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Emission kgCO2eq emitted
5000 cups of tea 0.003

3 kg of tea 12
17000 km by plane 5440
22800 km by train* 456

food 3200
heating† 300
books 10
paper 5

computer 600
internet use† 400

type
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material

plane
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source: ADEME base carbone.
* this includes my daily use of the RER, for around 60%;

†overestimation, very few data is available.

Figure 0.1 – Carbon emissions associated with the realisation of the present
work.

On the Carbon footprint of this work

Figure 0.1 summarises and represents the carbon emissions associated with the
realisation of the present work. Noticeably, these emissions are higher than the
sustainable values.
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Part 1

Résumé en français

Ce travail résulte de la concaténation de plusieurs contributions aux statistiques
bayésiennes. Dans la première, nous proposons un modèle d’évolution jointe pour
le lexique et la phonologie des langues, afin de reconstruire une phylogénie des
langues. Dans la deuxième nous introduisons ABC à la Gibbs (ABC-Gibbs) une
méthode bayésienne approchée, pour modèles à vraisemblance intractable et en
grande dimension. Nous prouvons sa convergence et son efficacité sur plusieurs ex-
emples. La dernière s’intéresse à une autre méthode numérique que nous appelons
Monte-Carlo Collectif, où des particules en interaction reproduisent le comporte-
ment d’une chaine de Markov non linéaire.

1 Familles de Langues

Au XVIIIème siècle, la linguistique comparée en est venue à observer que les
certaines langues du monde partageaient de hauts degrés de similarité dans le vo-
cabulaire, la grammaire et la phonologie. Ces similarités sont patentes lorsque l’on
compare par exemple le vocabulaire courant des langues Romanes. En comparant
les langues européennes et indo-iraniennes, les linguistes en ont inféré l’existence
d’une grande famille, la famille Indo-Européenne, associée à un ancêtre commun
hypothétique et reconstitué, le Proto-Indo-Européen. L’intérêt croissant durant le
XIXème siècle pour les études Indo-Européennes n’était pas exempte d’arrières-
pensées nationalistes. La polémique récente lancée par le livre de Jean-Paul De-
moule a permis de montrer que l’existence d’un ancêtre commun à une famille
de langues n’est pas nécessairement lié à l’existence d’un ancêtre génétique, ou
culturel.

De nos jours, les linguistes ont décrit de nombreuses familles de langues : Indo-
Européennes, Sino-Tibétaines, Finno-Ugriennes, etc. Pour quelques unes de ces
familles, plusieurs sous-familles ont été distinguées, celles-ci sont quelque fois at-
testées par des sources écrites (par exemple la famille Sinitique, ou Romane) mais
le plus souvent seules les langues contemporaines sont disponibles pour définir ces
familles (par exemple la famille K’iche’). Pour définir ces familles, les spécialistes
se basent le plus souvent sur des comparaisons qualitatives, sans description pré-
cise de modèle d’évolution, à la manière des familles linéennes, même si quelques
avancées ont été faites dans ce domaine : modèle de diffusion par vagues [Ross
et al., 1988], introduction de la charge fonctionnelle [Martinet, 1970]). Même de
nos jours, alors que l’histoire des langues indo-européennes est particulièrement
bien connue, de nombreuses familles de langues restent peu étudiées. Parmi ces
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langues, les langues des signes sont parmi les plus délaissées.
L’objectif de la linguistique historique est de reconstruire l’histoire d’une famille

de langues depuis son ancêtre commun jusqu’aux langues actuelles, en explicitant
les relations entre chaque langue. Cette histoire est usuellement représentée sous
la forme d’un arbre phylogénétique daté, dont la reconstruction est un problème
complexe. Cette reconstruction nécessite en général de quantifier l’évolution des
langues, et nécessite l’adjonction d’informations diverses — par exemple d’ordre
archéologique — pour calibrer le modèle. Par exemple de grands évènements
historiques, comme la domestication de certaines espèces peuvent se traduire dans
le vocabulaire [Diamond and Bellwood, 2003].

Le premier essai d’étude quantitative pour dater un ancêtre commun à deux
langues est connu sous le nom de glottochronologie, introduite par Swadesh [1952] ;
cette méthode repose sur l’hypothèse que le vocabulaire évolue à une vitesse fixée
de telle sorte que le nombre de mots en commun entre le vocabulaire (ici résumé
aux mots de la liste Swadesh) mesure le temps pendant lequel les langues ont
évolué depuis leur séparation. Cette méthode souffre de nombreux défauts, en
particulier la vitesse d’évolution du modèle, qui n’est pas identifiable, a été fixée
a priori, et reste fixe sur la totalité de l’arbre.

Plus récemment, des méthodes phylogénétiques, inspirées par la biologie, ont
été appliquées aux données linguistiques.

2 Phylogénie des langues

La phylogénie est l’étude des relations évolutives entre des objets, caractérisés par
des traits, descendant d’un même ancêtre commun. Cette approche a, dans un pre-
mier temps, été appliquée à l’étude de séquence d’ADN, permettant la construction
d’arbres phylogénétique pour les espèces, et ainsi de se passer de la classification
Linnéenne dépassée. Ces méthodes peuvent aussi être utilisées pour étudier des
traits phénotypiques. De par la nature des données, de longues séquences d’ADN
qui doivent d’abord être alignées et comparées, il est paru que l’usage de méth-
odes computationelles était particuièrement idoine ; d’autant plus que les pro-
grès des méthodes statistiques ont permis de traiter des modèles de plus en plus
complexes [Warnow, 2017, Yang, 1994]. Le parallèle entre linguistique et géné-
tique est douteux, en particulier car les langues présentent dans leur évolution des
phénomènes que les gènes ignorent: bilinguisme, emprunts, intervention humaine
dans l’évolution. Cependant, la structure arborescente au cœur de l’analyse phy-
logénétique semble largement acceptée dans la communauté linguistique, en tout
cas concernant les grandes échelles de temps.

L’usage de méthode numériques pour la linguistique est une addition récente.
Dans le papier de Ringe et al. [2002], les auteurs calculent, pour un jeu de don-
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nées constitué de divers traits (phonologiques, grammaticaux, syntactique) pour
plusieurs langues indo-européennes, une phylogénie aussi proche que possible d’une
phylogénie parfaite, c’est à dire sous laquelle les observations seraient parfaite-
ment possible. Cependant, cette méthode n’est pas un traitement statistique des
données au sens où aucun modèle statistique n’est proposé et où aucune mesure
de l’incertitude de la reconstruction n’est possible. De plus, le jeu de données
mélangeait des données de diverses sortes, souvent non comparables. Depuis, les
linguistes se sont concentrés sur des jeux de données lexicaux.

Un jeu de donnée lexical est le plus souvent constitué de classe de cognats.
Une classe de cognats est un ensemble de mots de même sens ayant un ancêtre
commun. Dans Gray and Atkinson [2003], les auteurs proposent de reconstituer
des arbres en se basant sur un modèle “restriction site”, c’est à dire un modèle où
les classes de cognats apparaissent et disparaissent avec des taux différents incon-
nus. Dans l’article fondateur [Nicholls and Gray, 2007], les auteurs, inspirés par
Dollo [1887], ont modélisé l’évolution des langues au travers de l’évolution de leurs
classes de cognats. L’évolution du lexique est donc modélisée par l’apparition et
disparition de classes de cognats, suivant un processus ponctuel. Le modèle per-
met un calcul relativement efficace de la vraisemblance au travers d’une méthode
récursive [Felsenstein, 1981], et les auteurs prouvent l’efficacité de la méthode par
son application aux langues indo-européennes. Cette méthode, ses améliorations
subséquentes, et les autres méthodes qu’elle a inspirées, ont été appliquées avec
succès à de nombreux exemples: langues dravidiennes [Kolipakam et al., 2018],
sino-tibétaines [Sagart et al., 2019], pama-nyungan [Bowern and Atkinson, 2012],
ou austronésiennes [Gray et al., 2009]. Parmi les améliorations apportées, on peut
citer Ryder and Nicholls [2009] dans lequel les auteurs ajoutent la possibilité de
traiter des données manquantes, en intégrant sur les valeurs possibles des données
manquantes. Cela a permis d’ajouter dans les jeux de données des langues mortes
parcéllairement connues, par exemple le Louvite dans la famille indo-européenne,
tout en gardant un coût computationel raisonnable. Une autre amélioration, [Ry-
der, 2010], a constitué en l’adjonction d’anisotropie dans le modèle, en ajoutant
des catastrophes, c’est à dire des moments d’intense évolution. Plus récemment,
le problème des emprunts a été traité par Kelly [2016], en ajoutant la possibilité
pour un mot d’être latéralement emprunté. Cette dernière amélioration augmente
cependant considérablement le temps de calcul, même si une implémentation effi-
cace a permis d’appliquer la méthode aux langues polynésiennes orientales [Kelly
and Nicholls, 2017]. D’autres modèles, toujours basés sur les classes de cognats
ont permis d’inférer non seulement les relations historiques mais aussi les rela-
tions géographiques entre les langues. Par exemple, les récents résultats sur les
langues austronésiennes [Bouckaert et al., 2018] ont permis de localiser la zone
dans laquelle devait être parlé l’ancêtre commun de cette famille de langues.
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Les classes de cognats restent donc au coeur des modèles actuels. Le principal
problème de ces méthodes se trouve dans la constitution des jeux de données:
les listes de cognats sont construites à la main, par des linguistes, au cours d’un
processus long, complexe et sujet à caution et débat, le plus souvent ce processus
repose sur des informations de différentes sortes, phonétiques ou grammaticales.
Ces informations sont à leur tour elles-même basées sur des modèles linguistiques
plus complexes. Il y a donc des risques que ces données soient biaisées. De plus,
les linguistes doivent recueillir des formes phonétiques complètes pour ne garder
qu’une information de cognacité. Des méthodes automatiques de constitution de
classes de cognats ont été tentées [List et al., 2017]. Précédemment, Bouchard-
Côté et al. [2013] avait supposé la phylogénie connue pour apprendre les classes
de cognats. Parmi les modèles proposés, List et al. [2016] repose sur le calcul
d’une distance de type Levenshtein sur les formes phonétiques écrites en alphabet
phonétique international (API), la distance dépend alors de la proximité entre les
phonèmes ; dans Rama [2018b], les auteurs proposent de se baser sur des modèles
non paramétriques, de type processus du restaurant chinois, pour inférer des classes
de cognats.

Tous ces modèles reposent sur la similarité entre les mots ; contrairement aux
séquences d’ADN, la phonologie présente quelques particularités. La plus frap-
pante d’entre elles est la régularité des transformations phonologiques dans de
nombreuses reconstructions [Lavie, 2007], c’est à dire que la plupart des change-
ments phonologiques s’appliquent uniformément dans le vocabulaire, e.g. du latin
vulgaire au français, toutes les voyelles finales ont disparu [Joly, 1995]. Ces
changements sont de plus très dépendents du contexte. Finalement, le nombre
de phonèmes existant dans une langue est très contraint, obéissant à des règles
encore peu connues [de Boer, 1997, Dunbar and Dupoux, 2016]. À notre connais-
sance, peu de travaux se sont intéressés à ce dernier aspect, si ce n’est un certain
nombre de remarques dans Bouchard-Côté et al. [2013].

Parmi les modèles s’attachant à décrire la phonologie, Bouchard-Côté et al.
[2013] propose de modéliser les évolutions phonologiques comme des transforma-
tions qui touchent indépendamment chaque mot, vu comme une chaîne de car-
actères. Sur une phylogénie connue, chaque mot est modifé par l’application de
transduceur de chaîne, qui permet une prise en compte de l’influence du con-
texte. Les transformations les plus fréquentes — spiration, lénition, etc.— sont
correctement reconstituées, et cette méthode permet également de reconstituer des
classes de cognats en mesurant une similarité entre les mots. Les auteurs proposent
qu’une méthode plus avancée basée sur la leur permettrait d’inférer jointement les
évolutions phonologiques, lexicales, et la phylogénie.

Les méthodes automatiques d’inférence des classes de cognats ouvrent de nou-
velles perspectives en particulier parce qu’elles réduisent considérablement le pré-
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traitement à la main des données, d’autant que pour certaines familles de langues
aucun travail de la sorte n’a encore été mené. Dans Rama [2018a], les auteurs
constatent qu’en se basant sur de telles reconstructions automatiques de cognats,
les résultats restent consistant avec les méthodes habituelles.

Ici, nous nous intéresseront aux langues des signes. Parlées partout sur Terre,
les langues des signes restent particulièrement peu étudiées en comparaison de
leurs contreparties orales. Alors que l’histoire de l’éducation et de la culture sourde
sont connues, les processus évolutifs des langues et leurs liens historiques restent
méconnus. Dans Power et al. [2020], les auteurs reconstruisent un Neighbour net
en se basant sur une distance définie à l’occasion pour représenter les similarités
entre les langues de signes. Le jeu de données utilisé se constituait des alphabets
manuels, supposés être parfaitement exempts d’iconicité — même si celle-ci est
claire dans les signes représentant les lettres n, m, u, v, w et z, qui imitent la
forme de la lettre. Chaque signe est représenté par un certain nombre de traits
décrivant la position, forme et mouvement de la main lors de la prononciation du
signe. Ces traits sont à la base de l’étude de la phonologie des langues des signes.

3 Méthodes numériques pour l’inférence des phy-

logénies

L’inférence de phylogénie se fait généralement dans un contexte bayésien. La
paradigme bayésien [Robert, 2007], introduit indépendemment par Pierre-Simon
de Laplace et Thomas Bayes au XVIIIème siècle, permet une grande consistance
dans l’inférence statistique. Dans ce paradigme, l’incertitude sur une quantité θ est
représentée par une distribution de probabilités ; en conséquence, il est possible de
mettre à jour les informations sur une quantité par l’usage de la formule de Bayes,
transformant ainsi une loi a priori π(θ) en une distribution a posteriori π(θ | X),
résumant l’information a prior et l’information apportée par les observations X,
représentées par la vraisemblance L(X | θ):

π(θ | X) ∝ π(θ)L(X | θ).

En pratique, cela signifie qu’en calculant la loi a posteriori on mesure directe-
ment l’incertitude liée à l’inférence. Il est habituel de s’intéresser à des quantités
de la forme Eπ(θ|X)[f(θ)]. En de rares cas, il est possible de calculer exactement
ces quantités, mais le plus généralement le coût computationnel de l’estimation
de ces quantités est rédhibitoire. L’algorithme de Metropolis–Hastings [Robert
and Casella, 1999] a constitué en ce domaine une révolution. D’abord intro-
duit dans Metropolis et al. [1953], il repose sur l’idée de construire une chaîne
de Markov dont la mesure stationnaire serait la loi recherchée. Pour compenser
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ses défauts notables — mauvaises propriétés de mélange, choix des paramètres —
les dernières années ont vu le développement de variantes de cette méthode. En
dehors des versions adaptatives, Roberts and Rosenthal [2009], qui cherchent à
apprendre les paramètres optimaux de l’algorithme en temps réel, d’autres méth-
odes ont été proposées. Les méthodes de tempérance de distribution cherchent à
modifier la cible pour la rendre plus facile à explorer. En aplanissant une distri-
bution, les barrières de potentielles deviennent franchissables pour un algorithme
de Metropolis–Hastings. Cette méthode est à la base des algorithmes de Parallel
tempering [Swendsen and Wang, 1986]. L’idée de base de la méthode est, partant
d’une distribution simple et connue — par exemple le prior — de passer gradu-
ellement à la cible pour laquelle les propriétés de mélange sont mauvaises. On
introduit alors autant d’étapes de tempering que nécessaire. Parmi les méthodes
de tempérance on peut penser au tempering thermodynamique, qui est une des
méthodes les plus simples, on introduit alors des distributions tempérées de la
forme πt ∝ π(θ)L(X | θ)t, 0 ≤ t ≤ 1, lorsque t = 0 nous retrouvons le prior, et
pour t = 1 le posterior. Chaque distribution est associée à une chapine de Markov
évoluant indépendamment des autres, sauf à quelques instants auxquels on propose
à deux chaines voisines d’échanger leurs états. Cet échange est assez probablement
accepté, de par la proximité des chaîne, et cela permet aux chaînes mélangeant
inefficacement de bénéficier des meilleures propriétés des autres. Cet algorithme
a l’avantage d’être efficacement parallélisable [Syed et al., 2019], en implémentant
une chaîne par cœur il est possible d’utiliser des CPU de taille moyenne.

L’échantillonage d’importance est une autre branche majeure des méthodes de
Monte Carlo, basé sur cette simple identité [Robert and Casella, 2013] :

∫
f(x)dx =

∫
f(x)h(x) · dx

h(x)
.

Il est possible de réécrire cette identité pour des variables aléatoires. Lorsque
l’on veut estimer une quantité de la forme Ep[f(X)], on peut utiliser une variable
aléatoire X de loi q différente, pour peu qu’on ajoute un terme correctif:

Ep[f(X)] = Eq[f(X)p(X)/q(X)],

le choix de q, la distribution d’importance est le principal problème. Pour résoudre
cette difficulté, plusieurs méthodes ont été avancées. En particulier l’échantillonnage
séquentiel d’importance, reposant sur la même idée de tempérance (c.f. supra),
représenté par la méthode de Monte Carlo séquentiel (SMC) [Del Moral et al., 2006]
a montré son efficacité sur des modèles où la suite de distributions tempérées est
évidente, par exemple les modèles spatio-temporels avec des applications notables
aux problèmes de filtrage. En plus des méthodes de type Monte-Carlo à partic-
ules(PMC), SMC peut être un outil efficace pour l’étude de distribution classiques ;
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l’utilisateur doit alors choisir avec discernement ou inspiration la suite de distribu-
tions tempérées. Les méthodes SMC ont été utilisées par exemple pour l’inférence
de phylogénies [Bouchard-Côté, 2014, Wang et al., 2015, 2019]. Dans ces articles,
les auteurs proposent d’étendre le modèle à des forêts d’arbres et construisent par
coalescence une suite de distribution tempérées sur les arbres. Plus précisément,
dans Bouchard-Côté [2014] les auteurs s’intéressent à la validité de leur méth-
ode, et dans Wang et al. [2019] ils étendent la loi de proposition pour augmenter
l’efficacité de la méthode au prix d’une augmentation de la complexité numérique.
Les méthodes particulaires, telles PMC et SMC reposent sur la grande quantité
de particules, qui assure la convergence et la validité de la méthode [Del Moral,
2004]. À notre connaissance l’usage de GPU pour ces méthodes n’est pas répandu.

4 Phylogénies des langues des signes

Le modèle que l’on propose pour les langues des signes repose sur deux procédés
d’évolution. Le premier représente l’évolution des mots, avec l’application de lois
phonologiques régulières, et le second l’apparition de nouveaux mots, représentant
un renouvellement du vocabulaire.

Plus précisément, chaque lexique est représenté comme une matrice U , chaque
ligne représente un sens et chaque colonne un trait. Chaque sens est alors associé à
un mot constitué d’un unique signe caractérisé par une certaine valeur sur chacun
des traits. La matrice U est initialisée à la racine en tirant chaque ligne indépen-
damment depuis une distribution π0 définie. U coïncide alors avec les données aux
feuilles, c’est à dire aux langues observées. La matrice U est modifiée par deux
processus stochastiques :

— Un processus de création, qui reproduit l’apparition de nouveaux mots, que
ce soit par emprunt, création ou changement de sens ;

— un processus de mutation qui représente l’évolution lente des signes, par
l’application de changements phonétiques.

Ces deux processus sont décrit comme des processus de Poisson indépendants
sur l’arbre g. Nous représentons en figure 1.1 ces processus et leurs effets sur
un petit vocabulaire, nous avons mis des valeurs phonologiques issues des langues
orales pour une plus ample compréhension.

Le processus de création consiste en l’apparition, pour un sens donné, d’un
nouveau mot. C’est à dire au renouvellement complet de tous les traits pour ce
sens. Ce processus n’a pas d’équivalent dans la littérature, mais il est similaire au
modèle Mk [Lewis, 2001]. À un processus de création, toutes les valeurs d’une ligne
de U sont modifiées. Cela advient avec un taux µ, indépendamment pour chaque
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Figure 1.1 – Stochastic evolution processes
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sens. Le nouveau mot est tiré depuis π0. Notons également que l’apparition d’un
nouveau mot correspond à la création d’une nouvelle classe de cognats.

Le processus de mutation correspond à l’application séquentielle de lois d’évolutions
tirées dans un ensemble Rk définit par les modélisateurs, spécifique à chaque car-
actère. À un évènement de mutation, plusieurs éléments d’une colonne de U sont
changés. C’est un nouvel ajout par rapport aux précédents modèles de phylolin-
guistique, car nous voulons simuler le processus d’évolution naturel de la représen-
tation phonologique des mots, décrite par des lois d’évolutions. Pour chaque carac-
tère k, un processus de Poisson avec taux λk donne la position des transformations,
qui sont alors choisies indépendamment avec probabilité pk depuis l’ensemble Rk.
Lors d’une mutation, chaque mot est touché par cette transformation avec proba-
bilité βk indépendamment des autres mots. Cela permet de prendre en compte le
fait que le contexte peut changer l’application de certaines lois.

Pour résumer, le modèle est décrit par les paramètres suivants :

— g la topologie de l’arbre phylogénétique, d’ensemble de branches E ;

— l’ensemble des longueurs de branches associées (ℓe)e∈E ;

— µ le taux de renouvellement par sens ;

— λk le taux d’apparition des transformations pour chaque caractère ;

— pk un vecteur de probabilités indiquant la fréquence de chaque transformation
pour chaque caractère ;

— βk la probabilité par sens qu’une transformation soit appliquée ;

— ν l’intensité du bruit.
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Pour prendre en compte les incertitudes, nous réalisons l’inférence dans un
cadre bayésien.

Le jeu de données sur lequel nous nous sommes basés a dû être réduit pour
pouvoir être traité numériquement. Originellement, les signes sont représentés par
24 traits, nous avons, en accord avec les linguistes réduit ces traits à seulement 5
décrivant la forme de la main, sa position, son orientation, le mouvement associé
et le nombre de mains nécessaire à sa réalisation.

Un autre problème de ce jeu de données repose sur le nombre de valeurs pos-
sibles pour les traits, un nombre trop élevé de modalités étant trop difficilement
gérable par la mémoire de de l’ordinateur. Les linguistes ont donc réduit ces valeurs
à un maximum de 9. Par exemple, la forme de la main ne prend plus en compte
que le nombre de doigts tendus et l’état du pouce, ce qui réduit à 9 le nombres de
valeurs possibles pour le trait forme de la main.

Nous avons été capables de calculer la vraisemblance de ce modèle, et de simuler
un échantillon depuis le posterior associé en utilisant une méthode de type SMC.
Les résultats montrent sur données simulées des résultats très satisfaisants, avec
de bonnes reconstructions de la phylogénie et des variables latentes.

4.1 Résultats sur données réelles

Concernant les données réelles, il faut signaler deux problèmes qui sont partic-
ulièrement présents dans l’étude des langues de signes : l’iconicité et les emprunts
entre les langues.

L’iconicité correspond à la perte d’indépendance entre le signifié et le signifiant,
au sens de De Saussure [1989]. Alors que pour les langues orales, on peut consid-
érer que la plupart des mots ont une forme qui n’a aucun rapport avec leur sens
— par exemple, il n’y a aucun lien entre le mot chat et l’animal qu’il représente
— à quelques exceptions près — chat se traduit en mandarin TIPAmā o, et en
Lao TIPAmǣo. La présence de mots iconiques a deux conséquences, la première
est que ces mots ne suivent pas l’évolution standard des autres mots. En effet, si
le mandarin subissait la modification phonologique m → p/#_, le lien entre sig-
nifié et signifiant serait perdu, et donc il est fort probable que les mots iconiques
ne subissent que des modifications qui préserveront l’iconicité. La seconde con-
séquence est que plusieurs langues non liées par ailleurs — typiquement mandarin
et lao — partagent des mots proches. Pour les langues des signes de très nombreux
signes sont iconiques, car issus du mime ou reprenant des éléments particuliers de
ce qu’ils décrivent. Par exemple, les signes désignant les lions font très souvent
référence à leur crinière. À cela s’ajoute le problème que parfois c’est une partie
du signe seulement qui est iconique, par exemple les signes signifiant se rencontrer
impliquent presque toujours les deux mains et un mouvement convergent de celles
ci, sans que la forme des mains soit imposée.
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Les emprunts sont un autre problème particulièrement criant pour l’étude des
langues des signes. Les communautés de signeurs sont souvent de faible taille, et
les écoles pour sourds sont rarement le fait des communautés elles-mêmes, mais
plutôt le résultat de l’arrivée dans la communauté de professeurs venus d’autres
écoles, comme c’est le cas pour les États-Unis où la première école pour sourds
a été fondée par un Français. Le résultat est que les langues des signes sont
souvent issues d’un mélange de langues locales et de langues importées. De plus,
les efforts d’uniformisation des langues de signes et l’intercompréhension possible
entre plusieurs d’entre-elles encouragent les emprunts de mots. Le résultat est le
même que pour l’iconicité, des relations apparentes non historiques.

Aucun de ces deux problèmes n’est pris en compte dans notre modèle. Nous
présentons en Figure 1.2 deux arbres consensus résumant les distributions a pos-
teriori sur les arbres lors de deux réalisations indépendantes de l’algorithme. Le
jeu de données était constitué des langues asiatiques et européennes. Nous avons
contraint les langues asiatiques à former un sous groupe distinct des langues eu-
ropéennes, cela correspondant à l’hypothèse habituelle formulée par les linguistes.

Les résultats sont stables et confirment un certain nombre d’hypothèses. La
première est l’existence d’un sous groupe Est-européen, autour du cercle d’influence
de l’URSS. Les langues les plus occidentales ont une position moins certaine, con-
firmant en cela leur lien avec les langues des signes germaniques. Les langues
d’Europe occidentale sont moins clairement classées, on constate néanmoins la
proximité entre la langue des signes américaine et française, confirmant en cela
l’histoire. Du côté des langues asiatiques, la proximité entre la langue des signes
de Taiwan et du Japon est faiblement supportée, malgré l’histoire commune de ces
deux pays.

Une étude plus approfondie des résultats, en particulier des lois a posteriori des
paramètres, montre des comportements très différents d’un caractère à l’autre, avec
certains — comme le nombre de mains — évoluant particulièrement lentement,
nous n’avons a posteriori presque aucun changement régulier associé à ce caractère,
ce qui signifie que caractère, bien qu’évoluant, ne s’insère pas dans les hypothèses
évolutives du modèle. En cela, nous confirmons l’hypothèse que ce caractère porte
vraisemblablement une dimension icônique.

En ce qui concerne les âges internes, de nombreuses incertitudes demeurent,
nous présentons en Figure 1.5 les résultats. Pour les langues des signes Japonaises
et Taiwanaises, la date semble correspondre à l’annexion Japonaise de l’île. Con-
cernant la LSF et la LSI, cet âge est contraint par la contrainte mise sur la langue
des signes Américaines, mais la date semble correspondre à la date du Risorgimento
à la fin du XIXème siècle.
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Figure 1.3 – Densitree de l’échantillon a posteriori.

5 Méthodes bayésiennes approchées

Malgré les capacités croissantes du matériel informatique, et les efforts des mathé-
maticiens, de nombreux modèles développés pour des applications réelles, sont trop
complexes pour être étudiés par des méthodes requérant le calcul de la vraisem-
blance. En particulier lorsque celle-ci repose sur de nombreuses variables latentes
en grande dimension. De nombreux modèles proposés par les linguistes sont dans
ce cas, en particulier en incluant des emprunts, et la variabilité au cours du temps
des paramètres d’évolution.

D’un autre côté, les méthodes approchées, ne reposant pas sur le calcul de
la vraisemblance, paraissent être une solution possible. Ces méthodes requièrent
seulement de pouvoir simuler des pseudo-observations depuis le modèle génératif
proposé, ce qui est indubitablement plus simple que de calculer une vraisemblance.
Parmi ces méthodes, les méthodes ABC (approximate Bayesian computation),
d’abord introduites en biologie et ensuite étudiées théoriquement et validées par
exemple dans Tavaré et al. [1997], Beaumont et al. [2002], Toni et al. [2008], Csil-
léry et al. [2010], Moores et al. [2015] et Sisson et al. [2018], sont parmi les plus
simples. L’idée des méthodes ABC peut être synthétisée en quelques mots : si
un paramètre, tiré depuis son prior, génère des pseudo-observations proches des
vraies observations, ce paramètre devrait être une réalisation du posterior. Il ne
reste plus qu’à interpréter le terme “proche”, c’est à dire à trouver une distance
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Figure 1.5 – Distributions a posteriori de l’âge du plus proche ancêtre commun
de deux des langues a posteriori.

21



sur les observations.
Ce problème est patent depuis les premières heures des méthodes ABC. En

général, la distance choisie est de la forme d(x, x⋆) = ds(s(x), s(x
⋆)), où s est une

statistique résumée et ds une distance, usuellement une simple distance euclidi-
enne. Nous savons que pour peu que s soit une statistique suffisante, dans la
limite des faibles distances l’inférence est exacte. Cependant, il est notable que
l’existence de statistique résumée suffisante est rare. De plus, de par la malédic-
tion de la dimension, atteindre de faibles distances peut se révéler impossible en
pratique. Récemment, Fearnhead and Prangle [2012], Li and Fearnhead [2018]
ont montré que le choix optimal pour s serait d’être de la même dimension que
le paramètre. Choisir une telle statistique reste problématique, dans Raynal et al.
[2019] les auteurs proposent de sélectionner parmi plusieurs statistiques proposées
par l’utilisateur celles qui sont les plus utiles, malheureusement cette méthode est
limitée aux cas monodimensionnels.

Un autre problème des méthodes ABC est leur inefficacité lorsque le paramètre
vit dans un espace de trop grande dimension. Encore une fois, la malédiction de la
dimension constitue un obstacle, et réduit drastiquement l’efficacité des méthodes,
puisque tous les paramètres proposés ou presque seront dans des zones de faible
posterior. La méthode ABC-MCMC a été conçue dans cet objectif, en introduisant
des propositions locales, et donc plus informées que le prior. Cependant, en di-
mension supérieure à 30, les limites de cette méthode apparaissent. Une première
expérience de méthode ABC à la Gibbs a été tentée dans Kousathanas et al. [2016],
où s est choisie sous de très dures contraintes pour garder des garanties théoriques.

Input: nombre d’itérations N , point initial θ(0) = (θ
(0)
1 , . . . , θ

(0)
n ), seuils

ε = (ε1, . . . , εn), statistique s1, . . . , sn, distance sur les statistiques
d1, . . . , dn.

Output: a sample (θ(1), . . . , θ(N)).
for i = 1, . . . , N do

for j = 1, . . . , n do

θ
(i)
j ∼ πεj{· | sj(x⋆, θ

(i)
1 , . . . , θij−1, θ

(i−1)
j+1 , . . . , θ

(i−1)
n )}

Algorithm 1.1: ABC-Gibbs

Dans ce travail, nous proposons une méthode numérique inspirée de l’échantillonneur
de Gibbs, lequel est notablement résistant à la malédiction de la dimension. Cette
méthode, que l’on appelle ABC-Gibbs, repose sur la mise à jour séquentielle de
chaque coordonnée du paramètre selon une méthode ABC classique, mais cette
fois en faible dimension. L’algorithme est présenté en Algorithme 1.1. Dans cet
algorithme, chacune des coordonnées de θ le vecteur des paramètres est mis à
jour en tirant une nouvelle valeur selon une approximation de la loi condition-
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nelle de cette coordonnée par rapport aux autres et aux observations : πεj{· |
sj(x

⋆, θ
(i)
1 , . . . , θij−1, θ

(i−1)
j+1 , . . . , θ

(i−1)
n )}, si le choix de cette approximation est a pri-

ori libre, nous avons étudié le cas où cette approximation est issue d’un algorithme
ABC standard, dont on rappelle la forme en Algorithme 1.2, qui a l’intérêt d’être
particulièrement simple.

Input: Observations x⋆, nombre d’itérations N , seuil ε > 0, statistique
résumée s.

Output: un échantillon (θ(1), . . . , θ(N)).
for i = 1, . . . , N do

répéter
θ(i) ∼ π(·)
x(i) ∼ f(· | θ(i))
jusqu’à ce que d{s(x(i)), s(x⋆)} < ε

Algorithm 1.2: Approximate Bayesian computation standard

Pour prouver la convergence de la méthode, on ne peut pas se contenter
d’exhiber une loi stationnaire à la chaine de Markov ainsi définie, car il n’existe pas
de forme analytique pour cet objet, à notre connaissance. Nous devons donc mon-
trer la convergence de la chaine de Markov d’une manière non constructive. Pour
cela, nous avons montré que l’opérateur itératif associé à une étape de l’algorithme
était contractant au sens de la variation totale. Il possède donc un unique point
fixe et la chaine de Markov converge en variation totale vers cette loi.

Pour montrer que cete loi limite présente un intérêt, il faut montrer d’autres
propriétés sur celle-ci. Par des arguments de couplage, nous avons été capables
de calculer la limite de la loi limite lorsque le temps attribué aux simulations
des conditionnelles augmente. Sous cette limite et dans avec un certain choix de
statistique résumée, il est possible de retrouver une loi connue.

En pratique, notre méthode montre une grande efficacité dans les dimensions
élevées, en particulier sur des modèles hiérarchiques, ce à quoi l’on s’attendait
de par le lien avec l’algorithme de Gibbs. Parmi les autres intérêts on notera la
plus grande facilité dans le choix des statistiques résumées. Il reste néanmoins
un certain nombre de questions sur la pratique de la méthode ainsi que sur son
comportement exact. Même s’il ne s’est jamais produit de dégénérescence de la loi
limite, cette possibilité est laissée ouverte par les résultats théoriques, et il serait
intéressant d’étudier cette éventualité.

5.1 Convergence de la méthode

On synthétise ici la preuve de la convergence de l’algorithme que l’on propose.
Nous avons montrer le résultat suivant:
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Theorem 1. Supposons que pour tout ℓ ≤ n

κℓ = sup
θ>ℓ,θ̃>ℓ

sup
θ<ℓ

‖πεℓ{· | sℓ(x⋆, θ<ℓ, θ>ℓ)} − πεℓ{· | sℓ(x⋆, θ<ℓ, θ̃>ℓ)}‖TV < 1/2

avec θ>ℓ = (θℓ+1, θℓ+2, . . . , θn), and θ<ℓ = (θ1, θ2, . . . , θℓ−1). Alors, la chaîne de
Markov définie par l’Algorithme 4.2 converge géométriquement en variation totale
vers νε, avec un taux 1−∏ℓ 2κℓ.

Pour démontrer ce résultat, on va en réalité montrer que l’opérateur T associé
à une itération de l’algorithme est contractant dans l’espace des mesures pour
la variation totale. Pour cela il suffit de montrer comment un couplage optimal
de deux distributions µ et ν va être transformé en un couplage entre T µ et T ν.
Nous montrons ce résultat en utilisant les hypothèse sur chacune des conditionnelle
approchée.

Notons que les hypothèses sont vérifiées dans l’hypothèse plus restrictive, mais
néanmoins fréquente, que les paramètres sont tous à support compact et que toutes
les densités ne s’annulent pas.

6 Méthodes de Monte-Carlo non linéaires et ap-

proximation particulaire

Dans le contexte des méthodes MCMC, les méthodes Markoviennes sont dites
“linéaires”. Dans ces méthodes itératives, la loi du point suivant ne dépend que de
la position du point actuel, comme on le constate dans la forme de l’algorithme de
Métropolis-Hastings. Dans la dernière décennie, de nouvelles méthodes ont essayé
d’échapper à cette contrainte. Les méthodes dites non linéaires [Andrieu et al.,
2011, 2007, Haario et al., 2001, Atchadé and Rosenthal, 2005] sont intéressantes
pour leurs propriétés de convergence. Cependant, simuler ces dynamiques s’avère
rapidement être complexe.

D’un autre côté, dans la communauté des EDP, il est connu que les processus
markovien non linéaires apparaissent en tant que limite de systèmes de particules
en interaction, lorsque le nombre de particules augmente [Sznitman, 1991, Méléard,
1996]. Le processus résultat, la loi du point suivant dépende la la loi du point
actuel, et non seulement de sa position. Cette limite de champ moyen a d’abord été
étudiée en physique statistique [Kac, 1956] et ensuite formalisée dans les travaux
pionniers de McKean [1966, 1967], Kac [1956], Dobrushin [1979]. En biologie, ces
modèles ont été développés pour décrire le comportement des nuées d’oiseaux ou
des fourmis par exemple. La question est alors en général d’identifier la nature
de la loi limite desdites dynamiques à partir du comportement microscopique des
particules.
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Input: Une population initiale de particules (X1
0 , . . . , X

N
0 ) ∈ EN ,

un temps maximum T ∈ N, une loi de proposition Θ
une fonction d’acceptation h

Output: Un échantillon
(
X i

t

)
1≤i≤N ; 1≤t≤T

for t = 0 to T − 1 do

for i = 1 to N do

(Proposition) Tirer Y i
t ∼ Θµ̂N

t
( · |X i

t) une proposition pour un
nouvel état de la particule i;

(Acceptation) Calculer αµ̂N
t
(X i

t , Y
i
t ) =

Θ
µ̂Nt

(Xi
t |Y

i
t )

Θ
µ̂Nt

(Y i
t |X

i
t)
· π(Y i

t )

π(Xi
t)

;

Tirer U i
t ∼ U([0, 1]);

if U i
t ≤ h

(
αµ̂N

t
(X i

t , Y
i
t )
)

then

Définir X i
t+1 = Y i

t ; // Acceptation, avec probabilité

h(αµ̂N
t
(X i

t , Y
i
t )).

else
Définit X i

t+1 = X i
t ; // Rejet, probable si αµ̂N

t
(X i

t , Y
i
t ) ≃ 0.

Algorithm 1.3: Monte Carlo Collectif (CMC)

Dans ce travail, nous avons été capables de distinguer une classe d’algorithmes
markoviens non linéaires, que l’on peut approcher en simulant l’évolution d’un
système de (nombreuses) particules en interaction. Nous appelons ces méthodes
Monte-Carlo Collectives (CMC), dont la forme est présentée en Algorithme 1.3.
Il est alors possible d’interpréter ces méthodes de diverses manières. En plus de
l’aspect non linéaire, on peut interpréter cette méthode comme un algorithme
de Metropolis-Hastings où chaque particule se voit proposer une nouvelle posi-
tion en fonction de l’entière population, et accepte cette position indépendam-
ment des autres particules. Cette méthode est, sous cette deuxième acception,
entre l’implémentation indépendante de nombreux Metropolis-Hastings, et un al-
gorithme de Metropolis-Hastings où la cible est directement π⊗N , acceptant ou
rejetant l’état de chaque particule ensemble.

Cette méthode reste markovienne : elle ne repose pas sur l’échantillonage
d’importance, qui est à la base de nombreuses méthodes particulaires. Ces méth-
odes, à l’exemple de SMC [Del Moral et al., 2006], sont particulièrement adaptées
à l’étude de cibles complexes. Cependant elles souffrent de la malédiction de la
dimension, et le choix des paramètres est critique pour augmenter la qualité de
l’approximation. La méthode que l’on propose souffre moins de ces difficultés.

Pour autant, CMC souffre de son coût numérique, qui n’est pas linéaire en
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le nombre de particules, mais quadratique. Pour rendre malgré tout la méthode
attractive, nous proposons une implémentation reposant sur les GPU. En parti-
culier, la récente librairie KeOps [Feydy et al., 2020] a été développée justement
dans l’objectif de simuler efficacement des systèmes de particules en interaction
pour jusqu’à plusieurs milliards de particules, rendant par là même notre méthode
compétitive.

6.1 Convergence de la méthode

La convergence de l’algorithme se démontre en deux temps. Tout d’abord, on
montre que lorsque le nombre de particules augmente, la population se comporte
comme une population de particules indépendantes de même loi. On appelle ce
résultat limite de champ moyen, et on peut en déduire en corollaire la propagation
du chaos, en suivant la dénomination de Sznitman [1991] :

Theorem 2 (Limite de champ moyen). Soit Θ une proposition qui satisfait les
hypothèses 2, 3 et 4. Soit (X i

0)i∈{1,...,N}, N variables aléatoires indépendantes et
identiquement distribuées de loi µ0 ∈ P(E) (hypothèse de chaoticité). Soit t ∈ N

et soit (X i
t)i∈{1,...,N}, N particules construites à la t-ème itération de l’Algorithme

1.3. Alors la mesure empirique, µ̂N
t = 1

N

∑N
i=1 δXi

t
satisfait :

µ̂N
t −→

N→+∞
µt

où µt = T (t)(µ0) est le t-ème itéré de l’opérateur de transition (7) partant de µ0

et où la convergence est la convergence en loi ( i.e. la convergence faible-⋆ dans
l’espace P(P(E))).

La preuve de ce résultat est basée sur des arguments de couplage, inspirés par
Sznitman [1991] et adaptés de Diez [2020]. La preuve complète peut être trouvée
en Section 31.4. La propagation du chaos s’énonce alors ainsi :

Corollary 3 (Propagation of Chaos). Soit Θ une loi de proposition satisfaisant
certaines hypothèses. Soit t ∈ N, ℓ ∈ N et soit µℓ,N

t ∈ P(Eℓ) la loi jointe au temps
t de n’importe quel sous groupe de ℓ particules construites par l’algorithme 5.1,
initialement i.i.d de loi commune µ0 ∈ P(E). Pour chaque ℓ-uplet de fonctions
continues bornées ϕ1, . . . ϕℓ sur E, on a :

∫

Eℓ

ϕ1(x1) . . . ϕℓ(xℓ)µ
ℓ,N
t (dx1, . . . , dxℓ) −→

N→+∞

ℓ∏

k=1

〈ϕk, µt〉,

où µt = T (t)(µ0) est le t-ème itéré de l’opérateur de transition (7) partant de la loi
µ0.
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Pour étudier la convergence lorsque t → +∞ du processus non-linéaire, nous
commençons par une astuce artificielle pour simplifier les calculs. Nous transfor-
mons la dynamique en une dynamique à temps continu, en associant la chaîne de
Markov à temps discret à un processus de Poisson de façon à ce que les temps
de sauts de la chaîne continue coïncident avec ceux du processus de Poisson [Bré-
maud, 1991, Chapter 8, Definition 2.2]. Dans ce contexte continu, partant d’une
distribution absolument continue f0 ∈ Pac(E), la loi ft au temps t ∈ [0,+∞)
satisfait au sens faible l’équation intégro-différentielle suivante :

∂tft(x) = T (ft)(x)−ft(x) =

∫

E

π(x)Θft(y|x)h(αft(x, y))

(
ft(y)

π(y)
− ft(x)

π(x)

)
dy (1)

Notons que ft est aussi absolument continue par rapport à la mesure de Lebesgue.
Le résultat principal est alors 4 qui affirme que la solution de l’équation intégro-
différentielle (1) converge à vitesse exponentielle vers π lorsque t → +∞ avec un
taux qui dépend de la condition initiale. ce qui est le cas sous nos hypothèses,
lesquelle nous permettent de contrôler l’équilibre entre la loi de proposition et la
loi cible π. Partant de la distribution f , la fonction c− mesure combien loin de π
est la loi de proposition de f . Le meilleur cas étant atteint pour c− ≡ 1 comme
dans ce cas on a Θf = π.

Cette hypothèse est vérifiée par la plupart des noyaux que l’on propose.

Theorem 4 (Convergence du processus non-linéaire). Soit Θ une loi de proposi-
tion satisfaisant certaines hypothèses. Soit f0 ∈ Pac

0 (E) et soit ft la solution au
temps t ∈ [0,+∞) de l’équation intégro-différentielle (16). Alors pour tout t ≥ 0,
on a:

|ft − π|TV ≤ C0e
−λt,

où C0 > 0 dépend uniquement de f0 et π et où

λ := c−
(
inf
x

f0(x)

π(x)

)
h(1) > 0.

La preuve de ce résultat est basée sur des méthodes d’entropie, où l’on montre
qu’une quantité décroît strictement avec le temps. Notons que cette quantité
peut être choisie avec une certaine liberté, par exemple on pourra s’intéresser à la
divergence de Kullback-Leibler.
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Part 2

Introduction

This work presents three contributions to applied and computational Bayesian
statistics. In the first one, we infer from a model of joint lexical and phonological
changes a reconstruction of language history. In the second one, we propose an
Approximate Bayesian method with Gibbs-like steps (ABC-Gibbs), an approxi-
mate method for high dimensional models. We prove its convergence and show its
efficiency on several examples. In the third one, we develop Collective Monte Carlo
(CMC), a method relying on interacting particles to mimic a non-linear MCMC
method. We prove its convergence and efficiency on several examples.

7 Language families

Since the 18th century, comparative linguistics came to observe that some lan-
guages in the world share high levels of similarities, in the vocabulary, the grammar
or the phonology. These similarities appear clearly when comparing the basic vo-
cabulary in some languages, see Table 2.1 for an example on Romance languages.
By comparing European and Indo-Iranian languages, linguists conceived the idea
of a unified family of languages (the Indo-European family) with a common ances-
tor (Proto-Indo-European). The great interest of 19th scientists for Indo-European
studies was not exempt from nationalists arrière-pensées, in particular in German
countries that found in Historical Linguistics a way to relate German people to
antique civilisation.

Today, many other language families have been defined: Indo-European (IE),
Semitic, Sino-Tibetan, Finno-Ugric, etc. For some of these families, several sub-
families have been distinguished, some which are attested through written sources
(e.g. Sinitic or Romance languages) some through comparison of currently existing
languages (e.g. K’iche’ languages). These distinctions are based on pure compar-
ison of languages, without quantitative studies, even though some models try to
explain how change appears and spreads in languages (e.g. wave model [Ross et al.,
1988], functional load [Martinet, 1970]). Even today, while the history of Indo-
European languages is well known and mostly accepted, some language families
have not been studied in depth. Among those, sign languages, whose evolutionary
process, families and history remains terra incognita.

The goal of historical linguistics is to reconstruct the history from ancestral
language to the current languages, by showing relationship between languages.
This history is usually represented as a dated tree, whose construction is a complex
matter. It often involves quantifying phonological changes, and usually needs to
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English Latin Portuguese Spanish French Italian
four quattuor quatro cuatro quatre quattro
five quinque cinco cinco cinq cinque
big grandis grande grande grand grande
long longus longo largo long lungo
wide amplus, largus largo ancho large largo
thick grossus grosso grueso gros grosso

Table 2.1 – Extract of Swadesh list for Latin and some Romance languages

introduce archaeological data to the study. For example when in a family all the
languages use a similar word to designate a domesticated animal, we can date
the apparition of the word with respect to the known history of domestication
[Diamond and Bellwood, 2003]. To overcome these difficulties, some researchers
have tried to systematise this work by introducing precise generative models.

The first quantitative work to date the common ancestor of two languages was
known as Glottochronology introduced by Swadesh [1952]; this method relies on the
assumption that vocabulary of languages evolve at a fixed known rate, so that by
counting the number of words with common ancestry between the two vocabularies
— originally Swadesh lists, which are constituted of a few hundred meanings that
were considered the most stable, and expected to appear in every language — we
can estimate the date of the common ancestor to these two languages, that is the
time were the ancestral population splits into two population, whose language,
initially the same, evolve independently into what will become the two languages
studied. This method suffers many flaws, the most obvious one being the lack
of information as for the evolution rate, the second being the fact that it is not
reasonably efficient to build a phylogeny from the study of pairs of languages,
especially because of the large variance of the estimators obtained from the method.
Despite this, the use of similar methods, such as Neighbour Joining, remains of
common use in historical linguistics.

More recently, phylogenetic models, originally used in biology, have been ap-
plied to linguistics.

8 Phylogenetic linguistics

Phylogenetics is the study of evolutionary relationships between objects, charac-
terised by features, that all descend from a common ancestor. This approach at
first used in genetics and biology is applied for example to study DNA evolution,
allowing the inference of phylogenies for species. It can also be used with phe-
notype traits displayed by individuals. Due to the nature of the dataset, often
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long DNA sequences that need to be aligned and then compared, it made sense
to use computational methods, especially as improvements in statistics allowed
for more complex models to be numerically studied [Warnow, 2017, Yang, 1994].
The parallel between genetics and linguistics is somehow debatable, as languages
present many peculiarities, such as borrowing, bilingualism, and human interven-
tion. However, the tree structure, at the heart of phylogenetics seems to be fairly
accepted in the community for large time scales.

The use of computational methods for linguistics is a rather recent addition.
In the early paper of Ringe et al. [2002], the authors compute from a dataset of
characters (phonological, grammatical or syntactical) for several Indo-European
languages a phylogeny that intends to be as close as possible to a perfect phylogeny,
that is a phylogeny under which the observations are perfectly possible. This
methods however is not a statistical treatment of the problem in the sense that it
does not relies on statistical modelling and uncertainty cannot be assessed. This
early model mixed several traits that are not comparable, and did not allow to
lead statistical inference. The choice made since by computational linguists has
been to focus on lexical datasets.

The lexical data is usually constituted of cognacy classes. A cognacy class is
a set of words with same meaning and a common ancestor. In Gray and Atkin-
son [2003], the author propose to reconstruct trees from lexical datasets with a
“rescriction site” model, that is a model where cognacy classes appear and dis-
appear with different unknown rates. In the seminal paper [Nicholls and Gray,
2007] the authors, inspired by Dollo [1887], have modelled the evolution of lan-
guages through the evolution of cognacy classes. The evolution of the lexicon is
then modelled by the apparition or disappearance of cognacy classes according to
a point process. This model allows for relatively efficient computation of the like-
lihood, through pruning algorithm [Felsenstein, 1981], and the authors prove its
efficiency on the well studied Indo-European languages. This method, and similar
ones, have been improved and successfully applied to many examples: Dravidian
languages [Kolipakam et al., 2018], Sino-Tibetan languages [Sagart et al., 2019],
Pama-Nyungan [Bowern and Atkinson, 2012], or Austronesian languages [Gray
et al., 2009]. Among the improvements brought, we can cite, firstly, Ryder and
Nicholls [2009] in which the authors added the possibility to include missing data,
by integrating on the possible value for this data. This allowed the authors to
study dead languages, some of which are very little known, for example Luwian
in the Indo-European family, while keeping the computational cost to a man-
ageable level. A second improvement, [Ryder, 2010], has been the adjunction of
some anisotropy to the model, by adding bursts of evolution along the tree. More
recently, the matter of horizontal borrowing in the evolution has been studied in
Kelly [2016], by adding the possibility that a word can be borrowed horizontally at
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any time. This last improvement dramatically increases the computational time,
although technical improvements have allowed to apply this model to Eastern-
Polynesian languages [Kelly and Nicholls, 2017]. Other models, always based on
cognacy datasets have been used to reconstruct not only phylogenies of languages
but also geographical evolution of these languages. For example a recent work on
Australian languages [Bouckaert et al., 2018] was focused on finding the location
of the common ancestor to the language family studied.

In all these works, cognacy classes remain at the heart of the model, see for
example the recent works on Dravidian languages [Kolipakam et al., 2018], Sino-
Tibetan languages [Sagart et al., 2019], Pama-Nyungan [Bowern and Atkinson,
2012], or Austronesian languages [Gray et al., 2009]. The main caveat of this
method lies in the collection of the dataset: cognacy lists are built by hand by
linguists, in a time consuming and often debatable process, which is based upon
other information, for example phonetic or grammatical. This information often
comes itself from a more thorough linguistic model. Consequently, there are risks
that the constitution of the dataset induces a bias in the inference, and increase the
odds that the inferred phylogeny fits the phylogeny presupposed by the linguists
who built the dataset. This method also implies that linguists have recorded full
lexical form of the words and discard them to only keep their cognacy judgments.
Automatic inference of cognacy classes is a rather new field of research [List et al.,
2017]. Previously, Bouchard-Côté et al. [2013] supposed the phylogeny known,
which is not feasible in general. Among the proposed models, List et al. [2016]
relies on Levenshtein-like distance between the words written in phonological al-
phabet (IPA), the distance between phonemes is linked to the proximity of these
phonemes with respect to some criteria; in Rama [2018b], the authors propose to
add a Chinese restaurant process to find clusters of words that will be interpreted
as cognacy classes, although the authors do not exactly propose an evolutionary
model to explain the algorithmic solution adopted.

All these models rely on phonological similarity between the words; contrary
to DNA sequences, phonology presents some particularities. The most striking
particularity is the regularity of phonological transformations in most of the pro-
posed models [Lavie, 2007], that is most of the transformations are absolutely
regular, e.g. from Vulgar Latin to French, all the final vowels have disappeared
[Joly, 1995], and most of the words in a language undergo this transformation at
the same time; furthermore, these transformations are highly context dependent.
Finally, and more importantly, the notion of phonological inventory is crucial to
characterise which transformations are possible and how the different phonemes are
organised together [de Boer, 1997, Dunbar and Dupoux, 2016]. To our knowledge
there is for now no mathematical model interested in these questions, although
some remarks on functional load in Bouchard-Côté et al. [2013] can be linked to
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this question.
Among the works on the question of phonology, Bouchard-Côté et al. [2013] pro-

pose to model phonological changes with modifications that independently trans-
form each word seen as a string of characters. On a known phylogeny, words
evolve by undergoing on each branch a transformation written as a chain trans-
ducer, which allows for context dependency. The transition probabilities between
phonemes can then be inferred. The most common phonological transformation
— spirantization, lenition, etc. — are correctly reconstructed, and it is possible to
reconstruct ancient forms from the ancestral languages. This method also allows
the author to infer cognacy classes, to compute similarities between words using
the previous model. The authors conclude that a more advanced version of their
probabilistic model could be used to infer both phylogeny, cognacy classes and
phonological transformations at the same time, but this problem was left as an
open question.

The prospect of inferring cognacy classes automatically opens new possibili-
ties, especially because they considerably reduce the human work needed to study
language family, some of which are not thoroughly studied. In Rama [2018a],
the authors compare phylogenies inferred from specialists built cognacy lists and
automatically constructed lists, without notable change.

In this work, we will mainly focus on sign languages. Despite being present all
over the globe, and spoken by millions of persons, sign languages remain under-
studied, especially compared to their spoken counterparts. While the European
history of deaf educational institutions is well documented, the phylogenetic links
between languages remain a complex issue, as well as the phonological, grammat-
ical and lexical phenomena that drive sign languages evolution. In Power et al.
[2020], the authors study, using a distance based Neighbour net, the proximity
between some sign languages. The dataset used to this extend is constituted of
the manual alphabets of each sign language, that can be seen as non iconic —
however there is clear iconicity in the signs for n, m, u, v, w and z, which mimics
with fingers the form of the letter. Each sign is characterised by some features
describing the position and movement of the hands, these features constitute the
basis of the current study of sign languages phonology.

9 Statistical and numerical methods for phyloge-

nies

Phylogenetic inference is usually done in a Bayesian setting. The Bayesian paradigm
[Robert, 2007], first introduced by Pierre-Simon de Laplace and Thomas Bayes in
the 18th century, allows for an uncontested coherence in statistical inference. Un-
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der this paradigm, a probability distribution on a quantity θ represent uncertainty
on this quantity; as a corollary, we can update the uncertainty on a quantity by
adding more observations according to Bayes rule, transforming a a priori distri-
bution π(θ) into a posterior distribution that summarises both the prior knowledge
and the knowledge added by the observations X, contained in the likelihood func-
tion L(X | θ):

π(θ | X) ∝ π(θ)L(X | θ).

In practice, this means that by computing the posterior distribution we can pre-
cisely measure uncertainty on a quantity. We generally wish to estimate integrals
of the form Eπ(θ|X)[f(θ)]. In some rare cases this can be done exactly, but in most
cases the computational complexity of this operation prevented widespread use
of these methods until the development of efficient numerical tools. One of the
major breakthrough in this field is the Metropolis-Hastings method [Robert and
Casella, 1999], first introduced in Metropolis et al. [1953], whose idea is to simulate
a Markov chain whose stationary distribution is the target posterior distribution.
We present in Algorithm 2.1 the general form of the method. To compensate its
known flaws — bad mixing properties, choice of the parameters, the proposal q in
particular — many improvements have been added in the recent years. Beyond
the adaptive versions of Metropolis-Hastings Roberts and Rosenthal [2009], that
intends to learn the best choice of parameters during the convergence of the chain,
some other methods have been proposed. Tempering methods focus on changing
the target so that it is easier to sample from. By flattening the distribution, po-
tential barriers lowers and a Metropolis-Hastings algorithm can jump between the
modes of the distribution. This is used for example in Parallel tempering [Geyer,
1991]. The basic idea of this method is to introduce a sequence of distributions
from a simple and known distribution — the prior distribution — to the target
for which the mixing properties of the Markov chain are bad. Between these two
extremal chains we introduce as many chains as needed, so that the target distri-
bution of each chain is close to the next and previous chain. For example, we can
think of a likelihood tempered target, which is one of the most simple tempering,
we introduce tempered distributions πt ∝ π(θ)L(X | θ)t, 0 ≤ t ≤ 1, for t = 0 the
tempered distribution is merely the prior and for t = 1 the posterior. In this case
each distribution is associated with a Markov chain that runs independently from
the others, except from some times at which we propose to exchange the states of
two neighbouring chains. As the distribution are close, this has a large acceptance
probability, and in the end if all the chains exchange sufficiently frequently, the
top chain, that is the one with the right target distribution, will inherit the mixing
properties of the lower chains. This algorithm has the major advantage of being
simply parallelisable [Syed et al., 2019], by running each chain on a different core.
This allows to leverage medium size CPU unit but does not clearly benefit from
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modern GPU systems.

Importance sampling methods constitute an other major branch of Monte-
Carlo methods, based on the following simple idea [Robert and Casella, 2013]

∫
f(x)dx =

∫
f(x)h(x) · dx

h(x)
.

This identity can be rewritten in terms of random variables, when one wants to
compute Ep[f(X)], it is possible to use a random X from another distribution q,
if a corrective term is added:

Ep[f(X)] = Eq[f(X)p(X)/q(X)],

the choice of q is the main problem of importance sampling. To simplify this
choice, and in order to tackle more difficult problems, several methods have been
developed. In particular, sequential importance sampling, relying on the same
tempering idea as parallel tempering (c.f. supra), represented by Sequential Monte
Carlo (SMC) methods [Del Moral et al., 2006] have proven their efficiency on state-
space models, such as filtering problems, where the sequence of target is obvious
and almost written in the model itself. We present in Algorithm 2.2 the general
form of SMC algorithm. The forward kernel depends on the tempering scheme
chosen; they are of notable interest in the context of state space models. Beside the
less commonly used Particle Monte Carlo (PMC) methods, SMC can be beneficial
for the study of classical distributions, where the tempering sequence is not clear;
the user has then to wisely choose a tempering scheme. For example, SMC methods
have been applied to phylogenetical inference [Bouchard-Côté, 2014, Wang et al.,
2015, 2019]. In these articles, the authors propose to extend both the likelihood
and the prior distribution to forest spaces, the sequence of tempered target comes
then from the coalescence of the phylogeny. More particularly in Bouchard-Côté
[2014] the authors focus on the validity of the method, and in Wang et al. [2019]
the authors extend the proposal distribution to increase the mixing properties at
the cost of a higher algorithmic complexity. Particle methods such as PMC or
SMC relies on a high number of particles, usually several hundreds, as only the
number of particles ensures the validity of the algorithm [Del Moral, 2004]. To
our knowledge it has however not been used in concurrence with GPUs, as this
method involve parallel complex operations (e.g. Metropolis-Hastings steps), and
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not simple matrix multiplications.

Input: An initial point X0,
a maximum time T ∈ N, a proposal distribution q, a target π
for t = 0 to T − 1 do

(Proposal) Draw Yt ∼ q(· | Xt) a proposal for the new state;

(Acceptance) Compute α(Xt, Yt) =
q(Xt|Yt)
q(Yt|Xt)

· π(Yt)
π(Xt)

;

Draw Ut ∼ U([0, 1]);
if Ut ≤ min

(
α(Xt, Yt), 1

)
then

Set Xt+1 = Yt ; // Accept

else
Set Xt+1 = Xt ; // Reject

Algorithm 2.1: Metropolis–Hastings

Input: A tempering scheme q = π0, . . . , πT = π,
where π is the target and q a known (simple) distribution,
forward kernels qt 7→t+1.
(Initialization): X1

1 , . . . , X
N
1 ∼iid q,

associated weights wi
1 ∝ π1(X

i
t)/q(X

i
t), for i ∈ 1, . . . , N ;

(Mutation) Update the particle position according to K1 a kernel with
stationary distribution π1.

for t = 2, . . . , T do
(Importance update) Sample X i

t ∼ qt−1 7→t(· | X i
t−1) and compute

the associated weight:

wi
t ∝ wi

t−1

πt(Xi
t)q

t 7→t−1(Xi
t→Xi

t−1)

πt−1(Xi
t−1)q

t−1 7→t(Xi
t−1→Xi

t)
;

(Resampling) if ˆESS(wi
t) = (

∑
wt

i
2
)−1 < Nmin then

Sample Ji ∼Multinomial(w1
t , . . . , w

N
t );

Set X i
t = XJi

t ;
Set wi

t = 1/N
(Mutation) Update the particle positions according to Kt a πt stable
kernel.

Algorithm 2.2: Sequential Monte Carlo

10 Likelihood free methods

Even with growing computational capacities, and with further work from mathe-
maticians, many of the models developed in application fields, such as the one we
present in this work, are too complex to be handled with methods that require the
computation of likelihoods. The model we present in Part 3 relies on a high num-
ber of latent variables and a large memory storage to reduce computational time.
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Handling such complex, correlated, almost singular densities, in high dimensional
space, is a challenge that requires many numerical adjustments. More precisely,
many of the evolutionary models linguists have propose are too complex to be
studied in a reasonable amount of time — especially when including borrowings
and variability of the evolution parameters.

On the other hand, likelihood free methods can be seen as possible solution.
These methods only require to be able to simulate so called pseudo-observations
from the generative model, removing in particular the need for most auxiliary
variables. Among these methods, Approximate Bayesian Computation (ABC) first
introduced in Biology and then thoroughly studied for example in Tavaré et al.
[1997], Beaumont et al. [2002], Toni et al. [2008], Csilléry et al. [2010], Moores
et al. [2015] and Sisson et al. [2018], is the simplest. We present in Algorithm 2.3
the general form of the method. The idea of ABC methods can be summarised
in a few words: if a parameter, generated from the prior, can be used to produce
pseudo-observations close to the true observations, this parameter should be a
sample from the posterior. The main question at this point is to find a way to
quantify the distance between observations and pseudo-observations.

This problem has been of main concern since the first days of ABC methods.
Usually the distance is defined as d(x, x⋆) = ds(s(x), s(x

⋆)), where s is called a
summary statistic and ds is a distance, usually a simple Euclidean distance. Firstly,
we know that if we compare pseudo-observations through a sufficient statistic, the
inference is, in the limit of small distances, exact. However, there are in general no
sufficient statistic available in the model studied, and no way to check a possible
sufficiency as the likelihood is not available. Furthermore, because of the curse of
dimensionality, reaching small distances in a high dimensional space is not feasible.
More recently, Fearnhead and Prangle [2012], Li and Fearnhead [2018] have shown
that the optimal size of the summary statistic is a statistic of same dimension as
the parameter. Choosing such a statistic remains problematic: in Raynal et al.
[2019] the authors present an automatic method to select from a set of statistic the
best one for the inference of the parameter; however this method remains limited
to a one dimension parameter.

Another major issue of ABC methods is their inefficiency when used to infer
high dimensional parameters1. Again, the curse of dimensionality drastically re-
duces the efficiency of the algorithm as all the proposed parameters will provide
uniformly bad pseudo-observations. ABC-MCMC methods have been proposed,
along with SMC-ABC methods, to tackle a part of the issue by proposing param-
eters from an auxiliary, adapted, density rather than from the prior. Nevertheless,
in our examples these methods remain unable to deal with around 30 dimensions.
A first attempt to “Gibbs’ed” ABC can be found in Kousathanas et al. [2016], where

1this problem is not specific to ABC but the problem is particularly stringent in this case.
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the statistics are chosen under strong constraints to preserve the interpretability
of the limiting distribution.

In this work, we propose a numerical method inspired by the Gibbs sampler,
that is far more resilient to high dimension, as its complexity is linear in the
dimension. This method called Componentwise-ABC, or ABC-Gibbs, is inspired
by the Gibbs sampler in which the parameters are updated one at a time to reduce
the N -dimensional problem to N 1-dimensional problems. We show its efficiency
in some high dimensional problems, study its convergence, and try to interpret the
approximation of the target which is different in general from the traditional ABC
approximation. We do not tackle the application of these methods to phylogenies.

Input: observed dataset x⋆, number of iterations N , threshold ε > 0,
summary statistic s, a distance d.

Output: an i.i.d. sample (θ(1), . . . , θ(N)) from
πε(θ) ∝

∫
π(θ)f(x | θ)1d(s(x),s(x∗)dx.

for i = 1, . . . , N do
repeat
θ(i) ∼ π(·)
x(i) ∼ f(· | θ(i))
until d{s(x(i)), s(x⋆)} < ε

Algorithm 2.3: Vanilla Approximate Bayesian computation

11 Non-linear methods through Particle implemen-

tation

In the MCMC framework, most of the Markovian methods can be said “linear”. In
iterative methods the law of the next point depends on the position of the current
point, as seen in Algorithm 2.1, where Xt+1 depends only on Xt. However, over
the last decade, some methods have escaped from this framework. The so-called
“non-linear” Markovian methods [Andrieu et al., 2011, 2007, Haario et al., 2001,
Atchadé and Rosenthal, 2005] are appealing for their efficiency and convergence
speed. However, simulating from these dynamics is challenging.

On the other hand, in the PDE community, it is well known that non-linear
Markovian processes appear as the limit of system of interacting particles, when
the number of particles increase [Sznitman, 1991, Méléard, 1996]. In the resulting
process, the Xt+1 depends on the law of Xt rather than its realisation. This so-
called mean field limit, has been first studied in statistical physics [Kac, 1956] and
then formalised in the pioneering work of McKean [1966, 1967], Kac [1956], Do-
brushin [1979]. In Biology these models have been developed to study, for example,
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the behaviour of groups of animals: birds flock, ants. In these situations, the ques-
tion is usually to determine the limiting distribution of the non-linear Markovian
process that intends to describe the microscopic behaviour of the particles.

In Part 5 we have been able to distinguish a general class of non-linear Marko-
vian algorithm that can be approximated by simulating the evolution of an in-
teracting particle system. We call these methods Collective Monte Carlo (CMC).
This methods can be interpreted in several ways. Aside from the “non-linear”
perspective, we can interpret this method as a interacting Metropolis-Hastings al-
gorithm: at each iteration, we compute a distribution from the entire population
of particles, which is then in turn used as a proposal distribution by each particle
in an independent classical Metropolis-Hastings step. We can say that this algo-
rithm is a middle way between a fully independent parallel implementation of MH
and a Metropolis-Hastings algorithm where a population of particles targets π⊗N ,
accepting or rejecting a single proposal for the whole population of particles.

This method remains Markovian: it does not rely on importance sampling
which is the basis of most of particle methods commonly used. These methods,
following SMC [Del Moral et al., 2006], are particularly adapted to the study of
complex densities. However it suffers from high dimensionality, as it can induce a
degeneracy of importance weights, and the choice of the mutation kernel is critical
in order to increase the variability in the particle population. The method we
propose does not suffer drastically from these flaws.

The main flaw of CMC is its computational cost, which is not anymore linear
in the number of particles as are most of the other algorithms. However in the
recent days, the use of GPU, a technology increasingly cheaper, has allowed for
many complex computations to be made in a very reasonable amount of time. In
particular, the recent library KeOps [Feydy et al., 2020], has been developed to
handle interacting systems of many particles. In the context of CMC, it can deal
with thousands of iterations for billions of particles in a few minutes, removing the
previous fears about the cost of the algorithm.
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Part 3

A Model of Lexical and Phonological

Changes, with an Application to the

History of Sign Languages

We propose to model phonological and lexical evolution of languages jointly, start-
ing from a raw, well aligned, lexical dataset in phonological form. The model
developed here could be applied to any dataset of aligned observations, for ex-
ample languages that are close enough, or that share a common strict syllabic
structure (e.g. Tai languages, Arab varieties), or even phenotypical observations
in biology or anthropology.

This alignment requirement is critical to the model, as the model do not deal
with characters chains, but matrices. We insist on the difference between studying
aligned characters chains, as for DNA [Needleman and Wunsch, 1970], where some
characters have no correspondence with others, and what we call perfectly aligned
data, in which each item has the same number of characters. It is however possible
to add a value for an empty character, for example if we study monosyllabic words
with structure (C)V (C), the ∅ value is a possibility for initial and final consonant.

In linguistics, linguists usually represent language evolution through two pro-
cesses: a regular transformation process, corresponding to the application of sound
laws, and the creation of new words — this last process can also correspond to
a change of meaning. In previous models, e.g. Dollo model [Nicholls and Gray,
2007], only the second process is accounted for. Here, we are also interested in the
first one. We will describe an evolutionary dynamic on the sign languages, repre-
sented as vocabularies of signs associated with meanings. In our model, each sign
will evolve as a word in spoken languages [Hock, 1991]; that is, according to regular
transformations that applies uniformly among the words of the vocabulary. This
comes directly from historical linguistics [Collinge, 1985]. For spoken languages,
words tend to evolve according to sound laws, that allows very few exceptions.
For example, proto-Celtic (PC) labiovelar /kw/ has disappeared from contempo-
raneous Celtic languages. It has undergone two different evolutions: in Irish it
systematically became /k/ while in Britton it became /p/. This explains most of
the /k/ – /p/ pairs that exists between Irish and Britton: ceathair – pedwar (<
PC: *kwetwares), ceann – penn (< PC: *kwennom), etc. Contrary to genes, words
are correlated, because a rule applies to each word without distinction. Finding
these laws usually require to compare languages that underwent this law with
other related languages that have not. To our knowledge there does not exist a
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mathematical study of these sound law, and the frequency of these transformations
is not documented. We must add that usually, sound laws depend on the context
(e.g. Bartsch’s law [Zink, 1986] in French states that, in Latin, an accentuated
/a/ in an open syllable, after a palatal consonant becomes /i

“
e/ in French: chien

< canem).
As with spoken languages, sign languages are diverse. Their history reflects

both demographic, political and cultural movements of the deaf community. Cur-
rently there is usually one standardised sign language per country. Many questions
remain unanswered about sign languages, as these languages have been — and are
still in some countries — discredited of looked down on. In particular, there is no
consensus on their evolutions pattern. Do they evolve like spoken languages? is
there a notion of phonetic rule, that is transformations without exception? can
we find families of sign languages, or even reconstruct a phylogenetic tree? In this
part, we will try to show how statistical methods can be of interest, especially
about the last question.

Sign languages have been formalised quite late in their history, in France during
the 18th century, thanks to the work of Charles Michel de l’Épée. The growing
interest for deaf education led to the formalisation, through the creation of schools,
of a so called Old French Sign Language (OldLSF). The diffusion of the French
institutions in the world along with natural evolution created several different
languages that are all related to the OldLSF: American English, Italian, Spanish,
German among others; there even exist some written sources on the OldLSF, which
is an exception in the scope of sign languages. These elements led the linguists
to distinguish a family of sign languages whose common ancestor is the OldLSF.
Some other families have been proposed, such as British Sign Language (BSL)
and New-Zealand Sign Language (NZSL) because of the historical relationships
and migrations between the countries.

Interactions between sign languages, and between sign languages and spoken
languages, in the lexicon, but also some parts of the grammar is another question.
For example, some of the signs used for LSF fingerspelling are clearly inspired by
the Latin alphabet. Measuring the intensity of the influence of spoken language
on sign language is a difficult question to answer, and it might be yet another bias
that our model will have to deal with.

12 Dataset and characteristics of Sign Languages

We based our work on a vast sign language vocabulary for dozens of sign languages
around the word, with 100 meanings chosen according to Woodward [2000]. Each
word of the vocabulary corresponds to a sign that has been summarised in 25
characters [Abner et al., 2020], with a high variability in the number of possible
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English Handshsape twohands handpart
cat 5 True rip

father H False finger_front
boring E False finger_side

New Zealand
cat L True radial_side

father 1_nb False radial_side
boring E False finger_front

Figure 3.1 – Example of data from sign languages

values per character: between 2 and 48. These characters can be understood as
phonemes, in first approximation, of sign languages2. Video realisations of these
signs are available at https://www.spreadthesign.com/ for many sign languages.
These traits characterise signs by describing the position of the hand, the form
of the hand, the moves, etc. Proximity between signs then appears clearly, for
example when comparing the signs meaning boring in British SL and in New
Zealand SL, both implying the same form of the hand. Notice that the dataset
assumes that there is one word per meaning and per language exactly, that is there
are no synonyms.

We transform this dataset into a matricial dataset, that is we observe a 3-
dimensional matrix D(j,m, k), with j ∈ {1, . . . , J}, m ∈ {1, . . . ,M}, and k ∈
{1, . . . , K}, where j is a language, m is a meaning, and k is a character. Figure
3.1 presents a subset of the data.

This model could also be used with other types of aligned datasets, for example
for oral languages. We give an example in the Tai languages in Figure 3.2. In this
case, the characters are the parts of the unique syllable that constitutes the words.

13 Model and Parameters

To simulate the change in the vocabulary, we describe a dynamic on U the ma-
trix representing the state of a language, initialised at the root with independent
samples from an initial distribution π0 and coinciding with the data D(j,m, k) =
U(j,m, k) for j a leaf. This matrix is modified by two stochastic processes on the
tree g.

— A creation process, that accounts for apparition of new words, that is bor-

2This particular point is debatable, as some discussion with linguists seemed to indicate that
characters are units of lower level, more similar in spoken languages to traits like +height/-height
for vowels.
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Siamese Initial Median Coda Tone
to obtain d a: j 44

lunch l E: N 33
fog m O: k 22

Tai-Dam
to obtain l a j 21

lunch l E N 55
fog m O P 45

Figure 3.2 – Example of data from Tai languages

Figure 3.3 – Stochastic evolution processes
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rowings, meaning change, or creation.

— A mutation process, independent for each character, that accounts for the
natural change in the phonology

These two processes are described by independent Poisson processes on the
tree g. We represent in Figure 3.3 these processes and their effect on a small
vocabulary.

The creation process consists in the apparition, for a given meaning, of a new
word, that is an overall renewal of all traits for this meaning. This process has
no true equivalent in the literature; however, it is similar to the Mk model [Lewis,
2001]. At a creation event, all the values of a row of the matrix U are modified.
This happens with rate µ, independently for each meaning. A new word is created
by drawing a new value for each character according to an initial distribution π0.

The mutation process consists in the sequential application of evolution rules
ri ∈ Rk specific to each character, where Rk is a subset of the possible transfor-
mations between the values. At a mutation event, several elements of a column of
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the matrix U are modified. This is a new adjunction to computational phylogenet-
ical linguistics, as we are aiming at simulating the natural evolution of phonemes
through time, as described by sound laws. For each character k, a Poisson pro-
cess with rate λk, gives the position of the transformations, they are then chosen
independently with parameters pk from a set Rk of possible transformations of
the form a1 → b1, . . . , aN → bN , with transformation ri : ai → bi occurring with
probability pk(i). When the vocabulary U goes through a transformation ri, each
occurrence of ai is replaced by bi with probability βk independently across the
meanings, and remains unchanged with probability 1 − βk. In the following, we
will write ri as well for the transition matrix associated with the transformation.

In the absence of a mutation process, the model can be compared with the
model proposed in Pagel [1994], each meaning is independent of the other and
we are only interested in the apparition of new cognates for a fixed number of
meanings — although the dataset is clearly of different nature. In the absence
of an apparition process, the model corresponds to a finite site model and each
character is independent of the others.

The initial distribution is chosen as the product of independent uniform random
variable on the possible values for each character. A more satisfactory choice would
have been to take the limiting distribution of our dynamic associated with the other
parameters. This would have been too computationally heavy.

In order to account for accidents and non modelled events, and also to simplify
the computations, we introduce a noise: at the end of each edge, each character
is changed uniformly to another with probability (1− exp(−νℓ)), with ν the noise
coefficient and ℓ the length of the branch. The noise parameter is typically small.

To summarise, the whole process is described by:

— g the topology of the phylogenetic tree, with edges E;

— the associated set of edges length (ℓe)e∈E;

— µ the renewal rate of the meanings;

— λk the rate of the appearance of the transformations for each traits;

— pk a vector of probabilities for each transformation of each character;

— βk the probability that a transformation is applied;

— ν the intensity of the noise.

In order to account for uncertainty, we will perform the inference of the pa-
rameters in a Bayesian setting.
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13.1 Prior distributions

13.1.1 On the evolution parameters

We take conjugate prior distributions on the evolution parameters. For λ, µ and
ν we chose gamma priors fitted so that on each branch there are, in expectation,
around five transformations or apparitions. There are two reasons for keeping the
number of transformations low. The first one is the comparison with spoken lan-
guages, for which the number of transformations does not seem to be considerably
higher. The second is that for a large number of transformations the state at the
end of each branch is the equilibrium distribution of the process. We chose a beta
(1, 10) prior on βk as the model bears little sense for small values of β. On the
noise we choose a prior proportional to 1/ν1[10−6,10−2](ν), which is the prior used
by Ryder [2010] and inspired by Jeffrey priors. It seems to be a more appropriate
choice than exponential or Gamma priors as it will allow for bigger values of the
noise, that mixes better.

13.1.2 On the tree

Following Nicholls and Gray [2007], we chose a prior on the trees of the form:

π(g) ∝ 1tr∈[a,b]t
J
r ,

where J is the number of leaves, tr is the root age, and a and b are bounds on the
root age. When the root age needs to be inferred, we further constrain this prior
by adding constraints on clades and their ages:

π(g) ∝ 1tr∈[a,b]t
J
r

∏

c∈C

1nca(c)∈[ac,bc],

where C is the set of sets of leaves c for which bounds ac and bc have been defined
on the age of nca(c) their nearest common ancestor. Notice that learning the root
age is only possible if enough internal constraints are provided. As appealing as
learning the root age is, we advise against putting too much faith in the posterior;
in general this age is little informed, resulting only in the propagation of a few
constraints on the leaves. This was, anyway, not a primary concern of our study.

We also tried to add Gamma prior on the total length of the tree, that is

π(g) ∝ Γc,d (length(g))1tr∈[a,b]t
J
r ,

where Γc,d is the density of a Gamma distribution with parameters c and d. The
results were similar compared to the uniform prior, which indicates a small effect
of the prior.

44



x

y
z

Q(x, ·, ·)

Q(y, ·, ·) = (S(x,y)Q(y, ·, ·))⊙ (S(x,z)Q(z, ·, ·))

Q(z, ·, ·)
r5

r7

•

•
r2

r6
r3

•

•
•

r7r5Snoise(ℓ(x,y)) = S(x,y)
S(x,z) = r2r6r3Snoise(ℓ(x,z))

Figure 3.4 – Computation of the likelihood, without cognacy apparition, where
⊙ designates a term-by-term product.

13.2 Computation of the likelihood

Computing the likelihood of the model is not straightforward. There is no closed
form because of the intricacy of both evolution processes. We would have to
integrate over all the possible transformations and apparitions on each branch,
which is not possible. We thus add two latent variables for each character k and
edge e in order to allow for computations:

— Rk
e ∈ Rk

N the list of the dated transformations for character k on edge e,
with associated position on the branch;

— Bm
e ∈ [0, 1]M the position of each apparition for each meaning m on edge e.

Given these auxiliary variables, the likelihood can be factorised on the traits,
with θ = (g, ℓ, µ, λ, p, β, ν, R,B) the set of all parameters and auxiliary variables,
for Dk = D(·, ·, k):

L(D | θ) =
∏

k

L(Dk | θ).

Then each term L(Dk | θ) can be computed independently.
If there is no cognate apparition on the tree we can compute the likelihood

with a pruning like method [Felsenstein, 1981]. The quantity on which we will
prune is P(D(desc(j),m, k) | U(j,m, k) = u, θ), where desc(j) are the descendent
leaves of j and U(j,m, k) is the value for character k and meaning m at the node
j anywhere on the tree. This value is never computed and is integrated over in
the computation. For the sake of simplicity we drop the dependency in k and θ,
and define Q(j,m, u) = P(D(desc(j),m, k) | U(j,m, k) = u, θ). It verifies, for x a
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node with successors y and z:

Q(x,m, u)

=
∑

v,w

Q(y,m, v)P (U(m, y) = v | U(m, x) = u)

Q(y,m, v)P (U(m, z) = w | U(m, x) = u).

To compute the terms of the form P (U(m, z) = w | U(m, x) = u), we have to
account for both the transformations and the noise. We define S, the transition
matrix of the value for a given character, by:

S(x,y) =


 ∏

r∈R(x,y)

r


× Snoise(ℓ(x,y)),

where Snoise(ℓ(x,y)) is the matrix associated with the noise at the end of the edge
(x, y) from x to y.

Q(x,m, u) =
∑

v

∑

w

Q(y,m, v)Q(z,m,w)S(x,y)(u, v)S(x,z)(u, w)

with initialization Q(x,m, u) = 1D(m,x)=u if x is a leaf. Figure 3.4 summarises the
relationship between the objects.

We have to store the value of Q at each node (that is, a matrix of size nk ×M
with nk number of possible values for character k and M number of cognates),
for each character. This results in a high memory cost, however the gain in terms
of computation time is quite important (compared to computing Q over all the
tree each time it is needed), especially when only B or R are updated, as only the
values of Q for the ancestral nodes of the modified node needs to be computed
again.

If there is an apparition of a cognate on the edge, the formula changes, as
the state of a particular cognate at this node has no influence on the state of the
successor nodes: indeed, as there has been an apparition between x and y, the
likelihood for this cognate is the same whatever the value at node x. In a way, we
can say that the apparition neutralises terms in the likelihood, as it removes the
information on all phenomenon lower on the tree.

Given an apparition time τ on the edge e and the time of the transformations
t(r), r ∈ Rk

e , the law of the appeared cognate for character k at the end of the edge
is:

πe,τ = π0 ×


 ∏

r∈Rk
e , t(r)<τ

r


× Snoise(ℓe),
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y
z

Q(y, ·, ·)

Q(x,m, u) =
(∑

v π(x,y),τ (v)Q(y,m, v)
)
·
(∑

w Q(z,m,w)S(x,z)(u, w)
)

Q(z, ·, ·)
r5

r7

•

•
π(x,y),τ = π0r5Snoise(ℓ(x,y))•

S(x,z)

τ

Figure 3.5 – Computation of the likelihood for meaning m, with an apparition
on the edge (x, y).

given the apparition, the likelihood is the same for any value at node x, and
Q(x,m, u) =

∑
v

∑
w

[
π(x,y),τ (v)Q(y,m, v)

]
Q(z,m,w)S(x,z)(u, w), that is the like-

lihood of the states for the meaning m at x for the subtree starting from y is now
constant. We represent these computations in Figure 3.5

To summarise, the final likelihood for a character is:

M∏

i=1

∑

u

π0(u)Q(root,m, u).

13.3 Missing data

In our dataset, only 60% of the meanings have no missing data, and running the
analysis only for these data points is a tremendous waste of the work from data
collectors. In fact, there is an obvious and trivial way to deal with missing data,
coming from the fact that in our model, each meaning is associated with a word and
vice versa. A missing data appears clearly in the matrix D for a given character,
a given meaning and given language.

The matrix Q at a leaf is initialised with the observations; it represents the
probability, knowing the state at the leaf to observe the observations at this leaf,
if we add the possibility for a data point to be missing, we have — as we know if
the data is missing:

Q(j,m, k) = P (D(j,m, k) | U(j,m, k),missingness)

=





1 if missing
0 if not missing and D(j,m, k) 6= U(j,m, k)
1 if not missing and D(j,m, k) = U(j,m, k)
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Simply put, when the data is missing, any possible value would lead to that
observation.

13.4 Inference of ancestral states

As stated in Section 13.2 the matrix Q contains the probability of the observations
given the state of each character for each meaning. Given the latent variables R
and L, it is possible to compute at any node x of the tree πk

x(m) the distribution
of the values for meaning m, and character k at x, by descending the tree from
the root, at which πk

r (m) = π0, to x. We can thus compute exactly, with nk the
number of possible values for character k:

π(U(x,m, k) | R,L,D) =
Q(x,m, k)⊙ πk

x(m)∑nk

i=1 Q(x,m, k)(i)πk
x(m)(i)

,

the renormalization is computed easily as a sum over a dozen elements. Notice
that in this case, when conditioning on R and L, the value for each meaning and
each character is independent. If we are only interested in the distribution of the
ancestral value for a given meaning and character, this is of little interest, but if
we are interested in the joint distribution of several characters and meanings, care
must be taken when renormalizing the conditional posteriors.

The posterior distribution is then:
∫

R,L

π(U(x,m, k) | R,L,D)π(R,L | D)d(R,L),

which can be approximated by Monte Carlo, as we already have a sample from
π(R,L | D).

The ancestral position can be chosen as any position of interest for the practi-
tioner, designated as the nearest common ancestor of a set of languages — as we
have to define this position on every trees of the posterior sample.

14 Numerical methods

As usually in numerical Bayesian statistics, we wish to obtain a sample from the
posterior of trees g, parameters (λ, ν, µ, p, β), and latent variables (R and B).
We encountered several difficulties linked with the nature of the posterior:

— The model has a high dimensionality, with numerous latent variables, and
complex geometry;

— the latent variables have a definition that depends on the topology;
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— the model includes both continuous and discrete random variables.

The first point is easily solved by the use of a Gibbs sampler. However using
a Gibbs sampler constrains us on the update of the topology, because of a high
correlation and the difficulty to write moves in the parameter space. Particle
methods are then a possible solution to initialise several Metropolis Hastings in
parallel in an area of high posterior probability, as they allow to use even bad
mutation samplers as long as the number of particles increases. The expected gain
is far superior to a mere increase in the running time of a single Markov chain. This
is the solution we chose, focusing on SMC algorithm [Chopin and Papaspiliopoulos,
2020, Del Moral et al., 2006], presented in Algorithm 2.2. In this algorithm the
particles Xj

i are updated though a bridge of distribution q = π0, . . . , πT+1 = π the
posterior, with a forward kernel qt 7→t+1. This sequence of distributions is called
the tempering scheme. We call mutation kernel the kernel Kt.

All the code is available, along with the datasets used, at https://github.

com/GClarte/PhylogenyFromMatrices. The file GiveATry.R contains all the in-
formation needed to launch the algorithm and instructions on the data formatting.

14.1 Choice of the tempering

The most simple choice of tempering [Chopin and Papaspiliopoulos, 2020] is to
define πt(x) ∝ π(x)t, as for t = 0 we have a known distribution and for t =
1 we have the target. However this is not possible in our case, as we cannot
build a mutation kernel associated with this distribution. Nevertheless, we can
find an almost equivalent tempering scheme. Indeed, the noise parameter can be
understood as a temperature. For a high value of ν, on each branch the noise
matrix Snoise is close to the matrix (π0, . . . , π0), that is as if the model was a forest
of single-leaf trees. Conversely, for ν small we retrieve the model we are looking
for.

As the noise is a parameter that still needs to be learned, we propose the
following target distributions. For ν1 > · · · > νT a sequence we define:

πt(g, µ, λ, p, β, q, ν | D) = π(g, µ, λ, p, β, q | ν = νt, D),

with a final target

πT+1(g, µ, λ, p, β, q, ν | D) = π(g, µ, λ, p, β, q, ν | D).

That is we fix the noise parameter and we reduce it until it reaches a value that
will lie in a part of the space with non negligible posterior probability. In chains
1, . . . T , ν is fixed; it varies only in chain T + 1. Indeed, we start with high values
of noise that have a null prior density, as we only need the final value of the noise
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to have non-zero density. The forward kernels qt 7→t+1 are just identity in this case,
which greatly simplifies the algorithm.

In the numerical experiments, we chose the following sequence of noise tem-
pering {10−1, 5 · 10−2, 3 · 10−2, 2 · 10−2, 10−2, 9 · 10−3, 5 · 10−3, 1 · 10−3, 5 · 10−4}, with
some slight variations in some experiments.

This does not ensure a proper mixing of the SMC algorithm, as the number of
tempering steps needed can be quite high — and a high number of steps would re-
quire a higher number of particles, which becomes quite heavy in terms of memory
costs — leading to a genealogy degeneracy. This is a severe limitation to the use
of our current version of the method, as this prevents us from estimating reliably
the marginal likelihood of the model.

14.2 Mutation kernels

For the mutation steps, we run 4 · 105 iterations3 of a Metropolis-Hastings within
Gibbs sampler. That is we update one by one each coordinate of the parameter and
latent variables conditionally on the value of the data and the other coordinates.
More precisely we adopt the following update schemes; the probability to choose
each of these update is chosen by the user so that the most important and most
difficult updates are the most frequent. We update the latent variables R and B
and the topology g more frequently than the other parameters, as they seem to be
the most difficult to explore.

14.2.1 Update of R

We sample the proposed value of the transformations from the prior. Our experi-
ments showed that this choice leads to better mixing than adding or removing one
by one the transformations. This is due to the high correlation of the transforma-
tions, especially if all the pairwise transformations do not exist. The prior on the
transformations is induced by ℓ, p and λ.

14.2.2 Update of B

We choose an edge and we change the whole vector of apparitions for each cognate,
we propose a new value of B from the prior and accept it independently. This
provides better results than the addition and removal of a single apparition in B.
Although this problem can be seen as a random dimensionality, it corresponds
merely to the result of a point process, which explains the simple treatment of the
proposal. In particular, we know the distribution of the positions under the prior.

3For simulated datasets we reduced this number to 2 · 105, we also tried some real datasets
examples with 8 · 105 although the results are not presented, as they were equivalent.
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14.2.3 Update of the parameters λ, µ, p, β and ν

Some parameters (λ, µ, p and β) have been given a conjugate prior, which allows
for an exact sample from the posterior conditional. For ν we rely on a Metropolis-
Hastings step with normal proposal with standard deviation 10−4.

14.2.4 Update of ℓ

Concerning the update of the length of the edges, we use a simple MH step, where
we propose to move a node in the possible range of time constrained by the parent
and children nodes: if x has w as parent and y, z as children, we propose a new
age t′x ∼ U([max(ty, tz), tw]). We propose also to rescale the tree, or part of the
tree. For this last one, we sample a new age t′x ∼ U([0, tw]), and we rescale the
ages of the subtree gx starting from x by a factor t′x/tx.

14.2.5 Update of the topology

This last move is the most important and consequently the most difficult to choose.
In the previous works [Gray and Atkinson, 2003, Ryder, 2010] a new tree is built
by an SPR (sample-prune-regraft) move, in practice a subtree is always regraft at
the nearest possible position — its cousin, meaning that the (sub)-tree ((a, b), c)
becomes (a, (b, c)).

The question that remains is how to transport the latent variables of the
changed parts of the tree. In order to preserve the intuition behind the latent
variables, it seems reasonable to either keep all the ages of the nodes constant, or
to change the ages while only moving to the nearest possible position — it is not
possible to keep both as it would be incompatible most of the time. We describe in
algorithm 3.1 the main method we used, a graphical representation can be found

51



h

e

f ′ f

i

j k

h

e

f ′ f

i

j k

. . . −→ . . .

Figure 3.6 – Move of the subtree starting at f so that f has j as brother. The
colors represent the edge-attached latent variables.

in Figure 3.6, the case of change with the nearest neighbour corresponds to i = h.

Let g be a tree, X the edges dependent latent variables.
Choose f ∈ g a non root node, let e be its parent, h its grandparent and
f ′ its brother.

Choose j a node, whose parent is denoted i, such that
haut(e) ∈ [haut(j), haut(i)] where haut is the height of node.

Set j as the new brother of f , by splitting the edge 〈i, j〉 into 〈i, e〉 and
〈e, f〉, such that haut(e) remains constant. Merge the edges 〈h, e〉 and
〈e, f ′〉.

Merge the latent variables on 〈h, e〉 and 〈e, f ′〉 into latent variables on
〈h, f ′〉.

Split the latent variables on 〈i, j〉 into latent variables on 〈i, e〉 and 〈e, j〉.
Sample from the prior latent variables on 〈e, f〉.

Algorithm 3.1: Sample Prune and Regraft algorithm with latent variables.
See Figure 3.6.

14.3 Numerical cost

These methods are surprisingly cheap in term of computation time. Our imple-
mentation of the MCMC algorithm only takes a few seconds for 1000 steps. Most
of the cost is due to the computation of the likelihood, that requires the pruning
of the tree. We implemented several improvements to reduce the number of com-
putations, but some of these improvements have proven to dramatically increase
the memory cost of the method — in a few words, we store more and more of the
partial computations — at a point that the 268GB of the cluster we used were not
enough. A more clever implementation or a better handling of memory, maybe
allowed by the use of some lower level programming language, might be the key
to overcome this problem.

On the real dataset, our implementation in R takes around 24 hours for 1500
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particles, 4000 MH steps between tempering steps and 40000 final MH steps, on a
cluster constituted of 30 CPU Intel Xeon CPU E5-2630 v4 2.20GHz.

15 Validation

Validation of statistical and numerical methods can be challenging: as long as we
have no access to the true posterior we cannot know if the sample resulting from
our algorithm is a good approximation. Furthermore, there is no reason why the
posterior should be concentrated around the true value of the parameters, if the
model is too complex to ensure the traditional assumptions for the concentration
of the posterior [Ghosal et al., 2000]. Not to mention that, as the model we study
is an approximation of the true phenomenon, the notion itself of true parameter
value has little to no sense.

However, we can run some proofs of concept to show that the algorithm returns
non absurd results. That is what we strive to do in this part. We can also check
the behaviour of the model when the dataset comes from a slightly different model;
all models are wrong but we can hope that ours provides seemingly meaningful
result even if the true model were more complex.

15.1 On synthetic data

First, we can run numerical methods on a synthetic dataset, to verify that the
returned sample is likely to be close to the parameters used to generate these syn-
thetic observations. It can also allow to run some sanity checks on identifiability,
numerical methods, and understand the main points of uncertainty in the posterior
under this model.

For this experiment, we chose 4 characters with the following specifications:

Number
of values Possible transitions λ π0 p β

5 1↔ 2↔ 3↔ 4↔ 5↔ 1↔ 4 10−2 U{1, . . . , 5} uniform 1
5 1↔ 2↔ 3↔ 4↔ 5↔ 1↔ 4 10−2 U{1, . . . , 5} uniform 1
2 1↔ 2 10−3 U{1, 2} uniform 1
2 1↔ 2 10−3 U{1, 2} uniform 1

The true tree is represented in top of Figure 3.7. We constrain leaves {9, 11, 10}
and {8, 12, 13, 15} to form clades and we added the following constraints on some
internal node ages: the nearest common ancestor of 10 and 9 in [10, 200], of 1 and
2 in [10, 200], of 8 and 15 in [20, 30]. Different constrains on the internal nodes led
to very similar results.
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We generated 100 data points with these characters on a 15-leaved tree pre-
sented on the top in Figure 3.7. We ran the previously described SMC sampler. We
used 2 · 103 particles, for the mutation step we ran 103 iterations of our Metropolis
within Gibbs algorithm. After the last tempering, we ran a last mutation step of
104 iterations for each particle. In total, on a cluster constituted of 30 CPU Intel
Xeon CPU E5-2630 v4 2.20GHz, it took roughly 5 hours.

The consensus tree is represented on the bottom in Figure 3.7. The overall
topology seems quite well reconstructed, with variations on the small branches,
which seems normal, as the small branches rarely host even a single transformation.
Noticeably each group of leaves reconstructed by the consensus tree corresponds
to a true clade. Node ages do not seem accurately reconstructed, in accordance
with the root being too ancient.

As for the parameters, we provide in Figure 3.8 the posterior distributions for
the main evolution parameters. They seem quite efficiently reconstructed — par-
ticularly the transformation rate β which is close to 1, the true value — with an
underestimation overall the edge length parameters, which is linked to the overes-
timation in edge length — the number of events per branch is well reconstructed in
the lower parts of the tree. This induces a poor performance in the reconstruction
of cognacy when studying distantly related leaves, as the number of apparitions
on the long edges starting from the root is underestimated. Maybe the number of
character should be increased so that the creation of new words becomes “cheaper”
compared to the evolution. In Figure 3.9 we represent the posterior cognacy prob-
ability. We have around 20% of false positive. However, in general, meanings with
low cognacy probability do corresponds to words that are non cognates in truth.
The root age is overestimated in accordance to what has been said before.

Concerning the reconstructed ancestral state, the result highly depends on the
age of the common ancestor. Inferring the state of the common ancestor to 9 and
10 is fairly simple. More interestingly, we present in Figure 3.10 the posterior
probability for the values of characters 1 and 4 at the common ancestor between
2 and 6, this node is correctly reconstructed only with 87%. If the majority of the
values are correctly reconstructed, some are completely off. Noticeably, the first
character, that evolves faster, is more uncertain than the fourth. We advise to
use this reconstruction method with caution, as the efficiency of the method can
greatly vary between meanings and characters.

The major risk of SMC is the degeneracy of the genealogies, which increases
the variance of the resulting estimators. We can represent in Figure 3.11 the ge-
nealogies on a particular run to check that the common ancestor to the particles is
not too “recent”. The degeneracy is incontestable, which means that our algorithm
does not mix enough. We would need more particles, or we could have smoothed
the decreasing in ν but that may not have solved every problem, as this would still
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Figure 3.8 – Posterior estimations of λ, µ, ν, β ant the root age. The true values
are indicated by the vertical lines.
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p < 1/4 1/4 < p < 3/4 p > 3/4
True 1 16 25
False 32 16 6
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Figure 3.9 – Results on cognacy judgment based on the posterior cognacy prob-
ability (tabular) and posterior cognacy probability for each meaning (Nb) between
t4 and t6. The color indicates the true cognacy status (graph).
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Figure 3.10 – Posterior distribution of internal ancestral values for the first and
fourth character at the nearest common ancestor of 6 and 2. The color represents
the posterior probability for each value, the true value corresponds to the black
dot.
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Figure 3.16 – Posterior estimations of λ„ ν, β and the root age for the experi-
ments with unknown Rk. The true values are indicated by the vertical lines.
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15.2.4 Iconicity

Some of the signs in the vocabulary are suspected to be highly iconic, that is not
to follow the arbitrariness of linguistic sign in the sense of Saussure [De Saussure,
1989]. For example, animals tends to be represented by particular features or
by their way of moving; a characteristic sign might be the one for snake which
represents either the fangs of the snake or its way of crawling on the ground. This
has two consequences, the first one is that those signs should not undergo too many
phonological transformations, as they would lose the link between signified and
significant, and the second is that if they are replaced it would be by a particular
sign also iconic.

We propose two ways of representing iconicity. For a part of the meanings,
30%, called iconic, we propose the following production rules:

1. we generate on the tree values for these meanings as in the assumed model,
then we take randomly 4 of these values and each language — except the one
having produced these values — borrows equiprobably one of these 4 words.
This represents the fact that iconic meaning tend to be represented as one
or two archetypal sign.

2. we choose randomly for each of these meanings a chacacter among the 4
that will not evolve along the tree. Only some characters will be different
between languages; the other being fixed at the value they had at the root.
This tends to represent the fact that some part of signs only are iconic (for
example, the two handedness of signs).
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16 Application to sign languages phylogenies

16.1 Dataset

As stated before, we apply the previous method to the previously described sign
languages dataset. As the dataset is too large for being handled directly, we had
to reduce it, in accordance with the specialists’ recommendation.

16.1.1 Choice of the languages

Little is known about families of sign languages. Our model assumes that the
languages are related so it could be problematic if the selected languages are clearly
unrelated. In practice, as shown in Section 15, this should not be an issue. Far more
problematic is the existence of pidgin sign languages, that are related to several
other sign languages. For this reason, we had reasonable evidence to remove from
our study Portuguese, Swedish, Icelandic, Turkish and Brazilian. We also include
the Asian sign languages — Hongkong, Chinese, Japanese and Taiwan — which we
constrain, following the experts’ knowledge, to form an outgroup as they should
not be related to the others.

Our implementation has been able to handle around 15 languages without
problems, higher number of language can lead to memory overload.

A digression on dialects In phylogenetics, we claim that we study species or
languages. However, contrary to some philosophers, we do not pretend to study
universals, but to study individual realisations of the universals that in our case are
languages. This is an idea to answer a famous ancient problem4. The language,
or the species in itself cannot be summarised in a dataset, as it only exists as
a theoretical construction; any sample taken from the real world will come from
an individual, subject to variations. Thus, it is a misuse of language to say that
our dataset is constituted of “languages”. Our dataset is constituted of individual
realisations of the languages studied. Our tree should represent the phylogeny of
these variants. However, as most of the possible variants for a single language are
close, we can say that running the same analysis with any of the variant would
lead to the same result.

4For the moment, I shall naturally decline to say, concerning genera and species, whether they

subsist, whether they are bare, pure isolated conceptions, whether, if subsistent, they are corporeal

or incorporeal, or whether they are separated from or in sensible objects, and other related matters.

This sort of problem is of the very deepest, and requires more extensive investigation. [Porphyrios,
c. 268].
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16.1.2 Choice of the characters

The choice of characters is a matter of primary concern. It is in fact the most
important choice to be done, as it can drastically reduce the efficiency of numerical
methods or even lead to biased results, as we have seen in examples on simulated
datasets, in Section 15.

First, the question of iconicity is even more stringent in sign languages [Lepic
et al., 2016], meaning that the evolution of the sign is correlated with the meaning
in a way that is not accounted for in the model. In particular, there is a high
certainty that two-handed signs tends to represent some categories of meanings,
in particular those involving two agents (such as to sign, or to meet). In other
words, the evolution for different meaning are not the same.

On a numerical side, characters with binary values may be problematic as they
tend to evolve with a very slow rate, leading to a higher likelihood of an apparition
compared to a transformation for this particular character. This can also lead to
an overconcentrated posterior distribution, as a difference on a binary character
will be explained by a renewal of the word, rather than a transformation.

On the other side of the spectrum, characters with too many values tend to
lead to inefficient numerical methods, as this increase the overall dimension of the
problem.

Too few characters will reduce the difference between the two dynamics we
describe, while too many characters also increase the computational cost. For
now, our implementation can handle around 5 characters.

The chosen characters should be decorrelated and contain as much information
as possible. Classically, signs are described through 3 or 4 features: handshape,
movement, part of the body at which the sign occurs, and sometimes orientation
of the hand. However there are 48 possible handshapes for signs. We thus prefer to
use, following the advices of the expert linguists, a reduced version of this character,
with only 9 modalities. The same is true for the body part. These characters tends
to be mostly decorrelated, as there is little incompatibility between the values of
each characters; a more precise study of these correlations remains to be done. We
also added the binary character accounting for the two-handedness of the signs,
this last character was the most debatable.

In the end, we chose 5 characters that covers most of the classical description
of the signs in most of the languages:

1. Handpart: describes the orientation of the hand;

2. Handshape: describes the form of the hand during the sign, accounting in 9
values of the fingers state;
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3. Point of articulation: designates the area of the body around which revolves
the sign;

4. Two handedness: is a boolean encoding the fact that both hands are used
for signing this word;

5. Movement encodes the direction with respect to the signer of the movement
— if there is one.

16.1.3 Choice of the meanings

We have not changed the selected meanings, 100 being already a small number
for our work, the meanings are presented in Section 18. We can see that some
of the meanings will be prone to iconicity, in particular those related to animals
or action, while other will most probably avoid this issue, the best example being
interrogatives. We tried to extract sub-datasets with words of known iconicity
without much results as there were too few data points to have a clear posterior
signal.

16.1.4 Summary of the dataset

This reduced dataset can be summarised by the pairwise distance between the
languages. We chose as distance the number of different values in the previous
matrix, and the resulting distances are presented in Figure 3.22.

16.2 Results

The parameters of the experiments are those described above. We launched the
algorithm twice and once with longer mutation steps with similar results. All the
dates are given before 2000.

We present in Figure 3.23 the resulting consensus trees from two independent
realisations of the same procedure, to check the stability of the method. The most
noticeable feature is the stability of some subgroups, such as Russian, Lithuanian
and Ukrainian sign languages, or Austrian and German sign languages. Some of
the other languages have unclear positions, for example French Sign Language or
Czech Sign Language. This was to be expected given the dataset. Figure 3.24
represents a densitree of the posterior sample, showing the uncertainty on the
Asian clade.

As for the parameters, Figure 3.25 provides the posterior estimations. The
characters exhibits different behavior, in particular the first one, with fewer trans-
formations associated with smaller probability β. This character being the one
transformed for the purposes of the analysis it may be of interest.
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Figure 3.24 – Densitree for the OldLSF-Asian dataset.

These results, that have appeared stable through the runs, confirm several
hypothesis of the linguists. First the existence of an Eastern-European clade of
languages, especially for the Russian, Ukrainian and Lithuanian SL. The western
group is less clearly defined, most probably because of the interactions between
those languages. On the Asian side, proximity of Taiwanese and Japanese SL is
debatable, but it seems that the Hongkong SL is an intermediary between China
and the other countries. The relatively short edge between the two subgroups
of languages do not incitate to think Asian and European SL are clearly sepa-
rated, even though contacts were scarce, converging evolution might explain this
behaviour — especially in the context of high iconicity.

The fourth character, Two Handedness, presents a particular behaviour. There
is no transformation for this character, leaving the changes to renewal and noise.
This means that the character, although carrying phylogenetic signal, does not
fit into our phonological transformation model. The fifth character has an asso-
ciated β significatively lower than the other characters, this also indicates that
the character does not fit clearly into the systematic phonological rule model by
which we were inspired for our work. These two results are of particular interest
for linguists, as it informs the comparison between spoken languages and sign lan-
guages, showing that the notion of sound laws might not be valid for some of the
characters of signs.
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Figure 3.25 – Posterior estimations of λ, µ, ν, β and the root age for the OldLSF-
Asian dataset.
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Figure 3.26 – Posterior estimations for internal nodes, designated as nearest
common ancestors of pairs of languages.

On the side of internal node ages, there are still lots of uncertainty. We present
some of the results in Figure 3.26. For the Japanese and Taiwanese SL, the date
seems to correspond to the Japanese invasion of Taiwan in 1895. For the French
and Italian, this age is highly constrained by the French and American constrain
we added, but it corresponds to the Italian unification at the end of the 19th
century.
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17 Conclusion

This model is one of the first that can handle “phonological” datasets, although
with much care in the selection of the dataset. This can also mean that other ap-
plications might be though about, such as cultural products, for example ceramics:
in Karasik and Smilansky [2011] the author compares curvatures and thickness of
different ceramics according to a discretised scale. This model allows to trace dis-
continuity in evolutions starting from the surface forms, while these discontinuities
were assessed by hand in the previous works. We will be working on applying this
method to spoken languages in the near future, with a particular care on interac-
tion between characters and their selection. Nevertheless, the model is debatable.
It totally ignores interactions between the characters — as in some conditional
sound laws — and it strongly relies on the perfect alignment of the data, which
makes difficult the study spoken languages like French or Irish that underwent
extensive elisions.

Although the model behaves well on simulated datasets, with quite accurate
topologies, the evolution parameters are not trustworthy in general under misspec-
ification. The results on sign languages are debatable, and might not inform the
phylogeny of those languages, in particular given the exceptional complexity of
their evolution.

The numerical cost is the major drawback of our method, albeit SMC was the
only efficient method we found, we cannot compute the marginal likelihood of our
model, which would have been a major achievement.

On this model, several straightforward improvement can be made. The first
of which is the adjunction of some inhomogeneity between edges, for example
by adding “catastrophies”, the noise could be differentiated between characters,
which would in fact allow for “variable selection” or at least moderation of the
importance of each variable. To be applied to most spoken languages, this model
would require to be extended to non-aligned datasets. Learning forests instead of
trees would also be a great achievement, probably not that far away, this is not
restricted to our model, as Stochastic Dollo could also be a starting point for this.
Future models will require more advanced method, either for the exploration of the
posterior when the likelihood is available, or more probably the use of likelihood
free methods to avoid falling in the lure for latent variables.

18 Notations

— {1, . . . ,M} meanings studied

— k one of the traits
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— {1, . . . , nk} possible state for character k

— D(m, j, k) value of character k for the meaning m at leaf j

— D set of all the data

— Rk possible transformations for character k (that is a function kernel from
{1, . . . , nk} into itself)

— r a transformation

— Mnoise(ℓ) transition matrix associated with the noise with length ℓ

— λk Poissonian rate of apparition of a transformation for character k

— g a topology for the tree

— E set of edges in g

— e an edge in E

— U(m, j, k) value of meaning m, character k at (internal) node j

— Re the set of transformations for a given character for edge e

— ℓ a set of length of the edges of g

— ν rate of the noise

— pk probability of each transformation in Rp, to colour the Poisson process

— µ rate of renewal of the meanings

— Bm
e apparitions for meaning m on edge e

— πe,τ distribution of the newly appeared cognate for a certain character at a
certain point (e, τ) of the tree

— π0 initial distribution for a given character
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List of meanings

The 100 meanings constituting the list we study is presented in Figure 3.1, with
the associated Semantic Groups.

Meaning Swadesh 1955 Semantic Group Meaning Swadesh 1955 Semantic Group

bird Animals sister Kinship

animal Animals right Location

dog Animals with Locatives

fish Animals kill Miscellaneous

louse Animals not Miscellaneous

snake Animals other Miscellaneous

worm Animals name Miscellaneous

fat Body Parts and Substances cat Animals

feather Body Parts and Substances full Descriptives

meat Body Parts and Substances heavy Descriptives

tail Body Parts and Substances moon Natural Objects and Phenomena

egg Body Parts and Substances pig Animals

blood Body Parts and Substances fire Natural Objects and Phenomena

vomit Body Sensations and Activities river Natural Objects and Phenomena

live Body Sensations and Activities dust Natural Objects and Phenomena

die Body Sensations and Activities earth Natural Objects and Phenomena

white Colors mountain Natural Objects and Phenomena

yellow Colors stone Natural Objects and Phenomena

red Colors snow Natural Objects and Phenomena

black Colors sea Natural Objects and Phenomena

green Colors rain Natural Objects and Phenomena

because Correlatives water Natural Objects and Phenomena

if Correlatives ice Natural Objects and Phenomena

dance Cultural Objects and Activities salt Natural Objects and Phenomena

work Cultural Objects and Activities star Natural Objects and Phenomena

play Cultural Objects and Activities sun Natural Objects and Phenomena

count Cultural Objects and Activities wind Natural Objects and Phenomena

hunt Cultural Objects and Activities sing Oral Activities

rope Cultural Objects and Activities laugh Oral Activities

dirty Descriptives man Persons

dull Descriptives child Persons

wet Descriptives woman Persons

bad Descriptives person Persons

smooth Descriptives wood Plants & Plant Parts

sharp Descriptives flower Plants & Plant Parts

warm Descriptives grass Plants & Plant Parts

new Descriptives tree Plants & Plant Parts

good Descriptives leaf Plants & Plant Parts

dry Descriptives lie Position and Movement

old Descriptives stand Position and Movement

how Interrogatives sit Position and Movement

what Interrogatives all Quantitatives

when Interrogatives short Size

where Interrogatives narrow Size

who Interrogatives thin Size

wife Kinship long Size

husband Kinship wide Size

father Kinship night Time Periods

mother Kinship day Time Periods

brother Kinship year Time Periods

Table 3.1 – List of meanings studied, and semantic group associated
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Part 4

Likelihood free numerical methods

This part is a slightly modified version of a work I did with Christian P. Robert,
Robin J. Ryder and Julien Stoehr, published as Clarté et al. [2019b].

19 Introduction

Approximation Bayesian computation (ABC) is a computational method which
stemmed from population genetics to deal with intractable likelihoods, that is
models whose likelihood cannot be (easily) computed but which can be simulated
from [Tavaré et al., 1997, Beaumont et al., 2002]. Since then, it has been applied
to numerous other fields: see for example Toni et al. [2008], Csilléry et al. [2010],
Moores et al. [2015], Sisson et al. [2018]. The principle of the method is to simu-
late pairs of parameters and pseudo-data from the prior predictive, keeping only
the parameters that bring the pseudo-data close enough (within a pseudo-distance
ε) to the observed data. Proximity is often defined in terms of a projection of
the data, called a summary statistic. In general, practitioners of ABC aim to use
informative summary statistics and select ε to be as small as possible, since this
leads to a higher-quality approximation. From the start, this method has suffered
from the curse of dimensionality in that the dimension of the parameter to be
inferred imposes a lower bound on the dimension of the corresponding summary
statistic to be used (results by Fearnhead and Prangle [2012] and Li and Fearnhead
[2018] imply that the dimension of the summary statistic should be identical to
the dimension of the parameter). This constraint impacts the range of the dis-
tance between observed and simulated summaries, with the distance choice having
a growing impact as the dimension increases. Reducing the dimension of the sum-
mary is thus impossible without reducing the dimension of the parameter, which
sounds an impossible goal unless one infers about one parameter at a time, sug-
gesting a Gibbs sampling strategy where a different and much reduced dimension
summary statistic is used for each component of the parameter. The purpose of
this paper is to explore and validate this strategy, producing sufficient conditions
for the convergence of the resulting algorithms.

Additionally, the Gibbs perspective allows us to account for the current values
of the other components of the parameter and therefore to shy away from simu-
lating from the prior which is an inefficient proposal. This feature connects this
proposal with earlier solutions in the literature such as the Metropolis version of
Marjoram et al. [2003] and the various sequential Monte Carlo schemes [Toni et al.,
2008, Beaumont et al., 2009]. There have been earlier ABC versions with Gibbs

81



features, including Wilkinson et al. [2011], where a two-stage ABC-within-Gibbs
algorithm is proposed towards bypassing the intractibility of one of the conditional
distributions used in their Gibbs sampler. Since the other conditional distribution
is simulated exactly, there is no convergence issue with this version. Note also that
the summary statistics used in that paper are not chosen for dimension reduction
purposes. Kousathanas et al. [2016] also run a Gibbs-like ABC algorithm that
assumes the availability of conditionally sufficient statistics to preserve the coher-
ence of the algorithm. Rodrigues et al. [2019] propose another Gibbs-like ABC
algorithm in which the conditional distributions are approximated by regression
models.

A Gibbs version of the ABC method offers a range of potential improvements
compared with earlier versions, induced in most cases by the dimension reduction
thus achieved. First, in hierarchical models, conditioning decreases the number of
dependent components, and some of the conditionals may be available in closed
form, which makes the approach only semi-approximate. Second, since the condi-
tional targets live in spaces of low dimension, they can more easily be parametrised
by low dimension functions of the conditioning terms. This justifies using a re-
stricted range of collection of statistics, which may in addition depend on other
parameters. Third, reducing the dimension of the summary statistic improves
the approximation since a smaller tolerance can then be handled at a manageable
computing cost.

This heuristic leads us to propose in Section 20 a generic algorithm called ABC-
Gibbs. To show the theoretical validity of this idea, we successively show that,
under some conditions:

i) for all ε > 0, our ABC-Gibbs converges to a certain limiting distribution νε
in total variation distance,

ii) when ε→ 0, ‖νε − ν0‖TV → 0, with ν0 a distribution,

iii) ν0 is the limiting distribution of Vanilla ABC with tolerance ε set to 0.

The first result corresponds to Theorem 5 in the general case; Theorem 8 states
this result for hierarchical models under looser assumptions. The second result is
a consequence of Theorem 7. The last result follows from the results of Section 25.

In all this part, we define Θj as the domain of θj. For the proofs that pertain
to model (2) we define A as the domain of α and B as the domain of µ. For a
space E, P(E) is the space of the probability distributions over E.
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20 Approximate Bayesian Gibbs sampling

20.1 Vanilla approximate Bayesian computation

Approximate Bayesian computation methods, summarised in Algorithm 2.3, pro-
vide a technique to sample posterior distributions when the corresponding likeli-
hood f(x|θ) is intractable, that is the numerical value f(x|θ) cannot be computed
in a reasonable amount of time, but the model is generative, that is it allows for
the generation of synthetic data given a value of the parameter. Given a prior
distribution on the parameter θ, it builds upon samples from the associated prior
predictive (θ(i), x(i))i=1,...,N by selecting pairs such that the pseudo-data x(i) stand
in a neighbourhood of the observed data x⋆.

Since both the simulated and observed dataset may belong to a space of a
high dimension, the neighbourhood is usually defined with respect to a summary
statistic s(·) of a lesser dimension and an associated distance d (see Marin et al.,
2012 for a review). Fearnhead and Prangle [2012] show that the optimal statistic
is of the same dimension as the parameter θ; in practice, the choice of s remains
a crucial issue.

The output of Algorithm 2.3 is a sample distributed from an approximation of
the posterior [Tavaré et al., 1997, Sisson et al., 2018]. Its density is written, with
a notation coherent with the next sections:

πε{θ | s(x⋆)} ∝
∫

π(θ)f(x | θ)1d{s(x),s(x⋆)}<ε dx.

This approximation depends on the choice of both the summary statistic s and the
tolerance level ε. Frazier et al. [2018] show its consistency, namely that when the
number of observations tends to∞ and the tolerance tends to 0 at a proper relative
rate, the approximate posterior concentrates at the true value of the parameter,
albeit as a posterior distribution associated with the statistic s, rather than the
true posterior, when s is not sufficient. The shape of the asymptotic distribution
is further discussed in Li and Fearnhead [2018] and Frazier et al. [2018].

More to the point, given a fixed number of observations, the approximate pos-
terior also converges to the posterior π{θ | s(x⋆)}, rather than to the standard
posterior π(θ | x⋆), when the tolerance level goes to 0. In practice, however,
the tolerance level cannot be equal to zero and is customarily chosen as a simu-
lated distance quantile [Sisson et al., 2018]. In practice, a large sample of pseudo-
observations is generated from the prior predictive and the corresponding distances
to the observations are computed. We use the term reference table for this collec-
tion of parameters and distances. The tolerance is then derived as a small quantile
of these distances.
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20.2 Gibbs sampler

The Gibbs sampler, first introduced by Geman and Geman [1984] and generalised
by Gelfand and Smith [1990], is an essential element in Markov chain Monte Carlo
methods [Robert and Casella, 2004, Gelman et al., 2013]. As described in Algo-
rithm 4.1, for a parameter θ = (θ1, . . . , θn), it produces a Markov chain associated
with a given target joint distribution, denoted π, by alternatively sampling from
each of its conditionals.

Input: number of iterations N , starting point θ(0) = (θ
(0)
1 , . . . , θ

(0)
n ).

Output: a sample (θ(1), . . . , θ(N)).
for i = 1, . . . , N do

for j = 1, . . . , n do

θ
(i)
j ∼ π(· | θ(i)1 , . . . , θ

(i)
j−1, θ

(i−1)
j+1 , . . . , θ

(i−1)
n )

Algorithm 4.1: Gibbs sampler

Gibbs sampling is well suited to high-dimensional situations where the condi-
tional distributions are easy to sample. In particular, as illustrated by the long-
lasting success of the BUGS software [Lunn et al., 2010], hierarchical Bayes models
often allow for simplified conditional distributions thanks to partial independence
properties. Considering for instance the common hierarchical model [Lindley and
Smith, 1972, Carlin and Louis, 1996] defined by

xj | µj ∼ π(xj | µj) , µj | α i.i.d.∼ π(µj | α) , α ∼ π(α) . (2)

The joint posterior of µ = (µ1, . . . , µn) conditional on α then factorises as

π(µ | x1, . . . , xn, α) ∝
n∏

j=1

π(µj | α)π(xj | µj).

This implies that the full conditional posterior of a given µj only depends on α
and xj, independently of the other (µℓ, xℓ)’s.

20.3 Component-wise ABC

When handling a model such as (2) with both a high-dimensional parameter and
an intractable likelihood, the Gibbs sampler cannot be implemented as the condi-
tionals are unavailable, while the vanilla ABC sampler is highly inefficient. This
curse of dimensionality attached to the ABC algorithm is well documented [Li and
Fearnhead, 2018].
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Bringing both approaches together may subdue this loss efficiency, by sequen-
tially sampling from the ABC version of the conditionals, whose density

πεj(· | sj(x⋆, θ
(i)
1 , . . . , θ

(i)
j−1, θ

(i−1)
j+1 , . . . , θ

(i−1)
n )) is proportional (see (20.1)) to

∫
π(θj | θ(i)1 , . . . , θ

(i)
j−1, θ

(i−1)
j+1 , . . . , θ(i−1)

n )

f(x | θ(i)1 , . . . , θ
(i)
j−1, θj, θ

(i−1)
j+1 , . . . , θ(i−1)

n )1d{sj(x),sj(x⋆)}<εj dx .

Each step in Algorithm 4.1 is then replaced by a call to Algorithm 2.3, con-
ditional on the other components of the parameter. We obtain a generic compo-
nentwise approximate Bayesian computational method, summarised as Algorithm
4.2.

This algorithm can be analysed as a variation of Algorithm 2.3 in which the
synthetic data x(i) are simulated from the conditional posterior predictive, rather
than from the prior predictive. This may result in simulating both parameters and
pseudo-data component-wise from spaces of smaller dimension. This also allows
the use of statistics of lower dimension, as exemplified in Section 24.

Each stage j of the algorithm now requires its own tolerance level εj and statis-
tic sj. This statistic can be a function of the observations, but also of the other
parameters (θi)i 6=j which are conditioned upon at stage j. Typically, θj is of di-
mension 1 and so sj should also be of dimension 1, per the results of Fearnhead and
Prangle [2012]. Finding a good unidimensional statistic for each θj in ABC-Gibbs
may prove easier than finding a good high-dimension statistic for Vanilla ABC.

Input: number of iterations N , starting point θ(0) = (θ
(0)
1 , . . . , θ

(0)
n ),

thresholds ε = (ε1, . . . , εn), statistics s1, . . . , sn, distances on the
statistics d1, . . . , dn.

Output: a sample (θ(1), . . . , θ(N)).
for i = 1, . . . , N do

for j = 1, . . . , n do

θ
(i)
j ∼ πεj{· | sj(x⋆, θ

(i)
1 , . . . , θij−1, θ

(i−1)
j+1 , . . . , θ

(i−1)
n )}

Algorithm 4.2: ABC-Gibbs

If εj = 0 and if sj is a conditionally sufficient statistic, the corresponding jth
step in Algorithm 4.2 is an exact simulation from the corresponding conditional. In
particular, if some of the conditional distributions can be perfectly simulated, this
cancels the need for an approximate step in the algorithm. In practice, to simulate
from the approximate conditional, and similarly to Algorithm 2.3, we take εj as
an empirical distance quantile. In other words, for the jth component of the
parameter, conditional on the other components, we simulate a small reference
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table from its conditional prior and output the parameter associated with the
smallest distance.

At first, the purpose of this algorithm may sound unclear as the limiting distri-
bution and its existence are unknown. As shown in Theorem 5, convergence can
indeed be achieved, based on a simple condition. For simplicity’s sake, we initially
only consider the case when n = 2 in Algorithm 4.2.

Theorem 5. Assume that there exists 0 < κ < 1/2 such that

sup
θ1,θ̃1

‖πε2 [· | s2(x⋆, θ1])− πε2{· | s2(x⋆, θ̃1)}‖TV = κ.

The Markov chain produced by Algorithm 4.2 then converges geometrically in total
variation distance to a stationary distribution νε, with geometric rate 1− 2κ.

Proof. In this proof, we drop the conditionings on x⋆, s1, and s2, as they have no
use in the computations and create a notational burden.

Let Θj be the domain of θj. For a space E, P(E) is the space of the probability
distributions over E.

We only need to prove that the Markov chain (θ
(i)
1 )1≤i≤N has a stationary

distribution. We show that Q : P(Θ1) → P(Θ1), the mapping associated with
the transition kernel, is a contraction; that is, we prove that there exists L > 1
such that for all ν and ν̃ in P(E)

‖Qν −Qν̃‖TV ≤ L‖ν − ν̃‖TV .

To build a coupling between Qν and Qν̃ we construct a coupling kernel Q̃ :
P(Θ1 × Θ1) → P(Θ1 × Θ1), which takes a coupling ξ0 as argument, such that∫
Q̃ξ0(x, y)dx = Qν(y) and

∫
Q̃ξ0(x, y)dy = Qν̃(x). This coupling kernel is ex-

plicitly defined by the following procedure, which takes as input (θ1, θ̃1) ∼ ξ0 a
coupling of ν and ν̃, and returns (θ′1, θ̃

′
1) ∼ Q̃ξ0:

Input: (θ1, θ̃1) ∼ ξ0, ξ1(· | θ1, θ̃1) an optimal coupling between πε2(· | θ1)
and πε2(· | θ̃1), ξ2(· | θ2, θ̃2) an optimal coupling between πε1(· | θ2)
and πε1(· | θ̃2).

Output: (θ′1, θ̃
′
1) ∼ Q̃ξ0.

(θ2, θ̃2) ∼ ξ1(· | θ1, θ̃1);
(θ′1, θ̃

′
1) ∼ ξ2(· | θ2, θ̃2).

Algorithm 4.3: Coupling procedure for Theorem 5

This procedure verifies that if θ1 = θ̃1 then θ′1 = θ̃′1, since for any distribution
ν0, the optimal coupling between ν0 and itself is (x, y) 7→ ν0(x)δx=y.
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In the proofs we need to choose ξ0 as the optimal coupling between ν and ν̃.
In the following, γ̃ = Q̃ξ0, so that

‖Qν −Qν̃‖TV =
1

2
inf

γ∈Γ(Qν,Qν̃)
pr{θ′1 6= θ̃′1 | (θ1, θ̃1) ∼ γ}

≤ 1

2
pr{θ′1 6= θ̃′1 | θ1 = θ̃1, (θ

′
1, θ̃

′
1) ∼ γ̃}prξ0(θ1 = θ̃1)

+
1

2
pr{θ′1 6= θ̃′1 | θ1 6= θ̃1, (θ

′
1, θ̃

′
1) ∼ γ̃}prξ0(θ1 6= θ̃1)

≤ 1

2
pr{θ′1 6= θ̃′1 | θ1 6= θ̃1, (θ

′
1, θ̃

′
1) ∼ γ̃}prξ0(θ1 6= θ̃1)

≤ ‖ν − ν̃‖TV pr{θ′1 6= θ̃′1 | θ1 6= θ̃1, (θ
′
1 6= θ̃′1) ∼ γ̃}.

It is now sufficient to bound pr{θ′1 6= θ̃′1 | θ1 6= θ̃1, (θ
′
1, θ̃

′
1) ∼ γ̃} = 1− pr{θ′1 = θ̃′1 |

θ1 6= θ̃1, (θ
′
1, θ̃

′
1) ∼ γ̃}, that is to find a lower bound on the probability that two

different values θ1 and θ̃1 transition to the same value.
If θ2 = θ̃2 then necessarily, θ′1 = θ̃′1, in other words, if the coupling is successful

at the first step of the procedure it is sufficient. This means that a lower bound
on the coupling probability is the coupling probability at the first step of the
procedure. Now,

pr{θ′1 = θ̃′1 | θ1 6= θ̃1, (θ
′
1, θ̃

′
1) ∼ γ̃} ≥1− 2‖πε(· | θ1)− πε(· | θ̃1)‖TV

≥1− 2κ > 0.

This proves that the map Q : ν 7→ Qν is a contraction. The space of all
measures on A is complete when endowed with the total variation distance. Fur-
thermore, the subspace of all probability distributions on Θ1 is stable by Q. Hence,
by the Banach fixed-point theorem, it enjoys a fixed point and in particular the
sequence (Qnπ), with π an arbitrary prior distribution, converges to this fixed
point with rate 1− 2κ.

The above assumption is satisfied in particular when the parameter space is
compact. Possible relaxations are not covered in this paper. This theorem suffers
from its generality, as the most practical situation in which the conditions are
satisfied is obtained if all the parameters live in a compact space. However we can
refine the previous result for many graphical models; such refinements are explored
in the next sections.

We can extend the convergence result of Theorem 5 to the general case n > 2:

Theorem 6. Assume that for all ℓ ≤ n

κℓ = sup
θ>ℓ,θ̃>ℓ

sup
θ<ℓ

‖πεℓ{· | sℓ(x⋆, θ<ℓ, θ>ℓ)} − πεℓ{· | sℓ(x⋆, θ<ℓ, θ̃>ℓ)}‖TV < 1/2
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with θ>ℓ = (θℓ+1, θℓ+2, . . . , θn), and θ<ℓ = (θ1, θ2, . . . , θℓ−1). Then, the Markov
chain produced by Algorithm 4.2 converges geometrically in total variation distance
to a stationary distribution νε, with geometric rate 1−∏ℓ 2κℓ.

The proof of this theorem is a straightforward adaptation of the previous proof,
with the same coupling procedure. The condition comes from the fact that in this
procedure we sequentially try to couple each θℓ using the θ<ℓ, already coupled; as
a consequence the condition for ℓ = n is always satisfied. In the case n = 2, we
recover Theorem 5.

The limiting distribution νε is not necessarily a standard posterior. We can
however provide an evaluation of the distance between νε and the limiting distri-
bution ν0 of Algorithm 4.2 with ε1 = ε2 = 0. In a compact parameter space, ν0
always exists, but it may differ from the joint distribution associated with a vanilla
ABC sampler, because the conditionals may be based on different summary statis-
tics s1 and s2.

Theorem 7. Assume that

L0 = sup
ε2

sup
θ1,θ̃1

‖πε2{· | s2(x⋆, θ1)} − π0{· | s2(x⋆, θ̃1)}‖TV < 1/2 ,

L1(ε1) = sup
θ2

‖πε1{· | s1(x⋆, θ2)} − π0{· | s1(x⋆, θ2)}‖TV −−−→
ε1→0

0 ,

L2(ε2) = sup
θ1

‖πε2{· | s2(x⋆, θ1)} − π0{· | s2(x⋆, θ1)}‖TV −−−→
ε2→0

0 .

Then

‖νε − ν0‖TV ≤
L1(ε1) + L2(ε2)

1− 2L0

−−→
ε→0

0.

Proof. The assumptions on L2 and L0 imply with the triangular inequality that
the assumptions of Theorem 5 are verified, and thus that µε exists.

In this proof, we need a coupling between two chains with different transition
kernels. Let νε be the target distribution of the approximate Gibbs sampler and ν0
be the target distribution of the exact Gibbs sampler. Let (θ1, θ̃1) be a realisation
of an optimal coupling ξ0 between νε and ν0. As before we propose a coupling
procedure:

As the distributions νε and ν0 are stationary for the evolution process, we have

pr(θ′1 6= θ̃′1) =pr(θ′1 6= θ̃′1 | θ1 6= θ̃1)pr(θ1 6= θ̃1) + pr(θ′1 6= θ̃′1 | θ1 = θ̃1)pr(θ
′
1 = θ̃′1)

≤pr(θ′1 6= θ̃′1 | θ1 = θ̃1)

pr(θ′1 = θ̃′1 | θ1 6= θ̃1)
.
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Input: (θ1, θ̃1) ∼ ξ0, ξ3(· | θ1, θ̃1) an optimal coupling between πε(· | θ1)
and π(· | θ̃1), ξ4(· | θ2, θ̃2) an optimal coupling between πη(· | θ2)
and π(· | θ̃2).

Output: (θ′1, θ̃
′
1) ∼ Q̃ξ0.

(θ2, θ̃2) ∼ ξ3(· | θ1, θ̃1);
(θ′1, θ̃

′
1) ∼ ξ4(· | θ2, θ̃2).

Algorithm 4.4: Coupling procedure for Theorem 7

As before we use a rough bound on the denominator:

pr(θ′1 = θ̃′1 | θ1 6= θ̃1) ≥(1− 2 sup
ε

sup
θ1,θ̃1

‖πε(· | θ1)− π(· | θ̃1)‖TV )

≥1− 2L0.

For the numerator, we have, with θ2 and θ̃2 the transitory values of the second
parameter,

pr(θ′1 6= θ̃′1 | θ1 = θ̃1) ≤ pr(θ′1 6= θ̃′1 | θ2 = θ̃2)pr(θ2 6= θ̃2 | θ1 = θ̃1)

+ pr(θ′1 6= θ̃′1 | θ2 6= θ̃2)pr(θ2 6= θ̃2 | θ1 = θ̃1)

≤ sup
θ2

pr{θ1 6= θ̃1 | (θ1, θ̃1) ∼ ξ4(· | θ2, θ2)}

+ sup
ϑ1

pr{θ2 6= θ̃2 | (θ2, θ̃2) ∼ ξ3(· | ϑ1, ϑ1)}

≤ 2L1(ε1) + 2L2(ε2)

Putting together both estimates gives the bound of the theorem.

20.4 Counter-example to Theorem 5

In this section, we give a simple example where the assumptions of Theorem 5 are
not verified and where ABC-Gibbs fails (whereas Vanilla ABC does not).

Take a single observation from a mixture of two uniforms, with parametrised
by (θ1, θ2):

x ∼ 1

2
U(θ1, θ1 + 1) +

1

2
U(θ2, θ2 + 1).

For the numerical applications, we shall use the realization x⋆ = 5. Consider the
prior distribution

(θ1, θ2) ∼ U(A) A = {(θ1, θ2) : 0 ≤ θ1, θ2 ≤ 10 and |θ1 − θ2| > 2}
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The exact posterior is uniform over the set

(([0, 10]× [x− 1, x]) ∪ ([x− 1, x]× [0, 10])) ∩ A.

The prior and exact posterior are shown in Figure 4.1, as well as the outcome
of Vanilla ABC and ABC-Gibbs with ε = ε1 = ε2 = 0.5. Vanilla ABC leads
to a reasonable approximation of the posterior, but ABC-Gibbs misses half of
the posterior. Other realizations of ABC-Gibbs lead to the symmetric pseudo-
posterior, with the roles of θ1 and θ2 swapped. This is a situation where the
ABC-Gibbs does not converge to a unique stationary distribution νε (as soon as
ε1, ε2 ≤ 1

2
).

For Theorem 5 to apply, we would need

sup
θ1,θ̃1

‖πε2{· | s2(x⋆, θ1)} − πε2{· | s2(x⋆, θ̃1)}‖TV = κ <
1

2
.

Consider θ1 = 1 and θ̃1 = 5. Then πε2{· | s2(x⋆, θ1)} has support [3.5, 5.5] and
πε2{· | s2(x⋆, θ̃1)} has support [0, 3] ∪ [7, 10]. Since the two supports are disjoint,
the distance in total variation between the two distributions is 1, and Theorem 5
does not apply. Intuitively, the Markov chain does not converge because it is not
irreducible.

20.5 Generalities on total variation distance

The main tool in our proofs is the total variation distance used by Nummelin
[1978] and Meyn and Tweedie [1993]. Let ν and ν̃ be two probability distributions
over the same space E. A coupling γ between ν and ν̃ is a probability distribution
on E × E such that

∫
γ(x, y)dx = ν and

∫
γ(x, y)dy = ν̃. Let Γ(ν, ν̃) denote the

set of all couplings between ν and ν̃. Then the total variation distance is defined
as

‖ν − ν̃‖TV =
1

2
inf

γ∈Γ(ν,ν̃)
pr{x 6= y | (x, y) ∼ γ}.

To handle this distance, we build an explicit coupling between the distributions:
this provides an upper bound on the total variation distance. Note that there
always exists an optimal coupling between two distributions, that is a coupling γ0
such that ‖ν − ν̃‖TV = 1

2
pr{x 6= y | (x, y) ∼ γ0}.
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Figure 4.1 – Illustration of the mixture of uniforms counter-example from Sec-
tion 20.4, with x⋆ = 5 and ε = 0.5. Top left: prior distribution. Top right: Exact
posterior. Bottom left: Vanilla ABC posterior. Bottom right: one possible out-
come of ABC-Gibbs. The Vanilla ABC is a reasonable approximation of the exact
posterior, but the ABC-Gibbs outcome only covers half of the support.
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21 Component-wise approximate Bayesian compu-

tation: the hierarchical case

21.1 Algorithm and theory

In this section, we focus on the two-stage simple hierarchical model given in (2).
This model appears naturally when a hierarchical structure is added to a non-
tractable model, see for example Turner and Van Zandt [2013]. Under this model
structure, the conditional distributions greatly simplify as

π(µj | x⋆, α, µ1, . . . , µj−1, µj+1, . . . , µn) = π(µj | x⋆
j , α) and π(α | µ, x⋆) = π(α | µ).

Algorithm 4.2 then further simplifies and a detailed version in this particular sit-
uation is given in Algorithm 4.5. In order to simulate from all or part of the
approximate conditional distributions, we might resort to a Metropolis step, using
the prior distribution as proposal.

Input: observed dataset x⋆, number of iterations N , starting points α(0)

and µ(0) = (µ
(0)
1 , . . . , µ

(0)
n ), thresholds εα and εµ, summary

statistics sα and sµ, and distances dα and dµ.
Output: A sample (α(i), µ(i))1≤i≤N .
for i = 1, . . . , N do

for j = 1, . . . , n do
Sample µc

j ∼ π(µ | α(i−1)) and xc
j ∼ f(· | µc

j)

while d{sµ(xc
j), sµ(x

⋆
j)} > εµ do

Sample µc
j ∼ π(µ | α(i−1)) and xc

j ∼ f(xj | µc
j)

µ
(i)
j ← µc

j ; // thus µ
(i)
j ∼ πεµ{· | sµ(x⋆

j , α
(i−1))}

Sample αc ∼ π(α) and µc ∼ π(· | αc),
while d{sα(µc), sα(µ

(i))} > εα do
Sample αc ∼ π(α) and µc ∼ π(· | αc),

α(i) ← αc ; // thus α(i) ∼ πεα{· | sα(µ(i))}
Algorithm 4.5: ABC-Gibbs sampler for hierarchical model (2)

As in Algorithm 4.2, Algorithm 4.5 may bypass the approximation of some
conditionals. In particular, if π(α | µ) can be simulated from and π(µ | x⋆, α)
cannot, we prove in the Supplementary Material, Section 21.4, that the limiting
distribution of our algorithm is the same as the vanilla Approximate Bayesian
computation algorithm. On the other hand, if we can simulate from π(µ | x⋆, α)
and not from π(α | µ), a version of Theorem 6 (Theorem 8) is established under
less stringent conditions in the Supplementary Material, Section 21.4.

92



21.2 Numerical comparison with vanilla ABC

We now compare the ABC-Gibbs, Vanilla ABC and an implementation of the
SMC-ABC algorithm (approximate Bayesian computation with sequential Monte
Carlo) of Del Moral et al. [2012], with an adaptive proposal and resampling steps,
following Toni et al. [2008] in order to avoid degeneracy in the simulation. The
example is the toy Normal–Normal model from Gelman et al. [2013]:

µj
iid∼ N (α, ς2) , xj,k

ind∼ N (µj, σ
2) , j = 1, . . . , n, k = 1, . . . , K (3)

with the variances σ2 and ς2 known, and a hyperprior α ∼ U [−4, 4]. This model
is not intractable, which allows us to compare the output with the true posterior
in Figure 4.3.

We can check that the assumptions of Theorem 7 apply to the model. We
define µ−i = (µ1, . . . , µi−1, µi+1, . . . , µn). By conditional independence of the µi

given α, and choice of sµ, we have:

πεµ(· | sµ{x⋆, α, µ−i)} = πεµ{· | sµ(x⋆
i , α)}

The assumptions to check can be rewritten as:

(µ1) supα,α̃ ‖πεµ(· | sµ(x⋆
1), α)− πεµ(· | sµ(x⋆

1), α̃)‖TV < 1/2

...

(µn) supα,α̃ ‖πεµ(· | sµ(x⋆
n), α)− πεµ(· | sµ(x⋆

n), α̃)‖TV < 1/2

(α) supµ ‖πεα(· | sα(µ))− πεα{· | sα(µ)}‖TV < 1/2

To prove the assumption (µi), we underline the fact that it is sufficient to check
that there exists some subset K of the parameter space, with positive measure for
all hyperparameter α, such that ∃C > 0, ∀α, ∀µ ∈ K, πεµ(µ | α, s(x∗)) > C.

We can compute these densities:

πε(µ | α, s(x∗)) =
exp(−(µ− α)2/(2τ)

∫
exp(−(y − µ)2

√
n/(2σ)1|y−x̄⋆|<εdy∫

exp(−(µ− α)2/(2τ) exp(−(y − µ)2
√
n/(2σ)1|y−x̄⋆|<εdydµ

.

As α is compactly supported on [−4, 4], the conditions are verified: we can
roughly bound the probabilities by continuity of the expression.

The last condition (α) is always verified as we have by definition of the total
variation distance:

sup
µ
‖πεα(· | µ)− πεα(· | µ)‖TV = 0.
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Recall that in practice the tolerance is provided by an empirical quantile of the
distance distribution at each call of an approximate conditional. This means that
at each iteration Nα and Nµ simulations are produced from the conditional prior
predictives on α and µ, respectively, and that only the simulation associated with
the smallest distance is kept. The R code used for all simulations can be found at
https://github.com/GClarte/ABCG.

We strive to provide a fair comparison between ABC-Gibbs and vanilla ABC
and hence aim at simulating overall the same number of normal random vari-
ables. In ABC, simulating over the hierarchical structures involves n + nK nor-
mal variates; taking the best N out of NV prior predictive simulations thus costs
Ntot = NV n(1 +K). In ABC-Gibbs, each iteration costs Nαn+NµnK; if we take
Nα = Nµ the total cost is Ntot = NnNα(1 + K). We thus take N = NV /Nα to
compare both algorithms.

Figure 4.2 illustrates the result of both algorithms, for σ = 1, K = 10, n = 20,
by representing the posterior approximation from ABC-Gibbs and Vanilla ABC
for the hyperparameter α and the first three parameters, with comparable com-
putational costs. The statistic used at both parameter and hyperparameter levels
is the corresponding empirical mean and hence is sufficient. We keep N constant
and increase Nα = Nµ.

This toy experiment exhibits a considerable improvement in the parameter
estimator when using ABC-Gibbs. This is easily explained by the difficulty for
ABC to find a suitable value of µ ∈ R

20; poor estimation of the parameter ensues.
In fact, ABC produces the same output as a non-hierachical model when the µj’s
are integrated out.

This figure exhibits that ABC-Gibbs scales more efficiently with Nµ, that is
with the reduction of εµ, especially when increasing Nα from 5 to 30, that is a mere
6 time increase in the computational cost. For the same variation in ABC, we do
see no noticeable improvement. Hence, for a given computational cost, ABC-Gibbs
achieves a smaller threshold ε than ABC, leading to better approximations. The
experiment further points out that the choice of the parameters Nα and Nµ may
prove delicate. Resorting to a larger ABC table for each update is uselessly costly
in that it fails to provide a clear improvement in the result. This is also the case
with the classical ABC approach, as shown by Figure 4.2.

In practice, the choice of the parameters N and Nµ may be tricky. For N we
would advise to use standard techniques to choose the number of iterations in a
Monte Carlo algorithm. For Nµ and Nα, we observe in Figure 4.2 that a moderate
value, say Nα = Nµ = 30, seems enough: we expect the optimal value to be
problem dependent.

To check the robustness of our method, we represent in Figure 4.3, 10 realisa-
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Figure 4.2 – Comparison of the posterior density estimates of the hyperparameter
and the first three parameter components of the hierarchical model of Equation
3 obtained with ABC and ABC-Gibbs, with identical computational cost. For
ABC-Gibbs, results were computed with N = 1000 Gibbs iterations; each row is
labeled with the number Nα = Nµ of iterations of the ABC scheme to update
one parameter component. Red vertical lines represents the true values used to
simulate the data.
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tions of the posterior densities, for N = ⌊1000/30⌋, and Nα = Nµ = 30 (with the
first 5 points in ABC-Gibbs removed to account for the small burn in). SMC-ABC
does not allow for a fixed limit on the number of simulations, due to the resampling
step. We used therefore 104 particles, with a target of the smallest possible toler-
ance for a maximum of 30 steps. In total, SMC-ABC was alloted roughly 60 times
more simulations than ABC-Gibbs and ABC. The ABC-Gibbs density is overdis-
persed compared to the true posterior, albeit closer than the ABC, especially for
the parameter µ1. On the other hand, SMC-ABC fails for this model: due to the
difficulties resulting from its high dimension, an adaptive version fails to produce
interesting proposals, notwithstanding a consistently larger computational budget.
The distribution approximation on α is however better than its ABC counterpart.
This fact is supported by numerical experiments in lower dimensions where all
three methods lead to suitable approximations, as illustrated in the supplemen-
tary material, Section 21.3. The improvement brought by ABC-Gibbs in high
dimension occurs consistently over simulations.

This experiment further highlights a striking differenciation between ABC-
SMC methods, which require a significant degree of calibration when no package
is readily available, and ABC-Gibbs, which relies on a straightforward implemen-
tation.

21.3 Comparison in dimension 3

In addition to the results shown in Figure 4.3, we show in Figure 4.4 a comparison
of ABC-Gibbs, Vanilla ABC and SMC-ABC for the toy model of Section 21.2 in
the low dimension case n = 2.

As expected, in this low-dimension setting the results from SMC-ABC and
Vanilla ABC are comparable to the approximate posterior provided by ABC-Gibbs
for the parameter. ABC-Gibbs however seems to lead to a less stable approxima-
tion of the hyperparameter, this can be explained by the lower number of points
(as we removed some of the first points as burn-in). This supports the idea that
the behaviour of SMC-ABC in Figure 4.3 is caused by the high dimensionality. We
believe that in higher dimension, SMC-ABC would require a very large number of
particles, and a higher number of iteration each of which would cost much more
in resampling, leading to a disastrous computational cost.

21.4 Proofs specific to the hierarchical case

In the hierarchical cases, it is possible to derivate similar results with more prac-
tical conditions. They are based on a particular implementation of ABC-Gibbs,
presented for n = 1 and in the case of an analytically available conditional density
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π(µ | α, x⋆), in Algorithm 4.6. We will gradually weaken the assumptions to finally
prove Theorem 8:

We define A as the domain of α and B as the domain of µ.

Theorem 8. Assume there exists a non-empty convex set C with positive prior
measure such that

κ1 = inf
sα(µ)∈C

π(Bsα(µ),εα/4) > 0 ,

κ2 = inf
α

inf
sα(µ)∈C

πεµ(Bsα(µ),3εα/2 | sµ(x⋆, α), α) > 0 ,

κ3 = inf
α
πεµ{sα(µ) ∈ C | sµ(x⋆, α)} > 0 ,

where Bz,h denotes the ball of center z and radius h. Then the Markov chain
produced by Algorithm 4.5 converges geometrically in total variation distance to a
stationary distribution νε, with geometric rate 1− κ1κ2κ

2
3.

The rate in Theorem 8 is uninformative, as it is specific to the selected imple-
mentation.

Input: α(0) ∼ π(α), µ(0) ∼ π(µ | α(0)).
Output: A sample (α(i), µ(i))1≤i≤N .
for i = 1, . . . , N do

µc ∼ π(· | α(i−1), x⋆)
αc ∼ π
µ̃ ∼ π(· | αc)
if η{sα(µ), sα(µc)} < εα then

µ(i+1) ← µc

α(i+1) ← αc

else
µ(i+1) ← µ(i)

α(i+1) ← α(i)

Algorithm 4.6: Implementation of ABC-Gibbs used in the proofs.

First we state the most restrictive result:

Theorem 9. Assume that the following conditions are both satisfied:

κ1 = inf
µ
π(Bsα(µ),εα/4) > 0

κ2 = inf
α
inf
µ
π(Bsα(µ),3εα/2 | α, x) > 0.

Then, the Markov chain associated with Algorithm 4.6 enjoys an invariant distri-
bution, and it converges geometrically to this invariant measure with rate 1−κ1κ2

for the total variation distance.
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Proof. The technique of the proof is essentially similar to that of Theorem 5. Let
ν and ν̃ be two distributions over A. We describe the evolution of α, α̃ into α′, α̃′,
though the kernel Q̃. We denote µ, µ̃ the transitory second parameter.

Input: (α, α̃).
Output: (α′, α̃′).
if α 6= α̃ then

(µ, µ̃) ∼ π(· | α, x)⊗ π(· | α̃, x)
else

µ = µ̃ ∼ π(µ | α, x)
αc ∼ π
µc ∼ π(· | αc);
if η{sα(µ), sα(µc)} ≤ εα then

α′ ← αc

else
α′ ← α

if η{sα(µ̃), sα(µc)} ≤ εα then
α̃′ ← αc

else
α̃′ ← α̃

Algorithm 4.7: Coupling procedure

This process defines a transition kernel Q̃ for two coupled chains. As in the
previous proofs, if α = α̃ then α′ = α̃′.

Let (α, α̃) ∼ ξ, an optimal coupling between ν and ν̃. Then,

‖Qν −Qν̃‖TV =
1

2
inf

γ∈Γ(Qν,Qν̃)
pr{α′ 6= α̃′ | (α′, α̃′) ∼ γ}

≤ 1

2
prξ{α′ 6= α̃′ | α = α̃, (α′, α̃′) ∼ Q̃ξ}prξ(α = α̃)

+
1

2
prξ{α′ 6= α̃′ | α 6= α̃, (α′, α̃′) ∼ Q̃ξ}prξ(α 6= α̃)

≤ 1

2
prξ(α

′ 6= α̃′ | α 6= α̃, (α′, α̃′) ∼ Q̃ξ)prξ(α 6= α̃)

≤ ‖ν − ν̃‖TV prξ(α
′ 6= α̃′ | α 6= α̃, (α′, α̃′) ∼ Q̃ξ).

It is sufficient to find a uniform upper bound on prν,ν̃(α
′ 6= α̃′ | α 6= α̃, (α′, α̃′) ∼

Q̃ξ) =
∫
π(sα(µ

c) /∈ Bsα(µ),εα ∩ Bsα(µ̃),εα)π(µ | α, x)π(µ̃ | α̃, x)ν(α)ν̃(α̃) dα̃dµdµ̃.
Notice that we can choose our coupling ξ such that conditionally on α 6= α̃ the
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marginals are independent.

prν,ν̃(α
′ 6= α̃′ | α 6= α̃) =

∫
π
{
(Bsα(µ),εα ∩ Bsα(µ̃),εα)

c
}
π(µ | α, x)

× π(µ̃ | α̃, x)ν(α)ν̃(α̃) dαdα̃dµdµ̃

=

∫
π
{
(Bsα(µ),εα ∩Bsα(µ̃),εα)

c
}
π(µ | α, x)π(µ̃ | α̃, x)

× ν(α)ν̃(α̃)1{η{sα(µ),sα(µ̃)}≤3εα/2} dαdα̃dµdµ̃

+

∫
π
{
(Bsα(µ),εα ∩ Bsα(µ̃),εα)

c
}
π(µ | α, x)π(µ̃ | α̃, x)

× ν(α)ν̃(α̃)1{η{sα(µ),sα(µ̃)}>3εα/2} dαdα̃dµdµ̃

=I1 + I2.

We now bound I1 and I2.

I1 =

∫
π
{
(Bsα(µ),εα ∩Bsα(µ̃),εα)

c
}
π(µ | α, x)π(µ̃ | α̃, x)

ν(α)ν̃(α̃)1{η{sα(µ),sα(µ̃)}≤3εα/2}dα̃dαdµdµ̃

≤
∫

π(Bc
sα(µ)+sα(µ̃)

2
,εα/4

)π(µ | α, x)π(µ̃ | α̃, x)ν(α)1{η{sα(µ),sα(µ̃)}≤3εα/2}

ν(α̃)dαdα̃dµdµ̃

≤prν,ν̃{η{sα(µ), sα(µ̃)} ≤ 3εα/2}

−
∫

π(B sα(µ)+sα(µ̃)
2

,εα/2
)π(sα(µ̃) ∈ Bsα(µ),3εα/2 | α̃, x)π(µ | α, x)

ν(α)ν̃(α̃)dαdα̃dµdµ̃

≤prν,ν̃{η{sα(µ), sα(µ̃)} ≤ 3η/2}

− κ1

∫
π(sα(µ̃) ∈ Bsα(µ),3εα/2 | α̃, x)π(µ | α, x)ν(α)ν̃(α̃)dαdα̃dµ

≤prν,ν̃{η{sα(µ), sα(µ̃)} ≤ 3εα/2} − κ1κ2

I2 =

∫
π
{
(Bsα(µ),εα ∩ Bsα(µ̃),εα)

c
}
π(µ | α, x)π(µ̃ | α̃, x)

ν(α)ν̃(α̃)1{η{sα(µ),sα(µ̃)}>3εα/2}dαdα̃dµdµ̃

≤π(µ | α, x)π(µ̃ | α̃, x)ν(α)1η{sα(µ),sα(µ̃)}>3εη/2ν̃(α̃)dαdα̃dµdµ̃

≤prν,ν̃{η{sα(µ), sα(µ̃)} > 3εη/2}
Finally, putting both inequalities together, we have I1 + I2 ≤ 1 − κ1κ2, with
κ1κ2 > 0, and

‖Qν −Qν̃‖TV ≤ (1− κ1κ2)‖ν − ν̃‖TV .
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The conclusion is the same as in the proof of Theorem 5.

Remark 1. In the proof, when we describe the coupling kernel, we generate µ and
µ̃ independently if α and α̃ are different, and as a single µ if they are equal. This is
a particular coupling of the distributions π(· | α, x) and π(· | α̃, x). Here, the link
between Theorem 5 and this one becomes clear, as we make the coupling explicit
toward reaching a bound in total variation.

We now relax the assumptions. First, we remove the assumption that A is
compact: the resulting theorem is Theorem 8.

Proof. With the same notations as before, we merely need to find a lower bound:

I3 =

∫
pr(µc ∈ B sα(µ)+sα(µ̃)

2
,εα/2

)π(µ | α, x)π(µ̃ | α̃, x)µ(α)ν(α̃)

1{η{sα(µ),sα(µ̃)}>3εα/2}dαdα̃dµdµ̃

I3 ≥
∫

pr(B sα(µ)+sα(µ̃)
2

,εα/2
)π(µ | α, x)π(µ̃ | α̃, x)ν(α)ν̃(α̃)

× 1{sα(µ)+sα(µ̃)}/2∈C}1{η{sα(µ),sα(µ̃)}>3εα/2}dαdα̃dµdµ̃

+

∫
pr(µ ∈ B sα(µ)+sα(µ̃)

2
,εα/2

)π(µ | α, x)π(µ̃ | α̃, x)ν(α)ν̃(α̃)

× 1{sα(µ)+sα(µ̃)}/2/∈C}1{η{sα(µ),sα(µ̃)}>3εα/2}dαdα̃dµdµ̃

≥
∫

pr(µ ∈ B sα(µ)+sα(µ̃)
2

,εα/2
)π(µ | α, x)π(µ̃ | α̃, x)ν(α)ν̃(α̃)

× 1{sα(µ)∈C}1{sα(µ̃)∈C}1{η{sα(µ),sα(µ̃){>3εα/2}dαdα̃dµdµ̃

≥κ1κ2κ
2
3

as the convexity of C ensures that 1{{sα(µ)+sα(µ̃)}/2∈C} ≥ 1sα(µ)∈C1sα(µ̃)∈C .

We can remove the assumption that B is compact, by imposing a different
assumption:

Theorem 10. Assume that there exist H ⊂ P(A) stable by Q and A ⊂ A and
C ⊂ sα(B) with finite positive measure such that:

κ1 = inf
sα(µ)∈C

π(Bsα(µ),εα/4) > 0;

κ2 = inf
α∈A

inf
sα(µ)∈C

π(Bsα(µ),3εα/2 | α, x) > 0;

κ3 = inf
α∈A

π(sα(µ) ∈ C | α, x) > 0;

κ4 = inf
ν∈H

ν(A) > 0.
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Then, the Markov chain associated with Algorithm 4.6 enjoys an invariant dis-
tribution, and it converges geometrically to this invariant measure with rate 1 −
κ1κ2κ

2
3κ

2
4.

Proof. Similarly to previous proofs, we have

I3 ≥
∫

pr(µ ∈ B sα(µ)+sα(µ̃)
2

,εα/2
)π(µ | α, x)π(µ̃ | α̃, x)ν(α)ν̃(α̃)

× 1sα(µ)∈C1sα(µ̃)∈C1{η{sα(µ),sα(µ̃)}>3εα/2}dαdα̃dµdµ̃

≥
∫

κ1κ2κ
2
3ν(α)ν̃(α̃)1α∈A1α̃∈A

≥ κ1κ2κ
2
3κ

2
4 .

22 Application: hierarchical G & K distribution

The G & K distribution is a notorious example [Prangle, 2017] of intractable
distribution. It depends on parameters (µ,B, g, k) and is defined by its inverse
cumulative distribution function

F−1(x;µ,B, g, k, c) = µ+B

(
1 + c

1− e−gz(x)

1 + e−gz(x)

)(
1 + z(x)2

)k
z(x)

where z is the quantile function of the standard normal distribution, and c is
a constant typically set to 0.8 [Prangle, 2017]. While the likelihood function is
intractable, it is straightforward to simulate realisations of this distribution, mak-
ing it a favourite benchmark for ABC methods (see for instance Fearnhead and
Prangle, 2012).

Here, we analyse two hierarchical versions of this model, both of the form:

µi ∼ N (α, 1) xi ∼ gk(µi, B, g, k) i = 1, . . . , n . (4)

In a first experiment, we assume that the parameters B, g and k are known
and we infer the position parameters (µi). This leads to the graphical model rep-
resented on the left of Figure 4.5. We refer to this model as the simple hierarchical
G & K model.

For a hyperprior α ∼ U [−10, 10], the assumptions of Theorem 8 are satisfied.
Figure 4.6 compares the results of our algorithm with those of ABC for a similar
computational cost in dimension n = 50, and ABC-SMC (same as before) for a
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Figure 4.5 – Left: Simple hierarchical G & K model; Right: doubly hierarchical
G & K model

higher computational cost, with 1000 particles, 500 iterations leading to a compu-
tational cost roughly 20 times longer. As in Section 21.2, ABC-Gibbs outperforms
both other methods: Vanilla ABC is overdispersed, and carefully calibrated ABC-
SMC is either highly peaked at the wrong location or producing results similar
with ABC.

As a second experiment, we infer all parameters (B, g, k, α and the µi) in
Equation 4, with independent hyperpriors α ∼ U(−10, 10) and B, g, k ∼ U(0, 1).
This corresponds to the graphical model represented on the right of Figure 4.5,
which we refer to as a doubly hierarchical G & K model. The same summary
statistic is used at every step of the algorithm, namely the octiles of the observa-
tions. Let q(x, p) be the p-th quantile of sample x and take two observations x1

and x2; our distance function is

d(x1, x2) =
8∑

i=0

|q (x1, i/8)− q (x2, i/8)| .

It is straightforward to that the assumptions of Theorem 6 are satisfied by this
model, when considering the parameters in the order α,B, g, k, (µi).

Figures 4.6, 4.7 and 4.8 compare the output of ABC-Gibbs with Vanilla ABC
and ABC-SMC in the same implementation as before, under a fixed budget of
2 · 106 model simulations for ABC-Gibbs and ABC; ABC-SMC is run with 103

particles, for 500 steps, resulting in a a grand total computational cost larger than
2.5 ·107 simulations. Note that there exist analytical approximations of the G & K
posterior that give better results than ABC methods in the non hierarchical case,
however none of these methods can be easily extended to the hierarchical case.

The simple and double hierarchical G & K models lead to comparable re-
sults. ABC-Gibbs provides consistently better results (that are more concentrated
around the true value), than ABC. The approximation provided by ABC-SMC is
less peaked and occasionaly exhibits a bias, if less visible in the hyperaparame-
ter case. Sequential Monte Carlo is supposed to iteratively reduce the threshold
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Figure 4.6 – Posterior approximations for the simple hierarchical G & K model.
The y axis is truncated as the ABC-SMC pseudo-posterior is very peaked. The
red vertical lines identify the value of the parameters used in the simulation.
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Figure 4.7 – Posterior densities for the first four parameters, among 50, µ1, . . . , µ4

in the doubly hierarchical g & k model.
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Figure 4.8 – Posterior densities for the top-level parameters α, B, g and k in the
doubly hierarchical g & k model
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Figure 4.9 – Hierarchical dependence structure used in the application of Section
23.3.

of the approximation; however, due to the difficulty of calibrating, the starting
points, the reduction is quite slow. It is thus unlikely a further increase in the
computational time would lead to higher improvements.

In Section 23 of the Supplementary material, we consider another example (a
hierarchical Moving Average model), for which the results are similar.

23 Application: Moving average model

23.1 Model and implementation

In this section, we study a hierarchical moving average model. A graphical rep-
resentation of the hierarchy is shown in Figure 4.9. We denote MA2(µ, σ

2) the
distribution of a second order moving average model with parameters µ = (µ1, µ2)
and σ2, that is:

x(t) = yt + µ1yt−1 + µ2yt−2 , with yt ∼ N (0, σ2) for integer t ≥ −1.
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We consider a hierarchical version of the MA2 model, consisting of n parallel
observed series and 3n + 5 parameters with the following dependencies and prior
laws: for j = 1, . . . , n,

xj ∼MA2(µj, σ
2
j )

σ2
j ∼ IG(ς1, ς2)

µj = (βj,1 − βj,2, 2(βj,1 + βj,2)− 1) = (µj,1, µj,2)

where (βj,1, βj,2, 1−βj,1−βj,2) ∼ Dir(α1, α2, α3), and, if E denotes the exponential
distribution and C+ the standard half-Cauchy distribution,

α = (α1, α2, α3) ∼ E(1)⊗3 , ς = (ς1, ς2) ∼ C⊗2
+ .

We define w(xj) the distance between the first two autocorrelations of xj and
x⋆
j :

w2(xj) = {ρ1(xj)− ρ1(x
⋆
j)}2 + {ρ2(xj)− ρ2(x

⋆
j)}2,

and

xj =
1

⌊T/3⌋

⌊T/3⌋∑

t=1

xj(3t)

v(xj) =
1

⌊T/3⌋

∣∣∣∣∣∣

⌊T/3⌋∑

t=1

(xj(3t)− xj)
2 −

⌊T/3⌋∑

t=1

(x⋆
j(3t)− x⋆

j)
2

∣∣∣∣∣∣
,

where T is the length of the time series. The rationale is that for aMA2 model x(t)
and x(t + 3) are independent. Vanilla ABC uses a related single pseudo-distance
defined by

δ(x) =
n∑

j=1

{
w(xj)

qj
+

v(xj)

q′j

}
, (5)

where qj and q′j are the 0.1% quantiles of w(xj) and v(xj), respectively. This choice
is constrained by the fact that these quantities appear to have undefined mean and
variance.

For the current model, we have the following implementation: First, the µj’s
are updated using the pseudo-distance dµj

(xj, x
∗
j) = w(xj).

Second, the update of α relies on the sufficient statistic associated with Dirichlet
distributions:

µ 7→
(
∑

j

log((µj,2 + 2µj,1 + 1)/4),
∑

j

log((µj,2 + 2µj,1 + 1)/4)− µj,1)

)
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Third, the σj’s are updated using the pseudo-distance dσj
(xj, x

∗
j) = v(xj). And

last, ς is updated using the standard sufficient statistic associated with gamma
distributions.

The two algorithms output samples from the two pseudo-posteriors. To com-
pare the quality of the two samplers, we simulate new synthetic data from each
parameter set in the output, and compute the distance (5) between observed and
simulated samples, which is the distance used by ABC. If ABC-Gibbs produces
a smaller value than the ABC associated with this distance, this is an indicator
of a better fit of the ABC-Gibbs distribution with the true posterior. As in the
previous experiment, the total number of simulations of the time series is used as
the default measure of the computational cost for the associated algorithm.

23.2 Toy dataset

Consider a synthetic dataset of n = 5 times series each with length T = 100.
Both samplers return samples of size N = 1000. The hyperparameters used to
produce the true parameters and the simulated observed series are α = (1, 2, 3)
and ς = (1, 1). In ABC-Gibbs, the µj’s are updated based on Nµ = 1000 time
series, while the other parameters are updated based on Nα = Nσ = Nς = 100
replicas. The overall computational cost for ABC-Gibbs is Ntot = 5.5 · 106, also
used by ABC to run 1.1·106 simulations of the whole hierarchy. The computational
cost is slightly superior for ABC, as we have to simulate many more Dirichlet and
Gamma random variables.

When evaluating the mean of the posterior predictive distance (5), ABC-Gibbs
achieves an average of 274.1 ± 2.5, and ABC an average of 436.8 ± 1.6, based on
100 replicates. The sample output by ABC-Gibbs thus offers a noticeably better
quality than the one generated by ABC from this perspective. The ABC output
barely differs from a simulation from the prior, as shown in Figure 4.10 for the
parameter µ1.

23.3 Stellar flux

We now apply this model to stellar flux data. The 8GHz daily flux emitted by seven
stellar objects is analysed in Lazio et al. [2008], and the data were made public
by the Naval Research Laboratory: https://tinyurl.com/yxorvl4u. Once a
few missing observations have been removed, Lazio et al. [2008] suggest that the
model described in Section 23.1 may be well suited to these data, with T = 208.
In ABC-Gibbs, the µj’s are updated based on Nµ = 500 time series, while the
other parameters require Nα = Nς = Nσ = 100 replicas. (The overall computing
time is the same for the toy and the current datasets; one hour on an Intel Xeon
CPU E5-2630 v4 with rate 2.20GHz.)
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the conditional posteriors π(θ1 | x⋆, θ2) and π(θ2 | x⋆, θ1) depend on the entire
dataset x⋆ rather than a significantly smaller subset. This setting implies that the
approximation steps in ABC-Gibbs will mostly require the simulation of objects
of the same size as in ABC.

When the statistics s1 and s2 are identical, a single distance can be used, with
ε1 = ε2. The resulting stationary distribution is then the same as for ABC, since
it is proportional to

∫
π(θ1)π(θ2)f(x | θ1, θ2)1η{s1(x),s1(x⋆)}≤ε1 dx.

Formally, these statistics should however be different, since more efficient and
smaller-dimension statistics can be calibrated to each parameter.

As an illustration, consider an example inspired by inverse problems [Kaipio
and Fox, 2011], in a simplified version. These problems, although deterministic, are
difficult to tackle with traditional methods, as the likelihood function is typically
extremely expensive to compute [Neal, 2012], requiring the use of surrogate models,
and thus approximations. Let y be the solution of the heat equation on a circle
defined for (τ, z) ∈]0, T ]× [0, 1[ by

∂τy(z, τ) = ∂z {θ(z)∂zy(z, τ)} ,

with θ(z) =
∑n

j=1 θj1{(j−1)/n,j/n}(z) and with boundary conditions y(z, 0) = y0(z)
and y(0, τ) = y(1, τ). We assume y0 known and the parameter is θ = (θ1, . . . , θn).
The equation is discretised towards its numerical resolution. For this purpose, the
first order finite elements method relies on discretisation steps of size 1/n for z and
∆ for τ . A stepwise approximation of the solution is thus ŷ(z, t) =

∑n
j=1 yj,tφj(z),

where, for j < n, φj(z) = (1 − |nz − j|)1|nz−j|<1 and φn(z) = (1 − nz)10<z<1/n +
(nz − n+ 1)11−1/n<z<1, and with yj,t defined by

yj,t+1 − yj,t
3∆

+
yj+1,t+1 − yj+1,t

6∆
+

yj−1,t+1 − yj−1,t

6∆
= yj,t+1(θj+1 + θj)− yj−1,t+1θj − yj+1,t+1θj+1.

We then observe a noisy version of this process, chosen as xj,t = N (ŷj,t, σ
2).

In ABC-Gibbs, each parameter θm is updated with summary statistics the
observations at locations m − 2,m − 1,m,m + 1. ABC relies on the whole data
as statistic. In the experiments, n = 20 and ∆ = 0.1, with a prior θj ∼ U [0, 1],
independently. Theorem 6 applies to this setting.

We compared both methods, using as above the same simulation budget and
several experiments with various values of Nε, keeping the total number of sim-
ulations constant at Ntot = Nε · N = 8 · 106. As Nε increases, the size N of the
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Figure 4.12 – For the heat equation model, mean and variance of the ABC and
ABC-Gibbs estimators of θ1 as Nε increases, selected from among 20 parameters.
The horizontal line shows the true value of θ1.

posterior sample decreases. Figure 4.12 illustrates the estimations of θ1. The ABC-
Gibbs estimate is much closer to the true value of the parameter θ1 = 0.75, with a
smaller variance. We emphasise once more that the choice of the ABC table size is
critical, as for a fixed computational budget we must reach a balance between, on
the one hand, the quality of the approximations of the conditionals (improved by
increasing Nε), and on the other hand Monte-Carlo error and convergence of the
algorithm, (improved by increasing N). In our case, Nε = 10 was clearly the best
choice (low bias and low variance). While we have no systematic rule to choose
this parameter, we however advise to choose it so that the approximation of the
conditional is significantly different from the prior when run separately.

As in previous instances, ABC-Gibbs is much more efficient than ABC. For
instance, Figure 4.13 shows that the posterior sample of θ1 is more peaked around
the true value for ABC-Gibbs. We repeated this experiment for a wide range
of values for θ. In all, ABC-Gibbs gives estimates close to the true value, and
is never outperformed by ABC. This is confirmed by evaluating the expectation
of the posterior predictive distance to the whole data, ABC-Gibbs achieves an
average of 39.2 ± 0.002, and ABC reaches an average of 103.8 ± 0.002, based on
100 replicates.

25 Nature of the limiting distribution

When addressing hierarchical models of the form of Equation (2), we gave condi-
tions in Theorem 6 for Algorithm 4.2 to have a limiting distribution νε. However,
we did not specify the nature of this limiting distribution. We also showed that
as the tolerance parameter ε goes to 0, νε tends to the stationary distribution ν0
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We can state similar results for non hierarchical models, although each model
requires its own proof. For example, for the full dependency model 24 with two
parameters θ1 and θ2 we have the following Proposition:

Proposition 25.2. If π(θ1, θ2) = π(θ1)π(θ2) and sθ1 = sθ2, as the tolerance ε goes
to zero and under the assumptions of Theorems 6 and 7, ABC-Gibbs and ABC
have the same limiting distribution.

26 Discussion

The curse of dimensionality remains the major jamming block for the expansion of
ABC methodology to more complex models as most of its avatars see their cost rise
with the dimensions of the parameter and of the data [Li and Fearnhead, 2018].
This is particularly the case for high-dimensional parameters, since they require
summary statistics that are at least of the same dimension and, unless the model
under study is amenable to easily computed estimates of these parameters, a much
larger collection of statistics is usually unavoidable. Breaking this curse of dimen-
sionality by the Gibbs-like steps is thus as important for ABC methods as it was
for Monte Carlo methods [Gelfand and Smith, 1990], as relying on a small number
of summary statistics facilitates the derivation of automated or semi-automated
approaches [Fearnhead and Prangle, 2012, Raynal et al., 2019] and offers the po-
tential for simulating pseudo-data of much smaller size. In appropriate settings,
ABC-Gibbs sampling provides a noticeable improvement of the efficiency of ap-
proximate Bayesian computation methods. We have established some sufficient
conditions for the convergence of ABC-Gibbs algorithms. Questions remain, from
checking such conditions in practice to a better understanding of the limiting dis-
tributions from an inferential viewpoint. A Gibbs-like setting could also allow
practitioners to embed their model in a higher-dimensional model with auxiliary
variables, with compatible conditionals and improved computational tractability.
In all cases, constructing or selecting a low-dimension informative summary statis-
tic for the approximation of the conditionals might be an unavoidable challenge to
further improve the quality of the results.
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Part 5

Non-linear MCMC through particle

methods

This part is a slightly modified version of a submitted with Antoine Diez and Jean
Feydy [Clarté et al., 2019a]. The idea of the proofs is due to Antoine Diez, and
the GPU implementation is due to Jean Feydy.

27 Introduction

27.1 Background

Monte Carlo methods are designed to estimate the expectation of an observable ϕ
under a probability measure π. They approximate the quantity of interest by an
estimator of the form

1

n

n∑

i=1

ϕ(Xi) ,

where Xi are independent and identically distributed (i.i.d.) random variables
with law π. The law of large numbers ensures the convergence as n→ +∞ of this
estimator. For complex cases, a now classical procedure consists in constructing a
Markov chain with stationary distribution π. Ergodic theory results then ensure
that the estimator above still converges, even though the Xi are not independent
from each other. The Metropolis-Hastings algorithm [Metropolis and Ulam, 1949,
Metropolis et al., 1953, Hastings, 1970] provides a simple construction for such a
Markov chain that only requires to evaluate π up to a multiplicative constant. The
constructed chain is a random walk biased by an accept-reject step. Its convergence
properties have been thoroughly studied, for example in Mengersen and Tweedie
[1996].

This well-known procedure has become a building block for more advanced sam-
plers, that are designed to overcome the known flaws of the Metropolis-Hastings al-
gorithm: slow convergence, bad mixing properties for multimodal distributions etc.
Such extensions include for instance the Wang and Landau algorithm [Bornn et al.,
2013], regional MCMC algorithms [Craiu et al., 2009], or non Markovian (adap-
tive) versions [Haario et al., 2001, 1999, Atchadé and Rosenthal, 2005, Atchadé
et al., 2011] where the next proposed state depends on the whole history of the
process. The more recent PDMP samplers [Fearnhead et al., 2018, Vanetti et al.,
2017] provide an alternative to the discrete time accept-reject scheme, replacing it
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by a continuous time non reversible Markov process with random jumps. Finally,
more complex algorithms are based on the evaluation of the gradient of π, see
for instance the Metropolis-adjusted Langevin [Besag, 1994] and the Hamiltonian
Monte Carlo algorithms [Duane et al., 1987].

A non-Markovian alternative to Metropolis-Hastings like methods is given by
Importance Sampling algorithms. By drawing i.i.d. samples from an auxiliary
distribution q, which is usually simple and called the importance distribution, we
can build an estimator using the following identity:

∫
ϕ(x)π(x)dx =

∫
π(x)

q(x)
ϕ(x)q(x)dx ≃ 1

n

n∑

i=1

wiϕ(Xi),

where the Xi are i.i.d. with law q and the wi ∝ π(Xi)/q(Xi), are called the impor-
tance weights. The choice of q is critical, as bad choices can lead to a degeneracy
of the importance weights. Iterative methods have been developed to sequentially
update the choice of the importance distribution, and to update the Xi now inter-
preted as particles that evolve along iterations. Among these algorithms, we can
cite the Sequential Importance Sampling algorithm Gordon et al. [1993], the Pop-
ulation Monte Carlo (PMC) methods [Douc et al., 2007, Cappé et al., 2004, 2008]
or the recent Safe Adaptive Importance Sampling (SAIS) algorithm [Delyon and
Portier, 2021]. This paradigm is in particular well-suited to the study of filtering
problems Gordon et al. [1993], leading to the development of Sequential Monte
Carlo (SMC) methods [Del Moral et al., 2006, Doucet et al., 2013]. A review of
population-based algorithms and of the SMC method can be found in Jasra et al.
[2007].

The SMC methodology has recently been used to design and study nonlinear
MCMC algorithms [Andrieu et al., 2011]. This framework can be seen as a gener-
alisation of some non-Markovian extensions of the Metropolis-Hastings algorithm
(such as the “resampling from the past” procedure Haario et al. [2001], Atchadé
and Rosenthal [2005]) but also allows the use of a wider range of algorithmic tech-
niques. Examples are given in Andrieu et al. [2011, 2007] and are often based on
the simulation of auxiliary chains. In the present article, we show that an alterna-
tive procedure based on the simulation of a swarm of interacting particles can also
be used to approximate a nonlinear Markov chain. This provides a multi-particle
generalisation of the Metropolis-Hastings procedure.

The duality between particle systems and non-linear Markov processes has first
been underlined in statistical physics; on the mathematical side, it has been the
subject of the pioneering works of McKean [1966, 1967], Kac [1956], Dobrushin
[1979]. A key result is the propagation of chaos property formalised by Kac [1956],
which implies that under an initial chaoticity assumption on the law of the par-
ticles, the empirical measure of the system at any further time converges towards
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a deterministic limit; this type of limit is called mean-field limit. In a continuous
time framework, this limit classically satisfies a nonlinear Partial Differential Equa-
tion (PDE) [Sznitman, 1991, Méléard, 1996]. The original diffusion framework has
been extended to jump and jump-diffusion processes in Graham [1992a,b]. We
refer the interested reader to Bellomo et al. [2017, 2019] for recent reviews and
surveys of the applications of such models. We also mention that this methodol-
ogy has been used in the analysis of particle methods in filtering problems [Del
Moral, 2013, Andrieu et al., 2010].

27.2 Objective and methods

Let π be a target distribution on E ⊂ R
d, known up to a multiplicative constant.

The goal of the present article is to build a nonlinear Markov chain (X t)t on E that
samples π efficiently. Given a sample X t at iteration t, we draw X t+1 according to

X t+1 ∼ Kµt(X t, dy) ,

where the transition kernel is defined by:

Kµt(x, dy) := h(αµt(x, y))Θµt(dy|x)
︸ ︷︷ ︸

accept

+
[
1−

∫

z∈E

h(αµt(x, z))Θµt(dz|x)
]
δx(dy)

︸ ︷︷ ︸
reject

(6)
and where for t ∈ N, µt ∈ P(E) is the law of X t. In the discrete setting, this
method is implemented by Algorithm 5.1, detailed below. It relies on the following
quantities:

— The proposal distribution, a map

Θ : E × P(E) −→ Pac
0 (E),

where P(E) denotes the set of probability measures on E and Pac
0 (E) the

subset of non-vanishing absolutely continuous probability measures. For x ∈
E and µ ∈ P(E), its associated proposal probability density function is
denoted by:

Θ(x, µ)(y)dy ≡ Θµ(y|x)dy.
Intuitively, we can understand the probability distribution Θ(x, µ) as an
approximation of the target π that our method uses to propose new samples
y in a neighborhood of a point x, relying on information that is provided
by the current empirical distribution µ. To ensure a fast convergence of
our method, the “model” Θ(x, µ) should be both easy to sample and close
to the target distribution π. In practice, the choice of a good proposal Θ
depends on the assumptions that can be made on the distribution π. We
discuss several examples in Section 29.
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— For µ ∈ P(E) and x, y ∈ E, the acceptance ratio is defined by:

αµ(x, y) :=
Θµ(x|y)
Θµ(y|x)

· π(y)
π(x)

.

This quantity expresses the relative appeals of the transition x → y for the
“model” density Θµ(dy|x) and the ground truth target π(dy). Crucially, it
can be computed even when the law of π is only known up to a multiplicative
constant and allows our method to account for mis-matches between the
proposal Θ and the distribution to sample π. Note that in practice, for the
sake of numerical stability, the acceptance ratio is often manipulated through
its logarithm:

logαµ(x, y)︸ ︷︷ ︸
“correction”

:=
[
log π(y)− log π(x)

]
︸ ︷︷ ︸

appeal of x → y for π

−
[
log Θµ(y|x)− log Θµ(x|y)︸ ︷︷ ︸

appeal of x → y for Θµ

]
.

— The acceptance function is a non-decreasing Lipschitz map of the form
h : [0,+∞)→ [0, 1] which satisfies

∀u ∈ [0,∞), u · h(1/u) = h(u) .

A typical example is h(u) = min(1, u). As detailed in Algorithm 5.1, we
combine the acceptance ratio αµ(x, y) and the acceptance function h to re-
ject proposed samples y that are much more appealing for Θµ(·|x) than they
are for π.

This necessary correction ensures that our method samples the target
π instead of the simpler proposal distribution. On the other hand, it can
also slow down our method if the proposed samples y keep being rejected.
Efficient proposal distributions should keep the acceptance ratio high enough
to ensure a renewal of the population of samples X i

t at every iteration and
thus provide good mixing properties.

Non-linearity. We say that the transition kernel is nonlinear due to its depen-
dency on the law of the chain that it generates. When the proposal distribution
does not depend on µt, the kernel is linear and we obtain the general form of the
classical Metropolis-Hastings kernel.

Continuous and discrete analyses. We follow Andrieu et al. [2011] and split
our analysis in two steps:

1. We show that our non-linear kernel admits π as a stationary distribution and
study its asymptotic properties.
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Input: An initial population of particles (X1
0 , . . . , X

N
0 ) ∈ EN ,

a maximum time T ∈ N, a proposal distribution Θ
and an acceptance function h

Output: A sample
(
X i

t

)
1≤i≤N ; 1≤t≤T

for t = 0 to T − 1 do

for i = 1 to N do

(Proposal) Draw Y i
t ∼ Θµ̂N

t
( · |X i

t) a proposal for the new state of
particle i;

(Acceptation) Compute αµ̂N
t
(X i

t , Y
i
t ) =

Θ
µ̂Nt

(Xi
t |Y

i
t )

Θ
µ̂N
t
(Y i

t |X
i
t)
· π(Y i

t )

π(Xi
t)

;

Draw U i
t ∼ U([0, 1]);

if U i
t ≤ h

(
αµ̂N

t
(X i

t , Y
i
t )
)

then

Set X i
t+1 = Y i

t ; // Accept, probability h(αµ̂N
t
(X i

t , Y
i
t )).

else
Set X i

t+1 = X i
t ; // Reject, likely if αµ̂N

t
(X i

t , Y
i
t ) ≃ 0.

Algorithm 5.1: Collective Monte Carlo (CMC)

2. We present a practical implementation that enables the simulation of this
kernel for different choices of the proposal distribution.

Analytical study. Starting from an initial distribution µ0 ∈ P(E), the law µt

of the nonlinear chain at the t-th iteration satisfies

µt+1 = T (µt)

where T : P(E)→ P(E) is the transition operator defined by duality by:

〈ϕ, T (µ)〉 :=
∫

E

〈ϕ,Kµ(x, ·)〉µ(dx) (7)

for any test function ϕ ∈ Cb(E). Thanks to the micro-reversibility condition:

π(x)Θµ(y|x)h(αµ(x, y)) = π(y)Θµ(x|y)h(αµ(y, x)), (8)

the transition operator can be rewritten:

〈ϕ, T (µ)〉 =
∫

E

ϕ(x)µ(dx)

+

∫∫

E×E

π(x)Θµ(y|x)h(αµ(x, y))ϕ(x)

(
µ(dy)

π(y)
dx− µ(dx)

π(x)
dy

)
,
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from which it can be easily seen that T (π) = π.
We are going to develop an analytical framework in which the convergence of

the sequence of iterations of the transition operator can be analysed. Although it
is difficult to get optimal convergence rates, we rely on continuous time entropy
methods to prove exponential convergence towards π for a large class of proposal
distributions. We show that in an asymptotic regime to be detailed, the rate of
convergence depends only on how close from the target is the initial condition. This
is in contrast with the (linear) Metropolis-Hastings case where the convergence rate
depends on the size of the random walk kernel. As a byproduct, in the linear case,
we obtain a convergence result similar to the one obtained in Diaconis et al. [2011].

Efficient implementation. It is not straightforward in general to sample X t

from a nonlinear kernel. We therefore rely on a particle method to approximate
such samples. Starting from a swarm of N particles X1

t , . . . , X
N
t ∈ E at the

iteration t, we construct the next iteration by sampling independently for i ∈
{1, . . . , N}:

X i
t+1 ∼ Kµ̂N

t
(X i

t , dy),

where

µ̂N
t :=

1

N

N∑

i=1

δXi
t
∈ P(E),

is the empirical measure of the system of particles. Note that the empirical measure
process satisfies for all ϕ ∈ Cb(E):

E[〈ϕ, µ̂N
t+1〉|X1

t , . . . X
N
t ] = 〈ϕ, T (µ̂N

t )〉.

We show that as N goes to infinity and for each t ∈ N, µ̂N
t converges towards a

deterministic limit which is the t-th iterate of the nonlinear operator T starting
from µ0. Moreover we show that the N particles are asymptotically, in N , inde-
pendent thus forming an approximation of a system of N independent nonlinear
Markov chains with transition kernel (6).

A drawback of this approach is its high computational cost, that may scale in
O(N2) or O(N3) for some choices of the proposal Θ. To overcome this difficulty,
we propose an implementation based on GPU, more precisely on the techniques
developed in the KeOps library [Charlier et al., 2018] by the third author.

Outline. In Section 28 is devoted to the description of the general algorithmic
framework and to the statement of convergence results for the particle scheme.
Several variants of the main algorithm are presented in Section 29. The links
between our algorithm and other related works are discussed in Section 30. The
long-time asymptotics of the nonlinear Markov process is studied in Section 31.
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The GPU implementation of the different algorithms is detailed in Section 32.
Applications to various problems are presented in Section 33.

Throughout this article, we assume that π satisfies the following assumption.

Assumption 1. The support of π, denoted by E, is a compact subspace of R
d.

The target distribution π is smooth and π does not vanish on E:

m0 := inf
E

π > 0 and M0 := sup
E

π > 0.

Notations. The following notations will be used throughout the article.

P(E) denotes the set of probability measures on E.

Pac(E) denotes the set of probability measures on E which are absolutely continu-
ous with respect to the Lebesgue measure on R

d. A probability measure in Pac(E)
is identified with its associated probability density function: when f ∈ Pac(E) we
write indifferently,

f(dx) ≡ f(x)dx.

Pac
0 (E) ⊂ Pac(E) denotes the subset of continuous probability density functions

which do not vanish on E (recall that E is compact).

A test function ϕ ∈ Cb(E) is a continuous (bounded) function on E. For µ ∈ P(E)
we write indifferently

〈ϕ, µ〉 ≡
∫

E

ϕ(x)µ(dx).

X ∼ µ means that the law of the random variable X ∈ E is µ ∈ P(E).

W 1(µ, ν) denotes the Wasserstein-1 distance between the two probability measures
µ, ν ∈ P(E).

28 General Framework and Mean-Field Approxi-

mation

Our implementation relies on a pathwise approximation of the nonlinear Markov
chain (X t)t defined by the transition kernel (6). For a given proposal distribution
Θ, the particle-based simulation is given by Algorithm 5.1.

On the practical side, the complexity of the proposal and acceptation steps
highly depends on the proposal density Θ. Many examples of proposal distri-
butions together with their associated sampling procedures are given in Section
29.

On the theoretical side, we can show that the system of particles defined by
Algorithm 5.1 satisfies the propagation of chaos property and that the limiting
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law is the law of the nonlinear Markov chain with transition kernel satisfying (6).
From now on, we assume that the proposal distribution Θ satisfies the following
assumptions, discussed in Remark 31.7:

Assumption 2 (Boundedness). There exist two constants κ−, κ+ > 0 such that
for all µ ∈ P(E) and for all x, y ∈ E:

κ− ≤ Θµ(y|x) ≤ κ+.

Assumption 3 (L∞ Lipschitz). The map Θ : E × P(E) → Pac
0 (E) is uniformly

Lipschitz for the L∞-norm on E: there exists a constant L > 0 such that for all
x, y, x′, y′ ∈ E and for all (µ, ν) ∈ P(E)2:

∣∣Θµ(y|x)−Θν(y
′|x′)

∣∣ ≤ L
(
W 1(µ, ν) + |x− x′|+ |y − y′|

)
.

Assumption 4 (W 1 non-expansive). The map Θ : E × P(E) → Pac
0 (E) is non-

expansive for the Wasserstein-1 distance: for all x, x′ ∈ E and for all (µ, ν) ∈
P(E)2,

W 1
(
Θµ(dy|x),Θµ(dy|x′)

)
≤ W 1(µ, ν) + |x− x′|.

The main result of this section is the following theorem, that links systems of
interacting particles with nonlinear Markov processes and can be interpreted as a
law of large numbers.

Theorem 11 (Mean-Field Limit). Let Θ be a proposal distribution which satisfies
Assumptions 2, 3 and 4. Let (X i

0)i∈{1,...,N} be N i.i.d. random variables with
common law µ0 ∈ P(E) ( chaoticity assumption). Let t ∈ N and let (X i

t)i∈{1,...,N}

be the N particles constructed at the t-th iteration of Algorithm 5.1. Then, the
empirical measure µ̂N

t = 1
N

∑N
i=1 δXi

t
satisfies:

µ̂N
t −→

N→+∞
µt

where µt = T (t)(µ0) is the t-th iterate of the transition operator (7) starting from µ0

and where the convergence is the convergence in law ( i.e. the weak-⋆ convergence
in the space P(P(E))).

The proof of this theorem is based on coupling arguments inspired by Sznitman
[1991] and adapted from Diez [2020]. It can be found in Section 31.4. As shown in
Sznitman [1991, Proposition 2.2], the convergence in law of the empirical measure
process is equivalent to the propagation of chaos property stated in the following
corollary.
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Corollary 12 (Propagation of Chaos). Let Θ be a proposal distribution which
satisfies Assumptions 2, 3 and 4. Let t ∈ N, ℓ ∈ N and let µℓ,N

t ∈ P(Eℓ) be
the joint law at time t of any subset of ℓ particles constructed by Algorithm 5.1,
initially i.i.d with initial common distribution µ0 ∈ P(E). For every ℓ-tuple of
continuous bounded functions ϕ1, . . . ϕℓ on E, it holds that:

∫

Eℓ

ϕ1(x1) . . . ϕℓ(xℓ)µ
ℓ,N
t (dx1, . . . , dxℓ) −→

N→+∞

ℓ∏

k=1

〈ϕk, µt〉,

where µt = T (t)(µ0) is the t-th iterate of the transition operator (7) starting from
µ0.

The statement of Corollary 12 corresponds to the original formulation of the
propagation of chaos introduced by Kac [1956]. From our perspective, it justi-
fies the use of Algorithm 5.1 and ensures that as the number of particles grows
to infinity and despite the interactions between the particles, we asymptotically
recover an i.i.d. sample. The final MCMC approximation of the expectation of an
observable ϕ ∈ Cb(E) is thus given at the t-th iteration by:

∫

E

ϕ(x)π(dx) ≃ 1

N

N∑

i=1

ϕ(X i
t).

29 Some Collective Proposal Distributions

The proposal distribution can be fairly general and so far, we have not detailed
how to choose it. Several choices of proposal distributions are gathered in this
section.

This proposal should use the maximum of information coming from the value
of the target π, in order to increase the fitness of Θµ to the true distribution.
However, the proposal must also allow for some exploration of the parameter space,
this problem is addressed for some of the proposals.

Here, we only intend to present some of the proposals possible, each one having
pros and cons, on the theoretical and practical side.

In view of Theorem 11, we can see each of the proposal distributions presented
in this section either as a specific choice of nonlinear kernel (6) with its associ-
ated nonlinear process or as its particle approximation given by Algorithm 5.1.
From this second perspective the proposal distribution can be seen as a specific
interaction mechanism between the particles. More specifically, it depicts a specific
procedure which can be interpreted as “information sharing” between the particles:
given the positions of all the N particles at a given time, we aim at constructing
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the best interaction mechanism which will favour a specific aspect such as accep-
tance, convergence speed, exploration etc. By analogy with systems of swarming
particles which exchange local information (here, the local value of the target dis-
tribution) to produce global patterns (here, a globally well distributed sample),
we call this class of proposal distributions collective. The class of methods intro-
duced will be referred as Collective Monte Carlo methods (CMC). On the contrary,
the nonlinear kernels introduced in Andrieu et al. [2007] do not belong to this class
as explained in Section 30.1. For each proposal we give an implementation which,
starting from population of particles (X1, . . . , XN) ∈ EN , returns a proposal Y .

Although our theoretical results (Theorem 11 above and Theorem 13 in Section
31) are general enough to encompass almost all of the proposal distributions de-
scribed here, the validity and numerical efficiency of each of them will be assessed
in Section 33 on various examples of target distributions.

29.1 Metropolis-Hastings Proposal (PMH)

Continuous formulation. The classical Metropolis-Hastings algorithm fits into
our formalism, with

Θµ(dy|x) = q(y|x)dy,
where q is a fixed random walk kernel which does not depend on µ.

Particle implementation. In this case, Algorithm 5.1 reduces to the simulation
of N independent Metropolis-Hastings chains in parallel.

29.2 Convolution Kernel Proposal (Vanilla CMC)

Continuous formulation. Let us then consider the following proposal distri-
bution given by the convolution:

Θµ(dy|x) = K ⋆ µ(y)dy :=

(∫

E

K(y − z)µ(dz)

)
dy,

where K is a fixed interaction kernel, that is a (smooth) radial function which
tends to zero at infinity. Typical examples are K(x) = N (0, σ2Id) and K(x) =

1
|Bσ(0)|

1Bσ(0)(x), where σ > 0 is fixed and Bσ(0) denotes the ball of radius σ > 0

centred at 0 in R
d. Note that the proposal distribution does not depend on the

starting point x. It may happen that the proposed state falls outside E. In this
case it will be rejected since π is equal to zero outside E. One can therefore take
equivalently Θµ(dy|x) ∝ K ⋆ µ(y)1E(y)dy (the same remark holds for the other
collective proposal distributions).
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Particle implementation. Each particle chooses another particle and a draw a
proposal from K centred at the chosen particle. This “resampling with mutation”
procedure is somehow similar to a (genetic) Wright-Fisher model (see for instance
Etheridge [2011] for a review of genetic models). Since a “mutation” may or may
not be accepted, it can be described as a biased Wright-Fisher model.

The collective aspect is twofold: first the proposal distribution allows large scale
move on all the domain filled by the N particles; then during the acceptance step,
for a particle in X and a proposal in Y the acceptance ratio can be understood
as a measure of discrepancy between the target ratio π(Y )

π(X)
and the observed ratio

K⋆µ̂N (Y )
K⋆µ̂N (X)

between the (average) number of particles around Y and the (average)
number of particles around X. In the linear Metropolis-Hastings case with a
symmetric random-walk kernel, the acceptance ratio only takes into account the
target ratio. As a consequence, the acceptance probability of a proposal state
depends not only on how “good” it is when looking at the values of π but also on
how many particles are (or are not) already around this proposal sate compared
to the present state (and therefore on how accepting the proposal would improve
the current global state of the system).

Remark 29.1 (Moderate interaction, part 1). When σ → 0 we obtain the degen-
erate proposal distribution Θµ(dy|x) = µ(dy) (which does not satisfy the assump-
tion Θ(dy|x) ∈ Pac

0 (E) in general) It would not make sense to take this proposal
distribution at the particle level. However, it makes sense to consider the case
Θf (y|x) = f(y)dy in the nonlinear kernel (6) where f ∈ Pac

0 (E). In Section 31 we
will see that this degenerate proposal distribution still satisfies the assumptions of
our convergence result and could lead to a better rate of convergence (see Remark
31.4). It is thus worth mentioning that this degenerate proposal distribution can
also be obtained as the many-particle limit of a system of particles under an addi-
tional moderate interaction assumption Oelschläger [1985], Jourdain and Méléard
[1998], Diez [2020]. See Remark 31.6 at the end of the proof of Theorem 11 for
additional details.

Draw uniformly j ∈ {1, . . . , N};
Draw e ∼ K;
Set Y = Xj + e;

Algorithm 5.2: Proposal through Convolution Kernel

29.3 Markovian Mixture of Kernels Proposal (MoKA and
MoKA-Markov)

Continuous formulation. A limitation of the Convolution Kernel Algorithm
5.2 is the fixed size of the interaction kernel. A remedy is given by the following
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collective proposal distribution which is a convolution with a mixture of kernels
(with different sizes) with (potentially) nonlinear mixture weights:

Θµ(dy|x) =
P∑

p=1

αp(µ)Kp ⋆ µ(y)dy,

A possible choice for the weights is to take a solution of the following minimisation
problem:

min
α∈Sp

∫

E

φ

(∑
p αpKp ⋆ µ(x)

π(x)

)
µ(dx), (9)

where Sp denotes the p-simplex and where φ is convex non-negative such that
φ(1) = 0. Typically φ(s) = s log s− s+1. In this case, when µ = π it corresponds
to minimising the Kullback-Leibler divegence of the mixture proposal relative to
π. In our experiments, we found that optimising the quantity

∫
E
|∑p αpKp ⋆

µ(x)− π(x)|µ(dx) leads to similar, slightly better results. Moreover, this choice is
also numerically more stable so we chose to implement this version, that we call
Markovian Mixture of Kernels (MoKA-Markov).

Another choice for the weights, which is non-Markovian, is to take αp pro-
portional to the geometric mean of the acceptance ratio of the particles which have
chosen the kernel p at the previous iteration. This method will be referred as Mix-
ture of Kernels Adaptive CMC (MoKA). It shares similarities with the D-kernel
algorithm of Douc et al. [2007] and the arguments developed by the authors suggest
that the two versions (Markovian and MoKA) may be asymptotically equivalent.
The proof is left for future work.

Particle implementation. Same as in Algorithm 5.2 but with an additional
step to choose a “mutation kernel” at each proposal step. The computation of the
weights of the mixture can be done in a fully Markovian way at the beginning of
each iteration before the proposal step or, in MoKA, are computed at the end of
the iteration and used at the next iteration.

In Section 33 we will show that this algorithm can favours initial exploration
if initially the particles are in an area of low potential.

Compute the weights α1, . . . , αP using (9);
Draw p ∈ {1, . . . P} with probability (α1, . . . , αP );
Draw uniformly j ∈ {1, . . . , N};
Draw e ∼ Kp;
Set Y = Xj + e;

Algorithm 5.3: Markovian Mixture of Kernels proposal generation
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29.4 Kernelised Importance-by-Deconvolution
Sampling (KIDS)

Continuous formulation. Algorithms based on a simple convolution operator
(Algorithms 5.2 and 5.3) keep a “blind” resampling step. In order to improve
the convergence speed of such algorithms one may want to favour the selection
of “good” states. For a fixed interaction kernel K, one can choose a proposal
distribution of the form:

Θµ(y|x) = K ⋆ νµ(y),

where νµ solves the following deconvolution problem with an absolute continuity
constraint:

min
ν≪µ

∫

E

log

(
K ⋆ ν(x)

π(x)

)
K ⋆ ν(x)dx. (10)

That is, we are looking for a weight function w ≥ 0 which satisfies the constraint
∫

E

w(x)µ(dx) = 1

and such that the measure defined by νµ(A) =
∫
A
w(x)µ(dx) minimises the KL

divergence above. The function w is the Radon-Nikodym derivative of ν with
respect to µ. In other words the proposal distribution focuses on the parts of the
support of µ which are “closer” to π.

Particle implementation. In the case of an empirical measure µ̂N = 1
N
δXi ,

the Radon-Nikodym weight function w can simply be understood as a vector of N
weights (w1, . . . , wN) ∈ [0, 1]N such that

∑
i w

i = 1 and the measure νµ̂N is thus a
weighted empirical measure:

νµ̂N :=
N∑

i=1

wiδXi . (11)

The deconvolution procedure gives more weight to the set of particles that are
already “well distributed” according to π. These particles are thus more often
chosen in the Wright-Fisher resampling step (see Algorithm 5.2).

Note that although the weighted empirical measure proposal (11) is very remi-
niscent of an Importance Sampling procedure, the computation of the weights here
follows from a completely different idea.

In practice we solve the deconvolution problem using the Richardson-Lucy algo-
rithm Richardson [1972], Lucy [1974] (also known as the Expectation Maximisation
algorithm). See for instance Natterer and Wübbeling [2001, Section 5.3.2] where
it is proved that the iterative algorithm below converges towards a minimiser of
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the Kullback-Leibler divergence (10) in the case of an empirical measure µ. Note
that the computation of the weights (Richardson-Lucy loop) can be done before
the resampling step.

Set w
(0)
i = 1 for all i ∈ {1, . . . , N};

for s = 0 to S − 1 do
For all i ∈ {1, . . . , N}, update the weight by:

w
(s+1)
i = w

(s)
i

∑N
j=1

π(Xj
t )K(Xi

t−Xj
t )∑N

k=1 w
(s)
k K(Xj

t−Xk
t )

;

Set wi = w
(S)
i for all i ∈ {1, . . . , N};

Normalise the weights (w1, . . . , wN);
Draw j ∈ {1, . . . , N} with probability (w1, . . . , wN);
Draw e ∼ K;
Set Y = Xj + e;

Algorithm 5.4: Kernel Importance-by-Deconvolution Sampling proposal
generation

29.5 Bhatnagar-Gross-Krook sampling (BGK)

Continuous formulation. In Algorithms 5.2, 5.3 and 5.4, the proposal distri-
bution is based on a (mixture of) symmetric kernels: this symmetry property is
reflected in the proposal distribution and might not well represent the local prop-
erties of the target distribution. In dimension d ≥ 2, we can adopt a different
strategy by sampling proposals from a multivariate Gaussian distribution with a
covariance matrix that is computed locally. An example is given by the following
proposal distribution:

Θµ(dy|x) =
(∫

E

GΣ̂µ(z)
(m̂µ(z)− y)µ(dz))

)
dy,

where

m̂µ(z) =
1∫

E
K(z − z′)µ(dz′)

∫

E

K(z − z′)z′µ(dz′), (12)

and

Σ̂µ(z) =
1∫

E
K(z − z′)µ(dz′)

∫

E

K(z − z′)(z′ − m̂µ(z))(z
′ − m̂µ(z))

Tµ(dz′), (13)

and where K is a fixed interaction kernel. This proposal distribution and the
associated transition operator are reminiscent of a Bhatnagar-Gross-Krook (BGK)
type operator Bhatnagar et al. [1954].
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In the particular case of K(x, y) ≡ 1, we have a more simple algorithm which
can be interpreted as a Markovian version of the Adaptive Metropolis-Hastings
algorithm introduced by Haario et al. [2001]. However such algorithm does not
benefit from the appealing properties of local samplers. Indeed, when the target
distribution is multimodal, we can take more advantageously as interaction kernel
K(x) ∝ 1|x|<σ, where the threshold σ allows the proposal to be adapted to the
local mode. Note that moving across the modes is still possible thanks to the
choice of another particle at the first step (see proposal algorithm below). The
main issue is the choice of σ that must be higher than the size of the modes but
smaller than the distance between the modes.

Particle implementation. Each particle, say X i
t chooses another particle, say

Xj
t . Then we compute the local mean and covariance around Xj

t and we draw a
proposal Y i

t for X i
t according to a Normal law with the locally computed param-

eters. As before it may be cheaper to compute and store all the local means and
covariances before the resampling loop.

Draw j ∈ {1 . . . , N} uniformly;
Compute κ =

∑
i K(X i

t , X
j
t ) ;

Compute the local mean m̂Xj = 1
κ

∑
i K(X i

t , X
j
t )X

i
t ;

Compute the local covariance
Σ̂Xj = 1

κ

∑
i K(X i

t , X
j
t )(X

i − m̂Xj)(X i − m̂Xj)T;

Draw Y ∼ N (m̂Xj , Σ̂Xj);

Algorithm 5.5: BGK proposal generation

30 Related Works

30.1 Another Nonlinear MCMC sampler

A nonlinear kernel which does not fit into the “collective proposal” category has
been introduced in Andrieu et al. [2011] and is defined by:

Kµ(x, dy) = (1− ε)KMH(x, dy) + εQµ(x, dy),

where KMH is the Metropolis-Hastings kernel and

Qµ(x, dy) =

(
1−

∫

E

α(x, u)µ(du)

)
δx(dy) + αη(x, y)µ(dy).

The function α is defined by: αη(x, y) = η(x)π(y)/(η(y)π(x)), that is, αη(x, y) is
the Metropolis ratio associated to another distribution η ∈ Pac

0 (E). In Andrieu
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et al. [2011], the authors investigated the case η = πα̃ for α̃ ∈ (0, 1). This kernel
satisfies: ∫∫

E×E

φ(y)Kη(x, dy)π(dx) =

∫

E

φ(y)π(dy).

The sampling procedure is therefore quite different as it requires an auxiliary chain
to build samples from η first in order to construct a sample from the desired non-
linear kernel. More precisely, the authors propose the following iterative procedure
to construct a couple of Markov chains (Xt, Yt):

(Xt+1, Yt+1) ∼
(
(1− ε)KMH(Xt, dxt+1) + εQµ̂Y

t
(Xt, dxt+1)

)
P (Yt, dyt+1),

where P is a (linear) Markov transition kernel with invariant distribution η and
(Yt)t is a Markov chain with transition kernel P . The empirical measure of this
chain is denoted by:

µ̂Y
t =

1

t+ 1

t∑

s=0

δYs .

The final MCMC approximation of an observable ϕ is given in this case by:

∫

E

ϕ(x)π(dx) ≃ 1

t+ 1

t∑

s=0

ϕ(Xs). (14)

In this empirical sum, the successive iterations of the single chain (Xt)t are used. In
the collective proposal framework introduced in Section 28, the algorithm produces
N (asymptotically) independent copies of a nonlinear chain (X i

t)t, i ∈ {1, . . . , N}
and we have at our disposal a sequence of MCMC approximations of the form:

∫

E

ϕ(x)π(dx) ≃ 1

N

N∑

i=1

ϕ(X i
t), (15)

as t → +∞. We can therefore interpret the sum (14) as a time average and the
sum (15) as an ensemble average.

30.2 Links with Importance Sampling Based Methods

Even though CMC does not use importance weights, it shares some similarities
with importance sampling methods, in particular SMC [Del Moral et al., 2006]
and PMC methods Cappé et al. [2004]. As SMC relies on tempering schemes, we
will mainly focus on PMC.

According to Cappé et al. [2004], in PMC methods, without the importance
correction, a regular acceptance step — as in Metropolis-Hastings — for each
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mutation would lead to a simple parallel implementation of N Metropolis-Hastings
algorithm. Under the same parallel, we can compare the mutation step in PMC
with the proposal step of CMC.

In the first implementation of PMC, at each mutation step, each particle X i
t

is updated independently from the others, according to a kernel qit(·) (that can
depend on t and i), the new particle X i

t+1 is then associated with a weight pro-
portional to the ratio π(X i

t+1)/qit(X
i
t+1). In PMC, a mutation therefore occurs

according to qit, that is only depends on the position of the ancestor particle. In
CMC, the mutation occurs according to Θµ̂N

t
(· | X i

t), the update thus depends
on the position of all the particles as Θ depends on the empirical measure of the
system µ̂N

t . This additional dependency is particularly emphasised in the case
of Algorithm 5.2. This corresponds to the Rao-Blackwellised version of PMC, in
which we integrate over the position of all the particles.

Recently, Delyon and Portier [2021] also proposed to Rao-Blackwellise the mu-
tation kernel in PMC while keeping an importance sampling framework. The
resulting algorithm is non-Markovian and does not conserve the number of parti-
cles. At each iteration a batch of particles is added to the system according to the
previous estimation of the target density. The number of particles N grows with
the number of iterations. Once a particle is added, its position does not change,
only its weight is updated along the iterations. A particle XN+1 is added accord-
ing to qN =

∑
i wiKN(· | Xi), where KN is a kernel whose bandwidth typically

decreases with N and where (wi) is a vector of normalised importance weights.
The weight of XN+1 is initially proportional to the standard importance weight
associated to qN and is then updated at each iteration by re-normalisation as new
particles are added to the system. The weight of the added particle depends on
all the other particles already present in the system from the first iteration. This
method shares some similarities with ours, an important difference being that an
old particle cannot be improved though time and a “bad” particle will indefinitely
remain in the system at the same place, while its weight decreases through time,
eventually increasing the computation cost.

Importance sampling based methods output unbiased estimators. For CMC,
as stated before, except for the Metropolis-Hastings proposal, each one of the
methods previously described is biased. Indeed, for a fixed number N of particles,
the algorithm does not converge to the target distribution. For a large number
of particles, the algorithm provides however a good approximation of the target
density, according to Theorem 11 and Theorem 13. In addition, as a byproduct,
we can re-use this approximation to provide an unbiased estimator by simply using
the (sequence of) collective proposal distributions as importance distributions in
any importance sampling based sampler. A more thorough study is left for future
work, but some elements can be found in Appendix 30.3.
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30.3 Importance Sampling plug-in of CMC

Importance sampling methods are unbiased, by definition, while CMC presents a
(usually small) bias depending on the number of particles. To remove this bias,
while keeping the original form of the algorithm, we present here a small plug in,
without additional cost. We present the algorithm in 5.6.

Input: An initial population of particles (X1
0 , . . . , X

N
0 ) ∈ EN , a maximum

time T ∈ N, a proposal distribution Θ and an acceptance function
h

Output: T estimators ϕ̂t of Eπ[ϕ(X)]
for t = 0 to T − 1 do

for i = 1 to N do
Draw Y i

t ∼ Θµ̂N
t
(·|X i

t) a proposal for the new state of particle i;

Compute αµ̂N
t
(X i

t , Y
i
t ) =

Θ
µ̂Nt

(Xi
t |Y

i
t )π(Y

i
t )

Θ
µ̂N
t
(Y i

t |X
i
t)π(X

i
t)

;

Store W i
t = π(Y i

t )/Θµ̂N
t
(Y i

t |X i
t) and Y i

t ;
Draw U i

t ∼ U([0, 1]);
if U i

t ≤ h
(
αµ̂N

t
(X i

t , Y
i
t )
)

then

Set X i
t+1 = Y i

t ;
else

Set X i
t+1 = X i

t ;
Set ϕ̂t =

∑
i W

i
tϕ(Y

i
t ).

Algorithm 5.6: Collective Monte Carlo with IS output

At each step, we can store Y i
t the proposed state for each particle, and the

numerator of the acceptance ratio W i
t = π(Y i

t )/Θµ̂N
t
(Y i

t |X i
t). An estimator of

Eπ[ϕ(X)] is then
∑

i W
i
tϕ(Y

i
t ). This term corresponds exactly to the importance

ratio with π as target and Θµ̂N
t

as proposal distribution. This is similar in a sense to
PMC, but the main difference is that we do not propagate Y i

t unless it is accepted,
and thus the weight cannot degenerate.

This addition do not interfere with the choice of the interaction Θ, and ensures
that the resulting estimator is unbiased. We do not have to use all the points (Y i

t )
as we can only use some of the t. Notice that each of the (Y i

t )i are independent
by construction, but that (Y i

t )t,i are not independent.
To measure the quality of a numerical method, it is common to use the Effec-

tive Sample Size (ESS) [Robert and Casella, 2013] that represents the equivalent
number of i.i.d. samples needed to build an estimator of Eπ[X] with same vari-
ance — notice that this quantity is mostly informative. In Importance sampling,
the ESS is commonly estimated by ESS(t) = (

∑
i(W

i
t )

2)−1, Interestingly enough,
Theorem 11 and 13, shows that precisely, as the number of particles increase,
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Note that ft is also absolutely continuous with respect to the Lebesgue measure.
The main result of this section is Theorem 13 which states that the solution of
the integro-differential equation (16) converges exponentially fast to π as t→ +∞
with a rate which depends only on the initial condition. This result will be valid
under the following assumption.

Assumption 5 (Monotonicity). The proposal distribution Θ satisfies the following
monotonicity property: there exists a function c− : (0,+∞)→ (0, 1] such that for
all f ∈ Pac

0 (E),

inf
(x,y)∈E

Θf (y|x)
π(y)

≥ c−
(
inf
x∈E

f(x)

π(x)

)
.

This “monotonicity” assumption allows us to control the balance between the
proposal distribution and the target distribution π. Starting from a distribution
f , the function c− measures how the proposal distribution built on f is “far” from
π. The best case is attained when c− ≡ 1 since in this case Θf = π.

This assumption is satisfied for all the “convolution based” methods such as
Algorithms 5.2 and 5.3 since for m > 0, it holds that:

[∀y ∈ E, mπ(y) ≤ f(y)] =⇒ [∀y ∈ E, mK ∗ π(y) ≤ K ∗ f(y)],

and therefore, if the left-hand side condition holds, we obtain by dividing by π(y):

∀y ∈ E,
K ∗ f(y)
π(y)

≥ m
K ∗ π(y)
π(y)

.

On the right-hand side of the last inequality the ratio K ∗π(y)/π(y) depends only
on π and is bounded from below, at least for small interaction kernels K, since
K ∗ π converges uniformly towards π as K → δ0. In the degenerate case K = δ0,
we obtain c−(m) = m for all m > 0 (see Remark 31.4).

For the linear Metropolis-Hastings case the assumption is satisfied with a con-
stant function c−(m) = c > 0 for all m > 0, where c > 0 is the infimum of the
random-walk kernel on the compact set E. This reasoning also applies for Al-
gorithms 5.4 and 5.5 although more sharp results could be expected in specific
cases.

We now state the main result of this section.

Theorem 13 (Convergence of the Nonlinear Process). Let Θ a proposal distribu-
tion which satisfies Assumption 5. Let f0 ∈ Pac

0 (E) and let ft be the solution at
time t ∈ [0,+∞) of the nonlinear integro-differentatial equation (16). Then for all
t ≥ 0, it holds that:

|ft − π|TV ≤ C0e
−λt,
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where C0 > 0 depends only on f0 and π and where

λ := c−
(
inf
x

f0(x)

π(x)

)
h(1) > 0.

The proof of this theorem will be based on entropy methods and can be found
in Subsection 31.3.

Since Boltzmann’s renowned H-Theorem [Villani, 2008], the concept of en-
tropy has played a major role in our understanding of the long-time behaviour of
thermodynamic systems. Although it can essentially be understood as a Lyapunov
functional approach, it has been shown over last decades that the so-called entropy
methods provide powerful and versatile tools to analyse the long-time asymptotics
of a wide range of stochastic systems and Partial Differential Equations (PDE) un-
der various metrics. From a PDE perspective, entropy methods can also provide
wellposedness results and efficient numerical schemes for both linear and nonlin-
ear equations despite the fact that the analysis of the latter looks generally much
more delicate. We refer the interested reader to Schmeiser [2018], Jüngel [2016]
for reviews on the subject.

In our case, we show that Equation (16) satisfies an entropy-dissipation relation
(Subsection 31.2) which implies a boundedness result (Lemma 31.1) at the core of
the proof of Theorem 13 (Subsection 31.3).

31.2 Entropy and Dissipation

The (relative) entropy of ft with respect to π is defined as the following functional:

Hφ[ft|π] :=
∫

E

π(x)φ

(
ft(x)

π(x)

)
dx, (17)

where φ : [0,+∞) → [0,+∞) is a convex function such that φ(1) = 0. Typical
choices of φ are:

φ(s) =
1

2
|s− 1|2 and φ(s) = s log s− s+ 1.

In the present article we will mainly focus on the first choice for which the relative
entropy is simply equal to a weighted L2 norm:

Hφ[ft|π] =
1

2

∫

E

|ft(x)− π(x)|2 dx

π(x)
≡ 1

2
|ft − π|2L2

1/π
.

In the second case φ(s) = s log s− s+ 1, we note that:

Hφ[ft|π] =
∫

E

ft(x) log

(
ft(x)

π(x)

)
dx ≡ DKL(ft|π)
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is the Kullback-Leibler divergence between ft and π.
We can therefore see an entropy as a the measure of discrepancy between ft

and π for a metric specified by φ.
The continuous time framework allows us to take the time derivative of the

entropy. The opposite of this quantity will be called the dissipation. Using (16),
the dissipation is equal to:

Dφ(ft|π) = −
d

dt
Hφ[ft|π] = −

∫

E

φ′

(
ft(x)

π(x)

)
∂tft(x)dx

=
1

2

∫∫

E×E

π(x)Wf (x→ y)

(
ft(x)

π(x)
− ft(y)

π(y)

)(
φ′

(
ft(x)

π(x)

)
− φ′

(
ft(y)

π(y)

))
dxdy

(18)

where
Wf (x→ y) := Θf (y|x)h(αf (x, y)) (19)

and where we have used the micro-reversibility property:

π(x)Wf (x→ y) = π(y)Wf (y → x).

By convexity of φ, the dissipation Dφ(ft|π) is nonnegative:

Dφ(ft|π) ≥ 0.

As a first application of this result, we prove the following lemma which states
an important global-in-time boundedness result.

Lemma 31.1. Let ft be the solution of the integro-differential equation (16) with
initial condition f0 ∈ Pac

0 (E). Then

inf
x∈E

ft(x)

π(x)
≥ inf

x∈E

f0(x)

π(x)

and

sup
x∈E

ft(x)

π(x)
≤ sup

x∈E

f0(x)

π(x)
.

Proof. Let us denote

m := inf
x∈E

f0(x)

π(x)
and M := sup

x∈E

f0(x)

π(x)
.

Let us take φ : [0,+∞) → [0,+∞) a convex function such that φ ≡ 0 on the
segment [m,M ] and φ > 0 elsewhere. Note that since f0 and π are both probability
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densities, it holds that m < 1 and M > 1 and thus φ(1) = 0. The entropy-
dissipation relation (18) gives:

d

dt
Hφ[ft|π] ≤ 0

and therefore for all t ≥ 0,

Hφ[ft|π] ≤ Hφ[f0|π] = 0

by definition of φ. As a consequence and since φ ≥ 0 and π > 0 on E, it holds
that for all t ≥ 0 and all x ∈ E,

φ

(
ft(x)

π(x)

)
= 0,

which implies that

∀x ∈ E, m ≤ ft(x)

π(x)
≤M.

To end this subsection we outline the strategy of the proof of Theorem 13.
We will follow the classical steps which are detailed for instance in Jüngel [2016,
Section 1.3] and can be applied to various linear and nonlinear jump and diffusion
processes.

1. Compute the dissipation Dφ(ft|π) = − d
dt
Hφ[ft|π].

2. Prove that the dissipation can be bounded from below by a multiple of the
entropy: for a constant λ > 0,

Dφ(ft|π) ≥ λHφ[ft|π].

3. Apply Gronwall lemma to the relation d
dt
Hφ[ft|π] ≤ λHφ[ft|π] to obtain the

exponential decay of the entropy:

Hφ[ft|π] ≤ H0e
−λt.

4. Show that the entropy controls the TV distance and conclude that for some
constants c, C0 > 0:

|ft − π|TV ≤ cHφ[ft|π] ≤ C0e
−λt.
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Remark 31.1 (The linear case). In the linear case Θµ(y|x) = Kσ(x − y) where
Kσ is a fixed random walk kernel of size σ > 0 (typically a Gaussian kernel with
standard deviation σ). If Kσ(z) ≥ c(σ) > 0 for all z ∈ E, then Assumption 5 is
satisfied with a constant lower-bound:

∀m > 0, c−(m) =
c(σ)

M0

.

The result of Theorem 13 still applies but in this case the convergence rate does
not depend on the initial condition but rather on the random-walk kernel. In
particular, when σ → 0, it holds that c(σ) → 0. As it can be expected, the
convergence is slower for small kernels. This result is similar to the one found in
Diaconis et al. [2011].

31.3 Proof of Theorem 13

In the proof of Theorem 13, we will need the following lemma.

Lemma 31.2. Let h : [0,+∞) → [0, 1] be a continuous non-decreasing function
which satisfies

∀u ∈ (0,+∞), uh

(
1

u

)
= h(u).

Let [a, b] a bounded interval with a > 0. Then

inf
(x,y)∈[a,b]2

yh

(
x

y

)
= ah(1).

Proof. Since h is continuous non-decreasing, for each y ∈ [a, b], the function x ∈
[a, b] 7→ yh(x/y) has a minimum in x = a. This shows that the minimum on the
function (x, y) ∈ [a, b]2 7→ yh(x/y) is attained on the segment {(a, y), y ∈ [a, b]}.
Since yh(a/y) = ah(y/a), the same reasoning shows that this minimum is attained
when y = a. The conclusion follows.

We are now ready to prove Theorem 13.

Proof of Theorem 13. Let us consider φ(s) = 1
2
|s− 1|2.Then it holds that:

Hφ[ft|π] =
1

2

∫

E

π(x)

∣∣∣∣
f(x)

π(x)
− 1

∣∣∣∣
2

dx =
1

4

∫∫

E×E

π(x)π(y)

∣∣∣∣
ft(x)

π(x)
− ft(y)

π(y)

∣∣∣∣
2

dxdy,

and

Dφ(ft|π) =
1

2

∫∫

E×E

Wf (x→ y)π(x)

∣∣∣∣
ft(x)

π(x)
− ft(y)

π(y)

∣∣∣∣
2

dxdy.
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Using Lemma 31.1, it holds that for all x ∈ E,

m := inf
x′∈E

f0(x
′)

π(x′)
≤ ft(x)

π(x)
≤ sup

x′∈E

f0(x
′)

π(x′)
=: M.

and therefore, using Assumption 5 and Lemma 31.2 we deduce that:

Wft(x→ y) = Θft(y|x)h(αft(x, y)) =
Θft(y|x)
π(y)

h

(
Θft(y|x)π(x)
π(y)Θft(x|y)

)
π(y)

≥ c−(m)h(1)π(y).

From the entropy-dissipation relation (18), it follows that

d

dt
Hφ[ft|π] = −Dφ(ft|π)

≤ −c−(m)h(1)

2

∫∫

E×E

π(x)π(y)

∣∣∣∣
ft(x)

π(x)
− ft(y)

π(y)

∣∣∣∣
2

dxdy = −2c−(m)h(1)Hφ[ft|π].

Using Gronwall’s inequality we then deduce that:

Hφ[ft|π] ≤ Hφ[f0|π]e−2c−(m)h(1)t.

The conclusion follows from the Cauchy-Schwarz inequality by writing

|ft − π|TV =

∫

E

|ft(x)− π(x)|dx =

∫

E

√
π
√
π

∣∣∣∣
ft(x)

π(x)
− 1

∣∣∣∣ dx ≤
√

2Hφ[ft|π],

where we have used the fact that the TV norm is equal to the L1 norm of the
probability density functions.

Remark 31.2. The last inequality between the TV norm and the square root
of the relative entropy is a simple form of a Csiszár-Kullback-Pinsker inequality
[Jüngel, 2016, Appendix A], [Bolley and Villani, 2005].

Remark 31.3. Another natural choice for φ would be φ(s) = s log s− s + 1. As
already noticed before, the relative entropy is in this case equal to the Kullback-
Leibler divergence. However, the dissipation term becomes in this case:

Dφ(ft|π) =
1

2

∫∫

E×E

Wf (x→ y)π(x)

(
ft(x)

π(x)
− ft(y)

π(y)

)

×
(
log

(
ft(x)

π(x)

)
− log

(
ft(y)

π(y)

))
dxdy,
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and it is not clear that it can be bounded from below by the relative entropy.
Note that this dissipation functional is very similar to the one obtained in the
study of the Boltzmann equation (in this context, the Kullback-Leibler divergence
is also called Boltzmann entropy). The long-time asymptotics of this equation is a
long-standing problem and the specific question of whether the dissipation controls
the entropy is the object of a famous conjecture by Cercignani [Desvillettes et al.,
2001, Villani, 2003]. In our case, we know that the Kullback-Leibler divergence
is decreasing with time but all this suggests that its exponential decay could be
harder to obtain or could hold only in specific cases.

Remark 31.4. In this proof, the convergence rate λ is obtained by a crude esti-
mate of the infimum of the jump rate Wf (x→ y). We do not claim that this rate
is optimal. In the degenerate case Θf (y|x) = f(y), the best rate obtained is equal
to h(1) (and thus equal to 1 when h(u) = min(1, u)) by taking an initial condition
arbitrarily close to π. See also Remark 29.1

31.4 Proof of Theorem 11

Let us start with the following lemma.

Lemma 31.3. Let Θ be a proposal distribution which satisfies Assumptions 2, 3
and 4. Then the map

α : P(E)× E2 → R, (µ, x, y) 7→ αµ(x, y) :=
Θµ(x|y)π(y)
Θµ(y|x)π(x)

,

is Lipschitz in the Wasserstein-1 distance, in the sense that there exists a constant
LΘ > 0 (which depends also on π) such that for all µ, ν ∈ P(E) and x, x′, y, y′ ∈ E,
it holds that:

|αµ(x, y)− αν(x
′, y′)| ≤ LΘ

(
W 1(µ, ν) + |x− x′|+ |y − y′|

)
.

Proof. By the triangle inequality, it holds that:

|αµ(x, y)− αν(x
′, y′)| ≤ π(y)

π(x)

∣∣∣∣
Θµ(x|y)
Θµ(y|x)

− Θν(x
′|y′)

Θν(y′|x′)

∣∣∣∣+
Θν(x

′|y′)
Θν(y′|x′)

∣∣∣∣
π(y)

π(x)
− π(y′)

π(x′)

∣∣∣∣ .

We bound each of the two terms on the right-hand side:

π(y)

π(x)

∣∣∣∣
Θµ(x|y)
Θµ(y|x)

− Θν(x
′|y′)

Θν(y′|x′)

∣∣∣∣ ≤
π(y)

π(x)Θµ(y|x)
|Θµ(x|y)−Θν(x

′|y′)|

+
π(y)Θν(x

′|y′)
π(x)Θµ(x|y)Θµ(x′|y′) |Θµ(y|x)−Θν(y

′|x′)|

≤ LM0

m0κ−

(
1 +

κ+

κ−

)(
W 1(µ, ν) + |x− x′|+ |y − y′|

)
.
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and

Θν(x
′|y′)

Θν(y′|x′)

∣∣∣∣
π(y)

π(x)
− π(y′)

π(x′)

∣∣∣∣ ≤
Θν(x

′|y′)
π(x)Θν(y′|x′)

|π(y)− π(y′)|

+
Θν(x

′|y′)π(y′)
Θν(y′|x′)π(x)π(x′)

|π(x)− π(x′)|

≤ |π|Lipκ+

m0κ−

(
|y − y′|+ M0

m0

|x− x′|
)
,

where |π|Lip denotes the Lipschitz norm of π. Gathering everything gives the result
with

LΘ =
M0

m0

(
L

κ−

(
1 +

κ+

κ−

)
+
|π|Lipκ+

m0κ−

)
.

The strategy of the proof of Theorem 11 will be based on coupling arguments
inspired by Sznitman [1991] and adapted from Diez [2020]. We start by the fol-
lowing trajectorial representation of the nonlinear Markov chain (X t)t defined by
the transition kernel (6).

Definition 31.1 (Nonlinear process). Let X0 ∼ f0 be an initial state where f0 ∈
P(E). The state X t at time t ∈ N, t ≥ 1, is constructed from X t−1 and the law of
X t−1 denoted by ft−1 ∈ P(E) as following:

1. Take a proposal a random variable Y t ∼ Θft−1(·|X t−1)

2. Compute the ratio

αft−1(X t−1, Y t) :=
Θft−1(X t−1|Y t)π(Y t)

Θft−1(Y t|X t−1)π(X t−1)
.

3. Take U t ∼ U([0, 1]) and if U t ≤ h
(
αft−1(X t−1, Y t)

)
, then accept the proposal,

else reject it:

X t = X t−11U t≥h(αft−1
(Xt−1,Y t))

+ Y t1U t≤h(αft−1
(Xt−1,Y t))

.

From now on we consider N independent copies
(
X

i

t

)
t
, i ∈ {1, . . . , N}, of

the nonlinear process defined by Definition 31.1 and we define a coupled particle
process (X i

t)t such that for all i ∈ {1, . . . , N}, initially X i
0 = X

i

0 ∼ f0 and for each
time t ∈ N we take:

1. the same jump decision random variables U i
t = U

i

t ∼ U([0, 1]),
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2. optimal proposals of the form Y i
t = s(Y

i

t) where s is an optimal transport

map between Θft−1(·|X
i

t−1) and Θµ̂N
t−1

(·|X i
t−1). Since these two probability

measures are absolutely continuous with respect to the Lebesgue measure,
the existence of such optimal transport map (Monge problem) is proved for
instance in Champion et al. [2011] or Caffarelli et al. [2002]. By definition,
the pathwise error between the proposals can thus be controlled by

E
[
|Y i

t − Y
i

t|
∣∣Ft−1

]
= W 1

(
Θµ̂N

t−1
(·|X i

t−1),Θft−1(·|X
i

t−1)
)

≤ W 1
(
Θµ̂N

t−1
(·|X i

t−1),Θµ̄N
t−1

(·|X i

t−1)
)

+W 1
(
Θµ̄N

t−1
(·|X i

t−1),Θft−1(·|X
i

t−1)
)

where µ̄N
t = 1

N

∑N
i=1 δXi

t
and Ft is the σ-algebra generated by the processes

up to time t ∈ N. We conclude that:

E
[
|Y i

t − Y
i

t|
∣∣Ft−1

]
≤ W 1(µ̂N

t−1, µ̄
N
t−1) + |X i

t−1 −X
i

t−1|+ eNt (20)

where the error term eNt only depends on (the laws of) the N independent

nonlinear processes (X
i

t)t:

eNt := W 1(µ̄N
t−1, f

K
t−1).

Theorem 14. Let t ∈ N. The coupled nonlinear and particle processes
(
X

i

t, X
i
t

)
t

defined above for i ∈ {1, . . . , N} satisfy the following pathwise estimate:

∀i ∈ {1, . . . , N}, E[|X i

t −X i
t |] ≤ β(N)etCΘ ,

where CΘ > 0 is a constant which depends only on π and Θ and where β(N) is
defined by

β(N) :=





CN−1/2 if d = 1
CN−1/2 log(N) if d = 2
CN−1/d if d > 2

, (21)

where C > 0 is a constant which depends only on π. In particular β(N) → 0 as
N → + ∞.

Proof. Let t ∈ N, t ≥ 1. One has:

E
[
|X i

t −X
i

t|
∣∣Ft−1

]
= E

[
|Y i

t − Y
i

t|1U i
t≤min(hi

t,h
i
t)

∣∣Ft−1

]

+ |X i
t−1 −X

i

t−1|P
(
U i
t ≥ max(hi

t, h
i

t)
∣∣Ft−1

)

+ E
[
|X i

t − Y
i

t|1hi
t≤U i

t≤h
i
t

∣∣Ft−1

]

+ E
[
|Y i

t −X
i

t|1h
i
t≤U i

t≤hi
t

∣∣Ft−1

]
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where we write for short:

hi
t ≡ h

(
αµ̂N

t
(X i

t , Y
i
t )
)

and h
i

t ≡ h
(
αft(X

i

t, Y
i

t)
)
.

we deduce that:

E
[
|X i

t −X
i

t|
∣∣Ft−1

]
≤ W 1(µ̂N

t−1, µ̄
N
t−1) + 2|X i

t−1 −X
i

t−1|
+ 2M0(P(h

i
t ≤ U i

t ≤ h
i

t

∣∣Ft−1) + P(h
i

t ≤ U i
t ≤ hi

t

∣∣Ft−1)) + eNt (22)

The last two probabilities are bounded by E
[
|hi

t − h
i

t|
∣∣Ft−1

]
. Assuming that h is

Lh-Lipschitz for a constant Lh > 0, it holds that:

|hi
t − h

i

t| ≤ Lh

∣∣∣αµ̂t−1(X
i
t−1, Y

i
t )− αft−1(X

i

t−1, Y
i

t)
∣∣∣.

Let µ̄N
t be the empirical measure of the N nonlinear Markov processes X

i

t at time
t. It holds that:

|hi
t − h

i

t| ≤ Lh

∣∣∣αµ̂t−1(X
i
t−1, Y

i
t )− αµ̄t−1(X

i

t−1, Y
i

t)
∣∣∣

+ Lh

∣∣∣αµ̄t−1(X
i

t−1, Y
i

t)− αft−1(X
i

t−1, Y
i

t)
∣∣∣

Using Lemma 31.3 we get:

|hi
t − h

i

t| ≤ CΘ

(
W 1(µ̂N

t−1, µ̄
N
t−1) + |X i

t−1 −X
i

t−1|+ |Y i
t − Y

i

t|+ eNt

)
,

with CΘ := LhLΘ. Therefore:

E
[
|X i

t −X
i

t|
∣∣Ft−1

]
≤ (1 + CΘ)

(
|X i

t−1 −X
i

t−1|+W 1(µ̂N
t−1 + µ̄N

t−1)
)
+ (1 + 2CΘ)e

N
t .

Let us define:

St :=
1

N

N∑

i=1

|X i
t −X

i

t|.

Summing the previous expression for i from 1 to N and dividing by N gives the
following estimate for St:

E[St|Ft−1] ≤ 2 (1 + CΘ)St−1 + (1 + 2CΘ)e
N
t (23)

where we have used the fact that

W 1(µ̂N
t−1, µ̄

N
t−1) ≤

1

N
St.
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Taking the expectation in (23), we deduce that:

E[St] ≤ (1 + CΘ)E[St−1] + CΘE[e
N
t ] (24)

where the value of the constant CΘ has been updated by CΘ ← 1 + 2CΘ.
The error term can be controlled uniformly on t using Carmona and Delarue

[2018, Theorem 5.8] or Fournier and Guillin [2015]. In particular, since π is a
smooth probability density function on a compact set, it has finite moments of all
order and therefore it follows from Fournier and Guillin [2015, Theorem 1] that:

∀t ∈ N, E[eNt ] ≤ β(N) (25)

where β(N) is defined by (21).
One can easily prove by induction that:

E[St] ≤ CΘβ(N)
t−1∑

s=0

eCΘs = β(N)
CΘ

eCΘ − 1
etCΘ (26)

By symmetry of the processes, all the quantities E[|X i
t − X

i

t|] are equal and
their common value is E[St]. The result follows.

Proof of Theorem 11. Theorem 11 and Corollary 12 follow directly from Theorem
14 and Sznitman [1991, Proposition 2.2].

Remark 31.5 (Continuous time). In a continuous time framework, a similar esti-
mate can be derived. Let us assume that the time between two jumps is exponen-
tially distributed with parameter 1 and that the inter-jump times are independent.
Let us denote by (Tn)n the sequence of jump times. Let n ∈ N. It holds that

E[STn |FT−

n
] ≤ 2 (1 + CΘ)STn−1 + CΘβ(N).

Taking the conditional expectation with respect to Gn = σ(T1, T2 − T1, . . . , Tn −
Tn−1), we obtain:

E[STn |Gn] ≤ 2 (1 + CΘ)E[STn−1 |Gn−1] + CΘβ(N).

And thus, for all n ∈ N,

E[STn |Gn] ≤ β(N)
CΘ

eCΘ − 1
eCΘn.

For t ∈ R+, let us define Nt = sup{n ∈ N, Tn ≤ t}. The random variable Nt is
the index of the last jump before t. It is well known that Nt follows a Poisson law
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with parameter t. It holds that:

E[STn1Nt=n] = E[E[STn1Nt=n|Gn+1]]

= E[1Nt=nE[STn |Gn]

≤ β(N)
CΘ

eCΘ − 1
eCΘn

P(Nt = n),

where the second inequality comes from the fact that the event {Nt = n} is Gn+1

measurable and the fact that STn is independent from Tn+1−Tn. As a consequence,
since St = STNt

, we conclude that:

E[St] = E[STNt
] =

+∞∑

n=0

E[STn1Nt=n] ≤ β(N)
CΘ

eCΘ − 1
exp(t(eCΘ − 1)).

Remark 31.6 (Moderate interaction, part 2). The result of Theorem 14 is stronger
than the conclusion of Theorem 11 as it provides an explicit convergence rate
in terms of N . This could be used to understand more precisely the moderate
interaction assumption mentioned in Remark 29.1. In the case Θµ(dy|x) = K ⋆
µ(y)dy, one can take at the particle level (i.e in Algorithm 5.1) an interaction
kernel K ≡ KN which depends on N and such that its size σN → 0 as N → +∞
(and thus KN → δ0). As a consequence the constant CΘ ≡ CN

Θ in Theorem 14
would depend on N . Since we have a precise control on β(N) we can choose σN

such that the following convergence still holds:

β(N)etC
N
Θ −→

N→+∞
0.

In particular, σN should not converges to zero too fast, justifying the moderate
interaction terminology introduced in Oelschläger [1985]. In the limit N → +∞
we then obtain that the emprirical measure µ̂N

t converges towards the t-th iterate
of the transition operator (7) with the degenerate choice of proposal distribution
Θf (dy|x) = f(y)dy which makes sense as soon as f ∈ Pac

0 (E). We refer the reader
to Jourdain and Méléard [1998] and Diez [2020] for two examples of propagation
of chaos results under a moderate interaction assumption. Note that this result is
mainly of theoretical interest as it does not give sharp estimates on how slow σN

should decrease to zero.

Remark 31.7 (About the assumptions). In order to prove a propagation of chaos
property, it is usually assumed that the parameters of the problem are Lipschitz
[Sznitman, 1991, Méléard, 1996]. This corresponds to the two Lipschitz assump-
tions 3 and 4. Propagation of chaos in non-Lipschitz settings is a more difficult
problem (see for instance Jabin and Wang [2016] for a recent result).
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Assumption 1 and Assumption 2 should be understood as technical assump-
tions. In the proof of Theorem 11, we use the fact that the acceptance ratio is
Lipschitz (Lemma 31.3) which follows directly from Assumptions 1, 2 and 3. How-
ever, we could relax the compactness assumption 1 and keep the same Lipschitz
property by replacing Assumptions 1, 2 and 3 by the following assumption.

Assumption 6. The target distribution π does not vanish on E and the map

P(E)× E2 → R, (µ, x, y) 7→ gµ(y|x) :=
Θµ(y|x)
π(y)

satisfies the two following properties.

— (Boundedness). There exists two constants κ− > 0 and κ+ > 0 such that

∀(x, y) ∈ E2, κ− ≤ g(y|x) ≤ κ+.

— (Lipschitz). There exists a constant L > 0 such that

∀(µ, x, y), (ν, x′, y′) ∈ P(E)× E2,

|gµ(y|x)− gν(y
′|x′)| ≤

(
W 1(µ, ν) + |x− x′|+ |y − y′|

)
.

In practice, this would necessitate a precise control of the tails of π and of
the proposal distribution. It seems easier for us to check the compactness and
boundedness assumptions 1, 2 and 3 (possibly up to truncating the support of π
and replacing it by a compact set).

32 GPU implementation

Historically, a major bottleneck for the development of collective samplers based
on interacting particles has been the computational cost associated to the sim-
ulation of N2 pair-wise interactions between particles at every time step. To
overcome this issue, many methods have been proposed throughout the years: let
us cite for instance the Verlet and cell-list methods for short-ranged interactions
[Sigurgeirsson et al., 2001], the Fast Multipole Method [Rokhlin, 1985, Greengard
and Rokhlin, 1987] for long-ranged interactions or the more recent Random Batch
Method introduced by Jin et al. [2020].

Most importantly, the last decade has seen the introduction of massively par-
allel GPU chips. Beyond the training of convolutional neural networks, GPUs
can now be used to simulate generic particle systems at ever faster rates. The
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present paper discusses the consequences of this hardware revolution on Monte
Carlo sampling.

From the evaluation of kernel densities to the computation of importance
weights in the Richardson-Lucy loop (Algorithm 5.4), the bottleneck of the Collec-
tive Proposal framework presented in Section 29 is the computation of an off-grid
convolution of the form:

ai =
N∑

j=1

K(X i
t , X

j
t ) bj (27)

for all i between 1 and N , with arbitrary weights bj.

All CMC-related methods have O(N2) time complexity, with a constant that
is directly related to the efficiency of the underlying implementation of the “kernel
sum” above.

In the machine learning literature, this fundamental operation is often under-
stood as a matrix-vector product between an N -by-N kernel matrix (K(X i

t , X
j
t ))

and a vector (bj) of size N . Common implementations generally rely on linear
algebra routines provided e.g. by the PyTorch library Paszke et al. [2017a] and
have a quadratic memory footprint: even on modern hardware, this prevents them
from handling populations of more than N = 104 to 105 samples without making
approximations or relying on specific sub-sampling schemes Yang et al. [2012].

Fortunately though, over the last few years, efficient GPU routines have been
developed to tackle computations in the mould of (27) with maximum efficiency.
These methods can be accessed through the KeOps extension for PyTorch Paszke
et al. [2017b], NumPy Van Der Walt et al. [2011], R Team et al. [2013] and
Matlab Mat [2017], that is developed, among others, by Jean Feydy, Charlier
et al. [2018], Feydy [2020], Feydy et al. [2020] and freely available at https:

//www.kernel-operations.io. In practice, this library supports arbitrary ker-
nels on the GPU with a linear memory footprint, log-domain implementations for
the sake of numerical stability and outperforms baseline PyTorch GPU implemen-
tations by one to two orders of magnitude. Computing the convolution of (27)
with a cloud of N = 106 points in dimension 3 takes no more than 1s on a modern
chip. Pairwise interactions between populations of N = 105 samples may also be
simulated in no more than 10ms, without making any approximation.

As detailed in our documentation, we run all the tests of Section 33 on a
single gaming GPU, the Nvidia GeForce RTX 2080 Ti. With 104 to 106 particles
handled at any given time, our simulations run in a handful of seconds at most, with
performances that enable the real-time sampling of large populations of interacting
samples.
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33 Numerical experiments

We now run experiments on several target distributions in low and moderately
large dimension. We always clip distributions on the unit (hyper)-cube [0, 1]d.
We compare our method with the Safe Adaptive Importance sampling (SAIS)
from Delyon and Portier [2021], which is one of the state-of-the-art importance
sampling based methods (see Section 30.2). We also include as baseline a parallel
implementation of Metropolis-Hastings (PMH) with a number of parallel runs
that is equal to the number of particles in our method. For all the methods we
chose a poor initialisation with N particles independently distributed according to
X i

0 = (0.9, . . . , 0.9)T + 0.1U i
0 where U i

0 ∼ U([0, 1]d).
Among the variants of our method, we show results for vanilla CMC, MoKA-

CMC, MoKA-Markov-CMC and MoKA-KIDS-CMC. Please note that we do not
include the BGK and KIDS samplers in these experiments: although we believe
that the ideas behind these methods are interesting enough to justify their presen-
tation, we observe that they generally do not perform as well as the other CMC
variants and leave them aside for the sake of clarity.

We compare the results in term of Energy distance Rizzo and Székely [2016]
between a true sample generated by rejection and the population of particles at
each step. As baseline, we show the average Energy distance between two iid
exact samples of size N , and a 90% prediction interval for this quantity. For two
independent samples X and Y of size n and m respectively, the energy distance is
defined as:

E(X, Y ) =
2

nm

∑

i,j

‖Xi − Yj‖ −
1

n2

∑

i,j

‖Xi −Xj‖ −
1

m2
‖Yi − Yj‖,

where ‖ · ‖ denotes the standard Euclidean norm.
Our code and its documentation are available online on KeOps website: http:

//www.kernel-operations.io/monaco/. All our experiments can be run on
Google Colaboratory (colab.research.google.com) with a GPU within a few
seconds to a few minutes, depending on the method and number of independent
runs. We note that MoKA-KIDS is a slightly heavier method, as it relies on the
Richardson-Lucy iterations to optimise the deconvolution weights. We also note
that unlike our Markovian methods, the memory cost of SAIS significantly in-
creases with the number of iterations – to the best of our knowledge, no procedure
has yet been proposed to remove particles with time. We have not implemented
the batch sampler as proposed in Delyon and Portier [2021], as the computation
time is not a problem with our fast GPU implementation.

Another example of target distribution is included in Appendix 33.3 and we
include results for the estimation of the normalizing constant of the target dis-
tributions below in Appendix 30.3. Experiments in non-Euclidean spaces such a
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CMC MoKA MoKA-Markov MoKA-KIDS PMH SAIS
Banana-shaped 2.41e-05 2.25e-05 1.91e-05 2.04e-05 6.75e-04 6,07e-02

Gaussian 1.74e-06 2.32e-06 1.75e-06 5.29e-06 3.24e-04 1.03e-05
Cauchy mixture 8.01e-05 6.59e-05 6.86e-05 7.40e-02 3.31e-4 8.66e-05

Table 5.1 – Variance of the Energy distance at the last iteration for the targets.

33.3 Numerical experiments on a Cauchy mixture

Our last target is a simple mixture of two Cauchy distributions with mean (0.2, 0.8)
and (0.8, 0.2) and the same scale parameter 0.01. We represent in Figure 5.7 a sam-
ple and the level sets of the target distribution. This distribution has “heavy tails”
which should reduce the efficiency of our uniform proposals on balls. For this ex-
ample, we choose 0.1 for the radius of the unique proposals, and 0.01, 0.05, 0.1, 0.3
for the MoKAs. The results presented in Figure 5.8 show that none of the method
reaches the minimal value possible for the Energy distance. Furthermore, MoKA-
KIDS dramatically fails, this is probably because of the underlying assumptions
of the deconvolution algorithm we use. This last example confirms the reliability
of MoKA-Markov as an efficient and secure method. The variance of the energy
distance is given in Tabular 5.1.

34 Conclusion

Nonlinear MCMC samplers are appealing. They generalise more traditional meth-
ods and overcome many of their flaws. Getting back to the historical development
of mathematical kinetic theory, we can advantageously simulate nonlinear Markov
processes using systems of interacting particles. This versatility enables the devel-
opment of a wide variety of algorithms that can tackle difficult sampling problems
while remaining in a traditional Markovian framework. Although the implemen-
tation may, at first sight, seem computationally demanding, we have shown that
modern GPU hardware can now enable the use of interacting particles for Monte
Carlo sampling at scale.

Alongside its variants, the CMC algorithm can be implemented efficiently and
leads to striking reductions in global convergence times. It relies on pairwise inter-
actions to best leverage the information that is present in any given sample swarm,
and thus make the most of each evaluation of the target distribution π(x). CMC
avoids the mixing issues of classical “one particle” methods such as Metropolis-
Hastings, with a notable improvement of the convergence and mixing speed. In
practice, we thus expect that the benefits of this improved “sample efficiency” will
outweigh the (small) computational overhead of our method for most applications.

We note that the present contribution shares similarities with some well-known
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Index of acronyms

ABC Approximate Bayesian Computation [Marin et al., 2012];

ABC-Gibbs Approximate Bayesian Computation with Gibbs steps [Clarté et al.,
2019b];

ABC-MCMC Approximate Bayesian Computation Monte Carlo Markov Chain
[Marjoram et al., 2003];

BGK Bhatnagar-Gross-Krook , name of a linear operator appearing in some ver-
sions of Boltzmann equation;

BSL British Sign Language;

CMC Collective Monte Carlo;

CPU Central Processing Unit;

ESS Effective sample size, in the MCMC and SMC context [Robert and Casella,
2004];

G& K probability distribution, common example of intractable likelihood distri-
bution;

GPU Graphical Processing Unit;

IE Indo-European;

IPA International Phonological Alphabet;

KeOps Kernel Operation, library for computing efficiently kernel interactions on
GPU, using symbolic computations [Charlier et al., 2018];

KIDS Kernelised Interpolation by Deconvolution Sampling, one of the variations
of CMC proposed in this work;

LSF Langue des Signes Française, main Sign language in France and some other
francophone countries;

MCMC Monte Carlo by Markov Chain, general name of numerical methods that
uses Markov chains to generate samples from a given distribution;

MH Metropolis Hastings algorithm Metropolis et al. [1953];
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MoKA Mixture of Kernel Adaptive version, one of the CMC methods we study
here;

NZSL New Zealand Sign Language;

OldLSF partially known ancestral Sign language spoken in France during the
early 18th century;

PC Proto-Celtic;

PDE Partial Differential Equation;

PMC Particle Monte Carlo [Cappé et al., 2004];

PMH Parallel Metropolis Hastings, parallel implementation of several MH;

SAIS Safe Adaptive Importance Sampling [Delyon and Portier, 2021];

SMC Sequential Monte Carlo [Chopin and Papaspiliopoulos, 2020];

SMC-ABC Sequential Monte Carlo Approximate Bayesian Computation [Toni
et al., 2008].
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