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Résumé : Cette thése d'informatique et de mathé-
matiques s'applique au domaine des neurosciences,
et plus particuliérement aux recherches sur la mo-
délisation de I'activité cérébrale humaine par élec-
trophysiologie et imagerie. Dans ce champ, la ten-
dance est actuellement d'expérimenter avec des
stimuli naturels, comme le visionnage d'un film ou
|'écoute d'une piste audio, et non plus avec des
stimuli étroitement contrélés mais outrageusement
simples. L'analyse de ces stimuli « naturels » et
de leurs effets demande toutefois de disposer d'une
immense quantité d'images, par ailleurs trés cod-
teuses. Sans outils mathématique, identifier I'acti-
vité neuronale a partir des données est quasi impos-
sible. Toutefois, ces stimuli sont compliqués & mo-
déliser et a analyser, car I'utilisation de méthodes
fondées sur des régressions est limitée par la dif-
ficulté de modéliser les stimuli. C'est ce qui mo-
tive |'utilisation de méthodes non-supervisées qui
ne font pas d'hypothéses sur ce qui déclenche les
activations neuronales.

Dans cette thése, nous considérons d'abord
le cas du modéle de réponse partagée (MRP),
dans lequel les sujets sont supposés partager une
réponse commune. Ce modéle est utile pour ré-
duire la dimension des données, mais son entraine-
ment est coliteux pour les données d'imagerie fonc-
tionnelle (IRMf) dont la dimension peut étre im-
mense. Nous présentons une version bien plus ra-
pide et beaucoup plus économe en mémoire. Mais
le MRP fait des hypothéses irréalistes sur les don-
nées d'imagerie.

Des hypothéses plus réalistes sont utilisées
dans l'analyse en composantes indépendantes
(ACI) mais cette méthode est difficile a généraliser
aux jeux de données qui contiennent plusieurs su-
jets. Nous proposons alors une extension de I'"ACI
appelée ACI multi-vue, fondée sur le principe de
maximum de vraisemblance et qui convient a des
jeux de données multi-sujets. L'ACI multi-vue a
une vraisemblance en forme fermée qui peut étre
maximisée efficacement. Toutefois, cette méthode
suppose la méme quantité de bruit pour tous les
sujets.

: neuro-imagerie, analyse en composantes, apprentissage automatique

Nous présentons donc I'ACI partagée, une gé-
néralisation de I'’ACI multi-vue qui s'accompagne
d'un modéle de bruit plus général. Contrairement
a presque tous les modéles fondés sur I'ACI, I'ACI
partagée peut séparer des sources gaussiennes et
non gaussiennes et propose une estimation opti-
male des sources communes (au sens des moindres
carrés), qui pondére chaque sujet en fonction de
son niveau de bruit estimé. En pratique, I'ACI par-
tagée et I'ACI multi-vue permettent d'obtenir, en
magnéto-encéphalographie et en IRMf, une esti-
mation plus fiable de la réponse commune que leurs
concurrents.

Enfin, nous utilisons I'ACl comme base pour
faire de I'augmentation de données. Plus précisé-
ment, nous présentons I'ACl conditionnelle, une
méthode d'augmentation de données qui exploite
la grande quantité de données d'IRMf non étique-
tées pour construire un modéle génératif en uti-
lisant seulement un petit nombre de données éti-
quetées. L'ACI conditionnelle permet d'augmenter
de facon appréciable la précision du décodage sur
huit grands jeux de données d'IRMf.

Nos principaux apports nous semblent consis-
ter dans I'accélération de |'entrainement du MRP
ainsi que dans l'introduction de deux modéles plus
réalistes pour |'analyse de |'activité cérébrale de su-
jets exposés a des stimuli naturels : I'ACI multi-vue
et I'ACI partagée. Enfin, nos résultats sont promet-
teurs concernant |'utilisation de I'ACI pour faire de
I'augmentation de données.

Nous présentons pour finir quelques pistes
qui pourraient guider des travaux ultérieurs. D'un
point de vue pratique, des modifications mineures
de nos méthodes pourraient permettre |'analyse
des données d'imagerie obtenues sur des sujets
au repos en faisant |'hypothése d'une organisation
spatiale partagée a la place d'une réponse parta-
gée. D'un point de vue théorique, les travaux futurs
pourraient se concentrer sur la compréhension de
la facon dont la réduction de dimensions et |'iden-
tification de la réponse partagée peuvent étre réa-
lisées conjointement.
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Abstract :

This thesis in computer science and mathe-
matics is applied to the field of neuroscience, and
more particularly to the mapping of brain activity
based on imaging electrophysiology. In this field,
a rising trend is to experiment with naturalistic
stimuli such as movie watching or audio track lis-
tening, rather than tightly controlled but outra-
geously simple stimuli. However, the analysis of
these "naturalistic" stimuli and their effects re-
quires a huge amount of images that remain hard
and costly to acquire. Without mathematical mo-
deling, the identification of neural signal from the
measurements is very hard if not impossible. Howe-
ver, the stimulations that elicit neural activity are
challenging to model in this context, and therefore,
the statistical analysis of the data using regression-
based approaches is difficult. This has motivated
the use of unsupervised learning methods that do
not make assumptions about what triggers brain
activations in the presented stimuli.

In this thesis, we first consider the case of the
shared response model (SRM), where subjects are
assumed to share a common response. While this
algorithm is useful to perform dimension reduction,
it is particularly costly on functional magnetic re-
sonance imaging (fMRI) data where the dimension
can be very large. We considerably speed up the
algorithm and reduce its memory usage. However,
SRM relies on assumptions that are not biologically
plausible.

In contrast, independent component analysis
(ICA) is more realistic but not suited to multi-
subject datasets. In this thesis, we present a well-
principled method called MultiViewlCA that ex-
tends ICA to datasets containing multiple subjects.
MultiViewlCA is a maximum likelihood estimator.
It comes with a closed-form likelihood that can

be efficiently optimized. However, it assumes the
same amount of noise for all subjects.

We therefore introduce ShICA, a generaliza-
tion of MultiViewlCA that comes with a more
general noise model. In contrast to almost all
ICA-based models, ShICA can separate Gaussian
and non-Gaussian sources and comes with a mini-
mum mean square error estimate of the common
sources that weights each subject according to its
estimated noise level. In practice, MultiViewlCA
and ShICA vyield on magnetoencephalography and
functional magnetic resonance imaging a more re-
liable estimate of the shared response than com-
petitors.

Lastly, we use independent component analy-
sis as a basis to perform data augmentation. More
precisely, we introduce CondICA, a data augmen-
tation method that leverages a large amount of
unlabeled fMRI data to build a generative model
for labeled data using only a few labeled samples.
CondICA vyields an increase in decoding accuracy
on eight large fMRI datasets.

Our main contributions consist in the reduction
of SRM'’s training time as well as in the introduc-
tion of two more realistic models for the analysis
of brain activity of subjects exposed to naturalis-
tic stimuli : MultiViewlCA and ShICA. Lastly, our
results showing that ICA can be used for data aug-
mentation are promising.

In conclusion, we present some directions that
could guide future work. From a practical point of
view, minor modifications of our methods could al-
low the analysis of resting state data assuming a
shared spatial organization instead of a shared res-
ponse. From a theoretical perspective, future work
could focus on understanding how dimension re-
duction and shared response identification can be
achieved jointly.
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SYNTHESE

Cette these d’informatique et de mathématiques s’applique au do-
maine des neurosciences, et plus particulierement aux recherches sur
la modélisation de l'activité cérébrale humaine par électrophysiologie
et imagerie. Dans ce champ, la tendance est actuellement d’expéri-
menter avec des stimuli naturels, comme le visionnage d"un film ou
I'écoute d"une piste audio, et non plus avec des stimuli étroitement
controlés mais outrageusement simples. L'analyse de ces stimuli «
naturels » et de leurs effets demande toutefois de disposer d'une
immense quantité d’images, par ailleurs trés cotiteuses. Sans outils
mathématique, identifier 1’activité neuronale a partir des données est
quasi impossible. Toutefois, ces stimuli sont compliqués a modéliser
et a analyser, car 1'utilisation de méthodes fondées sur des régres-
sions est limitée par la difficulté de modéliser les stimuli. C’est ce
qui motive l'utilisation de méthodes non-supervisées qui ne font pas
d’hypotheses sur ce qui déclenche les activations neuronales.

Dans cette theése, nous considérons d’abord le cas du modele de
réponse partagée (MRP), dans lequel les sujets sont supposés partager
une réponse commune. Ce modele est utile pour réduire la dimension
des données, mais son entrainement est cotiteux pour les données
d’imagerie fonctionnelle (IRMf) dont la dimension peut étre immense.
Nous présentons une version bien plus rapide et beaucoup plus éco-
nome en mémoire. Mais le MRP fait des hypotheéses irréalistes sur les
données d’imagerie.

Des hypotheses plus réalistes sont utilisées dans 1’analyse en com-
posantes indépendantes (ACI) mais cette méthode est difficile a gé-
néraliser aux jeux de données qui contiennent plusieurs sujets. Nous
proposons alors une extension de I’ACI appelée ACI multi-vue, fondée
sur le principe de maximum de vraisemblance et qui convient a des
jeux de données multi-sujets. L’ACI multi-vue a une vraisemblance en
forme fermée qui peut étre maximisée efficacement. Toutefois, cette
méthode suppose la méme quantité de bruit pour tous les sujets.

Nous présentons donc I’ACI partagée, une généralisation de 1’ACI
multi-vue qui s’accompagne d’'un modele de bruit plus général.
Contrairement a presque tous les modeles fondés sur ’ACI, I’ACI
partagée peut séparer des sources gaussiennes et non gaussiennes
et propose une estimation optimale des sources communes (au sens
des moindres carrés), qui pondere chaque sujet en fonction de son
niveau de bruit estimé. En pratique, I’ACI partagée et I’ACI multi-vue
permettent d’obtenir, en magnéto-encéphalographie et en IRMf, une
estimation plus fiable de la réponse commune que leurs concurrents.
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Enfin, nous utilisons 1’ACI comme base pour faire de I'”augmentation
de données. Plus précisément, nous présentons 1’ACI conditionnelle,
une méthode d’augmentation de données qui exploite la grande quan-
tité de données d’IRMf non étiquetées pour construire un modéle
génératif en utilisant seulement un petit nombre de données étique-
tées. LACI conditionnelle permet d’augmenter de facon appréciable
la précision du décodage sur huit grands jeux de données d’IRM{.

Nos principaux apports nous semblent consister dans 1’accélération
de I'entrainement du MRP ainsi que dans l'introduction de deux
modeles plus réalistes pour ’analyse de l’activité cérébrale de sujets
exposés a des stimuli naturels : ’ACI multi-vue et I’ACI partagée.
Enfin, nos résultats sont prometteurs concernant 1"utilisation de I’ACI
pour faire de I'augmentation de données.

Nous présentons pour finir quelques pistes qui pourraient guider
des travaux ultérieurs. D'un point de vue pratique, des modifica-
tions de nos méthodes pourraient permettre I’analyse des données
d’imagerie obtenues sur des sujets au repos en faisant 1’hypothese
d’une organisation spatiale partagée a la place d'une réponse partagée.
Une autre extension possible serait de prendre en compte le décalage
temporel entre sujets que I'on observe en magnéto-encéphalographie.
D’un point de vue théorique, les travaux futurs pourraient se concen-
trer sur la compréhension de la fagon dont la réduction de dimensions
et I'identification de la réponse partagée peuvent étre réalisées conjoin-
tement.
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ACRONYMS

BOLD Blood oxygenated level dependent

EEG Electroencephalography

fMRI Functional magnetic resonance imaging
ICA Independent component analysis

MEG Magnetoencephalography

ML Maximum likelihood

MMSE Minimum mean squared error

MNI template Montreal Neuroscience Institute template

MVICA MultiViewICA

PCA Principal component analysis

RAM Random access memory

ShICA Shared ICA

SRM Shared response model

SVD Singular value decomposition
NOTATIONS

We write vectors in bold letter v and scalars in lower case a. Upper
case letters M are used to denote matrices. We denote |W/| the absolute
value of the determinant of W. x ~ N(p, ) means that x € R¥ follows
a multivariate normal distribution of mean p € R¥ and covariance
L € R¥**, When x ~ N(u, £), its density is given by x — N(x; u, £).
The j,j entry of a diagonal matrix Z; is denoted Zij, the j entry of y; is
denoted yjj. 6 is the Kronecker delta. We use the usual scalar product
for matrices (A,B) = tr(A"B) and the associated norm is denoted
IA| = \/(A, A). Vectors can be seen as tall matrices and therefore the
scalar product and the norm are the same as for matrices. The gradient

of a real function f(x) € R is denoted a];(;‘) and is seen as a column
of(x)
ox

vector. The Jacobian of a vector valued function f(x) is denoted

of(xj) T
ox

and is a matrix such that the line j is given by
j-th coordinate of x.

where ¥; is the

Xii



OVERVIEW

1.1 INTRODUCTION
1.1.1  Controlled experiments in cognitive brain imaging

When a subject is reading a sentence or when she is listening to a
sentence, her brain activity is expected to differ. In order to measure
where it differs and by which amount, one can perform a controlled
experiment. The controlled experiment comes with a design matrix
that describes the features driving her brain activation across time. In
the above case, the occurrences of the subject listening to a sentence or
reading a sentence are encoded in a design matrix. Then, a model is
introduced to explain how the design matrix relates to brain activity.
A simple model can consider that brain activity only differs when the
task differs and therefore have a stereotypical representation of brain
activity when she is reading a sentence and another one when she
is listening to a sentence. While this model may simplify the reality
(two repetitions of the same task would never yield exactly the same
pattern or amount of brain activity), it is easy to interpret: the two
stereotypical representations of each task can easily be compared and
analyzed.

This procedure naturally extends to multiple subjects. Indeed, a
model can be fit independently for each subject using the same design
matrix.

1.1.2 Naturalistic stimuli

While controlled experiments give some insights about brain function-
ality, the subjects” experience is far from their every-day life. Natural-
istic stimuli are meant to overcome this issue. Example of naturalistic
stimuli include movie watching, music listening or resting (subjects
are just asked to lie still in the scanner without further instruction).
While there is a broad interest in understanding how the brain reacts
in such ecological conditions, the recorded brain activity is difficult
to analyze. In particular, design matrices are notoriously difficult to
construct for naturalistic stimuli.

1.1.3 Component analysis

A possible solution is to learn the design matrix as part of the model.
The widely used independent component analysis applied on the
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data of one subject extracts a set of components that are maximally
independent. Such components give a plausible design matrix as each
component may be seen as a different set of features driving brain
activity. However, many questions remain. How do we efficiently
generalize such methods to multi-subject data ? How to measure
their performance ? Why is it useful to construct a generative model
for neuroimaging data ? In this thesis, we develop well principled
unsupervised methods for component analysis of neuroimaging data.

1.2 ORGANIZATION OF THE MANUSCRIPT

In part I, we give some background on statistical learning and op-
timization (chapter 2), neuroscience (chapter 3) and unsupervised
methods popular in neuroimaging (chapter 4).

The parts 11, I1I, IV and V highlight four different contributions that
led to different publications.

1.2.1 Fast shared response model for fMRI data

When subjects are exposed to the same stimuli, their brain activity
likely exhibits some common, or shared response. Our goal is to
recover this shared response. The shared response model is one possible
solution to this problem. However, the algorithm used in the shared
response model does not scale well with the size of input . This is
problematic because fMRI data have a very large size. Indeed, the
fMRI data of each subject have a dimension on the order of p = 10°
and a number of samples on the order of n = 103. Therefore, there is
a need for faster algorithms. This will be presented in part II.

1.2.2  MultiViewICA for neuroimaging data

In order to obtain a meaningful shared response, we need to impose
constraints on the model. In the shared response model, the linear com-
bination of the shared sources is done under orthogonality constraints
which are often deemed not biologically plausible. A more biologi-
cally plausible constraint is to assume independence of the recovered
responses. However, most popular methods using this assumption are
partially heuristic when multiple subjects are involved. In part I1I, we
introduce MultiViewICA: a method based on the maximum likelihood
principle that can be efficiently optimized. In practice our method is
able to recover more reliable estimate of the shared response on fMRI
and MEG data than competitors.

PUBLISHED WORK (Spotlight) H. Richard et al. “Modeling Shared
responses in Neuroimaging Studies through MultiView ICA.” In:
Advances in Neural Information Processing Systems 33. Dec. 2020
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1.2.3 Shared ICA for neuroimaging data

The model used in MultiViewICA allows the response of each subject
to differ from the stereotypical response. However, it is assumed that
the deviation is on the same order of magnitude for all subjects and
all components. In Shared ICA, we use a more general model that
allows to model different deviations from the stereotypical response
depending on the subject considered and/or on the response. Impor-
tantly, the difference between subjects can be used as an additional
source of information to recover an even better estimate of the shared
response. In practice, we observe that Shared ICA improves upon
MultiViewICA. This work will be presented in part IV.

PUBLISHED WORK H. Richard et al. “Shared Independent Compo-
nent Analysis for Multi-Subject Neuroimaging.” In: Advances in Neural
Information Processing Systems 33. Dec. 2021

1.2.4 Conditional ICA

Our results suggest that ICA is a good generative model for fMRI
data. Can it be used to perform data augmentation ? We design a data
augmentation method, that leverages the large amount of (unlabeled)
resting state data to generate realistic fake task data from a small set
of images. Our data augmentation method yields an improvement in
classification accuracy on eight large datasets. This will be discussed
in part V.

PUBLISHED WORK  Badr Tajini, Hugo Richard, and Bertrand Thirion.
“Functional Magnetic Resonance Imaging data augmentation through
conditional ICA.” In: MICCAI (2021) (Oral, co-first authorship with
equal contribution)

1.3 CHAPTER ORDERING

The appendices can be skipped at first read. Chapters 2, 3 and 4
present the necessary background. The reader more interested in the
theory should first read chapters 5, 7, 9 and 11. Chapters 6, 8, 10
and 12 focus on practical results.
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STATISTICAL LEARNING AND OPTIMIZATION

In this chapter, we present the probabilistic modeling and optimization
background needed for the present thesis. The material presented in
section 2.1 is inspired from the section 4 of [87], the section 1.1 of [1],
the chapter 17 of [54] and [140]. The material presented in section 2.2
comes from the chapter 9 of [24] and from [106].

2.1 PROBABILISTIC GENERATIVE MODELS

In a probabilistic generative modeling framework, learning from ex-
periments means identifying the underlying process that generates
the data we observe.

More formally, consider X = xM), ..., x(™) ¢ R¥, n random vectors
with joint density v} and consider the available data X € R*™ as
an observation of X. We also say that data X are generated from V3.
The broad goal of probabilistic generative modeling is to recover v,
from X. When samples x(1),...,x(™) are independent and identically
distributed, vi. = ®* ; vy so that X can be seen as n observations of
the random variable x with density vy. In the remaining of the thesis,
we use the same notation x(!) for the random variable associated to
the i-th sample and its observation (the i-th column of X). In addition,
we use v* to denote both v} and v3. depending on whether samples
are independent and identically distributed or not.

In practice, we assume a model for the true density v* meaning
that we assume that v* belongs to a family of densities . When it is
indeed true that v* € J, we say that the model holds.

Often, we assume J to be a set of parametric densities so that any
density in J can be written as vg where 0 € O is a set of parameters
and O is the set of all possible 8. When the model holds, there exists
an optimal set of parameters 0. such that v* = vg,. The goal is then
to find ©...

Before we even try to find 0., it is instructive to wonder whether
the problem is well defined. Ideally we would like our model to be
such that if vg, = vg, then 87 = 0,. When this is the case, we say
that the model is identifiable.

In all the proofs in this section, we assume that the integration
and differentiation operators can always be exchanged and that all
quantities introduced are well defined. The set of parameters 0 is
viewed as a vector.

Note that our definition of a model includes the latent variable
model (which specifies the dependencies across the different random

1)
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variables) and the densities of each random variable. However it does
not include the estimation procedure. Including the densities in the
model allows us to state claims like : “this model is identifiable” which
would not always be possible if the densities were not included. Yet,
a model is most useful when it comes with an efficient estimation
procedure so we often present together the model and the algorithm
used to estimate its parameters.

2.1.1  Desirable properties of estimators

An estimator ©,, of 0, is a function of the observations X =

x1), ..., x(") that aims at finding ©.. An estimator is a random vari-

able, as it depends on X. Therefore, it can almost never be perfectly

accurate and that is why we need a criterion to measure its inaccuracy.
A common choice is the mean squared error criterion given by:

E[||6+ — 0.2 = E[||6n —E[6.] + E[6,] — 0. (2.1)
= E[]|6, —E[6.]]*] + |E[6] — 6.2 (2.2)
—tr(V(0,,)) + |[E[6n] — 0.|? (2.3)

where the right hand side in equation 2.3 gives the bias-variance
decomposition. The left term is the trace of the covariance V(6,) =
Cov(0,, —E[6,],6,, — E[6,]) where Cov(a,b) = E[(a—Ela])(b —
E[b]) "] and the right term is the squared norm of the bias given by
E[6n] -0, .

The norm of the bias can be minimized exactly and such estimators
that achieve E[6,,] — 0, = 0 are called unbiased.

In Example 1, we study the bias of the sample mean and sample
variance. The sample mean is shown to be unbiased. In contrast, the
sample variance is biased: we show how to correct the estimator of
the variance so that it becomes unbiased.

Example 1 (Biased and unbiased estimate of the parameters of a 1D
Gaussian). Consider n observations x1), ... x(™) of x with mean ., and
variance o2. Consider the sample mean: {te = L 5 | x(V). This estimate is

unbiased as E[{ie] = %Z{; ExV] = .

2

Consider the sample variance: 65 = % S M =3 Ix(2))2)

=X

e z=1n
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We have
1 & |
~21 _ 1 W) _ N L, (2))2
Elog) = — ) Elx!V -3 —x()2 (2.4)
i=1 z=1
L = PUIPNUT SRUNCING SN A
n “ n n
i=1 z=1 z=1
_ ! (132 _ 9y (1) LN L (Y)y(2)
L2 B2 =20y x4 ) Kk
i=1 z=1 y=1,z=1
(2.6)
mn n
== (oi+ul—S0l—2ul+ () or+n’ud)
i=1 z=1
(2.7)
e — (28)
n—1,
- n G* (29)

0, = ——d% 2.10
u

we can see that it is unbiased.

However the variance of an estimator cannot be arbitrarily low as
shown by Proposition 1 (Cramer-Rao bound).

Proposition 1 (Cramer-Rao bound). Let O be an estimator of ©.. Then,

V(8,) = ORI (g,) T (DT

where A > B is understood as A — B is positive semi-definite. We
introduced I, (0), the Fisher information matrix given by

dlog(vo (X)) dlog(ve (X)) T
20 20

Lastly, the quantity 1(x, 8) = log(ve(x)) is called log-likelihood of x and

its derivative P(x, 0) = % is called the score function of x.

In(e) = IE[

] (2.11)
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Proof of Cramer-Rao bound. First let us show that when the optimal
parameter is used, the expected score function cancels:

0log(ve, (X))

Ex[(6.)] = Ex[ 30 ] (2.12)
_ IEx[Vej(x) avg*e(:m} (2.13)
_ LC av?)*e(x) ax (2.15)
Ay v;é(%)dfx (2.16)
= % (2.17)
=0 (2.18)

so that V[ (0.)] = [.(0.).
We also have that:

Cov(0n,(0.)) = E[(65 — E[6])($(0.) — Ep(6.)) ] (2.19)
=E[6,(0,)"] (2.20)

[ o4 Ove. ()T

= Jx On 30 dX (2.21)
0 [y Bnve. (X)ax

= 30 (2.22)
_ 0E[6,] (2.23)
NPT 23

and similarly Cov((0.), 0.) = (a]Ea[gn] )T

Then we apply the following Cauchy Schwartz inequality for ran-
dom vectors:

vx,y Var(y) = Cov(y,x) Var(x) ™! Cov(x,y) (2.24)
(see a proof in [148]) and therefore get the expected result:
N a]E[én] 1 alE[én] T
>~ .
Var(0n) = 20 [0 (0.)7  ( 20 ) (2.25)
O

When an estimator is both unbiased and reaches the Cramer-
Rao bound we call the estimator efficient. If we assume that sam-
ples are independent and identically distributed we have: {(X,0) =
>, w(xM,0) and therefore

I(8.) = ERp(X, 0.)1(X,0.) "] (2.26)

=D EpxY, 00,07 (2.27)

]
=nl(0,) (2.28)
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where
1(0.) = Exv,, h(x,0.)0(x,0,) '] (2.29)

When samples are independent and identically distributed and 6.,
is unbiased the Cramer-Rao bound is given by:

Var(6,) = 41(0,) (2.30)
n

The Example 2 hows that the sample mean is efficient.

Example 2 (Sample mean is efficient). Consider n observations
xM,...x(M) of x generated from v, (x) = N(x; 1., 62) and consider the
sample mean fte = L 31 | x(V). The variance is given by:

NEBERTLIR Nty
Vife] = V[n ;_1 x] (2.31)
o3
I (2.32)

The Fisher information matrix is given by

[(M)Z]

I=E o (233)
0~ 3L (x— )2 — Llog(2m0?)
_E o2 2 '
[( on )7] (2.34)
1
= El(—— (1. —x))*] (2:35)
1
= Al —x)?] (2.36)
1
= (7% (2.37)
and therefore we have
Vige = 11! (239)
n

so the sample mean is efficient.

In practice, efficient estimators are extremely rare. In the next section,
we introduce the maximum likelihood estimator which is not always
unbiased nor efficient in the finite sample case, but satisfies these
properties asymptotically.

2.1.2  Maximum likelihood

The maximum likelihood estimates the parameters @ such that the
density vg at x(),...,x(™) is the highest among all possible values
for 8 € ©:

0, = argmaxve(x“ ) xm) (2.39)
0cO

11
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The quantity vg (x(M, ..., x(M)) is called the likelihood and we call
0., the maximum likelihood estimator.

It is often assumed that samples are independent and identically dis-
tributed so that the joint density can be written: vg (x(M, ... x(M)) =
[Ty vo(xV)

Let us define the empirical expected log-likelihood:

— :1; 1xY, 0) (2.40)
— Enl(x,0) (2.41)

where [E,, is the empirical expectation operator defined by
Enf(x) = — > f(x) (2.42)

The next lines show that finding the maximum likelihood is done
by optimizing the empirical expected log-likelihood.

0, = argmaxve(x(”,.. .,x(“}) (2.43)
0cO
n .
= argmax H vo (x(1) (2.44)
0€® _7
n .
= argmax Z log(ve (x1Y) (2.45)
0€cO i=1
= argmax — 1(x'Y,0) (2.46)
pce M Z
= argmax ln(e) (2.47)
0cO
(2.48)

By the law of large numbers, as the number of samples increases, the
empirical expected likelihood converges almost surely to the expected
log-likelihood: 1(0) = Ex[l(x, 0)].

Example 3 shows that, under a Gaussian model, the maximum
likelihood estimator of the mean and the variance is the sample mean
and sample variance respectively.

Example 3. Consider n observations x(M . x(m) of an unknown random
variable x and consider the model x ~ N(u, 02). The empirical expected
log-likelihood is:

T« 1 () 1 5
In - ; 2— — 3 log(2mo~) (2.49)
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First order conditions yield:

. 1 .
1)y = - _ (1)
](u M) =0 < pu n;x (2.50)

1 . 1 1 & .
i) _ 2 —0 2 _ 1 i) 2
E (x ) — 0 - iE_l(x u)

hE

,4.
I

(02)2 o2

I

i=1

(2.51)

So the maximum likelihood estimators of the mean and the variance are the
sample mean and sample variance respectively.

The maximum likelihood estimator 6, is a random variable as it de-
pends on X = x(M ... x(") As the number of samples n increases, we
expect 6, to get closer to the optimal set of parameters 8. In Proposi-
tion 2, it is shown that the maximum likelihood estimator is consistent

A P A P
meaning 0,, —— 6, where 0,, —— 0, denotes the convergence
n—o0 n—o0

in probability defined by Ve > 0, p(||6n —0.] < ¢€) — 1.
n—oo

Proposition 2 (Consistency of the maximum likelihood estimator).
Assume © is compact, Assume 1y, converge uniformly in probability to 1 and
assume 1 is continuous. Lastly, assume that the model is identifiable. Then, the

maximum likelihood est