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Chapter

Introduction

The aim of this thesis is to study different classes of non-linear partial differ-
ential equations (PDEs in short) where the monotonicity condition does no
longer hold. In particular cases, these PDEs are the Hamilton-Jacobi-Bellman
equations associated with optimal switching problems. To study this type of
equations, we are often led to study specific classes of backward stochastic
differential equations (BSDEs in short).

The object of this chapter is to introduce and motivate the problems we studied

and to summarize the main obtained results .

1.1 General results on BSDEs

1.1.1 BSDE:s in the classical framework

The theory of backward stochastic equations was initiated by Bismut |7] and
later developed by Pardoux and Peng [62] to a non-linear case. Since then,
it has attracted steadily a lot of work and has been applied to various fields,
such as mathematical finance, stochastic optimal control, stochastic differential
games, etc. A non-linear BSDE is defined as follows:

Let B = (Bi)o<i<t be a standard d-dimensional Brownian motion on a
filtered probability space (2, F,F,PP), where F = (F;)o<i<7 is the completed
natural filtration of B and T a fixed finite time horizon.

We denote by P the o-algebra of F-progressively measurable sets on €2 x



1.1. General results on BSDEs

[0,7] and we use the following notation:
e L2 is the set of Fr-measurable random variables ¢ such that E[|£]?] < oo;

e S2 is the set of P-measurable, continuous and R-valued processes Y =

(Ys)ng such that E[Sup ‘Ys|2] < 00
s<T

o H2!l (I > 1) is the set of P-measurable and R-valued processes Z :=

(Zs)s<r such that E[ [, |Z,[2ds] < oc.

Next, given a pair (&, f), called respectively the terminal condition and
generator (or driver) satisfying:

Assumption (H1)
(i) ¢ € L? and R-valued;
(ii) f:Q x[0,T] x R x R? — R such that:

- f(.,t,y, z), written for simplicity f(t,y, z), is F-progressively mea-

surable for all y, z;
- (f(£,0,0))i<r € H>;

- [ satisfies a uniform Lipschitz condition in (w,y, 2), i.e. there exists

a positive constant C such that:

|f(ty, 2)—f(t, ', 2)] < Cly=y'|+|2=72]), Yy, ,Vz 2 ditodPa.e.

We now consider the following BSDE of one-dimensional type:

T T
Ys—§+/ f(r,YT,Z,«)dr—/ Z.dB,, s <T. (1.1.1)

Definition 1.1.1 A solution of the BSDE (1.1.1) is a pair (Y, Z) € 82 x H>4
satisfying (1.1.1).

The following result is related to existence and uniqueness of the solution

of (1.1.1).



1.1. General results on BSDEs

Theorem 1.1.2 (Pardouz-Peng [62]). Under Assumption (H1), there exists
a unique solution (Y, Z) of the BSDE (1.1.1).

Since then, some improvements have been made. In the sense that, many
efforts have been made to relax the assumptions on the generator and terminal
condition to obtain a solution of (1.1.1). More precisely, and mainly, it is

shown that when:

e f is continuous in (y, z) and satisfies a linear growth condition on (y, 2),
then, there exists a minimal solution to the BSDEs (1.1.1) (see Lepeltier
and San Martin [51]).

e f is continuous in (y, z), linear in y, quadratic in z, and £ is bounded,
then, there exists a unique bounded solution to the BSDEs (1.1.1) (see
Kobylanski [58]).

One of the great achievements of the theory of BSDEs is the comparison
theorem due to S. Peng [65] at first and then generalized by several authors,
see e.g. N. El Karoui, S. Peng and M.-C. Quenez [30]. It allows to compare
the solutions of two BSDEs whenever we can compare the terminal conditions

and the generators.

Theorem 1.1.3 (El Karoui, Peng and Quenez [30]). Let & and &' be two
terminal conditions for BSDEs (1.1.1) driven respectively by the generators f
and f" where only f is assumed to satisfy Assumption (H1)-(ii). Denote by
(Y, Z) and (Y',Z") the respective solutions. Then we have:

IfE <& and f(,t,Y, Zy) < f'(,t, Yy, Zy), then, P-a.s. Vt < T, Y, <Y/.

1.1.2 BSDEs with jumps

Tang and Li [76] added into the BSDEs, a jump term which is driven by a
Poisson random measure independent of the Brownian motion. (Generally
speaking, for example, if the Brownian motion stands for the noise from the
financial market, then the Poisson random measure can be interpreted as the
randomness of the insurance claims). The setting of BSDEs with jumps is the

following:



1.1. General results on BSDEs

Given a filtered probability space (Q,F,F := (Fi)i<r,P), whose filtra-
tion satisfies the usual hypotheses of completeness and right-continuity. We
suppose that it is generated by a d-dimensional standard Brownian motion
B := (By)o<t<r and an independent Poisson random measure p on Rt x E,
where E := R! — {0} (I > 1) is equipped with its Borel o-field B(E). Let
v(dt,de) = dtA(de) be its compensated process such that {i([0,t] x A) =
(p—v)([0,t]x A) }1<7 is a martingale for every A € B satisfying A(A) < co. The
measure \ is assumed to be o-finite on (E, B(E)) such that [,(1Ale[*)A(de) <
00.

We denote by P the o-algebra of F-predictable subsets on € x [0, 7] and

we use the following notations:

e S? is the set of P-measurable RCLL processes Y = (Y;)s<r valued in R

such that E[sup |Ys|?] < oo;
s<T

e H?% is the set of P-measurable processes Z = (Zs)s<r valued in R? such

that E[fOT | Zs|?ds] < oo;

e £2()) is the set of B(E)-measurable functions (¢(e))ecr from E into R
such that [ |p(e)|?A(de) < oo;

e H2(L£2()\)) is the set of P-measurable and £2(\)-valued processes V =
(Vi)s<r such that E[[; [ |[Vs(e)[2A(de)ds] < oc.

We now consider a pair (&, f) satisfying:

Assumption (H2)
(i) ¢ € L? and R-valued;
(ii) f:Qx[0,T] x R x R x £2()\) — R such that:
- flw,t,y, z,v) = f(t,y, z,v) is PRB(R)QB(RY)@B(L2()\))-measurable;
- (f(t,0,0,0))<r € H>1;

- f satisfies a uniform Lipschitz condition in (y, z,v), i.e. there exists

a constant C' such that, Vy,vy', Vz, 2" and Vv,v/,

‘f(t,y,Z,U) - f(taylazl>vl)| < C(|y - y/| + ’Z - Z,| + HU - ,U,H)‘
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Let us now consider the following BSDE with jumps associated with (&, f):

T T T
Ys=¢ +/ fr, Y., Z,, V,)dr — / Z.dB, —/ / Vi.(e)i(dr,de), s <T.
s s s E
(1.1.2)

Definition 1.1.4 A solution of the BSDE with jumps (1.1.2) is a triple (Y, Z,V) €
S? x HZ® x H2(L2(N)) satisfying (1.1.2).

Theorem 1.1.5 (Tang and Li [76]). Under Assumption (H2), there exists
a unique solution (Y, Z,V') to the BSDEs with jumps (1.1.2).

This result has been later improved by Pardoux in [60], where the author
proved the existence of a unique solution to the BSDE with jumps (1.1.2) in
the k-dimensional case, (k € N*) under the following assumption:

Assumption (H3)
(i) f is Lipschitz with respect to (z,v);

(ii) f is continuous with respect to y and there exist an RT-valued adapted

process (¢¢)o<t<r and a constant K > 0 such that,
T 1
B[ f; 62ds] < 0o and |(t,y, 2,0)] < b+ O(lyl 12| + (f [o(e)2A(de)) )
(iii) f is monotonic with respect to y:

Ja € R such that Vt > 0,Vy,y’ € R,Vz € RY, Vo € £2())

(y - y/)<f(t7 y,z,v) - f(t, yI7 2, U)) < a‘y - y/|2, P —a.s.

The comparison theorem is also an important property of BSDEs with
jumps. In [3], a counterexample is given, which shows that in the jump case
the conditions £ < ¢ and f < f’ are not sufficient to guarantee Y <Y’. Some
supplementary conditions should be added to f. In fact, they deal with the
case when f has the following form:

flw,t,y, z,0) = h(w,t,y,z,/Ev(e)'y(w,t, e)A(de)), (1.1.3)



1.1. General results on BSDEs

where v : Q x [0,T] x E — R is P ® B(E)-measurable and satisfies 0 <
(. t,e) S C(1 Ae]), forany e € Eand h: Q x [0,T] x R x R x R — R is
P ® B(R x R? x R)-measurable and satisfies:

Assumption (H4)

(i) (h(w,t,0,0,0))icr € 12,
(ii) h is Lipschitz w.r.t (y, 2, q);
(iii) A is non-decreasing w.r.t q.

Then, in order to weaken the previous conditions (i.e. (H4)) on the genera-
tor and obtain the comparison result, Royer has introduced in [72] the following
condition:

(Ay) There exist —1 < C7 < 0 and Cy > 0 such that for all ¢,y,z,v,v" €
[0,T] x R x RY x £2()),
F(t2,0) = 20 < [ (0l0) = (@) (1 Ao

where 4% : Q x [0,T] x E — R is P ® B(E)-measurable and satisfies
C1(1 A le]) < A5 (¢, e) < Co(1 A le]).

The main difference between the mapping 7¥***" and ~ in (1.1.3) is that

’yy’z’”’”/ is allowed to depend on y, z,v,v" and it can be negative as soon as it
remains larger than C1(1 A |e|).

Then, Royer consider the following list of assumptions which remain weaker
than (H4):

Assumption (H5)
(i) (f(w,t,0,0,0))r<r € H>;
(i) f is Lipschitz w.r.t (y, 2);
(iii) f satisfies (A,).

Theorem 1.1.6 (Royer [72]). We consider a generator f satisfying (H3)

and we require that f’ verifies (H5). Let & and & be two terminal conditions

10



1.1. General results on BSDEs

for BSDEs with jumps (1.1.2) driven respectively by the generators f and f'.
Denote by (Y, Z,V) and (Y',Z', V') the respective solutions. Then, if & < &
and f(t,Y,Z, V) < f'(t,Y, Z, V), it follows

V<Y, Wt<T
1.1.3 The Markovian case: Feynman-Kac representation

One of the important applications of BSDEs occurs in PDEs theory. In fact,
in the Markovian case, these equations are linked to PDEs. A BSDE is called
Markovian when the randomness of the terminal condition and the generator

are generated by a diffusion process {(X4")s<r, (t,z) € [0,T] x RF}.
1.1.3.1 The continuous setting

In this setting, the process (X;x) s<T is the solution of the following standard

SDE:
S S
Xbv =g +/ b(r, X1 )dr +/ o(r,Xt")dB,, t<s<T, (1.1.4)
t t

where b and o are two functions on [0, 7] x R* with values in R¥ and R¥*¢
respectively, satisfying the standard Lipschitz continuity and linear growth

condition, i.e.
|b(s,z)| + |o(s,z)| < C(1+ |z]), for some C' > 0.

In order to establish the connection between BSDEs and PDEs, we consider

the following Markovian BSDE: for all s < T,

T T
Vi = g(X3) + / flr, X020, Y07, Z07 ) dr — / Zy By, (1.1.5)
S

S
where g and f are as follows.

Assumption (H6)

(i) g is a continuous function on R* with polynomial growth, i.e. for some

positive constants C' and p,
lg(2)] < C(1 + [[");

11



1.1. General results on BSDEs

(ii) f is a continuous function on [0, 7] x R* x R x RY, satisfying a Lipschitz

condition in (y, z) uniformly in (¢,z) and such that
[f(t,2,y,2)] < OO [z]” + |y[ + [2]).

The Markovian BSDE (1.1.5) gives a Feynman-Kac representation for the
solution of the following system of non-linear parabolic PDE: V(¢,z) € [0,T] x
Rk

—Owu(t,x) — Lu(t,x) — f(t, z,u(t,x), (00u)(t,z)) = 0;
(1.1.6)
w(T, ) = g(x),
where L is the second order differential operator associated with the diffusion

process (Xi™)s<r defined by:

. 0 1o 02
Lu(t,x) := Zb (t, x)(‘?x u(t,x) + = 5 Z (aa (¢, m)mu(t, x).
i=1 v ij=1 v

Then, by applying It6’s formula to u(s, Xﬁx) between s and 7', with 4 smooth
solution to PDE (1.1.6), we obtain :

u(s, X07) = g(X3") + /ertx (r, X5%), (00,u) (r, X)) dr

- / (00,u)(r, XL2)dB,.

5
It follows that the pair (Ya'*, Zo%)scr = (u(s, X%, (00pu) (s, X&*))s<r is a
solution of Markovian BSDE (1.1.5), which is a generalization of the Feynman-
Kac formula.

Several generalizations to investigate more general non-linear PDEs have
been developed following different approaches of the notion of weak solutions,
namely viscosity solution. The notion of viscosity solution for PDEs was intro-
duced firstly by Crandall, Ishii and Lions [48]. Nowdays this theory becomes
an important tool in many fields, especially in optimal control theory. A few
years later, Pardoux and Peng ([63], [64]) were the first to give a probabilis-
tic representation of the viscosity solution for PDE (1.1.6), using solution of
BSDE (1.1.5).

Now, let us introduce the definition of a viscosity solution as in [63].

12



1.1. General results on BSDEs

Definition 1.1.7 Let u € C([0,T] x RF).

(i) w is called a viscosity sub-solution (resp. super-solution) of PDE (1.1.6),
if w(T,z) < (resp. >) g(x), Vo € R* and moreover for any test function
¢ € CH2([0,T] x R¥) and (t,x) € [0,T) x R¥ which is a local mazimum
(resp. global minimum) of u — ¢, it holds that

—0p(t,x) — LO(t, x) — f(t,z,u(t,x), (00:0)(t, x)) < ( resp. >)0.

(ii) u is called a viscosity solution of PDE (1.1.6) if it is both a sub-solution

and super-solution of (1.1.6).

After extending the notion of viscosity solution to PDEs, Pardoux and
Peng ([63], [64]) proved the existence of the viscosity solution and obtained the

Feynmann-Kac representation. Here, we will recall briefly their main results.

Theorem 1.1.8 (Pardouz and Peng [63]). Under the Assumption (H6), the
function u(t,z) == Y"" is continuous on [0,T] x R¥ with polynomial growth

and is a viscosity solution of PDE (1.1.6).

1.1.3.2 The discontinuous setting

In this setting, the process (Xﬁ’x)ng is the solution of the following SDE of

diffusion-jump type: Vi < s < T,

Xﬁ’“z:z:%—/ b(r,Xf’””)dr+/ J(T,Xﬁ’m)dBr—l—/ /B(Xﬁ’z,e)ﬂ(dr,de),
t t t JE
(1.1.7)

where 8 : RF x E — RF is a measurable function such that for some real ¢ and

forallee F ,

|B(x,e)] <c(IAle]), z¢€ R”

B(z,e) = Ba',e)| < clz —2/|(LAe]), z,2" €R".

13



1.1. General results on BSDEs

In the Markovian case, analogously to standard BSDEs, the BSDE with jumps

has the following form: for all s < T,

T
V= g0 + [ s v 2, [V e ar
s E
T T
- / 207dB, - / / Ve (e)fi(dr, de),
s s FE

where g, f and ~ are as follows.

(1.1.8)

Assumption (HT7)

(i) g is a continuous function on R¥ satisfying a polynomial growth condi-
tion, i.e.

lg(z)| < C(1+ |zP), for some C,p > 0;

(ii) f is a continuous function on [0,7] x R* x R x R? x R, satisfying a

Lipschitz condition in (y, 2, q), uniformly in (¢,2) and

£ (t,2,0,0,0)] < C(1 + |z[");

q— f(t,z,y,2,q) is non-decreasing ;

(iii) v is a measurable function on R* x E such that,

0<~(z,e) <C(AAle]), zecRFecE;

|’}/(ZL‘,€) - 7($,a€)‘ < C|l’ - ZL‘/|(1 A |€D, $,SL‘/ € Rk7e € FE.

Now, we consider the following system of integral-PDE (IPDE in short) of
parabolic type: V(t,z) € [0,T] x R,
*atu(t’ I‘) - ‘Cu(tv .’L’) - lCu(t, .T) - f(tv x, u(t7 x)a (Ua’tu)(t’ I‘), Bu(t’ 33)) = O;

u(T,z) = g(x).
(1.1.9)

Here L is a local second-order differential operator and K, B are two integral-

differential operators defined as follows:

14



1.1. General results on BSDEs

Lu(t,z) := b(t,x)Dyu(t, x) + %Tr[(JaT)(t, x)D? u(t, z)];
Ku(t,z) := /E(u(t, z+ B(x,e)) —u(t,x) — B(x,e)Dyu(t,z))A(de) and

Bu(t,x) := /E'y(x, e)(u(t,x + B(z,e)) — u(t,z))A(de).

This IPDE (1.1.9) has been studied, using viscosity solutions theory by Barles
et al. [3]. Either a different class of solutions or a different type of integral-

differential terms have been also considered (see e.g. [1], [73], [74]).

For such a system (1.1.9), we introduce the notion of viscosity solution as

in [3].
Definition 1.1.9 We say that u € C([0,T] x R¥)is

(i) a viscosity sub-solution (resp. super-solution) of IPDE (1.1.9), if u(T, z) <
(resp. >) g(x), Vo € R* and for any test function ¢ € C%([0,T] x R¥),
wherever (t,x) € [0,T) xR¥ is a global mazimum (resp. global minimum,)

point of u — ¢,

—0p(t,x) — Lo(t,x) — Kop(t,x)—f(t, z,u(t, x),

(00:0)(t,x), Bé(t,)) < ( resp. > )0.

(11) a viscosity solution of IPDE (1.1.9) if it is both a sub-solution and super-
solution of (1.1.9).

Now, we give the probabilistic interpretation of the viscosity solution of

IPDE (1.1.9) using solution of the BSDE (1.1.8).

Theorem 1.1.10 (Barles et al. [3]). Under Assumption (H7), the function
u(t,x) == Y"" is a continuous function on [0,T] x R* satisfying the polynomial

growth condition, and is a viscosity solution of IPDE (1.1.9).
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1.2. Obstacle problem for BSDEs

1.2 Obstacle problem for BSDEs

1.2.1 Single obstacle Reflected BSDEs and optimal stopping
problem

1.2.1.1 General results

In this part, we consider a class of BSDEs where the solution Y is forced to stay
above a given process L, called obstacle. An increasing process K is introduced
to push the solution upwards, above the obstacle. This leads to the notion of
Reflected BSDEs.
Standard Reflected BSDEs

When the filtration is generated only by a Brownian motion, the notion
of Reflected BSDEs has been first introduced by El-Karoui et al. [28]. A
solution to a Reflected BSDE consists of a triple of P-measurable processes

(Ys, Zs, Kg)s<r taking values in R,R% and R*, respectively and satisfying:

Y €827 cH* and K € 8%, (K = 0) and is increasing ;
Yo=&+ [T f(r, Yy, Zo)dr + Kp — Ky — [ Z,dB,, s<T; (1.2.1)
Yy > Ly and [ (Ys — Ly)dK, =0,

where £, f and L satisfy the following assumptions:

Assumption (H8)
(i) ¢ € L? and R-valued;
(i) f:Qx[0,T] x R x RY — R such that

- f('7yvz) € HQ’I;

- f is Lipschitz with respect (y, 2);

(iii) (L¢)i<7 is an obstacle which is a continuous P-measurable, R-valued

process such that

Ly <¢ and  E[sup(Lf)?] < oo.
t<T

These types of equations are connected with a wide range of applications es-

pecially the pricing of American options in markets, constrained or not, mixed
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1.2. Obstacle problem for BSDEs

control, partial differential variational inequalities, real options (see e.g. [19],
[25], [42], [52], [29], [30], etc. and the references therein).

Under some assumptions on the generator f, the authors show the exis-
tence and uniqueness of the solution. Actually, in [28|, the authors showed
the existence and uniqueness of the solution by both a fixed point argument
and approximation via penalization. Moreover, they proved that the solution
(Ys)s<r of (1.2.1) is the value function of an optimal stopping problem. Here,

we will recall briefly their main results.

Theorem 1.2.1 Under Assumption (H8), there exists a unique solution
(Ys, Zs, K)s<1 to the Reflected BSDE (1.2.1), and Ys has the explicit optimal

stopping time representation, for all s < T,
T
Y, = esssupr>.E [/ f(T‘, Y, Zr)dT’ + L71{7—<T} + 51{T:T} |]:5} .
S

Since then, there were several extensions for relaxing the Lipschitz condition

on the generator of BSDE. We cite in particular:

e In [59], Matoussi showed the existence of a maximal and a minimal solu-
tion for Reflected BSDEs, when the generator f is only continuous and

has linear growth in variables y and z.

e In [50], Kobylanski and al. proved the existence of a maximal and min-
imal bounded solution for the Reflected BSDE when the generator f is

super linear increasing in y and quadratic in z.

Similarly to standard BSDEs, there is a comparison result for Reflected
BSDEs. It allows to compare the solutions of two Reflected BSDEs once one

can compare the terminal conditions, the generators and the obstacles.

Theorem 1.2.2 (El Karoui et al. [28]). Let (Y, Z,K) and (Y',Z', K') be two
solutions of Reflected BSDE associated with parameters (&, f, L), and (¢', f', L").
Only f is assumed to satisfy the Lipshitz condition. Then, we have:

If¢ < ¢as., f(t,Ye,Z) < f'(t,Y1,Z4)dP @ dta.e. and Ly < Lja.s., then
Y, <Y/, Vt<T, ae.
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1.2. Obstacle problem for BSDEs

Reflected BSDEs with jumps

The extension to the case of Reflected BSDEs with jumps, which is a stan-
dard Reflected BSDEs driven by a Brownian motion and an independent Pois-
son random measure, has been studied by Hamadéne and Ouknine [40]. A
solution of such an equation consists of a quadruple of PP-measurable processes
(Ys, Zs, Vs, Kg)s<7 taking values in R, R%, £2()\) and R, respectively and sat-
isfying: Vs < T,
Y €827 € H>V € H2(L%(\)), K € S?, (Ko = 0) and is increasing ;
Yo =¢+ [ f(r, Y, Z0,Vy)dr + K — Ky — [ Z,dB,

= i Vile)i(dr, de);

Y, > Ly and [} (Ys — Ly)dKs = 0,

(1.2.2)
Here (Ls)s<7 is an obstacle which is right continuous left limits (rcll in short)
whose jumping times are inaccessible stopping times.
In [40], the authors proved the existence and uniqueness of the solution by
using penalization argument and Snell envelope theory. Let us recall briefly

their main result
Theorem 1.2.3 Under the Lipschitz Assumption (H2), there exists a unique

solution (Ys, Zs, K5, Vs)s<r to the Reflected BSDEs with jumps (1.2.2).

1.2.1.2 Connection with variational inequalities in the Markovian
case

We put the Reflected BSDE in a Markovian framework in the sense that the
terminal condition, the generator and the obstacle depend on a diffusion pro-
cess {(X9%)s<r, (t,x) € [0,T] x R¥}. More precisely, given a diffusion
S S
X =g +/ b(r, X% )dr +/ o(r,Xt*)dB,, t<s<T,
¢ t

with Lipschitz coefficients b and o on [0, 7] x R¥, and we consider the following
Markovian Reflected BSDEs: for all s < T,

YT = g(XET) + [T for, XET YT 20V dr + KRE — KV — [T 707 dB,;

YT > L(s, X0%) and [ (V" — L(s, X57))dKE" =0,

(1.2.3)
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1.2. Obstacle problem for BSDEs

where g, f and L are as follows: first g is continuous on R¥ with polynomial
growth, second, f is continuous on [0, T] x R* x R x R? and satisfies a Lipschitz
condition in (y, z) uniformly in (¢, 2) and finally, L is continuous on [0, T] x R¥
with polynomial growth.

El Karoui et al. 28] introduce Markovian Reflected BSDEs (1.2.3) to give a
probabilistic interpretation to the viscosity solution of the following variational

partial differential inequalities: V(¢,z) € [0,T] x R¥,

min{u(t,z) — L(t, z);
—Owu(t,z) — Lu(t,z) — f(t, z,u(t,z), (cu)(t,x))} =0; (1.2.4)

u(T,z) = h(x),
where
b 9 1 & 52
— . = T -
Cultr) = St ul0) 5 3 (000 0r) )

Theorem 1.2.4 The function u(t,z) == Y;"" is continuous on [0, T] xR* and

is a viscosity solution of (1.2.4).

1.2.2 Reflected BSDEs with interconnected obstacles and op-
timal switching problems

In this part, we introduce an optimal switching problems, and their connections

with Reflected BSDEs with interconnected obstacles.

1.2.2.1 Optimal switching problems

The theory of optimal switching is an important and classical field of stochastic
control, which knows a renewed increasing interest due to its numerous and
various applications in economy and finance (see e.g. 2], [6], [9], [10], [15], |21],
[35], [46], [14], [16], [17], [19], [21], [20], [42], [79], [78], etc. and the references
therein). In fact, it provides a suitable modeling framework for the evaluation
of optimal investment decisions in capital for firms. Therefore, it permits to
capture the value of managerial flexibility to adapt decisions in response to

unexpected markets developments.
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1.2. Obstacle problem for BSDEs

We start by describing a two modes switching problem as bellow:
Suppose, for example, that a power plant can be operating or closed. A man-
agement strategy is then defined as an increasing sequence of stopping times
0 = (Tn)n>0, where for n > 1, 7, < 7,41 and 72,1 (resp. T2,) are the times
when the manager decides to turn on (resp. off). On the other hand, there
are expenditures when the plant is in the operating mode as well as in the
closed one . In addition, switching from a mode to another is not free and
generates sunk costs. Then, mathematically, the plant’s expected profits can

be modelled as

T
J((S) =K [/0 f(tv Xt>It)dt+h(XT?IT) - Z [011{72n71<T} +C21{Tzn<T}]:| 5
n>0

where X is the price process of electricity, f is the running profit over time, h
is the terminal profit, Z, = 1 (resp. Z; = 0) if the production is open (resp. is
closed), and C (resp. C2) is the cost when the plant is switched from the on
(resp. off) mode to the off (resp. on) one.

An optimal management strategy and the value of the power are obtained

by solving the following problem:
J(0%) = sup J(9),
é

where the supremum is taken over the set of admissible strategies.

More generally, suppose that the power plant runs with m different modes
of production. In this case, a management strategy consists, on the one hand,
of the choice of an increasing sequence of stopping times (7,),>1, where the
manager switches the system across the different operating modes. On the
other hand, it consists of the choice of the mode (ay)p>1, which are random
variables, F,, -measurable with values in {1,...,m}.

Next, with a given strategy 0 := (7,,, ), we associate a stochastic process
(nt)e<r which is the indicator of the production activity’s mode at time ¢ €
[0, 7] and which is given by:

Ns := aolyq, (t) + Z anlig, <t<6,.1)-

n>1
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1.2. Obstacle problem for BSDEs

Finally, the optimal switching problem is then
T
16 = sw B[ [ P+ =Y (o Lner]].
6=(rman) J0 et
where g;; is the cost for switching from mode 7 to mode j.

In the previous example, we have considered electricity production. How-
ever, there are many real cases where this problem intervenes. Among others,
we can quote the management of oil tankers, oil fields, etc. In order to tackle
those problems, the authors use mainly two approaches. Either a probabilistic

one, i.e BSDEs or an approach which uses PDEs.

1.2.2.2 Connection with Reflected BSDEs with interconnected ob-
stacles

Optimal switching problem is closely related to the study of Reflected BSDESs
with interconnected obstacles. It turns out that their solution (Y;)s<r is in
fact the value of a specific optimal switching problem.

The growing interest in optimal switching problem is then a motivation to
study Reflected BSDEs with interconnected obstacles of the following form:
Vie{l,...,m} and s € [t,T],

Yi=&+ [T fi(r, Y, Y Z0dr + Ki— Kl — [T ZidB,,

Yi> r?gf(iéj - 9ij(s)), (1.2.5)
Jo Y — max(Y7 — gi;(s))ldK = 0.

Here £ := (&;)i=1,m is an m-dimensional random variable known at time 7" and
K is an increasing process.

As far as we know, these equations appear for the first time in [42] in the
particular case of two modes, i.e. m = 2, and a generator not depending
on (Y,Z). The general case is then studied by Hu and Tang in [46|, where
the existence and uniqueness of solutions is proved in the case when the cost
process g;; is constant and the generator f;(s, Yt Ly, 20 = fils,yt, 2Y), fori €
{1,...,m}. While existence is obtained by a penalization argument, uniqueness
is obtained via a verification argument, identifying the solution with a formal

switching problem involving switched BSDEs. Unfortunately, this approach
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could not be extended to the case of a more general generator. Then, the
result is generalized in [43], where the authors allow the generator to depend

on all the component of Y but with the following monotonicity condition:

e The function y* — fi(t, z,y', ..., y* 1y, v**1, .. y™, 2?) is increasing

for all (y',...,yF "L F 1 . y™) e R™L 2 c R and i € {1,...,m},

Next, Chassagneux, Elie and Kharroubi [13] were able to get rid of this mono-
tonicity condition and have provided existence and uniqueness of solutions of
(1.2.5) in the general case. They used an approach that applies a fixed point
procedure for Lipschitz generators. This is done via the introduction of a con-
venient one dimensional switched BSDE and the use of a standard comparaison

theorem.

1.3 Interconnected obstacles problem for PDEs

In the first part of this thesis, we study a system of PDEs with intercon-
nected obstacles for which we establish a new existence and uniqueness result
of continuous viscosity solution. The novelty is that we relax the so-called
monotonicity condition on the generator. The main tool is the notion of sys-
tem of Reflected BSDEs with interconnected obstacles. First, we start by an

overview of the existent literature.

1.3.1 Motivations and state of the art

The interconnected obstacle problem for PDEs and their connection with op-
timal switching problems have been studied by many authors (|6], [9], [25],
[38], [44], [24], [23], [75], [47], ect and the references therein). They model such
problems by means of variational inequalities.

Our main interest is to study the following system of variational inequalities

with interconnected obstacles: Vi € 7 := {1,...,m},
min{u’(t, z) — max {u/(t,z) — gij(t,x)};
JeEL™
_8tui(t7 :C) - Euz(tv .’IT) - fl(t7 x, (uk(ta x))k:l,...,ma (O-TDCCui)(tv IIT))} = O 5
u!(T,z) = hi(z),
(1.3.1)
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1.3. Interconnected obstacles problem for PDEs

where (gij)iez, (fi)iez and (h;)iez are continuous functions, 70 :=17 - {i}
and £ is an infinitesimal generator associated with a diffusion process X%*.
In the special case where, for any ¢ € Z, the function f; does not depend
on (u¥)k=1.m and Dyu’, the system (1.3.1) reduces to the Hamilton-Jacobi-
Bellman associated with the optimal switching problem whose value function

is defined by

T
ul(t,z) =  sup E[/ O, XP7)dt + B2 (X5T)
0

6:(Tn7an)n

=3~ [ (7 XD remy] |

n>0
As for the general case, if the functions (f;)iez depend on both (u¥)g—1 m
and D u’, the system (1.3.1) can be related to switching problems with utility
functions, Knightian uncertainty, recursive utilities, i.e., the present utility
depends also on the future utility.
Actually, in 38|, the authors have shown that if, (f;);cz verify the following

monotonicity condition:

e The function y* — f;(t,z,y', ...,y* 1, yF, y*+1 .. y™, 2?) is increasing

for all (y', ...,y 1, y* 1, .,y™) e R™ L 22 € R and i € {1,...,m},

then, system (1.3.1) has a unique viscosity solution (u');ez in the class of

continuous functions with polynomial growth which is given by:
VieZ, u'(t,z) = Y/, (t,z) € [0,T] x R¥, (1.3.2)

where (Y%5%);.7 is the first component of the solution for Reflected BSDEs
system with interconnected obstacles (1.2.5) once one is in the Markovian
setting.

We note that the previous monotonicity condition is not only used to com-
pare the sub- and the super-solution of PDEs (1.3.1) but also to construct the
viscosity solution itself. Indeed, this viscosity solution is constructed thanks to
an increasing approximation scheme for the Reflected BSDEs system, which is
essentially obtained with the use of a comparison result that holds under the

above assumption. Otherwise, this remains impossible.
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1.3.2 New results

The novelty of this part is to prove the existence of a unique continuous vis-
cosity solution for PDEs system with interconnected obstacles (1.3.1) without
assuming the monotonicity condition on the generator function. Our method
relies basically on its connection with a Reflected BSDEs system with inter-
connected obstacles for which the solution exists and is unique for general
generators (f;)iez, that are merely Lipschitz in (y, z) and nothing more. In
the following, we present the main results obtained in the already published
paper [36].

The main tool to tackle the PDEs system (1.3.1) is to use the following
system of Reflected BSDEs with interconnected obstacles: for all ¢ € 7 and
s et T,

Vi = hi(XP) 4 [T L XPT (V) ket s Z0)dr + K — K — [T Z1dB,,

V> max (Y] — gi(s, X07)),

S

jex—t
Jo IV = max (V7 = gij(s, X1)) K = 0.

(1.3.3)
In a non-Markovian framework, Chassagneux, Elie and Kharoubi [13| prove
that this system admit a unique solution (Y, Z%, K*);c7 without assuming the
previous monotonicity condition on the generators (f;)iez.
Now, in a Marokovian framework, we extend this solution (Y, Z%, K);cr
to a solution of PDEs system (1.3.1). More precisely, we are able to give a
Feynman-Kac’s formula for the solution of PDEs system (1.3.1) via the Re-
flected BSDEs system (1.3.3).

Proposition 1.3.1 Let (Y?, Z¢, K*);cz be the unique solution of the Reflected
BSDEs system (1.3.3). Then, there exist deterministic continuous functions

(u')iez of polynomial growth, defined on [0,T] x R* such that
VieT ands <T, Y!=u'(s,X\%). (1.3.4)

The proof is given in two steps. In the first step, we suppose that the
functions (f;(¢,x,0,...,0,0));ez and (h;);ez are bounded. We construct a Pi-
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card iterations process (Y})iez = O((Y{_,)iez), where © is a mapping from
H24 onto it self. As a result we show the uniform convergence of (Y{¥)g>o
in S? and the existence of deterministic continuous functions of polynomial
growth (u*)>o such that Yji(s) = u* (s, X5, Vs € [t, T]. Then, we prove
that (u*) k>0 converge uniformly to u? which implies that u’ is continuous. In
the second step, we relax the boundedness condition of (f;(¢,,0,...,0,0);ez
and (h;);ez, i.e. we suppose that they are of polynomial growth. By applying
Ito’s formula with Y7 := Y#(1 + | X%%|2)~?, with p > 1, we fall in the previ-
ous framework. Therefore, we deduce that Y has the previous representation

(1.3.4) with u* continuous and of polynomial growth.

Then, we can state our main result as follows.

Theorem 1.3.2 The functions (u');ez, defined by (1.3.4), are the unique vis-
cosity solution of PDFEs (1.3.1) in the class of continuous functions with poly-

nomial growth.

The proof divides in two steps. Firstly, thanks to Theorem (1.2.4), we
prove that (u');ez is a viscosity solution of system (1.3.1). Secondly, we show
the uniqueness of this solution by using the uniqueness of (Y%);cz, the solution

to the system (1.3.3).

1.4 Interconnected obstacle problem for integral-PDEs

In the second part of this thesis, we study a system of second-order integral-
partial differential equations (IPDEs for short) with interconnected obstacles
and non-local terms for which we establish a new existence and uniqueness re-
sult of continuous viscosity solution. The novelty is that we relax the so-called
monotonicity condition on the generator with respect to the jump component
which is classic assumption in the literature of viscosity solutions of equation
with non-local terms. The main tool is the notion of system of Reflected BSDEs

with jumps and interconnected obstacles.
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1.4.1 Motivations and formulation

Our main interest is the following system of IPDEs with interconnected ob-

stacles and non-local terms: Vi € T := {1,...m} and (t,z) € [0,T] x RF,

min{u’(t, z) — mgx_(uj(t, x) — gij(t, x)); =0’ (t,z) — Lu'(t,2) — Ku'(t, x)
Jje1—

| —fi(t, x, (uk(t, ) k=1m, (6T Dyut)(t, x), Biui(t, z))} = 0;
u' (T, z) = hi(x).
(1.4.1)

Here L is the second-order local operator
. ) 1 4
Lul(t,z) = b(t, ) Dyu(t,z) + §TI“[(O'O'T)(t, z)D? u'(t, x)],
K is the non-local operator

Ku(t,z) := /E(ui(t,m + B(z,€)) — u'(t,z) — B(x, e)TDxui(t,x)))\(de)

and B; is an integral operator

Biu'(t,z) == /E%(x, e)(u'(t,z + Bz, e)) —u'(t, z))A(de).

We note that, due to the presence of B;u’ and Ku® in equation (1.4.1), such
an IPDE is called of non-local type. The non-local setting has been considered
by several authors (see e.g. [3], [5], [34], [39], [45], [55], etc. and the references

therein).

In a particular case, the system (1.4.1) is the Hamilton-Jacobi-Bellman
equation related to multi-modes switching problems where the state is given
by jump-diffusion process. The viscosity solution of (1.4.1) is then the value
function of multi-modes switching problem from which the sought optimal

strategy follows.

This type of IPDEs is related to the following system of Reflected BSDEs
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with jumps and interconnected obstacles: Vi € Z and s € [t, T,
Yol = hi(Xg") + [ Filr, Xo® (V" ez, 20, [ Vi (@) Xr®, e)A(de))dr
FEET KV [Tz, — [T VRS (e)fu(dr, de),

Yot 2 max (Y — gig(s, X17),

fg(ysi,t,ac _ %%X‘<}/;j,t,x _ gij(s,Xz’x)))dK;’t’x -0,
j —i

k (1.4.2)

where

(a) B = (Bs)s<r is a Brownian motion, p an independant Poison random
measure with compensator dsA(de) and fi(ds,de) = p(ds, de) — dsA(de)

its compensated random measure;

(b) for any (t,z) € [0, T] x R¥, (X&*),<r is the solution of the following SDE
of diffusion-jump type, Vs € [t, T],

D :1‘—}—/ b(r,Xﬁ’x)dT—i—/ U(T,Xﬁ’x)dBr—l—/ /ﬁ(Xﬁ’_x,e)ﬂ(dr, de).
t t t JE

Actually, in [45], Hamadéne and Zhao have shown that if, (f;);cz verify the

following conditions:
(i) % =0;

(ii) ¢ € R~ fi(t, 2, (Yk)k=1,m, 2,q) is non-decreasing, when the other com-
ponents (¢, z,y, z) are fixed;
then, the system (1.4.2) has a unique solution (Y#h® zitez yite gite). -
Moreover, thanks to the Markovian framework, they have made the link be-
tween this Reflected BSDEs with the IPDEs (1.4.1) through the representation

of Feynman-Kac i.e.,
Vie T, ul(t,x) = Y,""", (t,x) € [0,T] x RF. (1.4.3)

Finally, they have proved that the functions (u);ez are the unique continuous
viscosity solution of IPDEs system (1.4.1) in the class of functions with poly-

nomial growth. Conditions (i)-(ii), which will be referred as the monotonicity

27



1.4. Interconnected obstacle problem for integral-PDEs

conditions, are needed in order to have the comparison result and to treat the
operator B;u® which is not well-defined for any arbitrary u’. Therefore, to our
knowledge, without the conditions (i)-(ii), neither the IPDESs system (1.4.1) nor
the Reflected BSDEs with jumps and interconnected obstacles system (1.4.2)

have been considered.

1.4.2 New results

The novelty of this part is to prove the existence of a unique continuous vis-
cosity solution for IPDEs system with interconnected obstacles (1.4.1) with-
out assuming the previous monotonicity conditions on the generator. Our
method relies basically on its connection with a Reflected BSDEs system with
jumps and interconnected obstacles for which we show the existence of a unique
Markovian solution.

We first study the problem of existence of a solution for Reflected BSDEs
with jumps and interconnected obstacles system (1.4.2) without assuming the
two points (i)-(ii) mentioned above. Actually we show that when the measure
A(.) is finite, the system of RBSDEs (1.4.2) has a solution which is unique
among the Markovian solutions, that is to say, which have the representation
(1.4.3). Our method relies mainly on the characterization of the jump part of
the RBSDEs (1.4.2) by means of the functions (u');—1 ,, defined in (1.4.3) and
the jump-diffusion process X*®. In the second part, we deal with the problem
of existence and uniqueness in viscosity sense of the solution of system (3.1.1).
We show that the functions (u®);—y,, defined in (1.4.3), through the unique
solution of (1.4.2), is the unique solution of system (1.4.1).

Let us consider the following assumptions:

(A1) For any i € {1,...,m},

—

(a) The function (t,z) — fi(t,z,¥,2,q) is continuous, uniformly w.r.t. the
variables (i, z,q), 7 = (y!, ..

Sy

(b) The function f; is Lipschitz continuous w.r.t. the variables (¥, z, q) uni-

formly in (¢, z);
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(c) For any i € T and j € T~¢, the mapping
v filt,z, gt oy Ty T L g™, 2, q) is non-decreasing whenever

the other components (,z,y', ...,y 1, 7+, .. y™, 2, q) are fixed;
(d) The mapping (t,2) + fi(t,z,0,0,0) has polynomial growth in z;

(e) The function v; is B(R*) ® B(E)-measurable such that for some constant
C>0:

vi(z,e)| < C(AAle|), VY(z,e)eRFxE.

(A2) For any i,j5 € {1,...,m}, gis = 0 and for i # j, g;j(¢,x) is non-negative,
jointly continuous in (¢, ) with polynomial growth and satisfies the following
non free loop property: For any (¢,z) € [0,T] x R¥, for any sequence of indices

i1, ...,k such that i; = iy and card{i,...,ir} =k —1 (k > 3) we have
iqio (t, l‘) + Gisis (t, {E) + ...+ Girin (t, {L‘) > 0.

(A3) For any i € {1,...,m}, the function h; is continuous with polynomial

growth and satisfies the following consistency condition:

vz € R¥, hi(z) > max (h(x) — gi(T x)).

We are now in a position to state the existence result. First, we suppose

that the functions fi(¢,z,0,0,0) and h;(z) are bounded. Later on we get rid

of those latter boundedness conditions.

Proposition 1.4.1 Assume that:
(i) The functions (f;)icz, (9ij)ijez and (hi)iez verify Assumptions (A1)-(A3).
(ii) There exist a constant C' such that, for any i € T,

Then the system (1.4.2) has a solution (Yb® Zbbe yite KLLTY, - More-
over there exist bounded continuous functions (u');er such that for any i € T,

(t,z) € [0,T] x R*,
Y::’t’w _ ui(S,Xé’m)a Vs € [t,T].
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The proof divides in four steps. In Step 1, we construct a Picard iteration
process (Vi™);ez = O((V¥"1),c7), where © is a mapping from H2(L23(\))
onto itself. By induction, we prove the existence of deterministic continuous
functions of polynomial growth (u®"),>o such that the Feynman-Kac repre-
sentation holds, i.e. Y™ = u"(s, X1™), Vs € [t, T]. Moreover, as the measure
)\ is finite, we can characterize the jump part V%" by means of (u*"),>¢ and
the jump-diffusion process X*, ie. Vi™(e) = ui’”(s,X;’;r + ﬁ(X;’_m,e)) -
ui’"(s,X;’_x). In Step 2, we introduce an optimal switching problem and we
represent the first component (Y*");c7 of the solution (Y%7, Z&n Vin Kin), 7
for the iterative scheme as the value of the switching problem. In Step 3, we
show the boundedness of (u*");cz. Next, via the introduction of a switched
BSDEs and the use of a comparison argument, we prove the uniform conver-
gence of (u"™),,>0. Finally, in Step 4, we prove the convergence of the sequences
(Yon, Zzbn Vin K", c7)n>0 and we verify that the Skorohod condition holds.

O

Next, we study the system (1.4.2) in the general case i.e., without assuming
the boundedness of the functions ﬁ(t,x,ﬁ,(),()) and h;(z). To do this, we
are going to transform the system (1.4.2) in such a way to fall in the same
framework as the one of Proposition 1.4.1. But this transformation induces
some perturbations of the Assumptions (A1)-(a). To remedy to this situation
we need to assume additional hypothesis on the functions (f;);ez which is

weaker than the previous one.
(A4) For any i € {1,...,m},
(a) For any ®, a bounded continuous function from [0, 7] x R* to R,
the function f;(t,z, %, z, ®(t,x)) is continuous in (¢,z,, 2).
(b) For any R > 0, there exists a continuous function mp from R to

R such that mp(0) = 0 and for any |z| < R, |2/| < R and |§] < R

we have:

\fi(t, 2,4, 2,0(t, x)) = fit, 2, §, 2, ®(t, 2"))| < mg(jz—2'[(14]2])).
(1.4.4)
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Theorem 1.4.2 Assume that the functions (f;)iez verify Assumptions (A1)-
(b)-(c)-(d) and (A4), (9ij)ijez and (hi)icz verify Assumptions (A2)-(A3)
respectively. Then the system (1.4.2) has a solution (YH4® Zbte yite [LLTy, o
Moreover there exist continuous functions (u');ez of polynomial growth such

that for any i € T, (t,x) € [0,T] x R¥,
Y = 4i(s, Xb%), Vs € [t, T).

As a by-product of the Proposition 1.4.1 and Theorem 1.4.2 we have the fol-

lowing
Corollary 1.4.3 For anyi € T and (t,z) € [0,T] x R¥,

VE(E) =Lz {u' (. X0 4 BN, €)= (s, X0)),

ds @ dP ® d\ on [0,T] x Q x E.

Next, we provide the uniqueness of the Markovian solution to Reflected
BSDEs with jumps and interconnected obstacles (1.4.2) which is needed in

order to establish a uniqueness result for the solution of the IPDEs system.

Proposition 1.4.4 Let (a');ez be the deterministic continuous functions of
polynomial growth such that Y&"" = @i(s, Xt®), Vs € [t,T]. Then, for any

i€, i =u.

The proof is given in two cases. In the first one, we suppose that the functions
u' and @, i € Z, are bounded. In the second case, we deal with the general
case, i.e., without assuming the boundedness of the functions u* and @', i € Z,

but only polynomial growth. O

Finally, we turn to study the existence and uniqueness of a viscosity solution
to the IPDEs system (1.4.1). Before doing so, we precise our meaning of the
definition of the viscosity solution of this system. It is not exactly the same as

the one of Hamadéne and Zhao’s paper (see Definition (3.4.4) below).

Definition 1.4.5 We say that a family of deterministic continuous functions

@ = (u')ier is a viscosity super-solution (resp. sub-solution) of (1.4.1) if:

Vi e {l,...,m},
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a) u'(T,z) > (resp. <) hi(z), Vo € R¥;

b) if o € CH2([0,T] x R¥) is such that (t,x) € [0,T) x R* a global minimum

(resp. mazimum) point of u' — ¢
then

min {ui(t,x) - maxl(uj(t,x) — gij(t,x)); =0 p(t, )
jeEL !

- £¢(t7 J)) - fi(t, T, (uk(tv x))kzl,,my (UTDr¢)(ta l’), Biui(tv .%'))} Z (7”68]?. S) 0.
We say that @ = (u');ez is a viscosity solution of (1.4.1) if it is both a super-

solution and sub-solution of (1.4.1).

We now compare the two Definitions (1.4.5) and (3.4.4) of viscosity solu-

tions.

Remark 1.4.6 i) If for any i € I, the function fi(t,x,¥,2,q) does not
depend on its last component q then Definitions (1.4.5) and (3.4.4) coin-

cide.

ii) In our definition, we have used B;u'(t, ) instead B;p(t,z), where ¢ is the
test function. Indeed, B;u'(t,x) is well defined since u® has a polynomial
growth, B is bounded and the measure X\ is finite while it is replaced by
B;o(t,x) in Definition (3.4.4) because, when X is not finite, the lack of
regularity of u’ makes that Byu'(t,z) could be ill-posed.

We are now able to state the main result of this part.

Theorem 1.4.7 The functions (u');cz is the unique viscosity solution of the
system (1.4.1), according to Definition (1.4.5), in the class of continuous func-

tions with polynomial growth.

The proof relies basically on three points. First the fact that the jump pro-
cess in the Reflected BSDEs with jumps and interconnected obstacles (1.4.2)
system has a representation in terms of some deterministic function. Then,
the existence and uniqueness result of a solution to the IPDEs system (1.4.1)
when the generator f; does not depend on the jump component. Finally, the

uniqueness of the Markovian solution to the system (1.4.2).
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1.5 Systems of Markovian Obliquely Reflected BS-
DEs with Jumps: The case of Infinite Lévy mea-
sure

In the last part of this thesis, we are concerned with systems of Markovian
reflected backward stochastic differential equations (RBSDEs for short) with
jumps and interconnected obstacles. The novelty is that we deal with the case
when the Lévy measure is not finite and integrates the function (1 A |e|)ccp.
Under appropriate assumptions and using a truncation of the Lévy measure, we
show that the system of RBSDEs has a Markovian solution. The Feynman-Kac
representation holds true and provides a solution for the associated system of
IPDEs with interconnected obstacles. The content of this part is from a work

in progress, in collaboration with Sald Hamadéne and Mohamed Mnif.

1.5.1 Motivations

In the second work, we have dealt with a system of Markovian Obliquely
Reflected BSDEs with Jumps without assuming the so-called monotonicity
conditions on the generator and a finite Lévy measure. Unfortunately, this is
not the case in real-life problems, indeed the measures usually encountered are
not necessarily finite. Thus the need to consider the problem with an arbitrary
measure and not necessarily finite.

We consider the following system of Reflected BSDEs with Jumps and

interconnected obstacles: Vi € Z := {1,...,m} and s € [0,T],

FEET KV [Tz, — [T VRS (e)fu(dr, de),

YoM > max (Y21 — gii(s)),

jEI

ST — max (Y37 — gii(s)))dK T = 0.

(1.5.1)

where (¢,2) € [0,T] x R¥, dsA(de) is the compensator of u and fi(ds, de) :=

w(ds, de)—ds\(de) its compensated random measure, and finally Z~* := Z—{i}.
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The process X7 is the solution of the following standard differential equation:

dX5" = b(s, X0")ds + o (s, X0")dB, + Is B(S,X;f:, e)iu(ds,de), s € [t,T];
X =gz eRF, 0<s<t.
(1.5.2)

This system of reflected BSDEs (1.5.1) is termed of Marovian type since ran-
domness stems from the process X»* which is a Markovian. On the other
hand, it is deeply related to the optimal stochastic switching problem.

With the system (1.5.1), is associated the following system of integral-
partial differential equations (IPDEs for short) with interconnected obstacles:

Vi € Z,

min{u’(t, z) — Jxélgzci(uj (t,2) — gij(t,z)); O’ (t, x) — Lu'(t, x)
—Kul(t,x) — fi(t, z, (uF(t, ) k=1,m, (6T Dyut)(t, x), Biui(t,z))} =0,

u' (T, x) = hi(z),

(1.5.3)

where the operators £, K and B; are defined as follows:

i ,_ TH i 1 T 2 i ,
Lu'(t,x) :=b(t,x) Dyu'(t,x)+ 2Tr[(aa )(t, z) Dz u'(t, x)];
Ku'(t,z) == [y(u'(t,z + B(z,e)) — u'(t,x) — Bz, e) " Dyui(t, z))A(de) and
B (t,z) = [, vi(z, e)(ui(t,z + B(z,e)) — u'(t, x))A(de).

(1.5.4)

In the previous work, we have shown that the RBSDEs system (1.5.1) has
a solution (Y&t Zbte Kite yite), - without assuming the monotonicity
condition on the generator with respect the jump component and when the
Lévy measure A(.) associated with the Poisson random measure p is finite,
ie. A(E) < co. Moreover the Feynman-Kac representation of the processes

(Y54%),c7 holds true, i.e., there exist deterministic continuous functions (u);cr

defined on [0,T] x R* such that for any (t,z) € [0,T] x R¥ and i € Z,

Yot = ui(s, Xb"), Vs € [t,T] and then u'(t,z) = Y. (1.5.5)
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Finally, it is proved that the functions (u");c7 are the unique continuous viscos-
ity solution of IPDEs system (1.5.3) in the class of functions with polynomial
growth. A property which plays an important role is the representation of the
process (V¥%), 7 via the continuous functions (u');e7 and the process X®

and which reads:

VIb(e) = T {u' (s, XUT4B(X 7€) — u'(s, X)),

ds®@dP®d\on [0,T] x @ x E.  (1.5.6)

Therefore the main objective of this work is to deal with system (1.5.1) in the

case when A(.) is not finite, i.e., A(F) = oc.

1.5.2 New results

In this work, we show that if A(.) is infinite and integrates the function (1 A
le|)eer, in combination with other regularity properties on the data (f;)iez,
(hi)iez and (gij)i jez, then the system (1.5.1) has a Markovian solution, more-
over the Feynman-Kac representation (1.5.5) holds true. Finally we show that
those functions (u');ez is a viscosity solution of (1.5.3). The relation (1.5.6)
which binds the processes (V*%%);cz, the functions (u’);ez and the process
X%% is also valid. Once more it plays an important role in the proof of our
result.

To begin with, we look for a solution to the Reflected BSDEs (1.5.1) without
the finiteness of the Lévy measure. To do this, we consider firstly the following
system of Reflected BSDEs with jumps and interconnected obstacles: Vi € 7
and s € [t, T,

'Y:gi7t7$ _ hZ(X;x) + fST ‘}/C;(T’, X;,a:’ (nk,t7$)kela Zf;’t’x)dr + Kélt’x i K;',t,x

— [Tzl aB, — [T [ VP (e)a(dr, de),

(1.5.7)
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Note that in this system, the generator ﬁ does not depend on the jump com-
ponent and the costs functions (g;;)jez does not depend on the variable z. On

the other hand, we assume that they satisfy the following assumptions:
(H1) For any i € Z, the function
(a) f; is Lipschitz continuous w.r.t. the variables (¥, z) uniformly in
(t, ),
(b) Vi € T and j € ¢, the mapping

v o filt, b,y Ty i L y™, 2) is non-decreasing when-

ever the other components (¢, z,y',...,57 =1, ¢/t .. y™ 2) are fixed.

(¢) fi, © € Z, verifies: There exists a continuous concave function ®;,

from R* into R, such that ®;(0) = 0 and

~

Vo, o', g, and z, |fi(t,z, 7, 2)— fi(t, 2,7, 2)| < ®i(|z—a']). (1.5.8)

(H2) Vi,j € {1,...,m}, g = 0 and for i # j, g;;(t) is non-negative, continuous

in ¢ and satisfies the following non free loop property :

For any ¢ € [0,T], for any sequence of indices i1, ..., i such that i; = iy

and card{iy,...,it} =k —1 (k > 3) we have

Giria(t) + Giis () + . + Gip 13, (£) > 0. (1.5.9)

(H3) For i € {1,...,m}, the function h; is uniformly continuous and satisfies

the following consistency condition:

hi(z) > mis_ux_(hj(:v) —gi;(T)), vz cRF (1.5.10)
JeEL™"

(H4) The functions h; and ﬁ(t, ,0,0), i € Z, are bounded, i.e., there exists a
constant C such that

V(t,z) € [0,T] x R¥ and i € Z, |hi(z)| + |fi(t,2,0,0)| < C.

We then have the following first result.
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Theorem 1.5.1 Assume that the functions (ﬁ)iel’; (9ij)ijez and (hi)icz ver-

ify Assumptions (H1)-(Hj). Then, we have:
a) The system (1.5.7) has a unique solution (Y5\®, Zube Vite by, o

b) There exist deterministic continuous bounded functions (u');cz, defined

on [0,T] x R*, such that:

Vs € [t,T], Y2H* = u'(s, X1°).

c) For anyi€Z,

VIR () = Loy (u (s, XZHB(X T, 0)) = ' (5, X)),

ds @ dP & d\ on [0,T] x Q x E.
(1.5.11)

The proof is divided into five steps. First, we begin by truncating at the
origin of the measure A(.) in such a way to fall in the framework of a finite
Lévy measure and we introduce the approximation scheme associated with
the BSDEs system (1.5.7), we denote by ("Y%4e nzibe nyite mpibey, .y
its solution which exists and is unique. In addition, since the setting is
Markovian, there exists ("u’),>; a family of deterministic continuous func-
tions such that "&h® — ”ui(s,"Xz’r), Vs € [t,T]. Moreover, as the new

4% by means of

measure )\, is finite, we can characterize the jump part "V*
i, de. Wi (e) = Mui(s,"XET 4+ B(X D" e)) — "ui(s,"X ") Then, we in-
troduce the associated optimal switching problem and we represent the first
component ("Y"%%);c7 as its value function and we show the uniform conver-
gence of ("u'),>;. Finally, we prove the uniform convergence of the sequences
(yite nzite myite npcitey, ), and then we show that the jump appear-
ing in the approximation converges to the jump part in the solution. To state
this result we need to assume that the functions g;;,,j € Z do not depend on

x. OJ

We are now in position to show existence of a solution for system (1.5.1)

(the generators depend on the jump components) in the case when A(.) is not
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finite and integrates (1 A |e|)ecg. For that, we need to assume additionally the

following hypotheses on the functions (f;)icz.
(H5) For any i € {1,...,m},

(a) fi is Lipschitz continuous w.r.t. the variables (7, z, ¢) uniformly in
(t, ).

(b) Vi € Z and j € Z7%, the mapping
o= fit, oyt Ly yd T L Y™, 2, q) is non-decreasing when-

ever the other components (¢, z,y', ...,/ =1, ¢/, ... y™, 2, q) are fixed.

(c) For any ®, a bounded continuous function from [0, 7] x R* to R, the
function f;(t,x, 7, z, ®(t,x)) is continuous in (¢,z,%,2). Moreover
there exists a continuous concave function ¥;, from R* into R, such

that ¥;(0) = 0 and
|fit, 2,9, 2, @(t, ) = filt, 2, §, 2, (¢, )| < Vi(Jz—a']). (1.5.12)
(d) The functions (fi(t,z,0,0,0));cz are bounded.

Remark 1.5.2 (i) Note that in Assumption (H5)-(c), the function ¥; can
depend on the function ®. This assumption is satisfied if, e.q., for any i € T,
fitt, 2,7, 2,q) = gi(t, 2,7, 2, qp(x)) where g;(t, z, ¥, 2, () is Lipschitz in (z, ¥, z, C)
uniformly in t and @(x) is a continuous function such that lim) oo o(x) =0.
(ii) We should point out that the obtained results are a preliminary step in
studying the problem in the general case that we leave as a topic of future

research.

Theorem 1.5.3 Assume that the functions (f;)icz, (9ij)i,jez and (hi)icz ver-
ify Assumptions (H2)-(H5). Then the system (1.5.1) has a solution
(yite gitz yite gitz). - Moreover there exist bounded continuous func-

tions (u');ez such that for any i € T, (t,x) € [0,T] x R,

Yob® =i (s, X4%), Vs € [t, T).
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The proof follows the same steps as in the proof of Proposition 3.2 in the
previous work (see [37]), except that in our framework we should take into
account of the non-boundedness of A(.). This difficulty is tackled in using the
fact that for any i € Z, |y;(z,e)| < c(1Ale]) and [L(1 A |e])A(de) < oo as well.
Actually, we introduce a recursive scheme which we show that is convergent

and its limit provides a solution for system (1.5.1). O

As a by-product of Theorem 1.5.3, we obtain the following result:
Corollary 1.5.4 For anyi € T and (t,z) € [0,T] x R¥,

Vi (e) = Ligzpu' (s, XTHB(X (T, €)) —u'(s, X 7).

ds®dP ®dX on [0,T] x @ x E.  (1.5.13)

With the help of the previous results, mainly the characterization of V%% in

terms of u’ , we show the second main result of this part.

Theorem 1.5.5 The functions (u');cz is a viscosity solution of the system

(1.5.3), according to Definition (1.4.5).

The proof of existence is relies mainly on the existence and uniqueness
result of a solution for the IPDEs system (1.5.3) when the generator does not
depend on the component of jump and the representation of the jump process

to the BSDEs sytem (1.5.1). O
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Chapter 2

Viscosity Solutions of Systems of
PDEs with Interconnected Obstacles
and Switching Problem without
Monotonicity Condition

The content of this chapter is from an article in collaboration with Said

Hamadéne and Mohamed Mnif [36], published in Asymptotic Analysis.

2.1 Introduction

The main objective of this paper is to study the problem of existence and
uniqueness of a solution in viscosity sense (u')j—1., of the following system
of partial differential equations with obstacles which depend on the solution:

VieZ:={1,..,m},

min{u’(t, ) — max {u’(t,2) - gi;(t,2)};
JEL™"

—8tui(t, l‘) - Eui(t7 l') - fi(t> €L, (uk(t’ l’))k:l
u (T, z) = hi(x)

77777

(2.1.1)
where 7= := T—{i} and L is an infinitesimal generator which has the following
form

1
Lo(t,x) == b(t,z)" .Dyp(t,z) + §Tr[(UUT)(t, x)D2,o(t, z)] (2.1.2)
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and which is associated with the stochastic process X* solution of the SDE
(2.1.3).

As pointed out previously, in (2.1.1), the obstacle of u’ is the function
maxcz-i{u’ (t, x) —gi;(t, z)} which actually depends on the solution (u")i=1,m,
which means that the obstacles are interconnected.

This problem is related to the optimal stochastic switching control prob-
lem which can be described, through an example, as follows: Let us consider
a power plant which has several modes of production and which the manager
puts in a specific mode according to its profitability which depends on the elec-
tricity price in the energy market evolving according to the following stochastic

differential equation
dX5" = b(s, X4%)ds + o(s, X1®)dB,, s>t and X" = . (2.1.3)

The aim of the manager is to maximize her global profit over an horizon [0, T']
by optimally choosing controls of the form ¢ := (0k, ar)r>0 where (0x)r>0
is an increasing sequence of stopping times at which the manager switches
the system across the different operating modes and (ay)x>0 is a sequence of
random variables with values in {1, ...,m} which stand for the modes to which
the production is switched. Namely for any k > 1, at 0, the manager switches
the production from 6;_1 to 6 (6p and «p are the starting time and mode
respectively). However, switching the plant from the mode i to the mode j
is not free. It generates expenditures, which amount to g;;(s, Xﬁx) at time s.

When the plant is run under a strategy ¢, its yield is given by
J(6;t,x) = ]E[ftT fo(s, Xg’z)ds — Ai} + h‘S(X;’x)]

where:

a) f9(s, Xt™") is the instantaneous payoff of the plant when run under § and
h® (Xélm) is the terminal payoff ;

b) the quantity A‘ST stands for the total switching cost when the strategy 0 is
implemented.

The problem is to find an optimal management strategy 0*, i.e., which satisfies

41



2.1. Introduction

J(0%;t,z) = sups J(0;t,x). This latter quantity is nothing but the fair price
of the power plant in the energy market.

In (2.1.1), if for any ¢ € Z, f; does not depend on (uk)kzl,m and D,u’,
the system reduces to the Hamilton-Jacobi-Bellman one associated with the
switching problem and it is shown in [38, 25], etc. that it has a unique solution

(ui),-:Lm which satisfies
u'(t, x) = sup{J(0;t, ), € A},

where A! is the set of admissible strategies which from mode i at time t.
The main tool to tackle system (2.1.1) is to use with the following system of
reflected backward stochastic differential equations (RBSDEs for short) with

interconnected obstacles: Vi € {1,...,m} and s € [¢,T],

Yibe — hi(X;’x) + fsT £i(r, Pead (ﬁk’m)k:l,,m, Zrzi,t,x)dr + Kthx e
_ [T Zi*qB,,

Vit > ]rélgi(ysj’t’x = 9i (s, X37)),

Jo VT — max ez (YT — gij(s, X0))|dK L = 0.

(2.1.4)

Note that the generators (f;);cz of the RBSDE system (2.1.4) have a general
form, i.e., depend on (y;);cr and z;. More precisely, this system can be related
to switching problems with utility functions, knightian uncertainty, recursive
utilities, i.e., the present utility depends also on the future utility, etc. The
notion of recursive utility was first introduced by Duffie and Epstein (see [22])
to allow a separation between risk aversion and intertemporal substitution. In
1997, El Karoui et al. (see e.g. [28]) considered the case when the standard
generators f; can depend on z;.

This system of RBSDEs has been investigated in several papers including
([13, 43, 38, 46], etc.). In [13], the authors proved that it has a unique solu-
tion (Yoo zube KHLT), 7 if the functions (fi);er are merely Lipschitz w.r.t
((W)i=1,m: 2)-

Concerning now the system of PDEs (2.1.1), Hamadene et al. proved in

[38] that, additionally to the Lipschitz property mentioned above, if for any
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i€Zand k€I fi(t,z,(y1)i=1.m,2) is increasing w.r.t yj (see assumption

(H4)-(i) below), then system (2.1.4) has a unique solution (u");=1 , in the class

of continuous functions with polynomial growth and which is given by:
VieZ, ul(t,x) =Y, (t,x) € [0,T] x R¥, (2.1.5)

where (Y%4%);c7 is the first component of the solution of the system of reflected
BSDEs (2.1.4). The same result is obtained if, instead of ( f;);cz, their opposites
(—fi)iez verify the previous monotonicity property (see (H4)-(ii)). However
without assuming one of either monotonicity conditions on the drivers (f;);ez,
the problem of existence and uniqueness of the solution in viscosity sense of
system (2.1.4) remains open. In this paper, we show that system (2.1.4) has
a unique solution without assuming the previous monotonicity properties on
the drivers (f;)iez. This is the main novelty of this work. As a consequence,
we fill in the gap between the probabilistic framework and the PDEs one. Our
method relies on the link between reflected BSDEs and PDEs with obstacles
in the Markovian framework of randomness.

The paper is organized as follows. In Section 2, we formulate accurately
the problem. In section 3, we show that Feynman-Kac formula holds for the
components (Y45%);c7 of the solution of (2.1.4), i.e., the representation (2.1.5)
holds true. In Section 4, we show that the functions (u');er are continuous
and are the unique viscosity solution of (2.1.1) in the class of functions with
polynomial growth. The proof is deeply related to the fact that system (2.1.4)
of RBSDEs has a unique solution. O

2.2 Preliminaries and notations

Let T' > 0 be a given time horizon and (2, F,P) be a probability space on
which is defined a standard d-dimensional Brownian motion B = (Bi)i<r
whose natural filtration is (Fp := o(Bs,s < t))i<r and F = (Fp)o<i<r is its
augmentation with the P-null sets of F. Then (F;)o<t<7 is right continuous
and complete.

We now introduce the following spaces :
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a) P is the o-algebra of F-progressively measurable sets on [0, 7] x Q;

b) &% is the set of P-measurable, continuous, R-valued processes Y =

(Ys)s<r such that E[sup ‘Y9|2] < 00
s<T

c) A? is the subset of 8% of non decreasing processes K = (K;)i<r such

that K() =0 N

d) H*! (I = 1) is the set of P-measurable and Rl-valued processes Z :=
(Zs)s<T such that E[fOT |Zs|%§lds} < 00.

Next, for any given (¢,2) € [0,T] x R* (k is a positive integer), we consider

the following standard stochastic differential equation (SDE) :

{dXE’:E = b(s, X0%)ds 4+ o (s, Xo")dBs, s € [t,T] (2.2.1)

XA = 0<s<t

where b : [0,7] x R¥ — R* and o : [0,T] x RF — R¥*? are two continuous
functions and Lipschitz w.r.t x, i.e., there exists a positive constant C' such

that

b(t,z) — b(t,2)| + |o(t,z) — o(t,2')| < Clz — 2|, V(t,z,a") € [0,T] x RF+E,

(2.2.2)
Note that the continuity of b, o and (2.2.2) imply the existence of a constant
C such that

Ib(t, )| + |o(t, 2)] < C(1+ |z]), V(t,z)€[0,T] x RE. (2.2.3)

Conditions (2.2.2) and (2.2.3) ensure, for any (¢, z) € [0, T] x R¥, the existence
and uniqueness of a solution {X7” ¢ < s < T} to the SDE (2.2.1) (see [70] for

more details). Moreover, it satisfies the following estimate: Vp > 1,

Efsup | X%P] < C(1 + |2]?). (2.2.4)
s<T

Next let us introduce the following deterministic functions (f;)i=1,...m, (Ri)i=1....m
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and (gij)i j=1,..,m defined as follows : for any 7,5 € {1,...,m},

a) fi: (t,z,y,2z) €[0,T] x RFtmtd filt,x,4,2) eR (y:= (yl, s y™);

b) gij : (t,x) € [0,T] x RF gij(t,x) e R

¢) hi:x € R¥ — hi(z) e R.
Additionally we assume that they satisfy:
(H1) For any i € {1,...,m},

(i) The function (t,x) — fi(t,z,¥,2) is continuous, uniformly w.r.t.

the variables (¥, z) .

(ii) The function f; is Lipschitz continuous with respect to the variables
(¢, z) uniformly in (¢, x), i.e., there exists a positive constant C; such

that for any (¢, 2) € [0, T] xR¥, (7, 2) and (¥, 21) elements of R™*¢:

|fi(taxvga Z) - fi(ta$7glyzl)’ < CZ(“I_ g1| + |Z - Zl‘) (225)

(iii) The mapping (t,z) — fi(t,z,0,...,0) has polynomial growth in z,
i.e., there exist two constants C' > 0 and p > 1 such that for any

(t,x) € [0,T] x R¥,
|fi(t,,0,...,0)| < C(1+ |zP). (2.2.6)

(H2) For all ¢,5 € {1,...,m}, g = 0, and if i # j then g,;;(t,z) is non-
negative, jointly continuous in (¢,x) with polynomial growth and satisfy

the following non free loop property :

For any (t,z) € [0, T] x R¥, for any sequence of indices 1, ..., i, such that

i1 = iy and card{iy,...,ir} = k — 1 (k > 3) we have

Givio (t,.%‘) + Giais (t,m) + o Gigin (t,x) > 0. (2'2'7>
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(H3) For i € {1,...,m}, the function h;, which stands for the terminal con-
dition, is continuous with polynomial growth and satisfies the following

consistency condition:

Vo € R hi(x) > mia_x_{hj(a?) — (T, x)}. (2.2.8)
jer-i

(H4)-(i) Forany i € Z and j € 7,
the mapping w € R = f;(t,z, 9%, ...,y w, /.. y™ 2) is non-
decreasing whenever the other components (¢, x, 3!, ...,97 =1 /T . y™, 2)

are fixed.

(H4)-(ii) The functions (— f;);ez verify (H4)-(i). O

The main objective of this paper is to study the following system of PDEs
with interconnected obstacles: For any i € Z := {1, ..., m},
min{u'(t, ) — max (u (t,x) - gi;j(t, ));
JEL

| —Opui(t, ) — Lu'(t,x) — fi(t,, (uk(t, T))k=1,...m; (UTDxui)(t,:v))} =0;
u'(T,z) = hi(x)
(2.2.9)

where the operator £ is the infinitesimal generator associated with X% i.e.,
1
Lo(t,x) :=b(t,x) Dyp(t, ) + QTI’[(O'O'T)(t, 2)D2,o(t, z)] (2.2.10)

for any R-valued function (¢, ) such that D,p(t,2) and D2 o(t,z) are de-
fined.

We now define the notion of a solution (u');ez of system (2.2.9), in viscosity

sense, which is the following:

Definition 2.2.1 Let i := (u');er be a function of C([0,T] x R¥;R™). We
say that @ is a viscosity super-solution (resp. sub-solution) of (2.2.9) if: Vi €

{1,...,m},
a) u'(T,x) > (resp. <) hi(z), Yz € R¥;

b) if o € CH2([0,T] x R¥) is such that (t,x) € [0,T) x R* a global minimum

(resp. mazimum) point of u' — ¢
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then
min {ui(t,x) — max (v (t,z) — gi;(t, 7));
JeEL™

— Op(t,x) — LOH(t, x) — fit, =z, (uk(t,x))kzl,m,m, (UTquﬁ)(t, :c))} > (resp. <) 0.

(ii) We say that @ = (u');er is a viscosity solution of (2.2.9) if it is both a

super-solution and sub-solution of (2.2.9).

2.3 Connection with Systems of Reflected BSDEs
with Oblique Reflection

The viscosity solution of system (2.2.9) is deeply connected (one can see 38| for
more details) with the following system of reflected BSDEs with interconnected

obstacles (or oblique reflection) associated with

((fi)iez, (9ij)ijez, (hi)iez) : Yi=1,...,m and s € [t,T],

Yi,t,:): c 82 Zi,t,x c HQ,d and Ki,t,z c A2.

Yot = hi(Xg") + [ fulr, X0 (Y Y, 207 )dr 4 K — KM

o fST Z;L;,t,:l?dBr’
}/Si,t,x > jrél%z{i(}/sji’x - gij(sv X;,m))’
Ji (2 = ma (1 — gy (3, X)) =0,
\

(2.3.1)

This system (2.3.1) of reflected BSDEs is considered in several works (see e.g.
[43, 38, 46, 13|, etc.). Under (H1)-(H3) and (H4)-(i) as well, this system has
been considered first in [43] where issues of existence and uniqueness of the
solution, and comparison of the solutions, are considered (see Theorem 3.2,
Theorem 4.2 for point i) and Corollary 3.4. in [43] or Remark 1, pp.190 in [3§]

for point ii)). Actually it is shown:

Theorem 2.3.1 i) Assume that the deterministic functions (f;)icz, (9ij)ijez
and (h;)iez verify Assumptions (H1)-(H3) and (H4)-(i). Then system (2.3.1)
has a unique solution (Y, Z', K");ez.

i) If (ﬁ)ig, (Gij)ijer and (}_li)iez) are other functions satisfying (H1)-(H3)
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and (H4)-(i) and, moreover, for any i,j € Z,
fi < fi, hi < hi and gij > Gi;.

Then for anyi € T, Y' < Y where (Y, Z!, K%);e1 is the solution of the system

associated with (ﬁ)iez, (gij)i,jEI and (BI)ZGI OJ

In [13], Chassagneux et al. have also considered system (2.3.1) without assum-
ing Assumption (H4)-(i). Mainly their idea is the following:

Let T := (Fi)izl,m’m € H?>™ and let us consider the following mapping:

O : H>™ — H"

I =@ ="t m (2.3.2)

goeey

where (Y14, ZV4 KT),c7 € (82 x H?4 x A%)™ (we omit the dependence on
t,x of YIi, Z K14 as no confusion is possible) is the unique solution of the
following system of reflected BSDEs with interconnected obstacles (or oblique

reflection): Vi € Z, and s < T,

Y& = h(XEY 4 [T (e, X0, T, 28N de + K — K2 — (T Z54B,,

Y jfél%}i(ﬂr’j - 9ij (5, X37)),

Jo OV = mae (V9 = gy s X)) KT = 0

(2.3.3)

Next for o € R, let us introduce the following norm on H?™: V i € H>™
T , )
I = B[ [ el Pas]).
0
The main result in [13], is to show that © has a fixed point, i.e.,

Theorem 2.3.2 (see [13]) Assume that the deterministic functions (f;)icz,
(hi)iez and (gij)ijez verify Assumptions (H1)-(HS3). Then there exists some
appropriate positive constant ag (which depends on m, T and the Lipschitz
constants of (fi)i=1.m) such that © is contraction on (H*™,|.|lay). Therefore

it has a unique fized point (Y*);er which, combined with the associated processes
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(Z%, KV)sez, makes that (Y, Z%, K%);e1 is the unique solution of system (2.3.1).

Moreover the following estimate holds true: for any 1f, T ¢ HE™,
Vs<T E[easnf;r,i _ Y'SQFJ|2] < %E[IST ear‘lrr _ ZI‘T|2dr] (234)

where C' is a common Lipschitz constant of the functions (fi)i=1,m w.r.t (¥, 2)

and o > C. O

As a remark, note that in [13], the assumptions on the deterministic functions
(fi)ier etc., are not exactly the same as (H1)-(H3). In our work, we suppose
that the switching costs (g; (¢, )); jez are non-negative, i.e., g;;(t,z) > 0,
V(t,x) € [0,T] x R¥ and verify the non free loop property. While in [13], the
authors suppose that the switching costs are strictly positive and satisfy the
triangle inequality. However the ideas of [13] can be applied under (H1)-(H3)

to show the existence and uniqueness of the solution of system (2.3.1).

We next provide some properties of the solution of system (2.3.1) which

will be useful later.

Proposition 2.3.3 Assume (H1)-(H3). Then:
i) There exist deterministic functions (u');ez of polynomial growth, defined on
[0, T] x R*, such that:

Vie I Y = ui(s, X4, ds x dP on [t,T] x R¥.

ii) Assume moreover that fi(t,z,0,0) and hi(z) are bounded. Then the pro-

cesses YT and functions u', i € I, are also bounded.

Proof: First let us focus on the first point. Let (Y, Z) be the solution of the
following standard BSDE:

Y € 82,7 € 1?4
Yo = o(XE) + [T, XP" Y, Z)dr — [T Z,dB,, Vs <T
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where for any (s, x,y, z) € [0, T] x RFt1+d,

V(s,2,y,2) == Cmly| + Clz| + Y [fi(s,2,0,...,0)] and ®(z) := Y |hi(2)].

i=1,m i=1,m
The constant C' := C; + ... + C,, with, for any i € Z, C; is the Lipschitz
constant of f; w.r.t (¢,z). Note that the solution of this BSDE exists and is
unique by Pardoux-Peng’s result [62].
First note that since ¥ > 0 and ® > 0 then Y > 0. Next as we are in the
Markovian framework of randomness and since ® and ¥ (¢, x,0,0) are of poly-
nomial growth, then there exists a deterministic function v(t,x) of polynomial

growth (see e.g. [30]) such that:
Vs e [t,T),YE" = v(s, Xb").
Next let us set, for i € Z,

1

Therefore, since g;; > 0 for any i,j € Z, (Y;,Z;,K,)iez is a solution of the

following system: for any ¢ € Z and s < T,

Yi(s) = ®(X5") + [T W(r, X0", Y, (r), Z;(r))dr + K(T) — Ki(s) — [T Z;(r)B, ;

—1 s

Y;(s) > max;i{Y;(s) — gij(s)};

Jo (Y(s) — max; £ {Y;(s) — gij(s)})dK;(s) = 0.
(2.3.5)

In the same way let us set for any i € Z,

A ~

i =-Y Z;=—7 and f(i:O,
then (fﬁ;,ZAi,fQ)iGI is a solution of the following system: for any ¢ € Z and
s<T,
Vi(s) = —®(XE") — [T W(r, XP*, =Y, 2, )dr + Ki(T) — Ki(s) — [} Zi(r)B, ;
Yi(s) > man;éi{?j(S) — gij(s)};
Jo (Yi(s) = max;2i{Yj(s) - g5(s)})dKi(s) = 0.
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Next let us consider the following sequence of processes ((}7,;, Z}C, f(;i)iez)kzoi
Yi =0, foralli €T and for k > 1, (Yi)iez = O((Y{_,)iez)

where O is the mapping defined in (2.3.2) and Z,i, IE'}C are associated with fﬁf,
i € Z, through equation (2.3.3). Therefore, as © is a contraction (Theorem
(2.3.2)), the sequence ((Y)iez)x>0 converges to (Y)ier in (H>™,|.|lag). On
the other hand by an induction argument on k£ and by using the comparison

result of Theorem 2.3.1-ii), we have that:

VE>O0,Viel, -Y =Y, <Y<Y, =Y. (2.3.6)

Indeed for k = 0, this obviously holds since Y > 0. Next suppose that (2.3.6)
holds for some k—1 with k£ > 1. Then by a linearization procedure of f;, which
is possible since it is Lipschitz w.r.t (¢, z), we have: for any i € Z,
Fi(s, X0 (Vi1 (8))iez, 2) = fils, X07,0,0) + > abPV (s) + b2
I=1,m
where a®* € R and v*%! € R¢ are P-measurable processes, bounded by the

Lipschitz constant of f;. Therefore, using the induction hypothesis, we obtain:
| fi(s, X", (Vi1 (8))iez: 2)| < W(s, X7, Vs, 2).

Finally by the comparison argument of Theorem 2.3.1-ii) (see also [43], Corol-
lary 3.4, pp.411), we get:
Vi € T,V <Y} where (Y}, Z},K})icz is the unique solution of the system
of type (2.3.1) associated with ((f; = (s, X", Ys,2))ier, (by = ®(x))ier,
(gij (5, X2%))ijez). But the solution of this latter system is unique (Theo-
rem 2.3.2) and by (2.3.5), (Y;,%;, K, )iez is also a solution. Therefore for any
1 €T, Xg =Y, and then Vi € Z, Ykz <Y, = Y. In the same way one can show
that Vi € Z, Y > Y; = —Y. Therefore (2.3.6) holds true for any k > 0.

Next, once more, since we are in the Markovian framework of randomness,
and using an induction argument on k we deduce the existence of deterministic
continuous functions of polynomial growth u** (¢, z) (see e.g. [38], Corollary 2,

pp.182), i € Z, such that for any i € Z, (t,z) € [0,T] x R,

Yi(s) = ubF (s, Xb%), Vs e [t,T). (2.3.7)
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By (2.3.6), in taking s = t, we obtain: for any £ > 0, i« € Z and (t,x) €
[0,T] x R¥,

lub* (t, )| < v(t, z). (2.3.8)
Next by using the inequality (2.3.4) at s = t, we deduce that for any i € Z,
k,p>1

R (t, ) —ubP (¢, z)

2C T ag(r—t) rJ ] 2
< 7E[ : e Z |Yk_1(7“) _}/pfl(r)’ dT]

@o j=1,m

20 T . .
< E ap(r—t) gk—1 Xt,w g1 Xt,w 2d '
< Zog[ [ e 3 i X0) XA P

j=1lm

(2.3.9)
As ((Y{)ier)x is a Cauchy sequence in (H>™,||.|lag), then ((u**)ier)y is a
Cauchy sequence pointwisely. This implies the existence of deterministic func-
tions (u');er such that for any i € Z and (¢, x) € [0,T] x R¥, u® (¢, x) converges
w.r.t k to u'(t,z). Moreover by (2.3.8), u’ is of polynomial growth since v is

so and finally by (2.3.7), Y2'" = ui(s, Xt™), ds x dP on [t,T] x R¥.

We now deal with the second point. Assume that f;(¢,z,0,0) and h;(x)
are bounded. Then the solution Y is bounded. This is obtained by a change
of probability, applying Girsanov’s theorem and by multiplying both hand-
—més

sides of the equation by e , conditionning and taking into account of the

inequality Y > 0. Therefore the deterministic function v is a also bounded.
"

Consequently, u** are uniformly bounded and so are u’, i € . O

Remark 2.3.4 At this point we do not know whether the functions u’, i € T,
are continuous or not. However we will show later that they can be chosen

continuous. O

2.4 The main result:

In this section, we study the existence and uniqueness in viscosity sense of
the solution of the system of m partial differential equations with intercon-

nected obstacles (2.2.9). The candidate to be the solution are the functions
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(u',...,u™) defined in Proposition 2.3.3 by which we represent (Y#);cz. So,

firstly we are going to show that those functions u’, i € Z, can be chosen

continuous.

Proposition 2.4.1 Assume that (H1)-(H3) hold. Then we can choose the
functions u', i € I, defined in Proposition 2.3.3, continuous in (t,z) and of

polynomaal growth.

Proof: It will be given in two steps. In the first one we are going to suppose
moreover that h; and f;(¢,2,0,0), i € Z, are bounded. Later on we deal
with the general case, i.e., without assuming the boundedness of those latter
functions.

Step 1: Suppose that for any i € Z, h; and f;(t,z,0,0) are bounded.

Recall the continuous functions u**, i € Z and k > 0, defined in (2.3.7). By
(2.3.9) they verify: Yk > 1,i € T and (¢,2) € [0,T] x R,

’ui7k(ta .T) - ui’p(t l’) ‘2

) T . .
< CE[/ er=t) g [ R, X5T) — P (e, XY 2dr],
« t .

j=1lm

(2.4.1)
where, as pointed out in (2.3.4), C' is the uniform Lipschitz constant of fs
w.r.t (¢,2z) and a > C.

On the other hand we know, by Proposition 2.3.3-ii), that u>* are uniformly
bounded for any ¢« € Z and k > 0. Now let us take « = C and let n be a constant
such that 2C ™ m(e“" — 1) = 2 and finally let us set

Hui’k — ubP ‘00777 = sup |“i’k(t7 T) — ULP(tv z)|.

(t,z)€[T—n,T) xRk

Going back to (2.3.9) and taking the summations over all ¢, we deduce that
for any k,p > 1,

SOl ), < 2mC T = 1) 3ttt - w2

i=1m

i=1m

3
1

||uz',k—1 . ui,p—l Hgo,n’
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which means that the sequence ((u**);cz)>0 is uniformly convergent in [T" —

n,T] x R¥. Thus, their limits, i.e., the functions (u?);cz are also continuous on
the set [T —n,T] x R,
Next let t € [T — 2n,T — n], then once more by (2.4.1) we have:

|ui7k(t’ $) - Ui’p(ty :U) ’2

T_
< 2Ca"'E| / =) 3™ |kl Xty — P () X0 2]

j=1m
T . .
+ QCa_lE[/T e(r=1) Z |uj’k_1(r, X5y — u“’_l(r, Xﬁ’x)|2dr].
=1 j=1m
(2.4.2)
Then, if we choose t =T — 27 and set
[u"* — | oo 29 = sup uF (¢, @) — utP(t, 7)),
7 (t,x)e[T—2n,T—n] xRk
we obtain:
ik
> bt = a2 o,
i=1,m
< 2mCH (€97 = Dt =2 g, 4 (27— ) 3 it -t )
i=1m
3 , .
<53 kR g, 2mO (P — ) 3 i iR
1=1m i=1m

It implies that

3
timsup 37 [ut — w5, < Tlimsup 37 [t - w2,

kp—oo ;1 m kp—oo ;1

since im supy, , yo0 D i1 |ubk—1 — P 1||2 = 0. Therefore

hmsup Z Jub® — ’pHan 0.

kp—oo ;1

Consequently the sequence ((u**);c7)>0 is uniformly convergent in [T—2n, T—
n] x R¥. Thus, their limits, the functions (u’);cr are also continuous in [T —
2, T —n] x R¥, which implies that (u’);cz are continuous in [T — 2n,T] x R*.

Continuing now this reasoning as many times as necessary on [T — 3n, T — 21,

o4



2.4. The main result:

[T — 4n, T — 3n] etc. we obtain the continuity of (u?);ez in [0, T] x R*, since n
is fixed.

Step 2 : We now deal with the general case. Firstly by (H1)-iii), (H2) and
(H3), there exist two constants C' and p € N such f;(t,z,0,...,0), h;(z) and

gij(t,z) are of polynomial growth, i.e., for any (¢,z) € [0,T] x R,
it 2,0, O + [ha(@)| + a6 2) < CL+[af?).  (243)

To proceed for s € [t,T] let us define,

)
s

Y, = Yip(X),

where for x € R, ¢(z) = m (p is the same constant as in (2.4.3)). Then

by the integration-by-parts formula we have:
Y, = p(X5%)dYE + Yidp(XE®) + d(Y?,p(XH0)),
= o(Xo ]~ fils, X%, (Y hm1,m, Zy)ds — A + Z,dBs}
+ Y H{Lo(X)ds + Dap(X 7)o (s, Xo¥)dBs} + ZyDop(X 7)o (s, X %) ds
= {—o(X") fi(s, X%, (Y hmtims Z2) + LO(XT)Y] + Dop(Xi%)o (5, X0¥) Z3}ds
— (X")AK; + {Zop(X0®) + Y Dyp(X %) (s, X7) }dBs,
where Lo is given in (2.2.10). Next let us set, for s € [t, T,
A, = p(X17)dKY and Z, = Zp(X1) 4+ Vi Duip(X07)o(s, XL7)
Then ((?,71,7))2-61 satisfies: Vs € [t,T],

Vi = R + [T T X0 (Vs Z)dr + By~ KL — [T Z2aB,

s

Y. = maX,(?j - ?ij(sté’x)%

JEL = max (Y2 — g,;(s, Xb%)))dEK, = 0,
\ JET
(2.4.4)

where for any i,j € Z,
hi(X7") o= ha(XE")p(XFT), (s, X07) = gig (s, X0T)p(X00),
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and

fils,2,§.2) = p(a) fi(s, z, 07 (2)F, ¢ (2)2 — Dap(z)o(s,2)¢™ (x)y"))
— Lo(x)p~ (2)y" — Dap(x)o (s, 2)p~ (2){z — Dap(x)a(s,z)e™ (x)y'};

(7 (@) = (1 +[a*)P).

Here let us notice that the functions f; (¢, z, 6, 0), g,j and h; are bounded. Then
by the result of the first step, there exists bounded continuous functions (u?);c7
such that for any (t,z) € [0,7] x R¥, and s € [t,T], Y = @'(s, X™), Vi € T.
Thus for any (t,2) € [0,7] x R¥, and s € [t,T], Y = o H(XE")al(s, X0,
Vi € Z. Then it is enough to take u'(t,z) := = (2)@'(t, z), (t,z) € [0,T] x R*

and 7 € Z, which are continuous functions and of polynomial growth. O

We are now ready to give the main result of this paper. Let (Y, Z%, K%);cr
be the unique solution of (2.3.1) and let (u');ez be the continuous functions

with polynomial growth such that for any (¢,z) € [0,7] x R¥ and i € Z,
P—a.s., Vs € [t,T], YiH7 = ul(s, X07).
We then have:

Theorem 2.4.2 The function (u');ez is a solution in viscosity sense of sys-
tem (2.2.9). Moreover it is unique in the class of continuous functions of

polynomial growth.

Proof: First let us show that (u');c7 is a viscosity solution of system (2.2.9).

Recall that (Y?, Z%, K%);c7 is a solution of the system of reflected BSDEs
with interconnected obstacles (2.3.1) and for any (¢,z) € [0,T] x R¥, i € 7 and
s € [t,T], Y& = wi(s, X1®). Then (Y, Z K%);cg verify: for any s € [t,T]

and i € 7,
(VI = ha(X") 4 I filr, XE7, (b (r, XV aer, 2297 + KR — K
- [l zita,,
YO > max (u (5, X07) = g3y (5, X07)),
o e max (u (r, X27) = gigr, Xp7)) A" = 0.

(2.4.5)
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But system (2.4.5) is decoupled and using a result by El-Karoui et al. (Theorem
8.5 in [28]) one obtains that, for any g, u% is a solution in viscosity sense of

the following PDE with obstacle:

min{u®(t, z) — max_(uj(t,x) — gij(t,z));
jeT—i

_(:)tui0 (ta x) - Euio (t’ .’L’) - fio (t7 z, (uk(tv x))k=1,,m7 (UTDSCuiO)(t? 1‘))} = 0;

u (T, z) = hy(x).
(2.4.6)

As ig is arbitrary in Z, then the functions (u");c7 is a solution in viscosity sense

of (2.2.9).

Next let us show that (u?);c7 is the unique solution in the class of continuous
functions with polynomial growth. It is based on the uniqueness of the solution

of the system of reflected BSDEs with interconnected obstacles (2.3.1).

So suppose that there exists another continuous with polynomial growth

solution (4")j=1,. . m of (2.2.9), i.e., for any i € 7,

min{a'(t, x) — max (@ (t,2) — gi;(t, 2));
JeEL ™

—Oi(t, x) — LU (t,x) — fi(t, x, (W (¢, x))k=1,.
@ (T, x) = hi(z).

ms (01 Do) (t,2))} =0

i3]

(2.4.7)
Let (Yi)iez € H?™ be such that for any i € Z and s € [t, T],
Yite — gi(s, X00).
Next let us define (?i’t’x)l-ez as follows:
(¥ )iez = OV )iex), (2:4.8)
that is to say, (?i’t’x,zi’t’m, Fi’t’x)iez is the solution of the following system of
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reflected BSDEs with oblique reflection: Vs € [¢,T], Vi € T

?ivtw e 82, 7715,1‘ 7_[2d and Kz,t,:c A27
?ivt = hZ(X;:x) + fST fi(rv X;E’Ia ('Ilk(stg’ )k 1,m>, Z )d?“ +Fltz
_fTﬂﬂf,deT’
?i,t,z > max (Yj "(S Xt,a:»
- jeT
LT(?’;:LI - IS%X (YJ: T gij (S Xt m)))dK’L,t,m _o.
j 1

(

Kz,t,x

2.4.9)

As the deterministic functions (fﬂ)zzlm are continuous and of polynomial

growth, then by using a result by Hamadéne-Morlais (|38], Theorem 1), one

can infer the existence of deterministic continuous functions with polynomial

growth (v%);—1, ., such that: Vi € T and s € [t, 7],

Yz, T UZ(S, X;,z)

s

Moreover, (vi)izl,”,’m is the unique viscosity solution (in the class of functions

with polynomial growth) of the following system of PDEs with interconnected

obstacles : Vi =1,...,m

min{vi(t, z) — max,(vj(t,x) — gij(t,z));
JELT

—Op'(t, @) — Lv*(t, @) — fit, @, (@5 (t, 2))p=r,,..m, (0 Dav’)(t,2))} =0 ;

VYT, x) = hi(z).

(2.

4.10)

Let us notice that in system (2.4.10), in the arguments of f; we have @* and

not v*. On the other hand the functions (¢,2) + fi(t, z, (@*(t, z))p=1

,,,,,,

ms %)

i € Z, are continuous uniformly w.r.t z, i.e., they satisfy (H1-(i)). This property

is needed in order to use the results of [38]).

Now as the functions (%');=1,.. solve system (2.4.10), hence by uniqueness

of the solution of this system (2.4.10) (see [38], Thm. 1, pp.175), one deduces

that

it

v' =@ and then Y =Y""" Vi e T.
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Therefore (Yo" ),z verify
(Yo%) ier = O((Y")iex)-

But (Y%);e7 is the unique fixed point of © in (H*™,||.|la,) then we have that
for any s € [t,T] and i € Z, YibT = YP5® Henceforth, in taking s = ¢, we
obtain that for any i € Z and (¢,z) € [0,T] x R*, @i(t,2) = u’(t,z). Thus
(ui)izl ,,,,, m 1s the unique solution of system (2.4.10) in the class of continuous

functions with polynomial growth. g
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Chapter 3

Viscosity solution of system of
integral-partial differential equations
with interconnected obstacles of
non-local type without Monotonicity
Conditions

The content of this chapter is from an article in collaboration with Said
Hamadéne and Mohamed Mnif [37], published in Journal of Dynamics and

Differential Equations.

3.1 Introduction

Let us consider the following system of integral-partial differential equations
(IPDEs for short) with interconnected obstacles with non-local terms:

VieZ:={1,..,m},

min{u’(t, z) — m?x(uj(t, x) — gij(t, x)); =0’ (t, z) — Lu'(t, 2) — Ku'(t, z)
JeL—

—fi(t, x, (uk(t,aj))k:Lm, (0T Dyub)(t, x), Biui(t,2))} =0, (t,z) € [0,T] x R¥;
u (T, z) = hi(x),
(3.1.1)
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where Z7% := T — {i} for any i € T and the operators £, K and B; are defined

as follows: For any i € Z,
Lot o T i 1 T 2 i
u'(t,z) :=b(t,z) ' Dyu'(t,x) + 2Tr[(aa )(t, z) Dz u'(t, x)],
Kul(t, z) = [p(Wi(t, z + B(z,e)) — ui(t,z) — Bz, e) T Dyul(t,z))A(de) and
Bu'(t,x) == [gi(z, e)(ui(t,x + B(z,e)) — ul(t,z))A(de).
(3.1.2)
In the above, D u’ and D2, u’ are the gradient and Hessian matrix of u’
with respect to its second variable x, respectively; ()T is the transpose and
A(.) is a finite Lévy measure on E := R! — {0}.
We note that, due to the presence of B;u’ and Ku® in equation (3.1.1), such
an IPDE is called of non-local type. The non-local setting has been studied

by several authors (see e.g. [3], [5], [34], [39], [45], [55]). Actually, in [45],

Hamadéne-Zhao have shown that, if for any ¢ € Z,
(i) v = 0;

(ii) ¢ € R — fi(t, 2, (Yk)k=1,m, 2,q) is non-decreasing, when the other com-

ponents (t,z,y, z) are fixed;

then, there exist functions (ui)ig unique continuous viscosity solution of sys-
tem (3.1.1) in the class of functions with polynomial growth. Conditions (i)-(ii),
which will be referred as the monotonicity conditions, are needed in order to
have the comparison result and to treat the operator B;u’ which is not well-
defined for an arbitrary u‘. The above monotonicity conditions are classically
assumed in the literature of viscosity solution for equation with a non local
term. Therefore, without assuming the conditions neither on ; nor on f;,
1 =1,...,m, the problem of existence and uniqueness of the viscosity solution
of system (3.1.1) remains open. To deal with this problem is the main objective
of this paper.

A special case of this type of system of IPDEs with interconnected obstacles
occurs in the context of optimal switching control problems when the dynam-

ics of the state variables are described by a jump diffusion process (ng) s<T

61



3.1. Introduction

solving the following stochastic differential equation:

dX" = b(s, Xe")ds + o(s, Xo)dBs + [, B(X1", e)iu(ds, de), s € [t,T);
X" =z eRF, s<t,
(3.1.3)

where B := (Bs)s<r is a d-dimensional Brownian motion, p an indepen-
dent Poisson random measure with compensator dsA(de) and f[i(ds,de) :=
w(ds,de) — dsA(de) its compensated random measure.

In this setting, if for any i € Z, f; does not depend on (uk)k:Lm, D, u' and
Byu' (see e.g. [44]), the IPDEs (3.1.1) reduce to the Hamilton-Jacobi-Bellman
system associated with the switching control problem whose value function is
defined by: Vi € T and (t,z) € [0,T] x R¥,

ta)= s E[[I P, X0 ds = gay o (00 XgT ) (gemy
6: =0k, k) k>0 E>1
+ R (xg)],
where :
(a) § := (Ok, i) k>0 is a strategy of switching in which (6y)x>0 is an increasing
sequence of stopping times and (ay)k>0 is a sequence of random variables with
values in {1,...,m} (6p =t and ag = i);
(b) Fo(s, Xﬁx) is the instantaneous payoff when the strategy ¢ is implemented
on the system under switching, and h‘S(X;‘T) is the terminal payoff ;
(c) gij is the switching cost function when moving from mode i to mode j
(i,J €L, i #j).

The main tool to tackle system (3.1.1) is to deal with the following system
of reflected backward stochastic differential equations (RBSDEs for short) with
jumps and interconnected obstacles: Vi € Z and s € [t,T],

YO = (X + [ il X0 (G er, 07, [ Vi (€7i(X77, €)A(de) )dr
FEET KV [Tz, — [T [ VPR (e)a(dr, de);

Yot 2 ma (Y — gig(s, Xi7);

[yt @%X_(Ej’t’x — gij (s, X"))dK " = 0.
jer—i

(3.1.4)
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Note that, without the jump process, the system of RBSDEs with oblique
reflection has been investigated in several papers including (|13, 43, 38, 46],
etc.). With the presence of the jump process, Hamadéne-Zhao in [45], have
proved, under conditions (i)-(ii) on 4; and f;, i = 1,...,m, the existence and
uniqueness of the solution (Y#h* Zibz yite gite)., - of RBSDEs (3.1.4).
Moreover, they have made the link between this RBSDEs and the IPDEs (3.1.1)
through the Feynman-Kac representation, i.e., for any (¢,z) € [0,7] x R¥ and
1 €T,

ui(t,x) = Y,h and YiH® = ui(s, X%, Vs € [t, T). (3.1.5)

Therefore, in the first part of this paper, the main issue is to deal with
RBSDEs (3.1.4) without assuming the two points (i)-(ii) mentioned above.
Actually we show that when the measure A(.) is finite, the system of RBSDEs
(3.1.4) has a solution which is unique among the Markovian solutions, that
is to say, which have the representation (3.1.5). Our method relies mainly
on the characterization of the jump part of the RBSDEs (3.1.4) by means of
the functions (u%);—1,, defined in (3.1.5) and the jump-diffusion process X*?.
In the second part, we deal with the problem of existence and uniqueness in
viscosity sense of the solution of system (3.1.1). We show that the functions
(u')i=1,m defined in (3.1.5), through the unique solution of (3.1.4), is the unique
solution of system (3.1.1).

The paper is organized as follows. In Section 2, we provide all the necessary
notations and assumptions concerning the study of IPDEs (3.1.1) and related
RBSDEs with jumps as well. In Section 3, we study the existence of a solution
for system of RBSDEs with jumps (3.1.4) and Feynman-Kac representation
(3.1.5). Actually we introduce an approximating scheme (system (3.3.2) be-
low) which we show that it converges to the solution of system (3.1.4) when
the functions h; and f;(t,z,0,0,0), i € Z, are bounded. On the other hand,
the Feynman-Kac representation (3.1.5) holds true. Later on, by a weighting
technique, we get rid of those latter boundedness conditions. Finally we show
that the Markovian solution of (3.1.4) is unique. At the end of the paper, in

Section 4, we prove that the functions (ui)Z-:Lm are the unique viscosity so-
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lution of (3.1.1) in the class of continuous functions with polynomial growth.
In the Appendix, we give another definition of the viscosity solution of system

(3.1.1) which is inspired by the work by Hamadéne-Zhao in [45]. O

3.2 Preliminaries and notations

Let T' > 0 be a given time horizon and (Q, F,F := (F;)i<7, P) be a stochastic
basis such that Fy contains all the P-null sets of F, Fur = NesoFtae = Fy
and we suppose that the filtration is generated by the two following mutually

independent processes :

(i) a d-dimensional standard Brownian motion B := (B¢)o<t<7 and

(ii) a Poisson random measure p on R* x E, where E := R!— {0} is equipped
with its Borel field B(E), (I > 1 fixed). Let v(dt,de) = dtA(de) be its
compensated process, i.e., {f([0,t] x A) = (u —v)([0,¢] x A) h<7 is a
martingale for every A € B(F) satisfying A\(A) < oo. Throughout this
paper the measure A(.) is assumed to be finite on (E, B(E)). An example
when [ = 1is A(de) = (le|™?1¢j<1y + €| P1je>13)de with 6 € (0,1) and
p> 1.

Let us now introduce the following spaces:

a) P (resp. P) is the o-algebra of F-progressively measurable (resp. F-
predictable) sets on € x [0,T7;

b) £2()) is the space of Borel measurable functions (¢(e))ecr from E into

R such that [}, [¢(e)[*A(de) < oo;

c¢) S8?is the space of RCLL (right continuous with left limits) P-measurable

and R-valued processes Y := (Y5)s<7 such that E[ sup ]Y5|2] < 00;
0<t<T

d) A? is the subspace of S? of continuous non-decreasing processes K :=

(K¢)i<7 such that Ky = 0;

e) H>? is the space of P-measurable and Ré-valued processes Z := (Zs)s<T

such that E [fOT |ZS|2ds} < 005
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f) H2(L2(N)) is the space of P-measurable and £2(\)-valued processes U :=
(Us)s<r such that
E [foT [z 1Us(e)[*A(de)ds| < oo.

For a RCLL process (0,)s<7, we define for any s € (0,77, 0,- = lim, 46,
and Agf = 65 — 0, is the jump size of 0 at s.

Now, for any (t,z) € [0,T] x R¥, let (X¢)s<r be the stochastic process
solution of the following stochastic differential equation (SDE for short) of
diffusion-jump type:

{dXﬁ’z = b(s, Xi")ds + o (s, X")dBs + [, (X", e)fi(ds, de), s € [t,T]

X =—peRF, 0<s<t
(3.2.1)

where b : [0,7] x R¥ — R* and o : [0,T] x RF — R¥*? are two continuous
functions in (¢, z) and Lipschitz w.r.t x, i.e., there exists a positive constant C'

such that

b(t,z) — b(t,z)| + |o(t,z) — o(t,2')| < Cle —2'|, V(t,z,a') € [0,T] x RF+E,

(3.2.2)
Note that the continuity of b, o and (3.2.2) imply the existence of a constant
C such that

Ib(t, )| + |o(t, )] < C(1+ |z]), ¥(t z) € [0,T] x RF. (3.2.3)

Next, let 8 : RF x E — RF be a measurable function such that for some real

constant c,

|B(x,e)| <c(1A]e]) and (3.2.4)

1Bz, e) — Bz e)| < clx —2'|(1Ale]), Vee Eandz,z €RF

Conditions (3.2.2), (3.2.3) and (3.2.4) ensure, for any (¢,z) € [0,T] x R¥, the
existence and uniqueness of a solution of equation (3.2.1) (see [32]| for more

details). Moreover, it satisfies the following estimate: Vp > 1,

Efsup | X17[P] < C(1 + [2[P). (3.2.5)
s<T

65



3.2. Preliminaries and notations

Next, let us introduce the following deterministic functions (f;)icz, (hi)icz and

(9ij)i,jer defined as follows : for any 4, j € Z,

a) fi

(2,8, 2,q) € [0,T] x RFFMYL s £t 2. 7,2,q9) € R (§:= (3, ...

b) gij : (t,z) € [0,T] x RF — gij(t,x) € R;

c) h;

:xz € R¥ — hi(z) € R.

Additionally we assume that they satisfy:

(H1) For any i € {1,...,m},

66

(i)

(i)

(iii)

The function (¢, z) — f;(t,z, ¥, z,q) is continuous, uniformly w.r.t.

the variables (¥, z, q).

The function f; is Lipschitz continuous w.r.t. the variables (¥, z, q)
uniformly in (¢, ), i.e., there exists a positive constant C; such

that for any (t,z) € [0,T] x R¥, (¥, 2,q) and (#1, 21, q1) elements of
Rm+d+1.

‘ﬁ(ta l‘,’lj, Z, Q) - ﬁ(tvxvgla 21, Q1)‘ S CZ(|:J_?71| + ‘Z_ Zl’ + |q_ ql‘)
(3.2.6)

The mapping (t,z) — f;(t,2,0,0,0) has polynomial growth in z,
i.e., there exist two constants C' > 0 and p > 1 such that for any

(t,x) € [0,T] x R¥,
|fi(t,2,0,0,0)| < C(1+ |z[P). (3.2.7)

For any i € Z and j € T,
the mapping v/ — fi(t,z,y", ..,p7 1 97,97, Y™, 2, q) is non-
decreasing whenever the components (¢, z, y', ...,/ =1 ¢/ . y™ 2, q)

are fixed.
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(v) Let v; : RF x E — R be a B(R*) ® B(FE)-measurable functions such

that for some constant C' > 0 :
i(z,e)| < C(AAle]), V(z.e) e RF x E. (3.2.8)

Finally let us define the function (fi)i=1, . on [0,7] x RF+m+d x
L2()), as follows:

filt,x, 4, z,v) == f t T,z fE e)vi(x,e)\(de)). (3.2.9)

Note that since f; is uniformly Lipschitz in (i, z,q) and ; verifies
(3.2.8) then the function f; enjoy the two following properties:

(a) f; is Lipschitz continuous w.r.t. the variables (¥, z, v) uniformly
n (t,x),
(b) The mapping (¢, x) — fi(t, z,0, 0,0) = ﬁ(t,x,ﬁ,0,0) is contin-

uous with polynomial growth.

(H2) Vi,j € {1,...,m}, gis = 0 and for i # j, g;;(t,x) is non-negative, jointly

(H3)

continuous in (¢,x) with polynomial growth and satisfies the following

non free loop property :
For any (¢, z) € [0, T] x R¥, for any sequence of indices i1, ..., iy such that

i1 = i and card{iy,...,i} =k — 1 (k > 3) we have

Givig (t, ) + Gigis (L, ) + oo+ Gip iy (8, 2) > 0. (3.2.10)

For i € {1,...,m}, the function h;, which stands for the terminal con-
dition, is continuous with polynomial growth and satisfies the following
consistency condition:

Vo € R*) hi(x) > m%x_(hj(x) — g (T, z)). (3.2.11)
jer—

(H4)-(5) Vi €, 7 > 0;

(H4)-(ii)

The mapping ¢ € R — f;(t,z, 7, z,q) is non-decreasing when the other

components (¢, z, ¥, z) are fixed. O
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Remark 3.2.1 The condition (H1)-i) is needed, e.g. in [39] or [45] in order
to apply Ishii’s Lemma to show comparison in the systems considered in those
papers and then to deduce uniqueness and continuity of the viscosity solution.
However instead of requiring (H1) — i) it is enough to require other sufficient
conditions which make comparison of sub. and super-solutions hold. If f;,

1 € L, do not depend on q it is enough to require the following conditions:

(a) For any i € T, f; is jointly continuous in (t,x,7, 2);
(b) For any R > 0, there exists a continuous function mg from R™ to RT such

that mp(0) =0 and for any |z| < R, |2'| < R and |y] < R we have,

‘fi(tax7g7 Z) - fi(t7x/7gvz)’ < mR(‘x - xl|(1 + ’ZD) (3212)

One can see e.g. the paper by El-Karoui et al. [28] on this latter condition. In
the case when (f;)icz depend on q, similar results exist (one can see e.g. [3]

for more details).

The main objective of this paper is to study the following system of integral-
partial differential equations (IPDEs) with interconnected obstacles: for any

i€ :={1,...m},

min{u’(t, z) — m%x(uj(t, x) — gij(t, x)); =0’ (t, z) — Lu'(t, 2) — Ku'(t, z)
Jje1—

| —ﬁ-(t, T, (uk(t, ) k=1,m, (JTDmui)(t, x), Biui(t, x))} =0;
u'(T,z) = hi(x),
(3.2.13)

where L is the second-order local operator
Lo(t,x) = b(t,x) Dyo(t, ) + %TI“[(UO’T)(t, x)D2 ot )]; (3.2.14)
and the two non-local operators K and B;, i € Z, are defined as follows
Kop(t,z) = [(p(t,z+ Bz, €)) — ¢(t,x) — Bz, e) T Dop(t, z))A(de) and

Bip(t,z) = [gi(z,e)(¢(t,z + B(z,e)) — p(t, x))A(de).
(3.2.15)

for any R-valued function (¢, ) such that D,p(t,2) and D2 o(t,z) are de-
fined.
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3.3 Systems of Reflected BSDEs with Jumps with
Oblique Reflection

The system of IPDEs (3.2.13) is deeply related to the following system of re-

flected BSDEs with jumps with interconnected obstacles (or oblique reflection)
associated Wlth ((fi)iGI7 (gij)i,jela (hi)iel):
Vi=1,...,mand s € [0,T],

fyi,t,w c 5'27 Zi,t,:p c ,H2’d, Vi,t,x c H2(£2(A))’ and Ki,t,:v c .A2;
Yot = ma(Xp0) + [ filn, Xo, (V" ez, 007, [ Vi (@) (XET, ) A(de)dr
FEET KV [Tz, — [T VPR (e)a(dr, de);

Yot > ma (Y — gy (s, X07);

fg(Y;,t,x _ %%X‘<}/;j,t,x _ gij(s,Xz’x)))dK;"t’x —0.
j —1

\

(3.3.1)
This system of reflected BSDEs with jumps with interconnected obstacles
(3.3.1) has been considered by Hamadéne and Zhao in [45] where issues of
existence and uniqueness of the solution, and the relationship between the so-
lution of (3.3.1) and the one of system (3.2.13), are considered. Actually in
[45], it is shown:

Theorem 3.3.1 (see [45]).
Assume that the deterministic functions (fi)iez, (9ij)ijez, (hi)iez and (V)iez

verify Assumptions (H1)-(H3) and (H4) holds. Then, we have:
i) The system (3.3.1) has a unique solution (Yi®, Zitx yite [ite), -

ii) There exists a deterministic continuous functions (u')iez of polynomial

growth, defined on [0,T] x R*, such that:

Vs € [t,T], Y2H* = ul(s, X1®).

In our setting, we also consider the system (3.3.1) but without assuming As-
sumption (H4). We then have the following first result (as an intermediary

step).
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Proposition 3.3.2 Assume that:
(i) The functions (f;)iez, (gij)ijez and (hi)iez verify Assumptions (H1)-(H3).
(ii) There exist a constant C' such that, for anyi € T,

Then the system (3.3.1) has a solution (Yb® Zute yite K6LT). 2 More-

over there exist bounded continuous functions (u');ez such that for any i € Z,

(t,x) € [0,T] x R,
Yib® =4t (s, X1%), Vs € [t, T).

Proof: The proof is divided into four steps.
Step 1: The iterative construction
For any n > 0, let (Yo", Z4" Vin K"),cr be the sequence of processes

defined recursively as follows:

(Y40, 70 yil K40y = (0,0,0,0) forallie€Z, forn>1ands<T,

(vin e 82, zim e #24 Vin e H2(L2()N)), and Ko™ € A2
Y = hi(XE5) + [T Filr, X0° (Y ke, ZE7, [ Vi ()i (XH", e)A(de))dr
FRG = K = [ 2By — [ [ Vi () ildr de);

Yo" > max (Y2" — gii(s, X00));

S

jer—
Jo (V& = max (Y77 — gij(s, X)) dKE" = 0.
jer—

(3.3.2)

First we notice that by Theorem (3.3.1), the solution of this system (3.3.2)
exists and is unique. More precisely, for any i € Z, the generators f; do not
depend on V4™ noting that V4"~ is already given. The functions (h;);cz and
(9ij)ijer satisty the Assumptions (H2)-(H3) as well. Next, since the setting

is Markovian and using an induction argument on n, there exist deterministic
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continuous functions of polynomial growth u*™ : [0,T] x R¥ — R, such that
for any s € [t,T):
(a) YI" := ub"(s, X1%) and

(b) V& (e) i=u""(s, X0 + B(XLT,e)) — u"(s, X1, (3.3.3)

ds @ dP®d\on [t,T] x Q x E.

Indeed, for n = 0, the representations (a), (b) are valid with v*? = 0, i €
Z. Assume now that they are satisfied for some n — 1, with n > 1. Then
(yin zin yin K61 verifies: for any s € [t,T] and i € Z,
(Y = (X + [ T X0 (5 ez, 207 [pdutn T X 4 B(X)7 €))
—ut (i, XD i (X5, e)M(de))dr + Ky — Ko
— [FzimaB, — [T [, Vi (e)aldr, de);

Y™ > max (Y2 — gij(s, X57));

jeET
( Jir - max (V7" — 9ij (s, X)) K™ = 0.

Hence, by Proposition 4.2 in [45], we deduce the existence of u*" which is
continuous and of polynomial growth. Finally as the measure A is finite,
i.e., A(E) < oo, then we have the following relationship between the process

(Vi");ez and the deterministic functions (u"");ez (see [39], Proposition 3.3):

Vim(e) = u" (s, X0T+B(X0T, e)) —u"(s, X1T), ds@dP®d\ on [t, T|xQx E.
(3.3.4)

Thus, the two representations (a) and (b) hold true for any n > 0.

Remark 3.3.3 For s € [0,t], X)" = 2 and Y™ = ub"'(t,z), therefore in
considering the declination of system (3.3.2) on the time interval [0,t], we can
easily show by induction that Zg’nl[sgﬂ =0, ds®dP — a.e and Vsi’"(e)l[sgt] =

0, ds ® dP ® d\ — a.e. since the data are continuous and deterministic.

Step 2: Switching representation
In this step, we represent Y™ as the value of an optimal switching problem.

Indeed, let § := (0, o) k>0 be an admissible strategy of switching, i.e., (0x)r>0
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is an increasing sequence of stopping times with values in [0,77] such that
Py < T,Vk > 0] = 0 and Yk > 0, oy, is a random variable Fp, -measurable
with values in Z.

Next, with the admissible strategy 0 := (6, o )k>0 is associated a switching
cost process (A%)s<r defined by:

A= oy ray (On, X" ) 119, <o} for s < T, and A} = lim. A, (3.3.5)

E>1

The process (A%)s<r is non-decreasing and RCLL. Now, for s < T, let us

set 75 1= aplyg,, (s) + Z arlig, <s<p,,,) Which stands for the indicator of the
k>1
system at time s. The process 1 is in bijection with the strategy 6. Finally, for

any fixed s < T and i € Z, let us denote by A% the following set of admissible

strategies:

AL = {0 = (0k, o) k>0 admissible strategy such that 6 = s, 9 =4

and E[(A3)?] < oo}

Now, let § := (0, a)r>0 € A% and let us define the triplet of adapted processes
(Psn’(s, N Q?’é)sST as follows: Vs < T,

(P9 is ROLL and E[sup,y |PI[?] < 005 N™® € H24 and Q™° € H2(L2(N));
P = hO(XE") — AS 4+ A2 — [T NMdB, — [T [ Q1 (e)fu(dr, de)
+ fST f‘(i(r’ Xﬁ’zv (Y;"k’n)kezv N';l’év

Jpludm = (e, X704+ (X7, €)) — ubn = (r, X0 oy (X777, €)A(de) ) drs

Zf‘,nfl

(3.3.6)
where
hé(l‘) = Z hOlk ($)1[9k§T<9k+1) and

k>0
f_(s(sa z, (Ytskm)k?el—v 2 Eg’n_l) = Z fak (57 z, (Yskm)kezv 2, ng’n_1)1[9k§8<9k+1)'
k>0
(3.3.7)

Those series contain only a finite many terms as J is admissible and then

P, < T,¥n > 0] = 0. Note that, in (3.3.6), the generators f° does not depend
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neither on P™ nor on Q™° € H2(£2()\)). Now, by a change of variables, the

existence of (P™0 — A% N™9 Q™°) stems from the standard existence result

of solutions of BSDEs with jumps by Tang-Li [76] since its generator z

fo(s, xb* (Ysk’n)kez, z, 227"*1) is Lipschitz w.r.t z and A‘sT is square integrable.

Next, let us consider the following system of RBSDEs: Vi € Z and s < T

Y e 8%, 2" € HP VI € HE(L?(N)), and KM € A%

Y = hi(X57) + [ Filr X0 (Ve 27 [ Vi (e (X0, €)M (de))dr
+KG = K — [T ZimdB, — [] [, Vin(e)fi(dr, de);

Y§" > max (Y2" — gij(s, X07));

jETT
Jo (v - jer (YZ™ = gij(s, X5")))dKE" = 0

(3.3.8)
whose solution exists and is unique by Theorem 3.3.1. Therefore, we have
the following representation of Y*" (see e.g. [44] for more details on this
representation):

i ,0 )
Y = esssupse ai (Ps° — AJ).

But (Yonr, Z6n Vin K"),c7 is also solution of (3.3.8), then by uniqueness one
deduces that

Vs <T, Yo" =Yim = esSSUP;e 4 (PO — A%) = (P07 — A%, (3.3.9)

for some 0* € A%, which means that ¢* is an optimal strategy of the switching
control problem.
Step 3: Convergence of (u'?),>¢

We now adapt the argument already used in [13, 39, 44] to justify a con-
vergence result for the sequence ((u"");ez)n>0. For this, let us set: Vi € Z and

n,p=1
FJP(s, X070, 2) o= fils, X5, (V" ker, 2, [ Vi (e)7 (XS, €)A(de))
\/ ,]?i(s7 X?x? (}/:gk7p)k€I7 Z, fE ‘/;Lp_l(e)ﬂyi(X;’z’ e))\(de))

Next, let us consider the solution, denoted by (Yi’”’p, Zi’”’p, f/i’”’p, Ki’”’p)iez, of

the obliquely reflected BSDEs with jumps associated with ((E£;"");ez, (9ij)i jez,

(2
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(hi)iez), which exists and is unique according to Theorem 3.3.1. Moreover, as

n (3.3.9), we have: Vs < T,
VimP = esssupye s (P10 — A%) = (Prrd" — AT, (3.3.10)

where (P20 NP0 Qnd) is the solution of the BSDE (3.3.6) with gener-
ator F%™P(...). Then by the comparison result (see Proposition 4.2 in [45]),
between the solutions Y*" and Y#mP , and Y%P and yénp (this possible since

the generators of the systems do not depend on the jump parts), one deduces

that: Vi € Z and s < T,
Yin < }A/;i,n,p and YiP < Y;i,n,p'
This combined with (3.3.9) and (3.3.10), lead to:
Pt AT < yin < prpdt 43" apnd pRot — A5 < yie < st _ 45"
which implies
L (L R R F S R CE e
Since both terms on the right-hand side of (3.3.11) are treated similarly, we

focus only on the first one. Actually applying It6’s formula with e®s|Pi? 0
P2 (o> 0), yields: Vs < T,

easlpsn’p’g* _ P;LS*F + ng ear‘Nﬁ@vS* _ Nﬁ’g*‘QdT’

+ Z$<’I’<T 6O‘TAT(]3n7p,5* o Pn,S*)Q

- fST earuﬁ;"hp,zs* _ n5 |2d +92 fT ar 7p,é . Prn’é*){FS*’n’p(T" Xﬁ’w’ qub’p’é*)

— P X (e NPT [V e (X0 )\ (de)) Y
— o [T ear(pprd” — prdty(NpPS" — N2 )dB,
= [T [peor (B PRy Qe (e) — QPO (e))iilde, dr).  (3.3.12)
Observe that the inequality |z Vy—z| < |z —yl, Vz,y € R, combined with the
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Lipschitz property of fs* leads to:
[0y, X1, N
— P, XE (VM ez, NPT [ V" ey (X0, e)A(de)|
< C{I(YF ™ hex — (VEP)pez| + [N72D" — N2&°|

] [V e) = VTP ()17 (X5, e)A(de)) }.

Going back to (3.3.12), taking expectation and using the inequality 2|ab| <

elal® + L|b*(e > 0), we obtain:
E[eos| Bprd” — ppd” 2 4 [T or| o™ _ Np” 2
+ Zs<r§T e()!’I’AT(pn,p75* _ P"’S*)Q]
< (—a+ 36)E[ ST 60”‘?7?’:0’5* — Pf’g* \er}

+ (Z_Z{E[LT e |(YF™ ) ker — (VP )ie I|2d7"} +E“T e | Npd _N;L,S*‘er}

/ /I{V‘S*" He) = VI ey (X0, ) A(de) dr | }.

If we choose & = ag = 3¢ and € > C?, we get : Vs < T,
N Ty N 302
B[0Py — PR P < SR [ e | (6 s - m’“’)kezﬁdr}
Qo

T kn—1 p—1 2
E[ [T 07 ([ Shmrm {7 €)= VI ()M (X, ) A(de)) ] .
The same reasoning leads to the same estimate for e** |P P - P? Ch 2. There-

fore, we deduce from (3.3.11) that:

6C? n
“{E[ T e (VE per — (VAP ex Pr|

E |:ea03|}/8i,n _ Y;i’p|2} <
ap

E[ff e ([0 Yy HV" () = VEP T ()R (X7, e>|A<de>)2d7“} }
(3.3.13)

Then, by summing over i € Z, there exists a constant x such that: Vs < T,
aps k,n i,p 2 T aor k,n k,p 2
B0 (Y™ ez — (ViP)rerl?] < o{E[ [ 07| (V" nez — (VP )rexlPar|
+ B[ ST 0 (fy Smrn HVE" T 6) = VEPTH (X0 €) A (de) ar | }.
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Finally by using Gronwall’s inequality one can find a constant x; such that:

Vs < T,
E{eaoﬂ(ﬂk’n)kg - (Ysi’p)kezﬂ
< B[ T 607 (i Sy HVE"(0) = VP L@ (X0 ) A ) e
Taking s =t and considering (3.3.3)-((a),(b)), we obtain : for any i € Z,
]ui’"(t, x) — ui’p(t, a;)|2
< mE [ S et ([ 57y {uP = (o, XY 4 B(XEE €)) — ubn =t (r, X17)
— (uk’p_l(r, X:Lz + B(X:Lz, e)) — uFPL(r, Xﬁ’f))}q/k(Xﬁ”, e)\/\(de))Zdr}.

Next, using Cauchy-Schwarz inequality, (3.2.8) and the inequality |a + b|> <
2(lal? + [b[?), we get:

W (t, ) — utP(t, 7))
< KE[ ;T e ( [Tkt m PF (X7 ) A (de))
X (Sp{ Sy [ X024 BT €)) — ubn =l (r, X0

— PP, XET 4 BXET €)) 4 PP (r, X5 P YA (de) ) dr ]

< CE[ [ 00 ( [ A sy |65, X7+ B(XE" €)) — w1 (r, X1)
— PP, XET 4 BXET €)) 4 1P (r, X5 PYA(de) ) dr ]

< 2CE[ [ et [ 3 {| @t — kel X5 4 B(XIT )|
+ | (Bt — By (X5 P A (de)dr], (3.3.14)

for some constant C' (which may change from line to line).
Now, in order to take the supremum on the inequality (3.3.14), we need to
show the boundedness of (u"");c7. For this, let (Y, Z) be the solution of the
following standard BSDE: for any s < T,
Y €82, Z € H*,
{Ys = C+ [[{C+mCYY, +C;|2,| + 20Y, }dr — [ Z,dB,;
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where C’ , C% 7 and C% 7 are the maximum of the Lipschitz constants of the f]s

w.r.t. ¢, z and v respectively, and
0=CFC, Je(1 A le|)X(de).

Note that the solution of this BSDE exists and is unique by Pardoux and
Peng’s result [62]. Then, there exists a constant C such that |Y| < C. Finally,

noting that Y is deterministic and Z = 0.

Now, recall that ((Y", Z4" Vin Kin),c7),>0 verify:

(Y0, 70 vl K40y = (0,0,0,0) and for n > 1,

(

Yim = hi(XE0) 4 [T il X (V" ez, 22, [ Vi ()3 X7, €)M(de))dr
R — K= [T ZimaB, - [T [ Vit (e)a(dr,de), s <T;

Yo > max (V2" — gy (s, X;), s < T

Ji (72" = ma (V97 = gy (s, X)) =0,

(3.3.15)
with, Vs € [t,T], Yo = ui’”(s,Xé’m). Then, by an induction argument on 7,
it follows that: Vn > 1 and i € Z,

Y(t,z) € [0,T] x RF,  |[u'"(t,z)| < Y;. (3.3.16)

Indeed, for n = 1, we have:
Yol — by tm )+ f filr tx’(y;k,l)kez’ )dr—i—K“ Kbl
— (I zitaB, - fs [5 Vi e)ldr, de), s <T;
Y;’1 > max (YJ — gij(s,Xﬁ’m)), s<T;

JET?
Ji OV = max (V1 = gy s XK =0

\

(3.3.17)
Next, let us set, for i € Z,
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Therefore, (Xi,zi,ﬁi,ﬁi)ief is a solution of the following system: Vi € Z and
s<T,
Yi=C+ [[{C+mCYYl++20C + C3|Zi|}dr
+K — K& — [[ ZidB, — [ [, Vi(e)i(dr, de);
Yi > max (Y] — gi(s, X0));

JjeI—r
Jo (¥4 = max (Y] — gis (s, X0)))di = 0.
J 3

\

On the other hand, let [= (Fi)izl,...,m € H2™ and let us consider the follow-

ing mapping:

O : H*™ — H™

I —OM ="t m (3.3.18)

where (Y1);c7 verifies: Vi € Z and s < T,

Y& = h(XE) + [T filr, XP° T, 20, 0)dr + Ko — K3
— [Pz B, — [T [, Vi (e)i(dr, de);

Vit > InaX_(Y;F’j - gz‘j(S’Xﬁ’x)); (3.3.19)
JjeT—
Jo (8 max (V9 — gy (s, XP))AEL = 0.
J 1

As © is a contraction in H?™ equipped with an appropriate equivalent norm
(see Proposition 3.3 in [13]), then it has a unique fixed point (Y*!);cz which,
combined with the associated processes (Z5!, Vil K%1),c7, makes that

(yil zib vl Kby, 7 is the unique solution of system (3.3.17).
Now, let us consider the following sequence of processes ((Y{, Zi, Vi, K}.)ie1)k>1:

Yi =0, foralli €Z and for k > 1, (Yi)ier = O((Yi_,)iez),

where © is the mapping defined in (3.3.18) and Z!, V), K! are associated with
Yki, i € Z, through equation (3.3.19). Therefore, as © is a contraction, the

sequence ((Y})iez)k>0 converges to (Y1);cz in H*™. On the other hand by
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an induction argument on k and by using the comparison result, we have that:

VE>0,VieZ, -Y<Yi<Y. (3.3.20)

In fact, for k = 0, this obviously holds since Y > 0. Next suppose that (3.3.20)
holds for some k£ — 1 with £ > 1, i.e.

VieI,-Y <Yl <Y.

Then, by a linearization procedure of f;, which is possible since it is Lipschitz

w.r.t (¢,z), and using the induction hypothesis, we obtain: for any i € Z,

Fils, X07, (Vi 1(8))aez, 2,0) < C+ CY D |V (s)| + CF 2|

a=1m

and

fi(s, Xg%, (YiL1(5))aez, 2,0) > =(C + m CY Yy + CF |2)).

Finally, by the comparison result (see Proposition 4.2 in [45]) (this is possible
since the generators of the systems do not depend on the jump parts), one

deduces that: Vi € Z,
Y =-Y' <V <Y =Y.
Taking the limit w.r.t. k, we get: Vi € Z,
Yy <vhl<Y.

But, for any s € [t,T] vil = ut(s, X"). Then, by taking s = ¢ in the

previous inequalities, we obtain:
Y(t,x) € [0,T] x RE,  |ubl(t,z)| <Y,

which implies that the inequality (3.3.16) is true for n = 1. Now, suppose that,

its holds for some n — 1 with n > 1, i.e.,

VieZ, V(t,x) € [0,T] x R, |[ub" "Lt z)| < V. (3.3.21)
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Next, we are going to prove that, for any i € Z, (¢, z) € [0, T]xR* | [ub" (¢, z)| <

Y;.

Recall that ((Y", Z4" Vi K%),c1)n>0 the solution of (3.3.15) and let us
introduce the following mapping;:
@un-l. g2m  __, q/2m
Fim (Pez — 07 = (Vs (3322)
where (Y4™P),cr verifies: Vs < T,
(Y™ = ha(Xp®) + [ Filr, X0, (0 wez, 20, [ Vi ()i X7, e) A(de) ) dr
SR — Ky — [Tz, — [T [V (e)a(dr, de);

Vi 2 ma (VP — gy (s, X))

jer—
Jo (V377 = e (V37 — g3y, X07) AR = 0.

(3.3.23)
Note that (Y4");cr verifies (Yo");er = OV 1 ((Y5");e7) and it is the unique
fixed point of OV in H>™ equipped with an appropriate equivalent norm
(see Proposition 3.3 in [13]). Next, let us consider the following sequence of

processes ((Yom!l, Ziml yiml ginly, 7y
y#m0 =0, forallieZ and for [ > 1, (Yi’"’l)iez = @v’n_l((yi’ml_l)iez)a
where (Y1), .7 verifies: Vs < T,
Vil = b)Y + [T Fir X5 (VY g, ZE [V (@i (XET, )M (de))dr
G [T ZEMaB, — [T [ Vi ), de);

Vi > max (Y2™ — gii(s, X59));

JEL
Jor (= mmax (V= gy (5, X)) = 0.
J

\

Similarly as above, since ©¥"~! is a contraction, then the sequence ((Y*™!);c7)1>0
converges to (Y"™);ez, as | — oo, in H>™. Next, by an induction argument

on [ and by using the comparison result, we have that:

VieI, -Y <Y<y, (3.3.24)
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Actually for [ = 0, the property holds true and if we assume that it is satisfied
for some [ — 1 and by using the induction hypotheses, we deduce: Vi € Z,
Vs e [t,T7,

|Fi(s, X2 (YEM N g, 2, [ VI (e) i (XE7, e)A(de)))|
= |fi(37 X;f,:p) (szk’mlil)kéjh Zy fE{ui’n_l(& Xéfc + /B(Xéfv 6))
— w5, XET (X5, e)A(de))|

<CH+CY Y VI 4+ CFlz| + 265

i=1,m

C+mOYYs + Cf 2| + 20Ys.

IN

Now by using comparison (Proposition 4.2 in [45]) we deduce that
VieZ, -V =-Y <yl <y =V
and in taking the limit w.r.t [ — oo we obtain:
VieZ, —Y <Y <Y.
Finally, as Y& = ub(s, X2), Vs € [t, T], then
V(t,x) € [0,T] x R”, ]u’"(t,m)] <Y, <C,

which implies that (u*");cz, n > 0, are uniformly bounded. The proof of the

claim is now completed.

Next recall the inequality (3.3.14). Let us choose 1 a constant such that
aioOm)\(E)(ea077 — 1) = 3. Note that n does not depend on the terminal

conditions (h;);cz. Finally let us set

||u’” — ui’pHoo,77 = sup |ui’"(t, x) — ui’p(t, x)|.
(t,2)E[T—n,T] xR¥
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From (3.3.14), after summation over ¢, we obtain for any n,p > 1,

Sl — w2,

i=1m

4 . A
< —CmA(E) (e —1) sup Z Ju "t ) — ubPT(t ) 2
&4 (t,x)E[T—n,T)xRF

~—

\w<

i=1m

3 n— i p—
=3 2

1=1,m

N

which means that the sequence ((u"");c7)n>0 is uniformly convergent in [T —

n,T] x R¥. Next, let t € [T — 2n, T —n], then once more by (3.3.14), we have:

[ut"(t, @) — u'P(t,x)
T—

n
<208 [ [ Temtrt [ S et - x4 5 0)
T—2n B

+ [Pt by, Xf,i”)f}x(de)dr]
T
+20E| / eolr =t / Sl =B, X+ BXE )|
T—n E k=1,m
+ (bt — by, X5 \Q}A(de)dr] .

(3.3.25)
Then, if we set

[u"" = U |0 29 = sup ' (¢, @) —utP (8, ),
(t,z)e[T—2n,T—n] xRk

we have:

. . 4 . .
E : ) P2 n—1 ,p—1112
Hum —ut pHoan < aoC’mA(E)((eaon — 1) g ||u“1 — P H

00,21
1=1,m 1=1,m
+ (62a077 - eaon) Z Hui,nfl . ui,pflugqn)
i=1m
3 . .
<T Y
i=1m

4 . .
+ —CmA(E) (207 — 20m) Y [lubnt — P2

i=1m
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As limsup Z [ ui’p_1||c2>om = 0, we obtain:

n,p—oo .
P i=1,m

. . 3 ) .
lim sup Z ||ut"™ — ul’pHgo’Qn < 1 111112_8;15) Z Jut"t — Ul’p_lngozn-

n,p—00

i=1,m i=1,m

Therefore

lim sup Z f|lub™ — ui’pHgan =0.
n,p—00 i—1m

Thus, the sequence ((u*");e7)n>0 is uniformly convergent in [T —2n, T—n] x R.
Continuing now this reasoning as many times as necessary on [T — 3n, T — 21,
[T — 4n, T — 3n] etc. we obtain the uniform convergence of ((u’");iez)n>0
in [0,7] x R¥. So for i € T and (t,x) € [0,T] x R¥, let us set u'(t,z) =
lim,, 500 u*™(¢,7), i € Z. Note that (u');er are continuous and bounded func-
tions on [0, 7] x R¥.
Step 4: Convergence of (Y'# Zin vin Kin) .,
We are now ready to study the convergence of the sequences (Y7, Z6m Vin Kin), <.
Convergence of (Y*™),>0 on [t,T]: For any i € Z and s € [t,T] let us set
Yi = ui(s, X5"). Next let n > 1, then:
E[ sup \Ys’" — }/;””"3\2] = E[ sup ]ui’"(s,Xﬁ’x) — ui(s,Xﬁ’I))\Q]
t<s<T t<s<T
<" —ulleo = sup [ut(t @) — ()
(t,2)€[0,T] xR

(3.3.26)
As the right hand-side converges to 0 as n — oo, then (Y%"),,>( converges to
(YD) e in Sﬁ’T] which is §2 reduced to [t,T]. The same is valid for A[QOJ]
which is A2 reduced to [0,#] (it is introduced in (3.3.27) below).
Convergence of (Y*"),>0 on [0,t]: By Remark 3.3.3, on the time interval [0, ¢]
the sequences

(Yi,n’ Zi7n, Vivn’ Kz’n)nzo Verify:
(Y0, 700 il K10y — (0,0,0,0) foralliecZ, forn>1ands<t,
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(yin ¢ 8[20715} and K" € .A[QM];

YOr = utn(t,x) + [ filr @, (V" ke, 0,0)dr + K™ — KS", s <t;

Yo > rélgi(ysj’" = 9ij(s,7)), s <13
J

ft(YSi’" — max_(Yj’” — gij(s,x)))dKi’" =0.

s

(3.3.27)

But (Y;’n)sgt is deterministic, continuous and still have the representation

property (3.3.9) in connection with the switching problem in [0,¢]. Next in

considering (P™P°, N™P9) the solution on [0,] of the BSDE (3.3.6) with gen-

erator FO™P(r,x) == fi(r, z, (Yrk’n)kez, 0,0)V f;(r, z, (Y,"P).c7,0,0) and termi-

nal value h™P(t,x) := ub"™(t,z) V u*P(t, ) and arguing as in Step 3, we deduce

a similar inequality as in (3.3.13) that reads: Vs € [0, 1],

E |:60405|Y;i,n _ Ytgi,p‘Z}

<2 Y e tubn(tz) — uF Pt o) + 6021@[ S e (V" ez — (VP rer|2dr .
k=1,m @o

Now as we know that for any i € Z, the sequence (u*™(t,z)),>0 converges

to u’(t,x) then it is enough to mimic the arguments of Step 3 to obtain that

(Y&™) <, converges uniformly on [0,#] to some continuous deterministic func-

tion (and then bounded) (Y)s<;.

As a consequence, for any i € Z, the sequence (Y*"),>¢ converges in S? to

some process Y, which is moreover bounded since the functions (u?);er are

bounded.

Next the measure A is finite, then by Remark 3.3.3, the characterization (3.3.4)

on [t,T] of the sequence (V¥"),>o by means of the function (u®"),>o and

the uniform convergence of (u"),>o we deduce that the sequence (V¥"),>q

converges in H2(£2()\)) to some process V¥ which belongs also to H2(L2(\))

and which has the following representation:

Vi(e) o= {u(s, XUT4B(X 7€) — u' (5, X ;)M gazry

ds ® dP ®d\ on [0,T] x Q x E. (3.3.28)
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This representation imply that V*%® are uniformly bounded.

We now focus on the convergence of the components (Z%", K%"),>o. For this,
we first establish a priori estimates, uniform on n of the sequences (Z", K i7n>n20~

2 we have: Vs € [0,7]

Applying 1to’s formula to |V

T T
E[|Y5"?] +E[/ 257 2dr] +E[/ /E|V;i’”(e)|2)\(de)dr]

T

= E[|h:(X57 ] + QE[/ Y fi(r, X5, (Y ez, ZE2™, Vi 1dr |

S
T . .
+2E[ / YK
S

Then by a linearization procedure of f;, which is possible since it is Lipschitz
w.r.t (¢, z,q) and using the inequality 2ab < %aQ + €b? for any constant € > 0,

we have:

E[ [ |z 2dr]
< E[Ih(XEP] + 2E] g [V {1 Filr X07,0,0,0)] 4+ Xy @™ Y| 4+ 57| 2]
+ ci’" fE |W’n_1(e)'y(Xﬁ’x, e)|/\(de)}dr] + %E[supsST \Ysi’n|2} + GE[(K%T‘)Q],
where '™ € R, b'" € RY are P-measurable non-negative bounded processes

while ¢*” € R is non-negative bounded and P-measurable process. Using again

the inequality 2ab < %CLQ + vb? for v > 0, yields

E[ [y |Zi"

QdT‘]
T 1 1,n T
< E[h(X7")P] + “E[ fy [V "Pdr] +vE] [y {I£i(r. X7",0,0,0)

+ "

DD IR CLL G ZE 4 " [ V" e (XE, )| Mde) }2dr]

1 . .
+ ~E[sup [V 2] + e[ (KE™)].
€ s<T

From the boundedness of f;(t,z,0,0,0) and h;(x), the inequality |a + b+ ¢+
d]? < 4{]a|* + [b* + |¢|* + |d|?}, Va,b,c,d € R and finally the Cauchy-Schwarz
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one, we have:

E[ [Tz 2dr]

< C? + wC?T + SE[ [ 1"12dr] + wCsE] [ Sy 1"

]

+ A CE[ [ ZE" Pdr] + wCsE[ [ [ VP (e)|PA(de)dr]

. o
+ ¢E[sup,<r [V 2] + B[ (K7")7],
for a suitable positive constants C7,Co and C3. Choose now v such that

4vC3 < 1, and taking the sum over all ¢ € Z, we obtain:
T | i,
Zz’:l,m E [ fo 1Zy n‘er]
< C(l + imtm E[supecr [Y5
i 2
+e Zi:l,m E [(K;;”) ] ’

where C'= C(T,m,v,€) > 0 is an appropriate constant independent of n.

4 Do Ly S V" (@)PAde)dr] )

Through the convergence of (Y*"),, in 82, we have sup,,>q E[ sup,<z Yo"

2] <
C, and then taking into consideration the convergence of (V™) in H2(L?()\)),

we finally obtain

S icim B[ fo 1207 2dr] < C+ Xy, B[(K3)7). (3.3.29)
Now, from the relation

K" =Y5" = hi(X5%) = g fulr, X0, (V" ez, 20", V"~ dr
| | (3.3.30)
+ fOT ZM"dB, + fOT [z Vii™(e)(dr, de),

and once again, by the linearization procedure of the Lipschitz function f; and
the boundedness of f;(¢,2,0,0,0) and h;(z), there exist some positive constant

C’ such that
Zizl,m E[(K ) ] < C/<1 + Zz 1,m [SHPSST ‘YZ’HP] + Zizl,m E[f(;r |Z;’"|2dr]

F S EL fp IV @A (de)ar] )
s C,<1 - Ei:l,mE[foT |Zﬁ’”|2dr]).

Combining this last estimate with (3.3.29) and choosing € small enough since

it is arbitrary, then we obtain a constant C' such that
S iim E[Jo 120" 2dr + (KM)?] < C. (3.3.31)
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Now, for any n,p > 1, it follows from It6’s formula that
E[ [ |Z" — Z1P)dr]
<R[ [ (V" = V) (filr, X2 (Y ez, 20" VI
— filr, Xp%, (Y5 pez, 2,7, VP ) dr ]
bR [T (Vi) (K ) — )

By Cauchy-Schwarz inequality and using the inequality 2ab < %aQ + nb? for

n > 0, we have

E[fOT |z — Zﬁ’p|2dr] <2 \/E[supSST Y, — er',p|2] X

VEL [Fir X5 (6 e, 227 V) = i, XE, (VP e, 207, i) P

+ ;E[Sup Yir = YiPP) 4 E[(K7" + K77)°).

s<T

But there exists a constant C' > 0 (independent of n and p) such that, for all

n,p > 1,

E[ [ fitr, X0, (Y ke, ZE V") = fulr, XP5, (Y P er, 0P, VP Pdr] < C.
(3.3.32)
Then taking the limit w.r.t n,p in the previous inequality and taking into

account of (3.3.31) and the convergence of Y" in S?, we deduce that:

lim supE[fOT \Zﬁn — Zﬁ’p|2dr] < Cn.

n,p— 00

As 7 is arbitrary then (Z%"),,>¢ is a Cauchy sequence in H>¢. Therefore there
exists a process Z“»* which belongs to #*? such that (Z™),,>0 converges to

Z06% in H??. Finally, since for s < T,
K" =Yg" =Y — 5 filr, X0, (V" ez, 207 Vi) dr
+ [P ZPdB, + [ [ Vi (e)i(dr, de),

then, we have also E[sup,<p |K2™ — KPP

2] — 0 as n,p — oo. Thus, there

exists a process (Kﬁ’t’x)sggp which belongs to .A? such that E[sup,<p |Ko™ —
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Ké’t’w|2d7‘] — 0 as n — oo. Moreover we have: Vs € [0,77],

—|—K%t’x o K;‘,t,:r: . fST Zrl:,t,der . fsT fE W,t,x(e)ﬂ(dn de);

Ysz',t,:p > ],Iél%i. (Ysj,t,:c _ gij(sa Xﬁ,w))

(
(3.3.33)

Finally, let us show that the third condition in (3.3.1) is satisfied by

(Yide, Zite Vite ity o Actually

Jo (V31— mmax (V347 — gy (s, X07))) R

_ fOT(Y;’L',t@ _ rél%z((y;%t’x . ng(S,X?x)))(dK;t’x o dK;’n)
] K3

+ f(;l"(yvsi,t,x o jrél%z{i(}/sj,t,a: o gij(S, X;,z)))dK;,n

(3.3.34)
Let w be fixed. It follows from the uniform convergence of (Y%"),, to (Y'%),c1

that, for any e > 0, there exist Nc(w) € N, such that for any n > N.(w) and
s<T,

Yo (w) — J@g}i(ﬂj’t’m (w) = gij(s, X" (w)))
<YMw) - j?ggg(ﬂj’"@) = gij(5, X3 (W))) + €.
Therefore, for n > N.(w) we have
Jo (V0T — mma (VI — gig(s, X0))AKT" < K" (@) (3.3.39)
On the other hand, the function
Yihe(w) — j@%}i(w’t’x(@ = gi (-, X (W) -

s €[0,T] — Y9 (w) = max (V)" (w) = gij(s, X" (@)
jeT

is RCLL and then bounded, then there exists a sequence of step functions
(f™(w,.))m>1 which converges uniformly on [0, T] to Y4t% (w)— .mazcl(Yj’t’x (w)—

gij (-, X"*(w))), i.e., there exist m¢(w) > 0 such that for m > m.(w), we have

Vs < T,

Y (w) — ]glgﬁ(ﬂj’t’m(w) = 9ij (5, X" () = [ (w, 8)| <e.
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It follows that

Jo (Ve — ,Iggx,(iéj’t’“ = 9ij(s, X¢T)) (KM — dK ")
J —1

T /yri,t,x itz T m i,t,x i,n
= i  ma (V0 — g3 (5, X)) = 7, ) (A2 — A

+ ™ w, s)(dESY — dKY™)
< S (w, 8)(AEEYT — dKS™) + (K" (w) + Kt ().
But the right-hand side converges to 26K§lt7$ (w), as n — oo, since f™(w,.)is a

step function and then fOT F™(w,s)(dKYY —dKY™) — 0 as n — co. Therefore,

we have

lim sup fOT(Ysi’t’w - max_(YSj’t’x - gij(s,Xﬁ’”")))(ng’t’x - ng’") < QEK;lt’m.
n—00 JEL
(3.3.36)
Finally, from (3.3.34), (3.3.35) and (3.3.36) we deduce that

Jo (Y1 (w) = max (VI (w) = gy (5, X0) (@)K (@) < 36K (@),

As ¢ is arbitrary and Yo" > max (YJ® — gij (s, X5™)), then
JEL—

fOT(YSi,t,x - J%%i(nj7t,x _ gz‘j(S, X;’x)))ng’t’x —0,

which completes the proof. ]

Now, we study the system (3.3.1) in the general case i.e., without assuming
the boundedness of the functions f;(¢, z,0,0,0) and hi(z). We need an extra
assumption that the functions f;, i € Z, should satisfy since we are going to
introduce a transformed system in order to fall in the previous framework.
This transformation induces some perturbations of the Assumptions (H1) and
specifically (H1)-(i). To remedy to this situation we are led to weaken this
latter assumption. For completeness, let us precise once more the assumptions

that the data should satisfy and which are:
(H5) For any i € {1,...,m},

(a) For any @, a bounded continuous function from [0, T x R¥ to R, the
function (t,x, 7, z) + fi(t,x, 7,z ®(t,x)) is continuous and verifies

the condition (3.2.12).
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(b) The function f; verifies (H1)-ii), iii), iv).

(c) The function ~; verifies (H1)-v).

Note that the assumption (H5)-(a) is satisfied if for any i € Z, fi(t, .7, 2, q) =
Ul(t,z)+W2(, z,q) where, in their respective spaces, ! is continuous and ¥?
is Lipschitz. It is also satisfied if f;, i € Z, are Lipschitz in (z, ¥, z, ¢) uniformly
w.r.t ¢.

The following is the main result of this section.

Theorem 3.3.4 Assume that the functions (f;)icz and (v;)icz verify As-
sumption (H5) and, (gij)ijez and (h;)icz verify Assumptions (H2) and (H3).
Then the system (3.3.1) has a solution (Yb® Zute yite K6LT). 2 More-
over there exists continuous functions (u');ez of polynomial growth such that

for anyi €T, (t,x) € [0,T] x R¥,

Yib® =4 (s, Xb%), Vs € [t, T).

Proof: First we are going to transform the system (3.3.1) in such a way to
fall in the same framework as the one of Proposition 3.3.2. So let ¢ be a
function defines as follows (p is the same or greater than the exponents which

are involved in (H1)-iii) and (H3)):

= R¥ 3.3.37
o(x) A “€F ( )

and for s € [0,7] let us define,
YOt = yibe g Xty (3.3.38)

Then, by Ito’s formula we have: Vs € [0, T,
S(X") =0(Xg™) + [y Ded(X,5)dXr" + 5 [§ Tr(DZ,0(X, oo " (r, Xp™))dr
+ qugs{qﬁ(Xf’z) - ¢(X;ic) - quﬁ(X:lz)ArXt’x}-
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Since X% satisfies the SDE (3.2.1), then for s € [0, T,

D {o(X7) = 6(X1T) = Dad(X ) A XBT)

0<r<s

= Y perea DX + ALXIT) — §(XEY) — Dap(X1)A, X7}
= fos fE{Qﬁ(X;_x + 5(Xi7—xa e)) — ¢(Xi’_x) — Dx¢(Xif‘)5(X;f7 e) hu(dr, de)
= Jo Jplo(X)7 + B(X)7,€)) — (X)) — Ded(X[7)B(X)7, €)}ildr, de)

+ 5 Sl (X0 + BXET €)) — ¢(X[T) — Dpd(X17) (X107, €)Y\ (de)ds.

Next, going back to (3.3.38) and using the Integration by Parts formula we
obtain: Vs € [0, 77,

V" = VI Ag(XET) + (XET)AY T + Y, o(X )],
where
[Yi,t,x, (Zs(Xt,z)]s — <Yi,t,ac7 ¢(Xt,x)>§ + Z ArYi’t’xAr(ﬁ(Xt’z).
0<r<s
But
AV, G(XH))e = ZEH Dy(X 7)o (5, XT)ds;
and

ST AYHIAGXI) = 3T AYIL{G(XE) - o(X17))

0<r<s 0<r<s

= Y AYT{H(XIT 4 AXT) - ¢(X)}

0<r<s
=Jo Js W’t’m(e){qﬁ(Xﬁ’i‘ + B(X;Lx, e)) — ¢(Xi’f)},u(dr, de)
=[5 [p Vi (@) {o(XE" + B(XET e)) — p(XET) }ialdr, de)

[ [ VIR {b(XET + B(XEE,e)) — ¢(X1T)IA(de)dr.
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Then it follows that: Vs € [0, 7]

~10,t,T

AV = { = 6(XUT) fils, XL, (VI e, ZE, [ VIS (€)(XE7, )M (de))

VI (DX 1 )b(s, XE7) + 3 TH(D2,0(X 1" )00 (5, X17)))
Y [ (DX + BX" €)= ¢(X[T) = Dod(XT)B(X[", €) ) A(de)
+ 20 Do (X 7)o (5, X0%) + [ Vi " (e){d(X T + BX(T )

— O(XI)IN(de) s — o(X I )aKit 4 {o(x ) Zite

Y DX o (s, XE7) By + [ {Y2IH{0(XL7 + BXLE  €))

— O(XI)} + VIR ()o(XL" + BXL,€)) ilds, de).
Next let us set, for s € [0, T,

A" = ¢(X5")dKH and K" = 0,
70 = (X Z00 4 Y DL g (X Vo (s, XB7)  and

Z'7t7x

V7 (e) = YO p(XDT + B(XE" ) — p(XD7)} + VI (e)p(XD" + B(XL", e)).

Then ((?i’t’w,7’t’x,vi’t’x,Fi’t’x))iez verifies: Vs € [0, 7],

it b - 7k7t7 7‘7t7 7‘7t7
(V" = hi(XE) + [T B, X0, (V) ker, 207, [ V(X e))dr
+F1Ttx ﬂ,t,m_f ZztmdB f fEﬂtx )[L(d’l‘,de),
V2 max (V5 = gis(s, X07)
JeI
T 4’L,t,l’ j,t,ﬁ? ~ t.x 4’L,t,l’
fO (Ys _jrél%i(ys _gij(sv)(s7 )))sz =0,

(3.3.39)
where for any i,j € Z,

hi(X7Y) = O(X5" ) hi(X5T), Gi(s, XET) == ¢(XE7)gii (s, X 1),
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and

Fi(s,,7,2,0) 1= 0(@) fi (5,2, 6(2) "7, 6() ' = 4 6(2) 2 Dad(@)o (s, @),
Sy (@)@ + B, €) " w(eAde) = y' [ (@,e)p(a + Blx, €)™
x 6() " (@(w + Bz, €)) = $(@))A(de) ) — y' () {b(s,2) Do (a)
+ S TH(DZ,0(2)00 (5,2)) + [5(6(z + Bla,€)) — 6(x) — Dat(x) B, €))A(de)
+ [ Mde)(6(@ + B, 0)) — 6(2))20(x + B, €)' }
— 26(2) " Dag() 0 (s,2) — y'd(2) 2 Dad(x) "o (s,x)0(s, ) Dy(2)
— [p(6(@ + Blw,e) = 6(x))d(x + Bla. )~ w(e)A(de).

Here, let us notice that the functions (g;;)i jez and (h;);er verify Assumptions
(H2)-(H3) while (F});er satisfy (H1)-ii), iii), iv). The functions (F});ez do not
satisfy (H1)-i) but they satisfy the condition (3.2.12). However the following
scheme (f”"”’t’x, Zimta it K’i’"*t"”)iez, n > 1, is well-posed (by Theorem
3.3.1): V#0042 — 0 and for n > 1 (we omit the dependence on ¢,z as there is

no confusion) and s € [0,77,

Yin ¢ 82, 70m ¢ H24 Vi € H2(L2(N)), and K5 € A%
Vi = ha(X7T) + [ Filr, X0, (V" ez, 227, Vi) dr
—}—Kr}’n — KM - fsT Z"dB, — fST I Vo™ (e) il dr, de);

> Jrél:?z((ys — Gij(s ,Xé’x))§

f (V5" — max (V)" — Gij(s, Xo%))dK" = 0.
jEL

(3.3.40)

Next we need to have a representation for Y™ and V" similar to (3.3.3), i.e

there exist deterministic continuous bounded functions (u');cz such that for
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any (t,z) € [0,7] x R* and any s € [t, T):
(a) Yor .= a""(s, X1*) and

(b) Vim(e) i=a""(s, X0 + B(X17,e)) — a"(s, X17), (3.3.41)

ds®@dP®d\on [t,T] x Q x E.

But this can be shown by induction. For n = 1 the property holds true since
V;’O = 0 and then
(Yi,l,t,m7 Zvi,l,t,xy ‘V/i,l,t,m’ Ki,l,t,z)iel_ verify: Vs < T,
yil e 82, 761 € #24 Vil € H2(L£2())), and K*! € A%
Y;‘,l - hz(X’?:C) + fST E(Ta Xﬁxa ( VTkJ)kGI? Zv77;‘717 O)dT
il il T i1 T ¢ tridy N~ .
+K; — Ky — fs Z2 dB, — fs fEVT (e)i(dr, de);

Yol > max (V31 = gyg(s, X37);

Ji (V3 = o (V1 = gy s X)) AR o0

(3.3.42)

Since we are in the Markovian framework and the functions (F;(s, x, ¥, z,0))iez
verify (H1),ii), iii), iv) and (3.2.12), and Fj(t,2,0,0,0) and h;, i € T, are
bounded, then there exist deterministic continuous bounded functions (u*!);cz
such that for any (¢, ) € [0,T] x R* and s € [t, T], Yi'' == bl (s, Xb"), i € T.

Next by continuity and since the Levy measure A(.) is bounded, we have

VI (e) i= Lo (0 (s, X074 B, €)) — it (5, X07),

ds @ dP ® d\ on [0,T] x Q x E.

Therefore the property holds for n = 1. Next if it is satisfied for some n, by the
same reasoning and by using Assumption (H5), we deduce that the property
holds for n 4+ 1 and then the property holds for any n > 1. The proof of this
claim is deeply related to the use of Assumption (H5)-i) and the result of the
first part.

To proceed it is enough to follow the same steps as in Steps 3 and 4 in the

proof of Proposition 3.3.2 to show that:
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i) Let i € Z be fixed. The sequence (i%™"),>o converges uniformly on
[0, 7] xR to some bounded continuous function 4. The representation (3.3.41)
allows to show that the sequence (Yi’n)nzo converges to some process Y in
S[Zt,T]. Next as in Step 4, we have also the convergence of (Yi7”)n20 in 5[20,75]
to Y’ a deterministic continuous bounded function. Therefore, the sequence
(Y™),>0 converges in S? to some process Y. On the other hand we have also
the convergence of (Vi"),>0 in H2(L2(N)) to Vi(t,e) :=:= 1{52t}(ai(s,X§’f +
B(X:’f, e)) — ai(s,X;’f), ds @ dP ® d\ on [0,T] x Q x E and the convergence
of (Z"™),>0 (resp. (K"™),>0) in H2(L2(N)) (resp. S?) to a process Z° (resp.
K", iecT,

ii) ((?z’t’x,7’t’x,vl’t’x,fl’t’x))iez is a solution of the system associated

with ((F)iez, (hi)iez, §ij)ijez)-
To proceed for s € [0,T], let us set:

}/;iﬂf,x — ((Z)(X;,x))—l?i,t,x’

s

0t

dKE = (¢(X07) 7Y, and K§h =0,

i
L — 7‘7t’ 1t7
Z3 = (H(XP7)) I{Zi T = ((6(XE) Y D () (s, @) },
VI (e) = (9(X 0T + BXLT )T = o(XI5) TV (X7 + B(XLE e)
— (X)) }-

Then (Yobe Zubz yite KL6T). - is a solution of system (3.3.1). Moreover
in setting u'(t, ) := (¢(x)) " @ (t,z), (t,z) € [0,T] x R¥ and i € Z we obtain
that for any s € [t,T], Yo" = ui(s, X2*) for any i € T and v/ is of polynomial
growth as @’ is bounded. [

As a by-product of the Proposition 3.2 and Theorem 3.3 we have the fol-

lowing

Corollary 3.3.5 For anyi € T and (t,z) € [0,T] x R¥,

V() = Lo (' (s, X074 BT €)) — w5, X)),

ds @ dP & d\ on [0,T] x Q x E.
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Now, we provide the uniqueness of the Markovian solution of the system of

reflected BSDEs (3.3.1).

Proposition 3.3.6 Let (4');czr be a deterministic continuous functions of

polynomial growth such that
Vs € [t,T], YU = 4'(s, X1). (3.3.43)
Then, for any i € I, i’ = u'.

Proof: In order to show that the Markovian solution of the system of reflected
BSDEs is unique (3.3.1), we suppose that there exist other continuous with

polynomial growth functions (*);ez such that:
Vs € [t,T], YU = al(s, X1),

where (f/"’m)iez is the first component of the solution of the following system
of RBSDEs with jumps with interconnected obstacles: for any ¢ € 7 and
s et T,

Y/i,t,x c 527 Zi,t,x c H2,d7‘7i,t,z c %2(£2()\))’ and [N{i,t,w e A2;

SRR KV [Tz, — [T [ VR (e)fu(dr, de),

VI > max (V7 — gig (s, X17),

ST = e (V1 — gy (5, X)) AL =0,

(3.3.44)

On the other hand, as for any i € {1,...m}, @’ is continuous function of poly-

nomial growth and since the Lévy measure A(.) is finite, one has
VitT(e) = (s, X0T+B(X0T, e)) — (s, X\T), ds@dP®d\ on [t, T]x Qx E.

Now, let s € [t,T] and an admissible strategy 6 € A%. Let (P2, N?, Qﬁ)re[s,T]

be the triplet of processes associated with § and which solves the following
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BSDE: Vr € [s,T]

P = B (XG4, f2(r, X727, Nf)dr— [ N2dB:— [ [, Q3 (e)iu(dr, de)— Ayt A3,

where, when 6, = i, fO(r, X4, z) is equal to

Filr, X2%, (@M (r, X2 ker, 2, [ vi(X2", e){@ (r, X22+8(X72, €)= (7, X22) JA(de)).

Therefore, we have the following representation of Y:

Y= esssUPge Ai (P2 — A4%).

Next, the same procedure as the one which leads to inequality (3.3.14) can be
used here to deduce that for any i € Z,

[ (8, 2) = (¢, 2)|* < 2CE[ [T e [ 37|’ = @), X7 + B, €))

k=1,m
+ (= @) (r, X5 Py A (de)dr].
We now consider two cases.
Case 1: The functions u* and @’, i € Z, are bounded.
Let n be the constant give in Step 3 and which does not depend on the
terminal condition (h;);ez and verifies aiom)\(E)(eaW — 1) = 2. Then, we

deduce from (3.3.14), that for any i € Z,
lu* = @13, < *Hu — '3,
which implies that, for any i € Z, u* = @' on [T — 7, T]. Consequently, for any
se[T—n,T)and i € T, Y& = Y2 Next, on [T — 2n, T — ], we have
o 4 o
lu* = @[3 25 < *Ilu — 2 0y + 0707”'%/\(1‘3)(62‘1(”7 — et — a3,

Since u! = @’ on [T — 7, T], we then obtain:

||U _ul”oo%y = H’LL _uZHoo 20"
4

Consequently, for any i € Z, u’* = @ on [T — 21,7 — n]. Thus, for any
se[lT—2n,T—nland i€, YO = V"™ Repeating now this procedure
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on [T —3n,T — 2n], [T — 4n,T — 3n] etc., we obtain, for any i € Z, u’* = @'.
Thus, for any s € [t,T] and i € Z, Y2"* = Y4 Henceforth, (Y%);ez is the
unique Markovian solution to the system of BSDEs (3.3.1).

Case 2 : We now deal with the general case, i.e., without assuming the bound-

edness of the functions u’ and @', i € Z, but only polynomial growth.

Let us define, for s € [t, T,

—i,t,x

YS — Y;i’t’mqb(X;’x) and Xi,t,x — i/si’t’ng)(Xz’m),

—Lt,r Sit.r —it,x 7i,t,x
K )

where ¢ is the function defined by (3.3.37). Therefore (Y "7, 27, U ieT
and
(yite gite gite [ritey, o are solutions of the system (3.3.44) associated

. . —0,t,x ;
" and Y% have

with (E)iez, (gij)i,jGI and (hz)zel But for any S I, Y”
representations through deterministic continuous bounded functions ¢u’ and
¢i’, respectively. Therefore by using the result of Step 1 we deduce that

—0,t,x
s

pu' = ¢t* for any i € T and then =Y for any s € [t,T] and i € Z,
which implies that Y% = Y2 for any s € [t,7] and i € Z. Thus the

Markovian solution is unique. ]

3.4 The main result : Existence and uniqueness of
the solution for the system of IPDEs with inter-
connected obstacles

We now turn to the study of the existence and uniqueness in viscosity sense
of the solution of the system of integral-partial differential equations with in-
terconnected obstacles (3.2.13). Before doing so, we first precise the meaning
of the definition of the viscosity solution of this system. It is not exactly the

same as in [45] (see also Definition (3.4.4) in the Appendix).

Definition 3.4.1 We say that a family of deterministic continuous functions

@ = (u')iez s a viscosity supersolution (resp. subsolution) of (3.2.13) if:
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Vi e {l,..,m},

a) u'(T,z) > (resp. <) hi(x), Vo € R¥;
b) if¢p € CH2([0,T] x R¥) is such that (t,x) € [0,T) x R* a global minimum
(resp. mazimum) point of u' — ¢
then
min {ui(t,x) — max (v (t, ) — Gij(t,x)); =0 p(t, x) — LOH(t, x) — Ko(t, x)

JET—

— filt, z, (uk(t,x))kzl’m’m, (UTqub)(t,x),Biui(t, x))} > (resp. <) 0.

We say that @ := (u');er is a viscosity solution of (3.2.13) if it is both a

supersolution and subsolution of (3.2.13).

Remark 3.4.2 In our definition, the last argument of f; is Biu'(t, x) instead
of Bip(t, x), where ¢ is the test function. Indeed, B;u'(t, ) is well-posed since

u’ has a polynomial growth, B is bounded and the measure \(.) is finite.

We are now able to state the main result of this paper.
Let (Yibte zbte yite gLtey, - he the solution of (3.3.1) and let (u?);er be
the continuous functions with polynomial growth such that for any (¢,z) €

[0,T] x R* i€ Zand s € [t,T],
Y:gi,t,:): — ’U,i(S,X;’m).
We then have:

Theorem 3.4.3 Assume that the functions (f;)icz and (v;)icz verify As-
sumption (H5) and, (gij)ijez and (h;)iez verify Assumptions (H2) and (H3).
Then the functions (u');cz is the unique viscosity solution of the system (3.2.13),
according to Definition (3.4.1), in the class of continuous functions with poly-

nomial growth.

Proof: We first show that (u’);ez is a viscosity solution of system (3.2.13).

99



3.4. The main result : Existence and uniqueness of the solution for the
system of IPDEs with interconnected obstacles

So let us consider the following system of reflected BSDEs:

Yibt € 82,707 ¢ Y24 Vite ¢ 32(£2())), and K € A2

Y = ha(Xg") + [ Fi(r X0, (Y e, 29, [ (X" ) x
{ui(r, X2 + B(X5", €)) — ul(r, X2 )IN(de))dr + Kjh* — Kibe
— J ZdB, — [ [ Vi (e)ji(dr, de),

Yo > max (Y2 — gij(s, X$%))

SO = max (Y357 — gig(s, X07) KL = 0.
j —1

(3.4.1)

As the deterministic functions (u?);c7 are continuous and of polynomial growth,
B(z,e) and v;(x, e) verify respectively (3.2.4) and (3.2.8) and finally by Theo-
rem 3.3.1, the solution of this system exists and is unique. Since the functions

(hi)iet, (gij)i,jez and

(t.2,y,2) — [ilt, 2.y, 2, [p (@, e){u'(t, 2 + B(w,e)) — u'(t, ) }A(de))

satisfy the Assumptions (H1)-(H3) and (H4). Moreover, again by Theorem
3.3.1, there exist deterministic continuous functions of polynomial growth

(u')iez, such that: i € Z and s € [t, T],
YT = u'(s, XO).

Finally, using a result by Hamadéne-Zhao [45], we deduce that (u');er is a
solution in viscosity sense of the following system of IPDE with interconnected

obstacle:

min{u’(t,z) — max (W (t, @) — gij(t, 2)); =0’ (t, z) — Lu'(t, ) — Ku'(t, x)
JeL—

‘ _]Fi(ta €T, (Ek(t’ x))kil,,---,m7 (O-TDIHi)(ta :E)v Biui(ta x))} =0;
HZ(Tv x) = hl($)7
(3.4.2)

Let us notice that, in this system (3.4.2), the last component of f; is B;u'(t, x)
and not B;ju'(t,z). Next, recall that (Y4ie zbte yite [ite), - solves the

system of reflected BSDEs with jumps with interconnected obstacles (3.3.1).
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Therefore, we know, by Corollary 3.3.5, that for any (¢,z) € [0,T] x R*¥ i € T
and s € [t, T,

VibT(e) = ui(s,X;f—i—B(X;’f,e)) —ui(s,X;’f’), ds®@dP®d\ on [t,T]| xQx E.

Then (YHhe zite yite Kitz). - verify: for any s € [t,T] and i € T,

(V" = hi(XE5) + [T Filr, X0°, (V" ez, 2007, [ v (XET €)@
{u(r, X2 + B(XD" €)) — ul(r, X0T) PN (de))dr + Kpb™ — Ko

— [T ziaB, — [T [, VP (e)(dr, de),

Jo (Y0 = max (YA — (s, X)))AKT = 0.

(3.4.3)

Therefore, by uniqueness of the Markovian solution of the system of reflected
BSDEs (3.4.1), we deduce that for any s € [t,T] and i € Z, Y2 = Yb"
Then, for any i € Z, u’ = u’. Consequently, (u');ez is a viscosity solution of

(3.2.13) in the sense of Definition 3.4.1.

Now, let us show that (u');c7 is the unique solution in the class of con-
tinuous functions of polynomial growth. It is based on the uniqueness of the

Markovian solution of the system of reflected BSDEs (3.3.1).

So let (@');eiezr be another continuous with polynomial growth solution of

(3.2.13) in the sense of Definition 3.4.1, i.e., for any i € Z,

min{u’(t, z) — mgx_(ﬂj(t, x) — gij(t, x)); =0y’ (t, x) — La'(t,x) — Ka'(t, x)
Jje1—

‘—ﬁ(t, T, (ﬂk(t, ) k=1,....ms (UTDxﬂi)(t, x), Biut(t,z))} = 0;
u'(T,z) = hi(x).
(3.4.4)
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Next, let us consider the following system of reflected BSDEs:

yite ¢ 527 Zute ¢ H2,d7‘7i,t,z c 7‘[2(520\)), and K4HT ¢ AQ;

Y;,t,x _ hi(X;’x) + fsT fz‘(ﬁ Xﬁ,x’ (Yrk’t’x)kezv Zi’,t,x, fEV(Xﬁ’za e)x
(@' X," + BT, €) =W (r X, ) YA (de))dr + K™ — K
= [1 22 dB, — [T [ Ve (e)ia(dr, de),

Ve > J%lgzg(zj’t’x — gij(s, X27)),

LT()—/Si,t,x . ]%%E(Y;j’tm _ gij(s,Xﬁ’m)))dl?gvt’” _o.

(3.4.5)

As for the reflected BSDEs (3.4.1), the solution of the system (3.4.5) exists
and is unique since the deterministic functions (@');c;ez are continuous and of
polynomial growth. Moreover, there exists a deterministic continuous functions
of polynomial growth (v');cz, such that:

Vs € [t,T], YU = v'(s, X1").

s

and

VitT(e) = vl (s, XL+ B(XL%, e)) —vi(s, X1T), ds@dP®d on [t,T] x Qx E.

(3.4.6)
Then, by using a result by Hamadéne-Zhao [45], (v%);ez is the unique viscosity
solution, in the class of continuous functions with polynomial growth, of the
following system:

min{v’(t, z) — mgx,(vj(t,x) — gij(t,®)); =0 (t, 2) — L' (t,z) — Kv'(t, x)
JeL—

| —ﬁ(t, T, (vk(t, ) k=1,,....m» (GTDin)(t, x), Biﬂi(t, x))}=0;
v (T, x) = hi(x),
(3.4.7)

Now, as the functions (#);c;er solves system (3.4.7), hence by uniqueness of
the solution of this system (3.4.7) (see [45], Proposition 4.2), for any ¢ € Z one
deduces that u° = v’. Next, by the characterization of the jumps (3.4.6), for
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any ¢ € Z, it holds:

Vitt(e) = @'(s, X1+ B(X1" e)) —a'(s, X17), ds@dP@d\ on [t, T] x Qx E.

(3.4.8)
Going back now to (3.4.5) and replace the quantity @' (s, X;f: + B(Xz’_m, e)) —
ﬂi(s,Xzf:) with V"% (e), yields: for any i € Z and s € [t,T],

Vit = hy (X5 + [T F(r, X5, (Y Ve, 09T, [ (X", ) VAT () A(de) ) dr
FRPT = K = [[ 2B, = [ [ VT () ldr, de),

Y/Si’tyx > ]rél%i (szj,t,:p - gij(S, ng))’

ftT(YSi,t,a: - Ig%z(i(?;j,tw N gij(s,Xé’x)))dK;’t’x —0.
J

(3.4.9)
But (Yéber Zite gite Vitt), o s a solution of system (3.4.9) and Y507 is
Markovian. Then, by the uniqueness result of Proposition (3.3.6), one deduces
that
Vie I, YT =Yhte Vs e [t,T).
Hence, for any i € Z and (t,z) € [0,T] x RF, Y"'* = Y/b* — yi(t,z) =
u'(t,z) = v'(t,z) which means that the solution of (3.2.13), in the sense of
Definition (3.4.1), is unique in the class of continuous functions with polynomial
growth. O
Appendix
In the paper by Hamadéne and Zhao [45], the definition of the viscosity

solution of the system (3.2.13), is given as follows.

Definition 3.4.4 Let @i := (u')ier be a function of C([0,T] x R¥;R™).
(i) We say that U is a viscosity supersolution (resp. subsolution) of (3.2.13) if:
Vie{l,..,m},

a) u'(T,x) > (resp. <) hi(z), Yo € RF;

b) ifp € CH2([0,T] x R¥) is such that (t,x) € [0,T) x R* a global minimum

(resp. mazimum) point of u' — ¢,
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then

min {ui(t, z) — max (v (t, ) — gij(t, 2)); —0p(t, ®) — Lo(t, x) — Ko(t, x)

jET—i

— filt, x, (uk(t,w))kzljmjm, (GTngb)(t,:r:),Biqb(t,:n))} > (resp. <) 0.

(ii) We say that i@ = (u');er is a viscosity solution of (3.2.13) if it is both a

supersolution and subsolution of (3.2.13).
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Chapter I

Systems of Markovian Obliquely
Reflected BSDEs with Jumps and
without Monotonicity Conditions
and related systems of
integral-partial differential equations
of non-local type: The case of
Infinite Lévy measure

The content of this chapter is from a work in progress, in collaboration with

Said Hamadéne and Mohamed Mnif.

4.1 Introduction

In this paper we are concerned with systems of Markovian reflected back-
ward stochastic differential equations (RBSDEs for short) with interconnected
obstacles when the noise is driven by a Brownian motion B := (Bjs)s<r and
an independent Poisson random measure p. A solution for such a system

is quadruple of adapted stochastic processes (Y&h* Zibe [ute yitr),

~~~~~
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such that: Vi € Z:= {1,...,m} and s € [0, 7],
YU = hi(X5) + [ Filr, X0, (V5 ez, ZE9°, [ VI ()mi(XET, e)A(de))dr
G K [T 7, vﬁ’””(ewﬂ ey

Yo > max (Y75 — gii(s));

fOT(Y-Si,t,m o ]IQ%Z((Y] tr gl]( )))dK;’t’x — 0,

(4.1.1)
where (t,z) € [0,T] x R¥, dsA(de) is the compensator of p and fi(ds, de) :=
w(ds, de)—ds(de) its compensated random measure, and finally Z~* := Z—{i}.
The process X»? is the solution of the following standard differential equation:

dX" = b(s, Xg")ds + o(s, Xo¥)dBs + [, B(s, X7, e)fi(ds, de), s € [t,T];
X —peRF, 0<s<t.

(4.1.2)

This system of reflected BSDEs (4.1.1) is termed of Marovian type since ran-

domness stems from the process X»* which is a Markovian. On the other

hand, it is deeply related to the optimal stochastic switching problem (see e.g.
[13, 38, 39, 43, 45], for more details).

With the system (4.1.1), is associated the following system of integral-

partial differential equations (IPDEs for short) with interconnected obstacles:

Vi €L,
min{u’(t,r) — m%x(uj(t, z) — gij(t)); =0’ (t, x) — Lu'(t,z) — Ku'(t, x)
Jjer—

—fi(t,x, (uk(t,x))k:Lm, (UTDxui)(t,m),Biui(t,:c))} =0, (t,z) € [0,T] x RF;

u' (T, z) = hi(z),
(4.1.3)

where the operators £, K and B; are defined as follows:
i Tr i 1 T 2 i
Lu'(t,x) :=b(t,z) " Dyu'(t,x) + iTr[(ao* )(t, 2) Dz u(t, x)];
= [tz + B(z,e)) — ui(t,z) — Bz, e) " Dyul(t,z))A(de) and

Biui(t,:c) = fE vi(z, e)(u'(t, x + B(x,e)) — u'(t,x))\(de).
(4.1.4)
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The system of reflected BSDEs (4.1.1) has been considered in several works
including [45] and [37]. In [45], Hamadéne and Zhao have shown that if, mainly,

the two following monotonicity conditions: For any ¢ € 7,
(a) 7 = 0;

(b) The function ¢ € R — f;(t, =, (Yk)k=1.m, 2, q) is non-decreasing, when the

components (¢, z,y, z) are fixed;

are satisfied, then system (4.1.1) has a unique solution (Y#h* zZitz yite
KH4%),c7. Moreover the Feynman-Kac representation of the processes (Y#%%);c1
holds true, i.e., there exist deterministic continuous functions (u);c7 defined

on [0,T] x R¥ such that for any (¢,z) € [0,T] x RF and i € Z,
YT — (s, Xb®), Vs € [t,T] and then v (¢, z) = Y;""". (4.1.5)

Finally, it is proved that the functions (u?);cz are the unique continuous viscos-
ity solution of IPDEs system (4.1.3) in the class of functions with polynomial
growth. Later in [37], the authors also considered both systems (4.1.1) and
(4.1.3) as well, but without assuming the above monotonicity conditions (a)
and (). It is proved that if the Lévy measure A(.), associated with the Poisson
random measure g is finite, i.e. A(E) < oo, then system (4.1.1) has a unique
Markovian solution, i.e. for which the Feynman-Kac representation (4.1.5)
holds. Moreover those functions (u®);ez of (4.1.5) are the unique solution in
viscosity sense of system (4.1.3). In [37], a property which plays an important
role is the representation of the process (V#%%),c7 via the continuous functions

(u%);ez and the process X and which reads:

VI () = Dy {u' (s, XIPHB(XL €)= (s, X1)),

ds®dP®d\ on [0,T] x U x E. (4.1.6)

Therefore the main objective of this paper is to deal with system (4.1.1) in the
case when A(.) is not finite, i.e., A(F) = oo. Actually, in this work, we show
that if A(.) is infinite and integrates the function (1 A |e|)cecr, in combination

with other regularity properties on the data (f;)icz, (hi)iez and (gij)ijez,
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then the system (4.1.1) has a Markovian solution, moreover the Feynman-Kac
representation (4.1.5) holds true. Finally we show that those functions (u?);e7
is a viscosity solution of (4.1.3). The relation (4.1.6) which binds the processes
(Vih®)c7, the functions (u?);e7 and the process X% is also valid. Once more
it plays an important role in the proof of our result. Our method relies first
on the truncation of the measure A(.) in such a way to fall in the framework of
a finite Lévy measure. Then to take the limit to obtain a solution for system
(4.1.1) in the case when the generators do not depend on the jump parts and,
on the other hand and more importantly, the characterization (4.1.6) of the
jump components (V5%%),cz. To state this result we need to assume that
the functions g;;,4,j € Z do not depend on . Then we deal with the case
where the generators depend on the jump components by the introduction of
a recursive scheme which we show that is convergent and its limit provides a
solution for system (4.1.1). Finally we show that the functions (u%);ez of the
Feynman-Kac representation of the processes (Y'%);c7 is a viscosity solution

of system (4.1.3).

The paper is organized as follows. In Section 2, we provide notations and
assumptions needed in the study of the obliquely RBSDEs with jumps system
(4.1.1) and the related IPDEs system (4.1.3) as well. Section 3 is mainly
devoted to prove the relation (4.1.6) in the case when (f;);ez do not depend on
the jump part (V#%),c7. For that we first truncate the Lévy measure in order
to fall in the case of a finite Lévy measure since in this latter framework the
relation (4.1.6) is rather easy to obtain. Then we take the limit and we recover
(4.1.6) in the general case. Next, we study the existence of solution for system
of RBSDESs (4.1.1), Feynman-Kac representation (4.1.5) and the representation
(4.1.6). Finally, in Section 4, we prove that the functions (u')—1,, are a

viscosity solution of (4.1.3). O

108



4.2. Framework and state of the art

4.2 Framework and state of the art

Let T' > 0 be a given time horizon and (Q, F,F := (F;):<7,P) be a stochastic
basis such that Fy contains all the P-null sets of F, Fy+ = NesoFt4e = Fty
and we suppose that the filtration is generated by the two following mutually

independent processes :
(i) a d-dimensional standard Brownian motion B := (B¢)o<¢<7 and

(ii) a Poisson random measure p on R* x E, where F := R!— {0} is equipped
with its Borel field B(E), (I > 1 fixed). Let v(dt,de) = dtA(de) be its
compensated process such that {f([0,¢] x A) = (u—v)([0,t] X A) }y<r i
a martingale for every A € B(FE) satisfying A(A) < oo. We also assume
that A(.) is a o-finite measure on (E, B(E)), integrates the function (1 A
le])ece and A(E) = oco. If L =1, A(e) = ]e]_%de is an example of such a

Lévy measure.
Now, let us introduce the following spaces:

a) P (resp. P) is the o-algebra of F-progressively measurable (resp. F-
predictable) sets on Q x [0,T7;

b) £2()) is the space of Borel measurable functions (¢(e))eer from E into

R such that
[z lp(e)|*A(de) < oo;

c) S?is the space of RCLL (right continuous with left limits), P-measurable
and R-valued processes

Y := (Ys)s<7 such that }E[ sup ’ys|2] < o0;
0<t<T

d) A? is the subspace of S? of continuous non-decreasing processes K :=

(K¢)i<7 such that Ky = 0;

e) H>? is the space of P-measurable and Ré-valued processes Z := (Zs)s<T

such that E [f(;[ |ZS|2ds} < 00;
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f) H2(L2())) is the space of P-measurable and £2(\)-valued processes V :=
(Vs)s<r such that
T
E [fo I |vs(e)|2A(de)ds} < .

For an RCLL process (0s)s<r, we define, for any s € (0,77, 0,- := lim, x40,
and A 0 := 0, — 0, is the jump size of 6§ at s.

Now, for any (t,z) € [0,T] x R*, let (Xi")s<r be the stochastic process
solution of the following

stochastic differential equation (SDE for short) of diffusion-jump type:

dXy" = b(s, X")ds + o(s, Xe")dBs + [, B(s, X1, e)fi(ds, de), s € [t,T]
X" =zeRF, 0<s<t

(4.2.1)
where b : [0,7] x R¥ — R* and o : [0,T] x RF — R¥*4 are two continuous
functions in (¢, z) and Lipschitz w.r.t x, i.e., there exists a positive constant C'

such that

b(t,z) — b(t,2)| + |o(t,z) — o(t,2')| < Clz — 2|, Y(t,z,a") € [0,T] x RF+E,

(4.2.2)
Note that the continuity of b, o and (4.2.2) imply the existence of a constant
C such that

b(t,z)| + |o(t,z)| < C(1 +|z|), Y(t,z)e[0,T] x RF. (4.2.3)

Next, let 8 : R* x E — R* be a B(R¥) ® B(E)-measurable function such that

for some real constant ¢, Ve € E and z, 2’ € R¥,
1B(z,e)| <c(IAle]) and |B(x,e) —B(2',e)| <cle —2'|(1A]e]). (4.2.4)

Conditions (4.2.2), (4.2.3) and (4.2.4) ensure, for any (t,z) € [0,T] x R¥, the

existence and uniqueness of a solution of equation (4.2.1) (see [32] for more

details). Moreover, it satisfies: For any p > 2 and z,2’ € Rk,

E[sup | X5 —z[P) < C(1+|z[P) and E[sup | X5* — X5 — (2 —a')|P] < Clz—a'|P.
s<T

s<T
(4.2.5)
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Next, let us introduce the following deterministic functions (f;)icz, (hi)icz and

(9ij)i,jer defined as follows : for any 4, j € Z,

b) gij : t € [0,T] — gi;(t) € RY;

¢) hi:z € R¥ — hy(z) e R
Additionally we assume that they satisfy:
(H1) For any i € {1,...,m},

(i) The function f; is continuous in (¢, ) uniformly w.r.t. the variables
(¥ 2, 9).

(ii) The mapping (¢,z) — ﬁ(t,x,@,0,0) has polynomial growth in x,
i.e., there exist two constants C' > 0 and p > 1 such that for any

(t,z) € [0,T] x R¥,
|fi(t, 2,0,0,0)| < C(1 + |zP). (4.2.6)

(iii) The function f; is Lipschitz continuous w.r.t. the variables (¥, z, q)
uniformly in (¢,z), i.e., there exists a positive constant C; such

that for any (t,z) € [0,T] x R¥, (¥, 2,q) and (¥1, 21, q1) elements of
Rm+d+1:

filt, 2,9, 2,0) = fit, 51, 21, 00)| < Ci|§— 1] + |2 — 21| + g — ).
(4.2.7)
(iv) For any i € Z and j € Z~%, the mapping
y o= filt,myt, oyl Tyl T Y™, 2, @) is non-decreasing when-
ever the other components (¢, z,y',...,y7 =1, ¢/ . y™, 2, q) are fixed.
(v) For any i € {1,....,m}, let v; : R¥ x E — R be a B(R*) ® B(E)-
measurable functions such that for some constant C > 0, and for

alle e F,
(a) |vi(z,e)| <c(1Ale]), Vze R*,  and

(0) iz, €) = 7i(a’ )l < c(A A fel)w — /|, Va,2’ € R,
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(H2)

(H3)

Finally let us define the function (f;)i=1__m on [0,T] x RE+m+d x
L2(\), as follows:

fi(t,l',ﬂ,Z,U) = t €, yv fE 71 x,e )\(dE)) (428)

Note that since f; is uniformly Lipschitz in (%, z,¢) and 5; verifies
(3.2.8) then the function f; enjoy the two following properties:

(a) fiis Lipschitz continuous w.r.t. the variables (¥, z, v) uniformly
n (t,z).
(b) The mapping (t,z) — f;(t,2,0,0,0) = f;(t,2,0,0,0) is contin-

uous with polynomial growth.
Vi,j € {1,...,m}, g;s = 0 and for i # j, g;;(t) is non-negative, continuous
in ¢ and satisfies the following non free loop property :
For any t € [0,T], for any sequence of indices i1, ..., i such that i; = i
and card{iy,...,ix} =k —1 (k > 3) we have

Giqis (t) + Giqis (t) + o+ Gip_yin (t) > 0. (4.2.9)

For i € {1,...,m}, the function h;, which stands for the terminal con-
dition (the function of terminal payoff), is continuous with polynomial
growth and satisfies the following consistency condition:

hi(x) > Ig%i(h](x) —gi;(T)), vz ecRF (4.2.10)

(H4)-() Vi € T, 5 > 0;

(HL4)- (i)

(H5)

(H6)
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The mapping ¢ € R — f;(t,z, ¥, z,q) is non-decreasing when the other

components (¢, x, 7, z) are fixed.
The measure A(.) is finite, i.e. A(E) < oo.

The functions h; and f;(¢,z,0,0,0), i € Z, are bounded, i.e., there exists

a constant C such that

V(t,z) € [0,T] x R¥ and i € Z, |hy(x)| + | fi(t,2,0,0,0)] < C.
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Remark 4.2.1 The condition (H1)-i) is needed, e.g. in [39] or [45] in order
to apply Ishii’s Lemma to show comparison in the systems considered in those
papers and then to deduce uniqueness and continuity of the viscosity solution.
However instead of requiring (H1) — i) it is enough to require other sufficient
conditions which make comparison of sub. and super-solutions hold. If f;,

1 € L, do not depend on q it is enough to require the following conditions:

i) For any i € I, f; is jointly continuous in (t,x,7,2);
i) For any R > 0, there exists a continuous function mg(.) from R* to Rt

such that mg(0) = 0 and for any |z| < R, |2'| < R and |y] < R we have,

|fi(t, 2,7, 2) — fi(t, 2,4, 2)| < mp(|z — 2|(1+ |2])). (4.2.11)

One can see e.g. the paper by El-Karoui et al. [28] on this latter condition. In
the case when (f;)ier depend on q, similar results exist (one can see e.g. [3]

for more details). O

Now, let us consider the following system of obliquely RBSDEs with jumps:
Vi€ Z and s € [0,T],
Yi,t,z c 82, Zi,t,z c H2,d7vi,t,x c /HQ(;CQ()\)), and Ki,t,x c .A2;
itx t,x T 7 t,x k,t,x it itz t,x
}/S - hZ(XT ) + fs fi(ra X’f‘ 7(}/7‘ )kEIa ZT‘ ’fE ‘/7' (6)’71(X7‘ ’B)A(de))d’r
FEET KV [Tz, — [T VR (e)fu(dr, de),

Y;i,t,m > jrél%z(i(yzgj,t,x o gz’j(s)),

foT(YgiJ,oc i jrél%i(}/sj,t,z o gij(S)))ng’t’x —0.

(4.2.12)

In [37], we have shown that this system (4.2.12) has a solution, without as-
suming the monotonicity condition (i.e. (H4)(i)-(ii)) on the generators (f;)ier
and when the measure A(.) is finite (i.e. (H5) is satisfied). Moreover, we
have provided a representation of (Y4 Vi), 7 as deterministic functions

of (s, X2™). Actually, we have proved:
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Proposition 4.2.2 (see [37], Proposition 3.2).

Assume that Assumptions (H1),(i)-(v), (H2), (H3), (H5) and (H6) hold. Then,
the system (4.2.12) has a solution (Y»\® Zubr Vite KLLTY. 2 Moreover,
there exist deterministic bounded continuous functions (u');cz, defined on [0, T]x

RF, such that:

Vs € [t,T], YU = u'(s, X17), (4.2.13)

and

‘/'Si7t’x(e) = ]-{SZt} (ui(s, X‘zf:'f‘,@(Xzf:, 6)) - ui(sv Xzi]:))a

ds@dP®d\ on [0,T] x Q2 x E. (4.2.14)

Remark 4.2.3 Assumption (H5) is not only used to obtain the characteriza-
tion (4.2.14) of the jump part of the RBSDEs system (4.2.12) but also to show
the existence of the solution (YHHe ZWbr Vite KLLTY. o gtself. Additionally
we do not know whether or not the solution (Yb* Zbte Vite KuLa). - of
the RBSDEs system (4.2.12) is unique, however the Markovian solution which
has the representation (4.2.13) is unique (see Proposition 3.6 in [37]).

4.3 Systems of Obliquely RBSDEs with Jumps: The
Infinite Activity Case

In this section, we also consider the system (4.2.12) without assuming As-
sumption (H5) on boundedness of A(.), as we did in [37]. Relaxing the last
hypothesis, we establish a new existence result of a solution for the system

(4.2.12). For this, we consider firstly the following system of RBSDEs with
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jumps and interconnected obstacles: Vi € Z and s € [0, 7],

(yibe ¢ 52’ ADZ= sz,d’ Vit o H2(£2()\)), and K&b® ¢ ./42;

yite _ hi(erp’m) n fsT ﬁ-(r, X, (Y}k’t’m)kez, Zﬁ’t’m)dr n K’?[“tx _ e
— [T ziaB, — [T [, V" (e)(dr, de);

Yot > ;2%5(5{3 BT — gi3(3));

(4.3.1)

Note that in this system (4.3.1), the generators (ﬁ)iez do not depend on the
jump component and, on the other hand, we assume that they satisfy the

following assumptions:
(H7) For any i € Z,

(a) For any i € Z, the function fi, i € I, verifies: There exists a
continuous concave function ®;, from R* into R, such that ®;(0) = 0

and

~

Va,a',ij, and z, |fi(t, 2,7, 2)— fi(t, 2, 7], 2)| < ®s(|z—2']). (4.3.2)
(b) The functions h; are uniformly continuous.

Remark 4.3.1 Condition (H7)-(a) is satisfied if for anyi € T, ﬁ 1s Lipschitz
w.r.t (z, ¥, z) uniformly in t. It is also satisfied if for any i € T, ﬁ-(t,av,gj’, z) =
fi(l)(t,x) + fi@) (¢, z) where fl-(l) s uniformly continuous and fi(Q) 1s Lipschitz.

We then have the following first result.

Theorem 4.3.2 Assume that the functions (gij)ijer and (hi)icz verify As-
sumptions (H2) and (H3) respectively and for any i € T the function:

(i) f; verify (H1), iii)-iv) and (H7)-(a).

(ii) h; verifies (H7)-(b).

(11i) h; and ﬁ(t,x,0,0) are bounded, i.e., they satisfy (HG6).

() ~; verifies (H1)-(v).

Then, we have:
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a) The system (4.3.1) has a unique solution (YL®, Zbbe Vibe [LLy, o

b) There exist deterministic continuous bounded functions (u');ez, defined

on [0,T] x R¥, such that:

Vs € [t,T], Y2H* = u'(s, X1°).

c) For anyi€Z,

VI (e) = Lo (u' (s, XJT4HB(X02 €) — u'(s, X)),
ds @ dP ® dX on [0,T] x Q2 x E.
(4.3.3)
Proof: The proof is rather long and divided into 5 steps.
Step 1:
First let us notice that by the result of Hamadéne and Zhao in [45], the system
(4.3.1) has a unique solution
(yite zite yite gitz). - On the other hand there exist deterministic con-
tinuous functions (u');ez, defined on [0, T] x R¥ and of polynomial growth such
that:
Vs € [t,T], Y2U* = u'(s, X17).

Therefore it remains to show that: (i) the functions (u’);ez are bounded; (ii)
the property (4.3.3) holds true.
So let (Y, Z) be the solution of the following standard BSDE: for any s < T,
Y € 8%, 7 e HY,
{YS =C + fST {C+ ij; Y, + Cj; Z,| }dr — fST Z,dB,;
where C’;f ) C’J‘ﬁ are the maximum of the Lipschitz constants of the functions ﬁ-,
1 € T, w.r.t. ¢ and z respectively. Then by comparison, which is valid in our

case since (ﬁ)z‘ez, do not depend the jump component, we have:
VI < Y5, Vs € [t, T).

But Z = 0, ds ® dP-a.e and Y is deterministic and continuous. Finally it is
enough to take s = t in the previous equality to conclude that (u');cz are

bounded.
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Step 2: Truncation of the measure A(.)
For any n > 1, let us introduce a new Poisson random measure p, and its

associated compensator v, as follows :
tn(ds,de) = 1{|e|2%},u(ds,de) and vy, (ds,de) = A\, (de)ds := 1{|e|2%})\(de)ds.

The random measure fi,(ds,de) := (u, — vy )(ds, de), is the compensated one

associated with p,. The main point to notice is that
M(E) = [ An(de) < oo.

Next, let us introduce the process "X** solution of the following SDE of jump-
diffusion type:
{d"Xﬁ’x = b(s,"X")ds + o (s,"Xs")dBs + [ B("XL7, €)fin(ds, de), s € [t,T]

Xt =g eRF, 0<s<t.
(4.3.4)

Note that thanks to the assumptions on b,o and 3, the solution of (4.3.4)
exists and is unique. Moreover, it satisfies the same estimates as in (4.2.5).
Indeed, the measure A, (.) is just a truncation at the origin of the measure A(.)
which integrates (1 A |e|)ecr and then (1 A |e|?)ecr. In the following lemma

we collect some results of the process "X,
Lemma 4.3.3 The process "X'* satisfies the following properties:

(i) For any p > 2, there exists a constant C' such that

E[sup\nxgﬂp} < O+ |zfP). (4.3.5)
s<T

(i1) For anyp>1andm>n>1,

P
2

E[fggyn){;w—mx;vﬂ?p} < c{/{ (1AM} (436)

1 1
ﬁ§|e|§g}

Proof: We prove only (4.3.6) as (4.3.5) is classical. Let p > 1 and m > n. For

any s € [0,7], we have:

”Xf;z — mX;*‘ :/ (b(r, ”X,’fx) — b(r, me;’x))dr + / (o(r, ”X}fx) —o(r, mXﬁ’”))dBr
0 0
| e oy = Bl XI ) i de)
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Since |a+b+c|?P < 32~V (|a|? +[b|?P 4 |c|?P), for p > 1 and for any a, b ¢ € R,
then by the Cauchy-Schwarz and the Burkholder-Davis-Gundy inequalities we
have: Vn € [0,T],

nyt,r m Lx2p
E[ sup ‘XS - "Xy ‘ }
0<s<n

< 32(p 1 sup |/ nXt:c —b(T,mXﬁ’x)dTﬁp
0<s<77

+ sup ’/ ( nth)_ (7mXﬁ’m)dBr|2p
0<s<n

+ sup / / 1{| ‘> } ﬂ(e,mXﬁ’_x))ﬂm(dr,de)Fp}

0<s<n@

<c, {E[ /0 sup [b(r, "X — b(r, mxi@)\zpdﬂ

0<r<r

B :</0n sup |o(r,"X5) — o(r, mxjvx)Fdr)p}

0<r<r

+B[([" [ 18temxen) — e, Xt anlderar )]
B[ [ P

As bis Lipschitz w.r.t , then we have (for some constant ¢, which may depend

on p and change from line to line): V0 <n < T,

U U
E[/ sup |b(r,"XL") — b(r, mXﬁ’x)lzpdT] < CPE[/ sup |"X5" — mXﬁ’z‘deT}.
0

0<r<r 0 0<r<r

Besides using Jensen’inequality and the fact that o is Lipschitz w.r.t x, we get:

VO<n<T,

E[(/noiug o (7, "X2") _U(T,mXﬁ’z)\QdTY}
0 0<r<r

U 2
< cpE[/ sup |o(7,"XE") — o (7, "X 17| pdT}
0

0<r<r

< cpE[/n sup |"XL* — mXﬁ’x‘deT]
0

0<r<r
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Finally as (3 verifies (4.2.4), then

B[( [ [ 16exi) = e mxim) Pantderir) |

U
< CPE[(/ sup |"XELT —"XL
0

0<7<r

P
QdT/(m\e\)?An(de)dT) }
E
K nyt,r my-t,x | 2P
< cpE[/ dr sup ‘ Xt =X ‘ }

0 0<r<r
The last inequality stems from the fact that A\, (.) is A(.) truncated and this
latter integrates (1 A |e|*)ecp. Plug now those three last inequalities in the
previous one to obtain: V0 <n < T,

B[ sup X4 —mxte|]
0<s<n

< CPIE[/7 sup |mxte —mxte|Pgr 4 (/ (1A 16\2)A(de))p]
0 0<r<r (L<lel<t}

Finally, using Gronwall’s inequality we obtain: For any n € [0, 7],

E[ sup Xt - x| < c(/ (1Al . (437)
O<s<n {L<lel<i}
Then taking n = T, we obtain the desired result.
Now, let us consider the following obliquely RBSDEs with jumps (similar
as RBSDEs (4.3.1)):

for any ¢ € Z and s € [0,7],
'nyi,t,:r} c 52 nzi,t,a: c fHQ,d nvi,t,:r: c 7_[2(£2()\n)) and nKi,t,a: c ./42'
PN = h("XET) + T X (Y e, 20 dr

R g [(Tagitrgp, [T R () iy (dr de);

n}/si,tw > %%E(n}/vsj,t,w . gij(s))§
J

foT(ani,t,m _ jggﬁ(%j,t,m _ gij(S)))dnKé’t’x -0

(4.3.8)

First, note that this latter RBSDESs is related to the filtration Ftm := (FI'")i<p
generated by the Brownian motion B and the independent random measure

. The filtration F#» is defined in the same way as F in the beginning of this

119



4.3. Systems of Obliquely RBSDEs with Jumps: The Infinite Activity Case

section, except that one replaces p with py,. Next, under (H2), (H3) and (i)-
(v), thanks to Proposition 3.2 in [37], there exists a unique markovian solution
(yvbe nzite myute nphtey which solves (4.3.8). The following characteriza-

tion of "Y*%® as a Snell envelope holds true: Vs < T,
W~ esssupe B[ [ Fr X0 (VI ez, "0+ B X)L oy
S

+ max ("Y1 — gij(T))l{T<T}}]:s] (4.3.9)
JjEL

Next there exist unique deterministic continuous functions ("u’);cz, defined on

[0, 7] x R* and of polynomial growth such that:
Vs € [t,T], "Y20® ="l (s,"X %), P—a.s. (4.3.10)
and

() = Ly ("l (5, "X HB(XE, €)) - (s, "X 1)),

ds ® dP ® dA\, on [0,T] x Q x E. (4.3.11)

Finally note that, as in Step 1, the functions u*", i € Z, are bounded uniformly
w.r.t n.

Step 3: Switching representation of "Y%H®

In this step, we aim at representing "Y»%* as the value of an optimal switch-
ing problem. Indeed, let Ft» := (F/'");<p be the filtration generated by
the Brownian motion B and the independent random measure u,. Next let
0 := (0k, )k>0 be an admissible strategy of switching, i.e., (6x)x>0 is an in-
creasing sequence of F/n-stopping times with values in [0, 7] such that P[) <
T,Vk > 0] = 0 and for any k > 0, o, is a random variable ]—"g‘k "-measurable with
values in Z. Next, with the admissible strategy 6 := (6k, o )r>0 is associated
a switching cost process (A%).<7 defined by:

AL =" oy yon (Ok) 1o, <) for s < T and A} = lim, AS. (4.3.12)
- s—
E>1

The process (Ag) s<7 is RCLL and non-decreasing. Now, for s < T, let us set

Ns 1= 0401{00}(3) + Zak1[9k§8<9k+1) which stands for the mode indicator of
k>1
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the system at time s. The process (7s)s<7 is in bijection with the strategy ¢.
Finally, for any fixed s < T and ¢ € Z, let us denote by ALF the following set

of admissible strategies:

Abbn = {5 = (O, ak) k>0 admissible strategy such that 6y = s, a9 =1

and E[(A3)%] < oo}

Now, let ¢ := (O, ag)r>0 € .Ai’“ " and let us define the triplet of FF»-progressively

o,t,x o,t,x ot,x
measurable processes ("Ps"", "Ng"", "Q"" ) s<1 as follows:

( "Po4e is RCLL and E[sup,<rp "PE2) < oo

E[f, "NV 2ds] + E[[] [5]"QY"" (€)[*An(de)ds] < oo;

PIT = RO (XT) + [ X (Y e, NPT dr — [ NP dB,

— [T [N (€)fin(dr, de) — AJ + A%, s < T,

(4.3.13)
where
h6(1:) = Z ha, (x)1[9k§T<9k+1] and
k>0
}.\6(87 €, (nYtski’I)kEIv Z) = Z fak (87 €, (nY:s]at,x)kEIv 2)1[9k§5<9k+1] : (4'3'14>
k>0

Those series contain only a finite many terms as ¢ is admissible and then
Pl#, < T,¥n > 0] = 0. Note that, in (4.3.13), the generators f‘s doe not
depend neither on "P%"® nor on "Q%* € H%(L%*(\,)). However it depends
on (”Yrk’t’w)kez which is already defined. Next, by a change of variable, the
existence of

("PotT — A% nNOLE mQtT) stems from the standard existence result of solu-
tions of BSDEs with jumps by Tang-Li [76] since its generator
J/”\‘S(s,”Xﬁ’w,(”}{gk’t’fc)keI, z) is Lipschitz w.r.t z and AJ is square integrable.
On the other hand let (”Xi’t’x,"Zi’t’m,"Mi’t’z,"ﬁi’t@)iez be the solution of the
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following system: Vi =1,...,m and s € [0,T],

nyite ¢ §2 nzite ¢ q2.d myite ¢ 42(£2(),)), and "KL € A

Y = B CXG) + [ T X (V) e, I — T
= [ T AB, — [ [V (e)fin(dr, de);

I s (Y3 1y (5);

Jo (457 = max (Y357 — g3 (5)) AR = 0,

\

(4.3.15)
whose solution exists and is unique. Therefore the link between the solution
of system (4.3.15) and optimal switching problems implies that (one can see

[44] for more details) :

YU = esssupse i ("POY — AD). (4.3.16)

s

But the processes (7Y b nzitr nyyite npcitay, - solution of (4.3.8) is also
a solution of (4.3.15), therefore by uniqueness of the solution of (4.3.15) one
deduces that

Y IET = YR = esssup ("POMT — AD) = ("PYMT — AT). (4.3.17)

JEAGH™

for some 0* € A5*". It means that §* is an optimal strategy of this switching
control problem.
Step 4: Uniform convergence of ("u!),>1, i€ Z.
We are going to show that for any i € Z, ("u'),>1 is a Cauchy sequence for the
uniform norm.
So let m > n > 1. Then we obviously have FF» C F#m. Next for any ¢ € 7
and s € [t,T] let us set:
F"™(s,w,2) 1= fi(s, "X, (VM )per, 2) V ils, "XET, (MY ) per, 2) and

HP™ = B ("X2") VR ("X ).

Now let us consider the solution, denoted by (»Y 4t nmzite nmyyite nmpite), -

of the obliquely reflected BSDEs with jumps associated with
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(F"™)iezs (9ij)ijez, (H;"™)icz) which exists and is unique (see Proposition

4.3.1) since

Vi€ L HP™ 2 max(Hj™ — gi(T)).
j#i

Note that this condition is satisfied since g;;, 7,j € Z, do not depend on z.
Next, let s € [t,T] and ¢ := (O, ok )k>0 a strategy of AP Tet us define the
triplet of F#m-progressively measurable processes

(n,mpfvt@’ n,me,t,lB’ n,ngvt@)TST as follows:

nmpdtd js RCLL and E[sup,<p mp2tTI2) < oo

E[fy "N Pdr] + E[fy [ QY (€)PAm (de)dr] < oo;

n,mP_f_s,tJ? — Hgb’m + fTT F(sn’m(’l”, n’me’t’x)dT‘ _ fTT n’mNS’t7der (4.3.18)

f J5"mQ é’t’m (€)fim (dr, de)

—A‘ST—I—Ai, T<T,

where, as in (4.3.14),

Hg’m : ZHak 1, <7<6,,,] and F Zan T,z 1[9k§1"<9k+1]'
k>0 k=0
(4.3.19)

Next as in (4.3.16), we have:

P = esssups g (VPO — ADSE) = (MTPIAT  43%) (43.20)

where § belongs to AbHm

and depends on n,m which we omit as there is
no possible confusion (& is the optimal strategy for the underlying switching
problem). Next recall that ("Y't nzbte nyite ngite), o is a solution of the

following system of obliquely RBSDEs with jumps: Vi € Z and s € [0, 7],
Vn}/si,t,z — hl(nX?[lm) + fST ]?Z'(T, nX}E,I, (ny;’k,t,x)kez, an,i”tx)dr

+nKi,t,x o nKi,tw’C o fT nZTijtyder o fsT fE n‘/;ﬂi7t’x(€)ﬂn(d7“, de);
Yy BT S max (y b — 9ii(s));

jET

foT(anZ,t,m o jiggﬁ(%j,t7x _ gij(S)))dnK;’t’x —0.

(4.3.21)
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But [Ln — ﬂml{\dZ%} and ]Fun C ]Fum, then (TLYi,t,CE’ nZi’t7$, nVi,t7$1{|e|Z%}’ nKi’t7x)i€Z
is a solution of the following system of obliquely RBSDEs with jumps: Vi =
1,...,m and s € [0, T,

(nygi,t,z _ hz (nX;:x) + fST ﬁ(?’, nXﬁ,x, (”YT’k’t7x)k€I7 nZTz;,t,x)dT

RGN = MK — T2 By — [ [ (€)1 s 1y i (dr, de);
W > max (VP — gij(s));

jeT—i
Jiy = mae (VP — gy ()K= 0.
(4.3.22)
Therefore we have also:
YT = esssupg i ("PONT — ADBT), (4.3.23)

where ("P%t® "NOLT mQ%tTY g the solution of the BSDE similar to that one
satisfied by ("P%H® "NOLE nQOtT) in (3.3.6) but in the stochastic basis (FH™ | pi,,, )
since the strategy & belongs to A“*m. Next by the comparison result (see
Proposition 4.2 in [45]), between the solutions "Y' %%% and ™™y 442  and ™yt
and ™™Y5% (this is possible since: (i) the generators of the systems do not de-
pend on the jump parts; (ii) the corresponding generators and terminal values

are comparable), one deduces that: For any ¢ € Z,
nyi,t,x < n,myi,t,:zf and myi,t,a: < n,myi,t,:c
S — S S — S °

This combined with (4.3.17) and (4.3.23), leads to:

npf,t,z_Ag,t,x < ani,t,x < n,mpg_Ag,t,x and mP‘f_Ag,t,x < mYSi,t,:r < n,mP;S_Ag,t,m’

which implies:

i i 5 Do 5 5
"yt — my it < [mpS _ n3| 4 [rmpS — mpd). (43.24

Since both terms on the right-hand side of (4.3.24) are treated similarly, we

focus only on the first one. Applying It6’s formula with eaT\”’mPf b _np? 0|2
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and a € R, yields: V7 < T,

_ _ T - - _ s

ea7|n,mP7z_5 . np7z_5’2 + / ear|n,mN;5 _ nN;S|2dT, + ZT<'I’ST 6&7"Ar(n,mp5 _ np6)2
_ _ _ T _ o

— T (X VRSO X < WX~ [ e rpE e

T

T _ _ _ _
w2 [ BT < BE) s (e (YR g, )

V .]?6(7"7 nXﬁ’x, (ny;«k’t7x)kez7 n,mer?) N ‘]?-\6(74, nX-;t‘,x7 (nY;k’t’x)kelﬁ nNé)

r

dr

—

T _ . i} .
—2 [ Rl N )a,

T _ _ _ _
- 0T (T 6 _ mpd n,m0 e _n‘&e ~ e.dr).
2 / /E (P3PS ) Q3 (¢) — "GP (e)) im(de, dr)

Next, taking expectation and using the inequality |zVy—y| < |z—y| (z,y € R)
to obtain: V7 € [0, 77,

_ o T - = _ .
E |:eo¢'r’n,mp7(_5 _ nP;—;’Q + / ear|n,mN£ _ nNmsz + ET<T§T eoerr(n,mpé _ nP5)2
T

_ _ T _ _
< B[e T WX —a [ e pnpd - nE R

i

T L _ ,

w2 [ el ) (| X, (Y g, D)
i

= PP (r, X, (Y e, ")

P X (V) e, VD) = PP XA (Y e, NG |

E”v;:i(r)

(4.3.25)
Now as (¥, z) — fg(t, x, 7, z) is Lipschitz uniformly w.r.t. (¢,x) then (for some

constant k1 which may change from line to line):

P2, "X (Y ez, N )= PP (r, "X (Y ez, 'ND )| < R[N =" .
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On the other hand, by (4.3.2), we have:

S0 ()| < | (Y e — (Ve

T

F 1P, X, (YT g, NS — (1, XS, (Y g, N

< |("YE ez — (YE ezl £ 3D @e(|MXET - X)),
f=1,m

(4.3.26)
Therefore we get from (4.3.25) and (4.3.26) : V7 < T,

_ - T - = _ _
E [6on-|n,mp7(_5 - nP7(_5|2 + / ear|n,mN;5 o nN3|2dT + ZT<TST 6arAT(n,mP6 o nP(S)Z}

T

- - T I

< T[N (" XGT) = (X + (—a+ 2+ 46DE| / e [1mpY — Pl Py |
T 1 T - e

4 B[ [ ey E e = Y EerlPar] + 3B [ eonrnnd - ]

T
E[/ ea'r| Z (I)Z(|mX:,z_nXﬁ,a:

/=1,m

[N

+

)|2dr]

[N

Take now o = ag = 2 + 47 to deduce that for any 7 < T,

E |:ea07'|n,mpg _ np5|2:|
T T
_ _ 1 T
< S E(X) — WOXGO) + B[ [ eI e = (V)P +

.
1 T
B[ e 3 et - i ar].
T l=1m

In the same way as presley we have also for any 7 < T,

E |:ea07'|n,mpf _ mp§|2:|
_ T

x 5 n x ]‘ aor X €T
< TE(RX)  WOXG + B[ [ VI e — (VR er P +

T

1 T
+2E[/ eor 37 (XL X)) Py
T {=1m
(4.3.27)
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Next take 7 = s and using the inequality (4.3.24) to deduce that
’

_ _ T
< e TR ("XG) — 1 (X)) 2B [ 0| g — (Y erlPar]

E |:eo¢05|ny;7,,t,:c _ my;z,t,:c

T
+2E[/ cor| 3 <pg(|mxﬁvx—"xﬁ@\)12dr}.
s =1,m

S (t,a)(s) ( )
4.3.28

Next let us deal with E[[hg (MXLE) — hd (”X;I)P] Indeed

i=1m

As h; is uniformly continuous we denote by zo; its modulus of continuity and

then

LHCS ORI Hl ) DRI CaS ¢ )]
i=1m
Next by concavity of the modulus of continuity, Jensen’s inequality and the

estimate (4.3.6) it holds

B[RS (X5 ~ WX < Y wi(BlmXE X4

IN

i=1m
w; ((C 1A le|)A(de))? ,
S @i /{%Ki}( Alel2)A(de)) )

i=1m

and then

lim sup E[]hg(th’m) — hg(nXt@)H =0.
MO0 (4 1) e[0,T]xRE T T

n,m
Fh

But as h(.) is bounded then for any p > 1

lim sup  E[RO(MXET) — BO("XLT)|P] = 0.
M0 (¢ 1)e[0,T]xRF 4 4

Finally let us deal with the term X™"™(t,z) of inequality (4.3.28). Using the
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Cauchy-Schwarz inequality, we obtain:

St ) (s) = / Cewg[( 3 st - ) ar
)

{=1,m
T 1
§/ eaor{E[ Z (I)g(|mX:’x—nX7t,’m }QX
s /=1,m
18
{B[( X eumxte —mxte)) ]} rar
/=1,m
T !
< eaor{[ P,(F th,m_nXt,z }} %
_/S > P [sup "X el
{=1,m =
3 1
{B[( X @umxte —mxte)) |} ar
{=1m

where, for the last inequality, we have made use of Jensen’s and Cauchy-
Schwarz’s ones. Now it is enough to take into account of (4.3.6) and the fact

that the modulus of continuity is of linear growth to deduce that

lim sup sup sup X""M(t,x)(s) — 0 as n,m — oo.
n,m—00 (,2)€[0,T] xRE s€[t,T]

rem

f

Now go back to (4.3.28), take the sum over i € Z and make use of the Gronwall
inequality to deduce that: Vs € [t,T],

E[eaos Z ’n}/;i,t,:c o myzgi,t,:c‘Q] < C(4m€aoTFZ,m + 2m1—\?,m)

i=1m

Finally take s = t and the supremum over (¢,z) € [0,7] x R¥ in the previous
inequality to deduce that for any i € Z, the sequence (u*"),>¢ is uniformly
convergent in [0, 7] xR¥. Thus its limit %’ is a continuous and bounded function

on [0,T] x R,

Step 5: Convergence of the auxiliary processes

First, let us prove that (("Yszm) selt,T])n>1 is a Cauchy sequence in S[2t,T} which
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is S? reduced to [t,T]. For n,m > 1 we have:

E[ sup }nysi,t,w . mysi,t,x‘Q] — E[ sup |nui(8’nX§,x) o mui(S’th,:v)f}

s
t<s<T t<s<T

< QE[ sup ‘nui(s7 nX;S,x) o muz'(s’ nX§7x) ’2]
t<s<T

4 2E[ sup ‘mui(s, nX;f,z) . mui(s, mX;fvx)}Q].
t<s<T

(4.3.29)
Besides
E[ sup {"ui(s,”Xﬁ’m) —mui(s,"Xﬁ’m)‘Q] (4.3.30)
t<s<T
< |t =P = sup "’ (t, x) — ™' (t, )|* — 0 as n,m — oo.

(t,z)€[0,T]xR*
As for the second term, we use the inequality |a+ b+ c|? < 3{|a|? +[b|> + |c|?|}
to obtain :
E[ sup ‘mui<s’ an,:c) o mui(s’ mX?x) ‘2]
t<s<T

< BE[ sup ‘mui(s,"Xz’x) — ui(s,”Xz’x)}2 + sup ‘ai(s,”Xz’x) — ai(s,mX;:’xH
t<s<T t<s<T

ai(& sz,x) o mui(s’ sz,z) |2:| .

2

+ sup
t<s<T

By the uniform convergence of (u*"),>o to !, the first term and the third
one converge to 0 as m — oo. Next let us focus on the second one. So let
p > 0 and let us denote by wf,(.) the concave modulus of continuity of @' on
[0, 7] x B(0, p). Then by the boundedness of ¢, we have,
E[ sup ]ai(s,ng»l’) - ai(s,"ng“’)P]

t<s<T

<c{g| sup, {[(s,"X1%) — (s, X 1) )]

+ "X} < p} t<s<T

1{sup{|mX§’a"
s<T

.1 myt,xr\ i nyt,x
+E (Lt pcee]) > 208, {19080 = s ") ]
s<T o

< C{E ~ 1 7th,:E Mt ’nXt,x 1
< OE[ s, {86 ™) = (" XD up i) + ey > py ]
- - s<T
E % th,.t _ nXt,:c 1 }
B[ sup {wp("T = XD qup it 1 ity < )]
- = s<T
(4.3.31)
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But Markov’s inequality implies that the first term is dominated by C,p~1,

where C, is an appropriate constant which may depend on z, since @’ is
bounded and E[supSST{|mX§’x| + ["X5"[}] < C(1 + |z|). On the other hand,
the second one verifies

E % th,az _ nXt,m 1
[t;lgT s Dy {Sgg{!mXﬁ’x! + "X} < p}}
S

<E i th,:v o nXtJ 1
< Bl s, 167 =0 D  up e + i) < )
SS

—E 7 ( th,m o nXt,z %1 )
ool 22, T Lt e <))
S

< Wt <E th,:c _ nXt,x x 1 )
= pEL 2 P Lt ot < )
s_

The last inequality stems from concavity of wf)(.) and Jensen’s inequality. Fi-

nally using (4.3.6) we deduce that

limsupE[ sup {wé(\mXEJ —nxhe

,M—00 t<s<T

1 =0.
Wisup e + oxeel) < o)
EAS

Now as p is arbitrary then going back to (4.3.31), take the superior limit w.r.t
m,n then the limit w.r.t p to deduce that

limsupE[ sup ‘ﬂi(S,sz’x) - ﬂi(sanXt’I)‘Q} =0.

s
n,Mm—00 t<s<T

Thus we have

lim supE[ sup |"Ysi’t’x — mYSi’tvx‘Q] =0

n,Mm—00 t<s<T
which means that for any i € Z, the sequence ("Y*'%),>q is convergent in
8[2t 1) and whose limit is (Y = i (s, Xﬁ’x))se[t,ﬂ after substracting a subse-

quence of ("X**),,>o which converges pointwise. The proof of the claim is now

terminated.

Now, we focus on the convergence of ("Z%%%),,~(. For this, we first estab-

lish a priori estimates, uniform on n of the processes ("Zh* "y tbe ngLba),
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i,t,T

Applying 1t6’s formula to |Ys"*|2, we obtain: Vs € [t,T] and i € Z,
T T
B[Vt + B [ rziePa] 4B [ [ ieoPde]
s s E

T
< B[] + 28] [ IR X (Y g, 200 ]

S
T . .
+2E[ / YRR .
S

Then by a linearization procedure of ﬁ-, which is possible since it is Lipschitz
w.r.t (i, z) and using the inequality 2ab < ea®+ %bQ, for any € > 0 and a,b € R,

we have:

T T
E| / "Z 2dr] + E| / / "V, (€) | A (de)dr]
s s E

T
< B[ (X)) + 28] [ (R 00+ 3 ity
S

l=1m

n bi,n‘nZ:,t,x|}dr} i %E[ sup |n}/;ztac|2] i e]E[(”K;t’x _ nK;,t,m)Q]’
t<s<T

where a'" € R, b € R? are P-measurable non-negative bounded processes.

Using again the inequality 2ab < va® + %b2, for v > 0, we also get:
E[ / "zt Pdr] + B[ / / "V (6) [P A (de)dr]
s s E

- 1 T o T
< E[|hi("X55) ] +VIE[/ 7Y, 2 dr ] +VE[/ {1 fi(r,"X5*,0,0,0)|

S

+ Z ai,l,n’ny;l,t,ﬂ+bi,n|nZ7z;,t,;p|}2dr]

I=1m

+ EE[ sup ‘nygi,t,x,Q] + 6E[(nK§it’$ o nK;',t,x)Q]'
€ Tt<s<T

From the boundedness of ﬁ(t, 7,0,0) and h;(z), the inequality |a + b+ c|? <
3{|a]® + |b]*> + |c|*} Va,b,c € R and finally the Cauchy-Schwarz one, we have:

T T
E[/ |”Zf}”|2dr} —HE[/ / \"W’t"”(e)\Z)\n(de)dr]
s s E

T T
<C? +3vC*(T —s) + iIE[/ Y0 2 dr] + 3VCE[/ > Pdr]

I=1,m

T . .
+ 3vCE| / "Z10 2dr] + %E[ sup [YI2] 4 B[ (EET - K,
S

t<s<T

131



4.3. Systems of Obliquely RBSDEs with Jumps: The Infinite Activity Case

for a suitable positive constant C. Choose now v such that 3vC' < 1 and taking

the summation over all 7 € Z, we obtain:

r Lt r ny 7i,t,x
3 (]E[/S nzi |2dr]+IE[/S /E| Vi () PAn(de)dr] )

i=1m

< C(l + > E[ sup I"Ysi’t’ﬂ?]) +e Y E[("Kp — "R,

i=1,m  t=s=T i=1,m

where C = C(T,m,v,e) > 0 is an appropriate constant independent of n.

Through the convergence of ("Y5%),, in S[t 1), we have [supscser Y2 <

C and then we get:

T it T ny it
S (B[ rzitepa) <[ [ viteepaear))

i=1,m s

<Ce Y E[("Ky" - "KH)).

i=1m

Now, from the equality:

nyHLthT  npsite _ nysit,e n tﬂC n tm k,t,x nrzi,t,x
e e N . ¢ /fz X0t (Y ker, "2  )dr

+/ nzi,t,deT+/ /nW’t’x(e)ﬂn(dT,de),
s s E
(4.3.32)

and, once again, by a linearization procedure of the Lipschitz function ﬁ-, the
boundedness of ﬁ(t,:n, 0,0) and h;(x) and finally the use of the Burkholder-

Davis-Gundy inequality, there exists a positive constant C’ such that

Z E[(nKriﬁm . nK;',t,x)2]

i=1m

T
< C”(l—i— Z IE[ sup ]"YZ”P] + Z E[/ |"Zﬁ’t’x\2dr]

im1,m  t=s=T i—1,m

+i§mE[/sT/E‘nW7t7x(e>‘2An(de)dT]>
§0/< Zl: /S "ZEhRPdr]) + E/ /"V”fv N2 A (de)dr])

1=1,m
Combining this last estimate with (4.3.32) and choosing e small enough since
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it is arbitrary, we obtain a constant C' independent of n such that

T . . T . _
Z E[/ "z 2 dr 4 ("KZTM — ”K;’t’$)2 —I—/ / |”W’t’x(e)|2/\n(de)dr] <C.
s s E

i=1,m

(4.3.33)

Now, for any n, m > 1, it follows from It6’s formula that:
T
E[/ |nzi,t,r o men’t’deT’]
s
T Lt T 2
B[ [ PV gy VL g g PN
T . .
< F [‘hz(nX%I) - hz(mXélx)’2:| + QE[/ (ny;l,t,z’ _ mYTl,t,z) >
s
ﬁ(,r’ nXﬁ,x’ (nyrk,t,x)kel, nZi,t,x) . ﬁ(T, mXﬁ,x’ (mYTk,t,m)keI’ mZTz;,t,:p) }d’l“}

T
B[ [ (W ) (@R - ).

By Cauchy-Schwarz inequality and by using the inequality 2ab < %aQ +nb? for

n > 0, we obtain:

T
E [/ |nzi,t,r _ mzi,t,z|2dr]
s

T
SB[ [ V1 gy =V 01 g PN

< E[\hi(nX;x) - hi(mXégI)|2} n 2\/E[ sup [V — mysi,t,x|2} o

t<s<T

[

T 1
(B [ 1Rt vy e, 200 - Fir X0 (Y e, ]}

+ —E[ sup |Vt — myswﬂ + nIE[(”KéLt’” + mK;fvl“)ﬂ. (4.3.34)
N Li<s<T
But there exists a constant C' > 0 (independent of n and m) such that, for all

n,m > 1,

T
E [/ }fi(ra nXﬁ,x’ (rzy;k,t,x)kezj nZ;:,t,:L‘) . fi(ﬁ mAX*ﬁ,:z:7 (rrerk:,t,x)kel_7 mZ;,t,x) |2d7'] < C.
S
(4.3.35)
Besides, as h; is uniformly continuous, we denote by w; its modulus of conti-

nuity and then we obtain:

E[|i("X5") — hi("XAE) ] < B fun (XL — X5,
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From concavity of w;(.), Jensen’inequality and (4.3.6), we get:
B (| ("X7") = hi("Xg")[] < wi(B["Xp" = "X77])

<wi(\/O i1 query (LA ePIAGe)).

Since h; is bounded then,

lim sup  E[h("X5T) — hi(MX5T)|] = 0. (4.3.36)

IO (¢ 1) €[0,T) X RE
Then taking the limit w.r.t n,m in (4.3.34) and taking into account of (4.3.33)

2

it We deduce that: we deduce that:

and the convergence of Y% in S

T
lim sup {E [/ ‘anJt,x _ men’t’I|2d7"]
n,m—00 t
T . .
B[ [ [ PV sy — VIO 1y PAEN]} < 0 C.
t JE -n -m
(4.3.37)
As 7 is arbitrary then ("Z%%%), and ("W%%?), are Cauchy sequences in the
complete spaces H>? and H2(L2()\)) respectively. Then there exist processes
Z05% and Vih® | respectively P-measurable and P-measurable such that the
sequences ("Z54%),, and ("WVHh?),, converge respectively toward Z5%* and Vih®

in #>% and H2(L2(N)).

Now, going back to (4.3.9) and taking the limit w.r.t. n, we obtain: for any
i€Zand s e [t,T),

Vit — essupes B[ [ X0 (7 ez, 220 + (X oy
S

+ max (V27— gi (1) Lrey | Fo).

Therefore, there exist processes (Z%h% Vite Kbty r e {24 x HZ(L2(N)) x
A? such that: for any i € T and s € [t,T],
(VT = ha(XP5) 4[] Folr, X207, (VY e, 2700 )dr + K" — K

— fsT Zf;’t’der — fsT fE W’t’x(e)ﬂ(dr, de);

Yol > max (VI — gi(s));

JEL !
foT(Ysl,t,x . jig%z{i(yg,t,x N gij(s)))dK;’t’z —0.

(4.3.38)
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Now, applying It&’s formula with [Y5" — V24712 vields: Vs € [t, T,
E[’nysi,t,x B Ysi,t,m|2 + fST ’anft’x _ qu;’t’x|2d7“
T ny 4,t,T Cri,t,x |2
< E[|hi("XET) — hi(XED) 2] + 2B] [T (7P — vy x
{Filr, "X 0" (V) e, 200 ) = filr, X027, (V9 ez, Z00) Ydr ]
+ 2E[IST(%1',1‘,,:U _ Y‘;ﬂi,t,x)d(nKi,t,x o sz;,t,:p)] )

Next, the same procedure as the one which leads to (4.3.37) can be used here

to deduce that:

E[fT |nzi7t7x o Zi,t7$‘2dr + j‘T f ’nvi,tJl - Vi,t,x,Q)\(de)dr] v 0as n — 00
t r r t JEl T {lel=} r :

This implies that the sequences ("Z%"%),, and ("V%%?),, converge toward Zit

and V¥ in H>4 and HZ(L2()\)) respectively. Therefore, by uniqueness of
limits we deduce that for any s € [¢,T] and i € Z,
Zé,t,a: _ ng,t,cc and f);i,t,a: _ f/si,t,x‘
Then (Y5H®, Z0b®, yite, Ki’t’x)iez verify: for any s € [t,T] and i € Z,
Ysi,t,:c _ hZ(X;x) + fST .]/C;(T, Xﬁ,x’ (Ek,t,:c)kEI’ Zv;i’t’x)dT + f{%t,a} o f{;,t,z
— [T ZiaB, — [T [V (e)i(dr, de);
VI > ma (V7 — gij(s));

JE

Jo 0 - a%?i(ysj’t’x — gij(s)))dKEH = 0.

It means that the quadruples of processes ((Yho Zibte yite [ihr)), 7 is a
solution of system (4.3.1) in [t,7]. But the solution of this latter is unique,

therefore we have:
(sz,t,x7 Zz,t,m’ Vz,t,x’ Kz,t,x)iel_ — (sz,t,ac7 Zz,t,x’ Vz,t,:r’ Kz’t’m)iel'-

Then for any i € T, @' = u’.

Now, let us consider a subsequence which be denote by {ny} such that

]"k%i’t’xl{‘elzé} — V2 0, ds@ AP —ace. on [t,T] x E x Q.
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Besides, the process "% has a representation in terms of "u’ (see (4.3.11))
and ("u?),>o converges uniformly to u’. Then, if (x,), is a sequence of R¥
which converges to z, then ™' (¢, z,,) converges to u’(t, ). Next, let us consider

a subsequence which we denote by {nj;} such that

n t,x t,x |2 n tx t,r|2
X E X2 < sup XD — XEP2 0, P — a.s.
s<T

As the mapping x — [(x,e) is Lipschitz then the sequence
("’“’l‘/;i’t’x(e)1{|e|2é})nk21
— ((nk,zui(s’nk,lX;fc + IB('Ilk,leit’ 6)) _ nk’lui(s,nk’lef))1{|e|2$})nk,l21 —ny
u'(s, X;fe + ﬂ(X:’_x, e)) — ui(s,Xz’_gc), ds @ dP ® d\ —a.e. on [t,T] x Q X E.
Therefore, we deduce that:
Vit (e) = ui(s,X;fC—i—B(X;’f,e))—ui(s,X;fv), ds@dPRdA\—a.e. on [t, T|xQxE,
(4.3.39)
which is the desired result. [
We are now in position to show existence of a solution for system (4.2.12)

in the case when A(.) is not finite and integrates (1A |e|)ccr. For that, we need

to assume additionally the following hypotheses on the functions (f;);ez and
(hi)iez.
(H8) For any i € {1,...,m},

(a) For any ®, a bounded continuous function from [0, 7] x R¥ to R, the
function f;(t,z, 7, z, ®(t,)) is continuous in (¢,x,%,2). Moreover
there exists a continuous concave function ¥;, from R* into R, such
that ¥;(0) = 0 and

|fi(t, .9, 2, ®(t,2)) = filt,a', 7, 2, ®(t, 2"))| < Wi(|lz—a']). (4.3.40)

(b) The function h; is uniformly continuous.

Remark 4.3.4 Note that in Assumption (H8)-(b), the function ¥, can de-

pend on the function ®. This assumption is satisfied if, e.qg., for any i € T,

f_.i(tvxa ga 2, Q) = gi(taxa Zja z,qcp(w)) where gi(t7$7g7 2y C) is Lipschitz in (.’B, gﬂ 2, C)

uniformly in t and p(z) is a continuous function such that lim|_, p(z) = 0.
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Theorem 4.3.5 Assume that the functions:
(i) (f:)iez verify (H1)-iii),iv) and (HS)-(a).
(ii) (h;)iez verify (H2) and (H8)-(b).

(iii) (gij)ijez verify (H3).

() (fi(t,z,0,0,0))icz and (h;)iez are bounded.

(v) (vi)iez verify (H1)-(v).
Then the system (4.2.12) has a solution (Y44® Zutz yite KiL2). 7 More-
over there exist bounded continuous functions (u');cz such that for any i € T,
(t,x) € [0,T] x R¥,
YO =4t (s, X1%), Vs € [t, T).

Proof: The proof follows the same steps as in the proof of Proposition 3.2
in [37], except that in our framework we should take into account of the non-
boundedness of A(.). This difficulty is tackled in using the fact that for any
i €Z, [vi(z,e)| < c(1Ale]) and [L(1 A |e])A(de) < oo as well.
Step 1: The iterative construction

Let us consider ((Yimte zinte yinte printey, ) -, the sequence of

processes defined recursively as follows:

(Yt ziOite yilite peiditey — (0 0,0,0) forallieZ andforn>1and s < T,

yinit® o SQ’ AL fHQ,d’ yinite o 942 (EQ()\))’ and Kimite ¢ _,42;
}/:gi’n;tﬂj = hl (X;:x) + fST ﬁ'('l‘, Xﬁ7x7 (}/trk7n;t’x)k‘€z-7 Zi?n;uw’ fE Wﬂl—l;t,m(e) %
WXL N de)dr + K — K4 [Tz,

— [T [, Vi () u(dr, de);

Y > max (V)7 — gy (9));

fOT(Y;i,n;t,ac _ jrg%}i(y;j,n;t,x N gij(S)))dKﬁ’”;t’x —0.

\

(4.3.41)
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Thanks to the result in [45], the system admits a unique solution. Indeed, the
generators E(...), i € Z, of the system do not depend on V»™%® noting that
Vin=lit® i5 already determined. Next, by an induction argument on n, there

exist a deterministic continuous bounded functions (u*™);cz such that for any

(t,x) € [0,T] x R* and any s € [t,T:
(a) Y&mhe .= yin(s, X") and

(b) V™% (e) = ub (s, XO"+B(X5", e))—ut (s, X7), ds@dP@d on [t, T]x
QOxFE.

(c) There exists a constant C' such that for any n > 0 and i € Z,

lut™(t,z)| < C, Y(t,z) € [0,T] x R,

Indeed, for n = 0, the property holds true with «*® = 0, i € Z. Suppose
that it is satisfied for some n. Then (Yéntlte zintlte yrintlite printliz)
verifies (we omit the dependence on ¢,z as there is no confusion): Vs € [t,T]
and i € 7,
Y'SLTLJFI = hl(X;x) + fsT ﬁ‘(T‘, Xﬁ’ﬂﬁ? (}/;“k’nJrl)kGIa Zﬁ’nJrl’ fE{uim(r’ Xﬁ’*z—{_
BIX)T €)= uh™(r, X)) (X707, €)Mde)dr + K™ — K
— [ zitaB, — [T [ Vit e)dr, de);

Y > max (Y2 — gii(s));
JEL

J;T(Y:qi,n—&-l . ]Ig%i (Y‘Sj,n-‘rl N gij(s)))ng’"H —0.

\

(4.3.42)

The generators of the system of reflected BSDEs (4.3.42) are given by: For
any ¢ € Z,

Fi(t,z,7,2) = fi(t,z,7, 2, fE{ui’”(t,az + B(z,€)) — ub(t, 2) }yi(z, e) A(de))

since the process X»* is RCLL and the functions u*", 8¢ and ~; are continuous
w.r.t. . On the other hand, note that the function (¢,z) — fE{ui’”(t,x +
B(x,e)) —ub"(t, ) }yi(x, e)A(de)) is continuous and bounded by the induction
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hypothesis.
Therefore:

i) As for any i € Z, Fy(t, x,ij, z) is continuous in (, 2, %, z) and by Assump-
tion (H8)-(a), it satisfies the condition (4.2.11) and assumptions (H1),(ii)-(iv),
then by Proposition 4.2 in [45], there exist deterministic continuous functions

of polynomial growth (u"*1);c7 such that for any i € Z and s € [t, T
Y;i,nJrl;t,x — ui,nJrl(S’Xé,x).

ii) Let (Y, Z) be the solution of the following standard BSDE: for any

s<T,

Y € 8%, 7 € H>,

Vo=C+ [[{C+mCUY, + C;|Z:| + 20, }dr — [ Z,dB,;
where: (a) Cji ; CF and C} are the maximum of the Lipschitz constants of the
functions fi(t,, ¥, z,q) w.r.t. 7, z and g respectively; (b) C is the constant of
boundedness which appears in (H6); (c)

6=C1C, [,(1Alel)A(de).

Therefore if for any i € Z and s € [t, T, [u"(s, X;")| < Y, then for any i € T
and s € [t,T], |[u®"1(s, Xt™)| < Y, (one can see [36], pp.12 for more details).
As the process Y is deterministic continuous, then it is bounded. Finally the
proof of the claim of point ¢) is proved by induction since it is satisfied for
n =0.

iii) The representation of the processes V" +1i4% stems from Proposition
4.3.2 since in using the assumption (H8) and the induction hypothesis for n,
the functions (F});ez, (hi)iez and (gij): jez fulfill the requirements of Theorem
(4.3.2).

It follows that points (a), (b) and (c) above are valid for n + 1 and then

they hold true for any n > 0.

Remark 4.3.6 For s e [0,t], X" =z and Yti’”;t’x = ub"(t,x), therefore in

considering the declination of system (4.3.41) on the time interval [0, t], we can
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easily show by induction that Zé’"l[sgt] =0, ds®dP — a.e and Vsi’n(e)l[sgt] =

0, ds ®@ dP ® d\ — a.e. since the data are continuous and deterministic.

Step 2: Convergence of (u'?),

Following similar steps as in the proof of Proposition 3.2 in [37] (pp. 10), we

obtain for some ag > 0: Vn,q > 1,s € [t,T],

E |:€aos|(YSk,n;t,x)k€I o (Y;i,q;t,x)keIP

< CE[ [T e ( [y Sy HVE" 57 () = VI () A (X0, €) A (de)) ar .
Taking s =t and considering (4.3)-(a)-(b), we obtain : Vi € Z,

" (t, ) — uti(t, x))?
< mE{ftT e@0(r=1) ( fE Zk:l,m [{uFm=1(r, Xﬁ’_x + ﬁ(Xi’_x, e)) — ukn=1(r, X;f_x)
— (WP X BIXET ) — uB T, X)) I (X0 €) A (de) dr .

(4.3.43)

Now, let n > 0 and t € [T —n,T]. Then by (4.3.43), we get:

" (8, @) — ubi(t, @)
S HIE [ fj?_n €a0(r7t) ( fE Zkzl,m ’{ukmil (’I”, Xif + 6(Xi’f, 6)) - uk,nfl (7", Xﬁf)

. (uk,qfl(r’ Xi,_d? + B(Xﬁiv, 6)) _ uk,q—l(n Xﬁ’_x))},-yk(Xﬁ@, 6)’)\(d6))2d7{| .

Then if we set

o ooy = sup " (t, x) — ut(t, )],
(t,)e[T—n,T] xRk

Jui — i
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and since u>" is uniformly bounded, we have: For any ¢t € [T —n, 7] and i € T,
’uim(t? ‘T) - ui7q(t7 $)|2

< IQQE[I;LT) eao(r—t)(fE Z ]{uk’"_l(r, Xﬁ’_x + B(Xﬁfg, e)) — uk’”_l(r, X;’_x)
k=1,m

— (WP, X0T 4+ B(XIT ) — ut T (i X)) HA A ye\)x(de))zdr}

T ag(r— n 2
< kp fp_ dre®U {2 Y T [t — w oo} ( /E (1A e A(de))
k=1m
kg Y b — w2 fr drecot)

k=1,m
where ko is a constant which may change from line to line and since A(.)
integrates (1A le|)ecp. Now, let n be a constant such that f2m(e®7—1) = 3.
Note that 1 does not depend on the terminal conditions (h;);cz. Therefore we
deduce from the last inequality, in taking the supremum over (t,z), that for

any n,q > 1,

, , 3 . .
S i, < 5 ST a2,

i=1,m i=1,m
It means that the sequence ((u*™);ez)n>0 is uniformly convergent in [T —n, T x
R*. So for (t,z) € [T —n,T] x R¥, let us set u(t, ) = lim,, o0 u*™(t,2), i € T.
Note that (u’);ez are continuous bounded functions on [T — 7, T] x RF.

Next let t € [T — 2n,T — n]. From (4.3.43) we have:
lub™ (t, ) — ub9(t, x)|?
< mE[ ST oD (ST b o, X5+ BXDT e))
— P, XET) — (uP T (r, X0T 4+ B(X1T e))
T () Xﬁf))}’yk(Xﬁ’m, e)\)\(de))2dr]
BB J, €D ([ Yy {1 X7+ BX )
—uFn(, Xﬁf) — (P, X:Lw + B(X:f, e))

— uk’q_l(r, Xﬁ’f))}’yk(Xﬁ’x, e) \)\(de))2dr] .
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But the second term converges to 0 uniformly w.r.t (t,z) € [0,7] x R* (by the
result of Step 1). Now in arguing as previously and since 7 verifies Z—zm(eo‘(’” —
1) = % we deduce that for any i € Z,

lim sup ||ui’"—ui’q||oo7[T_2n,T_7,] := limsup sup " (¢, ) —ub(t, )| = 0.
n,q—00 n,q—00 (t,x)e[T—n,T)xRF

Then once more the sequence ((u");e7)n>0 is uniformly convergent in [T —
2n, T —n] x R¥. So for (t,z) € [T —2n,T —n] x R¥, let us set u'(t,z) =
lim,, 00 u*™(¢, ), i € Z. Note that (u’);ez are continuous bounded functions
on [T — 2n,T] x R* by concatenation. Now by applying repeatedly the same
reasoning on each time interval [T'—(j+1)n, T'—jn] of fixed length 1 and pasting
the solutions, we obtain the uniform convergence of ((u*™);ez)n in [0, T] x RE.
So for i € Z and (t,z) € [0,T] x R¥, let us set u!(t,x) = lim, 00 u"™(t,2),
i € Z. Note that (u');cz are continuous bounded functions on [0, 7] x RF.
Step 3: Convergence of (Ybimit:x Zintx yinitx ginitx)

In this step, we use the same techniques as in [37] (pp.17) to deduce the
existence of a processes
(Yite gite yite Ki6T) which belong to S x H>4 x H2(L2(N)) x A? such
that

E |: Sgg |Y;i,n:t,x N Y;i,t,z|2 + fOT |Z;7nit,$ o Z;;,t@’st
s<

+ f()T fE ’V;i,n:t,z(e) _ Vsi’t’z(e)|2)\(d8)d€ + sup |Ké,n:t,w _ K;‘,t,a:|2} 50 asn — oco.
s<T

Moreover,
(YU = hi(XE) + [ Filr, X0°, (Y ke, 057, [ Vi (e)7i( XP, €)A(de) ) dr
VLT it fST 7B, — fST s VPR (e)u(dr, de):;

Vit > ]Iél%zg(ﬂj’t’x — 9ij(s))-

k (4.3.44)

Similarly, as in [37] (pp. 20) we also have

foT(l/SLt,x . jIgIaz(i(}/sj:t,z _ gij(S)))dK;"t’x 0.
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Therefore (Yobe, Zbbe itz itey, - fulfils the third condition in (4.2.12),

which means that its is a solution of (4.2.12). The proof is completed. 0

As a by-product of Theorem 4.3.5, we obtain the following result:
Corollary 4.3.7 For anyi € T and (t,z) € [0,T] x R¥,

‘/;i7t’x(€) = 1{52t}ui(57 Xz:l‘_‘_ﬁ(X;f? 6)) - ui(87 Xﬁf)7

ds @ dP ®d\ on [0,T] x Q x E. (4.3.45)

4.4 The second main result: existence of the solution
for system of IPDEs

In this section, we study the existence of the viscosity solution of the IPDEs
system (4.1.3). The candidate to be the solution are the functions (u?);er
defined in Theorem 4.3.5 by which we represent (Y%"#);cz. So, firstly we
recall the notion of viscosity solution we deal with. This definition has been

already introduced in [37].

Definition 4.4.1 A family of deterministic continuous functions it := (u');ez
is a viscosity supersolution (resp. subsolution) of (4.1.3) if: Vi € Z,
a) u'(T,x) > (resp. <) hi(x), Vo € R¥ ;
b) ifp € CH2([0,T] x R¥) is such that (t,x) € [0,T) x R* a global minimum
(resp. maximum) point of u' — ¢

then

min {ui(t,w) — max (v (¢, 7) — gij(t,2)); —0wp(t, x) — Lo(t,z) — Kp(t, x)

JEL™*

— filt, z, (uk(t,x))k:h_,’m, (UTDx¢)(t,a:),Biui(t, ac))} > (resp. <) 0.

We say that @ := (u');er is a viscosity solution of (4.1.3) if it is both a super-

solution and subsolution of (4.1.3).

Remark 4.4.2 In our definition, we have Bju'(t,z) instead of Bip(t,x) in
the argument of f;, where ¢ is the test function. Indeed, Biu'(t,z) is well

defined since u' and 3 are bounded.
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We are now ready to state the second main result of this paper.
Let (Ybte zite yite KiL2). 7 be the solution of (4.2.12) and let (u');ez be
the bounded continuous functions such that for any (t,z) € [0,T] x R¥ i € T

and s € [t,T1,
}/si,t,:p — ui(S,Xz’m).

We then have:
Theorem 4.4.3 Assume that the functions:
(i) (fi)ier verify (H1)-ii),iv) and (HS8)-(a).
(i1) (h;)iez verify (H2) and (H8)-(c).
(iii) (9ij)ijez verify (HS).
(w) (fi(t,2,0,0,0))iez and (h;)ier are bounded.

(v) (vi)iez verify (H1)-(v).

Then the functions (u');ez is a viscosity solution of the system (4.1.3), accord-

ing to Definition 4.4.1.

Proof:

Let us consider the following system of reflected BSDEs with jumps and inter-

connected obstacles: Vs € [¢,T] and i € Z,

Xi,t,:c c SQ’Zi,t,x c rHQ,d’Xi,tﬂz e ’HQ(EQ()\)), and Ki,m e A2;
Yl = hy (X5 + [T filr, X0, (YR e, Z007 [ (X0 €)%
{ui(r, X1 + B(XP", €)) — 'l (r, X" )IA(de))dr + Kb — Kibe
— [ ziteap, — [T [, Vit (e)a(dr, de),

Y > max (Y4 — gij(s) and [/ (Y37 = max (Y4 — gij())dKL = 0.

(4.4.1)

Thanks to the result in [45], the system admits a unique solution (Y%, Z6% vite,

K*%);c7. In fact, the generators of the system (4.4.1) do not depend on V#4%,
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Next by Theorem 4.3.2 there exist deterministic bounded continuous functions

(u')sez, such that for any (t,z) € [0,7] x R,

Vs € [t,T], YL =u'(s, Xb").

In fact, for any ¢ € Z the function

(t, 2,7, 2) — filt, 2,7, 2, [ y(2, e){u'(t,z + B(z,e)) — u'(t,z) } A(de))

is continuous and by Assumption (H8)-(a), it satisfies the assumptions (HT7)-
(a) and (H1),iii)-iv).
Finally, using a result by Hamadéne-Zhao [45], we deduce that (u');ez is a

viscosity solution of the following system: For any (t,z) € [0,T] x R¥,

min{u’(t, ) — ma (W (t,x) — gi(1)); =0’ (t, x) — Lu'(t, ) — Ku'(t, )

. _ﬁ(tv Zz, (Hk(t’ x))kzl,,m,m) (UTDIEi)(tv x)v Biui(tv x))} =0;
u'(T', z) = hi(z),
(4.4.2)

Let us notice that, in this system (4.4.2), the last component of f; is Biu(t, )
and not B;u'(t,z). Now, recall that (Yh® zube yite Kby, - solves the
system (4.2.12) and by Corollary 4.3.7, we know that for any (t,z) € [0, T]xRF,
i€Zand s e [t,T),

Vitt(e) = ul(s, X1+ B(XL7,€)) —u'(s, X7), ds®@dP@dA on [t,T] x Q x E.

Plug this relation in the second term of the right-hand side of the second
equality of (4.2.12), we obtain that
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(Yide gibe Vibe [ty o verify: for any s € [t,T] and i € T,
(Yt = h(XE5) + [T Filr, X0%, (V) g, Z00°, [ 7(XE%, )
(W (r, X1 4 B(X1", €)) — ul(r, X")YA(de))dr + Kh™ — KM
— [zt aB, — [T [ Vi (e)iu(dr, de),

Yot > j?ggﬁ(ﬂt’mj — 9ij(5)),

fOT(Y:gi,t,x . jrg%z(i(ysji,x B gij(S)))dKé’t’x —0.

(4.4.3)

Then, by uniqueness of the solution of the system of reflected BSDEs (4.4.1),
we deduce that any s € [t,T] and i € Z, Yo% = Y5* . Then, for any i € T,
u’ = u'. Consequently, (u');cz is a viscosity solution of (4.1.3) in the sense of

Definition 4.4.1. O
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Systémes d’EDP et d’EDSR réfléchies a obstacles interconnectés et leurs liens avec les

problémes de switching optimal

Mots clés : Equations aux dérivées partielles, Equations différentielles stochastique rétrogrades,
Obstacles interconnectés, Switching optimal, Solution de viscosité, Processus de Lévy.

Résumé : La thése est composée de trois
parties. dans la premiére partie, nous nous
intéressons a I’étude du systeme d’équations
aux dérivées partielles (EDP) avec obstacles
interconnectés. Nous montrons 1’existence
d’une unique solution de viscosité qui est
continue et a croissance polynomiale, sans la
condition de monotonie sur le génerateur. Des
cas particuliers de ce systéeme d’EDP ne sont
rien d’autres que les systémes d’Hamilton
Jacobi Bellman associés a un probléme de
switching optimal. Dans la seconde partie, nous
considérons aussi un systéeme d’EDP avec
obstacles interconnectés mais associé a un
processus de diffusion avec sauts. En retirant la
condition de monotonie sur le générateur par
rapport a la composante de saut,

nous montrons que si la mesure de Lévy
associée au processus de poisson est finie, le
systéme d’EDP admet une unique solution de
viscosité. L’outil principal pour étudier le
systeme en question est de considérer le
systeme d’EDSRSs réfléchies avec sauts et a
obstacles interconnectés pour lequel on montre
I’existence d’une solution markovienne unique.
Dans la derniere partie, nous traitons le cas ou
la mesure n’est pas finie. Nous donnons des
conditions nécessaires et suffisantes assurant
I’existence d’une solution du systeme d’EDSRs
réfléchies avec sauts et a obstacles
interconnectés. Ainsi nous en déduisons une
représentation de Feynman-Kac ce qui donne
une solution du systéme d’EDP associé.

Systems of PDEs and reflected BSDEs with interconnected obstacles and related optimal

switching problems

Keywords: Partial differential equations, Backward stochastic differential equations, Interconnected
obstacles, Optimal switching, Viscosity solution, Lévy process.

Abstract: This thesis is divided into three
parts. In the first part, we study a system of
partial differential equations (PDES) with
interconnected obstacles for which we establish
a new existence and uniqueness result of
continuous viscosity solution. The novelty is that
we relax the so-called monotonicity condition on
the generator. In particular cases, this system of
PDEs is nothing else but the Hamilton Jacobi
Bellman one associated with the stochastic
optimal switching problem. In the second part,
we study a system of second order integral-
partial differential equations (IPDEs) with
interconnected obstacles with non-local terms,
related to an optimal switching problem with
jump-diffusion model. By getting rid of the
monotonicity condition on the generators with
respect to the jump component,

we construct a continuous viscosity solution
which is unique in the class of functions with
polynomial growth. In our study, the main tool
Is the associated system of reflected backward
stochastic differential equations (RBSDESs) with
jumps and interconnected obstacles for which
we show the existence of a unique Markovian
solution. At last, we prove existence of a
solution to a system of Markovian RBSDEs
with jumps and interconnected obstacles. Our
motivation is that we deal with the case when
the Lévy measure is not finite. In fact, under
appropriate assumptions and using a truncation
of the Lévy measure, we show that the system
of RBSDEs has a Markovian solution. Hence
the Feynman-Kac representation holds true and
provides a solution for the associated system of
IPDEs with interconnected obstacles.
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