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Résumé

Le probléme du transport optimal, initialement introduit par G. Monge en 1781 et redécou-
vert par L. Kantorovich en 1942, consiste a transformer une distribution de masse p en une
autre v avec le minimum de travail :

/ e(z,y) dy(z, y) — min,
Yy

ol la minimisation se fait parmi les couplages de u et v (plans de transport) et ¢(x,y) est le cotit
de transport d’une unité de masse de = a y. Dans cette these, on considere quelques problemes
variationnels impliquant un transport optimal. On est principalement motivé par le probleme
du barycentre de Wasserstein introduit par M. Agueh et G. Carlier en 2011 :

n
2 .
Z w Wy (i, v) — min,
i=1

ou v1,...,V, sont des mesures de probabilité, wq,...,w, sont des poids positifs, et W5 est la
distance de 2-Wasserstein entre mesures, définie par transport optimal. On traite les problemes
suivants :

¢ les barycentres par rapport a un coiit général de transport, leur existence et leur stabilité ;

e concentration et théoreme central limite pour les barycentres empiriques de Wasserstein
des mesures gaussiennes ;

e caractérisation, propriétés et théoreme central limite pour les barycentres de Wasserstein
pénalisés par I'entropie;

e le probleme de transport optimal, pénalisé en I’énergie de Dirichlet d’un plan de transport.

Une autre partie de la these est consacrée a ’analyse de la complexité de I'algorithme des
projections itératives de Bregman [ |. 1l s’agit d’une généralisation de I’algorithme bien
connu de Sinkhorn, qui nous permet de trouver une solution approximative du probléme de
transport optimal ainsi que du probleme du barycentre de Wasserstein.

Mots clés : transport optimal, espace de Wasserstein, barycentre de Wasserstein, moyenne
de Fréchet, théoréme central limite, espace de Sobolev, algorithme de Sinkhorn, projections
itératives de Bregman, complexité des algorithmes.



Abstract

Inside and around Wasserstein barycenters

The optimal transportation problem originally introduced by G. Monge in 1781 and rediscovered
by L. Kantorovich in 1942 consists in transformation of one mass distribution p to another v
with the minimal amount of work:

/C(x,y) dy(z,y) — min

over the couplings of y and v (transport plans), where ¢(x,y) is the cost of transportation of
unit mass from x to y. In this thesis, we consider some variational problems involving optimal
transport. We are mainly motivated by the Wasserstein barycenter problem introduced by
M. Agueh and G. Carlier in 2011:

n
2 .
> wiWs (i, v) — min,
1=1

where vy, ..., v, are probability measures, wy,...,w, are positive weights, and W5 is the 2-
Wasserstein distance between measures, defined via optimal transport. We deal with the follow-
ing problems:

e barycenters w.r.t. a general transportation cost, their existence and stability;

e concentration and central limit theorem for empirical Wasserstein barycenters of Gaussian
measures;

o characterization, properties, and central limit theorem for entropy-penalized Wasserstein
barycenters;

e optimal transportation problem, regularized with the Dirichlet energy of a transport plan.

Another part of the thesis is devoted to the complexity analysis of the iterative Bregman
projections algorithm | |. This is a generalization of the well-known Sinkhorn algorithm,
which allows us to find an approximate solution of the optimal transportation problem and the
Wasserstein barycenter problem as well.

Keywords: optimal transport, Wasserstein space, Wasserstein barycenter, Fréchet mean,
central limit theorem, Sobolev space, Sinkhorn algorithm, iterative Bregman projections, algo-
rithmic complexity.

Institut Camille Jordan, Université Claude Bernard Lyon 1, 43 boulevard du 11 novembre
1918, F-69622 Villeurbanne Cedex, France

Institute for Information Transmission Problems of RAS, Bolshoy Karetny per. 19, build. 1,
Moscow 127051, Russia
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Chapter 1

Introduction

1.1 Optimal transport

The optimal transportation theory can be dated back to G. Monge | |, while its modern
formulation is due to L. Kantorovich | ]. The central object is the optimal transportation
problem consisting in transformation of one mass distribution p to another v with the minimal
amount of work. Namely, given measures p and v of the same mass (e.g. equal to 1) we want
to minimize the total transportation cost of p to v. The cost is measured via a cost function
c(x,y) that gives the price to move unit mass from z to y. In the Kantorovich formulation, this
leads to the Monge—Kantorovich problem:

/ e(z,y) dy(z, y) — min,
Y

where the minimization is among measures v with marginals x4 and v (i.e. the couplings of © and
v). Of particular interest is the case where p and v are probability measures on the same metric
space (X, p) and ¢ := pP for some 1 < p < co. This leads to so-called p- Wasserstein distance':

1/p
Wy(p,v) = <inf{ PP (x,y)dvy(x,y) : v is a coupling of p and V}) :

XxX
The space P,(X) of probability measures on X with finite p-th moment endowed with W), is
called the p-Wasserstein space over X. An important property of the Wasserstein distance is
that it captures the geometry of the underlying space X. The Wasserstein metric — especially

of order 1 or 2 — is used in a wide range of areas, such as probability theory and statistics
[ : : : : |, stochastic processes, PDE, kinetic theory, and dynamical
systems [ : : : : |, image processing | : |, data analysis
and machine learning [ ; ; ; ; ]. In the same time, the

optimal transportation theory itself remains an active area of research | ; ; ;
; ; J
1.2 Variational problems involving Wasserstein distance

Now let us discuss some variational problems in the Wasserstein space considered in the current
study.

Wasserstein barycenters. In 2011 M. Agueh and G. Carlier introduced a “typical element”
of a family of probability measures i1, . . ., ttn, on the Euclidean space R?, called the 2- Wasserstein

! Although this is the common name for this object nowadays, it is quite questionable from the historical
point of view, and some authors suggest to use the name transportation or Kantorovich metric instead [ ].
Moreover, in the image processing community it is known as the earth mover’s distance (EMD) due to the seminal
work of Monge, which makes this question even more confusing | l.
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barycenter | |:

v* == argmin ZwiWQZ(,ui,l/), (1.1)
veP2(RY) ;4

where wy,...,w, are positive weights. This is a special case of the Fréchet mean in the 2-
Wasserstein space | ]. It turns out that the barycenter to some extent captures the shape
of the averaged measures p1, ..., i, (see Figure 1.1), which makes it favorable compared to the
linear averaging of measures. This brings a lot of attention to barycenters: there are attempts
to use it in the image processing | : |, data analysis [ ; ; ;
: ] etc. The works | : : ] generalize the concept of the Wasserstein

barycenter to the case of a probability distribution P on P,(X) and an exponent p > 1:

V' = argmm/Wp w,v) dP (). (1.2)

vEP,(X
This setting brings up the question of stability of the barycenter. In particular, in | ] the
authors consider a stochastic setting where measures pq, po, ... are drawn independently from

P, and define the empirical barycenters

Vp = argmin — Y W3 (u;,v). (1.3)
VG'PQ(Rd) Z 2

Under suitable assumptions on P the population barycenter v* is unique and v, converge to
it: Wa(vp,v*) — 0, ie. the law of large numbers (LLN) holds true. Having this LLN in
mind, it is natural to look for an asymptotic normality and a concentration of the empirical
barycenters around the population one, but this appears to be a much more subtle problems
(see [ ; | for some results in this direction). In this work, we deal with these questions
in two special cases: for barycenters of Gaussian measures and general Wasserstein barycenters
penalized with the entropy. Of note, this work naturally extends the Gaussian case to the case
of barycenters of positive semi-definite Hermitian operators.

Harmonic maps and regularized Monge-Kantorovich problem. Let A¥! be the k-

dimensional probability simplex. When we fix k points 1, ...,z in R? the barycenter map
k k
x(A) —argman)\ |z — zi]|? = Z)\ixi, Ae sttt
z€R? i i=1

is affine — in particular, it is harmonic. This is not the case anymore for a Fréchet mean in a
general metric space (i.e. for argmin,, Zle M\id(z, x;)?), so barycenters and harmonic extensions
are different, but related notions (both define a nonlinear interpolation in a metric space). The
latter are introduced in [ | in the following way: let @ C R™ be a domain with Lipschitz
boundary, (X, p) be a non-positively curved metric space; given f: 90 — X, its harmonic
extension is a minimizer of the Dirichlet energy

Dir(u /|Du )|? dzz,

among Sobolev maps u: {2 — X such that tru = f. Of course, one has to define the Sobolev
space H'(Q; X) and the “metric gradient” |Du(z)|. In [ ; ] H. Lavenant studies
harmonic maps valued in the 2-Wasserstein space. He defines the H!' Sobolev space of measure-
valued maps on 2 (and the corresponding Dirichlet energy) using an analogue of the Benamou-—
Brenier formula for absolutely continuous curves in the Wasserstein space proposed by [ ]
and shows that this definition is equivalent to the ones from | | and | ]

Another application of Sobolev spaces is using the Dirichlet energy as a penalization. Similar
approaches are of interest in applied mathematics, e.g. image and data processing [ ;
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Figure 1.1: Wasserstein barycenters of three images considered as probability measures on the
regular grid of size 60 x 50. One can see the change of the barycenter as the weights vary. The
intensity oscillations are discretization artefacts.

Fer+14; GNM14; V18], J. Louet in [Loul4] applies this to the optimal transport considering the
regularized Monge problem

/c(a:,T(m)) dp(x) +/||DT(m)||2d:c — min
Q Q

TeH (4R Ty p=v

with € P(Q) and v € P(R?). He also proposes a Kantorovich-like formulation in terms of
transport plans. The discrete version of this problem was also considered in [Fer-+14]. Instead,
here we will consider the Monge—Kantorovich problem penalized with the Dirichlet energy of a
coupling v between y and v (which can be viewed as a measure-valued map = +— 7, € P(R%)
due to the disintegration theorem) to ensure the smoothness of the optimal transport.

1.3 Iterative Bregman Projections

Now let us briefly recall the computational aspects of the optimal transport. If g and v are
discrete measures, then the Monge—-Kantorovich problem is an LP problem of special form:

n,m m n
inf Z Ci,in,j :XZ‘J' > 0, ZX’i7j = i, ZXi7j =Vjr, (1.4)
3,5=1 j=1 =1

where p1 = Y31 p1i0g,, v = 3 0L v6y;, and Cy ;= c(wi, y;). Thus, it can be numerically solved
by standard methods for LP problems, e.g. the simplex method. Moreover, one can show that
it can be written in the form of the minimum-cost flow problem, which also admits efficient
numerical solution [PC-+19].

M. Cuturi in 2013 [Cut13] proposed to add the entropic penalization A Ent(X) with a small
parameter A > 0 and showed that the resulting problem is equivalent to finding u € R’} , v € R



4 INTRODUCTION

such that for all ¢ and j

m C. . n C. .
;ui exp (— ;\j> vj = g, ;uiexp (— ;\J> v; = Vj.

This is the so-called matriz scaling problem, and one of the most famous methods for solving

it is the Sinkhorn algorithm? | ]. Tt consists in alternating scaling of rows and columns
o\ Nn,m

of a matrix X starting from X = <—%> . such that it satisfies the first and the second
20—

equation, respectively. | | proposed a generalization of the Sinkhorn algorithm called the

iterative Bregman projections method (IBP). This is a particular case of Dykstra’s algorithm

with Bregman divergences | |, which in the case of affine constraints consists in alternating

projections w.r.t. the Kullback-Leibler divergence.
It is well-known that the Sinkhorn algorithm for fixed A converges geometrically | ], but

the constant grows extremely fast as A — 0 and it makes this bound impractical for estimating
the complexity of an approximate solution of the Monge—Kantorovich problem. The seminal

work [ | shows that to obtain an e-solution X of the optimal transportation problem, i.e.
such that
n,m n,m
Z CijXi; < Z CijX;;+e, where X" is a solution of (1.4), (1.5)
t,j=1 ,j=1

one should run the Sinkhorn algorithm for O (bgiigm)> iterations. In this work, we provide the

improved bound O (logii’;m)) for IBP applied to some optimal transport problems.

1.4 Related works

1.4.1 Wasserstein barycenters

In the seminal paper | |, authors define barycenters of finitely many measures from the
2-Wasserstein space over RY, given by (1.1). They show the existence of a barycenter and its
uniqueness under the assumption that at least one of the measures p; is absolutely continuous
(Propositions 2.3 and 3.5). In the case d = 1 an explicit formula for barycenter is given via the
inverse cumulative distribution functions of the measures. If all u; are Gaussian, it is shown
that the barycenter is also Gaussian and satisfies some fixed-point equation (see Chapter 4 for
details). The authors also obtain an equivalent multimarginal formulation for the barycenter
problem:

/c(ml,...,xn)dfy(xl,...,xn) — min (1.6)
YEIL(p1 s i)
where II(p1, ..., iuy) is the set of probability measures with marginals 1, ..., t,, and

2
, l‘iERd

n n n
c(x1,...,oy) = min Zw,”xZ —z|]? = szszHQ — HZ WiT;
veR I i=1 i=1

(we assume w.l.o.g. that ;" ; w; = 1). If v* is a solution of the above problem, then (f,,)zv* is
a Wasserstein barycenter and vice versa, where fy,(z1,...,2,) = Y ;- w;z;. Finally, they show
the regularity of the barycenter: once one of the measures (say, 11) has a bounded density, then

(Theorem 5.1)
N 1
[ | zee < =5 llpallzee.
1

w

In | ] J. Bigot and T. Klein define for the first time the population barycenter in the
2-Wasserstein space over a compact set 2 C R? (recall formula (1.2)). They prove its existence
and uniqueness under the assumption that the distribution P is concentrated on the set of a.c.

2also known as the Sinkhorn-Knopp, RAS, or balancing algorithms
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measures. In the stochastic setting, they obtain the strong LLN for the empirical barycenters
vy, given by (1.3):
Wo(vp,v*) = 0 as.

The work | | addresses the 2-Wasserstein population barycenters on a compact Rie-
mannian manifold M. If P(P,.(M)) > 0, where Py.(M) is the set of probability measures
absolutely continuous w.r.t. the volume measure, then the barycenter of P exists and is unique
(Theorem 3.1). The authors prove a regularity result similar to | |: if the Ricci curvature
is bounded from below and P(P22(M)) > 0, then v* € PSI(M), where P2 (M) is the set of a.c.
probability measures with bounded densities (Theorem 6.1). Moreover, they obtain so-called
first and second order balance (Theorem 4.4), which is closely related to the characterization of
entropic-Wasserstein barycenters that we consider in Chapter 5.

In [ | T. Le Gouic and J.-M. Loubes consider a more general setting of the p-Wasserstein
space over an abstract Polish space X. They define the p-Wasserstein population barycenter
and show its existence. They also prove that the barycenters are stable w.r.t. the change of
the distribution: let W, be the p-Wasserstein distance between measures on Pp(X), v, =
bar(P,), and W,(P,, P) — 0; then, up to a subsequence, there is a barycenter v* of P such that
Wy (vn,v*) — 0 (Theorem 3). In particular, this result immediately implies the strong LLN.

In the note | ] M. Agueh and G. Carlier suggest an approach to obtain the central limit
theorem (CLT) for empirical 2-Wasserstein barycenters. In particular, they prove the CLT in the
one-dimensional case if P =" | w;d,, is a discrete distribution concentrated on the Gaussian
measures. It is worth noting that the idea of the proof relies on the differentiability of optimal
transportation maps, as in Chapter 4.

To the best of our knowledge, the most state-of-the-art result concerning the rates of conver-
gence of empirical 2-Wasserstein barycenters is obtained as a particular case of a more general
result by [ |. This work establishes fast rates of convergence for empirical barycenters
over a large class of geodesic spaces with curvature bounds in the sense of Alexandrov. For
the 2-Wasserstein space over a Hilbert space it shows that EWZ2(v,,v*) < %, under the as-
sumption of the strong convexity and smoothness of Brenier potentials between v* := bar(P)
and P-a.e. u (Corollary 16). This work extends and completes the results by | ]. The
latter paper provides the rates of convergence for empirical barycenters on a metric space either
under the assumptions on weak curvature constraint on the underlying space or for the case of a
nonnegatively curved space on which geodesics, emanating from a barycenter, can be extended.

J. Bigot, E. Cazelles, and N. Papadakis in [ | observed that when one discretizes con-
tinuous measures the corresponding (discrete) barycenter exhibits strong oscillations and pro-
posed to add a penalization to the Wasserstein variance functional to rule out such discretization
artefacts. They show the existence, uniqueness, and stability (in the sense of [ |) of the regu-
larized barycenters under suitable assumptions on the penalty functional (Section 3). Moreover,
for a compact domain, they obtain the rate of convergence of the empirical barycenters in terms
of Dudley’s integral and the metric entropy (Theorem 4.6).

Finally, it is worth mentioning that there are some other works dealing with the central
limit theorem for the Wasserstein distance, e.g. | ; |. However, the setting in these
works differs significantly from what is done in the present study. A result similar in spirit
to Theorem 4.5.4 is obtained in [ | for the case of the 2-Wasserstein space over the real
line. We refer to the recent monograph | | for more details on statistical problems in the
Wasserstein spaces including properties of empirical Wasserstein barycenters.

1.4.2 Sobolev spaces of measure-valued maps

There are several definitions of the Sobolev spaces of maps acting from 2 C R™ to some metric
space (X, p). N. Korevaar and R. Schoen in | ] define it using approximate Dirichlet energies:
u € WHP(Q; X) if there is C' < oo such that

limsup// B()pp(u(x)’u(y))dydeC

e—0 ep
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for all compactly embedded ' CC . Y. Reshetnyak in | ] gives another definition: u €
WHP(€; X) if there is a function g € LP(Q) such that for any L-Lipschitz function F: X — R it
holds that Fou € W1P(Q) and

|IV(F ou)|| < Lg a.e.in Q.

In | |, he showed that the two definitions are equivalent. Y. Brenier in | | proposes
a notion of Sobolev maps valued in the 2-Wasserstein space based on the Benamou—Brenier
formula. Namely, a map pu: Q — P2(R%) is Sobolev if there is a matrix field V satisfying (in a
weak sense) the continuity equation

Vau + Vga(Vi) =0

and such that [, [pal|V[?dp(z)dz < oco. In | |, H. Lavenant shows that in the 2-
Wasserstein space all the above definitions coincide (Theorems 3.17 and 3.24). He studies
harmonic maps valued in the Wasserstein space and their relations with convexity, geodesic
curves, and Wasserstein barycenters.

1.4.3 Numerical methods

As we already mentioned, M. Cuturi in | ] proposes to add the entropic penalty to the
discrete Monge—Kantorovich problem (1.4) with a general cost matrix C' and use the Sinkhorn
method for solving the resulting problem. According to [ |, the Sinkhorn iterations are

contractive in the Hilbert projective metric, which leads to the geometric convergence. Namely,
suppose for simplicity that all C;; € [0,1] and consider the Sinkhorn algorithms’ steps

t+1 . Ko' oL — Cu'™

u ™t , :
i v
(here by ¢ we denote the coordinate-wise division), with Kj;; = exp (— Cf\’j>, W o= 1 =
(1,...,1), % := 1. Then
=1
d(u’,u*) + d(v',v*) < . (d(ut,u*) + d(v',v%)),
-7

el/A_1

2
el/’\—i-l) ~ 1 — 4e~Y/* (Theorem 4).
If X is small (this is the case when we want to approximately solve the non-regularized problem

(1.4)), then this bound becomes impractical. In | ] J. Altschuler, J. Weed, and P. Rigollet
obtained the first polynomial upper bound on the number of Sinkhorn iterations needed to obtain

where (u*,v*) solve the matrix scaling problem and v := (

an e-approximate solution of (1.4): O (bg(ﬂ> (Theorem 3). The key idea is that once we get

e3
u and v such that ||diag(u)Kv — pl|j1 + ||diag(v)KTu — ¢||1 < ce we can obtain from them (by
Algorithm 2) a feasible transport plan X, which is an e-solution, i.e. satisfies (1.5). They also
proposed a greedy version of the Sinkhorn algorithm called Greenhorn.

To the best of our knowledge, the first algorithms for solving Wasserstein barycenter problem
(with fixed and non-fixed support) were proposed by M. Cuturi and A. Doucet in [ | based
on the accelerated Nesterov method. In this regard, it is worth mentioning the recent work
[ ] where J. Altschuler and E. Boix-Adsera prove that computing a Wasserstein barycenter
with non-fixed support is an NP-hard problem (essentially, it has the same complexity as solving
the equivalent multimarginal optimal transport).

The iterative Bregman projections method proposed in | | is a generalization of the
Sinkhorn algorithm that solves an entropy-penalized LP problem of the form

(c,z) + NEnt(z) — L&,
where Cq, . ..,C,, are convex subsets of R‘j_. In the case of affine constraints, the method consists
of alternating projections w.r.t. the Kullback—Leibler divergence, and in a general setting, this
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is nothing but Dykstra’s algorithm with Bregman divergences [ ]. The authors consider the
IBP application to the Wasserstein barycenters problem, the multimarginal optimal transport,
the partial and capacity constrained optimal transport, etc. The recent works [ ] and

[ | study the convergence of IBP for the multimarginal optimal transport. The first one
establishes a geometric convergence (but suffering from the same problem as in the case of the

Sinkhorn algorithm). The second one obtains the iteration complexity O (1052"> with the use of
the technique from our paper | |, where n is the size of the support of a marginal. We

independently obtained the last result in the current thesis.
There are also a lot of works applying gradient and second-order methods of convex op-
timization to various optimal transportation-related problems, e.g. | ; ; ;
; ; ; ; ; ; ]. For further reading, we refer to

the recent monograph | ] and theses [ ; ].

1.5 Main results

Transportation topology. First of all, we consider an abstract setting with a metric space
X and a continuous cost function c: X x X — Ry and define the transportation functional

J(p,v) = inf{/ c(z,y)dy(z,y) : v is a coupling of 1 and 1/} .
XxX

Imposing suitable assumptions on X and ¢ (a weak triangle inequality and a “consistency” of
¢ with the topology on X) we show that J inherits a lot of properties of the cost function ¢
and induces a topology 7, on P(X) with the basis of “balls” B/ (u) :== {v € P(X) : J(u,v) < r}
(thus, it can be considered as a generalization of the Wasserstein metric). Moreover, any set
E(p) ={v e P(X): J(u,v) < oo} endowed with 7, is a Polish space.

Fréchet barycenters. We define an average in P(X) w.r.t. J in the spirit of the Wasserstein
barycenter, which we call the regularized Fréchet barycenter: given a distribution P on P(X)
and a penalty G,

[ apg + G|

v* == argmin
veP(X)

We show that these barycenters exist and are stable w.r.t. P. Namely, let
J(P,Q) = inf{/J(,u, v)dI'(p,v) : I' is a coupling of P and Q} , P.QePX),

and J(P,,P) — 0. If v, is a barycenter of P,, then there is a subsequence converging to
some barycenter of P in the transportation topology. In particular, in the stochastic setting
mentioned above the law of large numbers holds true.

Wasserstein barycenters of Gaussian measures. In the case of the 2-Wasserstein space
over R% and a distribution concentrated on the Gaussian measures we prove the central limit
theorem and concentration results for empirical Wasserstein barycenters. It is known that in
this case the population and the empirical barycenters are also Gaussian, say v, = N(0, Q)
and v, = N(0,Q,) (w.l.o.g. we can assume they have zero-mean). We show the asymptotic
normality of their covariance matrices:

V(@ — Q.) % N (0,2),

and non-asymptotic bounds on ||@Q,, — Q.|| and Ws(v,, v.). Moreover, the results are obtained
in a bit more general setting of Bures—Wasserstein barycenters. For the case of a scale-location
family we also provide an example of slower than ﬁ rate of convergence.
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Entropic-Wasserstein barycenters. Consider a distribution P on the 2-Wasserstein space
over R% and define its entropy-regularized barycenter

v* == argmin [/ W2 (p,v) dP(u) + AEnt(v) | .
veP2(R9)

We prove existence and uniqueness of this object, and characterize it in terms of dual Kantorovich
potentials. Using this characterization, we study the properties of the entropic-Wasserstein
barycenters: moment bounds, a maximum principle, higher regularity, and stability. Moreover,
in the stochastic setting we obtain the central limit theorem in H? for empirical barycenters
under additional regularity assumptions on the measures.

Sobolev spaces and regularized Monge—Kantorovich problem. We consider the Sobolev
spaces WP of maps from an open domain Q C R™ to P,(R?) defined in the sense of Reshet-
nyak [ | and admitting an equivalent definition through the continuity equation as shown
by Lavenant [ |. We study the fine properties of these maps | |, namely, we show
the existence of precise representatives up to a small set. We also give two notions of conver-
gence in the Sobolev space of measure-valued functions. Finally, we apply this theory to the
Monge-Kantorovich problem regularized with the Dirichlet energy:

/ / e(z,y) d2 (y) dpu(e) + / | DA P da min
Q JRA Q

)
Ve EWLP: [ % dp(z)=v

where ~; is the precise representative of the map x +— v, € Pp(Rd) and show existence of a
solution under mild assumptions.

Complexity of Iterative Bregman Projections. For IBP method we suggest two different
strategies of projections: greedy and random. We provide a general scheme of the proof of com-
plexity bounds and apply it to two optimal transport-related problems: multimarginal optimal
transport and Fréchet barycenter, which in both cases gives the iteration complexity O (a%)
to achieve accuracy ¢, compared to the previous best-known bound O (5%) for the Sinkhorn
algorithm [ ].

1.6 Organisation of manuscript

The thesis is organized as follows. In Chapter 2, we remind some facts from the measure the-
ory and the theory of optimal transport and provide a survey of related works. In Chapter 3,
we study some topological properties of the space of measures on an abstract metric space
X endowed with the transportation functional. We also define regularized Fréchet barycen-
ters, show their existence and stability. The chapter is mainly based on the work | ]. In
Chapter 4, we consider 2-Wasserstein barycenters of Gaussian measures, and, more generally,
Bures—Wasserstein barycenters. We study some differential properties of the optimal transport
maps and use them to prove the CLT and the concentration of empirical barycenters. We also
provide an example of a slower than ﬁ rate of convergence. This chapter is based on the joint

work with V. Spokoiny and A. Suvorikova [ |. In Chapter 5, we consider the 2-Wasserstein
barycenters penalized with the entropy. We obtain a formula for the density of a barycenter
and some corollaries, e.g. regularity and moment bounds. In the stochastic setting, we derive
the central limit theorem in H?. This chapter is based on the joint work with G. Carlier and
K. Eichinger [ ]. Chapter 6 concerns the Sobolev spaces of measure-valued maps, their fine
properties, and convergence. We further apply the obtained results to the regularized Monge—
Kantorovich problem. This chapter will be transformed into a research paper and submitted to a
scientific journal later on. Finally, Chapter 7 is devoted to the analysis of IBP. We provide new
complexity bounds for the multimarginal optimal transport and the barycenter problems based
on a general scheme — also obtained here — and illustrate them with numerical experiments.
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This is based on and generalizes results from the joint works with A. Gasnikov, P. Dvurechensky
et al. | ; ; ].
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Chapter 2

Preliminaries

2.1 Measure theory

Let X be a topological metrizable space endowed with the Borel o-algebra B(X). Then M(X)
denotes the space of finite signed measures on X. Respectively, M (X) is the space of nonneg-
ative finite measures and P(X) is the space of probability measures on X. We suppose that a
metric on X is fixed, though a specific choice is often not important.

We will often drop the argument of a function and a measure and the symbol of domain of
integration if there is no risk of confusion, i.e. instead of [ f(z)du(z) we will write [ fdu. We
denote the Lebesgue measure on R? by £, £(A) = |A|, and

/A f(2)dL(z) = /A f(x)dz /A 12

For two spaces X, Y, a Borel map T': X — Y induces a push-forward map Ty: M(X) —
M(Y) given by
Tup(A) = pu(T1(A)) for any measurable A C Y.

Recall that for any integrable function f € L(Y,Tuu) it holds that

/de(T#y):/Xfonu.

For a measure p on X and a p-integrable function f: X — R the measure fu is defined as
(fu)(A) = / fdp for any measurable A CY.
A
Moreover, for any Borel set B define u| B := 1p pu, where 1p is the indicator function of B.

Narrow convergence of measures.

Definition 2.1 (Polish space). A separable topological space X is a Polish space if it is home-
omorphic to a complete metric space.

Definition 2.2 (Radon space; Definition 5.1.4 in | ]). A separable topological metrizable
space X is a Radon space if any measure p € My (X) is a Radon one | , def. 5.1.4], i.e.
for any € > 0 there exists a compact set K. such that u(X \ K;) < e.

E.g. any Polish space is also Radon | , Theorem 7.1.7].

Definition 2.3 (Narrow convergence; Definition 8.1.1 in | ). A sequence {pin}nen C
M(X) narrowly converges to p € M(X) (pn, — p) if

/fd,un—>/fd,u for all f € Cp(X),

11
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where Cj,(X) is the space of continuous bounded functions over X. A corresponding topology
Tw on M(X) is generated by basis sets of form

{ueM(X):‘/fidu—/fidu

We sometimes refer to the narrow convergence as the weak one, meaning that it is defined
by duality with test functions.

Note that when we consider only the space of probability measures P(X), it is enough to test
again functions vanishing at infinity, Co(X). Moreover, if any closed ball in X is compact (e.g.
in RY), then one can replace Co(X) with C.(X). Furthermore, in R? it is enough to consider
C>®(RY).

A useful property of the narrow convergence is that once {p, }neny € My (X), pn — p, and
f >0 is a lower semicontinuous (l.s.c.) function over X, then

<&, z':l,...,n}, pwe M(X), fi € Cp(X), neN.

/fdu < liminf/fd,un.

Proposition 2.1.1 (Theorem 8.2.3 in | D). Let {pintneny C My (X), p € M4y(X). The
following assertions are equivalent:

Lo pin — p5
2. pn(X) = pu(X) and p(U) < liminf p,(U) for any open set U C X;
3. pn(X) = pu(X) and p(F) > limsup u,(F) for any closed set F' C X.

Combining Theorem 8.9.3 in | | and Section 5.1 in | | we obtain the following
result.

Proposition 2.1.2. Let X be a separable metrizable space. Then (M (X),Tw) also is separable

and metrizable. We denote a metric inducing 7w by dyw. Moreover, there exists a countable family

{frtren C Co(X) such that pn, — p iff pn(X) are bounded and [ fi, dpn — [ fi dp for all k € N.
If X is Polish, then (M4 (X), Tw) is also Polish.

One can take dy, induced by the Kantorovich—Rubinstein norm [ , Theorem 8.3.1]:
dw(p,v) = ||p — v| kR, where

M xR = sup{/fd)\ : fel(X), §2§|f(a;)| <1, Lip(f) < 1}, A e M(X). (2.1)

If X is complete, then (M (X),dy) is also complete.

Definition 2.4 (Tightness). A set of measures S C M, (X) on a topological space X is tight,
if for any € > 0 the exists a compact set K. C X such that

p(X\K.)<e Vpes.

The next result concerning compactness w.r.t. 7y, follows from Theorems 8.6.2, 8.6.4, and 8.6.7
in | ].

Proposition 2.1.3 (Prokhorov’s theorem). Let X be a Radon space. If a set S C M4 (X) is
uniformly bounded in variation and tight, then it is precompact in 1,. On contrary, any narrowly
convergent sequence {fin}nen C My (X) is tight. Moreover, if X is Polish, then any subset of
M (X) precompact in T, is tight and uniformly bounded in variation.

Remark 2.1.4. We say a subset of a topological space is precompact if its closure is compact.
Note that if the space is metric but non-complete, the total-boundedness is in general not enough
for the set to be precompact.
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Disintegration and gluing.

Proposition 2.1.5 (Disintegration theorem). Let X, Y be Radon spaces and m: X — Y be a
Borel map. Then for any p € P(X) with v = nyp € P(Y) there is a v-a.e. uniquely defined
family of measures {jy}yey C P(X) such that

py(m () =1 for v-a.e. y,
for any Borel set A C X the function y — py(A) is Borel, and

/deﬂz/y(/xfduy) dv(y)

The next result shows that the disintegration theorem can be used to “glue” together several
couplings sharing the same marginal. It is a trivial generalization of Lemmata 5.3.2 and 5.3.4
in [ ]

for any Borel f: X — R5.

Proposition 2.1.6 (Gluing lemma). Let T' = (V, E) be a (possibly infinite) tree with at most
countable set of vertices V. and {X,}vev be a family of Radon spaces. If u, € P(Xy) for all
v eV, oy € P(Xy x Xy) has marginals p,, and p, for all (u,v) € E, and 7y, transposed
coincides with 7y, 4, then there is a probability measure v on Hvev X, such that

(%, 7)) v = Yy for all (u,v) € E,

where ©¥ is the projection to X,,.

2.2 Monge—Kantorovich problem

In this section we consider an optimal transportation problem, which is a key concept of this
work, and recall some of its properties. For more details on the subject we refer to monographs
[ ; ; ; J.

Consider two Radon spaces X, Y and measures u € P(X), v € P(Y). We define the set
of transport plans (the term is specific for the optimal transportation theory; usually they are
called couplings) taking u to v as

O(p,v) ={y€P(X xY): 7'('71#’)/ = pu, Wi’y =v},

where 7! and 72 are the projections to the first and the second factor, respectively. Note that
II(p, v) is always nonempty because it contains at least the product measure p ® v. Sometimes
we also use a notation II(p1, ..., is) to denote the set of probability measures on []7" | X; with
marginals p1 € P(X1),..., un € P(Xy).

Now fix a Borel nonnegative cost function ¢c: X x Y — R4. Then the Monge—Kantorovich
problem consists in minimizing a total transportation cost:

C(y) =Cc(v) = /X . c(x,y) dy(z,y) — ve%lgﬁu) : (MK)

A transport plan v* at which the minimum is attained is called optimal. The set of all optimal
transport plans from p to v is denoted by IL,(u,v). Respectively, the transportation functional
between p and v is the value of the Monge-Kantorovich problem:

I, v) = Je(p, v) = yeﬁ?ﬁ V)C(v)-

The Monge-Kantorovich problem can be viewed as a convex relaxation of the Monge problem,
where one is looking for a push-forward map instead of a transport plan:

/X c(z, T(z)) du(z) — mjin,



14 PRELIMINARIES

where the minimization is over the Borel maps 7" such that T pu = v. Notice that unlike (MK)
this is not an LP problem. As we will see later, the Monge-Kantorovich problem admits a
solution under very mild assumptions, which is not the case for the Monge problem. However,
sometimes it is possible to show that the values of both problems coincides: e.g. if X and Y are
Polish, ¢ is continuous, and x has no atoms | ].

Let us now recall some properties of the transportation functional J. First of all, since (MK)
is an (infinite-dimensional) linear programming problem, one trivially obtains the convexity of
its value J (cf. Theorem 4.8 in | D).

Lemma 2.2.1. The functional J is convez, i.e. for any measures o, u1 € P(X), vp,11 € P(Y)
and t € [0,1] it holds that

I (pe, ve) < (L —1)J (o, vo) +tJ (1, 1),
where py == (1 — t)po + tpr, vy = (1 — )y + tvy.

Corollary 2.2.2. Let Y = X and c¢(z,x) = 0 for all x € X. Take pg, 1 € P(X). Then for
any 0 <t < s <1 it holds that

I (e, ps) < (s = t)J (po, pa),
where i = (1 — 7)o +7p1 for 7 € [0,1].

Proof. Since pg = %Mt + ‘f—:i 11, from the convexity of J it follows that

l-s s—t s—1
St ) < 35— I ey pe) + 77— I (e ) = 77— (e, 1)
s—t
< 1— t((l - t)J(MOaul) + t‘](:ulvlul)) = (S - t)J(,LLO,Ml)

O]

However, in this work we deal with more specific setting. Namely, from now on assume
that the cost function is l.s.c. Clearly, in this case C is also nonnegative and ls.c. w.r.t. the
narrow convergence. Moreover, the problem (MK) enjoys a lot of useful properties under this
assumption.

Proposition 2.2.3. For any u € P(X), v € P(Y) there exists an optimal transport plan.
Moreover, if J(u,v) < 0o, then Il,(u,v) is compact w.r.t. the topology of narrow convergence.

Proof. Note that II(u,v) is nonempty, closed in the narrow topology, and tight since p and
v are tight. Then due to Prokhorov’s theorem any minimizing sequence {v,}nen for (MK)
has a narrowly convergent subsequence v, — 7 € II(u,v), and we conclude by the lower
semicontinuity of C. O

Notice, however, that an optimal transport plan from p to v may not be unique.
Lemma 2.2.4. The functional J is lower semicontinuous w.r.t. the narrow convergence.

Proof. Let py, — p, vy, — v and v, € I,(pn,v,) be an optimal transport plan from pu, to
Un. Since {un}nen and {v, }nen are tight, {v,}nen is too. W.lo.g. assume that there exists
lim J(pen, vn) € [0,00]. Using Prokhorov’s theorem extract a weakly convergent subsequence
Y, — 7 € H(p,v). Then due to the lower semicontinuity of C one obtains

J(p,v) < C(y) < liminfC(vy, ) = lim J(pn, vp)-
O

Corollary 2.2.5. J is measurable w.r.t. the product of Borel o-algebras B, (P(X)) ® By (P(Y))
induced by the topologies of narrow convergence.
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Kantorovich duality. One of the central points of the optimal transportation theory is a
duality. As (MK) is an infinite-dimensional linear programming problem, one can consider a
dual problem associated with it, e.g. the following one:

/ udu—i—/vdl/—nnax, (D)
X Y u,v

where the maximization is over all v € L'(x) and v € L'(v) such that u(z) + v(y) < c(z,y)
forall z € X, y € Y (we allow u (v) to take infinite values on a u- (v-)negligible set). Any
solution (u,v) of this problem is called Kantorovich (dual) potentials for the transport from p to
v. Clearly, the value of the dual problem (D) is always not larger than the value of the primal
problem (MK) (this is so called weak duality). The question when these values coincide (strong
duality) and when there exists a solution of the dual problem is important for the OT theory
and is the subject of many research, see e.g. the bibliographical notes after Chapter 5 in | .

Definition 2.5. Let u: X — R. Then its c-transform is defined as

w(y) = inflew,y) —u(@)], yeY.

In the same way, for v: Y — R

V(@) = inflel@y) — o)), v e X.

If u = v¢ for some function v: ¥ — R, then we say u is c-concave.

Note that u® > u and u®“ = u®, and the same holds for the c-transform of v. In the dual
problem we can hope to choose v = u® and v = v, but «® and v° can be non-measurable, unless
¢ is continuous (in which case they are upper-semicontinuous).

Another important concept for duality is c-cyclical monotonicity.

Definition 2.6. A set I' C X x Y is c-cyclically monotone if for any pairs (x;,y;) € I,
1 <i<néeN, it hods that

n

D elwiy) < el yin),

i=1 i=1
where yp41 = y1.

Theorem 2.2.6 (Kantorovich duality). Take p € P(X) and v € P(Y). Then the values of
problem (MK) and (D) coincide. Moreover, L* (i) and L*(v) in (D) can be replaced with C(X)
and CY(Y). If J(u,v) < oo, then for any v € I(u,v) the following conditions are equivalent:

e 7y is optimal;

o 7 is concentrated on some c-cyclically monotone Borel set (which can be chosen dependent
only on p and v);

e there is a Borel c-concave function u: X — RU_o such that u(z) + u°(y) = c(x,y) for
v-a.e. (x,y). Moreover, u® coincides with a Borel function v-a.e.

If, in addition, c(x,y) < cx(z)+cy(y), where cx € L'(u), cy € LY(v), then the problem (D)
admits a solution.

Remark 2.2.7. If ¢ is continuous, then the fact that + is concentrated on a c-cyclically monotone
Borel set is equivalent to c-cyclical monotonicity of supp~y. Moreover, as was mentioned above,
in this case (Borel) dual potentials u and v can be chosen such that v = v¢ and v = u®.

Proof. Inspecting the proof of Theorem 5.10 in | |, we conclude that this works as well for
Radon spaces X and Y: indeed, we need only Prokhorov’s theorem, inner regularity of any
probability measure on X x Y, and an approximation of p and v by discrete measures in the
topologies of narrow convergence. O
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An important corollary of the above theorem is the stability of optimal transport plans w.r.t.
the narrow convergence once c¢ is continuous (this is a trivial counterpart of Theorem 5.20 in
[ ] for the case of Radon spaces).

Proposition 2.2.8 (Weak stability of optimal transport plans). Let the cost function be con-
tinuous, pu, — u € P(X), and v, — v € P(Y). If liminf J(up,v,) < 0o and v, € Wo(pin, vn),
then there is an optimal transport plan v € II(u,v) such that, up to a subsequence, v, — 7.

The stability result, in turn, yields the existence of a measurable selection of OT plans (cf.
Corollary 5.22 in | ).

Corollary 2.2.9. Let the cost function c¢ be continuous, then there exists a Borel (w.r.t. the
topologies of narrow convergence) map (p,v) — Yo(p,v) € Up(p, v).

Proof. Consider the set-valued map from P(X) x P(Y) to P(X x Y):

\IJ( ) HO(M?”)) if J(,uvy) < 00,
V) =
a {p®v}, otherwise.

Note that ¥(u,v) is compact and nonempty for any pu € P(X), v € P(Y). Recall that due
to Lemma 2.2.4 for any h > 0 the set {(y,v) € P(X) x P(Y) : J(p,v) < h} is closed, hence
{(n,v) : J(u,v) = oo} is Borel. Now fix a closed set D C P(X xY) and h > 0. Proposition 2.2.8
yields that the set

{(1,v) € P(X) x P(Y) : J(p,v) < b, To(p,v) N D # 0}
also is closed in 7 ® Tw. Then

{(1,v) € P(X) x P(Y) : W(p,v) N D # 0} € Byy(X) @ By (Y)

and we can apply Theorem 6.9.4 in | | (clearly, one can replace an open set in the statement
with a closed set; see also the remark after it), which ensures the existence of a Borel selection
from ¥ and hence II,. O

Quadratic cost. Let us now consider the case X =Y = R? and the cost function c¢(z,y) =
M (which corresponds to the p-Wasserstein distance, see the next section), where ||-|| is the
Euclidean norm. By P3(R%) we will denote the set of Borel probability measures on R? with
finite second moment my(p) = [||z||? du. Let u, v € Po(R?), then by Theorem 2.2.6 there exists

dual potentials (u,v) € L'(u) x L'(v) such that v = u® and u = v°. Consider now

=2 =2

pla) = h —u(@), U(y) =0 —v(@), weR

Then it is easy to see that

o(x) = P*(x) = sup ((z,y) —¥(y)) and P(y) = ¢*(y) == sup ((z,y) — ¢(x)).

yeRd zeR?

We will call (¢,v) Brenier potentials between p and v. The following famous result due to
Y. Brenier | | establishes existence and uniqueness of the optimal transport map for the
quadratic cost function.

Proposition 2.2.10 (Brenier’s theorem; Theorem 1.20 in [ D). Let p,v € Po(R?) and p be
absolutely continuous w.r.t. the Lebesgue measure. Then there exists a unique optimal transport
plan v € I, (p,v), it has a form v = (id, T)xpn, and T = Vo, where ¢ is a Brenier potential
between 1 and v.
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2.3 Wasserstein space

Let X be a Radon space with a fixed metric p. Fix an arbitrary point o € X and for p > 1
define the set of probability measures with finite p-th moment:

P00 = {n € PO () = [ ooy < e

Now let us take the cost function c(-,-) := pP(-,-) (obviously, it is nonnegative and continuous)
and define

1/p

Wy, v) = (Je(ps, )P = < %un /pp z,y d7> . v € Pp(X). (2.2)
YEI(p,v)

It follows from the gluing Proposition 2.1.6 and the Minkowski inequality that W), is a metric

on Pp(X) [ , Sec. 7.1].

Definition 2.7. We call W), the p-Wasserstein metric, and (Pp(X), W)) is the p-Wasserstein
space over (X, p).

Note that W), (6.,9y) = p(x,y), thus X can be isometrically embedded into the p-Wasserstein
space, and one can hope that its geometry in some sense reflects the structure of X. The next
proposition shows that (P,(X), W)) inherits at least some topological properties of X.

Proposition 2.3.1 (Proposition 7.1.5 in | ). The p-Wasserstein space is separable. If X
is complete, then (Pp(X), W)) is also complete. If X is compact, then (P,(X), W)) is compact.

One of important properties of the Wasserstein distance is that it almost metrizes the nar-
row convergence. Namely, convergence in W), is equivalent to the narrow convergence and the
convergence of p-th moments:

Proposition 2.3.2 (Criterion of convergence in W),; Theorem 6.9 in | ). Let X be a Polish
space, then Wy(pin, i) = 0 iff pn, — p and mp(pn) — mp(p).

In particular, if p is bounded, then the convergence in W), is indeed equivalent to the narrow
convergence.

Absolutely continuous curves. Now consider again the case X = R? with the Euclidean
distance. Recall that a curve {x;},¢[0,1] in a complete metric space (X, p) is absolutely continuous
of order p € [1,00] if there is a function m € LP([0, 1]) such that for all 0 <t <s <1

plxe, zs) / m(r (2.3)

According to Theorem 1.1.2 in | | any absolutely continuous curve admits a metric deriva-
tive |2'| € L1([0,1]), i.e. the minimal (up to negligible sets) function satisfying (2.3).

Proposition 2.3.3 (Theorem 8.3.1 in | ). Let 1 < p < oo and {pe}iep] C Pp(R?) be an
absolutely continuous curve of order p. Then there is a Borel vector field (x,t) — vi(x) € RY
such that

Vel Lo iy = [11(2) for a.e. t €[0,1],
and (pt,vy) satisfies the continuity equation
8tﬂ + div(vt,ut) =0
in a weak sense, i.c. for any o € CL([0,1] x R?) it holds that

/[Ol]/Rdatwta: dp(w dt—i—/[m]/Rd ve, Vao(t, ) dpg () dt =

Conversely, if {Mt}te[OJ] C Pp(Rd) is a narrowly continuous curve satisfying the continuity
equation with a field vy such that |[ve|l e (ra . re) € LY([0,1)]), then it is absolutely continuous
and

‘:u’/|(t) < HthLP(Rd,ut;Rd) fora.e. t € [07 1]
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Chapter 3

Fréchet barycenters

3.1 Introduction

In this chapter we consider the Monge—Kantorovich problem on an abstract Radon space X and
try to impose minimal assumptions on the cost function that allow the transportation functional
J to induce a topology on P(X) in a reasonable way. We then investigate the properties of this
topology and define averaging of probability measures on X, using the optimal transport theory
to define a suitable concept of a “typical element”, which extends the notions of the Fréchet
mean | | and the Wasserstein barycenter | ]

We fix a Radon space X (see Definition 2.2), e.g. a Polish space, and a continuous cost
function ¢: X x X — [0,00). Assume that ¢(x,y) = 0 iff z = y, thus J(u,v) = 0 iff p = v due
to Proposition 2.2.3. In this chapter we sometimes call J(u,v) the Monge—Kantorovich distance
between p and v, meaning that it quantifies a dissimilarity between measures p and v in P(X),
although it is in general non-symmetric and may not satisfy the triangle inequality. Despite
J is not a metric, we show that under additional assumptions on c it induces a transportation
topology on P(X). The space P(X) endowed with this topology can be divided into equivalence
classes, and each of them is a Radon space (in particular, it is separable and metrizable).

Further, by analogy with a Wasserstein barycenter we introduce a notion of a Fréchet typical
element of P w.r.t. J, which we propose to call a Fréchet barycenter of P. It is defined as a
minimizer of the average transportation cost:

J(pu,v)dP(u) — min
/P AP i

(rigorous definitions are given in Section 3.5). Suppose inf,cp(x) fP(X) J(p,v)dP(p) < oo.
Then we show that a Fréchet barycenter of P exists. Moreover, if the distributions P, converge
to P w.r.t. the transportation cost on P(P(X )) with J as cost function, then the barycenters
of P, also converge (in an appropriate sense) to a barycenter of P. For instance, this result
implies a law of large numbers for Fréchet barycenters. A similar setting was also considered
by T. Le Gouic and J.-M. Loubes in | ], where a stability result and a law of large numbers
were proven for barycenters in the p-Wasserstein space, and by J. Bigot and T. Klein in | ].
The current work, in particular, covers the case of the Wasserstein barycenters on an infinite-
dimensional uniformly convex separable Banach space X (e.g. a separable Hilbert space), which,
to the best of our knowledge, is the first result of this type.

The chapter is organized as follows. In Section 3.2 we impose assumptions on the cost
function ¢ and study corresponding properties of the Monge—Kantorovich distance. In Section 3.3
we define the transportation topology on P(X), and consider its properties such as separability,
metrizability, and weak local compactness. In Section 3.4 we deal with the particular case of
X =R%and c(z,y) = g(x —y), where g > 0 is a convex function. Then we define in Section 3.5
a generalized barycenter of a distribution on P(X). The central result of this chapter is proven
in Subsection 3.5.2: the convergence of barycenters of distributions P, is established provided
that P, themselves converge to some distribution P.

19
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Notations. Let p be some metric on X, B,(z) be an open ball in X w.r.t. p for x € X and
r > 0, then we call its closure B,(z) C {y € X : p(z,y) < r} a closed ball (note that there can
be no equality, since we do not require p to be an inner metric). Let us define for any x € X
and 7 > 0 an open ¢-ball B(z) := {y € X : c(z,y) < r}. Then a closed c-ball is Bi(z) C {y €
X : ¢(z,y) <r} (again, the inclusion can be strict). In the same way we define an open J-ball
Bl (n) == {v € P(X): J(u,v) <r} and a closed J-ball B (n) = {v € P(X): J(u,v) <r} —
as we will see, it coincides with the closure of B/ (1) in a transportation topology.

Further, we assume that there is a weaker metric py, on X (e.g. this can be a metric inducing
the weak convergence if X is a normed space). We denote the convergence w.r.t. py, by z, — x,
and the narrow convergence of measures w.r.t. the corresponding topology (which we call the
pw-narrow convergence) by j, —w p. BY(z) and BY(x) denote an open and a closed ball w.r.t.
Pw, respectively.

3.2 Properties of Monge—Kantorovich distance

In this subsection we are going to impose some assumptions on the cost function and discuss
related properties of the Monge-Kantorovich distance. The first assumption concerns the topo-
logical properties of c.

Assumption 3.1. c is consistent in a sense that c¢(x,z,) — 0 iff c¢(zp,z) — 0 iff z,, = =
for any x € X and a sequence {x,}n,eny C X. Moreover, ¢ is l.s.c. w.r.t. the weak topology
induced by py and satisfies the following Radon—Riesz-type property: if =, — =, y, —w ¥y, and
c(Tn,yn) — c(x,y), then y, — y.

Remark 3.2.1. Note that any ball BS(z) € B(X, pw) due to the lower semicontinuity of ¢, thus
the separability of X together with the consistency of ¢ give us B(X, p) C B(X, pw), and hence
these two o-algebras actually coincide. In particular, X endowed with py also is a Radon space.

Proof. Fix an arbitrary open p-ball B C X. It is enough to show that B € B(X, py). Due to
the consistency of ¢ for any = € B there are r(z),d(z) > 0 such that Bs(,)(z) C Bl (x) C B.

Define sets 1

An::{xEBzé(aj)z}, neN
n
and take their dense countable subsets S;,, C A,,. Then

An C | Bim(@) € | By (@) € B.
TES, €S,

Since B = |J,,cy An, one obtains that

U U Biw@) = B.

neNzesS,

As Bf(x)

Let us provided a couple of examples illustrating the above assumption, especially its second
part. First of all, if py is equivalent to p, then the Radon—Riesz property trivially follows from
the consistency of ¢. Now consider more reasonable cases.

(x) € B(X, pw), we conclude that B € B(X, pw), thus B(X, p) = B(X, pw). O

Example 3.2.2. The main example that we can have in mind, of course, is the cost function
given by
c(z,y) = f (p(z,y)), (3.1)

where f: Ry — Ry is a continuous function. Then c is consistent once f(t,) — 0 iff ¢, — 0.
Recall that a normed space X is called Radon—Riesz (or Kadets—Klee) if x,, — x is equivalent to
xn — x and ||z, || — ||z||. In particular, any uniformly convex Banach space (e.g. a Hilbert space,
Lebesgue spaces (P or LP for 1 < p < oo) satisfies this property. Then c(x,y) == f(||lx — yl)
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fulfills the assumption once f is strictly increasing and py metrizes the weak convergence on
bounded sets (see, e.g. Section 5.1.2 in | ). In particular, f(t) := P, corresponding to
the p-Wasserstein space, satisfies the above assumption. Another example is provided by the
optimal transportation theory itself: according to Proposition 2.3.2 the p-Wasserstein distance
fulfills these conditions, if py, metrizes the narrow convergence.

First, we recall a connection between the transportation functional J and the narrow con-
vergence, following from the continuity of the cost function. It is quite similar to well-known
results for the Wasserstein metric, see Proposition 2.3.2.

Lemma 3.2.3. Let {un}tnen C P(X) be such that J(u,pn) — 0 or J(pn,n) — 0 for some
w € P(X). Then pup, — p.

Proof. Assume {py, }nen fails to narrowly converge to p. Then there exists a closed set F' C X
such that lim sup p, (F) > pu(F). Let 3¢ := lim p, (F) — u(F) > 0 (without relabelling). Consider
the following open neighborhoods of F':

F. = X : inf F .
r={z € yléch(m,y)<r}D , >0

For any r > 0 the set F. is open due to the continuity of ¢. On the other hand, the consistency of
c yields that for any 2 ¢ F there exists an open c¢-ball BS(z) such that BS(z)NF = (). Therefore,
>0 Fr = F and thus p(F) = lim, o u(F}). Let 79 > 0 be such that p(F,) < pu(F) + €. Since
pn(F) > p(F) + 2¢ for n large enough,

(X \ Frg) X F) = pin(F) = n(Frg X F) 2> pn(F) = p(Fp,) > e,
where 7, € II,(u, py,) is an optimal transport plan. Consequently,
J (g ) = Clyn) > vn((X \ Fry) X F) inf{c(az,y) cx ¢ Fry,y € F} >erg > 0,
which contradicts the assumptions of the lemma. ]

As we have seen, the convergence w.r.t. the transportation functional implies the narrow
convergence. Actually, the converse also holds under some additional assumptions.

Lemma 3.2.4. Let p, — p and supp py, C F for all n, where F C X is a closed set such that
sup, yep ¢(,y) < 0o. Then lim J(un, p) = lim J(u, p1n) = 0.

Proof. Fix € > 0. Due to the separability of X and the continuity of ¢ one can cover X with a
countable union of closed balls B, (z;), i € N, such that c(x,y) < ¢ whenever z,y € Ba,, (x;).
Fix m € N such that p(X \ U~ Br,(2;)) < € and consider a partition of unity by continuous
functions f;: X — [0,1], 0 < i < m, satisfying

folw) =0 Vz e | By, ();
i=1
fi(x) =0 Vz ¢ By, (z;), 1<i<m.

Without loss of generality M(Bri(azi)) > 0 and f; > 0 in By, (x;), thus [ fidp > 0, for all
1 < ¢ < m. Define measures

i (fitn) ® (firr) . _
AL, = max{ffid,un,ffidu}EMJF(XXX)’ 1<i<m,neN;
fin, = ,uniiﬂ-;ﬁ)\ibz <1§: fdelu fi>ﬂn>fﬂun>0;
i=1 i=1 max {f f’L dan ff’b d,u} o o

0¥ = B m 2)\7’:<1_ m ffld,un z) S -
2% H ;ﬂ—# n ;max{ffidﬂn,ffidu}f = fop >



292 FRECHET BARYCENTERS

Since g, — p one has [ fidu, — [ fidp for all i, thus

R o B _ U ffzd/‘n .
fin(X) = fin(X) = /(1 ; max { [ fidpn, [ fidu} fz> o

—>/<1—;fz‘> dMZ/deM§M<X\HBTi(xi)> <€

Consider the following transport plans:

i ® 1y,

Yo = +) A, € O(pn, ), neN.
fin(X) ;

From supp p, C _F it follows_that supp p C F and suppy, C F'xF. Define M = sup, ,cp c(z,y) <
oo. supp A, C Bay,(7;) x Bay,(x;) by the definition of \{, and the functions f;. Now one can
obtain that

i (X)) i (X mo
lim sup J (pn, ) < limsup C(y,) < limsup <MW + €ZA’TL(X X X))
" i=1

< M limsup fin(X) + e < (M + 1)e.

This proves that J(un, ) — 0 because of the arbitrary choice of € > 0. In the same way one
can show that J(u, n) — 0. O

Now let us formulate the main assumption on the cost function ¢, which we suppose to hold
hereafter in the chapter: a weak triangle inequality.

Assumption 3.2. There exist constants A, B > 0 such that the inequality holds for all x,y, z €
X:
c(z,y) < A+ B(min{c(z, 2), c(2,2)} + min{c(y, 2), c(2,9)}),

This is a quite natural assumption which holds for a wide class of cost functions, e.g. for
c(z,y) = pP(x,y) with p > 0 (the case of p-Wasserstein spaces) or, more generally, the cost
function given by (3.1) if f is strictly increasing and f(t + s) < A(f(t) + f(s)) for all t,s > 0.
Another example is considered in Section 3.4.

Using “gluing” Proposition 2.1.6 one can trivially show that the Monge-Kantorovich distance
“inherits” the inequalities on the cost function:

Lemma 3.2.5. For all p,v,\ € P(X)
T(,v) < A+ B(mingJ (s, )), JO\ p)} -+ min{ (v, X), JO,0)}).

Moreover, one can locally amplify inequalities from Assumption 3.2, as the next lemma
shows.

Lemma 3.2.6. Let K C X be a compact set. Then for any € > 0 there exist an open neigh-
bourhood U.(K) D K and a constant BX such that

c(w,y) < e+ ez, 2) + BEe(y, 2),
c(x,y) < e+ cz,y) + BEe(z, 1)
forall x,y,z € U.(K).

Proof. Fix ¢ > 0. As c is continuous, it is uniformly continuous on K x K, hence there exists
an open set V' € X x X such that {(y,y) :y € K} C V and ¢(x,y) < ¢(z,2)+¢e/2 forall z € K,
(y,z) € V. Define M := max, yex c¢(z,y) < oo and

0= i ,2) >0,
ey W)
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which is positive due to the compactness of K. Thus if (y,2z) € K2\ V, then c(z,y) < M <
%c(y, z) for all z € K. Consequently,

c(z,y) <e/2+c(x,2) + %c(y, 2) (3.2)

for all x,y,z € K. Denote % by BEK.

Due to continuity of ¢ one can choose an open neighbourhood W of K3 such that for all
z,y,z € W there exist 2/,y, 2" € K for which |e(x,y) — c(2',y)| < v, |e(z, z) — e(a,2')| < 7,
and |c(y, z) — c(y',2)| < v, where v := £/(4 + 2BE). Since K? is compact, p(K3, X3\ W) > 0
and there is a neighbourhood U (K) such that (U.(K ))3 C W. Now, applying inequality (3.2)
and the definition of W one can obtain that

c(z,y) <v+e(@,y) <y+e/24 (@, 2) + BEe(y, )
< (24 BE)y+¢e/2+c(x,2) + BE ey, 2) < e + ¢z, 2) + BE e(y, 2)

for all x,y, 2z € U-(K). The second inequality can be treated in the same way. ]

The next lemma states one of the main results of this subsection: J is continuous w.r.t. to
itself, what is essential to define a transportation topology later (cf. Theorem 1.48 in | D-

Lemma 3.2.7 (Continuity of J). Take two sequences {pin }neN, {Vn}nen such that J(p, pr,) — 0
and J(v,vy) — 0 for some measures p,v € P(X). Then J(pn,vn) = J(u,v).

Proof. Let v} € y(p, pin), ¥* € Wy(,v), 72 € Uy(v,v,) be optimal transport plans. Consider

measures oy, € I(up, p, v,vy,) such that Trijlan =t ﬂi?’an = ~2 and Wi40'n = ~3. Since the

sequences are tight one can fix 0 < ¢ < 1 and a compact set K such that u, (X \ K), u(X \ K),
vn (X \ K), v(X \ K) and fX2\K2 c(z2,73) dy? are less than . Obviously,

I (i, vn) < C(W;fan) = /c(xl,a:4) doy,.
Consider the set Y := U.(K) x K? x U.(K). Now one can obtain due to Lemma 3.2.6 that

/ c(xy,x4)doy, < / (e + BEc(xg,x1) + c(z2,24)) doy,
Y Y
< / (6 + ch(:vg, x1)+e+ Bg(c(mg, x4) + c(z2, 1’3)) do,
Y
< 2¢ + BEC(v,) + BEC(v;) +C(7%)
= 2+ BEJ(p, pra) + BE T (v,0m) + T (11, v)
— 2e + J(u,v) = J(pu,v) as € — 0.

The remaining term may be bounded by Assumption 3.2 in the following way:

/ c(x1,z4) doy, < / (A + Be(xe, 1) + Be(xa, :134)) do,,
X4y X4\Y
< / (A + Be(zg, 1) + AB + B2c(x9, x3) + B2c(xs, x4)) do,,
X4\Y

< A(L+ B)on(X*\Y) + BJ (1, pn) + B’ / (2, w3) dow + B2 (v, 1)
XY

< 4A(1 + B)e + BJ(p, pin) + B*J (v, vp,) + B? / c(x2, x3) doy,.
Xy
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Notice that
Xy = [X x (X2\ K?) xX} U [(X\Ua(K)) x K2 xX} U [X K% % (X\US(K))}

and

o(z2,x3) doy, = / c(wg, 73) dy* <.

/Xx()@\K?)xX X2\K?2

Moreover, since J(u, pn) — 0 and J(v,vy,) — 0, we have v, — (id,id)zp and 42 — (id,id) v,
thus oy, — (71, 71, 72, 72) 72, Since (X \U-(K)) x K? x X is closed and c(z2, 3) is continuous
and bounded on it we conclude that

lim sup/ c(xg,x3) doy, < / c(z,y) dy? =0,
(X\U=(K)) xK2xX (KNX\U.(K)) xK

as KN X \ U (K) = 0. In the same way one can obtain that

lim sup/ c(xg,x3) doy, = 0.
XxK2x (X\Ue(K))

Thus J(pn, vn) — J(u,v). O
Now let us show that the convergence in J is symmetric and associative.

Lemma 3.2.8. Let {1in tnen, {Vn}nen, {\ntnen be tight sequences such that J(py,vy) — 0 and
J(Vny An) = 0; then J(vp, ) — 0 and J(pn, Ap) — 0.

Proof. Fix ¢ > 0 and a compact set K C X such that p,(K), v,(K) and A, (K) are greater
than 1 —e. Consider measures o, € II(py, Vs, Ay) such that 7 #20,1 = ’y}z and Wi30n = 7,21 where

v} and 42 are optimal transport plans from p, to v, and from v, to A,, respectively. Due to
Assumption 3.2 and Lemma 3.2.6 one can obtain that

I (pn, An) < C(w#?’an) = /c(m,z) do,,

< / (e + c(z,y) + BEc(y, z)) doy, + / (A + Be(w,y) + Be(y, 2)) doy,
K3 X3\ K3

< e+ J(n, vn) + BET(0p, M) + 36 A+ BJ (pin, vp) + BJ (v, \n)
—e+3A—0 as ¢ = 0.

Thus J(fn, Ap) — 0. Similarly,
J(Vm Nn) < C(Trilfy%) = /c(y, ‘7:) df)/rlz

< / (e + BE¢(z, y)) dyl + / (A+ Be(z,y)) dvy}
K3 X3\K3

< e+ BEJ(tin, vn) + 26 A+ BJ (jin, vn) — € + 24,
therefore J(vy, pin,) — 0. O

Before we move to the next result, let us consider the following useful construction: fix some
point zg € X and for given R > 0 take a continuous function fr: X x X — [0,1] such that
fr(z,y) =1 for z,y € Bi(xo0) and fr(z,y) = 0if x ¢ By (w0) or y & Bi (w0). Let us take
measures (i, v, v € II(u,v) and consider A := fr7y. Define

¥=4r=7— A+ (7%, 1)\

and U = DR = 7'['71#’7. So 4 € I(7,v) and J(7,v) < C(7) = C(y) — C(N\) = C(y) — C'(v) where
C'(y) = CR(7) = C(frY). Note that 7 < y+ v for any R.
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Consider a weakly convergent sequence of plans II(u,vy,) 3 v, — v € II(y,v). One has
Yn — 7 hence 7, — . But on the complement of the ball B}, (o) all the measures 2, coincide
with u, consequently, J(7,,7) — 0 by Lemma 3.2.4.

Now we are ready to show that a converse result to Lemma 3.2.7 is also true, namely the
following counterpart of Assumption 3.1.

Lemma 3.2.9. Take two sequences {fin}neN, {Vn}nen such that J(ppn,n) — 0, vy —w v, and
I (i, vn) = J(p,v) < oo for some measures p,v € P(X). Then J(vy,v) — 0.

Proof. Step 1. We start from proving v, — v. Assume that it is false, then there is an open
set U C X, r >0, and € > 0 such that, up to a subsequence,

v(U) > v, (Uy) 43 VneN,

with U, == J, ¢ Br(z). Now consider the product topology 7sw on (X, p) x (X, py) and recall
that B(X, pw) = B(X,p). Let v, € Wy(pn,vn) for all n € N. Since p, — p, v —w v, the
sequence {7V, }nen is tight w.r.t. 75y, hence there is a narrowly (w.r.t. 75, ) convergent subsequence
Y —sw ¥ € H(u,v) (without relabelling).

According to Assumption 3.1 for all 2,y € X there exists § = d(z,y) > 0 such that ¢(a/,y') <
c(x,y) + 49 implies p(y',y) < r for 2’ € Bs(z), y' € By (y). Then one can find § > 0 satisfying

Y {(z,y) € X xU : §(z,y) >6}) > (X xU) —e=v(U) —¢, (3.3)

where v* is the outer measure induced by ~.
For given h > 0 define a (Lipschitz) continuous function

cn(z,y) = inf le(@,y) +ho(a',z) + how(y'y)] < el y).
T 7y

Clearly, c¢;, /¢ as h — oo due to the lower semicontinuity of ¢. In particular,

/chd’y—>/cd'y§liminf/cdvn:limJ(un,Vn):J(,u,l/) < 0.

/cdfy</chd*y+€(5

Vi (J{Bsnl) x By i 2 € X,y € U, 8(w,y) 2 8

Obviously, (3.3) yields

Fix h > 1 such that

and take an open (in 75y ) set

—

V) 27" ({(2,y) € X x U+ d(z,y) 2 6}) > v(U) —e.
Since v, —sw 7, for large enough n we have
V) >~v(V)—e>v(U) =2 > v,(Up) + € =1 (X x Upy) + .

For any (z,y) € V'\ (X x U;) there is (2',y) € X x U such that x € Bs/, ('), y € B(‘S’V/h(y’), and
d(2’,y") > 0. Since p(y',y) > r, we have c¢(z,y) > c(2',y") + 49, therefore

Ch(x7y) < C(xlvy/) +h (p(xla JI) + pw(ylvy)) < C(IIJ'/, yl) +20 < c(a:,y) -2
and thus

/Cd’}/n > /(ch + 26 :[]-V\(XXUT)) dyn = /Ch dvn + 25'771(‘/\ (X x Ur))

> /chd%—i—Qé(%(V) — (X xU,)) > /chd7n+255.
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Finally,
/cd’y < /chd’y+£5 < liminf/chd’yn +ed < liminf/cdfyn — &0,

which contradicts the fact that
lim/cdfyn = lim J(pin, vpn) = J(p,v) < /cd'y.

Consequently, v, — v.

Step 2. Now we are going to show that J(u,v,) — J(u,v). Apply Proposition 2.1.6 to find
on € I(u, pin, vy) such that ﬁ;fan € I,(u, pn) and Wi?’an € I,(pn, vn), and extract a weakly
convergent subsequence o, — o € II(u, u,v). Since

J(pu,v) < /c(xg,xg) do < liminf/c(:z:g,:vg) doy, = Um J(pn, vn) = J(p, v),

we conclude that

(A + Be(xo, xg))#an — (A + Bc(xo, :1:3))#0.

Fix € > 0 and take compact K C X such that
/ (A+ Be(za,x3))do < e.
X3\ K3
Let U be a neighborhood of K from Lemma 3.2.6, then

T, m) < / (a1, 23) dor,

< / (8 + (a9, x3) + Bch(mg, xl)) do, + / (A + Bc(xg, x3) + Be(xa, xl)) do,,
U3 X3\U3

< e+ J(tnsvn) + max {B, BX} J(un, p) + / (A + Be(za, 23)) doy,.
X8\U3

By the weak convergence

lim sup/ (A + Be(xa, xg)) do, < / (A + Be(xg, :L'3)) do <&,
X3\U3 X3\U3

and since J(pn,vn) — J(p,v), J(pon, ) = 0, one has limsup J(u,vpn) < J(p,v) + 2e. At the
same time, J(p,v) < liminfJ(p, v,), hence J(u, vyn) — J(p,v).

Step 3. Let 7, € II,(u,vy,) for all n € N. Since the sequence {7V, }nen is tight, one can
extract a subsequence v, — v € II(u,v) (without relabelling). Fix ¢ > 0 and R > 0 such that
C'(y) = Cr(v) > C(y) —e. Using the construction described before the lemma get transport
plans (7, vp) 3 4n, — 7 € (7, v). Therefore J(0y,,0) — 0, J(7,v) <C(¥) =C(y) = C'(y) <e
and

J(ﬂnv Vn) < C(&n) = C(’Vn) - C,('Yn) = J(:U’a Vn) - Cl(rYn)
— J(u,v) =C'(y) <C(v) = C'(7) <e.

So, one can choose R,, — co such that
lim J((Zn) Ry, vn) = lim J((Zn)R,., VR,) = lim J (g, v) = 0.

Since (Un)r, < + vp and g, < pu+ v, all the sequences are tight and thus J(v,,v) — 0 by
Lemma 3.2.8. O
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3.3 Transportation topology

Lemma 3.2.7 immediately implies one of the main results of this chapter: there is a topology on
P(X) with the basis of “balls” w.r.t. J, and J is continuous w.r.t. this topology.

Definition 3.1 (Transportation topology). The set of all open J-balls B/ (1) forms a basis of
the transportation topology 75 on P(X). We denote the convergence of a sequence {v, }nen to v

in 77 (the transportation convergence) by vy, L.

Note that v, 2 v is equivalent to J(vp,v) — 0 and J(v,v,) — 0. If X is a compact
space, it follows from Lemmata 3.2.3 and 3.2.4 that the narrow convergence is equivalent to
the transportation convergence. In particular, in this case (P(X ), T, J) itself is compact. Notice
however that if X is not compact, then (P(X ), T, J) is neither compact nor locally compact.

Let the relation 1 ~ v be defined as J(u,v) < oco. Then it is an equivalence on P(X)
and splits the space into equivalence classes E(u) = {u e P(X): J(u,v) < oo}. Notice that
every equivalence class is path-connected, even if X is disconnected, since the curve [0,1] 5 ¢t —
(1 — t)p + tv is continuous by Corollary 2.2.2, whenever J(u,v) < co. Let us denote by Ej the
class containing delta-measures, i.e. Ey := E(0,) = {v € P(X) : [ ¢(zo,z) dv(z) < oo} for an
arbitrary xzo € X (obviously, it does not depend on the choice of ).

Lemmata 3.2.3, 3.2.7, and 3.2.9 immediately give the following necessary and sufficient con-
dition of convergence in 77, which relates the transportation and the narrow convergences and
is analogous to the one in Proposition 2.3.2.

Theorem 3.3.1 (Criterion of convergence in 7). Take measures v and {vy}neny C P(X). The
following conditions are equivalent:

J
1. v, = vy

2. vy, = v and J(p,vn) — J(p,v) for all u € P(X);

3. vp —w v and J(pu,vn) — J(u,v) < oo for some p € E(v).

3.3.1 Class Ej

Furthermore, for the class Ejy there is also a dual formulation of the transportation convergence
through the narrow convergence of weighted measures, like in the case of the Wasserstein spaces
[cf. , Theorem 6.9].

Proposition 3.3.2. Take measures v € Ey and {vy}neny C P(X). Then vy, Ly iff [ fdv, —
[ fdv for any continuous function f such that there is o > 0 satisfying |f(z)| < a(l + c(xo, x))
forany x € X.

Proof. 1. Let [ fdv, — [ fdv for any continuous function f such that |f(z)| < a+pBc(zo, x).
Then v,, — v and for any xg € X

T(620, ) = / e, ) dvy — / (w0, 2) dv = J (82, V).

By Theorem 3.3.1 that implies v, L.

2. Now let v, Jy u. Then vy, — v and [c(xo,z)dv, — [c(xo,z)dv. Obviously, it is
enough to consider the case when f is nonnegative and f(z) < 1+ ¢(xg,z). Consider
functions f; = min{h, f} € Cy(X), h > 0. From the weak convergence of v, it follows
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that [ fpdvy, — [ fndv for any h > 0. On the other hand,
0< (= f)dm= [(7 -0 < [ (Ut clon,z) 1) v,
= /(c(xg,:c) — cp-1(w0, z)) duy,

— (c(xg,a:)—ch,l(a:g,x)) dv —-0 as h — oco.

Consequently, [ fdv, — [ fdv.

Corollary 3.3.3. Let X be a Polish space. Then the space (Eg,7y) is also Polish.

Proof. Consider the following embedding of Ey to M (X): v — F(v) := (1 + ¢(z,z))v. From

Proposition 3.3.2 it follows that vy, 2 v iff F(vy,) = F(v). Moreover, the image F'(Ep) is weakly
closed in M (X): indeed, if u, = F(v,) — u, then

1 1
L =t [ dp = [ dv =1,
/1+C($0,l’) d/’L lm/l_‘_c(x()ax) d'u /dy

m u € Ey. Recall that the space M4 (X) endowed with the topology of narrow

convergence is Polish (Proposition 2.1.2) and (Ejy, 7y) is isomorphic to a closed subspace of it,
consequently, it is also Polish. O

thus v ==

As we have seen, the function v — [ fdv for f € (1 + ¢(zo,-))Cy(X) is continuous w.r.t.
the topology 7;. Sometimes it is possible to quantify this continuity. For example, if ¢(z,y) =
pP(x,y) with p > 1, and f is Lipschitz continuous with a constant L, then | [ fdu — [ fdv| <
LJYP(u,v). Recall that JU/? itself is a distance (the p-Wasserstein metric when we are talking
about Ey = Pp(X)), thus the function p — [ fdp is also L-Lipschitz for this distance. The
next proposition is a simple generalization of the above result which concerns quantifying the
modulus of continuity of this function.

Proposition 3.3.4. Take a function f such that |f(x) — f(y)| < g(c(a:,y)) forallxz,y € X with
some concave function g. Then for any p,v € P(X) such that f € L*(u) N LY(v) it holds that

'/fdu—/fdv

Proof. Let v be an optimal transport plan from u to v. Then by Jensen’s inequality

'/fdu—/fdv zvf(fv)dv—/f(y)dv‘ < [1r@) - rwlay

< /g(c(:v,y))dw Sg</cd7) =g(J(u,v)).

< g(J(,v)).

O]

Finally, Theorem 3.3.1 ensures stability of optimal transport plan w.r.t. the transportation
topology (cf. Proposition 2.2.8).

Proposition 3.3.5 (Stability of optimal plans). Let X, Y be Radon spaces and cx, cy be
cost functions satisfying Assumptions 3.1 and 3.2; denote the corresponding Monge—Kantorovich
distances by Jx and Jy. Let c: X XY — Ry be a continuous cost function and set

ch((x,y), (m’,y’)) =cx(z,2') +ey(y,y) for m.2' € X, y,y €Y.

Take i, Ix, p € Eo(X) and vy, Iy € Eo(Y) such that iminf J.(pup,vn) < oo. If vy
is an optimal transport plan from p, to v, w.r.t. ¢ for n € N, then, up to a subsequence,

J
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Proof. According to Proposition 2.2.8 there is a subsequence 7, — v (without relabelling),
where ~ is an optimal transport plan between p and v w.r.t. ¢. Fix arbitrary zg € X, yo € Y.
Then

Ixy (0o y0)> Yn) = /(cX(xo,x) + ¢y (0,9)) dyn (2, y)
z/CX(J:o,:v) dun+/cy(yo,y) dvp,

— /CX(%[),.T) d,u—i-/CY(yO,y) dv = JXY(é(:EQ,y()%/}/) < 00,

hence the claim follows by Theorem 3.3.1. O

3.3.2 Topological properties

As we saw in the previous section the transportation distance inherits a lot of properties of
the cost function. Corollary 3.3.3 shows that the Monge—Kantorovich space sometimes also
reflects properties of the underlying space X. Now we are going to prove that under the above
assumptions any class (E (o), T, j) is separable and metrizable.

Lemma 3.3.6. Take an arbitrary measure pg € P(X). The equivalence class FE(uy) endowed
with the topology 17 is separable and metrizable.

Proof. 1. Let dy be a metric on P(X) inducing the narrow convergence. Then
dy(p,v) = dw(p,v) +[J (o, p) — J(po, )|
is also a metric and, obviously, u, ER w € E(po) iff dj(pn, p) — 0 by Theorem 3.3.1.

2. Let S, be a countable family of measures of type v = pg| (X \ Bm(z0)) + @Y1 ; 6,
where m,n € N, all z; belong to some countable dense subset of X, and « is a normalizing
constant. Fix a measure p € E(fp), € > 0, and R > 0 such that

/ cle,p)d > C) ~
BR(CE())XBR(CC())

where v is an optimal transport plan from pg to g. Thus C'(y) == C(fry) > C(y) — € and
J(f1, 1) < C(y) —C'(y) < e. But fi obviously lies in the weak closure of S, so there exists

a sequence Sy, 3 Vp ER foand lim J(vp,, 1) = J(f1, ) < €. Consequently, S, is a dense set
in E(u).
O

We have shown that the pair (E (o), J ) possesses almost all the properties of (X, ¢), except
the essential fact that X is a Radon space, i.e. that any Borel probability measure on it is tight.
To prove that any class E(up) endowed with the transportation topology is a Radon space, let
us introduce the following additional assumption about a “c-completeness” of X, which allows
us to describe compact sets w.r.t. 7.

Assumption 3.3. Let {K,,},en be compact subsets of X and a sequence {ry},en C R4 con-
verge to 0. Then the set (), ey U,ex, By, () is precompact.

Remark 3.3.7. The above property is an analogue of completeness in terms of ¢. Actually, one
can show that in the case of (3.1) it holds iff (X, p) is complete.

Again, this assumption yields a counterpart in the space of measures.

Lemma 3.3.8. Let {K, }nen be compact in T subsets of P(X) and a sequence {r,}neny C Ry

converge to 0. Then the set
H=) U BLw
neN MEICn

is compact in Tj.
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Proof. Take a sequence {v*}reny C H and measures pf € I, such that J(uk v*) < r, for
all n,k € N. Due to the compactness of I, using the diagonal extraction procedure one

can find a subsequence such that (without relabelling) p* % pn € Ky, for all n. W.lo.g.
— 00
assume 7, < 47", As pk T tn by Lemma 3.2.3, there are compact sets K,, C X such that
—00
k(X \ K,) <27 for all k,n € N. Since

47 2 2 ) 2 27 (b)) o (K2
where K2~ == Ueer, B5-n(x), we obtain that
k (KEL‘”) > b (K, — 27" >2.27"
Define Hy = J,- n K5, 27" "N e N. By Assumption 3.3 these sets are precompact. Note that

X\ Hy) <227V VE N €N,

hence {v*}icn is tight, and by Prokhorov’s theorem there is a subsequence such that v* —
v € P(X) without relabelling. By the lower semicontinuity of the Monge-Kantorovich distance,

J (i, v) <1y for all n, thus u, LR particular, this immediately implies that v € H, hence
H is closed in 7,;. Now take sequences {n;}ien, {ki}ien such that pki 2 v. Since

J(un'z v ) <rp, —0=J(v,v),

Lemma, 3.2.9 yields that % ENS O

Now we are are ready to show that (E(,uo),T J) is a Radon space. Actually, we will prove
even stronger result: (E(uo),77) is a Polish space.

Theorem 3.3.9. For any po € P(X) the class E(uo) endowed with the transportation topology
77 18 a Polish space.

Proof. Fix a countable dense set S = {ui}tren C E(uo) and for any n € N define the map
vn: E(uo) — ¢ by

v (V) = {Q—k (1 —nd (pu, V))+}keN’ v e E(uo).

Clearly, 0 < ||v,(v)]| < 1. Now we define the following metric (the norms are in £1):

an%u ) HZ:EZ;\ H) >t € Blio),

) = ) + 27 (o) = 0a)] 4

neN

where dy is some metric inducing the narrow convergence. Since J is continuous in 7; and

every vy is bounded by the sequence {27%} wene We conclude that vy, (Vi) ——— vy () # 0 once
m—0o0

vm L v o€ E(p0), hence II;U)ZEZ:gH — ||ZZEZ§|| and dj(vm,v) — 0 (recall also that the narrow

convergence is weaker than the transportation one). On the other hand, if dj(vy,,v) — 0, then

U — v and J(pig, Vm) — J (g, v) once J(ug,v) < 1, thus vy, 2, v due to the density of S
m—00
in E(up) and Theorem 3.3.1. Therefore, d; induces the same topology 7.

Now consider a Cauchy sequence {Vp }men C E(po) w.r.t. dj. Since ¢! is complete, for any
n € N there is u, € ¢! such that

Un(Vm)

[[on (Vm) |

— Uy as m — oo.
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Obviously, |lup|| = 1, thus there is k,, € N such that u,(ky) > 0, hence for some my, € N it holds
that 27% (1 — nJ (g, , Um))y > 0, ie. J(pg,, Vim) < %, whenever m > my,. Consequently,
mg
Vm € Bi]/n(ﬂkn) U U Bi]/n(’/j) forall me N
j=1
and Lemma 3.3.8 yields that {v, }men is precompact w.r.t. 77 (and w.r.t. d;). This immediately
implies the convergence of the sequence. The claim follows. O

Remark 3.3.10. According to the above theorem, Assumption 3.3 ensures that X is also Polish
(and hence, automatically, Radon): indeed, the set of Dirac measures is closed in 77, and
0z, i) 0, is equivalent to x,, — x.

Finally, Lemmata 3.2.5, 3.2.9, 3.3.8, and Theorem 3.3.9 show that for any u € P(X) the
pair (E(u),J) satisfies the same assumptions as (X, ¢). This allows us to consider the Monge-
Kantorovich distance on P(E(u)) with J as a cost function and apply the results obtained
above, which will be used in the next section to show stability of Fréchet barycenters. Moreover,
iterating this process one can construct a so-called “tower of measures” (see | 1)-

3.3.3 Locally compact X

Finally, we consider the case of locally compact X. This allows us to obtain a weak local
compactness of P(X), which will be essential in the next section to prove existence and stability
of Fréchet barycenters.

Assumption 3.4. Any closed c-ball BE(x) is compact w.r.t. py.

If we consider again Example 3.2.2, then this assumption holds once f is strictly increasing
and unbounded, due to the Banach—Alaoglu theorem (in the case of a Banach space X) or
Proposition 2.3.2 (in the case of the Wasserstein space X).

Notice that under this assumption from c(x,y) = 0 iff = = y it follows that ¢(z, z,) — 0 iff
c(xp,x) — 0 iff &, — x, i.e. the consistency of c. Moreover, it ensures Assumption 3.3.

Lemma 3.3.11. Assumption 3.4 yields Assumption 3.3.

Proof. Consider the set
H = ﬂ U By (x).
neNze K,

from Assumption 3.3. Let {zy}rey C H. Obviously, H is bounded w.r.t. ¢, thus there is
a subsequence xp — x (without relabelling). The rest of the proof is similar to the proof
of Lemma 3.3.8. Take y* € K, such that c(y* ;) < r, for all n,k € N. Again, up to a
subsequence, y¥ — y, € K, as k — co. Then c(yn, ) < liminfy_,« c(y¥, 7)) < 1, hence there
are sequences {n;}ien, {ki}tien such that yﬁz — z and c(yﬁ’;,xkb) — 0 = ¢(x,z). Therefore, by
Assumption 3.1 zy, — x. O

Lemma 3.3.12. Under Assumption 3./ any closed J-ball B/ (11) is compact w.r.t. the py-narrow
convergence.

Proof. Fix e > 0 and a ball B, () such that p(Bg,(zo)) > 1 —e. Consider M := A+ Bm+ %
and any v € B/ (). Then
Pz gz [ el y) dy(a,y)

B, (w0)x (X\BS, (x0))
S / (c(xo,y) — Be(xg, ) — A
"~ JBg, (20)x (X\B§, (20)) B
M—-Bm—-A . = r e Be
2 TV(Bm(xO) X (X\BM('TO))) 2= [M(Bm(x())) - V(BM@UO))] )
where v € IL,(u,v). Hence, v(BS(w0)) > pu(BE,(w0)) — e > 1 — 2e. Therefore, B () is tight
w.r.t. pyw. The claim follows by Prokhorov’s theorem and Lemma 2.2.4. O

> dy(z,y)

™
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3.4 Case of R

Now consider the locally compact Polish space X = R? with the Euclidean metric p(x,7y) =
pw(x,y) = ||l — y||. Take ¢(x,y) == g(x — y), where g is a real-valued convex function such that
9(0) = 0 and g(z) > 0 whenever x # 0 (cf. Section 1.3 in | ]). Obviously, this cost function
is continuous and consistent, i.e. ¢(x,z,) — 0 iff ¢(x,,x) — 0 iff x,, — x. Moreover, the space
and the cost function satisfy Assumption 3.4.

First, we assume that the following inequality holds:

zy 9(x) +9(y)
Notice that B > 1 due to the convexity of g.

(3.4)

Proposition 3.4.1. Let inequality (3.4) hold. Then there exists ¢ > 1 such that g'/9 satisfies
the triangle inequality:

9"z +y) < gYUx) + g U(y) Va,y € RY

Proof. Consider points z,y € R? such that g(y) = £g(x), £ < 1. Due to the convexity of g one
can obtain that for any n > 1 it holds

n—1

1 B
glz +y) < 9(@) + —g(@ +ny) < g(@) + —(9(z) + g(ny)).
Consider n = 2%; it follows from inequality 3.4 that g(2*y) < (2B)*g(y) and therefore
gz +y) < g(z) + 27 By(x) + B g(y) = g(x) (1 + B27" +€BY)).

Take k == | — IIIIHQSBJ; then

27k 4 ¢BF < omzrE Tl + 53—% = 3¢V,

where go == 228 > 1. Thus g(z +y) < g(z)(1 + 3B£Y/®). Since £ < 1 one can obtain that for

q = max{3B, qp} it holds

B
gl/Q(x +y) < gl/Q(x)(l + 3351/110)1/‘1 < gl/Q(x) (1 + Sqfl/qo>

< g"(@)(1+ V) = gY(x) + g"(y)
for all z,y € R, O
Corollary 3.4.2. For all p,v, \ € P(R?)
JY(p,v) < TV, X) + TV, ).
Proof. Let us take measures p, v, A € P(R?) and optimal transport plans v; € II(u, \), Y2 €
H(é\’ v). Similarly to the proof of Lemma 3.2.5 consider a measure o € II(u, A\, v) such that

77;’ o =, 7732#’30 = 7. Applying Proposition 3.4.1 and the Minkowski inequality one can

obtain that
1/q
Paip) < aialio) = ([ (g - 2)"ao)

< </(gl/q(fv —y) + gy - Z))qd0> v

< (/g(x—y)d0>1/q+ (/g(y—Z)d0>1/q

= CY(y)) + CY(vg) = TV, N) + V9N, ).
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Corollary 3.4.3. The function p;(p,v) = max { JY9(u,v), JV/9(v, 1)} € [0,00] is a metric on
P(R?) (which may take the value 4+00).

As we have seen, under assumption (3.4) (P(X ), J ) is similar to a g-Wasserstein space for
some exponent gq.
Now consider Assumption 3.2 in the Euclidean case. Obviously, one can rewrite it as

g9(z +y) < A+ B(g(£2) + g(+y)).
Theorem 3.4.4. Under Assumption 3.2 for any € > 0 there exist q- > 1, B. > 0 such that for
all z,y € R? it holds that
(9(z £ y) +2) " < (g(2) +)"/" + (g() +2) ",
gle +y) <e+ (1+e)g(x) + Beg(y)-
Proof. Fix € > 0. Consider r > 0 such that g(x) < ¢ once ||z|| < r. Since g(z) = 0 iff x = 0, one
has a(t) == min;|>¢ g(z) > 0 for all t > 0. If ||z + y|| > r, then [z] > r/2 or |ly|| > r/2, and

9(z +y) < A+ B(g(z) + 9(v))

< a(fm(g(ﬂ?) +9(y)) + B(g(z) + g(y)) = <

Consequently, for D, = ﬁ + B > 1 it holds that

g(+z +y) <max{e, D, (g9(x) +g(y)) }
for all 2,y € R?. In particular,
g(Fr £y) +e < Dpg(x) +e+9(y) +e)

and one can prove the first inequality in the same way as in Proposition 3.4.1.
In order to prove the second inequality, let us choose k£ € N, > 0 such that

2B <e, 27FA< %, 27%Bg(z) < g as ||z|| < 2%r.

A
a(r/2)

; B) (9(2) + 9)).

Then similarly to the proof of Proposition 3.4.1 one can show that
g(x+y) < (1+27FB)g(x) + 27"Bg(2"y) + 27 4

< (L+e)g(@) + 5 +max {2, DiBy(y) } < e+ (1+2)g(x) + Bag(y),

where B, := DFB. O
Corollary 3.4.5. For any € > 0 and measures ju,v, A € P(R?) the following inequalities hold:

(T v) + )% < (T A) + )% + (T v) +¢) %,
J(p,v) <e+ (1+e)J(u,\) + B:J(\,v),
J(p,v) <e+ (1+e)J(\v)+ BJ(p, N).

The proof of Corollary 3.4.5 is completely similar to the proofs of Lemma 3.2.5 and Corol-
lary 3.4.2.

3.5 Fréchet barycenters

As we have obtained in Section 3.3, the space of probability measures endowed with the trans-
portation topology has some nice topological properties. In this section the barycenter of mea-
sures will be defined, i.e. some kind of averaging w.r.t. the transportation structure of the space.
It generalizes the construction from [ |, where the 2-Wasserstein space is considered. More-
over, we consider a more general setting of penalized barycenters, which will be used later in
Chapter 5.

In the section the Fréchet barycenter will be shown to be “upper semicontinuous” in some
sense and statistically consistent. Analogous results for measures on R and a convex cost function
were proven in [ .
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3.5.1 Generalized averaging in P(X)

Hereafter we assume that Assumptions 3.1, 3.2, and 3.4 are fulfilled. Let the space P(X) be
endowed with the Borel o-algebra B(7y) induced by the topology of narrow convergence 7,. Note
that it is weaker than B(7s), induced by the transportation topology, but they are equivalent
for defining an averaging in P(X).

Definition 3.2. Take a functional G: P(X) — R U {400} (penalty) and a distribution P €
P(P(X)). A G-regularized Fréchet barycenter barg(P) (or just a Fréchet barycenter bar(P) if
G = const) w.r.t. the transportation functional J is any solution of the following problem:

Va(v; P) = /J(u, v)dP(p) + G(v) — ué%i(%()' (3.5)

Respectively, Barg(P) is the set of all G-regularized Fréchet barycenters of P.

Clearly, for barg(P) to exist it is necessary (but may be not sufficient) that P(E(uo)) = 1
for some measure pg. Notice that F(ug) and every ball B (i) belong to B(7y) due to the
lower semicontinuity of J. Thus, the restriction of B(7y) to E(uo) coincides with B(7;) since
(E (o), T J) has a countable basis of J-balls. Therefore, it is enough to consider the space P(X)
endowed with B(7y) instead of the stronger o-algebra B(7y).

Assumptions 3.1-3.4 ensure that a G-regularized Fréchet barycenter exists under suitable
assumptions on the penalty G: a bound on the negative part and a lower-semicontinuity.

Proposition 3.5.1. Let G: E(uy) — RU{+o00} be such that G > « for some functional a(p) =
o(J (1o, 1)) as J(po, ) — oo; G is lower semicontinuous w.r.t. the py-narrow convergence
on any ball B (uo); and inf,ep(x) G(v) < co. Let P be a probability distribution on E(uo)
such that [ J(po,p)dP(p) < oo. Then there exists a G-reqularized Fréchet barycenter of P.
Moreover, any minimizing sequence for Vg(-; P) is precompact in 77, and every its partial limit
is a G-regularized barycenter of P. In particular, Barg(P) is compact.

Proof. The weak triangle inequality yields that

[rvapqy > [ Hed = BN =2 apy,)

B
J(po,v)—A 1
= J0 D=8 2 ) PG o0 as (o) = o

B

Therefore, Vi (v; P) > a(v) + [ J(u,v) dP(p) — oo once J(po,v) — o0, hence any minimizing
sequence {v, }nen for Vg (+; P) is bounded in J. By Lemma 3.3.12 there is a subsequence such
that v, —y v (without relabelling). By Fatou’s lemma and the lower semicontinuity of J and
G one has

Va(v; P) = /J(,u, v)dP(u) + G(v) < /lim inf J(p, vp) dP(p) 4+ liminf G(vy,)

<limVg(vp; P) = ue%l(fX) Va(v; P),

i.e. v is a barycenter of P. Moreover, J(u,v) = liminf J(u, v,) for P-a.e. p, so by Theorem 3.3.1

. J
there is a subsequence v, — v*. O

As an example of a narrowly lower semicontinuous regularizer one can consider a charac-
teristic function of some py-weakly closed subset G C P(X), or an entropy-type functional:

Gv)=[g (%Vo) diyg once v K vy, where g is a convex function. In the last case G may not
be bounded from below by a constant or l.s.c. w.r.t. the py-narrow convergence on the whole
space, but still satisfy the assumptions of the above proposition. See Chapter 5 and [ | for
more details on entropic-regularized barycenters in the 2-Wasserstein space over R?. Note that

in both cases G is convex. Due to the convexity of J by Lemma 2.2.1, Barg(P) is a convex set.
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Moreover, if X = R? and c(z,y) = g(x—y), where g is strictly convex, then .J(pu, -) is also strictly
convex, whenever y is absolutely continuous w.r.t. the Lebesgue measure L. It follows from the
fact that in this case for any v ~ p there exists a unique optimal transport map, see [ ,
Section 1.3]. Therefore, there exists a unique barycenter of P, whenever P({u: p < L}) > 0.
However, even without any assumption on measures one can take a strictly convex penalty
and ensure the uniqueness of the barycenter — e.g. this is the case for entropic-regularized
barycenters which will be considered in Chapter 5.

3.5.2 Stability of barycenters

Fix some po € P(X) and consider distributions on E = E(ug). Let dy, be a metric on F inducing
the py-narrow convergence. One can define the Monge-Kantorovich distance with J as a cost
function:

JP.Q = _int [ Jur)dl(uy). P.QEPE).

rell(P,Q)
As F equipped with the topology 77 is a Polish space by Theorem 3.3.9, and J as a cost function
satisfies Assumptions 3.1-3.4, all the results from Section 3.3 hold for P(E) endowed with J
and the topology of dy-narrow convergence.

Now let us show that convergence of distributions with respect to J implies the transporta-
tion convergence of its barycenters. This result is similar to Theorem 2 from | ] in case of
p-Wasserstein spaces. Also, we will obtain the law of large numbers for empirical barycenters
proven in | , Theorem 6.1] for the 2-Wasserstein space and measures with compact support.

Theorem 3.5.2. Let G,G,: E — R, n € N, satisfy assumptions of Proposition 3.5.1 and be
bounded from below by the same functional o. Assume that for any J-bounded sequence p, —w b

it holds that G(p) < liminf Gy, (uy), and for any p € E there is a sequence pu, ER u such that

G(p) = im Gy, (urn). Let a sequence { Py }nen C P(E) be such that P, Zp for some distribution
P with [ J(uo,p)dP(u) < co. Then any sequence of their barycenters v, € Barg, (P,) is
precompact in Ty, and every its partial limit is a G-reqularized barycenter of P. In particular, if

) . J
v* = barg(P) is unique, then v, — v*.

Remark 3.5.3. One can rewrite the statement of the theorem in the case of fixed G,, = G as
follows: for any € > 0 there exists § > 0 such that

Barg(P') C U. (Barg(P)) as J(P,P') <,

where Uz (Barg(P)) = U, cBarg(p) BZ(p) is an open neighbourhood of Barg(P). One can
say that the set-valued map P ~— Barg(P) is upper-semicontinuous w.r.t. a Hausdorff-like
convergence.

Notice also that in general case there does not exist a continuous function P — barg(P),
even for G = const. However, if G is strictly convex, then P +— barg(P) is actually continuous
w.r.t. 77.

Remark 3.5.4. The assumption on G, and G means that G is the I'-upper limit of G,, w.r.t. 77,
and the I'-lower limit w.r.t. dy, on every ball B/ () (see | , p- 169] or [ -

Proof. Let v* be a G-regularized barycenter of P. Take a sequence py, ER w such that G(v*) =
lim Gy, (). Then

Va(v*; P) = G*) + J(P,0,+) = lim Gy (pn) + im J (P, 0,,,)
= lim Vg, (in; Pn) > limsup Vg, (vp; Pr),

but for any v € E

J(po,v) — A 1
Vo, (i P) 2 Go() + T =2 L [ (o, aPu ()
> a(v) + S v) = A _ lJ(CSMO,PH) — 00 as J(up,v) — oo.

B B
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Therefore, J(uo,vn) are bounded, hence by Lemma 3.3.12 there is a subsequence such that
Vn —w v (without relabelling), which is equivalent to the dy-narrow convergence 6, — 0.

G(v) <liminfG,(v,) and J(P,6,) < liminf J(P,,J,, ), thus
Va(v; P) < liminf Vg, (vp; Py) < iminf Vg, (un; Py) = Va(v™; P),

i.e. v € Barg(P). Moreover, this yields J (P, d,) = liminf J (P, J,, ), thus, up to a subsequence,
Oy, i 0, by Theorem 3.3.1. The claim follows. O

In the same way as Corollary 2.2.9 we can obtain the following result.

Corollary 3.5.5. Let G satisfy the assumptions of Proposition 3.5.1. Then there exists a Borel
map v: E(d,,): E(uo) such that v(P) € Barg(P) for all P.

Corollary 3.5.6 (Upper semicontinuity of empirical barycenters). Take sequences of measures
{u?}nen C E and weights {\}'},en C [0,4+00) such that p}' ER pi, A= X for 1 < i < m,
and Y32 A} =1 for all n € N. Let P, = 1" A\}o,n and G satisfy the assumptions of
Proposition 3.5.1. Then any sequence of Fréchet barycenters {barg(P,)}nen is precompact and
every its partial limit is a G-reqularized barycenter of P := " Xidy,.

Proof. Note that J(pul', ) — J(pi, pej) for all 1 < 4,5 < m and max; j J(pi, pt5) < 0o, hence

JT(Pn, P) <> min{ N7 A} (uf, p5) + max J(uf, 1) > A7 = Ail = 0.
i1 J i—1

This shows that the conditions of Theorem 3.5.2 hold. O

Corollary 3.5.7 (Law of large numbers). Let G and P satisfy the assumptions of Proposi-
tion 3.5.1, and {pin}nen C E be a sequence of i.i.d. random measures drawn from P. Define
the empirical measures P, = %Z?:l Ou; and let v, € Barg (P, )1<i<n be a measurable choice of
(random) empirical barycenters. Then the sequence {vp}nen is precompact a.s. and every its
partial limit is a barycenter of P.

Proof. By the strong law of large numbers

1
T (Paybuy) = — > (i o) = EJ (1 p10) = T (P, 0yg) < 00 as.,

and P, — P a.s. due to Proposition 2.1.2. Then by Theorem 3.3.1 P, J, P almost surely, i.e.
the conditions of Theorem 3.5.2 hold. O

Notice that all the statements in this section also hold for the space P(X) instead of
P(P(X)), because one can identify a point € X with the Dirac measure §, € P(X) so
that J(0z,0y) = c(x,y) for all z,y € X, and the set of Dirac measures is closed w.r.t. to the
Pw-NAITOW convergence.



Chapter 4

Bures—Wasserstein barycenters

4.1 Introduction

In this chapter we consider 2-Wasserstein barycenters of measures with a special structure (e.g.
the Gaussians), and also its generalization to a complex space. Again, we are interested in
the stochastic setting, consistency and other related properties of barycenters. As was shown
in the previous chapter, a law of large numbers for empirical Wasserstein barycenters of i.i.d.
random measures holds in a quite general setting. Having this LLN in mind, it is natural to
look for error estimates and asymptotic normality of the error between population Wasserstein
barycenters and their empirical counterpart. But establishing a central limit theorem (CLT)
for Wasserstein barycenters and, more generally, for Fréchet means over a nonnegatively curved
metric space seems to be a delicate task (see [ | for results on concentration of Fréchet
mean).

However, sometimes we can obtain more information on Wasserstein barycenters using a
special structure of considered measures. Recall that Py(R%) is the set of Borel probability
measures on R? having a finite second moment, and equipped with the 2-Wasserstein metric Ws
given by (2.2) it forms the 2-Wasserstein space over R?. In most cases there is no closed formula
for Wa(u,v). Two important exceptions are the case of d = 1 and of Gaussian measures. In the
first case the Wasserstein barycenter of measures is given by averaging their inverse cumulative
functions | ]. In the second case, if 4 = N(a,Q), v = N (b, S), then (see | )]

1/2
W2(u,v) = lla —b|? +trQ + tr S — 2t (Q1/28Q1/2> : (4.1)

Moreover, if P € P(P2(R?)) is concentrated on Gaussian measures, then (at least one of) its
Wasserstein barycenter is also Gaussian | ]: it follows from a simple fact that the map
p— N(E, X, Var, X) is non-expanding in W5, i.e. once E, X = a, Var, X = Q, and E, X = b,
Var, X =5, then

WQ(:U’v V) > WQ(N(au Q),N(b, S))

Now we would like to point out that, actually, similar to (4.1) expressions appear not only
in the context of Gaussian measures.

Scale-location families. We first present the concept of a scale-location family of measures
on R?. Let pg € P2(R?). The scale-location family induced by g is defined as

SL(po) dof {(p + Px)yp: P e Sym, (d), p e ]Rd},

where Sym , (d) denotes the set of positive semi-definite symmetric matrices of size d x d. If
p,v € SL(pwo) with E, X =a, Var, X = Q, and E, X =b, Var, X = S, then Wy(u,v) is given
by the same formula (4.1) | ; ]. For a distribution on a general scale-location family
it is not true that there always exists a barycenter from this family. However, it still holds once
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the covariance matrix of the template measure ug is nondegenerate, by the same arguments as
in the Gaussian case.

Scale-location families play an important role in modern data analysis and appear in many
practical applications due to being user-friendly in terms of theoretical analysis and, at the
same time, possessing high modeling power. For example, it is widely used in medical imaging
[ ], modeling of molecular dynamic [ ], clustering procedures | ], climate
modeling [ ], and embedding of complex objects in low dimensional spaces | ]

Connection to quantum mechanics. The original Bures metric appears in quantum me-
chanics in relation to the fidelity measure between two quantum states and is used for the
measurement of quantum entanglement [ ; . A density matrix p is an Hermitian
(i.e. complex self-adjoint: p = p') positive semi-definite operator with unit trace: p € Hy(d),
trp = 1. It is used to describe a statistical state of a quantum system. For an introduction
to the density operators theory one may look | ]. Let p and o be two density matrices.

2
Fidelity of these states, defined as F(p, o) = [tr (pl/ 26p1/ 2) 1/2} , quantifies a similarity between

p and o, see | ]. It corresponds to the Bures distance:

1/2
dQB(p, o) =2 (1 — ]:1/2(p70)) =2trp+ 20 — 2tr (,01/20,01/2> '

Notice that it has the same form (4.1), but now we are working with complex matrices instead
of real ones appearing in the classic OT problem.

Given a random ensemble of density matrices, one can recovery its mean using averaging
in the Euclidean sense. However, the Fréchet mean suggests an alternative way to define the
barycenter in terms of the Bures distance. Given a probability distribution P on Hy(d), its
population barycenter belonging the class of all d x d-dimensional density operators is defined
as

p« = argmin / d% (o, p) dP(0).
pEH, (d):tr p=1 JHy (d)

It can be easily shown, that neglecting the condition trp = 1, we end up with the global
barycenter, which is a solution of the fixed point equation p = fH+(d) (p1/20p1/2)1/2 dP(o).
However, this is a contraction mapping, thus tr p. can be smaller than 1, and then p, is not a
density operator. In other words, the condition trc = 1 is needed to ensure that a barycenter
also belongs to the class of density operators.

4.1.1 Bures—Wasserstein barycenters

Taking into account the considered above examples, we suggest to endow the space of positive
semi-definite Hermitian matrices Hy (d) with the Bures-Wasserstein distance dpyw, originally
introduced in | |. For a pair of matrices @, S € H (d) it is defined as

12 (4.2)

A2 (Q,S) = trQ +trS — 2tr (Q1/2SQ1/2)
In particular, if ) and S are real matrices, then dgy coincides with the 2-Wasserstein metric
between centered measures from some scale-location family with covariance matrices @ and S;
and if trQ = tr S = 1, then it is the Bures distance between ) and S.

As in the previous chapter, we focus on the following statistical setting. Let P be a probability
distribution on H (d). Two important characteristics of P are Fréchet mean and variance. While
the former is a “typical” representative of a data set in hand, the latter appears in the analysis
of data variability (see, e.g., | ]). First, we define

V(Q) = /H ,B@9)APE), Qen. @,
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A Fréchet mean of P, called here a Bures—Wasserstein barycenter, is a minimizer of V(Q):

Q. = argmin V(Q).
Q€M (d)

However, as noted for density matrices, in some cases one might be interested in a minimizer
belonging to an affine sub-space A C H(d):

Q. = argmin V(Q). (4.3)
QEH., (d)nA

Without loss of generality, we further address this problem. Respectively, the Fréchet variance
of P is

Vi= QeHif(fd)nAV(Q) = V(Qx).

Given an i.i.d. sample of matrices Si,...,S, ~ P, we construct an empirical version of V(Q):

Zd (Q,S), QeH.(d).

Respectively, an empirical Bures—Wasserstein barycenter is

Qn = argmin V,(Q). (4.4)
QEH, (d)NA

and the empirical Fréchet variance is

V= inf Y =V, .

= e n(Q) = Vn(Qn)
In this chapter we study the convergence of Q,, to Q. and V,, to Vi, in particular, a central
limit theorem, and investigate their nonasymptotic concentration properties. Under mild as-
sumptions on the distribution P we show the asymptotic normality of the empirical barycenter:

Vi (Qn = Q) SN (0,8),

where E is a covariance operator on H(d); and of the variance V,:

Vi (Vi = Vi) & N (0, Var dby (Qw, S)) -

The technique of the proof of the CLT is based on the delta-method, and is also suitable for
study of the concentration properties of @), and V,,. Namely, assuming the distribution P to be
sub-Gaussian we obtain that with high probability

2007 < L Sl PR
Q" QnQx Il|p SN dBW(anQ*)N\/ﬁ7 and [V, V*\N\/ﬁ-

CLT and asymptotic normality of M-estimators. One of possible approaches to obtain
the central limit theorem is to look at a more general result concerning the asymptotic normality
of M-estimators. To make the text self-contained, we briefly recall the subject following Sec-
tion 5.4 in | ]. Under the setting (4.4), d%y,(Q,S) might be considered as a loss function
parametrized by elements of the affine subspace, @ € A NH,(d). Thus, to prove the CLT for
an empirical barycenter it is enough to validate the following conditions.

(C1) There exists a function 1q: Hi(d) — H(d) from L?(P), such that

i 1w (Q9) — B (Q.,9) — (e.(5),Q = Q)

=0.
Q—Q. 1Q — Qx|
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(C2) As @ — Q., it holds that

[ (@w(Q.9) ~ d(@..9) dP(S) = 5 (Q - Qe VQ - Q) + (]2 ~ @],

where V is some positive definite operator.

(C3) Let Q # Q«, and define gg(S) def dQBW(Q"@:é%Tr(Q*’S). Suppose that for some € > 0, the

class {gg : Q € Hi(d), [|Q—Q«| < e} has an envelope from L?(P) and that it is a Donsker
class.

Lemma 4.2.11 presents differentiability of the Bures—Wasserstein distance and provides a
quadratic approximation for d%,;,,(Q, S), what ensures Conditions (C1) and (C2). However, the
validation of Condition (C3) is much more subtle. On the other hand, the direct proof of the
CLT introduced in the present chapter is also suitable for the proof of the concentration results.

The chapter is organised as follows. Section 4.2 concerns properties of the Bures—Wasserstein
distance dpgyy, optimal transport maps TS (which are linear in the considered case), and their
differentials. In Section 4.3 we impose assumptions on a distribution P, prove existence and
uniqueness of its barycenter, and characterize it in terms of optimal maps. Section 4.4 is devoted
to one of the main results of this chapter: central limit theorems for barycenters and Fréchet
variance. Further, in Section 4.5 we present non-asymptotic concentration bounds on @, and
V,, under assumption of sub-exponential distribution P. On contrary, Section 4.6 deals with an
example of a slow convergence rate of 2-Wasserstein barycenters when the scale-location family
is degenerated. The appendix gathers some auxiliary results on concentration of random vectors
and matrices.

4.2 Properties of Bures—Wasserstein distance and OT maps

To make the presentation more transparent, we introduce a list of some used notations.

A B Matrices or vectors

A'B Operators

O)m Restriction of a quadratic form to a subspace M

A<XB B — A is nonnegative definite

A<B B — A is positive definite

Amax (), Amin (O) Largest and smallest eigenvalue of an operator or a matrix

s(0) = 0] - [|[O7Y Condition number of an operator or a matrix

1E0]| Operator norm

10| 7 Frobenius norm

1011 1-Schatten (nuclear) norm

18], 1 Orlicz norm

(4d0,0) Inner product associated to Frobenius norm

® Tensor product

L(X) Distribution of a r.v. X

op(0) little o in probability

Op(0) big O in probability

Following | |, we continue to investigate properties of dpw (Q,S). Further we present

an alternative analytical expression for the distance. This result is well-known for the case of
real-valued symmetric matrices @, S € Sym_ (d), see e.g. | |, although in | ] it is proven

for Hermitian matrices. We provide a short proof here for the sake of completeness.

Proposition 4.2.1. Let Q,S € Hy(d) and Q = 0. Then (4.2) can be rewritten as

B (Q, 8) =min {6 (T~ 1) QT ~ 1) : T e ™, TQT" = 5}
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and the minimum is attained at the optimal map

Tg _ 51/2(31/26251/2)*1/251/2 _ Q—1/2 (Q1/25Q1/2)1/2Q_1/2- (4.5)

_ +
Here by (SI/QQSUQ) Y2 we denote the pseudo-inverse matrix ((51/2Q31/2)1/2> .

Remark 4.2.2. Note that being restricted to the sub-space Sym,  (d), Tg coincides with the
(matrix of the) optimal transport map between two centered normal distributions AV (0, Q) and

N(0,S).
Proof. First, we prove that optimal T is self-adjoint. Indeed, assume the opposite, then
QI/QTQT*QIM _ (Ql/QTQ1/2> (Ql/zTQ1/2)* _ Q1/25Q1/2
and thus tr Q/27TQY? < tr (Q1/2SQ1/2)1/2. Therefore
tr(T—DNQT* =1 =tr S+trQ —2trTQ = tr S + tr Q — 2tr QY/?7Q"/?
>trS+trQ — 2tr (Ql/QSQW)W = &2 (Q,9).

If T is Hermitian but not positive semi-definite, then

OV2TQY? <Q1/ZSQ1/2>1/2, Ql/QTQl/Q# <Ql/2SQl/2)1/27

hence again tr Q/2TQ'/? < tr (QI/QSQ1/2)1/2,
Finally, if T € H(d), then it is straightforward to check that T'= T, 5 given by (4.5) and

tr(T — NQ(T* —I) =trS +trQ — 2tr (Q1/25Q1/2>1/2 = dhw(Q,9).

4.2.1 Properties of TS

The proof of the central limit theorem mainly relies on the differentiability of the map (4.5).
Lemma 4.2.4 shows that Tg can be linearised in the vicinity of Q:

Toix = Tg +dT5(X) + o|IX]]),

where dTg : H(d) — H(d) is a self-adjoint negative-definite operator and || X|| stands for the
operator norm of X. Properties of dTS are investigated in Lemma 4.2.5. Let us note that the
differentiability of an optimal transport map Tg was established several times in different works,
e.g. | | or | , Section 7.2]. In particular, in [ | it was used to prove the CLT in
case of discrete distribution P. However, in this work we provide a refined analysis of dT@q what
allows us to obtain the CLT in a much more general setting.

Let us introduce some notation: if G(A) is a functional on matrices, then we denote its
differential as doG.

Lemma 4.2.3. Map Q — g(Q) = Q'/? is differentiable on H, . (d), and its differential is given

by
XU\ ¢
ng(X)zU*<(U U)J> U, X cH(d),
V&t /i

where = U* diag(q)U s the eigenvalue decomposition.
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Proof. First, let us consider the map P~ f(P) := P?. It is smooth and its differential
dpf(X)=PX+XP, X e€H(d)

is nondegenerate:

(dpf(X),X)=2tr XPX >0, X #0,

whenever P € Hy(d). From now on (-,-) denotes a scalar product associated to Frobenius
norm.

Now applying the inverse function theorem we obtain that the inverse map g := f~! is also
smooth and its differential enjoys the following equation

X = (dpflp_qi2) (dag(X)) = Q2dqg(X) + dag(X)Q"/?,

thus
UXU* = (diag(q))/*Udqg(X)U* + Udgg(X)U*(diag(q))"/?,
(UXU")ij = (Vi + V@) Udg(X)U*);, 1<i,j<d,
and .
X *\ .
dqg(X) =U" ((U v )”)
VGG

O]

Lemma 4.2.4 (Fréchet-differentiability of the map TS ). For any S € Hy(d) the map Q — Tg
can be linearised in the vicinity of Q € Hy1(d) as

Toix =T5 +dT5 (X) +o(|X]]), as X —0,

where

dTS(X) & —S12U* A~ 2527120 812 X € H(d), (4.6)

U*AU is an eigenvalue decomposition of 51/2Q51/2
U*AU = SY2Q8'V?, U'U =UU* =1, A=diag(\,- . Aank(s),0s---,0),
+
A2 = (/11/2) = diag(\; %, A ds): 0 0),
Ai]' ..
— 4,7 <rank(S
8 = (8i))5 5y = { AT )

ij=1 )
0, otherwise

. A=USY2x8Y2y~,

Proof. The proof mainly relies on the differentiation of the pseudo-inverse term (S 1208Y 2) -V 2,

as long as
S 1/2 1/2ql/2 —1/2 1/2
dTS(X) = 5'%dg (S Qs ) (X)8V/2,

Obviously, we can consider only the restriction to range(S) and therefore assume w.l.o.g. S >
0. As (51/2(62 + X)Sl/2)_1/2 = U*(A+ A)"Y2U, by Lemma 4.2.3 and von Neumann series
expansion we obtain for infinitesimal X € H(d) and corresponding A that

(A+ )72 = (A2 45+ o(HA\D)_l
= (A (14 a0 o Al) A1)
— A4 (I—A*1/45/1’1/4+o(\|AH)> A-1/4
= AT AT oA
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Then the differential dg (Sl/QQS1/2)71/2 (X) is written as

—1/2
do (Sl/zQS”Z) (X) = —U*A~254712y,

Therefore,
Tgix = T3 +dT5(X) +o( || X]),
where dT5(X) is defined by (4.6). O
Lemmas 4.2.5 and 4.2.8 are technical and explore properties of dTg .

Lemma 4.2.5. Forany S € Hy(d), Q € H;4(d), the properties of operator dTg defined in (4.6)
are following:

(1) it is self-adjoint;
(II) it is negative semi-definite;
(I111) it enjoys the following bounds:

(TS (x). X) < A (51/2Q51/2 HQ X UQH

)‘m (5&/2@51/2

—{dT5(X),X) > HQ 250~ 1/2H

(IV) it is homogeneous w.r.t. Q with degree —% and w.r.t. S with degree %, i.e. deQ =

a_3/2dT5 and ch‘js = al/QdTg for any a > 0;

(V) it is monotone w.r.t. SY2QSY? (once the range of S is fived): dTSgJ < dTQSi in the sense

of self-adjoint operators on H(d) whenever 51/2Q 5’1/2 11/2621511/2 and range(Sy) =
range(S1); in particular, dTQ is monotone w.r.t. Q) € ]I-]I++( ) for fized S.

Proof. Slightly changing notations, we rewrite (4.6) as
dTg(X) — _Sl/QU*A71/25XA71/2U51/2’

where matrices U and A come from Lemma 4.2.4 and

0N = ——"L—, AX=USY2xsV2U.

5X (5X)z 1> % ’
7= TV VA

(I) Self-adjointness
Consider a scalar product
(dT5(X),Y) = tr(dT5(X)Y) = — tr(SY2U A~V 26X 472U S 2Y)
= —tr(A7 V25X ATV 2SRy §1V2 ).
We now introduce a following notation
AY Ly gty g1y,
Then the above equality can be continued as follows:

tr(/1*1/25)‘/1*1/2Usl/ZYSWU*) = —tr(A” 126X 4712 AY)

T AXAY
- Zm me+f

where 7 := rank(S). Thus the operator is self-adjoint.
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(IT) Boundedness and (III) eigenvalues

Denoting AX by A (i.e. now A = USI/2XSl/2U*) and taking into account the above expansion
of an inner product, one obtains

r A2 oAy N
aTs _ ij _ ij i
(dT5(X), X) ]Zl W Sy ]Zl< Tw) N v (4.7)

Note that the function

def AV )\2)\
f(/\i7 )‘j) = 2

T AV

is monotonously increasing in both arguments \; and A;, thus

1/2 12 4
mae f(3 ) = 25 i g, ) = A (48)
l7j /L’J

For the sake of simplicity we introduce a new variable
def ~_ _
CEQTPXQT,
its Frobenius norm is written as
Il = tr(XQT'XQ™1).
Moreover, the following inequality for trace holds:

tr(XQ'XQ™Y) > tr(IIs X HsQ ' M XITsQ ' II5)

:tr(A/ﬁA/ﬁ):HA*WAA*WHTF: ; fiﬂ
iy=1"""7

)

Here Ilg is the orthogonal projector onto the range of S.
Then combining (4.7) with (4.8), the upper and lower bounds can be obtained as follows:

r N 2 1/2
—(dTS(X),X>SmaXf(Ai,Aj)Z( 2 ) < 2maxl )y,

] \/)\i>\j 2
r A 2 )\1/2 (/1)
—(dT5(X),X) > min f(\i, \; Y = [min 2.

Note, that if S is degenerated, the lower bound becomes trivial.

1,j=1

(IV) Homogeneity and (V) monotonicity

Homogeneity follows directly from definition (4.6). Now we prove monotonicity. As the range
of SY/2QS81/? is fixed, we may assume S = 0. Consider

(dTS(X), X) = tr (Sl/2U*A_1/26A_1/2U51/2, X)
_ <U*/1_1/2(5A_1/2U, 51/2X51/2>
~1/2
_ <dQ <51/2Q51/2) / (X)’Sl/2X51/2>

= <dMM’1/2 <Sl/2X51/2> ,S1/2X51/2>,

with replacement M = S1/2QS'/2 to be change of variables. As long as X is supposed to be
fixed, it is enough to show that the differential dasM~'/? is monotone in M. Notice that the
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operator (dMM_l/z)_1 at point M is equal to the differential of the inverse map P — P2
point P = M~1/2.
_ _ -1
dp M 2 = (dPP Q}P:M*1/2) :

In turn, dpP~2 can be expressed as
dpP2(X)=—P ' (PT'X + XP ) P!,
the right part of the above equation is self-adjoint, negative-definite and
(~PH(P'X+XP P L X)==200P?XP'X.
Choose M = My > 0 (thus ]\/.I'll/2 = M&/Q) and let P; = M;l/Q for i = 0,1. Then for any fixed
X € H(d)

1/2 5 1/2

—tr PL2X P X = —tr My X M, —tr MoX My "X = —tr P, °X Pyt X,

i.e. dpP~ 2‘ S dpP~ 2’ Py and hence for the differential of M — M~1/2 the inverse inequality
holds: dps M~ I/Q}MO < dMM_1/2‘M1. This entails monotonicity of dTS. O

Corollary 4.2.6. Under conditions of Lemma 4.2.5, it holds

)\1/2 (51/2Q51/2) )\1/2 (51/2Q51/2)
Amax (—dT5) < 22 . Amin(—dT5) > Zmin
(-dTQ) < =55 —5) 410 = "o (@)
Proof. Ttem (III) from the above lemma ensures that
A\L/2 (51/2Q51/2 )\1/2 (51/2Q51/2)
—{(dT5(X), x) < == V2x Q=12 max X|%.
(dT5(X), X) < HQ o < e oy IXIE
The second bound is proved in a similar way. O
Corollary 4.2.7. Define the following rescaled operator
def
dtd () € QV2aTs (Q1*¢Q'?) Q12 ¢ e H(d). (4.9)

Then

A (~t3) = SN2 (8/2Q8172),

f)\rlrfx (51/2Qsl/2) .

Amax (—dtg)

Proof. Notice that inequalities
) S 1/2 1/2ql/2
Amin (—dt )>2)\mm (s2@s'?)

Amax (_dtQ) S 5)\rln/agx <51/2Q51/2) ’

are a trivial consequence of Lemma 4.2.5 (III). Now defining for any 1 < k < rank(.S)

Ak — L, i=j=k, 7 Xk — S’l/ZUAkU*S’l/Q, Ck _ Qfl/QXkal/Z
" 0, otherwise,

we obtain from (4.7) that

- =~ (amgo ) = e
QW% Q ’ 2 F

Therefore, the above inequalities are sharp. ]
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Lemma 4.2.8. For any Qo, Q1 € Hi4(d) and S € Hi(d) consider

QE(1-0)Q+1Q1, QE Q" (4.10)
Then
2 dT5 < / ' dT5 dt
A @) F A2 (@) P S T
2
< dTs
A (Q) + MA@ @
1
< dTs .
1+ 3[Q —1])/4" @

Moreover, if ||Q" — I|| < 1, then
Lo 1 s
dTy, dt = —————dT}, .
/0 < L@ —1]

Remark 4.2.9. The above inequality might seem confusing due to the fact that Apin(+) < Amax(+),
however this is explained by the fact that dTg is negative definite.

Proof. Notice that

(1= 1) + tAmin(Q)) Qo = Q: = QY (1 = )T +1Q") QY = (1 — 1) + tAmax(Q")) Qo.

Monotonicity and homogeneity with degree —% of dTg (see Lemma 4.2.5) yield

S S
dT5, < AT(0 ) 1 irman Q)0

— (1= ) + P (@) ~*%aTS,
and
S S
dTQt i dT((lft)+t>\min (Q"))Qo
— (1= 1) + (@) ~*2aTs, .
Therefore,

1 1
/0 dTs, dt < dTgo/O (1= 1) + Amax(Q')) "2t

2 s
= dTQo

Amax (Q') + Ml (@)

and respectively,
1
2
dT3, dt = dTg, .
/o C T @ @)

The inequality (II) follows from the fact that

Moin(@) 2 1= Q@ = Il Anax(@) < 14 Q — 1],

and inequalities

\/1+x§1+g for = >0,
Vi—-z>1—2 for 0<x<1.
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4.2.2 Properties of dgw (Q,S)

The next lemma ensures the strict convexity of dpw (Q,.S). In essence, the proof mainly relies
on Theorem 7 in [ ]

Lemma 4.2.10. For any S € H. (d) the function Q — d%y,(Q,S) is convex on H(d). More-
over, if S = 0, then it is strictly convex.

Proof. According to Theorem 7 in | ] the function h(X) = tr X/? is strictly concave on
H (d), hence the function

1/2
Q- dhw(Q,8) = tr S +trQ - 21r (51/2Q8"?) /

is convex on H (d) for any positive semi-definite S. Moreover, if S > 0, then Q — S/2Q81/2
is an injective linear map, and therefore d%y,(Q, S) is strictly convex. O

Further we introduce differentiability of d%y;,(Q, S) and provides its quadratic approximation.

Lemma 4.2.11. For any Q € Hy(d), S € Hy(d) the function d%y, (Q, S) is twice differentiable
mn Q with

dodaw (Q,9)(X) = (I - T§,X), X € H(d),

djdaw (Q,9)(X,Y) = —(X,dT5(Y)), X,Y € H(d).
Moreover, the following quadratic approximation holds: for any Qo, Q1 € Hy 4 (d)

2  _ldr3 — Q1 —

(1+A¥§X(Q’)>2 (T, (@1 = Qu), Q1 = Q)
< dBy (Q1,S) — dbyw (Qo, S) + (T5, — 1,Q1 — Qo)

2 yamS (. B
(o) (4T = Q0@ = Q).

IN

with Q' defined in (4.10).

Proof. Derivatives. Note that
1/2
do (sl/2Qsl/2) (X) = U*dU,

where 0 comes from Lemma 4.2.4. Furthermore, Lemma 4.2.3 implies that

1/2 1/2
dqtr (52082) " (x) = trdg (52052) " (x) = w5
rank(.S)
Ay 1
= © == t AA_1/2
R

2
1 1/2 12 (a1/2met/2 V21 g
= St SYAXSI (512Q81?) T = S (T8, X).
Consequently, d%y,(Q, S) is differentiable, and
1/2
dodby (Q, S)(X) = tr X — 2dg tr (SWQSW) (X) = (I -T5,X).

Applying Lemma 4.2.4 one obtains

d5day (Q,8)(X,Y) =dq (I -T5,X) =—(dT5(Y),X) (V).
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Quadratic approximation. Let Qq, Q1 € Hy(d), Q¢ = (1 — t)Qo + tQ1, t € [0,1]. The
Taylor expansion in the integral form applied to dQBW(Qt, S) implies

dbw (Q1,5) = diw (Qo, S) + (I = T5,, Q1 — Qo)
+ (L 1) (T Q1 — Qo). Q1 — Qo)
= dbw (Qo, ) — (15, — 1,Q1 — Qo)
- <[/01<1 - 0aTE, ] (1 - Q.01 - o).

Following the same ideas as in the proof of Lemma 4.2.8 one obtains that

1 1
—3/2
/0 (1—t)dT5, dt</0 (1= ((1 =) + tAmax(Q")) /dTgo dt
= —2 _.dT}
(1oar@) @
and

1
/0 (1 —t)dTy, dt 3= »dT, .

2
<1+/\Iln/ii(Q')>
Thus

2 aTS (O — B
<1+/\rln/e?x(Q/)>2 <dTQO (Ql QO), Ql Q0>

< dLy (Q1, S) — dhw (Qo, S) + (T, — 1,Q1 — Qo)

2 AT (O — B
(1+>‘:n/ii(Q/))2 (dT5,(Q1— Qo), Q1 — Qo) -

4.3 Existence and uniqueness of barycenters

Along with knowledge of properties of the Bures—Wasserstein distance in hand, and before
moving to more general questions, one should ask her- or himself, whether a Bures—Wasserstein
barycenter @), exists and, if so, is it unique or not.

Firstly, we assume that A has a nonempty intersection with the space of positive definite
operators.

Assumption 4.1. Given the setting (4.3), we suppose an affine subspace A C H(d) to be s.t.
Hy 4 (d)NA # 0. By M we denote the linear subspace of H(d) associated with A, i.e. the following
representation holds: A = {Qo} + M for some Qo € H(d).

Further, we assume that P assigns positive probability to the space of positive definite
Hermitian matrices H 4 (d) and that the average of S is finite.

Assumption 4.2. Let the distribution P on H (d) be such that

The next theorem ensures existence and uniqueness of the Fréchet mean introduced in (4.3)
under the above assumptions.

Theorem 4.3.1 (Existence and uniqueness of Q). Under Assumptions 4.1 and 4.2, there exists
a unique Bures—Wasserstein barycenter Q. of P. Furthermore, Q. = 0 and it is characterised
as a unique solution of the equation

OyETH =IyI, Q€M (d), (4.13)

where Iy is the orthogonal projector onto M.
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Remark 4.3.2. In the case of Gaussian measures, uniqueness and nondegeneracy of @, under
Assumption 4.2 follows from a general result for 2-Wasserstein barycenters, see e.g. Theorem 3.1
in [ ]. However, it is not clear if this can be adapted to the considered setting with complex
matrices and linear constraints.

Remark 4.3.3. The equation (4.13) generalizes the result for scale-location families in 2-Wasserstein
space, presented in [ , Theorem 3.10], and originally obtained for the Gaussian case in
the seminal work | , Theorem 6.1]. Namely, if A = Sym_ , (d), then Q, exists and is the
unique solution of a fixed-point equation:

Q=E (QlﬂSQlﬂ)l/z7 Q € Sym__ (d).

Note that it is similar to (4.13), as by multiplying the above equation from both sides by Q1/2
one obtains IETS =1

Proof. By Assumption 4.2 V(0) is finite:
V(0) == Ed%y(0,5) = Etr S < oc.

Since dpw (Q,S) — o0 as ||Q]| — oo, one has V(Q) — oo as ||Q|| — co. Thus, any minimizing
sequence for V is bounded. As V is continuous, this implies existence of a barycenter Q. by the
compactness argument.

In case P(H(d)) > 0 applying Lemma 4.2.10 we obtain strict convexity of the integral

Q- Edpy(Q.9) =V(Q), Q€ Hi(d),

and therefore, uniqueness of the minimizer Q.

To prove that Q. > 0 consider arbitrary degenerated Qo € Hy(d) NA, Q1 € Hii(d) N A
(which exists by Assumption 4.1) and S € Hy(d). Let us define Q; = (1 —)Qo +tQ1 € A. We
are going to show, that

d
@dQBW(Qt,S):(I—Tgt,Ql—Q0>—>—oo as t— 0.

To prove this convergence, we consider the following eigen-decomposition
S12Q0SY? = U*AU, A = diag(\1, ..., A\, 0,...,0), where r :== rank(Qp). We denote as C' =
USY/2Q,SY2U*, and write it in a block form:

C C * rx(d—r
Co1 Ca

Thus, for all Q; the following representation holds (see Section A.5.5, paragraph Inverse of block
matriz in | )):
-1
U($12Qis'2) Ut = (1 - A +C) !

_ (B 2B CuS OB —tE ! CrS;
—tSt_ICmEt_l St_l ’

where Et = (1 — t)AH + tCH, St = tCQQ — t2021Et_1012, with /111 = diag()\l, e ,)\T). When
t— 0, By — A1 = 0, % — (99 > 0. This yields

-1 0 0
1/2 1/2 «
tU(S 0.5 ) U —><0 0221),
and

—1/2 0 0
1/2 al/2 *
ViU (5 0.8 ) U - (0 02_21/2>.



20 BURES-WASSERSTEIN BARYCENTERS

Therefore,

Vit <T5t, Qo) =Vt < (sl/th51/2> ~1/2 ’ 51/2Q051/2>

—1/2
:<ﬁU (Sl/ZQtsl/2> / U*,U51/2Q05’1/2U*>

0 0 A 0V \ _
—><<O 0221/2>,<0 O>>—O.

In the same way one can obtain

0 0 Cn C
S 11 12 o 1/2
\/'E<TQt,Q1>—> <<0 0221/2> 7<021 022>> —trC'22 >0ast—0.

Consequently,

d tr O34 + o(1

adQBW(QtaS) =(I-T5,,Q1— Qo) =trQ1 — tr Qo — 22\/5() — —00.

By Assumption 4.1 it holds that P(Hy(d)) > 0. Further, since d%,(Q,S) is convex, its
directional derivatives are bounded by difference quotients, thus one can apply Leibniz integral
rule for a Lebesgue-integrable function. This yields the following equality:

d

adZBW(Qt,S) — —o00 as t—0,

thus Qg cannot be a barycenter of P. This yields Q. = 0.
Since V is convex and the barycenter of P is positive-definite and unique, it is characterized
as a stationary point of the Fréchet variation on subspace A, i.e. as a solution to equation

d
%V(Qt) =E

My VV(Q) = My (I —ET5) =0, Q€ ANH(d),

as required. The first equality follows from Lemma 4.2.11. ]

4.4 Central limit theorems

Armed with the knowledge about properties of dpw (-,-), Q«, and @, we are now equipped
enough to introduce the first main result of the current study: the asymptotic normality of
empirical barycenters ),,.

Covariance operators. The proof of the CLT relies on covariance operators on the space of

optimal transportation maps and on the space of covariance matrices.

Consider T; def ng and 77" def

XY, and its data-driven estimator i’n as follows:

T 5; We define a covariance X' of T}, its empirical counterpart

1 n
>YRT e @ -1), Endzefgzm_l)@m_”’
=1
n

~ of 1 n n
o NI - Do (T - ),

=1

where ® stands for the tensor product.
The covariance of (), and its empirical counterpart are defined as

=Y P YD) F, E:Mo M, (4.14)
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Y E NS MET, Eat Mo M, (4.15)
where
1 n
FY-E(a15), F.%-23 (a15) . (4.16)
=1
1 & S,
dT ) .
( @n )\

F, <
n i=1
(4.17)

Another key object which appears in the proofs quite often is a rescaled empirical barycenter

; def Q—1/2QnQ—1/2
Under Assumptions /.1

@

Now we are ready to prove the central limit theorem for the empirical barycenter @,

Theorem 4.4.1 (Central limit theorem for empirical barycenter)
and 4.2 the CLT for Bures—Wasserstein barycenter holds
Vi (Qn — Q) SN (0,8), (A)
Moreover, if (X)) is
(B)

where B is a self-adjoint linear operator acting on M defined by (4.14)
0, (D)m) ,

nondegenerate, then
=—1/2 d
is an empirical counterpart of 2 defined by (4.15)
Proof. Proof of (A). As 0 < dpw(Q,S5) < tr@ + trS, the random functions V,, a.s. uniformly
converge to the strictly convex function V on any compact set by the uniform law of large
a.

—
=

where B,

Theorem 2|. Therefore, their minimizers also converge @, —> Q. (see, e.g.,
In particular, P(Q, = 0) — 1 as n — oo. The expansion from
(4.18)

numbers |
Lemma 5.2.2 in | D).
Lemma 4.2.4 at ), implies
L
TP =T+ [ dTSQ. - Q)
t)Q« + tQ,. Note, that the condition for @, being a barycenter is

I — I) = 0. This fact together with averaging of (4.18) over i give:
(4.19)

ITyI = I T, — Gn(Qn — Q.),

where Q; = (1 —
EAE T
where
— def ]. def 1 ! Sz
ZTZ, G, = —nZ/O (dTQt dt.
1
2

According to Lemma 4.2.8
2
NIE F,<xG, = 2
Amax (@) + Amax (Q7,) min(@7) + Anin (Qr)
where F, is defined in (4.16), and @/, comes from (4.17). Recall that F' introduced in (4.16)
a population counterpart of F,,. This operator is correctly defined since by Lemma 4.2.5 one

=E @

» .
n-
can show that it is self-adjoint, positive definite and bounded
Hsl/QQ*Sl/Z H
< Q.

||| < E[|dTg,

This bound follows directly from Corollary 4.2.6
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a.s. a.s

Since by the law of large numbers F,, =5 F and @Q/, >+ I, it holds that A\pnin(Q) =25 1
and Amax (@) 225 1, thus G,, 223 F. Therefore, we obtain from (4.19) that

Qn — Q*‘FG;IHM (Tn _I) .

Note that dTS* is negative definite for any S > 0 by Lemma 4.2.5, hence F itself is negative

definite and thus can be inverted. In particular, G, ! exist asyr_nptotically a.s., and G;;* 2%,
F~1. The result (A) follows immediately from the CLT for ITyT, and Slutsky’s theorem.
Proof of (B). Note that result (A) is equivalent to the fact that

VIETY2(Qn = Q) S N (0, (D).
To ensure convergence of =, 22 B we need to show that
a) 3, 2 3 (follows from Lemma 4.A.1, a.s. consistency of @/,, and the LLN);
b) B, X5 F.
Consider

S S ~3/2 39

dTg, < dTy  (onq. = Amax(Q)) 7 dTg,,
—3/2

TS, = TS o0, = (@) 2dTS..

n
where the inequalities come from monotonicity of dT@9 (see (V) in Lemma 4.2.5) and bounds
Amin (@),)Qx < Qn < Amax(Q),)Q«. The equalities hold due to homogeneity of dTg with degree

—3 (see (IV) in Lemma 4.2.5). This naturally leads to the following bounds:

1 - 1
WFn < Fn < WFn
Amax(Qn) Amm(Qn)
Since @/, 2% I and F,, 2% F, this implies E, 25 F due to the continuity of Apax(-) and

)\min(')-
The above results ensure the validity of substitution & by Z,,. This yields (B). O

The asymptotic convergence result for dpw (Qn, @+) is a straightforward corollary of the
above theorem.

Corollary 4.4.2 (Asymptotic distribution of dpw (Qn, Q«)). Under conditions of Theorem 4.4.1
it holds that

Vi (@n,Q) % Q%415 2)]

with Z ~ N (0,E). Moreover, replacing in the limiting distribution Q. and Z by their empirical

counterparts Q, and Z, ~ N (0, én), respectively, one obtains the following convergence:

Q) o

do (£ (Videw (Qn, Q) . £ (||Q¥/ AT (2)

where dy 1s any metric inducing the weak convergence.
Proof. Since @, 2= Q., Lemma 4.2.11 implies

1+op(1)

2 _
dBW(QmQ*) - 9

(AT (Qn — Q2),Qu— Q. ).
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Here op denotes little o in probability: recall that X,, = op(1) iff X, L. 0. Without loss of
generality we can consider case Q. = diag(qi,...,qq), thus Lemma 4.2.5 implies (notice that

A=Q? and A = Q)°XxQ.%)

Q- L Xy - Xy )’
— (4TS (x).x) = Y - ‘Xia:z“’i”j)(qwqj)

ij=1 %+ ij=1
| 2
-9 i QH V2qr9 (X H
zz_1< qz+q]) Q Q*( )F

By Theorem 4.4.1 \/n(Q, — Q) is asymptotically normal and centered, therefore

£ (Vadpw (@Qn,Q2)) & £ (|| Q¥ %arg (2)]) ).

where Z € M C H(d) and Z ~ N (0, E).

Note, that Q, = Q., =, = =, and dTg: 25 dTg**. The last result follows from
Lemma 4.2.5 (IV, V), and can be validated using the same framework as in the proof of (B)
in Theorem 4.4.1. Note, that Apin(Q})Qx < @Qn < Amax(Q),)Q«, with @), coming from (4.17).
Then

1

Qn Amax(Q)Qx _ Q- Q*
aTg" < A" G0, = (@ )dT — dTg

Qn Amin (@)@ _ 1 Q- Q*
dTg" = dT™ 5. = (O >dT — dT

where the inequalities comes from monotonicity (see (V) in Lemma 4.2.5). The equalities hold
due to homogeneity (see (IV) in Lemma 4.2.5). Furthermore, the continuity of A\pax(-) and

Amin(+) yields
£([lexazgzzn],) = £ (| azg: 2)] ).

where Z,, ~ N (O, En> This, in turn, entails

F

A (£ (Vidpw (@, Q) £ (|@i2azg (2,)]) ) = 0

where dy, is some metric inducing the weak convergence of the measures. O

To illustrate the result, we consider the case of a diagonal Q. = diag(q, ..., qq). This setting
admits the explicit form of the limiting distribution:

d 72,
L d Ny gk . L Gt ) ’
(Vndpw (Qn, Qx)) = Uz:l 2(q; + qj)

where Z = (Zij)ld’ j=1- This representation of the limiting distribution is derived in the proof of
Corollary 4.4.2 which is based on the fact that

1 +op(1)

dQW(anQ*) = - 9

(TS (Qn—Q.),Qn — Q).

and the explicit formula for dTg from Lemma 4.2.4.
The last result concerning convergence of empirical barycenter is the central limit theorem
for the empirical variance V.

Theorem 4.4.3 (Central limit theorem for V,,). Let Assumptions /.1 and 4.2 be fulfilled and
E(tr S)? < co. Then

Vi (Vi = Vi) 5 N (0, Var d2yy (Q, ) -
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Proof. By definition the empirical Fréchet variance is

1~
= Z dpw(Q, S
=1
Lemma 4.2.11 ensures the following bound on V,,(Q.) — Vi (Qn):

0<Vn * _Vn n SiFn n * )y \gmn T * /-
V(@) =V(@) € o F@n = Q1) @n = Q1)

The above quadratic bound together with Q,, — Q., F, — F and /n(Q, — Q) L\ N(0,E)
yield:

V(@) — V(@) = Va(Q.) — V(Q.) + Op (711) .

Recall that X,, = Op(a,) means that for any € > 0 there is M > 0 such that lim sup P{| X|,, >
M} < e. On the other hand, by the classical central limit theorem we obtain:

—> N (O,Var dBW(Q*’ S)) .

4.5 Concentrations

This section discusses the concentration properties of ,, and V,, around @), and V,, respectively,
under the assumption of sub-Gaussianity of P.

Assumption 4.3 (Sub-Gaussianity of Vtr.S). Let v/tr S be sub-Gaussian:
P {\/trS > t} < Be % for any t > 0,

with some constants B,b > 0.

4.5.1 Concentration of (@),

The next lemma is a key ingredient in the proof of the concentration result for Q.

Lemma 4.5.1. Consider

- d_ef - V2 WH (4.20)
where
F(x) ¥ ol %F, ( 1/2XQ1/2) QY2 Xxe {Q;”?YQE/?}Y € M}. (4.21)
Then
@ =1l < = 4%

whenever 1, < fi and @Q, = 0.

Proof. Let us define QL th (1-1t)Q, for t € [0,1]. Due to Lemmas 4.2.5 and 4.2.8 we have
for any S € Hy(d)

(M (T§, = T5,)  Qn — Q) = (T3, = T5,,Qn — Q)
1
_ /0 (—dT5,(Qn — Q). Qn — Q.) dt

1
>—_dTS n— Wx), &n — ).
T giq e Qe m @00y
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Therefore,
(I (To — 1), Qu — Qu) = 1+i’;|ré2'1\|< 2 (Qn — Q) Qn — Q)
=1+i£%_IMFﬂQ%—D£%—I>
> %n@; ~ 1.

At the same time,
(M (T~ 1),Qu — Q) = (@M (T, 1) QY. Q}, ~ T)
< @2t (7 - 1) @22

| Q= 1.
Hence
1+ 21Q, —1I1l|[ 4172 1/2
196~ Tllr < — o @i P, = a3 - i)
>\m1n F
Rewriting the inequality above we obtain
n
1Qn — IllF < —
L= 3,

provided that n, < %. O

Before proving concentration results, we define the operator F’(X) as follows:
FI(X) ¥ ol?F (Qi/2XQi/2) QY% for X € {Q;1/2YQ;1/2]Y c M} . (4.22)

The first result concerns the concentration of @)/, in Frobenius norm. This is a crucial step
in the proof of concentration of dpw (Qn, Qx).
Theorem 4.5.2 (Concentration of Q',). Let Assumptions /.1, 4.2, and 4.3 be fulfilled, then
P{IQL 1l > “L(v )} < 2me e (1
Vn
foranyt >0 and n > CQQ(\/E—F t)2, with

def .. def
m = dim(M), p'= P(H;(d)),

aef 4| Q. |or def ( Amin (F') Aimw'))

= , tp = Cmin
Amin (F) Ulog'? (U/or) 0F

where the operator F’ is defined in (4.22), constant op comes from auziliary Proposition /.A./,
constants op and U are defined in auxiliary Proposition 4.A.2, and C denotes a generic constant.

To make the result more transparent, we first discuss it in a less formal way. The proof
is based on three steps, and each step yields a bounding term. The first step gives the term
2me~"™F. Tt deals with the concentration of some auxiliary empirical operator F/, defined
in (4.21) in the vicinity of its population counterpart F’. These two operators are essentially
a price to pay for moving from the space of optimal transportation maps 7, 5 to the space of
barycenters. The concentration of F), is derived from a result by [ | which is presented
in Proposition 4.A.2. The constants or and U appear due to this concentration. Some prior
bounds on o and U are obtained in Lemma 4.A.3. The second step yields the term e /2, Tt

ensures the concentration of H% > Tgi -1 H , and relies on the result by [ ]. To make the
* F

text self-contained, we introduce it in Proposition 4.A.4. The constant op comes from a bound

1 Si

n 2 1Q.

nondegeneracy of (),,. In other words, a high degeneracy leads to a smaller p and, thus, to worse

bounds.

on

o The last step yields the term (1 — p)™. It comes from the requirement on
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Proof. Let t,, be s.t. the following upper bound on ~,(¢,) from Proposition 4.A.2 holds:

1
Yn(tn) == C max <0F\/ W,U\ /log (%) t"+1°ng(2m)> < 5)\min(F').

It is easy to see that this condition is fulfilled for ¢, = ntp — log(m) under a proper choice of
generic constant in the definition of ¢z. Then with probability at least 1 —2me™"F the following
bound holds:

1
Amin (F7) 2 Anin (F") = [ Fy = F'|| = 5 Amin (F),

with F to be defined in (4.21). The above facts together with definition of 7, (4.20) yield

‘Ql/Q 1/2”
def

)\mm(F )

2IIQ*H

< L1y (7,

Dl

C _
HF = ﬁHHM (Tn

Combining the above bounds with Proposition 4.A.4, we obtain:
P{nn > 2\F(\ﬁ+t)} < 2me"F 4 e V)2,

Now it follows from Lemma 4.5.1 that

(f+t)} < P{2nn > ;%(\/TTLH)} +P{@Qn # 0}

< 2me " 4 e P2 4 (1 - p)",

P{uczg ~1lr> 2

whenever 2%(\/% +1t) < %. Here @ # 0 means that a matrix Q is not positive definite. We
used that @, > 0 if at least one of matrices Sy, ..., S, is nondegenerate. O

The next result deals with the concentration of @), in the Bures—Wasserstein distance. It is
a corollary of the above theorem.

Corollary 4.5.3 (Concentration of @, in dgw). Under the conditions of Theorem 4.5.2 the
following result holds:

coll Q42
Vn

Proof. To prove this result we use Lemma 4.2.11 and choose Qg = S = Q4, Q1 = @,. Thus we
obtain

P {dBW(QmQ ) > (vVm + t)} < 2me MF 4 et/ +(1—p)".

B (Qu Q) < — o AZE(Q@))Q (dT5:(Qu ~ @.),Qn - Q.)
ef. 4. 2 RN /
Def 19 (@) (~dtg:(@, - D.Q, — 1)
ngmaX( dtQ)HQ — I3 CET A (@)@ — I]1%,

with @/, coming from (4.17). Hence by Theorem 4.5.2
d ny Q) < . 1/2 €Q t
(@ Q2) < Q.1 2 (i +1)

with probability at least 1 — 2me "tF — e /2 - (1—-p)m. H
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4.5.2 Concentration of V,

The next main result of the current chapter describes the concentration properties of the em-
pirical Fréchet variance V,,.

Theorem 4.5.4 (Concentration of V,,). Let Assumptions 4.1, 4.2, and 4.3 be fulfilled, then, in
the notation of Theorem 4.5.2,

P{|Vo = Vil > 2(p, v, dym, 1)} < 2me ™% 4 3e7/2 4 (1 - p)"

with
CQIIF'II

2(b,v,d,n,t) % max <%7%> (i1

A pair (v,p) is the parameters of a sub-exponential r.v. oy (Qx, S).

Proof. Following the proof of Theorem 4.4.3 we consider V,,(Qx) — Vi (Qn):

_ -2 _ _

— # Fl /o I , /o I
<1+)\,1n/ii(Q§L)>2< n(Qn ) Qn >
<2||Fy|l- 1@, — I]1%,

with F) defined in (4.21), and @/, in (4.17).
Following the proof of Theorem 4.5.2, we obtain that with probability at least 1 —2metF" —
e /2 (1 — p)™ the following upper bounds hold:

1
1Qn = Illr < Z=(Vm+ 1), [ Fy = F'|| < S Amin(F7),

< fQ

f
with F/ coming from (4.22). Thus

U / / / 3 /

1E Il < [1E + 1B — B < 5[]

and consequently

2
0 < V(@) = Val@u) < 3| F| “2(v/m +1)2

Now we consider the difference V,(Q«) — V(Q«). According to Assumption 4.3 S, and
therefore d%y;,(Q«, S), are sub-exponential r.v. with some parameters (v, ). Then Lemma 4.A.5

/ / 1/2
Val@2) ~ V(@2)] < ma (2‘5 v (%) )

ensures

n

with probability at least 1 — 2et. Combining two above bounds, we obtain:

V2(@u) = V(Q.)] < max (ﬁ“ﬁ ) 3 L+

with probability at least 1 — 2e™ — 2me "rF — e~ t/2 _ (1 —p)™. Choosing ¢’ = t?/2, we get

P{rvn@n)—wcz*)r 2 s (1 1) ) o }

< 2me ™MF 43¢ 71/2 (I—-p)™
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4.6 Slow rate of convergence: example

In this section we demonstrate an example of a distribution on a scale-location family such that
the rate of convergence of Wa(vy,, v4) is slower than in, where v, and v, are the population and
the empirical 2-Wasserstein barycenters, respectively. As was mentioned in the introduction,
there is an equivalence between Wasserstein and Bures—Wasserstein barycenters once the scale-
location family is induced by a template measure pg with a nondegenerate covariance matrix.
Yet, here we will consider a degenerated case.

Theorem 4.6.1. There exists a scale-location family SL(ug) C P2(R?) and a distribution P
on it such that it has the unique Wasserstein barycenter v, = bar(P) € SL(up), for any n € N
there is an empirical barycenter v, = bar(P,) € SL(), and for large enough n with probability
at least L

8

W- > .
Q(Vn,V*) il logn

Proof. Step 1: construction of P. For any z € R define a measure on R?

1
/’LZ = 5 (6(12 + 67(12) )

where a, = (1 — z,2) € R%. Let Pz be a distribution on R, then P = (z — p,)xPz is a
corresponding distribution on P(R?). Let Z be a random variable drawn from Py.

Recall that v, = bar(P). Set v = % (s + (—id) ). Obviously, due to symmetry one has
for any z € R

Wi(ue,v) = WEGee7) = [ min {lle = aclP, o + a0} do(a)

_ / min { ||z — az|?, [l + az||2} dus(z).
R

Thus, v is also a Wasserstein barycenter. Moreover, v.-a.e. x is sent by the optimal plan to
the closest point among az, —ayz a.s., otherwise EWZ(uuz,vi) > EWZ(uz, 7) according to the
above inequality. In particular,

EWE(z,vs) = E/R2 min {|lz — az|? ||z + az|?*} dvi(z) = /R2 D(x) dvy(z),

where D(z) := Emin {||z — az||?, ||z + az||*}. Due to the symmetry of this function, any sym-
metric measure concentrated Argmin D is a barycenter of P. Hence

EWZ(uz,vs) = min EWZ(uz,v) = min D(x),
veP2(R?) z€Rd
and v, is concentrated on the set of minimizers of D. Note that D is semi-concave, thus it has
directional derivatives at any point z € R2.
Let = (x1,x2) and x; < 2, then

: |l + a?
mmﬂw—%me+%W}=ﬁu_5w’z>4@
z ) )

where z(z) := — 2. Therefore, for all v € S ! one has

D (x) <2E((x+az) 1[Z < z(z)] + (x — az) 1[Z > z(x)],v)
=2(x—Eaz+2Eaz1[Z < z(x)],v) .

If x is a minimum point of D(z), then 9, D(x) > 0 for all v, hence

r=FEaz —2Eaz1[Z < z(x)].
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Set F(z) .= P{Z < z} and E(z) :=EZ 1[Z < z] for all z € R. Then the above equation reads
as
z1=1-EZ —2(F(2(z)) — E(2(z))), (4.23)
9 =EZ —2FE(z(z)).

Substituting it to the formula for z(z), we get the following necessary condition for x to be a

minimizer of D:
_ EZ-1+2F(2(x)) — 2E(2(x))
) = SR 7 T 2R () — 4B () (424)

Respectively, once 1 = x2 > 0, we have
min {||$ - aZHQ, |z + CLZHQ} = ||z - aZH2,

and thus
OpyD(z) < 2(x —Eag,v).

Then x = argmin D(x) yields z = Eay = (1 — E Z,E Z), which is possible only when E Z = %;
in this case we set z(z) = —oo, thus z also satisfies (4.23). Similar results for other possible
cases follow from the ones considered above by symmetry.

We are going to construct a distribution Pz such that Z > 0 a.s. and Argmin, g2 D(z) =
{a1,—a1} (thus v, = p1). According to (4.23) this implies EZ = 1 since z(a;) = 0 and
F(0) = E(0) = 0. Obviously, there is no minimum point of D on the diagonal z; = x2 because
E Z # 3. Further, in this case (4.24) together with (4.23) substituted to 21 < 2 reads as

o) — 2 FCa) — Be(a)
14 2F(2(z)) — 4E(2(x))

and 14 2F(z(z)) —4E(z(x)) > 0. (4.25)
We want barycenters to be unstable w.r.t. small changes of P, so let us first consider F
satisfying (4.25) for all z. It is equivalent to the following equation:

1-=2 z
—F(2) = —— + E(2).

=270 = 5q =gy TEG)

If F is absolutely continuous, then E'(z) = zF’(z), and it leads to the ODE

(1 —122)2F(Z) + 11__222F,(Z) = 5

2(1—222 2F(2)

with a solution F™* given by

N | —

It has the density
1

2(1 — 2z + 222)3/2’

f1(2) = (F")(2) =

and the corresponding function E*(z) = Ez. p« Z1[Z < z] is

N 1 1—=2
pe=t(i ).
2 V1—22+22

We are going to construct F' such that it is close to F* in the vicinity of 0 and ensures
the uniqueness of the barycenter v* = p;. Consider the density f := f* — §f, where §f(z) =
Z% exp (—%) Respectively, we denote

SF(2) = /0 5(s)ds = exp <—1>, SE(2) = /0 s0f(s) ds.

z
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For 0 < z < % we have 6f(2) < 6f (3) = 9¢72 < & = f*(0) < f*(2), i.e. f(2) > 0. We set
Pz = fLljgz] + (1 = F(20))d., with some 0 < z < 1 and with z; still to be fixed. Condition

EZ = E(20) + (1 — F(20))2z4 = 1 yields z4 = tggg; (clearly, F'(zp) and E(z9) do not depend
on z;). As was said above, we are interested only in the behavior of F' around 0, so the second
term is chosen in a simple form (a Dirac measure) that allows us to obtain v, = p;.

Since 0E(z) < 20F(z) for all z > 0, we have

2(14+2F(z) —4E(2)) —2F(2) + 2E(z) = 2(1 — 2)0F(z) — 2(1 — 22)0E(z)
>2(1—2)0F(z) —2(1 — 22)20F(2)
=2(1-22422%) F(2) >0

-2
-2

whenever 0 < z < z9. Consequently, for zp < z < z4

2(14+2F(2) —4F(2)) —2F(2) + 2E(2) = 2 (1 + 2F (20) — 4E(20)) — 2F(20) + 2E(20)
> 20 (1 4+ 2F(20) — 4E(20)) — 2F(20) + 2E(20) > 0.

Therefore, there is no solution of (4.25) with 0 < z(x) < z4. Furthermore, since F'(z;.) =1 and
E(z;)=EZ =1,

14+2F(2) —4E(2) =14 2F(24) —4E(z4) = —-1<0

F)-BERF)  _
1+2F(z)—4E(z)
for z < 0, hence the only solution of (4.25) is z = 0, and thus according to (4.23) we obtain that
a unique minimum point of D in the upper left half-plane is a; = (0,1). By the symmetry we
conclude that Argmin,cp> D(z) = {a1, —a1}. Therefore, v, = § (64, + 0_a,) = p1 is the unique
Wasserstein barycenter of P.

Step 2: proof of the lower bound. Consider now a random sample Z1,...,Z, ~ Pz. A

corresponding empirical barycenter is

once z > zy, which contradicts to the second inequality in (4.25). Finally, 2

v =bar(uz,, ..., 1z, ).

According to what was said above, v, is concentrated on the set of minimizers of the function
Dy (x) = lZn:mim{Ha;—aZ.H2 |z +az,|?}
! et o 1

Moreover, there always exists a barycenter in form v, = % (0 + d_z), thus from the same scale-

location family as all p,. Indeed, any symmetric measure concentrated on Argmin D, (x) is an
z€R2
empirical barycenter.

Now we consider = argmin,cre Dp(x) with 1 < xo. First note that if 21 = zo, then
min {||z — a1 ], ||z + a1]|} > % Further we assume x1 < x2. Let us define
1 1
Fo(2) =~ Z; 1[Z; <2, En(z) ==Y Z1[Z <z
1=

n -
=1

Then condition (4.23) with z = z(z) reads as

Zy — 14 2F,(2) — 2E,(2)
Z = —= ,
27, — 1+ 2F,(2) — 4E,(2)

(4.26)

where Z,, = %Z?:1 Z;.

We are going to show that with probability at least % it holds that any z satisfying the above
equation (4.26) is larger than —S—. From the standard CLT we obtain that for large enough n

logn*
with probability at least % one has
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where 02 := Var Z. Using relative concentration inequalities for indicator functions (see Theo-
rem 5.1 and §5.1.2 in | ]), we obtain that with probability at least £ simultaneously for

all z > 0 one has
log(2n + 1) + log 64 log(2n + 1) + log 64

\/Zlog64(2n +1) N 4log64(2n + 1)'
n n

<4

Here we used that f*(z) < 2%/2 thus F(z) < 2%2z < 4z, and that the shatter coefficient
SF(Z?") < 2n + 1 for the class F = {z + 1[z < a] : a € R}. Further, note that

[En(z) — E(2)| < 2 sup\Fn(S)—F(S)\-
Moreover,
1 1
0 <6F(z) < exp <_z> , 0<0E(2) < zexp <_z> .

Now it is easy to see that there are ng and ¢ > 0 such that for n > ng with probability at least

1 A, > 2\f and for a110<z<m1n{logn, zo}

Fo(2) — F(2)] < 4 (\/clog64(2n+1) n 10g64(2n0+1)> < %7

vn logn V1o
A, A,
E,(2) — P e
Ba(2) — B(2)| < 2052 < 20,
and A, A
dF(z) <n _20, E(z) < zon < %0
Therefore,

27, — 142F,(2) — 4E,(2)
=142A, +2F(z) —4E(2) + 2(Fu(z) — F(2)) — 4(En(2) — E(2))
<142F*(2) —4E*(2) + 2A, + 40E(2) 4+ 2|F,(2) — F(2)| + 4|En(2) — E(2)|
<14 2F(2) ~4B() + A,
and
Zp — 142F,(2) — 2E,(2)
= A, +2F(2) — 2E(2) + 2(Fo(2) — F(2)) — 2(En(2) — E(2))
>2(F*(z) — E*(2)) + Ay, — 20F(2) — 2|F(2) — F(2)| — 2|En(2) — E(2)|
> 2(F ()~ B() + A,
Since z (1 + 2F*(z) — 4E*(2)) = 2(F*(z) — E*(2)), the above inequalities yield

2 (2Z, — 14 2F,( () < — E*(z ))+%’2An
2F*(z) — E*()) + %An < Zn— 14 2F0(2) — 20 (2),
which contradicts (4.26). Obviously, for z < 0
Zn — 1+ 2F, n
2ZZn - 1122}? ((z)) b ((z)) 1 +A2An >0>=

Consequently, any solution z of (4.26) must satisfy z > mln{@, zo}. Once z = z(x), this
implies that

. C
min{|jz = arll, flo + adfl} = 520

Hence d(supp vy, supp vy) > and thus the claim follows. O

logn’
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Appendix 4.A Auxiliary results

Lemma 4.A.1. Let ||Q), — I|| < 3, with Q), coming from (4.17); then

1/2

. 1
[ 5], <02 (A i) s
K3

where

) 151, 1/2
B 2 () (W) 1@ — 1],

k(Qx) 1s the condition number of Q. and ||A|1 is the 1-Schatten (nuclear) norm of an operator

A.
Proof. Note, that for any (1" — I) ® (T]* — I) the following decomposition holds
(I =D -0 =T -l -1)+ (T -T) o (Ti - 1)
F(T-D) e (TP —T) + (TP —T) & (T — T,

Summing over ¢ yields

S S =l ST T @ (T - ) (4.27)

FIS D e -T)+ 5 S (P - T) e (17~ T)).

i
Note, that each
(T =T5) @ (Ti = Dy < T = Tl plTs = Il -
Lemmas 4.2.5 (III) and 4.2.8 yield

77 =Tl < g [4Td (@ - 20,
max dts
<2HQ‘”2dtS (@ -1)Q:"| < ( )>IIQ |
/\rlr{a?x <Si1/2Q* 3/2> 15]] 1/2
< gy e~ Tle < s@) (gt ) 1QL =1l

where dt% is defined in (4.9). Hence 3|71 — Ti||% < B2. The above expression together
with (4.27) and Cauchy—Schwarz inequality lead to the upper bound on Hﬁn — Z'nHl:

A 2 1 2
|£n = 2|, < = ST = 10T - Tl + - SITE - Tl
(2 (2

1/2
1 2 2
< - - .
<2, (n > IHF> + 8
0

Further we present concentration of F, around F. Denote as ||X||y, an Orlicz norm with
Young function 95 (z) = ** — 1, i.e.

def .
1 X [lp, = inf{c>0:Evy (| X]|/c) < 1}.
Then sub-Gaussianity of a r.v. X is equivalent to || X ||y, < oo and it ensures

Var(X) < \/§HXH¢2
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Proposition 4.A.2 (Concentration of F, Proposition 2 in | ). Let F), F’, and dtg be
defined as (4.21), (4.22), and (4.9), respectively. There exists a constant C > 0 such that for all
t > 0 it holds with probability at least 1 —e~t

|Fy = F'| < qlt). nlt) < Cmax (om/t“oi@’”) Uy log (L) ”10%52””) ,

whereaFd— E(dts —F') ,

S /

G

Lemma 4.A.3. The above constants can be estimated as follows:
Q" 12
< BT @Isn2, o < Q2SI

where 1y (z) = ¥ — 1.

Proof. By Corollary 4.2.7 we obtain

e (aeg, — F)’| < Bfacg. | < [l gys)

and (due to properties of Orlicz norm)

jaes. — P, < LD+ ae ]
< ||Q*2||1/2 {2E!\5Hl/2+ HHSHUQH#;J
< DO o sy + s ]
SHQ RE R
O
The next proposition ensures the concentration of T},.
Proposition 4.A.4 (Concentration of Tj; | ], Theorem 1). Under Assumption 4.3 it

holds
P{HHM (ﬂ—DHﬁ%(WH)}gNzﬂ for any ¢ >0,

Lemma 4.A.5 (Sub-exponential tail bounds). Suppose that X is sub-exponential with param-
eters v,b. Then

2 . V2

_ 2 0<t<?

P{X>EX+1} <P 2;2)’ POstsT
exp (—53), if t> 5.
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Chapter 5

Entropic-regularized barycenters

5.1 Introduction

In this chapter we again consider the 2-Wasserstein space over R%. As was mentioned in the
previous chapter, establishing a central limit theorem (CLT) for Wasserstein barycenters is a
nontrivial problem, and such results are known only in very particular cases (dimension one
or the case of a scale-location family, see the last chapter). The difficulty is not only due to
the fact that the problem is infinite-dimensional but also (and in fact more importantly) to the
fact that Wasserstein barycenters are related to an obstacle problem for a system of Monge—
Ampere equations (see | ]). The support of a Wasserstein barycenter is indeed an unknown
of the problem and very little is known about its regularity (see | | for counter-examples to
convexity). The free-boundary aspect of Wasserstein barycenters actually makes the dependence
of the barycenter on the sample possibly nonsmooth and thus prevents one from using a delta
method.

Bigot, Cazelles, and Papadakis in | | observed that when one discretizes continuous
measures, the corresponding (discrete) barycenters exhibit strong oscillations and proposed to
use an entropic penalization to rule out such discretization artefacts (recall that such penalized
barycenters were also considered in a more general setting in Chapter 3). Once one adds an en-
tropic term, the free-boundary aspect of the unregularized Wasserstein problem disappears and
one can expect regularity and quite strong estimates by PDE arguments. The objective of this
chapter is to investigate the regularizing effect of the entropic penalty term on 2-Wasserstein
barycenters. Starting from the optimality condition, which consists in an elliptic system of
Monge—-Ampere equations, we will prove various bounds (on the Fisher information, by a max-
imum principle, or higher regularity based on the regularity theory for Monge-Ampeére equa-
tions). We will then consider again the stochastic setting of entropic Wasserstein barycenters of
random i.i.d. measures. As a consequence of our estimates, we will obtain a strengthened form
of the law of large numbers (that is, not only for a.s. convergence in the Wasserstein distance,
but also for Sobolev norms) and more importantly, under suitable additional assumptions, we
will obtain a CLT.

In Section 5.2, we introduce the setting and prove existence and uniqueness of the entropic
Wasserstein barycenter. The entropic barycenter is then characterized by a system of Monge—
Ampeére equations in Section 5.3 where we treat the Gaussian case as a simple application.
Section 5.4 is devoted to further properties: global moment and Sobolev bounds, strong stability
and a maximum principle. Higher regularity is considered in Section 5.5 in the bounded case.
Section 5.6 deals with asymptotic results for entropic barycenters of empirical measures with
a law of large numbers and a CLT. Finally, the appendix gathers some material related to the
linearization of Monge-Ampeére equations and to auxiliary probability results which are used in

the proof of our CLT.

65
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5.2 Setting, assumptions and preliminaries

Recall that Py(R?) is the set of Borel probability measures on R? having a finite second moment,
and equipped with the 2-Wasserstein metric Wa given by (2.2):

W)= int [lle =yl dren), wwePax),

it forms the 2-Wasserstein space over R?. The Kantorovich duality formula (see Subsection 2.2)
enables one to express $W3(u,v) as the maximum of

/udu+/ vdy
R Rd

among pairs of potentials v and v such that
1
(@) +o(y) < Slle—y|* Vo,y R
Moreover, optimal © and v can be chosen such that Brenier potentials
L2 Lo
olw) = Szl ~ul@), ¥ly) =3Iyl o)
are Legendre transforms of each other:
=9 P=9¢"
v

We denote by uj; any Kantorovich potential from 4 to v and likewise denote by ¢}, == %H N —u "
the corresponding Brenier potential. Moreover, if i is absolutely continuous w.r.t. the Lebesgue
measure, then by Proposition 2.2.10 the optimal transport map 7}, = V¢, from u to v is unique
up to a p-negligible set. In particular, if p is absolutely continuous and almost everywhere
strictly positive, the Brenier potential ¢}, is uniquely defined on any connected component of
int Q up to an additive constant.

Now we give ourselves a Borel (w.r.t. 7,,) probability measure P on Po(R%) such that

/ ma(v)dP(v) < oo, (5.1)
Pz(Rd)
where ma(v) denotes the second absolute moment of v, i.e.
ma(v) = /d||x||2d1/(x), v € Po(RY).
R

Given a regularization parameter A > 0 and a Borel set Q C R? of positive Lebesgue measure (of
particular interest is the case where Q = R% or ) is convex), we consider the following problem

(which was introduced in | | as an entropic regularization of the Wasserstein barycenter
problem):
1
Walp; P) = /sz(p, v)dP(v) + AEntq(p) — min , (5.2)
2 pEP2(RY)

where Entg is defined for every u € Po(R?) by

logp, if u=pdx, plogp € L'(R?), and u(Q) =1,
Entg(u) — 4 Jor1ose, 1 p=pde, plogp e LIRY) ()
+o00 otherwise.

Note that this is nothing but problem (3.5) from Chapter 3 with G = AEntg. If Q = R? we
simply denote Entge = Ent and V) ga = V). When considering p € P(R%) absolutely continuous
w.r.t. the Lebesgue measure, we shall slightly abuse notations and use the same notation for its
density.
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Example 5.2.1. If Q = R? and P = Zi[:l pids, is concentrated on Dirac masses, (5.2) can be

reformulated as
1 ! 2
inf = T — T
pEP(R?) 2 /Rd ;pl 7

whose solution is the Gaussian
(@) = — e (~55|e Z )
plr) = ———ex DiZ;
(2702 2A

whereas the (unregularized) Wasserstein barycenter of P is just 52171“%_.

dp(x) + AEnt(p),

Lemma 5.2.2. There is a constant C > 0 such that for any p € Pa(R?)
d
Ent(p) > D) logma(p) — Cd.

Moreover, for any measurable A C R with |A| < 1 it holds that
d 1
A) < | Ent —(1 cd| —————.
() < (Bntle) + § (o malp)), +C) b
Remark 5.2.3. The second claim ensures the uniform integrability of the set { p € Pa(RY) -
ma(p) < C, Ent(p) < C} with any C' > 0. If |Q| < oo, then the boundedness of the entropy is
enough, but in the general case it becomes trickier since plog p can be negative.

Proof. Take the Gaussian density g :== N'(0,02I). Then

(
0< KL(p,g) = /plogp = Ent(p) + ma(p) + glog (2m0?) .
- ’ g 202 2
The r.h.s. attains minimum at o = \/ma(p)/d, which gives us
2
Ent(p) > —g [1 + log <7dez(,0)>] (5.3)

d d d d
ogma(p) 5 og(me) + 5 og 5

2
d log(me) 1

> = —d( ==y ).

> 2logm2(p) d< 5 +e>

Here we used that zlogx > —% > —g for all z > 0.
Now consider A C R? with |A| < 1. Define B := R?\ A and the density pp = %. Using
Jensen’s inequality we obtain

Ent(o) = p(B) | polog(puo(B) + [ plog

p(A)
A

= p(B) Ent(pg) + p(A)log — |A| + (p(A)log p(A) + p(B) log p(B))
Note that p(B) = 1—p(A) and plog p+(1—p)log(1—p) > —log2 for any p € [0, 1]. Furthermore,

due to (5.3)
p(B)log <2mm;(p3) )

o)

> p(B) Ent(pp) + p(B) log p(B) + p(4) log ”

—p(B) Ent(pp) <

IN

N NI N N

p(B)log(mema(p)) — gp(B) log (dp(B)>

IN

(log mg(p))Jr + glog(ﬂe) +
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Finally, we get

1
p(A)log T < Ent(p) — p(B) Ent(pp) + log 2

log(me)
2

d 1
< Ent(p) + E(logmg(p))Jr +d < to+ log 2> .

O

Corollary 5.2.4. For any R > 0 the functional Entq is l.s.c. w.r.t. the narrow convergence on
the closed ball B}/%VQ((SO) = {p € P(R?) : ma(p) < R?}.

Remark 5.2.5. Again, if |Q| < oo, then the uniform integrability and the Dunford—Pettis theorem
[ , Theorem 3] immediately yield that Entq is L.s.c. w.r.t. the narrow convergence on the
whole space P(R?).

Proof. Let p, — p, ma(p,) < R?. Then Ent(p) < liminfEnt(p,), see e.g. the appendix of
[ ]. W.lo.g. assume Ent(p,) < E < oo for all n. It remains to show that p(2) = 1. By
the above lemma there is a constant C' > 0 such that

pn(A) Vn e N

< °
— log(1/]A])
once |A| < 1. For any 0 < € < 1 one can find a closed set F, C Q such that |2\ F;| <e. Then

C
p(F;) > limsup pp(Fz) =1 —liminfp,(Q\ F.) >1 - ———~ — 1 ase — 0.

log(1/¢)
Therefore, p(2) = 1 and hence
Entg(p) = Ent(p) < liminf Ent(p,,) = liminf Entq(p,,).
O

Now we can conclude that there exists a solution of (5.2), i.e. a corresponding regularized
Fréchet barycenter in terms of Chapter 3.

Proposition 5.2.6. Assume (5.1), then problem (5.2) admits a unique solution.

Proof. Existence of a solution follows immediately from Proposition 3.5.1: indeed, Lemma 5.2.2
and Corollary 5.2.4 ensure that Entq satisfies assumptions on a penalty functional. The unique-
ness of the minimizer follows from the strict convexity of the entropy and the convexity of the
squared 2-Wasserstein distance. O

Entropic-Wasserstein barycenters can therefore be defined as follows.

Definition 5.1. The unique solution p of (5.2) is called the entropic-Wasserstein barycenter of
P w.r.t. A and ©Q and denoted bary o(P) and simply bary(P) if Q = RY.

Remark 5.2.7. If Q is open and A\, — 0, then G,, := )\, Entg and

0 = {0, if u(Q) = 1,

400, otherwise
satisfy assumptions of Theorem 3.5.2. Hence, up to extraction of a subsequence,
Wy (bary, o(P), baroﬁ(P)) — 0,

where bargo(P) € Barg(P). Moreover, taking the closure of £ does not change the entropic-
Wasserstein barycenter, thus we have also

Wy (bar)\nﬁ(P), baroﬁ(P)) — 0.
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We can immediately state some basic invariance properties of entropic-Wasserstein barycen-
ters in case Q = R?. For instance, if we shift all measures v by some vector s € R% and rotate
by some orthogonal matrix @ € O(d), then entropic-Wasserstein barycenters will be also shifted
and rotated by the same vector and matrix (clearly, the same result holds for any subgroup of
translations and orthogonal transformations that 2 is invariant to). The next proposition shows
that translations can actually be “factored out” from the barycenter.

Proposition 5.2.8. Let Q@ = RY, X\ > 0, P be a measure on Po(R?) satisfying condition
(5.1), and p = bary(P). Fiz a measurable map s € L* (P;R?) and define a measure Py =
(v = v+ sv)gP, where v® s = (v = s+ x)gv for all v € Po(RY) and s € RY. Then
bary(Ps) = p® §, with s := [ s(v)dP(v).

Proof. Note that it is enough to consider the case E,[X] = 0 for P-a.e. v, where E,[X] =
Jga dv(x) is the average of v € Py (R9). Recall that due to the bias-variance decomposition

Wi (u,v) = W3 (n© Eu[X],v S By [X]) + [|Eu[X] — Eo[X][%,  p,v € Pa(RY).

Since entropy is invariant to shifts, we get for any p € P2(R%) and a € R?

Va(p @ a; Ps) = ;/[Wf(p O Ep[X],v) + [Eo[X] +a — s(v)|[*] dP(v) + A Ent(p)

1 1 _
= Va(0; P) = S X]I + 5l + EylX] 5 + C.

In particular, taking s = 0, p = p, and using that the minimum with respect to a is attained

at 0, we get that E;[X] = 0. Now, we can first minimize Vy(p; P) over p’s with zero mean:
E,[X] =0, and then minimize the third term with respect to a, hence bary(Ps) = p® a, a = 5.
The claim follows. O

Remark 5.2.9. Note that, when Q = R% a useful corollary of Proposition 5.2.8 is that the
expectation w.r.t. the entropic-Wasserstein barycenter is the average of the expectations:

Eﬁﬂ:/ﬁﬂﬂdﬂm.

5.3 Characterization

From now on we assume that €2 is open, unless explicitly stated otherwise. The entropic term
forces the regularized barycenter to be everywhere positive. Indeed, arguing in a similar way as

in Lemma 8.6 from | ], we arrive at:
Lemma 5.3.1. Let p := bary o(P) then p >0 a.e. on Q and log(p) € L ().

loc

Proof. Let g be the standard Gaussian density, scaled so as to give mass 1 to Q. For t € (0, 1),
set py := (1 —t)p + tg. The convexity of p — W2(p,v) together with the optimality of p give

t
MEnta(pr) ~ Enta(p)) = § [ [WE(p.0) - Wi(g.v)] dP()
so that for some C, we have for every t € (0,1)
1
Z(EntQ(pt) — Ento(p)) = C. (5.4)

Now, observe that

%(Entﬂ(/’t) — Entq(p)) = / glog(tg) + /

{7=0} {7>0

lo lo — plog(p
< /{ ! g(tg) + /{ M}(g g(g) — plog(p))

%(pt log(pt) — plog(p))

<log(t) [ g+ Enta(g) - Enta(p)
{p=0}
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(where in the second line we have used the convexity of s — slogs). Combining this inequality
with (5.4) and letting ¢ — 0%, we immediately see that [{p = 0}| = 0.

Let us now show that log(p) € L (£2). Since max(0,log(p)) < p we have to show that
J5 log(p) > —oc for every compact subset (of positive Lebesgue measure) K of Q. Calling 4 the
uniform probability measure on K, setting v, := p+t(u—p) for t € (0,1) and arguing as above,
we have

—_

(Entq(v) — Entq(p)) > C.

|

Moreover, +(vlog(vy) — plogp) < plog(p) — plogp € L'(Q), Fatou’s lemma and the previous
inequality thus give

C <limsup %(Entg(ut) — Entq(p))

t—0t
< [ timsup(log(vr) ~ plog(p)) = [ log(p)(u )
Q t—0t Q
and since Entq(p) is finite, this gives [} log(p) > —oo. O

If Q is connected, then the fact that the regularized barycenter is everywhere positive guar-
antees uniqueness (up to a constant) of the Brenier potential between p and v € Py(R?), and
thus its stability w.r.t. changes of p. However, the case of disconnected () seems to be less
studied, and for the sake of completeness let us provide in the next lemmas some results based
on the analysis of convex potentials .

Lemma 5.3.2. Let u € P(RY). Then for any compact set K C Q and any convex function
w: Q — R one has

diam
= —minyp < Vol d 5.5
ORI maxy —ming < /H ol dp, (5.5)
IGKT/Q

where 0 < r < d(K,09), Ko = U,ex Bs(x) for any o > 0, and ||V ()| = min,egpm [|wl].
Moreover, the Lipschitz constant of ¢ on K, Lip (¢|x), can be estimated as

2 diam (K +37"
Li < .
i) < O Gy L ielan (56)

T€K3, /4

Remark 5.3.3. Notice that €2 is not necessarily convex, thus we say a function ¢ on € is convex
if it can be extended to a convex function on R? (possibly making value +00), cf. | ].

Proof. Let x1 € argmaxy ¢, o9 € argming ¢, and w € dp(x1). Then for any z € Q and
z € Op(x) one has
o(xo) + (2,2 — x0) > @(x) > p(x1) + (W, 2 — 1),

and thus the Cauchy—Schwarz inequality yields

osck ¢ + (w,x — x1)
[l = o]

121l =

Therefore,

1
/ Vel du > / IVl du > osc / SR
Q Wy (z1,w) K Wy (z1,w) ||.’L‘ - x()H

1
> Oscgp/ du
K " W@ w) 12— 21l + o1 — 2o

ACAGE )

diam(K) +r ’

> 0scC
_K@
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where we have set W,.(z,w) = {y € B,(z) : (w,y — ) > 0} and used the fact that
B (x + ﬁ) C W, (z,w). Finally, the first claim follows from the inclusion = + ﬁ € K, /s
To prove (5.6) we apply (5.5) to K, /5, which yields

diam(K, j5) +1/2 diam(K +37“ 2
osc < : / IVl du < / / 19l du.
K.p lnf M B, 4(x inf g (

637‘4

Note that for any z € K and w € dp(x) one has B, 5(x) C K, /5, hence

oscg0> osc @ > 7||wH

K2 B, )2 (
Therefore,
2 2diam(K) + 3r
o < 2 ose o < AL
rR S il (B
z€K3,,
thus we obtain the desired bound on Lip (¢|x). O

Corollary 5.3.4. Let p € P2(Q) have a positive density, p, € P2(RY) be such that Wa(py, p) — 0,
and vy, € Po(RY) be such that Wa(vy,v) — 0 for some v. Fiz an open connected U CC Q and
xo € U. If @i is a Brenier potential between pn and vy, for alln € N, then

oo — o (xo) = ¢, on U,

where @ is the uniquely defined on U Brenier potential between p and v, such that LpZ(xg) =0,
and = stands for the uniform convergence. Moreover, Vi — Vo a.e. on Q.

Proof. Let us denote ¢, = ¢y and ¢ = ¢}. Since any optimal transport plan from py, to vy is
concentrated on the graph of y,, we have

/Q IVenll dpn < /Q Iyl dvn = ma () — i (v).

In the same way, since Vi is defined a.e. on €2,

/ IVelldp = / lylldv = mi (v).
Q Q

Furthermore, inf p (B, /4(x)) > 0 since p > 0, where 0 < r < d(U,99) > 0, thus

€Uz, /4

liminf inf 0
im in xelUnST/f"( B, 4(x)) >0,

because p, — p. Then the above lemma and the Arzela—Ascoli theorem yield that, up to a
subsequence,

©n — on(z0) =Y on U

for some convex 1, 1(z9) = 0. Consequently, Vi, — Vi a.e. on U (recall that ¢ and all ¢,
are differentiable a.e.) and, moreover, for a.e. x € U

d(V(z), 0pn(y)) = 0 asy — x, n — oo.

At the same time, d(Ve(z),0¢(y)) — 0 as y — x for a.e. x € U. Combining this with the
stability of optimal transport plans (Proposition 2.2.8) and the uniqueness of Brenier’s map we
conclude that Vi) = Vyp a.e. on U, hence ¥ = ¢ on U due to the connectedness of U. Extension
to the whole € is trivial. O
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The uniqueness of the Kantorovich potential between p and v in the case of connected 2
is well-known to be very useful in terms of the differentiability of yu — W3(u,v) and p
[ W3(u,v)dP(v) at u = p, as expressed in Lemma 5.3.5 below. This is a slight generalization
of Proposition 7.14 in | |, adapted to the case of unbounded domain.

Lemma 5.3.5. Let Q be connected, p = bary o(P), and, given v € Po(R?), let u be the (unique
on Q, up to an additive constant) Kantorovich potential between p and v. If p € LY(Q) is a
probability density such that u — p has compact support in Q, then defining p. == p + e(p — p)
fore e (0, %) we have

im, 5 (W3(pe) = W3 (p.0)] = [ wdlu—p

e—0t 2

and

i o [ (V30e) - Whp)) aP0) = [ ([ patu=p) apw)

e—0t 2¢

Proof. Let us shorten notations by defining

v

1
u:ug7 (p:s@% ::5”,H2_up

and let u. be a Kantorovich potential between p. and v and ¢, = 1||-||> — u.. Let K be a
compact subset of €2 supporting p — p and normalize the Brenier potentials ¢ and ¢, in such a
way that their minimum on K is 0. It immediately follows from the Kantorovich duality formula
that

[ wedtu=p) = o W) - WEpw) = [ wdu—p) (5.7)
K K

Since W2 (pe, p) < eW2(u,p) — 0 as ¢ — 0, Corollary 5.3.4 yields that u. = u on K. Passing
to the limit in (5.7) gives us the first claim of the lemma.
Now observe that since (Vi:)xp. = v and & < 3, we have

/ IVellp < 2 / IV lpe = 2mi(v). (5.8)
Q Q
Set .

0.00) = 5 (W32, v) ~ W3(5,)

and note that it follows from (5.7)—(5.8) and Lemma 5.3.2 that |6.(v)| can be bounded by an
affine function of m;(v), the desired result therefore follows from (5.1), Lebesgue’s dominated
convergence theorem and the first claim. O

We are now in position to characterize the regularized barycenter.

Theorem 5.3.6. Let p € Po(Q2), then p = bary o(P) if and only if there is a measurable choice
of Brenier potentials 5 such that p has a continuous density given by

pla) = exp (=g lelP + 5 [ @) aP() (59)

for every x € Q. Moreover, log(p) is semi-convex hence differentiable a.e. and for a.e. x € Q
one has

z + AVlog(p)(z) = /Vgog(az) dP(v). (5.10)

Proof. We start with proving (5.9).
Sufficiency. Assume that p € P2(R?) satisfies (5.9), and let u € P(R?) be such that
Entq(p) < oo. Firstly, using the convexity of the entropy we obtain

Bata(u) > Enta(p) + | log(p)(u ).
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Secondly, by the Kantorovich duality formula and the fact that u := 2= ¢} is a Kantorovich
potential between p and v, we get

1 1
§W22(Na v) > §W2 (p,v) + /ng d(p — p).

Combining the above inequalities, observing that (5.9) means that Alogp+ [ ug dP(v) = 0, and
using Fubini’s theorem, we thus get

Vaalw; P) > Vaal(p; P),

so that p = bary o(P).

Necessity. Step 1: connected (). Fix a compact with nonempty interior subset K of 2
and normalize the (unique) dual potential u such that it has minimum 0 on K. Then, arguing
as in the proof of Lemma 5.3.5, there is a constant C such that [|uf|| (k) < Cx(1+ ma(v))
so that the (semi-concave) potential

z—U(z) = /u;(x) dP(v)

is bounded on K. Now we claim that V := Alog(p) + U (which is integrable on K thanks
to Lemma 5.3.1) coincides Lebesgue a.e. with a constant on K (which taking an exhaustive
sequence of compact subsets of {2 will enable to find normalizing constants for ¢ that do not
depend on K and therefore prove (5.9)). Assume, by contradiction, that V' does not coincide
Lebesgue a.e. with a constant on K, then we could find two measurable subsets K; and Ky of
K, both of positive Lebesgue measure, and o € R and § > 0 such that

V>a+dae on K;, V<a-90ae on K. (5.11)

In particular p(K1) > 0 and p(K3) > 0, now set 3 = 2’;((1([;2)) and define the probability density

pe LY(Q) by

tp(z) if x € Kj,
u(w) = { (1+ B)p(z) itz € Ko,
p(x) otherwise

and pe == p+e(pu — p). It is straightforward to check that

e—0t €

1 _ _ _
lim = [Ent(pe) — Ent(p)] = /K log(p) (1 = p)-
With Lemma 5.3.5, the construction of p, and (5.11), this yields

o1 ) _ 1 . _ _
lim —[Vxalps; P) — Vaal(p; P)] = / Vip—p)= —/ Vp+B [ Vp<—6p(ki) <0
e—=0t+ € K 2 K Ko

contradicting the optimality of p.

Step 2: general case. Now consider a general open €. Take connected open sets €2,, C R¢
such that Q C Q, and [, \ Q| — 0. Let p, = baryq,(P), then Lemma 5.2.2 allows us
to apply Theorem 3.5.2, which yields that Wa(p,, p) — 0. Moreover, according to Step 1 and
Lemma 5.3.2 all log p,, are locally Lipschitz continuous uniformly in n, hence p,, — p > 0 implies
that log p,, locally uniformly converge to (the continuous version of) log p.

Now take a dense countable subset S = {z }ren of © and define functions

Kooy Pha (k) d
falw) = =" v e Py(RY).

my(v)

2
Let % be normalized in such way that % (xo) = c¢n, = Alog pn(z0) + @ for all v € Py(RY),
n € N, where xg € Q is a fixed point. From the stability it follows that every f¥ is measurable,
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and Lemma 5.3.2 ensures that f* € L°°(P). Moreover, since p,(zo) — p(xo) > 0, then ¢, are
bounded, hence { frlf}nEN is uniformly bounded for every k. By the Banach—Alaoglu theorem
and the diagonal extraction argument there is a subsequence such that f¥ —* f& ¢ L>°(P) for
all k € N (without relabelling). Define

V() = mi () fE), v e Py(RY), kEN.
Note that if 2}, and x; belong to the same connected component of €2, then by Corollary 5.3.4

vp(r) — ;)
’I’)’Ll(lj)

Faw) = flw) = Vv € Po(RY).
Therefore, for P-a.e. v on any connected component ¥”(zg) coincides with ¢ (zy) for all k,
up to an additive constant, hence one can extend ” to every connected component of €2 by
continuity.

Now consider @, ..., ok, €S and (wy,...,wy) € A™ ! such that zg, = > 1%, w;zg,. The
convexity of 7 = yields that

m
<> wifp foralln €N,
=1

hence
VY (1) = ma (V) RO (1) < my(v szfk Zw,w (xg,) for P-a.e. v.

Since there is a countable set of these inequalities and due to the continuity of ¢¥, this is enough
to ensure that it is convex (in the sense of Remark 5.3.3) for P-a.e. v. Hence ¢" = ¢} for P-a.e.
v. Finally, since [‘m;(v)dP(r) < co, we obtain that for all k € N

Mogpa(an) + 1% = [0t @apw) = [mo)ss)arw)
ﬁ/m1 )75 0) dP(w /w () AP(v
As log p,, locally uniformly converge to log p we conclude that
Alogp+ —— I ”2 /1/}” dP(v) in Q.

Proof of (5.10). Since
o= /goz dP(v)

is convex, log p is semi-convex. It is therefore differentiable a.e. Now we claim that if x € Q is a
differentiability point of @ it also has to be a differentiability point of ¢} for P-almost every v.
Indeed, assume that ® is differentiable at x € Q. For n € N, let A,, denote the set of v € Py (Rd)
for which there exist p, and ¢, in 9¢%(z) such that ||p, — g,[| > 1/n. The desired claim will be
established if we prove that P(A,,) = 0 for every n € N. Let (q,,p,) € 8@%(3:)2 be chosen (in a
measurable way) so that ||p, — ¢, || > 1/n when v € A, then, for every h € Q0 — x, one has

|<p1/ - Qwh>|-

DN |

v 14 1
Ph(a+h) = 5(@) = S (b + a0, B) 2

By integration s := [ 239 dP(v) € 0®(z) = {V®(z)} and then

o+ h) — Ba) — (5, h) = /\ ~ 4. )dP(v).
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By homogeneity, we thus have [, [(p, — qv,h)[dP(v) = 0 for every h, so that [, [p, —
q||dP(v) = 0 > P(A,)/n and, therefore, P(A,) = 0. Hence, if ® is differentiable at z,
for every h € R? we have:

(e + th) — gp(x)
t

— (Vyi(z),h) ast — 0", for P-a.e. v.

Moreover, the left-hand side above is controlled in absolute value by the Lipschitz constant of
¢ in a compact neighborhood of x which, thanks to Lemma 5.3.2, in turn, is controlled by

[Iveio= [ Ilavy) < vima).
Q R4

Thanks to (5.1) and Lebesgue’s dominated convergence theorem, we thus get

vy@:/v%@mmw,
which shows (5.10). O

Remark 5.3.7 (First regularizing effect). One immediately deduces from (5.9) and the convexity
of ¢7, further regularity properties of the regularized barycenter:

log(p) € Lix.(R), p € Wioe*(), and Vp € BVioe(2,RY).

Example 5.3.8 (Gaussian case). Suppose now that P is concentrated on Gaussian measures
and © = R% then the regularized barycenter is Gaussian as well. In order to prove this we can
assume thanks to Proposition 5.2.8 that P-a.e. v = N (0,S,), where S, are positive semi-definite
matrices with Ep [S,] < 021, 0 > 0. We want to prove that there is a positive definite symmetric
matrix @ such that

bary(P) = N (0, Q).

In order to see that, recall that the optimal transport from p = N (0,Q) with Q@ = 0 to v =
N(0,8) is given by T} (z) = T@qx, where Tg = Q12 (Q1/25Q1/2)1/2 Q~'/2 (see Chapter 4).
Thus ¢} = 3z, TS"LL’> + C, and the optimality condition (5.9) can be rewritten as

Ao
_§<$7Q .CC> -

[ S,

i.e.

I=X0"! —I—Q_1/2 Ep [(Ql/QS,,Ql/2>1/2] o172,

Thus @ has to be a solution of the following fixed-point equation:
1/2 12\ /2
Q:F@y:M+EpKQ/&Q/) ]

This has a solution by Brouwer’s fixed-point theorem. Indeed, denote «, = Apnax(S,). By
assumption
Eplay] <trEplS,] < do?.

Define
a =2\ + do?,
then for any Al < @ < ol it holds that

E v do?
Mss(F(Q)) < A+ Ep [(a0)/2] < x4 & B 0 0

So, F' maps the convex set {M X Q < al} to itself, and it is clearly continuous. The existence
of @ such that @ = F(Q) therefore follows from Brouwer’s fixed-point theorem.
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Example 5.3.9 (Discrete case). Consider now the case where @ = R? and P is a discrete
measure supported on discrete measures:

P = Zpiaw with v; = Z I/chsxz )
iel jedi

where I and each J; are finite and for every i € I the points (z7);cj, are pairwise distinct and
the weights v are positive. Then it follows from Theorem 5.3.6 that p := bary(P) has the form

_ 1 1
pla) = exp(— gy llall” + 5 Y piei(a).
el
where V; is the optimal transport map from p to v;. It is given by

pi(z) = max{(z, ) — 1} = oy (@),
J€J;

where the ¢; = (1/13 )jeJ; should match the mass conservation condition:
V=5 (890722_(9:2)) Viel, je . (5.12)

In the semi-discrete optimal terminology, 8(,0:;% (xf ) is the so-called Laguerre cell, where ¢y,
coincides with x +—» <a:,a;‘Z ) — zpf . Computing p = bar)(P) therefore amounts to finding 1/12‘-7 ,

i €1, j € J;, such that (5.12) holds for p depending on the ¢! as well:

B 1 , 1 . A
pla) = exp(— 5 llol* + 2 pimad ) - vl}). (5.13)
Using results from [ | concerning the differentiability of the Kantorovich functional in

the semi-discrete case, it is easy to see that the nonlinear system (5.12)—(5.13) is the system of
Euler-Lagrange equations for the finite-dimensional concave maximization problem

o 1 1 . :
_Zpiz ; f—)\/dexp(—”\HxHQ—i—)\ E Pi%@}({(af,wﬁ—w}) dz — max,
el jeJ; R il i "

which is the dual to the entropic barycenter problem in this semi-discrete setting.

5.4 Properties of the entropic barycenter

5.4.1 Global bounds

The aim of this paragraph is to emphasize some global bounds on the entropic barycenter which
hold in the case where €2 may be unbounded, in particular it covers the case of the whole space.

Lemma 5.4.1. The entropic- Wasserstein barycenter p of P satisfies the following bound on the
Fisher information:

[IVi0e@)s < 55 [ W) aP().

In particular, /p € HY(Q), hence in the case Q@ = RY it holds that p € L®(R) N C%/2(R)
ifd =1, p € LYR?) for every ¢ € [1,+00) if d = 2 and p € Ldfd?(Rd) if d > 3. Finally,
(1+lzl)) V5 € LN (RY).

Proof. According to Theorem 5.3.6

Viog(p(@) = 5 [ (Vo) — 2) dPW) = = [ Vupla)dP (),
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thus

IVal* 2 L[ VN2 d
— = [ |[Vieg(p)°p < 5 [ px) [Vuz(2)]|” dP(v) dz,
Q P Q A* Ja P2(R?)

and using Fubini’s Theorem, we get that

/ HVf)H2 < / anu"n p] dP() = 55 /W2 ).

Finally, (14 ||z]|) V5 = 2 (1 + ||lz||) /pV/p belongs to L' (R?) since both (1 + ||z|) v/p and V/p
are in L?(RY). O

Proposition 5.4.2. Let Q) be a Borel set such that |Q| > 0 (not necessarily open) and

/mp(u) dP(v) < 400 (5.14)

for some p > 1 (where my(v) == [pallx||P dv(x)). Then the entropic- Wasserstein barycenter p of
P satisfies my(p) < +o00, cmd more precisely, for any r > 0 it holds that

p |B1(0)| T'( %52
mp(p) < % (ﬂ? + / my(v) dP(u)) + 21‘ an BE (02)|> (96X)(4P)/2, (5.15)

In particular, if Q = R?, then
P d
my(p) < % / my(v) dP(v) (3456)\)p/2f< ‘2”9) (5.16)

Proof. Fix r > 0 s.t. [N B,(0)| > 0 and denote S = QN B,(0). Now let us take R > 0 and
consider the set

Qr = {z € Br(0)\ Bry2(0) : ||z > 3 (BT} ()] +7)}, (5.17)

where T3 := V7 is the optimal transport map (here and after, expectations are taken w.r.t.
v ~ P). Assume p(Qr) > 0 and define

pr=p+t <P(’2|R) 1sg—p ILQR> S PQ(Q), 0<t<1.

Then
4 ~
@Entﬁ([)t) T p(%R) /Slogp—/QRplogp
ﬁ(5)> _ (ﬁ(QR))
< p(Qr) 10g< 5] p(Qr)log Orl
|Qr|p(S )
=A@ ( rS|
\BR >
=A@ 1°g< @n))5]
= p(Qr) log < VaR >
(Qr)|S|

where V; := | B1(0)] is the volume of a unit ball in R?. Furthermore, for any v we can estimate
W2(p1,v) using the transport plan

R _ 1 N =
v = (1d,T,5)# (p 1Rd\QR> + 5] 1s® (Tp)# (plg,) € (p1,v),
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which gives us

W) < [T el [ | 1o - yIPo(o)] ay

<Wien)+ [ [0+ 1T @) - 1T (@) - o] p

Qr

< W22(P0,V)+/ [r? + 2r|T5 ()| = || + 21T () [l|]]] 2

Qr

Then it is easy to see that, due to the convexity of W3,

< EWg(play) _]EWQZ(pO?V)

t=0"*

< [ P20+l BITY @) - ) o
Qr
= [ [+BIzze@N) - (el - EiTz @)

1 _ p(Qr)R?
< —3/ l=l*7 < —(12)
QRr
d
7VAQ<pt7P)

_ Vde R?
i g S PGR) (bg (mw) - w) '

On the other hand, by optimality this derivative should be nonnegative, thus

VR4 R?
plQw) < HE exp (—w) (5.18)

Now we set R, = 2™ and define ¢, := p(Qr, ), n € Z. Note that by the definition (5.17) of
Qr, if 2 € Q\ U,ez @R, then [lz]| < 3 (E[|TY(x)|| 4 r). Consequently,

mp(p) = /Q P < /Q 3 (BITY] + 1) 5+ S R,

nez @Rn nez

d
dt E W2 (pt7 )

Therefore,

Using the fact that (a+b)? < 27 (a? +P), (T )#ﬁ = v, and Jensen’s inequality, one can bound
the first term on the r.h.s. as follows:

/ﬂ\unEZan 3% (E||T5 (2)| +7)"p < 6;( /|]T”||p > = L Emy ).

Now let us bound the second term: due to (5.18) we get

R2
d+p
ZRH”—|S|ZR exp< 24)\>
nez nez

B 00 B 1.2 d
A P 7960 )
V(9602 dgp

B 215 '

Combining the above bounds together we obtain

P Emy) +

(d+p)/2
my(p) < Va(963) (d tp ) ,

21S] 2
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thus the first claim follows.

Finally, in case = R?, we can take r = 61,7”/@”), then using |S| = Vyr? one obtains
14T <m>
6P P 2
mp(p) < o Emy(v) + (Gd/ (p+d)\/96)\) —

4
< %]Emp( )+ (3456)\)”/2F<d;rp>
0

Remark 5.4.3. Note that (5.16) (and thus, in some sense, (5.15)) is an interpolation between two
bounds. On the one hand, if Q@ = R? and A = 0, then p is a standard Wasserstein barycenter
and, due to the convexity of m, along generalized geodesics, one gets the bound

mp(p) < / mp(v) dP(v)

On the other hand, if P is concentrated at the measure 8y, then p = N (0, \I) by Theorem 5.3.6.
In this case,
2 +d
- (2M)¥/ F(%)
mp p) = d ’
r'(3)

which coincides with the second term in the r.h.s. of (5.16) up to a constant factor to the power
p and a factor depending on the dimension.

Remark 5.4.4. Let us indicate now a more elementary approach to obtain moment bounds when
Q is convex. Let V: R? — R, be a convex potential such that

/mv(y) dP(v) < 400, where my(v) ::/ V(z)dv(x).

Rd
On the one hand, thanks to (5.10), the convexity of V' and the fact that chg#ﬁ = v, we have:
/ V(AVlog p(z) + x)p(z) de < /mv(y) dP(v).
Q

On the other hand, again by convexity V(AVlog p(x) + x)p(z) > V(2z)p(z) + M(VV (z), Vp(x)).
Integrating by parts (which can be justified if V is C*! and using Lemma 5.4.1), denoting by n
the outward normal to €2 on 02, we thus get

/(v —AAV)p < /mv(l/) dP(w) =\ [ 0,Vp. (5.19)
Q oN

Assuming (5.14) and choosing V(z) = ||z — x| (actually, some suitable C*! approximations
of V) with p > 2 in (5.19) with g € Q, observing that 9,V > 0 on 02 since 2 is convex, we
obtain the bound

[ (I = aolP = 30(p +d =2 = o)) < [ [ o= ol i) aP ).

In particular, when Q = R¢ or, more generally, when € is convex and contains 0, we have
ma(p) < 2Md + /TTlQ(V) dP(v),

and for higher moments
mp(p) < Ap(p +d — 2)my_o /mp )dP(v

Note finally that when choosing V' linear, the two convexity inequalities we used above are

equalities, yielding
/ zp(x)dz + )\/ np :/ / rdv(x)dP(v).
Q a0 Po(Rd) JRA
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Corollary 5.4.5. Let Q be open. Under assumptions of Proposition 5./.2 it holds that p/P €
WYP(Q). In particular, if p > d, then p € L>(Q) N COH1=4/P(Q).

Proof. Once we have a bound on m,(p), the fact that p'/P is WP can be proved as for Lemma
5.4.1. Indeed, by the same arguments (together with the crude bound ||V (z) — z[|P <
or—1 (||Vg0%(m)\|p + Hx||p)) we arrive at

_ Vp|p  2rt _
DIV = [ DA <20 ([ ) ape) 4 mii).

5.4.2 Stability

Following Subsection 3.5.2, let us define the p-Wasserstein metric between measures on P,(R?):

WP(P,Q) = _inf

W2P(u,v)d(u,v).
rell(PQ) /Pp(Rd)XPp(Rd) (o) A (g v)

p

Lemma 5.4.6 (Stability). Take p > 2 and let {P,},>1 C Py (Pp(RY)), P € Py (Pp(R?)) be s.t.
Wy(Pp, P) — 0. Then for p, = bary o(P,) and p = bary o(P) it holds that

Wp(pn,p) — 0, (5.20)
1,
ﬁ}L/Z’ m) /31/1)’ (5.21)
W@
log p, ———=logp, V1<g<oo. (5.22)

Proof. Proof of (5.20). Note that since Wy < W, and W, < W, one has Wh(P,, P) — 0.
According to the proof of Proposition 5.2.6, Entq(p,,) satisfies the assumptions of Theorem 3.5.2,
hence the latter yields Wa(p,, p) — 0.

Arguing in the same way as in the proof of Proposition 5.4.2, one can show that for any
R>0

/ |2 |P 5 < C[/ / (1+[|Veh, |[) pndPa(v)
{ll=ll> R} Pp(RY) J{||2]> R}

+oo $2
+/R zP Lexp <_96)\) dx}, (5.23)

where the constant C' depends solely on 2, A, p, and d.

To prove that W,(py,, p) — 0, we use the stability of optimal transport plans from Proposi-
tion 3.3.5: once Wa(py, p) = 0, Wy (vp,v) — 0, and there exists a unique optimal transport plan
7, from p to v for the quadratic cost function, one has J.(y,",v,) — 0, where the cost function

c((x1,11), (22,92)) = lz1 — 22| * + ||y — w2l/’, @i, y; € RY,

and v, is any optimal transport plan from p;, to vy, for the quadratic cost function. Further,
using Proposition 3.3.2, it is easy to show that for any closed set G C R the function

ey [ 19 o= [ ) drf)

GxR

is upper-semicontinuous w.r.t. the convergence in Wy (for p) and W, (for v), as well as its
average w.r.t. a measure on P,(R%):

P [ A Ive) parw)
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Hence for all R > 0 one obtains

limsup/ / (14 199 [I7) pn dPu(v / / (1+ IVesl?) 5dP(v).
Pp(RY) J{||z||>R} Pp(RY) J{||z]|>R}

Using this together with (5.23), we get that

fimsup [ ||x|rppnsc[/ (/ (1+1Ve4IP) dP<u>>p
{llz| >R} {llz|>R} \JPp(R9)

+o0 dtp_1 x2
P ——— ) dz| =0 R —0.
—1—/R x exp< 96)\> :v] as

Thus the measures ||||Pp, are uniformly integrable, and using the criterion of convergence in
the Wasserstein space (see e.g. [ , Theorem 6.9]) we deduce that Wy (pn,p) — 0.

Proof of (5.21) and (5.22). Fix an arbitrary open set U CC . By Lemma 5.3.2

1/2
. v < 2_
Lip (¢hl0) <~ gy P9 )

:CGUS'I"/AL
C
= ma(v),
inf  pn (Bu(x
er3r/4P (B, /a(x))

where r = d(U, 992). Since p, — p and p > 0 on 2, we have i(}lf Pn (Br/4(x)) > ¢ > 0 for any
z€U3r /4
n. Therefore, the functions

12
¢n:AlOan+”2||:/¢anPn(V)

are uniformly Lipschitz continuous on U for all n since [ mg(v)dP,(v) are uniformly bounded.

Furthermore, as p, — p > 0, @, are also uniformly bounded on U. Then, by the Arzela—Ascoli

c(U 12
theorem, @, L) ¢, and we deduce from weak convergence that ¢ = Alogp + % Moreover,

every ¢y is convex, thus Vg, — V@ a.e. on U. Hence, by Lebesgue’s dominated convergence
wha(U)
theorem, we get @, —— @ for any 1 < ¢ < oo and thus (5.22).
Further, using (5.10), we get

1 op—1
VA = [ Vol < o [ (196l + el 5,
/Q | | - Q\U|| | )P Q\U(H 17+ [l]”)

Since the functions p fQ\UH:Bpr and (p, P) — pr(Rd) fQ\U”VQOZ”pde(V) are u.s.c., we
obtain that

limsup/ IVA/PIP =0 as U —Q
O\U

(e.g. in a sense that p(Q2\ U) — 0). Finally, this together with (5.22) yields that p o/ ﬂ
oL/P ]
p/P.

In particular, the previous lemma shows that one can approximate the barycenter p by
approximating P with discrete measures supported on some dense set of measures, e.g. discrete
or having smooth densities. As another corollary of Lemma 5.4.6, in Section 5.6 we will obtain
a law of large numbers for entropic-Wasserstein barycenters.
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5.4.3 Maximum principle

Proposition 5.4.7. Assume that 0 is convez and P({v(Q) = 1}) = 1, and let p := bary o(P)
be its entropic barycenter. Then

—d
_ d
ol < ([ I 170 )

Proof. We first prove the result in the simple case where P is supported by finitely many mea-
sures and then proceed by approximation thanks to the stability Lemma 5.4.6 (more precisely,
its corollary Proposition 5.6.1).

Step 1: the case of finitely many measures. Fix a compact convex set K C ) with
nonempty interior. Assume that P = ZZ]\L 1 Didy,;, where each v; is supported in K and has a
C%, bounded away from 0 density on K. Since K is bounded, all <pgi are Lipschitz, so we can
take the continuous version of p on 2. Now fix an arbitrary x € Q\ K. Since p > 0 on  and
(Vgogi) p = v; for all 4, there are subgradients Vo3 (x) € K. Let y = >V piVey(z) € K,

v = then thanks to (5.9)

Ty
B 1 1
Oy log p(x) > X(@/ —z,v) = Xlly —z| >0,

therefore x cannot be a maximum point of p, and p actually attains its maximum on K.
Further, since log(p) € Wb OO(Q), the regularity result of Cordero-Erausquin and Figalli

loc

[ | yields that o7 is in fact CIOC . Then at its maximum point z € Q we should have, on the

one hand
N
> piD%eh (x) < T
i=1

(recall that A < B means that B — A is positive semi-definite). On the other hand, using the
Monge-Ampére equation p = det (D*¢%7) v; (V') (see also (5.27)), we get

p(z) < |[Vill oo (may det (Dgwgi(x)) , i=1,...,N.

So, using the concavity of det(-)l/ 4 gyer symmetric positive semi-definite matrices, we obtain

i N 1/d
]l Lo R‘i)

i=1 i=1

what gives

—d
—1/d
<sz||uz|L;/Rd> .

Of course, the requirement that v; is bounded away from 0 is just here to justify twice
differentiability of @Ei, if we drop this assumption replacing v; with v* := (1 — %)V, + IR K| using
Lemma 5.4.6 we get the same conclusion by letting n — co. In a similar way, Holder regularity
of the v;’s can also be removed by suitably mollifying these measures and arguing by stability
again. Finally, if P = Zf\; 1 Piby, with ma(v;) < 400, we can find an increasing sequence of
compact convex sets K,, C €1, such that for every n € N
1
n’

max, [ (1 o) duga) <
d\Kn

i=1,...,

Set

N
V; ILK n
o= nL i P, = E ‘5”
VZ Vz(Kn) — n — lyla n - pl v,
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then p, := bary o(P,) is bounded with

—d
—1/d
pngi (ZpZ‘V’L”LQO/Rd> .

Since Wa(v,v;) — 0 for all 1 < i < N, we have W3(P,, P) — 0, thus stability enables us to
conclude that

—d
—1/d
p< <sz||uz|m/ Rd> .

Step 2: the general case. We now consider the case of a general Borel probability P on
Py (R?) satisfying (5.1) and concentrated on measures giving full mass to Q. Let vy, vs,... be
i.i.d. random measures drawn from P. Then, by Proposition 5.6.1, the empirical barycenters
pn = bary o(P,), where P, LS 6y, is the empirical measure, a.s. converge to p in 2-
Wasserstein distance. Since

1/d 1/d
fZHuano!Rd 5 / vl Y2, dP@) .

by the strong law of large numbers, we conclude using Step 1. 0
Remark 5.4.8. If, under assumptions of the above proposition,
P ({y e L®(RY), v < C}) —a>0,

then it gives

_ C
151l oo (ray < YA

The same bound was obtained in Theorem 6.1 from | | for 2-Wasserstein barycenters on
Riemannian manifolds.

The following simple example shows that convexity of €2 is essential for the maximum prin-
ciple (even if P-a.e. measure v is concentrated on (2).

Example 5.4.9. Consider the one-dimensional case where Q =[-8, —4] U [-1,1] U [4,8]. Let

= 15 + 16,,+, _ = %1(_8’_4), vy = i]l(478). First, we take A = 0, thus pg = barg o(P)
is an ordmary Wasserstein barycenter constrained to be supported on ). It is easy to see that
po is actually supported on [—1,1], so ||pol|Loe () > % while lv-llLeo@) = V4l (@) = 1. Now
we consider py = bary o(P) and let A = 0. By compactness, we readily get that py — po, so,
for A small enough, we have ||px||po ) > i. Finally, by rescaling, one can construct examples
violating the maximum principle for any A > 0.

5.5 Higher regularity

The theory developed so far has needed very mild assumptions on 2. To deduce higher regularity
(up to the boundary) of the Kantorovich potentials and the barycenter we need to impose more
conditions on the domain.

Suppose that P is concentrated on sufficiently regular probability measures supported on a
closed ball of radius R > 0, B := Q = Br(0), more precisely, assume that for some a € (0, 1),
keNand C >0

PQ) =1, Q:= {@ePac() [Hog oll ck.a( )<C} (5.24)
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Remark 5.5.1. The following arguments are presented here for the case of a ball for simplicity but
work for compact convex sets with C*+2%boundary which are strongly convex with a uniform
modulus of convexity. More precisely, we require that there are m-strongly convex functions
H,, H € C*¥22(R%) for m > 0 such that

O={zeR?: H(x) <0}, 0={recR?: H(zx)=0},
suppr = {z € RY: H,(z) <0}, d(suppv) = {z € R?: H,(z) = 0},

and supp v are uniformly bounded for P-a.e. v.

Thanks to the entropic regularization, this regularity implies regularity for the potentials
and the barycenter.

Proposition 5.5.2. Under assumption (5.24), one has
©5 € CHM29(Q) for P-a.e. v and p € C*3(Q),
and there is a constant K > 0 such that
@5 llorszacy 190llcrsza@ < K for P-a.e. v. (5.25)
Furthermore, for P-a.e. v the transport V3 : Q — Q is a diffeomorphism of class CF+1,

Proof. By (5.24) P-a.e. v € C%%(Q) is bounded from below and above on € by a constant only
depending on C. With the representation of p in (5.9) we obtain that Vlogp is bounded by
2R/\ a.e. Together with [ p =1 this implies that ||log ﬁHco,l(ﬁ) is bounded by a constant only
depending on R and A.

This implies by Caffarelli’s regularity theory for Monge-Ampére equations (see [ | for
the original paper and Theorem 3.3 | ] for a concise formulation) that for any v € Q,

v ¢ C?(Q) and Ve¥: Q — Qs a diffeomorphism.

For the uniform estimate again by Caffarelli’s regularity theory for Monge—Ampeére equations
(theorem on page 3 of [ |) there is an ;3 € (0,1) and constant Cy (only depending on aj,
C and R) such that

o5l e ||<,0,,H01 ary < C1 forevery v e Q.
This implies in particular p € C'l’o‘1 (ﬁ) by (5.9) and we can apply Theorem 5.A.5 to see that

o7 {1/ € Co1 (@) : (@) = 1, [log V]| ) < oo} - M
Vi of

is continuous (where M denotes the set of C%1(Q) Brenier potentials ¢ with zero mean such
that ||Ve|| = R on 0f2). Now note that, by the compact embedding of Holder spaces, Q is
compact in C%1(€)). This implies that ®”(Q) is compact in C%1(Q). Hence, there is a K; > 0
such that

160l c2ior @y < K1 for P-ace. v.

Furthermore, since each gpg is strongly convex thanks to compactness of ®”(Q) we conclude
that there is constant ¢ > 0 such that

D?@P = cI for P-a.e. v, (5.26)

so that we obtain
| D? 5l o) < ¢ for P-ae. v,

which gives p € C11(Q) and then again by Caffarelli’s regularity theory for Monge-Ampere
equations @7 € C32(Q). Differentiating now the Monge-Ampeére equation (which is satisfied in
the classical sense)
det(ngog)u(Vgog) = p in Q,
HV(p%H2 = R?> onoQ,
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in direction e € S¥~1, we obtain by the same considerations as in the appendix

div(A,V(0e’)) = 0ep in
Vi -V(0epy) = 0 on 09,

where A, = v(Vgh)det(D?ps)(D?p4)~". Thanks to Lemma 5.A.2 and (5.26) we can finally
deduce by classical Schauder estlmates (Theorem 6.30 in | |) that there is constant K > 0
uniform in v such that

10l e < K (1005l con) + 107l coa) -

This concludes the uniform estimate of ¢7 in C3%(Q) for P-a.e. v, and by again employing

(5.9) we deduce 5 € C**(Q). The same bound follows for ¢f by exchanging the role of 5 and v.
Higher regularity follows by standard elliptic theory. O

Note in particular that ¢ satisfies the Monge-Ampere equation, subject to the second
boundary value condition, which encodes the fact that Vi maps the ball into itself, in the
classical sense

det(D2<pg)1/(chg) =p inB

Ves(B) C B (5.27)

and that the second boundary value condition is equivalent (see Lemma 5.A.1) to an eikonal
equation on the boundary

HV(p%(m)HQ = R?> Vz€dB.

5.6 Statistical properties

5.6.1 Stochastic setting and law of large numbers

Now we consider again the stochastic setting (see Corollary 3.5.7 and Chapter 4): let P, as
above, be a distribution on P3(2) with finite second moment, and vq,v9,... be independent
random measures drawn from P. We will call the barycenter of the first n measures vy, ..., v,
an empirical barycenter: p, := baryo(P,), where P, := 23" | §, is the empirical measure.
Note that p, is random, and in this section we will establish its statistical properties, namely,
consistency and (under additional assumptions) a central limit theorem. As already mentioned
in section 5.4, a LLN follows immediately from Lemma 5.4.6.

Proposition 5.6.1 (Law of large numbers). Assume [ m,(v)dP(v) < +oo for somep > 2. Let
p be the entropic-Wasserstein barycenter of P and {pn}nen be empirical barycenters. Then it
a.s. holds that

Wloc (Q)
logpn —= S logp V1<qg< oo,

pL/P () o\,

Moreover, under assumption (5.24) pp, =25 p in CFT28(Q) for any B € (0, ).

Proof. Then the first part of the theorem follows from Lemma 5.4.6 since P, converge to P in
W, metric (recall 3.5.7).

Further, once (5.24) holds, sequence {p, }nen is uniformly bounded in C**+%%(Q) by Propo-
sition 5.5.2. Therefore, due to compact Holder embedding and weak convergence p, — p, the
second claim follows. O
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5.6.2 Central limit theorem

Let H be a separable Hilbert space endowed with its Borel sigma-algebra. Recall that ran-
dom variables {X,, }en taking values in H converge in distribution to a random variable X if
E f(X,) — E f(X) for any bounded continuous function f on H. We denote this convergence
by
d
X, — X.

We also need to recall the notion of strong operator topology (SOT): operators A,, on H converge

to A in SOT (A, SoT, A), if Ayu — Au for all w € H. Finally, to prove a central limit

theorem for barycenters we will use some technical results from probability theory postponed to
Appendix 5.B.
Let us also introduce the following notation: if F is a space of integrable functions on €,

then
]:Q::{fe}":/f:O}.
Q

Theorem 5.6.2 (Central limit theorem). Let the assumption (5.24) be fulfilled with k = 1.
Then a CLT for empirical barycenters holds in H2(B):

. d
with covariance operator ¥ = G~1 Var(go%)G_l, where

u u
G:u— A= =X+ ——E®)(p
> 3 (@) (p)

and ®(p) is the zero-mean Brenier potential between p and v.

Proof. Step 1. Let us introduce the following map F':
F: {p e C*(B): / p=1 minp > O} — C2(B)
B B
R e
p+— Aogp+ Aog p(z) + :
2 B 2

It is continuously differentiable and its derivative is
Fl'(p): u'—>)\u—/\][ 4
p B P
Then equation (5.9) can be rewritten (see Appendix 5.A for properties of the map ®¥) as

follows:
F(p) = E®"(7).

Respectively, for the empirical barycenter it reads as
1 n
F(pn) = 313 % (pu).
i

Combining the above equations and using the differentiability of F' and ® (Theorem 5.A.5), we
obtain

n n

Gulpn = 7) = F(pn) = F(p) =~ S (@ (o) ~ ¥ (p)) = - > i ~Egp,  (5:28)
=1 =1

where p; = @Ei, E ¢ = E g7, and the operator Gy, is defined as follows:

1 1 n 1
Goi= [ Flobyat— 23 [ @y ()
0 — Jo
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with pt, = (1 —t)p + tpn.
Step 2. We are going to apply the delta-method to prove a CLT and to do this we need a
convergence (in an appropriate space)

Gu) P 5 G7Y, G = F(p) —E(@7) (p).

We will consider a CLT in H2(B), but first, let us extend all the linear operators above to
L%(B). Denote by Bary 5(Q) the set of entropic barycenters of all measures supported on Q:

Bary 5(Q) = {barA,B(P) . P e P(Py(RY), P(Q) = 1} .

Clearly, the operators F'(p) are Hermitian, bounded and positive definite for all p € Bary g(Q).
Using (5.25) and (5.9) we conclude that these p are uniformly bounded away from zero, thus
F'(p) are uniformly positive-definite: indeed, for any u € L2(B)

(u, u)r2(By = /A>

For all p € Bary p(Q) and v € Q it holds that —(®")'(p) are Hermitian and nonnegative.
They are also uniformly bounded since all v and DZQOZ are uniformly bounded away from zero
according to (5.24) and Proposition 5.5.2: namely, Theorem 5.A.5 together with the Poincaré
inequality and Theorem 6.27 from [ | yvield that there is a constant Cy > 0 such that

2y > el

1(@¥) (p)ull 2y < Collull L2(m)- (5.29)

In particular, the operators G and all G,, are a.s. well-defined, uniformly positive definite, and
thus continuously invertible in L2(B) with

1

16 uzy < 1P ) agemy < - and 16 ezqmy < -

Now we consider the space H2(B). It is easy to see that F’(p) and (®")'(p) can be contin-
uously extended to it for any p € Bary p(Q), v € Q. We are going to show that there exist
G~! and G,;! for all n, and they are uniformly bounded. Obviously, F'(p) and fo F'(p)dt
are continuously invertible, with uniformly bounded inverses. In particular, they are Fredholm
operators of index 0. Due to (5.29) and the Rellich-Kondrachov theorem (®¥)'(p) are compact
and uniformly bounded in H2(B) for all p € Bary p(Q), v € Q, as well as any of their average.
Thus G == F'(p) — E(®")(p) also is a Fredholm operator, and ind G = ind F'(p) = 0; since G is
positive definite in L2(B), ker G = {0}, therefore G is invertible in H2(B). The same applies to
any G,,. Let us prove that G, ! are uniformly bounded in H2(B). Suppose G,u = v € H2(B).

Then
v LA R
| </0 F/(ﬁn)dt> ullm2y < vllg2m) + o E / 1(@"") (P )ull 2 () dt

<|[vllz2(m +C<I>HU||L2 (B)
<l + CallGr iz sy 10l L2(a)

Cs
< 1‘*‘; V]| 2By
1 -1t
([ Fa)
0

On the other hand,

| mvar)],

[ull () 2 cllullpzs)
H3(B)
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Therefore,

_ 1 Co
16 i < & (14 52).

CF
Now let us prove that G, — G~! in SOT. First,
1
| F@ar s )
0
2
since pn M p a.s. by Proposition 5.6.1. Second, (5.29), the LLN, and the separability of
H2(B) yield that

1 n
= S (@) (p) 2L E(@) (p) as.
It remains to show that
Z/ (@) () dt——Z((ID”l)( 5) 2950 as. (5.30)

” =
Let v € Q and p E—(E)% p. Due to Theorem 5.A.5

1(2") (p)u — (") (p)ull 23y — 0 for any u € CF*(B),

hence (5.29) and the density of Co**(B) in L2(B) yield that () (p) — (®“)(p) in SOT on
H2(B). Now we fix u € H2(B), then functions

fp) =

i

H?(B)

1
/0 (@Y (pyudt — (3 (p)u

C
where p' := (1 — t)p + tp, are bounded, continuous, and f*i(p) = 0. Since p, ____>(B) p as.,

Lemma 5.B.1 ensures that
Vi (= - Vi (= 1/1
n}ﬂj/g (@ e = 5 5@ o }jf )0 as.

Taking a dense countable set {u;};jen in H2(B) and using the boundedness of (&) by (5.29),

one obtains (5.30). Combining the above results we conclude that G, 591, G as. Finally, for

any u € H2(B) one has

)

Gllu—Glu=G4G -GG lu—=0

since G, are uniformly bounded. Le., G;;! ST G-1 almost surely.
Step 3. Note that ||} g2(p) < C’ngpHCQ ), thus E|]g0PHH2 < 00, and by the standard
CLT in Hilbert spaces (see e.g. | , Theorem 10.5]) applied to {%}ZEN we obtain that

T 1n Z ~Eg) e with €~ N (0, Var(gh)) .

z:l
According to (5.28),

Sn
(5 1
Vi (pn — p) = Gn\f

1 50T, -1 a.s., Lemma 5.B.2 yields the CLT for py:

Since G;;! are uniformly bounded and G,

Vi (pn —p) & G~ N (0,G7 Var(p9) G
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Remark 5.6.3 (CLT in the discrete case). Let us finally remark that the above delta-method
can easily be adapted to the case where €2 is convex and bounded and P is supported on a set
of measures of the form Zjvzl I 0,5 with a lower bound on the mass of atoms 3 > ¢ and the
distance between atoms ||z! — 27|| > € once i # j, for some € > 0. Of course, in this case, one
cannot use the regularity theory for Monge-Ampere and its linearization, but one can instead
take advantage of the fine analysis of the semi-discrete case by Kitagawa, Mérigot and Thibert
[ ]. Indeed, in this case ®”(p) always take the form 2 — max{(z,27) — 17}, but it follows
from Theorem 5.1 in | ] and the implicit function theorem that the dual variables v
depend in a C! way on p € C%(Q) as well as an estimate of the form

1(@") (pull 20y < C

where the V’s are the Laguerre cells associated with p and v. Note that the r.h.s. of this
inequality depends on finitely many linear functionals of u, therefore (®”)'(p) is compact in
L2(92). Moreover, one can show that there is a uniform bound

1(@") (Pl 20) < C

in the same way as in the proof of Theorem 5.1 in [ ], using the Cheeger inequality for
graphs together with the lower bounds on v/ and ||z? — 27]|, a relative isoperimetric inequality,
and uniform bounds on p. Since —(®")’(p) is Hermitian and nonnegative definite, we can argue
as in the proof above invoking the Fredholm alternative theorem to invert the operators G and
Gy, in L2(Q). This easily yields a CLT in L2() in this discrete setting.

Appendix 5.A Linearization of Monge-Ampere equations

Here we collect some results on the linearization of Monge—-Ampeére equations. For proofs we
refer to the original paper [ E |
Given a closed ball B := Br(0) of radius R > 0, « € (0,1), and k € Ny, define

Sko = {g € Pac(B) : [log ol x5y < oo}.

Consider j1 € Sp o, V € S1,o. Our goal is to linearize the following Monge-Ampere equation with
a second boundary value condition:

det(D*p)v(Vy) = p,

VolB) - B. (5.31)

Note that thanks to Brenier’s theorem there exists a unique convex solution satisfying (5.31)
(a priori in the sense of Vigu = v), and it is in C?(B) thanks to the regularity theory for
Monge-Ampere equations. We will need the following lemmas.

Lemma 5.A.1. Let p € CY(B) be strictly convex. Then the following are equivalent
« Vyo(B) =B,

Lemma 5.A.2. For ¢ € C%(B) strongly convex such that |[V(z)||> — R? = 0 for x € OB, there
is B € C(OB),B > 0 such that (D?p)~Y(z) - x = B(x)Vy(z) for x € OB. Futhermore, there
exists k > 0 such that |Vo(x) - x| > K for all x € OB.

Form now on, we fix the constant by considering potentials in the set

et ={pectm): [ o=o}.
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Let us also define
M= {p e C3*B): |Ve|* - R* =0 on OB}

We now claim that in a neighborhood of a strongly convex function ¢y € M this set is the graph
of a C'-function.

Lemma 5.A.3. At g € M strongly convex, M 1is locally given by the image of a bijective
Cl-function on a closed subspace of C’g’a(B). More precisely, there exist open subsets V C Fy =

{h € C**(B) : Vg - Vh =0 on 83}, U C C>*(B), with @o € U, and a bijective C-function:
xo:V — UnM.

Furthermore, for fo:=1Ilg, (o), where Ilg,(¢) is defined as a solution of

—div(AgVf) = —div(AgVy) + f5div(4gVey) in B,
Veo-Vf =0 on 0B,

it holds that x((fo) = id.
Now for g € M take U € C2*(B) from Lemma 5.A.3 (and possibly restrict it further such
that any ¢ € U N M is strongly convex) and consider the map
M, UNM — {ue Cc%(B) : / U= 1}
B
p = det(D*p)v(Vep)

where v is a fixed probability density in the set S;,. Note that this map is well-defined by
Lemma 5.A.1 and the fact that the push forward preserves the mass. We want to “take the
derivative at o € U N M” by pulling back M, to the linear space Fy with the map yg from
Lemma 5.A.3.

Proposition 5.A.4. In the setting of Lemma 5.A.3, let ¢ € U N M be strongly convex. Then
N, = M, o xq is continuously differentiable at f = Ilg,¢ and the derivative is given by

N)(f): Fo — C3*(B)
h — tr(A,D*(x((f)h)) + det(D*0) Vi (V) - V(xo(f)h),

where Fy = {h € C3*(B) : Vo - Vh =0 on aB} and A, = v(V)cof(D%p). In addition, in
the weak sense we have

N, (f)h = div(A,V(xo(f)h))-

For fixed v € S1 4, consider now the map

(IDV:S()@ — M,

i — ¢, where ¢ is strongly convex and Vi = v. (5.32)
Note that this is well defined thanks to Brenier’s theorem (Theorem 2.12 (ii) | ]) and regu-
larity theory for Monge-Ampére equations (Theorem 3.3 | ]). Furthermore, by the consid-

erations before one can show that it is continuously differentiable.

Theorem 5.A.5. ®” as defined in (5.32) is continuously differentiable. More precisely, for
every p € So.a, the value of (®¥)' (1) f at f € CY*(B) is the unique solution h € Cz’a(B) of the
linearized equation
div(A,Vh) = f in B,
Voo -Vh =0 on 0B,

where pg = ® (1) and A, = v(Vyg) cof(D?¢q).
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Appendix 5.B Auxiliary probability results

Lemma 5.B.1. Consider space Cy(X) of bounded continuous functions on a separable metric
space X endowed with the topology of pointwise convergence. Let fi, fa,... be i.i.d. (Borel)
random functions from Cy(X) s.t. fi(z*) =0 a.s. and Esup,cy|fi(z)] < co. Let {Xy}nen be a
sequence of r.v. convergent to x* a.s. Then

1 n
— ZfZ(Xn) —0 a.s.
"o

Proof. Consider the modulus of continuity for f at point z*:

w627 = sup |f(@)— f@), 5> 0.
zE€Bgs(z*)

Note that (f,d) — ws(d,2*) is measurable: indeed, take a countable dense set S C X, then

wy(0,2%) = sup|f(x) — f(«")| Ld(z, 2") < d].

€S

Since f;(z*) = 0 a.s., we have for any fixed § > 0

%foxn)sfzwf (Xn,2%),2%)
=1

< - Z wy, (6, 27) 1[d(Xp, z7) < 4] +§g§|fi(Xn)| 1 [d(Xp,z7) > d]).

Further, Esup,cx|fi(x)| < oo, therefore by the strong LLN

—Zsup|fz ]—>Esup\f1( i

1 TEX

7waz (6,x%) ~%wa1(5 x") <Esu§/|f1( x)|.
i=1 xe

Since 1 [d(Xy,z*) > 6] — 0 a.s. it holds a.s. that
lim sup — waz (Xn,2%),2") <Ewy (6,2%) =0 as 6 —0

due to Lebesgue’s dominated convergence theorem. The claim follows. O

The following result is a version of Slutsky’s theorem for Hilbert space. We say that X,, € H
converge in probability to X (X, LR X), if || X, — X|| KR 0, i.e. for any € > 0 it holds that
P{||X, - X| >¢e}—0.

Lemma 5.B.2. Let {A,,}nen be a sequence of random bounded operators on a separable Hilbert
space H convergent to a fized operator A in SOT a.s. and bounded in probability (i.e. for any
e > 0 there exists M. s.t. P(||An]| > M:) < e for alln). Let {X,} be a sequence of r.v. in H,

X, % X. Then A, X, % AX.

Proof. Let {ep}nen be an o.n.b. in H and Il be the orthogonal projector onto the first k& axes
€l,...,€x. Then

Aan = AXn + (An - A)Han + (An - A) (I - Hk) Xn- (5'33)
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Since A, 225 A a.s., for any fixed k we have ||(A, — A)II}|op — 0 a.s., thus

(Ap — A) I X, 55 0.

Moreover,
(I — IT) X —% (I — ) X —2— 0.
n—o0 k—o0

Since A, are bounded in probability, the above equations imply that
P
(A, — A)X,, — 0.

This together with (5.33) and X, 4 x yields convergence A,X, 4 Ax. O



Chapter 6

Dirichlet energy and Sobolev spaces
of measure-valued maps

6.1 Introduction

In this chapter we study Sobolev spaces of measure-valued maps motivated by a Monge—
Kantorovich problem regularized with a “Dirichlet energy” of a transport plan. Let €2 be an
open subset of R™, and ¢:  x R* — R, be a Borel cost function. First, consider the following
regularized Monge problem for u € P(Q), v € P(R?):

» .
/Qc(a:,T(x)) dp(z) + /QHDT(:U)H dz — Tewlm(gl;ﬁ&%);T#uzu' (6.1)
This was studied by J. Louet in | |, where a PDE characterization of a solution was obtained.
In particular, in Section 4.2 he proposed some Kantorovich-like formulation.

However, here we use another approach, based on the theory of Sobolev spaces valued in the
Wasserstein space. It was proposed by Y. Brenier in | ] and developed by H. Lavenant in
the works | ; ] in the context of harmonic mappings valued in the 2-Wasserstein
space. Let v = «(z) ® p be the disintegration of a transport plan v between p and v. Then we
consider the following problem:

/cd'y—l—/HD'y(x)||pda:—> min
Q vEll(pv)
where ||Dv(z)| to be understood as a “metric gradient” of a Sobolev map from Q to P,(R?).
Note that a standard p-Sobolev function can be defined up to a set of zero p-capacity, thus
we can consider p which is a.c. w.r.t. the p-capacity, but not necessarily w.r.t. the Lebesgue
measure. In this case, of course, we have to extend ~(z) to the whole €.

We are going to consider some properties of measure-valued Sobolev maps, including fine
properties and precise representative, and also define a notion of their convergence which is
suitable for studying the regularized Monge—Kantorovich problem.

Notations. Let  C R™ be an open set such that || < oo and D be a closed subset of R?. If
¢ is a function on €2 x D, then by V¢ we denote its gradient in €2, and by V¢ we denote the
gradient in D.

Let 1 < p < oo, then p/ == p%l is the conjugate index to p, and p* := Tg—Tp is the Sobolev

conjugate once p < m. Furthermore, for 1 < p < m, the p-capacity of a set A C R is defined
as | , Section 4.7]

Cap,(4) = inf{/ |VullPdé : u € LP"(R™), Vu € LP(R™), u >0, A C int{u > 1}} .
Rm

Cap,, is an outer measure on R"™, but it is not Borel. We say a measure u < Cap,, if p*(A4) =0
whenever Cap,(A4) = 0, or, equivalently, if for any A C R™ with Cap,(A) = 0 there is a Borel

93
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set B D A such that p(B) = 0. As mentioned in | , Chapter 4], Cap,, is a suitable measure
to study the fine properties of Sobolev functions.

The chapter is organized as follows. In Section 6.2 we define Sobolev maps valued in a
metric space and in the space of probability measures and recall some basic properties of them.
In Section 6.3 we consider integral mappings of form £ — [ pedplé] and use them to study
the fine properties of Sobolev maps. Section 6.4 is devoted to two notions of convergence in
the measure-valued Sobolev space. Finally, in Section 6.5 we define rigorously the regularized
Monge—Kantorovich problem, show existence of a solution, and discuss some open questions.

6.2 Sobolev maps valued in metric space

Let (X,p) be a metric space and  be a domain in R™ as described above, endowed with
the Lebesgue measure L|n. Then we can naturally define the Lebesgue space LP(€2; X) in the
following way.

Definition 6.1. We say that a Borel map u: £ — X belongs to the Lebesgue space LP(£2; X)
for 1 < p < oo, if for some (thus any) fixed zo € X

/ P (u(€), o) dé < oo.
Q

A metric on LP(, X) is defined as

dy(u,v) = ( NGRS df)l/p, u,v e L0, X).

Of course, d,, is, strictly speaking, a pseudometric between maps, thus we identify maps
which coincide a.e. in 2. An important property of the space LP(€; X) is that it is complete iff
the target space (X, p) is complete.

Following Yu. Reshetnyak | |, we now give a general definition of the Sobolev space
WHP(Q; X). In the case X = R? it is equivalent to the standard definition.

Definition 6.2. A map u € LP(2; X) belongs to the Sobolev space WP (2; X) iff there is
gu € LP(2) such that for any L-Lipschitz function F: X — R it holds that Fou € W1P(Q) and
IV(Fou)| < Lg, a.e. in Q.

Now we pass to a more specific setting, where X is the space P, (D) of probability measures on
D with finite p-th moment endowed with the p-Wasserstein distance W,,. Then p € LP(Q2, P,(D))
can be equivalently described with a Young measure

pi=p®Lloge My(Q2x D)

such that [|lz||P du(¢, ) < co. Indeed, the disintegration of any Young measure 1 € My (2 x D)
(i.e. such that F:}#/J, = L|q) satisfying this condition gives us a map p € LP(Q2,Pp(D)). Now
consider the Sobolev space W1P(Q; P, (D)) in the sense of the above definition. In Theorem 3.17
in [ | H. Lavenant shows that there is an equivalent definition based on a multidimensional
analogue of the Benamou—Brenier formula (in that work it is proven for p = 2 but the proof
works for any p > 1 as well).

Proposition 6.2.1. Let p € LP(Q;Py(D)) for some 1 < p < co. Then pu € WHP(Q; P(D)) iff
there exists a measurable matriz-valued function V- € LP(Qx D, u; R™* %) satisfying the following
continuity equation in a weak sense:

Vep + Vi (V) =0, (6.2)
i.e. for any o € CH(Q x R?) it holds that
/Vgg@du—k /vagodu =0.

Moreover, there is a constant Cp, > 0 such that gi,(§) < C, [|V||P dp[€] for a.e. £ € Q.
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Notice that we can replace P,(D) with P,(R?) under the assumption that p[¢](D) = 1 for
a.e. £ € (), which immediately follows from Definition 6.2. In this case one can extend V to
Q x R with 0.

Again, one can equivalently define the Sobolev space using Young measures. Let p €
WLP(Q; P(D)), then we say o0 € My (Q x D x R™*9) is its phase measure if W;fg = u,
[IIV|Pdo(&,2,V) < oo, and for any ¢ € CL(Q x RY)

/ (Vep(€.2) + VVap(E,2)) dofE,, V) = 0.

Given a phase measure p, we can construct an admissible field using the barycentric projection:

V(&)= [Vdoleas.
For any pu € WP(Q; P(D)) we define its Dirichlet energy as follows:

Dirp(p) == inf{/HVHp dp - V satisfies (6.2)} .

By the direct method in the calculus of variations we obtain the following

Lemma 6.2.2. Let the norm ||-|| on R™*? be strictly convexr and pu € WHP(Q; P(D)) for some
1 < p < oco. Then there exists a unique field V satisfying (6.2) such that Dir,(p) = [||V]|? dp.

We will call the function V' from the above lemma the welocity field of p. It is worth to
mention that the definition of the Sobolev space does not depend on the choice of a norm on
R™*4 and hence V is for now an auxiliary object. Thus, let us for simplicity use the Frobenius
norm, unless explicitly stated otherwise. However, the regularized Monge—Kantorovich problem
in Section 6.5 essentially depends on a specific choice of the norm.

6.3 Integral mappings and precise representatives

As shown in | , Section 5], if m > 1, then a Sobolev map valued in Py(D) in general does
not satisfy the superposition principle, and moreover, it cannot be represented via a measure
on W1P(Q; D). Thus, we cannot rely on this representation to study the properties of Sobolev
maps. Instead, we will apply Definition 6.2 and Proposition 6.2.1 to integral mappings of form

£ — [pedulg].

Lemma 6.3.1. Let ¢ € C*(Q x R%) be such that || < C (1 + ||z]|), [|[Vae| < C (1+ |z||771),
and ||Vepl| < C (14 ||z||9) with some constant C > 0 and exponent ¢ > 1. Given p €
WLP(Q,P,(D)) for ¢ <p < oo, define the function

9(§) = /D@(fﬂz) dpfé(x), €&eq.

Then g € WH3(Q), where s == %, and

V(€)= /D Ve, 7) + V(€ 2)Vap(€, 2)] dplé](a).

Proof. Step 1: compactly supported ¢. Assume that there is a compact set K C D such
that (¢, ) is supported on K for any £ € Q. Clearly, g € L%(€2). Moreover, (6.2) implies that
for any n € CH(Q)
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where V is the velocity field of g. Thus

V(€)= /D [Vep(e,z) + V(E,2)Vaipl&,2)] dulé] ()

in a weak sense. From the assumptions of the lemma it immediately follows that Vg €
LP(; R™) C Lo (S R™).

Step 2: general case. Consider functions f, € C'(R%) for n € N such that f, = 1 in
Bn(0)7 Jn = 0 outside B?m(o)a and van” < % Define ‘Pn(gax) = fn(m)(p(f,l’) for £ € Q,
z € R?, and corresponding functions g, (£) == [}, on(& 2) dp[é](z). Since for every z € By, (0)

IVapnll = [/aVae + @Vafull < IVaoll + 1@l - [Vaful
14 [l]|9)
n

<O (1+|z)77h) +c< <AC (1+ o)),

gn € WH3(Q) according to Step 1. Furthermore,

S

lo = onllo = [, \ [ 0= h@eter) i) de
séé%@wmmwmm@
<c / (1+ 2|9 dute,z)
Qx(D\Br(0))
< (20)5/ (1+ [2]?) du(E,2) = 0 as n— oo.
Qx(D\Br(0))

Now define
v(€) = /D [Vew(€,2) + V(& 2)Vaplé, 2)] dufe] (2).

We are going to show that Vg, converge to v in L*(2; R™). First of all,

v(£> - in(E)
= [ [0~ @) (Veplé.) + V(6 0)Vp(6.2)) =l )V (6,0)V o)) dple] )

From the definition of f,, and the assumptions of the lemma we obtain the following bounds:

/ de < / IVewll® dp
Q Qx(D\Bn(0))

<c / (1 + [12]9)° dpa(€,x) —— 0.
Qx(D\Bn(0)) n—00

/D (1~ ful@))Vep(&, 2) dulé](z)

Furthermore,

J

s

/D (1= fu@)V(E, 2)Vaip(€, o) dulé](2)|| de

<ce /QHV(& Moo\, wmie) * 11+ 1217z (p i 4

Ve [ [ [ Py

<C° L (D\Ba (0).ulé])
1/q

< (20)3 P 1 g=1y% )

< (20) </Qx(D\Bn(0))HVH d,u> ( + HHHCUH [ (D#[g])‘ Lq’(Q))
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If g = 1, then HHHQ}HOHSLPI( < 1, otherwise p’ < ¢’ < oo and

D,ulg]) HLoo(Q)

/ ) sq' /v’
= L (Ll uig@) " ag

< / 2@ % du(e, o) = / lellP du(e, z) < oo
QxD QxD

102191t |

(here we used that Sp—‘{/ —sap=l) _ 1 59 44 (¢ —1)s¢’ = sq =p). Thus,

(¢—Dp = ¢—1 =
/,

The last term can be estimated as follows:

S

dé -0 as n — oo.

/D (1~ (@) Vepl&, 2) dulé)(z)

s

/QH/D“O@’“””)V(WM@)du[ﬂ(m) de

<o f ( / ||v<5,x>|rwdu[s1<x>> as
Q \ /B3 (0)\Bn(0) n

S 1 _ S
= /QHV(é, Miro\8,0).uie)) - Hg + 3| 1’

, dé -0 as n — oo.
Ly (D, pfé])

Therefore, ||v — Vgyu||zs — 0, hence g € W1#(Q) and Vg = v. O

Lemma 6.3.2. Let p € WIP(Q,P,(D)) for some 1 < p < m. Then there exists a Borel map
p*:Q — P(D) and a Borel set A C Q such that Cap,(A) = 0, p* = p a.e., and for any
EeN\A

W, ][ wlc]dC, el | =0 as r—0
- (€)

and, more than that,

WE (ul¢], w[€)) d¢ = 0 as = 0. (6.3)
Br(€)

Proof. First of all, note that due to the o-subadditivity of the p-capacity, it is enough to consider
Q) equal to a ball. Then any function from W1P(Q) can be extended to R™, and we can apply
results from Section 4.8 in [ |. Since we are interested only in local properties, this does
not spoil the results.

Step 1: narrow convergence. Let {¢,},en be a dense countable subset of C(R?). Since
for each n the function gn(&) = [}, ¢n du[¢] belongs to WP(Q), by Theorem 4.8.1 in | ]
(obviously, it works if R™ is replaced with an open 2 as well) there exists a Borel function
gn: 2 — R and a Borel set A, C Q such that Cap,(A;,) =0 and for any §{ € Q\ A,

/ sondur[a:f gn = G3(6) as 0, (6.4)
D ()

where pu,[§] = fBr(ﬁ) p. In the same way, take go(¢) == mi(p[f]) = [pllz|| dp[é](x), then by
Definition 6.2 go € W1P(Q), thus there is a corresponding function g; and a Borel set Ay such
that Cap,(Ap) =0 and

QO(HTK])Z][ PO a5 r 0 VECO\ Ay

Now we define A = J,,cn, An, Cap,(A) = 0. From the above equation we get that for any
§ € Q\ A the family {p,[¢]}, ., is tight for small enough ro = r¢(§). Therefore, there is a



98 DIRICHLET ENERGY AND SOBOLEV SPACES

weak partial limit p*[¢] as 7 — 0, and due to (6.4) g5 (&) = [ vn dp[€], hence it is unique, and
pr €] — p*[€] as r — 0. Moreover, g; = gy, a.e. for all n, thus u* = p a.e. in Q.

Step 2: Wasserstein convergence. For any R > 0 take smooth nonnegative function
Yr on R? such that 1z = 0 in Br(0), ¥r(z) < ||z||P in Bar(0) \ Br(0), ¥r(z) = ||z||P outside
Bsr(0), and ||Vyg| < Bpwll%/p/. Define the corresponding functions

1/p
(€)= [ ondule] and he©) = (3 + 1) . e

fr € WHL(Q) by Lemma 6.3.1, hence hr € WH1(Q) and Vhy = %. Note that

p

IV fr(E)P = H /D o VIE D T4() g2

p/p’
- (L\BR(O)”WR”” d“[ﬂ) /D\BR IV EDNP (o)
p—1
< ([ anvnani)” [ VeI il
_ p p—1
— 3 f} /D \

IV (&, 2)|IP dp€] (),
0)

Br

hence

IV frIP /
Vh p:/ 1 < (3p)° VP dp.
/QH &l o (1/R+ fr)P~1 (3p) QX(D\BR(O))H |

Furthermore,

he, = d d — Pq
/Q R~ p +/Q /[)1/11% plé]) d§ < 7 +/QX(D\BR(O))”1’H u(é, x),

thus hr € WHP(Q). Recall that w.l.o.g. we assumed ( is a ball, thus one can extend hp to R™
in such way that hg > 0 and

1
Vhr|fp@m < C +/
VAR gomy (R Qx(D\Br(0)

R

Lzl + 1V 1] du) ,

where C' is a constant depending on 2 and p. Since ||Vhg||r»grm) — 0 as R — oo, one can find
a sequence { Ry }nen such that ||Vhg,||pr@m) < 47", By Lemma 4.8.1 in | ]

Cap,(E,) < C27 / |Vha, P < C2,
Rm

where C' is some constant depending on p and m, and

E, = feRm:sup][ hr, >27"5.
>0 J By ()

Note that E, is a Borel set. Then the Borel-Cantelli lemma yields that Cap,(E) = 0 for
E = Njen Upsy En- Using again Theorem 4.8.1 in [ | take a Borel set F' C R™ such that
Cap,(F) = 0 and for all n € N and £ € R™ \ F it holds that

][ hg, — b, and ][ |hR, (C) — Wiy (6)]7 d¢ =0 as r—0. (6.5)
() By (&)
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Now fix an arbitrary £ € R™\ (AUEUF) with the set A defined in Step 1. Thereis k = k(§) € N
such that £ ¢ E, for all n > k, thus hj, (§) <27". By the Minkowski inequality we get for any

r>0
[ el du / ol = f pn<f
R™\ Bag,, (0) B (€) Br(€)

1/p]P
i (€) + (7{3 0~ h}‘zn(f)\pd4>
: 1/p] P
4 (][ \hRn<<>—h2n(§>|’”d<> ,
()

IN

IN

hence due to (6.5)
timsup | ol dpe €] (@) < 2777,
E™\ By, (0)

r—0
Recall that p,[¢] — p*[¢], thus by Theorem 6.9 in [ | we conclude that Wy,(u,[¢], n*[€]) — O.
Step 3. To prove (6.3), consider a dense countable set {v;};eny C Pp(D). Note that any
function d;(&) = Wp(u[&], 1) is Sobolev. Then Theorem 4.8.1 (ii) in | | and the previous

steps yield that there is a zero-capacity Borel set G C €2 such that for any £ € Q\ G and for all

n,l €N
d —df p*d 0 nd — ndp®
][T(£)| l(C) l(f)| ¢—0, ][T(g) / ¥ H[C] / Pn AL [f]

F o |mietuich - mirrien|”
Br(§)

*

P
d¢ — 0,

d¢ — 0

as 7 — 0. The last result follows from the fact that mzl/ P(.) is 1-Lipschitz continuous w.r.t. W,
and

F o I A = €)= (")),
B (&)

hence (ml/p o u)* &) = 1/p( *[€]). Assume that dj () # Wy, (u*[€], ;) for some [ € N. Then

there is a sequence ¢, — & such that d;(Cx) — df (§), mp(p[Ce]) = my(p*[€]), and [, on dp[C] —
Jpndp*€] for all n. Thus, W,(u[C], u*[€]) — 0 by Proposition 2.3.2, and we obtain a
contradiction. Therefore, dj (§) = Wy,(n*[¢], ;) for all [ € N.

Finally, for any [

W2 (p[¢], w*[€]) d¢ < 277! (Wé’* (1*[€),m) + e W2 (u[¢], v) d@)

— 2p*_1W]’,’*(p*[f], v) as r— 0,

B:(8)

and since {1} };en is dense in Py,(D), we obtain (6.3). O

6.4 Convergence

In this section we introduce some notions of convergence in W1P(Q;P,(D)) allowing us to
obtain a stability of precise representatives, which is important to study the regularized optimal
transportation problem in the next section.

Let us introduce a truncated p-Wasserstein distance for 1 < p < oo:

WP(u,v) of ﬁr%f )mln{HaZ —yllP, 1} dn(z,y), v e P(D).
TE v
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Clearly, it is nothing but the p-Wasserstein distance for the truncated metric min{|jz — yl|, 1},
and for p = 1 it is equivalent to the Kantorovich—Rubinstein distance (2.1). By Proposition 2.3.2,
the convergence w.r.t. W), is equivalent to the narrow convergence since the truncated metric is
bounded.

Lemma 6.4.1. Let 1 < p < 00 and {py tneny C WHP(Q, P,(D)) be such that Diry(py,) < C for
all n with some constant C' < oco. If

i — v € M4 (Q x D),

then v = p ® Llq for some Borel map p: Q@ — P(D), and

/Q Wy (€], panl€]) A — 0. (6.6)

Proof. First of all, note that v is a Young measure, thus v = p ® L|g for some Borel map
p: Q — P(D). Like in Step 1 in the proof of Lemma 6.3.2, let {¢k}ren be a dense countable
subset of CL(RY), gh(€) == [, or dpnlel, gk € WIP(Q) N L2(R), and g*(€) = [, ¢y dple]. For
any n € C1(Q) we have

/779’732/ n(&)er(§; ) dpn(§, x) — n(&)wk(f,w)dV(E,w)Z/ngk-
Q QxD QxD Q

This together with the Rellich-Kondrachov theorem yields that g& — ¢* in LT (). Therefore,
up to a subsequence, g¥ — ¢* a.s. in Q for all k € N, hence pp[€] — p[¢] for a.e. §. The claim
follows by the dominated convergence theorem since W7 < 1. O

The first notion of convergence in WhP(€2, P,(D)) is based on the Radon-Riesz property.
This is an analogue of the strong convergence in the standard Sobolev space.

Proposition 6.4.2. Let u € WHP(Q, P (D)) for some 1 < p < oo, and a sequence {ptn fnen C
WLP(Q,P(D)) be such that p, — p and

Dir,(pp) — Dir,(p).

Then
/ / V(€. 2) — V(€ 2) P dy €], ') dE — 0, (6.7)
Q J D2

where m,[€] € o ([E], pnl€]) is any measurable selection of optimal transport plans for the cost
function min{Hx —yll, 1}, and V, V,, are the velocity fields of p and p,, respectively.

Proof. If Dir,(p) = 0, then the claim holds trivially. Now assume w.l.o.g. that Dir,(p = 1.
Since p, — p and Diry(py,) < C with some constant C' for all n € N, we have by the Prokhorov
theorem that, up to a subsequence,

Vitin = W

with W € LP(Q x D, u; R™*%). Clearly, W satisfies the continuity equation for u: Vep +
Vo (Wp) = 0, and due to the lower semicontinuity of the Benamou-Brenier functional (V y, ) —
[1IV]|P dpe we have

W Loy < Hminf|[ Vil Lo,y = IV [| 2o ()

thus W =V as V is the unique minimizer of ||V||1»(,) satisfying (6.2).
Now fix U € C}(Q x D;R™*?). Denote 7, == 7, @ L|g € M (Q x D?). One has

/ WY =tlim [ (Vi U) dp
QxD QxD

= lim (Vo(&,2)), U (&, 2))) dmn (€, 2, 2)
QxD?

= lim (Vy, U) dp + lim (Vo (6,2, U (&, 2") — U (&, 2)) dmy (€, x,2),
QxD Qx D2
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where V;,(&,2) = [}, Vi dmy[¢] ‘gg is the barycentric projection of V;,. The last term in the above
inequality can be estimated as follows:

/ (Val&,2"), U (€, ') — U(€,2)) dmn (€, 7, 2")
QOx D?

< [ [ @I 1062 - UE)l amalee.) g
= C/Q/DQ|’Vn(§7$/)|’min{Hx/—xH, l}dﬂ'n[f](x,w/) dg

< C [ 1Vl M sty (minfll’ ~ ol 117 am (o 0) "
— 1/p/
< ClVallr(un) </Q Wi (plg], nl€]) df)

— CDir, (1) ( | i) df) "

where C' = 2max||U ||« + max||D,U|| and the last line follows from Lemma 6.4.1. Combining the
above equations we obtain

/ o [ v (6.8)
QxD QxD

/ 1Vall? dpa < / IVallP dptn — / VP dp,
QxD QxD QxD

we conclude that | Vo[ 1e( = IV || e Thus, V, = V in LP(u) according to (6.8), and V,, — V
in LP(Q x D, i; R™*4) due to the uniform convexity.
Define v, i= ||V,,|| and ©,, := ||V},||. Hanner’s inequalities [ | yield that if p > 2, then

Since

[V + T}”Hip(wn) + [lvn — En”ip(wn) < (HUTLHLP(Wn) + Hf’nHLp(wn))p + H|Un||LP(7rn) - Hf’nHLP(wn)}p

— 2|[v[}},,, = 2° Diry(p).

On the other hand, by Jensen’s inequality
lvn + Onllzomn) = Ve + Vallzeen) = 20Vall Loy = 21V lzew) = 200l e, (6.9)

thus ||v, — 77"”11;?(%) — 0. If 1 < p <2, then

(an + 5nHLP(m) + [Jvn — 77n||LP(7rn))p + “|Un + l_’nHLP(wn) — [lvn — 77n||LP(7rn)‘p
<2 (Jonll ey + 1501y ) = 2012,

and by (6.9)

lim sup (an + @nHLP(wn) + [|vn — 27n||LP(7rn))p + H|Un + @nHLP(wn) = [lon — @n||LP(Wn)|p
> (2010l 1oy + i upllvn = Bl zoen)” + (20l oy — imsupllvn — allisen)”
thus ||vn, — On|lze(r,) — 0 due to the strict convexity of the function t — (a + )P + (a — t)h.
Therefore, in both cases we obtain that
lvn, — EnH’ip(ﬂn) — 0. (6.10)

Furthermore, the strict convexity of the norm on R™*? implies that there exists a monotone
function d: [0,2] — [0, 1] strictly positive outside {0} such that

X+v X —v] e
< — .
H 2 H—ma}‘{”X”’ ”Y”}[l 5(max{uX||, i) XY ER
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Then

V, +V,
2

g v P
dmy, < /max{vn, Up }P [1 -6 (HV”V"H)} dm,

max{ vy, Un}

Vn - Vn
< /max{vn, o P dmry, — /max{vn, U P <HH) dm,,.

max{ vy, Un}

/

Due to (6.9) and (6.10)

lim/max{vn, O P dmry, = lim/‘

Vv, +V,
2

/max{vn, Un }PO (M> dm, — 0.

max{ vy, Un}

P
dmy = / VP dp,

thus

obviously, for any € > 0 there is C: > 0 such that t? < e+ C.4(t) for all ¢ € [0, 2], hence

_ V.~ 1, P
/HVn — Van dm, = /max{vm 17n}P (”VH> drm,

max{ vy, U}
< /max{vn, ﬁn}p |:€+ 05(5 < HVn - VnH

_>] dm, — €/||V||pdu as n — oo.
max{ vy, Un}
Since [|Viy = V| o (r) = IV = V| £o(uy — 0, the claim follows. O

Corollary 6.4.3. Under the assumptions of Proposition 6.4.2 for any ¢ € C’l}(Rd) (i.e. such
that ¢ € Cp(R?) and Vi € Cp(R%RY)) and

g6 [ pdulel, gien [ pdul
D D
it holds that g, — g in WHP(Q).
Proof. According to Lemma 6.3.1 g, g, € WP(Q) and

V(€)= /D V(€ 2)Veol(x) due] (x),
Von(£) = /D Vo€, 2)Vip(2) dpan€] ().

— 1
Clearly, |g(&) — gn(§)| < CWi(p[€], unl€]), thus from (6.6) it follows that gy, L@, g. Since g

Q
and all g, are uniformly bounded, we have g, M g. Further,

Vou(©) = Val§) = [ Vil Viola') = V(&) Vil@)] dmfe](a.a)

= [ Va(a) = V(E:0)] Vila)) dmale) (.
b (6.11)

+ [ Vien) [Vetw) - Tola)] dm (w2
It follows from (6.7) and the boundedness of V¢ that

— 0.
Lr ()

/D [Val,2') = V(€ )] V(o) dmal€]) (2,2

Now we estimate the second term: fix R > 0, then

[ V(e (Vo) - Toto) dmlde. )

<R /D IVo(a’) — V(o) dmale] (z, ') + C /D V(€. 2)] - R), dulé)().



4. Convergence 103

Obviously,

—0 as R — .
LP(Q)

H/D (IV (&)l = R),. dul¢](z)

Next, for any compact K C D and € > 0 due to the uniform continuity of Vi on K there exists
a constant Cx . > 0 such that

IVe(z') = V()| < e+ Cxemin{|l2” — 2|, 1}

for any x,2’ € K. Therefore,

H/DHVSO(:E/) — Vo(a)| dm,[€])(z, )

LP(Q)
1/p

<t Cr. ( / Wf(u[s],un[sbds) L ma] vl ( | w2y ds)

1/p

<+ Cuce [ Wilulelmlé) ac) " 2 max| vyl ([ g\ w2y ac)

and

/Q(wn[ﬁ](D2\K2))p d¢ S/Q(u[ﬂ(D\KHun[ﬁ](D\K)) dg.

Thus, (6.6) together with tightness of the sequence {p, }nen yield that

Finally, substituting the above results into (6.11) we obtain

— 0.
LP(Q)

/ IVe(a') — V() | dra €], 2')
D

Vagn M Vyg.

O

Corollary 6.4.4. Under the assumptions of Proposition 6./.2 there exist a subsequence { i, }reN
and a Borel set A C ) such that Cap,(A) =0 and

o, [E] = w7[E] for all £ € Q\ A,
where p) and p* are the precise representatives of py and p.

Proof. As in the proof of Lemma 6.3.2, fix a countable family {¢ }ren dense in C}(D) and define

functions gk (&) = [p e dmnlé], §7(€) = [ r dpl€]. Since ||lgk — g¥[lyrp) — 0 for all k € N
according to Corollary 6.4.3, there exists a zero-capacity set A C ) and a subsequence such that
(without relabelling) (gF)*(&) — (g*)*(€) for all £ € 0\ A. Recall that (¢%)*(¢) = [, or dui[é]
and (g")*(€) = [, ¢r dp*[€] up to a zero-capacity set, thus the claim follows. O

The above convergence in the assumptions of Proposition 6.4.2, which is partially a counter-
part of the strong convergence in W1P(Q), is sometimes too strong. In particular, it is nor clear
how to obtain a compactness w.r.t. this to prove the existence of a solution of the regularized
Monge—Kantorovich problem. Another approach is based on the Wasserstein convergence of
phase measures introduced in Section 6.2. Assume for simplicity that Q] = 1. Let u € WHP(Q).
We say 0 € P(2 x R x R™) is a phase measure of u if w#g = L|g, T = u, v = Vu, and
[ (lz[P + [[v]lP) do(§, 2z, v) < oo. Here Z(€) = [p pm zdole and 0(&) =[5, pm vdole are the

barycentric projections. Define the cost function on (Q X R x Rm)2:
(& z,0), (€, 2", 0)) = min{[|§ = &[], 1} + |z — 2'P + [0 —o'|]P,

and the corresponding transportation functional J, := J. (see Section 2.2). The next lemma,
which can be of independent interest, ensures the convergence of precise representatives once
phase measures converge in the transportation topology.
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Lemma 6.4.5. Take € P(Q) such that p < Cap,. Let u,u, € W'P(Q), n € N, and
0,0n € P(2 x R x R™) be their phase measures such that Jp(on,0) — 0. Then uw), — u* in p,
i.e. for anye >0

p({g €R™ : fu () —u*(§)] > €}) — 0.

Proof. Note that since p(€2) = 1, for any € > 0 there is a compact K(e) C € such that
u(K(g)) > 1 —e. Therefore, it is enough to consider the case where supp u CC .

The case of singular p. Assume that gl L. The idea of the proof is as follows. We are
going to show that for any e > 0 there are sets S(¢), E,(g) such that pu(S(e)) > 1 —¢,

{€ € 5(e) s up(§) —u(€) > 1} C Enle),
and one has limsup,,_,, Cap,(En(¢)) — 0 as ¢ — 0. Since 4 < Cap,,, this implies that
p({z € Q:uj —u* >1}) = 0.

We conclude multiplying functions u, and w by an arbitrary constant.

Step 1. The proof is partially based on the ideas from Lemma 4.8.1 in | |. Fix an open
set € such that supppu C Q' CC Q. Take € > 0 and an open set U = U(e) C ' with u(U) =1,
|U| < e (it is possible since pLL). Now choose 0 < ro = ro(e) < min{l, d(Q,0Q)/2} satisfying
p(U=37) > 1 — ¢, and denote S = S(¢) := U3, where

U ={ecU:d&oU)>r}, r>0,

is an open subset of U.

Define w,, := u,, — u and w}, = u} — u* (slightly abusing notation). Due to Theorem 4.8.1
in | ] there exists an open set V;, = V,,(¢) C S such that Cap,(V,) < ¢, wj, is continuous on
S\ Vi, and

][ W —— w(€) VE €S\ Vi

B, (g) r—0

In particular, one can find a nonnegative function f, = f,(¢) € WP(R™) such that V,, C
int{fn, > 1} and [, [V fullP <e.

Now define
Ap=An(e) ={£€ S\ V,w, (&) > 1}.

Note that F,, = A, UV, is open. Also consider a family of balls

Fn = Fule) = {B =Br(§) 1 £ € An, T <10,

£ wn—wie)| <wio -1}

By Besicovitch’s covering theorem | | there exist N = N(m) countable families of disjoint
balls {B;j}jen C Fpn, i =1..., N, satisfying

A, C Lnj G B Cc U2, (6.12)
i=15=1

Consider B;; = B,(€); the Sobolev extension theorem and Poincaré’s inequality for balls | ,
Theorem 4.5.2] yield that there is a function f;; € WLP(R™) such that fijlBi; = (fBl_]_ Wy, — wn>+
and

1fiillwre < ClIVwallLo(sy;)- (6.13)

Finally, define g, = gn(¢) == (Wn)+ + fu + sup;; fij, with a Sobolev function @, such that
Wy > wy, on any ball B;;. Note that for any £ € B;; one has

%@2w©+m@2fl%>L

ij
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and f,(§) > 1 for any £ € V,,, thus E,, = A, UV, C {g, > 1}. Since E, is open we have
E, C int{g, > 1}, therefore

Cap, (E / IVgal? < C / <|anr|p+ IV fullP + IIVSupfijll”)- (6.14)
Z7]

Step 2. Now we are going to estimate the r.h.s. of (6.14). Recall that [||Vf,[? < e.
Furthermore, due to (6.13), (6.12), and Lemma 4.7.2 in | ]

/\Vsupfw P < /SupHsz] P < ZZ/HfUHWm,

=1 j=1
N oo
<S> [ e <on [ v+ vap).
i=1 j=1"DBij

Let m, be an optimal transport plan between g, and p. Then using Jensen’s inequality we get

[ 19017 < [ enll 1, -0 donGas i)
U—=7o

<c / (ol” + [[om = 0]1P) T, cir-2ro

<C (Jp(gn,g) + /Hva L¢, cv—2m0 dﬂ'n> .

Since [||v]|? dg < oo, there exists a monotone function 6: Ry — Ry such that §(t) — 0 ast — 0,
and for any measurable ¢: 2 — [0, 1] one has

[l aet .0 < ( / w) |

Therefore, using that TF;#Q = 7771éE on = L|q we get

L IVl < 10l e do <5 (U200) < 3 (U < 36,
J 101 1y dma < 6 (U7201) < 6(e)

Combining these bound together, we obtain from (6.14) that

Cap,(E,) <C (/HVZBn\p +e+ Jp(on, 0) + (5(5)) : (6.15)

Note that there is no guarantee that [, || Vwy||? is small, thus we cannot just take w, = wp,
even despite the fact that w, in general does not vanish on 0. Instead, we will construct
Wy, = Wn(e) € WyP(Q) such that @, = w, on U=, and [,||Vib,|? is small enough. First,
take > = s(¢c) € C°°(R™) such that |2 =0, 3¢|gm\py-ro =1, and a mollifier n € C*°(R™),

suppn = B1(0). Fix 0 < h = h(e) < max {7’0, W} Consider

wh(€) = / n(©)wn(é + he(€)e)de, €€ Q.
B1(0)

Note that w? = w, on U2 and w! = n;, * w, on Q=7 \ U~". Moreover, w! € W1P(Q~"0)
and

il W€+ R Pded nll?
Jo et [ ae [ e hegerazie<c [ [vu)
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because € - € + hse(€)e is a bilipschitz map for any e € By (0). Again,
L9 < €l eun0) +3GUD) < Clew o) +56)) (6.16)
Furthermore, for any ¢ € (=70
V(nn *wn)(C) = (n * Vwn)(C)
= [ (€= €)(Vua(®) = Vi) a¢
= [ 6 = &n)vndon(Easonrva) — [ mul — v do(é. )
= / [1(¢ = &) (v = v) + (M (¢ — &) = (¢ — &) v] dmy,
hence for any t € (0,1)
19 o )@ < G (o = ol + min{ ¢, €1l 1Hlo]) d,

< ch/(uvn ol + o]l + 1€ — €] > 1] - |jo]))

< 0 (77(en o)+ [Ivlaote. ) + 8 (rulin — €] > t})) -

By Markov’s inequality m,{||&, — &|| >t} < 2J,(0n, 0), thus

/ |Vwh|[P = / IV (nh * wp) [P — 0 as n — co.
Q=To\U~"0 Q~ro\U~"0
Combining this bound with (6.16) we obtain that

limsup/ [Vwh|[P < C6(e).
Q-0

n—00

Finally, fix a cut-off function # € C°(R™) (depending only on Q, Q) such that 6| = 1,
Olgm\o-+ = 0, with t :== d(Q',09)/2 > ry. Note that Q=" C Q7" and U C €. Define w,, = wh.
In the same way as above one can obtain

sup |np *wnp(¢)] >0 as n— oo

cen—o
henceforth
p
Iimsup/ |V, ||P < Climsup (/ ||ng|yp+max\ve|yp/ w! )
n—o00 m n—00 Ot Q*t\Q/

< C'limsup (/ | Vwh P + maxHV@Hp/ |nn * wn]p> < Co(e).
(9 id0] ero\Q/

n—oo
Substitution of this bound into (6.15) gives us
lim sup Cap, (E,) < C(e +6(e)).

Since

{€€Q:up(§) —u'(§) > 1} C E, U (20 9),

p(R™\ S) <¢, and p < Cap,, the claim follows.

The case of general u. Now take a general u and consider the Lebesgue decomposition
U= pae + ps: psLL and pg. < L. Take Q' C Q with smooth boundary such that supp u C Q.
Since [, pun — [ pu for any ¢ € Cy(R™), the Rellich-Kondrachov theorem yields that
up — w in LP(Q). Furthermore, u,, = v} and u = u* a.e. in ', thus u, — u* in p4.. The claim
follows. O
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Corollary 6.4.6. Take pu € P(2) such that p < Cap, for some 1 < q < p. Let {un}nen be
a bounded sequence in WYP(Q). Then, up to a subsequence, there is u € WLP(Q) such that
uy — u* p-a.e.

Proof. Take the phase measures g, = (id, upn, Vuy) 2 L|q. Since [ (||z||? + [|v||P) den (&, z,v) are
bounded, there is a subsequence and a measure p such that J,(g,, 0) — 0 (without relabelling).
Obviously, [ (||z]|? + |[v|P) de(&,z,v) < oo, ¢ is a Young measure and satisfies the continuity
equation, thus this is a phase measure of u = fa:dglg € WlP(Q). According to the above
lemma, w;; — «* in p, thus one can extract a subsequence converging p-a.e. O

Corollary 6.4.7. Let 1 € P(Q) be as in Lemma 6.4.5, v, € WHP(Q, Py(D)), on and o be
their phase measures, and J(on,0) — 0. Then, up to a subsequence,

Yolél = Y7[E] for p-a.e. €.

Proof. As in the proof of Lemma 6.4.1 take a countable set {¢}tren € C(R?) dense in
C.(R%) and define functions g% = [pdy,[¢], ¢° = [¢rdvy[¢]. Lemma 6.3.1 implies that
o = (&, pr(z), VV@(2)) g0, and o* = (& pr(x), VVp(z)) 40 are phase measures of g& and g*,
respectively. In the same way as in the proof of Corollary 6.4.3 one can show that .J (Qfl, oF) =0
for any k € N. Using the above lemma we obtain that there is a subsequence such that (g¥)*(¢) —

(¢%)*(€) for p-a.e. & (without relabelling). Since (gr)*(€) = [ wx dv;[€] and (¢%)*(€) = [ ¢r dy*[¢]
outside a zero-capacity set, hence p-a.e., the claim follows from the diagonal extraction argu-
ment. ]

6.5 Regularized Monge—Kantorovich problem

Now let us move to the announced regularized optimal transportation problem. Fix a cost
function ¢: Q x D — R, and an exponent 1 < p < m. Take a source measure p € P(Q2) and a
target measure v € P(D) and consider the following regularized Monge-Kantorovich problem:

inf{ /Q [ /D o(&, ) d*y*[{}(x)] du(€) + Diry(v) ‘ v e W(Q, P,(D)), /Q +lE] due) = V}.
(6.17)

In terms of phase measures it can rewritten as

wt{ [ | [ etecoravid)] aue)+ [IVIPdsts.ov) | v e wiepo)),
/Q'y* €] du(§) =v, o € M4 (Q x D x Rde) is a phase measure of ’y}.

which also is an (infinite-dimensional) LP problem, like the standard Monge-Kantorovich prob-
lem.
Notice that if v € Py(D), then v = v is a competitor in problem (6.17), thus its value is

bounded from above by
L[ cenravta] aute)
Q D

The next theorem shows that the above problem admits a solution under quite mild assumptions.

Theorem 6.5.1. Let ¢(&,-) be l.s.c. for all £ € Q and Q be bounded and have a Lipschitz
boundary. If p € P(Q) is such that p < Cap, for some 1 < q < p and the value of the
problem (6.17) is finite, then it admits a solution.

Remark 6.5.2. Notice that v* is defined p-a.e. once u < Cap, but here we need a stronger
assumption.
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Lemma 6.5.3. Let Q and u € P(QQ) be as in Theorem 6.5.1, and p assign positive mass to
every connected component of 0. Then there is a constant C' such that for any v € L'(Q) with
Vu e LP(Q)

lullzr(e) < C (IVull o) + 1wl o) -

Proof. Assume the assertion is false, then there is a sequence u,, € L'(£2) such that [|ul|,») = 1
but [|[Vullze) — 0 and ||u},||zr(o,n) — 0. Then by the Rellich-Kondrachov theorem, up to

ol
extraction of a subsequence, u, converge to some u in LP(€2). Clearly, [[ul/zpq) = 1, Vu =0,

thus u = aj, € R in every connected component Q, of Q and [|u, — ul[y15(q) — 0. Hence there
is a subsequence such that u} — u* p-a.e. (without relabelling). Therefore,

Z/ lag|P dp = /]u*|pdu < liminf/\umpd,u — 0,
PRRAY” Q

thus a;, = 0 for all Q, i.e. u = 0, which leads to a contradiction. ]

Proof of Theorem 6.5.1. Take a minimizing sequence {~, }nen C WP (2, P(D)) for (6.17) and
let V,, be their velocity fields and ¢, = (id, V) 47, be their phase measures. Note that if €y, is
a connected component of Q and () = 0, then w.l.o.g. v, = Jp in Q, hence we can assume
that p assigns positive mass to every connected component of €). Lemma 6.5.3 together with
Proposition 6.2.1 ensures that

[l den(eav) = [ mymfel) ae
<c ( [ @+ [ myiie) dﬂ(f)) <c ( [Iv1Pdente..v)+ mp<v>) ,

where g, comes from Definition 6.2. Then [(||z]|? + |[V||?) don(&,2,V) < M < oo for all n,
thus, up to a subsequence, g, converge to some o € M, (Q x D X Rd) in the transportation
topology induced by the cost function

C((&,.’l},'l)), (6/737/71)/)) = mln{”€ - €IH7 1} + ’IE - x/’q + HU - UIHq’

Clearly, [(||z][”+||V][?) do(§, 2, V) < M and g is a phase measure of some v € WP (Q, P,(D)).
By Corollary 6.4.7 there is a subsequence such that }[{] — ~v*[{] for p-a.e. & (without rela-
belling). Therefore, for any test function ¢ € Cp(D) the dominated convergence theorem yields

- /Q[/ pdy* [5]] dp(§ —hm/ [/ pdy,[€ ]du(é)Z/Dwdv,

thus [, v*[¢]du(§) = v, ie. v is a competitor in (6.17). By Fatou’s lemma and the lower
semicontinuity of ¢(¢, )

/Q[/D c(& x) d*y*[f](x)] du(é) < liminf/Q [/D (€, x) d’y,ﬁ[g](x)] du(€).

Diry () < /HVII” de(§,z,V) < liminf/\VHp don(§, 2, V) = lim inf Dirp (),

Since

we conclude that - is a solution of (6.17). O

6.5.1 Open questions

Finally, let us mention that there is a lot of directions for further research concerning the
considered problem.

o The existence of a solution if u < Cap, but u & Cap, for any g < p.
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o The stability of solutions of (6.17) w.r.t. change of p and v (cf. Propositions 2.2.8 and 3.3.5).

o The relation of this problem to the regularized Monge problem (6.1): do their values
coincide and when is a solution of (6.17) induced by a transport map?

e The asymptotic behavior of

mf{ / [ [ cle.0)ar(6l)| du©) +ADin() | v € W Py(D),

[ rigane = v

as A — +0. When does it converge to the standard Monge-Kantorovich problem?
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Chapter 7

Analysis of iterative Bregman
projections

7.1 Introduction

Our focus in this chapter is on the computational aspects of OT-related problems for the case of
discrete probability measures. The state-of-the-art approach for the Monge—Kantorovich prob-
lem in this setting proposed by M. Cuturi in 2013 | ] is to apply Sinkhorn’s matrix scaling
algorithm | ] to the entropy-regularized optimization problem. In [ ] Benamou et al.
proposed the iterative Bregman projections (IBP) algorithm for a wide range of OT problems
including the multimarginal optimal transport and the Wasserstein (or Fréchet) barycenters.
This method can be considered in some cases as an alternating projections (w.r.t. the Kullback—
Leibler divergence) algorithm and also as a generalization of the Sinkhorn algorithm.

Here we provide theoretical iteration complexity bounds on IBP applied to the multimarginal
OT problem and to the Fréchet barycenter problem in terms of the accuracy . Let us also
mention that there is a lot of works proposing various algorithms for the considered problems
and some of them provide theoretical complexity bounds which are better then the ones we
obtain in this chapter (see Section 1.4). However, here we stick to the IBP algorithm because
of its simplicity and clarity, which makes it favorable from the practical point of view.

Notations. We define the probability simplex in RY as AVN™1 .= {z € RY : Zfil x; = 1}.
For x € ]Rf we denote the negative entropy as

N

H(z) = Zmi(logaji —1) = (z,logz — 1).
i=1

Here 1 = 1 € RV is the vector of ones. The term —(z, 1) is added to simplify calculations if
the mass of z is not preserved. Here and further by log(z) (exp(x)) we denote the element-wise
logarithm (exponent) of matrix or vector z, and (A, B) := 22321 A;;B;; for any A, B € R™*™,
For two matrices A and B we also define element-wise multiplication and element-wise division
as A® B and % respectively. The Kullback—Leibler divergence for x,y € ]Rf is defined as the

Bregman divergence associated with H:

N
KL(xly) = <$'L log% -z + yz> = (z,logz —logy) + (y — z,1) > 0.

i=1 v

By [n] we denote the set {1,...,n}. If x € R, then we sometimes refer to its j-th component
as [z];.

The chapter is organized as follows. In Section 7.2 we formulate the general problem and
formulate the dual version of the IBP algorithm. In Section 7.3 we study the convergence of
dual IBP in the abstract setting. Section 7.4 is devoted to the multimarginal optimal transport

111
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problem. In Section 7.5 we consider the application of IBP to the barycenter problem. Finally,
Section 7.6 provides some numerical results concerning the convergence of dual IBP.

7.2 Problem statement and preliminaries
Consider the following LP problem:

(x,c) — min , (7.1)
zeRYNC1N--NCrm

where each C; is an affine subspace of RY. For simplicity we assume that ¢ € [0,1]"V. Following
[ : ], add an entropy penalization:

(x,c) + AH(x) — min , (7.2)
zeRYNC1N--NCp

where A > 0 is a penalization parameter. The problem (7.2) is sometimes called an entropy-
linear programming problem | ]. The idea of IBP is to notice that this is equivalent to
minimization of KL (:U|e*C/A) and use alternating projections on the sets Cy,...,Cp, w.r.t. the
Kullback—Leibler divergence: at the step ¢ we choose i; € [m] == {1,...,m} and set

xpy1 = argmin KL (x|zy) , (7.3)
CCECit

with zg == e~¢/A. Let us remark that if C; is not an affine set, then one must add a correction
term to ensure the convergence of this algorithm to the solution of (7.2). Actually, IBP can
be considered as Dykstra’s algorithm in the non-Euclidean setting [ | and, as we will see
later, it is equivalent to alternating minimization in the dual problem. However, in all the
Monge—Kantorovich problem, the multimarginal OT, and the Wasserstein barycenter problems
the sets C; are affine. Moreover, in the case of the Monge-Kantorovich problem this is exactly
the Sinkhorn algorithm.
Set
Ci={zeRY : Az=0b}, A eR"N peRM

By the min-max theorem (see | )]

min (x,c) + AH(x)
zeRYNC1N--NCm

= min |{(z,c+ Alogx — A1) + A sup (u;,b; — A;x
xERf < & > ;ulelgtz< >
m m
= sup |A Z(ul, bi) + inf [ (z,c+ Alogx — A1) — A Z sup (x, Al u;)
UL yeenyUm im1 IERQT i—1 u; ER™i
m m c
=\ su u;, b)) — ( ex AiTui—— , 1),
e[S (on (S 0e-5) 1)

thus the dual problem to (7.2) (up to a multiple —\) is

n

P(u) = (x(w),1) = Y (u;,b;) — min (7.4)

‘ wERM™L X X R™m
=1

where u = (u1,...,up) € R™ x -+« x R™ and

x(u) = exp <Z Alu; — f\) .
i=1
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Note that
Let x be the unique solution of the primal problem, then u is a solution of the dual prob-

lem (which can not be unique) iff x(u) = z3. In particular, note that (7.3) is equivalent to
solving (7.2) with only one set C;, instead of Cy,...,C,, and —\logz; instead of ¢, thus

Try1 = €xp (AZ-TtUt + log xt) ,

where
v = argmin <exp (ATU + log IL‘t) 1> (v,b;,).
veER™t

Since zg == e~* = z(0), we conclude that IBP is equivalent to alternating minimization in
the dual problem (7.4), like Dykstra’s algorithm [ ]. In particular, z; = z(u'), where
u® = 0 and at each step we update ut+1 = u;, + v¢. This brings us to the dual version of IBP
(Algorithm 1). The operators m; are deﬁned as follows: m;(u) =o' = (u},...,ul,), where

w = argmin Y (uy, ..., u,. .., uy), uj=u; forje [m]\{i}. (7.5)

u€R™:

Notice that it is a bit more general than IBP since we allow any starting points u{, ..., u2  not

only zero. For now, we do not specify the stopping criterion and the way we choose indices 7.
Clearly, if m = 2 (e.g. in the Sinkhorn algorithm), then ; are uniquely defined by ig. If m > 2,
then there are three main possibilities to take i;:

e in a fixed cyclic order;
e randomly;
o greedily, optimizing some criterion at every step.

It is known from the theory of alternating optimization that a fixed order can lead to a slower
convergence, thus in this work we consider the other options.

Algorithm 1 Dual iterative Bregman projections

Input: c, Ay,..., Apm, bi..., by, A > 0, starting points u{, ..., u2,.
1: Set t :=0.
2: repeat
3:  Choose i; € [m] \ {ir—1}.
4: uttl: = T (ut)
5 t=t+ 1.
6: until A stopping criterion is fulfilled.

Output: z(u).

To obtain an admissible point for the initial problem (7.1) we apply a “rounding procedure”
to the output z(u') of the above algorithm. In the subsequent sections, we show that to solve
the non-regularized problem 7.1 with accuracy ¢, in the considered cases, it is enough to take
A « ¢ and run (dual) IBP for O (a%) iterations (with constants depending on N).

7.3 Convergence of dual IBP

Here we provide complexity bounds on IBP based on a refinement of the analysis from [ ]
and general results for Dykstra’s algorithm and alternating minimization.

First of all, we have to decide which kind of convergence is needed to obtain an approximate
solution of the initial problem (7.1). In | | it is shown that for the Sinkhorn algorithm it
is enough to obtain

lefﬁ — a(mi(u)] <€ (7.6)
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for a suitable ¢ depending on . In the next sections we will see that this approach works for
the multimarginal OT and the barycenter problem as well.
Let u* = (uf, ..., u},) be some solution of (7.4), ¥* =1 (u*), and

b(u) = (u) —¥*, uweR™ x .. x R,

Further analysis of dual IBP convergence is based on the following simple observation (cf.
[ ]): if w' :== m;(u), then

Y(u) —P(u) = (z(u ),1) + Z — u5,b;

= <x(u) — / ,1> + (u; — ui, Aje(u )>
= (x(u) — x(u), 1) + logw( ) —loga(u), z(u'))
=KL (z(u )\55(“))

If 2(u),z(u') € AN~L then Pinsker’s inequality yields

blu) — () > < [lelu) - 2w (7.7)

Remark 7.3.1. Notice that in the general case, the inequality ¢ log L—t4s> following

(t—s)
2 max{s,t}
from the Taylor’s theorem for all s,¢t € R, implies that

|l — ylI3

KL(zly) > Nty 1)’

for all z,y € ]Rf, thus
|2 (w') — z(w)|§
2(x(u) + z(u),1)
This inequality can be used to analyze the case where the total mass of z(u!) is not preserved,
but this is outside of the scope of the current work.

P(u) —Y(u) >

The gradient inequality for the convex function ¥ gives us

m m

Plu) < (Vab(u),ui —uf) =Y (Aaw(u) — by, u; — uf)
=1 =1
Z — Ag(mi(w)),ui — uf) = > (w(w) — z(mi(w)), Al (u; — uf)).
i1 i=1

Now we need an additional assumption which allows us to use (7.7) and relates it to the above
inequality.

Assumption 7.1. Suppose that there is R = R(\) > 0 such that for all ¢ > 0 one has

> (x(u') — a(mi(uh), Al (uf —uf)) < R ||z(ul) — o(m(uh)]],
=1 =1

and z(m;(ut)) € AN~ for any i € [m].

7.3.1 Greedy strategy

Consider a greedy stmtegy for each ¢ choose i; which maximizes ||z (m;(u')) — z(u')||1, and stop
once (7.6) holds for u!. Otherwise, if the stopping criterion is not fulfilled and ¢ > 1, then due
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to (7.7)

m— 14

2
Y () > leut ™) — o) > (1 >l w)) - x<u>||1>

~ 2
> S (1@) P 0= g e (P, R} @9

Here we used that ut = m;, _, (u'). To study the sequence {t(u)}sen, we need the next technical
lemma.

Lemma 7.3.2. Let {0;}ien, C Ry be a nonincreasing sequence. Take B > 0 and define for any

t>0
Ot — Ot41

- >0. 7.9
“u max {67, 82} ~ (7.9)
Then -
Zat S §
t=0 B
Proof. According to (7.9)
0 — 01 . {1 5t} 1
=————— < — == < = 7.10
- {62, B2} — B AN I (v10)
Furthermore,
1 > l 1 > l + o
5t+1 B (St 1-— atét B 6t b
Define S; == Zt;:lo a-. The above inequality yields
1 1
— > —+ 5. 7.11
5= o (7.11)
On the other hand, &;,1 < &; — /3%, hence for any s > ¢
5t — 05 > B%(Ss — Sy). (7.12)

To combine the two estimates above we consider a switching strategy parametrized by a number
h € (0,600]. Let t > 0 be the last moment where 6; > h. Then for any 0 < s <t by (7.11)

1 1 1 1
S, <8 <——— <> —
S TR Ml
and for s > ¢ by (7.12) and (7.10)
Op41 — O h 1 1 h 1
Se< S+ <a+ S+ o5 < S+

B2 RSB TR TR

Minimizing the sum of these two estimates w.r.t. h € (0, ], we conclude that

Lg% 5 <
S < inf <+1+h_1>: 5+ 0o <P,
0<h<io \B ~ h B2 & %— =, otherwise.

In both cases, we have S < % O
Theorem 7.3.3. Under Assumption 7.1 Algorithm 1 with greedy strategy stops after at most
R
am—lﬁg+2

iterations.



116 ANALYSIS OF ITERATIVE BREGMAN PROJECTIONS

Proof. Bound (7.8) yields that

for all ¢ > 1, thus by Lemma 7.3.2 it can hold for no more than

3 6(m —1)°R
2 RP—— = —
(m—1) e¢R e’

iterations. Therefore, stopping criterion (7.6) is fulfilled for the first time at iteration
R
t<1+6(m— 1)2;.

The claim follows. O

7.3.2 Randomized strategy

A drawback of the greedy strategy is that at every step we have to compute z(m;(u')) for all
i. In some cases (e.g. for both problems we deal with in this chapter) |z (m;(u!)) — z(u')|; =
| Asx(ul)—b;||1, but computing of A;z(u) and z(m;(u!)) has the same complexity, so it is m times
more expensive than just to make a step of IBP. Another way is to use a randomized strategy
and pick up each i; randomly and uniformly from [m] \ {i;—1}. Nontrivial issue is the choice
of a stopping criterion, since computing of Y"1, [lz(m;(u’)) — z(u')||1 at each iteration is too
expensive. Instead, we suggest for any ¢t = km, k € Ny, to draw random 7, ~ U ([t,t +m — 1])

and stop whenever
m
Y llz(mi(u™)) — x(u™)|h < .
i=1

Theorem 7.3.4. Under Assumption 7.1 Algorithm 1 with randomized strategy stops with prob-
ability at least 1 — & for any § € (0, %) after at most

12(m —1)%R

2
; 4+ 6mlog - +m
€

J

iterations.

Proof. Step 1. Assume for now that we run IBP infinitely. Let N € NyU{oco} be the (random)
number of iterations ¢ > 1 where (7.6) fails, and {7}, },en be the sequence of these iterations. If

N is finite, then we continue it with co. First, we are going to obtain a bound on N. Define
random variables

(a4t

- <N
Zy = zzzluxwu%)) sutnf ~ meD =
0, otherwise.
Obviously, ——= 1 < Z, <1- —1 a.s. Let F, be the sigma-algebra of events induced by
Ti,...,T, and g, ...i7,—1. Then E[Z,|F,] =0 and, if n < N,
4
1 z(mj(uln)) — x(ulr 1
Var(Z,|F] < —— Ity ™)) = () 2 S —
m — 2 m —
i (Sl (m @) — a(w™)]f)
otherwise Var[Z,,|F;,] = 0. Therefore, in the same way as in Proposition 2 from | ] one can

prove that for any s € Nand h >0

S h2
]P’{Z_:an—h}gexp (—2(8/(m_1)+h/3)>. (7.13)

n=1
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Due to (7.7) for all n < N

m 2
1 1
> g () (Z”"’W“T”)) - x<uT">Hl>

o (2 ) <max{¢<f">, })

(here we used that m;, _, (u'™) = u’), thus

P(ulr) — Pp(uTrt?) 1 ,

Y

ar, =
By Lemma 7.3.2

3 S al 1 al 1
2> > O Tyt — ],
s/R—;at—ZaTn— 2(m—1)R2Z( +m—1>

n=1 n=1

hence
S

Z(Zn+ 1 )gﬁm_l)R VO < s < N.
m — 1

n=1
Consequently, for any s € Ny

s

P{st}gP{Z <Z”+m1_1> < 6(m;1)R}:P{iZ"56(m;1)R—mi1}~

n=1

Set

o

_ [12(m—-1)°R
s = f

2
+5(m — l)log-‘ ,

then h = 5 — G(mg_,l)R > 2(wf—1) > 0 and bound (7.13) yields that

h? h? 3h 0
T e (‘2(3/<m_1>+h/3)> o (‘2(2}1%/3)) <ow () <3

Step 2. Now fix n € N and consider independent random variables 7y, ..., 7,—1 such that
T ~ U ([km, (k4 1)m — 1]). Obviously, they are independent with ig,i1,.... Let I be the
number of iterations km < ¢ < (k + 1)m such that (7.6) does not hold. Denote by E,, the event
where (7.6) fails at all 7. Then

n—1 n—1 n
Uy 1
P(E,|lg,...,lh1) < — < | — l .

But Zz;é Iy < N + 1, and combining this with Step 1 we obtain that

B < () +p < (1) 5

If nm > s +mlog %, then due to the concavity of log(+)

2
nm(log(nm) — log s) > nm — s > mlog 5
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hence
s\ 6
<7> S 97
nm 2
and P(E,) < ¢. Thus with probability at least 1 — ¢ the number of iterations is bounded by

S 2 2
m|—4log=| <s+mlog—=+m
m )

)
12(m —1)?R 2 2
_u—i—&m—l)logf%—l—i—mbgf—i—m
e’ ) 1)
12(m —1)°R 2
€

7.4 Multimarginal OT problem

Given a cost tensor C' € [0,1]™**"m and vectors p; € A™~! the discrete multimarginal
optimal transport problem is formulated as

min {(C, X) : X € R}V A X =p; }, (7.14)

where X is a multimarginal transport plan and A; is the projector on the i-th component R™:.
Clearly, this can be written in the form (7.1).
It is easy to see that the dual function (7.4) in this case equals to

w(ula R 7um) - Z Xj17"'7j’ln (u) - Z<ui7pi>7

jl""’jm i

~
[y

where
C. . m
SRR N )
Operators m; are given by
7'['1(’1!) = (ulv o 7u;'7 o um)v ’LL; = u; + 1ngl - 10g(AZX(u))7
which in terms of the primal variable X corresponds to the coordinate-wise multiplication by

the tensor @ 1, ® A;}i"(u) ® Qi1 Iy, [ ]. In particular,

I - Xl = | (1= K ) AX @) = 14 = il

Let vec(X) € RN be a vectorized tensor X, where N = [[I, n;. Abusing notations, we also
sometimes suppose A4; € R%*N,

First, define a rounding map Py by Algorithm 2. This is a trivial generalization of Algorithm 2
in [ |. Note that

AiX = A + (1= (T, 1))g = A + (b — Az, 1)g = b Vi € [m],
thus X is a feasible point for problem 7.14 if b; = p;.

Lemma 7.4.1. Let X come from Algorithm 2, then

m
IX = X[l < 1AX = billa.

i=1
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Algorithm 2 Rounding to feasible point in MOT
Input: X € R}V such that || X || =1, by € A"~ 0 b, € AL
1: xo = vec(X).
2: for i € [m] do
3 T = X1 O AZ-T <ﬁ A 1) (here a A b is the coordinate-wise minimum of a and b).
4: end for
5: for i € [m] do
6 qi = <bb:_Al?:lpfnﬁ,Lli> S An’_l
7: end for
8 X == vec Ham) + (1 — (zm, 1)) Q1 qi
Output: X
Proof. Consider x, ...,z from Algorithm 2. Then z; < x;_1 coordinate-wise,
lzi — zicilh = (@ic1 — @i, 1) = ||xim1 — @ 1®A~T( b /\1>
i i— y Lj— 2y i— i— 3 Aixi—l .
A (Aszi_g) ® < bi 1>
— Az 1 — (Aizs
g bg—1 i br—1 Aixi—l )
b,
= ||(Aizi—1) © (A L — 1> = [[(Aiwi—1 — bi) 1,
iTi—1 +1
Therefore,
IX = X[l < [|lzo = @mll1 + (1 = (@m, 1)) = 2(z0 — T, 1)
m m
=2 Z<(A11L‘z,1 — bi)Jr, 1> § 22”141:1}0 — bl”l
=1 =1
Since <bl, 1> == <Ail‘0, 1> == ||X||1 == 1, then <(Azl'0 - bi)Jr, 1> = %”Azl‘o — bz”l and
m
IX = Xl < D Aiwo — bills-
i=1
O

Lemma 7.4.2. Let u € R™ x --- x R" and || X (u)|1 = 1. Then
(Pp(X(w)),C) < (X*,C) +2) || AiX (u) = pills + Alog N,
i=1

where X* is any solution of (7.14).
Proof. From the duality it immediately follows that

X(u) = argmin ((X,C) + AH (X)),
XeRYVT A X =b; i€ [m]

where b; = A; X (u) € A"~ Then for X’ :== P,(X*) we have
(X',C) + ANH(X') > (X (u),C) + AH (X (u)).
Using that the values of C' belong to [0, 1] and Lemma 7.4.1 we obtain
(Pp(X (), C) < (X(u),C) + || Pp(X(u)) — X(u)h
< (X,C) + AH(X') = AH(X (w)) + || Pp(X () = X (u)]1
< (X0 +[IX = X[l + AH(X) — H(X () + | Po(X (w)) — X (w1
< (X*,C) +2 |lbi = pill + A(H(X') = H(X ().

=1
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The claim follows from the bounds

1< —H(z) <1l+logN VzeAN-L

The above lemma justifies the correctness of Algorithm 3.

Algorithm 3 Solving (7.14) by dual IBP
Input: C, p1,...,pm, accuracy € > 0.

. €
1: Set A = 2logN’5 = .

2: Run Algorithm 1 with u) := logp;, i € [m], and obtain X (u!) such that

D IlAX () = pifli < €.

3: Compute X by Algorithm 2.
Output: X.

The next result provides bounds on u! from Algorithm 1 in the seminorm
|v| == maxv — minwv,
which will be used to ensure Assumption 7.1.

Lemma 7.4.3. Fiz A > 0 and let w € R™*"*" ! = (uy,...,ul, ..., upy) = m(u) for some

i € [m], where 7; is defined by (7.5) for the regularized multimarginal OT problem. Then
, 1
jui —logpil < . (7.15)

In particular, any solution u* of the dual problem for the reqularized multimarginal OT satis-

fies (7.15) for all i € [m]

Proof. W.l.o.g. assume that i = 1. According to Section 7.2 ] is characterized by the equation
P X (u') = p1, and P X (u*) = p1 as well. From the formula for X (u) we obtain that for any
j € [m]

bl = (@) = ol exp< Cotradn 13 )

J2s5-dm
m
< [pl]je[“ﬁlogpﬂj Z exp (Z[%]ﬁ) :
J25-esJm =2

In the same way, using that C j, . ;.. <1, one gets

[p1]; > [p1]je [u3 —logp1];—1/A Z exp <Z[uz]h>,

J2s--5dm

thus

—log Z exp (Z ) < [u} —logp1]; < % — log Z exp (Z[ul]])

J255dm

The claim follows. O
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Theorem 7.4.4. The iteration complexity of Algorithm 3 is bounded by

2
48(m — 12108 g _ o (mTloeN
g2 g2

for the greedy strategy and, with probability at least 1 — §, by

log N 2 m?log N 1

2 _

96(m — 1) = +6mlog6+1—0<€2+m10g5

for the randomized strategy.

Proof. Obviously, if r; == A;X € A"~ then | X|; = 2 it Xijtyjm = (ri;1) = 1, and vice

versa. Hence || X (m;(u))||1 = 1 for any .
Note that A;rlni =1y, hence for all t > 1

() — alms(at)), AT (0l — logpe)) = (As(a(as) — (ms(ut)), (ul — logpi — a1))
<z (u’) = x(mi(u))1[luf —logp; — all|o
for any a € R. Taking a = max(uf_logpi);mm(uz_logpi), using Lemma 7.4.3 and the fact that

u? := log p;, we conclude with

(2

(o) — (s, AT (o) < llas®) — (o)) 22282

2
1
< oy le(w’) - z(mi(u))]1-
The same bound holds for u, thus
m 1 m
> (a(u) = a(mi(u), AT (u; = uf)) < 3> Jla(ut) = a(m(u))]h-
i=1 i=1

Therefore, Assumption 7.1 is fulfilled with R = % = @. The claim follows from Theo-
rems 7.3.3 and 7.3.4. 0

7.5 Barycenter problem

Now we consider the problem of finding discrete Fréchet barycenter. Given cost matrices
Cy € [0,1]™", ..., Cp € [0,1]"2", vectors py € A™~1 ... pr € A™~1 and positive weights
(wy,...,wy) € AF71 it can be written as

L
min {sz<szXz> (X1, Xp) ERTY X X R A C, mcv} , (7.16)
=1

where
C, = {(Xl,...,XL) ER™MX M x ... x R"™X": X1 =p;, VI € [L]},
C, = {(Xl,...,XL) ER™ M x - x R™X™: (X)1,1) =1, quR”:XlTl =qVie [L]}

If we identify (w1Xy,...,wXy) with a vector x = vec(X) € ]RS:“JFMJFTLL)H, then this problem

can also be written in the form 7.1 with the corresponding matrices

A,z = (U)1X11,...,’UJLXL1) eR™M x ... x RnL,

L
Az = (wi(X{1—q),...,w (X[ 1 —q)) € RE x (R")L, where ¢:= ZlelTl
=1
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(to simplify the notations we denote them by A, and A, instead of A; and As).
The dual function (7.4) in this case reads as

Mh

L
i/J(U,V,S) = Zwl<Xl(u7V78)7 11T> -
=1 =1

ulapl E wy sy,

where w = (u1,...,ur) € R™ x --. x R™ corresponds to the first constraint, s € R and
v=(v,...,v1) € (R")¥ correspond to the second one, and

L
1 C T
Xi(u,v,s) = —exp (—)\l + 1t + 1(1/; — E wkl/k) + slllT) , lell].
k=1

wi

Let us make the change of variables v; = v — Zﬁzl wly, with the additional constraint
ZZL:1 wiv; = 0. Then

Y(u,v,8) Zwl X;(u,v,8),117) —
=1

IIMh

L
wilu,pr) = Y wisy
=1

and
e

S C
Xl(u, v, S) = Xl(ul,vl, Sl) = —eXp <—l + ullT + 1UIT) .
wy A
According to the previous section the operator m, is given by

mu(u,v,8) = (u/,v,8), u;=u +logp — log(Xl(u,v,s)l),

which in the primal variables corresponds to the multiplication of rows: X; — diag (Xp—lll> X.
Now consider (u,v’, s’) = m,(u, v, s), then there is h € R™ such that for all [ € [L]

Vo to(u,v',8') = X[ (u,v', )1 = e 15" @ (X (u,v,8)1) =h
and J5,¢¥(u,v’,s') = (X;(u,v’,8")1,1) — 1 = 0. Thus
v = — (5] — )1 — log(XlT(u,v, s)1) +logh
and since Zlel wyy; = Zle wvy, =0,

L
logh:Zwllog(XlT(u,v s) —i—lZwl — 57).
=1

We can take s; — s; = d for all [, then

L
v = v + Zwk log(XkT(u, v,s)1) — log(XlT(u, v,s)1) and s; = s —log({g, 1)),
k=1
where ¢ == Hlel(X 71)“ is the coordinate-wise geometric mean of the marginals X| 1,..., X[ 1.

In terms of the primal variables this corresponds to X; — ﬁXl diag (LT) Notice that this

step is a bit different then in | Jor | | (where it is just X; — X diag ( ) because

XT
there is no s; variables), but it allows to simplify the analysis and obtain the same complexity
bounds.

First, define a rounding map by Algorithm 4. Obviously, it returns (Xi,..., Xy ) which is a

feasible point for problem 7.16 if b; = p;
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Algorithm 4 Rounding to feasible point in barycenter problem
Input: Matrices X7 € R}V, ..., X € R} such that X{1 = --- = XJ1 =g € A",
vectors by € AM L . by € AnLTl Welghts w1, ... WL.
1: By Algorlthm 2 Wlth m = 2 compute X; € R7*" such that X;1 = b, X 1=gq.
Output: Xl,...,XL.

Lemma 7.5.1. Let w € R™ x --- x R v € (R")L, s € RE, and X (uj, vy, 8)1 = g € A™!
for alll € [L]. Then

L

L L
> wi (X, ) < Z (X7,C) +2> wil| X(ug, v, 81)1 = pyl|y + Mogmn,
= =1 =1

where (X7,...,X}) is any solution of (7.16) and (Xl)le[L] are obtained by Algorithm /j from
(Xl(ul,vl,sl))le[L and vectors pi,...,pL.

Proof. From the duality we obtain that x(u, v, s) is the solution of the regularized barycenter
problem with constraints X;1 = b == X;(u;,v;,s,)1 € A™~1. Then for (X],...,X}) obtained
from (X7,..., X7) via Algorithm 4 with these b; we have

L L
> wi(X{,C1) + AH (' Z (Xi(ur, v, 1), Ci) + AH (2(w, v, 5)).
=1 =1

Note that X1 = X;(u, v, 51)1, thus
H(X)) — H(Xi(u,v1,51)) < logn,

and

H(x')—H(z(u,v,s)

Mm

flel,log w X)) — 1) — (w X (wy, vy, 81), log(wy X (ug, vy, 81)) — 1>)
=1

L
Z H(X;(w, v, 81))) < logn.

By Lemma 7.4.1

L L L
S wil| X7 = X7l <> will (X)) T = bill =D willpr = bl
=1 =1 =1

as well as
L L L

> will Xi = Xi(ug, g, )l <Y will X[ (s v, 501 = pills = willpr = bl
=1 =1 =1

Thus, using that the values of C' belong to [0, 1] we obtain

L L L
D w(Xi, G <Y wi(Xi(w,v), Cr) + Y willpr = bl
=1 =1 =1

L
Z (X7, C1) + A(H(2") — H(z(u,v,s) Zlepl*blHl

< (X*,C) + Qszle — byll1 + Aogn.
=1
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We are going to use the stopping criterion

t t

lo(w’, v, 8") — w(ma(u’, 0", 8N))lh + [|o(u’, ', 8) — 2(m(u', 0", ) < € (7.17)

But if we stop after iteration ¢ where i; = wu, then possibly X;'1 # X1 and we cannot apply
Algorithm 4 to produce an approximate solution of (7.16). The next lemma shows that in this
case we can make one more step of IBP.

Lemma 7.5.2. Let (u,v’,s’) = m,(u,v,s). Then

L

> willXi(u, of, )1 = pils < a(w, v, 8) = a(ma(u,v, )| + |o(u,v,8) = 2(m(u, v, 8))|-
=1

Proof. First, due to the form of m, one has

L

|z (u,v,s) — z(m,(u,v,8))|1 = Zwl||Xl(Ul,Ul7Sl)1 — il (7.18)
=1

Then

L L
Z’leXz(ul,Uz,, s)1 —pill1 < Zwl (1 X2 (w7, 87) = Xa(wr, o, 80) |1+ | Xa(wry vr, 1)1 — i)
=1 =1

= Hx(u,'v, S) - :L’(?TU(U,’U, S))Hl + H.CC(’LL,’U,S) - x(ﬂ-u(uvv78))”1’

O

The above lemmata together with (7.18) justify the correctness of Algorithm 5.

Algorithm 5 Solving (7.16) by dual IBP

Input: Cost matrices C1,...,Cy, vectors p1,...,pr, weights wy,...,wy, accuracy € > 0.
L Set A= 5754, e=5.

2: Run Algorithm 1 with «) = logp, v = 0, s? = 0, for [ € [L], and obtain

(w1 X1,...,wXp) = z(ul,v!, ') satisfying (7.17).

3: if 4;_1 = u then

4: Set (w1 X1,...,wpXy) = x(ut+1,vt+1,st+1).

5

6

. end if
: Compute X1, ..., X by Algorithm 2.
Output: Xi,..., Xy.

Again, we need the following bounds to ensure Assumption 7.1.

Lemma 7.5.3. Fiz A > 0. Letu € R™ x ---xR" v c (R", s € RE, and (u*,v*, s*) be any
solution of the dual problem. If (u',v,s) == m,(u,v,s), then

lu; — log py| < vi e [L],

>| =

and if (u,v’,s") = m,(u,v,s), then
, 2

In particular, (u*,v*, s*) also satisfies the above bounds.
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Proof. In the same way as in the proof of Lemma 7.4.3 we can show that
1
logw; — s; — log{e”, 1) < min(u; — logp;) < max(u; — logp;) < logw; — s; — log{e™, 1) + v
hence |u] —logp| < 3. Similarly,

1
s; + log(e*, 1) — logw; — X < min [log (XlT(ul,vl, sl)l) — vl}

< max [log (XlT(ul,vl, sl)l) - vl] < 81+ log(e*, 1) — log wy,

thus ‘10g (XlT(ul,vl,sl)l) - vl’ < % and |v| < % In particular, the same bounds hold for

(u*, v*, s%). O
Theorem 7.5.4. The iteration complexity of Algorithm 5 is bounded by

log N
+2—0<“52>.
9

Proof. By construction, X;(m,(u,v,s)) and X;(m,(u, v, s)) have unit mass for all u, v, s. Hence
using Lemma 7.5.3 we can obtain in the same way as in the proof of Theorem 7.4.4 that for all
t>1

96 logn
g2

<$(ut,vt73t) — a(m(u', 0", 8"), A (u! —logp> Zwl<Xl ug, vf, 511 — pry uj — 10gpl>

=1

1 L
S 52_: l||Xl ul7vl78l)1 le |ul logpl‘
< 7||5U(Ut,’vta s") — z(m,(ul, vt s"))||1,

and thus
. 1
<x(ut7 'Utv St) - x(ﬂu(utv Ut? st))v Al(ut -—u )> < XHI‘(’U}, 'Utv St) - x(ﬂu(ut, ’vt7 St))Hl'
Furthermore,

(z(u', v, s") — a(m,(u',v', 8")), A} (s',v"))

L
= Zwl <XZT u;ﬂ-];a 5;)1 - (javlt> + Sl(<Xl(u?lS7vasllt)1v 1> - 1)]
=1

L
Zwl Xl ulavlvsl ‘javl>
=1

where § == ﬁ e Al g = Hlel(XlTl)wl. By the same arguments,

2
<x(ut,vt, s") — z(m, (u!, v, s%)), AT( —s* vt — 'v*)> < XHx(ut,vt,st) — (7 (ul, v, 8%))|1.

Therefore, Assumption 7.1 is fulfilled with R = % = 4105]\]. The claim follows from Theo-
rem 7.3.3. O

7.6 Numerical experiments

In this section, we provide a numerical analysis of dual IBP for the computation of approximate
Wasserstein barycenters and the solution of the multimarginal optimal transport problem. Let
us mention that this is not among the main goals of the thesis and we add it here for illustrative
purposes. The algorithm is implemented in Python 3.7 | | using the log-domain stabilization
technique to speed up | : ].
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Multimarginal optimal transport. Let us consider the multimarginal problem (1.6) asso-
ciated with the 2-Wasserstein barycenter problem. We generated three samples in R? of size 40
from the uniform distributions on the unit discs centered at the points (0,0), (0,1), and (1,0),
respectively (Fig. 7.1a). Then we applied Algorithm 3 to solve the corresponding discrete prob-
lem (1.6) with equal weights. The push-forward of the obtained approximate solution 4 by the
barycenter map (z1, z2,x3 — %), which gives an approximate Wasserstein barycenter, is
depicted in Figure 7.1b. Finally, Figure 7.2a shows the dependence of the number of iterations
T on the accuracy ¢ for the greedy, cyclic, and random strategies. As we can see, in the con-
sidered range of values € the complexities of all three strategies are close and the dependence is
almost linear in the log—log scale with the slope ~ —1.2, i.e. T'~ C (%)1'2, which is faster then

the theoretical bound O (%)2 obtained in Section 7.4.

X o o ess,
e,
. Lo ..°°.° .
. . s‘...:. .
(a) Generated samples (b) Obtained barycenter (red points)

Figure 7.1: The initial data and the output of Algorithm 3
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Figure 7.2: Number of iterations T' vs. accuracy €

Wasserstein barycenters. Figure 7.3 depicts two samples of greyscale images of handwritten
digits (“3” and “6”, respectively) from the MNIST dataset [ |. Considering the images as
measures on the 28 x 28 regular grid (normalized to have the total mass 1), we are looking
for the 2-Wasserstein barycenters of these samples with equal weights supported on the same
grid. Figure 7.4 shows the output of Algorithm 5 applied to the above images with different
accuracy ¢ after the normalization of the cost matrix to be between 0 to 1. As expected, the
higher the accuracy, the sharper the barycenter, and for small £ we observe notable oscillations.
Figure 7.2b demonstrates the dependence of the number of iterations 1" on the accuracy €. For
small € the complexities for two samples are similar. Moreover, the dependence is almost linear
in the log-log scale with the slope =~ —1.8, i.e. T~ C (%)1'8, which is faster but close enough to

the theoretical bound O (%)2 obtained in Section 7.5.
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Figure 7.3: Two sample of images from the MNIST dataset: digits “3” (top row) and “6” (bottom

row)
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Figure 7.4: Approximate barycenters of the images from Figure 7.3 for different values of ¢

As we see, in both cases, the convergence is faster than given by the upper bounds from
Sections 7.4 and 7.5. However, for the moment, we are not aware of better theoretical guarantees

or lower bounds for IBP.
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Chapter 8

Résumé des résultats de la these

8.1 Transport optimal

La théorie du transport optimal est aujourd’hui un domaine de recherche populaire. Elle
remonte & G. Monge | ], tandis que sa formulation moderne est due a L. Kantorovich
[ ]. L’objet central est le probléme du transport optimal, qui consiste & transformer une
distribution de masse p en une autre v avec le minimum de travail. Dans la formulation de
Kantorovich, connue sous le nom de probleme de Monge—Kantorovich, ce probléme se lit comme
suit : étant donné des mesures de probabilité p et v et une fonction de coit c(-,-), on veut
minimiser le cotit total de transport

/C(ﬂ%y) dy(x,y) — min,
Y

ol la minimisation se fait parmi les couplages de p et v. D’un intérét particulier est le cas ou
i et v sont des mesures de probabilité sur le méme espace métrique (X, p) et ¢ :== pP pour un
certain 1 < p < co. On peut alors définir la distance de p- Wasserstein

1/p
PP (z,y) dy(x,y) : v est un couplage de p et V}) .

Wp(p,v) = (inf{

XxX
L’espace Pp(X) de mesures de probabilité sur X avec le moment d’ordre p fini, doté de W), est
appelé espace de p-Wasserstein sur X. Une propriété importante de la distance de Wasserstein
est qu’elle capture la géométrie de ’espace sous-jacent X . En raison de ce fait, elle est largement
utilisée dans divers domaines tels que la théorie des probabilités et les statistiques, les processus
stochastiques, les EDP, la théorie cinétique, le traitement des images, ’analyse des données et
I’apprentissage automatique. Dans cette thése, on considere certains problemes variationnels
impliquant le transport optimal.

8.2 Topologie des transports

Dans le Chapitre 3, on considére un cadre abstrait avec un espace métrique séparable X et
une fonction de cofit continue ¢: X x X — Ry et définissons la fonction de transport

J(p,v) = inf{/ c(x,y)dy(z,y) : v est un couplage de p et V} .
XxX

On suppose que X est un espace de Radon (voir la Définition 2.2) — par exemple, un espace
polonais; la fonction de coiit est « cohérente » et satisfait la propriété de Radon—Riesz, c’est-a-
dire que ¢(x,y) = 0 si et seulement si x = y et qu’il existe une métrique plus faible py, sur X
telle que si x,, — &, pw(Yn,y) = 0 et c(xn,yn) — c(z,y), alors y, — y. On suppose également
que c satisfait une forme faible de 'inégalité triangulaire : pour certaines constantes A, B > 0

c(z,y) < A+ B(min{c(z, 2), c(z, )} + min{c(y, 2), c(z,9)}) Vz,y,z,€ X.
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En particulier, ces hypothéses sont satisfaites dans le cas de la métrique de Wasserstein. On
montre ensuite que J hérite des propriétés ci-dessus de la fonction de coiit c. Elle induit une
topologie 77 sur P(X) avec la base de « boules» B/ (u) = {v € P(X): J(u,v) <7} (on peut
donc la considérer comme une généralisation de la métrique de Wasserstein). De plus, sous
I'hypothése supplémentaire de la « complétude » de (X, ¢) on obtient que tout ensemble E(u) =
{v e P(X): J(u,v) < oo} doté de 7 est un espace polonais (Théoréme 3.3.9).

Ce chapitre est principalement basé sur le travail | .

8.3 Barycentres

En 2011, M. Agueh et G. Carlier ont introduit un « élément typique» d’une famille de
mesures de probabilité pq, ..., u, sur Pespace euclidien R?, appelé le barycentre de Wasserstein

[ACT]

n
v* = argmin Zwiwg(,ui, v),
veP2(RY) ;5
ol wi,...,w, sont des poids positifs. Il s’agit d’une instance particuliere de la moyenne de
Fréchet dans le cas de lespace de 2-Wasserstein | |. Il s’avere que le barycentre capture
dans une certaine mesure la forme des mesures moyennées i1, ..., lin, ce qui le rend favorable
par rapport a la moyenne linéaire des mesures et lui vaut une grande attention.
Dans les travaux | ; ; |, le concept de barycentre de Wasserstein a été géné-
ralisé au cas d’une distribution de probabilité P sur P,(X) et d’un exposant p > 1 :

vt = argmln/Wp w, v) dP ().

vePp(X
[ | et | | montrent la stabilité du barycentre par rapport a P. En particulier, si les
mesures [, l2, ... sont tirées indépendamment selon P, alors les barycentres empiriques

Vp = argmin — ZW Wiy V).
vePy(Rd) T

convergent vers le barycentre de la population v* : Wy,(1y,,v*) — 0, c’est-a-dire qu’il existe la
loi des grands nombres (LLN). De plus, J. Bigot, E. Cazelles et N. Papadakis dans [ | ont
proposé d’ajouter une pénalisation a la fonctionnelle de variance de Wasserstein ci-dessus pour
régulariser le barycentre. Les Chapitres 3, 4 et 5 sont consacrés a des sujets connexes.

Barycentres de Fréchet. Dans le contexte de la Section 8.2, on définit une moyenne dans
P(X) en fonction de J, que l'on appelle le barycentre de Fréchet régularisé : étant donné une
distribution P sur P(X) et une pénalité G,

v* = argmin [/ J(p,v)dP(p) + G(v)

veP(X)

On prouve qu'un tel barycentre existe lorsque [ J(u, o) dP(p) < co pour un certain pg, X est
localement compact par rapport & py, G est semi-continu inférieur par rapport a la convergence
étroite et borné par le bas par une fonction a(v) = o(J(uo,v)) lorsque J(ug,v) — oo (Proposi-
tion 3.5.1). Le Théoréme 3.5.2 montre que les barycentres de Fréchet sont stables par rapport a
P au sens de | |. A savoir, soit

J(P,Q) = inf{/J(u,y) dI'(u,v) : I' est un couplage de P et Q} , P,QeP(X),

et J(Pp, P) — 0. Etant donnée une suite G, satisfaisant aux hypothéses ci-dessus avec un méme
a et ['-convergeant (localement) vers une fonctionnelle G, si v, est un barycentre de P, alors il
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existe une sous-suite convergeant vers un certain barycentre de P dans la topologie du transport
(Théoreme 3.5.2). En particulier, dans le cadre stochastique mentionné ci-dessus, on a une loi
des grands nombres.

Ces résultats sont principalement basés sur le travail | .

Barycentres de Bures—Wasserstein. Pour les mesures gaussiennes pu = N(a,Q) et v =
N (b, S) sur R?, il s’avere que

1/2
Wi, v) = lla = b|* + trQ + tr S — 2tr (Q'/25Q"/2) 2

De plus, il est connu que si P € 77(772 (]Rd)) est concentré sur des mesures gaussiennes, alors (au
moins un de) son barycentre de 2-Wasserstein est aussi gaussien | |. Pour des raisons de
simplicité, on ne considére que les mesures centrées, qui sont entierement décrites par leur ma-
trice de covariance. On peut ensuite généraliser la formule ci-dessus aux matrices semi-définies
positives hermitiennes, ce qui permet d’obtenir la métrique dite de Bures—Wasserstein dgw
sur Hy (d). Dans le Chapitre 4, basé sur le travail conjoint avec V. Spokoiny et A. Suvorikova
[ |, on considere les barycentres de Bures—Wasserstein correspondants. On étudie les pro-
priétés différentielles de la métrique de Bures—Wasserstein pour prouver le théoreme de la limite
centrale :

V(@ — Q.) L N(0,2),

n

1
Qn = argmin — ZdQBW(Si,Q), Qs = argmin/ d%w (S,Q)dP(S)
QeHy(d) " ;5 Q€M (d) /Hy (d)

sont les barycentres empiriques et de population, respectivement, et les .S; sont tirés indépendam-
ment selon P. On obtient également des bornes non asymptotiques sur ||Q,, — Q.|| et Wa(vy, vs)
sous I’hypothese que tr.S; est une variable aléatoire sous-exponentielle. De plus, pour le cas
d’une famille dégénérée d’échelle-localisation (scale-location), on fournit un exemple de taux de

convergence plus lent que ﬁ

Barycentres entropiques de Wasserstein Dans le Chapitre 5, on considére une distribu-
tion P sur I'espace de 2-Wasserstein sur R? et, suivant | ], on définit son barycentre de
Wasserstein régularisé par l’entropie.

v* == argmin [/ W2(p,v)dP(u) + AEnt(v) | ,
veP2(Q)

ou Q C R? est un ensemble ouvert de mesure de Lebesgue positive. On prouve existence et
I'unicité de cet objet, et le caractérisons en termes de potentiels duaux de Kantorovich. En
particulier, v* est a.c. et sa densité p satisfait les conditions suivantes

log p(x) = —% /uZ(a:) dP(v) Vz e,

ou w7 est un potentiel de Kantorovich entre p et v pour la fonction de cott M (Théo-
réme 5.3.6). En utilisant cette caractérisation, on étudie les propriétés des barycentres entro-
piques de Wasserstein : des bornes de moments (Proposition 5.4.2), un principe de maximum
(Proposition 5.4.7), une régularité supérieure (Proposition 5.5.2) et une stabilité au sens de
[ ] (Lemma 5.4.6). De plus, si 2 est une boule et que P est concentré sur des mesures sur 2
avec une densité Holderienne, alors on prouve le théoréme de la limite centrale pour les densités
des barycentres empiriques dans I’espace de Sobolev H? (Théoréme 5.6.2).

Ce chapitre est basé sur un travail conjoint avec G. Carlier et K. Eichinger | ]
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8.4 Espaces de Sobolev de fonctions a valeur mesures et pro-
bléeme de Monge—Kantorovich régularisé

Le Chapitre 6 est consacré a I’espace de Sobolev WP des applications & valeurs dans 1’es-
pace de p-Wasserstein sur R%. Etant donné un domaine ouvert @ ¢ R™, on définit l'espace
WLP(Q, P,(RY) au sens de Reshetnyak | ]. Selon Lavenant | ], celui-ci admet une
définition équivalente : p: Q — P,(RY) est Sobolev sl existe une mesure de Young o sur
0 x R4 x Rmxd (mesure de phase) telle que sa projection sur les deux premieres composantes
7T71¥2Q =pu® Lo, [|IV|Pde(¢,z,V) < oo et pour tout ¢ € CLH(Q x RY)

/(V&O(f, z) + VVip(€,2)) do(€, 2, V) = 0.

On étudie les propriétés fines des applications de Sobolev, a savoir, on montre ’existence de
représentants précis a un petit ensemble pres : pour tout Sobolev w, il existe un borélien A C Q
et une application p*: Q — P,(R?) telle que Cap,(4) =0 et

W, 7[ plC]d¢, p* €] | — 0 lorsque r — 0
Br(¢)

(Lemma 6.3.2). On donne également deux notions de convergence dans ces espaces : une basée
sur la propriété de Radon—Riesz (Proposition 6.4.2) et une sur la convergence des mesures de
phase dans une topologie de transport (Corollaire 6.4.7). Les deux assurent la convergence des
représentants précis. Enfin, on définit ’énergie de Dirichlet de g comme suit

Dirp(p) = inf{/HVHp do : o est une mesure de phase de u}

et on applique la théorie ci-dessus au probléme régularisé de Monge—Kantorovich entre p € P(Q)
et v € P(RY) :

|| e i) dut) + Dinyy) > i
Q JRd

Yz EWLP: [ v du(z)=v

Ou v} est le représentant précis de la carte z — 7, € Pp(Rd). Sous des hypotheses assez faibles,
on montre I'existence d’une solution du probleme ci-dessus (Théoreme 6.5.1).

8.5 Analyse des projections itératives de Bregman

Dans le Chapitre 7, on considére ’algorithme itératif des projections de Bregman | ]
pour résoudre le probléeme

min{(c,x>+AEnt(m):x€RN, A;x = b, izl,...,m}.

Il s’agit d’une généralisation de ’algorithme bien connu de Sinkhorn pour le probleme de Monge—
Kantorovich discret régularisé par l'entropie, consistant a alterner les projections sur les en-
sembles affines {A;z = b;} en fonction de la divergence de Kullback—Leibler. On donne une
autre forme de cet algorithme sous la forme d’une minimisation alternée dans le probleme dual
et suggérons deux stratégies différentes de projections : gloutonne et aléatoire. On fournit un
schéma général de la preuve des limites de complexité et 'appliquons a deux problémes liés
au transport optimal : le transport optimal multimarginal et le barycentre de Fréchet. Dans
les deux cas, on obtient la complexité d’itération O (6%) pour atteindre la précision € (dans le
probléme primal non régularisé), par rapport a la limite précédente la plus connue O (E%) pour
l'algorithme de Sinkhorn | ].

Ceci est basé sur et généralise les résultats des travaux conjoints avec A. Gasnikov, P. Dvu-
rechensky et al. | ; ; -
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