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Introduction générale

La magnétohydrodynamique (abrégé par la suite par "MHD") est le champ de la physique qui
décrit le comportement d’un fluide électriquement conducteur (tel que les métaux liquides, les
plasmas, l'eau salée etc ...) sous l'effet de champs magnétiques [37, 43]. Ce domaine de la
physique a été découvert en 1942 par H. Alfvén dans |6] (travaux pour lesquels il obtiendra le

prix Nobel en 1942), et a la suite des travaux de Hartmann sur les métaux liquides en 1937.

La MHD joue un role prépondérant dans le domaine de 'astrophysique. En effet, 'espace
est majoritairement composé de plasmas, et ceux-ci sont particuliérement sensibles aux champs
électromagnétiques. On peut mentionner par exemple les phénomeénes de vents solaires, c’est

a dire une éjection de plasmas du soleil [97].

Toujours dans le domaine des plasmas, et particuliérement inspirée des phénomeénes as-
trophysiques, la MHD a été mise en avant ces derniéres années avec les essais sur la fusion
nucléaire, notamment avec les tokamaks (voir par exemple [100]). L’idée est de fusionner de
petits noyaux atomiques, comme par exemple le tritium et le deutérium, en reproduisant les
réactions chimiques apparaissant naturellement dans le Soleil. Cela implique donc des condi-
tions extrémes de températures (plus de 100 millions de degrés) pour obtenir la fusion, ce qui
forme un plasma. Afin de controler cette fusion, il n’est pas envisageable, a de telles tempéra-
tures, d’utiliser un confinement physique. On s’oriente donc vers un confinement magnétique,

et cela fait intervenir les équations de la MHD.

On retrouve également la MHD dans différents domaines de 'industrie et 'ingénierie, par
exemple pour le refroidissement des réacteurs nucléaires par du métal liquide, le pompage
des métaux au moyen de pompes électromagnétiques, la simulation de I’électrolyse lors de la

production d’aluminium, la production d’énergie MHD (voir [63, 43, 73]).

La MHD se caractérise par un systéme d’équations aux dérivées partielles couplées: la mé-
canique des fluides est gouvernée par les équations de Navier-Stokes, et 1’électromagnétisme
par les équations de Maxwell. La combinaison de ces deux domaines, la mécanique des fluides
et 'électromagnétisme, génére deux effets de couplage: le mouvement d’un matériau conduc-
teur sous l'effet d’un champ magnétique induit un courant électrique, qui va ainsi modifier

le champ électromagnétique en place. De plus, le courant et le champ magnétique géneérent
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la force de Lorentz, une force mécanique exercée sur les particules du fluide dans la direction

normale & la fois au champ magnétique et au courant électrique.

Dans cette thése, on va prendre le cas particulier de la MHD incompressible, c’est & dire
que les fluides visqueux sont incompressibles, et on se place dans un domaine borné  de R3.
On obtient ainsi le systéme d’équations aux dérivées partielles qui suit (voir par exemple [37]),

que 'on appellera systéme (MHD) dans ce qui suit :

—vAu+u-Vu+ VP —k(curlb) x b= f dans ,
kpcurlcurlb — kcurl(u x b) =g dans Q,

divu =0 dans Q,

divb=0 dans Q.

(MHD)

Les inconnues de ces équations sont le champ de vitesses u, le champ magnétique b, et la pres-
sion P, tandis que f représente les forces extérieures et g est un terme source. Les paramétres
v, p et k sont respectivement la viscosité du fluide, la perméabilité magnétique et le terme
de couplage. Le terme (curlb) x b représente la force de Lorentz et le terme curl(u x b) le

mouvement du matériau conducteur dans le champ magnétique précédemment mentionné.

L’étude d’équations aux dérivées partielles dans un domaine borné implique ’apparition de
conditions aux limites. Les conditions au bord du domaine les plus fréquemment considérées

sont les conditions de Dirichlet:
u=0 surl

qui sont des conditions de non-glissement, signifiant que le fluide adhére & la paroi. Cette for-
mulation, introduite par G. Stokes en 1845 [93], a cependant des limites: en effet, suivant les
travaux de Serrin [88], ces conditions peuvent ne pas étre réalistes, entrainant des phénomeénes
de couche limite. Afin de modéliser les différentes situations, on doit considérer plusieurs types
de conditions au bord. Dans cette thése, nous en considérerons deux: des conditions dites de

type Navier et des conditions sur la pression.

Les conditions de Navier se présentent comme suit: on considére des parois solides, c’est &
dire que le fluide ne peut pas les traverser. Ainsi, la vitesse du fluide dans la direction normale

aux bords est nulle, ce qui se retranscrit dans 1’égalité:
u-n=0 surl.

Afin de prendre en compte la réaction de la paroi par rapport au mouvement du fluide, Navier
établit une condition de glissement avec friction (voir [74]), qui permet de mesurer Ueffet de

frottement du fluide contre la paroi, en considérant la composante tangentielle du tenseur des



contraintes proportionnelle & la composante tangentielle, notée 7, du champ de vitesses :
2[D(u)n]; +au, =0 sur I’

oll @ > 0 est le coefficient de friction et:

Ou;  Ouy; )7 ]

1
D --:f( <i,j <
(u)l] 2 6l‘j + al‘l b 3

Ainsi, on caractérise les conditions de Navier par :
u-n=0 et 2[D(u)n];+au,=0 surD

Notons que, lorsque « tend vers I'infini, on retrouve formellement les conditions de Dirichlet.
Dans le cas d’un bord plat et d’'un coefficient de friction « nul, cette condition de Navier est

équivalente aux conditions de type Navier:
u-n=0 et curluxn=0 surl (0.0.1)

C’est cette derniére condition que nous allons en particulier considérer dans la thése.

Les conditions impliquant une pression au bord apparaissent dans plusieurs applications
physiques, comme, par exemple, dans les réseaux hydrauliques, les pipelines ou la circulation
du sang. On peut les retrouver également dans la modélisation du réseau de veines dans le
cerveau, & partir d’'une angiographie en trois dimensions obtenue par résonance magnétique.

On doit en outre coupler la pression au bord avec une condition sur la vitesse tangentielle:
uxn=0 e P=PF surl. (0.0.2)

On se concentrera dans cette thése sur deux axes essentiels. Le premier concerne ’analyse
mathématique du systéme (MHD) avec deux types de conditions aux limites. La principale
originalité tient au choix de conditions aux limites non classiques pour le champ de vitesse.
Le premier objectif est d’étudier le systéme stationnaire (MHD) dans le cas plus général ot
le domaine €2 est un ouvert borné avec une frontiére I' pouvant étre non connexe. Nous

considérons un premier type de conditions aux limites pour w, b et P :
uxn=0, bxn=0 suwrl' e¢t P=FPy+ao; surl;, 1<:<I, (0.0.3)

ou I'; sont les composantes connexes du bord et les coefficients «; sont des constantes. Cette
forme de condition aux limites sur la pression a été introduite pour des systémes de Stokes
et de Navier-Stokes d’abord dans le cas hilbertien dans [33, 34|, ou les auteurs ont étudié les
différences a; — o, © = 1--- I qui représentent les sauts de pression entre les entrées et sorties
des sections I'; dans les réseaux de tuyaux. Ensuite une extension de ces résultats en théorie
LP est établie dans [14].
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Nous démontrons l'existence, I'unicité et la régularité des solutions en théorie hilbertienne
dans une premiére étape, puis plus généralement en théorie LP, 1 < p < co. Un deuxiéme
objectif est d’étudier le systéme (MHD) avec des conditions aux limites de type Navier (0.0.1)
imposées sur le champ de vitesse et le champ magnétique. Le cadre fonctionnel que nous avons
choisi est celui des espaces de Banach basés sur les espaces LP, 1 < p < co. En particulier, on
se place dans des domaines simplement connexes, avec des frontiéres connexes, pour établir

des résultats d’existence de solutions faibles et fortes.

On trouve de nombreux travaux sur l’analyse mathématique du systéme (MHD) dans la
littérature, mais essentiellement dans le cas de conditions au bord de Dirichlet pour le champ
de vitesses. Pour le cas stationnaire, on peut citer les travaux [9, 103] pour Iexistence et
la régularité de solutions, ou les travaux de [5, 4] pour le cas des conditions mixtes pour le
champ magnétique. Gunzburger, Meir et Peterson [52] ont étudié le systéeme MHD avec des
conditions aux bord de Dirichlet non homogénes en dimension 3. En supposant que €2 est
simplement connexe et de classe C1'! ou convexe et que les données au bord sont petites, ils
montrent I'existence et 'unicité des solutions faibles (u,b) € H*(Q) x HY(Q). On peut citer
aussi les travaux [5, 3, 4, 24]. Ces résultats ont été récemment généralisés par Amrouche
et Boukassa [9] pour le cas d'un ouvert 2 multiplement connexe et un bord I' non connexe.
Ils ont démontré des résultats d’existence de solutions faibles WP (Q) pour p > 2 et fortes
W2’p(Q) pour p > 6/5. Pour le cas non stationnaire, on peut a titre d’exemple citer les
travaux [84, 101, 50, 53]. Comme pour les équations de Navier-Stokes en dimension 3, des
résultats d’existence de solutions faibles globale en temps ainsi que des résultats d’existence

et d’unicité des solutions fortes locales en temps ont été démontrés.

Le deuxiéme axe de cette thése concerne l’approximation numérique du systéme (MHD)
avec les conditions aux limites de type Navier (0.0.1) a la fois pour le champ de vitesse et
pour le champ magnétique. Le premier objectif est d’analyser un nouveau schéma numeérique
de Galerkin discontinu (DG). Il existe une littérature importante qui s’intéresse a I’étude des
schémas numeériques pour la résolution des équations (MHD) avec des conditions aux limites de
type Dirichlet pour le champ de vitesse. Plusieurs discrétisations basées sur des éléments finis
conformes ont été proposées pour le cas linéaire et non linéaire du systéme (MHD) [17, 41, 52].
Dans le cas d’'un domaine €2 polyédrique non convexe, une méthode d’éléments finis conforme
avec régularisation est analysée dans [54]. Cette méthode permet de prendre en compte la
contrainte divb = 0 dans la formulation discréte. Une autre fagon pour contourner les diffi-
cultés liées a 'approximation du champ magnétique a été proposée dans [85] [86] en utilisant
les éléments finis de Nédélec et en introduisant un multiplicateur de Lagrange. Le systéme
(MHD) a aussi été approché par la méthode Galerkin discontinue (DG). On trouve dans [61] le
premier résultat concernant I’approximation du systéme linéarisé (MHD), avec des conditions

aux limites de type Dirichlet pour le champ de vitesse, par la méthode DG. Une extension de



cette étude au cas non linéaire a été récemment établie dans [81].

Le deuxiéme objectif concerne I'approximation numérique du systéme de Navier-Stokes
non stationnaire, avec des conditions aux limites de type Navier. Nous étudions ce systéme
par deux méthodes qui consistent & remplacer ’équation de continuité divu = 0 dans ) par

une équation de divergence perturbée. Ces deux méthodes sont:

— La méthode de compressibilité artificielle qui consiste a remplacer I’équation divu = 0

dans ) par
divu® +ep; =0 dans Qx]0,T7, (0.0.4)
oll € > 0 est le paramétre de perturbation.

— La méthode de pseudo-compressibilité qui consiste & insérer un terme de stabilisation
de la pression dans I’équation de conservation de masse:

€
Ip;

divu® —eAp; =0 dans Qx]0,T] et
on

=0 sur I (0.0.5)

La plupart des travaux portant sur 'approximation des équations de Navier-Stokes avec les
deux méthodes mentionnées ci-dessus considérent des conditions classiques de non-glissement.
Nous citons [25, 95, 80, 91] pour I'approche par la méthode de compressibilité artificielle et
[91, 80] pour 'approche via la méthode de pseudo-compressibilité. Nous citons aussi [23] pour
une extension au cas du systéme de Brinkman-Forcheimer avec les conditions aux limites de
type Navier. D’autres méthodes sont proposées pour déterminer numériquement une solution
approchée pour le systéme de Navier-Stokes : la méthode de stabilisation de la pression (c.f.
[69, 82, 89]) qui consiste a approcher I’équation d’incompressibilité par divu®—eAp =0, > 0
et la méthode de pénalisation (c.f. [90, 62]) qui prend la forme suivante: divu®—ep =0, e > 0.
Cette derniére technique a été appliquée pour l'analyse d’un schéma d’éléments finis pour le
systéme staionnaire de la MHD avec des conditions aux limites de type Dirichlet pour le champ
de vitesse 38, 94]. Comme le systéme (MHD) est un couplage des équations de Navier-Stokes
et des équations de Maxwell, mettre en place une étude du systéme non stationnaire de Navier-

Stokes serait donc intéressant pour aller vers I’étude dans le cas d’évolution du systéme (MHD).

Ce manuscrit est composé de quatre parties. Le travail présenté dans chaque partie a été
accompli sous la supervision de Nour Seloula, Maitre de conférences & Caen. Nous présentons

ci-dessous le contenu de chaque chapitre, ’ensemble des motivations et des contributions.
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Le Chapitre 1 est dédié a I'étude du systéme suivant : trouver la vitesse u, la pression
P, le champ magnétique b et les constantes «; solutions de
— Au+ (curlu) x u+ VP — (curlb) xb=f et divu=0 dans(,
curlcurlb — curl(u xb) =g et divb=0 dans Q,
uxn=0 et bxn=0 surl, (0.0.6)
P=PF surly et P=PF)+«q; sur I}y,
(u-n,l)r, =0, et (b-n 1), =0, V1<i<I,

ou f, g et Py sont des données. Nous nous placons dans un ouvert {2 borné lipschitzien qu’on
supposera de classe C1'!. La frontiére I' = 0 se décompose en I' = UiI:1 I'; avec T'; les
composantes connexes de I'. Nous verrons plus loin I'importance de prescrire les flux & travers
chacune des composantes connexes du bord dans (0.0.6).

Soulignons ici, qu’en utilisant I'identité
1
u-Vu = (curlu) x u + §V|u|2,

le terme de convection u - Vu du systéme (MHD) est remplacé par le terme non linéaire
(curlu) x u. La pression P = p+ £V|u|? est la pression de Bernoulli (ou dynamique) qui

dépend de la pression p du fluide.

Dans un premier temps, on cherche, sous des hypothéses de régularité minimale pour f, g
et Py, Uexistence et 'unicité de solutions faibles (u, b, P, o) dans H*(Q) x H'(Q) x L?(Q) x R.
L’idée consiste & écrire une formulation variationnelle équivalente puis & appliquer le théoréme
de point fixe de Schauder. On cherche alors une solution (u, b) dans 'espace V 5 (2) x V 5 (Q)

avec V n(Q) naturellement donné par
V() :={ve H(Q);divv =0 dans Q, v xn =0 surT, (v-m, 1), =0, V1 <i < I}

Remarquons que, contrairement au cas de conditions au bord de type Dirichlet, ’espace
H~1(Q) n’est pas adapté pour les termes sources f et g. En effet, prenons v € V n(Q).
Pour écrire une formulation variationnelle, nous pouvons considérer la dualité

<'f’ U> [Hg’g(curl,Q)]’XHg’z(curl,Q)
avec

H%’Q(curl, Q) :={v e L*Q); curlv € L*(Q); v xn =0 surI'}.

On doit alors supposer que f et g appartiennent a ’espace [H (2)’2(curl,Q)]’ . Cependant,
comme v appartient a 'espace HI(Q) — LG(Q), alors 'hypothése précédente sur f et g peut
étre affaiblie en considérant 1’espace [Hg’2(curl, 2))', dual de H8’2(curl, Q) defini par:

Hg’Q(curl, Q) :={v e L(); curlv € L*(Q); v xn=0 sur '}



D(N) étant dense dans cet espace, son dual est un sous-espace de D’'(2) qui peut étre carac-

térisé par [14, Lemma 2.5] :
[H?(curl, Q)] = {F + curl®; F e L5(Q), ¥ e L3 (Q)}

Ainsi, comme V () — H8’2(curl, ), la dualité précédente pour le cas de f par exemple

peut s’écrire sous la forme suivante:

0 (152 (curt )y G (curl.0) = /Q Frode+ /Q ¥ - curlvde.

Nous considérons ce choix de 'espace [H 3’2(curl7 Q)] pour les données f, g afin d’obtenir les
solutions u et b dans H'(1Q).

L’espace D,(Q) = {v € D(Q); divw = 0 dans Q} est inclus dans V 5 (€2) mais n’est pas
dense. Il n’est donc pas possible d’interpréter un probléme variationnel avec l'espace V n(2)
et en particulier d’appliquer le théoréme de De Rham qui permet de retrouver la pression P
et de revenir vers le systéme de départ (0.0.6).

Notons aussi que la donnée g doit vérifier deux conditions de compatibilité. La premiére

est donnée par
divg =0 dans Q. (0.0.7)

Cette condition est due au fait que la deuxiéme équation du systéme (MHD) est de forme
rotationnelle : g = curl ¥ avec ¥ = curlb — (u x b). Pour la deuxiéme condition de

compatibilité, nous avons besoin d’introduire ’espace suivant
Ky(Q) ={vec L*Q); divv=0, curlv =0 dansQ, v xn =0 surl'}.

Rappelons que K n(£2) est un espace vectoriel de dimension I (cf. |8, Proposition 3.18] et [15,
Corollary 4.2]) et il est engendré par les vecteurs Vg¥, i = 1,..., T avec ¢/ € H'(Q) solutions

du probléme :

~A¢¥N =0 inQ, ¢ lr,=0 and ¢V|r, = constant, 1 <k <T

(0.0.8)
<3anN, 1>Fk =ik, 1<k<I, and <(9anN, 1>F0 =-1.
Il est clair maintenant que g vérifie :
N N .
<g7 in >[Hg’2(curl,ﬂ)}’XHg’Q(curl,Q) = <curl‘I’, ti >[Hg’2(curl,ﬂ)]’XHg‘Q(curl,Q) =0, 1<i<I,
(0.0.9)

ot on observe que 'ouvert Q étant de classe C11, les fonctions qZN appartiennent & H%(Q) et

donc les vecteurs VgV sont bien des éléments de H 3’2(curl, Q).
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Apres avoir étudié le cas hilbertien, on s’intéresse dans un second temps a la régularité
Y
de ces solutions. On commence par montrer 'existence des solutions dans la classe d’espaces

WLP(Q) pour p > 2. L’idée est de réécrire le systéme sous la forme suivante :

— Au+VP=f—(curlu) xu+ (curlb) xb et divu=0 dans,
curlcurlb =g + curl(u x b) et divb=0 dans Q,

uxn=0 e bxn=0 surl,

P=PF surly et P=F)+«q; sur I,

(w-n,)p, =0, et (b-n,1)p, =0, V1<i<I.

On démontre la régularite WHP(Q) pour le champ de vitesse en appliquant les résultats de
régularité pour le probléme de Stokes (Sys) (cf. [15, Theorem 5.6, Theorem 5.7| pour le cas
h=0):

— Au+VP=Ff e divu=h dans,

uxn=0 surl,
(Sn)
P=PF surly et P=Fy+c¢ surl},
(u-n,l)p, =0, 1<i<I,
ou h est donnée. Pour le champ magnétique b, nous appliquons les résultats de régularité du

probléme elliptique (Exr) (cf. [15, Proposition 5.1, Corollary 5.4]) :

—Ab=g et divb=0 dans (),
(En)Sbxn=0 surD
(b-n,D)p, =0, VI<i<I.

Un des points clefs pour étudier les probléemes (Syr) et (Exr) concerne une inégalité de type
Poincaré, établie dans [15, Corollary 3.2], qui permet de contréler la norme WHP(Q) (1 < p <
oo) par la norme LP de la divergence, du rotationnel et des flux & travers les composantes
connexes du bord :
I

[vllwirg) < C( ||curlv||Lp(Q)—|—||divv||Lp(Q)—|—Z<v-n, Dr,), Yve WP(Q), vxn =0 surl.

i=1
Remarquons ici que si v appartient a 'espace V 5 (Q2), la norme v — chrl’u||L2(Q) est équiv-
alente & la norme ||-[| g1(q), d’ou I'importance des conditions de flux nuls sur les composantes
connexes du bord.

Dans ce travail, on généralise le résultat de régularité donné dans [15, Theorem 5.7| pour
(Snr) au cas d'un champ de vitesse & divergence non nulle (cas h # 0). Pour le probleme (Ex),
nous étendons le résultat de régularité de [15, Proposition 5.1] & un cadre plus général avec
des données dans des espaces fonctionnels plus larges, plus précisément dans (H Sl’p ,(curl, Q)

avec p' (respectivement ') le conjugué de p (respectivement de r) et

Y 1
(Hy " (curl,Q)) = {F 4+ curl®¥; F e L(Q), ¥ LP(Q)}, =0ty
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Par un argument de bootstrap, nous montrons la régularite WhP(Q) x WhP(Q) x W (Q)
de la solution (u,b, P) avec des données f,g € (Hgl’p,(curl, V), Py € Wl_%-’r(l“) et g sat-
isfaisant les conditions de compatibilité (0.0.9) et (0.0.7). Si on suppose que les données sont
plus réguliéres et que Q est de classe C>!, on peut obtenir de la méme facon la régularité
W2P(Q) x WP(Q) x WHP(Q) pour p > &.

Le résultat de régularite W1P(Q) x WHP(Q) x W (Q) pour les valeurs petites de p avec
% < p < 2 est plus délicat & démontrer. Pour le faire nous utilisons un théoreme de point fixe

de Banach appliqué au systéme linéarisé suivant : trouver (u, b, P, ¢;) solution de

—Au+ (curlw) X u+ VP — (curlb) xd=f et divu=h dansQ,
curlcurlb — curl(u xd) =g et divb=0 dans (Q,

uxn=0 e bxn=0 surl, (0.0.10)
P=Py et P=Py+c¢ surly,

(u-n,)r,=0 et (b-n,1L)p,=0, V1I<i<I

ol w et d sont deux vecteurs donnés. Pour commencer nous montrons l'existence et I'unicité
d’une solution faible (u,b, P,c;) € HY(Q) x H'(Q) x L*(Q) x R ainsi que des estimations
pour le champ de vitesse, le champ magnétique et la pression. Pour cela nous supposons
curlw € L%(Q), d € L3(Q) et divd = 0 dans Q. Nous nous intéressons ensuite & la régu-
larite WP(Q) et W2P(Q). Une question naturelle est de savoir dans quel espace doivent
vivre les données w et d pour montrer de telles régularités. Nous commencons par étudier la
régularite WP (Q) avec p > g. Nous montrons que les hypothéses précédentes sur w et d ne
sont pas suffisantes. En effet, le but est d’utiliser les résultats de régularité pour les problémes
de Stokes (Syr) et le probleme elliptique (Ex7) qui nécessitent un second membre dans LP ().
Cela revient a s’assurer que les termes (curlw) x u et curl(u x d) sont dans l'espace LP(2)
pour tout p > g. Nous procédons en deux étapes. La premiére étape de la preuve consiste a
supposer les données w et d suffisamment réguliéres : w € D(Q) et d € D,(Q). La deuxiéme
étape consiste & supprimer cette hypothése de régularité en utilisant des estimations établies
dans la premiére étape. La régularité demandée pour p > g est alors prouvée avec les données
curlw € L3?(Q) et d € W;’3/2(Q).

Pour montrer la régularité des solutions dans W1?(Q) pour p > 2, nous supposons f,g €

[Hgl’p,(curl, Q)] avec r = ?)?.’Tpp et Py € Wl_%’T(F) et que w et d vérifient les conditions
suivantes:

curlw € L¥(Q), d € W'¥(Q), et divd =0, (0.0.11)
avec

3 3
5= si2<p<3, s>§ sip=3 et s=r sip>3. (0.0.12)
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Ces conditions impliquent que les termes (curlw) x u et curl(u x d) sont dans L" () avec
r > 6/5. Nous pouvons alors déduire par le travail précédent I'existence et 'unicité des so-
lutions (w,b, P) dans W27 () x W2(Q) x W'(Q), ce qui implique, grace a Uinjection de
Sobolev W27 (Q) < W1P(Q), la régularite WP (Q) pour u et b lorsque p > 2.

Nous terminons I’étude du systéme linéarisé (0.0.10) par la preuve de la régularité WP ()
avec p < 2. Comme le systéme est linéaire, nous utilisons un argument de dualité. Une des
difficultés que nous rencontrons dans cette approche consiste a donner un sens aux traces
au bord et & obtenir, par le biais de lemmes de densité, les formules de Green adéquates.
Pour y faire face, nous écrivons tout d’abord une formulation variationnelle équivalente au
systéme linéarisé en vérifiant que tous les termes sont bien définis. Afin d’obtenir la régularité
WLP(Q), par dualité, pour ces petites valeurs de p, on est amenés a étudier une variante du

systéme linéaire (0.0.10) :

—Au + (curlw) x u + VP — (curlb) xd=f et divu=h dansQ,
curlcurlb —curl(u xd)+Vx =g et divb=0 dans(,

uxn=0, bxn=0 e xy=0 surl, (0.0.13)
P=PFsurly et P=PFPy+c¢ surly,

(u-n,l)r,=0 et (b-n,1)p, =0, 1<i< 1

ol le potentiel scalaire y est une inconnue supplémentaire du systéme. Remarquons ici que la
condition de compatibilité (0.0.7) n’est plus nécessaire pour résoudre le systéme (0.0.13). De
plus, en passant a la divergence dans la seconde équation de (0.0.13), la solution y peut étre

obtenue directement comme solution du probléme de Dirichlet suivant:
Ax =divg dans et x=0 surl.

Cela permet d’étendre les résultats de régularite W'?(Q) avec p > 2 et W2P(2) avec p > &

obtenus précédemment pour le systéme (0.0.13).

Nous complétons cette étude du systéme linéarisé avec deux preuves différentes de la régu-
larité WQ’p(Q) pour 1 <p< %, et pour terminer nous améliorons la régularité de la pression

en considérant une donnée Fy moins réguliére.

Apres cette étude du systéme linéarisé (0.0.10), nous pouvons retourner au systéme non
linéaire (0.0.6) pour montrer I’existence des solutions (u,b, P) dans WP(Q) x WHP(Q) x
WLT(Q) pour % < p < 2. Pour cela, on applique un théoréme du point fixe de Banach sur le

probléme linéarisé (0.0.10) en supposant que les données sont petites et plus précisement pour

F 1Pty + Il < 61,

||‘fH[H6/’p/ (curl,Q)]’ + HgH[Hglvpl (curl,Q)]’ Wlf%,r
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pour une certaine constante é; > 0. Pour montrer I'unicité, nous devons supposer que les

données sont encore plus petites :

F 1Pty + Il @y < 8,

HfH[HSI'p,(CuI‘l,Q)]/ + HgH[Hgl’p,(Curl,Q)]’ Wlf%,r
avec 62 € (0, 01]
Les résultats présentés dans ce chapitre ont fait 'objet d’une note publiée aux Comptes

Rendus de I’Académie des Sciences de Paris [79]

Dans le Chapitre 2, nous considérons le systéme (MHD) avec des conditions aux limites
de type Navier :
—vAu+ (u-V)u+ VP —k(curlb) xb=f et divu=0 dans Q,
rkpucurlcurld — kcurl(u x b) =g et divb=0 dans €,

(0.0.14)
u-n=0 e curluxn=0 surl,

b-n=0 et curlbxn=0 surl.

Afin de ne pas compliquer 'analyse du systéme (0.0.14), nous avons choisit de supposer que
Q) est un ouvert borné de R3, de classe C!'! et simplement connexe. Cette derniére hypothése
est due aux conditions aux limites considérées dans (0.0.14). Comme pour le probléme étudié
au Chapitre 1, on s’intéressera aux solutions faibles et aux solutions fortes, aussi bien dans un

cadre hilbertien que dans le cadre de la théorie LP.

Nous commengons par le cas hilbertien. Pour chercher des solutions faibles (u, b, P) €
H'(Q) x H'(Q) x L*(Q), plusieurs questions se posent : comment choisir f et g pour que les
conditions au bord curlu xnn = 0 et curlb x n = 0 sur I' aient un sens d’une part, et d’autre
part y a-t-il des conditions de compatibilité nécessaires pour la résolution? Contrairement
au cas du systéme (MHD) avec une condition de Dirichlet pour le champ de vitesse, il n’est
pas convenable ici de prendre une fonction f dans H1(Q2). En effet, si on veut écrire une
formulation variationnelle, on doit préciser la dualité (f, v) tout en choisissant f dans un
sous-espace de distributions pour pouvoir ensuite remonter au probléme initial. Comme les

fonctions test appartiennent & I'espace
H}?(div, Q) := {v € L*(Q); divo € L*(Q), v-n=0 sur '},

il est naturel de prendre f dans ’espace dual (H(Q)’z(div, 2)) ou lon rappelle que D(Q) est
dense dans Hy?(div, Q) ( c.f. [87, Proposition 1.0.2] et [87, Proposition 1.0.4]) et que

[H?(div, Q)] = {F +Vx; F e L*Q), x € L*(Q)}.
Comme dans le cas du systéme (0.0.6), on peut prendre f dans un espace plus gros

[HS?(div, Q)] = {F +Vx; FeL3(Q), x € L2(Q)}. (0.0.15)
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Avec ce choix d’espace pour f, la condition au bord curlu x n = 0 a un sens dans H1/? ().
En effet, avec la caractérisation (0.0.15), si on cherche u € H'(Q), b€ HY(Q) et P € L*(Q),
alors Au = f —VP—u - Vu+curlb x b appartient & [Hg’2(div, Q) car u-Vu € L¥%(Q) —
L5/°(Q) et curlb x b € L3?(Q) < L%°(Q). Donc u appartiendrait a espace

MS2(Q) = {v e H'(Q); Av e [H?(div, Q)]'}.

En utilisant un raisonnement similaire & [13, Lemma 4.1] et [8], on peut vérifier que D(2) est
dense dans M%2(Q) et par suite on a la formule de Green suivante : pour tout v € M %2(Q)
et o € H(Q) avec divp = 0 dans Q et o -n=0sur I :

(A, @) 02 i, ) B (div, @) = /Q curlv - curlo dz + (curlv x n, @)r,

ou la dualité sur I" est définie par (-, -)p = (-, ") ce qui donne bien un sens a la

H~3()xH ()
condition au bord curlu x n = 0.

Ce qui précede est aussi valable pour la condition au bord curlb x n = 0 sur I' mais
avec une donnée plus réguliere g € L%°(Q) — [Hg’z(div;Q)]’. Contrairement au cas de la
donnée f, des conditions de compatibilité sur g sont nécessaires pour résoudre le systéme
(0.0.14). La premiére condition est divg = 0 dans Q qui découle directement du fait que
g = curl(u x b) + curlcurlb dans Q. De plus, si on pose ¥ = curlb — (u x b), alors
¥ e L*Q) et curl® =g € Lg(Q) Comme curlb xn =0 sur ' et (u x b) x n = 0, on
déduit que ¥ x n = 0 sur " ce qui a un sens dans H_l/Q(F). Donc, on a d’une part : pour
tout x € H?(1),

/ curl ¥ - Vydr = —(¥ x n, vX>H—1/2(r)XHl/Q(F) =0.
Q

D’autre part, comme g appartient & LY ®(Q) et est a divergence nulle, la trace g-n appartient
a W-%%(r) Alors, pour tout x € H?(Q),

/chrl\Il -Vxdz =(g- n,X>W_g,g(F)XW%,6(F)'

Par conséquent, g-n = 0 sur I' est une deuxiéme condition de compatibilité a considérer pour

la donnée g.

On est alors en mesure de montrer ’existence des solutions faibles. Nous utilisons pour cela
un théoréme de point fixe de Leray-Schauder. Ensuite, nous montrons la régularitée WP ()
pour p > 2 et la régularité WP (Q) pour p > g. Pour obtenir les résultats de régularité pour

le champ de vitesse, nous utilisons la régularité du probléme de Stokes (S7) suivant (cf. [15])

—Au+VP=f et divu =0 dans {2,
(S7)

u-n=a et curlu xn=hxn surl.
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Nous avons besoin de généraliser le résultat de [13, Theorem 4.4| portant sur l’existence des
solutions dans Wl’p(Q), p > 2 avec des conditions au bord non homogénes et pour des données

f dans des espaces plus larges [H Sl’p /(div, 2)]’ définis par
[Hy 7 (div, )] = {F + V¢ | F € L'(9), ¥ € L"()}

Pour obtenir les résultats de régularité pour le champ magnétique, nous passons par la régu-

larité du probléme elliptique (£7) suivant (cf. [15])

—Ab=g et divb=0 dans ,
(€r)

b-n=0 et curlb xn=0 surl.

Dans le Chapitre 3, nous étudions 'approximation du systéme (MHD) avec les con-
ditions aux limites de type Navier (0.0.14), a la fois pour le champ de vitesse et pour le
champ magnétique, par des formulations de type Galerkin discontinues. Les points de départ
de ce travail sont les travaux de P. Houston et al. [61] et les travaux de W. Qiu and K. Shi [81].

La méthode de Galerkin discontinue est une classe des méthodes d’éléments finis utilisant
des fonctions de base complétement discontinues. Ces fonctions de base et les fonctions tests
sont choisies dans le méme espace sans aucune continuité imposée aux interfaces entre les
éléments (un tétraedre ou un hexaédre en 3D, un triangle ou un quadrilatére en 2D). Cette
spécificité permet & cette méthode une grande flexibilité au maillage. En effet, en ’absence
de la sensibilité a la régularité des maillages, la méthode est adaptée pour représenter des
géométries industrielles qui sont parfois complexes et qui nécessitent des maillages non struc-
turés et non conformes. De plus, le degré p des polynémes d’approximation peut étre augmenté
dans les éléments du maillage ol la solution est plus réguliére, ce qui peut étre combiné avec
un raffinement du maillage h dans les parties de moindre régularité de la solution. L’ensemble
forme alors un maillage hp. De plus, 'approximation avec cette méthode impose d’avoir re-
cours & une formulation faible locale ot la prise en compte des conditions aux limites est faite
au sens faible, directement dans la formulation du probléme sans les imposer dans la défini-
tion de 'espace d’approximation. Ceci permet une mise en ceuvre simplifiée de la méthode.
Une intégration par parties fait alors apparaitre des termes de bord ou les flux physiques
sont approchés par des flux numériques aux interfaces a cause des discontinuités entre les
mailles. Cette méthode posséde d’autre propriétés importantes. Elle est localement conserva-
tive, elle est aisément parallélisable ce qui donne & la méthode un grand intérét. Cependant,
les méthodes DG sont plus cotiteuses en temps et en mémoire que les méthodes d’éléments
finis standards & cause des valeurs doubles de la solution aux interfaces. Cela augmente con-
sidérablement le nombre de degrés de liberté locaux sur lesquels les inconnues du probléme

reposent.
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Introduite il y a exactement 48 ans par Reed et Hill (1973) [83] pour la résolution d’équations
de transport de neutrons, la méthode DG a connu un certain nombre de développements au
cours de ces derniéres années et reste encore aujourd’hui une méthode trés utilisée. Son champ
d’application a par la suite été étendu aux problémes avec diffusion, nous citons [19, 32, 48|

pour les équations de Navier-Stokes, [57, 67, 36] pour I’électromagnétisme.

Ce chapitre comporte quatre sections. Aprés avoir introduit les notations nécessaires
dans la premiére section, nous nous sommes intéressés au systéme linéarisé pour lequel nous
avons fait une étude compléte d’'une méthode DG dans la deuxiéme section. La principale
difficulté dans 'approximation des équations de Maxwell est 'incorporation de la contrainte
divb = 0 dans le schéma DG. Cette contrainte peut étre imposée par la technique dite de
régularisation. Cette méthode consiste formellement & remplacer Uopérateur curl(curl) par
lopérateur laplacien vectoriel en rajoutant un terme grad(div) a l’équation xu curl curlb —
rkecurl(u x b) = g du systéme (0.0.14). Ce terme est nul car toute solution b du probléme

(0.0.14) est a divergence nulle. Ainsi, en vertu de Iidentité:
curl(curl) — grad(div) = —A,

tout champ magnétique b solution de (0.0.14) vérifie aussi I'équation

—kpuAb — kcurl(u xb) =g et divb=0 dans Q.

Cette méthode permet alors d’avoir un probléme régularisé naturellement posé dans 'espace
Hy(div, Q)N H(curl,Q) = {v € L*(Q); dive € L*(Q), curlv € L*(Q), v-n =0 sur I'}.

Si le domaine  est polyédrique et convexe ou encore s’il a une frontiére réguliere (c.f. [46,

théoréme3.7|), I'espace Ho(div,2) N H(curl, Q) coincide avec l'espace
HYW(Q)={ve H(Q); v-n=0 surT}

La technique de régularisation des équations de Maxwell a été initialement introduite par
Werner [99] et Leis [64]. Ses applications sont variées, citons par exemple I'étude des équations
de Maxwell en régime harmonique et a basse fréquence [77|, 'étude des équations de Maxwell
dans un domaine polyédrique [35] ou I’étude d’une méthode de décomposition de domaine
pour les équations de Maxwell [7]. En revanche, lorsque le domaine posséde des singularités
géométriques, comme des coins ou arétes rentrants, I’approche n’est pas adaptée et la solution
DG du probléme régularisé peut converger mais pas vers la solution du probléme physique
de départ (voir les résultats numériques dans [58]). La méme situation a été observée dans
le cas d’approximation des basses fréquences par les éléments finis conformes (voir |7, 35]).
Cela s’explique par le manque de régularité de la solution qui n’est pas dans ce cas H'()

mais seulement H'/2(Q) [46]. Dans ce cas une approche alternative consiste a introduire
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un multiplicateur de Lagrange r scalaire comme une inconnue supplémentaire du probléme
[61, 81]. Ce multiplicateur de Lagrange r peut étre vu comme une pseudo-pression associée &
la contrainte de divergence nulle vérifiée par toute solution du probléme. La taille du systéme
discret devient alors plus grande et a la place de la deuxiéme équation du systéme (0.0.14), le

couple (b, ) est solution de:
kp curleurlb+ Vr — kcurl(u xd) =g et divb=0 dans €2,

avec une condition au bord » = 0 sur I Notons ici qu’en passant a la divergence dans
I’équation précédente nous obtenons Ar = div g dans €2 et dans le cas particulier ou le terme

source g est a divergence nulle, nous avons r = 0.

Cette méthode a été appliquée dans [61] pour 'approximation du systéme (MHD) linéarisé.
Elle a été récemment étendue au cas non linéaire dans [81]. Soulignons cependant que la condi-
tion aux limites considérée dans ces travaux pour le champ de vitesse est la condition classique
de type Dirichlet. Nous proposons dans la section 2 de ce chapitre une formulation régularisée,
ou encore augmentée en imposant une condition aux limites de type Navier a la fois pour le
champ de vitesse et le champ magnétique. Nous supposons que €2 présente une régularité C!
ou §2 est & bord polyédral mais convexe. On introduit donc une formulation discontinue basée
sur la méthode symétrique avec pénalisation interne («Interior Penalty») classique de [47].
La principale différence est le choix du terme de stabilisation considéré. Au lieu de la norme
L? du saut de la vitesse & travers les éléments, nous considérons des termes de stabilisation
basés sur le saut normal et sur le saut tangentiel des solutions approchées. Tout d’abord, on
montre que le probléme continu est bien posé. Ensuite, comme pour les méthodes d’éléments
finis standards, nous montrons que le probléme discret admet une unique solution. La preuve

s’appuie sur la stabilité des forme linéaires associées au probléme variationnel approché.

Une fois la stabilité de la méthode mise en place, on est amené a discuter la convergence.
Dans la troisiéme section, on établit des estimations d’erreur a priori de la vitesse w, du
champ magnétique b et de la pression p. On considére d’abord l'erreur en norme énergie
(e, b)I* = Huthh + thHi%h7 pour le champ de vitesse et le champ magnétique (voir la

sous section 3.2.3 pour les notations), ensuite en norme L? pour la pression p.

La quatriéme section est consacrée a ’extension de 'approximation par la méthode DG
au systéme non linéaire (0.0.14). La principale difficulté est de montrer la stabilité des formes
bilinéaires issues des termes de convection de Navier-Stokes Oj, et du terme de couplage Ch
sur les espaces discrets. Afin de porter une attention particuliére & la stabilité de la forme de

couplage C}, vitesse/champ magnétique, précisons ici sa définition :
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Ch(bh,’vh,bh) =R Z /(’Uh X bh) -curl bh dr — K Z {{’Uh X bh}} . [[bh]]T ds. (0.0.16)
TeT, /T ccFl 7C

Dans un travail récent [81], les auteurs proposent une analyse d’un schéma DG pour le
systéme (MHD) dans R3 ou les conditions aux limites sont de type Dirichlet pour le champ
de vitesse et de type Navier (0.0.1) pour le champ magnétique. Ils considérent le cas général
d’un domaine 2 lipschitzien. Ils montrent la continuité de Cj en appliquant un argument
LS - L3 - L? pour le terme donné sur les mailles puis Iinégalité de trace discréte est utilisée
pour le terme donné sur le bord. Cette approche est naturelle dans le cas d’'un domaine
peu régulier. En effet, sans hypothése de régularité sur le domaine, et au vu des conditions
aux limites considérées pour le champ magnétique b, la solution b du systéme (0.0.14) est
seulement H'/2(Q) et donc L3(9) par les injections de Sobolev. Cependant, la solution w est
bien H'(Q) et donc L%(Q) ce qui permet d’appliquer l'inégalité discréte dérivée dans [47, 49]
(voir aussi [39] ) qui affirme que la norme LS est controlée par la norme DG notée par |||,
(voir (3.4.18) avec r = 6) :

~y 1/2
lonlzsy < Clloally == C( 3 IVonlz+ > L llwall. ) (0.017)
TET, ecF, ¢

Etant donné que la norme DG pour b est différente (voir la définition de |by,|c dans (0.0.18)),
une analyse fonctionnelle discréte est établie dans [81] afin de montrer que la norme L3 est
controélée par cette norme DG. Plus précisément, I'inégalité discréte suivante est montrée pour

I’espace polynomial par morceaux

mo
1wl gy < Clbulz == leurlbillgr+ Y 5= (ol - (0.0.18)
TET, eeFl °

Notons ici que sans hypothése de régularité sur le domaine et avec des conditions aux
limites de type Navier a la fois pour le champ de vitesse et pour le champ magnétique, les
solutions u et b du systéme (0.0.14) sont toutes les deux H/2(Q) < L3(Q). Donc I'argument
précédent ne peut pas étre appliqué pour montrer la continuité de la forme Cp. Des hypothéses
additionnelles de régularité sur la solution exacte sont donc indispensables. Dans ce travail,
nous montrons une nouvelle inégalité discréte analogue & (0.0.17) sur les espaces discontinus
sous réserve que la frontiére du domaine soit suffisamment réguliére. Dans notre cas, le champ
magnétique, tout comme le champ de vitesses, ont bien la régularité H 1(Q) Plus précisément,
pour 1 < p < 6, nous montrons que la norme LP est contrdlée par la norme DG suivante :

2 : 2 2 o1 2 o2 2
lonllzoey < Cllonl2 = 30 (Idivonrtleartonz )+ 30 T Iyl + 3 2 el
TeTh c€Fn  © ceFl ¢
avec C' = C(£2) une constante indépendante de h. Cette inégalité est naturelle car la norme
DG |||l 5 est Péquivalent discret de la norme H7p-(£2). Les techniques de démonstration ont

été inspirées par les travaux de Girault et Riviére |47, Lemma 6.2] pour la preuve de (0.0.17).



19

Cependant, la preuve n’est pas triviale et repose sur un résultat de régularité de l'opérateur
elliptique de second ordre —A = curl(curl) — grad(div) avec la condition aux limites de type

Navier dans un domaine borné Q € R? de classe C%1.

Cette nouvelle inégalité discréte permet, d'une part, d’appliquer un argument L*-L*-L?
pour montrer la continuité de la forme C}, et de la forme Oy, (voir (3.2.37) pour la définition
de Oy, et (0.0.16) pour la définitions de Cy) sur les espaces discrets. D’autre part, elle permet
de prouver l’existence d’une solution au probléme discret grace au théoréme de point fixe de
Brouwer. Des estimations de ’erreur entre les solutions exactes et les solutions discrétes sont

ensuite établies.

Le Chapitre 4 concerne ’étude du systéme de Navier-Stokes non stationnaire avec des

conditions aux limites de type Navier: trouver u et p tels que :

u—Au+Vp+u-Vu=jf et divu=0 dans Qx]0,T],
(NS) u-n=0 et curluxn=0 surI'x]0,T],
u(0) = ug, dans Q.

Nous supposons que €2 est un domaine borné simplement connexe, de bord I' de classe
CH1. 1l est connu que la condition d’incompressibilité divu = 0 dans € rend assez difficile la
mise en oeuvre des approximations numériques du systéme de Navier-Stokes. Une des méth-
odes numériques pour traiter ce probléme est "approximation par un systéme perturbé a la
maniére introduite dans Temam [95] et [25]. Le probléme perturbé dépend d’'un paramétre €
destiné & tendre vers zéro. Dans ce chapitre, deux problémes perturbés sont analysés. Nous
nous intéressons dans un premier temps a la méthode de compressibilité artificielle (0.0.4).
Nous commengons par une étude d’existence de solutions faibles pour le probléme de Navier
Stokes (N'S) en utilisant la méthode de Faedo Galerkin. Contrairement au cas du systéme
de Navier-Stokes avec une condition de Dirichlet, o I'inégalité de Poincaré joue un réle im-
portant, nous avons besoin ici des inégalités pour les champs de vecteurs faisant intervenir les
opérateurs curl et div. Ensuite, nous montrons que le probléme perturbé posséde au moins
une solution (u®, pf) qui converge vers (u, p) solution du systéme non perturbé (N'S) lorsque

¢ tend vers zéro. Nous terminons par une analyse d’erreur pour cette méthode.

Dans un deuxiéme temps, nous étudions une approximation du systéme (N'S) via la méth-
ode de pseudo-compressibilité (0.0.5). Aprés avoir établi des estimations a priori pour la so-
lution (u®, p®) du probléme perturbé, nous montrons une estimation d’erreur entre la solution
(u, p) du systeme (NS) et (u®, p®). La preuve est donnée en deux étapes : on commence par
montrer une estimation pour la partie d’erreur introduite par la perturbation de I'opérateur
linéaire. Ensuite nous donnons une estimation pour la partie d’erreur associée au terme non

linéaire.
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Pour terminer nous considérons un schéma d’ordre 2 en temps pour approcher le probléme
perturbé avec la méthode de pseudo-compressibilité. Nous montrons la stabilité du schéma

ainsi qu’une estimation d’erreur d’ordre 2.



Chapter 1

MHD system with boundary condition

involving the pressure

1.1 Introduction

Let Q be an open bounded set of R3 of class C'''. In this work, we consider the following
incompressible stationary magnetohydrodynamics (MHD) system: find the velocity field wu,
the pressure P, the magnetic field b and the constant vector a = (ay,...,ay) such that for
1< <1I:

[ — v Au+ (curlu) x u+ VP — k(curlb) x b= f and divu=h in(Q,

kp curlcurlb — kcurl(u x b) =g and divb=0 in €,

uxn=0 and bxn=0 onl, (1.1.1)
P=PF only and P=PFy+a; onl},

(u-n,l)r, =0, and (b-mn,1)p, =0, V1<i< ][

where I' is the boundary of €2 which is not necessary connected. Here I' = UZ'I:o I'; where T';
are the connected components of I' with I'g the exterior boundary which contains €2 and all
the other boundaries. We denote by n the unit vector normal to I'. The constants v, i and
k are constant kinematic, magnetic viscosity and a coupling number respectively. We refer
to [37, 42| for further discussion of typical values for these parameters. The vector f , g and
the scalar h and Py are given. In this work, we assume that v = yu = xk = 1 for convenience.
Using the identity w - Vu = (curlu) x u + %V|u|2, the classical nonlinear term w - Vu in the
Navier-Stokes equations is replaced by (curlw) x w. The pressure P = p + %|u\2 is then the
Bernoulli (or dynamic) pressure, where p is the kinematic pressure. The boundary conditions
involving the pressure are used in various physical applications. For example, in hydraulic
networks, as oil ducts, microfluidic channels or the blood circulatory system. Pressure driven
flows occur also in the modeling of the cerebral venous network from three-dimensional an-

giographic images obtained by magnetic resonance. We note that the MHD system (1.1.1)

21



Chapter 1. MHD system with boundary condition involving the pressure 22

has been extensively studied by many authors. We note that most of the contributions are
often given where Dirichlet type boundary conditions on the velocity field are imposed. At
a continuous level, we can refer, for example to [103, 9| for the existence and the regularity
of the solutions of (1.1.1), to [5] for the global solvability of (1.1.1) under mixed boundary
conditions for the magnetic field. For the discretization approaches of (1.1.1), a few related
contributions include mixed finite elements [56, 86, 51|, discontinuous Galerkin finite elements
[81] or iterative penalty finite element methods [38] and so on. The boundary condition under
the form P = Py+a; on Iy, i = 1,..., I was first introduced in [34, 33] for the Stokes and the
Navier-Stokes systems in steady hilbertian case. The authors studied the differences a; — ay,
1t = 1...1 which represent the unknown pressure drop on inflow and outflow sections I'; in a
network of pipes. This work is extended to LP-theory for 1 < p < oo in [14]. In our work, we
study the MHD system (1.1.1) with pressure boundary condition, together with no tangential
flow and no tangential magnetic field on the boundary. Up to our knowledge, with these type
of booundary conditions, this work is the first one to give a complete LP-theory for the MHD
system (1.1.1) not only for large values of p > 2 but also for small values 3/2 < p < 2 in
Q) C R? domain with a boundary I' not necessary connected.

These results were announced in a CRAS note in Comptes Rendus Mathématique [79].

1.2 Main results

In this section, we briefly discuss the main results of this chapter, for which the following

notations are needed:

For p € [1,00), p' denotes the conjugate exponent of p, i.e. z% =1- %. We introduce the
following space
. 1 1 1
H"™P(curl,Q):={v € L"(Q); curl v € LP(Q)}, with — ==+ 3 (1.2.1)
rop

equipped with the norm
[l (curro) = [[vllLr @) + [ curlv| Ly (o).
The closure of D(Q2) in H "P(curl, Q) is denoted by H ;”(curl, Q) with
H;?(curl,Q) := {v € H"P(curl,Q); vxn =0 onT}.

The dual space of H " (curl,Q) is denoted by [H " (curl,Q)]" and its characterization is

given in Proposition 1.3.1. We introduce also the kernel

K5 (Q) ={veL’(Q); divv=0, curlv =0, v xn =0 on I},
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which is spanned by the functions Vg € Wh4(Q) for any 1 < q < oo [15, Corollary 4.2] and

qiN is the unique solution of the problem

~AgN =0 inQ, ¢Vr,=0 and ¢"|r, =constant, 1 <k<T

(1.2.2)
(On gy, 1>Fk =6k, 1<k<I, and (Onq, 1>Fo - 1.

We will use the symbol o to represent a set of divergence free functions. For exemple the
space LP () is the space of functions in LP(Q) with divergence free. We will denote by C an
unspecified positive constant which may depend on €2 and the dependence on other parameters
will be specified if necessary.

The first theorem is concerned with the existence of weak solutions in the case of Hilbert

spaces for the following MHD problem:

(— Au+ (curlu) x u+ VP — (curlb) xb=f and divu=h inQ,
curlcurlb — curl(u x b) =g and divb=0 in ,

uxn=0 and bxn=0 onl, (MHD)
P=PF only and P=PFy+a; onl},

(u-n,l)r,=0 and (b-n,l)r, =0, VI<i<]T]

The proof is given in Subsection 1.6.1 (see Theorem 1.6.1). We note that in the case when
0 is not connected, to ensure the solvability of problem (MHD), we need to impose the
conditions for w and b on the connected components I';: (w-n,1)r, =0 and (b-n,1)r, =0
for 1 <i < I. (See [15] and [14] for an equivalent form of these conditions). Of course, if 02

is connected, the above conditions are no longer necessary.

Theorem 1.2.1. (Weak solutions of the (MHD) system in H'(Q)). Let f,g € [Hg’Q(curl7 O,
h=0 and Py € H_%(F) with the compatibility conditions

Voe KX(Q), (g,v)q,, =0, (1.2.3)
divg=0 inQ, (1.2.4)

where (-, -)q, = denotes the duality product between [Hy"(curl, Q)" and Hy"(curl, Q). Then
the (MHD) problem has at least one weak solution (u,b, P,a) € HY(Q) x HY(Q) x L?(2) x R’
such that

lell e o) + 10l e @) + 1Pl 120) < M,

where M = C(”-fH[Hg’2(curl,Q)]’+HgH[Hg’Q(curl,Q)]’—i_HPO”H_UQ(F)) and a = (o, ..., ar) defined
by

s = (£.VaN)a, , - (Po. Vo myr-t

(curlb) xb-VgV dm—/(curlu)xu-quN dx, (1.2.5)
Q

Q

where (-,-)r denotes the duality product between H—/?(I') and H'/?(T).
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In addition, suppose that f, g and Py are small in the sense that

2
CiC32M < —,
=0z

where Cp is the constant in (1.3.6) and C1, Cy are the constants defined in (1.6.15). Then
the weak solution (u,b, P) of (MHD) is unique.

(1.2.6)

The next two theorems are concerned with generalized solutions in W1?(Q) for p > 2
and strong solutions in W?2P(Q) for p > 6/5. The existence of weak solution in W1P(Q) for

% < p < 21is not trivial. We will precise this case later.
Theorem 1.2.2. (Weak solutions in WP(Q) with p > 2 for the (MHD) system,). Let p > 2.
Suppose that f,g € [Hgl’p/(curl,ﬂ)]’, h =0 and Py € Wl_%”'(F) with the compatibility
condition (1.2.4) and

Vo e KZ])\,,(Q), (9:v)a, , =0. (1.2.7)
Then the weak solution for the (MHD) system given by Theorem 1.2.1 satisfies

(u,b, P) € WHP(Q) x WHP(Q) x W (Q).

Moreover, we have the following estimate:
el e+ 1800y 1P SCUF g curseny 19 et ety 1 Bollw o)

Theorem 1.2.3. (Strong solutions in W*P(Q) with p > S for the (MHD) system). Let us
suppose that Q is of class C>' and p > g. Let f, g and Py with the compatibility conditions
(1.2.4) and (1.2.7) and

FELPQ), geLP(Q), h=0 and Pye W' »?(I).

Then the weak solution (u,b, P) for the (MHD) system given by Theorem 1.2.1 belongs to
W2P(Q) x W2P(Q) x WLP(Q) and satisfies the following estimate:

lellweno) + 1blwee@) + I1Pllwin) < CUFlLr) + 19l + 1Pl a1 )

We refer to Theorem 1.6.3 and Theorem 1.6.4 for the proof of the above result, where
we use the estimates obtained in the Hilbert case and a bootstrap argument using regularity
results of some Stokes and elliptic problems in [15] and [14].

To deal with the regularity of the solutions of the (MHD) system in W1P(Q) with % <p<2,
we need to study the following linearized MHD system: Find (u, b, P, ¢) with ¢ = (c1,...,¢y)
such that for 1 <7 < I:
—Au+ (curlw) x u+ VP — (curlb) xd=f and divu=h inQ,
curlcurlb — curl(u xd) =g and divb=0 1in Q,
uxn=0 and bxn=0 onT, (1.2.8)
P=PF only and P = PFy+¢ only,
(u-n,l)r, =0, and (b-n,L)r, =0.
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The next theorem gives existence of weak and strong solutions for the linearized problem
(1.2.8)

Theorem 1.2.4. (Ezistence of weak and strong solutions of the linearized MHD problem,).
Suppose that

f.g e [Hy (curl, @), Pye W'5I(I), he W' (Q)

with the compatibility conditions (1.2.4) and (1.2.7).
(1). For any p > 2, if curlw € L*(Q), d € Wh*(Q) where s is given by

s:g if 2<p<3, s>g ifp=3 and s=7r ifp>3,

then the linearized system (1.2.8) has a unique solution (u,b, P,c) € W1P(Q) x W1P(Q) x
W (Q) x R with ¢ = (c1,. .., cr). Moreover, we have the estimate:

sl ey + Bl oy + 1Py oy SCO + el el g + dllwrne o) (18 g o s

Pl a2y 19l g (et ) F A Flleurl el g o)+ dll e o) (Rl @) )

(2). Let 2 <p<2. Ifcurlw e L¥%(Q) and d € WE3/2(Q), then the linearized problem (1.2.8) has
a unique solution (u,b, P,c) € W'P(Q) x WP(Q) x WL (Q) x RI. Moreover, we have the following

estimates:

lesllgrnqey + Dbl vy < OO+ leurlwll ey + Il orsia) (15 azz o eurnany + 1Pollyps 2
+ HQH[HS’,p’(curLQ)] +(1+ chrleLS/2(Q) + ||d||W1v3/2(Q)) ||hHW1,r(Q))

and

1Py < OO+ leurleo] g + ldllwnsrao)® % (1]’ wartony + 155

curl,© Wlf%”"(l‘)

+ ||9||[H6',p'(cur1,9)] + (1 + [leurlw| gs/2q) + [|dllyy1.5/20)) IRl )
(3). Also for any p € (1, 00), if Q is of class C>*, h =0 in Q and
feLPQ), ge LP(Q), curlw € L¥?(Q), d € W ¥/2(Q), and Py € W' #?(I)

with the compatibility conditions (1.2.4) and (1.2.7), then (u, b, P, ¢) belongs to WP (Q) x WP (Q) x
WLP(Q) x R! and satisfies the estimate:

1ellwzr (@) + [bllw2r@) + 1Pllwing) < CA+lleurlw] 5 4 lldllyrz )

+ ldllyy15r2()) if 1 < p <6/5.

% (1 Lzogey + lgllaoey + 1Poll g,

where C = C(Q,p) if p>6/5 and C = C(Q,p)(1 + ||Cur1'w||L%(Q)

We refer to Theorem 1.5.4, Theorem 1.5.7, Theorem 1.5.1 and Theorem 1.5.11 for the
proof of the above results. Note that in the above theorem, to prove the existence of weak

solutions in W1P(Q) with 3/2 < p < 2, we use a duality argument.



Chapter 1. MHD system with boundary condition involving the pressure 26

We also note that we proved more general existence results in Corollary 1.5.10 where the
regularity of the pressure is improved by supposing a data Py less regular.

Finally, the next result shows the existence and uniqueness of weak solutions with 3/2 <
p < 2 for the nonlinear (MHD) problem (see Theorem 1.6.5). The proof is essentially based

on the estimates obtained above for the linearized problem (1.2.8).

Theorem 1.2.5. (Regularity WP(Q) with 3 < p < 2 for the (MHD) system). Assume that
% < p <2 andr with % = %—i—% Let us conszder f,g € [H"p (curl, )], Py € Wl_%’T(F)
and h € WY (Q) with the compatibility conditions (1.2.4) and (1.2.7).

(i) There exists a constant 01 such that, if

+ (1ol + [ Allwrr @) < 61

Hf||[H6,¢P/(cur17Q)]/ + ”gH[Hsl’p/(curl,Q)]’ Wl—%.r(l—\)

Then, the (MHD) problem has at least one solution (u,b, P,a) € WHP(Q) x WP(Q) x
WL (Q) x R, Moreover, we have the following estimates:

a0y + 1By < oI N cartcny 19 o+ 1Pl

Al o) )

(1.2.9)

1Pl @< CL+ C M (Il o enrncayy H19 o et 10l 2r oy
Al @)

where §1 = (2C2C*)~L, C1 = C(1 + C*n)? with C > 0, C* > 0 are the constants given in
(1.6.25) and n defined by (1.6.26). Furthermore, we have for all 1 <1< [

(1.2.10)

:<f,quN>Q—/Q(CUI'1’l.U) xu-Vq;Nd:B—F/(curlb) xd- Vqu:L'—F/F(h—PO)quwnda

Q

(ii) Moreover, if the data satisfy that

Hf”[Hgl’p,(curl,Q)]’ + HgH[HSI!P (curlQ + HPOH F) + Hh’leﬂ(Q) S 627

for some 02 €]0, 1], then the weak solution of (MHD) problem is unique.

1.3 Notations and preliminary results

Before studying the MHD problem (MHD), we introduce some basic notations and specific
functional framework to this chapter. If we do not state otherwise, {2 will be considered as
an open bounded domain of R?, which is not necessary connected, of class at least C*! and
sometimes of class C*!. We denote by I';, 0 < i < I, the connected components of I', I'y being
the boundary of the only unbounded connected component of R3*\Q.

The vector fields and matrix fields as well as the corresponding spaces are denoted by bold

font. We will use C' to denote a generic positive constant which may depend on £ and the
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dependence on other parameters will be specified if necessary. For 1 < p < oo, LP(§2) denotes
the usuel vector-valued LP-space over 2. As usual, we denote by W ™P () the Sobolev space
of functions in LP(Q)) whose weak derivatives of order less than or equal to m are also in
LP(Q). In the case p = 2, we shall write H™(Q) instead to W™2(Q). If p € [1,00), p’ denotes

the conjugate exponent of p, i.e. 1% =1- ?13' We define the spaces

XP(Q) ={v e LP(Q); div v € LP(Q), curlv € LP(Q)},
which is equipped with the norm:

[l xr) = 10l Loy + lleurl o] po ) + 1divol| s ) -
The subspaces X (€2) and V& (Q) are defined by
X5 (Q) = {v e LP(Q); div v € LP(Q), curlv € LP(Q), v x n =0 onT},

VR (Q) = {v e XX (Q); dive =0 inQ}.

When p = 2, we will use the notation X x(f) instead to X%(€2). We denote by D(2) the set
of smooth functions (infinitely differentiable) with compact support in Q. For p,r € [1,00),

we introduce the following space
) 1 1 1
H"P(curl,Q):={v e L"(Q); curl v € LP(Q)}, with —=—-+ 3 (1.3.1)
equipped with the norm

]l & e (curto) = [[V]lLr ) + | curl v Lr(q).

It can be shown that D(Q2) is dense in H "P(curl, Q) (cf. [87, Proposition 1.0.2] for the case
r = p). The closure of D(Q) in H "P(curl, Q) is denoted by Hj”(curl, Q) with

H;"(curl,Q) :={v € H"P(curl,Q); vxn =0 onT}.

D(Q) is dense in H ;P (curl, Q) and its dual space denoted by [Hy”(curl,Q)]’ can be char-
acterized as follows (cf. [14, Lemma 2.4|, [14, Lemma 2.5] and [87, Proposition 1.0.6] for the

case r = p):

Proposition 1.3.1. A distribution f belongs to [Hy? (curl, Q)] iff there exists F € L™ (Q)
and P € Lp,(Q) such that f = F + curltp. Moreover, we have the estimate :

I1F g eumtny < ,_pink | max{ LBl e gy [08] o -

Next we introduce the kernel

K5 (Q) ={veL’(Q); dive=0, curlv =0, v xn=0 onI'}.
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Thanks to [15, Corollary 4.2], we know that this kernel is of finite dimension and spanned by
the functions VqZN , 1 <1< I, where q;N is the unique solution of the problem

~Agl =0 inQ, ¢Vr,=0 and ¢"|r, =constant, 1 <k<T

(1.3.2)
(Onql, 1>rk =6k, 1<k<I, and (0,q", 1>r0 =—1.

Moreover, the functions Vg, 1 <4 < I, belong to W4(Q) for any 1 < ¢ < oo. We will use
also the symbol o to represent a set of divergence free functions. In other words, if X is a
Banach space, then X, = {v € X; div v =0inQ}.

We recall some useful results that play an important role in the proof of the regularity of

solutions in this chapter. We begin with the following result (see [15, Theorem 3.2.|)
Theorem 1.3.1. The space Xk (Q) is continuously embedded in WP(Q) and there ezists a
constant C, such that for any v in X5, (Q):

1

ol ey < C(Il0llzrie) + [ div vl o) + leurl vl grg) + > [(v-n, Dr,[).  (1.3.3)
=1

And more generally (see [15, Corollary 5.3])

Corollary 1.3.2. Let m € N* and Q of class C"™'. Then the space
X™P(Q) = {ve LP(Q); div ve W™ 12(Q), curlve W™ 1(Q), v-ne W™ »?(I)}

is continuously embedded in W™P(Q) and we have the following estimate: for any function v

in WmP(Q),
[ollws(ay < C (Il v Hleurl vl s yH v vl mosogo o xnll Ly, ) (134)

We also recall the following result (cf. [15, Corollary 3.2]) which gives a Poincaré inequality

for every function v € W?(Q) with v x n =0 on T,

Corollary 1.3.3. On the space X3 (Q), the seminorm

I
v [leurl || ooy + [div ollie) + > [{v-n, 1ry| (1.3.5)
i=1

is equivalent to the norm || - || x»(q) for any 1 < p < oo. In particular, we have the following

Poincaré inequality for every function v € WHP(Q) with v x n = 0 on T':

I
vl ) < Cp (| div V|| + [leurlv| gy o) + Z [(v-n, r,|), (1.3.6)
i=1

where Cp = Cp(Q2) > 0. Moreover, the norm (1.3.5) is equivalent to the full norm || - [y 1.5
on X% (Q).
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Let us consider the following Stokes problem:

— Au+VP=f and divu=h in ),
uxn=0 onl,
P=PF only and P = PFy+c¢; onlIy,

(u-n,l)p, =0, 1<i<I.

(Sn)

Then, the following proposition is an extension of that in [15, Theorem 5.7| to the case of
non-zero divergence condition (h # 0). It is concerned with the existence and uniqueness of

the weak and strong solutions for the Stokes problem (Syr).

Proposition 1.3.2. We assume that Q is of class C*'. Let f, h and Py such that
Fe[HV (curl, Q)), heWY(Q) and PyeW!V/r(T),

withr <p and 2 < %—}— 1. Then, the problem (Sy) has a unique solution (u, P) € WP(£2) x
W LT(Q) and constants c1, ..., cr satisfying the estimate:

Il oy + 1P sr@) < Ol cunt g + Il @) + 1 Polly 1-17mmry)s (1.3:7)

and ci,...,cy are given by

N
A >[HT  (curt, @) x B (curt, 0) T /1“ (h=PR) Vg -ndo. (1.3.8)

Moreover, if f € LP(Q), h € WYP(Q) and Py € Wl_%’p(F), then (u, P) belongs to WP(Q) x
WLP(Q) and satisfies the estimate

I
el 20 + 1Pl o) < Cs (1FLzoge) + 1Bl o) + 1Foll o) + 20 leil) (139)
=1

where Cg = Cg(2) > 0.

Proof. To reduce the non vanishing divergence problem (Syr) to the case where divu = 0 in

), we consider the problem
AfO=h inQQ and 6=0 onl.

Since h € W17 (Q), it has a unique solution § € W37 (Q) — W2P(Q), with (cf. [46, Theorem
1.8])
101w 200) < CllAllwrr)- (1.3.10)

Taking w = V 6§ and defining

(w-n, 1), grad ¢, (1.3.11)
1

I
w=w —
1=
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we see that w € W 1P(Q) with div w = h, curlw = 0in Q, wxn =0onT and (w-n, 1)r, =
0 for any 1 <i < I. Finally, taking z = u — w, we see that the problem (Syr) can be reduced
to the following problem for z and P:

—Az4+VP=f+Aw and divz=0 in(,
zxn=0 onl,

P=F only and P = PFy+c¢; only,
(z-m,1)p, =0, 1 <i<I.

(1.3.12)

Since w = V6 and A(VgY) = 0, it follows from (1.3.11) that Aw = V (Af) € L"(Q) —
[Hg,’p/ (curl, Q)] and [, Aw - Vg dx = 0, we deduce from [15, Theorem 5.7], the existence
of a unique solution (z, P,c) € WHP(Q) x Wh(Q) x R of (1.3.12) with ¢ = (cq,...,c1)

< Clhllyrr(qy and

given by (1.3.8). Moreover, using (1.3.10), we have ||A17;H[H,,/,p/(c L)
0 url,

then (z, P) satisfies the estimate:
HZH WLP(Q) + HPHWI'r(Q) S C(H'fH[H(;J’p/(CUI‘LQ)]/ + HhHWl,T(Q) + ||P()lefl/7,7(1‘*))(1313)

As a consequence, (u, P) = (z + w, P) € W P(Q) x WLT(Q) is the unique solution of (Sy)
and the estimate (1.3.7) follows from (1.3.10) and (1.3.13).

Now, we suppose that f € LP(Q), h € W'P(Q) and Py € W=V/PP(I'). We know that (u, P)
belongs to WHP(Q) x WL (Q). We set z = curlu. Sinceu xn =0 on T, we have z-n =0
on I' and then z belongs to X y(2). By Theorem 1.3.1, the function z belongs to W?(Q).

Then, u satisfies
we LP(Q), divu =h e WP(Q), curlu e W'(Q) and uxn=0onT.
We deduce from Corollary 1.3.2 (with m = 2) that u belongs to W?2P(Q). O

We need also some regularity results for the following elliptic problem

—Ab=g and divb=0 in (,
(En)Sbxn=0 onl
(b-n,D)p, =0, V1<i<I,

which can be seen as a Stokes problem without pressure. We note that (Ey) is well-posed.
Indeed, observe that the condition divg = 0 in 2 is necessary to solve (€x) and then we can

verify that it is equivalent to the following problem:

—Ab=g in Q
divb=0, and bxn=0 onl, (1.3.14)
(b-n, D, =0, V1<i<I,
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where we have replaced the condition div b = 0 in 2 by div b = 0 on I'. Next, we know that
for any b € W P(Q) such that div b € W P(Q), we have (cf. [10] or [55] for b € W 2P(Q)):

div b = divr bt+§z-n—2Kb-n onT, (1.3.15)

where b; is the tangential component of b, K denotes the mean curvature of I' and divp is

the surface divergence.

Then, using (1.3.15), the problem (1.3.14) is equivalent to: find b € W P(Q) such that

-Ab=g in Q,

db
bxn=0 and %-n—ﬂ(b-n:() onT, (1.3.16)
(b-n, 1), =0, V1<i<I,

0b
where the condition — -n — 2Kb-n =0 onl is a Fourier-Robin type boundary condition.

on
We begin with the following regularity result for (£ar) which can be found in [15, Corollary
5.4.].

Theorem 1.3.3. Assume that Q is of class C*'. Let g € LP(Q) satisfying the compatibility

conditions

Vo e K2(Q), /g-'vdm:(), (1.3.17)
Q
divg =0 in{. (1.3.18)

Then the elliptic problem (Exr) has a unique solution b € W2P(Q) satisfying the estimate

1Bllyy 200y < CElgl L (0 - (1.3.19)

We need also the following useful result for (€x) which gives an improvement of that in
[15, Proposition 5.1]. Indeed, we consider the dual space [Hgl’p/(curl7 Q)] with 1 = %—l—% (c.f.
(1.3.1) and Proposition (1.3.1)) for data in the right-hand side instead of [H " (curl, 2)]".

Lemma 1.3.4. Let Q of class C>'. Let g € [Hg/’p/(curl, Q)] satisfying the compatibility

conditions

v’ —
Vv e KN (Q)v <g7 U>[H6/’p,(curl,Q)]’XHgl’p, (curl,Q) 0, (1320)

divg=0 inQ. (1.3.21)
Then, the elliptic problem (Ex7) has a unique solution b € WP (Q) satisfying the estimate:

HbHWl”’(Q) <C ||g||[H8',p'(cur1’Q)]/ (1.3.22)
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Proof. Using the characterization of the dual space [H Sl’p /(curl, Q)]" given in Proposition

1.3.1, we can write g as:
g=G+curl¥, where Ge L' () and Ve LP(Q). (1.3.23)

Note that, from (1.3.2), for any 1 < i < I, {curl ¥, Vg )q = 0, then it follows from (1.3.20)
and (1.3.23) that G also satisfies the compatibility condition (1.3.20). Similarly, by (1.3.23),
we have div G = 0. Thanks to Theorem 1.3.3, the following problem:

—Ab; =G inQQ and divb; =0 in{,
by xn=0 onl,

<b1'n,1>ri:0, Vlgig[
has a unique solution b; € W27 () satisfying the estimate:
IB1llwrioy < C 1G] 1r(q)- (1.3.2)

Next, since curl U € [Hgl(curl, )]’ and satisfies the compatibility conditions (1.3.20), by [15,
Proposition 5.1.] the following problem

—Aby =curl¥V inQQ and divb, =0 in{,
boxn=0 onl,

<b2-n,1>pi:O, Vlgig[
has a unique solution by € W1P(Q) satisfying the estimate:

Since 1 = 1%4- 3, W27 (Q) — WHP(Q). Then, b = by + by belongs to W'P(Q) and it is the
unique solution of (Exr). The estimate (1.3.22) follows from (1.3.24) and (1.3.25). O

Remark 1.3.4.
(1). We note that the regularity C*' in Lemma 1.3.4 can be reduced to C1'. Indeed, we

can verify that the Stokes problem (En) is equivalent to the following variational frmulation
(c.f. [15, Proposition 5.1]): Find b € W1P(Q) such that for any a € V?\I,(Q):

/ curld - curladx = (g, a) (1.3.26)
Q

[Hgl’p/ (curl,Q)]’ngl’p/ (curl, )’

Thanks to [15, Lemma 5.1/, if Q is of class C*', the following infi-sup condition holds: there

exists a constant B > 0, such that:

. fQ curlb- curladz

inf sup > 8. (1.3.27)

ac vt @ bevi @) [Vllwir@)llal g g
a#0 b#£0
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So, problem (1.3.26) has a unique solution u € VX.(2) C WP(Q) since the right-hand sides
defines an element of (V4,(Q))".

(2). In the classical study of the Stokes and Navier-Stokes equations, the pressure P is
obtained thanks to a wvariant of De Rham’s theorem (see [10, Theorem 2.8]). Indeed, let
Q C R? be a bounded Lipschitz domain and f € W~1P(Q), 1 < p < oo satisfying

Vv € Do (), (f,v)p/(a)xp(@) =0

Then there exists P € LP(Q) such that f = VP. Unlike the case of Dirichlet boundary
condition, the pressure in the (MHD) problem can be found independently of the velocity u
and the magnetic field b. Indeed, the pressure P is a solution of the problem

AP =div f — div((curlw) x u) 4+ div((curlb) x d) in Q

P=F only and P=PF+ao; onl,

So, when we talk about the regularity WHP(Q) or W2P(Q) it concerns (u,b) and we mean
that (u, b, P) is the weak or strong solution of the (MHD) problem.

1.4 The linearized MHD system: L?-theory

In this section we take w and d such that:

curlw € L¥?(Q), de L3(Q), divd=0 in, (1.4.1)

and we consider the following linearized MHD system: Find (u, b, P, ¢) with ¢ = (c1,...,¢r)
such that for 1 <i¢ < I:
— Au+ (curlw) x u+ VP — (curlb) xd=f and divu=h inQ,
curlcurlb — curl(u xd) =g and divb=0 in Q,
uxn=0 and bxn=0 onl, (1.4.2)
P=F only and P = PFy+c¢ on Iy,
(u-n,l)r, =0, and (b-n,1)r, =0.

The aim of this section is to show, under minimal regularity assumptions on f, g, h and P,
the existence and the uniqueness of weak solutions (u, b, P, ¢) in H*(Q) x H'(Q) x L?(Q) x R'.
Classically, the idea is to write an equivalent variational formulation and use Lax Milgram if
the bilinear form involved in the variational formulation is coercive. It is natural to look for
a solution (u, b) in V() x V() with

V) :={ve H(Q);divv =0inQ, vxn=0onT, (v-n,1)p, =0, V1 <i<I}.
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Unlike the case of Dirichlet type boundary conditions, the space H _I(Q) is not suitable for
source terms in the right hand side to find solutions in H 1(Q) Let us analyse the case
of f, it holds true also for g. Since v € V n(Q), then we can firstly consider the duality
pairing (f, v>[Hg’2(curl,Q)]/>< H2?(curl,Q) in view to write an equivalent variational formula-
tion. Then, we must suppose that f belongs to [Hg’Q(curl, Q)]’. But, we have v belongs
to H'(Q) — L5(Q). Then, the previous hypothesis on f can be weakened by considering the
space [HS’Q(curl, Q)]’ which is a subspace of H~1(Q). Indeed, thanks to the characterization

given in Proposition 1.3.1, we have for r = 6 and p = 2,
[HY?(curl, Q)" = {F + curlyp; F e L°(Q), ¢ € L*(Q)}. (1.4.3)

Then, since V () < H8’2(curl, Q), the previous duality is replaced by

<-f’ v>[Hg‘Z(curl,Q)]’XH8’2(curl,Q) = / F-vde +/ Il;b -curlvdx.
Q Q

In the sequel, we will consider the space [Hg’Q(curl7 Q)] for f and g to obtain solutions in

H(9Q).

Proposition 1.4.1. Let us suppose h = 0. Let f,g € [Hg’Q(curl, M| and Py € Hfé(F) with

the compatibility conditions
Vv e Kx(Q), (g,v)q,, =0, (1.4.4)

divg=0 on, (1.4.5)

where (-, ‘>Q6,2 denotes the duality product between [Hg’Q(curl, )] and HS’Q(curl, Q).

Then the following two problems are equivalent:

(i) Find (u,b, P,c) € HY(Q) x HY(Q) x L2(Q) x R solution of (1.4.2).

(i) Find (u,b) € V() x VN(Q) and ¢ € R such that: for all (v,¥) € VN (Q) x V§(Q)

/curlu~cur1vdaz+/(curlw) ><u~'vdx—/(curlb)xd-vdx+/curlb-curl\11dx
Q Q Q Q
I

+ / (curl¥) x d-ude = (f, 'U>Q6 , T (g, \II>QG , = (Po,v-n)r, — Z(PO + ¢, v n)r, (1.4.6)
0 . ,

i=1
and ¢ = (¢1,- - ,cr) satisfying for 1 <i < 1I:

(curlw) x w - Vg dr + / (curlb) x d-VgY dx, (1.4.7)

¢ = (£, )a, . — (Po, VN - njr —/
’ Q

Q

where (-,-)r denotes the duality product between H—'/?(T') and H/?(T).

Proof. Using the same arguments as in [15, Lemma 5.5, we can prove that D, (2) x D(Q) is

dense in the space

E(Q) = {(u, P) € HL(Q) x L*(Q); Au+ VP € [H *(curl,Q)]'}.
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Moreover, we have the following Green formula: For any (u, P) € £(R2) and ¢ € H () with
@exn=0onTI:

(-Au+VP o, = / curlu - curlpdz + (P, ¢ - n)r. (1.4.8)
’ Q

Using Green formula (1.4.8), we deduce that any (u, b, P,c) € H*(Q)x H*(Q)x L?() xR!
satisfying (1.4.2) also solves (1.4.6). It remains to recover the relation (1.4.7). Let us take
v € HL(Q) with v x n = 0 on I and set:

I
V)=V — Z(v -n, 1)1, Vgl (1.4.9)

i=1

Observe that v € Hx(Q), vo x n = 0 on I' and due to the properties of ¢, we have for all
1 <i<I, (v -m, l)r, = 0. Then vy belongs to V 5(£2). Multiplying the first equation on
the left of the problem (1.4.2) with v = vg + Zle@ -n, 1)r, VgV, integrating by parts in 2,
we obtain

/curlu-curl’vdm—!—/(curlw)xu-vdaz—/(curlb) xd-vdr — (f,v)q + (Py,v-n)r,
Q Q Q
I

+ Z<Po +ci,v-n)r, = /

curlu - curlvg dz + /
i=1 Q2

(curlw) x u-'uodx—/(curlb) x d-vgdz
Q

Q

I I
—(f,vo)a + (Po,vo - n)r, + Z(PO + ¢, v0 - n)r, + Z('v -m, 1)p, [/ (curlw) x u - Vg¥ dx}

i=1 i=1 Q
I

1
+> (v, | - / (curlb) x d- VY dz — (£,Va")a + (P, VaY -m)r| + > ci (v m,Dr, =0
i=1 Q i=1

Comparing with the variational formulation (1.4.6) for the test function (vg,0), we obtain for all
1<i<I:

I
ch v-n,l)r Z’U n,)r { /(curlw)xu Vqux+/(curlb)xd Vg da
P Q Q

+ <f’qu >Q - <POquzN : n>F]

Finally, taking v = Vg, due to the properties of ¢;" in (1.3.2), we obtain the relation (1.4.7) for all
1<y

Conversely, let (u,b) € Vn(Q) x V 5(2) be a solution of (1.4.6) and ¢ = (c1,- -, cr) satisfying
(1.4.7). We want to show it implies (7). We note that D,(2) is not a subspace of V 5(2), so it is
not possible to prove directly that (1.4.6)-(1.4.7) implies (). In particular, we can not apply the De
Rham’s lemma to recover the pressure. As a consequence, we need to extend (1.4.6) for all divergence
free functions (v, ¥) € X n(Q) x X n(2). For this purpose, let (v, ¥) € X () x X n () and we
consider the decomposition (1.4.9) for v to obtain vg € V 5 (€2). Similarly, we set

I
To=¥-> (¥ -n1),Vqg, (1.4.10)

i=1
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which implies that ¥¢ is a function of V 5(€2). Replacing in (1.4.6), we obtain:

/curlu-curlvdaj+/(curlw) xu-vdac—/(curlb) xd-vdx—i—/curlb-curl‘lldx
Q Q Q Q
I
+/(cur1\Il) xd-udr— (f,v)g— (g, P)q+ (Py,v -n)r, + Z<P0 + ¢, v - n)r,
Q

i=1

(curlw) x w - V¢ dx — (£, Vg )a + (Po, Vgl - n)lﬂ}
Q

I
:Z(v-n,lﬁi[—/(curlb) xd-Vq,lNdJU—F/
i=1 Q

= —c;

I I
+ Z<’U 'n, 1>Fici + Z(‘I’ n, 1>Fi <ga vq'LN>Qa

i=1 i=1

where we have used the fact that for all 1 < 7 < I: 231:1 ¢ (Vg) - n, Lr; = ¢;. Note that the
compatibility condition (1.4.4) implies that (g, Vg™ )q = 0 for all 1 < i < I. Thus, the right hand side
of the above relation is equal to zero and then for any (v, ¥) € X x(02) x X x(£2), we have

/curlu~curlvdx+/(curlw)><u~'ud;z:f/(curlb)xd~vdx+/cur1b~curl\Ild;1:
Q Q Q Q
I

+/(cur1 U)xd-ude=(f,v)a+ (g, P)q— (P),v -n)r, — Z(Po + ¢, v - M), (1.4.11)
Q

i=1

That means that problem (1.4.11) and (1.4.6) are equivalent. So, in the sequel, we will prove that
problem (1.4.11) implies ().

Choosing (v, 0) with v € D, () as a test function in (1.4.11), we have
(—Au + (curlw) x u — (curld) x d — f,v)pr o)D) =0

So by De Rham’s theorem, there exists a distribution P € D’(Q)), defined uniquely up to an additive
constant such that

—Au + (curlw) X u — (curld) xd — f = —-VP in Q. (1.4.12)

Since u and b belong to H' () < L°(Q), the terms (curlw) x u and (curl b) x d belong to L? Q) =
H (). As f € [HY?(curl, Q)] < H (), we deduce that VP € H~(Q) and then P € L?*()
with a trace in H~2 (') (we refer to [11]). Next, choosing (0, ¥) with ® € D, (Q) in (1.4.11), we have

(curleurld — curl(u x d) — g, ¥)pr () xp() = 0

Then, applying [76, Lemma 2.2], we have y € L?(Q2) defined uniquely up to an additive constant such
that

curlcurld — curl(u xd) —g =Vx in and x=0 onT

We note that the trace of x is well defined and belongs to H~'/?(T). Taking the divergence of the
above equation, the function y is solution of the harmonic problem

Ax=0 in and x=0 onT.
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So, we deduce that x = 0 in Q which gives the second equation in (1.4.2). Moreover, by the fact that
u and b belong to the space V 5 (2), we have divu =divb=0in Qandu xn=bxn=0onT.

It remains to show the boundary conditions on the pressure. Multiplying equation (1.4.12) by v €
X n(Q), using the decomposition (1.4.9) and integrating on ), we obtain

/cur1u~curlv0da?+/(curlw) xu-voda?—/(curlb) xd-vodr — (f,vo)a + (P,vo - n)r
Q )

Q
I
= Z<v~n,1>pi[—/(curlw) X u-Vql-Ndx—k/
i=1 Q

(curl) x d- Vq dz + (£, Va")a — (P, VY -n)r|
Q

Taking (v, 0) test function in (1.4.6), we have:

/ curlwu - curlvg dx + /(curlw) X u - vy dr — /(curlb) x d-vodr — (f,vo)a + (Po,vo - 1)1,
Q Ja Ja
I I
+Z<PO+CZ’7'UO'"'>F¢ = Z<v'n71>ri|:_/
i=1 i=1 Q@
I
(£, V4N b0 — (o, Vo - mjr, — 3 (Po + 5, Ve - nr |
j=1

(curlw) x w - Vg d + / (curld) x d - V¢V dx
Q

Substracting both equations and using again the decomposition (1.4.9), we obtain:

I
(P,vo-m)r+ Y (v-m,1)r,(P,Vg" -n)r

i=1
(Pv-n)r
I I I
= (Po,vo - n)r, + Z<Po + ¢i,vo - M) +Z<v “n, L, [<P0, Ve - m)r, + Z(Po +¢, Vg '")F]l
i=1 i=1 j=1
(Po,vo-n)r+c; E{,:ﬁ‘vo'ﬂql)ri (Po, Vgl mn)r+c;

Since (v -m,1)p, =0, 1 <4 < I, we have

I I
(P,v-n)yr = (Py,v-n)r + Z(ci,v -n)r, = (Py,v-n)r, + Z(Po + ¢, v-n)r,

i=1 i=1

Next, the argument to deduce that P = Py on I'yg and P = Py +¢; on I'; is very similar to that of [14,
Proposition 3.7], hence we omit it. O

Remark 1.4.1. (i) Note that the compatibility condition (1.4.4) is necessary. Indeed, if we
choose v = 0 and ¥ = Vg in (1.4.6), we have (g, quN>Qg,2 =0,1<i<1I. Observe
that since Q is of class Cb', the functions qlN belong to H*(Q)) and then the vectors VqZN
belong to Hg’Q(curl, Q). From the characterization (1.4.3), this condition is actually written
as fQ F - Vq;-N de =0,1<i<1I. In the case where Q) is simply connected, the compatibility
condition (1.4.4) is not necessary to solve (1.4.2) because the kernel K3:(Q) = {0}.

(i) If g is the curl of an element & € L*(XY), then g is still an element of [Hg’Q(curl, Q).
Moreover, since divg = 0 in Q, it always satisfies the compatibility condition (1.4.4).
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We now prove the solvability of the problem (1.4.6).

Theorem 1.4.2. Let Q be Cb! and we suppose h = 0. Let
f. g€ [HS?(curl, Q)] and Pye H 2(T)

with the compatibility conditions (1.4.4)-(1.4.5). Then the problem (1.4.2) has a unique weak
solution (u,b, P,c) € HY(Q) x HY(Q) x L?(Q) x R which satisfies the estimates:

el 1) + 10l g ) < CUF Nl Es 2 curroyy + 190 E8 2 curto)y + ||P0HH—%(F)) (1.4.13)

||P||L2(sz) <C(1+||curlw”L3/2(Q)+“d‘|L3(Sl))(“f|‘[Hg’2(curl,Q)]’+||g||[Hg’2(curl,Q)]’+HPOHH*%(F)()“AL']'AL)

Moreover, if 0 is C21, f,g € L5°(Q) and Py € WY/66/5(T), then (u,b, P) € Wz’%(ﬂ) X WZ%(Q) X
ng(Q) and we have the following estimate:

lwllwz o) + 1Bl 65 ) + 1Py o) < C(L+ [leurlwl| sz ) + [l s o)) (1.4.15)

x (”-f”LG/S(Q) + HQHLG/S(Q) + ||P0||W1/6~5/5(F))
Proof. We know, according to Proposition 1.4.1, that the linearized problem (1.4.2) is equiva-
lent to (1.4.6)-(1.4.7). The existence and uniqueness of weak solution (u,b) € H(Q) x H'(Q)

follow from Lax-Milgram theorem. Let us define the bilinear continuous forms a : Zn(€2) x
Zn(Q) = Rand ayqg: Zn(2) X Zn(2) = R as follows:

curlu - curlv dx + / curlbd - curl ¥ dx

o((u,b), (v, ) = / [
(1.4.16)

Q

aw.d((u,b), (v, ¥)) = /(curlw) X u-vdr +/(curl W) xd -udr — / (curld) x d-vdx
Q Q Q
where Zn(2) = Vn(Q) x V§(2) equipped with the product norm
(v, ®)1Z, ) = 107 ) + 1% 10 - (1.4.17)
Next, we introduce the linear form £ : Zn(Q2) — R defined as follows
I
E('Ua ‘Il) = <f7 U>Q6Y2 + <gv lII>QGY2 - <P07'U : n>F0 - Z<PO +c,v - n)Fi
i=1

So, the variational formulation (1.4.6) can be rewritten as: for any (v, W) € ZN(Q)
A((w, b), (v, ¥)) = a((u, b), (v, ¥)) + aw.a((u,b), (v, ¥)) = L(v, ¥) (1.4.18)

Since ((curlw) x u) - u = 0, then we have a q((u,b), (u,b)) =0 for all (u,b) € Zn ().
Since v and ¥ belong to V 5(22), we have from |15, Corollary 3.2.] that the application
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v [[eurlv| g2 (q) (respectively ¥ > [[curl || 2 o)) is a norm on V() equivalent to the

norm [v| g1y (respectively [|¥|| g1 (q)). As a consequence,

A((u,b), (v, %)) = |a((v, ¥), (v, ®))| = [lcurlv|[72 ) + [[curl €72,
9 ) (1.4.19)
P

where C'p is the constant given in (1.3.6). This shows that the bilinear form A(-, ) is coercive

on Z (). Moreover, applying Cauchy-Schwarz inequality, we have:

la((u,b), (v, ®))| < leurlupzq) [curlv|[g2(g) + [[curl bl 12 (o) [[curl ¥| 1> q)
< CH(u,b)HZN(Q) H(v7‘II)HZN(Q) (1.4.20)

Now, using Holder inequality, we have

|aw,a((u,b), (v, ¥))] < ||cur1w||L%(Q) HUHLG(Q) ||’U||L6(Q) + ||CUI‘1‘I’HL2(Q) ||u||L6(Q) ||d||L3(Q)
+  eurld| 2q) dllgs o) 10l Lo (o)

Now, using again the equivalence of norms |||y, (o) and ||| g1 (), we obtain for Cy > 0 the constant
of the embedding H*(Q) — L°(Q)

Jaw.al(, ), (0,9))] < (C2 lewrlw] 3+ Cy | () (2t B)l 7, 0 1 (0, ®)ll 70y (14:21)

From (1.4.20) and (1.4.21), we can deduce that the form A(-, -) is continuous. Using similar arguments,
we can verify that the right hand side of (1.4.18) defines an element in the dual space of Z (). Thus,
by Lax-Milgram lemma, there exists a unique (u,b) € Z (1) satisfying (1.4.18). So, due to Theorem
1.3.1, we obtain the existence of a unique weak solution (u,b) € H'(Q) x H'(Q). Using (1.4.19),
the variational formulation and trace theorem, we obtain the estimate (1.4.13). The existence of the

pressure follows from De Rham’s theorem. Moreover for the pressure estimate, we can write
||P||L2(Q)§C HVP”H*l(Q) SC( H-fHH*l(Q)—"_”AUHH*l(Q)"_H(Curlw) X u”H*l(Q)—’_”(Curlb) X d”H*l(Q) )

We know that || f||g-1q) < C ||f\|[Hg,z(cmm)], and [[Aul g-1(q) < C'llullg1(q)- For the two remain-

ing terms, we proceed as follows
[(curlw) X ull g-1(q) < Cll(curlw) x u|[ Lo/s o) < C [[curlwl| sz q) [[wll Lo (q) »

so, we have

[[(curlw) x U||H—1(Q) <0G chrleL3/2(Q) ||U||H1(Q) :

Proceeding similarly, we get
[(curld) x dl| g1y < Clldll s (o) bl g1 (o)

Hence, using the above estimates together with the estimate (1.4.13), we deduce the pressure estimate
(1.4.14).

Now, if f,g € L® () and Py € W1/6:6/5(T"), then we already know that (u,b, P) € H'(Q) x H'(Q) x
L2(9) is solution of (1.4.2). We deduce that (curlw) x u+ (curl b) x d belongs to L%®(£2). Similarly,
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we have curl(u x d) = (d- V)u — (u - V)d belongs to L%?(Q). Observe that (u, P, c) is solution of
the following Stokes problem

—Au+VP=F and divu=0 in €,
uxn=0 onl and P=F Ol’lro, P=PF+c¢ OHF,‘,
(w-n,1)p, =0, VI<i<I,

with F = f — (curlw) x u+ (curlb) x d in L%°(Q). Thanks to the regularity of Stokes problem (Sy)
(see Proposition 1.3.2), (u, P) belongs to W2%°(Q) x W16/5(Q) with the corresponding estimate.

Next, since b is a solution of the following elliptic problem

curlcurlb=G and divb=0 in €,
bxn=0 onl,

(b-n,)p, =0, V1<i<I,

with G = g+ curl(u x d) in L%°(Q) satisfying the compatibility conditions (1.4.4)-(1.4.5), we deduce
from Theorem 1.3.3 that b belongs to W2%/5(Q). The estimate (1.4.15) then follows from the regularity
estimates of the above Stokes problem on (u, P) and elliptic problem on b. O

1.5 The linearized MHD system: L’-theory

After the study of weak solutions in the case of Hilbert spaces, we are interested in the study of
weak and strong solutions in LP-theory for the linearized system (1.4.2). We begin by studying
strong solutions. If p > 6/5, it follows that LP(Q) < L%°(Q), W=1/P»(I') — W1/66/5(T).
Then, due to Theorem 1.4.2, we have (u, b) € W2%/5(Q) x W2/5(Q). In the next subsection
we will prove that this solution belongs to W2P(Q) x W2P(Q) for any p > 6/5.

1.5.1 Strong solution in W *?(Q) with p > 6/5

The aim of this section is to give an answer to the question of the existence of a regular
solution (u,b, P) € W2P(Q) x W2P(Q) x W'P(Q) for the linearized MHD problem (1.4.2).
When p < 3, we have the embedding W2?(Q) — W1 (Q) with 1% = %— % Then, supposing
d € W'32(Q) — L3(Q) implies that the term (curld) x d belongs to LP(Q). If p < 3/2,

WP (Q) < LP7(Q) with pl* = L — 1 and then supposing curlw € L¥2(Q) implies that

* 73

the term (curlw) x u belongs topr(Q). So, we can use the well-known regularity of the
Stokes problem (Syr) in order to prove the regularity W2P(Q) x W1P(Q) with p < 3/2 for
(u, P) since the right hand side f — (curlw) x u + (curld) x d belongs to L”(2). Similarly,
the term curl(u x d) = (d- V)u — (u - V)d belongs to LP(Q2) and we can use the regularity
of the elliptic problem (£y) to prove the regularity W2P(Q) with p < 3/2 for b. Now, if
3/2 < p < 3, the terms (curld) x d and (d - V)u still belong to LP(€2) but the situation is

different for the terms (curlw) x w and (u - V)d if curlw and Vd belong only to L%2(Q).
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Indeed, we must suppose curlw € L*(§2) and Vd € L*(Q2) with

3 . 3 3 . 3 . 3
$=5 1fp<§, S>§ 1fp—§ and s=p 1fp>§.
Now, if p > 3, the problem arises for the terms (curlb) x d and (d - V)u if we suppose

only d in L3(Q). So, we must suppose that d € L* (Q) with
=3 ifp<3, >3 ifp=3 and s =p if p>3.

So, to conserve the assumptions curlw € L3/2(Q) and d € W1’3/2(Q) and prove strong
solutions (u, b, P) in W2P(Q) x W*P(Q) x WP(Q), we first assume that w and d are more
regular and belong to D(Q). We will then prove a priori estimates allowing to remove this
latter regularity. We refer to [12, Theorem 2.4] for a similar proof for the Oseen problem. The

details are given in the following regularity result in a solenoidal framework.

Theorem 1.5.1. Let  be C>! and p > 6/5. Assume that h =0, and let f,g, w, d and P,
satisfying (1.4.5),

FeLrQ), ge L), curlw e L¥2(Q), d € WL3/2(Q), and Py € W' #P(I)
with the compatibility condition
Vo e K2 (Q), /Qg-'vda::(). (1.5.1)

Then, the weak solution (u,b, P) of the problem (1.4.2) given by Theorem 1.4.2 belongs to
W2P(Q) x W2P(Q) x WLP(Q) which also satisfies the estimate:
bl + 1o + VPl < OO+ feurlulyy o +ldlyng)

< (Ifllpeey + lgllpr) + HP()”Wlféyp(F))

Proof. We prove it in two steps:
First step: We consider the case of w € D(Q) and d € D, (). We know that for all p > 6/5

we have

LP(Q) — L6/5(Q) and Wl—l/p,p(p) N Hl/Q(I’).

Thanks to Theorem 1.4.2, there exists a unique solution (u,b, P,¢) € WQ’g(Q) X Wzg(Q) X
W5 (Q) x RY verifying the estimates (1.4.13)-(1.4.14).

Since u € WQg(Q) < L°(Q) and curlb ng(Q) — L?(Q) , it follows that (curl w) x u €
L%(Q) and (curlb) x d € L*(Q). Note that L*(Q) — LP(Q) if p < 2, then we have three
cases:

Case ¢ < p < 2: Since f — (curlw) x u + (curld) x d € LP(1), thanks to the existence of
strong solutions for Stokes equations (see Theorem 1.3.2), we have that (u, P) € W 2P(Q) x
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W LP(Q). Moreover, we have g + curl(u x d) € LP(£2). Thanks to the regularity of elliptic
problem (see Theorem 1.3.3), we have that b € W 2P(Q).
Case 2 < p < 6: From the previous case, (u,b, P) € H*(Q) x H?(Q) x H'(Q). Since

H?(Q) — WH5(Q) — L>*(Q),

then (curlw) x u € L*®(Q) and (curlb) x d € L°(Q). Hence we hava that f — curlw x u +
(curlb) x d € LP(Q). Again, by Theorem 1.3.2, it follows that (u, P) € W2P(Q) x WP(Q).
Moreover, we have that g + curl(u x d) € L%(Q). Thanks to Theorem 1.3.3, we have that
bec WP(Q).

Case p > 6: We know that (u,b, P) € W2%(Q) x W26(Q) x W6(Q). Since

W25(Q) — Wh>(Q)

then (curlw) x u € LI(Q), (curlb) x d € LY(N2) and curl(u x d) € LI(Q2) for any ¢ >
1. Again, according to the regularity of Stokes and elliptic problems, we have (u,b, P) €
W2P(Q) x W2P(Q) x WHP(Q) and we have the following estimate:

[ullw2eq) + 10llwze @) + [ Pllwrs)
< Csp ( 1l ey + l(curlw) x ul[ g + [[(curlb) x dl| o) + ||P0||W1—%4’(r) (153)

1
+ 3 Jeil + gl oy + llewrl(w x d)l| oo ).
=1

where Cy, = max(Cy,C,) with C the constant given in (1.3.9) and C}, the constant given

in (1.3.19).

To prove the estimate (1.5.2), we must bound the terms ||(curlw) x u[ s (g, [[(curlb) x d|| » (o),
|curl(u x d)|[1r(q) and S>7_, |eil in the right hand side of (1.5.3).

For this, let € > 0 and p/, the classical mollifier. We consider y = curl w and d the extensions

by 0 of y and d to R3, respectively. We decompose curlw and d:

—_~—

curlw = y] +y5 where yi =curlw*pp and y5=curlw—yj, (1.54)

d=d§+d5 where d = d*pe)y (1.5.5)

(i) Estimate of the term |[/(curlw) x ul[ s ). First, we look for the estimate depending
on y5. Observe that W2P(Q) < L™(Q) with
1 1 2 3s

€[l,o0[if p=3/2 and m=o0 if p>3/2.
Using the Holder inequality and Sobolev embedding, we have

llys x UHLP(Q) < ”ySHLS(Q) HuHLm(m <C HyEHLS(Q) HUHWZ’P(Q)
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where % = % + % and s the real number defined as:

3 . 3 3 . 3 . 3
s=35 1fp<§, s>§ 1fp—§ and s=p 1fp>§. (1.5.6)

Moreover, we have

<e.

L*(Q)

el <

curlw — curlw * p. /5

[
Then, it follows that
llys x u”LP(Q) < Ce HU||W247(Q) : (1.5.7)

To get the estimate depending on y{, we consider two steps (similar to [14, Theorem 3.5]):

e Case g < p < 6: there exists q € [%, oo] such that ]l? =-+4+ % By Hoélder inequality, we

1
q
have

YT % ull o) < 1Y1llLa) 1ullLsq) -
Let t € [1, 3] such that 1+ % =2+ 1 we obtain
lys > ullpri) < lleurlwll 5 o lleell L) i) < Celleurlw] 5 o llwlizsq)

where C. is the constant absorbing the norm of the mollifier. Since H'(Q) — L5(Q), it
follows from (1.4.13) that

Yl x ullprq) < C2C chrl'wHL%(Q)( HfH[Hg"Q(curl,Q)]’ + Hg”[HS’Q(curLQ)]’ + HPOHH*%(F) )

where C} is the constant of the Sobolev embedding Hl(Q) — LG(Q). Since, p > g, we deduce
that

I x wlgooy < CCelewrtuwll g o (1Flzre) + 9]z + 1Rl psy )o (159

where C3 is a constant which depends on Cy, LP(Q2) < [Hg’2(curl, 2)] and Wl_%’p(I‘) —
H2(D).
e Case p > 6: we know that the embedding

W2P(Q) = W(Q),

is compact for any m € [1,p*[if p < 3, for any m € [1, oo[ if p = 3 and for m € [1,00] if p > 3.

We choose the exponent m such that 6 < m < 4o00. So, we have:

W2P(Q) — WH(Q) < L%Q).

compact continuous
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Hence, for any ¢ > 0, we know that there exists a constant C. such that the following

interpolation inequality holds:
[ullyrmqy < € lullwzoq) + Ceor llull g g (1.5.9)
For t > 2 such that 1+%z§+%,wehave
[yl x ullpr) < CllYillpe o llullwimg)
<C ||CUI'1’UJ||L%(Q) Hpe/QHLt(RS) ||uHW1m(Q) :

Using (1.5.9), we obtain

ly1 x ullpr() < CCe[leurlw] 4 (" [ullwzr@) + Co lull g q) (1.5.10)
Thus, choosing & > 0 small enough, we can deduce from (1.5.8) or (1.5.10) that

I % wll o) < CClewrtul g o (& ullwery +Co lul o). (1510)

ii) Estimate of the term |[(curld) X d| ;5. Using the decomposition (1.5.5), as previ-
LP()

ously, we have for the part d5:

<e. (1.5.12)

Iy < [[ = o]

3p

Recall that W 2P(Q) < W M¥(Q) for k = p* = 3 if p < 3, for any k € [1,00] if p =3 and

k = oo if p > 3. Using the Holder inequality and (1.5.12), we have

€

I(curlb) x dsllgo(e) < leurlbl e oy Il ) < Celblwany . (1513)
where % = 1+ + 2 for s given by:

=3 ifp<3, >3 ifp=3 and s =p if p>3. (1.5.14)

It remains to prove the estimate depending on dj. We have three cases:

e Case p < 2: Using the Hélder inequality, we have
[(curld) x di|prq) < 1Al L (o) [lcurl bl g2 g,

where % =+ + 4. Let ¢t € [1, 3/2] such that 1+ § = % + }, we obtain (since r > 3)

[(curld) x di o) < ldll L) [|Pe2]l i gs) leurtdl L2 q) (15.15)

< Celldllgso 1Bl -
where Cy4 is a constant which depends on LP(2) — [Hg’z(curl, Q)] and Wl_%’p(l“) —
H3(T).
e Case 2 < p < 3: Assuming 2 < g < p*, from the relation
WP(Q) — WhH(Q) < HY(Q)

compact continuous
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we have for any € > 0, there exists a constant C, such that
1bllwa(q) < € [1Bllwzr(q) + Cer 1bll g2 (g (1.5.16)

Let k be defined by % = %—i—% and t > 1 defined by 1+ % = % + % Thus, since k > 3, the

following estimate holds:

[(curlb) x di| Lr(q) < dillpr(q) lleurld]| o gy < [ld] L3 (o) Hpe/zHLt(Rg) [eurl | o) -
Next using (1.5.16) yields,
l(eurlb) x ds | oy < Cldl oy (& Ibllwany + Cor bl grgay) (1L517)
e Case p > 3: For ]% =4+ ]% with s" defined in (1.5.14), we have

[(curlb) x di| Lr(q) < [Idi [curl b Lo« (g -

.
Let ¢ be defined by 1 + 5 = % + % Thus, using (1.5.16) with ¢ = p*, we obtain:
[(curlb) x di| Lo(q) < Ce lldll L) (€ 1lw2r() + Cor 1Bl () (1.5.18)
Choosing ¢’ > 0 small enough, we deduce from (1.5.15), (1.5.17) or (1.5.18) that
[(curld) x di”LP(Q) < Ce HdHL3(Q) (' HbHW“(Q) + Cor HbHHl(Q))- (1.5.19)
(iii) Estimate of the term |curl(u x d)|[1s (). Note that, since div u =0 and divd =0
curl(u xd)=d-Vu—u-Vd.

e The term ||d - Vul[ s ). Using the decomposition (1.5.5) and exactly the same analysis as

in (ii) for the term (curlb) x d with curl b replaced by Vu, we obtain the following estimates:
5 - vUHLI’(Q) < HVUHL’“(Q) ”dEHLS,(Q) < Ce HuHWQ’p(Q) g (1.5.20)
where s’ is defined in (1.5.14) and
Id5 -Vl oy < el gy (< Tllwzn + Cor 1) (15.21)
e The term |u - Vd| p» ). The analysis is similar to the case (i). We consider:
Vd = 2] + z5 where 2 = vd pej2  and 25 =Vd— vd pej2, (1.5.22)
Vd is the extension by zero of Vd to R3. Observe that

125][ s () < IVA = Vd x pepalLs) <€,
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with s given in (1.5.6). Using the above estimates and the same arguments as in the case (i),

the influence of 2§ in the bound of |[u - Vd|| s (g is given by:
- 25l oy < C 1125 ooy el oy < Celllyprngey - (1.5.29)
And for the bound depending on z{, proceeding in the same way as in the case (i), we derive:
125 - wll o) < CCIV g o (€ [ulw2e(e) + Co llul ) (1.5.24)

(iv) Estimate of the constants Zz'[:1 |ci|- We note that
lei] < \/ f-veY dx| + |/(curlb xd)- Vg de| + |/(curlw xu)-Vgl)de| + |/P0VqZN -ndo]
Q Q Q r

<II£ll

+leurluwll g o Tullpeoy 196 ooy + 1005 oy 1967l

28 V4 | oy + llewrtbll e o) lldl pso) [V || s o

Thanks to [87, Corollary 3.3.1], we know that the functions Vg!¥ belong to W 14(Q) for any ¢ > 2
where each ¢/ is the unique solution of the problem (1.3.2).
Now, the estimate (1.4.13) yields:

I

> leil SCOA Al gsg) + leurlwl g o )F ooy + 19l Loy + 1ol 1.0
i=1

o) (1529)

Using the embeddings
W L3/2(Q) < L3(Q), LP(Q) < [HS?(curl,Q)]!, W' #P(T) < H3(T),

choosing € and € such that
1
whi@) T
we deduce from (1.5.7),(1.5.11), (1.5.15), (1.5.19)-(1.5.21), (1.5.23)-(1.5.25), the weak estimate (1.4.13)
and the embedding w3 (Q) — L*(Q) that the estimate (1.5.2) holds in all cases.

EICSECC(chrlw||L3/2(Q) + 4| ) <

Second step: The case of curlw € L¥/%(Q) and d € W }3/2(0).
Let wy € D(Q) and dy € D(Q) such that curlw, — curlw in L¥?(Q) and dy — d in W3/2(Q).
Consequently, the following problem:
— Auy + (curlwy) x uy + VP, — (curlby) xdy = f and divuy =0 inQ,
curlcurldy — curl(uy xdy) =g and divby =0 in Q,
uyxn=0 and byxn=0 onl,
Px=PFP only and Py=Fy+¢ onl},
(ux-m,L)p, =0, and (by-n,1)pr, =0, 1<i<I.

has a unique solution (uy, by, Py, cx) € W2P(Q) x W 2P(Q) x W 2(Q) x R! and satisfies:

luxllwzo (@) + [BAllwzr @) + 1PAllwip ) < C(1+ [lcurlw,| + lldal

L3 () Wl’%(Q))

(1.5.26)
< (18l + I lmey + 1Poll ooy )

where C is independent of A. Finally, these uniform bounds enable us to pass to the limit A — 0. As

a consequence, (uy,by, Py, cy) converges to (u,b, P, c) the solution of the linearized MHD problem

(1.4.2) and satisfies the estimate (1.5.2). O
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1.5.2 Weak solution in W *(Q) with 1 < p < +oc0

In this subsection, we study the regularity W ?(Q) of the weak solution for the linearized
MHD problem (1.4.2). We begin with the case p > 2. The next theorem will be improved in

Corollary 1.5.10 where we consider a data Py less regular.

In the following, we denote by (-,-)o, = the duality product between [H"(curl, Q)]" and
H{"(curl, Q).

Theorem 1.5.2. (Generalized solution in W P (Q) with p > 2). Suppose that Q is of class
Chl and p > 2. Assume that h =0, and let f,g € [Hgl’p/(curl, 2] and Py € Wl_%”(l“) with

the compatibility condition

Yo e KIJDV(Q), <g,'U>Q7./YPI =0, (1.5.27)
divg=0 in€Q. (1.5.28)
and
curlw € L¥(Q), d € WL*(Q), (1.5.29)
with 3 5
s=3 if 2 <p<3, s>§ fp=3 and s=r ifp>3. (1.5.30)
1 1 1
r>1 such that -—=—-4-. (1.5.31)
r p 3

Then the linearized MHD problem (1.4.2) has a unique solution (u,b, P,c) € W1P(Q) x
WP(Q) x WhT(Q) x RI. Moreover, we have the following estimate:

ullyr. o0 + bl o) + [P llyrgy < C(1+ leurlw|p. g + [dlyr-q) ) (1.5.32)

X (”f”[Hg/’p/(curl,Q)]/ + HgH[Hg/’p/(curl,Q)]’ 1 Polly -1/ ry ).

Proof. A) Existence: Applying Proposition 1.3.2, there exists a unique solution (u1, P, V) €
WLP(Q) x WIT(Q) x R solution of the following problem:

—Au1+ VP =f and divu; =0 in €,
u xn=0 onl,
Pr=Py onTo, Py=Py+al” onTy

(up-m,)p, =0, V1 <i< T

where agl) = (f,VqM)a iy / PyVqY - ndo and satisfying the estimate:
" r

sl + 1Pullwir@) < OO o ey = 1Pl ). (1:5:33)
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Next, since g satisfies the compatibility conditions (1.5.27)-(1.5.28), due to Lemma 1.3.4, the

following problem:

—Ab; =g and divb; =0 in Q,
by xn=0 onl,

<b1.n,1>pi =0 Vlgig[
has a unique solution b; € W1P(Q) satisfying the estimate:

||b1||W1’p(Q) < C ||g||[H6l’p/(Curl,Q)]/ (1534)
Then, since curlw € L*(Q) and u; € WP(Q), we have (curlw) x u; € L"(Q). Indeed,

X
if p < 3, then W YP(Q) — LP*(Q) with pi* = %— % and %—i— Z% = % If p = 3, then there

+ Zﬁ e % Finally, if p > 3, then px = co and r = s. Next,
since s > 3, then Wh%(Q) — L3(Q2) so d € L*(Q), and by the definition of 7 in (1.5.31), we
have (curlby) x d € L"(2). Then f; = —(curlw) x u; + (curlb;) x d belongs to L"(2).
Furthermore, we set g, = curl(u; x d) = (d- V)u; — (u; - V)d. By the same way, using the
definitions of s and r, we can check that g; € L"(£2). Moreover, g, satisfies the compatibility
conditions (1.5.27)-(1.5.28). Observe that with the values of s given in (1.5.30) for p > 2, we

have r € [2, 3) and satisfies

exists € > 0 such that 3
5 t+e€

.. 6 3 3 . 3 . 3
s=3 1f5<1“<§, 5> 5 1fr—§ and s=r 1f7“>§. (1.5.35)

So, s > 2 and then curlw is at least in L%(Q) and d is at least in ng(Q) We deduce from
Theorem 1.5.1 that the following problem:

(— Auy + (curlw) X ug + VPy — (curlby) xd = f; and divus =0 in Q,
curlcurlby — curl(us xd) =g; and divba =0 in
uyxn=0 and by xn=0 onl,

Po=0 onIy and Py= agm on I';,
(ug-m,1)r, =0, and (by-m,l)r, =0, 1<i<I.
(1.5.36)
has a unique solution (ug, by, Py, a®) € W2T(Q) x W2 (Q) x W'(Q) x R! satisfying the

estimate:

\

H“ZHWW(Q) + HbQHWN(Q) + ||P2||W1,7v(9)

<O+ lleurlw] g o+l g o) 1F3 e + 1912 )

(1.5.37)

with

al(2) = ((curl(b; + by)) x d, qu)grl e ((curlw) x (w1 + uz), tiv>QT/ - (1.5.38)
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Finally, using the embedding W27 (Q) < W'?(Q), the solution of the linearized MHD problem (1.4.2)
is given by (w1 + ug, by + by, Py + Py, aM 4 a?) € WHP(Q) x WHP(Q) x Wh(Q) x RL.

(2)

In particular, the constants ¢; = ozz(-l) -+ o, are given by

ci = (£, VaV)a —((curlw) xu,Vg\)o , . (1.5.39)

v\ p’ v’ p’

—/Povqgv-ndaﬂ(curlb)xd, Vg e
r
B) Estimates: The terms on f; and g, in (1.5.37) can be controlled as:

Hfl”LT(Q) < C( ||Curlw||Ls(Q) ”ulHleT’(Q) + Hd||L3(Q) ||b1||W1>P(Q) ) (1.5.40)

1911l -0y < C Al Loy lwillwr o) + 1Vl e ) w1 llwrn gy )- (1.5.41)

Then, using the above estimates and the embeddings W'*(Q) — ng(Q) — L*(Q) for s > 3/2,
the estimate (1.5.37) becomes

”u?HW?«T(Q) + ||b2||W2vT(Q) + ||P2||W1>"'(Q) < C(l + [[curl w]| L)t ||d||W1v5(Q) )

(1.5.42)
x ([leurlwllp. ) + lldllwre oy ) lutllwo ) + 1b1llwreg))-
Thanks to (1.5.33), (1.5.34) and (1.5.42), the solution (u, b, P) satisfies
2
[l o) + 1Bl o) + 1Py < C(1+ lleurlw| . ) + ldllwr o)) (1.5.43)

x ( ||fH[Hg,’p,(curl7Q)]’ + ||g||[H8/’pl(curl,Q)]' + ||PO||W1—1/T=’“(F) )

This estimate is not optimal and can be improved. For this, we will consider (u, b, P) € WP (Q) x
WHP(Q) x W (Q) the solution of (1.4.2) obtained in the existence part.
Note that, due to the hypothesis on d and curl w, the terms (curl w) x u, (curlb) x d and curl(u x d)
belong to L" () with 1 = % + £. Thus, according to the regularity of the Stokes problem (Sy) (see
Proposition 1.3.2) and the elliptic problem (Ey) (see Lemma 1.3.4), we have:

lallypro ey + 1Bl + 1Pl
< (1P Niery sty 19 ez curr e+ IFo s 2y + I (CUFLW0) X wll gy (1.5.44)
+ [(eurlb) x df (g + leurl(u x d)l| o) )

We proceed in a way similar to the proof of the Theorem 1.5.1: we bound the three last terms of

(1.5.44), using the decomposition of curl w, d and Vd given in (1.5.4)-(1.5.5) and (1.5.22) respectively.

(i) The term |[(curlw) x w1, : Using the decomposition (1.5.4) for y = curlw, we obtain:

lys x ul Lr(@) S ly2| L*(Q) [[w]| o (@) S Ce HUHWLP(Q) (1.5.45)

where W1P(Q) — Lp*(Q) with z% = 1%_% is p < 3, for p* = 2?53 if p=3and p* = 00 if p > 3.

Next, for the term y{ X u, let us consider the first the case p < 3. We have

ly1 x U’HLT(Q) < ||y§||Lt(Q) ||U||Lm(Q) < HyHL%(Q) ||p€/2||Lk(Q) ”uHLm(Q)
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with £ =1+ L and 1+ 1 = 2 + £. Choosing 6 < m < p*, the embedding W'?(Q) — L™(Q) is

L[ and k €]1,=2_[. Then, for any ¢ > 0, there

compact. Followmg this ch01ce we have ¢ e] ' 5p 16

exists C.r > 0 such that

52+

[l

@) S €l + Cor llullpsq,) -

So, we deduce

< Celylporay ellwrney + CrCoCellyl g g Il o) (1.5.46)

lyS

where C, is the constant which absorbes the norm of the mollifier and C; is the constant of the Sobolev
embedding H'(Q) < L%(Q). If p > 3, we have

Ls(Q) ||p6/2||L1(Q) ||u||Lm(Q) ) (1.5.47)

Yl x ullpr ) < 1Willpe ) lulpm @) <

where we choose m = co if p > 3 and m € (1,00) if p = 3.
(ii) The term |[|(curlb) x d| 1> Using the decomposition (1.5.5) for d, we have:

l(curlb) x ds (g < lleurlbll gy llds ] ey < Ce [l (15.48)

Next, in order to bound the term (curld) x dj, we have two cases:
e The case 2 < p < 6: we have

[(curld) x di| ;- (q) leurlbl| g2 q) 15| e () < llewrlbllpaq) 1l Lsq) [|Pe/2]] o s

<
< Celldllpsq) 1]l g0 (1.5.49)

with } = %—f—% and 1+% = %—i—% so we have to take t = Gp and k = 2+ which are well-defined.
e The case p > 6. We have:

[[(curld) x di”y(sz) < ||cur1b||Lq(Q) ”dﬂlL‘(Q) < ||Curlb||La(Q) HdHL3(Q) Hpe/2HLk(R3) (1.5.50)

with & l 4+ +and 1+ 1 = + 3. We choose 3 < ¢ < p, and then we have that ¢ €]3, p[ and

k€1, 2p+3[ The interpolation estimate of W'7(Q) between H'(Q) and WP (Q) gives (cf. [75]):

[eurld| o) < ||bHW1 P(Q) ||b||H1 (DR

with 6 = qu 2) . Applying the Young inequality, we obtain for small ¢ > 0:
leurld| pqq) < € [1bllyr.r o) + Cer 1Bl g (o -
Replacing this estimate in (1.5.50), we obtain:
[|(curld) x di”ym) < €Ce ||d||L3(Q) ”b”leP(Q) + CeCe HdHLS(Q) ||b||H1(Q) : (1.5.51)

(iii) The term [|curl(u x d)| )¢ Since divu = 0 and divd = 0in ©, thus we rewrite curl(uxd) =
(d-V)u—(u-V)d.
e The term ||(d - V)u|

with Vu, we obtain

Lr(q): following the same proof as for the term (curl b) x d by replacing curl b

1(d5 - )UHLT QS < Celluly, P(Q) (1.5.52)
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and

1(di - V)u|

Lr@) S Ce Hd||L3(Q) (5/ ||U||w1,p(g) + Ce ”u”Hl(Q) ) (1.5.53)
e The term ||(u-V)d|

[[(curlw) x u|

Lr(o¢ In the same way, we remark that we can control this term as for

(@) by replacing curlw with Vd. Applying the decomposition (1.5.22) for Vd, we
thus prove that:

HZ; . 'UJ”LT(Q) < CG HunLp(Q) (1554)
and

121 - u

oy < CCC V]

L5 (Q) (5/ ||u||W1=P(Q) + Co HuHHl(Q) ) (1.5.55)

Finally, taking the estimates (1.5.45)-(1.5.55) together with the embedding W*(Q) — L*(Q) for
s > 3/2 and (1.5.44), then choosing €,¢’ > 0 small enough and using the estimate (1.4.13), we thus
obtain (1.5.32). O

Remark 1.5.1.

(1) The case p > 2 can be analyzed in a similar way to the case p = 2 to prove that the space
[I—IS/’p/(curl, Q) with 1 = % + % is optimal to obtain the reqularity WP (€2).

(ii) Why do we take Py € W'~V (') instead of W=YPP(T)? If we take Py € W=Y/PP(T),
we obtain that P € LP(Q2) as in the classic case of Navier-Stokes equations with Dirichlet

boundary conditions. But we are not able to solve the Stokes problem (Syr) because, in this
case, f = curl(curlu) + VP ¢ [H" " (curl, Q)]

We also need to study the case where the divergence is not free for the velocity field. The
following problem appears as the dual problem associated to the linearized MHD problem
(1.4.2) in the study of weak solutions for p < 2:

(— Au+ (curlw) x u+ VP — (curlb) xd=f and divu=h inQ,
curlcurlb — curl(u xd)+ Vy=g and divb=0 in Q,
uxn=0, bxn=0 and x=0 on T, (1.5.56)
P=PF only and P = PFy+c¢ onlIy,
(u-n,l)r, =0, and (b-n,1)r, =0.

Observe that the second equation in (1.4.2) is replaced by curlcurld — curl(u x d) + Vyx =
g in Q with x = 0 on I'. The scalar x represents the Lagrange multiplier associated with
magnetic divergence constraint. Note that, taking the divergence in the above equation, y is

a solution of the following Dirichlet problem:
Ax=divg inQ and x=0 onl. (1.5.57)

In particular, if g is divergence-free, we have x = 0. Nevertheless, the introduction of x will be
useful to enforce zero divergence condition over the magnetic field. First, we give the following

result for the case h = 0.
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Corollary 1.5.3. Suppose that p > 2 and h = 0. Let f,g € [Hgl’p/ (curl,Q)), Py €
Wl_%’r(F) with the compatibility condition (1.5.27) and w, d defined with (1.5.29)-(1.5.31).
Then the problem (1.5.56) has a unique solution (u,b,P,x,c) € WLP(Q) x W1P(Q) x
WhT(Q) x W (Q) x RT where ¢ = (c1,...,cr) is given by (1.5.39). Moreover, we have
the following estimates:
[l ) + Ibllwrn) + 1Py < C(L+ [leurlw| . ) + Al q) ) (1.5.58)
X (||f||[Hg”P'(cur1,Q)]/ + ”gH[Hg/"p/(curl,Q)]/ + 1 Pollw s-srmrry )-
HX”er(Q) S C ||QH{HS/.,p/(Cm1’Q)]/ (1559)
Proof. As mentioned before, the scalar xy can be found directly as a solution of the Dirchlet
problem (1.5.57). Since g € [Hgl’p/(curl, Q)), divg € W=L7(Q) and then x belongs to
WLT(Q) and satisfies the estimate (1.5.59). We set g/ = g — Vx. It is clear that g’ is an
element of the dual space [Hgl’pl(curl, 2)]". Moreover, it is clear that div ¢’ = 0 in Q and ¢’
satisfies the compatibility conditions (1.5.27). So, problem (1.5.56) becomes
(— Au+ (curlw) x u+ VP — (curlb) xd=f and dive=0 inQ,
curlcurlb — curl(u xd) =g and divb=0 in Q,
uxn=0 and bxn=0 onl, (1.5.60)
P=F only and P = Fy+c¢ only,
(u-n,l)r, =0, and (b-n,1)p, =0.

/

Thanks to Theorem 1.5.2, problem (1.5.60) has a unique solution (u,b, P, ¢) in WP(Q) x
WLP(Q) x WhT(Q) x R! satisfying the estimate:

[wllywr ) + bl o) + 1Pl @) < C (1 + [leurlw]|ps g + ldllyrs o))
(1.5.61)

/
x (Hf”[HSI’p,(curl,Q)]’ + Hg |’[H6,’p/(curl,§l)]’ + ||P0HW1*1/T’T(F) )
Using (1.5.59), the previous estimate still holds when g’ is replaced by g. O]

The next theorem gives a generalization for the case h # 0.

Theorem 1.5.4. Suppose that p > 2. Let f,g € [Hgl’p/(curl, ), Py € W+n(T') and
h € WHT(Q) with the compatibility condition (1.5.27) and w, d defined with (1.5.29)-(1.5.31).
Then the problem (1.5.56) has a unique solution (u,b,P,x,c) € WLP(Q) x WLP(Q) x
WL (Q) x WLT(Q) x RE. Moreover, we have the following estimate for (u,b, P):
2
[ullyyre i) + [Bllwre) + [Pllwirg) < C(1+ [eurlw] . q) + dllyyr- (o))
(1.5.62)
X (”'f”[Hg/’p/(Curl,Q)}’ + Hg”[Hgl’p/(Curl,Q)]’ + ||hHW1""(Q) + ||P0||W1*1/"'»"'(F) )
Proof. The idea is to lift the data h by using the Stokes problem:
—Au1+ VP =f and divu; =h in Q,
u xn=0 onl,
Pr=P onTy, and P =Py +al’ onTy

k<u1-n,1>pi:0, Vi<i<I
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Thanks to Proposition 1.3.2, there exists a unique solution (w1, P, ")) € WIP(Q)x W' (Q)x
R! satisfying the estimate:

luillwro) + 1Pllwr ) < C( 1 gz o urn,cypr + 1ellwrnr ) + HPOHWlf%,T(F))(l-f)-G?))
where oagl) ={f,V¢V)a + /(h — R) VY -ndo.
r

Next, since g satisfies the compatibility condition (1.5.27), due to [15, Theorem 5.2|, the

following problem:

—Ab;+Vxy=g and divb; =0 in ,
blxnzo and X:O OnI"
(b1 m,)r, =0 V1<i<I

has a unique solution (b1, x) € WHP(Q) x W (Q) satisfying the estimate:
b1l we ) + [IXIwir) < C ||9||[H6hp'(cur179)y (1.5.64)

Finally, we consider (ug, by, Py, a?) € W27 (Q) x W27 () x WL7(Q) x R! the solution of
(1.5.36) satisfying (1.5.38) and (1.5.42). Therefore, (w1 + ug, by + by, Py + P3, x, V) + a®?)
is the solution of (1.5.56). Estimate (1.5.62) follows from (1.5.63),(1.5.64) and (1.5.42). O

Note that the estimate (1.5.62) is not optimal and will be improved in the next result.
Proposition 1.5.5. Under the assumptions of Theorem 1.5.4, the problem (1.5.56) has a

unique solution (u,b, P,x,c) € WHP(Q) x WHP(Q) x WL (Q) x WL (Q) x R satisfying
(1.5.59) and the following estimate:

sy + Dbllwcey + 1Pllworcen
< C(l + chrleLs(Q) + HdHWIS(Q) ) ( ||‘f||[H6/"pl(curl,Q)]’ + HgH[Hg/'p,(curLQ)]’

+ ”PO”Wl*l/N‘(I‘) + Hh“Wl»"‘(Q) (1 + ||curlw||LS(Q) + ||d||W1=S(Q) )) (1.5.65)

Proof. We can reduce the non vanishing divergence problem (1.5.56) for the velocity to the

case where divu = 0 in §2, by solving the following Dirichlet problem:
Af=h inQ and 6=0 onTl (1.5.66)

For h € WbT(€), problem (1.5.66) has a unique solution § € W37 (Q) — W?2P(Q) satisfying

the following estimate:

101lw2r) < ClIAllwir ) (1.5.67)
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Setting z = u — V6, then (1.5.56) becomes: Find (z,b, P, x, ¢) solution of problem:

—Az+ (curlw) x z+ VP — (curlb) x d = f + Vh — (curlw) x VO in Q
curlcurlb — curl(z x d) + Vx = g + curl(VO x d) in Q
divz=0, divb=0 in{

(1.5.68)
zxn=0, bxn=0 and x=0 onl
P=F only, P=F+c¢ only

<z'n71>ri:<b'nﬂ1>ri:07 Vi<i<lI,

which is a problem treated in the proof of Corollary 1.5.3. Since VO € W1P(Q) — LP*(Q),
by using the definition of s in (1.5.6), we have (curlw) x V8 € L"(Q) with % = % — 1 if
p<3,p"=ifp=3andp* =oc0ifp>3. So f+Vh—(curlw)x Vo € [Hgl’p/(curl, ).
Now, we consider the term curl(V0 x d) = d-VV60 — V0 -Vd . Since d € WH5(Q) — L3(Q)
(s > 3/2), then d - VV# belongs to L"(2). Moreover, since Vd € L*(2), using the same
arguments for the term (curlw) x V6, we deduce that V6 - Vd belongs to L"(Q2). So,
g+ curl(Vl x d) € [Hgl’p/ (curl, Q)] and satisfies (1.5.27). Thanks to Theorem 1.5.2, there
exists a unique solution (2, b, P, x, ¢) € WLHP(Q)x WP(Q)x WL (Q)x W (Q) xR! satisfying
(1.5.59) and

||ZHW1,p(Q) + Hb“Wl»P(Q) + ”PHWLT(Q) < C(l + chrl'wHLs(Q) + ||dHW1,s(Q) )
X ( ||f||[Hg,’p,(curl7Q)]’ + HVhHL’"(Q) + ||(CllI'1 w) X vQHL’”(Q) + Hg”[HS"’”(curl,Q)]' (1569)
+ lleurl(V0 x d) | - + [ Polly1-1/m ey )-

with

r,p’

¢ = (f,VqZN>Q . +/(h— PO)VqlN.n do — {(curlw) x VH,quNm
o .

— ((curlw) x z, qu}gwyp/ + ((curlb) x d, quvmwyp/

To bound the terms [|(curlw) x V| o) and [curl(VO x d)|| g, in (1.5.69), we write by using
(1.5.67)

[[(curlw) x VO g

< leurlwl|ps ) VOl o (o) < lleurlwl|pe ) VOl (o)
< O eurlwl o) [Pl (o) - (1.5.70)

In addition we have

[curl(VO x d)|[prq) < [ld-VVO|prq) +[IVd- V0|1 (q
< ldllgs o) 1IVVOl Loy + 11Vl Lo ) VOl Lo+ (0
< Cldlwrs ) hllwrr ) - (1.5.71)

Now plugging the estimates (1.5.70) and (1.5.71) in (1.5.69) gives
||ZHW1,p(Q) + Hb“Wl»P(Q) + ”PHWLT(Q) < C(l + ||Cur1'w||Ls(Q) + ||dHW1,s(Q) )
X (HfH[Hg“P’(curl,Q)]' 9l g o e,y + [Follw -2/ ry (1.5.72)

1Al (1 + llewrlwll e o) + dll oy ) )-
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Thus, summing the resulting estimate (1.5.72) along with estimate (1.5.67), we get the bound for
(u,b, P) in (1.5.65). O

We are interested now on the existence of solution for the linearized problem (1.4.2) in
whp (Q) with p < 2. Since the problem is linear, we will use a duality argument developed by
Lions-Magenes [66]. This way ensures the uniqueness of solutions. For this, we must derive
that problem (1.4.2) has an equivalent variational formulation. We then need adequate density
lemma and Green formulae, adapted to our functional framework, to define rigorously each
term. We introduce the space

V(Q) = {(U,a,e,f) e WHP'(Q) x WHP'(Q) x WEED' () x WP (Q); dive e W ® (),

vxn=axn=0onl, =0 onTyand § =csteonI';, (v-n,1)r, =(a-n,1)r, =0, Vlgig[}

and we recall that (-,-)o . ~denotes the duality between Hg*’p(curl,Q) and [Hg*’p(curl, Q)] with
1_1_1

px p 3

Lemma 1.5.6. We suppose Q0 of class C*'. Let % < p < 2. Assume that f,g € [Hgl’pl(curl,ﬂ)]’,
h =0 and Py € Wl_%“(l") satisfying the compatibility conditions (1.5.27)-(1.5.28), together with
curlw € L*?(Q) and d € WL*2(Q). Then, the following two problems are equivalent:

(1). (u,b,P,c) € W'P(Q) x WHP(Q) x W (Q) x R! satisfies the linearized problem (1.4.2).

(2). Find (u,b,P,c) € WLP(Q) x WLP(Q) x Wh(Q) x R! withu xn =0 andbxn =0 onT,
(u-n,1)r, =0 and (b-n,l)r, =0 for any 1 < i < I such that:

For any (v,a,0,7) € V(Q),

(u,—Av — (curlw) x v+ (curla) x d+ VO)qp- , — / Pdivvdz
Q

+ (b,curlcurla + curl(v x d) + V7)qp+ p = (f, V) p + (9, a)qr pr — / Pyv-ndo, (1.5.73)
r

ci = (£, Ve o p — / PyVgY -ndo +/ (curlb) x d - Vg~ dx—/ (curlw) x u - Vg da(1.5.74)
r Q Q

Proof. (1) = (2) Let (u,b, P,c) € WP(Q) x WLP(Q) x W' () x R! solution of the linearized
problem (1.4.2). Let us take (v, a,0,7) € V(). We want to multiply the system (1.4.2) by (v, a,0,7)
and integrate by parts. Let us study these terms one by one.
Firstly, we note that the duality pairing (—Aw, v)q, , is well defined. Indeed, since —Au = curlcurlu
and curlu € LP(Q), it follows that —Awu € [HS/’p/ (curl,Q)]". Besides, recall that v € Wl’p/(Q), S0
curlv € LPI(Q), and since

(1.5.75)

then we have W' (Q) < L" (Q). Hence v € HS/’p,(curl,Q). Now, by the density of D(Q) in
Hgl’p, (curl, Q) and H? P(curl, ), we have

(—Au,v)qp p = / curlwu - curlv dz = (u, curlcurlv)gy- , (1.5.76)
Q
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The last duality pairing is again well defined: the embedding WP(Q) — LP () implies u €
Hg*’p(curl,Q), and since curlv € L¥ () then curlcurlv € [Hg*’p(curl,ﬂ)]’. Thus, due to the
relation curlcurlv = —Av + V div v, we deduce that:

(—Au,v)or py = (u, —Av + Vdivo)op« p

Observe that since v € V(2), we have dive € Wé’(p*)/(Q), and it follows that Vdive € L(p*)/(Q) —
[HY P(curl,Q)]’. Therefore, since curlcurlv belongs to [HE P(curl,Q)]’, we deduce that Av also
belongs to [Hg* P(curl,2)]'. This proves that the last duality makes sense. Next, since dive = 0 on

I' and divu = 0 in 2, we have

u-Vdivvdw:—/

divudivvdw+/u~n divvdo =0
Q

T

(u, Vdivo)ope p = /

Q

We conclude that

<_Au7 U>QT’7P’ = <u7 _AU>QP*’P

We now treat the term ((curlw) x u,v)q, . Since we have curlw € L%(Q) and u € W'P(Q) —
L (Q), then, by definition of 7, (curlw) x u € L"(£2). Besides, v € Wl’p/(Q) — L(p/)*(Q). So

((curlw) x u,v)qp p :/

(curlw) x u-vdx = 7/(cur1'w) X v-udr
Q

Q

with the integral well defined thanks to (1.5.75) and

=-4+=-=1.

n 1
3 r o

1
v
For the term (—(curld) x d, v)a , ,, we proceed as for the previous pairing: we have curlb € L” ()
and d € ng(ﬂ) — L*(Q), so (curlb) x d € L"(2). Therefore:

(—(curld) x d,v)q, p = —/

(curlb) x d-vdx = —/ curld- (d x v)dx
Q

Q

Using again the density of D(Q2) in Hg*’p(curl, Q), we obtain

—/curlb-(dxv)dx:/b-curl(vxd)dx.
Q Q

It remains us to treat the pressure term. Since VP € L"(Q)), we have as for the both previous terms
the well defined of the integral:

<VP,'U>QTI,p/ = / VP -vdx
Q

Using the same arguments as in [14, Proposition 3.7], and taking into account the boundary conditions

on the pressure P, we have

<VP, 'U>QT/7P/ = /

T

I
:/ Po'u-nda—i—Z/ (P0+ci)v~nda—/Pdiv'udx
Lo i=1 7T Q

Pv~nd07/Pdivvdx
Q
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I
However, since (v -n, 1)pr, =0 for all 1 < i < I, we have Z/ ¢; v -ndo = 0. Therefore, we obtain:
=1 r;

<VP, /U>QT/’p/ = /

Pov~nd07/Pdivvdx
r Q

Now, multiplying the equation divu = 0 in £ by 6, we obtain by the density of D(Q) in H’)*’p(div7 0)

0:—/9divudw=/u~V€dm—/0u-nda,
Q Q r

where we have used the fact that w € W'(Q) < LP*(Q) which implies that u € Hp*’p(div,Q).
Combining the boundary conditions of 8 on T';, 0 < ¢ < I, with zero fluxs of the velocity (u-n, 1)r, =0

for 1 <1 < I, we have: / 0 u - ndo = 0. Thus, summing the above resulting terms, we obtain:
r

(f,v)ar p = (u,curlcurlv)gp- , — / (curlw) x v-udr — / curl(d x v) - bdzx
@ @ (1.5.77)
—/Pdivvdac+/P0v~nda+/u~V0dx.
Q r Q

Now, we treat the terms of the second equation of (1.4.2). For the term (curlcurlb, a)q, ., the

duality pairing is well defined and following the same reasoning than for (1.5.76), we have

(curlcurlb,a)q , , = / curld - curladz = (b,curlcurla)q .
2P Q PP

Next, for the term (curl(uxd), a)q, ,, the duality pairing is again well defined: since u € WP (Q) <
LP (Q) and d € Wh2(Q) < L3(Q), then ux d € L”(Q) so curl(uxd) € [H} ¥ (curl, Q)]'. Similarly,
by the density of D(Q) in Hgl’p/ (curl, ), we have

(curl(u x d),a)o, p = /

curla - (u x d)dz = / u - (d x curla) dz
Q

Q
Here also the integrals are well defined. Indeed, for the first integral, curla € Lp,(Q), ueL” (),
de W3 (Q) = L(Q) and 2 + L +1=1.

It remains us to multiply the equation div b =0 in by 7. By density of D({2) in Wol’(p*),(Q), we
have the Green formula: for any 7 € Wo'? Q)

—/(divb)rdm:/b-VTdsc
Q Q

In summary, these terms provided by the second equation of (1.4.2) give:
(g9,a)qr p = (b,curlcurla)q,- , — / u - (d x curla)dx + / b-Vrdz (1.5.78)
Q Q

Finally, adding (1.5.77) and (1.5.78), we obtain the variational formulation (1.5.73).

We now want to determine the constants ¢; in (1.5.74). Let us take v € WiP(Q) with v x n =0

on I', and set:

I

vy =10 — Z (/F v- ndo)VqZN (1.5.79)

i=1
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So, v belongs to WLP(Q) and satisfies v x n =0 on T, (vo - n, 1)r, =0, 1 <i < I. Multiplying the
first equation of (1.4.2) by v and integrating by parts, we obtain

/curlu~curlvdm—/(curlw)><v~udx+/curl(v><d)~bdx
Q Q Q

I
+/ Pov.ndg+2/(P0+C»L‘)’U~’n/d0':/f.’vdl’
F() i=1 Fi Q

We now take a test function (v, 0,0,0) in (1.5.73). Note that it is possible because of the definition
of (1.5.79):

(1.5.80)

(w, —Avo)ap p — / u - (curlw) x vodz — / Pdivvg dz —|—/ b curl(vg x d)dz
Q Q Q

= <f>'UO>Qr’,p’ _/P()’Uo-’n,do'
r

By definition of ¢}¥, we have div vy = 0. Besides, curlvg = curlw, so it follows from the same density

argument used previously:

/ curlu - curlvdx — / (curlw) x vg - udx —|—/ b curl(vy x d)dz = / [ vodr — / Pyvg-ndo
Q Q Q Q r
Decomposing vy with (1.5.79) in the previous equality, we have:

/curlu»curlvdxf/(curlw)xv-u+/b«curl(vxd)da:f f-vdx+/Pov‘nda
Q Q Q Q r

I
:Z(/ v-nda)[—/(curlw)XquV~udx—|—/b~curl(quv><d)dm—/f~qude+/PqufV~nda]
i=1 YT Q Q Q T

Injecting (1.5.80) in this calculus, we thus obtain:

I

gci/n'zwnda = Z(/

v-ndo) [ - / (curlw) x Vg - udx + / b-curl(Vg) x d)dx
i=1 I; Q 9]

— f~qude—|—/P0VqlN-ndo}
Q r
Therefore, taking v = V¢ and since, for all 1 < i,k < I, (Vg" - n, 1)1, = &1, we have:

c,;:f/(curl'w)xu~qude7/b-curl(quVxd)der/f~quNdzf/P0VqlN~nda
Q Q Q r

/(curl b) x d- Vg dx
Q

which gives the relation (1.5.74).

(2) = (1) Conversely, let (u,b, P,c) € W:P(Q) x WLP(Q) x WH(Q) x R solution of (1.5.73)-
(1.5.74) withu xn=bxn=0onT, and (u-n,l)r, = (b-n,1)p, =0for all 1 < i < I. We want
to prove that (u,b, P, c) satisfies (1.4.2). Let us take v € D(Q2), a =0, § = 7 = 0 as test functions in
(1.5.73). We obtain

(=Au + (curlw) x u — (curld) x d — f,v)p/ () xp) =0, Vv € D(Q)
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So by De Rham’s theorem, there exists P € L”(Q2) such that
—Au+ (curlw) x u — (curld) x d+ VP = f

So, (u,b, P) satisfies the first equation of (1.4.2). Let us now take a € W},’p/(Q) with @ x n = 0 on
I'v=0,60=7=0 as test functions in (1.5.73). We obtain

(curlcurld — curl(u x d) — g,a)q,.

Applying a De Rham Lemma, version for functionals acting on vector fields with vanishing tangential
components (see [76, Lemma 2.2]), there exists y € L?(Q2) defined uniquely up to an additive constant
such that:

curlcurlb —curl(u xd)+Vx=g inQ and x=0 onT. (1.5.81)
But taking the divergence in (1.5.81), x is solution of the following Dirichlet problem:
Ax=divg=0 inQ and xy=0onT
Since g satisfies the compatibility condition (1.5.28), then x is equal to zero and we have:
curlcurld — curl(u xd) =g

So (u, b) satisfies the second equation in (1.4.2).
Next, if we choose v =a =0, 7 = 0 and 6§ € D(Q?), then we obtain dive = 0 in Q. Similarly, if we
choose v=a =0, § =0 and 7 € D(2), we obtain divb =0 in Q.

It remains to prove the boundary condition given on the pressure P. To this end, we follow a
method from [14, Proposition 3.7]. Let us take as test functions v € W (Q) withvxn=0o0nT
and divw € Wol’p* (Q),a=0,0c W-®)'(Q) and 7 = 0 in the variational formulation (1.5.73). Thus,

applying Green formulae as previously, we have:

<f7’U>QT/,p/ = <’U,, _A’U)QT/,;,/ _/

(curlw) x v-udaj+/ b curl(v x d) dz
Q

Q

+/V0~udx—/v9-udz—/Pdivvdz+/Pv~nda
Q Q Q r

I
We decompose v as in (1.4.9) and to simplify the presentation, we set z = Z (/ v- nda) VqZN. So,
i=1 YT

v = vg + 2. By definition of ¢¥ for 1 <i < I, we have Az =0 and divz = 0 in . Thus:
(f,vo)a, , +(Ff,z)a, ,=(u,—Avg — (curlw) x vo + Vb)q . + (b,curl(vg x d))q,. —/VG ~udr
3P LAY 2 PP PP Q

7/(curlw)><z~ud:z:+/b~curl(z><d)d:1:f/Pdivvgder/
Q Q Q

PvO'ndaJr/ Pz -ndo
r

Q

Taking (vg,0,0,0) as a test function in the variational formulation (1.5.73), we obtain

/Pv0~nda—/P0v0-nda—/VG-udazzO
r r Q
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Note that, since divae = 0in Q, 8§ = 0on I'g, § = §; on I'; and (u - n,1)p, = 0, it follows that
/ Vo -udr = —/ 0 div u dx + / fu - ndo = 0. Therefore:
Q Q r

/(P—Po)vo -ndo =0
r
Then, we deduce that

(f,2z)a,, ,+/(cur1w)xz~uda¢—/b'curl(zxd)dx—/Pz~nda:O. (1.5.84)
" Q Q Q

Now, using (1.5.84) and the fact that / vo-ndo =0for all 1 <i< I, we have

i

/Pv-ndaz/P'vo-ndo—l—/Pz-nda
r r r

:/Povo-nda—i—(f,zmr, ,+/(curlw)xz-udw—/b-curl(zxd)dx
r v Q Q
(1.5.85)

I
:/Povo.nda—l—Z(/ v~nda> [(f,VqleT,p, —/(curlw) xu- Vg dr
r =1 YL ' Q

—/UmﬂWﬁx@M}
Q

However, we have from (1.5.73), for all 1 <14 < I,
=(f,.Va)a, , - / POVqZN-ndU—f—/ (curlb) x d - Vg dx—/(curlw) xu- Vg dx
v r Q Q

= (f,quN>Qr,rp, —/POVqZN-ndU—/b curl(Vg x d)dx—/(curlw) xu- Vg dr.
r Q Q

Therefore, replacing in (1.5.85), we have:

I
/Pv~nd0:/P0v0~ndU+Z(/ v-nda)[ci—l—/POVqlN-nda}
r r i=1 r; r
Moreover, applying directly the decomposition (1.4.9), we have:
I
/Pov-ndU:/Povo-ndU—i—Z(/ U-ndU)/PovqlN'ndJ
r r T r

[3

Thus, combining the last two equations, we obtain:

1
/Pv'ndJ:/Po'wnquLZ(/ v'ndo>ci:/(Pg+c)v~ndcr,
r r — N r

with c=0o0n I'p and ¢ = ¢; on I'; for all 1 < ¢ < I. We conclude as in [14, Theorem 3.2.] to prove
thatP:PoonFOanszPo—&—cionFi. O

We are now in position to prove the following theorem

Theorem 1.5.7. We suppose ) of classe C'!. Let % <p<2. Assume that f,g € [Hgl’pl (curl, Q)]’,
Py € W5r(T), h € WY (Q) with the compatibility conditions (1.5.27)-(1.5.28), together with
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curlw € L¥*(Q) and d € WE*2(Q) . Then the linearized problem (1.4.2) has a unique solution
(u,b, P,c) € WHP(Q) x WHP(Q) x Wh(Q) x RI. Moreover, we have the following estimates:

lellyw. ey + [Bllywn oy < CL+ lleurlellpaa gy + sz (1]l g curscny (1.5.86)

1Pl o2 gy 190 g7 capngy (0 lewrlo] zaragy + Illraraey) Wl oo )

1Pl @y < O+ lewrlw] o + Idlwsrzo)® X (17 g7 currony -
1.5.8

100 27 cmrnny 1Pty + (1 lewrlawll garagy + Il yrnsraoy) el )-

()

Proof. Since 2 < p’ < 3, thanks to Theorem 1.5.4, we have for any (F,G,¢) € [Hf)’*’p(curl,Q)]’ X
[H? P (curl, Q) LKR(Q) x V[/Ol’(p )'(Q) that the following problem

— Av — (curlw) x v+ VO + (curla) xd=F and divv=4¢ in Q,
curlcurla + curl(v xd)+ Vr =G and diva=0 in €, (1.5.88)
vxn=0, axn=0 and 7=0 onI, =0 onl'y and 6 =p; onI}, o

(v-n,l)r, =0, and (a-n,l)r, =0, 1<i<I.

has a unique solution (v,a,0,7,8) € W (Q) x WP (Q) x WLF)'(Q) x Wol’(p*)/(ﬂ) x RT with
dive € VVOL(p ) () and B8 = (B4, -, Br) such that:

B; = (F,VqZN)Q ., T {(curla) x d, quvmp*’p — {(curlw) x v,quNmp*m + / QﬁVqlN -ndo.
r

P
Moreover, this solution also satisfies the estimates:

ol @y + @l @) + 1Bl < C(1+ lewrlwll g o+l g )

(1.5.89)
X (HFH[HS*’F(CUI-[’Q)]/ + HG”[Hg*fP(CUI-LQ)]/ (1 + ||curlw||L2(Q) + ||d||W1,%(Q) ) ”(z)HWL(p*)’(Q)

We note that, from Theorem 1.5.4 for 2 < p’ < 3, the value of s is 3/2. Using (1.5.89), we have

|<f, 'U>Q,,‘/7p/ + <g7 a>QT/’p/ — / P() v - ndcr|
r

< ||f”[H6/’p/(curl,Q)]/ HUHHgl’p/(Curl,Q) + HgH[HS/’p/(curl,Q) HaH 7‘ T—' (curl Q) + || 0” — =T ) ||'U : n|‘W17P%,p/(F)
<O gy eumrcnys + 180517 euer gy + 12 ) (Il + Hanwl,p/m)) (1.5.90)
<O gy euercnys + 180 gz uer iy + 1Pl ) (L lewrlwll g ol g )

< (1 iy ey + 1 o o,y + (L lleurlowll gl g ) [9llwrom o )

We deduce that the linear mapping (F, G, ¢) = (f,v)a,, , +(g9,a)a, , — [ Pov-ndo defines an

element of the dual space of Hg*’p(curl,ﬂ) X Hg*’p(curl,(l) x W=LP'(Q). Tt follows from Riesz’
representation theorem that there exists a solution (u,b, P) in H‘g*’p(curl,ﬂ) X Hg*’p(curl,Q) X
W=1P"(Q) of the problem

(w, Flapp + (b, G)ap-p — (P, ¢>W—1,p* @xwr® (@) = (£, v)arp + (g, a)ar p — /FPO v-ndo
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which is the variational formulation (1.5.73). Moreover, it satisfies the estimate:

-1
||u||HS*”’(Cur1,Q) + ”bHHS*"’(curl,Q) +(1+ leurlw][psr2q) + [dllwro/2(q) ) 1Pl @) (1.5.91)
<C(1+llourl wl| sz gy + bl .20y Y D o oy 19t o o+ PO gty )-

In order to recover the solution of (1.4.2) through the equivalence result given in Lemma 1.5.6, it
remains us to prove that u,b € W'?(Q), P € Wh"(Q), that (u-mn,1)r, =0, (b-n,1)r, = 0 for all

1 <@ < I and to recover the relation of (1.5.74). We firstly want to show that u-ndo =0 and
I';

b-ndo = 0. We choose (0,0,0,0) with § € WH®")'(Q) satisfying # = 0 on Ty and § = 05 on I';
T
forall 1 < j < I and afixed 1 <7 < I. Then:
0=(u,V)q,., 6 = / u-Vlde = / Ou - ndo — / divubdx = / u-ndo
Q r Q ;

i

I
For the condition / b-ndr=0forall 1 <i<I,wesetb=b-— Z (b-m,1)r,Vq". Observe that
Tr;

by the definition of ¢V, b is also solution of (1.5.73) and satisfies the condltlon (b-n,1)p, = 0.

Next, taking test functions (0,0,6,0) and (0,0,0,7) with § € W) (Q) as above and 7 € D(Q),
we respectly recover dive = 0 and divb = 0 in €. Besides, since u,b € Hg*’p(curl, Q), we have u
and b belong to X% (). From Theorem 1.3.1, we deduce that u,b € WHP(Q). Thus, the estimate
(1.5.86) follows from (1.3.4) and (1.5.91). Finally, in order to prove that P € W (Q), we take the

test functions (v,0,0,0) with v € D(Q), and we obtain as in the proof of Lemma 1.5.6 that:
VP = f+ Au— (curlw) x u + (curlb) x d in Q.
Then taking the divergence, P is solution of the following problem

AP =div f + div((curld) x d — (curlw) x u) in Q,
P=P only and P=PFPy+c¢ onl;. (1.5.92)
Since curlw € L%(Q) and w € W'P(Q) < L” (Q), then (curlw) x u € L"(Q). Besides, curlb €
LP(Q) and d € ng(ﬂ) — L*(Q). So (curlb) x d € L"(Q). Hence, we obtain that AP € W~17(Q).

Since Py belongs to W'=/""(T"), we deduce that the solution P of (1.5.92) belongs to € W7 ().
Moreover, it satisfies the estimate

[Pl ) < iV Fllyy 1.0y + [div((curld) x d — (curlw) x w)|[y-1.r () + [ Pollyr-1/mm )

Applying the characterization of [Hgl’pl (curl, Q)]’ given in Proposition 1.3.1, we write f = F +curl ¥
with F € L"(Q) and ¥ € LP(Q). So

. . [(div F', )] [(F, V)|
1div flly-1.r ) = 1AV Fllyy o1y = sup W = sup 0 o < Fl o) -
oewd () WWiwir' (@) gewd " () 1YW ()

which implies that

Hdiv.fHW_lv"/(Q) g ||f||[H6,’p,(curl,Q)]’ (1593)
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In the same way, we have:

[div((curld) x d)|ly -1 ) < [l(curld) x d ;- gy < llcurld| (o) lId]Ls(q)
< Calbllwro l1dll s g - (1.5.94)

where Cy is the constant related to the Sobolev embedding w2 (Q) — L*(Q). Next,

[div((curlw) x w)|yy 1) < [[(curlw) X uprq) < ||curlw||L%(Q) [wllge
<

Cleurlwly o lullwero (1.5.95)

where we have used the Sobolev embedding WP (Q) < LP (). Using estimates (1.5.93), (1.5.94),
(1.5.95) combined with the estimate (1.5.86), we obtain the estimate (1.5.87) for the pressure. O

The following result gives the regularity W7 () with p < 2 when the divergence of the velocity
field w does not vanish.

Corollary 1.5.8. Let 2 < p < 2. Assume that f,g € [Hgl’p/(curl,(l)]’, Py e Wi=vr(T), h €
WL (Q) with the compatibility conditions (1.5.27)-(1.5.28), together with curlw € L*?(Q) and d €
WL3/2(Q) . Then the linearized problem (1.4.2) has a unique solution (u,b,P,c) € WP(Q) x
WhP(Q) x W (Q) x RL. Moreover, we have the following estimates:

allwr gy + Dbllws sy < CCL+ leurlawll /sy + lellwnsrago) (171 s’ curtnys + -

1Py + 190 g sy T O+ el s ) + Nllyrzgen) [l oo )
and

1Py < OO+ lleurl el oy + dllwnsraon)? X (11 s’ carnany + o
1.5.9

100 25 ey I Poll g2 ey + (1 + lewrl ] ey + el rray) elly oy )-

Proof. We can reduce the non-vanishing divergence problem for the velocity to the case where divu =
0, by solving the Dirichlet problem:

Af=h inQ and 6=0onTl.
For h € W17 (Q), the solution 6§ belongs to W37 () and satisfies the estimate
1l y < € Il (1.5.99)

Setting z = u — V6, we obtain that (z,b, P, ¢) is the solution of the problem treated in the Theorem
1.5.7 with f and g replaced by f = f + Vh — (curlw) x V6 and § = g + curl(V x d) respectively.
Indeed, we have Vh € L"(Q) — [Hgl’pl (curl, Q)], and since VO € W2"(Q) < L” (Q), then
(curlw)x VO e L"(Q) — [Hgl’p,(curl, Q)]’, and VOxd € LP(Q) so curl(Vl xd) € [Hsl’p/ (curl,Q)]".
Therefore, f,§ € [H 6/’1’ / (curl, Q)]". Besides, since we add a curl, then g still satisfies the compatibility
conditions (1.5.27)-(1.5.28). Thus, applying Theorem 1.5.7, we have the estimate:

1Zllwre ) + [bllwir ) < C(l +lleurlw| 5 ) +ld]

i@ w1=%(9))

X (HfH[Hgl'p/(curl,Q)]/ + ||g||[Hg/'p,(Curl,Q)]/ + ||PO||W17%'T(F))
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We want to control the terms on }' and g.

H} H[Hg”%uﬂ,sz)y S W liery o cun sy + VRl o cursayy + 1(C0r1w0) X VO g oy 0y
Sz o (g + VPl Lr o) + ll(curlw) x VO . )
S ey urnayy + Mllwir () + Cllewrlwl g o VOl
and

, + ||eurl(d x V0)||

||g || [Hg,’p, (curl,Q)]’ < ||g|| [Hg,vpl (curl,Q)] [HS/YP/ (CLII‘LQ)]’

N

1902 curry + 1 % VLo

+ Calldl|,, VO Lo () -

||g||[HT v’ (curl, )}’ Q(Q)

Therefore, from these two last estimates combined with (1.5.98), we obtain the estimate (1.5.96).

Moreover, we also obtain from the Theorem 1.5.7:

1Pl < C(1+ lleurlw] g o + l1dll s ) )
f ot Poll ity ):
x (HfH[HS""'(curl,Q)] Ig1 [Hy ¥ (curlL Q)] ll 0||W1 "T(T)
Using the same arguments as previously, we can obtain the estimate (1.5.97). O

In this subsection, we always take Py € W1=#7(T) to obtain P € W17 (). However, since the
pressure is decoupled from the system, we can improve its regularity given in the previous results by
choosing a convenient boundary condition. For this, we begin by the following regularity concerning
the Stokes problem (Sjs) which is an improvement of [23, Theorem 2.2.6]:

Theorem 1.5.9. Let Q be of class C*'. Let us assume f € [Hgl’p/ (curl, Q)] and h € WbH(Q) with
1<r<p and%é%—t—%. Then

1. If r < 3 and Py € W—er’ ("), the Stokes problem (Syr) has a unique solution (u, P) €
WhP(Q) x L™ (Q).

2. Ifr>3and Py e W™ q’q( ) for any finite number q > 1, the Stokes problem (Sxr) has a unique
solution (u, P) € WhP(Q) x LI(Q).

Proof. Taking the divergence in the first equation of (Sy), we have:

AP =div f + Ah in Q,
P=PF only and P=PFPy+c¢ onl;.

We split this problem in two parts: find P; such that
(Py) APy =divf+Ah inQ and Py =0onT,
and find P, such that
(P2) AP, =0 inQ, P,=Pyonly and P, = Py+c;onl;.

We note that the regularity of P; is only dependent of div f and Ah, and then we choose Py in

order to recover for P, the same regularity as than for P;. Then, we obtain the regularity of P by
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adding P; and P,. Let us analyze problem (P;). Since f € [Hgl’p, (curl, Q)]’, there exists F' € L"(Q)
and ¥ € LP(Q) such that f = F + curl®. So divf = divF € W~1"(Q). Moreover, we have
Ah € W=LT(Q). Then, div f + Ah belongs to € W~5"(Q) which implies that problem (P;) has a
unique solution P, € WH(Q). Next, we determine the regularity of P, with respect to the data P.
We note that Py must be chosen so that the solution P» of (P3) could belong to a class of spaces
containing spaces for P;. We distinguish the following cases:

Case r < 3: If Py € W+ (') with r* = 2= the solution P, of problem (P,) belongs to

3—r
L™ (Q). Since P, € W' (Q) < L (), we deduce that P = P; + P belongs to L™ ().

Case r > 3:

We have P, € W (Q) — L4(Q) for any finite number ¢ > 1 if » = 3, for ¢ = oo if » > 3. Thus,
taking Py € Wfé’q(l“) for any ¢ > 1 we have P, € L9(Q2) and then P € Li((Q). O

Remark 1.5.2. Observe that, using the above splitting, if Py € Wl_l/”(I‘), we have immediately
P e Wb (Q).

The regularity result given in Theorem 1.5.9 enables us to improve the pressure in the linearized
MHD system (1.4.2). In particular, we have the following result

Corollary 1.5.10. Letp > 3, f,g € [Hgl’p/ (curl,Q)), h e WL (Q), Py € W=7 (') satisfying the
compatibility condition (1.5.27)-(1.5.28). We suppose that

e curlw e L3(Q) and d e Wy* (Q) if 3 < p < 2.

e curlw € L*(Q) and d € WL*(Q) if p > 2, where s is defined in (1.5.6)

Then, the solution (u,b, P) given in Proposition 1.5.5 and Theorem 1.5.7 of the linearized MHD
problem (1.4.2) belongs to WHP(Q) x WHP(Q) x L™ (Q).

Proof. We are going to take advantage of the regularity results for the Stokes problem (Sys) given in
Theorem 1.5.9. Then, we can rewrite (1.4.2) in the following way: Find (u, P, ¢) such that

—Au+VP=Ff and divu=h inQ,
~ Juxn=0 onT,
(Sw)

P:PO OIIFQ and P:P0+ci OIIFi7

(u-n,l)p, =0, 1 <i<I,

with f = f — (curlw) x u + (curld) x d and find b solution of the following elliptic problem

curlcurlb=¢g inQ and divb=0 inQ,
(EX/) bxn=0 onl
(b-n, 1), =0, V1<i<I,

with g = g + curl(u x d). As in the previous proofs, we can easily verify that the assumptions
on f, curlw and d imply that the term f belongs to [Hg"P' (curl, Q)]" for both cases p < 2 and
p > 2. Thanks to Theorem 1.5.9, there exists a unique solution (u, P,c) € WHP(Q) x L™ (Q) x R!
for the problem (5’7\[) Besides, the existence of b is independent of the pressure. Indeed, g belongs to
[Hgl’p/ (curl, )]’ and satisfies the compatibility conditions (1.5.27)-(1.5.28). It follows from Lemma
1.3.4 that problem (EX/) has a unique solution b € W'*(Q). O
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1.5.3 Strong solution in W?*?(Q); 1 < p < 6/5

The aim of this subsection is to complete the LP—theory for the linearized MHD problem (1.4.2) by
the proof of strong solutions in W7 (Q) with 1 < p < 6/5. One of the approach that we can use is to
consider w and d more regular in a first step and then remove this regularity in a second step. Since
the proof with this approach highly mimics that of Theorem 1.5.1, we put it in the Appendix at the
end of this chapter (see Section 1.7). We are going to give a shorter and different proof where we take
advantage of the regularity W' (Q) with 1 < p < 2 for the linearized MHD problem (1.4.2).

Theorem 1.5.11 (Strong solution in W2?(Q) with 1 < p < 8). Suppose that Q is of class C**

and 1 < p < g. Assume h = 0, and let f,g € LP(Q), Py € Wl_%’p(I‘), curlw € LS/Z(Q) and
d € WL3/2(Q) with the compatibility conditions (1.4.5)-(1.5.1).
Then the linearized problem (1.4.2) has a unique solution (u,b, P,c) € W2P(Q) x W?P(Q) x

WhP(Q) x R satisfying the following estimate:

lullwssay + Ml + 1Plwisi < C(1+ leurlwl g o + 1z ) 500

% (1 zoie) + lgllzoiey + 1Pl oy, )

Proof. Observe that

LP(Q) < [H™®) (curl,Q)), Py € WV/PP(T) s W=V (1), (1.5.100)
where pi = % —fand 1 = %4— . Since 1 < p < 6/5, we have 3 < p* < 2. Then applying the

regularity WP(Q) for the MHD system (1.4.2) for small values of p (see Theorem 1.5.7 with h = 0),
we can deduce the existence of a solution (u, b, P,¢) € WP (Q) x WP (Q) x WL (Q) x R satisfying
the estimate

HUHWLP*(Q) + ||b||W1~P*(Q)
< O+ [leurlw| sz + ||dHW1x3/2(Q))< 1fllLe o) + ”PO”W“%'T(F) +1lgllzr (o) )» (1.5.101)
where we have used the embedding (1.5.100) and
1Pl sy <L+ lleurlaol| goss gy + Nelllyroragy)* (1 lzn@) + 1Poll it -y + 8l zo(ey )

Since WP (Q) «— LP" (Q) with S = 5= — 3, the terms (curlw) X u and (curlb) x d belong to

LP(Q). (u, P,c) is then a solution of the problem (Sy) with h = 0 and a RHS f in L?(92). We deduce
from Proposition 1.3.2 that (u, P) belongs to W 2P(Q) x W 1?(2) and satisfies the estimate

el Pl sy < Cs (15 gy Hl et ) %l ewrtb) x oy +1Bs 1oy )-

(1.5.102)
Next, b is a solution of the elleptic problem (Exr) with a RHS g+ curl(u x d) which belongs to L?(€2).
Thanks to Theorem 1.3.3, the solution b belongs to W*?(Q) and satisfies the estimate

||b||W2~P(Q) < CE( HgH[LP(Q) + [[curl(u x d)”LP(Q) ) (1.5.103)
Moreover, we have the following bounds

[(curlw) x u”LP(Q) B ||Curlw||L3/2(Q) HUHLP**(Q) <C ||Curlw||L3/2(Q) HUHWM*(Q) » (1.5.104)
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|(curlb) x d”LP(Q) < ||Cur1b||LP*(Q) ||d||L3(Q) <cC HdHLB(Q) ”b”leP*(Q) ) (1.5.105)
and similarly,
leurl(u x )| Loy < (d- V)ul Loy + [I(w- V)d| Loy < Cllullwier o (Il Ls@) + 1Vl Lsr2q))-

Collecting the above bounds together with (1.5.101) in (1.5.102)-(1.5.103) leads to the bound
(1.5.99).
O

Proceeding as in the proof of Corollary 1.5.8, we can extend the previous result to the non-vanishing
divergence case. The proof of the following result can be found in the Appendix (see Section 1.7).

Corollary 1.5.12. Let Q be of class C*! and 1 < p < g. Assume that f,g € LP(Q), P € Wl_%’p(I‘),
h e W (Q), curlw € L¥?(Q) and d € WL*2(Q) with the compatibility conditions (1.4.5)-(1.5.1).
Then the linearized problem (1.4.2) has a unique solution (u, b, P,c) € WP (Q) x WP (Q) x WP (1)
R’. Moreover, we have the following estimates:

||u||W2=P(Q) + ||b||W2)P(Q) + ||PHW1,p(Q)
2
<O+ flewrlwl g o + 1l g ) F Loy + 1910+ 1Bl s (15,100

(r)
+ (1 + |[curlw|| +||d||

L%(Q) WL%(Q)) Hh”Wl—%,p(F))

1.6 The nonlinear MHD system

In this section, we consider the nonlinear problem and we study the existence of generalized and strong
solutions for (MHD).

1.6.1 Existence and uniqueness: L>-theory

In this subsection, we establish the existence and uniqueness for the weak solution in the Hilbert case
for the problem (MHD). The following result is one of the main results of this chapter. First, we
recall that (-,-)o,  denotes the duality product between [Hy”(curl, 2)]" and H"(curl, ) and (-, )r
denotes the duality product between H~/2(T") and H'/?(T).

Theorem 1.6.1. (Weak solutions of (MHD) system in H*(Q)). Let Q be of classe Cb' and let
f, ge[HY(cur,Q)]', h=0 and Py H ()
satisfying the compatibility conditions

Voe Ky(Q), (g,v)q,, =0, (1.6.1)
divg =0 in Q. (1.6.2)

Then the (MHD) problem has at least one weak solution (u,b, P,a) € H'(Q) x H*(Q) x L*(Q) x R!
such that

lwll gy + 1Bl @) + 1Pl L2y < M, (1.6.3)
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where M = C(”f”[Hg’z(curl,Q)]’ + ”g”[Hg’Q(cur],Q)]' + ”PO”H*l/?(I‘)) with

a; = <f7quN,>QM — (Po, Vg -n)p +/

(curlb) x b- Vg dx — / (curlu) x u- Vg dr. (1.6.4)
Q

Q

In addition, suppose that f, g and Py are small in the sense that

C1C2M < (1.6.5)

2
3C%’
where Cp is the constant in (1.3.6) and C1, Cy are given in (1.6.15). Then the weak solution (u,b, P)
of (MHD) is unique.

We first recall that the space V 5 (€2) denotes
VaQ) :={ve H(Q);dive=0inQ, v xn=0onl, (v-n,1)r, =0, V1 <i<I}
and we give the following definition.

Definition 1.6.2. Given f,g € [HS?(curl,Q)]' and Py, € H™2(T) with the compatibility conditions
(1.6.1)-(1.6.2), (u,b,a;) € VN(Q) x V() X R is called a weak solution of (MHD) problem if it
satisfies: for all (v, ¥) € V() x V (),

/curlu~curlvdw+/(curluxu)-vdw—/(curlbxb)-vdw+/curlb-curl‘I’dw
Q Q Q Q
I (1.6.6)

+/(curl\Il xb) -ude = (f,v)o,, +(g,¥)a,, — (Fo,v n)r, — Z(Po + @, v-n)p,
0 : :

i=1

and

o = (£,V4)a, , — (Po, V¥ - njr+ /

(curld x b) - V¥ dw—/ (curlu x u) - Vg dz.  (1.6.7)
Q

Q
To interpret (1.6.6)-(1.6.7), it is convenient to remove the constraint of fluxs of the test functions
through T';. In the following Lemma, we prove that (1.6.6) can be extended to any test function

(v, ®) € X% (Q) x X%(Q).

Lemma 1.6.1. Let f,g € [HY?(curl, Q)] and Py € H™2(I) with the compatibility conditions (1.6.1)-
(1.6.2). Then, the following two statements are equivalent:
(i) (u,b,0;) € Vn(Q) x V() x R satisfies (1.6.6)-(1.6.7) for any (v, ¥) € V() x V().
(i) (u,b, ;) € Vn(Q) x V§(Q) x R satisfies (1.6.6)-(1.6.7) for any (v, ¥) € X2 (Q) x X3(Q) .

Proof. Since V 5 (92) C X3,(Q), then (ii) implies (i). Conversely, let (u,b, ;) € Vx(Q) x Vn(Q) x R
satisfying (1.6.6)-(1.6.7) for any (v, ¥) € Vn(Q) x V 5(Q2) and we want to show it implies (ii). The
proof is similar to than given for the linearized problem (see Proposition 1.4.1).

Let (¥,9) € X%(Q) x X%(€). We set

I I
W=U-> (¥ -nl)pVe and v=0-) (¥ n1)r,Vq".
=1

=1

Then, (¥, v) belongs to V5 (Q) x V(). Replacing in (1.6.6)-(1.6.7), we obtain
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/curlb-curl\ildzc—|—/(cur1'§[vl><b)-ucl:c—<g,‘ﬂlvl>g62 —I—/curlu-curlidw
Q Q ’ Q

1
+/(curluxu)~ﬁdm7/(curlbxb)~§da:f<f,1~;>962+<Po,ﬁ~n>p0+Z(P0+ai,5'n>pi
Q Q ’

=1

I
= Z(\fln, 1>1“</ curlb - curl(Vgl) dw+/ (curl Vg¥) xb - udx — (g,VqZN>Q62 )
i=1 Q —r L —_— (1.6.8)

- =0due to (1.6.1)
I
+ Z(i? -m, 1>1“i(/ curlu - (curl Vgl) dx — /

(curlb x b) - Vg dx + / (curlu x u) - Vg dz
Q

Q

I
— (1.9 )0, , + (o, Ve m)r, + 3 (Po+ a5, Ve - m)r,)
j=1

So, we have

I

Z(fwn,l)pi(—/

(curlb x b) - Vg dx + / (curlu x u) - Vg dx — (f,Vqle“
i=1 Q@

Q

I
+ (o, Vg e, + 3 (Po+ a5,V - nir,)
j=1

Since ¢l satisfies (1.3.2), we have in particular that Z§:1<0¢j, Vi -n)r; = a;d;;. Then, we obtain

I
Z Py+a;, V] - Z Py, Vg, - )r; + o (1.6.9)
j=1 j=1
Replacing (1.6.7) in (1.6.9), we obtain from (1.6.8) that
/ curlu~curli7d:c+/(curlu X u) - vdx —/ curlb x b) vdw+/ curlb - curl ¥ dz
Q Q Q
I (1.6.10)
+ / (curl ¥ x b) -udz = (f,v)q,, + (9, ¥)a,, — (Fo,v n)r, — Z(Po + @;, V- n)p,
@ ‘ ’ i=1

which is (1.6.6) with test functions (¥, %) € X2 (Q) x X2,(€). This completes the proof.

We can now prove the following result

Theorem 1.6.2. Let f,g € [Hg’Q(curl,Q)]’ and Py € H™=(T) with the compatibility conditions
(1.6.1)-(1.6.2). Then, the following two statements are equivalent:

(i) (u,b, P,a;) € H(Q) x H'(Q) x L*(Q) x R is a solution of (MHD),

(ii) (u,b, ;) € V() x VN (Q) X R is a weak solution of (MHD), in the sense of Definition (1.6.2).
Proof. The proof that (i) implies (ii) is very similar to that of Proposition 1.4.1, hence we omit it.
Let (u,b, ;) € Vn(Q2) x V §(Q) x R satistying (1.6.6)-(1.6.7) for any (v, ®¥) € V5(2) x V5 (). Due
to Lemma 1.6.1, we have that (u,b, ;) € Vn(2) x V§(Q) x R satisfies also (1.6.6)-(1.6.7) for any
(v,®) € X3(Q) x X3(Q). Choosing v € D, () and ¥ = 0 as test functions in (1.6.6), we have

(=Au + (curlu) x u — (curlb) x b — f,v)p()xp() = 0.
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So, by De Rham’s theorem, there exists an unique P € L? (€2) such that
—Au+ VP + (curlu) x u — (curlb) x b— f =0 in . (1.6.11)
Next, choosing (0, ¥) with ¥ € D,(£) in (1.6.6), we have
(curlcurld — curl(u x b) — g, ¥)p/(0)xp(a) = 0

Then, applying |76, Lemma 2.2|, we have x € L?(2) defined uniquely up to an additive constant such
that

curlcurld — curl(u xb) —g=Vyx inQ and x=0 onTl
Since y is solution of the following harmonic problem
Ax =0 in and x=0 onT.

We deduce that x = 0 in Q which gives the second equation in (MHD). Moreover, by the fact that
u and b belong to the space V 5 (Q2), we have divu = divb=0in Qandu xn =bxn =0onT.
The proof of the boundary conditions on the pressure is fairly similar to that given in [14, Proposition
3.7]. O

Proof of Theorem 1.6.1:

We use the Schauder fixed point Theorem. We make use of the product space Zn(2) = V 5 (£2) x
V n(Q) defined in (1.4.17). We define the mapping G : Zn(Q2) — Zn () such that G(w, d) = (u, b)
with (u,b) € ZN(Q) a solution of the linearized problem (1.4.18). By Theorem 1.4.2, for each pair
(w,d) € Zn(Q2) the solution (u,b) € Z N () of problem (1.4.18) exists, is unique and satisfies the
following estimate:

I, OIS, = Clall?, -+

Zn©) H1(Q) H1(Q)

H™ 2(I)

PR

o (curl, )]’ o “ (curl

o Il L) = M(1.6.12)

for some constant C' > 0 independent of w and d. We define the ball
B, ={(v,¥) € Zn(Q); (v, ¥)llz, ) <7}

where r = M = C( 11 e 2 curroyy 190202 curn)y + ||P0||H,%(F) ). By the definition of G and
(1.6.12), it follows that G(B,) C B, and then G is a mapping of the ball B, into itself. Now, we
want to prove that the operator G is compact on B,. For this, let {(wy,dr)}r>1 be an arbitrary
sequence in B,.. Since H'(9) is reflexive, there exists a subsequence still denoted {(wy,dy)}x>1 and
a pair (w,d) in B, such that (wy, dy) converges weakly to (w, d) in H'(Q) x H'(Q) as k — co. We
set (ug, by) = G(wy, di) and (w,b) = G(w,d). We have to prove that (wuy, by) converges strongly to
(w,b) in H'(Q) x H'(Q) as k — co. By the compactness of the embedding H'(€2) — L*(), we have
that wj, — w strongly in L*(Q) and dj, — d strongly in L*(Q2). By definition (s, by,) and (@, b) are
solutions of

a((uk7 bk)a (’U’ ‘Il)) + Qg dy, ((’U,k, bk)a (’U, ‘II)) = E(’U, ‘Il)v
and

a((@,b), (v, ®)) + ay.a((@,b), (v, ¥)) = L(v, V). (1.6.13)
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where the forms a and a4, ¢ are defined in (1.4.16). By subtracting the above problems, we obtain

(curl(ug — u), curlv) + (curl(by, — b), curl ¥) + ((curl wy) X ur — (curl w) x u,v)

+ (up, (curl @) x dy,) — (@, (curl @) x d) — ((curlby) x dg,v) + ((curlb) x d,v) =0 (1.6.14)
Since
((curl wy,) x uy, — (curl w) x @, v) = (curlw x (ug — @), v) + (curl(wy, — w) x ug, v)
and
(wg, (curl ) x dy) — (%, (curl ®) x d) — ((curlby) x dy,v) + ((curlb) x d,v)

= (ugp — @, (curl ) x d) — (ug, (curl @) x d) — (curl(by, — b) x d,v)
+ ((curlby) x d,v) + (ug, (curl ¥) x di) — ((curldy) x di,v).

Then, replacing in (1.6.14), we obtain

a((ur —u, by, — b), (v, ¥)) + ay q((ur, — uw, by, — b), (v, ¥))
= —(curl(wy — w) X ug,v) + (ug,curl ¥ x (d — dy)) — (curlb, x (d — di),v)

By Holder inequality and the fact that (ug, by) belongs to B,., we have

[(curl(wy, — w) X up, v)| < Cz[lwy — || Lagoy 1wkl g 0) 0] @

< CoM |lwy — wHL“(Q) ||'U||H1(Q) )

[(ug, curl ¥ x (d — dy))| < ||ukHL4(sz) ||curl\Il||L2(Q) ld — dkHL4(sz)
< CiCoM ||‘I’||H1(Q) |d — dkHL4(Q)
and
|(curlby, x (d — dy),v)| < Clleurl by 2 [|[d — @il s [[V] L3
< Ci1CeM || d — di| pagq) 1] g1 (0
where C7 > 0 and C5 > 0 are such that

leurl o]l ) < Cr vl and [oll sy < Ca [0l qy (16.15)

Choosing (v, ¥) = (ur — u, by, — b), thanks to the coercivity of the form a in (1.4.19) and the fact

that aey q((ur — w, by — b), (ur — u, by — b)) = 0, we obtain

2 2 ~ - ~ . ~
= (llur = @l ) + [1bx = bllF () < a((ur — @, by = b), (ug —u, by — b)) |

< oM [Jwi — w[aq) |k = @l g1 () + C1C2M ||d — di|[ L1y ([wr — Ul g1 () + bk = bl F1(a))
1 2 1 = 2 3 2

S35 lwr — @z o) + §||bk = bl () + CIM? |lwy, — wl|pa gy + 5012022]\42 ldi = dl[z1(q) -

So, we have

~2 7 2 2
lwr — g () + 1ok — bH%p(Q) < CO(Jlwi — w[zaq) + lldi — d||L4(Q)) —0 ask —0,
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where C' = C% max(CZM?, 3C3C3M?) is independent of k. Hence, this gives the compactness of G.
From Schauder’s theorem we then find that G has a fixed point (#,b) = G(@,b) € B,. This fixed
point is solution of (1.6.13). Moreover, (%, b) satisfies (1.6.12).

Now, we establish the uniqueness of the solution of (MHD). For this, let (u1, by, P1) and (usg, be, Ps)
in Vn(Q)x V n(Q)x L?(Q2) be two solutions of (MHD). We set u = u;—uz, b=b;—byet P =P — P,
and we want to prove that u = b =0 and P = 0. Choose v = v and ¥ = b in (1.6.6), then (u,d)
satisfies

||curlu|\iz(9) + chrleig(Q) + ((curluy) x uy — (curlug) X ug,u)
— ((curlby) x by — (curlby) x ba,u) + ((curld) x by, uq) — ((curlb) x by, uz) =0
Observe that
((curlu;) x ug,u) — ((curlug) x ug, u) = ((curlu) x ug, u).

and

— ((curlby) x by — (curlbsy) X ba,u) + ((curld) x by, uq) — ((curlb) x by, us)
= ((curld) x b, us) — ((curldy) x b, u)

which gives
||curluHiz(Q) + chrleiQ(Q) + ((curluy) x uy — (curlug) X ug,u)
— ((curlby) x by — (curlby) x ba, ) + ((curld) x by, uq) — ((curlb) x bs, us)

= |lcurlwu|® + ||curl b||* + ((curlw) x uy, u)

+ ((curlb) x b,us) — ((curlbs) x b, u)
Then,
|curlu|® + [|curl b||* = ((curl by) x b,u) — ((curlw) x uy, u) — ((curlb) x b,uy)  (1.6.16)
We want to bound the terms in the RHS of (1.6.16). We have

|((curlu) x uy, u)| < [leurlu|[ g q) [willps o) [wllps o)
2
< G0y HUHHl(Q) ||u1HL4(Q)

2 2
< O3 ||ull g1 oy ]l i 0y < C1O3M [l (6

|((curlb) x b, uz)| < |lcurld|| ;g |16l L1 (q) 1wzl L1
<Ci1C3 Hb”iﬂ(g) w2l g1 o)
< CLCIM [|b 31 (o »
and
|((curlbs) x b, u)| < [|curl bZHLZ(Q) ||b||L4(Q) HUHL4(Q)
<CiC3 HbZHHl(Q) ||b||H1(Q) HUHHl(Q)

1
< SO Ml o) + 1Bl oy)-



The nonlinear MHD system 73

Using these estimates in (1.6.16) together with Poincaré’s type inequality (1.3.6), we obtain

1 2 2 2 2 3 2 2
2 (||U||H1(Q) + Hb”Hl(Q)) < [leurlulf]” + |lcurl b|” < §CICQ2M(||“||H1(Q) + Hb”Hl(Q))»
P

where Cp is the constant in (1.3.6). From this relation, we obtain

1 3
(qz ~ 5010221\4)( el 11 ) + 1Bl () ) < 0.
P

This, together with condition (1.6.5), implies that w = b = 0. The construction of the pressure

P € L?(Q) follows from De Rham’s Theorem (see 1.6.2).

1.6.2 Weak solution: LP-theory, p > 2

In this subsection, we study the regularity of weak solution of system (MHD) in LP-theory. We start
with the case p > 2. The proof is done essentially using the existence of weak solution in the hilbertian
case and a bootstrap argument. To take advantage of the regularity of the Stokes problem (Syr) and
the elliptic problem (Ex), we can rewrite the (MHD) problem in the following way:

—Au+ VP = f — (curlu) X u+ (curld) x d in €,
divu=h in Q,

uxn=0 onl,

P=PFP only and P=Py+c¢; only,
(u-n,l)p, =0, 1 <i<I,

and
curlcurlb = g + curl(u x b) in Q,

divb=0 1in Q,
bxn=0 onl
(b-n,r, =0, Vi<i<I.
The following result can be improved in the same way as in Corollary 1.5.10 by considering a data P,

less regular.

Theorem 1.6.3 (Regularity W7 (Q) with p > 2). Let p > 2 and r = 33Tpp' Suppose that f,g €
[Hgl’p/ (curl, )], h = 0, Py € W=+ (T) with the compatibility conditions (1.5.27)-(1.5.28). Then

the weak solution for the (MHD) system given by Theorem 1.6.1 satisfies
(u,b, P) € WHP(Q) x WHP(Q) x W (Q).
Moreover, we have the following estimate:
ety )+ 1Bl 1 Pl 2y S COS g7 ey 190 7 ey + I Pollws ey (16.17)

Proof. Since p > 2, we have [H} 7 (curl, Q)" < [HS?(curl, Q)] and W1=1/""(T) — H-Y2(T).
Thanks to Theorem 1.6.1, there exists (u, b, P,¢) € H*(Q) x H'(Q) x L*(Q) x R solution of (MHD).
By using the embedding H' () < L°(Q), it follows that (curlu)xwu and (curl b) x b belong to L? (Q).
To apply the regularity of Stokes problem and obtain weak solutions (u, P) € W'(Q) x Wh(Q), we
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must justify that the RHS f — (curlu) x u + (curld) x b belongs to [Hgl’p’(curl, Q)]’. Similarly, to
apply the regularity of the elliptic problem (£x) and obtain a solution b € W'*(Q), we also need to
justify that the RHS g + curl(u x b) belongs to [HSI”’/ (curl,Q)]’. As a consequence, we distinguish
according to the values of p the following cases:

(i) If p < 3, then f — (curlu) x u+ (curlb) x b € L¥2(Q) — L34 (Q) = L"(Q). Since L"(Q) <
[Hgl’p/ (curl, Q)]’, thanks to the regularity of the Stokes problem (Sy), see Proposition 1.3.2, we have
that w € WHP(Q) and P € W17 (Q). Since curl(uxb) = (b-V)u— (u-V)b, we have with the same ar-
gument above that curl(u xb) € [Hgl’p/ (curl, Q)]'. It follows that g+curl(u xb) € [HSI”’/ (curl, Q)]'.
Moreover, g+ curl(u x b) satisfies the compatibility conditions (1.5.27)-(1.5.28). Consequently, thanks
to the regularity of the elliptic problem (£xr), see Lemma 1.3.4, we have that b € W'P(Q).

(ii) If p > 3, from the previous case, we have that (u, b, P) € W3(Q) x W13(Q) x W13/2(Q).
Therefore, (u,b) € L(Q) x LIY(Q), for any 1 < ¢ < oo. Then, (curlu) x u € L™(Q) for all

1 <m < 3. In particular, we take .. = J 4 3 with 3/2 < m < 3. So, we have that (curlu) x u €

LJ%(Q) — [Hgl’p,(curl, Q). Using the same arguments, we obtain that (curlb) x b € L%(Q) —
[Hsl’p/ (curl,Q))’. Then, the required regularity for (u, b, P) follows by applying the regularity of the
Stokes problem (Syr). Further, we have u x b € L'(Q) for any 1 < ¢t < co. In particular, taking
t = p with 3 < ¢t < oo, we have that u x b € L?(Q). So, due to the characterization of the space
[Hgl’p/ (curl, Q)]’, we have curl(u x b) belongs to [Hgl’p/ (curl, Q)]" and we finish the proof by applying
the regularity of the elliptic problem (Epr).

O

1.6.3 Strong solution: LP-theory, p > 6/5

In this subsection, we study the existence of strong solutions for more regular data. The following
theorem gives the regularity W27 () with p > 6/5.

Theorem 1.6.4 (Regularity WP (Q) with p > 9). Let us suppose that Q0 is of class C>* and p > £.
Let f, g and Py satisfy (1.5.27)-(1.5.28) and

feL’(Q), geL’(Q), h=0 and Pye W' »?T).

Then the weak solution (u,b, P) for the (MHD) system given by Theorem 1.6.1 belongs to
W2P(Q) x WP(Q) x W LP(Q) and satisfies the following estimate:

[ully200) + 1Bllw2r ) + 1Pllwin@) < CUFlLr@) + 119l @) + ||PO||W1—%.,p ) (1.6.18)

(1)
Proof. To start the proof, the idea is to use the regularity result for weak solutions in W**(Q) with
p > 2 given in Theorem 1.6.3 instead of the weak solutions in the Hilbert case H'(€). Observe
that if 6/5 < p < 3/2, we have 2 < p* < 3, where p% = %f % Now, denoting r(p*) = 33_%,
we obtain that r(p*) = p. Then, we have from the hypothesis of this Theorem that f € L )(Q),
ge Lr(p*)(Q) and P, € Wlfl/r(p*)m(p*)(p)‘ Since Lr(P*)(Q) s [Hérp )/’(p*)/(curl,Q)]’ and p* > 2,
we deduce from the regularity result of the (MHD) problem (see Theorem 1.6.4) that (u,b,P) €
WP (Q) x WHPT(Q) x WL (Q). Then, we have the following three cases:
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(i) Case ¢ < p < 3: We have (curlu) x u € L'(Q) with 1 = % — 1. Since t > p, it follows that
(curlu) x u belongs to LP(2). The same argument gives that (curlbd) x b belongs to L”(2). Conse-
quently, thanks to the existence of strong solutions for the Stokes problem (Sxr) (see Proposition 1.3.2),
we deduce that (u, P) € W2P(Q) x WhP(Q). Since curl(u x b) belongs also to L'(Q) with t > p,
we deduce from the regularity result of the elliptic problem (E7) (see Theorem 1.3.3) that b € WP(Q).

(ii) Case p = %: We have in this case p* = 3. From above, we know that (u,b, P) € W*(Q) x
W3(Q) x W3 (Q). Since WH3(Q) «— LY(Q) for any 1 < ¢ < oo, we deduce that (curlu) x u and
(curld) x b belong to L*(Q2) with = 3+ %. Choosing ¢ > 3 gives t > 3. Thanks to the regularity
of the Stokes problem (Sxr), we have that (u, P) € W2%(Q) x W12 (). Using the same arguments,
we have curl(u x u) € L'(Q) with ¢t > 3. Then, we apply the regularity of the elliptic problem (Ex)
to obtain b € WZ%(Q)

(iii) Case p > 2 : We know that (u,b) € WQ%(Q) X WQ%(Q) Then, (u,b) € LI(2) x LI(£2) with
1 < g < co. We deduce that the terms (curlu) x u and (curld) x b belong to L'(Q) with 1 <t < 3.
So, we have the following two cases:

(a) If 2 < p < 3, we have (curlu) X u, (curlb) x b and curl(u x b) belong to L?(2). Thanks to
the regularity of (Sy) and (Exr), we deduce that (u, b, P) belongs to W27 (Q) x WP(Q) x WhP(Q).

(b) If p > 3, from the above result, we have (u,b, P) € W*37(Q) x W2375(Q) x W'3-5(Q) with
0 <& < 3. Observe that (3 —¢)* = @ > 3. This implies that w € L*(Q) and b € L*(Q). Since
curlu € W35(Q) — LE~97(Q), it follows that (curlw)xw and (curl b) xb belong to LG~ () —
L*(Q). Again, according the regularity of Stokes problem, we have (u, P) € W?3(Q) x W3(Q).
Similarly, curl(uxb) € L*(Q) and the regularity of the elliptic problem (£x) implies that b € W'3(Q).
Finally, using the embeddings W*3(Q) < L>®(Q) and W'3(Q) — L9(Q) for 1 < ¢ < oo, all the
terms (curlwu) X u, (curlb) x b and curl(u x b) belong to LY(£2). To conclude, we apply once again
the regularity of Stokes problem (Sys) and elliptic problem (Exr).

O

1.6.4 Existence result of the MHD system for 3/2 <p < 2

The next theorem tells us that it is possible to extend the regularity W'?(Q) of the solution of the
nonlinear (MHD) problem for % < p < 2. For this, we apply Banach’s fixed-point theorem over the
linearized problem (1.4.2).

Theorem 1.6.5 (Regularity W'?(Q) with 3 < p<2). Assume that 3 < p <2 and let r be defined
by L = %—F . Let us consider f,g € [H{ " (curl,Q))', Py € Wi=5r(T) and h € WL (Q) with the

compatibility conditions (1.5.27)-(1.5.28).
(1) There exists a constant 61 such that, if

||f||[Hg/’p/(cur1,Q)]/ + HgH[Hg,’P/(curl,Q)]’ + ||PO||W17%’T(F) + Hh”le'(Q) S 51

Then, the (MHD) problem has at least a solution (u,b, P,a) € WHP(Q) x WHP(Q) x W7 (Q) x RE.

Moreover, we have the following estimates:

el 1Bl S O gm0 22 ey 1 Poll -2 Il )(1.6:19)
1Pl oSO+ O (15 gz 19 crnsny POyt oy Il )1.6.20)



Chapter 1. MHD system with boundary condition involving the pressure 76

where §; = (2C2C*)~1, C; = C(1+C*n)? with C > 0, C* > 0 are the constants given in (1.6.25) and
n defined by (1.6.26). Furthermore, o = (a1, ...,ay) satisfies

0= (£.Vad)a - |

(curlw) x u - Vg dz +/
Q

(curld) x d - V¢ dx + /(h — P)VqY -n do
Q r

(ii) Moreover, if the data satisfy that

||‘f||[H6/‘p/(cur1,Q)]’ + ||g||[H6”p,(curl,Q)]’ + HPOHWlf%,r(F) + ”hHWlT(Q) < 52’
for some 5 €]0, 1], then the weak solution of (MHD) is unique.

Proof.
(i) Existence: Let us define the space

ZP(Q) = WhHP(Q) x WLP(Q)
For given (w,d) € B,,, define the operator T' by T'(w, d) = (u,b) where (u, b) is the unique solution
of the linearized problem (1.4.2) given by Theorem 1.5.7 and the neighbourhood B,, is defined by
B, ={(w,d) € Z"(Q), |[(w,d)| z» @) <n}, 1>0.

Here Z”(Q) is equipped with the norm

l(w, d)||zr ) = [[wllwrr@) + ldlwr)-

We have to prove that T' is a contraction from B, to itself. Let (wi,d1), (w2,d2) € B,. We show
that there exists 6 € (0, 1) such that:

[T (w1, d1) = T(wa2, d2)| 20y = [[(w1,b1) = (u2,b2)|| 7o () < O [[(w1,d1) — (w2,d2)]| zp(q) (1.6:21)

Thanks to Corollary 1.5.8, each (u;, b, Pi, ¢'), i = 1,2, belongs to W(Q) x WP (Q) x Wh7(Q)

and verifies:
—Au; + (curlw;) X u; + VP; — (curlb;) x d; = f and divu, = h in
curlcurld; — curl(u; x d;) = g and divb; =0 in Q
u;xn=0and b, xn=0onTl (1.6.22)
P;=PyonTyand P = Py+ci” onT;
(u; -m,1)p, =0and (b;-n,1)r, =0, V1<j</

together with following estimate for i = 1,2:

(a8, < O (1t lewrlwnl] g o+ lldill g ) (0 + (U leurled| [l g, 172)(1:6.23)

~
zZr() w L2(Q)

where T = ||‘f||[Hgl’p/(cu!‘l,Q)]’ + ||g‘|[Hgl'pl(curl,Q)]’ + ||P0||Wl—%,r(l—‘) and Y2 = ||h’HW1vT(Q)'

Next, the differences (u, b, P,c) = (u; — ua, by — by, Py — Py, ¢! — c?) satisfy

—Au + (curlw;) X u+ VP — (curlb) x dy = f, and dive =01in Q2
curlcurld — curl(u x d;) = g, and divb=0in Q

uxn=0andbxn=0onl (1.6.24)
P=0only and P=¢; onl}

(u-m,l)r; =0and (b-n,l)r, =0 VI<j< I
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with fy = —(curlw) x ug + (curlbs) x d and g, = curl(us x d). Observe that f, and g, belong
to [HY ¥ (curl, Q)]'. Indeed, Since uy, by € WP(Q) < LP" (), curlw € L? () and d € W3 (Q),
then (curlw) x ug and (curlbs) x d belong to L™ (Q) — [Hg/’p/ (curl, Q)]". Besides, us x d € LP(Q)
so curl(uy x d) € [Hgl’p/ (curl,Q))’. Moreover, since g, is a curl, then it satisfies the conditions
(1.5.27)-(1.5.28). Hence, we apply the Theorem 1.5.7 and we have the estimate:

1(w, )| 20y < C(1 + [lcurlaw, || + llda]]

J D) Wl’%(Q))(H‘fQH[Hgl’pl(curl,Q)]’ + ||92H[H5’~P’(cur1,9)]/)

By the definition of the norm on [Hsl’p/ (curl, Q)]’, the Holder inequality and the embeddings
WLP(Q) < L (Q) and WP (Q) — Wh3(Q) — L3(Q),
it follows:
12l oty < 1 (€0E0) sl ) + el ba) x di] 1

< ||curlw||L%(Q) sl Lo+ () + lleurl bzl 1o (o) Al L5 o)
< C(Cy ||’“’HWLP(Q) ”U’QHWLP(Q) + Ca HdHWLP(Q) ||b2||W1’P(Q))
and
192 2775 cumpr sy = 182 % Aoy < 2l o o 1] gy < CCa 2l Il

where Cy, > 0 and C; > 0 are respectively defined by chrleL%(Q) < Cy ||w||W1,p(Q) and ||d||L3(Q) <

Ca || dlyy1.0 () Therefore, recalling that (w1, d;) belongs to B;,, we have:

[ullwrno) +1bllwra@) < CO+C[[(wr,di)ll 2o (0))(Cuw [wllwre @) + Calldlwr o)) (@2, b2)l 20 (o)
< CA+CC [[(w, d)| 2o (@ (w2, 02)]] 20 (0

with C* = Cy, + C4. Combining with (1.6.23), we thus obtain:
ullyg gy + 1Bllyyo ey < CLC (1, @)l gy (1 + (1 + C7)2) (1.6.25)
where C; = C(1 + C*n)2. Hence, if we choose, for instance:
n=(C*)((20C*y)™5 —1) and v = 71 + 72 < (20C*)~! (1.6.26)

then C1C*(y1 + (1+C*n)y2) < . Therefore T is a contraction and we obtain the unique fixed-point
(u*,b*) € WHP(Q) x WLP(Q) satisfying

1" 5 oy < C(14+ C 11,6 oy ) (4 (14 O 10,6 )2
Next, since (u*,b") € B,,, we obtain
1", 5% | gy < COL+Cn)(m + (14 CTn)) < Cry (1.6.27)

which implies the estimate (1.6.19):
Now, we want to prove the estimate for the associated pressure. Taking the divergence in the first
equation of problem (MHD), we have that P* is a solution of the following problem:

AP* =div f + div((curlb*) x b* — (curlu*) x u*) + Ah in ,
P*=PFP only and P*=Fy+c¢ onl};
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with
1P oy < 1Y Pl gy + ldiv((eurlb%) x b — (eurlu®) x w)ly—1.r e + 18RIy 1) + | Pollys1/me ey

Following the same calculus as in the proof of Theorem 1.5.7, we obtain
1P ey < CO 4+ C0)2 (1 + (14 C o).

which implies (1.6.20) and the proof of existence is completed.
(ii) Uniqueness:
Let (u1,b1, P1) and (usg, be, P2) two solutions of the problem (MHD). Then, we set (u,b, P) =
(w1 — ug, by — be, Py — P») which satisfies the problem:

—Au + (curlu;) X u+ VP — (curlb) x by = f, and divu =0in Q
curlcurld — curl(u x b;) = g, and divb=0in Q
uxn=0andbxn=0onl

P=0onTy and P:agl)fal@) on I';,

(u-n,1)r,=0and (b-n,l)r, =0V1<i<]TI

where f,,9, € [H 8,”” '(curl, Q)] are already given in (1.6.24) and satisfy the hypothesis of Theorem
1.5.7. Applying this theorem, we have the estimate

000l ey < OO+ lewrlann |y o+ bl

<O+ C"|(us, bl)HZ:ﬁ(Q))C* [l (ue, b2)||zzv(n) [ (u, b)”ZP(Q) :

)(Cw Hu”WLP(Q) Hu2||wlyp(9) + Ca HbHWl,p(Q) ||b2||W1~P(Q))

From (1.6.27), we obtain that:
1(w, b)| 2 (o) < C(1 + C*C1y)CCry || (w, b)]| 20 ()
Thus, for « small enough such that
C(1+C*Ciy)C*Ciy < 1

we deduce that w = b = 0 and then we obtain the uniqueness of the velocity and the magnetic field

which implies the uniqueness of the pressure P. O

1.7 Appendix

We begin this section by giving another proof of Theorem 1.5.11.

A second proof of Theorem 1.5.11: Let A > 0, and let us assume f,, g, € D(Q) such that f, and

g, respectively converge to f and g in LP(12), and Py € C>°(T") which converges to Py in Wlfi’p(f‘).
We consider the problem: find (uy, by, Py, c}') solution of:

—Auy + (curlw) x uy + VP, — (curlby) xd = f, and divuy =0in Q

curlcurld) — curl(uy x d) =g, and divb)y =0 in Q

Py, =P, onTy, P,=P)+c} onl; (1.7.1)
uyxn=0, byxn=0 onl

<U)\‘n,1>pi:0, <b)\~n,1>pi:0,V1<i§I
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Note that, since f,, g, € D(Q2), in particular they belong to L? (2). Thus, applying Theorem 1.5.1, we
have (uy,by) € W28 (Q) x W5 (Q) — H'(Q) x H'(Q) — L(Q) x L5(). Therefore, (curlw) x uy,
(curldy) x d and curl(uy x d) belong to L%(Q) — LP(§2). Hence, using the regularity results of the
Stokes and elliptic problems, we obtain that the problem (1.7.1) has a unique solution (uy, by, P\) €
W2P(Q) x WP(Q) x WHP(Q) which also satisfies the estimate:

[uxllwen @) + 10xllwz0 @) + I Pxllwrs )

I
< CSE(IIfAIIme) +lgallzoia) + 1B 30 + Dol + ll(eurlw) x unll o) (17.2)
=1

T
+ ll(eurl by) x dll () + leurl(ur x d)| (o) )

with Csg = max(Cg,Cg) where Cg is the constant given in the Proposition 1.3.2 and Cg the constant
given in the Theorem 1.3.3. We now want to bound the right hand side terms ||(curlw) x ux||z»(q),

[(curlby) x dl|1p(q), [[curl(uy x d)||zsq, and Zle |c}| to obtain the estimate (1.5.99). In this

purpose, we decompose curlw and d as in (1.5.4)-(1.5.5).

—_~—

Let € > 0 and p./, the classical mollifier. We consider y = curlw and d the extensions by 0 of
y = curlw and d in R3 respectively. We take:

curlw = y{ + y5 where y] = 9 * p. /2 and y5 = curlw — y§

i (1.7.3)
d = dj +d; where d] = d * p./» and dy = d — d

For each term, we start by bounding the part depending on d5 (resp. y5), and then we look at dj
(resp. u5).

(i) Estimate of the term |[(curlw) x ux|| (g
First, following the definition of the mollifier, we classically obtain:
el 3 ) = Y = 5 pepall L3 ) <€ (1.7.4)
Then, since we have W2P(Q) < LP () and the Holder inequality, we obtain:

s %l ooy < 195143 g 1l om0 < Cu w3l g g Il (1.7.5)

where () is the constant related to the previous Sobolev embedding W2P(Q) — LP  (Q). Thus,
injecting (1.7.4) in (1.7.5), it follows:

lys ¥ uallpr (o) < Crelluallyzrq)

Now, for the term in y§, we apply the Holder inequality to obtain:

ly1 x u/\HLP(Q) < il L™(Q) ”u/\HL‘Z(Q) < ||?JHL%(Q) Hpe/zuLt(Q) ||“/\||Lq(sz)

with m, g > p such that % =14 é and t > 1 defined by 1+ = = 2 4+ 1. Note that this definition
imposes m > %, and we can take in particular m = 3, and hence ¢ = p*. Since, following the properties

of the mollifier, there exists C. > 0 such that, for all ¢t > 1:

Hp6/2HLt(Q) < Ce (1.7.6)
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so we have

ly1 x u>\||LP(Q) & HyHL%(Q) Hu)\HLP*(Q)

(ii) Estimate of the term |[|(curlb,) X d||,q): As previously, we have from the definition of the
mollifier:

- degz*pe/QH (1.7.7)

Hal?”WL%(m w3 (Q) S
Then, combining the Holder inequality and the Sobolev embedding whs (Q) = L*(Q), we have:

[(curlby) X da| (g < lleurlba|[ o ) 2l L3 () < Cael|ballrre (@)

where (5 is the constant related to the Sobolev embedding w2 (Q) < L*(Q). We finally recall the
Sobolev embedding W2P(Q) — W™ (Q) to obtain:

[(curldy) x di|1r(q) < C2Cs€ballyy2.0 (0 (1.7.8)

with Cj the constant related to the Sobolev embedding W2P(Q) < WP (Q). It remains to bound
the term in dj. Applying the Holder inequality, we have:

[[(curlby) x di| Lo (o) < lleurlballLo(q) 11l Lm(q) < [leurlballpoq) 1dllps o) llocllLe) — (1.7.9)

with m,q > p such that = = % + % and t > 1 such that 1+ % = % + % Note that these relations

+ % so q < p*. Therefore, we have the Sobolev embeddings:

QRS =

require m > 3, then % <
W2P(Q) < WH(Q) <  LP(Q)

compact continuous

hence there exists n > 0 and C,, > 0 such that
oA llw.ai) < 1 l1BAllwzr ) + Cn 1Al L+ () (1.7.10)

Injecting (1.7.10) in (1.7.9), combining with (1.7.6) and the Sobolev embedding ng(Q) — L*(Q),

we obtain:
I(curlby) x dill o) < CeCzlldllyng o) 1IAIw2.2(0) + Cn 1bAll Lo ()

(iii) Estimate of the term |curl(ux X d)|[1»(q):
Since divuy = 0 and divd = 0 in £, then curl(uy x d) = (d- V)uy — (uy - V)d. We thus bound
these two terms.

e Estimate of the term ||(d - V)u,\HLp(Q):

The reasoning is exactly the same as for (i7) with curl by replacing by Vuy. Then we have:
H(d; ! v)u)\”Lp(Q) < 02036 H’u,)\HWQ,p(Q)
and

[[(df - V)“A”LP(Q) < Gl ||d||W1,g(Q) (n ”u’)\”W?vP(Q) +Cy H“A”LP*(Q))
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e Estimate of the term |[|(ux - V)d||;,q):

Again, the reasoning is the same as for (i), with Vd instead of curlw. Then we have:
[[(wx - VME“LP(Q) < Che ||u>\||W2~P(Q)
and

H(U)\ . v)di”Lp(Q) < CE HdHWL%(Q) Hu)\HLp* ()

(iv) Estimate of the term Zle |
With a triangle inequality, we have:

1< 2, Va) 1R 9 )|+ [ (eurtw) s V4 da
Q
+ |/(curlb,\) x d- Vg dz|
Q

We can’t directly bound | [;,(curlw) x uy - Vg dz| and | [, (curlby) x d - V¢l dz| with an Hélder

inequality: we must use again the decomposition of curlw and d in (1.7.3).

e Estimate of the term | [,(curlw) x u, - V¢ dz|:
From (1.7.4), the Sobolev embedding WP () < LP" (Q) and the Hélder inequality, we obtain:

[ s Va da] < sl g sl 9
< €Cr [uallwzr (o) qulNHLP'(Q)

with C] defined in (1.7.5). Next, applying an Holder inequality, we have:

|/Qyi x uy - V) da| < ||yi”Lq(Q) ||u/\HLp*(Q) ||quN Lm(Q)

< ||yHL%(Q) Hpe/QHLt(Q) ||u’>\||LP*(Q) HV(LJV} L™(Q)

< CE ||y||L%(Q) ||u)\||LP* (Q) qu’fv| L’”(Q)

with m,q > p such that % + p% +
defined in (1.7.6).

L =1 and t > 1 such that 1—1—% = 2+ 1, and C. already
e Estimate of the term [,(curlby) x d- V¢ da:

Again, combining (1.7.7), the Sobolev embedding W?P(Q) — WP (Q) and the Holder in-
equality, we have:

L3 ) ||tiN||LP/(Q)

|/Q(curle) x dS - Vg dr| < \|curlb>\||Lp*(Q) llds ||
< 3¢ [ Ve || o o 102w 0

where C3 is defined in (1.7.8).
Now, we look at the part with df, with the Holder inequality:

|/Q(0ur1bx) x dj - Vg do| < |eurlbyl| poq) il L) [V || Lo q)

< ||b/\||wl=q(Q) ||d||L3(Q) pr/QHLt(Q) qulNHL“(Q)
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with ¢, m, a > p such that %—i— % +é = 1land ¢t > 1such that 1+ % = %—i— % In order to recover
(1.7.10), note that, taking o such that 1 — 1 = 11;, we obtain the same assumptions on g and m.
Therefore, since we can take the same ¢ as in (1.7.10), we apply it with (1.7.6) to obtain:

||| (eurta) < di- 90 del < CCo ]y gy 90 ey 010y + o I o)

Finally, noting that there exists C; > 0 such that, for all m > 1, ||VqZN|

the previous calculus that:

L) S Cy, we obtain from

I
S 1M < 1C (13l oy + 17

i=1

leﬁ,p(r) + €01 |unllw2p o) + €Cs 1baAllw2. (o)

+0C.Co |d] 193l gy + Ce lewrlawll g ol

w3 (Q)
+ CoCeCalldl g ) 1AL (@) ):
Then, injecting (i) — (4v) in (1.7.2), and taking € small enough such that:
€(CaCy + max(20Cy, 1C,Cy) ) < i
and 7 such that

1
Nl . o) CC2Ce <

where C' > 0 denotes the constant C' = (1 + IC,), we obtain

luxllw2r0) + 1BAllw200) + IPAllwrs o

< Csk {C(”-f)\HLP(Q) + llgxllzr ) + HP(j\HWl,%,,, ) (1.7.11)

™)

+ (Cd1+20C20,) [l . ) + CeCllenrlow] g ) (leall o oy + B2l o )]

w3 (o
Applying the estimate (1.5.86) in (1.7.11), we finally obtain the estimate:

[uxllwzr @) + 102 llw20 (@) + [ Pallwrs o)

< Ose(Ifallvi@) + 93z + 1By 20 g ) [+ CaCr (Celd +2CCoCy) Il 05

+ 0, Jeurtw] g o ) (14 leurlw] g o+l o )] (1.7.12)
< Ose (1Al + 1aalmooy 1P |1 2. g, ) max (O CoCrCel1 +20C2C0), COC)

< (1 lewrtwl g )+ s )

where C/ is the constant of the estimate (1.5.86) and Cs is defined in (1.7.8).
To conclude, from the estimate (1.7.12) we can extract subsequences of uy, by and Py, which are
still denoted wy, by and Py, such that:

uy — u and by, — b in Wz’p(Q), Py — P in WhP(Q)

where (u,b, P) € W*P(Q) x W>P(Q) x WhP(Q) is solution of (1.4.2) and satisfies the estimate
(1.5.99). O
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Next, we give here the proof of Corollary 1.5.12 which is the extension of the previous result to the
case of non-zero divergence condition for u.

Proof of Corollary 1.5.12: We proceed with the same reasoning as in the Corollary 1.5.8. We
recover the solution of a linearized problem with a vanishing divergence by considering the Dirichlet

problem:

A0=hinQandd=0onT

and setting z = u — V4, thus (z, b, P, ¢) is the solution of (1.4.2) in the Theorem 1.5.11 with f and g
replaced by f = f + Vh — (curlw) x V0 and g = g + curl(V0 x d).

Indeed, the assumptions of the Theorem 1.5.11 are satisfied: since V6 € W2P(Q) — L¥ () and
curlw € L%(Q), then (curlw) x V@ € LP(£2). Moreover, we have by hypothesis Vi € LP(Q) so
f € LP(Q). In the same way, we have g € L*(Q) and since we only add a curl to g, then § satisfies
the conditions (1.5.27)-(1.5.28). Hence, we recover the estimate:

||z||W2,p(Q) + ||b||W2,p(Q) + ||PHW1,1>(Q)
2, ) (1.7.13)
< Op (1t fleurlw| g o+ lldl g gy ) (1Fler@ + 181z + 1Pollys- 1 )
We must bound ||}||LP(Q) and [|g|z» ) term by term:
e Applying the Holder inequality and the Sobolev embedding W2P() < LP" (Q), we have:

[Fllzr ) < IFllzr) + IVl Lo o) + ||cur1w||L%(Q) VO Lo+ () 7.1
Sl zr@) +Mhllwrn @) + Crlleurlw] 5 o NAllynq)
where C; denotes the constant of the Sobolev embedding W2P(Q) < LP™ ().

e Note that divVe# = Af = h, thus we rewrite curl(V0 x d) = —hd + (d - V)V — (V0 - V)d.
Thus, we have:

191l e @) < N9l L) + 1hll o) + 11(@- VIVOl| gy + (VO - V)| Ly g
< Hg”LP(Q) + HhHLp**(Q) ||dHL3(Q) + ||d||L3(Q) 11013320+ @ Tt HV9||LP**(Q) HVdHLg(Q;1.7.15)

< HgHLP(Q) + 2003 HhHWLp(Q) HdHW1 g + & Hhle P (Q) HdH % )

where C5 and Cj3 are the constants respectively related to the Sobolev embeddings wls Q) =
L3(Q) and W'P(Q) — LP (Q).
Hence, combining (1.7.14) and (1.7.15) with (1.7.13), it follows that:
1Zllw2r o) + [Bllw2s ) T 1Plwe @)
< Cp(1+ llewrtwll g ) + 1430y ) (15 2oy + lallzocay + 1ROl
Wl (1 Crlleurlwll g ) + CCaCs + C) [l g ) )
< r(1+ flewrtwl g o+l s g ) (1 + I8y + IR0l
o max (1,2C5C5 + Cu ) [hllys.ogay (U4 leurlw] g o+ ]z )

Finally, we use triangle inequality and we get the estimate (1.5.106). (]
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Chapter 2

MHD system with Navier-type

boundary condition

2.1 Introduction

Let Q be a bounded simply connected domain in R? of class C!'! with a connected boundary I'. We
denote by m the unit vector normal to I' and exterior to 2. We consider the following magnetohydro-
dynamic system (MHD): find the velocity field u, the dynamic pressure p, and the magnetic field b
satisfying:

—Au+(u-V)u+ VP —(curlb) xb=f in{, (2.1.1)
curlcurld — curl(u x b) =g inQ, (2.1.2)

divu =0 inQ, (2.1.3)

divb =0 in Q. (2.1.4)

Here, f and g are given source terms. We complete the system with the following types of
homogeneous boundary conditions for the velocity field w and the magnetic field b:

u-n=0 and curluxn=0 onl, (2.1.5)
b-n=0 and curlbxn=0 onl. (2.1.6)

We state our main results. The first theorem gives the existence of weak solutions for the system

(2.1.1)-(2.1.6) in the Hilbert case. Suitable spaces for data f and g are specified. We need to introduce
the space H " (div,(2) defined by

H{"(div,Q) :={¢p € L"(Q); divep € LP(Q), ¢ -m =0 onT}
with % = % + % which is a Banach space endowed with the norm:
9l a7 aiv.o) = 1@l Lr @) + 1AV @ Lo (o)

The space D(2) is dense in Hgl’p/ (div, Q) (cf. [87, Proposition 1.0.2]). Its dual space denoted
[Hsl’p/ (div, )]’ can be characterized as follows (c.f |87, Proposition 1.0.4]):
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Proposition 2.1.1. A distribution f belongs to [H, " (div, Q)] iff there exists F' € LT/(Q) and ¢ €
LP'(Q) such that f = F + V). Moreover, we have the estimate :

HfH[HJ’p(div,Q)]/ < f:iﬁzlfvw maX{HFHLr’(Q)v ||1/’HLP’(Q)}~
[H ¥ (div, Q)] = {F + V¢ | F € L"(Q), ¢ € LP(Q)} (2.1.7)

Theorem 2.1.2. (Weak solutions in H'(Q)). Let f € [H”(div,Q)] and g € Lg(Q) satisfying the

following compatibility conditions:

divg =0 in Q, g n=0 onl. (2.1.8)
Then the problem (2.1.1)-(2.1.6) has at least a weak solution

(u,b, P) € H (Q) x H*(Q) x L*(Q)/R.
Further, the solution (u,b) satisfies the following estimate:

ol sy + 18001y < C(1F s 2aivacy + 1911 8 )
with C > 0 which depends on the datas of the problem.

Next, using the regularity of the Stokes problem and an elliptic problem combining with a bootstrap
argument, we show the regularity W'?(Q) with p > 2 and the regularity W>?(Q) with p > 6/5. We

obtain the following two theorems.

Theorem 2.1.3. (Strong solutions in W *?(Q) with p > 6/5) Let us suppose that 2 is of class C*'
andp > 6/5. Let f € L?(Q) and g € L*(Q) satisfying the compatibility conditions (2.1.8). Then the
solution (u, b, P) of (2.1.1)-(2.1.6) given in Theorem 2.1.2 belongs to WP (Q)x WP (Q)x WP (Q)/R.

Theorem 2.1.4. (Generalized solutions in W '?(Q) with p > 2) Let us suppose that Q is of class
C' andp > 2. Let f € [Hsl’p/ (div, Q)] and g € L"(Q) with 1 = % + & satisfying the compatibility
conditions (2.1.8). Then the weak solution (u,b, P) of (2.1.1)-(2.1.6) given in Theorem 2.1.2 belongs
to WHP(Q) x WHP(Q) x LP(Q)/R.

2.2 Notations and preliminaries

In this section, we review some notations and functional framework. The spaces mean vector or matrix
valued spaces are denoted by bold letters, as well as its elements. We will use C' to denote a generic
positive constant which may depend on 2 and the dependence on other parameters will be specified

if necessary. For 1 < p < oo, we define the spaces
X5(Q) = {v e LP(Q); div v € LP(Q), curlv € LP(Q), v-n =0 onTl'}.
V5(Q) ={v e X}(Q); divo =0inQ}.

When p = 2, we will use the notation X7 (2) (respectively V1(Q)) instead to X>(Q) (respectively
V().
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We note that the space X%() defined above is continuously embedded in W'?(Q) (c.f |15,
Theorem 3.2]). Moreover, we have the following Poincaré inequality which can be found in [98,
Theorem 2.1] (see also [15, Corollary 3.4] for the more general case where 2 is multiply connected):
for all v € W'P(Q) with v-m =0 on I':

[CI—_— c( leurl v, o) + ||diV'u||L,,(Q)) (2.2.1)

The inequality (2.2.1) is a particular case of that in [15, Corollary 3.4] without the flux through
the cuts because we suppose in this chapter that 2 is simply connected.

We will use somme regularity results concerning the following Stokes problem (S7):

—Au+VP=f and divu =0 in ),
(S1)
u-n=a and curlu xn=hxn onl.

We first recall the following strong regularity result [13, Theorem 4.8.]:

Theorem 2.2.1. Assume that S is of class C*1. Let f € LP(Q), a € W2 »?(T"), h € W' (T
with the following the compatibility condition:

/Fads =0 (2.2.2)

Then, the solution (w, P) of problem (St) given by Theorem 2.2.2 belongs to WP (Q) x WhP(Q)
and satisfies the estimate:

[l + 1Py < (I lpa@y + lall o n gy + Tl 130 )

Using the characterization (2.1.7), we can extend the result in [13, Theorem 4.4] to prove the
existence and uniqueness of solutions in W7 () x L?(Q) /R of the Stokes problem (S7), by supposing
f in the dual space [HJ > (div, Q)] instead of [HY ¥ (div,)]":

Theorem 2.2.2. Assume that Q is of class C*'. Let f € [Hgl’p/(div,Q)]', a, € Wl_%’p(I‘) and

h,xn € W*%’p(l") with < p and % < % + % satisfying the following the compatibility condition

(2.2.2). Then, the Stokes problem (St) has a unique solution (u,7) € W P(Q) x LP(Q)/R satisfying
the estimate:

el + Ilocayse < (1 lary o gy + 0l oy + Mll 30 )

Proof. Next, with the characterization of the dual space [H P /(div, )]’ given in Proposition 2.1.1
and the linearity of the Stokes problem, we divide the problem into two parts, with (wi,71) and
(ug, ma) respectively solutions of:

—A’Uq + Vﬂ'l =F
divu; =0 on (2.2.3)

u;-n=0, curluy xn=0 onl
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and

—1AUQ+-VMQ :‘V¢
divuy =0 on Q (2.2.4)

us-m=a, curlupxn=hxn onl

with F' € L"(Q) and ¢ € L?(2). Note that if (uq, ) is solution of (2.2.3) and (usg,m2) solution
of (2.2.4), then (u, ) = (w1 + w2, ™ + m2) is solution of (S7).
Applying Theorem 2.2.1, the Stokes problem (2.2.3) has a unique solution (u1,7;) € W2 (Q) x

WhT(Q)/R. However, since 1 < & + §, we have the following Sobolev embedding;

W2 (Q) — WhP(Q)

so (uy,m) € WHP(Q) x LP(Q)/R. Next, with (2.1.7), we have that Vi belongs to [Hg/ (div, Q)]
then with [13, Theorem 4.4], we obtain the unique solution (ug, ) € W P(Q) x LP(Q)/R. Thus, we
conclude by combining those results and we have (u,7) € WP(Q) x LP(Q)/R. O

Remark 2.2.1. We note that the regularity C*' in Theorem 2.2.2 can be reduced to C*'. Indeed, we
consider the homogeneous case a = 0. We can verify that the Stokes problem (Sy) is equivalent to
the following variational formulation (c.f. [13, Theorem 4.4]): Find w € WP(Q) such that for any
vE V’;(Q):

curlu - curlvdx = (f, v)q + (h, X n,v)

_1 1 (2.2.5)
Q w PP ()xwrP ()

where (-, -)o denotes the duality product between [Hgl’p/(div7 )] and [Hg/’p/ (div,Q)]. Thanks to [183,
Corollarty 3.5], if Q is of class C11, the following infi-sup condition holds: there exists a constant

B > 0, such that:
Jocurlu- curl vdz

inf sup > (2.2.6)
ve VE () ue VE(Q) el we o)l 0l @
v#0 u#0

So, problem (2.2.5) has a unique solution u € V5 (Q) € W'P(Q) since the right-hand sides defines
an element of (V%.(Q))". The pressure can be recovered by De Rham argument. For the non homo-

geneneous case, the boundary condition w - n can be lifted by solving the following Neumann problem:

Af=0 in{ and — =a onl.
on
We need also regularity results for the following elliptic problem (E7) (cf. [13])

—Ab=g and divb=0 in £,
(€7)

b-n=0 and curlbxn=0 onl

Theorem 2.2.3. Let g € LP(Q) satisfying the compatibility conditions
divg=0 inQ g n=0 onl. (2.2.7)

Then, problem (£7) has a unique solution b € WP (Q) satisfying the estimate:

1Bl 202y < CllgllLr (o)
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Next, we need to define the following space
M™P(Q) = {ve W'P(Q); Avel[H," (div, Q)'},
which is a Banach space for the norm:

[ollaroey = ol wrr@ + 180l st e
The following Lemma gives a density result and a Green formula which allows to define the tangential

traces of curlu and curlb on I'. The proof is similar to that in [13, Lemma 4.1] and [8§].

Lemma 2.2.4. The space D(R) is dense in M"P(2). Moreover, the linear mapping v : v —
curlv|r x n defined on D(Q) can be extended to a linear continuous map from v : M"™P(Q) to
Wﬁé’p(l") and we have the Green formula: for any v € M"P(Q) and any ¢ € Wl’p,(Q) N X:fi/(Q)
with dive =0 in Q

— (A, 90>[H0T/7p/(div,Q)]’xHJ/”’/(div,Q) = /Q curlv- curl pdz+ (curlv x n, ¢)r, (2.2.8)

where the duality on T is defined by (-, )r = (-,+) _1

WP () xw e (1)

2.3 Weak solutions in the Hilbert case

In this section, we are going to study the well-posedness of the MHD problem 2.1.1-(2.1.6) in the
Hilbert space. We prove the existence of weak solutions in H'(Q) x H'(Q) by applying a Leray-
Schauder fixed point argument. A natural question is how to choose the data f and g in order to
give a sens to the boundary conditions (2.1.5) — (2.1.6). It is natural to look for a solution (u,b) in
Vr(Q) x Vr(Q) with

Vr(Q) ={ve H(Q); divv=0 in Q, v-n=0 onTl}

As discussed in Chapter 1, for boundary conditions of type (2.1.5)-(2.1.6), the space H () is not
suitable for the external forces f and g to find solutions (u,b) in H'(Q) x H*(Q). In view to write an
equivalent variational formulation, we must precise the duality (f, v) while choosing f in a subspace

of distributions. Since the test functions belong to the space
H}*(div; Q) = {v € L*(Q); divv e L*(Q), v-n =0 on I},

we must choose f in its dual space, so f € [Hg’z(diV;Q)]l. This hypothesis can be weakend by
observing that H'(Q) < L%(Q) and then we can consider for f the space [H{?(div; )]’ which
contains [Hz”(div; Q))'. Recall that D(Q) is dense in this dual space and its characterization is given
in (2.1.7). With this choice, the boundary condition curlu x n = 0 on I has a sens in H~*/%(I).
Indeed, in view of the characterization given in Proposition 2.1.1, if we have u € H'(Q), b € H*(Q)
and P € L2(Q), then Au = f — VP —u-Vu+curlbx b belongs to [H{*(div, )]’ and then u belongs
to M52(Q). We deduce thanks to Lemma 2.2.4 that the trace curl u x n has a sens in H~*/2(T). This
is also valid for the trace of curld x n on T with a data more regular g € L%/5(Q) — [H{? (div; Q)]
This additional regularity for g is needed in order to give a sens to g - n on the boundary (see (2.3.4)
and (2.3.5)).
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Theorem 2.3.1. Let f € [Hg’Q(div,Q)]' and g € L%(Q) satisfying the following compatibility condi-

tions:
divg=0 in g-n=0 onl. (2.3.1)
Then the problem (2.1.1)-(2.1.6) has at least a weak solution
(u,b,P) € H(Q) x H*(Q) x L*(Q)/R
Further, the solution (u,b) satisfies the following estimate:
ol azs gy + 18021y < C(1F s 2gaivicp + 19118 ) (23.2)
with C' > 0 which depends on the data of the problem.

Proof. (i) In a first step, we prove that the compatibility condition (2.3.1) is necessary. Let (u, b, P) €
H'(Q) x H'(Q) x L*(Q)/R a weak solution of (2.1.1)-(2.1.6). From (3.1.1), g = curl(u x b) +
curl curl b, then we have immediately divg = 0 in 2. Now, we want to prove the condition g - n =
0 onT. We take ¥ = curlb— (u x b). Then, ¥ € L*(Q) and curl ¥ =g € L%(Q) Moreover, since

curlb xn=0on I and

(uxb)xn= b(w) - u(w) =0 onl, (2.3.3)
=0 =0

we deduce that ¥ x n = 0 on I' which has a sense in Hil/z(I‘). Then, on the one hand, for all
x € H?(Q2), we have

/ curl ¥ - Vyde = —(¥ X 1, V) g-1/2(ry g2 ry = 0 (2.3.4)
Q

On the other hand, since g € L6/5(Q) and is divergence-free, the trace g - n belongs to W_%’%(F).
Then, for all x € H?(Q)

/chrl\I' -Vxdz={(g-n, x)W,%yg(F)XW%,ﬁ(F) (2.3.5)

Sog-n=0in W-&5(I).

(ii) We now want to prove the existence of weak solutions. For this, we apply a Leray-Schauder
fixed-point theorem. We define the Hilbert space Z := V() x V1(Q) equipped with the norm

[(w,b)]l; = ||“||H1(Q) + Hb||H1(Q)’

We suppose that (u,b) € Z is given and we set the following problem: Find ((@,b), p) € Z x L*(Q)/R
such that

A+ VP =—(u-V)u+ (curlb) x b+ f and divii=0 in Q,
curlcurlb = g + curl(u x b) and divh =0 in Q, (2.3.6)
u-n= and curluxn=20 on I -

b-n= and curlbxn =0 onI'.
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Observe that problem (2.3.6) is decoupled. Indeed, (u,p) is a solution of a Stokes problem of type
(S7) with homogeneous boundary conditions. b is solution of an elliptic problem of type (£7). So, to
prove the existence and the uniqueness of solutions for (2.3.6), we can apply the regularity results for
(&1) and (S7) given in Theorem 2.2.3 and 2.2.2. Let us first verify the conditions of Theorem 2.2.2.
Since H'(Q) < L°(Q), we have that (u - V)u € L%(Q) — L%(Q) Similarly, (curld) x b € L%(Q).
Therefore:

—(u- V)u+ (curlb) x b+ f € L5 (Q) < [HS?(div, Q)]

Applying Theorem 2.2.2, we deduce the existence and uniqueness of (@,p) € H'(Q) x L*(Q)/R.
Next to apply Theorem 2.2.3 and obtain b, we must verify that g+ curl(u x b) belongs to L%°(Q), is
divergence-free and has zero normal trace. First, since divg = 0 in 2, it is obvious that g+ curl(u x b)
is divergence-free. Next, since dive = divb = 0 in 2, we have

curl(u x b) = (b-V)u— (u-V)b (2.3.7)

So as above, using the Sobolev embedding H* () < L°(Q), we have curl(u x b) € L%(Q) Then
the RHS of the second equation (2.3.6) belongs to Lg(Q) Moreover, thanks to (2.3.3), we have
curl(u x b)-n = 0 on T and then (g + curl(u x b)) -m = 0 on I". The existence of b is guaranteed by
Theorem 2.2.3. We conclude that there exists a unique solution ((@,b),p) € Z x L2(Q)/R solution of
(2.3.6). Now, we define the following operator:

T:Z—ZxL*(Q)/R—Z
(u,b) — (@, b,p) — (i@, b)

where (@, b) is the component of the solution (@, b, P) of (2.3.6). We want to prove that 7 has a fixed
point which is the solution of the MHD system (2.1.1)-(2.1.6). For this, we proceed in two steps to
prove the following statements (see [44, Theorem 11.3]):

(1) The operator T is compact.

(2) There exists a constant C' > 0 independent of u,b and « such that ||(u,b)||, < C for all
(u,b) € Z and for all « € [0, 1] such that (u,b) = aT'(u,b).

Proof of (1). Since Z is reflexive, it is sufficient to prove that T is continuous. Let (u,b) € Z,
(ur, by) € Z such that (uy,by) — (u,b) weak in Z. Let us define (i, b) = T (uy, bi), Vk € N. We
want to prove that 7 (uy, by) = (tr, by) — (@, b) = T(u,b) strongly in Z which amounts to prove
that when & — 400

Up—@—0 and by—b—0 in HY(Q).

For all k € N, (tiy, — @, b, — b) satisfies the following problem:

Aty — @) + V(P — P) = —(uy, - V)ug, + (u - V)u 4 curl by, x by — curlb x b inQ,

curl curl(b;, — b) = curl(uy x by,) — curl(u x b) inQ,
div(dy —@) =0 and div(by —b) =0 inQ,
(b —u) n=0 and curl(dy—u)xn =0, onl,

(bp —b)-n=0 and curl(b, —b) xn =0, onT"
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(uy — @) satisfies a Stokes problem that we can split into two parts:

—Awy + Vg, = —((ur, —u) - V)u + curlb x (b, — b) inQ,
divwy, =0 inQ, (2.3.8)

wp-n=0 and curlwyxn=0 onl
and

—vAY, + Vry = —(ug - V)(ur — u) + curl(by, — b) x by, inQ,
divy, =0 inQ, (2.3.9)

Yy, - n=0 and curly,xn=20 onT

where wy + y;, = Uy — @ and g + rr = P, — p. Since —((ur — u) - V)u + curld x (b, — b) € L%(Q),
thanks to Theorem 2.2.2, there exists (wg, qr) € H'(2) x L*(2)/R solution of (2.3.8) satisfying the
estimate

lwll g7 () + llakll L2 () /r
<O (l(Cur =) - Vyull g ) + lleurlx B =)l g, )

< O(IVall (g lur = ull sy + leurl bl (g lbr = bll (o )

< C( ||CUI‘1’LLHL2(Q) ||’U,]€ — u||L3(Q) + chrleL2(Q) ||bk — b”L'S(Q))

Since @, — u and by, — b weakly in H'(Q) and the embedding H'(Q) — L*(Q) is compact, we
deduce that i, — w and by — b strongly in L*(Q). This implies that w; — 0. Similarly, since
—(ug - V)(u, —u) + curl(b, — b) x b, € L%(Q), by Theorem 2.2.2 there exists (y;, %) € W2%(Q) X
W13 (Q) solution of the Stokes problem (2.3.9). So, (uy, - V)(ur —u) — 0 and curl(b, — b) x by, — 0
weakly in L%(Q) imply that y, — 0, weakly in W2%(Q) and 7, — 0 weakly in W'2(Q). But,
the embedding W2%(Q) < H'(Q) is compact, so we deduce that y, — 0 strongly in H'(Q). We
conclude that iy, — @ in H'(Q).

Next, by —b is a solution of an elliptic problem with a right-hand side curl((w —u) x by, ) —curl(w x (b—
b)) which is equal to curl((u; —u) x bg) —curl(u x (b—by)). Using the relation (2.3.7), we can verify
that it is a function of L%(Q) Thanks to Theorem 2.2.3, there exists a solution by — b € W2%(Q)
Since curl((ur — u) x by) — 0 and curl(u x (b — b)) — 0 in L%(Q), we deduce that by, —b — 0
in WQ%(Q) Finally, with the compact embedding WQ%(Q) in H'(Q), we conclude that b, — b in
H'(Q).

Proof of (2). Let (u,b) = o7 (u,b) with (u,b) € Z and « € [0,1]. Since (i, b) = T (u,b), then
(u,b) = a(@, b) = (air, ab) and (@, b) = T (ais, ab) satisfies:

—A@+ VP =f—a%(i-V)i+ a(curlb) x b inQ,
curlcurlb = g + o2 curl(@ x b) inQ,
divie=0 and divb=0, ing, (2.3.10)
u-n=0 and curluxn=20 onl,
b-n=0 and curlbxn=0 onl.
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Multiplying the first equation (2.3.10) with @ € V() and integrating by parts, we obtain
||Cur1'&||2LZ(Q) = <f7ﬂ>[Hg’2(div,Q)]’><Hg’2(div,52) +a” /Q(CUI'I b) x b ivdw
Similarly, multiplying the second equation (2.3.10) with b and integrating by parts, we obtain:
I cur113||2LQ(Q) = /Qg -bdx + /Q curlb - (@ x b) dx
Since curlb x (& x b) = —(curld) x b - @, we obtain by adding the both relations:

leurla|Zs ) + | curl bl|Zz(q) = (F @) 102 aiv )« 1182 (v, ) + /QQ -bdz
So we have:
~ 112 7
leurl @[z g + || curlb|Z: q)
A ) (2.3.11)
< C( HfH[HS'Z(divﬂ)]’ ||U||Hg~2(div,9) + HgHLg(Q) ||b||L5(Q)>
Combining (2.2.1) and Sobolev embedding H'(Q) < L°®(), and then, applying Young inequality in
(2.3.11), we obtain that:
i3 b2 00 < C( £ 2 2.3.12
el ) + 1Bl E @) < C{ I ES 2 @iv.0)p + ||g||Lg(Q) (2.3.12)
Thus we conclude that:

I(w, b)ll z = all(@, b)]| 2 < Cy

with C7 which depends on datas of the problem but not of uw,b and a. By using Leray-Schauder
fixed point theorem, we deduce the existence of at least one solution in ((u,b),P) € Z x L*(Q)/R
of problem (2.1.1)-(2.1.6). Since @ = u and b = b, the estimate (2.3.2) follows directly from (2.3.12)
which completes the proof. O

2.4 Regularity of the weak solutions

In this section, we study the regularity of the weak solution for the MHD problem (2.1.1)-(2.1.6) in
LP-theory. We will use the regularity results for the Stokes problem (S7) and (£7). For this, we can
rewrite the system (2.1.1)-(2.1.6) on the form

—Au+Vp=F and divu=0 inQ,
curlcurlb=G and divb=0 in Q,
(2.4.1)
u-n=0 and curluxn=0 on I,
b-n=0 and curlbxn=0 on I,

with F' = f — (curlu) x u + s(curld) x b and G = g + k curl(u x b). We begin with the following
result concerning strong solutions in W2%(Q) when p > 6/5.

Theorem 2.4.1. Let us suppose that ) is of class C*' and p > 6/5. Let f € L”(Q) and g € LP(Q)
satisfying the compatibility conditions (2.3.1). Then the solution (u,b,p) of (2.1.1)-(2.1.6) given in
Theorem 2.3.1 belongs to W*P(Q) x W2P(Q) x WhP(Q)/R.
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Proof. Let (u,b,P) € H'(Q) x H'(Q) x L*(Q)/R is the weak solution of (2.1.1)-(2.1.6) given by
Theorem 2.3.1. Since H'(Q) — L°(Q), we have that (curlu) x u € L%(Q) and (curld) xb e L%(Q)
So, we have three cases

(i) Case ¢ < p < 3. Since F belongs to L%(Q), we obtain by Theorem 2.2.1 that (u,P) €
w23 (Q) x Wh2 () /R. Next, G belongs to L3/?(Q), is divergence-free and satisfies the compatibility
condition (2.3.1). Thanks to Theorem 2.2.3, the solution b belongs to WQ%(Q) So, we deduce
that (u,b, P) belongs to WQ%(Q) X WQ%(Q) x WL3(Q)/R. Since p < 3/2, we have (u,b, P) €
W2P(Q) x WHP(Q) x WhP(Q)/R for any p < 3/2.

(ii) Case 3 < p < 3. By the previous case, we have (u, b, P) € WQ%(Q) X WQ%(Q) x W3 (Q)/R.

In view of the embeddings
W22(Q) = WH3(Q) — LY (Q), forl <t < oo, (2.4.2)

we have (curlu) x u € L*(2), (curlb) x b € L*(Q?), with 1 < s < 3. Thus, F € L*(Q2) — L?(Q)
and G € L*(Q) — L?(Q). Applying again the regularity of the Stokes and elliptic problems (S7) and
(E7), we deduce that (u,b, P) € W*P(Q) x W*P(Q) x WP(Q)/R for any p < 3.

(iii) Case 3 < p < +oo. From the above case, we have (u,b,p) € W2’3_5(Q) X W2’3_5(Q) X
Wh3=9(Q) /R with & € (0, 2). It follows from the Sobolev embedding

W2379(Q) — WH(Q) — L®(Q), with3 < ¢ < oo (2.4.3)

that w € L () and b € L*(2). Then, the terms (curlu) x u and (curld) x b belong to L?(Q2) and
this implies that F € L?(Q) and G € LP(Q2). The result follows similarly by applying the regularity
of (S7) and (&7). O

Now, we study the regularity W'?(Q) for the solutions of the MHD system (2.1.1) -(2.1.6) for
p > 2. The proof is based on the regularity of the Stokes and elliptic problems (S7) and (£7).

Theorem 2.4.2. Let us suppose that Q is of class C*1. Let f € [HS/’pl (div, Q)] and g € L"(2) with

1 % + % and p > 2 satisfying the compatibility condition (2.3.1). Then, the weak solution (u,b, P)

T

of (2.1.1)-(2.1.6) given in Theorem 2.2.2 belongs to WP(2) x W'P(Q) x LP(Q2)/R.

Proof. Since [H ¥ (div, Q)] < [H%?(div, Q)] and L"(Q) — L? (), it follows by applying Theorem
2.2.2 that the system (2.1.1)-(2.1.6) has a solution (u,b, P) in H'(Q) x H'(Q) x L*(Q)/R. We
proceed as in the proof of the previous Theorem, we have (curlu) x u — (curlb) x b € L%(Q) and
curl(u x b) € L%(Q) So, we separate the proof in two cases: p € [2,3] and p > 3.

(i) Case r < 3. Then, p < 3 and with the characterization given in Proposition 2.1.1, we set
¢ € L"(Q) and ¢ € LP(Q) such that f = ¢ + V4. Then, we rewrite the first equation in the MHD
system (2.1.1)-(2.1.6) as: Au+Vr =F in Qwith7m=P—1 and F = (curlu) x u— (curlb) x b+ ¢.
Therefore, since (curlu) x u — (curld) x b € L%(Q) — L"(?), we have F € L"(Q) and then,
applying Theorem 2.2.1, we obtain that (u,7) € W?"(Q) x W7 (Q)/R. However, we have the
Sobolev embeddings W2"(Q2) < WP(Q) and W (Q) < LP(Q), so (u,7) € W P(Q) x LP(Q)/R,
and since ¢ € LP(Q), then m € LP(Q)) implies that P € LP(Q).

Next, since g € L"(Q2) and curl(u x b) € L%(Q) — L"(Q), it directly follows from the regularity of
the elliptic problem (£7) that b € W27 (Q) — W'?(Q).
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(ii) Case r > 2 and p < 3. We have [Hgl’p’(div,ﬂ)]’ — [H(()%)/’p/ (div, Q)] and L" < L2 (), so
(u,b, P) € WHP(Q) x WHP(Q) x LP(Q)/R. Note that we have the following Sobolev embeddings:

WhP(Q) — L*(Q)

with s = 3%, if2<p<3and s € [l,00)if p=3. Applying it, we obtain that (curlu) x v and

(curld) x b belong to L%(Q) Then, F € L%(Q) — L"(Q2) and, applying Theorem 2.2.1, we
obtain that (u,7) € W"(Q) x W' (Q)/R and with the same way than in the previous case, we
obtain (u,b, P) € W?(Q) x W*(Q) x LP(Q)/R.
(iii) Case p > 3: Note that the conditions 1 <
this case in two steps: r € [%7 3) and r € [3,p].
e c [;Tpp,?)): Since the case p = 3 and r € [;Tpp,?)) comes from the previous case, we have
(u,b) € WH3(Q) x W'3(Q). We have the Sobolev embedding:

%+%andr§pimply£%p<r<p. We divide

Wh3(Q) — L¥(Q), Vse[l,00)

then we have (curlu) x u € L* ¢(Q) < L"(Q) with ¢ > 0, and same thing for (curlb) x b. So we
obtain F' € L"(Q), and then from Theorem 2.2.1 and the previous reasoning on the pressure we obtain
(u, P) € W»"(Q) x W' (Q)/R — WHP(Q) x LP(Q)/R. By the same way for the elliptic case, we
have b € W'P((Q).

eCase r € [3,p]: For 0 < 6 < 2, we have [Hgl’pl (div, Q)] — [Hgf‘s’p,(div,ﬂ)]’. Then, applying
the previous case, we obtain (u,b) € W?(Q) x W'?(Q). Applying the Sobolev embedding:

WP (Q) < L™(Q)

we have that (curlu) x w and (curld) x b belong to L(Q) — L"(2), so F € L"(2). Then, from
Theorem 2.2.1, we obtain (u, P) € W"(Q) x W17 (Q)/R < W'P(Q) x L?(Q)/R. By the same way,
we have b € W'?(Q). O

Remark 2.4.1. We can also extend the ezistence of weak solution in Wl’p(Q) with p < 2 by using a

duality argument in the same way as in Chapter 1.
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Chapter 3

Discontinuous Galerkin method for
MHD system with Navier-type

boundary condition

3.1 Introduction

Let Q be a bounded simply connected domain in R? with a connected boundary I'. We assume that
Q) is convex or has a boundary of class C!'. We use these restrictions on the domain throughout this
Chapter. Additional smoothness of the boundary will be precised whenever needed. We denote by
n the unit vector normal to I' and exterior to 2. We consider the following Magnetohydrodynamic

system (MHD): find the velocity field u, the dynamic pressure p and the magnetic field b satisfying:
—vAu + (curlu) X u+ Vp — k(curlb) xb=f  inQ
kp curlcurlb — kcurl(u x b) =g inQ
divu =0, inQ,
divb =0, in Q.

1

Here, v ! is the hydrodynamic Reynolds number, p~! is the magnetic Reynolds number and & is the

coupling number. The functions f € L*(R2) and g € L*(Q) are given source terms. We complete the
system with the following types of homogeneous boundary conditions for the velocity field uw and the
magnetic field b:

u-n=>0 and curlu xn=0 onl,

b-n=0 and curlb xn=0 onl.

The scalar functions p will be required to have zero mean over €2:

/pdac:O, (3.1.1)
Q
and we require the data g to have the following compatibility condition (see in (2.3.1) Chapter 2)

divg =0 inQ and g-n=0 onl. (3.1.2)
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The main difficulty for this model is to incorporate the divergence-free constraint for the magnetic
field. The approach that we will use here consists in introducing a regularization term as in [77].
In order to impose the divergence-free constraint, an other approach consist in introducing a new
unknown as a Lagrange multiplier r (see [61, 81]) and solving a system of the form: find the velocity

field u, the dynamic pressure p, the magnetic field b, and the scalar function r satisfying:

—vAu + (curlu) X u+ Vp — k(curlb) x b= f inQ (3.1.3)
kp curlcurld — kcurl(u x b) + Vr =g inQ (3.1.4)
dive=0, inQ, (3.1.5)

divb=0, inQ. (3.1.6)

with / rdr = 0. Remark that in theory the scalar r should be null. Indeed, by taking formally

the div%rgence of (3.1.4), we obtain Ar = divg in Q. In particular, if divg = 0, we have r = 0.
Thus, in this case (or for g = 0), the MHD system (3.1.3)-(3.1.6) is the same as (3.4.1)-(3.4.3) and
that considered in Chapter 2. We note that the regularity of 4 and b on non-convex and non-smooth
domains is lower than H'(Q). It is well-known that on a general non-convex Lipschitz polyhedron,
the space H(div,Q) N H(curl, Q) is embedded in H*(Q) for £ < s < 1 only.

A full DG method is proposed in [61] for a linearized variant of the system (3.4.1)-(3.4.3) where Dirich-
let type boundary conditions on the velocity field together with zero tangential trace for the magnetic
field are imposed. In the recent work [81], a DG method is proposed and analyzed for the nonlin-
ear MHD problem where with two types of boundary conditions for the magnetic field but still with
Dirichlet type boundary conditions for the velocity field. In this chapter we consider a new variational
setting for the formulation of MHD problem where the Navier-type boundary condition is imposed
both for the velocity and for the magnetic field. To our knowledge, there is no work in the literature
done concerning the DG method for the MHD problem with Navier-type boundary conditions for the

velocity and the magnetic field.

3.2 A mixed discontinuous Galerkin method for linearized MHD

system

We introduce the linearized problem: For given functions w such that curlw € L*() and d €

L*°(Q), find the velocity field u, the dynamic pressure p and the magnetic field b satisfying:

—vAu+ curlw x u+ Vp — (curlb) x d = f inQ (3.2.1)
kp curlcurlb — kcurl(u x d) =g inQ (3.2.2)
divu=0, inQ, (3.2.3)
divb=0,  inQ, (3.2.4)
with the boundary conditions
u-n= and curlu xn=0 onl, (3.2.5)

b-n=0 and curlbxn=0 onT. (3.2.6)
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and the scalar function p required to have zero mean over 2:

/ pdx =0, (3.2.7)
Q

3.2.1 The continuous problem and its well-posedness

In this subsection, we first introduce a mixed variational formulation for the linearized problem (3.2.1)-
(3.2.7) that incorporates the divergence constraint on b. Next, we prove the existence and the unique-
ness of the weak solution. To write (3.2.1)-(3.2.7) in a weak form, we review some notations and

functional framework we will use in the study. We denote by H%(Q) the space
H;(Q)={ve H(Q); v-n=0onl} (3.2.8)

With the assumption made on €2, we have the following inequality for functions v € HX.(Q) (see
V. Girault and P.A. Raviart [46, Theorem 3.9])

[l g o) < C([lcurl Vg2 + ||diV’U||L2(Q)> (3.2.9)

We recall the following Sobolev embedding H*(Q) < L*(Q) for all real numbers 1 < p < 6. So, we
have from (3.2.9)

Vo e HL(Q), ol < C(leurl vl gz + [divel 2, ). (3.2.10)
We employ the product space W () = H%(Q) x H%(Q) with the usual graph norm

H(U,C)HW(Q) = (H'U”ill(ﬂ) + ||C||2Hl(Q))1/2 for all v € H7(9), ¢ € Hp(9).
) 1/2
Furthermore, we set ||‘CHL2(Q) = (Hf”LQ(Q) + ||g||L2(Q)) .

Based on the well-known vector identity
—Ab = curlcurlb — V(divd),

and since divb = 0 in (), we can replace the curl-curl operator in the Maxwell equation by the vector
Laplacian. The variational formulation of the linearized MHD system (3.2.1)-(3.2.7) aims to find
((u,b),p) € W(Q) x LE(Q) such that

A((w,d), (u,b), (v,¢) + B((v,e),p) = L((v,¢), Y(v,c)e W(Q), (3.2.11)
B((u,b),q) = 0, Vg € L3(Q), (3.2.12)

where the forms A, B and £ are defined as

A((w,d), (u,b), (v,¢)) = A(u,v) + M(b,c) + O(w,u,v) + C(d,v,b) — C(d,u,c), (3.2.13)
with
A(u,v) = 1/( /Q curlu - curlvdz + /Q(div u) (divv) dw), (3.2.14)
M(b,e) = nu( /Q curlb - curledx + /Q(div b) (dive) dm), (3.2.15)
O(w,u,v) = /Q(curlw x v) - udx, (3.2.16)

C(d,v,b) = /i/(curlb x d) - vdex, (3.2.17)
Q
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B((v,c),p) = B(v,q) = / (divv)gde. (3.2.18)
Q
and
L(v,c) :/ f~vdw—|—/ g-cdx. (3.2.19)
Q Q

The next proposition shows that the weak solution for the linearized MHD problem (3.2.1)-(3.2.7)
is in fact a solution of the variational problem (3.2.11)-(3.2.12), and vice-versa. The proof is standard

and similar to [52, Proposition 3.1].

Proposition 3.2.1. We suppose that f € L*(Q), g € L*(Q) satisfy the compatibility condition (3.1.2).
The problem: Find ((u,b),p) € W (Q) x L3(Q2) satisfying (3.2.1)-(3.2.7) is equivalent to the variational
formulation (3.2.11)-(3.2.12).

We need to verify some properties of the forms defined above which will be useful to prove the
existence and uniqueness of a solution to the problem (3.2.11)-(3.2.12). In the following Lemma, we

prove the coercivity and the continuity of the form A.
Lemma 3.2.2. For any (u,v) € W(Q), (b,c) € W(Q), there exist constants C > 0 such that
A((w, d), (u,b), (u,)) = C|(w, b) [}y (g (3.2.20)
A((w, d), (u,b), (v, ¢)) < C|[(w, b) |y (o) (v, )l (o (3.2.21)

Proof. For each (u,b) € W(Q), (v,c) € W(Q), it is easy to see that the trilinear form Ay ((w, d), (u, b), (v, ¢))
defined by
Ao((w, d), (u,b), (v,¢)) = O(w,u,v) + C(d,v,b) — C(d, u, c), (3.2.22)

is antisymmetric with respect to its last two arguments and satisfies
Ao((w, d), (u,b), (u,b)) = 0. (3.2.23)
In view of (3.2.9),we have

A((w,d), (u,b), (u, b))
= v([curl U||2Lz(9) + ||diV“||2L2(Q)) + pki([|curl b||2Lz(Q) + [|div b||22(9) )

v

2 2
Cv ||ullgg1 () + Crk (16l g1 o

v

C'min (v, 5) || (2, b) |3y

which gives the estimate (3.2.20). For the proof of the continuity result in (3.2.21), we obtain by using
the Cauchy-Schwarz inequality
A(u,v) + M(b, ¢) <v(||lcurlul g2 o) [eurlv|| g2 q) + [[divul 2oy [[div ol 2y )
s ( [eurld|| 12 [leurle| p2q) + |div b 2 (q) [|div el 12 (o) ) (3220
<Cmax(v, uk) ([[ull g oy 101 a0y + 100l oy el g a) ) -

2 2 1/2 2 2 1/2
<Cmax(v, ) Il ay + 1Bl () )" (10l oy + el )
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Moreover, we have for all u,b € H'(Q) and v,c € H*(Q)

O(w, u,v) < |[curlwl| o o) |wll g2 1Vl 220

(3.2.25)
< ||Curlw||L°°(Q) (e, b)”w(sz) [ (v, c)”W(Q) )
C(d,v,b) <|lcurlb| 12 q) [|dll o (o) IV]| 2(q) (3.2.26)
< HdHLoc(Q) [ (w, b)HW(Q) H(UvC)HW(Q) :
and similarly
C(dy ) < ldl| e gy 1, B) Ly ) 10 D lywrry - (3.2:27)

We deduce from (3.2.25), (3.2.26) and (3.2.27) that

Ao((w, d), (u,b), (v,¢)) < ([leurlw| g g + 1]l (0 ) 1(24,) [y [0, Iy - (3:2:28)

Using (3.2.24) and (3.2.28), we obtain

A((w7 d)’ ('u’a b)> <U7 C)) < (max (V7 M'%) + ”Curlw”L‘X’(Q) + HdHL‘”(Q)) ”(u’ b)”W(Q) H(vac)HW(Q) ’
which finishes the proof. O

Moreover, the bilinear form B is continuous in Hp () x L2(Q) and satisfies the following inf-sup

condition: there exists a constant 5 > 0 such that

B
sup 7(1)’ 9)

> Bllallp2q) » (3.2.29)
vEHL(Q) ||U||H1T(Q)

which is a direct consequence of its analogue with H.(Q) replaced by Hp(Q) (see [22]).

Observe that 3 5
sup ((v,¢),q) > sup (v, ¢).q)
(v,)EW(Q) ||(ch)||w(g) (v,c)€HL(Q)x {0} ||(U’C)||W(Q)

Hence, by the definition of B(-,-) and (3.2.29), we deduce the following inf-sup:

B((v,¢),q)
sup 1 > Bl 12 - (3.2.30)
(v,c)EW () H(”»C)”W(Q) L@
The continuity of the linear forms £ follows with the same arguments. We are now able to state the

following existence and uniqueness result.

Theorem 3.2.3. Let f € L*(Q) and g € L*(Q) satisfying (3.1.2). The variational formulation
(3.2.11)-(3.2.12) admits a unique solution ((u,b),p) € W(Q) x L3(Q) and there ezists a constant
C > 0 such that

12 B)ll sy < C LN g2 - (3.2.31)

Proof. According to the inf-sup condition (3.2.30) and Lemma 3.2.2, the hypothesis of the Babuska-
Brezzi theorem are satisfied. Therefore, the mixed variational formulation (3.2.11)-(3.2.12) is well-
posed. The estimate (3.2.31) can be derived by choosing (v, ¢) = (u,b) and ¢ = p in (3.2.11)-(3.2.12)
and using the coercivity property (3.2.20). O
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3.2.2 Mixed finite element discretization

In this section, we introduce a mixed DG approximation for (3.2.1)-(3.2.7). We provide the solvability
and stability of the discrete scheme. To this end, let us introduce some notations. The domain €2 is
discretized by a discrete family of conforming meshes 7;, made of tetrahedra. The index h is indicative
of the mesh size h which is defined as h = %ne%_xh hr, where hr is the diameter of T. The family is

supposed to be regular in Ciarlet’s sense [29], i.e. there exists ¢ > 0 independent of h such that the

ratio
hr

[%

where pr is the diameter of the inscribed circle in T. We shall use the assumption (3.2.32) throughout

<<, VT €T, (3.2.32)

this work. Let us denote by F/ the set of internal faces and by F} the set of external faces on I'. We
set F5, = FL U FL. We denote by h. the diameter of each face e. Let T+ and T~ be two adjacent
elements of 7;, and let n™* (respectively n™) be the outward unit normal vector on T (respectively
OT ). For a vector field u, we denote by u™ the trace of u from the interior of T+. We define jumps

+

xvT+nT xv, [vly =vt nT+v - n7, [¢li=¢nT+qgn, [v]=vi-v,

[Vl :=mn
and averages
fo} =50 +v),  fa} = 50" +a),

and adopt the convention that for boundary faces e € F}., we set [v], = vxn, [v]y =v-n, [¢] = ¢n,
{v} = v and {q} = q. Let Pj, denotes the space of polynomials of total degree at most k on T with
k = 1,2 or 3. The corresponding vector-valued function space is denoted by Pj. Now, we introduce
the following finite element spaces which respectively approximate u, b and p:

Xy = {’Uh S LQ(Q); Vp|T € ’Pk}(T) , VT € 775}
C, = {cn € L*(Q); cpir € Pu(T) VT € Ty}

Qn = {Qh € L§(Q); qnp € Pe—a(T), VT € 771}

We denote by W, the product space X, x Cj,. The norm |[|-|| 27, is defined by

||'||L2(Th) = Z ||‘||0,Ta for any 1" € Tp,
Te7_h.

with [[-[|o 7 = [[*lg2(7)- Similarly, we use the notation |||, . = [|-|| z2(, for any e € F),.

The mixed DG scheme reads: Find ((up, bp),pn) € Wi, x Qp, such that

An((w,d), (un, by), (v, cn)) + Br((vn, en),pn) = L((vn,cn)), (3.2.33)
Bh((uhabh)th) = 0, (3234)

for all (vp,cp,) € W, and gqp, € Qp, where the discrete forms A, and By, are defined by

'Ah((w7d>7(uh7bh)7(vhach)) = Ah(’LLh,’Uh) +Mh(bh,ch> +Oh(w,’u.h,’vh)
Ch(d, Uhp, bh) - CY]—L(d7 up, Ch), (3235)
Bn((wn,br),qn) = Bnr(un,qn), (3.2.36)

_|_
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with

Ap(up,vy) = /curluh curl v, dx +v Z / div up)(div vy) de
TeTh

_ ( {curl u,} - [vi] ds+/{{curl'vh}} [un],d )

]_- €

_ Z ( {dlv up, Hvr] ds+/{{dlvvh}}»[[uh]] ds)
€Fn

+ — | [unly - [vn]pds +v Z / wp] y[vn] v ds
eEfI e eE€EFy

with 01,09 > 0 the stabilization parameters that will be chosen large enough to ensure the coercivity
of the bilinear form A, (see Lemma 3.2.5 below). The two last terms in the definition of A involving
the tangential and normal jumps of the discrete vector fields across the edges are necessary to ensure
the coercivity of the bilinear form Aj (see Lemma 3.2.5 below). We define the convective term with :

On(w, up, vp) Z / (curlw x wy) - v, dx (3.2.37)
TETh

Observe that due to the assumption on curl w, the form Oy, can be written as
Oy (w,up, vp) := / (curlw X uy) - vy, de,
Q

where the integral is well defined. We also define the coupling form C}, as :

Cr(d,vp, by) ==k Z / vy, X d) - curlby, dx — & Z {vn x d} - [br] ds. (3.2.38)
TETh ecF} €

The divergence constraint on the velocity is represented by By, :

Bp(vh, pn) Z / divop)pn de + Z /{ph}} [vn] v ds. (3.2.39)

TeTh eeEFy

For the curl-curl term in Maxwell equation, analogous to the continuous setting, we apply an augmen-
tation technique where we replace the curl-curl operator by the vector Laplacian (c.f. [52, 77]). The
form Mj, is then defined by:

My (bp,cy) = kKp Z /curlbh curlchdw—i—/ﬁuz / div by,)(div ¢p) dx

TeTh TeTh

- KU Z /{{curlbh}} e ds—l—/{{curlch}} [[bh]]Td3>
ecFL V€

— oy / {div by} en] y ds + {div ch}}[[bh]]Nds>
ecFy,
Kum Kpm

s 2 [l felrds+ 3 B [ ulyledyds

eg]-‘),{L e eeFy €

with mq, mo > 0 are stabilization parameters that will be chosen large enough to ensure the coercivity
of the bilinear form M}, (see Lemma 3.2.5 below).
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Remark 3.2.1. Another discontinuous Galerkin formulation is possible to solve the MHD problem
(3.2.1)-(3.2.4). Indeed, the curl-curl operator can be discretized using a standard interior penalty
approach (see [61, 57, 81]) and then the form My, is defined as

My (bp,cn) = kp Z /curlbh curlchdw—muz /{{curlbh}} lern] - d

TETh ecF}
- KU Z /{CUI‘]C}L} bh ds + Z li,u,mo/ bh]]T ﬂchﬂ (3240)
eeF} eeF} e

with mg > 0 a stabilization parameter sufficiently large. The divergence-free constraint for the magnetic
field is imposed by introducing a Lagrange multiplier ry,. This approach is motivated by the lack of
the regularity of b when € is not smooth. As mentionned above, if Q is non-convex polyhedra, the
magnetic field b belongs to H1/2(Q) only. Due to our assumption on §Q, the magnetic field as well as
the wvelocity field have the reqularity H*(Q).

3.2.3 Continuity and Ellipticity properties

To discuss the stability properties of the above forms, we need to introduce the following semi-norms
. 2 2
unlty = Y ldivunlg s+ > lleurluyllg . Vun € X5 + Hp(Q).
TETh TeTh

and

01 g2
lanlZ = lunll s+ 30 P lbandyll, + S0 P Mundele s Van € X+ HE(Q).

(& €

e€Fh e€F}
2 meo 2
16110 = 1R[T 5 + Z — H byl + D 7 Ibelzllo.,  Vbu € Ch +Hrp(9).
66]:}1 EE}_}IL €
lanld, = lanlZey s Yan € Qn

We have the following result

Lemma 3.2.4. The application u — ||ul|, , (respectively u — ||ul|,, ;) is a norm on X, (respectively
on Ch)

Proof. Let w € X, such that ||, , = 0 and we prove that w = 0 in Q. It follows that divu = 0 and
curlu =0in T for all T' € Tj,. Moreover, [u], = 0 for all e € 7. Thus u is continuous across every
internal faces of F} and uw-mn = 0 on every external faces of Fi. So u € Hy(div,2). Furthermore,
we have [u], = 0 for all e € F{. Thus w is continuous across every internal faces of 7} and then u
belongs to H(curl, Q). We deduce that u € H(div, Q) N H(curl, Q). Applying the Poincaré-type
inequality (see [8]), we obtain that:

[ullp2(q) < Clleurluf 2 ) + lldivul| 2 ) =0 (3.2.41)
what achieves the proof for |[u|, ,. The proof is exactly the same for the norm ||ull,, - O

Next, we recall the following discrete Poincaré-Friedrichs inequality for discontinuous finite element
spaces (see [102, Lemma 3.1]) :

Vo € Xuo onllgaay < C loall, . (3.2.42)



A mixed discontinuous Galerkin method for linearized MHD system 105

where the constant C' > 0 is independent of h. Since X = C}, this inequality is still valid for any
by, € C}, and when the norm ||-||, ;, is replaced by |-]|,,, 1,

We have a first lemma which ensures the coercivity for the forms A; and Mj,.
Lemma 3.2.5. For 0y and o3 large enough, there exists a positive constant C' such that:
Ap(up,up) = Cv ||uh||12)’h, up € Xp,. (3.2.43)
For my and mso large enough, there exists a positive constant C such that:
My (bp, by) = Cru ||bh||m b by, € Cy,. (3.2.44)
Besides, we have Op(w,up,uy) = 0.

Proof. Trivially, we have:

Op(w, up,up) Z / (curlw x up) - wp de = 0.
T€7-h

Now, we prove the ellipticity property for A;. Let u, € X}, we have:

An(un,up) = v Y (eurlupy|§ 7 + [|divuslfg )
TeTh
— 21/2 /{{curluh}} up] ds—2uz /{{dlvuh}} up]yds  (3.2.45)
e]:I ecFp
g2 2
+ vy fn unlrlly e +v D 3 Munlylo,
ecF} e€F, ¢

Applying the Cauchy-Schwarz inequality, we have:

2v Z /{curluh} lun]rd 21/( Z he H{{CUrluhBIIae)%( Z ht ||[[uh]]T||(2),e>%

ecF} ecF} ecF}

Now let e € }"}{ such that e = 9Ty N 9Ty with Ty, T € T,. Obviously,

Vhe &
Vhell e S > ll(eurl )7, lo,c-
=1

Thanks to the equivalence of norms in finite dimensional spaces and to a classical scaling argument,

Cc
Vhe| feurlunblo. < 5 (lleurlugllor, )

where ¢; is a constant independent of the discretization. A completely similar argument holds on a

we obtain

boundary face e € FL. So by summing upon all faces it follows that

2u Z /{curluh}} [un]rd 2611/( Z || curl uh||gyT)1/2< Z h;l ||[[uh]]T||g7e>§

ecF} TETh ecF}
1

2clu\uh|1,h< Z he! H[[uhﬂTH(Q),e)z

ee]:,{

IA

IN
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Similarly, we can check that

W=

v Z /{div wp Jlun] g ds < 202V|Uh|1,h( Z he't M“h]Nng)

e€Fn ¢ e€Fn

As a consequence, we have

01 2 02 2
An(unyun) = vunlly +v Y0 T kel +v D2 7 Mund s,

e e

66]:}{ eeFy
1 1
i 3 P Rl )~ 2 ) % | funl 2, )
- s hTO - hl,h(zi hN0’>a
o1 ecF} he ‘ 72 eEFp he ‘
Applying Young’s inequality, we obtain
Ap(un, up) > V‘“h|1h"‘” Z [[un T||oe+ Z *” uh]]N”oe
eeff e€Fn fre
cv 02
- (uh|1h+ Z [[un TH09+ Z uhﬂNHo(g)
eeF’ eEFn he

where ¢ = ¢; + ¢z and 0 = min(/01, \/02). So A(-,-) is coercive for o > ¢ and the coercivity constant
C' in (3.2.43) can be obtained from below independently of o1 and o3, for o1 and o5 sufficiently large.
With the same manner, we prove the ellipticity property of M}, by using the definition of thHm , and
by supposing that the parameters m; and my are sufficiently large. O

Remark 3.2.2. Compared with the approach in [61, 57, 81], a semi-coercivity property for My, defined
n (3.2.40), is established with respect to the semi-norm

2 mo 2
bule = > llewrlbillgr + >0 5= MIbulrls. (3.2.46)
TET, ceFl ¢

for a parameter mq sufficiently large.
In the sequel, the following inverse estimate will be useful (see [29])

Lemma 3.2.6. For all p € Py(T), we have

—-1/2

1pllo,00 < Chy "~ Ipllo 1 (3.2.47)
where C' is a positive constant depending only on k and the shape regularity parameter ¢ of the mesh.

Now, we give the following continuity results with respect of the norms ||-[|, , and [-||,, ,. The

proof is similar to that in [31, 16], but we write it here for the reader’s convenience.

Lemma 3.2.7. Let up, vy € Xy, by, cp € Cp, and py, € Q. Then, we have:

|Ap(un,vn)| < Cvllupll, p, lvall, g
|Br(vn,pn)| < C”'UhHu,h ||ph||o,Qa
<

| My, (b, cn)| Crp[bnl o lenll i »

with constants C > 0 that are independent of h, v, u and k.
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Proof. Let us write: Ap(wp,vy) =11 + Is + I3 + Iy, with

v Z /curluh curl vy, dx + v Z /dlvuhdlvvhdm

I

I

I3

1y

Applying the Cauchy-Schwarz inequality, we obtain

TeTh

TeTh

—v Z /{{curl up} - [vn] ds—&—/{{curlvﬂ} [un] ds)

ecFl

e

—v Z /{{dlv up Hor] ds—i—/{{dlvvh} [un] 5 ds)

e€Fy

€

v Z 01/ lun] - [vn]pds+v Z / up] ylvnl y

ecF}

EEJ:h

1 1 1 1
2 2 2 . 2 2 . 2 2
L] < ( 3 chrluhHOT) ( 3 ||curlvh||07T> +V( 3 ||d1vuhHO,T) ( 3 ||d1vvh||07T)
T

€Th TeTh

1/2 1/2
2 . 2 2 . 2
< ,,( 3 JeurluglZp+ S ||d1vuh\|07T) ( 3 fewrlogfZ, + Y ||d1vvh\|O7T)

TETh

TeTh

sv ||uh||v,h thHv,h '

Similarly, we have

|| < v( > Zl H[[w]]THOG)

ecF}

<v ||’u’h||v,h thHv,h '

Now, applying Cauchy-Schwarz inequality and the inverse inequality (3.2.47), we obtain:

T€7_’L

TE7_}L

N

(>

ecF}

g1

T tenlel?)” + (3 2l ) (3 2 elyl?)

€

T€7_}L

TETh

e€Fy ¢ e€Fp

|I| < (Z he H{{curluh}}HoE %( Z het | vh]]T||Oe>%

So, we have |I| <

Cv llunll, p [vnll, 5

+y( 3 hellfcurlog b2,

ecF}

ecF}

ht Ml I, )

e€F} ee}‘,{
2 \2 3
<vC( Y fleurtunfi§y )" (D At lonlsl, )
T€7-h

1 1
+vC (Y llewrlonl )’ Z R el )

TETh

Cv||lupll, p, lvnll, , and in a similar way, for 73, we can verify that |I3] <

Adding these previous estimates, we deduce the continuity for Ap.

To prove

the continuity of the form M), it suffices to use the same techniques as in the proof for A;. Next, the

form By, is similar to the form used in [31, 59] for the Stokes system and we can prove similarly

1 1
. 2 2 2 2
Buenp)l < (3 Idivonls ) (3 Ienlgr)” +

TeTh

1 1 1
. 2 2 _1 2 o2
< (X Maivenlsr ) (D Ipallr )" +Con 2 (0 pnlier )" (D0 2 vl )
TETh Fn ¢

TETh

< Cllonllyp lpalloq -

TeTh

TeTh

(3 2 mbiz,) (X
e€Fy

ecFy,

ec

h

02
he

eyl )’

1
2
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We shall need the following estimates for the trilinear forms Oy, and C},.

Lemma 3.2.8. For all up,v, € Xy, and ¢, € C},, we have

On(w, unvn)| < C lleurlwl] g lunll, , [oall, . (3.2.48)
|Ch(d; v, en)| < v €l - (3.2.49)

wC HdHL“’(Q) vn
with constants C > 0 independent of h, v, p and k.

Proof. Applying Cauchy-Schwarz inequality, we obtain

|On(w, up,vy)| = ’/Q(curlw xup) - vpde| < [learlw x wpl| g2 o) [[vallp2(q)

IN

2 ||cur1'w||Loc(Q) ||Uh||L2(Q) ||’UhHL2(Q) :

By virtue of (3.2.42), the estimate (3.2.48) follows immediately. Next, by the definition of the form

C},, we have

Cr(d,vp,cn) =k Z /T(vh x d)-curley de — & Z fon x d}f - [en]pds (3.2.50)

TETh ecF] "¢

Applying the Cauchy-Schwarz inequality and the inverse inequality (3.2.47), we obtain

, \1/2
Crld o en)l < 26l ey lonllpay (S lleurlenld )
TeTh
1/2 B 1/2
+ Crlldlp=o( D Blonlee) (X0 h M endr i)
e€F} e€F}]
< Crlldl ey Ionll g2y lenlln -
Thanks again to (3.2.42), we deduce the estimate (3.2.49). O

Now, by endowing the space W, with the product norm ||(-,-)|| defined by

2 2 2
liCwn, eI = llonlly n + llenllp

we deduce in view of Lemma 3.2.5, 3.2.7 and Lemma 3.2.8 the following coercivity and continuity

properties for the form Ay(-,-,-).
Lemma 3.2.9. For any (up,vy,) € Wy, (by,cr) € W, there exist constants C > 0 such that

An((w, d), (un, br), (wn, b)) = Cmin (v, ur) || (wn, ba) 1. (3.2.51)

An((w, @), (un, br), (vn, cn)) < C|l|(wn, bu) || ll|(vn, en)]l (3.2.52)
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3.2.4 Inf-sup conditions

The well-posedness of the discrete linearized problem (3.2.33)-(3.2.34) requires an inf-sup condition
which is an extension of the usual inf-sup condition for the Stokes problem to our Navier-type boundary
conditions. Let us begin by introducing an approximation result for the space X}, (see [45]). For
k =1,2,3, there exists a continuous interpolation operator I; defined from H'! () to X, such that,
for all T € T}, and e € Fj:

Vo € HY(Q), Yan € Po_y(T), / g div (I (v) — v) dz = 0, (3.2.53)
T
Vo € HL(Q), Ve € Fn, Yan € Pra(e), / an [In(v)] ds = 0. (3.2.54)

Moreover, for s € [1,k + 1] the following interpolation estimate holds:
Vo e H'Q), [h(®) = vl 0 < Ch5 ol a, - (3.2.55)

where Arp is a suitable macro-element containing T.
We have the following lemma for the inf-sup condition of By:

Lemma 3.2.10. There exists Cp > 0 only depending on ) such that :

B
WO an) o (3.2.56)

inf o sup ——m—mm————— >
Onllop llanllg,

Qhth veXy

Proof. To prove the inf-sup condition (3.2.56), we show that for any g5, € Qp,, we can associate vy, € X,
such that :

Bi(vn,an) = llgnl72(0) (3.2.57)
lonll,n < Cllgnllp2 () - (3.2.58)

Applying the classical inf-sup condition for the Stokes problem with Dirchlet boundary condition, we
know that for any ¢ € L3(Q), there exists z € H}(Q) such that:

div z = q,
||Z||H1(Q) <C HqHL?(Q)

In particular, for g, € Q) C L3(R), there exists z € H;(Q) and hence in H7.(Q2) such that ¢, = div z.
Now, let v, = Ij,(2) with Ij, the interpolation operator from H'(Q) into X, defined in (3.2.53)-
(3.2.54). Then, we have

VT € Ty, / qp div vy, de = / qp div zdx = ||qh\|§,T.
T T

Moreover, due to (3.2.54), we have /{qh}[[vh}]]vds =0, Ve € Fp. Thus Bp(vp,qn) = thH?ﬁ(Q),
which gives (3.2.57). Besides, by the c%ntinuity of the operator I, we deduce that
||vhH1),h = HIthv,h <C HZ”Hl(Q) <C HQHL2(Q) : (3.2.59)

This yields to
2
_ Bu(wn.an) _ Br(on,an) _ llanllie
sup > =
viexn |Vl lalln  — Cllanllpz

> Cp HQhHL2(Q) . (3.2.60)
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The discrete inf-sup condition for By, in (3.2.56) gives the following discrete analogue of (3.2.30).

sup Bi((vn,cn), q)

> Cllanll g - (3:2.61)
nenyews, 1w en)lyw, 2

Now we can come back to the discrete linearized problem (3.2.33)-(3.2.34) and show its well

posedness by using the previous properties.

Theorem 3.2.11. Assuming the stabilization parameters o1, o2, m1 and meo sufficiently large, there
exists a unique solution ((wp,br),pn) € Wi, X Qy for the linear problem (3.2.33)-(3.2.34).

Proof. Since the problem is linear and finite dimensional, we have only to show that if f = 0 and
g =0, then ((up, by,),pr) is the zero solution. Taking v;, = up, ¢, = pr, and ¢, = by, as test functions
in (3.2.33)-(3.2.34) and summing up the equations, we obtain:

An((w, d), (wn, un), (b, br)) = An(wn, wn) + My (bp, bp) =0
Thus, with (3.2.43) and (3.2.44), we obtain that w, = 0, and by, = 0. Then, (3.2.34) gives:
Bn((vn, cn), pr) = Bu(vn,pn) =0, Vv, € X,
Applying (3.2.56), we can take g, = pj, and, for all v;, € X}, and v;, # 0, we obtain:

By (vh,pn)

> Cglpnl| :
lonlly, L2

Thus we conclude that pp = 0. O

3.3 A priori error estimates for the linearized MHD system

In this section, we establish some a priori error estimates in terms of A in order to deduce the con-
vergence of the DG scheme (3.2.33)-(3.2.34) for the linearized MHD model. Our analysis is based
on an auxiliary formulation by using lifting operators. We shall suppose the following smoothness
assumption on the analytical solution ((u,b),p) of (3.2.1)-(3.2.7):

we H"™(Q), be H"(Q), pe H*Q), (3.3.1)
The following theorem gives our main convergence result.

Theorem 3.3.1. Assume the analytical solution ((u,b),p) of (3.2.1)-(3.2.7) satisfies the smoothness
assumption (3.3.1). Let ((up,by),prn) be the solution in Wy, X Qy, of the DG method (3.2.33)-(3.2.34).
Then, we have the following estimates on the errors:

I(w = 2, b = br)l + lp = prll 20y < CR (lull s o) + 1Bl geen oy + Pl me))  (33:2)

with C' a positive constant independent of h but dependent on the datas of the problem.
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3.3.1 Definition of an extended DG form

Following [18], we introduce some lifting operators in order to facilitate the error analysis by extending
the forms Ay, By, M) and Dy, to the continuous level. To this end, we define the following spaces:

X(h) = Hp(Q) + X5, C(h) = Hp(Q)+ Cy and  Q(h) = L§(2) + Qn.
We define the following lifting operators:
e L1 : X (h) — X} such that:
/ L1(v) - wdx = Z [v]; - {w} ds, Yw € Xy,
@ ecF} ¢
e L5 : C(h) — C}, such that:
/cQ(C)-wdm = > [lcy-fwhds, vVweC,,
@ ecFLVE
e N7 : X (h) — X} such that
/ M (v)wdx = Z [v] x w} ds, Vw € 3p,
Q

eceFn €
e N3 : C(h) — Xp such that
/ MNo(v)wdx = Z [v] 5 {w}ds, Yw € Iy,
Q ceF, €

where Y3, is the auxiliary space:

Y = {w € L*(Q); w|re PXT), T € Tp.},
e My : X (h) — Qp, such that
/Ml('v)qu = Z /[[v]]N {q} ds, Vg € Qn,
Q ecFy V¢
o My : Q(h) — X, such that
/.Mg(q)-vdx: Z /[[q]]-{{v}}ds, Yo € Xy,
Q 6€.7“£ e

So, we rewrite the modified bilinear forms:

El(uh,vh) =v Z / curluy, - curlvy, dx + v Z /(divuh)(divvh) dx
TeTi /T e ' T

- 1/(/ L1(vy,) - curluy, de + / L1 (up,) - curlwvy, d:c)
Q Q

_1/<//\fl(vh)divuhdm—i—/Nl(uh)divvhdw>
Q Q
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Bh(vn, qn) Z / divwp) thw+/M (vn)qn dz,

TETh

(bh,ch = ku Z /curlbh curl ey, dx + Kk Z / (div by)(div ep) de
TeTh TeTh

— Kl /Qﬁg(ch)-curlbhd:c—i—/ﬂﬁg(bh)-curlch d:c)
—n,u(/]\/g(ch)divbhdw—i—/Ng(bh)divchdw>
+ 3 [l felpds+ 3 2 [l ds

ecFl ° c€Fp ©

We note that, by integration by parts, the form By, can be written equivalently as:

By (vn. qn) => /'Uh VthCC—/Mz qn) - vp de,
TeTh
As a consequence, we have the following equivalent discrete formulation: Find ((wn,bp),pn) €
W, x @Qp, such that
An((w, d), (un, bn), (vn, €n)) + Bu((vn, en),pn) = L((vn,cn)), (3.3.3)
gh((uh,bh),qh) = 0, (3.34)

for all (vp,cn) € W(Q) and q;, € Qp, where A, and Bj, are defined by

An((w, d), (wn,by), (Vn,en)) = Ap(un,vn) + My (by, €n) + Op(w, up, vs)
+  Ch(d,vh,by) — Ch(d, un, cp), (3.3.5)
Bi((un,bn),qn) = Bu(un,qn), (3.3.6)

We may remark that A (respectively M) coincides with Ay (respectively Mj) on X} x X,
(respectively on C', x Cy,). Similarly, By, coincides with By, on X, X Q},. Moreover, A, and M}, coincide
with A and M respectively on H() x H}(Q). Similarly By, coincides with B on H73(9) x L2(Q).

3.3.2 Properties of extended forms

In order to obtain the same properties of continuity than those define in section 3.2.2; we give stability
estimates for the lifting operators defined above.

Lemma 3.3.2. Let L;, N; and M; with i = 1,2 be the lifting operators defined above. For all
v € X (h), c € C(h) and for all ¢ € Q(h) we have

1£1®)llg0 < Cn (32 A7 LG, )T and 1£2(0llg0 < Con( D2 27 ML NE, )™ (3:37)

[N

eeF}l eeF}f
1 1
_ 2 _ 2 2
N @)loa < o (D2 A7 ol )T and Na(@)log < Cu( 20 07 ey, )7 (33.8)
eEFp e€Fp

-

[Mi (@)oo < Co (D2 27 IINIG, )T and [Ma(@)llg0 < Cun (X2 A7 IAlIE, )" (3:39)

ecF} eeF}
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The constant C

lift

is independent of h but depends on the shape—regularity of the mesh.

Proof. The proof is very much similar to |78, Proposition 12|. Let v € X (h). By definition we have
v = v, +v° with v, € X, and v° € H}(Q). Then, since [v°], = 0 for all e € F}, we have,

/ L1(v) - wdx Zee}-}{ o]y - {wh ds

1£1(v)llo.0 = sup = sup

(3.3.10)
weXy ||’w||L2(Q) weXy, ||“’HL2(Q)

Using the same arguments in the proof of Lemma 3.2.5, we have:
1 1
2 \2 - 2 \2
S [ lonle - fwhds < (3 helfwh ) (D0 ht Monlell, )
ecF] 7€ eeF}] eeF}

Using the trace inequality and a standard scaling argument, we obtain

> hel{whls. <€ Y llwllgr = C llwlza)

eeF} T€Th

Inserting this estimate in (3.3.10) proves the first estimate in (3.3.7). For the other estimates, we

proceed in the same way.
O

The following Lemma gives the continuity of the extended forms :47” ﬁh and E;;
Lemma 3.3.3. For all u,v € X(h), p € Q(h), b,c € C(h) we have:
A\;L(uvv) <Cv ”u”vh ||U||v,h
Bp(v,p) < C v, 4 Ipllo.0
My (b, ¢) < Crpt b, 5 llell,

Proof. Let us prove the property for the form Avh

Ahuv —VZ/curlu curlvda:—i—uZ/dwu )(divw) de

TEeTh TET

—1/ /ﬁl(v)-curludw—i—/El(u)-curlvdw)
Q Q

_1/ /Nl(v)divuda:—l—/Nl(u)divvdw)

+v Z /[[u ds—i—uz /[[uN[[v]]Nds
eff e€Fn

= A+ Ay + Az + Ay

The terms A; and A4 can be bounded as for I; and I, respectively in the proof of Lemma 3.2.7. For
As, we have by applying Cauchy-Schwarz inequality and trace inequality combining with the bounds
for the lifting operators £;

1/2 1/2
o] <wlILi(@)loq (D lleurlulg, ) +v|La(wllye ( D hleurlvlg, )
ecF} ecF}
1 1 1 1
<vCu { (X2 A Il ) (X0 el )+ (30 p Rl ) (Y lewrtollf )
ecF} TeTh ecF} TETh

< CVHqu,thHU,h'
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Proceeding as above and using the bound for the lifting operator A7 given in Lemma 3.3.2, we can

obtain the following bound for As
|A3| S Cv ||u||v,h ||v||v,h .

For the forms th and M, the proof of the bounds follows from Cauchy-Schwarz inequality and the
stability estimates for the operators £;, N; and M, for i = 1,2 established in Lemma 3.3.2. O

For the continuity of the convection form O, and the coupling form C}, we have the following

result.

Lemma 3.3.4. Let u € X (h), v € X(h) and ¢ € C(h). We have:

1
Culd,v.¢) < Ok lldll g gy el (10l gzy + (D Aellvl})?)
ecF}

Op(w,u,v) < Clleurlw||peq) ullp2(q) vz

Proof. The proof of (3.3.11) is similar to that in Lemma 3.2.8 and can be found in [61, Proposition 4.2].
For the convection form Oy, the estimate (3.3.11) follows immediately by applying Cauchy-Schwarz
inequality as in the proof of (3.2.48). O

Furthermore, we define the kernel
Ker(gh) = {(u7 b) S Wh; gh((ua b))Q) = Eh('uw q) = 07 VQ S Qh}
Then, we have the following Inf-sup for B), and the coercivity result for the forms A

Lemma 3.3.5. The following properties hold:
(i) There exists C' > 0 independent of h such that

A ((w, d), (wh, br), (wn, by)) > Cmin (v, k) || (wn, by (3.3.11)
(ii) The inf-sup condition

. By, ((vn, cp), an)
inf sup
€Qn (vy,cn)ew,, [I(0n: en)ll gl L2 (o)

= C, (3.3.12)
holds with a constant C' > 0 independent of h.

3.3.3 Residuals

Let (u,p,b) solution of the analytical problem (3.2.1)-(3.2.4). We introduce the residuals: for all
v E Xh, ce Cy:
Ry((u,b), (v, ¢),p) = An(u,v) + Op(w, u,v) + Ch(d, v,b) + By (v,p) + My(b,c) — ch<d,u,<(: 313
= (f.vn)a — (9, cn)a o

We set e = u — uy, e = b — b, and e? = p — py,. Then, we have

Rh((uv b)7 (Ua C),p) = El(eu> ’U) + Oh(wa e'u,’ ’U) + Ch(d7 v, eb) + EL(U7 ep) + /M;(eb’ C) o Ch(d’ eu’(:_)c,)?, ]_4)
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Observe that the equation (3.3.4) is consistent. So, the residual Ry, ((u, b), (u,b), q) = By ((e*, €b), q) =
0 for all g € Q.
We consider the expression:

Rau((u,b).p) =  sup Rh“?ﬁ"(b), <;;”,| c),p)
(v,0)EWH v, C

(3.3.15)

The following result gives some bounds on the residuals. The idea of the proof is based on the use of
the stability properties of the forms in conforming spaces. The proof techniques given in [60, 59, 77]

can be easily modified to prove Proposition 3.3.6 and hence the proof is omitted.

Proposition 3.3.6. Assume the analytical solution (u,p,b) of (3.2.1)-(3.2.4) with boundary condi-
tions (3.4.4)-(3.4.6) satisfies the smoothness assumption in (3.3.1). Then, we have for all v € X,
ceCy:

[Bn((u,b), (v, ¢),p)|  <|l(v, )]l £(u, b, p) (3.3.16)
with €(u, b, p) bounded by
E(u,b,p) < CORF( el gresry + 10l grrsr oy + 1Pl ey ) (3.3.17)
with constants C > 0 independent of the mesh size.
Remark 3.3.1. We note that the previous result is given in [60, 59] with £(u,b,p) bounded by

E(u,b,p) < Chmin{g’k}( [l ggor1(q) + ”p”Hf’(Q))
+ Chmin{‘r’k}( ||bHHT(Q) + ||cur1b||H‘f(Q) )a (3.3.18)

for o, 7 > 1/2 provided that

we HM(Q), pe H7(Q), be HT(Q), curlbe H™(Q). (3.3.19)

The domain () is assumed to be a bounded simply-connected Lipschitz polyhedron and then the magnetic
field may have regularity below H* (Q). Indeed, there exists an exponent T > 1/2, such that the space
H (curl,Q) N Hy(div, Q) is continuously imbedded in H™ (). In our work, Q is convex polyhedral or
of class C*' and then the space H(curl,Q) N Ho(div,Q) is continuously imbedded in H*(Q). More
generally, due to Corollary 1.3.2 in Chapter 1, the space X2 (Q) defined by

X72(Q) = {v e L*(); curlv € H(Q), divv € H'(Q), v-n =0 onT}

is continuously imbedded in H™ " (Q) for 7 > 0. So, if b satisfies the regularity in (3.3.19) and Q is
more regular, we deduce that b belongs to H™(Q) and then we have

(6l gz~ (o) + leurldl| - () < (1Bl gr+10) - (3.3.20)

Hence, the bound (3.3.18) implies (3.3.17).
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3.3.4 Proof of the error estimates

In this subsection, we prove the error estimates of Theorem 3.3.1. To do that, we proceed in two steps:
we first bound the errors in the velocity u and the magnetic field b and second we bound the errors

in the pressure p.

We split the errors in u, b and p as:
e =u—up=n,+x, €=b-b,=n,+x, and € =p—p, =1+ Xp,

where, for all fixed v € X, ¢ € C}, and g € @}, we have

n,=u—1u, Xy =V —Up
m,=b—c, Xy =c¢—bp
Np =P —4, Xp =4 — Pn

Specific approximations v, ¢ and ¢ will be chosen at the end of the error analysis. So, to bound the
errors e, e’ and eP, we need only to derive bounds for x,, X4, Xp and then we can conclude using
triangle inequality.

Abstract error in w and b. In the aim to prove the bounds for e* and e, we proceed as in the

error analysis of the standard conforming mixed methods, taking into account the residual terms. Let

us begin by proving the following abstract estimate for [e"|, , and He . The proof is similar to

d
m,h
that in [30, Theorem 4.8] for the error analysis of a DG scheme for the Navier-Stokes problem. See

also [77, Theorem 4.7] and [59, Theorem 6.1] for an abstract error bound for the Maxwell equations.

Theorem 3.3.7. There exists positive constant C' such that

nel<c( it inf [p— R(u,b,p)). 3.3.21
[I(e”, el < oy, (s mo)lll+ i [lp = gl 2y + R(w, b,p) ( )
Proof. Consider first the case of elements (v, ¢) € Ker(gh). By the coercivity property of the form Ay
in (3.3.11), we obtain:

Nl x) I = C (Il + eIl ) < A0, ), (s X6): (X X0)

o o (3.3.22)
= Ah(Xua X'u,) + Mh(Xb7 Xb)
Observe that,
A (X Xu) + Mi (X3 X0) = An(e™, x,) + Mr(€”,x,) = An(my, Xu) — Mi (1, %)
From (3.3.14), we have for any v € X, and c € C},
An(e", v) + My (€",¢) = Ry((u,b), (v,¢),p) — Op(w, e",v) — By(v, e?)
+Ch(d, e, c) — Cy(d,v,e’) : (3.3.23)

Then, choosing (v, ¢) = (X, Xp) in (3.3.23) and then inserting this in (3.3.22), we obtain

C (Il + w1132 ) < = (A0 30) + My 30)) + B (0.). (e 0)-9)
_E;I(Xuv ep) - Oh(wv eu7 Xu) + (Ch(dv equb) - Ch(dv Xus eb)) =N+ T+ T3+ Ty + 1.
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Using the continuity of /~1h and Mh in Lemma 3.3.3, the term 7} can be estimated as follows

Ty < Cvlimullyp 1xullon + Crs ]l p 1Xo 0 n
< Cmax (v, pk) [I|O¢us Xo) Il Il (72 76)
By the definition of R}, we have

Riu((w,0), (Xu> X5),2) < Ra((w, 0), p) | (X, x) I (3.3.24)

Next, due to (3.2.36) and our assumption that (v,¢) € Ker (By), we deduce that v — uy, belongs to
Ker B,. Then, for any q € Qp,

T3 = —Bp(Xo. €") = —Bu(Xu,p — ).
It follows from Lemma 3.3.3 that

T3] < Clixullyn P = dllz2 @) < Cll(Xuws M)l P = all 220

To estimate T}, observe first that Ty = —O(w,n,,, X, ). Then by the bound in Lemma 3.3.4 and
(3.2.42), we obtain

Ta| < Clnullyn X, < ClEw 1) ITOCS X6)-
Similarly, the term 75 verifies
Ts = Cn(d, My, X3) = Cn(d, X, M)
Then, T5 can be estimated by using Lemma 3.3.4 and applying Young’s inequality (2ab < a? + b?)
75| < Ck[nylly 5 1x6ll + 1l p [176]] < CElll (0, m) I O X6

Combining the above bounds yields

O xp)lll < Clll ey, m)ll + C'llp = gll L2 () + R(w, b, p).
Then, by the triangle inequality, we obtain

lICe™, el < Cll(ma, m)l + Cllp = dll 12y + R(u, b, p), (3.3.25)

for any (v,c) € Ker(By) and ¢ € Qp, which gives the estimate (3.3.21). Let us prove now that this
estimate still holds for an arbitrary (v,c) € Wp,. We consider the problem: find (r,s) € W}, such
that

gh((r73)?q) :gh((nu7nb)aq)7 qu Qh-
Thanks to the inf-sup condition and the continuity for gh, there exists a solution (r, s) satisfying

ll(r, )< Cll (s 1) - (3-3.26)

Since By ((u,b),q) = 0 for any ¢ € Q, we have that (r + v, s + ¢) € Ker(By) and we can insert it in
(3.3.27). Applying triangle inequality, we obtain

(e, eI < Cllimas m)l + i, )+ C llp = gll 120y + R, b, p). (3.3.27)

So, the abstract error estimate (3.3.21) follows by taking into account the bound (3.3.26). O
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Abstract error in the pressure p. We want to bound the error in p. We begin by proving an

abstract error estimate for the pressure by using the same arguments used for the error in (u, b).

Theorem 3.3.8. There exists positive constant C' such that

el < €, int lmuem)ll+ inf p =l 20 + Riwb.p). (3.3.29)

(v,0)€
Proof. Fix q € QQ;. Thanks to the inf-sup condition for gh, we obtain

gh((v?c)anp> Bh((v7c)a6p)
P — dll =[xl <C sup T+ 0 sup
L2 PILA () (v,e)eWy, |||('va C)H| (v,e)EW}, |||('Ua C)|||

and then by continuity of gh,
By((v,¢), )
lpn — qll <Clmpll+C  sup :
e g weew, @ ol

It remains to bound the first term in the right-hand side of the above estimate. In view of (3.3.14),

we have
gh((v,c),ep) = Rp((u,b), (v,c),p) — /Th(e“,v) — Op(w, e*,v)
_Ch(d7 v, eb) - m(ebv C) + Ch(d7 e’u.’ C)

Proceeding as above, by using the continuity of the forms Eh, Mh, Oy, and C},, we obtain

I — all 2y < Cll(e", )l + C Iyl -

Inserting the abstract error in (3.3.21) and using the triangle inequality, we obtain the estimate (3.3.28).
O

Approximation estimates. Now, we want to give the approximations of the magnetic field and
the pressure denoted by v, ¢ and ¢ respectively. For this, we use the operator I;, to approximate the
velocity field w and the magnetic field b. So, we have the following approximation result (3.2.55).

We use the L2-projection of degree k — 1 onto @Qj to approximate the pressure p. So for any
T € Th,

Vo Pt [ alp-Top)dz =0, (3.3.20)
T
Moreover, we recall the following standard approximation result (see for instance [29])

Lemma 3.3.9. For any q € H*(Q) N L3(Q) with s € [0, k], we have

Ilp —Tapllor < ki llalls 7 (3.3.30)

So, if we take v = Ij,(u); ¢ = Ib, ¢ = Il (p) with Il the projection of order k — 1 on @), and I,
defined in (3.2.53)-(3.2.54), we deduce from the properties (3.2.55) and (3.3.30) the following estimate

Proposition 3.3.10. Assume ((u,b),p) satisfies the smoothness assumption (3.3.1). Then, we have
10+ 2y < OB (Tl g oy + 1Bl gy + ol )- (3:331)
with C' > 0 independent of the mesh size.

We are now ready to give the proof of Theorem 3.3.1.
Proof of Theorem 3.3.1. Injecting (3.3.17) and (3.3.31) in (3.3.21) and (3.3.28), we obtain
(3.3.2) O
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3.4 The discontinuous Galerkin scheme for the nonlinear MHD

system

The aim of this section is to extend the fully discontinuous approach of the previous section to the
nonlinear MHD problem:

—vAu + (curlu) X u+ Vp — k(curlb) x b= f inQ, (3.4.1)
kp curlcurlb — kcurl(u x b) =g inQ, (3.4.2)
divu =0 and divb=0 inQ, (3.4.3)
u-n=0 and curluxn=20 on T, (3.4.4)
b-n=0 and curlbxn=0 on I (3.4.5)
and p with zero mean over {2:

/ pdz = 0. (3.4.6)

Q

Analogously to the continuous setting for the nonlinear MHD problem (see Theorem 2.3.1, Chapter
2), we introduce the discrete problem and we apply a fixed-point argument to prove its well posedness.
We shall make the additional smoothness assumptions on 2. Indeed, we suppose that the domain 2
has a boundary of class C%!

We introduce the following mixed finite element method: Find ((wp, br),pr) € W, X Qp, such that

Ap((up, bp), (up, bp), (vn,ep)) + Bu((vn,ern),pn) = L((vn,en)), (3.4.7)
Bh((uh7 bh)v Qh) = 07 (348)
for all (vp,cp) € W, and q;, € Qp, where the discrete forms A;, and By, are defined in (3.2.35)

and (3.2.36).
We introduce the space K, defined by:

K = {(un,br) € Wi;  Bp((un,bp),qn) = Bp(un,qn) =0, Van € Qn}.

and we consider the discrete operator Fy, : K — K, defined by: Fp(w,d) = (up, by) with (up, by)
the component of the unique solution (wp,pn, br,71) of (3.2.33) — (3.2.34) given by Theorem 3.2.11.
Then, the discrete DG scheme (3.4.7)-(3.4.8) can be rewritten, equivalently as the fixed-point problem:

Find (up, by) € K, such that Fp(w,d) = (up, bp). (3.4.9)

In what follows, we focus on analysing the existence and uniqueness of such a fixed point. For this
purpose, we must verify that the operator Fj, defining the discret problem (3.4.7)-(3.4.8) satisfies the
hypothesis of the Brouwer’s fixed-point theorem [28, Theorem 9.9-2]. Next, we derive an a priori error
estimate for the method.

3.4.1 A new LP discrete Sobolev’s inequality on discountinuous spaces

In this subsection, we first establish a regularity result for the Laplace’s equation with Navier-type

boundary condition. This result plays a central role in the proof of a new discrete Sobolev embedding
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allowing one to establish the well-posedness and the convergence of the DG scheme (3.4.7)-(3.4.8). In
the following result, we demonstrate that it is indeed possible to derive a regularity result similar to
those in [13, 15] for the Stokes problem when the divergence constraint is not imposed. This result
is presented here in a non Hilbertian setting which is more general than that needed to analyze our
model. However, since the result below is of independent interest to analyze other nonlinear problems,

we choose to give it in LP spaces with p > 6/5.

Proposition 3.4.1. Let Q C R3 be an open bounded simply-connected set of class C>'. Let us suppose
that g € LP(Q) with p > 6/5. Then, the following Laplace equation:

—Au=g inQ
(3.4.10)
u-n=0 and curluxn=0 onl
has a unique solution w € W>P(Q) which also satisfies:
||u||w2vP(Q) <C ||g||LP(Q) : (3.4.11)

Proof. We first consider the case p = 2 and prove the existence and uniqueness of solutions in H 1(Q)
The problem (3.4.10) is equivalent to the following variational formulation: Find w € H;(Q) such
that:

Vo e Hi(Q), / curlu - curlvdzx + / (divu) (dive) de = / g -vdzx. (3.4.12)
Q Q Q

Let us introduce the bilinear continuous form: a(-,-) : H%(Q) x HL(Q) — R defined as follows:
a(u, v) = / curlu - curlvdx + / (divu) (divo) de.
Q Q

Using inequality (3.2.9), the form af(-,-) is coercive on H7.(Q). Since the right hand-side defines a
linear continuous form on H ;(f2), we deduce by the Lax-Milgram’s Lemma that problem (3.4.12) has

a unique solution w € H%(Q) satisfying the estimate:

[ullzr ) < Cll gllrz2@)- (3.4.13)

Moreover, we set z = curlu. Then z satisfies the problem

—Az=curlg and divz=0 in €,
(3.4.14)
zxn=0 on I,

which is a problem of type (£57) analyzed in Chapter 1. Since curl g belongs to [Hg’Q(curl7 Q)] and
satisfies the compatibility condition div(curl g) = 0 in 2, it follows from Lemma 1.3.4 (see Chapterl)
that z € H'(Q) and satisfies the estimate

[eurlu| g1 (o) = 12l m1 () < Cligllz2(@)- (3.4.15)

As a consequence, V divu = Au + curl curlu € L*(Q) and then divu belongs to H'(2). Applying
Corollary 1.3.2 leads to deduce that w € H?(2). Using (3.4.15), we obtain

[div u|[m1(a) < Cllgllzz)- (3.4.16)
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Finally, estimate (3.4.11) for p = 2 follows from (3.4.15) and (3.4.16). For the result in the non Hilbert
case, we consider two cases.

First case: p > 2. We know that problem (3.4.10) has a unique solution u € H?*(Q) < L>°(2). Then
u belongs to LI(Q) for all 1 < ¢ < oo. Moreover, since curlg € [HS/’p,(curl, Q)], it follows again
from Lemma 1.3.4 (see Chapterl) that problem (3.4.14) has a unique solution in W "7(Q). Similarly
to the case p = 2, this implies that V div u belongs to LP(§2) and by [10, Proposition 2.10], we deduce
that divu € W 1P(Q). In summary, we have

u € LP(Q), divu e LP(Q), curlue L’(Q) and w-n=0onT. (3.4.17)

Applying again Corollary 1.3.2, we deduce that w € W ??(Q) and satisfies the estimate (3.4.11).
Second case: 6/5 < p < 2. Observe that g is at least L%°(Q). Since H'(Q) — L°(Q), the right-
hand side in (3.4.12) still defines a linear continuous form on H'(f2). By the Lax-Milgram lemma, the
problem (3.4.10) has a unique solution u € H'(Q) satisfying the estimate:

lullz @) < Cll g llzers )

Next, we use the same argument as in the first step in order to prove that curlu belongs to W '(Q)
and then Vdive € W 'P(Q). Now, since u € L°(Q) — LP(Q), the solution u satisfies (3.4.17).
Applying again Corollary 1.3.2, we deduce that u belongs to W2’p(Q) and satisfies the estimate
(3.4.11). O

To prove that the discrete problem is well posed, we shall require a discrete LP estimate for
functions in X', with p < 6, in terms of the norm ||-|[, ,. The inequality (3.4.19) given in the next
Lemma is the equivalent of the following L" Sobolev’s inequality with » € [2, o) proven in [47, Lemma
6.2] in two dimensions: for any v, € X},

[on]

o < C)llvnlll, = C’(r)( Z HV'vhHg,T + Z hl ||[[vh]]||(2J,e>1/2, (3.4.18)
TET e€F, ¢

where v > 0 is a stabilization parameter.

Sobolev’s inequality (3.4.19) will be needed in the proof of Theorem 3.4.7 below. More specifically,
it is required to bound the forms O), in terms of the norm |||, , when deriving the continuity of
the operator F5,. This inequality will also be required to handle the coupling form C}. The proof is
similar to (3.4.18) but not elementary because it heavily relies on the new regularity theorem stated
in Proposition 3.4.1. Moreover, the proof is given when the tangential and normal jumps norms run

over the faces of the triangulation.

Lemma 3.4.2. For each real number p € (1, 6], there exists a constant C > 0 independent of h such
that :
Vo € Xn,  [[onllgn < Cllonll, (3419

Proof. Let H%(Q) be the space of functions in H'(2) with zero normal trace defined in (3.2.8).
Following [47], we introduce the lifting v(h) of v;, where v(h) € HX.() is the unique solution of

Vw € HH(Q), / curlv(h) - curlwdex +/ divo(h) divw dx (3.4.20)
Q Q

= Z /curl’uh-curlwd:c—i— Z /(divvh)(divw)d:n.
T T

TeTh TET
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satisfying the estimate

) ) 1/2
Jdiv o()]| () + lewrlo(B) | gz < (D Idivorl§r+ Y llewrlonlf s ) < foal,.,-
TETh TeTh

Moreover, since v(h) belongs to H7.(2), we have from (3.2.10) for any 1 < p < 6
o)l o) < Cllvnllyp- (3.4.21)

So, it suffices to prove that (3.4.19) holds for v;, —v(h) and then to use triangle inequality. By duality,

we have

/(vh —v(h)) -gdx
lon = v(A)llppqy = sup “

geL? () ||g||LP’(Q)

bl

where ﬁ =1- %. Since p < 6, then p’ > g and g always belongs to L6/5(Q). Thanks to Proposition
3.4.1, the following problem

—Ap=g inQ
curlp xn=0 and ¢ -n=0 onT

has a unique solution ¢ € w23 (Q) satisfying the estimate

Then, since [v(h)]y = 0 for all e € Fp, [v(h)]; = 0 for all e € FI and (curlg) x n = 0 on T, the
regularity of ¢ and (3.4.20) imply that

/Q(vh—'u(h))-gdac = [ 2wt i
= - /div¢[[vh]]Nds+ > [ curlg- [vi],ds (3.4.23)
ecFy, V€ Befé e

We need to bound the right-hand side of (3.4.23). We give the proof for the first term involving
the divergence operator and the normal jumps. A similar bound for the second term, involving the
rotational operator and the tangential jumps, can be obtained exactly with the same arguments and

obvious modifications. Since div ¢ belongs to wL6/5 (), the trace of div ¢ on each face e belongs to
W/66/5(¢) — L¥3(e). Then, we have

| [ v ool ds] < v $lgarsie Nonll o (3.4.24)

Passing to the reference element T with the face é, we have

. 3 ||
||d1V¢||L4/3(6) < Cleft le(b‘ L4/3(e)
Next, using the following trace inequality:
_l_,_d(i_i)
[llgre) S chy” 7 vl pacry (3.4.25)
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with p = 2, ¢ = 2 and d = 3 together with the embedding W'%/5(T") < L?(T’), we obtain

. 3
[ diveb| ooy < Clel

< Clel}
2(T)

ol

Ww1.6/5 (T)
Applying the inequality

. hr
||U||W1,p(T) <C— ||UHW1 2(T)

7|7
we deduce that

1dive | s o) < ClelT T |5 1dived]l 1.6/ 1y

Moreover, by virtue of assumption (3.2.32), we have for any T € Tj,

T
which gives
HdiV¢||L4/3(e) < C|dive]| . 6/5(T) (3.4.26)
On the other hand, we have
ol sy < Clel'/ IRy ey < Clel ™ Noal ey (3.427)

where a local equivalence of norms is used. Combining (3.4.26) and (3.4.27) in (3.4.24), we obtain

’ /dinb [valy ds| < C HdiV¢||W1v6/5(T) e~/ ||[[vh]]N||L2(e) : (3.4.28)

Finally, summing over e € F;, and using estimate (3.4.22), we obtain

o 1/2
> [divalonlyds < Cllal o (X 2 lolxliag,) (3.4.29)

ecFy ecFy

A very much similar proof gives

1/2
3 / curl - [vs ] ds < C gll g o) (D2 %||ﬂvh11T||iz<e)) . (3.4.30)

ecF} ecF}

Collecting the above estimates (3.4.29)-(3.4.30) into (3.4.23), we obtain

/Q (vn — v(h) - gdz < C gl lonl s

which achieves the proof of the estimate (3.4.19). O

Remark 3.4.3. Observe that the discrete Sobolev embedding (3.4.19) is the counterpart of that valid
at the continuous level (3.2.10). Indeed, if v € H(Q), we have [v(h)]y = 0 for all e € F), and
[v(R)]; =0 for all e € F} and then, we have (3.2.10).
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3.4.2 Well-posedness of the discrete problem

We now aim to show the solvability of (3.4.7)-(3.4.8) by analysing the equivalent fixed-point problem
(3.4.9). Our next goal is to establish the continuity properties for the non linear forms O, and Cj
which are needed to prove that the operator JF}, associated with the discrete problem is a contraction.
In view of (3.4.19), we have the following result concerning the continuity of the form Oy,.

Lemma 3.4.4. There exists a constant C > 0 such that for any (w,upn,vp) € X, x Xp, x Xy,
On(w, unyvn) < Cllwll, , lnll, p lonl, (3.4.31)

Proof. Using Holder’s inequality, we obtain

1/2
On(w, up, vp) := Z /(curlw X up) - vp de < C( Z I curlw||gvT) lunllLa)llvnllLa@)
TeT;, T TET,

Applying (3.4.19) with p = 4, the result is then achieved. O

For the continuity of the coupling form C},, we require the discrete Sobolev inequality (3.4.19) with
p = 4 for both the velocity and the magnetic field. Indeed, we consider an L*-L*-L? argument when
applying the Holder inequality. We note that, in the proof given in [81, Lemma 4.3|, an argument
L3-L°-L? is used to handle the form C},. This approach is realistic because they consider the general
case of a bounded Lipschitz domain € R3 and a Dirichlet boundary condition for the veloicty. So, in
this case, the discrete inequality given in (3.4.18) is used for the velocity u with r = 6. However, this
inequality can not be applied for the magnetic field b. With boundary conditions of type (3.4.5) or
bxn =0onT, b has a regularity only in H'/? (Q) — L*(Q). Hence, they establish in [81, Theorem

8.1] the following discrete L* estimate for functions in Cf,.

Theorem 3.4.5. [W. Qiu and Ke. Shi, 2020] There is a positive constant C' such that for any
by, € C}, we have

_1 .
1Ball Loy < C( Y MR 2 [BnlliGe + D leurlballg ;- + || divy ballL2o), (3.4.32)
ecF} TETh

where the discrete divergence divi by, is defined to be the unique function in H'(Q) N L3(Q) N Sy
satisfying
(divh b, s)7, = —(bn, V), foralls e HY(Q)NLI(Q) NSy,

where Sy, 1= {sh € L*(Q); snir € Prya1(T), VT € 771}

We can now derive the continuity of the form C}, as in [81, Lemma 4.3]. The main tool different
from their proof is that we use an L*-L*-L? argument instead of an L3-L5-L? argument when applying
the Holder inequality. So, for our case, we apply the discrete Sobolev inequality (3.4.19) with p =4
instead of (3.4.18) and (3.4.32). The proof is given for the sake of completeness.

Lemma 3.4.6. There exists a constant C > 0 such that for any (by,vp,cp) € Cp x Xj X Ch,

Ch(bn,vn, en) < Ck||ball,, 5 lvnll, 5 llenll . - (3.4.33)
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Proof. By the definition of the form C/,, we have

C’h(bh,vh,ch) =K Z /T(’Uh X bh) - curl Ch, der — Kk Z {{vh X bh]} . [[Ch]]T ds (3.4.34)

TETh ecF} "¢

Applying the Holder inequality, we obtain

, \1/2
Ch(bn,vp,cn) < OH||bh||L4(Q)th||L4(Q)(Z chrlchHO,T>
TETh

boon( X blbnlte) (X Allenlti) (30 A el la)

e€F} eeF} eeF}f

/2

Thanks to the trace theorem, we have

Ch(bha Vh, ch)

IN

1/2
Crllbnl sy ol oy (Y Ileurlenli3 r)
TEThH

g1 1/2
+ Crlballzmlonllzo (3 Gllenlrle)
ecF}

IN

CrllonllLsellvnllLw) lenllm

Then, the bound (3.4.33) is a direct application of the Sobolev’s inequalities (3.4.32) and (3.4.19) with

Remark 3.4.1. It is not possible to reuse the same strategy in [81] with a regularity below H' ()
for both the velocity and the magnetic field. Indeed, in our work, the velocity and the magnetic field
verify the same type of boundary conditions. So, if we consider the case of non smooth domain, we
have u € HY*(Q) < L*(Q) and b € HY?(Q) < L3(Q). Then, the argument L*-L*-L*(T;,) does not

allow to bound Z (v X b) - curlbdx and then the form Cj, can not be bounded.
TeT, T

In the following result, we provide the assumptions under which problem (3.4.9) is well defined.

Theorem 3.4.7. Assume that

1

_ 1 _1 _1 _3 _1 _3 _1
v 2||.f||0,gz> v 1||f||0797 Ko2p 2v o2 HgHQQa A AR 2”9”0,(2 (3.4.35)

are small enough. Then, the DG scheme (3.4.7)-(3.4.8) has a unique solution (wp,bn,pr) € X X
C', X Qp which satisfies:

2 2 — 2 — — 2
vifunlly p, +wullbnll, < CO™Ifloa+s" 0" gloq) (3.4.36)

Proof. We begin to prove that the operator Fj, defined in (3.4.9) has a unique fixed-point. Two steps
are needed to that.

Step 1: We prove that F;, maps a closed ball G, into itself for a real number M > 0. Let us take
(v, en) = (up,by) and ¢, = —py, as test functions in (3.4.8)-(3.4.8). We have:

Ah((uhabh),(Uhabh),(uh,bh)):Ah(uh,uh)JrMh(bh,bh):/Qf-uhder/nghdw. (3.4.37)
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We get from the coercivity of Ay and M), in (3.2.43) and (3.2.44) respectively and Cauchy-Schwarz
inequality:
2
vifunlly 5, + wplbulh < C( 1l 2 ) lwnllpz ) + 19022 ) ||bh||L2(Q))
The Sobolev inequality (3.4.19) with p = 2 and Young’s inequality imply that
2 2 - 2 -1 - 2
v lunl + o lonlZ s < C (v 1) + 5 0 gl ) = M (3.4.38)
So, we define Gy as:
G o= { (wn, bn) € K, v unl?, + e [Ba]12, < M} (3.4.30)
It is easy to see that G/ is a closed set of K} and F,(Gpr) C Gy
Step 2: We prove that when the data f and g are small enough, F}, is a contraction from G, into
itself. We remark in advance that a combination of the Cauchy-Schwarz and Hélder inequalities with
the estimate (3.4.19) plays a key role in the proof.

Let (w1,d:), (w2, ds) € Gy, and (u}, b)) := F(wi,dy), (u?,b;) := F(ws,dy) be the components of

the corresponding solutions of the linearized problems (3.2.33)-(3.2.34).

From this fact, the differences wj, := u} — u3, by := b}, — b and p, := p; — p; satisfy: for any

(U, Ch,qn) € Wi x Qp

Ap(un,vn) + My(bp, cn) + Op(wy, uj,vp) — Op(wa, uj, vp)
+  Ch(di, v, b)) — Ch(da, v, bj) — Ch(d, up, cp) + Cr(dz, uj, cp)
+  Bu(vn,p) — Br(un,qn) = 0.

Taking ((un,bp),pn) as test function in the above relation, adding and substracting Cj,(dy, up, bi),

we obtain:
Ap(up, up) + My (by, by) = Op(wy — wy, ui, up) — Ch(dy — do, up, b;) 4+ Ch(dy — do, u?, by,)(3.4.40)
where we have used the fact that

Oh(wQ,qu,uh) - Oh(wl,u,lwuh) = Op(wy — wl,ui,uh).

Let us estimate each term in the right-hand side of (3.4.40). The first term can be easily estimated
by using Lemma 3.4.4 and Young’s inequality. Indeed, it follows that

On(wz —wy,uj,up) < Cllwr —wall, , [Jui]], , lunll,,
— 2 2 1 2
< Cv ! ||w1 7w2||v,h||u%l||v7h+ZV”uth»h
Next, by using Corollary 3.4.6, we have

Cr(di = do,un,by) < Crlldi = dal,, p lunll, p [[07 ],

IN

_ 2 2 1 2
Crvt lldi — d2||m7h ||biHm,h + ZV Huh||y7h7

Cn(di — dz,ujy, by) < Cklldy = dall,, p, [[ul], , b0l

_ 2 2 1 2
Crp~'dy — d2||m7h Huinvh + ok ||bh||m,h~

IN
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Collecting the above estimates in (3.4.40), using the coercivity of A;, and M}, we obtain
vlunll? +mnlbull, < Ovlwn—wsly, v i},
+ Ol v B e R Dl — ol
HQC + kp 2 Hu%”ih < 1, that is, if the smallness conditions
(3.4.35) on f and g are satisfied, the operator F, is a contraction on G ;.

So, if v [luj|, , <1 and ku~tv! &7

The above proofs show that Fj, satisfies the hypotheses of Brouwer’s fixed-point theorem on G ;.
Then, F;, has a unique fixed-point (uy,, by,) in Gps. Therefore, the existence and uniqueness of the
solution (up, by) has been proved. In turn, the a priori estimate (3.4.36) follows directly from (3.4.38).
Now that u;, and b, have been computed, we want to recover the pressure p,. Observe that p;, is the
solution of

By (vn,pn) = / fonde — Ap(up,vn) — Op(up, up, vy) — Ch(bp, vp, by) (3.4.41)
Q

Applying Lemma 3.4.2, Lemma 3.2.7, Lemma 3.4.4 and Corollary 3.4.6 to bound A, O, and C}
respectively, we deduce that the right-hand side of the above equation defines a continuous linear
functional on Xj. The inf-sup condition in Lemma 3.2.10 gives the existence and uniqueness of
pr € Qp, to the problem (3.4.41). O

3.4.3 Error estimate for the nonlinear MHD system

In this subsection, we present a priori error bounds for the proposed DG method. The proof uses
essentially the same techniques as in [81] where a similar result has been proved for the MHD problem
with Dirichlet boundary condition for the velocity together with zero tangential trace for the magnetic
field. Let us first note that the exact solution (u, b, p) of the continuous MHD problem (3.4.1)-(3.4.6)

satisfies
Ah((uvb)a(uvb)v(vhach)) +Bh((vhach)7p) = L((vhvch))ﬂ V(’vhach) € Wh7 (3442)
Bi((u,b).qn) = 0, Vau € Qp. (3.4.43)

As for the linear case, we split the errors in two parts: e* = u — up, €® = b — by, and e? =p — py,
with

Xu = In(u) — up, N, =u— Ip(u)
X = In(b) — by, n, = b — I5(b)
Xp = Hq(p) — ph, mp =p —lg(p)

We have the following lemma for the error projection:

Lemma 3.4.8. Let (u,b,p) € H*™(Q) x H*(Q) x H*(Q) be a solution of the continuous MHD
problem (3.4.1)-(3.4.6). Let (up,pn,br) be the solution in Xy x Qp, x Cy, of the DG method (3.4.7)-

(3.4.8). In addition to the assumptions in Theorem 3.4.7, we assume that m ull g1 (o) and

% 16l 71 () are small enough. Then, we have the following estimate on the errors:

2 2
vIxullyn + Elixollm n
2 2 2 2 2
< Cth(HuHH"’“(Q) + 1Bl rr+1 () + bl zrrer () (lwllzre o) + [l (q) ))

with C' depending on the datas of the problem but not of the mesh size h.

(3.4.44)
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Proof. Thanks to (3.4.42)-(3.4.43), we have for all (vp,cp) € W, and qp, € Qp:

Ah(u — Ih(u), ’Uh) + Ah(Ih(u), ’Uh) + Mh(b —In(b),cn) + Mh(]h(b)7 Ch) + Op(u, u, Uh)
+ Ch(b,vh,b) — Cr(b,u,cn) + Br(vh, p — llg(p)) + Br(vn, Ilq(p)) = L(va, cn), (3.4.45)
By (u — In(w), qn) + Br(In(w), qn) = 0.

By the definition of I (c.f. (3.2.53) and (3.2.54)) and IIg (c.f. (3.3.29)), we have:

B (’Uh,HQ Z / le’Uh HQ dl‘—‘r Z /{{HQ p}} ’Uh]] ds
TETh eeFy
= > [ 1o - phlvs]
ecFy, €
Bp(u — I (u Z /le (In(u) — u)gp dz + Z /{qh}}[[fh ) —u]y
TETh e€Fn
=0.

So, from (3.4.45), we obtain:

Ap(In(w),vy) + Mp(In(b), c) + Op(u, u,vp,) + Cp(b, vy, b) — Ch(b,u, cr) + Bp(vn, o (p))

= Ah(Ih(u) —u,vh) +Mh(Ih — b, Ch Z {{HQ p}}[[vh]]N ds—i—ﬁ(vh,ch),
eeF

Bp(In(u),qn) = 0.

We next substract from (3.4.7)-(3.4.8) to obtain

Ah(Xuv ’Uh) + Mh(va Ch) + Bh(vhv Xp)
= On(un,up,vy) — Op(u, w,vy) + Ch(by, vy, by) — Cr(b,vh, b) + Cr(b,u, i) — Ch(by, up, cp)

+ An(In(uw) — u, vp) +Mh(1h —b,cy)+ /{{HQ — p} [valy ds, (3.4.46)
eEF]
h
o T —{nd
Bh (X, an) = 0.

Combining inequalities of (3.4.46) with test functions (x,, X Xp) and using (3.2.43)-(3.2.44), we
obtain:

CWlxullzp + st lIXsl2n ) < AnOcus Xu) + Mi(Xs: X0)
= —An(My Xu) = Mu(mx) = Y /{{np}} Xl ds

ecFp,
- (Oh(uhv Nu> Xu) + Oh(Xuv u, Xu) + Oh(nu’ u, Xu))
+ (Co(p, u, Xp) — Ch(Myy Xus 8)) — (Cr(Xp Xus 8) — Cr(Xpr w, X))
+ (Ch(bha Nus Xb) - Ch(bh7 Xus nb))

(3.4.47)

Let us bound every term in the right hand side of (3.4.47).
By the definition of A, we have
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Ap(Mys Xy) =V Z / curln, - curl x,dx+v Z /(div n,)(div x,,) dx
T T

i i
) z; ([Heurt b by ds+ [ feurlx,}- bnalp ) ,
3 [t mbedds+ [ Ldivx, Hndy ds)

"X J e balrdsty 32 32 [nlabaly

Applying Cauchy-Schwarz inequality and (3.2.55), we have for the terms in the first row of (3.4.48):

v Z /Tcurlnu -curl x,dr +v Z /T(divnu)(divxu) dx

TETh TeTh

9 . 9 1/2 9 . 9 1/2
<v( Y leurln, I r+ Y ldiva, s ) (2 llewrlx, I r+ Y lldivally - )

TETh TeTh TETh TETh

< Cvh* [l g1y [1Xully,n

Moreover, combining the continuity of w and (3.2.54), we have

v Z {curlx, } - [n,]pds+v Z /{{div Xu M.y ds =0.
e€FLVC e€Fy "¢
So, for the second and the third rows of (3.4.48), it remains to bound the terms:
v Z {{curl nu} : HXu]]T ds and v Z {le nu}ﬂXu]]N ds

ecF} "¢ e€Fp "€

Let us give detail proof for the bound of the first term. For this, let us introduce the standard Lagrange

interpolation operator of polynomial degree k, denoted II;. So, we have

/{{curl N3 IXulrds = / (fecurl(u — IIw)} - [x, ] + {eurl(ITu — Iyu)} - [x,]7) ds (3.4.49)

e e

For the first term in (3.4.49), we have

/ﬁcurl(u — )} - [xulr ds < [[fcurl(u — Ihu) bl MDxu]2llo .

Let e € }",{ such that e = 9T1 N 0T, with T1,T5 € T,. Using the discrete trace inequality and the
approximation property of the Lagrange interpolation, we obtain

1 1 1
- [eurl(u — ITpu)lly 7, + 7— [leurl(uw — pu)|, 4,

N I, I,

I feurl(u — M)}y, < C(

+ | curl(u — Hhu)\l,TluTQ) < Cp* ! ]l gt 1y o)

So, we have

1 1/2
v S [ Rewrttu— )} bl ds < Ot s oy (3 Il
ecF} ¢ ecF} (3450)

< Cvhk el g ) [1Xully
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For the second term in (3.4.49), since IIu — Iu is polynomial, we can write

1
el — T}l . < O+ lewrl (T — T o, +
W | b, h,

By triangle inequality and (3.2.55), we have for each element T of Ty,

|lcurl(ITpu — Ihu)||0’T2 )

[curl(llpu — Iyu)||o p < |lcurl(Ilyu — w7 + [leurl(u — Tyu)l|y » < ChE. i1 Ay

Then, we have

v 3 [ (Rewsl(Tyu— 1w} Bealr < Con ful s oy Il (3.451)

ecF}
Combining (3.4.50) and (3.4.51), we obtain
v Z {curl n,} - [x,]ds < Cvh* el e ) Xl - (3.4.52)
ecFL”¢

Similarly, we can obtain

v 32 [ m ey ds < o ful g Il

ecFy,

(3.4.53)

For the terms in the last row of (3.4.48), we use (3.2.55) and similar arguments as above to obtain

g
v 30 7 [ Il Deadr ds < o Julguos o Il (3.4.54)
ee}'I
and similarly,
v 5 7 [y ds < Colt fulguos o Il (3.4.55)
EE.Fh

Collecting the bounds (3.4.49), (3.4.49)-(3.4.55) yields

An(My Xu) < OVR" [ i g Xl ||Xu||U o+ OB [l g g - (3.4.56)

wh =g
Next, in view of the definition of M} and the fact that C} = X, the terms of M}, can be bounded in

a similar way as the terms of A, to obtain:
Kl 2 2
Mp(my,X3) < Crph® (1 [ 18]l e 0 < 3 13115, 1+ OB ([0 g1 - (3.4.57)

Similarly, using the estimate (3.3.30) for the L2-projection I, we obtain:

3 Jamial i< 2 ( et )’ [l )’

ecFy (3458)

Chk ||Xu||1) h ||pHHk(Q) HXqu h + Ch2k HpHH’“(Q

=10
For the terms on Oy, in the third row of (3.4.47), we use Holder’s inequality to obtain:

Oh(uhv nu7 Xu) + Oh(Xu’ U, Xu) + O}L(nu’ U, Xu)

1/2 1/2

2 2

< (3 ewrlunl s ) Imlgs Ixallzso + (D leurlxls ) lellpa 1%l o)
TeF, TEFh

2 1/2
+ (X Nlewrln, )" ful oo 1%l ooy
TeF,
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Using the Sobolev embedding H*(Q) < L*(Q) together with the LP discrete Sobolev’s inequality
(3.4.19) with p =4 and (3.2.55), we obtain

Oh(uha um Xu) + Oh(Xua u, Xu) + Oh(nua u, Xu)
2
< CR* lull sy (Nenlly s+ Nl gy ) 1ally + € Ttllars o Iall
As a consequence, we have

Oh(uhv Nys Xu) + Oh(Xua u, Xu) + Oh(nua u, Xu)
(3.4.59)

v 2 2 2
< 10 Ixullon + Ch?* |[u e gy + C lwll grooy Ixully s

For the two first terms in (3.4.47), we have since [b] = 0 on Fj:
Ch (nln u Xb) - Ch (77177 Xu> b)
(3.4.60)
= I{Z (u xm) - curl x, de — ( Xu X M) -curlbdx ) — k Z fu xn} - Il rds

TETh ecF} ¢
Using (3.4.19) and the fact that
lull gy < Cllullgriqy and |[curlb||ps ) < Cllcurld| gx (g,

the two first terms in (3.4.60) can be bounded as follows:

RZ /uxnb curlxbda:—/( xnb)-curlbdw)

TeTh

< O“( 1wl o ) 1Ml 2o lleurl x|l 27y + (1Xull i) M6l 22 (o) ||cur1b||L4(Q)) (3.4.61)
< C"ﬂ(hk 161 re+1 62y el sy Xl p + B 101 grees gy Xl chrlan’“(Q))
< CrhF Hb”HHl(Q) ( ||u||Hk+1(Q) HXme,h + ||cur1b||Hk(Q) HXu”v,h)

For the last term in (3.4.60), by using the discrete inequality and the Lagrange interpolation 1y, we
obtain:

K Z fuxn} - Ixplrds

ecF} ¢
=5 0 [ (n®) = 0D} - Dolpds +5 > [ fux (Ta(b) - )} - Doy ds
ecFL”¢ ecFL¢
< Cr iy (X b 1) — I®)IE, ) (X 4 bl ) (3.4.62)
eeF}f eeF}f
+ O lfullp oy (30 he T 0) =B )" (D2 ht Ibadrl, )
ecF} e€F}

< ChE ([l i1 () 1l s oy 1% L

Collecting (3.4.61) and (3.4.62) in (3.4.60), we obtain

Crh(my, w, Xp) — Cn(Mys X, b)) < kh" ||b||Hk'+1(Q) (HuHHkH(Q) ||Xb||m,h + ||Cur1b||Hk'(Q) HXu”UJL)

IN

14 2 K 2 2 2
0 IXullyn + 3 13117, 1 + CP* (10 s () 1wl priss g
Ch* [[bl| k41 (g - (3.4.63)

+
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In a similar way, we have

Cr(Xxp, u, Xp) — Ch(XbaXuab)

—_ Z/uxxb -curlx, dx — Z/{{uxxb}} Ixp]ds — Z/ uw X Xp) curlbdw)

TeT e€F} TeT)

< Ck ||U||L4(Q) IXbllz4(0) ||Cur1XbHL2(Th)

en( 3 mlule) (X Axli) (X et ibal2, )

e€F} eeF} eeF}

Nl

+ £ Ixull L) 1X6ll L1 ) leurl bl 2 q) -

Then, applying (3.4.19) and discrete trace inequality, we have

2
Ch(Xp, , X3) = Cn(Xp X b) < Cﬁ( 1ol 12| 1.y + Hb”Hl @ [Xu

o X6l )
4.64)
<Ck ”Xb“m h H“HHI(Q) JF HXme nt C ||b||H1(Q) HXqu h

Finally, the following bound for the two last terms in (3.4.47) can be obtained is a similar way:

Ch(bhanquxb) - Ch(bh7 Xuvnb)

< ol (B [l ks gy 1+ 1 oty a1 (3.4.65)
v 2 2 2

< ”Xb”m nt 1o Xl + W2 (1Bl sy + P2 [l s o -

Thus, combining all estimates, we obtain the estimate (3.4.44) by assuming that m el g

and \/% [bll g1 () are small enough. O
As a consequence, we have the following result

Theorem 3.4.9. Assume the analytical solution (u,b,p) of (3.4.1)-(3.4.6) satisfies the smoothness
assumption (3.3.1). Let (wp,pn,br) be the solution in X x Qn x C}, of the DG method (3.4.7)-

(3.4.8). In addition to the assumptions in Theorem 3.4.7, we assume that m [ull g1y and
V17217:L21/2 ||b||H1(Q) are small enough. Then, we have the following error estimate:

vl = wnll2,, + b = bl
o , ) , , , (3.4.66)
< OB ull3gues gy + 1003 ) + 1Bl sy (Nlianss oy + 1003 )

with C depending on the datas of the problem but not of the mesh size h.

Proof. Since u—up = 1y + X, and b—b, = 1y + X}, then the result is a direct consequence of Lemma
3.4.8, (3.2.55) and the triangle inequality. O



Chapter 4

Instationary Navier-Stokes equations

with Navier-type boundary conditions

4.1 Introduction

In this chapter, we study the following Navier-Stokes equations:

u, —vAu+Vp+u-Vu=f inQxI[0,T]
divu=0 inQx[0,7T]
(NS)

u-n=0 curlu xn=0 onl x[0,7)

u(z, 0) = uy Ve

where 2 is a bounded domain of R? simply connected, whose boundary I is of class C*''. The functions
u and p describe respectively the velocity and the pressure. The functions f and wug are the external
forces and the initial velocity respectively, and v > 0 the constant kinematic.

The original motivation comes from the MHD problem in Chapter 2 and Chapter 3. The goal
is to study the nonstationary case and then to test other strategies to overcome the difficulties to
treat the incompressibility constraint divb = 0 in Q. Since the MHD system is formed by coupling
the Navier-Stokes equations and the Maxwell equations, the study of the time-dependent full MHD
system may be quite cumbersome. Thus, we first started to analyze the Navier-Stokes system (NS)
which is simplest and it is itself an interesting problem to study.

The boundary condition considered here is a Navier-type boundary condition introduced by H.
Navier [74]. The system (NS) has been studied by Da Veiga [21] and Xiao and Xin [101] where the
convergence to the solutions of the Euler problem when the viscosity tends to zero is established. Also
in the work of Mitrea and Monniaux [70, 71], the authors have studied the analyticity of the Stokes
semi-group with the Navier-type boundary conditions together with the local existence of mil solutions.
In Miyakawa [72], the author aimed to prove a local existence of the solutions. [2] have considered the
same boundary conditions and show that the Stokes operator with Navier-type boundary condition
generates a bounded analytic semi-group. We also mention the interesting work [1], where the Navier
boundary condition with non-smooth slip coefficient « is studied.

One of the difficulties in the study of the Navier-Stokes problem is how to enforce numerically the

divergence-free constraint on the velocity, that can be computationally costly. One of the well-known

133



Chapter 4. Instationary Navier-Stokes equations with Navier-type boundary conditions 134

methods to relax this constraint is the pressure stabilization method which was first studied by Chorin

[26, 27] and Temam [96]. This method consists to add eAp® to the incompressibility equation :
divu®+eAp* =0 in Qx]0,T7,

where € > 0 is a parameter of perturbation.

Another method with eAp® replaced by ep, which is a penalty method was used in several works
(see [20] and [90]). In addition, the case of the artificial compressibility method where the term eAp©
is replaced by epf :

divu®+ep; =0 in Qx]0,T]

has been considered in different works, see [40, 95]. Moreover, the pseudo compressibility method,
similar to the artificial compressibility method [91], through inserting a pressure stabilizing term in

the equation of the mass conservation is given by:

86
pt:O on I,
n

divu® —eAp; =0 in 2x]0,T[ and

In our work, we are interested in the study of the existence of weak solutions of the Navier-Stokes
system (NVS) by using Faedo Galerkin method. Next, two different types of the above approximations
will be analyzed to relax the incompressibility constraint: the artificial compressibility method and
the pseudo compressibility method.

This chapter is organized as follows: Section 2 is devoted to the proof of weak solutions for the
Navier-Stokes equations (NS) by using Faedo-Galerkin’s method. The techniques used are classic
and inspired by the books of J.L. Lions [65] and R. Temam [96]. Section 3 deals with the analysis
of the artificial compressibility method. We focus on the existence of solution for the approximate
system and the convergence to the incompressible case. Section 4 deals with the study of the pseudo
compressibility method. We give an error analysis for the perturbed system with respect to (NS).
Section 5 is concerned with the error analysis for second-order time discretizations of a perturbed

system of the Navier-Stokes equations (N'S).

4.2 Analysis of the problem

In this section, we want to give an equivalent variational problam and to show that it has at least
one solution. Let us begin by introducing some notations and relations. We will use the standard
notation for Sobolev spaces L*(©2), H' () and H?*(2). We shall use bold characters for the vectors
or the vector spaces and the non-bold characters for the scalars. We also use the standard notation
for the L2(Q2) inner product, that is, (-, -). We note || - |,]| - |1 and || - ||2 to define respectively the
norm of function in L*(Q), H'(Q) and in H?*(Q). The norm corresponding to L?(Q) with p # 2 will
be denoted by || - || Lr(q)-

Moreover, we define the following subspace:

H={veL?Q); dvv=0inQ, v-n=0onT}
and recall the following subspace

H(Q)={ve H(Q); v-n=0onT},
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X7(Q) = {v e L*(Q); dive € L*(Q), curlv € L*(Q), v-n=0o0nI'}.
H(div,Q) = H?(div,Q) = {v € L*(), divwo € L*(Q) , v-n =0 on T},

and
ViQ) ={ve H(Q); divv=0 in Q, v-n=0 onT}.

Moreover, if X is a Banach space, we define by L?(0, T’; X) the time-space function spaces such that
T
ol = | Bl dt <o, o€ 120, TiX)

We define B(u, v), b(u, v,w) as follow :
B(u,v) =(u-V)v, b(u,w,v) = (B(u, v),w), Yu, v, w € HH(Q).

We will denote by C a generic positive constant depending on 2. We recall the following inequalities:
e Sobolev inequality for any 1 < p < 6: it is well known (see for instance [46]) that if Q is bounded
and simply-connected, then there exists a constant C(€2) such that

0]20 0 < c(|| curlv|? + ||div v||2), Vv € HL(Q). (4.2.1)

Furthermore, we have

Vw2 < C(H curlv|? + ||div v||2), Vo € HL(Q). (4.2.2)

e Poincaré’s inequality:

e Agmon’s inequality:
1 1
[l ooy < Cllullzp g lullzpeg),  Vu € HA(Q). (4.24)

e Gagliardo-Nirenberg’s inequality:

We assume p < d, ¢ < r < px , 0 € [0,1], % = g—i— 11;9 and z;i* = % — 1 where d is the dimension. Then

0 1-6
HUHLT(Q) < Hu”m(m HVUHLP(Q) : (4.2.5)
If we take in (4.2.5): 7=3,p=¢g=2and § = 1, we have:
1 1
wllps ) < llull* [Vul>. (4.2.6)
Let T > 0 be given and f and ug given functions with:

ug € H, Ff € L*(0,T; (Ho(div,Q))"). (4.2.7)
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In the first proposed method, we assume that v = 1.
We can easily check that any solution of (NS) is also solution of the variational problem : find
u € L*(0,T; V1(Q)) such that

%(u, v) + (curl u, curl v) + b(u, u,v) = (f,v)q, Yo € Vp(Q) (4.28)
u(0) = uo,

where the duality on € is defined by

<'7 >Q = <'7 '>(Ho(div ) x Ho(div ,Q)*

The following Theorem gives the existence of solutions of (4.2.8). The proof is based on the Faedo-
Galerkin approximation and a priori estimates. See [23] for a similar analysis.

Theorem 4.2.1. Given f and g satisfying (4.2.7), the Navier-Stokes problem (N'S) admits at least

one solution such as :
we L2(0,T; Hp(Q) N L™(0,T; H) , pe L*(0,T; L*(2))

Proof. We will solve the equivalent formulation (4.2.8) on [0,T]. Let m be a positive integer. We

consider an orthonormal basis of HlT(Q) constituted of wi, ws,...,w,,. We introduce the space
Vi =< wi, ws,..., w, > and we define an approximated solution w,, of (4.2.8) with :
m
U (1) = Zgim(t)wi (4.2.9)
i=1
such that :

(u,(£), wi) + (curluy, (t), curlw;) + b(wm (1), um (t), wi) = (f(t), wi)a
Vi=1,...,m,t€[0,tn], (4.2.10)
Uy, (0) = g

where wu,, is the orthogonal projection of uy on the space V,,.

Using the theory of the ordinary differential equations, the problem (4.2.10) admits at least one solution
U, defined on [0, t,,] with ¢, < T .

In order to pass to the limit in the approximate problem (4.2.10), we need some a priori estimates
on u,, independent of m. Multiplying (4.2.10) by ¢, (¢) and adding these equations for i = 1,...,m,

we obtain:

1d
2dt

Note that we have used the fact that the non linear term b(w,, U, wpm) = 0.

2 2
lwm (D] + lcurluy, @)[7 = (£ (1), um(t))o
Using Cauchy-Schwarz, (4.2.1) with div %,, = 0 and Young inequalities’, we obtain :

1
(1) um () < CUFOTry i oy + 5 lleurlun )],

So :

d
S N ()2 + lewrl wn (O < C 1 (1) ety ey (4:2.11)
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Now, integrating (4.2.11) from 0 to ¢ with ¢ € [0,%,,] , we obtain in particular :

T
sup [|un (O] < C / 1 £ ety e oy -+ 80 (4.2.12)

t€[0,tm ]

The estimate (4.2.12) is valid with ¢, = T which gives

sup lunm (1) < C4, (4.2.13)
t€[0,T)
where
2 r 2
Cs = ltol® + [ 1FO e e - (42.14)

The a priori estimate (4.2.13) shows the existence of an element u* € L*°(0,7; H) and a subsequence
still denoted (%, )., such that:

U, — u* weak star in L°°(0,T; H) (4.2.15)

Next, integration (4.2.11) over time, from 0 to T, we obtain :
2 T 2 2 T 2
(DI + [ et (0t < ol +C [ 1£O e o - (4.2.16)
So, we have in particular

T
/ |curl w,, (t)||* dt < C4, (4.2.17)
0

The estimate (4.2.17) shows the existence of some u* in L?(0,T; H'(R2)) and some subsequence still
denoted (., )., such that :

w, — u*  weak in L2(0,T; H'(Q)) (4.2.18)

By uniqueness of the limit, we deduce that u* = u. The two above weak convergences allow to pass
to the limit in the linear terms. O

To pass to the limit in the nonlinear term, it is necessary to obtain a strong convergence result. In
addition to the previous estimates, we need to prove the following estimate of the fractional derivative

with respect to time of the approximate solution:

1

7 (4.2.19)

/ 17?7 [@m ()| dr < C,  for some 7 € (0
R

This technique is detailed in the next section, so we omit the proof of (4.2.19).
The estimate (4.2.19) along with (4.2.18) and compactness Theorem [96, Theorem 2.2, p.274] will
imply that we can extract a subsequence of (u,,), still denoted (%, )m, such that

w, — uw  strongly in L2(0,T; L*(Q)). (4.2.20)

We can now pass to the limit in all terms and prove that u satisfies (4.2.8). We note that the proof
of the passage to the limit in the nonlinear term is classical. The reader can refer to, for example, [65]
and [96] for details. So we omit the proof at this stage.
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It remains to recover the pressure. Let v € V() and we introduce the continuous fonctionnal:

T
H(v)(t) = /0 [(f,v)a — (curl u,curl v) — (u.Vu,v)]ds — (u(t), v) + (uog, v)

Thanks to variational formulation (4.2.8), H vanishes on V7 (€2). We deduce the existence of function
p(t) € L?(2) and C > 0 such as for all v € V() :

H(v)(t) = (div v, 5(t))

We time derivate H, and when we set p(t) = p:(t), the pressure p is well defined.

4.3 Approximation of the system by an artificial compressibility
method

In this section, we discuss the approximation of the incompressible Navier-Stokes equations (N'S) with

Navier-type boundary conditions via the artificial compressibility method.

As in the previous section, we prove the existence of a solution for this problem by using the
Faedo-Galerkin’s method, and we prove that the perturbed system (4.3.3) converges to the initial
system (NS). Finally, we will derive an error estimate for the method. We begin with recalling a

useful compactness result [96, Theorem 2.2, p.274]

Theorem 4.3.1. Let Xy, X, X1 Hilbert spaces with Xqg — X — X1, the embeddings being continuous
and the embedding Xo — X is compact. For a given v > 0, we define the Hilbert space :

M7 = MY(R; Xo, X1) := { € L*(R; Xo), D}y € L*(R; X1)}

with the norm : )

}

L2(R,X1)

Wllag = {1132 x0) + || 1717907
where 1,/5 denote the Fourier transform. For any set K C R | we define
M} == M} (R; Xo, X1) = {¢ € M",supporty C K}. (4.3.1)
So we have the following compact embedding :

M7 (R; Xo, X1) — L*(R; X) (4.3.2)

4.3.1 Study of the perturbed system

Let € € (0, 1] be a parameter and we consider the following family of perturbed compressible Navier-

Stokes equations:

1
ui—Aue—l—Vp5+ue-Vue+§(div u)u® =f, inQx]0,T]
div u€ 4 epf = 0, in Qx]0, T (4.3.3)
u*-n=0, curl u* xn =0, onT'x]0, T

u®(0) = ug, p(0) =po € LQ(Q)
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First, we will write a variational formulation of problem (4.3.3). Next, we derive some a priori es-
timates as in the previous section and obtain the existence of solutions by means of Galerkin-Faedo
approximation.

Multiplying (4.3.3); by v € D(Q) and (4.3.3)2 by ¢ € D(Q2), integrating by parts over 2 and then
using a continuity argument, for any v € V1 (Q) and ¢ € L?(Q), we obtain the following variational
formulation:

For € > 0 fixed, f, uo given satisfying (4.2.7) and

po € L* (), (4.3.4)
find u¢ € L*(0,T; H3(Q)) and p¢ € L?(0,T; L*(2)) such as, for almost all ¢ € [0,77] :

%(ui, v)+(curl u¢, curl v)+(div ¢, div v) — (p%, dive) + b(u®, v, v)=(f, v)q, Vv e HL(Q)
6%(1967 q) + (divu,q) =0, Vqe L*(Q) (4.3.5)

u(0) = ug, p(0) = po.

We note that we use the form b instead of b defined by:

b(u,v, w) = i[b(u, v, w) — b(u, w,v)] = (B(u, v), w) (4.3.6)

with B(u, v) = (u - V)v + 1(divu)v. The difference is the additional term 1 (div u)u¢ which is a
stabilization term. Indeed, if divu # 0 , b(w, u, u) # 0. However, by introducing b as in (4.3.6), this
allows to:

bu,v,v) =0, Yvec HLQ). (4.3.7)
The following result gives the well-posedness of the variational problem (4.3.5). The proof is similar
to [68, Theorem 5.1].

Theorem 4.3.2. Let € arbitrary in (0,1]. Given (4.2.7) and (4.5.4), the problem (4.3.5) admits at
least one solution. Moreover,

u € L*(0,T; Hy(2)) N L>(0,T; L*(Q)) , p* € L*(0,T; L*(Q))

Proof. To establish the proof of Theorem 4.3.2, we return to the Galerkin approximation and we look

for similar a priori estimates with the presence of pressure.

Let (w;) an orthonormal basis of H%(Q) and (v;) an orthonormal basis of L?(Q). Let W, =<
wi,..., W, > and V,, =< wvq,...,v,, >. We denote by:

m m
wf () =D gim(Dw;  and  pi,(8) = > &m(t)vy,
i=1 j=1
approximated solutions which satisfy :

d
a(uﬁm wy) + (curl ug,, curl wy) + (div ug,, divwy) — (p,, divwy,)

+ (Ul uly, wi) = (fowi)e, k=1,...,m

( )= ) (4.3.8)

e—(py,,v) + (divuy,,v) =0, l=1,...,m

m(o) = Uom , pin(()) = Pom
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for which wg,, is the orthogonal projection of u(0) on the space W, and py,, the orthogonal projection
of p(0) on the space V.

The existence of at least one solution on [0, ¢,,] with ¢,, < T is guaranteed by the theory of ordinary
differential equations. We will prove that in fact ¢, = T.

Step 1: A priori estimates. As usual, we will make some a priori estimates and then pass to
the limit. We multiply (4.3.8); by grm(t) (k =1,...,m), and (4.3.8), by &, (t) (I =1,...,m) and
then adding these resulting equalities, we obtain:

1 d € 3 € 6
v a2 el g, [ + [div us, [ = (s divag,) + Bty wy, ) = (F o
Pl + (div g, p5,) = 0

Using (4.3.7), and summing the both equations we obtain :

1dH
2dt

1 d - ¢
P ol 2+ i w2+ 5 I = {F, utu)o

Using Cauchy Schwarz, (4.2.1) and Young inequality

d 2
||um|| + [leurlug, |* + || div ug, || +€* 195, 11° < C NI 1o caiv 0y (4.3.9)

Integrating (4.3.9) from 0 to ¢ with ¢ < t,,,

T
€ 2 € 2 2 € 2 € 2
ts[;;g](num(t)n +elp I ) <C / 1F () 310 iy U+ Nubl® + 1957 (4.3.10)
€|0,tm

The right-hand side of (4.3.10) is independent of t,,. As a consequence, the estimate (4.3.10) is valid
with ¢, =T which gives the estimate

sup (fug, (01 + € [Ip5, (0)[1*) < Co, (4.3.11)
t€[0,T]
where
2 2 r 2
Ca = [lugl” + llp5 +/0 1F )Py aiv 0 @t (4.3.12)

We deduce from (4.3.10) that the sequences u¢, and pS, respectively remain in a bounded set of
L>®(0,T; L*(Q)) and L>(0,T; L*(Q)).
Now integrating (4.3.9) from 0 to T, we obtain easily:

T T T
/O leurl g, ()| dt+/0 Idiv g, (8)]| dt < C/O 17 (D) exg aiv sy it + 125, ()% + 125, (0) 1%

which gives the estimate

T T
/ leurl ut, ()] dt+/ div s, (8)])? dt < Co, (4.3.13)
0 0

and shows according to (4.2.1) that the sequence u¢, remains in a bounded set of L?(0,T; H1-()).
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In order to pass to the limit in the nonlinear term in (4.3.8), we need some estimates on the fractional
derivative of u¢, with respect to time. To this end, we follow [96, Chapter3] and [23, Theorem 4.2.2,
Chapter 4]. We extend the functions u, and p¢, as follows:

. {u;(t), te0,T]

U
" 0 outside,

p(t), t€0,T]
pm_
0 outside.

We denote by ., the Fourier transform defined by:

us, (1) = / e 2T (t) dt.
R
Since we have discontinuities on 0 and on 7', we have the system :
d . ~ -
%(uin, wg) + (curl @), curl wy) + (div @, div wy) — (5, divwy,)
+ B(ﬂE ) ﬁ:na wk) = <f7 ’U]k> + (Uom, wk>5(0) - (u',en(T)7 wk)é(T)7

d. . . .
ea(pmv Ul) + (le unuvl) = €(p0myvl)5(0) - E(pm(T),Uk)(S(T)

where 07y and J(gy are the Dirac distributions at T" and 0, respectively. Taking the Fourier transform
and using the fact that

—

Djus, (t) = (2in7)w,, (1), for some fixed real 7.
we obtain :
2inT (W, wy) + (curla;,, curl wy,) + (div u,,, div wyg) — (pS,, divwy,)
+b(Ts,, gy, wi) = (F, wr)a + (wom, wi) — (uf, (1), wy)e " (4.3.14)

e2imT(P5,, v1) + (divas,, v) = e(pom, v;) — €S, (T), vy)e~ 2T

We will apply the compactness Theorem 4.3.1 with Xy := H5(Q) and X = X; := L*(Q). For this
we need to show that u, € M (R, H}(Q),L*(Q)) (see (4.3.1) for the definition of this space). We
already have, thanks to (4.3.13), uS, € L(0,T; H.(Q)). So we just need :

D] ut, € L?(0,T; L*()).

As for u§, and pf,, we extend g, and £y, in R with g, and Ejm, and we multiply (4.3.14); by
gim(t) (i =1,...,m) and (4.3.14)2 by Ejm(t) (j =1,...,m), then adding the resulting equalities, we
obtain:

~

2irer(|| s, || + € 155, 1*) + [leurl @, ||* + [|div @, [|* = (F, @5, )0+ < wom, g, (T) >
o €(poms (1)) = (W (T), 45, (7)) + € < 5 (T), 55, (7) > )77
Thanks to the previous equation and Cauchy-Schwarz inequality :

. ~ 2 T
2irr |, | < ||F|

85 |+ 1wom | 185, (7)1 + € [lpor 157, (7)1 + [, (D) ]85, (7)]]

+ e llpm (D5 (1)l
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Using (4.3.11), Minkowski and Young inequalities, we obtain:

o7 |15, || < %(H?HZ 1G5, 1%) + 20/Ca (@S, (M) + € |75, (1)) (4.3.15)

With this last inequality, we can show as in [96, Theorem 8.1] and in [68, Theorem 5.1] that for
v €10, 5:

[z <c. (4.3.16)

Step 2: Passage to the limit. At this step, we keep € fixed and we are only concerned with

the passage to the limit as m — co.

It follows from (4.3.11) and (4.3.13) that there exists a subsequence still denoted (@, ), such that:

ul, — u° weakin L*(0,T;HY(Q)), (4.3.17)
ul, — u° weakstarin L>(0,T; L*(Q)), (4.3.18)
pS, — p° weak starin L>(0,T;L*(Q)). (4.3.19)

Using (4.3.16) and (4.3.17) and applying the compactness Theorem 4.3.1, we deduce the existence of
a subsequence of (uf,),, still denoted by (u¢,)., such that

ul, — u®  strongin L*(0,T; L*(Q)) (4.3.20)
It remains to prove that (u€, p) is a solution of (4.3.5). For this, we use the same arguments in [96].
Multiply system (4.3.8) by ¥(t) € C*°(0,T) such that ¢(T) = 0, and we integrate from 0 to T', we

obtain:

T T T
7/ (uin,wk)zl/(t)dt+/ (curlufn,w(t)curlwk)dtJr/ (div us,, ¥ (t)div wy) dt
0 0 0
T

T B T
—/ (pin,divz/}(t)wk)dwr/ b(u;,u:n,w(t)wk)dtz/ (f, v (t)wy)q dt (4.3.21)
0 0 0

T T
1 (250 wi)(0) — € / (b () + / (div 1, 0(t)0r) dt = e(pomn, 11)(0)

0
It is easy to pass to the limit m — oo in the linear terms of (4.3.21). It suffies to use the previous
convergence results. We now look at the convergence of the nonlinear term b. For ¢(t) € C*°(0,T), if

m — 00, we have

T
/ By, Sy, wieh () — Bu, u, wiap(t))dt
0

T T
<§ / bt w0 ()0t — [ b (o)
(2 i (1) / bl (), u)dt (4.3.22)
—uc, u,, wp(t) —u, wi(t))dt
e 1
+§/0 b(us, — us, wi(t), u t+§/0 b(u®, wr(t), us, — u€)dt

2211+I2+.[3+I4.
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We want to bound the terms I, I5, I3 and I, separately as below.

Using (4.2.1) and the strong convergence (4.3.20), we have

e 1 r
B [ bt = w0 < 5 sup (o] sup [wa(a)] [ g, wl [Vas | de
t€[0,T] z€eN 0
<0 [t el et | + v

< Cllug = ull 20,220y 1Umll 20, mipr () = 0 a8 m— 00

Similarly, we have:

1] /7 — uf);
I, =— / b(uf, u, — u, wip(t) / Ue)j——L— L (ah(t)wy,) jd dt
2 0 [OT ijl d.’I;Z J
d(u® i
j (dx) (Y(t)wy); dz|dt
d(w
— ué)j(ue)ﬂ/}(t) (dl'z) dx dt
1 T
S5, S (@) sup |wi| | [lug, —u|[|Vuc| dt
te(0,T) €N 0
1 T
— sup |9(t)]sup |Vwg] lu;, — wf| |[u]dt — 0 as m — oo
2 te(0,T) EQ 0
1|
0
1 T
< = sup |9(t)]sup |Vwg] lu;, — uf| [[Vus,||dt — 0as m — oo,
2 tc(0,1) zeQ 0
and finally,
1] T
=g | [ blat o). ug, - u)ar
0
T
< sup |w()|sup\V'wk\ lus, — wf| |[u]|dt — 0as m — oo.
te(0,T) €EQ 0

Collecting all the above estimates, we deduce the following convergence result
T T
/ b(us,, us,, wr(t))dt —>/ b(uf, u®, wyy(t))dt (4.3.23)
0 0

Now, observe that the nonlinear term is continuous with respect to wy for any wy € H %F(Q)

Indeed, given ¢ € C*°(0,T), we have :

1(
< =
2

1 r € € 1 T € 2
5 500 (0O [ 1l gaoy 199 el de+ 5 sup (0] [l Gagoy IV
te(0,7) 0 te(0,T) 0

T
/ b(u, wi, u)dt
0

T
/ b(u®, us, wiy) dt| +
0

T
/ B(ue, u, wi) dt
0
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Using the continuous imbedding H7.(2) < H'(Q) < L*(Q), we get:

T
/Ob(u‘,uﬁ,'wkz/))dt C||UEHL2(OTH(Q))Hwk”Hl Q) (4.3.24)

As a consequence, by a continuity argument, taking the limit of (4.3.21) as m — oo, we have that
for every w € H}(Q) and v € L?(Q)

T T T
—/ (ug,w)w’dt—l—/ (curlue,z/)curlw)dt—i—/ (div u®, ydiv w) dt
0 0 0
T T T
+ [ @t vwans [ vwya = [ vw)adi+ (u.w)v)
T T
- 67 ' di 67 dt = ) 0 )
o[ @)+ [ ivu o= ey

that is, in the distribution sense, the problem (4.3.5) without the initial conditions. To prove that
the solutions u¢ and p® satisfy the initial conditions #¢(0) and p¢(0) respectively, we use the same
arguments in [96]. So, we take a test function ¢ € C°°(0,T) with ¢(T) = 0, we can prove that

{(uo —uf(0),w)y(0) =0
(po — p°(0),v)1(0) =0

Next, we take ¢ such as ¥(0) = 1, so we have up = u¢(0) and p¢(0) = po. O

4.3.2 Convergence of solutions of the perturbed system to the initial in-
compressible Navier-Stokes system

In this subsection, we prove that the solutions of the compressible Navier-Stokes equations (4.3.3)
converge to the solutions of the incompressible Navier-Stokes equations (NS). So, we will consider
the limit € — 0. It is useful to establish some a priori estimates for u¢ and p¢, independent of €. Since
we are interested in € — 0, we can always suppose that ¢ < 1.

By the lower semi-continuity of the norm for the weak topology, estimates (4.3.11), (4.3.13) and
(4.3.16), we have the following estimates which are independent of € :

1wl Lo 0 7m2(0) S HmE Jug, [ e o 1.2 (0)) < V2
Hu€||L2(O,T;H1T(Q)) mlnf”umHL2 (0,T;HL(Q)) ) < Cy

c (4.3.25)
Vellp HLOO(O TiL2(Q) S hmmf ||pm||Loo(o Ti02(Q) = Co

/|7’|29 HuE hmmf/ |7'\29 |, ( )||2 dr < C

The convergence result is given by the following theorem. The proof is similar to that in [96, Theorem
8.4] and [68, Theorem 5.4] (see also [104, Theorem 4.1]).

Theorem 4.3.3. Let € arbitrary in (0,1]. Let us f, up and po satisfying (4.2.7) and (4.3.4). Then,
there exists a sequence (€,), € (0,1] such as €, — 01 as n — oo, and the solutions {u‘",p*} are
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convergent. Let (u*,p*) be its limit. Then (u*,p*) is a solution of the incompressible Navier-Stokes

equations (N'S). Moreover, we have

u = u* in L2(0,T; Hy(Q)) weakly
u = u* in  L>(0,T; L*(Q)) weak star
un — u* in L}0,T; L*(Q)) strongly
Vper = Vp* in H Q) weakly

(4.3.26)

Proof. Since (uf,p®) satisfies the a priori estimates in (4.3.25) and these estimates are independent
of €, we deduce the existence of a sequence (e,), €]0,1] (e, — 0% as n — oo) and some u* and p*
such that we have

u — u*in L%O,T;H%(Q))weak

ur — uw*in L0, T; L*(Q)) weak star (4.3.27)

Venps — p*in L>(0,T; L*(Q)) weak star

Moreover, due to the last bound in (4.3.25) and the compactness theorem 4.3.1, we deduce that
u — u*in L?(0,T; L*(Q)) strong (4.3.28)

Observe that

d . d .
\/a&(p 7”)%&(17 av)v

in the distribution sense and then

d € d €n
en&(p 71)) - \/a\/a&(p 71)) — 0

Passing to the limit in the second equation of (4.3.5) for the sequence ¢, we deduce that
(divu®,q) =0,  Vge L*(Q),

which implies that divu«* = 0.

Next, we prove that u* verifies the variational formulation (4.2.8). Taking w € V1 (£2), multiplying
(4.2.8) with ¢ € C§°(0,T) and integrating from 0 to 7', we obtain :

T T T
- / (ue (1), w)' () dt + / (curl w™ (£), ¥ (t) curl w) dt + / (div s (£), () div w) di
0 0 0 (4.3.29)

+/0 E(u%(t),ufn,¢(t)w)dt=/o (f,0(tw)adt,  Yw e Vr(Q).

Using the weak convergence (4.3.27) and the strong convergence (4.3.28), we can pass to the limit
in(4.3.29) and we obtain

T T T
—/ (u*(t),w)w’(t)dt—l—/ (curlu*(t),w(t)curlw)dt—I—/ b (1), w (£), () w) dt
0 0 0 (4.3.30)

T
B /0 (frvwied,,  Ywe Vr(Q).
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Now, writing in particular, (4.3.30) with ¢ = ¢ € D((0,T)), we see that u* satisfies (4.2.8) in the

distribution sense. So, with the corresponding pressure p*, we have (u*,p*) is solution of (N'S).

The first three convergences in (4.3.26) follow easily from (4.3.27) and (4.3.28). It remains to prove

the last convergence result in (4.3.26). Since
Vpsr = f —us" + Au + B(u, ut). (4.3.31)
The convergence results for u® shows that the right-hand side of (4.3.31) converges to
f—ul +Au* + B(u*,u*) weakly, (4.3.32)
in H'(Q) as £, — 0. Since (4.3.32) is exactly Vp*, we deduce that
Vpn — Vp* in H'(Q), (4.3.33)
which completes the proof. O

Remark 4.3.1. For the 2-dimensional case, the solution u of (4.2.8) is unique and the whole sequence
u®, converges to u in the sense (4.3.27)-(4.3.28). Moreover, the convergence (4.3.33) to the associated

pressure p holds for the whole sequence Vp®

4.3.3 Error estimate

This subsection is devoted to the error analysis with respect to the perturbation parameter . For

this, we need to suppose the following regularity result.
Proposition 4.3.2. For ug and f given satisfying
w € H*(Q)NHL(Q) and f <€ C([0,T]; L*(Q)), (4.3.34)
there exists Ty <'T such that the solutions of (N'S) satisify :
sl gy + e )]+ 90 sy < O, ¥t € [0, T3] (43.35)
In addition to (4.3.34), we assume that
Fir Fu € C([0,T); L*(Q)). (4.3.36)
Then for any to € (0,T1), the solution of (N'S) satisfies on [to, T1]:
e (D% + lle (D) 72252y + 126 (D)1 772 2y

t
[ (luses)1? + a9 ey + 15 ) ds < €.

to

(4.3.37)

Following [91], we prove the next error estimate for the perturbed system (4.3.3) .

Theorem 4.3.4. Assume (4.3.34) and (4.3.36) and to € (0,T1). Then, we have:

ult) — u'(e)]* + / lu(s) — w(s)[* ds + e [p(t) — p (O] < O, Ve € [to, T (4.3.38)
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Proof. We set e = u — u€ and ¢ =p — p° .

We substract the approximated problem (4.3.3) from the initial problem (NS), we obtain :
1
et —Ae+Vg+(u-V)u— (u-V)u® — §div (u)ut=0 (4.3.39)

Remark that :

1 1
B(u‘,e)+ B(e,u) = (u".V)e — idiv(ue)e + (e.V)u — §div (e)u
1
= (u.V)u — (u.V)u’ — idiv (uf)u’
We finally obtain the next system :
e, — Ae+Vq+ B(u,e)+ Ble,u) =0

div e + eq; = ep; (4.3.40)

e(0) = q(0) =0
We take the inner product of (4.3.40); with e and (4.3.40)2 with ¢, using (4.2.1) and the fact that

(e, B(uﬁ, e)) = B(ue, e, e)=0,

we have:

1d

1d ed
2.dt

5 i lqll® < e(pe q) + e, u, €))| (4.3.41)

el + ||div e[|* + [curle| +
Observe that b is an antisymmetric form and then
ble,u,e) = —b(e, e, u)

So, applying Holder’s inequality and Agmon’s inequality (4.2.4) together with (4.3.35), we have

A

’5(6,% e)‘ lell Vel ] L= < Clel Vel [ull, < Cllel[[Ve]

IA

1 2 . 2 2
7 Ulcurlel” +|dive[”) + Cle]l

Then, we have
! L)
2 2dt "
< 1 2 . 2 2
S €(pr,q) +  (leurle|” + [[dive[|”) + Cle]

d
pn lel|* + [[div e* + curl e]|* +
(4.3.42)

In order to bound the term €(p,q), we recall the following result concerning the stability of the
divergence operator (cf. [46]).

Due to (4.3.37), ps(t) € C([to, T1]; L*(£2)), then there exists ®(t) € Hy(Q) such that:
dive(t) =pi(t), @M < Clpe@Il, V€ [to, T]- (4.3.43)
Furthermore, have

div®,(t) = pu(t),  [®e(O)ll o) < Cllpa@)ll, Ve € [to, T. (4.3.44)
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Applying this result and using the first equation in (4.3.40), we obtain:

e(pt7Q) = E(diV‘P, Q) = _€(¢7 Vq)
= e(®, e;) + e(curl @, curl e) + e(div ®, div e) + eb(u, e, ®) + eb(e, u, P)
= 5%(@, e) — (P4, e) + e(curl ®, curl e) + e(div ®, div e) + eb(u, e, ®) + eb(e, u, ®)

d 1 ~ -
e (@ e) + p(lcurlel” + [div el”) + CE (|1 + [@371q) +blus, e, B) + ble, u, B)

Using (4.2.1), (4.3.35), (4.3.37) and (4.3.43), we have :
eb(u’, e, ®) = eb(u — e, e, ®)

< Cellulpsq) Vel 1@l Loy + Cellell o) Vel @]l Lo )
2 . 2
< Cellull g1 (q) [IVell + Ce([|curl ef|” + [|div e[|7)

1
< g(llcurl el* + |div e||*) + O [|ul[z o) + Ce(llcurle|* + | dive|*)

1
< Ce? + (Ce+ 5)(lcurl el + ||div e||?)
Similarly, we have

eble. u,®) < Ce | Vel ull ysq 18]l ooy

1
< g(llcurl el” + | div e|*) + Ce* 1B 1 ) 1l 741 0

—_

é(chrl e|| + ||div e|| )+ Ce?

Collecting the previous inequalities in (4.3.42) and integrating from ty to ¢ € [tg,T1], we derive for e

sufficiently small :

le(®)]” +/t (leurle(s)[|* + [|div e(s)[|*)ds + e a(t)]”
< Ce(®,e(t)) + Ce?

1

2

le” + Ce* || @(2)||* + C*

Using (4.3.43) and the regularity of the pressure in (4.3.37), we conclude :

t
le()]” +/ (llcurl e(s)[|* + [|div e(s)[[*)ds + € [lg(t)[|* < Ce
to
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4.4 Approximation of the system by a pseudocompressibility
method

We want to study a new pseudocompressibility method which is very similar to the projection method.
We approximate the solution (u,p) by (u€, p) satisfying the following perturbed system :

uf — vAuc + VpS 4 B(u, u) =f  inQx]0, T,

div u® — eAp; =0 in Qx]0,T7,
(NS). S

u®-n =0, curl u®* xn =0,
on

p(0) =pg, u(0)=wug in Q.

=0 onI'x]0,T7,

4.4.1 A priori estimates

We want to prove some regularity results for the system (N'S).. We use similar arguments to [23, 91].
Let us mention that the proof of the next result is obtained by using the Faedo-Galerkin method. We
will not introduce the sequence of solutions u:,, p5,, we will just show how to get a priori bounds.
We will also omit the passage to the limit using the a priori estimates.

Theorem 4.4.1. We assume that
ui € H*(Q), p5 € HY(Q)/R, f e L>®(0,T;L*(Q)) and f, € L*(0,T; [Ho(div, Q)]').  (4.4.1)

Thus, there exists Co = Co(f,Q,u§,p§) such that for Ty = min{T,e%/Cy}, the system (N'S). has a

unique solution (u,p®) satisfying :

u® € L>(0,To; H*(Q) N HL(Q)), (4.4.2)
us € L>(0,To; L*(Q)) N L2(0, Ty; HY (), (4.4.3)
pS, p§ € L>=(0,Ty; H (Q)/R). (4.4.4)

Proof. To prove this theorem, we establish the necessary a priori estimates:

First estimates. We take the inner product of the first equation in (NS). with u¢ and of the
second with p¢, we sum the both equations and, we obtain by using (4.3.7), (4.2.1) and Cauchy-Schwarz

inequality:
1d d
o 4 v(fleurlu]? + divac|?) + 5 5199 = (F, )
<Nl Ero aiv o 18 e aiv 0
c 2 v . €12 €12
< > I ez (aiv 0y + 5( [[div wf]|” + [|curl u€||").

Integrating the above equation from 0 to t for ¢ < T, we obtain
t
lws(®)]|* + € [ VP (@)II* + V/O (llcurlu(s)]|* + [|div u<(s)|* )ds
cr 2 (0)]? “(0)|? 4.4.5
S5 ; 1F ()1 Ero aiv 0y ds + [[w(0)]]" + £ [ VP (O) (4.4.5)

C T € €
<5 [ Uiy oy ds + NI + V561" =
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We deduce that

sup_([lus(t)|* +¢ [Vp*(1)]*) < da, (4.4.6)
t€[0,T]

and then u¢ € L>(0,T; L*(£2)). Moreover, we deduce from (4.2.2), (4.2.3) and (4.4.5) that

C’d1
14

/ o (8) 241 dt<0/ leurl ws(e)|2 + ||div ¢ (6)]? )ds (4.4.7)

which shows that u¢ € L*(0,T; Hp(Q)).
Second estimates. We take the inner product of the first equation of (N'S). with —Au¢, we

have:
—(u;, Au®)+v ||Au5||2 = (Vp, Au®) + B(ug, u®, Au®) — (f, Auf),
and then,
1d
5 77 (leurlu|* + div ue| ) +vl|Aue?
g (4.4.8)
=2 IVp* + 2 IIAUEH + - ||f|| +3 IIAUEH +b(u, ut, Au).
Using (4.2.2), (4.2.4) and Young’s inequality, the term b can be controled as follows:
b(u, ut, Au) < C | Au| [V ]| ) < C Au|*? [ Vus ]
€ £ . e 3/4
< Aw 2 (flourluf | + div u]* )" (4.4.9)
C
< 2 lAu? + = (fleurluf | + [div )’
Thanks to (4.4.6), we have from (4.4.8)
d 1 di A< Sy 1uf|)? + ||dive|?)? (4.4.10)
5 (llewrlaf® + fdivusl® ) +v [ Auf|* < = + o leurlu]|* + divu?]*)" 4
So, we have the next differential inequality (with Cy > 1)
d 3
V() < Cay(®)”, (4.4.11)

where y(t) = < + [lcurl uf||” + ||div u¢||* and y(0) = < + ||div uo]|” + [|curl uo|*.

We solve (4.4.11) and we obtain for ¢ < m:

y(0)

) < ——— .
v(®) 1—2C,y(0)2t

If we take t 3 yz, we have 1 < /1 —2Cy(0)2t and then y(t) < 2y(0).

< SCzy(O

Observe that, there exists Cy > 0 such that

t < 3 5 i
S 8002 8CH(Z + div wo||? + [|eurl ug|%)2 = Co

We conclude that for ¢ < Ty = min{T, 2—20}, we have

C C
[div uf(t)]|* + |lcurl uf(t)]|* < 2(?1 + ||div ug|* + |lcurl ug?) < ?3 (4.4.12)
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Return to (4.4.10) using (4.4.12), (4.4.7) and the fact that
t t
/ [curl w(s)]|® + ||div uf(s)||® ds < / curl u¢(s)||* |curl uf(s)|* ds
0 0
t
[ i (o) v (9] ds
0

(4.4.13)
C ! € 2 . € 2
< = (lcurl u®(s)||” + [|div u(s)||" )ds
0
Cd
e v’
we deduce that:
/ 1Aue(s)|? ds < 724 e [0, To). (4.4.14)

Third estimates. We take the time derivative of the perturbed system (NS)., we obtain:

ug, — vAu§ + Vp§ + B(u, uf) + B(uf, u) = f,, inQx[0,T]

div uf — eApj, =0, nQ x [0,7] (4.4.15)
a €
%:0, onl x [0,7]

with the initial conditions:

ug (0) = £(0) + vAug — Vpj — B(uj, uf) (4.4.16)
I . 9pi (0)
divu§ — eAp§(0) = 0, 5n =0 (4.4.17)
Thanks to assumption on f, u§ and pf, we have:
€ € C
lui () < C . [IVR (Ol < — (4.4.18)
We take the inner product of (4.4.15); with u§ and of (4.4.15)3 with p¢, we obtain by using (4.3.7):
d € T(0y€ 1€ o€
ol 4 v llewel g+ v g 2) + 5 V0612 = (F e — B, )

<C ”f”[Ho(div o 1t gy aiv o) + [b(us, u, ug))|
||f||[H0 av.) T 7 (||0hV wl* + fleurlug|® ) + [b(uf, w, uf)]
Thanks to (4.2.2) and (4.2.4):
Bug, w, u) < C V5l o
< O g | Vs | 1) o @ 141 22
< Y v g+ flewrl 1)+ e s 1

So we obtain :

d
2dt ”ut” + V( |curl utH + [|div ut” ) 2 at ||V t”

o (4.4.19)
<*||f||[H0<dw or T3 = (lldiv ]| + [leurl ug]*) + oy 1 e ) 1w 20 g ®
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By using (4.4.12) and (4.4.14), we have:

To 1 TO
€ € € 2 €
| 1 Ol I sy s < ([ 1o a5) (| 1l i)
VCs5+/Cy < &
\/E € - e% '
Using the above estimate and applying the Gronwall’s lemma with (4.4.18), we obtain for any t €
[0, T0]2

T 1
0 2

<

¢ ) C C
lus(0)I1° += VP + v / (lewrluf(s)|* + div ui()]*) ds < Texp () (4420

So, we deduce from the estimate (4.4.20) that u§ € L>(0,Tp; L*(Q)) N L?(0, To; H1(f2)) and that
p; € L=(0,T; H'(Q)/R).

Finally, taking the inner product with the first equation of (NS). with —Awu®(¢) and using the

previous estimate, we obtain that for each t € (0, Tp],
1Aw (1)]* < C(e),

with C'(¢) = +o0 as € — 0. This achieves the proof.

4.4.2 FError estimates

This subsection is devoted to the proof of the error estimates for the pseudocompressibility method.
The proof is different from the analysis given for the artificial compressibility method. We need to
derive some e-independent a priori estimates. For this, we fix ¢y > 0 and we use u(to), p(to) as initial
condition at t = ty. The main result of this subsection is the following result.

Theorem 4.4.2. We assume (4.3.34) and (4.3.36). Then, for ty sufficiently small, there exists Ty €
(to, T1] such that for any t € [to, To], we have

t lu(s) — w(s)1* ds + €2 [Ju(t) = u ()] + e(l|ult) = u (@) 310) + [p() = (D)) < O

4.4.3 ec-independent a priori estimates

We want to prove somme e-independent a priori estimates. Let us denote e = u — u€ and p = p — p°.
Substracting (N'S) from (NS)., we have the following error equation

e; —vAe +B(u€,e) +B(e,u) +Vg=0

a €
dive — eAg = —eApy, 81;2 =0onT X [to,T] (4.4.21)
e(tp) =0 and q(tp) =0
We have the following estimates for the perturbed solution (u®,p®).

Proposition 4.4.1. We assume (4.3.34) and (4.3.36). There exists Ty € (to, T1] such that :

Hue(t)HQHQ(Q) + ||pe(t)||§11(n) <O, Ve fto, To), (4.4.22)
t
€ 2 € 2 € 2
/t [l ()1 g2 ) ds + 1w (Ol zpr ) + IPEO o) < C, VE € [to, To], (4.4.23)
0

le:(t)|I> < Ce, Vit € [to, To). (4.4.24)
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Proof. We take the inner product of (4.4.21); with e and (4.4.21)s with ¢, we sum and obtain, with
(4.2.1) and (4.3.7):
1d
2 dt
= e(Vpg, Vq) — b(e, u, e)

ed

2
53 Vel

le|” + v|/div e|? + v ||curl e]* +

€ 2 € 2
< Vel + 5 1IVall™ + Clluf e o) llell Vel

€ 2 € 2 1 1
< IR + S IVal +C [ull s o [l e o el Ve

€ 2 € 2V . 2 2 2
< g IVeel™ + 5 1IVall™ + S (ldivel” + fleurl e]]") + C ]l g1 g 1]l g2 o) el

Using Gronwall’s lemma and (4.3.37) :
t t
le(®)|? + y/ (lcurlel? + [[dive|?) da + ¢ [Va(t)|? < C’e/ IVpe? <Ce  (4.4.25)
to 0

Now, we take the inner product of (4.4.21) with —Ae, we obtain:

1d
~—(||dive|? + [[curle]*) + v [|Ae|?

53 Vq,Ae) + b(u, e, Ae) + b(e, u, Ae)

= (
= (Vq,Ae)+b(u, e, Ae) —b(e, e, Ae) (4.4.26)
+i)(e,u7Ae).

We bound the nonlinear terms separately as follow:

Using Holder’s and Young’s inequalities and (4.2.1), we have :

b(u, e, Ae) < [|ufl =) Vel [|Ae]

14 2 2 . 2
< Z el +Clul g Il (lourl ef* + [div e,

ble, e, Ae) < ||el| (g [ Vell | Ae] < O [|Ael|*? | Vel */?
1Ael*? (|lcurle|? + [dive]?)**
g |Ae|? + C(|lcurle|? + ||dive|?)’

IA

IN

Similarly, we have

b(e; u, Ae) < [[ufp= (o) Vel [Ae]

v 2 2 . 2
< g llael” + Cllullg o) 14l g2 (o) (leurl e + [ldiv e]%).
Collecting the above equations in (4.4.26), we derive :

d . 2 2 s C 2 . 2 2
a( [div e||” + [[curle]|”) + v[Ae|” < — IVal™ + Cllull g o) l|ull g2y (1div el|” + [lcurl e]|7)

+C(|div e + [[curl e]*)®

As in (4.4.10), we can write the above relations as:

d

(€1 + |div e|” + |[curl e||*) < C(Cy + ||div e + ||curl e]|*)?
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With the same arguments in the proof of Theorem 4.4.1 (Second estimates), we can derive that for

te [t07T0} with

1
To = min{T, —— 4.4.2
b = min{T. o), (4.27)
we have for any ¢ € [to, Tp]:
2 2 ‘ 2
(|ldiv e(t)]2 + [curl e)]?) +/ |Ae(s)|? ds < C. (4.4.28)
to
Now, we take the time derivative of the perturbed system :
ey — vAe, + B(u$, e) + B(u, e;) + B(ey, u) + B(e, u;) + Vg = 0,
div € — GAqtt = —EAptt7 (4429)
ei(to) =0, gi(to) = pe(to).
Taking the inner product of (4.4.29); with e; ans ¢;, we derive:
1 d 2 2 . 2 € d 2
el 1 d £2
i el + v(lleurl e + div edl*) + § 3 19l s
=€(Vpit, Vi) — b(ug, e, er) —b(es, u, eq) —be, uy, e;)
Using Holder’s and Young’s inequalities, we have :
E(uga e, e;) = E(Ut — e, e, ep)
< ||ut||L5(Q) He||L3(Q) Vel + ”eHLW(Q) el [|Vell
1/2 1/2
< el g o llellmrr oy IV el + llell g g llell g led 1 Vel
v . 2 2 2 2
< gUldive|” + [leurl ed]|") + C |l o) el o)
v . 2 2 2
+ g (ldived” + [leurlec|[") + Cllef g q) el gy llel]
7 1/2 1/2
bler,u, er) < |lec] [IVerll ul o) lullg g
Vo 2 2 2 2
< gUldived” + [leurl ee[”) + Cllullzr(q) lledll”,
and similarly
be, e, e0) < el prs o el s oy IV e
. 2 2 2 2
< g(”dlv ei|” + [lcurl e]|”) + C llel[ g1 (o) luel z g -
Collecting the above equations in (4.4.30), we have :
el + v(lleurd e + div ec]*) + .5 [V
dt dt
(4.4.31)

2 2 2 2
Se ||Ptt||H1(Q) te HthHl(Q) +C ||Ut||H1(Q) ||6HH1(Q)

2 2 2
+Cllel o) lelaz o led” + Cllullgeq) lled”
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Integrating from ¢y to t, Gronwall’s lemma, (4.3.35), (4.3.37) and the fact that ||q(t0)||§{1(9) =

||P(to)|\ip(g) < C and
o
(/t ||e|H2(Q)> <C, (4.4.32)
0

To To 2
| Nelloso el < ( / ||e||H1<m>
to to

Nl
Nl

we derive:
t
led(t)]® + y/ (||div es(s)||* ds + ||curl e4(s)[|*) + €[| Vg (t)||* < Ce (4.4.33)
to
Using estimates (4.3.37) and triangle inequality, the estimate on the pressure derivative in Proposition
4.4.1 follows from (4.4.33). Now we take the inner product of —Ae with —vAe+ B(u¢, e)+ B(e, u) =
—ey — Vq to have :
v|Ae|® = (er, Ae) + (Vq, Ae) + B(u, e, Ae) + B(e, u, Ae)

5 v 5 v ~ ~
< lled? + 1 1Ael® + 2 [Vall + £ [ Ael® + [b(u - e e, )| + [b(e, u, Ae)|

Using the same arguments to bound the terms on b, thanks to previous estimates (4.4.25) and (4.4.33),
we obtain :

|Ae®)|* < C, Vit e [to, To)- (4.4.34)

To conclude, we proof that :
¢
0
We take the inner product of (4.4.21); with —Ae; , we obtain :

1d 2 2 7 7 b A
el A = b(us A b(uc Ae;)+b
2 dt Ve]” + v|Ae| (ui, e, Aey) +b(uf, e, Aey) +b(e, u, Aey) (4.4.36)

+ l;(e, ug, Aey) + (Var, Aey)

Applying the same procedure to bound the four non linear terms, and using the previous estimates,
we obtain the estimate (4.4.35).

Finally, as we know estimates for e (respectively ¢) and u (respectively p), with triangular in-
equality and (4.3.35),(4.3.37), we deduce the estimates of this Proposition. O

4.4.4 Error estimates for a linearly perturbed system

In this subsection, we will perform the error analysis introduced by perturbing the linear operator.

We consider the linearly perturbed problem:

v —vAv 4+ Vre¢ = f — B(u,u)
divoc —eAr{ =0

¢ e (4.4.37)
v'-n=0, curlv° xn =0, 5t =0on I

v(0) = u(0) , r(0) = p(0)
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where u is the solution of (NS). We denotes € = u — v° and ¢ = p — r¢, we substract this system

from initial problem :
& —VvAE+ VY =0
div€ — €AY = —eApy (4.4.38)
£(0)=0 and ¢(0) =
From Proposition 4.4.1, we can deduce in particular, for any ¢ € [to, Tp]:
1P @)1z @y + 175 ()10 + 19 ()| 722y < C (4.4.39)
and

g, (6)]* < Ce. (4.4.40)

We have the following result.

Lemma 4.4.3. Under the same assumption of Theorem 4.4.2. We have :

/O €)% ds + & €I + €D 2y + WO < OS2, Vie o, T (4.4.41)

Proof. We use a parabolic duality argument. Given t € [tg, Ty, let (w), ¢) solution of the dual problem

ws +vAw +Vqg=E€&(s), divw =0, s¢€ [ty,t],
q=2&(s) [to, ] (4.4.42)
w-n=0, curlwxn=0onT w(t)=0.
Let us first establish the following inequality :
t
[ GawR + 19ao s < ¢ [ e as (14.43)
to
Taking the inner product of (4.4.42); with Aw = — curl curl w, we obtain
1d 1
5 lewrtw(s) |2+ v Aw]® < £ [ Aw]® + o ¢
Integrating from ¢y to t, we derive :
[curl w(to)]|* + 1// [Aw(s)|” ds < / €(s)||” ds (4.4.44)
Now, we take the inner product of (4.4.42)1 with w, to obtain :
2 1 2
lwa|+ 5 qt 9 feurtw]? < 1 ||£|| + 5 llwsl]
Then, integrating from ¢y to t, we obtain in particular :
t t
[ wasitas < e [ el as (14.45)
to to

Taking the inner product of (4.4.42); with Vg and using (4.4.44) and (4.4.45) we obtain the end of

(4.4.43) :
t t
Vel < C 24
/to IVl < / 1€(s)[12 ds
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Now, we take the inner product of (4.4.42); with &€(s) and, by using relations on £(s) in (4.4.38) and
the fact that divw = 0 we obtain :

€)1 = (ws, €(5)) + v(Aw, () — (¢, divE(s)

= (6 w) — (6 w) + H(AE w) — (Vg V)

— di(g w) + (Vi, w) —e(Vq, Vry)
S N——

=0

= 26 w) — e(Va, V).

We integrate from tg to ¢ to have :
¢ ) ¢
e ds < e [ IVa) 1975(s)] ds
t() tO
¢ ¢
<5 [ 19a(s)IPds + ) [ Vs ds
to to
Thanks to (4.4.39) and (4.4.43), we can take § sufficiently small such as :
¢
/ IE(s)|2ds < Ce , ¥t € [to, To). (4.4.46)
to

Now, for given ¢ € [to,Tp], we consider the following dual problem:

ws+vAw+Vg=E€,(s), and divw =0, sé€ [ty,t
1= £.0) to,1 ot
w-n=0, curlwxn=0onl and w(t)=0.
As for (4.4.43) we have :
! 2 2 i 2
[ AW + Ve P)is <€ [ e (5)1% s (4.448)

We take the time derivative in (4.4.38)s so :
divg, — eAYy = —eApy
Now, we take the inner product of (4.4.38); with &, and using the previous equation, we obtain:
€1+ S (v &l + leurle]*) = (,divé,)
= €e(Vi), Vpu) — €(Vih, Vi)
= (Y4, Vo) — e (T, V) + [Vl
We integrate this equation and, since ¥ (to) = 0, we have Vt € [to, Tp]

/t 1€,(5)[12 ds + v [[div €0)[12 + leurl €))7
< Ce / (V)12 + [ Ves)[2)ds + Ce [ Van(@)] | Vo)

t
+Ce | [ Vir(s)]* ds
to
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Using (4.3.37),(4.2.1) and (4.4.39), we obtain in particular :
V€@ 0y < Cr(ldiv )| + lcurl €0)]) < Ce. (4.4.49)

Now, we take the inner product of (4.4.47) with £(s) to obtain :

1d

d
51 JEGI? = £ (6 w) — e(Va, 9r9).

We integrate the previous equation from tg to t, using (4.4.43), (4.4.39) and (4.4.40), we have for all
te [t()vTO} :

t
@) < e / VeI [VrE(5)]] ds
. ° t 3 t
<et [ va)ds et [ [9rics)Pas
t to
1 ' t 3 3
<cet [ el as+ cet < odk
to
We can conclude, with (4.4.40) and (4.4.48), for t € [to, Tp] :
Vip(t), v £.(t),v)+ (VE Vo
O < CIVElgrry <C sp D) o gy, (&ld)v) £ (V6 Vo)

vert@) 190z o) veHL(Q) v/l ) (4.4.50)
1
<C(&MN +IVED) < Ce.

O
4.4.5 Error estimates for the nonlinear problem
In this subsection, we perform an error analysis associated with the nonlinear term.
Let n = v¢ — u® and ¢ = r¢ — p° . We substract (NS), from (4.4.37), then we obtain:
n, — vAn+ V¢ = B(uc, u¢) — B(u, u),
divy — eA¢, = 0,
Dby (4.4.51)

n-n=0, curlpxn=0,

n(to) =0, ¢(to) = 0.

=0 on I,
n

Lemma 4.4.4. Under the same assumptions of Theorem 4.4.2, we have:
2 2 ‘ 2 2 2
()]l +€Hn(t)||H1(g)+/ (Idivap(s)[I” + [leurln(s)[|*)ds + e[| Vo (t)[|” < O, vt € [to, To]
to

Proof. As u — u¢ = € + 1, we have :

E('U’Ev usvn) - B(ua u, 77) = 78(“’675 + 77»77) - 5(6 + n, uvn)



A time discrete approximation 159

We take the inner product of (4.4.51); with n and (4.4.51)3 with ¢, we derive:
1d o o2 2y, €d 2
53 Inl” +v(ldival” + [learln]”) + 5 — V]

2dt
= _b(ueaéan) - b(€ + nu, 77)
< Cllul g2 ) 1ENTV Rl + CUEN + lIml) el g2 o) IVl
v , . v .

< Z(HCHYIUHZ + [|divl|*) + C w720y I€1I° + Z(Ilcurlnl\z + [|divn|®)
2 2

+ O [l g0y (IE17 + [Inll*)

Using Gronwall inequality, (4.3.35) and Lemma 4.4.3, we obtain:
t
Im(6)]* + V/ (leurln(s)[|* + [[divn(s)[*)ds + € [ Vo (1) < Ce (4.4.52)
to

To obtain estimate of ||n||i11(9) ~ ||divn||® + [[curln||®>, we take the inner product of (4.4.51) with
—An and we use the same arguments as previously. O

To conclude the proof of Theorem 4.4.2, we take u — u® = £ + 1 and p — p* = ¢ + ¢ and combine
Lemma 4.4.3 and 4.4.4.

4.5 A time discrete approximation

Given (u®,p®) in HL(Q) x H(Q)/R, we define (u"*+!,p"+1) to be the solution of the system:

n+l_ . n v " " " ~ ontl,.m amtl,.n
wout Y A(u 4 u")+ Vpt + B(% 2+u | 2+u ):f(thr%) (45.1)
u™tl.n =0, curlu"!xn=0 on T,
6pn+1 apn
div w1 — BEA("T — p) = 0, ’ - 452
v u B (p p ) an r an F? ( )

where ( is a constant to be determined. £ is the time step, byt = (n+ %)k

In the remainder of this document, we study the stability of (4.5.1)-(4.5.2), and we establish an
error analysis. Before this, we give the following condition:
Let to € (0,Ty) fixed, following [92] we assume that the initial data (u°,p°) satisfies :

[u® = u(to)|| < O (4.5.3)
[|div (w® — w(to))|| + [|curl(u® — w(to))|| + ||V — p(t0))|| < Ck

The main result of this section is the following error estimates:

Theorem 4.5.1. Assume (4.3.34) and (4.3.36). Given to €]0,T1[, B > L and (u°,p°) satisfying

(4.5.3), there exists a positive constant depending on the data and to such that:

kY llultn) = w'l* + K (|| div (u(t) — ™)|” + [[curl(u(t,) — w™)|)
n=1
T — to]
k
where (u(ty,),p(ty)) and (u™, p™) are respectively solutions of (N'S) and (4.5.1)-(4.5.2)

+ B2 Ip(tm) —p™ > S CE*, V1< m < M =]
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First, we recall the following discrete Gronwall’s lemma that we will use in this section.

Lemma 4.5.1. Let y™, h"™, g", f™ be nonnegative sequences satisfying

T

m [£]

- T
m+EY "< B+k "yt 4+ "), with k "< M, VO<m< —
Yk ;(9 y ) nzz;)g -
Assume kg" <1 and let 0 = max,, ¢ %(1 — kg™)~t. Thus:
S T
EY» h"< B+k ™), ¥m < —
y+Z exp(o (+T;f),mk
We will use also the following algebraic relations :
1
(a=ba) = S(lal> = [b* +|b—al*) (4.5.4)
1
(@=bb) = S(la* = b]* = [b—af’) (4.5.5)

4.5.1 Stability of the scheme

Before proving Theorem 4.5.1, we study the stability for the scheme (4.5.1)-(4.5.2). The proof of the
following lemma is inspired by [92].

Lemma 4.5.2. Let § > i. Then there exists C > 0 such that for all m with 1 < m < % — 1, such
that:

(1- H w3 () e+ )]

n=1

C<Hu1|| + RNV + R 90 + R ) 011 p10 00

Proof. Writing (4.5.2) at step n and summing the result with (4.5.2) at step n + 1, we derive

div (u" ! + um) — BEA(p" T —pT) =0

apntl gpnt
on |~  On |

(4.5.6)

Taking the inner product of (4.5.1) with k(u"*! + «™),this of (4.5.6) with kp™ and summing the
relations, we obtain:

[ " = [lum ) +* ([Jdiv (w"*" + u™)||* + [Jeurl(w" ! + u™)|*)
+Bk2( (pn+1 _pn )’Vp ) = k<un+1 + unv.f(thr%»Q

where we recall that (-, )q defines the duality product between H(div,Q) and [Ho(div,Q)]’. We
have:

(4.5.7)

k<un+1 —+ u"’f(tn+%)>g <k Hun-‘rl -+ unHHo(div Q) ||f(tn+%)”[Ho(divyﬂ)]’

HunH + Un” + Hle mHy un)HZ)% Hf(thr%)H[Ho(div,Q)]/ (4.5.8)

—

PE(div (o wm) || + [eurd (™t wm)|?) + CRIF (s )P aie oy

";‘w
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We derive from (4.5.4)-(4.5.5):

(v(anrl e ) vp™) Hv n+1H vanleQ) 5o
(196" I IV o))

Using (4.5.8) and (4.5.9) and summing (4.5.7) for n from 1 to m, we obtain:

2
H m+1H + V4k Z Hle (un+l + un)H2 + chrl(un+1 + un)||2) + %(vamﬁ’lHQ + ||vpm||2)
n=1 (4510)

k2 k2
< [l + OMIF o mgracamann + o (18 + 97 + 22 et )
Using (4.5.2), we derive:
1
Bk? Hv(pm+1 _pm)H2 < B Hum+1H2
So, by splitting the previous left-hand term:
2

k2 k2
5 ||V m+1 —p™) 2 < —||um+1||2+%||V(pm+1—pm)||

Bk

|| L (O )+ V)

Applying the previous inequality in (4.5.10):

(1- || HH + — 1 nzl(Hdlv(u R )|| +chrl(u 1w )H )
1 Wf 0
< |u H + =~ ([vp' H +|vp || + Ck||f(tn 42 )”C(OT J:[H o (div,Q)])

4.5.2 Preliminary a priori estimates

In the aim to prove Theorem 4.5.1, we need other k-independent estimates. We note that the result of
Lemma 4.5.2 is not sufficient because it does not provide stability result for || Vp™||. In this subsection,
we will use the following notations:

o to, =1ty + ak
o W(tyy1)= L (w(tnt1) + w(t,)) for any function w(t)
o @"t3 = L(a"*! +a") for any sequences {a"}

o M = [Di-0] is the integer part of 110,

We have the following first a priori estimates on (u",p™):

Lemma 4.5.3. Assuming (4.3.34) and (4.3.36). For 8 > 1 and initial data satisfying (4.5.3), we
have:

Hdiv um'HH2 + chrl um+1H2 + ||A(um+1 + Um)H2 + vam‘HHQ <C, Vo<m<M-1
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Proof. We denote by e™ = u(t,) —u" and ¢" = p(t,) —p™ the errors on the velocity and the pressure.

The error equations are given by

en+1 —e" 14 n+1 n n n n
T AT )+ V" =R+ Q (4.5.11)

where R"™ is the truncation error defined by:

R :—"@w)k— ultn) _ EA@tarn) + lta)) + B0ty y), (tgy)) + Volta) + F(tury)

and Q" is the error related to the non linear terms:

Q" = B

L") = Bla(t, 1), (t,, 1) = —B(a"ts, ") — Be™? a(t,, 1)).

=

Moreover, we have:
dive™! = BRA(¢" — ¢" ") = —BRA(p(tns1) — p(ta—1) (4.5.12)
and then,
div (€™ + e") = BEA(G™ = ") = —BFA(p(tns1) — pltn)) (4.5.13)

Taking the inner product of (4.5.11) with 2ké"t2 and (4.5.13) with k¢", and summing them, we
derive:

[ H|* = fle™|* + 2vk(||div &™ 2 |2 + || curl("+ %) () + B3(V(¢" ™' — ¢" ), V")

. - . . (4.5.14)
= 2k(e""7, R")q — 2kb(e" %, u(t, 4 1), € 2) + BE*(V(p(tnt1) — p(ta-1)), Va").
We derive from (4.5.4)-(4.5.5):
n n— n k? n 2 n—1112
SRV — ), Va") = {9 - v )
(4.5.15)

Bk?

+ S5-IV = = V@ =g

The terms in the right-hand side of (4.5.14) can be controled as follow:

~ T :l mn ~ 1 n
k("2 R < ke 2 || o aiv.0) IR | [Eo @iv o))
. ~Nn l ~n l :l
Ck(||div "= |2 + [ curl &= 1) % [|R"|| 5z, (aiv )/

vk s ~n41 ~n+i n|2
< 7(“‘11‘76 T2+ | curl &2 %) + Ck R (220 (aiv )

NN

and
BE*(V(p(tn+1) = p(tn—1)) Va") <K [ V" + Ck |V (p(tns1) = plta—1))[|”
Using (4.2.1) and the regularity result (4.3.35) for u, we have
iiznt+i ~ ~n+i ~nti ~ ~n+i
Akb(e" 2, au(t, 1), 8" 2) < CRIIVeE" 2| [|alt,y 1) m2ole" 2|

k
< 2 (Jdiv &b P + | eurl &7 )+ CR 6
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Applying these previous estimates in (4.5.14), and summing for n = 1 to m:

=N kQ m m
e[ vk 3 (v e 2+ | curl #3124 (g o)

n=1

ﬁ (Ve H “‘HVqOH + V(g™ - ,)Hz) (4.5.16)

<[le'll*+ =5

+ Ckz |Rn||[Ho(dlv Q)] + H~n+2 ||2 + kz ”an”2) + Ck3 ||th(£n)||2, 571 € (tn—l,tn+1)

n=1

Next, we use the following estimates

IR™[| < ch( max [lue ()] + max HAut( I+ max IIth( i, Yo<n<M-1 (4517
te€lto,Ti] telto te]

0,41 0,1

and
u(ts) — w'||* + K2 ||V (p(t) — p)||° < ek, i=1,....m (4.5.18)

The proof of (4.5.17) and (4.5.18) follows exactly same steps as in [92, Lemma A2] and [92, Lemma
A2]. We derive from (4.5.3), (4.3.37) togheter with (4.5.17) and (4.5.18):

m 2
||em+1||2 + vk Z(Hdiv é"+l curl "2 ) BTk(qumHHQ + ||qu||2)

(4.5.19)

<Ok + Ok S (e + k2 g ) + 25 e

n=1
Now, it stays to estimate the term ||V (g™*! — qm_l)HQ. Let 6 = 8 — 1 > 0 and p(tm41) — p(tm) =
kpi(&m) with &, € (fm,tme1). Taking the inner product of (4.5.12) with ¢"*! — ¢" and remarking
that g — %5 > 0, we obtain:

Bk V(g™ = g™ = (e, V(g™ = q™) + BR(V (p(tms1) — p(tm)), V(g™ — ¢™)

L L

+ 28 (g — g+ 176t eI

<IN = + gy eI + ORIt I
We derive from this result and the regularity (4.3.37):

B (|9 (g™ — g™ < (i s le 4 okt

Thus, by splitting:

k2 k? k>
2 It o = R gt — gy CER e — g

LLs L 5\gk (4.5.20)
<1 e P ont o+ B e P )
2
Applying the previous estimate in (4.5.19), we derive:
e P ok 3 (i o [feurl e | ‘W (Vg™ + Vg™ 11?)
2(1+9)

n=1

< CK? + Ck Z<||en+1||2 + k[ Vg™ |?)

n=1
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We set y™ = He”+1 ||2 + k2 ||Vq"||2 and we apply the discrete Gronwall’s lemma 4.5.1, then we obtain:

e "k Do (laiv e 2 o curl e 2) 4+ 2 {|g T < ORI <m < M -1 (45.21)

n=1

We deduce from this inequality and (4.3.35):
[div &2 |2 + || curl @2 |2 + |[Vp"|2 < C, VI<n<M -1 (4.5.22)

Considering Vp™ as a source term in (4.5.1) and taking scalar product of (4.5.1) with kAa@"t2, we
obtain:

2(||div u™Y|* — [|div " |*) + 2(||curl w™*|* — curl w”|®) + 4kv||Aa" 3|2
= 4k(f (t,p1) — VD", AG"T2) 4 akb(a" 7, @2 Auntd)

JUP n JUP | JUP | JUP | ol
<R[ AGE(? 4 OF||f (t,4) = VDU |2 + CRla" 2 || 57 o [A@" T2 V2 Vart2 || aants /2

el n ck, i1 ol
< URIAT 2 £ CHIF (b 5) — Vo + a5 o + kAT 2

We derive from this inequality that, with (4.5.22)

[[diva™ " + [leurl ™ * + kv Y A2 <O, VISm< M- L. (4.5.23)

n=1
Now, to achieve the proof, we need to show that |A&"% || < C. For this, we take the inner product

of (4.5.11) with —A&""7 and we use the same techniques used previously. O

Now, we have the following second a priori estimates

Lemma 4.5.4. We consider the same assumptions as in Lemma 4.5.3. Then, we have:
He"+1 - e"H +k ||V(q”Jrl — q")” <CK?, Vi<n<M-1

Proof. We introduce the following notations:

n—1 n n—1 n—1

e "=¢e"—e"", w "

=u"—u"", mM=q¢"—q
« E'=R"-R"!, E'=Q"—-Q"!
o Ep = (p(tni1) —p(tn)) = (p(tn-1) — p(tn—2))
Summing (4.5.11) and (4.5.13) at step n — 1 and n we obtain:
entl _ en

- VAEE 4 V" = EI + E! (4.5.24)

2dive™ts — BEA(™ L — 1Y) = — BRAED (4.5.25)

Taking the inner product of (4.5.24) with 2k€é and (4.5.25) with kr™, and summing these relations, we
obtain:

eI~ lem)l® + 2vk(|dive™ # | + [|eurl €™ 2 |2) 4+ 5E* (V" —x" ), V")

=2k(e""2, B + Ey) + BK*(VE], Vi™) (4.5.26)

vk . apal 1 n2 n ~n4+=x n||? n|2
< o (ldive™ 2 |2 + [fourl e 2||%) + Ch [ B} |z, e,y + 26(Eg, €72) + k[ VES " + Ok [[Vr"|
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We derive from (4.5.4)-(4.5.5) that:

ﬁk2(V(r”+1 _ rn—l)7 Vrn)

_ Bk
)

(4.5.27)
(e = o+ [V = = et =)

Then, we have:

Ej =— B(w""7,&""2) — B(a" 7, &) — Be™ 3ty 1)) — B(&" 2 ault, 1) — (t, 1))
So:
(€5, By) = —b(@" 2, " e @) S B(@EE () €T — (@Rt ) — alt, ). €.

Taking w(t,; 1) — w(t, 1) = kus(&) with &, € (£, 1,t,,1) and estimating as for perturbed
problem error, we obtain:

Rb(w" 3, €3 @) = kb((w(t,3) — @t _y)) - €FE @M e
1%

9

ntl ntl el inent il ieantd 3
< OK? ||V (&) Ve =2||[ Ve = || + Ckl| Ve = ||e" = |2 [ ve =] 2

e

< 7 Udive™ 2P 4 curl &2 %) 4 OR | Ve (&) | ([ldive™ = |* + || curl &2 %)

+ Ckl[verts|tfents)?

We use (4.3.37) to bound ||Vu(&,)| and Lemma 4.5.3 to bound the term ||Vé”+% |*, then we obtain:

2

_ptdl oapil ooppl vk ||, nrt]? ontd
kb(w" Tz, "tz e z2) < Z(Hdlve"‘“‘ + chrle”‘|r2

)

2 2
)+Ck‘

2
3/l gs =ntd St ntd
+ Ck:j(Hdlv entz| + chrl etz etz

Similarly, we have:

k 1
B % Wlt ) — Wl —y) € 75) < T (ldiv e H? 4 | curlen )

+ CE(||dive" 7|2 + | curl &" 2 ||2)

k
RBEH @ty y), @ h) < T (diver |2 4 || curl et 2) + Cklje |

Summing (4.5.27) for n = 2 to m, and applying the previous inequalities, we derive:

m 2
Jem 74 vk 3 1+ ourt et ) + 22 g 4 sy
n=1
2
<€l + ZE v + o+ v —emy Py

m 1 1 ) ) 1 (4.5.28)
+ OB (&2 + K(div e 32 + [ curl & | + div e % | + || curl &3 1))

n=2

+CR (B S + [ VEX®) + ek S (1o | + |1 %)

n=2 n=2
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As in (4.5.20), we have

k2 1+2
STt ol < g e kT
1-8
+ 52 BRI+ )
According to (4.5.18), we have
] < ox

Taking the inner product of (4.5.12) with ¢"*1 — ¢" for n = 0, 1, we obtain:

1
IV(@™ = < C(; |

Combining these estimates in (4.5.28), (4.5.21), (4.3.37) and the following estimate:

e" |+ [V (p(tns1) — p(ta)l) < Ck

M-—1 T
b IVEIP <okt [ Il ds < O,
n=2 t

0

we derive
m ||e HH + Z;(’|dlv (" + € )|| + chrl(e tlie )H )+ 66k2(“Vr +1|| + |IVr ||2)

<O 4+ C (|| + k2 Ve

n=2

Applying Gronwall’s lemma 4.5.1, we obtain for 2 < m < M — 1:

e+ + & S (|ldiv (e + )| + [|leurl(e™ ! + €)|*) + K2(||[ Vet + Ve )?) < Ok

n=2

O

Now, we are able to give a sketch of the proof of Theorem 4.5.1. It is the same reasoning than
the proof of Theorem 4.4.2. The idea is to split the errors into a first part associated with the linear

Stokes operator and a second part associated with the nonlinear term.

Proof of Theorem 4.5.1. We study the error estimates for a linear auxiliary problem, and then
for a non linear problem.
Firstly, we define (v"™*1,1"*1) the solution of the following auxiliary problem:

ntl_,n v " " n ~ -
vt — EA(v" T o) + Vi = ftopr) =Bt 1), w(t,y 1)) (4.5.29)
v" " np =0, curlv"™! xnp=0
and
: n n n pntl ot
{le’U L BEA(™ Tt — 1) = 0, 88n r= BWW (4.5.30)

with (v°,1%) = (u?, p).

We denote £" = u(t,) — v™ and ¢" = p(t,,) —1™.
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In the case of linear problem, we need to bound w(¢,) — v™. Then, with nonlinear problem, we
prove the same thing with v™ — u™. We conclude by using triangular inequality.

Using the lemmas proved in the previous section apply for the linear problem, we deduce:

Hdiv vm+1H2 + chrlvm+1H2 + kz HA(vn+1 + vn)H2 + HVrm“HZ <C

n=1

% €7 — ™| + |Vt —em)|]P + ||V (et — ™)) < Ck, VI<m < M -1

Thanks to these results, we can prove, with the same arguments in Theorem 4.4.3 the following
estimates (see also [92, Lemma 3.1] and [92, Lemma 3.2])

B ult,) - o™ < CK*
nz::l (4.5.31)

Idiv (w(t) = v™)[* + eurl(w(tn) — v™)|* + [Ip(ta) —1"|* < CK*, VI<m <M
Concerning the error estimates for the nonlinear problem, we denote n = v" — 4™ and ¥" =™ — p™.
Substracting (4.5.1)-(4.5.2) from (4.5.29)-(4.5.30), we derive:

n+1

T AT ") + Ve = Q

div (p"*t +n") — BEA(Y" T — ) =0 (4.5.32)
oyt oyt
on I~ Om |T

with n° = 0 and ¢° = 0. Again using the same arguments in the proof of Theorem 4.4.4 (or [92,

Lemma 3.3]), we can derive the next estimate:

Imll® + kZ(Hdiv (™t 4+ 1]”)”2 + ||curl(17"+1 + 77")“2 + k2 vamHHQ <CEY, Vi<m<M-1

n=1

o

Then, we can achieve the proof of the theorem by denoting w(t,) — u™ = £" + n™ and p(t,) — p" =
¢" + 9™ and by combining (4.5.31) and (4.5.33).
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