡q✉✐✈❛•❡♥t✿ ✭✶✮✳ (u, b, P, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I s❛t✐s✜❡s t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮✳ ✭✷✮✳ ❋✐♥❞ (u, b, P, c) ∈ W 1,p σ (Ω) × W 1,p σ (Ω) × W 1,r (Ω) × R I ✇✐t❤ u × n = ✵ ❛♥❞ b × n = ✵ ♦♥ Γ✱ u • n, 1 Γi = 0 ❛♥❞ b • n, 1 Γi = 0 ❢♦r ❛♥② 1 i I s✉❝❤ t❤❛t✿ ❋♦r ❛♥② (v, a, θ, τ ) ∈ V(Ω)✱ u, -∆v -(curl w) × v + (curl a) × d + ∇θ Ωp * ,p - Ω P div v dx + b, curl curl a + curl(v × d) + ∇τ Ωp * ,p = f , v Ωr ′ ,p ′ + g, a Ωr ′ ,p ′ - Γ P 0 v • n dσ, ✭✶✳✺✳✼✸✮ c i = f , ∇q N i Ωr ′ ,p ′ - Γ P 0 ∇q N i • n dσ + Ω (curl b) × d • ∇q N i dx- Ω (curl w) × u • ∇q N i dx, ✭✶✳✺✳✼✹✮ Pr♦♦❢✳ ✭✶✮ ⇒ ✭✷✮ ▲❡t (u, b, P, c) ∈ W 1,p σ (Ω) × W 1,p σ (Ω) × W 1,r (Ω) × R I s♦•✉t✐♦♥ ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮✳ ▲❡t ✉s t❛❦❡ (v, a, θ, τ ) ∈ V(Ω)✳ ❲❡ ✇❛♥t t♦ ♠✉•t✐♣•② t❤❡ s②st❡♠ ✭✶✳✹✳✷✮ ❜② (v, a, θ, τ ) ❛♥❞ ✐♥t❡❣r❛t❡ ❜② ♣❛rts✳ ▲❡t ✉s st✉❞② t❤❡s❡ t❡r♠s ♦♥❡ ❜② ♦♥❡✳ ❋✐rst•②✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❞✉❛•✐t② ♣❛✐r✐♥❣ -∆u, v Ωr ′ ,p ′ ✐s ✇❡•• ❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ s✐♥❝❡ -∆u = curl curl u ❛♥❞ curl u ∈ L p (Ω)✱ ✐t ❢♦••♦✇s t❤❛t -∆u ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❇❡s✐❞❡s✱ r❡❝❛•• t❤❛t v ∈ W 1,p ′ (Ω)✱ s♦ curl v ∈ L p ′ (Ω)✱ ❛♥❞ s✐♥❝❡ 1 r ′ = 1 - 1 r = 1 - 3 + p 3p = 1 p ′ - 1 3 , ✭✶✳✺✳✼✺✮ t❤❡♥ ✇❡ ❤❛✈❡ W 1,p ′ (Ω) ֒→ L r ′ (Ω)✳ ❍❡♥❝❡ v ∈ H r ′ ,p ′ 0 (curl, Ω)✳ ◆♦✇✱ ❜② t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ H r ′ ,p ′ 0 (curl, Ω) ❛♥❞ H p * ,p 0 (curl, Ω)✱ ✇❡ ❤❛✈❡ -∆u, v Ωr ′ ,p ′ = Ω curl u • curl v dx = u, curl curl v Ωp * ,p ✭✶✳✺✳✼✻✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✻ ❚❤❡ •❛st ❞✉❛•✐t② ♣❛✐r✐♥❣ ✐s ❛❣❛✐♥ ✇❡•• ❞❡✜♥❡❞✿ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,p (Ω) ֒→ L p * (Ω) ✐♠♣•✐❡s u ∈ H p * ,p 0 (curl, Ω)✱ ❛♥❞ s✐♥❝❡ curl v ∈ L p ′ (Ω) t❤❡♥ curl curl v ∈ [H p * ,p 0 (curl, Ω)] ′ ✳ ❚❤✉s✱ ❞✉❡ t♦ t❤❡ r❡•❛t✐♦♥ curl curl v = -∆v + ∇ div v✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✿ -∆u, v Ωr ′ ,p ′ = u, -∆v + ∇ div v Ωp * ,p ❖❜s❡r✈❡ t❤❛t s✐♥❝❡ v ∈ V(Ω)✱ ✇❡ ❤❛✈❡ div v ∈ W 1,(p * ) ′ 0 (Ω)✱ ❛♥❞ ✐t ❢♦••♦✇s t❤❛t ∇ div v ∈ L (p * ) ′ (Ω) ֒→ [H p * ,p 0 (curl, Ω)] ′ ✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ curl curl v ❜❡•♦♥❣s t♦ [H p * ,p 0 (curl, Ω)] ′ ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∆v ❛•s♦ ❜❡•♦♥❣s t♦ [H p * ,p 0 (curl, Ω)] ′ ✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ •❛st ❞✉❛•✐t② ♠❛❦❡s s❡♥s❡✳ ◆❡①t✱ s✐♥❝❡ div v = 0 ♦♥ Γ ❛♥❞ div u = 0 ✐♥ Ω✱ ✇❡ ❤❛✈❡ u, ∇ div v Ωp * ,p = Ω u • ∇ div v dx = - Ω div u div v dx + Γ u • n div v dσ = 0 . ❲❡ ❝♦♥❝•✉❞❡ t❤❛t -∆u, v Ωr ′ ,p ′ = u, -∆v Ωp * ,p ❲❡ ♥♦✇ tr❡❛t t❤❡ t❡r♠ (curl w) × u, v Ωr ′ ,p ′ ✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ curl w ∈ L 3 2 (Ω) ❛♥❞ u ∈ W 1,p (Ω) ֒→ L p * (Ω)✱ t❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ r✱ (curl w) × u ∈ L r (Ω)✳ ❇❡s✐❞❡s✱ v ∈ W 1,p ′ (Ω) ֒→ L (p ′ ) * (Ω)✳ ❙♦ (curl w) × u, v Ωr ′ ,p ′ = Ω (curl w) × u • v dx = - Ω (curl w) × v • u dx ✇✐t❤ t❤❡ ✐♥t❡❣r❛• ✇❡•• ❞❡✜♥❡❞ t❤❛♥❦s t♦ ✭✶✳✺✳✼✺✮ ❛♥❞ 1 r + 1 (p ′ ) * = 1 r + 1 p ′ - 1 3 = 1 r + 1 r ′ = 1. ❋♦r t❤❡ t❡r♠ -(curl b) × d, v Ω r ′ ,p ′ ✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦r t❤❡ ♣r❡✈✐♦✉s ♣❛✐r✐♥❣✿ ✇❡ ❤❛✈❡ curl b ∈ L p (Ω) ❛♥❞ d ∈ W 1, 3 2 (Ω) ֒→ L 3 (Ω)✱ s♦ (curl b) × d ∈ L r (Ω)✳ ❚❤❡r❡❢♦r❡✿ -(curl b) × d, v Ωr ′ ,p ′ = - Ω (curl b) × d • v dx = - Ω curl b • (d × v) dx ❯s✐♥❣ ❛❣❛✐♥ t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ H p * ,p 0 (curl, Ω)✱ ✇❡ ♦❜t❛✐♥ - Ω curl b • (d × v) dx = Ω b • curl(v × d) dx. ■t r❡♠❛✐♥s ✉s t♦ tr❡❛t t❤❡ ♣r❡ss✉r❡ t❡r♠✳ ❙✐♥❝❡ ∇P ∈ L r (Ω)✱ ✇❡ ❤❛✈❡ ❛s ❢♦r t❤❡ ❜♦t❤ ♣r❡✈✐♦✉s t❡r♠s t❤❡ ✇❡•• ❞❡✜♥❡❞ ♦❢ t❤❡ ✐♥t❡❣r❛•✿ ∇P, v Ωr ′ ,p ′ = Ω ∇P • v dx ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼(✱ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣r❡ss✉r❡ P ✱ ✇❡ ❤❛✈❡ ∇P, v Ωr ′ ,p ′ = Γ P v • n dσ - Ω P div v dx = Γ0 P 0 v • n dσ + I i=1 Γi (P 0 + c i ) v • n dσ - Ω P div v dx ❍♦✇❡✈❡r✱ s✐♥❝❡ v • n, 1 Γi = 0 ❢♦r ❛•• 1 i I✱ ✇❡ ❤❛✈❡ I i=1 Γi c i v • n dσ = 0✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥✿ ∇P, v Ωr ′ ,p ′ = Γ P 0 v • n dσ - Ω P div v dx ◆♦✇✱ ♠✉•t✐♣•②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ div u = 0 ✐♥ Ω ❜② θ✱ ✇❡ ♦❜t❛✐♥ ❜② t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ H p * ,p (div, Ω) 0 = - Ω θ div u dx = Ω u • ∇θ dx - Γ θ u • n dσ, ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t u ∈ W 1,p (Ω) ֒→ L p * (Ω) ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t u ∈ H p * , p (div, Ω)✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ θ ♦♥ Γ i ✱ 0 i I✱ ✇✐t❤ ③❡r♦ ✢✉①s ♦❢ t❤❡ ✈❡•♦❝✐t② u•n, 1 Γi = 0 ❢♦r 1 i I✱ ✇❡ ❤❛✈❡✿ Γ θ u • n dσ = 0. ❚❤✉s✱ s✉♠♠✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉•t✐♥❣ t❡r♠s✱ ✇❡ ♦❜t❛✐♥✿ f , v Ωr ′ ,p ′ = u, curl curl v Ωp * ,p - Ω (curl w) × v • u dx - Ω curl(d × v) • b dx - Ω P div v dx + Γ P 0 v • n dσ + Ω u • ∇θ dx. ✭✶✳✺✳✼✼✮ ◆♦✇✱ ✇❡ tr❡❛t t❤❡ t❡r♠s ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳ ❋♦r t❤❡ t❡r♠ curl curl b, a Ωr ′ ,p ′ ✱ t❤❡ ❞✉❛•✐t② ♣❛✐r✐♥❣ ✐s ✇❡•• ❞❡✜♥❡❞ ❛♥❞ ❢♦••♦✇✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥ ❢♦r ✭✶✳✺✳✼✻✮✱ ✇❡ ❤❛✈❡ curl curl b, a Ω r ′ ,p ′ = Ω curl b • curl a dx = b, curl curl a Ω p * ,p ◆❡①t✱ ❢♦r t❤❡ t❡r♠ curl(u×d), a Ωr ′ ,p ′ ✱ t❤❡ ❞✉❛•✐t② ♣❛✐r✐♥❣ ✐s ❛❣❛✐♥ ✇❡•• ❞❡✜♥❡❞✿ s✐♥❝❡ u ∈ W 1,p (Ω) ֒→ L p * (Ω) ❛♥❞ d ∈ W 1, 3 2 (Ω) ֒→ L 3 (Ω)✱ t❤❡♥ u×d ∈ L p (Ω) s♦ curl(u×d) ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❙✐♠✐•❛r•②✱ ❜② t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ H r ′ ,p ′ 0 (curl, Ω)✱ ✇❡ ❤❛✈❡ curl(u × d), a Ωr ′ ,p ′ = Ω curl a • (u × d) dx = Ω u • (d × curl a) dx ❍❡r❡ ❛•s♦ t❤❡ ✐♥t❡❣r❛•s ❛r❡ ✇❡•• ❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ✜rst ✐♥t❡❣r❛•✱ curl a ∈ L p ′ (Ω)✱ u ∈ L p * (Ω)✱ d ∈ W 1, 3 2 (Ω) ֒→ L 3 (Ω) ❛♥❞ 1 p ′ + 1 p * + 1 3 = 1✳ ■t r❡♠❛✐♥s ✉s t♦ ♠✉•t✐♣•② t❤❡ ❡q✉❛t✐♦♥ div b = 0 ✐♥ Ω ❜② τ ✳ ❇② ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ W 1,(p * ) ′ 0 (Ω)✱ ✇❡ ❤❛✈❡ t❤❡ •r❡❡♥ ❢♦r♠✉•❛✿ ❢♦r ❛♥② τ ∈ W 1,(p * ) ′ 0 (Ω) - Ω (div b) τ dx = Ω b • ∇τ dx ■♥ s✉♠♠❛r②✱ t❤❡s❡ t❡r♠s ♣r♦✈✐❞❡❞ ❜② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ❣✐✈❡✿ g, a Ωr ′ ,p ′ = b, curl curl a Ωp * ,p - Ω u • (d × curl a) dx + Ω b • ∇τ dx ✭✶✳✺✳✼✽✮ ❋✐♥❛••②✱ ❛❞❞✐♥❣ ✭✶✳✺✳✼✼✮ ❛♥❞ ✭✶✳✺✳✼✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✺✳✼✸✮✳ ❲❡ ♥♦✇ ✇❛♥t t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♥st❛♥ts c i ✐♥ ✭✶✳✺✳✼✹✮✳ ▲❡t ✉s t❛❦❡ v ∈ W 1,p σ (Ω) ✇✐t❤ v × n = 0 ♦♥ Γ✱ ❛♥❞ s❡t✿ v 0 = v - I i=1 Γi v • n dσ ∇q N i ✭✶✳✺✳✼✾✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✽ ❙♦✱ v 0 ❜❡•♦♥❣s t♦ W 1,p σ (Ω) ❛♥❞ s❛t✐s✜❡s v × n = 0 ♦♥ Γ✱ v 0 • n, 1 Γi = 0✱ 1 ≤ i ≤ I✳ ▼✉•t✐♣•②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ❜② v ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ♦❜t❛✐♥ Ω curl u • curl v dx - Ω (curl w) × v • u dx + Ω curl(v × d) • b dx + Γ0 P 0 v • n dσ + I i=1 Γi (P 0 + c i )v • n dσ = Ω f • v dx ✭✶✳✺✳✽✵✮ ❲❡ ♥♦✇ t❛❦❡ ❛ t❡st ❢✉♥❝t✐♦♥ (v 0 , 0, 0, 0) ✐♥ ✭✶✳✺✳✼✸✮✳ ◆♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜•❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✭✶✳✺✳✼✾✮✿ u, -∆v 0 Ωp * ,p - Ω u • (curl w) × v 0 dx - Ω P div v 0 dx + Ω b • curl(v 0 × d) dx = f , v 0 Ωr ′ ,p ′ - Γ P 0 v 0 • n dσ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ q N i ✱ ✇❡ ❤❛✈❡ div v 0 = 0✳ ❇❡s✐❞❡s✱ curl v 0 = curl v✱ s♦ ✐t ❢♦••♦✇s ❢r♦♠ t❤❡ s❛♠❡ ❞❡♥s✐t② ❛r❣✉♠❡♥t ✉s❡❞ ♣r❡✈✐♦✉s•②✿ Ω curl u • curl v dx - Ω (curl w) × v 0 • u dx + Ω b • curl(v 0 × d) dx = Ω f • v 0 dx - Γ P 0 v 0 • n dσ ❉❡❝♦♠♣♦s✐♥❣ v 0 ✇✐t❤ ✭✶✳✺✳✼✾✮ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡✿ Ω curl u • curl v dx - Ω (curl w) × v • u + Ω b • curl(v × d) dx - Ω f • v dx + Γ P0 v • n dσ = I i=1 ( Γ i v • n dσ) - Ω (curl w) × ∇q N i • u dx + Ω b • curl(∇q N i × d) dx - Ω f • ∇q N i dx + Γ P0 ∇q N i • n dσ ■♥•❡❝t✐♥❣ ✭✶✳✺✳✽✵✮ ✐♥ t❤✐s ❝❛•❝✉•✉s✱ ✇❡ t❤✉s ♦❜t❛✐♥✿ - I i=1 c i Γi v • n dσ = I i=1 ( Γi v • n dσ) - Ω (curl w) × ∇q N i • u dx + Ω b • curl(∇q N i × d) dx - Ω f • ∇q N i dx + Γ P 0 ∇q N i • n dσ ❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ v = ∇q N i ❛♥❞ s✐♥❝❡✱ ❢♦r ❛•• 1 i, k I✱ ∇q N i • n, 1 Γ k = δ i,k ✱ ✇❡ ❤❛✈❡✿ c i = - Ω (curl w) × u • ∇q N i dx - Ω b • curl(∇q N i × d) dx Ω (curl b) × d • ∇q N i dx + Ω f • ∇q N i dx - Γ P 0 ∇q N i • n dσ ✇❤✐❝❤ ❣✐✈❡s t❤❡ r❡•❛t✐♦♥ ✭✶✳✺✳✼✹✮✳ ✭✷✮ ⇒ ✭✶✮ ❈♦♥✈❡rs❡•②✱ •❡t (u, b, P, c) ∈ W 1,p σ (Ω) × W 1,p σ (Ω) × W 1,r (Ω) × R I s♦•✉t✐♦♥ ♦❢ ✭✶✳✺✳✼✸✮✲ ✭✶✳✺✳✼✹✮ ✇✐t❤ u × n = b × n = ✵ ♦♥ Γ✱ ❛♥❞ u • n, 1 Γi = b • n, 1 Γi = 0 ❢♦r ❛•• 1 i I✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t (u, b, P, c) s❛t✐s✜❡s ✭✶✳✹✳✷✮✳ ▲❡t ✉s t❛❦❡ v ∈ D(Ω)✱ a = 0✱ θ = τ = 0 ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✶✳✺✳✼✸✮✳ ❲❡ ♦❜t❛✐♥ -∆u + (curl w) × u -(curl b) × d -f , v D ′ (Ω)×D(Ω) = 0, ∀v ∈ D(Ω) ❙♦ ❜② ❉❡ |❤❛♠✬s t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts P ∈ L p (Ω) s✉❝❤ t❤❛t -∆u + (curl w) × u -(curl b) × d + ∇P = f ❙♦✱ (u, b, P ) s❛t✐s✜❡s t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳ ▲❡t ✉s ♥♦✇ t❛❦❡ a ∈ W 1,p ′ σ (Ω) ✇✐t❤ a × n = 0 ♦♥ Γ✱ v = 0✱ θ = τ = 0 ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✶✳✺✳✼✸✮✳ ❲❡ ♦❜t❛✐♥ curl curl b -curl(u × d) -g, a Ω p * ,p ❆♣♣•②✐♥❣ ❛ ❉❡ |❤❛♠ ▲❡♠♠❛ ✈❡rs✐♦♥ ❢♦r ❢✉♥❝t✐♦♥❛•s ❛❝t✐♥❣ ♦♥ ✈❡❝t♦r ✜❡•❞s ✇✐t❤ ✈❛♥✐s❤✐♥❣ t❛♥❣❡♥t✐❛• ❝♦♠♣♦♥❡♥ts ✭s❡❡ ❬✼✻✱ ▲❡♠♠❛ ✷✳✷(✮✱ t❤❡r❡ ❡①✐sts χ ∈ L 2 (Ω) ❞❡✜♥❡❞ ✉♥✐q✉❡•② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t✿ curl curl b -curl(u × d) + ∇χ = g in Ω and χ = 0 on Γ. ✭✶✳✺✳✽✶✮ ❇✉t t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ ✭✶✳✺✳✽✶✮✱ χ ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❉✐r✐❝❤•❡t ♣r♦❜•❡♠✿ ∆χ = div g = 0 ✐♥ Ω and χ = 0 ♦♥ Γ ❙✐♥❝❡ g s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✽✮✱ t❤❡♥ χ ✐s ❡q✉❛• t♦ ③❡r♦ ❛♥❞ ✇❡ ❤❛✈❡✿ curl curl b -curl(u × d) = g ❙♦ (u, b) s❛t✐s✜❡s t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✹✳✷✮✳ ◆❡①t✱ ✐❢ ✇❡ ❝❤♦♦s❡ v = a = 0✱ τ = 0 ❛♥❞ θ ∈ D(Ω)✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ div u = 0 ✐♥ Ω✳ ❙✐♠✐•❛r•②✱ ✐❢ ✇❡ ❝❤♦♦s❡ v = a = 0✱ θ = 0 ❛♥❞ τ ∈ D(Ω)✱ ✇❡ ♦❜t❛✐♥ div b = 0 ✐♥ Ω✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❣✐✈❡♥ ♦♥ t❤❡ ♣r❡ss✉r❡ P ✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❢♦••♦✇ ❛ ♠❡t❤♦❞ ❢r♦♠ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼(✳ ▲❡t ✉s t❛❦❡ ❛s t❡st ❢✉♥❝t✐♦♥s v ∈ W 1,p ′ (Ω) ✇✐t❤ v × n = 0 ♦♥ Γ ❛♥❞ div v ∈ W 1,p * 0 (Ω)✱ a = 0✱ θ ∈ W 1,(p * ) ′ (Ω) ❛♥❞ τ = 0 ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✺✳✼✸✮✳ ❚❤✉s✱ ❛♣♣•②✐♥❣ •r❡❡♥ ❢♦r♠✉•❛❡ ❛s ♣r❡✈✐♦✉s•②✱ ✇❡ ❤❛✈❡✿ f , v Ω r ′ ,p ′ = u, -∆v Ω r ′ ,p ′ - Ω (curl w) × v • u dx + Ω b • curl(v × d) dx + Ω ∇θ • u dx - Ω ∇θ • u dx - Ω P div v dx + Γ P v • n dσ ❲❡ ❞❡❝♦♠♣♦s❡ v ❛s ✐♥ ✭✶✳✹✳✾✮ ❛♥❞ t♦ s✐♠♣•✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s❡t z = I i=1 Γi v • n dσ ∇q N i ✳ ❙♦✱ v = v 0 + z✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ q N i ❢♦r 1 i I✱ ✇❡ ❤❛✈❡ ∆z = 0 ❛♥❞ div z = 0 ✐♥ Ω✳ ❚❤✉s✿ f , v 0 Ω r ′ ,p ′ + f , z Ω r ′ ,p ′ = u, -∆v 0 -(curl w) × v 0 + ∇θ Ω p * ,p + b, curl(v 0 × d) Ω p * ,p - Ω ∇θ • u dx - Ω (curl w) × z • u dx + Ω b • curl(z × d) dx - Ω P div v 0 dx + Γ P v 0 • n dσ + Ω P z • n dσ ❚❛❦✐♥❣ (v 0 , 0, θ, 0) ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✺✳✼✸✮✱ ✇❡ ♦❜t❛✐♥ Γ P v 0 • n dσ - Γ P 0 v 0 • n dσ - Ω ∇θ • u dx = 0 ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✵ ◆♦t❡ t❤❛t✱ s✐♥❝❡ div u = 0 ✐♥ Ω✱ θ = 0 ♦♥ Γ 0 ✱ θ = β i ♦♥ Γ i ❛♥❞ u • n, 1 Γi = 0✱ ✐t ❢♦••♦✇s t❤❛t Ω ∇θ • u dx = - Ω θ div u dx + Γ θu • n dσ = 0✳ ❚❤❡r❡❢♦r❡✿ Γ (P -P 0 )v 0 • n dσ = 0 ❚❤❡♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t f , z Ω r ′ ,p ′ + Ω (curl w) × z • u dx - Ω b • curl(z × d) dx - Ω P z • n dσ = 0. ✭✶✳✺✳✽✹✮ ◆♦✇✱ ✉s✐♥❣ ✭✶✳✺✳✽✹✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t Γi v 0 • n dσ = 0 ❢♦r ❛•• 1 i I✱ ✇❡ ❤❛✈❡ Γ P v • n dσ = Γ P v 0 • n dσ + Γ P z • n dσ = Γ P 0 v 0 • n dσ + f , z Ω r ′ ,p ′ + Ω (curl w) × z • u dx - Ω b • curl(z × d) dx = Γ P 0 v 0 • n dσ + I i=1 Γi v • n dσ f , ∇q N i Ω r ′ ,p ′ - Ω (curl w) × u • ∇q N i dx - Ω b • curl(∇q N i × d) dx . ✭✶✳✺✳✽✺✮ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✶✳✺✳✼✸✮✱ ❢♦r ❛•• 1 i I✱ c i = f , ∇q N i Ω r ′ ,p ′ - Γ P 0 ∇q N i • n dσ + Ω (curl b) × d • ∇q N i dx - Ω (curl w) × u • ∇q N i dx = f , ∇q N i Ω r ′ ,p ′ - Γ P 0 ∇q N i • n dσ - Ω b • curl(∇q N i × d) dx - Ω (curl w) × u • ∇q N i dx. ❚❤❡r❡❢♦r❡✱ r❡♣•❛❝✐♥❣ ✐♥ ✭✶✳✺✳✽✺✮✱ ✇❡ ❤❛✈❡✿ Γ P v • n dσ = Γ P 0 v 0 • ndσ + I i=1 Γi v • n dσ c i + Γ P 0 ∇q N i • n dσ ▼♦r❡♦✈❡r✱ ❛♣♣•②✐♥❣ ❞✐r❡❝t•② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮✱ ✇❡ ❤❛✈❡✿ Γ P 0 v • n dσ = Γ P 0 v 0 • ndσ + I i=1 Γi v • n dσ Γ P 0 ∇q N i • n dσ ❚❤✉s✱ ❝♦♠❜✐♥✐♥❣ t❤❡ •❛st t✇♦ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥✿ Γ P v • n dσ = Γ P 0 v • n dσ + I i=1 Γi v • n dσ c i = Γ (P 0 + c)v • n dσ, ✇✐t❤ c = 0 ♦♥ Γ 0 ❛♥❞ c = c i ♦♥ Γ i ❢♦r ❛•• 1 i I✳ ❲❡ ❝♦♥❝•✉❞❡ ❛s ✐♥ ❬✶✹✱ ❚❤❡♦r❡♠ ✸✳✷✳( t♦ ♣r♦✈❡ t❤❛t P = P 0 ♦♥ Γ 0 ❛♥❞ P = P 0 + c i ♦♥ Γ i ✳ ❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❚❤❡♦r❡♠ ✶✳✺✳✼✳ ❲❡ s✉♣♣♦s❡ Ω ♦❢ ❝•❛ss❡ C 1,1 ✳ ▲❡t 3 2 < p < 2✳ ❆ss✉♠❡ t❤❛t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ P 0 ∈ W 1-1 r ,r (Γ)✱ h ∈ W 1,r (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ t♦❣❡t❤❡r ✇✐t❤ curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 σ (Ω) ✳ ❚❤❡♥ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u W 1, p (Ω) + b W 1, p (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + g [H r ′ ,p ′ 0 (curl,Ω)] + (1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) h W 1,r (Ω) ✭✶✳✺✳✽✻✮ P W 1,r (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) 2 × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] + P 0 W 1-1 r ,r (Γ) + (1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) h W 1,r (Ω) . ✭✶✳✺✳✽✼✮ Pr♦♦❢✳ ❙✐♥❝❡ 2 < p ′ < 3✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✹✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② (F , G, φ) ∈ [H p * ,p 0 (curl, Ω)] ′ × [H p * ,p 0 (curl, Ω)] ′ ⊥K p N (Ω) × W 1,(p * ) ′ 0 (Ω) t❤❛t t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠              -∆v -(curl w) × v + ∇θ + (curl a) × d = F and div v = φ in Ω, curl curl a + curl(v × d) + ∇τ = G and div a = 0 ✐♥ Ω, v × n = ✵, a × n = ✵ and τ = 0 on Γ, θ = 0 ♦♥ Γ 0 and θ = β i ♦♥ Γ i , v • n, 1 Γi = 0, and a • n, 1 Γi = 0, 1 ≤ i ≤ I. ✭✶✳✺✳✽✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (v, a, θ, τ, β) ∈ W 1,p ′ (Ω) × W 1,p ′ (Ω) × W 1,(p * ) ′ (Ω) × W 1,(p * ) ′ 0 (Ω) × R I ✇✐t❤ div v ∈ W 1,(p * ) ′ 0 (Ω) ❛♥❞ β = (β 1 , • • • , β I ) s✉❝❤ t❤❛t✿ β i = F , ∇q N i Ω p * ,p + (curl a) × d, ∇q N i Ω p * ,p -(curl w) × v, ∇q N i Ω p * ,p + Γ φ∇q N i • n dσ. ▼♦r❡♦✈❡r✱ t❤✐s s♦•✉t✐♦♥ ❛•s♦ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡s✿ v W 1,p ′ (Ω) + a W 1,p ′ (Ω) + θ W 1,(p * ) ′ (Ω) C 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) × F [H p * ,p 0 (curl,Ω)] ′ + G [H p * ,p 0 (curl,Ω)] ′ + 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) φ W 1,(p * ) ′ (Ω) . ✭✶✳✺✳✽✾✮ ❲❡ ♥♦t❡ t❤❛t✱ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✺✳✹ ❢♦r 2 < p ′ < 3✱ t❤❡ ✈❛•✉❡ ♦❢ s ✐s 3/2✳ ❯s✐♥❣ ✭✶✳✺✳✽✾✮✱ ✇❡ ❤❛✈❡ | f , v Ωr ′ ,p ′ + g, a Ωr ′ ,p ′ - Γ P0 v • n dσ| f [H r ′ ,p ′ 0 (curl,Ω)] ′ v H r ′ ,p ′ 0 (curl,Ω) + g [H r ′ ,p ′ 0 (curl,Ω)] ′ a H r ′ ,p ′ 0 (curl,Ω) + P0 W 1-1 r ,r (Γ) v • n W 1-1 p ′ ,p ′ (Γ) C f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P0 W 1-1 r ,r (Γ) v W 1,p ′ (Ω) + a W 1,p ′ (Ω) C f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P0 W 1-1 r ,r (Γ) 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) × F H p * ,p 0 (curl,Ω) + G H p * ,p 0 (curl,Ω) + (1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) ) φ W 1,(p * ) ′ (Ω) ✭✶✳✺✳✾✵✮ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ •✐♥❡❛r ♠❛♣♣✐♥❣ (F , G, φ) → f , v Ω r ′ ,p ′ + g, a Ω r ′ ,p ′ -Γ P 0 v • n dσ ❞❡✜♥❡s ❛♥ ❡•❡♠❡♥t ♦❢ t❤❡ ❞✉❛• s♣❛❝❡ ♦❢ H p * ,p 0 (curl, Ω) × H p * ,p 0 (curl, Ω) × W -1,p * (Ω)✳ ■t ❢♦••♦✇s ❢r♦♠ |✐❡s③✬ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ t❤❛t t❤❡r❡ ❡①✐sts ❛ s♦•✉t✐♦♥ (u, b, P ) ✐♥ H p * ,p 0 (curl, Ω) × H p * ,p 0 (curl, Ω) × W -1,p * (Ω) ♦❢ t❤❡ ♣r♦❜•❡♠ u, F Ωp * ,p + b, G Ωp * ,p -P, φ W -1,p * (Ω)×W 1,(p * ) ′ 0 (Ω) = f , v Ωr ′ ,p ′ + g, a Ωr ′ ,p ′ - Γ P 0 v • n dσ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✷ ✇❤✐❝❤ ✐s t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✺✳✼✸✮✳ ▼♦r❡♦✈❡r✱ ✐t s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿ u H p * ,p 0 (curl,Ω) + b H p * ,p 0 (curl,Ω) + 1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) -1 P W -1,p * (Ω) C 1+ curl w L 3/2 (Ω) + d W 1,3/2 (Ω) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) . ✭✶✳✺✳✾✶✮ ■♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ t❤r♦✉❣❤ t❤❡ ❡q✉✐✈❛•❡♥❝❡ r❡s✉•t ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✶✳✺✳✻✱ ✐t r❡♠❛✐♥s ✉s t♦ ♣r♦✈❡ t❤❛t u, b ∈ W 1,p (Ω)✱ P ∈ W 1,r (Ω)✱ t❤❛t u • n, 1 Γi = 0✱ b • n, 1 Γi = 0 ❢♦r ❛•• 1 i I ❛♥❞ t♦ r❡❝♦✈❡r t❤❡ r❡•❛t✐♦♥ ♦❢ ✭✶✳✺✳✼✹✮✳ ❲❡ ✜rst•② ✇❛♥t t♦ s❤♦✇ t❤❛t Γi u • n dσ = 0 ❛♥❞ Γi b • n dσ = 0✳ ❲❡ ❝❤♦♦s❡ (0, 0, θ, 0) ✇✐t❤ θ ∈ W 1,(p * ) ′ (Ω) s❛t✐s❢②✐♥❣ θ = 0 ♦♥ Γ 0 ❛♥❞ θ = δ ij ♦♥ Γ j ❢♦r ❛•• 1 j I ❛♥❞ ❛ ✜①❡❞ 1 i I✳ ❚❤❡♥✿ 0 = u, ∇θ Ω p * ,p = Ω u • ∇θ dx = Γ θu • n dσ - Ω div u θ dx = Γi u • n dσ ❋♦r t❤❡ ❝♦♥❞✐t✐♦♥ Γi b • n dσ = 0 ❢♦r ❛•• 1 i I✱ ✇❡ s❡t b = b - I i=1 b • n, 1 Γi ∇q N i ✳ ❖❜s❡r✈❡ t❤❛t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q N i ✱ b ✐s ❛•s♦ s♦•✉t✐♦♥ ♦❢ ✭✶✳✺✳✼✸✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ b • n, 1 Γi = 0✳ ◆❡①t✱ t❛❦✐♥❣ t❡st ❢✉♥❝t✐♦♥s (0, 0, θ, 0) ❛♥❞ (0, 0, 0, τ ) ✇✐t❤ θ ∈ W 1,(p * ) ′ (Ω) ❛s ❛❜♦✈❡ ❛♥❞ τ ∈ D(Ω)✱ ✇❡ r❡s♣❡❝t•② r❡❝♦✈❡r div u = 0 ❛♥❞ div b = 0 ✐♥ Ω✳ ❇❡s✐❞❡s✱ s✐♥❝❡ u, b ∈ H p * ,p 0 (curl, Ω)✱ ✇❡ ❤❛✈❡ u ❛♥❞ b ❜❡•♦♥❣ t♦ X p N (Ω)✳ ❋r♦♠ ❚❤❡♦r❡♠ ✶✳✸✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u, b ∈ W 1,p (Ω)✳ ❚❤✉s✱ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✻✮ ❢♦••♦✇s ❢r♦♠ ✭✶✳✸✳✹✮ ❛♥❞ ✭✶✳✺✳✾✶✮✳ ❋✐♥❛••②✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t P ∈ W 1,r (Ω)✱ ✇❡ t❛❦❡ t❤❡ t❡st ❢✉♥❝t✐♦♥s (v, 0, 0, 0) ✇✐t❤ v ∈ D(Ω)✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✺✳✻ t❤❛t✿ ∇P = f + ∆u -(curl w) × u + (curl b) × d ✐♥ Ω. ❚❤❡♥ t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡✱ P ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠ ∆P = div f + div((curl b) × d -(curl w) × u) ✐♥ Ω, P = P 0 on Γ 0 and P = P 0 + c i on Γ i . ✭✶✳✺✳✾✷✮ ❙✐♥❝❡ curl w ∈ L 3 2 (Ω) ❛♥❞ u ∈ W 1,p (Ω) ֒→ L p * (Ω)✱ t❤❡♥ (curl w) × u ∈ L r (Ω)✳ ❇❡s✐❞❡s✱ curl b ∈ L p (Ω) ❛♥❞ d ∈ W 1, 3 2 (Ω) ֒→ L 3 (Ω)✳ ❙♦ (curl b) × d ∈ L r (Ω)✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t ∆P ∈ W -1,r (Ω)✳ ❙✐♥❝❡ P 0 ❜❡•♦♥❣s t♦ W 1-1/r,r (Γ)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s♦•✉t✐♦♥ P ♦❢ ✭✶✳✺✳✾✷✮ ❜❡•♦♥❣s t♦ ∈ W 1,r (Ω)✳ ▼♦r❡♦✈❡r✱ ✐t s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ P W 1,r (Ω) div f W -1,r (Ω) + div((curl b) × d -(curl w) × u) W -1,r (Ω) + P 0 W 1-1/r,r (Γ) ❆♣♣•②✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✱ ✇❡ ✇r✐t❡ f = F +curl Ψ ✇✐t❤ F ∈ L r (Ω) ❛♥❞ Ψ ∈ L p (Ω)✳ ❙♦ div f W -1,r (Ω) = div F W -1,r (Ω) = sup θ∈W 1,r ′ 0 (Ω) | div F , θ | θ W 1,r ′ (Ω) = sup θ∈W 1,r ′ 0 (Ω) | F , ∇θ | θ W 1,r ′ (Ω) F L r (Ω) , ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t div f W -1,r ′ (Ω) f [H r ′ ,p ′ 0 (curl,Ω)] ′ ✭✶✳✺✳✾✸✮ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❤❛✈❡✿ div((curl b) × d) W -1,r (Ω) (curl b) × d L r (Ω) ≤ curl b L p (Ω) d L 3 (Ω) ≤ C d b W 1,p (Ω) d W 1, 3 2 (Ω) , ✭✶✳✺✳✾✹✮ ✇❤❡r❡ C d ✐s t❤❡ ❝♦♥st❛♥t r❡•❛t❡❞ t♦ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 3 2 (Ω) ֒→ L 3 (Ω)✳ ◆❡①t✱ div((curl w) × u) W -1,r (Ω) (curl w) × u L r (Ω) curl w L 3 2 (Ω) u L p * (Ω) ≤ C curl w L 3 2 (Ω) u W 1,p (Ω) , ✭✶✳✺✳✾✺✮ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 1,p (Ω) ֒→ L p * (Ω)✳ ❯s✐♥❣ ❡st✐♠❛t❡s ✭✶✳✺✳✾✸✮✱ ✭✶✳✺✳✾✹✮✱ ✭✶✳✺✳✾✺✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✻✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✼✮ ❢♦r t❤❡ ♣r❡ss✉r❡✳ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❣✐✈❡s t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ✇✐t❤ p < 2 ✇❤❡♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u ❞♦❡s ♥♦t ✈❛♥✐s❤✳ ❈♦r♦••❛r② ✶✳✺✳✽✳ ▲❡t 3 2 < p < 2✳ ❆ss✉♠❡ t❤❛t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ P 0 ∈ W 1-1 r ,r (Γ)✱ h ∈ W 1,r (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ t♦❣❡t❤❡r ✇✐t❤ curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 σ (Ω) ✳ ❚❤❡♥ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u W 1, p (Ω) + b W 1, p (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + + P 0 W 1-1 r ,r (Γ) + g [H r ′ ,p ′ 0 (curl,Ω)] + (1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) h W 1,r (Ω) ✭✶✳✺✳✾✻✮ ❛♥❞ P W 1,r (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) 2 × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + + g [H r ′ ,p ′ 0 (curl,Ω)] + P 0 W 1-1 r ,r (Γ) + (1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) h W 1,r (Ω) . ✭✶✳✺✳✾✼✮ Pr♦♦❢✳ ❲❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ♣r♦❜•❡♠ ❢♦r t❤❡ ✈❡•♦❝✐t② t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ div u = 0✱ ❜② s♦•✈✐♥❣ t❤❡ ❉✐r✐❝❤•❡t ♣r♦❜•❡♠✿ ∆θ = h in Ω and θ = 0 on Γ. ❋♦r h ∈ W 1,r (Ω)✱ t❤❡ s♦•✉t✐♦♥ θ ❜❡•♦♥❣s t♦ W 3,r (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ θ W 3,r (Ω) ≤ C h W 1,r (Ω) . ✭✶✳✺✳✾✽✮ ❙❡tt✐♥❣ z = u -∇θ✱ ✇❡ ♦❜t❛✐♥ t❤❛t (z, b, P, c) ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠ tr❡❛t❡❞ ✐♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✼ ✇✐t❤ f ❛♥❞ g r❡♣•❛❝❡❞ ❜② f = f + ∇h -(curl w) × ∇θ ❛♥❞ g = g + curl(∇θ × d) r❡s♣❡❝t✐✈❡•②✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ∇h ∈ L r (Ω) ֒→ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ ❛♥❞ s✐♥❝❡ ∇θ ∈ W 2,r (Ω) ֒→ L p * (Ω)✱ t❤❡♥ (curl w)×∇θ ∈ L r (Ω) ֒→ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ ❛♥❞ ∇θ ×d ∈ L p (Ω) s♦ curl(∇θ ×d) ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❚❤❡r❡❢♦r❡✱ f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❇❡s✐❞❡s✱ s✐♥❝❡ ✇❡ ❛❞❞ ❛ curl✱ t❤❡♥ g st✐•• s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❚❤✉s✱ ❛♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✶✳✺✳✼✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡✿ z W 1,p (Ω) + b W 1,p (Ω) C 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✹ ❲❡ ✇❛♥t t♦ ❝♦♥tr♦• t❤❡ t❡r♠s ♦♥ f ❛♥❞ g✳ f [H r ′ ,p ′ 0 (curl,Ω)] ′ f [H r ′ ,p ′ 0 (curl,Ω)] ′ + ∇h [H r ′ ,p ′ 0 (curl,Ω)] ′ + (curl w) × ∇θ [H r ′ ,p ′ 0 (curl,Ω)] ′ f [H r ′ ,p ′ 0 (curl,Ω)] ′ + ∇h L r (Ω) + (curl w) × ∇θ L r (Ω) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + h W 1,r (Ω) + C curl w L 3 2 (Ω) ∇θ W 1,p (Ω) ❛♥❞ g [H r ′ ,p ′ 0 (curl,Ω)] ′ g [H r ′ ,p ′ 0 (curl,Ω)] ′ + curl(d × ∇θ) [H r ′ ,p ′ 0 (curl,Ω)] ′ g [H r ′ ,p ′ 0 (curl,Ω)] ′ + d × ∇θ L p (Ω) g [H r ′ ,p ′ 0 (curl,Ω)] ′ + C d d W 1, 3 2 (Ω) ∇θ L p * (Ω) . ❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡s❡ t✇♦ •❛st ❡st✐♠❛t❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✶✳✺✳✾✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✾✻✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛•s♦ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✼✿ P W 1,r (Ω) C 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) 2 × f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) . ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ♣r❡✈✐♦✉s•②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✾✼✮✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❛•✇❛②s t❛❦❡ P 0 ∈ W 1-1 r ,r (Γ) t♦ ♦❜t❛✐♥ P ∈ W 1,r (Ω)✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ♣r❡ss✉r❡ ✐s ❞❡❝♦✉♣•❡❞ ❢r♦♠ t❤❡ s②st❡♠✱ ✇❡ ❝❛♥ ✐♠♣r♦✈❡ ✐ts r❡❣✉•❛r✐t② ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉•ts ❜② ❝❤♦♦s✐♥❣ ❛ ❝♦♥✈❡♥✐❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❋♦r t❤✐s✱ ✇❡ ❜❡❣✐♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ r❡❣✉•❛r✐t② ❝♦♥❝❡r♥✐♥❣ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ✇❤✐❝❤ ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❬✷✸✱ ❚❤❡♦r❡♠ ✷✳✷✳✻(✿ ❚❤❡♦r❡♠ ✶✳✺✳✾✳ ▲❡t Ω ❜❡ ♦❢ ❝•❛ss C 1,1 ✳ ▲❡t ✉s ❛ss✉♠❡ f ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❛♥❞ h ∈ W 1,r (Ω) ✇✐t❤ 1 r p ❛♥❞ 1 r 1 p + 1 3 ✳ ❚❤❡♥ ✶✳ ■❢ r < 3 ❛♥❞ P 0 ∈ W -1 r * ,r * (Γ)✱ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, P ) ∈ W 1,p (Ω) × L r * (Ω)✳ ✷✳ ■❢ r 3 ❛♥❞ P 0 ∈ W -1 q ,q (Γ) ❢♦r ❛♥② ✜♥✐t❡ ♥✉♠❜❡r q > 1✱ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, P ) ∈ W 1,p (Ω) × L q (Ω)✳ Pr♦♦❢✳ ❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ (S N )✱ ✇❡ ❤❛✈❡✿    ∆P = div f + ∆h
in Ω,

P = P 0 on Γ 0 and P = P 0 + c i on Γ i . ❲❡ s♣•✐t t❤✐s ♣r♦❜•❡♠ ✐♥ t✇♦ ♣❛rts✿ ✜♥❞ P 1 s✉❝❤ t❤❛t (P 1 ) ∆P 1 = div f + ∆h ✐♥ Ω and P 1 = 0 ♦♥ Γ, ❛♥❞ ✜♥❞ P 2 s✉❝❤ t❤❛t (P 2 ) ∆P 2 = 0 ✐♥ Ω, P 2 = P 0 ♦♥ Γ 0 and P 2 = P 0 + c i ♦♥ Γ i . ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉•❛r✐t② ♦❢ P 1 ✐s ♦♥•② ❞❡♣❡♥❞❡♥t ♦❢ div f ❛♥❞ ∆h✱ ❛♥❞ t❤❡♥ ✇❡ ❝❤♦♦s❡ P 0 ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r ❢♦r P 2 t❤❡ s❛♠❡ r❡❣✉•❛r✐t② ❛s t❤❛♥ ❢♦r P 1 ✳ ❚❤❡♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❣✉•❛r✐t② ♦❢ P ❜② ❛❞❞✐♥❣ P 1 ❛♥❞ P 2 ✳ ▲❡t ✉s ❛♥❛•②③❡ ♣r♦❜•❡♠ (P 1 )✳ ❙✐♥❝❡ f ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ t❤❡r❡ ❡①✐sts F ∈ L r (Ω) ❛♥❞ Ψ ∈ L p (Ω) s✉❝❤ t❤❛t f = F + curl Ψ✳ ❙♦ div f = div F ∈ W -1,r (Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ∆h ∈ W -1,r (Ω)✳ ❚❤❡♥✱ div f + ∆h ❜❡•♦♥❣s t♦ ∈ W -1,r (Ω) ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t ♣r♦❜•❡♠ (P 1 ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ P 1 ∈ W 1,r (Ω)✳ ◆❡①t✱ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ r❡❣✉•❛r✐t② ♦❢ P 2 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❛t❛ P 0 ✳ ❲❡ ♥♦t❡ t❤❛t P 0 ♠✉st ❜❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ s♦•✉t✐♦♥ P 2 ♦❢ (P 2 ) ❝♦✉•❞ ❜❡•♦♥❣ t♦ ❛ ❝•❛ss ♦❢ s♣❛❝❡s ❝♦♥t❛✐♥✐♥❣ s♣❛❝❡s ❢♦r P 1 ✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦••♦✇✐♥❣ ❝❛s❡s✿ ❈❛s❡ r < 3✿ ■❢ P 0 ∈ W -1 r * ,r * (Γ) ✇✐t❤ r * = 3r 3-r ✱ t❤❡ s♦•✉t✐♦♥ P 2 ♦❢ ♣r♦❜•❡♠ (P 2 ) ❜❡•♦♥❣s t♦ L r * (Ω)✳ ❙✐♥❝❡ P 1 ∈ W 1,r (Ω) ֒→ L r * (Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t P = P 1 + P 2 ❜❡•♦♥❣s t♦ L r * (Ω)✳ ❈❛s❡ r 3✿ ❲❡ ❤❛✈❡ P 1 ∈ W 1,r (Ω) ֒→ L q (Ω) ❢♦r ❛♥② ✜♥✐t❡ ♥✉♠❜❡r q > 1 ✐❢ r = 3✱ ❢♦r q = ∞ ✐❢ r > 3✳ ❚❤✉s✱ t❛❦✐♥❣ P 0 ∈ W -1 q ,q (Γ) ❢♦r ❛♥② q > 1 ✇❡ ❤❛✈❡ P 2 ∈ L q (Ω) ❛♥❞ t❤❡♥ P ∈ L q (Ω)✳ |❡♠❛r❦ ✶✳✺✳✷✳ ❖❜s❡r✈❡ t❤❛t✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ s♣•✐tt✐♥❣✱ ✐❢ P 0 ∈ W 1-1/r,r (Γ)✱ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡•② P ∈ W 1,r (Ω)✳ ❚❤❡ r❡❣✉•❛r✐t② r❡s✉•t ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✺✳✾ ❡♥❛❜•❡s ✉s t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡ss✉r❡ ✐♥ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✭✶✳✹✳✷✮✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❈♦r♦••❛r② ✶✳✺✳✶✵✳ ▲❡t p > 3 2 ✱ f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ h ∈ W 1,r (Ω)✱ P 0 ∈ W -1 r * ,r * (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t ❼ curl w ∈ L 3 2 (Ω) ❛♥❞ d ∈ W 1, 3 2 σ (Ω) ✐❢ 3 2 < p < 2✳ ❼ curl w ∈ L s (Ω) ❛♥❞ d ∈ W 1,s σ (Ω) ✐❢ p 2✱ ✇❤❡r❡ s ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✳✻✮ ❚❤❡♥✱ t❤❡ s♦•✉t✐♦♥ (u, b, P ) ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✺✳✼ ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❜❡•♦♥❣s t♦ W 1,p (Ω) × W 1,p (Ω) × L r * (Ω)✳ Pr♦♦❢✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✺✳✾✳ ❚❤❡♥✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✶✳✹✳✷✮ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿ ❋✐♥❞ (u, P, c) s✉❝❤ t❤❛t ( S N )              -∆u + ∇P = f and div u = h in Ω, u × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , u • n, 1 Γi = 0, 1 ≤ i ≤ I, ✇✐t❤ f = f -(curl w) × u + (curl b) × d ❛♥❞ ✜♥❞ b s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❡••✐♣t✐❝ ♣r♦❜•❡♠ ( E N )        curl curl b = g in Ω and div b = 0 in Ω, b × n = 0 on Γ b • n, 1 Γi = 0, ∀1 i I, ✇✐t❤ g = g + curl(u × d)✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢s✱ ✇❡ ❝❛♥ ❡❛s✐•② ✈❡r✐❢② t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ f ✱ curl w ❛♥❞ d ✐♠♣•② t❤❛t t❤❡ t❡r♠ f ❜❡•♦♥❣s t♦ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❢♦r ❜♦t❤ ❝❛s❡s p < 2 ❛♥❞ p ≥ 2✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✾✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, P, c) ∈ W 1,p (Ω) × L r * (Ω) × R I ❢♦r t❤❡ ♣r♦❜•❡♠ ( S N )✳ ❇❡s✐❞❡s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ b ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r❡ss✉r❡✳ ■♥❞❡❡❞✱ g ❜❡•♦♥❣s t♦ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ■t ❢♦••♦✇s ❢r♦♠ ▲❡♠♠❛ ✶✳✸✳✹ t❤❛t ♣r♦❜•❡♠ ( E N ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ b ∈ W 1,p (Ω)✳ ✶✳✺✳✸ ❙tr♦♥❣ s♦•✉t✐♦♥ ✐♥ W 2,p (Ω)❀ 1 < p < 6/5 ❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ❝♦♠♣•❡t❡ t❤❡ L p -t❤❡♦r② ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❜② t❤❡ ♣r♦♦❢ ♦❢ str♦♥❣ s♦•✉t✐♦♥s ✐♥ W 2,p (Ω) ✇✐t❤ 1 < p < 6/5✳ ❖♥❡ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ t❤❛t ✇❡ ❝❛♥ ✉s❡ ✐s t♦ ❝♦♥s✐❞❡r w ❛♥❞ d ♠♦r❡ r❡❣✉•❛r ✐♥ ❛ ✜rst st❡♣ ❛♥❞ t❤❡♥ r❡♠♦✈❡ t❤✐s r❡❣✉•❛r✐t② ✐♥ ❛ s❡❝♦♥❞ st❡♣✳ ❙✐♥❝❡ t❤❡ ♣r♦♦❢ ✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤ ❤✐❣❤•② ♠✐♠✐❝s t❤❛t ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✶✱ ✇❡ ♣✉t ✐t ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s ❝❤❛♣t❡r ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✼✮✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❣✐✈❡ ❛ s❤♦rt❡r ❛♥❞ ❞✐✛❡r❡♥t ♣r♦♦❢ ✇❤❡r❡ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ✇✐t❤ 1 < p < 2 ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮✳ ❚❤❡♦r❡♠ ✶✳✺✳✶✶ ✭❙tr♦♥❣ s♦•✉t✐♦♥ ✐♥ W 2,p (Ω) ✇✐t❤ 1 < p < 6 5 ✮✳ ❙✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ❛♥❞ 1 < p < 6 5 ✳ ❆ss✉♠❡ h = 0✱ ❛♥❞ •❡t f , g ∈ L p (Ω)✱ P 0 ∈ W 1-1 p ,p (Γ)✱ curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 σ (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✺✮✲✭✶✳✺✳✶✮✳ ❚❤❡♥ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) × R I s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) C 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) 2 × f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) ✭✶✳✺✳✾✾✮ Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t L p (Ω) ֒→ [H r ′ ,(p * ) ′ (curl, Ω)] ′ , P 0 ∈ W 1-1/p,p (Γ) ֒→ W 1-1/r,r (Γ), ✭✶✳✺✳✶✵✵✮ ✇❤❡r❡ 1 p * = 1 p -1 3 ❛♥❞ 1 r = 1 p + 1 3 ✳ ❙✐♥❝❡ 1 < p < 6/5✱ ✇❡ ❤❛✈❡ 3 2 < p * < 2✳ ❚❤❡♥ ❛♣♣•②✐♥❣ t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ❢♦r t❤❡ ▼❍❉ s②st❡♠ ✭✶✳✹✳✷✮ ❢♦r s♠❛•• ✈❛•✉❡s ♦❢ p ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✺✳✼ ✇✐t❤ h = 0✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 1,p * (Ω)×W 1,p * (Ω)×W 1,r (Ω)×R I s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡ u W 1, p * (Ω) + b W 1, p * (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) f L p (Ω) + P 0 W 1-1 r ,r (Γ) + g L p (Ω) , ✭✶✳✺✳✶✵✶✮ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✶✳✺✳✶✵✵✮ ❛♥❞ P W 1,r (Ω) ≤ C(1 + curl w L 3/2 (Ω) + d W 1,3/2 (Ω) ) 2 f L p (Ω) + P 0 W 1-1 r ,r (Γ) + g L p (Ω) , ❙✐♥❝❡ W 1,p * (Ω) ֒→ L p * * (Ω) ✇✐t❤ 1 p * * = 1 p * -1 3 ✱ t❤❡ t❡r♠s (curl w) × u ❛♥❞ (curl b) × d ❜❡•♦♥❣ t♦ L p (Ω)✳ (u, P, c) ✐s t❤❡♥ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠ ( S N ) ✇✐t❤ h = 0 ❛♥❞ ❛ |❍❙ f ✐♥ L p (Ω)✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ t❤❛t (u, P ) ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 1,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ u W 2,p (Ω) + P W 1,p (Ω) C S f [L p (Ω) + (curl w) × u L p (Ω) + (curl b) × d L p (Ω) + P 0 W 1-1 p ,p (Γ) . ✭✶✳✺✳✶✵✷✮ ◆❡①t✱ b ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❡••❡♣t✐❝ ♣r♦❜•❡♠ ( E N ) ✇✐t❤ ❛ |❍❙ g + curl(u × d) ✇❤✐❝❤ ❜❡•♦♥❣s t♦ L p (Ω)✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ t❤❡ s♦•✉t✐♦♥ b ❜❡•♦♥❣s t♦ W 2,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ b W 2,p (Ω) C E g [L p (Ω) + curl(u × d) L p (Ω) . ✭✶✳✺✳✶✵✸✮ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞s (curl w) × u L p (Ω) ≤ curl w L 3/2 (Ω) u L p * * (Ω) ≤ C curl w L 3/2 (Ω) u W 1,p * (Ω) , ✭✶✳✺✳✶✵✹✮ ❚❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ✻✼ (curl b) × d L p (Ω) ≤ curl b L p * (Ω) d L 3 (Ω) ≤ C d L 3 (Ω) b W 1,p * (Ω) , ✭✶✳✺✳✶✵✺✮ ❛♥❞ s✐♠✐•❛r•②✱ curl(u × d) L p (Ω) ≤ (d • ∇)u L p (Ω) + (u • ∇)d L p (Ω) ≤ C u W 1,p * (Ω) ( d L 3 (Ω) + ∇d L 3/2 (Ω) ). ❈♦••❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❜♦✉♥❞s t♦❣❡t❤❡r ✇✐t❤ ✭✶✳✺✳✶✵✶✮ ✐♥ ✭✶✳✺✳✶✵✷✮✲✭✶✳✺✳✶✵✸✮ •❡❛❞s t♦ t❤❡ ❜♦✉♥❞ ✭✶✳✺✳✾✾✮✳ Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦••❛r② ✶✳✺✳✽✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉•t t♦ t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ❝❛s❡✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✼✮✳ ❈♦r♦••❛r② ✶✳✺✳✶✷✳ ▲❡t Ω ❜❡ ♦❢ ❝•❛ss C 2,1 ❛♥❞ 1 < p < 6 5 ✳ ❆ss✉♠❡ t❤❛t f , g ∈ L p (Ω)✱ P 0 ∈ W 1-1 p ,p (Γ)✱ h ∈ W 1,p (Ω)✱ curl w ∈ L 3/2 (Ω) ❛♥❞ d ∈ W 1,3/2 σ (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✺✮✲✭✶✳✺✳✶✮✳ ❚❤❡♥ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, b, P, c) ∈ W 2,p (Ω)×W 2,p (Ω)×W 1,p (Ω)× R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) C(1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) ) 2 ( f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) + (1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) ) h W 1-1 p ,p (Γ) ) ✭✶✳✺✳✶✵✻✮ ✶✳✻ ❚❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠ ❛♥❞ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❣❡♥❡r❛•✐③❡❞ ❛♥❞ str♦♥❣ s♦•✉t✐♦♥s ❢♦r ✭▼❍❉✮✳ ✶✳✻✳✶ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✿ L 2 ✲t❤❡♦r② ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❡st❛❜•✐s❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ✐♥ t❤❡ ❍✐•❜❡rt ❝❛s❡ ❢♦r t❤❡ ♣r♦❜•❡♠ ✭▼❍❉✮✳ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉•ts ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❋✐rst✱ ✇❡ r❡❝❛•• t❤❛t •, • Ω r,p ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [H r,p 0 (curl, Ω)] ′ ❛♥❞ H r,p 0 (curl, Ω) ❛♥❞ •, • Γ ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H -1/2 (Γ) ❛♥❞ H 1/2 (Γ)✳ ❚❤❡♦r❡♠ ✶✳✻✳✶✳ ✭❲❡❛❦ s♦•✉t✐♦♥s ♦❢ ✭▼❍❉✮ s②st❡♠ ✐♥ H 1 (Ω)✮✳ ▲❡t Ω ❜❡ ♦❢ ❝•❛ss❡ C 1,1 ❛♥❞ •❡t f , g ∈ [H 6,2 0 (curl, Ω)] ′ , h = 0 and P 0 ∈ H -1 2 (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ∀ v ∈ K 2 N (Ω), g, v Ω 6,2 = 0, ✭✶✳✻✳✶✮ div g = 0 in Ω. ✭✶✳✻✳✷✮ ❚❤❡♥ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠ ❤❛s ❛t •❡❛st ♦♥❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P, α) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω) × R I s✉❝❤ t❤❛t u H 1 (Ω) + b H 1 (Ω) + P L 2 (Ω) ≤ M, ✭✶✳✻✳✸✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✽ ✇❤❡r❡ M = C( f [H 6,2 0 (curl,Ω)] ′ + g [H 6,2 0 (curl,Ω)] ′ + P 0 H -1/2 (Γ) ) ✇✐t❤ α i = f , ∇q N i , Ω 6,2 -P 0 , ∇q N i • n Γ + Ω (curl b) × b • ∇q N i dx - Ω (curl u) × u • ∇q N i dx. ✭✶✳✻✳✹✮ ■♥ ❛❞❞✐t✐♦♥✱ s✉♣♣♦s❡ t❤❛t f ✱ g ❛♥❞ P 0 ❛r❡ s♠❛•• ✐♥ t❤❡ s❡♥s❡ t❤❛t C 1 C 2 2 M ≤ 2 3C 2 P , ✭✶✳✻✳✺✮ ✇❤❡r❡ C P ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✶✳✸✳✻✮ ❛♥❞ C 1 ✱ C 2 ❛r❡ ❣✐✈❡♥ ✐♥ ✭✶✳✻✳✶✺✮✳ ❚❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ♦❢ ✭▼❍❉✮ ✐s ✉♥✐q✉❡✳ ❲❡ ✜rst r❡❝❛•• t❤❛t t❤❡ s♣❛❝❡ V N (Ω) ❞❡♥♦t❡s V N (Ω) := {v ∈ H 1 (Ω); div v = 0 ✐♥ Ω, v × n = 0 ♦♥ Γ, v • n, 1 Γi = 0, ∀1 i I} ❛♥❞ ✇❡ ❣✐✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳ ❉❡✜♥✐t✐♦♥ ✶✳✻✳✷✳ •✐✈❡♥ f , g ∈ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ P 0 ∈ H -1 2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✻✳✶✮✲✭✶✳✻✳✷✮✱ (u, b, α i ) ∈ V N (Ω) × V N (Ω) × R ✐s ❝❛••❡❞ ❛ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ✭▼❍❉✮ ♣r♦❜•❡♠ ✐❢ ✐t s❛t✐s✜❡s✿ ❢♦r ❛•• (v, Ψ) ∈ V N (Ω) × V N (Ω)✱ Ω curl u • curl v dx + Ω (curl u × u) • v dx - Ω (curl b × b) • v dx + Ω curl b • curl Ψ dx + Ω (curl Ψ × b) • u dx = f , v Ω 6,2 + g, Ψ Ω 6,2 -P 0 , v • n Γ0 - I i=1 P 0 + α i , v • n Γi ✭✶✳✻✳✻✮ ❛♥❞ α i = f , ∇q N i Ω 6,2 -P 0 , ∇q N i • n Γ + Ω (curl b × b) • ∇q N i dx- Ω (curl u × u) • ∇q N i dx. ✭✶✳✻✳✼✮ ❚♦ ✐♥t❡r♣r❡t ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ r❡♠♦✈❡ t❤❡ ❝♦♥str❛✐♥t ♦❢ ✢✉①s ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s t❤r♦✉❣❤ Γ i ✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ▲❡♠♠❛✱ ✇❡ ♣r♦✈❡ t❤❛t ✭✶✳✻✳✻✮ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② t❡st ❢✉♥❝t✐♦♥ (v, Ψ) ∈ X 2 N (Ω) × X 2 N (Ω)✳ ▲❡♠♠❛ ✶✳✻✳✶✳ ▲❡t f , g ∈ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ P 0 ∈ H -1 2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✻✳✶✮✲ ✭✶✳✻✳✷✮✳ ❚❤❡♥✱ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛•❡♥t✿ ✭✐✮ (u, b, α i ) ∈ V N (Ω) × V N (Ω) × R s❛t✐s✜❡s ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v, Ψ) ∈ V N (Ω) × V N (Ω)✳ ✭✐✐✮ (u, b, α i ) ∈ V N (Ω) × V N (Ω) × R s❛t✐s✜❡s ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v, Ψ) ∈ X 2 N (Ω) × X 2 N (Ω) ✳ Pr♦♦❢✳ ❙✐♥❝❡ V N (Ω) ⊂ ❳ 2 N (Ω)✱ t❤❡♥ ✭✐✐✮ ✐♠♣•✐❡s ✭✐✮✳ ❈♦♥✈❡rs❡•②✱ •❡t (u, b, α i ) ∈ V N (Ω) × V N (Ω) × R s❛t✐s❢②✐♥❣ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v, Ψ) ∈ V N (Ω) × V N (Ω) ❛♥❞ ✇❡ ✇❛♥t t♦ s❤♦✇ ✐t ✐♠♣•✐❡s ✭✐✐✮✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ t❤❛♥ ❣✐✈❡♥ ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✮✳ ▲❡t ( Ψ, v) ∈ ❳ 2 N (Ω) × ❳ 2 N (Ω)✳ ❲❡ s❡t Ψ = Ψ - I i=1 Ψ • n, 1 Γi ∇q N i and v = v - I i=1 v • n, 1 Γi ∇q N i . ❚❤❡♥✱ (Ψ, v) ❜❡•♦♥❣s t♦ V N (Ω) × V N (Ω)✳ |❡♣•❛❝✐♥❣ ✐♥ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮✱ ✇❡ ♦❜t❛✐♥ Ω curl b • curl Ψ dx + Ω (curl Ψ × b) • u dx -g, Ψ Ω 6,2 + Ω curl u • curl v dx + Ω (curl u × u) • v dx - Ω (curl b × b) • v dx -f , v Ω 6,2 + P 0 , v • n Γ0 + I i=1 P 0 + α i , v • n Γi = I i=1 Ψ • n, 1 Γi Ω curl b • curl(∇q N i ) =0 dx + Ω (curl ∇q N i ) =0 ×b • u dx -g, ∇q N i Ω 6,2 =0 due to ✭✶✳✻✳✶✮ + I i=1 v • n, 1 Γi Ω curl u • (curl ∇q N i ) =0 dx - Ω (curl b × b) • ∇q N i dx + Ω (curl u × u) • ∇q N i dx -f , ∇q N i Ω 6,2 + P 0 , ∇q N i • n Γ0 + I j=1 P 0 + α j , ∇q N i • n Γj ✭✶✳✻✳✽✮ ❙♦✱ ✇❡ ❤❛✈❡ I i=1 ṽ • n, 1 Γi - Ω (curl b × b) • ∇q N i dx + Ω (curl u × u) • ∇q N i dx -f , ∇q N i Ω 6,2 + P 0 , ∇q N i • n Γ0 + I j=1 P 0 + α j , ∇q N i • n Γj ❙✐♥❝❡ q N i s❛t✐s✜❡s ✭✶✳✸✳✷✮✱ ✇❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉•❛r t❤❛t I j=1 α j , ∇q n i • n Γj = α i δ ij ✳ ❚❤❡♥✱ ✇❡ ♦❜t❛✐♥ I j=1 P 0 + α j , ∇q N i • n Γj = I j=1 P 0 , ∇q N i • n Γj + α i ✭✶✳✻✳✾✮ |❡♣•❛❝✐♥❣ ✭✶✳✻✳✼✮ ✐♥ ✭✶✳✻✳✾✮✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✶✳✻✳✽✮ t❤❛t Ω curl u • curl v dx + Ω (curl u × u) • v dx - Ω (curl b × b) • v dx + Ω curl b • curl Ψ dx + Ω (curl Ψ × b) • u dx = f , v Ω 6,2 + g, Ψ Ω 6,2 -P 0 , v • n Γ0 - I i=1 P 0 + α i , v • n Γi ✭✶✳✻✳✶✵✮ ✇❤✐❝❤ ✐s ✭✶✳✻✳✻✮ ✇✐t❤ t❡st ❢✉♥❝t✐♦♥s ( Ψ, v) ∈ ❳ 2 N (Ω) × ❳ 2 N (Ω)✳ ❚❤✐s ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❚❤❡♦r❡♠ ✶✳✻✳✷✳ ▲❡t f , g ∈ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ P 0 ∈ H -1 2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✻✳✶✮✲✭✶✳✻✳✷✮✳ ❚❤❡♥✱ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛•❡♥t✿ ✭✐✮ (u, b, P, α i ) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω) × R ✐s ❛ s♦•✉t✐♦♥ ♦❢ ✭▼❍❉✮✱ ✭✐✐✮ (u, b, α i ) ∈ V N (Ω) × V N (Ω) × R ✐s ❛ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ✭▼❍❉✮✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✭✶✳✻✳✷✮✳ Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ t❤❛t ✭✐✮ ✐♠♣•✐❡s ✭✐✐✮ ✐s ✈❡r② s✐♠✐•❛r t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✱ ❤❡♥❝❡ ✇❡ ♦♠✐t ✐t✳ ▲❡t (u, b, α i ) ∈ V N (Ω) × V N (Ω) × R s❛t✐s❢②✐♥❣ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v, Ψ) ∈ V N (Ω) × V N (Ω)✳ ❉✉❡ t♦ ▲❡♠♠❛ ✶✳✻✳✶✱ ✇❡ ❤❛✈❡ t❤❛t (u, b, α i ) ∈ V N (Ω) × V N (Ω) × R s❛t✐s✜❡s ❛•s♦ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v, Ψ) ∈ X 2 N (Ω) × X 2 N (Ω)✳ ❈❤♦♦s✐♥❣ v ∈ D σ (Ω) ❛♥❞ Ψ = ✵ ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✶✳✻✳✻✮✱ ✇❡ ❤❛✈❡ -∆u + (curl u) × u -(curl b) × b -f , v D ′ (Ω)×D(Ω) = 0. ❙♦✱ ❜② ❉❡ |❤❛♠✬s t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛♥ ✉♥✐q✉❡ P ∈ L 2 (Ω) s✉❝❤ t❤❛t -∆u + ∇P + (curl u) × u -(curl b) × b -f = 0 in Ω. ✭✶✳✻✳✶✶✮ ◆❡①t✱ ❝❤♦♦s✐♥❣ (0, Ψ) ✇✐t❤ Ψ ∈ D σ (Ω) ✐♥ ✭✶✳✻✳✻✮✱ ✇❡ ❤❛✈❡ curl curl b -curl(u × b) -g, Ψ D ′ (Ω)×D(Ω) = 0. ❚❤❡♥✱ ❛♣♣•②✐♥❣ ❬✼✻✱ ▲❡♠♠❛ ✷✳✷(✱ ✇❡ ❤❛✈❡ χ ∈ L 2 (Ω) ❞❡✜♥❡❞ ✉♥✐q✉❡•② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t curl curl b -curl(u × b) -g = ∇χ in Ω and χ = 0 on Γ ❙✐♥❝❡ χ ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❤❛r♠♦♥✐❝ ♣r♦❜•❡♠ ∆χ = 0 in Ω and χ = 0 on Γ. ❲❡ ❞❡❞✉❝❡ t❤❛t χ = 0 ✐♥ Ω ✇❤✐❝❤ ❣✐✈❡s t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭▼❍❉✮✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ❢❛❝t t❤❛t u ❛♥❞ b ❜❡•♦♥❣ t♦ t❤❡ s♣❛❝❡ V N (Ω)✱ ✇❡ ❤❛✈❡ div u = div b = 0 ✐♥ Ω ❛♥❞ u × n = b × n = 0 ♦♥ Γ✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣r❡ss✉r❡ ✐s ❢❛✐r•② s✐♠✐•❛r t♦ t❤❛t ❣✐✈❡♥ ✐♥ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼(✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻✳✶✿ ❲❡ ✉s❡ t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞ ♣♦✐♥t ❚❤❡♦r❡♠✳ ❲❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ) N (Ω) = V N (Ω) × V N (Ω) ❞❡✜♥❡❞ ✐♥ ✭✶✳✹✳✶✼✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠❛♣♣✐♥❣ G : ) N (Ω) → ) N (Ω) s✉❝❤ t❤❛t G(✇, ❞) = (u, b) ✇✐t❤ (u, b) ∈ Z N (Ω) ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✶✽✮✳ ❇② ❚❤❡♦r❡♠ ✶✳✹✳✷✱ ❢♦r ❡❛❝❤ ♣❛✐r (w, d) ∈ Z N (Ω) t❤❡ s♦•✉t✐♦♥ (u, b) ∈ Z N (Ω) ♦❢ ♣r♦❜•❡♠ ✭✶✳✹✳✶✽✮ ❡①✐sts✱ ✐s ✉♥✐q✉❡ ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ (u, b) 2 ) N (Ω) = ( u 2 H 1 (Ω) + b 2 H 1 (Ω) ) 1/2 C f [H 6,2 0 (curl,Ω)] ′ + g [H 6,2 0 (curl,Ω)] ′ + P 0 H -1 2 (Γ) := M✭✶✳✻✳✶✷✮ ❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ w ❛♥❞ d✳ ❲❡ ❞❡✜♥❡ t❤❡ ❜❛•• B r = {(v, Ψ) ∈ ) N (Ω); (v, Ψ) ) N (Ω) r}, ✇❤❡r❡ r = M = C f [H 6,2 0 (curl,Ω)] ′ + g [H 6,2 0 (curl,Ω)] ′ + P 0 H -1 2 (Γ) ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ❛♥❞ ✭✶✳✻✳✶✷✮✱ ✐t ❢♦••♦✇s t❤❛t G(B r ) ⊂ B r ❛♥❞ t❤❡♥ G ✐s ❛ ♠❛♣♣✐♥❣ ♦❢ t❤❡ ❜❛•• B r ✐♥t♦ ✐ts❡•❢✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r G ✐s ❝♦♠♣❛❝t ♦♥ B r ✳ ❋♦r t❤✐s✱ •❡t {(w k , d k )} k≥1 ❜❡ ❛♥ ❛r❜✐tr❛r② s❡q✉❡♥❝❡ ✐♥ B r ✳ ❙✐♥❝❡ H 1 (Ω) ✐s r❡✢❡①✐✈❡✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ st✐•• ❞❡♥♦t❡❞ {(w k , d k )} k≥1 ❛♥❞ ❛ ♣❛✐r (w, d) ✐♥ B r s✉❝❤ t❤❛t (✇ k , ❞ k ) ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ (✇ , ❞) ✐♥ H 1 (Ω) × H 1 (Ω) ❛s k → ∞✳ ❲❡ s❡t (u k , b k ) = G(✇ k , ❞ k ) ❛♥❞ ( u, b) = G(w, d)✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t (✉ k , ❜ k ) ❝♦♥✈❡r❣❡s str♦♥❣•② t♦ ( u, b) ✐♥ H 1 (Ω) × H 1 (Ω) ❛s k → ∞✳ ❇② t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 4 (Ω)✱ ✇❡ ❤❛✈❡ t❤❛t ✇ k → ✇ str♦♥❣•② ✐♥ L 4 (Ω) ❛♥❞ ❞ k → ❞ str♦♥❣•② ✐♥ L 4 (Ω)✳ ❇② ❞❡✜♥✐t✐♦♥ (u k , b k ) ❛♥❞ ( u, b) ❛r❡ s♦•✉t✐♦♥s ♦❢ a((u k , b k ), (v, Ψ)) + a ✇ k ,❞ k ((u k , b k ), (v, Ψ)) = L(v, Ψ), ❛♥❞ a(( u, b), (v, Ψ)) + a ✇,❞ (( u, b), (v, Ψ)) = L(v, Ψ). ✭✶✳✻✳✶✸✮ ✇❤❡r❡ t❤❡ ❢♦r♠s a ❛♥❞ a ✇,❞ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✳✹✳✶✻✮✳ ❇② s✉❜tr❛❝t✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦❜•❡♠s✱ ✇❡ ♦❜t❛✐♥ (curl(u k -u), curl v) + (curl(b k -b), curl Ψ) + ((curl ✇ k ) × u k -(curl ✇) × u, v) + (u k , (curl Ψ) × ❞ k ) -( u, (curl Ψ) × ❞) -((curl b k ) × ❞ k , v) + ((curl b) × ❞, v) = 0 ✭✶✳✻✳✶✹✮ ❙✐♥❝❡ ((curl ✇ k ) × u k -(curl ✇) × u, v) = (curl ✇ × (u k -u), v) + (curl(✇ k -✇) × u k , v) ❛♥❞ (u k , (curl Ψ) × ❞ k ) -( u, (curl Ψ) × ❞) -((curl b k ) × ❞ k , v) + ((curl b) × ❞, v) = (u k -u, (curl Ψ) × ❞) -(u k , (curl Ψ) × ❞) -(curl(b k -b) × ❞, v) + ((curl b k ) × ❞, v) + (u k , (curl Ψ) × ❞ k ) -((curl b k ) × ❞ k , v). ❚❤❡♥✱ r❡♣•❛❝✐♥❣ ✐♥ ✭✶✳✻✳✶✹✮✱ ✇❡ ♦❜t❛✐♥ a((u k -u, b k -b), (v, Ψ)) + a ✇,❞ ((u k -u, b k -b), (v, Ψ)) = -(curl(✇ k -✇) × u k , v) + (u k , curl Ψ × (❞ -❞ k )) -(curl b k × (❞ -❞ k ), v) ❇② ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t (u k , b k ) ❜❡•♦♥❣s t♦ B r ✱ ✇❡ ❤❛✈❡ |(curl(✇ k -✇) × u k , v)| C 2 ✇ k -✇ L 4 (Ω) u k H 1 (Ω) v H 1 (Ω) C 2 M ✇ k -✇ L 4 (Ω) v H 1 (Ω) , |(u k , curl Ψ × (❞ -❞ k ))| u k L 4 (Ω) curl Ψ L 2 (Ω) ❞ -❞ k L 4 (Ω) C 1 C 2 M Ψ H 1 (Ω) ❞ -❞ k L 4 (Ω) ❛♥❞ |(curl b k × (❞ -❞ k ), v)| C curl b k L 2 (Ω) ❞ -❞ k L 4 (Ω) v L 4 (Ω) C 1 C 2 M ❞ -❞ k L 4 (Ω) v H 1 (Ω) ✇❤❡r❡ C 1 > 0 ❛♥❞ C 2 > 0 ❛r❡ s✉❝❤ t❤❛t curl v L 2 (Ω) ≤ C 1 v H 1 (Ω) and v L 4 (Ω) ≤ C 2 v H 1 (Ω) . ✭✶✳✻✳✶✺✮ ❈❤♦♦s✐♥❣ (v, Ψ) = (u k -u, b k -b)✱ t❤❛♥❦s t♦ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❢♦r♠ a ✐♥ ✭✶✳✹✳✶✾✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t a ✇,❞ ((u k -u, b k -b), (u k -u, b k -b)) = 0✱ ✇❡ ♦❜t❛✐♥ 2 C 2 P u k -u 2 H 1 (Ω) + b k -b 2 H 1 (Ω) | a((u k -u, b k -b), (u k -u, b k -b)) | C 2 M w k -w L 4 (Ω) u k -ũ H 1 (Ω) + C 1 C 2 M d -d k L 4 (Ω) ( u k -u H 1 (Ω) + b k -b H 1 (Ω) ) 1 2 u k -ũ 2 H 1 (Ω) + 1 2 b k -b 2 H 1 (Ω) + C 2 2 M 2 w k -w 2 L 4 (Ω) + 3 2 C 2 1 C 2 2 M 2 d k -d 2 L 4 (Ω) . ❙♦✱ ✇❡ ❤❛✈❡ u k -u 2 H 1 (Ω) + b k -b 2 H 1 (Ω) C w k -w 2 L 4 (Ω) + d k -d 2 L 4 (Ω) -→ 0 as k -→ 0, ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✼✷ ✇❤❡r❡ C = C 2 P max(C 2 2 M 2 , 3 2 C 2 1 C 2 2 M 2 ) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ k✳ ❍❡♥❝❡✱ t❤✐s ❣✐✈❡s t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ G✳ ❋r♦♠ ❙❝❤❛✉❞❡r✬s t❤❡♦r❡♠ ✇❡ t❤❡♥ ✜♥❞ t❤❛t G ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ( u, b) = G( u, b) ∈ B r ✳ ❚❤✐s ✜①❡❞ ♣♦✐♥t ✐s s♦•✉t✐♦♥ ♦❢ ✭✶✳✻✳✶✸✮✳ ▼♦r❡♦✈❡r✱ ( u, b) s❛t✐s✜❡s ✭✶✳✻✳✶✷✮✳ ◆♦✇✱ ✇❡ ❡st❛❜•✐s❤ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ ✭▼❍❉✮✳ ❋♦r t❤✐s✱ •❡t (u 1 , b 1 , P 1 ) ❛♥❞ (u 2 , b 2 , P 2 ) ✐♥ V N (Ω)×V N (Ω)×L 2 (Ω) ❜❡ t✇♦ s♦•✉t✐♦♥s ♦❢ ✭▼❍❉✮✳ ❲❡ s❡t u = u 1 -u 2 ✱ b = b 1 -b 2 ❡t P = P 1 -P 2 ❛♥❞ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t u = b = ✵ ❛♥❞ P = 0✳ ❈❤♦♦s❡ v = u ❛♥❞ Ψ = b ✐♥ ✭✶✳✻✳✻✮✱ t❤❡♥ (u, b) s❛t✐s✜❡s curl u 2 L 2 (Ω) + curl b 2 L 2 (Ω) + ((curl u 1 ) × u 1 -(curl u 2 ) × u 2 , u) -((curl b 1 ) × b 1 -(curl b 2 ) × b 2 , u) + ((curl b) × b 1 , u 1 ) -((curl b) × b 2 , u 2 ) = 0 ❖❜s❡r✈❡ t❤❛t ((curl u 1 ) × u 1 , u) -((curl u 2 ) × u 2 , u) = ((curl u) × u 1 , u). ❛♥❞ -((curl b 1 ) × b 1 -(curl b 2 ) × b 2 , u) + ((curl b) × b 1 , u 1 ) -((curl b) × b 2 , u 2 ) = ((curl b) × b, u 2 ) -((curl b 2 ) × b, u) ✇❤✐❝❤ ❣✐✈❡s curl u 2 L 2 (Ω) + curl b 2 L 2 (Ω) + ((curl u 1 ) × u 1 -(curl u 2 ) × u 2 , u) -((curl b 1 ) × b 1 -(curl b 2 ) × b 2 , u) + ((curl b) × b 1 , u 1 ) -((curl b) × b 2 , u 2 ) = curl u 2 + curl b 2 + ((curl u) × u 1 , u) + ((curl b) × b, u 2 ) -((curl b 2 ) × b, u) ❚❤❡♥✱ curl u 2 + curl b 2 = ((curl b 2 ) × b, u) -((curl u) × u 1 , u) -((curl b) × b, u 2 ) ✭✶✳✻✳✶✻✮ ❲❡ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ t❡r♠s ✐♥ t❤❡ |❍❙ ♦❢ ✭✶✳✻✳✶✻✮✳ ❲❡ ❤❛✈❡ |((curl u) × u 1 , u)| curl u L 2 (Ω) u 1 L 4 (Ω) u L 4 (Ω) C 1 C 2 u 2 H 1 (Ω) u 1 L 4 (Ω) C 1 C 2 2 u 2 H 1 (Ω) u 1 H 1 (Ω) C 1 C 2 2 M u 2 H1(Ω) , |((curl b) × b, u 2 )| curl b L 2 (Ω) b L 4 (Ω) u 2 L 4 (Ω) C 1 C 2 2 b 2 H 1 (Ω) u 2 H 1 (Ω) C 1 C 2 2 M b 2 H 1 (Ω) , ❛♥❞ |((curl b 2 ) × b, u)| curl b 2 L 2 (Ω) b L 4 (Ω) u L 4 (Ω) C 1 C 2 2 b 2 H 1 (Ω) b H 1 (Ω) u H 1 (Ω) 1 2 C 1 C 2 2 M ( u 2 H 1 (Ω) + b 2 H 1 (Ω) ). ❚❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ✼✸ ❯s✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s ✐♥ ✭✶✳✻✳✶✻✮ t♦❣❡t❤❡r ✇✐t❤ P♦✐♥❝❛ré✬s t②♣❡ ✐♥❡q✉❛•✐t② ✭✶✳✸✳✻✮✱ ✇❡ ♦❜t❛✐♥ 1 C 2 P u 2 H 1 (Ω) + b 2 H 1 (Ω) curl u 2 + curl b 2 3 2 C 1 C 2 2 M ( u 2 H 1 (Ω) + b 2 H 1 (Ω) ), ✇❤❡r❡ C P ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✶✳✸✳✻✮✳ ❋r♦♠ t❤✐s r❡•❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ ( 1 C 2 P - 3 2 C 1 C 2 2 M ) u 2 H 1 (Ω) + b 2 H 1 (Ω) ≤ 0. ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ❝♦♥❞✐t✐♦♥ ✭✶✳✻✳✺✮✱ ✐♠♣•✐❡s t❤❛t u = b = ✵✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡ P ∈ L 2 (Ω) ❢♦••♦✇s ❢r♦♠ ❉❡ |❤❛♠✬s ❚❤❡♦r❡♠ ✭s❡❡ ✶✳✻✳✷✮✳ ✶✳✻✳✷ ❲❡❛❦ s♦•✉t✐♦♥✿ L p ✲t❤❡♦r②✱ p ≥ 2 ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡❣✉•❛r✐t② ♦❢ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ s②st❡♠ ✭▼❍❉✮ ✐♥ L p ✲t❤❡♦r②✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❝❛s❡ p ≥ 2✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❡ss❡♥t✐❛••② ✉s✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥ ✐♥ t❤❡ ❤✐•❜❡rt✐❛♥ ❝❛s❡ ❛♥❞ ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t✳ ❚♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ❛♥❞ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N )✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿                    -∆u + ∇P = f -(curl u) × u + (curl b) × d in Ω, div u = h in Ω, u × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , u • n, 1 Γi = 0, 1 ≤ i ≤ I, ❛♥❞              curl curl b = g + curl(u × b) in Ω, div b = 0 in Ω, b × n = ✵ on Γ b • n, 1 Γi = 0, ∀1 i I. ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ❈♦r♦••❛r② ✶✳✺✳✶✵ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❞❛t❛ P 0 •❡ss r❡❣✉•❛r✳ ❚❤❡♦r❡♠ ✶✳✻✳✸ ✭|❡❣✉•❛r✐t② W 1,p (Ω) ✇✐t❤ p > 2✮✳ ▲❡t p > 2 ❛♥❞ r = 3p 3+p ✳ ❙✉♣♣♦s❡ t❤❛t f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ h = 0✱ P 0 ∈ W 1-1 r ,r (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❚❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✻✳✶ s❛t✐s✜❡s (u, b, P ) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω). ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 1,p (Ω) + b W 1,p (Ω) + P W 1,r (Ω) C( f (H r ′ ,p ′ 0 (curl,Ω)) ′ + g (H r ′ ,p ′ 0 (curl,Ω)) ′ + P0 W 1/r ′ ,r (Γ) ) ✭✶✳✻✳✶✼✮ Pr♦♦❢✳ ❙✐♥❝❡ p > 2✱ ✇❡ ❤❛✈❡ [H r ′ ,p ′ 0 (curl, Ω)] ′ ֒→ [H 6,2 0 (curl, Ω)] ′ ❛♥❞ W 1-1/r,r (Γ) ֒→ H -1/2 (Γ)✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✻✳✶✱ t❤❡r❡ ❡①✐sts (u, b, P, c) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω) × R I s♦•✉t✐♦♥ ♦❢ ✭▼❍❉✮✳ ❇② ✉s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 6 (Ω)✱ ✐t ❢♦••♦✇s t❤❛t (curl u)×u ❛♥❞ (curl b)×b ❜❡•♦♥❣ t♦ L ♠✉st •✉st✐❢② t❤❛t t❤❡ |❍❙ f -(curl u) × u + (curl b) × b ❜❡•♦♥❣s t♦ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❙✐♠✐•❛r•②✱ t♦ ❛♣♣•② t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) ❛♥❞ ♦❜t❛✐♥ ❛ s♦•✉t✐♦♥ b ∈ W 1,p (Ω)✱ ✇❡ ❛•s♦ ♥❡❡❞ t♦ •✉st✐❢② t❤❛t t❤❡ |❍❙ g + curl(u × b) ❜❡•♦♥❣s t♦ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❞✐st✐♥❣✉✐s❤ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛•✉❡s ♦❢ p t❤❡ ❢♦••♦✇✐♥❣ ❝❛s❡s✿ ✭✐✮ ■❢ p ≤ 3✱ t❤❡♥ f -(curl u) × u + (curl b) × b ∈ L 3/2 (Ω) ֒→ L 3p 3+p (Ω) = L r (Ω)✳ ❙✐♥❝❡ L r (Ω) ֒→ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ t❤❛♥❦s t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N )✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ ✇❡ ❤❛✈❡ t❤❛t u ∈ W 1,p (Ω) ❛♥❞ P ∈ W 1,r (Ω)✳ ❙✐♥❝❡ curl(u×b) = (b•∇)u-(u•∇)b✱ ✇❡ ❤❛✈❡ ✇✐t❤ t❤❡ s❛♠❡ ❛r✲ ❣✉♠❡♥t ❛❜♦✈❡ t❤❛t curl(u×b) ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ■t ❢♦••♦✇s t❤❛t g +curl(u×b) ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ▼♦r❡♦✈❡r✱ g +curl(u×b) s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❈♦♥s❡q✉❡♥t•②✱ t❤❛♥❦s t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N )✱ s❡❡ ▲❡♠♠❛ ✶✳✸✳✹✱ ✇❡ ❤❛✈❡ t❤❛t b ∈ W 1,p (Ω)✳ ✭✐✐✮ ■❢ p > 3✱ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❛t (u, b, P ) ∈ W 1,3 (Ω) × W 1,3 (Ω) × W 1,3/2 (Ω)✳ ❚❤❡r❡❢♦r❡✱ (u, b) ∈ L q (Ω) × L q (Ω)✱ ❢♦r ❛♥② 1 < q < ∞✳ ❚❤❡♥✱ (curl u) × u ∈ L m (Ω) ❢♦r ❛•• 1 ≤ m < 3✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ t❛❦❡ 1 m = 1 p + 1 3 ✇✐t❤ 3/2 < m < 3✳ ❙♦✱ ✇❡ ❤❛✈❡ t❤❛t (curl u) × u ∈ L 3p 3+p (Ω) ֒→ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ✇❡ ♦❜t❛✐♥ t❤❛t (curl b) × b ∈ L 3p 3+p (Ω) ֒→ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❚❤❡♥✱ t❤❡ r❡q✉✐r❡❞ r❡❣✉•❛r✐t② ❢♦r (u, b, P ) ❢♦••♦✇s ❜② ❛♣♣•②✐♥❣ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N )✳ ❋✉rt❤❡r✱ ✇❡ ❤❛✈❡ u × b ∈ L t (Ω) ❢♦r ❛♥② 1 < t < ∞✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❛❦✐♥❣ t = p ✇✐t❤ 3 < t < ∞✱ ✇❡ ❤❛✈❡ t❤❛t u × b ∈ L p (Ω)✳ ❙♦✱ ❞✉❡ t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ ✇❡ ❤❛✈❡ curl(u×b) ❜❡•♦♥❣s t♦ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❛♥❞ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❜② ❛♣♣•②✐♥❣ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N )✳ ✶✳✻✳✸ ❙tr♦♥❣ s♦•✉t✐♦♥✿ L p ✲t❤❡♦r②✱ p ≥ 6/5 ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦•✉t✐♦♥s ❢♦r ♠♦r❡ r❡❣✉•❛r ❞❛t❛✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s t❤❡ r❡❣✉•❛r✐t② W 2,p (Ω) ✇✐t❤ p ≥ 6/5✳ ❚❤❡♦r❡♠ ✶✳✻✳✹ ✭|❡❣✉•❛r✐t② W 2,p (Ω) ✇✐t❤ p ≥ 6 5 ✮✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ❛♥❞ p ≥ 6 5 ✳ ▲❡t f ✱ g ❛♥❞ P 0 s❛t✐s❢② ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮ ❛♥❞ f ∈ L p (Ω), g ∈ L p (Ω), h = 0 and P 0 ∈ W 1-1 p ,p (Γ). ❚❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✻✳✶ ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) C( f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) ) ✭✶✳✻✳✶✽✮ Pr♦♦❢✳ ❚♦ st❛rt t❤❡ ♣r♦♦❢✱ t❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ r❡❣✉•❛r✐t② r❡s✉•t ❢♦r ✇❡❛❦ s♦•✉t✐♦♥s ✐♥ W 1,p (Ω) ✇✐t❤ p > 2 ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✻✳✸ ✐♥st❡❛❞ ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥s ✐♥ t❤❡ ❍✐•❜❡rt ❝❛s❡ H 1 (Ω)✳ ❖❜s❡r✈❡ t❤❛t ✐❢ 6/5 ≤ p ≤ 3/2✱ ✇❡ ❤❛✈❡ 2 < p * < 3✱ ✇❤❡r❡ 1 p * = 1 p -1 3 ✳ ◆♦✇✱ ❞❡♥♦t✐♥❣ r(p * ) = 3p * 3+p * ✱ ✇❡ ♦❜t❛✐♥ t❤❛t r(p * ) = p✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❢r♦♠ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤✐s ❚❤❡♦r❡♠ t❤❛t f ∈ L r(p * ) (Ω)✱ g ∈ L r(p * ) (Ω) ❛♥❞ P 0 ∈ W 1-1/r(p * ),r(p * ) (Γ)✳ ❙✐♥❝❡ L r(p * ) (Ω) ֒→ [H (r p * ) ′ ,(p * ) ′ 0 (curl, Ω)] ′ ❛♥❞ p * > 2✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ r❡❣✉•❛r✐t② r❡s✉•t ♦❢ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✻✳✹✮ t❤❛t (u, b, P ) ∈ W 1,p * (Ω) × W 1,p * (Ω) × W 1,r(p * ) (Ω)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ t❤r❡❡ ❝❛s❡s✿ ❚❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ✼✺ ✭✐✮ ❈❛s❡ 6 5 ≤ p < 3 2 ✿ ❲❡ ❤❛✈❡ (curl u) × u ∈ L t (Ω) ✇✐t❤ 1 t = 2 p -1✳ ❙✐♥❝❡ t > p✱ ✐t ❢♦••♦✇s t❤❛t (curl u) × u ❜❡•♦♥❣s t♦ L p (Ω)✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❣✐✈❡s t❤❛t (curl b) × b ❜❡•♦♥❣s t♦ L p (Ω)✳ ❈♦♥s❡✲ q✉❡♥t•②✱ t❤❛♥❦s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦•✉t✐♦♥s ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (u, P ) ∈ W 2,p (Ω) × W 1,p (Ω)✳ ❙✐♥❝❡ curl(u × b) ❜❡•♦♥❣s ❛•s♦ t♦ L t (Ω) ✇✐t❤ t > p✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ r❡❣✉•❛r✐t② r❡s✉•t ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳✸✮ t❤❛t b ∈ W 2,p (Ω)✳ ✭✐✐✮ ❈❛s❡ p = 3 2 ✿ ❲❡ ❤❛✈❡ ✐♥ t❤✐s ❝❛s❡ p * = 3✳ ❋r♦♠ ❛❜♦✈❡✱ ✇❡ ❦♥♦✇ t❤❛t (u, b, P ) ∈ W 1,3 (Ω) × W 1,3 (Ω) × W 1, 3 2 (Ω)✳ ❙✐♥❝❡ W 1,3 (Ω) ֒→ L q (Ω) ❢♦r ❛♥② 1 < q < ∞✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (curl u) × u ❛♥❞ (curl b) × b ❜❡•♦♥❣ t♦ L t (Ω) ✇✐t❤ 1 t = 1 3 + 1 q ✳ ❈❤♦♦s✐♥❣ q > 3 ❣✐✈❡s t > 3 2 ✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S N )✱ ✇❡ ❤❛✈❡ t❤❛t (u, P ) ∈ W 2, 3 2 (Ω) × W 1, 3 2 (Ω)✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ✇❡ ❤❛✈❡ curl(u × u) ∈ L t (Ω) ✇✐t❤ t > 3 2 ✳ ❚❤❡♥✱ ✇❡ ❛♣♣•② t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) t♦ ♦❜t❛✐♥ b ∈ W 2, 3 2 (Ω)✳ ✭✐✐✐✮ ❈❛s❡ p > 3 2 ✿ ❲❡ ❦♥♦✇ t❤❛t (u, b) ∈ W 2, 3 2 (Ω) × W 2, 3 2 (Ω)✳ ❚❤❡♥✱ (u, b) ∈ L q (Ω) × L q (Ω) ✇✐t❤ 1 < q < ∞✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ t❡r♠s (curl u) × u ❛♥❞ (curl b) × b ❜❡•♦♥❣ t♦ L t (Ω) ✇✐t❤ 1 ≤ t < 3✳ ❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ ❝❛s❡s✿ ✭❛✮ ■❢ 3 2 < p < 3✱ ✇❡ ❤❛✈❡ (curl u) × u✱ (curl b) × b ❛♥❞ curl(u × b) ❜❡•♦♥❣ t♦ L p (Ω)✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉•❛r✐t② ♦❢ (S N ) ❛♥❞ (E N )✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (u, b, P ) ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω)✳ ✭❜✮ ■❢ p ≥ 3✱ ❢r♦♠ t❤❡ ❛❜♦✈❡ r❡s✉•t✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈ W 2,3-ε (Ω) × W 2,3-ε (Ω) × W 1,3-ε (Ω) ✇✐t❤ 0 < ε < 3 2 ✳ ❖❜s❡r✈❡ t❤❛t (3 -ε) * = 3(3-ε) ε > 3✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t u ∈ L ∞ (Ω) ❛♥❞ b ∈ L ∞ (Ω)✳ ❙✐♥❝❡ curl u ∈ W 1,3-ε (Ω) ֒→ L (3-ε) * (Ω)✱ ✐t ❢♦••♦✇s t❤❛t (curl u)×u ❛♥❞ (curl b)×b ❜❡•♦♥❣ t♦ L (3-ε) * (Ω) ֒→ L 3 (Ω)✳ ❆❣❛✐♥✱ ❛❝❝♦r❞✐♥❣ t❤❡ r❡❣✉•❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜•❡♠✱ ✇❡ ❤❛✈❡ (u, P ) ∈ W 2,3 (Ω) × W 1,3 (Ω)✳ ❙✐♠✐•❛r•②✱ curl(u×b) ∈ L 3 (Ω) ❛♥❞ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N ) ✐♠♣•✐❡s t❤❛t b ∈ W 1,3 (Ω)✳ ❋✐♥❛••②✱ ✉s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣s W 2,3 (Ω) ֒→ L ∞ (Ω) ❛♥❞ W 1,3 (Ω) ֒→ L q (Ω) ❢♦r 1 < q < ∞✱ ❛•• t❤❡ t❡r♠s (curl u) × u✱ (curl b) × b ❛♥❞ curl(u × b) ❜❡•♦♥❣ t♦ L q (Ω)✳ ❚♦ ❝♦♥❝•✉❞❡✱ ✇❡ ❛♣♣•② ♦♥❝❡ ❛❣❛✐♥ t❤❡ r❡❣✉•❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜•❡♠ (S N ) ❛♥❞ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E N )✳ ✶✳✻✳✹ ❊①✐st❡♥❝❡ r❡s✉•t ♦❢ t❤❡ ▼❍❉ s②st❡♠ ❢♦r 3/2 < p < 2 ❚❤❡ ♥❡①t t❤❡♦r❡♠ t❡••s ✉s t❤❛t ✐t ✐s ♣♦ss✐❜•❡ t♦ ❡①t❡♥❞ t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♥♦♥•✐♥❡❛r ✭▼❍❉✮ ♣r♦❜•❡♠ ❢♦r 3 2 < p < 2✳ ❋♦r t❤✐s✱ ✇❡ ❛♣♣•② ❇❛♥❛❝❤✬s ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠ ♦✈❡r t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮✳ ❚❤❡♦r❡♠ ✶✳✻✳✺ ✭|❡❣✉•❛r✐t② W 1,p (Ω) ✇✐t❤ 3 2 < p < 2✮✳ ❆ss✉♠❡ t❤❛t 3 2 < p < 2 ❛♥❞ •❡t r ❜❡ ❞❡✜♥❡❞ ❜② 1 r = 1 p + 1 3 ✳ ▲❡t ✉s ❝♦♥s✐❞❡r f , g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ P 0 ∈ W 1-1 r ,r (Γ) ❛♥❞ h ∈ W 1,r (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t δ 1 s✉❝❤ t❤❛t✱ ✐❢ f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) ≤ δ 1 ❚❤❡♥✱ t❤❡ ✭▼❍❉✮ ♣r♦❜•❡♠ ❤❛s ❛t •❡❛st ❛ s♦•✉t✐♦♥ (u, b, P, α) ∈ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) × R I ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u W 1,p (Ω) + b W 1,p (Ω) C 1 f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) ✭✶✳✻✳✶✾✮ P W 1,r (Ω) C 1 (1 + C * η) f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) ✭✶✳✻✳✷✵✮ ✇❤❡r❡ δ 1 = (2C 2 C * ) -1 ✱ C 1 = C(1 + C * η) 2 ✇✐t❤ C > 0✱ C * > 0 ❛r❡ t❤❡ ❝♦♥st❛♥ts ❣✐✈❡♥ ✐♥ ✭✶✳✻✳✷✺✮ ❛♥❞ η ❞❡✜♥❡❞ ❜② ✭✶✳✻✳✷✻✮✳ ❋✉rt❤❡r♠♦r❡✱ α = (α 1 , . . . , α I ) s❛t✐s✜❡s α i = f , ∇q N i Ω - Ω (curl w) × u • ∇q N i dx + Ω (curl b) × d • ∇q N i dx + Γ (h -P 0 )∇q N i • n dσ ✭✐✐✮ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ❞❛t❛ s❛t✐s❢② t❤❛t f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) + h W 1,r (Ω) ≤ δ 2 , ❢♦r s♦♠❡ δ 2 ∈]0, δ 1 ]✱ t❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ✭▼❍❉✮ ✐s ✉♥✐q✉❡✳ Pr♦♦❢✳ ✭✐✮ ❊①✐st❡♥❝❡✿ ▲❡t ✉s ❞❡✜♥❡ t❤❡ s♣❛❝❡ Z p (Ω) = W 1,p (Ω) × W 1,p σ (Ω) ❋♦r ❣✐✈❡♥ (w, d) ∈ B η ✱ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r T ❜② T (w, d) = (u, b) ✇❤❡r❡ (u, b) ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✹✳✷✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✺✳✼ ❛♥❞ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ B η ✐s ❞❡✜♥❡❞ ❜② B η = {(w, d) ∈ Z p (Ω), (w, d) Z p (Ω) ≤ η}, η > 0. ❍❡r❡ Z p (Ω) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ (w, d) Z p (Ω) = w W 1,p (Ω) + d W 1,p (Ω) . ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢r♦♠ B η t♦ ✐ts❡•❢✳ ▲❡t (w 1 , d 1 ), (w 2 , d 2 ) ∈ B η ✳ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts θ ∈ (0, 1) s✉❝❤ t❤❛t✿ T (w 1 , d 1 ) -T (w 2 , d 2 ) Z p (Ω) = (u 1 , b 1 ) -(u 2 , b 2 ) Z p (Ω) θ (w 1 , d 1 ) -(w 2 , d 2 ) Z p (Ω) ✭✶✳✻✳✷✶✮ ❚❤❛♥❦s t♦ ❈♦r♦••❛r② ✶✳✺✳✽✱ ❡❛❝❤ (u i , b i , P i , c i )✱ i = 1, 2✱ ❜❡•♦♥❣s t♦ W 1,p (Ω) × W 1,p (Ω) × W 1,r (Ω) ❛♥❞ ✈❡r✐✜❡s✿                    -∆u i + (curl w i ) × u i + ∇P i -(curl b i ) × d i = f ❛♥❞ div u i = h ✐♥ Ω curl curl b i -curl(u i × d i ) = g ❛♥❞ div b i = 0 ✐♥ Ω u i × n = 0 ❛♥❞ b i × n = 0 ♦♥ Γ P i = P 0 ♦♥ Γ 0 ❛♥❞ P i = P 0 + c (i) j ♦♥ Γ j u i • n, 1 Γj = 0 ❛♥❞ b i • n, 1 Γj = 0, ∀ 1 j I ✭✶✳✻✳✷✷✮ t♦❣❡t❤❡r ✇✐t❤ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r i = 1, 2✿ (ui, bi) Z p (Ω) C 1 + curl wi L 3 2 (Ω) + di W 1, 3 2 (Ω) γ1 + (1 + curl wi L 3 2 (Ω) + di W 1, 3 2 (Ω) )γ2 ✭✶✳✻✳✷✸✮ ✇❤❡r❡ γ 1 = f [H r ′ ,p ′ 0 (curl,Ω)] ′ + g [H r ′ ,p ′ 0 (curl,Ω)] ′ + P 0 W 1-1 r ,r (Γ) ❛♥❞ γ 2 = h W 1,r (Ω) ✳ ◆❡①t✱ t❤❡ ❞✐✛❡r❡♥❝❡s (u, b, P, c) = (u 1 -u 2 , b 1 -b 2 , P 1 -P 2 , c 1 -c 2 ) s❛t✐s❢②                    -∆u + (curl w 1 ) × u + ∇P -(curl b) × d 1 = f 2 ❛♥❞ div u = 0 ✐♥ Ω curl curl b -curl(u × d 1 ) = g 2 ❛♥❞ div b = 0 ✐♥ Ω u × n = ✵ ❛♥❞ b × n = ✵ ♦♥ Γ P = 0 ♦♥ Γ 0 and P = c j on Γ j u • n, 1 Γj = 0 ❛♥❞ b • n, 1 Γj = 0 ∀ 1 j I ✭✶✳✻✳✷✹✮ ❚❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ✼✼ ✇✐t❤ f 2 = -(curl w) × u 2 + (curl b 2 ) × d ❛♥❞ g 2 = curl(u 2 × d)✳ ❖❜s❡r✈❡ t❤❛t f 2 ❛♥❞ g 2 ❜❡•♦♥❣ t♦ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ■♥❞❡❡❞✱ ❙✐♥❝❡ u 2 , b 2 ∈ W 1,p (Ω) ֒→ L p * (Ω)✱ curl w ∈ L 3 2 (Ω) ❛♥❞ d ∈ W 1, 3 2 (Ω)✱ t❤❡♥ (curl w) × u 2 ❛♥❞ (curl b 2 ) × d ❜❡•♦♥❣ t♦ L r (Ω) ֒→ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ❇❡s✐❞❡s✱ u 2 × d ∈ L p (Ω) s♦ curl(u 2 × d) ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ g 2 ✐s ❛ curl✱ t❤❡♥ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❍❡♥❝❡✱ ✇❡ ❛♣♣•② t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✼ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡✿ (u, b) Z p (Ω) C(1 + curl w 1 L 3 2 (Ω) + d 1 W 1, 3 2 (Ω) )( f 2 [H r ′ ,p ′ 0 (curl,Ω)] ′ + g 2 [H r ′ ,p ′ 0 (curl,Ω)] ′ ) ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠ ♦♥ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣s W 1,p (Ω) ֒→ L p * (Ω) ❛♥❞ W 1,p (Ω) ֒→ W 1, 3 2 (Ω) ֒→ L 3 (Ω), ✐t ❢♦••♦✇s✿ f 2 [H r ′ ,p ′ 0 (curl,Ω)] ′ (curl w) × u 2 L r (Ω) + (curl b 2 ) × d L r (Ω) curl w L 3 2 (Ω) u 2 L p * (Ω) + curl b 2 L p (Ω) d L 3 (Ω) C(C w w W 1,p (Ω) u 2 W 1,p (Ω) + C d d W 1,p (Ω) b 2 W 1,p (Ω) ) ❛♥❞ g 2 [H r ′ ,p ′ 0 (curl,Ω)] ′ = u 2 × d L p (Ω) u 2 L p * (Ω) d L 3 (Ω) CC d u 2 W 1,p (Ω) d W 1,p (Ω) ✇❤❡r❡ C w > 0 ❛♥❞ C d > 0 ❛r❡ r❡s♣❡❝t✐✈❡•② ❞❡✜♥❡❞ ❜② curl w L 3 2 (Ω) C w w W 1,p (Ω) ❛♥❞ d L 3 (Ω) C d d W 1,p (Ω) ✳ ❚❤❡r❡❢♦r❡✱ r❡❝❛••✐♥❣ t❤❛t (w 1 , d 1 ) ❜❡•♦♥❣s t♦ B η ✱ ✇❡ ❤❛✈❡✿ u W 1,p (Ω) + b W 1,p (Ω) C(1 + C * (w 1 , d 1 ) Z p (Ω) )(C w w W 1,p (Ω) + C d d W 1,p (Ω) ) (u 2 , b 2 ) Z p (Ω) C(1 + C * η)C * (w, d) Z p (Ω) (u 2 , b 2 ) Z p (Ω) ✇✐t❤ C * = C w + C d ✳ ❈♦♠❜✐♥✐♥❣ ✇✐t❤ ✭✶✳✻✳✷✸✮✱ ✇❡ t❤✉s ♦❜t❛✐♥✿ u W 1,p (Ω) + b W 1,p (Ω) C 1 C * (w, d) Z p (Ω) (γ 1 + (1 + C * η)γ 2 ) ✭✶✳✻✳✷✺✮ ✇❤❡r❡ C 1 = C(1 + C * η) 2 ✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ❝❤♦♦s❡✱ ❢♦r ✐♥st❛♥❝❡✿ η = (C * )((2CC * γ) -1 3 -1) ❛♥❞ γ = γ 1 + γ 2 < (2CC * ) -1 ✭✶✳✻✳✷✻✮ t❤❡♥ C 1 C * (γ 1 + (1 + C * η)γ 2 ) < 1 2 ✳ ❚❤❡r❡❢♦r❡ T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t (u * , b * ) ∈ W 1,p (Ω) × W 1,p σ (Ω) s❛t✐s❢②✐♥❣ (u * , b * ) Z p (Ω) C 1 + C * (u * , b * ) Z p (Ω) γ 1 + (1 + C * (u * , b * ) Z p (Ω) )γ 2 ◆❡①t✱ s✐♥❝❡ (u * , b * ) ∈ B η ✱ ✇❡ ♦❜t❛✐♥ (u * , b * ) Z p (Ω) C(1 + C * η)(γ 1 + (1 + C * η)γ 2 ) C 1 γ ✭✶✳✻✳✷✼✮ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❡ ❡st✐♠❛t❡ ✭✶✳✻✳✶✾✮✿ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ♣r❡ss✉r❡✳ ❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭▼❍❉✮✱ ✇❡ ❤❛✈❡ t❤❛t P * ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿    ∆P * = div f + div((curl b * ) × b * -(curl u * ) × u * ) + ∆h in Ω, P * = P 0 on Γ 0 and P * = P 0 + c i on Γ i ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✼✽ ✇✐t❤ P * W 1,r (Ω) div f W -1,r (Ω) + div((curl b * ) × b * -(curl u * ) × u * ) W -1,r (Ω) + ∆h W -1,r (Ω) + P0 W 1-1/r,r (Γ) ❋♦••♦✇✐♥❣ t❤❡ s❛♠❡ ❝❛•❝✉•✉s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✼✱ ✇❡ ♦❜t❛✐♥ P * W 1,r (Ω) C(1 + C * η) 2 (γ 1 + (1 + C * η)γ 2 ). ✇❤✐❝❤ ✐♠♣•✐❡s ✭✶✳✻✳✷✵✮ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡ ✐s ❝♦♠♣•❡t❡❞✳ ✭✐✐✮ ❯♥✐q✉❡♥❡ss✿ ▲❡t (u 1 , b 1 , P 1 ) ❛♥❞ (u 2 , b 2 , P 2 ) t✇♦ s♦•✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜•❡♠ ✭▼❍❉✮✳ ❚❤❡♥✱ ✇❡ s❡t (u, b, P ) = (u 1 -u 2 , b 1 -b 2 , P 1 -P 2 ) ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ♣r♦❜•❡♠✿                    -∆u + (curl u 1 ) × u + ∇P -(curl b) × b 1 = f 2 ❛♥❞ div u = 0 ✐♥ Ω curl curl b -curl(u × b 1 ) = g 2 ❛♥❞ div b = 0 ✐♥ Ω u × n = ✵ ❛♥❞ b × n = ✵ ♦♥ Γ P = 0 ♦♥ Γ 0 and P = α (1) i -α (2) i on Γ i , u • n, 1 Γi = 0 ❛♥❞ b • n, 1 Γi = 0 ∀ 1 i I ✇❤❡r❡ f 2 , g 2 ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ❛r❡ ❛•r❡❛❞② ❣✐✈❡♥ ✐♥ ✭✶✳✻✳✷✹✮ ❛♥❞ s❛t✐s❢② t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✼✳ ❆♣♣•②✐♥❣ t❤✐s t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ (u, b) Z p (Ω) C(1 + curl u1 L 3 2 (Ω) + b1 W 1, 3 2 (Ω) )(Cw u W 1,p (Ω) u2 W 1,p (Ω) + C d b W 1,p (Ω) b2 W 1,p (Ω) ) C(1 + C * (u1, b1) Z p (Ω) )C * (u2, b2) Z p (Ω) (u, b) Z p (Ω) . ❋r♦♠ ✭✶✳✻✳✷✼✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t✿ (u, b) Z p (Ω) C(1 + C * C 1 γ)C * C 1 γ (u, b) Z p (Ω) ❚❤✉s✱ ❢♦r γ s♠❛•• ❡♥♦✉❣❤ s✉❝❤ t❤❛t C(1 + C * C 1 γ)C * C 1 γ < 1 ✇❡ ❞❡❞✉❝❡ t❤❛t u = b = ✵ ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❡•♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♣r❡ss✉r❡ P ✳ ✶✳✼ ❆♣♣❡♥❞✐① ❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ ❛♥♦t❤❡r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✶✶✳ ❆ s❡❝♦♥❞ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✶✶✿ ▲❡t λ > 0✱ ❛♥❞ •❡t ✉s ❛ss✉♠❡ f λ , g λ ∈ D(Ω) s✉❝❤ t❤❛t f λ ❛♥❞ g λ r❡s♣❡❝t✐✈❡•② ❝♦♥✈❡r❣❡ t♦ f ❛♥❞ g ✐♥ L p (Ω)✱ ❛♥❞ P λ 0 ∈ C ∞ (Γ) ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ P 0 ✐♥ W 1-1 p ,p (Γ)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜•❡♠✿ ✜♥❞ (u λ , b λ , P λ , c λ i ) s♦•✉t✐♦♥ ♦❢✿                    -∆u λ + (curl w) × u λ + ∇P λ -(curl b λ ) × d = f λ ❛♥❞ div u λ = 0 ✐♥ Ω curl curl b λ -curl(u λ × d) = g λ ❛♥❞ div b λ = 0 ✐♥ Ω P λ = P λ 0 , ♦♥ Γ 0 , P λ = P λ 0 + c λ i ♦♥ Γ i u λ × n = 0, b λ × n = 0 ♦♥ Γ u λ • n, 1 Γi = 0, b λ • n, 1 Γi = 0, ∀ 1 i I ✭✶✳✼✳✶✮ ❆♣♣❡♥❞✐① ✼✾ ◆♦t❡ t❤❛t✱ s✐♥❝❡ f λ , g λ ∈ D(Ω)✱ ✐♥ ♣❛rt✐❝✉•❛r t❤❡② ❜❡•♦♥❣ t♦ L 6 5 (Ω)✳ ❚❤✉s✱ ❛♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✶✳✺✳✶✱ ✇❡ ❤❛✈❡ (u λ , b λ ) ∈ W 2, 6 5 (Ω)×W 2, 6 5 (Ω) ֒→ H 1 (Ω)×H 1 (Ω) ֒→ L 6 (Ω)×L 6 (Ω)✳ ❚❤❡r❡❢♦r❡✱ (curl w)×u λ ✱ (curl b λ ) × d ❛♥❞ curl(u λ × d) ❜❡•♦♥❣ t♦ L 6 5 (Ω) ֒→ L p (Ω)✳ ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ r❡❣✉•❛r✐t② r❡s✉•ts ♦❢ t❤❡ ❙t♦❦❡s ❛♥❞ ❡••✐♣t✐❝ ♣r♦❜•❡♠s✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♣r♦❜•❡♠ ✭✶✳✼✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u λ , b λ , P λ ) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) ✇❤✐❝❤ ❛•s♦ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿ u λ W 2,p (Ω) + b λ W 2,p (Ω) + P λ W 1,p (Ω) C SE f λ L p (Ω) + g λ L p (Ω) + P λ 0 W 1-1 p ,p (Γ) + I i=1 |c λ i | + (curl w) × u λ L p (Ω) + (curl b λ ) × d L p (Ω) + curl(u λ × d) L p (Ω) ✭✶✳✼✳✷✮ ✇✐t❤ C SE = max(C S , C E ) ✇❤❡r❡ C S ✐s t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ ❛♥❞ C E t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❲❡ ♥♦✇ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t❡r♠s (curl w) × u λ L p (Ω) ✱ (curl b λ ) × d L p (Ω) ✱ curl(u λ × d) L p (Ω) ❛♥❞ I i=1 |c λ i | t♦ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✾✾✮✳ ■♥ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❞❡❝♦♠♣♦s❡ curl w ❛♥❞ d ❛s ✐♥ ✭✶✳✺✳✹✮✲✭✶✳✺✳✺✮✳ ▲❡t ǫ > 0 ❛♥❞ ρ ǫ/2 t❤❡ ❝•❛ss✐❝❛• ♠♦••✐✜❡r✳ ❲❡ ❝♦♥s✐❞❡r ỹ = curl w ❛♥❞ d t❤❡ ❡①t❡♥s✐♦♥s ❜② 0 ♦❢ y = curl w ❛♥❞ d ✐♥ R 3 r❡s♣❡❝t✐✈❡•②✳ ❲❡ t❛❦❡✿ curl w = y ǫ 1 + y ǫ 2 ✇❤❡r❡ y ǫ 1 = ỹ * ρ ǫ/2 ❛♥❞ y ǫ 2 = curl w -y ǫ 1 d = d ǫ 1 + d ǫ 2 ✇❤❡r❡ d ǫ 1 = d * ρ ǫ/2 ❛♥❞ d ǫ 2 = d -d ǫ 1 ✭✶✳✼✳✸✮ ❋♦r ❡❛❝❤ t❡r♠✱ ✇❡ st❛rt ❜② ❜♦✉♥❞✐♥❣ t❤❡ ♣❛rt ❞❡♣❡♥❞✐♥❣ ♦♥ d ǫ 2 ✭r❡s♣✳ y ǫ 2 ✮✱ ❛♥❞ t❤❡♥ ✇❡ •♦♦❦ ❛t d ǫ 1 ✭r❡s♣✳ y ǫ 1 ✮✳ ✭✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ (curl w) × u λ L p (Ω) ✿ ❋✐rst✱ ❢♦••♦✇✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠♦••✐✜❡r✱ ✇❡ ❝•❛ss✐❝❛••② ♦❜t❛✐♥✿ y ǫ 2 L 3 2 (Ω) = y -ỹ * ρ ǫ/2 L 3 2 (Ω) ǫ ✭✶✳✼✳✹✮ ❚❤❡♥✱ s✐♥❝❡ ✇❡ ❤❛✈❡ W 2,p (Ω) ֒→ L p * * (Ω) ❛♥❞ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥✿ y ǫ 2 × u λ L p (Ω) y ǫ 2 L 3 2 (Ω) u λ L p * * (Ω) C 1 y ǫ 2 L 3 2 (Ω) u λ W 2,p (Ω) ✭✶✳✼✳✺✮ ✇❤❡r❡ C 1 ✐s t❤❡ ❝♦♥st❛♥t r❡•❛t❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ L p * * (Ω)✳ ❚❤✉s✱ ✐♥•❡❝t✐♥❣ ✭✶✳✼✳✹✮ ✐♥ ✭✶✳✼✳✺✮✱ ✐t ❢♦••♦✇s✿ y ǫ 2 × u λ L p (Ω) C 1 ǫ u λ W 2,p (Ω) ◆♦✇✱ ❢♦r t❤❡ t❡r♠ ✐♥ y ǫ 1 ✱ ✇❡ ❛♣♣•② t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② t♦ ♦❜t❛✐♥✿ y ǫ 1 × u λ L p (Ω) y ǫ 1 L m (Ω) u λ L q (Ω) y L 3 2 (Ω) ρ ǫ/2 L t (Ω) u λ L q (Ω)
✇✐t❤ m, q p s✉❝❤ t❤❛t

1 p = 1 m + 1 q ❛♥❞ t > 1 ❞❡✜♥❡❞ ❜② 1 + 1 m = 2 3 + 1 t ✳ ◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ✐♠♣♦s❡s m > 3 2 ✱ ❛♥❞ ✇❡ ❝❛♥ t❛❦❡ ✐♥ ♣❛rt✐❝✉•❛r m = 3✱ ❛♥❞ ❤❡♥❝❡ q = p * ✳ ❙✐♥❝❡✱ ❢♦••♦✇✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦••✐✜❡r✱ t❤❡r❡ ❡①✐sts C ǫ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛•• t > 1✿ ρ ǫ/2 L t (Ω) C ǫ ✭✶✳✼✳✻✮ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✽✵ s♦ ✇❡ ❤❛✈❡ y ǫ 1 × u λ L p (Ω) C ǫ y L 3 2 (Ω) u λ L p * (Ω) ✭✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ (curl b λ ) × d L p (Ω) ✿ ❆s ♣r❡✈✐♦✉s•②✱ ✇❡ ❤❛✈❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠♦••✐✜❡r✿ d ǫ 2 W 1, 3 2 (Ω) = d -d * ρ ǫ/2 W 1, 3 2 (Ω) ǫ ✭✶✳✼✳✼✮ ❚❤❡♥✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 3 2 (Ω) ֒→ L 3 (Ω)✱ ✇❡ ❤❛✈❡✿ (curl b λ ) × d ǫ 2 L p (Ω) curl b λ L p * (Ω) d ǫ 2 L 3 (Ω) C 2 ǫ b λ W 1,p * (Ω) ✇❤❡r❡ C 2 ✐s t❤❡ ❝♦♥st❛♥t r❡•❛t❡❞ t♦ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 3 2 (Ω) ֒→ L 3 (Ω)✳ ❲❡ ✜♥❛••② r❡❝❛•• t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ W 1,p * (Ω) t♦ ♦❜t❛✐♥✿ (curl b λ ) × d ǫ 2 L p (Ω) C 2 C 3 ǫ b λ W 2,p (Ω) ✭✶✳✼✳✽✮ ✇✐t❤ C 3 t❤❡ ❝♦♥st❛♥t r❡•❛t❡❞ t♦ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ W 1,p * (Ω)✳ ■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ t❡r♠ ✐♥ d ǫ 1 ✳ ❆♣♣•②✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡✿ (curl b λ ) × d ǫ 1 L p (Ω) curl b λ L q (Ω) d ǫ 1 L m (Ω) curl b λ L q (Ω) d L 3 (Ω) ρ ǫ L t (Ω)
✭✶✳✼✳✾✮ ✇✐t❤ m, q p s✉❝❤ t❤❛t

1 p = 1 m + 1 q ❛♥❞ t > 1 s✉❝❤ t❤❛t 1 + 1 m = 1 3 + 1 t ✳ ◆♦t❡ t❤❛t t❤❡s❡ r❡•❛t✐♦♥s r❡q✉✐r❡ m > 3✱ t❤❡♥ 1 p < 1 q + 1 3 s♦ q < p * ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣s✿ W 2,p (Ω) ֒→ compact W 1,q (Ω) ֒→ continuous L p * (Ω) ❤❡♥❝❡ t❤❡r❡ ❡①✐sts η > 0 ❛♥❞ C η > 0 s✉❝❤ t❤❛t b λ W 1,q (Ω) η b λ W 2,p (Ω) + C η b λ L p * (Ω) ✭✶✳✼✳✶✵✮ ■♥•❡❝t✐♥❣ ✭✶✳✼✳✶✵✮ ✐♥ ✭✶✳✼✳✾✮✱ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ✭✶✳✼✳✻✮ ❛♥❞ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 3 2 (Ω) ֒→ L 3 (Ω)✱ ✇❡ ♦❜t❛✐♥✿ (curl b λ ) × d ǫ 1 L p (Ω) C ǫ C 2 d W 1, 3 2 (Ω) (η b λ W 2,p (Ω) + C η b λ L p * (Ω) ) ✭✐✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ curl(u λ × d) L p (Ω) ✿ ❙✐♥❝❡ div u λ = 0 ❛♥❞ div d = 0 ✐♥ Ω✱ t❤❡♥ curl(u λ × d) = (d • ∇)u λ -(u λ • ∇)d✳ ❲❡ t❤✉s ❜♦✉♥❞ t❤❡s❡ t✇♦ t❡r♠s✳ ❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ (d • ∇)u λ L p (Ω) ✿ ❚❤❡ r❡❛s♦♥✐♥❣ ✐s ❡①❛❝t•② t❤❡ s❛♠❡ ❛s ❢♦r (ii) ✇✐t❤ curl b λ r❡♣•❛❝✐♥❣ ❜② ∇u λ ✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿ (d ǫ 2 • ∇)u λ L p (Ω) C 2 C 3 ǫ u λ W 2,p (Ω) ❛♥❞ (d ǫ 1 • ∇)u λ L p (Ω) C 2 C ǫ d W 1, 3 2 (Ω) (η u λ W 2,p (Ω) + C η u λ L p * (Ω) ) ❆♣♣❡♥❞✐① ✽✶ ❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ (u λ • ∇)d L p (Ω) ✿ ❆❣❛✐♥✱ t❤❡ r❡❛s♦♥✐♥❣ ✐s t❤❡ s❛♠❡ ❛s ❢♦r (i)✱ ✇✐t❤ ∇d ✐♥st❡❛❞ ♦❢ curl w✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿ (u λ • ∇)d ǫ 2 L p (Ω) C 1 ǫ u λ W 2,p (Ω) ❛♥❞ (u λ • ∇)d ǫ 1 L p (Ω) C ǫ d W 1, 3 2 (Ω) u λ L p * (Ω) ✭✐✈✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ I i=1 |c λ i |✿ ❲✐t❤ ❛ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡✿ |c λ i | | f λ , ∇q N i | + | P λ 0 , ∇q N i • n | + | Ω (curl w) × u λ • ∇q N i dx| + | Ω (curl b λ ) × d • ∇q N i dx| ❲❡ ❝❛♥✬t ❞✐r❡❝t•② ❜♦✉♥❞ | Ω (curl w) × u λ • ∇q N i dx| ❛♥❞ | Ω (curl b λ ) × d • ∇q N i dx| ✇✐t❤ ❛♥ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✿ ✇❡ ♠✉st ✉s❡ ❛❣❛✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ curl w ❛♥❞ d ✐♥ ✭✶✳✼✳✸✮✳ ❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ | Ω (curl w) × u λ • ∇q N i dx|✿ ❋r♦♠ ✭✶✳✼✳✹✮✱ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ L p * * (Ω) ❛♥❞ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥✿ | Ω y ǫ 2 × u λ • ∇q N i dx| y ǫ 2 L 3 2 (Ω) u λ L p * * (Ω) ∇q N i L p ′ (Ω) ǫC 1 u λ W 2,p (Ω) ∇q N i L p ′ (Ω) ✇✐t❤ C 1 ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✺✮✳ ◆❡①t✱ ❛♣♣•②✐♥❣ ❛♥ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡✿ | Ω y ǫ 1 × u λ • ∇q N i dx| y ǫ 1 L q (Ω) u λ L p * (Ω) ∇q N i L m (Ω) y L 3 2 (Ω) ρ ǫ/2 L t (Ω) u λ L p * (Ω) ∇q N i L m (Ω) C ǫ y L 3 2 (Ω) u λ L p * (Ω) ∇q N i L m (Ω)
✇✐t❤ m, q p s✉❝❤ t❤❛t 1

q + 1 p * + 1 m = 1 ❛♥❞ t > 1 s✉❝❤ t❤❛t 1 + 1 q = 2 3 + 1 t ✱ ❛♥❞ C ǫ ❛•r❡❛❞② ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✻✮✳ ❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ Ω (curl b λ ) × d • ∇q N i dx✿ ❆❣❛✐♥✱ ❝♦♠❜✐♥✐♥❣ ✭✶✳✼✳✼✮✱ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ W 1,p * (Ω) ❛♥❞ t❤❡ ❍ö•❞❡r ✐♥✲ ❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡✿ | Ω (curl b λ ) × d ǫ 2 • ∇q N i dx| curl b λ L p * (Ω) d ǫ 2 L 3 2 (Ω) ∇q N i L p ′ (Ω) C 3 ǫ ∇q N i L p ′ (Ω) b λ W 2,p (Ω) ✇❤❡r❡ C 3 ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✽✮✳ ◆♦✇✱ ✇❡ •♦♦❦ ❛t t❤❡ ♣❛rt ✇✐t❤ d ǫ 1 ✱ ✇✐t❤ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✿ | Ω (curl b λ ) × d ǫ 1 • ∇q N i dx| curl b λ L q (Ω) d ǫ 1 L m (Ω) ∇q N i L α (Ω) b λ W 1,q (Ω) d L 3 (Ω) ρ ǫ/2 L t (Ω) ∇q N i L α (Ω) ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✽✷ ✇✐t❤ q, m, α p s✉❝❤ t❤❛t 1 q + 1 m + 1 α = 1 ❛♥❞ t > 1 s✉❝❤ t❤❛t 1 + 1 m = 1 3 + 1 t ✳ ■♥ ♦r❞❡r t♦ r❡❝♦✈❡r ✭✶✳✼✳✶✵✮✱ ♥♦t❡ t❤❛t✱ t❛❦✐♥❣ α s✉❝❤ t❤❛t 1 -1 α = 1 p ✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ q ❛♥❞ m✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ ✇❡ ❝❛♥ t❛❦❡ t❤❡ s❛♠❡ q ❛s ✐♥ ✭✶✳✼✳✶✵✮✱ ✇❡ ❛♣♣•② ✐t ✇✐t❤ ✭✶✳✼✳✻✮ t♦ ♦❜t❛✐♥✿ | Ω (curl b λ ) × d ǫ 1 • ∇q N i dx| C ǫ C 2 d W 1, 3 2 (Ω) ∇q N i L α (Ω) (η b λ W 2,p (Ω) + C η b λ L p * (Ω) ) ❋✐♥❛••②✱ ♥♦t✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts C q > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛•• m 1✱ ∇q N i L m (Ω) C q ✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛•❝✉•✉s t❤❛t✿ I i=1 |c λ i | IC q f λ L p (Ω) + P λ 0 W 1-1 p ,p (Γ) + ǫC 1 u λ W 2,p (Ω) + ǫC 3 b λ W 2,p (Ω) + ηC ǫ C 2 d W 1, 3 2 (Ω) b λ W 2,p (Ω) + C ǫ curl w L 3 2 (Ω) u λ L p * (Ω) + C η C ǫ C 2 d W 1, 3 2 (Ω) b λ L p * (Ω) . ❚❤❡♥✱ ✐♥•❡❝t✐♥❣ (i) -(iv) ✐♥ ✭✶✳✼✳✷✮✱ ❛♥❞ t❛❦✐♥❣ ǫ s♠❛•• ❡♥♦✉❣❤ s✉❝❤ t❤❛t✿ ǫ C 2 C 3 + max(2CC 1 , IC q C 3 ) < 1 4 ❛♥❞ η s✉❝❤ t❤❛t η d W 1, 3 2 (Ω) CC 2 C ǫ < 1 4 ✇❤❡r❡ C > 0 ❞❡♥♦t❡s t❤❡ ❝♦♥st❛♥t C = (1 + IC q )✱ ✇❡ ♦❜t❛✐♥ u λ W 2,p (Ω) + b λ W 2,p (Ω) + P λ W 1,p (Ω) C SE C( f λ L p (Ω) + g λ L p (Ω) + P λ 0 W 1-1 p ,p (Γ) ) + C ǫ (1 + 2CC 2 C η ) d W 1, 3 2 (Ω) + C ǫ C curl w L 3 2 (Ω) ( u λ L p * (Ω) + b λ L p * (Ω) ) ✭✶✳✼✳✶✶✮ ❆♣♣•②✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✻✮ ✐♥ ✭✶✳✼✳✶✶✮✱ ✇❡ ✜♥❛••② ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡✿ u λ W 2,p (Ω) + b λ W 2,p (Ω) + P λ W 1,p (Ω) C SE f λ L p (Ω) + g λ L p (Ω) + P λ 0 W 1-1 p ,p (Γ) C + C 3 C f C ǫ (1 + 2CC 2 C η ) d W 1, 3 2 (Ω) + CC ǫ curl w L 3 2 (Ω) 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) C SE f λ L p (Ω) + g λ L p (Ω) + P λ 0 W 1-1 p ,p (Γ) max C, C 3 C f C ǫ (1 + 2CC 2 C ǫ ), CC ǫ × 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) 2 ✭✶✳✼✳✶✷✮ ✇❤❡r❡ C f ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✻✮ ❛♥❞ C 3 ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✽✮✳ ❚♦ ❝♦♥❝•✉❞❡✱ ❢r♦♠ t❤❡ ❡st✐♠❛t❡ ✭✶✳✼✳✶✷✮ ✇❡ ❝❛♥ ❡①tr❛❝t s✉❜s❡q✉❡♥❝❡s ♦❢ u λ ✱ b λ ❛♥❞ P λ ✱ ✇❤✐❝❤ ❛r❡ st✐•• ❞❡♥♦t❡❞ u λ ✱ b λ ❛♥❞ P λ ✱ s✉❝❤ t❤❛t✿ u λ ⇀ u ❛♥❞ b λ ⇀ b ✐♥ W 2,p (Ω), P λ ⇀ P ✐♥ W 1,p (Ω) ✇❤❡r❡ (u, b, P ) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω) ✐s s♦•✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✾✾✮✳ ◆❡①t✱ ✇❡ ❣✐✈❡ ❤❡r❡ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦••❛r② ✶✳✺✳✶✷ ✇❤✐❝❤ ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉•t t♦ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ❢♦r u✳ Pr♦♦❢ ♦❢ ❈♦r♦••❛r② ✶✳✺✳✶✷✿ ❲❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ❈♦r♦••❛r② ✶✳✺✳✽✳ ❲❡ r❡❝♦✈❡r t❤❡ s♦•✉t✐♦♥ ♦❢ ❛ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✇✐t❤ ❛ ✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❉✐r✐❝❤•❡t ♣r♦❜•❡♠✿ ∆θ = h ✐♥ Ω ❛♥❞ θ = 0 ♦♥ Γ ❛♥❞ s❡tt✐♥❣ z = u -∇θ✱ t❤✉s (z, b, P, c) ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ✐♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✶✶ ✇✐t❤ f ❛♥❞ g r❡♣•❛❝❡❞ ❜② f = f + ∇h -(curl w) × ∇θ ❛♥❞ g = g + curl(∇θ × d)✳ ■♥❞❡❡❞✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✶✶ ❛r❡ s❛t✐s✜❡❞✿ s✐♥❝❡ ∇θ ∈ W 2,p (Ω) ֒→ L p * * (Ω) ❛♥❞ curl w ∈ L 3 2 (Ω)✱ t❤❡♥ (curl w) × ∇θ ∈ L p (Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❜② ❤②♣♦t❤❡s✐s ∇h ∈ L p (Ω) s♦ f ∈ L p (Ω)✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❤❛✈❡ g ∈ L p (Ω) ❛♥❞ s✐♥❝❡ ✇❡ ♦♥•② ❛❞❞ ❛ ❝✉r• t♦ g✱ t❤❡♥ g s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❍❡♥❝❡✱ ✇❡ r❡❝♦✈❡r t❤❡ ❡st✐♠❛t❡✿ z W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) C F 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) 2 f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) ✭✶✳✼✳✶✸✮ ❲❡ ♠✉st ❜♦✉♥❞ f L p (Ω) ❛♥❞ g L p (Ω) t❡r♠ ❜② t❡r♠✿ ❼ ❆♣♣•②✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ L p * * (Ω)✱ ✇❡ ❤❛✈❡✿ f L p (Ω) f L p (Ω) + ∇h L p (Ω) + curl w L 3 2 (Ω) ∇θ L p * * (Ω) f L p (Ω) + h W 1,p (Ω) + C 1 curl w L 3 2 (Ω) h W 1,p (Ω) ✭✶✳✼✳✶✹✮ ✇❤❡r❡ C 1 ❞❡♥♦t❡s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p (Ω) ֒→ L p * * (Ω)✳ ❼ ◆♦t❡ t❤❛t div ∇θ = ∆θ = h✱ t❤✉s ✇❡ r❡✇r✐t❡ curl(∇θ × d) = -hd + (d • ∇)∇θ -(∇θ • ∇)d✳ ❚❤✉s✱ ✇❡ ❤❛✈❡✿ g L p (Ω) g L p (Ω) + hd L p (Ω) + (d • ∇)∇θ L p (Ω) + (∇θ • ∇)d L p (Ω) g L p (Ω) + h L p * * (Ω) d L 3 (Ω) + d L 3 (Ω) θ W 2,p * (Ω) + ∇θ L p * * (Ω) ∇d L 3 2 (Ω) g L p (Ω) + 2C2C3 h W 1,p (Ω) d W 1, 3 2 (Ω) + C1 h W 1,p (Ω) d W 1, 3 2 (Ω) ✭✶✳✼✳✶✺✮ ✇❤❡r❡ C 2 ❛♥❞ C 3 ❛r❡ t❤❡ ❝♦♥st❛♥ts r❡s♣❡❝t✐✈❡•② r❡•❛t❡❞ t♦ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣s W 1, 3 2 (Ω) ֒→ L 3 (Ω) ❛♥❞ W 1,p (Ω) ֒→ L p * (Ω)✳ ❍❡♥❝❡✱ ❝♦♠❜✐♥✐♥❣ ✭✶✳✼✳✶✹✮ ❛♥❞ ✭✶✳✼✳✶✺✮ ✇✐t❤ ✭✶✳✼✳✶✸✮✱ ✐t ❢♦••♦✇s t❤❛t✿ z W 2,p (Ω) + b W 2,p (Ω) + P W 1,p (Ω) C F 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) 2 f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) + h W 1,p (Ω) 1 + C 1 curl w L 3 2 (Ω) + (2C 2 C 3 + C 1 ) d W 1, 3 2 (Ω) C F 1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) 2 f L p (Ω) + g L p (Ω) + P 0 W 1-1 p ,p (Γ) + max 1, 2C 2 C 3 + C 1 h W 1,p (Ω) (1 + curl w L 3 2 (Ω) + d W 1, 3 2 (Ω) ) ❋✐♥❛••②✱ ✇❡ ✉s❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ❛♥❞ ✇❡ ❣❡t t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✶✵✻✮✳ ❈❤❛♣t❡r ✷ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ s✐♠♣•② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ✐♥ R 3 ♦❢ ❝•❛ss C 1,1 ✇✐t❤ ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r② Γ✳ ❲❡ ❞❡♥♦t❡ ❜② n t❤❡ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛• t♦ Γ ❛♥❞ ❡①t❡r✐♦r t♦ Ω✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ♠❛❣♥❡t♦❤②❞r♦✲ ❞②♥❛♠✐❝ s②st❡♠ ✭▼❍❉✮✿ ✜♥❞ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p✱ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b s❛t✐s❢②✐♥❣✿ -∆u + (u • ∇)u + ∇P -(curl b) × b = f ✐♥ Ω, ✭✷✳✶✳✶✮ curl curl b -curl(u × b) = g ✐♥ Ω, ✭✷✳✶✳✷✮ div u = 0 ✐♥ Ω, ✭✷✳✶✳✸✮ div b = 0 ✐♥ Ω. ✭✷✳✶✳✹✮ ❍❡r❡✱ f ❛♥❞ g ❛r❡ ❣✐✈❡♥ s♦✉r❝❡ t❡r♠s✳ ❲❡ ❝♦♠♣•❡t❡ t❤❡ s②st❡♠ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ t②♣❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b✿ u • n = 0 and curl u × n = ✵ on Γ, ✭✷✳✶✳✺✮ b • n = 0 and curl b × n = ✵ on Γ. ✭✷✳✶✳✻✮ ❲❡ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉•ts✳ ❚❤❡ ✜rst t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ❢♦r t❤❡ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ✐♥ t❤❡ ❍✐•❜❡rt ❝❛s❡✳ ❙✉✐t❛❜•❡ s♣❛❝❡s ❢♦r ❞❛t❛ f ❛♥❞ g ❛r❡ s♣❡❝✐✜❡❞✳ ❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ H r,p 0 (div, Ω) ❞❡✜♥❡❞ ❜② H r,p 0 (div, Ω) := {φ ∈ L r (Ω); div φ ∈ L p (Ω), φ • n = 0 ♦♥ Γ} ✇✐t❤ 1 r = 1 p + 1 3 ✇❤✐❝❤ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿ φ H r,p 0 (div,Ω) = φ L r (Ω) + div φ L p (Ω) ❚❤❡ s♣❛❝❡ D(Ω) ✐s ❞❡♥s❡ ✐♥ H r ′ ,p ′ 0 (div, Ω) ✭❝✳❢✳ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✷(✮✳ ■ts ❞✉❛• s♣❛❝❡ ❞❡♥♦t❡❞ [H r ′ ,p ′ 0 (div, Ω)] ′ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❢♦••♦✇s ✭❝✳❢ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✹(✮✿ ✽✺ ❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✽✻ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ❆ ❞✐str✐❜✉t✐♦♥ f ❜❡•♦♥❣s t♦ [❍ r,p 0 (div, Ω)] ′ ✐✛ t❤❡r❡ ❡①✐sts F ∈ L r ′ (Ω) ❛♥❞ ψ ∈ L p ′ (Ω) s✉❝❤ t❤❛t f = F + ∇ψ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ✿ f [❍ r,p 0 (div,Ω)] ′ ≤ inf f =F +∇ψ max{ F L r ′ (Ω) , ψ L p ′ (Ω) }. [H r ′ ,p ′ 0 (div, Ω)] ′ = {F + ∇ψ | F ∈ L r (Ω), ψ ∈ L p (Ω)} ✭✷✳✶✳✼✮ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ✭❲❡❛❦ s♦•✉t✐♦♥s ✐♥ H 1 (Ω)✮✳ ▲❡t f ∈ [H 6,2 0 (div, Ω)] ′ ❛♥❞ g ∈ L 6 5 (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s✿ div g = 0 in Ω, g • n = 0 on Γ. ✭✷✳✶✳✽✮ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❤❛s ❛t •❡❛st ❛ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω)/R. ❋✉rt❤❡r✱ t❤❡ s♦•✉t✐♦♥ (u, b) s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u H 1 (Ω) + b H 1 (Ω) C f [H 6,2 0 (div,Ω)] ′ + g L 6 5 (Ω) ✇✐t❤ C > 0 ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜•❡♠✳ ◆❡①t✱ ✉s✐♥❣ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ ❛♥❞ ❛♥ ❡••✐♣t✐❝ ♣r♦❜•❡♠ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t✱ ✇❡ s❤♦✇ t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ✇✐t❤ p > 2 ❛♥❞ t❤❡ r❡❣✉•❛r✐t② W 2,p (Ω) ✇✐t❤ p ≥ 6/5✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ t❤❡♦r❡♠s✳ ❚❤❡♦r❡♠ ✷✳✶✳✸✳ ✭❙tr♦♥❣ s♦•✉t✐♦♥s ✐♥ W 2,p (Ω) ✇✐t❤ p ≥ 6/5✮ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ❛♥❞ p ≥ 6/5✳ ▲❡t f ∈ L p (Ω) ❛♥❞ g ∈ L p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✶✳✽✮✳ ❚❤❡♥ t❤❡ s♦•✉t✐♦♥ (u, b, P ) ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷ ❜❡•♦♥❣s t♦ W 2,p (Ω)×W 2,p (Ω)×W 1,p (Ω)/R✳ ❚❤❡♦r❡♠ ✷✳✶✳✹✳ ✭•❡♥❡r❛•✐③❡❞ s♦•✉t✐♦♥s ✐♥ W 1,p (Ω) ✇✐t❤ p 2✮ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 1,1 ❛♥❞ p ≥ 2✳ ▲❡t f ∈ [H r ′ ,p ′ 0 (div, Ω)] ′ ❛♥❞ g ∈ L r (Ω) ✇✐t❤ 1 r = 1 p + 1 3 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✶✳✽✮✳ ❚❤❡♥ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷ ❜❡•♦♥❣s t♦ W 1,p (Ω) × W 1,p (Ω) × L p (Ω)/R✳ ✷✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡•✐♠✐♥❛r✐❡s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ❢✉♥❝t✐♦♥❛• ❢r❛♠❡✇♦r❦✳ ❚❤❡ s♣❛❝❡s ♠❡❛♥ ✈❡❝t♦r ♦r ♠❛tr✐① ✈❛•✉❡❞ s♣❛❝❡s ❛r❡ ❞❡♥♦t❡❞ ❜② ❜♦•❞ •❡tt❡rs✱ ❛s ✇❡•• ❛s ✐ts ❡•❡♠❡♥ts✳ ❲❡ ✇✐•• ✉s❡ C t♦ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ Ω ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs ✇✐•• ❜❡ s♣❡❝✐✜❡❞ ✐❢ ♥❡❝❡ss❛r②✳ ❋♦r 1 < p < ∞✱ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡s X p T (Ω) = {v ∈ L p (Ω); div v ∈ L p (Ω), curl v ∈ L p (Ω), v • n = 0 on Γ}. V p T (Ω) = {v ∈ X p T (Ω); div v = 0 in Ω}. ❲❤❡♥ p = 2✱ ✇❡ ✇✐•• ✉s❡ t❤❡ ♥♦t❛t✐♦♥ X T (Ω) ✭r❡s♣❡❝t✐✈❡•② V T (Ω)✮ ✐♥st❡❛❞ t♦ X 2 T (Ω) ✭r❡s♣❡❝t✐✈❡•② V 2 T (Ω)✮✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡•✐♠✐♥❛r✐❡s ✽✼ ❲❡ ♥♦t❡ t❤❛t t❤❡ s♣❛❝❡ X p T (Ω) ❞❡✜♥❡❞ ❛❜♦✈❡ ✐s ❝♦♥t✐♥✉♦✉s•② ❡♠❜❡❞❞❡❞ ✐♥ W 1,p (Ω) ✭❝✳❢ ❬✶✺✱ ❚❤❡♦r❡♠ ✸✳✷(✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✾✽✱ ❚❤❡♦r❡♠ ✷✳✶( ✭s❡❡ ❛•s♦ ❬✶✺✱ ❈♦r♦••❛r② ✸✳✹( ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛• ❝❛s❡ ✇❤❡r❡ Ω ✐s ♠✉•t✐♣•② ❝♦♥♥❡❝t❡❞✮✿ ❢♦r ❛•• v ∈ W 1,p (Ω) ✇✐t❤ v • n = 0 ♦♥ Γ✿ v W 1,p (Ω) C curl v L p (Ω) + div v L p (Ω) ✭✷✳✷✳✶✮ ❚❤❡ ✐♥❡q✉❛•✐t② ✭✷✳✷✳✶✮ ✐s ❛ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ t❤❛t ✐♥ ❬✶✺✱ ❈♦r♦••❛r② ✸✳✹( ✇✐t❤♦✉t t❤❡ ✢✉① t❤r♦✉❣❤ t❤❡ ❝✉ts ❜❡❝❛✉s❡ ✇❡ s✉♣♣♦s❡ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❛t Ω ✐s s✐♠♣•② ❝♦♥♥❡❝t❡❞✳ ❲❡ ✇✐•• ✉s❡ s♦♠♠❡ r❡❣✉•❛r✐t② r❡s✉•ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❙t♦❦❡s ♣r♦❜•❡♠ (S T )✿ (S T ) -∆u + ∇P = f and div u = 0 in Ω, u • n = a and curl u × n = ❤ × n on Γ. ❲❡ ✜rst r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ str♦♥❣ r❡❣✉•❛r✐t② r❡s✉•t ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✽✳(✿ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❆ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ✳ ▲❡t f ∈ L p (Ω)✱ a ∈ W 2-1 p ,p (Γ)✱ h ∈ W 1-1 p ,p (Γ) ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥✿ Γ a ds = 0 ✭✷✳✷✳✷✮ ❚❤❡♥✱ t❤❡ s♦•✉t✐♦♥ (u, P ) ♦❢ ♣r♦❜•❡♠ (S T ) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✷ ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 1,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿ u W 2,p (Ω) + P W 1,p (Ω)/R C f L p (Ω) + a W 2-1 p ,p (Γ) + h W 1-1 p ,p (Γ) ❯s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭✷✳✶✳✼✮✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ r❡s✉•t ✐♥ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹( t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦•✉t✐♦♥s ✐♥ W 1,p (Ω) × L p (Ω)/R ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S T )✱ ❜② s✉♣♣♦s✐♥❣ f ✐♥ t❤❡ ❞✉❛• s♣❛❝❡ [H r ′ ,p ′ 0 (div, Ω)] ′ ✐♥st❡❛❞ ♦❢ [H p ′ ,p ′ 0 (div, Ω)] ′ ✿ ❚❤❡♦r❡♠ ✷✳✷✳✷✳ ❆ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ✳ ▲❡t f ∈ [H r ′ ,p ′ 0 (div, Ω)] ′ ✱ a u ∈ W 1-1 p ,p (Γ) ❛♥❞ h u × n ∈ W -1 p ,p (Γ) ✇✐t❤ r p ❛♥❞ 1 r 1 p + 1 3 s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✳✷✮✳ ❚❤❡♥✱ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S T ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u, π) ∈ W 1,p (Ω) × L p (Ω)/R s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ u W 1,p (Ω) + π L p (Ω)/R C f [H r ′ ,p ′ 0 (div,Ω)] ′ + a u W 1-1 p ,p (Γ) + h u W -1 p ,p (Γ) Pr♦♦❢✳ ◆❡①t✱ ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✉❛• s♣❛❝❡ [H r ′ ,p ′ 0 (div, Ω)] ′ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶ ❛♥❞ t❤❡ •✐♥❡❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠✱ ✇❡ ❞✐✈✐❞❡ t❤❡ ♣r♦❜•❡♠ ✐♥t♦ t✇♦ ♣❛rts✱ ✇✐t❤ (u 1 , π 1 ) ❛♥❞ (u 2 , π 2 ) r❡s♣❡❝t✐✈❡•② s♦•✉t✐♦♥s ♦❢✿        -∆u 1 + ∇π 1 = F div u 1 = 0 ♦♥ Ω u 1 • n = 0, curl u 1 × n = 0 ♦♥ Γ ✭✷✳✷✳✸✮ ❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✽✽ ❛♥❞        -∆u 2 + ∇π 2 = ∇ψ div u 2 = 0 ♦♥ Ω u 2 • n = a, curl u 2 × n = h × n ♦♥ Γ ✭✷✳✷✳✹✮ ✇✐t❤ F ∈ L r (Ω) ❛♥❞ ψ ∈ L p (Ω)✳ ◆♦t❡ t❤❛t ✐❢ (u 1 , π 1 ) ✐s s♦•✉t✐♦♥ ♦❢ ✭✷✳✷✳✸✮ ❛♥❞ (u 2 , π 2 ) s♦•✉t✐♦♥ ♦❢ ✭✷✳✷✳✹✮✱ t❤❡♥ (u, π) = (u 1 + u 2 , π 1 + π 2 ) ✐s s♦•✉t✐♦♥ ♦❢ (S T )✳ ❆♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ ✭✷✳✷✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u 1 , π 1 ) ∈ W 2,r (Ω) × W 1,r (Ω)/R✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ 1 r 1 p + 1 3 ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣✿ W 2,r (Ω) ֒→ W 1,p (Ω) s♦ (u 1 , π 1 ) ∈ W 1,p (Ω) × L p (Ω)/R✳ ◆❡①t✱ ✇✐t❤ ✭✷✳✶✳✼✮✱ ✇❡ ❤❛✈❡ t❤❛t ∇ψ ❜❡•♦♥❣s t♦ [H p ′ 0 (div, Ω)] ′ ✱ t❤❡♥ ✇✐t❤ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹(✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u 2 , π 2 ) ∈ W 1,p (Ω) × L p (Ω)/R✳ ❚❤✉s✱ ✇❡ ❝♦♥❝•✉❞❡ ❜② ❝♦♠❜✐♥✐♥❣ t❤♦s❡ r❡s✉•ts ❛♥❞ ✇❡ ❤❛✈❡ (u, π) ∈ W 1,p (Ω) × L p (Ω)/R✳ |❡♠❛r❦ ✷✳✷✳✶✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉•❛r✐t② C 2,1 ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ C 1,1 ✳ ■♥❞❡❡❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ a = 0✳ ❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S T ) ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢♦••♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭❝✳❢✳ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹(✮✿ ❋✐♥❞ u ∈ W 1,p (Ω) s✉❝❤ t❤❛t ❢♦r ❛♥② v ∈ V p ′ T (Ω)✿ Ω curl u • curl v dx = f , v Ω + h u × n, v W -1 p ,p (Γ)×W 1 p ,p ′ (Γ) , ✭✷✳✷✳✺✮ ✇❤❡r❡ •, • Ω ❞❡♥♦t❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [H r ′ ,p ′ 0 (div, Ω)] ′ ❛♥❞ [H r ′ ,p ′ 0 (div, Ω)]✳ ❚❤❛♥❦s t♦ ❬✶✸✱ ❈♦r♦••❛rt② ✸✳✺(✱ ✐❢ Ω ✐s ♦❢ ❝•❛ss C 1,1 ✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♥✜✲s✉♣ ❝♦♥❞✐t✐♦♥ ❤♦•❞s✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β > 0✱ s✉❝❤ t❤❛t✿ inf ✈∈❱ p ′ T (Ω) ✈ =0 sup ✉∈❱ p T (Ω) ✉ =0 Ω curl ✉ • curl ✈ d① ✉ ❲ 1,p (Ω) ✈ ❲ 1,p ′ (Ω) ≥ β. ✭✷✳✷✳✻✮ ❙♦✱ ♣r♦❜•❡♠ ✭✷✳✷✳✺✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ u ∈ V p T (Ω) ⊂ W 1,p (Ω) s✐♥❝❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s ❞❡✜♥❡s ❛♥ ❡•❡♠❡♥t ♦❢ (V p T (Ω)) ′ ✳ ❚❤❡ ♣r❡ss✉r❡ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❜② ❉❡ |❤❛♠ ❛r❣✉♠❡♥t✳ ❋♦r t❤❡ ♥♦♥ ❤♦♠♦✲ ❣❡♥❡♥❡♦✉s ❝❛s❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ u • n ❝❛♥ ❜❡ •✐❢t❡❞ ❜② s♦•✈✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ◆❡✉♠❛♥♥ ♣r♦❜•❡♠✿ ∆θ = ✵ in Ω and ∂θ ∂n = a on Γ. ❲❡ ♥❡❡❞ ❛•s♦ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r t❤❡ ❢♦••♦✇✐♥❣ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E T ) ✭❝❢✳ ❬✶✸(✮ (E T ) -∆b = g and div b = 0 in Ω, b • n = 0 and curl b × n = ✵ on Γ ❚❤❡♦r❡♠ ✷✳✷✳✸✳ ▲❡t g ∈ L p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s div g = 0 in Ω g • n = 0 on Γ. ✭✷✳✷✳✼✮ ❚❤❡♥✱ ♣r♦❜•❡♠ (E T ) ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ b ∈ W 2,p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ b W 2,p (Ω) C g L p (Ω) ◆❡①t✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ s♣❛❝❡ ▼ r,p (Ω) = ✈ ∈ ❲ 1,p (Ω); ∆ ✈ ∈ [❍ r ′ ,p ′ 0 (div, Ω)] ′ , ✇❤✐❝❤ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠✿ ✈ ▼ r,p (Ω) = ✈ ❲ 1,p (Ω) + ∆ ✈ [❍ r ′ ,p ′ 0 (div, Ω)] ′ . ❚❤❡ ❢♦••♦✇✐♥❣ ▲❡♠♠❛ ❣✐✈❡s ❛ ❞❡♥s✐t② r❡s✉•t ❛♥❞ ❛ •r❡❡♥ ❢♦r♠✉•❛ ✇❤✐❝❤ ❛••♦✇s t♦ ❞❡✜♥❡ t❤❡ t❛♥❣❡♥t✐❛• tr❛❝❡s ♦❢ curl u ❛♥❞ curl b ♦♥ Γ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ t❤❛t ✐♥ ❬✶✸✱ ▲❡♠♠❛ ✹✳✶( ❛♥❞ ❬✽(✳ ▲❡♠♠❛ ✷✳✷✳✹✳ ❚❤❡ s♣❛❝❡ D(Ω) ✐s ❞❡♥s❡ ✐♥ ▼ r,p (Ω)✳ ▼♦r❡♦✈❡r✱ t❤❡ •✐♥❡❛r ♠❛♣♣✐♥❣ γ : ✈ → curl ✈| Γ × ♥ ❞❡✜♥❡❞ ♦♥ D(Ω) ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ •✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣ ❢r♦♠ γ : ▼ r,p (Ω) t♦ ❲ -1 p ,p (Γ) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ •r❡❡♥ ❢♦r♠✉•❛✿ ❢♦r ❛♥② ✈ ∈ ▼ r,p (Ω) ❛♥❞ ❛♥② ϕ ∈ ❲ 1,p ′ (Ω) ∩ ❳ p ′ T (Ω) ✇✐t❤ div ϕ = 0 ✐♥ Ω ✱ -∆ ✈, ϕ [❍ r ′ ,p ′ 0 (div, Ω)] ′ ×❍ r ′ ,p ′ 0 (div, Ω) = Ω curl ✈ • curl ϕ d① + curl ✈ × ♥, ϕ Γ , ✭✷✳✷✳✽✮ ✇❤❡r❡ t❤❡ ❞✉❛•✐t② ♦♥ Γ ✐s ❞❡✜♥❡❞ ❜② •, • Γ = •, • ❲ -1 p ,p (Γ)×❲ 1 p ,p ′ (Γ) ✳ ✷✳✸ ❲❡❛❦ s♦•✉t✐♦♥s ✐♥ t❤❡ ❍✐•❜❡rt ❝❛s❡ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ st✉❞② t❤❡ ✇❡••✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ▼❍❉ ♣r♦❜•❡♠ ✷✳✶✳✶✲✭✷✳✶✳✻✮ ✐♥ t❤❡ ❍✐•❜❡rt s♣❛❝❡✳ ❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ✐♥ H 1 (Ω) × H 1 (Ω) ❜② ❛♣♣•②✐♥❣ ❛ ▲❡r❛②✲ ❙❝❤❛✉❞❡r ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t✳ ❆ ♥❛t✉r❛• q✉❡st✐♦♥ ✐s ❤♦✇ t♦ ❝❤♦♦s❡ t❤❡ ❞❛t❛ f ❛♥❞ g ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ s❡♥s t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✶✳✺✮ -✭✷✳✶✳✻✮✳ ■t ✐s ♥❛t✉r❛• t♦ •♦♦❦ ❢♦r ❛ s♦•✉t✐♦♥ (u, b) ✐♥ V T (Ω) × V T (Ω) ✇✐t❤ V T (Ω) = {v ∈ H 1 (Ω); div v = 0 in Ω, v • n = 0 on Γ} ❆s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❢♦r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ t②♣❡ ✭✷✳✶✳✺✮✲✭✷✳✶✳✻✮✱ t❤❡ s♣❛❝❡ H -1 (Ω) ✐s ♥♦t s✉✐t❛❜•❡ ❢♦r t❤❡ ❡①t❡r♥❛• ❢♦r❝❡s f ❛♥❞ g t♦ ✜♥❞ s♦•✉t✐♦♥s (u, b) ✐♥ H 1 (Ω) × H 1 (Ω)✳ ■♥ ✈✐❡✇ t♦ ✇r✐t❡ ❛♥ ❡q✉✐✈❛•❡♥t ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥✱ ✇❡ ♠✉st ♣r❡❝✐s❡ t❤❡ ❞✉❛•✐t② f , v ✇❤✐•❡ ❝❤♦♦s✐♥❣ f ✐♥ ❛ s✉❜s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❙✐♥❝❡ t❤❡ t❡st ❢✉♥❝t✐♦♥s ❜❡•♦♥❣ t♦ t❤❡ s♣❛❝❡ H 2,2 0 (div; Ω) = {v ∈ L 2 (Ω); div v ∈ L 2 (Ω), v • n = 0 on Γ}, ✇❡ ♠✉st ❝❤♦♦s❡ f ✐♥ ✐ts ❞✉❛• s♣❛❝❡✱ s♦ f ∈ [H 2,2 0 (div; Ω)] ′ ✳ ❚❤✐s ❤②♣♦t❤❡s✐s ❝❛♥ ❜❡ ✇❡❛❦❡♥❞ ❜② ♦❜s❡r✈✐♥❣ t❤❛t H 1 (Ω) ֒→ L 6 (Ω) ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❢♦r f t❤❡ s♣❛❝❡ [H 6,2 0 (div; Ω)] ′ ✇❤✐❝❤ ❝♦♥t❛✐♥s [H 2,2 0 (div; Ω)] ′ ✳ |❡❝❛•• t❤❛t D(Ω) ✐s ❞❡♥s❡ ✐♥ t❤✐s ❞✉❛• s♣❛❝❡ ❛♥❞ ✐ts ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ✭✷✳✶✳✼✮✳ ❲✐t❤ t❤✐s ❝❤♦✐❝❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ curl u × n = ✵ ♦♥ Γ ❤❛s ❛ s❡♥s ✐♥ H -1/2 (Γ)✳ ■♥❞❡❡❞✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✱ ✐❢ ✇❡ ❤❛✈❡ u ∈ H 1 (Ω)✱ b ∈ H 1 (Ω) ❛♥❞ P ∈ L 2 (Ω)✱ t❤❡♥ ∆u = f -∇P -u•∇u+curl b×b ❜❡•♦♥❣s t♦ [H 6,2 0 (div, Ω)] ′ ❛♥❞ t❤❡♥ u ❜❡•♦♥❣s t♦ ▼ 6,2 (Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✷✳✹ t❤❛t t❤❡ tr❛❝❡ curl u×n ❤❛s ❛ s❡♥s ✐♥ H -1/2 (Γ)✳ ❚❤✐s ✐s ❛•s♦ ✈❛•✐❞ ❢♦r t❤❡ tr❛❝❡ ♦❢ curl b × n ♦♥ Γ ✇✐t❤ ❛ ❞❛t❛ ♠♦r❡ r❡❣✉•❛r g ∈ L 6/5 (Ω) ֒→ [H 6,2 0 (div; Ω)] ′ ✳ ❚❤✐s ❛❞❞✐t✐♦♥❛• r❡❣✉•❛r✐t② ❢♦r g ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ s❡♥s t♦ g • n ♦♥ t❤❡ ❜♦✉♥❞❛r② ✭s❡❡ ✭✷✳✸✳✹✮ ❛♥❞ ✭✷✳✸✳✺✮✮✳ ❚❤❡♦r❡♠ ✷✳✸✳✶✳ ▲❡t f ∈ [H 6,2 0 (div, Ω)] ′ ❛♥❞ g ∈ L 6 5 (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐✲ t✐♦♥s✿ div g = 0 in Ω g • n = 0 on Γ. ✭✷✳✸✳✶✮ ❚❤❡♥ t❤❡ ♣r♦❜•❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❤❛s ❛t •❡❛st ❛ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω)/R ❋✉rt❤❡r✱ t❤❡ s♦•✉t✐♦♥ (u, b) s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ u H 1 (Ω) + b H 1 (Ω) C f [H 6,2 0 (div,Ω)] ′ + g L 6 5 (Ω) ✭✷✳✸✳✷✮ ✇✐t❤ C > 0 ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛t❛ ♦❢ t❤❡ ♣r♦❜•❡♠✳ Pr♦♦❢✳ ✭✐✮ ■♥ ❛ ✜rst st❡♣✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✶✮ ✐s ♥❡❝❡ss❛r②✳ ▲❡t (u, b, P ) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω)/R ❛ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮✳ ❋r♦♠ ✭✸✳✶✳✶✮✱ g = curl(u × b) + curl curl b✱ t❤❡♥ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡•② div g = 0 ✐♥ Ω✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❝♦♥❞✐t✐♦♥ g • n = 0 on Γ✳ ❲❡ t❛❦❡ Ψ = curl b -(u × b)✳ ❚❤❡♥✱ Ψ ∈ L 2 (Ω) ❛♥❞ curl Ψ = g ∈ L 6 5 (Ω)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ curl b × n = ✵ ♦♥ Γ ❛♥❞ (u × b) × n = b(n • u =0 ) -u(n • b =0 ) = 0 on Γ, ✭✷✳✸✳✸✮ ✇❡ ❞❡❞✉❝❡ t❤❛t Ψ × n = ✵ ♦♥ Γ ✇❤✐❝❤ ❤❛s ❛ s❡♥s❡ ✐♥ H -1/2 (Γ)✳ ❚❤❡♥✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢♦r ❛•• χ ∈ H 2 (Ω)✱ ✇❡ ❤❛✈❡ Ω curl Ψ • ∇χ dx = -Ψ × n, ∇χ H -1/2 (Γ)×H 1/2 (Γ) = 0 ✭✷✳✸✳✹✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ g ∈ L 6/5 (Ω) ❛♥❞ ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱ t❤❡ tr❛❝❡ g • n ❜❡•♦♥❣s t♦ W -5 6 , 6 5 (Γ)✳ ❚❤❡♥✱ ❢♦r ❛•• χ ∈ H 2 (Ω) Ω curl Ψ • ∇χ dx = g • n, χ W -5 6 , 6 5 (Γ)×W 5 6 ,6 (Γ) ✭✷✳✸✳✺✮ ❙♦ g • n = 0 ✐♥ W -5 6 , 6 5 (Γ)✳ (✐✐) ❲❡ ♥♦✇ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ❛♣♣•② ❛ ▲❡r❛②✲❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✳ ❲❡ ❞❡✜♥❡ t❤❡ ❍✐•❜❡rt s♣❛❝❡ Z := V T (Ω) × V T (Ω) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ (u, b) Z = u H 1 (Ω) + b H 1 (Ω) . ❲❡ s✉♣♣♦s❡ t❤❛t (u, b) ∈ Z ✐s ❣✐✈❡♥ ❛♥❞ ✇❡ s❡t t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿ ❋✐♥❞ ((û, b), p) ∈ Z × L 2 (Ω)/R s✉❝❤ t❤❛t              -∆û + ∇ P = -(u • ∇)u + (curl b) × b + f and div û = 0 in Ω, curl curl b = g + curl(u × b) and div b = 0 ✐♥ Ω, û • n = 0 and curl û × n = ✵ on Γ, b • n = 0 and curl b × n = ✵ on Γ. ✭✷✳✸✳✻✮ ❖❜s❡r✈❡ t❤❛t ♣r♦❜•❡♠ ✭✷✳✸✳✻✮ ✐s ❞❡❝♦✉♣•❡❞✳ ■♥❞❡❡❞✱ (û, p) ✐s ❛ s♦•✉t✐♦♥ ♦❢ ❛ ❙t♦❦❡s ♣r♦❜•❡♠ ♦❢ t②♣❡ (S T ) ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ b ✐s s♦•✉t✐♦♥ ♦❢ ❛♥ ❡••✐♣t✐❝ ♣r♦❜•❡♠ ♦❢ t②♣❡ (E T )✳ ❙♦✱ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦•✉t✐♦♥s ❢♦r ✭✷✳✸✳✻✮✱ ✇❡ ❝❛♥ ❛♣♣•② t❤❡ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r (E T ) ❛♥❞ (S T ) ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ✷✳✷✳✷✳ ▲❡t ✉s ✜rst ✈❡r✐❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷✳ ❙✐♥❝❡ H 1 (Ω) ֒→ L 6 (Ω)✱ ✇❡ ❤❛✈❡ t❤❛t (u • ∇)u ∈ L 3 2 (Ω) ֒→ L 6 5 (Ω)✳ ❙✐♠✐•❛r•②✱ (curl b) × b ∈ L 6 5 (Ω)✳ ❚❤❡r❡❢♦r❡✿ -(u • ∇)u + (curl b) × b + f ∈ L 6 5 (Ω) ֒→ [H 6,2 0 (div, Ω)] ′ ❆♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ (û, p) ∈ H 1 (Ω) × L 2 (Ω)/R✳ ◆❡①t t♦ ❛♣♣•② ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ♦❜t❛✐♥ b✱ ✇❡ ♠✉st ✈❡r✐❢② t❤❛t g + curl(u × b) ❜❡•♦♥❣s t♦ L 6/5 (Ω)✱ ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ ❤❛s ③❡r♦ ♥♦r♠❛• tr❛❝❡✳ ❋✐rst✱ s✐♥❝❡ div g = 0 ✐♥ Ω✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t g +curl(u×b) ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✳ ◆❡①t✱ s✐♥❝❡ divu = div b = 0 ✐♥ Ω✱ ✇❡ ❤❛✈❡ curl(u × b) = (b • ∇)u -(u • ∇)b ✭✷✳✸✳✼✮ ❙♦ ❛s ❛❜♦✈❡✱ ✉s✐♥❣ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 6 (Ω)✱ ✇❡ ❤❛✈❡ curl(u × b) ∈ L 6 5 (Ω)✳ ❚❤❡♥ t❤❡ |❍❙ ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✭✷✳✸✳✻✮ ❜❡•♦♥❣s t♦ L 6 5 (Ω)✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ ✭✷✳✸✳✸✮✱ ✇❡ ❤❛✈❡ curl(u × b) • n = 0 ♦♥ Γ ❛♥❞ t❤❡♥ (g + curl(u × b)) • n = 0 ♦♥ Γ✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ b ✐s ❣✉❛r❛♥t❡❡❞ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✸✳ ❲❡ ❝♦♥❝•✉❞❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ ((û, b), p) ∈ Z × L 2 (Ω)/R s♦•✉t✐♦♥ ♦❢ ✭✷✳✸✳✻✮✳ ◆♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ ♦♣❡r❛t♦r✿ T : Z → Z × L 2 (Ω)/R → Z (u, b) → (û, b, p) → (û, b) ✇❤❡r❡ (û, b) ✐s t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s♦•✉t✐♦♥ (û, b, P ) ♦❢ ✭✷✳✸✳✻✮✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t T ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ✇❤✐❝❤ ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ▼❍❉ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮✳ ❋♦r t❤✐s✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s t♦ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ st❛t❡♠❡♥ts ✭s❡❡ ❬✹✹✱ ❚❤❡♦r❡♠ ✶✶✳✸(✮✿ ✭✶✮ ❚❤❡ ♦♣❡r❛t♦r T ✐s ❝♦♠♣❛❝t✳ ✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ u, b ❛♥❞ α s✉❝❤ t❤❛t (u, b) Z C ❢♦r ❛•• (u, b) ∈ Z ❛♥❞ ❢♦r ❛•• α ∈ [0, 1] s✉❝❤ t❤❛t (u, b) = αT (u, b)✳ Pr♦♦❢ ♦❢ ✭✶✮✳ ❙✐♥❝❡ Z ✐s r❡✢❡①✐✈❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t T ✐s ❝♦♥t✐♥✉♦✉s✳ ▲❡t (u, b) ∈ Z✱ (u k , b k ) ∈ Z s✉❝❤ t❤❛t (u k , b k ) ⇀ (u, b) ✇❡❛❦ ✐♥ Z✳ ▲❡t ✉s ❞❡✜♥❡ ( ûk , bk ) = T (u k , b k ), ∀k ∈ N✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t T (u k , b k ) = ( ûk , bk ) -→ (û, b) = T (u, b) str♦♥❣•② ✐♥ Z ✇❤✐❝❤ ❛♠♦✉♥ts t♦ ♣r♦✈❡ t❤❛t ✇❤❡♥ k → +∞ ûk -û -→ 0 and bk -b -→ 0 in H 1 (Ω). ❋♦r ❛•• k ∈ N✱ ( ûk -û, bk -b) s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿                    ∆( ûk -û) + ∇( Pk -P ) = -(u k • ∇)u k + (u • ∇)u + curl b k × b k -curl b × b ✐♥ Ω, curl curl( bk -b) = curl(u k × b k ) -curl(u × b) ✐♥ Ω, div( ûk -û) = 0 and div( bk -b) = 0 ✐♥ Ω, ( ûk -û) • n = 0 and curl( ûk -û) × n = ✵, ♦♥ Γ, ( bk -b) • n = 0 and curl( bk -b) × n = ✵, ♦♥ Γ. ( ûk -û) s❛t✐s✜❡s ❛ ❙t♦❦❡s ♣r♦❜•❡♠ t❤❛t ✇❡ ❝❛♥ s♣•✐t ✐♥t♦ t✇♦ ♣❛rts✿        -∆w k + ∇q k = -((u k -u) • ∇)u + curl b × (b k -b) ✐♥ Ω, div w k = 0 ✐♥ Ω, w k • n = 0 and curl w k × n = ✵ ♦♥ Γ. ✭✷✳✸✳✽✮ ❛♥❞        -ν∆y k + ∇r k = -(u k • ∇)(u k -u) + curl(b k -b) × b k ✐♥ Ω, div y k = 0 ✐♥ Ω, y k • n = 0 and curl y k × n = 0 ♦♥ Γ ✭✷✳✸✳✾✮ ✇❤❡r❡ w k + y k = ûk -û ❛♥❞ q k + r k = pk -p✳ ❙✐♥❝❡ -((u k -u) • ∇)u + curl b × (b k -b) ∈ L 6 5 (Ω)✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷✳✷✱ t❤❡r❡ ❡①✐sts (w k , q k ) ∈ H 1 (Ω) × L 2 (Ω)/R s♦•✉t✐♦♥ ♦❢ ✭✷✳✸✳✽✮ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡ w k H 1 (Ω) + q k L 2 (Ω)/R C ((u k -u) • ∇)u L 6 5 (Ω) + curl b × (b k -b) L 6 5 (Ω) C ∇u L 2 (Ω) u k -u L 3 (Ω) + curl b L 2 (Ω) b k -b L 3 (Ω) C curl u L 2 (Ω) u k -u L 3 (Ω) + curl b L 2 (Ω) b k -b L 3 (Ω) ❙✐♥❝❡ ûk ⇀ u ❛♥❞ bk ⇀ b ✇❡❛❦•② ✐♥ H 1 (Ω) ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 3 (Ω) ✐s ❝♦♠♣❛❝t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ûk -→ u ❛♥❞ bk -→ b str♦♥❣•② ✐♥ L 3 (Ω)✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t w k → 0✳ ❙✐♠✐•❛r•②✱ s✐♥❝❡ -(u k • ∇)(u k -u) + curl(b k -b) × b k ∈ L 3 2 (Ω)✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✷ t❤❡r❡ ❡①✐sts (y k , r k ) ∈ W 2, 3 2 (Ω) × W 1, 3 2 (Ω) s♦•✉t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ ✭✷✳✸✳✾✮✳ ❙♦✱ (u k • ∇)(u k -u) ⇀ 0 ❛♥❞ curl(b k -b) × b k ⇀ 0 ✇❡❛❦•② ✐♥ L 3 2 (Ω) ✐♠♣•② t❤❛t y k -→ 0, ✇❡❛❦•② ✐♥ W 2, 3 2 (Ω) ❛♥❞ r k → 0 ✇❡❛❦•② ✐♥ W 1, 3 2 (Ω)✳ ❇✉t✱ t❤❡ ❡♠❜❡❞❞✐♥❣ W 2, 3 2 (Ω) ֒→ H 1 (Ω) ✐s ❝♦♠♣❛❝t✱ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t y k → 0 str♦♥❣•② ✐♥ H 1 (Ω)✳ ❲❡ ❝♦♥❝•✉❞❡ t❤❛t ûk → û ✐♥ H 1 (Ω)✳ ◆❡①t✱ bk -b ✐s ❛ s♦•✉t✐♦♥ ♦❢ ❛♥ ❡••✐♣t✐❝ ♣r♦❜•❡♠ ✇✐t❤ ❛ r✐❣❤t✲❤❛♥❞ s✐❞❡ curl((u k -u)×b k )-curl(u×(b- b k )) ✇❤✐❝❤ ✐s ❡q✉❛• t♦ curl((u k -u) × b k ) -curl(u × (b -b k ))✳ ❯s✐♥❣ t❤❡ r❡•❛t✐♦♥ ✭✷✳✸✳✼✮✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t ✐t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L 3 2 (Ω)✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡r❡ ❡①✐sts ❛ s♦•✉t✐♦♥ bk -b ∈ W 2, 3 2 (Ω)✳ ❙✐♥❝❡ curl((u k -u) × b k ) ⇀ 0 ❛♥❞ curl(u × (b -b k )) ⇀ 0 ✐♥ L 3 2 (Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t bk -b ⇀ 0 ✐♥ W 2, 3 2 (Ω)✳ ❋✐♥❛••②✱ ✇✐t❤ t❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ W 2, 3 2 (Ω) ✐♥ H 1 (Ω)✱ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t bk → b ✐♥ H 1 (Ω)✳ Pr♦♦❢ ♦❢ ✭✷✮✳ ▲❡t (u, b) = αT (u, b) ✇✐t❤ (u, b) ∈ Z ❛♥❞ α ∈ [0, 1]✳ ❙✐♥❝❡ (û, b) = T (u, b)✱ t❤❡♥ (u, b) = α(û, b) = (αû, α b) ❛♥❞ (û, b) = T (αû, α b) s❛t✐s✜❡s✿                    -∆û + ∇ P = f -α 2 (û • ∇)û + α 2 (curl b) × b ✐♥ Ω, curl curl b = g + α 2 curl(û × b) ✐♥ Ω, div û = 0 and div b = 0, ✐♥ Ω, û • n = 0 and curl û × n = ✵ ♦♥ Γ, b • n = 0 and curl b × n = ✵ ♦♥ Γ. ✭✷✳✸✳✶✵✮ |❡❣✉•❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥s ✾✸ ▼✉•t✐♣•②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✭✷✳✸✳✶✵✮ ✇✐t❤ û ∈ V T (Ω) ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ♦❜t❛✐♥ curl û 2 L 2 (Ω) = f , û [H 6,2 0 (div,Ω)] ′ ×H 6,2 0 (div,Ω) + α 2 Ω (curl b) × b • û dx ❙✐♠✐•❛r•②✱ ♠✉•t✐♣•②✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✭✷✳✸✳✶✵✮ ✇✐t❤ b ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ♦❜t❛✐♥✿ curl b 2 L 2 (Ω) = Ω g • b dx + Ω curl b • (û × b) dx ❙✐♥❝❡ curl b × (û × b) = -(curl b) × b • û✱ ✇❡ ♦❜t❛✐♥ ❜② ❛❞❞✐♥❣ t❤❡ ❜♦t❤ r❡•❛t✐♦♥s✿ curl û 2 L 2 (Ω) + curl b 2 L 2 (Ω) = f , û [H 6,2 0 (div,Ω)] ′ ×H 6,2 0 (div,Ω) + Ω g • b dx ❙♦ ✇❡ ❤❛✈❡✿ curl û 2 L 2 (Ω) + curl b 2 L 2 (Ω) C f [H 6,2 0 (div,Ω)] ′ û H 6,2 0 (div,Ω) + g L 6 5 (Ω) b L 6 (Ω) ✭✷✳✸✳✶✶✮ ❈♦♠❜✐♥✐♥❣ ✭✷✳✷✳✶✮ ❛♥❞ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 6 (Ω)✱ ❛♥❞ t❤❡♥✱ ❛♣♣•②✐♥❣ (♦✉♥❣ ✐♥❡q✉❛•✐t② ✐♥ ✭✷✳✸✳✶✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t✿ û 2 H 1 (Ω) + b 2 H 1 (Ω) C f 2 [H 6,2 0 (div,Ω)] ′ + g 2 L 6 5 (Ω) ✭✷✳✸✳✶✷✮ ❚❤✉s ✇❡ ❝♦♥❝•✉❞❡ t❤❛t✿ (u, b) Z = α (û, b) Z C 1 ✇✐t❤ C 1 ✇❤✐❝❤ ♦♥ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜•❡♠ ❜✉t ♥♦t ♦❢ u, b ❛♥❞ α✳ ❇② ✉s✐♥❣ ▲❡r❛②✲❙❝❤❛✉❞❡r ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥ ✐♥ ((u, b), P ) ∈ Z × L 2 (Ω)/R ♦❢ ♣r♦❜•❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮✳ ❙✐♥❝❡ û = u ❛♥❞ b = b✱ t❤❡ ❡st✐♠❛t❡ ✭✷✳✸✳✷✮ ❢♦••♦✇s ❞✐r❡❝t•② ❢r♦♠ ✭✷✳✸✳✶✷✮ ✇❤✐❝❤ ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ✷✳✹ |❡❣✉•❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ❢♦r t❤❡ ▼❍❉ ♣r♦❜•❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ✐♥ L p ✲t❤❡♦r②✳ ❲❡ ✇✐•• ✉s❡ t❤❡ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ (S T ) ❛♥❞ (E T )✳ ❋♦r t❤✐s✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ♦♥ t❤❡ ❢♦r♠              -∆u + ∇p = F and div u = 0 ✐♥ Ω, curl curl b = G and div b = 0 ✐♥ Ω, u • n = 0 and curl u × n = ✵ on Γ, b • n = 0 and curl b × n = ✵ on Γ, ✭✷✳✹✳✶✮ ✇✐t❤ F = f -(curl u) × u + κ(curl b) × b ❛♥❞ G = g + κ curl(u × b)✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❝♦♥❝❡r♥✐♥❣ str♦♥❣ s♦•✉t✐♦♥s ✐♥ W 2,p (Ω) ✇❤❡♥ p ≥ 6/5✳ ❚❤❡♦r❡♠ ✷✳✹✳✶✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ❛♥❞ p ≥ 6/5✳ ▲❡t f ∈ L p (Ω) ❛♥❞ g ∈ L p (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✸✳✶✮✳ ❚❤❡♥ t❤❡ s♦•✉t✐♦♥ (u, b, p) ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✶ ❜❡•♦♥❣s t♦ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω)/R✳ ❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✾✹ Pr♦♦❢✳ ▲❡t (u, b, P ) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω)/R ✐s t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✸✳✶✳ ❙✐♥❝❡ H 1 (Ω) ֒→ L 6 (Ω)✱ ✇❡ ❤❛✈❡ t❤❛t (curl u) × u ∈ L 3 2 (Ω) ❛♥❞ (curl b) × b ∈ L 3 2 (Ω)✳ ❙♦✱ ✇❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s ✭✐✮ ❈❛s❡ 6 5 p 3 2 ✳ ❙✐♥❝❡ F ❜❡•♦♥❣s t♦ L 3 2 (Ω)✱ ✇❡ ♦❜t❛✐♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✶ t❤❛t (u, P ) ∈ W 2, 3 2 (Ω) × W 1, 3 2 (Ω)/R✳ ◆❡①t✱ G ❜❡•♦♥❣s t♦ L 3/2 (Ω)✱ ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✶✮✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡ s♦•✉t✐♦♥ b ❜❡•♦♥❣s t♦ W 2, 3 2 (Ω)✳ ❙♦✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (u, b, P ) ❜❡•♦♥❣s t♦ W 2, 3 2 (Ω) × W 2, 3 2 (Ω) × W 1, 3 2 (Ω)/R✳ ❙✐♥❝❡ p ≤ 3/2✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω)/R ❢♦r ❛♥② p ≤ 3/2✳ ✭✐✐✮ ❈❛s❡ 3 2 < p < 3✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈ W 2, 3 2 (Ω)×W 2, 3 2 (Ω)×W 1, 3 2 (Ω)/R✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣s W 2, 3 2 (Ω) ֒→ W 1,3 (Ω) ֒→ L t (Ω), ❢♦r 1 t < ∞, ✭✷✳✹✳✷✮ ✇❡ ❤❛✈❡ (curl u) × u ∈ L s (Ω)✱ (curl b) × b ∈ L s (Ω)✱ ✇✐t❤ 1 s < 3✳ ❚❤✉s✱ F ∈ L s (Ω) ֒→ L p (Ω) ❛♥❞ G ∈ L s (Ω) ֒→ L p (Ω)✳ ❆♣♣•②✐♥❣ ❛❣❛✐♥ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ❛♥❞ ❡••✐♣t✐❝ ♣r♦❜•❡♠s (S T ) ❛♥❞ (E T )✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (u, b, P ) ∈ W 2,p (Ω) × W 2,p (Ω) × W 1,p (Ω)/R ❢♦r ❛♥② p < 3✳ ✭✐✐✐✮ ❈❛s❡ 3 p < +∞✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ ❝❛s❡✱ ✇❡ ❤❛✈❡ (u, b, p) ∈ W 2,3-δ (Ω) × W 2,3-δ (Ω) × W 1,3-δ (Ω)/R ✇✐t❤ δ ∈ (0, 3 2 )✳ ■t ❢♦••♦✇s ❢r♦♠ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ W 2,3-δ (Ω) ֒→ W 1,q (Ω) ֒→ L ∞ (Ω), ✇✐t❤ 3 < q < ∞ ✭✷✳✹✳✸✮ t❤❛t u ∈ L ∞ (Ω) ❛♥❞ b ∈ L ∞ (Ω)✳ ❚❤❡♥✱ t❤❡ t❡r♠s (curl u) × u ❛♥❞ (curl b) × b ❜❡•♦♥❣ t♦ L p (Ω) ❛♥❞ t❤✐s ✐♠♣•✐❡s t❤❛t F ∈ L p (Ω) ❛♥❞ G ∈ L p (Ω)✳ ❚❤❡ r❡s✉•t ❢♦••♦✇s s✐♠✐•❛r•② ❜② ❛♣♣•②✐♥❣ t❤❡ r❡❣✉•❛r✐t② ♦❢ (S T ) ❛♥❞ (E T )✳ ◆♦✇✱ ✇❡ st✉❞② t❤❡ r❡❣✉•❛r✐t② W 1,p (Ω) ❢♦r t❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ▼❍❉ s②st❡♠ ✭✷✳✶✳✶✮ ✲✭✷✳✶✳✻✮ ❢♦r p > 2✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ❛♥❞ ❡••✐♣t✐❝ ♣r♦❜•❡♠s (S T ) ❛♥❞ (E T )✳ ❚❤❡♦r❡♠ ✷✳✹✳✷✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝•❛ss C 2,1 ✳ ▲❡t f ∈ [H r ′ ,p ′ 0 (div, Ω)] ′ ❛♥❞ g ∈ L r (Ω) ✇✐t❤ 1 r = 1 p + 1 3 ❛♥❞ p 2 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✶✮✳ ❚❤❡♥✱ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ (u, b, P ) ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❜❡•♦♥❣s t♦ W 1,p (Ω) × W 1,p (Ω) × L p (Ω)/R✳ Pr♦♦❢✳ ❙✐♥❝❡ [H r ′ ,p ′ 0 (div, Ω)] ′ ֒→ [H 6,2 0 (div, Ω)] ′ ❛♥❞ L r (Ω) ֒→ L 6 5 (Ω)✱ ✐t ❢♦••♦✇s ❜② ❛♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✷ t❤❛t t❤❡ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❤❛s ❛ s♦•✉t✐♦♥ (u, b, P ) ✐♥ H 1 (Ω) × H 1 (Ω) × L 2 (Ω)/R✳ ❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❚❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ (curl u) × u -(curl b) × b ∈ L 3 2 (Ω) ❛♥❞ curl(u × b) ∈ L 3 2 (Ω)✳ ❙♦✱ ✇❡ s❡♣❛r❛t❡ t❤❡ ♣r♦♦❢ ✐♥ t✇♦ ❝❛s❡s✿ p ∈ [2, 3] ❛♥❞ p > 3✳ ✭✐✮ ❈❛s❡ r 3 2 ✳ ❚❤❡♥✱ p ≤ 3 ❛♥❞ ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✱ ✇❡ s❡t φ ∈ L r (Ω) ❛♥❞ ψ ∈ L p (Ω) s✉❝❤ t❤❛t f = φ + ∇ψ✳ ❚❤❡♥✱ ✇❡ r❡✇r✐t❡ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ t❤❡ ▼❍❉ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❛s✿ ∆u+∇π = F in Ω ✇✐t❤ π = P -ψ ❛♥❞ F = (curl u)×u-(curl b)×b+φ✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ (curl u) × u -(curl b) × b ∈ L 3 2 (Ω) ֒→ L r (Ω)✱ ✇❡ ❤❛✈❡ F ∈ L r (Ω) ❛♥❞ t❤❡♥✱ ❛♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t (u, π) ∈ W 2,r (Ω) × W 1,r (Ω)/R✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣s W 2,r (Ω) ֒→ W 1,p (Ω) ❛♥❞ W 1,r (Ω) ֒→ L p (Ω)✱ s♦ (u, π) ∈ W 1,p (Ω) × L p (Ω)/R✱ ❛♥❞ s✐♥❝❡ ψ ∈ L p (Ω)✱ t❤❡♥ π ∈ L p (Ω) ✐♠♣•✐❡s t❤❛t P ∈ L p (Ω)✳ ◆❡①t✱ s✐♥❝❡ g ∈ L r (Ω) ❛♥❞ curl(u × b) ∈ L |❡❣✉•❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥s ✾✺ ✭✐✐✮ ❈❛s❡ r ≥ 3 2 ❛♥❞ p ≤ 3✳ ❲❡ ❤❛✈❡ [H r ′ ,p ′ 0 (div, Ω)] ′ ֒→ [H ( 3 2 ) ′ ,p ′ 0 (div, Ω)] ′ ❛♥❞ L r ֒→ L 3 2 (Ω)✱ s♦ (u, b, P ) ∈ W 1,p (Ω) × W 1,p (Ω) × L p (Ω)/R✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣s✿ W 1,p (Ω) ֒→ L s (Ω) ✇✐t❤ s = 3p 3+p ✐❢ 2 p < 3 ❛♥❞ s ∈ [1, ∞) ✐❢ p = 3✳ ❆♣♣•②✐♥❣ ✐t✱ ✇❡ ♦❜t❛✐♥ t❤❛t (curl u) × u ❛♥❞ (curl b) × b ❜❡•♦♥❣ t♦ L 3p 6-p (Ω)✳ ❚❤❡♥✱ F ∈ L 3p 6-p (Ω) ֒→ L r (Ω) ❛♥❞✱ ❛♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t (u, π) ∈ W 2,r (Ω) × W 1,r (Ω)/R ❛♥❞ ✇✐t❤ t❤❡ s❛♠❡ ✇❛② t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ (u, b, P ) ∈ W 1,p (Ω) × W 1,p (Ω) × L p (Ω)/R✳ ✭✐✐✐✮ ❈❛s❡ p > 3✿ ◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s 1 r 1 p + 1 3 ❛♥❞ r p ✐♠♣•② 3p 3+p r p✳ ❲❡ ❞✐✈✐❞❡ t❤✐s ❝❛s❡ ✐♥ t✇♦ st❡♣s✿ r ∈ [ 3p 3+p , 3) ❛♥❞ r ∈ [3, p]✳ • r ∈ [ 3p 3+p , 3)✿ ❙✐♥❝❡ t❤❡ ❝❛s❡ p = 3 ❛♥❞ r ∈ [ 3p 3+p , 3) ❝♦♠❡s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡ (u, b) ∈ W 1,3 (Ω) × W 1,3 (Ω)✳ ❲❡ ❤❛✈❡ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣✿ W 1,3 (Ω) ֒→ L s (Ω), ∀s ∈ [1, ∞) t❤❡♥ ✇❡ ❤❛✈❡ (curl u) × u ∈ L 3-ǫ (Ω) ֒→ L r (Ω) ✇✐t❤ ǫ > 0✱ ❛♥❞ s❛♠❡ t❤✐♥❣ ❢♦r (curl b) × b✳ ❙♦ ✇❡ ♦❜t❛✐♥ F ∈ L r (Ω)✱ ❛♥❞ t❤❡♥ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s r❡❛s♦♥✐♥❣ ♦♥ t❤❡ ♣r❡ss✉r❡ ✇❡ ♦❜t❛✐♥ (u, P ) ∈ W 2,r (Ω) × W 1,r (Ω)/R ֒→ W 1,p (Ω) × L p (Ω)/R✳ ❇② t❤❡ s❛♠❡ ✇❛② ❢♦r t❤❡ ❡••✐♣t✐❝ ❝❛s❡✱ ✇❡ ❤❛✈❡ b ∈ W 1,p (Ω)✳ • ❈❛s❡ r ∈ [3, p]✿ ❋♦r 0 < δ < 3 2 ✱ ✇❡ ❤❛✈❡ [H r ′ ,p ′ 0 (div, Ω)] ′ ֒→ [H 3-δ,p ′ 0 (div, Ω)] ′ ✳ ❚❤❡♥✱ ❛♣♣•②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ (u, b) ∈ W 1,p (Ω) × W 1,p (Ω)✳ ❆♣♣•②✐♥❣ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣✿ W 1,p (Ω) ֒→ L ∞ (Ω) ✇❡ ❤❛✈❡ t❤❛t (curl u) × u ❛♥❞ (curl b) × b ❜❡•♦♥❣ t♦ L p (Ω) ֒→ L r (Ω)✱ s♦ F ∈ L r (Ω)✳ ❚❤❡♥✱ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ♦❜t❛✐♥ (u, P ) ∈ W 2,r (Ω) × W 1,r (Ω)/R ֒→ W 1,p (Ω) × L p (Ω)/R✳ ❇② t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❤❛✈❡ b ∈ W 1,p (Ω)✳ |❡♠❛r❦ ✷✳✹✳✶✳ ❲❡ ❝❛♥ ❛•s♦ ❡①t❡♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥ ✐♥ W 1,p (Ω) ✇✐t❤ p < 2 ❜② ✉s✐♥❣ ❛ ❞✉❛•✐t② ❛r❣✉♠❡♥t ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ❈❤❛♣t❡r ✶✳ ❈❤❛♣t❡r ✸ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ s✐♠♣•② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ✐♥ R 3 ✇✐t❤ ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r② Γ✳ ❲❡ ❛ss✉♠❡ t❤❛t Ω ✐s ❝♦♥✈❡① ♦r ❤❛s ❛ ❜♦✉♥❞❛r② ♦❢ ❝•❛ss C 1,1 ✳ ❲❡ ✉s❡ t❤❡s❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥ t❤r♦✉❣❤♦✉t t❤✐s ❈❤❛♣t❡r✳ ❆❞❞✐t✐♦♥❛• s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❜♦✉♥❞❛r② ✇✐•• ❜❡ ♣r❡❝✐s❡❞ ✇❤❡♥❡✈❡r ♥❡❡❞❡❞✳ ❲❡ ❞❡♥♦t❡ ❜② n t❤❡ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛• t♦ Γ ❛♥❞ ❡①t❡r✐♦r t♦ Ω✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ s②st❡♠ ✭▼❍❉✮✿ ✜♥❞ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b s❛t✐s❢②✐♥❣✿ -ν ∆u + (curl u) × u + ∇p -κ(curl b) × b = f ✐♥ Ω κµ curl curl b -κ curl(u × b) = g ✐♥ Ω div u = 0, ✐♥ Ω, div b = 0, ✐♥ Ω. ❍❡r❡✱ ν -1 ✐s t❤❡ ❤②❞r♦❞②♥❛♠✐❝ |❡②♥♦•❞s ♥✉♠❜❡r✱ µ -1 ✐s t❤❡ ♠❛❣♥❡t✐❝ |❡②♥♦•❞s ♥✉♠❜❡r ❛♥❞ κ ✐s t❤❡ ❝♦✉♣•✐♥❣ ♥✉♠❜❡r✳ ❚❤❡ ❢✉♥❝t✐♦♥s f ∈ L 2 (Ω) ❛♥❞ g ∈ L 2 (Ω) ❛r❡ ❣✐✈❡♥ s♦✉r❝❡ t❡r♠s✳ ❲❡ ❝♦♠♣•❡t❡ t❤❡ s②st❡♠ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ t②♣❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b✿ u • n = 0 and curl u × n = ✵ on Γ, b • n = 0 and curl b × n = ✵ on Γ. ❚❤❡ s❝❛•❛r ❢✉♥❝t✐♦♥s p ✇✐•• ❜❡ r❡q✉✐r❡❞ t♦ ❤❛✈❡ ③❡r♦ ♠❡❛♥ ♦✈❡r Ω✿ Ω p dx = 0, ✭✸✳✶✳✶✮ ❛♥❞ ✇❡ r❡q✉✐r❡ t❤❡ ❞❛t❛ g t♦ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭s❡❡ ✐♥ ✭✷✳✸✳✶✮ ❈❤❛♣t❡r ✷✮ divg = 0 in Ω and g • n = 0 on Γ. ✭✸✳✶✳✷✮ ✾✼ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✾✽ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉•t② ❢♦r t❤✐s ♠♦❞❡• ✐s t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ❚❤❡ ❛♣♣r♦❛❝❤ t❤❛t ✇❡ ✇✐•• ✉s❡ ❤❡r❡ ❝♦♥s✐sts ✐♥ ✐♥tr♦❞✉❝✐♥❣ ❛ r❡❣✉•❛r✐③❛t✐♦♥ t❡r♠ ❛s ✐♥ ❬✼✼(✳ ■♥ ♦r❞❡r t♦ ✐♠♣♦s❡ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t✱ ❛♥ ♦t❤❡r ❛♣♣r♦❛❝❤ ❝♦♥s✐st ✐♥ ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ ✉♥❦♥♦✇♥ ❛s ❛ ▲❛❣r❛♥❣❡ ♠✉•t✐♣•✐❡r r ✭s❡❡ ❬✻✶✱ ✽✶(✮ ❛♥❞ s♦•✈✐♥❣ ❛ s②st❡♠ ♦❢ t❤❡ ❢♦r♠✿ ✜♥❞ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b✱ ❛♥❞ t❤❡ s❝❛•❛r ❢✉♥❝t✐♦♥ r s❛t✐s❢②✐♥❣✿ -ν ∆u + (curl u) × u + ∇p -κ(curl b) × b = f ✐♥ Ω ✭✸✳✶✳✸✮ κµ curl curl b -κ curl(u × b) + ∇r = g ✐♥ Ω ✭✸✳✶✳✹✮ div u = 0, ✐♥ Ω, ✭✸✳✶✳✺✮ div b = 0, ✐♥ Ω. ✭✸✳✶✳✻✮ ✇✐t❤ Ω r dx = 0✳ |❡♠❛r❦ t❤❛t ✐♥ t❤❡♦r② t❤❡ s❝❛•❛r r s❤♦✉•❞ ❜❡ ♥✉••✳ ■♥❞❡❡❞✱ ❜② t❛❦✐♥❣ ❢♦r♠❛••② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ✭✸✳✶✳✹✮✱ ✇❡ ♦❜t❛✐♥ ∆r = div g ✐♥ Ω✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ div g = 0✱ ✇❡ ❤❛✈❡ r = 0✳ ❚❤✉s✱ ✐♥ t❤✐s ❝❛s❡ ✭♦r ❢♦r g = ✵✮✱ t❤❡ ▼❍❉ s②st❡♠ ✭✸✳✶✳✸✮✲✭✸✳✶✳✻✮ ✐s t❤❡ s❛♠❡ ❛s ✭✸✳✹✳✶✮✲✭✸✳✹✳✸✮ ❛♥❞ t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉•❛r✐t② ♦❢ u ❛♥❞ b ♦♥ ♥♦♥✲❝♦♥✈❡① ❛♥❞ ♥♦♥✲s♠♦♦t❤ ❞♦♠❛✐♥s ✐s •♦✇❡r t❤❛♥ H 1 (Ω)✳ ■t ✐s ✇❡••✲❦♥♦✇♥ t❤❛t ♦♥ ❛ ❣❡♥❡r❛• ♥♦♥✲❝♦♥✈❡① ▲✐♣s❝❤✐t③ ♣♦•②❤❡❞r♦♥✱ t❤❡ s♣❛❝❡ H(div, Ω) ∩ H(curl, Ω) ✐s ❡♠❜❡❞❞❡❞ ✐♥ H s (Ω) ❢♦r 1 2 < s < 1 ♦♥•②✳ ❆ ❢✉•• ❉• ♠❡t❤♦❞ ✐s ♣r♦♣♦s❡❞ ✐♥ ❬✻✶( ❢♦r ❛ •✐♥❡❛r✐③❡❞ ✈❛r✐❛♥t ♦❢ t❤❡ s②st❡♠ ✭✸✳✹✳✶✮✲✭✸✳✹✳✸✮ ✇❤❡r❡ ❉✐r✐❝❤✲ •❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ t♦❣❡t❤❡r ✇✐t❤ ③❡r♦ t❛♥❣❡♥t✐❛• tr❛❝❡ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ❛r❡ ✐♠♣♦s❡❞✳ ■♥ t❤❡ r❡❝❡♥t ✇♦r❦ ❬✽✶(✱ ❛ ❉• ♠❡t❤♦❞ ✐s ♣r♦♣♦s❡❞ ❛♥❞ ❛♥❛•②③❡❞ ❢♦r t❤❡ ♥♦♥•✐♥✲ ❡❛r ▼❍❉ ♣r♦❜•❡♠ ✇❤❡r❡ ✇✐t❤ t✇♦ t②♣❡s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ❜✉t st✐•• ✇✐t❤ ❉✐r✐❝❤•❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡•♦❝✐t② ✜❡•❞✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r ❛ ♥❡✇ ✈❛r✐❛t✐♦♥❛• s❡tt✐♥❣ ❢♦r t❤❡ ❢♦r♠✉•❛t✐♦♥ ♦❢ ▼❍❉ ♣r♦❜•❡♠ ✇❤❡r❡ t❤❡ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦s❡❞ ❜♦t❤ ❢♦r t❤❡ ✈❡•♦❝✐t② ❛♥❞ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ❚♦ ♦✉r ❦♥♦✇•❡❞❣❡✱ t❤❡r❡ ✐s ♥♦ ✇♦r❦ ✐♥ t❤❡ •✐t❡r❛t✉r❡ ❞♦♥❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❉• ♠❡t❤♦❞ ❢♦r t❤❡ ▼❍❉ ♣r♦❜•❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡•♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ✸✳✷ ❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠✿ ❋♦r ❣✐✈❡♥ ❢✉♥❝t✐♦♥s w s✉❝❤ t❤❛t curl w ∈ L ∞ (Ω) ❛♥❞ d ∈ L ∞ (Ω)✱ ✜♥❞ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b s❛t✐s❢②✐♥❣✿ -ν ∆u + curl w × u + ∇p -κ(curl b) × d = f ✐♥ Ω ✭✸✳✷✳✶✮ κµ curl curl b -κ curl(u × d) = g ✐♥ Ω ✭✸✳✷✳✷✮ div u = 0, ✐♥ Ω, ✭✸✳✷✳✸✮ div b = 0, ✐♥ Ω, ✭✸✳✷✳✹✮ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s u • n = 0 and curl u × n = ✵ on Γ, ✭✸✳✷✳✺✮ b • n = 0 and curl b × n = ✵ on Γ. ✭✸✳✷✳✻✮ ❛♥❞ t❤❡ s❝❛•❛r ❢✉♥❝t✐♦♥ p r❡q✉✐r❡❞ t♦ ❤❛✈❡ ③❡r♦ ♠❡❛♥ ♦✈❡r Ω✿ Ω p dx = 0, ✭✸✳✷✳✼✮ ✸✳✷✳✶ ❚❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜•❡♠ ❛♥❞ ✐ts ✇❡••✲♣♦s❡❞♥❡ss ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✸✳✷✳✶✮✲ ✭✸✳✷✳✼✮ t❤❛t ✐♥❝♦r♣♦r❛t❡s t❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ♦♥ b✳ ◆❡①t✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡✲ ♥❡ss ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥✳ ❚♦ ✇r✐t❡ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ ✐♥ ❛ ✇❡❛❦ ❢♦r♠✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ❢✉♥❝t✐♦♥❛• ❢r❛♠❡✇♦r❦ ✇❡ ✇✐•• ✉s❡ ✐♥ t❤❡ st✉❞②✳ ❲❡ ❞❡♥♦t❡ ❜② H 1 T (Ω) t❤❡ s♣❛❝❡ H 1 T (Ω) = {v ∈ H 1 (Ω); v • n = 0 on Γ} ✭✸✳✷✳✽✮ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♠❛❞❡ ♦♥ Ω✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ❢♦r ❢✉♥❝t✐♦♥s v ∈ H 1 T (Ω) ✭s❡❡ ❱✳ •✐r❛✉•t ❛♥❞ P✳❆✳ |❛✈✐❛rt ❬✹✻✱ ❚❤❡♦r❡♠ ✸✳✾(✮ v H 1 (Ω) ≤ C curl v L 2 (Ω) + divv L 2 (Ω) ✭✸✳✷✳✾✮ ❲❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L p (Ω) ❢♦r ❛•• r❡❛• ♥✉♠❜❡rs 1 ≤ p ≤ 6✳ ❙♦✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✸✳✷✳✾✮ ∀v ∈ H 1 T (Ω), v L p (Ω) ≤ C curl v L 2 (Ω) + divv L 2 (Ω) . ✭✸✳✷✳✶✵✮ ❲❡ ❡♠♣•♦② t❤❡ ♣r♦❞✉❝t s♣❛❝❡ W (Ω) = H 1 T (Ω) × H 1 T (Ω) ✇✐t❤ t❤❡ ✉s✉❛• ❣r❛♣❤ ♥♦r♠ (v, c) W (Ω) = ( v 2 H 1 (Ω) + c 2 H 1 (Ω) ) 1/2 for all v ∈ H 1 T (Ω), c ∈ H 1 T (Ω). ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡t L L 2 (Ω) = f 2 L 2 (Ω) + g L 2 (Ω) 1/2 ✳ ❇❛s❡❞ ♦♥ t❤❡ ✇❡••✲❦♥♦✇♥ ✈❡❝t♦r ✐❞❡♥t✐t② -∆b = curl curl b -∇(div b), ❛♥❞ s✐♥❝❡ div b = 0 ✐♥ Ω✱ ✇❡ ❝❛♥ r❡♣•❛❝❡ t❤❡ ❝✉r•✲❝✉r• ♦♣❡r❛t♦r ✐♥ t❤❡ ▼❛①✇❡•• ❡q✉❛t✐♦♥ ❜② t❤❡ ✈❡❝t♦r ▲❛♣•❛❝✐❛♥✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ ❛✐♠s t♦ ✜♥❞ ((u, b), p) ∈ W (Ω) × L 2 0 (Ω) s✉❝❤ t❤❛t A((w, d), (u, b), (v, c)) + B((v, c), p) = L((v, c)), ∀(v, c) ∈ W (Ω), ✭✸✳✷✳✶✶✮ B((u, b), q) = 0, ∀q ∈ L 2 0 (Ω), ✭✸✳✷✳✶✷✮ ✇❤❡r❡ t❤❡ ❢♦r♠s A✱ B ❛♥❞ L ❛r❡ ❞❡✜♥❡❞ ❛s A((w, d), (u, b), (v, c)) = A(u, v) + M (b, c) + O(w, u, v) + C(d, v, b) -C(d, u, c), ✭✸✳✷✳✶✸✮ ✇✐t❤ A(u, v) = ν Ω curl u • curl v dx + Ω (div u) (div v) dx , ✭✸✳✷✳✶✹✮ M (b, c) = κµ Ω curl b • curl c dx + Ω (div b) (div c) dx , ✭✸✳✷✳✶✺✮ O(w, u, v) = Ω (curl w × v) • u dx, ✭✸✳✷✳✶✻✮ C(d, v, b) = κ Ω (curl b × d) • v dx, ✭✸✳✷✳✶✼✮ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✵✵ B((v, c), p) = B(v, q) = Ω (div v)q dx. ✭✸✳✷✳✶✽✮ ❛♥❞ L(v, c) = Ω f • v dx + Ω g • c dx. ✭✸✳✷✳✶✾✮ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ ✐s ✐♥ ❢❛❝t ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮✱ ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ❚❤❡ ♣r♦♦❢ ✐s st❛♥❞❛r❞ ❛♥❞ s✐♠✐•❛r t♦ ❬✺✷✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶(✳ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ❲❡ s✉♣♣♦s❡ t❤❛t f ∈ L 2 (Ω)✱ g ∈ L 2 (Ω) s❛t✐s❢② t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✶✳✷✮✳ ❚❤❡ ♣r♦❜•❡♠✿ ❋✐♥❞ ((u, b), p) ∈ W (Ω)×L 2 0 (Ω) s❛t✐s❢②✐♥❣ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮✳ ❲❡ ♥❡❡❞ t♦ ✈❡r✐❢② s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢♦r♠s ❞❡✜♥❡❞ ❛❜♦✈❡ ✇❤✐❝❤ ✇✐•• ❜❡ ✉s❡❢✉• t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦•✉t✐♦♥ t♦ t❤❡ ♣r♦❜•❡♠ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ▲❡♠♠❛✱ ✇❡ ♣r♦✈❡ t❤❡ ❝♦❡r❝✐✈✐t② ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ A✳ ▲❡♠♠❛ ✸✳✷✳✷✳ ❋♦r ❛♥② (u, v) ∈ W (Ω)✱ (b, c) ∈ W (Ω)✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C > 0 s✉❝❤ t❤❛t A((w, d), (u, b), (u, b)) ≥ C (u, b) 2 W (Ω) ✭✸✳✷✳✷✵✮ A((w, d), (u, b), (v, c)) ≤ C (u, b) W (Ω) (v, c) W (Ω) ✭✸✳✷✳✷✶✮ Pr♦♦❢✳ ❋♦r ❡❛❝❤ (u, b) ∈ W (Ω)✱ (v, c) ∈ W (Ω)✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ tr✐•✐♥❡❛r ❢♦r♠ A 0 ((w, d), (u, b), (v, c)) ❞❡✜♥❡❞ ❜② A 0 ((w, d), (u, b), (v, c)) = O(w, u, v) + C(d, v, b) -C(d, u, c), ✭✸✳✷✳✷✷✮ ✐s ❛♥t✐s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts •❛st t✇♦ ❛r❣✉♠❡♥ts ❛♥❞ s❛t✐s✜❡s A 0 ((w, d), (u, b), (u, b)) = 0. ✭✸✳✷✳✷✸✮ ■♥ ✈✐❡✇ ♦❢ ✭✸✳✷✳✾✮✱✇❡ ❤❛✈❡ A((w, d), (u, b), (u, b)) = ν curl u 2 L 2 (Ω) + div u 2 L 2 (Ω) + µκ curl b 2 L 2 (Ω) + div b 2 L 2 (Ω) ≥ Cν u 2 H 1 (Ω) + Cµκ b 2 H 1 (Ω) ≥ C min (ν, µκ) (u, b) 2 W (Ω) , ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✷✵✮✳ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② r❡s✉•t ✐♥ ✭✸✳✷✳✷✶✮✱ ✇❡ ♦❜t❛✐♥ ❜② ✉s✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② A(u, v) + M (b, c) ≤ν curl u L 2 (Ω) curl v L 2 (Ω) + div u L 2 (Ω) div v L 2 (Ω) +µκ curl b L 2 (Ω) curl c L 2 (Ω) + div b L 2 (Ω) div c L 2 (Ω) ≤C max(ν, µκ) u H 1 (Ω) v H 1 (Ω) + b H 1 (Ω) c H 1 (Ω) ≤C max(ν, µκ) u 2 H 1 (Ω) + b 2 H 1 (Ω) 1/2 v 2 H 1 (Ω) + c 2 H 1 (Ω) 1/2 . ✭✸✳✷✳✷✹✮ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• u, b ∈ H 1 (Ω) ❛♥❞ v, c ∈ H 1 (Ω) O(w, u, v) ≤ curl w L ∞ (Ω) u L 2 (Ω) v L 2 (Ω) ≤ curl w L ∞ (Ω) (u, b) W (Ω) (v, c) W (Ω) , ✭✸✳✷✳✷✺✮ C(d, v, b) ≤ curl b L 2 (Ω) d L ∞ (Ω) v L 2 (Ω) ≤ d L ∞ (Ω) (u, b) W (Ω) (v, c) W (Ω) . ✭✸✳✷✳✷✻✮ ❛♥❞ s✐♠✐•❛r•② C(d, u, c) ≤ d L ∞ (Ω) (u, b) W (Ω) (v, c) W (Ω) . ✭✸✳✷✳✷✼✮ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✷✳✷✺✮✱ ✭✸✳✷✳✷✻✮ ❛♥❞ ✭✸✳✷✳✷✼✮ t❤❛t A 0 ((w, d), (u, b), (v, c)) ≤ curl w L ∞ (Ω) + d L ∞ (Ω) (u, b) W (Ω) (v, c) W (Ω) . ✭✸✳✷✳✷✽✮ ❯s✐♥❣ ✭✸✳✷✳✷✹✮ ❛♥❞ ✭✸✳✷✳✷✽✮✱ ✇❡ ♦❜t❛✐♥ A((w, d), (u, b), (v, c)) ≤ max (ν, µκ) + curl w L ∞ (Ω) + d L ∞ (Ω) (u, b) W (Ω) (v, c) W (Ω) , ✇❤✐❝❤ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ B ✐s ❝♦♥t✐♥✉♦✉s ✐♥ H 1 T (Ω) × L 2 0 (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β > 0 s✉❝❤ t❤❛t sup v∈H 1 T (Ω) B(v, q) v H 1 T (Ω) β q L 2 (Ω) , ✭✸✳✷✳✷✾✮ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐ts ❛♥❛•♦❣✉❡ ✇✐t❤ H 1 T (Ω) r❡♣•❛❝❡❞ ❜② H 1 0 (Ω) ✭s❡❡ ❬✷✷(✮✳ ❖❜s❡r✈❡ t❤❛t sup (v,c)∈W (Ω) B((v, c), q) (v, c) W (Ω) ≥ sup (v,c)∈H 1 T (Ω)×{0} B((v, c), q) (v, c) W (Ω) . ❍❡♥❝❡✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B(•, •) ❛♥❞ ✭✸✳✷✳✷✾✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❢✲s✉♣✿ sup (v,c)∈W (Ω) B((v, c), q) (v, c) W (Ω) ≥ β q L 2 (Ω) . ✭✸✳✷✳✸✵✮ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ •✐♥❡❛r ❢♦r♠s L ❢♦••♦✇s ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✳ ❲❡ ❛r❡ ♥♦✇ ❛❜•❡ t♦ st❛t❡ t❤❡ ❢♦••♦✇✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉•t✳ ❚❤❡♦r❡♠ ✸✳✷✳✸✳ ▲❡t f ∈ L 2 (Ω) ❛♥❞ g ∈ L 2 (Ω) s❛t✐s❢②✐♥❣ ✭✸✳✶✳✷✮✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ ((u, b), p) ∈ W (Ω) × L 2 0 (Ω) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t (u, b) W (Ω) ≤ C L L 2 (Ω) . ✭✸✳✷✳✸✶✮ Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✭✸✳✷✳✸✵✮ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✷✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❇❛❜✉s❦❛✲ ❇r❡③③✐ t❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮ ✐s ✇❡••✲ ♣♦s❡❞✳ ❚❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✸✶✮ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❝❤♦♦s✐♥❣ (v, c) = (u, b) ❛♥❞ q = p ✐♥ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ✭✸✳✷✳✷✵✮✳ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✵✷ ✸✳✷✳✷ ▼✐①❡❞ ✜♥✐t❡ ❡•❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠✐①❡❞ ❉• ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮✳ ❲❡ ♣r♦✈✐❞❡ t❤❡ s♦•✈❛❜✐•✐t② ❛♥❞ st❛❜✐•✐t② ♦❢ t❤❡ ❞✐s❝r❡t❡ s❝❤❡♠❡✳ ❚♦ t❤✐s ❡♥❞✱ •❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❚❤❡ ❞♦♠❛✐♥ Ω ✐s ❞✐s❝r❡t✐③❡❞ ❜② ❛ ❞✐s❝r❡t❡ ❢❛♠✐•② ♦❢ ❝♦♥❢♦r♠✐♥❣ ♠❡s❤❡s T h ♠❛❞❡ ♦❢ t❡tr❛❤❡❞r❛✳ ❚❤❡ ✐♥❞❡① h ✐s ✐♥❞✐❝❛t✐✈❡ ♦❢ t❤❡ ♠❡s❤ s✐③❡ h ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s h = max T ∈T h h T ✱ ✇❤❡r❡ h T ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ T ✳ ❚❤❡ ❢❛♠✐•② ✐s s✉♣♣♦s❡❞ t♦ ❜❡ r❡❣✉•❛r ✐♥ ❈✐❛r•❡t✬s s❡♥s❡ ❬✷✾(✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ς > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h s✉❝❤ t❤❛t t❤❡ r❛t✐♦ h T ρ T ≤ ς, ∀T ∈ T h , ✭✸✳✷✳✸✷✮ ✇❤❡r❡ ρ T ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ✐♥s❝r✐❜❡❞ ❝✐r❝•❡ ✐♥ T ✳ ❲❡ s❤❛•• ✉s❡ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✸✳✷✳✸✷✮ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② F I h t❤❡ s❡t ♦❢ ✐♥t❡r♥❛• ❢❛❝❡s ❛♥❞ ❜② F Γ h t❤❡ s❡t ♦❢ ❡①t❡r♥❛• ❢❛❝❡s ♦♥ Γ✳ ❲❡ s❡t F h = F I h ∪ F Γ h ✳ ❲❡ ❞❡♥♦t❡ ❜② h e t❤❡ ❞✐❛♠❡t❡r ♦❢ ❡❛❝❤ ❢❛❝❡ e✳ ▲❡t T + ❛♥❞ T -❜❡ t✇♦ ❛❞•❛❝❡♥t ❡•❡♠❡♥ts ♦❢ T h ❛♥❞ •❡t n + ✭r❡s♣❡❝t✐✈❡•② n -✮ ❜❡ t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛• ✈❡❝t♦r ♦♥ ∂T + ✭r❡s♣❡❝t✐✈❡•② ∂T -✮✳ ❋♦r ❛ ✈❡❝t♦r ✜❡•❞ u✱ ✇❡ ❞❡♥♦t❡ ❜② u ± t❤❡ tr❛❝❡ ♦❢ u ❢r♦♠ t❤❡ ✐♥t❡r✐♦r ♦❢ T ± ✳ ❲❡ ❞❡✜♥❡ •✉♠♣s [[v]] T := n + × v + + n -× v -, [[v]] N := v + • n + + v -• n -, [[q]] := q + n + + q -n -, [[v]] = v + -v -, ❛♥❞ ❛✈❡r❛❣❡s { {v} } := 1 2 (v + + v -), { {q} } := 1 2 (q + + q -), ❛♥❞ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❢♦r ❜♦✉♥❞❛r② ❢❛❝❡s e ∈ F Γ h ✱ ✇❡ s❡t [[v]] T = v × n✱ [[v]] N = v • n✱ [[q]] = qn✱ { {v} } = v ❛♥❞ { {q} } = q✳ ▲❡t P k ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ♣♦•②♥♦♠✐❛•s ♦❢ t♦t❛• ❞❡❣r❡❡ ❛t ♠♦st k ♦♥ T ✇✐t❤ k = 1, 2 ♦r 3✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦r✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✐s ❞❡♥♦t❡❞ ❜② P k ✳ ◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ✜♥✐t❡ ❡•❡♠❡♥t s♣❛❝❡s ✇❤✐❝❤ r❡s♣❡❝t✐✈❡•② ❛♣♣r♦①✐♠❛t❡ u✱ b ❛♥❞ p✿ X h := v h ∈ L 2 (Ω); v h|T ∈ P k (T ) , ∀ T ∈ T h C h := c h ∈ L 2 (Ω); c h|T ∈ P k (T ) , ∀ T ∈ T h Q h := q h ∈ L 2 0 (Ω); q h|T ∈ P k-1 (T ) , ∀ T ∈ T h ❲❡ ❞❡♥♦t❡ ❜② W h t❤❡ ♣r♦❞✉❝t s♣❛❝❡ X h × C h ✳ ❚❤❡ ♥♦r♠ • L 2 (T h ) ✐s ❞❡✜♥❡❞ ❜② • L 2 (T h ) = T ∈T h • 0,T , for any T ∈ T h , ✇✐t❤ • 0,T = • L 2 (T ) ✳ ❙✐♠✐•❛r•②✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ • 0,e = • L 2 (e) ❢♦r ❛♥② e ∈ F h ✳ ❚❤❡ ♠✐①❡❞ ❉• s❝❤❡♠❡ r❡❛❞s✿ ❋✐♥❞ ((u h , b h ), p h ) ∈ W h × Q h s✉❝❤ t❤❛t A h ((w, d), (u h , b h ), (v h , c h )) + B h ((v h , c h ), p h ) = L((v h , c h )), ✭✸✳✷✳✸✸✮ B h ((u h , b h ), q h ) = 0, ✭✸✳✷✳✸✹✮ ❢♦r ❛•• (v h , c h ) ∈ W h ❛♥❞ q h ∈ Q h ✱ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠s A h ❛♥❞ B h ❛r❡ ❞❡✜♥❡❞ ❜② A h ((w, d), (u h , b h ), (v h , c h )) = A h (u h , v h ) + M h (b h , c h ) + O h (w, u h , v h ) + C h (d, v h , b h ) -C h (d, u h , c h ), ✭✸✳✷✳✸✺✮ B h ((u h , b h ), q h ) = B h (u h , q h ), ✭✸✳✷✳✸✻✮ ✇✐t❤ A h (u h , v h ) := ν T ∈T h T curl u h • curl v h dx + ν T ∈T h T (div u h )(div v h ) dx -ν e∈F I h e { {curl u h } } • [[v h ]] T ds + e { {curl v h } } • [[u h ]] T ds -ν e∈F h e { {div u h } }[[v h ]] N ds + e { {div v h } }[[u h ]] N ds + ν e∈F I h σ 1 h e e [[u h ]] T • [[v h ]] T ds + ν e∈F h σ 2 h e e [[u h ]] N [[v h ]] N ds ✇✐t❤ σ 1 , σ 2 > 0 t❤❡ st❛❜✐•✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t❤❛t ✇✐•• ❜❡ ❝❤♦s❡♥ •❛r❣❡ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ A h ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✺ ❜❡•♦✇✮✳ ❚❤❡ t✇♦ •❛st t❡r♠s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A h ✐♥✈♦•✈✐♥❣ t❤❡ t❛♥❣❡♥t✐❛• ❛♥❞ ♥♦r♠❛• •✉♠♣s ♦❢ t❤❡ ❞✐s❝r❡t❡ ✈❡❝t♦r ✜❡•❞s ❛❝r♦ss t❤❡ ❡❞❣❡s ❛r❡ ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ A h ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✺ ❜❡•♦✇✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✇✐t❤ ✿ O h (w, u h , v h ) := T ∈T h T (curl w × u h ) • v h dx ✭✸✳✷✳✸✼✮ ❖❜s❡r✈❡ t❤❛t ❞✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ curl w✱ t❤❡ ❢♦r♠ O h ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s O h (w, u h , v h ) := Ω (curl w × u h ) • v h dx, ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛• ✐s ✇❡•• ❞❡✜♥❡❞✳ ❲❡ ❛•s♦ ❞❡✜♥❡ t❤❡ ❝♦✉♣•✐♥❣ ❢♦r♠ C h ❛s ✿ C h (d, v h , b h ) := κ T ∈T h T (v h × d) • curl b h dx -κ e∈F I h e { {v h × d} } • [[b h ]] T ds. ✭✸✳✷✳✸✽✮ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✈❡•♦❝✐t② ✐s r❡♣r❡s❡♥t❡❞ ❜② B h ✿ B h (v h , p h ) := - T ∈T h T (div v h )p h dx + e∈F h e { {p h } }[[v h ]] N ds. ✭✸✳✷✳✸✾✮ ❋♦r t❤❡ ❝✉r•✲❝✉r• t❡r♠ ✐♥ ▼❛①✇❡•• ❡q✉❛t✐♦♥✱ ❛♥❛•♦❣♦✉s t♦ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ ✇❡ ❛♣♣•② ❛♥ ❛✉❣♠❡♥✲ t❛t✐♦♥ t❡❝❤♥✐q✉❡ ✇❤❡r❡ ✇❡ r❡♣•❛❝❡ t❤❡ ❝✉r•✲❝✉r• ♦♣❡r❛t♦r ❜② t❤❡ ✈❡❝t♦r ▲❛♣•❛❝✐❛♥ ✭❝✳❢✳ ❬✺✷✱ ✼✼(✮✳ ❚❤❡ ❢♦r♠ M h ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②✿ M h (b h , c h ) := κµ T ∈T h T curl b h • curl c h dx + κµ T ∈T h T (div b h )(div c h ) dx -κµ e∈F I h e { {curl b h } } • [[c h ]] T ds + e { {curl c h } } • [[b h ]] T ds -κµ e∈F h e { {div b h } }[[c h ]] N ds + { {div c h } }[[b h ]] N ds + e∈F I h κµm 1 h e e [[b h ]] T • [[c h ]] T ds + e∈F h κµm 2 h e e [[b h ]] N [[c h ]] N ds ✇✐t❤ m 1 , m 2 > 0 ❛r❡ st❛❜✐•✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t❤❛t ✇✐•• ❜❡ ❝❤♦s❡♥ •❛r❣❡ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ M h ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✺ ❜❡•♦✇✮✳ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✵✹ |❡♠❛r❦ ✸✳✷✳✶✳ ❆♥♦t❤❡r ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ❢♦r♠✉•❛t✐♦♥ ✐s ♣♦ss✐❜•❡ t♦ s♦•✈❡ t❤❡ ▼❍❉ ♣r♦❜•❡♠ ✭✸✳✷✳✶✮✲✭✸✳✷✳✹✮✳ ■♥❞❡❡❞✱ t❤❡ ❝✉r•✲❝✉r• ♦♣❡r❛t♦r ❝❛♥ ❜❡ ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ ❛ st❛♥❞❛r❞ ✐♥t❡r✐♦r ♣❡♥❛•t② ❛♣♣r♦❛❝❤ ✭s❡❡ ❬✻✶✱ ✺✼✱ ✽✶(✮ ❛♥❞ t❤❡♥ t❤❡ ❢♦r♠ M h ✐s ❞❡✜♥❡❞ ❛s M h (b h , c h ) := κµ T ∈T h T curl b h • curl c h dx -κµ e∈F I h e { {curl b h } } • [[c h ]] T ds -κµ e∈F I h e { {curl c h } } • [[b h ]] T ds + e∈F I h κµm 0 h e e [[b h ]] T • [[c h ]] T ds ✭✸✳✷✳✹✵✮ ✇✐t❤ m 0 > 0 ❛ st❛❜✐•✐③❛t✐♦♥ ♣❛r❛♠❡t❡r s✉✣❝✐❡♥t•② •❛r❣❡✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ✐s ✐♠♣♦s❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ▲❛❣r❛♥❣❡ ♠✉•t✐♣•✐❡r r h ✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ •❛❝❦ ♦❢ t❤❡ r❡❣✉•❛r✐t② ♦❢ b ✇❤❡♥ Ω ✐s ♥♦t s♠♦♦t❤✳ ❆s ♠❡♥t✐♦♥♥❡❞ ❛❜♦✈❡✱ ✐❢ Ω ✐s ♥♦♥✲❝♦♥✈❡① ♣♦•②❤❡❞r❛✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b ❜❡•♦♥❣s t♦ H 1/2 (Ω) ♦♥•②✳ ❉✉❡ t♦ ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ Ω✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ❛s ✇❡•• ❛s t❤❡ ✈❡•♦❝✐t② ✜❡•❞ ❤❛✈❡ t❤❡ r❡❣✉•❛r✐t② H 1 (Ω)✳ ✸✳✷✳✸ ❈♦♥t✐♥✉✐t② ❛♥❞ ❊••✐♣t✐❝✐t② ♣r♦♣❡rt✐❡s ❚♦ ❞✐s❝✉ss t❤❡ st❛❜✐•✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ s❡♠✐✲♥♦r♠s |u h | 2 1,h := T ∈T h div u h 2 0,T + T ∈T h curl u h 2 0,T , ∀u h ∈ X h + H 1 T (Ω). ❛♥❞ u h 2 v,h := |u h | 2 1,h + e∈F h σ 1 h e [[u h ]] N 2 0,e + e∈F I h σ 2 h e [[u h ]] T 2 0,e , ∀u h ∈ X h + H 1 T (Ω). b h 2 m,h := |b h | 2 1,h + e∈F h m 1 h e [[b h ]] N 2 0,e + e∈F I h m 2 h e [[b h ]] T 2 0,e , ∀b h ∈ C h + H 1 T (Ω). q h 2 Q h := q h 2 L 2 (Ω) , ∀q h ∈ Q h . ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ▲❡♠♠❛ ✸✳✷✳✹✳ ❚❤❡ ❛♣♣•✐❝❛t✐♦♥ u → u v,h ✭r❡s♣❡❝t✐✈❡•② u → u m,h ✮ ✐s ❛ ♥♦r♠ ♦♥ X h ✭r❡s♣❡❝t✐✈❡•② ♦♥ C h ✮ Pr♦♦❢✳ ▲❡t u ∈ X h s✉❝❤ t❤❛t u v,h = 0 ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t u = ✵ ✐♥ Ω✳ ■t ❢♦••♦✇s t❤❛t div u = 0 ❛♥❞ curl u = 0 ✐♥ T ❢♦r ❛•• T ∈ T h ✳ ▼♦r❡♦✈❡r✱ [[u]] N = 0 ❢♦r ❛•• e ∈ F h ✳ ❚❤✉s u ✐s ❝♦♥t✐♥✉♦✉s ❛❝r♦ss ❡✈❡r② ✐♥t❡r♥❛• ❢❛❝❡s ♦❢ F I h ❛♥❞ u • n = 0 ♦♥ ❡✈❡r② ❡①t❡r♥❛• ❢❛❝❡s ♦❢ F Γ h ✳ ❙♦ u ∈ H 0 (div, Ω)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ [[u]] T = ✵ ❢♦r ❛•• e ∈ F I h ✳ ❚❤✉s u ✐s ❝♦♥t✐♥✉♦✉s ❛❝r♦ss ❡✈❡r② ✐♥t❡r♥❛• ❢❛❝❡s ♦❢ F I h ❛♥❞ t❤❡♥ u ❜❡•♦♥❣s t♦ H(curl, Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t u ∈ H 0 (div, Ω) ∩ H(curl, Ω)✳ ❆♣♣•②✐♥❣ t❤❡ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛•✐t② ✭s❡❡ ❬✽(✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t✿ u L 2 (Ω) C( curl u L 2 (Ω) + div u L 2 (Ω) ) = 0 ✭✸✳✷✳✹✶✮ ✇❤❛t ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ❢♦r u v,h ✳ ❚❤❡ ♣r♦♦❢ ✐s ❡①❛❝t•② t❤❡ s❛♠❡ ❢♦r t❤❡ ♥♦r♠ u m,h ✳ ◆❡①t✱ ✇❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ ❞✐s❝r❡t❡ P♦✐♥❝❛ré✲❋r✐❡❞r✐❝❤s ✐♥❡q✉❛•✐t② ❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡•❡♠❡♥t s♣❛❝❡s ✭s❡❡ ❬✶✵✷✱ ▲❡♠♠❛ ✸✳✶(✮ ✿ ∀v h ∈ X h , v h L 2 (Ω) ≤ C v h v,h , ✭✸✳✷✳✹✷✮ ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳ ❙✐♥❝❡ X h = C h ✱ t❤✐s ✐♥❡q✉❛•✐t② ✐s st✐•• ✈❛•✐❞ ❢♦r ❛♥② b h ∈ C h ❛♥❞ ✇❤❡♥ t❤❡ ♥♦r♠ • v,h ✐s r❡♣•❛❝❡❞ ❜② • m,h ✳ ❲❡ ❤❛✈❡ ❛ ✜rst •❡♠♠❛ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ❝♦❡r❝✐✈✐t② ❢♦r t❤❡ ❢♦r♠s A h ❛♥❞ M h ✳ ▲❡♠♠❛ ✸✳✷✳✺✳ ❋♦r σ 1 ❛♥❞ σ 2 •❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t✿ A h (u h , u h ) Cν u h 2 v,h , u h ∈ X h . ✭✸✳✷✳✹✸✮ ❋♦r m 1 ❛♥❞ m 2 •❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t✿ M h (b h , b h ) Cκµ b h 2 m,h , b h ∈ C h . ✭✸✳✷✳✹✹✮ ❇❡s✐❞❡s✱ ✇❡ ❤❛✈❡ O h (w, u h , u h ) = 0✳ Pr♦♦❢✳ ❚r✐✈✐❛••②✱ ✇❡ ❤❛✈❡✿ O h (w, u h , u h ) = T ∈T h T (curl w × u h ) • u h dx = 0. ◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❡ ❡••✐♣t✐❝✐t② ♣r♦♣❡rt② ❢♦r A h ✳ ▲❡t u h ∈ X h ✱ ✇❡ ❤❛✈❡✿ A h (u h , u h ) = ν T ∈T h ( curl u h 2 0,T + div u h 2 0,T ) -2ν e∈F I h e { {curl u h } } • [[u h ]] T ds -2ν e∈F h e { {div u h } }[[u h ]] N ds ✭✸✳✷✳✹✺✮ + ν e∈F I h σ 1 h e [[u h ]] T 2 0,e + ν e∈F h σ 2 h e [[u h ]] N 2 0,e ❆♣♣•②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡✿ 2ν e∈F I h e { {curl u h } } • [[u h ]] T ds 2ν e∈F I h h e { {curl u h } } 2 0,e 1 2 e∈F I h h -1 e [[u h ]] T 2 0,e 1 2 ◆♦✇ •❡t e ∈ F I h s✉❝❤ t❤❛t e = ∂T 1 ∩ ∂T 2 ✇✐t❤ T 1 , T 2 ∈ T h ✳ ❖❜✈✐♦✉s•②✱ h e { {curl ✉ h } } 0,e ≤ √ h e 2 2 i=1 (curl ✉ h ) /Ti 0,e . ❚❤❛♥❦s t♦ t❤❡ ❡q✉✐✈❛•❡♥❝❡ ♦❢ ♥♦r♠s ✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• s♣❛❝❡s ❛♥❞ t♦ ❛ ❝•❛ss✐❝❛• s❝❛•✐♥❣ ❛r❣✉♠❡♥t✱ ✇❡ ♦❜t❛✐♥ h e { {curl ✉ h } } 0,e ≤ c 1 2 curl ✉ h 0,T1 + curl ✉ h 0,T2 , ✇❤❡r❡ c 1 ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❆ ❝♦♠♣•❡t❡•② s✐♠✐•❛r ❛r❣✉♠❡♥t ❤♦•❞s ♦♥ ❛ ❜♦✉♥❞❛r② ❢❛❝❡ e ∈ F Γ h ✳ ❙♦ ❜② s✉♠♠✐♥❣ ✉♣♦♥ ❛•• ❢❛❝❡s ✐t ❢♦••♦✇s t❤❛t 2ν e∈F I h e { {curl u h } } • [[u h ]] T ds ≤ 2c 1 ν T ∈T h curl ✉ h 2 0,T 1/2 e∈F I h h -1 e [[u h ]] T 2 0,e 1 2 ≤ 2c 1 ν|u h | 1,h e∈F I h h -1 e [[u h ]] T 2 0,e 1 2 . ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✵✻ ❙✐♠✐•❛r•②✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t 2ν e∈F h e { {div u h } }[[u h ]] N ds ≤ 2c 2 ν|u h | 1,h e∈F h h -1 e [[u h ]] N 2 0,e 1 2 .
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ 

A h (✉ h , ✉ h ) ≥ ν|✉ h | 2 1,h + ν e∈F I h σ 1 h e [[u h ]] T 2 0,e + ν e∈F h σ 2 h e [[u h ]] N 2 0,e - 2c 1 ν √ σ 1 |✉ h | 1,h e∈F I h σ 1 h e [[u h ]] T 2 0,e 1 2 - 2c 2 ν √ σ 2 |✉ h | 1,h e∈F h σ 2 h e [[u h ]] N 2 0,e 1 2 , ❆♣♣•②✐♥❣ (♦✉♥❣✬s ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ A h (✉ h , ✉ h ) ≥ ν|✉ h | 2 1,h + ν e∈F I h σ 1 h e [[u h ]] T 2 0,e + ν e∈F h σ 2 h e [[u h ]] N 2 0,e - c ν σ |✉ h | 2 1,h + e∈F I h σ 1 h e [[u h ]] T 2 0,e + e∈F h σ 2 h e [[u h ]] N 2 0,e , ✇❤❡r❡ c = c 1 + c 2 ❛♥❞ σ = min( √ σ 1 , √ σ 2 )✳ ❙♦ A h (•, •) ✐s ❝♦❡r❝✐✈❡ ❢♦r σ > c ❛♥❞ t❤❡ ❝♦❡r❝✐✈✐t② ❝♦♥st❛♥t C ✐♥ ✭✸✳✷✳✹✸✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❜❡•♦✇ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ σ 1 ❛♥❞ σ 2 ✱ ❢♦r σ 1 ❛♥❞ σ 2 s✉✣❝✐❡♥t•② •❛r❣❡✳ ❲✐t❤ t❤❡ s❛♠❡ ♠❛♥♥❡r✱ ✇❡ ♣r♦✈❡ t❤❡ ❡••✐♣t✐❝✐t② ♣r♦♣❡rt② ♦❢ M h ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ b h m,h ❛♥❞ ❜② s✉♣♣♦s✐♥❣ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs m 1 ❛♥❞ m 2 ❛r❡ s✉✣❝✐❡♥t•② •❛r❣❡✳ |❡♠❛r❦ ✸✳✷✳✷✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✻✶✱ ✺✼✱ ✽✶(✱ ❛ s❡♠✐✲❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ❢♦r M h ✱ ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✹✵✮✱ ✐s ❡st❛❜•✐s❤❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡♠✐✲♥♦r♠ |b h | 2 C := T ∈T h curl b h 2 0,T + e∈F I h m 0 h e [[b h ]] T 2 0,e , ✭✸✳✷✳✹✻✮ ❢♦r ❛ ♣❛r❛♠❡t❡r m 0 s✉✣❝✐❡♥t•② •❛r❣❡✳ ■♥ t❤❡ s❡q✉❡•✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♥✈❡rs❡ ❡st✐♠❛t❡ ✇✐•• ❜❡ ✉s❡❢✉• ✭s❡❡ ❬✷✾(✮ ▲❡♠♠❛ ✸✳✷✳✻✳ ❋♦r ❛•• p ∈ P k (T )✱ ✇❡ ❤❛✈❡ p 0,∂T ≤ Ch -1/2 T p 0,T , ✭✸✳✷✳✹✼✮ ✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ k ❛♥❞ t❤❡ s❤❛♣❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ς ♦❢ t❤❡ ♠❡s❤✳ ◆♦✇✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥t✐♥✉✐t② r❡s✉•ts ✇✐t❤ r❡s♣❡❝t ♦❢ t❤❡ ♥♦r♠s • v,h ❛♥❞ • m,h ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ t❤❛t ✐♥ ❬✸✶✱ ✶✻(✱ ❜✉t ✇❡ ✇r✐t❡ ✐t ❤❡r❡ ❢♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✳ ▲❡♠♠❛ ✸✳✷✳✼✳ ▲❡t u h , v h ∈ X h ✱ b h , c h ∈ C h ❛♥❞ p h ∈ Q h ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿ |A h (u h , v h )| Cν u h v,h v h v,h , |B h (v h , p h )| C v h v,h p h 0,Ω , |M h (b h , c h )| Cκµ b h m,h c h m,h , ✇✐t❤ ❝♦♥st❛♥ts C > 0 t❤❛t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ν✱ µ ❛♥❞ κ✳ ❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✵✼ Pr♦♦❢✳ ▲❡t ✉s ✇r✐t❡✿ A h (u h , v h ) := I 1 + I 2 + I 3 + I 4 ✱ ✇✐t❤ I 1 := ν T ∈T h T curl u h • curl v h dx + ν T ∈T h T div u h div v h dx I 2 := -ν e∈F I h e { {curl u h } } • [[v h ]] T ds + e { {curl v h } } • [[u h ]] T ds I 3 := -ν e∈F h e { {div u h } }[[v h ]] N ds + e { {div v h } }[[u h ]] N ds I 4 := ν e∈F I h σ 1 h e e [[u h ]] T • [[v h ]] T ds + ν e∈F h σ 2 h e e [[u h ]] N [[v h ]] N ds ❆♣♣•②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ |I 1 | ν T ∈T h curl u h 2 0,T 1 2 T ∈T h curl v h 2 0,T 1 2 + ν T ∈T h div u h 2 0,T 1 2 T ∈T h div v h 2 0,T 1 2 ≤ ν T ∈T h curl u h 2 0,T + T ∈T h div u h 2 0,T 1/2 T ∈T h curl v h 2 0,T + T ∈T h div v h 2 0,T 1/2 ≤ ν u h v,h v h v,h . ❙✐♠✐•❛r•②✱ ✇❡ ❤❛✈❡ |I 4 | ν e∈F I h σ 1 h e [[u h ]] T 2 0,e 1 2 e∈F I h σ 1 h e [[v h ]] T 2 1 2 + e∈F h σ 2 h e [[u h ]] N 2 0,e 1 2 e∈F h σ 2 h e [[v h ]] N 2 1 2 ≤ ν u h v,h v h v,h . ◆♦✇✱ ❛♣♣•②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛•✐t② ✭✸✳✷✳✹✼✮✱ ✇❡ ♦❜t❛✐♥✿ |I 2 | ν e∈F I h h e { {curl u h } } 2 0,e 1 2 e∈F I h h -1 e [[v h ]] T 2 0,e 1 2 + ν e∈F I h h e { {curl v h } } 2 0,e 1 2 e∈F I h h -1 e [[u h ]] T 2 0,e 1 2 νC T ∈T h curl u h 2 0,T 1 2 e∈F I h h -1 e [[v h ]] T 2 0,e 1 2 + νC T ∈T h curl v h 2 0,T 1 2 e∈F I h h -1 e [[u h ]] T 2 0,e 1 2 . ❙♦✱ ✇❡ ❤❛✈❡ |I 2 | ≤ Cν u h v,h v h v,h ❛♥❞ ✐♥ ❛ s✐♠✐•❛r ✇❛②✱ ❢♦r T 3 ✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t |I 3 | ≤ Cν u h v,h v h v,h ✳ ❆❞❞✐♥❣ t❤❡s❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❝♦♥t✐♥✉✐t② ❢♦r A h ✳ ❚♦ ♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ M h ✐t s✉✣❝❡s t♦ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s ❛s ✐♥ t❤❡ ♣r♦♦❢ ❢♦r A h ✳ ◆❡①t✱ t❤❡ ❢♦r♠ B h ✐s s✐♠✐•❛r t♦ t❤❡ ❢♦r♠ ✉s❡❞ ✐♥ ❬✸✶✱ ✺✾( ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠ ❛♥❞ ✇❡ ❝❛♥ ♣r♦✈❡ s✐♠✐•❛r•② |B h (v h , p h )| T ∈T h div v h 2 0,T 1 2 T ∈T h p h 2 0,T 1 2 + e∈F h h e σ 2 { {p h } } 2 0,e 1 2 e∈F h σ 2 h e [[v h ]] N 2 0,e 1 2 T ∈T h div v h 2 0,T 1 2 T ∈T h p h 2 0,T 1 2 + Cσ -1 2 2 T ∈T h p h 2 0,T 1 2 e∈F h σ 2 h e [[v h ]] N 2 0,e 1 2 C v h v,h p h 0,Ω . ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✵✽ ❲❡ s❤❛•• ♥❡❡❞ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s ❢♦r t❤❡ tr✐•✐♥❡❛r ❢♦r♠s O h ❛♥❞ C h ✳ ▲❡♠♠❛ ✸✳✷✳✽✳ ❋♦r ❛•• u h , v h ∈ X h ❛♥❞ c h ∈ C h ✱ ✇❡ ❤❛✈❡ |O h (w, u h , v h )| C curl w L ∞ (Ω) u h v,h v h v,h , ✭✸✳✷✳✹✽✮ |C h (d; v h , c h )| κC d L ∞ (Ω) v h v,h c h m,h . ✭✸✳✷✳✹✾✮ ✇✐t❤ ❝♦♥st❛♥ts C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ν✱ µ ❛♥❞ κ✳ Pr♦♦❢✳ ❆♣♣•②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ |O h (w, u h , v h )| = Ω (curl w × u h ) • v h dx ≤ curl w × u h L 2 (Ω) v h L 2 (Ω) ≤ 2 curl w L ∞ (Ω) u h L 2 (Ω) v h L 2 (Ω) . ❇② ✈✐rt✉❡ ♦❢ ✭✸✳✷✳✹✷✮✱ t❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✹✽✮ ❢♦••♦✇s ✐♠♠❡❞✐❛t❡•②✳ ◆❡①t✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ C h ✱ ✇❡ ❤❛✈❡ C h (d, v h , c h ) = κ T ∈T h T (v h × d) • curl c h dx -κ e∈F I h e { {v h × d} } • [[c h ]] T ds ✭✸✳✷✳✺✵✮ ❆♣♣•②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛•✐t② ✭✸✳✷✳✹✼✮✱ ✇❡ ♦❜t❛✐♥ |C h (d, v h , c h )| ≤ 2κ d L ∞ (Ω) v h L 2 (Ω) T ∈T h curl c h 2 0,T 1/2 + Cκ d L ∞ (Ω) e∈F I h h v h 2 L 2 (e) 1/2 e∈F I h h -1 [[c h ]] T 2 L 2 (e) 1/2 ≤ Cκ d L ∞ (Ω) v h L 2 (Ω) c h m,h . ❚❤❛♥❦s ❛❣❛✐♥ t♦ ✭✸✳✷✳✹✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✹✾✮✳ ◆♦✇✱ ❜② ❡♥❞♦✇✐♥❣ t❤❡ s♣❛❝❡ W h ✇✐t❤ t❤❡ ♣r♦❞✉❝t ♥♦r♠ |||(•, •)||| ❞❡✜♥❡❞ ❜② |||(v h , c h )||| 2 = v h 2 v,h + c h 2 m,h , ✇❡ ❞❡❞✉❝❡ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✷✳✺✱ ✸✳✷✳✼ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✽ t❤❡ ❢♦••♦✇✐♥❣ ❝♦❡r❝✐✈✐t② ❛♥❞ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❢♦r♠ A h (•, •, •)✳ ▲❡♠♠❛ ✸✳✷✳✾✳ ❋♦r ❛♥② (u h , v h ) ∈ W h ✱ (b h , c h ) ∈ W h ✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C > 0 s✉❝❤ t❤❛t A h ((w, d), (u h , b h ), (u h , b h )) ≥ C min (ν, µκ)|||(u h , b h )||| 2 . ✭✸✳✷✳✺✶✮ A h ((w, d), (u h , b h ), (v h , c h )) ≤ C|||(u h , b h )||| |||(v h , c h )|||. ✭✸✳✷✳✺✷✮ ❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✵✾ ✸✳✷✳✹ ■♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥s ❚❤❡ ✇❡••✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐s❝r❡t❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ r❡q✉✐r❡s ❛♥ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✉s✉❛• ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ t♦ ♦✉r ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▲❡t ✉s ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉•t ❢♦r t❤❡ s♣❛❝❡ X h ✭s❡❡ ❬✹✺(✮✳ ❋♦r k = 1, 2, 3✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ✐♥t❡r♣♦•❛t✐♦♥ ♦♣❡r❛t♦r I h ❞❡✜♥❡❞ ❢r♦♠ H 1 (Ω) t♦ X h s✉❝❤ t❤❛t✱ ❢♦r ❛•• T ∈ T h ❛♥❞ e ∈ F h ✿ ∀v ∈ H 1 (Ω), ∀q h ∈ P k-1 (T ), T q h div(I h (v) -v) dx = 0, ✭✸✳✷✳✺✸✮ ∀v ∈ H 1 T (Ω), ∀e ∈ F h , ∀q h ∈ P k-1 (e), e q h [[I h (v)]] ds = 0. ✭✸✳✷✳✺✹✮ ▼♦r❡♦✈❡r✱ ❢♦r s ∈ [1, k + 1] t❤❡ ❢♦••♦✇✐♥❣ ✐♥t❡r♣♦•❛t✐♦♥ ❡st✐♠❛t❡ ❤♦•❞s✿ ∀v ∈ H s (Ω), I h (v) -v 1,T Ch s-1 T v s,∆ T , ✭✸✳✷✳✺✺✮ ✇❤❡r❡ ∆ T ✐s ❛ s✉✐t❛❜•❡ ♠❛❝r♦✲❡•❡♠❡♥t ❝♦♥t❛✐♥✐♥❣ ❚✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ❢♦r t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ♦❢ B h ✿ ▲❡♠♠❛ ✸✳✷✳✶✵✳ ❚❤❡r❡ ❡①✐sts C B > 0 ♦♥•② ❞❡♣❡♥❞✐♥❣ ♦♥ Ω s✉❝❤ t❤❛t ✿ inf q h ∈Q h sup v h ∈X h B h (v h , q h ) v h v,h q h Q h C B , ✭✸✳✷✳✺✻✮ Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✭✸✳✷✳✺✻✮✱ ✇❡ s❤♦✇ t❤❛t ❢♦r ❛♥② q h ∈ Q h ✱ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ v h ∈ X h s✉❝❤ t❤❛t ✿ B h (v h , q h ) = q h 2 L 2 (Ω) , ✭✸✳✷✳✺✼✮ v h v,h C q h L 2 (Ω) . ✭✸✳✷✳✺✽✮ ❆♣♣•②✐♥❣ t❤❡ ❝•❛ss✐❝❛• ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ ✇✐t❤ ❉✐r❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛♥② q ∈ L 2 0 (Ω)✱ t❤❡r❡ ❡①✐sts z ∈ H 1 0 (Ω) s✉❝❤ t❤❛t✿    div z = q, z H 1 (Ω) C q L 2 (Ω) ■♥ ♣❛rt✐❝✉•❛r✱ ❢♦r q h ∈ Q h ⊂ L 2 0 (Ω)✱ t❤❡r❡ ❡①✐sts z ∈ H 1 0 (Ω) ❛♥❞ ❤❡♥❝❡ ✐♥ H 1 T (Ω) s✉❝❤ t❤❛t q h = div z✳ ◆♦✇✱ •❡t v h = I h (z) ✇✐t❤ I h t❤❡ ✐♥t❡r♣♦•❛t✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ H 1 (Ω) ✐♥t♦ X h ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✺✸✮✲ ✭✸✳✷✳✺✹✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ∀T ∈ T h , T q h div v h dx = T q h div zdx = q h 2 0,T . ▼♦r❡♦✈❡r✱ ❞✉❡ t♦ ✭✸✳✷✳✺✹✮✱ ✇❡ ❤❛✈❡ e { {q h } }[[v h ]] N ds = 0, ∀e ∈ F h ✳ ❚❤✉s B h (v h , q h ) = q h 2 L 2 (Ω) ✱ ✇❤✐❝❤ ❣✐✈❡s ✭✸✳✷✳✺✼✮✳ ❇❡s✐❞❡s✱ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r I h ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t v h v,h = I h z v,h C z H 1 (Ω) ≤ C q L 2 (Ω) . ✭✸✳✷✳✺✾✮ ❚❤✐s ②✐❡•❞s t♦ sup v h ∈X h B h (v h , q h ) v h v,h B h (v h , q h ) v h v,h q h 2 L 2 (Ω) C q h L 2 (Ω) C B q h L 2 (Ω) . ✭✸✳✷✳✻✵✮ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✶✵ ❚❤❡ ❞✐s❝r❡t❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r B h ✐♥ ✭✸✳✷✳✺✻✮ ❣✐✈❡s t❤❡ ❢♦••♦✇✐♥❣ ❞✐s❝r❡t❡ ❛♥❛•♦❣✉❡ ♦❢ ✭✸✳✷✳✸✵✮✳ sup (v h ,c h )∈W h B h ((v h , c h ), q) (v h , c h ) W h C q h L 2 (Ω) . ✭✸✳✷✳✻✶✮ ◆♦✇ ✇❡ ❝❛♥ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❞✐s❝r❡t❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ ❛♥❞ s❤♦✇ ✐ts ✇❡•• ♣♦s❡❞♥❡ss ❜② ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt✐❡s✳ ❚❤❡♦r❡♠ ✸✳✷✳✶✶✳ ❆ss✉♠✐♥❣ t❤❡ st❛❜✐•✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs σ 1 ✱ σ 2 ✱ m 1 ❛♥❞ m 2 s✉✣❝✐❡♥t•② •❛r❣❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ ((u h , b h ), p h ) ∈ W h × Q h ❢♦r t❤❡ •✐♥❡❛r ♣r♦❜•❡♠ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮✳ Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ♣r♦❜•❡♠ ✐s •✐♥❡❛r ❛♥❞ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛•✱ ✇❡ ❤❛✈❡ ♦♥•② t♦ s❤♦✇ t❤❛t ✐❢ f = ✵ ❛♥❞ g = ✵✱ t❤❡♥ ((u h , b h ), p h ) ✐s t❤❡ ③❡r♦ s♦•✉t✐♦♥✳ ❚❛❦✐♥❣ v h = u h ✱ q h = p h ❛♥❞ c h = b h ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ ❛♥❞ s✉♠♠✐♥❣ ✉♣ t❤❡ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥✿ A h ((w, d), (u h , u h ), (b h , b h )) = A h (u h , u h ) + M h (b h , b h ) = 0 ❚❤✉s✱ ✇✐t❤ ✭✸✳✷✳✹✸✮ ❛♥❞ ✭✸✳✷✳✹✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t u h = ✵✱ ❛♥❞ b h = ✵✳ ❚❤❡♥✱ ✭✸✳✷✳✸✹✮ ❣✐✈❡s✿ B h ((v h , c h ), p h ) = B h (v h , p h ) = 0, ∀v h ∈ X h . ❆♣♣•②✐♥❣ ✭✸✳✷✳✺✻✮✱ ✇❡ ❝❛♥ t❛❦❡ q h = p h ❛♥❞✱ ❢♦r ❛•• v h ∈ X h ❛♥❞ v h = 0✱ ✇❡ ♦❜t❛✐♥✿ B h (v h , p h ) v h v,h C B p h L 2 (Ω) . ❚❤✉s ✇❡ ❝♦♥❝•✉❞❡ t❤❛t p h = 0✳ ✸✳✸ ❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡st❛❜•✐s❤ s♦♠❡ ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ✐♥ t❡r♠s ♦❢ h ✐♥ ♦r❞❡r t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥✲ ✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❉• s❝❤❡♠❡ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♠♦❞❡•✳ ❖✉r ❛♥❛•②s✐s ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛✉①✐•✐❛r② ❢♦r♠✉•❛t✐♦♥ ❜② ✉s✐♥❣ •✐❢t✐♥❣ ♦♣❡r❛t♦rs✳ ❲❡ s❤❛•• s✉♣♣♦s❡ t❤❡ ❢♦••♦✇✐♥❣ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❛♥❛•②t✐❝❛• s♦•✉t✐♦♥ ((u, b), p) ♦❢ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮✿ u ∈ H k+1 (Ω), b ∈ H k+1 (Ω), p ∈ H k (Ω), ✭✸✳✸✳✶✮ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ♦✉r ♠❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t✳ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❆ss✉♠❡ t❤❡ ❛♥❛•②t✐❝❛• s♦•✉t✐♦♥ ((u, b), p) ♦❢ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✶✮✳ ▲❡t ((u h , b h ), p h ) ❜❡ t❤❡ s♦•✉t✐♦♥ ✐♥ W h × Q h ♦❢ t❤❡ ❉• ♠❡t❤♦❞ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ❡rr♦rs✿ |||(u -u h , b -b h )||| + p -p h L 2 (Ω) ≤ Ch k u H k+1 (Ω) + b H k+1 (Ω) + p H k (Ω) ✭✸✳✸✳✷✮ ✇✐t❤ C ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❜✉t ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜•❡♠✳ ✸✳✸✳✶ ❉❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡①t❡♥❞❡❞ ❉• ❢♦r♠ ❋♦••♦✇✐♥❣ ❬✶✽(✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ •✐❢t✐♥❣ ♦♣❡r❛t♦rs ✐♥ ♦r❞❡r t♦ ❢❛❝✐•✐t❛t❡ t❤❡ ❡rr♦r ❛♥❛•②s✐s ❜② ❡①t❡♥❞✐♥❣ t❤❡ ❢♦r♠s A h ✱ B h ✱ M h ❛♥❞ D h t♦ t❤❡ ❝♦♥t✐♥✉♦✉s •❡✈❡•✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ s♣❛❝❡s✿ X(h) = H 1 T (Ω) + X h , C(h) = H 1 T (Ω) + C h and Q(h) = L 2 0 (Ω) + Q h . ❲❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ •✐❢t✐♥❣ ♦♣❡r❛t♦rs✿ • L 1 : X(h) → X h s✉❝❤ t❤❛t✿ Ω L 1 (✈ ) • w d① = e∈F I h e [[v]] T • { {w} } ds, ∀w ∈ X h , • L 2 : C(h) → C h s✉❝❤ t❤❛t✿ Ω L 2 (c) • w dx = e∈F I h e [[c]] T • { {w} } ds, ∀w ∈ C h , • N 1 : X(h) → Σ h s✉❝❤ t❤❛t Ω N 1 (✈ )w d① = e∈F h e [[✈ ]] N { {w} } ds, ∀w ∈ Σ h , • N 2 : C(h) → Σ h s✉❝❤ t❤❛t Ω N 2 (✈ )w d① = e∈F h e [[✈ ]] N { {w} } ds, ∀w ∈ Σ h , ✇❤❡r❡ Σ h ✐s t❤❡ ❛✉①✐•✐❛r② s♣❛❝❡✿ Σ h = {w ∈ L 2 (Ω); w| T ∈ P k (T ), T ∈ T h }, • M 1 : X(h) → Q h s✉❝❤ t❤❛t Ω M 1 (✈ )q d① = e∈F h e [[✈ ]] N { {q} } ds, ∀q ∈ Q h , • M 2 : Q(h) → X h s✉❝❤ t❤❛t Ω M 2 (q) • ✈ d① = e∈F I h e [[q]] • { {✈} } ds, ∀v ∈ X h . ❙♦✱ ✇❡ r❡✇r✐t❡ t❤❡ ♠♦❞✐✜❡❞ ❜✐•✐♥❡❛r ❢♦r♠s✿ A h (u h , v h ) := ν T ∈T h T curl u h • curl v h dx + ν T ∈T h T (div u h )(div v h ) dx -ν Ω L 1 (v h ) • curl u h dx + Ω L 1 (u h ) • curl v h dx -ν Ω N 1 (v h ) div u h dx + Ω N 1 (u h ) div v h dx + ν e∈F I h σ 1 h e e [[u h ]] T • [[v h ]] T ds + ν e∈F h σ 2 h e e [[u h ]] N [[v h ]] N ds, ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✶✷ B h (v h , q h ) := - T ∈T h T (div v h ) q h dx + Ω M 1 (v h )q h dx, M h (b h , c h ) := κµ T ∈T h T curl b h • curl c h dx + κµ T ∈T h T (div b h )(div c h ) dx -κµ Ω L 2 (c h ) • curl b h dx + Ω L 2 (b h ) • curl c h dx -κµ Ω N 2 (c h ) div b h dx + Ω N 2 (b h ) div c h dx + e∈F I h κµm 1 h e e [[b h ]] T • [[c h ]] T ds + e∈F h κµm 2 h e e [[b h ]] N [[c h ]] N ds, ❲❡ ♥♦t❡ t❤❛t✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❤❡ ❢♦r♠ B h ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡q✉✐✈❛•❡♥t•② ❛s✿ B h (v h , q h ) := T ∈T h T v h • ∇q h dx - Ω M 2 (q h ) • v h dx, ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉✐✈❛•❡♥t ❞✐s❝r❡t❡ ❢♦r♠✉•❛t✐♦♥✿ ❋✐♥❞ ((u h , b h ), p h ) ∈ W h × Q h s✉❝❤ t❤❛t A h ((w, d), (u h , b h ), (v h , c h )) + B h ((v h , c h ), p h ) = L((v h , c h )), ✭✸✳✸✳✸✮ B h ((u h , b h ), q h ) = 0, ✭✸✳✸✳✹✮ ❢♦r ❛•• (v h , c h ) ∈ W (Ω) ❛♥❞ q h ∈ Q h ✱ ✇❤❡r❡ A h ❛♥❞ B h ❛r❡ ❞❡✜♥❡❞ ❜② A h ((w, d), (u h , b h ), (v h , c h )) = A h (u h , v h ) + M h (b h , c h ) + O h (w, u h , v h ) + C h (d, v h , b h ) -C h (d, u h , c h ), ✭✸✳✸✳✺✮ B h ((u h , b h ), q h ) = B h (u h , q h ), ✭✸✳✸✳✻✮ ❲❡ ♠❛② r❡♠❛r❦ t❤❛t A h ✭r❡s♣❡❝t✐✈❡•② M h ✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ A h ✭r❡s♣❡❝t✐✈❡•② M h ✮ ♦♥ X h × X h ✭r❡s♣❡❝t✐✈❡•② ♦♥ C h ×C h ✮✳ ❙✐♠✐•❛r•②✱ B h ❝♦✐♥❝✐❞❡s ✇✐t❤ B h ♦♥ X h ×Q h ✳ ▼♦r❡♦✈❡r✱ A h ❛♥❞ M h ❝♦✐♥❝✐❞❡ ✇✐t❤ ❆ ❛♥❞ ▼ r❡s♣❡❝t✐✈❡•② ♦♥ H 1 T (Ω) × H 1 T (Ω)✳ ❙✐♠✐•❛r•② B h ❝♦✐♥❝✐❞❡s ✇✐t❤ ❇ ♦♥ H 1 T (Ω) × L 2 0 (Ω)✳ ✸✳✸✳✷ Pr♦♣❡rt✐❡s ♦❢ ❡①t❡♥❞❡❞ ❢♦r♠s ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥t✐♥✉✐t② t❤❛♥ t❤♦s❡ ❞❡✜♥❡ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✷✱ ✇❡ ❣✐✈❡ st❛❜✐•✐t② ❡st✐♠❛t❡s ❢♦r t❤❡ •✐❢t✐♥❣ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❛❜♦✈❡✳ ▲❡♠♠❛ ✸✳✸✳✷✳ ▲❡t L i ✱ N i ❛♥❞ M i ✇✐t❤ i = 1, 2 ❜❡ t❤❡ •✐❢t✐♥❣ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❋♦r ❛•• v ∈ X(h)✱ c ∈ C(h) ❛♥❞ ❢♦r ❛•• q ∈ Q(h) ✇❡ ❤❛✈❡ L 1 (v) 0,Ω C lift e∈F I h h -1 [[v]] T 2 0,e 1 2 and L 2 (c) 0,Ω C lift e∈F I h h -1 [[c]] T 2 0,e 1 2 ✭✸✳✸✳✼✮ N 1 (v) 0,Ω C lift e∈F h h -1 [[v]] N 2 0,e 1 2 and N 2 (c) 0,Ω C lift e∈F h h -1 [[c]] N 2 0,e 1 2 ✭✸✳✸✳✽✮ M 1 (v) 0,Ω C lift e∈F I h h -1 [[v]] N 2 0,e 1 2 and M 2 (q) 0,Ω C lift e∈F I h h -1 [[q]] 2 0,e 1 2 ✭✸✳✸✳✾✮ ❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✶✸ ❚❤❡ ❝♦♥st❛♥t C lift ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❜✉t ❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡✕r❡❣✉•❛r✐t② ♦❢ t❤❡ ♠❡s❤✳ Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ✈❡r② ♠✉❝❤ s✐♠✐•❛r t♦ ❬✼✽✱ Pr♦♣♦s✐t✐♦♥ ✶✷(✳ ▲❡t v ∈ X(h)✳ ❇② ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡ v = v h + v c ✇✐t❤ v h ∈ X h ❛♥❞ v c ∈ H 1 T (Ω)✳ ❚❤❡♥✱ s✐♥❝❡ [[v c ]] T = 0 ❢♦r ❛•• e ∈ F I h ✱ ✇❡ ❤❛✈❡✱ L 1 (v) 0,Ω = sup w∈X h Ω L 1 (v) • w dx w L 2 (Ω) = sup w∈X h e∈F I h e [[v h ]] T • { {w} } ds w L 2 (Ω) ✭✸✳✸✳✶✵✮ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳✺✱ ✇❡ ❤❛✈❡✿ e∈F I h e [[v h ]] T • { {w} } ds ≤ e∈F I h h e { {w} } 2 0,e 1 2 e∈F I h h -1 e [[v h ]] T 2 0,e 1 2 . ❯s✐♥❣ t❤❡ tr❛❝❡ ✐♥❡q✉❛•✐t② ❛♥❞ ❛ st❛♥❞❛r❞ s❝❛•✐♥❣ ❛r❣✉♠❡♥t✱ ✇❡ ♦❜t❛✐♥ e∈F I h h e { {w} } 2 0,e ≤ C T ∈T h w 2 0,T = C w 2 L 2 (Ω) ■♥s❡rt✐♥❣ t❤✐s ❡st✐♠❛t❡ ✐♥ ✭✸✳✸✳✶✵✮ ♣r♦✈❡s t❤❡ ✜rst ❡st✐♠❛t❡ ✐♥ ✭✸✳✸✳✼✮✳ ❋♦r t❤❡ ♦t❤❡r ❡st✐♠❛t❡s✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❚❤❡ ❢♦••♦✇✐♥❣ ▲❡♠♠❛ ❣✐✈❡s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❢♦r♠s A h ✱ M h ❛♥❞ B h ✳ ▲❡♠♠❛ ✸✳✸✳✸✳ ❋♦r ❛•• u, v ∈ X(h)✱ p ∈ Q(h)✱ b, c ∈ C(h) ✇❡ ❤❛✈❡✿ A h (u, v) Cν u v,h v v,h B h (v, p) C v v,h p 0,Ω M h (b, c) Cκµ b m,h c m,h Pr♦♦❢✳ ▲❡t ✉s ♣r♦✈❡ t❤❡ ♣r♦♣❡rt② ❢♦r t❤❡ ❢♦r♠ A h A h (u, v) := ν T ∈T h T curl u • curl v dx + ν T ∈T h T (div u)(div v) dx -ν Ω L 1 (v) • curl u dx + Ω L 1 (u) • curl v dx -ν Ω N 1 (v) div u dx + Ω N 1 (u) div v dx + ν e∈F I h σ 1 h e e [[u]] T • [[v]] T ds + ν e∈F h σ 2 h e e [[u]] N [[v]] N ds, = A 1 + A 2 + A 3 + A 4 . ❚❤❡ t❡r♠s A 1 ❛♥❞ A 4 ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦r I 1 ❛♥❞ I 2 r❡s♣❡❝t✐✈❡•② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳✼✳ ❋♦r A 2 ✱ ✇❡ ❤❛✈❡ ❜② ❛♣♣•②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ❛♥❞ tr❛❝❡ ✐♥❡q✉❛•✐t② ❝♦♠❜✐♥✐♥❣ ✇✐t❤ t❤❡ ❜♦✉♥❞s ❢♦r t❤❡ •✐❢t✐♥❣ ♦♣❡r❛t♦rs L 1 |A 2 | ≤ ν L 1 (v) 0,Ω e∈F I h h curl u 2 0,e 1/2 + ν L 1 (u) 0,Ω e∈F I h h curl v 2 0,e 1/2 ≤ νC lift e∈F I h h -1 [[v]] T 2 0,e 1 2 T ∈T h curl u 2 0,T 1 2 + e∈F I h h -1 [[u]] T 2 0,e 1 2 T ∈T h curl v 2 0,T 1 2 ≤ Cν u v,h v v,h . ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✶✹ Pr♦❝❡❡❞✐♥❣ ❛s ❛❜♦✈❡ ❛♥❞ ✉s✐♥❣ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ •✐❢t✐♥❣ ♦♣❡r❛t♦r N 1 ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✸✳✸✳✷✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞ ❢♦r A 3 |A 3 | ≤ Cν u v,h v v,h . ❋♦r t❤❡ ❢♦r♠s B h ❛♥❞ M h ✱ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❜♦✉♥❞s ❢♦••♦✇s ❢r♦♠ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ st❛❜✐•✐t② ❡st✐♠❛t❡s ❢♦r t❤❡ ♦♣❡r❛t♦rs L i ✱ N i ❛♥❞ M i ❢♦r i = 1, 2 ❡st❛❜•✐s❤❡❞ ✐♥ ▲❡♠♠❛ ✸✳✸✳✷✳ ❋♦r t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ❢♦r♠ O h ❛♥❞ t❤❡ ❝♦✉♣•✐♥❣ ❢♦r♠ C h ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✳ ▲❡♠♠❛ ✸✳✸✳✹✳ ▲❡t u ∈ X(h)✱ v ∈ X(h) ❛♥❞ c ∈ C(h)✳ ❲❡ ❤❛✈❡✿ C h (d, v, c) Cκ d L ∞ (Ω) c m,h v L 2 (Ω) + ( e∈F I h h e v 2 0,e ) 1 2 O h (w, u, v) C curl w L ∞ (Ω) u L 2 (Ω) v L 2 (Ω) Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✸✳✶✶✮ ✐s s✐♠✐•❛r t♦ t❤❛t ✐♥ ▲❡♠♠❛ ✸✳✷✳✽ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷(✳ ❋♦r t❤❡ ❝♦♥✈❡❝t✐♦♥ ❢♦r♠ O h ✱ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✶✶✮ ❢♦••♦✇s ✐♠♠❡❞✐❛t❡•② ❜② ❛♣♣•②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✷✳✹✽✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❦❡r♥❡• Ker( B h ) = {(u, b) ∈ W h ; B h ((u, b), q) = B h (u, q) = 0, ∀q ∈ Q h } ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ■♥❢✲s✉♣ ❢♦r B h ❛♥❞ t❤❡ ❝♦❡r❝✐✈✐t② r❡s✉•t ❢♦r t❤❡ ❢♦r♠s A h ✳ ▲❡♠♠❛ ✸✳✸✳✺✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦•❞✿ ✭✐✮ ❚❤❡r❡ ❡①✐sts C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h s✉❝❤ t❤❛t A h ((w, d), (u h , b h ), (u h , b h )) ≥ C min (ν, κµ)|||(u h , b h )||| 2 . ✭✸✳✸✳✶✶✮ ✭✐✐✮ ❚❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ inf q h ∈Q h sup (v h ,c h )∈W h B h ((v h , c h ), q h ) |||(v h , c h )||| q L 2 (Ω) C, ✭✸✳✸✳✶✷✮ ❤♦•❞s ✇✐t❤ ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳ ✸✳✸✳✸ |❡s✐❞✉❛•s ▲❡t (u, p, b) s♦•✉t✐♦♥ ♦❢ t❤❡ ❛♥❛•②t✐❝❛• ♣r♦❜•❡♠ ✭✸✳✷✳✶✮✲✭✸✳✷✳✹✮✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ r❡s✐❞✉❛•s✿ ❢♦r ❛•• v ∈ X h ✱ c ∈ C h ✿ R h ((u, b), (v, c), p) = A h (u, v) + O h (w, u, v) + C h (d, v, b) + B h (v, p) + M h (b, c) -C h (d, u, c) -(f , v h ) Ω -(g, c h ) Ω ✭✸✳✸✳✶✸✮ ❲❡ s❡t e u = u -u h ✱ e b = b -b h ❛♥❞ e p = p -p h ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ R h ((u, b), (v, c), p) = A h (e u , v) + O h (w, e u , v) + C h (d, v, e b ) + B h (v, e p ) + M h (e b , c) -C h (d, e u , c) ✭✸✳✸✳✶✹✮ ❖❜s❡r✈❡ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✸✳✹✮ ✐s ❝♦♥s✐st❡♥t✳ ❙♦✱ t❤❡ r❡s✐❞✉❛• R h ((u, b), (u, b), q) = B h ((e u , e b ), q) = 0 ❢♦r ❛•• q ∈ Q h ✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❡①♣r❡ss✐♦♥✿ R h ((u, b), p) = sup (v,c)∈W h R h ((u, b), (v, c), p) |||(v, c)||| ✭✸✳✸✳✶✺✮ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❣✐✈❡s s♦♠❡ ❜♦✉♥❞s ♦♥ t❤❡ r❡s✐❞✉❛•s✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✉s❡ ♦❢ t❤❡ st❛❜✐•✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢♦r♠s ✐♥ ❝♦♥❢♦r♠✐♥❣ s♣❛❝❡s✳ ❚❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡s ❣✐✈❡♥ ✐♥ ❬✻✵✱ ✺✾✱ ✼✼( ❝❛♥ ❜❡ ❡❛s✐•② ♠♦❞✐✜❡❞ t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻ ❛♥❞ ❤❡♥❝❡ t❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞✳ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻✳ ❆ss✉♠❡ t❤❡ ❛♥❛•②t✐❝❛• s♦•✉t✐♦♥ (u, p, b) ♦❢ ✭✸✳✷✳✶✮✲✭✸✳✷✳✹✮ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐✲ t✐♦♥s ✭✸✳✹✳✹✮✲✭✸✳✹✳✻✮ s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥ ✐♥ ✭✸✳✸✳✶✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• v ∈ X h ✱ c ∈ C h ✿ |R h ((u, b), (v, c), p)| |||(v, c)||| E(u, b, p) ✭✸✳✸✳✶✻✮ ✇✐t❤ E(u, b, p) ❜♦✉♥❞❡❞ ❜② E(u, b, p) Ch k u H k+1 (Ω) + b H k+1 (Ω) + p H k (Ω) ✭✸✳✸✳✶✼✮ ✇✐t❤ ❝♦♥st❛♥ts C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❡s❤ s✐③❡✳ |❡♠❛r❦ ✸✳✸✳✶✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s r❡s✉•t ✐s ❣✐✈❡♥ ✐♥ ❬✻✵✱ ✺✾( ✇✐t❤ E(u, b, p) ❜♦✉♥❞❡❞ ❜② E(u, b, p) Ch min{σ,k} u H σ+1 (Ω) + p H σ (Ω) + Ch min{τ,k} b H τ (Ω) + curl b H τ (Ω) , ✭✸✳✸✳✶✽✮ ❢♦r σ, τ > 1/2 ♣r♦✈✐❞❡❞ t❤❛t u ∈ H σ+1 (Ω), p ∈ H σ (Ω), b ∈ H τ (Ω), curl b ∈ H τ (Ω). ✭✸✳✸✳✶✾✮ ❚❤❡ ❞♦♠❛✐♥ Ω ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❜♦✉♥❞❡❞ s✐♠♣•②✲❝♦♥♥❡❝t❡❞ ▲✐♣s❝❤✐t③ ♣♦•②❤❡❞r♦♥ ❛♥❞ t❤❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ♠❛② ❤❛✈❡ r❡❣✉•❛r✐t② ❜❡•♦✇ H 1 (Ω)✳ ■♥❞❡❡❞✱ t❤❡r❡ ❡①✐sts ❛♥ ❡①♣♦♥❡♥t τ > 1/2✱ s✉❝❤ t❤❛t t❤❡ s♣❛❝❡ H(curl, Ω) ∩ H 0 (div, Ω) ✐s ❝♦♥t✐♥✉♦✉s•② ✐♠❜❡❞❞❡❞ ✐♥ H τ (Ω)✳ ■♥ ♦✉r ✇♦r❦✱ Ω ✐s ❝♦♥✈❡① ♣♦•②❤❡❞r❛• ♦r ♦❢ ❝•❛ss C 1,1 ❛♥❞ t❤❡♥ t❤❡ s♣❛❝❡ H(curl, Ω) ∩ H 0 (div, Ω) ✐s ❝♦♥t✐♥✉♦✉s•② ✐♠❜❡❞❞❡❞ ✐♥ H 1 (Ω)✳ ▼♦r❡ ❣❡♥❡r❛••②✱ ❞✉❡ t♦ ❈♦r♦••❛r② ✶✳✸✳✷ ✐♥ ❈❤❛♣t❡r ✶✱ t❤❡ s♣❛❝❡ X τ,2 (Ω) ❞❡✜♥❡❞ ❜② X τ,2 (Ω) = {v ∈ L 2 (Ω); curl v ∈ H τ (Ω), divv ∈ H τ (Ω), v • n = 0 on Γ} ✐s ❝♦♥t✐♥✉♦✉s•② ✐♠❜❡❞❞❡❞ ✐♥ H τ +1 (Ω) ❢♦r τ > 0✳ ❙♦✱ ✐❢ b s❛t✐s✜❡s t❤❡ r❡❣✉•❛r✐t② ✐♥ ✭✸✳✸✳✶✾✮ ❛♥❞ Ω ✐s ♠♦r❡ r❡❣✉•❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t b ❜❡•♦♥❣s t♦ H τ +1 (Ω) ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ b H τ (Ω) + curl b H τ (Ω) ≤ b H τ +1 (Ω) . ✭✸✳✸✳✷✵✮ ❍❡♥❝❡✱ t❤❡ ❜♦✉♥❞ ✭✸✳✸✳✶✽✮ ✐♠♣•✐❡s ✭✸✳✸✳✶✼✮✳ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✶✻ ✸✳✸✳✹ Pr♦♦❢ ♦❢ t❤❡ ❡rr♦r ❡st✐♠❛t❡s ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❡rr♦r ❡st✐♠❛t❡s ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s✿ ✇❡ ✜rst ❜♦✉♥❞ t❤❡ ❡rr♦rs ✐♥ t❤❡ ✈❡•♦❝✐t② u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b ❛♥❞ s❡❝♦♥❞ ✇❡ ❜♦✉♥❞ t❤❡ ❡rr♦rs ✐♥ t❤❡ ♣r❡ss✉r❡ p✳ ❲❡ s♣•✐t t❤❡ ❡rr♦rs ✐♥ u✱ b ❛♥❞ p ❛s✿ e u = u -u h = η u + χ u , e b = b -b h = η b + χ b and e p = p -p h = η p + χ p , ✇❤❡r❡✱ ❢♦r ❛•• ✜①❡❞ v ∈ X h ✱ c ∈ C h ❛♥❞ q ∈ Q h ✱ ✇❡ ❤❛✈❡ η u = u -v, χ u = v -u h η b = b -c, χ b = c -b h η p = p -q, χ p = q -p h ❙♣❡❝✐✜❝ ❛♣♣r♦①✐♠❛t✐♦♥s v✱ c ❛♥❞ q ✇✐•• ❜❡ ❝❤♦s❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡rr♦r ❛♥❛•②s✐s✳ ❙♦✱ t♦ ❜♦✉♥❞ t❤❡ ❡rr♦rs e u ✱ e b ❛♥❞ e p ✱ ✇❡ ♥❡❡❞ ♦♥•② t♦ ❞❡r✐✈❡ ❜♦✉♥❞s ❢♦r χ u ✱ χ b ✱ χ p ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ ✉s✐♥❣ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✳ ❆❜str❛❝t ❡rr♦r ✐♥ u ❛♥❞ b✳ ■♥ t❤❡ ❛✐♠ t♦ ♣r♦✈❡ t❤❡ ❜♦✉♥❞s ❢♦r e u ❛♥❞ e b ✱ ✇❡ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ❡rr♦r ❛♥❛•②s✐s ♦❢ t❤❡ st❛♥❞❛r❞ ❝♦♥❢♦r♠✐♥❣ ♠✐①❡❞ ♠❡t❤♦❞s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡s✐❞✉❛• t❡r♠s✳ ▲❡t ✉s ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❛❜str❛❝t ❡st✐♠❛t❡ ❢♦r e u v,h ❛♥❞ e b m,h ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ t❤❛t ✐♥ ❬✸✵✱ ❚❤❡♦r❡♠ ✹✳✽( ❢♦r t❤❡ ❡rr♦r ❛♥❛•②s✐s ♦❢ ❛ ❉• s❝❤❡♠❡ ❢♦r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜•❡♠✳ ❙❡❡ ❛•s♦ ❬✼✼✱ ❚❤❡♦r❡♠ ✹✳✼( ❛♥❞ ❬✺✾✱ ❚❤❡♦r❡♠ ✻✳✶( ❢♦r ❛♥ ❛❜str❛❝t ❡rr♦r ❜♦✉♥❞ ❢♦r t❤❡ ▼❛①✇❡•• ❡q✉❛t✐♦♥s✳ ❚❤❡♦r❡♠ ✸✳✸✳✼✳ ❚❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t |(❡ u , ❡ b ) | ≤ C inf (v,c)∈W h |||(η u , η b )||| + inf q∈Q h p -q L 2 (Ω) + R(u, b, p) . ✭✸✳✸✳✷✶✮ Pr♦♦❢✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ♦❢ ❡•❡♠❡♥ts (v, c) ∈ Ker( B h )✳ ❇② t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❢♦r♠ A h ✐♥ ✭✸✳✸✳✶✶✮✱ ✇❡ ♦❜t❛✐♥✿ C|||(χ u , χ b )||| 2 = C ν χ u 2 v,h + κµ χ b 2 m,h ≤ A h ((w, d), (χ u , χ b ), (χ u , χ b )) := A h (χ u , χ u ) + M h (χ b , χ b ) ✭✸✳✸✳✷✷✮ ❖❜s❡r✈❡ t❤❛t✱ A h (χ u , χ u ) + M h (χ b , χ b ) = A h (e u , χ u ) + M h (e b , χ b ) -A h (η u , χ u ) -M h (η b , χ b ) ❋r♦♠ ✭✸✳✸✳✶✹✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② v ∈ X h ❛♥❞ c ∈ C h A h (e u , v) + M h (e b , c) = R h ((u, b), (v, c), p) -O h (w, e u , v) -B h (v, e p ) +C h (d, e u , c) -C h (d, v, e b ) . ✭✸✳✸✳✷✸✮ ❚❤❡♥✱ ❝❤♦♦s✐♥❣ (v, c) = (χ u , χ b ) ✐♥ ✭✸✳✸✳✷✸✮ ❛♥❞ t❤❡♥ ✐♥s❡rt✐♥❣ t❤✐s ✐♥ ✭✸✳✸✳✷✷✮✱ ✇❡ ♦❜t❛✐♥ C ν χ u 2 v,h + κµ χ b 2 m,h ≤ -A h (η u , χ u ) + M h (η b , χ b ) + R h ((u, b), (χ u , χ b ), p) -B h (χ u , e p ) -O h (w, e u , χ u ) + C h (d, e u , χ b ) -C h (d, χ u , e b ) := T 1 + T 2 + T 3 + T 4 + T 5 . ❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ A h ❛♥❞ M h ✐♥ ▲❡♠♠❛ ✸✳✸✳✸✱ t❤❡ t❡r♠ T 1 ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❛s ❢♦••♦✇s |T 1 | ≤ Cν η u v,h χ u v,h + Cµκ η b m,h χ b m,h ≤ C max (ν, µκ) |||(χ u , χ b )||| |||(η u , η b )||| ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R h ✱ ✇❡ ❤❛✈❡ R h ((u, b), (χ u , χ b ), p) ≤ R h ((u, b), p)|||(χ u , χ b )|||. ✭✸✳✸✳✷✹✮ ◆❡①t✱ ❞✉❡ t♦ ✭✸✳✷✳✸✻✮ ❛♥❞ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t (v, c) ∈ Ker ( B h )✱ ✇❡ ❞❡❞✉❝❡ t❤❛t v -u h ❜❡•♦♥❣s t♦ Ker B h ✳ ❚❤❡♥✱ ❢♦r ❛♥② q ∈ Q h T 3 = -B h (χ u , e p ) = -B h (χ u , p -q). ■t ❢♦••♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✸✳✸ t❤❛t |T 3 | ≤ C χ u v,h p -q L 2 (Ω) ≤ C|||(χ u , η b )||| p -q L 2 (Ω) ❚♦ ❡st✐♠❛t❡ T 4 ✱ ♦❜s❡r✈❡ ✜rst t❤❛t T 4 = -O h (w, η u , χ u )✳ ❚❤❡♥ ❜② t❤❡ ❜♦✉♥❞ ✐♥ ▲❡♠♠❛ ✸✳✸✳✹ ❛♥❞ ✭✸✳✷✳✹✷✮✱ ✇❡ ♦❜t❛✐♥ |T 4 | ≤ C η u v,h χ u m,h ≤ C|||(η u , η b )||||||(χ u , χ b )|||. ❙✐♠✐•❛r•②✱ t❤❡ t❡r♠ T 5 ✈❡r✐✜❡s T 5 = C h (d, η u , χ b ) -C h (d, χ u , η b ). ❚❤❡♥✱ T 5 ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ✉s✐♥❣ ▲❡♠♠❛ ✸✳✸✳✹ ❛♥❞ ❛♣♣•②✐♥❣ (♦✉♥❣✬s ✐♥❡q✉❛•✐t② (2ab ≤ a 2 + b 2 ) |T 5 | ≤ Cκ η u v,h χ b + χ u v,h η b ≤ Cκ|||(η u , η b )||||||(χ u , χ b )||| ❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❜♦✉♥❞s ②✐❡•❞s |||(χ u , χ b )||| ≤ C|||(η u , η b )||| + C p -q L 2 (Ω) + R(u, b, p). ❚❤❡♥✱ ❜② t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ |(❡ u , ❡ b ) | ≤ C|||(η u , η b )||| + C p -q L 2 (Ω) + R(u, b, p), ✭✸✳✸✳✷✺✮ ❢♦r ❛♥② (v, c) ∈ Ker( B h ) ❛♥❞ q ∈ Q h ✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✷✶✮✳ ▲❡t ✉s ♣r♦✈❡ ♥♦✇ t❤❛t t❤✐s ❡st✐♠❛t❡ st✐•• ❤♦•❞s ❢♦r ❛♥ ❛r❜✐tr❛r② (v, c) ∈ W h ✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜•❡♠✿ ✜♥❞ (r, s) ∈ W h s✉❝❤ t❤❛t B h ((r, s), q) = B h ((η u , η b ), q), ∀q ∈ Q h . ❚❤❛♥❦s t♦ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ❢♦r B h ✱ t❤❡r❡ ❡①✐sts ❛ s♦•✉t✐♦♥ (r, s) s❛t✐s❢②✐♥❣ |||(r, s)||| ≤ C|||(η u , η b )|||. ✭✸✳✸✳✷✻✮ ❙✐♥❝❡ B h ((u, b), q) = 0 ❢♦r ❛♥② q ∈ Q h ✱ ✇❡ ❤❛✈❡ t❤❛t (r + v, s + c) ∈ Ker( B h ) ❛♥❞ ✇❡ ❝❛♥ ✐♥s❡rt ✐t ✐♥ ✭✸✳✸✳✷✼✮✳ ❆♣♣•②✐♥❣ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ |(❡ u , ❡ b ) | ≤ C|||(η u , η b )||| + |||(r, s)||| + C p -q L 2 (Ω) + R(u, b, p). ✭✸✳✸✳✷✼✮ ❙♦✱ t❤❡ ❛❜str❛❝t ❡rr♦r ❡st✐♠❛t❡ ✭✸✳✸✳✷✶✮ ❢♦••♦✇s ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞ ✭✸✳✸✳✷✻✮✳ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✶✽ ❆❜str❛❝t ❡rr♦r ✐♥ t❤❡ ♣r❡ss✉r❡ p✳ ❲❡ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ ❡rr♦r ✐♥ p✳ ❲❡ ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ ❛♥ ❛❜str❛❝t ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♣r❡ss✉r❡ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ ❢♦r t❤❡ ❡rr♦r ✐♥ (u, b)✳ ❚❤❡♦r❡♠ ✸✳✸✳✽✳ ❚❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t e p L 2 (Ω) ≤ C inf (v,c)∈W h |||(η u , η b )||| + inf q∈Q h p -q L 2 (Ω) + R(u, b, p) . ✭✸✳✸✳✷✽✮ Pr♦♦❢✳ ❋✐① q ∈ Q h ✳ ❚❤❛♥❦s t♦ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r B h ✱ ✇❡ ♦❜t❛✐♥ p h -q L 2 (Ω) = χ p L 2 (Ω) ≤ C sup (v,c)∈W h B h ((v, c), η p ) |||(v, c)||| + C sup (v,c)∈W h B h ((v, c), e p ) |||(v, c)||| , ❛♥❞ t❤❡♥ ❜② ❝♦♥t✐♥✉✐t② ♦❢ B h ✱ p h -q L 2 (Ω) ≤ C η p + C sup (v,c)∈W h B h ((v, c), e p ) |||(v, c)||| , ■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡✳ ■♥ ✈✐❡✇ ♦❢ ✭✸✳✸✳✶✹✮✱ ✇❡ ❤❛✈❡ B h ((v, c), e p ) = R h ((u, b), (v, c), p) -A h (e u , v) -O h (w, e u , v) -C h (d, v, e b ) -M h (e b , c) + C h (d, e u , c) Pr♦❝❡❡❞✐♥❣ ❛s ❛❜♦✈❡✱ ❜② ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠s A h ✱ M h ✱ O h ❛♥❞ C h ✱ ✇❡ ♦❜t❛✐♥ p h -q L 2 (Ω) ≤ C |(e u , e b ) | + C η p . ■♥s❡rt✐♥❣ t❤❡ ❛❜str❛❝t ❡rr♦r ✐♥ ✭✸✳✸✳✷✶✮ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✷✽✮✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❡st✐♠❛t❡s✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ❣✐✈❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ❛♥❞ t❤❡ ♣r❡ss✉r❡ ❞❡♥♦t❡❞ ❜② v✱ c ❛♥❞ q r❡s♣❡❝t✐✈❡•②✳ ❋♦r t❤✐s✱ ✇❡ ✉s❡ t❤❡ ♦♣❡r❛t♦r I h t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b✳ ❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉•t ✭✸✳✷✳✺✺✮✳ ❲❡ ✉s❡ t❤❡ L 2 ✲♣r♦•❡❝t✐♦♥ ♦❢ ❞❡❣r❡❡ k -1 ♦♥t♦ Q h t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r❡ss✉r❡ p✳ ❙♦ ❢♦r ❛♥② T ∈ T h ✱ ∀q ∈ P k-1 , T q(p -Π Q p) dx = 0. ✭✸✳✸✳✷✾✮ ▼♦r❡♦✈❡r✱ ✇❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉•t ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✾(✮ ▲❡♠♠❛ ✸✳✸✳✾✳ ❋♦r ❛♥② q ∈ H s (Ω) ∩ L 2 0 (Ω) ✇✐t❤ s ∈ [0, k]✱ ✇❡ ❤❛✈❡ p -Π Q p 0,T ≤ h s T q s,T ✭✸✳✸✳✸✵✮ ❙♦✱ ✐❢ ✇❡ t❛❦❡ v = I h (u)❀ c = I h b✱ q = Π Q (p) ✇✐t❤ Π Q t❤❡ ♣r♦•❡❝t✐♦♥ ♦❢ ♦r❞❡r k -1 ♦♥ Q h ❛♥❞ I h ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✺✸✮✲✭✸✳✷✳✺✹✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ✭✸✳✷✳✺✺✮ ❛♥❞ ✭✸✳✸✳✸✵✮ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✵✳ ❆ss✉♠❡ ((u, b), p) s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✶✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ |||(η u , η b )||| + η p L 2 (Ω) Ch k u H k+1 (Ω) + b H k+1 (Ω) + p H k (Ω) , ✭✸✳✸✳✸✶✮ ✇✐t❤ C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❡s❤ s✐③❡✳ ❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ■♥•❡❝t✐♥❣ ✭✸✳✸✳✶✼✮ ❛♥❞ ✭✸✳✸✳✸✶✮ ✐♥ ✭✸✳✸✳✷✶✮ ❛♥❞ ✭✸✳✸✳✷✽✮✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✸✳✷✮ ✸✳✹ ❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❡①t❡♥❞ t❤❡ ❢✉••② ❞✐s❝♦♥t✐♥✉♦✉s ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ t❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ ♣r♦❜•❡♠✿ -ν ∆u + (curl u) × u + ∇p -κ(curl b) × b = f ✐♥ Ω, ✭✸✳✹✳✶✮ κµ curl curl b -κ curl(u × b) = g ✐♥ Ω, ✭✸✳✹✳✷✮ div u = 0 and div b = 0 in Ω, ✭✸✳✹✳✸✮ u • n = 0 and curl u × n = ✵ on Γ, ✭✸✳✹✳✹✮ b • n = 0 and curl b × n = ✵ on Γ. ✭✸✳✹✳✺✮ ❛♥❞ p ✇✐t❤ ③❡r♦ ♠❡❛♥ ♦✈❡r Ω✿ Ω p dx = 0. ✭✸✳✹✳✻✮ ❆♥❛•♦❣♦✉s•② t♦ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣ ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ ♣r♦❜•❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✸✳✶✱ ❈❤❛♣t❡r ✷✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜•❡♠ ❛♥❞ ✇❡ ❛♣♣•② ❛ ✜①❡❞✲♣♦✐♥t ❛r❣✉♠❡♥t t♦ ♣r♦✈❡ ✐ts ✇❡•• ♣♦s❡❞♥❡ss✳ ❲❡ s❤❛•• ♠❛❦❡ t❤❡ ❛❞❞✐t✐♦♥❛• s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥s ♦♥ Ω✳ ■♥❞❡❡❞✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❞♦♠❛✐♥ Ω ❤❛s ❛ ❜♦✉♥❞❛r② ♦❢ ❝•❛ss C 2,1 ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ♠✐①❡❞ ✜♥✐t❡ ❡•❡♠❡♥t ♠❡t❤♦❞✿ ❋✐♥❞ ((u h , b h ), p h ) ∈ W h × Q h s✉❝❤ t❤❛t A h ((u h , b h ), (u h , b h ), (v h , c h )) + B h ((v h , c h ), p h ) = L((v h , c h )), ✭✸✳✹✳✼✮ B h ((u h , b h ), q h ) = 0, ✭✸✳✹✳✽✮ ❢♦r ❛•• (v h , c h ) ∈ W h ❛♥❞ q h ∈ Q h ✱ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠s A h ❛♥❞ B h ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✸✺✮ ❛♥❞ ✭✸✳✷✳✸✻✮✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ K h ❞❡✜♥❡❞ ❜②✿ K h = {(u h , b h ) ∈ W h ; B h ((u h , b h ), q h ) = B h (u h , q h ) = 0, ∀q h ∈ Q h }. ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐s❝r❡t❡ ♦♣❡r❛t♦r F h : K h → K h ❞❡✜♥❡❞ ❜②✿ F h (w, d) = (u h , b h ) ✇✐t❤ (u h , b h ) t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u h , p h , b h , r h ) ♦❢ (3.2.33) -(3.2.34) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✶✳ ❚❤❡♥✱ t❤❡ ❞✐s❝r❡t❡ ❉• s❝❤❡♠❡ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥✱ ❡q✉✐✈❛•❡♥t•② ❛s t❤❡ ✜①❡❞✲♣♦✐♥t ♣r♦❜•❡♠✿ Find (u h , b h ) ∈ K h such that F h (w, d) = (u h , b h ). ✭✸✳✹✳✾✮ ■♥ ✇❤❛t ❢♦••♦✇s✱ ✇❡ ❢♦❝✉s ♦♥ ❛♥❛•②s✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ ✜①❡❞ ♣♦✐♥t✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♠✉st ✈❡r✐❢② t❤❛t t❤❡ ♦♣❡r❛t♦r F h ❞❡✜♥✐♥❣ t❤❡ ❞✐s❝r❡t ♣r♦❜•❡♠ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❇r♦✉✇❡r✬s ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠ ❬✷✽✱ ❚❤❡♦r❡♠ ✾✳✾✲✷(✳ ◆❡①t✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♠❡t❤♦❞✳ ✸✳✹✳✶ ❆ ♥❡✇ L p ❞✐s❝r❡t❡ ❙♦❜♦•❡✈✬s ✐♥❡q✉❛•✐t② ♦♥ ❞✐s❝♦✉♥t✐♥✉♦✉s s♣❛❝❡s ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✜rst ❡st❛❜•✐s❤ ❛ r❡❣✉•❛r✐t② r❡s✉•t ❢♦r t❤❡ ▲❛♣•❛❝❡✬s ❡q✉❛t✐♦♥ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s r❡s✉•t ♣•❛②s ❛ ❝❡♥tr❛• r♦•❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❛ ♥❡✇ ❞✐s❝r❡t❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ ❛••♦✇✐♥❣ ♦♥❡ t♦ ❡st❛❜•✐s❤ t❤❡ ✇❡••✲♣♦s❡❞♥❡ss ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❉• s❝❤❡♠❡ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ✐t ✐s ✐♥❞❡❡❞ ♣♦ss✐❜•❡ t♦ ❞❡r✐✈❡ ❛ r❡❣✉•❛r✐t② r❡s✉•t s✐♠✐•❛r t♦ t❤♦s❡ ✐♥ ❬✶✸✱ ✶✺( ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠ ✇❤❡♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ✐s ♥♦t ✐♠♣♦s❡❞✳ ❚❤✐s r❡s✉•t ✐s ♣r❡s❡♥t❡❞ ❤❡r❡ ✐♥ ❛ ♥♦♥ ❍✐•❜❡rt✐❛♥ s❡tt✐♥❣ ✇❤✐❝❤ ✐s ♠♦r❡ ❣❡♥❡r❛• t❤❛♥ t❤❛t ♥❡❡❞❡❞ t♦ ❛♥❛•②③❡ ♦✉r ♠♦❞❡•✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ r❡s✉•t ❜❡•♦✇ ✐s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st t♦ ❛♥❛•②③❡ ♦t❤❡r ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠s✱ ✇❡ ❝❤♦♦s❡ t♦ ❣✐✈❡ ✐t ✐♥ L p s♣❛❝❡s ✇✐t❤ p ≥ 6/5✳ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ▲❡t Ω ⊂ R 3 ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s✐♠♣•②✲❝♦♥♥❡❝t❡❞ s❡t ♦❢ ❝•❛ss C 2,1 ✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t g ∈ L p (Ω) ✇✐t❤ p ≥ 6/5✳ ❚❤❡♥✱ t❤❡ ❢♦••♦✇✐♥❣ ▲❛♣•❛❝❡ ❡q✉❛t✐♦♥✿    -∆u = g in Ω u • n = 0 and curl u × n = ✵ on Γ ✭✸✳✹✳✶✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ u ∈ W 2,p (Ω) ✇❤✐❝❤ ❛•s♦ s❛t✐s✜❡s✿ u W 2,p (Ω) C g L p (Ω) . ✭✸✳✹✳✶✶✮ Pr♦♦❢✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ p = 2 ❛♥❞ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦•✉t✐♦♥s ✐♥ H 1 (Ω)✳ ❚❤❡ ♣r♦❜•❡♠ ✭✸✳✹✳✶✵✮ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢♦••♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥✿ ❋✐♥❞ u ∈ ❍ 1 T (Ω) s✉❝❤ t❤❛t✿ ∀ v ∈ ❍ 1 T (Ω), Ω curl u • curl v dx + Ω (divu) (divv) dx = Ω ❣ • v d① . ✭✸✳✹✳✶✷✮ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❜✐•✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠✿ a(•, •) : H 1 T (Ω) × H 1 T (Ω) → R ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ a(u, v) = Ω curl u • curl v dx + Ω (divu) (divv) dx. ❯s✐♥❣ ✐♥❡q✉❛•✐t② ✭✸✳✷✳✾✮✱ t❤❡ ❢♦r♠ a(•, •) ✐s ❝♦❡r❝✐✈❡ ♦♥ H 1 T (Ω)✳ ❙✐♥❝❡ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡ ❞❡✜♥❡s ❛ •✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ ❍ 1 T (Ω)✱ ✇❡ ❞❡❞✉❝❡ ❜② t❤❡ ▲❛①✲▼✐•❣r❛♠✬s ▲❡♠♠❛ t❤❛t ♣r♦❜•❡♠ ✭✸✳✹✳✶✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ u ∈ ❍ 1 T (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ u ❍ 1 (Ω) ≤ C ❣ ▲ 2 (Ω) . ✭✸✳✹✳✶✸✮ ▼♦r❡♦✈❡r✱ ✇❡ s❡t ③ = curl u✳ ❚❤❡♥ ③ s❛t✐s✜❡s t❤❡ ♣r♦❜•❡♠    -∆ ③ = curl ❣ and div ③ = 0 in Ω, ③ × ♥ = ✵ on Γ, ✭✸✳✹✳✶✹✮ ✇❤✐❝❤ ✐s ❛ ♣r♦❜•❡♠ ♦❢ t②♣❡ (E N ) ❛♥❛•②③❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❙✐♥❝❡ curl ❣ ❜❡•♦♥❣s t♦ [H 2,2 0 (curl, Ω)] ′ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ❝♦♥❞✐t✐♦♥ div(curl g) = 0 ✐♥ Ω✱ ✐t ❢♦••♦✇s ❢r♦♠ ▲❡♠♠❛ ✶✳✸✳✹ ✭s❡❡ ❈❤❛♣t❡r✶✮ t❤❛t ③ ∈ ❍ 1 (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ curl u H 1 (Ω) = ③ ❍ 1 (Ω) ≤ C ❣ ▲ 2 (Ω) . ✭✸✳✹✳✶✺✮ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ∇ div u = ∆u + curl curl u ∈ ▲ 2 (Ω) ❛♥❞ t❤❡♥ div u ❜❡•♦♥❣s t♦ H 1 (Ω)✳ ❆♣♣•②✐♥❣ ❈♦r♦••❛r② ✶✳✸✳✷ •❡❛❞s t♦ ❞❡❞✉❝❡ t❤❛t u ∈ ❍ 2 (Ω)✳ ❯s✐♥❣ ✭✸✳✹✳✶✺✮✱ ✇❡ ♦❜t❛✐♥ div ✉ H 1 (Ω) ≤ C ❣ ▲ 2 (Ω) . ✭✸✳✹✳✶✻✮ ❋✐♥❛••②✱ ❡st✐♠❛t❡ ✭✸✳✹✳✶✶✮ ❢♦r p = 2 ❢♦••♦✇s ❢r♦♠ ✭✸✳✹✳✶✺✮ ❛♥❞ ✭✸✳✹✳✶✻✮✳ ❋♦r t❤❡ r❡s✉•t ✐♥ t❤❡ ♥♦♥ ❍✐•❜❡rt ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✳ ❋✐rst ❝❛s❡✿ p > 2✳ ❲❡ ❦♥♦✇ t❤❛t ♣r♦❜•❡♠ ✭✸✳✹✳✶✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ u ∈ ❍ 2 (Ω) ֒→ ▲ ∞ (Ω)✳ ❚❤❡♥ u ❜❡•♦♥❣s t♦ ▲ q (Ω) ❢♦r ❛•• 1 ≤ q ≤ ∞✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ curl g ∈ [H r ′ ,p ′ 0 (curl, Ω)] ′ ✱ ✐t ❢♦••♦✇s ❛❣❛✐♥ ❢r♦♠ ▲❡♠♠❛ ✶✳✸✳✹ ✭s❡❡ ❈❤❛♣t❡r✶✮ t❤❛t ♣r♦❜•❡♠ ✭✸✳✹✳✶✹✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ ✐♥ ❲ 1,p (Ω)✳ ❙✐♠✐•❛r•② t♦ t❤❡ ❝❛s❡ p = 2✱ t❤✐s ✐♠♣•✐❡s t❤❛t ∇ div u ❜❡•♦♥❣s t♦ ▲ p (Ω) ❛♥❞ ❜② ❬✶✵✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✵(✱ ✇❡ ❞❡❞✉❝❡ t❤❛t div u ∈ W 1,p (Ω)✳ ■♥ s✉♠♠❛r②✱ ✇❡ ❤❛✈❡ u ∈ L p (Ω), div u ∈ L p (Ω), curl u ∈ L p (Ω) and u • n = 0 on Γ. ✭✸✳✹✳✶✼✮ ❆♣♣•②✐♥❣ ❛❣❛✐♥ ❈♦r♦••❛r② ✶✳✸✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u ∈ ❲ 2,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✶✶✮✳ ❙❡❝♦♥❞ ❝❛s❡✿ 6/5 ≤ p < 2✳ ❖❜s❡r✈❡ t❤❛t g ✐s ❛t •❡❛st ▲ 6/5 (Ω)✳ ❙✐♥❝❡ H 1 (Ω) ֒→ L 6 (Ω)✱ t❤❡ r✐❣❤t✲ ❤❛♥❞ s✐❞❡ ✐♥ ✭✸✳✹✳✶✷✮ st✐•• ❞❡✜♥❡s ❛ •✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ H 1 (Ω)✳ ❇② t❤❡ ▲❛①✲▼✐•❣r❛♠ •❡♠♠❛✱ t❤❡ ♣r♦❜•❡♠ ✭✸✳✹✳✶✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ u ∈ ❍ 1 (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿ u ❍ 1 (Ω) ≤ C ❣ ▲ 6/5 (Ω) . ◆❡①t✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ✜rst st❡♣ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t curl u ❜❡•♦♥❣s t♦ ❲ 1,p (Ω) ❛♥❞ t❤❡♥ ∇ div u ∈ ❲ 1,p (Ω)✳ ◆♦✇✱ s✐♥❝❡ u ∈ ▲ 6 (Ω) ֒→ ▲ p (Ω)✱ t❤❡ s♦•✉t✐♦♥ u s❛t✐s✜❡s ✭✸✳✹✳✶✼✮✳ ❆♣♣•②✐♥❣ ❛❣❛✐♥ ❈♦r♦••❛r② ✶✳✸✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u ❜❡•♦♥❣s t♦ ❲ 2,p (Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✶✶✮✳ ❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❞✐s❝r❡t❡ ♣r♦❜•❡♠ ✐s ✇❡•• ♣♦s❡❞✱ ✇❡ s❤❛•• r❡q✉✐r❡ ❛ ❞✐s❝r❡t❡ L p ❡st✐♠❛t❡ ❢♦r ❢✉♥❝t✐♦♥s ✐♥ X h ✇✐t❤ p ≤ 6✱ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦r♠ • v,h ✳ ❚❤❡ ✐♥❡q✉❛•✐t② ✭✸✳✹✳✶✾✮ ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t ▲❡♠♠❛ ✐s t❤❡ ❡q✉✐✈❛•❡♥t ♦❢ t❤❡ ❢♦••♦✇✐♥❣ L r ❙♦❜♦•❡✈✬s ✐♥❡q✉❛•✐t② ✇✐t❤ r ∈ [2, ∞) ♣r♦✈❡♥ ✐♥ ❬✹✼✱ ▲❡♠♠❛ ✻✳✷( ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✿ ❢♦r ❛♥② v h ∈ X h ✱ v h L r (Ω) ≤ C(r)|||v h ||| h := C(r) T ∈T h ∇v h 2 0,T + e∈F h γ h e [[v h ]] 2 0,e 1/2 , ✭✸✳✹✳✶✽✮ ✇❤❡r❡ γ > 0 ✐s ❛ st❛❜✐•✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❙♦❜♦•❡✈✬s ✐♥❡q✉❛•✐t② ✭✸✳✹✳✶✾✮ ✇✐•• ❜❡ ♥❡❡❞❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✳✼ ❜❡•♦✇✳ ▼♦r❡ s♣❡❝✐✜❝❛••②✱ ✐t ✐s r❡q✉✐r❡❞ t♦ ❜♦✉♥❞ t❤❡ ❢♦r♠s O h ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦r♠ • v,h ✇❤❡♥ ❞❡r✐✈✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r F h ✳ ❚❤✐s ✐♥❡q✉❛•✐t② ✇✐•• ❛•s♦ ❜❡ r❡q✉✐r❡❞ t♦ ❤❛♥❞•❡ t❤❡ ❝♦✉♣•✐♥❣ ❢♦r♠ C h ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ ✭✸✳✹✳✶✽✮ ❜✉t ♥♦t ❡•❡♠❡♥t❛r② ❜❡❝❛✉s❡ ✐t ❤❡❛✈✐•② r❡•✐❡s ♦♥ t❤❡ ♥❡✇ r❡❣✉•❛r✐t② t❤❡♦r❡♠ st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✇❤❡♥ t❤❡ t❛♥❣❡♥t✐❛• ❛♥❞ ♥♦r♠❛• •✉♠♣s ♥♦r♠s r✉♥ ♦✈❡r t❤❡ ❢❛❝❡s ♦❢ t❤❡ tr✐❛♥❣✉•❛t✐♦♥✳ ▲❡♠♠❛ ✸✳✹✳✷✳ ❋♦r ❡❛❝❤ r❡❛• ♥✉♠❜❡r p ∈ (1, 6]✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h s✉❝❤ t❤❛t ✿ ∀v h ∈ X h , v h L p (Ω) C v h v,h ✭✸✳✹✳✶✾✮ Pr♦♦❢✳ ▲❡t H 1 T (Ω) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ H 1 (Ω) ✇✐t❤ ③❡r♦ ♥♦r♠❛• tr❛❝❡ ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✽✮✳ ❋♦••♦✇✐♥❣ ❬✹✼(✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ •✐❢t✐♥❣ v(h) ♦❢ v h ✇❤❡r❡ v(h) ∈ H 1 T (Ω) ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ ∀w ∈ H 1 T (Ω), Ω curl v(h) • curl w dx + Ω div v(h) div w dx ✭✸✳✹✳✷✵✮ = T ∈T h T curl v h • curl w dx + T ∈T h T (div v h )(div w) dx. ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✷✷ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡ div v(h) L 2 (Ω) + curl v(h) L 2 (Ω) ≤ T ∈T h div v h 2 0,T + T ∈T h curl v h 2 0,T 1/2 ≤ v h v,h . ▼♦r❡♦✈❡r✱ s✐♥❝❡ v(h) ❜❡•♦♥❣s t♦ H 1 T (Ω)✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✸✳✷✳✶✵✮ ❢♦r ❛♥② 1 ≤ p ≤ 6 v(h) L p (Ω) ≤ C v h v,h . ✭✸✳✹✳✷✶✮ ❙♦✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ✭✸✳✹✳✶✾✮ ❤♦•❞s ❢♦r v h -v(h) ❛♥❞ t❤❡♥ t♦ ✉s❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✳ ❇② ❞✉❛•✐t②✱ ✇❡ ❤❛✈❡ v h -v(h) L p (Ω) = sup g∈L p ′ (Ω) Ω (v h -v(h)) • g dx g L p ′ (Ω) , ✇❤❡r❡ 1 p ′ = 1 -1 p ✳ ❙✐♥❝❡ p 6✱ t❤❡♥ p ′ 6 5 ❛♥❞ g ❛•✇❛②s ❜❡•♦♥❣s t♦ L 6/5 (Ω)✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠    -∆φ = g ✐♥ Ω curl φ × n = ✵ ❛♥❞ φ • n = 0 ♦♥ Γ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ φ ∈ W 2, 6 5 (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡ φ W 2, 6 5 (Ω) C g L 6 5 (Ω) ≤ C g L p ′ (Ω) ✭✸✳✹✳✷✷✮ ❚❤❡♥✱ s✐♥❝❡ [[v(h)]] N = 0 ❢♦r ❛•• e ∈ F h ✱ [[v(h)]] T = ✵ ❢♦r ❛•• e ∈ F I h ❛♥❞ (curl φ) × n = 0 ♦♥ Γ✱ t❤❡ r❡❣✉•❛r✐t② ♦❢ φ ❛♥❞ ✭✸✳✹✳✷✵✮ ✐♠♣•② t❤❛t Ω (v h -v(h)) • g dx = - Ω ∆φ • (v -v(h)) dx = - e∈F h e div φ [[v h ]] N ds + e∈F I h e curl φ • [[v h ]] T ds ✭✸✳✹✳✷✸✮ ❲❡ ♥❡❡❞ t♦ ❜♦✉♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✳✷✸✮✳ ❲❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ ✜rst t❡r♠ ✐♥✈♦•✈✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ❛♥❞ t❤❡ ♥♦r♠❛• •✉♠♣s✳ ❆ s✐♠✐•❛r ❜♦✉♥❞ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠✱ ✐♥✈♦•✈✐♥❣ t❤❡ r♦t❛t✐♦♥❛• ♦♣❡r❛t♦r ❛♥❞ t❤❡ t❛♥❣❡♥t✐❛• •✉♠♣s✱ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❡①❛❝t•② ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛♥❞ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥s✳ ❙✐♥❝❡ div φ ❜❡•♦♥❣s t♦ W 1,6/5 (Ω)✱ t❤❡ tr❛❝❡ ♦❢ div φ ♦♥ ❡❛❝❤ ❢❛❝❡ e ❜❡•♦♥❣s t♦ W 1/6,6/5 (e) ֒→ L 4/3 (e)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ e div φ [[v h ]] N ds div φ L 4/3 (e) [[v h ]] N L 4 (e) ✭✸✳✹✳✷✹✮ P❛ss✐♥❣ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❡•❡♠❡♥t T ✇✐t❤ t❤❡ ❢❛❝❡ ê✱ ✇❡ ❤❛✈❡ divφ L 4/3 (e) ≤ C|e| 3 4 div φ L 4/3 (ê) ◆❡①t✱ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ tr❛❝❡ ✐♥❡q✉❛•✐t②✿ v L p (e) ≤ ch -1 p +d( 1 p -1 q ) T v L q (T ) , ✭✸✳✹✳✷✺✮ ❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ✶✷✸ ✇✐t❤ p = 4 3 ✱ q = 2 ❛♥❞ d = 3 t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,6/5 ( T ) ֒→ L 2 ( T )✱ ✇❡ ♦❜t❛✐♥ divφ L 4/3 (e) ≤ C|e| 3 4 div φ L 2 ( T ) ≤ C|e| 3 4 div φ W 1,6/5 ( T ) ❆♣♣•②✐♥❣ t❤❡ ✐♥❡q✉❛•✐t② v W 1,p ( T ) ≤ C h T |T | 1 p v W 1,p (T ) ✇❡ ❞❡❞✉❝❡ t❤❛t divφ L 4/3 (e) ≤ C|e| 3 4 h T |T | 5 6 divφ W 1,6/5 (T ) ▼♦r❡♦✈❡r✱ ❜② ✈✐rt✉❡ ♦❢ ❛ss✉♠♣t✐♦♥ ✭✸✳✷✳✸✷✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② T ∈ T h |e| √ T ≤ C h T ρ T ≤ Cς, ✇❤✐❝❤ ❣✐✈❡s divφ L 4/3 (e) ≤ C divφ W 1,6/5 (T ) . ✭✸✳✹✳✷✻✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ [[v h ]] N L 4 (e) ≤ C|e| 1/4 [[ v h ]] N L 2 (ê) ≤ C|e| -1/2 [[v h ]] N L 2 (e) , ✭✸✳✹✳✷✼✮ ✇❤❡r❡ ❛ •♦❝❛• ❡q✉✐✈❛•❡♥❝❡ ♦❢ ♥♦r♠s ✐s ✉s❡❞✳ ❈♦♠❜✐♥✐♥❣ ✭✸✳✹✳✷✻✮ ❛♥❞ ✭✸✳✹✳✷✼✮ ✐♥ ✭✸✳✹✳✷✹✮✱ ✇❡ ♦❜t❛✐♥ e div φ [[v h ]] N ds C divφ W 1,6/5 (T ) |e| -1/2 [[v h ]] N L 2 (e) . ✭✸✳✹✳✷✽✮ ❋✐♥❛••②✱ s✉♠♠✐♥❣ ♦✈❡r e ∈ F h ❛♥❞ ✉s✐♥❣ ❡st✐♠❛t❡ ✭✸✳✹✳✷✷✮✱ ✇❡ ♦❜t❛✐♥ e∈F h e div φ [[v h ]] N ds C g L p ′ (Ω) e∈F h σ 1 |e| [[v h ]] N 2 L 2 (e) 1/2 . ✭✸✳✹✳✷✾✮ ❆ ✈❡r② ♠✉❝❤ s✐♠✐•❛r ♣r♦♦❢ ❣✐✈❡s e∈F I h e curl φ • [[v h ]] T ds C g L p ′ (Ω) e∈F I h σ 2 |e| [[v h ]] T 2 L 2 (e) 1/2 . ✭✸✳✹✳✸✵✮ ❈♦••❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✭✸✳✹✳✷✾✮✲✭✸✳✹✳✸✵✮ ✐♥t♦ ✭✸✳✹✳✷✸✮✱ ✇❡ ♦❜t❛✐♥ Ω (v h -v(h)) • g dx C g L p ′ (Ω) v h 1,h ✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✶✾✮✳ |❡♠❛r❦ ✸✳✹✳✸✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❞✐s❝r❡t❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ ✭✸✳✹✳✶✾✮ ✐s t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❛t ✈❛•✐❞ ❛t t❤❡ ❝♦♥t✐♥✉♦✉s •❡✈❡• ✭✸✳✷✳✶✵✮✳ ■♥❞❡❡❞✱ ✐❢ v ∈ H 1 T (Ω)✱ ✇❡ ❤❛✈❡ [[v(h)]] N = 0 ❢♦r ❛•• e ∈ F h ❛♥❞ [[v(h)]] T = 0 ❢♦r ❛•• e ∈ F I h ❛♥❞ t❤❡♥✱ ✇❡ ❤❛✈❡ ✭✸✳✷✳✶✵✮✳ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✷✹ ✸✳✹✳✷ ❲❡••✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜•❡♠ ❲❡ ♥♦✇ ❛✐♠ t♦ s❤♦✇ t❤❡ s♦•✈❛❜✐•✐t② ♦❢ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ ❜② ❛♥❛•②s✐♥❣ t❤❡ ❡q✉✐✈❛•❡♥t ✜①❡❞✲♣♦✐♥t ♣r♦❜•❡♠ ✭✸✳✹✳✾✮✳ ❖✉r ♥❡①t ❣♦❛• ✐s t♦ ❡st❛❜•✐s❤ t❤❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ♥♦♥ •✐♥❡❛r ❢♦r♠s O h ❛♥❞ C h ✇❤✐❝❤ ❛r❡ ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r F h ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜•❡♠ ✐s ❛ ❝♦♥tr❛❝t✐♦♥✳ ■♥ ✈✐❡✇ ♦❢ ✭✸✳✹✳✶✾✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ O h ✳ ▲❡♠♠❛ ✸✳✹✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② (w, u h , v h ) ∈ X h × X h × X h ✱ O h (w, u h , v h ) C w v,h u h v,h v h v,h . ✭✸✳✹✳✸✶✮ Pr♦♦❢✳ ❯s✐♥❣ ❍ö•❞❡r✬s ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ O h (w, u h , v h ) := T ∈T h T (curl w × u h ) • v h dx ≤ C T ∈T h curl w 2 0,T 1/2 u h L 4 (Ω) v h L 4 (Ω) ❆♣♣•②✐♥❣ ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4✱ t❤❡ r❡s✉•t ✐s t❤❡♥ ❛❝❤✐❡✈❡❞✳ ❋♦r t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦✉♣•✐♥❣ ❢♦r♠ C h ✱ ✇❡ r❡q✉✐r❡ t❤❡ ❞✐s❝r❡t❡ ❙♦❜♦•❡✈ ✐♥❡q✉❛•✐t② ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4 ❢♦r ❜♦t❤ t❤❡ ✈❡•♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ■♥❞❡❡❞✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ L 4 ✲L 4 ✲L 2 ❛r❣✉♠❡♥t ✇❤❡♥ ❛♣♣•②✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✳ ❲❡ ♥♦t❡ t❤❛t✱ ✐♥ t❤❡ ♣r♦♦❢ ❣✐✈❡♥ ✐♥ ❬✽✶✱ ▲❡♠♠❛ ✹✳✸(✱ ❛♥ ❛r❣✉♠❡♥t L 3 ✲L 6 ✲L 2 ✐s ✉s❡❞ t♦ ❤❛♥❞•❡ t❤❡ ❢♦r♠ C h ✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s r❡❛•✐st✐❝ ❜❡❝❛✉s❡ t❤❡② ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛• ❝❛s❡ ♦❢ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ Ω ∈ R 3 ❛♥❞ ❛ ❉✐r✐❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❡•♦✐❝t②✳ ❙♦✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐s❝r❡t❡ ✐♥❡q✉❛•✐t② ❣✐✈❡♥ ✐♥ ✭✸✳✹✳✶✽✮ ✐s ✉s❡❞ ❢♦r t❤❡ ✈❡•♦❝✐t② ✉ ✇✐t❤ r = 6✳ ❍♦✇❡✈❡r✱ t❤✐s ✐♥❡q✉❛•✐t② ❝❛♥ ♥♦t ❜❡ ❛♣♣•✐❡❞ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b✳ ❲✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ t②♣❡ ✭✸✳✹✳✺✮ ♦r b × n = ✵ ♦♥ Γ✱ b ❤❛s ❛ r❡❣✉•❛r✐t② ♦♥•② ✐♥ H 1/2 (Ω) ֒→ L 3 (Ω)✳ ❍❡♥❝❡✱ t❤❡② ❡st❛❜•✐s❤ ✐♥ ❬✽✶✱ ❚❤❡♦r❡♠ ✽✳✶( t❤❡ ❢♦••♦✇✐♥❣ ❞✐s❝r❡t❡ L 3 ❡st✐♠❛t❡ ❢♦r ❢✉♥❝t✐♦♥s ✐♥ C h ✳ ❚❤❡♦r❡♠ ✸✳✹✳✺✳ ❬❲✳ ◗✐✉ ❛♥❞ ❑❡✳ ❙❤✐✱ ✷✵✷✵ ( ❚❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r ❛♥② b h ∈ C h ✇❡ ❤❛✈❡ b h L 3 (Ω) C e∈F I h h -1 2 [[b h ]] T 2 0,e + T ∈T h curl b h 2 0,T + div N h b h L 2 (Ω) , ✭✸✳✹✳✸✷✮ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ ❞✐✈❡r❣❡♥❝❡ div N h b h ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ ✐♥ H 1 (Ω) ∩ L 2 0 (Ω) ∩ S h s❛t✐s❢②✐♥❣ (div N h b h , s) T h = -(b h , ∇s) T h , ❢♦r ❛•• s ∈ H 1 (Ω) ∩ L 2 0 (Ω) ∩ S h , ✇❤❡r❡ S h := s h ∈ L 2 (Ω); s h|T ∈ P k+1 (T ) , ∀ T ∈ T h ✳ ❲❡ ❝❛♥ ♥♦✇ ❞❡r✐✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ C h ❛s ✐♥ ❬✽✶✱ ▲❡♠♠❛ ✹✳✸(✳ ❚❤❡ ♠❛✐♥ t♦♦• ❞✐✛❡r❡♥t ❢r♦♠ t❤❡✐r ♣r♦♦❢ ✐s t❤❛t ✇❡ ✉s❡ ❛♥ L 4 ✲L 4 ✲L 2 ❛r❣✉♠❡♥t ✐♥st❡❛❞ ♦❢ ❛♥ L 3 ✲L 6 ✲L 2 ❛r❣✉♠❡♥t ✇❤❡♥ ❛♣♣•②✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✳ ❙♦✱ ❢♦r ♦✉r ❝❛s❡✱ ✇❡ ❛♣♣•② t❤❡ ❞✐s❝r❡t❡ ❙♦❜♦•❡✈ ✐♥❡q✉❛•✐t② ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4 ✐♥st❡❛❞ ♦❢ ✭✸✳✹✳✶✽✮ ❛♥❞ ✭✸✳✹✳✸✷✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣•❡t❡♥❡ss✳ ▲❡♠♠❛ ✸✳✹✳✻✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② (b h , v h , c h ) ∈ C h × X h × C h ✱ C h (b h , v h , c h ) Cκ b h m,h v h v,h c h m,h . ✭✸✳✹✳✸✸✮ Pr♦♦❢✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ C h ✱ ✇❡ ❤❛✈❡ C h (b h , v h , c h ) = κ T ∈T h T (v h × b h ) • curl c h dx -κ e∈F I h e { {v h × b h } } • [[c h ]] T ds ✭✸✳✹✳✸✹✮ ❆♣♣•②✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜t❛✐♥ C h (b h , v h , c h ) ≤ Cκ b h L 4 (Ω) v h L 4 (Ω) T ∈T h curl c h 2 0,T 1/2 + Cκ e∈F I h h b h 4 L 4 (e) 1/4 e∈F I h h v h 4 L 4 (e) 1/4 e∈F I h h -1 [[c h ]] T 2 L 2 (e) 1/2 ❚❤❛♥❦s t♦ t❤❡ tr❛❝❡ t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ C h (b h , v h , c h ) ≤ Cκ b h L 4 (Ω) v h L 4 (Ω) T ∈T h curl c h 2 0,T 1/2 + Cκ b h L 4 (Ω) v h L 4 (Ω) e∈F I h σ 1 h [[c h ]] T 2 L 2 (e) 1/2 ≤ Cκ b h L 4 (Ω) v h L 4 (Ω) c h m,h ❚❤❡♥✱ t❤❡ ❜♦✉♥❞ ✭✸✳✹✳✸✸✮ ✐s ❛ ❞✐r❡❝t ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❙♦❜♦•❡✈✬s ✐♥❡q✉❛•✐t✐❡s ✭✸✳✹✳✸✷✮ ❛♥❞ ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4✳ |❡♠❛r❦ ✸✳✹✳✶✳ ■t ✐s ♥♦t ♣♦ss✐❜•❡ t♦ r❡✉s❡ t❤❡ s❛♠❡ str❛t❡❣② ✐♥ ❬✽✶( ✇✐t❤ ❛ r❡❣✉•❛r✐t② ❜❡•♦✇ H 1 (Ω) ❢♦r ❜♦t❤ t❤❡ ✈❡•♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ■♥❞❡❡❞✱ ✐♥ ♦✉r ✇♦r❦✱ t❤❡ ✈❡•♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ✈❡r✐❢② t❤❡ s❛♠❡ t②♣❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❙♦✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ♥♦♥ s♠♦♦t❤ ❞♦♠❛✐♥✱ ✇❡ ❤❛✈❡ u ∈ H 1/2 (Ω) ֒→ L 3 (Ω) ❛♥❞ b ∈ H 1/2 (Ω) ֒→ L 3 (Ω)✳ ❚❤❡♥✱ t❤❡ ❛r❣✉♠❡♥t L 3 ✲L 3 ✲L 2 (T h ) ❞♦❡s ♥♦t ❛••♦✇ t♦ ❜♦✉♥❞ T ∈T h T (v × b) • curl b dx ❛♥❞ t❤❡♥ t❤❡ ❢♦r♠ C h ❝❛♥ ♥♦t ❜❡ ❜♦✉♥❞❡❞✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❛ss✉♠♣t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ♣r♦❜•❡♠ ✭✸✳✹✳✾✮ ✐s ✇❡•• ❞❡✜♥❡❞✳ ❚❤❡♦r❡♠ ✸✳✹✳✼✳ ❆ss✉♠❡ t❤❛t ν -2 f 0,Ω , µ -1 ν -1 f 0,Ω , κ -1 2 µ -1 2 ν -3 2 g 0,Ω , ν -1 2 µ -3 2 κ -1 2 g 0,Ω ✭✸✳✹✳✸✺✮ ❛r❡ s♠❛•• ❡♥♦✉❣❤✳ ❚❤❡♥✱ t❤❡ ❉• s❝❤❡♠❡ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (u h , b h , p h ) ∈ X h × C h × Q h ✇❤✐❝❤ s❛t✐s✜❡s✿ ν u h 2 v,h + κµ b h 2 m,h C(ν -1 f 2 0,Ω + κ -1 µ -1 g 2 0,Ω ) ✭✸✳✹✳✸✻✮ Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r F h ❞❡✜♥❡❞ ✐♥ ✭✸✳✹✳✾✮ ❤❛s ❛ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t✳ ❚✇♦ st❡♣s ❛r❡ ♥❡❡❞❡❞ t♦ t❤❛t✳ ❙t❡♣ ✶✿ ❲❡ ♣r♦✈❡ t❤❛t F h ♠❛♣s ❛ ❝•♦s❡❞ ❜❛•• G M ✐♥t♦ ✐ts❡•❢ ❢♦r ❛ r❡❛• ♥✉♠❜❡r M > 0✳ ▲❡t ✉s t❛❦❡ (v h , c h ) = (u h , b h ) ❛♥❞ q h = -p h ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✸✳✹✳✽✮✲✭✸✳✹✳✽✮✳ ❲❡ ❤❛✈❡✿ A h ((u h , b h ), (u h , b h ), (u h , b h )) = A h (u h , u h ) + M h (b h , b h ) = Ω f • u h dx + Ω g • b h dx. ✭✸✳✹✳✸✼✮ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✷✻ ❲❡ ❣❡t ❢r♦♠ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ A h ❛♥❞ M h ✐♥ ✭✸✳✷✳✹✸✮ ❛♥❞ ✭✸✳✷✳✹✹✮ r❡s♣❡❝t✐✈❡•② ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✿ ν u h 2 v,h + κµ|b h | 2 m,h C f L 2 (Ω) u h L 2 (Ω) + g L 2 (Ω) b h L 2 (Ω) ❚❤❡ ❙♦❜♦•❡✈ ✐♥❡q✉❛•✐t② ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 2 ❛♥❞ (♦✉♥❣✬s ✐♥❡q✉❛•✐t② ✐♠♣•② t❤❛t ν u h 2 v,h + κµ b h 2 m,h C ν -1 f 2 L 2 (Ω) + κ -1 µ -1 g 2 L 2 (Ω) := M ✭✸✳✹✳✸✽✮ ❙♦✱ ✇❡ ❞❡✜♥❡ G M ❛s✿ G M := (u h , b h ) ∈ K h , ν u h 2 v,h + κµ b h 2 m,h M . ✭✸✳✹✳✸✾✮ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t G M ✐s ❛ ❝•♦s❡❞ s❡t ♦❢ K h ❛♥❞ F h (G M ) ⊂ G M ✳ ❙t❡♣ ✷✿ ❲❡ ♣r♦✈❡ t❤❛t ✇❤❡♥ t❤❡ ❞❛t❛ f ❛♥❞ g ❛r❡ s♠❛•• ❡♥♦✉❣❤✱ F h ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢r♦♠ G M ✐♥t♦ ✐ts❡•❢✳ ❲❡ r❡♠❛r❦ ✐♥ ❛❞✈❛♥❝❡ t❤❛t ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❛♥❞ ❍ö•❞❡r ✐♥❡q✉❛•✐t✐❡s ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✶✾✮ ♣•❛②s ❛ ❦❡② r♦•❡ ✐♥ t❤❡ ♣r♦♦❢✳ ▲❡t (w 1 , d 1 ), (w 2 , d 2 ) ∈ G h ❛♥❞ (u 1 h , b 1 h ) := F(w 1 , d 1 )✱ (u 2 h , b 2 h ) := F(w 2 , d 2 ) ❜❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦•✉t✐♦♥s ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠s ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮✳ ❋r♦♠ t❤✐s ❢❛❝t✱ t❤❡ ❞✐✛❡r❡♥❝❡s u h := u 1 h -u 2 h ✱ b h := b 1 h -b 2 h ❛♥❞ p h := p 1 h -p 2 h s❛t✐s❢②✿ ❢♦r ❛♥② (v h , c h , q h ) ∈ W h × Q h A h (u h , v h ) + M h (b h , c h ) + O h (w 1 , u 1 h , v h ) -O h (w 2 , u 2 h , v h ) + C h (d 1 , v h , b 1 h ) -C h (d 2 , v h , b 2 h ) -C h (d 1 , u 1 h , c h ) + C h (d 2 , u 2 h , c h ) + B h (v h , p) -B h (u h , q h ) = 0. ❚❛❦✐♥❣ ((u h , b h ), p h ) ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❛❜♦✈❡ r❡•❛t✐♦♥✱ ❛❞❞✐♥❣ ❛♥❞ s✉❜str❛❝t✐♥❣ C h (d 1 , u h , b 2 h )✱ ✇❡ ♦❜t❛✐♥✿ A h (u h , u h ) + M h (b h , b h ) = O h (w 2 -w 1 , u 2 h , u h ) -C h (d 1 -d 2 , u h , b 2 h ) + C h (d 1 -d 2 , u 2 h , b h ),✭✸✳✹✳✹✵✮ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t O h (w 2 , u 2 h , u h ) -O h (w 1 , u 1 h , u h ) = O h (w 2 -w 1 , u 2 h , u h ). ▲❡t ✉s ❡st✐♠❛t❡ ❡❛❝❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✳✹✵✮✳ ❚❤❡ ✜rst t❡r♠ ❝❛♥ ❜❡ ❡❛s✐•② ❡st✐♠❛t❡❞ ❜② ✉s✐♥❣ ▲❡♠♠❛ ✸✳✹✳✹ ❛♥❞ (♦✉♥❣✬s ✐♥❡q✉❛•✐t②✳ ■♥❞❡❡❞✱ ✐t ❢♦••♦✇s t❤❛t O h (w 2 -w 1 , u 2 h , u h ) C w 1 -w 2 v,h u 2 h v,h u h v,h ≤ Cν -1 w 1 -w 2 2 v,h u 2 h 2 v,h + 1 4 ν u h 2 v,h ◆❡①t✱ ❜② ✉s✐♥❣ ❈♦r♦••❛r② ✸✳✹✳✻✱ ✇❡ ❤❛✈❡ C h (d 1 -d 2 , u h , b 2 h ) Cκ d 1 -d 2 m,h u h v,h b 2 h m,h ≤ Cκ 2 ν -1 d 1 -d 2 2 m,h b 2 h 2 m,h + 1 4 ν u h 2 v,h , C h (d 1 -d 2 , u 2 h , b h ) Cκ d 1 -d 2 m,h u 2 h v,h b h m,h ≤ Cκµ -1 d 1 -d 2 2 m,h u 2 h 2 v,h + 1 2 κµ b h 2 m,h . ❈♦••❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✐♥ ✭✸✳✹✳✹✵✮✱ ✉s✐♥❣ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ A h ❛♥❞ M h ✱ ✇❡ ♦❜t❛✐♥ ν u h 2 v,h + κµ b h 2 m,h Cν w 1 -w 2 2 m,h ν -2 u 2 h 2 v,h + C κµ -1 ν -1 b 2 h 2 m,h + κµ -2 u 2 h 2 v,h κµ d 1 -d 2 2 m,h ❙♦✱ ✐❢ ν -2 u 2 h 1,h < 1 ❛♥❞ κµ -1 ν -1 b 2 h 2 C + κµ -2 u 2 h 2 1,h < 1✱ t❤❛t ✐s✱ ✐❢ t❤❡ s♠❛••♥❡ss ❝♦♥❞✐t✐♦♥s ✭✸✳✹✳✸✺✮ ♦♥ f ❛♥❞ g ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ♦♣❡r❛t♦r F h ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♦♥ G M ✳ ❚❤❡ ❛❜♦✈❡ ♣r♦♦❢s s❤♦✇ t❤❛t F h s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❇r♦✉✇❡r✬s ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠ ♦♥ G M ✳ ❚❤❡♥✱ F h ❤❛s ❛ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t (u h , b h ) ✐♥ G M ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥ (u h , b h ) ❤❛s ❜❡❡♥ ♣r♦✈❡❞✳ ■♥ t✉r♥✱ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✸✳✹✳✸✻✮ ❢♦••♦✇s ❞✐r❡❝t•② ❢r♦♠ ✭✸✳✹✳✸✽✮✳ ◆♦✇ t❤❛t u h ❛♥❞ b h ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ✇❡ ✇❛♥t t♦ r❡❝♦✈❡r t❤❡ ♣r❡ss✉r❡ p h ✳ ❖❜s❡r✈❡ t❤❛t p h ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ B h (v h , p h ) = Ω f • v h dx -A h (u h , v h ) -O h (u h , u h , v h ) -C h (b h , v h , b h ) ✭✸✳✹✳✹✶✮ ❆♣♣•②✐♥❣ ▲❡♠♠❛ ✸✳✹✳✷✱ ▲❡♠♠❛ ✸✳✷✳✼✱ ▲❡♠♠❛ ✸✳✹✳✹ ❛♥❞ ❈♦r♦••❛r② ✸✳✹✳✻ t♦ ❜♦✉♥❞ A h ✱ O h ❛♥❞ C h r❡s♣❡❝t✐✈❡•②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❞❡✜♥❡s ❛ ❝♦♥t✐♥✉♦✉s •✐♥❡❛r ❢✉♥❝t✐♦♥❛• ♦♥ X h ✳ ❚❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✐♥ ▲❡♠♠❛ ✸✳✷✳✶✵ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ p h ∈ Q h t♦ t❤❡ ♣r♦❜•❡♠ ✭✸✳✹✳✹✶✮✳
A h ((u, b), (u, b), (v h , c h )) + B h ((v h , c h ), p) = L((v h , c h )), ∀(v h , c h ) ∈ W h , ✭✸✳✹✳✹✷✮ B h ((u, b), q h ) = 0, ∀q h ∈ Q h . ✭✸✳✹✳✹✸✮ ❆s ❢♦r t❤❡ •✐♥❡❛r ❝❛s❡✱ ✇❡ s♣•✐t t❤❡ ❡rr♦rs ✐♥ t✇♦ ♣❛rts✿ e u = u -u h ✱ e b = b -b h ❛♥❞ e p = p -p h ✇✐t❤ χ u = I h (u) -u h , η u = u -I h (u) χ b = I h (b) -b h , η b = b -I h (b) χ p = Π Q (p) -p h , η p = p -Π Q (p) ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ❢♦r t❤❡ ❡rr♦r ♣r♦•❡❝t✐♦♥✿ ▲❡♠♠❛ ✸✳✹✳✽✳ ▲❡t (u, b, p) ∈ H k+1 (Ω) × H k+1 (Ω) × H k (Ω) ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ▼❍❉ ♣r♦❜•❡♠ ✭✸✳✹✳✶✮✲✭✸✳✹✳✻✮✳ ▲❡t (u h , p h , b h ) ❜❡ t❤❡ s♦•✉t✐♦♥ ✐♥ X h × Q h × C h ♦❢ t❤❡ ❉• ♠❡t❤♦❞ ✭✸✳✹✳✼✮✲ ✭✸✳✹✳✽✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✼✱ ✇❡ ❛ss✉♠❡ t❤❛t 1 min (ν,µ) u H 1 (Ω) ❛♥❞ κ 1/2 ν 1/2 µ 1/2 b H 1 (Ω) ❛r❡ s♠❛•• ❡♥♦✉❣❤✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ t❤❡ ❡rr♦rs✿ ν χ u 2 v,h + κµ χ b 2 m,h Ch 2k u 2 H k+1 (Ω) + b 2 H k+1 (Ω) + b 2 H k+1 (Ω) u 2 H k+1 (Ω) + b 2 H k+1 (Ω) ✭✸✳✹✳✹✹✮ ✇✐t❤ C ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜•❡♠ ❜✉t ♥♦t ♦❢ t❤❡ ♠❡s❤ s✐③❡ h✳ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✷✽ Pr♦♦❢✳ ❚❤❛♥❦s t♦ ✭✸✳✹✳✹✷✮✲✭✸✳✹✳✹✸✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• (v h , c h ) ∈ W h ❛♥❞ q h ∈ Q h ✿ A h (u -I h (u), v h ) + A h (I h (u), v h ) + M h (b -I h (b), c h ) + M h (I h (b), c h ) + O h (u, u, v h ) + C h (b, v h , b) -C h (b, u, c h ) + B h (v h , p -Π Q (p)) + B h (v h , Π Q (p)) = L(v h , c h ), B h (u -I h (u), q h ) + B h (I h (u), q h ) = 0. ✭✸✳✹✳✹✺✮ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ I h ✭❝✳❢✳ ✭✸✳✷✳✺✸✮ ❛♥❞ ✭✸✳✷✳✺✹✮✮ ❛♥❞ Π Q ✭❝✳❢✳ ✭✸✳✸✳✷✾✮✮✱ ✇❡ ❤❛✈❡✿ B h (v h , Π Q (p) -p) = - T ∈T h T (div v h )(Π Q (p) -p) dx + e∈F h e { {Π Q (p) -p} }[[v h ]] N ds = e∈F h e { {Π Q (p) -p} }[[v h ]] N ds B h (u -I h (u), q h ) = - T ∈T h T div(I h (u) -u)q h dx + e∈F h e { {q h } }[[I h (u) -u]] N ds = 0. ❙♦✱ ❢r♦♠ ✭✸✳✹✳✹✺✮✱ ✇❡ ♦❜t❛✐♥✿ A h (I h (u), v h ) + M h (I h (b), c h ) + O h (u, u, v h ) + C h (b, v h , b) -C h (b, u, c h ) + B h (v h , Π Q (p)) = A h (I h (u) -u, v h ) + M h (I h (b) -b, c h ) + e∈F h e { {Π Q (p) -p} }[[v h ]] N ds + L(v h , c h ), B h (I h (u), q h ) = 0. ❲❡ ♥❡①t s✉❜str❛❝t ❢r♦♠ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ t♦ ♦❜t❛✐♥ A h (χ u , v h ) + M h (χ b , c h ) + B h (v h , χ p ) = O h (u h , u h , v h ) -O h (u, u, v h ) + C h (b h , v h , b h ) -C h (b, v h , b) + C h (b, u, c h ) -C h (b h , u h , c h ) + A h (I h (u) -u -η u , v h ) + M h (I h (b) -b -η b , c h ) + e∈F h e { {Π Q (p) -p} } -{ {ηp} } [[v h ]] N ds, B h (χ u , q h ) = 0. ✭✸✳✹✳✹✻✮ ❈♦♠❜✐♥✐♥❣ ✐♥❡q✉❛•✐t✐❡s ♦❢ ✭✸✳✹✳✹✻✮ ✇✐t❤ t❡st ❢✉♥❝t✐♦♥s (χ u , χ b , χ p ) ❛♥❞ ✉s✐♥❣ ✭✸✳✷✳✹✸✮✲✭✸✳✷✳✹✹✮✱ ✇❡ ♦❜t❛✐♥✿ C ν χ u 2 v,h + κµ χ b 2 m,h ≤ A h (χ u , χ u ) + M h (χ b , χ b ) = -A h (η u , χ u ) -M h (η b , χ b ) - e∈F h e { {η p } }[[χ u ]] N ds -(O h (u h , η u , χ u ) + O h (χ u , u, χ u ) + O h (η u , u, χ u )) + (C h (η b , u, χ b ) -C h (η b , χ u , b)) -(C h (χ b , χ u , b) -C h (χ b , u, χ b )) + (C h (b h , η u , χ b ) -C h (b h , χ u , η b )). ✭✸✳✹✳✹✼✮ ▲❡t ✉s ❜♦✉♥❞ ❡✈❡r② t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✳✹✼✮✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A h ✱ ✇❡ ❤❛✈❡ A h (η u , χ u ) := ν T ∈T h T curl η u • curl χ u dx + ν T ∈T h T (div η u )(div χ u ) dx -ν e∈F I h e { {curl η u } } • [[χ u ]] T ds + e { {curl χ u } } • [[η u ]] T ds -ν e∈F h e { {div η u } }[[χ u ]] N ds + e { {div χ u } }[[η u ]] N ds ν e∈F I h σ 1 h e e [[η u ]] T • [[χ u ]] T ds + ν e∈F h σ 2 h e e [[η u ]] N [[χ u ]] N ds ✭✸✳✹✳✹✽✮ ❆♣♣•②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ❛♥❞ ✭✸✳✷✳✺✺✮✱ ✇❡ ❤❛✈❡ ❢♦r t❤❡ t❡r♠s ✐♥ t❤❡ ✜rst r♦✇ ♦❢ ✭✸✳✹✳✹✽✮✿ ν T ∈T h T curl η u • curl χ u dx + ν T ∈T h T (div η u )(div χ u ) dx ≤ ν T ∈T h curl η u 2 0,T + T ∈T h div η u 2 0,T 1/2 T ∈T h curl χ u 2 0,T + T ∈T h div χ u 2 0,T 1/2 ≤ Cνh k u H k+1 (Ω) χ u v,h ▼♦r❡♦✈❡r✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ u ❛♥❞ ✭✸✳✷✳✺✹✮✱ ✇❡ ❤❛✈❡ ν e∈F I h e { {curl χ u } } • [[η u ]] T ds + ν e∈F h e { {div χ u } }[[η u ]] N ds = 0.
❙♦✱ ❢♦r t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ r♦✇s ♦❢ ✭✸✳✹✳✹✽✮✱ ✐t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ t❡r♠s✿ 

ν e∈F I h e { {curl η u } } • [[χ u ]] T ds and ν e∈F h e { {div η u } }[[χ u ]] N ds ▲❡t ✉s ❣✐✈❡ ❞❡t❛✐• ♣r♦♦❢ ❢♦r t❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ✜rst t❡r♠✳ ❋♦r t❤✐s✱ •❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ st❛♥❞❛r❞ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦•❛t✐♦♥ ♦♣❡r❛t♦r ♦❢ ♣♦•②♥♦♠✐❛• ❞❡❣r❡❡ k✱ ❞❡♥♦t❡❞ Π h ✳ ❙♦✱ ✇❡ ❤❛✈❡ e { {curl η u } } • [[χ u ]] T ds = e { {curl(u -Π h u)} } • [[χ u ]] T + { {curl(Π h u -I h u)} } • [[χ u ]] T ds ✭✸✳✹✳✹✾✮ ❋♦r t❤❡ ✜rst t❡r♠ ✐♥ ✭✸✳✹✳✹✾✮✱ ✇❡ ❤❛✈❡ e { {curl(u -Π h u)} } • [[χ u ]] T ds ≤ { {curl(u -Π h u)} } 0,e [[χ u ]] T 0,e ▲❡t e ∈ F I h s✉❝❤ t❤❛t e = ∂T 1 ∩ ∂T 2 ✇✐t❤ T 1 , T 2 ∈ T h ✳ ❯s✐♥❣ t❤❡ ❞✐s❝r❡t❡ tr❛❝❡ ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦♣❡rt② ♦❢ t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦•❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ 1 |e| { {curl(u -Π h u)} } 0,e ≤ C 1 h T1 curl(u -Π h u) 0,T1 + 1 h T2 curl(u -Π h u) 0,T2 + | curl(u -Π h u)| 1,T1∪T2 ≤ Ch k-1 u H k+1 (T1∪T2) ❙♦✱ ✇❡ ❤❛✈❡ ν e∈F I h e { {curl(u -Π h u)} } • [[χ u ]] T ds ≤ Cνh k u H k+1 (Ω) e∈F I h 1 |e| [[χ u ]] T 1/2 ≤ Cνh k u H k+1 (Ω) χ u v,h ✭✸✳✹✳✺✵✮ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✸✵ ❋♦r t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✸✳✹✳✹✾✮✱ s✐♥❝❡ Π h u -I h u ✐s ♣♦•②♥♦♠✐❛•✱ ✇❡ ❝❛♥ ✇r✐t❡ 1 |e| { {curl(Π h u -I h u)} } 0,e ≤ C 1 h T1 curl(Π h u -I h u) 0,T1 + 1 h T2 curl(Π h u -I h u) 0,T2 ❇② tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ❛♥❞ ✭✸✳✷✳✺✺✮✱ ✇❡ ❤❛✈❡ ❢♦r ❡❛❝❤ ❡•❡♠❡♥t T ♦❢ T h curl(Π h u -I h u) 0,T ≤ curl(Π h u -u) 0,T + curl(u -I h u) 0,T ≤ Ch k T u k+1,∆ T ❚❤❡♥✱ ✇❡ ❤❛✈❡ ν e∈F I h e { {curl(Π h u -I h u)} } • [[χ u ]] T ≤ Cνh k u H k+1 (Ω) χ u v,h ✭✸✳✹✳✺✶✮ ❈♦♠❜✐♥✐♥❣ ✭✸✳✹✳✺✵✮ ❛♥❞ ✭✸✳✹✳✺✶✮✱ ✇❡ ♦❜t❛✐♥ ν e∈F I h e { {curl η u } } • [[χ u ]] T ds ≤ Cνh k u H k+1 (Ω) χ u v,h . ✭✸✳✹✳✺✷✮ ❙✐♠✐•❛r•②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ν e∈F h e { {div η u } }[[χ u ]] N ds ≤ Cνh k u H k+1 (Ω) χ u v,h . ✭✸✳✹✳✺✸✮ ❋♦r t❤❡ t❡r♠s ✐♥ t❤❡ •❛st r♦✇ ♦❢ ✭✸✳✹✳✹✽✮✱ ✇❡ ✉s❡ ✭✸✳✷✳✺✺✮ ❛♥❞ s✐♠✐•❛r ❛r❣✉♠❡♥ts ❛s ❛❜♦✈❡ t♦ ♦❜t❛✐♥ ν e∈F I h σ 1 h e e [[η u ]] T • [[χ u ]] T ds ≤ Cνh k u H k+1 (Ω) χ u v,h , ✭✸✳✹✳✺✹✮ ❛♥❞ s✐♠✐•❛r•②✱ ν e∈F h σ 2 h e e [[η u ]] N [[χ u ]] N ds ≤ Cνh k u H k+1 (Ω) χ u v,h , ✭✸✳✹✳✺✺✮ ❈♦••❡❝t✐♥❣ t❤❡ ❜♦✉♥❞s ✭✸✳✹✳✹✾✮✱ ✭✸✳✹✳✹✾✮✲✭✸✳✹✳✺✺✮ ②✐❡•❞s A h (η u , χ u ) ≤ Cνh k u H k+1 (Ω) χ u v,h ≤ ν 10 χ u 2 v,h + Ch 2k u 2 H k+1 (Ω) . ✭✸✳✹✳✺✻✮ ◆❡①t✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ M h ❛♥❞ t❤❡ ❢❛❝t t❤❛t C h = X h ✱ t❤❡ t❡r♠s ♦❢ M h ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ✐♥ ❛ s✐♠✐•❛r ✇❛② ❛s t❤❡ t❡r♠s ♦❢ A h t♦ ♦❜t❛✐♥✿ M h (η b , χ b ) Cκµh k χ b m,h b H k+1 (Ω) ≤ κµ 8 χ b 2 m,h + Ch 2k b 2 H k+1 (Ω) . ✭✸✳✹✳✺✼✮ ❙✐♠✐•❛r•②✱ ✉s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✸✵✮ ❢♦r t❤❡ L 2 ✲♣r♦•❡❝t✐♦♥ Π Q ✱ ✇❡ ♦❜t❛✐♥✿ e∈F h e { {η p } }[[χ u ]] N ds C e∈F h e h e { {η p } } 2 ds 1 2 e h -1 e [[χ u ]] N 2 ds 1 2 Ch k χ u v,h p H k (Ω) ≤ ν 10 χ u 2 v,h + Ch 2k p 2 H k (Ω) . ✭✸✳✹✳✺✽✮ ❋♦r t❤❡ t❡r♠s ♦♥ O h ✐♥ t❤❡ t❤✐r❞ r♦✇ ♦❢ ✭✸✳✹✳✹✼✮✱ ✇❡ ✉s❡ ❍ö•❞❡r✬s ✐♥❡q✉❛•✐t② t♦ ♦❜t❛✐♥✿ O h (u h , η u , χ u ) + O h (χ u , u, χ u ) + O h (η u , u, χ u ) T ∈F h curl u h 2 0,T 1/2 η u L 4 (Ω) χ u L 4 (Ω) + T ∈F h curl χ u 2 0,T 1/2 u L 4 (Ω) χ u L 4 (Ω) + T ∈F h curl η u 2 0,T 1/2 u L 4 (Ω) χ u L 4 (Ω) ❯s✐♥❣ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ H 1 (Ω) ֒→ L 4 (Ω) t♦❣❡t❤❡r ✇✐t❤ t❤❡ L p ❞✐s❝r❡t❡ ❙♦❜♦•❡✈✬s ✐♥❡q✉❛•✐t② ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4 ❛♥❞ ✭✸✳✷✳✺✺✮✱ ✇❡ ♦❜t❛✐♥ O h (u h , η u , χ u ) + O h (χ u , u, χ u ) + O h (η u , u, χ u ) Ch k u H k+1 (Ω) u h v,h + u H 1 (Ω) χ u v,h + C u H 1 (Ω) χ u 2 v,h ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ O h (u h , η u , χ u ) + O h (χ u , u, χ u ) + O h (η u , u, χ u ) ν 10 χ u 2 v,h + Ch 2k u 2 H k+1 (Ω) + C u H 1 (Ω) χ u 2 v,h ✭✸✳✹✳✺✾✮ ❋♦r t❤❡ t✇♦ ✜rst t❡r♠s ✐♥ ✭✸✳✹✳✹✼✮✱ ✇❡ ❤❛✈❡ s✐♥❝❡ [[b]] T = ✵ ♦♥ F I h ✿ C h (η b , u, χ b ) -C h (η b , χ u , b) = κ T ∈T h T (u × η b ) • curl χ b dx - T (χ u × η b ) • curl b dx -κ e∈F I h e { {u × η b } } • [[χ b ]] T ds ✭✸✳✹✳✻✵✮ ❯s✐♥❣ ✭✸✳✹✳✶✾✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t u L ∞ (Ω) ≤ C u H k+1 (Ω) and curl b L 4 (Ω) ≤ C curl b H k (Ω) , t❤❡ t✇♦ ✜rst t❡r♠s ✐♥ ✭✸✳✹✳✻✵✮ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦••♦✇s✿ κ T ∈T h T (u × η b ) • curl χ b dx - T (χ u × η b ) • curl b d x Cκ u L ∞ (Ω) η b L 2 (Ω) curl χ b L 2 (T h ) + χ u L 4 (Ω) η b L 2 (Ω) curl b L 4 (Ω) Cκ h k b H k+1 (Ω) u H k+1 (Ω) χ b m,h + h k b H k+1 (Ω) χ u v,h curl b H k (Ω) ≤ Cκh k b H k+1 (Ω) u H k+1 (Ω) χ b m,h + curl b H k (Ω) χ u v,h ✭✸✳✹✳✻✶✮ ❋♦r t❤❡ •❛st t❡r♠ ✐♥ ✭✸✳✹✳✻✵✮✱ ❜② ✉s✐♥❣ t❤❡ ❞✐s❝r❡t❡ ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦•❛t✐♦♥ Π h ✱ ✇❡ ♦❜t❛✐♥✿ κ e∈F I h e { {u × η b } } • [[χ b ]] T ds = κ e∈F I h e { {u × (I h (b) -Π h (b))} } • [[χ b ]] T ds + κ e∈F I h e { {u × (Π h (b) -b)} } • [[χ b ]] T ds ≤ Cκ u L ∞ (Ω) e∈F I h h e (I h (b) -Π h (b)) 2 0,e 1 2 e∈F I h h -1 e [[χ b ]] T 2 0,e 1 2 + Cκ u L ∞ (Ω) e∈F I h h e (Π h (b) -b) 2 0,e 1 2 e∈F I h h -1 e [[χ b ]] T 2 0,e 1 2 ≤ Cκh k b H k+1 (Ω) u H k+1 (Ω) χ b m,h ✭✸✳✹✳✻✷✮ ❈♦••❡❝t✐♥❣ ✭✸✳✹✳✻✶✮ ❛♥❞ ✭✸✳✹✳✻✷✮ ✐♥ ✭✸✳✹✳✻✵✮✱ ✇❡ ♦❜t❛✐♥ C h (η b , u, χ b ) -C h (η b , χ u , b) ≤ κh k b H k+1 (Ω) u H k+1 (Ω) χ b m,h + curl b H k (Ω) χ u v,h ≤ ν 10 χ u 2 v,h + κµ 8 χ b 2 m,h + Ch 2k b 2 H k+1 (Ω) u 2 H k+1 (Ω) + Ch 2k b 4 H k+1 (Ω) . ✭✸✳✹✳✻✸✮ ❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✶✸✷ ■♥ ❛ s✐♠✐•❛r ✇❛②✱ ✇❡ ❤❛✈❡ C h (χ b , u, χ b ) -C h (χ b , χ u , b) = κ T ∈T h T (u × χ b ) • curl χ b dx - e∈F I h e { {u × χ b } } • [[χ b ]] T ds - T ∈T h T (χ u × χ b ) • curl b dx Cκ u L 4 (Ω) χ b L 4 (Ω) curl χ b L 2 (T h ) + κ e∈F I h h u 4 L 4 (e) 1/4 e∈F I h h χ b 4 L 4 (e) 1/4 e∈F I h h -1 e [[χ b ]] T 2 0,e 1 2 + κ χ u L 4 (Ω) χ b L 4 (Ω) curl b L 2 (Ω) . ❚❤❡♥✱ ❛♣♣•②✐♥❣ ✭✸✳✹✳✶✾✮ ❛♥❞ ❞✐s❝r❡t❡ tr❛❝❡ ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡ C h (χ b , u, χ b ) -C h (χ b , χ u , b) ≤ Cκ χ b 2 m,h u H 1 (Ω) + b H 1 (Ω) χ u v,h χ b m,h ≤ Cκ χ b 2 m,h u H 1 (Ω) + κµ 8 χ b 2 m,h + C κ µ b 2 H 1 (Ω) χ u 2 v,h ✭✸✳✹✳✻✹✮ ❋✐♥❛••②✱ t❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞ ❢♦r t❤❡ t✇♦ •❛st t❡r♠s ✐♥ ✭✸✳✹✳✹✼✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐s ❛ s✐♠✐•❛r ✇❛②✿ C h (b h , η u , χ b ) -C h (b h , χ u , η b ) Cκ b h m,h h k u H k+1 (Ω) χ b m,h + h k curl b H k (Ω) χ u v,h ≤ κµ 8 χ b 2 m,h + ν 10 χ u 2 v,h + h 2k b 2 H k+1 (Ω) + h 2k u 2 H k+1 (Ω) . ✭✸✳✹✳✻✺✮ ❚❤✉s✱ ❝♦♠❜✐♥✐♥❣ ❛•• ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✹✹✮ ❜② ❛ss✉♠✐♥❣ t❤❛t 1 min (ν,νm) u H 1 (Ω) ❛♥❞ √ κ √ ννm b H 1 (Ω) ❛r❡ s♠❛•• ❡♥♦✉❣❤✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❚❤❡♦r❡♠ ✸✳✹✳✾✳ ❆ss✉♠❡ t❤❡ ❛♥❛•②t✐❝❛• s♦•✉t✐♦♥ (u, b, p) ♦❢ ✭✸✳✹✳✶✮✲✭✸✳✹✳✻✮ s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✶✮✳ ▲❡t (u h , p h , b h ) ❜❡ t❤❡ s♦•✉t✐♦♥ ✐♥ X h × Q h × C h ♦❢ t❤❡ ❉• ♠❡t❤♦❞ ✭✸✳✹✳✼✮✲ ✭✸✳✹✳✽✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✼✱ ✇❡ ❛ss✉♠❡ t❤❛t 1 min (ν,µ) u H 1 (Ω) ❛♥❞ κ 1/2 ν 1/2 µ 1/2 b H 1 (Ω) ❛r❡ s♠❛•• ❡♥♦✉❣❤✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡rr♦r ❡st✐♠❛t❡✿ ν u -u h 2 v,h + κµ b -b h 2 m,h Ch 2k u 2 H k+1 (Ω) + b 2 H k+1 (Ω) + b 2 H k+1 (Ω) u 2 H k+1 (Ω) + b 2 H k+1 (Ω) ✭✸✳✹✳✻✻✮ ✇✐t❤ C ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜•❡♠ ❜✉t ♥♦t ♦❢ t❤❡ ♠❡s❤ s✐③❡ h✳ Pr♦♦❢✳ ❙✐♥❝❡ u -u h = η u + χ u ❛♥❞ b -b h = η b + χ b ✱ t❤❡♥ t❤❡ r❡s✉•t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✹✳✽✱ ✭✸✳✷✳✺✺✮ ❛♥❞ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✳ ❈❤❛♣t❡r ✹ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② t❤❡ ❢♦••♦✇✐♥❣ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✿ (N S)              ✉ t -ν∆✉ + ∇p + ✉ • ∇✉ = ❢ ✐♥ Ω × [0, T ] div ✉ = 0 ✐♥ Ω × [0, T ] ✉ • n = 0 curl ✉ × n = 0 ♦♥ Γ × [0, T ] ✉ (x, 0) = ✉ 0 ∀x ∈ Ω. ✇❤❡r❡ Ω ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R 3 s✐♠♣•② ❝♦♥♥❡❝t❡❞✱ ✇❤♦s❡ ❜♦✉♥❞❛r② Γ ✐s ♦❢ ❝•❛ss C 1,1 ✳ ❚❤❡ ❢✉♥❝t✐♦♥s ✉ ❛♥❞ p ❞❡s❝r✐❜❡ r❡s♣❡❝t✐✈❡•② t❤❡ ✈❡•♦❝✐t② ❛♥❞ t❤❡ ♣r❡ss✉r❡✳ ❚❤❡ ❢✉♥❝t✐♦♥s f ❛♥❞ ✉ 0 ❛r❡ t❤❡ ❡①t❡r♥❛• ❢♦r❝❡s ❛♥❞ t❤❡ ✐♥✐t✐❛• ✈❡•♦❝✐t② r❡s♣❡❝t✐✈❡•②✱ ❛♥❞ ν > 0 t❤❡ ❝♦♥st❛♥t ❦✐♥❡♠❛t✐❝✳ ❚❤❡ ♦r✐❣✐♥❛• ♠♦t✐✈❛t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ ▼❍❉ ♣r♦❜•❡♠ ✐♥ ❈❤❛♣t❡r ✷ ❛♥❞ ❈❤❛♣t❡r ✸✳ ❚❤❡ ❣♦❛• ✐s t♦ st✉❞② t❤❡ ♥♦♥st❛t✐♦♥❛r② ❝❛s❡ ❛♥❞ t❤❡♥ t♦ t❡st ♦t❤❡r str❛t❡❣✐❡s t♦ ♦✈❡r❝♦♠❡ t❤❡ ❞✐✣❝✉•t✐❡s t♦ tr❡❛t t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐•✐t② ❝♦♥str❛✐♥t div b = 0 ✐♥ Ω✳ ❙✐♥❝❡ t❤❡ ▼❍❉ s②st❡♠ ✐s ❢♦r♠❡❞ ❜② ❝♦✉♣•✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ▼❛①✇❡•• ❡q✉❛t✐♦♥s✱ t❤❡ st✉❞② ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❢✉•• ▼❍❉ s②st❡♠ ♠❛② ❜❡ q✉✐t❡ ❝✉♠❜❡rs♦♠❡✳ ❚❤✉s✱ ✇❡ ✜rst st❛rt❡❞ t♦ ❛♥❛•②③❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ (N S) ✇❤✐❝❤ ✐s s✐♠♣•❡st ❛♥❞ ✐t ✐s ✐ts❡•❢ ❛♥ ✐♥t❡r❡st✐♥❣ ♣r♦❜•❡♠ t♦ st✉❞②✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐s ❛ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❍✳ ◆❛✈✐❡r ❬✼✹(✳ ❚❤❡ s②st❡♠ (N S) ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ❉❛ ❱❡✐❣❛ ❬✷✶( ❛♥❞ ❳✐❛♦ ❛♥❞ ❳✐♥ ❬✶✵✶( ✇❤❡r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ❊✉•❡r ♣r♦❜•❡♠ ✇❤❡♥ t❤❡ ✈✐s❝♦s✐t② t❡♥❞s t♦ ③❡r♦ ✐s ❡st❛❜•✐s❤❡❞✳ ❆•s♦ ✐♥ t❤❡ ✇♦r❦ ♦❢ ▼✐tr❡❛ ❛♥❞ ▼♦♥♥✐❛✉① ❬✼✵✱ ✼✶(✱ t❤❡ ❛✉t❤♦rs ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❛♥❛•②t✐❝✐t② ♦❢ t❤❡ ❙t♦❦❡s s❡♠✐✲❣r♦✉♣ ✇✐t❤ t❤❡ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦❣❡t❤❡r ✇✐t❤ t❤❡ •♦❝❛• ❡①✐st❡♥❝❡ ♦❢ ♠✐• s♦•✉t✐♦♥s✳ ■♥ ▼✐②❛❦❛✇❛ ❬✼✷(✱ t❤❡ ❛✉t❤♦r ❛✐♠❡❞ t♦ ♣r♦✈❡ ❛ •♦❝❛• ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦•✉t✐♦♥s✳ ❬✷( ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ s❛♠❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❙t♦❦❡s ♦♣❡r❛t♦r ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❣❡♥❡r❛t❡s ❛ ❜♦✉♥❞❡❞ ❛♥❛•②t✐❝ s❡♠✐✲❣r♦✉♣✳ ❲❡ ❛•s♦ ♠❡♥t✐♦♥ t❤❡ ✐♥t❡r❡st✐♥❣ ✇♦r❦ ❬✶(✱ ✇❤❡r❡ t❤❡ ◆❛✈✐❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇✐t❤ ♥♦♥✲s♠♦♦t❤ s•✐♣ ❝♦❡✣❝✐❡♥t α ✐s st✉❞✐❡❞✳ ❖♥❡ ♦❢ t❤❡ ❞✐✣❝✉•t✐❡s ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜•❡♠ ✐s ❤♦✇ t♦ ❡♥❢♦r❝❡ ♥✉♠❡r✐❝❛••② t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✈❡•♦❝✐t②✱ t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❛t✐♦♥❛••② ❝♦st•②✳ ❖♥❡ ♦❢ t❤❡ ✇❡••✲❦♥♦✇♥ ♠❡t❤♦❞s t♦ r❡•❛① t❤✐s ❝♦♥str❛✐♥t ✐s t❤❡ ♣r❡ss✉r❡ st❛❜✐•✐③❛t✐♦♥ ♠❡t❤♦❞ ✇❤✐❝❤ ✇❛s ✜rst st✉❞✐❡❞ ❜② ❈❤♦r✐♥ ❬✷✻✱ ✷✼( ❛♥❞ ❚❡♠❛♠ ❬✾✻(✳ ❚❤✐s ♠❡t❤♦❞ ❝♦♥s✐sts t♦ ❛❞❞ ǫ∆p ǫ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐•✐t② ❡q✉❛t✐♦♥ ✿ div ✉ ǫ + ǫ∆p ǫ = 0 ✐♥ Ω×]0, T [, ✇❤❡r❡ ǫ > 0 ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ ♣❡rt✉r❜❛t✐♦♥✳ ❆♥♦t❤❡r ♠❡t❤♦❞ ✇✐t❤ ǫ∆p ǫ r❡♣•❛❝❡❞ ❜② ǫp ǫ ✱ ✇❤✐❝❤ ✐s ❛ ♣❡♥❛•t② ♠❡t❤♦❞ ✇❛s ✉s❡❞ ✐♥ s❡✈❡r❛• ✇♦r❦s ✭s❡❡ ❬✷✵( ❛♥❞ ❬✾✵(✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✇❤❡r❡ t❤❡ t❡r♠ ǫ∆p ǫ ✐s r❡♣•❛❝❡❞ ❜② ǫp ǫ t ✿ div ✉ ǫ + ǫp ǫ t = 0 ✐♥ Ω×]0, T [ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❞✐✛❡r❡♥t ✇♦r❦s✱ s❡❡ ❬✹✵✱ ✾✺(✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣s❡✉❞♦ ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞✱ s✐♠✐•❛r t♦ t❤❡ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ❬✾✶(✱ t❤r♦✉❣❤ ✐♥s❡rt✐♥❣ ❛ ♣r❡ss✉r❡ st❛❜✐•✐③✐♥❣ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿ div ✉ ǫ -ǫ∆p ǫ t = 0 ✐♥ Ω×]0, T [ and ∂p ǫ t ∂n = 0 on Γ, ■♥ ♦✉r ✇♦r❦✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ (N S) ❜② ✉s✐♥❣ ❋❛❡❞♦ •❛•❡r❦✐♥ ♠❡t❤♦❞✳ ◆❡①t✱ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ t❤❡ ❛❜♦✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✇✐•• ❜❡ ❛♥❛•②③❡❞ t♦ r❡•❛① t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐•✐t② ❝♦♥str❛✐♥t✿ t❤❡ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ❛♥❞ t❤❡ ♣s❡✉❞♦ ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞✳ ❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦••♦✇s✿ ❙❡❝t✐♦♥ ✷ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ❢♦r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (N S) ❜② ✉s✐♥❣ ❋❛❡❞♦✲•❛•❡r❦✐♥✬s ♠❡t❤♦❞✳ ❚❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞ ❛r❡ ❝•❛ss✐❝ ❛♥❞ ✐♥s♣✐r❡❞ ❜② t❤❡ ❜♦♦❦s ♦❢ ❏✳▲✳ ▲✐♦♥s ❬✻✺( ❛♥❞ |✳ ❚❡♠❛♠ ❬✾✻(✳ ❙❡❝t✐♦♥ ✸ ❞❡❛•s ✇✐t❤ t❤❡ ❛♥❛•②s✐s ♦❢ t❤❡ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦•✉t✐♦♥ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ s②st❡♠ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ ❝❛s❡✳ ❙❡❝t✐♦♥ ✹ ❞❡❛•s ✇✐t❤ t❤❡ st✉❞② ♦❢ t❤❡ ♣s❡✉❞♦ ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞✳ ❲❡ ❣✐✈❡ ❛♥ ❡rr♦r ❛♥❛•②s✐s ❢♦r t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ✇✐t❤ r❡s♣❡❝t t♦ (N S)✳ ❙❡❝t✐♦♥ ✺ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡rr♦r ❛♥❛•②s✐s ❢♦r s❡❝♦♥❞✲♦r❞❡r t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢ ❛ ♣❡rt✉r❜❡❞ s②st❡♠ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (N S)✳ ✹✳✷ ❆♥❛•②s✐s ♦❢ t❤❡ ♣r♦❜•❡♠ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ ❣✐✈❡ ❛♥ ❡q✉✐✈❛•❡♥t ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❛♠ ❛♥❞ t♦ s❤♦✇ t❤❛t ✐t ❤❛s ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥✳ ▲❡t ✉s ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ r❡•❛t✐♦♥s✳ ❲❡ ✇✐•• ✉s❡ t❤❡ st❛♥❞❛r❞ ♥♦t❛t✐♦♥ ❢♦r ❙♦❜♦•❡✈ s♣❛❝❡s ▲ 2 (Ω)✱ ❍ 1 (Ω) ❛♥❞ ❍ 2 (Ω)✳ ❲❡ s❤❛•• ✉s❡ ❜♦•❞ ❝❤❛r❛❝t❡rs ❢♦r t❤❡ ✈❡❝t♦rs ♦r t❤❡ ✈❡❝t♦r s♣❛❝❡s ❛♥❞ t❤❡ ♥♦♥✲❜♦•❞ ❝❤❛r❛❝t❡rs ❢♦r t❤❡ s❝❛•❛rs✳ ❲❡ ❛•s♦ ✉s❡ t❤❡ st❛♥❞❛r❞ ♥♦t❛t✐♦♥ ❢♦r t❤❡ L 2 (Ω) ✐♥♥❡r ♣r♦❞✉❝t✱ t❤❛t ✐s✱ (•, •)✳ ❲❡ ♥♦t❡ • , • 1 ❛♥❞ • 2 t♦ ❞❡✜♥❡ r❡s♣❡❝t✐✈❡•② t❤❡ ♥♦r♠ ♦❢ ❢✉♥❝t✐♦♥ ✐♥ ▲ 2 (Ω)✱ ❍ 1 (Ω) ❛♥❞ ✐♥ ❍ 2 (Ω). ❚❤❡ ♥♦r♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ L p (Ω) ✇✐t❤ p = 2 ✇✐•• ❜❡ ❞❡♥♦t❡❞ ❜② • L p (Ω) ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ s✉❜s♣❛❝❡✿ H = {v ∈ L 2 (Ω); div v = 0 in Ω, v • n = 0 on Γ} ❛♥❞ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ s✉❜s♣❛❝❡ H 1 T (Ω) = {v ∈ H 1 (Ω); v • n = 0 on Γ}, ❆♥❛•②s✐s ♦❢ t❤❡ ♣r♦❜•❡♠ ✶✸✺ X T (Ω) = {v ∈ L 2 (Ω); div v ∈ L 2 (Ω), curl v ∈ L 2 (Ω), v • ♥ = 0 ♦♥ Γ}. H 0 (div , Ω) = H 2,2 0 (div , Ω) = {v ∈ L 2 (Ω) , div v ∈ L 2 (Ω) , v • ♥ = 0 ♦♥ Γ}, ❛♥❞ V T (Ω) = {v ∈ H 1 (Ω); div v = 0 in Ω, v • n = 0 on Γ}. ▼♦r❡♦✈❡r✱ ✐❢ X ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ✇❡ ❞❡✜♥❡ ❜② L 2 (0, T ; X) t❤❡ t✐♠❡✲s♣❛❝❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s s✉❝❤ t❤❛t v 2 L 2 (0, T ;X) = T 0 v(t) 2 X dt < ∞, ∀v ∈ L 2 (0, T ; X) ❲❡ ❞❡✜♥❡ B(✉, ✈ )✱ b(✉, ✈ , w) ❛s ❢♦••♦✇ ✿ B(✉, ✈ ) = (✉ • ∇)✈ , b(u, w, v) = (B(u, v), w), ∀u, v, w ∈ H 1 T (Ω). ❲❡ ✇✐•• ❞❡♥♦t❡ ❜② C ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ Ω✳ ❲❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t✐❡s✿ • ❙♦❜♦•❡✈ ✐♥❡q✉❛•✐t② ❢♦r ❛♥② 1 ≤ p ≤ 6✿ ✐t ✐s ✇❡•• ❦♥♦✇♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✻(✮ t❤❛t ✐❢ Ω ✐s ❜♦✉♥❞❡❞ ❛♥❞ s✐♠♣•②✲❝♦♥♥❡❝t❡❞✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C(Ω) s✉❝❤ t❤❛t v 2 L p (Ω) ≤ C curl v 2 + div v 2 , ∀v ∈ H 1 T (Ω). ✭✹✳✷✳✶✮ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ∇v 2 ≤ C curl v 2 + div v 2 , ∀v ∈ H 1 T (Ω). ✭✹✳✷✳✷✮ • P♦✐♥❝❛ré✬s ✐♥❡q✉❛•✐t②✿ u L 2 (Ω) C ∇u L 2 (Ω) , ∀u ∈ X T (Ω). ✭✹✳✷✳✸✮ • ❆❣♠♦♥✬s ✐♥❡q✉❛•✐t②✿ u L ∞ (Ω) C u 1 2 H 1 (Ω) u 1 2 H 2 (Ω) , ∀u ∈ H 2 (Ω). ✭✹✳✷✳✹✮ • •❛❣•✐❛r❞♦✲◆✐r❡♥❜❡r❣✬s ✐♥❡q✉❛•✐t②✿ ❲❡ ❛ss✉♠❡ p < d✱ q < r < p * ✱ θ ∈ [0, 1]✱ 1 r = θ q + 1-θ p * ❛♥❞ d p * = d p -1 ✇❤❡r❡ d ✐s t❤❡ ❞✐♠❡♥s✐♦♥✳ ❚❤❡♥ ✿ ✉ L r (Ω) ✉ θ L q (Ω) ∇✉ 1-θ L p (Ω) . ✭✹✳✷✳✺✮ ■❢ ✇❡ t❛❦❡ ✐♥ ✭✹✳✷✳✺✮✿ r = 3 ✱ p = q = 2 ❛♥❞ θ = 1 2 ✱ ✇❡ ❤❛✈❡✿ ✉ L 3 (Ω) ✉ 1 2 ∇✉ 1 2 . ✭✹✳✷✳✻✮ ▲❡t T > 0 ❜❡ ❣✐✈❡♥ ❛♥❞ ❢ ❛♥❞ ✉ 0 ❣✐✈❡♥ ❢✉♥❝t✐♦♥s ✇✐t❤✿ u 0 ∈ H, f ∈ L 2 (0, T ; (H 0 (div , Ω)) ′ ). ✭✹✳✷✳✼✮ ■♥ t❤❡ ✜rst ♣r♦♣♦s❡❞ ♠❡t❤♦❞✱ ✇❡ ❛ss✉♠❡ t❤❛t ν = 1✳ ❲❡ ❝❛♥ ❡❛s✐•② ❝❤❡❝❦ t❤❛t ❛♥② s♦•✉t✐♦♥ ♦❢ (N S) ✐s ❛•s♦ s♦•✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠ ✿ ✜♥❞ ✉ ∈ L 2 (0, T ; V T (Ω)) s✉❝❤ t❤❛t    d dt (u, v) + (curl ✉,curl✈) + b(✉, ✉,✈) = ❢ , ✈ Ω , ∀✈ ∈ V T (Ω) ✉(0) = ✉ 0 , ✭✹✳✷✳✽✮ ✇❤❡r❡ t❤❡ ❞✉❛•✐t② ♦♥ Ω ✐s ❞❡✜♥❡❞ ❜② •, • Ω = •, • (H0(div ,Ω)) ′ ×H0(div ,Ω) . ❚❤❡ ❢♦••♦✇✐♥❣ ❚❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦•✉t✐♦♥s ♦❢ ✭✹✳✷✳✽✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❋❛❡❞♦✲ •❛•❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❙❡❡ ❬✷✸( ❢♦r ❛ s✐♠✐•❛r ❛♥❛•②s✐s✳ ❚❤❡♦r❡♠ ✹✳✷✳✶✳ •✐✈❡♥ f ❛♥❞ ✉ 0 s❛t✐s❢②✐♥❣ ✭✹✳✷✳✼✮✱ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜•❡♠ (N S) ❛❞♠✐ts ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥ s✉❝❤ ❛s ✿ ✉ ∈ L 2 (0, T ; H 1 T (Ω)) ∩ L ∞ (0, T ; H ) , p ∈ L 2 (0, T ; L 2 (Ω)) Pr♦♦❢✳ ❲❡ ✇✐•• s♦•✈❡ t❤❡ ❡q✉✐✈❛•❡♥t ❢♦r♠✉•❛t✐♦♥ ✭✹✳✷✳✽✮ ♦♥ ❬✵✱❚(✳ ▲❡t m ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ♦rt❤♦♥♦r♠❛• ❜❛s✐s ♦❢ H 1 T (Ω) ❝♦♥st✐t✉t❡❞ ♦❢ ✇ 1 , ✇ 2 , . . . , ✇ m ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ❱ m = < ✇ 1 , ✇ 2 , . . . , ✇ m > ❛♥❞ ✇❡ ❞❡✜♥❡ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ s♦•✉t✐♦♥ ✉ m ♦❢ (4.2.8) ✇✐t❤ ✿ ✉ m (t) = m i=1 g im (t)✇ i ✭✹✳✷✳✾✮ s✉❝❤ t❤❛t ✿        (✉ ′ m (t), ✇ i ) + (curl ✉ m (t), curl ✇ i ) + b(✉ m (t), ✉ m (t), ✇ i ) = ❢ (t), ✇ i Ω ∀i = 1, . . . , m , t ∈ [0, t m ], ✉ m (0) = ✉ 0m ✭✹✳✷✳✶✵✮ ✇❤❡r❡ ✉ 0m ✐s t❤❡ ♦rt❤♦❣♦♥❛• ♣r♦•❡❝t✐♦♥ ♦❢ ✉ 0 ♦♥ t❤❡ s♣❛❝❡ ❱ m ✳ ❯s✐♥❣ t❤❡ t❤❡♦r② ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s✱ t❤❡ ♣r♦❜•❡♠ (4.2.10) ❛❞♠✐ts ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥ ✉ m ❞❡✜♥❡❞ ♦♥ [0, t m ] ✇✐t❤ t m < T ✳ ■♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✹✳✷✳✶✵✮✱ ✇❡ ♥❡❡❞ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦♥ ✉ m ✐♥❞❡♣❡♥❞❡♥t ♦❢ m✳ ▼✉•t✐♣•②✐♥❣ (4.2.10) ❜② g im (t) ❛♥❞ ❛❞❞✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ❢♦r i = 1, . . . , m✱ ✇❡ ♦❜t❛✐♥✿ 1 2 d dt ✉ m (t) 2 + curl ✉ m (t) 2 = ❢ (t), ✉ m (t) Ω ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦♥ •✐♥❡❛r t❡r♠ b(✉ m , ✉ m , ✉ m ) = 0✳ ❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ✭✹✳✷✳✶✮ ✇✐t❤ div ✉ m = 0 ❛♥❞ (♦✉♥❣ ✐♥❡q✉❛•✐t✐❡s✬✱ ✇❡ ♦❜t❛✐♥ ✿ ❢ (t), ✉ m (t) Ω C ❢ (t) 2 (H0(div ,Ω)) ′ + 1 2 curl ✉ m (t) 2 . ❙♦ ✿ d dt ✉ m (t) 2 + curl ✉ m (t) 2 C ❢ (t) 2 (H0(div ,Ω)) ′ ✭✹✳✷✳✶✶✮ ❆♥❛•②s✐s ♦❢ t❤❡ ♣r♦❜•❡♠ ✶✸✼ ◆♦✇✱ ✐♥t❡❣r❛t✐♥❣ ✭✹✳✷✳✶✶✮ ❢r♦♠ ✵ t♦ t ✇✐t❤ t ∈ [0, t m ] ✱ ✇❡ ♦❜t❛✐♥ ✐♥ ♣❛rt✐❝✉•❛r ✿ sup t∈[0,tm] ✉ m (t) 2 C T 0 f (t) 2 (H0(div ,Ω)) ′ dt + ✉ 0m 2 ✭✹✳✷✳✶✷✮ ❚❤❡ ❡st✐♠❛t❡ ✭✹✳✷✳✶✷✮ ✐s ✈❛•✐❞ ✇✐t❤ t m = T ✇❤✐❝❤ ❣✐✈❡s sup t∈[0,T ] ✉ m (t) 2 C 1 , ✭✹✳✷✳✶✸✮ ✇❤❡r❡ C 1 = ✉ 0 2 + T 0 f (t) 2 (H0(div ,Ω)) ′ dt. ✭✹✳✷✳✶✹✮ ❚❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✹✳✷✳✶✸✮ s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡•❡♠❡♥t u * ∈ L ∞ (0, T ; H) ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ st✐•• ❞❡♥♦t❡❞ (✉ m ) m s✉❝❤ t❤❛t✿ ✉ m ⇀ u * ✇❡❛❦ st❛r ✐♥ L ∞ (0, T ; H) ✭✹✳✷✳✶✺✮ ◆❡①t✱ ✐♥t❡❣r❛t✐♦♥ ✭✹✳✷✳✶✶✮ ♦✈❡r t✐♠❡✱ ❢r♦♠ 0 t♦ T ✱ ✇❡ ♦❜t❛✐♥ ✿ ✉ m (T ) 2 + T 0 curl ✉ m (t) 2 dt ✉ 0 2 + C T 0 ❢ (t) 2 (H0(div ,Ω)) ′ dt. ✭✹✳✷✳✶✻✮ ❙♦✱ ✇❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉•❛r T 0 curl ✉ m (t) 2 dt C 1 , ✭✹✳✷✳✶✼✮ ❚❤❡ ❡st✐♠❛t❡ ✭✹✳✷✳✶✼✮ s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ u * ✐♥ L 2 (0, T ; H 1 (Ω)) ❛♥❞ s♦♠❡ s✉❜s❡q✉❡♥❝❡ st✐•• ❞❡♥♦t❡❞ (✉ m ) m s✉❝❤ t❤❛t ✿ ✉ m ⇀ u * ✇❡❛❦ ✐♥ L 2 (0, T ; H 1 (Ω)) ✭✹✳✷✳✶✽✮ ❇② ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ •✐♠✐t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u * = u✳ ❚❤❡ t✇♦ ❛❜♦✈❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s ❛••♦✇ t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ •✐♥❡❛r t❡r♠s✳ ❚♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ ♥♦♥•✐♥❡❛r t❡r♠✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♦❜t❛✐♥ ❛ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛• ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦•✉t✐♦♥✿ R |τ | 2γ ✉ m (τ ) 2 dτ C, for some γ ∈ (0, 1 4 ). ✭✹✳✷✳✶✾✮ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❞❡t❛✐•❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ s♦ ✇❡ ♦♠✐t t❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✷✳✶✾✮✳ ❚❤❡ ❡st✐♠❛t❡ ✭✹✳✷✳✶✾✮ ❛•♦♥❣ ✇✐t❤ ✭✹✳✷✳✶✽✮ ❛♥❞ ❝♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠ ❬✾✻✱ ❚❤❡♦r❡♠ 2.2✱ ♣✳274( ✇✐•• ✐♠♣•② t❤❛t ✇❡ ❝❛♥ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (✉ m )✱ st✐•• ❞❡♥♦t❡❞ (✉ m ) m ✱ s✉❝❤ t❤❛t ✉ m → ✉ str♦♥❣•② ✐♥ L 2 (0, T ; L 2 (Ω)). ✭✹✳✷✳✷✵✮ ❲❡ ❝❛♥ ♥♦✇ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ ❛•• t❡r♠s ❛♥❞ ♣r♦✈❡ t❤❛t ✉ s❛t✐s✜❡s ✭✹✳✷✳✽✮✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣❛ss❛❣❡ t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ ♥♦♥•✐♥❡❛r t❡r♠ ✐s ❝•❛ss✐❝❛•✳ ❚❤❡ r❡❛❞❡r ❝❛♥ r❡❢❡r t♦✱ ❢♦r ❡①❛♠♣•❡✱ ❬✻✺( ❛♥❞ ❬✾✻( ❢♦r ❞❡t❛✐•s✳ ❙♦ ✇❡ ♦♠✐t t❤❡ ♣r♦♦❢ ❛t t❤✐s st❛❣❡✳ ■t r❡♠❛✐♥s t♦ r❡❝♦✈❡r t❤❡ ♣r❡ss✉r❡✳ ▲❡t ✈ ∈ V T (Ω) ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❢♦♥❝t✐♦♥♥❛•✿ H(✈ )(t) = T 0 [ ❢ , ✈ Ω -(curl ✉ , curl ✈ ) -(✉.∇✉, ✈ )] ds -(✉(t), ✈ ) + (✉ 0 , ✈ ) ❚❤❛♥❦s t♦ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✹✳✷✳✽✮✱ H ✈❛♥✐s❤❡s ♦♥ V T (Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ p(t) ∈ L 2 (Ω) ❛♥❞ C > 0 s✉❝❤ ❛s ❢♦r ❛•• ✈ ∈ V T (Ω) ✿ H(✈ )(t) = (div ✈ , p(t)) ❲❡ t✐♠❡ ❞❡r✐✈❛t❡ H✱ ❛♥❞ ✇❤❡♥ ✇❡ s❡t p(t) = pt (t)✱ t❤❡ ♣r❡ss✉r❡ p ✐s ✇❡•• ❞❡✜♥❡❞✳ ✹✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (N S) ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✈✐❛ t❤❡ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ❢♦r t❤✐s ♣r♦❜•❡♠ ❜② ✉s✐♥❣ t❤❡ ❋❛❡❞♦✲•❛•❡r❦✐♥✬s ♠❡t❤♦❞✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ✭✹✳✸✳✸✮ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✐♥✐t✐❛• s②st❡♠ (N S)✳ ❋✐♥❛••②✱ ✇❡ ✇✐•• ❞❡r✐✈❡ ❛♥ ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♠❡t❤♦❞✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ r❡❝❛••✐♥❣ ❛ ✉s❡❢✉• ❝♦♠♣❛❝t♥❡ss r❡s✉•t ❬✾✻✱ ❚❤❡♦r❡♠ 2.2✱ ♣✳274( ❚❤❡♦r❡♠ ✹✳✸✳✶✳ ▲❡t X 0 ✱ X✱ X 1 ❍✐•❜❡rt s♣❛❝❡s ✇✐t❤ X 0 ֒→ X ֒→ X 1 ✱ t❤❡ ❡♠❜❡❞❞✐♥❣s ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ X 0 ֒→ X ✐s ❝♦♠♣❛❝t✳ ❋♦r ❛ ❣✐✈❡♥ γ > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ❍✐•❜❡rt s♣❛❝❡ ✿ M γ := M γ (R; X 0 , X 1 ) := {ψ ∈ L 2 (R; X 0 ), D γ t ψ ∈ L 2 (R; X 1 )} ✇✐t❤ t❤❡ ♥♦r♠ ✿ ψ M γ = { ψ 2 L 2 (R,X0) + |τ | γ ψ(τ ) 2 L 2 (R,X1) } ✇❤❡r❡ ψ ❞❡♥♦t❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✳ ❋♦r ❛♥② s❡t K ⊂ R ✱ ✇❡ ❞❡✜♥❡ M γ K := M γ K (R; X 0 , X 1 ) = {ψ ∈ M γ , support ψ ⊆ K}. ✭✹✳✸✳✶✮ ❙♦ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ ✿ M γ K (R; X 0 , X 1 ) ֒→ L 2 (R; X) ✭✹✳✸✳✷✮ ✹✳✸✳✶ ❙t✉❞② ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ▲❡t ǫ ∈ (0, 1] ❜❡ ❛ ♣❛r❛♠❡t❡r ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❢❛♠✐•② ♦❢ ♣❡rt✉r❜❡❞ ❝♦♠♣r❡ss✐❜•❡ ◆❛✈✐❡r✲ ❙t♦❦❡s ❡q✉❛t✐♦♥s✿                ✉ ǫ t -∆✉ ǫ + ∇p ǫ + ✉ ǫ • ∇✉ ǫ + 1 2 (div ✉ ǫ )✉ ǫ = ❢ , ✐♥ Ω×]0, T [ div ✉ ǫ + ǫp ǫ t = 0, ✐♥ Ω×]0, T [ ✉ ǫ • n = 0 , curl ✉ ǫ × n = ✵, ♦♥ Γ×]0, T [ u ǫ (0) = u 0 , p ǫ (0) = p 0 ∈ L 2 (Ω) ✭✹✳✸✳✸✮ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✶✸✾ ❋✐rst✱ ✇❡ ✇✐•• ✇r✐t❡ ❛ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✹✳✸✳✸✮✳ ◆❡①t✱ ✇❡ ❞❡r✐✈❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡s✲ t✐♠❛t❡s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♥❞ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦•✉t✐♦♥s ❜② ♠❡❛♥s ♦❢ •❛•❡r❦✐♥✲❋❛❡❞♦ ❛♣♣r♦①✐♠❛t✐♦♥✳ ▼✉•t✐♣•②✐♥❣ (4.3.3) 1 ❜② ✈ ∈ D(Ω) ❛♥❞ (4.3.3) 2 ❜② q ∈ D(Ω)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ♦✈❡r Ω ❛♥❞ t❤❡♥ ✉s✐♥❣ ❛ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ ❢♦r ❛♥② ✈ ∈ ❱ T (Ω) ❛♥❞ q ∈ L 2 (Ω)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥✿ ❋♦r ǫ > 0 ✜①❡❞✱ ❢ ✱ ✉ 0 ❣✐✈❡♥ s❛t✐s❢②✐♥❣ ✭✹✳✷✳✼✮ ❛♥❞ p 0 ∈ L 2 (Ω), ✭✹✳✸✳✹✮ ✜♥❞ ✉ ǫ ∈ L 2 (0, T ; H 1 T (Ω)) ❛♥❞ p ǫ ∈ L 2 (0, T ; L 2 (Ω)) s✉❝❤ ❛s✱ ❢♦r ❛•♠♦st ❛•• t ∈ [0, T ] ✿            d dt (✉ ǫ , ✈)+(curl✉ ǫ , curl ✈)+(div ✉ ǫ , div ✈) -(p ǫ , div✈ ) + b(✉ ǫ , ✉ ǫ , ✈)= ❢ , ✈ Ω , ∀✈ ∈ H 1 T (Ω) ǫ d dt (p ǫ , q) + (div ✉ ǫ , q) = 0, ∀q ∈ L 2 (Ω) ✉ ǫ (0) = ✉ 0 , p ǫ (0) = p 0 . ✭✹✳✸✳✺✮ ❲❡ ♥♦t❡ t❤❛t ✇❡ ✉s❡ t❤❡ ❢♦r♠ b ✐♥st❡❛❞ ♦❢ b ❞❡✜♥❡❞ ❜②✿ b(✉, ✈,✇) = 1 2 [b(✉, ✈,✇) -b(✉, ✇,✈)] = ( B(✉, ✈),✇) ✭✹✳✸✳✻✮ ✇✐t❤ B(✉, ✈) = (✉ • ∇)✈ + 1 2 (div ✉)✈✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ❛❞❞✐t✐♦♥❛• t❡r♠ 1 2 (div ✉ ǫ )✉ ǫ ✇❤✐❝❤ ✐s ❛ st❛❜✐•✐③❛t✐♦♥ t❡r♠✳ ■♥❞❡❡❞✱ ✐❢ div ✉ = 0 ✱ b(✉, ✉,✉) = 0✳ ❍♦✇❡✈❡r✱ ❜② ✐♥tr♦❞✉❝✐♥❣ b ❛s ✐♥ ✭✹✳✸✳✻✮✱ t❤✐s ❛••♦✇s t♦✿ b(✉, ✈,✈) = 0, ∀✈ ∈ H 1 T (Ω). ✭✹✳✸✳✼✮ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❣✐✈❡s t❤❡ ✇❡••✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛• ♣r♦❜•❡♠ ✭✹✳✸✳✺✮✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ ❬✻✽✱ ❚❤❡♦r❡♠ ✺✳✶(✳ ❚❤❡♦r❡♠ ✹✳✸✳✷✳ ▲❡t ǫ ❛r❜✐tr❛r② ✐♥ (0, 1]✳ •✐✈❡♥ ✭✹✳✷✳✼✮ ❛♥❞ ✭✹✳✸✳✹✮✱ t❤❡ ♣r♦❜•❡♠ (4.3.5) ❛❞♠✐ts ❛t •❡❛st ♦♥❡ s♦•✉t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✉ ǫ ∈ L 2 (0, T ; H 1 T (Ω)) ∩ L ∞ (0, T ; L 2 (Ω) ) , p ǫ ∈ L 2 (0, T ; L 2 (Ω)) Pr♦♦❢✳ ❚♦ ❡st❛❜•✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✷✱ ✇❡ r❡t✉r♥ t♦ t❤❡ •❛•❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ✇❡ •♦♦❦ ❢♦r s✐♠✐•❛r ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣r❡ss✉r❡✳ ▲❡t (w i ) ❛♥ ♦rt❤♦♥♦r♠❛• ❜❛s✐s ♦❢ H 1 T (Ω) ❛♥❞ (v i ) ❛♥ ♦rt❤♦♥♦r♠❛• ❜❛s✐s ♦❢ L 2 (Ω)✳ ▲❡t W m =< ✇ 1 , . . . , ✇ m > ❛♥❞ V m =< v 1 , . . . , v m >✳ ❲❡ ❞❡♥♦t❡ ❜②✿ ✉ ǫ m (t) = m i=1 g im (t)✇ i and p ǫ m (t) = m j=1 ξ jm (t)v j , ❛♣♣r♦①✐♠❛t❡❞ s♦•✉t✐♦♥s ✇❤✐❝❤ s❛t✐s❢② ✿                  d dt (✉ ǫ dt p ǫ m 2 C ❢ 2 H0(div ,Ω) ′ ✭✹✳✸✳✾✮ ■♥t❡❣r❛t✐♥❣ ✭✹✳✸✳✾✮ ❢r♦♠ ✵ t♦ t ✇✐t❤ t ≤ t m ✱ sup t∈[0,tm] ✉ ǫ m (t) 2 + ǫ p ǫ m (t) 2 C T 0 ❢ (t) 2 H0(div ,Ω) ′ dt + ✉ ǫ 0m 2 + p ǫ 0m 2 . ✭✹✳✸✳✶✵✮ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✸✳✶✵✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t m ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡st✐♠❛t❡ ✭✹✳✸✳✶✵✮ ✐s ✈❛•✐❞ ✇✐t❤ t m = T ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡ sup t∈[0,T ] ✉ ǫ m (t) 2 + ǫ p ǫ m (t) 2 C 2 , ✭✹✳✸✳✶✶✮ ✇❤❡r❡ C 2 = ✉ ǫ 0 b(✉ ǫ , ✉ ǫ , ✇ k ψ(t))dt ✭✹✳✸✳✷✸✮ ◆♦✇✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥♦♥•✐♥❡❛r t❡r♠ ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ ✇ k ❢♦r ❛♥② ✇ k ∈ H 1 T (Ω)✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ ψ ∈ C ∞ (0, T )✱ ✇❡ ❤❛✈❡ ✿ T 0 b(✉ ǫ , ✉ ǫ , ✇ k ψ) dt 1 2 T 0 b(✉ ǫ , ✉ ǫ , ✇ k ψ) dt + T 0 b(✉ ǫ , ✇ k ψ, ✉ ǫ ) dt 1 2 sup t∈(0,T ) |ψ(t)| T 0 ✉ ǫ L 4 (Ω) ∇✉ ǫ ✇ k L 4 (Ω) dt + 1 2 sup t∈(0,T ) |ψ(t)| T 0 ✉ ǫ 2 L 4 (Ω) ∇✇ k dt ❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✹✹ ❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♠❜❡❞❞✐♥❣ H 1 T (Ω) ֒→ H 1 (Ω) ֒→ L 4 (Ω)✱ ✇❡ ❣❡t✿ T 0 b(✉ ǫ , ✉ ǫ , ✇ k ψ) dt C ✉ ǫ 2 L 2 (0,T ;H 1 T (Ω)) ✇ k H 1 T (Ω) ✭✹✳✸✳✷✹✮ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❜② ❛ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ t❛❦✐♥❣ t❤❡ •✐♠✐t ♦❢ ✭✹✳✸✳✷✶✮ ❛s m → ∞✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❡✈❡r② ✇ ∈ H 1 T (Ω) ❛♥❞ v ∈ L 2 (Ω) - T 0 (✉ ǫ , ✇ )ψ ′ dt + T 0 (curl ✉ ǫ , ψ curl ✇ ) dt + T 0 (div ✉ ǫ , ψdiv ✇ ) dt + T 0 (∇p ǫ , ψ✇ ) dt + T 0 b(✉ ǫ , ✉ ǫ , ψ✇ ) dt = T 0 ❢ , ψ✇ Ω dt + (✉ 0 , ✇ )ψ(0), -ǫ T 0 (p ǫ , ψ ′ v) + T 0 (div ✉ ǫ , ψv) dt = ǫ(p 0 , v)ψ(0), t❤❛t ✐s✱ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ s❡♥s❡✱ t❤❡ ♣r♦❜•❡♠ ✭✹✳✸✳✺✮ ✇✐t❤♦✉t t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s✳ ❚♦ ♣r♦✈❡ t❤❛t t❤❡ s♦•✉t✐♦♥s ✉ ǫ ❛♥❞ p ǫ s❛t✐s❢② t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s ✉ ǫ (0) ❛♥❞ p ǫ (0) r❡s♣❡❝t✐✈❡•②✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ ❬✾✻(✳ ❙♦✱ ✇❡ t❛❦❡ ❛ t❡st ❢✉♥❝t✐♦♥ ψ ∈ C ∞ (0, T ) ✇✐t❤ ψ(T ) = 0✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t (u 0 -✉ ǫ (0), ✇ )ψ(0) = 0 (p 0 -p ǫ (0), v)ψ(0) = 0 ◆❡①t✱ ✇❡ t❛❦❡ ψ s✉❝❤ ❛s ψ(0) = 1✱ s♦ ✇❡ ❤❛✈❡ ✉ 0 = ✉ ǫ (0) ❛♥❞ p ǫ (0) = p 0 ✳ ✹✳✸✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ s♦•✉t✐♦♥s ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ t♦ t❤❡ ✐♥✐t✐❛• ✐♥✲ ❝♦♠♣r❡ss✐❜•❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜•❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✭✹✳✸✳✸✮ ❝♦♥✈❡r❣❡ t♦ t❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (N S)✳ ❙♦✱ ✇❡ ✇✐•• ❝♦♥s✐❞❡r t❤❡ •✐♠✐t ǫ → 0✳ ■t ✐s ✉s❡❢✉• t♦ ❡st❛❜•✐s❤ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r ✉ ǫ ❛♥❞ p ǫ ✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ǫ✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ǫ → 0✱ ✇❡ ❝❛♥ ❛•✇❛②s s✉♣♣♦s❡ t❤❛t ǫ ≤ 1✳ ❇② t❤❡ •♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♥♦r♠ ❢♦r t❤❡ ✇❡❛❦ t♦♣♦•♦❣②✱ ❡st✐♠❛t❡s ✭✹✳✸✳✶✶✮✱ ✭✹✳✸✳✶✸✮ ❛♥❞ ✭✹✳✸✳✶✻✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ǫ ✿                    ✉ ǫ L ∞ (0,T ;▲ 2 (Ω)) lim inf m→∞ ✉ ǫ m L ∞ (0,T ;L 2 (Ω)) ≤ C 2 ✉ ǫ L 2 (0,T ;H 1 T (Ω)) lim inf m→∞ ✉ ǫ m L 2 (0,T ;H 1 T (Ω)) ≤ C 2 √ ǫ p ǫ L ∞ (0,T ;L 2 (Ω)) lim inf m→∞ p ǫ m L ∞ (0,T ;L 2 (Ω)) ≤ C 2 R |τ | 2θ ✉ ǫ (τ ) 2 dτ lim inf m→∞ R |τ | 2θ ✉ ǫ m (τ ) 2 dτ < C ✭✹✳✸✳✷✺✮ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ t❤❛t ✐♥ ❬✾✻✱ ❚❤❡♦r❡♠ ✽✳✹( ❛♥❞ ❬✻✽✱ ❚❤❡♦r❡♠ ✺✳✹( ✭s❡❡ ❛•s♦ ❬✶✵✹✱ ❚❤❡♦r❡♠ ✹✳✶(✮✳ ❚❤❡♦r❡♠ ✹✳✸✳✸✳ ▲❡t ǫ ❛r❜✐tr❛r② ✐♥ (0, 1]✳ ▲❡t ✉s f ✱ u 0 ❛♥❞ p 0 s❛t✐s❢②✐♥❣ ✭✹✳✷✳✼✮ ❛♥❞ ✭✹✳✸✳✹✮✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (ǫ n ) n ∈ (0, 1] s✉❝❤ ❛s ǫ n → 0 + ❛s n → ∞✱ ❛♥❞ t❤❡ s♦•✉t✐♦♥s {✉ ǫn , p ǫn } ❛r❡ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✶✹✺ ❝♦♥✈❡r❣❡♥t✳ ▲❡t (u * , p * ) ❜❡ ✐ts •✐♠✐t✳ ❚❤❡♥ (u * , p * ) ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (N S)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ✉ ǫn ⇀ ✉ * in L 2 (0, T ; H 1 T (Ω)) weakly ✉ ǫn ⇀ ✉ * in L ∞ (0, T ; ▲ 2 (Ω)) weak star ✉ ǫn → ✉ * in L 2 (0, T ; ▲ 2 (Ω)) strongly ∇p ǫn ⇀ ∇p * in H -1 (Q) weakly ✭✹✳✸✳✷✻✮ Pr♦♦❢✳ ❙✐♥❝❡ (u ε , p ε ) s❛t✐s✜❡s t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✐♥ ✭✹✳✸✳✷✺✮ ❛♥❞ t❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ε✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ (ε n ) n ∈]0, 1] ✭ǫ n → 0 + ❛s n → ∞✮ ❛♥❞ s♦♠❡ u * ❛♥❞ p * s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ✉ ǫn ⇀ ✉ * in L 2 (0, T ; H 1 T (Ω)) weak ✉ ǫn ⇀ ✉ * in L ∞ (0, T ; L 2 (Ω)) weak star √ ǫ n p ǫn ⇀ p * in L ∞ (0, T ; L 2 (Ω)) weak star ✭✹✳✸✳✷✼✮ ▼♦r❡♦✈❡r✱ ❞✉❡ t♦ t❤❡ •❛st ❜♦✉♥❞ ✐♥ ✭✹✳✸✳✷✺✮ ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss t❤❡♦r❡♠ ✹✳✸✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✉ ǫn → ✉ * in L 2 (0, T ; L 2 (Ω)) strong ✭✹✳✸✳✷✽✮ ❖❜s❡r✈❡ t❤❛t √ ǫ n d dt (p ǫn , v) → d dt (p * , v), ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ s❡♥s❡ ❛♥❞ t❤❡♥ ǫ n d dt (p ǫn , v) = √ ǫ n √ ǫ n d dt (p ǫn , v) → 0. P❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✹✳✸✳✺✮ ❢♦r t❤❡ s❡q✉❡♥❝❡ ε n ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (div u * , q) = 0, ∀q ∈ L 2 (Ω), ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t div ✉ * = 0✳ ◆❡①t✱ ✇❡ ♣r♦✈❡ t❤❛t ✉ * ✈❡r✐✜❡s t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ (4.2.8)✳ ❚❛❦✐♥❣ ✇ ∈ V T (Ω)✱ ♠✉•t✐♣•②✐♥❣ (4.2.8) ✇✐t❤ ψ ∈ C ∞ 0 (0, T ) ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ 0 t♦ T ✱ ✇❡ ♦❜t❛✐♥ ✿ - T 0 (✉ ǫn (t), ✇)ψ ′ (t) dt + T 0 (curl ✉ ǫn (t), ψ(t) curl ✇) dt + T 0 (div ✉ ǫn (t), ψ(t)div ✇) dt + T 0 b(✉ ǫn (t), ✉ ǫn , ψ(t)✇ ) dt = T 0 ❢ , ψ(t)✇ Ω dt, ∀w ∈ V T (Ω). ✭✹✳✸✳✷✾✮ ❯s✐♥❣ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✳✸✳✷✼✮ ❛♥❞ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✳✸✳✷✽✮✱ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥✭✹✳✸✳✷✾✮ ❛♥❞ ✇❡ ♦❜t❛✐♥ - T 0 (✉ * (t), ✇)ψ ′ (t) dt + T 0 (curl ✉ * (t), ψ(t) curl ✇) dt + T 0 b(✉ * (t), ✉ * (t), ψ(t)✇ ) dt = T 0 ❢ , ψ(t)✇ Ω dt, ∀w ∈ V T (Ω). ✭✹✳✸✳✸✵✮ ◆♦✇✱ ✇r✐t✐♥❣ ✐♥ ♣❛rt✐❝✉•❛r✱ ✭✹✳✸✳✸✵✮ ✇✐t❤ ψ = φ ∈ D((0, T ))✱ ✇❡ s❡❡ t❤❛t u * s❛t✐s✜❡s ✭✹✳✷✳✽✮ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ s❡♥s❡✳ ❙♦✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡ss✉r❡ p * ✱ ✇❡ ❤❛✈❡ (u * , p * ) ✐s s♦•✉t✐♦♥ ♦❢ (N S)✳ ❚❤❡ ✜rst t❤r❡❡ ❝♦♥✈❡r❣❡♥❝❡s ✐♥ ✭✹✳✸✳✷✻✮ ❢♦••♦✇ ❡❛s✐•② ❢r♦♠ ✭✹✳✸✳✷✼✮ ❛♥❞ ✭✹✳✸✳✷✽✮✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ •❛st ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t ✐♥ ✭✹✳✸✳✷✻✮✳ ❙✐♥❝❡ ∇p εn = f -u εn t + ∆u εn + B(u εn , u εn ). ✭✹✳✸✳✸✶✮ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•ts ❢♦r u ε s❤♦✇s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✸✳✸✶✮ ❝♦♥✈❡r❣❡s t♦ f -u * t + ∆u * + B(u * , u * ) weakly, ✭✹✳✸✳✸✷✮ ✐♥ H -1 (Q) ❛s ε n → 0✳ ❙✐♥❝❡ ✭✹✳✸✳✸✷✮ ✐s ❡①❛❝t•② ∇p * ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∇p εn → ∇p * in H -1 (Q), ✭✹✳✸✳✸✸✮ ✇❤✐❝❤ ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ |❡♠❛r❦ ✹✳✸✳✶✳ ❋♦r t❤❡ ✷✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡✱ t❤❡ s♦•✉t✐♦♥ u ♦❢ ✭✹✳✷✳✽✮ ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡ ✇❤♦•❡ s❡q✉❡♥❝❡ u ε ✱ ❝♦♥✈❡r❣❡s t♦ u ✐♥ t❤❡ s❡♥s❡ ✭✹✳✸✳✷✼✮✲✭✹✳✸✳✷✽✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✳✸✳✸✸✮ t♦ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r❡ss✉r❡ p ❤♦•❞s ❢♦r t❤❡ ✇❤♦•❡ s❡q✉❡♥❝❡ ∇p ε ✹✳✸✳✸ ❊rr♦r ❡st✐♠❛t❡ ❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❡rr♦r ❛♥❛•②s✐s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r ε✳ ❋♦r t❤✐s✱ ✇❡ ♥❡❡❞ t♦ s✉♣♣♦s❡ t❤❡ ❢♦••♦✇✐♥❣ r❡❣✉•❛r✐t② r❡s✉•t✳ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳ ❋♦r u 0 ❛♥❞ f ❣✐✈❡♥ s❛t✐s❢②✐♥❣ ✉ 0 ∈ H 2 (Ω) ∩ H 1 T (Ω) and f ∈ C([0, T ]; L 2 (Ω)), ✭✹✳✸✳✸✹✮ t❤❡r❡ ❡①✐sts T 1 ≤ T s✉❝❤ t❤❛t t❤❡ s♦•✉t✐♦♥s ♦❢ (N S) s❛t✐s✐❢② ✿ ✉(t) H 2 (Ω) + u t (t) + p(t) H 1 (Ω) C, ∀t ∈ [0, T 1 ]. ✭✹✳✸✳✸✺✮ ■♥ ❛❞❞✐t✐♦♥ t♦ ✭✹✳✸✳✸✹✮✱ ✇❡ ❛ss✉♠❡ t❤❛t f t , f tt ∈ C([0, T ]; L 2 (Ω)). ✭✹✳✸✳✸✻✮ ❚❤❡♥ ❢♦r ❛♥② t 0 ∈ (0, T 1 )✱ t❤❡ s♦•✉t✐♦♥ ♦❢ (N S) s❛t✐s✜❡s ♦♥ [t 0 , T 1 ]✿ u tt (t) 2 + ✉ t (t) 2 H 2 (Ω) + p t (t) 2 H 1 (Ω) + t t0 ✉ ttt (s) 2 + ✉ tt (s) 2 H 2 (Ω) + p tt (s) 2 H 1 (Ω) ds C. ✭✹✳✸✳✸✼✮ ❋♦••♦✇✐♥❣ ❬✾✶(✱ ✇❡ ♣r♦✈❡ t❤❡ ♥❡①t ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ✭✹✳✸✳✸✮ ✳ ❚❤❡♦r❡♠ ✹✳✸✳✹✳ ❆ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮ ❛♥❞ t 0 ∈ (0, T 1 )✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿ ✉(t) -✉ ǫ (t) 2 + t t0 ✉(s) -✉ ǫ (s) 2 ds + ǫ p(t) -p ǫ (t) 2 Cǫ 2 , ∀t ∈ [t 0 , T 1 ]. ✭✹✳✸✳✸✽✮ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✶✹✼ Pr♦♦❢✳ ❲❡ s❡t ❡ = ✉ -✉ ǫ ❛♥❞ q = p -p ǫ ✳ ❲❡ s✉❜str❛❝t t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜•❡♠ (4.3.3) ❢r♦♠ t❤❡ ✐♥✐t✐❛• ♣r♦❜•❡♠ (N S)✱ ✇❡ ♦❜t❛✐♥ ✿ ❡ t -∆❡ + ∇q + (✉ • ∇)✉ -(✉ ǫ • ∇)✉ ǫ - 1 2 div (✉ ǫ )✉ ǫ = 0 ✭✹✳✸✳✸✾✮ |❡♠❛r❦ t❤❛t ✿ B(✉ ǫ , ❡) + B(❡, ✉) = (✉ ǫ .∇)❡ - 1 2 div (✉ ǫ )❡ + (❡.∇)✉ - 1 2 div (❡)✉ = (✉.∇)✉ -(✉ ǫ .∇)✉ ǫ - 1 2 div (✉ ǫ )✉ ǫ ❲❡ ✜♥❛••② ♦❜t❛✐♥ t❤❡ ♥❡①t s②st❡♠ ✿        ❡ t -∆❡ + ∇q + B(✉ ǫ , ❡) + B(❡, ✉) = 0 div ❡ + ǫq t = ǫp t ❡(0) = q(0) = 0 ✭✹✳✸✳✹✵✮ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✸✳✹✵✮ 1 ✇✐t❤ ❡ ❛♥❞ ✭✹✳✸✳✹✵✮ 2 ✇✐t❤ q✱ ✉s✐♥❣ ✭✹✳✷✳✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t (❡, B(✉ ǫ , ❡)) = b(✉ ǫ , ❡, ❡) = 0, ✇❡ ❤❛✈❡✿ 1 2 d dt ❡ 2 + div ❡ 2 + curl ❡ 2 + ǫ 2 d dt q 2 ǫ(p t , q) + | b(❡, ✉, ❡)| ✭✹✳✸✳✹✶✮ ❖❜s❡r✈❡ t❤❛t b ✐s ❛♥ ❛♥t✐s②♠♠❡tr✐❝ ❢♦r♠ ❛♥❞ t❤❡♥ b(e, u, e) = -b(e, e, u) ❙♦✱ ❛♣♣•②✐♥❣ ❍ö•❞❡r✬s ✐♥❡q✉❛•✐t② ❛♥❞ ❆❣♠♦♥✬s ✐♥❡q✉❛•✐t② ✭✹✳✷✳✹✮ t♦❣❡t❤❡r ✇✐t❤ ✭✹✳✸✳✸✺✮✱ ✇❡ ❤❛✈❡ b(❡, ✉, ❡) ≤ e ∇e u L ∞ (Ω) ≤ C e ∇e u 2 ≤ C e ∇e ≤ 1 4 ( curl ❡ 2 + div ❡ 2 ) + C e 2 ❚❤❡♥✱ ✇❡ ❤❛✈❡ 1 2 d dt ❡ 2 + div ❡ 2 + curl ❡ 2 + ǫ 2 d dt q 2 ǫ(p t , q) + 1 4 ( curl ❡ 2 + div ❡ 2 ) + C e 2 ✭✹✳✸✳✹✷✮ ■♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ t❡r♠ ǫ(p t , q)✱ ✇❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❝♦♥❝❡r♥✐♥❣ t❤❡ st❛❜✐•✐t② ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ✭❝❢✳ ❬✹✻(✮✳ ❉✉❡ t♦ ✭✹✳✸✳✸✼✮✱ p t (t) ∈ C([t 0 , T 1 ]; L 2 (Ω))✱ t❤❡♥ t❤❡r❡ ❡①✐sts Φ(t) ∈ H 1 0 (Ω) s✉❝❤ t❤❛t✿ div Φ(t) = p t (t), Φ(t) H 1 (Ω) C p t (t) , ∀t ∈ [t 0 , T ]. ✭✹✳✸✳✹✸✮ ❋✉rt❤❡r♠♦r❡✱ ❤❛✈❡ div Φ t (t) = p tt (t), Φ t (t) H 1 (Ω) C p tt (t) , ∀t ∈ [t 0 , T ]. ✭✹✳✸✳✹✹✮ ❆♣♣•②✐♥❣ t❤✐s r❡s✉•t ❛♥❞ ✉s✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✹✳✸✳✹✵✮✱ ✇❡ ♦❜t❛✐♥✿ ǫ(p t , q) = ǫ(div Φ, q) = -ǫ(Φ, ∇q) = ǫ(Φ, ❡ t ) + ǫ(curl Φ, curl ❡) + ǫ(div Φ, div ❡) + ǫ b(✉ ǫ , ❡, Φ) + ǫ b(❡, ✉, Φ) = ε d dt (Φ, ❡) -ǫ(Φ t , ❡) + ǫ(curl Φ, curl ❡) + ǫ(div Φ, div ❡) + ǫ b(✉ ǫ , ❡, Φ) + ǫ b(❡, ✉, Φ) ǫ d dt (Φ, ❡) + 1 4 ( curl ❡ 2 + div ❡ 2 ) + Cǫ 2 ( Φ t 2 + Φ 2 H 1 (Ω) ) + ε b(✉ ε , ❡, Φ) + ε b(❡, ✉, Φ) ❯s✐♥❣ ✭✹✳✷✳✶✮✱ ✭✹✳✸✳✸✺✮✱ ✭✹✳✸✳✸✼✮ ❛♥❞ ✭✹✳✸✳✹✸✮✱ ✇❡ ❤❛✈❡ ✿ ǫ b(✉ ǫ , ❡, Φ) = ǫ b(✉ -❡, ❡, Φ) Cǫ ✉ L 3 (Ω) ∇❡ Φ L 6 (Ω) + Cε ❡ L 6 (Ω) ∇❡ Φ L 3 (Ω) ≤ Cε u H 1 (Ω) ∇e + Cε( curl ❡ 2 + div ❡ 2 ) 1 8 ( curl ❡ 2 + div ❡ 2 ) + Cǫ 2 ✉ 2 H 1 (Ω) + Cε( curl ❡ 2 + div ❡ 2 ) ≤ Cε 2 + (Cǫ + 1 8 )( curl ❡ 2 + div ❡ 2 ) ❙✐♠✐•❛r•②✱ ✇❡ ❤❛✈❡ ǫ b(❡, ✉, Φ) ≤ Cǫ ∇❡ ✉ L 3 (Ω) Φ L 6 (Ω) 1 8 ( curl ❡ 2 + div ❡ 2 ) + Cǫ 2 Φ 2 H 1 (Ω) ✉ 2 H 1 (Ω) 1 8 ( curl ❡ 2 + div ❡ 2 ) + Cǫ 2 ❈♦••❡❝t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛•✐t✐❡s ✐♥ ✭✹✳✸✳✹✷✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ t 0 t♦ t ∈ [t 0 , T 1 ]✱ ✇❡ ❞❡r✐✈❡ ❢♦r ǫ s✉✣❝✐❡♥t•② s♠❛•• ✿ ❡(t) 2 + t t0 ( curl ❡(s) 2 + div ❡(s) 2 )ds + ǫ q(t) 2 Cǫ(Φ, ❡(t)) + Cǫ 2 1 2 ❡(t) 2 + Cǫ 2 Φ(t) 2 + Cǫ 2 ❯s✐♥❣ ✭✹✳✸✳✹✸✮ ❛♥❞ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ♣r❡ss✉r❡ ✐♥ ✭✹✳✸✳✸✼✮✱ ✇❡ ❝♦♥❝•✉❞❡ ✿ ❡(t) 2 + t t0 ( curl ❡(s) 2 + div ❡(s) 2 )ds + ǫ q(t) 2 Cǫ 2 ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✶✹✾ ✹✳✹ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ❲❡ ✇❛♥t t♦ st✉❞② ❛ ♥❡✇ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ✈❡r② s✐♠✐•❛r t♦ t❤❡ ♣r♦•❡❝t✐♦♥ ♠❡t❤♦❞✳ ❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦•✉t✐♦♥ (✉, p) ❜② (✉ ǫ , p ǫ ) s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ♣❡rt✉r❜❡❞ s②st❡♠ ✿ (N S) ǫ                ✉ ǫ t -ν∆✉ ǫ + ∇p ǫ + B(✉ ǫ , ✉ ǫ ) = ❢ ✐♥ Ω×]0, T [, div ✉ ǫ -ǫ∆p ǫ t = 0 ✐♥ Ω×]0, T [, ✉ ǫ • n = 0, curl ✉ ǫ × n = ✵, ∂p ǫ t ∂♥ = 0 ♦♥ Γ×]0, T [, p ǫ (0) = p ε 0 , ✉ ǫ (0) = ✉ ε 0 in Ω. ✹✳✹✳✶ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ❲❡ ✇❛♥t t♦ ♣r♦✈❡ s♦♠❡ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r t❤❡ s②st❡♠ (N S) ε ✳ ❲❡ ✉s❡ s✐♠✐•❛r ❛r❣✉♠❡♥ts t♦ ❬✷✸✱ ✾✶(✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t r❡s✉•t ✐s ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ ❋❛❡❞♦✲•❛•❡r❦✐♥ ♠❡t❤♦❞✳ ❲❡ ✇✐•• ♥♦t ✐♥tr♦❞✉❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ s♦•✉t✐♦♥s u ε m ✱ p ε m ✱ ✇❡ ✇✐•• •✉st s❤♦✇ ❤♦✇ t♦ ❣❡t ❛ ♣r✐♦r✐ ❜♦✉♥❞s✳ ❲❡ ✇✐•• ❛•s♦ ♦♠✐t t❤❡ ♣❛ss❛❣❡ t♦ t❤❡ •✐♠✐t ✉s✐♥❣ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❚❤❡♦r❡♠ ✹✳✹✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t ✉ ǫ 0 ∈ H 2 (Ω), p ǫ 0 ∈ H 1 (Ω)/R, f ∈ L ∞ (
✉ ǫ 2 + ν curl ✉ ǫ 2 + div ✉ ǫ 2 + ǫ 2 d dt ∇p ǫ 2 = f , u ε Ω f [H0(div ,Ω)] ′ ✉ ǫ H0(div ,Ω) C ν f 2 [H0(div ,Ω)] ′ + ν 2 div ✉ ǫ 2 + curl ✉ ǫ 2 . ■♥
❛♥❞ t❤❡♥✱ 1 2 d dt curl ✉ ǫ 2 + div ✉ ǫ 2 + ν ∆✉ ǫ 2 ≤ 2 ν ∇p ε 2 + ν 8 ∆u ε + 2 ν f 2 + ν 8 ∆u ε + b(✉ ǫ , ✉ ǫ , ∆✉ ǫ ).
(✉ ǫ , ✉ ǫ , ∆✉ ǫ ) ≤ C ∆✉ ǫ ∇✉ ǫ ✉ ǫ L ∞ (Ω) ≤ C ∆u ε 3/2 ∇u ε 3/2 ≤ ∆u ε 3/2 curl u ε 2 + div u ε 2 3/4 ≤ ν 4 ∆u ε 2 + C ν curl u ε 2 + div u ε 2 3
✭✹✳✹✳✾✮ ❚❤❛♥❦s t♦ ✭✹✳✹✳✻✮✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✹✳✹✳✽✮

d dt curl ✉ ǫ 2 + div ✉ ǫ 2 + ν ∆✉ ǫ 2 ≤ C 1 ε + C 2 curl u ε 2 + div u ε 2 3 . ✭✹✳✹✳✶✵✮ ❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ♥❡①t ❞✐✛❡r❡♥t✐❛• ✐♥❡q✉❛•✐t② ✭✇✐t❤ C 2 ≥ 1✮ d dt y(t) C 2 y(t) 3 , ✭✹✳✹✳✶✶✮ ✇❤❡r❡ y(t) = C1 ǫ + curl ✉ ǫ 2 + div ✉ ǫ 2 ❛♥❞ y(0) = C1 ǫ + div ✉ 0 2 + curl ✉ 0 2 ✳ ❲❡ s♦•✈❡ ✭✹✳✹✳✶✶✮ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❢♦r t 1 2C2y(0) 2 ✿ y(t) y(0)
1 -2C 2 y(0) 2 t .

■❢ ✇❡ t❛❦❡ t 3 8C2y(0) 2 ✱ ✇❡ ❤❛✈❡ 1 2 1 -2C 2 y(0) 2 t ❛♥❞ t❤❡♥ y(t) 2y(0)✳ ❖❜s❡r✈❡ t❤❛t✱ t❤❡r❡ ❡①✐sts C 0 > 0 s✉❝❤ t❤❛t ❡ tt -ν∆❡ t + B(✉ ǫ t , ❡) + B(✉ ǫ , ❡ t ) + B(❡ t , ✉) + B(❡, ✉ t ) + ∇q t = 0, div ❡ t -ǫ∆q tt = -ǫ∆p tt , ❡ t (t 0 ) = ✵, q t (t 0 ) = p t (t 0 ). 

t 3 8C 2 y(0) 2 = 3 8C 2 ( C1 ǫ + div ✉ 0 2 + curl ✉ 0 2 ) 2 ≤ ε 2 C 0 . ❲❡ ❝♦♥❝•✉❞❡ t❤❛t ❢♦r t ≤ T 0 = min{T, ε 2 C0 }✱ ✇❡ ❤❛✈❡ div ✉ ǫ (t) 2 + curl ✉ ǫ (t) 2 2( C 1 ǫ + div ✉ 0 2 + curl ✉ 0 2 ) C 3 ǫ ✭✹✳✹✳✶✷✮ ❆♣♣
✉ ǫ t 2 + ν curl ✉ ǫ t 2 + div ✉ ǫ t 2 + ǫ 2 d dt ∇p ǫ t 2 = ❢ t , ✉ ǫ t Ω -b(✉ ǫ t , ✉ ǫ , ✉ ǫ t ) C f [H0(div ,Ω)] ′ ✉ ǫ t H0(div ,Ω) + | b(✉ ǫ t , ✉ ǫ , ✉ ǫ t )| C ν f 2 [H0(div ,Ω)] ′ + ν 4 div ✉ ǫ t 2 + curl ✉ ǫ t 2 + | b(✉ ǫ t , ✉ ǫ , ✉ ǫ t )| ❚❤❛♥❦s t♦ ✭✹✳✷✳✷✮ ❛♥❞ ✭✹✳✷✳✹✮✿ b(✉ ǫ t , ✉ ǫ , ✉ ǫ t ) C ✉ ǫ t ∇✉ ǫ t ✉ ǫ L ∞ (Ω) C ✉ ǫ t ∇✉ ǫ t ✉ ǫ 1 2 H 1 (Ω) ✉ ǫ 1 2 H 2 (Ω) ν 4 ( div ✉ ǫ t 2 + curl ✉ ǫ t 2 ) + C 2ν ✉ ǫ H 1 (Ω) ✉ ǫ H 2 (Ω) ✉ ǫ t 2 ❙♦ ✇❡ ♦❜t❛✐♥ ✿ d 2dt ✉ ǫ t 2 + ν curl ✉ ǫ t 2 + div ✉ ǫ t 2 + ǫ 2 d dt ∇p ǫ t 2 ≤ C ν f 2 [H0(div ,Ω)] ′ + ν 2 div ✉ ǫ t 2 + curl ✉ ǫ t 2 + C 2ν ✉ ǫ H 1 (Ω) ✉ ǫ H 2 (Ω) ✉
C ❛♥❞ T0 t0 ❡ H 1 (Ω) ❡ H 2 (Ω) T0 t0 ❡ 2 H 1 (Ω) 1 2 T0 t0 ❡ 2 H 2 (Ω)
C ✉ ǫ H 2 (Ω) ξ ∇η + C( ξ + η ) ✉ H 2 (Ω) ∇η ν 4 ( curl η 2 + div η 2 ) + C ✉ ǫ 2 H 2 (Ω) ξ 2 + ν 4 ( curl η 2 + div η 2 ) + C ✉ 2 H 2 (Ω) ( ξ 2 + η 2 ) ❯s✐♥❣ •r♦♥✇❛•• ✐♥❡q✉❛•✐t②✱ ✭✹✳✸✳✸✺✮ ❛♥❞ ▲❡♠♠❛ ✹✳✹✳✸✱ ✇❡ ♦❜t❛✐♥✿ η(t) 2 + ν t t0
( curl η(s) 2 + div η(s)

2 )ds + ǫ ∇φ(t) ( div (✉ n+1

+ ✉ n ) 2 + curl(✉ n+1 + ✉ n ) 2 ) ≤ C( ✉ 1 2 + k 2 ∇p 0 2 + k 2 ∇p 1 2 + k ❢(t n+ 1 2 ) 2
C([0,T ];[H0(div,Ω)] ′ )

Pr♦♦❢✳ ❲r✐t✐♥❣ ✭✹✳✺✳✷✮ ❛t st❡♣ n ❛♥❞ s✉♠♠✐♥❣ t❤❡ r❡s✉•t ✇✐t❤ ✭✹✳✺✳✷✮ ❛t st❡♣ n + 1✱ ✇❡ ❞❡r✐✈❡ ❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✶✷✮ ✇✐t❤ q n+1q n ❢♦r n = 0, 1✱ ✇❡ ♦❜t❛✐♥✿ 

   div (✉ n+1 + ✉ n ) -βk∆(p n+1 -p n-1 ) = 0 ∂p n+1 ∂♥ |Γ = ∂p n-1 ∂♥ |Γ ✭✹✳✺✳✻✮ ❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✶✮ ✇✐t❤ k(✉ n+1 + ✉ n )✱t❤✐s ♦❢ ✭✹✳✺✳✻✮ ✇✐t❤ kp n ❛♥❞ s✉♠♠✐♥❣ t❤❡ r❡•❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥✿ ✉ n+1 2 -✉ n 2 + νk 2 ( div (✉ n+1 + ✉ n ) 2 + curl(✉ n+1 + ✉ n ) 2 ) + βk 2 (∇(p n+1 -p n-1 ), ∇p n ) = k ✉ n+1 + ✉ n , ❢ (t n+ 1 2 ) Ω ✭✹✳✺✳✼✮ ✇❤❡r❡ ✇❡ r❡❝❛•• t❤❛t •, • Ω ❞❡✜♥❡s t❤❡ ❞✉❛•✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H 0 (div , Ω) ❛♥❞ [H 0 (div , Ω)] ′ ✳ ❲❡ ❤❛✈❡✿ k ✉ n+1 + ✉ n , ❢ (t n+ 1 2 ) Ω k ✉ n+1 + ✉ n H0(div ,Ω) ❢ (t n+ 1 2 ) [H0(div ,Ω)] ′ k( ✉ n+1 + ✉ n 2 + div (✉ n+1 + ✉ n ) 2 ) 1 2 ❢ (t n+ 1 2 ) [H0(div ,Ω)] ′ νk 4 ( div (✉ n+1 + ✉ n ) 2 + curl(✉ n+1 + ✉ n ) 2 ) + Ck ❢ (t
∇(q n+1 -q n ) C( 1 k ❡ n+1 + ∇(p(t
✉(t n ) -✈ n 2 Ck 4 div (✉(t n ) -✈ n ) 2 + curl(✉(t n ) -✈ n ) 2 + p(t n ) -

  ❛✈♦♥s ❜❡s♦✐♥ ❞❡ ❣é♥ér❛•✐s❡r •❡ rés✉•t❛t ❞❡ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹( ♣♦rt❛♥t s✉r •✬❡①✐st❡♥❝❡ ❞❡s s♦•✉t✐♦♥s ❞❛♥s W 1,p (Ω)✱ p > 2 ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ♥♦♥ ❤♦♠♦❣è♥❡s ❡t ♣♦✉r ❞❡s ❞♦♥♥é❡s f ❞❛♥s ❞❡s ❡s♣❛❝❡s ♣•✉s •❛r❣❡s [H r ′ ,p ′ 0 (div, Ω)] ′ ❞é✜♥✐s ♣❛r [H r ′ ,p ′ 0 (div, Ω)] ′ = {F + ∇ψ | F ∈ L r (Ω), ψ ∈ L p (Ω)} P♦✉r ♦❜t❡♥✐r •❡s rés✉•t❛ts ❞❡ ré❣✉•❛r✐té ♣♦✉r •❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♥♦✉s ♣❛ss♦♥s ♣❛r •❛ ré❣✉✲ •❛r✐té ❞✉ ♣r♦❜•è♠❡ ❡••✐♣t✐q✉❡ (E T ) s✉✐✈❛♥t ✭❝❢✳ ❬✶✺(✮ (E T ) -∆b = g et div b = 0 dans Ω, b • n = 0 et curl b × n = ✵ sur Γ. ❉❛♥s •❡ ❈❤❛♣✐tr❡ ✸✱ ♥♦✉s ét✉❞✐♦♥s •✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ s②stè♠❡ ✭▼❍❉✮ ❛✈❡❝ •❡s ❝♦♥✲ ❞✐t✐♦♥s ❛✉① •✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r ✭✵✳✵✳✶✹✮✱ à •❛ ❢♦✐s ♣♦✉r •❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ♣♦✉r •❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♣❛r ❞❡s ❢♦r♠✉•❛t✐♦♥s ❞❡ t②♣❡ •❛•❡r❦✐♥ ❞✐s❝♦♥t✐♥✉❡s✳ ▲❡s ♣♦✐♥ts ❞❡ ❞é♣❛rt ❞❡ ❝❡ tr❛✈❛✐• s♦♥t •❡s tr❛✈❛✉① ❞❡ P✳ ❍♦✉st♦♥ ❡t ❛•✳ ❬✻✶( ❡t •❡s tr❛✈❛✉① ❞❡ ❲✳ ◗✐✉ ❛♥❞ ❑✳ ❙❤✐ ❬✽✶(✳ ▲❛ ♠ét❤♦❞❡ ❞❡ •❛•❡r❦✐♥ ❞✐s❝♦♥t✐♥✉❡ ❡st ✉♥❡ ❝•❛ss❡ ❞❡s ♠ét❤♦❞❡s ❞✬é•é♠❡♥ts ✜♥✐s ✉t✐•✐s❛♥t ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ❝♦♠♣•èt❡♠❡♥t ❞✐s❝♦♥t✐♥✉❡s✳ ❈❡s ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ❡t •❡s ❢♦♥❝t✐♦♥s t❡sts s♦♥t ❝❤♦✐s✐❡s ❞❛♥s •❡ ♠ê♠❡ ❡s♣❛❝❡ s❛♥s ❛✉❝✉♥❡ ❝♦♥t✐♥✉✐té ✐♠♣♦sé❡ ❛✉① ✐♥t❡r❢❛❝❡s ❡♥tr❡ •❡s é•é♠❡♥ts ✭✉♥ tétr❛è❞r❡ ♦✉ ✉♥ ❤❡①❛è❞r❡ ❡♥ ✸❉✱ ✉♥ tr✐❛♥❣•❡ ♦✉ ✉♥ q✉❛❞r✐•❛tèr❡ ❡♥ ✷❉✮✳ ❈❡tt❡ s♣é❝✐✜❝✐té ♣❡r♠❡t à ❝❡tt❡ ♠ét❤♦❞❡ ✉♥❡ ❣r❛♥❞❡ ✢❡①✐❜✐•✐té ❛✉ ♠❛✐••❛❣❡✳ ❊♥ ❡✛❡t✱ ❡♥ •✬❛❜s❡♥❝❡ ❞❡ •❛ s❡♥s✐❜✐•✐té à •❛ ré❣✉•❛r✐té ❞❡s ♠❛✐••❛❣❡s✱ •❛ ♠ét❤♦❞❡❡st ❛❞❛♣té❡ ♣♦✉r r❡♣rés❡♥t❡r ❞❡s ❣é♦♠étr✐❡s ✐♥❞✉str✐❡••❡s q✉✐ s♦♥t ♣❛r❢♦✐s ❝♦♠♣•❡①❡s ❡t q✉✐ ♥é❝❡ss✐t❡♥t ❞❡s ♠❛✐••❛❣❡s ♥♦♥ str✉❝✲ t✉rés ❡t ♥

  ❞♦♥♥é q✉❡ •❛ ♥♦r♠❡ ❉• ♣♦✉r b ❡st ❞✐✛ér❡♥t❡ ✭✈♦✐r •❛ ❞é✜♥✐t✐♦♥ ❞❡ |b h | C ❞❛♥s ✭✵✳✵✳✶✽✮✮✱ ✉♥❡ ❛♥❛•②s❡ ❢♦♥❝t✐♦♥♥❡••❡ ❞✐s❝rèt❡ ❡st ét❛❜•✐❡ ❞❛♥s ❬✽✶( ❛✜♥ ❞❡ ♠♦♥tr❡r q✉❡ •❛ ♥♦r♠❡ L 3 ❡st ❝♦♥trô•é❡ ♣❛r ❝❡tt❡ ♥♦r♠❡ ❉•✳ P•✉s ♣ré❝✐sé♠❡♥t✱ •✬✐♥é❣❛•✐té ❞✐s❝rèt❡ s✉✐✈❛♥t❡ ❡st ♠♦♥tré❡ ♣♦✉r •✬❡s♣❛❝❡ ♣♦•②♥♦♠✐❛• ♣❛r ♠♦r❝❡❛✉① b h L 3 (Ω) ≤ C|b h | 2 ♦♥s ✐❝✐ q✉❡ s❛♥s ❤②♣♦t❤ès❡ ❞❡ ré❣✉•❛r✐té s✉r •❡ ❞♦♠❛✐♥❡ ❡t ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① •✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r à •❛ ❢♦✐s ♣♦✉r •❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ♣♦✉r •❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ •❡s s

  s✉r •❡s ❡s♣❛❝❡s ❞✐s❝r❡ts✳ ❉✬❛✉tr❡ ♣❛rt✱ ❡••❡ ♣❡r♠❡t ❞❡ ♣r♦✉✈❡r •✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦•✉t✐♦♥ ❛✉ ♣r♦❜•è♠❡ ❞✐s❝r❡t ❣râ❝❡ ❛✉ t❤é♦rè♠❡ ❞❡ ♣♦✐♥t ✜①❡ ❞❡ ❇r♦✉✇❡r✳ ❉❡s ❡st✐♠❛t✐♦♥s ❞❡ •✬❡rr❡✉r ❡♥tr❡ •❡s s♦•✉t✐♦♥s ❡①❛❝t❡s ❡t •❡s s♦•✉t✐♦♥s ❞✐s❝rèt❡s s♦♥t ❡♥s✉✐t❡ ét❛❜•✐❡s✳ ▲❡ ❈❤❛♣✐tr❡ ✹ ❝♦♥❝❡r♥❡ •✬ét✉❞❡ ❞✉ s②stè♠❡ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ♥♦♥ st❛t✐♦♥♥❛✐r❡ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① •✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r✿ tr♦✉✈❡r u ❡t p t❡•s q✉❡ ✿ (N S)

  ❡✉✈r❡ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✉ s②stè♠❡ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✳ ❯♥❡ ❞❡s ♠ét❤✲ ♦❞❡s ♥✉♠ér✐q✉❡s ♣♦✉r tr❛✐t❡r ❝❡ ♣r♦❜•è♠❡ ❡st •✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ✉♥ s②stè♠❡ ♣❡rt✉r❜é à •❛ ♠❛♥✐èr❡ ✐♥tr♦❞✉✐t❡ ❞❛♥s ❚❡♠❛♠ ❬✾✺( ❡t ❬✷✺(✳ ▲❡ ♣r♦❜•è♠❡ ♣❡rt✉r❜é ❞é♣❡♥❞ ❞✬✉♥ ♣❛r❛♠ètr❡ ε ❞❡st✐♥é à t❡♥❞r❡ ✈❡rs ③ér♦✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❞❡✉① ♣r♦❜•è♠❡s ♣❡rt✉r❜és s♦♥t ❛♥❛•②sés✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s à •❛ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐❜✐•✐té ❛rt✐✜❝✐❡•

  ❛r② ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ✭▼❍❉✮ s②st❡♠✿ ✜♥❞ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ u✱ t❤❡ ♣r❡ss✉r❡ P ✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ b ❛♥❞ t❤❡ ❝♦♥st❛♥t ✈❡❝t♦r α = (α 1 , . . . , α I ) s✉❝❤ t❤❛t ❢♦r 1 ≤ i ≤ I✿                    ν ∆u + (curl u) × u + ∇Pκ(curl b) × b = f and div u = h in Ω,κµ curl curl bκ curl(u × b) = g and div b = 0 ✐♥ Ω, u × n = ✵ and b × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P

  ❡❛r t❡r♠ u • ∇u ✐♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐s r❡♣•❛❝❡❞ ❜② (curl u) × u✳ ❚❤❡ ♣r❡ss✉r❡P = p + 1 2 |u| 2 ✐s t❤❡♥ t❤❡ ❇❡r♥♦✉••✐ ✭♦r ❞②♥❛♠✐❝✮ ♣r❡ss✉r❡✱ ✇❤❡r❡ p ✐s t❤❡ ❦✐♥❡♠❛t✐❝ ♣r❡ss✉r❡✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ❛r❡ ✉s❡❞ ✐♥ ✈❛r✐♦✉s ♣❤②s✐❝❛• ❛♣♣•✐❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣•❡✱ ✐♥ ❤②❞r❛✉•✐❝ ♥❡t✇♦r❦s✱ ❛s ♦✐• ❞✉❝ts✱ ♠✐❝r♦✢✉✐❞✐❝ ❝❤❛♥♥❡•s ♦r t❤❡ ❜•♦♦❞ ❝✐r❝✉•❛t♦r② s②st❡♠✳ Pr❡ss✉r❡ ❞r✐✈❡♥ ✢♦✇s ♦❝❝✉r ❛•s♦ ✐♥ t❤❡ ♠♦❞❡•✐♥❣ ♦❢ t❤❡ ❝❡r❡❜r❛• ✈❡♥♦✉s ♥❡t✇♦r❦ ❢r♦♠ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛• ❛♥✲ ❣✐♦❣r❛♣❤✐❝ ✐♠❛❣❡s ♦❜t❛✐♥❡❞ ❜② ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ▼❍❉ s②st❡♠ ✭✶✳✶✳✶✮ ✷✶ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✷✷ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡•② st✉❞✐❡❞ ❜② ♠❛♥② ❛✉t❤♦rs✳ ❲❡ ♥♦t❡ t❤❛t ♠♦st ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ♦❢t❡♥ ❣✐✈❡♥ ✇❤❡r❡ ❉✐r✐❝❤•❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✈❡•♦❝✐t② ✜❡•❞ ❛r❡ ✐♠♣♦s❡❞✳ ❆t ❛ ❝♦♥t✐♥✉♦✉s •❡✈❡•✱ ✇❡ ❝❛♥ r❡❢❡r✱ ❢♦r ❡①❛♠♣•❡ t♦ ❬✶✵✸✱ ✾( ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ s♦•✉t✐♦♥s ♦❢ ✭✶✳✶✳✶✮✱ t♦ ❬✺( ❢♦r t❤❡ ❣•♦❜❛• s♦•✈❛❜✐•✐t② ♦❢ ✭✶✳✶✳✶✮ ✉♥❞❡r ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ❋♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ♦❢ ✭✶✳✶✳✶✮✱ ❛ ❢❡✇ r❡•❛t❡❞ ❝♦♥tr✐❜✉t✐♦♥s ✐♥❝•✉❞❡ ♠✐①❡❞ ✜♥✐t❡ ❡•❡♠❡♥ts ❬✺✻✱ ✽✻✱ ✺✶(✱ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ✜♥✐t❡ ❡•❡♠❡♥ts ❬✽✶( ♦r ✐t❡r❛t✐✈❡ ♣❡♥❛•t② ✜♥✐t❡ ❡•❡♠❡♥t ♠❡t❤♦❞s ❬✸✽( ❛♥❞ s♦ ♦♥✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✉♥❞❡r t❤❡ ❢♦r♠ P = P 0 + α i ♦♥ Γ i ✱ i =1, . . . , I ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✹✱ ✸✸( ❢♦r t❤❡ ❙t♦❦❡s ❛♥❞ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠s ✐♥ st❡❛❞② ❤✐•❜❡rt✐❛♥ ❝❛s❡✳ ❚❤❡ ❛✉t❤♦rs st✉❞✐❡❞ t❤❡ ❞✐✛❡r❡♥❝❡s α iα 0

-

  ∆u + (curl w) × u + ∇P -(curl b) × d = f and div u = h in Ω, curl curl bcurl(u × d) = g and div b = 0 ✐♥ Ω, u × n = ✵ and b × n = ✵ on Γ, P = P 0 ♦♥ Γ 0 and P = P 0 + c i ♦♥ Γ i , u • n, 1 Γ i = 0, and b • n, 1 Γ i = 0. ✭✶✳✷✳✽✮ ▼❛✐♥ r❡s✉•ts ✷✺ ❚❤❡ ♥❡①t t❤❡♦r❡♠ ❣✐✈❡s ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦•✉t✐♦♥s ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✷✳✽✮ ❚❤❡♦r❡♠ ✶✳✷✳✹✳ ✭❊①✐st❡♥❝❡ ♦❢ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦•✉t✐♦♥s ♦❢ t❤❡ •✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜•❡♠✮✳ ❙✉♣♣♦s❡ t❤❛t f , g ∈ [H r ′ ,p ′ 0

  Γ) ✇❤❡r❡ C = C(Ω, p) ✐❢ p ≥ 6/5 ❛♥❞ C = C(Ω, p)(1 + curl w L 3 2 (Ω) + d W 1,3/2 (Ω) ) ✐❢ 1 < p < 6/5✳ ❲❡ r❡❢❡r t♦ ❚❤❡♦r❡♠ ✶✳✺✳✹✱ ❚❤❡♦r❡♠ ✶✳✺✳✼✱ ❚❤❡♦r❡♠ ✶✳✺✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✺✳✶✶ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉•ts✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ✐♥ W 1,p (Ω) ✇✐t❤ 3/2 < p < 2✱ ✇❡ ✉s❡ ❛ ❞✉❛•✐t② ❛r❣✉♠❡♥t✳ ❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦•✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✷✻ ❲❡ ❛•s♦ ♥♦t❡ t❤❛t ✇❡ ♣r♦✈❡❞ ♠♦r❡ ❣❡♥❡r❛• ❡①✐st❡♥❝❡ r❡s✉•ts ✐♥ ❈♦r♦••❛r② ✶✳✺✳✶✵ ✇❤❡r❡ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ♣r❡ss✉r❡ ✐s ✐♠♣r♦✈❡❞ ❜② s✉♣♣♦s✐♥❣ ❛ ❞❛t❛ P 0 •❡ss r❡❣✉•❛r✳ ❋✐♥❛••②✱ t❤❡ ♥❡①t r❡s✉•t s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦•✉t✐♦♥s ✇✐t❤ 3/2 < p < 2 ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ✭▼❍❉✮ ♣r♦❜•❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✻✳✺✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❡ss❡♥t✐❛••② ❜❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❛❜♦✈❡ ❢♦r t❤❡ •✐♥❡❛r✐③❡❞ ♣r♦❜•❡♠ ✭✶✳✷✳✽✮✳ ❚❤❡♦r❡♠ ✶✳✷✳✺✳ ✭|❡❣✉•❛r✐t② W 1,p (Ω) ✇✐t❤ 3 2 < p < 2 ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠✮✳ ❆ss✉♠❡ t❤❛t

  ✸✳✹✳✸ ❊rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ▼❍❉ s②st❡♠ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞s ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❉• ♠❡t❤♦❞✳ ❚❤❡ ♣r♦♦❢ ✉s❡s ❡ss❡♥t✐❛••② t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s ❛s ✐♥ ❬✽✶( ✇❤❡r❡ ❛ s✐♠✐•❛r r❡s✉•t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❢♦r t❤❡ ▼❍❉ ♣r♦❜•❡♠ ✇✐t❤ ❉✐r✐❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❡•♦❝✐t② t♦❣❡t❤❡r ✇✐t❤ ③❡r♦ t❛♥❣❡♥t✐❛• tr❛❝❡ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ▲❡t ✉s ✜rst ♥♦t❡ t❤❛t t❤❡ ❡①❛❝t s♦•✉t✐♦♥ (u, b, p) ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ▼❍❉ ♣r♦❜•❡♠ ✭✸✳✹✳✶✮✲✭✸✳✹✳✻✮ s❛t✐s✜❡s

  0, T ; L 2 (Ω)) and f t ∈ L 2 (0, T ; [H 0 (div , Ω)] ′ ).✭✹✳✹✳✶✮ ❚❤✉s✱ t❤❡r❡ ❡①✐stsC 0 = C 0 (f , Ω, u ε 0 , p ε 0 ) s✉❝❤ t❤❛t ❢♦r T 0 = min{T, ε 2 /C 0 }✱ t❤❡ s②st❡♠ (N S) ǫ ❤❛s ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥ (✉ ǫ , p ǫ ) s❛t✐s❢②✐♥❣ ✿ u ǫ ∈ L ∞ (0, T 0 ; H 2 (Ω) ∩ H 1 T (Ω)), ✭✹✳✹✳✷✮ u ǫ t ∈ L ∞ (0, T 0 ; L 2 (Ω)) ∩ L 2 (0, T 0 ; H 1 T (Ω)), ✭✹✳✹✳✸✮ p ǫ , p ǫ t ∈ L ∞ (0, T 0 ; H 1 (Ω)/R). ✭✹✳✹✳✹✮ Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠✱ ✇❡ ❡st❛❜•✐s❤ t❤❡ ♥❡❝❡ss❛r② ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✿ ❋✐rst ❡st✐♠❛t❡s✳ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ (N S) ǫ ✇✐t❤ ✉ ǫ ❛♥❞ ♦❢ t❤❡ s❡❝♦♥❞ ✇✐t❤ p ǫ ✱ ✇❡ s✉♠ t❤❡ ❜♦t❤ ❡q✉❛t✐♦♥s ❛♥❞✱ ✇❡ ♦❜t❛✐♥ ❜② ✉s✐♥❣ ✭✹✳✸✳✼✮✱ ✭✹✳✷✳✶✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐

2[

  H0(div ,Ω)] ′ ds + ✉ ǫ (0) 2 + ε ∇p ǫ (0) ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✵ ❲❡ ❞❡❞✉❝❡ t❤❛t sup t∈[0,T ] u ε (t) 2 + ε ∇p ε (t) 2 ≤ d 1 , ✭✹✳✹✳✻✮ ❛♥❞ t❤❡♥ ✉ ǫ ∈ L ∞ (0, T ; L 2 (Ω))✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✷✳✷✮✱ ✭✹✳✷✳✸✮ ❛♥❞ ✭✹✳✹✳✺✮ t❤❛t ✇s t❤❛t u ǫ ∈ L 2 (0, T ; H 1 T (Ω))✳ ❙❡❝♦♥❞ ❡st✐♠❛t❡s✳ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ (N S) ǫ ✇✐t❤ -∆✉ ǫ ✱ ✇❡ ❤❛✈❡✿ -(✉ ǫ t , ∆✉ ǫ ) + ν ∆✉ ǫ 2 = (∇p ǫ , ∆✉ ǫ ) + b(✉ ǫ , ✉ ǫ , ∆✉ ǫ ) -(❢ , ∆✉ ǫ ),

  ✭✹✳✹✳✽✮ ❯s✐♥❣ ✭✹✳✷✳✷✮✱ ✭✹✳✷✳✹✮ ❛♥❞ (♦✉♥❣✬s ✐♥❡q✉❛•✐t②✱ t❤❡ t❡r♠ b ❝❛♥ ❜❡ ❝♦♥tr♦•❡❞ ❛s ❢♦••♦✇s✿ b

  ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.15) 1 ✇✐t❤ ✉ ǫ t ❛♥❞ ♦❢ (4.4.15) 2 ✇✐t❤ p ǫ t ✱ ✇❡ ♦❜t❛✐♥ ❜② ✉s✐♥❣ ✭✹✳✸✳✼✮✿ d 2dt

  ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✷ ❇② ✉s✐♥❣ ✭✹✳✹✳✶✷✮ ❛♥❞ ✭✹✳✹✳✶✹✮✱ ✇❡ ❤❛✈❡✿ T0 0 ✉ ǫ (s) H 1 (Ω) ✉ ǫ (s) H 2 (Ω) ds t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ❛♥❞ ❛♣♣•②✐♥❣ t❤❡ •r♦♥✇❛••✬s •❡♠♠❛ ✇✐t❤ ✭✹✳✹✳✶✽✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② t ∈ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❡st✐♠❛t❡ ✭✹✳✹✳✷✵✮ t❤❛t ✉ ǫ t ∈ L ∞ (0, T 0 ; L 2 (Ω)) ∩ L 2 (0, T 0 ; H 1 T (Ω)) ❛♥❞ t❤❛t p ǫ t ∈ L ∞ (0, T ; H 1 (Ω)/R)✳ ❋✐♥❛••②✱ t❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✇✐t❤ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ (N S) ε ✇✐t❤ -∆u ε (t) ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❡❛❝❤ t ∈ (0, T 0 ]✱ ∆u ε (t) 2 ≤ C(ε), ✇✐t❤ C(ε) → +∞ ❛s ε → 0✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳ ✹✳✹✳✷ ❊rr♦r ❡st✐♠❛t❡s ❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞✳ ❚❤❡ ♣r♦♦❢ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❛♥❛•②s✐s ❣✐✈❡♥ ❢♦r t❤❡ ❛rt✐✜❝✐❛• ❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞✳ ❲❡ ♥❡❡❞ t♦ ❞❡r✐✈❡ s♦♠❡ ε✲✐♥❞❡♣❡♥❞❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❋♦r t❤✐s✱ ✇❡ ✜① t 0 > 0 ❛♥❞ ✇❡ ✉s❡ u(t 0 )✱ p(t 0 ) ❛s ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ ❛t t = t 0 ✳ ❚❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✳ ❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❲❡ ❛ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ ❚❤❡♥✱ ❢♦r t 0 s✉✣❝✐❡♥t•② s♠❛••✱ t❤❡r❡ ❡①✐sts T 0 ∈ (t 0 , T 1 ] s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ [t 0 , T 0 ]✱ ✇❡ ❤❛✈❡ t t0 ✉(s) -✉ ǫ (s) 2 ds + ǫ 1 2 ✉(t) -✉ ǫ (t) 2 + ǫ( ✉(t) -✉ ǫ (t) 2 H 1 (Ω) + p(t)p ǫ (t) 2 ) Cǫ 2 . ✹✳✹✳✸ ǫ✲✐♥❞❡♣❡♥❞❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❲❡ ✇❛♥t t♦ ♣r♦✈❡ s♦♠♠❡ ǫ✲✐♥❞❡♣❡♥❞❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ▲❡t ✉s ❞❡♥♦t❡ ❡ = ✉ -✉ ǫ ❛♥❞ p = pp ǫ ✳ ❙✉❜str❛❝t✐♥❣ (N S) ❢r♦♠ (N S) ǫ ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡rr♦r ❡q✉❛t✐♦♥ ❡ t -ν∆❡ + B(✉ ǫ , ❡) + B(❡, ✉) + ∇q = 0 div ❡ -ǫ∆q t = -ǫ∆p t , ♥ Γ × [t 0 , T ] ❡(t 0 ) = ✵and q(t 0 ) = 0 ✭✹✳✹✳✷✶✮ ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s ❢♦r t❤❡ ♣❡rt✉r❜❡❞ s♦•✉t✐♦♥ (u ε , p ε )✳ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✳ ❲❡ ❛ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ ❚❤❡r❡ ❡①✐sts

  ❡ 2 + curl ❡ 2 + ν ∆❡ 2 = (∇q, ∆❡) + b(✉ ǫ , ❡, ∆❡) + b(❡, ✉, ∆❡) = (∇q, ∆❡) + b(✉, ❡, ∆❡) -b(❡, ❡, ∆❡) + b(❡, ✉, ∆❡). ✭✹✳✹✳✷✻✮ ❲❡ ❜♦✉♥❞ t❤❡ ♥♦♥•✐♥❡❛r t❡r♠s s❡♣❛r❛t❡•② ❛s ❢♦••♦✇✿ ❯s✐♥❣ ❍♦•❞❡r✬s ❛♥❞ (♦✉♥❣✬s ✐♥❡q✉❛•✐t✐❡s ❛♥❞ ✭✹✳✷✳✶✮✱ ✇❡ ❤❛✈❡ ✿ b(✉, ❡, ∆❡) ✉ L ∞ (Ω) ∇❡ ∆❡ ν 8 ∆❡ 2 + C ✉ H 1 (Ω) ✉ H 2 (Ω) ( curl ❡ 2 + div ❡ 2 ), b(❡, ❡, ∆❡) ❡ L ∞ (Ω) ∇❡ ∆❡ ≤ C ∆e 3/2 ∇e 3✉ H 1 (Ω) ✉ H 2 (Ω) ( curl ❡ 2 + div ❡ 2 ). ❈♦••❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ✐♥ ✭✹✳✹✳✷✻✮✱ ✇❡ ❞❡r✐✈❡ ✿ d dt div ❡ 2 + curl ❡ 2 + ν ∆❡ 2 C ν ∇q 2 + C ✉ H 1 (Ω) ✉ H 2 (Ω) ( div ❡ 2 + curl ❡ 2 ) + C div ❡ 2 + curl ❡ 2 3 ❆s ✐♥ ✭✹✳✹✳✶✵✮✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❛❜♦✈❡ r❡•❛t✐♦♥s ❛s✿ d dt (C 1 + div ❡ 2 + curl ❡ 2 ) C 2 (C 1 + div ❡ 2 + curl ❡ 2 ) 3 ❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✹ ❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✶ ✭❙❡❝♦♥❞ ❡st✐♠❛t❡s✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❛t ❢♦r t ∈ [t 0 , T 0 ] ✇✐t❤ ♦r ❛♥② t ∈ [t 0 , T 0 ]✿ div ❡(t) 2 + curl ❡(t)

  t (s) 2 ds + curl ❡ t (s) 2 + ǫ ∇q t (t) 2 Cǫ ✭✹✳✹✳✸✸✮ ❯s✐♥❣ ❡st✐♠❛t❡s ✭✹✳✸✳✸✼✮ ❛♥❞ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t②✱ t❤❡ ❡st✐♠❛t❡ ♦♥ t❤❡ ♣r❡ss✉r❡ ❞❡r✐✈❛t✐✈❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶ ❢♦••♦✇s ❢r♦♠ ✭✹✳✹✳✸✸✮✳ ◆♦✇ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ -∆❡ ✇✐t❤ -ν∆❡ + B(✉ ǫ , ❡) + B(❡, ✉) = -❡ t -∇q t♦ ❤❛✈❡ ✿ ν ∆❡ 2 = (❡ t , ∆❡) + (∇q, ∆❡) + B(✉ ǫ , ❡, ∆❡) + B(❡, ✉, (✉ -❡, ❡, ∆❡) + b(❡, ✉, ∆❡) ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts t♦ ❜♦✉♥❞ t❤❡ t❡r♠s ♦♥ b✱ t❤❛♥❦s t♦ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ✭✹✳✹✳✷✺✮ ❛♥❞ ✭✹✳✹✳✸✸✮✱ ✇❡ ♦❜t❛✐♥ ✿ ∆❡(t) 2 C, ∀t ∈ [t 0 , T 0 ].

2 )

 2 •②✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ t♦ ❜♦✉♥❞ t❤❡ ❢♦✉r ♥♦♥ •✐♥❡❛r t❡r♠s✱ ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✹✳✹✳✸✺✮✳ ❋✐♥❛••②✱ ❛s ✇❡ ❦♥♦✇ ❡st✐♠❛t❡s ❢♦r ❡ ✭r❡s♣❡❝t✐✈❡•② q✮ ❛♥❞ ✉ ✭r❡s♣❡❝t✐✈❡•② p✮✱ ✇✐t❤ tr✐❛♥❣✉•❛r ✐♥✲ ❡q✉❛•✐t② ❛♥❞ ✭✹✳✸✳✸✺✮✱✭✹✳✸✳✸✼✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤✐s Pr♦♣♦s✐t✐♦♥✳ ✹✳✹✳✹ ❊rr♦r ❡st✐♠❛t❡s ❢♦r ❛ •✐♥❡❛r•② ♣❡rt✉r❜❡❞ s②st❡♠ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐•• ♣❡r❢♦r♠ t❤❡ ❡rr♦r ❛♥❛•②s✐s ✐♥tr♦❞✉❝❡❞ ❜② ♣❡rt✉r❜✐♥❣ t❤❡ •✐♥❡❛r ♦♣❡r❛t♦r✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ •✐♥❡❛r•② ♣❡rt✉r❜❡❞ ♣r♦❜•❡♠✿              ✈ ǫ t -ν∆✈ ǫ + ∇r ǫ = ❢ -B(✉, ✉) div ✈ ǫ -ǫ∆r ǫ t = 0 ✈ ǫ • ♥ = 0, curl ✈ ǫ × ♥ = ✵ , ∂r ǫ t ∂♥ = 0 ♦♥ Γ ✈ ǫ (0) = ✉(0) , r ǫ (0) = p(0) ✭✹✳✹✳✸✼✮ ❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✻ ✇❤❡r❡ u ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ (N S)✳ ❲❡ ❞❡♥♦t❡s ξ = ✉ -✈ ǫ ❛♥❞ ψ = pr ǫ ✱ ✇❡ s✉❜str❛❝t t❤✐s s②st❡♠ ❢r♦♠ ✐♥✐t✐❛• ♣r♦❜•❡♠ ✿ ξ t -ν∆ξ + ∇ψ = 0 div ξ -ǫ∆ψ t = -ǫ∆p t ξ(0) = ✵ and ψ(0) = 0. ✭✹✳✹✳✸✽✮ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ✐♥ ♣❛rt✐❝✉•❛r✱ ❢♦r ❛♥② t ∈ [t 0 , T 0 ]✿ r ǫ (t) t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✳ ▲❡♠♠❛ ✹✳✹✳✸✳ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❲❡ ❤❛✈❡ ✿ Cǫ 2 , ∀t ∈ [t 0 , T 0 ]. ✭✹✳✹✳✹✶✮ Pr♦♦❢✳ ❲❡ ✉s❡ ❛ ♣❛r❛❜♦•✐❝ ❞✉❛•✐t② ❛r❣✉♠❡♥t✳ •✐✈❡♥ t ∈ [t 0 , T 0 ]✱ •❡t (✇ , q) s♦•✉t✐♦♥ ♦❢ t❤❡ ❞✉❛• ♣r♦❜•❡♠ ✇ s + ν∆✇ + ∇q = ξ(s), div ✇ = 0, s ∈ [t 0 , t], ✇ • n = 0, curl ✇ × n = ✵ ♦♥ Γ ✇(t) = ✵. ✭✹✳✹✳✹✷✮ ▲❡t ✉s ✜rst ❡st❛❜•✐s❤ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ✿ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42) 1 ✇✐t❤ ∆✇ =curl curl ✇✱ ✇❡ ♦❜t❛✐♥ ♥❣ ❢r♦♠ t 0 t♦ t✱ ✇❡ ❞❡r✐✈❡ ✿ curl ✇(t 0 ) 2 + ν ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42) 1 ✇✐t❤ ✇ s t♦ ♦❜t❛✐♥ ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ t 0 t♦ t✱ ✇❡ ♦❜t❛✐♥ ✐♥ ♣❛rt✐❝✉•❛r ✿ t t0 ✇ s (s) 2 ds C t t0 ξ(s) 2 ds ✭✹✳✹✳✹✺✮ ❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42) 1 ✇✐t❤ ∇q ❛♥❞ ✉s✐♥❣ ✭✹✳✹✳✹✹✮ ❛♥❞ ✭✹✳✹✳✹✺✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❡♥❞ ♦❢ ✭✹✳✹✳✹✸✮ ✿ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42) 1 ✇✐t❤ ξ(s) ❛♥❞✱ ❜② ✉s✐♥❣ r❡•❛t✐♦♥s ♦♥ ξ(s) ✐♥ ✭✹✳✹✳✸✽✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t div ✇ = 0 ✇❡ ♦❜t❛✐♥ ✿ ξ(s) 2 = (✇ s , ξ(s)) + ν(∆✇ , ξ(s)) -(q, div ξ(s)) ✇) -(ξ s , ✇) + ν(∆ξ, ✇)ǫ(∇q,

=

  ❡st✐♠❛t❡s ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣❡r❢♦r♠ ❛♥ ❡rr♦r ❛♥❛•②s✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦♥•✐♥❡❛r t❡r♠✳ ▲❡t η = ✈ ǫ -✉ ǫ ❛♥❞ φ = r ǫp ǫ ✳ ❲❡ s✉❜str❛❝t (N S) ǫ ❢r♦♠ ✭✹✳✹✳✸✼✮✱ t❤❡♥ ✇❡ ♦❜t❛✐♥✿                η t -ν∆η + ∇φ = B(✉ ǫ , ✉ ǫ ) -B(✉, ✉), div η -ǫ∆φ t = 0, η • ♥ = 0, curl η × ♥ = ✵, ∂φ t ∂n = 0 ♦♥ Γ, η(t 0 ) = ✵ , φ(t 0 ) = 0. ✭✹✳✹✳✺✶✮ ▲❡♠♠❛ ✹✳✹✳✹✳ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ ✇❡ ❤❛✈❡✿ η(t) 2 + ǫ η(t) 2 H 1 (Ω) + t t0 ( div η(s) 2 + curlη(s) 2 )ds + ǫ ∇φ(t) 2 Cǫ 2 , ∀t ∈ [t 0 , T 0 ] Pr♦♦❢✳ ❆s ✉ -✉ ǫ = ξ + η✱ ✇❡ ❤❛✈❡ ✿ b(✉ ǫ , ✉ ǫ , η) -b(✉, ✉, η) = -b(✉ ǫ , ξ + η, η) -b(ξ + η, ✉, η) ❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✺✾ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.51) 1 ✇✐t❤ η ❛♥❞ (4.4.51) 2 ✇✐t❤ φ✱ ✇❡ ❞❡r✐✈❡✿ -b(✉ ǫ , ξ, η) -b(ξ + η, ✉, η)

  ❜t❛✐♥ ❡st✐♠❛t❡ ♦❢ η 2 H 1 (Ω) ≃ div η 2 + curl η 2 ✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✹✳✺✶✮ ✇✐t❤ -∆η ❛♥❞ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ♣r❡✈✐♦✉s•②✳ ❚♦ ❝♦♥❝•✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ ✇❡ t❛❦❡ ✉ -✉ ǫ = ξ + η ❛♥❞ pp ǫ = ψ + φ ❛♥❞ ❝♦♠❜✐♥❡ ▲❡♠♠❛ ✹✳✹✳✸ ❛♥❞ ✹✳✹✳✹✳ ✹✳✺ ❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ •✐✈❡♥ (✉ 0 , p 0 ) ✐♥ H 1 T (Ω) × H 1 (Ω)/R✱ ✇❡ ❞❡✜♥❡ (u n+1 , p n+1 ) t♦ ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✿ ✉ n+1 + ✉ n ) + ∇ p n + B( ✉ n+1 +✉ n 2 , ✉ n+1 +✉ n 2 ) = f (t n+ 1 2 ) ✉ n+1 • n = 0, curl ✉ n+1 × ♥ = 0 on Γ, ✭✹✳✺✳✶✮ div ✉ n+1 -βk∆(p n+1p n ) = 0, ∂p n+1 ∂♥ Γ = ∂p n ∂♥ Γ , ✭✹✳✺✳✷✮ ✇❤❡r❡ β ✐s ❛ ❝♦♥st❛♥t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ k ✐s t❤❡ t✐♠❡ st❡♣✱ t n+ 1 2 = (n + 1 2 )k✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ st✉❞② t❤❡ st❛❜✐•✐t② ♦❢ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮✱ ❛♥❞ ✇❡ ❡st❛❜•✐s❤ ❛♥ ❡rr♦r ❛♥❛•②s✐s✳ ❇❡❢♦r❡ t❤✐s✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿ ▲❡t t 0 ∈ (0, T 1 ) ✜①❡❞✱ ❢♦••♦✇✐♥❣ ❬✾✷( ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛• ❞❛t❛ (✉ 0 , p 0 ) s❛t✐s✜❡s ✿    ✉ 0 -✉(t 0 ) ≤ Ck 2 div (✉ 0 -✉(t 0 )) + curl(✉ 0 -✉(t 0 )) + ∇(p 0p(t 0 )) ≤ Ck ✭✹✳✺✳✸✮ ❚❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣ ❡rr♦r ❡st✐♠❛t❡s✿ ❚❤❡♦r❡♠ ✹✳✺✳✶✳ ❆ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ •✐✈❡♥ t 0 ∈]0, T 1 [, β > 1 4 ❛♥❞ (✉ 0 , p 0 ) s❛t✐s❢②✐♥❣ ✭✹✳✺✳✸✮✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛ ❛♥❞ t 0 s✉❝❤ t❤❛t✿ k m n=1 ✉(t n ) -✉ n 2 + k 2 ( div (✉(t m ) -✉ m ) 2 + curl(✉(t m ) -✉ m ) 2 ) + k 2 p(t m )p m 2 Ck 4 , ∀1 m M = [ T 1t 0 k ] ✇❤❡r❡ (✉(t n ), p(t n )) ❛♥❞ (✉ n , p n ) ❛r❡ r❡s♣❡❝t✐✈❡•② s♦•✉t✐♦♥s ♦❢ (N S) ❛♥❞ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮ ❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✻✵ ❋✐rst✱ ✇❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ ❞✐s❝r❡t❡ •r♦♥✇❛••✬s •❡♠♠❛ t❤❛t ✇❡ ✇✐•• ✉s❡ ✐♥ t❤✐s s❡❝t✐♦♥✳ ▲❡♠♠❛ ✹✳✺✳✶✳ ▲❡t y n , h n , g n , f n ❜❡ ♥♦♥♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡s s❛t✐s❢②✐♥❣ kg n < 1 ❛♥❞ •❡t σ = max 0 n T k (1kg n ) -1 ✳ ❚❤✉s✿ y m + k • ✉s❡ ❛•s♦ t❤❡ ❢♦••♦✇✐♥❣ ❛•❣❡❜r❛✐❝ r❡•❛t✐♦♥s ✿ (ab, a) = 1 2 (|a| 2 -|b| 2 + |b -a| 2 ) ✭✹✳✺✳✹✮ (ab, b) = 1 2 (|a| 2 -|b| 2 -|b -a| 2 ) ✭✹✳✺✳✺✮ ✹✳✺✳✶ ❙t❛❜✐•✐t② ♦❢ t❤❡ s❝❤❡♠❡ ❇❡❢♦r❡ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✹✳✺✳✶✱✇❡ st✉❞② t❤❡ st❛❜✐•✐t② ❢♦r t❤❡ s❝❤❡♠❡ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ✐s ✐♥s♣✐r❡❞ ❜② ❬✾✷(✳ ▲❡♠♠❛ ✹✳✺✳✷✳ ▲❡t β 1 4 ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t ❢♦r ❛•• ♠ ✇✐t❤ 1 m

1 2❆sǫ m+1 2 +

 12 (w(t n+1 ) + w(t n )) ❢♦r ❛♥② ❢✉♥❝t✐♦♥ w(t) n+1 + a n ) ❢♦r ❛♥② s❡q✉❡♥❝❡s {a n } ❼ M = [ T1-t0 k ] ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ T1-t0 k ✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ✜rst ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦♥ (u n , p n )✿ ▲❡♠♠❛ ✹✳✺✳✸✳ ❆ss✉♠✐♥❣ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ ❋♦r β > 1 4 ❛♥❞ ✐♥✐t✐❛• ❞❛t❛ s❛t✐s❢②✐♥❣ ✭✹✳✺✳✸✮✱ ✇❡ ❤❛✈❡✿ div ✉ m+1 2 + curl ✉ m+1 2 + ∆(✉ m+1 + ✉ m ) 2 + ∇p m+1 2 C, ∀0 m M -1 Ck 4 ∇p t (ξ n ) ∇r m+1 2 + ∇r m 2 ) ❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✺✳✶✽✮✱ ✇❡ ❤❛✈❡ ǫ 2 2 Ck 4

  n+1 )p(t n ) ) Ck ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s ✐♥ ✭✹✳✺✳✷✽✮✱ ✭✹✳✺✳✷✶✮✱ ✭✹✳✸✳✸✼✮ ❛♥❞ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡✿ k ǫ n+1 + ǫ n ) 2 + curl(ǫ n+1 + ǫ n ) 2 ) + δβk 2 ( ∇r m+1 2 + ∇r m 2 ) Ck 4 + Ck m n=2 ( ǫ n+1 2 + k 2 ∇r n 2 ) ❆♣♣•②✐♥❣ •r♦♥✇❛••✬s •❡♠♠❛ ✹✳✺✳✶✱ ✇❡ ♦❜t❛✐♥ ❢♦r 2 m M -1✿ ǫ m+1 2 + k m n=2 ( div (ǫ n+1 + ǫ n ) 2 + curl(ǫ n+1 + ǫ n ) 2 ) + k 2 ( ∇r m+1 2 + ∇r m 2 ) Ck 4 . ◆♦✇✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺✳✶✳ ■t ✐s t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❚❤❡ ✐❞❡❛ ✐s t♦ s♣•✐t t❤❡ ❡rr♦rs ✐♥t♦ ❛ ✜rst ♣❛rt ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ •✐♥❡❛r ❙t♦❦❡s ♦♣❡r❛t♦r ❛♥❞ ❛ s❡❝♦♥❞ ♣❛rt ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦♥•✐♥❡❛r t❡r♠✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺✳✶✳ ❲❡ st✉❞② t❤❡ ❡rr♦r ❡st✐♠❛t❡s ❢♦r ❛ •✐♥❡❛r ❛✉①✐•✐❛r② ♣r♦❜•❡♠✱ ❛♥❞ t❤❡♥ ❢♦r ❛ ♥♦♥ •✐♥❡❛r ♣r♦❜•❡♠✳ ❋✐rst•②✱ ✇❡ ❞❡✜♥❡ (✈ n+1 , r n+1 ) t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❛✉①✐•✐❛r② ♣r♦❜•❡♠✿ n+1 + ✈ n ) + ∇r n = ❢ (t n+ 1 2 ) -B( ✉(t n+ 1 2 ), ✉(t n+ 1 2 )) ✈ n+1 • ♥ |Γ = 0, curl ✈ n+1 × ♥ |Γ = 0 ✭✹✳✺✳✷✾✮ ❛♥❞ div ✈ n+1 -βk∆(r n+1r n ) = 0, ∂r n+1 ∂♥ |Γ = ∂r n-1 ∂♥ |Γ ✭✹✳✺✳✸✵✮ ✇✐t❤ (✈ 0 , r 0 ) = (✉ 0 , p 0 )✳ ❲❡ ❞❡♥♦t❡ ξ n = ✉(t n ) -✈ n ❛♥❞ φ n = p(t n )r n ✳ ❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✻✼ ■♥ t❤❡ ❝❛s❡ ♦❢ •✐♥❡❛r ♣r♦❜•❡♠✱ ✇❡ ♥❡❡❞ t♦ ❜♦✉♥❞ ✉(t n ) -✈ n ✳ ❚❤❡♥✱ ✇✐t❤ ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠✱ ✇❡ ♣r♦✈❡ t❤❡ s❛♠❡ t❤✐♥❣ ✇✐t❤ ✈ n -✉ n ✳ ❲❡ ❝♦♥❝•✉❞❡ ❜② ✉s✐♥❣ tr✐❛♥❣✉•❛r ✐♥❡q✉❛•✐t②✳ ❯s✐♥❣ t❤❡ •❡♠♠❛s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♣♣•② ❢♦r t❤❡ •✐♥❡❛r ♣r♦❜•❡♠✱ ✇❡ ❞❡❞✉❝❡✿ div ✈ m+1 2 + curl ✈ m+1 2 + k m n=1 ∆(✈ n+1 + ✈ n ) 2 + ∇r m+1 2 C 1 k 2 ξ m+1ξ m 2 + ∇(r m+1r m ) 2 + ∇(φ m+1φ m ) 2 Ck, ∀1 m M -1.❚❤❛♥❦s t♦ t❤❡s❡ r❡s✉•ts✱ ✇❡ ❝❛♥ ♣r♦✈❡✱ ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ ❚❤❡♦r❡♠ ✹✳✹✳✸ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s ✭s❡❡ ❛•s♦ ❬✾✷✱ ▲❡♠♠❛ ✸✳✶( ❛♥❞ ❬✾✷✱ ▲❡♠♠❛ ✸✳✷(✮ k m n=1

r n 2

 2 Ck 2 , ∀1 m M ✭✹✳✺✳✸✶✮ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠✱ ✇❡ ❞❡♥♦t❡ η = ✈ n -✉ n ❛♥❞ ψ n = r np n ✳ ❙✉❜str❛❝t✐♥❣ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮ ❢r♦♠ ✭✹✳✺✳✷✾✮✲✭✹✳✺✳✸✵✮✱ ✇❡ ❞❡r✐✈❡✿ η n+1 + η n ) + ∇ψ n = Q n div (η n+1 + η n ) -βk∆(ψ n+1ψ n-1 ) = 0 ∂ψ n+1 ∂♥ |Γ = ∂ψ n-1 ∂♥ |Γ ✭✹✳✺✳✸✷✮ ✇✐t❤ η 0 = 0 ❛♥❞ ψ 0 = 0✳ ❆❣❛✐♥ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✹ ✭♦r ❬✾✷✱ ▲❡♠♠❛ ✸✳✸(✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ♥❡①t ❡st✐♠❛t❡✿ η 2 + k m n=1 ( div (η n+1 + η n ) 2 + curl(η n+1 + η n ) 2 + k 2 ∇ψ m+1 2 Ck 4 , ∀1 m M -1 ❚❤❡♥✱ ✇❡ ❝❛♥ ❛❝❤✐❡✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ❜② ❞❡♥♦t✐♥❣ ✉(t n ) -✉ n = ξ n + η n ❛♥❞ p(t n )p n = φ n + ψ n ❛♥❞ ❜② ❝♦♠❜✐♥✐♥❣ ✭✹✳✺✳✸✶✮ ❛♥❞ ✭✹✳✺✳✸✸✮✳❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✻✽

  t❡❣r❛t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❢r♦♠ 0 t♦ t ❢♦r t ≤ T ✱ ✇❡ ♦❜t❛✐♥

✉ ǫ (t) 2 + ǫ ∇p ǫ (t) 2 + ν t 0 curl ✉ ǫ (s) 2 + div ✉ ǫ (s) 2 ds C ν t 0 ❢ (s)

  r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✶✺✶ |❡t✉r♥ t♦ ✭✹✳✹✳✶✵✮ ✉s✐♥❣ ✭✹✳✹✳✶✷✮✱ ✭✹✳✹✳✼✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❚❤✐r❞ ❡st✐♠❛t❡s✳ ❲❡ t❛❦❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ (N S) ε ✱ ✇❡ ♦❜t❛✐♥✿ + ∇p ǫ t + B(✉ ǫ , ✉ ǫ t ) + B(✉ ǫ t , ✉ ǫ ) = ❢ t , ✐♥ Ω × [0, T ] div

	t	curl ✉ ǫ (s)	6 + div ✉ ǫ (s)	6 ds	t	curl ✉ ǫ (s)	4 curl ✉ ǫ (s)	2 ds
	0								0
								+	t	div ✉ ǫ (s)	4 div ✉ ǫ (s)	2 ds
									0 C ǫ 2	0	t	curl ✉ ǫ (s)	2 + div ✉ ǫ (s)	2 ds	✭✹✳✹✳✶✸✮
									C ǫ 2	d 1 ν	,
	✇❡ ❞❡❞✉❝❡ t❤❛t✿						
					0	t	∆✉ ǫ (s)	2 ds	C 4 ǫ 2 ,	∀t ∈ [0, T 0 ].
		    	✉	ǫ tt -ν∆✉ ǫ t			
		   						

✭✹✳✹✳✶✹✮

  ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✶✺✸ Pr♦♦❢✳ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.21) 1 ✇✐t❤ ❡ ❛♥❞ (4.4.21) 2 ✇✐t❤ q✱ ✇❡ s✉♠ ❛♥❞ ♦❜t❛✐♥✱ ✇✐t❤ + curl ❡ 2 ) + C ✉ H 1 (Ω) ✉ H 2 (Ω) ❡ 2 ❯s✐♥❣ •r♦♥✇❛••✬s •❡♠♠❛ ❛♥❞ ✭✹✳✸✳✸✼✮ ✿ ❡(t) 2 + ν t t0 curl ❡ 2 + div ❡ 2 dx + ǫ ∇q(t) 2 Cǫ ✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✹✳✷✶✮ ✇✐t❤ -∆❡✱ ✇❡ ♦❜t❛✐♥✿

	✭✹✳✷✳✶✮ ❛♥❞ ✭✹✳✸✳✼✮✿				
	1 2	d dt	❡ 2 + ν div ❡ 2 + ν curl ❡ 2 +	ǫ 2	d dt	∇q	2
	= ǫ(∇p t , ∇q) -b(❡, ✉, ❡) ǫ 2 ∇p t 2 + ǫ 2 ∇q 2 + C u L ∞ (Ω) e ∇❡ ǫ 2 ∇p t 2 + ǫ 2 ∇q 2 + C ✉ 1 2 H 1 (Ω) u 1 2 H 2 (Ω) ❡ ∇❡ ǫ 2 ∇p t 2 + ǫ 2 ∇q 2 + ν 2 ( div ❡ 2 t 0	∇p t	2	Cǫ	✭✹✳✹✳✷✺✮
	◆♦						
								✭✹✳✹✳✷✷✮
			t				
			t0	✉ ǫ t (s)			

T 0 ∈ (t 0 , T 1 ] s✉❝❤ t❤❛t ✿ ✉ ǫ (t) 2 H 2 (Ω) + p ǫ (t) 2 H 1 (Ω) C, ∀t ∈ [t 0 , T 0 ], 2 H 2 (Ω) ds + u ǫ t (t) 2 H 1 (Ω) + p ǫ t (t) 2 H 1 (Ω) C, ∀t ∈ [t 0 , T 0 ], ✭✹✳✹✳✷✸✮ e t (t) 2 Cǫ, ∀t ∈ [t 0 , T 0 ].

✭✹✳✹✳✷✹✮

  ✭✹✳✹✳✷✾✮ ❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.29) 1 ✇✐t❤ ❡ t ❛♥s q t ✱ ✇❡ ❞❡r✐✈❡✿ -❡ t , ❡, ❡ t ) ✉ t L 6 (Ω) ❡ L 3 (Ω) ∇❡ t + ❡ L ∞ (Ω) ❡ t ∇❡ t ✉ t H 1 (Ω) ❡ H 1 (Ω) ∇❡ t + ❡ 1/2 H 1 (Ω) ❡ 1/2 H 2 (Ω) ❡ t ∇❡ t C ❡ H 1 (Ω) ❡ H 2 (Ω) ❡ t 2 b(❡ t , ✉, ❡ t ) ❡ t ∇❡ t u 1/2 ✉ t , ❡ t ) ≤ ✉ t H 1 (Ω) ❡ H 1 (Ω) ∇❡ t r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐•✐t② ♠❡t❤♦❞ ✶✺✺ ■♥t❡❣r❛t✐♥❣ ❢r♦♠ t 0 t♦ t✱ •r♦♥✇❛••✬s •❡♠♠❛✱ ✭✹✳✸✳✸✺✮✱ ✭✹✳✸✳✸✼✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t q(t 0 )

	p(t 0 )	2 H 1 (Ω)									2 H 1 (Ω) =
		1 2	d dt	❡ t	2 + ν curl ❡ t	2 + div ❡ t	2 +	ǫ 2	d dt	∇q t	2
		=ǫ(∇p ν ( div ❡ t 8 + ν 8 ( div ❡ t	2 + curl ❡ t 2 + curl ❡ t 2 ) + H 1 (Ω) u 2 ) + C ✉ t 1/2 H 2 (Ω) 2 H 1 (Ω) ❡ 2 H 1 (Ω)
					ν 8	( div ❡ t	2 + curl ❡ t	2 ) + C ✉ 2 H 2 (Ω) ❡ t	2 ,
	❛♥❞ s✐♠✐•❛r•②								
		b(❡, ν 8	( div ❡ t	2 + curl ❡ t	2 ) + C ❡ 2 H 1 (Ω) u t	2 H 1 (Ω) .

tt , ∇q t ) -b(✉ ǫ t , ❡, ❡ t ) -b(❡ t , ✉, ❡ t ) -b(❡, ✉ t , ❡ t ) ✭✹✳✹✳✸✵✮ ❯s✐♥❣ ❍♦•❞❡r✬s ❛♥❞ (♦✉♥❣✬s ✐♥❡q✉❛•✐t✐❡s✱ ✇❡ ❤❛✈❡ ✿ b(✉ ǫ t , ❡, ❡ t ) = b(✉ t ❈♦••❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ✐♥ ✭✹✳✹✳✸✵✮✱ ✇❡ ❤❛✈❡ ✿ d dt ❡ t 2 + ν curl ❡ t 2 + div ❡ t 2 + ǫ d dt ∇q t 2 ǫ p tt 2 H 1 (Ω) + ǫ q t 2 H 1 (Ω) + C ✉ t 2 H 1 (Ω) ❡ 2 H 1 (Ω) + C ❡ H 1 (Ω) ❡ H 2 (Ω) ❡ t 2 + C ✉ 2 H 2 (Ω) ❡ t 2 . ✭✹✳✹✳✸✶✮ ❆♣♣

  ✭✹✳✹✳✸✺✮ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.21) 1 ✇✐t❤ -∆❡ t ✱ ✇❡ ♦❜t❛✐♥ ✿ ∆❡ t ) + b(✉ ǫ , ❡ t , ∆❡ t ) + b(❡ t , ✉, ∆❡ t ) + b(❡, ✉ t , ∆❡ t ) + (∇q t , ∆❡ t )

	✭✹✳✹✳✸✹✮
	❚♦ ❝♦♥❝•✉❞❡✱ ✇❡ ♣r♦♦❢ t❤❛t ✿
	❡ t H 1 2 H 1 (Ω) + t t0 ❡ t (s) 2 2 d dt ∇❡ t 2 + ν ∆❡ t 2 = b(✉ ǫ

2 (Ω) ds C , ∀t ∈ [t 0 , T ] t , ❡,

  ❲❡ ✐♥t❡❣r❛t❡ ❢r♦♠ t 0 t♦ t t♦ ❤❛✈❡ ✿ (4.4.38) 2 s♦ ✿ div ξ t -ǫ∆ψ tt = -ǫ∆p tt ◆♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.38) 1 ✇✐t❤ ξ t ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿ ❲❡ ✐♥t❡❣r❛t❡ t❤✐s ❡q✉❛t✐♦♥ ❛♥❞✱ s✐♥❝❡ ψ(t 0 ) = 0✱ ✇❡ ❤❛✈❡ ∀t ∈ [t 0 , T 0 ] ♥❣ ✭✹✳✸✳✸✼✮✱✭✹✳✷✳✶✮ ❛♥❞ ✭✹✳✹✳✸✾✮✱ ✇❡ ♦❜t❛✐♥ ✐♥ ♣❛rt✐❝✉•❛r ✿ ✐♥t❡❣r❛t❡ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❢r♦♠ t 0 t♦ t✱ ✉s✐♥❣ ✭✹✳✹✳✹✸✮✱ ✭✹✳✹✳✸✾✮ ❛♥❞ ✭✹✳✹✳✹✵✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• t ∈ [t 0 , T 0 ] ✿ ❲❡ ❝❛♥ ❝♦♥❝•✉❞❡✱ ✇✐t❤ ✭✹✳✹✳✹✵✮ ❛♥❞ ✭✹✳✹✳✹✽✮✱ ❢♦r t ∈ [t 0 , T 0 ] ✿

			ν ξ(t)	2 H 1 (Ω)		Cν( div ξ(t)	2 + curl ξ(t)	2 ) Cǫ.	✭✹✳✹✳✹✾✮
	◆♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.47) ✇✐t❤ ξ(s) t♦ ♦❜t❛✐♥ ✿
					1 2	d dt	ξ(s)	2 =	d ds	(ξ, ✇) -ǫ(∇q, ∇r ǫ s ).
		t t0	ξ(s) ξ(t)	2 ds ǫ 2 ǫ t0 t t0 t ∇q(s) ∇r ǫ s (s) ds s (s) ds ∇q(s) ∇r ǫ δ t t0 ∇q(s) 2 ds + ǫ 2 C(δ) ǫ 1 2 t t0 ∇q(s) 2 ds + ǫ 3 2 t t0 Cǫ 1 2 t t0 ξ s (s) 2 ds + Cǫ 3 2	t t0 ∇r ǫ s (s) ∇r ǫ s (s) 2 ds 3 Cǫ 2
	ψ(t)	C ∇ψ H -1 (Ω) C sup ✈∈H 1 0 (Ω)	(∇ψ(t), ✈) ✈ H 1 (Ω)	C sup ✈∈H 1 0 (Ω)
			t t0	( ∆✇ (s)	2 + ∇q(s)	2 )ds C	t t0	ξ s (s)	2 ds	✭✹✳✹✳✹✽✮
	❲❡ t❛❦❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✐♥ ξ t 2 + ν 2 d dt div ξ 2 + curl ξ	2 = (ψ, div ξ t )
									= ǫ(∇ψ, ∇p tt ) -ǫ(∇ψ, ∇ψ tt ) = ǫ(∇ψ, ∇p tt ) -ǫ d dt (∇ψ, ∇ψ t ) + ǫ ∇ψ t	2

2 ds ❚❤❛♥❦s t♦ ✭✹✳✹✳✸✾✮ ❛♥❞ ✭✹✳✹✳✹✸✮✱ ✇❡ ❝❛♥ t❛❦❡ δ s✉✣❝✐❡♥t•② s♠❛•• s✉❝❤ ❛s ✿ t t0 ξ(s) 2 ds Cǫ 2 , ∀t ∈ [t 0 , T 0 ]. ✭✹✳✹✳✹✻✮ ◆♦✇✱ ❢♦r ❣✐✈❡♥ t ∈ [t 0 , T 0 ]✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❞✉❛• ♣r♦❜•❡♠✿ ✇ s + ν∆✇ + ∇q = ξ s (s), and div ✇ = 0, s ∈ [t 0 , t] ✇ • n = 0, curl ✇ × n = ✵ ♦♥ Γ

and ✇(t) = 0. ✭✹✳✹✳✹✼✮ ❆s ❢♦r ✭✹✳✹✳✹✸✮ ✇❡ ❤❛✈❡ ✿ t t0 ξ t (s) 2 ds + ν div ξ(t) 2 + curl ξ(t) 2 Cǫ t t0 ( ∇p tt (s) 2 + ∇ψ(s) 2 )ds + Cǫ ∇ψ t (t) ∇ψ(t) + Cǫ t t0 ∇ψ t (s) 2 ds ❯s✐❲❡ (ξ t (t), ✈) + (∇ξ, ∇✈ ) ✈ H 1 (Ω) C( ξ t (t) + ∇ξ(t) ) Cǫ

  ✭✹✳✺✳✽✮ ❛♥❞ ✭✹✳✺✳✾✮ ❛♥❞ s✉♠♠✐♥❣ ✭✹✳✺✳✼✮ ❢♦r n ❢r♦♠ 1 t♦ m✱ ✇❡ ♦❜t❛✐♥✿ ✹✳✺✳✷ Pr❡•✐♠✐♥❛r② ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ■♥ t❤❡ ❛✐♠ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✺✳✶✱ ✇❡ ♥❡❡❞ ♦t❤❡r k✲✐♥❞❡♣❡♥❞❡♥t ❡st✐♠❛t❡s✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡s✉•t ♦❢ ▲❡♠♠❛ ✹✳✺✳✷ ✐s ♥♦t s✉✣❝✐❡♥t ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ♣r♦✈✐❞❡ st❛❜✐•✐t② r❡s✉•t ❢♦r ∇p n ✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐•• ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ ❼ t α = t 0 + αk

	❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥			✶✻✶
	❲❡ ❞❡r✐✈❡ ❢r♦♠ ✭✹✳✺✳✹✮✲✭✹✳✺✳✺✮✿			
	(∇(p n+1 -p n-1 ), ∇p n ) = +	1 2 1 2	( ∇p n+1 2 -∇p n-1 2 ) ( ∇(p n -p n-1 ) 2 -∇(p n+1 -p n )	2 )	✭✹✳✺✳✾✮
	❯s✐♥❣ ✉ m+1 2 + ✉ 1 2 + Ck ❢ 2 νk 4 m n=1 ( div (✉ n+1 + ✉ n ) C([0,T ];[H0(div,Ω)] ′ ) +	2 + curl(✉ n+1 + ✉ n ) βk 2 2 ( ∇p 1 2 + ∇p 0 2 ) + 2 ) + βk 2 νk 2 2 2	( ∇p m+1 2 + ∇p m 2 ) ∇(p m+1 -p m ) 2 ✭✹✳✺✳✶✵✮
	❯s✐♥❣ ✭✹✳✺✳✷✮✱ ✇❡ ❞❡r✐✈❡✿				
						βk 2 ∇(p m+1 -p m )	2	1 β	✉	m+1 2
	❙♦✱ ❜② s♣•✐tt✐♥❣ t❤❡ ♣r❡✈✐♦✉s •❡❢t✲❤❛♥❞ t❡r♠✿
	βk 2 2		∇(p m+1 -p m )	2	1 4β	✉	m+1 2 +	βk 2 4	∇(p m+1 -p m )	2
										1 4β	✉	m+1 2 +	βk 2 2	( ∇p m+1 2 + ∇p m 2 )
	❆♣♣•②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛•✐t② ✐♥ ✭✹✳✺✳✶✵✮✿
	(1 -	1 4β	) ✉ m+1 2 +	νk 4	n=1 m	( div (✉ n+1 + ✉ n )	2 + curl(✉ n+1 + ✉ n )	2 )
		✉	1 2 +	βk 2 2	( ∇p 1 2 + ∇p 0 2 ) + Ck f (t n+ 1 2 ) 2 C([0,T ];[H0(div,Ω)] ′ )
	❼ w(t n+ 1 2 ) =							
										✭✹✳✺✳✽✮
										n+ 1 2 ) 2 [H0(div ,Ω)] ′

5 (Ω) ❛♥❞ P 0 ∈ W 1/6,6/5 (Γ)✱ t❤❡♥ ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t (u, b, P ) ∈ H 1 (Ω) × H 1 (Ω) × L 2 (Ω) ✐s s♦•✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳ ❲❡ ❞❡❞✉❝❡ t❤❛t (curl w) × u + (curl b) × d ❜❡•♦♥❣s t♦ L 6/5 (Ω)✳ ❙✐♠✐•❛r•②✱

(Ω)✳ ❚♦ ❛♣♣•② t❤❡ r❡❣✉•❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜•❡♠ ❛♥❞ ♦❜t❛✐♥ ✇❡❛❦ s♦•✉t✐♦♥s (u, P ) ∈ W 1,p (Ω) × W 1,r (Ω)✱ ✇❡

(Ω) ֒→ L r (Ω)✱ ✐t ❞✐r❡❝t•② ❢♦••♦✇s ❢r♦♠ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ ❡••✐♣t✐❝ ♣r♦❜•❡♠ (E T ) t❤❛t b ∈ W 2,r (Ω) ֒→ W 1,p (Ω)✳

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❜② e n = u(t n )u n ❛♥❞ q n = p(t n )p n t❤❡ ❡rr♦rs ♦♥ t❤❡ ✈❡•♦❝✐t② ❛♥❞ t❤❡ ♣r❡ss✉r❡✳ ❚❤❡ ❡rr♦r ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

❛♥❞ Q n ✐s t❤❡ ❡rr♦r r❡•❛t❡❞ t♦ t❤❡ ♥♦♥ •✐♥❡❛r t❡r♠s✿

✭✹✳✺✳✶✾✮ ◆♦✇✱ ✐t st❛②s t♦ ❡st✐♠❛t❡ t❤❡ t❡r♠ ∇(q m+1q m-1 )