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A B S T R A C T

The transport of immersed grains in confined environments is found in many
industrial and natural situations with notably the recovery and transport of
oil in pipelines, the decontamination of soils, the transport of sediments or the
circulation of physiological fluids.
The study of the slow drainage of a model system composed of a mixture of
water and glass beads sedimented in a Hele-Shaw cell or a capillary showed
the emergence of instabilities, with the formation of labyrinthine patterns and
granular plugs.
In this thesis, we have identified the physical parameters and conditions neces-
sary for the triggering of such instabilities, controlled by the meniscus pushing
the grains at the liquid/air interface. We have also highlighted a new unstable
drainage regime leading to the periodic formation of dunes along the capillary.
As the friction of the grains with the walls of the tube governs the formation of
the plugs, we have also studied an original method to control these frictional
interactions by using ferromagnetic particles: submitted to a magnetic field, they
acquire a magnetic moment, leading to tunable interactions of pairs of magnetic
dipoles. Considering all these anisotropic interactions within a confined granu-
lar column, we were able to demonstrate the emergence of a radial force along
the walls of the silo, whose amplitude and direction is completely determined
by the applied magnetic field. This "magnetic Janssen effect" allows to control
the apparent mass of the granular column, paving the way towards the design
of granular meta-materials whose mechanical (un)blocking properties can be
remotely controlled or even programmed.
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R É S U M É

Le transport de grains immergés en milieux confinés se retrouve dans de nom-
breuses situations industrielles et naturelles avec notamment la récupération et
le transport de pétrole en oléoducs, la décontamination de sols, le transport de
sédiments ou encore la circulation de fluides physiologiques.
L’étude du drainage lent d’un système modèle composé d’un mélange d’eau
et billes de verres ayant sédimentées dans une cellule de Hele-Shaw ou un
capillaire a démontré l’émergence d’instabilités, avec la formation de motifs
labyrinthiques et de bouchons granulaires.
Dans le cadre de cette thèse, nous avons identifié les paramètres physiques
et conditions nécessaires au déclenchement de telles instabilités, contrôlées
par le charriage des grains par le ménisque à l’interface liquide/air. Nous
avons d’autre part mis en évidence un nouveau régime de drainage instable
conduisant à la formation périodique de dunes le long du capillaire.
La friction des grains avec les parois du tube gouvernant la formation des
bouchons, nous avons également étudié une méthode originale permettant
de contrôler ces interactions frictionnelles en utilisant des particules ferroma-
gnétiques : soumises à un champ magnétique, elles acquièrent un moment
magnétique, conduisant à des interactions de paires de dipôles magnétiques,
ajustables. En considérant l’ensemble de ces interactions anisotropes au sein
d’une colonne granulaire confinée, nous avons pu démontrer l’émergence d’une
force radiale le long des parois du silo, dont l’amplitude et la direction est
complétement déterminée par le champ magnétique appliqué. Cet « effet Jans-
sen magnétique » permet alors de contrôler la masse apparente de la colonne
granulaire, ouvrant la voie à la conception de méta-matériaux granulaires dont
les propriétés mécaniques de (dé)blocage peuvent être contrôlées à distance,
voire programmées.
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1
C O N F I N E D G R A N U L A R M E D I A O V E RV I E W

Confined granular media in the presence of a liquid and gas phases may present
unstable dynamics during the slow drainage of the liquid. These instabilities
are the result of frictional interactions with the geometry walls as well as a
capillary forces at the liquid/gas interface.
In this chapter we give a review of confined granular media mechanics focused
on the interactions at play in these instabilities. First, we recall the dry grains
behaviour in a confined geometry. Second, in the perspective of a control of
the medium behaviour, we investigate the role of interactions between grains.
Finally, the multiphasic response of an immersed granular medium is described
when adding liquid and then air to the system.

1.1 mechanics of dry granular media

(a) Coffee grains (b) Gravel (c) Drug pills (d) Saturn

Figure 1.1: Examples of different granular material.

Coffee, gravel, pills or Saturn’s rings, presented in figure (1.1), all have in
common to be a collection of individual grains and form a part of what is
called granular matter. Thanks to their omnipresence in a variety of systems,
in both industrial or natural context, granular media have been the subject
of a recent upsurge within an active research community [1–3]. In Nature, or
more explicitly in geophysics, granular matter can take various forms, from
the formation of dunes in deserts, coastal regions where water comes into
play or even snow avalanches where phase transitions can occur. Granular
matter apprehension is therefore of high importance to prevent accidents or
predict the shape of future landscapes. From an industrial point of view, the
challenge of granular matter is mainly technological with the improvement of
granular processes and technical designs. Indeed, they represent the second
most manipulated materials after water [2], and as a striking example, the
building industry uses each year around 40 billion of tones of sand and gravel
[4]. In spite of granular media variety, their behaviour follow a set of common
fundamental laws some of which, of importance for the rest of this study, are
introduced and described in this chapter.
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2 confined granular media overview

(a) Dune (b) Landslide (c) Sandstorm

Figure 1.2: Depending on the system, granular matter can behave as a solid, a liquid
or a gas.

Before going any further, we recall that, usually, a distinction is made between
grains and colloids for which the thermal agitation plays a major role. A quick
energy comparison on a particle of radius a between the gravitational potential
energy and the thermal agitation gives a limit of a ≈ 1 µm at room temperature:

ρg
4
3

πa4 =
1
2

kBT → a = 4

√
3kBT
8ρg

≈ 1 µm , (1.1)

where kB ≈ 1× 10−23 J ·K−1 is the Boltzmann constant, T ≈ 300 K is the room
temperature, ρ ≈ 2× 103 kg ·m−3 the particle density and g ≈ 10 m · s−2 the
acceleration of gravity. In the rest of this study we will focus on grains of radius
far greater than 1 µm.

Despite their common presence and numerous studies, due to their com-
plexity, the mechanical behaviour of granular systems still remain challenging
for engineers and physicists. They are defined by an assembly of particles
for which individual mechanical interactions can be described. At the system
scale however, the granular assembly represents a colossal amount of particles
making a macroscopic description more intricate. For example, a single cup of
coffee made in a French press, well studied in [5], (R = 5 cm, h = 2 cm) contains
about 105 grounded coffee particles of size 500 µm! Moreover, as figure (1.2)
represents, a granular system can behave as a solid, a liquid or a gas depending
on the system conditions. A sand pile at rest on a surface will behave as a solid,
characterized by an avalanche angle, while the granular assembly of a discharg-
ing silo flows as a liquid. At the extreme, grains in suspension in air will behave
as a dilute gas, for which sandstorm are a nice illustration. Moreover, several
or all these granular phases can coexist inside the same system. Think of an
hourglass where the sand is flowing out of a resting pile in the upper chamber.
All these considerations are the heart of the granular matter complexity.

Janssen Effect

One of the most renown behaviour of grains certainly is the Janssen effect
that we will describe here. Back in 1895, the German engineer H. A. Janssen
proposed a description of the stress redistribution inside grain silos. Janssen
noticed that the apparent mass at the bottom of a silo does not follow the hy-
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Figure 1.3: (a) Typical arch formation inside a confined granular packing, leading a
redistribution of the vertical stress along the radial direction. (b) Force
equilibrium on a horizontal slice of a confined granular medium in a silo.

drostatic pressure law of liquids for which the pressure is directly proportional
to the height of the column. In fact, a grain silo appears lighter than it really
is, suggesting that a part of the grains weight is supported by the walls of the
vessel. This model still remains a good description of silos’ mechanics and has
been used ever since to predict the stress distribution to take into account in
their construction.
Janssen’s description is based on three hypotheses:

(i) the granular medium and the vertical stress σz in the radial direction r are
supposed uniform,

(ii) the friction forces between grains and the walls are supposed to be fully
mobilized along the vertical direction τ = µσr, where µ is the friction
coefficient and σr the radial stress acting on the wall,

(iii) the vertical stress redirects partly to the radial direction following a propor-
tional law characterized by the Janssen constant κ, σr = κσz, as described
in figure (1.3.a).

Hypotheses (ii) and (iii) lead to the frictional stress at the tube wall τ = µκσz,
while (i) allows us to write the force equilibrium on a packing layer of height
dz, shown in figure (1.3.b):

πR2dzφρg + πR2 (σz|z − σz|z+dz
)
− 2πRdzµκ σz|z = 0 , (1.2)

where the apparent density of the granular medium is φρ, with φ the packing
fraction typically around 0.6 for random close packing, and ρ the material
density of the grains, typically around ρ ≈ 2× 103 kg ·m−3 for sand. Dividing
this equation by the infinitesimal height dz leads to the differential equation:

dσz

dz
= −2κµ

R
σz + φρg , (1.3)
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(a) (b)

[ June 13, 2021 at 14:09 –]

Figure 1.4: Janssen effect experimental apparatus. (a) Typical filling protocol where
the beads are poured inside a tube via a funnel. (b) Experimental set-up
inspired by [6] where the light grey area is free to move downward at a
constant velocity.

with a straight-forward solution:

σz(z) = φρgλ
(

1− e−
h
λ

)
, λ =

R
2κµ

, (1.4)

where we defined the screening height λ depending on the tube radius R, the
Janssen constant κ usually ranging from 0 to 1 and depending on the grain
properties, and the friction coefficient µ between the grains and the silo wall.
The pressure at the bottom of the tube is usually expressed as the apparent
mass of the granular column m = σ(h)πR2/g:

m = m∞

(
1− e−

m0
m∞

)
, m∞ =

πR3φρ

2κµ
. (1.5)

This exponential saturation law means that for a packing mass greater than
a few critical mass m∞ (or a packing height greater than a few characteristic
length λ), the apparent mass at the bottom of the silo is constant and equals
the critical mass. In other terms, the upper part of the packing is screened by
the first layers of grains and the apparent mass for high enough silos does not
depend on the packing height. Typically, the characteristic length is about the
tube diameter λ ≈ 2R.
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Figure 1.5: Typical Janssen effect measurement, data from [7]. The apparent mass
of a granular column is measured for different packing parameters and
normalized by the critical mass m∞.

Experimentally, the Janssen effect is characterized by the measurement of
the apparent mass of grains poured inside a tube via a funnel as shown in
figure (1.4.a) . As shown in figure (1.4.b), the granular packing is resting on a
piston, slightly smaller than the tube to ensure no contact with the walls, in
order to measure directly the apparent mass of the packing using a force gauge.
Though seemingly simple, the Janssen system presents some experimental
difficulties. Indeed, when dealing with granular matter, one shall remember
that the friction forces are usually undetermined since the Coulomb criterion
gives an inequality between the normal and the resulting tangential friction
force [8]:

ft ≤ µ fn, (1.6)

where ft and fn are respectively the tangential and normal forces. The friction
forces are usually in an undetermined state. The force network is undetermined
and imposed by the preparation of the granular packing. However, the Janssen
hypothesis (ii) requires that the friction forces at the wall are fully mobilized
in the vertical direction. In [6], L. Vanel and E. Clément proposed to reach
this condition by moving downward the lower part of the mass measurement
set-up, represented by the light grey area in figure (1.4.b). Figure (1.5) shows
the apparent mass measurement for different packing mass m0 following this
experimental protocol. The experimental results are in very good accordance
with the Janssen prediction. Even though the Janssen description considers the
medium as continuous, it still remains nowadays a good prediction of the force
redistribution inside a confined granular packing.
Nevertheless, since 1895, some refinements to the Janssen model have been
brought to attention, one can think of the OSL (oriented stress linearity) model
taking into account the grain-scale forces [9, 10]. Moreover, some limitations
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Figure 1.6: Janssen effect in a narrow tube. (a) Data from [11]. Two apparent mass
measurements for a tube diameter of about 5 bead radii, the apparent mass
follows a two-parameters saturation law. The dashed line corresponds to the
classical Janssen prediction while the blue line corresponds to the modified
prediction. (b) Data from [12]. Apparent mass rescaled by the true mass
of grains for different narrow tube of diameter D, with a bead diameter σ.
One can notice that the apparent mass can be greater than the actual mass
of the packing.

to the Janssen model can be found for narrow granular column [11] where the
Janssen effect does not follow a one-parameter (m∞) exponential saturation
but depends on two parameters, m = m∞ (1− exp (−m/m̃)), where m̃ is a
screening mass. A typical example of this result is displayed in figure (1.6.a),
and can be understood as the formation of cell arrangement inside the packing.
Confined grains in a narrow tube can also display striking phenomena as
presented by [12] and shown in figure (1.6.b). In this case, the frustration of
mechanical stress at the grain level and the violation of Janssen hypothesis
(iii) leads to the apparition of additional compressive force resulting in a
packing apparent mass greater than the actual mass of the grains, m/m0 > 1,
called "reverse Janssen effect". On top of the intrinsic parameters of the system
(geometry, density, etc.), the Janssen effect depends strongly on the preparation
of the granular packing as described in [13].

To complete the description of confined granular media mechanics, we
present in the following sections some striking dynamics properties.

Discharge of a granular silo

We have described so far the static regime of grains silos. We propose here to
describe their dynamic discharge. An emptying silo is similar to an hourglass.
The most striking fact about them is that the output flow rate of beads does not
depend on the height of grains stored in the upper chamber. This surprising
behaviour is the reason why hourglass are filled with sand instead of water,
the passed time is proportional to the amount of sand that flowed through the
orifice. The origin of this independence over the height is still uncertain. For
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Figure 1.7: Discharge of a silo. (a) Schematic view of discharging silo characterized
by its radius R and opening width W. (b) Data from [14]. Flow rate of a
discharging silo, constant over time.

long time, the Janssen effect was proposed to be at the origin of the constant
flow rate of the grains escaping the hourglass. Nevertheless, recent work from
[15, 16] showed that the flow rate does not depend on the local pressure around
the outlet, thus refuting the Janssen hypothesis.

Despite a clear understanding of the origin of such behaviour, one can still
predict the flow rate at the output of a silo, shown in figure (1.7). If we suppose
that the flow rate is constant and does not depend on the silo radius R, a
relevant spatial scale of the problem is the outlet diameter W. The grain velocity
at the outlet is then approximated by v ∼

√
gW. Moreover, the area of the

outlet, in three dimensions, is proportional to W2. A mass conservation law
leads to the granular flow rate:

Q ∼ ρ
√

gW5/2 (1.7)

In practice, due to the finite size of the grains, the outlet width W is effectively
reduced by a width Wm of about a few grain diameters. This prediction of the
flow rate at a silo output is known as the Beverloo equation [18]:

Q = Cρ
√

g (W −Wm)5/2 , (1.8)

where C is a constant around 0.5, and the power 5/2 becomes 3/2 in the case
of a two-dimensional silo. Two sets of experimental results for two different
geometries are shown in figure (1.8). The Beverloo prediction is in really good
agreement with the flow rate measurements.
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Figure 1.8: Flow rate of a discharging silo. Data from [17]. (a) (resp. (b)) Flow rate at
the output of a 3D (resp 2D) silo. The experiments are following nicely the
power law prediction in 5/2 (resp. 3/2).
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Figure 1.9: Clogging situation. (a) Inspired by [19]. Particles flowing through a too
small opening will clog. (b) Image from [20]. Spatio-temporal diagram
of sheep passing through a gate with a ticking behaviour. (c) Data from
[21]. Ticking hourglass where the flow rate follows a stick-slip behaviour,
represented as the mass in the lower chamber of the hourglass for two
different glass beads diameter d.
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Nevertheless, for small openings W < 10a, the grains will have a tendency
to form arch ahead of the neck and the system will clog, as shown by [19]
and figure (1.9.a). The clogging situation is also of great interest for crowd be-
haviour research, where individual person can be considered similar to grains.
This model allows to find the best geometry in order to maximize the flow
of people through a constrained opening [22]. Similar experiments have also
been conducted with sheep [20] as shown in figure (1.9.b). Depending on the
system conditions, the geometry can unclog spontaneously after a moment,
resulting in a periodic flow similar to a stick-slip mechanical behaviour. This is
very similar to the flow of cars during rush hour, the cars will form traffic jam
which are constantly being formed and unformed in an accordion way.
Similar behaviour can be obtained in a so-called "ticking hourglass" where the
lower chamber of an hourglass is closed. The pressure increases as the number
of particles there increases. At some point the pressure in the lower chamber
will overcome the pressure needed to stabilize the flow rate at the opening.
Then, air percolates through the medium and the flow of grains can start again
[21]. Results from two experiments are shown in figure (1.9.c).

Compaction of a granular medium

(b)(a)

[ June 8, 2021 at 8:47 –]

Figure 1.10: Compaction of concrete. (a) Schematic view of a concrete vibrator where
the granular medium is vibrated to remove trapped air clusters. (b) Build-
ing worker using a concrete vibrator.

Concrete certainly is one of the most common granular material. Made of
sand and gravel, concrete is largely used in the building industry, and its
strength is of primary importance. Due to its granular nature, concrete does
not fill completely the allowed space, leaving space to air, characterized by
the packing fraction φ. Previous studies showed that the strength of concrete
is directly linked to the amount of air trapped inside the packing [23, 24]. It
is therefore essential to make concrete as compact as possible to prevent any
future failure. To do so, building workers use a "concrete vibrator" as shown in
figure (1.10), which vibrates the granular medium for a few seconds to liquefy
it and remove trapped air clusters. At smaller scale, compaction of granular
media is of great interest for the conception of fuse [25].
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Figure 1.11: Compaction of granular material. (a) Data from [26] Mechanical com-
paction for different vibration intensity Γ = a/g where a is the tap acceler-
ation. (b) Data from [27]. Compaction using temperature cycles of a 140 cm
tall column with a temperature oscillation of ∆T = 10.8 ◦C of periodicity
2π/ω = 600 s.

In the lab, the compaction of granular media can be achieved by various
means. The commonly used system is a tube undergoing periodic mechanical
shakes [26, 28, 29], as used in concrete vibration. Figure (1.11.a) shows the
typical compaction curve with mechanical taps of different acceleration. The
compaction is characterized by an exponential law which characteristic time (in
number of taps n), depends on the strength of the tap. Nevertheless, mechanical
perturbation of the granular system is not the only way of getting compaction.
In [27], Divoux et al. described the compaction of glass beads by applying
temperature cycles to the tube. Starting from a loose packing of beads, the
granular column height undergoes the same kind of exponential relaxation, as
shown in figure (1.11.b), with a series of granular collapses at each temperature
oscillation.

1.2 grains interactions

So far, we described the global behaviour of a dry granular medium. In this sec-
tion we investigate several interactions between grains leading to new granular
medium responses.

Model of granular interaction

Before going any further, we want to briefly remind the classical mechanic inter-
actions at the grain scale. We differentiate three actions shown in figure (1.12):

(a) tangential friction, given by the Coulomb criterion (1.6), and strongly history
dependent,

(b) rolling friction, where the resistance of rolling movement given by a reaction
torqueMr = µr fna, where µr is the rolling friction coefficient [30],
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Figure 1.12: Mechanical interactions at the grain scale. (a) Friction. (b) Rolling friction.
(c) Inelastic collision.
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Figure 1.13: Simulation modelling of grains interactions. (a) Normal characterized by
the stiffness k and dissipation γ. (b) Tangent characterized by the stiffness
kt, γt and friction µt. (c) Rolling characterized by the stiffness kr, γr and
friction µr.

(c) inelastic collision, characterized by a restitution coefficient e linking the
velocities of both particles before ~vij and after the shock ~v′ij: (~v′ j − ~v′i) ·~k =

−e(~vj −~vi) ·~k.

In simulation however, the most common way to model grains proposed by [31]
is to represent them by hard spheres but able to interpenetrate each other. At
each time step, and for each collision between two particles i and j, the overlap
δij between the two spheres is stored and used to compute the new positions,
velocities and rotation of the spheres modelled by a set of springs. Each of the
interactions are characterized by viscous dissipations and friction coefficients
as shown in figure (1.13), used in several common Discrete Element Method
codes such as [32].

Some usual added interactions

In real life, mechanical interactions at the grain level are usually not the only
ones at play. We present here common interactions that can be introduced at the
grain level, having an impact on the global behaviour of the granular system.
For those who went to the beach and built a sand castle, you certainly already
know that adding a small amount of water to the sand is making it more
cohesive and therefore suitable for building structures [33, 34]. The key element
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[ June 13, 2021 at 19:03 –]

Figure 1.14: Physics of a sandcastle. (a) A small amount of water inside the granular
packing results in the formation of capillary bridges between the grains.
(b) Two young siblings (my sister and I), building a sandcastle (Île-Grande
1999).

here is the formation of capillary bridges between the grains, as shown in
figure (1.14), leading to a capillary force acting between the two spheres [35]:

Fcap ∼ 2πγlaa cos θ , (1.9)

where γla is the liquid/air surface tension. The maximum strength is achieved
for really low volume fraction of about 1-3% [36]. For higher volume fraction of
water inside the granular material the structure will collapse and the medium
behaves as a liquid, as seen during landslides.
Cohesion of a granular medium can also be achieved by applying an electric
field to the system [37]. In this case, a strong high-voltage difference is applied
to the front and back plates of a rectangular silo filled with non-conductive
glass beads, and various cohesive regime are reached. Without any electric
field, figure (1.15.a), the classical Beverloo law is retrieved. For medium applied
electric gradient, figure (1.15.b), a stabilization of the grains at the border
of the cell is observed and the flow regime is restricted to the centre of the
medium while the borders flow by successive avalanches. Finally, for high
electric field, figure (1.15.c), a "rathole" regime is achieved where the flow of
grains is restricted to the centre of the cell while the borders of the granular
medium do not move and are stabilized by cohesion of the medium.

Magnetic granular media

In our work, we investigate tunable magnetic interactions inside a granular
medium. Here, we recall the magnetic interactions between two uniformly
charged ferromagnetic spheres as well as previous studies of such media.
Let us consider two grains i and j made out of ferromagnetic material, typically
steel, who will acquire magnetic moment ~di, ~dj when submitted to a magnetic
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(a) (b) (c)

Figure 1.15: Discharge of an electrically cohesive silo, from [37]. (a) Flow without elec-
tric field (0 V). (b) Avalanche regime (500 V). (c) Rathole regime (1500 V).
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Figure 1.16: Magnetic interaction between two ferromagnetic grains. (a) When submit-
ted to a vertical magnetic field ~B, both grains acquire a magnetic moment
~di, ~dj. (b) In the case of a uniform magnetic field, the magnetic interaction
between the two beads can be either attractive or repulsive.
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field ~B, as shown in figure (1.16.a). The magnetic interaction between the two
spheres is given in the general case by [38]:

~fij =
3µ0

4πr5
ij

[
(
~mi ·~rij

)
~mj +

(
~mj ·~rij

)
~mi +

(
~mi · ~mj

)
~rij − 5

(
~mi ·~rij

) (
~mj ·~rij

)

r2
ij

~rij

]
.

In the case where the magnetic field is uniform in the medium, both magnetic
moments will be equal, ~di = ~dj = ~d = VχB/µ0, with V the bead volume, χ

the magnetic susceptibility, µ0 vacuum permeability. In this case, the magnetic
interactions between the two spheres can be simplified to:

~fij =
3µ0

4πr5
ij

(
d2 (1− 5 cos2 α

)
~rij + 2drij~d cos α

)
, (1.10)

where rij is the separation vector between the two grains and α the angle
between this vector and the applied magnetic field direction. In this case,
it is easy to notice that the interaction can be either repulsive or attractive
depending on the position of both particles, as summarized in figure (1.16.b),
with a transition for α = 55◦.

The magnetic interaction is directly proportional to the square of the magnetic
field amplitude and depends on its direction, making magnetic interactions
easily tunable compared to the relative humidity of the system for example.
To quantify the magnetic pair interactions, we introduce, as proposed by [39,
40], the magnetic Bond number comparing magnetic pair interactions to a bead
weight:

Ψ =
χ2

mB2

µ0aρg
, (1.11)

where χm is the magnetic susceptibility ceiling at 3 for a particle packing [41].
Previous studies [40, 42–46] have already suggested that the use of magnetic

interactions in a granular medium can lead to surprising behaviour at the
system scale. For example, [42] studied the stability angle of a magnetic grains
assembly inside a rotating drum. Figure (1.17.a) shows their experimental
results. When increasing the magnetic field intensity, the medium becomes more
stable and cohesive, resulting in a higher stability angle. It is also noticeable
that the stability is higher for a horizontal magnetic field (perpendicular to
gravity) than for a vertical one. In [40], the flow of magnetic particles through
a funnel was investigated, again by varying the direction and amplitude of
the external magnetic field. The discharge dynamics is not continuous but
the grains are escaping the funnel in a series of periodic cohesive clusters.
Nevertheless it is possible to define an average flow rate as the ratio between
T0 and T, respectively the emptying time without and with a magnetic field.
Figure (1.17.b) shows the experimental results for a vertical and horizontal
magnetic field. As a result of the magnetically induced cohesion, the flow
rate decreases when increasing the magnetic field amplitude, with a stronger
effect for a vertical magnetic field, even up to a clogging situation for a critical
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Figure 1.17: Magnetic field interactions impact on a granular medium. (a) Stability an-
gle of grains inside a rotating drum for different magnetic field amplitude
and direction, data from [42]. (b) Flow rate of magnetic grains escaping a
funnel for different magnetic field amplitude and direction, data from [40].
(c) Compaction curves of a granular column for different magnetic field
amplitude, data from [43].
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magnetic field Bc ≈ 20 G. Finally, the compaction of a granular column is also
impacted by the introduction of magnetic interactions, as suggested by [43]. In
this study, a granular column was compacted using a series of mechanical taps
while a vertical magnetic field was applied to it. By a series of successive tap,
the medium is compacted, characterized by an increase of the packing fraction
φ compared to the initial packing fraction φ0. Figure (1.17.c) gives a series of
compaction curves for different magnetic field intensities Ψ, where one can
notice that the higher the magnetic field amplitude, the lower the compaction,
resulting from the packing cohesion. Similar results were obtained by using a
mixture of ferromagnetic and non-ferromagnetic (glass) grains, with an effect
noticeable only for high metallic fraction φm.

1.3 multiphasic granular dynamics

The case of dry granular material, a system only composed of solid grains, is
already the theater of interesting phenomena as discussed so far. Interactions
at the grain scale can modify the global response of the medium. In this section
we introduce several phases to the granular system and describe the impact of
the novel resulting interactions.

Two-phase sediment transport

~Fdrag

~W

(a) (b)

5 cm

[ June 13, 2021 at 16:20 –]

Figure 1.18: (a) Transport threshold of a grain by flowing liquid. (b) Picture from [47].
Fractal erosion pattern of a grain/liquid mixture.

When thinking about rivers, oceans, etc. the liquid and grains scheme is pretty
common in Nature. Wind as well can be the driving force behind beautiful
pattern formations of dunes, riddles or barchans. The key mechanism between
these two-phase systems is the transport of sediments by viscous effects.
Erosion, for example, takes place when a liquid is transporting grains over a
large scale and deposit them further away. The time scales in Nature are usually
about several million of years and the erosion process is able to transform
landscapes. In the lab, toy models of rivers can be used to study the transport
of sediments and the formation of dunes at the top of the sedimented layer
[48]. The transport of grains by a moving fluid occurs when the fluid flow is
strong enough, and more specifically when the stress imposed by the fluid on
one grain overcomes the frictional stress induced by other grains, as shown in
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(b) Bulldozing mechanism.
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(c) Plugs formation.

Figure 1.19: Frictional fluids in a confined geometry. (a) Initially a layer of beads is
resting at the bottom and the liquid is slowly drained out of the system
from one side with the other side open to air. (b) The meniscus at the
liquid/air border bulldozes particles on its way. (c) After some time, the
bulldozing front separates in a series of plugs along the confined geometry.

figure (1.18.a). This criterion is defined as the Shields number, comparing the
viscous shear stress τf between fluid and grains and the apparent weight of
one grain:

Θ =
τ f

(
ρg − ρ f

)
gd

, (1.12)

where ρg and ρ f are respectively the grains and fluid densities, d is the grain
diameter. The prediction of the transport threshold gives Θ ≈ 2µ/9, with µ the
friction coefficient, in good accordance with experiments [49]. From erosion
phenomenon, beautiful fractal patterns can emerge as presented in [47, 50] and
shown in figure (1.18.b). A mixture of grains and liquid is poured on a vertical
wall and let to flow by gravity. The liquid will always find its way and flows
along the easiest path eroding particles on its way.

Three phase frictional fluids in confined geometry

Settling granular mixtures with inter-particle friction are known as frictional
fluids. By introducing air to the system, a meniscus at the liquid/air boundary
appears. The introduction of capillary interactions in the system leads to various
dynamic evolution. A good overview of the dynamics in such systems is given
in [53], ranging from viscous fingering to frictional fingering depending on the
flowing properties and the amount of particles inside the system. In this study
we will only consider the frictional case when viscous forces can be neglected.
The typical system we consider is a frictional fluid trapped inside a confined ge-
ometry either in a Hele-Shaw cell or a capillary tube as shown in figure (1.19.a).
The liquid is slowly withdrawn from the system at a really low flow rate
from one side, letting the other side opened to the atmosphere, as shown in
figure (1.19.b). Using both Darcy’s law, describing the flow through a porous
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(a) (b)

Figure 1.20: Confined frictional fluids experiments. (a) Drainage inside a Hele-Shaw
cell resulting in a labyrinthine pattern [51]. (b) Drainage inside a capillary
tube resulting in a series of plugs along it [52].

medium, and Kozeny-Carman equation, modelling the pressure drop of a fluid
passing through a porous medium, the following criterion [53] on the flow rate
qc below which one can neglect viscous effect can be determined:

qc = πD∆z
µρgk(ξ)

ξη
, (1.13)

where k(ξ) is the permeability of the medium as function of its porosity ξ, and
η is the viscosity of the fluid. For typical values of these parameters (xi = 0.5,
eta = 0.1 cP), the flow rate threshold occurs at qc ≈ 0.5 ml ·min−1.
Characteristic experimental results for these systems in the Hele-Shaw cell [51,
54, 55] consist in beautiful labyrinthine patterns, shown in figure (1.20.a), which
are still under consideration for their interesting diffusion mechanism [56]. The
capillary experiment results in the formation of plug and gap patterns [52, 57,
58], shown in figure (1.20.b), which will be the interest of this study, and for
which a schematic view is given in figure (1.19.c).
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Figure 1.21: Pressure variation during a bulldozing experiment. The pressure is follow-
ing a stick-slip behaviour, increasing with the plug length and decreasing
rapidly when it reaches the minimum pore pressure P∗pore.

In this system, two main ingredients are at play:
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• the meniscus, bulldozing the particles front and giving a minimum capil-
lary pressure threshold for air to penetrate a pore of the granular medium
pc,

• the friction forces exerted by the particles and undergoing a Janssen effect,
meaning that the longer the plug length Lplug, the harder it gets to push
the particles.

The whole system is therefore driven by a competition between the pressure
needed to push the grain plug forward and pc. When the latter is lower than
the first, air percolates through the system, leaving behind a plug made of grain
and trapped liquid. This competition results in a periodic stick-slip behaviour,
as shown by the typical pressure evolution in figure (1.21).

Lplug

ε0D D

[ June 13, 2021 at 17:20 –]

Figure 1.22: Schematic of the plug during the bulldozing experiment.

To describe into details the plug pattern formation, [57] gave a prediction for
the plug length depending on the system parameters. As shown in figure (1.22),
we note ε0 the initial filling fraction of particles and θ the grain avalanche angle.
A calculus given in appendix A leads to the following pressure needed to push
the plug ahead:

P
(

Lplug
)
≈ σ0(φ, µ, κ) exp

(
4µκLplug/D

)
, (1.14)

with a typical stress σ0 depending on the system parameters. This pressure
grows exponentially with the plug length due to the Janssen effect occurring
inside the granular medium, in good accordance with experimental results [57].
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structure of the thesis

Among the vast panel of granular media phenomena, we described in the first
chapter a selective review of granular matter physics in confined geometries
relevant for our work.
The slow drainage of immersed grains in confined geometries leads to in-
stabilities that have been well described for model systems in the previous
years. Nevertheless, a few questions remain to be addressed. For instance, the
displacement of grains by a water/air meniscus in a horizontal capillary tube
results in the formation of plugs along the confining geometry. Nevertheless,
so far, the triggering of such instability has never been explored. This will the
subject of the work presented in this thesis. Indeed, we will show how (by
systematically changing the surface tension and the wettability of the liquid
drained out of a capillary tube) we could identify the relevant physical parame-
ters and conditions for the emergence of the bulldozing instability. Furthermore,
we could also reveal the existence of a new unstable regime of the drainage,
leading to the periodic formation of dunes, analogous to the road washboarding
instability.
Once the emergence of the bulldozing instability understood, we planned to
control its dynamics. Several studies, mentioned in our review, highlighted that
the introduction of ferromagnetic pair interactions between grains can lead to a
tuned response of the granular system. Therefore, we have also investigated
the possibility to tame the bulldozing instability by introducing these magnetic
interactions.
The bulldozing instability is governed by the friction between the grains and
the system walls, described by the Janssen effect. Thus, we have studied the
effect of ferromagnetic pair interactions between grains on the Janssen effect.
We could demonstrate that the interactions between magnetized grains result
in a radial force along the walls, of amplitude and direction determined by
the applied magnetic field. This new "magnetic Janssen effect" allows for the
control of the packing apparent mass.
Those results concerning the mechanical behaviour of a static granular assembly
confined in a silo led us to investigate some of their dynamical properties. Thus,
we started to develop two different experimental studies, with the discharge
of a magnetic silo, and the magnetic fatigue of a granular column by applying
periodic charging cycles.
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M A G N E T I C J A N S S E N E F F E C T

In this chapter, we are studying the impact of a magnetic field on the apparent
mass of a granular column and characterize the Janssen effect describing its
evolution.

2.1 experimental set-up

Our experimental apparatus consists of industrial spherical steel beads of
1.50 mm diameter filling a copper tube of 19.6 mm diameter and laying on a
19.0 mm diameter piston. The piston is slightly smaller than the tube to measure
only the mass of the grains. The apparent mass of the column is measured by
a force sensor (Testwell KD40S-100N). As proposed by [6], we are mobilizing
the friction forces at the wall in the vertical direction to satisfy the Janssen
hypothesis (i). The experimental protocol is as follows, and an apparent mass
measurement example is given in figure (2.1.a):

1. the grains are poured inside the tube using a funnel,

2. the desired packing mass m0 is reached, the friction forces at the wall are
in an undetermined state,

3. the piston starts to move downward at a constant velocity v, the friction
forces at the wall are mobilized along the vertical direction and the
apparent mass decreases drastically. The apparent mass is taken as the
average along the plateau and the measurement error as the standard
deviation,

4. the downward movement stops, due to inertia the grains are pushing
down on the piston resulting in a slight increase of the apparent mass [6].

Figure (2.1.b) gives the apparent mass of the granular column for different
packing mass m0 measured using our apparatus. The data points are in excellent
agreement with the Janssen prediction mJ with a critical mass m∞ = 48 g. The
mass measurement during the plateau is not sensitive to the piston velocity v,
as suggested by [59], while the apparent mass in region (4) when the piston
stops, increases significantly when increasing the velocity.

The external magnetic field was generated using a set of two 10 cm radius
coils in an Helmholtz configuration, presented in figure (2.2.a). In such configu-
ration, the magnetic field generated by the two coils, the sum of both individual
coils magnetic fields, is roughly constant along the revolution axis as shown
in figure (2.2.b). The maximum magnetic field reachable by our apparatus is
Bmax ≈ 150 G. To ensure no magnetic history (remanence) of the grains between
two experiments, we followed a demagnetization protocol [60] consisting in
applying a 100% amplitude-modulated 20 Hz sinusoidal signal.

21
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Figure 2.1: (a) Typical apparent mass measurement protocol inspired by [6]. (b) Typical
experimental curve of the Janssen effect.
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Figure 2.2: Helmholtz coils. (a) Helmholtz configuration where two identical coils of
radius Rc are separated by a distance equal to their radius. (b) Magnetic
field generated by the coils as the sum of both contribution and resulting in
an uniform magnetic field between the two coils.

The complete magnetic Janssen apparatus, inspired by the one used in [6]
and presented in section 1.1, is surrounded by the two coils as shown in
figure (2.3). Due to the limitations of the Helmholtz coils configuration, the
maximum packing height for which the magnetic field is homogeneous is
hmax = Rc = 10 cm, corresponding to a maximum packing mass mmax ≈ 150 g.
The piston is moving downward at a constant velocity v = 0.2 mm · s−1 over
a distance δh = 7 mm during which the mass plateau corresponds to the
apparent mass measurement m. In our experiments we vary both the magnetic
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Figure 2.3: Experimental apparatus used in our study.

field amplitude up to a magnetic Bond number Ψmax ≈ 35, as well as its
direction, either vertical or horizontal. For reasons that will be detailed later, we
focus mainly on the vertical magnetic field direction in the following results.

2.2 results

Experimental measurements

A series of experimental apparent mass measurements for different magnetic
field amplitudes is given in figure (2.4.a). Without any magnetic field we
retrieve the classical Janssen prediction in black. By increasing the magnetic
field amplitude we notice that the apparent mass of the packing decreases,
suggesting an increase of the Janssen effect. For higher magnetic field amplitude
we even notice a surprising "more is less" effect: when adding grains to the
column, its apparent mass decreases! For the highest magnetic field, and by
pushing the limits of our apparatus (packing higher than hmax set by the coils)
the apparent mass even decreases to zero: the grains are stuck inside the silo
and the column becomes undetectable with a zero apparent mass!
To quantify more precisely the effect of the magnetic field on the apparent mass
of the packing, we examine the difference of our apparent mass measurements
with the prediction of Janssen corresponding to the apparent mass of the column
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Figure 2.4: (a) Apparent mass of the packing submitted to different magnetic field
strength Ψ. (b) Difference between the experimental results with the classical
Janssen prediction mJ .

when no magnetic field is applied mJ . The results are shown in figure (2.4.b).
We notice two different zones of interest. First for packing mass m0 lower than
50 g, corresponding to a packing height h = 2R, the apparent mass seems to
be slightly higher than the actual mass of the packing. This result appears
similar to the reverse Janssen effect described in [12] though, without any
specific preparation of the packing. Nevertheless, one should be aware that this
overshoot is very small with an apparent mass about a few grams above the
hydrostatic. Second, for packing mass greater than 50 g the difference decreases
in a linear manner with a slope depending on the magnetic field strength.

Geometrical considerations

To rationalize our experimental results, we have to consider the magnetic
pair-interactions inside the granular medium. Each particle i interacts with its
neighbours j following the magnetic pair interaction ~fij given by equation (1.10).
The total force exerted on particle i is given by the sum of all pair-interactions
acting on it f β

i = ∑j f β
ij , where β = r, θ, z gives respectively the radial, azimuthal

and vertical component. We consider the granular packing as a whole; thus,
the global magnetic force exerted on the granular packing is given by the sum
of all the individual magnetic pair interactions Fβ = ∑i f β

i . If we consider
the cylindrical geometry of the system, and suppose the packing to be homo-
geneous, there is no azimuthal net force Fθ = 0. Moreover, considering the
symmetry of the system with respect to the mid-plane of the tube (z = h/2),
two particles i and i′ symmetric with respect to this plane will compensate each
other, leading to no vertical net force at the packing scale Fz = 0. Therefore,
thanks to the confined cylindrical geometry of our system, the only net force
expected to emerge from those magnetic interactions should be in the radial
direction Fr 6= 0.
If we consider a particle off the tube axis, as represented in figure (2.5), due
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Figure 2.5: Neighbouring particles acting on an off-axis particle, resulting in a non-zero
radial force.

to the finite size of the tube, this particle is missing some of its neighbouring
particles, resulting in a radial net force applied to this particle.

Numerical solution

We have tried to obtain an analytical expression for the global radial force
Fr without success. Instead, we developed a numerical computation of all
individual pair-interactions using equation (1.10), and the positions of each
particle within a random packing generated by a DEM simulation [32]. The
packing generation, inspired by the protocol proposed in [61], is shown in
figure (2.6). At each time step, a set of M grains are generated at a fixed height
to the top of the packing, let to sediment by gravity, until the packing has
reached the desired mass m0. The packing fraction can be tuned by varying M.
We found that M = 20 leads to a packing fraction φ ≈ 0.6 in accordance with
our experiments.

Map force

To analyse the emergence of radial forces along the walls of the silo, we show
in figure (2.7) spatial (r, z) maps of the radial component of the magnetic
pair-interactions averaged over the angular component. The maps for different
packing height h correspond to several values of interest of the global radial
force Fr. For low masses m < 30 g, the magnetic interactions inside the packing
are mainly attractive in the bulk and the force is slightly negative. For higher
mass however, repulsive interactions emerge along the wall of the silo. The



26 magnetic janssen effect

(a) (b) (c)

Figure 2.6: Random generation of a 3D beads packing in a geometry similar to the
experiment, inspired by [61]. At each time step M = 20 particles are
generated at a fixed height to the top of the packing and let to sediment.

radial repulsive force pushing against the tube wall is constant along the
packing height (apart from top and bottom boundary effects). The global radial
force is then increasing linearly with the amount of particles along the walls for
high enough packing height h > 2R. The number of particles along the tube
walls is proportional to the packing height h (or mass m0). The attractive and
repulsive interactions inside the packing compensate each other and Fr = 0
for a packing mass m0 ≈ 30 g, corresponding to a packing height h = 2R with
R the tube radius. Indeed, when the packing height corresponds to the tube
diameter, no direction is favoured and the global radial force averages to zero.

Magnetic Janssen model

Following Janssen hypothesis, by considering the granular packing as a ho-
mogeneous continuous medium, and using the fact that the friction forces
at the wall are fully mobilized in the vertical direction, the global magnetic
radial force Fr(h) can be associated with a vertical frictional contribution to
the apparent mass measured at the bottom of the silo F(h) = −µFr(h). The
negative sign comes from the fact that adding friction to the system lowers
the apparent mass. This added pressure can be either compressive or tensile
depending on the sign of Fr(h), and the apparent mass of the packing at the
bottom is tuned by the magnetic pair interactions:
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Figure 2.7: Maps of the radial force at different packing height (or mass), averaged in
the θ direction for a vertical magnetic field. A blue region corresponds to a
positive radial force (i.e. pressing on the wall of the container). The vertical
dashed line within the packing represents a one bead diameter boundary
from the silo wall. The radial force is observed mainly located along the
boundary of the silo, for high enough columns h > 2R. For smaller ones, the
radial force is mainly negative and distributed in the core of the granular
packing

m = mJ −
µ

g
Fr(h) . (2.1)

The model curves resulting from the numerical solution are given in fig-
ure (2.8.a). We chose a friction coefficient corresponding to steel/copper contact
µ = 0.40. An excellent quantitative agreement is shown in figure (2.8.b), where
we compare our experimental mass measurements to the prediction of our
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Figure 2.8: (a) Model curves, in light grey the classical Janssen prediction given by
equation (1.5), in black the numerical solution for the global radial force Fr,
in blue the resulting magnetic Janssen prediction given by equation (2.1). (b)
Comparison of the experimental results to the magnetic Janssen prediction
for a selection of magnetic Bond number Ψ. Squares correspond to the
experimental results, small dots correspond to the numerical resolution.

model of a magnetic Janssen effect. Moreover, we can notice that our model
also predicts a zone for low packing mass for which the apparent mass of the
packing could be greater than its actual mass. Therefore, thanks to an applied
magnetic field to the ferromagnetic granular column, we could control and
tune this reverse Janssen effect, in contrast to the "classical" one reported in [12]
which required a delicate filling protocol of the column.

Invisibility threshold

Moreover, our model also predicts the existence of a critical mass mc
0 for which

the apparent mass of the packing is zero. As described above, the global radial
force increases linearly with m0 for high enough packing mass m0 > 30 g. We
then expect that the magnetic Janssen prediction is equal to zero for a large
enough mass m0 = mc

0. At this point the granular packing is "invisible" at the
bottom of the column and its weight is completely supported by friction with
the silo wall.
For tall columns, the classical Janssen mass has reached its saturation value
and we can write mJ ≈ m∞, while Fr ∝ Ψ(m0 −m2R

0 ), with m2R
0 = 30 g. Using

these two expressions in the magnetic Janssen prediction (2.1), we end up with
mc

0 ∝ m∞
g
µ Ψ−1. This prediction is compared to the numerical solution of the

critical mass mc
0 in figure (2.9.a) and is found in excellent agreement. However,

this packing mass is beyond the experimentally reachable values set by the
limits of our experimental set-up. Indeed, we recall that the maximum reachable
magnetic field in our case is Bmax = 170 G corresponding to Ψmax = 35, while
granular columns of height greater than hmax = 10 cm (corresponding to a
packing mass of approximately 150 g) experiences inhomogeneous magnetic
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Figure 2.9: (a) Numerical computation of the critical mass mc
0, for which the apparent

mass of the packing is zero, as a function of the magnetic field strength
Ψ. The grey zones represent the mass and magnetic field intensity that
cannot be reached by our experimental apparatus, while the red dashed line
corresponds to our theoretical prediction. (b) Apparent mass measurement
for the highest magnetic field intensity, applied vertically, and comparison
to our model (black line).

field. The experimental limitations are displayed by the grey area in figure (2.9).
Nevertheless, we performed one apparent mass measurement for a tall column
h = 15 cm, corresponding to a packing mass m0 = 200 g. We could observe that,
in these conditions, the apparent mass is close to zero and the granular column
is "undetectable", in agreement with our prediction. This measurement is
smaller than the theoretical one mc

0 = 250 g, certainly due to the inhomogeneity
of the magnetic field in this case.

Tunability of the magnetic Janssen effect

To highlight the tunability of the magnetic Janssen effect, we turned off the
magnetic field during an apparent mass measurement as shown in figure (2.10),
for a packing mass m0 = 60 g. The magnetic field is on to its maximal value
Ψ = 35, where the apparent mass equals to the magnetic Janssen prediction.
The magnetic field is turned off after 15 s and increases sharply to reach its
value m = mJ .

Friction coefficient

Throughout our study, we have kept the friction coefficient value µ fixed
and equal to 0.40, in agreement with reported values from the literature for
steel/copper contact. However, this friction coefficient may have a slightly
different value depending on specificities of the grains’ material, which would
modify accordingly those slopes: m − mJ = −µFr/g. Keeping the friction
coefficient µ as a free parameter, figure (2.11) shows that if we fine tune the
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Figure 2.10: The magnetic field is switched-off during an apparent mass measurement
(piston moving downward). The apparent mass jumps from the magnetic
Janssen prediction to the classical Janssen prediction mJ .

value of the friction coefficient, an almost perfect agreement between the model
and the specific experimental data set for a vertical magnetic field and Ψ = 30
can be found for µ = 0.35. However, we checked that the value µ = 0.40 fits
better our overall measurements, performed in various conditions (different
column heights, different amplitude and direction of the magnetic field).

Influence of the tube geometry and magnetic field direction

We investigate here the impact of the system parameters (tube size and mag-
netic field direction) on the magnetic Janssen prediction with the help of our
numerical tool.
Firstly, we varied the tube radius in our numerical solution, while keeping the
packing height h constant. For each radius we generated five packings using the
DEM simulations and averaged the results over these realizations. In this case,
the magnetic field is in the vertical direction with a magnetic Bond number
Ψ = 35. The resulting global radial force Fr for different tube radii are shown
in figure (2.12.a). The packing mass m2R

0 , for which the global radial force is
equal to zero, increases with the tube radius R. We previously stated that m2R

0
corresponds to a packing height h = 2R, to verify this statement we simply
translated our measurement in terms of packing height h2R = m2R

0 /(πR2φρ) as
shown in figure (2.12.c) where we can note that m2R

0 is found slightly higher
than our prediction for the largest radii.
Figure (2.12.b) shows the expected rescaled mass m0/m∞ and m/m∞ where
the classical Janssen expression is set according to the tube radius depen-
dency on the saturation mass given by m∞ = (ρπR3)/(2Kµ). In this case
the classical Janssen effect is independent of the tube radius and given by
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Figure 2.11: Influence of the friction coefficient. The difference between experimental
data points at Ψ = 30 and classical Janssen prediction mJ is compared to
the numerical solution where we varied the value of the friction coefficient.
The best fit is found for µ = 0.35 in this case.

m/m∞ = 1− exp(−m0/m∞). We can easily compare the results for different
tube radius, which is predominant for smaller tube radius. To quantify this
result we are interested in the linear decrease of µgFr with m0, as defined
and shown in figure (2.12.a). If we consider, as previously shown, that for
high enough packing mass m0 the magnetic pair interactions are mainly sit-
uated along the tube wall and roughly constant there, we can suppose that
the global radial force Fr is linear with the number of particles along the walls
Nwall = 2Rh/a2. If we define f r

0 the standard magnetic pair interaction on the
wall, we can write Fr = Nwall f r

0 + cst = 2Rh f r
0/a2 + cst. The constant comes

from boundary effects for m0 < 30 g. By translating this expression in terms of
the packing mass m0, we end up with:

Fr =
2m0 f r

0
πRφρa2 + cst. (2.2)

This expression is found in excellent agreement with our numerical computa-
tions, as shown in figure (2.12.d). We can conclude that the magnetic Janssen
effect prevails the classical one for small tube radii. Nevertheless, for an even
smaller tube radius we would have to also take into account the fact that the
classical Janssen value mJ is modified as discussed in [11].

Secondly, we varied the magnetic field characteristics to identify their influ-
ence on the resulting magnetic Janssen. According to the expression of eq. (1.10),
the magnetic pair interaction is proportional to d2, with d the dipolar moment
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Figure 2.12: Numerical solution for the magnetic Janssen effect for different tube radius.
(a) Global radial force contribution to the apparent mass. (b) Apparent
mass of the granular column normalized by the saturation mass m∞
compared to the normalized packing mass m0/m∞. The narrower the tube,
the stronger the magnetic Janssen effect. (c) Prediction of the packing h2R

for which the global radial force is zero. (d) Slope of the linear evolution
of the global radial force with the packing mass m0.

amplitude. We define Fr = Fr(d = 1 A ·m) the global radial force for a unit
dipolar moment, used to rewrite the magnetic Janssen effect:

m = mJ −
µ

g
Frd2 . (2.3)

We then use the definitions of the magnetic Bond number Ψ = (χ2
mB2)/(µ0aρg)

and the magnetic moment d = VχmB/µ0 to rewrite the magnetic Janssen effect
prediction:

m = mJ − µFrΨaρµ0

(
4
3

πa3
)2

, (2.4)
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Following this expression, the magnetic field amplitude, given by Ψ, is acting as
a scaling factor on the global radial force, and therefore a unique understanding
of the effect for a unit dipolar moment d = 1 A ·m leads to the final expression
of the magnetic contribution to the apparent mass of the packing. However,
the field direction is more of importance in the magnetic Janssen effect. We
computed the numerical solution of the global radial force Fr for different angle
β of the magnetic field with the horizontal, which, thanks to the symmetry of
the problem and the parity of Ψ, can be done only for β between 0◦ and 90◦.
The numerical results are shown in figure (2.13.a). The global radial force Fr

evolves continuously with the field angle with its minimum for high packing
mass m > m2R

0 found for a vertical field and the maximum for a horizontal
field. Moreover, we notice that the zero-point of the global force at m0 = m2R

0 is
found to be always the same without any dependence on the angle. Because the
global radial force goes from negative to a positive values while changing the
field direction, it exists an angle where this global radial force is roughly equal
to zero. This magnetic field angle is found to be at β ≈ 35◦, corresponding
to the attractive-repulsive border shown in figure (2.3.b). This means that if
the magnetic field is aligned with the ferromagnetic interaction dipolar border,
the magnetic Janssen is null, and we only find the classical Janssen effect
regardless the amplitude of the magnetic field. Finally, figure 2.13b shows the
apparent mass of the column as a function of the packing mass m0 for different
magnetic field angles following expression (2.4). We moreover compare, in
figure (2.14), such numerical results to experimental measurements obtained for
a magnetic field applied either horizontally or vertically. Other magnetic field
angles with the vertical are hardly possible experimentally. We can conclude
that to maximize the magnetic Janssen effect, ones has to align the magnetic
field with the direction of the tube along with ~g. Since the maximum of the
magnetic Janssen effect is found for a vertical magnetic field, we decided to
focus on this configuration for the following studies.

2.3 ferromagnetic / non-ferromagnetic mixture

A potential application of the magnetic Janssen effect may be found in the
use of a mixture made of both ferromagnetic and non-ferromagnetic grains.
Throughout this section, we kept the magnetic field vertical and at the highest
amplitude, Ψ = 35. The tube radius R = 1 cm is constant, but we varied the
amount of ferromagnetic particles characterized by the fraction φm = Nm/N,
where Nm and N are respectively the number of ferromagnetic particles and
total number of particles inside the packing, as well as their spatial distribution.

Experimental preparation of the packing

Before any experiments, we prepared in advance a mixture of ferromagnetic
and non-ferromagnetic grains at the desired φm concentration. One should be
careful when preparing a random distribution of grains. Indeed, in commonly
used grains, ferromagnetic and non-ferromagnetic particles are usually of a very
different density. For instance, in [43], the mixture was composed of magnetic
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Figure 2.13: Magnetic Janssen for different magnetic field direction for Ψ = 35. (a)
Global radial force contribution to the apparent mass, the contribution is
zero for a magnetic angle to the vertical α = 55 ◦. (b) Apparent mass of
the granular column, for a horizontal magnetic field the magnetic Janssen
effect is above the classical Janssen prediction.
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Figure 2.14: Experimental results for a vertical and horizontal magnetic field for Psi =
30. (a) Difference between the apparent mass and the classical Janssen
prediction mJ . (b) Apparent mass measurement.

grains (typically steel or iron of density ρmag ≈ 8 g · cm−3) and glass beads of
density ρglass ≈ 2 g · cm−3. Such a huge density difference can lead to unwanted
density driven segregations [62–64] as shown in figure (2.15) and jeopardize
the realization of a truly random mixed packing. To avoid such problems, we
have decided to use a mixture of beads similar in size, shape and density with
the only difference being their magnetic properties. We used, as ferromagnetic
component, 1.50 mm diameter 100C6 steel grains, and as non-ferromagnetic,
1.50 mm diameter 316-L steel grains. The density difference between these
materials is about 2%. The mixture was prepared in advance by checking the



2.3 ferromagnetic / non-ferromagnetic mixture 35

(a) (b) (c)

Figure 2.15: Granular segregation, pictures from [62]. (a) Initial distribution of grains in
a rotating drum. (b) Size-driven particle segregation after a few rotations
of the drum. (c) Density-driven segregation of the particles after a few
rotations of the drum.

mass concentration of both types of grains and shaken vigorously afterwards
to achieve a random distribution.

Results

We show in figure (2.16) the apparent mass measurements of columns composed
of a mixture of ferromagnetic and non-ferromagnetic particles, prepared at
different concentrations φm, while other system parameters are kept constant.
For the numerical solution of the magnetic Janssen effect, we selected for
each φm a random list of Nm grains inside the packing and computed the
pair interactions only on this limited random collection of positions inside
the packing. To avoid any bias on the final result that could be induced by
the random process, we averaged the computation of the total radial force Fr

on a series of 10 random collections for each φm. Our numerical prediction
of a magnetic Janssen effect adapted to the mixture case with a randomized
positioning of the ferromagnetic particles appear in rather good agreement
with our experimental results. Nevertheless, up to a fraction of ferromagnetic
particles φm ≈ 0.5, the magnetic Janssen effect is really mild. Indeed, with
our experimental conditions, and the maximum mass (m0) of the packing we
can reach, we cannot really distinguish the prediction of the classical Janssen
approach and the one of our magnetic Janssen model. If numerically, one can
observe a systematic deviation and a decrease in the apparent mass of the
column when the fraction φm of ferromagnetic particles increases, up to φm ≈
0.5, such a mass difference is lower than the experimental dispersion and the
typical measurement error. Interestingly, at φm = 0.55, we observe a transition,
where the measured mass of the (highest) column is clearly smaller than
the values predicted by the Janssen model, in agreement with our numerical
prediction. Notice that our experiments at a given φm were performed only
once, and several realizations in the same conditions would be needed to clarify
such transition. To identify the origin of this transition we are going to examine
the internal structure of the packing, and specifically, the spatial distribution of
the ferromagnetic particles inside the packing.
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Figure 2.16: Apparent mass measurements as a function of the true mass of the packing
m0, for various ferromagnetic fraction φm. The higher the concentration,
the greater the magnetic Janssen effect, nevertheless one can notice a
transition for φm ≈ 0.5 below which the apparent mass curve follows the
classical Janssen prediction.
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Figure 2.17: (a) Size the biggest cluster normalized by the total number of ferromagnetic
particles in the packing, we observe a transition around φm = 0.4. (b) Clus-
ters representation inside the packing. The biggest cluster is represented
in blue while smaller clusters are represented in green, non-ferromagnetic
particles are not shown. We note that for φm = 0.3 this cluster is in contact
with the boundaries of the silo, but several smaller clusters remain not
connected.

Magnetic clusters

For each magnetic particle, we identify its magnetic neighbours in contact
(distance between the two particles lower or equal to 2a). As in percolation
description [65], we identify each cluster with its size s, and we compute the
associated number of clusters of this size ns. Figure (2.17.b) shows the size
s of this biggest ferromagnetic cluster present in the packing, normalized by
the total number of ferromagnetic particles Nm. One can observe that there
exists a clear transition around φm = 0.4− 0.5 where the packing consists of
one connected cluster containing all the ferromagnetic particles. Using this
description, the packing can be considered almost homogeneous if is made of
a unique cluster of connected ferromagnetic grains, meaning that the biggest
cluster of size max(s) is equal to the total number of ferromagnetic particles in
the packing φmN, with the presence of non-ferromagnetic defects.
Figure (2.17.b) gives a representation of the ferromagnetic particles distribution
inside the packing with, in blue the biggest ferromagnetic cluster, and in green
the particles not connected to this cluster. One can see that for ferromagnetic
concentration φm = 0.3, the biggest cluster is about the size of the packing
and touches the silo walls but does not contain all ferromagnetic particles. For
a ferromagnetic concentration of φm = 0.5, the packing consists of one big
connected ferromagnetic cluster with the presence of non-ferromagnetic defects.
We conclude that the connectivity of the ferromagnetic particles is the relevant
parameter for the magnetic Janssen effect to appear, with their connection to
the tube wall.
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Figure 2.18: Magnetic Janssen for a buffer distribution. (a) Buffer distribution char-
acterized by the buffer height hb. (b) Apparent mass of the packing for
different buffer height where the transition from magnetic Janssen to clas-
sical Janssen effects occurs at a packing mass m0 equals to the buffer mass.

Other intern structures of the ferromagnetic particles

We propose now to investigate specific spatial structures of the assembly of
ferromagnetic particles within the packing. Indeed, the positioning of ferro-
magnetic and non-ferromagnetic grains can be chosen wisely in order to affect
the apparent mass of the packing in a more controlled way than just a random
mixture.
We propose to study experimentally a "buffer" situation where all ferromagnetic
particles are placed at the bottom of the packing, as shown in figure (2.18.a),
characterized by the buffer height hb given in terms of grains radius a. The
experimental mass measurements are compared to the numerical solution in
figure (2.18.b) and are in good accordance. For a packing mass lower or equal to
the buffer mass, the apparent mass of the packing follows the magnetic Janssen
prediction. For a packing mass higher than this limit we observe a transition to
the classical Janssen prediction shifted by an offset corresponding to the global
radial force contribution of the magnetic buffer. For high packing mass, the
apparent mass of the column saturates as predicted by the classical Janssen
prediction, but the saturation mass is tuned by the buffer height:

m∞ = m0
∞ −

µ

g
Fr
(

hb
)

, (2.5)

where m0
∞ is the classical Janssen saturation mass depending only on the

geometry and density of the packing.
Finally, the numerical resolution allows us to study other spatial distribution

of the ferromagnetic and non-ferromagnetic particles within the packing not
yet experimentally investigated. Among others, we propose to study a radial
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Figure 2.19: Magnetic Janssen for a radial distribution. (a) Radial distribution charac-
terized by the ferromagnetic radius rm. (b) Apparent mass of the packing
for different ferromagnetic radius obtained by the numerical resolution.

arrangement of ferromagnetic particles, as shown in figure (2.19.a). All fer-
romagnetic particles are placed within a radius smaller than the tube radius
characterized by the ferromagnetic radius rm. The numerical results are shown
in figure (2.19.b) and as expected, the smaller the ferromagnetic radius, the
smaller the magnetic Janssen effect. Experimental study is expected in future
work where the preparation can be achieved using a double funnel filling of the
experiment. Experiments on the radial distribution of ferromagnetic particles
would let us conclude if their connectivity is the key parameter for the presence
of the magnetic Janssen effect over their contact with the tube wall.





3
P E R S P E C T I V E S O N M A G N E T I C G R A N U L A R M E D I U M
D Y N A M I C S

In this chapter we present preliminary results obtained during two distinct
experimental studies where we started to investigate the dynamical behaviour
of magnetic granular media. The observations are still under investigation but
already display interesting phenomena. First, we will discuss the dynamic
response of a ferromagnetic granular column when a periodic magnetic field is
applied. Second, we study the discharge of a silo filled with magnetic grains
and submitted to a magnetic field.

3.1 magnetic fatigue of the granular column
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Figure 3.1: The vertical magnetic field of amplitude Ψ = 35 is switched on and off
during an apparent mass measurement of a column of m0 = 60 g (piston
moving downward). The apparent mass jumps from the classical Janssen
prediction mJ = 37 g to a lower value m = 22 g predicted by our "magnetic
Janssen" model. When the magnetic field is turned-off again, the measured
apparent mass appears slightly higher than mJ .

To highlight the tunability of the magnetic Janssen effect, the magnetic field
was turned on and off during an apparent mass measurement. Here, we go
further by applying the same method periodically on the granular column.
Figure (3.1) displays an apparent mass measurement where the vertical mag-
netic field of maximum amplitude Ψ = 35 was turned on during the piston
movement and quickly (a few seconds later) turned off again. At first, the
apparent mass of the column of mass m0 = 60 g corresponds to Janssen pre-

41
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diction mJ = 37 g, followed by an abrupt decrease when the magnetic field
is turned on. The new apparent mass m = 22 g corresponds to our magnetic
Janssen prediction. One can note that the fluctuations on the measurement at
this point increases. An analysis of its spectrum did not reveal any predomi-
nant frequency. The magnetic field is turned off a few seconds later and the
apparent mass increases sharply. Interestingly, one can notice that the measured
apparent mass is now slightly higher than the classical Janssen prediction mJ . A
hysteresis seems to emerge when applying a magnetic field to the column. Such
observation led us to the following study, where we investigate the dynamic
response of the granular column when the magnetic field amplitude varies
periodically.

Aging of the granular column
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Figure 3.2: Typical aging of the granular column. The apparent mass measurement
is carried on after the Janssen apparent mass estimation when friction
forces are mobilized in the vertical direction (inset). The apparent mass of
the granular column keeps increasing once the piston stops its downward
movement.

Before going any further, we must describe the dynamics of the apparent
mass of the column without any magnetic field. The measurement of the
apparent mass of the column was carried out during a long period of time of
5000 s, and the results are shown in figure (3.2). As the onset displays, as a
first step we made an apparent mass measurement following the protocol to
measure properly the Janssen effect, by mobilizing vertically the friction along
the walls. The silo is filled with a fixed amount of grains m0 = 50 g and the
piston moves downward decreasing sharply the apparent mass of the column.
Once the piston stops its movement, the apparent mass of the column increases
slightly, due to the inertia of the grains. The apparent mass measurement
continues for a longer period and, as one can see, the apparent mass of the
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column increases slightly over time. We recall that during this period of time
the piston does not move, breaking Janssen hypothesis (i). This increase is
considered to be a natural aging of the column and could emerge from small
perturbation of temperature or vibrations. On a period of 5000 s, the apparent
mass rises from m = 21 g to m = 31 g at a roughly constant rate. For a short
period of time up to t = 400 s, due to the slow aging dynamics, the apparent
mass is almost constant. In this study, we focus on the fast magnetic fatigue
dynamics, of maximum a few minutes, so that our measurements should not
be impacted by the slow natural aging of the column.

Typical magnetic fatigue of the column
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Figure 3.3: Typical magnetic fatigue of a granular column of mass m0 = 60 g. The
apparent mass, in black, is measured during a Janssen effect experiment
followed by a oscillating magnetic field of amplitude A = 170 G and
frequency f = 0.1 Hz, shown in blue.

In figure (3.3) we show the apparent mass evolution when applying a sinu-
soidal magnetic field. As before, the apparent mass measurement is carried
on after the protocol to measure properly the Janssen effect (friction forces
mobilized in the vertical direction). A few seconds after the piston stopped
its movement, at t = t0, an oscillating magnetic field (applied vertically to
the column) is turned on, characterized by a sinus wave of frequency f and
amplitude A, B = A sin( f t). Interestingly, we observe that the apparent mass
at the bottom of the tube increases of around 5 g in about 200 s. During the
whole measurement, no change in the height of the packing has been measured,
leading us to the conclusion that the resulting behaviour of the packing is not a
compaction phenomenon in contrast to some results reported in the literature
(with temperature cycles or direct mechanical perturbation of the column [27,
29]). The friction forces between grains and the tube wall are not mobilized
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Figure 3.4: Apparent mass of the granular packing evolution for different frequency
oscillations.

in the vertical direction, as imposed by Janssen hypothesis (i), the packing
mass is less supported by the walls leading to an increase of the packing mass.
Moreover, as in the inset in figure (3.3) shows, the apparent mass increases
and decreases in phase with the magnetic field oscillations. The apparent mass
during a cycle is maximum when the magnetic Bond number Ψ is maximum,
and minimum when Ψ is. Again, the apparent mass measurement displays
strong fluctuations when the magnetic field is high. The origin of this noise
(suspected to be electronic) still needs to be addressed.

Magnetic response of the granular column for different magnetic field frequencies

We investigate here the magnetic fatigue of the granular column for different
frequencies of the magnetic field cycle. Figure (3.4) shows the apparent mass
measurement, focused on the fatigue process, t ≥ t0, for different magnetic
field frequency f = 0.01, 0.1, 1 Hz with a maximal magnetic field amplitude
Ψ = (χ2

m A2)/(µ0aρg) = 35. The maximum frequency imposed to the system
is set by the coil cut-off frequency given by fc = V/(2πLI), where V = 25 V
is the input voltage, I = 8 A the current and L ≈ 5× 10−2 H the inductance
of one coil, leading to a limit f ≈ 10 Hz. The apparent mass of the granular
column increases along the experiment and depends on the magnetic field
frequency f . In particular, we observe small oscillations of the apparent mass
signal, in phase with the oscillations of the magnetic field as presented before.
The increase the apparent mass with time is close to an exponential growth for
magnetic field frequencies f = 0.1, 1 Hz, saturating to a frequency-dependent
mass m∗( f ). To verify this point, longer experiments for low frequencies are
required. We must notice that the experimental data for f = 0.01 Hz were
carried on for longer time than the one displayed here where we focus only
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Figure 3.5: Magnetic fatigue of a granular packing for different frequency oscillations
plotted against the number of magnetic oscillation cycles n. The experi-
mental results are fitted by exponential laws (dashed lines). The fitting
parameters for the different frequencies are given in the opposite table.

on the fast magnetic fatigue dynamics. One may wonder if the increase of the
apparent mass is directly related to the number of magnetic field cycles n. In
figure (3.5) we display the same experimental results in terms of magnetic cycles
n. The apparent mass evolutions do not collapse on a single curve, and the
apparent mass evolution with the number of cycles depends on the magnetic
field frequency f . The experimental data points are fitted by the expression:

m = a− be−n/n∗( f ) , (3.1)

with n∗( f ) a characteristic number of cycles. The results of the fit are given in
figure (3.5). Regardless the frequency f , the two constants a and b are roughly
the same but depend strongly on the frequency f . For the lowest frequency
f = 0.01 Hz, the measurement was not carried-out for sufficient time, and is
certainly more sensitive to the natural aging of the granular column. From these
observations we propose the following empiric expression for the magnetic
fatigue:

m = m∗( f )(1− e−n/n∗( f )) . (3.2)

Magnetic response of the granular column for different magnetic field oscillations
amplitudes

We varied the oscillating magnetic field amplitude A, characterized by the
magnetic Bond number Ψ = (χ2

m A2)/(µ0aρg). In figure (3.6) we show the
magnetic fatigue process for different amplitudes while the frequency of the
magnetic field was kept constant f = 1 Hz. Without any magnetic field applied
to the packing, Ψ = 0, we retrieve a slight increase in the apparent mass due
to a natural aging of the packing. The experimental data curves are fitted
by the empiric expression (3.2) and the results are given in figure (3.6). An
increase in Ψ results in an increase of the apparent mass of the packing while
the characteristic time n∗ decreases. The empiric expression we found is the
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Figure 3.6: Apparent mass of the granular packing evolution for different amplitude of
the magnetic field.

result of preliminary magnetic fatigue experiments and can be summarized by
the expression:

m = m∗( f , Ψ)(1− e−n/n∗( f ,Ψ)) . (3.3)

Future work is intended to validate our first observations, as well as simula-
tions of a dynamic magnetic granular column.

3.2 discharge of a magnetic 2d-silo

In this section, we revisit the classical experiment investigating the discharge of
a 2D silo, filled with ferromagnetic grains and submitted to a constant magnetic
field. This study started with the co-supervision of Maud Viallet’s internship at
the Physics Laboratory at ENS de Lyon (May-July 2020).

Experimental set-up

Our experimental set-up, presented in figure (3.7.a), is composed of a 0.6 mm
gap Hele-Shaw cell filled with 2a = 0.5 mm diameter steel beads. The gap is
made out of two chambers separated by a 10a width opening with a 45 ◦ funnel.
The beads are arranged in a one-layer packing and the system is placed inside a
coil, wider than the cell, generating a magnetic field ~B normal to the cell plane.
In this case, the maximum angle between the magnetic field and a separation
vector ~rij between two particles i and j, shown in figure (3.7.b), is equal to
α = arccos(e/(2a)− 1) ≈ 78 ◦, meaning that the magnetic pair interactions are
always repulsive. Finally, the two-dimension arrangement of the packing allows
us to record the discharge of the silo with an high-speed camera (Phantom V10)
at 440 frames per second. A typical obtained image is shown in figure (3.7.c).
The cell starts with all the grains in the lower chamber and rotates to reach
the next vertical state when the magnetic field is turned on. The discharge
recording stops when the upper chamber is emptied and the magnetic field
turned off.
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Figure 3.7: Discharge of a magnetic 2D-silo. (a) Experimental apparatus where a 2D
hourglass is placed inside a coil generating an out of plane magnetic field.
(b) Typical image of the discharge, without any magnetic field, Ψ = 0.

Experimental results

We first simply measure the outgoing grains flow rate. To do so, we estimated
the temporal evolution of the number of particles in the lower chamber of the
hourglass, via the packing area, during the discharge. The results are shown
in figure (3.8.a) for different magnetic field strength. The number of particles
increases linearly with time, signature of a constant discharge in the bottom
chamber, from which we can estimate the flow rate shown in figure (3.8.b).
The discharging flow rate is decreasing with the increase of the magnetic field
amplitude following a linear tendency with Ψ1/2. This result appears different
from the measurement reported in [40], where the flow rate was linear with Ψ.
Nevertheless, we must highlight the fact that this previous study was performed
in a three-dimensional funnel suggesting a strong dependence on the geometry
of the silo, usually taken into account in the phenomenological Beverloo law
for non magnetic particles.

Upper chamber dynamics

The dynamics of the upper chamber is more complex. Indeed, as previously
shown in section 1.1, grains are flowing in an avalanche cone, highlighted by our
image analysis. During the discharge, we analysed the mean difference between
two successive frames and binarized the mean difference over all frames,
as shown in figure (3.9.b), where a typical cone opening angle θ emerges.
The opening angle dependence on the magnetic field strength is shown in
figure (3.9.c), getting narrower when increasing the magnetic field strength.
This result reminds us of the work of [37] during the discharge of grains
with electric interactions where stronger interactions resulted in a "rathole"
behaviour with cohesive walls shown in the first chapter figure (1.15).

Furthermore, huge density fluctuations, visible for stronger magnetic field,
take place in the upper chamber. An air bubble emerges at the opening neck
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Figure 3.8: Flow rate of the discharging magnetic silo. (a) Temporal evolution of the
number of particles in the lower chamber of the hourglass for different
magnetic field strength Ψ. (b) Flow rate measured as the slope of the linearly
increasing area of the bottom chamber.
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Figure 3.9: Discharge angle in the upper chamber. (a) Typical image of the magnetic silo
discharge. (b) Binarized mean over all frames of successive frame difference,
characterized by a cone flow of angle θ. (c) Evolution of the cone angle with
the magnetic field strength.
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Figure 3.10: Spatio-temporal maps of the density of grains in the upper chamber for
different magnetic field strength Ψ. The maps were obtained by averaging
the pixel in the greyscale window above the opening at each time step.
The white lines inside the granular packing correspond to the apparition
of air bubbles propagating from the neck to the free surface of the packing.



50 perspectives on magnetic granular medium dynamics

(a) t = 0.4 s (b) t = 0.6 s (c) t = 0.8 s (d) t = 1 s

Figure 3.11: Discharge of the silo with a flat opening for the highest magnetic field
amplitude Ψ = 62. The grains at the centre of the chamber do not move
and the granular flow stops after one second.

moving upward to the free surface of the packing, which then collapses. At
this point a new bubble emerges at the opening and the process repeats itself.
This phenomenon reminds us of the work of [21, 66] describing a "tickling
hourglass" where the flow stops until air percolates through the medium.
Nevertheless, in our case we already mentioned that the flow rate of grains in
the bottom chamber remains constant regardless the magnetic field amplitude
applied. This striking behaviour is closer to [67, 68] where density fluctuations
propagate through the granular medium. To quantify such density fluctuations
we computed spatio-temporal maps of the density in the hourglass top chamber
for different magnetic field strength. At each time step, we perform an average
over the greyscale values of the pixels of a window within the upper chamber
above the opening width as shown in figure (3.7.a). The results are shown
in figure (3.10). Without any magnetic field, Ψ = 0, the grains in the upper
chamber flow continuously. For an intermediate amplitude of applied magnetic
field, Ψ = 27, we can notice the emergence of irregularities in the packing with
the apparition of white lines, while the free surface of the packing continues
to flow continuously. Finally, for a high magnetic field strength, Ψ = 62, the
irregularities grow and the flow dynamics in the upper chamber becomes jerky
with a characteristic stair-like dynamics of the free surface accounting for its
successive collapses. Moreover, one can notice that the white lines inside the
packing are all parallels, suggesting that the density fluctuations move at a
constant speed regardless the packing height.

Flat silo experiment

We have also performed few experiments where we have modified the geometry
of the silo: instead of a 45° funnel forcing the silo discharge, the bottom of
the silo is now flat. Interestingly, we could observe a different dynamics of the
discharge. In particular, as shown in figure (3.11), for the highest magnetic field
amplitude Ψ = 62, the centre of the grains packing does not move while the
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grains at the side avalanche. The whole packing clogs and the flow is stop only
after one second. These preliminary observations will be addressed in future
work.





4
U N S TA B L E D R A I N A G E O F F R I C T I O N A L F L U I D I N A
C A P I L L A RY T U B E

In this chapter, we describe the bulldozing instability during the slow drainage
of a frictional fluid in a confined geometry. First, a frictional fluid composed of
grains and liquid is formed inside a capillary tube. When the liquid is slowly
drained out, the capillary forces at the liquid/air border bulldoze partly the
particles along the tube. Under certain conditions a granular plug clogging
the geometry is formed and leaves a plug trail along in its path. Second, the
liquid properties are varied to investigate the onset of the bulldozing, with
the apparition of a novel capillary washboarding instability. Finally, we give
preliminary results on the control of the bulldozing instability introducing
ferromagnetic pair-interactions inside the granular packing.

4.1 plugs formation
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Figure 4.1: Experimental set-up and filling procedure of a capillary tube with a mixture
of glass beads and water in order to prepare an uniform layer of beads
sedimented in the capillary. Two syringes one filled with the particles and
the other with the liquid inject the frictional fluid inside the capillary at a
constant injection rate I0. The inset gives the achieved amount of particles
inside the tube ε0 for the different injection rates.
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I1

Figure 4.2: Drainage of the frictional fluid out of the capillary tube. The syringe is
withdrawing liquid at a constant flow rate while the other side of the tube
is opened to air. During the drainage, the particles are bulldozed and may
clog the geometry and forms a plug trails along the tube.

Frictional fluids are, as we defined earlier, composed of a granular ma-
terial and a surrounding liquid. Typically, we use glass beads of density
ρ = 2× 103 kg ·m−3 while the typical liquid used in previous studies is water
[52, 57, 58]. In our study we will demonstrate that the liquid properties are
essential for the onset of the bulldozing mechanism. In all experiments, the
set-up remains the same and is presented in figure (4.1). The capillary tube is
of diameter D = 2 mm, length Ltube = 1 m, opened to air on one end and con-
nected to the filling syringes on the other side. The tube was made hydrophobic
in advance using a silanization solution (∼5% dimethyldichlorosilane in hep-
tane). One of the syringe, vertical, is filled with the grains and the liquid, the
grains are sedimenting by gravity at the opening of the capillary, while the
other syringe, horizontal, is filled only with the liquid. The liquid is injected in
the system at a constant flow rate I0, pushing the particles inside the capillary
and creating a uniform layer of beads at its bottom. Depending on the flow rate,
one can tune the amount of particles initially in the tube ε0, as presented in the
inset of figure (4.1). The model fitting our experimental results is presented in
appendix . We can estimate that the initial height of particles inside the tube
2ε0R is given by:

ε0 = ε∗0 − 3

√
I0

I∗
, (4.1)

with ε∗0 and I∗ characteristic amount of grains and filling rate, respectively.

bulldozing experimental set-up

Once the tube is partially filled, the flow of particles from the top syringe
is stopped, and the flow of liquid is reversed as shown in figure (4.2). The
withdrawing flow rate is constant I1 = 0.1 ml ·min−1, and low enough to
ensure no viscous effect as described in section 1.3. During the drainage, the
bulldozing front of particles may clog the geometry. Then, due to Janssen
friction forces between the grains and the capillary, the pressure needed to
push the grains increases exponentially with the length of the front. Once the
pressure needed to push the grains overcomes the capillary pressure threshold
at the liquid/air border, air percolates through the packing. The capillary
pressure threshold depends on the size and shape of the pores as well as on
the wettability of the medium. The air percolation results in the formation of a
plugs trail along the capillary as shown in figure (4.2).
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Index-matching experiment

We already discussed in section 1.3 the formation of plug patterns along the
tube resulting from the bulldozing instability. We propose here to highlight
the air percolation through the granular packing by using an index-matching
liquid. Our choice for both liquid and particles was influenced by [69]. We used
ammonium thiocyanate NH4SCn-water solution and borosilicate glass which
densities match the ones of water and glass. Moreover, the refractive index of
NH4SCn-water solution can be tuned by varying the mass concentration of the
solution (NH4SCn %w) and temperature to match the one of borosilicate as
shown in figure (4.3). A linear fit of the data obtained by [69] gives a weight
concentration NH4SCn%w ≈ 68% to match the refractive index n = 1.517 of
the borosilicate particles. A fine tune of the liquid temperature would lead to a
better adjustment of the liquid refractive index. Nevertheless, the already good
match of both indexes allows us to clearly see the air percolation through the
grains.
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Figure 4.3: Refractive index of NH4SCn - water mixture for different mass concentra-
tions, data from [69]. The dashed lines correspond to the refractive index of
borosilicate glass.

The experimental realizations were made with the previously discussed
experimental set-up where the liquid is a NH4SCn-H2O mixture and both the
glass beads and the capillary are made of borosilicate glass. We recorded the
plug formation along the tube and focused on the percolation event when the
pressure needed to push the bulldozing front overcomes the capillary pressure
threshold at the meniscus boundary. A typical example of the percolation
event is shown in figure (4.4). In this case, the particles blend visually in the
surrounding liquid while a mixture of air and particles appears in black. We
can see that air starts to percolate at the top of the packing before invading the
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Figure 4.4: Percolation of air inside the granular packing. (a) Experiments with a liquid
matching the refractive index of the particles. A mixture of air and particles
appears in black. (b) Geometry of air percolation at the particle scale.

rest of the granular medium. This result can be understood by the hydrostatic
pressure gradient occurring along the vertical direction. The capillary pressure
at position z (upward direction), is given by:

δpc(z) = δpc(z = D)− ρl g(D− z) , (4.2)

with ρl the liquid density and z ∈ [0, D] the vertical position inside the tube.
If we consider the granular packing to be roughly homogeneous in size a and
packing fraction φc, the capillary pressure threshold is constant at the meniscus.
Assuming no boundary effect, the capillary pressure is maximum at the top of
the tube and air starts to invade the medium there. Air percolates through the
grains until reaching the bottom of the tube. The meniscus continues then its
course along the tube by bulldozing new particles and leaving behind a plug
of grains, air and trapped liquid. We must note that the wetting properties of
the liquid are not controlled and the drainage of the frictional fluid is not as
clean as when using water. Such issue is evidenced by the observation of small
particles clusters left along the tube.

4.2 onset of the bulldozing

hθ

ξ
2R

2ε0R

Figure 4.5: Bulldozing onset. The liquid is slowly withdrawn out of the tube at a
constant flow rate. The meniscus at the air-liquid boundary can bulldoze
the particles resting in the sedimented layer of height 2ε0R, forming a
particles front of height h.
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We have described the mechanics of the bulldozing instability taking place
when particles immersed in a liquid are clogging a capillary tube. Nevertheless,
the conditions for which this instability takes place have not been studied in
detail, and thus are not clearly understood. This is actually the subject that we
propose to explore now, by notably changing systematically some properties of
the liquid, and specifically, its surface tension and contact angle with silanized
glass walls. We explore in this section the conditions for which the system
transit from a sedimented layer of beads at the bottom of the tube to the
bulldozing of the particles by the meniscus up to the clogging situation.

Varying the liquid properties
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Figure 4.6: Water-isopropanol liquid properties. (a) Drop shape experiment. (b) Surface
tension of the liquid measured via the drop-shape analysis for different
mass concentration of isopropanol. (c) Wetting angle measurement. (d)
Wetting angle ξ for different mass concentration of isopropanol.

In previous studies [52, 57, 58], when using water as the surrounding liq-
uid, the bulldozing instability was always occurring regardless the amount of
particles initially in the tube. Water has a quite large surface tension against
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air, γ = 71.97 mN ·m−1. We propose here to vary the liquid properties, by
mainly lowering its surface tension, to investigate if in these new conditions
the meniscus is able to push the particles all the way to the clogging situation
where h = 2R to initiate the bulldozing instability.
To lower the surface tension of the liquid without changing too much its density,
we use an isopropanol-water mixture where we varied the weight percentage
concentration of isopropanol, noted 2-propanol %w. For each prepared concen-
tration we measured both the surface tension γ and the wetting angle ξ of the
liquid with a silanized glass plate, to match the experimental conditions, using a
drop shape analyser (Kruss DSA24E). The images as well as the measurements
are shown in figure (4.6). The surface tension of the liquid drops rapidly while
adding isopropanol to water, and our measurements are in excellent accordance
with [70]. The drawback of using such liquid while keeping constant the tube
surface conditions is that the wetting properties are also changing drastically.
Indeed, the wetting angle of the solution with a silanized glass plate also drops
from ξ = 90 ◦ for pure water, the glass plate is hydrophobic, to ξ = 0 ◦ for pure
alcohol, the liquid is wetting the surface. To quantify the ability of the meniscus
to bulldoze an assembly of grains, we consider the geometry of figure (4.5) for
h = 2R. The bulldozing front is similar to a triangular frictional pad exerting a
friction force:

ffriction = 2µg
πR3

tan θ
∆ρ . (4.3)

The force exerted by the meniscus on the friction pad can be approximated by:

fmeniscus = 4γR sin ξ . (4.4)

Comparing both forces, we introduce the dimensionless number C:

C = 2γ tan θ sin ξ

µg∆ρπR2 . (4.5)

This dimensionless number ranges from C = 2.7 for pure water and C = 0.028
for pure isopropanol. The bulldozing mechanism, always occurring for pure
water, is then challenged by adding isopropanol to the solution.

Experimental results

Experimentally, we varied both the amount of isopropanol in the liquid and
the amount of particles initially in the tube of height 2ε0R.
Figure (4.7) shows some typical experimental observations for different iso-
propanol concentrations while keeping ε0 = 0.2 constant. We can observe three
different behaviours. For low concentration in isopropanol, i.e high surface
tension, the meniscus is able to bulldoze the particles up the way to the clog-
ging situation. For medium concentration, 2-propanol %w = 50, the meniscus
is bulldozing partially the particles but deforms itself until sliding over the
particles leaving behind a dune that does not fill the tube. For pure alcohol,
the meniscus does not bulldoze any particle and only slides over the bottom
layer of particles. Nevertheless, by increasing the amount of particles initially in
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Figure 4.7: Drainage experiment for different isopropanol concentration 2-propanol
%w and a fixed initial amount of particles ε0 = 0.2. For the case of dune
formation at 2-propanol %w = 50, the clogging regime is reached by in-
creasing the initial amount of particles ε0 = 0.2→ 0.5.

the tube for the same isopropanol concentration, one can trigger the clogging
situation as shown in figure (4.7).

(a) Plugs. 2-propanol %w = 0 and ε0 = 0.2.

(b) Dunes. 2-propanol %w = 25 and ε0 = 0.1.

(c) Stable layer. 2-propanol %w = 100 and ε0 = 0.5.

Figure 4.8: Different types of formation along the tube depending on the liquid proper-
ties and initial amount of particles.

The final patterns formed along the tube for the three different regimes are
summarized in figure (4.8). The particles clogging the capillary tube leads, as
described earlier, in the formation of a plugs trail along the tube. When the
meniscus bulldoze partly the particles, dunes are formed periodically along the
tube. At the extreme, when no particle is bulldozed at all, the meniscus slides
over the sedimented layer along the tube.

All experimental results are summarized in a phase diagram given in fig-
ure (4.9). We can distinguish a transition at 2-propanol %w = 75 where the
initial amount of particles needed to trigger the clogging situation increases
drastically, which seems related to the drop in wetting angle. For lower con-
centration a transition from dunes to plugs formation occurs by increasing the
initial amount of particles ε0.
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Figure 4.9: Phase diagram of the different patterns and process observed during the
drainage experiment. We varied both the isopropanol concentration and
initial filling fraction of the tube. In black, situations where the meniscus is
able to bulldoze the particles all the way to the clogging situation, initiating
the plug formation. In white, the meniscus does not bulldoze any particle
and slide over the sedimented layer. In blue, by a capillary washboarding
process, the meniscus is forming periodic dunes along the tube.

High amount of isopropanol

For large alcohol concentrations, the meniscus is not able to bulldoze any
particles. The transition is not understood at the moment. However, the surface
tension for 2-propanol %w ≥ 75 is almost constant while the wetting contact
angle decreases drastically. Future work is intended to explain the no-bulldozing
situation.

4.3 capillary washboarding

For lower alcohol concentrations (2-propanol %w ≤ 70), we see the formation
of dunes along the tube. This mechanism reminds us of the washboarding
instability where periodic dunes form at the top of a sand road from the
repeated passage of vehicles. Figure (4.10.a) gives a typical illustration of this
phenomenon. In the lab, similar results are obtained using a plow pushing
particles on top of a sand layer at constant velocity [72, 73] as shown in
figure (4.10.b). In our case of a meniscus bulldozing particles, the process
looks very similar. However, as opposed to an advancing plow, the meniscus is
deformable. Moreover, in the bulldozing experiment the meniscus is forming a
dune after only one passage as opposed to road washboarding appearing after
a series of plow passing.
In this section we investigate numerically the formation of dunes, which we have
decided to call by analogy "capillary washboarding". The complete sketch of the
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(a) (b)

Figure 4.10: Washboard instability. (a) Picture from [71]. Sand road washboarding from
the multiple passage of vehicles. (b) Sketch from [72]. Experimental set-up
for characterizing the washboarding instability. A plow is pushing grains
on top of a resting bed at constant velocity for different plow attack angles.

situation we are interested in is given in figure (4.11). Two main components
have to be simulated, the meniscus governed by capillary action, and the
granular pressure pushing on the meniscus.

Meniscus simulation

We describe firstly the meniscus in the absence of grains in the geometry. For
the capillary action, we propose to use the simulation proposed by [54], and
shown in figure (4.12). This kind of simulation was first proposed in 2D to
simulate the labyrinthine pattern obtained after the slow drainage of a frictional
fluid in a Hele-Shaw cell. In our case, we are adapting this simulation in the
vertical direction. The meniscus is simulated as a series of N points in the 2D-
space (x, z), initially vertical at x = 0. At each time step, the angle between two
successive points 2β is computed from their positions, as well as the separation
length li,i+1. The local curvature at each point is given by [54], and writes:

κi =
π − 2βi

li−1,i + li,i+1
, (4.6)

giving the local capillary pressure following the Young-Laplace equation:

∆P = γκ. (4.7)

The meniscus then moves where the local pressure is minimum, and the
corresponding point is moved along the local normal vector over a distance
δl as shown in figure (4.12.b). At this point the new βi(t + 1) and li(t + 1) are
computed and the process repeats itself. At each time step, we also add a point
every time the distance between two successive points is greater than a threshold
li,i+1 > lc, respecting the local curvature along the meniscus. Finally, we impose
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[ July 7, 2021 at 10:50 –]

Figure 4.11: Global sketch of our simulations. The meniscus is simulated by an assem-
bly of N points moving normally to the meniscus in contact with liquid,
and in the horizontal direction when in contact with particles. At each
time step we record the packing height h while the wetting conditions ξ
and the avalanche angle θ are kept constant.
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Figure 4.12: Meniscus simulation. (a) The meniscus is simulated as a point assembly
where the local curvature is computed using the local angle βi and points
distances li,i+1. (b) At each time step the point of lower local pressure
advances normal to the meniscus over a distance δl.

(b)(a)

[ June 17, 2021 at 12:32 –]

Figure 4.13: Comparison between an experimental meniscus (a) and simulated one (b).

the boundary conditions β1 = βN = (π− ξ)/2. A meniscus simulation, without
particles, is presented in figure (4.13), similar to a typical experimental picture.

Granular stress on the meniscus

To add particles to the simulated system, we have to consider the granular
stress exerted by each layer of grains on its corresponding meniscus plane. In
figure (4.14), we consider the layer i that we can divide in several zones, each
adding a force on the meniscus:

• the bulldozed part, in contact with the sedimented layer applying a force
fbull = µ cos2 θgMi

bull,

• the mass of the layer itself applying a friction force fMi = µgMi,
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Figure 4.14: Granular packing in the simulations. The pile is divided in several hor-
izontal layers of mass Mi in front of the meniscus planes. Each layer is
bulldozing a particle front of mass Mi

bull and a tilted mass Mi
contact is in

contact with the meniscus.

• the mass above the layer applying a friction force fabove = µg ∑k>i Mk,

• the mass in contact with the meniscus applying a friction force fD(αi) =

µD(αi)gMi
contact,

The latter being pushed by a tilted meniscus plane, the friction coefficient
will depend on the local angle of attack αi as suggested by [74] to model the
washboard instability [72, 73]. In figure (4.15.a), we represent the washboarding
situation where a triangular pile of grains is pushed by an inclined plane over
a granular bed. The pile is characterized by the angle of avalanche θ, the angle
of attack α and its mass M. The granular pile is exerting a drag force ~FD and a
lift force ~FL on the pushing plane, given by the associated friction coefficient
µD and µL:

FD = µD(α)Mg , FL = µL(α)Mg . (4.8)

Both friction coefficients depend on the angle of attack α, and experimental data
from [74] are shown in figure (4.15.b). At the moment, the direct dependence
of the friction coefficient on the angle of attack is not fully understood. We
propose to fit the experimental data by a power law µD,L = aD,LαbD,L , as shown
in figure (4.15.b). In our simulation, we use this power law fit to model the local
friction coefficient µD(αi) along the meniscus. We can note that both friction
coefficients can be linked together in an effective friction coefficient µeff ∈ [0, 1]:

FD = µeff(FL + Mg) , µeff =
µD(α)

1 + µL(α)
. (4.9)

Finally, the force applied on the meniscus at point i is then given by the
addition of all the individual friction forces exerted by the moving plow i that
we can summarize by:

σiδSi = fbull + fMi + fabove + fD(αi) , (4.10)

where δSi is the local surface of the meniscus plane and σi the granular stress
applied locally on the meniscus.
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Figure 4.15: Friction pad sliding over a granular bed. (a) Geometry of the pad pushed
by plane advancing at a constant velocity ~v with an angle of attack α. (b)
Data from [74]. Friction coefficients of the drag ~FD and lift ~FL forces.

The global picture of our simulation is given in figure (4.11). To close the
simulation, at each time step, the meniscus advances where the local pressure
δPi = γκi + σi + ρl g(2R− z) is minimum. At this point, the meniscus is ad-
vancing over a distance δl such that the withdrawn volume δV is constant,
respecting the experimental condition of a constant withdrawal rate. We finally
ensure mass conservation by adjusting the packing height h accordingly at each
time step.
During the simulation, the wetting angle ξ and avalanche angle θ are kept
constant.

Descent phase

θ

(b)(a)

[ July 19, 2021 at 9:17 –]

Figure 4.16: Descent phase of the meniscus. (a) Experiment where the meniscus de-
formed itself until becoming horizontal, the meniscus then plunge in the
bead layer. (b) Simulation of the descent phase: when the meniscus be-
comes has an angle of attack lower than 4◦ (in red), we force a plunge with
an angle θ.

While the meniscus is advancing inside the capillary, it may deform itself
until becoming flat with an angle of attack αi = 0. At this point i, we remark
in the experiments that the meniscus plunges in the sedimented layer while
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forming an angle θ, equals to the avalanche angle, with the horizontal. The
origin of this behaviour is still under investigation, but we believe that the
granular nature of the medium may explain it. Since the granular packing is
considered continuous in our simulations, we forced this descent plunge of the
meniscus each time the local attack angle α is lower than a given threshold of
αmin = 4◦.

Simulation results

n = 1000 n = 30000

n = 60000 n = 90000

Figure 4.17: Typical example of the capillary washboarding simulation at different time
steps n. 15% of isopropanol and initial amount of particles ε0 = 0.3.

n = 1000 n = 30000

n = 60000 n = 90000

Figure 4.18: Typical example of the capillary washboarding simulation at different time
steps n. 60% of isopropanol and initial amount of particles ε0 = 0.3.

In the simulation, we can tune both the wetting angle ξ, the liquid-air surface
tension γ and the initial amount of particles ε0. Figure (4.17) gives the simulated
meniscus at different time steps n for ε0 = 0.3 and liquid properties matching
a 15% isopropanol solution. The meniscus, initially vertical on the right side,
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firstly deforms itself according to the capillary pressure. In this case, both the
wetting angle ξ and surface tension γ are high, and the meniscus is able to
bulldoze the particles up to the top of the capillary. Figure (4.18) gives the
simulated meniscus at different time steps n for ε0 = 0.3 and liquid properties
matching a 60% isopropanol solution. In this case, the meniscus deforms itself
as the particles height increases and so does the granular stress. The meniscus
is weaker and tends to stretch horizontally until not being able to bulldoze the
particles anymore entering the descent phase described earlier, leaving behind
a typical dune.
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Figure 4.19: (a) Simulation phase diagram of the different bulldozing mechanisms
depending on the solution concentration in alcohol and initial height of
particles. (b) Experimental phase diagram following the same tendency on
the different parameters.
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Figure 4.20: Simulation phase diagram varying the liquid properties γ, ξ while keeping
the initial amount of particles constant ε0 = 0.3.
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As in the experiments, we propose to summarize the simulation results in
a phase diagram given in figure (4.19.a). These results have to be compared
to the experimental results shown in figure (4.19.b). We note two different
regions corresponding to either the formation of plugs (the particles height
h reaches the tube diameter) or the capillary washboarding situation where
the final result consists of a series of periodic dunes along the capillary. The
simulations phase diagram matches nicely the experimental data regardless
the simplified 2D geometry considered in the simulations. We also retrieve the
same conditions where the plugs formation appears if the amount of water or
the initial amount of particles ε0 are high enough.
Unlike the experiments, the meniscus simulations allow us to vary indepen-
dently the surface tension γ and wetting angle ξ. We summarize the results in
a phase diagram in figure (4.20) where the initial amount of particles is fixed at
ε0 = 0.3. As predicted, for high enough surface tension or wetting angle, the
system transits to the formation of plugs. We note that both liquid parameters
(surface tension, wetting angle) are relevant for the bulldozing mechanism.

Figure 4.21: Simulated results along the capillary for 60% isopropanol solution and
initial amount of particles ε0 = 0.3.

Finally, we give in figure (4.21) the final pattern obtained for a 60% iso-
propanol solution and initial amount of particles ε0 = 0.3. The particles layer
is deformed into a series of periodic dunes similar to the washboard road
experiments. Future experimental work is planned to obtain the characteristic
properties of the formed patterns (amplitude, wavelength).

4.4 ferromagnetic triggering

(a)

(b)

~B ↑

[ June 17, 2021 at 14:29 –]

Figure 4.22: Ferromagnetic triggering of the bulldozing mechanism ε0 = 0.2, φm = 0.5.
(a) No magnetic field applied, no bulldozing mechanism and the bed layer
is at rest. (b) A vertical magnetic field is applied on the right side of the
tube (blue zone). The bulldozing mechanism is triggered and carries on
after the magnetic field is turned-off.
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Finally, in an upcoming study, we propose to modify the plug pattern along
the capillary by modifying its key mechanism, the Janssen effect, which tun-
ability has been demonstrated earlier by the introduction of ferromagnetic pair
interactions between the grains. However, one final step towards the magnetic
bulldozing experiment needs to be addressed. Ferromagnetic grains are usually
made of steel, a far heavier material than the glass beads used so far, ques-
tioning the onset the bulldozing instability. Indeed, for such heavy beads, the
meniscus is not able to bulldoze the particles and will slide over the particles
bed resting at the bottom of the capillary. We have demonstrated that increasing
the liquid surface tension would trigger the instability, however we propose
here another solution based on the magnetic properties of the material.
We propose here to initially fill the tube with both steel and glass beads via
two distinct syringes, using the same filling protocol as shown in figure (4.1).
The steel beads are injected first inside the tube at a constant flow rate Isteel,
followed by glass beads at another flow rate Iglass � Iferro, allowing a fine tune
of both the initial filling fraction ε0 and the ferromagnetic concentration φm.
Withdrawing the liquid out of the tube as done before does not result in the
onset of the bulldozing as expected and shown in figure (4.22.a). However,
if we apply a vertical magnetic field at the right-hand side of the capillary,
the process is triggered and the meniscus bulldozes part of the sedimented
particles. The most important result here, is that even after turning off the
magnetic field, as shown in figure (4.22.b), the bulldozing process carries on
and the plug formation occurs along the tube. To apprehend this fact, we must
remember that as soon as the particles layer reaches the top of the tube, h = 2R,
the system enters a competition between the granular stress needed to push the
plug forward and the minimum pore pressure for air to percolate the medium.
The latter being not dependent on the particles density, the meniscus continues
to bulldoze particles until a plug is formed and so on.
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Throughout this study, we have revisited experimentally some classic effects
characterizing the mechanical properties of confined granular media with the
introduction of ferromagnetic pair interactions between the grains, resulting in
new surprising behaviours.
The Janssen effect in ferromagnetic granular columns can be tuned with the
direction and amplitude of an external magnetic field. In some preliminary, but
particularly interesting experiments, we were able to tune the discharging rate
of a silo and highlighted the presence of huge density fluctuations inside the
packing. We also investigated in preliminary work the magnetic fatigue of the
granular column.
We have also studied a frictional fluid system called the bulldozing experiment
where particles, sedimented in a capillary, are carried away by an advancing
meniscus. First, we could identify the key mechanisms for the onset of the
bulldozing highlighting the emergence of a novel instability, the capillary
wahsboarding. Finally, using ferromagnetic particles we demonstrated the
possibility to trigger/force the bulldozing process. Because everything must
have an end, we did not have time yet to investigate further the formation of
plugs. Nevertheless, we can anticipate that applying a magnetic field, either
vertical or horizontal, along the tube will result in the tunability of the Janssen
effect and therefore a change of the plug characteristic sizes.
Future work on the magnetic fatigue of the granular column are intended
to characterize fully the observed phenomenon. We also intend to analyse in
details the discharge of the 2D magnetic silo to apprehend the dynamics of
magnetic granular media. Finally, our use of index-matching liquid during the
drainage of a frictional fluid highlighted the air invasion in the granular packing.
This preliminary observation will lead in future work to the apprehension of
the plug formation and mostly their typical length.
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Figure A.1: Schematic of the plug during the bulldozing experiment.

We propose here to express the pressure needed to push a plug of grains
bulldozing a sedimented layer, as shown in figure (A.1).
Since the plug is composed of a confined granular material, Janssen redirection
of stresses occurs σx = κσr. Moreover, the plug moving in the horizontal direc-
tion, we can assume that all friction forces at the capillary wall are mobilised
in the horizontal direction τ = µσr. Finally, we make the same assumption
as Janssen and consider that the horizontal stress σx is homogeneous in the
radial direction r. Note that this assumption is strong in this case due to gravity
perpendicular to the x direction. All three assumptions lead to τ = µκσz.
Considering the apparent density of the plug with a random close packing
fraction φc ≈ 0.64, the weight of the plug acts as a friction pad and the pressure
exerted on the capillary wall σw is given by;

σw(x) = µ

(
κσxx(x) + φc∆ρg

D
4

)
. (A.1)

A force equilibrium in the horizontal direction x gives:

π
D2

4
(

σx|x+dx − σx|x
)
+ πDdxσw = 0 (A.2)

that, when divided by the infinitesimal slice width dx, leads to the differential
equation;

dσx(x)
dx

+
4µκ

D
σx(x) + µφc∆ρg = 0, (A.3)

This equation, similar to the one obtained in the Janssen prediction, has the
following solution:

σx(x) = A exp(−4µκx/D)− φc∆ρgD/(4κ), (A.4)

with A a pre-factor determined later.
Ahead of the advancing plug, we can differentiate two granular zones, (0)
where the advancing front, making an angle θ with the horizontal, bulldozes
the particles in the deposit layer of height ε0D, (1) where the particles in the
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deposit layer are resting on the bulldozing area (0). The first zone bulldozing
the sedimented layer can be approximated by a semi-cylinder of weight:

W0 =
1
2

(
π

D2

4
D

tan θ

)
φc∆ρ, (A.5)

The bulldozed sedimented layer correspond to a partially filled half-cylinder of
weight:

W1 =
1
2

(
1
4

arccos (1− 2ε0)−
√

ε0 − ε2
0

(
1
2
− ε0

))
D3

tan θ
φc∆ρ (A.6)

=
1
2

f (ε0)
D3

tan θ
φc∆ρ (A.7)

The bulldozing zone (0) is sliding on the capillary, resulting in a frictional force
f0 = µgW0, while the laying zone (1) is creating an additional friction stress
on zone (0) supposed with the same friction coefficient µ, which projected on
the horizontal direction is given by f1 = µg cos θW1. Both forces lead to a stress
limit at x = Lplug:

σfront = µg (W0 + cos θW1)
4

πD2 (A.8)

=
2µgDφc∆ρ

π tan θ

(π

4
+ cos θ f (ε0)

)
(A.9)

By equalizing both equations (A.4) for x = Lplug and (A.9), we otain an
expression for the pre-factor A:

A = σ0(φ, µ, κ) exp
(
4µκLplug /D

)
, (A.10)

with

σ0(ε0, µ, κ) = φc∆ρgD
[

1
4κ

+
2µ

π tan θ

(π

4
+ cos θ f (ε0)

)]
(A.11)

The pressure exerted by the plug at x = 0 is then given by:

P
(

Lplug
)
≈ σ0(ε0, µ, κ) exp

(
4µκLplug/D

)
− φc∆ρgD/(4κ). (A.12)

Finally, by taking typical values for µ ≈ 0.5, κ ≈ 0.6, Lplug ≈ 3D, we can
compare both terms in equation (A.12):

σ0(ε0, µ, κ) exp
(
4µκLplug/D

)

φc∆ρgD/(4κ)
≈ exp

(
4µκLplug/D

)
≈ 36� 1. (A.13)

To conclude, the pressure required to displace the granular plug writes:

P
(

Lplug
)
≈ σ0(ε0, µ, κ) exp

(
4µκLplug/D

)
. (A.14)
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C A P I L L A RY F I L L I N G

We propose here to rationalize the filling of particles inside the capillary given
in figure (4.1). To do so, we consider the geometry given in figure (B.1) and use
the Shields parameter presented in section 1.3 that we recall here:

Θ =
τ f

∆ρgd
, (B.1)

where the transport of particles occurs when Θ = 2µ/9, with µ the particles’
friction coefficient.
In this geometry, we assume that the liquid flows in a restricted capillary of
diameter (1 − ε0)D. The velocity profile of the liquid is then given by the
Hagen-Poiseuille flows [75]:

u = umax

(
1−

(
2y

(1− ε0)D

)2
)

, (B.2)

where in our case of a constant flow rate of liquid I0 injected in the tube,
umax = 4I0/(πD2(1− ε0)2). Finally, the shear stress used in the definition of
the Shields parameter is given by:

τ f = η
du
dy

= −4ηumax
y

(1− ε0)2D2 , (B.3)

with η the fluid dynamic viscosity.
To determine the limit ε0 reached for a given filling rate I0, we suppose that
the sedimented layer of particles is stable if a particle placed on its top at

ε0D

D

y
(1 − ε0)D

(b)(a)

[ June 15, 2021 at 10:40 –]

Figure B.1: Partially filled tube geometry. (a) Side view. (b) Front View.
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Figure B.2: Height of sedimented layer injected in the tube dependence on the injection
rate I0.

y = −(1− ε0)D/2 + a is carried away by the fluid.
First, we express the shear stress exerted on this particle:

τ f = 4ηumax
1

(1− ε0)2D2

(
(1− ε0)D

2
− a
)
≈ 2ηumax

(1− ε0)D
, (B.4)

where we neglected the second term since a/D ≈ 0.05 in our experiments.
The Shields criterion finally writes:

2µ

9
∆ρg2a = η

8I0

πD3(1− ε0)3 , (B.5)

(1− ε0)
3 =

18η I0

πD3µ∆ρga
. (B.6)

The filling fraction ε0 reached for a given injection rate I0 of the liquid is then
given by ε0 = 1− 3

√
I0/I∗ with:

I∗ =
πD3µ∆ρga

18η
. (B.7)

With our experimental values, we find I∗ = 34 ml ·min−1 to be compared with
the experimental values, as shown in figure (B.2). Our prediction is slightly over
the experimental results, which is not surprising regarding our assumptions,
mainly about the geometry of the partially filled tube shown in figure (B.1.b).
We propose to correct our prediction by fitting our experimental results by the
law:

ε0 = 1− 3
√

I0/I∗, (B.8)

giving I∗ = 200 ml ·min−1.
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Magnetic Janssen effect
L. Thorens 1,2, K. J. Måløy 2, M. Bourgoin 1 & S. Santucci 1,3✉

A pile of grains, even when at rest in a silo, can display fascinating properties. One of the

most celebrated is the Janssen effect, named after the pioneering engineer who explained the

pressure saturation at the bottom of a container filled with corn. This surprising behavior

arises because of frictional interactions between the grains through a disordered network of

contacts, and the vessel lateral walls, which partially support the weight of the column,

decreasing its apparent mass. Here, we demonstrate control over frictional interactions using

ferromagnetic grains and an external magnetic field. We show that the anisotropic pairwise

interactions between magnetized grains result in a radial force along the walls, whose

amplitude and direction is fully determined by the applied magnetic field. Such magnetic

Janssen effect allows for the fine tuning of the granular column apparent mass. Our findings

pave the way towards the design of functional jammed materials in confined geometries, via a

further control of both their static and dynamic properties.
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Granular media are ubiquitous in everyday life, in both
natural and man-made systems. Their handling is of
prime importance for a wide range of major industrial

sectors, from civil engineering, to mining, agriculture, food,
chemical and pharmaceutical industries. Around 40 billion of
tonnes of sand and gravels are extracted every year for the
building industry, while 2.5 billion of tonnes of iron ores and
more than 2 billion of tonnes of cereals are produced annually1.
These colossal quantities which keep on increasing with dramatic
environmental consequences explain why granular matter
appears as the second most manipulated material after water2.
Even the smallest improvement in our understanding of parti-
culate materials may have profound economic and societal
impacts. However, granular media still confront engineers and
physicists with challenging fundamental questions, which over
the last decades has triggered an upsurge of studies within a very
active research community2–6. They can display unusual physical
properties, common to a wide range of amorphous materials,
such as foams, emulsions and gels. These Soft Jammed Materials
exhibit a peculiar dual mechanical behavior arising from their
complex disordered microstructure: they behave as solids at rest,
while they unjam and flow like liquids above a critical yield
stress6–9.

Here, we focus on the simplest static configuration, commonly
encountered in our daily lives: a container filled with a granular
assembly up to a given height. For sufficiently tall column
(higher than the vessel diameter), the pressure at its bottom
saturates at a value much smaller than the hydrostatic pressure
that one would measure for a Newtonian liquid column. In order
to understand and avoid the failure of silos, which is still an
industrial problem nowadays, Janssen proposed in a seminal
work10 a simple continuum phenomenology to explain this
puzzling behavior. His model relies on three hypothesis, (i)
within the grains packing, the vertical stresses σz are redis-
tributed proportionally to the horizontal ones, σr= kσz, with a
phenomenological constant k (ii) the frictional contact forces Fz
between the particles and the walls are at their Coulomb
threshold, Fz= μFr with μ the friction coefficient between the
grains and the wall, and (iii) the grain assembly is considered as
a continuous medium. These assumptions lead to the descrip-
tion of a mass screening: the apparent mass mJ ¼ m1½1�
expð�m0=m1Þ� saturates exponentially at a value m∞= (λ/h)m0,
with the characteristic length scale λ= 2R/(4μk), 2R being the
silo diameter, and m0 the total mass of grains. Despite some
criticisms and refinements5,9,11–14, Janssen’s approach has
become a “classic”, and its predictions have been shown to
accurately describe experimental data, as long as the packing
preparation leads to a full mobilization of the frictional forces
along the container wall.

We propose here to revisit this classic problem by extending
it to the case of ferromagnetic particles. One can then easily
control and tune the interactions between the grains of the
packing (using an external magnetic field), in contrast for
instance to the influence of the particles shape and roughness
on the frictional properties15,16, or to the cohesive forces
induced by capillary bridges in a humid environment17–21, or
by the occurrence of triboelectric charges22,23, which are all
much more difficult to control. Similar systems have already
been used to modify the packing fraction and repose angle of a
granular pile24–28, as well as its flowing behavior in a silo or in a
rotating drum27,29. When applying an external magnetic field
B, ferromagnetic particles acquire a magnetization with a
dipolar moment d= Vχm/μ0B, with V the volume of the grain,
μ0 the magnetic permeability of vacuum and χm the volume
susceptibility of the grain. Therefore, each particle i of the
packing will interact with any other particle j via the dipole-

dipole interactions30:

f ij ¼
3μ0
4πr5ij

d2 1� 5cos2α
� �

rij þ 2drijd cos α
� �

; ð1Þ

with the interaction potential, Uij ¼ μ0d
2

4πr3ij
ð1� 3 cos2 αÞ, where α

is the angle between the applied magnetic field and the
separation vector ri j between grains i and j. Interestingly, as
illustrated on Fig. 1a, the induced magnetic dipolar pair inter-
action displays an anisotropic multi-polar field, either repulsive
or attractive depending on the relative position of the grains,
and the applied magnetic field direction. The dimensionless
number that compares the strength of the magnetic interactions
with the weight of the grains Ψ ¼ χ2mB0

2

μ0aρg
, with χm the magnetic

susceptibility (ceiling at 3 for spherical grains assembly31),
quantifies the involved interactions28,32.

Results
Two series of measurements were performed with a vertical and a
horizontal magnetic field. Figure 2a, b show the apparent measured
mass as a function of the actual total mass of poured grains m0 for
various amplitude B0 of the applied field, quantified by the para-
meter Ψ, which in our experiments ranges from 1.5 to ~35. First,
without any magnetic field applied, Ψ= 0, we retrieve the typical
exponential saturation of the measured mass predicted by
Janssen10. Fitting our experimental data in the absence of magnetic
field by Janssen’ expression ofmJ, with the saturation massm∞ as a
single free parameter, we obtain m∞= 48 g, characteristic of our

B ↑ B →

35◦

θ
d

d

B ↑

rij

Fig. 1 Experimental setup. a Anisotropic magnetic dipolar interaction
between two ferromagnetic particles subjected to the magnetic field
B. b Ferromagnetic particles fill a cylindrical tube and rest on a piston
fixed to a force sensor. This piston can be displaced vertically thanks to
a motorized translation stage. c, d The column is placed between two
magnetic coils mounted in a Helmoltz vertical or horizontal configuration
to create a uniform magnetic field.
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granular column. This fit is provided in Supplementary Informa-
tion. We observe a deviation from Janssen’s prediction as soon as a
magnetic field is applied to the granular column. This is particu-
larly evident for a vertical field and tall columns for which we
observe a decrease of the packing apparent mass, as the amplitude
of the magnetic field is increased. For small applied amplitudes the
measured mass is still well described by Janssen’s model, although
with a decreasing saturating mass m∞ and thus a larger phenom-
enological constant k, quantifying the radial redistribution of ver-
tical stresses within the packing. For high amplitudes of the
magnetic field, a striking more is less effect is observed. For tall
columns, adding more grains lowers the measured mass!

The impact of a horizontal magnetic field on the apparent mass
of the packing is less pronounced, although we can still observe a
small but systematic increase of the measured mass for tall col-
umns with Ψ. This could be interpreted, within the Janssen
approach, as a reduction of the radial redistribution of stresses.

These results may appear counter-intuitive. Indeed, one may
expect particles to reorganize, tending to align and form chains in
the direction of the applied field. This would potentially increase
the force on the lateral walls for horizontal fields, while increasing
the vertical force and the apparent mass for a vertical applied
field. However, using a transparent glass tube we detected no such
rearrangement nor motion of the particles .

In order to analyze more deeply the deviations between our
measurements and the classical Janssen prediction, we show in
Fig. 2c the mass difference m−mJ for a series of experiments
performed at the maximum amplitude of the magnetic field Ψ=
35. Interestingly, while we clearly observe again the strong

deviation to the classical exponential saturation for tall columns,
with a lower (resp. larger) apparent mass for a vertical (resp.
horizontal) magnetic field direction, we notice another striking
behavior, where the effect reverses, for rather short granular
columns, with a mass m0≲ 30 g, corresponding to a height
typically smaller than the silo diameter. Indeed, when applying a
vertical magnetic field to short columns, we observe an overshoot,
where the measured mass appears slightly larger (peaking at
30–40% of m0 for the highest values of magnetic field we
explored) than the actual mass of the packing. This can be seen in
Fig. 2d, where the apparent mass m is renormalized by the actual
mass of the packing m0, with the magnetic field fixed at its
maximum amplitude. Such a puzzling magnetic reverse Janssen
effect is reminiscent of recently reported results33, where a deli-
cate sequential filling protocol of a narrow container leads to the
emergence of compressional frictional forces with conventional
(non magnetic) beads. The present study goes beyond this, by
indicating the possibility to control the reverse Janssen phe-
nomenon, without requiring any specific filling protocol34,35, via
tunable particle-particle magnetic interactions. With horizontal
magnetic fields, for short columns, we instead obtain an under-
shoot, with an apparent mass smaller than the actual mass of the
packing. Our results and more specifically our model (described
below) suggest that this overshoot presents a maximum, which
occurs for a column height of only a few particle diameters. The
high density of the ferromagnetic particles renders a thorough
study difficult. In contrast, the reverse Janssen effect reported in33

with less dense particles, is found maximum for columns heights
exceeding ten particle diameters. These observations suggest
interesting strategies to potentially finely tune this reverse effect,
by investigating the combined role of the applied field, the tube to
particle diameter and the particles density.

Model. To rationalize our measurements, we first need to con-
sider all the pairwise dipole-dipole interactions within the ferro-
magnetic granular packing. For a given particle j, f βj , with β= r, θ,
z, gives respectively the radial, azimuthal and vertical components
of the magnetic force resulting from its dipolar interaction with
all the other particles. The components of the total net force
associated with the magnetic effects on the whole packing, of
height h, are given by FβðhÞ ¼ ∑if

β
i , where the sum is taken over

all the particles of the packing. Due to the cylindrical symmetry of
the set-up, f θj = 0, so that there is no net azimuthal force. For the
vertical component, the mirror symmetry of the system with
respect to the mid-plane (z= h/2) means that contributions of
two symmetric particles j and j0 compensate each other
(f zj ¼ �f zj0 ) and have a zero net effect on the global force. Thus,
magnetic interactions do not add any global net vertical force on
the packing. The only global effect of magnetic interactions on the
packing is on the radial component. Such radial effects can be
anticipated to be maximal near the walls of the container. Indeed,
for a particle j placed along the symmetry axis of the container
(rj= 0), symmetry constraints impose that f rj ¼ 0, as radial
magnetic pair interactions of a particle on the axis with its
symmetric neighbors average to zero. Conversely, if the particle j
is off-axis, a radial net force f rj emerges due to the symmetry
breaking related to the finite-size of the silo, as illustrated in
Fig. 3a.

Those magnetic interactions can be computed numerically
using Eq. (1) and the positions of particles within a packing
generated by a Discrete Element Method simulation36,37.
Figure 3b shows a typical spatial (r,z) map of the radial
component of the magnetic force (averaged over the angular
coordinate θ), for a 10 cm high column, under a vertical applied

Fig. 2 Apparent mass measurements and predictions. a, b Mass
measurement of the bead packing for different field intensity, characterized
by Ψ, and direction. The gray line corresponds to the hydrostatic limit. For a
field amplitude Ψ= 35, c gives the difference between the mass
measurement and Janssen prediction mJ; while d displays the mass
measurement renormalized by the true mass of the column m0, the gray
line corresponds to the hydrostatic limit, m=m0. Our theoretical model
(points reported on the various panels) reproduces quantitatively our
experimental measurements (square symbols).
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field (Ψ= 35). In this case, we observe that the magnetic pair
interactions result in a radial repulsive force concentrated at the
walls. Furthermore, this radial force appears constant along the
vertical position z, independent of the column height, except at
the top and bottom due to the edge effect (see Supplementary
Material for more details). As a result, for sufficiently tall columns
h > 2R, we expect a linear dependence of the global radial force Fr

with the packing mass m0, as observed in Fig. 3c. For short
columns h < 2R, corresponding to a packing massm0 smaller than
30 g, edges effects are dominant. Nevertheless, for this case of a
vertical magnetic field, the magnetic interactions are found to be
mostly attractive (see Fig. S6 in Supplementary Material),
resulting in a negative global radial force Fr. Repulsive and
attractive magnetic interactions compensate and cancel out for a
column height around h= 2R.

Finally, we follow Janssen’s approach in order to estimate the
contribution of this radial force to the effective mass of the
packing. We consider the granular packing as a cohesive
continuous medium, and the particles wall contacts at the
Coulomb limit, such that the radial net magnetic force Fr(h) can
be associated to a global vertical contribution to the pressure

measured at the bottom of the silo, F(h)=− μFr(h). The minus
sign accounts for the fact that a positive (outwards) radial
contribution corresponds to a stronger force supported by the
walls, hence reducing the apparent mass of the column. Such
“magnetic Janssen effect” can therefore be either compressive or
tensile depending on the sign of Fr, leading to a tunable
–enhanced or hindered– apparent mass of the ferromagnetic
packing, m ¼ mJ � μ

g F
rðhÞ.

Computing the global radial force Fr(h) for various packing
heights, the resulting predicted apparent mass is displayed in
Fig. 3c, d (blue curve), for a vertical and horizontal magnetic field
(of a fixed amplitude, Ψ= 35 and a friction coefficient μ= 0.40 ±
0.05) as a function of the actual granular mass. The contribution
from the classical Janssen effect and the additional magnetic effect
are also shown. Figure 2 demonstrates that our theoretical
approach reproduces quantitatively all the experimental measure-
ments, without any adjustable parameter.

Discussion
Importantly, our model predicts that for sufficiently tall columns
(typically taller than the silo diameter), the magnetic contribution
to the apparent mass evolves linearly with the actual added mass
mo. In particular, when a vertical field is applied, the apparent
mass decreases linearly with mo, pointing towards the existence of
an invisibility threshold corresponding to a critical total mass
mc

0ðB0Þ (dependent on the applied field amplitude) above which
the apparent mass vanishes and the column becomes undetect-
able at the bottom of the silo. Alternatively, for a given total mass
m0, invisibility can be reached by adjusting the amplitude of the
magnetic field above a critical amplitude B0

cðm0Þ.
Figure 4a shows how this invisibility threshold mc

0, computed
numerically, evolves with the amplitude of the magnetic field,
given by the dimensionless number Ψ. We observe that this cri-
tical mass mc

0 decreases as a power-law with Ψ, mc
0 / Ψ�1, with

an exponential cut-off at large magnetic field (corresponding also
to small granular columns).

We can furthermore predict such scaling behavior, following
our derived expression of the apparent mass of the ferromagnetic
granular column, with a given applied field,

m ¼ mJ �
μ

g
Frðmc

0;ΨÞ ¼ 0 ð2Þ

The total radial magnetic force Fr is directly proportional to the
magnetic field strength dimensionless number Ψ. Furthermore, as
already mentioned, this magnetic force increases linearly with m0,
Fr / ðm0 �m2R

0 Þ, where m2R
0 ’ 30 g the actual mass of the

granular column of height h= 2R, the silo diameter (see Fig. S6 in
Supplementary Material). Considering tall columns (h >> 2R), the
Janssen mass has reached its saturation value, mJ≃m∞, and the
actual mass of the packing m0 is thus larger than m2R

0 , such that,
Frðmc

0;ΨÞ / ðmc
0 �m2R

0 ÞΨ ’ mc
0Ψ. We therefore obtain the fol-

lowing scaling for this critical mass, mc
0 / m1

g
μΨ

�1, in excellent
agreement with our numerical computation.

The predicted values of this critical mass mc
0 are beyond the

experimentally reachable ones, set by the limits of our current set-
up: the maximum intensity of the external magnetic field
Bmax ’ 170 G, (leading to Ψ≃ 35) is fixed by the maximum
electrical power that the coils can handle, while granular columns
taller than hmax ’ 10 cm , (which corresponds to a mass around
150 g) experience inhomogeneous applied field. These experi-
mental limitations are displayed on the Fig. 4a, b. Nevertheless,
Fig. 4 a shows that the invisibility condition (Ψ ’ 35;mc

0 ’ 250
g) is not so far from the experimental limits of our apparatus. We
have therefore performed a single apparent mass measurement
for a very tall column (hmax ’ 15 cm ) corresponding to an actual

Fig. 3 Magnetic Janssen effect model. a The magnetic force on a particle
within the packing, but off-the vertical axis, induced by neighboring ones (in
dark gray), is non-zero and along the radial direction, due to the tube finite-
size, and the non-compensation of the forces from the missing particles (in
white). For a vertical magnetic field, the resulting radial force is repulsive (red
arrow), as confirmed by the right panel. b Numerical computation of a spatial
(r,z) map of the magnetic pair-interaction radial component (averaged over
the coordinate θ) for a 10 cm column, submitted to a magnetic field of Ψ=
35. Model curves for each direction of the magnetic field (c vertical, d
horizontal). The light gray line shows Janssen prediction; the black squares
line is the result of the computed magnetic mass loss μFr/g; the blue circles
line (difference of both curves) gives the predicted apparent mass of the
column.

ARTICLE NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-021-22722-y

4 NATURE COMMUNICATIONS |         (2021) 12:2486 | https://doi.org/10.1038/s41467-021-22722-y | www.nature.com/naturecommunications



mass around 200 g, with a vertical magnetic field of maximum
amplitude (Ψ≃ 35), presented in Fig. 4b. Strikingly, we observed
that the granular column becomes invisible with an apparent
mass close to zero in these conditions. This is in qualitative
agreement with our model. Indeed, this critical mass appears
slightly smaller than our theoretical prediction, mc

0 ¼ 250 g ,
probably due to the fact that the applied magnetic field for such a
tall granular column is not perfectly homogeneous all along the
packing.

To conclude, the present study reveals a magnetic Janssen
effect leading to versatile control of the apparent mass of a fer-
romagnetic granular column. Beyond such remarkable static
properties, being able to finely tune the apparent mass of a
granular column opens an appealing perspective towards novel
dynamical properties, with for instance the control of the dis-
charge of silos. Finally, we note that our study can be extended to
the case of composite granular media (where only a fraction of
the grains are ferromagnetic) with an even broader range of
possible applications.

Methods
The setup shown in Fig. 1 consists of a copper tube of 19.57 mm internal diameter
filled with steel beads of radius a= 0.75 mm and density ρ= 8000 kg m−3. The
beads lay on a Polytetrafluoroethylene (PTFE) piston of diameter 18.30 mm
carefully aligned with the tube to ensure no contact with its walls. The piston is
attached to a force sensor which can measure the apparent mass of the packing
with a precision of ±0.10 g. We followed the protocol described in11,38 to fully
mobilize the frictional forces along the tube: the piston is mounted on a vertical
translation stage displacing the beads assembly downwards over a distance Δh= 7
mm at a velocity v= 0.2 mm s−1, see Supplementary Materials for more details.
The packing apparent mass is then obtained by measuring its mean value during
the displacement, while the standard deviation around this value reflects the typical
measurement dispersion. We placed the whole setup between two magnetic coils in
a Helmholtz configuration, creating a uniform magnetic field, either vertical or
horizontal depending on the respective orientation of the coils. The magnetic field
is turned on and applied to the granular column, right after the packing pre-
paration, just before its mass measurement. With this setup, we can reach a
maximum external magnetic field of Bmax � 170 G, leading to the dimensionless
number Ψ ≈ 35. The inner diameter of our magnetic coils (20 cm) sets the max-
imum height of the granular column, for which the applied field can be considered
uniform, to hmax ¼ 10 cm , which corresponds to a mass around 150 g. For a
uniform magnetic field, the individual induced dipolar moments d can be con-
sidered identical for all beads and aligned with the direction of the field.

Data availability
The data that support the findings of this study are available from the corresponding
author upon reasonable request.

Code availability
The code used for discrete particle simulations is the open-source package MercuryDPM36.
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Abstract. We investigate both experimentally and theoretically the apparent mass of a ferromagnetic granular
assembly filling a cylindrical container and submitted to a magnetic field B, aligned vertically along the silo.
We show that the mass of the ferromagnetic granular column depends strongly on the applied magnetic field.
Notably, our measurements deviate strongly from the exponential saturation of the measured mass as a function
of the true mass of the grain packing, as predicted by Janssen [H.A. Janssen, Vereins Eutscher Ingenieure
Zeitschrift, 1045 (1895)]. In particular, the measured mass of tall columns decreases systematically as the
amplitude of the magnetic field increases. We rationalize our experimental findings by considering the induced
magnetic dipole-dipole interactions within the whole packing. We show the emergence of a global magnetic
radial force along the walls of the silos, fully determined by the external magnetic field. The resulting tunable
frictional interactions allows a full control of the effective mass of the ferromagnetic granular column.

1 Introduction

More than hundred years ago, a German engineer H.A
Janssen studying the failure of silos, proposed a phe-
nomenological model to describe the saturation of the
pressure measured at the bottom of a container filled with
grains [1]. Indeed, the pressure exerted at the bottom of
a silo does not follow the hydrostatic formula σ = ρgh
where ρ is the average density of the medium and h the
column height, but saturates. Janssen’s approach of this
problem is simple but transcript nicely the experimen-
tal measurements. It can be resumed as follow: (i) the
grain assembly is considered as a continuous medium with
a homogeneous vertical stress σz along a tube section,
(ii) within the grains packing, the vertical stress is redis-
tributed in the horizontal direction following the propor-
tional law: σr = Kσz, with a phenomenological constant
K, (iii) the frictional contact forces Fz between the grains
and the cylinder wall are at the Coulomb limit Fz = µFr,
with µ the friction coefficient. Using these three hypothe-
sis on a column slice, Janssen could demonstrate that the
apparent mass measured at the base of the silo saturates
exponentially, mJ = m∞[1 − exp (−m0/m∞)] characterized
by the saturation mass m∞ = (ρπR3)/(2Kµ), with R the
tube radius. During the last decades this simple approach
has been criticized and refined [2–7], but it remains a
classical result nowadays, the so-called, Janssen effect. In
fact, when dealing with this static configuration of grains
at rest in a tube, the main issue resides in the measure of
the stresses since a granular system at rest is extremely
responsive to perturbation and its preparation [8]. To mea-
sure the apparent mass at the bottom of the system, [9] pro-

∗e-mail: louison.thorens@ens-lyon.fr

posed an experimental protocol to ensure that the friction
forces are fully mobilized in the vertical direction. Never-
theless the Janssen effect is ultimately hardly controllable.
Here, we propose to use ferromagnetic grains which, when
submitted to an external magnetic field, acquire a mag-
netic moment leading to tunable pair interactions inside
the granular medium. The possibility to modify and con-
trol in-situ with an external parameter the particles interac-
tions within the packing constitutes a great advantage, in
stark contrast with other means, such as the use of different
particles (with different shapes and roughness) [10, 11],
modifying the environment humidity (leading to capillary
bridges) or triboelectric charge effects [12–14], which are
all barely tunable.

2 Experiments

A sketch of our experimental setup is shown in figure 1a.
This setup is composed of a copper tube of 19.6 mm ra-
dius filled with monodisperse 0.75 mm radius steel grains
laying on a 19.0 mm radius piston fixed to a force gauge.
The sensor is also mounted on a motorized vertical trans-
lation stage moving downward. The whole setup is placed
between two coils mounted in a Helmholtz configuration,
generating a uniform magnetic field B in the vertical di-
rection as shown in figure 1b.
To quantify the effect of the magnetic interaction, we
can consider the dimensionless number Ψ, (sometimes
referred as a magnetic Bond number [15, 16]), which
compares magnetic pair interaction and gravity, Ψ =

(χmB)2/(µ0aρg) where χm is the magnetic susceptibility of
the beads equal to 3 in the case of a random close pack-
ing [17], µ0 is the magnetic permeability of vacuum, a the

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0

(http://creativecommons.org/licenses/by/4.0/). 
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Figure 1. (a) Sketch of the experimental set-up with the gen-
eration of a homogeneous vertical magnetic field, using coils in
a Helmholtz configuration. (b) Typical mass measurement, 1.
beads are poured inside a tube using a hopper until we reach the
desired mass m0, 2. the packing is at rest and the hopper is re-
moved, 3. downward movement of the vertical translation stage,
the mass measurement corresponds to the mean plateau value.

bead radius, ρ the bead density. In our case, due to the
limitation of the power supply used, the maximum reach-
able value is Ψ = 35 corresponding to a magnetic field
B = 170 G.
Figure 1b gives a typical mass measurement using our sys-
tem. Our protocol is the following: the grains are poured
inside the tube using a funnel until reaching the desired
packing mass m0. Then the funnel is removed and the
magnetic field turned on. The vertical translation stage
moves downward at a constant velocity v = 0.2 mm s−1

over a distance of ∆h ' 7 cm, following the protocol pro-
posed by [9], releasing the spring compression loaded in
the mass sensor, leading to a lower apparent mass. The
mass reaches a plateau during the descent where the mean
value corresponds to our mass measurement m and the
standard deviation gives the typical dispersion of our mea-
surement. Finally, when the stage stops, the mass sensor is
compressed again and the apparent mass is slightly higher

than the mean plateau value.
We used this experimental protocol to measure the appar-
ent mass of the grain column for different packing mass
m0 and field amplitude Ψ. The results are shown in fig-
ure 2a. First, without magnetic field, Ψ = 0, the measured
mass of the granular column is in very good agreement
with Janssen’s prediction, following an exponential satu-
ration with a characteristic mass m∞ = 42 g. Nevertheless,
as soon as the ferromagnetic granular column is submitted
to an external magnetic field, we observe a strong devia-
tion from Janssen’s prediction. Specifically, when increas-
ing the amplitude of the magnetic field, we clearly see that
for a high enough packing mass m0 > 40 g, the higher
the magnetic field, the lower the apparent mass. The even
more striking effect is clearly seen for the highest ampli-
tude of the magnetic field used, corresponding to Ψ = 35,
for which from a certain packing mass m0 ≈ 70 g, the ap-
parent mass of the packing decreases with the actual mass
of the packing m0: the more added grains, the lower the
apparent mass! Pushing the limits of our experimental
setup, using a very tall column corresponding to a mass
m0 = 190 g where the magnetic field is not as homoge-
neous, we could measure that the apparent mass became
null for the highest amplitude of the magnetic field ap-
plied. Indeed, in such conditions, the grain assembly was
stuck inside the tube, its wall supporting completely the
weight of the granular column. To emphasize such devia-
tions to the prediction of Janssen, we show on figure 2b the
difference between the apparent mass m and the Janssen
classical prediction mJ shown in figure 2b. For low pack-
ing mass m0 < 40 g, the apparent mass is slightly higher
than the Janssen prediction, while for higher packing mass
the measure is always lower than the classical prediction
and seems to follow a linear slope (m0 > 40 g) which de-
creases systematically with the magnetic field amplitude.

3 Model

Ferromagnetic grains under a uniform vertical magnetic
field acquire a vertical magnetic moment d directly pro-
portional to the magnetic field via the magnetic suscepti-
bility, d = VχmB/µ0. Each particle i of the packing will in-
teract with a particle j with the following magnetic dipole-
dipole interactions [18]:

fij =
3µ0

4πr5
i j

(
d2

(
1 − 5 cos2 α

)
rij + 2dri jd cosα

)
, (1)

where α is the angle between the magnetic field and the
beads distance vector ri j. Figure 3a gives a representation
of the magnetic interaction either repulsive or attractive
depending on the relative position of the particles i and j
(rij), and the applied magnetic field B, characterized by the
angle α. Therefore, a particle i of the packing will be sub-
jected to multiple interactions from its neighbours follow-
ing each time the expression above. The resulting mag-
netic force will be the sum of all magnetic dipole-dipole
interactions fi =

∑
j fi j.

We can first discuss those local magnetic forces fi, within
the granular packing. Because of the cylindrical symmetry
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Figure 2. (a) Apparent mass measured using our experimental
setup for different magnetic field amplitude, the black continuous
line corresponds to the Janssen model mJ and the grey dashed
line represents the hydrostatic limit. (b) Mass difference between
the apparent mass of the system and the Janssen expression mJ

for different magnetic field amplitude.

of the column, and the mirror symmetry with respect to the
mid-plane at z = h/2, the magnetic interactions do not add
any global azimuthal nor vertical forces on the packing.
Thus, the only net force that will not average to zero within
the column, is the radial component f r. The figure 3b
describes schematically this effect, which arises because
of the finite-size of the silo, and the non-compensation of
some interactions due to missing particles (displayed in
white). It is important to remark also that we can expect
this effect to be maximal along the walls of the container.
To verify these considerations, we generated 3D random
close packing using Discrete Element Method simulations
[19]. We followed the numerical protocol the filling pro-
tocol proposed by [20] where the particles are randomly
placed on a disk at constant height above the sedimented
packing. This simulation method allowed us to generate
packings of filling fraction φ ≈ 0.6, as shown in figure 3c.
Using the positions of the beads thus generated, we com-
puted all the magnetic pair interactions using eq. (1). Thus,
we could obtain the magnetic force exerted on each par-
ticle inside the packing. We could obtain the magnetic
force exerted for a packing vertical slice in figure 3d, with
vectors in red (resp. blue) for a positive (resp. negative)

B ↑B ↑

35◦

α
d

d

attractive

repulsive
rij

(a) (b)

(c) (d)

Figure 3. (a) Ferromagnetic dipolar interaction for a vertical
magnetic field, either repulsive or attractive depending on the
relative position of the particles and the applied magnetic field,
quantified by the angle α. (b) Forces acting on an off-axis par-
ticle. (c) Random close packing generation using DPM simu-
lations. (d) Forces representations inside a tube layer, averaged
along θ, for a vertical magnetic field where red (resp. blue) vec-
tors represents positive (resp. negative) radial components.

radial component f r. We clearly see that the forces are
mainly situated along the tube wall and pushing against it
while they rapidly decrease to zero in the packing core.
Moreover, we can notice that those radial repulsive forces
emerging at the walls of the silos appear constant.

To express the impact of the magnetic forces on the
apparent mass at the tube base, we consider the ferro-
magnetic grain assembly as a whole. Therefore, we no
longer consider the local individual forces, but the global
net force exerted on the wall Fr =

∑
i f r

i . We noticed that
the local forces, in the case of a vertical magnetic field, are
mainly pushing against the wall ; thus, we expect a posi-
tive global radial force. Moreover, if we consider Janssen’s
hypothesis that the friction forces are fully mobilized in
the vertical direction, this global magnetic radial force can
provide a global vertical contribution to the pressure mea-
sured at the bottom of the silo : F = −µFr. The final
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Figure 4. (a) Model curves for a vertical magnetic field. The
light grey line shows the classical Janssen prediction; the grey
squares line is the result of the computed magnetic mass loss
µFr/g; the black circles line (difference of both curves) gives the
predicted apparent mass of the column. (b) Comparison of the
model to the experimental data points.

apparent mass is then given by the Janssen approach from
which we subtract the magnetic friction contribution:

m = mJ − µFr/g, (2)

where the friction coefficient µ is equal to 0.4 in our exper-
iments. The global picture of the numerical resolution is
given in figure 4 where we show the Janssen contribution
mJ , the global radial force Fr computed using the local
forces fi for different packing height h, and the final result
of eq. 2. The radial force is slightly negative for low mass
m0 < 30 g and follow a linear tendency for higher mass.
The final shape was compared with the experimental re-
sults for different field intensity and was found in good
accordance as shown in figure 4b.

To conclude, we have described a "magnetic Janssen ef-
fect" [21], which allows to control the apparent mass of a
ferromagnetic granular column. Such ability to finely tune

frictional interactions thanks to an external controlling pa-
rameter opens appealing perspectives beyond such a static
behaviour, with novel dynamical properties involved for
instance in the discharge of silos [15, 22].
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Granular media are widely involved in a large variety of industrial and natural systems, displaying excep-
tional behaviours. The Janssen effect, describing the pressure screening at the bottom of a granular column,
is one of the most famous ones. The classical description reports that a part of the grains weight is supported
by the walls of the tube via a complex network of mechanical frictional contacts. Recently, we reported that
the use of ferromagnetic grains can lead to the presence of a magnetic Janssen effect, where the contact
forces can be remotely driven. Here, we propose to investigate the magnetic Janssen effect in a hybrid gran-
ular assembly made of both ferromagnetic and non-ferromagnetic grains. Moreover, we show that both
the amount of ferromagnetic particles and their distribution inside the packing have a clear impact on the
apparent mass of the granular column.

Granular media, commonly seen in a variety of engineer-
ing and environmental systems, remain at the heart of an
active field of research. The singularity of their physics leads
to a large variety of unique behaviours, where grains can be-
have both as solid or liquid depending on the applied con-
ditions. A fundamental problem of granular mechanics cer-
tainly is their storage in a confined geometry, also known
as the Janssen effect [1], and first described by the German
engineer who gave it his name. A column of grains filling a
tube does not appear as heavy as it really is. In fact, for a
granular column taller than its diameter, the bottom pres-
sure saturates, meaning that part of the mechanical stress
is applied on the tube walls. To quantify this effect, Janssen
relied on three strong assumptions: (i) the granular assem-
bly is considered homogeneous; (ii) inside the packing, the
vertical stresses are partially redirected horizontally along
the walls following the proportionality law σr = Kσz , where
K is the phenomenological Janssen constant; (iii) the fric-
tion forces between the grains and the wall are fully mobi-
lized Fz = µFr , with µ the friction coefficient. These three
assumptions lead to the following expression for the appar-
ent mass at the bottom of a granular column:

m J = m0
∞

[
1−exp(−m0/m0

∞)
]

, (1)

where m0 is the actual packing mass and m0
∞ is the satu-

ration mass depending on the considered geometry. Even
though Janssen’s model has been refined since, it remains a
robust description of grains storage in a confined geometry.

Recently, we proposed to test Janssen prediction on a
granular column filled with ferromagnetic particles, sur-
rounded by an homogenous magnetic field B0 [2]. The eas-
ily tunable interactions between ferromagnetic grains leads
to an external control of the force inside the packing and
therefore a control of its apparent mass. We showed that
the effective mass of a column of ferromagnetic grains could
indeed be magnetically controlled, increasing or decreas-
ing the classical Janssen effect, with a remarkable “more is
the less” behaviour where, for a sufficiently large vertical ap-

plied field, the apparent mass of the column would decrease
as grains are added, up to the point where it strictly van-
ishes. A simple model, accounting for the magnetic interac-
tions and their symmetry breaking due to the confinement
of the grains was derived, showing excellent agreement with
experiments.

In this letter, we extend the observation and the mod-
elling of this magnetic Janssen effect to the more general case
of hybrid granular media, composed of a mixture of both
ferromagnetic and non-ferromagnetic grains. We show that
both the amount of ferromagnetic particles and their distri-
bution inside the packing lead to a control of the apparent
mass of the granular column.

While their potential for applications is far more relevant
than the case of entirely ferromagnetic granular systems
(ferromagnetic grains represent indeed only a small portion
of the large variety of existing granular media), hybrid
granular media remain scarcely studied. One exception
is the study of the compaction (by tapping) of a mixed
steel-and-glass grains packing [3, 4], showing a continuous
increase of the compaction time as the volume fraction of
magnetic grains and/or the amplitude of the magnetic field
increases, hence paving the way towards the discovery of
new magnetically tunable granular physics with potential
impact on the broad range of applications in the context of
cohesive powders industry.

Magnetic grains are characterized by the magnetic sus-
ceptibility of their material χ, significantly greater than one,
linking the external magnetic field B0 and the dipolar mo-
ment of a grain of volume V : d = V χB0/µ0, with µ0 the
magnetic permeability of vacuum. In the case of a granular
packing of ferromagnetic spheres, the magnetic susceptibil-
ity saturates at a value of χm = 3 [5] (even if the susceptibil-
ity of the bulk material can be significantly larger), due to
demagnetization fields. Since each bead inside the packing
acquires a dipolar moment d, each pair of grains i and j will
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Figure 1. Magnetic Janssen effet. (a) Magnetic pair interaction be-
tween two ferromagnetic beads characterized by the magnetic mo-
ment d. The interaction can be either repulsive of attractive de-
pending on the angle between the two beads α. (b) Apparent mass
of the magnetic Janssen prediction for a vertical magnetic field.

interact following the dipole-dipole interaction force:

fij =
3µ0

4πr 5
i j

(
d 2 (

1−5cos2α
)

rij +2dri j dcosα
)

, (2)

whereα is the angle between the applied magnetic field and
the separation vector between the two grains rij as shown in
figure 1a and d = |d|. We assume here that the dipolar mo-
menta of the two grains i and j are equal (di = d j = d), what
holds for a homogeneous magnetic field. I can be seen from
eq. 2 that the interaction can be either repulsive or attractive
depending on the value of α : it is attractive when particles
tend to be aligned, while it is repulsive when grains are side
by side (see Fig. 1a).

Within this context we have previously shown that both
the dipolar property of the magnetic interaction force and
the particular confined geometry of a tube lead to the ex-
istence of a tunable –enhanced or hindered– "magnetic
Janssen effect" of a ferromagnetic packing with the follow-
ing expression for the new apparent mass:

m = m J −
µ

g
F r (m0,B0), (3)

where F r is the global radial force resulting from the mag-
netic pair interactions applied on the tube walls. F r can
be estimated using expression (2) on a simulated 3D ran-
dom close packing, for any given value of the actual pack-
ing m0 (or height h) and of the magnetic field amplitude
B0. The corresponding magnetic Janssen prediction (in ex-
cellent agreement with experiments [2]) for a vertical ap-
plied magnetic field and for a packing entirely composed
of ferromagnetic particles is recalled in figure 1b. It can be
seen that for a small columns, the magnetic contribution
leads to an apparent mass exceeding the classical Janssen
mass (reminiscent of an inverse Janssen effect [6]) while for
large columns the magnetic contribution significantly re-
duces the apparent mass which eventually becomes a de-
creasing function of the actual mass. Here, we explore how
this scenario of the magnetic Janssen effect is affected when

~B ↑

Figure 2. Experiment set-up where a tube filled with ferromagnetic
beads lays on a mass sensor fixed on vertical translation stage with
a magnetic field generated using Helmholtz coils either in vertical
configuration.

only a fraction of the grains is ferromagnetic. This gener-
alises the previous study by accounting for the dependency
of the magnetic Janssen effect on the mass fraction φm of
ferromagnetic grains.

To characterise the Janssen effect experimentally, we
measure the apparent mass of a column of grains. The
figure 2a gives a representation of the experimental setup,
composed of a copper tube of diameter 19.6mm, mounted
on a piston of diameter 19.0mm filled with a = 0.75mm
radius grains. The piston is slightly smaller than the tube
to ensure that the mass we measure is only the packing
one, but large enough so that no bead can fall out. The
piston is fixed on a mass sensor (Testwell KD40S-100N)
attached to a vertical translation stage as proposed by [7] to
fully mobilise vertically the frictional forces along the tube
wall to verify Janssen assumption (iii). The whole system
is then placed between two coils in a vertical Helmholtz
configuration, generating a uniform vertical magnetic field
within a length scale of 10cm setting a maximum limit for
the packing height h ≈ 10cm. To ensure no history of the
magnetic grains between each measurement (remanence),
we demagnetised the grains before pouring inside the
tube following the hysteresis protocol given in [8]: the
beads are placed in an 100% amplitude-modulated 20Hz
sinusoidal signal which amplitude is then decreased to
zero. The beads are first poured inside the tube using a
funnel until we reach a desired mass m0, the funnel is then
removed and the magnetic field turned on before moving
the piston downward at a constant velocity v = 0.2mms−1

over a distance of ∆h ' 7mm. The apparent mass of the
packing is taken as the mean mass over the descent and the
measurement error as the standard deviation.

In this study, the experiments were performed using
a mixture of ferromagnetic and non-ferromagnetic grains
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Figure 3. Mass measurement of the beads for a vertical magnetic
field B = 170 G and varying the magnetic fraction of the pack-
ing φm . The colour squares are the experimental data, the black
line represents the classical Janssen prediction while the colour
dots represent the computed model. The experiments follow the
Janssen prediction until φm ≈ 0.5 where they switch to the mag-
netic Janssen model.

at the desired ferromagnetic concentration φm = N m/N ,
where N m and N are respectively the number of ferro-
magnetic particles and total number of particles inside the
packing. In order to avoid unwanted segregation due to
any eventual density difference between the two classes of
grains, what would jeopardise the realisation of a truly ran-
dom mixed packing [9, 10], we use a mixture of steel beads,
with identical size (1.50mm diameter) and density, and only
varying with respect to their magnetic properties. The fer-
romagnetic beads are made of 100C6 steel while the non
magnetic are made of 316-L steel. The density difference
between these materials is about 2%.

In parallel to experiments, we adapted the model solu-
tion of the magnetic Janssen effect [2] using the packing
generation and the pair interactions resolution keeping
the magnetic field constant to B0 = 170 G but only varying
the amount N m of ferromagnetic particles. To do so, we
selected for each value of φm a random list of N m grains
inside the packing and computed the pair dipole-dipole
magnetic interactions only on this limited random collec-
tion of positions inside the packing as shown in figure 4a.
To avoid any bias on the final result that could be induced
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Figure 4. Magnetic Janssen effect of a randomly mixed ferromag-
netic distribution. (a) Representation of the mixed packing used
for the numerical resolution, where black (respectively blue) beads
represent are non-ferromagnetic (respectively ferromagnetic). (b)
Maximum ferromagnetic cluster size normalised by the total num-
ber of ferromagnetic particles. (c) Clusters visualisation where the
biggest cluster is shown in blue while smaller clusters are shown in
green, non-ferromagnetic particles are not displayed.

by the random process, we averaged the computation of the
total radial force F r on series of 10 independent random
realisations for each value of φm .

The results and comparison between the model and the
experiments are shown in figure 3. As one can expect,
the lower the amount of ferromagnetic particles inside the
packing, the lower the magnetic Janssen effect, until retriev-
ing the classical Janssen mass measurement for φm = 0.

The modeled magnetic Janssen effect adapted to the mix-
ture case with a randomized positioning of the ferromag-
netic particles is in rather good accordance with the exper-
imental results, although some deviation can be noted for
the smallest values of φm for which the experiments are al-
most undistinguishable from the classical (non-magnetic)
Janssen effect, suggesting the existence of a threshold in
φc

m below which magnetic effects do not play any signifi-
cant role. The experiments show indeed that the magnetic
Janssen effect starts playing a role only for ferromagnetic
concentrations higher than φc

m ≈ 0.5.
To explore this transition, we look at the distribution of

clusters of ferromagnetic grains inside the packing. For each
magnetic particle, we identify its magnetic neighbours in
contact (distance between the two particles lower or equal
to 2a, due to possible overlap of the particles). Similar to
a percolation description [11], we identify each cluster with
its size s, and compute the associated number of clusters
of this size ns . Using this description, the packing can be
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Figure 5. Magnetic Janssen for a buffer ferromagnetic packing. (a)
Buffer of ferromagnetic beads at the bottom of the granular col-
umn, characterised by its height hb . (b) Apparent mass of the
granular packing varying the buffer height. The experimental data
points are in good accordance with the magnetic Janssen predic-
tion where the apparent mass follows a shifted version of the clas-
sical Janssen prediction for packing mass higher than the buffer
mass. The vertical lines correspond to the buffer mass where the
transition from magnetic to classical Janssen occurs.

considered as cohesive if it is made of a unique cluster of
connected ferromagnetic grains, meaning that the biggest
cluster of size max(s) is equal to the total number of ferro-
magnetic particles in the packingφm N . Figure 4b shows the
size max(s) of the biggest ferromagnetic cluster present in
the packing, normalized by the total number of ferromag-
netic particles, and one can see that there exists a clear tran-
sition around φm = 0.4− 0.5 where the packing consists of
one connected cluster containing all the ferromagnetic par-
ticles, confirming the existence of a concentration thresh-
old. Finally, figure 4c shows the different clusters for two
different ferromagnetic concentrations at φm = 0.3 and 0.5
where, even though forφm = 0.3 the biggest cluster (in blue)
has a size of about the tube size, the ferromagnetic grains
distribution is still composed of smaller trapped clusters
that do not contribute to the magnetic Janssen effect and
the ferromagnetic packing cannot be considered as homo-
geneous.

The random positioning of non-ferromagnetic particles
can be seen as the presence of non-ferromagnetic defects
inside the packing. Nevertheless, the positioning of both
types of particles can be chosen wisely in order to vary the
apparent mass behaviour as a combination of both mag-
netic and classical Janssen effect. To do so, we used the
ferromagnetic particles as a "buffer" of the classical Janssen
effect, where a set of ferromagnetic particles of height hb

are placed at the bottom of the granular column. Both the
representation of the buffer and the experimental results
are shown in figure 5. The rationalisation of the results ob-
tained is straightforward. For a packing height lower than
the buffer height hb , the apparent mass follows the mag-

netic Janssen prediction while for a packing height higher
than the buffer height the apparent mass is a combination
of both the classical Janssen effect and the magnetic contri-
bution of height h = hb :

m = m J −
µ

g
F r (hb), (4)

The magnetic contribution being a constant depending
only on the buffer height, the apparent mass for high pack-
ing mass m0 is finally following a shifted classical Janssen
expression m J . Our experimental results are following
nicely the magnetic Janssen prediction, characterised in this
case by a point at m = mb (with mb = πR2ρφc hb the buffer
mass) where the derivative of the apparent mass is not con-
tinuous. Moreover, since the apparent mass for high enough
packing mass follows a shifted classical Janssen prediction
given by the equation (4), the saturation mass of a granu-
lar packing with a ferromagnetic buffer is also dependent of
the buffer height and magnetic field strength characterised
by Ψ. The magnetic global radial force F r being linear for
high enough packing height, we can expect that the new sat-
uration mass of the packing m∗

∞ will depend linearly on the
buffer height. Indeed, if we take the limit at high masses of
equation (4), we end up with:

m∞ = m0
∞− µ

g
F r (hb), (5)

where m0
∞ if the saturation mass obtained in the classical

Janssen prediction of equation (1).
In this work, we have shown the possibility of control-

ling the magnetic Janssen effect of a hybrid granular packing
composed of both ferromagnetic and non-ferromagnetic
grains. The magnetic Janssen effect seems to occur only for
an homogeneous packing when all the ferromagnetic grains
are connected. Future dynamic simulations of magnetic
granular media will help us understanding the origin of this
transition. It is also possible to place wisely the ferromag-
netic particles, as a buffer for instance, to modify the value
of the Janssen’s saturation mass. Future work is intended to
investigate other spatial distribution of ferromagnetic parti-
cles in the packing. A radial distribution, with all ferrromag-
netic particles at the center of the tube, would help under-
standing if ferromagnetic particles contact with the wall is
necessary to measure a magnetic Janssen effect. The results
presented in this study pave the way toward a more practi-
cal use of the magnetic Janssen effect and the design of new
tunable hybrid granular media.
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Discharge of a 2D magnetic silo
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Abstract. We investigate experimentally the discharge of a 2D-silo, a Hele-Shaw cell, filled with a mono layer
of ferromagnetic grains submitted to an external magnetic field B perpendicular to the cell plane. In this case
the magnetic pair interactions are repulsive. We show that the granular flow rate decreases systematically with
the amplitude of the external magnetic field applied. Interestingly, while the output flow rate remains constant
during an experiment, we reveal very large spatio-temporal fluctuations of the packing density within the cell,
particularly evident for magnetic field of high amplitudes.

1 Introduction

Granular materials have been, over the last decades, cel-
ebrated for their particular static and dynamic behaviour
[1–3]. One of the most daily encountered granular system
is certainly the hourglass where grains flow from a top ves-
sel to a lower one driven only by gravity. The first model
to describe the flow of particles flowing through a small
aperture was given by Beverloo in 1961 [4]. The particles
flow rate is supposed constant and the only size of inter-
est is the opening aperture w which leads to a drainage
velocity v ∼ √gw. Since the opening surface is propor-
tional to the opening width w in a 2D geometry, the output
mass flow rate q is then proportional to ρ

√
gw3/2 with ρ

the grains density. Beverloo’s law gives a better fit to the
experimental observation with the following expression:
q = Cρ

√
g(w − wm)3/2 where C is a constant and wm an

opening width correction of about 1 to 2 grain diameters.
The grain flow rate is observed to be constant and useful
compared to a clepsydra, but the justification of this inter-
esting property is still under debate. The Janssen effect is
commonly proposed to justify that the flow rate given by
the Beverloo law is independent of the height of the granu-
lar column. However, several experimental measurements
either in velocity driven [5] or gravity driven conditions
[6, 7] have shown that such argument is improper. A clear
understanding of the physical origin of the Beverloo law
still remains to be unveiled.
Recently, thanks to the use of ferromagnetic particles, we
could demonstrate the emergence of a tunable "Magnetic
Janssen effect" [8, 9] and, as a result, the possibility to con-
trol the apparent mass of a ferromagnetic granular column.
Therefore, as a follow-up of those studies, we propose here
to go beyond the simple static configuration and investi-
gate now the discharge of a silo filled with ferromagnetic
particles. When submitted to an external magnetic field,
∗e-mail: louison.thorens@ens-lyon.fr

each particle acquire a magnetic moment d leading to tun-
able magnetic pair interactions inside the grain assembly
depending on the magnetic field direction and amplitude.
The flow of such magnetic powder has been investigated
previously in the case of a 3D funnel [10], with the report
of an intermittent flow at the output of the funnel and a
strong dependence of the flow rate on the magnetic field
amplitude. Nevertheless, the 3D geometry introduces a
complex network of ferromagnetic interactions. Here, we
propose to focus on a 2D geometry for which the ferro-
magnetic interactions are reduced to pure repulsion. Pre-
vious work using permanent magnets in a 2D silo have
been reported [11], however in this case the magnetic in-
teractions cannot be tuned.

2 Flow rate control

A sketch of our experimental setup is given in figure 1a.
The setup consists of a Hele-Shaw cell with a gap e =

0.6 mm filled with 2a = 500 µm diameter steel beads. The
gap consists of two chambers separated by a w = 10a wide
opening formed by a 45◦ funnel. This system is quasi
2D and the beads are arranged in a unique layer pack-
ing flowing from the top chamber to the bottom one by
gravity. The system is placed in a magnetic coil wider
than the cell generating a magnetic field B perpendicular
to the cell plane. To quantify the strength of the mag-
netic interactions we consider the magnetic Bond num-
ber [10, 12] which compares the magnetic interactions and
gravity Ψ = (χmB)2/(µ0aρg) where χm is the magnetic sus-
ceptibility equals to 3 in our case [13], µ0 is the magnetic
permeability of vacuum. In our experimental set-up, we
could reach a maximum value of Ψ = 62, corresponding
to a magnetic field of 130 G.
Since the magnetic field is homogeneous in the cell plane,
each particle i has a magnetic dipolar moment d = χmB/µ0

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0

(http://creativecommons.org/licenses/by/4.0/). 
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Figure 1. (a) Experimental setup made of a quasi 2D silo in a
Hele-Shaw cell with a 45◦ funnel in its centre. The cell is filled
with 500 µm diameter steel beads. The cell is placed in a mag-
netic coil generating a magnetic field perpendicular to the cell.
(b) Top view of the left panel representing the dipolar interaction
between two uniformly charged ferromagnetic beads character-
ized by the dipolar moment d.

and interacts with its neighbour j according to the mag-
netic potential energy:

Ui j =
µ0d2

4πr3
i j

(1 − 3cos2α), (1)

where ri j is the beads distance and α is the angle between
ri j and the magnetic field B. The magnetic pair interaction
is summarized in figure 1b. In general, the interaction can
be either repulsive or attractive depending on the angle α,
but in our case the quasi 2D geometry leads to a minimum
angle α = π/2 − (arcsin e/2a − 1) ≈ 78◦ which means that
the interactions are always repulsive.
The experimental protocol is the following: first the beads
are at rest in the bottom chamber and we turn the magnetic
field on. Then, the cell is rotated using a stepper motor
to the next vertical position where the ferromagnetic
particles are now in the upper chamber. A high-speed
camera (Phantom V10) then records the discharge of
the cell at a rate of 440 frames per seconds. Finally, the
cell is rotated again and we perform a demagnetisation
of the beads using the hysteresis protocol proposed in [18].

We estimated the flow rate using the evolution of the
number of beads in the bottom chamber. This number
was computed using the apparent area of the bead sedi-
mented cluster occupying the lower chamber after a bi-
narization of the image. Since the contrast between the
black grains and the white background is high, the image
analysis is rather straightforward and the detection robust.
The temporal evolution of the cumulative number N(t) of
those sedimented particles during the discharge of the silo
is given in figure 2a for different amplitude of the applied
magnetic field. We can see that the flow rate given by the
slope of those curves N(t) averaged over 5 different ex-
perimental realisations, displayed in figure 2b, decreases
systematically when we increase the magnetic interaction
intensity Ψ. This result was previously reported by [10] in
the case of a 3D funnel where the magnetic dipole-dipole
interactions within the granular packing could be either at-
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Figure 2. (a) Cumulative number of beads in the lower part of
the cell during time for different magnetic field. (b) Flow rate of
the beads in the silo given by the slope of the cumulative number
of beads. The flow rate decreases when increasing the magnetic
field intensity. The dashed line corresponds to a linear fit of the
experimental data. Error bars correspond to the standard devia-
tion over three realizations.

tractive or repulsive. In our case where we force the inter-
actions to be purely repulsive, we retrieve this behaviour
where the flow rate of the beads flowing through a nar-
row opening is controlled by the amplitude of the external
magnetic field. Nevertheless, we did not find in this case,
and for our reachable Ψ, a critical magnetic field threshold
above which the bead do not flow anymore.
The measured flow rate seems to decrease linearly with the
amplitude of the magnetic field B ≡ Ψ1/2, as shown in fig-
ure 2b. This result appears different from the experimen-
tal measurement reported in [10], where the flow rate was
found proportional to Ψ. This discrepancy could be ex-
plained by the different geometry studied (2D versus 3D),
involving different magnetic interactions within the gran-
ular packing.

3 Internal heterogeneous dynamics

Interestingly, the internal dynamics of the flowing grains
within the upper chamber of the silo displays a more

2

EPJ Web of Conferences 249, 03017 (2021) https://doi.org/10.1051/epjconf/202124903017
Powders and Grains 2021



1 cm

t = 0 ms

1 cm

t = 33 ms

1 cm

t = 67 ms

1 cm

t = 100 ms

1 cm

t = 130 ms

1 cm

t = 170 ms

1 cm

t = 200 ms

Figure 3. Image sequence of a silo discharge in the case of the maximum magnetic field intensity (Ψ = 62). The images were taken at
regular time steps and we can see a defect wave, where the beads are free falling inside the structure, going upward. The full sequence
of 200 ms corresponds to a propagation cycle where the defect emerges at the funnel neck and go up to the free surface of the structure.
The white dashed window shown in the first panel represents the window used for the spatio-temporal maps displayed in figure 4.

complex behaviour. Indeed, we could notice some strong
spatio-temporal fluctuations of the density of the packing,
which appeared more evidently when increasing the
amplitude of the applied magnetic field. In figure 3,
we show some typical examples of the flowing patterns
on a series of images recorded during one experiment
performed with the highest magnetic field Ψ = 62 on a
200 ms time range. Examining the top chamber of the
cell, we can notice the nucleation of a kind of air bubble,
just at the bottom of the funnel, corresponding to a zone
where particles are missing. Then, we observe that this
bubble is moving upward within the packing, against
the granular flow, until it reaches the top free surface in
about 170 ms. Furthermore, strikingly, the particles at
the free surface of the packing do not move until this
bubble could reach the surface; at that point, they fall
abruptly, while a new bubble emerges in the opening
area. Such heterogeneous granular flow is reminiscent of
the early work of [14] reporting experiments of a ticking
hourglass. In this case, the lower room is sealed and the
flow rate is stopped by the air pressure until Darcy air
flow through the grains unclogs the system. A ticking
behaviour was also reported by [10] at the output of the
funnel using magnetic interactions. Nevertheless, in our
case the output flow rate remains constant, as shown in
figure 2a, while the heterogeneous dynamics appears
only in the top chamber. Our results remind us more of
the work presented in [15, 16], respectively for rough
and cohesive grains. The observations that were made
are close to ours where lower density waves move in the
packing creating discrete avalanches of the grains free
surface. The proposed explanation is that a part of the
grains is clogging the rest of the packing, creating a low
density beneath, until the cohesion is not strong enough

to support the whole packing. The main advantage of our
experiment is the easily tunable aspect of ferromagnetic
interactions.

To quantify such complex dynamics, we computed
spatio-temporal maps of the flowing particles. In prac-
tice, for each experiment, we considered a window of 10a
width and as high as the top part of the cell centred in
the horizontal direction as shown in figure 3 on the first
panel. At each time step, we average over the grey scale
level of this region, along the horizontal direction (over
37 pixels) to obtain one single vector, giving the mean in-
tensity detected along the vertical position in the chamber
(a white zone corresponding to air, while the particles ap-
pear in black). The final picture gives a spatio-temporal
evolution of the flowing grain packing in the top cham-
ber as used in [17]. The results for three experiments are
given in figure 4. Without any magnetic field, Ψ = 0, the
grains flow out of the top part rather smoothly and the free
surface of the packing goes down at a constant flow rate.
For an intermediate magnetic field amplitude, Ψ = 27, the
flow rate remains constant with a linear evolution of the
free surface of the packing. However we can distinguish
the apparition of irregularities (whitish lines and a slightly
rough top-interface) corresponding to the nucleation and
motion of the bubbles, previously discussed. Moreover,
the duration of the discharge is longer, corresponding to a
lower flow rate as we reported in figure 2. Finally, for high
magnetic field, Ψ = 62, the discharge dynamics within the
upper chamber of the cell appears to be very jerky. As
we reported on the snapshots of figure 3, and as it clearly
emerges in the spatio-temporal figure, the free surface of
the packing displays a step-like evolution. Such "stop and
go" jerky dynamics is characterized by successive sudden
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Figure 4. Spatio temporal maps of the flowing particles in the
upper part of the silo structure for different magnetic field in-
tensity Ψ. At each time step the vertical data corresponds to an
average of the grey scale values over a 10a width rectangle cen-
tred on the funnel displayed in the first image of figure 3. For low
and medium magnetic field no wave can be seen but we retrieve
that the flow rate, given by the free surface slope, decreases. For
higher magnetic field, wave propagation given by the step struc-
ture in the image appears.

drops of the free surface, followed by waiting times dur-
ing which the free surface more or less does not evolve.
The characteristic pattern formed by the apparition of par-
allel white lines in the spatio-temporal map, corresponds
indeed to the upward motion of a bubble - density defect
within the packing.
The waiting time between two successive drops of the free
surface corresponds to the time for the bubble-defect, nu-
cleated at the funnel, to propagate through the packing
and reach the free surface. Since the white lines in the
spatio-temporal maps appear parallel, the velocity of those
density-defects is constant and thus the waiting time de-
creases during an experiment. We can also notice that the
white lines are steeper for a lower Ψ. Interestingly, one can
also notice that the bubble density-defect velocity depends

on the magnetic field amplitude. Moreover, the sudden
drops observed at the free surface of about 2 mm of ampli-
tude corresponds to an abrupt avalanche triggered when a
bubble reaches the top free surface.

To conclude, we have shown that the discharge dynam-
ics of a ferromagnetic grain assembly depends strongly on
the external magnetic field applied. Interestingly, we could
somehow realize a tunable hourglass, since the constant
flow rate decreases systematically when increasing the am-
plitude of the applied external magnetic field. Moreover,
for high magnetic field amplitudes, the flowing dynamics
of the granular packing appears very heterogeneous, with
the nucleation of a bubble at the funnel opening and rising
through the particles assembly.
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The slow drainage of a frictional fluid within a confined medium highlights the complex interaction be-
tween capillary action and granular stress. For instance, the displacement of grains by a water/air meniscus
in a horizontal capillary tube results in the formation of plugs along the geometry. Nevertheless, so far,
the triggering of such instability has never been explored. Modifying systematically the wettability and sur-
face tension of the draining liquid within an hydrophobic capillary as well as the height of the sedimented
granular bed, we could identify the necessary conditions for the emergence of this bulldozing instability.
Furthermore, we also reveal a new unstable regime of the drainage, leading to the periodic formation of
dunes, analogous to the road washboarding instability. 2D numerical simulations of a meniscus pushing a
bulldozed front of particles explain our experimental observations.

Two-phase flow displacements of settling granular mix-
tures with inter-particle friction in confined geometries,
also known as frictional fluids, are common in Nature and
engineering systems. Indeed, numerous industrial pro-
cesses, such as oil recovery and soil decontamination imply
the transport of liquids, sand, and gas [1]. The transport of
sediments remodelling bed rivers or the circulation of phys-
iological fluids with the transport of blood cells in the vas-
cular systems [2, 3] constitute also examples of prime im-
portance occurring in natural and biological situations.

In order to apprehend the complexity of such flows, due
to specifically the interaction between capillary processes
and granular stresses governed by the frictional contacts
with the confining walls, experiments in Hele-Shaw cells
and capillary tubes, have been designed using glass beads
and water [4–7]. Such model experiments allowing for a di-
rect visualisation of the multiphasic displacement dynam-
ics could reveal a wide range of complex flows, with insta-
bilities, from stick-slip bubbles to destabilized viscous fin-
gers, depending on the amount of particles present in the
confining medium and the liquid flow rate [6, 8].

θ

ξ

h
2R

2ε0R

2R
2ε0R

Figure 1. Bulldozing instability. A granular bed of height 2ε0R rests
at the bottom of a capillary tube of height 2R. While draining out
the liquid out the tube, a meniscus at the liquid/air border appears.
The meniscus may bulldoze partly the particles on its way forming
a bulldozing front of height h.

In this study we focus on the bulldozing instability de-
scribed in [9, 10] and presented in figure 1. The system is

composed of a granular bed of height 2ε0R resting in an
hydrophobic capillary tube of radius R = 1mm. The liq-
uid is withdrawn from the left side of the tube at a con-
stant flow rate I0 = 0.1ml. The flow rate is slow enough
to ensure no viscosity effect during the drainage, according
to the criterion given in [6]. The other side of the tube is
opened to air. While draining the liquid, a meniscus at the
liquid/air boundary appears, bulldozing the particles on its
way. The particles may be bulldozed up to the top of the ge-
ometry. Reaching this limit, due to the Janssen effect, the
friction force exerted by the particles packing on the wall
grows exponentially with the amount of bulldozed particles.
When the pressure required to push the bulldozing front ex-
ceeds the capillary pressure threshold that allows air to en-
ter the granular medium, air enters the granular medium
and a plug of grains is left behind. This process repeats itself
along the tube resulting in a plug trail along the geometry as
shown in figure (2.a). The plug formation process has been
previously described in details by [9]. However, the trigger-
ing of this instability has never been studied.
In this study, we focus on the onset of the bulldozing mecha-
nism. We investigate the influence of the system parameters
(liquid properties, height of settling bed) on the bulldozing
dynamics. We also highlight the existence of a "capillary
washboarding" instability when particles are only partially
bulldozed by the meniscus.
The granular medium is composed of polydisperse glass
beads of diameter d = 100µm− 200µm. In previous stud-
ies, the surrounding liquid was water of surface tension
γ = 72mN ·m−1. In this study, to modify the liquid prop-
erties, we use a solution of water and isopropanol (or 2-
propanol). Isopropanol has a lower surface tension than
water γ2-propanol = 22mN ·m−1. The surface tension γ and
the wetting angle ξ of the solution depend on the weight
amount of alcohol (2-propanol %w ). The surface tension
measurement using a drop-shape analyser (Kruss DSA24E)
are given in figure (3.a), found in excellent accordance with
[11]. The tube was made hydrophobic using a silanization
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solution (∼5% dimethyldichlorosilane in heptane). Increas-
ing the amount of alcohol in the solution changes drastically
the wetting contact angle. Experimental measurements of
the contact wetting angle on a silanized glass plate are given
in figure (3.b).
To compare the bulldozing power of each liquid, we con-
sider a friction pad ahead of the meniscus of height h = 2R.
The force needed to push it is given by:

ffriction = 2µg
πR3

tanθ
∆ρ , (1)

where θ is the avalanche angle defined in figure (1). The
force exerted by the meniscus can be approximated by:

fmeniscus = 4γR sinξ . (2)

If the force exerted by the meniscus is greater than the fric-
tion force, the particles are pushed. To characterise the
meniscus ability to displace the granular packing we then
define the dimensionless number:

C = 2γ tanθ sinξ

µg∆ρπR2 , (3)

For pure water, we find C = 2.7, that can explain why,
when using water in previous studies, the bulldozing mech-
anism was always occurring. For pure alcohol, we find C =
0.028. With our water/isopropanol solution, the dimension-
less number C ranges on two decades, and we can expect
different drainage dynamics.

(a) Plugs. 2-propanol %w = 0 and ε0 = 0.2.

(b) Dunes. 2-propanol %w = 25 and ε0 = 0.1.

(c) Stable layer. 2-propanol %w = 100 and ε0 = 0.5.

Figure 2. Different types of pattern formed along the tube depend-
ing on the liquid properties and initial height of particles. If the
particles are clogging the tube, plugs are formed governed by the
Janssen effect. When the meniscus is bulldozing partly the parti-
cles, a series of periodic dunes is formed on the way. For pure alco-
hol, the meniscus is not bulldozing any particles and the particles
bed remains unperturbed.

Depending on the liquid properties and the initial height
of particles, different patterns appear in the tube. Figure (2
gives the three different possible systems. For a low concen-
tration of isopropanol, or high initial height of particles in
the tube 2ε0R, the system reaches the clogging situation and
plugs are formed along the tube. This situation corresponds
to the plug pattern formation described in [9]. For a high
concentration of isopropanol in the solution, the meniscus
slides over the sedimented bead layer and no particles is
bulldozed. We refer to this situation as "resting particles".

Finally, for a medium concentration of isopropanol and a
low initial height of particles, we reach the "capillary wash-
boarding" situation. In this case, the meniscus bulldozes
partially the particles in the tube. Before reaching the clog-
ging situation, the meniscus passes over the bulldozed par-
ticles forming a dune. The final pattern is made up of a re-
curring series of dunes.
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Figure 3. (a) Experimental measurement of the isopropanol/water
solution properties: surface tension (in black) and wetting con-
tact angle (in grey). (b) Phase diagram of the drainage experiment.
Depending on the alcohol concentration of the solution, or initial
height of particles different dynamics are observed. As presented
in figure (2), the three different dynamics are plugs (black), dunes
(grey) or resting particles (white). The dashed lines correspond is
the interpolated boundary between the three phases.

In figure (3.b), we summarise the experimental reached
state depending on the two system parameters: isopropanol
concentration and initial height of particles 2ε0R. For 2-
propanol%w w70, the capillary washboarding mechanism
governs the dynamics of the system. By increasing ε0, we
may reach the clogging situation and trigger the plug for-
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mation mechanism. However, for high isopropanol concen-
tration the capillary washboarding mechanism is never ob-
tained and a direct transition to the plug formation appears
at larger ε0.

αi
hi ~fD (αi )

~fbull

~fabove

~fM i

ξ

ξ

liquid air

M i

M i+1

M i+2

M i
bull

M i
contact

h

θ

2βk

lk−1,k

lk,k+1

Figure 4. Global sketch of the simulated system. First, the menis-
cus is modelled by a series of points k characterised by the pair
distances lk,k+1 and local angle of curvature 2βk . Second, the bull-
dozed front, of height h and avalanche angle θ, is cut in different
layers. Each layer of mass M i is in contact with a bulldozing part
M i

bull and a titled part M i
contact.

We used numerical simulation of the meniscus bulldoz-
ing the particles inside a 2D confined geometry to explain
our experimental results. the global sketch of the simulated
system is given in figure (4. The system is composed of two
distinct parts that we describe independently. First, we fo-
cus on the simulation of the meniscus without the presence
of particles in the geometry. Second, the introduction of
particles in the system adds granular stress on the menis-
cus with a feedback effect resulting in its deformation.
The simulation of the meniscus is inspired by the work of
[5]. In this work, the meniscus simulations were designed
to model the formation of labyrinthine patterns during the
slow drainage of a frictional fluid inside a Hele-Shaw cell.
In our case, we use this 2D simulations in the out-of-plane
(vertical) direction. The meniscus is modelled by a series of
points k separated by a series of length lk,k+1. at each point,
the local angle between two successive meniscus segments
2βk is computed. From these two local parameters, one can
compute the local curvature of the meniscus κk given by:

κk = π−2βk

lk−1,k + lk,k+1
. (4)

Using the value of the local curvature, one can compute the
capillary pressure acting on the meniscus given by Laplace
equation:

δPk = γκk , (5)

whereγ is the effective liquid surface tension in contact with
air. The wetting contact angle ξ is fixed during the whole

simulation by forcing the meniscus local angles at the top
and bottom of the tube:

β1 =βN = π−ξ

2
(6)

where N is the number of points modelling the meniscus.
We need to compute the granular stress acting on each
meniscus point. At each time step, the amount of bull-
dozed particles ahead of the meniscus is characterised by
its height h. The bulldozed grains are forming a constant
avalanche angle θ with the horizontal. For each meniscus
segment in contact with grains, we can differentiate four dif-
ferent granular forces contributions:

• the bulldozed layer of mass M i
bull, applying a force

fbull =µcos2θg M i
bull ,

• the layer itself of mass M i , applying a force fM i =
µg M i ,

• the layers above of mass
∑

k>i M k , applying a force
fabove =µg

∑
k>i M k ,

• the tilted layer in contact with the meniscus of mass
M i

contact, applying a force fcontact =µD (αi )g M i
contact .

The latter part of the layer is pushed horizontally by a ti-
tled segment of the meniscus. This situation is similar to the
washboard road instability [12–14] where a periodic riddles
pattern appears at the top of a sand road by the repeated
passage of vehicles.
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Figure 5. (a) Geometry of the pad pushed by a plane advancing at
a constant velocity v with an angle of attack α. (b) Data from [14].
Friction coefficients of the drag FD and lift FL forces.

As suggested by [14, 15], the local friction coefficient µD

depends on the local angle of attack αi . At the moment, the
direct dependence of the friction coefficient on the angle of
attack is not fully understood. We propose to fit the experi-
mental data from [14] by a power law µD = aDα

bD detailed
in figure (5). Using all frictions forces acting on each granu-
lar layer i , we define the local granular stress acting on the
meniscus segment by:

σiδSi = fbull + fM i + fabove + fcontact , (7)
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where δSi is the local surface of the meniscus plane. At each
time step, the local capillary action and the local granular
stress are computed at each meniscus point. The pressure
difference across the fluid air interface δPi (z) at position z
decrease with the height according to :

δPi (z) = δPi (z = 2R)−ρl g (2R − z) . (8)

At each time step, a meniscus point may advance if δPi (z)
overcomes the sum of the capillary pressure γκi and granu-
lar stress term σi :

δPi (z) > γκi +σi , (9)

or

δPi (z = 2R) > ρl g (2R − z)+γκi +σi . (10)

Ultimately, the meniscus point advancing at each time step
is the one minimising ρl g (2R − z)+γκi +σi . This point ad-
vances horizontally over a distance δxi which is set to keep
the withdrawing rate constant in order to the match the ex-
perimental protocol. Finally, to ensure mass conservation,
at each time step the bulldozed height h is updated accord-
ingly while keeping the avalanche angle θ constant.

θ

(b)(a)

Figure 6. Descent phase of the meniscus during experiment (a)
and simulation (b). When the local angle of attack is lower than
a threshold αmin = 4◦ (in red), the meniscus plunges in the sedi-
mented layer of beads.

During the simulation, the meniscus will deform itself in
response to the increase of the granular stress with the bull-
dozed height h. As the meniscus bends horizontally during
deformation, the local angles of attack diminish, increasing
even more the local granular stress. The deformation of the
meniscus may result at some point in a horizontal menis-
cus plane. From experimental observation shown in fig-
ure (6), we remark that at this point the meniscus plunges
in the sedimented bed forming an angle θ with the horizon-
tal. This angle is observed to be similar to the avalanche an-
gle. The origin of this behaviour still needs to be addressed.
In the simulation, we force this descent phenomenon when
the local angle of attack is lower than the threshold αmin =
4◦.

In our simulations, we can tune both liquid properties
ξ, γ and the initial height of particles 2ε0R. First, we set
the liquid properties of the liquid in accordance with the
isopropanol/water solution while varying the initial height
of particles. The results of our simulation are given as a
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Figure 7. (a) Simulation phase diagram of the different bulldozing
mechanisms depending on the solution concentration in alcohol
and initial height of particles. The simulations results (squares)
are compared to the experimental results (circles), following the
same tendency on the different parameters. (b) Simulation phase
diagram varying the liquid properties γ,ξ while keeping the initial
amount pf particles constant ε0 = 0.3.

phase diagram presented in figure (7.a). When compared
with the experimental results, our results are found in good
accordance. We retrieve the same dependence with ε0:
increasing the initial height of particles in the system leads
to a transition from dunes to plugs formation. During the
simulation, the meniscus deforms itself responding to the
increase of the granular stress until becoming almost hori-
zontal at some point. Then, a dune is left behind while the
meniscus plunges in the sedimented bed and the process
repeats itself. Thanks to mass conservation, an increase of
the initial height of particles leads to a quicker increase of
the bulldozed height h. The clogging situation h = 2R is
reached before a complete deformation of the meniscus.
Unlike the experiments, we can vary both liquid parameters
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ξ, γ independently. The simulation results while keeping
the initial height of particles fixed by ε0 = 0.3 are given in
figure (7.b). When decreasing the surface tension γ or the
wetting angle ξ, the system transit from plugs formation
to the capillary washboarding dynamics. We note that
both liquid parameters have an impact on the meniscus
dynamics.

During the slow drainage of liquid in the presence of
sedimented grains out of a confined geometry, bulldoz-
ing mechanism may occur. The meniscus at the liquid/air
boundary can bulldoze the particles ahead forming a so-
called bulldozing front. On its way, due to granular stress
acting on the meniscus, the latter deforms itself. If the bull-
dozing front reaches the top of the tube, a plug formation
process starts as described in [9]. However, when increas-
ing the amount of bulldozed particles, the meniscus can be
deformed to an horizontal position. At this point, a dune
is formed, this is the capillary washboarding mechanism.
The process repeats itself to form a series of dunes along
the tube. Future experimental work is intended to charac-
terise the formation of dunes (period, amplitude). The tran-
sition for high concentration of alcohol from a resting beads
layer to plugs formations still needs to be addressed. Finally,
as described in [9], the plugs formation if governed by the
Janssen effect. Recent work [16] proposed to control this
Janssen effect by applying an external magnetic field on fer-
romagnetic grains. Using this idea, future work is intended
to force the bulldozing instability as well as changing the re-
sulting pattern.
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