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Abstract vii

CATEGORIFIED QUASIMAP THEORY OF DERIVED DELIGNE-MUMFORD STACKS
Abstract

This thesis extends the results of [MR18]] on the categorification of Gromov-Witten invariants to stack
targets. This requires constructing a brane action for certain coloured co-operads, for which we develop
a language for lax morphisms as well as a dendroidal version of monoidal envelopes. We finally obtain
an action on a cyclotomic loop stack, given by moduli stacks of stable quasimaps. An application to the
categorification of the quantum Lefschetz principle is also provided.

Keywords: derived geometry,operads,Gromov—-Witten theory

THEORIE DE QUASI-APPLICATIONS CATEGORIFIEE DES CHAMPS DE DELIGNE-MUMFORD DERIVES
Résumé

Nous étendons les résultats de[[MR18]| sur la catégorification des invariants de Gromov-Witten aux cibles
champétres. Cela implique de construire une action de membranes pour certaines co-opérades colorées,
ce pour quoi nous développons un langage pour les morphismes laxes ainsi qu'une version dendroidale
des enveloppes monoidales. Nous obtenons finalement une action sur un champ de lacets cyclotomique,
donnée par des champs de modules de quasi-applications. Nous décrivons également une application a la
catégorification du principe de Lefschetz quantique.

Mots clés : géométrie dérivée,opérades,théorie de Gromov-Witten

LAREMA
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INTRODUCTION

Motivation

Topological string theories

The cohomology ring of any smooth projective variety X (and more generally, by [FV21, §2.2],
the Chow motive of X) admits a structure of Frobenius algebra, hence it defines a 2-dimensional
topological quantum field theory, that is a representation of the 2-dimensional cobordism category,
in the category of graded Z-modules (respectively, the category of Chow motives). This field
theory, however, is not local, in that it cannot come from an extended 2-dimensional topological
quantum field theory (a representation of the 2-dimensional extended cobordism bicategory).
Indeed, by [Schog, Corollary 3.53], the underlying Frobenius algebra of an extended topological
quantum field theory must be semi-simple, which here can only happen when X is a union of
points.

In order to have any hope of defining an interesting field theory from X, one must thus change
the algebraic structure of its cohomology ring. Since the 2-dimensional cobordism category
consists of Riemann surfaces, a reasonable proposal is to incorporate structures coming from
complex, or more generally algebraic, curves into the definition of this new cohomology product.
In fact, this intuition also provides a new way of interpreting the need for locality: the isolated
Riemann surfaces of the cobordism category can be replaced by families of curves, leading to
the notion of topological field theory in families considered in [Tel12], a variant of topological
conformal field theories. For this, both the shape category (of cobordisms) and the category of
coefficients are replaced by suitably local versions, (pre)sheaves of categories over a category of
base spaces.

Specifically, a topological field theory in families is defined as a symmetric monoidal natural
transformation ( between the following indexed categories. On the one hand, the shape is the
functor associating with a base space B the (topologically enriched) category whose morphisms
are (classifying spaces of) families of stable marked nodal curves over B, the source and target of
a morphism being its families of ingoing and outgoing markings (and monoidal structure given
by disjoint union). On the other hand, the coefficient family of categories associates with a base
space B the differential-graded category whose objects are flat complexes of local systems on B,
with complex of morphisms from V to W given by RTI'(B, Hom(V, W)) (and monoidal structure
given by the tensor product).

From the requirement of monoidality, the action of ¢ on objects is easy to specify: it is
determined, on a base B, by a local system V, the image of the family of one point on B, as then
the image of the family of m ingoing and n outgoing points is (V)€™ © V™. The action on
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2 Introduction

morphisms, however, can only be classified thanks to the existence of a universal family of curves.

Let %g,(m’n) denote the moduli stack of stable curves of genus g with m + n markings
(the first m considered ingoing and the last n outgoing for the purposes of this exposition),
and let € (m n) = g, (mn) denote its (tautological) universal family of curves. By defini-
tion, any family of curves C — B on a base B is given as the base-change of €y (1, ) along a
uniquely determined morphism "C™": B — g (1 n). Then the naturality requirement for ¢

implies that the class (g (C) € RT'(B, Hom(VE™ VEM)) must be isomorphic to the inverse image

rC* (C%g)(m,n) (€g,(m,n)))- In other words, the field theory ¢, once fixed the coefficient system

Von M g (m,n),is completely determined by the family of “universal” classes
Qg,(m,n) = C%g,( (?g,(m,n)) € RF(%Q,(mm),ﬂfom(\?®m,\7®“)). (1)

m,n)

Gromov-Witten classes as a local field theory

This reformulation now suggests a way of building a “local” field theory on the cohomology
of X: the aim is to obtain classes in RF(ﬁgy(m’n) , Hom(AdX™,AeX™)), which may be viewed
as maps Al g (1 n) ®AX™ = A X™. Ignoring the cohomology, one may imagine them as
coming from “virtual” maps 4 g (m n) X X™ — X™, where the virtualisation comes from the fact
that geometric maps can give both direct or inverse images in cohomology: it suffices to construct
a span (whose forward leg enjoys appropriate properness and dimensionality properties). A
somewhat tautological way of achieving this would be to consider maps from points of ./ 4 (1 n)
to X. In order to ensure the correct properness properties, there is a need to make sure the
intermediate moduli stack of maps is proper; for this a stability condition is used. Letting
B € A1 X be a curve class in X, there is a proper Deligne-Mumford stack %g) (m,n) (X, B) whose
(generalised) points are families of stable maps from prestable curves into X with class (3. There
is a forgetful morphism Stab: / g (1 n)(X,B) = 4 g, (m n) Which throws away the map and

stabilises the curve, as well as evaluation morphisms evi: 4 g (1 n)(X,B) — X evaluating the
map at a specified ith marking, which produces a span

H(S%g,(m,n)(xy B)

(Stab,evu--'y w]’..’yevﬁrkn) (2)

%gy(m»n) x X X"

as desired.

There comes however one issue when passing back to cohomology: although the morphism
Stab is proper, it is far from being smooth and in fact is not even equidimensional; the boundary
components (parameterising maps from nodal possibly unstable curves) added to the smooth
interior to compactify it can be of a greater dimension. As a result, the stack ./ g (1, n)(X,B)
does not have a fundamental class to compute degrees against. To overcome this issue, following
the suggestion of [Kongs||, [BF97|| constructed a virtual fundamental class [%9)(1“,“] (X, B)]Vlr €
Aol g (1, n)(X,B), living in the degree expected from the enumerative interpretation of the
moduli problem modulated by . 4 (1 n)(X, ). This construction uses in a nontrivial way the
tools of deformation theory, that is the cotangent complex L, (x,p) and the additional

g,(m,n) 7
datum of a “perfect obstruction theory” & — ﬂ_%g)(m‘n] (x,p)- in order to access cohomological

corrections to the lack of smoothness, and allows one to pass from the span of toa



Motivation 3

morphism in homology, by replacing pushforward along Stab by a “virtual” version, twisted by
product with the virtual class.

Categorification and geometrisation

As was already noticed in [[Kongs||, the virtual class can actually be defined at a higher level
than Chow homology. Indeed, through the Chern character, the virtual class lifts to a G-theory

class, called the virtual structure sheaf [O"%‘r x.p)]" In this way, Gromov-Witten classes can be
g,(m,n)

defined in G-theory as well, again by replacing the pushforward along Stab by its virtual version
twisted by tensoring with the virtual sheaf.

By definition, the G-theory groups are a decategorification of the (“derived”) co-categories
Coli® of bounded coherent complexes. Toén and Manin independently proposed that the G-
theoretic Gromov—classes may also be a decategorification of a structure living at the level
of co-categories of bounded coherent sheaves. One may even go further and suggest that the
structure of Gromov-Witten classes should exist at the geometric level, in the spans offequation (2)|
themselves. The first question raised for this problem is that of what the algebraic structure to
capture is in the first place.

Of course, the classes Qg (1 n) constituting the family of do not exist inde-
pendently of each other. Since composition in the category of curves is given by gluing curves
together at their marked points, functoriality implies that these classes must be compatible with
the gluing operations. A system of such cohomology classes on the moduli stacks of stable curves
compatible with gluing is know as a cohomological field theory, and can be reformulated in a
purely algebraic way, using the language of operads and operadic structure.

Indeed, one may interpret a curve with (n, m) markings as an operation with n inputs and
m outputs and the gluing of curves as giving the partial composition operation, producing a
properad (enriched in stacks), or in fact a wheeled properad due to the higher-genus curves
and self-gluings. Further, we may notice that the distinction between “ingoing” and “outgoing”
points is purely artificial, so that the actual structure best describing the curves is a modular
operad M = (M g 1) gn+1- Applying the products-preserving homology functor As produces a
modular operad A..# in graded Q-modules, whose algebras are directly seen (up to duality) to
coincide exactly with cohomological field theories.

A by-product of this reformulation is that the algebraic structure underlying cohomological
field theories can be interpreted in different contexts, using the more fundamental operad ..
For example, we may call a categorical field theory an algebra (in stable co-categories) over the
oco-operad Coli® (/). More generally, we will say that a geometric field theory is an algebra (or
more generally a lax algebra) over ./ itself in the co-bicategory Span(Stk) of stacks and spans
between them.

The second question is that of whether the spans do define a geometric field
theory on the target X, or if at least passing to bounded coherent sheaves can define a categorical
field theory. But this question is in fact the wrong one, as the spans studied are the wrong one: so
as to really generalise the cohomological field theory of Gromov-Witten classes, the spans need
to be twisted by an analogue of the virtual class. However, as its name indicates, this class is only
a virtual object existing as a G-theory or a cohomology class, but it is not an actual geometric
object; in addition it is not defined only from the moduli stack %g,(m‘n) (X, B) but with the help
of the added perfect obstruction theory & — I]_%g’(m‘n) (x,p)- Thus, while one could imagine

adapting the definition of the virtual structure sheaf in Cop® (M g, (X,B)) to define a “virtual”
sheaf lifting the virtual sheaf class, such a thing is not possible at the geometric level (and in
fact the sheaf complex one may define in this way is not the right lift of the virtual sheaf as it is
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devoid of geometric content).

Brane actions and (derived) geometric Gromov-witten invariants

Derived moduli stacks of maps

A solution to the problem of finding a geometric interpretation to the virtual structure sheaves was
already proposed in [[Kongs|], where Kontsevich proposed his “hidden smoothness” philosophy,
asserting that homological constructs such as those used to define virtual sheaves should be seen
as shadows of better-behaved higher structures: stacks augmented with structure sheaves of
differential graded algebras, which would accomodate spectra of “derived” algebras. Indeed,
from this point of view the perfect obstruction theory & — I]_%g’(mm (x,p) canbe seen as specifying

a inclusion of “derived vector bundles” V ([L% oy (X B)) —V(&Y), and the formula defining
g,(m,mn )

the virtual structure sheaf can be directed lifted to one giving the derived intersection of a certain
subcone of V (I]_% (X.B )) with the zero section of V(&"). But this construction, while it does
g,(m,n) 1

turn the virtual structure sheaf into the (G-theory class of the) actual structure sheaf of a derived
stack thickening ./ g (m n)(X,B), fails to give any further geometric insight into this derived
thickening.

Kontsevich’s proposal was further followed by [|[CKoz2]] which employed the language of
dg-manifolds to construct derived moduli stacks of maps between algebraic stacks, which as
derived mapping stacks contain the information of higher Ext groups, and in particular a derived
moduli stack of stable maps R%g’(m’n) (X, B), which is derived local complete intersections and
thus “smooth enough”, and whose cotangent complex recovers exactly the perfect obstruction
theory used to define virtual classes.

The foundations of derived geometry, incorporating the purely homotopical or higher-categorical
aspects of homological algebra, have been developed by Toén—Vezzosi [TVo8]| and Lurie [[Luro4;
Lurig]| in the last two decades, as an extension of algebraic geometry where moduli stacks can
have their points evaluated not just on rings but on “derived rings” (modelled, for example, by
commutative differential-graded algebras up to quasi-isomorphism or more generally simplicial
algebras up to weak homotopy equivalence) in order to have good intersections and take their
values in co-groupoids rather than sets or groupoids so as to guarantee good quotients. In this
language, derived moduli stacks of stable maps were used in [STV15]] and [MR18]] (as well
as [[PY20] in non-archimedean geometry); in particular [MR18]] showed that the (G-theory class)

_ . vir
of the structure sheaf OR/ﬂg,(m,n) (X,8) restricts to O/ﬂg,(m,n) (X‘B)} .

Operadic construction of the geometric field theory

The discussion so far furnishes us with a derived stack R%g)(m,n) (X, ) thickening the moduli
stack g (m,n)(X,B) and recovering itslirtual sheaf. In fact, through the projection formula,
one can see that integrating classes on ./ g (1 n)(X,B) with respect to its virtual class comes
down exactly to integrating them on R.# g (1 n)(X,B). In other words, an integral transform

along a span as injequation (2)|twisted by the integral kernel [O"%‘r can be replaced

g,(m,n) (X,B)
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by a simple push-pull along the span of derived stacks

H[S IR%g,n+1 (X, [3)

(Stab,ev; ,-‘wy m (3)

M g1 x X X.

It now becomes sensible to consider whether these spans directly define a geometric field
theory on the target X, and this is indeed what the main result of [MR18]] shows.

Theorem 0.0.0.0.1 ([[MR18]]). Let X be a smooth projective scheme. Then X bas a lax M o-action, informally

given by the spans

Since the action constructed now takes place in the co-category of derived stacks, it can no
longer be constructed by hand, as an infinite number of coherences need to be taken into account.
It was proposed by [[Toé13]] to obtain it as a corollary of a general operadic phenomenon called
the brane action, applied here to a more general operad M&" of moduli stacks of prestable curves
(of genus 0), which serve as the source for stable maps.

The construction of the brane actions is based on the notion of extensions of operations in an
oo-operad. Say that a (for now monochromatic) co-operad 0 is unital if its space ©(0) of nullary
morphisms is contractible. In that case, it makes sense to define an extension of an operation
0 € 0(n) to be another multimorphism ¢ € O(n + 1) of higher arity which gives back o when
composed on an input with the essentially unique nullary operation. In the case of the operad
ﬂ‘(%Ch of prestable curves, an extension of a marked curve is a choice of additional marking on it.

If one assumes in addition that O is reduced, that is its space of unary operations is also
contractible, consisting essentially only of the identity operation, then the space of extensions of
the identity is identified with 0(2).

Theorem 0.0.0.0.2 ([[Toé13[|[MR18|]). Lez O be a reduced co-operad in a bypercomplete (00, 1)-topos T. Then

O(2) carries a lax O-action in cocorrespondences, which is strong if and only if O is coberent.

If X is any object of T, composing the brane action with the contravariant internal hom oo-
functor represented by X gives a new (lax) G-action, this time in correspondences, on X?(2),
In the case of the operad NEeh, the stack ﬂ”(?)Ch(Z) is the moduli stack ﬂ“(?)cg of rational curves
with 3 marked points, which is reduced to a point, so that the induced brane action is on the
target X itself; however the spans encoding the action are still given by (derived) mapping stacks
from TT(%C’};1 1 which contains the derived moduli stacks of stable maps. Then, to pass from
an MM-action to an .#-action, one extends the morphism of operads along the stabilisation

morphism ME" — .

Stable quasimaps and orbifold Gromov-Witten invariants

Stacky curves for Gromov-Witten invariants of smooth Deligne-Mumford
stacks

When the target X is a smooth Deligne-Mumford stack (an orbifold), Abramovich-Graber-Vistoli
realised in [[AGVo08|| that Gromov-Witten theory must be modified in a significant way: the
source curves must also be allowed to carry stack structures at their markings. That is, the marked
points of a curve must now be étale gerbes, of the form B 1, where ., is the group of rth roots of
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unity. In order for the gluing of curves to make sense, the nodal points of a curve must also have
a stack structure, obtained from quotient by a balanced action of some 1, on the two branches of
the node.

A first consequence of this is that the Gromov-Witten invariants of a stack X can no longer
be defined on the cohomology of X itself but on its orbifold cobomology, the cohomology of (a
cyclotomic variant of) its inertia stack. This is because the evaluation morphisms for maps from
a stacky curve do not land in X but instead, since the markings to evaluate on are p,-banded
gerbes, they land in a stack parameterising p.-gerbes in X.

Recall that the inertia stack #X can be defined as the 2-fibre product X xxxx X and is a
moduli stack for automorphisms of points of X. Separating the automorphisms by their order,
one obtains a decomposition of .7X as a disjoint union [ [, ZoMor*P(B Z/(r),X) of (at this
stage, classical, which is represented by the presence of the truncation co-functor Zg) stacks of
representable (ze., inducing monomorphisms on the isotropy groups) morphisms from the trivial
cyclic Z/(r)-gerbe into X, that is of automorphisms of order r of points of X. By analogy, the stack

FuX= | [ 20MorP (B, X) (4)
r>1

in which the evaluation of maps from stacky curves at their markings tautologically lands is
called the cyclotomic inertia stack of X. On each indexed component of .7, X there is a canonical
action of the group stack B u,. The stack obtained by quotienting out these actions is called
the rigidified inertia stack of X and denoted .7, X; it is the stack on whose cohomology the
Gromov-Witten action is eventually constructed in [AGVo§].

Brane actions for monochromatically-unital coloured operads

The main project of this thesis is to turn to the question of defining Gromov-Witten (or more
generally quasimap) invariants at the geometric level for stacky targets.

The presence of stack structures on the source curves for orbifold Gromov-Witten theory
has another, this time operadic, consequence. When gluing together two curves along a pair
of marked points, one needs to ensure that the markings are compatible, that is that they carry
gerbes of the same order. This means that the composition in the operad of stacky curves M
cannot be defined indiscriminately for all inputs and outputs, but must rather be encoded as the
composition for a coloured operad, whose colours are the orders of the gerbes.

Because of this, [theorem 0.0.0.0.2|can not be applied to the operad M, and a coloured version is
needed instead. But while the operad considered is indeed non monochromatic, the full coloured
structure cannot be allowed to contribute to the brane action. Indeed, one expects to recover from
the extensions the universal curve, which in this case is the substack of N 1 parameterising
only those stacky curves whose last point is of order 1, i.c. is schematic: the only marked points
which can be safely added or removed are schematic ones.

From the operadic point of view, this corresponds to the fact that the operad N1 is not actually
unital. The monochromatic definition of unitality given above extends straightforwardly to a
coloured operad 0 by requiring that the space of nullary operations targetting each colour of 0
all be contractible. For stacky curves, it is natural to define the objects of nullary operations with
target 1 to be the classifying 2-stacks B? i, parameterising y1,-gerbes. The automorphism groups
of their unique points are the cyclotomic groups i, so outside of the schematic case they do not
satisfy the unitality condition.

Thus we will formulate our “coloured” brane action not for unital co-operads but for co-
operads endowed with a choice a single colour required to satisfy the unitality condition. For those
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operads, the only sensible notion of extension is that which extends only by the distinguished
colour, so although the brane action now gives rise to a morphism of coloured operads, its
construction is close to the monochromatic case, and we obtain our first main result:

Theorem 0.0.0.0.3 (theorem 2.2.2.0.1)). Let € be an co-operad with a distinguished unital colour Co. There
is a lax morphism of (00,2)-operads € — Cospan(co—G&rpd) ! whose value at a colour C is the 00-groupoid
Ext(id¢) of extensions of id ¢ by Co.

As can be seen from the statement of the theorem, the morphism to construct is of a very
oo-bicategorical nature. In [[Toé13]], it was constructed using model categories and strictification
arguments, while in [[MR18]] the Grothendieck construction was used to reduce the formulation
to an (oo, 1)-categorical one, at the cost of some simplicity of the definitions.

Here we wish to give at least a formulation, if not fully a construction, which fits in the
general framework of lax bicategorical structures. This requires two main steps: first to define
the notion of lax morphisms of (co,2)-categorical structures, and then to work with a model of
(00,2)-operads compatible with this framework. This first step will be the object of
which presents work, inspired by Lack’s lax morphisms classifiers [[Laco2]] and methods of formal
higher category theory developed by Riehl-Verity [riehl20:_elemen], not yet fully completed
but still giving the ideas of the construction of lax morphisms.

For the second point, we have chosen to adopt the language of abstract Segal conditions
developed by [[CH21]] under the name of algebraic patterns. It allows both the flexibility of encoding
general operadic structures and the rigidity which ensures the monadicity results required to
access the framework of lax morphisms. Using this language, we adapt the construction of [MR18]|
to one for Segal (almost) dendroidal objects; in particular we give a new construction of the
monoidal envelope of an co-operad in this model.

The quasimap geometric field theory

We now have described the necessary tools to apply the brane action to the operad of stacky
curves as in [MR18]] to obtain the lax Gromov-Witten geometric field theory. But before doing
this, we should note that, in the orbifold setting, the Gromov-Witten stability condition is no
longer the only one possible.

Quasimap theory, developed in [CKM14; CCK15]], is a theory for stacky targets with the added
flexibility of a choice (parameterised by Q) of stability condition. This stability condition was
originally formulated only for GIT quotients, but the “Beyond GIT” program of [[Hal18|] makes it
possible to extend these ideas to more general tame Artin stacks endowed with a polarising line
bundle. For a polarisation (an ample line bundle) £ on X and a positive rational number ¢ € Q,
which we may view as forming together a rational polarisation £ = ¢ ® Lo € Q ®z Pic(X), there
are moduli stacks of £-quasistable maps @é,n (X, B) which when & > 2 recover 4 g 5 (X*o—stable),
We deduce immediately derived thickenings R@ g‘n(X, B).

We can now state our main result, on the existence of the quasimap geometric field theories
for polarised Deligne-Mumford stacks. Recall that the classical orbifold quasimap invariants
of X are defined on the cyclotomic inertia stack defined infequation (4)|by analogy with inertia
stacks. There is an obvious thickening to a cyclotomic (derived) loop stack which we denote
ZuX, wherein the truncated mapping stacks are replaced by derived mapping stacks, and its
rigidified version.

Theorem 0.0.0.0.4 ([theorem 4.2.2.2.7)). Lz X be a quasi-projective derived 1-Deligne-Mumford stack, let
Lo € Pic(X) be a polarisation on X and let € € Q.. There is a lax M o-algebra structure (in correspondences)
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on the rigidified cyclotomic loop derived stack ngL'St of the L-stable locus X4Lst informally given by the spans

[T RGE§.1(XB)

B EEff(X,L)

/ \ (5)

%O,n—o—l % (guXL-st)n §HXL'St.

The important observation is that the cyclotomic loop stack does not need to be inputted by
hand here, but instead appears as a direct consequence of the brane action and the operadic
structure on the moduli stacks of curves.

The categorified quantum Lefschetz principle

Finally, we describe an application of the derived moduli stacks of stable maps.

The main lesson gleaned from [MR18]] and followed in this work is that phenomena observed
at the virtual level can be improved and formulated as completely geometric statements thanks to
derived geometry.The quantum Lefschetz principle is a tool (due to Kim-Kresch-Pantev [[KKPo3]|
and Joshua [Jos10]]) computing the virtual sheaf of the moduli stack of stable maps to the zero
locus Z(s) of a section s of a vector bundle E — X from that of the ambient scheme X.

Consider the universal diagram around the universal curve

Cy,n m>< Mor /., (Cgm, X x M)

g,n

7 ov . (6)
/ \ )

Mor/m (O:g’n,X X mg’n)

The virtual sheaf of %g,n (Z) is obtained by tensoring that of %g,n (X) with the Euler class of a
pullback-pushforward Egn =R®2, ev*E of E on /g, (X) along this correspondence:

Theorem 0.0.0.0.5 ([KKPo3; Jos10|]). Foranyy € A1Z such that iy = B, let uy: Mon(Zyy) =
Mo (X, B) denote the closed immersion. Suppose E is convex, that is R'p,(C,u*E) = 0 for any stable map

w: C = X from a rational (i.e. genus-0) stable curve C LN (s that the cone R® 12, ev* E is a vector bundle).
Then

Z Wy, % [%O,n(zﬂ/)]‘]ir = Wo,n(x» E’)}Vir ~ Ctop(Roﬂ* eviE) €A, (%O,n(xa B)); (7)
Ly=p
and
2 [0 2] = [0 x| @21 RO eV ) € Go (on(X,B)). (8)

This is valid only under several assumptions:
(7) X should be smooth and the section s regular,
(77) the genus is restricted to g =0,
(7z) and finally E must not have nonvanishing first cohomology on curves.
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Euler classes are usually understood as indicating intersections (here, in a virtual sense) with
the zero section, and we indeed prove the following

Theorem 0.0.0.0.6 (Geometric quantum Lefschetz principle, [Ker20] (¢f.|corollary 3.2.2.3.4))). he
derived enbancement RAM g n (Z(s)) is the (derived) zero locus of the induced section Rs g n of the derived bundle
REg n — RAM g n(X), in the sense that the following square is cartesian:

R%g,n(z(s)) — R%g,n(x)

l N leg,n (9)

RA g n(X) —2— REg n.

Along the way we provide an understanding of the aforementioned bundle REg r, as the
derived moduli R.Z 4 . (E) of stable maps to E. Working with derived stacks allows us to remove
all of the assumptions from the theorem.

From the description of R g n (Z(s)) given by one may compute its ORﬁg,n (X)"
algebra of functions using the standard resolution by the Koszul complex (a categorification of
the Euler class, also incorporating the section); this gives a categorified form of the quantum
Lefschetz formula. However, this computation depends on the choice of resolution while the
formula should not. To better understand this refined Euler class, I gave a completely intrinsic
formula for structure sheaves of derived zero loci. More precisely, if 0: g n — Op g n(x) 18 the
algebraic counterpart of the induced section of the derived bundle RE 4 ;, whose sheaf of sections
is 8;/,71, we exhibit in |subsection 3.2.2.2| the structure sheaf of R%g‘n(Z(s)) as the quotient of
Sym (cofib o) relative to a canonical OR%g,n(X) [t]-algebra structure.

For the passage back to G-theory, and the check that the categorified formula does decategorify
to the classical one, we extend in[subsection 3.1.3|the derived geometric interpretation of virtual
classes to Manolache’s virtual pullbacks [Man12a; Qu18|, a relative version of them. From this I
was able to gain new insight into the quantum Lefschetz theorem by concluding that the classical
hypotheses are in fact necessary to make the decategorification possible and get back the classical
quantum Lefschetz principle.

Outline of the thesis

We now summarise the information contained in this introduction in the order in which it appears
in the rest of the text. This thesis is separated into two parts, themselves made up each of a first
more general chapter and second one more closely related to the results announced above.

In we begin by laying down the language that will be used to talk about lax
morphisms of (co,2)-operads but also about all higher-categorical structures. In that respect,
consists of reminders on formal category theory which will form the base language for
our work, and does not contain any original work. Then, in[section 1.2} we initiate the development
of the notions of lax morphisms of (lax) algebras over (c0,2)-monads. The main results on the
construction of lax morphisms classifiers rely on a lemma which is yet to be proved, but the
universal property of the 2-categories of lax algebras given in[theorem 1.2.2.1.5]is, to the best of
the author’s knowledge, new. This chapter deals with a different level of generality than the rest
of the text and can safely be skipped.

Then, is dedicated to the construction of brane actions. We begin in suEsection 2.1.1
by reminders on the recently developed theory of algebraic patterns, and follow in [subsec;
[tion 2.1.2|by describing a “plus construction” for them which we apply to the construction of
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monoidal envelopes of Segal objects for appropriate patterns, which leads to a new proof in|theo}
of the adjunction between co-operads and symmetric monoidal (oo, 1)-categories,
and even between categorical co-operads and symmetric monoidal (co,2)-categories, this time in
the language of dendroidal Segal objects.

In [part Il we switch gears toward algebraic geometry in order to apply the previous construc-
tions to moduli stacks of stable curves. In _ we initiate the study by discussing general
(derived) moduli stacks of morphisms. In|section 3.1/we first review the essentials of derived
geometry and show in[subsection 3.1.3lhow to recover virtual pullbacks, the relative version

of virtual classes, from pullbacks of derived thickenings. Then we specialise in to
stacks of morphisms. After quickly reviewing their basic properties in Ve
insubsection 3.2.2]a general version of the quantum Lefschetz principle, for maps whose target
is the zero locus of a section of a vector bundle.

Finally, in we bring together the geometric and operadic aspects to construct
the quasimap geometric field theory of a polarised orbifold. In[section 4.1}we go through the
definitions of the source stacky curves and the stable loci induced by the polarisation on the
target, to define the quasimap moduli stacks infsubsection 4.2.1.1] This enables us to use the brane

action on the operad of curves in [subsection 4.2.2|to construct an action encoding the quasimap
field theory.

Some notations and conventions

e Ina (higher) category, or more generally an enriched co-category, €, the hom-object between
two objects C and D shall be denoted €(C, D), unless stated otherwise.

o If the enrichment comes from a cartesian closed monoidal co-category, the internal homs
shall instead be denoted as exponential objects DC.

e In particular, the co-category of (strong, in the co-bicategorical case) co-functors € — D is
always written DY. This includes the (oo, 1 )-category of presheaves on an (oo, 1)-category
¢, which is denoted co—GrpdT™.

o A sub-(oco,n)-category B — C is said to be wide if it contains all objects, and locally full
if the inclusion functors on hom (co,n — 1)-categories are full. In particular, a wide and
locally full sub-(co,n)-category is determined simply by a choice of T-morphisms.

e For any natural integer n, the discrete category with n objects will also be denoted n. In
the cases n € {0, 1}, we will also denote () = 0 the initial category, and * = 1 the terminal one.
More generally, a terminal object in any co-category will typically be denoted * by default.

e For any integer n > —1, the category freely generated by the connected linear graph with n
objects (and n — 1 arrows) shall be denoted n (it is also known as [n —1]). In particular, the
category 2 is the generic (or “walking”) arrow, and for any co-category C, its co-category
of arrows is Arr(C) = C2.

o We call lax extensions what is usually referred to as right (Kan) extensions, and similarly
oplax extensions what is usually known as left (Kan) extensions. If #: C — D and
F: € — E, the lax extension of & along % is denoted Lexg & while the oplax extension of
F along % is denoted Opex g, F.

o If € is an (oo0,n)-category and k < n is an integer, we let 1, C denote the k-core of €, the
maximal sub-(co, k)-category it contains.
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Operad theory and brane actions






CHAPTER

1

LLAX MORPHISMS OF
(00,2)-CATEGORICAL ALGEBRAIC
STRUCTURES

In we will describe one of our main results, the construction of the brane action,
which is a certain lax morphism of (co,2)-operads. While it can, through the use of universal(z.e.
cartesian) arrows, be recast in (oo, 1)-categorical terms as in [MR18]], it is more convenient and
conceptually clearer to formulate it and manipulate as a truly (oo,2)-categorical lax object. To
obtain suitable algebraic properties, we can realise that lax morphisms of (co,2)-algebras are an
example of a general notion of lax morphism for (oo, 2)-categorical algebraic structures.

In[section 1.2} we will develop a general formalism of lax morphisms for algebras over (c0,2)-
monads, explaining, after [[Laco2]], that they can be understood in terms of strong morphisms
through a “lax morphisms classifier”. its construction will require methods of formal category
theory such as weighted limits.

To facilitate this, we first explain in some of the main tenets and tools of formal
category theory. In fact, be it for the study of co-operads or of derived algebraic geometry, the
language of higher category theory has a crucial role in this work, and in this section we will
more generally explain how to use formal category theory to do higher category theory, in a
model-independent way.

The reader who does not wish to be reintroduced to higher category theory may safely

skip and refer back to it as needed. Similarly, it is possible to skip if one

takes the characterisation of [proposition 2.1.1.3.5/as a definition of lax morphisms of (c0,2)-
categorical operadic structures.

13
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1.1 Formal higher category theory

To deal with the infinite towers of coherences that appear when working with higher categories,
one is forced to resort to homotopy theory to properly define the relevant structures in a way
compatible with the principle of equivalence. Indeed, the tools of abstract and concrete homotopy
theory give access to explicit models which can be used to actually construct co-categories, and
to a language to deal with localisations and enforce equivalence-invariance.

The choice of a model for higher categories usually leads to analytic reasoning and con-
structions in this model, which combine the hindrances of not being obviously compatible with
changes of models and of requiring non-categorical arguments specific to the models to prove
results which ought to be purely categorical. A different approach, pioneered by [RV21]], is to
work with a synzhetic theory of higher categories.

There the need for choice of model is relegated to one for the model of the (co,2)-categories
of co-categories in which to work, the most-relevant one called an co-cosmos. Then, once fixed
this notion of co-cosmos as a model, one is free to use the methods of formal category theory in
it to study higher categories as one would for classical categorical structures. It is this approach
that we have chosen to follow, and in this section we recall its main features.

1.1.1 Elements of co-cosmology: the 2-category theory of co-categories

1.1.1.1 0O-COSMOi

An co-cosmos is roughly a category of fibrant objects enriched in the Joyal model structure
for quasicategories, whose weak equivalences are determined by the model enrichment, and
satisfying good completeness properties.

Definition 1.1.1.1.1 (co-cosmos). An oco-cosmos is an sSet-enriched category whose hom-
simplicial sets are quasicategories, equipped with a choice of a class of arrows called isofibrations,
denoted as - and satisfying certain closure properties, and which is cotensored (or powered)
over $S¢t and admits sSet-enriched small products, pullbacks along isofibrations, and limits of
countable towers of isofibrations.

An arrow f: K — K’ in an co-cosmos R is an equivalence if for every object L € &, the map

R(L,K) M R&(L,K’) is an equivalence of quasicategories.

A cosmological functor from an co-cosmos £ to an co-cosmos [ is an sSet-enriched functor
& — [ which preserves the isofibrations and the sSet-limits specified in the definition of oo-
COSmMOsS.

Example 1.1.1.1.2 (00-cosmos of (oo, 1)-categories). By [[RV21, Proposition 1.2.10] the category of
quasicategories, with its cartesian closed self-enrichment, defines an co-cosmos QCat, with the
classes of isofibrations and of weak equivalences coinciding with the ones defined analytically
for quasicategories.

We shall say that an co-cosmos £ is an co-cosmos of (oo, 1)-categories if its canonical cos-
mological functor &(,—): R — QCat is a cosmological biequivalence (by [[RV21, Proposition
10.2.1], this is equivalent to the apparently weaker condition that & simply be cosmologically
biequivalent to QCat). We shall generally denote this functor as N and call it the nerve functor.

Example 1.1.1.1.3 (Sliced co-cosmoi). For any object K € &, there is a sliced co-cosmos R . whose
objects are the isofibrations in & with codomain K.
In particular, the objects of R /k 1, the spans of isofibrations K Ll defining an isofibra-

tion E M K x L, are called two-sided isofibrations.
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Example 1.1.1.1.4 (Discrete objects). An object K € R is said to be discrete if the isofibration

k2= k2 (where 2[— ], the localisation of 2 along its unique arrow, is the walking isomor-
phism) is a weak equivalence. By [[RV21, Lemma 1.2.27], K is discrete if and only if, forany L € R,
the quasicategory R(L,K) is a Kan complex.

By [RV21, p. 6.1.6], the full subcategory Disc(R) C R on the discrete objects inherits a structure
of co-cosmos.

By local application of the functor Ho: $Set — Cat left-adjoint to the nerve and taking a
simplicial set to its homotopy category, any co-cosmos & has a homotopy 2-category denoted
Ho g, so that (Ho R)(K,L) = Ho(R&(K, L)) for any objects K, L of R.

Definition 1.1.1.1.5 (Smothering functors and weak universal properties). A functor #: C — D
is smothering if it is surjective on objects, full, and conservative.

Many usual constructions of (higher) category theory, such as adjunctions, limits, or Kan
extensions, can be characterised by weak universal properties. However, thanks to the tools of
formal category theory, these are all subsumed by the calculus of profunctors, for which only the
example of comma co-categories will be (crucially) needed.

Example 1.1.1.1.6 (Simplicial cotensors). Let K be an object of an co-cosmos £, and let S be a
simplicial set. The simplicial cotensor (or power) K3 of K by S, whose existence is required in
R from the completeness axioms of co-cosmoi, is determined by the universal property that for
any other object L there is an isomorphism R(L, KS) ~ &(L,K)> natural in L, where &(L,K)S is
the cotensor of simplicial sets (given, by cartesian closure, by their internal hom). The identity
arrow idys € &(K®,K®) corresponds to an element of £(K®,K)%, a diagram of shape S in the
quasicategory &(K®,K). By a variant of [RV21, Proposition 3.2.5], the functor Ho(&(L,K%)) —
Ho(&(L,K)) % induced by this construction is smothering.

In particular, letting S = N2, we find the corresponding result for arrow categories.

Example 1.1.1.1.7 (Comma co-categories). Let cocorr = (- — - <) and 7": cocorr — (1 A A 1)

be the shape category and the weight for comma objects. Let «: cocorr — (B Ladc ) be a
diagram of shape cocorr (an cospan) in . An object f | g endowed with isofibrationsb: f | g — B
and c: f ]| g — Cand a 2-cell x: fb = gc (de. a #'-shaped cone y: #" = Ho R(f | g,«) whose
legs are isofibrations) is a comma object for the cospan « if for every K € { the functor

Ho R(K,f | g) — Cat™®" (% ,Ho R(K, <)) = Ho&(K, f) | Ho &(K, g) (1.1)

(of whiskering by v) is smothering.

Given any cospan B 5 A& C, its comma object exists in &, and following [RV21, Proposition
3.4.6] can be constructed as the fibred product f | g~ (B x C) xAxA A2

Construction 1.1.1.1.8. Let z2: ¢ — b be an isofibration. The definition of the comma co-category
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72 | idy furnishes a cartesian square as below.

‘ /é
724 1db
(1.2)
for ge{
\ 1}2
The outer diagram’s commutativity then induces a canonical map #%: ¢> — 2 | idy.

Definition 1.1.1.1.9 (Cartesian fibration). The isofibration 2 is a cartesian fibration if £ is a
left-adjoint left-(quasi)-inverse, that it has a right adjoint and the counit is invertible.

It is a cocartesian fibration if it defines a cartesian fibration in the co-dual co-cosmos, that is
if ¢ — idy | 2 is a right-adjoint right-inverse.

By [RV21, Proposition 6.3.14], for any K € R, there are sub-co-cosmoi Cart (&) /x and Cocart(R) /x
of the sliced co-cosmos R,k , whose objects are respectively the cartesian and cocartesian fibrations
over K, and whose 1-arrows are the cartesian maps.

Example 1.1.1.1.10 ([[RV21, Corollary 7.4.6]). For any cospan B 5 AL C, the comma projection
(b,c): f] g — B x Cis a two-sided fibration.

Lemma 1.1.1.1.11 ([[RV21, Theorem 7.1.4, Proposition 7.1.7]). Lz K EE Y Lbea two-sided isoftbra-

tion. The triangle below-left

E4>K><L E—>K><L

Nt s

defines a cartesian fibration in Cocart(R) /x if and only if the triangle above-right defines a cocartesian fibration
in Cart(R) /1.
Moregenerally, there is an equivalence of 0o-cosmoi Cart(Cocart(R) /1 ) yx x1 Cocart(Cart(R) k) /kxr-

We denote these two equivalent co-cosmoi as i\ Fib(&) /1 . The objects of this co-cosmos are
called two-sided fibrations from K to L.

1.1.1.2 The equipment of bimodules

Definition 1.1.1.2.1 (Profunctors). A profunctor from K to L is a discrete object in x\ Fib(&) /1 -

Proposition 1.1.1.2.2 ([RV21, Lemma 7.4.2]). A two-sided isofibration defines a profunctor if and only if
itis

1. cocartesian on the left,

2. cartesian on the right,
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3. discretein R g x1 -

There is a double category of two-sided fibrations, which furthermore has the pleasant
property of equipping its vertical 2-category with proarrows. However, the composite of a
sequence of profunctors may fail to be a profunctor, so the structure does not restrict to a sub-
double category of profunctors. The saving grace is that, though the composite of profunctors does
not exist as a profunctor, cells from it can still be formally defined. This means that profunctors are
the horizontal arrows in a weaker structure, called a virtual double category or fc-multicategory
(where fc is the “free category” monad), which has (vertical) composites of vertical arrows, no
composites of horizontal arrows, and general cells of the form displayed below-left

Ao : Aq : ' An A —ff—> B
| ! | | e 0
B . C A — B

(including the case n = 0) and identities as above-right, along with appropriate associative and
unital pasting operations.

Definition 1.1.1.2.3 (Virtual proarrow equipment). Let & be a virtual double category.

e A unary cell
XO — X1

pl e lq (1.5)

is cartesian if for any cell

yojg...jgyn

prl Uw lq s (1'6>

-
A P B

with same target there exists a unique cell x giving a factorisation

Yo —2s o Oy,

T‘l HH!X ls
Xo ———— X4 (1.7)
Pl ﬂg lq
A — B.

o A cell
Xo —ts o =S Xp
Ua jdxn (18)

Xg ——+— Xn

idx,
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is opcartesian if for any cell

e1 e en h] hz ... hp

Yo - ZE Vi S X Xn — Zy Z,
D

C

g

(19)
containing its domain there exists a unique cell x giving a factorisation
g1 Im—1 gm €q en hq h, h
Yo — - 25 Yoo — s Xp — Xn Zy — - — Z,
| I N H
g1 Igm—1 gm f hq h, hp
YO — o — Ym,] Xo Xn Z] + Zp
| W |
C 5 D.
(1.10)

Notation 1.1.1.2.4 (Virtual proarrow equipment). Let & be a virtual double category. If an object
K has a horizontal endomorphism which is the target of a nullary opcartesian cell, we say that K
admits a unit. We will usually write this horizontal unit also as K: K — K.

If a solid diagram

Xo ---+- X3
pl lq (1.11)
A — B

admits a completion to a cartesian cell, we write the dashed horizontal arrow f(q,p) and call it a
restriction of f along (q,p).

We say that R is a virtual proarrow equipment, or that it (virtually) equips its vertical
2-category with proarrows, if it admits all restrictions and all units.

In a virtual proarrow equipment, we will often refer to the horizontal arrows as proarrows.

Theorem 1.1.1.2.5 ([[RV21}, Theorem 8.2.6]). The homotopy 2-category of an co-cosmos is equipped with
proarrows by its virtual double category of profunctors.

We record some formal manipulations with proarrows.

Example 1.1.1.2.6 (Companions and conjoints). Let f: A — B be a vertical arrow in a virtual
proarrow equipment. Its companion is the proarrow f, = B(idp, f), the restriction of B(idg,idg)
along idp and f. Its conjoint is f* = B(f,idp ).

By definition, the companion and conjoint of the vertical arrow f come equipped with canonical
cartesian cells

A—rTsB  A-ALA A-AsA B, A
O O I I I I I I
B—Bv—>B AT—>B B—ff*—>A B—Bv—>B

satisfying adjunction-like relations.
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Definition 1.1.1.2.7 (Composite proarrows). When there exists an opcartesian cell as infequaj
we say that & exhibits the horizontal arrow f as a horizontal composite of the sequence
Xo —> - —+ Xp,and write fase; ©---©@en.

Regmark 1.1.1.2.8. There is an inclusion 2-functor from double categories into virtual double
categories. The virtual double categories in its essential image can be characterised as those
which admit composites of all paths of horizontal morphisms.

Lemma 1.1.1.2.9 ([[CS10, Theorem 7.20]). Tn a virtual proarrow equipment, consider vertical arrows
f: A = C, g: B = D and horizontal arrowsp: A — B, q: C == D, fitting in the border of the square
below-left.

A—5B c-fsA-tsB-%D
v b | w2
C——D C . D

There is a one-to-one correspondence between cells as above-left and cells as above-right.

Corollary 1.1.1.2.10 (Yoneda reduction, [[CS10, Theorem 7.16]). Tn a virtual proarrow equipment, let
p: B —= Cbea borizontal arrow, and let f: A — Band g: D — C bevertical arrows. The composite f.@p©g*
exists and is isomorphic top (g, T).

1.1.2 Formal category theory in virtual equipments

1.1.2.1  Weighted (co)limits

Definition 1.1.2.1.1 (Lax extensions and lifts). Let D be a virtual double category and k: A - B
and f: A = C be horizontal arrows. A lax extension of f along k is a horizontal arrow {: B — C
with a cell as below-left

A—%+B—>B —— - —— B, —— C
A—X43B 45 C H H J[EI H
| | A e- ¢ o
e “ﬂ H

A . C

universal among such, 7.e. such that for any cell o’ with boundary as above-right there is a unique
cell B above making the diagram commute (ze. such that &’ is equal to the composite cell).
Lax lifts are defined as lax extensions in the (horizontally) dual virtual double category.

When they exist, we denote k> f the lax extension of f along k and f <k the lax lift of f along k
so as to emphasise their algebraic properties, although later we will write such lax extensions as
k> f = Lexy f.

Lemma 1.1.2.1.2 (Formal Yoneda lemma). Suppose D is a virtual proarrow equipment. Then g+ >H af*
exists and is isomorphic to H(g, f).

Proposition 1.1.2.1.3 ([[RV21, Proposition 9.1.6]). LerK: A == B, H: B -+ Cand F: A = D be
proarrows such that the composite K o H and the lax extension X > F exist. Then Ho> (K> F) exists if and only if
(H oK) > F, in which case they are isomorphic.
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Definition 1.1.2.1.4 (Weighted (co)limits). Let «: I — C be a vertical arrow, and let B be an
object. A limit of & weighted by a proarrow #': I —— B is a vertical arrow (7', &}: B — C
equipped with a cell as below-left

AN A ey 2,1
|y I (1:15)
140;*—>(l; @ﬁf*—>l

exhibiting {7, <}, = C(id¢,{7', &}) as a lax extension of <, along 7"
A colimit of « weighted by %: 15 —— 1 is a vertical arrow P x «: B — € equipped with a

cell as above-right (in exhibiting (2 x &)* = C(P * ,id¢) as a lax lift of <*
along &.

Example 1.1.2.1.5 (Representable weights). Let 7: 1 — I and £: I — 1 be vertical arrows. By
comparing the universal properties and using|corollary 1.1.1.2.10} one verifies that:

o If W = s* is the conjoint of 7, then {/*, &} = o ;.

o If W' = £, is the companion of #, then {£,, ¢} defines a lax extension of « along £ (in the
vertical 2-category), which is pointwise when that makes sense (e.g. when working in the
virtual equimpent of profunctors in an co-cosmos, by [RV21, Theorem 9.3.3]).

o If # = . is the companion of 7, then s/, x& =d o ;.

e When & = £* is the conjoint of £, then £* x < defines a pointwise oplax extension of «
along #.

Lemma 1.1.2.1.6 ([[RV21, Proposition 9.5.4]). Lerf: A — Eand g: C — E be vertical arrows and let
W: A = BandV: B = Cbeproarrows. Then{W @ V, f} = {V{W, f}} and similarly WoVxg ~ WxVxg

whenever the composite weights and the (co)limits exist.

Proof. By thelproposition 1.1.2.1.3] O

Corollary 1.1.2.1.7. Forany generalised element b: X — B,
(W', d}ob={W(b,id;),}. (1.16)

In particular, if the virtual double category has a (vertically) terminal object *, let us call
pointlike the limits (resp. colimits) weighted by a proarrow I — * (resp. * — I). Then the
above corollary 1.1.2.1.7|suggests that general weighted limits can be computed pointwise and
understood as families of pointlike weighted limits whose weights vary functorially on the
elements of 1.

1.1.2.2 Yoneda arguments

Definition 1.1.2.2.1 (Yoneda embedding). A Yoneda embedding for an object C in a virtual
equipment is a vertical arrow X C.coc

e which is dense, in that the leftmost cell injequation (1.12)|exhibits idz as the pointwise

oplax extension of X ¢ along (& C)* in the sense of [Roa19, Definition 4.6]; and
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e such that for any horizontal f: B — C, there exists a cartesian cell

LN
(1.17)

|

T
) <™
D — 0
bay
@}

Remark1.1.2.2.2. Our definition is somewhat horizontally dual to the one used by[[Roa19]], wherein
instead of PT it is required the existence of a P*: C — B.

Remark 1.1.2.2.3. Yoneda embeddings can be defined in the more general context of augmented
virtual double categories, which can have objects without units, but cells with nullary target
instead: this is to accommodate the example of non-necessarily small categories, whose unit
profunctors would have to be large.

In this case, the notion of Yoneda embedding can be refined to that of good Yoneda embeddings,
in which the vertical arrows & < must be required to have companions. It is shown in [[Roa19),
Proposition 5.6] that a collection of good Yoneda embeddings for each unital object of an aug-
mented virtual double category is equivalent data to that of a good Yoneda structure (in the
sense of Street-Walters and Weber) on its vertical 2-category.

Definition 1.1.2.2.4 (Accessible co-cosmos, [BL21]] (see also [[BLV20} §9.4])). An co-cosmos £ is
accessible if

e itis accessible as an sSct-enriched category, meaning that its underlying category is acces-
sible and that the functors given by cotensoring with any simplicial set are all accessible,

e the embedding sSct-functors of the full subcategories of &2 spanned by the isofibrations
and by the equivalences are accessible.

We say furthermore that R is presentable if it is accessible and admits all small colimits.

Conjecture 1.1.2.2.5. The homotopy 2-category of any presentable co-cosmos extends to a virtual
proarrow equipment with (good) Yoneda embeddings.

Remark 1.1.2.2.6. One may expect that the virtual equipment defined insubsection 1.1.1.2|should
be enough to obtain a good Yoneda structure, making the presentability assumption in the above
coonjecture unnecessary. However, the profunctors as defined here do not coincide with the
notion of profunctors that are normally exppected, except in the case of an co-cosmos of (oo, 1)-
categories. Indeed, consider for example an co-cosmos of (co,n)-category. The usual definition
of profunctors means that they should be interpreted as presheaves valued in the (oo, n)-category
of (co,n — 1)-categories, but the definition given here makes them given by presheaves valued in
(00,n)-categories whose underlying (oo, 1)-category is groupoidal.

As observed in [|Str80]] and explained in [[LR20| §4.3], the correct notion of profunctors is
actually given by codiscrete cofibrations rather than discrete fibrations; these are composed using
colimits rather than limits and hence necessitate the additional assumption of accessibility.

Construction 1.1.2.2.7. Let C: * — Cbe an element of €, giving the conjoint proarrow C*: € —+ *.
The Yoneda structure induces C*1: ¢ — %, which we view as the arrow corepresented by C, and
denote Map(C,idc).

Proposition 1.1.2.2.8. Tn a presentable 0o-cosmos, the Yoneda functors preserves (and detects) limits.
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Proof. Weneed to check that for any object C, seen equivalently as C: * — €, the arrow Map(C,id¢)
commutes with limits. Given such a limit Z: A — € of 2: I — € weighted by the proarrow
# : 1 + N, we must thus check that there is a cell « filling the diagram

I V }\Map(?,f‘i)*;

H =
I

Map(C,D)«

(1.18)

*>

to a lax extension diagram. But the functor Map(C, 9) is nothing but the functor & ! (2+®
C*): I~ 1 x*°P = U corresponding to the profunctor &, ® C*: I — * by the Yoneda structure
X induced by presentability. As C* and 9, are composable ([RV21, Proposition 8.4.7]), we can
obtain the desired cell from that expressing & as a limit and from the composition cell:

. x'(cH).
1 1% a2 e Sy
(2.0
e A I S I
=1 - C—— 7% (1.19)
H U,O( I 9* ;*1((:*)*
1 J:i]( ; s * H X&compos
9* * *
I ; )
r (@.c").

Its universal property follows from those of the aforementioned universal cells.
The proof straightforwardly dualises to show that Map; (id¢, C) sends colimits (¢ limits in
the opposite U-category CP) to limits in V. O

Example 1.1.2.2.9 (Enriched hom functors). Let U® be a presentable monoidal (oo, 1)-category.
By presentability, [[Lurog, Proposition A.3.7.6] and [[Lur1i7, Remark 4.1.8.9] imply that it can
be presented as the co-categorical localisation of a combinatorial simplicial monoidal model
category U™ (note that, as per [[Lur17, Remark 4.5.4.9], if the monoidal structure of U® extends
to a symmetric monoidal one, it is not a given that V¥ can be written as the localisation of a
symmetric monoidal model category). Then by the rectification results of [[Hau1s, Theorem 5.8]
the (00, 1)-category of V®-enriched co-categories is itself the localisation of the simplicial model
category of U™d-enriched categories’. This allows us to use [[RV21, Proposition E.1.1] to conclude
that there is indeed an co-cosmos of U®-enriched co-categories. Alternately, we could use the
virtual double co-category of V®-enriched oo-categories constructed in [Hau16]] and recalled
injsubsection 1.1.3.2|

Note that when the U®-enriched co-category structure comes from a closed monoidal structure,
preservation of limits is more simply a consequence of the fact that the internal hom oco-functor
is a right-adjoint.

1.1.2.3 Homotopy-coherent adjunctions and monads

Construction 1.1.2.3.1 (The generic adjunction and (co)monad). The generic adjunction Abdj is
the 2-category determined by the universal property that it contains an adjunction, for any

1To use the results of [Hau1s]], vmed must be further chosen to be a left proper tractable biclosed monoidal model
category satisfying the monoid axiom
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2-category R, evaluation at this adjunction induces an equivalence between the 2-category
2—Cat(Abdj, R) and that of adjunctions in R.

This 2-category must hence contain an adjunction and be freely generated by it in an appro-
priate sense: it contains

e two objects, which shall be denoted + and — (the carriers of the adjunction),

e 1-morphisms generated by an arrow {: + — — and an arrow r: — — + (the putative left-
and right-adjoints),

e 2-morphisms generated (under composition and whiskering) by a unitn: id4 = ro{and
counit e: for=1id_,

e 3-morphisms id, = (e0) o () and (re) o (M) => id,, necessarily identities since Abj is
2-truncated, imposing the triangular identities.

We will give a completely explicit description of this 2-category when we focus on monads,
as Abdj contains a certain amount of redundancy that will be better organised once the generic
monad is introduced.

Recall that, through local application of the fully faithful nerve functor Cat — sSet, every
2-category can be seen as an sSct-enriched category.

Definition 1.1.2.3.2 (Homotopy coherent adjunction). A homotopy coherent adjunction in an
oo-cosmos R is an $Set-enriched functor Adj — K.

Theorem 1.1.2.3.3 ([[RV16| Theorem 4.3.11]). ez R be an oo-cosmos. Every adjunction A in the homotopy
2-category Ho R extends to a homotopy-coberent adjunction in R, i.e. there is a homotopy coberent adjunction

A: Adj — Rsuch that HoA ~ A.

Every andjunction in a 2-category induces a monad on one of its carriers and a comonad on
the other. As such, the generic adjunction contains a generic monad and a generic comonad as
well.

Remark 1.1.2.3.4. Let Mnbd be the full sub-2-category of Abj on the object +; as a 2-category with
a single object it is the classifying 2-category B AY of a monoidal category A7 := Mubd(+,+) =
Abdj(+,+). According to|construction 1.1.2.3.1} this monoidal category should have objects freely
generated (under monoidal product) by the endomorphism r o { of +, so that we may denote
] = (ro¢)™*! these objects and [n] @ [m] = [n+m — 1] their product, and morphisms generated
by the appropriate whiskerings of the unit and counit, subject to the identifications coming from
the triangular identity.

From this description, one sees that A, identifies with the augmented simplex category, the
full subcategory of 1 Cat spanned by those categories [n] =n+ 1 (for n > —1) that are freely
generated by a linear graph, or equivalently (a skeleton of) the category of finite (but possibly
empty) totally ordered sets.

Definition 1.1.2.3.5 (Homotopy coherent monad). A homotopy coherent monad in an co-cosmos
R is an sSet-enriched functor Nnd — R.

The inclusion Mnd < Abdj induces a restriction sSet-functor Y — M associating with
every homotopy coherent adjunction its underlying homotopy coherent monad.

Definition 1.1.2.3.6. Let & be an co-cosmos. The Eilenberg-Moore adjunction of a homotopy
coherent monad T: NMnbd — & is its lax extension along Nnd — Abdj.

From |example 1.1.2.1.5} the Eilenberg-Moore adjunction of T is its limit weighted by the
companion of Nnd — Abdj.
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1.1.3 Enriched oco-categories

1.1.3.1 Categorical algebras in a monoidal (oo, 1)-category

For any set S, a definition check shows that, writing *g for the codiscrete category cogenerated by
S (with set of objects S, and a unique arrow between any pair of elements of S), a lax 2-functor
*xs — BU (for U a monoidal category) is the same thing as a U-enriched category with set of
objects S (more generally lax 2-functors *s — K give categories enriched in a 2-category R).
However, for any S the category xs is equivalent to the terminal category *, while not every
enriched category is equivalent to one with a single object, showing that lax 2-functors are not
invariant under biequivalence of 2-categories and that this definition of enriched categories does
not recover the right notion of morphisms between them.

The proper context for performing the procedure described above is to consider the 2-category
*g instead as a vertically discrete double category; as for every s € S there is now a vertical arrow
ids while there is no vertical arrow s — s’ whenever s = s’ this double category is no longer
equivalent to a *7 for any other set T # S. Then lax double functors s — R give a notion of
category enriched in a double category K. Although we have not yet developed the general
formalism of lax morphisms, for double categories (as we will justify insubsection 2.1.1.3|) there
is a reasonable notion of lax double functors: the functors of underlying virtual double categories.

We start by recalling the relevant algebraic structures.

Definition 1.1.3.1.1 (Virtual double co-categories). The category of operators of a virtual double
oo-category is an (oo, 1)-functor O 2y A°P such that

1. forevery object O € 0%, every inertarrow @: [m] = 20 — [n]in A°P admits a z2-cocartesian
lift @1: O — @,0;

D ~ N® ..
®[i] _(Dm X p®

op ® i
2. for every [n] € A°P, the functor Oy — @[n} [0]

. N®
—lilea”f,, *of, On

induced by the cocartesian lifts of inert maps is an equivalence;

3. for every O € ©O® and every choice of z-cocartesian lifts O — Oj of the inert morphisms
[n] — [0] mapping O to i € [n] and every choice of lifts Y — p; ;O of the inert morphisms
pi: [n] — [1] including {i — 1,1}, for every P € O® the square

®®(P)O) — ®®(P)p1,!o) X X ®®(P)pn,lo)
J{ ®®(P301) ®®(P)On7])

l (1.20)

A% ([m],[n]) —— AP([m},(1)) ~ x -oxA%([m],[1])
AP([m],[0])  A°P([m],[0])

is cartesian.

A double co-category is a “representable” virtual double co-category, that is such that the
(00, 1)-functor — A is a cartesian fibration. A non-symmetric (or planar) co-operad is a virtual
double oco-category whose (oo, 1)-category of objects is trivial. A monoidal co-category is a
“representable” non-symmetric co-operad (or a double co-category with trivial space of objects),
that is a virtual double co-category that is simultaneously a double co-category and a planar
oo-operad.

Remark 1.1.3.1.2. We will see later that this is a particular example of |[definition 2.1.1.3.1
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Example 1.1.3.1.3. From the description of virtual double categories in [GHz15]], one sees that every
virtual double co-category © has a homotopy virtual double category, which is a double category
when O is a double co-category.

In addition, [GHK21} Proposition A.4.4] shows that it is sensible to define a (virtual) double
oo-category to be an equipment when its homotopy (virtual) double category is one, as in [[GHKz21,
Definition A.4.3]

Using the theory of categorical patterns introduced in [[Lur17, Appendix B], [GHz15| Theorem

3.2.5, Definition 3.2.9] obtain an (oo, 1)-category, and in fact ([/oc.ciz., Remark 3.2.12]) an (o0,2)-
category, of virtual double co-categories.
Example 1.1.3.1.4. Let S be an co-groupoid; [[GH15]| construct a double co-category *s general-
ising to the co-categorical setting the construction we described above. There is an co-functor
VirDble, — (00,1)—Cat mapping a virtual double co-category to its vertical (oo, 1)-category.
By [[GH15, Remark 4.1.5] it admits a right-adjoint which we denote (_ ; it is given by viewing
an (oo, T)-category as an co-functor 1 — (oco,1)—Cat and taking a lax extension along {1} — A°P.
More concretely, for a given (oo, 1)-category €, *¢

Lemma 1.1.3.1.5 (The algebras fibration). For any virtual double co-category ©, there is a cartesian
Jibration Alg(O) — VirDble, whose fibre at P is the co-category of P-algebras in O.

Definition 1.1.3.1.6 (Categorical algebras). The co-category of categorical algebras in a virtual
double co-category © is defined as the fibre product

Algeyt (O) —— Rlg(O)

J{ - l ) (1.21)

oo —Grpd BN VirDble

This definition will be generalised in|subsection 2.1.1.2|to discuss enriched version of more
general algebraic structures.

1.1.3.2 A double co-category of enriched co-categories

Construction 1.1.3.2.1. In [Hau16] is constructed, for U%®, a double co-category whose objects
are U®-enriched co-categories, vertical morphisms the U®-functors, horizontal morphisms the
U®-profunctors, but the sequences of horizontal morphisms only those whose composite exists.

Since we can view (00,2)-categories as co-categories enriched in (co,1)—Cat”™, this gives an
alternative way from co-cosmoi of treating (oo, 2)-categories with the methods of formal category
theory.

A key ingredient in the construction is the following class of maps.

Definition 1.1.3.2.2 (Cellular maps). A map of totally ordered sets f: S — S’ is cellular if for all
s € S, f(succs) < succ(f(s)).

1.2 Coherence for lax morphisms of (co,2)-algebras

1.2.1 Lax codescent objects from lax 2-monads

1.2.1.1  Soft 2-adjunctions

Example1.2.1.1.1. Let A and B be two 2-categories. A soft 2-adjunction, also called local adjunction,
between A and B consists of a pair of 2-functors #: A 2 1: % and a family of adjunctions
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OA,B

/_\
B(FA,B) 1 A(A,%B)lax-naturalin A € A and B € B.

~_

TA,B
More precisely, as explained in [MS89) §2.1], T should be strict in its first variable and lax in
its second while ¢ should be colax in its first variable (as 13(%,idy) is contravariant in its first
variable) and strict in its second.

Lax natural transformations are not the 2-cells in any 3-category of 2-categories: given a
sequence

F g
AT B W (1.22)
~_ ~_
gl ?/

of “horizontally composable” lax natural transformations, one may interpret ¢ as a generalised
1-arrow of B (between the generalised objects ¥ and #') so that reasoning by components
produces a 3-arrow

v XLy o'

g@ﬂ /w ﬂz/@ (1.23)

CF —> T'F'
yF'
between the (vertical) composites of whiskered transformations.
In other words, the interchange law relating the two ways of horizontally composing y with
¢ only holds laxly, up to a non-invertible 3-arrow. The relevant structure containing such 2-
arrows, explicitly (in the language of [Strg6]]) a sesquicategory with lax interchange law, is a lax

[4
Gray-category, a category enriched in the monoidal category 2—Cat® which we now recall.

Construction 1.2.1.1.2. Let A and 1 be two 2-categories. Recall that B? is the 2-category of 2-
functors (with strict natural trasformations as 1-cells and modifications as 2-cells), which provides
an internal hom for the cartesian product of 2-categories. We let Funp (A, 1) and Fung (A, 1)
denote the 2-categories both of whose objects are, again, the (strict) 2-functors A — 1, whose
1-cells are respectively the pseudo-natural and the lax-natural transformations of 2-functors, and
whose 2-cells are the obvious notion of modification (described in [|Gray4} I.2.4. MQN.]).

All these “hom 2-categories” define closed category structures on 2—Cat. A closed category
structure on a category € consists in a functor [-,-]: C°P x € — € and an object I € € together
with general (more precisely: extranatural) transformations I = [X,X] and [Y, Z] = [[X, Y], [X, Z]]
satisfying appropriate unitality and associativity constraints.

The main source of closed category structures come from the internal homs of monoidal
closed category structures, and for example the closed structure 3* on 2—(Cat is the cartesian
closed one. In fact (as shown in [Man12b| Theorem 5.1]), it is more generally the case that every
closed category corresponds to a unital closed multicategory (a.k.a. coloured operad).

Theorem 1.2.1.1.3 ([Gray4l]). The cosed category structures Funy(,) and Fung(,) ofconstruction 1.2.1.1.2|
are monoidal, with left-adjoints called respectively the psendo-Gray and lax Gray tensor products.

While the pseudo-Gray product will not see any use in this thesis, it shall be convenient to introduce the notation
Q¢ for the lax Gray tensor product, determined by the adjunction QB - Fung (B, ) which extends to an enriched
adjunction Fumg (R Q' B,¢) = Fung (A, Fune (B, C)).

Warning 1.2.1.1.4. The lax Gray tensor product is not symmetric: the right-adjoint to B+ A ®‘ 1
is given by the 2-category of 2-functors with colax transformations between them.
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Definition 1.2.1.1.5. A lax Gray-category is a 2—Cat® -enriched category.

Example1.2.1.1.6. By definition, the closed monoidal structure on 2—Cat gives a lax Gray-enrichment;
the corresponding lax Gray-category (of 2-categories, strict 2-functors, lax natural transformations
and modifications) is denoted 2—Caty.

Example 1.2.1.1.7. By the usual yoga of looping-and-delooping, a one-object lax Gray-category

is equivalent datum to a monoid in the enriching category 2-Cat®: a 2-category with a lax
Gray-monoidal structure, also called a lax Gray-monoid. As always, the lax Gray-category B U®
corresponding to U® has U as the endomorphism category of its unique object, with composition
given by the monoidal structure.

The data presenting a Gray-monoidal structure on a 2-category U is made explicit in [JY20,
Explanation 12.2.35] (though see also their Note 12.5.28 for original references) for the pseudo-
Gray product; the version relevant to our purposes is readily obtained by not requiring their Z¢ 4
to be invertible. While we do not reproduce the entire description, its highlights are:

e strict 2-functoriality of the product @ in each variable, in the form of diagrams

verf fav
T T~ T T~
Veaw ﬂv&w Vew and WoV ﬂcp@V wW®V (1.24)
\_/ \_/

verf’ fev
assigned functorially to any T-cells and 2-cell : f = f: W — W/,

e the lax interchange law, a 2-cell

vow 2% vew
lﬂDVV’ (1.25)
f,g

V/@W T@g} V/@W/

f@Wl

for any pair of T-cells f: V— V' and g: W — W/,

e strict unitality and associativity.

We now have the elements of language necessary to study the general notion of soft adjunc-
tions.

Definition 1.2.1.1.8. A soft 2-adjunction in a lax Gray-category R is a pairof 1-cells #: A 2 1B: %
endowed with 2-cells n: idp = #% and e: F% = idy, along with 3-cells s: idg = (eF) o
(Fm) and t: (%€) o (M%) = idy (called the triangulators) satisfying the swallowtail coherence
conditions:

nﬂ ﬂ%gn

nn
NUF

% = id, (1.26)

F
= n

%69\
tF UF

idy F=idy g
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for the lax monad part and

idgo
FU
Ny gt% FU .
S?‘/’\& FUFU —ZLees Gy = ide (1.27)
iy s%lﬂ % ﬂe € idy
FU ———— idy

for the oplax comonad part.

When R = 2—Caty, the equivalence of the formulations given injexample 1.2.1.1.1)and |definij
i.e. the fact thatlexample 1.2.1.1.1is indeed an example (and in fact every example)
of a soft adjunction, is the main result of [MS89]].

Remark 1.2.1.1.9 (Terminology). The name “soft 2-adjunctions” is taken from [MS89]|. They
were introduced in [[Gray4] as strict weak quasi-adjunctions or the seemingly more general
transcendental quasi-adjunctions (the equivalence between the two definitions being established
as [Gray4, Theorems I.7.5iv) and 1.7.7 iii)]).

Such 2-adjunctions are also occasionally referred to as local adjunctions (due to
or, for example in [Buny 4]}, as lax 2-adjunctions (despite not fitting in the framework
of lax algebras over a 2-monad and, as always with adjunctions, exhibiting both lax and oplax
aspects).

Construction 1.2.1.1.10. The lax augmented simplicial indexing 2-category A, ( is the 2-category>
with underlying 1-category freely generated by the graph

83
5] T
89 S !
[1]g —— [0l « o8~ [Mlg -85~ [2lg : [ (1.28)
N (7] *
8} %
83

and 2-cells freely generated by
o VP St od =81 o8 for0<i<j<n+]

n+l. n n+1 n n+1
04 O'-OO'i :>Gi OO']~+1

ij 00 for0<i<j<n

pjt: 0}‘06}‘” =idp), for0<j<n

n+1

. )\}1: idp, :Hr}‘oéiH for0<j<n

° v:o}‘oé?” :>6i“ocfj“:]1 for0<i<j<n

= olost foro<iandi+1<j<n,

mn n—
° 6]- 00} Ha

and subject to the identifications

2More accurately, we are giving here a presentation from a computad.
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o ((pPI8]) o () (]8])) o ()8 = idsp

o (oI o (o] o8] 1) o (T (M) = id .
The lax simplicial indexing 2-category is the full sub-2-category A, on all objects but [—1],.
The lax split simplicial indexing 2-category A, ; is the locally full sub-2-category of A,

containing everything bar the 1-cells 5}7.

Remark 1.2.1.1.11. This 2-category (with its lax Gray-monoidal structure established thereafter)
has been independently studied in [MS21]] where it(s suspension) is directly defined as the free
lax Gray-category containing a lax Gray-monad.

Lemma 1.2.1.1.12. Foranyn > 0, the 2-cell

6n+1
m+1]¢ «—— [n]

5““? / Té“ (1.29)

¢<67n—1

defines a universal cocomma cone, exhibiting n+ 1]y =61y 1 58.

Proposition 1.2.1.1.13. 1. The ordinal sum g 8 [mle = [0+ m+ 1]g i&5 2-functorial on A, ¢ and
extends to a lax Gray-monoidal structure (A, ¢,8,[—1]¢).

2. Restriction of B gives left and mglot lax Gray-module structures A, 4 QR Ap = Ay, Ay @F Ay — Ay,
Aa o @Y Ag g — Aggand Ag g @ A, ¢ — Ag g

Proof. The functoriality properties of the sum are implied by the universal property oflemma1.2.1.1.12]
O

Corollary 1.2.1.1.14. Loz LADj denote the lax Gray-category with two objects, denoted respectively + and —,
and hom-categories IADj (+,+) = A, ¢ = LAdj(—,—)P and. Then |Abj satisfies the universal property of the
“walking soft adjunction”, meaning that for any lax Gray-category R, the lax Gray-category of soft adjunctions in R
is equivalent to RIAY,

Proof. Let A: [Abd] — R be a lax Gray-functor, mapping the two objects to K := A(+) and A :=
A(—). Let us also call #: A — K the image of [0], € [Adj(—,+) and F: K — A the image of
[0]¢ € LAdj(+,—). We explain how to recover from A a lax ad]unctlon structureon F: K2 A: %.

We will content ourselves with exhibiting the lax monad structure on the composite 7 :=
% oF =A([0];), as the rest of the proof is simply a straightforward transposition, and a direct com-
putation to check the equivalence. Even this part will only deviate from the original arguments
of [[Aud74] for the interpretation of the 3-cells.

First, functoriality makes it clear that the image of [n], € [Adj(+,+) is 7™ F! (this includes
the fact that [—1] is mapped to idk ). Then, as in [Audy4/], the image of 87" is 7'MJ ™~ while
Alo}) =g tugnt: gnt2 = gntl,

The 3-cells A and pi* become respectively the triangulators 7 i9sg 1 idg = pnoJ1and
THFIT ' ponTg =idg.

The other 3-cells come from equation (1.23)|interpreted with the appropriate interchanges of
2-cells.
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gn_gign-i % gnt+l —gitlign—i

9i+k—1ngn+1—(i+k] c1+kngn+l—(1+k) (1 30)
—gi(gkTpgn+1-(i+k)) —g T (gk=Tpgn+1—(i+k)) :
((o/‘in)to/‘TLJr]fi
n+1 n n+1
corresponds to 83 087 = 878 | ;-
. i
gnt3 —git2gntl—i I T oni2 _ gitlgnti-i
9i+2(§7k7 gn— 1+k gitl (gkugnf(‘wrk)) (1.31)
o~n+2 371+2 gn—i ﬁ grn+1 :91+]9T‘L—1
I uw) g
corresponds to o o U +1 = U 9 O'nJril
P itk itk+1
) . (9in)9n+171 )
gntl — gignt+l-i s gnt2 _ gitlgn+l—i
gk g (k) gitkpgn-litk (1.32)
:gt(lc]kfl Hgnf(wrk)) —gitl (gk71 u(c/*nf(wrk)]
(gin)gn—i
n+1 n n—1
corresponds to 07’ 08" =8t ooy .
gnt+l — gitlgn—i (‘Gjlu)gn:,\ﬂ —gign-i
gi+k+1n9n7(i+k) 6‘1+k gn— (i+k) (1 )
_gitl (gkngnf(intk)] —gi gknf/‘“ (1+k)) -33
gnt2 _ gitlgn+l—i gn+l _ gign+l—i
(giu]gnﬁr]fi
n 1 n+1
corresponds to 87", | 00 =01 08 - O

Example 1.2.1.1.15. There is a 2-localisation functor A, ; — A,, which maps all the 2-cells to
identities (it succeeds in being a localisation because each 2-cell to invert is the only one between
its source and its target: the 2-category A, ; is locally posetal). Thus, by precomposing by the
induced lax Gray-functor, any 2-monad can be seen as a lax 2-monad.
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1.2.1.2 The weight for lax codescent objects

As motivation, we start by recalling the notion of strong codescent objects in (oo, 2)-categories
(which is an example of the generalised (co)kernels introduced in unpublished work of Betti—
Schumacher-Street).

Construction 1.2.1.2.1. Let D C (00,1)—Cat?* be the full sub-(co,2)-category spanned by the
functors n — n for n > 0. Note that an arrow (n — n) — (m — m) in D is entirely determined by
its underlying functor n — m so that D is equivalent to A, with the usual equivalence making
correspond [n — 1] and (n — n). Consider the restricted evaluation (co,2)-functor 2 x D C
2 x (00,1)—Cat?® — (00,1)—Cat.

It determines (o0, 2)-profunctors &«: 2 — D°P and &»°P: DP — 2.

Let € be an (o0, 2)-category.

o Let I: A°? ~ D°P — € be a which we call strong coherence datum, or equivalently a
simplicial object. Its codescent object (or quotient) is the weighted colimit &+ 2": 2 — C,
seen as an arrow in C.

e Let f be an arrow of €, corresponding to an (oo, 2)-functor "f7: 2 — €. Its simplicial kernel
(or higher kernel) is the weighted limit {&x°P," {7} : DP ~ AP — C.

Remark 1.2.1.2.2. For ': D°P — €, the domain of (the arrow corresponding to) its codescent
object is (1 — 1) (or Z([0]) in terms of simplicial objects). This comes from an application
of the Yoneda reduction of [corollary 1.1.1.2.10| to the fact that "id;™": 2 — (co,1)—Cat is the
corepresentable 2(0,—) (the domain of an arrow being the value at 0 € 2 of its characteristic
functor).

In conclusion, we recover the codescent object of a simplicial diagram 2': A°? — € as an
arrow 2 ([0]) — codesc(Z'), where codesc(Z') is the (pointlike) weighted colimit of & with
weight &vq : x — D°P, corresponding to the (co,2)-functor D — (c0,1)—Cat mapping (n — n)
ton € (0o0,1)—Cat, that is the inclusion A < (o00,1)—Cat.

Example1.2.1.2.3 ([Bouto, Example 2.21]). Suppose Xo: Ac2°P — Set (recall that AP — AP is
a cofinal 2-functor) is a Segal object, defining a small category. Through the inclusion Set — Cat,
Xe can be seen as 2-truncated coherence datum in Cat, a double category. Its codescent object is
the category encoded by X,.

Remark1.2.1.2.4. Note that there is a further (fully faithful) inclusion of (co,2)-categories (co,1)—Cat —

(001)—Catd™. By composing with the conclusion of we obtain that the (point-

like) weight computing codescent objects corresponds to the Yoneda embedding A — (o00,1) —CatA”,

More precisely, this (co,2)-functor is equivalently given by AP — (co0,1)—Cat®, a strong
coherence datum in the (o0, 2)-category of pointlike weights for colimits of coherence data, and
by the arguments giving the previous example, the desired weight is the codescent object of this
diagram.

Definition 1.2.1.2.5 (Lax double category). Let & be an (0o0,2)-category. An (oo,2)-functor
X A°P — R preserving commas is called a lax category object. In the case where R =
(00,1)—Cat, the diagram & is said to define a lax double (oo, 1)-category.

In view of lemma 1.2.1.1.12} a lax category object 2 in R is essentially given by a diagram

—

— —
Xo — X5 —— X1dx, X1 X1 dxo X1 dx, X1 (1.34)
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equipped with the 2-cells filling in for the simplicial identities and the coherence 3-cells between
them.

Warning 1.2.1.2.6. Our use of the term “lax double category” is completely unrelated to the one
made in [[DPPo6, §2, p.483], where it played the role of a synonym for “virtual double category”.

Remark 1.2.1.2.7. A lax double category thus consists of the following data:
e a category Cy of objects and vertical arrows,
e a category Cp of horizontal arrows and cells,

e functors ¢ =sp, 4 = dp and ¢ = d; interpreted as horizontal unit, and source and target of
horizontal maps (and squares),

e acomposition functor s | £ — Cy, associating with any pair of horizontal arrows f: C —+ C’,
g: D —— D/, joined by a vertical arrow t: C' — D, a horizontal arrow go¢ f: E 4+ E’, and a
similar operations for linked pairs of squares.

Example 1.2.1.2.8. Since representable functors preserve weighted limits, every object [n], of A,
provides a lax double category & 4, n],, and the Yoneda embedding X 4, factors through the
2-category of lax double categories.

To define the weight for lax codescent objects of lax coherence data, we will mimick the
conclusion of remark 1.2.1.2.4] Note that the shape A is a 2-category, so its Yoneda embedding
also lands in 2-categories where codescent objects can be defined through explicit diagrams
in [Laco2, §2].

Definition 1.2.1.2.9. The weight defining lax codescent objects of lax coherence data is the lax
codescent object of the lax coherence datum in Cat®t provided by the Yoneda embedding.

1.2.2 Lax morphisms classifiers

1.2.2.1 The universal property of the 2-category Lax—T — Alg; of lax algebras over a 2-monad

We recall the main definitions and properties from [[Laco2]].
Unless specified otherwise, 2-monads on 2-categories will be implicitly assumed strict, that is
Cat-monads, monads inside the 2-category Cat™ —Cat.

Definition 1.2.2.1.1. A lax T-algebra is a quartet (A, a,«, o) consisting of an object A € R, a
l-cell a: TA — A, and 2-cells a: ao T a= aopa and op: ida = aomna, required to satisfy
coherence conditions.

The lax T-algebra (A, a, o, ) is said to be strong if x and o are invertible.

Definition 1.2.2.1.2. A lax morphism of lax T-algebras (A, a,«, 0p) — (B, b, 3, B¢) is the data of
al-cell f: A— Banda2-cell f: boJ f= foa with the identities

g2B— 7% . gB gp—_7b
T2f T2f Tt
/ m 4, X / N / \
T2A JB—— 2 BT J2A 7a ﬂ
VA
TA A TA

(1.35)
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and
idg B idg
JB -2 .B = A ida B - (1.36)
Tt .
Tm / uf/ o Yo N\ A

A lax morphism (f, 1?) is said to be strong if f is invertible.

Definition 1.2.2.1.3. A transformation (f,f) = (g,g) between two lax morphisms is a 2-cell
p: f= gsatisfying goI p=pof:boTf=goa.

Notation 1.2.2.1.4 (2-category of lax algebras). Welet Cax—T — RAlg; denote the 2-category whose
objects are the lax T-algebras, arrows the lax morphisms, and 2-arrows the transformations, with
the obvious compositions and units.

We also let T—Rlg; denote the full sub-2-category of Lax—T — Alg; spanned by the strong
T-algebras, and T—Alg, the wide and locally full sub-2-category of T—Alg; on the strong mor-
phisms.

Theorem 1.2.2.1.5. L¢t T be a 2-monad in 2—Caty, seen as a lax 2-monad B A, o — 2—Caty that factors
through B A,. The weighted limit {[ﬁbj(idmhi, =B A, T} is the 2-category Lax—T — Alg;.

Proof. As T takes its values in the enriching category 2—Cat, the weighted limit is the object
(the 2-category) of transformations LAbdj(idinys, —)IB A, , = T. Note that the category of lax
Gray-categories is considered with its cartesian monoidal structure, so that the transformations of
Gray-functors are strict and not lax, as explained for example in [|Gur13, Proposition 12.2] for the
pseudo-Gray case.

As B A, ¢ has a single object, a natural transformation between Gray-functors with source
B A,,¢ will consist of a single morphism of 2-categories between the images of + € BA, ¢, with
additional naturality data. Here the basic datum for a transformation B « : [Adj(idnaj, —) |5 Ay =
T is thus that of a 2-functor «: [Adj(+,—) = A; ¢ — T(+), interpreted as a lax split simplicial
object in T(+). This corresponds to a collection of objects Ay, = «([n]) € T(+), with morphisms
and 2-cells as in|construction 1.2.1.1.10/and which we will interpret in time.

Next, strict naturality of B « translates to the strict commutativity of

As,f — T(JF)
aa[ml Lc/‘i (1.37)

AS,Z — T(‘H

for every map m[i]y of BA, ;. In other words, for every [n]y € A ¢ (and for i > —1) one must have
the equalities Ay, 141 = 0””1 An of objects in T(+), so that the collection of objects (An)nen is
completely determined by Ay and the requirement that A, = I *A.

The same logic applies to the higher cells, which can be separated and then checked on
by one to correspond to the ones forming the definition of Gax—T — Alg; in|definition 1.2.2.1.1|

and |definition 1.2.2.1.2] O
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Definition 1.2.2.1.6 (Lax algebras and lax morphisms for (co,2)-monads). Let & be an (o0,2)-
category and let T: [Mnd — (co0,2)—Cat be an (c0,2)-monad on K. The Eilenberg-Moore soft
adjunction of T is the oplax extension of T along [Nnbd — [Abj.

By lexample 1.1.2.1.5} the evaluation of the Eilenberg—Moore adjunction of T at the object
+ € [Abj recovers T(+) =: R. Its evaluation at — € [Adj is denoted Lax—T — Alg; and called the
(00,2)-category of lax T-algebras.

Remark 1.2.2.1.7. Unfolding the definition, we find an explicit description of lax algebras akin to
the one given in [Strog| §2], that is recovering the one given in|definition 1.2.2.1.1

1.2.2.2 Construction of the right-adjoint

Conjecture 1.2.2.2.1. The (00,2)-category T—Alg; is the very lax descent object of the lax co-
coherence datum

g g

C ¢idc- C -idc» C (1.38)
— I

idc ide
Remark 1.2.2.2.2. Evidence for this conjecture can be found by looking at the lower-dimensional
case: the category of algebras over a 1-monad (in a 2-category R) is the limit of the corresponding
2-functor NMnd B A, weighted by the inclusion into Abdj as recalled in [subsection 1.1.2.3} but can
also be constructed as a sequence of three successive limits which is known from [Lacoz2]] to
construct lax descent objects.

Corollary 1.2.2.2.3. The hom-(00, 1)-categories in Lax—T — Rlg; are given by the lax descent objects of the
lax co-coberence datum

R(TA,b)oT R(T2A,b)oT
_ —_
&(A,B) ¢ &ma,B)— R(TA,B) —&(na,B)» R(T2A,B) (1.39)
_ _—
K(a,B) R(J a,B)

Theorem 1.2.2.2.4. Let T be an (00,2)-monad. The (00,2)-functor T—Rlgg — Lax—T — Alg, admits a
left-adjoint.

Proof. We need to construct, for any A € Lax—T — Alg;, a lax morphisms classifier A’ € T—Alg;
equipped with a “universal” lax morphism A — A’ such that for any strong T-algebra B,
Lax—T — Alg;(A,B) ~ T—Alg,(A’,B).

Since B is a strong algebra, we can use the adjunction & 2 T—Alg; in to
rewrite it as a diagram of hom (oo, 1)-categories in T—Alg, as in [Bou1o, Remark 6.9].

This diagram is exactly the image of the bar resolution of A under T—Alg,(—,B). Since
by fexample 1.1.2.2.9| the hom co-functors detect (weighted) limits, its lax descent object must be
given by the lax codescent object of the bar construction. O

Corollary 1.2.2.2.5 (Lax Morita equivalence). Lez T and T’ be two (00,2)-monads such that T—Rlgg ~
T'—Algg. Then T—Alg ~ T'—Alg;.

Proof. We use the fact that lax morphisms can be recast as strong morphisms, and transfer the
lax morphisms classifiers along the equivalence. O



CHAPTER

2

BRANE ACTIONS FOR PARTLY
UNITAL COLOURED 0c0-OPERADS

This chapter is centered around the notion of brane action for co-operads, which can be understood
from the geometric example of the operad of little 2-disks. Let &, denote the co-operad of little
disks, obtained for example from the (monochromatic) topological operad whose space of n-ary
operations &5 (n) is the configuration space of n disjoint (labeled) disks in the unit 2-disk, and
whose composition is given by insertion of disks and renumbering. This operad is #nital, in that
its space of nullary operations &, (0) is contractible, and reduced, in that its space &, (1) of unary
(or linear) operations is contractible. The spaces of higher-arity operations can be understood
fibrewise: since &;(0) ~  there is for any n > 0 a canonical map &, (n+ 1) — &, (n), forgetting
the last little disk. Its fibre at an operation o € &,(n), known as the space of extensions of o, is
homotopy equivalent to a wedge \/™ S! of n circles.

Note that, since the 2-disk is contractible, the space Ext(o) is homotopy equivalent to the
complement of the configuration of disks classified by o itself. For any such o € &, (n), the space
Ext(o) can be used to define a natural cobordism from [ [, S to S;: the first n copies of the circle
are included as the boundaries of the little disks, while the last copy of S is included as the
boundary of the unit disk. Forgetting the manifold structure on the cobordism and using the
equivalence with Ext(c), we obtain a mere cospan from ] [, S' to Sy. In fact, the cospans thus
obtained for each operation o of &, assemble together to give a structure of &;-algebra on S! in
cospans of spaces.

This is an example of the more general phenomenon of brane actions for reduced co-operads
discovered in [Toé13]]. Let @ be a reduced unital co-operad, so that (by unitality) we again have
canonical maps O(n+ 1) — O(n) forgetting the last input by plugging in the unique nullary
operation and can similarly define spaces of extensions as * X5 (,) ©(n+1). Letting id denote the

35
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unique (by reducedness) unary operation, for every operation o € O(n) there is a cospan

Ext(o)

U/ i (2.1)

[]Ext(id) Ext(id)

whose structure maps are given by partial compositions with o. These cospans once again
assemble into something this is almost, but not quite, an 0-algebra structure on Ext(id). Recall
that cospans are naturally the morphisms not of an (oo, 1)-category but an (oo, 2)-category (whose
non-invertible 2-arrows are the arrows between the roofs of cospans). This means that it is possible
to talk about lax structures in it, and indeed the spans of[equation (2.1)|define a /ax G-algebra
structure.

The construction of the brane action in [[Toé13]] was performed using model-categorical
arguments with the model of Segal dendroidal spaces for co-operads. An alternate, co-categorical,
construction was then given in [MR18]], using this time the model of (oo, 1)-categories of operators
of [[Luriy|]. In this chapter, our main goal will be to adapt their construction to the case of non-
reduced, and in fact non-monochromatic (that is coloured), co-operads, albeit with a weak
version of the unitality condition (which we call hapaxunitality, see (definition 2.2.1.2.8]) that will
reduce the construction to one close to the monochromatic case.

However, this model of (oo, 1)-categories of operators is ill-suited for two purposes we are
interested in:

o itlacks the flexibility to easily describe other operadic structures, such as cyclic and modular
operads;

e we need to access several algebraic properties of co-operads, in particular the possibility to
enrich them, at least in (co,1)—Cat to talk of (co,2)-operads, or to define them internally
to another co-category such as (co,1)—Cat to talk of “categorical co-operads” (generalis-
ing slightly (oc0,2)-operads) and an (oo, 1)-topos to describe sheaves of co-operads. The
languages of (00, 2)-operads or of categorical co-operads are also necessary to talk clearly
about lax morphisms such as obtained for a brane action.

We find that the most appropriate language to address these concerns is that of Segal dendroidal
objects as was used in [[Toé13]]. Indeed, a systematic use of Segal conditions to describe generalised
algebraic and operadic structures was developed in [[CH21]], in a way which is both flexible and
algebraically transparent. We will thus start this chapter by recalling in [subsection 2.1.1] the
essentials of this language of algebraic patterns and explaining how the formalism of [section 1.2|can
be used to discuss lax morphisms between their Segal (oo, 1)-categories.

We should note however that we have not yet been able to exploit the full flexibility of the
theory of algebraic patterns, and eventually specialise to the case of the pattern for operads, in a
way which ends up essentially equivalent (by [Bar18, §10]) to (oo, 1)-categories of operators. We
still believe that this more general story is worth telling, for the reasons which follow.

e First, although we end up specialising to operads, we expect that the ideas developed here
can help reveal a path to constructing the fully general versions.

e Second, even when specialising to {3, we use the language of algebraic patterns rather than
the specific combinatorics of this category, and we believe that this makes the proofs and
constructions more transparent.
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Due to the assumption of hapaxunitality, the existence of a single distinguished colour which
is unital, the extensions and the brane actions behave very closely to the monochromatic case,
and despite working with a different model we will essentially follow the construction and proof
of [MR18]]. It consists of passing to the monoidal envelope of the co-operad 6 to reformulate
the sought (lax) morphism of (c0,2)-operads as a (lax) monoidal (o0,2)-functor &7¢(0) —
Cospan(co—Grpd)™, which can then be recast as a discrete cartesian fibration. For this, it is
necessary to have a notion of “monoidal envelopes” of Segal objects.

We model co-operads as Segal objects in co—Grpd for an algebraic pattern based on the
dendroidal category Q of trees, while monoidal (oo, 1)-categories are Segal objects in (co,1)—Cat
for an algebraic pattern based on Segal’s category I' (opposite to that of pointed sets); this suggests
that in order to construct the monoidal envelope one must use a relationship between Q and
I. This relationship is the one established in [Bar18, §10] and corresponds to the equivalence
between the dendroidal model and the model of (oo, 1)-categories of operators for co-operads.
More precisely, for a class of algebraic patterns ©, we introduce in [subsection 2.1.2.1a “plus
construction” Ay whose Segal objects are the O-operads; for example, in the case © =T, this
construction recovers the dendroidal category. This is in fact one main source of our inability to
use the full generality of the framework of algebraic patters: we can only construct “monoidal
envelopes” for patterns which are known to be the plus construction of some other pattern.
Then this construction does allow us in|subsection 2.1.2.2|to construct monoidal envelopes of
oo-operads.

This leaves us equipped with most of the technology necessary to go through the construction
of the brane actions. The only missing piece is the construction of the (co,2)-category of spans
where the action is to take place, and whose construction in terms of twisted arrow categories is
recalled injsubsection 2.2.1.1} Then, using the monoidal envelopes developed previously, we give
a definition of the co-categories of extensions of multimorphisms, adapting that of [Lur17|]. We
put this technology to work insubsection 2.2.2|to prove our main result, theorem 2.2.2.0.1} the
existence of brane actions for coloured co-operads with a single distinguished unital colour, of
which we also recall a graded variant in [subsection 2.2.2.1}

Finally, for applications to Gromov-Witten theory, we shall need to work with an operad
consisting of moduli stacks, that is an operad in the (oo, 1)-topos of derived stacks. For this, we
need to have the brane action not only in the terminal (oo, 1)-topos co—Grpd as was constructed
injsubsection 2.2.2} but in an arbitrary (oo, 1)-topos, which is the object of [section 2.3} Insubsect
tion 2.3.1} we recall the main notions of (oo, 1)-topos theory which are useful for our operadic
purposes, and discuss the construction of operads in this context. Since general (oo, 1)-topoi
share a great closeness to that of co-groupoids, the brane action does not need to be constructed
from scratch but can be deduced, in the same way as in [MR18]], by gluing the ones obtained

injsubsection 2.2.2| This is achieved in[subsection 2.3.2

2.1 Segal conditions for enriched (generalised) co-operads

2.1.1 The language of algebraic patterns

2.1.1.1 Algebraic patterns and their Segal algebras

Definition 2.1.1.1.1 (Algebraic pattern). An algebraic patternisan (oo, 1)-category endowed with
a unique factorisation system and a selected class of objects called elementary. The morphisms
in the left class of the factorisation system are called inert, and those in the right class active.

Notation 2.1.1.1.2. If © is the underlying (oo, 1)-category of the algebraic pattern considered,
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one writes O™ and ©*! for the wide and locally full sub-(co, 1)-categories whose morphisms
are respectively the inert and the active morphisms. ‘

We also denote ©¢! the full sub-(co, 1 )-category of O™ on the selected elementary objects.

For any object O € O, we further write @% )= O X yinrt (Dlé“/t, the (oo, 1)-category of inert
morphisms from O to an elementary object.
Example 2.1.1.1.3. Segal’s category T is a skeleton of the opposite of the category FinSet, of pointed
finite sets. It consists of the pointed sets of the form (n), the set [0,n] pointed at 0, for some
natural integer n) and pointed morphisms between them. It admits an active-inert factorisation
system where a morphism of pointed finite sets f: (S,s) — (T,t) is

inert if for every x € T\ {t}, the preimage f~1(x) consists of exactly one element, and
active if the only element of S mapped to t is s.

The induced inert-active factorisation system on TP gives rise to two algebraic pattern struc-
tures, from two choices of elementary objects. The algebraic pattern T°P’ has as elementaries the

two-element sets (isomorphic to (1)), while the pattern P " has as elementaries the singletons
(isomorphic to (0)) and the two-element sets.

Example 2.1.1.1.4. The (non-augmented) simplicial indexing category A of iden-

tified with the category of ordered non-empty finite sets and order-preserving maps between
them, admits a factorisation system in which a map is

active if it preserves the top and bottom elements,
inert if it corresponds to the inclusion of a linear subset.

The induced inert-active factorisation system on A°P gives rise to two algebraic pattern struc-
tures: the algebraic pattern A°P® has as elementaries the two-element sets (isomorphic to [1]),
while the pattern TP’ has as elementaries the singletons (isomorphic to [0]) and the two-element
sets.

Example 2.1.1.1.5. The dendroidal category € of Moerdijk—Weiss can be described as a category of

(non-planar) rooted trees, with morphisms the morphisms of free (coloured, symmetric) operads
generated by these trees. We shall give an alternate construction of (a sufficient subcategory of)

it in[subsection 2.1.2.1]

Certain particularly interesting trees can be distinguished:

the free-living edge is the tree, denoted 1, consisting of one edge but no vertex (so the operad it
freely generates has one colour, and only its identity unary morphism);

the corollas are the trees, denoted x, with n € N, with a single vertex and n + 1 edges (one of
which is the root) attached to it. Note that the corolla +, with n leaves has as automorphism
group the symmetric group Sn,.

The category Q) admits a factorisation system in which a morphism is
active if it is boundary-preserving,

inert if it corresponds to a subtree inclusion (which, in particular, is valence-preserving on the
vertices).

The induced inert-active factorisation system on Q°P gives rise to two algebraic pattern

structures: the algebraic pattern Q°P’ has as elementaries the corollas x,, while the pattern QoP"
has as elementaries the corollas and the free-living edge 7.
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Example 2.1.1.1.6. The graphical category ¥ of [HRY20|] has as objects the modular graphs. Once
again there are two main families of trees to distinguish:

The free-living edge is the tree, also denoted 1 here, with no vertex and one edge. Its automor-
phism group is now Z/(2).

The corollas are the graphs, again denoted %, consisting of one vertex and n + 1 edges attached
to it. Its automorphism group is the symmetric group Sn41.

We will not give a direct description of the morphisms in Y, but all can be obtained from the
two halves of a factorisation system. By [HRY20, Theorem 2.15], ¥ admits a factorisation system
similar to that of ), in which a morphism is

active if it is boundary-preserving,
inert if it corresponds to a subgraph inclusion.

The induced inert-active factorisation system on Y °P gives rise to two algebraic pattern
structures: the algebraic pattern ¥ °P” has as elementaries the corollas +y,, while the pattern Y opf

has as elementaries the corollas and the free-living edge 7.

We may summarise these examples in the following table:

Category | Inerts | Actives | jelementaries | b elementaries
rop partial bijections (non-partial) functions | (1), (0) (1
A°P linear inclusions endpoint-preserving (1], [0] 1]
Q°P subtree inclusions boundary-preserving s, 1] *n
rop subgraph inclusions | boundary-preserving | *n, 1M *n

We now record a definition of the (oo, 1)-category of algebraic patterns which will be useful

when describing their limits in[lemma 2.1.1.2.5|

Construction 2.1.1.1.7 (The co-category of algebraic patterns). Recall from|example 1.1.1.1.7|that
cocorr denotes the category - — - < -, the generic cospan. The (oo, 1)-category of factorisation
systems is the full sub-(oco, 1)-category of (co,1)—Cat™™" on those cospans corresponding to the
inclusions of the left and right classes of a factorisation systems.

The (oo, 1)-category of algebraic patterns AlgPatrn can then be defined as the full sub-(co, 1)-
category of (00,1)—Cat™ ™" X 50 1)_cat (c0,1)—Cat? on those diagrams ©¢! « O — © «
©?< which define an algebraic pattern.

Let © and P be algebraic patterns. We thus see that a morphism of algebraic patterns from
O to Pis an (oo, 1)-functor O — P which preserves active and inert morphisms and elementary
objects.

Example 2.1.1.1.8. There is a functor A — Q which, taking the standard skeleton of A, sends [n]
to the linear tree with n nodes and n + 1 edges. One may remark that it is fully faitful, and can
also be identified with the canonical projection functor Q /,, — €. By translating the definition of
inert and active morphisms for the given factorisation system on A°?, one immediately sees that

this functor induces morphisms of algebraic patterns A°PF 5 0P and A°P° — °P°
Example 2.1.1.1.9. There is a functor () — ¥, forgetting the rooting of a tree. Once again it clearly

induces a morphism of algebraic for each of the mutually compatible pattern structures exhibited
on these categories.
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Definition 2.1.1.1.10 (Segal objects). Let O be an algebraic pattern. An (oo, 1)-category C is said
to be O-complete if it admits limits of diagrams with shape (D% y forany O € ©.

Let € be an O-complete (o0, 1)-category. A Segal ©-objectin € isan (oo, 1)-functor : © — C
such that &|yinrt is a lax extension of | e (along the inclusion). Explicitly, this means that for
any O € © the canonical map

Z2(0)— @1 Z(E) (2.2)
ECOy,
is invertible.

The (00, 1)-category Segy (C) of Segal O-objects in € is the full sub-(co, 1)-category of C©
spanned by the Segal objects.

Example 2.1.1.1.11. e A Segal F"pb—object is a commutative algebra object (or & -algebra ob-
ject).

o A Segal A"pb—object is an associative algebra object (or &/.-algebra object, or &1-algebra),
while a Segal A°P-object is an internal category.

e A Segal ﬂ"pb-object is an internal monochromatic operad, while a Segal Q°P?-object is an
internal (coloured) operad.

e A Segal Y°P’-object is an internal monochromatic modular operad, while a Segal ¥ °P*-
object is an internal (coloured) modular operad.

Remark 2.1.1.1.12. Let © be an algebraic pattern such that the inclusion O¢! < @™ is codense.
Then for any O € ©, the corepresentable X pop(O): © — co—Grpbd is a Segal O-oo-groupoid;
this is an immediate consequence of|example 1.1.2.2.9| It should be viewed as the Segal object
generated by O.

Example 2.1.1.1.13. Over A°P, the Segal object & [n] corresponds to the linear category n+ 1 with
M successive arrows.

Example 2.1.1.1.14. Over Q°P (respectively Y °P), the Segal object X, generated by the corolla
with n+ 1 flags is also denoted +,, and called the corolla. It corresponds to the operad (resp.
modular operad) with n + 1 colours Oy,...,0n41 and, for each permutation o € S, (resp.
€ Sn 1) a single operation of signature (Og(1yy-.-,0g(n);Ont1) (resp. (Og(1)y--+,Ogmi1)))-

Definition 2.1.1.1.15 (Segal morphism of algebraic patterns). A morphism of algebraic patterns
F: O — Pis said to be a Segal morphism if “it preserves Segal conditions”, that is if for any
P-complete (oo, 1)-category €, the induced (oo, 1)-functor & *ISEgJD : Segp(C) C CP — €O factors

through Segy (C) — cO.

Remark 2.1.1.1.16. By [[CH21, Lemma 4.5], it is enough to check Segality of a morphism with
€ = oco—Grpd, that is to check preservation of Segal co-groupoids. Then the condition for # to be
a Segal morphism can be written in a formula as: for every O € ©, for every Segal F-oo-groupoid
Z, the morphism of co-groupoids

. . o—el
l1£n X — &ilnfl”ot/* (2.3)
P 0y, 05,

induced by the (oo, 1)-functor @% Vs D;l(o) ,isan equivalence.
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Theorem 2.1.1.1.17 ([|[CH21, Proposition 8.1]). L&z bea locally presentable (0o, 1)-category. Let F: O —
P be an essentially surjective Segal morphism of algebraic patterns. The (00, 1)-functor F* admits a left-adjoint,
and the adjunction is monadic.

Example 2.1.1.1.18. In the case where F is the inclusion of the wide sub-(co, 1)-category O™ «— Q.
We find that Segy (C) is monadic over co,

2.1.1.2 Enriched operadic structures

In this section we recall the constructions® of the forthcoming paper [CH22].

If U® is a symmetric monoidal (0o, 1)-category and O is, say, a V®-enriched co-operad, one
would expect O to have an co-groupoid 6(1) € co—Grpd of colours but objects O(%,) € U of
operations. In that capacity, the would-be Segal decompositions do not make sense to write as
the values of 0 on elementaries can live in different (oo, 1)-categories. The idea of [[CH22] is to
separate the two kinds of elementary objects 1 and %, and to recast the general Segal condition
as a family of “monochromatic” Segal conditions, which are finite-product conditions and thus
make sense in V%, indexed by 0O(n).

Definition 2.1.1.2.1 (Cartesian pattern). A cartesian pattern is an algebraic pattern © endowed
with a morphism of patterns |—|: © — T°P’ such that for any O € ©, the morphism (Decl) ;=

FOP‘b(’)e‘l / is an equivalence.

Remark 2.1.1.2.2. Viewing I'P as (the standard skeleton of) the category of pointed finite sets, one
verifies that any (n) € I'P admits exactly n inert morphisms to the unique elementary (1), the
pointed morphisms p;: (n) — (1) mapping i to 1 and every other element of (n) to the base-point.
The condition of being a cartesian pattern then means that, for any O € ©, the (o0, 1)-category
(D% , must be equivalent to the discrete set of the (essentially unique) lifts p; of the p;. In
particular, the Segal condition for a precosheaf 2 on © is constrained to being the finite product

condition
[e]

2(0)~ [ [ 2(ps,0). (2.4)
i=1

Example 2.1.1.2.3. There is a functor A°? — T°P mapping [n] to (n) and sending an arrow of A°P
corresponding to ¢: [n] — [m]in A to |$p[: (m) — (n) given by

x otherwise. (2:5)

|d>|(i)—{j if—1) <i< ()

It can be checked directly that this is a structure of enrichable pattern on AP,

Example 2.1.1.2.4. A functor Q°P — TP ~ FinSet, is defined in [Enriched operads, Definition

4.1.16] in the following way. A tree T with set of vertices V(T) is mapped to the freely pointed

set V(T)4. A morphism T’ < T in Q°P is mapped to the pointed morphism V(T’); — V(T) 4

which sends a vertex v € V(T') to the unique vertex of T whose image subtree contains v, or to

the basepoint if there is no such vertex. By [loc. cit., Lemma 4.1.18], this functor preserves the

inert-active factorisation system, aand thus defines a morphism of algebraic patterns.
[proposition 2.1.2.1.20|

*which were presented in the seminar talk available at https://www.msri.org/seminars/25057
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Lemma 2.1.1.2.5 ([[CHz21, Corollary 5.5]). The (co,1)-category of algebraic patterns as defined incon]
admz't; all limits and filtered colimits, and they are created by the forgetful (0o, 1)-functor to

(00,1)=Cat™ ™ X (00 1)—cat (00,1)—Cat? and preserved by the forgetful (00, 1)-functor to (00,1)—Cat.

Definition 2.1.1.2.6 (Enrichable pattern). An enrichable pattern is an algebraic pattern ©
equipped with a morphism of patterns [—|: © — TP such that (© x Fopt ToP” || x Fopt ToP%) is a
cartesian pattern.

Thanks to we see that the fibre product O X [ops ropP appearing in the definition

of enrichable patterns has a very simple description: it consists of the category © equipped with
its same factorisation system, and the choice of only those elementary objects living over (1) € P
(i.e. excluding those over (0)).

Example 2.1.1.2.7. All the f-decorated patterns.

Lemma 2.1.1.2.8. {¢t © be an enrichable pattern, and let <: Oy — O denote the inclusion of the full sub-(co, 1)-
category on the objects lying over (0). The right adjoint <. = LeX, to ¢*, given by lax extension along <, is a Segal
morphism.

Construction 2.1.1.2.9. Let 2 be a Segal Op-object in co—G&rpd. We let Oy — O denote the
discrete cocartesian fibration corresponding to ¢, 2 : © — co—G&rpbd.

The pattern structures on O and ©° = © x Fopt rop may be lifted along Oy — O to give two
algebraic patterns denoted ©g and 0.

Proposition 2.1.1.2.10. The assignment L +— (D?[ is functorial in X € Segp (co—Grpd).

Hence & — Seg(ozx(oo—(Brph) defines an (oo, 1)-functor Srzg@o(oo—@rpb) — (00,1)—Cat. We
let Segy, (co—Grph) — Segp, (co—Grpd) denote the associated cartesian fibration.

Theorem 2.1.1.2.11 ([[CH22]|). Forany enrichable pattern O, there is an equivalence of (00, 1)-categories
Segg (co—Gbrpd) ~ Szg@ (co—Grpd).

Definition 2.1.1.2.12 (O-monoidal co-category). Let © be an algebraic pattern. An O-monoidal
(00, T)-category is a Segal O-object in (oco0,1)—Cat.

Construction 2.1.1.2.13. Suppose 7": © — (o0,1)—Cat is an O-monoidal (oo, 1)-category. Pass-
ing to the Grothendieck construction of the functor produces a cocartesian fibration [ 7" — ©.
We shall refer to a cocartesian fibration over © whose associated (oo, 1)-functor © — (oc0,1)—Cat
satisfies the Segal conditions as a Segal fibration over ©.

By [[Lur1y, Proposition 2.1.2.5], if [ 7" — © is a Segal O-fibration, the inert-active factorisation
system on O lifts to one on [ 7, endowing it with a structure of algebraic pattern. If P — © is
another algebraic pattern over ©, we shall define a P-algebra in [ 7" to be a morphism of algbraic
pattern over © from P to [ 7.

Definition 2.1.1.2.14 (Algebroid). Let © be an enrichable algebraic pattern and let 7" be an ©O-
monoidal (oo, T)-category. An O-algebroid in 7" isan O g--algebra in 7" for some 2’ € Segg (co—Grpd).
2.1.1.3 Lax morphisms and generalised Segal fibrations

Definition 2.1.1.3.1 (Weak Segal fibration). Let © be an algebraic pattern. A weak Segal ©-
fibration (also called ©®-operad) is an (oo, 1)-functor z: ¥ — © such that:



2.1. Segal conditions for enriched (generalised) co-operads 43

1. for every object X € X, every inert arrow i: zX — O in © admits a z-cocartesian lift
i X = 14X

2. for every object O € ©, the (o0, 1)-functor ¥o — yLnE coel Xg induced by the cocartesian
o/

morphisms over inert arrows is invertible;

3. forevery X € ¥ and every choice of z-cocartesian lift of the tautological diagram (f);lx ;=
O (of inert morphisms from 2X) to an ¢;: ((D;IX y )< — X taking the cone point to X, for

every Y € X, the commutative square

X(Y)><) — yLnEe@elX/ X(Y) t'(E))
7

J l (2.6)

7

is cartesian.

Example 2.1.1.3.2. o A weak Segal T°P’fibration is the (0o, 1 )-category of operators of an co-

operad in the sense of [[Luriy, Definition 2.1.1.10], while a weak Segal ToP%_fibration is a
generalised oo-operad in the sense of [Lur1y, Definition 2.3.2.1].

e A weak Segal A°P_fibration is the (oo, 1 )-category of operators of a non-symmetric co-
operad in the sense of [GH15, Definition 2.2.6, Definition 3.1.3] while a weak Segal APE-
fibration is virtual double co-category, or generalised co-operad in [[GH15| Definition 2.4.1,
Definition 3.1.13], recovering [definition 1.1.3.1.1

Definition 2.1.1.3.3 (Morphisms of weak Segal fibrations). By [[CH21|, the source ¥ of a weak
Segal O-fibration z2: X — © inherits an algebraic pattern structure in which active morphisms
are those lying over an active morphism in ©, inert morphisms are the z-cocartesian morphisms
lying over inert arrows of 0, and elementaries are the objects lying over elementary objects.
The (00,2)-category of weak Segal O-fibrations is the locally full sub-(co,2)-category of
(00,1)—Cat , spanned by the weak Segal O-fibrations and Segal morphisms thereof.

It can be checked directly that any Segal fibration as in construction 2.1.1.2.13|is in particular
a weak Segal fibration. In fact Segal O-fibrations are exactly those (o0, 1)-functors to © which
are both weak Segal fibrations and cocartesian fibrations. This provides a (non-full) inclusion
(00,2)-functor from the (co,2)-category of Segal fibrations into that of weak Segal fibrations.

Lemma 2.1.1.3.4. The inclusion (00,2)-functor is monadic.

Proof. We first note that it is indeed a right-adjoint; this follows from the construction of the
envelope insubsection 2.1.2.2|and in [[Lur17]. It is in addition conservative, as any (a priori lax)

equivalence is necessarily strong. O
Proposition 2.1.1.3.5. Lax morphisms of Segal O-co-categories are exactly the morphisms of the underlying
Segal O-fibrations.

Proof. This is equivalent to saying that the lax morphisms classifier of a Segal O-co-category is
its image under the comonad induced by the adjunction. O
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Example 2.1.1.3.6. In the case of the pattern T°P’, we obtain that lax morphisms of symmetric
monoidal (oo, 1)-categories are the same as “co-operads maps” between the (oo, 1)-category of
operators of their underlying co-operads, as in [[Luriy, Before Definition 2.1.3.7]

Example 2.1.1.3.7. In the case of the pattern A°P%, we find that lax morphisms of double oco-
categories are morphisms of their underlying virtual double co-categories, generalising the
identification made in [DPPo6, Theorem 2.6].

2.1.2 Monoidal envelopes of Segal objects

Any monoidal category U® defines an operad whose colours are the objects of ) and whose
multimorphisms Cy,---,Cy — D are given by the morphisms C; ® --- ® C — D. The operads
which arise in this way are said to be representable; we will call them representably monoidal. Indeed,
the tautological mutlimorphism Cy,---,Cry = C7 ® --- ® Cy, (corresponding to idc,g...@c,)
carries the universal property that every multimorphism with source (Cy,---,Cy) must factor
through it, by a unique unary morphism of source C1 ® --- ® Cy,. This universal property can be
seen as a cocartesianity condition.

Recall indeed that, if 2: E — 1 is a cocartesian fibration (or opfibration), there is a factorisation
system on E whose left class consists of z-cocartesian morphisms and whose right class consists
of purely z-vertical morphisms. One can also define a notion of opfibration of multicategories, as
done for example in [Hero4] for generalised multicategories, and more generally of cocartesian
(multi)morphisms therein, so that a multicategory is representably monoidal if and only if its
morphism to the terminal operad is an opfibration. In general, an opfibration of multicagories
can be thought of as a morphism whose fibres are monoidal categories: since the selection of a
colour comes from the operad generated by 1, which only has unary morphisms, the vertical
arrows are always unary one, while the cocartesian arrows are those exhibiting tensor products.

Thus one would like to define a notion of cartesian operations and fibrations for Segal objects
over algebraic patterns, and in addition construct the free fibration generated by an arbitrary
morphism. But to do this requires a notion of direction for the operations of Segal objects: in
categories, there are two directions for cartesianity, from the source or from the target (giving
rise to cartesian and cocartesian morphisms), while for operads the notion of (co)cartesian
morphisms which has so far been explored looks from the target (as in|definition 1.1.1.2.3)), but
we expect that any choice of input to separate would give a notion of cartesianity. Not all choices
of direction are as good as others: for operads, the choice of the output to keep apart leads to
functoriality for composition, while the other choices do not (due to the absence of a duality
operation as for categories). As a consequence, one may need to restrict the study to “good”
orientations; this seems likely to be impossible to find for modular operads.

In this work, we have elected to eschew the problem by replacing a perhaps more canonical
definition of directability by a more practical one. The presence of a notion of direction for
operations means that we can think of any composite of them as having an order of progression.
This is what is captured by the objects of the simplex category A, chains of morphisms going from
a beginning to an end. Hence we will base our notion of direction on this category, declaring
an algebraic pattern to be well-directed if it can be written as the output of a certain construction
involving A. The appropriate construction to consider turns out to be a variant of the plus
construction suggested by Baez-Dolan and studied by, among others, [Bar18|] and [[Ber21].

In[subsection 2.1.2.1, we define this plus construction for appropriately complete algebraic
patterns. Then, in[subsection 2.1.2.2] we will use it to construct the “representably monoidal”
envelope of a Segal object. While the construction makes sense for general well-directed patterns,

we are only able to exhibit its good monoidal properties by restricting to the pattern 0°P for
operads.
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2.1.2.1  The plus construction

Definition 2.1.2.1.1 (Semi-inert morphism). Anarrow f: O — O’ of © is semi-inert if it is weakly
left-orthogonal to the class of active morphisms, that is: for any active morphism P ~> P’ and any
commutative square

O——P

7 (27)

-

O/ P/I
there exists a dashed lift to a commutative diagram.

We record a pair of examples which are known from their explicit descriptions to be of
independent interest.

Proposition 2.1.2.1.2. Tn TP, seen as the caregory of finite pointed sets, semi-inert morphisms are exactly the
semi-inert maps in the sense of [Lur17).

Proof. We need to show that the semi-inert maps in I'P ~ FinSct, are weakly left-orthogonal to
the active maps.

Let f: (m) — (n) be a map of finite pointed sets, whose weak left-orthogonality to active maps
we wish to test. Assume that there is some i € (n) \ {0} such that the cardinality of =1 ({i)) is
strictly greater than 1, and pick two distinct elements a,b € f~1({i}). Consider the unique active
map (2) — (1) as well as maps (m) — (2) mapping a to 1 and b to 2, and (n) — (1) sending i to
1, fitting in the commuting square

fl /,?"/ éy (2.8)

It is impossible to have any dashed filler (n) — (2) rendering the upper triangle commuting.
Hence f is not weakly left-orthogonal to all active maps. O

Proposition 2.1.2.1.3. Tn AP, the semi-inert morphisms are those corresponding to the cellular morphisms of A
as defined inldefinition 1.1.3.2.2|

Proof. We need to show that the cellular maps in A are weakly right-orthogonal to the boundary
preserving maps.

Let f: [m] — [n] whose weak right orthogonality to all boundary-preserving morphisms we
wish to check. Suppose that there is some i € [m] such that f(i+ 1) > f(i) + 1. Consider [0] — [1]
selecting 0 (which is an active morphism) as well as the maps [0] — [m] selecting 1 and [1] — [n]
mapping 0 < 1 to f(i) < f(i) 4 1, all forming a nicely commuting solid square

0] % [m]
mi P 7 lf (2.9)
n = .

_—
{f(1),f(1)+1}

Any dashed filler [1] — [m] must, so that the upper-left triangle commute, send 0 € [1] to i € [m],
which means that the image of 1 will be either i or greater than i. In either case, its further image
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by f will be (respectively) either strictly smaller or strictly bigger than the only value f(i) + 1
which would make the lower-right triangle commute, so the filler cannot exist and f is not weakly
right-orthogonal to boundary-preserving maps. O

Definition 2.1.2.1.4. An algebraic pattern © is of operator type if its active sub-(oco, 1)-category
Ot admits pullbacks.

Example 2.1.2.1.5. By [Ber21, Lemma 1.16], algebraic patterns coming from moment categories (as
defined in [[Ber21]]) are of operator type. This is the case of TP and A°P.

Remark 2.1.2.1.6. For the plus construction, it is likely sufficient to work with a weaker condition,
such as requiring only the existence of a choice of fibres rather than requiring them to be fibre
products, as is done in the operadic categories of [BM21]].

The following construction is a variant of one due to [[Bar18]] in the setting of operator cat-
egories, inspired by the plus construction or “slice operads” of [BDg8§|], and which was also
studied in [Ber21]] in the setting of hypermoment categories and [BM21]] for operadic categories,
and used in [[CHH18]|.

Construction 2.1.2.1.7. Let O be an algebraic pattern of operator type. Consider the restriction
X (00,1)—at,0tla to A C (00,1)—Cat of the (0o, 1)-functor represented by ©** and let Afore — A
be its Grothendieck construction. Thus an

object of Ap®re consists of a pair ([n],0,) where [n] € A and O,: [n] — ©* is a linear diagram
in O, that is a sequence Op ~» O1 > - -+ v Oy, of active morphisms in ©, while a

morphism ([n],0,) — ([n'],0,) consists of a pair (¢, fs) where ¢: [n] — [n'] is a map in A and
fo: O = Olcb (o) = 0, o ¢ is a natural transformation of [n]-shaped diagrams in ©*°t.

We define A to be the wide and locally full (.., recall from the conventions, containing all
objects and all higher morphisms between a selection of T-morphisms) sub-(co, 1)-category of
Age on those morphisms (¢, fe) such that

o fq is component-wise semi-inert (in addition to active), that is each f;: O; ~» Oib () (for
i € [n]) is semi-inert, and

o f, is a cartesian natural transformation, that is for any morphism i < j in [n] the naturality
square

Oi<]é io{b[m) (2.10)

is cartesian (in O*", where such pullbacks exist thanks to the operator type hypothesis on

0).

Remark2.1.2.1.8. Given fixed ¢: [m] — [n]in Aand ([n],P,) over [n], morphisms (¢, fe): ([ml,06) —
(In],Pe) in A lifting ¢ are essentially determined by their underlying arrow fin: Om — Py (im)-
Indeed, for each i € [m] the object O; and arrow f; are required by the pullback condition

infequation (2.10)|to be the base-change of O, and i, along i < m.
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Definition 2.1.2.1.9. Let O be any algebraic pattern. The (oo, 1)-category Ay is called the (oo, 1)-
category of O-forests.

Let |-|: © — T°P% be a structure of enrichable pattern on ©. The full sub-(oo, 1)-category AZD
of Ap on the ([n],0,) such that Oy, € Ol s called the (oo, 1 )-category of O-trees.

Example 2.1.2.1.10. For the terminal algebraic pattern *, the (oo, 1)-categories of *-forests and of
*-trees both recover the simplex category A.

Example 2.1.2.1.11. For T°P’, we obtain a category of forests, 7.e. disjoint unions of trees, with
level structures, whose tree-like subcategory is identified in [[Ber21] with a full subcategory of 0.
Indeed, recalling that the active subcategory of I'°P is equivalent to the category of finite sets, the
object Oy, is to be thought of as the set of roots of the forest, and each Oj is the set of leaves at
level n —1i. The morphisms in (I'P)3t give partitions of the leaves at levels { corresponding to
the node (recognised by its unique output leaf at level £+ 1) to which they lead.

Example 2.1.2.1.12. For A°P°, we similarly obtain a category of planar trees (or rather, forests
thereof) with level structures.

Lemma 2.1.2.1.13. The co-functor & ¢: Ap C A(pore — A s a cartesian fibration.

Proof. We first observe as in[[CHH18]| that, due to the pullback condition in
a morphism (¢,fe): ([ml,04) — ([n],Pe) in Ap is & p-cartesian if and only if f, is a natural

equivalence.
Let ¢: [m] — [n] be a morphism in A, and let ([n],04) be a lift of [n] in Ap. We define a
cartesian lift of ([n],O,) along ¢ to be ([m], O (o)) With (d,ido,oq)- O

Corollary 2.1.2.1.14. Say that an arrow (,fe) in Ag is inert if & is inert in A and active if & is active in A
and to is an equivalence. Then (Ap°P™, A °P*") defines a factorisation system on Ag°P.

Proof. By [Lur1iy, Proposition 2.1.2.5], since Zp: Ap C Afore — A is a cartesian fibration, the
factorisation system on its base can be lifted as required. O

Definition 2.1.2.1.15. Let © be an algebraic pattern of operator type. Its plus construction Ap°P*
is the (0o, 1)-category Ap°P equipped with the inert-active factorisation of fcorollary 2.1.2.1.14
and as elementary objects those ([nl],0,) with [n] € Acpel (i.c. either [0] or [1]) and O, € O
If O has a structure of enrichable pattern, its tree-like plus construction is the algebraic
pattern induced on AJDOP.
We shall say that an algebraic pattern is well-directed if it can be written as the plus construc-
tion of some algebraic pattern of operator type.

Example 2.1.2.1.16. The main result of [CHH18|] shows that ArupbOPh is Morita-equivalent to Q°P*
in the sense that their (0o, 1)-categories of Segal co-groupoids are equivalent. We will henceforth

conflate operad objects with Segal A Opu—objects.

ropb

Remark 2.1.2.1.17. The Segal condition for a Segal Aqf’ph-object F can be explicitly written as the
following set of conditions:

level decomposition For any ([n],0,), the canonical arrow

F(Inl,06) = F([1,(00 » O1)) _~ x = - X
F(101,(01))  #([0},(On-1))

is an equivalence.
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forest decomposition For any height-0 forest of the form ([0],Oy), the canonical map

[Ool
F([01,(00)) = [ # (10}, (EP°)) (212)
i=1

is an equivalence (where E? = py,10 in the notation of D .
O-Segal condition For any ([1],(Og ~» O1)), the canonical arrow

[O1]
F([1],(00 ~ 01)) = [ [ #(11],00,; — EP") (2.13)

i=1
is an equivalence, where Oy ; is the fibre product Og x, E?‘ .

Lemma 2.1.2.1.18 ([|[CHH18| Lemma 2.11]). Forests and trees have the same Segal objects: if © bas an
enrichable structure, then the (00, 1)-funcror Seg AP (co—Grpd) — SEgA] ops (00—Grpd) of restriction along
o)

the indlusion AZO — A is an equivalence of (00, 1)-categories.

Proof. For ([n],0,) be an O-forest, and denote the decomposition of |0 | into its fibres. We then
write any forest as a union of trees, and use the forest decomposition condition of|remark 2.1.2.1.17|
O

Construction 2.1.2.1.19. We define a corolla of an O-forest F € A to be an equivalence class of
inert morphisms F — E where E is elementary.
We can now define a functor |—|°?: Ay — T by counting the numbers of corollas in an O-forest.

Proposition 2.1.2.1.20. The functor |—|: Ap°P — TP gives a structure of enrichable pattern on A@Oph.

Proof. By direct verification; this follows essentially by definition of corollas. O

2.1.2.2 The monad for monoidal envelopes

Let O be an operad. Its monoidal envelope is constructed as a monoidal category &z« (0) which
has as set of objects the free monoid generated by the colours of 0, whose elements are denoted
as C1 ®---®Cp or simply Cy---Cp. If C; ® --- ® Cy, is such a string of colours of O and D is
one colour, a morphism C; ® --- ® Cy, = D is given by a multimorphism Cy,...,C — D in O.
fC1® - ®Chand Dy ® - ® Dy, are two such strings of colours of 0, to defines a morphism
C1®---®Cn— Dy ®---®Dy one needs to further select of partition of the inputs (Cy,...,Cn)
into m (possibly empty) parts.

The above is so far just a description of the underlying category Enu(0) of the envelope
of 0; to define it as a monoidal category, or representably monoidal operad, one must also
define multimorphisms of higher arity in the operadic structure. Let (C} ® - ® C%,.l)ie[ﬂ ]
be n colours of &7¢(0) and let Dy ® --- ® Dy, be a further colour. By the representability
condition, a multimorphism (C] --- Cg,] yooy CF - Cp ) = D1 ®- - @D is given by a morphism
C } ® - ®Ch, — D1®---®Dm, thatis a partition of the entries and a collection of multimorphisms
to each Dj.

In the dendroidal model, one simply defines the object &7« (0)(xn) of all n-ary morphisms
without specifying their sources and targets. To describe this, it becomes useful to reverse
the thinking: taking a family of multimorphisms of 0, we can ask how to interpret it as a
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multimorphism in &7z¢(0). If Cq,---,C; is the union of the domains of the multimorphisms
in the family considered, the decomposition in family provides a partition of p indexed by the
targets; however, from the point of view of &7« (0), this partition is completely artificial as it is
only used to construct a morphism whose target may consist of several colours. Thus it must be
forgotten. Meanwhile, if the family is to be interpreted as a multimorphism of specified arity n
in &nv(0), the set of colours (C;);c(1,, must be endowed with a partition into n parts.

In a formula, we have that

m
Erno0)n)= ] TI0taw): (214)
reN i=1
A partition of rin n

Recall that partitions are the same thing as active morphisms in I'°P. We can then interpret the
coproduct on partitions as a colimit over morphisms in (I°P)a<t,

Viewed in this way, this formula is very reminiscent to the one computing oplax extensions,
with one difference: the colimit is taken only of the trees whose height is that of a corolla, z.c.
compatibly with the projection to A. To that end, the notion of extension needs to be refined to a
“fibrewise” one.

To define the necessary fibrewise extensions, we need to briefly work in the generality of formal
oo-category theory introduced in[section 1.1} that is in the framework of co-cosmoi, modelling
the (00,2)-category of co-categories. Recall from example 1.1.2.1.5|that oplax extensions along
an oo-functor can be expressed as colimits weighted by the conjoint of this co-functor. We will
define fibrewise extensions similarly, replacing this conjoint by a relative version.

Construction 2.1.2.2.1 (Relative comma oco-category). In an co-cosmos £, consider a cocorre-
spondence in the sliced co-cosmos R /p:

LT

We let £ | 15 ¢ denote the comma object in R /5, and call it the relative comma co-category
over B.

Lemma 2.1.2.2.2. The canonical projection £ | 3y g — F x & is a discrete two-sided fibration in R.
Proof. As in [RV21, Proposition 7.4.6]. O

Remark 2.1.2.2.3. By [RV21} Proposition 1.2.22, (iv)—(vi)], the relative comma co-category can be
constructed as

Flpg~(Fxp®) x (Bxuk?) (2.16)

(ExpE)
(where the map 1 — B? is the diagonal). That is, informally, an object of £ | 33 ¢ consists of
a triple (F, G, x) where F and G are objects of F and & respectively and «: £(F) — ¢(G) is an
arrow in £, such that all data live above the same object of 13 (ze. there is an object B € 1 and

isomorphisms zF =B, 4G =B, and a0 = idp).



50 CHAPTER 2. Brane actions for partly unital coloured oco-operads

Definition 2.1.2.2.4 (Fibrewise (op)lax extensions). Let £ 2, B and F L B be two oo-categories
defined over a base B, and let % : £ — F be an co-functor defined over B. Let &: £ — & be an
(00, 1)-functor, so that we have the solid diagram

F (217)

A fibrewise lax extension of & along % (relative to 1) is a limit
L . { /B .
eXg D =K D F—=G (2.18)

of 9 weighted by the oco-profunctor % [P: E — F associated with the comma co-category
idg i’/B .
A fibrewise oplax extension of & along # (relative to 1) is a colimit

Opexg 3D =K )3 xD: F = & (2.19)

of & weighted by the co-profunctor %#7,,: F — E corresponding to the relative comma oo-
category K |y idf.

Remark 2.1.2.2.5. We have the explicit formulae, deduced from [corollary 1.1.2.1.7, computing
fibrewise extensions: the fibrewise oplax extension of & along %, evaluated at T, is

Opex%/BQ(F) :%%) FSZ(E), (2.20)
—)
E

€y (F)
and the fibrewise lax extension of & along %, evaluated at F, is

Lexg » 2(F) = @ D(E). (2.21)
F—%(E)
E€kyr)

Definition 2.1.2.2.6 (Envelope). Let #: Ap°P — co—G&rpb be a precosheaf on Ap°P. Its envelope
is the precosheaf
Env(F)=1" Opexi/Aopg (2.22)

where * denotes the (0o, 1)-functor of (fibrewise) restriction along ¢: Ap°P — (Age)()p, right-
adjoint to fibrewise oplax extension.

Remark 2.1.2.2.7. From the formula for fibrewise extensions (|equation (2.20)[), we see that the

value taken by the envelope of ¥ € Seg AP (C) at an O-tree T, is computed by

[Bnl

Ero(F)(Te) = lim []#(B.y) (2.23)
BewTe i=1



2.1. Segal conditions for enriched (generalised) co-operads 51

where (B,,;); denotes the forest decomposition in fibres (as infequation (2.12))).

Example 2.1.2.2.8. If * denotes the terminal AQOPh—Segal oo-groupoid, then its envelope &7¢:(x) is
given by the colimits
Env(x)(Te) = lim * (2.24)

—
Bew T,

(where the last * is the terminal co-groupoid).

Remark 2.1.2.2.9. In the case © = ToP° we may understand the envelope in the following way.
Recall that an active morphism in P can be seen as giving a partition of its source indexed by
its target (possibly with empty parts). Then the colimit creates several copies of F (*n,), each
equipped with a new partition specifying how to distribute its inputs.

Lemma 2.1.2.2.10. Forany Segal A@Oph—object F, its envelope Envv (F ) is a Segal A@Oph—object.

Proof. The general form of the Segal conditions would be

Eno(F)(On)= lim F(Bn)= lim lim F(E) (2.25)
Bhn—0n Bhw—0OnBh—E
@ Env(F)(E) = m h_rr>1 F(Bo,1) (2.26)
On—E On—EBo1—E

Their equality is the condition of distributivity of limits over colimits as made explicit in [[CH21)
Definition 7.12], and using [[CH21| Corollary 7.17] which shows that co—G&rpb is admissible (or
even any (oo, 1)-topos since © is enrichable).

We can use the explicit form of the Segal conditions given in|remark 2.1.2.1.17} which can be
checked explicitly. O

For the cocartesian properties of the envelope, we now need to specialise to the case © = rop’.
Indeed, following [[Hero4, Theorem 2.4], we will characterise cocartesian fibrations of Segal

P-objects (for P = Ap°P" a well-directed algebraic pattern) in terms of cocartesian fibrations
of the underlying Py ,-objects of their envelopes. This presupposes having already a good
understanding of cocartesian fibrations of Py, /-objects, which is only the case when Py, is A°PF,
in particular when P = QoPf (and Po ={n}).

Definition 2.1.2.2.11 (Cocartesian fibration). A morphism & — 9 of Segal A5 Oph-oo—groupoicls
is a cocartesian fibration of Segal objects if Enu(%) — Enu(%) is a cocartesian fibration (of (oo, 1)-
categories), where Enu(%) denotes the underlying (oo, 1)-category of the co-operad &7« (F).

A Segal object # is representably monoidal if the unique morphism % — * is a cocartesian
fibration of Segal objects.

Proposition 2.1.2.2.12. Forany Segal object F, Env(F ) is a representably monoidal.

Proof. Let ¢: (n) — (m) be a morphism in Enu(x), given by a partition of n in m subsets

Ny, - ,Nym, and let C € Enu(&re(F)) lying over (n), which we write in terms of colours of
F as
(Cr1-Cryig) - (Cryr - Criy) (2.27)
We set
G1C=(Cr1- Coy iy, ) (Copy 1,1 Con i) (2.28)

which lies over (m).
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Amorphism C — ¢Cin Env(&7u(F))is givenby amoprhism Cq 1+ Cn | in, = C1i10 Coy i,
in Enu(%) along with a partition of )" ; in, into n parts. We define the lift C — ¢,C of ¢ to
be given by the identity arrow of Cq 7 ---C along with the partition exhibited infequaj
O

tion (2.27)| This lift is cocartesian.

Thus the construction F +— &znv(F) defines an (00, 1)-functor &7z : co—Oprd — Mon(oo,1)—Cat.

MmyInm

Remark 2.1.2.2.13 (Monoidal structure on monoidal co-categories). Using the idea from the
proof of [proposition 2.1.2.2.12) we can construct a product on the colours of a representably
monoidal co-operad %. First note that (regardless of monoidality) the colours of &7zu(F) in
the image of the unit map % — &7nu (%) are exactly those whose image under the morphism
Env(F) — Env(x)is 1.

Consider an n-uple of colours of &, given by n morphisms Cy,---,Cn: &n — &. Those
define a morphism (Cq,---,Cn): &n — &7u(F), whose image lies over the colour n of &7z¢:(x).
Now since & is representably monoidal, the morphism n — 1 in &7¢ () has a cocartesian lift
from (Cyq,---,Cy), whose target is then a colour C1 ®---® Cy, of #. Clearly, the same construction
can be applied to obtain a product of morphisms as well, with appropriate functoriality.

Theorem 2.1.2.2.14. The (00, 1)-functor Env is left-adjoint to the inclusion Mon(oo,1)—Cat — co—Oprhd.

Proof. By the construction of the envelope, we have a unit morphism ng : & — &7¢ (%) for any
oo-operad . We need to construct a counit ey : 7¢:(7) — 7 for any representably monoidal
oo-operad 7°, which is a morphism of monoidal co-categories.

This morphism is provided by the construction of fremark 2.1.2.2.13} since 7" is representably
monoidal, it admits a monoidal product, and its envelope simply corresponds to adding a second
level a parenthesising to the products.

We will construct e componentwise, as a natural transformation of co-functors Aropbof’ —
co—Grpb. Let T, be a tree. By the formulajequation (2.23)] giving a map &7¢(7)(Ts) — 7(Ts)
is equivalent to giving, for each morphism Be > T,, a map % (Bes) — F(T,). But recall that
Be ~> Te can be interpreted as a To-partition of B,. Following the previous remark, we can use the
product to simply reorganise the parenthesising levels according to the partition, which produces
the desired morphism.

Finally, it is directly checked that € and n satisfy the triangular equalities, so that they do
exhibit an adjunction. O

2.2 Brane actions

2.2.1 Preliminary constructions

2.2.1.1 Correspondences and twisted arrows

Definition 2.2.1.1.1 (Twisted arrows category). Let € be an (oo, 1)-category, and consider the
(00, 1)-functor C°P x € — co—Grpd adjunct to ¢: € — oo—(BrthOP. Its associated discrete
cartesian fibration is called the twisted arrows (oo, 1)-category of €, and denoted Tw(C) —

C x CP.

Construction 2.2.1.1.2 (Twisted arrows quasicategories). Since both the operation of taking
the opposite of a category and that of taking the join of two categories are functorial, the rule
mapping the category [n] to the join [n] x [n]°P defines a functor 9: A — A. Note that there is an
equivalence 9([n]) := [n]x [M]P ~ 2n+1].
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For any simplicial set Co, one may consider the simplicial set (3°P)*C, whose n-simplices are
the 9(n)-simplices of C,. By [[Lur17, Proposition 5.2.1.3], if C, is a quasicategory, the projection
(9°P)*Cq — Co x Co°P induced by the inclusions [n], [n]°P < §([n]) is a right fibration of simplicial
sets, implying that (9°P)* C, is a quasicategory. Writing Co = N(C), as the nerve of an essentially
unique (oo, 1)-category C, the quasicategory (9°P)*C, can be seen by [[Lur17, Proposition 5.2.1.11]
as the nerve of Tw(C).

In particular one obtains from this construction an explicit description of the structure of

Tw(C). The set of n-simplices of N(Tw(C))e is Con41. That is, a O-simplex is an arrow X Ly of

C, a 1-simplex is a sequence X 5v % 2 2 T of three composable arrows, viewed as a morphism
from the composite hgf to g and visualised as the completed square below-left,

LN
(2.29)

-
<
N —— X

— <
—
e .
P
P
P
P

—
h

and more generally an n-simplex will be seen as a sequence of squares as above-right.

Example 2.2.1.1.3. The twisted arrows category of the category mn, for n € N, can be seen as
the partially ordered set whose objects are pairs (i,j) € n x n with 1 < j, and order given by
(4,j) < (") if i<i and ' <.

For the rest of the section, we let € be an (o0, 1)-category admitting pullbacks.

Construction 2.2.1.1.4. Consider the (co,1)-functor S¢¢: A°? — (00,1)—Cat defined as the
composite of (the opposite of) the inclusion A — (o0,1)—Cat,[n] — n+ 1 and the exponential
(l:(’), and let f§¢¢ — A be the associated cartesian fibration.

For any n € N, let Tw(n)® denote the full subcategory of Tw(n) on those pairs (i,j) such
that j —1i < 1. We let [ Span(C) be the full sub-(oo, 1)-category of [ Sg¢ on those (oo, 1)-functors
Tw(n) — ¢ which are the lax extension of their restriction to Tw(n)¢'.

Proposition 2.2.1.1.5 ([Hau18, Corollary 5.12 and Proposition 5.14]). The projection [ Span(C) — A
is a cartesian fibration, and the associated (00, 1)-funcror Span(C): AP — (oo,1)—Cat is an internal category,

that is a Segal A°P d -object (and so a double co-category).

Construction 2.2.1.1.6 (Horizontal (c0,2)-category of a double co-category, [[Ste20, Remark 3.1.8]).
For X a double co-category, its horizontal (c0,2)-category Hor(X) — X is defined as universal
among the double co-categories £: AP — (o0,1)—Cat equipped with a double co-functor § — X,
and such that the (oo, 1)-category of objects H([0]) is an co-groupoid. An explicit construction is
given in [|Ste20| Notation 3.1.6].

Definition 2.2.1.1.7 (Correspondences). The (oc0,2)-category of correspondences or spans in
an (0o, 1)-category € with pullbacks is the horizontal category Span(C) of the Segal A°P-object
Span(C).

In our definition of horizontal (o0, 2)-categories, we have used the term “(o0,2)-category”
loosely: they are only double co-categories with appropriate discreteness condition in the vertical
direction, what one might call Segal pre-2-categories. In order to properly view Span(C) as an
oo-bicategory, it is necessary to ensure that it is local with respect to essentially surjective and
fully faithful (co,2)-functors, that is that it is complete. Recall that a Segal A"ph—oo—groupoid X
is said to be univalent complete, or Rezk-complete, if it is local with respect to the morphism
2[—~1] — %, where we recall that 2[— ] is the walking equivalence.
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Proposition 2.2.1.1.8 ([Ste20| Corollary 3.1.12]). The underlying Segal AP -co-groupoid of the Segal
AOPu-objecz‘ Span(C) is complete.

Remark2.2.1.1.9. Another construction of Span(co—&rph) as a Segal AP -object is given in [[Kos21),
Remark 2.18].

Remark 2.2.1.1.10 (Limits and colimits in correspondences). As the (o0o0,2)-category Span(C) is
self-dual, its limits and colimits coincide. In fact, many colimits in Span(C) come from colimits
inC.

By [SHz11, Theorem 6.3], in the 1-categorical case, colimits in € are preserved by the 2-functor
¢ — Span(C) exactly when they are Van Kampen colimits (z.e. preserved by the (oo, 2)-functor
C/(—y: CP — 2—Cat). We would expect the same result to hold in the (oo, 1)-categorical setting.

By [[Lurog| Theorem 6.1.3.9], locality of all morphisms in an (oo, 1)-topos translates into saying
that the universality of colimits is the Van Kampen property. So when C is an (oo, 1)-topos, all
colimits of € give rise to colimits (and thus also limits) inSpan(C).

Proposition 2.2.1.1.11 ([[Hau18, Proposition 12.1]). The (00,2)-category of correspondences in C admits
a canonical symmetric monoidal structure, given on objects by the cartesian product of C.

Tdea of proof- The construction of spans can be iterated to produce an (oo, 3)-category, still with the
same objects as € but with hom (o0, 2)-categories between objects (C,C’) given by Span(C) /¢« c/-
In particular, Span(C) is recover as the (00, 2)-category of endomorphisms of the terminal object
*, which endows it canonically with a monoidal structure. The fact that this construction can be
iterated to a sequence of (co,n)-categories for all n is what makes Span(C) an infinite loop space,
and thus extends the monoidal structure to a symmetric one. O

Proposition 2.2.1.1.12 ([Hau18| Corollary 12.5]). <Al objects of Span(C) are dualisable for the monoidal
structure Span(C)*.

Proof. Using the iterated construction in the previous proof, this corresponds to showing that the
morphisms in the higher span co-categories have adjoints, which can be checked in the homotopy
n-categories. O

Lemma 2.2.1.1.13 ([[Lur17, Example 5.2.2.23]). Let V% be a symmetric monoidal (0o, 1)-category. Then
Tw(V) admits a structure of symmetric monoidal (0o, 1)-category Tw(V)®.

Proposition 2.2.1.1.14 ([MR18, Corollary 2.1.3]). Let V% be a symmetric monoidal (0o, 1)-category and
let & be a category. There is a natural equivalence between the co-groupoid of symmetric monoidal (00, 1)-functors
V® — 11 Span(C) ™ and that of symmetric monoidal (00, 1)-functors F : Tw(V)® — C* such that, for every

f . .
sequence V.— W ENy4 of composable arrows of U, there is an equivalence

F(gof)=F(g) x F(f). (2.30)

F (idw)

Remark 2.2.1.1.15 (Lax morphisms). General symmetric monoidal co-functors Tw(V)® — €*
which do not necessarily satisfy the condition of fequation (2.30)| correspond to symmetric
monoidal /zx (00,2)-functors V¥ — Span(C)*.

2.2.1.2 Extensions

Definition 2.2.1.2.1 (Atomic morphism). An arrow is atomic it is not an identity and admits no
non-trivial factorisation.
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We will be interested in the atomic morphisms among those which are simultaneously semi-
inert but not inert and active.

Example 2.2.1.2.2. InT, the atomic non-inert semi-inert active morphisms are the monomorphisms
(n) — (n+ 1) missing a single element.
Example 2.2.1.2.3. In A, the atomic non-inert semi-inert active morphisms are the monomorphisms
[n] — [n+ 1] skipping a single element.

Remark 2.2.1.2.4. More generally, in an operator category as in [Bar18]|, the interval inclusions are
explicitly defined as the composites of finite sequences of fibre inclusions (as in [Bar18} Definition

2.1]).
Although we will only apply it to operads, the definition of extensions can be given in the
context of a well-directed algebraic pattern AP

Construction 2.2.1.2.5. Let # be a A@Oph-Segal oo-groupoid, and let B = ([n],0,) € Ap°P be
an O-forest. The expression % (B) ~ li_n}BHT F (T) induces (from idg: B — B) a canonical
arrow yp: # (B) = ¢.% (B). Informally, it consists of viewing o € % (B) as endowed with the
tautological partition of its inputs.

By its construction in [Ngu18, Proposition 3.4.5], the Grothendieck construction is compat-
ible with pullback, so there is an (oo, 1)-functor [¢*4\F — [£1%. Its composition with (the
Grothendieck construction of the unit & — ¢*¢,%) is an (oo, 1)-functor y giving (on each fibre)
the co-functors yg constructed above.

Definition 2.2.1.2.6 (Extensions). Let # be a A@Oph-Segal oo-groupoid. Let B = ([n],0,) € Ap°?
be an O-forest, let £ € [n], and let 0 € % (B). The (oo, 1)-category of extensions of o at level
€ is the full sub-(co,1)-category Ext(o;S) of yg (o) | vy spanned by the cartesian morphisms
e: yg(0o) = y1(t) whose projection (¢, f) satisfies

e ¢ is an equivalence in A (so that e is actually a morphism in the fibre over [n])

e if i >{, then f; is an equivalence

e if i <{, then f; is an atomic semi-inert non-inert (active) morphism

e if i < {(, the square
Oi _— Pi

| | (231)

Oip1 — Pis
is cartesian.

Remark 2.2.1.2.7. Only the square

Oy —— Py

| | (232)

O¢r1 —= Peta

is not in the image of y.
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Specialising back to the pattern Arupb"ph modelling that Q°PF for operads, we can see that as
in [[Lur1y|] the definition of extensions is only well-behaved for #nital co-operads, where we may
here say that an co-operad & is unital if its morphism F (xo) — % (1) is an equivalence.

In order to talk sensibly of colours, it is necessary to enforce the condition of univalent com-
pleteness (or Rezk completeness) to ensure that the colours of the Segal object correspond to the
actual colours of the co-operad it presents. Recall that a Segal QOPu—object is univalent complete
if its underlying A"ph—object is univalent complete (as defined ahead of Iproposition 2.2.1.1.8[).

For our applications to Gromov-Witten theory, we will be concerned with operads which are
not unital, and only have one colour whose co-groupoid of unary endo-operations is contractible.

Definition 2.2.1.2.8. A pointed co-operad (#,Cy) is hapaxunital? if its distinguished colour
Co € F(n) is such that F (x0) X & (1) {Co} is contractible.

Construction 2.2.1.2.9. If # is hapaxunital with distinguished colour C(, we define extensions
of its forests to be those extensions where the added colour is Cy.

Remark 2.2.1.2.10. Suppose F is hapaxunital and call C its distinguished colour. Contractibility
of F(x0) X&) {Co} furnishes, for every natural integer n, a map % (xn 1) — & (%n). Then, as
in [MR18} Remark 2.1.5], Ext(0) ~ {0} X g (4, ) F (*n+1) X g n) {Col

2.2.2 Constructing the brane action

Theorem 2.2.2.0.1. ¢t O be a hapaxunital co-operad. There is a lax morphism of categorical co-operads
0 — Cocorr(co—Grpd)H, mapping each colour C to the co-groupoid Ext(id ¢ ).

To construct the brane action, our strategy, following that of [MR18]], will be to

e recast the morphism of co-operads 6 — Cocorr(co—Grpd)! as a monoidal co-functor

&nv(0) — Cocorr(co—Grpd) 1,
e which is then equivalent to a monoidal co-functor Tw(&7«(0))® — oo—(BrpbOpH.

e We can then use the formalism of weak cartesian structures of [Lur1y, §2.4.1] to recast it as
an co-functor Enu(Tw(&7¢(0))) — co—Grpd°P,

e which finally is given by a discrete cartesian fibration over Env(Tw(&7¢(0))).

Remark 2.2.2.0.2 (Twisted arrows in a monoidal envelope). Let © be an co-operad. The morphisms
in Enu(0), that is the unary operations in &7z¢(0), and which will be the objects of Tw(&7z(0)),
are forests of corollas in ©. Passing once more to the monoidal envelope, we see that as in the
proof of [proposition 2.1.2.2.12|the objects of Enu(Tw(&7¢(0))) are forests of corollas of ® with
two levels of parenthesising.

Construction 2.2.2.0.3. Let BO be the locally full sub-(co,1)-category of Enu(Tw(%nu(@)))2

with

2From the Greek adverb ana& meaning “once only”
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objects the forests of twisted arrows (reorganised as twisted arrows between concatenations of
forests)

X=(X]o X))o aXte Xl ) — = U=(U e Usmn 1)

0_10_1®_“®0.ml lé

Y=(Y]@--@Y )@ 0@ @Y ) +—— V=(V1® @ Vym 1)

9
(233)
such that the projection of X — U is semi-inert atomic, V — Y is an equivalence, and the
added colour is the distinguished colour.

morphisms from o (f,9) StoT (a,b) € (wheret:S—T,e:A—B,anda: S—Aand b: B —
T)
(r,s)
O —— €
(f9)] Tt (2.34)
c——T
(t,u)

such that the induced square is cartesian.

Proof (of[theorem 2.2.2.0.1)). Step 1 We first observe that the fibre over @); 0; is | [; Ext(oy). This

comes down to comparing the definitions.

Step 2 We must next show that BO — Enu(Tw(&7n«(0))) is a discrete cartesian fibration, that is
that every morphism is cartesian.

Let us consider a generic morphism of B0 as laid out in the diagram

Xy ST
AN S
Y] +—— T}
of U’]l ~ 8 (235)
Yi<— T
S N\

ty

and whose image in Enu(Tw(&7«(0))) can be read in the lower half of the diagram.

Let A = (A1: Uy — Vj) be another forest, and consider an extension A* = (A: Uy —
Uy, A{: Uy — V), atwisted arrow (aq: Uy — X3,b7: Y7 = Vq): A — 0, and a morphism
r=(r1: U] = S$7): AT — 1. We check that there is a unique filling AT — 0.
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™

uy
\AT
— v+
u, XT st
AS J{z Ox‘ \ A
1 1
Vi Y, T (2.36)
A
/ \ o3 quz lz 5
U, by Yq <T Ty

&J) % k
a X3 n S1

1

This is because, due to the conditions defining 10, and the commutativity of the diagram,
a lift UT — XT must be split into a morphism U; — X;, which is fixed to be ay, and a
morphism between the added colours in the extension. But the hypothesis of hapaxunitality
implies that there is only (essentially) one such morphism, so the lift is indeed (essentially)
unique.

Step 3 Finally, we show that is a weak cartesian structure on Tw (&7« (0)). This is clear because,
for a forest B =07 ® - ® 0, we have Ext(B) =] [i*; Ext(oy).
O

Corollary 2.2.2.0.4. Let X be an co-groupoid and let O be a hapaxunital co-operad. There is a lax morphism
of categorical oo-gperads © — Span(co—G&rpd) ™ sending each colonr O ro co—Grpd(Ext(idg ), X).

Proof. The (00, 1)-functor co—Grpd(—,X): co—Grpd°® — co—Grpd preserves limits, so it defines a
morphism of categorical co-operads Cospan(co—Grpd)! — Span(co—Grpd) ¥. The desired action
6 — Span(co—Grpd)* is obtained by composing the brane action 0 — Cospan(co—&rpd)! with
this morphism. O

2.2.2.1 Graded brane actions

In our application to Gromov-Witten theory, the operad in play will carry the further structure
of a grading of its components by a certain monoid. Hence, the brane action we will need to use
is not the plain one of theorem 2.2.2.0.1} but one incorporating this grading.

Construction 2.2.2.1.1. Let B be a monoid with indecomposable zero. We let P be the category
whose

objects are those of I'P,

morphisms from (m) to (n) are pairs (f,3) of an arrow f: (m) — (n) in P and a function
B:(n)°—B,



2.3. Descent for brane actions 59

composition of (f,3): (m) — (n) and (g,v): (n) — (p)is (gof,yoB) where yop: (p)° — Bis
given by

(voB)(i) =

. .
{vm g () =0 (2.39)

v(i)+ Zjeg*1 (1) B(j) otherwise.

Lemma 2.2.2.1.2 ([MR18, Proposition 2.3.2]). The functor Tg°P — TP is a weak Segal fibration for the
pattern TopP,

Corollary 2.2.2.1.3. There is an induced algebraic pattern structure on F%p. O

Remark 2.2.2.1.4. We can describe Aropbof’ as in |example 2.1.2.1.11f its objects are trees equipped
B

with a grading of every vertex.

We define B-graded co-operads to be the Segal Aropb"ph-objects.
B

Remark 2.2.2.1.5 (Extensions in graded co-operads). The semi-inert morphisms in TP’ are those
semi-inerts of degree 0.

Proposition 2.2.2.1.6. Let O be a B-graded co-operad. There is a lax morphism of B-graded (00, 2)-operads
0 — Cospan(co—Grpd)™! x B.

Proof. Using the same construction as for [theorem 2.2.2.0.1} O

2.3 Descent for brane actions

We are mainly interested in applying the formalism of brane actions to an operad coming from
algebraic geometry. This is therefore not a standard operad, in co-groupoids, but one internal to
the (oo, 1)-category of derived stacks, which is an (oo, 1)-topos. We shall thus have the need for a
brane action for co-operads in general (oo, 1)-topoi rather than just the terminal one co—Grpb.

2.3.1 Operads in co-topoi
2.3.1.1  Some higher topos theory

In this section, it will be crucial to keep track of the relative sizes of categories in order to make
meaningful statements. We thus fix a universe U with regard to which all the (oo, 1)-categories
we consider are assumed to be locally small, and we will let k denote a (varying as needed) small
regular cardinal, that is one in U.

Definition 2.3.1.1.1 ([[Lurog, Proposition 5.3.3.3]). An (oo, 1)-category C is said to be k-filtered
if the (oo, 1)-functor h_n}l ¢’ co—Grpd® — co—Grpd preserves k-small limits (that is if C-indexed
colimits commute with k-small limits).

Remark 2.3.1.1.2. A (co)-limit indexed by a filtered (oo, 1)-category is usually called a filtered
(co)limit. By [[Lurog, Proposition 5.3.1.18], for any filtered (oo, 1)-category there is a filtered poset
and a cofinal (oo, 1)-functor.

Definition 2.3.1.1.3 (Flat presheaf). Let € be an (oo, 1)-category. A presheaf F: C°P — co—Gbrpbd
is k-flat if its (0o, 1)-category of elements [ F is k-filtered.
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Example 2.3.1.1.4 ([[Lurog, Remark 5.3.2.11, Proposition 5.3.2.9]). If € admits all k-small colimits,
then # is k-flat if and only if it preserves all k-small limits (that is sends k-small colimits in C to
limits in co—G&rpb).

Definition 2.3.1.1.5 (Compact object). An object C of an (o0, 1)-category € with k-filtered colimits
is k-compact if it commutes with k-filtered colimits (meaning that the covariant hom-functor

.
x&C preserves k-filtered colimits).

Example 2.3.1.1.6 ([[Lurog|, Proposition 5.3.4.17]). If € is small, the k-compact objets of the
presheaf (0o, 1)-category co—Grpd®" are exactly the retracts of k-small colimits of representable
presheaves.

Definition 2.3.1.1.7 (Accessible and presentable (oo, 1)-categories). Alocally small (oo, 1)-category
is k-accessible if it admits all k-filtered colimits and is generated under k-filtered colimits by a
small class of k-compact objects.

An (00, 1)-category is accessible if it is k-accessible for some regular cardinal «.

A locally presentable (0o, 1)-category is an accessible (oo, 1)-category which is cocomplete.

We let (00,1)—CatP™ C (00,1)—Cat denote the locally full sub- (oo, 1)-category of (co,1)—Cat
whose objects are the locally presentable (oo, 1)-categories and whose 1-arrows are the colimit-
preserving (oo, 1)-functors.

Writing Ind (C), for any small (oo, 1)-category C, for the full sub-(oco, 1)-category of the free
cocompletion co—Grpd®” on the k-filtered colimits of representable presheaves, this means that
an accessible (0o, 1)-category is an (oo, 1)-category of the form Ind, (C) for some small (oo, 1)-
category € (and some regular cardinal k), and a locally presentable (oo, 1)-category is of the
form Ind (C) for a small k-cocomplete (o0, 1)-category C.

Lemma 2.3.1.1.8 ([[Lurog, Corollary 5.3.5.4]). Let € bea small (0o, 1)-category. cAn objectofoo—(Brph@Op
isin Ind (C) if and only if it is a k-flat presheaf.

Tn particular, if € is k-cocomplete so that Ind (&) s locally presentable, a presheafis in Ind  (C) if and only
if it sends K-small colimits in & (the limits in COP ) to limits in co—Grpd.

Indeed, the category of ind-objects can be seen as a limit-preserving filtered cocompletion.
That this is indeed an operation of completion is expressed by its idempotence.

Proposition 2.3.1.1.9 ([[Lurog, Proposition 5.5.2.2]). Ler € be a locally presentable (0o, 1)-category. <A
presheafon & is representable if and only if it is flat (that is if; as an (00, 1)-functor CP — co—G&rpd, it preserves
all small limits).

Proposition 2.3.1.1.10 ([Lurog| Corollary 5.5.2.4]). A locally presentable category is complete.

Presentability is the first exactness condition characterising (oo, 1)-topoi; to get to the full
definition there remains to express the notion of descent.
Lemma 2.3.1.1.11 ([Lurog, Lemma 6.1.1.1]). Forany (0o, 1)-category €, let Arr(C) = C2 code=en, ¢
denote the codomain fibration (which is a cocartesian fibration by \Luro g} Corollary 2.4.7.11 and Lemma 2.4.7.5]).
eAn arrow of Rrr(C), given by a commutative square in C, is co-d ¢ -cartesian if and only if corresponds to a
cartesian square in C.

Tn particular, if C admits all pullbacks, cod ¢ is in fact a bicartesian fibration, whose underlying cartesian
Sibration classifies the (00, 1)-functor % : C°P — (00,1)—Cat,C— C .

Corollary 2.3.1.1.12. The (restriction of cod ¢ to the) wide and locally full sub-(co,1)-category of Arr(C)
whose arrows are the squares of € which are cartesian is a discrete cartesian fibration, dassifying the (0o, 1)-functor
W%: C%P — (00,1)—Cat,C 1pC /.
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Remark 2.3.1.1.13. For every map f: C — D in €, a cod ¢-cocartesian lift €, — C/p is given

by the (oo, 1)-functor £ mapping B % C to B 199, D. In the presence of pullbacks in €, the
(cartesian) right adjoint to Z¢ is the (oo, 1)-functor % (f) = f* mapping D’ — D to f*D’ = C xp
D’ — D.

Definition 2.3.1.1.14 (Universality of colimits). Let C be a locally presentable (oo, 1)-category.
One says that colimits are universal in C if the (oo, T)-functors f* preserves small colimits.

Remark 2.3.1.1.15. By the adjoint functor theorem for locally presentable (oo, 1)-categories of [[Lurog),
Corollary 5.5.2.9], the colimit preservation condition in|definition 2.3.1.1.14|is equivalent to the
existence of right adjoints I¢: € ,p — € ¢ to the (oo, 1)-functors f*: €, — €. Furthermore,
the existence of these dependent product (oo, 1)-functors can be seen to be equivalent to local
cartesian closedness of C.

Indeed, when f =!p: D — x is the unique morphism to the final object (so that f*: €/, ~
€ — € p is given by product with D), a direct comparison of the universal properties shows

that, for any D’ <5 D and any E € C,

C(E, T, D) =C,p(ExD,D') =C(E x D,D") x¢(exp,n) {'E X D}
:Q(E»(D/)D) X¢(E,DD) * (2.38)
=C(E ((D)P) xpo *),

meaning that IT¢ can be constructed from exponentials and pullbacks, and computes the object
of sections of f. Conversely, for any object D’ € €, one recovers the internal hom (D’)P as the
space of sections of the constant bundle (!p)*D’.

In the general case, one may use the equivalence (€ ,¢) /g ~ € /c/ (where g: C' — C) to again
obtain the dependent product from internal homs in the slice (oo, 1)-categories.

Proposition 2.3.1.1.16 ([[Lurog, Proposition 6.1.1.4]). c4n (00, 1)-category admitting finite limits is
locally presentable with universal colimits if and only if the (00, 1)-functor U factors through (00,1)—CatP™ —
(00,1)—Cat.

Warning 2.3.1.1.17. Although our notation does not reflect it, the self-indexing co-functors % and
to% only land in the (very large) (oo, 1)-categories of large (00, 1)-categories and co-groupoids.
Hence there is no hope of their being representable.

Definition 2.3.1.1.18 (Relatively compact morphism). A morphism f: X — Y is relatively «-
compact if for any morphism U — Y from a k-compact object U, the base-change f*U is also
K-compact.

Proposition 2.3.1.1.19 ([[Lurog, Lemma 6.1.3.7, Proposition 6.1.6.7]). Lez £ be a locally presentabie
(00, 1)-category with universal colimits. Let S be a class of morphisms stable under pullback, and write US for
the (full on arrows) sub-(00,1)-functor of U assigning to any € € E the full sub-(c0,1)-category E’?E CE/gon
arrows belonging to S. Then US preserves limits if and only if LOCZZS does (i.e. is a flat presheaf), and for this
1t is necessary and sufficient that the class S be stable under amalgamated sums in Arv(C) and that pushouts of
cartesian squares between S-morphisms be cartesian (in which case the class S is said to be local).

Therefore (i bylpropo;z’tl’on 2.3.1.1. 9]), %S is representable if and only if the class S satisfies the above equivalent
conditions and, for any object & € E, the (00, 1)-category E’?E is essentially small.

Tn addition, writing (for any regular cardinal k) S « for the intersection of S with the class of relatively k-compact
morphisms, there is a sufficiently large regular cardinal K such that LO%S K is representable.



62 CHAPTER 2. Brane actions for partly unital coloured oco-operads

A representing object for 1o%° is called a classifying object for S-morphisms; by
fary 2.3.1.1.12]it is equivalently given by a terminal object of the (oo, 1)-category Arrs(C), that
is an S-morphism U, — U such that for any other morphism E — B in S there is an essentially
unique morphism B — U inducing a pullback square.

Definition 2.3.1.1.20 ({00, 1)-topos). A Grothendieck-Rezk-Lurie (oo, 1)-topos is a locally pre-
sentable (0o, 1)-category whose colimits are universal and which admits a classifying object for
all relatively k-compact morphisms for sufficiently large regular cardinals k.

In view of the [proposition 2.3.1.1.19} this means that a locally presentable (co,1)-category
with universal colimits is an (oo, 1)-topos exactly when the class of 4// its arrows is local.

Example 2.3.1.1.21. The (00, 1)-category co—Grpd of co-groupoids is an (oo, 1)-topos; its classifying
object for k-compact morphisms is 1oco—Gbrpd, ., where co—Grpb, is the (0o, 1)-category of k-small
oo-groupoids.

More generally, for any small (oo, 1)-category C, the presheaf (oo, 1)-category co—Grpd®™ is
an (oo, 1)-topos, with k-compact morphisms classifier the presheaf 1¢%«: C — 10C /¢ « (where
C ¢, « is the category of relatively k-compact morphisms to C).

2.3.1.2 Sheaves of categorical co-operads

Lemma 2.3.1.2.1. Let T be an (00, 1)-topos and let © be an algebraic pattern. There is an equivalence
Sege(T) =~ (00,1) ~CAT™ (TP, Segy (co—Grpd)), (2.39)

where (00,1) —CAT"™ denotes the locally full sub-(00,2)-category of (00,1) —C AT whose objects are the complete

(00, 1)-categories and whose 1-arrows are the limit-preserving (00, 1)-functors.

Proof. By |proposition 2.3.1.1.9, we may as in [[Lurog, Remark 6.3.5.17] identify T with the (oo, 1)-
category of limit-preserving (co, 1)-functors T°P — co—Grpbd. Thus we have equivalences

Sege(T) =~ Fun®e8blim(© x TP co—Grpd) =~ Fun'™ (TP, Segy (co—Grpd)), (2.40)

where for notational simplicity we have used Fun!™ (A, B) to denote the (0o, 1)-categories (thus far
denoted (c0,1)—CATI™ (A, B)) of limit-preserving co-functors A — 1, adapted to the notation

Fun®e82blim (D x A 13) (where P is the underlying (oo, 1)-category of an algebraic pattern) for the
bifunctors which preserve limits in their second variable and are Segal in the first. O

Definition 2.3.1.2.2 (Categorical co-operad in an co-topos). A categorical co-operad in T is a
limit-preserving (co,2)-functor T°P — Seg((co,1)—Cat).

Remark 2.3.1.2.3. By the (oo, 1)-category of internal groupoids in T is equivalent
to T. A categorical co-operad in T is the same thing as an operad internal to categories in T.

Example 2.3.1.2.4. When the (0o, 1)-topos T is hypercomplete, so can be written as an (oo, 1)-
category HSh.(S) of hypersheaves on an (oo, 1)-site (S, T), we have a further equivalence between
(categorical) co-operads in T and hypersheaves of (categorical) co-operads on (S,T).

Proposition 2.3.1.2.5. Fix K a sufficiently large regular cardinal, and for any object Z € T, let T7Z denote the
Sull sub-(00,1)-category of T ; 7 spanned by the x-compact morphisms. The construction Z > @USD&H(T?Z)H
defines a categorical co-operad Gospan(l”}‘i HinT.
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Proof. By [proposition 2.3.1.1.19} the class of k-compact morphisms admits a classifying object
Tfﬁ, which is so that T(Z, T}:) is equivalent to o T}‘Z. Since both functors (—)°P and Span admit

left-adjoints, they preserve limits, so that we obtain a sheaf of categorical co-operads. O

Remark 2.3.1.2.6. In order to free ourselves from the k-compactness hypothesis, Cospan (T, )1
should in fact be constructed as a locally internal Segal Q-object in T as in [[Joho2| Theorem
B2.2.2].

2.3.2 Gluing the brane actions

Lemma 2.3.2.0.1 (Functoriality of brane actions, [MR18} §2.1.3]). L&t f: O — P be a map of
bapaxunital co-operads. Then f induces an oco-functor BF of discrete cartesian fibrations from mp: DO —
EnuTw(&7ne(0))® tomg: BP — EnuvTw(Erne(P))®.

Proof. Since Enu®(—), Tw(—)® and —? are (covariant) (oo, 1)-functors, we immediately obtain a
map of fibrations from evg s to evg %, and simply need to check that its underlying co-functor
sends the sub-(co, 1)-category O to BA.

But since f is a morphism of co-operads O

Theorem 2.3.2.0.2. Ler O be a unital co-operad in an (00, 1)-topos T. There is a lax morphism of T-sheaves of
categorical co-operads O — Cospan(T /,)H.

Proof. We follow the same arguments as in [MR18, Proposition 2.2.4]. We again are reduced to
constructing a morphism of monoidal (00, 2)-categories in T

Tw!™ (€rs1”(0)) —» T, P (2.41)

which we recast as . o o
Ene™ (Tw!” (8717 (0))) - T, (242)

and finally as a cartesian (oo, 1)-functor between their Grothendieck constructions

JEnu?” (Tw!™ (82017 (0)) ————— [T,_°P

(2.43)
\ ] /

SubConstruction 2.3.2.0.2.1. Any cartesian fibration z: F — 1 admits a dual cocartesian fibra-
tion zV: FY — 1°P classifying the same (o0, 1)-functor B°P — (00,1)—Cat; this fact is studied
rigorously, through two different constructions, in [[Lur19, Proposition 14.4.2.4] and [[BGN18,
Therorem 5.3]. By [[Lur1g, Construction 14.4.2.1], the dual cartesian fibration F¥°? — 13 is deter-
mined by the universal property (or duality relation) that, for ¥ — 1 any (oo, 1)-category over B,
the (0o, 1)-groupoid (oco,1)—Cat /3 (X, FV°P) is a certain full sub-oco-groupoid of (co,1)—Cat(X xy
F,0o—Grpd).

In particular here, the fibration [ T,_°? — T is evidently dual to [ T, — T; hence the datum

of a morphism as infequation (2.43)|is in fact equivalent to an (oo, 1)-functor

Jznuf”p (Tw™™ (&rs1™(0))) x Jr /= co—Grpd, (2.44)
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and so to a discrete cartesian fibration over its source satisfying the conditions (of fibrewise
representabilty) necessary for [subConstruction 2.3.2.0.2.1, which we now endeavour to build.
The composition

0] TP 0] T°P o
Op(T) c OpdT™ B Cart™ &0 (c0,1)—Cat™™ (2.45)

produces an (oo, 1)-functor (evy oB)TOp : Op(T) — Cat(T). For any co-operad O in T, its construc-
tion (evoB) I Ois canonically endowed with a transformation BO — Enu " (TUJTOP (%anOP (0)))
whose transition maps preserve the cartesian arrows. One can then check that [ (ev oB) "0 -

) Enul " (TLUTOP (%ﬂuToP (0))) is again a discrete cartesian fibration.

SubConstruction 2.3.2.0.2.2. For z2: F — 1 a cartesian fibration, the (0o, 1)-functor F2 — F x 3 ?

mapping (& AR P) to the pair (P, 2& ﬂ—f> 72) admits a section (taking (P,g: X — 2{) to the
inverse image g*\ — { of \ along g), which establishes an equivalence with the full sub-(oo, 1)-
category of F2 spanned by the z-cartesian arrows.

We can finally define the required discrete cartesian fibration as the fibre product

B0 — [levon)T™o

| | (2.46)

[Enu™™ (Tw!™ (€017 (0))) ¥IT/, —— [En™” (Tw™ (8217 (0))).

It can then be checked that 17O satisfies the conditions listed above, so defines the requested
lax morphism of categorical co-operads in T. O

Construction 2.3.2.0.3. Let X be an object of T. There is a natural transformation T, _°P = T ,_ of
(00, 1)-functors T — (o0,1)—Cat (not (00,2)-functors, as T/,Op is a functor to the co-dual (o0,2)-
category) whose component at Z € T is the internal hom co-functor Mor, 7 (—,Xx Z): T,7°F —
Tz, which preserves limits. This produces a morphism of categorical co-operads in T

Mor ;_(e,X x —): Cospan(T ;)™ — Span(T,_)*. (2.47)
Corollary 2.3.2.0.4. Lot X be an object of T. There is a lax morphism O — Span(T ,_)*.
Proof. The morphism is the composition

Mor ,_ (@,X X —
0219, Gospan(l“/,)ﬂ M Span(T,_)*. (2.48)

O

Remark 2.3.2.0.5. As in the proof of theorem 2.3.2.0.2} the morphism is given by a discrete
cocartesian fibration B1(0,X) over [Enu!" (TUJTOP (%anOP (0))) x [T ,_. Its fibre over (Z €
T

Ti0,Y = 2)is T,2(Y,Mor 2 (Ext(0),X x Z)).

Construction 2.3.2.0.6. As in [[MR18, §2.4], it is straightforward to see that the arguments giving
the gluing of brane actions and those constructing graded brane actions combine to give brane
actions for graded oco-operads in an (oo, 1)-topos.
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CHAPTER

3

DERIVED MAPPING STACKS AND
THE QUANTUM LEFSCHETZ
PRINCIPLE

In we will initiate the study of quasimap theory, which concerns morphisms from
algebraic curves into a target stack. Modulating them will thus require constructing stacks of
morphisms and being able to control their algebro-geometric properties.

For completeness, we include in this[chapter 3]a review of the basic notions of derived algebraic
geometry. Derived algebraic geometry, standing at the intersection of topology and algebra, can
be described as concerning the study of (oo, 1)-topoi equipped with models of geometric theories,
for example (o0, 1)-topoi with a structure sheaf of local &-rings or of strict henselian local &u-
rings. Given a model of the bigger theory of &-rings, one can take its spectrum to obtain an
appropriately structured (oo, 1)-topos, and through this construction characterise any structured
(00, T)-topos by its functor of points restricted to affine spectra. This allows one to reformulate
the added structure and geometric conditions as only geometric conditions on the functor of
points, the existence of an appropriate covering called an atlas.

This is the point of view, developed in [[TVo8]], that we will use here. After recalling insec}
[tion 3.1]the foundations of higher stacks, the derived commutative algebra needed to define their
geometry, and their link with classical and “virtual” algebraic geometry, we wili@

are

turn more specifically to derived moduli stacks of maps. The only new results in[section 3.1
those infsubsection 3.1.3|concerning a generalisation of the results of [MR18] and [STV15] on
virtual structure sheaves to the relative version, the virtual pullbacks of [Man12a]].

We begin [section 3.2|by generalities about moduli stacks of maps, and the approach to maps
with varying source using a moduli stack of algebraic stacks. Then in[subsection 3.2.2lwe describe
an application to moduli of maps to targets which are described as the zero locus of a section
of a vector bundle. This involves general results about the structure of such zero loci, and

67
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produces a categorification and geometrisation of the quantum Lefschetz principle, heretofore
only established in G-theory.

3.1 Elements of spectral algebraic geometry

3.1.1 Derived stacks and their geometric presentations
3.1.1.1 Sheaves in (oo, 1)-topoi

Lemma 3.1.1.1.1 ([[Lurog, Theorem 6.1.6.8, Proposition 6.1.3.19]). Let E be an (0o, 1)-topos. Then £
satisfies the co-categorical Giraud axioms, that is it is an effective presentable (0o, 1)-category whose colimits are
universal and whose coproducts are disjoint.

Theorem 3.1.1.1.2 ([[Lurog, Proposition 6.1.5.3, Proposition 6.1.3.10]). Lez £ be an (00, 1)-category
satisfying the Giraud axioms. Then there exists a small finitely complete (00, 1)-category & and a left exact accessible
localisation co—Grpd®" — E.

Conversely, if & admits such a presentation, it is an (00, 1)-topos.

Thus, in order to understand (oo, 1)-topoi, one must understand left exact accessible localisa-
tion of presheaf (oo, 1)-categories.

Definition 3.1.1.1.3 (Strong saturation). Let £ be a cocomplete (o0, 1)-category. A class # of
arrows of £ is strongly saturated if it satisfies the two-out-of-three property, is stable under
pushouts, and the full subcategory of Arr(E) = 2 is stable under small colimits.

By [[Lurog, Remark 5.5.4.7], any class of morphisms is contained in a smallest strongly satu-
rated class. A class whose strong saturation is %" is said to generate 7".

Lemma 3.1.1.1.4 ([Lurog} Proposition 5.5.4.2 (3)]). <A localisation is accessible if and only if the class of
morphisms it inverts is strongly saturated and generated by a small set of morphisms.

Definition 3.1.1.1.5 (Connective morphism). Letn € N. A morphism f: X — Y in an (oo, 1)-
topos L is said to be n-connective, recursively, if it is an effective epimorphism and its diagonal
Ag: X — X xy Xis (n—1)-connective (where any morphism is considered (—1)-connective).

A morphism f is co-connective if it is n-connective for every n € N.

Definition 3.1.1.1.6 (Cotopological localisations). A localisation & is cotopological if it only
inverts co-connective morphisms: for any morphism u in £, if Zu is an equivalence then u is
oco-connective.

Definition 3.1.1.1.7 (Topological localisation). A localisation Z is topological if there is a non-oo-
connective arrow f such that &Z(f) is co-connective.

Proposition 3.1.1.1.8 ([[Lurog| Proposition 6.5.2.19]). Let E be an (00, 1)-topos. cAny accessible left exact
< '

localisation & === K/ factorsas & T——, &' T——= £ with & a topological localisation and &' a cotopological
z !

localisation.

We have given a definition of cotopological and topological localisations in terms of the
internal homotopy theory of an (co,1)-topos. These notions can also be given more purely
topos-theoretic characterisations.

Lemma 3.1.1.1.9 ([[Lurog| Proposition 6.5.2.16]). A localisation & : & — E[W ] is cotopological if
and only if it inverts no monomorphisms, that is: for any monomorphism \Lin &, if L\ is an equivalence then L is
an equivalence.
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Proposition 3.1.1.1.10 (Anel-Biedermann-Finster—-Joyal). <A localisation is topological if and only if
the class W of morphisms it inverts is stable under colimits, strongly saturated, and generated by a (small) class of
monomorphisms (that is if it is a topological localisation in the sense of [{uro g} Definition 6.2.1.4]).

Example 3.1.1.1.11 (Sheaves). Let € be a small (o0, 1)-category. A sieve on an object C € Cis a
subobject of &¢(C). One can then define a Grothendieck topology on € as determined by an
assignment of covering sieves, by analogy with the 1-categorical case, which turns out to be
equivalent to giving a Grothendieck topology on the category HoC. An (oo, 1)-site is a small
(00, 1)-category equipped with a Grothendieck topology.

Let (€, 7) be an (00, 1)-site. Define a T-local equivalence in oo—(Brprop to be a monomorphism
of presheaves J — X C with representable target which, as a sieve on C, is covering. A -
sheaf on C is a presheaf which is local with respect to the t-local equivalences. By [Lurog,
Proposition 6.2.2.7], the full sub- (oo, 1)-category Sh(C) — oof(Brph@’p on the t-sheaves, that is

the localisation of co—Grpd®™ at the t-local equivalences, is a topological localisation.

Proposition 3.1.1.1.12 ([Lurog, Proposition 6.2.2.17]). Let € be a small (00, 1)-caregory. The set of
equivalence classes of topological localisations of oo—(Brpb(top is in bijection with that of Grothendieck topologies on

C.
The hypercompletions of sheaf (oo, 1)-topoi can be understood concretely in a similar way.

Construction 3.1.1.1.13 (Hypercoverings). Let (C,T) be an (oo, 1)-site. A t-hypercovering of
C € C is an augmented simplicial object F, in co—Grph®” whose augmentation is & ¢ such that
for every [n] € A the map Fy, — coskn_1(Fe)n is a T-covering. The hypercover is said to be
effective if its codescent object is & c.

An object X € co—Grpd®” isa T-hypersheaf if it is local for the codescent objects of effective
T-hypercovers. The (oo, 1)-topos of hypersheaves is denoted HSh.(C).

Proposition 3.1.1.1.14 ([[TVos, Theorem 3.8.3]). Lot € be a smail (00, 1)-category. There is a bijective
correspondence between Grothendieck topologies on & and hypercomplete left-exact localisations of oo—(Brprop.

3.1.1.2 Geometric stacks and principal bundles

Let T be a hypercomplete (oo, 1)-topos, which can thus be written as T = H5h(C) for some
(00, 1)-site (€, T). We wish to consider the objects of € (or rather the presheaves they represent) as
the basic geometric objects in T, and restrict our study from T to the sheaves which are geometric
enough in that they can be suitably covered by geometric objects. The topology T can be too rigid
a specification for this, so the more flexible notion of geometric context is used.

Definition 3.1.1.2.0 (Geometric context). A geometric context is a class P of morphisms stable
by composition, equivalences and base-change, such that

e any morphism in a covering family is in P,

e being in P is a local property (for any f: X — Y in P, if there exists a covering family
{pi: Ui — X}; of X such that all the composites fp; are in P, then f is in P), and

e for any X, Y, the natural morphisms X,Y = XII" Y are in P.

By the effectivity condition of the Giraud axioms, the effective epimorphisms in an (oo, 1)-
topos are particularly well-behaved, and in fact allow for the parameterisation of torsors under
internal groupoids. Before going further with geometry, we will thus discuss principal bundles in
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an (o0, 1)-topos, following [[NSS15]], which deals mainly with internal groups, that is groupoids
G+ whose object of objects G is terminal, but whose constructions and proofs generalise straight-
forwardly to the case of general groupoids.

Definition 3.1.1.2.1 (Groupoid principal bundle). Let G, be a groupoid object in a cartesian
(00, T1)-category €. An action of G4 on an object P € C is given by an anchor map «: P — Go and
a groupoid object of the form

P*>P><G061 <7PXGOG2 (3.1)
such that the canonical arrows P x g, G; — G define a morphism of internal groupoids to G.

Let now E be an (o0, 1)-topos, and let B € E. A principal G,-bundle over X is an object P € £
equipped with a G,-action and a map P — X exhibiting X as the codescent object of the action
groupoid.

Example 3.1.1.2.2. Any internal groupoid G, defines tautologically a principal bundle over its
codescent object, which will be denoted B G, (vzz the canonical quotient map Go — B Ga).

Example 3.1.1.2.3. Any internal groupoid G, acts on its object G of arrows by translation or
composition. Concretely, the action groupoid is the simplicial décalage of G, together with its
canonical map to G,.

The décalage (oo, 1)-functor is left-adjoint to the forgetful (oo, 1)-functor from split (aug-
mented) simplicial objects to simplicial objects. By [[RV21} Proposition 2.3.11], the colimit of a
split simplicial object is given by its augmentation, so this action defines a principal Go-bundle
over the object G of objects.

Example 3.1.1.2.4. Let X — Gp be an objectin £ g . The trivial Go-bundle on X is the base-change
X X Go G.+1 .

Remark 3.1.1.2.5 ([NSS15, Propositions 3.7, 3.12]). As in the classical definition, every principal
Ge-bundle P — X is indeed principal, as well as locally trivial.

The principality condition means that the morphism P x g, G; — P xx P induced by the two
maps P xg, G1 — P which constitute the first stage of the action groupoid is an equivalence.
This is simply a consequence of the effectiveness of the (oo, 1)-topos E, as the action groupoid
must be equivalent to the higher kernel of its codescent object P — X.

Meanwhile, local triviality means that there exists a Gp-object U — Gy and an effective
epimorphism U — X with an equivalence of principal Ge-bundles between the base-change
U xx P — U and the trivial G,-principal bundle over U. Indeed, one may choose U — G to be
the anchor map P — G, with the effective epimorphism P — X the structure map of the G,-
bundle structure. Then the argument used above to establish the principality property, extended
from the first stage to the full action groupoid, shows that the base-change of P to U is trivial.

Lemma 3.1.1.2.6 ([[NSS15, Proposition 3.8]). Lot X — B Ge be a morphism. Tts fibre Go x5 g, X = X

is endowed with a canonical principal G o-bundle structure.

Proof. The groupoid encoding the action of G, on P := Gy X5 g, X may be defined as the base-
change of the groupoid G, along X — B G,, with as anchor maps the canonical arrows:

Xe—— X x Go —= X x G — ...

BGe BGe
N | 52

BGe Go G]
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By the pasting law for pullbacks, one finds at each stage of this groupoid an equivalence

X X Gpn=X X Gog x GhL =P x Gp, .
BGe B G, OGO " Gy " (3:3)

showing that exhibits a G,-action on P.

Furthermore, by [Lurog, Proposition 6.2.3.15], effective epimorphisms in £ are stable by
pullback. As the arrow Gy - B G, is an effective epimorphism by definition, its pullback P — X
is one as well. O

Proposition 3.1.1.2.7 ([[NSS15| Proposition 3.13]). Lez P — X be a principal G o-bundle. The square

P—— Go

| | (3.4)

X —— BG,
is cartesian.

Corollary 3.1.1.2.8 ([NSS15, Theorem 3.17], [IVo8| Proposition 1.3.5.3]). The quotient map Go —
B G #s the universal G o-bundle, in that pullback induces an equivalence of (00, 1)-categories

Remark 3.1.1.2.9 ([NSS15| Proposition 3.16]). It follows in particular that the (oo, 1)-category of
principal G.-bundles is actually an co-groupoid, that is that any morphism of principal bundles
is invertible.

We may now come back to defining geometric conditions. We work in a hypercomplete
(00, 1)-topos T = HSh(C), whose objects we will also refer to as stacks.

Definition 3.1.1.2.10 (Geometric stack). Let P be a geometric context.
e A stack is (—1)-geometric if it is representable.

o A morphism of stacks X — Y is in (—1)-P if for any representable W and any morphism
W — Y, the pullback W Xy X is representable and the canonical morphism W xy X — X is
in P.

Now assume, for n > —1, that we have defined notions of n-geometric stack and of morphisms
of stacks in n-P. We will also say that a morphism of stacks X — Y is n-representable if for any
representable W and any morphism W — Y, the pullback W xy X is an n-representable stack.

e An internal groupoid is n-P if Gy and G; are n-geometric and the map s: G; — Gp isin
n-P.

e Astackis (n+ 1)-geometric if it carries a universal Go-bundle, that is if it is equivalent to
the classifying stack B G,, for some n-P groupoid G,. In that case, by [TVo8, Proposition
1.3.4.2. (2)], Go can be taken to be a disjoint union of representable stacks.

e A morphism of stacks X — Y is (n 4 1)-P if for any representable W and W — Y, X xy W is
n-geometric and is covered by representables Uy such that Uy, — Xis P.

Hence one may say that the study of n-geometric stacks is the study of equivariant struc-
tures in (n — 1)-geometric stacks, ze. the study of (n+ 1)-fold iterated equivariant structures in
representable stacks.
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Remark 3.1.1.2.11. The involution G1 = G7 making an internal category G, into a groupoid
induces an equivalence between the arrows s and t; this is the reason why it is enough to require
only that s be in n-P to make G, an n-P groupoid, as it will follow that all other face maps are
also in n-Pp.

Proposition 3.1.1.2.12 ([[TV08, Proposition 1.3.4.2]). <4 stack X is n-geometric (forn > 0) if and only if
its diagonal morphism X — X x X is (n — 1)-geometric and there exists an epimorphism U — X where U is a
disjoint union of representables U and each Uy — Xis (n—1)-P.

Such an epimorphism [ [, Uy — is called a n-atlas for X.

Proof. If X =~ B G,, the quotient map Gy — B G, furnishes the desired effective epimorphism.
Conversely, if X has an n-atlas U — X, the effectivity condition dictates that the corresponding

groupoid presentation should be its higher kernel U;)E'H ), O

3.1.2 Derived commutative algebra
3.1.2.1 Stable (00, 1)-categories and their K-theory
Definition 3.1.2.1.1 ((Co)fibres). Let € be an (oo, 1)-category and f: X — Y an arrow of C. If C

has a terminal object %, a cofibre of f is a colimit of the span = &Xx 5 Y, that is a pushout as
below-left.
X — 5y fib(f) ——

|l

|

(3:5)

< — X
-+

Y
If € has an initial object §), a fibre of f is a limit of the cospan () 5 v & X thatisa pullback as
indicated in the cartesian square above-right.

Notation 3.1.2.1.2 ((Co)fibred sequences). Let € be an (o0, 1)-category with a zero object (mean-
ing an object which is both terminal and initial), denoted 0. A triangle in € is a coherent square

whose bottom left corner is 0, as in

Definition 3.1.2.1.3 (Stable (o0, 1)-category). An (oo, 1)-category is stable if it is pointed, every
morphism has a fibre and a cofibre, and a triangle is exact if and only if it is coexact (z.e. every
morphism is the fibre of its cofibre, as well as the cofibre of its fibre).

Lemma 3.1.2.1.4 ([[Lur1y, Proposition 1.1.4.1]). <4n (00, 1)-functor between stable (00, 1)-categories is
exact if and only if it is left exact, if and only if it is right exact.

We denote St the locally full sub-(co,2)-category of (c0,1)—CAT spanned by the stable
(00, 1)-categories and the exact (oo, 1)-functors between them.

Definition 3.1.2.1.5 (Stabilisation). Let € be a finitely complete (oo, 1)-category. A stabilisation of
C is a stable (0o, 1)-category Stab(C) endowed with a left-exact (0o, 1)-functor QF: Stab(C) — €
such that, for any stable (0o, 1)-category R, postcomposition with QF induces an equivalence

St(A,Stab(C)) = Cat (A, C).

In other words, if every finitely complete (0o, 1)-category admits a stabilisation, the assignment

C — Stab(C) should produce a right-(co,2)-adjoint to the inclusion St — Cat"**, with counit
Q.
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Lemma 3.1.2.1.6 ([[Lur1y, Corollary 1.4.2.27], [RV21, Proposition 4.4.4, Proposition 4.4.11, Theo-
rem 4.4.12]). Let € be a pointed (00, 1)-category. The constructions of suspensions and loop space objects induce
an adjunctionZg: € 2 C: Qg.

Furthermore, C is stable if and only if it is finitely cocomplete and L is an equivalence, if and only if it is
finitely complete and Q¢ is an equivalence.

Hence, if € is a pointed finitely complete (oo, 1)-category, the problem of constructing a
stabilisation of € is that of universally inverting the endo-(co, 1)-functor Q.

Proposition 3.1.2.1.7 ([[Lur1y, Proposition 1.4.2.24, Corollary 1.4.2.23]). For every finitely complete
(00, 1)-category C, the pointed finitely complete (00, 1)-category
A s x/ Q¢ ny Q¢ %/
(O _;@(---—m — Y =) (3.6)

is stable, and the canonical projection (00, 1)-functor QF : CR — € exhibits C8 a5 a stabilisation of C.

Notation 3.1.2.1.8 (t-structures and homotopy objects). A t-structure on a stable (oo, 1)-category
A is defined to be a t-structure on the triangulated category Ho A.

Lemma 3.1.2.1.9 ([|Lur1y} Proposition 1.4.3.4]). Let € be a locally presentable (0o, 1)-category. Let @2_1
denote the full sub-(co, 1)-category of CE on the spectrum objects X such that QF (X) is terminal in C. Then

@%7 1 determines an accessible t-structure on T2,
~X

Definition 3.1.2.1.10 (Connectivity). A spectrum object X € € is said to be connective if it lies
in the full sub-(co, 1)-category @go.

Before turning to commutative algebra, we make a small digression about the K-theory of
stable (oo, T)-categories, a decategorification which will allow the link between derived geometry
and virtual phenomena in classical algebraic geometry.

Construction 3.1.2.1.11 (Non-commutative motives). A Verdier localising sequence of stable
(00, 1)-categories is a sequence of adjunctions

z <
AT LT T (3.7)
<~ — "
R 7z

such that the composite £ is a zero object, the transformations idp L R and L7 = idg

are equivalences, and the sequence /% = idy L /% is a (co)fibre sequence in the stable

(00, T)-category St(B, ).
Alocalising invariant with values in a stable (0o, 1)-category T is an (oo, 1)-functor @: 1St —
T which preserves zero objects and takes localisation sequences to (co)fibre sequences in T.

The (o0, 1)-category of noncommutative motives is defined as the universal localising invariant
S0P
% : 115t — NNMot. More precisely, it is constructed as the full sub-(oco, 1)-category of (oo—(Br]Jh@)” ‘

on the localising invariants.
For any stable (oo, 1)-category A, its K-theory spectrum is defined as K(A) = Dmnt(%(oo—djrph@) JUR).
It is shown in [BGT13]] that this recovers other usual definitions of K-theory.

Remark 3.1.2.1.12 (Zeroth K-group). The zeroth homotopy group Ko (A) := p(K(A)) is charac-
terised by a decategorification of the universal property of K(A). Say that a function ¢ from
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Obj(R) to (the underlying set of) an abelian group G is additive if for any fibred sequence
A — B — Cin A one has ¢(B) = ¢(A) + ¢(C). Then the function Obj(A) — Ko (A) sending an
object to its class is additive, and is initial for this property.

Theorem 3.1.2.1.13 (of the heart, [Bar1is, Theorem 6.1]). Loz S be a stable (00, 1)-category endowed with
a bounded t-structure. Then X(S) ~ K(SVY).

3.1.2.2 Derived commutative algebras and infinitesimal calculus

Theorem 3.1.2.2.1 ([[Lur1y, Corollary 4.8.2.19]). The (00, 1)-category co—Grpd of spectra admits a

unigue symmetric monoidal structure which preserves colimits in each variables and has as unit the sphere spectrum

S.

Definition 3.1.2.2.2. An &-ring spectrum is an &.,-algebra in the symmetric monoidal (o0, 1)-
category of spectra.

Construction 3.1.2.2.3 (Modules). There is ([[Luri7, Definition 4.2.1.7]) an operad o¢g o
with two colours a and m, such that the full suboperad on the colour a is equivalent to the
associative co-operad &7 ~ /. Its algebras are identified with pairs of an &/ -algebra and a left
module over it. If the o/-algebra A has in fact a structure of &-algebras, the (oo, 1)-categories
of left and right modules over it coincide (by [[Luriy, Corollary 4.5.1.5]).

Definition 3.1.2.2.4. Let z#: E — € be a locally presentable fibration of (oo, 1)-categories. A
stable envelope of 2 is a fibration «: Stab(E/C) — E such that 2« is a locally presentable
fibration, « carries z2w-cartesian arrows to z-cartesian arrows, and for every C € € the co-functor
Stab(E/C)c — Ec is a stabilisation ZE"C.

A tangent bundle for a locally presentable (oo, 1)-category C is a stable envelope T¢ of the
codomain fibration ¢2 < ¢.

Proposition 3.1.2.2.5 ([Luriy, Theorem 7.3.4.18]). Ler O be a coberent co-operad and let V) be an
O-monoidal (00, 1)-category. Then a tangent bundle To_qq(v) exists and there is a canonical equivalence

To—nug(v) = 6—-Nlg(V) X 6—Mod(V)© of locally presentable fibrations over O—Rlg(V).
0—Rlg(1)®

Construction 3.1.2.2.6 (Cotangent complex). Let € be a locally presentable (co,1)-category.

By [Lur1y, Proposition 7.3.2.6, Remark 7.3.2.15], the (0o, 1)-functor T¢ — €2 2, ¢ admits a
left-adjoint. It is called the absolute cotangent complex (oo, 1)-functor, and denoted C — Lc.

If C — D is a morphism in €, by [Lur17, Remark 7.3.3.2], its relative cotangent complex can
be defined as the cofibre L /¢ = cofib(Lc — Lp).

The cotangent complex is the main tool needed to speak of differential calculus and in par-
ticular of smoothness for &.,-algebras. To interpret correctly the numerical criteria for these
definitions, it will be necessary to restrict to connective algebras.

Notation 3.1.2.2.7. We say that an &-ring spectrum is connective if its underlying spectrum
is. If k is a base connective & -ring spectrum, we will write dbAlgy for the (oo, 1)-category of
connective k-algebras, which we nickname “derived k-algebras”.

Definition 3.1.2.2.8. Let ¢: A — B be a morphism of &,-ring spectra. We say that ¢ is
e finitely presented if &, —Alga (B,—) commutes with filtered colimits,

e formally smooth if L 5,5 has perfect Tor-amplitude <0,
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e formally étale if L 5,5 vanishes,

e smooth (resp. étale) if it is finitely presented and formally smooth (resp. and formally
étale).

Remark 3.1.2.2.9 (Spectral and derived algebra). A morphism ¢: A — B of connective & -ring
spectra is said to be strong if, for all n € N, the canonical map of (classical) 7pB-modules
700 (Tt A @y A T B) — 7t B is an isomorphism.

By [|Gre17| Proposition 2.2.11, Lemma 2.2.10], for any connective & -ring spectrum A, the
free A-algebra on one generator A{x} is flat if and only if A is a Q-algebra, if and only if mpA
is a Q-algebra. Note that if A is a truncated Q-algebra, then the (oo, 1)-categories of (derived)
A-modules and A-algebras admit an explicit presentation: they are obtained as the localisations
of the 1-categories of differential graded (truncated) A-modules and (strictly) commutative
differential graded (truncated) A-algebras along quasi-isomorphisms of such.

Let k be a fixed base connective &,-ring spectrum. We take the Grothendieck topology on
dALg, °P to be generated by the étale (surjective) coverings. This defines a notion of derived
stacks of k.

There are now two geometricity conditions which can be imposed, corresponding to two
geometric contexts. For the context of étale morphisms, the geometric derived stacks are called
Deligne-Mumford derived stacks over k. For the context of smooth morphisms, the geometric
derived stacks are called Artin derived k-stacks. We also talk of algebraic derived k-stacks.

Example 3.1.2.2.10 (Truncated stacks). Let ¢: hl\[gu? — DAlg denote the inclusion of the heart
of the t-structure induced by the one on k-module spectra from Any derived
stack X restricts along ¢ to a stack on h}\[gﬂ? , called the truncation of X and denoted ¢y X. The
(00, 1)-functor Z( admits a left-adjoint (of oplax extension along ¢), the inclusion of truncated
(or “classical”) stacks into derived stacks, which is fully faithful (by [TV08 Lemma 2.2.4.1]) and
will thus always be omitted from notations.

By [[TVo8, Proposition 2.2.4.4], if X is algebraic, then so is ZpX. Furthermore, by [TVo8|
Proposition 2.2.4.7] the adjunction counit jx: ZoX — X is a closed immersion.

Example 3.1.2.2.11 (Quasicoherent sheaves). By [[TVo8| Theorem 1.3.7.2] or [[Lurig, Corollary
D.6.3.3], the (oo, 1)-functor dAlg, — co—Grpd, A — 1o(A—Nod) is a derived stack (albeit not
an algebraic one), denoted QCol1, and A — A—Nod is similarly a derived stack of (stable)
(00, 1)-categories. In particular, it extends to an (oo, 1)-functor defined on all derived stacks

X—QCoh(X) = @ A—Nobd. (3.8)
SpecA—X

By [[TVo8| Corollary 1.3.7.4], there is similarly a derived stack parameterising perfect modules.
Proposition 3.1.2.2.12 ([[Lurig, Proposition 3.5.4.2]). Let X be a Deligne-Mumford derived stack. The

(00, 1)-category of points of the (00, 1)-topos Xet is equivalent to the (00, 1)-category of geometric points of X.

3.1.2.3 Formal algebraicity and Z-algebroids

Definition 3.1.2.3.1 (Formally algebraic derived stack). Let X be a derived stack.

e Xis nilcomplete (or convergent) if for any A € dAlg,, X(A) — h&qn X(t<nA) is an equiva-
lence.
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e X is infinitesimally cohesive if for any cartesian square as below-left in dAlg;,

Al —— A X(A") —— X(A)
l - J@ l A7 lX((p) (3.9)
B’ — B X(B/) <7 X(B)

such that 7ty @ and 7 are surjections with nilpotent kernels, the induced square of co-
groupoids above-right is cartesian.

e X is formally algebraic if it is nilcomplete, infinitesimally cohesive, and admits a pro-
cotangeant complex (meaning that the (oo, 1)-functor of derivations is pro-representable).

Theorem 3.1.2.3.2 ([[TV08| Theorem 2.2.6.12],[[Lur1g, Theorem 18.1.0.2]). A derived stack X is
N-algebraic if and only if it is formally algebraic, admits a cotangeant complex, and its truncation € o(X) is an
Artin (n+1)-stack.

Beyond characterising the algebraic derived stacks, formally algebraic ones also have an
intrinsic geometric interest in studying the infinitesimal structure of derived stacks. Geometric
stacks are always presented by geometric groupoids, so their infinitesimal structure should be
controlled by a structure of Lie algebroid, or Z-algebroid, and this is what formally algebraic
derived stacks can be interpreted as, at least working in characteristic 0.

In the rest of this section, we will then assume that the base k is defined over Q.

Example 3.1.2.3.3 (de Rham and reduced stacks). Let dAILgEd ¢ bl\lg[‘? denote the full subcategory

spanned by the reduced (truncated) k-algebras, and let 7: dAlgfd — dAlg, denote the composite

inclusion.

For X a derived stack, its de Rham stack is the restriction X4g = 7 X (extended back to
dAlgy ). The (0o, 1)-functor (—)4r admits a left-adjoint (—),eq, taking a derived stack to its reduced
substack.

Definition 3.1.2.3.4 (Formal thickening). A formal thickening of a formally algebraic derived
stack X is a formal derived stack under X whose structure morphism A: X — §Gis a nil-isomorphism

(meaning that it induces an equivalence of the reduced substacks A;q: Xyed =5 Gred)-

Lemma 3.1.2.3.5 ([[GR17b| Chapter 5, Theorem 2.3.2]). Lez X be a formaily algebraic derived k-stack.
The (00, 1)-category of formal thickenings of X is equivalent to that of internal groupoids in formally algebraic
derived stacks over X (via the (00,1)-functor sending a map X — G to its simplicial kernel, as in the proof

of [proposition 3.1.1.2.12)).

Definition 3.1.2.3.6 (Dg-Lie algebroid). Let X be a derived k-stack (which for the purposes of
this construction, following[remark 3.1.2.2.9) we view as modeled by a differential graded k-stack
(IX[,0%)). A (k,X)-dg-Lie algebroid is a quasicoherent differential graded 0% -module L endowed
with a structure of differential graded Lie k-algebra [, —] and an anchor map o: L — T3 , which
is a morphism of quasicoherent differential graded O%-modules and of differential graded Lie
k-algebras, such that a graded Leibniz rule [¢,a-{;] = (—1 yalltila [0y, ]+ (e(€1))(a) - €2 (for
£1,£; sections of L and a section of 0% ) holds. Morphisms of dg-Lie algebroids are the obvious
notion, morphisms of O%-modules and of differential graded Lie k-algebras commuting with
anchor maps.

By [CG18| Remark 3.8] there is (up to taking a fibrant-replacement of the initial dg-Lie-
algebroid) a combinatorial model structure on the category of (k,X)-dg-Lie algebroids. One
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defines the (oo, 1)-category of (k, X)-dg-Lie algebroids to be its underlying presentable (oo, 1)-
category.

Proposition 3.1.2.3.7 ([[CG18| Proposition 4.3, Theorem 4.11]). Suppose X = Spec A is affine, with A
eventually coconnective almost of finite type. Then the (00, 1)-category of formal thickenings of X is equivalent to
that of (K, Areq)-dg-(ie algebroids under T, /A

For X a general formally algebraic derived stack, there is a fully faithful co-functor from formal thickenings of
X to (X4r, X)-dg-Lie algebroids, which is conjectured to be an equivalence.

Formal thickenings of X can thus be viewed as a geometric model for Z-algebroids over X,
and so one defines the (oo, 1)-category of Z,-algebroids on X, denoted Z,,—RAlgbrd(X), to be

any of the equivalent (0o, 1)-categories of lemma 3.1.2.3.5

Lemma 3.1.2.3.8 ([GR17b, Corollary 2.1.5]). Thereisa monadicforgetful (0o, 1)-functor Loo—Rlgbrd(X)
Ind Coly(X).

Definition 3.1.2.3.9 (Universal enveloping algebra of a formal thickening). Let A: X — L be
a formal thickening, exhibiting L as an Z-algebroid on X. The (oo, 1)-category A—Tobd of
(ind-coherent) L-modules is Ind Coly(L). It is equivalent to the co-category of K,-equivariant
ind-coherent sheaves on X, where K, is the simplicial kernel of A.

There is an adjunction Ind Coli(X) 2 A—Mod. Geometrically, the forgetful right adjoint is A'
(defined in [|[GR17a, Chapter 5, §3.4.1]) while the left adjoint is AI"C°" (constructed in [GR17b,
Chapter 3, Remark 4.3.6]).

The universal enveloping algebra of A is the monad % (A) = Ao AlndCoh o1 Ind Con(X).

3.1.3 Virtual classes and pullbacks from derived thickenings

3.1.3.1 Definition from derived geometry

Let f: X — Y be a quasi-smooth morphism of derived stacks, that is its cotangent complex L ¢. x /vy
is of perfect (homotopical) Tor-amplitude smaller than 1, that is there is an integer n € N such
that the Tor-amplitude is concentrated in [-n, 1].

Remark 3.1.3.1.1. By [GR17a, Chapter 4, Lemma 3.1.3], as the quasi-smooth morphism f is of finite
Tor-amplitude, the pullback of quasicoherent sheaves f* maps Cob®(Y) to Cohi®(X). As we work
in G-theory, which is the K-theory of the stable (oo, 1)-category of bounded coherent sheaves, the
notation f* will be understood in this subsection to mean the restriction of the pullback operation
to coherent sheaves.

Due to [theorem 3.1.2.1.13| and [Lur1g, Corollary 2.5.9.2 with n = 0], the closed embed-
ding jx: Zo X — X induces an isomorphism jx .: Go(Z¢X) = Go(X) in G-theory, with inverse
(%,0) 1 (8) = X150 (=) i (G)].

It is therefore natural to define the virtual pullback along 7 f to be given by the actual pullback
along f, intertwined with these isomorphisms.

However we wish to consider the virtual pullback as a bivariant class, that is defined as a
collection of maps Go(Y") = Go(X xy S) = Go(X x§ Y’) indexed by all Zy Y-schemes Y — ¢,
or more generally by all derived Y-schemes Y’ — Y. Then the virtual pullback we defined should
be the map corresponding to the 7o Y-scheme id; v: 7Y =7¢Y.

We recall that we use the notation x? (a fibre product decorated by ) to differentiate the
strict (1- or 2-categorical) fibre products of classical stacks from the implictly co-categorical fibre
products of derived stacks.
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Definition 3.1.3.1.2. The bivariant virtual pullback along f is the collection, indexed by all
Y-schemes a: Y — Y, of maps (¢¢ f)BXG: Go(ZoY') = Go(Zo(Y' xy X)) defined as follows.
For a morphism of schemes a: Y — Y, we have the diagram

Iy’ x rs
Yy X v

\—/) J N Ja. (3.10)
X — Y

Then we set (Z‘Of)ggc = (]Y’XyX,*)i] o f* 0)y 4

fO(Y xx) 08 % f0X <

Lemma 3.1.3.1.3. Thevirtual pullback onlydependsontga: ¢oY' — ¢oY. Thatis, forany aq,az: Y7,Y5 —
Y with g a1 = ¢ o, the virtual pullbacks fiﬁ/TG and fggzc induced by a1 and ay are equal.

Proof. Forany a: Y — Y, we compare the virtual pullbacks induced by a and Z( Y’ Lola), 4 oY 2

Y.

Z
ZoY' x JOX%—\>Y’XyX f \'%

Z0Y /
\ " “ (3.11)
Y/ XyX B on/
\ JYO{ON
X

£

Y

The back square is cartesian and its side jys is a closed immersion and thus proper, so the

base-change formula gives * o IV s = ba . Commutativity of the leftmost triangle implies that
170 Y/ xyX,x = )Y/ xy X, and as both closed immersions involved induce isomorphisms in G-

theory, we have (jy XYX,*)*‘ e = (g Y/ny’*)*1 . Putting the ingredients together, we finally
obtain that

! . —15 —1: & —12% y)yoZpga
BAG = 0v/xyX,6) T FIve = 0vixyx,e) T 1f =0y vinyx,) = fDLYG o (3.12)

O

Remark 3.1.3.1.4 (Functoriality). The virtual pullbacks satisfy obvious functoriality properties.

Let X 5 Y £ Z be two composable arrows, and let a: Z' — Z be a Z-scheme. We have the
commutative diagram

20(Z' x7z X) Z' x 7 X)
Vz'x 7Y
JZWZ\ \A ~
75 X — s 7w,y 9 7 (3-13)
| [ |
X Y VA
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It follows by associativity of fibre products that

(Z0F)BRG © (Z09)BAG = 0(Z/x 1Y) xyXox) " o 0 (zix,ve) © 021x,v,x) 1 0§ 07274 (3.14)
— ~ '
= (z1x,x,) " 0gf 0171, =t (Zo(gf))hSc-

3.1.3.2 Comparison with the construction from obstruction theories

Construction 3.1.3.2.1 (Virtual pullbacks from perfect obstruction theories). Let g: V — W be a
morphism of Artin stacks of Deligne-Mumford type (.. relatively DM) endowed with a perfect
obstruction theory ¢: E — Lg. v,w, inducing the closed immersion eV Cy. vyw — E, where
E = 70(Vy(E[1]Y)) is the vector bundle (Picard) stack associated with E and C g is the intrinsic
normal cone of g (constructed in [BFg7]]). As in [MR18]] we define a derived thickening R®V of
V as the derived intersection

rRev 1 ¢

pl . [ov- (3.15)

Ve——=FL
Og

Note that the arrow p is a retract of jy/, and provides a splitting of the induced perfect obstruction

theory )3/ Lreyv — Ly. We may use it to define a map of derived stacks R?g: R?V viw
which is a derived thickening of g.

We also recall the construction of the virtual pullback g!(p, or gi)OT, from the perfect obstruction
¢, defined in [Man12al] for Chow homology then [[Qu18]|| for Gy-theory.

Let a: W/ — W and write g’: V' — W’ the base-change of g. Recall that one may define a
deformation space D+ W’ over P}, with general fibre W’ giving the open immersion j: W/ xA] <
DysW’, and special fibre € 4 giving the complementary closed immersion i: € g/ x {co} < Dy/W'.
It follows that there is an exact sequence of abelian groups Go(Cy/) — Go (DyW') — Go(W' x
A') — 0 (coming from the fibred sequence of G-theory spectra). Furthermore, as (by excess
intersection) i*i. is equivalent to tensoring by the symmetric algebra on the conormal bundle of
Cy in Dy/W’ and as the latter is trivial, we have i*i, = 0, inducing a map Go (W’ x A1) = Gy (Cy):
concretely, any section j* ! of j* gives the same map when post-composed with i* so we do
have a well-defined map i*j* . The specialisation map sp: Go(W’) — Go(C g/) is then defined
by precomposing it by pr*: Go(W’) — Go(W’ x A). Finally, the cartesian square defining V’
induces by [Man12a, Proposition 2.26] a closed immersion c: €/ < a*Cg =V’ xy Cg, and the
virtual pullback g!(b‘l along g is constructed as the composite

* o\ 0**
g% Go(W) s Go(Cg) <5 Gola*Cq) P25 Go(a"E = V/ xy B) 25 Go (V). (3.16)

Lemma 3.1.3.2.2. The virtual pullback (¢oR® g)i)AG as defined above for the map R® g coincides with the
virtual pullback g!(p of [Mani2a;|Qu18]: forany a: W — W, we have (¢ R‘pg)ijgc = gl(ba: Go(W') —
Go (V).

Proof.: We adapt the results of [Jos10, Proposition 3.5] to the more general case of a morphism
that need not be a regular embedding.

Let again a: W — W and write g’: V/ — W’ the base-change of g. We now review our
construction of the virtual pullback from derived thickenings from the point of view of the
perfect obstruction theory. The map gi$ of [definition 3.1.3.1.2]is computed in the following
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way: we define a derived thickening R®V’ of V/ =V x{,, W’ as V' x¢ Cg4; note that we have
R?V' =V’ xy R?®V and writing p’: R®V’ — V’ we obtain a derived thickening R?g’ = g’ o
p't RV — W of ¢’. Then gj is the pullback along R® g’ followed by the inverse of Jgov7 .

We also note that the fibred product V/ x q«¢ (a*Cg4) is the base-change of V x¢ €4 along
a’: V' =V, so the square

rRev 9, a*Cy
]

v| [arev (317)

Vie— a*k

Oa*E

is cartesian. As p’ is proper, we have 0., (a* ")« =Pl q"*; concomitantly, as p’ is a retract of
Jrey’ we have in G-theory (Jrov/ « )~1 =p’.. We conclude that the virtual pullback of [Qu18]]
coincides with (Jpe V/’*)—1 o q"* o c, osp, and thus it only remains to check that the latter
part specialises to (R®g’)* = p"* o g"*. But the deformation space Dy/W’ provides exactly an
interpolation between g’: V/ — W’ and V' — €/, so by transporting this comparison along the
Al-invariance of G-theory the lemma is proved. O

Recall that for any quasi-smooth morphism f: X — Y of derived Artin stacks, by [STV15,
Proposition 1.2] the canonical map ¢: jxL¢ — L ¢ is a perfect obstruction theory.

Proposition 3.1.3.2.3. Loz f: X = Y be a quasi-smooth relatively DM map of derived cArtin stacks. The
virtual pullback (¢ f );) AG defined with derived geometry is equal to (ZoR® 2o f );) AG> and thus to the virtual
pullback (£ f)!q) of [Mani1z2a;Qu18], induced by the obstruction theory @: jxL¢ — Ly +.

Proof. The proof is similar to the one given in [MR18} Proposition 4.3.2] for the comparison of
the virtual classes defined from perfect obstruction theories and derived geometry, which mainly
followed [[LS12]]: one constructs a deformation to the normal bundle of the closed immersion
)1x: Z0X = X, and finally uses that G-theory is A'-invariant. O

We shall henceforth simply write (£ f)' for the virtual pullback along f.

Example 3.1.3.2.4 (Virtual classes). Suppose Y = Spec(k) so f: X — Spec(k) is the structure mor-
phism. The virtual structure sheaf of Z( X is {O%"X] = fhidx( [Ospec())) = Ox,) 1 ([Ox]).

Example 3.1.3.2.5. Suppose that the classical map g is already a quasi-smooth immersion, so that
idy , is a perfect obstruction theory. Then the virtual pullback is given by the Gysin pullback g,
studied in details for example in [[Jos10]].

Remark 3.1.3.2.6 (Virtual pullbacks in generalised motivic homology theories). Our construction
of virtual pullbacks only relies on the fact that G-theory is insensitive to the non-reduced structure,
and the identification with the classical definition requires simply the specialisation morphism
and, more generally, the A'-invariance. These ingredients are present in motivic homotopy
theory (by construction for the A’ -invariance, and by [Kha19a, Corollary 3.2.9] for the insentivity
to derived structures), so the virtual pullbacks in motivic cohomology theories also admit the
derived geometric interpretation.

In fact such virtual pullbacks were constructed for motivic Borel-Moore homology with
coefficients in any étale motivic spectrum in [[Kha1gc, Construction 3.4] from the virtual pull-
backs canonically associated with a quasi-smooth derived enhancement (through its derived
deformation space).
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3.2 Derived moduli of maps

3.2.1 Moduli problems for morphisms of stacks

3.2.1.1 Representability

Definition 3.2.1.1.1. Let T = HShi(S) be a hypercomplete (o0, 1)-topos. The internal hom
between two objects X — B,Y — B in a slice T is denoted Mor ;g (X,Y) and called the mapping
(derived) B-stack.

It is determined, as a sheaf, by

Mor ;g (X, Y)(Z) =T )5 (X xB Z,Y). (3.18)

Lemma 3.2.1.1.2 ([MR18]], [HP14} Proposition 5.1.10]). Let B be a spectral Artin stack, and let C and V
be spectral cArtin B-stacks. Consider the universal mapping diagram

C xg Morg(C,V

)
)/ X‘ \% (319)
\ B /

There is a canonical equivalence Tyiory (C,v) /B = 25 €V" Ty g in QCol(Morg (C, V).

Morg (C,V

Remark 3.2.1.1.3. The cotangent complex, on the other hand, is twisted by the dualising complex.

Theorem 3.2.1.1.4 ([[HP14, Theorem 5.1.1]). L&t M be a 1-cArtin derived stack. Let C — M be a formally
proper (in the sense of |H P14l Definition 1.1.3]) M-stack of finite Tor-amplituden, and let V — M be a locally
almost finitely presented cArtin derived M-stack with quasi-affine diagonal. The Morm (C, V) is a locally almost
finitely presented (n + 1)-Artin derived stack over M.

We shall also be concerned with certain substacks of the derived stacks of morphisms, param-
eterising appropriate kinds of maps, in the spirit of [CJW19]].

Lemma 3.2.1.1.5 ([[TV08, Corollary 2.2.2.10]). Let X be an algebraic derived stack. The base-change
(00, 1)-funcroryy : dSt jf)i — St ;}fgo x tnduces an equivalence between the full sub-(00, 1)-categories spanned by
the Zariski open immersions.

Example 3.2.1.1.6 (Substack of representable morphisms). We let Morr/eé’ (X,Y) denote the substack
of Mor /5 (X,Y) parameterising only those morphisms which are representable, or geometric. By
the methods of [[Olso6| Corollary 1.6], it is an open substack.

Definition 3.2.1.1.7 (Stable moduli of maps). Fix a source C — B. A stable substack is a
subfunctor .# of Morg (C,—) such that, for any closed immersion Z — X of B-derived stacks, the
canonical map #(Z) — M (X) Xty (c,x) Morg(C,Z) is an equivalence.

Example 3.2.1.1.8 (Maps with degree). Let M be a commutative monoid with indecomposable
zero. An M-valued degree function for C — B is a function associating functorially with each
family of maps f: C — V a section deg(f): B — B x M.

For any fixed 3 € B, the condition that deg(f) = 3 determines a stable substack.
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3.2.1.2 Maps with varying source

From the definition of an (0o, 1)-topos, the assignment S — 1903t ;5 defines a derived stack.
It is shown in [[Lur1g) section 19.4] and [[PY20, section 3] that this derived stack is formally
algebraic.

3.2.2 Maps to zero loci of vector bundles

Any quasi-smooth derived scheme is Zariski-locally presented as the (derived) zero locus of
a section of a vector bundle on some smooth scheme. The Lefschetz hyperplane theorem then
gives a way of understanding the cohomology of such a zero locus from the data of that of the
ambient scheme and of the vector bundle. The quantum Lefschetz principle, similarly, gives
the quantum cohomology, that is the Gromov—-Witten theory, of the zero locus from that of the
ambient scheme and the Euler class of the vector bundle.

Let X be a smooth projective variety and let E be a vector bundle on X, and consider the abelian
cone stack R®z, ev*E on M g n(X,B), where ev: € n(X,B) — M gn(X,B) is the canonical
evaluation map (corresponding by the isomorphism & g (X, ) >~ .# g n+1(X,B) to evaluation
at the (n + 1)th marking) and 2: €gn — M g n is the projection. Let s be a regular section
of E and i: Z — X be its zero locus. An inspection of the moduli problems (see the proof
of [corollary 3.2.2.3.4)) reveals that the disjoint union, over all classes y € A;Z mapped by 1.
to B, of the moduli stacks of stable maps to Z of degree y coincides with the zero locus of
the induced section R® 22, ev*s of R® 2, ev* E. The natural question, leading to the quantum
Lefschetz theorem, is whether this identification remains true at the “virtual” level, which was
conjectured by Cox, Katz and Lee in [[CKLo1, Conjecture 1.1]. It was indeed proved in [[KKPo3||
for Chow homology, and the statement was lifted in [[Jos10]] to Gp-theory, that under assumptions
on E the Gromov-Witten theory of Z is equivalent to that of X twisted by the Euler class of E, in
that the following holds.

Theorem 3.2.2.0.1 ([KKPo3; Jos10||). Foranyy € AyZ such that iy = B, let wy: Mon(Zyy) —
Mo (X, B) denote the closed immersion. Suppose E is convex, that is R'p,(C,u*E) = 0 for any stable map

w: C = X from a rational (i.e. genus-0) stable curve C LN (s that the cone R° 12, ev* E is a vector bundle).
Then

Z Wy, % [%o,n(zf\/)]\,ir = Wo,n(X, B)]Vir ~ Ctop(ROﬂ* ev'E) €A, (%O,n(xy B)): (3-20)
ly=p

and

| Zﬁ e [0, 2] = [0 x| SR ROV B € Go (HonX,). (320)
ley=

It was shown in [Coa+12[ that the quantum Lefschetz principle as stated in can be
false when the vector bundle E is not convex (or as soon as ¢ is greater than 0). The reason
for this is that R® 2, ev* E no longer equals Rz, ev* E and the twisting Euler class should be
corrected by taking into account the term R! 22, ev* E: in other words, one should use the full
derived pushforward and view the induced cone as a derived vector bundle Rz, ev* E; this will
require viewing our moduli stacks through the lens of derived geometry.

In this note we use this pilosophy to undertake the task of relaxing the hypotheses on

and lifting it to a categorified (and a geometric) statement, by which we mean
that:
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o we will give a formula at the level of a derived co-category of quasicoherent sheaves,
e we will not need to fix the genus to 0,

e we will not need to assume that E is convex, or in fact a classical vector bundle (ze. it can
come from any object of the co-category Perf(0x)),

¢ we will not need to assume that the section is regular, as we can allow the target to be any
derived scheme rather than a smooth scheme.

We note however that only the categorified form of the formula will hold in full generality, as
the usual convexity (and genus) hypotheses are still needed to ensure coherence conditions so as
to decategorify to Go-theory.

The main result of this subsection addresses the question of similarly understanding the
virtual statement of the quantum Lefschetz principle as a derived geometric phenomenon, and of
deducing an expression for the “virtual structure sheaf” of ]_[y %g)n (Z,7v), understanding along
the way the appearance of the Euler class of the bundle. In the remainder of this introduction, in
order to distinguish notationally the classical formulee, we shall write Ru: ]_[y RMgn(Zyy) —

R%g,n (X,B) the canonical closed immersion (beware that Ru is not a right derived functor, but
simply a morphism of derived stacks which is a thickening of u).

Theorem 3.2.2.0.2 (Categorified quantum Lefschetz principle, see|corollary 3.2.2.3.4|and [propot

m Let X be a derived scheme, & € Pert (0x), and s a section of Vx (E) with zero locus Z =
iy X. Write 3: EY = (Rp.ev* €)Y — O%g LOGB) the cosection (of modules) corresponding to

R 72* eV s There is an equivalence
(Ru), OLI R g (Z,y) = OR/%Q LX) ®8ym(cof1b( 3)) /{t} = Sym (cofib(s)) /{t} (3.22)
in QCoh (R%Q‘n(x, [3)), where Sym (cofib(3)) has a canonical OR%Q L(X.B ){t}-algebm structure.

We first notice that, in this categorified statement and unlike in the G-theoretic one, the Euler
class of EY is refined to one taking into account the section s. Nonetheless this is indeed a categori-
fication of ftheorem 3.2.2.0.1} as we will explain in|corollary 3.2.2.2.6|and|corollary 3.2.2.3.9, When
s is the zero section, meaning that 4 is the zero morphism, then Sym/(cofib(s)) = Sym(EY [1]) @0 51,
with Sym([E\/ (1) = A*(EY) so that in that case we do recover a categorified Euler class. In partic-
ular, passing to the Go groups will indeed provide an identification of the cofibres of any and all
sections, and hence give back fequation (3.21)} this iscorollary 3.2.2.3.9|

The theorem will in fact come as a corollary of a geometric statement, as a translation of
the fact that Euler classes (also known, in the categorified setting, as Koszul complexes) rep-
resent zero loci of sections. Indeed, we will show that the moduli stack Hv Rllgn(Zyy) =

SpecR%g‘n(X)ﬁ) ((Ru)*ouy R gn( Z,y)) satisfies the universal property of the zero locus of

Rz, ev*s, meaning that (per|corollary 3.2.2.3.4} the geometric quantum Lefscherz principle) it fea-
tures in the cartesian square

R R J—
]_[ Rﬂg,n(ZaY) & Rﬂg,n(x)ﬁ)
Ley=p
Ruzl - J{Rp*ev* s - (323>

RA g (X,B) o Elrzy . (x,p)
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The formulalequation (3.22)|for its relative function ring will then be a consequence of the general
result proposition 3.2.2.2.1{describing zero loci of sections of vector bundles.

The original proof of the quantum Lefschetz principle in [[KKPo3]] also consisted of applying
an excess intersection formula to a geometric (or homological) statement, here the fact that the
embedding u satisfies the compatibility condition implying that Gysin pullback along it preserves
the virtual class. The situation was shed light upon in [Mani2al], where it was shown that, using
relative perfect obstruction theories (POTs), one can construct virtual pullbacks, which always
preserve virtual classes. The embedding u being regular, its own cotangent complex can be used
as a POT to construct a virtual pullback, which evidently coincides with the Gysin pullback.

Here we will use the results of subsection 3.1.3|to show that, since the virtual pullbacks may
be understood as coming from derived geometric pullbacks of coherent sheaves, our statement
for the embedding of derived moduli stacks does imply the quantum Lefschetz formula for the
virtual classes (and in fact its standard proof).

3.2.2.1 Derived vector bundles

Definition 3.2.2.1.1 (Abelian cones and vector bundles). Let X be a derived Artin k-stack. The
total space of a quasicoherent Ox-module M is the derived stack Vx (M) described by the (oo, 1)-
functor of points mapping an X-derived stack ¢: T — X to the co-groupoid

Vx (M)(T) := QCob(T) (O, d*M). (3-24)

We call abelian cone over X any X-stack equivalent to the total space Vx (M) of a quasicoherent
Ox-module M. We shall say that Vx (M) is a perfect cone if M is perfect (equivalently, dualisable),
and a vector bundle if M is locally free of finite rank (as defined in [Lur19| Notation 2.9.3.1]).

Lemma 3.2.2.1.2 ([TVoy, Sub-lemma 3.9],[|AG14} Theorem 5.2]). Suppose M is of perfect Tor-amplitude
contained in [a,b], where (a,b) € (—N) X Z. Then the derived stack Vx (M) is (—a)-geometric and strongly of
[finite presentation.

Remark 3.2.2.1.3. If M is a locally free Ox-module, by [[Lurig|, Proposition 2.9.2.3] we may take a
Zariski open cover | [; U; — X with M|, free of rank ;. We deduce from this (or from [[Luriy,
Remark 7.2.4.22] and [|Lur1g, Remark 2.9.1.2]) that any locally free module has Tor-amplitude
concentrated in degree 0, and it will follow from [proposition 3.2.2.1.10|that any vector bundle is
smooth over its base.

Remark 3.2.2.1.4. If M is dualisable, with dual MY, then as pullbacks commute with taking duals
we have forany ¢: T — X

V(M) (§) = QCob(T) ($*MY, 07)

2

= Alg(0x) (Syme, (M), d.0T) = Specy (Syme, (M) () (325
where Specy denotes the non-connective relative spectrum (oo, 1)-functor. Hence the restriction
of Vx to Perf(Ox) is naturally equivalent to the composite Specy o Symox o(—)V.In particular, if
M is a connective module then Vx (M) is a relatively coaffine stack (while if M is co-connective
Vx (M) is an affine derived X-scheme).

Note however that the (0o, 1)-functor Specy only becomes fully faithful when restricted to
either connective Ox-algebras (as this restriction is equivalent to the Yoneda embedding thereof),
but not when acting on general Ox-algebras in degrees of arbitrary positivity.

Warning 3.2.2.1.5 (Terminology). Note that our convention for derived perfect cones is dual to
that used in (among others) [Toé14]] (and dating back to EGA2), which defines the total space of
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a quasicoherent Ox-module M as the X-stack whose sheaf of sections is M, z.e. what we denote

Vx (MY).

Example 3.2.2.1.6. i. If Xisa classical Deligne-Mumford stack and M is of perfect Tor-amplitude
in [0, 1], the truncation Z(Vx (M[1]")) is the abelian cone Picard stack 3! /H°(M") of [BF97,
Proposition 2.4].

ii. By [[IVo8, Proposition 1.4.1.6], Vx(Tx) = TX = Mor(k[e], X) is the tangent bundle stack of
X. More generally, using k[en,] where ¢, is of (homotopical) degree n we have the shifted
tangent bundle T[-n]X =~ Vx (Tx[—n]). Dually, one also defines the shifted cotangent stack
TV X = Vx (LxMn]).

Construction 3.2.2.1.7. For any derived stack X, the (co1)-functor Vx gives a link between two
functorial (in X) constructions. On the one hand we have the (oo, 1)-functor (—)e: dSt, —
(00,1)—Cat mapping a derived k-stack X to its étale (oo, 1)-topos X¢; and a map of derived stacks
f: X = Y to the direct image f. of the induced geometric morphism, mapping a sheaf J on
b3Sty /x to the sheaf £, F: (U — Y) = F(U xy X = X).

On the other hand, we have the (oo, 1)-functor QColi(—) mapping a derived k-stack X to the
stable (oo, 1)-category QColi(X), and a map f: X — Y to M — f, M (where the direct image sheaf
is considered an Oy-module through ff: Oy — £,O0x). Then for any M € QCoh(X), we obtain
the functor of points of its total space, Vx (M), which is an étale sheaf on Sty ,x.

Lemma 3.2.2.1.8. (¢ bStg'COh’d') denote the wide and locally full sub-(oco, 1)-category whose 1-arrows are
the morphisms of finite cobomological dimension (see [H P14, Definition A.1.4, Lmma cA.1.6]). The (00,1)-

Sfunctors Vx : QColi(X) — Xey assemble into a natural transformation \V : QColy(—) = (—)et of 0o-functors

bt ) oo — at,

Proof. We must show that, for any f: X — Y and any M € QColi(X), we have f,(Vx(M)) =
Vy (f«M). For any ¢: U — Y, the base change along f will take place in the cartesian square

X xy U Y% x

fouJ Jf . (3.26)

Then we have Vy (f.M)(U) = QCol(U) (Oy, $*f. M) while

o (Vx (M) (W) = QCol (X xy U) (Oxxyu, (X xy ¢)*M)
~QCol(X xy W) ((f xy WOy, (X xy ¢)*M) (3-27)
~QCol(U)(Oy, (f xy Wy (X xy d)*M).

By the base-change property of [[HP14, Proposition A.1.5 (3)], the two coincide. O

Remark 3.2.2.1.9. By [[Toé12, Theorem 2.1] , if f: X — Y is quasi-smooth and proper then f, sends
perfect Ox-modules to perfect Oy-modules.

Finally, we shall use the following well-known description of the cotangent complex of a
perfect cone.

Proposition 3.2.2.1.10 ([|[AG14} Theorem 5.2]). Ler M be a perfect Ox-module, and write 7t: Vx (M) — X
the structure morphism. Then L. vy (v)/x =70 MV,

Proof. The equivalence is established fibrewise in [[Lur1y, Proposition 7.4.3.14]. O
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3.2.2.2 Excess intersection formula

In this section, we work with the closed embedding u: T < M of derived stacks defined as the
zero locus of a section s of a perfect cone SpecySym (FV) on M: we fix a perfect Ox-module F
and a morphism of algebras s : Symg,, (FV) — O, corresponding to the cosection 5: F — Op
of the module 7.

Proposition 3.2.2.2.1. The derived M-stack T may be recovered as the relative spectrum of the quotient O, -
algebra
U O1 ~ SymOM (cofib(s)) 0 ®{t} Om = SymOM (cofib(s))/(t—1), (3.28)
M
where the structure map €9, : Om{t} — Om is the quotient arrow Op{t} — Om{t}/ (t —1) =~ Opm mapping
tro1 (i.e. corresponding to the identity morphism of Ong-modulesid,, : Opm — Opm).
More generally, the monad W, " identifies with tensoring by Sym ™ (cofib(s))/(t—1).

Proof. From the canonical fibre sequence F ER Om — cofib(s) we obtain, by application of the
(00, 1)-functor SymOM, an Opm{t}-algebra structure Opm{t} = SymOM (Om) — SymOM (cofib(s)).
As 8ym, , is a left-adjoint it preserves colimits (by [RV21, Theorem 2.4.2]) whence the latter
term, image by Sym,  of the Op-module 0 4 O%ﬂ =: cofib(s), is the pushout of algebras (so
by [Lur1y, Proposition 3.2.4.7] the tensor product) Opq Dsymy  (FV) Om{t}
M

By definition, the algebra Sym Om (cofib(s)) ®e,,{t} Om under consideration fits in the left

pushout square in the diagram

SymOM(cofib(Asj)/(t—U — SymoM(coﬁb(E)) +—— Om

T - T J T (3:29)

Vv

From the previous discussion the right square is also cocartesian, so that the bigger diagram
is also a pushout square. We now observe that the lower composite identifies with s# (since
the map eg,, is the counit of the adjunction Symy , — f7g?), so that the big pushout square
computes the function Opq-algebra of the zero locus of s.

Finally, both u, and u* are left-adjoints, so by the homotopical Eilenberg—Watts theorem
of [Hov1sg] (see also [[GR17a, Chapter 4, Corollary 3.3.5]) their composite u,.u* is equivalent to
tensoring by u,u*Opnp. O

Remark 3.2.2.2.2 (Geometric interpretation). Lets: A,]Vl — Vm (F) be the linearisation of s, ob-
tained as the image of § by Va. The zero locus of 5 is A}, |t U A?\A\T, so taking the fibre at any

non-zero element A of A}vl recovers T x {AJUQ ~T.

Remark 3.2.2.2.3 (Koszul complexes). Suppose J is locally free. Then, passing to a Zariski

open cover | [U; — M, we may assume as in that F|y, is free of rank r;. Write

slu; = (s¢)1<e<r in coordinates. Then we recover the Koszul complex &®g_ cofib(sy), as studied
for instance in [[KR19, §2.3.1] or [Vez11].

Recall that the exterior algebra of the quasicoherent Opq-module Fis \® F := SymOM (Fn)) =
@ngo (/\n F)ml.
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Corollary 3.2.2.2.4 (Excess intersection formula). For any quasicoberent O1-module M that is the
restriction (along W*) of an Ony-module, there is an equivalence

v M=Mao, [\ I (3-30)

Proof. The (00, 1)-functor u* is a left-adjoint (since uis a closed immersion) so it preserves colimits,
among which in particular cofibres. By definition, we are given an equivalence u*s ~u*0 =0, so

the image by u* oflequation (3.28)|takes the form Sym(cofib0)/(t —1). By definition of the zero

morphism, we may decompose the pushout cofib0 as the composite of two amalgamated sums:

FYN@Oopm «—— FY[1] +— 0

T . !T . ], (3-31)

Om : 0 +—— FV

so that SymOM (cofib0) = SymOM (FVYMaOMm) = SymoM (9’[—1]\/)®OM Om{t}, and “quotienting
by (t—1)” gives back SymoM (F[—1]V). As u* has a structure of monoidal (oo, 1)-functor, this
extends to any Ot-module M in the image of u*.

Of course, this result can also be obtained more directly from the fact that the leftmost diagram
below is the image by Specy, Sym ,, of the rightmost one:

T % oM WO ¢—— 0

A
u Ovpy () T - T! . (3-32)
M —— V(T v

oo M (F) 0 F

O

Remark 3.2.2.2.5 (Lie-theoretic interpretation). The excess intersection formula can also be seen
as coming from the study of the Z,-algebroid associated with the closed embedding u, using the
ideas of [subsection 3.1.2.3| Indeed, we are studying the geometry of a closed sub-derived stack
T C M, which can be understood through that of its formal neighbourhood /Z\ZT =M XMy Tar-
This is a formally algebraic derived stack which is a formal thickening of T.

We have the sequence of adjunctions u* - u, 4 u', implying that the comonad u*w, is

left-adjoint to the monad uhu,. Let us write T -5 /N\lT P, M the factorisation of u, so that
wi, = U'p'pylis. Note that p: M xp 4 Tdr — M is the canonical projection, and as both Tyqg and
Mgg are étale over Speck it is also an étale morphism, and we recover 1i'ii.. Following [GR17b),
Chapter 8, 4.1.2], the monad 1w, becomes the universal enveloping algebra of the Zx.-algebroid
associated with u, endowed with the Poincaré-Birkhoff-Witt filtration. As the (oo, 1)-functor of
assciated graded is conservative when restricted to (co)connective filtrations, we only need an
expression for the associated graded of the PBW filtration. The result is then nothing but the PBW
isomorphism of [|[GR17b, Chapter 9, Theorem 6.1.2] stating that for any regular embedding of
derived stacks u: T < M, the monad ', on Coli®(T) is equivalent to tensoring by Sy o (Ta),
and Ty = Ty, since p is étale. Passing back to the adjoint, we do obtain that u*u, is equivalent to
tensoring with Symy_ (TY).
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A similar equivalence between the Hopf comonad u*u, and tensoring by the jet algebra (the
dual of the universal enveloping algebra) of T,, was established in [[CCT14, Theorem 1.3] using
the model of dg-Lie algebroids for Z-algebroids (see [[CG18, Proposition 4.3, Theorem 4.11] for
a precise statement of the equivalence between dg-Lie algebroids and formally algebraic derived
stacks as models for Z-algebroids). However this approach does not provide the PBW theorem
needed to identify the jet algebra of Ty, with Sym(L,,).

Finally, it is easy to see from [proposition 3.2.2.1.10| that the base-change property of cotangent
complexes and the fibre sequence associated with the composition @ o s =id imply L, = u*Ls =
uws* Lo [1] = w*FV[1].

Then, when u is quasi-smooth so that u.. O is coherent, conservativity of the restriction of u*
to Cob® (M)t gives another reason for the equivalence w0z ~ Sym(cofib(s))/{t}.

Although it is not possible to directly relate s and the zero section at the geometric level and to
obtain an expression of 1, O in terms of the Euler class of 7, passing to G-theory a homotopy
between the maps they induce always does exist, and hence we recover the classical formulation
of the quantum Lefschetz hyperplane formula.

We recall the notation of the G-theoretic Euler class of a locally free Op-module G of finite

rank: A_1(5) = [A*S] = Xis0 [A'S]] = Zi(=1D[A'S] € Go(M).
Corollary 3.2.2.2.6 ([Khaigb, Lemma 2.1]). Suppose J is a vector bundle. There is an equality of G-theory

0p€7‘dl’0}"5

wa* = (=) @A_1(FY): Go(M) = Go(M). (3-33)

Proof. We first note that, by definition, J being locally free of finite rank means that it is (flat-
locally) almost perfect, which makes it bounded, and flat, which makes it of Tor-amplitude
concentrated in [0] and implies that FV1] has Tor-amplitude in [—1,0] so that its symmetric

algebra is still bounded and thus in Co® (M), defining an element of Gy (M).
By [Kha1gb, Lemma 1.3], the fibre sequence Opq — cofib(3) — FV [1] implies that [SymgM (cofibs)] =
{‘:O[Sym“_i(om) ® Symi(?\/[ﬂ)] for all n > 0. By the Al-invariance of G-theory we may re-
move the symmetric algebra of Opq, which gives the result: the map M — A}, selecting the fibre
1is a section of the projection A}, — M, so it becomes invertible in an A'-invariant setting. [J

3.2.2.3 Identification of the derived moduli stacks

Let X be a derived stack and € € Perf(Ox) a perfect Ox-module, giving the perfect cone E = Vx (€).
Let s be a section of E, and denote Z = X x ¢ o X C Xiits (derived) zero locus.

For a fixed morphism 7t: € — N of derived k-stacks proper and of finite cobomological dimension,
we consider the universal map from a base-change of € over the derived mapping N-stack
MO]’/m (@,X X m)

@;f(Mor/m((E,X x M) —=— X
ﬂl : (3-34)
Mor /m (€, X x M)

Let E :== p,ev*E = \/Mor/m(a;,me)(ﬁ*eV* €) be the induced abelian (and perfect by

if  is quasi-smooth) cone over Mor /p; (€, X x M), and 0 = z.ev*s its induced
section. Write also Og: Mor /i (€, X x M) — E for the zero section.
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Theorem 3.2.2.3.1. There is an equivalence of Mor i (C, X x M)-derived stacks

Morm (&, Z x M) >~ Mor /py (€, X x M) go Mor ym (€, X x M), (3.35)
o,V
that is the diagram
Mormp (C,Z x M) —1— Mor /m (€, X x M)
.
uzl lc:p*ev* s (336>
Mor/m (G:,X X m) T) E :].?*eV*E

is cartesian.

The theorem will follow directly from some formal results.

We apply lexample 1.1.2.2.9|to the (oo, 1)-category dSty, which as an (oo, 1)-topos is cartesian
closed and thus self-enriched, and we find that Mor /5 (C,Z x M) is equivalent to the fibre
product

Mor ym (€, X x M) X Mor /m (C, X x M), (3.37)
MOT/nl(c,EXm)

with structure morphisms induced by s and the zero section of E. Hence, in order to prove
[rem 3.2.2.3.1]we only need to identify the two derived stacks over which the fibre products are
taken (as well as the two pairs of structure maps), the derived stack of maps to the abelian cone
E and the induced cone E = 2, ev* E.

Remark 3.2.2.3.2. In our context of a cartesian closed (oo, 1)-category, the internal hom (oo, 1)-
functor is further characterised as a right adjoint to taking cartesian product, so the fact that it
preserves limits follows more directly from [RV21, Theorem 2.4.2].

Proposition 3.2.2.3.3. There is an equivalence of Mor yy (C, X x M)-derived stacks
Mor /m (C,E x M) ~E. (3.38)

Proof. Let a: S — Mor /j (€, X x M) be an Mor /i (€, X x M)-stack, with corresponding fam-
ily Cq = a*C = S xju € — S (where we implicitly push the structure maps forward along
Mor ym (€, X x M) — M). Note that, as 2: C x gy Mor /m (T, X x M) — Mor /m (C, X x M) is just
projection onto the first factor, we have

271(@) =S Xntar 0 xm) (Mor/m (€, X x M) x @)
=S Xm(]: = Ca,

(3:39)

as seen in the cartesian diagram

Ca=SxC _a, Mor yj (C,Xx M) xC —— €
m

J B l’f " J : (3.40)

S f) MO?’/m(@,XXﬂU — M

By [lemma 3.2.2.1.8, as m: € — N was supposed of finite cohomological dimension and
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morphisms of finite cohomological dimension are stable by base-change, we have

E(a)= VMor (€, Xx M) (rxev*&)(a)
= 72V x g Mor (€, xxm) (€v™ €)(a)
. (3-41)
= Ve x pvor (@, xxm) (€7 €)(Ca)
= DEFF(OCG) (Oca, a*ev® 8) = Dst/x(CQ,E),
where evoa: Cq — X is the map from a family of curves to X classified by a.
Meanwhile, we have by definition
Mor ym (C,E x MY (a)
=Mapyg,, - (@, xxm) (S, Mor ypy (€, E x M)

St (S, Mor (€, E x M) y ().
hst/m (S,Mor/m ((E,XXm))

(3-42)

Indeed, from[Lurog, Lemma 6.1.3.13] the standard categorical arguments® show that for any
morphism p: M’ — M in an (oo, 1)-category and any cospan S — M’ «— T over M’ we have
St /M (S, T) = 05t /7 (S, T) X3St /g (S,M) {p}; and we can compute

MO?’/m ((E,E X m) ((1)

~dSt /(S xm C,Ex M X a
/m(S xm )hSt/m(Smej,Xxm){ J (3.43)

=05t /x xm(Ca, E x M) =05t ,x(Cq, E).

O

This completes the proof of theorem 3.2.2.3.1} O

This formal result for moduli of maps can also be used to deduce a similar one for stable
substacks. Although the following is valid for any stable substack of a moduli stack of maps from
a morphism of finite cohomological dimension, we will for concreteness of notation state and
prove it for the case of derived moduli of quasi-stable maps as defined in [subsection 4.2.1.1]

In our setting, we will have Ml = My n, € = €4 n, and the morphism of finite cohomological
dimension z: € — M is 224 n, the universal curve over the moduli stack of prestable stacky
curves of genus g with n marked gerbes.

We will also write z2g n = 2,evgn=evand Egn =E = (pg,n)*ev’g)n E.

Corollary 3.2.2.3.4 (Geometric quantum Lefschetz principle). Lz X be an cArtin derived stack. Fix a
dass p € A1 Xand arational polarisation L € Pic(X)®Q. Thereisan equivalence of Mor /Mg (Cgn,Z x Mg n)-
derived stacks

[ RGym(Zy)~RGy o (X,B)  x  RGg,(X,B). (3.44)

. El ¢
Ly=p luwé,n(x,m

Proof. Note first that, as Zariski-open immersions are stable by pullbacks, both [ [; , _ Ré;ﬁ (Z,v)
and R@;n(x, B) xg R@éj,n(x, B) are open sub-derived stacks of Mor/m,  (Cgn,Z x Mg,n), s

*suggested to the author by Benjamin Hennion
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by [[STV15, Proposition 2.1] to show that they are equal it is enough to show that their truncations
define identical substacks of Zo Mor /m, ,, (Cg,n,Z x Mg n).

As a ring is discrete if and only if the co-groupoids of morphisms toward it are, the trun-
cation of such a derived mapping stack with (discrete) source flat over the discrete base is
70 J\/tor/mwL (Cg,n,Z0(Z x Mg n)) (see [TVo8, Theorem 2.2.6.11, hypothesis (1)]), and similarly

%0 (R@j,n(x,m <RE, (X m) w(XB) % @5 068) (3.45)

In addition, the truncation co-functor commutes with colimits (see [TVo8, proof of Lemma

2.2.4.1]) so
fo( H ﬂi@;ﬁ( ) H @ i‘OZ,Y (3-46)

Ly=8 Ly=F
We now compare the two stacks pointwise. For any S — Mg,n (with correspondmg prestable
genus-g curve Cs — S), we have that ([ [; ,_p @4 Q. ({0 Z,v))(S) =11i,y=p @g n(i‘g Z,v)(S) is

tautologically the disjoint union (over y € i ((3)) of the groupoids of S-indexed families of
stable maps from Cg to o Z of class vy, and

<5§,n(x>ﬁ){i[Eéj>n(X’B)>(S) zéé:sn(x’ﬁ)(s) X 6?,11()()[5)(8) (347)

2 Elﬁé,n(X,ﬁJ (S)
with 7o E|— gn(X,B) (S) =hom(Cs,E). An object of the latter 2-fibre product consists of a pair
of stable maps f1,f2 from Cg to X and an automorphism ¢ of Cs such that sof; =00fy0 ¢,
while an automorphism (fy,f2, @) ~ (f1,f2, @) is given by a pair of automorphisms of Cs com-
patible with all the data; or automorphisms of the two stable maps compatible with ¢ (so
that when ¢ is not idc the notion of automorphism is more rigid than the usual automor-

phisms of a single stable map). In particular, the obvious functor ]_[i*y:ﬁ 5;51({ 0Z,v)(S) —

(5§,n(X, B) x?OEES,n(X, B))(S) sending a stable map f: Cs — Z to (iz,x of,izc,x o f,idc,) is
clearly fully faithful, and in fact an equivalence. O

We may now apply [proposition 3.2.2.2.1to deduce a proof of theorem 3.2.2.0.2 the results
ofsubsection 3.1.3| In|corollary 3.2.2.3.9, we we can also recover from this and [corollary 3.2.2.2.6|
the classical (virtual) quantum Lefschetz formula.

Remark 3.2.2.3.5. Further evidence for this geometric form of the quantum Lefschetz principle
can also be found by comparing the tangent complexes. Let us write temporarily M(X) and
M(Z) for the moduli stacks of stable maps R@j}n(x, B)and [1; ,—p R@;ﬁ(z,v), and M'(Z)
for the zero locus M(X) xg M(X). The universal property of the latter stack induces a canonical
morphism denoted Y': M(Z) — M/(Z) such that u} oV =u; for i = 1,2 where u;: M(Z) — M(X)
and u}: M/(Z) — M(X) are the canonical arrows (as in.

We know from fremark 3.2.1.1.3|that Ty (x ~ 22g,n,«€Vg n TxIm(x)- There is a fibre
sequence ijlLx — L z —Li,. z/x, and as Z sit by éeﬁmtlon in a cartesian square we have that

Li, = Blx/e = = &VI1]|z (where once again we have written iy >: Z < X the two canonical
inclusions). As both pushforward and pullback preserve fibre sequences, we obtain finally that
TM(Z)/mg‘n is the fibre of the morphism 22 n « ev’é’n'[rle(z) — 2g,n,x eVZ,n €lm(z)
Following the same logic, writing M'(Z) for the zero locus, we see that Tyy/(z) is the fibre of
Tm(x) = 2g,n,%€Vg n TxIM(X) = 2g,n,x€V§ n ElMmr(z)- But we have seen that Y* ouf* =uf so
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it is clear that Y* Ty (z) =~ Tpm(2)-

As it is sufficient and necessary for a morphism of derived stacks to be an equivalence that it
induce an isomorphism on the truncation and that its (co)tangent complex vanish, this is another
way of proving|theorem 3.2.2.3.1

Example 3.2.2.3.6. Let (X,f: X = A') be a Landau-Ginzburg model, from which we deduce the
perfect cone TVX = Vx(Lx) and section dygf, whose zero locus is by definition the critical locus
R Crit(f) (which is the intersection of two Lagrangians in a 0-shifted symplectic derived stack
and thus carries a canonical (—1)-shifted symplectic form). Then the derived moduli stack of
stable maps to R Crit(f) is the zero locus of the induced section of

eV TIX=Voge o (724(eV7 LX) (3.48)

But notice that

TVRGg o (X,B) = (e ev Tx)Y) =V,

R@ L x.8) 55“()()‘5)(72!@* Lx) (3-49)

where 21: F = 2, (FV)Y ~ p,(Fow,) is the left adjoint to 2* (by [Lur1g, Proposition 6.4.5.3]),

SO R@é)n (R Crit(f),3) cannot be expected to carry a (—1)-shifted symplectic structure if (g,n)
differs from (0,1) or (1,0).

It is also possible to go the other way, that is to obtain a Landau—-Ginzburg model from our
general setting. If @: EY — X is the dual of the perfect cone with section s, then the section @*s
of ®*E can be paired with the tautological section t of ®*E", defining a function ws = (s, t) on
the total space EV. By [lsi12, Corollary 3.8], if X is smooth, there is an equivalence Coli®(Z) ~
Sing(R Zero(ws)/Gm ) with the G, -equivariant dg-category of singularities of R Zero(ws ) (where
G acts by rescaling on the fibres of EV'). However we only have Z = R Crit(wy) if Z is smooth
(see [CJW19, Lemma 2.2.2] in the regular and underived case).

To conclude, we explain how to recover from the categorified quantum Lefschetz principle a
virtual statement in G-theory.

Proposition 3.2.2.3.7. With the notations of subsection 3.2.2.2| if F is a vector bundle then (1) [O‘{—ir} =

(O3] @A 1 (oY),

Proof. By naturality of the transformation ), we have (Zou). = (Jam ) -1 U4) T, S0 that (Zou)« (Zouw)' =

()M,*)qu*u*JM,* = (]M’*)’1 M+ (—)®A_q (FV)) bylcorollary 3.2.2.2.6, Hence (Zgt). [O‘{ir} =

(20w (20w [OX] = Om,2) T (A1 (5V)).

By [Lur1g, Corollary 25.2.3.3], as F is flat over Oy, so are its exterior powers A™(F").
In particular, by [TVo8| Proposition 2.2.2.5. (4)] they are strong Op1-modules, meaning that
(A" FY) ~ 1 (Om) @y (Opr) TO (A™FV) for all natural integers i and n, and we conclude that

(Zow). [OVT“} =) (D' (=N [ﬂi (/\n S"V)}

i>0 n=o0 (3 50)
=3 (Wimomle Y 1M A" m(EY)]
i>0 n>0

as required. O
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Remark 3.2.2.3.8. In the setting of the quantum Lefschetz principle, the only cases in which Eg , is
a vector bundle are when E is convex, that is R'p..f*& = 0 for any stable map (p: C — S, f: C — X)
from a rational curve C, and thus the genus is g = 0, which is the setting in which the quantum
Lefschetz principle is already known. We conclude that it is not possible to relax the hypotheses
for the quantum Lefschetz principle in Go-theory, and that the more general version is thus only
valid in its categorified form.

One may also notice that as the cotangent complex of w is 72, ev* €Y [1], which has (homotopi-
cal) Tor-amplitude in [0,2] (in fact [1,2]) unless the above conditions are satisfied, so that u is not
quasi-smooth and the virtual pullback along it cannot be defined.

Corollary 3.2.2.3.9. IfEon = 20,1« evé,n E is a vector bundle (that is if T is convex), the Go-theoretic
quantum L¢fschetz formula of [theorem 3.2.2.0.1] holds:
i _ i * V
(Zou):. er [Ovﬁlro,n(z,v)} - {Ovﬁlro,n(x,m] A1 (70720, V0,0 € 7). (3.51)
Y=

O






CHAPTER

4

QUASI-STABLE MAPS AND THEIR
GEOMETRIC FIELD THEORY

Let X be a (derived) scheme. In [STV15] were constructed derived moduli stacks RAZ g, n (X, )
of stable maps into X of class 3 € A1X, genus g € N and with n markings, in the following
way. There is a moduli stack Mg ,, of prestable curves of genus g with n markings, which has a
universal curve Cg n — Mg n. Then R4 g 1 (X, ) is the open substack of the mapping derived
stack Mor /m,  (Cg,n,X x Mg n) determined by imposing a stability condition which must be
tulfilled by the maps. These stacks are however not particularly well behaved: in particular, the
universal curve €4, does not have a convenient description: unlike in the case of the moduli
stacks of stable curves . 4 n, the forgetful morphism My ,, 1 — Mg n is zor the universal curve.
Since the brane action produces the object of extensions which is computed as a fibre of this
forgetful morphism, this means that the brane action for this operad would not have interesting
geometric content.

A variant used in [[MR18]] is the collection of moduli stacks m;ﬂn of prestable curves whose
components are decorated by effective curve classes in X, introduced in [|[Coso6|]. They can be used
in place of My  to define the moduli stack of stable maps into X just as well, but they have better
formal properties. In particular, the universal curve is given by the morphism MX gn+1 m
forgetting the last marking.

The stacks of curves assemble into a modular operad, whose genus-0 part is reduced and
hence gives a brane action from the construction of [MR18]]. The target of a brane action is the
object of extensions of the identity of the unique colour, extensions which are defined as the fibre
of the morphism forgetting the last input. Hence, in the case of the operad MY of genus-0 curves,
one recovers the universal curve and, by imposing the stability condition, the derived moduli

95
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stacks of stable maps, in the spans

]_[[3 R%O,n—b—] (X) B)

(Stab,evy )V m (41)

%O,nJr] x X™ X

giving the brane action.

In this final chapter, we will turn to the case where the target X is allowed to be a 1-Deligne-
Mumford stack. In that case, as noted in [CCK15]], the Gromov-Witten stability condition can be
generalised to a family of “quasimap” stability conditions parameterised by a positive rational
number (and in fact a choice of polarisation of X). To be more precise, the quasimap stability
conditions were developed in [|[CCK15]] for quotient stacks, but using the more general notion
of stable loci from the “Beyond GIT” program of [[Hal18|| one can formulate it for more general
polarised algebraic stacks. We will present in[subsection 4.2.1.1|the definitions in this general
context, although we do not yet refine the algebraicity results of [CCK15]].

In addition to generalising the notion of stability, passing to the stacky setting adds some new
technical changes to the result studied in [[MR18]].

The first of these is that, as was noticed in [[AVoz2]], for stacky targets, schematic prestable
curves are no longer sufficient to obtain a proper moduli space, and the source curves for the
stable maps must also be allowed to develop stacky structures, which come in the form of gerbes
banded by cyclotomic groups i, at the markings. It is not possible to glue together two marked
points which contain gerbes of different orders, and so the operad of moduli stacks of stacky
curves will no longer be monochromatic, but will have its colours indexed by the strictly positive
integers (the orders of gerbes). This is why the construction of a Gromov-Witten (or quasimap)
geometric field theory for stacks requires the more general hapaxunital brane action of
Indeed, here the collection of colours does not form a discrete set, but rather each colour r,
indexing marked gerbes of order r, has as group of automorphisms B p;: it ensues that only
the colour 1 is unital. This operadic technical point reflects a geometric phenomenon: when
working with moduli stacks of stacky curves, the forgetful morphism giving the universal curve
cannot forget any markings, but only the schematic ones, of order 1. This ensures that, by taking
the hapaxunital extensions, the brane action once again recovers the universal curve.

The second phenomenon, also a consequence of the stacky structure of the curves, is that as
the markings are now gerbes, the morphisms evaluating a stable map at a marking no longer land
in the target X but in a stack parameterising gerbes in X, typically called its cyclotomic inertia
stack. In[subsection 4.2.2.2} we will explain how our brane action recovers the cyclotomic loop
stack (the natural derived thickening of the cyclotomic inertia stack) as a consequence of the
operadic structure of MY, without having to manually stipulate it for the evaluations. More
precisely, we will show as theorem 4.2.2.2.7|that the derived moduli stacks of quasi-stable maps

Réoz,n (X, B) appear as the apex of correspondences exhibiting a lax (.# o n )n-algebra structure
on the rigidified cyclotomic loop stack.

4.1 Source and targets for quasimaps

In this preliminary section, we prepare the definition of quasi-stable maps by defining their
sources and the conditions on their targets. As explained above, the sources of quasi-stable maps
must be stacky curves, so we begin in[subsection 4.1.1.1by defining them and collecting results on
their local structure, and follow in|subsection 4.1.1.2|by a study of their moduli stacks. As for the
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target, we shall need to use a good notion of polarisation to define stability conditions. In
[tion 4.1.2.2]we review the notion of stable loci and stratifications on algebraic stacks from [[Hal18]],
mainly focusing on those determined by cohomologically-defined numerical invariants. Those
can in principle be defined from any line bundles, but for further geometric applications it is
convenient to require these line bundles to be ample, that is to define a polarisation of the stack
X. In order to make sense of this notion we also review in|subsection 4.1.2.1the construction of
projective homogeneous spectra in derived geometry from [|Gre17]] and [[Hek21]]. Nothing in

this is original.

4.1.1 Moduli of balanced orbicurves

4.1.1.1  Stacky curves and their local structure

In view of [proposition 3.1.2.2.12} it will be enough to define families of stacky curves on truncated
stacks, or even on spectra of fields, and then define a general family of stacky curves to be a (flat)
family whose geometric fibres are all stacky curves.

Definition 4.1.1.1.1 (Nodal curve). Let S be a truncated stack. A relative nodal curve over S is a
flat quasi-smooth relative algebraic space C — S of relative dimension 1 whose singular locus is
unramified over S.

Suppose now S be a derived stack. A relative nodal curve over S is a flat morphism C — S
such that, for any geometric point s: Speck — S, the fibre Cs (which, by flatness, is a truncated
stack) is a nodal curve over k.

Example 4.1.1.1.2. By [Jazo, Tag 0C59], when S is truncated then C — S is a relative nodal curve if
and only if it is flat of finite presentation and for every nonempty fibre C; at a geometric point
s: Speck — S,

e C; is equidimensional of dimension 1,

e every closed point c of Cg is either in the smooth locus or behaves like a node, or ordinary
double point, with O¢ . ~ Qlx,yll/(xy).

Definition 4.1.1.1.3 (Stacky Curve). Let S be a derived stack. A relative n-marked stacky curve
of genus g over S is a flat morphism C — S along with closed sub-S-stacks Z; < C, for i € [1,n],
referred to as markings, such that

e C — Sis a flat proper tame Deligne-Mumford stack of finite presentation which is étale-
locally a nodal curve,

o the stacks X; are all disjoint and in the smooth locus of C — S,
e each ; — S is an étale 1-gerbe,

e the canonical morphism from C to its coarse moduli space is an equivalence on the (open)
complement of the markings and the nodes.

Our first goal will be to construct a moduli stack parameterising families of stacky curves.
Before that, we start by recalling their local structure in the non-schematic parts, the nodes and
the markings.

Lemma 4.1.1.1.4 (Local structure at the nodes, [[AVo2|, Theorem 4.4.1, Proposition 3.2.3]). Let
C — S be a stacky curve. There exists a surjective morphism 11 o Ua = C with, for each o, an action of a finite
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group Toc on U such that U /T«] — Cis étale (in particular Uy is a pointed nodal curve). Furthermore, the
action of T on the preimage of the smooth locus is free and, for any nodal point \uw of a geometric fibre U of a chart
U, the stabiliser T, is a cyclic group sending each branch of U to itself and acting on the tangent space of each branch
by multiplication with a primitive root of unity (of order that of T, ).

Remark 4.1.1.1.5 (Coordinate description and balancing condition). In coordinates, this means
that in a formal neighbourhood of a node, C; is isomorphic to [Spec(k[x,yl/(xy))/ ], where i,
acts by (x,y) — (Cx,¢'y) with ¢ and ¢’ primitive roots of unity.

The action of a nodal point’s stabiliser group is said to be balanced if the roots of unity acting
on each branch are the inverse to each other, that is if there exists a coordinate description in
which ¢’ = ¢~'. All stacky curves will be required to be balanced, and accordingly this balancing
will always be implicitly assumed from here on.

We now turn to the description of the markings of a stacky curve. For this, we need an

intermediate construction.

Construction 4.1.1.1.6 (Root stacks, [AGV08, Appendix B],[Cado7]]). 1. Let £ be an invert-
ible sheaf on X, corresponding to a morphism "£7: X — B G, and let r be a positive integer.
Consider the r-th power map G, — Gm, A — AT; it induces B G, — B G, which in terms
of the functor of points maps a line bundle M to M®".

The rth root stack of £ is the fibre product

VL/X =X x BGy —— BGn
BGm
l J*/(_)T (4.2)

X T BGm.

The arrow {/L/X — B Gy, classifies a line bundle Lon /L /X, and the commutativity of
the square corresponds to an equivalence L& ~ L.
The Kummer exact sequence 0 — iy — Gy — Gy — 0 induces by [[BDR18, Corollary 4.6] a

cofibre sequence B Gy, — BGy — B2 iy, and the composite map /£/X = BGp — B2 Ly
exhibits {/£/X as a pr-banded X-gerbe.

2. Let (£,s) be a pair of a line bundle with a section, given by "(£,s)™: X — [A!/Gp] =: ©. For
any positive integer r, the rth root stack of (£, s) is the fibre product

(L,s) =Xx0 — [A/Gp]

S

l J(—)T/(—)T (4-3)

X ————— [A!/Gn)]
I—(L)S)—I

along the rth power map © — O.

As before, the map {/(£,s) — © classifies a line bundle £on {/ (L£,s) with a section s, and

commutativity of the square corresponds to an equivalence ( LOT37) ~ (L,s). In particular,
on the locus where s =0, this makes s nilpotent of order .
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Proposition 4.1.1.1.7 (Structure of the markings, [AGVo08, Theorem 4.2.1], [G516, Theorem 1]).
Let (C— S,Xq,-- L) be an n-pointed stacky curve, and assume that for all 1 € [1,n] the index of the ith
section is constant, with value d;.

There is a canonical isomorphism of S-stacky curves Csm =~ || ite d{/ (O1c((S1,01))/ Csm, inducing the
identity on |Clsm.

There is a canonical isomorphism of S-gerbes L ~ % /N . s_yc|/S (where Ny, . s_y|c|/S is the normal
bundle of § embedded in |C| via the section s; ), inducing a canonical g, -band on Z;.

In particular, each marking ¥; C C defines a canonical morphism S — B2 Hq, -

4.1.1.2 The moduli stacks of stacky curves

Definition 4.1.1.2.1 (Morphisms of stacky curves). Let (C — S;Zq,---,Zn)and (C' — S;Z),---,Z7))
be n-pointed stacky curves. A morphism (C — S;X4,---, L) — (C' = §';X),---, L] ) is a mor-
phism S — S’ along with an S-equivalence C =» C’ xS, equivalently given by a morphism
f: C — C’ making the square

f

C—
l - l (4-4)
S—— %

cartesian, such that for every i € [1,n], the restriction 1| 50Xy — C’ factors through ZQ — C
and the S-morphism X; — ?*Z’i = C x ¢ I} induced by f|5, is an equivalence. In other words, a
morphism is given by a diagram

(4.5)

in which the two displayed squares (and hence, by the gluing law for pullbacks, the third one as
well) are cartesian.

A 2-morphism of morphisms of stacky curves is a 2-morphism of the morphism of stacks f
constituting the morphism of stacky curves.

In this way one obtains a 2-category (in fact, as is easily seen, a 2-groupoid) of n-pointed
stacky curves as a locally full sub-2-category of 55t?>*2 on those squares

l J (4.6)

S:S

which define a twisted curve over S.
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As the conditions defining stacky curves are stable under base-change, the projection to »St
satisfies descent. The associated derived moduli stack of stacky curves (of genus g with n
marked points) will be denoted Mg n.

Theorem 4.1.1.2.2 ([Olsoy, Theorem 1.10]). The derived stack Mg n is 1-cArtin.

Proof. By the results of subsection 3.2.1.2} it is formally algebraic and has a cotangent complex.
Furthermore, by [[Olso7|, Theorem 1.10], its truncation is an Artin 1-stack. The result then follows
from the representabilty criterion of theorem 3.1.2.3.2} O

Remark 4.1.1.2.3. While we will only be interested in balanced stacky curves, one may also define
a moduli stack of not necessarily balanced stacky curves, of which balanced ones form a clopen
substack by[|AVo2, Proposition 8.1.1].

Proposition 4.1.1.2.4. The derived stack TNy n is truncated.

Proof. We need to check that the closed immersion 7 Mg n < Mg, is an equivalence. Since it is
obviously an equivalence at the level of truncations, all that needs to be verified is that it is étale.

The same arguments as in [PY20[] compute that the stalk at a point ™ (C LN T(Z))": T—=Mgn
of the cotangeant complex of Ny n, is

(CH T (E)) ™ Lmy,, = (PJC/T(*ZZ”)V =10 (47)

Since C is a curve and quasi-smooth, the cotangent complex is indeed concentrated in degree
0, so that My n is smooth.
But ¢ My n is known to be smooth as well, so the result follows. O

Remark 4.1.1.2.5. This means that Mg nis the extension to derived rings of its truncation, which
is the moduli stack of twisted curves studied in [[AGV08]|] and [|Olso7|]. This stack was usually
denoted MY, to emphasise the stacky nature of the moduli problem it represents. Unlike in the
cited works we omit this emphasis as the stacky theory is the natural context in which we place
ourselves; however, due to [proposition 4.1.1.2.4| we have not introduced any shift in notation to
show that we work in the derived setting, as will on the contrary be done for the moduli stacks
of quasi-stable maps.

In order to work with these stacks and the operad they comprise, it will be useful to introduce
some refinements.

By similar arguments as [Ja20, Tag 0E6K], there is a decomposition of Mg , in clopen sub-
stacks

mgvn‘(r]w“arn) (48)

where 1; is the order of the gerbe at the ith marking.

Next, we introduce a graded version, adapted to a target for maps from curves, and due
to [[Cosob]]. Let (X, £) be a polarised 1-algebraic derived stack, and let Eff(X, £) denote its monoid
of effective classes.

Construction 4.1.1.2.6. For any class 3 € Eff(X,£), one can define a moduli stack My » g of
prestable stacky curves decorated with stable decompositions of (3. If C is a prestable curve, each
irreducible component C; C C is decorated with an element f3; € Eff(X,£), in such a way that
> i Bi=pand that 2g; —2+n; +€Bi(Lp) > 0.

The precise definition is carried out recursively as in [[Coso6, page 569, before Proposition
2.0.2].
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Proposition 4.1.1.2.7. The forgetful map

mg,n+1,(r1 yeeesTny 1), - mg,n‘(r]‘...,rn),ﬁ (49)

exhibits Mg w11, (ry,.. 1),p 48 the universal curve Cg 1 vy, ), 0% Mg n (11,0 mn), B

>Tn,

Proof. As in [Cos06, Proposition 2.1.1] (and [[PY20]] for the truncatedness of the universal curve:
since the families of curves classified by N4, are required to be flat, so is its universal curve). [J

4.1.2 Stable loci of polarised Artin stacks

4.1.2.1 Polarisations on quasi-projective derived stacks

Definition 4.1.2.1.1. Let B be an co-groupoid. The (oo, 1)-category of B-graded objects in an
(00, 1)-category € is the functor (oo, 1)-category €.

Suppose C? is presentably symmetric monoidal and B is also endowed with an &x-monoid
structure. The procedure of Day convolution then produces a symmetric monoidal structure on
CPB. The (00, 1)-category of X-graded algebras in C® is &, —Alg(C?).

In the case where C is the (oo, 1)-category of modules over some derived ring, it will be useful
to have a more geometric interpretation of gradings.

Construction 4.1.2.1.2 (Monoid algebra). By [Luriy|, an (oo, 1)-category € with products is
equivalent to its (0o, 1)-category &.—Alg,(C°P)°P of cocommutative cogebras. As seen in [Lur1y,
Example 6.2.4.13], the (oo, 1)-functor X*: co—Grpd — oo—Grpd ~ S—Mod left-adjoint to Q%
has a symmetric monoidal structure, and so preserves cocommutative cogebras.

If G is an &x-monoid, its monoid k-algebra is k[G] := k ®s X*°G, endowed with its commuta-
tive cogebra structure (in k—Alg), which is grouplike when G is.

Due to the cogebra structure on k([G], its spectrum Spec(k[G]) has the structure of a commu-
tative group object in derived schemes. We write Dy (G) := Spec(k([G]) for the diagonalisable
group derived k-scheme corresponding to G.

Lemma 4.1.2.1.3 ([Gre1y} Corollary 1.5.14]). Lz X be a Deligne-Mumford derived k-stack and G an

Eoo-monvid. There is an equivalence of (00, 1)-categories
Eo—Rlg(QCol(X)®) ~ (b5t75) P P(G) = Dy (G)—Mod (85135 ), (4.10)

where hSte}gf( is the full sub-(00, 1)-category of 83t ;x on the relatively affine X-stacks.

Proposition 4.1.2.1.4 ([|Gre1y, Proposition 1.6.5]). Lez X be a Deligne-Mumford derived stack and G
an Eoo-monoid. Let A be a G-graded quasicoberent Ox-algebra. There is an equivalence of (00, 1)-categories

QColi(8pecy (A)/Dx(G)) =~ A—Mod(QCol(X)®). (4.11)
Tn particular, taking A to be Ox equipped with the trivial G-grading, we find QColi(B Dx(G)) ~ QCoh(X) G,

Lemma 4.1.2.1.5 ([Gre1y, Lemmata 2.5.1, 2.5.2]). Lot G be an Exo-monoid, let S be a base Deligne-
Mumford derived stack, and let A be a G-graded quasicoberent Ox -algebra. The invariant subscheme (Specy A) Dx(G)
is equivalent to Specy A e where A is the component indexed by the unit € € G. Tt is a closed immersion defined

by the irvelevant ideal 710 A ¢, and its complement is Dx (G)-invariant in Specy A.
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Definition 4.1.2.1.6. Let I denote the free &,,-monoid on one generator. Let X be a Deligne—
Mumford derived stack and let A be a Z-graded quasicoherent Ox-algebra. The (relative) Proj
construction of A is the quotient

Projy (A) = (Specx (A) \ V(19 A+0)) /G- (4.12)

Proposition 4.1.2.1.7 ([[Hek21, Proposition 5.5.5]). Let S be a base derived stack defined over Spec Q, so
that X-grading coincides with N-grading, and let B o be an N-graded gquasicoberent O s-algebra. Then Projg Be
represents the (00, 1)-functor of points mapping O: Y — S to the full sub-oo-groupoid of 1o (Orfﬂ[g ’(\‘; f;.) /)
on those maps \p* Be — Meq such that Mo ~ SymMy is freely generated by a line bundle and \p*B1 My is

surfective on Ty groups.
This suggests a definition of ampleness for line bundles.

Definition 4.1.2.1.8. Let @: X — S be a relative derived algebraic space, defined over SpecQ. A
line bundle £ on X is relatively ample over S (or simply @-ample) if the counit map @* @, (SymL) —
SymL defines an open immersion X — Projg (@.8ymL).

If @: X — S isnow a relative Deligne-Mumford derived stack, a line bundle £ on X is @-ample
if the induced line bundle on the relative coarse moduli space is relatively ample.

4.1.2.2 Stability conditions and O-stratifications

This section consists of reminders from [[Hal18|] and [[Hal20]] in order to define the stability locus
of a polarised stack and formulate the stability condition.

Notation 4.1.2.2.1. Consider the action of G, on A'. We shall let © denote the quotient stack

©:= [A‘ /Gm] . (413)

It is then the moduli stack for pairs of a line bundle and a section thereof.
We shall also make use, for X an Artin derived stack, of the mapping stacks:

Filt(X) := Mor (0, X) and Grad(X) := Mor(B Gy, X). (4.14)

They fit in the following diagram:

m ev;
Grad(X) Filt(X) —— X = Mor(*,X) (4.15)
Vo~

where ev( can be interpreted as the map of associated graded of a filtered stack, while ev is the
map of underlying object of the filtration.

Definition 4.1.2.2.2 (O-stratum). A ©-stratum in X is a clopen substack S C Filt(X) such that
evils: S — Xis a closed immersion.

Definition 4.1.2.2.3 (©-stratification). A O-stratification on X consists of a well-ordered set (', <)
and

e for eachy € I" an open substack X<, C X such that, whenever y <y’ in T then X<, C X</,
e in each X¢, a @-stratum S C Jilt(X¢, ) such that

X<y \evi(Sy) =Xoy = | Xgyr. (4.16)
Y'<vy
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By [Hal2o0| Lemma 1.2.3], ©-strata (and thus also ©-stratifications) in X are the same thing as
truncated O-strata (and O-stratifications) in Zg X.

Lemma 4.1.2.2.4. Let T: X' — X be a morphism of stacks. If f is representable (vesp. a monomorphism, a closed
immersion, an open immersion, smooth, étale) then so is the induced map Filt(X') — Filt(X).

Construction 4.1.2.2.5. Let X be a stack endowed with a ©-stratification. For every y € T, the
clopen substack S, C Jilt(X<, ) defines an open substack of Filt(X). In particular, we have an
injection IrrComp(S- ) — IrrComp (Jilt(X)).

Hence the O-stratification selects a set of irreducible components of Filt(X), and an indexing
of them by I".

Construction 4.1.2.2.6. Consider X a collection of irreducible components of Filf(X),and u: Z — T
a locally constant map.
We first extend p to

w: |Filt(X)] — T'U{—o0}

f s max({—oo) U{u(0) | f € o). (4.17)

We can then define a stability function

MM [X| = T'U{—o0}
B (418)
x — sup{p(f) [ f(1) =x}
From this data, we finally define
Xlgy ={x € X M¥(x) <v} (4.19)
and

|Filt(X)|y ={f € |Filt(X)| | f lies in X, u(f) = MH(f)}. (4.20)

Theorem 4.1.2.2.7 ([[Hal18| Theorem 2.7]). The subsets above define a O-stratification on X if and only if
certain technical conditions are satisfied, chicf among which the existence of a Vfarder—y\@msimhﬂﬂ (i.e. maximally
destabilising) filtration: for any geometric point x of X, writing Flag(p) := Filt(X) x x {p}, the space |Flag(p)|

contains a unique point f lying over an irreducible component in X with u(f) = M (p).

The numerical invariants we will be interested in will come from cohomology classes, and
more specifically from the Chern classes of line bundles.

Lemma 4.1.2.2.8. The Picard group of © is canonically isomorphic to Z.

We will work, as in [[Hal18| §3.7], with a cohomology theory H® taking coefficients in a subring
A of an archimedean ordered field and which must satisfy H*(©™) ~ Afuy,...,us] with each
generator u; in cohomological degree 2.

Proposition 4.1.2.2.9 (¢f [Hal18, Example 4.13]). Loz f: © — X be a filtered point, with associated graded
(0). Then, letting € = c1 (L), we have that f*1 = —wt(L¢ (o)) u2.

Proof. We have f*{ =c(f*L) € H?(©,Q). But f*£ is a line bundle on © so is of the form Og (w)
for a weight w. This is exactly the opposite of the weight of the Gy,-sheaf L (o). O

Remark 4.1.2.2.10. For every n € N, there is a ramified covering © — ©,z — z™. A class
vy € H?(0,Q) is scaled by n under the action of this covering. Hence there is a need to normalise.
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Definition 4.1.2.2.11. A cohomologically defined numerical invariant is given in the following
way. Say that 3 € H*(X,Q) is positive-definite if for any ¢: BGy, — X inducing a non-trivial
homomorphism G, — Autx(¢@(x*)), the class ¢*3 is a positive multiple of the generator u? of
H*(©,Q).

Pick A € H2(X,Q) and p € H*(X,Q) positive-definite. We may then set, for any f € Filt(X),

*A
H(f) = \;Tif?) € Ralg‘ (4'21)

Note that the covering of order n scales H*(©,Q) by n? so such numerical invariants are
indeed invariant under these coverings.

Definition 4.1.2.2.12 (O-reductivity). A stack X is ©-reductive if evy: Filt(X) — X satisfies the
valuative criterion for properness, that is is right orthogonal to the inclusion of the spectrum of
the function field K of any discrete valuation ring R:

SpecK —— Filt(X)
l 3' T lew (4.22)

SpecR ——— X

Example 4.1.2.2.13. e If Vis affine and G reductive, then [V/G] is @-reductive. This is not the
case if V is projective, but the stack can then be included in its affine cone.

e The moduli stack of objects of an abelian category is @-reductive.

Theorem 4.1.2.2.14. Let X be O-reductive and let |\ be a cobomologically-defined numerical invariant. If 1
satisfies an appropriate boundedness condition, then every W-unstable point of X admits a fffﬁ\éﬁltm tion, unique
up to the ramified coverings of ©.

Corollary 4.1.2.2.15. Tf W is a cobomologically defined numerical invariant on a ©-reductive stack X, it defines
a O-stratification on X if and only if it satisfies the following boundedness condition:

For any &: Spec A — X, there exists a quasi-compact substack X' C X such that, for all finite type p €
(SpecA) (k) and f € Flag(&(p)) with w(f) > 0, thereist' € Flag(&(p)) such that w(f') > u(f) and gr(f') €
X'

Example 4.1.2.2.16. If X is quasicompact, the condition is satisfied.
Proposition 4.1.2.2.17. Tf X is ©-reductive, then so is its semistable locus (velative to a cobomology class).
The condition of @-reductivity can also be used (over Q) to check for tameness.

Definition 4.1.2.2.18 (Seshadri completeness). A morphism f: X — Y is S-complete if for
any DVR R, with maximal ideal (@), it is right orthogonal to STg \ 0 — ST where ST =
Spec(R([s,t]/(st —®)))/Gm, where the Gp,-action comes from a grading giving s weight 1 and t
weight —1, and the point 0 is {s =t =0}.

Theorem 4.1.2.2.19. L¢t X be an algebraic stack locally of finite type with quasi-affine diagonal over a quasi-
separated locally noetherian algebraic space defined over Q. Then X admits a separated good moduli space if and
only if it is ©-reductive and S-complete.
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4.2 Gromov-Witten action on the loop stack

4.2.1 The derived moduli stack of quasi-stable maps

4.2.1.1 Quasi-stable maps to polarised orbifolds

Let X be a quasiprojective 1-Artin derived stack, and pick a polarisation £ € Pic(X). Let also
e € Q- ¢ be a positive rational number. We will sometimes think of £ := ¢ ® Lo € Q® Pic(X) as a
rational polarisation of X.

We will assume that the £y-stable locus of X is 1-Deligne-Mumford, and that the restriction
of £ to this stable locus is ample.

Construction 4.2.1.1.1 (Degree of a polarisation). Let C be a smooth irreducible schematic
curve. Recall that the degree deg (M) of a line bundle M on C can be defined as the pairing
I[C] ¢1(M) € Z of the first Chern class of M with the fundamental class of C.

Now if C is more generally a stacky curve, the degree of M € Pic(C) is defined in the following
way, following [AGV 08, before Theorem 7.2.1]: let v: C — C be the normalisation of C, so that
the irreducible components of C give rise to connected components of C. For each connected
(and irreducible) component Ci, pick a finite morphism ¢;: D; — C; from a connected smooth
schematic curve Dy, of degree d;. Then one may set

] kK
deg (M) = Z a degp, @iV M. (4.23)

i

Definition 4.2.1.1.2 (Class of a map). Let f: C — X be a map from a stacky curve to X. Its class is
the element of Grp(Pic(X),Q) mapping M to deg~(f*M). If f is representable, it in fact belongs
to Grp (PiC(X), %Z), where e is the least common multiple of the orders of the automorphism
groups of geometric points of Z((X).

Remark 4.2.1.1.3. There is a morphism A X — Grp(Pic(X),Q) mapping a class 3 € A1X to the
homomorphism M fﬁ c1(M). By the projection formula, the class of a map f: C — X is the
image under this morphism of the curve class f,[C] € A1 X.

Definition 4.2.1.1.4 (Prestable quasimap). Let g,n € N and 3 € Grp(Pic(X),Q). Consider an
n-marked prestable curve (C;Xq,...,XZ) of genus g and a map C — X of class (3 such that the
generic point 113 of each irreducible component C; C C is mapped to the £-stable locus of X. In
other words, there are at most finitely many points mapped to the unstable locus; call those
points basepoints of f.

We say that (C;Z1,...,Zn;f) is a pre-L-quasistable map of genus g with n markings and of
class B to X if its basepoints are all disjoint from the special points of the curve.

Lemma 4.2.1.1.5 ([AGVo08| Lemma 2.1.2]). et e be the least common multiple of the orders of the automor-
phism groups of geometric points of Zo(X). The line bundle 7 LDC is the pullback of a line bundle on the coarse
moduli space |¢o(X)|.

Definition 4.2.1.1.6 (Stable quasimap). A pre-£-quasistable map to X is £-quasistable if

e the rational line bundle
WiC | 0g ® (L5 )P/ (4.24)

is ample, where w|c| 105 = W|C| (> 41Zi]) is the logarithmic canonical sheaf of the marked
curve,
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e for every point x of C,
e-f(x) <1, (4.25)

where {(x) is the order of contact of f at x.

Remark 4.2.1.1.7. By the numerical criterion for ampleness of line bundles on a curve, one finds
that wc| 10g ® (f*L?e)®s/ € is ample if and only if for each irreducible component C; of C we
have 2g; —2+n; + ¢ deg(e- f*Lolc,) > 0.

Example 4.2.1.1.8. When ¢ > 2, we can see from that the € ® £y-stable quasimap
theory of X is exactly the Gromov—Witten theory of the £y-stable locus.

The conditions for being an £-quasistable map to X define an open substack 5§‘n (X,B) C
ZoMor /m, , (Cg,ny X X Mg n), which is a stable substack in the sense of definition 3.2.1.1.7| (in
fact, comparing[remark 4.2.1.1.7]with the definition of the grading-stability for graded moduli of
curves inconstruction 4.1.1.2.6, we see that it is even a stable substack of one defined by a degree
function).

Theorem 4.2.1.1.9 ([CCK15, Theorem 2.7]). Suppose X is a global quotient stack [V/G] where V is an
irreducible affine variety and G a reductive algebraic group. The stack éj,n (X, B) s Deligne-Mumford.

The derived moduli stack of quasimaps to X is the corresponding open Mj,n(x, B) C
Mor/mg’n (O:g’n,x X mgwn)

Lemma 4.2.1.1.10 ([MR18| Proposition 4.3.1]). Suppose the 1-cArtin derived stack X is quasi-smooth, and
its L-stable locus is a smooth 1-Deligne-Mumford stack. The derived stack R@;n (X, B) is quasi-smooth and
the perfect obstruction theory it induces on 5§’n (X, B) coincides with the one used (for example) in [CCK1s) §2.4.5]

for the classical construction of the virtual structure sheaf.

Proof. It follows from the computation of the cotangent complex in[remark 3.2.1.1.3| (and the fact

that the restriction of ev: Mor/mg’n (Cg,n, X x Mg n) = Xto R@gm (X, B) is the universal map)
that the induced obstruction theories coincide. From this and the quasi-smoothness assumption
on X we deduce that the cotangent complex has To-amplitude concentrated in degrees [—1,2],
and with the assumptions on the stable locus the arguments in the proof of [[CKMz14, Theorem
4.5.2] restrict it to [0, 1]. O

It further follows from [proposition 3.1.3.2.3|that the virtual structure sheaf defined from

R@;n (X, B) coincides with the usual virtual structure sheaf, that is that the geometry of R@;n (X,B)

recovers the “virtual geometry” of ééyn (X, B).

4.2.1.2 The operad structure on the moduli stacks of stacky curves

As we have only constructed brane actions for co-operads and not modular co-operads in|chapter 2]
we will only obtain here the genus-0 quasimap invariants. However, the moduli stacks of stacky
curves at play do form a modular operad, that we can describe here at little added cost, in hope
of using it for higher-genus invariants in later work.

Construction 4.2.1.2.1 (Genus-graded modular graphs). A genus-graded modular graphisa
connected graph G equipped with a function g: Vert(G) — N associating with each vertex (or
corolla) v of G an integer g(v) called its genus.
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The total genus of a genus-graded modular graph (G, g) is X(G) + 3\ cvert(g) 9(V)- A genus-
graded modular graph is said to be stable if it is connected and for every vertex v, letting n(v)
denote its number of adjacent edges, 2g(v) —2 +n(v) > 0.

A map of genus-graded modular graphs is a map of the underlying graphs compatible with
the genus of its source and the total genus of its target.

This produces (by [HRY20, Proposition 4.16]) a category Y ¢ of genus-graded modular graphs.

Example 4.2.1.2.2 (Genera on elementary graphs). The corolla xy, has a single vertex, with n + 1
adjacent leaves. A genus-grading on a corolla is thus equivalent to the datum of a natural integer
g, and the corolla *,, can be equipped with any genus-grading, giving a stable graph as long as
2g—1+4+n>0. We let x(4 ;) denote the resulting genus-graded modular graph. Note that the
unstable genus-graded corollas are exactly x(o _1),%(0,0),*(0,1)>*(1,—1)-

The generic edge 1 has no vertex so admits a single genus grading.

Lemma 4.2.1.2.3. The category Y ¢ of genus-graded modular graphs admits an active-inert factorisation system,
iving rise to the usual algebraic pattern structures ¥ 3 and ¥°°. as inlexample 2.1.1.1.6\on its opposite.
gmg g g g

Here the “usual” patterns are the ones whose elementaries are the genus-graded corollas,
denoted x4 ), and the generic edge n.

Proof. The factorisation system is exhibited from the one on ¥ in [[HRY20} Remark 4.17]. O

We will define the modular operad M of (moduli stacks of) stacky curves by imposing the
Segal conditions. That is, we will define the corresponding precosheaf ¥ ; — dSt by specifying its
values on Y g"ph’el, and extend it to the rest of ¥ ;°P by using the Segal decompositions of general
graphs.

In the first place, we start by defining the restriction M|, gophint-

Construction 4.2.1.2.4. For any stable genus-g modular corolla (4 ), we set

m(*(g,n)) :mg‘n+1 (426)

(recall that the underlying graph %y of x(4 ) hasn+1 leaves).
We set
mm) =] [B*u (4.27)
T

for the Z/(2)-equivariant stack of colours; it is equipped with its involution inverting the band.
For any inert morphismn — %y, say the one picking the ith leaf, the associated Mg n — [ [, B2 ur
is the classifying morphism of the corresponding ith marked gerbe.
We also decreed that
M(*(0,1)) = Ml*(0,2)) = M(n). (4.28)

The image of the unique inert morphism n — %(( 1) is the identity. The images of the two
morphisms n — %(¢ ) are the identity and the involution.

We have defined the values of our putative Segal precosheaf on all elementaries, so we may
now set, for a general modular graph T, M(T) =lim . M(E). The image of any inert morphism
T — E is then the canonical projection.

For the image of the active “contraction” morphisms, we shall need the following lemma.
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Lemma 4.2.1.2.5 ([[AGV08, Proposition 5.1.3]). Let 91,92 € N be two genera, and let S1 and S be two

set of marking indexes. There are representable gluing morphisms of classical stacks

z
Mapsimry % May,somry) = fO(mghs]H{r]}H 5 mgz,szu(rz}) = Mgy +95,5111S,-

T T r Hr

(4.29)

Proof. The fibre product is identified with an explicit stack describing a stratum of the boundary,
whose value at a stack T is the category of objects the diagrams

Cy C, (4.30)

where C1 — T and C, — T are prestable stacky curves over T with markings respectively labelled
by S; LI{I'1} and S, II{I’;}, and « is an isomorphism of gerbes inverting the band. The gluing
morphism is then constructed by applying the gluing procedure of [AGVo08, Proposition A.1.1]

(see also [Lur1g, Theorem 16.1.0.1]) for the closed immersions '} <— C; and I'y % MNHh—Cy, O

Corollary 4.2.1.2.6. There is a modular co-operad T of stacky curves, which is hapaxunital.

Proof. Composition is given by the gluing morphisms of Since the stacks consti-
tuting N1 are smooth by [proposition 4.1.1.2.4} they are in particular flat and their truncated fibre

products are also their fibre products as derived stacks, so exhibiting the operad structure in the
(00, 1)-category of classical (higher) stacks suffices to deduce it in the (0o, 1)-category of derived
stacks.

This shows that we have a Segal ¥ °Pf_derived stack; to be able to interpret it properly as
an oo-operad, we also need to verify univalence. It follows from the definition of the spaces of
colours and unary morphisms, and the fact that the underlying (oo, 1)-category is an co-groupoid.

Finally, for the hapaxunital structure, we simply observe that the only unital colour is 1, the
unique point of B2 j1y =~ *. O

By restriction along the Segal functor QOPF ¥ OoP (g by restricting to the genus 0 part and
forgetting the cyclic structure), there is also an co-operad N1y of genus 0 stacky curves.

We also consider a variation adapted to a target for quasi-stable maps. Fix (X,£) a polarised
1-Artin stack, and let Eff(X, £) denote the monoid of L-effective classes in X.

Proposition 4.2.1.2.7. There is a graded modular co-operad M of Bff (X, L)-decorated stacky curves.

Proof. Given the previous discussion, this amounts to proving that the operadic composition
is compatible with the grading. But this is clear, as composition is given by gluing, which
corresponds to adding irreducible components, and the grading decomposition is additive with
respect to components. O
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4.2.2 The quasimap Geometric Field Theory

We can now apply the general operadic framework of[subsection 2.3.2|to quasimap theory, as
was done in [MR18] for the schematic (and thus, monochromatic) case. The operad m?)(’“h
considered in this work had three salient points:

e it is a monochromatic operad, which furthermore is unital (and in fact reduced),

o the maps M5 (s 1) — M5 (xy,) forgetting one input are given by the universal
curves,

o the object mé‘“h(*g) of extensions of the identity (of the unique colour) is terminal, so
that the mapping stack Mor(MZ5" (x3),X) is just the moduli stack of points in X, which is
X itself, ensuring that the eventual brane action takes place on X.

In our orbifold setting, the operad in play has some differences:
e it has several colours (so is in particular not reduced), only one of which is unital,

o due to the non-unitality, the object of extensions of the identity of a colour is not the whole
of Mg (x3) but only the part whose last colour is the unital one. This still ensures that
extensions recover the unversal curve, by [proposition 4.1.1.2.7]

o It is known from [[AVoz2]| that the stacky evaluation maps do not take values in X itself
but its cyclotomic inertia stack; here the structure of Mg will not produce a point but a
collection of gerbes giving naturally rise to a derived thickening of the cyclotomic inertia
stack.

4.2.2.1 The stable Gromov-Witten action

Applying|corollary 2.3.2.0.4|to the Eff(X, £)-graded co-operad M produces a lax MJ-algebra
in Span(dSt ,_)* with carriers the mapping stacks Mor(Ext(id,),X). The original action ﬂ”(()f —

Cospan(dSt ;)1 is indeed lax, as the operad M is not coherent: the gluing of curves is a colimit
in the (o0, 1)-category of algebraic derived stacks, but not in the (oo, 1)-topos of all derived stacks
as is needed for coherence. However it can be seen that the induced action becomes strong thanks
to mapping into X, at least in the case where X is perfect in the sense of [BFN10, Definition 3.2]:

Proposition 4.2.2.1.1 ([MR18, Discussion before Corollary 3.1.8]). Suppose X is a perfect derived stack.
cAfter applying Mor (—, X), the brane action becomes a strong morphism.

Proof. Let Cs and Cr be two curves with a gerbe of common order r. We have the comparison
map 6: CoIly2  Cr — Croo. By the universal property of the amalgamated sum in derived
stacks, we have

J\/[or(C(y I CT,X) ~ Mor(Cq,X) X Mor(C, X). (4.31)
B ur Mor (B pr,X)

By the hypotheses on X and the properties of stacky curves, it ensues from [theorem 3.2.1.1.4|that
each of the mapping stacks appearing infequation (4.31)|is algebraic. Thus, as the inclusion of
algebraic derived stacks into derived stacks is fully faithful, the same equality also holds in the
(00, T)-category of algebraic derived stacks. O
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Construction 4.2.2.1.2 (Stable sub-action). Recall from|remark 2.3.2.0.5|that the brane action on X
is given by a discrete cocartesian fibration Bys (M, X) — [ Enu®>" (Tw™™ (2055 (M) x [ St ,_
T

whose fibre at (Z,0,Y — Z) is T,z (Ext(0) xz Y, X x Z).

Fix a degree-stability condition as in |example 3.2.1.1. 8l We let B;%’tl( X) denote the full
subcategory on those families of maps which are representable and whose degree on each
component of the source curve coincides with the degree specified by the grading.

Remark 4.2.2.1.3. Suppose, for ease of notation, that o is an operation of a hapaxunital internal co-
operad M lying over a corolla x,,. The object of extensions Ext (o) is, according tolremark 2.2.1.2.10}
the fibre product Z x5 (4, ) M(*n 1)1, where M(xn 1)1 = M(*n11) X (r) £ with the morphism
M(*n4+1) = M(*n ) the one using the hapaxunital structure to forget one input, and the morphism
Z — M(n) the one selecting the distinguished colour. In fact the whole diagram

Ext(o0) ———— Xx Z

\ / (4.32)

is the base change of

Mxns1)1 X x M(xn)

\ / (4-33)

along 0: Z — M(*n).
From this we deduce that

Mor$'5! (Ext(0),X x Z) ~ MorSi3t 1) MO )1 X Men)) | x 2. (4.34)

(n

Example 4.2.2.1.4. In the case of the operad M of degree-graded stacky curves,lproposition 4.1.1.2.7|
gives a geometric interpretation of extensions as obtained from the universal curve. In particular,
the stack Mor /1, (4 ) (Mo (kn11)1, X X Mo (*n)) is the derived moduli stack of maps containing

R@&n (X, ) as a stable open substack.

Proposition 4.2.2.1.5 ([MR18]]). Thesubfibration B30 (M, X) — JEnu S (TwSt™ (82685 (M) x Jost,
defines a morphism of 0o-operads Mo — Sparn (dSt ,_)*.

Proof. As in the proof of [MR18, Proposition 3.2.1]. O

4.2.2.2 Relative brane actions

Construction 4.2.2.2.1 (Internal (co)limits). By [proposition 2.3.1.1.19} in an (co,1)-topos T,
the assignment Z — T, defines a sheaf of (oo, 1)-categories on T, which by lemma 2.3.1.2.1]
is equivalently an internal category in T. Let CAT(T) denote the (c0,2)-category of interna
categories of T. It is proved in [Mar21, Theorem 4.5.2] that, for every internal category Cin T,
there is an equivalence between the (0o, 1)-category of internal discrete opfibrations over C (..
discrete opfibrations over € in CAT(T)) and the hom (oo, 1)-category CAT(T)(C,%).
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This shows that we can interpret morphisms ¢ — % as internal diagrams indexed by €. For
our purposes, we shall only need the case where C is an internal groupoid; in this case matters
simplify further as any morphism € — % factors uniquely through a morphism € — 1y %. Since
Lo% has a representing object U € T, such a morphism corresponds to amap C := BC — U, where
we now also view € as a “discrete” internal groupoid on the object C.

Now let C — C’ be a morphism in T, inducing the co-functor T(C’,U) — T(C,U) between the
oo-groupoids of internal diagrams. A left-adjoint to this co-functor, which exists as a dependent
sum by |[remark 2.3.1.1.13} is called an co-functor of internal oplax extension from C to C’, while
a right-adjoint, existing as a dependent product by|remark 2.3.1.1.15} is called an co-functor of
internal lax extension.

If C' = x is the terminal object so that C — « is the unique morphism, an internal oplax
extension of a C-indexed diagram is its internal colimit, while an internal lax extension is its
internal limit.

Example 4.2.2.2.2 (Group actions). Let G be a group object in T. An internal diagram B G — 1o%
corresponds to a morphism T — B G, and thus an action of G on X = T X g *. The internal colimit
of this internal diagram is the quotient T = X/G; this is a clear consequence of [subsection 3.1.1.2}
In addition, the internal limit is the object of G-invariants of the action.

Lemma 4.2.2.2.3. L&t O be a B-graded co-operad in an (00,1)-ropos T. Ler O — P be a morphism to an
ungraded monochromatic oo-operad P in T. cAny morphism b: O — Span(T ,_)* induces a lax P-algebra

structure on h_n)l ) by (where by, is the component O(n) — Span(T ,_)* (M) of the transformation b).

o(

Proof. We consider the Grothendieck constructions of the (c0,2)-operads in play.

JO —— [8pan(T,_)*

l l (4.35)

[P —— Txa»

Following [MR18} Theorem 3.3.1], we can construct (the Grothendieck construction of) the
desired morphism P — Span(T,_)* as a relative oplax extension.

For each tree T, we have an identification [O X gop {T} ~ T (7). In particular, the map
JOxauw (T}~ T,0(1) = T/p1) = [P X qor {T} is given by composition with O(T) — P(T). It
thus admits a right-adjoint given by pullback, and these assemble into a right-adjoint to [ O — [P
relative to 0°P.

Hence, for every ¢ in [P lying over Z € T and T € Q%¢!, there is an equivalence of comma
(00, 1)-categories [O [ {o}~T /Zxp(1)O(T)s SO the formula for the relative oplax extension evalu-
ated at o becomes

lim pr(b(c)) (4.36)
Z’—)ZXT(T]HE) 0p(T)
where pr denotes the functor of pushing down the base along Z’' — Z and ¢ denotes the operation
of O classified by 7' — ]—[B Op (T) as seen in the commuting square

7 5 [0

j | (4-37)

Z rogn J.:P
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Since the projections to the (oo, 1)-topos T correspond to its self-indexing, we can interpret
the relative oplax extension over T x Q°P as an internal relative oplax extension over Q°P in T. In
particular, evaluating at the edge n, since P is monochromatic meaning that P(1) = *, we obtain
the internal colimit

Opex 1)y, by ~ lim b (4.38)
Omn)
indexed by O(n). O

Example 4.2.2.2.4 ([[MR18, Theorem 3.3.1]). For a stable subaction of a brane action, where
bloxzZ')= Morjtgl(Ext(G) xz Z',X x Z), we can expand on the expression of fequation (4.36)
Indeed, since the stability condition in |construction 4.2.2.1.2| requires compatibility with the
grading, the colimit can be taken over the ungraded operad (so we will write O(T) =] [5 Og(T))

and, usingfremark 4.2.2.1.3, we compute over a corolla %n:

lim pr(Mor’3) (Ext(5),X x Z'))
yARRYA (>< )HB g (*n)
P(xn

:p]_‘

©

5

Morjtgl(Ext(a),x x Z"

Z'»Z x 1lg0p0m)
P(*n

=pr lim Mors/tgl(*n) (O(*n—H ), X x O(*n)) x 7'

Z'—Z x 1lg0p(*n) O(*n)
P(xn)

i

=pr lim Mors/tgl(*n)((‘)(*nﬂ),XxO(*n)) X (O(*n) x Z
7'~z O (*n) O(*n)

P(n)

)

where pr still denotes the functor of pushing down the base along the morphism to Z.

We can then commute the colimit with the constant terms to obtain

bl . /
pr Mor} O(knt1), XX O(*n)) x O*n) x Z X lim z
/O(*n)( n+1J)y n )O(*n) n []3(*71) O(*n)Xfp(*n)ZZ/HZ 7 O(*n)
P(xn)
=prMorsth! O(* X x O(* X O(* x Z X O(* x Z
p /o(*n)( (n+1), ( n))o(*n] ( n)?(*n) O lim) X pem 2 ( n)fP(*n)
=prMorso! O(x X x O(* x O x Z
1% /o(*n)( (*nt1)y ( n))o(*n] ( H)T(*n)
*n
(4-40)

Definition 4.2.2.2.5 (Cyclotomic loop stack). Let X be a 1-Deligne-Mumford derived stack. Its
cyclotomic loop stack is

L X = H Mor™P (B pn, X). (4.41)
n>1
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Its rigidified cyclotomic loop stack is

LuX:= H Mor™P (B un,X)/ B pn. (4.42)
n>l1

Remark 4.2.2.2.6. The truncation of £, X (respectively £, X) is the cyclotomic inertia stack
Fu(t9X) (respectively rigidified cyclotomic inertia stack %, (¢ X)) of [AGVo8]]. This is in
analogy with the fact that the truncation of the loop stack ZX = X xxxx X is the inertia stack
¢
F(toX)=20X x  ZoX
20 XXz 0 X

By applying our previous constructions to the stabilisation map My — .#, we finally obtain

our main result on the construction of the quasimap Geometric Field Theory.

Theorem 4.2.2.2.7. L¢t (X, L) be a rationnally polarised 1-Deligne-Mumford derived stack, and write X©ost
for its L-stable locus. There is a lax M g-algebra structure (in correspondences) on its rigidified cyclotomic loop stack,
informally given by the spans

[T RG.1(XB)

BEeEff(X,L)
/ \ (4.43)
%O,n—H % (gux,&-st)n §uXL-St.
Proof. We apply fequation (4.38)|to the morphism Stab: MZ — #, taking into account that
Ext(idy) ={id,}  x Mo,3,(r,1,7) ={id+} x = =QB? Hr =By (4.44)
Mo,2,(r,r) B2,

to obtain that the unique colour of .Z is mapped to Z, X: since Mo(n) ~ [, B? ir, the col-
imit over Ny (n) computes term-wise B pr-coinvariants (by jexample 4.2.2.2.2)) then takes the
coproduct. In addition, the quasi-stability condition requires that the special points of curves, so
the marked gerbes, be sent to the £-stable locus, so that the evaluation maps can be astricted to
guxﬂ—st'

The fact that the spans are given by quasimap moduli stacks is a direct consequence of equaj

tion (4.39)] 0

Construction 4.2.2.2.8. As explained in [MR18) §4.1], the assignment a derived stack Z of the
(00,2)-category QColi(Z)®-Mod(Sty) (of QColi(Z)®-modules in the symmetric monoidal (00,2)-
category of k-linear stable (oo, 1)-categories) defines a categorical co-operad QNob in 4St, and

there is a morphism of such Span(d3t,_)* — QNod, whose component at Z sends Y 2 Zto
QCoi(Y) (with QColi(Z)-module structure given by @*).

If 7 is a perfecr algebraic derived stack, the (oo, 1)-category QColi(Z) is compactly generated,
and so the restriction of QNob to perfect algebraic derived k-stacks factors through the assignment
Z @@0[1(Z)®—m0h(5tipd) (where St;;pd denotes compactly generated k-linear stable (co,1)-
categories), and extends to define a categorical co-operad QModP! in 4St, with a morphism of

such Span(bStﬁe_rf) X QModPt,

Corollary 4.2.2.2.9 ([MR18, Corollary 4.1.1, Proposition 4.1.2]). There is a lax morphism Mo —
OModPet of categorical co-operads in bt whose components QCol(Z HXL"C’t)(Xm RQCoh(Moni1) —
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QCob(ZL ( X*Y) are given by pullback-pushforward along the correspondencelequation (4.43)

Remark 4.2.2.2.10 (Motivic variant). By [Kha16, Theorem 5.1.2], the assignment to Z of the stable
motivic homotopy (oo, 1)-category SH(Z)-Mod(Sty) defines a categorical co-operad S in dSt
with a morphism Span(St,_)* — S§. We thus obtain in the same manner a lax morphism
Moy — S5 whose components SH(Z | XENEM @ SH(M o nr1) — SHZ X) are given by the
same pullback-pushforward procedure.

Lemma 4.2.2.2.11 ([[MR18)} Proposition 4.1.3]). The categorical Gromov-Witten action is compatible with
the sub-(00, 1)-categories Col® and Derf.

Remark 4.2.2.2.12 (Uncategorified quasimap invariants). By applying the K-theory functor to
the categorical action on ColP®, we obtain a G (A y)-action on G(?uXL'St). Recall (from the
discussion after that the G-theory of an Artin derived stack is isomorphic to
that of its truncation; it ensues that the action can be seen as one on the G-theory of the rigidified
cycltomic 7nertia stack of Zo(X*™t), and by lemma 4.2.1.1.10|coincides with (a G-theoretic lift of)
the cohomological field theory constructed by [[AGVo§]].

Since motivic homology theories are also insensitive to derived structures by [Kha1gal Corol-
lary 3.2.9], the action at the level of motivic homotopy co-categories also gives rise to actions on
the homology of .7, (¢ 0(X*5)) with coefficient in any motivic spectrum.




BIBLIOGRAPHY

[AG14]

[AGVo08]

[Aud74]

[AVoz]

[Baris]

[Bar18]

[BD98]

[BDR18]

[Berz1]

Benjamin Antieau and David Gepner. “Brauer groups and étale cohomology in
derived algebraic geometry”. In: Geometry € Topology 18.2 (2014), pp. 1149—1244. 1SSN:
1465-3060. poI: |10.2140/gt . 2014 .18. 1149, arXiv: 1210.0290 [math.AG]|(cit. on

PP- :
Dan Abramovich, Tom Graber, and Angelo Vistoli. “Gromov-Witten theory of Deligne-
Mumford stacks”. In: cAmerican Fournal of Mathematics 130.5 (2008), pp. 1337-1398.

por: 10.1353/ajm.0.0017, arXiv: 0603151 [math.AG] (cit. on pp. |5} [6} 98100}
o8} 13} frd).

Claude Auderset. “Adjonctions et monades au niveau des 2-catégories”. fr. In: Cabiers
de Topologie et Géométrie Différentielle Catégoriques 15.1 (1974), pp. 3-20. URL: http: //www,
numdam. org/item/CTGDC_1974__15_1_3_0|(cit. on p. [29).

Dan Abramovich and Angelo Vistoli. “Compactifying the Space of Stable Maps”.
In: Fournal of the cAmerican Mathematical Society 15.1 (2002), pp. 27—75. DoI:|10.1090/

S0894-0347-01-00380-0. arXiv:[9908167 [math.AG] (cit. on pp.[96}[97} [Loo] [ro9)).

Clark Barwick. “On exact oo-categories and the Theorem of the Heart”. In: Compositio
Mathematica 151.11 (2015), pp. 2160-2186. por: 10.1112/50010437X15007447. arXiv:
1212.5232 [math.KT]|(cit. on p.[74)).

Clark Barwick. “From operator categories to higher operads”. In: Geometry € Topology
22 (4 2018), pp- 1893-1959. por: |10 . 2140/ gt . 2018 . 22. 1893. arXiv: 1302 . 5756

[math.AT]|(cit. on pp.[36} [37} [44} [46} [55) -

John C. Baez and James Dolan. “Higher-Dimensional Algebra III. n-Categories and
the Algebra of Opetopes”. In: cAdvances in Mathematics 135.2 (1998), pp. 145-206.
ISSN: 0001-8708. por:|10.1006/aima. 1997 . 1695, arXiv: q-alg/9702014 [math.QA]

(cit. on p.[46)).

Ulrik Buchholtz, Floris van Doorn, and Egbert Rijke. “Higher Groups in Homotopy
Type Theory”. In: Proceedings of the 33rd cAnnual ACM/TEEE Symposium on Logic in
Computer Science. LICS "18. Oxford, United Kingdom: Association for Computing
Machinery, 2018, pp. 205-214. 1sBN: 9781450355834. DoI: |10.1145/3209108 . 3209150\
arXiv:[1802. 04315 [cs.L0]|(cit. on p.[o8).

Clemens Berger. “Moment categories and operads”. In: arXiv e-prints (Feb. 2021).

arXiv:[2102.00634 [math.CT]|(cit. on pp.[44} [46} [47)-

115


https://doi.org/10.2140/gt.2014.18.1149
https://arxiv.org/abs/1210.0290
https://doi.org/10.1353/ajm.0.0017
https://arxiv.org/abs/0603151
http://www.numdam.org/item/CTGDC_1974__15_1_3_0
http://www.numdam.org/item/CTGDC_1974__15_1_3_0
https://doi.org/10.1090/S0894-0347-01-00380-0
https://doi.org/10.1090/S0894-0347-01-00380-0
https://arxiv.org/abs/9908167
https://doi.org/10.1112/S0010437X15007447
https://arxiv.org/abs/1212.5232
https://doi.org/10.2140/gt.2018.22.1893
https://arxiv.org/abs/1302.5756
https://arxiv.org/abs/1302.5756
https://doi.org/10.1006/aima.1997.1695
https://arxiv.org/abs/q-alg/9702014
https://doi.org/10.1145/3209108.3209150
https://arxiv.org/abs/1802.04315
https://arxiv.org/abs/2102.00634

116

Bibliography

[BFo7]

[BFN10]

[BGN18]

[BGT13]

[BL21]
[BLV20]

[BM21]

[Bou1o]

[Bun74]

[Cado7]

[CCKi5]

[CCT14]

[CG18]

[CH21]

[CH22]

Kai Behrend and Barbara Fantechi. “The intrinsic normal cone”. In: Tnventiones mathe-
maticae 128.1 (Mar. 1997), pp. 45-88. 1ssN: 1432-1297. por:10.1007/s002220050136.

arXiv:/alg-geom/9601010 [alg-geom] (cit. on pp.[2}[79} B5).

David Ben-Zvi, John Francis, and David Nadler. “Integral Transforms And Drinfeld
Centers In Derived Algebraic Geometry”. In: Fournal of the cAmerican Mathematical Soci-
ety 23.4 (2010), pp. 909—-966. 1ssN: 08940347, 10886834. arXiv: 0805.0157 [math.AG]!
URL: http://www. jstor.org/stable/20753576| (cit. on p. .

Clark Barwick, Saul Glasman, and Denis Nardin. “Dualizing cartesian and cocarte-
sian fibrations”. In: Theory and cApplications of Categories 33.4 (2018), pp. 67-94. arXiv:
1409.2165 [math.CT]|(cit. on p.[63).

Andrew ] Blumberg, David Gepner, and Gongalo Tabuada. “A universal characteriza-
tion of higher algebraic K - theory”. In: Geometry € Topology 17 (2 2013), pp. 733-838.
por:[10.2140/gt.2013.17.733, arXiv:1001.2282 [math.KT]| (cit. on p.[73).

John Bourke and Stephen Lack. “Accessible co-cosmoi”. 2021 (cit. on p.[21)).

John Bourke, Stephen Lack, and Lukas Vokfinek. “Adjoint functor theorems for
homotopically enriched categories”. In: arXjv e-prints (June 2020). arXiv: 2006. 07843
[math.CT]| (cit. on p.[21)).

Michael Batanin and Martin Markl. “Operadic categories as a natural environment
for Koszul duality”. In: arXzv e-prints (May 2021). arXiv: 1812 . 02935 [math.CT]

(cit. on p. [46]).

John Bourke. “Codescent objects in 2-dimensional universal algebra”. PhD thesis.
University of Sidney, 2010. URL: https://www.math.muni.cz/~bourkej/papers/

JohnBThesis . pdf| (cit. on pp. 31} [34).

Marta C. Bunge. “Coherent extensions and relational algebras”. In: Transactions of the
cAmerican Mathematical Society 197 (1974), pp- 355-390. DOL (10.1090/50002-9947 ~
1974-0344305-0) (cit. on p.[28).

Charles Cadman. “Using stacks to impose tangency conditions on curves”. In: c4meri-
can Journal of Mathematics 129.2 (2007). por:|10.1353/ajm. 2007 . 0007, arXiv: 0312349
[math.AG]| URL: https://www.charlescadman.com/pdf/stacks.pdf (cit. on p. .

Daewoong Cheong, Ionut Ciocan-Fontanine, and Bumsig Kim. “Orbifold quasimaps
theory”. In: SMathematische cAnnalen 363 (2015), pp. 777-816. por:110.1007/s00208~

015-1186-z, arXiv:|1405.7160 [math.AG]|(cit. on pp.[7}[96} [106)).

Damien Calaque, Andrei Caldararu, and Junwu Tu. “On the Lie algebroid of a
derived self-intersection”. In: cAdvances in Mathematics 262 (2014), pp. 751-783. ISSN:
0001-8708. por:|10.1016/j.aim.2014.06.002. arXiv: 1306 .5260 [math.AG], URL:
http://www.sciencedirect . com/science/article/pii/S0001870814002084
(cit. on p.[88]).

Damien Calaque and Julien Grivaux. “Formal moduli problems and formal derived
stacks”. In: arXiv e-prints (Feb. 2018). arXiv: 1802.09556 [math.AG] (cit. on pp.

71 68).

Hongyi Chu and Rune Haugseng. “Homotopy-coherent algebra via Segal conditions”.
In: cAdvances in Mathematics 385 (2021), p. 107733. ISSN: 0001-8708. DOI:(10.1016/j .

aim.2021.107733, arXiv:[1907.03977 [math.AT] (cit. on pp.[7} 36} [40H43} [51))-

Hongyi Chu and Rune Haugseng. “Enriched homotopy-coherent structures”. 2022

(cit. on pp. 41} [42)).


https://doi.org/10.1007/s002220050136
https://arxiv.org/abs/alg-geom/9601010
https://arxiv.org/abs/0805.0157
http://www.jstor.org/stable/20753576
https://arxiv.org/abs/1409.2165
https://doi.org/10.2140/gt.2013.17.733
https://arxiv.org/abs/1001.2282
https://arxiv.org/abs/2006.07843
https://arxiv.org/abs/2006.07843
https://arxiv.org/abs/1812.02935
https://www.math.muni.cz/~bourkej/papers/JohnBThesis.pdf
https://www.math.muni.cz/~bourkej/papers/JohnBThesis.pdf
https://doi.org/10.1090/S0002-9947-1974-0344305-0
https://doi.org/10.1090/S0002-9947-1974-0344305-0
https://doi.org/10.1353/ajm.2007.0007
https://arxiv.org/abs/0312349
https://arxiv.org/abs/0312349
https://www.charlescadman.com/pdf/stacks.pdf
https://doi.org/10.1007/s00208-015-1186-z
https://doi.org/10.1007/s00208-015-1186-z
https://arxiv.org/abs/1405.7160
https://doi.org/10.1016/j.aim.2014.06.002
https://arxiv.org/abs/1306.5260
http://www.sciencedirect.com/science/article/pii/S0001870814002084
https://arxiv.org/abs/1802.09556
https://doi.org/10.1016/j.aim.2021.107733
https://doi.org/10.1016/j.aim.2021.107733
https://arxiv.org/abs/1907.03977

Bibliography 117

[CHH18]

[CIW19]

[CKoz]

[CKLo1]

[CKM14]

[Coa+12]

[Coso6]

[CS10]

[DPPo6]

[FV21]

[GH15]

[GHK21]

[GR17a]

Hongyi Chu, Rune Haugseng, and Gijs Heuts. “Two models for the homotopy theory
of co-operads”. In: Journal of Topology 11.4 (2018), pp. 857-873. por:|10.1112/topo.
12071, arXiv:1606.03826 [math.AT]| (cit. on pp.|[46H48).

Qile Chen, Felix Janda, and Rachel Webb. “Virtual cycles of stable (quasi)-maps with
fields”. In: arXiv e-prints (Nov. 2019). arXiv: 1911.09825 [math.AG]|(cit. on pp.
92).

Ionut Ciocan-Fontanine and Mikhail Kapranov. “Derived Hilbert schemes”. In: Four-
nal of the cAmerican Mathematical Society 15.4 (2002), pp. 787-815. por:|10.1090/50894~
0347-02-00399-5, arXiv: 0005155 [math.AG]| (cit. on p..

David A. Cox, Sheldon Katz, and Yuan-Pin Lee. “Virtual fundamental classes of zero
loci”. English (US). In: cAdvances in algebraic geometry motivated by physics (Lowell, MeA,
2000). Vol. 276. Contemp. Math. Amer. Math. Soc., Providence, RI, 2001, pp. 157-166.
DOI:(10.1090/conm/276/04519. arXiv:|0006116 [math.AG]|(cit. on p. .

Ionut Ciocan-Fontanine, Bumsig Kim, and Davesh Maulik. “Stable quasimaps to GIT
quotients”. In: Fournal of Geometry and Physics 75 (2014), pp. 17—47. ISSN: 0393-0440.
por:[10.1016/j . geomphys . 2013.08.019. arXiv: 1106.3724 [math.AG]|(cit. on pp.[7
100)).

Tom Coates et al. “The quantum Lefschetz hyperplane principle can fail for positive
orbifold hypersurfaces”. In: SMathematical Research Letters 19.5 (2012), pp. 997-1005.
ISSN: 1073-2780. por: |10.4310/MRL.2012.v19.n5.a3. arXiv: 1202.2754 [math.AG]

(cit. on p.[82)).

Kevin Costello. “Higher Genus Gromov-Witten Invariants as Genus Zero Invariants
of Symmetric Products”. In: eAnnals of Mathematics 164.2 (2006), pp. 561—601. ISSN:
0003486X. por:10.4007/annals.2006.164.561, arXiv: 0303387 [math.AG] | (cit. on

pp-[95} [too} [ro1).

Geoffrey S.H. Cruttwell and Michael A. Shulman. “A unified framework for general-
ized multicategories”. In: Theory and cApplications of Categories 24.21 (2010), pp. 580-655.
URL: http://www.tac.mta.ca/tac/volumes/24/21/24-21abs . html|(cit. on p.[ig).

Robert J. MacG. Dawson, Robert Paré, and Dorette A. Pronk. “Paths in double cate-
gories”. In: Theory and Applications of Categories 16.18 (2006), pp. 460-521. URL: http:
//www . tac.mta.ca/tac/volumes/16/18/16-18abs.html| (cit. on pp.[32}[44)).

Lie Fu and Charles Vial. “A motivic global Torelli theorem for isogenous K3 surfaces”.
In: cAdvances in Mathematics 383 (2021), p. 107674. 1SsN: 0001-8708. por: [10.1016/5 |
aim.2021.107674, arXiv:[1907.10868 [math.AG]|(cit. on p.[1).

David Gepner and Rune Haugseng. “Enriched oco-categories via non-symmetric
oo-operads”. In: cAdvances in Mathematics 279 (2015), pp. 575-716. 1SSN: 0001-8708.
por:[10.1016/j.aim.2015.02.007, arXiv:1312.3178 [math.AT]| (cit. on pp. 25} [43).

David Gepner, Rune Haugseng, and Joachim Kock. “co-Operads as Analytic Mon-
ads”. In: Tnternational Mathematics Research Notices (Apr. 2021). 1SSN: 1073-7928. DOL:
10.1093/imrn/rnaa332. arXiv:|1712.06469 [math.AT]|(cit. on p.[25).

Dennis Gaitsgory and Nick Rozenblyum. A4 study in derived algebraic geometry. Uol. 1.
Correspondences and duality. Vol. 221. Mathematical Surveys and Monographs. American
Mathematical Society, Providence, RI, 2017, Xx1+533pp. 1sBN: 978-1-4704-3569-1 (cit.

on pp.[77}[86)).


https://doi.org/10.1112/topo.12071
https://doi.org/10.1112/topo.12071
https://arxiv.org/abs/1606.03826
https://arxiv.org/abs/1911.09825
https://doi.org/10.1090/S0894-0347-02-00399-5
https://doi.org/10.1090/S0894-0347-02-00399-5
https://arxiv.org/abs/0005155
https://doi.org/10.1090/conm/276/04519
https://arxiv.org/abs/0006116
https://doi.org/10.1016/j.geomphys.2013.08.019
https://arxiv.org/abs/1106.3724
https://doi.org/10.4310/MRL.2012.v19.n5.a3
https://arxiv.org/abs/1202.2754
https://doi.org/10.4007/annals.2006.164.561
https://arxiv.org/abs/0303387
http://www.tac.mta.ca/tac/volumes/24/21/24-21abs.html
http://www.tac.mta.ca/tac/volumes/16/18/16-18abs.html
http://www.tac.mta.ca/tac/volumes/16/18/16-18abs.html
https://doi.org/10.1016/j.aim.2021.107674
https://doi.org/10.1016/j.aim.2021.107674
https://arxiv.org/abs/1907.10868
https://doi.org/10.1016/j.aim.2015.02.007
https://arxiv.org/abs/1312.3178
https://doi.org/10.1093/imrn/rnaa332
https://arxiv.org/abs/1712.06469

118

Bibliography

[GR17b]

[Graz4]

[Gre17]

[GS16]

[Gur13]

[Hal18]

[Hal20]

[Hauis]

[Hau16]

[Hau18]

[Hek21]

[Hero4]

[Hovis]

[HP14]

Dennis Gaitsgory and Nick Rozenblyum. A study in derived algebraic geometry. Uol.
T9. Deformations, {ie theory and formal geometry. Vol. 221. Mathematical Surveys and
Monographs. American Mathematical Society, Providence, RI, 2017, pp. xxxv+436.
1SBN: 978-1-4704-3570-7 (cit. on pp.[76} [77}[87)).-

John W. Gray. Formal Category Theory: cAdjointness for 2-Categories. Vol. 391. Lecture Notes
in Mathematics. Springer-Verlag Berlin Heidelberg, 1974. por: 10.1007/BFb0061280
(cit. on pp. [26} [28).

Rok Gregoric. “Graded Eq-rings and Proj in spectral algebraic geometry”. Mas-
ter’s thesis. Univerza V Ljubljani, 2017. URL: https://repozitorij.uni-1j.si/

Dokument . php?id=110662&lang=eng| (cit. on pp. .

Anton Geraschenko and Matthew Satriano. “A “Bottom Up” Characterization of
Smooth Deligne - Mumford Stacks”. In: International Mathematics Research Notices
2017.21 (Sept. 2016), pp. 6469-6483. 1ssN: 1073-7928. por:|10. 1093/ imrn/rnw201
(cit. on p.[gg).

Nick Gurski. Coberence in Three-Dimensional Category Theory. Cambridge Tracts in Math-
ematics. Cambridge University Press, 2013. por:|10.1017/CB09781139542333| (cit. on

p-[33)-

Daniel Halpern-Leistner. “On the structure of instability in moduli theory”. In: arXGv
e-prints (July 2018). arXiv:[1411.0627 [math.AG] (cit. on pp. [103)).
Daniel Halpern-Leistner. “Derived ©-stratifications and the D-equivalence conjec-
ture”. In: arXzv e-prints (Oct. 2020). arXiv:[2010.01127 [math.AG]| (cit. on pp.[102}
1073)).

Rune Haugseng. “Rectification of enriched co-categories”. In: cAlgebraic € Geometric

Topology 15.4 (2015), pp. 1931—-1982. ISSN: 1472-2747. DOL: 10.2140/agt . 2015.15.1931|
arXiv:[1312.3881 [math.AT]| (cit. on p.[22)).

Rune Haugseng. “Bimodules and natural transformations for enriched co-categories”.
In: Homology, Homotopy and Applications 18.1 (2016), pp. 71-98. por:|10.4310/HHA. 2016,
v18.n1.ab, arXiv:1506.07341 [math.AT]|(cit. on pp.[22} [25).

Rune Haugseng. “Iterated spans and classical topological field theories”. In: Mazh-
ematische Zeitschrift 289 (3 2018), pp. 1427-1488. por: [10.1007/s00209-017-2005-x.

arXiv:[1409.0837 [math.AT]| (cit. on pp.[53}[54)-

Jeroen Hekking. “Graded algebras, projective spectra and blow-ups in derived alge-
braic geometry”. In: arXjv e-prints (June 2021). arXiv:[2106.01270 [math.AG] (cit. on

pp-[o7} [102).

Claudio Hermida. “Fibrations for abstract multicategories”. In: Galois Theory, Vfopf
cAlgebras, and Semiabelian Categories. Vol. 43. Fields Institute Communications, 2004,
pp- 281—293. URL: http://sqig.math.ist.utl.pt/pub/HermidaC/fib-mul.pdf

(cit. on pp. 44} [51).

Mark Hovey. “Brown representability and the Eilenberg-Watts theorem in homotopi-
cal algebra”. In: Proceedings of the cAmerican Mathematical Society 143.5 (2015), pp. 2269—
2279. ISSN: 0002-9939. DOI: 10. 1090/50002-9939-2014-12423-3. arXiv: (0910 . 3842

[math.AT]|(cit. on p.[86)).

Daniel Halpern-Leistner and Anatoly Preygel. “Mapping stacks and categorical
notions of properness”. In: arXiv e-prints (Feb. 2014). arXiv:|1402.3204 [math.AG]

(cit. on pp.[81} [85).


https://doi.org/10.1007/BFb0061280
https://repozitorij.uni-lj.si/Dokument.php?id=110662&lang=eng
https://repozitorij.uni-lj.si/Dokument.php?id=110662&lang=eng
https://doi.org/10.1093/imrn/rnw201
https://doi.org/10.1017/CBO9781139542333
https://arxiv.org/abs/1411.0627
https://arxiv.org/abs/2010.01127
https://doi.org/10.2140/agt.2015.15.1931
https://arxiv.org/abs/1312.3881
https://doi.org/10.4310/HHA.2016.v18.n1.a5
https://doi.org/10.4310/HHA.2016.v18.n1.a5
https://arxiv.org/abs/1506.07341
https://doi.org/10.1007/s00209-017-2005-x
https://arxiv.org/abs/1409.0837
https://arxiv.org/abs/2106.01270
http://sqig.math.ist.utl.pt/pub/HermidaC/fib-mul.pdf
https://doi.org/10.1090/S0002-9939-2014-12423-3
https://arxiv.org/abs/0910.3842
https://arxiv.org/abs/0910.3842
https://arxiv.org/abs/1402.3204

Bibliography 119

[HRY20]

[Isi12]

[Jazo]
[Johoz]

[Jos1i0]

[JY20]
[Ker20]

[Kha16]

[Kha1ga]

[Khaigb]

[Kha1gc]

[KKPo3]

[Kongs]

[Kos21]

Philip Hackney, Marcy Robertson, and Donald Yau. “A graphical category for higher
modular operads”. In: cAdvances in Mathematics 365 (2020), p. 107044. 1SSN: 0001-8708.
por: (10.1016/j .aim. 2020 . 107044, arXiv: 1906 .01143 [math.AT]|(cit. on pp.
107]).

Mehmet Umut Isik. “Equivalence of the Derived Category of a Variety with a Singu-
larity Category”. In: Tnternational Mathematics Research Notices 2013.12 (May 2012),
pp- 2787—2808. por: |10. 1093/ imrn/rns125, arXiv: 1011 .1484 [math.AG]|(cit. on
p-lo2).

Aise Johan de Jong and The Staks project authors. The Stacks project. 2020. URL: https:

//stacks.math.columbia.edu/|(cit. on pp. .

Peter T. Johnstone. Sketches of an Elephant. <A Topos Theory Compendium. Vol. 1. Oxford
Logic Guides. Oxford University Press, 2002. 1sBN: 9780198534259 (cit. on p.[63)).

Roy Joshua. “Riemann-Roch for algebraic stacks III: Virtual structure sheaves and
virtual fundamental classes”. 2010. URL: https://people.math.osu.edu/joshual

1/rr3revision.pdf (cit. on pp. 82)).

Niles Johnson and Donald Yau. 2-Dimensional Categories. 2020. arXiv: 2002 . 06055
[math.CT]| (cit. on p.[27)).

David Kern. <4 categorification of the quantum Lefschetz principle. 2020. arXiv: 2002 . 03990
[math.AG] (cit. on p.[9)).

Adeel A Khan. “Motivic homotopy theory in derived algebraic geometry”. PhD.
thesis. Universitdt Duisburg — Essen, 2016. URL: https : //www . preschema . com/
papers/thesis.pdf| (cit. on p.[114]).

Adeel A. Khan. “The Morel - Voevodsky localization theorem in spectral algebraic
geometry”. In: Geometry € Topology 23.7 (Dec. 2019), pp. 3647-3685. por:10.2140/gt |
2019.23.3647. arXiv:|1610.06871 [math.AT]. URL: https://www.preschema.com/
documents/localization.pdf (cit. on pp..

Adeel A. Khan. “Virtual excess intersection theory”. In: arXiv e-prints (Oct. 2019).
arXiv: 1909 . 13829 [math.AG]. URL: https://www . preschema . com/documents/
excess. pdf| (cit. on p.[88)).

Adeel A. Khan. “Virtual fundamental classes of derived stacks 1”. In: arXzv e-prints
(Sept. 2019). arXiv: 1909.01332 [math.AG], URL: https://www.preschema . com/
documents/virtual.pdf (cit. on p.[80).

Bumsig Kim, Andrew Kresch, and Tony Pantev. “Functoriality in intersection theory
and a conjecture of Cox, Katz, and Lee”. In: Fournal of Pure and cApplied Algebra 179.1
(2003), pp. 127-136. ISSN: 0022-4049. DoOI: 10.1016/S0022-4049 (02) 00293-1. URL:
http://www.sciencedirect . com/science/article/pii/S0022404902002931
(cit. on pp. B4).

Maxim Kontsevich. “Enumeration of Rational Curves Via Torus Actions”. In: The
Moduli Space of Curves. Ed. by Robbert H. Dijkgraaf, Carel F. Faber, and Gerard B. M.
van der Geer. Boston, MA: Birkhéduser Boston, 1995, pp. 335-368. 1sBN: 978-1-4612-
4264-2 (cit. on pp. 2H4).

Roman Kositsyn. “Completeness for monads and theories”. In: 2rXzv e-prints (Apr.
2021). arXiv:2104.00367 [math.CT]| (cit. on p.[54)).


https://doi.org/10.1016/j.aim.2020.107044
https://arxiv.org/abs/1906.01143
https://doi.org/10.1093/imrn/rns125
https://arxiv.org/abs/1011.1484
https://stacks.math.columbia.edu/
https://stacks.math.columbia.edu/
https://people.math.osu.edu/joshua.1/rr3revision.pdf
https://people.math.osu.edu/joshua.1/rr3revision.pdf
https://arxiv.org/abs/2002.06055
https://arxiv.org/abs/2002.06055
https://arxiv.org/abs/2002.03990
https://arxiv.org/abs/2002.03990
https://www.preschema.com/papers/thesis.pdf
https://www.preschema.com/papers/thesis.pdf
https://doi.org/10.2140/gt.2019.23.3647
https://doi.org/10.2140/gt.2019.23.3647
https://arxiv.org/abs/1610.06871
https://www.preschema.com/documents/localization.pdf
https://www.preschema.com/documents/localization.pdf
https://arxiv.org/abs/1909.13829
https://www.preschema.com/documents/excess.pdf
https://www.preschema.com/documents/excess.pdf
https://arxiv.org/abs/1909.01332
https://www.preschema.com/documents/virtual.pdf
https://www.preschema.com/documents/virtual.pdf
https://doi.org/10.1016/S0022-4049(02)00293-1
http://www.sciencedirect.com/science/article/pii/S0022404902002931
https://arxiv.org/abs/2104.00367

120

Bibliography

[KR19]

[Lacoz]

[LR20]

[LS12]

[Luro4]

[Lurog]

[Luriy]
[Lurig]

[Maniza]

[Man12b]

[Mar21]

[MR18]

[MS21]

[MS89]

[Ngui8]

Adeel A. Khan and David Rydh. “Virtual Cartier divisors and blow-ups”. In: 2rXiv
e-prints (May 2019). arXiv:|1802.05702 [math.AG]. URL: https://www.preschema,
com/documents/blow-ups . pdf| (cit. on p. .

Stephen Lack. “Codescent objects and coherence”. In: Fournal of Pure and Applied
cAlgebra 175.1 (2002). Special Volume celebrating the 7oth birthday of Professor Max
Kelly, pp. 223—241. 1s5N: 0022-4049. DOI: |10.1016/50022-4049 (02) 00136-6 (cit. on

pp-[7 13132 34)-

Fosco Loregian and Emily Riehl. “Categorical notions of fibration”. In: Expositiones
Mathematicae 38.4 (2020), pp. 496—514. 1ssN: 0723-0869. por:|10. 1016/ j . exmath |
2019.02.004. arXiv:[1806.06129 [math.CT]|(cit. on p. [21).

Parker Lowrey and Timo Schiirg. “Grothendieck-Riemann-Roch for derived schemes”.
In: arXiv e-prints (Aug. 2012). arXiv: 1208.6325 [math.AG]|(cit. on p.[80).

Jacob Lurie. “Derived Algebraic Geometry”. PhD. Thesis. Massachusetts Institute
of Technology, 2004. URL: https://www.math.ias.edu/~lurie/papers/DAG.pdf

(cit. on p.[4).
Jacob Lurie. Higher Topos Theory. Vol. 170. Annals of Mathematics Studies. Princeton
University Press, Princeton, NJ, 2009, pp. xviii+925. 1sBN: 978-0-691-14049-0. DOL:

10.1515/9781400830558 (cit. on pp. 22} [54} [59H62} [68} [69} [71} [90] -

Jacob Lurie. Higher cAlgebra. 2017. urL: http://math.ias.edu/~lurie/papers/HA.

pdf| (cit. on pp.[22} o5 36 b7} 42Has} 471 53 541 664 [72H7 41 B 486 o).

Jacob Lurie. Spectral cAlgebraic Geometry. 2019. URL: http://math.ias.edu/~lurie/

papers/SAG-rootfile.pdf (cit. on pp.[4} 63} [75H77} B2} B4} [92} [108).

Cristina Manolache. “Virtual pull-backs”. In: Fournal of cAlgebraic Geometry 21.2 (2012),
PP- 201—245. ISSN: 1056-3911. DOL 10 . 1090 /51056 -3911-2011-00606 - 1. arXiv:

0805.2065 [math.AG]| (cit. on pp. o} |67} [79} [80} [84]).

Oleksandr Manzyuk. “Closed categories vs. closed multicategories”. In: Theory and
Applications of Categories 26.5 (2012), pp. 132—175. URL: http://www.tac.mta.ca/tac/
volumes/26/5/26-05abs . html| (cit. on p.[26)).

Louis Martini. “Yoneda’s lemma for internal higher categories”. In: arXzv e-prints
(May 2021). arXiv:2103.17141 [math.CT]| (cit. on p.[110)).

Etienne Mann and Marco Robalo. “Brane actions, categorifications of Gromov-Witten
theory and quantum K-theory”. In: Geomerry € Topology 22.3 (2018), pp. 1759-1836.
ISSN: 1465-3060. DOI: 10 . 2140 /gt . 2018 . 22. 1759, arXiv: [1505 . 02964 [math.AG]

on pp. [vil [ 5 3 B} 1358 7 54 58 9 63 o4 7 79181 3 08 ) oot
126)).

John Lauchlin MacDonald and Laura Scull. “General 2-Dimensional Adjunctions,
Universal Monads and Simplicial Structures”. In: a»Xiv e-prints (Mar. 2021). arXiv:
2103.02001 [math.CT]|(cit. on p.[29).

John L. MacDonald and Arthur Stone. “Soft adjunction between 2-categories”. In:
Fournal of Pure and Applied Algebra 60.2 (1989), pp. 155-203. ISSN: 0022-4049. DOL
10.1016/0022-4049 (89)90127-8| (cit. on pp.[26} [28).

Hoang Kim Nguyen. “Theorems in Higher Category Theory and Applications”.
PhD thesis. University of Regensburg, 2018. por:|10.5283/epub . 38448, URL: https:
//epub.uni-regensburg.de/38448/ (cit. on p. .


https://arxiv.org/abs/1802.05702
https://www.preschema.com/documents/blow-ups.pdf
https://www.preschema.com/documents/blow-ups.pdf
https://doi.org/10.1016/S0022-4049(02)00136-6
https://doi.org/10.1016/j.exmath.2019.02.004
https://doi.org/10.1016/j.exmath.2019.02.004
https://arxiv.org/abs/1806.06129
https://arxiv.org/abs/1208.6325
https://www.math.ias.edu/~lurie/papers/DAG.pdf
https://doi.org/10.1515/9781400830558
http://math.ias.edu/~lurie/papers/HA.pdf
http://math.ias.edu/~lurie/papers/HA.pdf
http://math.ias.edu/~lurie/papers/SAG-rootfile.pdf
http://math.ias.edu/~lurie/papers/SAG-rootfile.pdf
https://doi.org/10.1090/S1056-3911-2011-00606-1
https://arxiv.org/abs/0805.2065
http://www.tac.mta.ca/tac/volumes/26/5/26-05abs.html
http://www.tac.mta.ca/tac/volumes/26/5/26-05abs.html
https://arxiv.org/abs/2103.17141
https://doi.org/10.2140/gt.2018.22.1759
https://arxiv.org/abs/1505.02964
https://arxiv.org/abs/2103.02001
https://doi.org/10.1016/0022-4049(89)90127-8
https://doi.org/10.5283/epub.38448
https://epub.uni-regensburg.de/38448/
https://epub.uni-regensburg.de/38448/

Bibliography 121

[NSS15]

[Olso6]

[Olso7]

[PY20]

[Qui8]

[Roa19]

[RV16]

[RV21]

[Schog]

[SH11]

[Ste20]

[Stro4]

[Str8o]

[Stro6]

Thomas Nikolaus, Urs Schreiber, and Danny Stevenson. “Principal co-bundles: gen-
eral theory”. In: Fournal of Homotopy and Related Structures 10 (4 2015), pp. 749-801.
por: 10.1007/s40062-014-0083-6 arXiv: 1207.0248 [math.AT]|(cit. on pp.[70}[71).

Martin C. Olsson. “Hom-stacks and restriction of scalars”. In: Duke Mathematical
Fournal 134.1 (2006), pp. 139—-164. por: |10 . 1215/50012-7094-06-13414-2. URL:
https://math.berkeley.edu/~molsson/homstackfinal.pdf|(cit. on p. .

Martin C. Olsson. “(Log) twisted curves”. In: Compositio Mathematica 143.2 (2007),
Pp- 476—494. por:[10.1112/50010437X06002442 (cit. on p.[100)).

Mauro Porta and Tony Yue Yu. “Non-archimedean quantum K-invariants”. In: a»Xzv
e-prints (Jan. 2020). arXiv:[2001.05515 [math.AG]| (cit. on pp.[4} 82} [roo} [ro1)).

Feng Qu. “Virtual pullbacks in K-theory”. en. In: cAnnales de I’Tnstitut Fourier 68.4
(2018), pp- 1609-1641. por: 10.5802/aif .3194. arXiv: 1608.02524 [math.AG]. URL:
https://aif.centre-mersenne.org/item/AIF_2018__68_4_1609_0 (cit. on pp. @

ol Bd)-

Seerp Roald Koudenburg. “A double-dimensional approach to formal category the-
ory”. In: ariXiv e-prints, arXiv:1511.04070 (Oct. 2019). arXiv:15611.04070 [math.CT]

(cit. on pp. 20} [21).

Emily Riehl and Dominic Verity. “Homotopy coherent adjunctions and the formal
theory of monads”. In: cAdvances in Mathematics 286 (2016), pp. 802-888. 1ssN: 0001-
8708. por: https://doi.org/10.1016/j.aim.2015.09.011. arXiv: 1310 . 8279
[math.CT]. UrRL: https : //math . jhu . edu/ ~eriehl /adjunctions . pdf (cit. on
p-l3).

Emily Riehl and Dominic Verity. Elements of co-category theory. 2021. URL: https : //
%il.yri.ehl .github.io/files/elements.pdf|(cit. on pp.

86}89)-

Christopher ] Schommer-Pries. “The Classification of Two-Dimensional Extended
Topological Field Theories”. PhD. thesis. University of California, Berkeley, 2009.
arXiv:[1112.1000 [math.AT]| (cit. on p.[1).

Pawel Sobocinski and Tobias Heindel. “Being Van Kampen is a universal property”.
In: Logical Methods in Computer Science Volume 7, Issue 1 (Apr. 2011). por:10. 2168/LMCS+
7(1:14)2011 arXiv:|1101.4594 [math.CT]| urL: https://Ilmcs.episciences.org/

701 (cit. on p. [54)).

German Stefanich. “Higher sheaf theory I: Correspondences”. In: arXiv e-prints (Nov.
2020). arXiv:2011.03027 [math.AT]|(cit. on pp.[53}[54))-

Ross Street. “Categorical and Combinatorial Aspects of Descent Theory”. In: cApplied
Categorical Structures 12 (2004), pp. 537-576. ISSN: 1572-9095. DOIL: (10.1023/B: APCS |
0000049317 .24861 . 36. arXiv:|0303175 [math.CT]| URL: http://web.science.mq.
edu.au/~street/DescFlds.pdf (cit. on p. .

Ross Street. “Fibrations in bicategories”. In: Cabiers de Topologie et Géométrie Différentielle
Catégorigues 21.2 (1980), pp. 111-160. URL: http: //www .numdam . org/item/CTGDC_
1980__21_2_111_0/|(cit. on p.[]21)).

Ross Street. “Categorical Structures”. In: Handbook of cAlgebra. Ed. by M. Hazewinkel.
Vol. 1. Handbook of Algebra. North-Holland, 1996, pp. 529-577. por:110.1016/S1570+
7954(96)80019-2. URL: http://maths.mq.edu.au/~street/45.pdf (cit. on p. .


https://doi.org/10.1007/s40062-014-0083-6
https://arxiv.org/abs/1207.0248
https://doi.org/10.1215/S0012-7094-06-13414-2
https://math.berkeley.edu/~molsson/homstackfinal.pdf
https://doi.org/10.1112/S0010437X06002442
https://arxiv.org/abs/2001.05515
https://doi.org/10.5802/aif.3194
https://arxiv.org/abs/1608.02524
https://aif.centre-mersenne.org/item/AIF_2018__68_4_1609_0
https://arxiv.org/abs/1511.04070
https://doi.org/https://doi.org/10.1016/j.aim.2015.09.011
https://arxiv.org/abs/1310.8279
https://arxiv.org/abs/1310.8279
https://math.jhu.edu/~eriehl/adjunctions.pdf
https://emilyriehl.github.io/files/elements.pdf
https://emilyriehl.github.io/files/elements.pdf
https://arxiv.org/abs/1112.1000
https://doi.org/10.2168/LMCS-7(1:14)2011
https://doi.org/10.2168/LMCS-7(1:14)2011
https://arxiv.org/abs/1101.4594
https://lmcs.episciences.org/701
https://lmcs.episciences.org/701
https://arxiv.org/abs/2011.03027
https://doi.org/10.1023/B:APCS.0000049317.24861.36
https://doi.org/10.1023/B:APCS.0000049317.24861.36
https://arxiv.org/abs/0303175
http://web.science.mq.edu.au/~street/DescFlds.pdf
http://web.science.mq.edu.au/~street/DescFlds.pdf
http://www.numdam.org/item/CTGDC_1980__21_2_111_0/
http://www.numdam.org/item/CTGDC_1980__21_2_111_0/
https://doi.org/10.1016/S1570-7954(96)80019-2
https://doi.org/10.1016/S1570-7954(96)80019-2
http://maths.mq.edu.au/~street/45.pdf

122

Bibliography

[STV15]

[Tel12]

[Toé12]

[Toé13]

[Toé14]

[TVos]

[TVo7]

[TVo8]

[Vezi1]

Timo Schiirg, Bertrand Toén, and Gabriele Vezzosi. “Derived algebraic geometry,
determinants of perfect complexes, and applications to obstruction theories for maps
and complexes”. In: Fournal fiir die Reine und cAngewandte Mathematik. [Crelle’s Fournal]
702 (2015), pp. 1-40. ISSN: 0075-4102. DOL |10 . 1515/ crelle -2013-0037. arXiv:

1102.1150 [math.AG]| (cit. on pp. [4}[67}[80} [91} [95).

Constantin Teleman. “The structure of 2D semi-simple field theories”. In: Tnventiones
mathematicae 188 (3 2012), pp. 525-588. Dor: |10 . 1007/s00222-011-0352-5, arXiv:
0712.0160 [math.AT]. URL: https://math.berkeley.edu/~teleman/mathfiles/
tft4.pdf (cit. on p.[1)).

Bertrand Toén. “Proper local complete intersection morphisms preserve perfect
complexes”. In: 27Xz e-prints (Oct. 2012). arXiv: 1210.2827 [math.AG]. URL: https:
//perso.math.univ-toulouse.fr/btoen/files/2015/02/properlci.pdf (cit. on
p-B3).

Bertrand Toén. “Operations on derived moduli spaces of branes”. In: 2»Xzv e-prints
(Oct. 2013). arXiv: (1307 . 0405 [math.AG]| URL: http://www.math-beb.net/wp+

content/uploads/2021/07/1307.0405. pdf| (cit. on pp. [} [7} [35}[36]-

Bertrand Toén. “Derived algebraic geometry”. In: EMS Surveys in Mathematical Sciences
1.2 (2014), pPp. 153—240. 1SSN: 2308-2151. DOI: |10 . 4171 /EMSS /4. arXiv: 1401 . 1044

[math.AG]| (cit. on p.[84)).

Bertrand Toén and Gabriele Vezzosi. “Homotopical algebraic geometry I: topos
theory”. In: eddvances in Mathematics 193.2 (2005), pp. 257—372. ISsN: 0001-8708. DOIL:
10.1016/j.aim.2004.05.004. arXiv: math/0207028 [math.AG] (cit. on p.[69).

Bertrand Toén and Michel Vaquié. “Moduli of objects in dg-categories”. In: c4nnales
Scientifiques de I’Ecole Ngrmale Supérienre. Quatrieme Série 40.3 (2007), pp. 387-444. 1SSN:
0012-9593. pOr:[10. 1016/ j . ansens . 2007 .05.001, arXiv: 0503269 [math.AG] (cit. on
p-[84)).

Bertrand Toén and Gabriele Vezzosi. “Homotopical algebraic geometry. II. Geo-
metric stacks and applications”. In: Memoirs of the cAmerican Mathematical Society
193.902 (2008), pp. X+224. ISSN: 0065-9266. DOL:|10. 1090/memo /0902, arXiv:|0404373

[math.AG]| (cit. on pp..

Gabriele Vezzosi. “Derived critical loci I - Basics”. In: arXiv e-prints (Sept. 2011). arXiv:
1109.5213 [math.AG]|(cit. on p.[86).


https://doi.org/10.1515/crelle-2013-0037
https://arxiv.org/abs/1102.1150
https://doi.org/10.1007/s00222-011-0352-5
https://arxiv.org/abs/0712.0160
https://math.berkeley.edu/~teleman/mathfiles/tft4.pdf
https://math.berkeley.edu/~teleman/mathfiles/tft4.pdf
https://arxiv.org/abs/1210.2827
https://perso.math.univ-toulouse.fr/btoen/files/2015/02/properlci.pdf
https://perso.math.univ-toulouse.fr/btoen/files/2015/02/properlci.pdf
https://arxiv.org/abs/1307.0405
http://www.math-beb.net/wp-content/uploads/2021/07/1307.0405.pdf
http://www.math-beb.net/wp-content/uploads/2021/07/1307.0405.pdf
https://doi.org/10.4171/EMSS/4
https://arxiv.org/abs/1401.1044
https://arxiv.org/abs/1401.1044
https://doi.org/10.1016/j.aim.2004.05.004
https://arxiv.org/abs/math/0207028
https://doi.org/10.1016/j.ansens.2007.05.001
https://arxiv.org/abs/0503269
https://doi.org/10.1090/memo/0902
https://arxiv.org/abs/0404373
https://arxiv.org/abs/0404373
https://arxiv.org/abs/1109.5213

CONTENTS

[Abstract vii
[Acknowledgements| ix
Sommairel xi
[ntroduction| 1
MOBHVAEON . . . .« o o v e ot e 1
opological string theories| . . . . . . ... ... ... ... ... . ... . .. 1
Gromov-Witten classes as a local field theory| . . . . . . ... ... ... ... .. 2
Categorification and geometrisation| . . .. ... ... ... ............ 3

[Brane actions and (derived) geometric Gromov—witten invariants| . . . . . .. .. .. 4
erived moduli stacksof maps| . . . . ... ... oo 00000 4
Operadic construction of the geometric field theory|. . . . . .. .. ... ... .. 4
[Stable quasimaps and orbifold Gromov-Witten invariants| . . . . ... ... ... .. 5
Stacky curves for Gromov-Witten invariants of smooth Deligne-Mumford stacks| 5

rane actions for monochromatically-unital coloured operads| . . . . . . ... .. 6

he quasimap geometric field theory| . . . . . ... ... .. ... 0 . 7

he categorified quantum Lefschetz principle] . . . . . ... ... ... .. ... ... 8
Outline of the thesis|. . . . . . . . . . . . .. 9
Some notations and conventions| . . . . . ... .. L Lo 10

[ [Operad theory and brane actions| 11
m [Lax morphisms of (co,2)-categorical algebraic structures| 13
@3 [Formal higher category theory| . . . .. ... .. ... .. .......... ... 14
@Z3 [Elements of co-cosmology: the 2-category theory of co-categories| . . . . . 14

1.1.2 [Formal category theory in virtual equipments| . . .. ... ... ... ... 19

T.1.3] [Enriched oo-categories|. . . . . ... ... ... ... . . L 0oL 24

121 [Coherence for lax morphisms of (c0,2)-algebras|. . . . . . ... ... .. ... .. 25

123



124 Contents

@Lz1 |[Lax codescent objects from lax 2-monads| . . . .. ... ... ... ... .. 25

ax morphisms classifiers| . . . . ... ... ... .. 0 L 0L 32
[Brane actions for partly unital coloured co-operads| 35
21 [Segal conditions for enriched (generalised) co-operads|. . . . . .. .. ... ... 37
112 [The language of algebraic patterns| . . . . . ... ... ... ... ...... 37
onoidal envelopes of Segal objects| . . . . . . ... ... ... ... ... 44
[Brane actions| . . . . ... ..o o 52
ZZ1 [Preliminary constructions|. . . . . . ... ... .. 0 0oL 52
Constructing the brane action|. . . . . .. ... ... ... ... ....... 56
[Descent for brane actions| . . . . ... ... o oo o oo 59
E3d] [Operadsinoo-topoif . . . .. ... .. .. .. ... .. L 59

E37 [Gluing the brane actions|. . . . . ... ... ... .. .. ... ... . ... 63

M [Derived moduli stacks for Gromov-Witten theory] 65
[Derived mapping stacks and the quantum Lefschetz principle| 67
31 |[Elements of spectral algebraic geometry| . . . .. ... .. ... 0L 68
B-1] [Derived stacks and their geometric presentations| . . . . . . ... ... ... 68

B-17 [Derived commutative algebral. . . . . .. ....... ... .. 000 72

313 |Virtual classes and pullbacks from derived thickenings| . . . ... ... .. 77

B33 Derived moduliof maps| . . . . ... ... ... ... . ... . L 81
B=27 %oduli problems for morphisms of stacks|. . . . . ... ... .. 00 81

B-Z2] [Maps to zero loci of vector bundles|. . . . . ... ... ... 00 L. 82

[@ |Quasi-stable maps and their geometric field theory]| 95
[Source and targets for quasimaps| . . . . .. ... Lo oL 96
a1 [Moduli of balanced orbicurves| . . . . . . . . .. ... 97

4-1.2] [Stable loci of polarised Artinstacks| . . . ... ... ... ... . .. ... 101

4-2] (Gromov—-Witten action on the loop stackf . . . . ... ... ... ... ... . 105
@Fz7 [Ihe derived moduli stack of quasi-stablemaps| . . . . . ... ... ... .. 105

273 [The quasimap Geometric Field Theory|. . . . . ... ... ... .. ... .. 109

115

123






CATEGORIFIED QUASIMAP THEORY OF DERIVED DELIGNE-MUMFORD STACKS

Abstract

This thesis extends the results of [MR18]] on the categorification of Gromov-Witten invariants to stack
targets. This requires constructing a brane action for certain coloured co-operads, for which we develop
a language for lax morphisms as well as a dendroidal version of monoidal envelopes. We finally obtain
an action on a cyclotomic loop stack, given by moduli stacks of stable quasimaps. An application to the
categorification of the quantum Lefschetz principle is also provided.

Keywords: derived geometry,operads,Gromov—-Witten theory

THEORIE DE QUASI-APPLICATIONS CATEGORIFIEE DES CHAMPS DE DELIGNE-MUMFORD DERIVES
Résumé

Nous étendons les résultats de[[MR18]] sur la catégorification des invariants de Gromov-Witten aux cibles
champétres. Cela implique de construire une action de membranes pour certaines co-opérades colorées,
ce pour quoi nous développons un langage pour les morphismes laxes ainsi qu'une version dendroidale
des enveloppes monoidales. Nous obtenons finalement une action sur un champ de lacets cyclotomique,
donnée par des champs de modules de quasi-applications. Nous décrivons également une application a la
catégorification du principe de Lefschetz quantique.

Mots clés : géométrie dérivée,opérades,théorie de Gromov-Witten
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Théorie de quasi-applications catégorifiee des champs de Deligne—Mumford dérivés
Mots clés : géométrie dérivée, opérades, théorie de Gromov—-Witten

Résumé: Nous étendons les résultats de
Mann—Robalo sur la catégorification des
invariants de Gromov-Witten aux cibles
champétres. Cela implique de construire une
action de membranes pour certaines -
opérades colorées, ce pour quoi hous
développons un langage pour les morphismes
laxes ainsi qu'une version dendroidale des
enveloppes monoidales. Nous obtenons
finalement une action sur un champ de lacets
cyclotomique, donnée par des champs de
modules de quasi-applications. Nous décrivons
également une application a la catégorification
du principe de Lefschetz quantique.

Categorified quasimap theory of derived Deligne—Mumford stacks
Keywords : derived geometry, operads, Gromov-Witten theory

Abstract :  This thesis extends the results of
Mann—-Robalo on the categorification of
Gromov-Witten invariants to stack targets. This
requires constructing a brane action for certain
coloured «-operads, for which we develop a
language for lax morphisms as well as a
dendroidal version of monoidal envelopes. We
finally obtain an action on a cyclotomic loop
stack, given by moduli stacks of stable
guasimaps. An application to the categorification
of the quantum Lefschetz principle is also
provided.
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