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✹✳✹✳✹ ❊rr♦r ❡st✐♠❛t❡s ❢♦r ❛ ❧✐♥❡❛r❧② ♣❡rt✉r❜❡❞ s②st❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

✹✳✹✳✺ ❊rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

✹✳✺ ❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✹✳✺✳✶ ❙t❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵

✹✳✺✳✷ Pr❡❧✐♠✐♥❛r② ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶



■♥tr♦❞✉❝t✐♦♥ ❣é♥ér❛❧❡

▲❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ✭❛❜ré❣é ♣❛r ❧❛ s✉✐t❡ ♣❛r ✧▼❍❉✧✮ ❡st ❧❡ ❝❤❛♠♣ ❞❡ ❧❛ ♣❤②s✐q✉❡ q✉✐

❞é❝r✐t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✬✉♥ ✢✉✐❞❡ é❧❡❝tr✐q✉❡♠❡♥t ❝♦♥❞✉❝t❡✉r ✭t❡❧ q✉❡ ❧❡s ♠ét❛✉① ❧✐q✉✐❞❡s✱ ❧❡s

♣❧❛s♠❛s✱ ❧✬❡❛✉ s❛❧é❡ ❡t❝ ✳✳✳✮ s♦✉s ❧✬❡✛❡t ❞❡ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❬✸✼✱ ✹✸❪✳ ❈❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛

♣❤②s✐q✉❡ ❛ été ❞é❝♦✉✈❡rt ❡♥ ✶✾✹✷ ♣❛r ❍✳ ❆❧❢✈é♥ ❞❛♥s ❬✻❪ ✭tr❛✈❛✉① ♣♦✉r ❧❡sq✉❡❧s ✐❧ ♦❜t✐❡♥❞r❛ ❧❡

♣r✐① ◆♦❜❡❧ ❡♥ ✶✾✹✷✮✱ ❡t à ❧❛ s✉✐t❡ ❞❡s tr❛✈❛✉① ❞❡ ❍❛rt♠❛♥♥ s✉r ❧❡s ♠ét❛✉① ❧✐q✉✐❞❡s ❡♥ ✶✾✸✼✳

▲❛ ▼❍❉ ❥♦✉❡ ✉♥ rô❧❡ ♣ré♣♦♥❞ér❛♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬❛str♦♣❤②s✐q✉❡✳ ❊♥ ❡✛❡t✱ ❧✬❡s♣❛❝❡

❡st ♠❛❥♦r✐t❛✐r❡♠❡♥t ❝♦♠♣♦sé ❞❡ ♣❧❛s♠❛s✱ ❡t ❝❡✉①✲❝✐ s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t s❡♥s✐❜❧❡s ❛✉① ❝❤❛♠♣s

é❧❡❝tr♦♠❛❣♥ét✐q✉❡s✳ ❖♥ ♣❡✉t ♠❡♥t✐♦♥♥❡r ♣❛r ❡①❡♠♣❧❡ ❧❡s ♣❤é♥♦♠è♥❡s ❞❡ ✈❡♥ts s♦❧❛✐r❡s✱ ❝✬❡st

à ❞✐r❡ ✉♥❡ é❥❡❝t✐♦♥ ❞❡ ♣❧❛s♠❛s ❞✉ s♦❧❡✐❧ ❬✾✼❪✳

❚♦✉❥♦✉rs ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ♣❧❛s♠❛s✱ ❡t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥s♣✐ré❡ ❞❡s ♣❤é♥♦♠è♥❡s ❛s✲

tr♦♣❤②s✐q✉❡s✱ ❧❛ ▼❍❉ ❛ été ♠✐s❡ ❡♥ ❛✈❛♥t ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ❛✈❡❝ ❧❡s ❡ss❛✐s s✉r ❧❛ ❢✉s✐♦♥

♥✉❝❧é❛✐r❡✱ ♥♦t❛♠♠❡♥t ❛✈❡❝ ❧❡s t♦❦❛♠❛❦s ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✶✵✵❪✮✳ ▲✬✐❞é❡ ❡st ❞❡ ❢✉s✐♦♥♥❡r ❞❡

♣❡t✐ts ♥♦②❛✉① ❛t♦♠✐q✉❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡ tr✐t✐✉♠ ❡t ❧❡ ❞❡✉tér✐✉♠✱ ❡♥ r❡♣r♦❞✉✐s❛♥t ❧❡s

ré❛❝t✐♦♥s ❝❤✐♠✐q✉❡s ❛♣♣❛r❛✐ss❛♥t ♥❛t✉r❡❧❧❡♠❡♥t ❞❛♥s ❧❡ ❙♦❧❡✐❧✳ ❈❡❧❛ ✐♠♣❧✐q✉❡ ❞♦♥❝ ❞❡s ❝♦♥❞✐✲

t✐♦♥s ❡①trê♠❡s ❞❡ t❡♠♣ér❛t✉r❡s ✭♣❧✉s ❞❡ ✶✵✵ ♠✐❧❧✐♦♥s ❞❡ ❞❡❣rés✮ ♣♦✉r ♦❜t❡♥✐r ❧❛ ❢✉s✐♦♥✱ ❝❡ q✉✐

❢♦r♠❡ ✉♥ ♣❧❛s♠❛✳ ❆✜♥ ❞❡ ❝♦♥trô❧❡r ❝❡tt❡ ❢✉s✐♦♥✱ ✐❧ ♥✬❡st ♣❛s ❡♥✈✐s❛❣❡❛❜❧❡✱ à ❞❡ t❡❧❧❡s t❡♠♣ér❛✲

t✉r❡s✱ ❞✬✉t✐❧✐s❡r ✉♥ ❝♦♥✜♥❡♠❡♥t ♣❤②s✐q✉❡✳ ❖♥ s✬♦r✐❡♥t❡ ❞♦♥❝ ✈❡rs ✉♥ ❝♦♥✜♥❡♠❡♥t ♠❛❣♥ét✐q✉❡✱

❡t ❝❡❧❛ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ▼❍❉✳

❖♥ r❡tr♦✉✈❡ é❣❛❧❡♠❡♥t ❧❛ ▼❍❉ ❞❛♥s ❞✐✛ér❡♥ts ❞♦♠❛✐♥❡s ❞❡ ❧✬✐♥❞✉str✐❡ ❡t ❧✬✐♥❣é♥✐❡r✐❡✱ ♣❛r

❡①❡♠♣❧❡ ♣♦✉r ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❞❡s ré❛❝t❡✉rs ♥✉❝❧é❛✐r❡s ♣❛r ❞✉ ♠ét❛❧ ❧✐q✉✐❞❡✱ ❧❡ ♣♦♠♣❛❣❡

❞❡s ♠ét❛✉① ❛✉ ♠♦②❡♥ ❞❡ ♣♦♠♣❡s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s✱ ❧❛ s✐♠✉❧❛t✐♦♥ ❞❡ ❧✬é❧❡❝tr♦❧②s❡ ❧♦rs ❞❡ ❧❛

♣r♦❞✉❝t✐♦♥ ❞✬❛❧✉♠✐♥✐✉♠✱ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬é♥❡r❣✐❡ ▼❍❉ ✭✈♦✐r ❬✻✸✱ ✹✸✱ ✼✸❪✮✳

▲❛ ▼❍❉ s❡ ❝❛r❛❝tér✐s❡ ♣❛r ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❝♦✉♣❧é❡s✿ ❧❛ ♠é✲

❝❛♥✐q✉❡ ❞❡s ✢✉✐❞❡s ❡st ❣♦✉✈❡r♥é❡ ♣❛r ❧❡s éq✉❛t✐♦♥s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✱ ❡t ❧✬é❧❡❝tr♦♠❛❣♥ét✐s♠❡

♣❛r ❧❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧✳ ▲❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s ❞❡✉① ❞♦♠❛✐♥❡s✱ ❧❛ ♠é❝❛♥✐q✉❡ ❞❡s ✢✉✐❞❡s

❡t ❧✬é❧❡❝tr♦♠❛❣♥ét✐s♠❡✱ ❣é♥èr❡ ❞❡✉① ❡✛❡ts ❞❡ ❝♦✉♣❧❛❣❡✿ ❧❡ ♠♦✉✈❡♠❡♥t ❞✬✉♥ ♠❛tér✐❛✉ ❝♦♥❞✉❝✲

t❡✉r s♦✉s ❧✬❡✛❡t ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♥❞✉✐t ✉♥ ❝♦✉r❛♥t é❧❡❝tr✐q✉❡✱ q✉✐ ✈❛ ❛✐♥s✐ ♠♦❞✐✜❡r

❧❡ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❡♥ ♣❧❛❝❡✳ ❉❡ ♣❧✉s✱ ❧❡ ❝♦✉r❛♥t ❡t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❣é♥èr❡♥t

✸



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✹

❧❛ ❢♦r❝❡ ❞❡ ▲♦r❡♥t③✱ ✉♥❡ ❢♦r❝❡ ♠é❝❛♥✐q✉❡ ❡①❡r❝é❡ s✉r ❧❡s ♣❛rt✐❝✉❧❡s ❞✉ ✢✉✐❞❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥

♥♦r♠❛❧❡ à ❧❛ ❢♦✐s ❛✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❛✉ ❝♦✉r❛♥t é❧❡❝tr✐q✉❡✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ ✈❛ ♣r❡♥❞r❡ ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ▼❍❉ ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ❝✬❡st à ❞✐r❡

q✉❡ ❧❡s ✢✉✐❞❡s ✈✐sq✉❡✉① s♦♥t ✐♥❝♦♠♣r❡ss✐❜❧❡s✱ ❡t ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é Ω ❞❡ R3✳

❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s q✉✐ s✉✐t ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✸✼❪✮✱

q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡r❛ s②stè♠❡ ✭▼❍❉✮ ❞❛♥s ❝❡ q✉✐ s✉✐t ✿

(MHD)





−ν∆u+ u · ∇u+∇P − κ(curl b)× b = f ❞❛♥s Ω,

κµ curl curl b− κ curl(u× b) = g ❞❛♥s Ω,

divu = 0 ❞❛♥s Ω,

div b = 0 ❞❛♥s Ω.

▲❡s ✐♥❝♦♥♥✉❡s ❞❡ ❝❡s éq✉❛t✐♦♥s s♦♥t ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡s u✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b✱ ❡t ❧❛ ♣r❡s✲

s✐♦♥ P ✱ t❛♥❞✐s q✉❡ f r❡♣rés❡♥t❡ ❧❡s ❢♦r❝❡s ❡①tér✐❡✉r❡s ❡t g ❡st ✉♥ t❡r♠❡ s♦✉r❝❡✳ ▲❡s ♣❛r❛♠ètr❡s

ν✱ µ ❡t κ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ✈✐s❝♦s✐té ❞✉ ✢✉✐❞❡✱ ❧❛ ♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ❡t ❧❡ t❡r♠❡

❞❡ ❝♦✉♣❧❛❣❡✳ ▲❡ t❡r♠❡ (curl b) × b r❡♣rés❡♥t❡ ❧❛ ❢♦r❝❡ ❞❡ ▲♦r❡♥t③ ❡t ❧❡ t❡r♠❡ curl(u × b) ❧❡
♠♦✉✈❡♠❡♥t ❞✉ ♠❛tér✐❛✉ ❝♦♥❞✉❝t❡✉r ❞❛♥s ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣ré❝é❞❡♠♠❡♥t ♠❡♥t✐♦♥♥é✳

▲✬ét✉❞❡ ❞✬éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ✐♠♣❧✐q✉❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡

❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ❞✉ ❞♦♠❛✐♥❡ ❧❡s ♣❧✉s ❢réq✉❡♠♠❡♥t ❝♦♥s✐❞éré❡s

s♦♥t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t✿

u = 0 s✉r Γ

q✉✐ s♦♥t ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♥♦♥✲❣❧✐ss❡♠❡♥t✱ s✐❣♥✐✜❛♥t q✉❡ ❧❡ ✢✉✐❞❡ ❛❞❤èr❡ à ❧❛ ♣❛r♦✐✳ ❈❡tt❡ ❢♦r✲

♠✉❧❛t✐♦♥✱ ✐♥tr♦❞✉✐t❡ ♣❛r ●✳ ❙t♦❦❡s ❡♥ ✶✽✹✺ ❬✾✸❪✱ ❛ ❝❡♣❡♥❞❛♥t ❞❡s ❧✐♠✐t❡s✿ ❡♥ ❡✛❡t✱ s✉✐✈❛♥t ❧❡s

tr❛✈❛✉① ❞❡ ❙❡rr✐♥ ❬✽✽❪✱ ❝❡s ❝♦♥❞✐t✐♦♥s ♣❡✉✈❡♥t ♥❡ ♣❛s êtr❡ ré❛❧✐st❡s✱ ❡♥tr❛î♥❛♥t ❞❡s ♣❤é♥♦♠è♥❡s

❞❡ ❝♦✉❝❤❡ ❧✐♠✐t❡✳ ❆✜♥ ❞❡ ♠♦❞é❧✐s❡r ❧❡s ❞✐✛ér❡♥t❡s s✐t✉❛t✐♦♥s✱ ♦♥ ❞♦✐t ❝♦♥s✐❞ér❡r ♣❧✉s✐❡✉rs t②♣❡s

❞❡ ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❡♥ ❝♦♥s✐❞ér❡r♦♥s ❞❡✉①✿ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✐t❡s ❞❡

t②♣❡ ◆❛✈✐❡r ❡t ❞❡s ❝♦♥❞✐t✐♦♥s s✉r ❧❛ ♣r❡ss✐♦♥✳

▲❡s ❝♦♥❞✐t✐♦♥s ❞❡ ◆❛✈✐❡r s❡ ♣rés❡♥t❡♥t ❝♦♠♠❡ s✉✐t✿ ♦♥ ❝♦♥s✐❞èr❡ ❞❡s ♣❛r♦✐s s♦❧✐❞❡s✱ ❝✬❡st à

❞✐r❡ q✉❡ ❧❡ ✢✉✐❞❡ ♥❡ ♣❡✉t ♣❛s ❧❡s tr❛✈❡rs❡r✳ ❆✐♥s✐✱ ❧❛ ✈✐t❡ss❡ ❞✉ ✢✉✐❞❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♥♦r♠❛❧❡

❛✉① ❜♦r❞s ❡st ♥✉❧❧❡✱ ❝❡ q✉✐ s❡ r❡tr❛♥s❝r✐t ❞❛♥s ❧✬é❣❛❧✐té✿

u · n = 0 s✉r Γ.

❆✜♥ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ré❛❝t✐♦♥ ❞❡ ❧❛ ♣❛r♦✐ ♣❛r r❛♣♣♦rt ❛✉ ♠♦✉✈❡♠❡♥t ❞✉ ✢✉✐❞❡✱ ◆❛✈✐❡r

ét❛❜❧✐t ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❣❧✐ss❡♠❡♥t ❛✈❡❝ ❢r✐❝t✐♦♥ ✭✈♦✐r ❬✼✹❪✮✱ q✉✐ ♣❡r♠❡t ❞❡ ♠❡s✉r❡r ❧✬❡✛❡t ❞❡

❢r♦tt❡♠❡♥t ❞✉ ✢✉✐❞❡ ❝♦♥tr❡ ❧❛ ♣❛r♦✐✱ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ❝♦♠♣♦s❛♥t❡ t❛♥❣❡♥t✐❡❧❧❡ ❞✉ t❡♥s❡✉r ❞❡s



✺

❝♦♥tr❛✐♥t❡s ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ❝♦♠♣♦s❛♥t❡ t❛♥❣❡♥t✐❡❧❧❡✱ ♥♦té❡ τ ✱ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡s ✿

2[D(u)n]τ + αuτ = 0 s✉r Γ

♦ù α ≥ 0 ❡st ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❢r✐❝t✐♦♥ ❡t✿

D(u)ij =
1

2

(∂ui
∂xj

+
∂uj
∂xi

)
, 1 6 i, j 6 3

❆✐♥s✐✱ ♦♥ ❝❛r❛❝tér✐s❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ◆❛✈✐❡r ♣❛r ✿

u · n = 0 ❡t 2[D(u)n]τ + αuτ = 0 s✉r Γ

◆♦t♦♥s q✉❡✱ ❧♦rsq✉❡ α t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱ ♦♥ r❡tr♦✉✈❡ ❢♦r♠❡❧❧❡♠❡♥t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❜♦r❞ ♣❧❛t ❡t ❞✬✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ❢r✐❝t✐♦♥ α ♥✉❧✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❞❡ ◆❛✈✐❡r ❡st

éq✉✐✈❛❧❡♥t❡ ❛✉① ❝♦♥❞✐t✐♦♥s ❞❡ t②♣❡ ◆❛✈✐❡r✿

u · n = 0 ❡t curlu× n = 0 s✉r Γ ✭✵✳✵✳✶✮

❈✬❡st ❝❡tt❡ ❞❡r♥✐èr❡ ❝♦♥❞✐t✐♦♥ q✉❡ ♥♦✉s ❛❧❧♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r ❝♦♥s✐❞ér❡r ❞❛♥s ❧❛ t❤ès❡✳

▲❡s ❝♦♥❞✐t✐♦♥s ✐♠♣❧✐q✉❛♥t ✉♥❡ ♣r❡ss✐♦♥ ❛✉ ❜♦r❞ ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s

♣❤②s✐q✉❡s✱ ❝♦♠♠❡✱ ♣❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡s rés❡❛✉① ❤②❞r❛✉❧✐q✉❡s✱ ❧❡s ♣✐♣❡❧✐♥❡s ♦✉ ❧❛ ❝✐r❝✉❧❛t✐♦♥

❞✉ s❛♥❣✳ ❖♥ ♣❡✉t ❧❡s r❡tr♦✉✈❡r é❣❛❧❡♠❡♥t ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ rés❡❛✉ ❞❡ ✈❡✐♥❡s ❞❛♥s ❧❡

❝❡r✈❡❛✉✱ à ♣❛rt✐r ❞✬✉♥❡ ❛♥❣✐♦❣r❛♣❤✐❡ ❡♥ tr♦✐s ❞✐♠❡♥s✐♦♥s ♦❜t❡♥✉❡ ♣❛r rés♦♥❛♥❝❡ ♠❛❣♥ét✐q✉❡✳

❖♥ ❞♦✐t ❡♥ ♦✉tr❡ ❝♦✉♣❧❡r ❧❛ ♣r❡ss✐♦♥ ❛✉ ❜♦r❞ ❛✈❡❝ ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉r ❧❛ ✈✐t❡ss❡ t❛♥❣❡♥t✐❡❧❧❡✿

u× n = 0 et P = P0 s✉r Γ. ✭✵✳✵✳✷✮

❖♥ s❡ ❝♦♥❝❡♥tr❡r❛ ❞❛♥s ❝❡tt❡ t❤ès❡ s✉r ❞❡✉① ❛①❡s ❡ss❡♥t✐❡❧s✳ ▲❡ ♣r❡♠✐❡r ❝♦♥❝❡r♥❡ ❧✬❛♥❛❧②s❡

♠❛t❤é♠❛t✐q✉❡ ❞✉ s②stè♠❡ ✭▼❍❉✮ ❛✈❡❝ ❞❡✉① t②♣❡s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✳ ▲❛ ♣r✐♥❝✐♣❛❧❡

♦r✐❣✐♥❛❧✐té t✐❡♥t ❛✉ ❝❤♦✐① ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♥♦♥ ❝❧❛ss✐q✉❡s ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳

▲❡ ♣r❡♠✐❡r ♦❜❥❡❝t✐❢ ❡st ❞✬ét✉❞✐❡r ❧❡ s②stè♠❡ st❛t✐♦♥♥❛✐r❡ ✭▼❍❉✮ ❞❛♥s ❧❡ ❝❛s ♣❧✉s ❣é♥ér❛❧ ♦ù

❧❡ ❞♦♠❛✐♥❡ Ω ❡st ✉♥ ♦✉✈❡rt ❜♦r♥é ❛✈❡❝ ✉♥❡ ❢r♦♥t✐èr❡ Γ ♣♦✉✈❛♥t êtr❡ ♥♦♥ ❝♦♥♥❡①❡✳ ◆♦✉s

❝♦♥s✐❞ér♦♥s ✉♥ ♣r❡♠✐❡r t②♣❡ ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣♦✉r u✱ b ❡t P ✿

u× n = 0, b× n = 0 sur Γ et P = P0 + αi s✉r Γi 1 ≤ i ≤ I, ✭✵✳✵✳✸✮

♦ù Γi s♦♥t ❧❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞✉ ❜♦r❞ ❡t ❧❡s ❝♦❡✣❝✐❡♥ts αi s♦♥t ❞❡s ❝♦♥st❛♥t❡s✳ ❈❡tt❡

❢♦r♠❡ ❞❡ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s s✉r ❧❛ ♣r❡ss✐♦♥ ❛ été ✐♥tr♦❞✉✐t❡ ♣♦✉r ❞❡s s②stè♠❡s ❞❡ ❙t♦❦❡s

❡t ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❞✬❛❜♦r❞ ❞❛♥s ❧❡ ❝❛s ❤✐❧❜❡rt✐❡♥ ❞❛♥s ❬✸✸✱ ✸✹❪✱ ♦ù ❧❡s ❛✉t❡✉rs ♦♥t ét✉❞✐é ❧❡s

❞✐✛ér❡♥❝❡s αi−α0✱ i = 1 · · · I q✉✐ r❡♣rés❡♥t❡♥t ❧❡s s❛✉ts ❞❡ ♣r❡ss✐♦♥ ❡♥tr❡ ❧❡s ❡♥tré❡s ❡t s♦rt✐❡s

❞❡s s❡❝t✐♦♥s Γi ❞❛♥s ❧❡s rés❡❛✉① ❞❡ t✉②❛✉①✳ ❊♥s✉✐t❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❝❡s rés✉❧t❛ts ❡♥ t❤é♦r✐❡

Lp ❡st ét❛❜❧✐❡ ❞❛♥s ❬✶✹❪✳



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✻

◆♦✉s ❞é♠♦♥tr♦♥s ❧✬❡①✐st❡♥❝❡✱ ❧✬✉♥✐❝✐té ❡t ❧❛ ré❣✉❧❛r✐té ❞❡s s♦❧✉t✐♦♥s ❡♥ t❤é♦r✐❡ ❤✐❧❜❡rt✐❡♥♥❡

❞❛♥s ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡✱ ♣✉✐s ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❡♥ t❤é♦r✐❡ Lp✱ 1 < p < ∞✳ ❯♥ ❞❡✉①✐è♠❡

♦❜❥❡❝t✐❢ ❡st ❞✬ét✉❞✐❡r ❧❡ s②stè♠❡ ✭▼❍❉✮ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r ✭✵✳✵✳✶✮

✐♠♣♦sé❡s s✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❡ ❝❛❞r❡ ❢♦♥❝t✐♦♥♥❡❧ q✉❡ ♥♦✉s ❛✈♦♥s

❝❤♦✐s✐ ❡st ❝❡❧✉✐ ❞❡s ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤ ❜❛sés s✉r ❧❡s ❡s♣❛❝❡s Lp✱ 1 < p <∞✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥

s❡ ♣❧❛❝❡ ❞❛♥s ❞❡s ❞♦♠❛✐♥❡s s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡s✱ ❛✈❡❝ ❞❡s ❢r♦♥t✐èr❡s ❝♦♥♥❡①❡s✱ ♣♦✉r ét❛❜❧✐r

❞❡s rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❡t ❢♦rt❡s✳

❖♥ tr♦✉✈❡ ❞❡ ♥♦♠❜r❡✉① tr❛✈❛✉① s✉r ❧✬❛♥❛❧②s❡ ♠❛t❤é♠❛t✐q✉❡ ❞✉ s②stè♠❡ ✭▼❍❉✮ ❞❛♥s ❧❛

❧✐ttér❛t✉r❡✱ ♠❛✐s ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ❞❡ ❉✐r✐❝❤❧❡t ♣♦✉r ❧❡ ❝❤❛♠♣

❞❡ ✈✐t❡ss❡s✳ P♦✉r ❧❡ ❝❛s st❛t✐♦♥♥❛✐r❡✱ ♦♥ ♣❡✉t ❝✐t❡r ❧❡s tr❛✈❛✉① ❬✾✱ ✶✵✸❪ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❡t

❧❛ ré❣✉❧❛r✐té ❞❡ s♦❧✉t✐♦♥s✱ ♦✉ ❧❡s tr❛✈❛✉① ❞❡ ❬✺✱ ✹❪ ♣♦✉r ❧❡ ❝❛s ❞❡s ❝♦♥❞✐t✐♦♥s ♠✐①t❡s ♣♦✉r ❧❡

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ●✉♥③❜✉r❣❡r✱ ▼❡✐r ❡t P❡t❡rs♦♥ ❬✺✷❪ ♦♥t ét✉❞✐é ❧❡ s②stè♠❡ ▼❍❉ ❛✈❡❝ ❞❡s

❝♦♥❞✐t✐♦♥s ❛✉① ❜♦r❞ ❞❡ ❉✐r✐❝❤❧❡t ♥♦♥ ❤♦♠♦❣è♥❡s ❡♥ ❞✐♠❡♥s✐♦♥ ✸✳ ❊♥ s✉♣♣♦s❛♥t q✉❡ Ω ❡st

s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡ ❡t ❞❡ ❝❧❛ss❡ C1,1 ♦✉ ❝♦♥✈❡①❡ ❡t q✉❡ ❧❡s ❞♦♥♥é❡s ❛✉ ❜♦r❞ s♦♥t ♣❡t✐t❡s✱ ✐❧s

♠♦♥tr❡♥t ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❢❛✐❜❧❡s (u, b) ∈H1(Ω)×H1(Ω)✳ ❖♥ ♣❡✉t ❝✐t❡r

❛✉ss✐ ❧❡s tr❛✈❛✉① ❬✺✱ ✸✱ ✹✱ ✷✹❪✳ ❈❡s rés✉❧t❛ts ♦♥t été ré❝❡♠♠❡♥t ❣é♥ér❛❧✐sés ♣❛r ❆♠r♦✉❝❤❡

❡t ❇♦✉❦❛ss❛ ❬✾❪ ♣♦✉r ❧❡ ❝❛s ❞✬✉♥ ♦✉✈❡rt Ω ♠✉❧t✐♣❧❡♠❡♥t ❝♦♥♥❡①❡ ❡t ✉♥ ❜♦r❞ Γ ♥♦♥ ❝♦♥♥❡①❡✳

■❧s ♦♥t ❞é♠♦♥tré ❞❡s rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s W 1,p(Ω) ♣♦✉r p ≥ 2 ❡t ❢♦rt❡s

W 2,p(Ω) ♣♦✉r p ≥ 6/5✳ P♦✉r ❧❡ ❝❛s ♥♦♥ st❛t✐♦♥♥❛✐r❡✱ ♦♥ ♣❡✉t à t✐tr❡ ❞✬❡①❡♠♣❧❡ ❝✐t❡r ❧❡s

tr❛✈❛✉① ❬✽✹✱ ✶✵✶✱ ✺✵✱ ✺✸❪✳ ❈♦♠♠❡ ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡♥ ❞✐♠❡♥s✐♦♥ ✸✱ ❞❡s

rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❣❧♦❜❛❧❡ ❡♥ t❡♠♣s ❛✐♥s✐ q✉❡ ❞❡s rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡

❡t ❞✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❢♦rt❡s ❧♦❝❛❧❡s ❡♥ t❡♠♣s ♦♥t été ❞é♠♦♥trés✳

▲❡ ❞❡✉①✐è♠❡ ❛①❡ ❞❡ ❝❡tt❡ t❤ès❡ ❝♦♥❝❡r♥❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ s②stè♠❡ ✭▼❍❉✮

❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r ✭✵✳✵✳✶✮ à ❧❛ ❢♦✐s ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t

♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❡ ♣r❡♠✐❡r ♦❜❥❡❝t✐❢ ❡st ❞✬❛♥❛❧②s❡r ✉♥ ♥♦✉✈❡❛✉ s❝❤é♠❛ ♥✉♠ér✐q✉❡

❞❡ ●❛❧❡r❦✐♥ ❞✐s❝♦♥t✐♥✉ ✭❉●✮✳ ■❧ ❡①✐st❡ ✉♥❡ ❧✐ttér❛t✉r❡ ✐♠♣♦rt❛♥t❡ q✉✐ s✬✐♥tér❡ss❡ à ❧✬ét✉❞❡ ❞❡s

s❝❤é♠❛s ♥✉♠ér✐q✉❡s ♣♦✉r ❧❛ rés♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ✭▼❍❉✮ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡

t②♣❡ ❉✐r✐❝❤❧❡t ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ P❧✉s✐❡✉rs ❞✐s❝rét✐s❛t✐♦♥s ❜❛sé❡s s✉r ❞❡s é❧é♠❡♥ts ✜♥✐s

❝♦♥❢♦r♠❡s ♦♥t été ♣r♦♣♦sé❡s ♣♦✉r ❧❡ ❝❛s ❧✐♥é❛✐r❡ ❡t ♥♦♥ ❧✐♥é❛✐r❡ ❞✉ s②stè♠❡ ✭▼❍❉✮ ❬✶✼✱ ✹✶✱ ✺✷❪✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❞♦♠❛✐♥❡ Ω ♣♦❧②é❞r✐q✉❡ ♥♦♥ ❝♦♥✈❡①❡✱ ✉♥❡ ♠ét❤♦❞❡ ❞✬é❧é♠❡♥ts ✜♥✐s ❝♦♥❢♦r♠❡

❛✈❡❝ ré❣✉❧❛r✐s❛t✐♦♥ ❡st ❛♥❛❧②sé❡ ❞❛♥s ❬✺✹❪✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛

❝♦♥tr❛✐♥t❡ div b = 0 ❞❛♥s ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✐s❝rèt❡✳ ❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ♣♦✉r ❝♦♥t♦✉r♥❡r ❧❡s ❞✐✣✲

❝✉❧tés ❧✐é❡s à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ été ♣r♦♣♦sé❡ ❞❛♥s ❬✽✺❪ ❬✽✻❪ ❡♥ ✉t✐❧✐s❛♥t

❧❡s é❧é♠❡♥ts ✜♥✐s ❞❡ ◆é❞é❧❡❝ ❡t ❡♥ ✐♥tr♦❞✉✐s❛♥t ✉♥ ♠✉❧t✐♣❧✐❝❛t❡✉r ❞❡ ▲❛❣r❛♥❣❡✳ ▲❡ s②stè♠❡

✭▼❍❉✮ ❛ ❛✉ss✐ été ❛♣♣r♦❝❤é ♣❛r ❧❛ ♠ét❤♦❞❡ ●❛❧❡r❦✐♥ ❞✐s❝♦♥t✐♥✉❡ ✭❉●✮✳ ❖♥ tr♦✉✈❡ ❞❛♥s ❬✻✶❪ ❧❡

♣r❡♠✐❡r rés✉❧t❛t ❝♦♥❝❡r♥❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ s②stè♠❡ ❧✐♥é❛r✐sé ✭▼❍❉✮✱ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s

❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ❉✐r✐❝❤❧❡t ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ♣❛r ❧❛ ♠ét❤♦❞❡ ❉●✳ ❯♥❡ ❡①t❡♥s✐♦♥ ❞❡



✼

❝❡tt❡ ét✉❞❡ ❛✉ ❝❛s ♥♦♥ ❧✐♥é❛✐r❡ ❛ été ré❝❡♠♠❡♥t ét❛❜❧✐❡ ❞❛♥s ❬✽✶❪✳

▲❡ ❞❡✉①✐è♠❡ ♦❜❥❡❝t✐❢ ❝♦♥❝❡r♥❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ s②stè♠❡ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s

♥♦♥ st❛t✐♦♥♥❛✐r❡✱ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r✳ ◆♦✉s ét✉❞✐♦♥s ❝❡ s②stè♠❡

♣❛r ❞❡✉① ♠ét❤♦❞❡s q✉✐ ❝♦♥s✐st❡♥t à r❡♠♣❧❛❝❡r ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té divu = 0 ❞❛♥s Ω ♣❛r

✉♥❡ éq✉❛t✐♦♥ ❞❡ ❞✐✈❡r❣❡♥❝❡ ♣❡rt✉r❜é❡✳ ❈❡s ❞❡✉① ♠ét❤♦❞❡s s♦♥t✿

− ▲❛ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐❜✐❧✐té ❛rt✐✜❝✐❡❧❧❡ q✉✐ ❝♦♥s✐st❡ à r❡♠♣❧❛❝❡r ❧✬éq✉❛t✐♦♥ divu = 0

❞❛♥s Ω ♣❛r

divuǫ + ǫpǫt = 0 ❞❛♥s Ω×]0, T [, ✭✵✳✵✳✹✮

♦ù ǫ > 0 ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥✳

− ▲❛ ♠ét❤♦❞❡ ❞❡ ♣s❡✉❞♦✲❝♦♠♣r❡ss✐❜✐❧✐té q✉✐ ❝♦♥s✐st❡ à ✐♥sér❡r ✉♥ t❡r♠❡ ❞❡ st❛❜✐❧✐s❛t✐♦♥

❞❡ ❧❛ ♣r❡ss✐♦♥ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ♠❛ss❡✿

divuǫ − ǫ∆pǫt = 0 ❞❛♥s Ω×]0, T [ ❡t
∂pǫt
∂n

= 0 s✉r Γ. ✭✵✳✵✳✺✮

▲❛ ♣❧✉♣❛rt ❞❡s tr❛✈❛✉① ♣♦rt❛♥t s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❛✈❡❝ ❧❡s

❞❡✉① ♠ét❤♦❞❡s ♠❡♥t✐♦♥♥é❡s ❝✐✲❞❡ss✉s ❝♦♥s✐❞èr❡♥t ❞❡s ❝♦♥❞✐t✐♦♥s ❝❧❛ss✐q✉❡s ❞❡ ♥♦♥✲❣❧✐ss❡♠❡♥t✳

◆♦✉s ❝✐t♦♥s ❬✷✺✱ ✾✺✱ ✽✵✱ ✾✶❪ ♣♦✉r ❧✬❛♣♣r♦❝❤❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐❜✐❧✐té ❛rt✐✜❝✐❡❧❧❡ ❡t

❬✾✶✱ ✽✵❪ ♣♦✉r ❧✬❛♣♣r♦❝❤❡ ✈✐❛ ❧❛ ♠ét❤♦❞❡ ❞❡ ♣s❡✉❞♦✲❝♦♠♣r❡ss✐❜✐❧✐té✳ ◆♦✉s ❝✐t♦♥s ❛✉ss✐ ❬✷✸❪ ♣♦✉r

✉♥❡ ❡①t❡♥s✐♦♥ ❛✉ ❝❛s ❞✉ s②stè♠❡ ❞❡ ❇r✐♥❦♠❛♥✲❋♦r❝❤❡✐♠❡r ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡

t②♣❡ ◆❛✈✐❡r✳ ❉✬❛✉tr❡s ♠ét❤♦❞❡s s♦♥t ♣r♦♣♦sé❡s ♣♦✉r ❞ét❡r♠✐♥❡r ♥✉♠ér✐q✉❡♠❡♥t ✉♥❡ s♦❧✉t✐♦♥

❛♣♣r♦❝❤é❡ ♣♦✉r ❧❡ s②stè♠❡ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ✿ ❧❛ ♠ét❤♦❞❡ ❞❡ st❛❜✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r❡ss✐♦♥ ✭❝✳❢✳

❬✻✾✱ ✽✷✱ ✽✾❪✮ q✉✐ ❝♦♥s✐st❡ à ❛♣♣r♦❝❤❡r ❧✬éq✉❛t✐♦♥ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té ♣❛r divuǫ−ǫ∆p = 0✱ ε > 0

❡t ❧❛ ♠ét❤♦❞❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ✭❝✳❢✳ ❬✾✵✱ ✻✷❪✮ q✉✐ ♣r❡♥❞ ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡✿ divuǫ−ǫp = 0✱ ε > 0✳

❈❡tt❡ ❞❡r♥✐èr❡ t❡❝❤♥✐q✉❡ ❛ été ❛♣♣❧✐q✉é❡ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞✬✉♥ s❝❤é♠❛ ❞✬é❧é♠❡♥ts ✜♥✐s ♣♦✉r ❧❡

s②stè♠❡ st❛✐♦♥♥❛✐r❡ ❞❡ ❧❛ ▼❍❉ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ❉✐r✐❝❤❧❡t ♣♦✉r ❧❡ ❝❤❛♠♣

❞❡ ✈✐t❡ss❡ ❬✸✽✱ ✾✹❪✳ ❈♦♠♠❡ ❧❡ s②stè♠❡ ✭▼❍❉✮ ❡st ✉♥ ❝♦✉♣❧❛❣❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s

❡t ❞❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧✱ ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ✉♥❡ ét✉❞❡ ❞✉ s②stè♠❡ ♥♦♥ st❛t✐♦♥♥❛✐r❡ ❞❡ ◆❛✈✐❡r✲

❙t♦❦❡s s❡r❛✐t ❞♦♥❝ ✐♥tér❡ss❛♥t ♣♦✉r ❛❧❧❡r ✈❡rs ❧✬ét✉❞❡ ❞❛♥s ❧❡ ❝❛s ❞✬é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ✭▼❍❉✮✳

❈❡ ♠❛♥✉s❝r✐t ❡st ❝♦♠♣♦sé ❞❡ q✉❛tr❡ ♣❛rt✐❡s✳ ▲❡ tr❛✈❛✐❧ ♣rés❡♥té ❞❛♥s ❝❤❛q✉❡ ♣❛rt✐❡ ❛ été

❛❝❝♦♠♣❧✐ s♦✉s ❧❛ s✉♣❡r✈✐s✐♦♥ ❞❡ ◆♦✉r ❙❡❧♦✉❧❛✱ ▼❛îtr❡ ❞❡ ❝♦♥❢ér❡♥❝❡s à ❈❛❡♥✳ ◆♦✉s ♣rés❡♥t♦♥s

❝✐✲❞❡ss♦✉s ❧❡ ❝♦♥t❡♥✉ ❞❡ ❝❤❛q✉❡ ❝❤❛♣✐tr❡✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠♦t✐✈❛t✐♦♥s ❡t ❞❡s ❝♦♥tr✐❜✉t✐♦♥s✳



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✽

▲❡ ❈❤❛♣✐tr❡ ✶ ❡st ❞é❞✐é à ❧✬ét✉❞❡ ❞✉ s②stè♠❡ s✉✐✈❛♥t ✿ tr♦✉✈❡r ❧❛ ✈✐t❡ss❡ u✱ ❧❛ ♣r❡ss✐♦♥

P ✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b ❡t ❧❡s ❝♦♥st❛♥t❡s αi s♦❧✉t✐♦♥s ❞❡




− ∆u+ (curlu)× u+∇P − (curl b)× b = f et divu = 0 dans Ω,

curl curl b− curl(u× b) = g et div b = 0 ❞❛♥s Ω,

u× n = ✵ et b× n = ✵ sur Γ,

P = P0 s✉r Γ0 et P = P0 + αi s✉r Γi,

〈u · n, 1〉Γi = 0, et 〈b · n, 1〉Γi = 0, ∀1 6 i 6 I,

✭✵✳✵✳✻✮

♦ù f ✱ g ❡t P0 s♦♥t ❞❡s ❞♦♥♥é❡s✳ ◆♦✉s ♥♦✉s ♣❧❛ç♦♥s ❞❛♥s ✉♥ ♦✉✈❡rt Ω ❜♦r♥é ❧✐♣s❝❤✐t③✐❡♥ q✉✬♦♥

s✉♣♣♦s❡r❛ ❞❡ ❝❧❛ss❡ C1,1✳ ▲❛ ❢r♦♥t✐èr❡ Γ = ∂Ω s❡ ❞é❝♦♠♣♦s❡ ❡♥ Γ =
⋃I

i=1 Γi ❛✈❡❝ Γi ❧❡s

❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞❡ Γ✳ ◆♦✉s ✈❡rr♦♥s ♣❧✉s ❧♦✐♥ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ♣r❡s❝r✐r❡ ❧❡s ✢✉① à tr❛✈❡rs

❝❤❛❝✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞✉ ❜♦r❞ ❞❛♥s ✭✵✳✵✳✻✮✳

❙♦✉❧✐❣♥♦♥s ✐❝✐✱ q✉✬❡♥ ✉t✐❧✐s❛♥t ❧✬✐❞❡♥t✐té

u · ∇u = (curlu)× u+
1

2
∇|u|2,

❧❡ t❡r♠❡ ❞❡ ❝♦♥✈❡❝t✐♦♥ u · ∇u ❞✉ s②stè♠❡ ✭▼❍❉✮ ❡st r❡♠♣❧❛❝é ♣❛r ❧❡ t❡r♠❡ ♥♦♥ ❧✐♥é❛✐r❡

(curlu) × u✳ ▲❛ ♣r❡ss✐♦♥ P = p + 1
2∇|u|2 ❡st ❧❛ ♣r❡ss✐♦♥ ❞❡ ❇❡r♥♦✉❧❧✐ ✭♦✉ ❞②♥❛♠✐q✉❡✮ q✉✐

❞é♣❡♥❞ ❞❡ ❧❛ ♣r❡ss✐♦♥ p ❞✉ ✢✉✐❞❡✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♦♥ ❝❤❡r❝❤❡✱ s♦✉s ❞❡s ❤②♣♦t❤ès❡s ❞❡ ré❣✉❧❛r✐té ♠✐♥✐♠❛❧❡ ♣♦✉r f ✱ g

❡t P0✱ ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s (u, b, P, αi) ❞❛♥sH
1(Ω)×H1(Ω)×L2(Ω)×R✳

▲✬✐❞é❡ ❝♦♥s✐st❡ à é❝r✐r❡ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛t✐♦♥♥❡❧❧❡ éq✉✐✈❛❧❡♥t❡ ♣✉✐s à ❛♣♣❧✐q✉❡r ❧❡ t❤é♦rè♠❡

❞❡ ♣♦✐♥t ✜①❡ ❞❡ ❙❝❤❛✉❞❡r✳ ❖♥ ❝❤❡r❝❤❡ ❛❧♦rs ✉♥❡ s♦❧✉t✐♦♥ (u, b) ❞❛♥s ❧✬❡s♣❛❝❡ V N (Ω)×V N (Ω)

❛✈❡❝ V N (Ω) ♥❛t✉r❡❧❧❡♠❡♥t ❞♦♥♥é ♣❛r

V N (Ω) := {v ∈H1(Ω); div v = 0 ❞❛♥s Ω, v × n = ✵ s✉rΓ, 〈v · n, 1〉Γi = 0, ∀1 6 i 6 I}.

❘❡♠❛rq✉♦♥s q✉❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ❞❡ t②♣❡ ❉✐r✐❝❤❧❡t✱ ❧✬❡s♣❛❝❡

H−1(Ω) ♥✬❡st ♣❛s ❛❞❛♣té ♣♦✉r ❧❡s t❡r♠❡s s♦✉r❝❡s f ❡t g✳ ❊♥ ❡✛❡t✱ ♣r❡♥♦♥s v ∈ V N (Ω)✳

P♦✉r é❝r✐r❡ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛t✐♦♥♥❡❧❧❡✱ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥s✐❞ér❡r ❧❛ ❞✉❛❧✐té

〈f ,v〉
[H2,2

0 (curl,Ω)]′×H2,2
0 (curl,Ω)

❛✈❡❝

H
2,2
0 (curl,Ω) := {v ∈ L2(Ω); curlv ∈ L2(Ω); v × n = 0 sur Γ}.

❖♥ ❞♦✐t ❛❧♦rs s✉♣♣♦s❡r q✉❡ f ❡t g ❛♣♣❛rt✐❡♥♥❡♥t à ❧✬❡s♣❛❝❡ [H2,2
0 (curl,Ω)]′✳ ❈❡♣❡♥❞❛♥t✱

❝♦♠♠❡ v ❛♣♣❛rt✐❡♥t à ❧✬❡s♣❛❝❡ H1(Ω) →֒ L6(Ω)✱ ❛❧♦rs ❧✬❤②♣♦t❤ès❡ ♣ré❝é❞❡♥t❡ s✉r f ❡t g ♣❡✉t

êtr❡ ❛✛❛✐❜❧✐❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧✬❡s♣❛❝❡ [H6,2
0 (curl,Ω)]′✱ ❞✉❛❧ ❞❡ H6,2

0 (curl,Ω) ❞é✜♥✐ ♣❛r✿

H
6,2
0 (curl,Ω) := {v ∈ L6(Ω); curlv ∈ L2(Ω); v × n = 0 sur Γ}.



✾

D(Ω) ét❛♥t ❞❡♥s❡ ❞❛♥s ❝❡t ❡s♣❛❝❡✱ s♦♥ ❞✉❛❧ ❡st ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡ D
′(Ω) q✉✐ ♣❡✉t êtr❡ ❝❛r❛❝✲

tér✐sé ♣❛r ❬✶✹✱ ▲❡♠♠❛ ✷✳✺❪ ✿

[H6,2
0 (curl,Ω)]′ = {F + curlΨ; F ∈ L 6

5 (Ω), Ψ ∈ L2(Ω)}

❆✐♥s✐✱ ❝♦♠♠❡ V N (Ω) →֒ H
6,2
0 (curl,Ω)✱ ❧❛ ❞✉❛❧✐té ♣ré❝é❞❡♥t❡ ♣♦✉r ❧❡ ❝❛s ❞❡ f ♣❛r ❡①❡♠♣❧❡

♣❡✉t s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡✿

〈f ,v〉
[H6,2

0 (curl,Ω)]′×H6,2
0 (curl,Ω)

=

∫

Ω
F · v dx+

∫

Ω
Ψ · curlv dx.

◆♦✉s ❝♦♥s✐❞ér♦♥s ❝❡ ❝❤♦✐① ❞❡ ❧✬❡s♣❛❝❡ [H6,2
0 (curl,Ω)]′ ♣♦✉r ❧❡s ❞♦♥♥é❡s f , g ❛✜♥ ❞✬♦❜t❡♥✐r ❧❡s

s♦❧✉t✐♦♥s u ❡t b ❞❛♥s H1(Ω)✳

▲✬❡s♣❛❝❡ Dσ(Ω) = {v ∈ D(Ω); div v = 0 dans Ω} ❡st ✐♥❝❧✉s ❞❛♥s V N (Ω) ♠❛✐s ♥✬❡st ♣❛s

❞❡♥s❡✳ ■❧ ♥✬❡st ❞♦♥❝ ♣❛s ♣♦ss✐❜❧❡ ❞✬✐♥t❡r♣rét❡r ✉♥ ♣r♦❜❧è♠❡ ✈❛r✐❛t✐♦♥♥❡❧ ❛✈❡❝ ❧✬❡s♣❛❝❡ V N (Ω)

❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞✬❛♣♣❧✐q✉❡r ❧❡ t❤é♦rè♠❡ ❞❡ ❉❡ ❘❤❛♠ q✉✐ ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ❧❛ ♣r❡ss✐♦♥ P

❡t ❞❡ r❡✈❡♥✐r ✈❡rs ❧❡ s②stè♠❡ ❞❡ ❞é♣❛rt ✭✵✳✵✳✻✮✳

◆♦t♦♥s ❛✉ss✐ q✉❡ ❧❛ ❞♦♥♥é❡ g ❞♦✐t ✈ér✐✜❡r ❞❡✉① ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♠♣❛t✐❜✐❧✐té✳ ▲❛ ♣r❡♠✐èr❡

❡st ❞♦♥♥é❡ ♣❛r

div g = 0 ❞❛♥s Ω. ✭✵✳✵✳✼✮

❈❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ❞✉❡ ❛✉ ❢❛✐t q✉❡ ❧❛ ❞❡✉①✐è♠❡ éq✉❛t✐♦♥ ❞✉ s②stè♠❡ ✭▼❍❉✮ ❡st ❞❡ ❢♦r♠❡

r♦t❛t✐♦♥♥❡❧❧❡ ✿ g = curlΨ ❛✈❡❝ Ψ = curl b − (u × b)✳ P♦✉r ❧❛ ❞❡✉①✐è♠❡ ❝♦♥❞✐t✐♦♥ ❞❡

❝♦♠♣❛t✐❜✐❧✐té✱ ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞✬✐♥tr♦❞✉✐r❡ ❧✬❡s♣❛❝❡ s✉✐✈❛♥t

KN (Ω) = {v ∈ L2(Ω); div v = 0, curlv = ✵ dans Ω, v × n = 0 s✉rΓ}.

❘❛♣♣❡❧♦♥s q✉❡ KN (Ω) ❡st ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ ❞✐♠❡♥s✐♦♥ I ✭❝❢✳ ❬✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽❪ ❡t ❬✶✺✱

❈♦r♦❧❧❛r② ✹✳✷❪✮ ❡t ✐❧ ❡st ❡♥❣❡♥❞ré ♣❛r ❧❡s ✈❡❝t❡✉rs ∇qNi ✱ i = 1, . . . , I ❛✈❡❝ qNi ∈ H1(Ω) s♦❧✉t✐♦♥s

❞✉ ♣r♦❜❧è♠❡ ✿




−∆qNi = 0 in Ω, qNi |Γ0 = 0 and qNi |Γk

= constant, 1 ≤ k ≤ I
〈
∂n q

N
i , 1

〉
Γk

= δi k, 1 ≤ k ≤ I, and
〈
∂n q

N
i , 1

〉
Γ0

= −1.
✭✵✳✵✳✽✮

■❧ ❡st ❝❧❛✐r ♠❛✐♥t❡♥❛♥t q✉❡ g ✈ér✐✜❡ ✿

〈g, ∇qNi 〉
[H6,2

0 (curl,Ω)]′×H6,2
0 (curl,Ω)

= 〈curlΨ, ∇qNi 〉
[H6,2

0 (curl,Ω)]′×H6,2
0 (curl,Ω)

= 0, 1 ≤ i ≤ I,

✭✵✳✵✳✾✮

♦ù ❧✬♦♥ ♦❜s❡r✈❡ q✉❡ ❧✬♦✉✈❡rt Ω ét❛♥t ❞❡ ❝❧❛ss❡ C1,1✱ ❧❡s ❢♦♥❝t✐♦♥s qNi ❛♣♣❛rt✐❡♥♥❡♥t à H2(Ω) ❡t

❞♦♥❝ ❧❡s ✈❡❝t❡✉rs ∇qNi s♦♥t ❜✐❡♥ ❞❡s é❧é♠❡♥ts ❞❡ H6,2
0 (curl,Ω)✳



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✶✵

❆♣rès ❛✈♦✐r ét✉❞✐é ❧❡ ❝❛s ❤✐❧❜❡rt✐❡♥✱ ♦♥ s✬✐♥tér❡ss❡ ❞❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s à ❧❛ ré❣✉❧❛r✐té

❞❡ ❝❡s s♦❧✉t✐♦♥s✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛r ♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞❡s s♦❧✉t✐♦♥s ❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬❡s♣❛❝❡s

W 1,p(Ω) ♣♦✉r p > 2✳ ▲✬✐❞é❡ ❡st ❞❡ réé❝r✐r❡ ❧❡ s②stè♠❡ s♦✉s ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿




− ∆u+∇P = f − (curlu)× u+ (curl b)× b et divu = 0 dans Ω,

curl curl b = g + curl(u× b) et div b = 0 ❞❛♥s Ω,

u× n = ✵ et b× n = ✵ sur Γ,

P = P0 s✉r Γ0 et P = P0 + αi s✉r Γi,

〈u · n, 1〉Γi = 0, et 〈b · n, 1〉Γi = 0, ∀1 6 i 6 I.

❖♥ ❞é♠♦♥tr❡ ❧❛ ré❣✉❧❛r✐té W 1,p(Ω) ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡s rés✉❧t❛ts ❞❡

ré❣✉❧❛r✐té ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❙t♦❦❡s (SN ) ✭❝❢✳ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✻✱ ❚❤❡♦r❡♠ ✺✳✼❪ ♣♦✉r ❧❡ ❝❛s

h = 0✮ ✿

(SN )





− ∆u+∇P = f et divu = h dans Ω,

u× n = ✵ sur Γ,

P = P0 s✉r Γ0 et P = P0 + ci s✉r Γi,

〈u · n, 1〉Γi = 0, 1 ≤ i ≤ I,

♦ù h ❡st ❞♦♥♥é❡✳ P♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ❧❡s rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té ❞✉

♣r♦❜❧è♠❡ ❡❧❧✐♣t✐q✉❡ (EN ) ✭❝❢✳ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ❈♦r♦❧❧❛r② ✺✳✹❪✮ ✿

(EN )





−∆b = g et div b = 0 dans Ω,

b× n = ✵ sur Γ

〈b · n, 1〉Γi = 0, ∀1 6 i 6 I.

❯♥ ❞❡s ♣♦✐♥ts ❝❧❡❢s ♣♦✉r ét✉❞✐❡r ❧❡s ♣r♦❜❧è♠❡s (SN ) ❡t (EN ) ❝♦♥❝❡r♥❡ ✉♥❡ ✐♥é❣❛❧✐té ❞❡ t②♣❡

P♦✐♥❝❛ré✱ ét❛❜❧✐❡ ❞❛♥s ❬✶✺✱ ❈♦r♦❧❧❛r② ✸✳✷❪✱ q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥trô❧❡r ❧❛ ♥♦r♠❡W 1,p(Ω) ✭1 < p <

∞✮ ♣❛r ❧❛ ♥♦r♠❡ Lp ❞❡ ❧❛ ❞✐✈❡r❣❡♥❝❡✱ ❞✉ r♦t❛t✐♦♥♥❡❧ ❡t ❞❡s ✢✉① à tr❛✈❡rs ❧❡s ❝♦♠♣♦s❛♥t❡s

❝♦♥♥❡①❡s ❞✉ ❜♦r❞ ✿

‖v‖W 1,p(Ω) ≤ C
(
‖curlv‖Lp(Ω)+‖div v‖Lp(Ω)+

I∑

i=1

〈v·n, 1〉Γi

)
, ∀v ∈W 1,p(Ω), v×n = ✵ sur Γ.

❘❡♠❛rq✉♦♥s ✐❝✐ q✉❡ s✐ v ❛♣♣❛rt✐❡♥t à ❧✬❡s♣❛❝❡ V N (Ω)✱ ❧❛ ♥♦r♠❡ v 7→ ‖curlv‖L2(Ω) ❡st éq✉✐✈✲

❛❧❡♥t❡ à ❧❛ ♥♦r♠❡ ‖·‖H 1(Ω)✱ ❞✬♦✉ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ✢✉① ♥✉❧s s✉r ❧❡s ❝♦♠♣♦s❛♥t❡s

❝♦♥♥❡①❡s ❞✉ ❜♦r❞✳

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♦♥ ❣é♥ér❛❧✐s❡ ❧❡ rés✉❧t❛t ❞❡ ré❣✉❧❛r✐té ❞♦♥♥é ❞❛♥s ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✼❪ ♣♦✉r

(SN ) ❛✉ ❝❛s ❞✬✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ à ❞✐✈❡r❣❡♥❝❡ ♥♦♥ ♥✉❧❧❡ ✭❝❛s h 6= 0✮✳ P♦✉r ❧❡ ♣r♦❜❧è♠❡ (EN )✱

♥♦✉s ét❡♥❞♦♥s ❧❡ rés✉❧t❛t ❞❡ ré❣✉❧❛r✐té ❞❡ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶❪ à ✉♥ ❝❛❞r❡ ♣❧✉s ❣é♥ér❛❧ ❛✈❡❝

❞❡s ❞♦♥♥é❡s ❞❛♥s ❞❡s ❡s♣❛❝❡s ❢♦♥❝t✐♦♥♥❡❧s ♣❧✉s ❧❛r❣❡s✱ ♣❧✉s ♣ré❝✐sé♠❡♥t ❞❛♥s (Hr′,p′

0 (curl,Ω))′

❛✈❡❝ p′ ✭r❡s♣❡❝t✐✈❡♠❡♥t r′✮ ❧❡ ❝♦♥❥✉❣✉é ❞❡ p ✭r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ r✮ ❡t

(Hr′,p′

0 (curl,Ω))′ = {F + curlΨ; F ∈ Lr(Ω), Ψ ∈ Lp(Ω)}, 1

r
=

1

p
+

1

3
.



✶✶

P❛r ✉♥ ❛r❣✉♠❡♥t ❞❡ ❜♦♦tstr❛♣✱ ♥♦✉s ♠♦♥tr♦♥s ❧❛ ré❣✉❧❛r✐té W 1,p(Ω) ×W 1,p(Ω) ×W 1,r(Ω)

❞❡ ❧❛ s♦❧✉t✐♦♥ (u, b, P ) ❛✈❡❝ ❞❡s ❞♦♥♥é❡s f , g ∈ (Hr′,p′

0 (curl,Ω))′✱ P0 ∈ W 1− 1
r
,r(Γ) ❡t g s❛t✲

✐s❢❛✐s❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♠♣❛t✐❜✐❧✐té ✭✵✳✵✳✾✮ ❡t ✭✵✳✵✳✼✮✳ ❙✐ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s ❞♦♥♥é❡s s♦♥t

♣❧✉s ré❣✉❧✐èr❡s ❡t q✉❡ Ω ❡st ❞❡ ❝❧❛ss❡ C2,1✱ ♦♥ ♣❡✉t ♦❜t❡♥✐r ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ ❧❛ ré❣✉❧❛r✐té

W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω) ♣♦✉r p ≥ 6
5 ✳

▲❡ rés✉❧t❛t ❞❡ ré❣✉❧❛r✐téW 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω) ♣♦✉r ❧❡s ✈❛❧❡✉rs ♣❡t✐t❡s ❞❡ p ❛✈❡❝
3
2 < p < 2 ❡st ♣❧✉s ❞é❧✐❝❛t à ❞é♠♦♥tr❡r✳ P♦✉r ❧❡ ❢❛✐r❡ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ t❤é♦rè♠❡ ❞❡ ♣♦✐♥t ✜①❡

❞❡ ❇❛♥❛❝❤ ❛♣♣❧✐q✉é ❛✉ s②stè♠❡ ❧✐♥é❛r✐sé s✉✐✈❛♥t ✿ tr♦✉✈❡r (u, b, P, ci) s♦❧✉t✐♦♥ ❞❡




−∆u+ (curlw)× u+∇P − (curl b)× d = f ❡t divu = h ❞❛♥s Ω,

curl curl b− curl(u× d) = g ❡t div b = 0 ❞❛♥s Ω,

u× n = ✵ ❡t b× n = ✵ s✉rΓ,

P = P0 ❡t P = P0 + ci s✉rΓi,

〈u · n, 1〉Γi = 0 ❡t 〈b · n, 1〉Γi = 0, ∀ 1 6 i 6 I

✭✵✳✵✳✶✵✮

♦ù w ❡t d s♦♥t ❞❡✉① ✈❡❝t❡✉rs ❞♦♥♥és✳ P♦✉r ❝♦♠♠❡♥❝❡r ♥♦✉s ♠♦♥tr♦♥s ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té

❞✬✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ (u, b, P, ci) ∈ H1(Ω) ×H1(Ω) × L2(Ω) × R ❛✐♥s✐ q✉❡ ❞❡s ❡st✐♠❛t✐♦♥s

♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❧❛ ♣r❡ss✐♦♥✳ P♦✉r ❝❡❧❛ ♥♦✉s s✉♣♣♦s♦♥s

curlw ∈ L 3
2 (Ω)✱ d ∈ L3(Ω) ❡t divd = 0 ❞❛♥s Ω✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❡♥s✉✐t❡ à ❧❛ ré❣✉✲

❧❛r✐té W 1,p(Ω) ❡t W 2,p(Ω)✳ ❯♥❡ q✉❡st✐♦♥ ♥❛t✉r❡❧❧❡ ❡st ❞❡ s❛✈♦✐r ❞❛♥s q✉❡❧ ❡s♣❛❝❡ ❞♦✐✈❡♥t

✈✐✈r❡ ❧❡s ❞♦♥♥é❡s w ❡t d ♣♦✉r ♠♦♥tr❡r ❞❡ t❡❧❧❡s ré❣✉❧❛r✐tés✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ét✉❞✐❡r ❧❛

ré❣✉❧❛r✐té W 2,p(Ω) ❛✈❡❝ p ≥ 6
5 ✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡s ❤②♣♦t❤ès❡s ♣ré❝é❞❡♥t❡s s✉r w ❡t d ♥❡

s♦♥t ♣❛s s✉✣s❛♥t❡s✳ ❊♥ ❡✛❡t✱ ❧❡ ❜✉t ❡st ❞✬✉t✐❧✐s❡r ❧❡s rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té ♣♦✉r ❧❡s ♣r♦❜❧è♠❡s

❞❡ ❙t♦❦❡s (SN ) ❡t ❧❡ ♣r♦❜❧è♠❡ ❡❧❧✐♣t✐q✉❡ (EN ) q✉✐ ♥é❝❡ss✐t❡♥t ✉♥ s❡❝♦♥❞ ♠❡♠❜r❡ ❞❛♥s Lp(Ω)✳

❈❡❧❛ r❡✈✐❡♥t à s✬❛ss✉r❡r q✉❡ ❧❡s t❡r♠❡s (curlw)× u ❡t curl(u× d) s♦♥t ❞❛♥s ❧✬❡s♣❛❝❡ Lp(Ω)

♣♦✉r t♦✉t p ≥ 6
5 ✳ ◆♦✉s ♣r♦❝é❞♦♥s ❡♥ ❞❡✉① ét❛♣❡s✳ ▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ❞❡ ❧❛ ♣r❡✉✈❡ ❝♦♥s✐st❡ à

s✉♣♣♦s❡r ❧❡s ❞♦♥♥é❡s w ❡t d s✉✣s❛♠♠❡♥t ré❣✉❧✐èr❡s ✿ w ∈ D(Ω) ❡t d ∈ Dσ(Ω)✳ ▲❛ ❞❡✉①✐è♠❡

ét❛♣❡ ❝♦♥s✐st❡ à s✉♣♣r✐♠❡r ❝❡tt❡ ❤②♣♦t❤ès❡ ❞❡ ré❣✉❧❛r✐té ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❡st✐♠❛t✐♦♥s ét❛❜❧✐❡s

❞❛♥s ❧❛ ♣r❡♠✐èr❡ ét❛♣❡✳ ▲❛ ré❣✉❧❛r✐té ❞❡♠❛♥❞é❡ ♣♦✉r p ≥ 6
5 ❡st ❛❧♦rs ♣r♦✉✈é❡ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s

curlw ∈ L3/2(Ω) ❡t d ∈W 1,3/2
σ (Ω)✳

P♦✉r ♠♦♥tr❡r ❧❛ ré❣✉❧❛r✐té ❞❡s s♦❧✉t✐♦♥s ❞❛♥sW 1,p(Ω) ♣♦✉r p > 2✱ ♥♦✉s s✉♣♣♦s♦♥s f , g ∈
[Hr′,p′

0 (curl,Ω)]′ ❛✈❡❝ r = 3p
3+p ❡t P0 ∈ W 1− 1

r
,r(Γ) ❡t q✉❡ w ❡t d ✈ér✐✜❡♥t ❧❡s ❝♦♥❞✐t✐♦♥s

s✉✐✈❛♥t❡s✿

curlw ∈ Ls(Ω), d ∈W 1,s(Ω), et divd = 0, ✭✵✳✵✳✶✶✮

❛✈❡❝

s =
3

2
si 2 < p < 3, s >

3

2
si p = 3 et s = r si p > 3. ✭✵✳✵✳✶✷✮



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✶✷

❈❡s ❝♦♥❞✐t✐♦♥s ✐♠♣❧✐q✉❡♥t q✉❡ ❧❡s t❡r♠❡s (curlw) × u ❡t curl(u × d) s♦♥t ❞❛♥s Lr(Ω) ❛✈❡❝

r ≥ 6/5✳ ◆♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❞é❞✉✐r❡ ♣❛r ❧❡ tr❛✈❛✐❧ ♣ré❝é❞❡♥t ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡s s♦✲

❧✉t✐♦♥s (u, b, P ) ❞❛♥s W 2,r(Ω) ×W 2,r(Ω) ×W 1,r(Ω)✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡✱ ❣râ❝❡ à ❧✬✐♥❥❡❝t✐♦♥ ❞❡

❙♦❜♦❧❡✈ W 2,r(Ω) →֒W 1,p(Ω)✱ ❧❛ ré❣✉❧❛r✐té W 1,p(Ω) ♣♦✉r u ❡t b ❧♦rsq✉❡ p > 2✳

◆♦✉s t❡r♠✐♥♦♥s ❧✬ét✉❞❡ ❞✉ s②stè♠❡ ❧✐♥é❛r✐sé ✭✵✳✵✳✶✵✮ ♣❛r ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛ ré❣✉❧❛r✐téW 1,p(Ω)

❛✈❡❝ p < 2✳ ❈♦♠♠❡ ❧❡ s②stè♠❡ ❡st ❧✐♥é❛✐r❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ ❛r❣✉♠❡♥t ❞❡ ❞✉❛❧✐té✳ ❯♥❡ ❞❡s

❞✐✣❝✉❧tés q✉❡ ♥♦✉s r❡♥❝♦♥tr♦♥s ❞❛♥s ❝❡tt❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ❞♦♥♥❡r ✉♥ s❡♥s ❛✉① tr❛❝❡s

❛✉ ❜♦r❞ ❡t à ♦❜t❡♥✐r✱ ♣❛r ❧❡ ❜✐❛✐s ❞❡ ❧❡♠♠❡s ❞❡ ❞❡♥s✐té✱ ❧❡s ❢♦r♠✉❧❡s ❞❡ ●r❡❡♥ ❛❞éq✉❛t❡s✳

P♦✉r ② ❢❛✐r❡ ❢❛❝❡✱ ♥♦✉s é❝r✐✈♦♥s t♦✉t ❞✬❛❜♦r❞ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛t✐♦♥♥❡❧❧❡ éq✉✐✈❛❧❡♥t❡ ❛✉

s②stè♠❡ ❧✐♥é❛r✐sé ❡♥ ✈ér✐✜❛♥t q✉❡ t♦✉s ❧❡s t❡r♠❡s s♦♥t ❜✐❡♥ ❞é✜♥✐s✳ ❆✜♥ ❞✬♦❜t❡♥✐r ❧❛ ré❣✉❧❛r✐té

W 1,p(Ω)✱ ♣❛r ❞✉❛❧✐té✱ ♣♦✉r ❝❡s ♣❡t✐t❡s ✈❛❧❡✉rs ❞❡ p✱ ♦♥ ❡st ❛♠❡♥és à ét✉❞✐❡r ✉♥❡ ✈❛r✐❛♥t❡ ❞✉

s②stè♠❡ ❧✐♥é❛✐r❡ ✭✵✳✵✳✶✵✮ ✿





−∆u+ (curlw)× u+∇P − (curl b)× d = f ❡t divu = h ❞❛♥s Ω,

curl curl b− curl(u× d) +∇χ = g ❡t div b = 0 ❞❛♥s Ω,

u× n = 0, b× n = 0 et χ = 0 s✉r Γ,

P = P0 s✉rΓ0 ❡t P = P0 + ci s✉r Γi,

〈u · n, 1〉Γi = 0 ❡t 〈b · n, 1〉Γi = 0, 1 ≤ i ≤ I.

✭✵✳✵✳✶✸✮

♦ù ❧❡ ♣♦t❡♥t✐❡❧ s❝❛❧❛✐r❡ χ ❡st ✉♥❡ ✐♥❝♦♥♥✉❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❞✉ s②stè♠❡✳ ❘❡♠❛rq✉♦♥s ✐❝✐ q✉❡ ❧❛

❝♦♥❞✐t✐♦♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐té ✭✵✳✵✳✼✮ ♥✬❡st ♣❧✉s ♥é❝❡ss❛✐r❡ ♣♦✉r rés♦✉❞r❡ ❧❡ s②stè♠❡ ✭✵✳✵✳✶✸✮✳ ❉❡

♣❧✉s✱ ❡♥ ♣❛ss❛♥t à ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞❛♥s ❧❛ s❡❝♦♥❞❡ éq✉❛t✐♦♥ ❞❡ ✭✵✳✵✳✶✸✮✱ ❧❛ s♦❧✉t✐♦♥ χ ♣❡✉t êtr❡

♦❜t❡♥✉❡ ❞✐r❡❝t❡♠❡♥t ❝♦♠♠❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❉✐r✐❝❤❧❡t s✉✐✈❛♥t✿

∆χ = div g dans Ω et χ = 0 sur Γ.

❈❡❧❛ ♣❡r♠❡t ❞✬ét❡♥❞r❡ ❧❡s rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té W 1,p(Ω) ❛✈❡❝ p > 2 ❡t W 2,p(Ω) ❛✈❡❝ p ≥ 6
5

♦❜t❡♥✉s ♣ré❝é❞❡♠♠❡♥t ♣♦✉r ❧❡ s②stè♠❡ ✭✵✳✵✳✶✸✮✳

◆♦✉s ❝♦♠♣❧ét♦♥s ❝❡tt❡ ét✉❞❡ ❞✉ s②stè♠❡ ❧✐♥é❛r✐sé ❛✈❡❝ ❞❡✉① ♣r❡✉✈❡s ❞✐✛ér❡♥t❡s ❞❡ ❧❛ ré❣✉✲

❧❛r✐té W 2,p(Ω) ♣♦✉r 1 < p < 6
5 ✱ ❡t ♣♦✉r t❡r♠✐♥❡r ♥♦✉s ❛♠é❧✐♦r♦♥s ❧❛ ré❣✉❧❛r✐té ❞❡ ❧❛ ♣r❡ss✐♦♥

❡♥ ❝♦♥s✐❞ér❛♥t ✉♥❡ ❞♦♥♥é❡ P0 ♠♦✐♥s ré❣✉❧✐èr❡✳

❆♣rès ❝❡tt❡ ét✉❞❡ ❞✉ s②stè♠❡ ❧✐♥é❛r✐sé ✭✵✳✵✳✶✵✮✱ ♥♦✉s ♣♦✉✈♦♥s r❡t♦✉r♥❡r ❛✉ s②stè♠❡ ♥♦♥

❧✐♥é❛✐r❡ ✭✵✳✵✳✻✮ ♣♦✉r ♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞❡s s♦❧✉t✐♦♥s (u, b, P ) ❞❛♥s W 1,p(Ω) ×W 1,p(Ω) ×
W 1,r(Ω) ♣♦✉r 3

2 < p < 2✳ P♦✉r ❝❡❧❛✱ ♦♥ ❛♣♣❧✐q✉❡ ✉♥ t❤é♦rè♠❡ ❞✉ ♣♦✐♥t ✜①❡ ❞❡ ❇❛♥❛❝❤ s✉r ❧❡

♣r♦❜❧è♠❡ ❧✐♥é❛r✐sé ✭✵✳✵✳✶✵✮ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ❞♦♥♥é❡s s♦♥t ♣❡t✐t❡s ❡t ♣❧✉s ♣ré❝✐s❡♠❡♥t ♣♦✉r

‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r ,r(Γ)

+ ‖h‖W 1,r(Ω) ≤ δ1,



✶✸

♣♦✉r ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♥st❛♥t❡ δ1 > 0✳ P♦✉r ♠♦♥tr❡r ❧✬✉♥✐❝✐té✱ ♥♦✉s ❞❡✈♦♥s s✉♣♣♦s❡r q✉❡ ❧❡s

❞♦♥♥é❡s s♦♥t ❡♥❝♦r❡ ♣❧✉s ♣❡t✐t❡s ✿

‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r ,r(Γ)

+ ‖h‖W 1,r(Ω) ≤ δ2,

❛✈❡❝ δ2 ∈ (0, δ1]

▲❡s rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♥♦t❡ ♣✉❜❧✐é❡ ❛✉① ❈♦♠♣t❡s

❘❡♥❞✉s ❞❡ ❧✬❆❝❛❞é♠✐❡ ❞❡s ❙❝✐❡♥❝❡s ❞❡ P❛r✐s ❬✼✾❪

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✷✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ s②stè♠❡ ✭▼❍❉✮ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s

❞❡ t②♣❡ ◆❛✈✐❡r ✿




−ν∆u+ (u · ∇)u+∇P − κ(curl b)× b = f ❡t divu = 0 ❞❛♥s Ω,

κµ curl curl b− κ curl(u× b) = g ❡t div b = 0 ❞❛♥s Ω,

u · n = 0 ❡t curlu× n = 0 s✉r Γ,

b · n = 0 ❡t curl b× n = 0 s✉r Γ.

✭✵✳✵✳✶✹✮

❆✜♥ ❞❡ ♥❡ ♣❛s ❝♦♠♣❧✐q✉❡r ❧✬❛♥❛❧②s❡ ❞✉ s②stè♠❡ ✭✵✳✵✳✶✹✮✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐t ❞❡ s✉♣♣♦s❡r q✉❡

Ω ❡st ✉♥ ♦✉✈❡rt ❜♦r♥é ❞❡ R3✱ ❞❡ ❝❧❛ss❡ C1,1 ❡t s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❤②♣♦t❤ès❡

❡st ❞✉❡ ❛✉① ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❝♦♥s✐❞éré❡s ❞❛♥s ✭✵✳✵✳✶✹✮✳ ❈♦♠♠❡ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ét✉❞✐é

❛✉ ❈❤❛♣✐tr❡ ✶✱ ♦♥ s✬✐♥tér❡ss❡r❛ ❛✉① s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❡t ❛✉① s♦❧✉t✐♦♥s ❢♦rt❡s✱ ❛✉ss✐ ❜✐❡♥ ❞❛♥s ✉♥

❝❛❞r❡ ❤✐❧❜❡rt✐❡♥ q✉❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤é♦r✐❡ Lp✳

◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❧❡ ❝❛s ❤✐❧❜❡rt✐❡♥✳ P♦✉r ❝❤❡r❝❤❡r ❞❡s s♦❧✉t✐♦♥s ❢❛✐❜❧❡s (u, b, P ) ∈
H1(Ω)×H1(Ω)×L2(Ω)✱ ♣❧✉s✐❡✉rs q✉❡st✐♦♥s s❡ ♣♦s❡♥t ✿ ❝♦♠♠❡♥t ❝❤♦✐s✐r f ❡t g ♣♦✉r q✉❡ ❧❡s

❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ curlu×n = ✵ ❡t curl b×n = ✵ s✉r Γ ❛✐❡♥t ✉♥ s❡♥s ❞✬✉♥❡ ♣❛rt✱ ❡t ❞✬❛✉tr❡

♣❛rt ② ❛✲t✲✐❧ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♠♣❛t✐❜✐❧✐té ♥é❝❡ss❛✐r❡s ♣♦✉r ❧❛ rés♦❧✉t✐♦♥❄ ❈♦♥tr❛✐r❡♠❡♥t

❛✉ ❝❛s ❞✉ s②stè♠❡ ✭▼❍❉✮ ❛✈❡❝ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❉✐r✐❝❤❧❡t ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ✐❧ ♥✬❡st

♣❛s ❝♦♥✈❡♥❛❜❧❡ ✐❝✐ ❞❡ ♣r❡♥❞r❡ ✉♥❡ ❢♦♥❝t✐♦♥ f ❞❛♥s H−1(Ω)✳ ❊♥ ❡✛❡t✱ s✐ ♦♥ ✈❡✉t é❝r✐r❡ ✉♥❡

❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛t✐♦♥♥❡❧❧❡✱ ♦♥ ❞♦✐t ♣ré❝✐s❡r ❧❛ ❞✉❛❧✐té 〈❢ , v〉 t♦✉t ❡♥ ❝❤♦✐s✐ss❛♥t f ❞❛♥s ✉♥

s♦✉s✲❡s♣❛❝❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ♣♦✉r ♣♦✉✈♦✐r ❡♥s✉✐t❡ r❡♠♦♥t❡r ❛✉ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧✳ ❈♦♠♠❡ ❧❡s

❢♦♥❝t✐♦♥s t❡st ❛♣♣❛rt✐❡♥♥❡♥t à ❧✬❡s♣❛❝❡

H
2,2
0 (div,Ω) := {v ∈ L2(Ω); div v ∈ L2(Ω), v · n = 0 sur ,Γ},

✐❧ ❡st ♥❛t✉r❡❧ ❞❡ ♣r❡♥❞r❡ f ❞❛♥s ❧✬❡s♣❛❝❡ ❞✉❛❧ (H2,2
0 (div,Ω))′ ♦ù ❧✬♦♥ r❛♣♣❡❧❧❡ q✉❡ D(Ω) ❡st

❞❡♥s❡ ❞❛♥s H2,2
0 (div,Ω) ✭ ❝✳❢✳ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✷❪ ❡t ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✹❪✮ ❡t q✉❡

[H2,2
0 (div,Ω)]′ = {F +∇χ; F ∈ L2(Ω), χ ∈ L2(Ω)}.

❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞✉ s②stè♠❡ ✭✵✳✵✳✻✮✱ ♦♥ ♣❡✉t ♣r❡♥❞r❡ f ❞❛♥s ✉♥ ❡s♣❛❝❡ ♣❧✉s ❣r♦s

[H6,2
0 (div,Ω)]′ = {F +∇χ; F ∈ L 6

5 (Ω), χ ∈ L2(Ω)}. ✭✵✳✵✳✶✺✮



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✶✹

❆✈❡❝ ❝❡ ❝❤♦✐① ❞✬❡s♣❛❝❡ ♣♦✉r f ✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞ curlu×n = ✵ ❛ ✉♥ s❡♥s ❞❛♥sH−1/2(Γ)✳

❊♥ ❡✛❡t✱ ❛✈❡❝ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ✭✵✳✵✳✶✺✮✱ s✐ ♦♥ ❝❤❡r❝❤❡ u ∈H1(Ω)✱ b ∈H1(Ω) ❡t P ∈ L2(Ω)✱

❛❧♦rs ∆u = f−∇P−u · ∇u+curl b×b ❛♣♣❛rt✐❡♥t à [H6,2
0 (div, Ω)]′ ❝❛r u ·∇u ∈ L3/2(Ω) →֒

L6/5(Ω) ❡t curl b× b ∈ L3/2(Ω) →֒ L6/5(Ω)✳ ❉♦♥❝ u ❛♣♣❛rt✐❡♥❞r❛✐t à ❧✬❡s♣❛❝❡

▼ 6,2(Ω) =
{
✈ ∈ ❍ 1(Ω); ∆ ✈ ∈ [❍ 6,2

0 (div, Ω)]′
}
.

❊♥ ✉t✐❧✐s❛♥t ✉♥ r❛✐s♦♥♥❡♠❡♥t s✐♠✐❧❛✐r❡ à ❬✶✸✱ ▲❡♠♠❛ ✹✳✶❪ ❡t ❬✽❪✱ ♦♥ ♣❡✉t ✈ér✐✜❡r q✉❡ D(Ω) ❡st

❞❡♥s❡ ❞❛♥s ▼ 6,2(Ω) ❡t ♣❛r s✉✐t❡ ♦♥ ❛ ❧❛ ❢♦r♠✉❧❡ ❞❡ ●r❡❡♥ s✉✐✈❛♥t❡ ✿ ♣♦✉r t♦✉t ✈ ∈▼ 6,2(Ω)

❡t ϕ ∈ ❍ 1(Ω) ❛✈❡❝ divϕ = 0 ❞❛♥s Ω ❡t ϕ · n = 0 s✉r Γ ✿

−〈∆ ✈ , ϕ〉
[❍ 6,2

0 (div,Ω)]′×❍ 6,2
0 (div,Ω)

=

∫

Ω
curl ✈ · curlϕ d① + 〈curl ✈ × ♥ , ϕ〉Γ,

♦ù ❧❛ ❞✉❛❧✐té s✉r Γ ❡st ❞é✜♥✐❡ ♣❛r 〈·, ·〉Γ = 〈·, ·〉
❍

−
1
2 (Γ)×❍

1
2 (Γ)

❝❡ q✉✐ ❞♦♥♥❡ ❜✐❡♥ ✉♥ s❡♥s à ❧❛

❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞ curlu× n = ✵✳

❈❡ q✉✐ ♣ré❝è❞❡ ❡st ❛✉ss✐ ✈❛❧❛❜❧❡ ♣♦✉r ❧❛ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞ curl b × n = ✵ s✉r Γ ♠❛✐s

❛✈❡❝ ✉♥❡ ❞♦♥♥é❡ ♣❧✉s ré❣✉❧✐èr❡ g ∈ L6/5(Ω) →֒ [H6,2
0 (div; Ω)]′✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡ ❧❛

❞♦♥♥é❡ f ✱ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♠♣❛t✐❜✐❧✐té s✉r g s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r rés♦✉❞r❡ ❧❡ s②stè♠❡

✭✵✳✵✳✶✹✮✳ ▲❛ ♣r❡♠✐èr❡ ❝♦♥❞✐t✐♦♥ ❡st div g = 0 ❞❛♥s Ω q✉✐ ❞é❝♦✉❧❡ ❞✐r❡❝t❡♠❡♥t ❞✉ ❢❛✐t q✉❡

g = curl(u × b) + curl curl b ❞❛♥s Ω✳ ❉❡ ♣❧✉s✱ s✐ ♦♥ ♣♦s❡ Ψ = curl b − (u × b)✱ ❛❧♦rs

Ψ ∈ L2(Ω) ❡t curlΨ = g ∈ L 6
5 (Ω)✳ ❈♦♠♠❡ curl b × n = ✵ s✉r Γ ❡t (u × b) × n = ✵✱ ♦♥

❞é❞✉✐t q✉❡ Ψ × n = ✵ s✉r Γ ❝❡ q✉✐ ❛ ✉♥ s❡♥s ❞❛♥s H−1/2(Γ)✳ ❉♦♥❝✱ ♦♥ ❛ ❞✬✉♥❡ ♣❛rt ✿ ♣♦✉r

t♦✉t χ ∈ H2(Ω)✱
∫

Ω
curlΨ · ∇χdx = −〈Ψ× n,∇χ〉

H−1/2(Γ)×H1/2(Γ) = 0.

❉✬❛✉tr❡ ♣❛rt✱ ❝♦♠♠❡ g ❛♣♣❛rt✐❡♥t à L6/5(Ω) ❡t ❡st à ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡✱ ❧❛ tr❛❝❡ g ·n ❛♣♣❛rt✐❡♥t

à W− 5
6
, 6
5 (Γ)✳ ❆❧♦rs✱ ♣♦✉r t♦✉t χ ∈ H2(Ω)✱

∫

Ω
curlΨ · ∇χdx = 〈g · n, χ〉

W−
5
6 , 65 (Γ)×W

5
6 ,6(Γ)

.

P❛r ❝♦♥séq✉❡♥t✱ g ·n = 0 s✉r Γ ❡st ✉♥❡ ❞❡✉①✐è♠❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐té à ❝♦♥s✐❞ér❡r ♣♦✉r

❧❛ ❞♦♥♥é❡ g✳

❖♥ ❡st ❛❧♦rs ❡♥ ♠❡s✉r❡ ❞❡ ♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞❡s s♦❧✉t✐♦♥s ❢❛✐❜❧❡s✳ ◆♦✉s ✉t✐❧✐s♦♥s ♣♦✉r ❝❡❧❛

✉♥ t❤é♦rè♠❡ ❞❡ ♣♦✐♥t ✜①❡ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r✳ ❊♥s✉✐t❡✱ ♥♦✉s ♠♦♥tr♦♥s ❧❛ ré❣✉❧❛r✐té W 1,p(Ω)

♣♦✉r p > 2 ❡t ❧❛ ré❣✉❧❛r✐té W 2,p(Ω) ♣♦✉r p > 6
5 ✳ P♦✉r ♦❜t❡♥✐r ❧❡s rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té ♣♦✉r

❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ré❣✉❧❛r✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❙t♦❦❡s (ST ) s✉✐✈❛♥t ✭❝❢✳ ❬✶✺❪✮

(ST )

{
−∆u+∇P = f et divu = 0 dans Ω,

u · n = a et curlu× n = ❤ × n sur Γ.



✶✺

◆♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❡ ❣é♥ér❛❧✐s❡r ❧❡ rés✉❧t❛t ❞❡ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹❪ ♣♦rt❛♥t s✉r ❧✬❡①✐st❡♥❝❡ ❞❡s

s♦❧✉t✐♦♥s ❞❛♥sW 1,p(Ω)✱ p > 2 ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ♥♦♥ ❤♦♠♦❣è♥❡s ❡t ♣♦✉r ❞❡s ❞♦♥♥é❡s

f ❞❛♥s ❞❡s ❡s♣❛❝❡s ♣❧✉s ❧❛r❣❡s [Hr′,p′

0 (div,Ω)]′ ❞é✜♥✐s ♣❛r

[Hr′,p′

0 (div,Ω)]′ = {F +∇ψ |F ∈ Lr(Ω), ψ ∈ Lp(Ω)}

P♦✉r ♦❜t❡♥✐r ❧❡s rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♥♦✉s ♣❛ss♦♥s ♣❛r ❧❛ ré❣✉✲

❧❛r✐té ❞✉ ♣r♦❜❧è♠❡ ❡❧❧✐♣t✐q✉❡ (ET ) s✉✐✈❛♥t ✭❝❢✳ ❬✶✺❪✮

(ET )
{
−∆b = g et div b = 0 dans Ω,

b · n = 0 et curl b× n = ✵ sur Γ.

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✱ ♥♦✉s ét✉❞✐♦♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ s②stè♠❡ ✭▼❍❉✮ ❛✈❡❝ ❧❡s ❝♦♥✲

❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r ✭✵✳✵✳✶✹✮✱ à ❧❛ ❢♦✐s ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ♣♦✉r ❧❡

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♣❛r ❞❡s ❢♦r♠✉❧❛t✐♦♥s ❞❡ t②♣❡ ●❛❧❡r❦✐♥ ❞✐s❝♦♥t✐♥✉❡s✳ ▲❡s ♣♦✐♥ts ❞❡ ❞é♣❛rt

❞❡ ❝❡ tr❛✈❛✐❧ s♦♥t ❧❡s tr❛✈❛✉① ❞❡ P✳ ❍♦✉st♦♥ ❡t ❛❧✳ ❬✻✶❪ ❡t ❧❡s tr❛✈❛✉① ❞❡ ❲✳ ◗✐✉ ❛♥❞ ❑✳ ❙❤✐ ❬✽✶❪✳

▲❛ ♠ét❤♦❞❡ ❞❡ ●❛❧❡r❦✐♥ ❞✐s❝♦♥t✐♥✉❡ ❡st ✉♥❡ ❝❧❛ss❡ ❞❡s ♠ét❤♦❞❡s ❞✬é❧é♠❡♥ts ✜♥✐s ✉t✐❧✐s❛♥t

❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ❝♦♠♣❧èt❡♠❡♥t ❞✐s❝♦♥t✐♥✉❡s✳ ❈❡s ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ❡t ❧❡s ❢♦♥❝t✐♦♥s t❡sts

s♦♥t ❝❤♦✐s✐❡s ❞❛♥s ❧❡ ♠ê♠❡ ❡s♣❛❝❡ s❛♥s ❛✉❝✉♥❡ ❝♦♥t✐♥✉✐té ✐♠♣♦sé❡ ❛✉① ✐♥t❡r❢❛❝❡s ❡♥tr❡ ❧❡s

é❧é♠❡♥ts ✭✉♥ tétr❛è❞r❡ ♦✉ ✉♥ ❤❡①❛è❞r❡ ❡♥ ✸❉✱ ✉♥ tr✐❛♥❣❧❡ ♦✉ ✉♥ q✉❛❞r✐❧❛tèr❡ ❡♥ ✷❉✮✳ ❈❡tt❡

s♣é❝✐✜❝✐té ♣❡r♠❡t à ❝❡tt❡ ♠ét❤♦❞❡ ✉♥❡ ❣r❛♥❞❡ ✢❡①✐❜✐❧✐té ❛✉ ♠❛✐❧❧❛❣❡✳ ❊♥ ❡✛❡t✱ ❡♥ ❧✬❛❜s❡♥❝❡

❞❡ ❧❛ s❡♥s✐❜✐❧✐té à ❧❛ ré❣✉❧❛r✐té ❞❡s ♠❛✐❧❧❛❣❡s✱ ❧❛ ♠ét❤♦❞❡ ❡st ❛❞❛♣té❡ ♣♦✉r r❡♣rés❡♥t❡r ❞❡s

❣é♦♠étr✐❡s ✐♥❞✉str✐❡❧❧❡s q✉✐ s♦♥t ♣❛r❢♦✐s ❝♦♠♣❧❡①❡s ❡t q✉✐ ♥é❝❡ss✐t❡♥t ❞❡s ♠❛✐❧❧❛❣❡s ♥♦♥ str✉❝✲

t✉rés ❡t ♥♦♥ ❝♦♥❢♦r♠❡s✳ ❉❡ ♣❧✉s✱ ❧❡ ❞❡❣ré p ❞❡s ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❡✉t êtr❡ ❛✉❣♠❡♥té

❞❛♥s ❧❡s é❧é♠❡♥ts ❞✉ ♠❛✐❧❧❛❣❡ ♦ù ❧❛ s♦❧✉t✐♦♥ ❡st ♣❧✉s ré❣✉❧✐èr❡✱ ❝❡ q✉✐ ♣❡✉t êtr❡ ❝♦♠❜✐♥é ❛✈❡❝

✉♥ r❛✣♥❡♠❡♥t ❞✉ ♠❛✐❧❧❛❣❡ h ❞❛♥s ❧❡s ♣❛rt✐❡s ❞❡ ♠♦✐♥❞r❡ ré❣✉❧❛r✐té ❞❡ ❧❛ s♦❧✉t✐♦♥✳ ▲✬❡♥s❡♠❜❧❡

❢♦r♠❡ ❛❧♦rs ✉♥ ♠❛✐❧❧❛❣❡ hp✳ ❉❡ ♣❧✉s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡ ✐♠♣♦s❡ ❞✬❛✈♦✐r r❡✲

❝♦✉rs à ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❢❛✐❜❧❡ ❧♦❝❛❧❡ ♦ù ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡st ❢❛✐t❡

❛✉ s❡♥s ❢❛✐❜❧❡✱ ❞✐r❡❝t❡♠❡♥t ❞❛♥s ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ s❛♥s ❧❡s ✐♠♣♦s❡r ❞❛♥s ❧❛ ❞é✜♥✐✲

t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳ ❈❡❝✐ ♣❡r♠❡t ✉♥❡ ♠✐s❡ ❡♥ ÷✉✈r❡ s✐♠♣❧✐✜é❡ ❞❡ ❧❛ ♠ét❤♦❞❡✳

❯♥❡ ✐♥té❣r❛t✐♦♥ ♣❛r ♣❛rt✐❡s ❢❛✐t ❛❧♦rs ❛♣♣❛r❛îtr❡ ❞❡s t❡r♠❡s ❞❡ ❜♦r❞ ♦ù ❧❡s ✢✉① ♣❤②s✐q✉❡s

s♦♥t ❛♣♣r♦❝❤és ♣❛r ❞❡s ✢✉① ♥✉♠ér✐q✉❡s ❛✉① ✐♥t❡r❢❛❝❡s à ❝❛✉s❡ ❞❡s ❞✐s❝♦♥t✐♥✉✐tés ❡♥tr❡ ❧❡s

♠❛✐❧❧❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣♦ssè❞❡ ❞✬❛✉tr❡ ♣r♦♣r✐étés ✐♠♣♦rt❛♥t❡s✳ ❊❧❧❡ ❡st ❧♦❝❛❧❡♠❡♥t ❝♦♥s❡r✈❛✲

t✐✈❡✱ ❡❧❧❡ ❡st ❛✐sé♠❡♥t ♣❛r❛❧❧é❧✐s❛❜❧❡ ❝❡ q✉✐ ❞♦♥♥❡ à ❧❛ ♠ét❤♦❞❡ ✉♥ ❣r❛♥❞ ✐♥térêt✳ ❈❡♣❡♥❞❛♥t✱

❧❡s ♠ét❤♦❞❡s ❉● s♦♥t ♣❧✉s ❝♦ût❡✉s❡s ❡♥ t❡♠♣s ❡t ❡♥ ♠é♠♦✐r❡ q✉❡ ❧❡s ♠ét❤♦❞❡s ❞✬é❧é♠❡♥ts

✜♥✐s st❛♥❞❛r❞s à ❝❛✉s❡ ❞❡s ✈❛❧❡✉rs ❞♦✉❜❧❡s ❞❡ ❧❛ s♦❧✉t✐♦♥ ❛✉① ✐♥t❡r❢❛❝❡s✳ ❈❡❧❛ ❛✉❣♠❡♥t❡ ❝♦♥✲

s✐❞ér❛❜❧❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❧♦❝❛✉① s✉r ❧❡sq✉❡❧s ❧❡s ✐♥❝♦♥♥✉❡s ❞✉ ♣r♦❜❧è♠❡

r❡♣♦s❡♥t✳



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✶✻

■♥tr♦❞✉✐t❡ ✐❧ ② ❛ ❡①❛❝t❡♠❡♥t ✹✽ ❛♥s ♣❛r ❘❡❡❞ ❡t ❍✐❧❧ ✭✶✾✼✸✮ ❬✽✸❪ ♣♦✉r ❧❛ rés♦❧✉t✐♦♥ ❞✬éq✉❛t✐♦♥s

❞❡ tr❛♥s♣♦rt ❞❡ ♥❡✉tr♦♥s✱ ❧❛ ♠ét❤♦❞❡ ❉● ❛ ❝♦♥♥✉ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥ts ❛✉

❝♦✉rs ❞❡ ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ❡t r❡st❡ ❡♥❝♦r❡ ❛✉❥♦✉r❞✬❤✉✐ ✉♥❡ ♠ét❤♦❞❡ très ✉t✐❧✐sé❡✳ ❙♦♥ ❝❤❛♠♣

❞✬❛♣♣❧✐❝❛t✐♦♥ ❛ ♣❛r ❧❛ s✉✐t❡ été ét❡♥❞✉ ❛✉① ♣r♦❜❧è♠❡s ❛✈❡❝ ❞✐✛✉s✐♦♥✱ ♥♦✉s ❝✐t♦♥s ❬✶✾✱ ✸✷✱ ✹✽❪

♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✱ ❬✺✼✱ ✻✼✱ ✸✻❪ ♣♦✉r ❧✬é❧❡❝tr♦♠❛❣♥ét✐s♠❡✳

❈❡ ❝❤❛♣✐tr❡ ❝♦♠♣♦rt❡ q✉❛tr❡ s❡❝t✐♦♥s✳ ❆♣rès ❛✈♦✐r ✐♥tr♦❞✉✐t ❧❡s ♥♦t❛t✐♦♥s ♥é❝❡ss❛✐r❡s

❞❛♥s ❧❛ ♣r❡♠✐èr❡ s❡❝t✐♦♥✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés ❛✉ s②stè♠❡ ❧✐♥é❛r✐sé ♣♦✉r ❧❡q✉❡❧ ♥♦✉s

❛✈♦♥s ❢❛✐t ✉♥❡ ét✉❞❡ ❝♦♠♣❧èt❡ ❞✬✉♥❡ ♠ét❤♦❞❡ ❉● ❞❛♥s ❧❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥✳ ▲❛ ♣r✐♥❝✐♣❛❧❡

❞✐✣❝✉❧té ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧ ❡st ❧✬✐♥❝♦r♣♦r❛t✐♦♥ ❞❡ ❧❛ ❝♦♥tr❛✐♥t❡

div b = 0 ❞❛♥s ❧❡ s❝❤é♠❛ ❉●✳ ❈❡tt❡ ❝♦♥tr❛✐♥t❡ ♣❡✉t êtr❡ ✐♠♣♦sé❡ ♣❛r ❧❛ t❡❝❤♥✐q✉❡ ❞✐t❡ ❞❡

ré❣✉❧❛r✐s❛t✐♦♥✳ ❈❡tt❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡ ❢♦r♠❡❧❧❡♠❡♥t à r❡♠♣❧❛❝❡r ❧✬♦♣ér❛t❡✉r curl(curl) ♣❛r

❧✬♦♣ér❛t❡✉r ❧❛♣❧❛❝✐❡♥ ✈❡❝t♦r✐❡❧ ❡♥ r❛❥♦✉t❛♥t ✉♥ t❡r♠❡ grad(div) à ❧✬éq✉❛t✐♦♥ κµ curl curl b−
κ curl(u × b) = g ❞✉ s②stè♠❡ ✭✵✳✵✳✶✹✮✳ ❈❡ t❡r♠❡ ❡st ♥✉❧ ❝❛r t♦✉t❡ s♦❧✉t✐♦♥ b ❞✉ ♣r♦❜❧è♠❡

✭✵✳✵✳✶✹✮ ❡st à ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡✳ ❆✐♥s✐✱ ❡♥ ✈❡rt✉ ❞❡ ❧✬✐❞❡♥t✐té✿

curl(curl)− grad(div) = −∆,

t♦✉t ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b s♦❧✉t✐♦♥ ❞❡ ✭✵✳✵✳✶✹✮ ✈ér✐✜❡ ❛✉ss✐ ❧✬éq✉❛t✐♦♥

−κµ∆b− κ curl(u× b) = g et div b = 0 dans Ω.

❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❛❧♦rs ❞✬❛✈♦✐r ✉♥ ♣r♦❜❧è♠❡ ré❣✉❧❛r✐sé ♥❛t✉r❡❧❧❡♠❡♥t ♣♦sé ❞❛♥s ❧✬❡s♣❛❝❡

H0(div,Ω)∩H(curl,Ω) = {v ∈ L2(Ω); div v ∈ L2(Ω), curlv ∈ L2(Ω), v ·n = 0 sur Γ}.

❙✐ ❧❡ ❞♦♠❛✐♥❡ Ω ❡st ♣♦❧②é❞r✐q✉❡ ❡t ❝♦♥✈❡①❡ ♦✉ ❡♥❝♦r❡ s✬✐❧ ❛ ✉♥❡ ❢r♦♥t✐èr❡ ré❣✉❧✐èr❡ ✭❝✳❢✳ ❬✹✻✱

t❤é♦rè♠❡✸✳✼❪✮✱ ❧✬❡s♣❛❝❡ H0(div,Ω) ∩H(curl,Ω) ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧✬❡s♣❛❝❡

H1
T (Ω) = {v ∈H1(Ω); v · n = 0 sur Γ}.

▲❛ t❡❝❤♥✐q✉❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧ ❛ été ✐♥✐t✐❛❧❡♠❡♥t ✐♥tr♦❞✉✐t❡ ♣❛r

❲❡r♥❡r ❬✾✾❪ ❡t ▲❡✐s ❬✻✹❪✳ ❙❡s ❛♣♣❧✐❝❛t✐♦♥s s♦♥t ✈❛r✐é❡s✱ ❝✐t♦♥s ♣❛r ❡①❡♠♣❧❡ ❧✬ét✉❞❡ ❞❡s éq✉❛t✐♦♥s

❞❡ ▼❛①✇❡❧❧ ❡♥ ré❣✐♠❡ ❤❛r♠♦♥✐q✉❡ ❡t à ❜❛ss❡ ❢réq✉❡♥❝❡ ❬✼✼❪✱ ❧✬ét✉❞❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧

❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ♣♦❧②é❞r✐q✉❡ ❬✸✺❪ ♦✉ ❧✬ét✉❞❡ ❞✬✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❞♦♠❛✐♥❡

♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧ ❬✼❪✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧♦rsq✉❡ ❧❡ ❞♦♠❛✐♥❡ ♣♦ssè❞❡ ❞❡s s✐♥❣✉❧❛r✐tés

❣é♦♠étr✐q✉❡s✱ ❝♦♠♠❡ ❞❡s ❝♦✐♥s ♦✉ ❛rêt❡s r❡♥tr❛♥ts✱ ❧✬❛♣♣r♦❝❤❡ ♥✬❡st ♣❛s ❛❞❛♣té❡ ❡t ❧❛ s♦❧✉t✐♦♥

❉● ❞✉ ♣r♦❜❧è♠❡ ré❣✉❧❛r✐sé ♣❡✉t ❝♦♥✈❡r❣❡r ♠❛✐s ♣❛s ✈❡rs ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ♣❤②s✐q✉❡

❞❡ ❞é♣❛rt ✭✈♦✐r ❧❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ❞❛♥s ❬✺✽❪✮✳ ▲❛ ♠ê♠❡ s✐t✉❛t✐♦♥ ❛ été ♦❜s❡r✈é❡ ❞❛♥s

❧❡ ❝❛s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ♣❛r ❧❡s é❧é♠❡♥ts ✜♥✐s ❝♦♥❢♦r♠❡s ✭✈♦✐r ❬✼✱ ✸✺❪✮✳

❈❡❧❛ s✬❡①♣❧✐q✉❡ ♣❛r ❧❡ ♠❛♥q✉❡ ❞❡ ré❣✉❧❛r✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ q✉✐ ♥✬❡st ♣❛s ❞❛♥s ❝❡ ❝❛s H1(Ω)

♠❛✐s s❡✉❧❡♠❡♥t H1/2(Ω) ❬✹✻❪✳ ❉❛♥s ❝❡ ❝❛s ✉♥❡ ❛♣♣r♦❝❤❡ ❛❧t❡r♥❛t✐✈❡ ❝♦♥s✐st❡ à ✐♥tr♦❞✉✐r❡



✶✼

✉♥ ♠✉❧t✐♣❧✐❝❛t❡✉r ❞❡ ▲❛❣r❛♥❣❡ r s❝❛❧❛✐r❡ ❝♦♠♠❡ ✉♥❡ ✐♥❝♦♥♥✉❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❞✉ ♣r♦❜❧è♠❡

❬✻✶✱ ✽✶❪✳ ❈❡ ♠✉❧t✐♣❧✐❝❛t❡✉r ❞❡ ▲❛❣r❛♥❣❡ r ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡ ✉♥❡ ♣s❡✉❞♦✲♣r❡ss✐♦♥ ❛ss♦❝✐é❡ à

❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡ ✈ér✐✜é❡ ♣❛r t♦✉t❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡✳ ▲❛ t❛✐❧❧❡ ❞✉ s②stè♠❡

❞✐s❝r❡t ❞❡✈✐❡♥t ❛❧♦rs ♣❧✉s ❣r❛♥❞❡ ❡t à ❧❛ ♣❧❛❝❡ ❞❡ ❧❛ ❞❡✉①✐è♠❡ éq✉❛t✐♦♥ ❞✉ s②stè♠❡ ✭✵✳✵✳✶✹✮✱ ❧❡

❝♦✉♣❧❡ (b, r) ❡st s♦❧✉t✐♦♥ ❞❡✿

κµ curl curl b+∇r − κ curl(u× d) = g et div b = 0 ❞❛♥s Ω,

❛✈❡❝ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❛✉ ❜♦r❞ r = 0 s✉r Γ✳ ◆♦t♦♥s ✐❝✐ q✉✬❡♥ ♣❛ss❛♥t à ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞❛♥s

❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ ♥♦✉s ♦❜t❡♥♦♥s ∆r = div g ❞❛♥s Ω ❡t ❞❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù ❧❡ t❡r♠❡

s♦✉r❝❡ g ❡st à ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡✱ ♥♦✉s ❛✈♦♥s r = 0✳

❈❡tt❡ ♠ét❤♦❞❡ ❛ été ❛♣♣❧✐q✉é❡ ❞❛♥s ❬✻✶❪ ♣♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ s②stè♠❡ ✭▼❍❉✮ ❧✐♥é❛r✐sé✳

❊❧❧❡ ❛ été ré❝❡♠♠❡♥t ét❡♥❞✉❡ ❛✉ ❝❛s ♥♦♥ ❧✐♥é❛✐r❡ ❞❛♥s ❬✽✶❪✳ ❙♦✉❧✐❣♥♦♥s ❝❡♣❡♥❞❛♥t q✉❡ ❧❛ ❝♦♥❞✐✲

t✐♦♥ ❛✉① ❧✐♠✐t❡s ❝♦♥s✐❞éré❡ ❞❛♥s ❝❡s tr❛✈❛✉① ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ❧❛ ❝♦♥❞✐t✐♦♥ ❝❧❛ss✐q✉❡

❞❡ t②♣❡ ❉✐r✐❝❤❧❡t✳ ◆♦✉s ♣r♦♣♦s♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ré❣✉❧❛r✐sé❡✱

♦✉ ❡♥❝♦r❡ ❛✉❣♠❡♥té❡ ❡♥ ✐♠♣♦s❛♥t ✉♥❡ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r à ❧❛ ❢♦✐s ♣♦✉r ❧❡

❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ Ω ♣rés❡♥t❡ ✉♥❡ ré❣✉❧❛r✐té C1,1

♦ù Ω ❡st à ❜♦r❞ ♣♦❧②é❞r❛❧ ♠❛✐s ❝♦♥✈❡①❡✳ ❖♥ ✐♥tr♦❞✉✐t ❞♦♥❝ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❞✐s❝♦♥t✐♥✉❡ ❜❛sé❡

s✉r ❧❛ ♠ét❤♦❞❡ s②♠étr✐q✉❡ ❛✈❡❝ ♣é♥❛❧✐s❛t✐♦♥ ✐♥t❡r♥❡ ✭✓■♥t❡r✐♦r P❡♥❛❧t②✔✮ ❝❧❛ss✐q✉❡ ❞❡ ❬✹✼❪✳

▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✛ér❡♥❝❡ ❡st ❧❡ ❝❤♦✐① ❞✉ t❡r♠❡ ❞❡ st❛❜✐❧✐s❛t✐♦♥ ❝♦♥s✐❞éré✳ ❆✉ ❧✐❡✉ ❞❡ ❧❛ ♥♦r♠❡

L2 ❞✉ s❛✉t ❞❡ ❧❛ ✈✐t❡ss❡ à tr❛✈❡rs ❧❡s é❧é♠❡♥ts✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❞❡s t❡r♠❡s ❞❡ st❛❜✐❧✐s❛t✐♦♥

❜❛sés s✉r ❧❡ s❛✉t ♥♦r♠❛❧ ❡t s✉r ❧❡ s❛✉t t❛♥❣❡♥t✐❡❧ ❞❡s s♦❧✉t✐♦♥s ❛♣♣r♦❝❤é❡s✳ ❚♦✉t ❞✬❛❜♦r❞✱ ♦♥

♠♦♥tr❡ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❝♦♥t✐♥✉ ❡st ❜✐❡♥ ♣♦sé✳ ❊♥s✉✐t❡✱ ❝♦♠♠❡ ♣♦✉r ❧❡s ♠ét❤♦❞❡s ❞✬é❧é♠❡♥ts

✜♥✐s st❛♥❞❛r❞s✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞✐s❝r❡t ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ▲❛ ♣r❡✉✈❡

s✬❛♣♣✉✐❡ s✉r ❧❛ st❛❜✐❧✐té ❞❡s ❢♦r♠❡ ❧✐♥é❛✐r❡s ❛ss♦❝✐é❡s ❛✉ ♣r♦❜❧è♠❡ ✈❛r✐❛t✐♦♥♥❡❧ ❛♣♣r♦❝❤é✳

❯♥❡ ❢♦✐s ❧❛ st❛❜✐❧✐té ❞❡ ❧❛ ♠ét❤♦❞❡ ♠✐s❡ ❡♥ ♣❧❛❝❡✱ ♦♥ ❡st ❛♠❡♥é à ❞✐s❝✉t❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡✳

❉❛♥s ❧❛ tr♦✐s✐è♠❡ s❡❝t✐♦♥✱ ♦♥ ét❛❜❧✐t ❞❡s ❡st✐♠❛t✐♦♥s ❞✬❡rr❡✉r ❛ ♣r✐♦r✐ ❞❡ ❧❛ ✈✐t❡ss❡ u✱ ❞✉

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b ❡t ❞❡ ❧❛ ♣r❡ss✐♦♥ p✳ ❖♥ ❝♦♥s✐❞èr❡ ❞✬❛❜♦r❞ ❧✬❡rr❡✉r ❡♥ ♥♦r♠❡ é♥❡r❣✐❡

|||(uh, bh)|||2 = ‖uh‖2v,h + ‖bh‖2m,h , ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✭✈♦✐r ❧❛

s♦✉s s❡❝t✐♦♥ ✸✳✷✳✸ ♣♦✉r ❧❡s ♥♦t❛t✐♦♥s✮✱ ❡♥s✉✐t❡ ❡♥ ♥♦r♠❡ L2 ♣♦✉r ❧❛ ♣r❡ss✐♦♥ p✳

▲❛ q✉❛tr✐è♠❡ s❡❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ à ❧✬❡①t❡♥s✐♦♥ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ❧❛ ♠ét❤♦❞❡ ❉●

❛✉ s②stè♠❡ ♥♦♥ ❧✐♥é❛✐r❡ ✭✵✳✵✳✶✹✮✳ ▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧té ❡st ❞❡ ♠♦♥tr❡r ❧❛ st❛❜✐❧✐té ❞❡s ❢♦r♠❡s

❜✐❧✐♥é❛✐r❡s ✐ss✉❡s ❞❡s t❡r♠❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s Oh ❡t ❞✉ t❡r♠❡ ❞❡ ❝♦✉♣❧❛❣❡ Ch

s✉r ❧❡s ❡s♣❛❝❡s ❞✐s❝r❡ts✳ ❆✜♥ ❞❡ ♣♦rt❡r ✉♥❡ ❛tt❡♥t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ à ❧❛ st❛❜✐❧✐té ❞❡ ❧❛ ❢♦r♠❡ ❞❡

❝♦✉♣❧❛❣❡ Ch ✈✐t❡ss❡✴❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♣ré❝✐s♦♥s ✐❝✐ s❛ ❞é✜♥✐t✐♦♥ ✿



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✶✽

Ch(bh,vh, bh) := κ
∑

T∈Th

∫

T
(vh × bh) · curl bh dx− κ

∑

e∈FI
h

∫

e
{{vh × bh}} · [[bh]]T ds. ✭✵✳✵✳✶✻✮

❉❛♥s ✉♥ tr❛✈❛✐❧ ré❝❡♥t ❬✽✶❪✱ ❧❡s ❛✉t❡✉rs ♣r♦♣♦s❡♥t ✉♥❡ ❛♥❛❧②s❡ ❞✬✉♥ s❝❤é♠❛ ❉● ♣♦✉r ❧❡

s②stè♠❡ ✭▼❍❉✮ ❞❛♥s R3 ♦ù ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s♦♥t ❞❡ t②♣❡ ❉✐r✐❝❤❧❡t ♣♦✉r ❧❡ ❝❤❛♠♣

❞❡ ✈✐t❡ss❡ ❡t ❞❡ t②♣❡ ◆❛✈✐❡r ✭✵✳✵✳✶✮ ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ■❧s ❝♦♥s✐❞èr❡♥t ❧❡ ❝❛s ❣é♥ér❛❧

❞✬✉♥ ❞♦♠❛✐♥❡ Ω ❧✐♣s❝❤✐t③✐❡♥✳ ■❧s ♠♦♥tr❡♥t ❧❛ ❝♦♥t✐♥✉✐té ❞❡ Ch ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥ ❛r❣✉♠❡♥t

L6 ✲ L3 ✲ L2 ♣♦✉r ❧❡ t❡r♠❡ ❞♦♥♥é s✉r ❧❡s ♠❛✐❧❧❡s ♣✉✐s ❧✬✐♥é❣❛❧✐té ❞❡ tr❛❝❡ ❞✐s❝rèt❡ ❡st ✉t✐❧✐sé❡

♣♦✉r ❧❡ t❡r♠❡ ❞♦♥♥é s✉r ❧❡ ❜♦r❞✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st ♥❛t✉r❡❧❧❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❞♦♠❛✐♥❡

♣❡✉ ré❣✉❧✐❡r✳ ❊♥ ❡✛❡t✱ s❛♥s ❤②♣♦t❤ès❡ ❞❡ ré❣✉❧❛r✐té s✉r ❧❡ ❞♦♠❛✐♥❡✱ ❡t ❛✉ ✈✉ ❞❡s ❝♦♥❞✐t✐♦♥s

❛✉① ❧✐♠✐t❡s ❝♦♥s✐❞éré❡s ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ b✱ ❧❛ s♦❧✉t✐♦♥ b ❞✉ s②stè♠❡ ✭✵✳✵✳✶✹✮ ❡st

s❡✉❧❡♠❡♥t H1/2(Ω) ❡t ❞♦♥❝ L3(Ω) ♣❛r ❧❡s ✐♥❥❡❝t✐♦♥s ❞❡ ❙♦❜♦❧❡✈✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ s♦❧✉t✐♦♥ u ❡st

❜✐❡♥ H1(Ω) ❡t ❞♦♥❝ L6(Ω) ❝❡ q✉✐ ♣❡r♠❡t ❞✬❛♣♣❧✐q✉❡r ❧✬✐♥é❣❛❧✐té ❞✐s❝rèt❡ ❞ér✐✈é❡ ❞❛♥s ❬✹✼✱ ✹✾❪

✭✈♦✐r ❛✉ss✐ ❬✸✾❪ ✮ q✉✐ ❛✣r♠❡ q✉❡ ❧❛ ♥♦r♠❡ L6 ❡st ❝♦♥trô❧é❡ ♣❛r ❧❛ ♥♦r♠❡ ❉● ♥♦té❡ ♣❛r |||·|||h
✭✈♦✐r ✭✸✳✹✳✶✽✮ ❛✈❡❝ r = 6✮ ✿

‖vh‖L6(Ω) ≤ C|||vh|||h := C
( ∑

T∈Th

‖∇vh‖20,T +
∑

e∈Fh

γ

he
‖[[vh]]‖20,e

)1/2
. ✭✵✳✵✳✶✼✮

❊t❛♥t ❞♦♥♥é q✉❡ ❧❛ ♥♦r♠❡ ❉● ♣♦✉r b ❡st ❞✐✛ér❡♥t❡ ✭✈♦✐r ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ |bh|C ❞❛♥s ✭✵✳✵✳✶✽✮✮✱

✉♥❡ ❛♥❛❧②s❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞✐s❝rèt❡ ❡st ét❛❜❧✐❡ ❞❛♥s ❬✽✶❪ ❛✜♥ ❞❡ ♠♦♥tr❡r q✉❡ ❧❛ ♥♦r♠❡ L3 ❡st

❝♦♥trô❧é❡ ♣❛r ❝❡tt❡ ♥♦r♠❡ ❉●✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧✬✐♥é❣❛❧✐té ❞✐s❝rèt❡ s✉✐✈❛♥t❡ ❡st ♠♦♥tré❡ ♣♦✉r

❧✬❡s♣❛❝❡ ♣♦❧②♥♦♠✐❛❧ ♣❛r ♠♦r❝❡❛✉①

‖bh‖L3(Ω) ≤ C|bh|2C :=
∑

T∈Th

‖curl bh‖20,T +
∑

e∈FI
h

m0

he
‖[[bh]]T ‖20,e , ✭✵✳✵✳✶✽✮

◆♦t♦♥s ✐❝✐ q✉❡ s❛♥s ❤②♣♦t❤ès❡ ❞❡ ré❣✉❧❛r✐té s✉r ❧❡ ❞♦♠❛✐♥❡ ❡t ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉①

❧✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r à ❧❛ ❢♦✐s ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❧❡s

s♦❧✉t✐♦♥s u ❡t b ❞✉ s②stè♠❡ ✭✵✳✵✳✶✹✮ s♦♥t t♦✉t❡s ❧❡s ❞❡✉①H1/2(Ω) →֒ L3(Ω)✳ ❉♦♥❝ ❧✬❛r❣✉♠❡♥t

♣ré❝é❞❡♥t ♥❡ ♣❡✉t ♣❛s êtr❡ ❛♣♣❧✐q✉é ♣♦✉r ♠♦♥tr❡r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ ❧❛ ❢♦r♠❡ Ch✳ ❉❡s ❤②♣♦t❤ès❡s

❛❞❞✐t✐♦♥♥❡❧❧❡s ❞❡ ré❣✉❧❛r✐té s✉r ❧❛ s♦❧✉t✐♦♥ ❡①❛❝t❡ s♦♥t ❞♦♥❝ ✐♥❞✐s♣❡♥s❛❜❧❡s✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱

♥♦✉s ♠♦♥tr♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ✐♥é❣❛❧✐té ❞✐s❝rèt❡ ❛♥❛❧♦❣✉❡ à ✭✵✳✵✳✶✼✮ s✉r ❧❡s ❡s♣❛❝❡s ❞✐s❝♦♥t✐♥✉s

s♦✉s rés❡r✈❡ q✉❡ ❧❛ ❢r♦♥t✐èr❡ ❞✉ ❞♦♠❛✐♥❡ s♦✐t s✉✣s❛♠♠❡♥t ré❣✉❧✐èr❡✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❡ ❝❤❛♠♣

♠❛❣♥ét✐q✉❡✱ t♦✉t ❝♦♠♠❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡s✱ ♦♥t ❜✐❡♥ ❧❛ ré❣✉❧❛r✐téH1(Ω)✳ P❧✉s ♣ré❝✐sé♠❡♥t✱

♣♦✉r 1 ≤ p ≤ 6✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❛ ♥♦r♠❡ Lp ❡st ❝♦♥trô❧é❡ ♣❛r ❧❛ ♥♦r♠❡ ❉● s✉✐✈❛♥t❡ ✿

‖vh‖Lp(Ω) ≤ C ‖vh‖2v,h :=
∑

T∈Th

(
‖div vh‖20,T+‖curlvh‖20,T

)
+
∑

e∈Fh

σ1
he

‖[[vh]]N‖20,e+
∑

e∈FI
h

σ2
he

‖[[vh]]T ‖
2
0,e ,

❛✈❡❝ C = C(Ω) ✉♥❡ ❝♦♥st❛♥t❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ h✳ ❈❡tt❡ ✐♥é❣❛❧✐té ❡st ♥❛t✉r❡❧❧❡ ❝❛r ❧❛ ♥♦r♠❡

❉● ‖·‖v,h ❡st ❧✬éq✉✐✈❛❧❡♥t ❞✐s❝r❡t ❞❡ ❧❛ ♥♦r♠❡ H1
T (Ω)✳ ▲❡s t❡❝❤♥✐q✉❡s ❞❡ ❞é♠♦♥str❛t✐♦♥ ♦♥t

été ✐♥s♣✐ré❡s ♣❛r ❧❡s tr❛✈❛✉① ❞❡ ●✐r❛✉❧t ❡t ❘✐✈✐èr❡ ❬✹✼✱ ▲❡♠♠❛ ✻✳✷❪ ♣♦✉r ❧❛ ♣r❡✉✈❡ ❞❡ ✭✵✳✵✳✶✼✮✳



✶✾

❈❡♣❡♥❞❛♥t✱ ❧❛ ♣r❡✉✈❡ ♥✬❡st ♣❛s tr✐✈✐❛❧❡ ❡t r❡♣♦s❡ s✉r ✉♥ rés✉❧t❛t ❞❡ ré❣✉❧❛r✐té ❞❡ ❧✬♦♣ér❛t❡✉r

❡❧❧✐♣t✐q✉❡ ❞❡ s❡❝♦♥❞ ♦r❞r❡ −∆ = curl(curl)−grad(div) ❛✈❡❝ ❧❛ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡

◆❛✈✐❡r ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é Ω ∈ R3 ❞❡ ❝❧❛ss❡ C2,1✳

❈❡tt❡ ♥♦✉✈❡❧❧❡ ✐♥é❣❛❧✐té ❞✐s❝rèt❡ ♣❡r♠❡t✱ ❞✬✉♥❡ ♣❛rt✱ ❞✬❛♣♣❧✐q✉❡r ✉♥ ❛r❣✉♠❡♥t L4✲L4✲L2

♣♦✉r ♠♦♥tr❡r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ ❧❛ ❢♦r♠❡ Ch ❡t ❞❡ ❧❛ ❢♦r♠❡ Oh ✭✈♦✐r ✭✸✳✷✳✸✼✮ ♣♦✉r ❧❛ ❞é✜♥✐t✐♦♥

❞❡ Oh ❡t ✭✵✳✵✳✶✻✮ ♣♦✉r ❧❛ ❞é✜♥✐t✐♦♥s ❞❡ Ch✮ s✉r ❧❡s ❡s♣❛❝❡s ❞✐s❝r❡ts✳ ❉✬❛✉tr❡ ♣❛rt✱ ❡❧❧❡ ♣❡r♠❡t

❞❡ ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❞✐s❝r❡t ❣râ❝❡ ❛✉ t❤é♦rè♠❡ ❞❡ ♣♦✐♥t ✜①❡ ❞❡

❇r♦✉✇❡r✳ ❉❡s ❡st✐♠❛t✐♦♥s ❞❡ ❧✬❡rr❡✉r ❡♥tr❡ ❧❡s s♦❧✉t✐♦♥s ❡①❛❝t❡s ❡t ❧❡s s♦❧✉t✐♦♥s ❞✐s❝rèt❡s s♦♥t

❡♥s✉✐t❡ ét❛❜❧✐❡s✳

▲❡ ❈❤❛♣✐tr❡ ✹ ❝♦♥❝❡r♥❡ ❧✬ét✉❞❡ ❞✉ s②stè♠❡ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ♥♦♥ st❛t✐♦♥♥❛✐r❡ ❛✈❡❝ ❞❡s

❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞❡ t②♣❡ ◆❛✈✐❡r✿ tr♦✉✈❡r u ❡t p t❡❧s q✉❡ ✿

(NS)





ut −∆u+∇p+ u · ∇u = f ❡t divu = 0 ❞❛♥s Ω×]0, T [,

u · n = 0 et curlu× n = 0 s✉r Γ×]0, T [,

u(0) = u0, dans Ω.

◆♦✉s s✉♣♣♦s♦♥s q✉❡ Ω ❡st ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡✱ ❞❡ ❜♦r❞ Γ ❞❡ ❝❧❛ss❡

C1,1✳ ■❧ ❡st ❝♦♥♥✉ q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té divu = 0 ❞❛♥s Ω r❡♥❞ ❛ss❡③ ❞✐✣❝✐❧❡ ❧❛

♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✉ s②stè♠❡ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✳ ❯♥❡ ❞❡s ♠ét❤✲

♦❞❡s ♥✉♠ér✐q✉❡s ♣♦✉r tr❛✐t❡r ❝❡ ♣r♦❜❧è♠❡ ❡st ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ✉♥ s②stè♠❡ ♣❡rt✉r❜é à ❧❛

♠❛♥✐èr❡ ✐♥tr♦❞✉✐t❡ ❞❛♥s ❚❡♠❛♠ ❬✾✺❪ ❡t ❬✷✺❪✳ ▲❡ ♣r♦❜❧è♠❡ ♣❡rt✉r❜é ❞é♣❡♥❞ ❞✬✉♥ ♣❛r❛♠ètr❡ ε

❞❡st✐♥é à t❡♥❞r❡ ✈❡rs ③ér♦✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❞❡✉① ♣r♦❜❧è♠❡s ♣❡rt✉r❜és s♦♥t ❛♥❛❧②sés✳ ◆♦✉s

♥♦✉s ✐♥tér❡ss♦♥s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s à ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐❜✐❧✐té ❛rt✐✜❝✐❡❧❧❡ ✭✵✳✵✳✹✮✳

◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ✉♥❡ ét✉❞❡ ❞✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ◆❛✈✐❡r

❙t♦❦❡s (NS) ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❋❛❡❞♦ ●❛❧❡r❦✐♥✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ s②stè♠❡

❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❛✈❡❝ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❉✐r✐❝❤❧❡t✱ ♦ù ❧✬✐♥é❣❛❧✐té ❞❡ P♦✐♥❝❛ré ❥♦✉❡ ✉♥ rô❧❡ ✐♠✲

♣♦rt❛♥t✱ ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ✐❝✐ ❞❡s ✐♥é❣❛❧✐tés ♣♦✉r ❧❡s ❝❤❛♠♣s ❞❡ ✈❡❝t❡✉rs ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❧❡s

♦♣ér❛t❡✉rs curl ❡t div✳ ❊♥s✉✐t❡✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ♣❡rt✉r❜é ♣♦ssè❞❡ ❛✉ ♠♦✐♥s

✉♥❡ s♦❧✉t✐♦♥ (uε, pε) q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs (u, p) s♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ♥♦♥ ♣❡rt✉r❜é (NS) ❧♦rsq✉❡
ε t❡♥❞ ✈❡rs ③ér♦✳ ◆♦✉s t❡r♠✐♥♦♥s ♣❛r ✉♥❡ ❛♥❛❧②s❡ ❞✬❡rr❡✉r ♣♦✉r ❝❡tt❡ ♠ét❤♦❞❡✳

❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ♥♦✉s ét✉❞✐♦♥s ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ s②stè♠❡ (NS) ✈✐❛ ❧❛ ♠ét❤✲

♦❞❡ ❞❡ ♣s❡✉❞♦✲❝♦♠♣r❡ss✐❜✐❧✐té ✭✵✳✵✳✺✮✳ ❆♣rès ❛✈♦✐r ét❛❜❧✐ ❞❡s ❡st✐♠❛t✐♦♥s ❛ ♣r✐♦r✐ ♣♦✉r ❧❛ s♦✲

❧✉t✐♦♥ (uε, pε) ❞✉ ♣r♦❜❧è♠❡ ♣❡rt✉r❜é✱ ♥♦✉s ♠♦♥tr♦♥s ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❡♥tr❡ ❧❛ s♦❧✉t✐♦♥

(u, p) ❞✉ s②stè♠❡ (NS) ❡t (uε, pε)✳ ▲❛ ♣r❡✉✈❡ ❡st ❞♦♥♥é❡ ❡♥ ❞❡✉① ét❛♣❡s ✿ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r

♠♦♥tr❡r ✉♥❡ ❡st✐♠❛t✐♦♥ ♣♦✉r ❧❛ ♣❛rt✐❡ ❞✬❡rr❡✉r ✐♥tr♦❞✉✐t❡ ♣❛r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧✬♦♣ér❛t❡✉r

❧✐♥é❛✐r❡✳ ❊♥s✉✐t❡ ♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ❡st✐♠❛t✐♦♥ ♣♦✉r ❧❛ ♣❛rt✐❡ ❞✬❡rr❡✉r ❛ss♦❝✐é❡ ❛✉ t❡r♠❡ ♥♦♥

❧✐♥é❛✐r❡✳



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts ✷✵

P♦✉r t❡r♠✐♥❡r ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ s❝❤é♠❛ ❞✬♦r❞r❡ 2 ❡♥ t❡♠♣s ♣♦✉r ❛♣♣r♦❝❤❡r ❧❡ ♣r♦❜❧è♠❡

♣❡rt✉r❜é ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ♣s❡✉❞♦✲❝♦♠♣r❡ss✐❜✐❧✐té✳ ◆♦✉s ♠♦♥tr♦♥s ❧❛ st❛❜✐❧✐té ❞✉ s❝❤é♠❛

❛✐♥s✐ q✉✬✉♥❡ ❡st✐♠❛t✐♦♥ ❞✬❡rr❡✉r ❞✬♦r❞r❡ 2✳



❈❤❛♣t❡r ✶

▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s❡t ♦❢ R3 ♦❢ ❝❧❛ss C1,1✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥❝♦♠♣r❡ss✐❜❧❡ st❛t✐♦♥❛r② ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ✭▼❍❉✮ s②st❡♠✿ ✜♥❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u✱

t❤❡ ♣r❡ss✉r❡ P ✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b ❛♥❞ t❤❡ ❝♦♥st❛♥t ✈❡❝t♦r α = (α1, . . . , αI) s✉❝❤ t❤❛t ❢♦r

1 ≤ i ≤ I✿




− ν∆u+ (curlu)× u+∇P − κ(curl b)× b = f and divu = h in Ω,

κµ curl curl b− κ curl(u× b) = g and div b = 0 ✐♥ Ω,

u× n = ✵ and b× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + αi ♦♥ Γi,

〈u · n, 1〉Γi = 0, and 〈b · n, 1〉Γi = 0, ∀1 6 i 6 I

✭✶✳✶✳✶✮

✇❤❡r❡ Γ ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r② ❝♦♥♥❡❝t❡❞✳ ❍❡r❡ Γ =
⋃I

i=0 Γi ✇❤❡r❡ Γi

❛r❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ Γ ✇✐t❤ Γ0 t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② ✇❤✐❝❤ ❝♦♥t❛✐♥s Ω ❛♥❞ ❛❧❧

t❤❡ ♦t❤❡r ❜♦✉♥❞❛r✐❡s✳ ❲❡ ❞❡♥♦t❡ ❜② n t❤❡ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛❧ t♦ Γ✳ ❚❤❡ ❝♦♥st❛♥ts ν✱ µ ❛♥❞

κ ❛r❡ ❝♦♥st❛♥t ❦✐♥❡♠❛t✐❝✱ ♠❛❣♥❡t✐❝ ✈✐s❝♦s✐t② ❛♥❞ ❛ ❝♦✉♣❧✐♥❣ ♥✉♠❜❡r r❡s♣❡❝t✐✈❡❧②✳ ❲❡ r❡❢❡r

t♦ ❬✸✼✱ ✹✷❪ ❢♦r ❢✉rt❤❡r ❞✐s❝✉ss✐♦♥ ♦❢ t②♣✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡s❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ✈❡❝t♦r f ✱ g ❛♥❞

t❤❡ s❝❛❧❛r h ❛♥❞ P0 ❛r❡ ❣✐✈❡♥✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛ss✉♠❡ t❤❛t ν = µ = κ = 1 ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳

❯s✐♥❣ t❤❡ ✐❞❡♥t✐t② u · ∇u = (curlu)×u+ 1
2∇|u|2✱ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦♥❧✐♥❡❛r t❡r♠ u · ∇u ✐♥ t❤❡

◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐s r❡♣❧❛❝❡❞ ❜② (curlu)× u✳ ❚❤❡ ♣r❡ss✉r❡ P = p+ 1
2 |u|2 ✐s t❤❡♥ t❤❡

❇❡r♥♦✉❧❧✐ ✭♦r ❞②♥❛♠✐❝✮ ♣r❡ss✉r❡✱ ✇❤❡r❡ p ✐s t❤❡ ❦✐♥❡♠❛t✐❝ ♣r❡ss✉r❡✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ❛r❡ ✉s❡❞ ✐♥ ✈❛r✐♦✉s ♣❤②s✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❤②❞r❛✉❧✐❝

♥❡t✇♦r❦s✱ ❛s ♦✐❧ ❞✉❝ts✱ ♠✐❝r♦✢✉✐❞✐❝ ❝❤❛♥♥❡❧s ♦r t❤❡ ❜❧♦♦❞ ❝✐r❝✉❧❛t♦r② s②st❡♠✳ Pr❡ss✉r❡ ❞r✐✈❡♥

✢♦✇s ♦❝❝✉r ❛❧s♦ ✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❝❡r❡❜r❛❧ ✈❡♥♦✉s ♥❡t✇♦r❦ ❢r♦♠ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥✲

❣✐♦❣r❛♣❤✐❝ ✐♠❛❣❡s ♦❜t❛✐♥❡❞ ❜② ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ▼❍❉ s②st❡♠ ✭✶✳✶✳✶✮

✷✶



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✷✷

❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❜② ♠❛♥② ❛✉t❤♦rs✳ ❲❡ ♥♦t❡ t❤❛t ♠♦st ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡

♦❢t❡♥ ❣✐✈❡♥ ✇❤❡r❡ ❉✐r✐❝❤❧❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛r❡ ✐♠♣♦s❡❞✳ ❆t

❛ ❝♦♥t✐♥✉♦✉s ❧❡✈❡❧✱ ✇❡ ❝❛♥ r❡❢❡r✱ ❢♦r ❡①❛♠♣❧❡ t♦ ❬✶✵✸✱ ✾❪ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ r❡❣✉❧❛r✐t②

♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✳✶✮✱ t♦ ❬✺❪ ❢♦r t❤❡ ❣❧♦❜❛❧ s♦❧✈❛❜✐❧✐t② ♦❢ ✭✶✳✶✳✶✮ ✉♥❞❡r ♠✐①❡❞ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❋♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ♦❢ ✭✶✳✶✳✶✮✱ ❛ ❢❡✇ r❡❧❛t❡❞

❝♦♥tr✐❜✉t✐♦♥s ✐♥❝❧✉❞❡ ♠✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥ts ❬✺✻✱ ✽✻✱ ✺✶❪✱ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✜♥✐t❡ ❡❧❡♠❡♥ts

❬✽✶❪ ♦r ✐t❡r❛t✐✈❡ ♣❡♥❛❧t② ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❬✸✽❪ ❛♥❞ s♦ ♦♥✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✉♥❞❡r

t❤❡ ❢♦r♠ P = P0+αi ♦♥ Γi✱ i = 1, . . . , I ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✹✱ ✸✸❪ ❢♦r t❤❡ ❙t♦❦❡s ❛♥❞ t❤❡

◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠s ✐♥ st❡❛❞② ❤✐❧❜❡rt✐❛♥ ❝❛s❡✳ ❚❤❡ ❛✉t❤♦rs st✉❞✐❡❞ t❤❡ ❞✐✛❡r❡♥❝❡s αi − α0✱

i = 1 . . . I ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ ✉♥❦♥♦✇♥ ♣r❡ss✉r❡ ❞r♦♣ ♦♥ ✐♥✢♦✇ ❛♥❞ ♦✉t✢♦✇ s❡❝t✐♦♥s Γi ✐♥ ❛

♥❡t✇♦r❦ ♦❢ ♣✐♣❡s✳ ❚❤✐s ✇♦r❦ ✐s ❡①t❡♥❞❡❞ t♦ Lp✲t❤❡♦r② ❢♦r 1 < p <∞ ✐♥ ❬✶✹❪✳ ■♥ ♦✉r ✇♦r❦✱ ✇❡

st✉❞② t❤❡ ▼❍❉ s②st❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ ♣r❡ss✉r❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤ ♥♦ t❛♥❣❡♥t✐❛❧

✢♦✇ ❛♥❞ ♥♦ t❛♥❣❡♥t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❯♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✇✐t❤ t❤❡s❡ t②♣❡

♦❢ ❜♦♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤✐s ✇♦r❦ ✐s t❤❡ ✜rst ♦♥❡ t♦ ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ Lp✲t❤❡♦r② ❢♦r t❤❡ ▼❍❉

s②st❡♠ ✭✶✳✶✳✶✮ ♥♦t ♦♥❧② ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ p ≥ 2 ❜✉t ❛❧s♦ ❢♦r s♠❛❧❧ ✈❛❧✉❡s 3/2 < p < 2 ✐♥

Ω ⊂ R3 ❞♦♠❛✐♥ ✇✐t❤ ❛ ❜♦✉♥❞❛r② Γ ♥♦t ♥❡❝❡ss❛r② ❝♦♥♥❡❝t❡❞✳

❚❤❡s❡ r❡s✉❧ts ✇❡r❡ ❛♥♥♦✉♥❝❡❞ ✐♥ ❛ ❈❘❆❙ ♥♦t❡ ✐♥ ❈♦♠♣t❡s ❘❡♥❞✉s ▼❛t❤é♠❛t✐q✉❡ ❬✼✾❪✳

✶✳✷ ▼❛✐♥ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r✱ ❢♦r ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣

♥♦t❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞✿

❋♦r p ∈ [1,∞)✱ p′ ❞❡♥♦t❡s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p✱ ✐✳❡✳ 1
p′ = 1 − 1

p ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡

❢♦❧❧♦✇✐♥❣ s♣❛❝❡

❍ r,p(curl,Ω) := {✈ ∈ ▲r(Ω); curl ✈ ∈ ▲p(Ω)} , with
1

r
=

1

p
+

1

3
✭✶✳✷✳✶✮

❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖v‖❍ r,p(curl,Ω) = ‖v‖Lr(Ω) + ‖ curlv‖Lp(Ω).

❚❤❡ ❝❧♦s✉r❡ ♦❢ D(Ω) ✐♥ ❍ r,p(curl,Ω) ✐s ❞❡♥♦t❡❞ ❜② ❍ r,p
0 (curl,Ω) ✇✐t❤

❍
r,p
0 (curl,Ω) := {✈ ∈ ❍ r,p(curl,Ω); v × n = ✵ on Γ} .

❚❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ ❍ r,p
0 (curl,Ω) ✐s ❞❡♥♦t❡❞ ❜② [❍ r,p

0 (curl,Ω)]′ ❛♥❞ ✐ts ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s

❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛❧s♦ t❤❡ ❦❡r♥❡❧

K
p
N (Ω) = {v ∈ Lp(Ω); div v = 0, curlv = ✵, v × n = ✵ on Γ},



▼❛✐♥ r❡s✉❧ts ✷✸

✇❤✐❝❤ ✐s s♣❛♥♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥s ∇qNi ∈W 1,q(Ω) ❢♦r ❛♥② 1 < q <∞ ❬✶✺✱ ❈♦r♦❧❧❛r② ✹✳✷❪ ❛♥❞

qNi ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠




−∆qNi = 0 in Ω, qNi |Γ0 = 0 and qNi |Γk

= constant, 1 ≤ k ≤ I
〈
∂n q

N
i , 1

〉
Γk

= δi k, 1 ≤ k ≤ I, and
〈
∂n q

N
i , 1

〉
Γ0

= −1.
✭✶✳✷✳✷✮

❲❡ ✇✐❧❧ ✉s❡ t❤❡ s②♠❜♦❧ σ t♦ r❡♣r❡s❡♥t ❛ s❡t ♦❢ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❢✉♥❝t✐♦♥s✳ ❋♦r ❡①❡♠♣❧❡ t❤❡

s♣❛❝❡ Lp
σ(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ L

p(Ω) ✇✐t❤ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C ❛♥

✉♥s♣❡❝✐✜❡❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ Ω ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs

✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ✐❢ ♥❡❝❡ss❛r②✳

❚❤❡ ✜rst t❤❡♦r❡♠ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❍✐❧❜❡rt

s♣❛❝❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ▼❍❉ ♣r♦❜❧❡♠✿





− ∆u+ (curlu)× u+∇P − (curl b)× b = f and divu = h in Ω,

curl curl b− curl(u× b) = g and div b = 0 ✐♥ Ω,

u× n = ✵ and b× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + αi ♦♥ Γi,

〈u · n, 1〉Γi = 0 and 〈b · n, 1〉Γi = 0, ∀1 6 i 6 I

✭▼❍❉✮

❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❙✉❜s❡❝t✐♦♥ ✶✳✻✳✶ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✻✳✶✮✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥

∂Ω ✐s ♥♦t ❝♦♥♥❡❝t❡❞✱ t♦ ❡♥s✉r❡ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ ♣r♦❜❧❡♠ ✭▼❍❉✮✱ ✇❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ t❤❡

❝♦♥❞✐t✐♦♥s ❢♦r u ❛♥❞ b ♦♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts Γi✿ 〈u ·n, 1〉Γi = 0 and 〈b ·n, 1〉Γi = 0

❢♦r 1 ≤ i ≤ I✳ ✭❙❡❡ ❬✶✺❪ ❛♥❞ ❬✶✹❪ ❢♦r ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✮✳ ❖❢ ❝♦✉rs❡✱ ✐❢ ∂Ω

✐s ❝♦♥♥❡❝t❡❞✱ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦ ❧♦♥❣❡r ♥❡❝❡ss❛r②✳

❚❤❡♦r❡♠ ✶✳✷✳✶✳ ✭❲❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✭▼❍❉✮ s②st❡♠ ✐♥H1(Ω)✮✳ ▲❡t f , g ∈ [H6,2
0 (curl,Ω)]′✱

h = 0 ❛♥❞ P0 ∈ H− 1
2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

∀v ∈K2
N (Ω), 〈g,v〉Ω6,2

= 0, ✭✶✳✷✳✸✮

div g = 0 in Ω, ✭✶✳✷✳✹✮

✇❤❡r❡ 〈·, ·〉Ωr,p
❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [Hr,p

0 (curl,Ω)]′ ❛♥❞ Hr,p
0 (curl,Ω)✳ ❚❤❡♥

t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠ ❤❛s ❛t ❧❡❛st ♦♥❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P,α) ∈H1(Ω)×H1(Ω)×L2(Ω)×RI

s✉❝❤ t❤❛t

‖u‖H1(Ω) + ‖b‖H1(Ω) + ‖P‖L2(Ω) ≤M,

✇❤❡r❡M = C(‖f‖
[H6,2

0 (curl,Ω)]′
+‖g‖

[H6,2
0 (curl,Ω)]′

+‖P0‖H−1/2(Γ)) ❛♥❞ α = (α1, . . . , αI) ❞❡✜♥❡❞

❜②

αi = 〈f ,∇qNi 〉Ω6,2
−〈P0,∇qNi ·n〉Γ+

∫

Ω
(curl b)×b·∇qNi dx−

∫

Ω
(curlu)×u·∇qNi dx, ✭✶✳✷✳✺✮

✇❤❡r❡ 〈·, ·〉Γ ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H−1/2(Γ) ❛♥❞ H1/2(Γ)✳



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✷✹

■♥ ❛❞❞✐t✐♦♥✱ s✉♣♣♦s❡ t❤❛t f ✱ g ❛♥❞ P0 ❛r❡ s♠❛❧❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t

C1C
2
2M ≤ 2

3C2
P

, ✭✶✳✷✳✻✮

✇❤❡r❡ CP ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✶✳✸✳✻✮ ❛♥❞ C1✱ C2 ❛r❡ t❤❡ ❝♦♥st❛♥ts ❞❡✜♥❡❞ ✐♥ ✭✶✳✻✳✶✺✮✳ ❚❤❡♥

t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P ) ♦❢ ✭▼❍❉✮ ✐s ✉♥✐q✉❡✳

❚❤❡ ♥❡①t t✇♦ t❤❡♦r❡♠s ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐♥ W 1,p(Ω) ❢♦r p > 2

❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ✐♥ W 2,p(Ω) ❢♦r p ≥ 6/5✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ W 1,p(Ω) ❢♦r
3
2 < p < 2 ✐s ♥♦t tr✐✈✐❛❧✳ ❲❡ ✇✐❧❧ ♣r❡❝✐s❡ t❤✐s ❝❛s❡ ❧❛t❡r✳

❚❤❡♦r❡♠ ✶✳✷✳✷✳ ✭❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ W 1,p(Ω) ✇✐t❤ p > 2 ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠✮✳ ▲❡t p > 2✳

❙✉♣♣♦s❡ t❤❛t f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱ h = 0 ❛♥❞ P0 ∈ W 1− 1
r
,r(Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✶✳✷✳✹✮ ❛♥❞

∀v ∈Kp′

N (Ω), 〈g,v〉Ωr′,p′
= 0. ✭✶✳✷✳✼✮

❚❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶ s❛t✐s✜❡s

(u, b, P ) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω).

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 1,p(Ω)+‖b‖W 1,p(Ω)+‖P‖W 1,r(Ω)6C(‖f‖(Hr′,p′

0 (curl,Ω))′
+‖g‖

(Hr′,p′

0 (curl,Ω))′
+‖P0‖W 1/r′,r(Γ))

❚❤❡♦r❡♠ ✶✳✷✳✸✳ ✭❙tr♦♥❣ s♦❧✉t✐♦♥s ✐♥ W 2,p(Ω) ✇✐t❤ p ≥ 6
5 ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠✮✳ ▲❡t ✉s

s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1 ❛♥❞ p ≥ 6
5 ✳ ▲❡t f ✱ g ❛♥❞ P0 ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮ ❛♥❞

f ∈ Lp(Ω), g ∈ Lp(Ω), h = 0 and P0 ∈W
1− 1

p
,p
(Γ).

❚❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P ) ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶ ❜❡❧♦♥❣s t♦

W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω) 6 C(‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖
W

1− 1
p ,p

(Γ)
)

❲❡ r❡❢❡r t♦ ❚❤❡♦r❡♠ ✶✳✻✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✻✳✹ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉❧t✱ ✇❤❡r❡

✇❡ ✉s❡ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡ ❛♥❞ ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t ✉s✐♥❣ r❡❣✉❧❛r✐t②

r❡s✉❧ts ♦❢ s♦♠❡ ❙t♦❦❡s ❛♥❞ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✐♥ ❬✶✺❪ ❛♥❞ ❬✶✹❪✳

❚♦ ❞❡❛❧ ✇✐t❤ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✭▼❍❉✮ s②st❡♠ ✐♥W 1,p(Ω) ✇✐t❤ 3
2 < p < 2✱

✇❡ ♥❡❡❞ t♦ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ ❋✐♥❞ ✭u✱ b✱ P✱ c✮ ✇✐t❤ c = (c1, . . . , cI)

s✉❝❤ t❤❛t ❢♦r 1 ≤ i ≤ I✿




−∆u+ (curlw)× u+∇P− (curl b)× d = f and divu = h in Ω,

curl curl b− curl(u× d) = g and div b = 0 ✐♥ Ω,

u× n = ✵ and b× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi = 0, and 〈b · n, 1〉Γi = 0.

✭✶✳✷✳✽✮



▼❛✐♥ r❡s✉❧ts ✷✺

❚❤❡ ♥❡①t t❤❡♦r❡♠ ❣✐✈❡s ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠

✭✶✳✷✳✽✮

❚❤❡♦r❡♠ ✶✳✷✳✹✳ ✭❊①✐st❡♥❝❡ ♦❢ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠✮✳

❙✉♣♣♦s❡ t❤❛t

f , g ∈ [Hr′,p′

0 (curl,Ω)]′, P0 ∈W 1− 1
r
,r(Γ), h ∈W 1,r(Ω)

✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮✳

✭✶✮✳ ❋♦r ❛♥② p ≥ 2✱ ✐❢ curlw ∈ Ls(Ω)✱ d ∈W 1,s
σ (Ω) ✇❤❡r❡ s ✐s ❣✐✈❡♥ ❜②

s =
3

2
if 2 < p < 3, s >

3

2
if p = 3 and s = r if p > 3,

t❤❡♥ t❤❡ ❧✐♥❡❛r✐③❡❞ s②st❡♠ ✭✶✳✷✳✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ∈ W 1,p(Ω) ×W 1,p(Ω) ×
W 1,r(Ω)× RI ✇✐t❤ c = (c1, . . . , cI)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡✿

‖u‖W 1,p(Ω) + ‖b‖W 1,p(Ω) + ‖P‖W 1,r(Ω)≤C(1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω))
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′

+‖P0‖
W 1− 1

r
,r(Γ)

+‖g‖
[Hr′,p′

0 (curl,Ω)]
+(1+‖curlw‖Ls(Ω)+‖d‖W 1,s(Ω)) ‖h‖W 1,r(Ω)

)

✭✷✮✳ ▲❡t 3
2 < p < 2✳ ■❢ curlw ∈ L3/2(Ω) ❛♥❞ d ∈W 1,3/2

σ (Ω)✱ t❤❡♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✷✳✽✮ ❤❛s

❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω)×RI ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❡st✐♠❛t❡s✿

‖u‖W 1, p(Ω) + ‖b‖W 1, p(Ω) ≤ C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

+ ‖g‖
[Hr′,p′

0 (curl,Ω)]
+ (1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω)) ‖h‖W 1,r(Ω)

)

❛♥❞

‖P‖W 1,r(Ω) ≤ C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
2 ×

(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

+ ‖g‖
[Hr′,p′

0 (curl,Ω)]
+ (1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω)) ‖h‖W 1,r(Ω)

)
.

✭✸✮✳ ❆❧s♦ ❢♦r ❛♥② p ∈ (1, ∞)✱ ✐❢ Ω ✐s ♦❢ ❝❧❛ss C2,1✱ h = 0 ✐♥ Ω ❛♥❞

f ∈ Lp(Ω), g ∈ Lp(Ω), curlw ∈ L3/2(Ω), d ∈W 1,3/2(Ω), and P0 ∈W 1− 1
p ,p(Γ)

✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮✱ t❤❡♥ (u, b, P, c) ❜❡❧♦♥❣s t♦ W 2,p(Ω)×W 2,p(Ω)×
W 1,p(Ω)× RI ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿

‖u‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω) ≤ C(1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖W 1,3/2(Ω))

×
(
‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖

W
1− 1

p
,p
(Γ)

)

✇❤❡r❡ C = C(Ω, p) ✐❢ p ≥ 6/5 ❛♥❞ C = C(Ω, p)(1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖W 1,3/2(Ω)) ✐❢ 1 < p < 6/5✳

❲❡ r❡❢❡r t♦ ❚❤❡♦r❡♠ ✶✳✺✳✹✱ ❚❤❡♦r❡♠ ✶✳✺✳✼✱ ❚❤❡♦r❡♠ ✶✳✺✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✺✳✶✶ ❢♦r t❤❡

♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉❧ts✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦

s♦❧✉t✐♦♥s ✐♥ W 1,p(Ω) ✇✐t❤ 3/2 < p < 2✱ ✇❡ ✉s❡ ❛ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✳



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✷✻

❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ✇❡ ♣r♦✈❡❞ ♠♦r❡ ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡ r❡s✉❧ts ✐♥ ❈♦r♦❧❧❛r② ✶✳✺✳✶✵ ✇❤❡r❡ t❤❡

r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♣r❡ss✉r❡ ✐s ✐♠♣r♦✈❡❞ ❜② s✉♣♣♦s✐♥❣ ❛ ❞❛t❛ P0 ❧❡ss r❡❣✉❧❛r✳

❋✐♥❛❧❧②✱ t❤❡ ♥❡①t r❡s✉❧t s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✇✐t❤ 3/2 <

p < 2 ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ✭▼❍❉✮ ♣r♦❜❧❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✻✳✺✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❡ss❡♥t✐❛❧❧② ❜❛s❡❞

♦♥ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❛❜♦✈❡ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✷✳✽✮✳

❚❤❡♦r❡♠ ✶✳✷✳✺✳ ✭❘❡❣✉❧❛r✐t② W 1,p(Ω) ✇✐t❤ 3
2 < p < 2 ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠✮✳ ❆ss✉♠❡ t❤❛t

3
2 < p < 2 ❛♥❞ r ✇✐t❤ 1

r = 1
p + 1

3 ✳ ▲❡t ✉s ❝♦♥s✐❞❡r f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱ P0 ∈ W 1− 1
r
,r(Γ)

❛♥❞ h ∈W 1,r(Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✹✮ ❛♥❞ ✭✶✳✷✳✼✮✳

✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t δ1 s✉❝❤ t❤❛t✱ ✐❢

‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r ,r(Γ)

+ ‖h‖W 1,r(Ω) ≤ δ1

❚❤❡♥✱ t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠ ❤❛s ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ (u, b, P,α) ∈ W 1,p(Ω) × W 1,p(Ω) ×
W 1,r(Ω)× RI ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖u‖W 1,p(Ω)+‖b‖W 1,p(Ω)6C1

(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+‖g‖

[Hr′,p′

0 (curl,Ω)]′
+‖P0‖

W 1− 1
r ,r(Γ)

+‖h‖W 1,r(Ω)

) ✭✶✳✷✳✾✮

‖P‖W 1,r(Ω)6C1(1 + C∗η)
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+‖g‖

[Hr′,p′

0 (curl,Ω)]′
+‖P0‖

W 1− 1
r ,r(Γ)

+‖h‖W 1,r(Ω)

)
,

✭✶✳✷✳✶✵✮

✇❤❡r❡ δ1 = (2C2C∗)−1✱ C1 = C(1 + C∗η)2 ✇✐t❤ C > 0✱ C∗ > 0 ❛r❡ t❤❡ ❝♦♥st❛♥ts ❣✐✈❡♥ ✐♥

✭✶✳✻✳✷✺✮ ❛♥❞ η ❞❡✜♥❡❞ ❜② ✭✶✳✻✳✷✻✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ 1 6 i 6 I

αi = 〈f ,∇qNi 〉Ω −
∫

Ω
(curlw)× u · ∇qNi dx+

∫

Ω
(curl b)× d · ∇qNi dx+

∫

Γ
(h− P0)∇qNi · n dσ

✭✐✐✮ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ❞❛t❛ s❛t✐s❢② t❤❛t

‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r ,r(Γ)

+ ‖h‖W 1,r(Ω) ≤ δ2,

❢♦r s♦♠❡ δ2 ∈]0, δ1]✱ t❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭▼❍❉✮ ♣r♦❜❧❡♠ ✐s ✉♥✐q✉❡✳

✶✳✸ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

❇❡❢♦r❡ st✉❞②✐♥❣ t❤❡ ▼❍❉ ♣r♦❜❧❡♠ ✭▼❍❉✮✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❜❛s✐❝ ♥♦t❛t✐♦♥s ❛♥❞ s♣❡❝✐✜❝

❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ t♦ t❤✐s ❝❤❛♣t❡r✳ ■❢ ✇❡ ❞♦ ♥♦t st❛t❡ ♦t❤❡r✇✐s❡✱ Ω ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s

❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R3✱ ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r② ❝♦♥♥❡❝t❡❞✱ ♦❢ ❝❧❛ss ❛t ❧❡❛st C1,1 ❛♥❞

s♦♠❡t✐♠❡s ♦❢ ❝❧❛ss C2,1✳ ❲❡ ❞❡♥♦t❡ ❜② Γi✱ 0 ≤ i ≤ I✱ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ Γ✱ Γ0 ❜❡✐♥❣

t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ♦♥❧② ✉♥❜♦✉♥❞❡❞ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ R3\Ω✳
❚❤❡ ✈❡❝t♦r ✜❡❧❞s ❛♥❞ ♠❛tr✐① ✜❡❧❞s ❛s ✇❡❧❧ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡s ❛r❡ ❞❡♥♦t❡❞ ❜② ❜♦❧❞

❢♦♥t✳ ❲❡ ✇✐❧❧ ✉s❡ C t♦ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ Ω ❛♥❞ t❤❡



◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ✷✼

❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ✐❢ ♥❡❝❡ss❛r②✳ ❋♦r 1 < p <∞✱ Lp(Ω) ❞❡♥♦t❡s

t❤❡ ✉s✉❡❧ ✈❡❝t♦r✲✈❛❧✉❡❞ Lp✲s♣❛❝❡ ♦✈❡r Ω✳ ❆s ✉s✉❛❧✱ ✇❡ ❞❡♥♦t❡ ❜②W m,p(Ω) t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡

♦❢ ❢✉♥❝t✐♦♥s ✐♥ Lp(Ω) ✇❤♦s❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡s ♦❢ ♦r❞❡r ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ m ❛r❡ ❛❧s♦ ✐♥

Lp(Ω)✳ ■♥ t❤❡ ❝❛s❡ p = 2✱ ✇❡ s❤❛❧❧ ✇r✐t❡Hm(Ω) ✐♥st❡❛❞ t♦Wm,2(Ω)✳ ■❢ p ∈ [1,∞)✱ p′ ❞❡♥♦t❡s

t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p✱ ✐✳❡✳ 1
p′ = 1− 1

p ✳ ❲❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡s

Xp(Ω) = {v ∈ Lp(Ω); div v ∈ Lp(Ω), curlv ∈ Lp(Ω)},

✇❤✐❝❤ ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖v‖Xp(Ω) = ‖v‖Lp(Ω) + ‖curlv‖Lp(Ω) + ‖div v‖Lp(Ω) .

❚❤❡ s✉❜s♣❛❝❡s Xp
N (Ω) ❛♥❞ V p

N (Ω) ❛r❡ ❞❡✜♥❡❞ ❜②

X
p
N (Ω) = {v ∈ Lp(Ω); div v ∈ Lp(Ω), curlv ∈ Lp(Ω), v × n = ✵ onΓ},

V
p
N (Ω) = {v ∈Xp

N (Ω); div v = 0 inΩ}.

❲❤❡♥ p = 2✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ XN (Ω) ✐♥st❡❛❞ t♦ X2
N (Ω)✳ ❲❡ ❞❡♥♦t❡ ❜② D(Ω) t❤❡ s❡t

♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✭✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡✮ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω✳ ❋♦r p, r ∈ [1,∞)✱

✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡

❍ r,p(curl,Ω) := {✈ ∈ ▲r(Ω); curl ✈ ∈ ▲p(Ω)} , with
1

r
=

1

p
+

1

3
✭✶✳✸✳✶✮

❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖v‖❍ r,p(curl,Ω) = ‖v‖Lr(Ω) + ‖ curlv‖Lp(Ω).

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t D(Ω) ✐s ❞❡♥s❡ ✐♥ ❍ r,p(curl,Ω) ✭❝❢✳ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✷❪ ❢♦r t❤❡ ❝❛s❡

r = p✮✳ ❚❤❡ ❝❧♦s✉r❡ ♦❢ D(Ω) ✐♥ ❍ r,p(curl,Ω) ✐s ❞❡♥♦t❡❞ ❜② ❍ r,p
0 (curl,Ω) ✇✐t❤

❍
r,p
0 (curl,Ω) := {✈ ∈ ❍ r,p(curl,Ω); v × n = ✵ on Γ} .

D(Ω) ✐s ❞❡♥s❡ ✐♥ ❍ r,p
0 (curl,Ω) ❛♥❞ ✐ts ❞✉❛❧ s♣❛❝❡ ❞❡♥♦t❡❞ ❜② [❍ r,p

0 (curl,Ω)]′ ❝❛♥ ❜❡ ❝❤❛r✲

❛❝t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s ✭❝❢✳ ❬✶✹✱ ▲❡♠♠❛ ✷✳✹❪✱ ❬✶✹✱ ▲❡♠♠❛ ✷✳✺❪ ❛♥❞ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✻❪ ❢♦r t❤❡

❝❛s❡ r = p✮✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❆ ❞✐str✐❜✉t✐♦♥ f ❜❡❧♦♥❣s t♦ [❍ r,p
0 (curl,Ω)]′ ✐✛ t❤❡r❡ ❡①✐sts F ∈ Lr′(Ω)

❛♥❞ ψ ∈ Lp′(Ω) s✉❝❤ t❤❛t f = F + curlψ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ✿

‖f‖[❍ r,p
0 (curl,Ω)]′ ≤ inf

f=F+curlψ
max{‖F ‖

Lr′ (Ω)
, ‖ψ‖

Lp′ (Ω)
}.

◆❡①t ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❦❡r♥❡❧

K
p
N (Ω) = {v ∈ Lp(Ω); div v = 0, curlv = ✵, v × n = ✵ on Γ}.



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✷✽

❚❤❛♥❦s t♦ ❬✶✺✱ ❈♦r♦❧❧❛r② ✹✳✷❪✱ ✇❡ ❦♥♦✇ t❤❛t t❤✐s ❦❡r♥❡❧ ✐s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ s♣❛♥♥❡❞ ❜②

t❤❡ ❢✉♥❝t✐♦♥s ∇qNi ✱ 1 ≤ i ≤ I✱ ✇❤❡r❡ qNi ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠




−∆qNi = 0 in Ω, qNi |Γ0 = 0 and qNi |Γk

= constant, 1 ≤ k ≤ I
〈
∂n q

N
i , 1

〉
Γk

= δi k, 1 ≤ k ≤ I, and
〈
∂n q

N
i , 1

〉
Γ0

= −1.
✭✶✳✸✳✷✮

▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥s ∇qNi ✱ 1 ≤ i ≤ I✱ ❜❡❧♦♥❣ t♦ W 1,q(Ω) ❢♦r ❛♥② 1 < q < ∞✳ ❲❡ ✇✐❧❧ ✉s❡

❛❧s♦ t❤❡ s②♠❜♦❧ σ t♦ r❡♣r❡s❡♥t ❛ s❡t ♦❢ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❢✉♥❝t✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ X ✐s ❛

❇❛♥❛❝❤ s♣❛❝❡✱ t❤❡♥ Xσ = {v ∈X; div v = 0 inΩ}✳
❲❡ r❡❝❛❧❧ s♦♠❡ ✉s❡❢✉❧ r❡s✉❧ts t❤❛t ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢

s♦❧✉t✐♦♥s ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭s❡❡ ❬✶✺✱ ❚❤❡♦r❡♠ ✸✳✷✳❪✮

❚❤❡♦r❡♠ ✶✳✸✳✶✳ ❚❤❡ s♣❛❝❡ ❳ p
N (Ω) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ ❲ 1,p(Ω) ❛♥❞ t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t C✱ s✉❝❤ t❤❛t ❢♦r ❛♥② ✈ ✐♥ ❳p
N (Ω)✿

‖✈‖
❲

1,p(Ω) ≤ C
(
‖✈‖▲p(Ω) + ‖ div ✈‖Lp(Ω) + ‖curl ✈‖▲p(Ω) +

I∑

i=1

|〈✈ · ♥, 1〉Γi |
)
. ✭✶✳✸✳✸✮

❆♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② ✭s❡❡ ❬✶✺✱ ❈♦r♦❧❧❛r② ✺✳✸❪✮

❈♦r♦❧❧❛r② ✶✳✸✳✷✳ ▲❡t m ∈ N∗ ❛♥❞ Ω ♦❢ ❝❧❛ss Cm,1✳ ❚❤❡♥ t❤❡ s♣❛❝❡

❳m,p(Ω)={✈∈▲p(Ω); div ✈∈W m−1,p(Ω), curl ✈∈❲m−1,p(Ω), ✈ · ♥∈❲m− 1
p
,p
(Γ)}

✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ ❲m,p(Ω) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ✈

✐♥ ❲m,p(Ω)✱

‖✈‖❲m,p(Ω)≤C
(
‖✈‖▲p(Ω)+‖curl ✈‖❲m−1,p(Ω)+‖ div ✈‖W m−1,p(Ω)+‖✈× ♥‖

❲
m−

1
p ,p

(Γ)

)
✭✶✳✸✳✹✮

❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭❝❢✳ ❬✶✺✱ ❈♦r♦❧❧❛r② ✸✳✷❪✮ ✇❤✐❝❤ ❣✐✈❡s ❛ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②

❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ∈W 1,p(Ω) ✇✐t❤ v × n = ✵ ♦♥ Γ✳

❈♦r♦❧❧❛r② ✶✳✸✳✸✳ ❖♥ t❤❡ s♣❛❝❡ ❳p
N (Ω)✱ t❤❡ s❡♠✐♥♦r♠

✈ 7→ ‖curl ✈‖▲p(Ω) + ‖div ✈‖Lp(Ω) +
I∑

i=1

|〈✈ · ♥, 1〉Γi | ✭✶✳✸✳✺✮

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖ · ‖❳p(Ω) ❢♦r ❛♥② 1 < p < ∞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ∈W 1,p(Ω) ✇✐t❤ v × n = ✵ ♦♥ Γ✿

‖v‖W 1,p(Ω) ≤ CP

(
‖div v‖Lp(Ω) + ‖curlv‖Lp(Ω) +

I∑

i=1

|〈✈ · ♥, 1〉Γi |
)
, ✭✶✳✸✳✻✮

✇❤❡r❡ CP = CP(Ω) > 0✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥♦r♠ ✭✶✳✸✳✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢✉❧❧ ♥♦r♠ ‖ · ‖W 1,p(Ω)

♦♥ Xp
N (Ω)✳



◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ✷✾

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❙t♦❦❡s ♣r♦❜❧❡♠✿

(SN )





− ∆u+∇P = f and divu = h in Ω,

u× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi = 0, 1 ≤ i ≤ I.

❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❛t ✐♥ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✼❪ t♦ t❤❡ ❝❛s❡ ♦❢

♥♦♥✲③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭h 6= 0✮✳ ■t ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢

t❤❡ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN )✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✳ ❲❡ ❛ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C 2,1✳ ▲❡t ❢✱ h ❛♥❞ P0 s✉❝❤ t❤❛t

❢ ∈ [❍ r′,p′

0 (curl, Ω)]′, h ∈W 1,r(Ω) and P0 ∈W 1−1/r,r(Γ),

✇✐t❤ r ≤ p ❛♥❞ 1
r ≤ 1

p +
1
3 ✳ ❚❤❡♥✱ t❤❡ ♣r♦❜❧❡♠ (SN ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (✉, P ) ∈❲ 1,p(Ω)×

W 1,r(Ω) ❛♥❞ ❝♦♥st❛♥ts c1, . . . , cI s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖✉‖
❲

1,p(Ω) + ‖P‖W 1,r(Ω) ≤ C
(
‖ ❢ ‖

[❍ r′,p′

0 (curl,Ω)]′
+ ‖h‖W 1,r(Ω) + ‖P0‖W 1−1/r,r(Γ)

)
, ✭✶✳✸✳✼✮

❛♥❞ c1, . . . , cI ❛r❡ ❣✐✈❡♥ ❜②

ci = 〈❢, ∇ qNi 〉
[❍ r′,p′

0 (curl,Ω)]′×❍ r′,p′

0 (curl,Ω)
+

∫

Γ
(h− P0)∇ qNi · ♥ dσ. ✭✶✳✸✳✽✮

▼♦r❡♦✈❡r✱ ✐❢ f ∈ Lp(Ω)✱ h ∈W 1,p(Ω) ❛♥❞ P0 ∈W
1− 1

p
,p
(Γ)✱ t❤❡♥ (u, P ) ❜❡❧♦♥❣s t♦W 2,p(Ω)×

W 1,p(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖u‖W 2,p(Ω) + ‖P‖W 1,p(Ω) 6 CS

(
‖f‖Lp(Ω) + ‖h‖W 1,p(Ω) + ‖P0‖

W
1− 1

p ,p
(Γ)

+
I∑

i=1

|ci|
)
, ✭✶✳✸✳✾✮

✇❤❡r❡ CS = CS(Ω) > 0✳

Pr♦♦❢✳ ❚♦ r❡❞✉❝❡ t❤❡ ♥♦♥ ✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠ (SN ) t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ divu = 0 ✐♥

Ω✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠

∆ θ = h inΩ and θ = 0 onΓ.

❙✐♥❝❡ h ∈W 1,r(Ω)✱ ✐t ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ θ ∈W 3,r(Ω) →֒W 2,p(Ω)✱ ✇✐t❤ ✭❝❢✳ ❬✹✻✱ ❚❤❡♦r❡♠

✶✳✽❪✮

‖θ‖W 2,p(Ω) ≤ C‖h‖W 1,r(Ω). ✭✶✳✸✳✶✵✮

❚❛❦✐♥❣ ✇ = ∇ θ ❛♥❞ ❞❡✜♥✐♥❣

✇̃ = ✇ −
I∑

i=1

〈✇ · ♥ , 1〉Γi grad q
N
i , ✭✶✳✸✳✶✶✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✵

✇❡ s❡❡ t❤❛t ✇̃ ∈❲ 1,p(Ω) ✇✐t❤ div ✇̃ = h✱ curl ✇̃ = 0 ✐♥ Ω✱ ✇̃×♥ = 0 ♦♥ Γ ❛♥❞ 〈✇̃ ·♥ , 1〉Γi =

0 ❢♦r ❛♥② 1 ≤ i ≤ I✳ ❋✐♥❛❧❧②✱ t❛❦✐♥❣ ③ = ✉ − ✇̃ ✱ ✇❡ s❡❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ (SN ) ❝❛♥ ❜❡ r❡❞✉❝❡❞

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ❢♦r ③ ❛♥❞ P ✿





− ∆z +∇P = f +∆w̃ and div z = 0 in Ω,

z × n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈z · n, 1〉Γi = 0, 1 ≤ i ≤ I.

✭✶✳✸✳✶✷✮

❙✐♥❝❡ ✇ = ∇ θ ❛♥❞ ∆(∇qNi ) = 0✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✸✳✶✶✮ t❤❛t ∆ ✇̃ = ∇ (∆θ) ∈ Lr(Ω) →֒
[❍ r′,p′

0 (curl, Ω)]′ ❛♥❞
∫
Ω∆w̃ · ∇qNi dx = 0✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✼❪✱ t❤❡ ❡①✐st❡♥❝❡

♦❢ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (z, P, c) ∈ W 1,p(Ω) × W 1,r(Ω) × RI ♦❢ ✭✶✳✸✳✶✷✮ ✇✐t❤ c = (c1, . . . , cI)

❣✐✈❡♥ ❜② ✭✶✳✸✳✽✮✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✶✳✸✳✶✵✮✱ ✇❡ ❤❛✈❡ ‖∆w̃‖
[Hr′,p′

0 (curl,Ω)]′
≤ C ‖h‖W 1,r(Ω) ❛♥❞

t❤❡♥ (z, P ) s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿

‖③‖
❲

1,p(Ω) + ‖P‖W 1,r(Ω) ≤ C
(
‖❢ ‖

[❍ r′,p′

0 (curl,Ω)]′
+ ‖h‖W 1,r(Ω) + ‖P0‖W 1−1/r,r(Γ)

)
.✭✶✳✸✳✶✸✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ (✉ , P ) = (③ + ✇̃ , P ) ∈❲ 1,p(Ω)×W 1,r(Ω) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ (SN )

❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✶✳✸✳✼✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✸✳✶✵✮ ❛♥❞ ✭✶✳✸✳✶✸✮✳

◆♦✇✱ ✇❡ s✉♣♣♦s❡ t❤❛t f ∈ Lp(Ω)✱ h ∈ W 1,p(Ω) ❛♥❞ P0 ∈ W 1−1/p,p(Γ)✳ ❲❡ ❦♥♦✇ t❤❛t (u, P )

❜❡❧♦♥❣s t♦ W 1,p(Ω)×W 1,r(Ω)✳ ❲❡ s❡t z = curlu✳ ❙✐♥❝❡ u× n = ✵ ♦♥ Γ✱ ✇❡ ❤❛✈❡ z · n = 0

♦♥ Γ ❛♥❞ t❤❡♥ z ❜❡❧♦♥❣s t♦ XN (Ω)✳ ❇② ❚❤❡♦r❡♠ ✶✳✸✳✶✱ t❤❡ ❢✉♥❝t✐♦♥ z ❜❡❧♦♥❣s t♦ W 1,p(Ω)✳

❚❤❡♥✱ u s❛t✐s✜❡s

u ∈ Lp(Ω), divu = h ∈W 1,p(Ω), curlu ∈W 1,p(Ω) and u× n = ✵ on Γ.

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❈♦r♦❧❧❛r② ✶✳✸✳✷ ✭✇✐t❤ m = 2✮ t❤❛t u ❜❡❧♦♥❣s t♦ W 2,p(Ω)✳

❲❡ ♥❡❡❞ ❛❧s♦ s♦♠❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠

(EN )





−∆b = g and div b = 0 in Ω,

b× n = ✵ onΓ

〈b · n, 1〉Γi = 0, ∀1 6 i 6 I,

✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❙t♦❦❡s ♣r♦❜❧❡♠ ✇✐t❤♦✉t ♣r❡ss✉r❡✳ ❲❡ ♥♦t❡ t❤❛t (EN ) ✐s ✇❡❧❧✲♣♦s❡❞✳

■♥❞❡❡❞✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ div g = 0 ✐♥ Ω ✐s ♥❡❝❡ss❛r② t♦ s♦❧✈❡ (EN ) ❛♥❞ t❤❡♥ ✇❡ ❝❛♥

✈❡r✐❢② t❤❛t ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





−∆ ❜ = g in Ω

div ❜ = 0, and ❜ × ♥ = ✵ onΓ,

〈b · n, 1〉Γi = 0, ∀1 6 i 6 I,

✭✶✳✸✳✶✹✮



◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ✸✶

✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣❧❛❝❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ div ❜ = 0 ✐♥ Ω ❜② div ❜ = 0 ♦♥ Γ✳ ◆❡①t✱ ✇❡ ❦♥♦✇ t❤❛t

❢♦r ❛♥② ❜ ∈❲ 1,p(Ω) s✉❝❤ t❤❛t div ❜ ∈W 1,p(Ω)✱ ✇❡ ❤❛✈❡ ✭❝❢✳ ❬✶✵❪ ♦r ❬✺✺❪ ❢♦r ❜ ∈❲ 2,p(Ω)✮✿

div ❜ = divΓ ❜t +
∂ ❜

∂ ♥
· ♥ − 2K❜ · ♥ on Γ, ✭✶✳✸✳✶✺✮

✇❤❡r❡ bt ✐s t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ b✱ K ❞❡♥♦t❡s t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ Γ ❛♥❞ divΓ ✐s

t❤❡ s✉r❢❛❝❡ ❞✐✈❡r❣❡♥❝❡✳

❚❤❡♥✱ ✉s✐♥❣ ✭✶✳✸✳✶✺✮✱ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✸✳✶✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦✿ ✜♥❞ ❜ ∈❲ 1,p(Ω) s✉❝❤ t❤❛t





−∆ ❜ = g inΩ,

❜ × ♥ = 0 and
∂ ❜

∂ ♥
· ♥ − 2K❜ · ♥ = 0 onΓ,

〈b · n, 1〉Γi = 0, ∀1 6 i 6 I,

✭✶✳✸✳✶✻✮

✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥
∂ ❜

∂ ♥
· ♥ − 2K❜ · ♥ = 0 onΓ ✐s ❛ ❋♦✉r✐❡r✲❘♦❜✐♥ t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳

❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② r❡s✉❧t ❢♦r (EN ) ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✺✱ ❈♦r♦❧❧❛r②

✺✳✹✳❪✳

❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❆ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1✳ ▲❡t g ∈ Lp(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥s

∀v ∈Kp′

N (Ω),

∫

Ω
g · v dx = 0, ✭✶✳✸✳✶✼✮

div g = 0 inΩ. ✭✶✳✸✳✶✽✮

❚❤❡♥ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ b ∈W 2,p(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡

‖b‖W 2,p(Ω) 6 CE ‖g‖Lp(Ω) . ✭✶✳✸✳✶✾✮

❲❡ ♥❡❡❞ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ r❡s✉❧t ❢♦r (EN ) ✇❤✐❝❤ ❣✐✈❡s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❛t ✐♥

❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶❪✳ ■♥❞❡❡❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✉❛❧ s♣❛❝❡ [Hr′,p′

0 (curl,Ω)]′ ✇✐t❤ 1
r = 1

p +
1
3 ✭❝✳❢✳

✭✶✳✸✳✶✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✭✶✳✸✳✶✮✮ ❢♦r ❞❛t❛ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥st❡❛❞ ♦❢ [Hp′,p′

0 (curl,Ω)]′✳

▲❡♠♠❛ ✶✳✸✳✹✳ ▲❡t Ω ♦❢ ❝❧❛ss C2,1✳ ▲❡t g ∈ [Hr′,p′

0 (curl,Ω)]′ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥s

∀v ∈Kp′

N (Ω), 〈g,v〉
[Hr′,p′

0 (curl,Ω)]′×Hr′,p′

0 (curl,Ω)
= 0, ✭✶✳✸✳✷✵✮

div g = 0 inΩ. ✭✶✳✸✳✷✶✮

❚❤❡♥✱ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ b ∈W 1,p(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖b‖W 1,p(Ω) 6 C ‖g‖
[Hr′,p′

0 (curl,Ω)]′
✭✶✳✸✳✷✷✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✷

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ s♣❛❝❡ [Hr′,p′

0 (curl,Ω)]′ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥

✶✳✸✳✶✱ ✇❡ ❝❛♥ ✇r✐t❡ g ❛s✿

g = G+ curlΨ, where G ∈ Lr(Ω) and Ψ ∈ Lp(Ω). ✭✶✳✸✳✷✸✮

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✶✳✸✳✷✮✱ ❢♦r ❛♥② 1 6 i 6 I✱ 〈curlΨ,∇qNi 〉Ω = 0✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✸✳✷✵✮

❛♥❞ ✭✶✳✸✳✷✸✮ t❤❛t G ❛❧s♦ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✸✳✷✵✮✳ ❙✐♠✐❧❛r❧②✱ ❜② ✭✶✳✸✳✷✸✮✱

✇❡ ❤❛✈❡ divG = 0✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿




−∆b1 = G inΩ and div b1 = 0 inΩ,

b1 × n = 0 onΓ,

〈b1 · n, 1〉Γi = 0, ∀1 6 i 6 I

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ b1 ∈W 2,r(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖b1‖W 2,r(Ω) 6 C ‖G‖Lr(Ω) . ✭✶✳✸✳✷✹✮

◆❡①t✱ s✐♥❝❡ curlΨ ∈ [Hp′

0 (curl,Ω)]
′ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✸✳✷✵✮✱ ❜② ❬✶✺✱

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠





−∆b2 = curlΨ inΩ and div b2 = 0 inΩ,

b2 × n = 0 onΓ,

〈b2 · n, 1〉Γi = 0, ∀1 6 i 6 I

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ b2 ∈W 1,p(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖b2‖W 1,p(Ω) 6 C ‖curlΨ‖Lp(Ω) . ✭✶✳✸✳✷✺✮

❙✐♥❝❡ 1
r = 1

p + 1
3 ✱ W

2,r(Ω) →֒W 1,p(Ω)✳ ❚❤❡♥✱ b = b1 + b2 ❜❡❧♦♥❣s t♦ W 1,p(Ω) ❛♥❞ ✐t ✐s t❤❡

✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ (EN )✳ ❚❤❡ ❡st✐♠❛t❡ ✭✶✳✸✳✷✷✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✸✳✷✹✮ ❛♥❞ ✭✶✳✸✳✷✺✮✳

❘❡♠❛r❦ ✶✳✸✳✹✳

✭✶✮✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉❧❛r✐t② C2,1 ✐♥ ▲❡♠♠❛ ✶✳✸✳✹ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ C1,1✳ ■♥❞❡❡❞✱ ✇❡

❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (EN ) ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢r♠✉❧❛t✐♦♥

✭❝✳❢✳ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶❪✮✿ ❋✐♥❞ b ∈W 1,p(Ω) s✉❝❤ t❤❛t ❢♦r ❛♥② a ∈ V p′

N (Ω)✿

∫

Ω
curl b · curla dx = 〈g, a〉

[Hr′,p′

0 (curl,Ω)]′×Hr′,p′

0 (curl,Ω)
. ✭✶✳✸✳✷✻✮

❚❤❛♥❦s t♦ ❬✶✺✱ ▲❡♠♠❛ ✺✳✶❪✱ ✐❢ Ω ✐s ♦❢ ❝❧❛ss C1,1✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✜✲s✉♣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿ t❤❡r❡

❡①✐sts ❛ ❝♦♥st❛♥t β > 0✱ s✉❝❤ t❤❛t✿

inf
❛∈❱ p′

N (Ω)
❛ 6=0

sup
❜∈❱ p

N (Ω)
❜6=0

∫
Ω curl ❜ · curl❛ d①

‖❜‖
❲

1,p(Ω)‖❛‖❲ 1,p′ (Ω)

≥ β. ✭✶✳✸✳✷✼✮



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L2✲t❤❡♦r② ✸✸

❙♦✱ ♣r♦❜❧❡♠ ✭✶✳✸✳✷✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ V p
N (Ω) ⊂W 1,p(Ω) s✐♥❝❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s

❞❡✜♥❡s ❛♥ ❡❧❡♠❡♥t ♦❢ (V p
N (Ω))′✳

✭✷✮✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ st✉❞② ♦❢ t❤❡ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ t❤❡ ♣r❡ss✉r❡ P ✐s

♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ ❛ ✈❛r✐❛♥t ♦❢ ❉❡ ❘❤❛♠✬s t❤❡♦r❡♠ ✭s❡❡ ❬✶✵✱ ❚❤❡♦r❡♠ ✷✳✽❪✮✳ ■♥❞❡❡❞✱ ❧❡t

Ω ⊂ R3 ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ❛♥❞ f ∈W−1,p(Ω)✱ 1 < p <∞ s❛t✐s❢②✐♥❣

∀v ∈ Dσ(Ω), 〈f ,v〉D′(Ω)×D(Ω) = 0.

❚❤❡♥ t❤❡r❡ ❡①✐sts P ∈ Lp(Ω) s✉❝❤ t❤❛t f = ∇P ✳ ❯♥❧✐❦❡ t❤❡ ❝❛s❡ ♦❢ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r❡ss✉r❡ ✐♥ t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✈❡❧♦❝✐t② u

❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b✳ ■♥❞❡❡❞✱ t❤❡ ♣r❡ss✉r❡ P ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠



∆P = div f − div((curlw)× u) + div((curl b)× d) in Ω

P = P0 on Γ0 and P = P0 + αi on Γi.

❙♦✱ ✇❤❡♥ ✇❡ t❛❧❦ ❛❜♦✉t t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω) ♦r W 2,p(Ω) ✐t ❝♦♥❝❡r♥s (u, b) ❛♥❞ ✇❡ ♠❡❛♥

t❤❛t (u, b, P ) ✐s t❤❡ ✇❡❛❦ ♦r str♦♥❣ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠✳

✶✳✹ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L2✲t❤❡♦r②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ t❛❦❡ w ❛♥❞ d s✉❝❤ t❤❛t✿

curlw ∈ L3/2(Ω), d ∈ L3(Ω), div d = 0 in Ω, ✭✶✳✹✳✶✮

❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ ❋✐♥❞ ✭u✱ b✱ P✱ c✮ ✇✐t❤ c = (c1, . . . , cI)

s✉❝❤ t❤❛t ❢♦r 1 ≤ i ≤ I✿




−∆u+ (curlw)× u+∇P− (curl b)× d = f and divu = h in Ω,

curl curl b− curl(u× d) = g and div b = 0 ✐♥ Ω,

u× n = ✵ and b× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi = 0, and 〈b · n, 1〉Γi = 0.

✭✶✳✹✳✷✮

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇✱ ✉♥❞❡r ♠✐♥✐♠❛❧ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ f ✱ g✱ h ❛♥❞ P0✱

t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s (u, b, P, c) ✐♥H1(Ω)×H1(Ω)×L2(Ω)×RI ✳

❈❧❛ss✐❝❛❧❧②✱ t❤❡ ✐❞❡❛ ✐s t♦ ✇r✐t❡ ❛♥ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ✉s❡ ▲❛① ▼✐❧❣r❛♠ ✐❢

t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✐s ❝♦❡r❝✐✈❡✳ ■t ✐s ♥❛t✉r❛❧ t♦ ❧♦♦❦ ❢♦r

❛ s♦❧✉t✐♦♥ (u, b) ✐♥ V N (Ω)× V N (Ω) ✇✐t❤

V N (Ω) := {v ∈H1(Ω); div v = 0 ✐♥Ω, v × n = 0 ♦♥Γ, 〈v · n, 1〉Γi = 0, ∀1 6 i 6 I}.



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✹

❯♥❧✐❦❡ t❤❡ ❝❛s❡ ♦❢ ❉✐r✐❝❤❧❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ s♣❛❝❡ H−1(Ω) ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r

s♦✉r❝❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t♦ ✜♥❞ s♦❧✉t✐♦♥s ✐♥ H1(Ω)✳ ▲❡t ✉s ❛♥❛❧②s❡ t❤❡ ❝❛s❡

♦❢ f ✱ ✐t ❤♦❧❞s tr✉❡ ❛❧s♦ ❢♦r g✳ ❙✐♥❝❡ v ∈ V N (Ω)✱ t❤❡♥ ✇❡ ❝❛♥ ✜rst❧② ❝♦♥s✐❞❡r t❤❡ ❞✉❛❧✐t②

♣❛✐r✐♥❣ 〈f , v〉
[H2,2

0 (curl,Ω)]′×H2,2
0 (curl,Ω)

✐♥ ✈✐❡✇ t♦ ✇r✐t❡ ❛♥ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛✲

t✐♦♥✳ ❚❤❡♥✱ ✇❡ ♠✉st s✉♣♣♦s❡ t❤❛t f ❜❡❧♦♥❣s t♦ [H2,2
0 (curl,Ω)]′✳ ❇✉t✱ ✇❡ ❤❛✈❡ v ❜❡❧♦♥❣s

t♦ H1(Ω) →֒ L6(Ω)✳ ❚❤❡♥✱ t❤❡ ♣r❡✈✐♦✉s ❤②♣♦t❤❡s✐s ♦♥ f ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡

s♣❛❝❡ [H6,2
0 (curl,Ω)]′ ✇❤✐❝❤ ✐s ❛ s✉❜s♣❛❝❡ ♦❢ H−1(Ω)✳ ■♥❞❡❡❞✱ t❤❛♥❦s t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✱ ✇❡ ❤❛✈❡ ❢♦r r = 6 ❛♥❞ p = 2✱

[H6,2
0 (curl,Ω)]′ = {F + curlψ; F ∈ L6/5(Ω), ψ ∈ L2(Ω)}. ✭✶✳✹✳✸✮

❚❤❡♥✱ s✐♥❝❡ V N (Ω) →֒H
6,2
0 (curl,Ω)✱ t❤❡ ♣r❡✈✐♦✉s ❞✉❛❧✐t② ✐s r❡♣❧❛❝❡❞ ❜②

〈f , v〉
[H6,2

0 (curl,Ω)]′×H6,2
0 (curl,Ω)

=

∫

Ω
F · v dx+

∫

Ω
ψ · curlv dx.

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡ [H6,2
0 (curl,Ω)]′ ❢♦r f ❛♥❞ g t♦ ♦❜t❛✐♥ s♦❧✉t✐♦♥s ✐♥

H1(Ω)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✳ ▲❡t ✉s s✉♣♣♦s❡ h = 0✳ ▲❡t f , g ∈ [H6,2
0 (curl,Ω)]′ ❛♥❞ P0 ∈ H− 1

2 (Γ) ✇✐t❤

t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

∀v ∈K2
N (Ω), 〈g,v〉Ω6,2

= 0, ✭✶✳✹✳✹✮

div g = 0 onΩ, ✭✶✳✹✳✺✮

✇❤❡r❡ 〈·, ·〉Ω6,2
❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [H6,2

0 (curl,Ω)]′ ❛♥❞ H6,2
0 (curl,Ω)✳

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❋✐♥❞ (u, b, P, c) ∈H1(Ω)×H1(Ω)× L2(Ω)× RI s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳

✭✐✐✮ ❋✐♥❞ (u, b) ∈ V N (Ω)× V N (Ω) ❛♥❞ c ∈ RI s✉❝❤ t❤❛t✿ ❢♦r ❛❧❧ (v,Ψ) ∈ V N (Ω)× V N (Ω)

∫

Ω

curlu · curlv dx+

∫

Ω

(curlw)× u · v dx−
∫

Ω

(curl b)× d · v dx+

∫

Ω

curl b · curlΨ dx

+

∫

Ω

(curlΨ)× d · u dx = 〈f ,v〉Ω
6,2

+ 〈g,Ψ〉Ω
6,2

− 〈P0,v · n〉Γ0 −
I∑

i=1

〈P0 + ci,v · n〉Γi ✭✶✳✹✳✻✮

❛♥❞ c = (c1, · · · , cI) s❛t✐s❢②✐♥❣ ❢♦r 1 ≤ i ≤ I✿

ci = 〈f ,∇qNi 〉Ω
6,2

− 〈P0,∇qNi · n〉Γ −
∫

Ω

(curlw)× u · ∇qNi dx+

∫

Ω

(curl b)× d · ∇qNi dx, ✭✶✳✹✳✼✮

✇❤❡r❡ 〈·, ·〉Γ ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H−1/2(Γ) ❛♥❞ H1/2(Γ)✳

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❬✶✺✱ ▲❡♠♠❛ ✺✳✺❪✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t Dσ(Ω)×D(Ω) ✐s

❞❡♥s❡ ✐♥ t❤❡ s♣❛❝❡

E(Ω) = {(u, P ) ∈H1
σ(Ω)× L2(Ω); ∆u+∇P ∈ [❍ 6,2

0 (curl,Ω)]′}.



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L2✲t❤❡♦r② ✸✺

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛✿ ❋♦r ❛♥② (✉ , P ) ∈ E(Ω) ❛♥❞ ϕ ∈ ❍ 1
σ (Ω) ✇✐t❤

ϕ× ♥ = ✵ ♦♥ Γ✿

〈−∆✉ +∇P, ϕ〉Ω6,2
=

∫

Ω
curl✉ · curlϕ d① + 〈P, ϕ · ♥〉Γ. ✭✶✳✹✳✽✮

❯s✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✶✳✹✳✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❛♥② (u, b, P, c) ∈H1(Ω)×H1(Ω)×L2(Ω)×RI

s❛t✐s❢②✐♥❣ ✭✶✳✹✳✷✮ ❛❧s♦ s♦❧✈❡s ✭✶✳✹✳✻✮✳ ■t r❡♠❛✐♥s t♦ r❡❝♦✈❡r t❤❡ r❡❧❛t✐♦♥ ✭✶✳✹✳✼✮✳ ▲❡t ✉s t❛❦❡

v ∈H1
σ(Ω) ✇✐t❤ v × n = 0 ♦♥ Γ ❛♥❞ s❡t✿

v0 = v −
I∑

i=1

〈v · n, 1〉Γi∇qNi ✭✶✳✹✳✾✮

❖❜s❡r✈❡ t❤❛t v0 ∈ H1
σ(Ω)✱ v0 × n = ✵ ♦♥ Γ ❛♥❞ ❞✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ qNi ✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧

1 ≤ i ≤ I✱ 〈v0 · n, 1〉Γi = 0✳ ❚❤❡♥ v0 ❜❡❧♦♥❣s t♦ V N (Ω)✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦♥

t❤❡ ❧❡❢t ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ✇✐t❤ v = v0 +
∑I

i=1〈v ·n, 1〉Γi∇qNi ✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ Ω✱

✇❡ ♦❜t❛✐♥
∫

Ω

curlu · curlv dx+

∫

Ω

(curlw)× u · v dx−
∫

Ω

(curl b)× d · v dx− 〈f ,v〉Ω + 〈P0,v · n〉Γ0

+

I∑

i=1

〈P0 + ci,v · n〉Γi =

∫

Ω

curlu · curlv0 dx+

∫

Ω

(curlw)× u · v0 dx−
∫

Ω

(curl b)× d · v0 dx

− 〈f ,v0〉Ω + 〈P0,v0 · n〉Γ0 +

I∑

i=1

〈P0 + ci,v0 · n〉Γi +

I∑

i=1

〈v · n, 1〉Γi

[ ∫

Ω

(curlw)× u · ∇qNi dx
]

+

I∑

i=1

〈v · n, 1〉Γi

[
−
∫

Ω

(curl b)× d · ∇qNi dx− 〈f ,∇qNi 〉Ω + 〈P0,∇qNi · n〉Γ
]
+

I∑

i=1

ci 〈v · n, 1〉Γi = 0

❈♦♠♣❛r✐♥❣ ✇✐t❤ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✹✳✻✮ ❢♦r t❤❡ t❡st ❢✉♥❝t✐♦♥ (v0,0)✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧

1 6 i 6 I✿

I∑

i=1

ci 〈v · n, 1〉Γi =

I∑

i=1

〈v · n, 1〉Γi

[
−
∫

Ω

(curlw)× u · ∇qNi dx+

∫

Ω

(curl b)× d · ∇qNi dx

+ 〈f ,∇qNi 〉Ω − 〈P0,∇qNi · n〉Γ
]

❋✐♥❛❧❧②✱ t❛❦✐♥❣ v = ∇qNj ✱ ❞✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ qNi ✐♥ ✭✶✳✸✳✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥ ✭✶✳✹✳✼✮ ❢♦r ❛❧❧

1 6 j 6 I✳

❈♦♥✈❡rs❡❧②✱ ❧❡t (u, b) ∈ V N (Ω) × V N (Ω) ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✳✻✮ ❛♥❞ c = (c1, · · · , cI) s❛t✐s❢②✐♥❣

✭✶✳✹✳✼✮✳ ❲❡ ✇❛♥t t♦ s❤♦✇ ✐t ✐♠♣❧✐❡s (i)✳ ❲❡ ♥♦t❡ t❤❛t Dσ(Ω) ✐s ♥♦t ❛ s✉❜s♣❛❝❡ ♦❢ V N (Ω)✱ s♦ ✐t ✐s

♥♦t ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❞✐r❡❝t❧② t❤❛t ✭✶✳✹✳✻✮✲✭✶✳✹✳✼✮ ✐♠♣❧✐❡s (i)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ♥♦t ❛♣♣❧② t❤❡ ❉❡

❘❤❛♠✬s ❧❡♠♠❛ t♦ r❡❝♦✈❡r t❤❡ ♣r❡ss✉r❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♥❡❡❞ t♦ ❡①t❡♥❞ ✭✶✳✹✳✻✮ ❢♦r ❛❧❧ ❞✐✈❡r❣❡♥❝❡

❢r❡❡ ❢✉♥❝t✐♦♥s (v,Ψ) ∈ XN (Ω) ×XN (Ω)✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❧❡t (v,Ψ) ∈ XN (Ω) ×XN (Ω) ❛♥❞ ✇❡

❝♦♥s✐❞❡r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮ ❢♦r v t♦ ♦❜t❛✐♥ v0 ∈ V N (Ω)✳ ❙✐♠✐❧❛r❧②✱ ✇❡ s❡t

Ψ0 = Ψ−
I∑

i=1

〈Ψ · n, 1〉Γi
∇qNi , ✭✶✳✹✳✶✵✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✻

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Ψ0 ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ V N (Ω)✳ ❘❡♣❧❛❝✐♥❣ ✐♥ ✭✶✳✹✳✻✮✱ ✇❡ ♦❜t❛✐♥✿

∫

Ω

curlu · curlv dx+

∫

Ω

(curlw)× u · v dx−
∫

Ω

(curl b)× d · v dx+

∫

Ω

curl b · curlΨ dx

+

∫

Ω

(curlΨ)× d · u dx− 〈f ,v〉Ω − 〈g,Ψ〉Ω + 〈P0,v · n〉Γ0 +

I∑

i=1

〈P0 + ci,v · n〉Γi

=

I∑

i=1

〈v · n, 1〉Γi

[
−
∫

Ω

(curl b)× d · ∇qNi dx+

∫

Ω

(curlw)× u · ∇qNi dx− 〈f ,∇qNi 〉Ω + 〈P0,∇qNi · n〉Γ
︸ ︷︷ ︸

=−ci

]

+

I∑

i=1

〈v · n, 1〉Γi
ci +

I∑

i=1

〈Ψ · n, 1〉Γi
〈g,∇qNi 〉Ω,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛❧❧ 1 6 i 6 I✿
∑I
j=1 cj 〈∇qNi · n, 1〉Γj

= ci✳ ◆♦t❡ t❤❛t t❤❡

❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮ ✐♠♣❧✐❡s t❤❛t 〈g,∇qNi 〉Ω = 0 ❢♦r ❛❧❧ 1 6 i 6 I✳ ❚❤✉s✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡

♦❢ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ t❤❡♥ ❢♦r ❛♥② (v,Ψ) ∈XN (Ω)×XN (Ω)✱ ✇❡ ❤❛✈❡

∫

Ω

curlu · curlv dx+

∫

Ω

(curlw)× u · v dx−
∫

Ω

(curl b)× d · v dx+

∫

Ω

curl b · curlΨ dx

+

∫

Ω

(curlΨ)× d · u dx = 〈f ,v〉Ω + 〈g,Ψ〉Ω − 〈P0,v · n〉Γ0
−

I∑

i=1

〈P0 + ci,v · n〉Γi
. ✭✶✳✹✳✶✶✮

❚❤❛t ♠❡❛♥s t❤❛t ♣r♦❜❧❡♠ ✭✶✳✹✳✶✶✮ ❛♥❞ ✭✶✳✹✳✻✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❙♦✱ ✐♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t

♣r♦❜❧❡♠ ✭✶✳✹✳✶✶✮ ✐♠♣❧✐❡s (i)✳

❈❤♦♦s✐♥❣ (v,0) ✇✐t❤ v ∈ Dσ(Ω) ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✹✳✶✶✮✱ ✇❡ ❤❛✈❡

〈−∆u+ (curlw)× u− (curl b)× d− f ,v〉D′(Ω)×D(Ω) = 0

❙♦ ❜② ❉❡ ❘❤❛♠✬s t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ❞✐str✐❜✉t✐♦♥ P ∈ D′(Ω)✱ ❞❡✜♥❡❞ ✉♥✐q✉❡❧② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡

❝♦♥st❛♥t s✉❝❤ t❤❛t

−∆u+ (curlw)× u− (curl b)× d− f = −∇P in Ω. ✭✶✳✹✳✶✷✮

❙✐♥❝❡ u ❛♥❞ b ❜❡❧♦♥❣ t♦H1(Ω) →֒ L6(Ω)✱ t❤❡ t❡r♠s (curlw)×u ❛♥❞ (curl b)×d ❜❡❧♦♥❣ t♦ L
6
5 (Ω) →֒

H−1(Ω)✳ ❆s f ∈ [H6,2
0 (curl,Ω)]′ →֒ H−1(Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∇P ∈ H−1(Ω) ❛♥❞ t❤❡♥ P ∈ L2(Ω)

✇✐t❤ ❛ tr❛❝❡ ✐♥ H− 1
2 (Γ) ✭✇❡ r❡❢❡r t♦ ❬✶✶❪✮✳ ◆❡①t✱ ❝❤♦♦s✐♥❣ (0,Ψ) ✇✐t❤ Ψ ∈ Dσ(Ω) ✐♥ ✭✶✳✹✳✶✶✮✱ ✇❡ ❤❛✈❡

〈curl curl b− curl(u× d)− g,Ψ〉D′(Ω)×D(Ω) = 0

❚❤❡♥✱ ❛♣♣❧②✐♥❣ ❬✼✻✱ ▲❡♠♠❛ ✷✳✷❪✱ ✇❡ ❤❛✈❡ χ ∈ L2(Ω) ❞❡✜♥❡❞ ✉♥✐q✉❡❧② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤

t❤❛t

curl curl b− curl(u× d)− g = ∇χ in Ω and χ = 0 on Γ

❲❡ ♥♦t❡ t❤❛t t❤❡ tr❛❝❡ ♦❢ χ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❜❡❧♦♥❣s t♦ H−1/2(Γ)✳ ❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡

❛❜♦✈❡ ❡q✉❛t✐♦♥✱ t❤❡ ❢✉♥❝t✐♦♥ χ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠

∆χ = 0 in Ω and χ = 0 on Γ.



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L2✲t❤❡♦r② ✸✼

❙♦✱ ✇❡ ❞❡❞✉❝❡ t❤❛t χ = 0 ✐♥ Ω ✇❤✐❝❤ ❣✐✈❡s t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✹✳✷✮✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ❢❛❝t t❤❛t

u ❛♥❞ b ❜❡❧♦♥❣ t♦ t❤❡ s♣❛❝❡ V N (Ω)✱ ✇❡ ❤❛✈❡ divu = div b = 0 ✐♥ Ω ❛♥❞ u× n = b× n = 0 ♦♥ Γ✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣r❡ss✉r❡✳ ▼✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✹✳✶✷✮ ❜② v ∈
XN (Ω)✱ ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦♥ Ω✱ ✇❡ ♦❜t❛✐♥

∫

Ω

curlu · curlv0 dx+

∫

Ω

(curlw)× u · v0 dx−
∫

Ω

(curl b)× d · v0 dx− 〈f ,v0〉Ω + 〈P,v0 · n〉Γ

=

I∑

i=1

〈v · n, 1〉Γi

[
−
∫

Ω

(curlw)× u · ∇qNi dx+

∫

Ω

(curl b)× d · ∇qNi dx+ 〈f ,∇qNi 〉Ω − 〈P,∇qNi · n〉Γ
]

❚❛❦✐♥❣ (v,0) t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✹✳✻✮✱ ✇❡ ❤❛✈❡✿

∫

Ω

curlu · curlv0 dx+

∫

Ω

(curlw)× u · v0 dx−
∫

Ω

(curl b)× d · v0 dx− 〈f ,v0〉Ω + 〈P0,v0 · n〉Γ0

+

I∑

i=1

〈P0 + ci,v0 · n〉Γi =

I∑

i=1

〈v · n, 1〉Γi

[
−
∫

Ω

(curlw)× u · ∇qNi dx+

∫

Ω

(curl b)× d · ∇qNi dx

+〈f ,∇qNi 〉Ω − 〈P0,∇qNi · n〉Γ0 −
I∑

j=1

〈P0 + cj ,∇qNi · n〉Γj

]

❙✉❜str❛❝t✐♥❣ ❜♦t❤ ❡q✉❛t✐♦♥s ❛♥❞ ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮✱ ✇❡ ♦❜t❛✐♥✿

〈P,v0 · n〉Γ +

I∑

i=1

〈v · n, 1〉Γi〈P,∇qNi · n〉Γ
︸ ︷︷ ︸

〈P,v·n〉Γ

= 〈P0,v0 · n〉Γ0
+

I∑

i=1

〈P0 + ci,v0 · n〉Γi

︸ ︷︷ ︸
〈P0,v0·n〉Γ+ci

∑I
i=1〈v0·n,1〉Γi

+

I∑

i=1

〈v · n, 1〉Γi

[
〈P0,∇qNi · n〉Γ0

+
I∑

j=1

〈P0 + cj ,∇qNi · n〉Γj

︸ ︷︷ ︸
〈P0,∇qNi ·n〉Γ+ci

]

❙✐♥❝❡ 〈v0 · n, 1〉Γi
= 0✱ 1 ≤ i ≤ I✱ ✇❡ ❤❛✈❡

〈P,v · n〉Γ = 〈P0,v · n〉Γ +
I∑

i=1

〈ci,v · n〉Γi
= 〈P0,v · n〉Γ0

+
I∑

i=1

〈P0 + ci,v · n〉Γi

◆❡①t✱ t❤❡ ❛r❣✉♠❡♥t t♦ ❞❡❞✉❝❡ t❤❛t P = P0 ♦♥ Γ0 ❛♥❞ P = P0 + cj ♦♥ Γj ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❬✶✹✱

Pr♦♣♦s✐t✐♦♥ ✸✳✼❪✱ ❤❡♥❝❡ ✇❡ ♦♠✐t ✐t✳

❘❡♠❛r❦ ✶✳✹✳✶✳ ✭✐✮ ◆♦t❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮ ✐s ♥❡❝❡ss❛r②✳ ■♥❞❡❡❞✱ ✐❢ ✇❡

❝❤♦♦s❡ v = ✵ ❛♥❞ ψ = ∇qNi ✐♥ ✭✶✳✹✳✻✮✱ ✇❡ ❤❛✈❡ 〈g, ∇qNi 〉Ω6,2
= 0✱ 1 ≤ i ≤ I✳ ❖❜s❡r✈❡

t❤❛t s✐♥❝❡ Ω ✐s ♦❢ ❝❧❛ss C1,1✱ t❤❡ ❢✉♥❝t✐♦♥s qNi ❜❡❧♦♥❣ t♦ H2(Ω) ❛♥❞ t❤❡♥ t❤❡ ✈❡❝t♦rs ∇qNi
❜❡❧♦♥❣ t♦ H6,2

0 (curl,Ω)✳ ❋r♦♠ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭✶✳✹✳✸✮✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❝t✉❛❧❧② ✇r✐tt❡♥

❛s
∫
Ω F · ∇qNi dx = 0✱ 1 ≤ i ≤ I✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Ω ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮ ✐s ♥♦t ♥❡❝❡ss❛r② t♦ s♦❧✈❡ ✭✶✳✹✳✷✮ ❜❡❝❛✉s❡ t❤❡ ❦❡r♥❡❧ K2
N (Ω) = {✵}✳

✭✐✐✮ ■❢ g ✐s t❤❡ curl ♦❢ ❛♥ ❡❧❡♠❡♥t ξ ∈ L2(Ω)✱ t❤❡♥ g ✐s st✐❧❧ ❛♥ ❡❧❡♠❡♥t ♦❢ [H6,2
0 (curl,Ω)]′✳

▼♦r❡♦✈❡r✱ s✐♥❝❡ div g = 0 ✐♥ Ω✱ ✐t ❛❧✇❛②s s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✹✳✹✮✳



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✸✽

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✹✳✻✮✳

❚❤❡♦r❡♠ ✶✳✹✳✷✳ ▲❡t Ω ❜❡ C1,1 ❛♥❞ ✇❡ s✉♣♣♦s❡ h = 0✳ ▲❡t

f , g ∈ [H6,2
0 (curl,Ω)]′ and P0 ∈ H− 1

2 (Γ)

✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✹✮✲✭✶✳✹✳✺✮✳ ❚❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ ✇❡❛❦

s♦❧✉t✐♦♥ (u, b, P, c) ∈H1(Ω)×H1(Ω)× L2(Ω)× RI ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡s✿

‖u‖H1(Ω) + ‖b‖H1(Ω) 6 C(‖f‖[H6,2
0 (curl,Ω)]′ + ‖g‖[H6,2

0 (curl,Ω)]′ + ‖P0‖
H−

1
2 (Γ)

) ✭✶✳✹✳✶✸✮

‖P‖L2(Ω)6C(1+‖curlw‖L3/2(Ω)+‖d‖L3(Ω))(‖f‖[H6,2
0 (curl,Ω)]′+‖g‖[H6,2

0 (curl,Ω)]′+‖P0‖
H−

1
2 (Γ)

)✭✶✳✹✳✶✹✮

▼♦r❡♦✈❡r✱ ✐❢ Ω ✐s C2,1✱ f , g ∈ L6/5(Ω) ❛♥❞ P0 ∈W 1/6,6/5(Γ)✱ t❤❡♥ (u, b, P ) ∈W 2, 65 (Ω)×W 2, 65 (Ω)×
W 1, 65 (Ω) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 2, 6/5(Ω) + ‖b‖W 2, 6/5(Ω) + ‖P‖W 1, 6/5(Ω) 6 C(1 + ‖curlw‖L3/2(Ω) + ‖d‖L3(Ω))

× (‖f‖L6/5(Ω) + ‖g‖L6/5(Ω) + ‖P0‖W 1/6,6/5(Γ))
✭✶✳✹✳✶✺✮

Pr♦♦❢✳ ❲❡ ❦♥♦✇✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✱ t❤❛t t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ✐s ❡q✉✐✈❛✲

❧❡♥t t♦ ✭✶✳✹✳✻✮✲✭✶✳✹✳✼✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b) ∈H1(Ω)×H1(Ω)

❢♦❧❧♦✇ ❢r♦♠ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❜✐❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠s a : ZN (Ω) ×
ZN (Ω) → R ❛♥❞ aw,d : ZN (Ω)×ZN (Ω) → R ❛s ❢♦❧❧♦✇s✿

a((u, b), (v,Ψ)) =

∫

Ω
curlu · curlv dx+

∫

Ω
curl b · curlΨ dx

aw,d((u, b), (v,Ψ)) =

∫

Ω
(curlw)× u · v dx+

∫

Ω
(curlΨ)× d · u dx−

∫

Ω
(curl b)× d · v dx

✭✶✳✹✳✶✻✮

✇❤❡r❡ ZN (Ω) = V N (Ω)× V N (Ω) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♣r♦❞✉❝t ♥♦r♠

‖(v, Ψ)‖2ZN (Ω) = ‖v‖2H1(Ω) + ‖Ψ‖2H1(Ω) . ✭✶✳✹✳✶✼✮

◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r ❢♦r♠ L : ZN (Ω) → R ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

L(v,Ψ) = 〈f ,v〉Ω6,2
+ 〈g,Ψ〉Ω6,2

− 〈P0,v · n〉Γ0 −
I∑

i=1

〈P0 + ci,v · n〉Γi

❙♦✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✹✳✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿ ❢♦r ❛♥② (v,Ψ) ∈ ZN (Ω)

A((u, b), (v,Ψ)) = a((u, b), (v,Ψ)) + aw,d((u, b), (v,Ψ)) = L(v,Ψ) ✭✶✳✹✳✶✽✮

❙✐♥❝❡ ((curlw)× u) · u = ✵✱ t❤❡♥ ✇❡ ❤❛✈❡ aw,d((u, b), (u, b)) = 0 ❢♦r ❛❧❧ (u, b) ∈ ZN (Ω)✳

❙✐♥❝❡ v ❛♥❞ Ψ ❜❡❧♦♥❣ t♦ V N (Ω)✱ ✇❡ ❤❛✈❡ ❢r♦♠ ❬✶✺✱ ❈♦r♦❧❧❛r② ✸✳✷✳❪ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ L2✲t❤❡♦r② ✸✾

v 7→ ‖curlv‖L2(Ω) ✭r❡s♣❡❝t✐✈❡❧② Ψ 7→ ‖curlΨ‖L2(Ω)✮ ✐s ❛ ♥♦r♠ ♦♥ V N (Ω) ❡q✉✐✈❛❧❡♥t t♦ t❤❡

♥♦r♠ ‖v‖H1(Ω) ✭r❡s♣❡❝t✐✈❡❧② ‖Ψ‖H1(Ω)✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

A((u, b), (v,Ψ)) = |a((v,Ψ), (v,Ψ))| = ‖curlv‖2L2(Ω) + ‖curlΨ‖2L2(Ω)

>
2

C2
P

‖(v,Ψ)‖2ZN (Ω)

✭✶✳✹✳✶✾✮

✇❤❡r❡ CP ✐s t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ ✭✶✳✸✳✻✮✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ A(·, ·) ✐s ❝♦❡r❝✐✈❡
♦♥ ZN (Ω)✳ ▼♦r❡♦✈❡r✱ ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

|a((u, b), (v,Ψ))| 6 ‖curlu‖L2(Ω) ‖curlv‖L2(Ω) + ‖curl b‖L2(Ω) ‖curlΨ‖L2(Ω)

6 C ‖(u, b)‖ZN (Ω) ‖(v,Ψ)‖ZN (Ω) ✭✶✳✹✳✷✵✮

◆♦✇✱ ✉s✐♥❣ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

|aw,d((u, b), (v,Ψ))| 6 ‖curlw‖
L

3
2 (Ω)

‖u‖L6(Ω) ‖v‖L6(Ω) + ‖curlΨ‖L2(Ω) ‖u‖L6(Ω) ‖d‖L3(Ω)

+ ‖curl b‖L2(Ω) ‖d‖L3(Ω) ‖v‖L6(Ω)

◆♦✇✱ ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♥♦r♠s ‖·‖V N (Ω) ❛♥❞ ‖·‖H1(Ω)✱ ✇❡ ♦❜t❛✐♥ ❢♦r C1 > 0 t❤❡ ❝♦♥st❛♥t

♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ H1(Ω) →֒ L6(Ω)

|aw,d((u, b), (v,Ψ))| 6
(
C2

1 ‖curlw‖
L

3
2 (Ω)

+ C1 ‖d‖L3(Ω)

)
‖(u, b)‖ZN (Ω) ‖(v, Ψ)‖ZN (Ω) ✭✶✳✹✳✷✶✮

❋r♦♠ ✭✶✳✹✳✷✵✮ ❛♥❞ ✭✶✳✹✳✷✶✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❢♦r♠ A(·, ·) ✐s ❝♦♥t✐♥✉♦✉s✳ ❯s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱

✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✹✳✶✽✮ ❞❡✜♥❡s ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ ZN (Ω)✳ ❚❤✉s✱

❜② ▲❛①✲▼✐❧❣r❛♠ ❧❡♠♠❛✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (u, b) ∈ ZN (Ω) s❛t✐s❢②✐♥❣ ✭✶✳✹✳✶✽✮✳ ❙♦✱ ❞✉❡ t♦ ❚❤❡♦r❡♠

✶✳✸✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b) ∈ H1(Ω) ×H1(Ω)✳ ❯s✐♥❣ ✭✶✳✹✳✶✾✮✱

t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ tr❛❝❡ t❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡

♣r❡ss✉r❡ ❢♦❧❧♦✇s ❢r♦♠ ❉❡ ❘❤❛♠✬s t❤❡♦r❡♠✳ ▼♦r❡♦✈❡r ❢♦r t❤❡ ♣r❡ss✉r❡ ❡st✐♠❛t❡✱ ✇❡ ❝❛♥ ✇r✐t❡

‖P‖L2(Ω)≤C ‖∇P‖H−1(Ω) ≤C
(
‖f‖H−1(Ω)+‖∆u‖H−1(Ω)+‖(curlw)× u‖H−1(Ω)+‖(curl b)× d‖H−1(Ω)

)
.

❲❡ ❦♥♦✇ t❤❛t ‖f‖H−1(Ω) ≤ C ‖f‖[H6,2
0 (curl,Ω)]′ ❛♥❞ ‖∆u‖H−1(Ω) ≤ C ‖u‖H1(Ω)✳ ❋♦r t❤❡ t✇♦ r❡♠❛✐♥✲

✐♥❣ t❡r♠s✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s

‖(curlw)× u‖H−1(Ω) ≤ C ‖(curlw)× u‖L6/5(Ω) ≤ C ‖curlw‖L3/2(Ω) ‖u‖L6(Ω) ,

s♦✱ ✇❡ ❤❛✈❡

‖(curlw)× u‖H−1(Ω) ≤ CC1 ‖curlw‖L3/2(Ω) ‖u‖H1(Ω) .

Pr♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧②✱ ✇❡ ❣❡t

‖(curl b)× d‖H−1(Ω) ≤ C ‖d‖L3(Ω) ‖b‖H1(Ω)

❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ♣r❡ss✉r❡ ❡st✐♠❛t❡

✭✶✳✹✳✶✹✮✳

◆♦✇✱ ✐❢ f , g ∈ L 6
5 (Ω) ❛♥❞ P0 ∈W 1/6,6/5(Γ)✱ t❤❡♥ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t (u, b, P ) ∈H1(Ω)×H1(Ω)×

L2(Ω) ✐s s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳ ❲❡ ❞❡❞✉❝❡ t❤❛t (curlw)×u+(curl b)×d ❜❡❧♦♥❣s t♦ L6/5(Ω)✳ ❙✐♠✐❧❛r❧②✱



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✵

✇❡ ❤❛✈❡ curl(u × d) = (d · ∇)u − (u · ∇)d ❜❡❧♦♥❣s t♦ L6/5(Ω)✳ ❖❜s❡r✈❡ t❤❛t (u, P, c) ✐s s♦❧✉t✐♦♥ ♦❢

t❤❡ ❢♦❧❧♦✇✐♥❣ ❙t♦❦❡s ♣r♦❜❧❡♠





−∆u+∇P = F and divu = 0 ✐♥ Ω,

u× n = ✵ ♦♥ Γ and P = P0 ♦♥ Γ0, P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi
= 0, ∀1 6 i 6 I,

✇✐t❤ F = f− (curlw)×u+(curl b)×d ✐♥ L6/5(Ω)✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN )

✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✮✱ (u, P ) ❜❡❧♦♥❣s t♦ W 2,6/5(Ω) ×W 1,6/5(Ω) ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t❡✳

◆❡①t✱ s✐♥❝❡ b ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠





curl curl b = G and div b = 0 ✐♥ Ω,

b× n = ✵ ♦♥ Γ,

〈b · n, 1〉Γi
= 0, ∀1 6 i 6 I,

✇✐t❤ G = g+curl(u×d) ✐♥ L6/5(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✹✮✲✭✶✳✹✳✺✮✱ ✇❡ ❞❡❞✉❝❡

❢r♦♠ ❚❤❡♦r❡♠ ✶✳✸✳✸ t❤❛t b ❜❡❧♦♥❣s t♦W 2,6/5(Ω)✳ ❚❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✺✮ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t②

❡st✐♠❛t❡s ♦❢ t❤❡ ❛❜♦✈❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ♦♥ (u, P ) ❛♥❞ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ ♦♥ b✳

✶✳✺ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r②

❆❢t❡r t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❍✐❧❜❡rt s♣❛❝❡s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢

✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ✐♥ Lp✲t❤❡♦r② ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ s②st❡♠ ✭✶✳✹✳✷✮✳ ❲❡ ❜❡❣✐♥ ❜② st✉❞②✐♥❣

str♦♥❣ s♦❧✉t✐♦♥s✳ ■❢ p ≥ 6/5✱ ✐t ❢♦❧❧♦✇s t❤❛t Lp(Ω) →֒ L6/5(Ω)✱ W 1−1/p,p(Γ) →֒ W 1/6,6/5(Γ)✳

❚❤❡♥✱ ❞✉❡ t♦ ❚❤❡♦r❡♠ ✶✳✹✳✷✱ ✇❡ ❤❛✈❡ (u, b) ∈W 2,6/5(Ω)×W 2,6/5(Ω)✳ ■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥

✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤✐s s♦❧✉t✐♦♥ ❜❡❧♦♥❣s t♦ W 2,p(Ω)×W 2,p(Ω) ❢♦r ❛♥② p > 6/5✳

✶✳✺✳✶ ❙tr♦♥❣ s♦❧✉t✐♦♥ ✐♥ W 2,p(Ω) ✇✐t❤ p ≥ 6/5

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ ❛♥ ❛♥s✇❡r t♦ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❣✉❧❛r

s♦❧✉t✐♦♥ (u, b, P ) ∈ W 2,p(Ω) ×W 2,p(Ω) ×W 1,p(Ω) ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮✳

❲❤❡♥ p < 3✱ ✇❡ ❤❛✈❡ t❤❡ ❡♠❜❡❞❞✐♥❣W 2,p(Ω) →֒W 1,p∗(Ω) ✇✐t❤ 1
p∗ = 1

p− 1
3 ✳ ❚❤❡♥✱ s✉♣♣♦s✐♥❣

d ∈ W 1,3/2(Ω) →֒ L3(Ω) ✐♠♣❧✐❡s t❤❛t t❤❡ t❡r♠ (curl b) × d ❜❡❧♦♥❣s t♦ Lp(Ω)✳ ■❢ p < 3/2✱

W 1,p∗(Ω) →֒ Lp∗∗(Ω) ✇✐t❤ 1
p∗∗ = 1

p∗ − 1
3 ❛♥❞ t❤❡♥ s✉♣♣♦s✐♥❣ curlw ∈ L3/2(Ω) ✐♠♣❧✐❡s t❤❛t

t❤❡ t❡r♠ (curlw) × u ❜❡❧♦♥❣s t♦ Lp(Ω)✳ ❙♦✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ r❡❣✉❧❛r✐t② ♦❢ t❤❡

❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ r❡❣✉❧❛r✐t② W 2,p(Ω) ×W 1,p(Ω) ✇✐t❤ p < 3/2 ❢♦r

(u, P ) s✐♥❝❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ f − (curlw)×u+ (curl b)× d ❜❡❧♦♥❣s t♦ Lp(Ω)✳ ❙✐♠✐❧❛r❧②✱

t❤❡ t❡r♠ curl(u× d) = (d · ∇)u− (u · ∇)d ❜❡❧♦♥❣s t♦ Lp(Ω) ❛♥❞ ✇❡ ❝❛♥ ✉s❡ t❤❡ r❡❣✉❧❛r✐t②

♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN ) t♦ ♣r♦✈❡ t❤❡ r❡❣✉❧❛r✐t② W 2,p(Ω) ✇✐t❤ p < 3/2 ❢♦r b✳ ◆♦✇✱ ✐❢

3/2 ≤ p < 3✱ t❤❡ t❡r♠s (curl b) × d ❛♥❞ (d · ∇)u st✐❧❧ ❜❡❧♦♥❣ t♦ Lp(Ω) ❜✉t t❤❡ s✐t✉❛t✐♦♥ ✐s

❞✐✛❡r❡♥t ❢♦r t❤❡ t❡r♠s (curlw) × u ❛♥❞ (u · ∇)d ✐❢ curlw ❛♥❞ ∇d ❜❡❧♦♥❣ ♦♥❧② t♦ L3/2(Ω)✳



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✹✶

■♥❞❡❡❞✱ ✇❡ ♠✉st s✉♣♣♦s❡ curlw ∈ Ls(Ω) ❛♥❞ ∇d ∈ Ls(Ω) ✇✐t❤

s =
3

2
if p <

3

2
, s >

3

2
if p =

3

2
and s = p if p >

3

2
.

◆♦✇✱ ✐❢ p ≥ 3✱ t❤❡ ♣r♦❜❧❡♠ ❛r✐s❡s ❢♦r t❤❡ t❡r♠s (curl b) × d ❛♥❞ (d · ∇)u ✐❢ ✇❡ s✉♣♣♦s❡

♦♥❧② d ✐♥ L3(Ω)✳ ❙♦✱ ✇❡ ♠✉st s✉♣♣♦s❡ t❤❛t d ∈ Ls′(Ω) ✇✐t❤

s′ = 3 if p < 3, s′ > 3 if p = 3 and s′ = p if p > 3.

❙♦✱ t♦ ❝♦♥s❡r✈❡ t❤❡ ❛ss✉♠♣t✐♦♥s curlw ∈ L3/2(Ω) ❛♥❞ d ∈ W 1,3/2(Ω) ❛♥❞ ♣r♦✈❡ str♦♥❣

s♦❧✉t✐♦♥s (u, b, P ) ✐♥ W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)✱ ✇❡ ✜rst ❛ss✉♠❡ t❤❛t w ❛♥❞ d ❛r❡ ♠♦r❡

r❡❣✉❧❛r ❛♥❞ ❜❡❧♦♥❣ t♦ D(Ω)✳ ❲❡ ✇✐❧❧ t❤❡♥ ♣r♦✈❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❛❧❧♦✇✐♥❣ t♦ r❡♠♦✈❡ t❤✐s

❧❛tt❡r r❡❣✉❧❛r✐t②✳ ❲❡ r❡❢❡r t♦ ❬✶✷✱ ❚❤❡♦r❡♠ ✷✳✹❪ ❢♦r ❛ s✐♠✐❧❛r ♣r♦♦❢ ❢♦r t❤❡ ❖s❡❡♥ ♣r♦❜❧❡♠✳ ❚❤❡

❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② r❡s✉❧t ✐♥ ❛ s♦❧❡♥♦✐❞❛❧ ❢r❛♠❡✇♦r❦✳

❚❤❡♦r❡♠ ✶✳✺✳✶✳ ▲❡t Ω ❜❡ C2,1 ❛♥❞ p ≥ 6/5✳ ❆ss✉♠❡ t❤❛t h = 0✱ ❛♥❞ ❧❡t f , g✱ w✱ d ❛♥❞ P0

s❛t✐s❢②✐♥❣ ✭✶✳✹✳✺✮✱

f ∈ Lp(Ω), g ∈ Lp(Ω), curlw ∈ L3/2(Ω), d ∈W 1,3/2
σ (Ω), and P0 ∈W

1− 1
p
,p
(Γ)

✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀v ∈Kp′

N (Ω),

∫

Ω
g · v dx = 0. ✭✶✳✺✳✶✮

❚❤❡♥✱ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P ) ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✹✳✷ ❜❡❧♦♥❣s t♦

W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω) ✇❤✐❝❤ ❛❧s♦ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿

‖u‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω) ≤ C(1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖
W

1, 32 (Ω)
)

×
(
‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖

W
1− 1

p ,p
(Γ)

) ✭✶✳✺✳✷✮

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✐t ✐♥ t✇♦ st❡♣s✿

❋✐rst st❡♣✿❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ w ∈ D(Ω) ❛♥❞ d ∈ Dσ(Ω)✳ ❲❡ ❦♥♦✇ t❤❛t ❢♦r ❛❧❧ p ≥ 6/5

✇❡ ❤❛✈❡

Lp(Ω) →֒ L6/5(Ω) and W 1−1/p,p(Γ) →֒ H1/2(Γ).

❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✹✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ∈W 2, 6
5 (Ω)×W 2, 6

5 (Ω)×
W 1, 6

5 (Ω)× RI ✈❡r✐❢②✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✶✳✹✳✶✸✮✲✭✶✳✹✳✶✹✮✳

❙✐♥❝❡ u ∈W 2, 6
5 (Ω) →֒ L6(Ω) ❛♥❞ curl b ∈W 1, 6

5 (Ω) →֒ L2(Ω) ✱ ✐t ❢♦❧❧♦✇s t❤❛t (curlw)×u ∈
L6(Ω) ❛♥❞ (curl b) × d ∈ L2(Ω)✳ ◆♦t❡ t❤❛t L2(Ω) →֒ Lp(Ω) ✐❢ p ≤ 2✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤r❡❡

❝❛s❡s✿

❈❛s❡ 6
5 < p 6 2✿ ❙✐♥❝❡ f − (curlw)× u+ (curl b)× d ∈ Lp(Ω)✱ t❤❛♥❦s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢

str♦♥❣ s♦❧✉t✐♦♥s ❢♦r ❙t♦❦❡s ❡q✉❛t✐♦♥s ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳✷✮✱ ✇❡ ❤❛✈❡ t❤❛t (u, P ) ∈W 2,p(Ω)×



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✷

W 1,p(Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ g + curl(u × d) ∈ Lp(Ω)✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❡❧❧✐♣t✐❝

♣r♦❜❧❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳✸✮✱ ✇❡ ❤❛✈❡ t❤❛t b ∈W 2,p(Ω)✳

❈❛s❡ 2 6 p 6 6✿ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ (u, b, P ) ∈H2(Ω)×H2(Ω)×H1(Ω)✳ ❙✐♥❝❡

H2(Ω) →֒W 1,6(Ω) →֒ L∞(Ω),

t❤❡♥ (curlw)×u ∈ L∞(Ω) ❛♥❞ (curl b)×d ∈ L6(Ω)✳ ❍❡♥❝❡ ✇❡ ❤❛✈❛ t❤❛t f − curlw×u+

(curl b)× d ∈ Lp(Ω)✳ ❆❣❛✐♥✱ ❜② ❚❤❡♦r❡♠ ✶✳✸✳✷✱ ✐t ❢♦❧❧♦✇s t❤❛t (u, P ) ∈W 2,p(Ω)×W 1,p(Ω)✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t g + curl(u × d) ∈ L6(Ω)✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ ✇❡ ❤❛✈❡ t❤❛t

b ∈W 2,p(Ω)✳

❈❛s❡ p > 6✿ ❲❡ ❦♥♦✇ t❤❛t (u, b, P ) ∈W 2,6(Ω)×W 2,6(Ω)×W 1,6(Ω)✳ ❙✐♥❝❡

W 2,6(Ω) →֒W 1,∞(Ω)

t❤❡♥ (curlw) × u ∈ Lq(Ω)✱ (curl b) × d ∈ Lq(Ω) ❛♥❞ curl(u × d) ∈ Lq(Ω) ❢♦r ❛♥② q ≥
1✳ ❆❣❛✐♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❙t♦❦❡s ❛♥❞ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈
W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω)

6 CSE

(
‖f‖Lp(Ω) + ‖(curlw)× u‖Lp(Ω) + ‖(curl b)× d‖Lp(Ω) + ‖P0‖

W
1− 1

p ,p
(Γ)

+

I∑

i=1

|ci|+ ‖g‖Lp(Ω) + ‖curl(u× d)‖Lp(Ω)

)
,

✭✶✳✺✳✸✮

✇❤❡r❡ CSE = max(CS , CE ) ✇✐t❤ CS t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ ✭✶✳✸✳✾✮ ❛♥❞ CE t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥

✐♥ ✭✶✳✸✳✶✾✮✳

❚♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✷✮✱ ✇❡ ♠✉st ❜♦✉♥❞ t❤❡ t❡r♠s ‖(curlw)× u‖Lp(Ω)✱ ‖(curl b)× d‖Lp(Ω)✱

‖curl(u× d)‖Lp(Ω) ❛♥❞
∑I

i=1 |ci| ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✺✳✸✮✳

❋♦r t❤✐s✱ ❧❡t ǫ > 0 ❛♥❞ ρǫ/2 t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❧❧✐✜❡r✳ ❲❡ ❝♦♥s✐❞❡r ỹ = c̃urlw ❛♥❞ d̃ t❤❡ ❡①t❡♥s✐♦♥s

❜② 0 ♦❢ y ❛♥❞ d t♦ R3✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❞❡❝♦♠♣♦s❡ curlw ❛♥❞ d✿

curlw = yǫ1 + y
ǫ
2 where yǫ1 = c̃urlw ∗ ρǫ/2 and yǫ2 = curlw − yǫ1, ✭✶✳✺✳✹✮

d = dǫ1 + d
ǫ
2 where dǫ1 = d̃ ∗ ρǫ/2 ✭✶✳✺✳✺✮

✭✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖(curlw)× u‖Lp(Ω)✳ ❋✐rst✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ❡st✐♠❛t❡ ❞❡♣❡♥❞✐♥❣

♦♥ yε2✳ ❖❜s❡r✈❡ t❤❛t W
2,p(Ω) →֒ Lm(Ω) ✇✐t❤

1

m
=

1

p
− 2

3
if p < 3/2, m =

3s

2s− 3
∈ [1, ∞[ if p = 3/2 and m = ∞ if p > 3/2.

❯s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ❤❛✈❡

‖yǫ2 × u‖Lp(Ω) 6 ‖yǫ2‖Ls(Ω) ‖u‖Lm(Ω) ≤ C ‖yǫ2‖Ls(Ω) ‖u‖W 2,p(Ω)



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✹✸

✇❤❡r❡ 1
p = 1

m + 1
s ❛♥❞ s t❤❡ r❡❛❧ ♥✉♠❜❡r ❞❡✜♥❡❞ ❛s✿

s =
3

2
if p <

3

2
, s >

3

2
if p =

3

2
and s = p if p >

3

2
. ✭✶✳✺✳✻✮

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

‖yǫ2‖Ls(Ω) =
∥∥∥curlw − c̃urlw ∗ ρǫ/2

∥∥∥
Ls(Ω)

≤ ǫ.

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s t❤❛t

‖yǫ2 × u‖Lp(Ω) 6 Cǫ ‖u‖W 2,p(Ω) . ✭✶✳✺✳✼✮

❚♦ ❣❡t t❤❡ ❡st✐♠❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ yǫ1✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ st❡♣s ✭s✐♠✐❧❛r t♦ ❬✶✹✱ ❚❤❡♦r❡♠ ✸✳✺❪✮✿

• ❈❛s❡ 6
5 ≤ p 6 6 ✿ t❤❡r❡ ❡①✐sts q ∈ [32 ,∞] s✉❝❤ t❤❛t 1

p = 1
q +

1
6 ✳ ❇② ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡

❤❛✈❡

‖yǫ1 × u‖Lp(Ω) 6 ‖yǫ1‖Lq(Ω) ‖u‖L6(Ω) .

▲❡t t ∈ [1, 3] s✉❝❤ t❤❛t 1 + 1
q = 2

3 + 1
t ✱ ✇❡ ♦❜t❛✐♥

‖yǫ1 × u‖Lp(Ω) 6 ‖curlw‖
L

3
2 (Ω)

‖ρǫ‖Lt(Ω) ‖u‖L6(Ω) ≤ Cε ‖curlw‖
L

3
2 (Ω)

‖u‖L6(Ω) ,

✇❤❡r❡ Cε ✐s t❤❡ ❝♦♥st❛♥t ❛❜s♦r❜✐♥❣ t❤❡ ♥♦r♠ ♦❢ t❤❡ ♠♦❧❧✐✜❡r✳ ❙✐♥❝❡ H1(Ω) →֒ L6(Ω)✱ ✐t

❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✹✳✶✸✮ t❤❛t

‖yǫ1 × u‖Lp(Ω) 6 C2Cǫ ‖curlw‖
L

3
2 (Ω)

(
‖f‖

[H6,2
0 (curl,Ω)]′

+ ‖g‖
[H6,2

0 (curl,Ω)]′
+ ‖P0‖

H−
1
2 (Γ)

)
,

✇❤❡r❡ C2 ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣H1(Ω) →֒ L6(Ω)✳ ❙✐♥❝❡✱ p > 6
5 ✱ ✇❡ ❞❡❞✉❝❡

t❤❛t

‖yǫ1 × u‖Lp(Ω) 6 C3Cǫ ‖curlw‖
L

3
2 (Ω)

(
‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖

W
1− 1

p ,p
(Γ)

)
, ✭✶✳✺✳✽✮

✇❤❡r❡ C3 ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ C2✱ L
p(Ω) →֒ [H6,2

0 (curl,Ω)]′ ❛♥❞ W
1− 1

p
,p
(Γ) →֒

H− 1
2 (Γ)✳

• ❈❛s❡ p > 6✿ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣

W 2,p(Ω) →֒W 1,m(Ω),

✐s ❝♦♠♣❛❝t ❢♦r ❛♥② m ∈ [1, p∗[ ✐❢ p < 3✱ ❢♦r ❛♥② m ∈ [1, ∞[ ✐❢ p = 3 ❛♥❞ ❢♦r m ∈ [1,∞] ✐❢ p > 3✳

❲❡ ❝❤♦♦s❡ t❤❡ ❡①♣♦♥❡♥t m s✉❝❤ t❤❛t 6 < m < +∞✳ ❙♦✱ ✇❡ ❤❛✈❡✿

W 2,p(Ω) →֒
compact

W 1,m(Ω) →֒
continuous

L 6(Ω).



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✹

❍❡♥❝❡✱ ❢♦r ❛♥② ε′ > 0✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cε′ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥t❡r♣♦❧❛t✐♦♥ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

‖u‖W 1,m(Ω) 6 ε′ ‖u‖W 2,p(Ω) + Cε′ ‖u‖H1(Ω) ✭✶✳✺✳✾✮

❋♦r t > 2 s✉❝❤ t❤❛t 1 + 1
p = 2

3 + 1
t ✱ ✇❡ ❤❛✈❡

‖yǫ1 × u‖Lp(Ω) 6 C ‖yǫ1‖Lp(Ω) ‖u‖W 1,m(Ω)

6 C ‖curlw‖
L

3
2 (Ω)

∥∥ρǫ/2
∥∥
Lt(R3)

‖u‖W 1,m(Ω) .

❯s✐♥❣ ✭✶✳✺✳✾✮✱ ✇❡ ♦❜t❛✐♥

‖yǫ1 × u‖Lp(Ω) 6 CCǫ ‖curlw‖
L

3
2 (Ω)

(ε′ ‖u‖W 2,p(Ω) + Cε′ ‖u‖H1(Ω)) ✭✶✳✺✳✶✵✮

❚❤✉s✱ ❝❤♦♦s✐♥❣ ε′ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✺✳✽✮ ♦r ✭✶✳✺✳✶✵✮ t❤❛t

‖yǫ1 × u‖Lp(Ω) 6 CCǫ ‖curlw‖
L

3
2 (Ω)

(ε′ ‖u‖W 2,p(Ω) + Cε′ ‖u‖H1(Ω)). ✭✶✳✺✳✶✶✮

✭✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖(curl b)× d‖Lp(Ω)✳ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✺✮✱ ❛s ♣r❡✈✐✲

♦✉s❧②✱ ✇❡ ❤❛✈❡ ❢♦r t❤❡ ♣❛rt dε2✿

‖dǫ2‖Ls′ (Ω)
6

∥∥∥d− d̃ ∗ ρǫ/2
∥∥∥
Ls′ (Ω)

≤ ǫ. ✭✶✳✺✳✶✷✮

❘❡❝❛❧❧ t❤❛t W 2,p(Ω) →֒W 1,k(Ω) ❢♦r k = p∗ =
3p

3− p
✐❢ p < 3✱ ❢♦r ❛♥② k ∈ [1,∞[ ✐❢ p = 3 ❛♥❞

k = ∞ ✐❢ p > 3✳ ❯s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✶✳✺✳✶✷✮✱ ✇❡ ❤❛✈❡

‖(curl b)× dǫ2‖Lp(Ω) 6 ‖curl b‖Lk(Ω) ‖dǫ2‖Ls′ (Ω)
6 Cǫ ‖b‖W 2,p(Ω) , ✭✶✳✺✳✶✸✮

✇❤❡r❡ 1
p = 1

k + 1
s′ ❢♦r s

′ ❣✐✈❡♥ ❜②✿

s′ = 3 if p < 3, s′ > 3 if p = 3 and s′ = p if p > 3. ✭✶✳✺✳✶✹✮

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ dǫ1✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s✿

• ❈❛s❡ p ≤ 2✿ ❯s✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

‖(curl b)× dǫ1‖Lp(Ω) 6 ‖dǫ1‖Lk(Ω) ‖curl b‖L2(Ω) ,

✇❤❡r❡ 1
p = 1

k + 1
2 ✳ ▲❡t t ∈ [1, 3/2] s✉❝❤ t❤❛t 1 + 1

k = 1
3 + 1

t ✱ ✇❡ ♦❜t❛✐♥ ✭s✐♥❝❡ r ≥ 3✮

‖(curl b)× dǫ1‖Lp(Ω) 6 ‖d‖L3(Ω)

∥∥ρǫ/2
∥∥
Lt(R3)

‖curl b‖L2(Ω)

≤ Cǫ ‖d‖L3(Ω) ‖b‖H 1(Ω) .
✭✶✳✺✳✶✺✮

✇❤❡r❡ C4 ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ Lp(Ω) →֒ [H6,2
0 (curl,Ω)]′ ❛♥❞ W

1− 1
p
,p
(Γ) →֒

H− 1
2 (Γ)✳

• ❈❛s❡ 2 < p < 3✿ ❆ss✉♠✐♥❣ 2 < q < p∗✱ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥

W 2,p(Ω) →֒
compact

W 1,q(Ω) →֒
continuous

H 1(Ω)



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✹✺

✇❡ ❤❛✈❡ ❢♦r ❛♥② ǫ′ > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cǫ s✉❝❤ t❤❛t

‖b‖W 1,q(Ω) 6 ε′ ‖b‖W 2,p(Ω) + Cε′ ‖b‖H1(Ω) ✭✶✳✺✳✶✻✮

▲❡t k ❜❡ ❞❡✜♥❡❞ ❜② 1
p = 1

q + 1
k ❛♥❞ t > 1 ❞❡✜♥❡❞ ❜② 1 + 1

k = 1
3 + 1

t ✳ ❚❤✉s✱ s✐♥❝❡ k > 3✱ t❤❡

❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s✿

‖(curl b)× dǫ1‖Lp(Ω) 6 ‖dǫ1‖Lk(Ω) ‖curl b‖Lq(Ω) ≤ ‖d‖L3(Ω)

∥∥ρǫ/2
∥∥
Lt(R3)

‖curl b‖Lq(Ω) .

◆❡①t ✉s✐♥❣ ✭✶✳✺✳✶✻✮ ②✐❡❧❞s✱

‖(curl b)× dǫ1‖Lp(Ω) ≤ Cǫ ‖d‖L3(Ω) (ε
′ ‖b‖W 2,p(Ω) + Cε′ ‖b‖H1(Ω)). ✭✶✳✺✳✶✼✮

• ❈❛s❡ p ≥ 3✿ ❋♦r 1
p = 1

s′ +
1
p∗ ✇✐t❤ s′ ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✳✶✹✮✱ ✇❡ ❤❛✈❡

‖(curl b)× dǫ1‖Lp(Ω) 6 ‖dǫ1‖Ls′ (Ω)
‖curl b‖Lp∗(Ω) .

▲❡t t ❜❡ ❞❡✜♥❡❞ ❜② 1 + 1
s′ =

1
3 + 1

t ✳ ❚❤✉s✱ ✉s✐♥❣ ✭✶✳✺✳✶✻✮ ✇✐t❤ q = p∗✱ ✇❡ ♦❜t❛✐♥✿

‖(curl b)× dǫ1‖Lp(Ω) ≤ Cǫ ‖d‖L3(Ω) (ε
′ ‖b‖W 2,p(Ω) + Cε′ ‖b‖H1(Ω)). ✭✶✳✺✳✶✽✮

❈❤♦♦s✐♥❣ ǫ′ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✺✳✶✺✮✱ ✭✶✳✺✳✶✼✮ ♦r ✭✶✳✺✳✶✽✮ t❤❛t

‖(curl b)× dǫ1‖Lp(Ω) ≤ Cǫ ‖d‖L3(Ω) (ε
′ ‖b‖W 2,p(Ω) + Cε′ ‖b‖H1(Ω)). ✭✶✳✺✳✶✾✮

✭✐✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖curl(u× d)‖Lp(Ω)✳ ◆♦t❡ t❤❛t✱ s✐♥❝❡ div u = 0 ❛♥❞ div d = 0 ✿

curl (u× d) = d · ∇u− u · ∇d.

• ❚❤❡ t❡r♠ ‖d · ∇u‖Lp(Ω)✳ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✺✮ ❛♥❞ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛♥❛❧②s✐s ❛s

✐♥ ✭✐✐✮ ❢♦r t❤❡ t❡r♠ (curl b)×d ✇✐t❤ curl b r❡♣❧❛❝❡❞ ❜② ∇u✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖dǫ2 · ∇u‖Lp(Ω) 6 ‖∇u‖Lk(Ω) ‖dǫ2‖Ls′ (Ω)
6 Cǫ ‖u‖W 2,p(Ω) , ✭✶✳✺✳✷✵✮

✇❤❡r❡ s′ ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✳✶✹✮ ❛♥❞

‖dǫ1 · ∇u‖Lp(Ω) ≤ Cǫ ‖d‖L3(Ω) (ε
′ ‖u‖W 2,p(Ω) + Cε′ ‖u‖H1(Ω)). ✭✶✳✺✳✷✶✮

• ❚❤❡ t❡r♠ ‖u · ∇d‖Lp(Ω)✳ ❚❤❡ ❛♥❛❧②s✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ✭✐✮✳ ❲❡ ❝♦♥s✐❞❡r✿

∇d = zǫ1 + z
ǫ
2 where zǫ1 = ∇̃d ∗ ρǫ/2 and zǫ2 = ∇d− ∇̃d ∗ ρǫ/2, ✭✶✳✺✳✷✷✮

∇̃d ✐s t❤❡ ❡①t❡♥s✐♦♥ ❜② ③❡r♦ ♦❢ ∇d t♦ R3✳ ❖❜s❡r✈❡ t❤❛t

‖zǫ2‖Ls(Ω) 6 ‖∇d− ∇̃d ∗ ρǫ/2‖Ls(Ω) ≤ ǫ,



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✻

✇✐t❤ s ❣✐✈❡♥ ✐♥ ✭✶✳✺✳✻✮✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ❝❛s❡ ✭✐✮✱

t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ zǫ2 ✐♥ t❤❡ ❜♦✉♥❞ ♦❢ ‖u · ∇d‖Lp(Ω) ✐s ❣✐✈❡♥ ❜②✿

‖u · zǫ2‖Lp(Ω) ≤ C ‖zǫ2‖Ls(Ω) ‖u‖Lm(Ω) ≤ Cǫ ‖u‖W 2,p(Ω) . ✭✶✳✺✳✷✸✮

❆♥❞ ❢♦r t❤❡ ❜♦✉♥❞ ❞❡♣❡♥❞✐♥❣ ♦♥ zǫ1✱ ♣r♦❝❡❡❞✐♥❣ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ❝❛s❡ ✭✐✮✱ ✇❡ ❞❡r✐✈❡✿

‖zǫ1 · u‖Lp(Ω) 6 CCǫ ‖∇d‖
L

3
2 (Ω)

(ε′ ‖u‖W 2,p(Ω) + Cε′ ‖u‖H1(Ω)) ✭✶✳✺✳✷✹✮

✭✐✈✮ ❊st✐♠❛t❡ ♦❢ t❤❡ ❝♦♥st❛♥ts
∑I

i=1 |ci|✳ ❲❡ ♥♦t❡ t❤❛t

|ci| 6 |
∫

Ω

f · ∇qNi dx|+ |
∫

Ω

(curl b× d) · ∇qNi dx|+ |
∫

Ω

(curlw × u) · ∇qNi ) dx|+ |
∫

Γ

P0∇qNi · n dσ|

6 ‖f‖
L

6
5 (Ω)

∥∥∇qNi
∥∥
L6(Ω)

+ ‖curl b‖L2(Ω) ‖d‖L3(Ω)

∥∥∇qNi
∥∥
L6(Ω)

+ ‖curlw‖
L

3
2 (Ω)

‖u‖L6(Ω)

∥∥∇qNi
∥∥
L6(Ω)

+ ‖P0‖
H−

1
2 (Γ)

∥∥∇qNi · n
∥∥
H

1
2 (Γ)

❚❤❛♥❦s t♦ ❬✽✼✱ ❈♦r♦❧❧❛r② ✸✳✸✳✶❪✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ∇qNi ❜❡❧♦♥❣ t♦ W 1,q(Ω) ❢♦r ❛♥② q ≥ 2

✇❤❡r❡ ❡❛❝❤ qNi ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✸✳✷✮✳

◆♦✇✱ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮ ②✐❡❧❞s✿

I∑

i=1

|ci| 6 C(1 + ‖d‖L3(Ω) + ‖curlw‖
L

3
2 (Ω)

)(‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖
W

1− 1
p
,p
(Γ)

) ✭✶✳✺✳✷✺✮

❯s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣s

W 1,3/2(Ω) →֒ L3(Ω), Lp(Ω) →֒ [H6,2
0 (curl,Ω)]′, W 1− 1

p ,p(Γ) →֒ H− 1
2 (Γ),

❝❤♦♦s✐♥❣ ǫ ❛♥❞ ǫ′ s✉❝❤ t❤❛t

ǫ′C
SE
Cǫ(‖curlw‖L3/2(Ω) + ‖d‖

W
1, 3

2 (Ω)
) <

1

2
,

✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✺✳✼✮✱✭✶✳✺✳✶✶✮✱ ✭✶✳✺✳✶✺✮✱ ✭✶✳✺✳✶✾✮✲✭✶✳✺✳✷✶✮✱ ✭✶✳✺✳✷✸✮✲✭✶✳✺✳✷✺✮✱ t❤❡ ✇❡❛❦ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮

❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1, 32 (Ω) →֒ L3(Ω) t❤❛t t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✷✮ ❤♦❧❞s ✐♥ ❛❧❧ ❝❛s❡s✳

❙❡❝♦♥❞ st❡♣✿ ❚❤❡ ❝❛s❡ ♦❢ curlw ∈ L3/2(Ω) ❛♥❞ d ∈W 1,3/2
σ (Ω)✳

▲❡t wλ ∈ D(Ω) ❛♥❞ dλ ∈ D(Ω) s✉❝❤ t❤❛t curlwλ → curlw ✐♥ L3/2(Ω) ❛♥❞ dλ → d ✐♥ W 1,3/2(Ω)✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿




−∆uλ + (curlwλ)× uλ +∇Pλ − (curl bλ)× dλ = f and divuλ = 0 in Ω,

curl curl bλ − curl(uλ × dλ) = g and div bλ = 0 ✐♥ Ω,

uλ × n = 0 and bλ × n = 0 on Γ,

Pλ = P0 ♦♥ Γ0 and Pλ = P0 + ci ♦♥ Γi,

〈uλ · n, 1〉Γi
= 0, and 〈bλ · n, 1〉Γi

= 0, 1 ≤ i ≤ I.

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (uλ, bλ, Pλ, cλ) ∈W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)× RI ❛♥❞ s❛t✐s✜❡s✿

‖uλ‖W 2,p(Ω) + ‖bλ‖W 2,p(Ω) + ‖Pλ‖W 1,p(Ω) ≤ C(1 + ‖curlwλ‖
L

3
2 (Ω)

+ ‖dλ‖
W

1, 3
2 (Ω)

)

×
(
‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖

W
1− 1

p
,p
(Γ)

)
,

✭✶✳✺✳✷✻✮

✇❤❡r❡ C ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ✳ ❋✐♥❛❧❧②✱ t❤❡s❡ ✉♥✐❢♦r♠ ❜♦✉♥❞s ❡♥❛❜❧❡ ✉s t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t λ→ 0✳ ❆s

❛ ❝♦♥s❡q✉❡♥❝❡✱ (uλ, bλ, Pλ, cλ) ❝♦♥✈❡r❣❡s t♦ (u, b, P, c) t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠

✭✶✳✹✳✷✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✷✮✳



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✹✼

✶✳✺✳✷ ❲❡❛❦ s♦❧✉t✐♦♥ ✐♥ W 1,p(Ω) ✇✐t❤ 1 < p < +∞

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω) ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞

▼❍❉ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❝❛s❡ p > 2✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ✐♠♣r♦✈❡❞ ✐♥

❈♦r♦❧❧❛r② ✶✳✺✳✶✵ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❞❛t❛ P0 ❧❡ss r❡❣✉❧❛r✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② 〈·, ·〉Ωr,p
t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [Hr,p

0 (curl,Ω)]′ ❛♥❞

H
r,p
0 (curl,Ω)✳

❚❤❡♦r❡♠ ✶✳✺✳✷✳ ✭●❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥ ✐♥W 1,p(Ω) ✇✐t❤ p > 2✮✳ ❙✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss

C1,1 ❛♥❞ p > 2✳ ❆ss✉♠❡ t❤❛t h = 0✱ ❛♥❞ ❧❡t f , g ∈ [Hr′,p′

0 (curl,Ω)]′ ❛♥❞ P0 ∈W 1− 1
r
,r(Γ) ✇✐t❤

t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀v ∈Kp′

N (Ω), 〈g,v〉Ω
r′,p′

= 0, ✭✶✳✺✳✷✼✮

div g = 0 inΩ. ✭✶✳✺✳✷✽✮

❛♥❞

curlw ∈ Ls(Ω), d ∈W 1,s
σ (Ω), ✭✶✳✺✳✷✾✮

✇✐t❤

s =
3

2
if 2 < p < 3, s >

3

2
if p = 3 and s = r if p > 3. ✭✶✳✺✳✸✵✮

r ≥ 1 such that
1

r
=

1

p
+

1

3
. ✭✶✳✺✳✸✶✮

❚❤❡♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ∈ W 1,p(Ω) ×
W 1,p(Ω)×W 1,r(Ω)× RI ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 1, p(Ω) + ‖b‖W 1, p(Ω) + ‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)

×
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖W 1−1/r,r(Γ)

)
.

✭✶✳✺✳✸✷✮

Pr♦♦❢✳ ❆✮ ❊①✐st❡♥❝❡✿ ❆♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u1, P1,α
(1)) ∈

W 1,p(Ω)×W 1,r(Ω)× RI s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





−∆u1 +∇P1 = f and divu1 = 0 in Ω,

u1 × n = ✵ on Γ,

P1 = P0 on Γ0, P1 = P0 + α
(1)
i on Γi,

〈u1 · n, 1〉Γi = 0, ∀1 6 i 6 I

✇❤❡r❡ α
(1)
i = 〈f ,∇qNi 〉Ω

r′,p′
−
∫

Γ
P0∇qNi · n dσ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖u1‖W 1,p(Ω) + ‖P1‖W 1,r(Ω) 6 C
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r ,r(Γ)

)
. ✭✶✳✺✳✸✸✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✹✽

◆❡①t✱ s✐♥❝❡ g s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✳✸✳✹✱ t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





−∆b1 = g and div b1 = 0 in Ω,

b1 × n = ✵ on Γ,

〈b1 · n, 1〉Γi = 0 ∀1 6 i 6 I

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ b1 ∈W 1,p(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖b1‖W 1,p(Ω) 6 C ‖g‖
[Hr′,p′

0 (curl,Ω)]′
✭✶✳✺✳✸✹✮

❚❤❡♥✱ s✐♥❝❡ curlw ∈ Ls(Ω) ❛♥❞ u1 ∈ W 1,p(Ω)✱ ✇❡ ❤❛✈❡ (curl✇) × ✉1 ∈ ▲r(Ω)✳ ■♥❞❡❡❞✱

✐❢ p < 3✱ t❤❡♥ ❲ 1,p(Ω) →֒ ▲p∗(Ω) ✇✐t❤ 1
p∗ = 1

p − 1
3 ❛♥❞ 1

s + 1
p∗ = 1

r ✳ ■❢ p = 3✱ t❤❡♥ t❤❡r❡

❡①✐sts ε > 0 s✉❝❤ t❤❛t
1

3
2 + ε

+ 1
p∗ = 2

3 ✳ ❋✐♥❛❧❧②✱ ✐❢ p > 3✱ t❤❡♥ p∗ = ∞ ❛♥❞ r = s✳ ◆❡①t✱

s✐♥❝❡ s > 3
2 ✱ t❤❡♥ W

1,s(Ω) →֒ L3(Ω) s♦ d ∈ L3(Ω)✱ ❛♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r ✐♥ ✭✶✳✺✳✸✶✮✱ ✇❡

❤❛✈❡ (curl b1) × d ∈ Lr(Ω)✳ ❚❤❡♥ f1 = −(curlw) × u1 + (curl b1) × d ❜❡❧♦♥❣s t♦ Lr(Ω)✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡t g1 = curl(u1 × d) = (d · ∇)u1 − (u1 · ∇)d✳ ❇② t❤❡ s❛♠❡ ✇❛②✱ ✉s✐♥❣ t❤❡

❞❡✜♥✐t✐♦♥s ♦❢ s ❛♥❞ r✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t g1 ∈ Lr(Ω)✳ ▼♦r❡♦✈❡r✱ g1 s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❖❜s❡r✈❡ t❤❛t ✇✐t❤ t❤❡ ✈❛❧✉❡s ♦❢ s ❣✐✈❡♥ ✐♥ ✭✶✳✺✳✸✵✮ ❢♦r p > 2✱ ✇❡

❤❛✈❡ r ∈ [65 , 3) ❛♥❞ s❛t✐s✜❡s

s =
3

2
if

6

5
< r <

3

2
, s >

3

2
if r =

3

2
and s = r if r >

3

2
. ✭✶✳✺✳✸✺✮

❙♦✱ s ≥ 3
2 ❛♥❞ t❤❡♥ curlw ✐s ❛t ❧❡❛st ✐♥ L

3
2 (Ω) ❛♥❞ d ✐s ❛t ❧❡❛st ✐♥W 1, 3

2 (Ω)✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠

❚❤❡♦r❡♠ ✶✳✺✳✶ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





−∆u2 + (curlw)× u2 +∇P2 − (curl b2)× d = f1 and divu2 = 0 in Ω,

curl curl b2 − curl(u2 × d) = g1 and div b2 = 0 in Ω,

u2 × n = ✵ and b2 × n = ✵ on Γ,

P2 = 0 on Γ0 and P2 = α
(2)
i on Γi,

〈u2 · n, 1〉Γi = 0, and 〈b2 · n, 1〉Γi = 0, 1 ≤ i ≤ I.

✭✶✳✺✳✸✻✮

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u2, b2, P2,α
(2)) ∈ W 2,r(Ω) ×W 2,r(Ω) ×W 1,r(Ω) × RI s❛t✐s❢②✐♥❣ t❤❡

❡st✐♠❛t❡✿

‖u2‖W 2,r(Ω) + ‖b2‖W 2,r(Ω) + ‖P2‖W 1,r(Ω)

6 C(1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)(‖f1‖Lr(Ω) + ‖g1‖Lr(Ω))
✭✶✳✺✳✸✼✮

✇✐t❤

α
(2)
i = 〈(curl(b1 + b2))× d,∇qNi 〉Ω

r′,p′
− 〈(curlw)× (u1 + u2),∇qNi 〉Ω

r′,p′
. ✭✶✳✺✳✸✽✮



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✹✾

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣W 2,r(Ω) →֒W 1,p(Ω)✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮

✐s ❣✐✈❡♥ ❜② (u1 + u2, b1 + b2, P1 + P2,α
(1) +α(2)) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω)× RI ✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♥st❛♥ts ci = α
(1)
i + α

(2)
i ❛r❡ ❣✐✈❡♥ ❜②

ci = 〈f ,∇qNi 〉Ω
r′,p′

−
∫

Γ

P0∇qNi ·n dσ+〈(curl b)×d,∇qNi 〉Ω
r′,p′

−〈(curlw)×u,∇qNi 〉Ω
r′,p′

. ✭✶✳✺✳✸✾✮

❇✮ ❊st✐♠❛t❡s✿ ❚❤❡ t❡r♠s ♦♥ f1 ❛♥❞ g1 ✐♥ ✭✶✳✺✳✸✼✮ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❛s✿

‖f1‖Lr(Ω) ≤ C
(
‖curlw‖Ls(Ω) ‖u1‖W 1,p(Ω) + ‖d‖L3(Ω) ‖b1‖W 1,p(Ω)

)
. ✭✶✳✺✳✹✵✮

‖g1‖Lr(Ω) ≤ C
(
‖d‖L3(Ω) ‖u1‖W 1,p(Ω) + ‖∇d‖Ls(Ω) ‖u1‖W 1,p(Ω)

)
. ✭✶✳✺✳✹✶✮

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣sW 1,s(Ω) →֒W 1, 32 (Ω) →֒ L3(Ω) ❢♦r s ≥ 3/2✱

t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✸✼✮ ❜❡❝♦♠❡s

‖u2‖W 2,r(Ω) + ‖b2‖W 2,r(Ω) + ‖P2‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)

×
(
‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)
(‖u1‖W 1,p(Ω) + ‖b1‖W 1,p(Ω)).

✭✶✳✺✳✹✷✮

❚❤❛♥❦s t♦ ✭✶✳✺✳✸✸✮✱ ✭✶✳✺✳✸✹✮ ❛♥❞ ✭✶✳✺✳✹✷✮✱ t❤❡ s♦❧✉t✐♦♥ (u, b, P ) s❛t✐s✜❡s

‖u‖W 1, p(Ω) + ‖b‖W 1, p(Ω) + ‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)2

×
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖W 1−1/r,r(Γ)

)
.

✭✶✳✺✳✹✸✮

❚❤✐s ❡st✐♠❛t❡ ✐s ♥♦t ♦♣t✐♠❛❧ ❛♥❞ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞✳ ❋♦r t❤✐s✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r (u, b, P ) ∈W 1,p(Ω)×
W 1,p(Ω)×W 1,r(Ω) t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❡①✐st❡♥❝❡ ♣❛rt✳

◆♦t❡ t❤❛t✱ ❞✉❡ t♦ t❤❡ ❤②♣♦t❤❡s✐s ♦♥ d ❛♥❞ curlw✱ t❤❡ t❡r♠s (curlw)×u✱ (curl b)×d ❛♥❞ curl(u×d)
❜❡❧♦♥❣ t♦ Lr(Ω) ✇✐t❤ 1

r = 1
p + 1

3 ✳ ❚❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ✭s❡❡

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✮ ❛♥❞ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN ) ✭s❡❡ ▲❡♠♠❛ ✶✳✸✳✹✮✱ ✇❡ ❤❛✈❡✿

‖u‖W 1,p(Ω) + ‖b‖W 1,p(Ω) + ‖P‖W 1,r(Ω)

6 C
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

+ ‖(curlw)× u‖Lr(Ω)

+ ‖(curl b)× d‖Lr(Ω) + ‖curl(u× d)‖Lr(Ω)

)
✭✶✳✺✳✹✹✮

❲❡ ♣r♦❝❡❡❞ ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✶✿ ✇❡ ❜♦✉♥❞ t❤❡ t❤r❡❡ ❧❛st t❡r♠s ♦❢

✭✶✳✺✳✹✹✮✱ ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ curlw✱ d ❛♥❞ ∇d ❣✐✈❡♥ ✐♥ ✭✶✳✺✳✹✮✲✭✶✳✺✳✺✮ ❛♥❞ ✭✶✳✺✳✷✷✮ r❡s♣❡❝t✐✈❡❧②✳

✭✐✮ ❚❤❡ t❡r♠ ‖(curlw)× u‖Lr(Ω)✿ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✹✮ ❢♦r y = curlw✱ ✇❡ ♦❜t❛✐♥✿

‖yǫ2 × u‖Lr(Ω) 6 ‖yǫ2‖Ls(Ω) ‖u‖Lp∗ (Ω) 6 Cǫ ‖u‖W 1,p(Ω) ✭✶✳✺✳✹✺✮

✇❤❡r❡ W 1,p(Ω) →֒ Lp
∗

(Ω) ✇✐t❤ 1
p∗ = 1

p − 1
3 ✐s p < 3✱ ❢♦r p∗ = 3s

2s−3 ✐❢ p = 3 ❛♥❞ p∗ = ∞ ✐❢ p > 3✳

◆❡①t✱ ❢♦r t❤❡ t❡r♠ yǫ1 × u✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✜rst t❤❡ ❝❛s❡ p < 3✳ ❲❡ ❤❛✈❡

‖yǫ1 × u‖Lr(Ω) 6 ‖yǫ1‖Lt(Ω) ‖u‖Lm(Ω) 6 ‖y‖
L

3
2 (Ω)

∥∥ρǫ/2
∥∥
Lk(Ω)

‖u‖Lm(Ω)



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✵

✇✐t❤ 1
r = 1

t +
1
m ❛♥❞ 1 + 1

t = 2
3 + 1

k ✳ ❈❤♦♦s✐♥❣ 6 < m < p∗✱ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,p(Ω) →֒ Lm(Ω) ✐s

❝♦♠♣❛❝t✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ❝❤♦✐❝❡✱ ✇❡ ❤❛✈❡ t ∈] 32 ,
2p
2+p [ ❛♥❞ k ∈]1, 6p

5p+6 [✳ ❚❤❡♥✱ ❢♦r ❛♥② ε′ > 0✱ t❤❡r❡

❡①✐sts Cε′ > 0 s✉❝❤ t❤❛t

‖u‖Lm(Ω) ≤ ε′ ‖u‖W 1,p(Ω) + Cε′ ‖u‖L6(Ω) .

❙♦✱ ✇❡ ❞❡❞✉❝❡

‖yǫ1 × u‖Lr(Ω) 6 ε′Cε ‖y‖L3/2(Ω) ‖u‖W 1,p(Ω) + C1Cε′Cǫ ‖y‖
L

3
2 (Ω)

‖u‖H1(Ω) ✭✶✳✺✳✹✻✮

✇❤❡r❡ Cǫ ✐s t❤❡ ❝♦♥st❛♥t ✇❤✐❝❤ ❛❜s♦r❜❡s t❤❡ ♥♦r♠ ♦❢ t❤❡ ♠♦❧❧✐✜❡r ❛♥❞ C1 ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❙♦❜♦❧❡✈

❡♠❜❡❞❞✐♥❣ H1(Ω) →֒ L6(Ω)✳ ■❢ p ≥ 3✱ ✇❡ ❤❛✈❡

‖yǫ1 × u‖Lr(Ω) 6 ‖yǫ1‖Ls(Ω) ‖u‖Lm(Ω) 6 ‖y‖Ls(Ω)

∥∥ρǫ/2
∥∥
L1(Ω)

‖u‖Lm(Ω) , ✭✶✳✺✳✹✼✮

✇❤❡r❡ ✇❡ ❝❤♦♦s❡ m = ∞ ✐❢ p > 3 ❛♥❞ m ∈ (1,∞) ✐❢ p = 3✳

✭✐✐✮ ❚❤❡ t❡r♠ ‖(curl b)× d‖Lr(Ω)✿ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✺✮ ❢♦r d✱ ✇❡ ❤❛✈❡✿

‖(curl b)× dǫ2‖Lr(Ω) 6 ‖curl b‖Lp(Ω) ‖dǫ2‖L3(Ω) 6 Cǫ ‖b‖W 1,p(Ω) ✭✶✳✺✳✹✽✮

◆❡①t✱ ✐♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ t❡r♠ (curl b)× dǫ1✱ ✇❡ ❤❛✈❡ t✇♦ ❝❛s❡s✿

• ❚❤❡ ❝❛s❡ 2 < p ≤ 6✿ ✇❡ ❤❛✈❡

‖(curl b)× dǫ1‖Lr(Ω) 6 ‖curl b‖L2(Ω) ‖dǫ1‖Lt(Ω) 6 ‖curl b‖L2(Ω) ‖d‖L3(Ω)

∥∥ρǫ/2
∥∥
Lk(R3)

6 Cǫ ‖d‖L3(Ω) ‖b‖H1(Ω) ✭✶✳✺✳✹✾✮

✇✐t❤ 1
r = 1

2 +
1
t ❛♥❞ 1+ 1

t =
1
3 +

1
k ✱ s♦ ✇❡ ❤❛✈❡ t♦ t❛❦❡ t = 6p

6−p ❛♥❞ k = 2p
2+p ✇❤✐❝❤ ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✳

• ❚❤❡ ❝❛s❡ p > 6✳ ❲❡ ❤❛✈❡✿

‖(curl b)× dǫ1‖Lr(Ω) 6 ‖curl b‖Lq(Ω) ‖dǫ1‖Lt(Ω) 6 ‖curl b‖Lq(Ω) ‖d‖L3(Ω)

∥∥ρǫ/2
∥∥
Lk(R3)

✭✶✳✺✳✺✵✮

✇✐t❤ 1
r = 1

q + 1
t ❛♥❞ 1 + 1

t = 1
k + 1

3 ✳ ❲❡ ❝❤♦♦s❡ 3 < q < p✱ ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t t ∈]3, p[ ❛♥❞
k ∈]1, 3p

2p+3 [✳ ❚❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡st✐♠❛t❡ ♦❢ W 1,q(Ω) ❜❡t✇❡❡♥ H1(Ω) ❛♥❞ W 1,p(Ω) ❣✐✈❡s ✭❝❢✳ ❬✼✺❪✮✿

‖curl b‖Lq(Ω) 6 ‖b‖θW 1,p(Ω) ‖b‖
1−θ
H1(Ω) ,

✇✐t❤ θ = p(q−2)
q(p−2) ✳ ❆♣♣❧②✐♥❣ t❤❡ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ ❢♦r s♠❛❧❧ ǫ′ > 0✿

‖curl b‖Lq(Ω) 6 ǫ′ ‖b‖W 1,p(Ω) + Cǫ′ ‖b‖H1(Ω) .

❘❡♣❧❛❝✐♥❣ t❤✐s ❡st✐♠❛t❡ ✐♥ ✭✶✳✺✳✺✵✮✱ ✇❡ ♦❜t❛✐♥✿

‖(curl b)× dǫ1‖Lr(Ω) 6 ǫ′Cǫ ‖d‖L3(Ω) ‖b‖W 1,p(Ω) + Cǫ′Cǫ ‖d‖L3(Ω) ‖b‖H1(Ω) . ✭✶✳✺✳✺✶✮

✭✐✐✐✮ ❚❤❡ t❡r♠ ‖curl(u× d)‖Lr(Ω)✿ ❙✐♥❝❡ divu = 0 ❛♥❞ divd = 0 ✐♥ Ω✱ t❤✉s ✇❡ r❡✇r✐t❡ curl(u×d) =
(d · ∇)u− (u · ∇)d✳

• ❚❤❡ t❡r♠ ‖(d · ∇)u‖Lr(Ω)✿ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ❢♦r t❤❡ t❡r♠ (curl b)×d ❜② r❡♣❧❛❝✐♥❣ curl b

✇✐t❤ ∇u✱ ✇❡ ♦❜t❛✐♥

‖(dǫ2 · ∇)u‖Lr(Ω) 6 Cǫ ‖u‖W 1,p(Ω) ✭✶✳✺✳✺✷✮



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✺✶

❛♥❞

‖(dǫ1 · ∇)u‖Lr(Ω) 6 Cǫ ‖d‖L3(Ω)

(
ε′ ‖u‖W 1,p(Ω) + Cǫ′ ‖u‖H1(Ω)

)
✭✶✳✺✳✺✸✮

• ❚❤❡ t❡r♠ ‖(u · ∇)d‖Lr(Ω)✿ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ r❡♠❛r❦ t❤❛t ✇❡ ❝❛♥ ❝♦♥tr♦❧ t❤✐s t❡r♠ ❛s ❢♦r

‖(curlw)× u‖Lr(Ω) ❜② r❡♣❧❛❝✐♥❣ curlw ✇✐t❤ ∇d✳ ❆♣♣❧②✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✺✳✷✷✮ ❢♦r ∇d✱ ✇❡
t❤✉s ♣r♦✈❡ t❤❛t✿

‖zǫ2 · u‖Lr(Ω) 6 Cǫ ‖u‖W 1,p(Ω) ✭✶✳✺✳✺✹✮

❛♥❞

‖zǫ1 · u‖Lr(Ω) 6 CCǫ ‖∇d‖Ls(Ω)

(
ε′ ‖u‖W 1,p(Ω) + Cε′ ‖u‖H1(Ω)

)
✭✶✳✺✳✺✺✮

❋✐♥❛❧❧②✱ t❛❦✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✶✳✺✳✹✺✮✲✭✶✳✺✳✺✺✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,s(Ω) →֒ L3(Ω) ❢♦r

s ≥ 3/2 ❛♥❞ ✭✶✳✺✳✹✹✮✱ t❤❡♥ ❝❤♦♦s✐♥❣ ǫ, ǫ′ > 0 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ ✉s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✶✳✹✳✶✸✮✱ ✇❡ t❤✉s

♦❜t❛✐♥ ✭✶✳✺✳✸✷✮✳

❘❡♠❛r❦ ✶✳✺✳✶✳

✭✐✮ ❚❤❡ ❝❛s❡ p > 2 ❝❛♥ ❜❡ ❛♥❛❧②③❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② t♦ t❤❡ ❝❛s❡ p = 2 t♦ ♣r♦✈❡ t❤❛t t❤❡ s♣❛❝❡

[Hr′,p′

0 (curl,Ω)]′ ✇✐t❤ 1
r = 1

p + 1
3 ✐s ♦♣t✐♠❛❧ t♦ ♦❜t❛✐♥ t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω)✳

✭✐✐✮ ❲❤② ❞♦ ✇❡ t❛❦❡ P0 ∈ W 1−1/r,r(Γ) ✐♥st❡❛❞ ♦❢ W−1/p,p(Γ)❄ ■❢ ✇❡ t❛❦❡ P0 ∈ W−1/p,p(Γ)✱

✇❡ ♦❜t❛✐♥ t❤❛t P ∈ Lp(Ω) ❛s ✐♥ t❤❡ ❝❧❛ss✐❝ ❝❛s❡ ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❉✐r✐❝❤❧❡t

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❇✉t ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ s♦❧✈❡ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ❜❡❝❛✉s❡✱ ✐♥ t❤✐s

❝❛s❡✱ f = curl(curlu) +∇P /∈ [Hr′,p′(curl,Ω)]′✳

❲❡ ❛❧s♦ ♥❡❡❞ t♦ st✉❞② t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐s ♥♦t ❢r❡❡ ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ❛♣♣❡❛rs ❛s t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠

✭✶✳✹✳✷✮ ✐♥ t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r p < 2✿





−∆u+ (curlw)× u+∇P− (curl b)× d = f and divu = h in Ω,

curl curl b− curl(u× d) +∇χ = g and div b = 0 ✐♥ Ω,

u× n = ✵, b× n = ✵ and χ = 0 on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi = 0, and 〈b · n, 1〉Γi = 0.

✭✶✳✺✳✺✻✮

❖❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✹✳✷✮ ✐s r❡♣❧❛❝❡❞ ❜② curl curl b− curl(u× d) +∇χ =

g in Ω ✇✐t❤ χ = 0 ♦♥ Γ✳ ❚❤❡ s❝❛❧❛r χ r❡♣r❡s❡♥ts t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤

♠❛❣♥❡t✐❝ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t✳ ◆♦t❡ t❤❛t✱ t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ χ ✐s

❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✿

∆χ = div g in Ω and χ = 0 onΓ. ✭✶✳✺✳✺✼✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ g ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱ ✇❡ ❤❛✈❡ χ = 0✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ χ ✇✐❧❧ ❜❡

✉s❡❢✉❧ t♦ ❡♥❢♦r❝❡ ③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ♦✈❡r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❋✐rst✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t ❢♦r t❤❡ ❝❛s❡ h = 0✳



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✷

❈♦r♦❧❧❛r② ✶✳✺✳✸✳ ❙✉♣♣♦s❡ t❤❛t p > 2 ❛♥❞ h = 0✳ ▲❡t f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱ P0 ∈
W 1− 1

r
,r(Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮ ❛♥❞ w✱ d ❞❡✜♥❡❞ ✇✐t❤ ✭✶✳✺✳✷✾✮✲✭✶✳✺✳✸✶✮✳

❚❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✺✳✺✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, χ, c) ∈ W 1,p(Ω) × W 1,p(Ω) ×
W 1,r(Ω) × W 1,r(Ω) × RI ✇❤❡r❡ c = (c1, . . . , cI) ✐s ❣✐✈❡♥ ❜② ✭✶✳✺✳✸✾✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖u‖W 1,p(Ω) + ‖b‖W 1,p(Ω) + ‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)

×
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖W 1−1/r,r(Γ)

)
.

✭✶✳✺✳✺✽✮

‖χ‖W 1,r(Ω) ≤ C ‖g‖
[Hr′,p′

0 (curl,Ω)]′
✭✶✳✺✳✺✾✮

Pr♦♦❢✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ s❝❛❧❛r χ ❝❛♥ ❜❡ ❢♦✉♥❞ ❞✐r❡❝t❧② ❛s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉✐r❝❤❧❡t

♣r♦❜❧❡♠ ✭✶✳✺✳✺✼✮✳ ❙✐♥❝❡ g ∈ [Hr′,p′

0 (curl,Ω)]′✱ div g ∈ W−1,r(Ω) ❛♥❞ t❤❡♥ χ ❜❡❧♦♥❣s t♦

W 1,r(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✺✾✮✳ ❲❡ s❡t g′ = g − ∇χ✳ ■t ✐s ❝❧❡❛r t❤❛t g′ ✐s ❛♥

❡❧❡♠❡♥t ♦❢ t❤❡ ❞✉❛❧ s♣❛❝❡ [Hr′,p′

0 (curl,Ω)]′✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❝❧❡❛r t❤❛t div g′ = 0 ✐♥ Ω ❛♥❞ g′

s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✳ ❙♦✱ ♣r♦❜❧❡♠ ✭✶✳✺✳✺✻✮ ❜❡❝♦♠❡s




−∆u+ (curlw)× u+∇P− (curl b)× d = f and divu = 0 in Ω,

curl curl b− curl(u× d) = g′ and div b = 0 ✐♥ Ω,

u× n = ✵ and b× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi = 0, and 〈b · n, 1〉Γi = 0.

✭✶✳✺✳✻✵✮

❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✷✱ ♣r♦❜❧❡♠ ✭✶✳✺✳✻✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ✐♥ W 1,p(Ω) ×
W 1,p(Ω)×W 1,r(Ω)× RI s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖u‖W 1, p(Ω) + ‖b‖W 1, p(Ω) + ‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)

×
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+
∥∥g′
∥∥
[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖W 1−1/r,r(Γ)

)
.

✭✶✳✺✳✻✶✮

❯s✐♥❣ ✭✶✳✺✳✺✾✮✱ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡ st✐❧❧ ❤♦❧❞s ✇❤❡♥ g′ ✐s r❡♣❧❛❝❡❞ ❜② g✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ ❣✐✈❡s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ❝❛s❡ h 6= 0✳

❚❤❡♦r❡♠ ✶✳✺✳✹✳ ❙✉♣♣♦s❡ t❤❛t p > 2✳ ▲❡t f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱ P0 ∈ W 1− 1
r
,r(Γ) ❛♥❞

h ∈W 1,r(Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮ ❛♥❞ w✱ d ❞❡✜♥❡❞ ✇✐t❤ ✭✶✳✺✳✷✾✮✲✭✶✳✺✳✸✶✮✳

❚❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✺✳✺✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, χ, c) ∈ W 1,p(Ω) × W 1,p(Ω) ×
W 1,r(Ω)×W 1,r(Ω)× RI ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r (u, b, P )✿

‖u‖W 1,p(Ω) + ‖b‖W 1,p(Ω) + ‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)2

×
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖h‖W 1,r(Ω) + ‖P0‖W 1−1/r,r(Γ)

)
.

✭✶✳✺✳✻✷✮

Pr♦♦❢✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❧✐❢t t❤❡ ❞❛t❛ h ❜② ✉s✐♥❣ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✿



−∆u1 +∇P1 = f and divu1 = h in Ω,

u1 × n = 0 on Γ,

P1 = P0 on Γ0 and P1 = P0 + α
(1)
i on Γi,

〈u1 · n, 1〉Γi = 0, ∀1 6 i 6 I



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✺✸

❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u1, P1,α
(1)) ∈W 1,p(Ω)×W 1,r(Ω)×

RI s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖u1‖W 1,p(Ω) + ‖P1‖W 1,r(Ω) 6 C
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖h‖W 1,r(Ω) + ‖P0‖

W 1− 1
r ,r(Γ)

)
.✭✶✳✺✳✻✸✮

✇❤❡r❡ α
(1)
i = 〈f ,∇qNi 〉Ω +

∫

Γ
(h− P0)∇qNi · n dσ✳

◆❡①t✱ s✐♥❝❡ g s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮✱ ❞✉❡ t♦ ❬✶✺✱ ❚❤❡♦r❡♠ ✺✳✷❪✱ t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





−∆b1 +∇χ = g and div b1 = 0 in Ω,

b1 × n = 0 and χ = 0 on Γ,

〈b1 · n, 1〉Γi = 0 ∀1 6 i 6 I

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (b1, χ) ∈W 1,p(Ω)×W 1,r(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖b1‖W 1,p(Ω) + ‖χ‖W 1,r(Ω) 6 C ‖g‖
[Hr′,p′

0 (curl,Ω)]′
✭✶✳✺✳✻✹✮

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r (u2, b2, P2, α
(2)) ∈W 2,r(Ω)×W 2,r(Ω)×W 1,r(Ω)× RI t❤❡ s♦❧✉t✐♦♥ ♦❢

✭✶✳✺✳✸✻✮ s❛t✐s❢②✐♥❣ ✭✶✳✺✳✸✽✮ ❛♥❞ ✭✶✳✺✳✹✷✮✳ ❚❤❡r❡❢♦r❡✱ (u1 + u2, b1 + b2, P1 + P2, χ,α
(1) +α(2))

✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✺✳✺✻✮✳ ❊st✐♠❛t❡ ✭✶✳✺✳✻✷✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✺✳✻✸✮✱✭✶✳✺✳✻✹✮ ❛♥❞ ✭✶✳✺✳✹✷✮✳

◆♦t❡ t❤❛t t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✻✷✮ ✐s ♥♦t ♦♣t✐♠❛❧ ❛♥❞ ✇✐❧❧ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ t❤❡ ♥❡①t r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✺✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✹✱ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✺✳✺✻✮ ❤❛s ❛

✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, χ, c) ∈ W 1,p(Ω) ×W 1,p(Ω) × W 1,r(Ω) × W 1,r(Ω) × RI s❛t✐s❢②✐♥❣

✭✶✳✺✳✺✾✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 1,p(Ω) + ‖b‖W 1,p(Ω) + ‖P‖W 1,r(Ω)

6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′

+ ‖P0‖W 1−1/r,r(Γ) + ‖h‖W 1,r(Ω)

(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

))
. ✭✶✳✺✳✻✺✮

Pr♦♦❢✳ ❲❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♥♦♥ ✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠ ✭✶✳✺✳✺✻✮ ❢♦r t❤❡ ✈❡❧♦❝✐t② t♦ t❤❡

❝❛s❡ ✇❤❡r❡ divu = 0 ✐♥ Ω✱ ❜② s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✿

∆θ = h ✐♥ Ω and θ = 0 ♦♥ Γ ✭✶✳✺✳✻✻✮

❋♦r h ∈ W 1,r(Ω)✱ ♣r♦❜❧❡♠ ✭✶✳✺✳✻✻✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ θ ∈ W 3,r(Ω) →֒ W 2,p(Ω) s❛t✐s❢②✐♥❣

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖θ‖W 2,p(Ω) 6 C ‖h‖W 1,r(Ω) ✭✶✳✺✳✻✼✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✹

❙❡tt✐♥❣ z = u−∇θ✱ t❤❡♥ ✭✶✳✺✳✺✻✮ ❜❡❝♦♠❡s✿ ❋✐♥❞ (z, b, P, χ, c) s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠✿




−∆z + (curlw)× z +∇P − (curl b)× d = f +∇h− (curlw)×∇θ in Ω

curl curl b− curl(z × d) +∇χ = g + curl(∇θ × d) in Ω

div z = 0, div b = 0 ✐♥Ω

z × n = ✵, b× n = ✵ and χ = 0 ♦♥Γ

P = P0 ♦♥Γ0, P = P0 + ci ♦♥Γi

〈z · n, 1〉Γi = 〈b · n, 1〉Γi = 0, ∀1 6 i 6 I,

✭✶✳✺✳✻✽✮

✇❤✐❝❤ ✐s ❛ ♣r♦❜❧❡♠ tr❡❛t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✺✳✸✳ ❙✐♥❝❡ ∇θ ∈ W 1,p(Ω) →֒ Lp∗(Ω)✱

❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s ✐♥ ✭✶✳✺✳✻✮✱ ✇❡ ❤❛✈❡ (curlw) × ∇θ ∈ Lr(Ω) ✇✐t❤ 1
p∗ = 1

p − 1
3 ✐❢

p < 3✱ p∗ = rs
s−r ✐❢ p = 3 ❛♥❞ p∗ = ∞ ✐❢ p > 3✳ ❙♦ f +∇h− (curlw)×∇θ ∈ [Hr′,p′

0 (curl,Ω)]′✳

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❡r♠ curl(∇θ×d) = d · ∇∇θ−∇θ · ∇d ✳ ❙✐♥❝❡ d ∈W 1,s(Ω) →֒ L3(Ω)

✭s > 3/2✮✱ t❤❡♥ d · ∇∇θ ❜❡❧♦♥❣s t♦ Lr(Ω)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ∇d ∈ Ls(Ω)✱ ✉s✐♥❣ t❤❡ s❛♠❡

❛r❣✉♠❡♥ts ❢♦r t❤❡ t❡r♠ (curlw) × ∇θ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∇θ · ∇d ❜❡❧♦♥❣s t♦ Lr(Ω)✳ ❙♦✱

g + curl(∇θ × d) ∈ [Hr′,p′

0 (curl,Ω)]′ ❛♥❞ s❛t✐s✜❡s ✭✶✳✺✳✷✼✮✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✷✱ t❤❡r❡

❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (z, b, P, χ, c) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω)×W 1,r(Ω)×RI s❛t✐s❢②✐♥❣

✭✶✳✺✳✺✾✮ ❛♥❞

‖z‖W 1, p(Ω) + ‖b‖W 1, p(Ω) + ‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)

×
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖∇h‖Lr(Ω) + ‖(curlw)×∇θ‖Lr(Ω) + ‖g‖

[Hr′,p′

0 (curl,Ω)]′

+ ‖curl(∇θ × d)‖Lr(Ω) + ‖P0‖W 1−1/r,r(Γ)

)
.

✭✶✳✺✳✻✾✮

✇✐t❤

ci = 〈f ,∇qNi 〉Ω
r′,p′

+

∫

Γ

(h− P0)∇qNi · n dσ − 〈(curlw)×∇θ,∇qNi 〉Ω
r′,p′

− 〈(curlw)× z,∇qNi 〉Ω
r′,p′

+ 〈(curl b)× d,∇qNi 〉Ω
r′,p′

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠s ‖(curlw)×∇θ‖Lr(Ω) ❛♥❞ ‖curl(∇θ × d)‖Lr(Ω) ✐♥ ✭✶✳✺✳✻✾✮✱ ✇❡ ✇r✐t❡ ❜② ✉s✐♥❣

✭✶✳✺✳✻✼✮

‖(curlw)×∇θ‖Lr(Ω) ≤ ‖curlw‖Ls(Ω) ‖∇θ‖Lp∗ (Ω) ≤ ‖curlw‖Ls(Ω) ‖∇θ‖W 1,p(Ω)

≤ C ‖curlw‖Ls(Ω) ‖h‖W 1,r(Ω) . ✭✶✳✺✳✼✵✮

■♥ ❛❞❞✐t✐♦♥ ✇❡ ❤❛✈❡

‖curl(∇θ × d)‖Lr(Ω) ≤ ‖d · ∇∇θ‖Lr(Ω) + ‖∇d · ∇θ‖Lr(Ω)

≤ ‖d‖L3(Ω) ‖∇∇θ‖Lp(Ω) + ‖∇d‖Ls(Ω) ‖∇θ‖Lp∗ (Ω)

≤ C ‖d‖W 1,s(Ω) ‖h‖W 1,r(Ω) . ✭✶✳✺✳✼✶✮

◆♦✇ ♣❧✉❣❣✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✶✳✺✳✼✵✮ ❛♥❞ ✭✶✳✺✳✼✶✮ ✐♥ ✭✶✳✺✳✻✾✮ ❣✐✈❡s

‖z‖W 1, p(Ω) + ‖b‖W 1, p(Ω) + ‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

)

×
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖W 1−1/r,r(Γ)

+ ‖h‖W 1,r(Ω)

(
1 + ‖curlw‖Ls(Ω) + ‖d‖W 1,s(Ω)

))
.

✭✶✳✺✳✼✷✮



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✺✺

❚❤✉s✱ s✉♠♠✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t❡ ✭✶✳✺✳✼✷✮ ❛❧♦♥❣ ✇✐t❤ ❡st✐♠❛t❡ ✭✶✳✺✳✻✼✮✱ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞ ❢♦r

(u, b, P ) ✐♥ ✭✶✳✺✳✻✺✮✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ♥♦✇ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ✐♥

W 1,p(Ω) ✇✐t❤ p < 2✳ ❙✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ✐s ❧✐♥❡❛r✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❞✉❛❧✐t② ❛r❣✉♠❡♥t ❞❡✈❡❧♦♣❡❞ ❜②

▲✐♦♥s✲▼❛❣❡♥❡s ❬✻✻❪✳ ❚❤✐s ✇❛② ❡♥s✉r❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ♠✉st ❞❡r✐✈❡

t❤❛t ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛♥ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ t❤❡♥ ♥❡❡❞ ❛❞❡q✉❛t❡ ❞❡♥s✐t②

❧❡♠♠❛ ❛♥❞ ●r❡❡♥ ❢♦r♠✉❧❛❡✱ ❛❞❛♣t❡❞ t♦ ♦✉r ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱ t♦ ❞❡✜♥❡ r✐❣♦r♦✉s❧② ❡❛❝❤

t❡r♠✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

V(Ω) :=
{
(v,a, θ, τ) ∈W 1,p′(Ω)×W 1,p′(Ω)×W 1,(p∗)′(Ω)×W

1,(p∗)′

0 (Ω); div v ∈W
1,(p∗)′

0 (Ω),

v × n = a× n = ✵ ♦♥ Γ, θ = 0, ♦♥ Γ0 and θ = cste ♦♥ Γi, 〈v · n, 1〉Γi = 〈a · n, 1〉Γi = 0, ∀1 6 i 6 I
}

❛♥❞ ✇❡ r❡❝❛❧❧ t❤❛t 〈·, ·〉Ωp∗,p
❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥ Hp∗,p

0 (curl,Ω) ❛♥❞ [Hp∗,p
0 (curl,Ω)]′ ✇✐t❤

1
p∗ = 1

p − 1
3 ✳

▲❡♠♠❛ ✶✳✺✳✻✳ ❲❡ s✉♣♣♦s❡ Ω ♦❢ ❝❧❛ss C1,1✳ ▲❡t 3
2 < p < 2✳ ❆ss✉♠❡ t❤❛t f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱

h = 0 ❛♥❞ P0 ∈ W 1− 1
r ,r(Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ t♦❣❡t❤❡r ✇✐t❤

curlw ∈ L3/2(Ω) ❛♥❞ d ∈W 1,3/2
σ (Ω)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮✳ (u, b, P, c) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω)× RI s❛t✐s✜❡s t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮✳

✭✷✮✳ ❋✐♥❞ (u, b, P, c) ∈ W 1,p
σ (Ω) ×W 1,p

σ (Ω) ×W 1,r(Ω) × RI ✇✐t❤ u × n = ✵ ❛♥❞ b × n = ✵ ♦♥ Γ✱

〈u · n, 1〉Γi
= 0 ❛♥❞ 〈b · n, 1〉Γi

= 0 ❢♦r ❛♥② 1 6 i 6 I s✉❝❤ t❤❛t✿

❋♦r ❛♥② (v,a, θ, τ) ∈ V(Ω)✱

〈u,−∆v − (curlw)× v + (curla)× d+∇θ〉Ωp∗,p −
∫

Ω

P div v dx

+ 〈b, curl curla+ curl(v × d) +∇τ〉Ωp∗,p = 〈f ,v〉Ωr′,p′ + 〈g,a〉Ωr′,p′ −
∫

Γ

P0v · n dσ, ✭✶✳✺✳✼✸✮

ci = 〈f ,∇qNi 〉Ωr′,p′ −
∫

Γ

P0∇qNi · n dσ +

∫

Ω

(curl b)× d · ∇qNi dx−
∫

Ω

(curlw)× u · ∇qNi dx,✭✶✳✺✳✼✹✮

Pr♦♦❢✳ ✭✶✮ ⇒ ✭✷✮ ▲❡t (u, b, P, c) ∈ W 1,p
σ (Ω) ×W 1,p

σ (Ω) ×W 1,r(Ω) × RI s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞

♣r♦❜❧❡♠ ✭✶✳✹✳✷✮✳ ▲❡t ✉s t❛❦❡ (v,a, θ, τ) ∈ V(Ω)✳ ❲❡ ✇❛♥t t♦ ♠✉❧t✐♣❧② t❤❡ s②st❡♠ ✭✶✳✹✳✷✮ ❜② (v,a, θ, τ)

❛♥❞ ✐♥t❡❣r❛t❡ ❜② ♣❛rts✳ ▲❡t ✉s st✉❞② t❤❡s❡ t❡r♠s ♦♥❡ ❜② ♦♥❡✳

❋✐rst❧②✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ 〈−∆u,v〉Ωr′,p′ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ s✐♥❝❡−∆u = curl curlu

❛♥❞ curlu ∈ Lp(Ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t −∆u ∈ [Hr′,p′

0 (curl,Ω)]′✳ ❇❡s✐❞❡s✱ r❡❝❛❧❧ t❤❛t v ∈ W 1,p′(Ω)✱ s♦

curlv ∈ Lp′(Ω)✱ ❛♥❞ s✐♥❝❡

1

r′
= 1− 1

r
= 1− 3 + p

3p
=

1

p′
− 1

3
, ✭✶✳✺✳✼✺✮

t❤❡♥ ✇❡ ❤❛✈❡ W 1,p′(Ω) →֒ Lr
′

(Ω)✳ ❍❡♥❝❡ v ∈ H
r′,p′

0 (curl,Ω)✳ ◆♦✇✱ ❜② t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥

H
r′,p′

0 (curl,Ω) ❛♥❞ Hp∗,p
0 (curl,Ω)✱ ✇❡ ❤❛✈❡

〈−∆u,v〉Ωr′,p′ =
∫

Ω

curlu · curlv dx = 〈u, curl curlv〉Ωp∗,p ✭✶✳✺✳✼✻✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✻

❚❤❡ ❧❛st ❞✉❛❧✐t② ♣❛✐r✐♥❣ ✐s ❛❣❛✐♥ ✇❡❧❧ ❞❡✜♥❡❞✿ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,p(Ω) →֒ Lp
∗

(Ω) ✐♠♣❧✐❡s u ∈
H

p∗,p
0 (curl,Ω)✱ ❛♥❞ s✐♥❝❡ curlv ∈ Lp

′

(Ω) t❤❡♥ curl curlv ∈ [Hp∗,p
0 (curl,Ω)]′✳ ❚❤✉s✱ ❞✉❡ t♦ t❤❡

r❡❧❛t✐♦♥ curl curlv = −∆v +∇ div v✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✿

〈−∆u,v〉Ωr′,p′ = 〈u,−∆v +∇ div v〉Ωp∗,p

❖❜s❡r✈❡ t❤❛t s✐♥❝❡ v ∈ V(Ω)✱ ✇❡ ❤❛✈❡ div v ∈W 1,(p∗)′

0 (Ω)✱ ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t ∇ div v ∈ L(p∗)′(Ω) →֒
[Hp∗,p

0 (curl,Ω)]′✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ curl curlv ❜❡❧♦♥❣s t♦ [Hp∗,p
0 (curl,Ω)]′✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∆v ❛❧s♦

❜❡❧♦♥❣s t♦ [Hp∗,p
0 (curl,Ω)]′✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ❧❛st ❞✉❛❧✐t② ♠❛❦❡s s❡♥s❡✳ ◆❡①t✱ s✐♥❝❡ div v = 0 ♦♥

Γ ❛♥❞ divu = 0 ✐♥ Ω✱ ✇❡ ❤❛✈❡

〈u,∇ div v〉Ωp∗,p =
∫

Ω

u · ∇ div v dx = −
∫

Ω

divu div v dx+

∫

Γ

u · n div v dσ = 0 .

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

〈−∆u,v〉Ωr′,p′ = 〈u,−∆v〉Ωp∗,p

❲❡ ♥♦✇ tr❡❛t t❤❡ t❡r♠ 〈(curlw) × u,v〉Ωr′,p′ ✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ curlw ∈ L 3
2 (Ω) ❛♥❞ u ∈ W 1,p(Ω) →֒

Lp
∗

(Ω)✱ t❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ r✱ (curlw)× u ∈ Lr(Ω)✳ ❇❡s✐❞❡s✱ v ∈W 1,p′(Ω) →֒ L(p′)∗(Ω)✳ ❙♦

〈(curlw)× u,v〉Ωr′,p′ =
∫

Ω

(curlw)× u · v dx = −
∫

Ω

(curlw)× v · u dx

✇✐t❤ t❤❡ ✐♥t❡❣r❛❧ ✇❡❧❧ ❞❡✜♥❡❞ t❤❛♥❦s t♦ ✭✶✳✺✳✼✺✮ ❛♥❞

1

r
+

1

(p′)∗
=

1

r
+

1

p′
− 1

3
=

1

r
+

1

r′
= 1.

❋♦r t❤❡ t❡r♠ 〈−(curl b)× d, v〉Ωr′,p′
✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦r t❤❡ ♣r❡✈✐♦✉s ♣❛✐r✐♥❣✿ ✇❡ ❤❛✈❡ curl b ∈ Lp(Ω)

❛♥❞ d ∈W 1, 32 (Ω) →֒ L3(Ω)✱ s♦ (curl b)× d ∈ Lr(Ω)✳ ❚❤❡r❡❢♦r❡✿

〈−(curl b)× d,v〉Ωr′,p′ = −
∫

Ω

(curl b)× d · v dx = −
∫

Ω

curl b · (d× v) dx

❯s✐♥❣ ❛❣❛✐♥ t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ Hp∗,p
0 (curl,Ω)✱ ✇❡ ♦❜t❛✐♥

−
∫

Ω

curl b · (d× v) dx =

∫

Ω

b · curl(v × d) dx.

■t r❡♠❛✐♥s ✉s t♦ tr❡❛t t❤❡ ♣r❡ss✉r❡ t❡r♠✳ ❙✐♥❝❡ ∇P ∈ Lr(Ω)✱ ✇❡ ❤❛✈❡ ❛s ❢♦r t❤❡ ❜♦t❤ ♣r❡✈✐♦✉s t❡r♠s

t❤❡ ✇❡❧❧ ❞❡✜♥❡❞ ♦❢ t❤❡ ✐♥t❡❣r❛❧✿

〈∇P,v〉Ωr′,p′ =
∫

Ω

∇P · v dx

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼❪✱ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

♦♥ t❤❡ ♣r❡ss✉r❡ P ✱ ✇❡ ❤❛✈❡

〈∇P,v〉Ωr′,p′ =
∫

Γ

P v · n dσ −
∫

Ω

P div v dx

=

∫

Γ0

P0 v · n dσ +
I∑

i=1

∫

Γi

(P0 + ci)v · n dσ −
∫

Ω

P div v dx



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✺✼

❍♦✇❡✈❡r✱ s✐♥❝❡ 〈v ·n, 1〉Γi = 0 ❢♦r ❛❧❧ 1 6 i 6 I✱ ✇❡ ❤❛✈❡

I∑

i=1

∫

Γi

ci v ·n dσ = 0✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥✿

〈∇P,v〉Ωr′,p′ =
∫

Γ

P0 v · n dσ −
∫

Ω

P div v dx

◆♦✇✱ ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ divu = 0 ✐♥ Ω ❜② θ✱ ✇❡ ♦❜t❛✐♥ ❜② t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥Hp∗,p(div,Ω)

0 = −
∫

Ω

θ divu dx =

∫

Ω

u · ∇θ dx−
∫

Γ

θu · n dσ,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t u ∈ W 1,p(Ω) →֒ Lp∗(Ω) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t u ∈ Hp∗, p(div,Ω)✳

❈♦♠❜✐♥✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ θ ♦♥ Γi✱ 0 6 i 6 I✱ ✇✐t❤ ③❡r♦ ✢✉①s ♦❢ t❤❡ ✈❡❧♦❝✐t② 〈u·n, 1〉Γi
= 0

❢♦r 1 6 i 6 I✱ ✇❡ ❤❛✈❡✿

∫

Γ

θu · n dσ = 0. ❚❤✉s✱ s✉♠♠✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧t✐♥❣ t❡r♠s✱ ✇❡ ♦❜t❛✐♥✿

〈f ,v〉Ωr′,p′ = 〈u, curl curlv〉Ωp∗,p −
∫

Ω

(curlw)× v · u dx−
∫

Ω

curl(d× v) · b dx

−
∫

Ω

P div v dx+

∫

Γ

P0 v · n dσ +

∫

Ω

u · ∇θ dx.
✭✶✳✺✳✼✼✮

◆♦✇✱ ✇❡ tr❡❛t t❤❡ t❡r♠s ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳ ❋♦r t❤❡ t❡r♠ 〈curl curl b,a〉Ωr′,p′ ✱ t❤❡
❞✉❛❧✐t② ♣❛✐r✐♥❣ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥ ❢♦r ✭✶✳✺✳✼✻✮✱ ✇❡ ❤❛✈❡

〈curl curl b,a〉Ωr′,p′
=

∫

Ω

curl b · curla dx = 〈b, curl curla〉Ωp∗,p

◆❡①t✱ ❢♦r t❤❡ t❡r♠ 〈curl(u×d),a〉Ωr′,p′ ✱ t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ✐s ❛❣❛✐♥ ✇❡❧❧ ❞❡✜♥❡❞✿ s✐♥❝❡ u ∈W 1,p(Ω) →֒
Lp

∗

(Ω) ❛♥❞ d ∈W 1, 32 (Ω) →֒ L3(Ω)✱ t❤❡♥ u×d ∈ Lp(Ω) s♦ curl(u×d) ∈ [Hr′,p′

0 (curl,Ω)]′✳ ❙✐♠✐❧❛r❧②✱

❜② t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ Hr′,p′

0 (curl,Ω)✱ ✇❡ ❤❛✈❡

〈curl(u× d),a〉Ωr′,p′ =
∫

Ω

curla · (u× d) dx =

∫

Ω

u · (d× curla) dx

❍❡r❡ ❛❧s♦ t❤❡ ✐♥t❡❣r❛❧s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ✜rst ✐♥t❡❣r❛❧✱ curla ∈ Lp′(Ω)✱ u ∈ Lp∗(Ω)✱
d ∈W 1, 32 (Ω) →֒ L3(Ω) ❛♥❞ 1

p′ +
1
p∗ + 1

3 = 1✳

■t r❡♠❛✐♥s ✉s t♦ ♠✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ div b = 0 ✐♥ Ω ❜② τ ✳ ❇② ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ W
1,(p∗)′

0 (Ω)✱ ✇❡

❤❛✈❡ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛✿ ❢♦r ❛♥② τ ∈W
1,(p∗)′

0 (Ω)

−
∫

Ω

(div b) τ dx =

∫

Ω

b · ∇τ dx

■♥ s✉♠♠❛r②✱ t❤❡s❡ t❡r♠s ♣r♦✈✐❞❡❞ ❜② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ❣✐✈❡✿

〈g,a〉Ωr′,p′ = 〈b, curl curla〉Ωp∗,p −
∫

Ω

u · (d× curla) dx+

∫

Ω

b · ∇τ dx ✭✶✳✺✳✼✽✮

❋✐♥❛❧❧②✱ ❛❞❞✐♥❣ ✭✶✳✺✳✼✼✮ ❛♥❞ ✭✶✳✺✳✼✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✺✳✼✸✮✳

❲❡ ♥♦✇ ✇❛♥t t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♥st❛♥ts ci ✐♥ ✭✶✳✺✳✼✹✮✳ ▲❡t ✉s t❛❦❡ v ∈W 1,p
σ (Ω) ✇✐t❤ v × n = 0

♦♥ Γ✱ ❛♥❞ s❡t✿

v0 = v −
I∑

i=1

(∫

Γi

v · n dσ
)
∇qNi ✭✶✳✺✳✼✾✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✺✽

❙♦✱ v0 ❜❡❧♦♥❣s t♦ W 1,p
σ (Ω) ❛♥❞ s❛t✐s✜❡s v × n = 0 ♦♥ Γ✱ 〈v0 · n, 1〉Γi = 0✱ 1 ≤ i ≤ I✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡

✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ❜② v ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ♦❜t❛✐♥

∫

Ω

curlu · curlv dx−
∫

Ω

(curlw)× v · u dx+

∫

Ω

curl(v × d) · b dx

+

∫

Γ0

P0 v · n dσ +

I∑

i=1

∫

Γi

(P0 + ci)v · n dσ =

∫

Ω

f · v dx
✭✶✳✺✳✽✵✮

❲❡ ♥♦✇ t❛❦❡ ❛ t❡st ❢✉♥❝t✐♦♥ (v0, 0, 0, 0) ✐♥ ✭✶✳✺✳✼✸✮✳ ◆♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ ✭✶✳✺✳✼✾✮✿

〈u,−∆v0〉Ωp∗,p −
∫

Ω

u · (curlw)× v0 dx−
∫

Ω

P div v0 dx+

∫

Ω

b · curl(v0 × d) dx

= 〈f ,v0〉Ωr′,p′ −
∫

Γ

P0 v0 · n dσ

❇② ❞❡✜♥✐t✐♦♥ ♦❢ qNi ✱ ✇❡ ❤❛✈❡ div v0 = 0✳ ❇❡s✐❞❡s✱ curlv0 = curlv✱ s♦ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ ❞❡♥s✐t②

❛r❣✉♠❡♥t ✉s❡❞ ♣r❡✈✐♦✉s❧②✿

∫

Ω

curlu · curlv dx−
∫

Ω

(curlw)× v0 · u dx+

∫

Ω

b · curl(v0 × d) dx =

∫

Ω

f · v0 dx−
∫

Γ

P0 v0 · n dσ

❉❡❝♦♠♣♦s✐♥❣ v0 ✇✐t❤ ✭✶✳✺✳✼✾✮ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿
∫

Ω

curlu · curlv dx−

∫

Ω

(curlw)× v · u+

∫

Ω

b · curl(v × d) dx−

∫

Ω

f · v dx+

∫

Γ

P0 v · n dσ

=

I
∑

i=1

(

∫

Γi

v · n dσ)
[

−

∫

Ω

(curlw)×∇q
N
i · u dx+

∫

Ω

b · curl(∇q
N
i × d) dx−

∫

Ω

f · ∇q
N
i dx+

∫

Γ

P0 ∇q
N
i · n dσ

]

■♥❥❡❝t✐♥❣ ✭✶✳✺✳✽✵✮ ✐♥ t❤✐s ❝❛❧❝✉❧✉s✱ ✇❡ t❤✉s ♦❜t❛✐♥✿

−
I∑

i=1

ci

∫

Γi

v · n dσ =
I∑

i=1

(

∫

Γi

v · n dσ)
[
−
∫

Ω

(curlw)×∇qNi · u dx+

∫

Ω

b · curl(∇qNi × d) dx

−
∫

Ω

f · ∇qNi dx+

∫

Γ

P0 ∇qNi · n dσ
]

❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ v = ∇qNi ❛♥❞ s✐♥❝❡✱ ❢♦r ❛❧❧ 1 6 i, k 6 I✱ 〈∇qNi · n, 1〉Γk
= δi,k✱ ✇❡ ❤❛✈❡✿

ci = −
∫

Ω

(curlw)× u · ∇qNi dx−
∫

Ω

b · curl(∇qNi × d) dx
︸ ︷︷ ︸∫

Ω

(curl b)× d · ∇qNi dx

+

∫

Ω

f · ∇qNi dx−
∫

Γ

P0 ∇qNi · n dσ

✇❤✐❝❤ ❣✐✈❡s t❤❡ r❡❧❛t✐♦♥ ✭✶✳✺✳✼✹✮✳

✭✷✮ ⇒ ✭✶✮ ❈♦♥✈❡rs❡❧②✱ ❧❡t (u, b, P, c) ∈W 1,p
σ (Ω)×W 1,p

σ (Ω)×W 1,r(Ω)×RI s♦❧✉t✐♦♥ ♦❢ ✭✶✳✺✳✼✸✮✲

✭✶✳✺✳✼✹✮ ✇✐t❤ u × n = b × n = ✵ ♦♥ Γ✱ ❛♥❞ 〈u · n, 1〉Γi = 〈b · n, 1〉Γi = 0 ❢♦r ❛❧❧ 1 6 i 6 I✳ ❲❡ ✇❛♥t

t♦ ♣r♦✈❡ t❤❛t (u, b, P, c) s❛t✐s✜❡s ✭✶✳✹✳✷✮✳ ▲❡t ✉s t❛❦❡ v ∈ D(Ω)✱ a = 0✱ θ = τ = 0 ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥

✭✶✳✺✳✼✸✮✳ ❲❡ ♦❜t❛✐♥

〈−∆u+ (curlw)× u− (curl b)× d− f ,v〉D′(Ω)×D(Ω) = 0, ∀v ∈ D(Ω)



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✺✾

❙♦ ❜② ❉❡ ❘❤❛♠✬s t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts P ∈ Lp(Ω) s✉❝❤ t❤❛t

−∆u+ (curlw)× u− (curl b)× d+∇P = f

❙♦✱ (u, b, P ) s❛t✐s✜❡s t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✹✳✷✮✳ ▲❡t ✉s ♥♦✇ t❛❦❡ a ∈ W 1,p′

σ (Ω) ✇✐t❤ a × n = 0 ♦♥

Γ✱ v = 0✱ θ = τ = 0 ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✶✳✺✳✼✸✮✳ ❲❡ ♦❜t❛✐♥

〈curl curl b− curl(u× d)− g,a〉Ωp∗,p

❆♣♣❧②✐♥❣ ❛ ❉❡ ❘❤❛♠ ▲❡♠♠❛ ✈❡rs✐♦♥ ❢♦r ❢✉♥❝t✐♦♥❛❧s ❛❝t✐♥❣ ♦♥ ✈❡❝t♦r ✜❡❧❞s ✇✐t❤ ✈❛♥✐s❤✐♥❣ t❛♥❣❡♥t✐❛❧

❝♦♠♣♦♥❡♥ts ✭s❡❡ ❬✼✻✱ ▲❡♠♠❛ ✷✳✷❪✮✱ t❤❡r❡ ❡①✐sts χ ∈ L2(Ω) ❞❡✜♥❡❞ ✉♥✐q✉❡❧② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t

s✉❝❤ t❤❛t✿

curl curl b− curl(u× d) +∇χ = g in Ω and χ = 0 on Γ. ✭✶✳✺✳✽✶✮

❇✉t t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ ✭✶✳✺✳✽✶✮✱ χ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✿

∆χ = div g = 0 ✐♥ Ω and χ = 0 ♦♥ Γ

❙✐♥❝❡ g s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✽✮✱ t❤❡♥ χ ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ ✇❡ ❤❛✈❡✿

curl curl b− curl(u× d) = g

❙♦ (u, b) s❛t✐s✜❡s t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✹✳✷✮✳

◆❡①t✱ ✐❢ ✇❡ ❝❤♦♦s❡ v = a = 0✱ τ = 0 ❛♥❞ θ ∈ D(Ω)✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ divu = 0 ✐♥ Ω✳ ❙✐♠✐❧❛r❧②✱ ✐❢ ✇❡

❝❤♦♦s❡ v = a = 0✱ θ = 0 ❛♥❞ τ ∈ D(Ω)✱ ✇❡ ♦❜t❛✐♥ div b = 0 ✐♥ Ω✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❣✐✈❡♥ ♦♥ t❤❡ ♣r❡ss✉r❡ P ✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❢♦❧❧♦✇ ❛

♠❡t❤♦❞ ❢r♦♠ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼❪✳ ▲❡t ✉s t❛❦❡ ❛s t❡st ❢✉♥❝t✐♦♥s v ∈ W 1,p′(Ω) ✇✐t❤ v × n = 0 ♦♥ Γ

❛♥❞ div v ∈W 1,p∗

0 (Ω)✱ a = 0✱ θ ∈W 1,(p∗)′(Ω) ❛♥❞ τ = 0 ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✺✳✼✸✮✳ ❚❤✉s✱

❛♣♣❧②✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛❡ ❛s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡✿

〈f ,v〉Ωr′,p′
= 〈u,−∆v〉Ωr′,p′

−
∫

Ω

(curlw)× v · u dx+

∫

Ω

b · curl(v × d) dx

+

∫

Ω

∇θ · u dx−
∫

Ω

∇θ · u dx−
∫

Ω

P div v dx+

∫

Γ

P v · n dσ

❲❡ ❞❡❝♦♠♣♦s❡ v ❛s ✐♥ ✭✶✳✹✳✾✮ ❛♥❞ t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s❡t z =

I∑

i=1

(∫

Γi

v ·n dσ
)
∇qNi ✳ ❙♦✱

v = v0 + z✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ qNi ❢♦r 1 6 i 6 I✱ ✇❡ ❤❛✈❡ ∆z = 0 ❛♥❞ div z = 0 ✐♥ Ω✳ ❚❤✉s✿

〈f ,v0〉Ωr′,p′
+ 〈f , z〉Ωr′,p′

=〈u,−∆v0 − (curlw)× v0 +∇θ〉Ωp∗,p
+ 〈b, curl(v0 × d)〉Ωp∗,p

−
∫

Ω

∇θ · u dx ✭✶✳✺✳✽✷✮

−
∫

Ω

(curlw)× z · u dx+

∫

Ω

b · curl(z × d) dx−
∫

Ω

P div v0 dx+

∫

Γ

Pv0 · n dσ +

∫

Ω

P z · n dσ ✭✶✳✺✳✽✸✮

❚❛❦✐♥❣ (v0,0, θ, 0) ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✺✳✼✸✮✱ ✇❡ ♦❜t❛✐♥

∫

Γ

P v0 · n dσ −
∫

Γ

P0 v0 · n dσ −
∫

Ω

∇θ · u dx = 0



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✵

◆♦t❡ t❤❛t✱ s✐♥❝❡ divu = 0 ✐♥ Ω✱ θ = 0 ♦♥ Γ0✱ θ = βi ♦♥ Γi ❛♥❞ 〈u · n, 1〉Γi = 0✱ ✐t ❢♦❧❧♦✇s t❤❛t∫

Ω

∇θ · u dx = −
∫

Ω

θ divu dx+

∫

Γ

θu · n dσ = 0✳ ❚❤❡r❡❢♦r❡✿

∫

Γ

(P − P0)v0 · n dσ = 0

❚❤❡♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

〈f , z〉Ωr′,p′
+

∫

Ω

(curlw)× z · u dx−
∫

Ω

b · curl(z × d) dx−
∫

Ω

P z · n dσ = 0. ✭✶✳✺✳✽✹✮

◆♦✇✱ ✉s✐♥❣ ✭✶✳✺✳✽✹✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t

∫

Γi

v0 · n dσ = 0 ❢♦r ❛❧❧ 1 6 i 6 I✱ ✇❡ ❤❛✈❡

∫

Γ

Pv · n dσ =

∫

Γ

P v0 · n dσ +

∫

Γ

P z · n dσ

=

∫

Γ

P0 v0 · n dσ + 〈f , z〉Ωr′,p′
+

∫

Ω

(curlw)× z · u dx−
∫

Ω

b · curl(z × d) dx

=

∫

Γ

P0 v0 · n dσ +

I∑

i=1

(∫

Γi

v · n dσ
)[

〈f ,∇qNi 〉Ωr′,p′
−
∫

Ω

(curlw)× u · ∇qNi dx

−
∫

Ω

b · curl(∇qNi × d) dx
]
.

✭✶✳✺✳✽✺✮

❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✶✳✺✳✼✸✮✱ ❢♦r ❛❧❧ 1 6 i 6 I✱

ci = 〈f ,∇qNi 〉Ωr′,p′
−
∫

Γ

P0 ∇qNi · n dσ +

∫

Ω

(curl b)× d · ∇qNi dx−
∫

Ω

(curlw)× u · ∇qNi dx

= 〈f ,∇qNi 〉Ωr′,p′
−
∫

Γ

P0 ∇qNi · n dσ −
∫

Ω

b · curl(∇qNi × d) dx−
∫

Ω

(curlw)× u · ∇qNi dx.

❚❤❡r❡❢♦r❡✱ r❡♣❧❛❝✐♥❣ ✐♥ ✭✶✳✺✳✽✺✮✱ ✇❡ ❤❛✈❡✿

∫

Γ

P v · n dσ =

∫

Γ

P0 v0 · ndσ +

I∑

i=1

(∫

Γi

v · n dσ
)[
ci +

∫

Γ

P0 ∇qNi · n dσ
]

▼♦r❡♦✈❡r✱ ❛♣♣❧②✐♥❣ ❞✐r❡❝t❧② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✳✾✮✱ ✇❡ ❤❛✈❡✿

∫

Γ

P0 v · n dσ =

∫

Γ

P0 v0 · ndσ +

I∑

i=1

(∫

Γi

v · n dσ
)∫

Γ

P0 ∇qNi · n dσ

❚❤✉s✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❧❛st t✇♦ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥✿

∫

Γ

P v · n dσ =

∫

Γ

P0v · n dσ +

I∑

i=1

(∫

Γi

v · n dσ
)
ci =

∫

Γ

(P0 + c)v · n dσ,

✇✐t❤ c = 0 ♦♥ Γ0 ❛♥❞ c = ci ♦♥ Γi ❢♦r ❛❧❧ 1 6 i 6 I✳ ❲❡ ❝♦♥❝❧✉❞❡ ❛s ✐♥ ❬✶✹✱ ❚❤❡♦r❡♠ ✸✳✷✳❪ t♦ ♣r♦✈❡

t❤❛t P = P0 ♦♥ Γ0 ❛♥❞ P = P0 + ci ♦♥ Γi ✳

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠

❚❤❡♦r❡♠ ✶✳✺✳✼✳ ❲❡ s✉♣♣♦s❡ Ω ♦❢ ❝❧❛ss❡ C1,1✳ ▲❡t 3
2 < p < 2✳ ❆ss✉♠❡ t❤❛t f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱

P0 ∈ W 1− 1
r ,r(Γ)✱ h ∈ W 1,r(Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ t♦❣❡t❤❡r ✇✐t❤



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✻✶

curlw ∈ L3/2(Ω) ❛♥❞ d ∈ W 1,3/2
σ (Ω) ✳ ❚❤❡♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(u, b, P, c) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω)× RI ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖u‖W 1, p(Ω) + ‖b‖W 1, p(Ω) ≤ C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′

+ ‖P0‖
W 1− 1

r
,r(Γ)

+ ‖g‖
[Hr′,p′

0 (curl,Ω)]
+ (1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω)) ‖h‖W 1,r(Ω)

) ✭✶✳✺✳✽✻✮

‖P‖W 1,r(Ω) ≤ C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
2 ×

(
‖f‖

[Hr′,p′

0 (curl,Ω)]′

+ ‖g‖
[Hr′,p′

0 (curl,Ω)]
+ ‖P0‖

W 1− 1
r
,r(Γ)

+ (1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω)) ‖h‖W 1,r(Ω)

)
.
✭✶✳✺✳✽✼✮

Pr♦♦❢✳ ❙✐♥❝❡ 2 < p′ < 3✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✹✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② (F ,G, φ) ∈ [Hp∗,p
0 (curl,Ω)]′ ×

[Hp∗,p
0 (curl,Ω)]′⊥Kp

N (Ω)×W
1,(p∗)′

0 (Ω) t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠





− ∆v − (curlw)× v +∇θ + (curla)× d = F and div v = φ in Ω,

curl curla+ curl(v × d) +∇τ = G and diva = 0 ✐♥ Ω,

v × n = ✵, a× n = ✵ and τ = 0 on Γ, θ = 0 ♦♥ Γ0 and θ = βi ♦♥ Γi,

〈v · n, 1〉Γi
= 0, and 〈a · n, 1〉Γi

= 0, 1 ≤ i ≤ I.

✭✶✳✺✳✽✽✮

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (v,a, θ, τ,β) ∈ W 1,p′(Ω) ×W 1,p′(Ω) × W 1,(p∗)′(Ω) × W
1,(p∗)′

0 (Ω) × RI ✇✐t❤

div v ∈W
1,(p∗)′

0 (Ω) ❛♥❞ β = (β1, · · · , βI) s✉❝❤ t❤❛t✿

βi = 〈F ,∇qNi 〉Ωp∗,p
+ 〈(curla)× d,∇qNi 〉Ωp∗,p

− 〈(curlw)× v,∇qNi 〉Ωp∗,p
+

∫

Γ

φ∇qNi · n dσ.

▼♦r❡♦✈❡r✱ t❤✐s s♦❧✉t✐♦♥ ❛❧s♦ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡s✿

‖v‖W 1,p′ (Ω) + ‖a‖W 1,p′ (Ω) + ‖θ‖W 1,(p∗)′ (Ω) 6 C
(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)

×
(
‖F ‖

[Hp∗,p
0 (curl,Ω)]′

+ ‖G‖
[Hp∗,p

0 (curl,Ω)]′
+
(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)
‖φ‖W 1,(p∗)′ (Ω)

)
.

✭✶✳✺✳✽✾✮

❲❡ ♥♦t❡ t❤❛t✱ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✺✳✹ ❢♦r 2 < p′ < 3✱ t❤❡ ✈❛❧✉❡ ♦❢ s ✐s 3/2✳ ❯s✐♥❣ ✭✶✳✺✳✽✾✮✱ ✇❡ ❤❛✈❡

|〈f ,v〉Ωr′,p′ + 〈g,a〉Ωr′,p′ −

∫

Γ

P0 v · n dσ|

6 ‖f‖
[H

r′,p′

0 (curl,Ω)]′
‖v‖

H
r′,p′

0 (curl,Ω)
+ ‖g‖

[H
r′,p′

0 (curl,Ω)]′
‖a‖

H
r′,p′

0 (curl,Ω)
+ ‖P0‖

W
1− 1

r
,r

(Γ)
‖v · n‖

W
1− 1

p′
,p′

(Γ)

6 C
(

‖f‖
[H

r′,p′

0 (curl,Ω)]′
+ ‖g‖

[H
r′,p′

0 (curl,Ω)]′
+ ‖P0‖

W
1− 1

r
,r

(Γ)

)(

‖v‖
W 1,p′ (Ω) + ‖a‖

W 1,p′ (Ω)

)

6 C
(

‖f‖
[H

r′,p′

0 (curl,Ω)]′
+ ‖g‖

[H
r′,p′

0 (curl,Ω)]′
+ ‖P0‖

W
1− 1

r
,r

(Γ)

)(

1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)

×
(

‖F ‖
H

p∗,p
0 (curl,Ω)

+ ‖G‖
H

p∗,p
0 (curl,Ω)

+ (1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

) ‖φ‖
W1,(p∗)′ (Ω)

)

✭✶✳✺✳✾✵✮

❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣ (F ,G, φ) → 〈f ,v〉Ωr′,p′
+ 〈g,a〉Ωr′,p′

−
∫
Γ
P0 v · n dσ ❞❡✜♥❡s ❛♥

❡❧❡♠❡♥t ♦❢ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ Hp∗,p
0 (curl,Ω) ×Hp∗,p

0 (curl,Ω) × W−1,p∗(Ω)✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❘✐❡s③✬

r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ t❤❛t t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ (u, b, P ) ✐♥ Hp∗,p
0 (curl,Ω) × H

p∗,p
0 (curl,Ω) ×

W−1,p∗(Ω) ♦❢ t❤❡ ♣r♦❜❧❡♠

〈u,F 〉Ωp∗,p + 〈b,G〉Ωp∗,p − 〈P, φ〉
W−1,p∗ (Ω)×W 1,(p∗)′

0 (Ω)
= 〈f ,v〉Ωr′,p′ + 〈g,a〉Ωr′,p′ −

∫

Γ

P0 v · n dσ



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✷

✇❤✐❝❤ ✐s t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✺✳✼✸✮✳ ▼♦r❡♦✈❡r✱ ✐t s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿

‖u‖
H

p∗,p
0 (curl,Ω)

+ ‖b‖
H

p∗,p
0 (curl,Ω)

+
(
1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω)

)−1 ‖P‖W−1,p∗ (Ω)

6C
(
1+‖curlw‖L3/2(Ω)+‖d‖W 1,3/2(Ω)

)(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+‖g‖

[Hr′,p′

0 (curl,Ω)]′
+‖P0‖

W 1− 1
r
,r(Γ)

)
.

✭✶✳✺✳✾✶✮

■♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ t❤r♦✉❣❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡s✉❧t ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✶✳✺✳✻✱ ✐t

r❡♠❛✐♥s ✉s t♦ ♣r♦✈❡ t❤❛t u, b ∈ W 1,p(Ω)✱ P ∈ W 1,r(Ω)✱ t❤❛t 〈u · n, 1〉Γi
= 0✱ 〈b · n, 1〉Γi

= 0 ❢♦r ❛❧❧

1 6 i 6 I ❛♥❞ t♦ r❡❝♦✈❡r t❤❡ r❡❧❛t✐♦♥ ♦❢ ✭✶✳✺✳✼✹✮✳ ❲❡ ✜rst❧② ✇❛♥t t♦ s❤♦✇ t❤❛t

∫

Γi

u · n dσ = 0 ❛♥❞
∫

Γi

b · n dσ = 0✳ ❲❡ ❝❤♦♦s❡ (0,0, θ, 0) ✇✐t❤ θ ∈ W 1,(p∗)′(Ω) s❛t✐s❢②✐♥❣ θ = 0 ♦♥ Γ0 ❛♥❞ θ = δij ♦♥ Γj

❢♦r ❛❧❧ 1 6 j 6 I ❛♥❞ ❛ ✜①❡❞ 1 6 i 6 I✳ ❚❤❡♥✿

0 = 〈u,∇θ〉Ωp∗,p
=

∫

Ω

u · ∇θ dx =

∫

Γ

θu · n dσ −
∫

Ω

divu θ dx =

∫

Γi

u · n dσ

❋♦r t❤❡ ❝♦♥❞✐t✐♦♥

∫

Γi

b · n dσ = 0 ❢♦r ❛❧❧ 1 6 i 6 I✱ ✇❡ s❡t b̃ = b −
I∑

i=1

〈b · n, 1〉Γi
∇qNi ✳ ❖❜s❡r✈❡ t❤❛t

❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ qNi ✱ b̃ ✐s ❛❧s♦ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✺✳✼✸✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ 〈b̃ · n, 1〉Γi
= 0✳

◆❡①t✱ t❛❦✐♥❣ t❡st ❢✉♥❝t✐♦♥s (0,0, θ, 0) ❛♥❞ (0,0, 0, τ) ✇✐t❤ θ ∈W 1,(p∗)′(Ω) ❛s ❛❜♦✈❡ ❛♥❞ τ ∈ D(Ω)✱

✇❡ r❡s♣❡❝t❧② r❡❝♦✈❡r divu = 0 ❛♥❞ div b = 0 ✐♥ Ω✳ ❇❡s✐❞❡s✱ s✐♥❝❡ u, b ∈ Hp∗,p
0 (curl,Ω)✱ ✇❡ ❤❛✈❡ u

❛♥❞ b ❜❡❧♦♥❣ t♦ Xp
N (Ω)✳ ❋r♦♠ ❚❤❡♦r❡♠ ✶✳✸✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u, b ∈ W 1,p(Ω)✳ ❚❤✉s✱ t❤❡ ❡st✐♠❛t❡

✭✶✳✺✳✽✻✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✸✳✹✮ ❛♥❞ ✭✶✳✺✳✾✶✮✳ ❋✐♥❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t P ∈ W 1,r(Ω)✱ ✇❡ t❛❦❡ t❤❡

t❡st ❢✉♥❝t✐♦♥s (v,0, 0, 0) ✇✐t❤ v ∈ D(Ω)✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✺✳✻ t❤❛t✿

∇P = f +∆u− (curlw)× u+ (curl b)× d ✐♥ Ω.

❚❤❡♥ t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡✱ P ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠

∆P = div f + div((curl b)× d− (curlw)× u) ✐♥ Ω,

P = P0 on Γ0 and P = P0 + ci on Γi. ✭✶✳✺✳✾✷✮

❙✐♥❝❡ curlw ∈ L 3
2 (Ω) ❛♥❞ u ∈ W 1,p(Ω) →֒ Lp

∗

(Ω)✱ t❤❡♥ (curlw) × u ∈ Lr(Ω)✳ ❇❡s✐❞❡s✱ curl b ∈
Lp(Ω) ❛♥❞ d ∈W 1, 32 (Ω) →֒ L3(Ω)✳ ❙♦ (curl b)×d ∈ Lr(Ω)✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t ∆P ∈W−1,r(Ω)✳

❙✐♥❝❡ P0 ❜❡❧♦♥❣s t♦ W 1−1/r,r(Γ)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ P ♦❢ ✭✶✳✺✳✾✷✮ ❜❡❧♦♥❣s t♦ ∈ W 1,r(Ω)✳

▼♦r❡♦✈❡r✱ ✐t s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖P‖W 1,r(Ω) 6 ‖div f‖W−1,r(Ω) + ‖div((curl b)× d− (curlw)× u)‖W−1,r(Ω) + ‖P0‖W 1−1/r,r(Γ)

❆♣♣❧②✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ [Hr′,p′

0 (curl,Ω)]′ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✱ ✇❡ ✇r✐t❡ f = F +curlΨ

✇✐t❤ F ∈ Lr(Ω) ❛♥❞ Ψ ∈ Lp(Ω)✳ ❙♦

‖div f‖W−1,r(Ω) = ‖divF ‖W−1,r(Ω) = sup
θ∈W 1,r′

0 (Ω)

|〈divF , θ〉|
‖θ‖W 1,r′ (Ω)

= sup
θ∈W 1,r′

0 (Ω)

|〈F ,∇θ〉|
‖θ‖W 1,r′ (Ω)

6 ‖F ‖Lr(Ω) ,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

‖div f‖W−1,r′ (Ω) 6 ‖f‖
[Hr′,p′

0 (curl,Ω)]′
✭✶✳✺✳✾✸✮



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✻✸

■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❤❛✈❡✿

‖div((curl b)× d)‖W−1,r(Ω) 6 ‖(curl b)× d‖Lr(Ω) ≤ ‖curl b‖Lp(Ω) ‖d‖L3(Ω)

≤ Cd ‖b‖W 1,p(Ω) ‖d‖W 1, 3
2 (Ω)

, ✭✶✳✺✳✾✹✮

✇❤❡r❡ Cd ✐s t❤❡ ❝♦♥st❛♥t r❡❧❛t❡❞ t♦ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 32 (Ω) →֒ L3(Ω)✳ ◆❡①t✱

‖div((curlw)× u)‖W−1,r(Ω) 6 ‖(curlw)× u‖Lr(Ω) 6 ‖curlw‖
L

3
2 (Ω)

‖u‖Lp∗ (Ω)

≤ C ‖curlw‖
L

3
2 (Ω)

‖u‖W 1,p(Ω) , ✭✶✳✺✳✾✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 1,p(Ω) →֒ Lp
∗

(Ω)✳ ❯s✐♥❣ ❡st✐♠❛t❡s ✭✶✳✺✳✾✸✮✱ ✭✶✳✺✳✾✹✮✱

✭✶✳✺✳✾✺✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✻✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✼✮ ❢♦r t❤❡ ♣r❡ss✉r❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω) ✇✐t❤ p < 2 ✇❤❡♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❡❧♦❝✐t②

✜❡❧❞ u ❞♦❡s ♥♦t ✈❛♥✐s❤✳

❈♦r♦❧❧❛r② ✶✳✺✳✽✳ ▲❡t 3
2 < p < 2✳ ❆ss✉♠❡ t❤❛t f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱ P0 ∈ W 1− 1
r ,r(Γ)✱ h ∈

W 1,r(Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✱ t♦❣❡t❤❡r ✇✐t❤ curlw ∈ L3/2(Ω) ❛♥❞ d ∈
W 1,3/2

σ (Ω) ✳ ❚❤❡♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ∈ W 1,p(Ω) ×
W 1,p(Ω)×W 1,r(Ω)× RI ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖u‖W 1, p(Ω) + ‖b‖W 1, p(Ω) ≤ C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+

+ ‖P0‖
W 1− 1

r
,r(Γ)

+ ‖g‖
[Hr′,p′

0 (curl,Ω)]
+ (1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω)) ‖h‖W 1,r(Ω)

) ✭✶✳✺✳✾✻✮

❛♥❞

‖P‖W 1,r(Ω) ≤ C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
2 ×

(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+

+ ‖g‖
[Hr′,p′

0 (curl,Ω)]
+ ‖P0‖

W 1− 1
r
,r(Γ)

+ (1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω)) ‖h‖W 1,r(Ω)

)
.
✭✶✳✺✳✾✼✮

Pr♦♦❢✳ ❲❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ✈❡❧♦❝✐t② t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ divu =

0✱ ❜② s♦❧✈✐♥❣ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✿

∆θ = h in Ω and θ = 0 on Γ.

❋♦r h ∈W 1,r(Ω)✱ t❤❡ s♦❧✉t✐♦♥ θ ❜❡❧♦♥❣s t♦ W 3,r(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖θ‖W 3,r(Ω) ≤ C ‖h‖W 1,r(Ω) . ✭✶✳✺✳✾✽✮

❙❡tt✐♥❣ z = u−∇θ✱ ✇❡ ♦❜t❛✐♥ t❤❛t (z, b, P, c) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ tr❡❛t❡❞ ✐♥ t❤❡ ❚❤❡♦r❡♠

✶✳✺✳✼ ✇✐t❤ f ❛♥❞ g r❡♣❧❛❝❡❞ ❜② f̃ = f +∇h− (curlw)×∇θ ❛♥❞ g̃ = g + curl(∇θ × d) r❡s♣❡❝t✐✈❡❧②✳
■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ∇h ∈ Lr(Ω) →֒ [Hr′,p′

0 (curl,Ω)]′✱ ❛♥❞ s✐♥❝❡ ∇θ ∈ W 2,r(Ω) →֒ Lp
∗

(Ω)✱ t❤❡♥

(curlw)×∇θ ∈ Lr(Ω) →֒ [Hr′,p′

0 (curl,Ω)]′✱ ❛♥❞ ∇θ×d ∈ Lp(Ω) s♦ curl(∇θ×d) ∈ [Hr′,p′

0 (curl,Ω)]′✳

❚❤❡r❡❢♦r❡✱ f̃ , g̃ ∈ [Hr′,p′

0 (curl,Ω)]′✳ ❇❡s✐❞❡s✱ s✐♥❝❡ ✇❡ ❛❞❞ ❛ curl✱ t❤❡♥ g̃ st✐❧❧ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❚❤✉s✱ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✺✳✼✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡✿

‖z‖W 1,p(Ω) + ‖b‖W 1,p(Ω) 6 C
(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)

×
(∥∥∥f̃

∥∥∥
[Hr′,p′

0 (curl,Ω)]′
+ ‖g̃‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

)



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✹

❲❡ ✇❛♥t t♦ ❝♦♥tr♦❧ t❤❡ t❡r♠s ♦♥ f̃ ❛♥❞ g̃✳
∥∥∥f̃
∥∥∥
[Hr′,p′

0 (curl,Ω)]′
6 ‖f‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖∇h‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖(curlw)×∇θ‖

[Hr′,p′

0 (curl,Ω)]′

6 ‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖∇h‖Lr(Ω) + ‖(curlw)×∇θ‖Lr(Ω)

6 ‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖h‖W 1,r(Ω) + C ‖curlw‖

L
3
2 (Ω)

‖∇θ‖W 1,p(Ω)

❛♥❞

‖g̃‖
[Hr′,p′

0 (curl,Ω)]′
6 ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖curl(d×∇θ)‖

[Hr′,p′

0 (curl,Ω)]′

6 ‖g‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖d×∇θ‖Lp(Ω)

6 ‖g‖
[Hr′,p′

0 (curl,Ω)]′
+ Cd ‖d‖

W
1, 3

2 (Ω)
‖∇θ‖Lp∗ (Ω) .

❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡s❡ t✇♦ ❧❛st ❡st✐♠❛t❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✶✳✺✳✾✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✾✻✮✳

▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✼✿

‖P‖W 1,r(Ω) 6 C
(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)2

×
(∥∥∥f̃

∥∥∥
[Hr′,p′

0 (curl,Ω)]′
+ ‖g̃‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

)
.

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✾✼✮✳

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❛❧✇❛②s t❛❦❡ P0 ∈ W 1− 1
r ,r(Γ) t♦ ♦❜t❛✐♥ P ∈ W 1,r(Ω)✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡

♣r❡ss✉r❡ ✐s ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ s②st❡♠✱ ✇❡ ❝❛♥ ✐♠♣r♦✈❡ ✐ts r❡❣✉❧❛r✐t② ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❜②

❝❤♦♦s✐♥❣ ❛ ❝♦♥✈❡♥✐❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❋♦r t❤✐s✱ ✇❡ ❜❡❣✐♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ❝♦♥❝❡r♥✐♥❣

t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ✇❤✐❝❤ ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❬✷✸✱ ❚❤❡♦r❡♠ ✷✳✷✳✻❪✿

❚❤❡♦r❡♠ ✶✳✺✳✾✳ ▲❡t Ω ❜❡ ♦❢ ❝❧❛ss C1,1✳ ▲❡t ✉s ❛ss✉♠❡ f ∈ [Hr′,p′

0 (curl,Ω)]′ ❛♥❞ h ∈ W 1,r(Ω) ✇✐t❤

1 6 r 6 p ❛♥❞ 1
r 6 1

p +
1
3 ✳ ❚❤❡♥

✶✳ ■❢ r < 3 ❛♥❞ P0 ∈ W− 1
r∗
,r∗(Γ)✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, P ) ∈

W 1,p(Ω)× Lr
∗

(Ω)✳

✷✳ ■❢ r > 3 ❛♥❞ P0 ∈W− 1
q ,q(Γ) ❢♦r ❛♥② ✜♥✐t❡ ♥✉♠❜❡r q > 1✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ❤❛s ❛ ✉♥✐q✉❡

s♦❧✉t✐♦♥ (u, P ) ∈W 1,p(Ω)× Lq(Ω)✳

Pr♦♦❢✳ ❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ (SN )✱ ✇❡ ❤❛✈❡✿



∆P = div f +∆h in Ω,

P = P0 on Γ0 and P = P0 + ci on Γi.

❲❡ s♣❧✐t t❤✐s ♣r♦❜❧❡♠ ✐♥ t✇♦ ♣❛rts✿ ✜♥❞ P1 s✉❝❤ t❤❛t

(P1) ∆P1 = div f +∆h ✐♥ Ω and P1 = 0 ♦♥ Γ,

❛♥❞ ✜♥❞ P2 s✉❝❤ t❤❛t

(P2) ∆P2 = 0 ✐♥ Ω, P2 = P0 ♦♥ Γ0 and P2 = P0 + ci ♦♥ Γi.

❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉❧❛r✐t② ♦❢ P1 ✐s ♦♥❧② ❞❡♣❡♥❞❡♥t ♦❢ div f ❛♥❞ ∆h✱ ❛♥❞ t❤❡♥ ✇❡ ❝❤♦♦s❡ P0 ✐♥

♦r❞❡r t♦ r❡❝♦✈❡r ❢♦r P2 t❤❡ s❛♠❡ r❡❣✉❧❛r✐t② ❛s t❤❛♥ ❢♦r P1✳ ❚❤❡♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ P ❜②



❚❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠✿ Lp✲t❤❡♦r② ✻✺

❛❞❞✐♥❣ P1 ❛♥❞ P2✳ ▲❡t ✉s ❛♥❛❧②③❡ ♣r♦❜❧❡♠ (P1)✳ ❙✐♥❝❡ f ∈ [Hr′,p′

0 (curl,Ω)]′✱ t❤❡r❡ ❡①✐sts F ∈ Lr(Ω)
❛♥❞ Ψ ∈ Lp(Ω) s✉❝❤ t❤❛t f = F + curlΨ✳ ❙♦ div f = divF ∈ W−1,r(Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

∆h ∈ W−1,r(Ω)✳ ❚❤❡♥✱ div f + ∆h ❜❡❧♦♥❣s t♦ ∈ W−1,r(Ω) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ♣r♦❜❧❡♠ (P1) ❤❛s ❛

✉♥✐q✉❡ s♦❧✉t✐♦♥ P1 ∈ W 1,r(Ω)✳ ◆❡①t✱ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ r❡❣✉❧❛r✐t② ♦❢ P2 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❛t❛ P0✳

❲❡ ♥♦t❡ t❤❛t P0 ♠✉st ❜❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ s♦❧✉t✐♦♥ P2 ♦❢ (P2) ❝♦✉❧❞ ❜❡❧♦♥❣ t♦ ❛ ❝❧❛ss ♦❢ s♣❛❝❡s

❝♦♥t❛✐♥✐♥❣ s♣❛❝❡s ❢♦r P1✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

❈❛s❡ r < 3✿ ■❢ P0 ∈ W− 1
r∗
,r∗(Γ) ✇✐t❤ r∗ = 3r

3−r ✱ t❤❡ s♦❧✉t✐♦♥ P2 ♦❢ ♣r♦❜❧❡♠ (P2) ❜❡❧♦♥❣s t♦

Lr
∗

(Ω)✳ ❙✐♥❝❡ P1 ∈W 1,r(Ω) →֒ Lr
∗

(Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t P = P1 + P2 ❜❡❧♦♥❣s t♦ Lr
∗

(Ω)✳

❈❛s❡ r > 3✿

❲❡ ❤❛✈❡ P1 ∈ W 1,r(Ω) →֒ Lq(Ω) ❢♦r ❛♥② ✜♥✐t❡ ♥✉♠❜❡r q > 1 ✐❢ r = 3✱ ❢♦r q = ∞ ✐❢ r > 3✳ ❚❤✉s✱

t❛❦✐♥❣ P0 ∈W− 1
q ,q(Γ) ❢♦r ❛♥② q > 1 ✇❡ ❤❛✈❡ P2 ∈ Lq(Ω) ❛♥❞ t❤❡♥ P ∈ Lq(Ω)✳

❘❡♠❛r❦ ✶✳✺✳✷✳ ❖❜s❡r✈❡ t❤❛t✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ s♣❧✐tt✐♥❣✱ ✐❢ P0 ∈ W 1−1/r,r(Γ)✱ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡❧②

P ∈W 1,r(Ω)✳

❚❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✺✳✾ ❡♥❛❜❧❡s ✉s t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡ss✉r❡ ✐♥ t❤❡ ❧✐♥❡❛r✐③❡❞

▼❍❉ s②st❡♠ ✭✶✳✹✳✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❈♦r♦❧❧❛r② ✶✳✺✳✶✵✳ ▲❡t p > 3
2 ✱ f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱ h ∈W 1,r(Ω)✱ P0 ∈W− 1
r∗
,r∗(Γ) s❛t✐s❢②✐♥❣ t❤❡

❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t

❼ curlw ∈ L 3
2 (Ω) ❛♥❞ d ∈W 1, 32

σ (Ω) ✐❢ 3
2 < p < 2✳

❼ curlw ∈ Ls(Ω) ❛♥❞ d ∈W 1,s
σ (Ω) ✐❢ p > 2✱ ✇❤❡r❡ s ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✳✻✮

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ (u, b, P ) ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✺✳✼ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉

♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❜❡❧♦♥❣s t♦ W 1,p(Ω)×W 1,p(Ω)× Lr
∗

(Ω)✳

Pr♦♦❢✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ❣✐✈❡♥ ✐♥

❚❤❡♦r❡♠ ✶✳✺✳✾✳ ❚❤❡♥✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✶✳✹✳✷✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❋✐♥❞ (u, P, c) s✉❝❤ t❤❛t

(S̃N )





− ∆u+∇P = f̃ and divu = h in Ω,

u× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi = 0, 1 ≤ i ≤ I,

✇✐t❤ f̃ = f − (curlw)× u+ (curl b)× d ❛♥❞ ✜♥❞ b s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠

(ẼN )





curl curl b = g̃ in Ω and div b = 0 in Ω,

b× n = 0 onΓ

〈b · n, 1〉Γi
= 0, ∀1 6 i 6 I,

✇✐t❤ g̃ = g + curl(u × d)✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢s✱ ✇❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s

♦♥ f ✱ curlw ❛♥❞ d ✐♠♣❧② t❤❛t t❤❡ t❡r♠ f̃ ❜❡❧♦♥❣s t♦ [Hr′,p′

0 (curl,Ω)]′ ❢♦r ❜♦t❤ ❝❛s❡s p < 2 ❛♥❞

p ≥ 2✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✺✳✾✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, P, c) ∈ W 1,p(Ω) × Lr
∗

(Ω) × RI

❢♦r t❤❡ ♣r♦❜❧❡♠ (S̃N )✳ ❇❡s✐❞❡s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ b ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r❡ss✉r❡✳ ■♥❞❡❡❞✱ g̃ ❜❡❧♦♥❣s t♦

[Hr′,p′

0 (curl,Ω)]′ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛

✶✳✸✳✹ t❤❛t ♣r♦❜❧❡♠ (ẼN ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ b ∈W 1,p(Ω)✳



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✻

✶✳✺✳✸ ❙tr♦♥❣ s♦❧✉t✐♦♥ ✐♥ W 2,p(Ω)❀ 1 < p < 6/5

❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ❝♦♠♣❧❡t❡ t❤❡ Lp−t❤❡♦r② ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❜②

t❤❡ ♣r♦♦❢ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ✐♥W 2,p(Ω) ✇✐t❤ 1 < p < 6/5✳ ❖♥❡ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ t❤❛t ✇❡ ❝❛♥ ✉s❡ ✐s t♦

❝♦♥s✐❞❡r w ❛♥❞ d ♠♦r❡ r❡❣✉❧❛r ✐♥ ❛ ✜rst st❡♣ ❛♥❞ t❤❡♥ r❡♠♦✈❡ t❤✐s r❡❣✉❧❛r✐t② ✐♥ ❛ s❡❝♦♥❞ st❡♣✳ ❙✐♥❝❡

t❤❡ ♣r♦♦❢ ✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤ ❤✐❣❤❧② ♠✐♠✐❝s t❤❛t ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✶✱ ✇❡ ♣✉t ✐t ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❛t t❤❡

❡♥❞ ♦❢ t❤✐s ❝❤❛♣t❡r ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✼✮✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❣✐✈❡ ❛ s❤♦rt❡r ❛♥❞ ❞✐✛❡r❡♥t ♣r♦♦❢ ✇❤❡r❡ ✇❡ t❛❦❡

❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω) ✇✐t❤ 1 < p < 2 ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮✳

❚❤❡♦r❡♠ ✶✳✺✳✶✶ ✭❙tr♦♥❣ s♦❧✉t✐♦♥ ✐♥ W 2,p(Ω) ✇✐t❤ 1 < p < 6
5 ✮✳ ❙✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1

❛♥❞ 1 < p < 6
5 ✳ ❆ss✉♠❡ h = 0✱ ❛♥❞ ❧❡t f , g ∈ Lp(Ω)✱ P0 ∈ W 1− 1

p ,p(Γ)✱ curlw ∈ L3/2(Ω) ❛♥❞

d ∈W 1,3/2
σ (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✺✮✲✭✶✳✺✳✶✮✳

❚❤❡♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ∈ W 2,p(Ω) ×W 2,p(Ω) ×
W 1,p(Ω)× RI s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω) 6 C
(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)2

×
(
‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖

W
1− 1

p
,p
(Γ)

) ✭✶✳✺✳✾✾✮

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t

Lp(Ω) →֒ [Hr′,(p∗)′(curl,Ω)]′, P0 ∈W 1−1/p,p(Γ) →֒W 1−1/r,r(Γ), ✭✶✳✺✳✶✵✵✮

✇❤❡r❡ 1
p∗ = 1

p − 1
3 ❛♥❞ 1

r = 1
p + 1

3 ✳ ❙✐♥❝❡ 1 < p < 6/5✱ ✇❡ ❤❛✈❡ 3
2 < p∗ < 2✳ ❚❤❡♥ ❛♣♣❧②✐♥❣ t❤❡

r❡❣✉❧❛r✐t② W 1,p(Ω) ❢♦r t❤❡ ▼❍❉ s②st❡♠ ✭✶✳✹✳✷✮ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ p ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✺✳✼ ✇✐t❤ h = 0✮✱

✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ (u, b, P, c) ∈W 1,p∗(Ω)×W 1,p∗(Ω)×W 1,r(Ω)×RI s❛t✐s❢②✐♥❣

t❤❡ ❡st✐♠❛t❡

‖u‖W 1, p∗ (Ω) + ‖b‖W 1, p∗ (Ω)

≤ C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
(
‖f‖Lp(Ω) + ‖P0‖

W 1− 1
r
,r(Γ)

+ ‖g‖Lp(Ω)

)
, ✭✶✳✺✳✶✵✶✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✶✳✺✳✶✵✵✮ ❛♥❞

‖P‖W 1,r(Ω)≤C(1 + ‖curlw‖L3/2(Ω) + ‖d‖W 1,3/2(Ω))
2
(
‖f‖Lp(Ω) + ‖P0‖

W 1− 1
r
,r(Γ)

+ ‖g‖Lp(Ω)

)
,

❙✐♥❝❡ W 1,p∗(Ω) →֒ Lp
∗∗

(Ω) ✇✐t❤ 1
p∗∗ = 1

p∗ − 1
3 ✱ t❤❡ t❡r♠s (curlw) × u ❛♥❞ (curl b) × d ❜❡❧♦♥❣ t♦

Lp(Ω)✳ (u, P, c) ✐s t❤❡♥ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ (S̃N ) ✇✐t❤ h = 0 ❛♥❞ ❛ ❘❍❙ f̃ ✐♥ Lp(Ω)✳ ❲❡ ❞❡❞✉❝❡

❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ t❤❛t (u, P ) ❜❡❧♦♥❣s t♦ W 2,p(Ω)×W 1,p(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖u‖W 2,p(Ω)+‖P‖W 1,p(Ω) 6 CS

(
‖f‖[Lp(Ω)+‖(curlw)× u‖Lp(Ω)+‖(curl b)× d‖Lp(Ω)+‖P0‖

W
1− 1

p
,p
(Γ)

)
.

✭✶✳✺✳✶✵✷✮

◆❡①t✱ b ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❧❡♣t✐❝ ♣r♦❜❧❡♠ (ẼN ) ✇✐t❤ ❛ ❘❍❙ g+curl(u×d) ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ Lp(Ω)✳

❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ t❤❡ s♦❧✉t✐♦♥ b ❜❡❧♦♥❣s t♦ W 2,p(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖b‖W 2,p(Ω) 6 CE
(
‖g‖[Lp(Ω) + ‖curl(u× d)‖Lp(Ω)

)
. ✭✶✳✺✳✶✵✸✮

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s

‖(curlw)× u‖Lp(Ω) ≤ ‖curlw‖L3/2(Ω) ‖u‖Lp∗∗ (Ω) ≤ C ‖curlw‖L3/2(Ω) ‖u‖W 1,p∗ (Ω) , ✭✶✳✺✳✶✵✹✮



❚❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✻✼

‖(curl b)× d‖Lp(Ω) ≤ ‖curl b‖Lp∗ (Ω) ‖d‖L3(Ω) ≤ C ‖d‖L3(Ω) ‖b‖W 1,p∗ (Ω) , ✭✶✳✺✳✶✵✺✮

❛♥❞ s✐♠✐❧❛r❧②✱

‖curl(u× d)‖Lp(Ω) ≤ ‖(d · ∇)u‖Lp(Ω) + ‖(u · ∇)d‖Lp(Ω) ≤ C ‖u‖W 1,p∗ (Ω) (‖d‖L3(Ω) + ‖∇d‖L3/2(Ω)).

❈♦❧❧❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❜♦✉♥❞s t♦❣❡t❤❡r ✇✐t❤ ✭✶✳✺✳✶✵✶✮ ✐♥ ✭✶✳✺✳✶✵✷✮✲✭✶✳✺✳✶✵✸✮ ❧❡❛❞s t♦ t❤❡ ❜♦✉♥❞

✭✶✳✺✳✾✾✮✳

Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✺✳✽✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t t♦ t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣

❞✐✈❡r❣❡♥❝❡ ❝❛s❡✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✼✮✳

❈♦r♦❧❧❛r② ✶✳✺✳✶✷✳ ▲❡t Ω ❜❡ ♦❢ ❝❧❛ss C2,1 ❛♥❞ 1 < p < 6
5 ✳ ❆ss✉♠❡ t❤❛t f , g ∈ Lp(Ω)✱ P0 ∈W 1− 1

p ,p(Γ)✱

h ∈ W 1,p(Ω)✱ curlw ∈ L3/2(Ω) ❛♥❞ d ∈ W 1,3/2
σ (Ω) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✹✳✺✮✲✭✶✳✺✳✶✮✳

❚❤❡♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, b, P, c) ∈W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)×
RI ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖u‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω)

6 C(1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)2(‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖
W

1− 1
p
,p
(Γ)

+ (1 + ‖curlw‖
L

3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

) ‖h‖
W

1− 1
p
,p
(Γ)

)

✭✶✳✺✳✶✵✻✮

✶✳✻ ❚❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ❛♥❞ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❛♥❞ str♦♥❣

s♦❧✉t✐♦♥s ❢♦r ✭▼❍❉✮✳

✶✳✻✳✶ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✿ L2✲t❤❡♦r②

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡

❢♦r t❤❡ ♣r♦❜❧❡♠ ✭▼❍❉✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❋✐rst✱ ✇❡

r❡❝❛❧❧ t❤❛t 〈·, ·〉Ωr,p
❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [Hr,p

0 (curl,Ω)]′ ❛♥❞ Hr,p
0 (curl,Ω) ❛♥❞ 〈·, ·〉Γ

❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H−1/2(Γ) ❛♥❞ H1/2(Γ)✳

❚❤❡♦r❡♠ ✶✳✻✳✶✳ ✭❲❡❛❦ s♦❧✉t✐♦♥s ♦❢ ✭▼❍❉✮ s②st❡♠ ✐♥ H1(Ω)✮✳ ▲❡t Ω ❜❡ ♦❢ ❝❧❛ss❡ C1,1 ❛♥❞ ❧❡t

f , g ∈ [H6,2
0 (curl,Ω)]′, h = 0 and P0 ∈ H− 1

2 (Γ)

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

∀v ∈K2
N (Ω), 〈g,v〉Ω

6,2
= 0, ✭✶✳✻✳✶✮

div g = 0 in Ω. ✭✶✳✻✳✷✮

❚❤❡♥ t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠ ❤❛s ❛t ❧❡❛st ♦♥❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P,α) ∈H1(Ω)×H1(Ω)× L2(Ω)×RI

s✉❝❤ t❤❛t

‖u‖H1(Ω) + ‖b‖H1(Ω) + ‖P‖L2(Ω) ≤M, ✭✶✳✻✳✸✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✻✽

✇❤❡r❡ M = C(‖f‖[H6,2
0 (curl,Ω)]′ + ‖g‖[H6,2

0 (curl,Ω)]′ + ‖P0‖H−1/2(Γ)) ✇✐t❤

αi = 〈f ,∇qNi , 〉Ω6,2
− 〈P0,∇qNi · n〉Γ +

∫

Ω

(curl b)× b · ∇qNi dx−
∫

Ω

(curlu)× u · ∇qNi dx. ✭✶✳✻✳✹✮

■♥ ❛❞❞✐t✐♦♥✱ s✉♣♣♦s❡ t❤❛t f ✱ g ❛♥❞ P0 ❛r❡ s♠❛❧❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t

C1C
2
2M ≤ 2

3C2
P
, ✭✶✳✻✳✺✮

✇❤❡r❡ CP ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✶✳✸✳✻✮ ❛♥❞ C1✱ C2 ❛r❡ ❣✐✈❡♥ ✐♥ ✭✶✳✻✳✶✺✮✳ ❚❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P )

♦❢ ✭▼❍❉✮ ✐s ✉♥✐q✉❡✳

❲❡ ✜rst r❡❝❛❧❧ t❤❛t t❤❡ s♣❛❝❡ V N (Ω) ❞❡♥♦t❡s

V N (Ω) := {v ∈H1(Ω); div v = 0 ✐♥Ω, v × n = 0 ♦♥Γ, 〈v · n, 1〉Γi = 0, ∀1 6 i 6 I}

❛♥❞ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳✷✳ ●✐✈❡♥ f , g ∈ [H6,2
0 (curl,Ω)]′ ❛♥❞ P0 ∈ H− 1

2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

✭✶✳✻✳✶✮✲✭✶✳✻✳✷✮✱ (u, b, αi) ∈ V N (Ω) × V N (Ω) × R ✐s ❝❛❧❧❡❞ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭▼❍❉✮ ♣r♦❜❧❡♠ ✐❢ ✐t

s❛t✐s✜❡s✿ ❢♦r ❛❧❧ (v,Ψ) ∈ V N (Ω)× V N (Ω)✱

∫

Ω

curlu · curlv dx+

∫

Ω

(curlu× u) · v dx−
∫

Ω

(curl b× b) · v dx+

∫

Ω

curl b · curlΨ dx

+

∫

Ω

(curlΨ× b) · u dx = 〈f ,v〉Ω
6,2

+ 〈g,Ψ〉Ω
6,2

− 〈P0,v · n〉Γ0 −
I∑

i=1

〈P0 + αi,v · n〉Γi

✭✶✳✻✳✻✮

❛♥❞

αi = 〈f ,∇qNi 〉Ω
6,2

−〈P0,∇qNi · n〉Γ+
∫

Ω

(curl b× b) · ∇qNi dx−
∫

Ω

(curlu× u) · ∇qNi dx. ✭✶✳✻✳✼✮

❚♦ ✐♥t❡r♣r❡t ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ r❡♠♦✈❡ t❤❡ ❝♦♥str❛✐♥t ♦❢ ✢✉①s ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s

t❤r♦✉❣❤ Γi✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✱ ✇❡ ♣r♦✈❡ t❤❛t ✭✶✳✻✳✻✮ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② t❡st ❢✉♥❝t✐♦♥

(v,Ψ) ∈X2
N (Ω)×X2

N (Ω)✳

▲❡♠♠❛ ✶✳✻✳✶✳ ▲❡t f , g ∈ [H6,2
0 (curl,Ω)]′ ❛♥❞ P0 ∈ H− 1

2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✻✳✶✮✲

✭✶✳✻✳✷✮✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ (u, b, αi) ∈ V N (Ω)× V N (Ω)× R s❛t✐s✜❡s ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v,Ψ) ∈ V N (Ω)× V N (Ω)✳

✭✐✐✮ (u, b, αi)∈ V N (Ω)× V N (Ω)×R s❛t✐s✜❡s ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v,Ψ) ∈X2
N (Ω)×X2

N (Ω) ✳

Pr♦♦❢✳ ❙✐♥❝❡ V N (Ω) ⊂ ❳ 2
N (Ω)✱ t❤❡♥ ✭✐✐✮ ✐♠♣❧✐❡s ✭✐✮✳ ❈♦♥✈❡rs❡❧②✱ ❧❡t (u, b, αi) ∈ V N (Ω)×V N (Ω)×R

s❛t✐s❢②✐♥❣ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v,Ψ) ∈ V N (Ω) × V N (Ω) ❛♥❞ ✇❡ ✇❛♥t t♦ s❤♦✇ ✐t ✐♠♣❧✐❡s ✭✐✐✮✳ ❚❤❡

♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛♥ ❣✐✈❡♥ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✮✳

▲❡t (Ψ̃, ṽ) ∈ ❳ 2
N (Ω)×❳ 2

N (Ω)✳ ❲❡ s❡t

Ψ = Ψ̃−
I∑

i=1

〈Ψ̃ · n, 1〉Γi
∇qNi and v = ṽ −

I∑

i=1

〈ṽ · n, 1〉Γi
∇qNi .

❚❤❡♥✱ (Ψ,v) ❜❡❧♦♥❣s t♦ V N (Ω)× V N (Ω)✳ ❘❡♣❧❛❝✐♥❣ ✐♥ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮✱ ✇❡ ♦❜t❛✐♥



❚❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✻✾

∫

Ω

curl b · curl Ψ̃ dx+

∫

Ω

(curl Ψ̃× b) · u dx− 〈g, Ψ̃〉Ω
6,2

+

∫

Ω

curlu · curl ṽ dx

+

∫

Ω

(curlu× u) · ṽ dx−
∫

Ω

(curl b× b) · ṽ dx− 〈f , ṽ〉Ω6,2
+ 〈P0, ṽ · n〉Γ0

+

I∑

i=1

〈P0 + αi, ṽ · n〉Γi

=

I∑

i=1

〈Ψ̃ · n, 1〉Γi

(∫

Ω

curl b · curl(∇qNi )︸ ︷︷ ︸
=0

dx+

∫

Ω

(curl∇qNi )︸ ︷︷ ︸
=0

×b · u dx− 〈g,∇qNi 〉Ω6,2︸ ︷︷ ︸
=0due to ✭✶✳✻✳✶✮

)

+

I∑

i=1

〈ṽ · n, 1〉Γi

(∫

Ω

curlu · (curl∇qNi )︸ ︷︷ ︸
=0

dx−
∫

Ω

(curl b× b) · ∇qNi dx+

∫

Ω

(curlu× u) · ∇qNi dx

− 〈f ,∇qNi 〉Ω
6,2

+ 〈P0,∇qNi · n〉Γ0
+

I∑

j=1

〈P0 + αj ,∇qNi · n〉Γj

)

✭✶✳✻✳✽✮

❙♦✱ ✇❡ ❤❛✈❡

I∑

i=1

〈ṽ · n, 1〉Γi

(
−
∫

Ω

(curl b× b) · ∇qNi dx+

∫

Ω

(curlu× u) · ∇qNi dx− 〈f ,∇qNi 〉Ω6,2

+ 〈P0,∇qNi · n〉Γ0
+

I∑

j=1

〈P0 + αj ,∇qNi · n〉Γj

)

❙✐♥❝❡ qNi s❛t✐s✜❡s ✭✶✳✸✳✷✮✱ ✇❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t
∑I
j=1〈αj ,∇qni · n〉Γj

= αiδij ✳ ❚❤❡♥✱ ✇❡ ♦❜t❛✐♥

I∑

j=1

〈P0 + αj ,∇qNi · n〉Γj =

I∑

j=1

〈P0,∇qNi · n〉Γj + αi ✭✶✳✻✳✾✮

❘❡♣❧❛❝✐♥❣ ✭✶✳✻✳✼✮ ✐♥ ✭✶✳✻✳✾✮✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✶✳✻✳✽✮ t❤❛t
∫

Ω

curlu · curl ṽ dx+

∫

Ω

(curlu× u) · ṽ dx−
∫

Ω

(curl b× b) · ṽ dx+

∫

Ω

curl b · curl Ψ̃ dx

+

∫

Ω

(curl Ψ̃× b) · u dx = 〈f , ṽ〉Ω
6,2

+ 〈g, Ψ̃〉Ω
6,2

− 〈P0,v · n〉Γ0 −
I∑

i=1

〈P0 + αi, ṽ · n〉Γi

✭✶✳✻✳✶✵✮

✇❤✐❝❤ ✐s ✭✶✳✻✳✻✮ ✇✐t❤ t❡st ❢✉♥❝t✐♦♥s (Ψ̃, ṽ) ∈ ❳ 2
N (Ω)×❳ 2

N (Ω)✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✶✳✻✳✷✳ ▲❡t f , g ∈ [H6,2
0 (curl,Ω)]′ ❛♥❞ P0 ∈ H− 1

2 (Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

✭✶✳✻✳✶✮✲✭✶✳✻✳✷✮✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ (u, b, P, αi) ∈H1(Ω)×H1(Ω)× L2(Ω)× R ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭▼❍❉✮✱

✭✐✐✮ (u, b, αi) ∈ V N (Ω)×V N (Ω)×R ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭▼❍❉✮✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✭✶✳✻✳✷✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ t❤❛t ✭✐✮ ✐♠♣❧✐❡s ✭✐✐✮ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✱ ❤❡♥❝❡ ✇❡ ♦♠✐t ✐t✳

▲❡t (u, b, αi) ∈ V N (Ω)×V N (Ω)×R s❛t✐s❢②✐♥❣ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥② (v,Ψ) ∈ V N (Ω)×V N (Ω)✳ ❉✉❡

t♦ ▲❡♠♠❛ ✶✳✻✳✶✱ ✇❡ ❤❛✈❡ t❤❛t (u, b, αi) ∈ V N (Ω) × V N (Ω) × R s❛t✐s✜❡s ❛❧s♦ ✭✶✳✻✳✻✮✲✭✶✳✻✳✼✮ ❢♦r ❛♥②

(v,Ψ) ∈X2
N (Ω)×X2

N (Ω)✳ ❈❤♦♦s✐♥❣ v ∈ Dσ(Ω) ❛♥❞ Ψ = ✵ ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✶✳✻✳✻✮✱ ✇❡ ❤❛✈❡

〈−∆u+ (curlu)× u− (curl b)× b− f ,v〉D′(Ω)×D(Ω) = 0.



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✼✵

❙♦✱ ❜② ❉❡ ❘❤❛♠✬s t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛♥ ✉♥✐q✉❡ P ∈ L2(Ω) s✉❝❤ t❤❛t

−∆u+∇P + (curlu)× u− (curl b)× b− f = 0 in Ω. ✭✶✳✻✳✶✶✮

◆❡①t✱ ❝❤♦♦s✐♥❣ (0,Ψ) ✇✐t❤ Ψ ∈ Dσ(Ω) ✐♥ ✭✶✳✻✳✻✮✱ ✇❡ ❤❛✈❡

〈curl curl b− curl(u× b)− g,Ψ〉D′(Ω)×D(Ω) = 0.

❚❤❡♥✱ ❛♣♣❧②✐♥❣ ❬✼✻✱ ▲❡♠♠❛ ✷✳✷❪✱ ✇❡ ❤❛✈❡ χ ∈ L2(Ω) ❞❡✜♥❡❞ ✉♥✐q✉❡❧② ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤

t❤❛t

curl curl b− curl(u× b)− g = ∇χ in Ω and χ = 0 on Γ

❙✐♥❝❡ χ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠

∆χ = 0 in Ω and χ = 0 on Γ.

❲❡ ❞❡❞✉❝❡ t❤❛t χ = 0 ✐♥ Ω ✇❤✐❝❤ ❣✐✈❡s t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭▼❍❉✮✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ❢❛❝t t❤❛t

u ❛♥❞ b ❜❡❧♦♥❣ t♦ t❤❡ s♣❛❝❡ V N (Ω)✱ ✇❡ ❤❛✈❡ divu = div b = 0 ✐♥ Ω ❛♥❞ u × n = b × n = 0 ♦♥ Γ✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣r❡ss✉r❡ ✐s ❢❛✐r❧② s✐♠✐❧❛r t♦ t❤❛t ❣✐✈❡♥ ✐♥ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥

✸✳✼❪✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻✳✶✿

❲❡ ✉s❡ t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞ ♣♦✐♥t ❚❤❡♦r❡♠✳ ❲❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ❩N (Ω) = V N (Ω)×
V N (Ω) ❞❡✜♥❡❞ ✐♥ ✭✶✳✹✳✶✼✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠❛♣♣✐♥❣ G : ❩N (Ω) → ❩N (Ω) s✉❝❤ t❤❛t G(✇,❞) = (u, b)

✇✐t❤ (u, b) ∈ ZN (Ω) ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✶✽✮✳ ❇② ❚❤❡♦r❡♠ ✶✳✹✳✷✱ ❢♦r ❡❛❝❤ ♣❛✐r

(w,d) ∈ ZN (Ω) t❤❡ s♦❧✉t✐♦♥ (u, b) ∈ ZN (Ω) ♦❢ ♣r♦❜❧❡♠ ✭✶✳✹✳✶✽✮ ❡①✐sts✱ ✐s ✉♥✐q✉❡ ❛♥❞ s❛t✐s✜❡s t❤❡

❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖(u, b)‖2
❩N (Ω)

=(‖u‖2
H1(Ω)

+‖b‖2
H1(Ω)

)1/26 C
(
‖f‖

[H
6,2
0 (curl,Ω)]′

+ ‖g‖
[H

6,2
0 (curl,Ω)]′

+‖P0‖
H

−
1
2 (Γ)

)
:=M✭✶✳✻✳✶✷✮

❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ w ❛♥❞ d✳ ❲❡ ❞❡✜♥❡ t❤❡ ❜❛❧❧

Br = {(v,Ψ) ∈ ❩N (Ω); ‖(v,Ψ)‖
❩N (Ω) 6 r},

✇❤❡r❡ r = M = C
(
‖f‖[H6,2

0 (curl,Ω)]′ + ‖g‖[H6,2
0 (curl,Ω)]′ + ‖P0‖

H−
1
2 (Γ)

)
✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ❛♥❞

✭✶✳✻✳✶✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t G(Br) ⊂ Br ❛♥❞ t❤❡♥ G ✐s ❛ ♠❛♣♣✐♥❣ ♦❢ t❤❡ ❜❛❧❧ Br ✐♥t♦ ✐ts❡❧❢✳ ◆♦✇✱ ✇❡

✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r G ✐s ❝♦♠♣❛❝t ♦♥ Br✳ ❋♦r t❤✐s✱ ❧❡t {(wk,dk)}k≥1 ❜❡ ❛♥ ❛r❜✐tr❛r②

s❡q✉❡♥❝❡ ✐♥ Br✳ ❙✐♥❝❡ H
1(Ω) ✐s r❡✢❡①✐✈❡✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ st✐❧❧ ❞❡♥♦t❡❞ {(wk,dk)}k≥1 ❛♥❞

❛ ♣❛✐r (w,d) ✐♥ Br s✉❝❤ t❤❛t (✇k,❞k) ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ (✇ ,❞) ✐♥ H1(Ω)×H1(Ω) ❛s k → ∞✳ ❲❡

s❡t (uk, bk) = G(✇k,❞k) ❛♥❞ (ũ, b̃) = G(w,d)✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t (✉k, ❜k) ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦

(ũ, b̃) ✐♥H1(Ω)×H1(Ω) ❛s k → ∞✳ ❇② t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣H1(Ω) →֒ L4(Ω)✱ ✇❡ ❤❛✈❡

t❤❛t ✇k → ✇ str♦♥❣❧② ✐♥ L4(Ω) ❛♥❞ ❞k → ❞ str♦♥❣❧② ✐♥ L4(Ω)✳ ❇② ❞❡✜♥✐t✐♦♥ (uk, bk) ❛♥❞ (ũ, b̃) ❛r❡

s♦❧✉t✐♦♥s ♦❢

a((uk, bk), (v,Ψ)) + a✇k,❞k
((uk, bk), (v,Ψ)) = L(v,Ψ),

❛♥❞

a((ũ, b̃), (v,Ψ)) + a✇ ,❞ ((ũ, b̃), (v,Ψ)) = L(v,Ψ). ✭✶✳✻✳✶✸✮



❚❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✼✶

✇❤❡r❡ t❤❡ ❢♦r♠s a ❛♥❞ a✇ ,❞ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✳✹✳✶✻✮✳ ❇② s✉❜tr❛❝t✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠s✱ ✇❡ ♦❜t❛✐♥

(curl(uk − ũ), curlv) + (curl(bk − b̃), curlΨ) + ((curl✇k)× uk − (curl✇)× ũ,v)
+ (uk, (curlΨ)× ❞k)− (ũ, (curlΨ)× ❞)− ((curl bk)× ❞k,v) + ((curl b̃)× ❞ ,v) = 0 ✭✶✳✻✳✶✹✮

❙✐♥❝❡

((curl✇k)× uk − (curl✇)× ũ,v) = (curl✇ × (uk − ũ),v) + (curl(✇k −✇)× uk,v)

❛♥❞

(uk, (curlΨ)× ❞k)− (ũ, (curlΨ)× ❞)− ((curl bk)× ❞k,v) + ((curl b̃)× ❞ ,v)

= (uk − ũ, (curlΨ)× ❞)− (uk, (curlΨ)× ❞)− (curl(bk − b̃)× ❞,v)

+ ((curl bk)× ❞,v) + (uk, (curlΨ)× ❞k)− ((curl bk)× ❞k,v).

❚❤❡♥✱ r❡♣❧❛❝✐♥❣ ✐♥ ✭✶✳✻✳✶✹✮✱ ✇❡ ♦❜t❛✐♥

a((uk − ũ, bk − b̃), (v,Ψ)) + a✇ ,❞ ((uk − ũ, bk − b̃), (v,Ψ))

= −(curl(✇k −✇)× uk,v) + (uk, curlΨ× (❞ − ❞k))− (curl bk × (❞− ❞k),v)

❇② ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t (uk, bk) ❜❡❧♦♥❣s t♦ Br✱ ✇❡ ❤❛✈❡

|(curl(✇k −✇)× uk,v)| 6 C2 ‖✇k −✇‖L4(Ω) ‖uk‖H1(Ω) ‖v‖H1(Ω)

6 C2M ‖✇k −✇‖L4(Ω) ‖v‖H1(Ω) ,

|(uk, curlΨ× (❞ − ❞k))| 6 ‖uk‖L4(Ω) ‖curlΨ‖L2(Ω) ‖❞ − ❞k‖L4(Ω)

6 C1C2M ‖Ψ‖H1(Ω) ‖❞ − ❞k‖L4(Ω)

❛♥❞

|(curl bk × (❞ − ❞k),v)| 6 C ‖curl bk‖L2(Ω) ‖❞ − ❞k‖L4(Ω) ‖v‖L4(Ω)

6 C1C2M ‖❞ − ❞k‖L4(Ω) ‖v‖H1(Ω)

✇❤❡r❡ C1 > 0 ❛♥❞ C2 > 0 ❛r❡ s✉❝❤ t❤❛t

‖curlv‖L2(Ω) ≤ C1 ‖v‖H1(Ω) and ‖v‖L4(Ω) ≤ C2 ‖v‖H1(Ω) . ✭✶✳✻✳✶✺✮

❈❤♦♦s✐♥❣ (v,Ψ) = (uk − ũ, bk − b̃)✱ t❤❛♥❦s t♦ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❢♦r♠ a ✐♥ ✭✶✳✹✳✶✾✮ ❛♥❞ t❤❡ ❢❛❝t

t❤❛t a✇ ,❞ ((uk − ũ, bk − b̃), (uk − ũ, bk − b̃)) = 0✱ ✇❡ ♦❜t❛✐♥

2

C2
P

(
‖uk − ũ‖2H1(Ω) + ‖bk − b̃‖2H1(Ω)

)
6 | a((uk − ũ, bk − b̃), (uk − ũ, bk − b̃)) |

6 C2M ‖wk −w‖L4(Ω) ‖uk − ũ‖H1(Ω) + C1C2M ‖d− dk‖L4(Ω) (‖uk − ũ‖H1(Ω) + ‖bk − b̃‖H1(Ω))

6
1

2
‖uk − ũ‖2H1(Ω) +

1

2
‖bk − b̃‖2H1(Ω) + C2

2M
2 ‖wk −w‖2L4(Ω) +

3

2
C2

1C
2
2M

2 ‖dk − d‖2L4(Ω) .

❙♦✱ ✇❡ ❤❛✈❡

‖uk − ũ‖2H1(Ω) + ‖bk − b̃‖2H1(Ω) 6 C
(
‖wk −w‖2L4(Ω) + ‖dk − d‖2L4(Ω)

)
−→ 0 as k −→ 0,



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✼✷

✇❤❡r❡ C = C2
P max(C2

2M
2, 3

2C
2
1C

2
2M

2) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ k✳ ❍❡♥❝❡✱ t❤✐s ❣✐✈❡s t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ G✳

❋r♦♠ ❙❝❤❛✉❞❡r✬s t❤❡♦r❡♠ ✇❡ t❤❡♥ ✜♥❞ t❤❛t G ❤❛s ❛ ✜①❡❞ ♣♦✐♥t (ũ, b̃) = G(ũ, b̃) ∈ Br✳ ❚❤✐s ✜①❡❞

♣♦✐♥t ✐s s♦❧✉t✐♦♥ ♦❢ ✭✶✳✻✳✶✸✮✳ ▼♦r❡♦✈❡r✱ (ũ, b̃) s❛t✐s✜❡s ✭✶✳✻✳✶✷✮✳

◆♦✇✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭▼❍❉✮✳ ❋♦r t❤✐s✱ ❧❡t (u1, b1, P1) ❛♥❞ (u2, b2, P2)

✐♥ V N (Ω)×V N (Ω)×L2(Ω) ❜❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ ✭▼❍❉✮✳ ❲❡ s❡t u = u1−u2✱ b = b1−b2 ❡t P = P1−P2

❛♥❞ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t u = b = ✵ ❛♥❞ P = 0✳ ❈❤♦♦s❡ v = u ❛♥❞ Ψ = b ✐♥ ✭✶✳✻✳✻✮✱ t❤❡♥ (u, b)

s❛t✐s✜❡s

‖curlu‖2L2(Ω) + ‖curl b‖2L2(Ω) + ((curlu1)× u1 − (curlu2)× u2,u)

− ((curl b1)× b1 − (curl b2)× b2,u) + ((curl b)× b1,u1)− ((curl b)× b2,u2) = 0

❖❜s❡r✈❡ t❤❛t

((curlu1)× u1,u)− ((curlu2)× u2,u) = ((curlu)× u1,u).

❛♥❞

− ((curl b1)× b1 − (curl b2)× b2,u) + ((curl b)× b1,u1)− ((curl b)× b2,u2)

= ((curl b)× b,u2)− ((curl b2)× b,u)

✇❤✐❝❤ ❣✐✈❡s

‖curlu‖2L2(Ω) + ‖curl b‖2L2(Ω) + ((curlu1)× u1 − (curlu2)× u2,u)

− ((curl b1)× b1 − (curl b2)× b2,u) + ((curl b)× b1,u1)− ((curl b)× b2,u2)

= ‖curlu‖2 + ‖curl b‖2 + ((curlu)× u1,u)

+ ((curl b)× b,u2)− ((curl b2)× b,u)

❚❤❡♥✱

‖curlu‖2 + ‖curl b‖2 = ((curl b2)× b,u)− ((curlu)× u1,u)− ((curl b)× b,u2) ✭✶✳✻✳✶✻✮

❲❡ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ t❡r♠s ✐♥ t❤❡ ❘❍❙ ♦❢ ✭✶✳✻✳✶✻✮✳ ❲❡ ❤❛✈❡

|((curlu)× u1,u)| 6 ‖curlu‖L2(Ω) ‖u1‖L4(Ω) ‖u‖L4(Ω)

6 C1C2 ‖u‖2H1(Ω) ‖u1‖L4(Ω)

6 C1C
2
2 ‖u‖2H1(Ω) ‖u1‖H1(Ω) 6 C1C

2
2M ‖u‖2H1(Ω) ,

|((curl b)× b,u2)| 6 ‖curl b‖L2(Ω) ‖b‖L4(Ω) ‖u2‖L4(Ω)

6 C1C
2
2 ‖b‖2H1(Ω) ‖u2‖H1(Ω)

6 C1C
2
2M ‖b‖2H1(Ω) ,

❛♥❞

|((curl b2)× b,u)| 6 ‖curl b2‖L2(Ω) ‖b‖L4(Ω) ‖u‖L4(Ω)

6 C1C
2
2 ‖b2‖H1(Ω) ‖b‖H1(Ω) ‖u‖H1(Ω)

6
1

2
C1C

2
2M(‖u‖2H1(Ω) + ‖b‖2H1(Ω)).



❚❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✼✸

❯s✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s ✐♥ ✭✶✳✻✳✶✻✮ t♦❣❡t❤❡r ✇✐t❤ P♦✐♥❝❛ré✬s t②♣❡ ✐♥❡q✉❛❧✐t② ✭✶✳✸✳✻✮✱ ✇❡ ♦❜t❛✐♥

1

C2
P

(
‖u‖2H1(Ω) + ‖b‖2H1(Ω)

)
6 ‖curlu‖2 + ‖curl b‖2 6

3

2
C1C

2
2M(‖u‖2H1(Ω) + ‖b‖2H1(Ω)),

✇❤❡r❡ CP ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✶✳✸✳✻✮✳ ❋r♦♠ t❤✐s r❡❧❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

(
1

C2
P

− 3

2
C1C

2
2M)

(
‖u‖2H1(Ω) + ‖b‖2H1(Ω)

)
≤ 0.

❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ❝♦♥❞✐t✐♦♥ ✭✶✳✻✳✺✮✱ ✐♠♣❧✐❡s t❤❛t u = b = ✵✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡

P ∈ L2(Ω) ❢♦❧❧♦✇s ❢r♦♠ ❉❡ ❘❤❛♠✬s ❚❤❡♦r❡♠ ✭s❡❡ ✶✳✻✳✷✮✳

✶✳✻✳✷ ❲❡❛❦ s♦❧✉t✐♦♥✿ Lp✲t❤❡♦r②✱ p ≥ 2

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡❣✉❧❛r✐t② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭▼❍❉✮ ✐♥ Lp✲t❤❡♦r②✳ ❲❡ st❛rt

✇✐t❤ t❤❡ ❝❛s❡ p ≥ 2✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❡ss❡♥t✐❛❧❧② ✉s✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❤✐❧❜❡rt✐❛♥

❝❛s❡ ❛♥❞ ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t✳ ❚♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ❛♥❞

t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN )✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿





−∆u+∇P = f − (curlu)× u+ (curl b)× d in Ω,

divu = h in Ω,

u× n = ✵ on Γ,

P = P0 ♦♥ Γ0 and P = P0 + ci ♦♥ Γi,

〈u · n, 1〉Γi
= 0, 1 ≤ i ≤ I,

❛♥❞ 



curl curl b = g + curl(u× b) in Ω,

div b = 0 in Ω,

b× n = ✵ onΓ

〈b · n, 1〉Γi = 0, ∀1 6 i 6 I.

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ❈♦r♦❧❧❛r② ✶✳✺✳✶✵ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❞❛t❛ P0

❧❡ss r❡❣✉❧❛r✳

❚❤❡♦r❡♠ ✶✳✻✳✸ ✭❘❡❣✉❧❛r✐t② W 1,p(Ω) ✇✐t❤ p > 2✮✳ ▲❡t p > 2 ❛♥❞ r = 3p
3+p ✳ ❙✉♣♣♦s❡ t❤❛t f , g ∈

[Hr′,p′

0 (curl,Ω)]′✱ h = 0✱ P0 ∈ W 1− 1
r ,r(Γ) ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❚❤❡♥

t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✻✳✶ s❛t✐s✜❡s

(u, b, P ) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω).

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖
W 1,p(Ω)+‖b‖

W 1,p(Ω)+‖P‖W1,r(Ω)6C(‖f‖
(H

r′,p′

0 (curl,Ω))′
+‖g‖

(H
r′,p′

0 (curl,Ω))′
+‖P0‖W1/r′,r(Γ)

) ✭✶✳✻✳✶✼✮

Pr♦♦❢✳ ❙✐♥❝❡ p > 2✱ ✇❡ ❤❛✈❡ [Hr′,p′

0 (curl,Ω)]′ →֒ [H6,2
0 (curl,Ω)]′ ❛♥❞ W 1−1/r,r(Γ) →֒ H−1/2(Γ)✳

❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✻✳✶✱ t❤❡r❡ ❡①✐sts (u, b, P, c) ∈H1(Ω)×H1(Ω)×L2(Ω)×RI s♦❧✉t✐♦♥ ♦❢ ✭▼❍❉✮✳

❇② ✉s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣H1(Ω) →֒ L6(Ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t (curlu)×u ❛♥❞ (curl b)×b ❜❡❧♦♥❣ t♦ L 3
2 (Ω)✳

❚♦ ❛♣♣❧② t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜❧❡♠ ❛♥❞ ♦❜t❛✐♥ ✇❡❛❦ s♦❧✉t✐♦♥s (u, P ) ∈W 1,p(Ω)×W 1,r(Ω)✱ ✇❡



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✼✹

♠✉st ❥✉st✐❢② t❤❛t t❤❡ ❘❍❙ f − (curlu)× u+ (curl b)× b ❜❡❧♦♥❣s t♦ [Hr′,p′

0 (curl,Ω)]′✳ ❙✐♠✐❧❛r❧②✱ t♦

❛♣♣❧② t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN ) ❛♥❞ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ b ∈W 1,p(Ω)✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦

❥✉st✐❢② t❤❛t t❤❡ ❘❍❙ g + curl(u× b) ❜❡❧♦♥❣s t♦ [Hr′,p′

0 (curl,Ω)]′✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❞✐st✐♥❣✉✐s❤

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡s ♦❢ p t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

✭✐✮ ■❢ p ≤ 3✱ t❤❡♥ f − (curlu)×u+ (curl b)× b ∈ L3/2(Ω) →֒ L
3p

3+p (Ω) = Lr(Ω)✳ ❙✐♥❝❡ Lr(Ω) →֒
[Hr′,p′

0 (curl,Ω)]′✱ t❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN )✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✱ ✇❡ ❤❛✈❡

t❤❛t u ∈W 1,p(Ω) ❛♥❞ P ∈W 1,r(Ω)✳ ❙✐♥❝❡ curl(u×b) = (b ·∇)u−(u ·∇)b✱ ✇❡ ❤❛✈❡ ✇✐t❤ t❤❡ s❛♠❡ ❛r✲

❣✉♠❡♥t ❛❜♦✈❡ t❤❛t curl(u×b) ∈ [Hr′,p′

0 (curl,Ω)]′✳ ■t ❢♦❧❧♦✇s t❤❛t g+curl(u×b) ∈ [Hr′,p′

0 (curl,Ω)]′✳

▼♦r❡♦✈❡r✱ g+curl(u×b) s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❛♥❦s

t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN )✱ s❡❡ ▲❡♠♠❛ ✶✳✸✳✹✱ ✇❡ ❤❛✈❡ t❤❛t b ∈W 1,p(Ω)✳

✭✐✐✮ ■❢ p > 3✱ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❛t (u, b, P ) ∈ W 1,3(Ω) ×W 1,3(Ω) ×W 1,3/2(Ω)✳

❚❤❡r❡❢♦r❡✱ (u, b) ∈ Lq(Ω) × Lq(Ω)✱ ❢♦r ❛♥② 1 < q < ∞✳ ❚❤❡♥✱ (curlu) × u ∈ Lm(Ω) ❢♦r ❛❧❧

1 ≤ m < 3✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ t❛❦❡ 1
m = 1

p + 1
3 ✇✐t❤ 3/2 < m < 3✳ ❙♦✱ ✇❡ ❤❛✈❡ t❤❛t (curlu) × u ∈

L
3p

3+p (Ω) →֒ [Hr′,p′

0 (curl,Ω)]′✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ✇❡ ♦❜t❛✐♥ t❤❛t (curl b)× b ∈ L 3p
3+p (Ω) →֒

[Hr′,p′

0 (curl,Ω)]′✳ ❚❤❡♥✱ t❤❡ r❡q✉✐r❡❞ r❡❣✉❧❛r✐t② ❢♦r (u, b, P ) ❢♦❧❧♦✇s ❜② ❛♣♣❧②✐♥❣ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡

❙t♦❦❡s ♣r♦❜❧❡♠ (SN )✳ ❋✉rt❤❡r✱ ✇❡ ❤❛✈❡ u × b ∈ Lt(Ω) ❢♦r ❛♥② 1 < t < ∞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❛❦✐♥❣

t = p ✇✐t❤ 3 < t < ∞✱ ✇❡ ❤❛✈❡ t❤❛t u × b ∈ Lp(Ω)✳ ❙♦✱ ❞✉❡ t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡

[Hr′,p′

0 (curl,Ω)]′✱ ✇❡ ❤❛✈❡ curl(u×b) ❜❡❧♦♥❣s t♦ [Hr′,p′

0 (curl,Ω)]′ ❛♥❞ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❜② ❛♣♣❧②✐♥❣

t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN )✳

✶✳✻✳✸ ❙tr♦♥❣ s♦❧✉t✐♦♥✿ Lp✲t❤❡♦r②✱ p ≥ 6/5

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ❢♦r ♠♦r❡ r❡❣✉❧❛r ❞❛t❛✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

t❤❡♦r❡♠ ❣✐✈❡s t❤❡ r❡❣✉❧❛r✐t② W 2,p(Ω) ✇✐t❤ p ≥ 6/5✳

❚❤❡♦r❡♠ ✶✳✻✳✹ ✭❘❡❣✉❧❛r✐t② W 2,p(Ω) ✇✐t❤ p ≥ 6
5 ✮✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1 ❛♥❞ p ≥ 6

5 ✳

▲❡t f ✱ g ❛♥❞ P0 s❛t✐s❢② ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮ ❛♥❞

f ∈ Lp(Ω), g ∈ Lp(Ω), h = 0 and P0 ∈W 1− 1
p ,p(Γ).

❚❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P ) ❢♦r t❤❡ ✭▼❍❉✮ s②st❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✻✳✶ ❜❡❧♦♥❣s t♦

W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω) 6 C(‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖
W

1− 1
p
,p
(Γ)

) ✭✶✳✻✳✶✽✮

Pr♦♦❢✳ ❚♦ st❛rt t❤❡ ♣r♦♦❢✱ t❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ❢♦r ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ W 1,p(Ω) ✇✐t❤

p > 2 ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✻✳✸ ✐♥st❡❛❞ ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡ H1(Ω)✳ ❖❜s❡r✈❡

t❤❛t ✐❢ 6/5 ≤ p ≤ 3/2✱ ✇❡ ❤❛✈❡ 2 < p∗ < 3✱ ✇❤❡r❡ 1
p∗ = 1

p − 1
3 ✳ ◆♦✇✱ ❞❡♥♦t✐♥❣ r(p∗) = 3p∗

3+p∗ ✱

✇❡ ♦❜t❛✐♥ t❤❛t r(p∗) = p✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❢r♦♠ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤✐s ❚❤❡♦r❡♠ t❤❛t f ∈ Lr(p∗)(Ω)✱
g ∈ Lr(p∗)(Ω) ❛♥❞ P0 ∈ W 1−1/r(p∗),r(p∗)(Γ)✳ ❙✐♥❝❡ Lr(p

∗)(Ω) →֒ [H
(rp

∗

)′,(p∗)′

0 (curl,Ω)]′ ❛♥❞ p∗ > 2✱

✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ♦❢ t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✻✳✹✮ t❤❛t (u, b, P ) ∈
W 1,p∗(Ω)×W 1,p∗(Ω)×W 1,r(p∗)(Ω)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❛s❡s✿



❚❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✼✺

✭✐✮ ❈❛s❡ 6
5 ≤ p < 3

2 ✿ ❲❡ ❤❛✈❡ (curlu) × u ∈ Lt(Ω) ✇✐t❤ 1
t = 2

p − 1✳ ❙✐♥❝❡ t > p✱ ✐t ❢♦❧❧♦✇s t❤❛t

(curlu)× u ❜❡❧♦♥❣s t♦ Lp(Ω)✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❣✐✈❡s t❤❛t (curl b)× b ❜❡❧♦♥❣s t♦ Lp(Ω)✳ ❈♦♥s❡✲

q✉❡♥t❧②✱ t❤❛♥❦s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✮✱

✇❡ ❞❡❞✉❝❡ t❤❛t (u, P ) ∈ W 2,p(Ω) ×W 1,p(Ω)✳ ❙✐♥❝❡ curl(u × b) ❜❡❧♦♥❣s ❛❧s♦ t♦ Lt(Ω) ✇✐t❤ t > p✱

✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN ) ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳✸✮ t❤❛t b ∈W 2,p(Ω)✳

✭✐✐✮ ❈❛s❡ p = 3
2 ✿ ❲❡ ❤❛✈❡ ✐♥ t❤✐s ❝❛s❡ p∗ = 3✳ ❋r♦♠ ❛❜♦✈❡✱ ✇❡ ❦♥♦✇ t❤❛t (u, b, P ) ∈ W 1,3(Ω) ×

W 1,3(Ω) ×W 1, 32 (Ω)✳ ❙✐♥❝❡ W 1,3(Ω) →֒ Lq(Ω) ❢♦r ❛♥② 1 < q < ∞✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (curlu) × u ❛♥❞

(curl b) × b ❜❡❧♦♥❣ t♦ Lt(Ω) ✇✐t❤ 1
t = 1

3 + 1
q ✳ ❈❤♦♦s✐♥❣ q > 3 ❣✐✈❡s t > 3

2 ✳ ❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t②

♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN )✱ ✇❡ ❤❛✈❡ t❤❛t (u, P ) ∈W 2, 32 (Ω)×W 1, 32 (Ω)✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱

✇❡ ❤❛✈❡ curl(u× u) ∈ Lt(Ω) ✇✐t❤ t > 3
2 ✳ ❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN )

t♦ ♦❜t❛✐♥ b ∈W 2, 32 (Ω)✳

✭✐✐✐✮ ❈❛s❡ p > 3
2 ✿ ❲❡ ❦♥♦✇ t❤❛t (u, b) ∈W 2, 32 (Ω)×W 2, 32 (Ω)✳ ❚❤❡♥✱ (u, b) ∈ Lq(Ω)×Lq(Ω) ✇✐t❤

1 < q <∞✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ t❡r♠s (curlu)× u ❛♥❞ (curl b)× b ❜❡❧♦♥❣ t♦ Lt(Ω) ✇✐t❤ 1 ≤ t < 3✳

❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s✿

✭❛✮ ■❢ 3
2 < p < 3✱ ✇❡ ❤❛✈❡ (curlu)× u✱ (curl b)× b ❛♥❞ curl(u× b) ❜❡❧♦♥❣ t♦ Lp(Ω)✳ ❚❤❛♥❦s t♦

t❤❡ r❡❣✉❧❛r✐t② ♦❢ (SN ) ❛♥❞ (EN )✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (u, b, P ) ❜❡❧♦♥❣s t♦ W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)✳

✭❜✮ ■❢ p ≥ 3✱ ❢r♦♠ t❤❡ ❛❜♦✈❡ r❡s✉❧t✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈W 2,3−ε(Ω)×W 2,3−ε(Ω)×W 1,3−ε(Ω) ✇✐t❤

0 < ε < 3
2 ✳ ❖❜s❡r✈❡ t❤❛t (3− ε)∗ = 3(3−ε)

ε > 3✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t u ∈ L∞(Ω) ❛♥❞ b ∈ L∞(Ω)✳ ❙✐♥❝❡

curlu ∈W 1,3−ε(Ω) →֒ L(3−ε)∗(Ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t (curlu)×u ❛♥❞ (curl b)×b ❜❡❧♦♥❣ t♦L(3−ε)∗(Ω) →֒
L3(Ω)✳ ❆❣❛✐♥✱ ❛❝❝♦r❞✐♥❣ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜❧❡♠✱ ✇❡ ❤❛✈❡ (u, P ) ∈ W 2,3(Ω) × W 1,3(Ω)✳

❙✐♠✐❧❛r❧②✱ curl(u×b) ∈ L3(Ω) ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN ) ✐♠♣❧✐❡s t❤❛t b ∈W 1,3(Ω)✳

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣s W 2,3(Ω) →֒ L∞(Ω) ❛♥❞ W 1,3(Ω) →֒ Lq(Ω) ❢♦r 1 < q < ∞✱ ❛❧❧ t❤❡

t❡r♠s (curlu)× u✱ (curl b)× b ❛♥❞ curl(u× b) ❜❡❧♦♥❣ t♦ Lq(Ω)✳ ❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ❛♣♣❧② ♦♥❝❡ ❛❣❛✐♥

t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❙t♦❦❡s ♣r♦❜❧❡♠ (SN ) ❛♥❞ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (EN )✳

✶✳✻✳✹ ❊①✐st❡♥❝❡ r❡s✉❧t ♦❢ t❤❡ ▼❍❉ s②st❡♠ ❢♦r 3/2 < p < 2

❚❤❡ ♥❡①t t❤❡♦r❡♠ t❡❧❧s ✉s t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①t❡♥❞ t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω) ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

♥♦♥❧✐♥❡❛r ✭▼❍❉✮ ♣r♦❜❧❡♠ ❢♦r 3
2 < p < 2✳ ❋♦r t❤✐s✱ ✇❡ ❛♣♣❧② ❇❛♥❛❝❤✬s ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠ ♦✈❡r t❤❡

❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮✳

❚❤❡♦r❡♠ ✶✳✻✳✺ ✭❘❡❣✉❧❛r✐t② W 1,p(Ω) ✇✐t❤ 3
2 < p < 2✮✳ ❆ss✉♠❡ t❤❛t 3

2 < p < 2 ❛♥❞ ❧❡t r ❜❡ ❞❡✜♥❡❞

❜② 1
r = 1

p + 1
3 ✳ ▲❡t ✉s ❝♦♥s✐❞❡r f , g ∈ [Hr′,p′

0 (curl,Ω)]′✱ P0 ∈ W 1− 1
r ,r(Γ) ❛♥❞ h ∈ W 1,r(Ω) ✇✐t❤ t❤❡

❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳

✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t δ1 s✉❝❤ t❤❛t✱ ✐❢

‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

+ ‖h‖W 1,r(Ω) ≤ δ1

❚❤❡♥✱ t❤❡ ✭▼❍❉✮ ♣r♦❜❧❡♠ ❤❛s ❛t ❧❡❛st ❛ s♦❧✉t✐♦♥ (u, b, P,α) ∈W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω)× RI ✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖u‖
W1,p(Ω)

+‖b‖
W1,p(Ω)

6C1

(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+‖g‖

[Hr′,p′

0 (curl,Ω)]′
+‖P0‖

W 1− 1
r
,r(Γ)

+‖h‖W 1,r(Ω)

)
✭✶✳✻✳✶✾✮

‖P‖
W1,r(Ω)

6C1(1 + C∗η)
(
‖f‖

[Hr′,p′

0 (curl,Ω)]′
+‖g‖

[Hr′,p′

0 (curl,Ω)]′
+‖P0‖

W 1− 1
r
,r(Γ)

+‖h‖W 1,r(Ω)

)
✭✶✳✻✳✷✵✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✼✻

✇❤❡r❡ δ1 = (2C2C∗)−1✱ C1 = C(1+C∗η)2 ✇✐t❤ C > 0✱ C∗ > 0 ❛r❡ t❤❡ ❝♦♥st❛♥ts ❣✐✈❡♥ ✐♥ ✭✶✳✻✳✷✺✮ ❛♥❞

η ❞❡✜♥❡❞ ❜② ✭✶✳✻✳✷✻✮✳ ❋✉rt❤❡r♠♦r❡✱ α = (α1, . . . , αI) s❛t✐s✜❡s

αi = 〈f ,∇qNi 〉Ω −
∫

Ω

(curlw)× u · ∇qNi dx+

∫

Ω

(curl b)× d · ∇qNi dx+

∫

Γ

(h− P0)∇qNi · n dσ

✭✐✐✮ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ❞❛t❛ s❛t✐s❢② t❤❛t

‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

+ ‖h‖W 1,r(Ω) ≤ δ2,

❢♦r s♦♠❡ δ2 ∈]0, δ1]✱ t❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭▼❍❉✮ ✐s ✉♥✐q✉❡✳

Pr♦♦❢✳

✭✐✮ ❊①✐st❡♥❝❡✿ ▲❡t ✉s ❞❡✜♥❡ t❤❡ s♣❛❝❡

Zp(Ω) =W 1,p(Ω)×W 1,p
σ (Ω)

❋♦r ❣✐✈❡♥ (w,d) ∈ Bη✱ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r T ❜② T (w,d) = (u, b) ✇❤❡r❡ (u, b) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✹✳✷✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✺✳✼ ❛♥❞ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ Bη ✐s ❞❡✜♥❡❞ ❜②

Bη = {(w,d) ∈ Zp(Ω), ‖(w,d)‖Zp(Ω) ≤ η}, η > 0.

❍❡r❡ Zp(Ω) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖(w,d)‖Zp(Ω) = ‖w‖W 1,p(Ω) + ‖d‖W 1,p(Ω).

❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢r♦♠ Bη t♦ ✐ts❡❧❢✳ ▲❡t (w1,d1), (w2,d2) ∈ Bη✳ ❲❡ s❤♦✇

t❤❛t t❤❡r❡ ❡①✐sts θ ∈ (0, 1) s✉❝❤ t❤❛t✿

‖T (w1,d1)− T (w2,d2)‖Zp(Ω) = ‖(u1, b1)− (u2, b2)‖Zp(Ω) 6 θ ‖(w1,d1)− (w2,d2)‖Zp(Ω) ✭✶✳✻✳✷✶✮

❚❤❛♥❦s t♦ ❈♦r♦❧❧❛r② ✶✳✺✳✽✱ ❡❛❝❤ (ui, bi, Pi, c
i)✱ i = 1, 2✱ ❜❡❧♦♥❣s t♦W 1,p(Ω)×W 1,p(Ω)×W 1,r(Ω)

❛♥❞ ✈❡r✐✜❡s✿




−∆ui + (curlwi)× ui +∇Pi − (curl bi)× di = f ❛♥❞ divui = h ✐♥ Ω

curl curl bi − curl(ui × di) = g ❛♥❞ div bi = 0 ✐♥ Ω

ui × n = 0 ❛♥❞ bi × n = 0 ♦♥ Γ

Pi = P0 ♦♥ Γ0 ❛♥❞ Pi = P0 + c
(i)
j ♦♥ Γj

〈ui · n, 1〉Γj = 0 ❛♥❞ 〈bi · n, 1〉Γj = 0, ∀ 1 6 j 6 I

✭✶✳✻✳✷✷✮

t♦❣❡t❤❡r ✇✐t❤ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r i = 1, 2✿

‖(ui, bi)‖
Zp(Ω)

6 C
(

1 + ‖curlwi‖
L

3
2 (Ω)

+ ‖di‖
W

1, 3
2 (Ω)

)(

γ1 + (1 + ‖curlwi‖
L

3
2 (Ω)

+ ‖di‖
W

1, 3
2 (Ω)

)γ2
)

✭✶✳✻✳✷✸✮

✇❤❡r❡ γ1 = ‖f‖
[Hr′,p′

0 (curl,Ω)]′
+ ‖g‖

[Hr′,p′

0 (curl,Ω)]′
+ ‖P0‖

W 1− 1
r
,r(Γ)

❛♥❞ γ2 = ‖h‖W 1,r(Ω)✳

◆❡①t✱ t❤❡ ❞✐✛❡r❡♥❝❡s (u, b, P, c) = (u1 − u2, b1 − b2, P1 − P2, c
1 − c2) s❛t✐s❢②





−∆u+ (curlw1)× u+∇P − (curl b)× d1 = f2 ❛♥❞ divu = 0 ✐♥ Ω

curl curl b− curl(u× d1) = g2 ❛♥❞ div b = 0 ✐♥ Ω

u× n = ✵ ❛♥❞ b× n = ✵ ♦♥ Γ

P = 0 ♦♥ Γ0 and P = cj on Γj

〈u · n, 1〉Γj
= 0 ❛♥❞ 〈b · n, 1〉Γj

= 0 ∀ 1 6 j 6 I

✭✶✳✻✳✷✹✮



❚❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✼✼

✇✐t❤ f2 = −(curlw) × u2 + (curl b2) × d ❛♥❞ g2 = curl(u2 × d)✳ ❖❜s❡r✈❡ t❤❛t f2 ❛♥❞ g2 ❜❡❧♦♥❣

t♦ [Hr′,p′

0 (curl,Ω)]′✳ ■♥❞❡❡❞✱ ❙✐♥❝❡ u2, b2 ∈W 1,p(Ω) →֒ Lp
∗

(Ω)✱ curlw ∈ L 3
2 (Ω) ❛♥❞ d ∈W 1, 32 (Ω)✱

t❤❡♥ (curlw)× u2 ❛♥❞ (curl b2)× d ❜❡❧♦♥❣ t♦ Lr(Ω) →֒ [Hr′,p′

0 (curl,Ω)]′✳ ❇❡s✐❞❡s✱ u2 × d ∈ Lp(Ω)
s♦ curl(u2 × d) ∈ [Hr′,p′

0 (curl,Ω)]′✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ g2 ✐s ❛ curl✱ t❤❡♥ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s

✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❍❡♥❝❡✱ ✇❡ ❛♣♣❧② t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✼ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡✿

‖(u, b)‖Zp(Ω) 6 C(1 + ‖curlw1‖
L

3
2 (Ω)

+ ‖d1‖
W

1, 3
2 (Ω)

)(‖f2‖[Hr′,p′

0 (curl,Ω)]′
+ ‖g2‖[Hr′,p′

0 (curl,Ω)]′
)

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠ ♦♥ [Hr′,p′

0 (curl,Ω)]′✱ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣s

W 1,p(Ω) →֒ Lp
∗

(Ω) ❛♥❞ W 1,p(Ω) →֒W 1, 32 (Ω) →֒ L3(Ω),

✐t ❢♦❧❧♦✇s✿

‖f2‖[Hr′,p′

0 (curl,Ω)]′
6 ‖(curlw)× u2‖Lr(Ω) + ‖(curl b2)× d‖Lr(Ω)

6 ‖curlw‖
L

3
2 (Ω)

‖u2‖Lp∗ (Ω) + ‖curl b2‖Lp(Ω) ‖d‖L3(Ω)

6 C(Cw ‖w‖W 1,p(Ω) ‖u2‖W 1,p(Ω) + Cd ‖d‖W 1,p(Ω) ‖b2‖W 1,p(Ω))

❛♥❞

‖g2‖[Hr′,p′

0 (curl,Ω)]′
= ‖u2 × d‖Lp(Ω) 6 ‖u2‖Lp∗ (Ω) ‖d‖L3(Ω) 6 CCd ‖u2‖W 1,p(Ω) ‖d‖W 1,p(Ω)

✇❤❡r❡ Cw > 0 ❛♥❞ Cd > 0 ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❜② ‖curlw‖
L

3
2 (Ω)

6 Cw ‖w‖W 1,p(Ω) ❛♥❞ ‖d‖L3(Ω) 6

Cd ‖d‖W 1,p(Ω)✳ ❚❤❡r❡❢♦r❡✱ r❡❝❛❧❧✐♥❣ t❤❛t (w1,d1) ❜❡❧♦♥❣s t♦ Bη✱ ✇❡ ❤❛✈❡✿

‖u‖W 1,p(Ω) + ‖b‖W 1,p(Ω) 6 C(1 + C∗ ‖(w1,d1)‖Zp(Ω))(Cw ‖w‖W 1,p(Ω) + Cd ‖d‖W 1,p(Ω)) ‖(u2, b2)‖Zp(Ω)

6 C(1 + C∗η)C∗ ‖(w,d)‖Zp(Ω) ‖(u2, b2)‖Zp(Ω)

✇✐t❤ C∗ = Cw + Cd✳ ❈♦♠❜✐♥✐♥❣ ✇✐t❤ ✭✶✳✻✳✷✸✮✱ ✇❡ t❤✉s ♦❜t❛✐♥✿

‖u‖W 1,p(Ω) + ‖b‖W 1,p(Ω) 6 C1C
∗ ‖(w,d)‖Zp(Ω) (γ1 + (1 + C∗η)γ2) ✭✶✳✻✳✷✺✮

✇❤❡r❡ C1 = C(1 + C∗η)2✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ❝❤♦♦s❡✱ ❢♦r ✐♥st❛♥❝❡✿

η = (C∗)((2CC∗γ)−
1
3 − 1) ❛♥❞ γ = γ1 + γ2 < (2CC∗)−1 ✭✶✳✻✳✷✻✮

t❤❡♥ C1C
∗(γ1 + (1 +C∗η)γ2) < 1

2 ✳ ❚❤❡r❡❢♦r❡ T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t

(u∗, b∗) ∈W 1,p(Ω)×W 1,p
σ (Ω) s❛t✐s❢②✐♥❣

‖(u∗, b∗)‖Zp(Ω) 6 C
(
1 + C∗ ‖(u∗, b∗)‖Zp(Ω)

)(
γ1 + (1 + C∗ ‖(u∗, b∗)‖Zp(Ω))γ2

)

◆❡①t✱ s✐♥❝❡ (u∗, b∗) ∈ Bη✱ ✇❡ ♦❜t❛✐♥

‖(u∗, b∗)‖Zp(Ω) 6 C(1 + C∗η)(γ1 + (1 + C∗η)γ2) 6 C1γ ✭✶✳✻✳✷✼✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❡st✐♠❛t❡ ✭✶✳✻✳✶✾✮✿

◆♦✇✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ♣r❡ss✉r❡✳ ❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ t❤❡ ✜rst

❡q✉❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭▼❍❉✮✱ ✇❡ ❤❛✈❡ t❤❛t P ∗ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿



∆P ∗ = div f + div((curl b∗)× b∗ − (curlu∗)× u∗) + ∆h in Ω,

P ∗ = P0 on Γ0 and P ∗ = P0 + ci on Γi



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✼✽

✇✐t❤

‖P ∗‖W1,r(Ω) 6 ‖div f‖W−1,r(Ω) + ‖div((curl b∗)× b
∗ − (curlu∗)× u

∗)‖W−1,r(Ω) + ‖∆h‖W−1,r(Ω) + ‖P0‖W1−1/r,r(Γ)

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❝❛❧❝✉❧✉s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✼✱ ✇❡ ♦❜t❛✐♥

‖P ∗‖W 1,r(Ω) 6 C(1 + C∗η)2(γ1 + (1 + C∗η)γ2).

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✶✳✻✳✷✵✮ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡ ✐s ❝♦♠♣❧❡t❡❞✳

✭✐✐✮ ❯♥✐q✉❡♥❡ss✿

▲❡t (u1, b1, P1) ❛♥❞ (u2, b2, P2) t✇♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭▼❍❉✮✳ ❚❤❡♥✱ ✇❡ s❡t (u, b, P ) =

(u1 − u2, b1 − b2, P1 − P2) ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ♣r♦❜❧❡♠✿





−∆u+ (curlu1)× u+∇P − (curl b)× b1 = f2 ❛♥❞ divu = 0 ✐♥ Ω

curl curl b− curl(u× b1) = g2 ❛♥❞ div b = 0 ✐♥ Ω

u× n = ✵ ❛♥❞ b× n = ✵ ♦♥ Γ

P = 0 ♦♥ Γ0 and P = α
(1)
i − α

(2)
i on Γi,

〈u · n, 1〉Γi
= 0 ❛♥❞ 〈b · n, 1〉Γi

= 0 ∀ 1 6 i 6 I

✇❤❡r❡ f2, g2 ∈ [Hr′,p′

0 (curl,Ω)]′ ❛r❡ ❛❧r❡❛❞② ❣✐✈❡♥ ✐♥ ✭✶✳✻✳✷✹✮ ❛♥❞ s❛t✐s❢② t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠

✶✳✺✳✼✳ ❆♣♣❧②✐♥❣ t❤✐s t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡

‖(u, b)‖
Zp(Ω) 6 C(1 + ‖curlu1‖

L
3
2 (Ω)

+ ‖b1‖
W

1, 3
2 (Ω)

)(Cw ‖u‖
W 1,p(Ω) ‖u2‖W 1,p(Ω) + Cd ‖b‖W 1,p(Ω) ‖b2‖W 1,p(Ω))

6 C(1 + C
∗ ‖(u1, b1)‖Zp(Ω))C

∗ ‖(u2, b2)‖Zp(Ω) ‖(u, b)‖Zp(Ω) .

❋r♦♠ ✭✶✳✻✳✷✼✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t✿

‖(u, b)‖Zp(Ω) 6 C(1 + C∗C1γ)C
∗C1γ ‖(u, b)‖Zp(Ω)

❚❤✉s✱ ❢♦r γ s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

C(1 + C∗C1γ)C
∗C1γ < 1

✇❡ ❞❡❞✉❝❡ t❤❛t u = b = ✵ ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♣r❡ss✉r❡ P ✳

✶✳✼ ❆♣♣❡♥❞✐①

❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ ❛♥♦t❤❡r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✶✶✳

❆ s❡❝♦♥❞ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳✶✶✿ ▲❡t λ > 0✱ ❛♥❞ ❧❡t ✉s ❛ss✉♠❡ fλ, gλ ∈D(Ω) s✉❝❤ t❤❛t fλ ❛♥❞

gλ r❡s♣❡❝t✐✈❡❧② ❝♦♥✈❡r❣❡ t♦ f ❛♥❞ g ✐♥ Lp(Ω)✱ ❛♥❞ Pλ0 ∈ C∞(Γ) ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ P0 ✐♥ W 1− 1
p ,p(Γ)✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠✿ ✜♥❞ (uλ, bλ, Pλ, c
λ
i ) s♦❧✉t✐♦♥ ♦❢✿





−∆uλ + (curlw)× uλ +∇Pλ − (curl bλ)× d = fλ ❛♥❞ divuλ = 0 ✐♥ Ω

curl curl bλ − curl(uλ × d) = gλ ❛♥❞ div bλ = 0 ✐♥ Ω

Pλ = Pλ0 , ♦♥Γ0, Pλ = Pλ0 + cλi ♦♥Γi

uλ × n = 0, bλ × n = 0 ♦♥Γ

〈uλ · n, 1〉Γi = 0, 〈bλ · n, 1〉Γi = 0, ∀ 1 6 i 6 I

✭✶✳✼✳✶✮



❆♣♣❡♥❞✐① ✼✾

◆♦t❡ t❤❛t✱ s✐♥❝❡ fλ, gλ ∈D(Ω)✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡② ❜❡❧♦♥❣ t♦ L
6
5 (Ω)✳ ❚❤✉s✱ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✺✳✶✱ ✇❡

❤❛✈❡ (uλ, bλ) ∈W 2, 65 (Ω)×W 2, 65 (Ω) →֒H1(Ω)×H1(Ω) →֒ L6(Ω)×L6(Ω)✳ ❚❤❡r❡❢♦r❡✱ (curlw)×uλ✱
(curl bλ)× d ❛♥❞ curl(uλ × d) ❜❡❧♦♥❣ t♦ L

6
5 (Ω) →֒ Lp(Ω)✳ ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ♦❢ t❤❡

❙t♦❦❡s ❛♥❞ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✶✳✼✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (uλ, bλ, Pλ) ∈
W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω) ✇❤✐❝❤ ❛❧s♦ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿

‖uλ‖W 2,p(Ω) + ‖bλ‖W 2,p(Ω) + ‖Pλ‖W 1,p(Ω)

6 CSE

(
‖fλ‖Lp(Ω) + ‖gλ‖Lp(Ω) +

∥∥Pλ0
∥∥
W

1− 1
p
,p
(Γ)

+

I∑

i=1

|cλi |+ ‖(curlw)× uλ‖Lp(Ω)

+ ‖(curl bλ)× d‖Lp(Ω) + ‖curl(uλ × d)‖Lp(Ω)

)
✭✶✳✼✳✷✮

✇✐t❤ CSE = max(CS , CE) ✇❤❡r❡ CS ✐s t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ✐♥ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ ❛♥❞ CE t❤❡ ❝♦♥st❛♥t

❣✐✈❡♥ ✐♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❲❡ ♥♦✇ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t❡r♠s ‖(curlw)× uλ‖Lp(Ω)✱

‖(curl bλ)× d‖Lp(Ω)✱ ‖curl(uλ × d)‖Lp(Ω) ❛♥❞
∑I
i=1 |cλi | t♦ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✾✾✮✳ ■♥ t❤✐s

♣✉r♣♦s❡✱ ✇❡ ❞❡❝♦♠♣♦s❡ curlw ❛♥❞ d ❛s ✐♥ ✭✶✳✺✳✹✮✲✭✶✳✺✳✺✮✳

▲❡t ǫ > 0 ❛♥❞ ρǫ/2 t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❧❧✐✜❡r✳ ❲❡ ❝♦♥s✐❞❡r ỹ = c̃urlw ❛♥❞ d̃ t❤❡ ❡①t❡♥s✐♦♥s ❜② 0 ♦❢

y = curlw ❛♥❞ d ✐♥ R3 r❡s♣❡❝t✐✈❡❧②✳ ❲❡ t❛❦❡✿

curlw = yǫ1 + y
ǫ
2 ✇❤❡r❡ yǫ1 = ỹ ∗ ρǫ/2 ❛♥❞ yǫ2 = curlw − yǫ1

d = dǫ1 + d
ǫ
2 ✇❤❡r❡ dǫ1 = d̃ ∗ ρǫ/2 ❛♥❞ dǫ2 = d− dǫ1

✭✶✳✼✳✸✮

❋♦r ❡❛❝❤ t❡r♠✱ ✇❡ st❛rt ❜② ❜♦✉♥❞✐♥❣ t❤❡ ♣❛rt ❞❡♣❡♥❞✐♥❣ ♦♥ dǫ2 ✭r❡s♣✳ yǫ2✮✱ ❛♥❞ t❤❡♥ ✇❡ ❧♦♦❦ ❛t dǫ1
✭r❡s♣✳ yǫ1✮✳

✭✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖(curlw)× uλ‖Lp(Ω)✿

❋✐rst✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠♦❧❧✐✜❡r✱ ✇❡ ❝❧❛ss✐❝❛❧❧② ♦❜t❛✐♥✿

‖yǫ2‖L 3
2 (Ω)

=
∥∥y − ỹ ∗ ρǫ/2

∥∥
L

3
2 (Ω)

6 ǫ ✭✶✳✼✳✹✮

❚❤❡♥✱ s✐♥❝❡ ✇❡ ❤❛✈❡ W 2,p(Ω) →֒ Lp
∗∗

(Ω) ❛♥❞ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥✿

‖yǫ2 × uλ‖Lp(Ω) 6 ‖yǫ2‖L 3
2 (Ω)

‖uλ‖Lp∗∗ (Ω) 6 C1 ‖yǫ2‖L 3
2 (Ω)

‖uλ‖W 2,p(Ω) ✭✶✳✼✳✺✮

✇❤❡r❡ C1 ✐s t❤❡ ❝♦♥st❛♥t r❡❧❛t❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p(Ω) →֒ Lp
∗∗

(Ω)✳ ❚❤✉s✱

✐♥❥❡❝t✐♥❣ ✭✶✳✼✳✹✮ ✐♥ ✭✶✳✼✳✺✮✱ ✐t ❢♦❧❧♦✇s✿

‖yǫ2 × uλ‖Lp(Ω) 6 C1ǫ ‖uλ‖W 2,p(Ω)

◆♦✇✱ ❢♦r t❤❡ t❡r♠ ✐♥ yǫ1✱ ✇❡ ❛♣♣❧② t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② t♦ ♦❜t❛✐♥✿

‖yǫ1 × uλ‖Lp(Ω) 6 ‖yǫ1‖Lm(Ω) ‖uλ‖Lq(Ω) 6 ‖y‖
L

3
2 (Ω)

∥∥ρǫ/2
∥∥
Lt(Ω)

‖uλ‖Lq(Ω)

✇✐t❤ m, q > p s✉❝❤ t❤❛t 1
p = 1

m + 1
q ❛♥❞ t > 1 ❞❡✜♥❡❞ ❜② 1 + 1

m = 2
3 + 1

t ✳ ◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥

✐♠♣♦s❡s m > 3
2 ✱ ❛♥❞ ✇❡ ❝❛♥ t❛❦❡ ✐♥ ♣❛rt✐❝✉❧❛r m = 3✱ ❛♥❞ ❤❡♥❝❡ q = p∗✳ ❙✐♥❝❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ t❤❡ ♠♦❧❧✐✜❡r✱ t❤❡r❡ ❡①✐sts Cǫ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t > 1✿

∥∥ρǫ/2
∥∥
Lt(Ω)

6 Cǫ ✭✶✳✼✳✻✮



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✽✵

s♦ ✇❡ ❤❛✈❡

‖yǫ1 × uλ‖Lp(Ω) 6 Cǫ ‖y‖
L

3
2 (Ω)

‖uλ‖Lp∗ (Ω)

✭✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖(curl bλ)× d‖Lp(Ω)✿ ❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

♠♦❧❧✐✜❡r✿

‖dǫ2‖W 1, 3
2 (Ω)

=
∥∥∥d− d̃ ∗ ρǫ/2

∥∥∥
W

1, 3
2 (Ω)

6 ǫ ✭✶✳✼✳✼✮

❚❤❡♥✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 32 (Ω) →֒ L3(Ω)✱ ✇❡ ❤❛✈❡✿

‖(curl bλ)× dǫ2‖Lp(Ω) 6 ‖curl bλ‖Lp∗ (Ω) ‖dǫ2‖L3(Ω) 6 C2ǫ ‖bλ‖W 1,p∗ (Ω)

✇❤❡r❡ C2 ✐s t❤❡ ❝♦♥st❛♥t r❡❧❛t❡❞ t♦ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 32 (Ω) →֒ L3(Ω)✳ ❲❡ ✜♥❛❧❧② r❡❝❛❧❧ t❤❡

❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p(Ω) →֒W 1,p∗(Ω) t♦ ♦❜t❛✐♥✿

‖(curl bλ)× dǫ2‖Lp(Ω) 6 C2C3ǫ ‖bλ‖W 2,p(Ω) ✭✶✳✼✳✽✮

✇✐t❤ C3 t❤❡ ❝♦♥st❛♥t r❡❧❛t❡❞ t♦ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p(Ω) →֒W 1,p∗(Ω)✳ ■t r❡♠❛✐♥s t♦ ❜♦✉♥❞

t❤❡ t❡r♠ ✐♥ dǫ1✳ ❆♣♣❧②✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

‖(curl bλ)× dǫ1‖Lp(Ω) 6 ‖curl bλ‖Lq(Ω) ‖dǫ1‖Lm(Ω) 6 ‖curl bλ‖Lq(Ω) ‖d‖L3(Ω) ‖ρǫ‖Lt(Ω) ✭✶✳✼✳✾✮

✇✐t❤ m, q > p s✉❝❤ t❤❛t 1
p = 1

m + 1
q ❛♥❞ t > 1 s✉❝❤ t❤❛t 1 + 1

m = 1
3 + 1

t ✳ ◆♦t❡ t❤❛t t❤❡s❡ r❡❧❛t✐♦♥s

r❡q✉✐r❡ m > 3✱ t❤❡♥ 1
p <

1
q +

1
3 s♦ q < p∗✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s✿

W 2,p(Ω) →֒
compact

W 1,q(Ω) →֒
continuous

Lp
∗

(Ω)

❤❡♥❝❡ t❤❡r❡ ❡①✐sts η > 0 ❛♥❞ Cη > 0 s✉❝❤ t❤❛t

‖bλ‖W 1,q(Ω) 6 η ‖bλ‖W 2,p(Ω) + Cη ‖bλ‖Lp∗ (Ω) ✭✶✳✼✳✶✵✮

■♥❥❡❝t✐♥❣ ✭✶✳✼✳✶✵✮ ✐♥ ✭✶✳✼✳✾✮✱ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ✭✶✳✼✳✻✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 1, 32 (Ω) →֒ L3(Ω)✱

✇❡ ♦❜t❛✐♥✿

‖(curl bλ)× dǫ1‖Lp(Ω) 6 CǫC2 ‖d‖
W

1, 3
2 (Ω)

(η ‖bλ‖W 2,p(Ω) + Cη ‖bλ‖Lp∗ (Ω))

✭✐✐✐✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖curl(uλ × d)‖Lp(Ω)✿

❙✐♥❝❡ divuλ = 0 ❛♥❞ divd = 0 ✐♥ Ω✱ t❤❡♥ curl(uλ × d) = (d · ∇)uλ − (uλ · ∇)d✳ ❲❡ t❤✉s ❜♦✉♥❞

t❤❡s❡ t✇♦ t❡r♠s✳

❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖(d · ∇)uλ‖Lp(Ω)✿

❚❤❡ r❡❛s♦♥✐♥❣ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ❢♦r (ii) ✇✐t❤ curl bλ r❡♣❧❛❝✐♥❣ ❜② ∇uλ✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿

‖(dǫ2 · ∇)uλ‖Lp(Ω) 6 C2C3ǫ ‖uλ‖W 2,p(Ω)

❛♥❞

‖(dǫ1 · ∇)uλ‖Lp(Ω) 6 C2Cǫ ‖d‖
W

1, 3
2 (Ω)

(η ‖uλ‖W 2,p(Ω) + Cη ‖uλ‖Lp∗ (Ω))



❆♣♣❡♥❞✐① ✽✶

❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖(uλ · ∇)d‖Lp(Ω)✿

❆❣❛✐♥✱ t❤❡ r❡❛s♦♥✐♥❣ ✐s t❤❡ s❛♠❡ ❛s ❢♦r (i)✱ ✇✐t❤ ∇d ✐♥st❡❛❞ ♦❢ curlw✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿

‖(uλ · ∇)dǫ2‖Lp(Ω) 6 C1ǫ ‖uλ‖W 2,p(Ω)

❛♥❞

‖(uλ · ∇)dǫ1‖Lp(Ω) 6 Cǫ ‖d‖
W

1, 3
2 (Ω)

‖uλ‖Lp∗ (Ω)

✭✐✈✮ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠
∑I
i=1 |cλi |✿

❲✐t❤ ❛ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

|cλi | 6 |〈fλ,∇qNi 〉|+ |〈Pλ0 ,∇qNi · n〉|+ |
∫

Ω

(curlw)× uλ · ∇qNi dx|

+ |
∫

Ω

(curl bλ)× d · ∇qNi dx|

❲❡ ❝❛♥✬t ❞✐r❡❝t❧② ❜♦✉♥❞ |
∫
Ω
(curlw) × uλ · ∇qNi dx| ❛♥❞ |

∫
Ω
(curl bλ) × d · ∇qNi dx| ✇✐t❤ ❛♥ ❍ö❧❞❡r

✐♥❡q✉❛❧✐t②✿ ✇❡ ♠✉st ✉s❡ ❛❣❛✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ curlw ❛♥❞ d ✐♥ ✭✶✳✼✳✸✮✳

❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ |
∫
Ω
(curlw)× uλ · ∇qNi dx|✿

❋r♦♠ ✭✶✳✼✳✹✮✱ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣W 2,p(Ω) →֒ Lp
∗∗

(Ω) ❛♥❞ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥✿

|
∫

Ω

yǫ2 × uλ · ∇qNi dx| 6 ‖yǫ2‖L 3
2 (Ω)

‖uλ‖Lp∗∗ (Ω)

∥∥∇qNi
∥∥
Lp′ (Ω)

6 ǫC1 ‖uλ‖W 2,p(Ω)

∥∥∇qNi
∥∥
Lp′ (Ω)

✇✐t❤ C1 ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✺✮✳ ◆❡①t✱ ❛♣♣❧②✐♥❣ ❛♥ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

|
∫

Ω

yǫ1 × uλ · ∇qNi dx| 6 ‖yǫ1‖Lq(Ω) ‖uλ‖Lp∗ (Ω)

∥∥∇qNi
∥∥
Lm(Ω)

6 ‖y‖
L

3
2 (Ω)

∥∥ρǫ/2
∥∥
Lt(Ω)

‖uλ‖Lp∗ (Ω)

∥∥∇qNi
∥∥
Lm(Ω)

6 Cǫ ‖y‖
L

3
2 (Ω)

‖uλ‖Lp∗ (Ω)

∥∥∇qNi
∥∥
Lm(Ω)

✇✐t❤ m, q > p s✉❝❤ t❤❛t 1
q + 1

p∗ + 1
m = 1 ❛♥❞ t > 1 s✉❝❤ t❤❛t 1 + 1

q = 2
3 + 1

t ✱ ❛♥❞ Cǫ ❛❧r❡❛❞②

❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✻✮✳

❼ ❊st✐♠❛t❡ ♦❢ t❤❡ t❡r♠
∫
Ω
(curl bλ)× d · ∇qNi dx✿

❆❣❛✐♥✱ ❝♦♠❜✐♥✐♥❣ ✭✶✳✼✳✼✮✱ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p(Ω) →֒ W 1,p∗(Ω) ❛♥❞ t❤❡ ❍ö❧❞❡r ✐♥✲

❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

|
∫

Ω

(curl bλ)× dǫ2 · ∇qNi dx| 6 ‖curl bλ‖Lp∗ (Ω) ‖dǫ2‖L 3
2 (Ω)

∥∥∇qNi
∥∥
Lp′ (Ω)

6 C3ǫ
∥∥∇qNi

∥∥
Lp′ (Ω)

‖bλ‖W 2,p(Ω)

✇❤❡r❡ C3 ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✽✮✳

◆♦✇✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♣❛rt ✇✐t❤ dǫ1✱ ✇✐t❤ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✿

|
∫

Ω

(curl bλ)× dǫ1 · ∇qNi dx| 6 ‖curl bλ‖Lq(Ω) ‖dǫ1‖Lm(Ω)

∥∥∇qNi
∥∥
Lα(Ω)

6 ‖bλ‖W 1,q(Ω) ‖d‖L3(Ω)

∥∥ρǫ/2
∥∥
Lt(Ω)

∥∥∇qNi
∥∥
Lα(Ω)



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✽✷

✇✐t❤ q,m, α > p s✉❝❤ t❤❛t 1
q +

1
m + 1

α = 1 ❛♥❞ t > 1 s✉❝❤ t❤❛t 1+ 1
m = 1

3 +
1
t ✳ ■♥ ♦r❞❡r t♦ r❡❝♦✈❡r

✭✶✳✼✳✶✵✮✱ ♥♦t❡ t❤❛t✱ t❛❦✐♥❣ α s✉❝❤ t❤❛t 1− 1
α = 1

p ✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ q ❛♥❞ m✳

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ ✇❡ ❝❛♥ t❛❦❡ t❤❡ s❛♠❡ q ❛s ✐♥ ✭✶✳✼✳✶✵✮✱ ✇❡ ❛♣♣❧② ✐t ✇✐t❤ ✭✶✳✼✳✻✮ t♦ ♦❜t❛✐♥✿

|
∫

Ω

(curl bλ)× dǫ1 · ∇qNi dx| 6 CǫC2 ‖d‖
W

1, 3
2 (Ω)

∥∥∇qNi
∥∥
Lα(Ω)

(η ‖bλ‖W 2,p(Ω) + Cη ‖bλ‖Lp∗ (Ω))

❋✐♥❛❧❧②✱ ♥♦t✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts Cq > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ m > 1✱
∥∥∇qNi

∥∥
Lm(Ω)

6 Cq✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠

t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧✉s t❤❛t✿

I∑

i=1

|cλi | 6 ICq

(
‖fλ‖Lp(Ω) +

∥∥Pλ0
∥∥
W

1− 1
p
,p
(Γ)

+ ǫC1 ‖uλ‖W 2,p(Ω) + ǫC3 ‖bλ‖W 2,p(Ω)

+ ηCǫC2 ‖d‖
W

1, 3
2 (Ω)

‖bλ‖W 2,p(Ω) + Cǫ ‖curlw‖
L

3
2 (Ω)

‖uλ‖Lp∗ (Ω)

+ CηCǫC2 ‖d‖
W

1, 3
2 (Ω)

‖bλ‖Lp∗ (Ω)

)
.

❚❤❡♥✱ ✐♥❥❡❝t✐♥❣ (i)− (iv) ✐♥ ✭✶✳✼✳✷✮✱ ❛♥❞ t❛❦✐♥❣ ǫ s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t✿

ǫ
(
C2C3 +max(2CC1, ICqC3)

)
<

1

4

❛♥❞ η s✉❝❤ t❤❛t

η ‖d‖
W

1, 3
2 (Ω)

CC2Cǫ <
1

4

✇❤❡r❡ C > 0 ❞❡♥♦t❡s t❤❡ ❝♦♥st❛♥t C = (1 + ICq)✱ ✇❡ ♦❜t❛✐♥

‖uλ‖W 2,p(Ω) + ‖bλ‖W 2,p(Ω) + ‖Pλ‖W 1,p(Ω)

6 CSE

[
C(‖fλ‖Lp(Ω) + ‖gλ‖Lp(Ω) +

∥∥Pλ0
∥∥
W

1− 1
p
,p
(Γ)

)

+
(
Cǫ(1 + 2CC2Cη) ‖d‖

W
1, 3

2 (Ω)
+ CǫC ‖curlw‖

L
3
2 (Ω)

)
(‖uλ‖Lp∗ (Ω) + ‖bλ‖Lp∗ (Ω))

]
✭✶✳✼✳✶✶✮

❆♣♣❧②✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✻✮ ✐♥ ✭✶✳✼✳✶✶✮✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡✿

‖uλ‖W 2,p(Ω) + ‖bλ‖W 2,p(Ω) + ‖Pλ‖W 1,p(Ω)

6 CSE

(
‖fλ‖Lp(Ω) + ‖gλ‖Lp(Ω) +

∥∥Pλ0
∥∥
W

1− 1
p
,p
(Γ)

)[
C + C3Cf

(
Cǫ(1 + 2CC2Cη) ‖d‖

W
1, 3

2 (Ω)

+ CCǫ ‖curlw‖
L

3
2 (Ω)

)(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)]

6 CSE

(
‖fλ‖Lp(Ω) + ‖gλ‖Lp(Ω) +

∥∥Pλ0
∥∥
W

1− 1
p
,p
(Γ)

)
max

(
C,C3CfCǫ(1 + 2CC2Cǫ), CCǫ

)

×
(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)2

✭✶✳✼✳✶✷✮

✇❤❡r❡ Cf ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✽✻✮ ❛♥❞ C3 ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✳✽✮✳

❚♦ ❝♦♥❝❧✉❞❡✱ ❢r♦♠ t❤❡ ❡st✐♠❛t❡ ✭✶✳✼✳✶✷✮ ✇❡ ❝❛♥ ❡①tr❛❝t s✉❜s❡q✉❡♥❝❡s ♦❢ uλ✱ bλ ❛♥❞ Pλ✱ ✇❤✐❝❤ ❛r❡

st✐❧❧ ❞❡♥♦t❡❞ uλ✱ bλ ❛♥❞ Pλ✱ s✉❝❤ t❤❛t✿

uλ ⇀ u ❛♥❞ bλ ⇀ b ✐♥ W 2,p(Ω), Pλ ⇀ P ✐♥ W 1,p(Ω)

✇❤❡r❡ (u, b, P ) ∈ W 2,p(Ω) ×W 2,p(Ω) ×W 1,p(Ω) ✐s s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

✭✶✳✺✳✾✾✮✳ �



❆♣♣❡♥❞✐① ✽✸

◆❡①t✱ ✇❡ ❣✐✈❡ ❤❡r❡ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✺✳✶✷ ✇❤✐❝❤ ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t t♦ t❤❡

❝❛s❡ ♦❢ ♥♦♥✲③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ❢♦r u✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✺✳✶✷✿ ❲❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ❈♦r♦❧❧❛r② ✶✳✺✳✽✳ ❲❡

r❡❝♦✈❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ✈❛♥✐s❤✐♥❣ ❞✐✈❡r❣❡♥❝❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❉✐r✐❝❤❧❡t

♣r♦❜❧❡♠✿

∆θ = h ✐♥ Ω ❛♥❞ θ = 0 ♦♥ Γ

❛♥❞ s❡tt✐♥❣ z = u−∇θ✱ t❤✉s (z, b, P, c) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✳✷✮ ✐♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✶✶ ✇✐t❤ f ❛♥❞ g

r❡♣❧❛❝❡❞ ❜② f̃ = f +∇h− (curlw)×∇θ ❛♥❞ g̃ = g + curl(∇θ × d)✳
■♥❞❡❡❞✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✶✶ ❛r❡ s❛t✐s✜❡❞✿ s✐♥❝❡ ∇θ ∈W 2,p(Ω) →֒ Lp

∗∗

(Ω) ❛♥❞

curlw ∈ L
3
2 (Ω)✱ t❤❡♥ (curlw) × ∇θ ∈ Lp(Ω)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❜② ❤②♣♦t❤❡s✐s ∇h ∈ Lp(Ω) s♦

f̃ ∈ Lp(Ω)✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❤❛✈❡ g̃ ∈ Lp(Ω) ❛♥❞ s✐♥❝❡ ✇❡ ♦♥❧② ❛❞❞ ❛ ❝✉r❧ t♦ g✱ t❤❡♥ g̃ s❛t✐s✜❡s

t❤❡ ❝♦♥❞✐t✐♦♥s ✭✶✳✺✳✷✼✮✲✭✶✳✺✳✷✽✮✳ ❍❡♥❝❡✱ ✇❡ r❡❝♦✈❡r t❤❡ ❡st✐♠❛t❡✿

‖z‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω)

6 CF

(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)2(
‖f̃‖Lp(Ω) + ‖g̃‖Lp(Ω) + ‖P0‖

W
1− 1

p
,p
(Γ)

) ✭✶✳✼✳✶✸✮

❲❡ ♠✉st ❜♦✉♥❞ ‖f̃‖Lp(Ω) ❛♥❞ ‖g̃‖Lp(Ω) t❡r♠ ❜② t❡r♠✿

❼ ❆♣♣❧②✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p(Ω) →֒ Lp
∗∗

(Ω)✱ ✇❡ ❤❛✈❡✿

‖f̃‖Lp(Ω) 6 ‖f‖Lp(Ω) + ‖∇h‖Lp(Ω) + ‖curlw‖
L

3
2 (Ω)

‖∇θ‖Lp∗∗ (Ω)

6 ‖f‖Lp(Ω) + ‖h‖W 1,p(Ω) + C1 ‖curlw‖
L

3
2 (Ω)

‖h‖W 1,p(Ω)

✭✶✳✼✳✶✹✮

✇❤❡r❡ C1 ❞❡♥♦t❡s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ W 2,p(Ω) →֒ Lp
∗∗

(Ω)✳

❼ ◆♦t❡ t❤❛t div∇θ = ∆θ = h✱ t❤✉s ✇❡ r❡✇r✐t❡ curl(∇θ × d) = −hd + (d · ∇)∇θ − (∇θ · ∇)d✳

❚❤✉s✱ ✇❡ ❤❛✈❡✿

‖g̃‖
Lp(Ω) 6 ‖g‖

Lp(Ω) + ‖hd‖
Lp(Ω) + ‖(d · ∇)∇θ‖

Lp(Ω) + ‖(∇θ · ∇)d‖
Lp(Ω)

6 ‖g‖
Lp(Ω) + ‖h‖Lp∗∗ (Ω) ‖d‖L3(Ω) + ‖d‖

L3(Ω) ‖θ‖W2,p∗ (Ω) + ‖∇θ‖
Lp∗∗ (Ω) ‖∇d‖

L
3
2 (Ω)

6 ‖g‖
Lp(Ω) + 2C2C3 ‖h‖W1,p(Ω) ‖d‖

W
1, 3

2 (Ω)
+ C1 ‖h‖W1,p(Ω) ‖d‖

W
1, 3

2 (Ω)

✭✶✳✼✳✶✺✮

✇❤❡r❡ C2 ❛♥❞ C3 ❛r❡ t❤❡ ❝♦♥st❛♥ts r❡s♣❡❝t✐✈❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣sW 1, 32 (Ω) →֒
L3(Ω) ❛♥❞ W 1,p(Ω) →֒ Lp

∗

(Ω)✳

❍❡♥❝❡✱ ❝♦♠❜✐♥✐♥❣ ✭✶✳✼✳✶✹✮ ❛♥❞ ✭✶✳✼✳✶✺✮ ✇✐t❤ ✭✶✳✼✳✶✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t✿

‖z‖W 2,p(Ω) + ‖b‖W 2,p(Ω) + ‖P‖W 1,p(Ω)

6 CF

(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)2(
‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖

W
1− 1

p
,p
(Γ)

+ ‖h‖W 1,p(Ω)

(
1 + C1 ‖curlw‖

L
3
2 (Ω)

+ (2C2C3 + C1) ‖d‖
W

1, 3
2 (Ω)

)

6 CF

(
1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)2(
‖f‖Lp(Ω) + ‖g‖Lp(Ω) + ‖P0‖

W
1− 1

p
,p
(Γ)

+max
(
1, 2C2C3 + C1

)
‖h‖W 1,p(Ω) (1 + ‖curlw‖

L
3
2 (Ω)

+ ‖d‖
W

1, 3
2 (Ω)

)
)

❋✐♥❛❧❧②✱ ✇❡ ✉s❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ✇❡ ❣❡t t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✳✶✵✻✮✳ �



❈❤❛♣t❡r ✶✳ ▼❍❉ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ✽✹



❈❤❛♣t❡r ✷

▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ✐♥ R3 ♦❢ ❝❧❛ss C1,1 ✇✐t❤ ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r② Γ✳ ❲❡

❞❡♥♦t❡ ❜② n t❤❡ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛❧ t♦ Γ ❛♥❞ ❡①t❡r✐♦r t♦ Ω✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛❣♥❡t♦❤②❞r♦✲

❞②♥❛♠✐❝ s②st❡♠ ✭▼❍❉✮✿ ✜♥❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p✱ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b

s❛t✐s❢②✐♥❣✿

−∆u+ (u · ∇)u+∇P − (curl b)× b = f ✐♥Ω, ✭✷✳✶✳✶✮

curl curl b− curl(u× b) = g ✐♥Ω, ✭✷✳✶✳✷✮

divu = 0 ✐♥Ω, ✭✷✳✶✳✸✮

div b = 0 ✐♥Ω. ✭✷✳✶✳✹✮

❍❡r❡✱ f ❛♥❞ g ❛r❡ ❣✐✈❡♥ s♦✉r❝❡ t❡r♠s✳ ❲❡ ❝♦♠♣❧❡t❡ t❤❡ s②st❡♠ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡s ♦❢

❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b✿

u · n = 0 and curlu× n = ✵ on Γ, ✭✷✳✶✳✺✮

b · n = 0 and curl b× n = ✵ on Γ. ✭✷✳✶✳✻✮

❲❡ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧ts✳ ❚❤❡ ✜rst t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡ s②st❡♠

✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ✐♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡✳ ❙✉✐t❛❜❧❡ s♣❛❝❡s ❢♦r ❞❛t❛ f ❛♥❞ g ❛r❡ s♣❡❝✐✜❡❞✳ ❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡

t❤❡ s♣❛❝❡ Hr,p
0 (div,Ω) ❞❡✜♥❡❞ ❜②

H
r,p
0 (div,Ω) := {φ ∈ Lr(Ω); divφ ∈ Lp(Ω), φ · n = 0 ♦♥Γ}

✇✐t❤ 1
r = 1

p +
1
3 ✇❤✐❝❤ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖φ‖Hr,p
0 (div,Ω) = ‖φ‖Lr(Ω) + ‖divφ‖Lp(Ω)

❚❤❡ s♣❛❝❡ D(Ω) ✐s ❞❡♥s❡ ✐♥ Hr′,p′

0 (div,Ω) ✭❝✳❢✳ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✷❪✮✳ ■ts ❞✉❛❧ s♣❛❝❡ ❞❡♥♦t❡❞

[Hr′,p′

0 (div,Ω)]′ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s ✭❝✳❢ ❬✽✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✵✳✹❪✮✿

✽✺



❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✽✻

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ❆ ❞✐str✐❜✉t✐♦♥ f ❜❡❧♦♥❣s t♦ [❍ r,p
0 (div,Ω)]′ ✐✛ t❤❡r❡ ❡①✐sts F ∈ Lr′(Ω) ❛♥❞ ψ ∈

Lp
′

(Ω) s✉❝❤ t❤❛t f = F +∇ψ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ✿

‖f‖[❍ r,p
0 (div,Ω)]′ ≤ inf

f=F+∇ψ
max{‖F ‖Lr′ (Ω), ‖ψ‖Lp′ (Ω)}.

[Hr′,p′

0 (div,Ω)]′ = {F +∇ψ |F ∈ Lr(Ω), ψ ∈ Lp(Ω)} ✭✷✳✶✳✼✮

❚❤❡♦r❡♠ ✷✳✶✳✷✳ ✭❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ H1(Ω)✮✳ ▲❡t f ∈ [H6,2
0 (div,Ω)]′ ❛♥❞ g ∈ L 6

5 (Ω) s❛t✐s❢②✐♥❣ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✿

div g = 0 in Ω, g · n = 0 on Γ. ✭✷✳✶✳✽✮

❚❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❤❛s ❛t ❧❡❛st ❛ ✇❡❛❦ s♦❧✉t✐♦♥

(u, b, P ) ∈H1(Ω)×H1(Ω)× L2(Ω)/R.

❋✉rt❤❡r✱ t❤❡ s♦❧✉t✐♦♥ (u, b) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖H1(Ω) + ‖b‖H1(Ω) 6 C
(
‖f‖[H6,2

0 (div,Ω)]′ + ‖g‖
L

6
5 (Ω)

)

✇✐t❤ C > 0 ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜❧❡♠✳

◆❡①t✱ ✉s✐♥❣ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ❛♥❞ ❛♥ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ❛ ❜♦♦tstr❛♣

❛r❣✉♠❡♥t✱ ✇❡ s❤♦✇ t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω) ✇✐t❤ p > 2 ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② W 2,p(Ω) ✇✐t❤ p ≥ 6/5✳ ❲❡

♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ t❤❡♦r❡♠s✳

❚❤❡♦r❡♠ ✷✳✶✳✸✳ ✭❙tr♦♥❣ s♦❧✉t✐♦♥s ✐♥ W 2,p(Ω) ✇✐t❤ p ≥ 6/5✮ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1

❛♥❞ p ≥ 6/5✳ ▲❡t f ∈ Lp(Ω) ❛♥❞ g ∈ Lp(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✶✳✽✮✳ ❚❤❡♥ t❤❡

s♦❧✉t✐♦♥ (u, b, P ) ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷ ❜❡❧♦♥❣s t♦W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)/R✳

❚❤❡♦r❡♠ ✷✳✶✳✹✳ ✭●❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐♥ W 1,p(Ω) ✇✐t❤ p > 2✮ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss

C1,1 ❛♥❞ p ≥ 2✳ ▲❡t f ∈ [Hr′,p′

0 (div,Ω)]′ ❛♥❞ g ∈ Lr(Ω) ✇✐t❤ 1
r = 1

p + 1
3 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥s ✭✷✳✶✳✽✮✳ ❚❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P ) ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷ ❜❡❧♦♥❣s

t♦ W 1,p(Ω)×W 1,p(Ω)× Lp(Ω)/R✳

✷✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✳ ❚❤❡ s♣❛❝❡s ♠❡❛♥ ✈❡❝t♦r ♦r ♠❛tr✐①

✈❛❧✉❡❞ s♣❛❝❡s ❛r❡ ❞❡♥♦t❡❞ ❜② ❜♦❧❞ ❧❡tt❡rs✱ ❛s ✇❡❧❧ ❛s ✐ts ❡❧❡♠❡♥ts✳ ❲❡ ✇✐❧❧ ✉s❡ C t♦ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝

♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ Ω ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞

✐❢ ♥❡❝❡ss❛r②✳ ❋♦r 1 < p <∞✱ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡s

X
p
T (Ω) = {v ∈ Lp(Ω); div v ∈ Lp(Ω), curlv ∈ Lp(Ω), v · n = 0 onΓ}.

V
p
T (Ω) = {v ∈Xp

T (Ω); div v = 0 inΩ}.

❲❤❡♥ p = 2✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ XT (Ω) ✭r❡s♣❡❝t✐✈❡❧② V T (Ω)✮ ✐♥st❡❛❞ t♦ X2
T (Ω) ✭r❡s♣❡❝t✐✈❡❧②

V 2
T (Ω)✮✳



◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s ✽✼

❲❡ ♥♦t❡ t❤❛t t❤❡ s♣❛❝❡ Xp
T (Ω) ❞❡✜♥❡❞ ❛❜♦✈❡ ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ W 1,p(Ω) ✭❝✳❢ ❬✶✺✱

❚❤❡♦r❡♠ ✸✳✷❪✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✾✽✱

❚❤❡♦r❡♠ ✷✳✶❪ ✭s❡❡ ❛❧s♦ ❬✶✺✱ ❈♦r♦❧❧❛r② ✸✳✹❪ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ Ω ✐s ♠✉❧t✐♣❧② ❝♦♥♥❡❝t❡❞✮✿

❢♦r ❛❧❧ v ∈W 1,p(Ω) ✇✐t❤ v · n = 0 ♦♥ Γ✿

‖v‖W 1,p(Ω) 6 C
(
‖curlv‖Lp(Ω) + ‖div v‖Lp(Ω)

)
✭✷✳✷✳✶✮

❚❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✷✳✶✮ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❛t ✐♥ ❬✶✺✱ ❈♦r♦❧❧❛r② ✸✳✹❪ ✇✐t❤♦✉t t❤❡ ✢✉① t❤r♦✉❣❤

t❤❡ ❝✉ts ❜❡❝❛✉s❡ ✇❡ s✉♣♣♦s❡ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❛t Ω ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳

❲❡ ✇✐❧❧ ✉s❡ s♦♠♠❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙t♦❦❡s ♣r♦❜❧❡♠ (ST )✿

(ST )

{
−∆u+∇P = f and divu = 0 in Ω,

u · n = a and curlu× n = ❤ × n on Γ.

❲❡ ✜rst r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣ r❡❣✉❧❛r✐t② r❡s✉❧t ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✽✳❪✿

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❆ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1✳ ▲❡t f ∈ Lp(Ω)✱ a ∈ W 2− 1
p ,p(Γ)✱ h ∈ W 1− 1

p ,p(Γ)

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿

∫

Γ

a ds = 0 ✭✷✳✷✳✷✮

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ (u, P ) ♦❢ ♣r♦❜❧❡♠ (ST ) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✷ ❜❡❧♦♥❣s t♦ W 2,p(Ω)×W 1,p(Ω)

❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡✿

‖u‖W 2,p(Ω) + ‖P‖W 1,p(Ω)/R 6 C
(
‖f‖Lp(Ω) + ‖a‖

W
2− 1

p
,p
(Γ)

+ ‖h‖
W

1− 1
p
,p
(Γ)

)

❯s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭✷✳✶✳✼✮✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ r❡s✉❧t ✐♥ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹❪ t♦ ♣r♦✈❡ t❤❡

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✐♥W 1,p(Ω)×Lp(Ω)/R ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (ST )✱ ❜② s✉♣♣♦s✐♥❣

f ✐♥ t❤❡ ❞✉❛❧ s♣❛❝❡ [Hr′,p′

0 (div,Ω)]′ ✐♥st❡❛❞ ♦❢ [Hp′,p′

0 (div,Ω)]′✿

❚❤❡♦r❡♠ ✷✳✷✳✷✳ ❆ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1✳ ▲❡t f ∈ [Hr′,p′

0 (div,Ω)]′✱ au ∈ W 1− 1
p ,p(Γ) ❛♥❞

hu × n ∈ W− 1
p ,p(Γ) ✇✐t❤ r 6 p ❛♥❞ 1

r 6 1
p + 1

3 s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

✭✷✳✷✳✷✮✳ ❚❤❡♥✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (ST ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈W 1,p(Ω)× Lp(Ω)/R s❛t✐s❢②✐♥❣

t❤❡ ❡st✐♠❛t❡✿

‖u‖W 1,p(Ω) + ‖π‖Lp(Ω)/R 6 C
(
‖f‖

[Hr′,p′

0 (div,Ω)]′
+ ‖au‖

W
1− 1

p
,p
(Γ)

+ ‖hu‖
W

−
1
p
,p
(Γ)

)

Pr♦♦❢✳ ◆❡①t✱ ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ s♣❛❝❡ [H r′,p′

0 (div,Ω)]′ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶

❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✱ ✇❡ ❞✐✈✐❞❡ t❤❡ ♣r♦❜❧❡♠ ✐♥t♦ t✇♦ ♣❛rts✱ ✇✐t❤ (u1, π1) ❛♥❞

(u2, π2) r❡s♣❡❝t✐✈❡❧② s♦❧✉t✐♦♥s ♦❢✿





−∆u1 +∇π1 = F

divu1 = 0 ♦♥ Ω

u1 · n = 0, curlu1 × n = 0 ♦♥ Γ

✭✷✳✷✳✸✮



❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✽✽

❛♥❞





−∆u2 +∇π2 = ∇ψ
divu2 = 0 ♦♥ Ω

u2 · n = a, curlu2 × n = h× n ♦♥ Γ

✭✷✳✷✳✹✮

✇✐t❤ F ∈ Lr(Ω) ❛♥❞ ψ ∈ Lp(Ω)✳ ◆♦t❡ t❤❛t ✐❢ (u1, π1) ✐s s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✳✸✮ ❛♥❞ (u2, π2) s♦❧✉t✐♦♥

♦❢ ✭✷✳✷✳✹✮✱ t❤❡♥ (u, π) = (u1 + u2, π1 + π2) ✐s s♦❧✉t✐♦♥ ♦❢ (ST )✳

❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✭✷✳✷✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u1, π1) ∈ W 2,r(Ω) ×
W 1,r(Ω)/R✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ 1

r 6 1
p +

1
3 ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✿

W 2,r(Ω) →֒W 1,p(Ω)

s♦ (u1, π1) ∈ W 1,p(Ω) × Lp(Ω)/R✳ ◆❡①t✱ ✇✐t❤ ✭✷✳✶✳✼✮✱ ✇❡ ❤❛✈❡ t❤❛t ∇ψ ❜❡❧♦♥❣s t♦ [Hp′

0 (div,Ω)]′✱

t❤❡♥ ✇✐t❤ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u2, π2) ∈W 1,p(Ω)× Lp(Ω)/R✳ ❚❤✉s✱ ✇❡

❝♦♥❝❧✉❞❡ ❜② ❝♦♠❜✐♥✐♥❣ t❤♦s❡ r❡s✉❧ts ❛♥❞ ✇❡ ❤❛✈❡ (u, π) ∈W 1,p(Ω)× Lp(Ω)/R✳

❘❡♠❛r❦ ✷✳✷✳✶✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉❧❛r✐t② C2,1 ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ C1,1✳ ■♥❞❡❡❞✱ ✇❡

❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ a = 0✳ ❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (ST ) ✐s ❡q✉✐✈❛❧❡♥t t♦

t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭❝✳❢✳ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✮✿ ❋✐♥❞ u ∈ W 1,p(Ω) s✉❝❤ t❤❛t ❢♦r ❛♥②

v ∈ V p′

T (Ω)✿ ∫

Ω

curlu · curlv dx = 〈f , v〉Ω + 〈hu × n,v〉
W

−
1
p
,p
(Γ)×W

1
p
,p′

(Γ)
, ✭✷✳✷✳✺✮

✇❤❡r❡ 〈·, ·〉Ω ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ [Hr′,p′

0 (div,Ω)]′ ❛♥❞ [Hr′,p′

0 (div,Ω)]✳ ❚❤❛♥❦s t♦ ❬✶✸✱

❈♦r♦❧❧❛rt② ✸✳✺❪✱ ✐❢ Ω ✐s ♦❢ ❝❧❛ss C1,1✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✜✲s✉♣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t

β > 0✱ s✉❝❤ t❤❛t✿

inf
✈∈❱ p′

T (Ω)
✈6=0

sup
✉∈❱ p

T (Ω)
✉6=0

∫
Ω
curl✉ · curl ✈ d①

‖✉‖❲ 1,p(Ω)‖✈‖❲ 1,p′ (Ω)

≥ β. ✭✷✳✷✳✻✮

❙♦✱ ♣r♦❜❧❡♠ ✭✷✳✷✳✺✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ V p
T (Ω) ⊂ W 1,p(Ω) s✐♥❝❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s ❞❡✜♥❡s

❛♥ ❡❧❡♠❡♥t ♦❢ (V p
T (Ω))

′✳ ❚❤❡ ♣r❡ss✉r❡ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❜② ❉❡ ❘❤❛♠ ❛r❣✉♠❡♥t✳ ❋♦r t❤❡ ♥♦♥ ❤♦♠♦✲

❣❡♥❡♥❡♦✉s ❝❛s❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ u · n ❝❛♥ ❜❡ ❧✐❢t❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠✿

∆θ = ✵ in Ω and
∂θ

∂n
= a on Γ.

❲❡ ♥❡❡❞ ❛❧s♦ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (ET ) ✭❝❢✳ ❬✶✸❪✮

(ET )
{
−∆b = g and div b = 0 in Ω,

b · n = 0 and curl b× n = ✵ onΓ

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ▲❡t g ∈ Lp(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

div g = 0 in Ω g · n = 0 on Γ. ✭✷✳✷✳✼✮

❚❤❡♥✱ ♣r♦❜❧❡♠ (ET ) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ b ∈W 2,p(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖b‖W 2,p(Ω) 6 C ‖g‖Lp(Ω)



❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡ ✽✾

◆❡①t✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡

▼ r,p(Ω) =
{
✈ ∈❲ 1,p(Ω); ∆ ✈ ∈ [❍ r′,p′

0 (div, Ω)]′
}
,

✇❤✐❝❤ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠✿

‖✈‖▼ r,p(Ω) = ‖✈‖❲ 1,p(Ω) + ‖∆ ✈‖
[❍ r′,p′

0 (div,Ω)]′
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❣✐✈❡s ❛ ❞❡♥s✐t② r❡s✉❧t ❛♥❞ ❛ ●r❡❡♥ ❢♦r♠✉❧❛ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❞❡✜♥❡ t❤❡ t❛♥❣❡♥t✐❛❧

tr❛❝❡s ♦❢ curlu ❛♥❞ curl b ♦♥ Γ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❬✶✸✱ ▲❡♠♠❛ ✹✳✶❪ ❛♥❞ ❬✽❪✳

▲❡♠♠❛ ✷✳✷✳✹✳ ❚❤❡ s♣❛❝❡ D(Ω) ✐s ❞❡♥s❡ ✐♥ ▼ r,p(Ω)✳ ▼♦r❡♦✈❡r✱ t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣ γ : ✈ →
curl ✈|Γ × ♥ ❞❡✜♥❡❞ ♦♥ D(Ω) ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣ ❢r♦♠ γ : ▼ r,p(Ω) t♦

❲− 1
p ,p(Γ) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛✿ ❢♦r ❛♥② ✈ ∈ ▼ r,p(Ω) ❛♥❞ ❛♥② ϕ ∈ ❲ 1,p′(Ω) ∩ ❳ p′

T (Ω)

✇✐t❤ divϕ = 0 ✐♥ Ω ✱

− 〈∆ ✈, ϕ〉
[❍ r′,p′

0 (div,Ω)]′×❍ r′,p′

0 (div,Ω)
=

∫

Ω

curl ✈ · curlϕ d①+ 〈curl ✈× ♥, ϕ〉Γ, ✭✷✳✷✳✽✮

✇❤❡r❡ t❤❡ ❞✉❛❧✐t② ♦♥ Γ ✐s ❞❡✜♥❡❞ ❜② 〈·, ·〉Γ = 〈·, ·〉
❲

−
1
p
,p
(Γ)×❲

1
p
,p′

(Γ)
✳

✷✳✸ ❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ st✉❞② t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ▼❍❉ ♣r♦❜❧❡♠ ✷✳✶✳✶✲✭✷✳✶✳✻✮ ✐♥ t❤❡

❍✐❧❜❡rt s♣❛❝❡✳ ❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ H1(Ω) ×H1(Ω) ❜② ❛♣♣❧②✐♥❣ ❛ ▲❡r❛②✲

❙❝❤❛✉❞❡r ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ❤♦✇ t♦ ❝❤♦♦s❡ t❤❡ ❞❛t❛ f ❛♥❞ g ✐♥ ♦r❞❡r t♦

❣✐✈❡ ❛ s❡♥s t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✶✳✺✮ − ✭✷✳✶✳✻✮✳ ■t ✐s ♥❛t✉r❛❧ t♦ ❧♦♦❦ ❢♦r ❛ s♦❧✉t✐♦♥ (u, b) ✐♥

V T (Ω)× V T (Ω) ✇✐t❤

V T (Ω) = {v ∈H1(Ω); div v = 0 in Ω, v · n = 0 on Γ}

❆s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❢♦r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ t②♣❡ ✭✷✳✶✳✺✮✲✭✷✳✶✳✻✮✱ t❤❡ s♣❛❝❡ H−1(Ω) ✐s ♥♦t

s✉✐t❛❜❧❡ ❢♦r t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s f ❛♥❞ g t♦ ✜♥❞ s♦❧✉t✐♦♥s (u, b) ✐♥H1(Ω)×H1(Ω)✳ ■♥ ✈✐❡✇ t♦ ✇r✐t❡ ❛♥

❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ♠✉st ♣r❡❝✐s❡ t❤❡ ❞✉❛❧✐t② 〈f , v〉 ✇❤✐❧❡ ❝❤♦♦s✐♥❣ f ✐♥ ❛ s✉❜s♣❛❝❡

♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❙✐♥❝❡ t❤❡ t❡st ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣ t♦ t❤❡ s♣❛❝❡

H
2,2
0 (div; Ω) = {v ∈ L2(Ω); div v ∈ L2(Ω), v · n = 0 on Γ},

✇❡ ♠✉st ❝❤♦♦s❡ f ✐♥ ✐ts ❞✉❛❧ s♣❛❝❡✱ s♦ f ∈ [H2,2
0 (div; Ω)]′✳ ❚❤✐s ❤②♣♦t❤❡s✐s ❝❛♥ ❜❡ ✇❡❛❦❡♥❞ ❜②

♦❜s❡r✈✐♥❣ t❤❛t H1(Ω) →֒ L6(Ω) ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❢♦r f t❤❡ s♣❛❝❡ [H6,2
0 (div; Ω)]′ ✇❤✐❝❤

❝♦♥t❛✐♥s [H2,2
0 (div; Ω)]′✳ ❘❡❝❛❧❧ t❤❛t D(Ω) ✐s ❞❡♥s❡ ✐♥ t❤✐s ❞✉❛❧ s♣❛❝❡ ❛♥❞ ✐ts ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❣✐✈❡♥

✐♥ ✭✷✳✶✳✼✮✳ ❲✐t❤ t❤✐s ❝❤♦✐❝❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ curlu × n = ✵ ♦♥ Γ ❤❛s ❛ s❡♥s ✐♥ H−1/2(Γ)✳

■♥❞❡❡❞✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✱ ✐❢ ✇❡ ❤❛✈❡ u ∈ H1(Ω)✱ b ∈ H1(Ω)

❛♥❞ P ∈ L2(Ω)✱ t❤❡♥ ∆u = f−∇P −u ·∇u+curl b×b ❜❡❧♦♥❣s t♦ [H6,2
0 (div, Ω)]′ ❛♥❞ t❤❡♥ u ❜❡❧♦♥❣s

t♦▼ 6,2(Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✷✳✹ t❤❛t t❤❡ tr❛❝❡ curlu×n ❤❛s ❛ s❡♥s ✐♥H−1/2(Γ)✳ ❚❤✐s

✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r t❤❡ tr❛❝❡ ♦❢ curl b×n ♦♥ Γ ✇✐t❤ ❛ ❞❛t❛ ♠♦r❡ r❡❣✉❧❛r g ∈ L6/5(Ω) →֒ [H6,2
0 (div; Ω)]′✳

❚❤✐s ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐t② ❢♦r g ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ s❡♥s t♦ g ·n ♦♥ t❤❡ ❜♦✉♥❞❛r② ✭s❡❡ ✭✷✳✸✳✹✮

❛♥❞ ✭✷✳✸✳✺✮✮✳



❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✾✵

❚❤❡♦r❡♠ ✷✳✸✳✶✳ ▲❡t f ∈ [H6,2
0 (div,Ω)]′ ❛♥❞ g ∈ L 6

5 (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐✲

t✐♦♥s✿

div g = 0 in Ω g · n = 0 on Γ. ✭✷✳✸✳✶✮

❚❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❤❛s ❛t ❧❡❛st ❛ ✇❡❛❦ s♦❧✉t✐♦♥

(u, b, P ) ∈H1(Ω)×H1(Ω)× L2(Ω)/R

❋✉rt❤❡r✱ t❤❡ s♦❧✉t✐♦♥ (u, b) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖H1(Ω) + ‖b‖H1(Ω) 6 C
(
‖f‖[H6,2

0 (div,Ω)]′ + ‖g‖
L

6
5 (Ω)

)
✭✷✳✸✳✷✮

✇✐t❤ C > 0 ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛t❛ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

Pr♦♦❢✳ ✭✐✮ ■♥ ❛ ✜rst st❡♣✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✶✮ ✐s ♥❡❝❡ss❛r②✳ ▲❡t (u, b, P ) ∈
H1(Ω) × H1(Ω) × L2(Ω)/R ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮✳ ❋r♦♠ ✭✸✳✶✳✶✮✱ g = curl(u × b) +

curl curl b✱ t❤❡♥ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡❧② div g = 0 ✐♥ Ω✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❝♦♥❞✐t✐♦♥ g · n =

0 on Γ✳ ❲❡ t❛❦❡ Ψ = curl b− (u× b)✳ ❚❤❡♥✱ Ψ ∈ L2(Ω) ❛♥❞ curlΨ = g ∈ L 6
5 (Ω)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡

curl b× n = ✵ ♦♥ Γ ❛♥❞

(u× b)× n = b(n · u︸ ︷︷ ︸
=0

)− u(n · b︸︷︷︸
=0

) = 0 on Γ, ✭✷✳✸✳✸✮

✇❡ ❞❡❞✉❝❡ t❤❛t Ψ × n = ✵ ♦♥ Γ ✇❤✐❝❤ ❤❛s ❛ s❡♥s❡ ✐♥ H−1/2(Γ)✳ ❚❤❡♥✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢♦r ❛❧❧

χ ∈ H2(Ω)✱ ✇❡ ❤❛✈❡

∫

Ω

curlΨ · ∇χdx = −〈Ψ× n,∇χ〉H−1/2(Γ)×H1/2(Γ) = 0 ✭✷✳✸✳✹✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ g ∈ L6/5(Ω) ❛♥❞ ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱ t❤❡ tr❛❝❡ g · n ❜❡❧♦♥❣s t♦ W− 5
6 ,

6
5 (Γ)✳

❚❤❡♥✱ ❢♦r ❛❧❧ χ ∈ H2(Ω)

∫

Ω

curlΨ · ∇χdx = 〈g · n, χ〉
W−

5
6
, 6
5 (Γ)×W 5

6
,6(Γ)

✭✷✳✸✳✺✮

❙♦ g · n = 0 ✐♥ W− 5
6 ,

6
5 (Γ)✳

(✐✐) ❲❡ ♥♦✇ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ❛♣♣❧② ❛ ▲❡r❛②✲❙❝❤❛✉❞❡r

✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✳ ❲❡ ❞❡✜♥❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ Z := V T (Ω)× V T (Ω) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖(u, b)‖Z = ‖u‖H1(Ω) + ‖b‖H1(Ω) .

❲❡ s✉♣♣♦s❡ t❤❛t (u, b) ∈ Z ✐s ❣✐✈❡♥ ❛♥❞ ✇❡ s❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿ ❋✐♥❞ ((û, b̂), p̂) ∈ Z×L2(Ω)/R

s✉❝❤ t❤❛t




−∆û+∇P̂ = −(u · ∇)u+ (curl b)× b+ f and div û = 0 in Ω,

curl curl b̂ = g + curl(u× b) and div b̂ = 0 ✐♥ Ω,

û · n = 0 and curl û× n = ✵ on Γ,

b̂ · n = 0 and curl b̂× n = ✵ on Γ.

✭✷✳✸✳✻✮



❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡ ✾✶

❖❜s❡r✈❡ t❤❛t ♣r♦❜❧❡♠ ✭✷✳✸✳✻✮ ✐s ❞❡❝♦✉♣❧❡❞✳ ■♥❞❡❡❞✱ (û, p̂) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ❛ ❙t♦❦❡s ♣r♦❜❧❡♠ ♦❢ t②♣❡

(ST ) ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ b̂ ✐s s♦❧✉t✐♦♥ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ ♦❢ t②♣❡ (ET )✳ ❙♦✱ t♦
♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ❢♦r ✭✷✳✸✳✻✮✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r

(ET ) ❛♥❞ (ST ) ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ✷✳✷✳✷✳ ▲❡t ✉s ✜rst ✈❡r✐❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷✳

❙✐♥❝❡ H1(Ω) →֒ L6(Ω)✱ ✇❡ ❤❛✈❡ t❤❛t (u · ∇)u ∈ L 3
2 (Ω) →֒ L

6
5 (Ω)✳ ❙✐♠✐❧❛r❧②✱ (curl b) × b ∈ L 6

5 (Ω)✳

❚❤❡r❡❢♦r❡✿

−(u · ∇)u+ (curl b)× b+ f ∈ L 6
5 (Ω) →֒ [H6,2

0 (div,Ω)]′

❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ (û, p̂) ∈ H1(Ω) × L2(Ω)/R✳

◆❡①t t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ♦❜t❛✐♥ b̂✱ ✇❡ ♠✉st ✈❡r✐❢② t❤❛t g+ curl(u× b) ❜❡❧♦♥❣s t♦ L6/5(Ω)✱ ✐s

❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ ❤❛s ③❡r♦ ♥♦r♠❛❧ tr❛❝❡✳ ❋✐rst✱ s✐♥❝❡ div g = 0 ✐♥ Ω✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t g+curl(u×b)
✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✳ ◆❡①t✱ s✐♥❝❡ divu = div b = 0 ✐♥ Ω✱ ✇❡ ❤❛✈❡

curl(u× b) = (b · ∇)u− (u · ∇)b ✭✷✳✸✳✼✮

❙♦ ❛s ❛❜♦✈❡✱ ✉s✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ H1(Ω) →֒ L6(Ω)✱ ✇❡ ❤❛✈❡ curl(u × b) ∈ L 6
5 (Ω)✳ ❚❤❡♥

t❤❡ ❘❍❙ ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✭✷✳✸✳✻✮ ❜❡❧♦♥❣s t♦ L
6
5 (Ω)✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ ✭✷✳✸✳✸✮✱ ✇❡ ❤❛✈❡

curl(u× b) ·n = 0 ♦♥ Γ ❛♥❞ t❤❡♥ (g+ curl(u× b)) ·n = 0 ♦♥ Γ✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ b̂ ✐s ❣✉❛r❛♥t❡❡❞ ❜②

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ((û, b̂), p̂) ∈ Z × L2(Ω)/R s♦❧✉t✐♦♥ ♦❢

✭✷✳✸✳✻✮✳ ◆♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r✿

T : Z → Z × L2(Ω)/R → Z

(u, b) 7→ (û, b̂, p̂) 7→ (û, b̂)

✇❤❡r❡ (û, b̂) ✐s t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥ (û, b̂, P̂ ) ♦❢ ✭✷✳✸✳✻✮✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t T ❤❛s ❛ ✜①❡❞

♣♦✐♥t ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❍❉ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮✳ ❋♦r t❤✐s✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s t♦

♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ✭s❡❡ ❬✹✹✱ ❚❤❡♦r❡♠ ✶✶✳✸❪✮✿

✭✶✮ ❚❤❡ ♦♣❡r❛t♦r T ✐s ❝♦♠♣❛❝t✳

✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ u, b ❛♥❞ α s✉❝❤ t❤❛t ‖(u, b)‖Z 6 C ❢♦r ❛❧❧

(u, b) ∈ Z ❛♥❞ ❢♦r ❛❧❧ α ∈ [0, 1] s✉❝❤ t❤❛t (u, b) = αT (u, b)✳

Pr♦♦❢ ♦❢ ✭✶✮✳ ❙✐♥❝❡ Z ✐s r❡✢❡①✐✈❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t T ✐s ❝♦♥t✐♥✉♦✉s✳ ▲❡t (u, b) ∈ Z✱
(uk, bk) ∈ Z s✉❝❤ t❤❛t (uk, bk) ⇀ (u, b) ✇❡❛❦ ✐♥ Z✳ ▲❡t ✉s ❞❡✜♥❡ (ûk, b̂k) = T (uk, bk), ∀k ∈ N✳ ❲❡

✇❛♥t t♦ ♣r♦✈❡ t❤❛t T (uk, bk) = (ûk, b̂k) −→ (û, b̂) = T (u, b) str♦♥❣❧② ✐♥ Z ✇❤✐❝❤ ❛♠♦✉♥ts t♦ ♣r♦✈❡

t❤❛t ✇❤❡♥ k → +∞
ûk − û −→ 0 and b̂k − b̂ −→ 0 in H1(Ω).

❋♦r ❛❧❧ k ∈ N✱ (ûk − û, b̂k − b̂) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





∆(ûk − û) +∇(P̂k − P̂ ) = −(uk · ∇)uk + (u · ∇)u+ curl bk × bk − curl b× b ✐♥Ω,

curl curl(b̂k − b̂) = curl(uk × bk)− curl(u× b) ✐♥Ω,

div(ûk − û) = 0 and div(b̂k − b̂) = 0 ✐♥Ω,

(ûk − û) · n = 0 and curl(ûk − û)× n = ✵, ♦♥Γ,

(b̂k − b̂) · n = 0 and curl(b̂k − b̂)× n = ✵, ♦♥Γ.



❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✾✷

(ûk − û) s❛t✐s✜❡s ❛ ❙t♦❦❡s ♣r♦❜❧❡♠ t❤❛t ✇❡ ❝❛♥ s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts✿





−∆wk +∇qk = −((uk − u) · ∇)u+ curl b× (bk − b) ✐♥Ω,

divwk = 0 ✐♥Ω,

wk · n = 0 and curlwk × n = ✵ ♦♥Γ.

✭✷✳✸✳✽✮

❛♥❞





−ν∆yk +∇rk = −(uk · ∇)(uk − u) + curl(bk − b)× bk ✐♥Ω,

div yk = 0 ✐♥Ω,

yk · n = 0 and curlyk × n = 0 ♦♥Γ

✭✷✳✸✳✾✮

✇❤❡r❡ wk + yk = ûk − û ❛♥❞ qk + rk = p̂k − p̂✳ ❙✐♥❝❡ −((uk − u) · ∇)u+ curl b× (bk − b) ∈ L
6
5 (Ω)✱

t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷✳✷✱ t❤❡r❡ ❡①✐sts (wk, qk) ∈ H1(Ω) × L2(Ω)/R s♦❧✉t✐♦♥ ♦❢ ✭✷✳✸✳✽✮ s❛t✐s❢②✐♥❣ t❤❡

❡st✐♠❛t❡

‖wk‖H1(Ω) + ‖qk‖L2(Ω)/R

6 C
(
‖((uk − u) · ∇)u‖

L
6
5 (Ω)

+ ‖curl b× (bk − b)‖
L

6
5 (Ω)

)

6 C
(
‖∇u‖L2(Ω) ‖uk − u‖L3(Ω) + ‖curl b‖L2(Ω) ‖bk − b‖L3(Ω)

)

6 C
(
‖curlu‖L2(Ω) ‖uk − u‖L3(Ω) + ‖curl b‖L2(Ω) ‖bk − b‖L3(Ω)

)

❙✐♥❝❡ ûk ⇀ u ❛♥❞ b̂k ⇀ b ✇❡❛❦❧② ✐♥ H1(Ω) ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ H1(Ω) →֒ L3(Ω) ✐s ❝♦♠♣❛❝t✱ ✇❡

❞❡❞✉❝❡ t❤❛t ûk −→ u ❛♥❞ b̂k −→ b str♦♥❣❧② ✐♥ L3(Ω)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t wk → 0✳ ❙✐♠✐❧❛r❧②✱ s✐♥❝❡

−(uk · ∇)(uk −u) + curl(bk − b)× bk ∈ L 3
2 (Ω)✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✷ t❤❡r❡ ❡①✐sts (yk, rk) ∈W 2, 32 (Ω)×

W 1, 32 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✭✷✳✸✳✾✮✳ ❙♦✱ (uk · ∇)(uk −u)⇀ 0 ❛♥❞ curl(bk − b)× bk ⇀ 0

✇❡❛❦❧② ✐♥ L
3
2 (Ω) ✐♠♣❧② t❤❛t yk −→ 0, ✇❡❛❦❧② ✐♥ W 2, 32 (Ω) ❛♥❞ rk → 0 ✇❡❛❦❧② ✐♥ W 1, 32 (Ω)✳ ❇✉t✱

t❤❡ ❡♠❜❡❞❞✐♥❣ W 2, 32 (Ω) →֒ H1(Ω) ✐s ❝♦♠♣❛❝t✱ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t yk → 0 str♦♥❣❧② ✐♥ H1(Ω)✳ ❲❡

❝♦♥❝❧✉❞❡ t❤❛t ûk → û ✐♥H1(Ω)✳

◆❡①t✱ b̂k−b ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ ✇✐t❤ ❛ r✐❣❤t✲❤❛♥❞ s✐❞❡ curl((uk−u)×bk)−curl(u×(b−
bk)) ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ curl((uk−u)×bk)−curl(u×(b−bk))✳ ❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥ ✭✷✳✸✳✼✮✱ ✇❡ ❝❛♥ ✈❡r✐❢②

t❤❛t ✐t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ L
3
2 (Ω)✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ b̂k − b̂ ∈ W 2, 32 (Ω)✳

❙✐♥❝❡ curl((uk − u) × bk) ⇀ 0 ❛♥❞ curl(u × (b − bk)) ⇀ 0 ✐♥ L
3
2 (Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t b̂k − b̂ ⇀ 0

✐♥ W 2, 32 (Ω)✳ ❋✐♥❛❧❧②✱ ✇✐t❤ t❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ W 2, 32 (Ω) ✐♥ H1(Ω)✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t b̂k → b̂ ✐♥

H1(Ω)✳

Pr♦♦❢ ♦❢ ✭✷✮✳ ▲❡t (u, b) = αT (u, b) ✇✐t❤ (u, b) ∈ Z ❛♥❞ α ∈ [0, 1]✳ ❙✐♥❝❡ (û, b̂) = T (u, b)✱ t❤❡♥

(u, b) = α(û, b̂) = (αû, αb̂) ❛♥❞ (û, b̂) = T (αû, αb̂) s❛t✐s✜❡s✿





−∆û+∇P̂ = f − α2(û · ∇)û+ α2(curl b̂)× b̂ ✐♥Ω,

curl curl b̂ = g + α2 curl(û× b̂) ✐♥Ω,

div û = 0 and div b̂ = 0, ✐♥Ω,

û · n = 0 and curl û× n = ✵ ♦♥Γ,

b̂ · n = 0 and curl b̂× n = ✵ ♦♥Γ.

✭✷✳✸✳✶✵✮



❘❡❣✉❧❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s ✾✸

▼✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✭✷✳✸✳✶✵✮ ✇✐t❤ û ∈ V T (Ω) ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ♦❜t❛✐♥

‖curl û‖2L2(Ω) = 〈f , û〉[H6,2
0 (div,Ω)]′×H

6,2
0 (div,Ω) + α2

∫

Ω

(curl b̂)× b̂ · û dx

❙✐♠✐❧❛r❧②✱ ♠✉❧t✐♣❧②✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✭✷✳✸✳✶✵✮ ✇✐t❤ b̂ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ♦❜t❛✐♥✿

‖ curl b̂‖2L2(Ω) =

∫

Ω

g · b̂ dx+

∫

Ω

curl b̂ · (û× b̂) dx

❙✐♥❝❡ curl b̂× (û× b̂) = −(curl b̂)× b̂ · û✱ ✇❡ ♦❜t❛✐♥ ❜② ❛❞❞✐♥❣ t❤❡ ❜♦t❤ r❡❧❛t✐♦♥s✿

‖ curl û‖2L2(Ω) + ‖ curl b̂‖2L2(Ω) = 〈f , û〉[H6,2
0 (div,Ω)]′×H

6,2
0 (div,Ω) +

∫

Ω

g · b̂ dx

❙♦ ✇❡ ❤❛✈❡✿

‖curl û‖2L2(Ω) + ‖ curl b̂‖2L2(Ω)

6 C
(
‖f‖[H6,2

0 (div,Ω)]′ ‖û‖H6,2
0 (div,Ω) + ‖g‖

L
6
5 (Ω)

‖b̂‖L6(Ω)

) ✭✷✳✸✳✶✶✮

❈♦♠❜✐♥✐♥❣ ✭✷✳✷✳✶✮ ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ H1(Ω) →֒ L6(Ω)✱ ❛♥❞ t❤❡♥✱ ❛♣♣❧②✐♥❣ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t② ✐♥

✭✷✳✸✳✶✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t✿

‖û‖2H1(Ω) + ‖b̂‖2H1(Ω) 6 C
(
‖f‖2[H6,2

0 (div,Ω)]′ + ‖g‖2
L

6
5 (Ω)

)
✭✷✳✸✳✶✷✮

❚❤✉s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿

‖(u, b)‖Z = α‖(û, b̂)‖Z 6 C1

✇✐t❤ C1 ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❜✉t ♥♦t ♦❢ u, b ❛♥❞ α✳ ❇② ✉s✐♥❣ ▲❡r❛②✲❙❝❤❛✉❞❡r

✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ ✐♥ ((u, b), P ) ∈ Z × L2(Ω)/R

♦❢ ♣r♦❜❧❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮✳ ❙✐♥❝❡ û = u ❛♥❞ b̂ = b✱ t❤❡ ❡st✐♠❛t❡ ✭✷✳✸✳✷✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✷✳✸✳✶✷✮

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✷✳✹ ❘❡❣✉❧❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ▼❍❉ ♣r♦❜❧❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ✐♥

Lp✲t❤❡♦r②✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ (ST ) ❛♥❞ (ET )✳ ❋♦r t❤✐s✱ ✇❡ ❝❛♥
r❡✇r✐t❡ t❤❡ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ♦♥ t❤❡ ❢♦r♠





−∆u+∇p = F and divu = 0 ✐♥Ω,

curl curl b = G and div b = 0 ✐♥Ω,

u · n = 0 and curlu× n = ✵ on Γ,

b · n = 0 and curl b× n = ✵ on Γ,

✭✷✳✹✳✶✮

✇✐t❤ F = f − (curlu)× u+ κ(curl b)× b ❛♥❞ G = g + κ curl(u× b)✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ str♦♥❣ s♦❧✉t✐♦♥s ✐♥ W 2,p(Ω) ✇❤❡♥ p ≥ 6/5✳

❚❤❡♦r❡♠ ✷✳✹✳✶✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1 ❛♥❞ p ≥ 6/5✳ ▲❡t f ∈ Lp(Ω) ❛♥❞ g ∈ Lp(Ω)
s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✸✳✶✮✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ (u, b, p) ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥

❚❤❡♦r❡♠ ✷✳✸✳✶ ❜❡❧♦♥❣s t♦ W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)/R✳



❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✾✹

Pr♦♦❢✳ ▲❡t (u, b, P ) ∈ H1(Ω) ×H1(Ω) × L2(Ω)/R ✐s t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ❜②

❚❤❡♦r❡♠ ✷✳✸✳✶✳ ❙✐♥❝❡H1(Ω) →֒ L6(Ω)✱ ✇❡ ❤❛✈❡ t❤❛t (curlu)×u ∈ L 3
2 (Ω) ❛♥❞ (curl b)×b ∈ L 3

2 (Ω)✳

❙♦✱ ✇❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s

✭✐✮❈❛s❡ 6
5 6 p 6 3

2 ✳ ❙✐♥❝❡ F ❜❡❧♦♥❣s t♦ L
3
2 (Ω)✱ ✇❡ ♦❜t❛✐♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✶ t❤❛t (u, P ) ∈

W 2, 32 (Ω)×W 1, 32 (Ω)/R✳ ◆❡①t✱ G ❜❡❧♦♥❣s t♦ L3/2(Ω)✱ ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✶✮✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡ s♦❧✉t✐♦♥ b ❜❡❧♦♥❣s t♦ W 2, 32 (Ω)✳ ❙♦✱ ✇❡ ❞❡❞✉❝❡

t❤❛t (u, b, P ) ❜❡❧♦♥❣s t♦ W 2, 32 (Ω) ×W 2, 32 (Ω) × W 1, 32 (Ω)/R✳ ❙✐♥❝❡ p ≤ 3/2✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈
W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)/R ❢♦r ❛♥② p ≤ 3/2✳

✭✐✐✮❈❛s❡ 3
2 < p < 3✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡ (u, b, P ) ∈W 2, 32 (Ω)×W 2, 32 (Ω)×W 1, 32 (Ω)/R✳

■♥ ✈✐❡✇ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣s

W 2, 32 (Ω) →֒W 1,3(Ω) →֒ Lt(Ω), ❢♦r 1 6 t <∞, ✭✷✳✹✳✷✮

✇❡ ❤❛✈❡ (curlu) × u ∈ Ls(Ω)✱ (curl b) × b ∈ Ls(Ω)✱ ✇✐t❤ 1 6 s < 3✳ ❚❤✉s✱ F ∈ Ls(Ω) →֒ Lp(Ω)

❛♥❞ G ∈ Ls(Ω) →֒ Lp(Ω)✳ ❆♣♣❧②✐♥❣ ❛❣❛✐♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ❛♥❞ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s (ST ) ❛♥❞

(ET )✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (u, b, P ) ∈W 2,p(Ω)×W 2,p(Ω)×W 1,p(Ω)/R ❢♦r ❛♥② p < 3✳

✭✐✐✐✮❈❛s❡ 3 6 p < +∞✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ ❝❛s❡✱ ✇❡ ❤❛✈❡ (u, b, p) ∈ W 2,3−δ(Ω) ×W 2,3−δ(Ω) ×
W 1,3−δ(Ω)/R ✇✐t❤ δ ∈ (0, 32 )✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣

W 2,3−δ(Ω) →֒W 1,q(Ω) →֒ L∞(Ω), ✇✐t❤ 3 < q <∞ ✭✷✳✹✳✸✮

t❤❛t u ∈ L∞(Ω) ❛♥❞ b ∈ L∞(Ω)✳ ❚❤❡♥✱ t❤❡ t❡r♠s (curlu)×u ❛♥❞ (curl b)× b ❜❡❧♦♥❣ t♦ Lp(Ω) ❛♥❞

t❤✐s ✐♠♣❧✐❡s t❤❛t F ∈ Lp(Ω) ❛♥❞ G ∈ Lp(Ω)✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s s✐♠✐❧❛r❧② ❜② ❛♣♣❧②✐♥❣ t❤❡ r❡❣✉❧❛r✐t②

♦❢ (ST ) ❛♥❞ (ET )✳

◆♦✇✱ ✇❡ st✉❞② t❤❡ r❡❣✉❧❛r✐t② W 1,p(Ω) ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ▼❍❉ s②st❡♠ ✭✷✳✶✳✶✮ ✲✭✷✳✶✳✻✮ ❢♦r

p > 2✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ❛♥❞ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s (ST ) ❛♥❞ (ET )✳

❚❤❡♦r❡♠ ✷✳✹✳✷✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C2,1✳ ▲❡t f ∈ [Hr′,p′

0 (div,Ω)]′ ❛♥❞ g ∈ Lr(Ω) ✇✐t❤
1
r = 1

p + 1
3 ❛♥❞ p > 2 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✶✮✳ ❚❤❡♥✱ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ (u, b, P )

♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❜❡❧♦♥❣s t♦ W 1,p(Ω)×W 1,p(Ω)× Lp(Ω)/R✳

Pr♦♦❢✳ ❙✐♥❝❡ [Hr′,p′

0 (div,Ω)]′ →֒ [H6,2
0 (div,Ω)]′ ❛♥❞ Lr(Ω) →֒ L

6
5 (Ω)✱ ✐t ❢♦❧❧♦✇s ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠

✷✳✷✳✷ t❤❛t t❤❡ s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❤❛s ❛ s♦❧✉t✐♦♥ (u, b, P ) ✐♥ H1(Ω) × H1(Ω) × L2(Ω)/R✳ ❲❡

♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❚❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ (curlu) × u − (curl b) × b ∈ L 3
2 (Ω) ❛♥❞

curl(u× b) ∈ L 3
2 (Ω)✳ ❙♦✱ ✇❡ s❡♣❛r❛t❡ t❤❡ ♣r♦♦❢ ✐♥ t✇♦ ❝❛s❡s✿ p ∈ [2, 3] ❛♥❞ p > 3✳

✭✐✮ ❈❛s❡ r 6 3
2 ✳ ❚❤❡♥✱ p ≤ 3 ❛♥❞ ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✱ ✇❡ s❡t

φ ∈ Lr(Ω) ❛♥❞ ψ ∈ Lp(Ω) s✉❝❤ t❤❛t f = φ +∇ψ✳ ❚❤❡♥✱ ✇❡ r❡✇r✐t❡ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ t❤❡ ▼❍❉

s②st❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✻✮ ❛s✿ ∆u+∇π = F in Ω ✇✐t❤ π = P−ψ ❛♥❞ F = (curlu)×u−(curl b)×b+φ✳
❚❤❡r❡❢♦r❡✱ s✐♥❝❡ (curlu) × u − (curl b) × b ∈ L

3
2 (Ω) →֒ Lr(Ω)✱ ✇❡ ❤❛✈❡ F ∈ Lr(Ω) ❛♥❞ t❤❡♥✱

❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t (u, π) ∈ W 2,r(Ω) × W 1,r(Ω)/R✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ t❤❡

❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s W 2,r(Ω) →֒ W 1,p(Ω) ❛♥❞ W 1,r(Ω) →֒ Lp(Ω)✱ s♦ (u, π) ∈ W 1,p(Ω) × Lp(Ω)/R✱

❛♥❞ s✐♥❝❡ ψ ∈ Lp(Ω)✱ t❤❡♥ π ∈ Lp(Ω) ✐♠♣❧✐❡s t❤❛t P ∈ Lp(Ω)✳

◆❡①t✱ s✐♥❝❡ g ∈ Lr(Ω) ❛♥❞ curl(u × b) ∈ L 3
2 (Ω) →֒ Lr(Ω)✱ ✐t ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t② ♦❢

t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ (ET ) t❤❛t b ∈W 2,r(Ω) →֒W 1,p(Ω)✳



❘❡❣✉❧❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s ✾✺

✭✐✐✮❈❛s❡ r ≥ 3
2 ❛♥❞ p ≤ 3✳ ❲❡ ❤❛✈❡ [Hr′,p′

0 (div,Ω)]′ →֒ [H
( 3
2 )

′,p′

0 (div,Ω)]′ ❛♥❞ Lr →֒ L
3
2 (Ω)✱ s♦

(u, b, P ) ∈W 1,p(Ω)×W 1,p(Ω)× Lp(Ω)/R✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s✿

W 1,p(Ω) →֒ Ls(Ω)

✇✐t❤ s = 3p
3+p ✐❢ 2 6 p < 3 ❛♥❞ s ∈ [1,∞) ✐❢ p = 3✳ ❆♣♣❧②✐♥❣ ✐t✱ ✇❡ ♦❜t❛✐♥ t❤❛t (curlu) × u ❛♥❞

(curl b) × b ❜❡❧♦♥❣ t♦ L
3p

6−p (Ω)✳ ❚❤❡♥✱ F ∈ L
3p

6−p (Ω) →֒ Lr(Ω) ❛♥❞✱ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡

♦❜t❛✐♥ t❤❛t (u, π) ∈ W 2,r(Ω) × W 1,r(Ω)/R ❛♥❞ ✇✐t❤ t❤❡ s❛♠❡ ✇❛② t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡

♦❜t❛✐♥ (u, b, P ) ∈W 1,p(Ω)×W 1,p(Ω)× Lp(Ω)/R✳

✭✐✐✐✮❈❛s❡ p > 3✿ ◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s 1
r 6 1

p + 1
3 ❛♥❞ r 6 p ✐♠♣❧② 3p

3+p 6 r 6 p✳ ❲❡ ❞✐✈✐❞❡

t❤✐s ❝❛s❡ ✐♥ t✇♦ st❡♣s✿ r ∈ [ 3p
3+p , 3) ❛♥❞ r ∈ [3, p]✳

• r ∈ [ 3p
3+p , 3)✿ ❙✐♥❝❡ t❤❡ ❝❛s❡ p = 3 ❛♥❞ r ∈ [ 3p

3+p , 3) ❝♦♠❡s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡

(u, b) ∈W 1,3(Ω)×W 1,3(Ω)✳ ❲❡ ❤❛✈❡ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✿

W 1,3(Ω) →֒ Ls(Ω), ∀s ∈ [1,∞)

t❤❡♥ ✇❡ ❤❛✈❡ (curlu) × u ∈ L3−ǫ(Ω) →֒ Lr(Ω) ✇✐t❤ ǫ > 0✱ ❛♥❞ s❛♠❡ t❤✐♥❣ ❢♦r (curl b) × b✳ ❙♦ ✇❡

♦❜t❛✐♥ F ∈ Lr(Ω)✱ ❛♥❞ t❤❡♥ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s r❡❛s♦♥✐♥❣ ♦♥ t❤❡ ♣r❡ss✉r❡ ✇❡ ♦❜t❛✐♥

(u, P ) ∈ W 2,r(Ω) ×W 1,r(Ω)/R →֒ W 1,p(Ω) × Lp(Ω)/R✳ ❇② t❤❡ s❛♠❡ ✇❛② ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❝❛s❡✱ ✇❡

❤❛✈❡ b ∈W 1,p(Ω)✳

•❈❛s❡ r ∈ [3, p]✿ ❋♦r 0 < δ < 3
2 ✱ ✇❡ ❤❛✈❡ [Hr′,p′

0 (div,Ω)]′ →֒ [H3−δ,p′
0 (div,Ω)]′✳ ❚❤❡♥✱ ❛♣♣❧②✐♥❣

t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ (u, b) ∈W 1,p(Ω)×W 1,p(Ω)✳ ❆♣♣❧②✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✿

W 1,p(Ω) →֒ L∞(Ω)

✇❡ ❤❛✈❡ t❤❛t (curlu) × u ❛♥❞ (curl b) × b ❜❡❧♦♥❣ t♦ Lp(Ω) →֒ Lr(Ω)✱ s♦ F ∈ Lr(Ω)✳ ❚❤❡♥✱ ❢r♦♠

❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ♦❜t❛✐♥ (u, P ) ∈W 2,r(Ω)×W 1,r(Ω)/R →֒W 1,p(Ω)× Lp(Ω)/R✳ ❇② t❤❡ s❛♠❡ ✇❛②✱

✇❡ ❤❛✈❡ b ∈W 1,p(Ω)✳

❘❡♠❛r❦ ✷✳✹✳✶✳ ❲❡ ❝❛♥ ❛❧s♦ ❡①t❡♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ W 1,p(Ω) ✇✐t❤ p < 2 ❜② ✉s✐♥❣ ❛

❞✉❛❧✐t② ❛r❣✉♠❡♥t ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ❈❤❛♣t❡r ✶✳



❈❤❛♣t❡r ✷✳ ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✾✻



❈❤❛♣t❡r ✸

❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r

▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ✐♥ R3 ✇✐t❤ ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r② Γ✳ ❲❡ ❛ss✉♠❡ t❤❛t

Ω ✐s ❝♦♥✈❡① ♦r ❤❛s ❛ ❜♦✉♥❞❛r② ♦❢ ❝❧❛ss C1,1✳ ❲❡ ✉s❡ t❤❡s❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥ t❤r♦✉❣❤♦✉t t❤✐s

❈❤❛♣t❡r✳ ❆❞❞✐t✐♦♥❛❧ s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❜♦✉♥❞❛r② ✇✐❧❧ ❜❡ ♣r❡❝✐s❡❞ ✇❤❡♥❡✈❡r ♥❡❡❞❡❞✳ ❲❡ ❞❡♥♦t❡ ❜②

n t❤❡ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛❧ t♦ Γ ❛♥❞ ❡①t❡r✐♦r t♦ Ω✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝

s②st❡♠ ✭▼❍❉✮✿ ✜♥❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b s❛t✐s❢②✐♥❣✿

−ν∆u+ (curlu)× u+∇p− κ(curl b)× b = f ✐♥Ω

κµ curl curl b− κ curl(u× b) = g ✐♥Ω

divu = 0, ✐♥Ω,

div b = 0, ✐♥Ω.

❍❡r❡✱ ν−1 ✐s t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ µ−1 ✐s t❤❡ ♠❛❣♥❡t✐❝ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛♥❞ κ ✐s t❤❡

❝♦✉♣❧✐♥❣ ♥✉♠❜❡r✳ ❚❤❡ ❢✉♥❝t✐♦♥s f ∈ L2(Ω) ❛♥❞ g ∈ L2(Ω) ❛r❡ ❣✐✈❡♥ s♦✉r❝❡ t❡r♠s✳ ❲❡ ❝♦♠♣❧❡t❡ t❤❡

s②st❡♠ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u ❛♥❞ t❤❡

♠❛❣♥❡t✐❝ ✜❡❧❞ b✿

u · n = 0 and curlu× n = ✵ on Γ,

b · n = 0 and curl b× n = ✵ on Γ.

❚❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥s p ✇✐❧❧ ❜❡ r❡q✉✐r❡❞ t♦ ❤❛✈❡ ③❡r♦ ♠❡❛♥ ♦✈❡r Ω✿
∫

Ω

p dx = 0, ✭✸✳✶✳✶✮

❛♥❞ ✇❡ r❡q✉✐r❡ t❤❡ ❞❛t❛ g t♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭s❡❡ ✐♥ ✭✷✳✸✳✶✮ ❈❤❛♣t❡r ✷✮

divg = 0 inΩ and g · n = 0 onΓ. ✭✸✳✶✳✷✮

✾✼



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✾✽

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❢♦r t❤✐s ♠♦❞❡❧ ✐s t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t ❢♦r t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞✳ ❚❤❡ ❛♣♣r♦❛❝❤ t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ❤❡r❡ ❝♦♥s✐sts ✐♥ ✐♥tr♦❞✉❝✐♥❣ ❛ r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠ ❛s ✐♥ ❬✼✼❪✳

■♥ ♦r❞❡r t♦ ✐♠♣♦s❡ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t✱ ❛♥ ♦t❤❡r ❛♣♣r♦❛❝❤ ❝♦♥s✐st ✐♥ ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇

✉♥❦♥♦✇♥ ❛s ❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r r ✭s❡❡ ❬✻✶✱ ✽✶❪✮ ❛♥❞ s♦❧✈✐♥❣ ❛ s②st❡♠ ♦❢ t❤❡ ❢♦r♠✿ ✜♥❞ t❤❡ ✈❡❧♦❝✐t②

✜❡❧❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b✱ ❛♥❞ t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥ r s❛t✐s❢②✐♥❣✿

−ν∆u+ (curlu)× u+∇p− κ(curl b)× b = f ✐♥Ω ✭✸✳✶✳✸✮

κµ curl curl b− κ curl(u× b) +∇r = g ✐♥Ω ✭✸✳✶✳✹✮

divu = 0, ✐♥Ω, ✭✸✳✶✳✺✮

div b = 0, ✐♥Ω. ✭✸✳✶✳✻✮

✇✐t❤

∫

Ω

r dx = 0✳ ❘❡♠❛r❦ t❤❛t ✐♥ t❤❡♦r② t❤❡ s❝❛❧❛r r s❤♦✉❧❞ ❜❡ ♥✉❧❧✳ ■♥❞❡❡❞✱ ❜② t❛❦✐♥❣ ❢♦r♠❛❧❧②

t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ✭✸✳✶✳✹✮✱ ✇❡ ♦❜t❛✐♥ ∆r = div g ✐♥ Ω✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ div g = 0✱ ✇❡ ❤❛✈❡ r = 0✳

❚❤✉s✱ ✐♥ t❤✐s ❝❛s❡ ✭♦r ❢♦r g = ✵✮✱ t❤❡ ▼❍❉ s②st❡♠ ✭✸✳✶✳✸✮✲✭✸✳✶✳✻✮ ✐s t❤❡ s❛♠❡ ❛s ✭✸✳✹✳✶✮✲✭✸✳✹✳✸✮ ❛♥❞

t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❣✉❧❛r✐t② ♦❢ u ❛♥❞ b ♦♥ ♥♦♥✲❝♦♥✈❡① ❛♥❞ ♥♦♥✲s♠♦♦t❤

❞♦♠❛✐♥s ✐s ❧♦✇❡r t❤❛♥ H1(Ω)✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ♦♥ ❛ ❣❡♥❡r❛❧ ♥♦♥✲❝♦♥✈❡① ▲✐♣s❝❤✐t③ ♣♦❧②❤❡❞r♦♥✱

t❤❡ s♣❛❝❡ H(div,Ω) ∩H(curl,Ω) ✐s ❡♠❜❡❞❞❡❞ ✐♥ Hs(Ω) ❢♦r 1
2 < s < 1 ♦♥❧②✳

❆ ❢✉❧❧ ❉● ♠❡t❤♦❞ ✐s ♣r♦♣♦s❡❞ ✐♥ ❬✻✶❪ ❢♦r ❛ ❧✐♥❡❛r✐③❡❞ ✈❛r✐❛♥t ♦❢ t❤❡ s②st❡♠ ✭✸✳✹✳✶✮✲✭✸✳✹✳✸✮ ✇❤❡r❡ ❉✐r✐❝❤✲

❧❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ t♦❣❡t❤❡r ✇✐t❤ ③❡r♦ t❛♥❣❡♥t✐❛❧ tr❛❝❡ ❢♦r t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞ ❛r❡ ✐♠♣♦s❡❞✳ ■♥ t❤❡ r❡❝❡♥t ✇♦r❦ ❬✽✶❪✱ ❛ ❉● ♠❡t❤♦❞ ✐s ♣r♦♣♦s❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ❢♦r t❤❡ ♥♦♥❧✐♥✲

❡❛r ▼❍❉ ♣r♦❜❧❡♠ ✇❤❡r❡ ✇✐t❤ t✇♦ t②♣❡s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❜✉t st✐❧❧ ✇✐t❤

❉✐r✐❝❤❧❡t t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r ❛ ♥❡✇ ✈❛r✐❛t✐♦♥❛❧

s❡tt✐♥❣ ❢♦r t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ▼❍❉ ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦s❡❞

❜♦t❤ ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡r❡ ✐s ♥♦ ✇♦r❦ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡

❞♦♥❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❉● ♠❡t❤♦❞ ❢♦r t❤❡ ▼❍❉ ♣r♦❜❧❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡

✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳

✸✳✷ ❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r✐③❡❞ ▼❍❉

s②st❡♠

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠✿ ❋♦r ❣✐✈❡♥ ❢✉♥❝t✐♦♥s w s✉❝❤ t❤❛t curlw ∈ L∞(Ω) ❛♥❞ d ∈
L∞(Ω)✱ ✜♥❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u✱ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b s❛t✐s❢②✐♥❣✿

−ν∆u+ curlw × u+∇p− κ(curl b)× d = f ✐♥Ω ✭✸✳✷✳✶✮

κµ curl curl b− κ curl(u× d) = g ✐♥Ω ✭✸✳✷✳✷✮

divu = 0, ✐♥Ω, ✭✸✳✷✳✸✮

div b = 0, ✐♥Ω, ✭✸✳✷✳✹✮

✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

u · n = 0 and curlu× n = ✵ on Γ, ✭✸✳✷✳✺✮

b · n = 0 and curl b× n = ✵ on Γ. ✭✸✳✷✳✻✮



❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✾✾

❛♥❞ t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥ p r❡q✉✐r❡❞ t♦ ❤❛✈❡ ③❡r♦ ♠❡❛♥ ♦✈❡r Ω✿
∫

Ω

p dx = 0, ✭✸✳✷✳✼✮

✸✳✷✳✶ ❚❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ❛♥❞ ✐ts ✇❡❧❧✲♣♦s❡❞♥❡ss

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✸✳✷✳✶✮✲

✭✸✳✷✳✼✮ t❤❛t ✐♥❝♦r♣♦r❛t❡s t❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ♦♥ b✳ ◆❡①t✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡✲

♥❡ss ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥✳ ❚♦ ✇r✐t❡ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ ✐♥ ❛ ✇❡❛❦ ❢♦r♠✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞

❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤❡ st✉❞②✳ ❲❡ ❞❡♥♦t❡ ❜② H1
T (Ω) t❤❡ s♣❛❝❡

H1
T (Ω) = {v ∈H1(Ω); v · n = 0 onΓ} ✭✸✳✷✳✽✮

❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♠❛❞❡ ♦♥ Ω✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❢♦r ❢✉♥❝t✐♦♥s v ∈ H1
T (Ω) ✭s❡❡

❱✳ ●✐r❛✉❧t ❛♥❞ P✳❆✳ ❘❛✈✐❛rt ❬✹✻✱ ❚❤❡♦r❡♠ ✸✳✾❪✮

‖v‖H1(Ω) ≤ C
(
‖curl v‖L2(Ω) + ‖divv‖L2(Ω)

)
✭✸✳✷✳✾✮

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ H1(Ω) →֒ Lp(Ω) ❢♦r ❛❧❧ r❡❛❧ ♥✉♠❜❡rs 1 ≤ p ≤ 6✳ ❙♦✱ ✇❡

❤❛✈❡ ❢r♦♠ ✭✸✳✷✳✾✮

∀v ∈H1
T (Ω), ‖v‖Lp(Ω) ≤ C

(
‖curlv‖L2(Ω) + ‖divv‖L2(Ω)

)
. ✭✸✳✷✳✶✵✮

❲❡ ❡♠♣❧♦② t❤❡ ♣r♦❞✉❝t s♣❛❝❡ W (Ω) =H1
T (Ω)×H1

T (Ω) ✇✐t❤ t❤❡ ✉s✉❛❧ ❣r❛♣❤ ♥♦r♠

‖(v, c)‖W (Ω) = (‖v‖2H1(Ω) + ‖c‖2H1(Ω))
1/2 for all v ∈H1

T (Ω), c ∈H1
T (Ω).

❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡t ‖L‖L2(Ω) =
(
‖f‖2L2(Ω) + ‖g‖L2(Ω)

)1/2
✳

❇❛s❡❞ ♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ✈❡❝t♦r ✐❞❡♥t✐t②

−∆b = curl curl b−∇(div b),

❛♥❞ s✐♥❝❡ div b = 0 ✐♥ Ω✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ❝✉r❧✲❝✉r❧ ♦♣❡r❛t♦r ✐♥ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥ ❜② t❤❡ ✈❡❝t♦r

▲❛♣❧❛❝✐❛♥✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ ❛✐♠s t♦ ✜♥❞

((u, b), p) ∈W (Ω)× L2
0(Ω) s✉❝❤ t❤❛t

A((w,d), (u, b), (v, c)) + B((v, c), p) = L((v, c)), ∀(v, c) ∈W (Ω), ✭✸✳✷✳✶✶✮

B((u, b), q) = 0, ∀q ∈ L2
0(Ω), ✭✸✳✷✳✶✷✮

✇❤❡r❡ t❤❡ ❢♦r♠s A✱ B ❛♥❞ L ❛r❡ ❞❡✜♥❡❞ ❛s

A((w,d), (u, b), (v, c)) = A(u,v) +M(b, c) +O(w,u,v) + C(d,v, b)− C(d,u, c), ✭✸✳✷✳✶✸✮

✇✐t❤

A(u,v) = ν
(∫

Ω

curlu · curlv dx+

∫

Ω

(divu) (div v) dx
)
, ✭✸✳✷✳✶✹✮

M(b, c) = κµ
(∫

Ω

curl b · curl c dx+

∫

Ω

(div b) (div c) dx
)
, ✭✸✳✷✳✶✺✮

O(w,u,v) =

∫

Ω

(curlw × v) · u dx, ✭✸✳✷✳✶✻✮

C(d,v, b) = κ

∫

Ω

(curl b× d) · v dx, ✭✸✳✷✳✶✼✮



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✵✵

B((v, c), p) = B(v, q) =

∫

Ω

(div v)q dx. ✭✸✳✷✳✶✽✮

❛♥❞

L(v, c) =
∫

Ω

f · v dx+

∫

Ω

g · c dx. ✭✸✳✷✳✶✾✮

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♣r♦❜❧❡♠ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮

✐s ✐♥ ❢❛❝t ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮✱ ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ❚❤❡ ♣r♦♦❢ ✐s st❛♥❞❛r❞

❛♥❞ s✐♠✐❧❛r t♦ ❬✺✷✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ❲❡ s✉♣♣♦s❡ t❤❛t f ∈ L2(Ω)✱ g ∈ L2(Ω) s❛t✐s❢② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✶✳✷✮✳

❚❤❡ ♣r♦❜❧❡♠✿ ❋✐♥❞ ((u, b), p) ∈W (Ω)×L2
0(Ω) s❛t✐s❢②✐♥❣ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧

❢♦r♠✉❧❛t✐♦♥ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮✳

❲❡ ♥❡❡❞ t♦ ✈❡r✐❢② s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢♦r♠s ❞❡✜♥❡❞ ❛❜♦✈❡ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ♣r♦✈❡ t❤❡

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✱ ✇❡

♣r♦✈❡ t❤❡ ❝♦❡r❝✐✈✐t② ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ A✳

▲❡♠♠❛ ✸✳✷✳✷✳ ❋♦r ❛♥② (u,v) ∈W (Ω)✱ (b, c) ∈W (Ω)✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C > 0 s✉❝❤ t❤❛t

A((w,d), (u, b), (u, b)) ≥ C ‖(u, b)‖2W (Ω) ✭✸✳✷✳✷✵✮

A((w,d), (u, b), (v, c)) ≤ C ‖(u, b)‖W (Ω) ‖(v, c)‖W (Ω) ✭✸✳✷✳✷✶✮

Pr♦♦❢✳ ❋♦r ❡❛❝❤ (u, b) ∈W (Ω)✱ (v, c) ∈W (Ω)✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ tr✐❧✐♥❡❛r ❢♦r♠A0((w,d), (u, b), (v, c))

❞❡✜♥❡❞ ❜②

A0((w,d), (u, b), (v, c)) = O(w,u,v) + C(d,v, b)− C(d,u, c), ✭✸✳✷✳✷✷✮

✐s ❛♥t✐s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❧❛st t✇♦ ❛r❣✉♠❡♥ts ❛♥❞ s❛t✐s✜❡s

A0((w,d), (u, b), (u, b)) = 0. ✭✸✳✷✳✷✸✮

■♥ ✈✐❡✇ ♦❢ ✭✸✳✷✳✾✮✱✇❡ ❤❛✈❡

A((w,d), (u, b), (u, b))

= ν
(
‖curl u‖2L2(Ω) + ‖divu‖2L2(Ω)

)
+ µκ

(
‖curl b‖2L2(Ω) + ‖div b‖2L2(Ω)

)

≥ Cν ‖u‖2H1(Ω) + Cµκ ‖b‖2H1(Ω)

≥ Cmin (ν, µκ) ‖(u, b)‖2W (Ω) ,

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✷✵✮✳ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② r❡s✉❧t ✐♥ ✭✸✳✷✳✷✶✮✱ ✇❡ ♦❜t❛✐♥ ❜② ✉s✐♥❣

t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②

A(u,v) +M(b, c) ≤ν
(
‖curlu‖L2(Ω) ‖curlv‖L2(Ω) + ‖divu‖L2(Ω) ‖div v‖L2(Ω)

)

+µκ
(
‖curl b‖L2(Ω) ‖curl c‖L2(Ω) + ‖div b‖L2(Ω) ‖div c‖L2(Ω)

)

≤Cmax(ν, µκ)
(
‖u‖H1(Ω) ‖v‖H1(Ω) + ‖b‖H1(Ω) ‖c‖H1(Ω)

)

≤Cmax(ν, µκ)
(
‖u‖2H1(Ω) + ‖b‖2H1(Ω)

)1/2( ‖v‖2H1(Ω) + ‖c‖2H1(Ω)

)1/2
.

✭✸✳✷✳✷✹✮



❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✵✶

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ u, b ∈H1(Ω) ❛♥❞ v, c ∈H1(Ω)

O(w,u,v) ≤‖curlw‖L∞(Ω) ‖u‖L2(Ω) ‖v‖L2(Ω)

≤‖curlw‖L∞(Ω) ‖(u, b)‖W (Ω) ‖(v, c)‖W (Ω) ,
✭✸✳✷✳✷✺✮

C(d,v, b) ≤‖curl b‖L2(Ω) ‖d‖L∞(Ω) ‖v‖L2(Ω)

≤‖d‖L∞(Ω) ‖(u, b)‖W (Ω) ‖(v, c)‖W (Ω) .
✭✸✳✷✳✷✻✮

❛♥❞ s✐♠✐❧❛r❧②

C(d,u, c) ≤‖d‖L∞(Ω) ‖(u, b)‖W (Ω) ‖(v, c)‖W (Ω) . ✭✸✳✷✳✷✼✮

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✷✳✷✺✮✱ ✭✸✳✷✳✷✻✮ ❛♥❞ ✭✸✳✷✳✷✼✮ t❤❛t

A0((w,d), (u, b), (v, c)) ≤
(
‖curlw‖L∞(Ω) + ‖d‖L∞(Ω)

)
‖(u, b)‖W (Ω) ‖(v, c)‖W (Ω) . ✭✸✳✷✳✷✽✮

❯s✐♥❣ ✭✸✳✷✳✷✹✮ ❛♥❞ ✭✸✳✷✳✷✽✮✱ ✇❡ ♦❜t❛✐♥

A((w,d), (u, b), (v, c)) ≤
(
max (ν, µκ) + ‖curlw‖L∞(Ω) + ‖d‖L∞(Ω)

)
‖(u, b)‖W (Ω) ‖(v, c)‖W (Ω) ,

✇❤✐❝❤ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

▼♦r❡♦✈❡r✱ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ B ✐s ❝♦♥t✐♥✉♦✉s ✐♥ H1
T (Ω)× L2

0(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢✲s✉♣

❝♦♥❞✐t✐♦♥✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β > 0 s✉❝❤ t❤❛t

sup
v∈H1

T (Ω)

B(v, q)

‖v‖H1
T (Ω)

> β ‖q‖L2(Ω) , ✭✸✳✷✳✷✾✮

✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐ts ❛♥❛❧♦❣✉❡ ✇✐t❤ H1
T (Ω) r❡♣❧❛❝❡❞ ❜② H1

0(Ω) ✭s❡❡ ❬✷✷❪✮✳

❖❜s❡r✈❡ t❤❛t

sup
(v,c)∈W (Ω)

B((v, c), q)
‖(v, c)‖W (Ω)

≥ sup
(v,c)∈H1

T (Ω)×{0}

B((v, c), q)
‖(v, c)‖W (Ω)

.

❍❡♥❝❡✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B(·, ·) ❛♥❞ ✭✸✳✷✳✷✾✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢✲s✉♣✿

sup
(v,c)∈W (Ω)

B((v, c), q)
‖(v, c)‖W (Ω)

≥ β ‖q‖L2(Ω) . ✭✸✳✷✳✸✵✮

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❧✐♥❡❛r ❢♦r♠s L ❢♦❧❧♦✇s ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✳ ❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ st❛t❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✷✳✸✳ ▲❡t f ∈ L2(Ω) ❛♥❞ g ∈ L2(Ω) s❛t✐s❢②✐♥❣ ✭✸✳✶✳✷✮✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥

✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ((u, b), p) ∈ W (Ω) × L2
0(Ω) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t

C > 0 s✉❝❤ t❤❛t

‖(u, b)‖W (Ω) ≤ C ‖L‖L2(Ω) . ✭✸✳✷✳✸✶✮

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✭✸✳✷✳✸✵✮ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✷✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❇❛❜✉s❦❛✲

❇r❡③③✐ t❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮ ✐s ✇❡❧❧✲

♣♦s❡❞✳ ❚❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✸✶✮ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❝❤♦♦s✐♥❣ (v, c) = (u, b) ❛♥❞ q = p ✐♥ ✭✸✳✷✳✶✶✮✲✭✸✳✷✳✶✷✮

❛♥❞ ✉s✐♥❣ t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ✭✸✳✷✳✷✵✮✳



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✵✷

✸✳✷✳✷ ▼✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠✐①❡❞ ❉● ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮✳ ❲❡ ♣r♦✈✐❞❡ t❤❡ s♦❧✈❛❜✐❧✐t②

❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡ ❞✐s❝r❡t❡ s❝❤❡♠❡✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❚❤❡ ❞♦♠❛✐♥ Ω ✐s

❞✐s❝r❡t✐③❡❞ ❜② ❛ ❞✐s❝r❡t❡ ❢❛♠✐❧② ♦❢ ❝♦♥❢♦r♠✐♥❣ ♠❡s❤❡s Th ♠❛❞❡ ♦❢ t❡tr❛❤❡❞r❛✳ ❚❤❡ ✐♥❞❡① h ✐s ✐♥❞✐❝❛t✐✈❡

♦❢ t❤❡ ♠❡s❤ s✐③❡ h ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s h = max
T∈Th

hT ✱ ✇❤❡r❡ hT ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ T ✳ ❚❤❡ ❢❛♠✐❧② ✐s

s✉♣♣♦s❡❞ t♦ ❜❡ r❡❣✉❧❛r ✐♥ ❈✐❛r❧❡t✬s s❡♥s❡ ❬✷✾❪✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ς > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h s✉❝❤ t❤❛t t❤❡

r❛t✐♦
hT
ρT

≤ ς, ∀T ∈ Th, ✭✸✳✷✳✸✷✮

✇❤❡r❡ ρT ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ✐♥s❝r✐❜❡❞ ❝✐r❝❧❡ ✐♥ T ✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✸✳✷✳✸✷✮ t❤r♦✉❣❤♦✉t

t❤✐s ✇♦r❦✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② FI
h t❤❡ s❡t ♦❢ ✐♥t❡r♥❛❧ ❢❛❝❡s ❛♥❞ ❜② FΓ

h t❤❡ s❡t ♦❢ ❡①t❡r♥❛❧ ❢❛❝❡s ♦♥ Γ✳ ❲❡

s❡t Fh = FI
h ∪ FΓ

h ✳ ❲❡ ❞❡♥♦t❡ ❜② he t❤❡ ❞✐❛♠❡t❡r ♦❢ ❡❛❝❤ ❢❛❝❡ e✳ ▲❡t T+ ❛♥❞ T− ❜❡ t✇♦ ❛❞❥❛❝❡♥t

❡❧❡♠❡♥ts ♦❢ Th ❛♥❞ ❧❡t n+ ✭r❡s♣❡❝t✐✈❡❧② n−✮ ❜❡ t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ ∂T+ ✭r❡s♣❡❝t✐✈❡❧②

∂T−✮✳ ❋♦r ❛ ✈❡❝t♦r ✜❡❧❞ u✱ ✇❡ ❞❡♥♦t❡ ❜② u± t❤❡ tr❛❝❡ ♦❢ u ❢r♦♠ t❤❡ ✐♥t❡r✐♦r ♦❢ T±✳ ❲❡ ❞❡✜♥❡ ❥✉♠♣s

[[v]]T := n+×v++n−×v−, [[v]]N := v+ ·n++v− ·n−, [[q]] := q+n++ q−n−, [[v]] = v+−v−,

❛♥❞ ❛✈❡r❛❣❡s

{{v}} :=
1

2
(v+ + v−), {{q}} :=

1

2
(q+ + q−),

❛♥❞ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❢♦r ❜♦✉♥❞❛r② ❢❛❝❡s e ∈ FΓ
h ✱ ✇❡ s❡t [[v]]T = v×n✱ [[v]]N = v ·n✱ [[q]] = qn✱

{{v}} = v ❛♥❞ {{q}} = q✳ ▲❡t Pk ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ t♦t❛❧ ❞❡❣r❡❡ ❛t ♠♦st k ♦♥ T ✇✐t❤

k = 1, 2 ♦r 3✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✐s ❞❡♥♦t❡❞ ❜② Pk✳ ◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s ✇❤✐❝❤ r❡s♣❡❝t✐✈❡❧② ❛♣♣r♦①✐♠❛t❡ u✱ b ❛♥❞ p✿

Xh :=
{
vh ∈ L2(Ω); vh|T ∈ Pk(T ) , ∀T ∈ Th

}

Ch :=
{
ch ∈ L2(Ω); ch|T ∈ Pk(T ) , ∀T ∈ Th

}

Qh :=
{
qh ∈ L2

0(Ω); qh|T ∈ Pk−1(T ) , ∀T ∈ Th
}

❲❡ ❞❡♥♦t❡ ❜② W h t❤❡ ♣r♦❞✉❝t s♣❛❝❡ Xh ×Ch✳ ❚❤❡ ♥♦r♠ ‖·‖L2(Th)
✐s ❞❡✜♥❡❞ ❜②

‖·‖L2(Th)
=
∑

T∈Th

‖·‖0,T , for any T ∈ Th,

✇✐t❤ ‖·‖0,T = ‖·‖L2(T )✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ‖·‖0,e = ‖·‖L2(e) ❢♦r ❛♥② e ∈ Fh✳

❚❤❡ ♠✐①❡❞ ❉● s❝❤❡♠❡ r❡❛❞s✿ ❋✐♥❞ ((uh, bh), ph) ∈W h ×Qh s✉❝❤ t❤❛t

Ah((w,d), (uh, bh), (vh, ch)) + Bh((vh, ch), ph) = L((vh, ch)), ✭✸✳✷✳✸✸✮

Bh((uh, bh), qh) = 0, ✭✸✳✷✳✸✹✮

❢♦r ❛❧❧ (vh, ch) ∈W h ❛♥❞ qh ∈ Qh✱ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠s Ah ❛♥❞ Bh ❛r❡ ❞❡✜♥❡❞ ❜②

Ah((w,d), (uh, bh), (vh, ch)) = Ah(uh,vh) +Mh(bh, ch) +Oh(w,uh,vh)

+ Ch(d,vh, bh)− Ch(d,uh, ch), ✭✸✳✷✳✸✺✮

Bh((uh, bh), qh) = Bh(uh, qh), ✭✸✳✷✳✸✻✮



❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✵✸

✇✐t❤

Ah(uh,vh) := ν
∑

T∈Th

∫

T

curluh · curl vh dx+ ν
∑

T∈Th

∫

T

(div uh)(div vh) dx

− ν
∑

e∈FI
h

(∫

e

{{curl uh}} · [[vh]]T ds+
∫

e

{{curlvh}} · [[uh]]T ds
)

− ν
∑

e∈Fh

(∫

e

{{div uh}}[[vh]]N ds+
∫

e

{{div vh}}[[uh]]N ds
)

+ ν
∑

e∈FI
h

σ1
he

∫

e

[[uh]]T · [[vh]]T ds+ ν
∑

e∈Fh

σ2
he

∫

e

[[uh]]N [[vh]]N ds

✇✐t❤ σ1, σ2 > 0 t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t❤❛t ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❡ ❝♦❡r❝✐✈✐t②

♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ Ah ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✺ ❜❡❧♦✇✮✳ ❚❤❡ t✇♦ ❧❛st t❡r♠s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ah ✐♥✈♦❧✈✐♥❣

t❤❡ t❛♥❣❡♥t✐❛❧ ❛♥❞ ♥♦r♠❛❧ ❥✉♠♣s ♦❢ t❤❡ ❞✐s❝r❡t❡ ✈❡❝t♦r ✜❡❧❞s ❛❝r♦ss t❤❡ ❡❞❣❡s ❛r❡ ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡

t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ Ah ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✺ ❜❡❧♦✇✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✇✐t❤ ✿

Oh(w,uh, vh) :=
∑

T∈Th

∫

T

(curlw × uh) · vh dx ✭✸✳✷✳✸✼✮

❖❜s❡r✈❡ t❤❛t ❞✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ curlw✱ t❤❡ ❢♦r♠ Oh ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Oh(w,uh, vh) :=

∫

Ω

(curlw × uh) · vh dx,

✇❤❡r❡ t❤❡ ✐♥t❡❣r❛❧ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r♠ Ch ❛s ✿

Ch(d,vh, bh) := κ
∑

T∈Th

∫

T

(vh × d) · curl bh dx− κ
∑

e∈FI
h

∫

e

{{vh × d}} · [[bh]]T ds. ✭✸✳✷✳✸✽✮

❚❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✈❡❧♦❝✐t② ✐s r❡♣r❡s❡♥t❡❞ ❜② Bh ✿

Bh(vh, ph) := −
∑

T∈Th

∫

T

(div vh)ph dx+
∑

e∈Fh

∫

e

{{ph}}[[vh]]N ds. ✭✸✳✷✳✸✾✮

❋♦r t❤❡ ❝✉r❧✲❝✉r❧ t❡r♠ ✐♥ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ ✇❡ ❛♣♣❧② ❛♥ ❛✉❣♠❡♥✲

t❛t✐♦♥ t❡❝❤♥✐q✉❡ ✇❤❡r❡ ✇❡ r❡♣❧❛❝❡ t❤❡ ❝✉r❧✲❝✉r❧ ♦♣❡r❛t♦r ❜② t❤❡ ✈❡❝t♦r ▲❛♣❧❛❝✐❛♥ ✭❝✳❢✳ ❬✺✷✱ ✼✼❪✮✳ ❚❤❡

❢♦r♠ Mh ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②✿

Mh(bh, ch) := κµ
∑

T∈Th

∫

T

curl bh · curl ch dx+ κµ
∑

T∈Th

∫

T

(div bh)(div ch) dx

− κµ
∑

e∈FI
h

(∫

e

{{curl bh}} · [[ch]]T ds+
∫

e

{{curl ch}} · [[bh]]T ds
)

− κµ
∑

e∈Fh

(∫

e

{{div bh}}[[ch]]N ds+ {{div ch}}[[bh]]N ds
)

+
∑

e∈FI
h

κµm1

he

∫

e

[[bh]]T · [[ch]]T ds+
∑

e∈Fh

κµm2

he

∫

e

[[bh]]N [[ch]]N ds

✇✐t❤ m1,m2 > 0 ❛r❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t❤❛t ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❡ ❝♦❡r❝✐✈✐t②

♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ Mh ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✺ ❜❡❧♦✇✮✳



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✵✹

❘❡♠❛r❦ ✸✳✷✳✶✳ ❆♥♦t❤❡r ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ t❤❡ ▼❍❉ ♣r♦❜❧❡♠

✭✸✳✷✳✶✮✲✭✸✳✷✳✹✮✳ ■♥❞❡❡❞✱ t❤❡ ❝✉r❧✲❝✉r❧ ♦♣❡r❛t♦r ❝❛♥ ❜❡ ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ ❛ st❛♥❞❛r❞ ✐♥t❡r✐♦r ♣❡♥❛❧t②

❛♣♣r♦❛❝❤ ✭s❡❡ ❬✻✶✱ ✺✼✱ ✽✶❪✮ ❛♥❞ t❤❡♥ t❤❡ ❢♦r♠ Mh ✐s ❞❡✜♥❡❞ ❛s

Mh(bh, ch) := κµ
∑

T∈Th

∫

T

curl bh · curl ch dx− κµ
∑

e∈FI
h

∫

e

{{curl bh}} · [[ch]]T ds

− κµ
∑

e∈FI
h

∫

e

{{curl ch}} · [[bh]]T ds+
∑

e∈FI
h

κµm0

he

∫

e

[[bh]]T · [[ch]]T ds ✭✸✳✷✳✹✵✮

✇✐t❤ m0 > 0 ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t ❢♦r t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞ ✐s ✐♠♣♦s❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r rh✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❧❛❝❦ ♦❢

t❤❡ r❡❣✉❧❛r✐t② ♦❢ b ✇❤❡♥ Ω ✐s ♥♦t s♠♦♦t❤✳ ❆s ♠❡♥t✐♦♥♥❡❞ ❛❜♦✈❡✱ ✐❢ Ω ✐s ♥♦♥✲❝♦♥✈❡① ♣♦❧②❤❡❞r❛✱ t❤❡

♠❛❣♥❡t✐❝ ✜❡❧❞ b ❜❡❧♦♥❣s t♦ H1/2(Ω) ♦♥❧②✳ ❉✉❡ t♦ ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ Ω✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛s ✇❡❧❧ ❛s

t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❤❛✈❡ t❤❡ r❡❣✉❧❛r✐t② H1(Ω)✳

✸✳✷✳✸ ❈♦♥t✐♥✉✐t② ❛♥❞ ❊❧❧✐♣t✐❝✐t② ♣r♦♣❡rt✐❡s

❚♦ ❞✐s❝✉ss t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠✐✲♥♦r♠s

|uh|21,h :=
∑

T∈Th

‖divuh‖20,T +
∑

T∈Th

‖curluh‖20,T , ∀uh ∈Xh +H
1
T (Ω).

❛♥❞

‖uh‖2v,h := |uh|21,h +
∑

e∈Fh

σ1
he

‖[[uh]]N‖20,e +
∑

e∈FI
h

σ2
he

‖[[uh]]T ‖
2
0,e , ∀uh ∈Xh +H

1
T (Ω).

‖bh‖2m,h := |bh|21,h +
∑

e∈Fh

m1

he
‖[[bh]]N‖20,e +

∑

e∈FI
h

m2

he
‖[[bh]]T ‖

2
0,e , ∀bh ∈ Ch +H

1
T (Ω).

‖qh‖2Qh
:= ‖qh‖2L2(Ω) , ∀qh ∈ Qh.

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

▲❡♠♠❛ ✸✳✷✳✹✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ u 7→ ‖u‖v,h ✭r❡s♣❡❝t✐✈❡❧② u 7→ ‖u‖m,h✮ ✐s ❛ ♥♦r♠ ♦♥ Xh ✭r❡s♣❡❝t✐✈❡❧②

♦♥ Ch✮

Pr♦♦❢✳ ▲❡t u ∈Xh s✉❝❤ t❤❛t ‖u‖v,h = 0 ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t u = ✵ ✐♥ Ω✳ ■t ❢♦❧❧♦✇s t❤❛t divu = 0 ❛♥❞

curlu = 0 ✐♥ T ❢♦r ❛❧❧ T ∈ Th✳ ▼♦r❡♦✈❡r✱ [[u]]N = 0 ❢♦r ❛❧❧ e ∈ Fh✳ ❚❤✉s u ✐s ❝♦♥t✐♥✉♦✉s ❛❝r♦ss ❡✈❡r②

✐♥t❡r♥❛❧ ❢❛❝❡s ♦❢ FI
h ❛♥❞ u · n = 0 ♦♥ ❡✈❡r② ❡①t❡r♥❛❧ ❢❛❝❡s ♦❢ FΓ

h ✳ ❙♦ u ∈ H0(div,Ω)✳ ❋✉rt❤❡r♠♦r❡✱

✇❡ ❤❛✈❡ [[u]]T = ✵ ❢♦r ❛❧❧ e ∈ FI
h ✳ ❚❤✉s u ✐s ❝♦♥t✐♥✉♦✉s ❛❝r♦ss ❡✈❡r② ✐♥t❡r♥❛❧ ❢❛❝❡s ♦❢ FI

h ❛♥❞ t❤❡♥ u

❜❡❧♦♥❣s t♦ H(curl,Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t u ∈ H0(div,Ω) ∩H(curl,Ω)✳ ❆♣♣❧②✐♥❣ t❤❡ P♦✐♥❝❛ré✲t②♣❡

✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✽❪✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t✿

‖u‖L2(Ω) 6 C(‖curlu‖L2(Ω) + ‖divu‖L2(Ω)) = 0 ✭✸✳✷✳✹✶✮

✇❤❛t ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ❢♦r ‖u‖v,h✳ ❚❤❡ ♣r♦♦❢ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❢♦r t❤❡ ♥♦r♠ ‖u‖m,h✳

◆❡①t✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ P♦✐♥❝❛ré✲❋r✐❡❞r✐❝❤s ✐♥❡q✉❛❧✐t② ❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥t

s♣❛❝❡s ✭s❡❡ ❬✶✵✷✱ ▲❡♠♠❛ ✸✳✶❪✮ ✿

∀vh ∈Xh, ‖vh‖L2(Ω) ≤ C ‖vh‖v,h , ✭✸✳✷✳✹✷✮



❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✵✺

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳ ❙✐♥❝❡ Xh = Ch✱ t❤✐s ✐♥❡q✉❛❧✐t② ✐s st✐❧❧ ✈❛❧✐❞ ❢♦r ❛♥②

bh ∈ Ch ❛♥❞ ✇❤❡♥ t❤❡ ♥♦r♠ ‖·‖v,h ✐s r❡♣❧❛❝❡❞ ❜② ‖·‖m,h✳

❲❡ ❤❛✈❡ ❛ ✜rst ❧❡♠♠❛ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ❝♦❡r❝✐✈✐t② ❢♦r t❤❡ ❢♦r♠s Ah ❛♥❞ Mh✳

▲❡♠♠❛ ✸✳✷✳✺✳ ❋♦r σ1 ❛♥❞ σ2 ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t✿

Ah(uh,uh) > Cν ‖uh‖2v,h , uh ∈Xh. ✭✸✳✷✳✹✸✮

❋♦r m1 ❛♥❞ m2 ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t✿

Mh(bh, bh) > Cκµ ‖bh‖2m,h , bh ∈ Ch. ✭✸✳✷✳✹✹✮

❇❡s✐❞❡s✱ ✇❡ ❤❛✈❡ Oh(w,uh,uh) = 0✳

Pr♦♦❢✳ ❚r✐✈✐❛❧❧②✱ ✇❡ ❤❛✈❡✿

Oh(w,uh,uh) =
∑

T∈Th

∫

T

(curlw × uh) · uh dx = 0.

◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❡ ❡❧❧✐♣t✐❝✐t② ♣r♦♣❡rt② ❢♦r Ah✳ ▲❡t uh ∈Xh✱ ✇❡ ❤❛✈❡✿

Ah(uh,uh) = ν
∑

T∈Th

(‖curluh‖20,T + ‖divuh‖20,T )

− 2ν
∑

e∈FI
h

∫

e

{{curluh}} · [[uh]]T ds− 2ν
∑

e∈Fh

∫

e

{{divuh}}[[uh]]N ds ✭✸✳✷✳✹✺✮

+ ν
∑

e∈FI
h

σ1
he

‖[[uh]]T ‖
2
0,e

+ ν
∑

e∈Fh

σ2
he

‖[[uh]]N‖2
0,e

❆♣♣❧②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

2ν
∑

e∈FI
h

∫

e

{{curluh}} · [[uh]]T ds 6 2ν
( ∑

e∈FI
h

he ‖{{curluh}}‖20,e
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[uh]]T ‖

2
0,e

) 1
2

◆♦✇ ❧❡t e ∈ FI
h s✉❝❤ t❤❛t e = ∂T1 ∩ ∂T2 ✇✐t❤ T1, T2 ∈ Th✳ ❖❜✈✐♦✉s❧②✱

√
he‖ {{curl✉h}}‖0,e ≤

√
he
2

2∑

i=1

‖(curl ✉h)/Ti
‖0,e.

❚❤❛♥❦s t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♥♦r♠s ✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s ❛♥❞ t♦ ❛ ❝❧❛ss✐❝❛❧ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t✱

✇❡ ♦❜t❛✐♥

√
he‖ {{curl✉h}}‖0,e ≤ c1

2

(
‖ curl✉h‖0,T1

+ ‖ curl✉h‖0,T2

)
,

✇❤❡r❡ c1 ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❆ ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r ❛r❣✉♠❡♥t ❤♦❧❞s ♦♥ ❛

❜♦✉♥❞❛r② ❢❛❝❡ e ∈ FΓ
h ✳ ❙♦ ❜② s✉♠♠✐♥❣ ✉♣♦♥ ❛❧❧ ❢❛❝❡s ✐t ❢♦❧❧♦✇s t❤❛t

2ν
∑

e∈FI
h

∫

e

{{curluh}} · [[uh]]T ds ≤ 2c1ν
( ∑

T∈Th

‖ curl ✉h‖20,T
)1/2( ∑

e∈FI
h

h−1
e ‖[[uh]]T ‖

2
0,e

) 1
2

≤ 2c1ν|uh|1,h
( ∑

e∈FI
h

h−1
e ‖[[uh]]T ‖

2
0,e

) 1
2

.



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✵✻

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t

2ν
∑

e∈Fh

∫

e

{{divuh}}[[uh]]N ds ≤ 2c2ν|uh|1,h
( ∑

e∈Fh

h−1
e ‖[[uh]]N‖2

0,e

) 1
2

.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡

Ah(✉h,✉h) ≥ ν|✉h|21,h + ν
∑

e∈FI
h

σ1
he

‖[[uh]]T ‖
2
0,e + ν

∑

e∈Fh

σ2
he

‖[[uh]]N‖20,e

− 2c1ν√
σ1

|✉h|1,h
( ∑

e∈FI
h

σ1
he

‖[[uh]]T ‖
2
0,e

) 1
2 − 2c2ν√

σ2
|✉h|1,h

( ∑

e∈Fh

σ2
he

‖[[uh]]N‖2
0,e

) 1
2

,

❆♣♣❧②✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

Ah(✉h,✉h) ≥ ν|✉h|21,h + ν
∑

e∈FI
h

σ1
he

‖[[uh]]T ‖
2
0,e

+ ν
∑

e∈Fh

σ2
he

‖[[uh]]N‖2
0,e

− c ν

σ

(
|✉h|21,h +

∑

e∈FI
h

σ1
he

‖[[uh]]T ‖
2
0,e

+
∑

e∈Fh

σ2
he

‖[[uh]]N‖2
0,e

)
,

✇❤❡r❡ c = c1+c2 ❛♥❞ σ = min(
√
σ1,

√
σ2)✳ ❙♦ Ah(·, ·) ✐s ❝♦❡r❝✐✈❡ ❢♦r σ > c ❛♥❞ t❤❡ ❝♦❡r❝✐✈✐t② ❝♦♥st❛♥t

C ✐♥ ✭✸✳✷✳✹✸✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❜❡❧♦✇ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ σ1 ❛♥❞ σ2✱ ❢♦r σ1 ❛♥❞ σ2 s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

❲✐t❤ t❤❡ s❛♠❡ ♠❛♥♥❡r✱ ✇❡ ♣r♦✈❡ t❤❡ ❡❧❧✐♣t✐❝✐t② ♣r♦♣❡rt② ♦❢ Mh ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ‖bh‖m,h ❛♥❞

❜② s✉♣♣♦s✐♥❣ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs m1 ❛♥❞ m2 ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

❘❡♠❛r❦ ✸✳✷✳✷✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✻✶✱ ✺✼✱ ✽✶❪✱ ❛ s❡♠✐✲❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ❢♦r Mh✱ ❞❡✜♥❡❞

✐♥ ✭✸✳✷✳✹✵✮✱ ✐s ❡st❛❜❧✐s❤❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡♠✐✲♥♦r♠

|bh|2C :=
∑

T∈Th

‖curl bh‖20,T +
∑

e∈FI
h

m0

he
‖[[bh]]T ‖

2
0,e
, ✭✸✳✷✳✹✻✮

❢♦r ❛ ♣❛r❛♠❡t❡r m0 s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

■♥ t❤❡ s❡q✉❡❧✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✈❡rs❡ ❡st✐♠❛t❡ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✭s❡❡ ❬✷✾❪✮

▲❡♠♠❛ ✸✳✷✳✻✳ ❋♦r ❛❧❧ p ∈ Pk(T )✱ ✇❡ ❤❛✈❡

‖p‖0,∂T ≤ Ch
−1/2
T ‖p‖0,T , ✭✸✳✷✳✹✼✮

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ k ❛♥❞ t❤❡ s❤❛♣❡ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ς ♦❢ t❤❡ ♠❡s❤✳

◆♦✇✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉✐t② r❡s✉❧ts ✇✐t❤ r❡s♣❡❝t ♦❢ t❤❡ ♥♦r♠s ‖·‖v,h ❛♥❞ ‖·‖m,h✳ ❚❤❡

♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❬✸✶✱ ✶✻❪✱ ❜✉t ✇❡ ✇r✐t❡ ✐t ❤❡r❡ ❢♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✳

▲❡♠♠❛ ✸✳✷✳✼✳ ▲❡t uh,vh ∈Xh✱ bh, ch ∈ Ch ❛♥❞ ph ∈ Qh✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿

|Ah(uh,vh)| 6 Cν ‖uh‖v,h ‖vh‖v,h ,
|Bh(vh, ph)| 6 C ‖vh‖v,h ‖ph‖0,Ω ,
|Mh(bh, ch)| 6 Cκµ ‖bh‖m,h ‖ch‖m,h ,

✇✐t❤ ❝♦♥st❛♥ts C > 0 t❤❛t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ν✱ µ ❛♥❞ κ✳



❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✵✼

Pr♦♦❢✳ ▲❡t ✉s ✇r✐t❡✿ Ah(uh,vh) := I1 + I2 + I3 + I4✱ ✇✐t❤

I1 := ν
∑

T∈Th

∫

T

curluh · curl vh dx+ ν
∑

T∈Th

∫

T

divuh div vh dx

I2 := −ν
∑

e∈FI
h

(∫

e

{{curl uh}} · [[vh]]T ds+
∫

e

{{curlvh}} · [[uh]]T ds
)

I3 := −ν
∑

e∈Fh

(∫

e

{{div uh}}[[vh]]N ds+
∫

e

{{div vh}}[[uh]]N ds
)

I4 := ν
∑

e∈FI
h

σ1
he

∫

e

[[uh]]T · [[vh]]T ds+ ν
∑

e∈Fh

σ2
he

∫

e

[[uh]]N [[vh]]N ds

❆♣♣❧②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

|I1| 6 ν
( ∑

T∈Th

‖curluh‖20,T
) 1

2
( ∑

T∈Th

‖curlvh‖20,T
) 1

2

+ ν
( ∑

T∈Th

‖divuh‖20,T
) 1

2
( ∑

T∈Th

‖div vh‖20,T
) 1

2

≤ ν
( ∑

T∈Th

‖curluh‖20,T +
∑

T∈Th

‖divuh‖20,T
)1/2( ∑

T∈Th

‖curlvh‖20,T +
∑

T∈Th

‖div vh‖20,T
)1/2

≤ ν ‖uh‖v,h ‖vh‖v,h .

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

|I4| 6 ν
( ∑

e∈FI
h

σ1
he

‖[[uh]]T ‖
2
0,e

) 1
2
( ∑

e∈FI
h

σ1
he

‖[[vh]]T ‖
2
) 1

2

+
( ∑

e∈Fh

σ2
he

‖[[uh]]N‖2
0,e

) 1
2
( ∑

e∈Fh

σ2
he

‖[[vh]]N‖2
) 1

2

≤ ν ‖uh‖v,h ‖vh‖v,h .

◆♦✇✱ ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t② ✭✸✳✷✳✹✼✮✱ ✇❡ ♦❜t❛✐♥✿

|I2| 6 ν
( ∑

e∈FI
h

he ‖{{curluh}}‖20,e
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[vh]]T ‖

2
0,e

) 1
2

+ ν
( ∑

e∈FI
h

he ‖{{curlvh}}‖20,e
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[uh]]T ‖

2
0,e

) 1
2

6 νC
( ∑

T∈Th

‖curluh‖20,T
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[vh]]T ‖

2
0,e

) 1
2

+ νC
( ∑

T∈Th

‖curlvh‖20,T
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[uh]]T ‖

2
0,e

) 1
2

.

❙♦✱ ✇❡ ❤❛✈❡ |I2| ≤ Cν ‖uh‖v,h ‖vh‖v,h ❛♥❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ❢♦r T3✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t |I3| ≤
Cν ‖uh‖v,h ‖vh‖v,h✳ ❆❞❞✐♥❣ t❤❡s❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❝♦♥t✐♥✉✐t② ❢♦r Ah✳ ❚♦ ♣r♦✈❡

t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ Mh ✐t s✉✣❝❡s t♦ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s ❛s ✐♥ t❤❡ ♣r♦♦❢ ❢♦r Ah✳ ◆❡①t✱ t❤❡

❢♦r♠ Bh ✐s s✐♠✐❧❛r t♦ t❤❡ ❢♦r♠ ✉s❡❞ ✐♥ ❬✸✶✱ ✺✾❪ ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠ ❛♥❞ ✇❡ ❝❛♥ ♣r♦✈❡ s✐♠✐❧❛r❧②

|Bh(vh, ph)| 6

( ∑

T∈Th

‖div vh‖20,T
) 1

2
( ∑

T∈Th

‖ph‖20,T
) 1

2

+
( ∑

e∈Fh

he
σ2

‖{{ph}}‖20,e
) 1

2
( ∑

e∈Fh

σ2
he

‖[[vh]]N‖2
0,e

) 1
2

6

( ∑

T∈Th

‖div vh‖20,T
) 1

2
( ∑

T∈Th

‖ph‖20,T
) 1

2

+ Cσ
− 1

2
2

( ∑

T∈Th

‖ph‖20,T
) 1

2
( ∑

e∈Fh

σ2
he

‖[[vh]]N‖2
0,e

) 1
2

6 C ‖vh‖v,h ‖ph‖0,Ω .



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✵✽

❲❡ s❤❛❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❢♦r t❤❡ tr✐❧✐♥❡❛r ❢♦r♠s Oh ❛♥❞ Ch✳

▲❡♠♠❛ ✸✳✷✳✽✳ ❋♦r ❛❧❧ uh,vh ∈Xh ❛♥❞ ch ∈ Ch✱ ✇❡ ❤❛✈❡

|Oh(w,uh,vh)| 6 C ‖curlw‖L∞(Ω) ‖uh‖v,h ‖vh‖v,h , ✭✸✳✷✳✹✽✮

|Ch(d;vh, ch)| 6 κC ‖d‖L∞(Ω) ‖vh‖v,h ‖ch‖m,h . ✭✸✳✷✳✹✾✮

✇✐t❤ ❝♦♥st❛♥ts C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ν✱ µ ❛♥❞ κ✳

Pr♦♦❢✳ ❆♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

|Oh(w,uh,vh)| =
∣∣∣
∫

Ω

(curlw × uh) · vh dx
∣∣∣ ≤ ‖curlw × uh‖L2(Ω) ‖vh‖L2(Ω)

≤ 2 ‖curlw‖L∞(Ω) ‖uh‖L2(Ω) ‖vh‖L2(Ω) .

❇② ✈✐rt✉❡ ♦❢ ✭✸✳✷✳✹✷✮✱ t❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✹✽✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳ ◆❡①t✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠

Ch✱ ✇❡ ❤❛✈❡

Ch(d,vh, ch) = κ
∑

T∈Th

∫

T

(vh × d) · curl ch dx− κ
∑

e∈FI
h

∫

e

{{vh × d}} · [[ch]]T ds ✭✸✳✷✳✺✵✮

❆♣♣❧②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t② ✭✸✳✷✳✹✼✮✱ ✇❡ ♦❜t❛✐♥

|Ch(d,vh, ch)| ≤ 2κ‖d‖L∞(Ω)‖vh‖L2(Ω)

( ∑

T∈Th

‖ curl ch‖20,T
)1/2

+ Cκ‖d‖L∞(Ω)

( ∑

e∈FI
h

h‖vh‖2L2(e)

)1/2( ∑

e∈FI
h

h−1‖[[ch]]T ‖2L2(e)

)1/2

≤ Cκ ‖d‖L∞(Ω) ‖vh‖L2(Ω) ‖ch‖m,h .

❚❤❛♥❦s ❛❣❛✐♥ t♦ ✭✸✳✷✳✹✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✹✾✮✳

◆♦✇✱ ❜② ❡♥❞♦✇✐♥❣ t❤❡ s♣❛❝❡ W h ✇✐t❤ t❤❡ ♣r♦❞✉❝t ♥♦r♠ |||(·, ·)||| ❞❡✜♥❡❞ ❜②

|||(vh, ch)|||2 = ‖vh‖2v,h + ‖ch‖2m,h ,

✇❡ ❞❡❞✉❝❡ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✷✳✺✱ ✸✳✷✳✼ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✽ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❡r❝✐✈✐t② ❛♥❞ ❝♦♥t✐♥✉✐t②

♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❢♦r♠ Ah(·, ·, ·)✳

▲❡♠♠❛ ✸✳✷✳✾✳ ❋♦r ❛♥② (uh,vh) ∈W h✱ (bh, ch) ∈W h✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C > 0 s✉❝❤ t❤❛t

Ah((w,d), (uh, bh), (uh, bh)) ≥ Cmin (ν, µκ)|||(uh, bh)|||2. ✭✸✳✷✳✺✶✮

Ah((w,d), (uh, bh), (vh, ch)) ≤ C|||(uh, bh)||| |||(vh, ch)|||. ✭✸✳✷✳✺✷✮



❆ ♠✐①❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✵✾

✸✳✷✳✹ ■♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥s

❚❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐s❝r❡t❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ r❡q✉✐r❡s ❛♥ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥

✇❤✐❝❤ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✉s✉❛❧ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ t♦ ♦✉r ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s✳ ▲❡t ✉s ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ s♣❛❝❡ Xh ✭s❡❡ ❬✹✺❪✮✳ ❋♦r

k = 1, 2, 3✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r Ih ❞❡✜♥❡❞ ❢r♦♠ H1(Ω) t♦ Xh s✉❝❤ t❤❛t✱

❢♦r ❛❧❧ T ∈ Th ❛♥❞ e ∈ Fh✿

∀v ∈H1(Ω), ∀qh ∈ Pk−1(T ),

∫

T

qh div(Ih(v)− v) dx = 0, ✭✸✳✷✳✺✸✮

∀v ∈H1
T (Ω), ∀e ∈ Fh, ∀qh ∈ Pk−1(e),

∫

e

qh [[Ih(v)]] ds = 0. ✭✸✳✷✳✺✹✮

▼♦r❡♦✈❡r✱ ❢♦r s ∈ [1, k + 1] t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣♦❧❛t✐♦♥ ❡st✐♠❛t❡ ❤♦❧❞s✿

∀v ∈Hs(Ω), ‖Ih(v)− v‖1,T 6 Chs−1
T ‖v‖s,∆T

, ✭✸✳✷✳✺✺✮

✇❤❡r❡ ∆T ✐s ❛ s✉✐t❛❜❧❡ ♠❛❝r♦✲❡❧❡♠❡♥t ❝♦♥t❛✐♥✐♥❣ ❚✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❢♦r t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ♦❢ Bh✿

▲❡♠♠❛ ✸✳✷✳✶✵✳ ❚❤❡r❡ ❡①✐sts CB > 0 ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ Ω s✉❝❤ t❤❛t ✿

inf
qh∈Qh

sup
vh∈Xh

Bh(vh, qh)

‖vh‖v,h ‖qh‖Qh

> CB , ✭✸✳✷✳✺✻✮

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✭✸✳✷✳✺✻✮✱ ✇❡ s❤♦✇ t❤❛t ❢♦r ❛♥② qh ∈ Qh✱ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ vh ∈Xh

s✉❝❤ t❤❛t ✿

Bh(vh, qh) = ‖qh‖2L2(Ω) , ✭✸✳✷✳✺✼✮

‖vh‖v,h 6 C ‖qh‖L2(Ω) . ✭✸✳✷✳✺✽✮

❆♣♣❧②✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✇✐t❤ ❉✐r❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✇❡

❦♥♦✇ t❤❛t ❢♦r ❛♥② q ∈ L2
0(Ω)✱ t❤❡r❡ ❡①✐sts z ∈H1

0(Ω) s✉❝❤ t❤❛t✿



div z = q,

‖z‖H1(Ω) 6 C ‖q‖L2(Ω)

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r qh ∈ Qh ⊂ L2
0(Ω)✱ t❤❡r❡ ❡①✐sts z ∈H1

0(Ω) ❛♥❞ ❤❡♥❝❡ ✐♥ H1
T (Ω) s✉❝❤ t❤❛t qh = div z✳

◆♦✇✱ ❧❡t vh = Ih(z) ✇✐t❤ Ih t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ H1(Ω) ✐♥t♦ Xh ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✺✸✮✲

✭✸✳✷✳✺✹✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

∀T ∈ Th,
∫

T

qh div vh dx =

∫

T

qh div zdx = ‖qh‖20,T .

▼♦r❡♦✈❡r✱ ❞✉❡ t♦ ✭✸✳✷✳✺✹✮✱ ✇❡ ❤❛✈❡

∫

e

{{qh}}[[vh]]N ds = 0, ∀e ∈ Fh✳ ❚❤✉s Bh(vh, qh) = ‖qh‖2L2(Ω)✱

✇❤✐❝❤ ❣✐✈❡s ✭✸✳✷✳✺✼✮✳ ❇❡s✐❞❡s✱ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r Ih✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖vh‖v,h = ‖Ihz‖v,h 6 C ‖z‖H1(Ω) ≤ C ‖q‖L2(Ω) . ✭✸✳✷✳✺✾✮

❚❤✐s ②✐❡❧❞s t♦

sup
vh∈Xh

Bh(vh, qh)

‖vh‖v,h
>
Bh(vh, qh)

‖vh‖v,h
>

‖qh‖2L2(Ω)

C ‖qh‖L2(Ω)

> CB ‖qh‖L2(Ω) . ✭✸✳✷✳✻✵✮



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✶✵

❚❤❡ ❞✐s❝r❡t❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r Bh ✐♥ ✭✸✳✷✳✺✻✮ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ❛♥❛❧♦❣✉❡ ♦❢ ✭✸✳✷✳✸✵✮✳

sup
(vh,ch)∈W h

Bh((vh, ch), q)
‖(vh, ch)‖W h

> C ‖qh‖L2(Ω) . ✭✸✳✷✳✻✶✮

◆♦✇ ✇❡ ❝❛♥ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❞✐s❝r❡t❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ ❛♥❞ s❤♦✇ ✐ts ✇❡❧❧

♣♦s❡❞♥❡ss ❜② ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt✐❡s✳

❚❤❡♦r❡♠ ✸✳✷✳✶✶✳ ❆ss✉♠✐♥❣ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs σ1✱ σ2✱ m1 ❛♥❞ m2 s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡r❡

❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ((uh, bh), ph) ∈W h ×Qh ❢♦r t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ✐s ❧✐♥❡❛r ❛♥❞ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ✇❡ ❤❛✈❡ ♦♥❧② t♦ s❤♦✇ t❤❛t ✐❢ f = ✵ ❛♥❞

g = ✵✱ t❤❡♥ ((uh, bh), ph) ✐s t❤❡ ③❡r♦ s♦❧✉t✐♦♥✳ ❚❛❦✐♥❣ vh = uh✱ qh = ph ❛♥❞ ch = bh ❛s t❡st ❢✉♥❝t✐♦♥s

✐♥ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ ❛♥❞ s✉♠♠✐♥❣ ✉♣ t❤❡ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥✿

Ah((w,d), (uh,uh), (bh, bh)) = Ah(uh,uh) +Mh(bh, bh) = 0

❚❤✉s✱ ✇✐t❤ ✭✸✳✷✳✹✸✮ ❛♥❞ ✭✸✳✷✳✹✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t uh = ✵✱ ❛♥❞ bh = ✵✳ ❚❤❡♥✱ ✭✸✳✷✳✸✹✮ ❣✐✈❡s✿

Bh((vh, ch), ph) = Bh(vh, ph) = 0, ∀vh ∈Xh.

❆♣♣❧②✐♥❣ ✭✸✳✷✳✺✻✮✱ ✇❡ ❝❛♥ t❛❦❡ qh = ph ❛♥❞✱ ❢♦r ❛❧❧ vh ∈Xh ❛♥❞ vh 6= 0✱ ✇❡ ♦❜t❛✐♥✿

Bh(vh, ph)

‖vh‖v,h
> CB ‖ph‖L2(Ω) .

❚❤✉s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ph = 0✳

✸✳✸ ❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ s♦♠❡ ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ✐♥ t❡r♠s ♦❢ h ✐♥ ♦r❞❡r t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥✲

✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❉● s❝❤❡♠❡ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ ♠♦❞❡❧✳ ❖✉r ❛♥❛❧②s✐s ✐s ❜❛s❡❞

♦♥ ❛♥ ❛✉①✐❧✐❛r② ❢♦r♠✉❧❛t✐♦♥ ❜② ✉s✐♥❣ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs✳ ❲❡ s❤❛❧❧ s✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♠♦♦t❤♥❡ss

❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ((u, b), p) ♦❢ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮✿

u ∈Hk+1(Ω), b ∈Hk+1(Ω), p ∈ Hk(Ω), ✭✸✳✸✳✶✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ♦✉r ♠❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❆ss✉♠❡ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ((u, b), p) ♦❢ ✭✸✳✷✳✶✮✲✭✸✳✷✳✼✮ s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss

❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✶✮✳ ▲❡t ((uh, bh), ph) ❜❡ t❤❡ s♦❧✉t✐♦♥ ✐♥ W h×Qh ♦❢ t❤❡ ❉● ♠❡t❤♦❞ ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮✳

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ❡rr♦rs✿

|||(u− uh, b− bh)|||+ ‖p− ph‖L2(Ω) ≤ Chk
(
‖u‖Hk+1(Ω) + ‖b‖Hk+1(Ω) + ‖p‖Hk(Ω)

)
✭✸✳✸✳✷✮

✇✐t❤ C ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❜✉t ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜❧❡♠✳



❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✶✶

✸✳✸✳✶ ❉❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡①t❡♥❞❡❞ ❉● ❢♦r♠

❋♦❧❧♦✇✐♥❣ ❬✶✽❪✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs ✐♥ ♦r❞❡r t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❡rr♦r ❛♥❛❧②s✐s ❜② ❡①t❡♥❞✐♥❣

t❤❡ ❢♦r♠s Ah✱ Bh✱ Mh ❛♥❞ Dh t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❧❡✈❡❧✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡s✿

X(h) =H1
T (Ω) +Xh, C(h) =H1

T (Ω) +Ch and Q(h) = L2
0(Ω) +Qh.

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs✿

• L1 :X(h) →Xh s✉❝❤ t❤❛t✿
∫

Ω

L1(✈) ·w d① =
∑

e∈FI
h

∫

e

[[v]]T · {{w}} ds, ∀w ∈Xh,

• L2 : C(h) → Ch s✉❝❤ t❤❛t✿
∫

Ω

L2(c) ·w dx =
∑

e∈FI
h

∫

e

[[c]]T · {{w}} ds, ∀w ∈ Ch,

• N1 :X(h) → Σh s✉❝❤ t❤❛t
∫

Ω

N1(✈)w d① =
∑

e∈Fh

∫

e

[[✈ ]]N {{w}} ds, ∀w ∈ Σh,

• N2 : C(h) → Σh s✉❝❤ t❤❛t
∫

Ω

N2(✈)w d① =
∑

e∈Fh

∫

e

[[✈ ]]N {{w}} ds, ∀w ∈ Σh,

✇❤❡r❡ Σh ✐s t❤❡ ❛✉①✐❧✐❛r② s♣❛❝❡✿

Σh = {w ∈ L2(Ω); w|T∈ Pk(T ), T ∈ Th},

• M1 :X(h) → Qh s✉❝❤ t❤❛t
∫

Ω

M1(✈)q d① =
∑

e∈Fh

∫

e

[[✈ ]]N {{q}} ds, ∀q ∈ Qh,

• M2 : Q(h) →Xh s✉❝❤ t❤❛t
∫

Ω

M2(q) · ✈ d① =
∑

e∈FI
h

∫

e

[[q]] · {{✈}} ds, ∀v ∈Xh.

❙♦✱ ✇❡ r❡✇r✐t❡ t❤❡ ♠♦❞✐✜❡❞ ❜✐❧✐♥❡❛r ❢♦r♠s✿

Ãh(uh,vh) := ν
∑

T∈Th

∫

T

curluh · curlvh dx+ ν
∑

T∈Th

∫

T

(divuh)(div vh) dx

− ν
(∫

Ω

L1(vh) · curluh dx+

∫

Ω

L1(uh) · curlvh dx
)

− ν
(∫

Ω

N1(vh) divuh dx+

∫

Ω

N1(uh) div vh dx
)

+ ν
∑

e∈FI
h

σ1
he

∫

e

[[uh]]T · [[vh]]T ds+ ν
∑

e∈Fh

σ2
he

∫

e

[[uh]]N [[vh]]N ds,



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✶✷

B̃h(vh, qh) := −
∑

T∈Th

∫

T

(div vh) qh dx+

∫

Ω

M1(vh)qh dx,

M̃h(bh, ch) := κµ
∑

T∈Th

∫

T

curl bh · curl ch dx+ κµ
∑

T∈Th

∫

T

(div bh)(div ch) dx

− κµ
(∫

Ω

L2(ch) · curl bh dx+

∫

Ω

L2(bh) · curl ch dx
)

− κµ
(∫

Ω

N2(ch) div bh dx+

∫

Ω

N2(bh) div ch dx
)

+
∑

e∈FI
h

κµm1

he

∫

e

[[bh]]T · [[ch]]T ds+
∑

e∈Fh

κµm2

he

∫

e

[[bh]]N [[ch]]N ds,

❲❡ ♥♦t❡ t❤❛t✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❤❡ ❢♦r♠ B̃h ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡q✉✐✈❛❧❡♥t❧② ❛s✿

B̃h(vh, qh) :=
∑

T∈Th

∫

T

vh · ∇qh dx−
∫

Ω

M2(qh) · vh dx,

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❞✐s❝r❡t❡ ❢♦r♠✉❧❛t✐♦♥✿ ❋✐♥❞ ((uh, bh), ph) ∈
W h ×Qh s✉❝❤ t❤❛t

Ãh((w,d), (uh, bh), (vh, ch)) + B̃h((vh, ch), ph) = L((vh, ch)), ✭✸✳✸✳✸✮

B̃h((uh, bh), qh) = 0, ✭✸✳✸✳✹✮

❢♦r ❛❧❧ (vh, ch) ∈W (Ω) ❛♥❞ qh ∈ Qh✱ ✇❤❡r❡ Ãh ❛♥❞ B̃h ❛r❡ ❞❡✜♥❡❞ ❜②

Ãh((w,d), (uh, bh), (vh, ch)) = Ãh(uh,vh) + M̃h(bh, ch) +Oh(w,uh,vh)

+ Ch(d,vh, bh)− Ch(d,uh, ch), ✭✸✳✸✳✺✮

B̃h((uh, bh), qh) = B̃h(uh, qh), ✭✸✳✸✳✻✮

❲❡ ♠❛② r❡♠❛r❦ t❤❛t Ãh ✭r❡s♣❡❝t✐✈❡❧② M̃h✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ Ah ✭r❡s♣❡❝t✐✈❡❧② Mh✮ ♦♥ Xh × Xh

✭r❡s♣❡❝t✐✈❡❧② ♦♥Ch×Ch✮✳ ❙✐♠✐❧❛r❧②✱ B̃h ❝♦✐♥❝✐❞❡s ✇✐t❤ Bh ♦♥Xh×Qh✳ ▼♦r❡♦✈❡r✱ Ãh ❛♥❞ M̃h ❝♦✐♥❝✐❞❡

✇✐t❤ ❆ ❛♥❞ ▼ r❡s♣❡❝t✐✈❡❧② ♦♥ H1
T (Ω)×H1

T (Ω)✳ ❙✐♠✐❧❛r❧② B̃h ❝♦✐♥❝✐❞❡s ✇✐t❤ ❇ ♦♥ H1
T (Ω)×L2

0(Ω)✳

✸✳✸✳✷ Pr♦♣❡rt✐❡s ♦❢ ❡①t❡♥❞❡❞ ❢♦r♠s

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥t✐♥✉✐t② t❤❛♥ t❤♦s❡ ❞❡✜♥❡ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✷✱ ✇❡ ❣✐✈❡ st❛❜✐❧✐t②

❡st✐♠❛t❡s ❢♦r t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❛❜♦✈❡✳

▲❡♠♠❛ ✸✳✸✳✷✳ ▲❡t Li✱ Ni ❛♥❞ Mi ✇✐t❤ i = 1, 2 ❜❡ t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❋♦r ❛❧❧

v ∈X(h)✱ c ∈ C(h) ❛♥❞ ❢♦r ❛❧❧ q ∈ Q(h) ✇❡ ❤❛✈❡

‖L1(v)‖0,Ω 6 C
lift

( ∑

e∈FI
h

h−1 ‖[[v]]T ‖
2
0,e

) 1
2

and ‖L2(c)‖0,Ω 6 C
lift

( ∑

e∈FI
h

h−1 ‖[[c]]T ‖
2
0,e

) 1
2

✭✸✳✸✳✼✮

‖N1(v)‖0,Ω 6 C
lift

( ∑

e∈Fh

h−1 ‖[[v]]N‖20,e
) 1

2

and ‖N2(c)‖0,Ω 6 C
lift

( ∑

e∈Fh

h−1 ‖[[c]]N‖20,e
) 1

2

✭✸✳✸✳✽✮

‖M1(v)‖0,Ω 6 C
lift

( ∑

e∈FI
h

h−1 ‖[[v]]N‖2
0,e

) 1
2

and ‖M2(q)‖0,Ω 6 C
lift

( ∑

e∈FI
h

h−1 ‖[[q]]‖20,e
) 1

2

✭✸✳✸✳✾✮



❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✶✸

❚❤❡ ❝♦♥st❛♥t C
lift

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❜✉t ❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡✕r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♠❡s❤✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ✈❡r② ♠✉❝❤ s✐♠✐❧❛r t♦ ❬✼✽✱ Pr♦♣♦s✐t✐♦♥ ✶✷❪✳ ▲❡t v ∈ X(h)✳ ❇② ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡

v = vh + v
c ✇✐t❤ vh ∈Xh ❛♥❞ vc ∈H1

T (Ω)✳ ❚❤❡♥✱ s✐♥❝❡ [[vc]]T = 0 ❢♦r ❛❧❧ e ∈ FI
h ✱ ✇❡ ❤❛✈❡✱

‖L1(v)‖0,Ω = sup
w∈Xh

∫

Ω

L1(v) ·w dx

‖w‖L2(Ω)

= sup
w∈Xh

∑
e∈FI

h

∫

e

[[vh]]T · {{w}} ds

‖w‖L2(Ω)

✭✸✳✸✳✶✵✮

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳✺✱ ✇❡ ❤❛✈❡✿

∑

e∈FI
h

∫

e

[[vh]]T · {{w}} ds ≤
( ∑

e∈FI
h

he ‖{{w}}‖20,e
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[vh]]T ‖

2
0,e

) 1
2

.

❯s✐♥❣ t❤❡ tr❛❝❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❛ st❛♥❞❛r❞ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t✱ ✇❡ ♦❜t❛✐♥
∑

e∈FI
h

he ‖{{w}}‖20,e ≤ C
∑

T∈Th

‖w‖20,T = C ‖w‖2L2(Ω)

■♥s❡rt✐♥❣ t❤✐s ❡st✐♠❛t❡ ✐♥ ✭✸✳✸✳✶✵✮ ♣r♦✈❡s t❤❡ ✜rst ❡st✐♠❛t❡ ✐♥ ✭✸✳✸✳✼✮✳ ❋♦r t❤❡ ♦t❤❡r ❡st✐♠❛t❡s✱ ✇❡

♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❣✐✈❡s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❢♦r♠s Ãh✱ M̃h ❛♥❞ B̃h✳

▲❡♠♠❛ ✸✳✸✳✸✳ ❋♦r ❛❧❧ u,v ∈X(h)✱ p ∈ Q(h)✱ b, c ∈ C(h) ✇❡ ❤❛✈❡✿

Ãh(u,v) 6 Cν ‖u‖v,h ‖v‖v,h
B̃h(v, p) 6 C ‖v‖v,h ‖p‖0,Ω
M̃h(b, c) 6 Cκµ ‖b‖m,h ‖c‖m,h

Pr♦♦❢✳ ▲❡t ✉s ♣r♦✈❡ t❤❡ ♣r♦♣❡rt② ❢♦r t❤❡ ❢♦r♠ Ãh

Ãh(u,v) := ν
∑

T∈Th

∫

T

curlu · curlv dx+ ν
∑

T∈Th

∫

T

(divu)(div v) dx

− ν
(∫

Ω

L1(v) · curlu dx+

∫

Ω

L1(u) · curlv dx
)

− ν
(∫

Ω

N1(v) divu dx+

∫

Ω

N1(u) div v dx
)

+ ν
∑

e∈FI
h

σ1
he

∫

e

[[u]]T · [[v]]T ds+ ν
∑

e∈Fh

σ2
he

∫

e

[[u]]N [[v]]N ds,

= A1 +A2 +A3 +A4.

❚❤❡ t❡r♠s A1 ❛♥❞ A4 ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦r I1 ❛♥❞ I2 r❡s♣❡❝t✐✈❡❧② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳✼✳ ❋♦r

A2✱ ✇❡ ❤❛✈❡ ❜② ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ tr❛❝❡ ✐♥❡q✉❛❧✐t② ❝♦♠❜✐♥✐♥❣ ✇✐t❤ t❤❡ ❜♦✉♥❞s

❢♦r t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs L1

|A2| ≤ ν ‖L1(v)‖0,Ω
( ∑

e∈FI
h

h ‖curlu‖20,e
)1/2

+ ν ‖L1(u)‖0,Ω
( ∑

e∈FI
h

h ‖curlv‖20,e
)1/2

≤ νC
lift

{( ∑

e∈FI
h

h−1 ‖[[v]]T ‖
2
0,e

) 1
2
( ∑

T∈Th

‖curlu‖20,T
) 1

2

+
( ∑

e∈FI
h

h−1 ‖[[u]]T ‖
2
0,e

) 1
2
( ∑

T∈Th

‖curlv‖20,T
) 1

2
}

≤ Cν ‖u‖v,h ‖v‖v,h .



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✶✹

Pr♦❝❡❡❞✐♥❣ ❛s ❛❜♦✈❡ ❛♥❞ ✉s✐♥❣ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r N1 ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✸✳✸✳✷✱ ✇❡ ❝❛♥

♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r A3

|A3| ≤ Cν ‖u‖v,h ‖v‖v,h .

❋♦r t❤❡ ❢♦r♠s B̃h ❛♥❞ M̃h✱ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❜♦✉♥❞s ❢♦❧❧♦✇s ❢r♦♠ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡

st❛❜✐❧✐t② ❡st✐♠❛t❡s ❢♦r t❤❡ ♦♣❡r❛t♦rs Li✱ Ni ❛♥❞ Mi ❢♦r i = 1, 2 ❡st❛❜❧✐s❤❡❞ ✐♥ ▲❡♠♠❛ ✸✳✸✳✷✳

❋♦r t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ❢♦r♠ Oh ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r♠ Ch✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t✳

▲❡♠♠❛ ✸✳✸✳✹✳ ▲❡t u ∈X(h)✱ v ∈X(h) ❛♥❞ c ∈ C(h)✳ ❲❡ ❤❛✈❡✿

Ch(d,v, c) 6 Cκ ‖d‖L∞(Ω) ‖c‖m,h
(
‖v‖L2(Ω) + (

∑

e∈FI
h

he ‖v‖20,e)
1
2

)

Oh(w,u,v) 6 C ‖curlw‖L∞(Ω) ‖u‖L2(Ω) ‖v‖L2(Ω)

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✸✳✶✶✮ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ▲❡♠♠❛ ✸✳✷✳✽ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷❪✳

❋♦r t❤❡ ❝♦♥✈❡❝t✐♦♥ ❢♦r♠ Oh✱ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✶✶✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❜② ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③

✐♥❡q✉❛❧✐t② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✷✳✹✽✮✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❦❡r♥❡❧

Ker(B̃h) = {(u, b) ∈W h; B̃h((u, b), q) = B̃h(u, q) = 0, ∀q ∈ Qh}

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ■♥❢✲s✉♣ ❢♦r B̃h ❛♥❞ t❤❡ ❝♦❡r❝✐✈✐t② r❡s✉❧t ❢♦r t❤❡ ❢♦r♠s Ãh✳

▲❡♠♠❛ ✸✳✸✳✺✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✿

✭✐✮ ❚❤❡r❡ ❡①✐sts C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h s✉❝❤ t❤❛t

Ãh((w,d), (uh, bh), (uh, bh)) ≥ Cmin (ν, κµ)|||(uh, bh)|||2. ✭✸✳✸✳✶✶✮

✭✐✐✮ ❚❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥

inf
qh∈Qh

sup
(vh,ch)∈W h

B̃h((vh, ch), qh)
|||(vh, ch)||| ‖q‖L2(Ω)

> C, ✭✸✳✸✳✶✷✮

❤♦❧❞s ✇✐t❤ ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳

✸✳✸✳✸ ❘❡s✐❞✉❛❧s

▲❡t (u, p, b) s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r♦❜❧❡♠ ✭✸✳✷✳✶✮✲✭✸✳✷✳✹✮✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ r❡s✐❞✉❛❧s✿ ❢♦r ❛❧❧

v ∈Xh✱ c ∈ Ch✿

Rh((u, b), (v, c), p) = Ãh(u,v) +Oh(w,u,v) + Ch(d,v, b) + B̃h(v, p) + M̃h(b, c)− Ch(d,u, c)

− (f ,vh)Ω − (g, ch)Ω
✭✸✳✸✳✶✸✮

❲❡ s❡t eu = u− uh✱ eb = b− bh ❛♥❞ ep = p− ph✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

Rh((u, b), (v, c), p) = Ãh(e
u,v) +Oh(w, e

u,v) + Ch(d,v, e
b) + B̃h(v, e

p) + M̃h(e
b, c)− Ch(d, e

u, c)
✭✸✳✸✳✶✹✮



❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✶✺

❖❜s❡r✈❡ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✸✳✹✮ ✐s ❝♦♥s✐st❡♥t✳ ❙♦✱ t❤❡ r❡s✐❞✉❛❧ Rh((u, b), (u, b), q) = B̃h((eu, eb), q) =
0 ❢♦r ❛❧❧ q ∈ Qh✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❡①♣r❡ss✐♦♥✿

Rh((u, b), p) = sup
(v,c)∈W h

Rh((u, b), (v, c), p)

|||(v, c)||| ✭✸✳✸✳✶✺✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s s♦♠❡ ❜♦✉♥❞s ♦♥ t❤❡ r❡s✐❞✉❛❧s✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✉s❡ ♦❢

t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢♦r♠s ✐♥ ❝♦♥❢♦r♠✐♥❣ s♣❛❝❡s✳ ❚❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡s ❣✐✈❡♥ ✐♥ ❬✻✵✱ ✺✾✱ ✼✼❪

❝❛♥ ❜❡ ❡❛s✐❧② ♠♦❞✐✜❡❞ t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻ ❛♥❞ ❤❡♥❝❡ t❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻✳ ❆ss✉♠❡ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ (u, p, b) ♦❢ ✭✸✳✷✳✶✮✲✭✸✳✷✳✹✮ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐✲

t✐♦♥s ✭✸✳✹✳✹✮✲✭✸✳✹✳✻✮ s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥ ✐♥ ✭✸✳✸✳✶✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ v ∈ Xh✱

c ∈ Ch✿

|Rh((u, b), (v, c), p)| 6 |||(v, c)||| E(u, b, p) ✭✸✳✸✳✶✻✮

✇✐t❤ E(u, b, p) ❜♦✉♥❞❡❞ ❜②

E(u, b, p) 6 Chk
(
‖u‖Hk+1(Ω) + ‖b‖Hk+1(Ω) + ‖p‖Hk(Ω)

)
✭✸✳✸✳✶✼✮

✇✐t❤ ❝♦♥st❛♥ts C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❡s❤ s✐③❡✳

❘❡♠❛r❦ ✸✳✸✳✶✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ✐s ❣✐✈❡♥ ✐♥ ❬✻✵✱ ✺✾❪ ✇✐t❤ E(u, b, p) ❜♦✉♥❞❡❞ ❜②

E(u, b, p) 6 Chmin{σ,k}( ‖u‖Hσ+1(Ω) + ‖p‖Hσ(Ω)

)

+ Chmin{τ,k}( ‖b‖Hτ (Ω) + ‖curl b‖Hτ (Ω)

)
, ✭✸✳✸✳✶✽✮

❢♦r σ, τ > 1/2 ♣r♦✈✐❞❡❞ t❤❛t

u ∈Hσ+1(Ω), p ∈ Hσ(Ω), b ∈Hτ (Ω), curl b ∈Hτ (Ω). ✭✸✳✸✳✶✾✮

❚❤❡ ❞♦♠❛✐♥ Ω ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❜♦✉♥❞❡❞ s✐♠♣❧②✲❝♦♥♥❡❝t❡❞ ▲✐♣s❝❤✐t③ ♣♦❧②❤❡❞r♦♥ ❛♥❞ t❤❡♥ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞ ♠❛② ❤❛✈❡ r❡❣✉❧❛r✐t② ❜❡❧♦✇ H1(Ω)✳ ■♥❞❡❡❞✱ t❤❡r❡ ❡①✐sts ❛♥ ❡①♣♦♥❡♥t τ > 1/2✱ s✉❝❤ t❤❛t t❤❡ s♣❛❝❡

H(curl,Ω) ∩H0(div,Ω) ✐s ❝♦♥t✐♥✉♦✉s❧② ✐♠❜❡❞❞❡❞ ✐♥ Hτ (Ω)✳ ■♥ ♦✉r ✇♦r❦✱ Ω ✐s ❝♦♥✈❡① ♣♦❧②❤❡❞r❛❧ ♦r

♦❢ ❝❧❛ss C1,1 ❛♥❞ t❤❡♥ t❤❡ s♣❛❝❡ H(curl,Ω) ∩H0(div,Ω) ✐s ❝♦♥t✐♥✉♦✉s❧② ✐♠❜❡❞❞❡❞ ✐♥ H1(Ω)✳ ▼♦r❡

❣❡♥❡r❛❧❧②✱ ❞✉❡ t♦ ❈♦r♦❧❧❛r② ✶✳✸✳✷ ✐♥ ❈❤❛♣t❡r ✶✱ t❤❡ s♣❛❝❡ Xτ,2(Ω) ❞❡✜♥❡❞ ❜②

Xτ,2(Ω) = {v ∈ L2(Ω); curlv ∈Hτ (Ω), divv ∈ Hτ (Ω), v · n = 0 onΓ}

✐s ❝♦♥t✐♥✉♦✉s❧② ✐♠❜❡❞❞❡❞ ✐♥ Hτ+1(Ω) ❢♦r τ > 0✳ ❙♦✱ ✐❢ b s❛t✐s✜❡s t❤❡ r❡❣✉❧❛r✐t② ✐♥ ✭✸✳✸✳✶✾✮ ❛♥❞ Ω ✐s

♠♦r❡ r❡❣✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t b ❜❡❧♦♥❣s t♦ Hτ+1(Ω) ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡

‖b‖Hτ (Ω) + ‖curl b‖Hτ (Ω) ≤ ‖b‖Hτ+1(Ω) . ✭✸✳✸✳✷✵✮

❍❡♥❝❡✱ t❤❡ ❜♦✉♥❞ ✭✸✳✸✳✶✽✮ ✐♠♣❧✐❡s ✭✸✳✸✳✶✼✮✳



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✶✻

✸✳✸✳✹ Pr♦♦❢ ♦❢ t❤❡ ❡rr♦r ❡st✐♠❛t❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❡rr♦r ❡st✐♠❛t❡s ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s✿

✇❡ ✜rst ❜♦✉♥❞ t❤❡ ❡rr♦rs ✐♥ t❤❡ ✈❡❧♦❝✐t② u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b ❛♥❞ s❡❝♦♥❞ ✇❡ ❜♦✉♥❞ t❤❡ ❡rr♦rs

✐♥ t❤❡ ♣r❡ss✉r❡ p✳

❲❡ s♣❧✐t t❤❡ ❡rr♦rs ✐♥ u✱ b ❛♥❞ p ❛s✿

eu = u− uh = ηu + χu, eb = b− bh = ηb + χb and ep = p− ph = ηp + χp,

✇❤❡r❡✱ ❢♦r ❛❧❧ ✜①❡❞ v ∈Xh✱ c ∈ Ch ❛♥❞ q ∈ Qh✱ ✇❡ ❤❛✈❡

ηu = u− v, χu = v − uh
ηb = b− c, χb = c− bh
ηp = p− q, χp = q − ph

❙♣❡❝✐✜❝ ❛♣♣r♦①✐♠❛t✐♦♥s v✱ c ❛♥❞ q ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡rr♦r ❛♥❛❧②s✐s✳ ❙♦✱ t♦ ❜♦✉♥❞ t❤❡

❡rr♦rs eu✱ eb ❛♥❞ ep✱ ✇❡ ♥❡❡❞ ♦♥❧② t♦ ❞❡r✐✈❡ ❜♦✉♥❞s ❢♦r χu✱ χb✱ χp ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ✉s✐♥❣

tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✳

❆❜str❛❝t ❡rr♦r ✐♥ u ❛♥❞ b✳ ■♥ t❤❡ ❛✐♠ t♦ ♣r♦✈❡ t❤❡ ❜♦✉♥❞s ❢♦r eu ❛♥❞ eb✱ ✇❡ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡

❡rr♦r ❛♥❛❧②s✐s ♦❢ t❤❡ st❛♥❞❛r❞ ❝♦♥❢♦r♠✐♥❣ ♠✐①❡❞ ♠❡t❤♦❞s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡s✐❞✉❛❧ t❡r♠s✳ ▲❡t

✉s ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜str❛❝t ❡st✐♠❛t❡ ❢♦r ‖eu‖v,h ❛♥❞
∥∥eb
∥∥
m,h

✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦

t❤❛t ✐♥ ❬✸✵✱ ❚❤❡♦r❡♠ ✹✳✽❪ ❢♦r t❤❡ ❡rr♦r ❛♥❛❧②s✐s ♦❢ ❛ ❉● s❝❤❡♠❡ ❢♦r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜❧❡♠✳ ❙❡❡

❛❧s♦ ❬✼✼✱ ❚❤❡♦r❡♠ ✹✳✼❪ ❛♥❞ ❬✺✾✱ ❚❤❡♦r❡♠ ✻✳✶❪ ❢♦r ❛♥ ❛❜str❛❝t ❡rr♦r ❜♦✉♥❞ ❢♦r t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳

❚❤❡♦r❡♠ ✸✳✸✳✼✳ ❚❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

‖|(❡u, ❡b)‖| ≤ C
(

inf
(v,c)∈W h

|||(ηu,ηb)|||+ inf
q∈Qh

‖p− q‖L2(Ω) +R(u, b, p)
)
. ✭✸✳✸✳✷✶✮

Pr♦♦❢✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ♦❢ ❡❧❡♠❡♥ts (v, c) ∈ Ker(B̃h)✳ ❇② t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❢♦r♠ Ãh

✐♥ ✭✸✳✸✳✶✶✮✱ ✇❡ ♦❜t❛✐♥✿

C|||(χu,χb)|||2 = C
(
ν ‖χu‖2v,h + κµ ‖χb‖2m,h

)
≤ Ãh((w,d), (χu,χb), (χu,χb))

:= Ãh(χu,χu) + M̃h(χb,χb)
✭✸✳✸✳✷✷✮

❖❜s❡r✈❡ t❤❛t✱

Ãh(χu,χu) + M̃h(χb,χb) = Ãh(e
u,χu) + M̃h(e

b,χb)− Ãh(ηu,χu)− M̃h(ηb,χb)

❋r♦♠ ✭✸✳✸✳✶✹✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② v ∈Xh ❛♥❞ c ∈ Ch

Ãh(e
u,v) + M̃h(e

b, c) = Rh((u, b), (v, c), p)−Oh(w, e
u,v)− B̃h(v, e

p)

+Ch(d, e
u, c)− Ch(d,v, e

b) . ✭✸✳✸✳✷✸✮

❚❤❡♥✱ ❝❤♦♦s✐♥❣ (v, c) = (χu,χb) ✐♥ ✭✸✳✸✳✷✸✮ ❛♥❞ t❤❡♥ ✐♥s❡rt✐♥❣ t❤✐s ✐♥ ✭✸✳✸✳✷✷✮✱ ✇❡ ♦❜t❛✐♥

C
(
ν ‖χu‖2v,h + κµ ‖χb‖2m,h

)
≤ −

(
Ãh(ηu,χu) + M̃h(ηb,χb)

)
+Rh((u, b), (χu,χb), p)

−B̃h(χu, ep)−Oh(w, e
u,χu) +

(
Ch(d, e

u,χb)− Ch(d,χu, e
b)
)
:= T1 + T2 + T3 + T4 + T5.



❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❍❉ s②st❡♠ ✶✶✼

❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Ãh ❛♥❞ M̃h ✐♥ ▲❡♠♠❛ ✸✳✸✳✸✱ t❤❡ t❡r♠ T1 ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❛s ❢♦❧❧♦✇s

|T1| ≤ Cν ‖ηu‖v,h ‖χu‖v,h + Cµκ ‖ηb‖m,h ‖χb‖m,h
≤ Cmax (ν, µκ) |||(χu,χb)||| |||(ηu,ηb)|||

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Rh✱ ✇❡ ❤❛✈❡

Rh((u, b), (χu,χb), p) ≤ Rh((u, b), p)|||(χu,χb)|||. ✭✸✳✸✳✷✹✮

◆❡①t✱ ❞✉❡ t♦ ✭✸✳✷✳✸✻✮ ❛♥❞ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t (v, c) ∈ Ker (B̃h)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t v − uh ❜❡❧♦♥❣s t♦

Ker B̃h✳ ❚❤❡♥✱ ❢♦r ❛♥② q ∈ Qh

T3 = −B̃h(χu, ep) = −B̃h(χu, p− q).

■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✸✳✸ t❤❛t

|T3| ≤ C ‖χu‖v,h ‖p− q‖L2(Ω) ≤ C|||(χu,ηb)||| ‖p− q‖L2(Ω)

❚♦ ❡st✐♠❛t❡ T4✱ ♦❜s❡r✈❡ ✜rst t❤❛t T4 = −Oh(w,ηu,χu)✳ ❚❤❡♥ ❜② t❤❡ ❜♦✉♥❞ ✐♥ ▲❡♠♠❛ ✸✳✸✳✹ ❛♥❞

✭✸✳✷✳✹✷✮✱ ✇❡ ♦❜t❛✐♥

|T4| ≤ C ‖ηu‖v,h ‖χu‖m,h ≤ C|||(ηu,ηb)||||||(χu,χb)|||.

❙✐♠✐❧❛r❧②✱ t❤❡ t❡r♠ T5 ✈❡r✐✜❡s

T5 = Ch(d,ηu,χb)− Ch(d,χu,ηb).

❚❤❡♥✱ T5 ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ✉s✐♥❣ ▲❡♠♠❛ ✸✳✸✳✹ ❛♥❞ ❛♣♣❧②✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② (2ab ≤ a2 + b2)

|T5| ≤ Cκ ‖ηu‖v,h ‖χb‖+ ‖χu‖v,h ‖ηb‖ ≤ Cκ|||(ηu,ηb)||||||(χu,χb)|||

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❜♦✉♥❞s ②✐❡❧❞s

|||(χu,χb)||| ≤ C|||(ηu,ηb)|||+ C ‖p− q‖L2(Ω) +R(u, b, p).

❚❤❡♥✱ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

‖|(❡u, ❡b)‖| ≤ C|||(ηu,ηb)|||+ C ‖p− q‖L2(Ω) +R(u, b, p), ✭✸✳✸✳✷✺✮

❢♦r ❛♥② (v, c) ∈ Ker(B̃h) ❛♥❞ q ∈ Qh✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✷✶✮✳ ▲❡t ✉s ♣r♦✈❡ ♥♦✇ t❤❛t t❤✐s

❡st✐♠❛t❡ st✐❧❧ ❤♦❧❞s ❢♦r ❛♥ ❛r❜✐tr❛r② (v, c) ∈ W h✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠✿ ✜♥❞ (r, s) ∈ W h s✉❝❤

t❤❛t

B̃h((r, s), q) = B̃h((ηu,ηb), q), ∀q ∈ Qh.

❚❤❛♥❦s t♦ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ❢♦r B̃h✱ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ (r, s) s❛t✐s❢②✐♥❣

|||(r, s)||| ≤ C|||(ηu,ηb)|||. ✭✸✳✸✳✷✻✮

❙✐♥❝❡ B̃h((u, b), q) = 0 ❢♦r ❛♥② q ∈ Qh✱ ✇❡ ❤❛✈❡ t❤❛t (r + v, s+ c) ∈ Ker(B̃h) ❛♥❞ ✇❡ ❝❛♥ ✐♥s❡rt ✐t ✐♥

✭✸✳✸✳✷✼✮✳ ❆♣♣❧②✐♥❣ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

‖|(❡u, ❡b)‖| ≤ C|||(ηu,ηb)|||+ |||(r, s)|||+ C ‖p− q‖L2(Ω) +R(u, b, p). ✭✸✳✸✳✷✼✮

❙♦✱ t❤❡ ❛❜str❛❝t ❡rr♦r ❡st✐♠❛t❡ ✭✸✳✸✳✷✶✮ ❢♦❧❧♦✇s ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞ ✭✸✳✸✳✷✻✮✳



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✶✽

❆❜str❛❝t ❡rr♦r ✐♥ t❤❡ ♣r❡ss✉r❡ p✳ ❲❡ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ ❡rr♦r ✐♥ p✳ ❲❡ ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ ❛♥

❛❜str❛❝t ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♣r❡ss✉r❡ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ ❢♦r t❤❡ ❡rr♦r ✐♥ (u, b)✳

❚❤❡♦r❡♠ ✸✳✸✳✽✳ ❚❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

‖ep‖L2(Ω) ≤ C
(

inf
(v,c)∈W h

|||(ηu,ηb)|||+ inf
q∈Qh

‖p− q‖L2(Ω) +R(u, b, p)
)
. ✭✸✳✸✳✷✽✮

Pr♦♦❢✳ ❋✐① q ∈ Qh✳ ❚❤❛♥❦s t♦ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r B̃h✱ ✇❡ ♦❜t❛✐♥

‖ph − q‖L2(Ω) = ‖χp‖L2(Ω) ≤ C sup
(v,c)∈W h

B̃h((v, c), ηp)
|||(v, c)||| + C sup

(v,c)∈W h

B̃h((v, c), ep)
|||(v, c)||| ,

❛♥❞ t❤❡♥ ❜② ❝♦♥t✐♥✉✐t② ♦❢ B̃h✱

‖ph − q‖L2(Ω) ≤ C ‖ηp‖+ C sup
(v,c)∈W h

B̃h((v, c), ep)
|||(v, c)||| ,

■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡✳ ■♥ ✈✐❡✇ ♦❢ ✭✸✳✸✳✶✹✮✱

✇❡ ❤❛✈❡

B̃h((v, c), ep) = Rh((u, b), (v, c), p)− Ãh(e
u,v)−Oh(w, e

u,v)

−Ch(d,v, eb)− M̃h(e
b, c) + Ch(d, e

u, c)

Pr♦❝❡❡❞✐♥❣ ❛s ❛❜♦✈❡✱ ❜② ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠s Ãh✱ M̃h✱ Oh ❛♥❞ Ch✱ ✇❡ ♦❜t❛✐♥

‖ph − q‖L2(Ω) ≤ C‖|(eu, eb)‖|+ C ‖ηp‖ .

■♥s❡rt✐♥❣ t❤❡ ❛❜str❛❝t ❡rr♦r ✐♥ ✭✸✳✸✳✷✶✮ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✷✽✮✳

❆♣♣r♦①✐♠❛t✐♦♥ ❡st✐♠❛t❡s✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ❣✐✈❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞

t❤❡ ♣r❡ss✉r❡ ❞❡♥♦t❡❞ ❜② v✱ c ❛♥❞ q r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤✐s✱ ✇❡ ✉s❡ t❤❡ ♦♣❡r❛t♦r Ih t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡

✈❡❧♦❝✐t② ✜❡❧❞ u ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b✳ ❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ✭✸✳✷✳✺✺✮✳

❲❡ ✉s❡ t❤❡ L2✲♣r♦❥❡❝t✐♦♥ ♦❢ ❞❡❣r❡❡ k − 1 ♦♥t♦ Qh t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r❡ss✉r❡ p✳ ❙♦ ❢♦r ❛♥②

T ∈ Th✱
∀q ∈ Pk−1,

∫

T

q(p−ΠQp) dx = 0. ✭✸✳✸✳✷✾✮

▼♦r❡♦✈❡r✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✾❪✮

▲❡♠♠❛ ✸✳✸✳✾✳ ❋♦r ❛♥② q ∈ Hs(Ω) ∩ L2
0(Ω) ✇✐t❤ s ∈ [0, k]✱ ✇❡ ❤❛✈❡

‖p−ΠQp‖0,T ≤ hsT ‖q‖s,T ✭✸✳✸✳✸✵✮

❙♦✱ ✐❢ ✇❡ t❛❦❡ v = Ih(u)❀ c = Ihb✱ q = ΠQ(p) ✇✐t❤ ΠQ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ♦r❞❡r k− 1 ♦♥ Qh ❛♥❞ Ih

❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✺✸✮✲✭✸✳✷✳✺✹✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ✭✸✳✷✳✺✺✮ ❛♥❞ ✭✸✳✸✳✸✵✮ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✵✳ ❆ss✉♠❡ ((u, b), p) s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✶✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

|||(ηu,ηb)|||+ ‖ηp‖L2(Ω) 6 Chk
(
‖u‖Hk+1(Ω) + ‖b‖Hk+1(Ω) + ‖p‖Hk(Ω)

)
, ✭✸✳✸✳✸✶✮

✇✐t❤ C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❡s❤ s✐③❡✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ■♥❥❡❝t✐♥❣ ✭✸✳✸✳✶✼✮ ❛♥❞ ✭✸✳✸✳✸✶✮ ✐♥ ✭✸✳✸✳✷✶✮ ❛♥❞ ✭✸✳✸✳✷✽✮✱ ✇❡ ♦❜t❛✐♥

✭✸✳✸✳✷✮ �



❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✶✶✾

✸✳✹ ❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉

s②st❡♠

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❡①t❡♥❞ t❤❡ ❢✉❧❧② ❞✐s❝♦♥t✐♥✉♦✉s ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ t❤❡

♥♦♥❧✐♥❡❛r ▼❍❉ ♣r♦❜❧❡♠✿

−ν∆u+ (curlu)× u+∇p− κ(curl b)× b = f ✐♥Ω, ✭✸✳✹✳✶✮

κµ curl curl b− κ curl(u× b) = g ✐♥Ω, ✭✸✳✹✳✷✮

divu = 0 and div b = 0 inΩ, ✭✸✳✹✳✸✮

u · n = 0 and curlu× n = ✵ on Γ, ✭✸✳✹✳✹✮

b · n = 0 and curl b× n = ✵ on Γ. ✭✸✳✹✳✺✮

❛♥❞ p ✇✐t❤ ③❡r♦ ♠❡❛♥ ♦✈❡r Ω✿ ∫

Ω

p dx = 0. ✭✸✳✹✳✻✮

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ ♣r♦❜❧❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✸✳✶✱ ❈❤❛♣t❡r

✷✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ❛♥❞ ✇❡ ❛♣♣❧② ❛ ✜①❡❞✲♣♦✐♥t ❛r❣✉♠❡♥t t♦ ♣r♦✈❡ ✐ts ✇❡❧❧ ♣♦s❡❞♥❡ss✳

❲❡ s❤❛❧❧ ♠❛❦❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥s ♦♥ Ω✳ ■♥❞❡❡❞✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❞♦♠❛✐♥ Ω

❤❛s ❛ ❜♦✉♥❞❛r② ♦❢ ❝❧❛ss C2,1

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✿ ❋✐♥❞ ((uh, bh), ph) ∈W h×Qh s✉❝❤ t❤❛t

Ah((uh, bh), (uh, bh), (vh, ch)) + Bh((vh, ch), ph) = L((vh, ch)), ✭✸✳✹✳✼✮

Bh((uh, bh), qh) = 0, ✭✸✳✹✳✽✮

❢♦r ❛❧❧ (vh, ch) ∈ W h ❛♥❞ qh ∈ Qh✱ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠s Ah ❛♥❞ Bh ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✸✺✮

❛♥❞ ✭✸✳✷✳✸✻✮✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ Kh ❞❡✜♥❡❞ ❜②✿

Kh = {(uh, bh) ∈W h; Bh((uh, bh), qh) = Bh(uh, qh) = 0, ∀qh ∈ Qh}.

❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐s❝r❡t❡ ♦♣❡r❛t♦r Fh : Kh → Kh ❞❡✜♥❡❞ ❜②✿ Fh(w,d) = (uh, bh) ✇✐t❤ (uh, bh)

t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (uh, ph, bh, rh) ♦❢ (3.2.33) − (3.2.34) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✶✳

❚❤❡♥✱ t❤❡ ❞✐s❝r❡t❡ ❉● s❝❤❡♠❡ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥✱ ❡q✉✐✈❛❧❡♥t❧② ❛s t❤❡ ✜①❡❞✲♣♦✐♥t ♣r♦❜❧❡♠✿

Find (uh, bh) ∈Kh such that Fh(w,d) = (uh, bh). ✭✸✳✹✳✾✮

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❢♦❝✉s ♦♥ ❛♥❛❧②s✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ ✜①❡❞ ♣♦✐♥t✳ ❋♦r t❤✐s

♣✉r♣♦s❡✱ ✇❡ ♠✉st ✈❡r✐❢② t❤❛t t❤❡ ♦♣❡r❛t♦r Fh ❞❡✜♥✐♥❣ t❤❡ ❞✐s❝r❡t ♣r♦❜❧❡♠ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ s❛t✐s✜❡s t❤❡

❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❇r♦✉✇❡r✬s ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠ ❬✷✽✱ ❚❤❡♦r❡♠ ✾✳✾✲✷❪✳ ◆❡①t✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❛ ♣r✐♦r✐ ❡rr♦r

❡st✐♠❛t❡ ❢♦r t❤❡ ♠❡t❤♦❞✳

✸✳✹✳✶ ❆ ♥❡✇ Lp ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈✬s ✐♥❡q✉❛❧✐t② ♦♥ ❞✐s❝♦✉♥t✐♥✉♦✉s s♣❛❝❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✜rst ❡st❛❜❧✐s❤ ❛ r❡❣✉❧❛r✐t② r❡s✉❧t ❢♦r t❤❡ ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s r❡s✉❧t ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❛ ♥❡✇ ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✷✵

❛❧❧♦✇✐♥❣ ♦♥❡ t♦ ❡st❛❜❧✐s❤ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❉● s❝❤❡♠❡ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮✳ ■♥

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ✐t ✐s ✐♥❞❡❡❞ ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❛ r❡❣✉❧❛r✐t② r❡s✉❧t s✐♠✐❧❛r t♦

t❤♦s❡ ✐♥ ❬✶✸✱ ✶✺❪ ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✇❤❡♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ✐s ♥♦t ✐♠♣♦s❡❞✳ ❚❤✐s r❡s✉❧t

✐s ♣r❡s❡♥t❡❞ ❤❡r❡ ✐♥ ❛ ♥♦♥ ❍✐❧❜❡rt✐❛♥ s❡tt✐♥❣ ✇❤✐❝❤ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❛t ♥❡❡❞❡❞ t♦ ❛♥❛❧②③❡ ♦✉r

♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ r❡s✉❧t ❜❡❧♦✇ ✐s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st t♦ ❛♥❛❧②③❡ ♦t❤❡r ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✱

✇❡ ❝❤♦♦s❡ t♦ ❣✐✈❡ ✐t ✐♥ Lp s♣❛❝❡s ✇✐t❤ p ≥ 6/5✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ▲❡t Ω ⊂ R3 ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s✐♠♣❧②✲❝♦♥♥❡❝t❡❞ s❡t ♦❢ ❝❧❛ss C2,1✳ ▲❡t ✉s s✉♣♣♦s❡

t❤❛t g ∈ Lp(Ω) ✇✐t❤ p ≥ 6/5✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥✿




−∆u = g in Ω

u · n = 0 and curlu× n = ✵ on Γ
✭✸✳✹✳✶✵✮

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈W 2,p(Ω) ✇❤✐❝❤ ❛❧s♦ s❛t✐s✜❡s✿

‖u‖W 2,p(Ω) 6 C ‖g‖Lp(Ω) . ✭✸✳✹✳✶✶✮

Pr♦♦❢✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ p = 2 ❛♥❞ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✐♥ H1(Ω)✳

❚❤❡ ♣r♦❜❧❡♠ ✭✸✳✹✳✶✵✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿ ❋✐♥❞ u ∈ ❍ 1
T (Ω) s✉❝❤

t❤❛t✿

∀v ∈ ❍ 1
T (Ω),

∫

Ω

curlu · curlv dx+

∫

Ω

(divu) (divv) dx =

∫

Ω

❣ · v d① . ✭✸✳✹✳✶✷✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❜✐❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠✿ a(·, ·) :H1
T (Ω)×H1

T (Ω) → R ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

a(u, v) =

∫

Ω

curlu · curlv dx+

∫

Ω

(divu) (divv) dx.

❯s✐♥❣ ✐♥❡q✉❛❧✐t② ✭✸✳✷✳✾✮✱ t❤❡ ❢♦r♠ a(·, ·) ✐s ❝♦❡r❝✐✈❡ ♦♥ H1
T (Ω)✳ ❙✐♥❝❡ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡ ❞❡✜♥❡s ❛

❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ ❍ 1
T (Ω)✱ ✇❡ ❞❡❞✉❝❡ ❜② t❤❡ ▲❛①✲▼✐❧❣r❛♠✬s ▲❡♠♠❛ t❤❛t ♣r♦❜❧❡♠ ✭✸✳✹✳✶✷✮ ❤❛s

❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ ❍ 1
T (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖u‖❍ 1(Ω) ≤ C‖ ❣ ‖▲2(Ω). ✭✸✳✹✳✶✸✮

▼♦r❡♦✈❡r✱ ✇❡ s❡t ③ = curlu✳ ❚❤❡♥ ③ s❛t✐s✜❡s t❤❡ ♣r♦❜❧❡♠




−∆ ③ = curl ❣ and div ③ = 0 in Ω,

③ × ♥ = ✵ on Γ,
✭✸✳✹✳✶✹✮

✇❤✐❝❤ ✐s ❛ ♣r♦❜❧❡♠ ♦❢ t②♣❡ (EN ) ❛♥❛❧②③❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❙✐♥❝❡ curl ❣ ❜❡❧♦♥❣s t♦ [H2,2
0 (curl,Ω)]′ ❛♥❞

s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ div(curl g) = 0 ✐♥ Ω✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✶✳✸✳✹ ✭s❡❡ ❈❤❛♣t❡r✶✮

t❤❛t ③ ∈ ❍ 1(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

‖curlu‖H1(Ω) = ‖③‖❍ 1(Ω) ≤ C‖❣‖▲2(Ω). ✭✸✳✹✳✶✺✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ∇ divu = ∆u + curl curlu ∈ ▲2(Ω) ❛♥❞ t❤❡♥ divu ❜❡❧♦♥❣s t♦ H1(Ω)✳ ❆♣♣❧②✐♥❣

❈♦r♦❧❧❛r② ✶✳✸✳✷ ❧❡❛❞s t♦ ❞❡❞✉❝❡ t❤❛t u ∈ ❍ 2(Ω)✳ ❯s✐♥❣ ✭✸✳✹✳✶✺✮✱ ✇❡ ♦❜t❛✐♥

‖div✉‖H1(Ω) ≤ C‖❣‖▲2(Ω). ✭✸✳✹✳✶✻✮



❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✶✷✶

❋✐♥❛❧❧②✱ ❡st✐♠❛t❡ ✭✸✳✹✳✶✶✮ ❢♦r p = 2 ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✹✳✶✺✮ ❛♥❞ ✭✸✳✹✳✶✻✮✳ ❋♦r t❤❡ r❡s✉❧t ✐♥ t❤❡ ♥♦♥ ❍✐❧❜❡rt

❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✳

❋✐rst ❝❛s❡✿ p > 2✳ ❲❡ ❦♥♦✇ t❤❛t ♣r♦❜❧❡♠ ✭✸✳✹✳✶✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ ❍ 2(Ω) →֒ ▲∞(Ω)✳ ❚❤❡♥

u ❜❡❧♦♥❣s t♦ ▲q(Ω) ❢♦r ❛❧❧ 1 ≤ q ≤ ∞✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ curl g ∈ [Hr′,p′

0 (curl, Ω)]′✱ ✐t ❢♦❧❧♦✇s ❛❣❛✐♥

❢r♦♠ ▲❡♠♠❛ ✶✳✸✳✹ ✭s❡❡ ❈❤❛♣t❡r✶✮ t❤❛t ♣r♦❜❧❡♠ ✭✸✳✹✳✶✹✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥❲ 1,p(Ω)✳ ❙✐♠✐❧❛r❧②

t♦ t❤❡ ❝❛s❡ p = 2✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ∇ divu ❜❡❧♦♥❣s t♦ ▲p(Ω) ❛♥❞ ❜② ❬✶✵✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✵❪✱ ✇❡ ❞❡❞✉❝❡

t❤❛t divu ∈W 1,p(Ω)✳ ■♥ s✉♠♠❛r②✱ ✇❡ ❤❛✈❡

u ∈ Lp(Ω), divu ∈ Lp(Ω), curlu ∈ Lp(Ω) and u · n = 0 onΓ. ✭✸✳✹✳✶✼✮

❆♣♣❧②✐♥❣ ❛❣❛✐♥ ❈♦r♦❧❧❛r② ✶✳✸✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u ∈❲ 2,p(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✶✶✮✳

❙❡❝♦♥❞ ❝❛s❡✿ 6/5 ≤ p < 2✳ ❖❜s❡r✈❡ t❤❛t g ✐s ❛t ❧❡❛st ▲6/5(Ω)✳ ❙✐♥❝❡ H1(Ω) →֒ L6(Ω)✱ t❤❡ r✐❣❤t✲

❤❛♥❞ s✐❞❡ ✐♥ ✭✸✳✹✳✶✷✮ st✐❧❧ ❞❡✜♥❡s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ H1(Ω)✳ ❇② t❤❡ ▲❛①✲▼✐❧❣r❛♠ ❧❡♠♠❛✱ t❤❡

♣r♦❜❧❡♠ ✭✸✳✹✳✶✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ ❍ 1(Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡✿

‖u‖❍ 1(Ω) ≤ C‖ ❣ ‖
▲6/5(Ω).

◆❡①t✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ✜rst st❡♣ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t curlu ❜❡❧♦♥❣s t♦❲ 1,p(Ω)

❛♥❞ t❤❡♥ ∇ divu ∈ ❲ 1,p(Ω)✳ ◆♦✇✱ s✐♥❝❡ u ∈ ▲6(Ω) →֒ ▲p(Ω)✱ t❤❡ s♦❧✉t✐♦♥ u s❛t✐s✜❡s ✭✸✳✹✳✶✼✮✳

❆♣♣❧②✐♥❣ ❛❣❛✐♥ ❈♦r♦❧❧❛r② ✶✳✸✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u ❜❡❧♦♥❣s t♦ ❲ 2,p(Ω) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡

✭✸✳✹✳✶✶✮✳

❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✐s ✇❡❧❧ ♣♦s❡❞✱ ✇❡ s❤❛❧❧ r❡q✉✐r❡ ❛ ❞✐s❝r❡t❡ Lp ❡st✐♠❛t❡ ❢♦r

❢✉♥❝t✐♦♥s ✐♥ Xh ✇✐t❤ p ≤ 6✱ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦r♠ ‖ · ‖v,h✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✹✳✶✾✮ ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t

▲❡♠♠❛ ✐s t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ Lr ❙♦❜♦❧❡✈✬s ✐♥❡q✉❛❧✐t② ✇✐t❤ r ∈ [2, ∞) ♣r♦✈❡♥ ✐♥ ❬✹✼✱ ▲❡♠♠❛

✻✳✷❪ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✿ ❢♦r ❛♥② vh ∈Xh✱

‖vh‖Lr(Ω) ≤ C(r)|||vh|||h := C(r)
( ∑

T∈Th

‖∇vh‖20,T +
∑

e∈Fh

γ

he
‖[[vh]]‖20,e

)1/2
, ✭✸✳✹✳✶✽✮

✇❤❡r❡ γ > 0 ✐s ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳

❙♦❜♦❧❡✈✬s ✐♥❡q✉❛❧✐t② ✭✸✳✹✳✶✾✮ ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✳✼ ❜❡❧♦✇✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱

✐t ✐s r❡q✉✐r❡❞ t♦ ❜♦✉♥❞ t❤❡ ❢♦r♠s Oh ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦r♠ ‖ · ‖v,h ✇❤❡♥ ❞❡r✐✈✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢

t❤❡ ♦♣❡r❛t♦r Fh✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✇✐❧❧ ❛❧s♦ ❜❡ r❡q✉✐r❡❞ t♦ ❤❛♥❞❧❡ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r♠ Ch✳ ❚❤❡ ♣r♦♦❢ ✐s

s✐♠✐❧❛r t♦ ✭✸✳✹✳✶✽✮ ❜✉t ♥♦t ❡❧❡♠❡♥t❛r② ❜❡❝❛✉s❡ ✐t ❤❡❛✈✐❧② r❡❧✐❡s ♦♥ t❤❡ ♥❡✇ r❡❣✉❧❛r✐t② t❤❡♦r❡♠ st❛t❡❞

✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✇❤❡♥ t❤❡ t❛♥❣❡♥t✐❛❧ ❛♥❞ ♥♦r♠❛❧ ❥✉♠♣s ♥♦r♠s r✉♥

♦✈❡r t❤❡ ❢❛❝❡s ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✳

▲❡♠♠❛ ✸✳✹✳✷✳ ❋♦r ❡❛❝❤ r❡❛❧ ♥✉♠❜❡r p ∈ (1, 6]✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h s✉❝❤

t❤❛t ✿

∀vh ∈Xh, ‖vh‖Lp(Ω) 6 C ‖vh‖v,h ✭✸✳✹✳✶✾✮

Pr♦♦❢✳ ▲❡t H1
T (Ω) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ H1(Ω) ✇✐t❤ ③❡r♦ ♥♦r♠❛❧ tr❛❝❡ ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✳✽✮✳

❋♦❧❧♦✇✐♥❣ ❬✹✼❪✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❧✐❢t✐♥❣ v(h) ♦❢ vh ✇❤❡r❡ v(h) ∈H1
T (Ω) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢

∀w ∈H1
T (Ω),

∫

Ω

curlv(h) · curlw dx+

∫

Ω

div v(h) divw dx ✭✸✳✹✳✷✵✮

=
∑

T∈Th

∫

T

curlvh · curlw dx+
∑

T∈Th

∫

T

(div vh)(divw) dx.



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✷✷

s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡

‖div v(h)‖L2(Ω) + ‖curlv(h)‖L2(Ω) ≤
( ∑

T∈Th

‖div vh‖20,T +
∑

T∈Th

‖curlvh‖20,T
)1/2

≤ ‖vh‖v,h .

▼♦r❡♦✈❡r✱ s✐♥❝❡ v(h) ❜❡❧♦♥❣s t♦ H1
T (Ω)✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✸✳✷✳✶✵✮ ❢♦r ❛♥② 1 ≤ p ≤ 6

‖v(h)‖Lp(Ω) ≤ C ‖vh‖v,h . ✭✸✳✹✳✷✶✮

❙♦✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ✭✸✳✹✳✶✾✮ ❤♦❧❞s ❢♦r vh−v(h) ❛♥❞ t❤❡♥ t♦ ✉s❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✳ ❇② ❞✉❛❧✐t②✱

✇❡ ❤❛✈❡

‖vh − v(h)‖Lp(Ω) = sup
g∈Lp′ (Ω)

∫

Ω

(vh − v(h)) · g dx

‖g‖Lp′ (Ω)

,

✇❤❡r❡ 1
p′ = 1− 1

p ✳ ❙✐♥❝❡ p 6 6✱ t❤❡♥ p′ > 6
5 ❛♥❞ g ❛❧✇❛②s ❜❡❧♦♥❣s t♦ L6/5(Ω)✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥

✸✳✹✳✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠




−∆φ = g ✐♥ Ω

curlφ× n = ✵ ❛♥❞ φ · n = 0 ♦♥ Γ

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ φ ∈W 2, 65 (Ω) s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡

‖φ‖
W

2, 6
5 (Ω)

6 C ‖g‖
L

6
5 (Ω)

≤ C ‖g‖Lp′ (Ω) ✭✸✳✹✳✷✷✮

❚❤❡♥✱ s✐♥❝❡ [[v(h)]]N = 0 ❢♦r ❛❧❧ e ∈ Fh✱ [[v(h)]]T = ✵ ❢♦r ❛❧❧ e ∈ FI
h ❛♥❞ (curlφ) × n = 0 ♦♥ Γ✱ t❤❡

r❡❣✉❧❛r✐t② ♦❢ φ ❛♥❞ ✭✸✳✹✳✷✵✮ ✐♠♣❧② t❤❛t

∫

Ω

(vh − v(h)) · g dx = −
∫

Ω

∆φ · (v − v(h)) dx

= −
∑

e∈Fh

∫

e

divφ [[vh]]N ds+
∑

e∈FI
h

∫

e

curlφ · [[vh]]T ds ✭✸✳✹✳✷✸✮

❲❡ ♥❡❡❞ t♦ ❜♦✉♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✳✷✸✮✳ ❲❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ ✜rst t❡r♠ ✐♥✈♦❧✈✐♥❣

t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ❛♥❞ t❤❡ ♥♦r♠❛❧ ❥✉♠♣s✳ ❆ s✐♠✐❧❛r ❜♦✉♥❞ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠✱ ✐♥✈♦❧✈✐♥❣ t❤❡

r♦t❛t✐♦♥❛❧ ♦♣❡r❛t♦r ❛♥❞ t❤❡ t❛♥❣❡♥t✐❛❧ ❥✉♠♣s✱ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❡①❛❝t❧② ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛♥❞

♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥s✳ ❙✐♥❝❡ divφ ❜❡❧♦♥❣s t♦ W 1,6/5(Ω)✱ t❤❡ tr❛❝❡ ♦❢ divφ ♦♥ ❡❛❝❤ ❢❛❝❡ e ❜❡❧♦♥❣s t♦

W 1/6,6/5(e) →֒ L4/3(e)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

∣∣∣
∫

e

divφ [[vh]]N ds
∣∣∣ 6 ‖divφ‖L4/3(e) ‖[[vh]]N‖

L4(e)
✭✸✳✹✳✷✹✮

P❛ss✐♥❣ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t T̂ ✇✐t❤ t❤❡ ❢❛❝❡ ê✱ ✇❡ ❤❛✈❡

‖divφ‖L4/3(e) ≤ C|e| 34
∥∥∥d̂ivφ

∥∥∥
L4/3(ê)

◆❡①t✱ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❝❡ ✐♥❡q✉❛❧✐t②✿

‖v‖Lp(e) ≤ ch
− 1

p+d(
1
p− 1

q )

T ‖v‖Lq(T ) , ✭✸✳✹✳✷✺✮



❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✶✷✸

✇✐t❤ p = 4
3 ✱ q = 2 ❛♥❞ d = 3 t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡♠❜❡❞❞✐♥❣ W 1,6/5(T̂ ) →֒ L2(T̂ )✱ ✇❡ ♦❜t❛✐♥

‖divφ‖L4/3(e) ≤ C|e| 34
∥∥∥d̂ivφ

∥∥∥
L2(T̂ )

≤ C|e| 34
∥∥∥d̂ivφ

∥∥∥
W 1,6/5(T̂ )

❆♣♣❧②✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t②

‖v̂‖W 1,p(T̂ ) ≤ C
hT

|T | 1p
‖v‖W 1,p(T )

✇❡ ❞❡❞✉❝❡ t❤❛t

‖divφ‖L4/3(e) ≤ C|e| 34 hT

|T | 56
‖divφ‖W 1,6/5(T )

▼♦r❡♦✈❡r✱ ❜② ✈✐rt✉❡ ♦❢ ❛ss✉♠♣t✐♦♥ ✭✸✳✷✳✸✷✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② T ∈ Th

|e|√
T

≤ C
hT
ρT

≤ Cς,

✇❤✐❝❤ ❣✐✈❡s

‖divφ‖L4/3(e) ≤ C ‖divφ‖W 1,6/5(T ) . ✭✸✳✹✳✷✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

‖[[vh]]N‖
L4(e)

≤ C|e|1/4 ‖[[v̂h]]N‖
L2(ê)

≤ C|e|−1/2 ‖[[vh]]N‖
L2(e)

, ✭✸✳✹✳✷✼✮

✇❤❡r❡ ❛ ❧♦❝❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♥♦r♠s ✐s ✉s❡❞✳ ❈♦♠❜✐♥✐♥❣ ✭✸✳✹✳✷✻✮ ❛♥❞ ✭✸✳✹✳✷✼✮ ✐♥ ✭✸✳✹✳✷✹✮✱ ✇❡ ♦❜t❛✐♥

∣∣∣
∫

e

divφ [[vh]]N ds
∣∣∣ 6 C ‖divφ‖W 1,6/5(T ) |e|−1/2 ‖[[vh]]N‖

L2(e)
. ✭✸✳✹✳✷✽✮

❋✐♥❛❧❧②✱ s✉♠♠✐♥❣ ♦✈❡r e ∈ Fh ❛♥❞ ✉s✐♥❣ ❡st✐♠❛t❡ ✭✸✳✹✳✷✷✮✱ ✇❡ ♦❜t❛✐♥

∑

e∈Fh

∫

e

divφ [[vh]]N ds 6 C ‖g‖Lp′ (Ω)

( ∑

e∈Fh

σ1
|e| ‖[[vh]]N‖2

L2(e)

)1/2
. ✭✸✳✹✳✷✾✮

❆ ✈❡r② ♠✉❝❤ s✐♠✐❧❛r ♣r♦♦❢ ❣✐✈❡s

∑

e∈FI
h

∫

e

curlφ · [[vh]]T ds 6 C ‖g‖Lp′ (Ω)

( ∑

e∈FI
h

σ2
|e| ‖[[vh]]T ‖

2
L2(e)

)1/2
. ✭✸✳✹✳✸✵✮

❈♦❧❧❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✭✸✳✹✳✷✾✮✲✭✸✳✹✳✸✵✮ ✐♥t♦ ✭✸✳✹✳✷✸✮✱ ✇❡ ♦❜t❛✐♥

∫

Ω

(vh − v(h)) · g dx 6 C ‖g‖Lp′ (Ω) ‖vh‖1,h

✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✶✾✮✳

❘❡♠❛r❦ ✸✳✹✳✸✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ✭✸✳✹✳✶✾✮ ✐s t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❛t ✈❛❧✐❞

❛t t❤❡ ❝♦♥t✐♥✉♦✉s ❧❡✈❡❧ ✭✸✳✷✳✶✵✮✳ ■♥❞❡❡❞✱ ✐❢ v ∈ H 1
T (Ω)✱ ✇❡ ❤❛✈❡ [[v(h)]]N = 0 ❢♦r ❛❧❧ e ∈ Fh ❛♥❞

[[v(h)]]T = 0 ❢♦r ❛❧❧ e ∈ FI
h ❛♥❞ t❤❡♥✱ ✇❡ ❤❛✈❡ ✭✸✳✷✳✶✵✮✳



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✷✹

✸✳✹✳✷ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠

❲❡ ♥♦✇ ❛✐♠ t♦ s❤♦✇ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ ❜② ❛♥❛❧②s✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥t ✜①❡❞✲♣♦✐♥t ♣r♦❜❧❡♠

✭✸✳✹✳✾✮✳ ❖✉r ♥❡①t ❣♦❛❧ ✐s t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ♥♦♥ ❧✐♥❡❛r ❢♦r♠s Oh ❛♥❞ Ch

✇❤✐❝❤ ❛r❡ ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r Fh ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✐s ❛ ❝♦♥tr❛❝t✐♦♥✳

■♥ ✈✐❡✇ ♦❢ ✭✸✳✹✳✶✾✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ Oh✳

▲❡♠♠❛ ✸✳✹✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② (w,uh,vh) ∈Xh ×Xh ×Xh✱

Oh(w,uh,vh) 6 C ‖w‖v,h ‖uh‖v,h ‖vh‖v,h . ✭✸✳✹✳✸✶✮

Pr♦♦❢✳ ❯s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

Oh(w,uh, vh) :=
∑

T∈Th

∫

T

(curlw × uh) · vh dx ≤ C
( ∑

T∈Th

‖ curlw‖20,T
)1/2

‖uh‖L4(Ω)‖vh‖L4(Ω)

❆♣♣❧②✐♥❣ ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4✱ t❤❡ r❡s✉❧t ✐s t❤❡♥ ❛❝❤✐❡✈❡❞✳

❋♦r t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r♠ Ch✱ ✇❡ r❡q✉✐r❡ t❤❡ ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✸✳✹✳✶✾✮ ✇✐t❤

p = 4 ❢♦r ❜♦t❤ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■♥❞❡❡❞✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ L4✲L4✲L2 ❛r❣✉♠❡♥t ✇❤❡♥

❛♣♣❧②✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✳ ❲❡ ♥♦t❡ t❤❛t✱ ✐♥ t❤❡ ♣r♦♦❢ ❣✐✈❡♥ ✐♥ ❬✽✶✱ ▲❡♠♠❛ ✹✳✸❪✱ ❛♥ ❛r❣✉♠❡♥t

L3✲L6✲L2 ✐s ✉s❡❞ t♦ ❤❛♥❞❧❡ t❤❡ ❢♦r♠ Ch✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s r❡❛❧✐st✐❝ ❜❡❝❛✉s❡ t❤❡② ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧

❝❛s❡ ♦❢ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ Ω ∈ R3 ❛♥❞ ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❡❧♦✐❝t②✳ ❙♦✱ ✐♥

t❤✐s ❝❛s❡✱ t❤❡ ❞✐s❝r❡t❡ ✐♥❡q✉❛❧✐t② ❣✐✈❡♥ ✐♥ ✭✸✳✹✳✶✽✮ ✐s ✉s❡❞ ❢♦r t❤❡ ✈❡❧♦❝✐t② ✉ ✇✐t❤ r = 6✳ ❍♦✇❡✈❡r✱ t❤✐s

✐♥❡q✉❛❧✐t② ❝❛♥ ♥♦t ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ b✳ ❲✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ t②♣❡ ✭✸✳✹✳✺✮ ♦r

b× n = ✵ ♦♥ Γ✱ b ❤❛s ❛ r❡❣✉❧❛r✐t② ♦♥❧② ✐♥ H1/2(Ω) →֒ L3(Ω)✳ ❍❡♥❝❡✱ t❤❡② ❡st❛❜❧✐s❤ ✐♥ ❬✽✶✱ ❚❤❡♦r❡♠

✽✳✶❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ L3 ❡st✐♠❛t❡ ❢♦r ❢✉♥❝t✐♦♥s ✐♥ Ch✳

❚❤❡♦r❡♠ ✸✳✹✳✺✳ ❬❲✳ ◗✐✉ ❛♥❞ ❑❡✳ ❙❤✐✱ ✷✵✷✵ ❪ ❚❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r ❛♥②

bh ∈ Ch ✇❡ ❤❛✈❡

‖bh‖L3(Ω) 6 C
( ∑

e∈FI
h

‖h− 1
2 [[bh]]T ‖20,e +

∑

T∈Th

‖curl bh‖20,T + ‖ divNh bh‖L2(Ω)

)
, ✭✸✳✹✳✸✷✮

✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ ❞✐✈❡r❣❡♥❝❡ divNh bh ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ ✐♥ H1(Ω) ∩ L2
0(Ω) ∩ Sh

s❛t✐s❢②✐♥❣

(divNh bh, s)Th
= −(bh,∇s)Th

, ❢♦r ❛❧❧ s ∈ H1(Ω) ∩ L2
0(Ω) ∩ Sh,

✇❤❡r❡ Sh :=
{
sh ∈ L2(Ω); sh|T ∈ Pk+1(T ) , ∀T ∈ Th

}
✳

❲❡ ❝❛♥ ♥♦✇ ❞❡r✐✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢♦r♠ Ch ❛s ✐♥ ❬✽✶✱ ▲❡♠♠❛ ✹✳✸❪✳ ❚❤❡ ♠❛✐♥ t♦♦❧ ❞✐✛❡r❡♥t

❢r♦♠ t❤❡✐r ♣r♦♦❢ ✐s t❤❛t ✇❡ ✉s❡ ❛♥ L4✲L4✲L2 ❛r❣✉♠❡♥t ✐♥st❡❛❞ ♦❢ ❛♥ L3✲L6✲L2 ❛r❣✉♠❡♥t ✇❤❡♥ ❛♣♣❧②✐♥❣

t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✳ ❙♦✱ ❢♦r ♦✉r ❝❛s❡✱ ✇❡ ❛♣♣❧② t❤❡ ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4

✐♥st❡❛❞ ♦❢ ✭✸✳✹✳✶✽✮ ❛♥❞ ✭✸✳✹✳✸✷✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

▲❡♠♠❛ ✸✳✹✳✻✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② (bh,vh, ch) ∈ Ch ×Xh ×Ch✱

Ch(bh,vh, ch) 6 Cκ ‖bh‖m,h ‖vh‖v,h ‖ch‖m,h . ✭✸✳✹✳✸✸✮



❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✶✷✺

Pr♦♦❢✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ Ch✱ ✇❡ ❤❛✈❡

Ch(bh,vh, ch) = κ
∑

T∈Th

∫

T

(vh × bh) · curl ch dx− κ
∑

e∈FI
h

∫

e

{{vh × bh}} · [[ch]]T ds ✭✸✳✹✳✸✹✮

❆♣♣❧②✐♥❣ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

Ch(bh,vh, ch) ≤ Cκ‖bh‖L4(Ω)‖vh‖L4(Ω)

( ∑

T∈Th

‖ curl ch‖20,T
)1/2

+ Cκ
( ∑

e∈FI
h

h‖bh‖4L4(e)

)1/4( ∑

e∈FI
h

h‖vh‖4L4(e)

)1/4( ∑

e∈FI
h

h−1‖[[ch]]T ‖2L2(e)

)1/2

❚❤❛♥❦s t♦ t❤❡ tr❛❝❡ t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡

Ch(bh,vh, ch) ≤ Cκ‖bh‖L4(Ω)‖vh‖L4(Ω)

( ∑

T∈Th

‖ curl ch‖20,T
)1/2

+ Cκ‖bh‖L4(Ω)‖vh‖L4(Ω)

( ∑

e∈FI
h

σ1
h
‖[[ch]]T ‖2L2(e)

)1/2

≤ Cκ‖bh‖L4(Ω)‖vh‖L4(Ω) ‖ch‖m,h

❚❤❡♥✱ t❤❡ ❜♦✉♥❞ ✭✸✳✹✳✸✸✮ ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❙♦❜♦❧❡✈✬s ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✹✳✸✷✮ ❛♥❞ ✭✸✳✹✳✶✾✮ ✇✐t❤

p = 4✳

❘❡♠❛r❦ ✸✳✹✳✶✳ ■t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ r❡✉s❡ t❤❡ s❛♠❡ str❛t❡❣② ✐♥ ❬✽✶❪ ✇✐t❤ ❛ r❡❣✉❧❛r✐t② ❜❡❧♦✇ H1(Ω)

❢♦r ❜♦t❤ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■♥❞❡❡❞✱ ✐♥ ♦✉r ✇♦r❦✱ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞

✈❡r✐❢② t❤❡ s❛♠❡ t②♣❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❙♦✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ♥♦♥ s♠♦♦t❤ ❞♦♠❛✐♥✱ ✇❡

❤❛✈❡ u ∈H1/2(Ω) →֒ L3(Ω) ❛♥❞ b ∈H1/2(Ω) →֒ L3(Ω)✳ ❚❤❡♥✱ t❤❡ ❛r❣✉♠❡♥t L3✲L3✲L2(Th) ❞♦❡s ♥♦t

❛❧❧♦✇ t♦ ❜♦✉♥❞
∑

T∈Th

∫

T

(v × b) · curl b dx ❛♥❞ t❤❡♥ t❤❡ ❢♦r♠ Ch ❝❛♥ ♥♦t ❜❡ ❜♦✉♥❞❡❞✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❛ss✉♠♣t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ♣r♦❜❧❡♠ ✭✸✳✹✳✾✮ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

❚❤❡♦r❡♠ ✸✳✹✳✼✳ ❆ss✉♠❡ t❤❛t

ν−2 ‖f‖0,Ω , µ−1ν−1 ‖f‖0,Ω , κ−
1
2µ− 1

2 ν−
3
2 ‖g‖0,Ω , ν−

1
2µ− 3

2κ−
1
2 ‖g‖0,Ω ✭✸✳✹✳✸✺✮

❛r❡ s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡♥✱ t❤❡ ❉● s❝❤❡♠❡ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (uh, bh, ph) ∈ Xh ×
Ch ×Qh ✇❤✐❝❤ s❛t✐s✜❡s✿

ν ‖uh‖2v,h + κµ ‖bh‖2m,h 6 C(ν−1 ‖f‖20,Ω + κ−1µ−1 ‖g‖20,Ω) ✭✸✳✹✳✸✻✮

Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r Fh ❞❡✜♥❡❞ ✐♥ ✭✸✳✹✳✾✮ ❤❛s ❛ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t✳ ❚✇♦ st❡♣s

❛r❡ ♥❡❡❞❡❞ t♦ t❤❛t✳

❙t❡♣ ✶✿ ❲❡ ♣r♦✈❡ t❤❛t Fh ♠❛♣s ❛ ❝❧♦s❡❞ ❜❛❧❧ GM ✐♥t♦ ✐ts❡❧❢ ❢♦r ❛ r❡❛❧ ♥✉♠❜❡r M > 0✳ ▲❡t ✉s t❛❦❡

(vh, ch) = (uh, bh) ❛♥❞ qh = −ph ❛s t❡st ❢✉♥❝t✐♦♥s ✐♥ ✭✸✳✹✳✽✮✲✭✸✳✹✳✽✮✳ ❲❡ ❤❛✈❡✿

Ah((uh, bh), (uh, bh), (uh, bh)) = Ah(uh,uh) +Mh(bh, bh) =

∫

Ω

f · uh dx+

∫

Ω

g · bh dx. ✭✸✳✹✳✸✼✮



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✷✻

❲❡ ❣❡t ❢r♦♠ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ Ah ❛♥❞ Mh ✐♥ ✭✸✳✷✳✹✸✮ ❛♥❞ ✭✸✳✷✳✹✹✮ r❡s♣❡❝t✐✈❡❧② ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③

✐♥❡q✉❛❧✐t②✿

ν ‖uh‖2v,h + κµ|bh|2m,h 6 C
(
‖f‖L2(Ω) ‖uh‖L2(Ω) + ‖g‖L2(Ω) ‖bh‖L2(Ω)

)

❚❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✸✳✹✳✶✾✮ ✇✐t❤ p = 2 ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✐♠♣❧② t❤❛t

ν ‖uh‖2v,h + κµ ‖bh‖2m,h 6 C
(
ν−1 ‖f‖2L2(Ω) + κ−1µ−1 ‖g‖2L2(Ω)

)
:=M ✭✸✳✹✳✸✽✮

❙♦✱ ✇❡ ❞❡✜♥❡ GM ❛s✿

GM :=
{
(uh, bh) ∈Kh, ν ‖uh‖2v,h + κµ ‖bh‖2m,h 6M

}
. ✭✸✳✹✳✸✾✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t GM ✐s ❛ ❝❧♦s❡❞ s❡t ♦❢ Kh ❛♥❞ Fh(GM ) ⊂ GM ✳

❙t❡♣ ✷✿ ❲❡ ♣r♦✈❡ t❤❛t ✇❤❡♥ t❤❡ ❞❛t❛ f ❛♥❞ g ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤✱ Fh ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢r♦♠ GM ✐♥t♦

✐ts❡❧❢✳ ❲❡ r❡♠❛r❦ ✐♥ ❛❞✈❛♥❝❡ t❤❛t ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❛♥❞ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤

t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✶✾✮ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢✳

▲❡t (w1,d1), (w2,d2) ∈ Gh ❛♥❞ (u1
h, b

1
h) := F(w1,d1)✱ (u

2
h, b

2
h) := F(w2,d2) ❜❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠s ✭✸✳✷✳✸✸✮✲✭✸✳✷✳✸✹✮✳

❋r♦♠ t❤✐s ❢❛❝t✱ t❤❡ ❞✐✛❡r❡♥❝❡s uh := u1
h − u2

h✱ bh := b1h − b2h ❛♥❞ ph := p1h − p2h s❛t✐s❢②✿ ❢♦r ❛♥②

(vh, ch, qh) ∈W h ×Qh

Ah(uh,vh) +Mh(bh, ch) +Oh(w1,u
1
h,vh)−Oh(w2,u

2
h,vh)

+ Ch(d1,vh, b
1
h)− Ch(d2,vh, b

2
h)− Ch(d1,u

1
h, ch) + Ch(d2,u

2
h, ch)

+ Bh(vh, p)−Bh(uh, qh) = 0.

❚❛❦✐♥❣ ((uh, bh), ph) ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥✱ ❛❞❞✐♥❣ ❛♥❞ s✉❜str❛❝t✐♥❣ Ch(d1,uh, b
2
h)✱

✇❡ ♦❜t❛✐♥✿

Ah(uh,uh) +Mh(bh, bh) = Oh(w2 −w1,u
2
h,uh)− Ch(d1 − d2,uh, b2h) + Ch(d1 − d2,u2

h, bh),✭✸✳✹✳✹✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t

Oh(w2,u
2
h,uh)−Oh(w1,u

1
h,uh) = Oh(w2 −w1,u

2
h,uh).

▲❡t ✉s ❡st✐♠❛t❡ ❡❛❝❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✳✹✵✮✳ ❚❤❡ ✜rst t❡r♠ ❝❛♥ ❜❡ ❡❛s✐❧② ❡st✐♠❛t❡❞

❜② ✉s✐♥❣ ▲❡♠♠❛ ✸✳✹✳✹ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✳ ■♥❞❡❡❞✱ ✐t ❢♦❧❧♦✇s t❤❛t

Oh(w2 −w1,u
2
h,uh) 6 C ‖w1 −w2‖v,h

∥∥u2
h

∥∥
v,h

‖uh‖v,h

≤ Cν−1 ‖w1 −w2‖2v,h
∥∥u2

h

∥∥2
v,h

+
1

4
ν ‖uh‖2v,h

◆❡①t✱ ❜② ✉s✐♥❣ ❈♦r♦❧❧❛r② ✸✳✹✳✻✱ ✇❡ ❤❛✈❡

Ch(d1 − d2,uh, b2h) 6 Cκ ‖d1 − d2‖m,h ‖uh‖v,h
∥∥b2h

∥∥
m,h

≤ Cκ2ν−1 ‖d1 − d2‖2m,h
∥∥b2h

∥∥2
m,h

+
1

4
ν ‖uh‖2v,h ,

Ch(d1 − d2,u2
h, bh) 6 Cκ ‖d1 − d2‖m,h

∥∥u2
h

∥∥
v,h

‖bh‖m,h

≤ Cκµ−1 ‖d1 − d2‖2m,h
∥∥u2

h

∥∥2
v,h

+
1

2
κµ ‖bh‖2m,h .



❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✶✷✼

❈♦❧❧❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✐♥ ✭✸✳✹✳✹✵✮✱ ✉s✐♥❣ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ Ah ❛♥❞ Mh✱ ✇❡ ♦❜t❛✐♥

ν ‖uh‖2v,h + κµ ‖bh‖2m,h 6 Cν ‖w1 −w2‖2m,h ν−2
∥∥u2

h

∥∥2
v,h

+ C
(
κµ−1ν−1

∥∥b2h
∥∥2
m,h

+ κµ−2
∥∥u2

h

∥∥2
v,h

)
κµ ‖d1 − d2‖2m,h

❙♦✱ ✐❢ ν−2
∥∥u2

h

∥∥
1,h

< 1 ❛♥❞ κµ−1ν−1
∥∥b2h

∥∥2
C
+ κµ−2

∥∥u2
h

∥∥2
1,h

< 1✱ t❤❛t ✐s✱ ✐❢ t❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥s

✭✸✳✹✳✸✺✮ ♦♥ f ❛♥❞ g ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ♦♣❡r❛t♦r Fh ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♦♥ GM ✳

❚❤❡ ❛❜♦✈❡ ♣r♦♦❢s s❤♦✇ t❤❛t Fh s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❇r♦✉✇❡r✬s ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠ ♦♥ GM ✳

❚❤❡♥✱ Fh ❤❛s ❛ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t (uh, bh) ✐♥ GM ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡

s♦❧✉t✐♦♥ (uh, bh) ❤❛s ❜❡❡♥ ♣r♦✈❡❞✳ ■♥ t✉r♥✱ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✸✳✹✳✸✻✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✸✳✹✳✸✽✮✳

◆♦✇ t❤❛t uh ❛♥❞ bh ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ✇❡ ✇❛♥t t♦ r❡❝♦✈❡r t❤❡ ♣r❡ss✉r❡ ph✳ ❖❜s❡r✈❡ t❤❛t ph ✐s t❤❡

s♦❧✉t✐♦♥ ♦❢

Bh(vh, ph) =

∫

Ω

f · vh dx−Ah(uh,vh)−Oh(uh,uh,vh)− Ch(bh,vh, bh) ✭✸✳✹✳✹✶✮

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✹✳✷✱ ▲❡♠♠❛ ✸✳✷✳✼✱ ▲❡♠♠❛ ✸✳✹✳✹ ❛♥❞ ❈♦r♦❧❧❛r② ✸✳✹✳✻ t♦ ❜♦✉♥❞ Ah✱ Oh ❛♥❞ Ch

r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❞❡✜♥❡s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r

❢✉♥❝t✐♦♥❛❧ ♦♥ Xh✳ ❚❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✐♥ ▲❡♠♠❛ ✸✳✷✳✶✵ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢

ph ∈ Qh t♦ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✹✳✹✶✮✳

✸✳✹✳✸ ❊rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞s ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❉● ♠❡t❤♦❞✳ ❚❤❡ ♣r♦♦❢ ✉s❡s

❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s ❛s ✐♥ ❬✽✶❪ ✇❤❡r❡ ❛ s✐♠✐❧❛r r❡s✉❧t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❢♦r t❤❡ ▼❍❉ ♣r♦❜❧❡♠

✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❡❧♦❝✐t② t♦❣❡t❤❡r ✇✐t❤ ③❡r♦ t❛♥❣❡♥t✐❛❧ tr❛❝❡ ❢♦r t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞✳ ▲❡t ✉s ✜rst ♥♦t❡ t❤❛t t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ (u, b, p) ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ▼❍❉ ♣r♦❜❧❡♠ ✭✸✳✹✳✶✮✲✭✸✳✹✳✻✮

s❛t✐s✜❡s

Ah((u, b), (u, b), (vh, ch)) + Bh((vh, ch), p) = L((vh, ch)), ∀(vh, ch) ∈W h, ✭✸✳✹✳✹✷✮

Bh((u, b), qh) = 0, ∀qh ∈ Qh. ✭✸✳✹✳✹✸✮

❆s ❢♦r t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✇❡ s♣❧✐t t❤❡ ❡rr♦rs ✐♥ t✇♦ ♣❛rts✿ eu = u− uh✱ eb = b− bh ❛♥❞ ep = p− ph

✇✐t❤

χu = Ih(u)− uh, ηu = u− Ih(u)

χb = Ih(b)− bh, ηb = b− Ih(b)

χp = ΠQ(p)− ph, ηp = p−ΠQ(p)

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❢♦r t❤❡ ❡rr♦r ♣r♦❥❡❝t✐♦♥✿

▲❡♠♠❛ ✸✳✹✳✽✳ ▲❡t (u, b, p) ∈ Hk+1(Ω) ×Hk+1(Ω) × Hk(Ω) ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ▼❍❉

♣r♦❜❧❡♠ ✭✸✳✹✳✶✮✲✭✸✳✹✳✻✮✳ ▲❡t (uh, ph, bh) ❜❡ t❤❡ s♦❧✉t✐♦♥ ✐♥ Xh ×Qh ×Ch ♦❢ t❤❡ ❉● ♠❡t❤♦❞ ✭✸✳✹✳✼✮✲

✭✸✳✹✳✽✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✼✱ ✇❡ ❛ss✉♠❡ t❤❛t 1
min (ν,µ) ‖u‖H1(Ω) ❛♥❞

κ1/2

ν1/2µ1/2 ‖b‖H1(Ω) ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ t❤❡ ❡rr♦rs✿

ν ‖χu‖2v,h + κµ ‖χb‖2m,h
6 Ch2k

(
‖u‖2Hk+1(Ω) + ‖b‖2Hk+1(Ω) + ‖b‖2Hk+1(Ω)

(
‖u‖2Hk+1(Ω) + ‖b‖2Hk+1(Ω)

)) ✭✸✳✹✳✹✹✮

✇✐t❤ C ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❜✉t ♥♦t ♦❢ t❤❡ ♠❡s❤ s✐③❡ h✳



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✷✽

Pr♦♦❢✳ ❚❤❛♥❦s t♦ ✭✸✳✹✳✹✷✮✲✭✸✳✹✳✹✸✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ (vh, ch) ∈W h ❛♥❞ qh ∈ Qh✿

Ah(u− Ih(u),vh) +Ah(Ih(u),vh) +Mh(b− Ih(b), ch) +Mh(Ih(b), ch) +Oh(u,u,vh)

+ Ch(b,vh, b)− Ch(b,u, ch) +Bh(vh, p−ΠQ(p)) +Bh(vh,ΠQ(p)) = L(vh, ch),
Bh(u− Ih(u), qh) +Bh(Ih(u), qh) = 0.

✭✸✳✹✳✹✺✮

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ih ✭❝✳❢✳ ✭✸✳✷✳✺✸✮ ❛♥❞ ✭✸✳✷✳✺✹✮✮ ❛♥❞ ΠQ ✭❝✳❢✳ ✭✸✳✸✳✷✾✮✮✱ ✇❡ ❤❛✈❡✿

Bh(vh,ΠQ(p)− p) = −
∑

T∈Th

∫

T

(div vh)(ΠQ(p)− p) dx+
∑

e∈Fh

∫

e

{{ΠQ(p)− p}}[[vh]]N ds

=
∑

e∈Fh

∫

e

{{ΠQ(p)− p}}[[vh]]N ds

Bh(u− Ih(u), qh) = −
∑

T∈Th

∫

T

div(Ih(u)− u)qh dx+
∑

e∈Fh

∫

e

{{qh}}[[Ih(u)− u]]N ds

= 0.

❙♦✱ ❢r♦♠ ✭✸✳✹✳✹✺✮✱ ✇❡ ♦❜t❛✐♥✿

Ah(Ih(u),vh) +Mh(Ih(b), ch) +Oh(u,u,vh) + Ch(b,vh, b)− Ch(b,u, ch) +Bh(vh,ΠQ(p))

= Ah(Ih(u)− u,vh) +Mh(Ih(b)− b, ch) +
∑

e∈Fh

∫

e

{{ΠQ(p)− p}}[[vh]]N ds+ L(vh, ch),

Bh(Ih(u), qh) = 0.

❲❡ ♥❡①t s✉❜str❛❝t ❢r♦♠ ✭✸✳✹✳✼✮✲✭✸✳✹✳✽✮ t♦ ♦❜t❛✐♥

Ah(χu,vh) +Mh(χb, ch) +Bh(vh, χp)

= Oh(uh,uh,vh)−Oh(u,u,vh) + Ch(bh,vh, bh)− Ch(b,vh, b) + Ch(b,u, ch)− Ch(bh,uh, ch)

+Ah(Ih(u)− u︸ ︷︷ ︸
−ηu

,vh) +Mh(Ih(b)− b︸ ︷︷ ︸
−ηb

, ch) +
∑

e∈Fh

∫

e

{{ΠQ(p)− p}}︸ ︷︷ ︸
−{{ηp}}

[[vh]]N ds,

Bh(χu, qh) = 0.

✭✸✳✹✳✹✻✮

❈♦♠❜✐♥✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ♦❢ ✭✸✳✹✳✹✻✮ ✇✐t❤ t❡st ❢✉♥❝t✐♦♥s (χu,χb, χp) ❛♥❞ ✉s✐♥❣ ✭✸✳✷✳✹✸✮✲✭✸✳✷✳✹✹✮✱ ✇❡

♦❜t❛✐♥✿

C
(
ν ‖χu‖2v,h + κµ ‖χb‖2m,h

)
≤ Ah(χu,χu) +Mh(χb,χb)

= −Ah(ηu,χu)−Mh(ηb,χb)−
∑

e∈Fh

∫

e

{{ηp}}[[χu]]N ds

− (Oh(uh,ηu,χu) +Oh(χu,u,χu) +Oh(ηu,u,χu))

+ (Ch(ηb,u,χb)− Ch(ηb,χu, b))− (Ch(χb,χu, b)− Ch(χb,u,χb))

+ (Ch(bh,ηu,χb)− Ch(bh,χu,ηb)).

✭✸✳✹✳✹✼✮

▲❡t ✉s ❜♦✉♥❞ ❡✈❡r② t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✳✹✼✮✳

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ah✱ ✇❡ ❤❛✈❡



❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✶✷✾

Ah(ηu,χu) := ν
∑

T∈Th

∫

T

curlηu · curl χu dx+ ν
∑

T∈Th

∫

T

(div ηu)(divχu) dx

− ν
∑

e∈FI
h

(∫

e

{{curl ηu}} · [[χu]]T ds+
∫

e

{{curlχu}} · [[ηu]]T ds
)

− ν
∑

e∈Fh

(∫

e

{{div ηu}}[[χu]]N ds+
∫

e

{{divχu}}[[ηu]]N ds
)

ν
∑

e∈FI
h

σ1
he

∫

e

[[ηu]]T · [[χu]]T ds+ ν
∑

e∈Fh

σ2
he

∫

e

[[ηu]]N [[χu]]N ds

✭✸✳✹✳✹✽✮

❆♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✸✳✷✳✺✺✮✱ ✇❡ ❤❛✈❡ ❢♦r t❤❡ t❡r♠s ✐♥ t❤❡ ✜rst r♦✇ ♦❢ ✭✸✳✹✳✹✽✮✿

ν
∑

T∈Th

∫

T

curlηu · curl χu dx+ ν
∑

T∈Th

∫

T

(div ηu)(divχu) dx

≤ ν
( ∑

T∈Th

‖curlηu‖20,T +
∑

T∈Th

‖div ηu‖20,T
)1/2( ∑

T∈Th

‖curlχu‖20,T +
∑

T∈Th

‖divχu‖20,T
)1/2

≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h
▼♦r❡♦✈❡r✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ u ❛♥❞ ✭✸✳✷✳✺✹✮✱ ✇❡ ❤❛✈❡

ν
∑

e∈FI
h

∫

e

{{curlχu}} · [[ηu]]T ds+ ν
∑

e∈Fh

∫

e

{{divχu}}[[ηu]]N ds = 0.

❙♦✱ ❢♦r t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ r♦✇s ♦❢ ✭✸✳✹✳✹✽✮✱ ✐t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ t❡r♠s✿

ν
∑

e∈FI
h

∫

e

{{curl ηu}} · [[χu]]T ds and ν
∑

e∈Fh

∫

e

{{div ηu}}[[χu]]N ds

▲❡t ✉s ❣✐✈❡ ❞❡t❛✐❧ ♣r♦♦❢ ❢♦r t❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ✜rst t❡r♠✳ ❋♦r t❤✐s✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ st❛♥❞❛r❞ ▲❛❣r❛♥❣❡

✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ♦❢ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ k✱ ❞❡♥♦t❡❞ Πh✳ ❙♦✱ ✇❡ ❤❛✈❡
∫

e

{{curl ηu}} · [[χu]]T ds =
∫

e

(
{{curl(u−Πhu)}} · [[χu]]T + {{curl(Πhu− Ihu)}} · [[χu]]T

)
ds ✭✸✳✹✳✹✾✮

❋♦r t❤❡ ✜rst t❡r♠ ✐♥ ✭✸✳✹✳✹✾✮✱ ✇❡ ❤❛✈❡
∫

e

{{curl(u−Πhu)}} · [[χu]]T ds ≤ ‖{{curl(u−Πhu)}}‖0,e ‖[[χu]]T ‖0,e

▲❡t e ∈ FI
h s✉❝❤ t❤❛t e = ∂T1 ∩ ∂T2 ✇✐t❤ T1, T2 ∈ Th✳ ❯s✐♥❣ t❤❡ ❞✐s❝r❡t❡ tr❛❝❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦♣❡rt② ♦❢ t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

1√
|e|

‖{{curl(u−Πhu)}}‖0,e ≤ C
( 1

hT1

‖curl(u−Πhu)‖0,T1
+

1

hT2

‖curl(u−Πhu)‖0,T2

+ | curl(u−Πhu)|1,T1∪T2

)
≤ Chk−1 ‖u‖Hk+1(T1∪T2)

❙♦✱ ✇❡ ❤❛✈❡

ν
∑

e∈FI
h

∫

e

{{curl(u−Πhu)}} · [[χu]]T ds ≤ Cνhk ‖u‖Hk+1(Ω)

( ∑

e∈FI
h

1

|e| ‖[[χu]]T ‖
)1/2

≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h

✭✸✳✹✳✺✵✮



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✸✵

❋♦r t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✸✳✹✳✹✾✮✱ s✐♥❝❡ Πhu− Ihu ✐s ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ❝❛♥ ✇r✐t❡

1√
|e|

‖{{curl(Πhu− Ihu)}}‖0,e ≤ C
( 1

hT1

‖curl(Πhu− Ihu)‖0,T1
+

1

hT2

‖curl(Πhu− Ihu)‖0,T2

)

❇② tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✸✳✷✳✺✺✮✱ ✇❡ ❤❛✈❡ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t T ♦❢ Th
‖curl(Πhu− Ihu)‖0,T ≤ ‖curl(Πhu− u)‖0,T + ‖curl(u− Ihu)‖0,T ≤ ChkT ‖u‖k+1,∆T

❚❤❡♥✱ ✇❡ ❤❛✈❡

ν
∑

e∈FI
h

∫

e

(
{{curl(Πhu− Ihu)}} · [[χu]]T ≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h ✭✸✳✹✳✺✶✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✹✳✺✵✮ ❛♥❞ ✭✸✳✹✳✺✶✮✱ ✇❡ ♦❜t❛✐♥

ν
∑

e∈FI
h

∫

e

{{curl ηu}} · [[χu]]T ds ≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h . ✭✸✳✹✳✺✷✮

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

ν
∑

e∈Fh

∫

e

{{div ηu}}[[χu]]N ds ≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h . ✭✸✳✹✳✺✸✮

❋♦r t❤❡ t❡r♠s ✐♥ t❤❡ ❧❛st r♦✇ ♦❢ ✭✸✳✹✳✹✽✮✱ ✇❡ ✉s❡ ✭✸✳✷✳✺✺✮ ❛♥❞ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ❛❜♦✈❡ t♦ ♦❜t❛✐♥

ν
∑

e∈FI
h

σ1
he

∫

e

[[ηu]]T · [[χu]]T ds ≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h , ✭✸✳✹✳✺✹✮

❛♥❞ s✐♠✐❧❛r❧②✱

ν
∑

e∈Fh

σ2
he

∫

e

[[ηu]]N [[χu]]N ds ≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h , ✭✸✳✹✳✺✺✮

❈♦❧❧❡❝t✐♥❣ t❤❡ ❜♦✉♥❞s ✭✸✳✹✳✹✾✮✱ ✭✸✳✹✳✹✾✮✲✭✸✳✹✳✺✺✮ ②✐❡❧❞s

Ah(ηu,χu) ≤ Cνhk ‖u‖Hk+1(Ω) ‖χu‖v,h ≤ ν

10
‖χu‖2v,h + Ch2k ‖u‖2Hk+1(Ω) . ✭✸✳✹✳✺✻✮

◆❡①t✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Mh ❛♥❞ t❤❡ ❢❛❝t t❤❛t Ch =Xh✱ t❤❡ t❡r♠s ♦❢ Mh ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ✐♥

❛ s✐♠✐❧❛r ✇❛② ❛s t❤❡ t❡r♠s ♦❢ Ah t♦ ♦❜t❛✐♥✿

Mh(ηb,χb) 6 Cκµhk ‖χb‖m,h ‖b‖Hk+1(Ω) ≤
κµ

8
‖χb‖2m,h + Ch2k ‖b‖2Hk+1(Ω) . ✭✸✳✹✳✺✼✮

❙✐♠✐❧❛r❧②✱ ✉s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✸✵✮ ❢♦r t❤❡ L2✲♣r♦❥❡❝t✐♦♥ ΠQ✱ ✇❡ ♦❜t❛✐♥✿

∑

e∈Fh

∫

e

{{ηp}}[[χu]]N ds 6 C
∑

e∈Fh

(∫

e

he{{ηp}}2 ds
) 1

2
(∫

e

h−1
e [[χu]]N

2
ds
) 1

2

6 Chk ‖χu‖v,h ‖p‖Hk(Ω) ≤
ν

10
‖χu‖2v,h + Ch2k ‖p‖2Hk(Ω) .

✭✸✳✹✳✺✽✮

❋♦r t❤❡ t❡r♠s ♦♥ Oh ✐♥ t❤❡ t❤✐r❞ r♦✇ ♦❢ ✭✸✳✹✳✹✼✮✱ ✇❡ ✉s❡ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② t♦ ♦❜t❛✐♥✿

Oh(uh,ηu,χu) +Oh(χu,u,χu) +Oh(ηu,u,χu)

6

( ∑

T∈Fh

‖curluh‖20,T
)1/2

‖ηu‖L4(Ω) ‖χu‖L4(Ω) +
( ∑

T∈Fh

‖curlχu‖20,T
)1/2

‖u‖L4(Ω) ‖χu‖L4(Ω)

+
( ∑

T∈Fh

‖curlηu‖20,T
)1/2 ‖u‖L4(Ω) ‖χu‖L4(Ω)



❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼❍❉ s②st❡♠ ✶✸✶

❯s✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ H1(Ω) →֒ L4(Ω) t♦❣❡t❤❡r ✇✐t❤ t❤❡ Lp ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈✬s ✐♥❡q✉❛❧✐t②

✭✸✳✹✳✶✾✮ ✇✐t❤ p = 4 ❛♥❞ ✭✸✳✷✳✺✺✮✱ ✇❡ ♦❜t❛✐♥

Oh(uh,ηu,χu) +Oh(χu,u,χu) +Oh(ηu,u,χu)

6 Chk ‖u‖Hk+1(Ω)

(
‖uh‖v,h + ‖u‖H1(Ω)

)
‖χu‖v,h + C ‖u‖H1(Ω) ‖χu‖

2
v,h

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡

Oh(uh,ηu,χu) +Oh(χu,u,χu) +Oh(ηu,u,χu)

6
ν

10
‖χu‖2v,h + Ch2k ‖u‖2Hk+1(Ω) + C ‖u‖H1(Ω) ‖χu‖

2
v,h

✭✸✳✹✳✺✾✮

❋♦r t❤❡ t✇♦ ✜rst t❡r♠s ✐♥ ✭✸✳✹✳✹✼✮✱ ✇❡ ❤❛✈❡ s✐♥❝❡ [[b]]T = ✵ ♦♥ FI
h ✿

Ch(ηb,u,χb)− Ch(ηb,χu, b)

= κ
∑

T∈Th

(∫

T

(u× ηb) · curlχb dx−
∫

T

(χu × ηb) · curl b dx
)
− κ

∑

e∈FI
h

∫

e

{{u× ηb}} · [[χb]]T ds
✭✸✳✹✳✻✵✮

❯s✐♥❣ ✭✸✳✹✳✶✾✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t

‖u‖L∞(Ω) ≤ C ‖u‖Hk+1(Ω) and ‖curl b‖L4(Ω) ≤ C ‖curl b‖Hk(Ω) ,

t❤❡ t✇♦ ✜rst t❡r♠s ✐♥ ✭✸✳✹✳✻✵✮ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s✿

κ
∑

T∈Th

(∫

T

(u× ηb) · curlχb dx−
∫

T

(χu × ηb) · curl b dx
)

6 Cκ
(
‖u‖L∞(Ω) ‖ηb‖L2(Ω) ‖curlχb‖L2(Th)

+ ‖χu‖L4(Ω) ‖ηb‖L2(Ω) ‖curl b‖L4(Ω)

)

6 Cκ
(
hk ‖b‖Hk+1(Ω) ‖u‖Hk+1(Ω) ‖χb‖m,h + hk ‖b‖Hk+1(Ω) ‖χu‖v,h ‖curl b‖Hk(Ω)

)

≤ Cκhk ‖b‖Hk+1(Ω)

(
‖u‖Hk+1(Ω) ‖χb‖m,h + ‖curl b‖Hk(Ω) ‖χu‖v,h

)

✭✸✳✹✳✻✶✮

❋♦r t❤❡ ❧❛st t❡r♠ ✐♥ ✭✸✳✹✳✻✵✮✱ ❜② ✉s✐♥❣ t❤❡ ❞✐s❝r❡t❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥ Πh✱ ✇❡

♦❜t❛✐♥✿

κ
∑

e∈FI
h

∫

e

{{u× ηb}} · [[χb]]T ds

= κ
∑

e∈FI
h

∫

e

{{u× (Ih(b)−Πh(b))}} · [[χb]]T ds+ κ
∑

e∈FI
h

∫

e

{{u× (Πh(b)− b)}} · [[χb]]T ds

≤ Cκ ‖u‖L∞(Ω)

( ∑

e∈FI
h

he ‖(Ih(b)−Πh(b))‖20,e
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[χb]]T ‖

2
0,e

) 1
2

+ Cκ ‖u‖L∞(Ω)

( ∑

e∈FI
h

he ‖(Πh(b)− b)‖20,e
) 1

2
( ∑

e∈FI
h

h−1
e ‖[[χb]]T ‖

2
0,e

) 1
2

≤ Cκhk ‖b‖Hk+1(Ω) ‖u‖Hk+1(Ω) ‖χb‖m,h

✭✸✳✹✳✻✷✮

❈♦❧❧❡❝t✐♥❣ ✭✸✳✹✳✻✶✮ ❛♥❞ ✭✸✳✹✳✻✷✮ ✐♥ ✭✸✳✹✳✻✵✮✱ ✇❡ ♦❜t❛✐♥

Ch(ηb,u,χb)− Ch(ηb,χu, b) ≤ κhk ‖b‖Hk+1(Ω)

(
‖u‖Hk+1(Ω) ‖χb‖m,h + ‖curl b‖Hk(Ω) ‖χu‖v,h

)

≤ ν

10
‖χu‖2v,h +

κµ

8
‖χb‖2m,h + Ch2k ‖b‖2Hk+1(Ω) ‖u‖

2
Hk+1(Ω)

+ Ch2k ‖b‖4Hk+1(Ω) . ✭✸✳✹✳✻✸✮



❈❤❛♣t❡r ✸✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ▼❍❉ s②st❡♠ ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✶✸✷

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❤❛✈❡

Ch(χb,u,χb)− Ch(χb,χu, b)

= κ
( ∑

T∈Th

∫

T

(u× χb) · curlχb dx−
∑

e∈FI
h

∫

e

{{u× χb}} · [[χb]]T ds−
∑

T∈Th

∫

T

(χu × χb) · curl b dx
)

6 Cκ ‖u‖L4(Ω) ‖χb‖L4(Ω) ‖curlχb‖L2(Th)

+ κ
( ∑

e∈FI
h

h‖u‖4L4(e)

)1/4( ∑

e∈FI
h

h‖χb‖4L4(e)

)1/4( ∑

e∈FI
h

h−1
e ‖[[χb]]T ‖

2
0,e

) 1
2

+ κ ‖χu‖L4(Ω) ‖χb‖L4(Ω) ‖curl b‖L2(Ω) .

❚❤❡♥✱ ❛♣♣❧②✐♥❣ ✭✸✳✹✳✶✾✮ ❛♥❞ ❞✐s❝r❡t❡ tr❛❝❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

Ch(χb,u,χb)− Ch(χb,χu, b) ≤ Cκ
(
‖χb‖2m,h ‖u‖H1(Ω) + ‖b‖H1(Ω) ‖χu‖v,h ‖χb‖m,h

)

≤ Cκ ‖χb‖2m,h ‖u‖H1(Ω) +
κµ

8
‖χb‖2m,h + C

κ

µ
‖b‖2H1(Ω) ‖χu‖

2
v,h

✭✸✳✹✳✻✹✮

❋✐♥❛❧❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r t❤❡ t✇♦ ❧❛st t❡r♠s ✐♥ ✭✸✳✹✳✹✼✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐s ❛ s✐♠✐❧❛r ✇❛②✿

Ch(bh,ηu,χb)− Ch(bh,χu,ηb)

6 Cκ ‖bh‖m,h
(
hk ‖u‖Hk+1(Ω) ‖χb‖m,h + hk ‖curl b‖Hk(Ω) ‖χu‖v,h

)

≤ κµ

8
‖χb‖2m,h +

ν

10
‖χu‖2v,h + h2k ‖b‖2Hk+1(Ω) + h2k ‖u‖2Hk+1(Ω) .

✭✸✳✹✳✻✺✮

❚❤✉s✱ ❝♦♠❜✐♥✐♥❣ ❛❧❧ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✸✳✹✳✹✹✮ ❜② ❛ss✉♠✐♥❣ t❤❛t 1
min (ν,νm) ‖u‖H1(Ω)

❛♥❞
√
κ√
ννm

‖b‖H1(Ω) ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✸✳✹✳✾✳ ❆ss✉♠❡ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ (u, b, p) ♦❢ ✭✸✳✹✳✶✮✲✭✸✳✹✳✻✮ s❛t✐s✜❡s t❤❡ s♠♦♦t❤♥❡ss

❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✶✮✳ ▲❡t (uh, ph, bh) ❜❡ t❤❡ s♦❧✉t✐♦♥ ✐♥ Xh × Qh × Ch ♦❢ t❤❡ ❉● ♠❡t❤♦❞ ✭✸✳✹✳✼✮✲

✭✸✳✹✳✽✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✼✱ ✇❡ ❛ss✉♠❡ t❤❛t 1
min (ν,µ) ‖u‖H1(Ω) ❛♥❞

κ1/2

ν1/2µ1/2 ‖b‖H1(Ω) ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❡st✐♠❛t❡✿

ν ‖u− uh‖2v,h + κµ ‖b− bh‖2m,h
6 Ch2k

(
‖u‖2Hk+1(Ω) + ‖b‖2Hk+1(Ω) + ‖b‖2Hk+1(Ω)

(
‖u‖2Hk+1(Ω) + ‖b‖2Hk+1(Ω)

)) ✭✸✳✹✳✻✻✮

✇✐t❤ C ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❜✉t ♥♦t ♦❢ t❤❡ ♠❡s❤ s✐③❡ h✳

Pr♦♦❢✳ ❙✐♥❝❡ u−uh = ηu+χu ❛♥❞ b−bh = ηb+χb✱ t❤❡♥ t❤❡ r❡s✉❧t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛

✸✳✹✳✽✱ ✭✸✳✷✳✺✺✮ ❛♥❞ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✳



❈❤❛♣t❡r ✹

■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✿

(NS)





✉ t − ν∆✉ +∇p+ ✉ · ∇✉ = ❢ ✐♥ Ω× [0, T ]

div✉ = 0 ✐♥ Ω× [0, T ]

✉ · n = 0 curl✉ × n = 0 ♦♥ Γ× [0, T ]

✉(x, 0) = ✉0 ∀x ∈ Ω.

✇❤❡r❡ Ω ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R3 s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ✇❤♦s❡ ❜♦✉♥❞❛r② Γ ✐s ♦❢ ❝❧❛ss C1,1✳ ❚❤❡ ❢✉♥❝t✐♦♥s

✉ ❛♥❞ p ❞❡s❝r✐❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♣r❡ss✉r❡✳ ❚❤❡ ❢✉♥❝t✐♦♥s f ❛♥❞ ✉0 ❛r❡ t❤❡ ❡①t❡r♥❛❧

❢♦r❝❡s ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ν > 0 t❤❡ ❝♦♥st❛♥t ❦✐♥❡♠❛t✐❝✳

❚❤❡ ♦r✐❣✐♥❛❧ ♠♦t✐✈❛t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ ▼❍❉ ♣r♦❜❧❡♠ ✐♥ ❈❤❛♣t❡r ✷ ❛♥❞ ❈❤❛♣t❡r ✸✳ ❚❤❡ ❣♦❛❧

✐s t♦ st✉❞② t❤❡ ♥♦♥st❛t✐♦♥❛r② ❝❛s❡ ❛♥❞ t❤❡♥ t♦ t❡st ♦t❤❡r str❛t❡❣✐❡s t♦ ♦✈❡r❝♦♠❡ t❤❡ ❞✐✣❝✉❧t✐❡s t♦

tr❡❛t t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥str❛✐♥t div b = 0 ✐♥ Ω✳ ❙✐♥❝❡ t❤❡ ▼❍❉ s②st❡♠ ✐s ❢♦r♠❡❞ ❜② ❝♦✉♣❧✐♥❣

t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱ t❤❡ st✉❞② ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❢✉❧❧ ▼❍❉

s②st❡♠ ♠❛② ❜❡ q✉✐t❡ ❝✉♠❜❡rs♦♠❡✳ ❚❤✉s✱ ✇❡ ✜rst st❛rt❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ (NS)
✇❤✐❝❤ ✐s s✐♠♣❧❡st ❛♥❞ ✐t ✐s ✐ts❡❧❢ ❛♥ ✐♥t❡r❡st✐♥❣ ♣r♦❜❧❡♠ t♦ st✉❞②✳

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐s ❛ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❍✳

◆❛✈✐❡r ❬✼✹❪✳ ❚❤❡ s②st❡♠ (NS) ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ❉❛ ❱❡✐❣❛ ❬✷✶❪ ❛♥❞ ❳✐❛♦ ❛♥❞ ❳✐♥ ❬✶✵✶❪ ✇❤❡r❡ t❤❡

❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❊✉❧❡r ♣r♦❜❧❡♠ ✇❤❡♥ t❤❡ ✈✐s❝♦s✐t② t❡♥❞s t♦ ③❡r♦ ✐s ❡st❛❜❧✐s❤❡❞✳ ❆❧s♦

✐♥ t❤❡ ✇♦r❦ ♦❢ ▼✐tr❡❛ ❛♥❞ ▼♦♥♥✐❛✉① ❬✼✵✱ ✼✶❪✱ t❤❡ ❛✉t❤♦rs ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❛♥❛❧②t✐❝✐t② ♦❢ t❤❡ ❙t♦❦❡s

s❡♠✐✲❣r♦✉♣ ✇✐t❤ t❤❡ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❧♦❝❛❧ ❡①✐st❡♥❝❡ ♦❢ ♠✐❧ s♦❧✉t✐♦♥s✳

■♥ ▼✐②❛❦❛✇❛ ❬✼✷❪✱ t❤❡ ❛✉t❤♦r ❛✐♠❡❞ t♦ ♣r♦✈❡ ❛ ❧♦❝❛❧ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s✳ ❬✷❪ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡

s❛♠❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❙t♦❦❡s ♦♣❡r❛t♦r ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❣❡♥❡r❛t❡s ❛ ❜♦✉♥❞❡❞ ❛♥❛❧②t✐❝ s❡♠✐✲❣r♦✉♣✳ ❲❡ ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✐♥t❡r❡st✐♥❣ ✇♦r❦ ❬✶❪✱ ✇❤❡r❡ t❤❡ ◆❛✈✐❡r

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇✐t❤ ♥♦♥✲s♠♦♦t❤ s❧✐♣ ❝♦❡✣❝✐❡♥t α ✐s st✉❞✐❡❞✳

❖♥❡ ♦❢ t❤❡ ❞✐✣❝✉❧t✐❡s ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜❧❡♠ ✐s ❤♦✇ t♦ ❡♥❢♦r❝❡ ♥✉♠❡r✐❝❛❧❧② t❤❡

❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✈❡❧♦❝✐t②✱ t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❝♦st❧②✳ ❖♥❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥

✶✸✸



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✸✹

♠❡t❤♦❞s t♦ r❡❧❛① t❤✐s ❝♦♥str❛✐♥t ✐s t❤❡ ♣r❡ss✉r❡ st❛❜✐❧✐③❛t✐♦♥ ♠❡t❤♦❞ ✇❤✐❝❤ ✇❛s ✜rst st✉❞✐❡❞ ❜② ❈❤♦r✐♥

❬✷✻✱ ✷✼❪ ❛♥❞ ❚❡♠❛♠ ❬✾✻❪✳ ❚❤✐s ♠❡t❤♦❞ ❝♦♥s✐sts t♦ ❛❞❞ ǫ∆pǫ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❡q✉❛t✐♦♥ ✿

div✉ǫ + ǫ∆pǫ = 0 ✐♥ Ω×]0, T [,

✇❤❡r❡ ǫ > 0 ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ ♣❡rt✉r❜❛t✐♦♥✳

❆♥♦t❤❡r ♠❡t❤♦❞ ✇✐t❤ ǫ∆pǫ r❡♣❧❛❝❡❞ ❜② ǫpǫ✱ ✇❤✐❝❤ ✐s ❛ ♣❡♥❛❧t② ♠❡t❤♦❞ ✇❛s ✉s❡❞ ✐♥ s❡✈❡r❛❧ ✇♦r❦s

✭s❡❡ ❬✷✵❪ ❛♥❞ ❬✾✵❪✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✇❤❡r❡ t❤❡ t❡r♠ ǫ∆pǫ

✐s r❡♣❧❛❝❡❞ ❜② ǫpǫt ✿

div✉ǫ + ǫpǫt = 0 ✐♥ Ω×]0, T [

❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❞✐✛❡r❡♥t ✇♦r❦s✱ s❡❡ ❬✹✵✱ ✾✺❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣s❡✉❞♦ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞✱

s✐♠✐❧❛r t♦ t❤❡ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ❬✾✶❪✱ t❤r♦✉❣❤ ✐♥s❡rt✐♥❣ ❛ ♣r❡ss✉r❡ st❛❜✐❧✐③✐♥❣ t❡r♠ ✐♥

t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

div✉ǫ − ǫ∆pǫt = 0 ✐♥ Ω×]0, T [ and
∂pǫt
∂n

= 0 on Γ,

■♥ ♦✉r ✇♦r❦✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s

s②st❡♠ (NS) ❜② ✉s✐♥❣ ❋❛❡❞♦ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✳ ◆❡①t✱ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ t❤❡ ❛❜♦✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s

✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ t♦ r❡❧❛① t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥str❛✐♥t✿ t❤❡ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ❛♥❞

t❤❡ ♣s❡✉❞♦ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞✳

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡

◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (NS) ❜② ✉s✐♥❣ ❋❛❡❞♦✲●❛❧❡r❦✐♥✬s ♠❡t❤♦❞✳ ❚❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞ ❛r❡ ❝❧❛ss✐❝

❛♥❞ ✐♥s♣✐r❡❞ ❜② t❤❡ ❜♦♦❦s ♦❢ ❏✳▲✳ ▲✐♦♥s ❬✻✺❪ ❛♥❞ ❘✳ ❚❡♠❛♠ ❬✾✻❪✳ ❙❡❝t✐♦♥ ✸ ❞❡❛❧s ✇✐t❤ t❤❡ ❛♥❛❧②s✐s

♦❢ t❤❡ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡

s②st❡♠ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❝❛s❡✳ ❙❡❝t✐♦♥ ✹ ❞❡❛❧s ✇✐t❤ t❤❡ st✉❞② ♦❢ t❤❡ ♣s❡✉❞♦

❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞✳ ❲❡ ❣✐✈❡ ❛♥ ❡rr♦r ❛♥❛❧②s✐s ❢♦r t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ✇✐t❤ r❡s♣❡❝t t♦ (NS)✳
❙❡❝t✐♦♥ ✺ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡rr♦r ❛♥❛❧②s✐s ❢♦r s❡❝♦♥❞✲♦r❞❡r t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢ ❛ ♣❡rt✉r❜❡❞

s②st❡♠ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (NS)✳

✹✳✷ ❆♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ ❣✐✈❡ ❛♥ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❛♠ ❛♥❞ t♦ s❤♦✇ t❤❛t ✐t ❤❛s ❛t ❧❡❛st

♦♥❡ s♦❧✉t✐♦♥✳ ▲❡t ✉s ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ r❡❧❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ st❛♥❞❛r❞

♥♦t❛t✐♦♥ ❢♦r ❙♦❜♦❧❡✈ s♣❛❝❡s ▲2(Ω)✱ ❍ 1(Ω) ❛♥❞ ❍ 2(Ω)✳ ❲❡ s❤❛❧❧ ✉s❡ ❜♦❧❞ ❝❤❛r❛❝t❡rs ❢♦r t❤❡ ✈❡❝t♦rs

♦r t❤❡ ✈❡❝t♦r s♣❛❝❡s ❛♥❞ t❤❡ ♥♦♥✲❜♦❧❞ ❝❤❛r❛❝t❡rs ❢♦r t❤❡ s❝❛❧❛rs✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ st❛♥❞❛r❞ ♥♦t❛t✐♦♥

❢♦r t❤❡ L2(Ω) ✐♥♥❡r ♣r♦❞✉❝t✱ t❤❛t ✐s✱ (·, ·)✳ ❲❡ ♥♦t❡ ‖ · ‖, ‖ · ‖1 ❛♥❞ ‖ · ‖2 t♦ ❞❡✜♥❡ r❡s♣❡❝t✐✈❡❧② t❤❡

♥♦r♠ ♦❢ ❢✉♥❝t✐♦♥ ✐♥ ▲2(Ω)✱ ❍ 1(Ω) ❛♥❞ ✐♥ ❍ 2(Ω). ❚❤❡ ♥♦r♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Lp(Ω) ✇✐t❤ p 6= 2 ✇✐❧❧

❜❡ ❞❡♥♦t❡❞ ❜② ‖ · ‖Lp(Ω)✳

▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s♣❛❝❡✿

H = {v ∈ L2(Ω); div v = 0 in Ω, v · n = 0 on Γ}

❛♥❞ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s♣❛❝❡

H1
T (Ω) = {v ∈H1(Ω); v · n = 0 on Γ},



❆♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✶✸✺

XT (Ω) = {v ∈ L2(Ω); div v ∈ L2(Ω), curlv ∈ L2(Ω), v · ♥ = 0 ♦♥ Γ}.

H0(div ,Ω) =H
2,2
0 (div ,Ω) = {v ∈ L2(Ω) , div v ∈ L2(Ω) , v · ♥ = 0 ♦♥ Γ},

❛♥❞

V T (Ω) = {v ∈H1(Ω); div v = 0 in Ω, v · n = 0 on Γ}.

▼♦r❡♦✈❡r✱ ✐❢ X ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ✇❡ ❞❡✜♥❡ ❜② L2(0, T ;X) t❤❡ t✐♠❡✲s♣❛❝❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s s✉❝❤ t❤❛t

‖v‖2L2(0, T ;X) =

∫ T

0

‖v(t)‖2X dt <∞, ∀v ∈ L2(0, T ;X)

❲❡ ❞❡✜♥❡ B(✉ , ✈)✱ b(✉ , ✈ ,w) ❛s ❢♦❧❧♦✇ ✿

B(✉ , ✈) = (✉ · ∇)✈ , b(u,w,v) = (B(u, v),w), ∀u, v, w ∈H1
T (Ω).

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ Ω✳ ❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s✿

• ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❢♦r ❛♥② 1 ≤ p ≤ 6✿ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✻❪✮ t❤❛t ✐❢ Ω ✐s ❜♦✉♥❞❡❞

❛♥❞ s✐♠♣❧②✲❝♦♥♥❡❝t❡❞✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C(Ω) s✉❝❤ t❤❛t

‖v‖2Lp(Ω) ≤ C
(
‖ curlv‖2 + ‖div v‖2

)
, ∀v ∈H1

T (Ω). ✭✹✳✷✳✶✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡

‖∇v‖2 ≤ C
(
‖ curlv‖2 + ‖div v‖2

)
, ∀v ∈H1

T (Ω). ✭✹✳✷✳✷✮

• P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t②✿

‖u‖L2(Ω) 6 C ‖∇u‖L2(Ω) , ∀u ∈XT (Ω). ✭✹✳✷✳✸✮

• ❆❣♠♦♥✬s ✐♥❡q✉❛❧✐t②✿

‖u‖L∞(Ω) 6 C ‖u‖
1
2

H1(Ω)
‖u‖

1
2

H2(Ω)
, ∀u ∈H2(Ω). ✭✹✳✷✳✹✮

• ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣✬s ✐♥❡q✉❛❧✐t②✿

❲❡ ❛ss✉♠❡ p < d✱ q < r < p∗ ✱ θ ∈ [0, 1]✱ 1
r = θ

q +
1−θ
p∗ ❛♥❞ d

p∗ = d
p − 1 ✇❤❡r❡ d ✐s t❤❡ ❞✐♠❡♥s✐♦♥✳ ❚❤❡♥

✿

‖✉‖Lr(Ω) 6 ‖✉‖θLq(Ω) ‖∇✉‖1−θLp(Ω) . ✭✹✳✷✳✺✮

■❢ ✇❡ t❛❦❡ ✐♥ ✭✹✳✷✳✺✮✿ r = 3 ✱ p = q = 2 ❛♥❞ θ = 1
2 ✱ ✇❡ ❤❛✈❡✿

‖✉‖L3(Ω) 6 ‖✉‖ 1
2 ‖∇✉‖ 1

2 . ✭✹✳✷✳✻✮

▲❡t T > 0 ❜❡ ❣✐✈❡♥ ❛♥❞ ❢ ❛♥❞ ✉0 ❣✐✈❡♥ ❢✉♥❝t✐♦♥s ✇✐t❤✿

u0 ∈H, f ∈ L2(0, T ; (H0(div ,Ω))
′). ✭✹✳✷✳✼✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✸✻

■♥ t❤❡ ✜rst ♣r♦♣♦s❡❞ ♠❡t❤♦❞✱ ✇❡ ❛ss✉♠❡ t❤❛t ν = 1✳

❲❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ❛♥② s♦❧✉t✐♦♥ ♦❢ (NS) ✐s ❛❧s♦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✿ ✜♥❞

✉ ∈ L2(0, T ;V T (Ω)) s✉❝❤ t❤❛t





d

dt
(u,v) + (curl✉ , curl ✈) + b(✉ ,✉ , ✈) = 〈❢ , ✈〉Ω, ∀✈ ∈ VT (Ω)

✉(0) = ✉0,

✭✹✳✷✳✽✮

✇❤❡r❡ t❤❡ ❞✉❛❧✐t② ♦♥ Ω ✐s ❞❡✜♥❡❞ ❜②

〈·, ·〉Ω = 〈·, ·〉(H0(div ,Ω))′×H0(div ,Ω).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ ✭✹✳✷✳✽✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❋❛❡❞♦✲

●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❙❡❡ ❬✷✸❪ ❢♦r ❛ s✐♠✐❧❛r ❛♥❛❧②s✐s✳

❚❤❡♦r❡♠ ✹✳✷✳✶✳ ●✐✈❡♥ f ❛♥❞ ✉0 s❛t✐s❢②✐♥❣ ✭✹✳✷✳✼✮✱ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜❧❡♠ (NS) ❛❞♠✐ts ❛t ❧❡❛st

♦♥❡ s♦❧✉t✐♦♥ s✉❝❤ ❛s ✿

✉ ∈ L2(0, T ;H1
T (Ω)) ∩ L∞(0, T ;H ) , p ∈ L2(0, T ;L2(Ω))

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s♦❧✈❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ✭✹✳✷✳✽✮ ♦♥ ❬✵✱❚❪✳ ▲❡t m ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡

❝♦♥s✐❞❡r ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ H1
T (Ω) ❝♦♥st✐t✉t❡❞ ♦❢ ✇1,✇2, . . . ,✇m✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

❱m =< ✇1,✇2, . . . ,✇m > ❛♥❞ ✇❡ ❞❡✜♥❡ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ ✉m ♦❢ (4.2.8) ✇✐t❤ ✿

✉m(t) =
m∑

i=1

gim(t)✇ i ✭✹✳✷✳✾✮

s✉❝❤ t❤❛t ✿




(✉ ′
m(t),✇ i) + (curl✉m(t), curl✇ i) + b(✉m(t),✉m(t),✇ i) = 〈❢ (t),✇ i〉Ω

∀i = 1, . . . ,m , t ∈ [0, tm],

✉m(0) = ✉0m

✭✹✳✷✳✶✵✮

✇❤❡r❡ ✉0m ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ✉0 ♦♥ t❤❡ s♣❛❝❡ ❱m✳

❯s✐♥❣ t❤❡ t❤❡♦r② ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ t❤❡ ♣r♦❜❧❡♠ (4.2.10) ❛❞♠✐ts ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥

✉m ❞❡✜♥❡❞ ♦♥ [0, tm] ✇✐t❤ tm < T ✳

■♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜❧❡♠ ✭✹✳✷✳✶✵✮✱ ✇❡ ♥❡❡❞ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s

♦♥ ✉m ✐♥❞❡♣❡♥❞❡♥t ♦❢ m✳ ▼✉❧t✐♣❧②✐♥❣ (4.2.10) ❜② gim(t) ❛♥❞ ❛❞❞✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ❢♦r i = 1, . . . ,m✱

✇❡ ♦❜t❛✐♥✿

1

2

d

dt
‖✉m(t)‖2 + ‖curl✉m(t)‖2 = 〈❢ (t),✉m(t)〉Ω

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦♥ ❧✐♥❡❛r t❡r♠ b(✉m,✉m,✉m) = 0✳

❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ✭✹✳✷✳✶✮ ✇✐t❤ div✉m = 0 ❛♥❞ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t✐❡s✬✱ ✇❡ ♦❜t❛✐♥ ✿

〈❢ (t),✉m(t)〉Ω 6 C ‖❢ (t)‖2(H0(div ,Ω))′ +
1

2
‖curl✉m(t)‖2 .

❙♦ ✿

d

dt
‖✉m(t)‖2 + ‖curl✉m(t)‖2 6 C ‖❢ (t)‖2(H0(div ,Ω))′ ✭✹✳✷✳✶✶✮



❆♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✶✸✼

◆♦✇✱ ✐♥t❡❣r❛t✐♥❣ ✭✹✳✷✳✶✶✮ ❢r♦♠ ✵ t♦ t ✇✐t❤ t ∈ [0, tm] ✱ ✇❡ ♦❜t❛✐♥ ✐♥ ♣❛rt✐❝✉❧❛r ✿

sup
t∈[0,tm]

‖✉m(t)‖2 6 C

∫ T

0

‖f(t)‖2(H0(div ,Ω))′ dt+ ‖✉0m‖2 ✭✹✳✷✳✶✷✮

❚❤❡ ❡st✐♠❛t❡ ✭✹✳✷✳✶✷✮ ✐s ✈❛❧✐❞ ✇✐t❤ tm = T ✇❤✐❝❤ ❣✐✈❡s

sup
t∈[0,T ]

‖✉m(t)‖2 6 C1, ✭✹✳✷✳✶✸✮

✇❤❡r❡

C1 = ‖✉0‖2 +
∫ T

0

‖f(t)‖2(H0(div ,Ω))′ dt. ✭✹✳✷✳✶✹✮

❚❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✹✳✷✳✶✸✮ s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡❧❡♠❡♥t u∗ ∈ L∞(0, T ;H) ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡

st✐❧❧ ❞❡♥♦t❡❞ (✉m)m s✉❝❤ t❤❛t✿

✉m ⇀ u∗ ✇❡❛❦ st❛r ✐♥ L∞(0, T ;H) ✭✹✳✷✳✶✺✮

◆❡①t✱ ✐♥t❡❣r❛t✐♦♥ ✭✹✳✷✳✶✶✮ ♦✈❡r t✐♠❡✱ ❢r♦♠ 0 t♦ T ✱ ✇❡ ♦❜t❛✐♥ ✿

‖✉m(T )‖2 +
∫ T

0

‖curl✉m(t)‖2 dt 6 ‖✉0‖2 + C

∫ T

0

‖❢ (t)‖2(H0(div ,Ω))′ dt. ✭✹✳✷✳✶✻✮

❙♦✱ ✇❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r ∫ T

0

‖curl✉m(t)‖2 dt 6 C1, ✭✹✳✷✳✶✼✮

❚❤❡ ❡st✐♠❛t❡ ✭✹✳✷✳✶✼✮ s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ u∗ ✐♥ L2(0, T ;H1(Ω)) ❛♥❞ s♦♠❡ s✉❜s❡q✉❡♥❝❡ st✐❧❧

❞❡♥♦t❡❞ (✉m)m s✉❝❤ t❤❛t ✿

✉m ⇀ u∗ ✇❡❛❦ ✐♥ L2(0, T ;H1(Ω)) ✭✹✳✷✳✶✽✮

❇② ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧✐♠✐t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u∗ = u✳ ❚❤❡ t✇♦ ❛❜♦✈❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s ❛❧❧♦✇ t♦ ♣❛ss

t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❧✐♥❡❛r t❡r♠s✳

❚♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♦❜t❛✐♥ ❛ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✳ ■♥

❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡

✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✿

∫

R

|τ |2γ ‖✉̂m(τ)‖2 dτ 6 C, for some γ ∈ (0,
1

4
). ✭✹✳✷✳✶✾✮

❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ s♦ ✇❡ ♦♠✐t t❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✷✳✶✾✮✳

❚❤❡ ❡st✐♠❛t❡ ✭✹✳✷✳✶✾✮ ❛❧♦♥❣ ✇✐t❤ ✭✹✳✷✳✶✽✮ ❛♥❞ ❝♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠ ❬✾✻✱ ❚❤❡♦r❡♠ 2.2✱ ♣✳274❪ ✇✐❧❧

✐♠♣❧② t❤❛t ✇❡ ❝❛♥ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (✉m)✱ st✐❧❧ ❞❡♥♦t❡❞ (✉m)m✱ s✉❝❤ t❤❛t

✉m → ✉ str♦♥❣❧② ✐♥ L2(0, T ;L2(Ω)). ✭✹✳✷✳✷✵✮

❲❡ ❝❛♥ ♥♦✇ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ❛❧❧ t❡r♠s ❛♥❞ ♣r♦✈❡ t❤❛t ✉ s❛t✐s✜❡s ✭✹✳✷✳✽✮✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♣r♦♦❢

♦❢ t❤❡ ♣❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✐s ❝❧❛ss✐❝❛❧✳ ❚❤❡ r❡❛❞❡r ❝❛♥ r❡❢❡r t♦✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✻✺❪

❛♥❞ ❬✾✻❪ ❢♦r ❞❡t❛✐❧s✳ ❙♦ ✇❡ ♦♠✐t t❤❡ ♣r♦♦❢ ❛t t❤✐s st❛❣❡✳



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✸✽

■t r❡♠❛✐♥s t♦ r❡❝♦✈❡r t❤❡ ♣r❡ss✉r❡✳ ▲❡t ✈ ∈ VT (Ω) ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❢♦♥❝t✐♦♥♥❛❧✿

H(✈)(t) =

∫ T

0

[〈❢ , ✈〉Ω − (curl✉ , curl ✈)− (✉ .∇✉ , ✈)] ds− (✉(t), ✈) + (✉0, ✈)

❚❤❛♥❦s t♦ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✹✳✷✳✽✮✱ H ✈❛♥✐s❤❡s ♦♥ VT (Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥

p̃(t) ∈ L2(Ω) ❛♥❞ C > 0 s✉❝❤ ❛s ❢♦r ❛❧❧ ✈ ∈ VT (Ω) ✿

H(✈)(t) = (div ✈ , p̃(t))

❲❡ t✐♠❡ ❞❡r✐✈❛t❡ H✱ ❛♥❞ ✇❤❡♥ ✇❡ s❡t p(t) = p̃t(t)✱ t❤❡ ♣r❡ss✉r❡ p ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

✹✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t②

♠❡t❤♦❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (NS) ✇✐t❤
◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✈✐❛ t❤❡ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞✳

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤✐s ♣r♦❜❧❡♠ ❜② ✉s✐♥❣ t❤❡

❋❛❡❞♦✲●❛❧❡r❦✐♥✬s ♠❡t❤♦❞✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ✭✹✳✸✳✸✮ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✐♥✐t✐❛❧

s②st❡♠ (NS)✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❞❡r✐✈❡ ❛♥ ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♠❡t❤♦❞✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ r❡❝❛❧❧✐♥❣ ❛

✉s❡❢✉❧ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ❬✾✻✱ ❚❤❡♦r❡♠ 2.2✱ ♣✳274❪

❚❤❡♦r❡♠ ✹✳✸✳✶✳ ▲❡t X0✱ X✱ X1 ❍✐❧❜❡rt s♣❛❝❡s ✇✐t❤ X0 →֒ X →֒ X1✱ t❤❡ ❡♠❜❡❞❞✐♥❣s ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s

❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ X0 →֒ X ✐s ❝♦♠♣❛❝t✳ ❋♦r ❛ ❣✐✈❡♥ γ > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ✿

Mγ :=Mγ(R;X0, X1) := {ψ ∈ L2(R;X0), D
γ
t ψ ∈ L2(R;X1)}

✇✐t❤ t❤❡ ♥♦r♠ ✿

‖ψ‖Mγ = {‖ψ‖2L2(R,X0)
+
∥∥∥|τ |γψ̂(τ)

∥∥∥
2

L2(R,X1)
}

✇❤❡r❡ ψ̂ ❞❡♥♦t❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✳ ❋♦r ❛♥② s❡t K ⊂ R ✱ ✇❡ ❞❡✜♥❡

Mγ
K :=Mγ

K(R;X0, X1) = {ψ ∈Mγ , supportψ ⊆ K}. ✭✹✳✸✳✶✮

❙♦ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ ✿

Mγ
K(R;X0, X1) →֒ L2(R;X) ✭✹✳✸✳✷✮

✹✳✸✳✶ ❙t✉❞② ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠

▲❡t ǫ ∈ (0, 1] ❜❡ ❛ ♣❛r❛♠❡t❡r ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛♠✐❧② ♦❢ ♣❡rt✉r❜❡❞ ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲

❙t♦❦❡s ❡q✉❛t✐♦♥s✿





✉ǫt −∆✉ǫ +∇pǫ + ✉ǫ · ∇✉ǫ +
1

2
(div ✉ǫ)✉ǫ = ❢ , ✐♥Ω×]0, T [

div ✉ǫ + ǫpǫt = 0, ✐♥Ω×]0, T [

✉ǫ · n = 0 , curl ✉ǫ × n = ✵, ♦♥Γ×]0, T [

uǫ(0) = u0, p
ǫ(0) = p0 ∈ L2(Ω)

✭✹✳✸✳✸✮



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✸✾

❋✐rst✱ ✇❡ ✇✐❧❧ ✇r✐t❡ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✹✳✸✳✸✮✳ ◆❡①t✱ ✇❡ ❞❡r✐✈❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡s✲

t✐♠❛t❡s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♥❞ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❜② ♠❡❛♥s ♦❢ ●❛❧❡r❦✐♥✲❋❛❡❞♦

❛♣♣r♦①✐♠❛t✐♦♥✳

▼✉❧t✐♣❧②✐♥❣ (4.3.3)1 ❜② ✈ ∈ D(Ω) ❛♥❞ (4.3.3)2 ❜② q ∈ D(Ω)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ♦✈❡r Ω ❛♥❞ t❤❡♥

✉s✐♥❣ ❛ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ ❢♦r ❛♥② ✈ ∈ ❱ T (Ω) ❛♥❞ q ∈ L2(Ω)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧

❢♦r♠✉❧❛t✐♦♥✿

❋♦r ǫ > 0 ✜①❡❞✱ ❢ ✱ ✉0 ❣✐✈❡♥ s❛t✐s❢②✐♥❣ ✭✹✳✷✳✼✮ ❛♥❞

p0 ∈ L2(Ω), ✭✹✳✸✳✹✮

✜♥❞ ✉ǫ ∈ L2(0, T ;H1
T (Ω)) ❛♥❞ p

ǫ ∈ L2(0, T ;L2(Ω)) s✉❝❤ ❛s✱ ❢♦r ❛❧♠♦st ❛❧❧ t ∈ [0, T ] ✿




d

dt
(✉ǫ, ✈)+(curl✉ǫ, curl ✈)+(div✉ǫ, div ✈)− (pǫ, div✈) + b̃(✉ǫ,✉ǫ, ✈)=〈❢ , ✈〉Ω, ∀✈ ∈H1

T (Ω)

ǫ
d

dt
(pǫ, q) + (div✉ǫ, q) = 0, ∀q ∈ L2(Ω)

✉ǫ(0) = ✉0, pǫ(0) = p0.

✭✹✳✸✳✺✮

❲❡ ♥♦t❡ t❤❛t ✇❡ ✉s❡ t❤❡ ❢♦r♠ b̃ ✐♥st❡❛❞ ♦❢ b ❞❡✜♥❡❞ ❜②✿

b̃(✉ , ✈ ,✇) =
1

2
[b(✉ , ✈ ,✇)− b(✉ ,✇ , ✈)] = (B̃(✉ , ✈),✇) ✭✹✳✸✳✻✮

✇✐t❤ B̃(✉ , ✈) = (✉ · ∇)✈ + 1
2 (div✉)✈ ✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠ 1

2 (div✉
ǫ)✉ǫ ✇❤✐❝❤ ✐s ❛

st❛❜✐❧✐③❛t✐♦♥ t❡r♠✳ ■♥❞❡❡❞✱ ✐❢ div✉ 6= 0 ✱ b(✉ ,✉ ,✉) 6= 0✳ ❍♦✇❡✈❡r✱ ❜② ✐♥tr♦❞✉❝✐♥❣ b̃ ❛s ✐♥ ✭✹✳✸✳✻✮✱ t❤✐s

❛❧❧♦✇s t♦✿

b̃(✉ , ✈ , ✈) = 0, ∀✈ ∈H1
T (Ω). ✭✹✳✸✳✼✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✹✳✸✳✺✮✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r

t♦ ❬✻✽✱ ❚❤❡♦r❡♠ ✺✳✶❪✳

❚❤❡♦r❡♠ ✹✳✸✳✷✳ ▲❡t ǫ ❛r❜✐tr❛r② ✐♥ (0, 1]✳ ●✐✈❡♥ ✭✹✳✷✳✼✮ ❛♥❞ ✭✹✳✸✳✹✮✱ t❤❡ ♣r♦❜❧❡♠ (4.3.5) ❛❞♠✐ts ❛t

❧❡❛st ♦♥❡ s♦❧✉t✐♦♥✳ ▼♦r❡♦✈❡r✱

✉ǫ ∈ L2(0, T ;H1
T (Ω)) ∩ L∞(0, T ;L2(Ω) ) , pǫ ∈ L2(0, T ;L2(Ω))

Pr♦♦❢✳ ❚♦ ❡st❛❜❧✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✷✱ ✇❡ r❡t✉r♥ t♦ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ✇❡ ❧♦♦❦

❢♦r s✐♠✐❧❛r ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣r❡ss✉r❡✳

▲❡t (wi) ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ H1
T (Ω) ❛♥❞ (vi) ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ L2(Ω)✳ ▲❡t Wm =<

✇1, . . . ,✇m > ❛♥❞ Vm =< v1, . . . , vm >✳ ❲❡ ❞❡♥♦t❡ ❜②✿

✉ǫm(t) =

m∑

i=1

gim(t)✇ i and pǫm(t) =

m∑

j=1

ξjm(t)vj ,

❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥s ✇❤✐❝❤ s❛t✐s❢② ✿




d

dt
(✉ǫm,✇k) + (curl✉ǫm, curl✇k) + (div✉ǫm, div✇k)− (pǫm, div✇k)

+ b̃(✉ǫm,✉
ǫ
m,✇k) = 〈❢ ,✇k〉Ω, k = 1, . . . ,m

ǫ
d

dt
(pǫm, vl) + (div✉ǫm, vl) = 0, l = 1, . . . ,m

✉ǫm(0) = ✉0m , pǫm(0) = p0m

✭✹✳✸✳✽✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✹✵

❢♦r ✇❤✐❝❤ ✉0m ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ✉(0) ♦♥ t❤❡ s♣❛❝❡Wm ❛♥❞ p0m t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥

♦❢ p(0) ♦♥ t❤❡ s♣❛❝❡ Vm✳

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ ♦♥ [0, tm] ✇✐t❤ tm 6 T ✐s ❣✉❛r❛♥t❡❡❞ ❜② t❤❡ t❤❡♦r② ♦❢ ♦r❞✐♥❛r②

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ✐♥ ❢❛❝t tm = T ✳

❙t❡♣ ✶✿ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❆s ✉s✉❛❧✱ ✇❡ ✇✐❧❧ ♠❛❦❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❛♥❞ t❤❡♥ ♣❛ss t♦

t❤❡ ❧✐♠✐t✳ ❲❡ ♠✉❧t✐♣❧② ✭✹✳✸✳✽✮1 ❜② gkm(t) (k = 1, . . . ,m)✱ ❛♥❞ ✭✹✳✸✳✽✮2 ❜② ξlm(t) (l = 1, . . . ,m) ❛♥❞

t❤❡♥ ❛❞❞✐♥❣ t❤❡s❡ r❡s✉❧t✐♥❣ ❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥✿





1

2

d

dt
‖✉ǫm‖2 + ‖curl✉ǫm‖2 + ‖div✉ǫm‖2 − (pǫm, div✉

ǫ
m) + b̃(✉ǫm,✉

ǫ
m,✉

ǫ
m) = 〈❢ ,✉ǫm〉Ω

ǫ

2

d

dt
‖pǫm‖2 + (div✉ǫm, p

ǫ
m) = 0

❯s✐♥❣ ✭✹✳✸✳✼✮✱ ❛♥❞ s✉♠♠✐♥❣ t❤❡ ❜♦t❤ ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥ ✿

1

2

d

dt
‖✉ǫm‖2 + ‖curl✉ǫm‖2 + ‖div✉ǫm‖2 + ǫ

2

d

dt
‖pǫm‖2 = 〈❢ ,✉ǫm〉Ω

❯s✐♥❣ ❈❛✉❝❤② ❙❝❤✇❛r③✱ ✭✹✳✷✳✶✮ ❛♥❞ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t②

d

dt
‖✉ǫm‖2 + ‖curl✉ǫm‖2 + ‖div✉ǫm‖2 + ǫ

d

dt
‖pǫm‖2 6 C ‖❢ ‖2

H0(div ,Ω)′
✭✹✳✸✳✾✮

■♥t❡❣r❛t✐♥❣ ✭✹✳✸✳✾✮ ❢r♦♠ ✵ t♦ t ✇✐t❤ t ≤ tm✱

sup
t∈[0,tm]

(
‖✉ǫm(t)‖2 + ǫ ‖pǫm(t)‖2

)
6 C

∫ T

0

‖❢ (t)‖2
H0(div ,Ω)′ dt+ ‖✉ǫ0m‖2 + ‖pǫ0m‖2 . ✭✹✳✸✳✶✵✮

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✸✳✶✵✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ tm✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡st✐♠❛t❡ ✭✹✳✸✳✶✵✮ ✐s ✈❛❧✐❞

✇✐t❤ tm = T ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡

sup
t∈[0,T ]

(
‖✉ǫm(t)‖2 + ǫ ‖pǫm(t)‖2

)
6 C2, ✭✹✳✸✳✶✶✮

✇❤❡r❡

C2 = ‖✉ǫ0‖2 + ‖pǫ0‖2 +
∫ T

0

‖❢ (t)‖2
H0(div ,Ω)′ dt. ✭✹✳✸✳✶✷✮

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✸✳✶✵✮ t❤❛t t❤❡ s❡q✉❡♥❝❡s ✉ǫm ❛♥❞ pǫm r❡s♣❡❝t✐✈❡❧② r❡♠❛✐♥ ✐♥ ❛ ❜♦✉♥❞❡❞ s❡t ♦❢

L∞(0, T ;L2(Ω)) ❛♥❞ L∞(0, T ;L2(Ω))✳

◆♦✇ ✐♥t❡❣r❛t✐♥❣ ✭✹✳✸✳✾✮ ❢r♦♠ ✵ t♦ T ✱ ✇❡ ♦❜t❛✐♥ ❡❛s✐❧②✿

∫ T

0

‖curl✉ǫm(t)‖2 dt+
∫ T

0

‖div✉ǫm(t)‖2 dt 6 C

∫ T

0

‖❢ (t)‖2
H0(div ,Ω)′ dt+ ‖✉ǫm(0)‖2 + ‖pǫm(0)‖2 ,

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡

∫ T

0

‖curl✉ǫm(t)‖2 dt+
∫ T

0

‖div✉ǫm(t)‖2 dt 6 C2, ✭✹✳✸✳✶✸✮

❛♥❞ s❤♦✇s ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✳✶✮ t❤❛t t❤❡ s❡q✉❡♥❝❡ ✉ǫm r❡♠❛✐♥s ✐♥ ❛ ❜♦✉♥❞❡❞ s❡t ♦❢ L2(0, T ;H1
T (Ω))✳



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✹✶

■♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✐♥ ✭✹✳✸✳✽✮✱ ✇❡ ♥❡❡❞ s♦♠❡ ❡st✐♠❛t❡s ♦♥ t❤❡ ❢r❛❝t✐♦♥❛❧

❞❡r✐✈❛t✐✈❡ ♦❢ uǫm ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❢♦❧❧♦✇ ❬✾✻✱ ❈❤❛♣t❡r✸❪ ❛♥❞ ❬✷✸✱ ❚❤❡♦r❡♠ ✹✳✷✳✷✱

❈❤❛♣t❡r ✹❪✳ ❲❡ ❡①t❡♥❞ t❤❡ ❢✉♥❝t✐♦♥s ✉ǫm ❛♥❞ pǫm ❛s ❢♦❧❧♦✇s✿

✉̃ǫm =

{
✉ǫm(t), t ∈ [0, T ]

0 ♦✉ts✐❞❡,

p̃ǫm =

{
pǫm(t), t ∈ [0, T ]

0 ♦✉ts✐❞❡.

❲❡ ❞❡♥♦t❡ ❜② ✉̂ǫm t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❞❡✜♥❡❞ ❜②✿

✉̂ǫm(τ) =

∫

R

e−2iπtτ ✉̃ǫm(t) dt.

❙✐♥❝❡ ✇❡ ❤❛✈❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦♥ 0 ❛♥❞ ♦♥ T ✱ ✇❡ ❤❛✈❡ t❤❡ s②st❡♠ ✿





d

dt
(✉̃ǫm,✇k) + (curl ✉̃ǫm, curl✇k) + (div ✉̃ǫm, div✇k)− (p̃ǫm, div✇k)

+ b̃(✉̃ǫm, ✉̃
ǫ
m,✇k) = 〈❢̃ ,✇k〉+ (✉0m,✇k)δ(0) − (✉ǫm(T ),✇k)δ(T ),

ǫ
d

dt
(p̃ǫm, vl) + (div ✉̃ǫm, vl) = ǫ(p0m, vl)δ(0) − ǫ(pǫm(T ), vk)δ(T )

✇❤❡r❡ δ(T ) ❛♥❞ δ(0) ❛r❡ t❤❡ ❉✐r❛❝ ❞✐str✐❜✉t✐♦♥s ❛t T ❛♥❞ 0✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❛❦✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠

❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t

̂Dγ
t ✉

ǫ
m(t) = (2iπτ)γ ✉̂ǫm(τ), for some fixed real γ.

✇❡ ♦❜t❛✐♥ ✿




2iπτ(✉̂ǫm,✇k) + (curl ✉̂ǫm, curl✇k) + (div ✉̂ǫm, div✇k)− (p̂ǫm, div✇k)

+ b̃(✉̂ǫm, ✉̂
ǫ
m,✇k) = 〈❢̂ ,✇k〉Ω + (✉0m,✇k)− (✉ǫm(T ),✇k)e

−2iπτT

ǫ2iπτ(p̂ǫm, vl) + (div ✉̂ǫm, vl) = ǫ(p0m, vl)− ǫ(pǫm(T ), vl)e
−2iπτT

✭✹✳✸✳✶✹✮

❲❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ❝♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠ ✹✳✸✳✶ ✇✐t❤ X0 := H1
T (Ω) ❛♥❞ X = X1 := L2(Ω)✳ ❋♦r t❤✐s

✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ✉ǫm ∈ Mγ
K(R,H1

T (Ω),▲
2(Ω)) ✭s❡❡ ✭✹✳✸✳✶✮ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s s♣❛❝❡✮✳ ❲❡

❛❧r❡❛❞② ❤❛✈❡✱ t❤❛♥❦s t♦ ✭✹✳✸✳✶✸✮✱ ✉ǫm ∈ L2(0, T ;H1
T (Ω))✳ ❙♦ ✇❡ ❥✉st ♥❡❡❞ ✿

Dγ
t ✉

ǫ
m ∈ L2(0, T ;L2(Ω)).

❆s ❢♦r ✉ǫm ❛♥❞ pǫm✱ ✇❡ ❡①t❡♥❞ gim ❛♥❞ ξjm ✐♥ R ✇✐t❤ g̃im ❛♥❞ ξ̃jm✱ ❛♥❞ ✇❡ ♠✉❧t✐♣❧② ✭✹✳✸✳✶✹✮1 ❜②

ĝim(t) ✭i = 1, . . . ,m✮ ❛♥❞ ✭✹✳✸✳✶✹✮2 ❜② ξ̂jm(t) ✭j = 1, . . . ,m✮✱ t❤❡♥ ❛❞❞✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛❧✐t✐❡s✱ ✇❡

♦❜t❛✐♥✿

2iπτ [‖✉̂ǫm‖2 + ǫ ‖p̂ǫm‖2] + ‖curl ✉̂ǫm‖2 + ‖div ✉̂ǫm‖2 = 〈❢̂ , ✉̂ǫm〉Ω+ < ✉0m, ✉̂
ǫ
m(τ) >

+ ǫ(p0m, p̂
ǫ
m(τ))−

(
(✉ǫm(T ), ✉̂ǫm(τ)) + ǫ < pǫm(T ), p̂ǫm(τ) >

)
e−2iπτT

❚❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ✿

2iπτ ‖✉̂ǫm‖2 6

∥∥∥❢̂
∥∥∥ ‖✉̂ǫm‖+ ‖✉0m‖ ‖✉̂ǫm(τ)‖+ ǫ ‖p0m‖ ‖p̂ǫm(τ)‖+ ‖✉ǫm(T )‖ ‖✉̂ǫm(τ)‖

+ ǫ ‖pǫm(T )‖ ‖p̂ǫm(τ)‖



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✹✷

❯s✐♥❣ ✭✹✳✸✳✶✶✮✱ ▼✐♥❦♦✇s❦✐ ❛♥❞ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥✿

2πτ ‖✉̂ǫm‖2 6
1

2
(
∥∥∥❢̂
∥∥∥
2

+ ‖✉̂ǫm‖2) + 2
√
C2(‖✉̂ǫm(τ)‖+ ǫ ‖p̂ǫm(τ)‖) ✭✹✳✸✳✶✺✮

❲✐t❤ t❤✐s ❧❛st ✐♥❡q✉❛❧✐t②✱ ✇❡ ❝❛♥ s❤♦✇ ❛s ✐♥ ❬✾✻✱ ❚❤❡♦r❡♠ ✽✳✶❪ ❛♥❞ ✐♥ ❬✻✽✱ ❚❤❡♦r❡♠ ✺✳✶❪ t❤❛t ❢♦r

γ ∈]0, 14 [✿ ∫

R

|τ |2γ ‖✉̂ǫm‖2 ≤ C. ✭✹✳✸✳✶✻✮

❙t❡♣ ✷✿ P❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t✳ ❆t t❤✐s st❡♣✱ ✇❡ ❦❡❡♣ ǫ ✜①❡❞ ❛♥❞ ✇❡ ❛r❡ ♦♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤

t❤❡ ♣❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t ❛s m→ ∞✳

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✸✳✶✶✮ ❛♥❞ ✭✹✳✸✳✶✸✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ st✐❧❧ ❞❡♥♦t❡❞ (✉m)m s✉❝❤ t❤❛t✿

✉ǫm ⇀ ✉ǫ weak in L2(0, T ;H1
T (Ω)), ✭✹✳✸✳✶✼✮

✉ǫm ⇀ ✉ǫ weak star in L∞(0, T ;L2(Ω)), ✭✹✳✸✳✶✽✮

pǫm ⇀ pǫ weak star in L∞(0, T ;L2(Ω)). ✭✹✳✸✳✶✾✮

❯s✐♥❣ ✭✹✳✸✳✶✻✮ ❛♥❞ ✭✹✳✸✳✶✼✮ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❝♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠ ✹✳✸✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢

❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (✉ǫm)m st✐❧❧ ❞❡♥♦t❡❞ ❜② (✉ǫm)m s✉❝❤ t❤❛t

✉ǫm → ✉ǫ strong in L2(0, T ;L2(Ω)) ✭✹✳✸✳✷✵✮

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t (✉ǫ, pǫ) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✸✳✺✮✳ ❋♦r t❤✐s✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ ❬✾✻❪✳

▼✉❧t✐♣❧② s②st❡♠ (4.3.8) ❜② ψ(t) ∈ C∞(0, T ) s✉❝❤ t❤❛t ψ(T ) = 0✱ ❛♥❞ ✇❡ ✐♥t❡❣r❛t❡ ❢r♦♠ 0 t♦ T ✱ ✇❡

♦❜t❛✐♥✿



−
∫ T

0

(✉ǫm,✇k)ψ
′(t) dt+

∫ T

0

(curl✉ǫm, ψ(t) curl✇k) dt+

∫ T

0

(div✉ǫm, ψ(t)div✇k) dt

−
∫ T

0

(pǫm, divψ(t)✇k) dt+

∫ T

0

b̃(✉ǫm,✉
ǫ
m, ψ(t)✇k) dt =

∫ T

0

〈❢ , ψ(t)✇k〉Ω dt

+ (✉0m,✇k)ψ(0)− ǫ

∫ T

0

(pǫm, ψ
′(t)vl) +

∫ T

0

(div✉ǫm, ψ(t)vl) dt = ǫ(p0m, vl)ψ(0)

✭✹✳✸✳✷✶✮

■t ✐s ❡❛s② t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t m→ ∞ ✐♥ t❤❡ ❧✐♥❡❛r t❡r♠s ♦❢ ✭✹✳✸✳✷✶✮✳ ■t s✉✣❡s t♦ ✉s❡ t❤❡ ♣r❡✈✐♦✉s

❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts✳ ❲❡ ♥♦✇ ❧♦♦❦ ❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ b̃✳ ❋♦r ψ(t) ∈ C∞(0, T )✱ ✐❢

m→ ∞✱ ✇❡ ❤❛✈❡
∣∣∣∣∣

∫ T

0

b̃(✉ǫm,✉
ǫ
m,✇kψ(t)− b̃(✉ǫ,✉ǫ,✇kψ(t))dt

∣∣∣∣∣

6
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫm,✉
ǫ
m,✇kψ(t))dt−

∫ T

0

b(✉ǫ,✉ǫ,✇kψ(t))dt

∣∣∣∣∣

+
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫm,✇kψ(t),✉
ǫ
m)dt−

∫ T

0

b(✉ǫ,✇kψ(t),✉
ǫ)dt

∣∣∣∣∣

6
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫm − ✉ǫ,✉ǫm,✇kψ(t))dt

∣∣∣∣∣+
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫ,✉ǫm − ✉ǫ,✇kψ(t))dt

∣∣∣∣∣

+
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫm − ✉ǫ,✇kψ(t),✉
ǫ
m)dt

∣∣∣∣∣+
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫ,✇kψ(t),✉
ǫ
m − ✉ǫ)dt

∣∣∣∣∣

:= I1 + I2 + I3 + I4.

✭✹✳✸✳✷✷✮



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✹✸

❲❡ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ t❡r♠s I1, I2, I3 ❛♥❞ I4 s❡♣❛r❛t❡❧② ❛s ❜❡❧♦✇✳

❯s✐♥❣ ✭✹✳✷✳✶✮ ❛♥❞ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✳✸✳✷✵✮✱ ✇❡ ❤❛✈❡

I1 =
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫm − ✉ǫ,✉ǫm,✇kψ(t))dt

∣∣∣∣∣ 6
1

2
sup
t∈[0,T ]

|ψ(t)| sup
x∈Ω

|✇k(x)|
∫ T

0

‖✉ǫm − ✉ǫ‖ ‖∇✉ǫm‖ dt

6 C

∫ T

0

‖✉ǫm − ✉ǫ‖
(
‖curl✉ǫm‖+ ‖div✉ǫm‖

)
dt

6 C ‖✉ǫm − ✉ǫ‖L2(0,T ;L2(Ω)) ‖✉ǫm‖L2(0,T ;H1(Ω)) → 0 as m→ ∞

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡✿

I2 =
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫ,✉ǫm − ✉ǫ,✇kψ(t))dt

∣∣∣∣∣ =
1

2

∣∣∣∣∣∣

∫

[0,T ]×Ω

3∑

i,j=1

(✉ǫ)i
d(✉ǫm − ✉ǫ)j

dxi
(ψ(t)✇k)jdx dt

∣∣∣∣∣∣

6
1

2

∫ T

0

∑∣∣∣∣
∫

Ω

(✉ǫm − ✉ǫ)j
d(✉ǫ)i
dxi

(ψ(t)✇k)j dx

∣∣∣∣ dt

+
1

2

∫ T

0

∑∣∣∣∣
∫

Ω

(✉ǫm − ✉ǫ)j(✉
ǫ)iψ(t)

d(✇k)j
dxi

∣∣∣∣ dx dt

6
1

2
sup

t∈(0,T )

|ψ(t)| sup
x∈Ω

|✇k|
∫ T

0

‖✉ǫm − ✉ǫ‖ ‖∇✉ǫ‖ dt

+
1

2
sup

t∈(0,T )

|ψ(t)| sup
x∈Ω

|∇✇k|
∫ T

0

‖✉ǫm − ✉ǫ‖ ‖✉ǫ‖ dt → 0 as m→ ∞

I3 =
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫm − ✉ǫ,✇kψ(t),✉
ǫ
m)dt

∣∣∣∣∣

6
1

2
sup

t∈(0,T )

|ψ(t)| sup
x∈Ω

|∇✇k|
∫ T

0

‖✉ǫm − ✉ǫ‖ ‖∇✉ǫm‖ dt → 0 as m→ ∞,

❛♥❞ ✜♥❛❧❧②✱

I4 =
1

2

∣∣∣∣∣

∫ T

0

b(✉ǫ,✇kψ(t),✉
ǫ
m − ✉ǫ)dt

∣∣∣∣∣

6 sup
t∈(0,T )

|ψ(t)| sup
x∈Ω

|∇✇k|
∫ T

0

‖✉ǫm − ✉ǫ‖ ‖✉ǫ‖ dt → 0 as m→ ∞.

❈♦❧❧❡❝t✐♥❣ ❛❧❧ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t

∫ T

0

b̃(✉ǫm,✉
ǫ
m,✇kψ(t))dt→

∫ T

0

b̃(✉ǫ,✉ǫ,✇kψ(t))dt ✭✹✳✸✳✷✸✮

◆♦✇✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ ✇k ❢♦r ❛♥② ✇k ∈ H1
T (Ω)✳

■♥❞❡❡❞✱ ❣✐✈❡♥ ψ ∈ C∞(0, T )✱ ✇❡ ❤❛✈❡ ✿

∣∣∣∣∣

∫ T

0

b̃(✉ǫ,✉ǫ,✇kψ) dt

∣∣∣∣∣ 6
1

2

(∣∣∣∣∣

∫ T

0

b(✉ǫ,✉ǫ,✇kψ) dt

∣∣∣∣∣+
∣∣∣∣∣

∫ T

0

b(✉ǫ,✇kψ,✉
ǫ) dt

∣∣∣∣∣

)

6
1

2
sup

t∈(0,T )

|ψ(t)|
∫ T

0

‖✉ǫ‖L4(Ω) ‖∇✉ǫ‖ ‖✇k‖L4(Ω) dt+
1

2
sup

t∈(0,T )

|ψ(t)|
∫ T

0

‖✉ǫ‖2L4(Ω) ‖∇✇k‖ dt



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✹✹

❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♠❜❡❞❞✐♥❣ H1
T (Ω) →֒H1(Ω) →֒ L4(Ω)✱ ✇❡ ❣❡t✿

∣∣∣∣∣

∫ T

0

b̃(✉ǫ,✉ǫ,✇kψ) dt

∣∣∣∣∣ 6 C ‖✉ǫ‖2L2(0,T ;H1
T (Ω)) ‖✇k‖H1

T (Ω) ✭✹✳✸✳✷✹✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❜② ❛ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ♦❢ ✭✹✳✸✳✷✶✮ ❛s m→ ∞✱ ✇❡ ❤❛✈❡ t❤❛t

❢♦r ❡✈❡r② ✇ ∈H1
T (Ω) ❛♥❞ v ∈ L2(Ω)

−
∫ T

0

(✉ǫ,✇)ψ′ dt+
∫ T

0

(curl✉ǫ, ψ curl✇) dt+

∫ T

0

(div✉ǫ, ψdiv✇) dt

+

∫ T

0

(∇pǫ, ψ✇) dt+

∫ T

0

b̃(✉ǫ,✉ǫ, ψ✇) dt =

∫ T

0

〈❢ , ψ✇〉Ω dt+ (✉0,✇)ψ(0),

− ǫ

∫ T

0

(pǫ, ψ′v) +
∫ T

0

(div✉ǫ, ψv) dt = ǫ(p0, v)ψ(0),

t❤❛t ✐s✱ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ s❡♥s❡✱ t❤❡ ♣r♦❜❧❡♠ ✭✹✳✸✳✺✮ ✇✐t❤♦✉t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❚♦ ♣r♦✈❡ t❤❛t

t❤❡ s♦❧✉t✐♦♥s ✉ǫ ❛♥❞ pǫ s❛t✐s❢② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✉ǫ(0) ❛♥❞ pǫ(0) r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ✉s❡ t❤❡ s❛♠❡

❛r❣✉♠❡♥ts ✐♥ ❬✾✻❪✳ ❙♦✱ ✇❡ t❛❦❡ ❛ t❡st ❢✉♥❝t✐♦♥ ψ ∈ C∞(0, T ) ✇✐t❤ ψ(T ) = 0✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t

{
(u0 − ✉ǫ(0),✇)ψ(0) = 0

(p0 − pǫ(0), v)ψ(0) = 0

◆❡①t✱ ✇❡ t❛❦❡ ψ s✉❝❤ ❛s ψ(0) = 1✱ s♦ ✇❡ ❤❛✈❡ ✉0 = ✉ǫ(0) ❛♥❞ pǫ(0) = p0✳

✹✳✸✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ t♦ t❤❡ ✐♥✐t✐❛❧ ✐♥✲

❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✭✹✳✸✳✸✮

❝♦♥✈❡r❣❡ t♦ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s (NS)✳ ❙♦✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r

t❤❡ ❧✐♠✐t ǫ→ 0✳ ■t ✐s ✉s❡❢✉❧ t♦ ❡st❛❜❧✐s❤ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r ✉ǫ ❛♥❞ pǫ✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ǫ✳ ❙✐♥❝❡

✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ǫ→ 0✱ ✇❡ ❝❛♥ ❛❧✇❛②s s✉♣♣♦s❡ t❤❛t ǫ ≤ 1✳

❇② t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♥♦r♠ ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②✱ ❡st✐♠❛t❡s ✭✹✳✸✳✶✶✮✱ ✭✹✳✸✳✶✸✮ ❛♥❞

✭✹✳✸✳✶✻✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ǫ ✿





‖✉ǫ‖L∞(0,T ;▲2(Ω)) 6 lim inf
m→∞

‖✉ǫm‖L∞(0,T ;L2(Ω)) ≤
√
C2

‖✉ǫ‖L2(0,T ;H1
T (Ω)) 6 lim inf

m→∞
‖✉ǫm‖L2(0,T ;H1

T (Ω)) ≤
√
C2

√
ǫ ‖pǫ‖L∞(0,T ;L2(Ω)) 6 lim inf

m→∞
‖pǫm‖L∞(0,T ;L2(Ω)) ≤

√
C2

∫

R

|τ |2θ
∥∥✉̂ǫ(τ)

∥∥2 dτ 6 lim inf
m→∞

∫

R

|τ |2θ ‖✉̂ǫm(τ)‖2 dτ < C

✭✹✳✸✳✷✺✮

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❬✾✻✱ ❚❤❡♦r❡♠

✽✳✹❪ ❛♥❞ ❬✻✽✱ ❚❤❡♦r❡♠ ✺✳✹❪ ✭s❡❡ ❛❧s♦ ❬✶✵✹✱ ❚❤❡♦r❡♠ ✹✳✶❪✮✳

❚❤❡♦r❡♠ ✹✳✸✳✸✳ ▲❡t ǫ ❛r❜✐tr❛r② ✐♥ (0, 1]✳ ▲❡t ✉s f ✱ u0 ❛♥❞ p0 s❛t✐s❢②✐♥❣ ✭✹✳✷✳✼✮ ❛♥❞ ✭✹✳✸✳✹✮✳ ❚❤❡♥✱

t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (ǫn)n ∈ (0, 1] s✉❝❤ ❛s ǫn → 0+ ❛s n → ∞✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s {✉ǫn , pǫn} ❛r❡



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✹✺

❝♦♥✈❡r❣❡♥t✳ ▲❡t (u∗, p∗) ❜❡ ✐ts ❧✐♠✐t✳ ❚❤❡♥ (u∗, p∗) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s

❡q✉❛t✐♦♥s (NS)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

✉ǫn ⇀ ✉∗ in L2(0, T ;H1
T (Ω))weakly

✉ǫn ⇀ ✉∗ in L∞(0, T ;▲2(Ω))weak star

✉ǫn → ✉∗ in L2(0, T ;▲2(Ω)) strongly

∇pǫn ⇀ ∇p∗ in H−1(Q)weakly

✭✹✳✸✳✷✻✮

Pr♦♦❢✳ ❙✐♥❝❡ (uε, pε) s❛t✐s✜❡s t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✐♥ ✭✹✳✸✳✷✺✮ ❛♥❞ t❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t

♦❢ ε✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ (εn)n ∈]0, 1] ✭ǫn → 0+ ❛s n → ∞✮ ❛♥❞ s♦♠❡ u∗ ❛♥❞ p∗

s✉❝❤ t❤❛t ✇❡ ❤❛✈❡

✉ǫn ⇀ ✉∗ inL2(0, T ;H1
T (Ω))weak

✉ǫn ⇀ ✉∗ inL∞(0, T ;L2(Ω))weak star
√
ǫnp

ǫn ⇀ p∗ inL∞(0, T ;L2(Ω))weak star

✭✹✳✸✳✷✼✮

▼♦r❡♦✈❡r✱ ❞✉❡ t♦ t❤❡ ❧❛st ❜♦✉♥❞ ✐♥ ✭✹✳✸✳✷✺✮ ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss t❤❡♦r❡♠ ✹✳✸✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

✉ǫn → ✉∗ inL2(0, T ;L2(Ω)) strong ✭✹✳✸✳✷✽✮

❖❜s❡r✈❡ t❤❛t

√
ǫn

d

dt
(pǫn , v) → d

dt
(p∗, v),

✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ s❡♥s❡ ❛♥❞ t❤❡♥

ǫn
d

dt
(pǫn , v) =

√
ǫn
√
ǫn

d

dt
(pǫn , v) → 0.

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✹✳✸✳✺✮ ❢♦r t❤❡ s❡q✉❡♥❝❡ εn✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

(divu∗, q) = 0, ∀q ∈ L2(Ω),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t div✉∗ = 0✳

◆❡①t✱ ✇❡ ♣r♦✈❡ t❤❛t ✉∗ ✈❡r✐✜❡s t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ (4.2.8)✳ ❚❛❦✐♥❣ ✇ ∈ V T (Ω)✱ ♠✉❧t✐♣❧②✐♥❣

(4.2.8) ✇✐t❤ ψ ∈ C∞
0 (0, T ) ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ 0 t♦ T ✱ ✇❡ ♦❜t❛✐♥ ✿

−
∫ T

0

(✉ǫn(t),✇)ψ′(t) dt+
∫ T

0

(curl✉ǫn(t), ψ(t) curl✇) dt+

∫ T

0

(div✉ǫn(t), ψ(t)div✇) dt

+

∫ T

0

b̃(✉ǫn(t),✉ǫn , ψ(t)✇) dt =

∫ T

0

〈❢ , ψ(t)✇〉Ω dt, ∀w ∈ V T (Ω).

✭✹✳✸✳✷✾✮

❯s✐♥❣ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✳✸✳✷✼✮ ❛♥❞ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✳✸✳✷✽✮✱ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t

✐♥✭✹✳✸✳✷✾✮ ❛♥❞ ✇❡ ♦❜t❛✐♥

−
∫ T

0

(✉∗(t),✇)ψ′(t) dt+
∫ T

0

(curl✉∗(t), ψ(t) curl✇) dt+

∫ T

0

b(✉∗(t),✉∗(t), ψ(t)✇) dt

=

∫ T

0

〈❢ , ψ(t)✇〉Ω dt, ∀w ∈ V T (Ω).

✭✹✳✸✳✸✵✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✹✻

◆♦✇✱ ✇r✐t✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✭✹✳✸✳✸✵✮ ✇✐t❤ ψ = φ ∈ D((0, T ))✱ ✇❡ s❡❡ t❤❛t u∗ s❛t✐s✜❡s ✭✹✳✷✳✽✮ ✐♥ t❤❡

❞✐str✐❜✉t✐♦♥ s❡♥s❡✳ ❙♦✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡ss✉r❡ p∗✱ ✇❡ ❤❛✈❡ (u∗, p∗) ✐s s♦❧✉t✐♦♥ ♦❢ (NS)✳

❚❤❡ ✜rst t❤r❡❡ ❝♦♥✈❡r❣❡♥❝❡s ✐♥ ✭✹✳✸✳✷✻✮ ❢♦❧❧♦✇ ❡❛s✐❧② ❢r♦♠ ✭✹✳✸✳✷✼✮ ❛♥❞ ✭✹✳✸✳✷✽✮✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡

t❤❡ ❧❛st ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✐♥ ✭✹✳✸✳✷✻✮✳ ❙✐♥❝❡

∇pεn = f − uεnt +∆uεn + B̃(uεn ,uεn). ✭✹✳✸✳✸✶✮

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r uε s❤♦✇s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✸✳✸✶✮ ❝♦♥✈❡r❣❡s t♦

f − u∗
t +∆u∗ + B̃(u∗,u∗) weakly, ✭✹✳✸✳✸✷✮

✐♥ H−1(Q) ❛s εn → 0✳ ❙✐♥❝❡ ✭✹✳✸✳✸✷✮ ✐s ❡①❛❝t❧② ∇p∗✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∇pεn → ∇p∗ in H−1(Q), ✭✹✳✸✳✸✸✮

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✹✳✸✳✶✳ ❋♦r t❤❡ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥ u ♦❢ ✭✹✳✷✳✽✮ ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡

uε✱ ❝♦♥✈❡r❣❡s t♦ u ✐♥ t❤❡ s❡♥s❡ ✭✹✳✸✳✷✼✮✲✭✹✳✸✳✷✽✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✹✳✸✳✸✸✮ t♦ t❤❡ ❛ss♦❝✐❛t❡❞

♣r❡ss✉r❡ p ❤♦❧❞s ❢♦r t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ∇pε

✹✳✸✳✸ ❊rr♦r ❡st✐♠❛t❡

❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❡rr♦r ❛♥❛❧②s✐s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r ε✳ ❋♦r

t❤✐s✱ ✇❡ ♥❡❡❞ t♦ s✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳ ❋♦r u0 ❛♥❞ f ❣✐✈❡♥ s❛t✐s❢②✐♥❣

✉0 ∈H2(Ω) ∩H1
T (Ω) and f ∈ C([0, T ];L2(Ω)), ✭✹✳✸✳✸✹✮

t❤❡r❡ ❡①✐sts T1 ≤ T s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥s ♦❢ (NS) s❛t✐s✐❢② ✿

‖✉(t)‖H2(Ω) + ‖ut(t)‖+ ‖p(t)‖H1(Ω) 6 C, ∀t ∈ [0, T1]. ✭✹✳✸✳✸✺✮

■♥ ❛❞❞✐t✐♦♥ t♦ ✭✹✳✸✳✸✹✮✱ ✇❡ ❛ss✉♠❡ t❤❛t

f t,f tt ∈ C([0, T ];L2(Ω)). ✭✹✳✸✳✸✻✮

❚❤❡♥ ❢♦r ❛♥② t0 ∈ (0, T1)✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ (NS) s❛t✐s✜❡s ♦♥ [t0, T1]✿

‖utt(t)‖2 + ‖✉t(t)‖2H2(Ω) + ‖pt(t)‖2H1(Ω)

+

∫ t

t0

(
‖✉ttt(s)‖2 + ‖✉tt(s)‖2H2(Ω) + ‖ptt(s)‖2H1(Ω)

)
ds 6 C.

✭✹✳✸✳✸✼✮

❋♦❧❧♦✇✐♥❣ ❬✾✶❪✱ ✇❡ ♣r♦✈❡ t❤❡ ♥❡①t ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ✭✹✳✸✳✸✮ ✳

❚❤❡♦r❡♠ ✹✳✸✳✹✳ ❆ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮ ❛♥❞ t0 ∈ (0, T1)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿

‖✉(t)− ✉ǫ(t)‖2 +
∫ t

t0

‖✉(s)− ✉ǫ(s)‖2 ds+ ǫ ‖p(t)− pǫ(t)‖2 6 Cǫ2 , ∀t ∈ [t0, T1]. ✭✹✳✸✳✸✽✮



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛♥ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✹✼

Pr♦♦❢✳ ❲❡ s❡t ❡ = ✉ − ✉ǫ ❛♥❞ q = p− pǫ ✳

❲❡ s✉❜str❛❝t t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠ (4.3.3) ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ (NS)✱ ✇❡ ♦❜t❛✐♥ ✿

❡t −∆❡ +∇q + (✉ · ∇)✉ − (✉ǫ · ∇)✉ǫ − 1

2
div (✉ǫ)✉ǫ = 0 ✭✹✳✸✳✸✾✮

❘❡♠❛r❦ t❤❛t ✿

B̃(✉ǫ, ❡) + B̃(❡ ,✉) = (✉ǫ.∇)❡ − 1

2
div (✉ǫ)❡ + (❡ .∇)✉ − 1

2
div (❡)✉

= (✉ .∇)✉ − (✉ǫ.∇)✉ǫ − 1

2
div (✉ǫ)✉ǫ

❲❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❡ ♥❡①t s②st❡♠ ✿





❡t −∆❡ +∇q + B̃(✉ǫ, ❡) + B̃(❡ ,✉) = 0

div ❡ + ǫqt = ǫpt

❡(0) = q(0) = 0

✭✹✳✸✳✹✵✮

❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✸✳✹✵✮1 ✇✐t❤ ❡ ❛♥❞ ✭✹✳✸✳✹✵✮2 ✇✐t❤ q✱ ✉s✐♥❣ ✭✹✳✷✳✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t

(❡ , B̃(✉ǫ, ❡)) = b̃(✉ǫ, ❡ , ❡) = 0,

✇❡ ❤❛✈❡✿

1

2

d

dt
‖❡‖2 + ‖div ❡‖2 + ‖curl ❡‖2 + ǫ

2

d

dt
‖q‖2 6 ǫ(pt, q) + |b̃(❡ ,✉ , ❡)| ✭✹✳✸✳✹✶✮

❖❜s❡r✈❡ t❤❛t b̃ ✐s ❛♥ ❛♥t✐s②♠♠❡tr✐❝ ❢♦r♠ ❛♥❞ t❤❡♥

b̃(e,u, e) = −b̃(e, e,u)

❙♦✱ ❛♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❆❣♠♦♥✬s ✐♥❡q✉❛❧✐t② ✭✹✳✷✳✹✮ t♦❣❡t❤❡r ✇✐t❤ ✭✹✳✸✳✸✺✮✱ ✇❡ ❤❛✈❡

∣∣∣b̃(❡ ,✉ , ❡)
∣∣∣ ≤ ‖e‖ ‖∇e‖ ‖u‖L∞(Ω) ≤ C ‖e‖ ‖∇e‖ ‖u‖2 ≤ C ‖e‖ ‖∇e‖

≤ 1

4
(‖curl ❡‖2 + ‖div ❡‖2) + C ‖e‖2

❚❤❡♥✱ ✇❡ ❤❛✈❡

1

2

d

dt
‖❡‖2 + ‖div ❡‖2 + ‖curl ❡‖2 + ǫ

2

d

dt
‖q‖2

6 ǫ(pt, q) +
1

4
(‖curl ❡‖2 + ‖div ❡‖2) + C ‖e‖2

✭✹✳✸✳✹✷✮

■♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ t❡r♠ ǫ(pt, q)✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡

❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ✭❝❢✳ ❬✹✻❪✮✳

❉✉❡ t♦ ✭✹✳✸✳✸✼✮✱ pt(t) ∈ C([t0, T1];L2(Ω))✱ t❤❡♥ t❤❡r❡ ❡①✐sts Φ(t) ∈H1
0(Ω) s✉❝❤ t❤❛t✿

divΦ(t) = pt(t), ‖Φ(t)‖H1(Ω) 6 C ‖pt(t)‖ , ∀t ∈ [t0, T ]. ✭✹✳✸✳✹✸✮

❋✉rt❤❡r♠♦r❡✱ ❤❛✈❡

divΦt(t) = ptt(t), ‖Φt(t)‖H1(Ω) 6 C ‖ptt(t)‖ , ∀t ∈ [t0, T ]. ✭✹✳✸✳✹✹✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✹✽

❆♣♣❧②✐♥❣ t❤✐s r❡s✉❧t ❛♥❞ ✉s✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✹✳✸✳✹✵✮✱ ✇❡ ♦❜t❛✐♥✿

ǫ(pt, q) = ǫ(divΦ, q) = −ǫ(Φ,∇q)
= ǫ(Φ, ❡t) + ǫ(curlΦ, curl ❡) + ǫ(divΦ, div ❡) + ǫb̃(✉ǫ, ❡ ,Φ) + ǫb̃(❡ ,✉ ,Φ)

= ε
d

dt
(Φ, ❡)− ǫ(Φt, ❡) + ǫ(curlΦ, curl ❡) + ǫ(divΦ, div ❡) + ǫb̃(✉ǫ, ❡ ,Φ) + ǫb̃(❡ ,✉ ,Φ)

6 ǫ
d

dt
(Φ, ❡) +

1

4
(‖curl ❡‖2 + ‖div ❡‖2) + Cǫ2(‖Φt‖2 + ‖Φ‖2H1(Ω)) + εb̃(✉ε, ❡ ,Φ) + εb̃(❡ ,✉ ,Φ)

❯s✐♥❣ ✭✹✳✷✳✶✮✱ ✭✹✳✸✳✸✺✮✱ ✭✹✳✸✳✸✼✮ ❛♥❞ ✭✹✳✸✳✹✸✮✱ ✇❡ ❤❛✈❡ ✿

ǫb̃(✉ǫ, ❡ ,Φ) = ǫb̃(✉ − ❡ , ❡ ,Φ)

6 Cǫ ‖✉‖L3(Ω) ‖∇❡‖ ‖Φ‖L6(Ω) + Cε ‖❡‖L6(Ω) ‖∇❡‖ ‖Φ‖L3(Ω)

≤ Cε ‖u‖H1(Ω) ‖∇e‖+ Cε(‖curl ❡‖2 + ‖div ❡‖2)

6
1

8
(‖curl ❡‖2 + ‖div ❡‖2) + Cǫ2 ‖✉‖2H1(Ω) + Cε(‖curl ❡‖2 + ‖div ❡‖2)

≤ Cε2 + (Cǫ+
1

8
)(‖curl ❡‖2 + ‖div ❡‖2)

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

ǫb̃(❡ ,✉ ,Φ) ≤ Cǫ ‖∇❡‖ ‖✉‖L3(Ω) ‖Φ‖L6(Ω)

6
1

8
(‖curl ❡‖2 + ‖div ❡‖2) + Cǫ2 ‖Φ‖2H1(Ω) ‖✉‖

2
H1(Ω)

6
1

8
(‖curl ❡‖2 + ‖div ❡‖2) + Cǫ2

❈♦❧❧❡❝t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s ✐♥ ✭✹✳✸✳✹✷✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ t0 t♦ t ∈ [t0, T1]✱ ✇❡ ❞❡r✐✈❡ ❢♦r ǫ

s✉✣❝✐❡♥t❧② s♠❛❧❧ ✿

‖❡(t)‖2 +
∫ t

t0

(‖curl ❡(s)‖2 + ‖div ❡(s)‖2)ds+ ǫ ‖q(t)‖2

6 Cǫ(Φ, ❡(t)) + Cǫ2

6
1

2
‖❡(t)‖2 + Cǫ2 ‖Φ(t)‖2 + Cǫ2

❯s✐♥❣ ✭✹✳✸✳✹✸✮ ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♣r❡ss✉r❡ ✐♥ ✭✹✳✸✳✸✼✮✱ ✇❡ ❝♦♥❝❧✉❞❡ ✿

‖❡(t)‖2 +
∫ t

t0

(‖curl ❡(s)‖2 + ‖div ❡(s)‖2)ds+ ǫ ‖q(t)‖2 6 Cǫ2



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✹✾

✹✳✹ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t②

♠❡t❤♦❞

❲❡ ✇❛♥t t♦ st✉❞② ❛ ♥❡✇ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞✳

❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ (✉ , p) ❜② (✉ǫ, pǫ) s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❡❞ s②st❡♠ ✿

(NS)ǫ





✉ǫt − ν∆✉ǫ +∇pǫ + B̃(✉ǫ,✉ǫ) = ❢ ✐♥Ω×]0, T [,

div ✉ǫ − ǫ∆pǫt = 0 ✐♥ Ω×]0, T [,

✉ǫ · n = 0, curl ✉ǫ × n = ✵,
∂pǫt
∂♥

= 0 ♦♥ Γ×]0, T [,

pǫ(0) = pε0, ✉ǫ(0) = ✉ε0 in Ω.

✹✳✹✳✶ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s

❲❡ ✇❛♥t t♦ ♣r♦✈❡ s♦♠❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ s②st❡♠ (NS)ε✳ ❲❡ ✉s❡ s✐♠✐❧❛r ❛r❣✉♠❡♥ts t♦ ❬✷✸✱ ✾✶❪✳

▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t r❡s✉❧t ✐s ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥ ♠❡t❤♦❞✳ ❲❡

✇✐❧❧ ♥♦t ✐♥tr♦❞✉❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s uεm✱ pεm✱ ✇❡ ✇✐❧❧ ❥✉st s❤♦✇ ❤♦✇ t♦ ❣❡t ❛ ♣r✐♦r✐ ❜♦✉♥❞s✳

❲❡ ✇✐❧❧ ❛❧s♦ ♦♠✐t t❤❡ ♣❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t ✉s✐♥❣ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳

❚❤❡♦r❡♠ ✹✳✹✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t

✉ǫ0 ∈H 2(Ω), pǫ0 ∈ H 1(Ω)/R, f ∈ L∞(0, T ;L2(Ω)) and f t ∈ L2(0, T ; [H0(div , Ω)]
′). ✭✹✳✹✳✶✮

❚❤✉s✱ t❤❡r❡ ❡①✐sts C0 = C0(f ,Ω,u
ε
0, p

ε
0) s✉❝❤ t❤❛t ❢♦r T0 = min{T, ε2/C0}✱ t❤❡ s②st❡♠ (NS)ǫ ❤❛s ❛

✉♥✐q✉❡ s♦❧✉t✐♦♥ (✉ǫ, pǫ) s❛t✐s❢②✐♥❣ ✿

uǫ ∈ L∞(0, T0;H
2(Ω) ∩H1

T (Ω)), ✭✹✳✹✳✷✮

uǫt ∈ L∞(0, T0;L
2(Ω)) ∩ L2(0, T0;H

1
T (Ω)), ✭✹✳✹✳✸✮

pǫ , pǫt ∈ L∞(0, T0;H
1(Ω)/R). ✭✹✳✹✳✹✮

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ♥❡❝❡ss❛r② ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✿

❋✐rst ❡st✐♠❛t❡s✳ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ (NS)ǫ ✇✐t❤ ✉ǫ ❛♥❞ ♦❢ t❤❡

s❡❝♦♥❞ ✇✐t❤ pǫ✱ ✇❡ s✉♠ t❤❡ ❜♦t❤ ❡q✉❛t✐♦♥s ❛♥❞✱ ✇❡ ♦❜t❛✐♥ ❜② ✉s✐♥❣ ✭✹✳✸✳✼✮✱ ✭✹✳✷✳✶✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③

✐♥❡q✉❛❧✐t②✿
1

2

d

dt
‖✉ǫ‖2 + ν

(
‖curl✉ǫ‖2 + ‖div✉ǫ‖2

)
+
ǫ

2

d

dt
‖∇pǫ‖2 = 〈f ,uε〉Ω

6 ‖f‖[H0(div ,Ω)]′ ‖✉ǫ‖H0(div ,Ω)

6
C

ν
‖f‖2[H0(div ,Ω)]′ +

ν

2

(
‖div✉ǫ‖2 + ‖curl✉ǫ‖2

)
.

■♥t❡❣r❛t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❢r♦♠ 0 t♦ t ❢♦r t ≤ T ✱ ✇❡ ♦❜t❛✐♥

‖✉ǫ(t)‖2 + ǫ ‖∇pǫ(t)‖2 + ν

∫ t

0

(
‖curl✉ǫ(s)‖2 + ‖div✉ǫ(s)‖2

)
ds

6
C

ν

∫ t

0

‖❢ (s)‖2[H0(div ,Ω)]′ ds+ ‖✉ǫ(0)‖2 + ε ‖∇pǫ(0)‖2

6
C

ν

∫ T

0

‖❢ (s)‖2[H0(div ,Ω)]′ ds+ ‖✉ǫ0‖2 + ‖∇pǫ0‖2 := d1

✭✹✳✹✳✺✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✵

❲❡ ❞❡❞✉❝❡ t❤❛t

sup
t∈[0,T ]

(
‖uε(t)‖2 + ε ‖∇pε(t)‖2

)
≤ d1, ✭✹✳✹✳✻✮

❛♥❞ t❤❡♥ ✉ǫ ∈ L∞(0, T ;L2(Ω))✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✷✳✷✮✱ ✭✹✳✷✳✸✮ ❛♥❞ ✭✹✳✹✳✺✮ t❤❛t

∫ T

0

‖uε(t)‖2H1(Ω) dt ≤ C

∫ T

0

(
‖curl✉ǫ(t)‖2 + ‖div✉ǫ(t)‖2

)
ds 6

Cd1
ν
, ✭✹✳✹✳✼✮

✇❤✐❝❤ s❤♦✇s t❤❛t uǫ ∈ L2(0, T ;H1
T (Ω))✳

❙❡❝♦♥❞ ❡st✐♠❛t❡s✳ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ (NS)ǫ ✇✐t❤ −∆✉ǫ✱ ✇❡

❤❛✈❡✿

−(✉ǫt,∆✉ǫ) + ν ‖∆✉ǫ‖2 = (∇pǫ,∆✉ǫ) + b̃(✉ǫ,✉ǫ,∆✉ǫ)− (❢ ,∆✉ǫ),

❛♥❞ t❤❡♥✱
1

2

d

dt

(
‖curl✉ǫ‖2 + ‖div✉ǫ‖2

)
+ ν ‖∆✉ǫ‖2

≤ 2

ν
‖∇pε‖2 + ν

8
‖∆uε‖+ 2

ν
‖f‖2 + ν

8
‖∆uε‖+ b̃(✉ǫ,✉ǫ,∆✉ǫ).

✭✹✳✹✳✽✮

❯s✐♥❣ ✭✹✳✷✳✷✮✱ ✭✹✳✷✳✹✮ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ t❤❡ t❡r♠ b̃ ❝❛♥ ❜❡ ❝♦♥tr♦❧❡❞ ❛s ❢♦❧❧♦✇s✿

b̃(✉ǫ,✉ǫ,∆✉ǫ) ≤ C ‖∆✉ǫ‖ ‖∇✉ǫ‖ ‖✉ǫ‖L∞(Ω) ≤ C ‖∆uε‖3/2 ‖∇uε‖3/2

≤ ‖∆uε‖3/2
(
‖curluε‖2 + ‖divuε‖2

)3/4

≤ ν

4
‖∆uε‖2 + C

ν

(
‖curluε‖2 + ‖divuε‖2

)3
✭✹✳✹✳✾✮

❚❤❛♥❦s t♦ ✭✹✳✹✳✻✮✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✹✳✹✳✽✮

d

dt

(
‖curl✉ǫ‖2 + ‖div✉ǫ‖2

)
+ ν ‖∆✉ǫ‖2 ≤ C1

ε
+ C2

(
‖curluε‖2 + ‖divuε‖2

)3
. ✭✹✳✹✳✶✵✮

❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ♥❡①t ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t② ✭✇✐t❤ C2 ≥ 1✮

d

dt
y(t) 6 C2y(t)

3, ✭✹✳✹✳✶✶✮

✇❤❡r❡ y(t) = C1

ǫ + ‖curl✉ǫ‖2 + ‖div✉ǫ‖2 ❛♥❞ y(0) = C1

ǫ + ‖div✉0‖2 + ‖curl✉0‖2✳
❲❡ s♦❧✈❡ ✭✹✳✹✳✶✶✮ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❢♦r t 6 1

2C2y(0)2
✿

y(t) 6
y(0)√

1− 2C2y(0)2t
.

■❢ ✇❡ t❛❦❡ t 6 3
8C2y(0)2

✱ ✇❡ ❤❛✈❡ 1
2 6

√
1− 2C2y(0)2t ❛♥❞ t❤❡♥ y(t) 6 2y(0)✳

❖❜s❡r✈❡ t❤❛t✱ t❤❡r❡ ❡①✐sts C0 > 0 s✉❝❤ t❤❛t

t 6
3

8C2y(0)2
=

3

8C2(
C1

ǫ + ‖div✉0‖2 + ‖curl✉0‖2)2
≤ ε2

C0
.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r t ≤ T0 = min{T, ε2C0
}✱ ✇❡ ❤❛✈❡

‖div✉ǫ(t)‖2 + ‖curl✉ǫ(t)‖2 6 2(
C1

ǫ
+ ‖div✉0‖2 + ‖curl✉0‖2) 6

C3

ǫ
✭✹✳✹✳✶✷✮



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✺✶

❘❡t✉r♥ t♦ ✭✹✳✹✳✶✵✮ ✉s✐♥❣ ✭✹✳✹✳✶✷✮✱ ✭✹✳✹✳✼✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t

∫ t

0

‖curl✉ǫ(s)‖6 + ‖div✉ǫ(s)‖6 ds 6
∫ t

0

‖curl✉ǫ(s)‖4 ‖curl✉ǫ(s)‖2 ds

+

∫ t

0

‖div✉ǫ(s)‖4 ‖div✉ǫ(s)‖2 ds

6
C

ǫ2

∫ t

0

(
‖curl✉ǫ(s)‖2 + ‖div✉ǫ(s)‖2

)
ds

6
C

ǫ2
d1
ν
,

✭✹✳✹✳✶✸✮

✇❡ ❞❡❞✉❝❡ t❤❛t✿
∫ t

0

‖∆✉ǫ(s)‖2 ds 6 C4

ǫ2
, ∀t ∈ [0, T0]. ✭✹✳✹✳✶✹✮

❚❤✐r❞ ❡st✐♠❛t❡s✳ ❲❡ t❛❦❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ (NS)ε✱ ✇❡ ♦❜t❛✐♥✿





✉ǫtt − ν∆✉ǫt +∇pǫt + B̃(✉ǫ,✉ǫt) + B̃(✉ǫt,✉
ǫ) = ❢ t, ✐♥Ω× [0, T ]

div ✉ǫt − ǫ∆pǫtt = 0, ✐♥Ω× [0, T ]

∂pǫtt
∂♥

= 0, ♦♥Γ× [0, T ]

✭✹✳✹✳✶✺✮

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿

uεt (0) = f(0) + ν∆uε0 −∇pε0 − B̃(uε0, u
ε
0) ✭✹✳✹✳✶✻✮

divuε0 − ε∆pεt (0) = 0,
∂pεt (0)

∂n

∣∣∣
Γ
= 0 ✭✹✳✹✳✶✼✮

❚❤❛♥❦s t♦ ❛ss✉♠♣t✐♦♥ ♦♥ ❢ ✱ ✉ǫ0 ❛♥❞ pǫ0✱ ✇❡ ❤❛✈❡✿

‖✉ǫt(0)‖ 6 C , ‖∇pǫt(0)‖ 6
C

ǫ
✭✹✳✹✳✶✽✮

❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.15)1 ✇✐t❤ ✉ǫt ❛♥❞ ♦❢ (4.4.15)2 ✇✐t❤ pǫt✱ ✇❡ ♦❜t❛✐♥ ❜② ✉s✐♥❣ ✭✹✳✸✳✼✮✿

d

2dt
‖✉ǫt‖2 + ν

(
‖curl✉ǫt‖2 + ‖div✉ǫt‖2

)
+
ǫ

2

d

dt
‖∇pǫt‖2 = 〈❢ t,✉ǫt〉Ω − b̃(✉ǫt,✉

ǫ,✉ǫt)

6 C ‖f‖[H0(div ,Ω)]′ ‖✉ǫt‖H0(div ,Ω) + |b̃(✉ǫt,✉ǫ,✉ǫt)|

6
C

ν
‖f‖2[H0(div ,Ω)]′ +

ν

4

(
‖div✉ǫt‖2 + ‖curl✉ǫt‖2

)
+ |b̃(✉ǫt,✉ǫ,✉ǫt)|

❚❤❛♥❦s t♦ ✭✹✳✷✳✷✮ ❛♥❞ ✭✹✳✷✳✹✮✿

b̃(✉ǫt,✉
ǫ,✉ǫt) 6 C ‖✉ǫt‖ ‖∇✉ǫt‖ ‖✉ǫ‖L∞(Ω)

6 C ‖✉ǫt‖ ‖∇✉ǫt‖ ‖✉ǫ‖
1
2

H1(Ω)
‖✉ǫ‖

1
2

H2(Ω)

6
ν

4
(‖div✉ǫt‖2 + ‖curl✉ǫt‖2) +

C

2ν
‖✉ǫ‖H1(Ω) ‖✉ǫ‖H2(Ω) ‖✉ǫt‖

2

❙♦ ✇❡ ♦❜t❛✐♥ ✿

d

2dt
‖✉ǫt‖2 + ν

(
‖curl✉ǫt‖2 + ‖div✉ǫt‖2

)
+
ǫ

2

d

dt
‖∇pǫt‖2

≤ C

ν
‖f‖2[H0(div ,Ω)]′ +

ν

2

(
‖div✉ǫt‖2 + ‖curl✉ǫt‖2

)
+
C

2ν
‖✉ǫ‖H1(Ω) ‖✉ǫ‖H2(Ω) ‖✉ǫt‖

2
✭✹✳✹✳✶✾✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✷

❇② ✉s✐♥❣ ✭✹✳✹✳✶✷✮ ❛♥❞ ✭✹✳✹✳✶✹✮✱ ✇❡ ❤❛✈❡✿
∫ T0

0

‖✉ǫ(s)‖H1(Ω) ‖✉ǫ(s)‖H2(Ω) ds 6
(∫ T0

0

‖✉ǫ(s)‖2H1(Ω) ds
) 1

2
(∫ T0

0

‖✉ǫ(s)‖2H2(Ω) ds
) 1

2

6

√
C3√
ǫ

√
C4

ǫ
≤ C

ǫ
3
2

.

❯s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✇✐t❤ ✭✹✳✹✳✶✽✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② t ∈
[0, T0]✿

‖✉ǫt(t)‖2 + ε ‖∇pǫt(t)‖2 + ν

∫ t

0

(
‖curl✉ǫt(s)‖2 + ‖div✉ǫt(s)‖2

)
ds 6

C

ǫ
exp

( C
ǫ

3
2

)
✭✹✳✹✳✷✵✮

❙♦✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❡st✐♠❛t❡ ✭✹✳✹✳✷✵✮ t❤❛t ✉ǫt ∈ L∞(0, T0;L
2(Ω)) ∩ L2(0, T0;H

1
T (Ω)) ❛♥❞ t❤❛t

pǫt ∈ L∞(0, T ; H1(Ω)/R)✳

❋✐♥❛❧❧②✱ t❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✇✐t❤ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ (NS)ε ✇✐t❤ −∆uε(t) ❛♥❞ ✉s✐♥❣ t❤❡

♣r❡✈✐♦✉s ❡st✐♠❛t❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❡❛❝❤ t ∈ (0, T0]✱

‖∆uε(t)‖2 ≤ C(ε),

✇✐t❤ C(ε) → +∞ ❛s ε→ 0✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢✳

✹✳✹✳✷ ❊rr♦r ❡st✐♠❛t❡s

❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞✳

❚❤❡ ♣r♦♦❢ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❛♥❛❧②s✐s ❣✐✈❡♥ ❢♦r t❤❡ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞✳ ❲❡ ♥❡❡❞ t♦

❞❡r✐✈❡ s♦♠❡ ε✲✐♥❞❡♣❡♥❞❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❋♦r t❤✐s✱ ✇❡ ✜① t0 > 0 ❛♥❞ ✇❡ ✉s❡ u(t0)✱ p(t0) ❛s ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥ ❛t t = t0✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❲❡ ❛ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ ❚❤❡♥✱ ❢♦r t0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡r❡ ❡①✐sts T0 ∈
(t0, T1] s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ [t0, T0]✱ ✇❡ ❤❛✈❡
∫ t

t0

‖✉(s)− ✉ǫ(s)‖2 ds+ ǫ
1
2 ‖✉(t)− ✉ǫ(t)‖2 + ǫ(‖✉(t)− ✉ǫ(t)‖2H1(Ω) + ‖p(t)− pǫ(t)‖2) 6 Cǫ2.

✹✳✹✳✸ ǫ✲✐♥❞❡♣❡♥❞❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s

❲❡ ✇❛♥t t♦ ♣r♦✈❡ s♦♠♠❡ ǫ✲✐♥❞❡♣❡♥❞❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ▲❡t ✉s ❞❡♥♦t❡ ❡ = ✉ −✉ǫ ❛♥❞ p = p− pǫ✳

❙✉❜str❛❝t✐♥❣ (NS) ❢r♦♠ (NS)ǫ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❡q✉❛t✐♦♥

❡t − ν∆❡ + B̃(✉ǫ, ❡) + B̃(❡ ,✉) +∇q = 0

div ❡ − ǫ∆qt = −ǫ∆pt,
∂pǫt
∂♥

= 0 ♦♥Γ× [t0, T ]

❡(t0) = ✵ and q(t0) = 0

✭✹✳✹✳✷✶✮

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❢♦r t❤❡ ♣❡rt✉r❜❡❞ s♦❧✉t✐♦♥ (uε, pε)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✳ ❲❡ ❛ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ ❚❤❡r❡ ❡①✐sts T0 ∈ (t0, T1] s✉❝❤ t❤❛t ✿

‖✉ǫ(t)‖2H2(Ω) + ‖pǫ(t)‖2H1(Ω) 6 C, ∀t ∈ [t0, T0], ✭✹✳✹✳✷✷✮
∫ t

t0

‖✉ǫt(s)‖2H2(Ω) ds+ ‖uǫt(t)‖2H1(Ω) + ‖pǫt(t)‖2H1(Ω) 6 C, ∀t ∈ [t0, T0], ✭✹✳✹✳✷✸✮

‖et(t)‖2 6 Cǫ, ∀t ∈ [t0, T0]. ✭✹✳✹✳✷✹✮



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✺✸

Pr♦♦❢✳ ❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.21)1 ✇✐t❤ ❡ ❛♥❞ (4.4.21)2 ✇✐t❤ q✱ ✇❡ s✉♠ ❛♥❞ ♦❜t❛✐♥✱ ✇✐t❤

✭✹✳✷✳✶✮ ❛♥❞ ✭✹✳✸✳✼✮✿

1

2

d

dt
‖❡‖2 + ν ‖div ❡‖2 + ν ‖curl ❡‖2 + ǫ

2

d

dt
‖∇q‖2

= ǫ(∇pt,∇q)− b̃(❡ ,✉ , ❡)

6
ǫ

2
‖∇pt‖2 +

ǫ

2
‖∇q‖2 + C ‖u‖L∞(Ω) ‖e‖ ‖∇❡‖

6
ǫ

2
‖∇pt‖2 +

ǫ

2
‖∇q‖2 + C ‖✉‖

1
2

H1(Ω)
‖u‖

1
2

H2(Ω)
‖❡‖ ‖∇❡‖

6
ǫ

2
‖∇pt‖2 +

ǫ

2
‖∇q‖2 + ν

2
(‖div ❡‖2 + ‖curl ❡‖2) + C ‖✉‖H1(Ω) ‖✉‖H2(Ω) ‖❡‖

2

❯s✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❛♥❞ ✭✹✳✸✳✸✼✮ ✿

‖❡(t)‖2 + ν

∫ t

t0

(
‖curl ❡‖2 + ‖div ❡‖2

)
dx+ ǫ ‖∇q(t)‖2 6 Cǫ

∫ t

0

‖∇pt‖2 6 Cǫ ✭✹✳✹✳✷✺✮

◆♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✹✳✷✶✮ ✇✐t❤ −∆❡ ✱ ✇❡ ♦❜t❛✐♥✿

1

2

d

dt

(
‖div ❡‖2 + ‖curl ❡‖2

)
+ ν ‖∆❡‖2 = (∇q,∆❡) + b̃(✉ǫ, ❡ ,∆❡) + b̃(❡ ,✉ ,∆❡)

= (∇q,∆❡) + b̃(✉ , ❡ ,∆❡)− b̃(❡ , ❡ ,∆❡)

+ b̃(❡ ,✉ ,∆❡).

✭✹✳✹✳✷✻✮

❲❡ ❜♦✉♥❞ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠s s❡♣❛r❛t❡❧② ❛s ❢♦❧❧♦✇✿

❯s✐♥❣ ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✭✹✳✷✳✶✮✱ ✇❡ ❤❛✈❡ ✿

b̃(✉ , ❡ ,∆❡) 6 ‖✉‖L∞(Ω) ‖∇❡‖ ‖∆❡‖

6
ν

8
‖∆❡‖2 + C ‖✉‖H1(Ω) ‖✉‖H2(Ω) (‖curl ❡‖

2
+ ‖div ❡‖2),

b̃(❡ , ❡ ,∆❡) 6 ‖❡‖L∞(Ω) ‖∇❡‖ ‖∆❡‖ ≤ C ‖∆e‖3/2 ‖∇e‖3/2

≤ ‖∆e‖3/2
(
‖curl e‖2 + ‖div e‖2

)3/4

≤ ν

8
‖∆e‖2 + C

(
‖curl e‖2 + ‖div e‖2

)3

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

b̃(❡ ,✉ ,∆❡) 6 ‖✉‖L∞(Ω) ‖∇❡‖ ‖∆❡‖

6
ν

8
‖∆❡‖2 + C ‖✉‖H1(Ω) ‖✉‖H2(Ω) (‖curl ❡‖

2
+ ‖div ❡‖2).

❈♦❧❧❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ✐♥ ✭✹✳✹✳✷✻✮✱ ✇❡ ❞❡r✐✈❡ ✿

d

dt

(
‖div ❡‖2 + ‖curl ❡‖2

)
+ ν ‖∆❡‖2 6

C

ν
‖∇q‖2 + C ‖✉‖H1(Ω) ‖✉‖H2(Ω) (‖div ❡‖

2
+ ‖curl ❡‖2)

+ C
(
‖div ❡‖2 + ‖curl ❡‖2

)3

❆s ✐♥ ✭✹✳✹✳✶✵✮✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥s ❛s✿

d

dt
(C1 + ‖div ❡‖2 + ‖curl ❡‖2) 6 C2(C1 + ‖div ❡‖2 + ‖curl ❡‖2)3



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✹

❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✶ ✭❙❡❝♦♥❞ ❡st✐♠❛t❡s✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❛t ❢♦r

t ∈ [t0, T0] ✇✐t❤

T0 = min{T, 1

4C2C2
1

}, ✭✹✳✹✳✷✼✮

✇❡ ❤❛✈❡ ❢♦r ❛♥② t ∈ [t0, T0]✿

(
‖div ❡(t)‖2 + ‖curl ❡(t)‖2

)
+

∫ t

t0

‖∆❡(s)‖2 ds 6 C. ✭✹✳✹✳✷✽✮

◆♦✇✱ ✇❡ t❛❦❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s②st❡♠ ✿





❡tt − ν∆❡t + B̃(✉ǫt, ❡) + B̃(✉ǫ, ❡t) + B̃(❡t,✉) + B̃(❡ ,✉ t) +∇qt = 0,

div ❡t − ǫ∆qtt = −ǫ∆ptt,
❡t(t0) = ✵, qt(t0) = pt(t0).

✭✹✳✹✳✷✾✮

❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.29)1 ✇✐t❤ ❡t ❛♥s qt✱ ✇❡ ❞❡r✐✈❡✿

1

2

d

dt
‖❡t‖2 + ν

(
‖curl ❡t‖2 + ‖div ❡t‖2

)
+
ǫ

2

d

dt
‖∇qt‖2

=ǫ(∇ptt,∇qt)− b̃(✉ǫt, ❡ , ❡t)− b̃(❡t,✉ , ❡t)− b̃(❡ ,✉ t, ❡t)

✭✹✳✹✳✸✵✮

❯s✐♥❣ ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡ ✿

b̃(✉ǫt, ❡ , ❡t) = b̃(✉ t − ❡t, ❡ , ❡t)

6 ‖✉ t‖L6(Ω) ‖❡‖L3(Ω) ‖∇❡t‖+ ‖❡‖L∞(Ω) ‖❡t‖ ‖∇❡t‖
6 ‖✉ t‖H1(Ω) ‖❡‖H1(Ω) ‖∇❡t‖+ ‖❡‖1/2

H1(Ω)
‖❡‖1/2

H2(Ω)
‖❡t‖ ‖∇❡t‖

6
ν

8
(‖div ❡t‖2 + ‖curl ❡t‖2) + C ‖✉ t‖2H1(Ω) ‖❡‖

2
H1(Ω)

+
ν

8
(‖div ❡t‖2 + ‖curl ❡t‖2) + C ‖❡‖H1(Ω) ‖❡‖H2(Ω) ‖❡t‖

2

b̃(❡t,✉ , ❡t) 6 ‖❡t‖ ‖∇❡t‖ ‖u‖1/2H1(Ω)
‖u‖1/2

H2(Ω)

6
ν

8
(‖div ❡t‖2 + ‖curl ❡t‖2) + C ‖✉‖2H2(Ω) ‖❡t‖

2
,

❛♥❞ s✐♠✐❧❛r❧②

b̃(❡ ,✉ t, ❡t) ≤ ‖✉ t‖H1(Ω) ‖❡‖H1(Ω) ‖∇❡t‖

6
ν

8
(‖div ❡t‖2 + ‖curl ❡t‖2) + C ‖❡‖2H1(Ω) ‖ut‖

2
H1(Ω) .

❈♦❧❧❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ✐♥ ✭✹✳✹✳✸✵✮✱ ✇❡ ❤❛✈❡ ✿

d

dt
‖❡t‖2 + ν

(
‖curl ❡t‖2 + ‖div ❡t‖2

)
+ ǫ

d

dt
‖∇qt‖2

6 ǫ ‖ptt‖2H1(Ω) + ǫ ‖qt‖2H1(Ω) + C ‖✉ t‖2H1(Ω) ‖❡‖
2
H1(Ω)

+ C ‖❡‖H1(Ω) ‖❡‖H2(Ω) ‖❡t‖
2
+ C ‖✉‖2H2(Ω) ‖❡t‖

2
.

✭✹✳✹✳✸✶✮



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✺✺

■♥t❡❣r❛t✐♥❣ ❢r♦♠ t0 t♦ t✱ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ ✭✹✳✸✳✸✺✮✱ ✭✹✳✸✳✸✼✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ‖q(t0)‖2H1(Ω) =

‖p(t0)‖2H1(Ω) 6 C ❛♥❞

∫ T0

t0

‖❡‖H1(Ω) ‖❡‖H2(Ω) 6

(∫ T0

t0

‖❡‖2H1(Ω)

) 1
2
(∫ T0

t0

‖❡‖2H2(Ω)

) 1
2

< C, ✭✹✳✹✳✸✷✮

✇❡ ❞❡r✐✈❡✿

‖❡t(t)‖2 + ν

∫ t

t0

(
‖div ❡t(s)‖2 ds+ ‖curl ❡t(s)‖2

)
+ ǫ ‖∇qt(t)‖2 6 Cǫ ✭✹✳✹✳✸✸✮

❯s✐♥❣ ❡st✐♠❛t❡s ✭✹✳✸✳✸✼✮ ❛♥❞ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ t❤❡ ❡st✐♠❛t❡ ♦♥ t❤❡ ♣r❡ss✉r❡ ❞❡r✐✈❛t✐✈❡ ✐♥ Pr♦♣♦s✐t✐♦♥

✹✳✹✳✶ ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✹✳✸✸✮✳ ◆♦✇ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ −∆❡ ✇✐t❤ −ν∆❡+B̃(✉ǫ, ❡)+B̃(❡ ,✉) =

−❡t −∇q t♦ ❤❛✈❡ ✿

ν ‖∆❡‖2 = (❡t,∆❡) + (∇q,∆❡) + B̃(✉ǫ, ❡ ,∆❡) + B̃(❡ ,✉ ,∆❡)

6
5

ν
‖❡t‖2 +

ν

10
‖∆❡‖2 + 5

ν
‖∇q‖+ ν

5
‖∆❡‖2 +

∣∣∣b̃(✉ − ❡ , ❡ ,∆❡)
∣∣∣+
∣∣∣b̃(❡ ,✉ ,∆❡)

∣∣∣

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts t♦ ❜♦✉♥❞ t❤❡ t❡r♠s ♦♥ b̃✱ t❤❛♥❦s t♦ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ✭✹✳✹✳✷✺✮ ❛♥❞ ✭✹✳✹✳✸✸✮✱

✇❡ ♦❜t❛✐♥ ✿

‖∆❡(t)‖2 6 C, ∀t ∈ [t0, T0]. ✭✹✳✹✳✸✹✮

❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ♣r♦♦❢ t❤❛t ✿

‖❡t‖2H1(Ω) +

∫ t

t0

‖❡t(s)‖2H2(Ω) ds 6 C , ∀t ∈ [t0, T ] ✭✹✳✹✳✸✺✮

❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.21)1 ✇✐t❤ −∆❡t ✱ ✇❡ ♦❜t❛✐♥ ✿

1

2

d

dt
‖∇❡t‖2 + ν ‖∆❡t‖2 = b̃(✉ǫt, ❡ ,∆❡t) + b̃(✉ǫ, ❡t,∆❡t) + b̃(❡t,✉ ,∆❡t)

+ b̃(❡ ,✉ t,∆❡t) + (∇qt,∆❡t)

✭✹✳✹✳✸✻✮

❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ t♦ ❜♦✉♥❞ t❤❡ ❢♦✉r ♥♦♥ ❧✐♥❡❛r t❡r♠s✱ ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱

✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ✭✹✳✹✳✸✺✮✳

❋✐♥❛❧❧②✱ ❛s ✇❡ ❦♥♦✇ ❡st✐♠❛t❡s ❢♦r ❡ ✭r❡s♣❡❝t✐✈❡❧② q✮ ❛♥❞ ✉ ✭r❡s♣❡❝t✐✈❡❧② p✮✱ ✇✐t❤ tr✐❛♥❣✉❧❛r ✐♥✲

❡q✉❛❧✐t② ❛♥❞ ✭✹✳✸✳✸✺✮✱✭✹✳✸✳✸✼✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤✐s Pr♦♣♦s✐t✐♦♥✳

✹✳✹✳✹ ❊rr♦r ❡st✐♠❛t❡s ❢♦r ❛ ❧✐♥❡❛r❧② ♣❡rt✉r❜❡❞ s②st❡♠

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣❡r❢♦r♠ t❤❡ ❡rr♦r ❛♥❛❧②s✐s ✐♥tr♦❞✉❝❡❞ ❜② ♣❡rt✉r❜✐♥❣ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r❧② ♣❡rt✉r❜❡❞ ♣r♦❜❧❡♠✿





✈ ǫt − ν∆✈ ǫ +∇rǫ = ❢ −B(✉ ,✉)

div ✈ ǫ − ǫ∆rǫt = 0

✈ ǫ · ♥ = 0, curl ✈ ǫ × ♥ = ✵ ,
∂rǫt
∂♥ = 0 ♦♥ Γ

✈ ǫ(0) = ✉(0) , rǫ(0) = p(0)

✭✹✳✹✳✸✼✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✻

✇❤❡r❡ u ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ (NS)✳ ❲❡ ❞❡♥♦t❡s ξ = ✉ − ✈ ǫ ❛♥❞ ψ = p − rǫ✱ ✇❡ s✉❜str❛❝t t❤✐s s②st❡♠

❢r♦♠ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ✿




ξt − ν∆ξ +∇ψ = 0

div ξ − ǫ∆ψt = −ǫ∆pt
ξ(0) = ✵ and ψ(0) = 0.

✭✹✳✹✳✸✽✮

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② t ∈ [t0, T0]✿

‖rǫ(t)‖2H1(Ω) + ‖rǫt(t)‖2H1(Ω) + ‖✈ ǫ(t)‖2H2(Ω) 6 C ✭✹✳✹✳✸✾✮

❛♥❞

‖ξt(t)‖2 6 Cǫ. ✭✹✳✹✳✹✵✮

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✹✳✹✳✸✳ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❲❡ ❤❛✈❡ ✿

∫ t

0

‖ξ(s)‖2 ds+ ǫ
1
2 ‖ξ(t)‖2 + ǫ(‖ξ(t)‖2H1(Ω) + ‖ψ(t)‖2) 6 Cǫ2, ∀t ∈ [t0, T0]. ✭✹✳✹✳✹✶✮

Pr♦♦❢✳ ❲❡ ✉s❡ ❛ ♣❛r❛❜♦❧✐❝ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✳ ●✐✈❡♥ t ∈ [t0, T0]✱ ❧❡t (✇ , q) s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠

{
✇s + ν∆✇ +∇q = ξ(s), div✇ = 0, s ∈ [t0, t],

✇ · n = 0, curl✇ × n = ✵ ♦♥ Γ ✇(t) = ✵.
✭✹✳✹✳✹✷✮

▲❡t ✉s ✜rst ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ✿

∫ t

t0

(‖∆✇(s)‖2 + ‖∇q(s)‖2)ds 6 C

∫ t

t0

‖ξ(s)‖2 ds. ✭✹✳✹✳✹✸✮

❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42)1 ✇✐t❤ ∆✇ = − curl curl✇ ✱ ✇❡ ♦❜t❛✐♥

−1

2

d

dt
‖curl✇(s)‖2 + ν ‖∆✇‖2 6

ν

2
‖∆✇‖2 + 1

2ν
‖ξ‖2

■♥t❡❣r❛t✐♥❣ ❢r♦♠ t0 t♦ t✱ ✇❡ ❞❡r✐✈❡ ✿

‖curl✇(t0)‖2 + ν

∫ t

t0

‖∆✇(s)‖2 ds 6 C

∫ t

t0

‖ξ(s)‖2 ds ✭✹✳✹✳✹✹✮

◆♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42)1 ✇✐t❤ ✇s t♦ ♦❜t❛✐♥ ✿

‖✇s‖2 +
ν

2

d

dt
‖curl✇‖2 6

1

2
‖ξ‖2 + 1

2
‖✇s‖2

❚❤❡♥✱ ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ t0 t♦ t✱ ✇❡ ♦❜t❛✐♥ ✐♥ ♣❛rt✐❝✉❧❛r ✿

∫ t

t0

‖✇s(s)‖2 ds 6 C

∫ t

t0

‖ξ(s)‖2 ds ✭✹✳✹✳✹✺✮

❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42)1 ✇✐t❤ ∇q ❛♥❞ ✉s✐♥❣ ✭✹✳✹✳✹✹✮ ❛♥❞ ✭✹✳✹✳✹✺✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❡♥❞ ♦❢

✭✹✳✹✳✹✸✮ ✿

∫ t

t0

‖∇q‖2 6 C

∫ t

t0

‖ξ(s)‖2 ds



❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜② ❛ ♣s❡✉❞♦❝♦♠♣r❡ss✐❜✐❧✐t② ♠❡t❤♦❞ ✶✺✼

◆♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.42)1 ✇✐t❤ ξ(s) ❛♥❞✱ ❜② ✉s✐♥❣ r❡❧❛t✐♦♥s ♦♥ ξ(s) ✐♥ ✭✹✳✹✳✸✽✮ ❛♥❞

t❤❡ ❢❛❝t t❤❛t div✇ = 0 ✇❡ ♦❜t❛✐♥ ✿

‖ξ(s)‖2 = (✇s, ξ(s)) + ν(∆✇ , ξ(s))− (q, div ξ(s))

=
d

ds
(ξ,✇)− (ξs,✇) + ν(∆ξ,✇)− ǫ(∇q,∇rǫs)

=
d

ds
(ξ,✇) + (∇ψ,✇)︸ ︷︷ ︸

=0

−ǫ(∇q,∇rǫs)

=
d

ds
(ξ,✇)− ǫ(∇q,∇rǫs).

❲❡ ✐♥t❡❣r❛t❡ ❢r♦♠ t0 t♦ t t♦ ❤❛✈❡ ✿

∫ t

t0

‖ξ(s)‖2 ds 6 ǫ

∫ t

t0

‖∇q(s)‖ ‖∇rǫs(s)‖ ds

6 δ

∫ t

t0

‖∇q(s)‖2 ds+ ǫ2C(δ)

∫ t

t0

‖∇rǫs(s)‖2 ds

❚❤❛♥❦s t♦ ✭✹✳✹✳✸✾✮ ❛♥❞ ✭✹✳✹✳✹✸✮✱ ✇❡ ❝❛♥ t❛❦❡ δ s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ ❛s ✿

∫ t

t0

‖ξ(s)‖2 ds 6 Cǫ2 , ∀t ∈ [t0, T0]. ✭✹✳✹✳✹✻✮

◆♦✇✱ ❢♦r ❣✐✈❡♥ t ∈ [t0, T0]✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✉❛❧ ♣r♦❜❧❡♠✿

{
✇s + ν∆✇ +∇q = ξs(s), and div✇ = 0, s ∈ [t0, t]

✇ · n = 0, curl✇ × n = ✵ ♦♥ Γ and ✇(t) = 0.
✭✹✳✹✳✹✼✮

❆s ❢♦r ✭✹✳✹✳✹✸✮ ✇❡ ❤❛✈❡ ✿

∫ t

t0

(‖∆✇(s)‖2 + ‖∇q(s)‖2)ds 6 C

∫ t

t0

‖ξs(s)‖2 ds ✭✹✳✹✳✹✽✮

❲❡ t❛❦❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✐♥ (4.4.38)2 s♦ ✿

div ξt − ǫ∆ψtt = −ǫ∆ptt

◆♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.38)1 ✇✐t❤ ξt ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿

‖ξt‖2 +
ν

2

d

dt

(
‖div ξ‖2 + ‖curl ξ‖2

)
= (ψ, div ξt)

= ǫ(∇ψ,∇ptt)− ǫ(∇ψ,∇ψtt)

= ǫ(∇ψ,∇ptt)− ǫ
d

dt
(∇ψ,∇ψt) + ǫ ‖∇ψt‖2

❲❡ ✐♥t❡❣r❛t❡ t❤✐s ❡q✉❛t✐♦♥ ❛♥❞✱ s✐♥❝❡ ψ(t0) = 0✱ ✇❡ ❤❛✈❡ ∀t ∈ [t0, T0]

∫ t

t0

‖ξt(s)‖2 ds+ ν
(
‖div ξ(t)‖2 + ‖curl ξ(t)‖2

)

6 Cǫ

∫ t

t0

(‖∇ptt(s)‖2 + ‖∇ψ(s)‖2)ds+ Cǫ ‖∇ψt(t)‖ ‖∇ψ(t)‖

+ Cǫ

∫ t

t0

‖∇ψt(s)‖2 ds



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✺✽

❯s✐♥❣ ✭✹✳✸✳✸✼✮✱✭✹✳✷✳✶✮ ❛♥❞ ✭✹✳✹✳✸✾✮✱ ✇❡ ♦❜t❛✐♥ ✐♥ ♣❛rt✐❝✉❧❛r ✿

ν ‖ξ(t)‖2H1(Ω) 6 Cν(‖div ξ(t)‖2 + ‖curl ξ(t)‖2) 6 Cǫ. ✭✹✳✹✳✹✾✮

◆♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.47) ✇✐t❤ ξ(s) t♦ ♦❜t❛✐♥ ✿

1

2

d

dt
‖ξ(s)‖2 =

d

ds
(ξ,✇)− ǫ(∇q,∇rǫs).

❲❡ ✐♥t❡❣r❛t❡ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❢r♦♠ t0 t♦ t✱ ✉s✐♥❣ ✭✹✳✹✳✹✸✮✱ ✭✹✳✹✳✸✾✮ ❛♥❞ ✭✹✳✹✳✹✵✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧

t ∈ [t0, T0] ✿

‖ξ(t)‖2 6 ǫ

∫ t

t0

‖∇q(s)‖ ‖∇rǫs(s)‖ ds

6 ǫ
1
2

∫ t

t0

‖∇q(s)‖2 ds+ ǫ
3
2

∫ t

t0

‖∇rǫs(s)‖2 ds

6 Cǫ
1
2

∫ t

t0

‖ξs(s)‖2 ds+ Cǫ
3
2 6 Cǫ

3
2

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡✱ ✇✐t❤ ✭✹✳✹✳✹✵✮ ❛♥❞ ✭✹✳✹✳✹✽✮✱ ❢♦r t ∈ [t0, T0] ✿

‖ψ(t)‖ 6 C ‖∇ψ‖H−1(Ω) 6 C sup
✈∈H1

0(Ω)

(∇ψ(t), ✈)
‖✈‖H1(Ω)

6 C sup
✈∈H1

0(Ω)

(ξt(t), ✈) + (∇ξ,∇✈)
‖✈‖H1(Ω)

6 C(‖ξt(t)‖+ ‖∇ξ(t)‖) 6 Cǫ
1
2 .

✭✹✳✹✳✺✵✮

✹✳✹✳✺ ❊rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣❡r❢♦r♠ ❛♥ ❡rr♦r ❛♥❛❧②s✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✳

▲❡t η = ✈ ǫ − ✉ǫ ❛♥❞ φ = rǫ − pǫ ✳ ❲❡ s✉❜str❛❝t (NS)ǫ ❢r♦♠ ✭✹✳✹✳✸✼✮✱ t❤❡♥ ✇❡ ♦❜t❛✐♥✿





ηt − ν∆η +∇φ = B̃(✉ǫ,✉ǫ)− B̃(✉ ,✉),

div η − ǫ∆φt = 0,

η · ♥ = 0, curlη × ♥ = ✵,
∂φt
∂n

= 0 ♦♥ Γ,

η(t0) = ✵ , φ(t0) = 0.

✭✹✳✹✳✺✶✮

▲❡♠♠❛ ✹✳✹✳✹✳ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ ✇❡ ❤❛✈❡✿

‖η(t)‖2 + ǫ ‖η(t)‖2H1(Ω) +

∫ t

t0

(‖div η(s)‖2 + ‖curlη(s)‖2)ds+ ǫ ‖∇φ(t)‖2 6 Cǫ2, ∀t ∈ [t0, T0]

Pr♦♦❢✳ ❆s ✉ − ✉ǫ = ξ + η✱ ✇❡ ❤❛✈❡ ✿

b̃(✉ǫ,✉ǫ,η)− b̃(✉ ,✉ ,η) = −b̃(✉ǫ, ξ + η,η)− b̃(ξ + η,✉ ,η)



❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✺✾

❲❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ (4.4.51)1 ✇✐t❤ η ❛♥❞ (4.4.51)2 ✇✐t❤ φ✱ ✇❡ ❞❡r✐✈❡✿

1

2

d

dt
‖η‖2 + ν

(
‖div η‖2 + ‖curlη‖2

)
+
ǫ

2

d

dt
‖∇φ‖2

= −b̃(✉ǫ, ξ,η)− b̃(ξ + η,✉ ,η)

6 C ‖✉ǫ‖H2(Ω) ‖ξ‖ ‖∇η‖+ C(‖ξ‖+ ‖η‖) ‖✉‖H2(Ω) ‖∇η‖

6
ν

4
(‖curlη‖2 + ‖div η‖2) + C ‖✉ǫ‖2H2(Ω) ‖ξ‖

2
+
ν

4
(‖curlη‖2 + ‖div η‖2)

+ C ‖✉‖2H2(Ω) (‖ξ‖
2
+ ‖η‖2)

❯s✐♥❣ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t②✱ ✭✹✳✸✳✸✺✮ ❛♥❞ ▲❡♠♠❛ ✹✳✹✳✸✱ ✇❡ ♦❜t❛✐♥✿

‖η(t)‖2 + ν

∫ t

t0

(‖curlη(s)‖2 + ‖div η(s)‖2)ds+ ǫ ‖∇φ(t)‖2 6 Cǫ2 ✭✹✳✹✳✺✷✮

❚♦ ♦❜t❛✐♥ ❡st✐♠❛t❡ ♦❢ ‖η‖2H1(Ω) ≃ ‖div η‖2 + ‖curlη‖2✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✹✳✺✶✮ ✇✐t❤

−∆η ❛♥❞ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ♣r❡✈✐♦✉s❧②✳

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ ✇❡ t❛❦❡ ✉ − ✉ǫ = ξ+ η ❛♥❞ p− pǫ = ψ+ φ ❛♥❞ ❝♦♠❜✐♥❡

▲❡♠♠❛ ✹✳✹✳✸ ❛♥❞ ✹✳✹✳✹✳

✹✳✺ ❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥

●✐✈❡♥ (✉0, p0) ✐♥ H1
T (Ω)×H1(Ω)/R✱ ✇❡ ❞❡✜♥❡ (un+1, pn+1) t♦ ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✿





✉
n+1−✉n

k − ν
2∆(✉n+1 + ✉n) +∇ pn + B̃(✉

n+1+✉n

2 , ✉
n+1+✉n

2 ) = f(tn+ 1
2
)

✉n+1 · n = 0, curl✉n+1 × ♥ = 0 on Γ,
✭✹✳✺✳✶✮

div✉n+1 − βk∆(pn+1 − pn) = 0,
∂pn+1

∂♥

∣∣∣
Γ
=
∂pn

∂♥

∣∣∣
Γ
, ✭✹✳✺✳✷✮

✇❤❡r❡ β ✐s ❛ ❝♦♥st❛♥t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ k ✐s t❤❡ t✐♠❡ st❡♣✱ tn+ 1
2
= (n+ 1

2 )k✳

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮✱ ❛♥❞ ✇❡ ❡st❛❜❧✐s❤ ❛♥

❡rr♦r ❛♥❛❧②s✐s✳ ❇❡❢♦r❡ t❤✐s✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿

▲❡t t0 ∈ (0, T1) ✜①❡❞✱ ❢♦❧❧♦✇✐♥❣ ❬✾✷❪ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ (✉0, p0) s❛t✐s✜❡s ✿





∥∥✉0 − ✉(t0)
∥∥ ≤ Ck2

∥∥div (✉0 − ✉(t0))
∥∥+

∥∥curl(✉0 − ✉(t0))
∥∥+

∥∥∇(p0 − p(t0))
∥∥ ≤ Ck

✭✹✳✺✳✸✮

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❡st✐♠❛t❡s✿

❚❤❡♦r❡♠ ✹✳✺✳✶✳ ❆ss✉♠❡ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ ●✐✈❡♥ t0 ∈]0, T1[, β > 1
4 ❛♥❞ (✉0, p0) s❛t✐s❢②✐♥❣

✭✹✳✺✳✸✮✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛ ❛♥❞ t0 s✉❝❤ t❤❛t✿

k

m∑

n=1

‖✉(tn)− ✉n‖2 + k2(‖div (✉(tm)− ✉m)‖2 + ‖curl(✉(tm)− ✉m)‖2)

+ k2 ‖p(tm)− pm‖2 6 Ck4 , ∀1 6 m 6M = [
T1 − t0
k

]

✇❤❡r❡ (✉(tn), p(tn)) ❛♥❞ (✉n, pn) ❛r❡ r❡s♣❡❝t✐✈❡❧② s♦❧✉t✐♦♥s ♦❢ (NS) ❛♥❞ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✻✵

❋✐rst✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤✐s s❡❝t✐♦♥✳

▲❡♠♠❛ ✹✳✺✳✶✳ ▲❡t yn, hn, gn, fn ❜❡ ♥♦♥♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡s s❛t✐s❢②✐♥❣

ym + k

m∑

n=0

hn 6 B + k

m∑

n=0

(gnyn + fn), ✇✐t❤ k

[Tk ]∑

n=0

gn 6M, ∀0 6 m 6
T

k

❆ss✉♠❡ kgn < 1 ❛♥❞ ❧❡t σ = max06n6T
k
(1− kgn)−1✳ ❚❤✉s✿

ym + k

m∑

n=1

hn 6 exp(σ)M(B + k

m∑

n=0

fn), ∀m 6
T

k

❲❡ ✇✐❧❧ ✉s❡ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣❡❜r❛✐❝ r❡❧❛t✐♦♥s ✿

(a− b, a) =
1

2
(|a|2 − |b|2 + |b− a|2) ✭✹✳✺✳✹✮

(a− b, b) =
1

2
(|a|2 − |b|2 − |b− a|2) ✭✹✳✺✳✺✮

✹✳✺✳✶ ❙t❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡

❇❡❢♦r❡ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✹✳✺✳✶✱ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ❢♦r t❤❡ s❝❤❡♠❡ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ✐♥s♣✐r❡❞ ❜② ❬✾✷❪✳

▲❡♠♠❛ ✹✳✺✳✷✳ ▲❡t β > 1
4 ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ♠ ✇✐t❤ 1 6 m 6 T

k − 1✱ s✉❝❤

t❤❛t✿

(1− 1

4β
)
∥∥✉m+1

∥∥2 + k
m∑

n=1

(
∥∥div (✉n+1 + ✉n)

∥∥2 +
∥∥curl(✉n+1 + ✉n)

∥∥2)

≤ C(
∥∥✉1

∥∥2 + k2
∥∥∇p0

∥∥2 + k2
∥∥∇p1

∥∥2 + k‖❢(tn+ 1
2
)‖2C([0,T ];[H0(div,Ω)]′)

Pr♦♦❢✳ ❲r✐t✐♥❣ ✭✹✳✺✳✷✮ ❛t st❡♣ n ❛♥❞ s✉♠♠✐♥❣ t❤❡ r❡s✉❧t ✇✐t❤ ✭✹✳✺✳✷✮ ❛t st❡♣ n+ 1✱ ✇❡ ❞❡r✐✈❡



div (✉n+1 + ✉n)− βk∆(pn+1 − pn−1) = 0

∂pn+1

∂♥ |Γ = ∂pn−1

∂♥ |Γ
✭✹✳✺✳✻✮

❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✶✮ ✇✐t❤ k(✉n+1 + ✉n)✱t❤✐s ♦❢ ✭✹✳✺✳✻✮ ✇✐t❤ kpn ❛♥❞ s✉♠♠✐♥❣ t❤❡

r❡❧❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥✿

∥∥✉n+1
∥∥2 − ‖✉n‖2 + νk

2
(
∥∥div (✉n+1 + ✉n)

∥∥2 +
∥∥curl(✉n+1 + ✉n)

∥∥2)

+ βk2(∇(pn+1 − pn−1),∇pn) = k〈✉n+1 + ✉n, ❢ (tn+ 1
2
)〉Ω

✭✹✳✺✳✼✮

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t 〈·, ·〉Ω ❞❡✜♥❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ H0(div ,Ω) ❛♥❞ [H0(div ,Ω)]
′✳ ❲❡

❤❛✈❡✿

k〈✉n+1 + ✉n, ❢ (tn+ 1
2
)〉Ω 6 k

∥∥✉n+1 + ✉n
∥∥
H0(div ,Ω)

‖❢ (tn+ 1
2
)‖[H0(div ,Ω)]′

6 k(
∥∥✉n+1 + ✉n

∥∥2 +
∥∥div (✉n+1 + ✉n)

∥∥2) 1
2 ‖❢ (tn+ 1

2
)‖[H0(div ,Ω)]′

6
νk

4
(
∥∥div (✉n+1 + ✉n)

∥∥2 +
∥∥curl(✉n+1 + ✉n)

∥∥2) + Ck‖❢ (tn+ 1
2
)‖2[H0(div ,Ω)]′

✭✹✳✺✳✽✮



❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✻✶

❲❡ ❞❡r✐✈❡ ❢r♦♠ ✭✹✳✺✳✹✮✲✭✹✳✺✳✺✮✿

(∇(pn+1 − pn−1),∇pn) = 1

2
(
∥∥∇pn+1

∥∥2 −
∥∥∇pn−1

∥∥2)

+
1

2
(
∥∥∇(pn − pn−1)

∥∥2 −
∥∥∇(pn+1 − pn)

∥∥2)
✭✹✳✺✳✾✮

❯s✐♥❣ ✭✹✳✺✳✽✮ ❛♥❞ ✭✹✳✺✳✾✮ ❛♥❞ s✉♠♠✐♥❣ ✭✹✳✺✳✼✮ ❢♦r n ❢r♦♠ 1 t♦ m✱ ✇❡ ♦❜t❛✐♥✿

∥∥✉m+1
∥∥2 + νk

4

m∑

n=1

(
∥∥div (✉n+1 + ✉n)

∥∥2 +
∥∥curl(✉n+1 + ✉n)

∥∥2) + νk2

2
(
∥∥∇pm+1

∥∥2 + ‖∇pm‖2)

6
∥∥✉1

∥∥2 + Ck‖❢ ‖2C([0,T ];[H0(div,Ω)]′) +
βk2

2
(
∥∥∇p1

∥∥2 +
∥∥∇p0

∥∥2) + βk2

2

∥∥∇(pm+1 − pm)
∥∥2

✭✹✳✺✳✶✵✮

❯s✐♥❣ ✭✹✳✺✳✷✮✱ ✇❡ ❞❡r✐✈❡✿

βk2
∥∥∇(pm+1 − pm)

∥∥2 6
1

β

∥∥✉m+1
∥∥2

❙♦✱ ❜② s♣❧✐tt✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❧❡❢t✲❤❛♥❞ t❡r♠✿

βk2

2

∥∥∇(pm+1 − pm)
∥∥2 6

1

4β

∥∥✉m+1
∥∥2 + βk2

4

∥∥∇(pm+1 − pm)
∥∥2

6
1

4β

∥∥✉m+1
∥∥2 + βk2

2
(
∥∥∇pm+1

∥∥2 + ‖∇pm‖2)

❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✐♥ ✭✹✳✺✳✶✵✮✿

(1− 1

4β
)
∥∥✉m+1

∥∥2 + νk

4

m∑

n=1

(
∥∥div (✉n+1 + ✉n)

∥∥2 +
∥∥curl(✉n+1 + ✉n)

∥∥2)

6
∥∥✉1

∥∥2 + βk2

2
(
∥∥∇p1

∥∥2 +
∥∥∇p0

∥∥2) + Ck‖f(tn+ 1
2
)‖2C([0,T ];[H0(div,Ω)]′)

✹✳✺✳✷ Pr❡❧✐♠✐♥❛r② ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s

■♥ t❤❡ ❛✐♠ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✺✳✶✱ ✇❡ ♥❡❡❞ ♦t❤❡r k✲✐♥❞❡♣❡♥❞❡♥t ❡st✐♠❛t❡s✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡s✉❧t ♦❢

▲❡♠♠❛ ✹✳✺✳✷ ✐s ♥♦t s✉✣❝✐❡♥t ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ♣r♦✈✐❞❡ st❛❜✐❧✐t② r❡s✉❧t ❢♦r ‖∇pn‖✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱

✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

❼ tα = t0 + αk

❼ w̃(tn+ 1
2
) = 1

2 (w(tn+1) + w(tn)) ❢♦r ❛♥② ❢✉♥❝t✐♦♥ w(t)

❼ ãn+
1
2 = 1

2 (a
n+1 + an) ❢♦r ❛♥② s❡q✉❡♥❝❡s {an}

❼ M = [T1−t0
k ] ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ T1−t0

k ✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦♥ (un, pn)✿

▲❡♠♠❛ ✹✳✺✳✸✳ ❆ss✉♠✐♥❣ ✭✹✳✸✳✸✹✮ ❛♥❞ ✭✹✳✸✳✸✻✮✳ ❋♦r β > 1
4 ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ s❛t✐s❢②✐♥❣ ✭✹✳✺✳✸✮✱ ✇❡

❤❛✈❡✿

∥∥div✉m+1
∥∥2 +

∥∥curl✉m+1
∥∥2 +

∥∥∆(✉m+1 + ✉m)
∥∥2 +

∥∥∇pm+1
∥∥2 6 C, ∀0 6 m 6M − 1



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✻✷

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❜② en = u(tn)−un ❛♥❞ qn = p(tn)−pn t❤❡ ❡rr♦rs ♦♥ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♣r❡ss✉r❡✳

❚❤❡ ❡rr♦r ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

❡n+1 − ❡n

k
− ν

2
∆(❡n+1 + ❡n) +∇qn = Rn +Qn ✭✹✳✺✳✶✶✮

✇❤❡r❡ Rn ✐s t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r ❞❡✜♥❡❞ ❜②✿

Rn =
✉(tn+1)− ✉(tn)

k
− ν

2
∆(✉(tn+1) + ✉(tn)) + B̃(✉̃(tn+ 1

2
), ✉̃(tn+ 1

2
)) +∇p(tn) + ❢ (tn+ 1

2
)

❛♥❞ Qn ✐s t❤❡ ❡rr♦r r❡❧❛t❡❞ t♦ t❤❡ ♥♦♥ ❧✐♥❡❛r t❡r♠s✿

Qn = B̃(✉̃n+
1
2 , ✉̃n+

1
2 )− B̃(✉̃(tn+ 1

2
), ✉̃(tn+ 1

2
)) = −B̃(✉̃n+

1
2 , ❡̃n+

1
2 )− B̃(❡̃n+

1
2 , ✉̃(tn+ 1

2
)).

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡✿

div ❡n+1 − βk∆(qn+1 − qn−1) = −βk∆(p(tn+1)− p(tn−1) ✭✹✳✺✳✶✷✮

❛♥❞ t❤❡♥✱

div (❡n+1 + ❡n)− βk∆(qn+1 − qn) = −βk∆(p(tn+1)− p(tn)) ✭✹✳✺✳✶✸✮

❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✶✶✮ ✇✐t❤ 2kẽn+
1
2 ❛♥❞ ✭✹✳✺✳✶✸✮ ✇✐t❤ kqn✱ ❛♥❞ s✉♠♠✐♥❣ t❤❡♠✱ ✇❡

❞❡r✐✈❡✿

∥∥❡n+1
∥∥2 − ‖❡n‖2 + 2νk(‖div ❡̃n+ 1

2 ‖2 + ‖ curl(❡̃n+ 1
2 )‖2) + βk2(∇(qn+1 − qn−1),∇qn)

= 2k〈❡̃n+ 1
2 ,Rn〉Ω − 2kb̃(❡̃n+

1
2 , ✉̃(tn+ 1

2
), ❡̃n+

1
2 ) + βk2(∇(p(tn+1)− p(tn−1)),∇qn).

✭✹✳✺✳✶✹✮

❲❡ ❞❡r✐✈❡ ❢r♦♠ ✭✹✳✺✳✹✮✲✭✹✳✺✳✺✮✿

βk2(∇(qn+1 − qn−1),∇qn) = βk2

2
{
∥∥∇qn+1

∥∥2 −
∥∥∇qn−1

∥∥2}

+
βk2

2
{
∥∥∇(qn − qn−1)

∥∥2 −
∥∥∇(qn+1 − qn)

∥∥2}.
✭✹✳✺✳✶✺✮

❚❤❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✺✳✶✹✮ ❝❛♥ ❜❡ ❝♦♥tr♦❧❡❞ ❛s ❢♦❧❧♦✇✿

k〈❡̃n+ 1
2 , Rn〉Ω 6 k‖❡̃n+ 1

2 ‖H0(div ,Ω)‖Rn‖[H0(div ,Ω)]′

6 Ck(‖div ❡̃n+ 1
2 ‖2 + ‖ curl ❡̃n+ 1

2 ‖2) 1
2 ‖Rn‖[H0(div ,Ω)]′

6
νk

2
(‖div ❡̃n+ 1

2 ‖2 + ‖ curl ❡̃n+ 1
2 ‖2) + Ck ‖Rn‖2[H0(div ,Ω)]′

❛♥❞

βk2(∇(p(tn+1)− p(tn−1)),∇qn) 6 k3 ‖∇qn‖2 + Ck ‖∇(p(tn+1)− p(tn−1))‖2

❯s✐♥❣ ✭✹✳✷✳✶✮ ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ✭✹✳✸✳✸✺✮ ❢♦r u✱ ✇❡ ❤❛✈❡

4kb̃(❡̃n+
1
2 , ✉̃(tn+ 1

2
), ❡̃n+

1
2 ) 6 Ck‖∇❡̃n+

1
2 ‖‖✉̃(tn+ 1

2
)‖H2(Ω)‖❡̃n+

1
2 ‖

6
νk

2
(‖div ❡̃n+ 1

2 ‖2 + ‖ curl ❡̃n+ 1
2 ‖2) + Ck‖❡̃n+ 1

2 ‖2



❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✻✸

❆♣♣❧②✐♥❣ t❤❡s❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ✐♥ ✭✹✳✺✳✶✹✮✱ ❛♥❞ s✉♠♠✐♥❣ ❢♦r n = 1 t♦ m✿

∥∥❡m+1
∥∥2 + νk

m∑

n=1

(‖div ❡̃n+ 1
2 ‖2 + ‖ curl ❡̃n+ 1

2 ‖2) + βk2

2
(
∥∥∇qm+1

∥∥2 + ‖∇qm‖2)

6
∥∥❡1

∥∥2 + βk2

2
(
∥∥∇q1

∥∥2 +
∥∥∇q0

∥∥2 +
∥∥∇(qm+1 − qm)

∥∥2)

+ Ck

m∑

n=1

(‖Rn‖2[H0(div,Ω)]′ + ‖❡̃n+ 1
2 ‖2 + k2 ‖∇qn‖2) + Ck3 ‖∇pt(ξn)‖2 , ξn ∈ (tn−1, tn+1)

✭✹✳✺✳✶✻✮

◆❡①t✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

‖Rn‖ 6 ck( max
t∈[t0,T1]

‖✉ tt(t)‖+ max
t∈[t0,T1]

‖∆✉ t(t)‖+ max
t∈[t0,T1]

‖∇pt(t)‖), ∀0 6 n 6M − 1 ✭✹✳✺✳✶✼✮

❛♥❞
∥∥✉(ti)− ✉ i

∥∥2 + k2
∥∥∇(p(ti)− pi)

∥∥2 6 ck4, i = 1, . . . ,m ✭✹✳✺✳✶✽✮

❚❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✺✳✶✼✮ ❛♥❞ ✭✹✳✺✳✶✽✮ ❢♦❧❧♦✇s ❡①❛❝t❧② s❛♠❡ st❡♣s ❛s ✐♥ ❬✾✷✱ ▲❡♠♠❛ ❆✷❪ ❛♥❞ ❬✾✷✱ ▲❡♠♠❛

❆✷❪✳ ❲❡ ❞❡r✐✈❡ ❢r♦♠ ✭✹✳✺✳✸✮✱ ✭✹✳✸✳✸✼✮ t♦❣❤❡t❡r ✇✐t❤ ✭✹✳✺✳✶✼✮ ❛♥❞ ✭✹✳✺✳✶✽✮✿

∥∥❡m+1
∥∥2 + νk

m∑

n=1

(
∥∥∥div ❡̃n+ 1

2

∥∥∥
2

+
∥∥∥curl ❡̃n+ 1

2

∥∥∥
2

) +
βk2

2
(
∥∥∇qm+1

∥∥2 + ‖∇qm‖2)

6 Ck2 + Ck

m∑

n=1

(
∥∥❡n+1

∥∥2 + k2 ‖∇qn‖2) + βk2

2

∥∥∇(qm+1 − qm−1)
∥∥2 .

✭✹✳✺✳✶✾✮

◆♦✇✱ ✐t st❛②s t♦ ❡st✐♠❛t❡ t❤❡ t❡r♠
∥∥∇(qm+1 − qm−1)

∥∥2✳ ▲❡t δ = β − 1
4 > 0 ❛♥❞ p(tm+1) − p(tm) =

kpt(ξm) ✇✐t❤ ξm ∈ (tm, tm+1)✳ ❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✶✷✮ ✇✐t❤ qn+1 − qn ❛♥❞ r❡♠❛r❦✐♥❣

t❤❛t β
2 − 3δ

8 > 0✱ ✇❡ ♦❜t❛✐♥✿

βk
∥∥∇(qm+1 − qm)

∥∥2 = (❡m+1,∇(qm+1 − qm)) + βk(∇(p(tm+1)− p(tm)),∇(qm+1 − qm))

6 (
β

2
− 3δ

8
)k
∥∥∇(qm+1 − qm)

∥∥2 + 1

4k(β2 − 3δ
8 )

∥∥❡m+1
∥∥2

+
3δk

8

∥∥∇(qm+1 − qm)
∥∥2 + Ck ‖∇(p(tm+1)− p(tm))‖2

6
βk

2

∥∥∇(qm+1 − qm)
∥∥2 + 2

(δ + 1)k

∥∥❡m+1
∥∥2 + Ck3 ‖∇pt(ξm)‖2

❲❡ ❞❡r✐✈❡ ❢r♦♠ t❤✐s r❡s✉❧t ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② ✭✹✳✸✳✸✼✮✿

βk2
∥∥∇(qm+1 − qm)

∥∥2 6
4

δ + 1

∥∥❡m+1
∥∥2 + Ck4.

❚❤✉s✱ ❜② s♣❧✐tt✐♥❣✿

βk2

2

∥∥∇(qm+1 − qm)
∥∥2 =

(1 + δ
2 )βk

2

4

∥∥∇(qm+1 − qm)
∥∥2 + (1− δ

2 )βk
2

4

∥∥∇(qm+1 − qm)
∥∥2

6
1 + δ

2

1− δ
2

∥∥❡m+1
∥∥2 + Ck4 +

(1− δ
2 )βk

2

2
(
∥∥∇qm+1

∥∥2 + ‖∇qm‖2)
✭✹✳✺✳✷✵✮

❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡ ✐♥ ✭✹✳✺✳✶✾✮✱ ✇❡ ❞❡r✐✈❡✿

δ

2(1 + δ)

∥∥❡m+1
∥∥2 + νk

m∑

n=1

(
∥∥div ẽn+1

∥∥2 +
∥∥curl ẽn+1

∥∥2) + δβk2

4
(
∥∥∇qm+1

∥∥2 + ‖∇qm‖2)

6 Ck2 + Ck

m∑

n=1

(
∥∥❡n+1

∥∥2 + k2 ‖∇qn‖2)



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✻✹

❲❡ s❡t yn =
∥∥❡n+1

∥∥2 + k2 ‖∇qn‖2 ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ❞✐s❝r❡t❡ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✹✳✺✳✶✱ t❤❡♥ ✇❡ ♦❜t❛✐♥✿

∥∥❡m+1
∥∥2 + k

m∑

n=1

(‖div ẽn+ 1
2 ‖2 + ‖ curl ẽn+ 1

2 ‖2) + k2
∥∥qm+1

∥∥2 6 Ck2, ∀1 6 m 6M − 1 ✭✹✳✺✳✷✶✮

❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤✐s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✹✳✸✳✸✺✮✿

‖div ✉̃n+ 1
2 ‖2 + ‖ curl ✉̃n+ 1

2 ‖2 + ‖∇pn‖2 6 C, ∀1 6 n 6M − 1. ✭✹✳✺✳✷✷✮

❈♦♥s✐❞❡r✐♥❣ ∇pn ❛s ❛ s♦✉r❝❡ t❡r♠ ✐♥ ✭✹✳✺✳✶✮ ❛♥❞ t❛❦✐♥❣ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✶✮ ✇✐t❤ k∆ũn+
1
2 ✱ ✇❡

♦❜t❛✐♥✿

2(
∥∥div✉n+1

∥∥2 − ‖div✉n‖2) + 2(
∥∥curl✉n+1

∥∥2 − ‖curl✉n‖2) + 4kν‖∆✉̃n+ 1
2 ‖2

= 4k(❢ (tn+ 1
2
)−∇pn,∆✉̃n+ 1

2 ) + 4kb̃(✉̃n+
1
2 , ✉̃n+

1
2 ,∆✉̃n+

1
2 )

6 νk‖∆✉̃n+ 1
2 ‖2 + Ck‖❢ (tn+ 1

2
)−∇pn‖2 + Ck‖✉̃n+ 1

2 ‖1/2
H1(Ω)

‖∆✉̃n+ 1
2 ‖1/2‖∇✉̃n+ 1

2 ‖‖∆✉̃n+ 1
2 ‖1/2

6 νk‖∆✉̃n+ 1
2 ‖2 + Ck‖❢ (tn+ 1

2
)−∇pn‖2 + ck

ν
‖✉̃n+ 1

2 ‖6H1(Ω) + νk‖∆✉̃n+ 1
2 ‖2.

❲❡ ❞❡r✐✈❡ ❢r♦♠ t❤✐s ✐♥❡q✉❛❧✐t② t❤❛t✱ ✇✐t❤ ✭✹✳✺✳✷✷✮

∥∥div✉m+1
∥∥2 +

∥∥curl✉m+1
∥∥2 + kν

m∑

n=1

‖∆✉̃n+ 1
2 ‖2 6 C, ∀1 6 m 6M − 1. ✭✹✳✺✳✷✸✮

◆♦✇✱ t♦ ❛❝❤✐❡✈❡ t❤❡ ♣r♦♦❢✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ‖∆❡̃n+ 1
2 ‖ 6 C✳ ❋♦r t❤✐s✱ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t

♦❢ ✭✹✳✺✳✶✶✮ ✇✐t❤ −∆❡̃n+
1
2 ❛♥❞ ✇❡ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s ✉s❡❞ ♣r❡✈✐♦✉s❧②✳

◆♦✇✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝♦♥❞ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s

▲❡♠♠❛ ✹✳✺✳✹✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s ✐♥ ▲❡♠♠❛ ✹✳✺✳✸✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿

∥∥❡n+1 − ❡n
∥∥+ k

∥∥∇(qn+1 − qn)
∥∥ 6 Ck2, ∀1 6 n 6M − 1

Pr♦♦❢✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

❼ ǫn = ❡n − ❡n−1✱ ✇n = ✉n − ✉n−1✱ rn = qn − qn−1

❼ ❊n
r = Rn −Rn−1✱ ❊n

q = Qn −Qn−1

❼ Enp = (p(tn+1)− p(tn))− (p(tn−1)− p(tn−2))

❙✉♠♠✐♥❣ ✭✹✳✺✳✶✶✮ ❛♥❞ ✭✹✳✺✳✶✸✮ ❛t st❡♣ n− 1 ❛♥❞ n ✇❡ ♦❜t❛✐♥✿

ǫn+1 − ǫn
k

− ν∆ǫ̃n+
1
2 +∇rn = Enr +Enq ✭✹✳✺✳✷✹✮

2div ǫ̃n+
1
2 − βk∆(rn+1 − rn−1) = −βk∆Enp ✭✹✳✺✳✷✺✮

❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✷✹✮ ✇✐t❤ 2kǫ̃ ❛♥❞ ✭✹✳✺✳✷✺✮ ✇✐t❤ krn✱ ❛♥❞ s✉♠♠✐♥❣ t❤❡s❡ r❡❧❛t✐♦♥s✱ ✇❡

♦❜t❛✐♥✿
∥∥ǫn+1

∥∥2 − ‖ǫn‖2 + 2νk(‖div ǫ̃n+ 1
2 ‖2 + ‖ curl ǫ̃n+ 1

2 ‖2) + βk2(∇(rn+1 − rn−1),∇rn)

= 2k(ǫ̃n+
1
2 ,❊n

r +❊n
q ) + βk2(∇Enp ,∇rn)

6
νk

4
(‖div ǫ̃n+ 1

2 ‖2 + ‖ curl ǫ̃n+ 1
2 ‖2) + Ck ‖❊n

r ‖2[H0(div,Ω)]′ + 2k(❊n
q , ǫ̃

n+ 1
2 ) + k

∥∥∇Enp
∥∥2 + Ck3 ‖∇rn‖2

✭✹✳✺✳✷✻✮



❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✻✺

❲❡ ❞❡r✐✈❡ ❢r♦♠ ✭✹✳✺✳✹✮✲✭✹✳✺✳✺✮ t❤❛t✿

βk2(∇(rn+1 − rn−1),∇rn)

=
βk2

2
(
∥∥∇rn+1

∥∥2 −
∥∥∇rn−1

∥∥2 +
∥∥∇(rn − rn−1)

∥∥2 −
∥∥∇(rn+1 − rn)

∥∥2)
✭✹✳✺✳✷✼✮

❚❤❡♥✱ ✇❡ ❤❛✈❡✿

❊n
q =− B̃(✇̃n+ 1

2 , ❡̃n+
1
2 )− B̃(✉̃♥− 1

2 , ǫ̃n+
1
2 )− B̃(ǫ̃n+

1
2 , ✉̃(tn+ 1

2
))− B̃(❡̃n−

1
2 , ✉̃(tn+ 1

2
)− ✉̃(tn− 1

2
)).

❙♦✿

(ǫ̃n+
1
2 ,❊n

q ) = −b̃(✇̃n+ 1
2 , ❡̃n+

1
2 , ǫ̃n+

1
2 )− b̃(ǫ̃n+

1
2 , ✉̃(tn+ 1

2
), ǫ̃n+

1
2 )− b̃(❡̃n−

1
2 , ✉̃(tn+ 1

2
)− ✉̃(tn− 1

2
), ǫ̃n+

1
2 ).

❚❛❦✐♥❣ ✉̃(tn+ 1
2
) − ✉̃(tn− 1

2
) = k✉ t(ξn) ✇✐t❤ ξn ∈ (tn− 1

2
, tn+ 1

2
) ❛♥❞ ❡st✐♠❛t✐♥❣ ❛s ❢♦r ♣❡rt✉r❜❡❞

♣r♦❜❧❡♠ ❡rr♦r✱ ✇❡ ♦❜t❛✐♥✿

kb̃(✇̃n+ 1
2 , ❡̃n+

1
2 , ǫ̃n+

1
2 ) = kb̃((✉̃(tn+ 1

2
)− ✉̃(tn− 1

2
))− ǫ̃n+ 1

2 , ❡̃n+
1
2 , ǫ̃n+

1
2 )

6 Ck2 ‖∇✉ t(ξn)‖ ‖∇❡̃n+
1
2 ‖‖∇ǫ̃n+ 1

2 ‖+ Ck‖∇❡̃n+ 1
2 ‖‖ǫ̃n+ 1

2 ‖ 1
2 ‖∇ǫ̃n+ 1

2 ‖ 3
2

6
νk

4
(‖div ǫ̃n+ 1

2 ‖2 + ‖ curl ǫ̃n+ 1
2 ‖2) + Ck3 ‖∇✉ t(ξn)‖ (‖div ❡̃n+

1
2 ‖2 + ‖ curl ❡̃n+ 1

2 ‖2)

+ Ck‖∇❡̃n+ 1
2 ‖4‖ǫ̃n+ 1

2 ‖2

❲❡ ✉s❡ ✭✹✳✸✳✸✼✮ t♦ ❜♦✉♥❞ ‖∇✉ t(ξn)‖ ❛♥❞ ▲❡♠♠❛ ✹✳✺✳✸ t♦ ❜♦✉♥❞ t❤❡ t❡r♠ ‖∇❡̃n+ 1
2 ‖4✱ t❤❡♥ ✇❡ ♦❜t❛✐♥✿

kb̃(✇̃n+ 1
2 , ❡̃n+

1
2 , ǫ̃n+

1
2 ) 6

νk

4
(
∥∥∥div ǫ̃n+ 1

2

∥∥∥
2

+
∥∥∥curl ǫ̃n+ 1

2

∥∥∥
2

)

+ Ck3(
∥∥∥div ❡̃n+ 1

2

∥∥∥
2

+
∥∥∥curl ❡̃n+ 1

2

∥∥∥
2

) + Ck
∥∥∥ǫ̃n+ 1

2

∥∥∥
2

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡✿

kb̃(❡̃n−
1
2 , ✉̃(tn+ 1

2
)− ✉̃(tn− 1

2
), ǫ̃n+

1
2 ) 6

νk

4
(‖div ǫ̃n+ 1

2 ‖2 + ‖ curl ǫ̃n+ 1
2 ‖2)

+ Ck3(‖div ❡̃n− 1
2 ‖2 + ‖ curl ❡̃n− 1

2 ‖2)

kb̃(ǫ̃n+
1
2 , ✉̃(tn+ 1

2
), ǫ̃n+

1
2 ) 6

νk

4
(‖div ǫ̃n+ 1

2 ‖2 + ‖ curl ǫ̃n+ 1
2 ‖2) + Ck‖ǫ̃n+ 1

2 ‖2

❙✉♠♠✐♥❣ ✭✹✳✺✳✷✼✮ ❢♦r n = 2 t♦ m✱ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❞❡r✐✈❡✿

∥∥ǫm+1
∥∥2 + νk

m∑

n=1

(
∥∥div ǫn+1

∥∥2 +
∥∥curl ǫn+1

∥∥2) + βk2

2
(
∥∥∇rm+1

∥∥2 + ‖∇rm‖2)

6
∥∥ǫ2
∥∥2 + βk2

2
(
∥∥∇r2

∥∥2 +
∥∥∇r1

∥∥2 +
∥∥∇(rm+1 − rm)

∥∥2)

+ Ck

m∑

n=2

(
‖ǫ̃n+ 1

2 ‖2 + k2(‖div ❡̃n+ 1
2 ‖2 + ‖ curl ❡̃n+ 1

2 ‖2 + ‖div ❡̃n− 1
2 ‖2 + ‖ curl ❡̃n− 1

2 ‖2)
)

+ Ck

m∑

n=2

(‖❊n
r ‖2Ω +

∥∥∇Enp
∥∥2) + Ck3

m∑

n=2

(‖∇rn‖2 +
∥∥∇rn−1

∥∥2)

✭✹✳✺✳✷✽✮



❈❤❛♣t❡r ✹✳ ■♥st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ◆❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✶✻✻

❆s ✐♥ ✭✹✳✺✳✷✵✮✱ ✇❡ ❤❛✈❡

βk2

2

∥∥∇(rm+1 − rm)
∥∥2 6

1 + δ
2

1 + δ

∥∥ǫm+1
∥∥2 + Ck4 ‖∇pt(ξn)‖2

+
1− δ

2

2
βk2(

∥∥∇rm+1
∥∥2 + ‖∇rm‖2)

❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✺✳✶✽✮✱ ✇❡ ❤❛✈❡

∥∥ǫ2
∥∥2 6 Ck4

❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ✭✹✳✺✳✶✷✮ ✇✐t❤ qn+1 − qn ❢♦r n = 0, 1✱ ✇❡ ♦❜t❛✐♥✿

∥∥∇(qn+1 − qn)
∥∥ 6 C(

1

k

∥∥❡n+1
∥∥+ ‖∇(p(tn+1)− p(tn)‖) 6 Ck

❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s ✐♥ ✭✹✳✺✳✷✽✮✱ ✭✹✳✺✳✷✶✮✱ ✭✹✳✸✳✸✼✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

k
M−1∑

n=2

∥∥∇Enp
∥∥2 6 Ck4

∫ T1

t0

‖∇ptt(s)‖2 ds 6 Ck4,

✇❡ ❞❡r✐✈❡

δ

2(δ + 1)

∥∥ǫm+1
∥∥2 + νk

4

m∑

n=2

(
∥∥div (ǫn+1 + ǫn)

∥∥2 +
∥∥curl(ǫn+1 + ǫn)

∥∥2) + δβk2(
∥∥∇rm+1

∥∥2 + ‖∇rm‖2)

6 Ck4 + Ck

m∑

n=2

(
∥∥ǫn+1

∥∥2 + k2 ‖∇rn‖2)

❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✹✳✺✳✶✱ ✇❡ ♦❜t❛✐♥ ❢♦r 2 6 m 6M − 1✿

∥∥ǫm+1
∥∥2 + k

m∑

n=2

(
∥∥div (ǫn+1 + ǫn)

∥∥2 +
∥∥curl(ǫn+1 + ǫn)

∥∥2) + k2(
∥∥∇rm+1

∥∥2 + ‖∇rm‖2) 6 Ck4.

◆♦✇✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺✳✶✳ ■t ✐s t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥

t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❚❤❡ ✐❞❡❛ ✐s t♦ s♣❧✐t t❤❡ ❡rr♦rs ✐♥t♦ ❛ ✜rst ♣❛rt ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r

❙t♦❦❡s ♦♣❡r❛t♦r ❛♥❞ ❛ s❡❝♦♥❞ ♣❛rt ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺✳✶✳ ❲❡ st✉❞② t❤❡ ❡rr♦r ❡st✐♠❛t❡s ❢♦r ❛ ❧✐♥❡❛r ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡♥

❢♦r ❛ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠✳

❋✐rst❧②✱ ✇❡ ❞❡✜♥❡ (✈n+1, rn+1) t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠✿





✈
n+1−✈n

k − ν
2∆(✈n+1 + ✈n) +∇rn = ❢ (tn+ 1

2
)− B̃(✉̃(tn+ 1

2
), ✉̃(tn+ 1

2
))

✈n+1 · ♥ |Γ = 0, curl ✈n+1 × ♥ |Γ = 0
✭✹✳✺✳✷✾✮

❛♥❞

{
div ✈n+1 − βk∆(rn+1 − rn) = 0, ∂rn+1

∂♥ |Γ = ∂rn−1

∂♥ |Γ ✭✹✳✺✳✸✵✮

✇✐t❤ (✈0, r0) = (✉0, p0)✳

❲❡ ❞❡♥♦t❡ ξn = ✉(tn)− ✈n ❛♥❞ φn = p(tn)− rn✳



❆ t✐♠❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✻✼

■♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ♣r♦❜❧❡♠✱ ✇❡ ♥❡❡❞ t♦ ❜♦✉♥❞ ✉(tn) − ✈n✳ ❚❤❡♥✱ ✇✐t❤ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✱ ✇❡

♣r♦✈❡ t❤❡ s❛♠❡ t❤✐♥❣ ✇✐t❤ ✈n − ✉n✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜② ✉s✐♥❣ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✳

❯s✐♥❣ t❤❡ ❧❡♠♠❛s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♣♣❧② ❢♦r t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠✱ ✇❡ ❞❡❞✉❝❡✿

∥∥div ✈m+1
∥∥2 +

∥∥curl ✈m+1
∥∥2 + k

m∑

n=1

∥∥∆(✈n+1 + ✈n)
∥∥2 +

∥∥∇rm+1
∥∥2 6 C

1

k2
∥∥ξm+1 − ξm

∥∥2 +
∥∥∇(rm+1 − rm)

∥∥2 +
∥∥∇(φm+1 − φm)

∥∥2 6 Ck, ∀1 6 m 6M − 1.

❚❤❛♥❦s t♦ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❝❛♥ ♣r♦✈❡✱ ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ ❚❤❡♦r❡♠ ✹✳✹✳✸ t❤❡ ❢♦❧❧♦✇✐♥❣

❡st✐♠❛t❡s ✭s❡❡ ❛❧s♦ ❬✾✷✱ ▲❡♠♠❛ ✸✳✶❪ ❛♥❞ ❬✾✷✱ ▲❡♠♠❛ ✸✳✷❪✮

k

m∑

n=1

‖✉(tn)− ✈n‖2 6 Ck4

‖div (✉(tn)− ✈n)‖2 + ‖curl(✉(tn)− ✈n)‖2 + ‖p(tn)− rn‖2 6 Ck2, ∀1 6 m 6M

✭✹✳✺✳✸✶✮

❈♦♥❝❡r♥✐♥❣ t❤❡ ❡rr♦r ❡st✐♠❛t❡s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✱ ✇❡ ❞❡♥♦t❡ η = ✈n − ✉n ❛♥❞ ψn = rn − pn✳

❙✉❜str❛❝t✐♥❣ ✭✹✳✺✳✶✮✲✭✹✳✺✳✷✮ ❢r♦♠ ✭✹✳✺✳✷✾✮✲✭✹✳✺✳✸✵✮✱ ✇❡ ❞❡r✐✈❡✿





ηn+1−ηn

k − ν
2∆(ηn+1 + ηn) +∇ψn = Qn

div (ηn+1 + ηn)− βk∆(ψn+1 − ψn−1) = 0

∂ψn+1

∂♥ |Γ = ∂ψn−1

∂♥ |Γ

✭✹✳✺✳✸✷✮

✇✐t❤ η0 = 0 ❛♥❞ ψ0 = 0✳ ❆❣❛✐♥ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✹ ✭♦r ❬✾✷✱

▲❡♠♠❛ ✸✳✸❪✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ♥❡①t ❡st✐♠❛t❡✿

‖η‖2 + k

m∑

n=1

(
∥∥div (ηn+1 + ηn)

∥∥2 +
∥∥curl(ηn+1 + ηn)

∥∥2 + k2
∥∥∇ψm+1

∥∥2 6 Ck4, ∀1 6 m 6M − 1

❚❤❡♥✱ ✇❡ ❝❛♥ ❛❝❤✐❡✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ❜② ❞❡♥♦t✐♥❣ ✉(tn) − ✉n = ξn + ηn ❛♥❞ p(tn) − pn =

φn + ψn ❛♥❞ ❜② ❝♦♠❜✐♥✐♥❣ ✭✹✳✺✳✸✶✮ ❛♥❞ ✭✹✳✺✳✸✸✮✳
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ P✳ ❆❝❡✈❡❞♦✱ ❈✳ ❆♠r♦✉❝❤❡✱ ❈✳ ❈♦♥❝❛✱ ❛♥❞ ❆✳ ●❤♦s❤✳ ❙t♦❦❡s ❛♥❞ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤

♥❛✈✐❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❈✳ ❘✳ ▼❛t❤✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✳✱ ✸✺✼✭✷✮✿✶✶✺✕✶✶✾✱ ✷✵✶✾✳

❬✷❪ ❍✳ ❆❧ ❇❛❜❛ ❛♥❞ ❈✳ ❆♠r♦✉❝❤❡✳ ❙t♦❦❡s ❛♥❞ ♥❛✈✐❡r✲st♦❦❡s ♣r♦❜❧❡♠s ✇✐t❤ ♥❛✈✐❡r✲t②♣❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥ ✐♥ ❧♣✲s♣❛❝❡✳ ❉✐✛❡r✳ ❊q✉✳ ❆♣♣❧✳✱ ✶✶✭✷✮✿✷✵✸✕✷✷✻✱ ✷✵✶✾✳

❬✸❪ ●✳❱✳ ❆❧❡❦s❡❡✈✳ ❙♦❧✈❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ st❛t✐♦♥❛r②

♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s ❢♦r ❛ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳✱

✺✷✭✻✮✿✼✸✾✕✼✹✽✱ ✷✵✶✻✳

❬✹❪ ●✳❱✳ ❆❧❡❦s❡❡✈ ❛♥❞ ❘✳❱✳ ❇r✐③✐ts❦✐✐✳ ❈♦♥tr♦❧ ♣r♦❜❧❡♠s ❢♦r st❛t✐♦♥❛r② ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ❡q✉❛✲

t✐♦♥s ♦❢ ❛ ✈✐s❝♦✉s ❤❡❛t✲❝♦♥❞✉❝t✐♥❣ ✢✉✐❞ ✉♥❞❡r ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❈❏✳ ❆✉str❛❧✳ ▼❛t❤✳
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❬✷✸❪ ❙✳ ❇r✐❤✐✳ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✢♦✇ ♠♦❞❡❧s ✐♥ ♣♦r♦✉s ♠❡❞✐❛✳

P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❞❡ ❈❛❡♥ ◆♦r♠❛♥❞✐❡✱ ✷✵✶✾✳

❬✷✹❪ ❘✳❱✳ ❇r✐③✐ts❦✐✐ ❛♥❞ ❉✳❆✳ ❚❡r❡s❤❦♦✳ ❖♥ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ❢♦r t❤❡

st❛t✐♦♥❛r② ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳✱ ✹✸✭✷✮✿✷✹✻✕✷✺✽✱ ✷✵✵✼✳

❬✷✺❪ ❆✳ ❏✳ ❈❤♦r✐♥✳ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✈✐s❝♦✉s ✢♦✇ ♣r♦❜❧❡♠s✳ ❏♦✉r♥❛❧ ♦❢

❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s✳✱ ✷✱ ✶✾✻✼✳

❬✷✻❪ ❆✳ ❏✳ ❈❤♦r✐♥✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✷✷✿✼✹✺✕✼✻✷✱ ✶✾✻✽✳

❬✷✼❪ ❆✳ ❏✳ ❈❤♦r✐♥✳ ❖♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ ♥❛✈✐❡r✲st♦❦❡s✲❡q✉❛t✐♦♥s✳

▼❛t❤✳ ❈♦♠♣✳✱ ✷✸✿✸✹✶✕✸✺✸✱ ✶✾✻✾✳
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❬✷✽❪ P✳ ❈✐❛r❧❡t✳ ▲✐♥❡❛r ❛♥❞ ◆♦♥❧✐♥❡❛r ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✳ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✿

❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✶✸✳

❬✷✾❪ P✳●✳ ❈✐❛r❧❡t✳ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ✈♦❧✉♠❡ ✹✳ ◆♦rt❤✲❍♦❧❧❛♥❞ P✉❜❧✐s❤✐♥❣

❈♦✳✱ ❆♠st❡r❞❛♠✲◆❡✇ ❨♦r❦✲❖①❢♦r❞✱ ✶✾✼✽✳

❬✸✵❪ ❇✳ ❈♦❝❦❜✉r♥✱ ●✳ ❑❛♥s❝❤❛t✱ ❛♥❞ ❉✳ ❙❝❤♦t③❛✉✳ ❆ ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ ❧❞❣ ♠❡t❤♦❞ ❢♦r t❤❡ ✐♥❝♦♠✲

♣r❡ss✐❜❧❡ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s✳ ▼❛t❤❡♠❛t✐❝s ♦❢ ❈♦♠♣✉t❛t✐♦♥✱ ✼✹✭✷✺✶✮✿✶✵✻✼✕✶✵✾✺✱ ✷✵✵✹✳

❬✸✶❪ ❇✳ ❈♦❝❦❜✉r♥✱ ●✳ ❑❛♥s❝❤❛t✱ ❉✳ ❙❝❤öt③❛✉✱ ❛♥❞ ❈✳ ❙❝❤✇❛❜✳ ▲♦❝❛❧ ❞✐s❝♦♥t✐♥✉♦✉s ❣❛❧❡r❦✐♥ ♠❡t❤♦❞s

❢♦r t❤❡ st♦❦❡s s②st❡♠✳ ❙■❆▼✳ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✱ ✹✵✿✸✶✾✕✸✹✸✱ ✷✵✵✷✳

❬✸✷❪ ❇✳ ❈♦❝❦❜✉r♥✱ ●✳❊✳ ❑❛r♥✐❛❞❛❦✐s✱ ❛♥❞ ❈✳✲❲ ❙❤✉✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ▼❡t❤♦❞s✳ ❚❤❡♦r②✱ ❈♦♠✲

♣✉t❛t✐♦♥ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✈♦❧✉♠❡ ✶✶✳ ▲❡❝t✳ ◆♦t❡s ❈♦♠♣✉t✳ ❙❝✐✳ ❊♥❣✳✱ ❱♦❧✳ ♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✵✳

❬✸✸❪ ❈✳ ❈♦♥❝❛✱ ❋✳ ▼✉r❛t✱ ❛♥❞ ❖✳ P✐r♦♥❡❛✉✳ ❚❤❡ st♦❦❡s ❛♥❞ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ♣r❡ss✉r❡✳ ❏❛♣❛♥❡s❡ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✭✹✮✱ ✶✾✾✹✳

❬✸✹❪ ❈✳ ❈♦♥❝❛✱ ❈✳ P❛rés✱ ❖✳ P✐r♦♥♥❡❛✉✱ ❛♥❞ ▼✳ ❚❤✐r✐❡t✳ ◆❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ✐♠♣♦s❡❞ ♣r❡ss✉r❡

❛♥❞ ✈❡❧♦❝✐t② ✢✉①❡s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❥♦✉r♥❛❧ ❢♦r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ ✢✉✐❞s✱ ✷✵✭✹✮✿✷✻✼✕✷✽✼✱ ✶✾✾✺✳

❬✸✺❪ ▼✳ ❈♦st❛❜❡❧ ❛♥❞ ▼✳ ❉❛✉❣❡✳ ❲❡✐❣❤t❡❞ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ♠❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ ♣♦❧②❤❡❞r❛❧ ❞♦♠❛✐♥s✳

◆✉♠❡r✐s❝❤❡ ▼❛t❤❡♠❛t✐❦✱ ✾✸✿✷✸✾✕✷✼✼✱ ✷✵✵✷✳

❬✸✻❪ ❊✳ ❈r❡✉sé ❛♥❞ ❙✳ ◆✐❝❛✐s❡✳ ❉✐s❝r❡t❡ ❝♦♠♣❛❝t♥❡ss ❢♦r ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❣❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

♠❛①✇❡❧❧✬s s②st❡♠✳ ▼✷❆◆ ▼❛t❤✳ ▼♦❞❡❧✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✹✵✭✷✮✿✹✶✸✕✹✸✵✱ ✷✵✵✻✳

❬✸✼❪ P✳ ❉❛✈✐❞s♦♥✳ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✶✳

❬✸✽❪ ❏✳ ❉❡♥❣✱ ❩✳ ❚❛♦✱ ❛♥❞ ❚✳ ❩❤❛♥❣✳ ■t❡r❛t✐✈❡ ♣❡♥❛❧t② ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r t❤❡ st❡❛❞② ✐♥❝♦♠✲

♣r❡ss✐❜❧❡ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✸✻✿✶✻✸✼✕

✶✻✺✼✱ ✷✵✶✼✳

❬✸✾❪ ❉✳❆✳ ❉✐ P✐❡tr♦ ❛♥❞ ❆✳ ❊r♥✳ ❉✐s❝r❡t❡ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s t♦♦❧s ❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ❣❛❧❡r❦✐♥ ♠❡t❤♦❞s

✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♥❛✈✐❡r✕st♦❦❡s ❡q✉❛t✐♦♥s✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✼✾✿✶✸✵✸✕✶✸✸✵✱

✷✵✶✵✳

❬✹✵❪ ❉✳ ❉♦♥❛t❡❧❧✐ ❛♥❞ P✳ ▼❛r❝❛t✐✳ ❆ ❞✐s♣❡rs✐✈❡ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ❛♣♣r♦①✐✲

♠❛t✐♦♥s ♦❢ t❤❡ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s ✐♥ ✸❞✳ ❏♦✉r♥❛❧ ♦❢ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣✱ ✸✭✸✮✿✺✼✺✕✺✽✽✱

✷✵✵✻✳

❬✹✶❪ ❏✳✲❋✳ ●❡r❜❡❛✉✳ ❆ st❛❜✐❧✐③❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝

❡q✉❛t✐♦♥s✳ ◆✉♠❡r✳ ▼❛t❤✳✱ ✽✼✿✽✸✕✶✶✶✱ ✷✵✵✵✳

❬✹✷❪ ❏✲❋ ●❡r❜❡❛✉✱ ❈✳ ▲❡ ❇r✐s✱ ❛♥❞ ❚✳ ▲❡❧✐è✈r❡✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s

♦❢ ▲✐q✉✐❞ ▼❡t❛❧s✳ ◆✉♠❡r✐❝❛❧ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t❛t✐♦♥✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱

◆❡✇ ❨♦r❦✱ ✷✵✵✻✳

❬✹✸❪ ❏✳✲❋✳ ●❡r❜❡❛✉✱ ❈✳▲✳ ❇r✐s✱ ❛♥❞ ❚✳ ▲❡❧✐è✈r❡✳ ▼❛t❤❡♠❛t✐❝❛❧ ▼❡t❤♦❞s ❢♦r t❤❡ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s

♦❢ ▲✐q✉✐❞ ▼❡t❛❧s✳ ◆✉♠❡r✐❝❛❧ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t❛t✐♦♥✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱

◆❡✇ ❨♦r❦✱ ✷✵✵✻✳
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❬✹✹❪ ❉✳ ●✐❧❜❛r❣ ❛♥❞ ◆✳❙✳ ❚r✉❞✐♥❣❡r✳ ❊❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ s❡❝♦♥❞ ♦r❞❡r✳ ❙♣r✐♥❣❡r✲

❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✷✵✵✶✳

❬✹✺❪ ❱✳ ●✐r❛✉❧t✳ ■♥❝♦♠♣r❡ss✐❜❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ♥♦♥st❛♥❞❛r❞
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