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Résumeé

Le premiére partie de cette thése est consacrée a la siorutks équations différentielles
stochastiques définies sur le cone des matrices symétpgséas/es. Nous présentons de nou-
veaux schémas de discrétisation d’ordre élevé pour ce tgoeations différentielles stochas-
tiques, et étudions leur convergence faible. Nous nousgsgéns tout particulierement au pro-
cessus de Wishart, souvent utilisé en modélisation finesd®ur ce processus nous proposons
a la fois un schéma exact en loi et des discrétisations daldve. A ce jour, cette méthode est
la seule qui soit utilisable quels que soient les paraméitesrenant dans la définition de ces
modeéles. Nous montrons, par ailleurs, comment on peutnéthuiicomplexité algorithmique
de ces méthodes et nous vérifions les résultats théoriqgudssimplémentations numériques.

Dans la deuxiéme partie, nous nous intéressons a des puscegaleurs dans I'espace des
matrices de corrélation. Nous proposons une nouvelle eldgxjuations differentielles sto-
chastiques définies dans cet espace. Ce modele peut étrdézéromme une extension du
modéle Wright-Fisher (ou processus Jacobi) a I'espace @&soa de corrélation. Nous étu-
dions I'existence faible et forte des solutions. Puis, reysicitons les liens avec les processus
de Wishart et les processus de Wright-Fisher multi-alléddesis démontrons le caractére er-
godique du modele et donnons des représentations de Girsasceptibles d’étre employées
en finance. En vue d’une utilisation pratique, nous expligtdeux schémas de discrétisation
d’ordre élevé. Cette partie se conclut par des résultatengoes illustrant le comportement
de la convergence de ces schémas.

La derniére partie de cette thése est consacrée a I'utiisdes ces processus pour des
guestions de modélisation multi-dimensionnelle en finaboe question importante de mode-
lisation, aujourd’hui encore difficile a traiter, est I'idiification d’'un type de modéle permettant
de calibrer a la fois le marché des options sur un indice etesicomposants. Nous proposons,
ici, deux types de modéles : I'un a corrélation locale ettfa@ corrélation stochastique. Dans
ces deux cas, nous expliguons quelle procédure on doitedomir obtenir une bonne calibra-
tion des données de marché.

Mots clé: EDS, processus de Wishart, processus Affines, processsglet-Fisher et Jacobi,
modélisation en grande dimension, les options sur parderplatilité implicite de I'indice,
skew , Calibration.



Abstract

After a short introduction (in French) to the multi dimensab modelling for index pricing
problems , the first part of the thesis treats the simulatiostachastic differential equations
defined on the cone of symmetric positive semi-definite roasti Indeed, we present several
second order discretization schemes associated to a gelassaof affine processes defined on
S, (R). We study also their weak convergence. We pay a special iattentWishart processes,
which are considered as a particular case of this class areddegen frequently used in finance.
In this case, we give an exact scheme and a third order diatieh one. To the best of our
knowledge, this is the first exact sampling of the Wishartriigtion without any restrictions
on its parameters. Some algorithm are proposed in orderitanee all scheme in term of
computation of time. We show numerical illustrations of oanvergence and compare it to the
theoretical rate.

We then focus on other type of processes defined on the dooretaatrix space. For this
purposes, We propose a new stochastic differential equalédined on€9i,(R). We prove
the weak and the strong existence of such solutions. Thesegses are considered as the
extension of Wright-Fisher processes (or Jacobi procassjoorelation matrices. We shed
light on a useful connection with Wishart processes and késigsher multi-alleles. Moreover,
we explicitly present their moments, which enable us to diesahe ergodic limit. Other
results about Girsanov representations are also givemllyim order to use these processes
in practice, we propose second order discretization schdraged on two different methods.
Numerical experiments are presented to show the conveggenc

The last part is devoted to multi dimension modelling in ficafior baskets and indices
pricing. After giving a mathematical analysis of models dedi either by the correlation matrix
or in the positive semi-definite semi positive one, we askeaffimd the adequate structure of
correlation models which is able to calibrate both the indpkions market and the single
options market related to each component of this index. Rsrgurpose, we propose two
types of modelling, the first uses a local model correlatiot the second derives from a pure
stochastic correlation model. Moreover, we explain défgrroutines that have been used for
improved calibration.

Keywords: SDEs, Wishart process, Affine process, Wright-Fisher ambli process, multi
dimension modelling, Basket options, index implied vaiigtiskew , Calibration.
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Chapitre 1

Introduction

La thése que je présente se décompose en deux grandes. patgemiere partie est
consacrée a I'étude mathématique des méthodes numérigueksimulation des processus,
dit affines, étant définis sur le cébne des matrices symeésigositives. L'étude se focalisera
en particulier sur les matrices de Wishart, qui présentarihtérét tres prononcé en finance.
La deuxieme partie portera sur I'analyse stochastiquéttde des méthodes d’approximation
pour des processus définis, cette fois ci, dans I'espace deges de corrélation. En effet, je
présenterai une nouvelle équation différentielle stoitpas a retour a la moyenne, et a valeur
dans I'espace des matrices de corrélation. Enfin, ce résudtpermettra de proposer un modéle
de corrélation stochastique pour I'évaluation des optsurganier.

Ce premier chapitre a pour objectif d’'introduire les prpauix résultats de cette thése d’'une
maniére générale sans rentrer dans les détails technigaes.commencerons en particulier
par expliquer les enjeux et la motivation de ces études. De gquinples détails seront donnés
par la suite dans les chapitres correspondants.

1.1 Littérature : de la volatilité, a la corrélation.

L'acheteur d'une option ou bien d’'un produit dérivé quelgoa est exposé a plusieurs
risques. Dans une perspective de contréler, voire mémardfar ces incertitudes, il est im-
portant sur le plan financier, de les identifier, mettre ereli@s outils de gestion pour les
comprendre, et enfin élaborer les stratégies adéquatesagayuwantifier.

Les recherches sur I'aptitude du marché a prévoir les cawussker en identifiant le risque,
a travers les options, remontent aussi loin qu’en 1900gi@sLouis Bachelier termine sa
thése de doctorat intitulée ‘Théorie de la spéculatiorésticonsidéré comme un des premiers
a vouloir utiliser la théorie et les techniques mathématsgsophistiquées pour expliquer le
comportement des marchés financiers. Il a supposé que ld’prixactif pourrait étre expliqué
par une tendance linéaire en temps, et un bruit représdetafitictuations du marché. L'am-
plitude de ces fluctuations est définie par un intervallécettintervalle est proportionnel a
la racine carré de tempg10]. Ce fameux bruit est considéré par la suite comme le mouv
ment brownien. Il est aussi le précurseur de l'identificatiie la marche de hasard [10] (ou
de 'diable’), bien connu dans la littérature financiere gasuite. En revanche, le modele de
Bachelier présente un défaut non négligeable, puisquexealjum actif pourrait prendre des
valeurs négatives.



Apres plus un demi siécle, Black, Scholes et Merton ont éafen méme temps, mais pas
ensemble) le méme schéma de raisonnement, mais cette,fafgptiqué a la rentabilité d’'un
actif donné. Si on note péf; le prix de I'actif, ils considérent qu’entre un intervalle ttmps
infinitésimal(t, t + dt], la rentabllltest% est donnée par une tendance linéaire en temps, et
un mouvement brownien (représentant le bruit de marchéjtayaécart type proportionnel a
la racine de l'intervalle. Sur le plan mathématique, le saaent est défini par un mouvement
brownien géométrique et donné par 'EDS suivante, soupdies risque neutre notg :

dSt = TStdt + O'StdBt.

ou (B:):>o est un mouvement brownien, etreprésente la volatilité de la rentabilité de sous-
jacent etr est le taux sans risque. Pour un strike> 0, maturité7" > 0 et volatilité fixée

o > 0, sion note paCallgs(T, K, o) le prix d’un call, sous le modéle de Black & Scholes
, alors le prix s’écrit sous la form€(T, K,0) = E€ [e7""(Sy — K)T] . On définit ainsi la
volatilité implicite, notée paf:r x)r-o.x>0, 1& solution unique de I'équation suivante :

VT > 0,VK >0, Callgs(T, K, Y1) = Priz™ (T, K)

ou Priz™(T, K) correspond au prix sur le marché du call a matufitét strike K. Dans le
marché, on observe que cette volatilité implicite n’est gasstante et dépend étroitement a la
fois de sa maturité et de son strike. Comme le modéle de Bla8ctoles considére que la
volatilité est constante, cette hypothese mene a des diéfscpour I'évaluation et la calibration
des prix des options. Cependant, I'avantage indéniableatiefa (ou bien plutét, de la formule
de Black & Scholes ) reste la traduction tres simple et rageteprix des options européennes
en terme de volatilité pour un sous-jacent donné. Les rebbsront penché ainsi vers des
modéles plus riches, ayant des considérations plus géséual rapport a la structure de la
volatilité.

Dans la littérature on peut identifier trois grandes claggasiodélisation. La premiere est
la volatilité locale introduite par Dupire [33], ou ce dexnia considéré que la volatilité est
une fonction déterministe du niveau de prix du sous jacemthduvelle EDS de I'actif, sous
I'espace de probabilité risque neutre, s’écrit sous la éosaivante :

dsS;
S
ou la volatilitéo(., .) est une fonction suffisamment réguliére. Dans un souci dedepe les
méme prix de marché des options vanilles, Dupire a étableguoation différentielle permet-
tant d’identifier la structure de a partir d’'un continuum des prix des calls :
K? orC(T, K KoxC(T, K
(T K) T ( 2) +r K ( )
2 0%C(T,K)
La deuxiéme classe de modeélisation considere que la vidadispose de sa propre dy-
namique stochastique, ayant ainsi un risque non forcémentporé dans les prix des sous-

jacent. Le modéle de Heston [51] s’inscrit dans ce cadre dermaement, et considére que
l'actif (S;):>0 et sa volatilité instantang@’;),~, sont une solution de 'EDS suivante :

dsS,
?t = Tdt + \/thWt
t

dV, = k(V =V,)dt+ o/ V, (det +4/1— deBt> ,

6

=rdt + O'(t St)th,




ol (W;)>0 €t (B;)s>o Sont deux mouvements browniens indépendant$/, o > 0 etp €
[—1, 1]. Tandis que la construction de Dupire garantit par défaypiixsdu marché, la calibra-
tion du modele de Heston s’effectue a travers lidentifmatie ses parametres, ou chacun a
une influence spécifique sur la courbe de la volatilité inifgidu modele.

La derniére pensée de classification constitue une classelbygnglobant les deux branches
précédentes, ou on suppose que la volatilité détient utie flacale’ et une autre stochastique.
Ce type de modélisation sert, aussi au dela du marché dessatit est employé pour les taux
d’intérét. dans la modélisation LIBOR. Le modéle de Pitega@?2] fait partie de ce type de
modélisation. Il suppose que le taux SWAP, noté (#&l;>o, est donné par 'EDS suivante,
sous sa mesure de probabilité appropriée :

dS, = A(bS, + (1 —b)Se)\/VidW,
v, = k(V =V,)dt+o\/V,dB,

oub € [0,1]. On considére ainsi que la volatilité instantanée de I'ddtjf;~, est exprimée en
fonction d’une partie locale donnée geet une partie stochastique représentég par-o.

Il est toujours utile de souligner que quel que soit le typerthdele employé pour I'éva-
luation du produit, mettre en place une stratégie de courereste la phase la plus délicate
pour un trader. On considere qug;);>o est le prix d’'une option européenne a l'instarsur
un sous-jacentS;);>o. Dans le cadre du modele de Dupire, et grace a I'évaluatios Isopro-
babilité risque neutre, on obtient que = ¢(t, S;). On désigne alors pdtl;>,) le prix d’un
portefeuille autofinancé détenant I'optign une quantité-A, de I'actif (S;);>( et une quan-
tité —A? de I'actif sans risque noté pés?),-,. Une stratégie de couverture consiste a exhiber
des valeurs du couplg);, A?), tel que le portefeuilldl; devient un portefeuille sans risque.
Un calcul d’1t6 est employé pour prouver que le poids risquést égal as¢(t, S;) pour une
telle stratégie.

Cependant, dans un modele de volatilité stochastique,Uaecture delta-neutre en em-
ployant juste I'actif(.S;);>( reste insuffisante. En effet, une nouvelle source de rispparait
qui est liée a la volatilité, le prix de cette option europ#east représentée par= ¢(t, S;, V;),
ou (V;):>o est la volatilité instantanée de I'actif. Par conséquems, stratégie de couverture fait
intervenir une nouvelle option! sur le méme sous jacent :

dll; = do; — NdS; — Ajddy — AVdBY) = rll,dt. (1.1)

ou les coefficients du portefeuille sont déterminés par loutd’lt6. Bien qu’une stratégie de
couverture dans un modéle volatilité stochastique est sndidente que celle d’'un modele a
volatilité locale, ce dernier pourrait donner des résdtednés. Hagan et al. [50] a bien montré
que la dynamique de la courbe de la volatilité implicite,slan modéle de type CEV, présente
des anomalies en matiere de couverture.

Dans un contexte multi sous-jacent, est ce que la volatésée le parametre ultime pour
comprendre le risque, ou bien y aurait-il d’autres risquesitla méme importance et permet-
tant d’expliquer mieux les incertitudes du prix d’'un poeetle ?

La corrélation joue un role trés important en finance de mé&@arbrans la littérature finan-
ciere, Bollerslev, Engle et Wooldridge [11], Moskowitz [eBngle et Sheppard [36] et d’autres
ont prouvé que la corrélation entre actifs change a traeetsrhps. En outre, certaines crises
financiéres sont souvent vues comme des périodes asseulpamis, ou la corrélation se ma-
nifeste tres largement. Roll [76] a mis en évidence la présee ce phénomeéne durant le crash
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de 1987. Les études de Jorion[54] a propos de la crise RUEEIBY approuvent ce constat.
Longin et Solnik [64] ont utilisé la théorie des valeurs érties pour prouver que la corrélation
entre les actifs internationaux affichent des valeurs dscpendant la période de crise. La crise
de subprime en 2007/08 n'a pas été épargnée, d’'autant ptusagigine de la crise venait
du produits dérivés de crédit (CDO...), étant considérésnee des produits phares de corré-
lation, & cette époqueCe phénomeéne peut étre lié a la diversification. Quand |aleion
dans le marché est tres grande, les outils de diversificdtionportefeuille disparaissent, les
investisseurs donc deviennent plus réticent en termeeabimssement.

Historiguement, I'estimation de la corrélation s’effexia travers les données historiques.
Cependant, il s’est avéré que le marché des options détentnfiormation supplémentaire
sur la corrélation, qui est beaucoup plus riche que cellevire dans I'historique. En effet,
Driessen, Maenhout et Vilkov [31] ont prouvé que la prime idgue sur la corrélation est
négative, cela conduit a penser que le marché des optiameaste corrélation beaucoup plus
grande que I'historique. Ils ont aussi montré que la vamate I'indice S&P100 est due a la
corrélation des actifs, plus qu'a la variance individueleechaque actif. Ce constat est aussi
lié a la notion de la corrélation implicite. Dans le monde thas< d’intéréts, certains articles
ont étudié la structure de la corrélation des taux d’intéeplusieurs maturités. Longstaff
[65], Jong, Driessen et Pelsser [53] ont mis en évidenceayoertélation induite des prix des
Cap et Swap options est différente de celle réalisée. Dam&iee registre, mais cette fois ci
dans le monde des dérivés actions, Avellanda et al. [7] adiphiqué I'incapacité des actifs
individuels a capter le smile de la volatilité implicite d'indice.

Dans la pratique, on montre que la corrélation vérifie ceesipropriétés empiriques si-
milaires a celles de la volatilité (dans un contexte unidigiennel). Ces caractéristiques sont
principalement étudiées par exemple dans Skintzi et Refgi®. On note particulierement la
persistance de la mémoire de la corrélation, ou on obserpé&igoement qu’une forte (basse)
variation de la corrélation est généralement suivie d'omtef(basse) variation. On assiste ainsi
a une regroupement des valeurs extrémes en paquet deoradatla corrélation. On observe
aussi un phénomene, dit de ‘comouvement’ entre la variatgolindice et la corrélation. En-
fin, une asymétrie de corrélation bien prononcée dans leh@ates indices. Selon Skintzi et
Refenes [79], la distribution du cours de I'indice est géfgment en corrélation négative avec
sa propre corrélation. En effet, dans un marché morose télation tend a prendre des valeurs
de plus en plus grandes, alors que si le marché est hauasiemtabilité individuelle se dégage
de chaque actif, ainsi la corrélation renvoie des valeuitegePar conséquent, comme les mo-
deles financiers sont destinés a refléter au mieux I'étatdieharché, il est indispensable de
retrouver ces effets 'stylisés’ dans un modéle de corplati

1.2 Modélisation multi dimensionnel

Dans toute cette partie on suppose @tig;>, est un vecteur de dimensidne N*, tel que
chaque valeur de ses composantes constitue le prix d’'uqjaceist donné.

Pour I'évaluation des options sur indices (ou bien paniersfiérivé action, Avellaneda
[7] a montré qu’une corrélation aléatoire est indispersalolur mieux refléter la nappe de la
volatilité implicite de I'indice. A I'instar de la modélisian unidimensionnelle, une corrélation

Par abus de langage, la corrélation dans le monde de la fidésighe d’'une maniére générale la dépendance
entre les éléments, plutdt que sa formulation mathémastarelard.
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aléatoire pourrait étre représentée soit par des modet@saation locale, soit par des modeles
a corrélation stochastique. Dans la littérature financigteoduire de la corrélation dans un
modéle multi dimensionnel peut se faire de deux manieresnaufélise ou bien la matrice de
variance covariance du systéme, ou bien on spécifie la reateicorrélation, accompagnée par
le vecteur des variances individuelles. Le processus quse @émdions est principalement lié a
la modélisation de la corrélation stochastique.

Quand la matrice de variance-covariance, notéepast modélisée, le modéle multi sous-
jacent associé s’écrit généralement comme :

%

ds :
Vie{l,...,d}, S; = pidt + (\/SidBy);, (1.2)
t

oU (By)>o est un vecteur de mouvement brownien de dimendioet (u;):>o € R? décrit
la tendance du vectelff;. On note que le modele n’est bien défini que sous la conditeon d
positivité de la matrice;. Les variances instantanées de chaque élémeft dent données
par les composantes diagonalestle
Sous les mémes notations que (1.2), on note(Ray;>, un processus de corrélation. La
deuxiéme classe de modele vérifie 'équation stochastigivarse :
ds:

Vie{1,...,d}, S = pidt + ol (\/RidBy);. (1.3)
t

Les variances individuelles de chaque élément sont speEgifiér(c’),<;<4, et le role unique
de la matriceR est d’introduire la corrélation entre les mouvements bienws. La deuxieme
démarche se distingue clairement de la premiére, puiBqientervient que dans la loi jointe,
tandis que la loi marginale de chaque élément n’est qu’ectifam de la tendance et de la
variances associees. Cependant, bien que cette séparation de t&ottéressante (du point de
vue de modélisation), il est difficile de construire une nicatdéfinie dans I'espace des matrices
de corrélation.

Modélisation avec une matrice de variance-covariance

Dans ce cadre de modélisation, la matrice de Wishart agpacailierement dans la littéra-
ture financiere. Puisque le processus reste affine, i.eddg®utils d’évaluation par l'inversion
de latransformée de Fourier et qui seront développés paitéa En effet, la matrice de Wishart
est une solution de 'EDS suivante

t t
= Yo+ / (aaa’ + bS, + ¥.b) ds + / (VEdWa+a"aW! V3,),  (14)
0 0

ou (W;);>¢ est une matrice, ou toutes ses composantes sont des mousemmniens in-
dépendants, et et b sont des matrices danst,;(R) et o est un scalaire positif supérieur a
d — 1. Cette derniére condition assure I'existence d’une telletmm dans I'espace des matrice
symétriques positiveS; (R). Bien que la définition de la distribution (originale) de Wash
est connue depuis les ann&eg[83], I'introduction du processus (1.4) revient aux traxvaie
these de Bru [16], ou cette derniére a construit I'équationtsstique (1.4) dans le but d’étu-
dier la résistance d’Escherichie coli aux antibiotiquelte E'est focalisée sur le sensibilités
des analyses en composantes principales aux perturbatiowsiennes. La loi marginale du
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processus correspond a la distribution de Wishart [17].1&8uite, Cuchiero et al. [26] ont
analysé une classe beaucoup plus large des processus affatesaut définis dans I'espace
S (R), qui inclut les processus de Wishart. Cette étude portaifesxistence faible de la so-
lution, tandis que Mayerhofer, Pfaffel et Stelzer [66] cegardé les conditions de I'existence
forte de cette classe affine. L'apparition de Wishart en fieamvient au modéle Gourieroux et
Sufana. Dans la premiére version de leur papier [47], ilssontigné la flexibilité des spécifi-
cations du processus pour reconstituer une dynamique @adapce. Dans la deuxieme partie
du papier [48], Gourieroux et Sufana ont proposé le modeR) €n supposant que les mouve-
ments browniendV; et B; définis dans (1.2)1.4) sont indépendants. Ce modéle est considéré
comme I'extension affine la plus naturelle du modéle de Hefa] en multi-dimension. En
effet, Duffie, Pan et Singleton, K. [32] et Dai et SingletoA][@nt présenté une classe générale
des processus affines définis dans I'espace vect&#®l (éanmoins les utiliser pour élaborer
un modele multi-dimensionnel reste une tache assez arder@os un cas simple ou on sup-
pose que pour tout < i < d, (Y}');>o est le prix lognormal d’'un actifS;);~,. Sans perte de
généralité, et sous les mémes notations on considére I'EDSme :

) ) Xi 2 i ]
Vie{l,...,d}, dY} = (ui — %) dt + v/ XdB.,

oU (X7} )1<i<q SONt deux processus CIR. En prenant en considération letesgaaffine déve-

loppé dans Duffie et Singleton [32], on dit que le modele dmeaki et seulement si toutes
les variations quadratiqu& X, Y7), d(X", X7) etd(Y", Y7) ont une forme affine en fonction
de X, etY;. Or, en supposant que la corrélation des mouvements brogvagrconstante, le
modele précédent donne, a une constante pres, pour toutj < d :

d(X;, YY) =/ Xix{dt
d(X1 XT) =/ XiX]dt (1.5)
d(Y' YTy =/ XiX]dt

Par conséquent, considérer gkig = X/ pour toutl < i,j < d présente la seule alternative
pour garder cette propriété affine. Pour obtenir des dynaesiglus intéressantes, tout en gar-
dant la propriété affine du modele, il faut relaxer les hype#s de la modélisation. En effet,
dans ce cadre des vecteurs affines, on modélise plutét igeasnulti-facteurs au lieu des vo-
latilités. On suppose par exemple gluie- 2 et que les prix lognormaux suivent la dynamique
suivante

dY' = pldt + o'/ X B! + 62/ X2dB?2, dY? = j2dt + o®\/X}dB} + 0**\/X2dB?
(1.6)

ou (07)1<; j<2 SONt des constantes. On peut donc remarquer que le modedeafiise si on
admet que les deux CIR! et X2 sont indépendants. Il s’agit du modeéle ‘double Heston’,
présenté par Christoffersen, Heston et Jacob [24], ou celmedt considéré comme une va-
riation du modéle original de Heston [51]. Cette structufme du modéle nous permets de
résoudre les défauts du premier modeéle. Par contre, cetfgyamation utilise le CIR non pas
comme des variances, mais plut6t des variables d’état.dragequent, on perd la signification
des processus manipulés.

Dans les deux cas, on trouve que la structure usuelle affirpemeet pas d’élaborer un
modéle qui convient au contexte multi-dimensionnel. Leues donc a des processus affines
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définis dans I'espace des matrices positives devient irapborll est donc utile de mettre en
place des méthodes numériques permettant d’évaluer ldsipgdinanciers.

Comme le systém@n(.S;), ¥;):>o est affine, une inversion de la transformée de Fourier est
employée pour calculer le prix de certaines options. Sarte e généralité et dans le cadre de
dimensiond, si on considéere qu’un process);>o € R?, démarrant de, est affine alors il
existe deux fonctions et ¢ tel que pour tout: € R?

E lexp(i(u, Z;))] = exp [{(t, u) + (2, ((t, u))] -

Etant donné une fonctiofi : R? — R, on s'intéresse a calcul@ |[f(Z7)]. Sans rentrer dans
les détails techniques, on obtient par interversion sosglee de I'espérance :

B17(7)] = [(%) / exp (i, 7)) ()
ot L, e it + (2 C(t. )] Flu)da
ou f est la transformée de Fourier de définie parf = Jpae -« x)dz. D’une ma-

niére générale, la fonctiofi est explicite, et le calcul de Iesperance reV|ent a cafcufes
intégrale. En théorie, 'emploi direct de cette transfoersémble étre facile, mais dans la pra-
tique, la troncature ainsi que la discretisation des istiégrdemandent une couche technique
supplémentaire pour garantir la stabilité de la techniqi3. [Cette méthode reste aussi perti-
nente dans le cadre multi-dimension appliqué a des profitugtisciers particuliers. Cependant,
lorsque le nombre de sous-jacent devient élevé, cetteitpahdevient trés onéreuse en temps
de calcul, puisque elle demande le calcul d’'une intégral@adg dimension. En revanche, il
existe des produits financiers tres particulier portantisuix ou trois dimensions, par exemple
option sur spread et option de worst/best (Da Fonseca €28]), ou on se raméne a un cal-
cul unidimensionnel, et I'emploi de cette technique devaaportun. Il est néanmoins utile de
chercher d’autres moyens de calcul permettant de calcedeedpérances dans un cadre plus
géneral.

Ainsi, dans le cadre des matrices de Wishart, Bensoussamli et El karoui [8] ont
développé des approximations des prix des options vandlemturité courte et longue terme.
Possamai et Gauthier [42] ont aussi proposé des méthodesmte Klarlo, en s’inspirant des
méthodes de Andersen et Andreasen [6] pour le modeéle demd@&stoailleurs Teichmann [71]

a développé aussi des méthodes d’évaluation qui se bassdanttions caractéristiques. Mon
premier sujet de recherche s’inscrit dans ce cadre de krauadn propose des schémas exacts
et des approximations permettant par la suite d’utilisen&hode de Monte Carlo. A notre
connaissance, il s'agit des premiers schémas dédiés auicesatie Wishart qui sont définis
dans I'espace des matrices positives indépendamment dess/prises par ses parametres.

Modélisation de la matrice de corrélation

La modélisation directe avec une matrice de corrélatioteriegsméthode la plus utilisée
pour I'évaluation des produits sur panier. Cependant, fstraction d’'une matrice dynamique,
étant bien définie dans I'espace de corrélation et ayant igsigtés similaires a celles des
processus affines, reste une tache difficile. Par contre, weithode est trés employée puisque
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elle assure une certaine compatibilité entre les dimessién effet, Dans le modéle (1,3)

on se place dans I'espace risque neutre (pouriteufl, . .., d} la valeur de:’ est le taux dans
risque) et on suppose que par exemple, les variances indilédo’ sont des volatilités locales
calibrées aux marchés vanilles. Alors, quelles que soenvdleurs prises par la matrice de
corrélationR, le modele (1.3) est déja calibré par rapport aux marchédesret la matrice?
n’intervient que dans le marché sur indice. Par conséqoarggeut comprendre l'utilité de ce
modéle, méme si la construction de la matriteeste difficile & concevoir.

Dans la littérature financiere, certains papiers ont eg¢piore nouvelle formulation, a la
'‘Dupire’, d’'une matrice locale de corrélation, permettaimisi de calculer les prix des options
sur indices. En effet, si on note pay la volatilité locale Dupire associée a I'indice, alors eett
volatilité doit vérifier la condition de Gydngy

OéiOéjSiSjO'iO'jRiJ

Ve € RY, oi(t,x) =E o

d
D s = x] , 1.7)

ou («;)1<i<a représente les poids de chaque actif dans I'indice, notd .par définition on
considére qué = Zle a;S*. Avellaneda, Boyer-Olson, Busca et Friz [7] ont proposé uge m
thode, nommeée 'most likely price’, pour évaluer les prixrésultat n’est pas lourd en terme de
temps de calcul, mais I'approximation reste loin des vaexactes. Jourdain et Sbai [55] ont
proposé un modele qui prend en compte, a la fois, la voititiplicite de I'indice et celles de
ses composantes. A l'instar du calcul des options vanibesnwersion de la FFT, Lipton [63]
et Carr et Laurence [20] ont présenté une méthode similaigrgloyant la transformation de
Radon, notée paR. Pour toute fonctiorf deRR¢ a valeur dan®, cette transformée est donnée
par

Vk € R, Yw € R? ||w|? =1, R(f)(w, k) = » fu)o({w, k) — k)du.

On montre alors que la densité de I'indice est exprimée ectifamde la transformée de Ra-
don inverse, étant une formule semi explicite. Bien queecetinsformation semble étre en
adéquation avec la structure du panier, la dimension demauobstacle qui entrave la simpli-
cité de I'implémentation. Regai [75] et Langnau [61] ontéopbur une autre démarche, pour
le calcul de la matricé?. D’'une part, Langnau [61] donne une structure tres pargcelde
R, tel que I'espérance conditionnelle de (1.7) disparaituD&part, Regai [75] propose une
structure particuliére de corrélation, il emploie par l&eswne itération récursive pour veéri-
fier la condition (1.7). L'avantage des modéles de cormtelivcale réside dans I'efficacité de
sa calibration. En revanche, ce modele reste opaque en tBimerprétation de parametre.
En outre, on pourrait observer numériquement que la dynanitg la vol implicite ne suit
pas forcément la dynamique réelle. En effet, on retombeesuméme anomalies observées et
prouvées par Hagan et al. [50] concernant la volatilitélladdar conséquent, le delta hedging
de sa couverture pourrait induire a des erreurs d’intespoét.

Rebonato et Jackel [74] ont employé une forme paramétri@nérgle a I'aide des coor-
données angulaires. Cette décomposition, dite 'hypegrgplonsidére que la matrice de cor-
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rélation R s'écrit sous la forme d& = BB”, tel queB est une matrice triangulaire inférieure

Vi<i<j<d-1, B;j = cos(b;;) Hsin(@i,k)

d—1
V1<i<d, Big = [[sin(0ir).

Cette technique demande dafid — 1) /2 coordonnées angulaires, notéespaien que cette
technique permet de balayer un espace assez large dessvdéenmatrice de corrélation, elle
présente deux défauts majeurs. D’une part, étant donné atreeRr, trouver les parameétres
0 associés & demeure une tache difficile. En plus, la dépendance de lélabon en fonction
ded n’est pas intuitive. D’autre part, comme tout autre modet=l, interpréter les sensibilités
des parametres reste une tache onéreuse. Dans le cadre dddbksation LIBOR en swap
option, Brigo [14] a présenté différentes structures de&tations possibles.

Par ailleurs, Driessen et al. [31] proposent une matricestation stochastique construite
a partir d’'un processus de Wright-Fisher. Leur travail ¢stesa considérer que pour tols<
i#j <d, (R)i; = pt, OU(pt)i>0 €St un processus Wright-Fisher défini déhd | et résout

I'EDS suivante :
dpr = k(p — pr)dt + o/ pe(1 — pr)dWr, (1.8)

ou W, est mouvement brownien, gt o etp sont des constantes vérifighe [0, 1] etx > 0.
Ces deux conditions assurent que le processus reste biand#éfs 'espac@), 1]. Le modéle
présente plusieurs propriétés intéressantes, maisdaiton d’un seul facteur de risquereste
une hypothese forte, puisque on suppose implicitementauglés sous jacents dégagent le
méme risque de corrélation. Van Emmerich [35] a proposé uetecsimilaire avec des proces-
sus Wright-Fisher étant définis dajpsl, 1]. Son étude portait sur les éventuelles applications
dans deux cas : les option Quantos et des options sur defx &dins le mémoire de Kaya
Boortz [12], ce dernier propose une amélioration du modédedalent, en rajoutant d’autre
facteurs et en utilisant la structure de la décompositioGhigesky. Il considére ainsi que pour
toutl < i # j <d, (Ry)i; = pipl, ol les processug:)<i<q sont des Wright-Fisher définis
dans[—1, 1], et donnés par 'EDS suivante :

V1 <i<d, dp, = k(p' — pp)dt + o\/1 = (p})2d By,

ou pour toutl < i < d, les(By);>o forment un vecteur de mouvements browniens corrélés, et
le reste des parameétres sont constants. Ce modeéle pernteti’dooir plus de paramétres de
risque et de disposer ainsi de plus de flexibilité pour calite prix du panier. Par contre, il
suppose une structure trés particuliére de la conditidiaiei En effet, Kaya Boortz souligne
cette difficulté en présentant une méthode itérative pgutecdau mieux’ la condition initiale.
L'objectif de la deuxieme partie de ma these est de constiuiie matrice stochastique
définie dans I'espace de corrélation, et donnée par uneiéqeébchastique autonome. Il s’agit
a notre connaissance de la premiéere extension des proassiisght-Fisher dans I'espace
des matrices de corrélation. Il est important de noter qumes die cadre vectoriel, plusieurs
extensions de Wright-Fisher ont été proposées. En effetii@oux et Jasiak [46] ont construit
un vecteur tel que chacune de ses composantes est un pdesght-Fisher définie dans
[0,1], et la somme des ses composantes est égaldJa autre modéle, bien connu dans la

13



théorie de population sous le nom Wright-Fisher multilaeest considéré comme la premiére
extension de ce processus.

Modélisation des risques multi-facteurs

Dans un autre aspect de modélisation financiére, les puxasgleurs dans les matrices
symeétriques positives, notamment ceux affines, sont ésilour représenter le risque multi-
facteur. Dans un souci de reproduire la dynamique du smilgaia de la volatilité implicite
pour les dérivés de la volatilité, cette conception offre flexibilité plus riche que la modéle
standard, celui du Heston [51]. Le modéle 'Double Hestoréspnté par Christofferson et al.
[24] et donné dans (1.6), en fait partie. Cette approche @sptEtement différente de celle
employée par Bergomi [9] ou bien Buehler [18], ou ces desnspecifient directement la dy-
namique de toute la courbe forward de la variance forward,domme les modeles HIM pour
les taux.

Dans le méme esprit que les modéles multi-facteurs vetspba Fonseca et al. [27] ont
proposé d’employer les matrices affines au lieu des vectdtires. D’'une part, ce modéle
présente une certaine richesse de corrélation entre lemufacet d’autre part, il offre une
flexibilité supplémentaire des parametres sur la nappe\a#ddilité implicite. La modélisation
des taux d’'intérét cours instantanés se fait a l'aide de césse affine des processus. Les prix
de zéro-coupons sont alors presque explicites, par lautdsodes equations de Riccati ( Levin
[62]). En outre, Cheridito et al. [23] ont montré I'utilitéda classe affine pour estimer la prime
de risque de marché. Grace a cette étude, ils dressent umatésh empirique de la prime de
risque, via les prix des options et I'historique des zéragons, a plusieurs maturités. Burashi,
Porchia et Trojani [19] ont élaboré la méme technique apgkgau processus de Wishart,
puisque ce dernier garde le méme caractere affine. Lavardagette méthode réside dans
I'utilisation de Wishart comme un risque multi-facteuraét considéré comme une extension
des classes affines usuelles.

Nous présentons ainsi dans le chapitre 2 des approximatsssciées aux modeles af-
fines définis dansS; (R), et permettant ainsi de calculer le prix des options par lshout
de Monte-Carlo. Ensuite nous proposons dans le chapitre ouvelle classe de processus
définis dans I'espace des matrices de corrélation. Nousrormuelques propriétés liées au
modeles, ainsi que les méthodes numériques d’approximaia lumiere de ces processus de
corrélation, la derniére partie de ma these (dans le cleagjtportera sur la mise en oeuvre des
modeles de corrélation stochastique, pour calibrer lesmpsur indices. L'objectif du travalil
est d'identifier les parametres du processus permettarardetériser la volatilité implicite des
options sur indices d’'une maniere efficace.

1.3 Simulation des processus affines définis dafg (R)

La premiére partie de mon travail traite de la discretisaties processus affines définis
dans le cone des matrices symétriques positives. Cettgectles processus integre aussi les
matrices de Wishart. Sans perdre de généralité, ici nousiobtiws une paramétrisation similaire
a celle utilisée dans Cuchiero et al. [26] et Bru [17], maisegti l€égerement différentes de celle
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employée dans la littérature financiére. On considére B35 suivante :

t t
X =z+ / (@+ B(X?))ds + / <\/X§dWsa + aTdWST\/X;C> : (1.9)
0 0

ouz € S§(R), a € My(R), @ > (d — 1)a’a, B est une fonction linéaire vérifiant la
condition suivante

\V/Il'l,l’g € S;(R), Tr(l’ll‘g) =0 = Tr(B(l‘l)ZEQ) >0, (110)

et(IW;):>0 €st une matrice carrée constituée de mouvements browniéésendants. En outre,
I'’équation (1.9) admet une solution forte®i> (d + 1)a” a. On note patd F Fy(z, @, B, a) la
loi du processu$X;):>o et parAF Fy(x,@, B, a;t) la loi marginale deX;. Le processus de
Wishart correspond au cas particulier :

Ja > 0,a = aa’a and3b € My(R), Vo € Sy(R), B(x) = bx + xb”.

Dans ce cas, on note p&r'/S,(z,«,b,a) la loi du processus de Wishafi ), et par
WISy(x,a,b,a;t) saloi marginale a I'instartt > 0.

A cause de la dimension, I'analyse stochastique de ce typeatessus reste une tache
ardue. Dans un premier temps, Bru [17] s’est intéressé sstence forte et faible d'une classe
trés spécifique des processus de Wishart. Cuchiero et dls¢2€ont intéressés par la suite a
I'étude de I'existence faible de 'EDS (1.9) sous sa forrtiolala plus générale avec saut. En
plus, I'étude des solutions fortes de (1.9) ont été traip@edayerhofer et al [66]. Par ailleurs,
La contraintey > (d—1)a”a liée a la solution forte peut étre vue comme la condition dieFe
observée dans le cadre des processus de CIR.

La difficulté de discrétiser ce processus réside dans letegieanon lipschitzien du co-
efficient de la diffusion et dans le domaine de définition desdéution. Du méme que la
fonction racine carrée (unidimensionnelle) n'est pascliyitzienne autour de zéro, la fonc-
tionz € S (R) — /= ne I'est pas non plus aux voisinages des matrices non itWessi
Cependant, on pourrait montrer quewsk> (d + 1)aa”, alors la matrice reste toujours définie
positive, et ses valeurs propres ne toucheront jamais B&w[{7] et Mayerhofer et al. [66]),
tandis que siv < (d + 1)aa”, on trouve des exemples ou la matrice peut prendre des valeurs
non inversibles. D’un point de vue heuristique, le compuodet des valeurs propres ressemble
clairement au processus CIR, ou quarabt grand, la matrice a tendance a passer plus de temps
prés de la frontiere d8; (R). Par conséquent, la qualité des schémas usuels tend a seréétér
a cause de la fonction racine carrée.

Etant donné que les évaluations des produits financieréagée a travers des espérances,
élaborer des schémas exacts est utile. A notre connaissbsiagit de la premiére simulation
exacte des matrices de Wishart valable quelles que soengleurs de ses parametres. Par
ailleurs, construire des schémas d’ordre faible resteotogjopportun, puisque les schémas
exacts sont parfois lourds en terme de temps de calcul. l@rdps schémas de discretisa-
tion est donc efficace dées qu'’il s’agit d’'un calcul d'une espée en fonction de la trajectoire
(XZ, s €10,t]). Par ailleurs, dans le cas ou on s’intéresse a la loi du cc(l)fﬁefot XZds), ces
approximations demeurent indispensables a cause de #idité. Alfonsi [5] a bien soulevé
que dans le cadre de I'évaluation des options sous le moeéeléedton, les approximations
numérigues sont beaucoup plus rapide en temps de calcuégtechniques exactes usuelles
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(Broadie et Kaya [15]). Par conséquent, il est opportun geatier de schémas de discrétisation
bien définis dans; (R) et associés a cette classe des processus affines.

Avant de présenter les différents schémas proposés, itieste préciser que le schéma
usuel d’Euler-Maruyama n’est pas défini dans I'espace deésams positives, pour tout <
1< N—-1:
= XN+ @+ BN+ [ XN Wy, = Woa+ T (Wyy, = W) [XY,

(1.11)
Sous cette discrétisation, on peut obtenir des composédi#gsnales strictement négatives,
car I'incrément brownien peut prendre des valeurs fortameégatives. Or, les composantes
diagonales d’'une matrice positive restent toujours pasti Pour pallier ce défaut, on peut
utiliser un schéma d’EuIer-Maruyama corrigé, pour tout : < N — 1,

XN =z, XN N, = tN+(a+B X N +,/(X Wy —W)a+a (WtN W) ,/(thix)t
(1.12)

ol on associe a toute matrice symetriqgue S;(R), une matrice positive™ € S (R). Les
vecteurs propres de" sont les mémes que ceux.degandis que chacune de ses valeurs propres
est la partie positive de celle de Bien que le coefficient/z+ est bien défini quel que soit la
valeur dex, le schéma en entier peut prendre des valeurs en dehors désesiaymétriques
positives. Ceci étant bien vérifié dans les résultats nuués, dés qua est trés proche de
(d—1)aa®.

Les études mathématiques se sont intéressées a la simwdatiote de la distribution de
Wishart, mais on observe clairement deux classificationssh&vt centré et non centré. On
dit que la distribution de Wishart est centrée, si la valeitrale du processus de Wishart est
nulle. Dans ce cas, plusieurs méthodes de simulation oprépdsées. La plus fameuse est la
décomposition de Bartlett. Cependant, dans le cas nonésdesr méthodes de simulation ne
se sont développées que dans le cas.atl N. En effet, La simulation exacte réside en une
simulation exacte des gaussiennes. En terme de distrihutorésultat est présenté par Odell
et Feiveson [70], Smith et Hocking [80], et Gleser [44], tangue la version stochastique a
éte présentée par Bru [17]. On suppose que N, et on considéere une suite des processus
d’Ornstein-Uhlenbeck, notée pér;*);<;<., étant une solution de I'EDS suivante :

Ayl =bYF +ad"d(ZH)", (1.13)

XN—m X
t() 1+1

oU (ZF)1<k<a €St une suite des vecteurs formés par des mouvements brewni&pendants.
Sion poseX; = Y, Y/*(Y/*)T, on déduit que ce processus est solution de cette EDS

dX, = a(a"a+ bX, + X,b)dt + a <Z Azl (v} ) (Z y;kdzt> a, (1.14)

k=1

Sans rentrer dans les détails, on montre donc directeméhegiste une matrice carrée de
mouvement brownien notée tel q(i&;),>o, tel que(>";,_, dzf (Y/)") = /X, dW,. Dans sa
thése, Bru [16], spécifie clairement la structure(tlé),~, en utilisant le théoréme de Lévy.
Dans ce cas, la simulation de la matrice de Wishart se raménsimulation des processus
d’Ornstein-Uhlenbeck, et donc des gaussiennes.

La littérature sur les études de discrétisation de ce tygwamessus est réecente. Benabid,
Benssousan et El Karoui [8] ont employé un changement deapitité, pour passer d’un Wi-
shart de paramétreréel supérieur dé+ 1, & un Wishart de paramétre= d+ 1. Ce théoreme
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Girsanov reste toujours vrai dans le cadre de classe affiméergié (Il suffit juste d’employer
les méme arguments théoriques que dans la partie de Girsiamgvie chapitre 3). Dans ce
nouvel espace de probabilité, la simulation de Wisharergvé simuler des gaussiennes. Bien
gue la méthode est relativement simple a mettre en placatitede Radon-Nikodym reste dif-
ficile @ manipuler en terme de discrétisation. Gauthier ssBmai [42] ont proposé une autre
technique basée sur le schéma exponentiel quadratiqueldiden. Méme si 'approximation
reste bien définie dans I'espace des matrices positivesluian demande un 'matching’ des
moments qui reste lourd & mettre en oeuvre.

Dans le cadre des schémas de discrétisation, 'analyse&émattque des erreurs traite deux
types d’erreurs : forte et faible. La premiere mesure I'Eeatre la trajectoire du processus
et de sa discretisation, tandis que la deuxiéme calcule Jiesteur induite par la loi margi-
nale d’'un processus et de son approximation. Elle s’inséres particulier au comportement
asymptotique de

E[f(Xr)] - E [F(X)] = E[f(xr)] - E | £(X])) (1.15)

pour une classe de fonctighcaractérisant la loi marginale d€. Dans ce travail, nous nous
intéressons juste a l'erreur faible.

Dans un premier temps, on s’intéressera a la simulationtexts matrices de Wishart.
A l'instar de la relation liant les processus CIR et carréBéssel, on a établi une égalité
en loi entre un processus de Wishart, ayant une structugrgénavec un processus Wishart
particulier ou la matricé est égale a zéro. Cette égalité s’écrit sous la forme s@vant

WISu(w, a,b,a;t) = O,WISa(6; meam] (0,7, 0, O, I3:0)07  (1.16)
b=0

oum, = exp(th), ¢ = [, exp(sb)aTaexp(sb”)ds etn = RK(q), et la matriced, € G,(R)
étant défini comme la solution de I'équatign= ¢6,1767. On comprend alors que si on veut
construire un schéma exact pdiir/ Sy(z, o, b, a; t), il est donc suffisant d’établir un schéma
exact associé ¥’ 15,(x, «, 0, I7;t). Pour simuler cette loi, nous utilisons la technique de dé-
composition d’'opérateurs infinitésimaux.

En effet, on considére deux processus affines indépendemésparX,” et X*, démar-
rant en un pointz. Et on suppose qu’ils sont associés respectivement a deuatepgs infi-
nitésimauxL; et L,, tels que la condition de commutativité est vérifiéelL, = L,L,. Sion
note parY;” un processus affine associd.a+ L., démarrant er, alors pour une classe de

fonction f, on obtient
+oo L

B[] =Y (I + L) f(e). (1.17)

Or, par un calcul tres formel, on établit les égalités suisan

B [ )] < B [E [ 1)) - 3 o 1t )
ka=0

+oo thatk ok
= > IR f(a) (1.18)
kilks!
k1,ko=0
+oo

=3 L+ 1) @)

k=0
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Si la classe des fonctions est assez large pour caractériser les lois marginales dectesu

. 1,z
processus, alors on conclut que pour tout 0, Y; g Xf’Xt . Cette propriété s’étend bien

évidemment au cas ou la composition fait intervenir plusi@pérateurs infinitésimaux. Si on
note maintenant pakt I'opérateur infinitésimal dél /.5,(x, «, 0, I7; t), nous démontrons que
cet opérateur peut se décomposetfen > " | L;, ou pour toutl < i < d, L; est|'opérateur

associé aV'I1S,(x, «, 0, e4; ). On prouve aussi que la condition de commutativité est vérifié

On construit alors d’'une maniére itérative le schéma stiivan

X"~ WISy(x,a,0, ek t),

1,z
XPNT N WISHX)T, 0,0,e2t),

Xn,... t W[S nfl,.‘.th’w n.
t ~ d<Xt 7a707€d7t>7

1,z

Etant donné un temps chaque schéma intermédiai.?éf""xt , pour toutl < 7 < d, est

construit par la distribution de Wishart ayant comme pateengy, 0, ¢’,) et démarrant en

1,z

X7 Et on déduit grace a la technique de décomposition (1.18) que

1,z

X O WISy(x, a0, 12 1),

Finalement, I'objectif de la simulation exacte est achewistablit un schéma exact pour
WISy(z,a,0,€;t), pour toutl < i < d. Par un argument de symétrie, il est juste suffisant de
se focaliser sur 15,(z, «, 0, eL; ). Avec une transformation adéquate et un calcul d'Ito djrect
nous expliquons dans le chapitre 2 la technigue employéerpaliser cette derniére partie qui
s’appuie sur la simulation des processus de Bessel cargdletghussiennes.

La simulation des schémas de discrétisation faible se hesteénent sur les résultats pre-
cédents. En effet, on propose un schéma d’osdpeur Wishart, en remplacant les solutions
exactes des processus de Bessel et les gaussiennes papleursmations correspondantes
d’ordre faible3. Nous présentons aussi un schéma d’ordre falassocié a la classe générale
des processus affines. Du méme que pour I'approximationiomerie d’ordre3, ce schéma
général se base aussi sur la décomposition des opérateansdBnné que toutes les méthodes
précédentes s’appuient sur la brique de base, le génératelarcomplexité de ces méthodes
revient donc au temps de calcul consacré a cet opérateuffdinsa complexité est d’ordre
O(d?), puisque il fait intervenir une décomposition de Choleskyjes multiplications matri-
cielles. Comme ces schémas iterent au pldsis la solution associée a cet opérateur, alors
ils demandent une complexité égal®&l*). Le schéma d’Euler-Maruyama corrigé fait inter-
venir le calcul des valeurs et des vecteurs propres desoaasymétriques dar;(R), il a
donc comme ordre de complexitéd?). Bien que son ordre de complexité est plus faible que
celui des schémas précédents, ces derniers sont dangdgsldairapides, puisque ils ne font
intervenir que des décompositions de Cholesky. En pluss nbaervons dans la pratique que
le schéma d’Euler-Maruyama est largement plus colteuxremetele temps de calcul. Dans
un souci d’optimiser nos schémasgsi> (d — 1)a’a, alors nous arrivons a mettre en place
un schéma faible d’ordre ayant un ordre de complexité égadd?). Ce schéma exploite la
relation liant le processus de Wishart avec les processusidtein-Uhlenbeck (1.14)
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La derniere partie du chapitre est dédiée aux résultats mgues. Nous illustrons donc ces
résultats en terme de temps de calcul et de qualité de caneargOn commence par mettre
en évidence le temps occupé par chaque schéma, et nous@wmdue le schéma d’Euler
consomme plus de temps, tandis que si la condition (d — 1)a’a est vérifiée le schéma
modifié, a base des processus d'Ornstein-Uhlenbeck, estiméel plus rapide. Nous obser-
vons aussi la qualité de convergence des schémas, et nauisalédque le schéma d’ordse
est presque similaire au schéma exact, alors que le schénéedaffiche une convergence
d’ordre1. Par ailleurs, tous les schémas d’or@groposés marquent le méme ordre de conver-
gence, mais avec des constantes de convergence diffésefdad’espérance calculée.

1.4 Des EDS retournant a la moyenne définies dar&;(R)

Le deuxieme partie de ma thése consiste a proposer desaudiiférentielles stochas-
tiques définies dans I'espace de corrélation. A I'instarelgénsion des processus CIR dans
les matrices variances-covariances, nous avons étabkxieasion des processus de Wright-
Fisher dans I'espace de matrices de corrélation. Comme a&&as décrivent la corrélation
instantanée entre actif, une partie de ce chapitre se $ecalsur les schémas numériques pour
le calcul des espérances pour le prix. Par ailleurs, ceepsos pourraient naturellement étre
employés aussi pour modéliser une dépendance dynamiqealestquantités et étre appliqués
ainsi en dehors de la finance. Nous avons déja vu que le puscdesWright-Fisher est une
solution de 'EDS suivante :

dp; = K(p — pr)dt + o/ 1 — pid By,

oux > 0,p € [-1,1], o > 0 et (B;)>o €St un mouvement brownien. Pour étre précis, le
processus de Wright-Fisher est défini dgns| et donné par 'EDS (1.8En effet, ce processus
sert, dans la théorie de population, a identifier la fréqaetiapparition des genes a travers les
générations (Karlin Taylor [58]). Cependant, du point de da la corrélation, on préfere plutot
travailler avec le processus qui est défini dans, 1]. Il existe bien évidemment une relation
entre les deux définitions, puisqé@ﬂ est une solution de (1.8)

La loi marginale du processys est définie par ses moments, et sa densité s’exprime sous
forme d’'une expansion en fonction des polynémes orthogodawacobi ( Kuznetsov [60] et
Mazet [67]). Dans la littérature financiére, ce processtipa$ois appelé 'Jacobi’. Un proces-
sus de corrélation de dimensi2peut donc s’écrire sous la forme suivante

N
x=[1n]

On suppose maintenant qUé’; ),>, est une matrice carrée, ou ses éléments sont des mouve-
ments browniens indépendants, et on considere I'équaitfi@nahtielle stochastique suivante :

X, = x+/0 (k(c — X) + (c — X.)r) ds

d t
+ Zan/ <\/Xs — Xselh XodWey + eZdWST\/XS — X363X8> ,

1 0

(1.20)

n=
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ouz,c € €i(R) etk = diag(ky, ..., kq) €ta = diag(as, ..., aq) SONt des matrices diagonales
positives telles que
ke+ck — (d—2)a* € Sf(R) ord = 2. (1.22)

Sous ces hypothéses, nous avons montré que cette EDS adnsetwtion faible unique définie
dans¢,(R). En outre, I'unicité forte de 'EDS dang}(R) est obtenue quand e ¢(R) et

kc+ ck — da® € SF (R). (1.22)

Dans toute cette partie, on note parRC,(x, k, ¢, a;t) la loi marginaleX, du processus et
MRCy(z, k, c,a) laloi du processusX;);>¢. L'abréviation)M/ RC veut dire Corrélation a Re-
tour a la Moyenne en anglais. En dimensibs- 2, (X;), » est la seule composante qui varie
dans le temps. Nous observons qu'’il existe un mouvementrbeows; ).~ tel que

A(Xo)12 = (1 + r2) (er2 — (X))t + \Jad + a3y /1 — (X3 4B,

La composantéX;), » suit tout simplement une diffusion de Wright-Fisher. Damsas de la
dimensiond = 2, la condition d’existence faible est toujours vérifiee. Sctadition d’exis-
tence forte est satisfaite alors le processus ne touchéggma, 1}. En outre, en dimension
supérieure, nous montrons que toute composante de cetieensaltit une diffusion de Wright-
Fisher.

Loi ergodique

Dans cette étude, nous commencons par calculer les momeants sblution de 'EDS
(1.20). On considere que pour taue Sy(R), m € Sy(N),

= ] el = ¥ mo

1<i<yj<d 1<i<yj<d

Apres un calcul direct, nous prouvons qu'il existe une camist positivek’,, et une fonction
polynomialef,,, dépendant des moments destrictement inférieurs &, telles que

E[X;"] = 2™ exp(—tK,,) + exp(—tK,,) /Ot exp(sK ) E[frn (XT)]ds.

Cette structure est similaire a celle constatée dans lee el processus affines, ou chaque
moment d’ordre donné s’écrit en fonction des moments déndlierieur. En plus, on pourrait
mener la méme démarche pour calculer explicitenigat,™ ... X;""| pour tous0 < ¢; <

coe <t,etmy,...,m, € S4(N), ce qui donne l'unicité en loi du processus. Comme le proces-
sus est défini dans un espace compact, le calcul de la loiigigode résume dans le calcul de
lim; ., E[X}"] pour tout momentn € S;(N), étant noté paE[X*]. Nous démontrons que

E[XZ] = a™sim e Sq(N)telquemyj >0 <= k; = k; =0,
EXZ] = E[fn(Xw)]/Ky sinon

Quandt — +o0, la loi marginale deX,; converge en loi, et ses momefitsX""| sont uniques
et définis par récurrence spr|. En outre, si pour tout < i,5 < d on vérifiex; + x; > 0,
alors la loi X, ne dépend pas de la condition initialeet il s’agit de I'unique loi invariante.
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Lien avec les processus de Wishart

Tout d’abord, pour toute matrice € S; (R) telle quez;; > 0, V1 < i < d, on définit la
fonctionp(z) € €4(R) par

1<i,j<d. (1.23)

On suppose ainsi que > max(1,d—2) ety € S (R) tel quey; ; > 0 pour toutl < i < d.
On considére qu&Y,’);>o ~ WIS,(y,a+ 1,0, e}). On définit ainsi un changement du temps
et un processus de corrélatioX; = p(Yy), ¢(t) = fot mds. Et on obtient donc I'égalité
en loi suivante :

o1 (07
(X109t 2 0) 2 MRCa(p(y). e Iu. ). (1.24)

Cette égalité explique qu’a travers un changement de tdmpsatriceM RC n’est que la
projection de la matrice de Wishart dans I'espace de caivélaPar contre, elle est strictement
valable que pous = €/, V1 < i < d, et ne s’étend pas a tous les processus de Wishart.

Lien avec les processus de Wright-Fisher multi-alléles

Un autre lien qui nous semble intéressant a soulever esnlaegmon entre les processus
M RC et les processus de Wright-Fisher multi-alléles. On ca@rsidue le processyX’;):>o ~
MRC 4y, %e}l, Iy, el), ou (y)a<ij<a = I4-1. SOUs cette configuration, les seuls éléments qui
diffusent dans le temps se trouvent dans la premiere col@nka premiére ligne). En plus, a
cause de la positivité de la matriég, le vecteur((X;),,;)2<i<q €St défini dans la boule unité
de dimension/ — 1: Y7, X7, = 1. Si on note pa(Z;).>, le vecteur de dimensios — 1,
vérifiant pour toutl < i < d — 1, (Z,); = (X;)i,,,, alors son opérateur infinitésimal s'écrit
sous la forme :

d—1
Z[l — (1 -+ 20()22‘]&22. + 2 Z zi<1i:j — zj)azﬁzj
=1 1<4,5<d—1

Il s’agit d'un cas particulier de Wright-Fisher multi-diés (Etheridge [38]), ou les deux mo-
deles partagent exactement la méme partie diffusion. Ceelmadssemble aussi au modéle
établi par Gourieroux et Jasiak [46], possédant aussi lagwgartie de diffusion.

Aussi le processud/ RC' apparait comme une ‘racine carrée’ d’'un processus Wrigtttefr
multi-alléles. Nous avons vu dans le paragraphe précédentaute matriceV/ RC' admet
une loi ergodique. Dans le cas particulier @g une formule explicite de cette loi, notée par
((Xoo)1.i)2<i<a, €St Obtenue :

T (a_l d
lea o 2l 11—y 22]. (1.25)
F S (VAT () < 2 )
Sans surprise, nous constatons que le vecteur cé{r(rﬁ’(;o)17i]2)2<i<d suit bien un loi de Diri-

chlet, qui est connue comme la loi ergodique pour les prosedgight-Fisher.
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Lexistence faible et forte des processus/ RC'

La preuve de I'existence forte est similaire a celle déveémppar Bru [17] pour les pro-
cessus de Wishart. En effet, nous supposons que la condiitale est inversible, et nous
définissons le temps d’arrét de sortie de la solutio€d&). Jusqu’'a ce temps, on établit par
un calcul d’lté I'équation stochastique différentiellerii@e par le déterminant de la solution.
Sous les hypothéses de la solution forte (1.22) et en empid\sgument de McKean (Bru
[16]), nous démontrons que le déterminant ne touche passque sirement. Apres, nous
vérifions que les coefficients de la diffusion sont localentigschitziennes su€’(R), ce qui
donne I'existence forte.

En ce qui concerne I'existence faible, Mentionnons toubdid qu’il existe dans la litté-
rature plusieurs méthodes a employer dans un contexteciehtBru [17] a choisi d’analyser
directement les valeurs propres d’une solution donnéé&e cetthode impose que les valeurs
propres de la matrices ne coincident jamais. Dans le cafine afine deuxieme approche est
employée par Cuchiero et al. [26], ou ces derniers ont peg@tudier les fonctions caracteéris-
tiqgues. Néanmoins, Les deux approches ne peut pas étreagsi dans le cadre des matrices
de corrélation, puisque d’une part, ses valeurs propreggm¢goincider (au moins dans le cas
d = 2), et d’autre part sa fonction caractéristique ne donne pasaractérisations exploitable,
comme il est le cas pour les processus affines. Nous propdsogsune preuve qui repose sur
la construction d’'une approximation qui converge vers wiet®n faible de I'EDS (1.20). la
démonstration présente plusieurs aspects technigues eff@est résumeée en trois étapes in-
dispensables : construire une solution approchée a valaussl’espace de corrélation, vérifier
que cette approximation satisfait le critére de tension denidgorov et enfin démontrer que
sa limite est bien la solution du probleme de la martingas®eige a (1.20). L'unicité faible
de I'équation revient au calcul que nous avons établi a ipornous avons montré que pour
tout0 <ty <--- <t, etmy,...,m, € Sg(N) les momentE[ X, ... X/ "] sont uniques et
explicites.

Enfin, dans la derniére partie de ce paragraphe, nous coms&gdéne extension de I'EDS,
dans le cas ou les coefficients dépendent du temps et ded&spa

Théoréme de Girsanov

Dans cette partie, nous avons étudié quelques transfamsadie Girsanov. Nous établis-
sons les mémes types de changement de probabilité que dksisuians le cadre des pro-
cessus de Wishart (Donati-Martin et al. [30], Bru [17] ) esgwocessus de CIR (Pitman et
Yor [73]). Pour ce faire, nous changeons la structure de BEEN la remplagant par I'équation
Suivante

X, :x+/t(m(c—Xs)+(c—Xs)/£)ds
0
d . (1.26)
+ Z an / (ﬁ Iy — Vaeia(Xs)dWely + etdWIy /I, — ﬁq;ﬁﬁ) ,
n=1 0

Cette EDS a la méme solution du probleme de martingale qUS’'E1.20), sous les mémes
conditions. On peut aussi prouver que la solution forte di®) est aussi donnée sous les
mémes critéres que (1.20).
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Sans rentrer dans les détails, le cadre matriciel nous digr@iatablir une forme particu-
liere pour appliquer le théoreme de Girsanov. On suppose qire(H;);>, est un processus
progressivement mesurable & valeurs d&hgR), et tel que

t t
EM = exp ( / Tr(HIaw,) — % / Tr(H! Hs)ds) (1.27)

0 0

est une martingale. Si pour un horizon de temps fihit- 0, on note parQ une probabilité
définit par‘;%’ = & alorsW2 = W, — fot H.ds est une matrice de mouvement brownien
f

sous la probabTiIité@.

Dans un premier lieu, on suppose gg= /X;\, avec = diag(\y, ..., ) € Sy(R).
Nous obtenons que le processus, ¢ > 0) suit une loiM RCy(x, k, ¢, a) sous la probabilité
Q. Cela veut dire que sous ce changement de probabilité, la lpiatessugX;),>( (& horizon
fixé T' > 0) est préservée.

On considére également un autre changement de probabiljté-:(/X;) %\, ol ¢? est
une matrice de corrélation at= diag(\;,...,\s), tel que pour toutl < i < d, sia; =0
alors\; = 0. Sous des hypothéses d'unicité forte de la solution, noustnos que( X ):>o
admet une nouvelle ldV/ RCy(z, &, ¢, a), sous la probabilité), ou les matriceg eté sont bien
spécifiées dans le chapitre.

Les changements de probabilité de ce type sont tres frégeainutilisés en finance, pour
lier la probabilité historique et la probabilité risque treu En particulier, dans le cadre des
processus affines, Cheridito et al. [23] montrent que cesgdraents de probabilités sont suf-
fisants pour expliquer empiriquement le comportement deitagde risque de marché des
obligations zéro coupon.

Simulation des processus de corrélation a retour a la moyeran

La derniére partie du chapitre traite de la discrétisaties équations différentielles sto-
chastiques données par (1.2Cpomme l'objectif de ces études est d’appliquer ces matrices
de corrélation en finance, il est important d’avoir a disposides schémas de discrétisation
permettant de calculer des espérances par Monte-CarlduEndans le chapitre, nous avons
bien mis I'accent sur l'insuffisance du schéma d’Euler-Mama, puisque dans le cadre des
matrices de corrélation, ce schéma est trés colteux enrmdietemps de calcul et d’erreur
engendrée. On propose ainsi deux types de discrétisaipreiniére est basée sur le lien avec
les processus de Wishart en réutilisant les schémas potodegsus de Wishart. La deuxieme
est une construction directe et pourrait étre utilisée poustruire des schémas dédiés au pro-
cessus Wright-Fisher multi-alléles. Mentionnons que ksxdnéthodes utilisent la technique
de décomposition des opérateurs infinitésimaux.

Avant d’aborder nos schémas, il est utile de présenter knsatd’Euler-Maruyama corrigé
dédié a 'EDS (1.20)

d

X4, = X+ (e~ X0+ (o= X0m) 5+ D (XN - KPR OV, - Woel

7,+1 K3
n=1

+eg(Wiy | = Win) \/XgV XtNedXt]X,>

(1.28)
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Ce schéma est bien défini dans I'espace des matrices deatiomé,(R). La correction du
schéma porte sur la positivité et la définition dans I'espkeceorrélation, puisque par construc-
tion, la matrlceXN dans (1.20) peut prendre des valeurs en dehow;®). En plus, pour

des conS|deratlons matricielles, la projectipreste bien définie.

Si on note palf. I'opérateur infinitésimal associé a (1.28)ors cet opérateur se décompose
en

d
L=L%" 1> "alL,

i=1

ou LOPF est 'opérateur associé a une équation différentiellenaide ayant une solution ex-
plicite, et les générateurs infinitésimagk;),<,<; sont associés respectivement aux proces-
sus(MRCy(y, $€i, 1a,€})), .., - Ces opérateursl;);<;<q4 Vérifient la condition de commu-
tativité. Grace aux techniques de compositions, il sufiitablir des schémas d’ordeaux
opérateursL;),<i<4, €t pour des considérations de symeétrie, le probléme se géautablir
une solution pour.;. Ce dernier est construit de deux maniéeres :

— La premiere méthode revient a I'idée du changement du teldneloppée en (1.249u
nous remplacons a la fois, la matrice Wishart par son appraton d’ordre2 (présentée
dans le chapitre précédent) et le changement du ten(@s24) par le développement
limité de son espérance jusqu’a I'ordteCela permettra par la suite d’obtenir une ap-
proximation de (1.20) d’ordre.

— La deuxiéme méthode trouve qlie = Zle L', ou (L") 1<;<q SONt aussi des opérateurs
infinitésimaux bien définis dans I'espace de corréla@ipfR ), mais ayant une structure
plus simple a discrétiser. Nous proposons ainsi des appetiins associées a chaque
opérateur impliqué dans cette décomposition, a I'aidedsolta technique de la compo-
sition, soit de la technique de 'matching moment’ déveleppar Alfonsi [5].

Par conséquent, nous réalisons un schéma faible d’@rghaur 'EDS (1.20) par deux me-
thodes.

Le dernier paragraphe de cette partie est dédié aux iltisianumériques. De méme que
pour les schémas de discrétisation des processus affinetavebnss; (R), Les deux schémas
associés aux processtsRC emploient comme brique de calcul de base I'opérafgurCe
dernier a pour ordre de complexif§d?), sous les deux méthodes d’approximation. Comme
les deux schémas utilisent au plifois I'opérateurL, alors ils exigent au final une complexité
d’'ordreO(d*). Nous notons aussi que le schéma d’Euler-Maruyama corrigiadée a chaque
pas de temps le calcdlfois des vecteurs et des valeurs propres d’une matrice sigueidans
S4(R), cela implique une complexité d’ordre(d*). Bien que cette méthode partage le méme
ordre de complexité que les deux évoqués précédemmentnmassemarquons qu’elle reste
dans la pratique la méthode la plus colteuse, en terme des t@enpalcul. Par ailleurs, dans
le cas olkc + ck > (d — 1)a?, telle que la matrice est proportionnelle a la matrice identité
1;, nous proposons une autre approximation d’ordre faible dguixiemande une complexité
juste d’ordreO(d?). Un tableau est donné pour comparer le temps de calcul. Desdigur la
convergence asymptotique des schémas est aussi présenté@eis observons que les résultats
numériques correspondent bien aux convergences thésridpienues.
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1.5 Modeles pour les options sur indice, une approche 'bot-
tom up’

La derniére partie de ma thése consiste a proposer un modélesous-jacents permettant
de calibrer a la fois le marché des options vanilles et ceddiiddice. Dans ce travalil, les don-
nées du marché employées et analysées sont cell&sAdt Nous remercions Julien Guyon
(Société Générale) de nous avoir fourni ces données. Aaslm et al. [7] et Langnau [61]
ont bien expliqué qu’'une dépendance constante, dans unlenauéti sous-jacent, reste in-
suffisante pour capter les prix des options sur indices. tem, @n a vu précédemment que le
risque de corrélation présente plusieurs caractérigtitgmques dans le marché. Entre autre,
on trouve le phénomene de 'asymétrie de dépendance eimiigcé€ et sa matrice de corré-
lation, on verra bien dans le chapitre 4 que cette corréaimurrait caractériser (au moins a
tres courte maturité) le skew a la monnaie de la volatilitgliaite de I'indice. On rappelle que
le skew a la monnaie définit la pente ou bien la dérivée de latité implicite de l'indice
par rapport au strike. L'incapacité des modeles simplepandre aux exigences du marche
pourrait conduire a des pertes et a des expositions tréséesq En tant que vendeur d’'une
option call sur indice, notée p&f(t, S;), les profits et pertes, notés pB& L, d’'une stratégie
de couverture delta neutre s’écrit sous la forme suivante

1 .
P&L =~ > 00Vt S8,

1<i,j<d

AS! ASJ
( Sgt Sg (Rt)”atat> At,

oU (07)1<i<d, 1>0 €t (R:)¢>0 SONt respectivement les valeurs des volatilités localés @irréla-
tion données par le modéle. Durant les périodes baissiaresrrélation entre sous-jacent se
manifeste de plus en plus souvent, et on déduit quié, a un facteur pres du Gamma, est en
mesure de prendre des valeurs tres negatlvésgﬁ— >> (Rt)”atat Ce qui justifie 'em-
ploi d’'une matrice de corrélation aléatoire permettansme réduire, voire méme d’annuler,
les pertes dans une stratégie de couverture. La motivatitradail est de mettre en oeuvre une
structure de corrélation en mesure de répondre a ce besoin.

1.5.1 Modele a corrélation locale

On se place dans un premier dans un modéle a corrélatiorelpuat. On considere alors
gue les composantes de l'indice suivent 'EDS suivantes smprobabilité risque neutre

ds;
V1 <i<d, S; =rdt + (v R(1;)dBy);
t

d
L= a's,
=1

ou (B;):>o est un vecteur de mouvement Brownier¢f,) est une matrice de corrélation telle
que

1 S [ 7&] S d7 Ri,j(]t) = p(]t) = A Pmin - (129)

L+n(3)
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Tous les paramétres du modéle sont des constantes, tellg que> 0 et p,,;, € [0, 1]. nous
expliquerons dans le chapitre 4 les différentes sengbitie ces paramétres sur la structure de
la volatilité implicite. En particulier, nous montrons nariquement qu’ils jouent des roles tres
distincts. En effet, le paramétrea un impact direct sur le niveau de la volatilité impliciteaa |
monnaie sans changer le skew, tandis que la valeyridduence directement la pente de la
courbe (le skew) sans changer, pour autant, le niveau dddtlié a la monnaie. Enfing,,;,
agit sur la partie droite de la courbe de volatilité impbgite qui joue plus sur la convexité de
la courbe.

Par conséquent, grace a cette séparation du role de chagumegbee, nous avons mis en
place un algorithme stable de calibration. Cette approoh@ence par établir des méthodes
de calibration paramétre par paramétre sur un modeéle rétriidimensionl0. Une fois la
calibration est obtenue sous ce modéle, on réalise enswtmathode générale d’optimisation
pour le modele de départ. Les résultats numériques moninertertaine stabilité de paramétre
entre le passage du modele réduit au modeéle général. Edgtadibration est effectuée dans
un temps raisonnable.

1.5.2 Modeéle a corrélation stochastique

Bien que le modéle a corrélation locale peut calibrer coeraent les données de marché,
sa structure locale présente le méme probleme signalé@ard® dernier a montré que dans le
cadre d’'un modele de type CEV, quand la valeur du sous jadénsgant initial est perturbée,
alors la dynamique de la courbe de la volatilité implicitendodéle prend la direction opposée
de celle de la perturbation, ce qui n’est pas vérifie expéralement. Dans le contexte multi
dimensionnel, on montre bien numériquement que la vakaiiplicite du modéle précédent
prend la direction opposée que celle de la perturbatiora @alit dire que méme si le modéle
local calibre bien les options sur indices, la dynamiqueadeotatilité implicite rend la stratégie
de couverture du modele moins efficace. Par conséquentanouns regardé d’autres types de
modéle se basant sur une corrélation stochastique.

On suppose alors que les sous-jacents suivent 'EDS seiwants la probabilité risque
neutre :

d 7
V1 <i<d, SS} =rdt + (VRdB,); Y1<i,#j<d, (R)i;=p. (1.30)
t

Dans ce cas on suppose dpeg);>( est un processus de Wright-Fisher défini déns] et donné
par 'EDS suivante :

dpy = K(pe — p(Ly))dt + o/ pe(1 — pr)dWs,

ou (W;):>0 est un mouvement Brownien indépendant du vecteur de Browaig,, etrx, o >

0 et p(I;) est défini par (1.29)L'introduction des modeles a corrélation stochastiquessiit
dans le cadre d’investigation sur leurs possibilités pigtas d’offrir une paramétrisation plus
riche. L'analyse des paramétres du proce$gus-, nous a permis d'identifier deux régimes de
fonctionnement dépendant de la valeurd&i ce dernier est tres grand, le modele se comporte
comme le modele local précédent. En revanche, quand lanaddeuest petite nous obtenons
un modéle ayant des valeurs de skew moins prononcées. @eerégt plus influencé par les
parametreg, eto.
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Nos investigations ont aussi porté sur des matrices delatbom ayant une structure plus
générale, en employant les matricelsSRC' définies dans le chapitre 3. Dans ce cas de figure,
et sous les mémes notations que (1.30), on considére qudriaerde corrélatior{ R;);>, est
une solution de 'EDS suivante :

R, = Ro+ H/t (C(Is) — Ry) ds (1.31)
0

d t
+3 /0 (1) (\/RS TRy Ry AW, + et dWT /R, — R363R3> .
n=1

Ici, (W;):>o est une matrice de mouvement Brownien indépendant du vedky-,, et
(C'(Iy))i>0 €st une matrice de corrélation telle que pour tbut ¢ # j < d, onaR(l;),; =
p(I;) ou la fonctionp(1;) est donnée par (1.29%nfin, la fonctiono(1;), étant bien explicitée
dans le chapitre 4, a une forme spécifique pour vérifier lediions d’existence du processus.
Bien que la corrélation dans ce modele balaye une espacegiiasce modelé/ RC est défini
par quatre parametres. Les simulations numériques mampnéen terme d’interprétation, les
parametres jouent presque le méme rle. En effet, la vateuidentifie deux régimes, si est
grand alors le modéle se comporte comme le mo@e(@), tel que la valeur de détermine
la valeur de la volatilité implicite a la monnaie-etgit sur la pente de la courbe. Néanmoins,
guandx est petit alors le niveau de la volatilité est déterminéefaet o définit la convexité
de la courbe.

Ce travail n’est pas encore achevé et nous continuons & tbézent modéles pour ca-
librer au mieux les données sur indices. Néanmoins, il ptéseertains résultats et certaines
heuristiques que nous pensons utile de le mentionner d#esloese. Il donne également une
motivation 'pratique’ aux chapitres précédents sur la &tien des processus de Wishart et le
processus de corrélatiod RC'
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Chapter 2

Exact and high order discretization
schemes for Wishart processes and their
affine extensions

Note: Ce chapitre a donné lieu un article [1] soumi&rnals of Applied Probability

Abstract This work deals with the simulation of Wishart processesafide diffusions on
positive semidefinite matrices. To do so, we focus on thétsgiof the infinitesimal generator,
in order to use composition techniques as Ninomiya and Vif#8] or Alfonsi [5]. Doing so,
we have found a remarkable splitting for Wishart procesBasdnables us to sample exactly
Wishart distributions, without any restriction on the pagders. It is related but extends exist-
ing exact simulation methods based on Bartlett's deconipasiMoreover, we can construct
high-order discretization schemes for Wishart processdsacond-order schemes for general
affine diffusions. These schemes are in practice fasterttigagexact simulation to sample entire
paths. Numerical results on their convergence are given.

Introduction and first definitions

This paper focuses on simulation methods for Wishart pseseand more generally for affine
diffusions on positive semidefinite matrices. Before eiplay our motivations and our main
results, we start with a short introduction to these proegskven though we use rather stan-
dard notations for matrices, they are recalled in Appendix12 and we invite the reader to
give first a quick look at it. Wishart processes have beeralhjitintroduced by Bru [16, 17].
They are also named because their marginal laws follow Wishstributions. Very recently,
Cuchiero et al. [26] have introduced a general frameworkafifine processes on positive
semidefinite matrice$; (R) that embeds Wishart processes and includes possible jumps.
this paper, we only consider continuous processes of this. Ksuch processes solve the fol-
lowing SDE:

t t
Xf:x+/ (a+B(X§))ds+/ (x/ngWSa+aTdWST\/X§>. (2.1)
0 0
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Here, and throughout the papéi/;, ¢ > 0) denotes al-by-d square matrix made of indepen-
dent standard Brownian motions,

z,a € 8§ (R), a € My(R)andB € L(S;(R)) (2.2)
is a linear mapping o&5,(R). Wishart processes correspond to the case where
Ja > 0,a = aa’a and3b € My(R), Ve € Sy(R), B(z) = bx + xb”. (2.3)

Whend = 1, (2.1) is simply the SDE of the Cox-Ingersoll-Ross procéss has been broadly
studied, and we will implicitly assume thdt > 2 throughout the paper. Weak and strong
uniqueness of SDE (2.1) has been studied by Bru [17], Cuzleieal. [26] and Mayerhofer et
al. [66]. We sum up here their results.

Theorem 1 —If z € S (R),a— (d—1)a’a € S (R) and B satisfies the following condition
‘v’xl,xg € S;(R), Tr(l’ll‘g) =0 = Tr(B(l‘l)ZEQ) >0, (24)

there is a unique weak solution to the S[IE1). We denote by F Fy(z, @, B, a) the law of
(X[ )is0o and AF Fy(z, @, B, a; t) the marginal law ofX . If we assume moreover that- (d +
Da’a € SF (R) andz € S;*(R), there is a unique strong solution to the STEL).

Under the parametrization of Wishart proces§2s), condition(2.4)is satisfied and weak
uniqueness holds as soon@s> d — 1. In that case, we denote By 15,(z, o, b, a) the law of
the Wishart procesSX} ):>o andW1S,(z, a, b, a; t) the law of X}.

Throughout the paper, when we use the notatiéi¥';(z, @, B, a) or AF Fy(z, @, B, a; t) (resp.
WISy(z,a,b,a) or WISy(x,a,b,a;t)), we implicitly assume that — (d — 1)a’a € S} (R)
(resp.a > d — 1) and B satisfies (2.4) so that weak uniqueness holds.

In her Ph.D. thesis [16], Bru has introduced Wishart proegessd used them in biology
to study perturbed experimental data. Recently, a greanhtah has been paid to Wishart
processes for applications in finance. Namely, Gourierouk Sufana [47] and Da Fonseca
et al. [28] have suggested to use these processes to modestéuetaneous covariance matrix
of d assets. It naturally extends stochastic volatility modi@only one asset like the Heston
model [51]. Obviously, processes on positive semidefinitdrizes are really interesting to
model the evolution of a dependence structure because #megtescribe a covariance matrix.
However, when dealing with applications, it is in generalatal to be able to sample paths of
such processes and make Monte-Carlo algorithms.

To the best of our knowledge, there is few literature on satioh methods for Wishart and
general affine processes (2.1). Wishart distributions lh@aen intensively studied in statistics
whena € N. Inthis case, exact simulation methods have proposed bl @ukFeiveson [70],
Smith and Hocking [80] and Gleser [44] to mention a few. Conirgy discretization schemes,
the usual Euler-Maruyama scheme is not well-defined beaafike square-root. This is what
already happens for the Cox-Ingersoll-Ross process whalegsponds to the cage= 1. One
has then to find specific schemes. Recently, Benabid et an@JGauthier and Possamai [42]
have proposed numerical approximations for Wishart pseeshat are well defined under
some restrictions on the parameters. However, there issutt i@n the accuracy of their meth-
ods. Currently, Teichmann [71] is working on dedicated sobe for general affine processes
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by approximating their characteristic functions. Our sthére is only dedicated to the diffu-
sion (2.1).

Initially, our goal was to find high order discretization sahmes for Wishart processes by
splitting operators and using scheme compositions. Indbéslapproach has already proved
to be very efficient for other affine diffusions, see [5]. Dgpso, we incidentally have found a
remarkable splitting for some canonical Wishart procesgesh enables us to sample exactly
Wishart processes. In particular, our result extends théldédigs decomposition that is com-
monly used to sample central Wishart distributions when N. This splitting also enables us
to get high order discretization schemes for Wishart preegsThen, by using scheme compo-
sition, we also get a second order scheme for any affine @fiu®.1). Contrary to the exact
scheme, one has then to study the discretization error, amqptevide a rigorous analysis of the
weak error.

This paper is structured as follows. First, we present soemeigl results on affine diffu-
sions. We calculate their infinitesimal generator and olitgeresting identities in law that are
intensively used next for the different simulation metho8ection 2.2 is devoted to the exact
simulation of Wishart processes. It exhibits a remarkapliting of the infinitesimal genera-
tor and shows how it can be used to sample exactly any Wislsrifodition. Section 2.3 deals
with high order schemes for affine diffusions. Thanks to #raarkable splitting, we are able
to construct a third order scheme for Wishart processes ermhs order schemes for affine
diffusions. Last, we give numerical illustrations of oungergence results in Section 2.4. We
compare the time required by each method and also give aly@sgiplication of our results
in finance.

2.1 General properties of affine processes on positive seneifd
inite matrices

2.1.1 The infinitesimal generator onM,;(R) and S;(R)

We start this subsection with a simple Lemma, which is usifidalculate the infinitesimal
generator of affine processes. Its proof is basic and isnefppendix 2.6.2.

Lemma 2 — Let(F;).>o denote the filtration generated Bi4;, ¢ > 0). We consider a process
(Y:)1>0 valued ine Sy(R), and we assume that there exist continu@fig-adapted processes
(At)e>0, (Br)i>0 and(Cy):>o that are respectively valued i ,(R), M4(R) andS,(R) so that
Y; admits the following semimartingale decomposition:

dY, = Cydt + By dW, A, + ATdW ! B (2.5)
Then, fori, j,m,n € {1,...,d}, the quadratic covariation ofY;); ; and (Y}),,., is given by:
d((Y;f)i,jv (Y;f)mn> = (BtB;fr)i,m(AgAt)j,n + (BtB;fr)i,n(AgAt)j,m

+(Bth)j,m(A?At)i,n + (Bth)j,n(A?At)i,m- (2-6)

It is worth to notice that the quadratic covariation givenBy5) depends or, and B; only
through the matriced? A, and B, BI'. Lemma 2 enables us to calculate easily the infinitesimal
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generator for the affine process (2.1) which is defined byallor € S; (R):

_ i BUXD)] = f(2)
IMf(x) = lim .

t—0t

, with f € C*(My(R), R) with bounded derivatives

Proposition 3 —Infinitesimal Generator onM,(R). Let (X7 );>0 ~ AF Fy(z, @, B, a) be an
affine process. Its infinitesimal generator &1,(R) is given by:

M= Tr([a+B(x)]DM)+%{2Tr(:vDMaTaDM)+Tr(x(DM)TaTaDM)+Tr(:UDMaTa(DM)T)},

where DM = (9; j)1<i j<a-

Proof : On the one hand, the drift part of the operator is givenEilvl:1 a0k +

ZZJ:l(B(x))k,lak,l = Tr((a + B(x))D™). On the other hand, we get from (2.6) that the
diffusion part of the operator is:

d
Z [Zim(a”a)jm + Tin(a”a)jm + Tjm(a’ @)in + 2j0(a” @)im)0i jOmn
mii,j=1

d d
1 1
=5 > wim(a’a)jnd; jOmm + 3 > 2in(a"0)jm0: j0mn

n7m7i7j:1 nymyiyj
d d

1
Z xj,m<aTa)i,nai,jam,n + 5 Z xj,n(aTCL)i,mai,jam,n

n7m7/[/7]:1 n7m727.]

[Tr(z(D")Ta”a(D"YT) + 2Tr(zDMa”aDM) 4 Tr(z(DY T a” a DM))].

Here, we have given the infinitesimal generator/ety(R), while we know that the affine
process X7);>o takes values i} (R) C Sy(R). Thus, we can also look at the infinitesimal
generator of this diffusion 0§,(R), which is defined by:

z € SF(R), LS f(x) = lim ELf (X)) — f(=)

! p for f € C?(S;(R), R) with bounded derivatives
t—0

Forz € Sq(R), we denote byry; 3 = x;,; = x;; the value of the coordinateg, j) and
(J,9), sothatr = > .,z (ef’ + Ligel’) (see notations in Appendix 2.6.1). Fpre
C*(S4(R),R), we then denote b§y; , f its derivative with respect to the coordinatgs;,. We

introduce
T My(R) — Si(R)
x— (x+27)/2,

that is such that(z) = z for x € S;(R). Obviously,f o m € C*(M,4(R), R) and we have
LS f(x) = LM fom(x).

By the chain rule, we have for € S;(R), 9; ; f o m(z) = (Li—; + 5 Liz;)0p51 f () and get the
following result.
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Corollary 4 — Infinitesimal Generator onS,;(R). The infinitesimal generator o§;(R) as-
sociated toAF' F,(z, @, B, a) is given by:

L° = Tr([@+ B(z)|D%) + 2Tr(xD%a”aD®), (2.7)
whereD? is defined byD?, = (1;—; + $1,4;)p 53, for 1 <4, j < d.

Of course, the generatofs*! and L° are equivalent: one can be deduced from the other. How-
ever, LS already embeds the fact that the process lieS,{iR), which reduces the dimension
from d* to d(d + 1)/2 and gives in practice shorter formulas. This is why we willgthp
work in the sequel with infinitesimal generators 8f{R). Unless it is necessary to make the
distinction with L™, we will simply denotel, = LS.

2.1.2 The characteristic function of Wishart processes

As for other affine processes, the characteristic functi@ffme processes on positive semidef-
inite matrices can be obtained by solving two ODEs. In thes cdsWishart processes, it is
possible to solve explicitly these ODEs by solving a matrigdati equation (see Levin [62]).
Here, we give the closed formula for the Laplace transforchaprecise description of its set
of convergence.

Proposition 5 — Let X} ~ WISy(z,a,b,a;t), ¢ = fot exp(sb)a’aexp(sb!)ds andm; =
exp(tb). We introduce the set of convergence of the Laplace tramstdtX |, Dy .. = {v €
Sa(R), Elexp(Tr(vX[))] < co}. This is a convex open set that is given explicitly by

Dpar = {v € Sa(R),Vs € [0,], I; — 2¢sv € G4(R) }. (2.8)

Besides, the Laplace transform &f is well-defined fon = vy + iv; withvg € Dy 4y, vr €
Sq(R) and is given by:

exp(Tr[v(Ily — 2qv) " tmyaml])
det(I; — 2qv)2 '

Elexp(Tr(vX}))] = (2.9)

The characteristic function corresponds to the ease- 0 that clearly belongs t®, ... The
proof of this result is given in Appendix 2.6.2. Let us remtét for X7 ~ W1S,(z, a,0, I3;1),
the formula above becomes even simpler and we have fer vz + iv; such thatvy €
Db,a;ta vy € Sd(R):

oot - S g
d

2.1.3 Some identities in law for affine processes

This section presents simple but interesting identitidawnfor affine processes. We first state
a preliminary lemma.
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Lemma 6 — LetB € L(S;(R)) andg € G4(R). We defineB, € L(S;(R)) by B,(z) =
(¢")"'B(q"xq)q™". Then,

B satisfieq2.4) <= B, satisfieq2.4).
Proof : It is sufficient to prove the direct implication sinéqz) = ¢ B,((¢") 'zq™')q. Let
z,v € 8§ (R) such that Tfzv) = 0. We have
Tr(By(x)v) = Tr[B(q"xq)q "v(q")™'] > 0,

sinceB satisfies (2.4) and Tig”) 'zq quq”] = Tr(zv) = 0. 0

Proposition 7 — The following identities holds:

o AFFy(x,&, B,a) b AFFy(z,a, B,VaTa).
e (linear transformation) Let; € G;(R), we have

qTAFFd(xu Q, Ba CL)q L?w AFFd(qTxQ7 qT@Q7 Bq_la CLQ)a
whereB,-1 is defined by'y € S;(R), B,-1(y) = ¢* B((¢")'yqg)q.

Proof: From Proposition 3 or Corollary 4, we know th@{;");~o ~ AF Fy(x, @, B,a) and
(X#)1»0 ~ AFFy(z,a, B, VaTa) have the same infinitesimal generator. Therefore, theyesolv
the same martingale problem. Thanks to the affine struabmescan show that this martingale
problem has a unique solution by looking at the charactefishction. This is made in a much
general case in Cuchiero et al. [26]. Similarly, we can chesily thaty” AFFy(y, &, B, a)q
and AFF,(q"yq, q"aq, B,-1, aq) lead to the same martingale problem. Here, we remark that
B, satisfies (2.4) thanks to Lemma 6. O

An interesting consequence of this linear transformasagiven in the following corollary.
It states that any affine process can be obtained as a limemfdrmation of an affine process
for which we haven = I}, wherel} = (1,_;<,)1<ij<a (S€€ NOtations in Appendix 2.6.1).
Since our main goal here is to sample paths of such procakgsesays us that it is sufficient
to focus on this special case.

Corollary 8 — Let(X[);>0 ~ AFFy(z, @, B,a) andn = Rk(a) be the rank ot a. Then,
there exist a diagonal matri and a non singular matrix € G,;(R) such thatx = «”du, and
a’a = u Iu, and we have:

(X )i>0 = uTAFF, ((u_l)Txu_l, 9, By, ]C?) u,
whereVy € S4(R), B,(y) = (u )T B(uTyu)u=?.
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Proof : Onceu is given, the identity in law comes directly from Propositid. We give now

a constructive proof of the existencewgfwhich takes back the arguments given by Golub and
Van Loan ([45], Theorem 8.7.1). Nonetheless, we explaimiirely since it gives a practical
way to getu.

Let us consider + a”a € S (R). From the extended Cholesky decomposition given in
Lemma 33 there is a matrixe G4(R) such thav” av+vTa’av = I7, wherer = Rk(a+a’a).
SincevTav € 8§ (R), v'a"av € S (R) andz"I}z = 0 for = € R? such that; = - =z, =
0, there ares, 52 € S;F(R) such that:

- (s 0 rr s 0

vav-( 0 0) andvaav—< 0 0).
Let 0o, be an orthogonal matrix such thafs,o, is a diagonal matrix. We assume with-
out loss of generality that only the first elements of this diagonal are positives sy0, =

diag(ny,...,nn,0,...,0). We seto = ( o2 0 ) and getl; = o'vTavo + o' vTal avo,

0 Id—r
which gives that”v"avo is a diagonal matrix. Thus, we get the desired result by tpkin
u = diag(\/mi, ..., /T, 1,...,1)o o1, O

Let us make few comments on the practical implementatiorotopuiteu. For Wishart
processesy = aa’a, andu can directly be obtained by using a single extended Cholesky
decomposition (Lemma 33). In the general case, the comepntaf « mainly requires an
extended Cholesky decomposition and the diagonalizafip. o

Up to now, we have stated identities for the law of affine psses. Thanks to the explicit
characteristic function of Wishart processes, we are diota get another interesting identity
on the marginal laws.

Proposition 9 — Lett > 0, a,b € My(R) anda > d — 1. Letm; = exp(th), ¢ =
[ exp(sb)aTaexp(sb”)ds andn = RK(g,). Then, there i$, € G,(R) such thaiy, = t6, 1767,
and we have:

WISg(x,a,b,a;t) = O, WISy(0; ' muam! (0,7, a,0,17;1)6F (2.12)

Law

This proposition plays a crucial role for the exact simaatof Wishart processes. Thanks
to (2.11), we can sample any Wishart distribution if we arke ab simulate exactly the distri-
butionW I.5,(z, a, 0, ;) for anyz € S; (R). In Section 2.2, we focus on this and give a way
to sample exactyV 1.S,(z, o, 0, I};t). Let us stress here that we can compute the métitby
using the extended Cholesky decomposition,¢f, as it is explained in the proof below.

Proof : We apply Lemma 33 ta;/t € S, (R) and considel(p, ¢,,, k,) an extended
¢, 0
kn ]dfn
is easy to check that = t6,1707 . Now, let us observe that fare S;(R),

Cholesky decomposition af /t. We setd, = p~* . Then,d; is invertible and it

det(I; — 2igw) = det(6,(0,* — 2itI707v)) = det(Iy — 2itI}607 v6,),
Trliv(Iy — 2ig) ‘meaml] = Tr[i(0; )07 v(0,0," — 2it0, 1707 00,0, 1) 'myam] |
= Tr[i6Iv0,(1; — 25t 1701 v0,) 10 ' myam! (6,7 1)T).
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Let X7 ~ WISy(z,a,b,a;t) andX? ~ WISy(z,a,0,I:t). Then, from (2.9) and (2.10), we
get that

T

-1 -1 ~p—1 -1
Elexp(iTr(vX¥))] = Elexp(iTr(67v6, X0 ™™ ™)) = Elexp(iTr(vg, X0 ™™ @ )" g7y,

which gives the result. O

Last, we have to mention that the identity (2.11) extendssaralidentity between CIR and
Bessel squared distribution. It gives whép- 1:

et 1 2btx
IS (— 2
w Sl(a2(1 _ 6—2bt)

In that case, this identity can also be obtained directlynftbe SDE. Let suppose thaX[);>o ~
WIS, (z,a,b,a). We haved XF = (aa? + 2bX;)dt + 2a/XFdW;. Then,Y; = e ®' X7 /a? is
a time-changed Bessel squared process sifige= a(e=2%dt) + 2v/Y; (e 'dW;). We obtain

WIS (z,a,b,a;t) = a?e®W 1S (z/a?, ,0,1; 1’37;2“) On the other and, a linear time-
change gives thatl’ 1.5 (x, «, 0, 1; \t) = MVIS (z/A, «,0,1;t), which leads to the same

identity as (2.11) by taking = (1 — e=2%%)/(2bt).

WIS (z,a,b,a;t) = a?

0,1;7).
o bt , &, U, a)

2.2 Exact simulation of Wishart processes

In this section, we present a new method to simulate exattlishart process. It works without
any restriction on the parameters. Wishart distributicagelbeen thoroughly studied in statis-
tics whena € N (which is then called the number of degrees of freedom). Esiatulation
methods have already been proposed in that case. For iesadell and Feiveson [70] have
given an exact simulation algorithm for central Wishartrilisitions based on the Bartlett's
decomposition, and Gleser [44] extends it to any (non-eéniWishart distribution. Bru [17]
explains also whemx € N how Wishart processes can be obtained as a square of Ornstein
Uhlenbeck processes on matrices.

Here, our method relies on the identity in law (2.11) thattdes us to focus on the case
b=0,a = I}. Then, we show a remarkable splitting of the infinitesimalgyator as the sum
of commuting operators. These operators are associatddEalt&t can be solved explicitly
onS; (R), which enables us to sample any Wishart distribution.

2.2.1 Aremarkable splitting for W1S,(z,a,0,17)

The following theorem explains how to split the infinitesirganerator of dV 15,(x, «, 0, I7})
as the sum of commutative infinitesimal generators. It wdlypa crucial role in the sequel for
the exact simulation and to get discretization schemes.

Theorem 10 — Let L be the generator associated to the Wishart prodéssS,(z, «, 0, I7})
and L; be the generator associated6/5,(z, a, 0, ¢;) fori € {1,...,d}. Then, we have

L=>) Ljand Vi,je{l,...,d}, Lil; = L; L. (2.12)

i=1
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Proof : From (2.7), we easily get thdt = > | L; sincel} = >_" | ¢}. The commutativity
property comes from a simple but tedious calculation whsdefit in Appendix 2.6.3. O

Beyond the commutativity, two other features of (2.12) anpartant to notice.

e The operatord,; andL; are the same up to the exchange of coordinasesl; .

e The processed’ 15,(x, a, 0, e;) andW I.S,(z, a, 0, I7) are well defined o (R) under
the same hypothesis, namely> d — 1 andz € S; (R).

This second property enables us the composition that weiexpbw. Let us consider > 0
andz € S (R). We define iteratively:

X"~ WISy(x,a,0,ekt),
X2 O WISHXT, a0, €2 1),

1,z 1

X WISHXPTY a0, el t).
1,z

Thus,Xf""Xt is sampled according to the distribution at timef a Wishart process starting

1,

from X,f‘l"“xt and with parameter@y, 0, ¢/,). We have the following result.

1,z

Proposition 11 — LetXt”’“'Xt be defined as above. Then

1,z

X O WISa(x, o, 0, 7).

Thanks to this proposition, we can generate a sample acepraliV 1 S,(x, o, 0, I7}; t) as soon

as we can simulate the laM81.5,(z, o, 0, €},). These laws are the samel&d Sy(z, o, 0, I}; 1),

up to the permutation of the first aifl coordinates. In the next subsection, it is explained how
to draw such random variables.

It is really easy to give a formal proof of Proposition 11. Lgbe a smooth function
onS;) (R) andXy ~ W1Sy(z,«,0,I7;t). By iterating Itd’s formula, we have tha& f (X7)] =
oo tFLF f(x)/k!. Similarly, we also get by using the tower property of theditional ex-
pectation that:

+oo tk?n

kn=0
(2.13)

Simply by repeating this argument, we get that

n...thyz = tzle hi k1 k s tk k x
E [f(Xt’ )] - > N L f@) =Y (Lt A L)  f(2) = BIF(XT)].

k1,..., krn=0 k=0
(2.14)

To get the second equality, we identify a Cauchy product aedhat the operators, ..., L,
commute. To make this formal proof correct, one has to chieakthe series are well defined
and can be switched with the expectation. This check is nradeei Appendix 2.6.3 for our
framework and remains valid as soon as the operiatand L are of affine type.
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2.2.2 Exact simulation forW I.S,(x,«,0, I};t)

In this subsection, we focus on the simulation/6f Sy(z, o, 0, I}) with a > d — 1 andz €
S, (R). Thanks to Proposition 11, this enable us then to simulabgkes ofiV 1.5,(z, «, 0, I7).
For the sake of the clearness, we start with the cagk-ef2 that avoids complexities due to
the matrix decompositions. We deal with the general casajtes.

The cased = 2

We start by writing explicitly the infinitesimal generatby of W 1S,(z, , 0, I3). From (2.7),
we get, for allz € S (R),

X
Lif(z) = adpay f(x) + 295{1,1}5%1,1}f(95) + 2241 9y001,11 011,23 f () + {;2} 3%1,2}f(35)- (2.15)

We show now that this operator is in fact associated to an $laEcan be explicitly solved.
We will denote by(Z}, ¢ > 0) and(Z2,¢ > 0) two independent standard Brownian motions.
Whenzy, 5y = 0, we also have; 5, = 0 sincex is nonnegative. In that case,

Xy =z, d(X]) a1y = adt + 24/ (XF)andZ), d(X]) ey =0, d(X{) 22 =0 (2.16)

has the infinitesimal generator (2.15), which is the one oba&-[bgersoll-Ross SDE (or of a
squared Bessel process of dimensidin be more precise). By using an algorithm that samples
exactly a non central chi-square distribution (see foranseé Glasserman [43]), we can then
samplelV 1 Ss(x, a, 0, I3;t) whenz s 0, = 0.

Whenz, 2y > 0, it easy to check that the SDE

dX7)pny = adit 2\/(X§”){1,1} Coual gz 2\}%)71{26122
X7y = V(XD pydZ] (2.17)

starting fromX§ = = has an infinitesimal generator equaliip To solve (2.17), we set:

(U )y = (X pn — 7()(}){{2 2}} , (U ey = 7\/%}, (Ui )22y = T223- (2.18)

Here,u stands for the initial condition, i.e. = U§. We get by using It6 calculus that

d(Utu){Ll} = (Oz — ].)dt + 2\/ (Uu){l 1}dZt, d(U ){1 2} = dZ andd(Uu){2 2} = O (219)

Therefore,(U;") 1,2y and (U;*)41,1; can be respectively be sampled by independent Gaussian
and non-central chi-square variables. Then, we can get Badky inverting (2.18):

(XD = U any + U2 XD a2y = O a2/ (U@, (X = (Uf)pa)-
(2.20)
The following proposition sums up and makes more precisabioze result. Its proof is
postponed to the general case (Theorem 13).
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Proposition 12 — Letz € S5 (R). Then, the process\} ), defined by eithe(2.16)when
Tya0y = 0 0r (2.17)whenz, 5, > 0 has its infinitesimal generator equal #,. Moreover,
the SDE(2.17)has a unique strong solution which is given(@y20) where(U},t > 0) is the

solution of the SDK2.19)starting fromuy; 1y = z(1,13 — 2;2 >0, ugr 0 = ;%, Ugz0} =

l‘{gg}.

This result gives an interesting way to figure out the dynaasgnciated to the operatby,
by using a change of variable. It is interesting to noticé tha CIR processU;"), 1y is well
defined as soon as its degree- 1 is nonnegative, which coincides with the condition under
which the Wishart procesd§’ 1.5(z, a, 0, I3 ) is well-defined. Last, we notice that the solution
of the operatol.; involves a CIR process in the diagonal term and a Browniananat the
non diagonal one. We will get a similar structure in the gahécase.

The general case wher > 2

We present now a general way to sample exddflyS,(x, «, 0, I}; ). We first write explicitly
from (2.7) the infinitesimal generator &f 1.5,(z, «, 0, I}) for x € S; (R):

Lif(z) = adp 1y f () + 25'3{1,1}5%1,1}f(95) +2 Z T{1,myOr1,my 911y f ()

1<m<d
m#1
) g (2.21)
+5 D Hmudumdunf (@),
1<m,l<d
mAL AL

As for d = 2 we will construct an SDE that has the same infinitesimal geoef.; and that can
be solved explicitly. To do so, we need however to use funthatrix decomposition results.
In the casel = 2, we have already noticed that we choose different SDEs wheth = 0 or
not. Here, the SDE will depend on the rank of the submaitrjx).<; <4, and we set:

r = Rk((.ri,j>2§i7j§d) € {0, ey d— 1}

First, we consider the case where

. ¢ 0 ko kT T
de, € G, lower triangulark, € Mg_1_,«,(R), (2)a<ij<a = ( k0 ) ( 6 6 ) =:cc.
(2.22)
With a slight abuse of notation, we consider that this deamsitfpn also holds when = 0 with
c=0. Whenr = d — 1, c = ¢, is simply the usual Cholesky decomposition(of ;).<; j<a-
As itis explained in Corollary 15, we can still get such a daeposition up to a permutation of
the coordinate$2, . .., d}.

Theorem 13 — Let us considerr € SJ(R) such that(2.22) holds. Let(Z})i<i<,+1 be
a vector of independent standard Brownian motions. Thea faHhowing SDE (convention
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> p_i(...) =0whenr = 0)

r r _ z 2
d(XP)pay = adi+ 2\/(th){1,1} = 2o (i (e (X ) ) "dZ}
+23 Zfzkl(ffl)k,l(Xf){l,m}dzf“
d(Xtm){l,z} = 22:1 Cifl,det + s = 2, P ,d
0

A((XP) @ ry)2<hi<d = (2.23)

has a unique strong solutiofiX");>, starting fromz. It takes values irS;} (R) and has the
infinitesimal generator.,;. Moreover, this solution is given explicitly by:

(Ut“){l,l}+l;((Uf){1,k+1})2 (UM gy i< 0

Xy =¢ el 2.24
Lo (UM g1y )1<i<r I, 0o1]¢> ( )
0 0 0
where
AU )11y = (@ —r)dt + 24/ U andZ, upy =zp1y — Z(U{l,k+1})2 >0,
=1
AU ehsisr = (@2 hsisr (g s = 6 (@ )i<isr
(2.25)
and
1 0 0
c=10 ¢ 0
0 kr ]dfrfl

Once again, we have made a slight abuse of notation when0, and (2.24) should be
Uy 00
simply read asX} = 0 0 0 | inthat case. In the statement above, it may seem
0 0 0
weird that we use for andU;* the same indexation as the one for symmetric matrices while
we only use its first row (or column). The reason is that we odiadt seeX as a function of
U} by setting:

Thus,(c,, k, 14-1) is an extended Cholesky decompositionr{@f;*); ;)2<i j<¢ and can be seen
as a function ot/}*. We get from (2.24) that

d—1
X{ = n(U), with h(u) =Y 1L—Ri(us,)ocr <q e (1) @Nd (2.27)
r=0
hy(u) =
1 0 0 U1y + kzl(u{mﬂ})z (U{1,1+1})1nggr 0 1 0 0
0 ¢ (u) 0 - 0 c(u)b kp(u)?
0 Kr(u) Ig—po (g hizier b X 0 0 Iy,

0 0 0
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, where(c, (u), k.(u), I;-1) is the extended Cholesky decomposition(of;).<; j<4 given by
some algorithm (e.g. Golub and Van Loan [45], Algorithm 4)2.Equation (2.27) will play
later an important role to analyse discretization schemes.

The proof of Theorem 13 is given in Appendix 2.6.3. It enahigso simulate exactly the
distribution W I1.S,(x, o, 0, I};¢) simply by sampling one non-central chi-square distributio
for (U}')(1,1) (see Glasserman [43]) amcbther independent Gaussian random variables. Like
in thed = 2 case, we notice that the condition which ensures that thel@yersoll-Ross
procesg (Uy)(113,t > 0) is well defined for any € {0,...,d — 1}, namelya — (d — 1) > 0,
is the same as the one required for the definitioR/dfS,(x, «, 0, I}).

Remark 14 — From (2.24) we get easily by a calculation made (B.45) that Rk(X}) =
Rk(<xz,])2§1,]§d) + H(U#){l’l}jgo, and therefore,

RK(X]) = RK((; ;)2<i j<a) + 1, @.S.

Theorem 13 assumes that the initial values S} (R) satisfies (2.22). Now, we explain
why it is still possible up to a permutation of the coordirsate be in such a case. This relies
on the extended Cholesky decomposition which is stated imrha 33.

Corollary 15 — Let (X[ )>0 ~ WISy(x,a,0,1}) and (c,, k., p) be an extended Cholesky

decomposition ofz; ;)2<; j<a (Lemma 33). Therm; = < (1] g ) Is a permutation matrix, and

T T
(th)tzo l: WTW[Sd(W.I'WT,Oé,O,[;)’YT and((WSL’WT>Z'7j)2§Z'7de = ( Z; 8 ) ( 66 k;(; )

satisfieq2.22)

Proof: The resultis a direct implication from Propositiopsincer” = =~ andr Iz = I}.
O

Therefore, by a combination of Corollary 15 and Theorem 18get a simple way to con-
struct explicitly a process that has the infinitesimal gat@rl; for any initial conditionz €
S (R). In particular, this enables us to sample exactly the WishisiributionW 1.5,(x, o, 0, I};1).
The algorithm below sums up the whole procedure.
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Algorithm 1: Exact simulation for the operatdn
Input: z € S; (R), d, « > d — 1 andt > 0.
Output: X, sampled according t4/7.5,(x, «, 0, I}; 1)
Compute the extended Cholesky decompositjoit., ¢;) of (z; j)2<; j<a 9iven by
Lemma 33y € {0,...,d — 1} (see Golub and Van Loan [45] for an algorithm);

10 _ 1~
Setr = ( 0 p )96 = ran’, (ug1413)1<i<r = (&) 1(${1,l+1})1§1§r and

Uy = Ty — ZZ=1(U{1,k+1})2 >0;

Sample independentlynormal variablegrs, . .., G, ~ N(0,1) and(U}) (1,13 @s a
CIR process at timestarting fromu; 1 solving

dU") 0y = (o —r)dt + 24/(Uf) 1,13dZ} (See Glasserman [43]). Set

(Utu){l,lﬂ} = U141} + \/ZGlH X

return
. Uiy + kzl((Utu){l,k—f—l})z (U411 i<i<r O .
X = Tz = _
e (U 10413 )1<i<r I, o |€™
0 0 0
where

1 0 0
c= 0 ¢ 0
0 kr Id—r—l

Let us discuss now the complexity of this algorithm. The nemtf operations required
by the extended Cholesky decomposition is of or@¢d*). From a computational point of
view, the permutation is handled directly and does not mecamy matrix multiplication so that
we can consider w.l.o.g. that = I;. Sincec, is lower triangular, the calculation off, ;;,
i = 1,...,7 + 1 only requiresO(d?) operations. Also, we do not perform in practice the
matrix product (2.24), but only compute the valuesqf ;, fori = 1,...,d, which requires
alsoO(d?) operations. Last samples are at most required. To sum up, it comes out that the
complexity of the whole algorithm is of ordér(d?).

2.2.3 Exact simulation for Wishart processes

We have now shown all the mathematical results that enabte gs/e an exact simulation
method for general Wishart processes. This is made in twasstéirst, by using the remark-
able splitting (Proposition 11) and the exact schemé¥arS,(z, «, 0, I}; t) (Theorem 13 and
Corollary 15), we get an exact simulation schemelor S,(z, «, 0, I};t). As we will see,
it is related but extends the Bartlett’s decomposition aftiad Wishart distribution that dates
back to 1933. Then, by using the identity in law (2.11), we @k to sample any Wishart
distributionW 15,(z, v, b, a; t).

Exact simulation for W1Sy(x,a,0,1};t)

By gathering the results obtained in the subsections 2:2d12a2.2, we get a way to sam-
ple exactly the distributio 1S;(z, o, 0, I7};t). Indeed, thanks to Theorem 13 and Corol-
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lary 15 we know how to sample exactly/ 75,(z, «, 0, I};t). By a simple permutation of the
first and k™ coordinates, we are then also able to sample according £6,(x, o, 0, ek: )
for k € {1,...,d}. Thus, we get by Proposition 11 an exact simulation methosato-
ple WIS,(x,,0,1};t). Itis given explicitly in the algorithm below.
Algorithm 2 : Exact simulation folV I.S,(x, «, 0, I} t)
Input: z € S (R),n <d,a >d—1andt > 0.
Output: X, sampled according td/15,(z, o, 0, I7; 1)
y=x
for k=1tondo
Setpy1 =p1x = pi; = 1fori & {1, k}, andp, ; = 0 otherwise (permutation of the
first andk™ coordinates).
y = pYpwhereY is sampled according t/ 7.5,(pyp, o, 0, I}; t) by using

Algorithm 1.
end
return X =y.

Since this algorithm basically runstimes Algorithm 1, it requires a complexity of order
O(nd?®) and therefore at most of ordéx(d*). As we have seen, the “bottleneck” of Algorithm 1
is the extended Cholesky decomposition which i®i@?). All the other steps in Algorithm 1
require at most(d?) operations. A natural question for Algorithm 2 is to wondewe can
reuse the Cholesky decomposition between the for loopsadsif calculating it from scratch.
For example, if it were possible to get the Cholesky decomiposof loop £ + 1 from the one
of loop k£ at a costO(d?), the complexity of Algorithm 2 would then drop t0(d*). Despite
our investigations, we have not been able to do so up to now.

Remark 16 — Whena > 2d — 1, it is possible to sampl&/ 1.S(x, o, 0, I7;t) in O(d®) by
another mean. X! ~ WISy(z,d,0,1%;t) and X? ~ WI1S4(0,a — d,0,I7};t) are inde-
pendent, we can check that' + X? ~ W1Sy(z,a,0,I};t). Then, X/ can be sampled by
using Proposition 30 and? by using Corollary 18 sinc&? = tW1S4(0,a —d,0,17;1)

Law
from (2.10)

Remark 17 — Letz € S;*(R). From Remark 14, we get that for eagéhc {1,...,n},

1,z

D = S;*(R), a.s.. In that case, the extended Cholesky decomposition thatohias
computed at each step is an usual Cholesky decomposition.

The Batrtlett’'s decomposition revisited

Now, we would like to illustrate our exact simulation methmuthe casél’ 1.5,(0, «, 0, 1}; 1),
which is known in the literature as the central Wishart distion. In that case, we can perform
explicitly the composition given by Proposition 11. We valow by an induction on that:

X ( (Lighisigen 0 (L h<ij<n O
= 0 0 0o 0)

where(L; ;)1<j<i<q¢ and L, ; are independent random variables such gt~ N (0, 1) and
(Lii)? ~ x*(a—i+1),andL, ; = 0 fori < j.
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Forn = 1, we know from Theorem 13 thatX| "), ; ~ x*(«) sinced(X, )11 = adt +

24/ (X;}"")1.1dZ} with (X,°)1; = 0, and all the other elements are equaltd_et us assume
now that the induction hypothesis is satisfied o+ 1. Then, we can apply once again The-

orem 13 (up to the permutation of the first amfl coordinates). We have RK;~ N ) =
n — 1,a.s., and the Cholesky decomposition is dlrectly given(By; )1<; j<n—1- Then we get
from (2 24) that there are independent variallgs ~ x*(o —n + 1) andL,,; ~ N(0, 1) for
ie{l,...,n— 1} such that

x10 (Liji<ij<n-1 0 0 L1 (Lng)i<i<n—1 O

n,... n

Xy = 0 1 0 (L”J’){Signfl Zz‘:l Lgm 0
0 0 I;_, 0 0 0

(Li,j)ngi,jgn—l 0 0
X 0 1 0 ,
0 0 Ij_n

Since

I, (Lni)i<i<n—1 O
(Lni){cicn1 i L2, 0
0 0 0

I 0 0 Inoi (Lni)i<i<n— O
0 0 0 0 0 0

, we conclude by induction and get the following result whislknown as the Bartlett's de-
composition (see Kshirsagar [59] or Kabe [56]).

Corollary 18 — Bartlett’s Decomposition of central Wishart distributi With the nota-
tions above,

(Lijh<ij<n O (Lih<ijen O n.

Therefore, the identity given by Proposition 11 that we helbtained by a remarkable
splitting of the infinitesimal generator extends in a nadtuay the Bartlett's decomposition to
non-central Wishart distributions.

Exact simulation for W1Sy(x, «, b, a;t)

Now, thanks to the identity in law (2.11), we get an exact sation for W15S,(z, a, b, a;t).
The associated algorithm is given below. To the best of oonkedge, this is the first exact
simulation method for non-central Wishart distributiohattworks for anyo > d — 1. The
existing methods in the literature mainly focus on the case N that arises naturally in
statistics. Namely, Odell and Feiveson [70] and Smith andkiw [80] have proposed an
exact simulation method for central Wishart distributibased on the Bartlett’'s decomposition.
Gleser [44] has given an exact simulation method for nortraMVishart distributions, also
when the degrea is an integer.
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Algorithm 3: Exact simulation foiV [.S,(x, a, b, a; t)
Input: z € S§(R), @ >d —1,a,b € My(R) andt > 0.
Output: X, sampled according td/15,(z, a, b, a; t).
Calculateg, = [ exp(sb)a”aexp(sb”)ds and(p, c,, k,) an extended Cholesky
decomposition of; /t.

Setf;, = p~! < ;" ]do ) andm; = exp(tb).

return X = 0,Y0F, whereY ~ W1S,(0, 'mam!(6;1)T, «,0,I%;t) is sampled by
Algorithm 2.

2.3 High order discretization schemes for Wishart and semi
definite positive affine processes

Up to know we have given an exact simulation method for Wispescesses. It relies on a
remarkable splitting of the infinitesimal generator givanTheorem 10. When dealing with
discretization schemes, splitting operators is a poweagchnique to construct schemes for
SDEs from other schemes obtained on simpler SDEs. This ifdgaitiing originates from the
seminal work of Strang [81] in the field of ODEs. As pointed bipndimiya and Victoir [69] or
Alfonsi [5], it rather easy to analyse the weak error of scaswbtained by splitting, simply by
using the same arguments as Talay and Tubaro [82] for the-Eldeuyama scheme. Thus, we
will only focus on the analysis of the weak error, i.e. the@emade on marginal distributions.

Up to our knowledge, there are very few papers in the liteegtuat deal with discretization
schemes for Wishart processes. Recently, Benabid et ahg¥} proposed a Monte-Carlo
method to calculate expectations on Wishart processeshvidhicased on a Girsanov change
of probability. Gauthier and Possamai [42] introduce a mutrmeatching scheme for Wishart
processes. Both methods are well defined under some rigstsicn the parameters, and there
is no theoretical result on their accuracy. Currently, ieann [71] is working on dedicated
schemes for general affine processes by approximatingdhaiacteristic functions.

This section is structured as follows. First, we recall bassults on the splitting technique
to get discretization schemes for SDEs. We will take the daameework as Alfonsi [5] since it
is somehow designed for affine processes. Then, we will axptaw to get high order schemes
for WI1Sy(z,a,0,1}) from the remarkable splitting (2.12). From this result, wié e able
to get a second order scheme for any semi definite positiveegfiocesses and a third order
scheme for Wishart processes.

2.3.1 General results on discretization schemes for SDEs

In this paragraph, we try to present the minimal knowledgéwe will use later to get schemes
for affine processes. We take back the framework develop&tionsi ([5], Section 1) and refer
to this paper for further details and proofs.

Let us start with some notations. We consider a dorflain R¢, ¢ € N*. For a multi-index
v =(71,---,7%) € N, we defined, = 9",..., 0} and|y| = }_5_, v; and set:

pai(D) = {f € C*(D,R), Vy €N, 3C, > 0, e; € N*, Vo € D, [0, f(2)] < C5(1 + [|z])},
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wherel|.| is a norm orR¢. We will say that(C.,, e, ),en¢ is agood sequencler f € C2o, (D)

if one has|o, f(z)| < C,(1 + ||z[|*). Mainly (but not only), we will consider in this paper
D = S; (R) as a subspace &f;(R) ~ R¥4+1D/2_|n that case, it is natural to keep the same
. . . . Y. i,

indexation as for matrices, and we rather use the notatior= ], ., ;, a{jjf for v =

(Vgirj})1<i<j<a € NAE@TD/2,

Definition 19 — Letb : D — RS, o : D — M.(R). The operatot. defined forf € C?(D,R)

by:
¢

¢
L) = 3o b@af @) + 5 D000 )0, @ 228)

is said to satisfy the required assumptionsbif the following conditions hold:
o Vi,j €{Ll,....,C}bi(x), (007 )i;(z) € Cooy(D),

o foranyz € D, the SDEX} = = + f b(XZ?)ds + fo o(XZ)dW, has a unique weak
solution defined fot > 0, and thusP(Vt > 0, Xm eD)=1.

In the case of affine diffusions;(z) and(cc”); ;(x) are affine functions of and the operator
satisfies the required assumption on the appropriated doroai us stress that if satisfies the
required assumption di and f € C32,(D), all the iterated functiong” f(z) are well defined
onD and belong t&, (D) for anyk € N.

Let us turn now to discretization schemes. We will considdhis paper a final time hori-
zonT > 0 and the regular time grid defined by = iT/N,i = 0,..., N. When discretizing
a Markovian process, a scheme is usually described as a veayrtple the process at the next
time step from its current position. Thus, we will say that(¢)(dz),t > 0,z € D) is a family
of transition probabilities orD if p,(¢) is a probability law orD for any time-steg > 0 and
any positionz € D. Then, adiscretization schemen the regular time grid associated to this
family starting fromz, € D is simply a sequenc@?ﬁé,o < i < N) of D-valued random
variables such that: '

L X]x = X0,
tO

e the law othJIVV is sampled according thN (T'/N)(dz) independently from the pre-

i+1

vious samples, i.eE[f(XN )|(XX.0 < j g i) = Jp f( pXN (T/N)(dz) for any
i1 j
bounded measurable functign D — R.

Up to the initial condition, the discretization schemféﬁv,o < i < N) is entirely charac-

terized by(p.(t)(dz),t > 0,z € D). With a slight abuse of language, we will then say that
(p(t)(dz),t > 0,2 € D) is aschemeon D. We will denote byX} a random variable of
which is sampled according {@.(¢).

Definition 20 — Let L be an operator that satisfies the required assumptio®oi scheme
(p(t)(dz),t > 0,z € D) is a potential weak/th-order scheme for the operatdr if for any
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functionf € C35, (D) with a good sequende’,, e, )cn¢, there exist positive constants £,
andn depending only oC’,, e,,).en¢ such that

vt € (0,m), [E[f(XF)] - <O (4 |2)7). (2.29)

Flo) + 3 w1 (@)
k=1

When the coefficients of the SDE have a sublinear growth, wechack that the exact scheme
(i.e. X7 = X, where(X},t > 0) solves the SDE associated £ is a potentialuth-order
scheme for any order € N ([5], Proposition 1.12). In that case, (2.29) is then ckeaduiva-
lent to:

3C,E,n >0, Vt e (0,n), [E[f(X))] - E[f(X)]]| < 1+ [|z]| 7).

In practice, having a potential weadth-order scheme for the operatbris the main re-
guirement to get a weak error of order This is precised by the following theorem that relies
on the idea developed by Talay and Tubaro [82].

Theorem 21 — Let us consider an operatdr that satisfies the required assumptionson
and a discretization schem&\,0 < i < N) with transition probabilitiesp,(t)(dz) on D

that starts fromf(t]}fV = 1o € D. We assume that
0

1. p.(t)(dz) is a potential wealth-order scheme for the operatdy,

2. the scheme has bounded moments, i.e.:

Vg eN*3N(g) €N, sup  E[XN]7 < o0, (2.30)

N>N(q),0<i<N

3. f: D — Ris a function such that(¢,z) = E[f(X%_,)] is defined or0, 7] x D, C*°,
solvesvt € [0, T],Vx € D, dyu(t, ) = —Lu(t, ), and satisfies:

Vi€ N,y € N, 3C,,, e, > 0,V € D, t € [0,T], |0i0,u(t,z)| < Cp(1+ [|z]).
(2.31)

Then, there i< > 0, N, € N, such thaﬂE[f(Xf}C)] —E[f(X7°)]| < K/N"for N > Nj.

Let us mention that condition (2.30) is slightly weakenethwespect to Theorem 1.9 in [5].
However, we can check that (2.30) is in fact sufficient to makek the proof of this theorem
givenin [5].

Let us comment briefly the hypothesis of this theorem. Thendedness of the mo-
ments (2.30) holds as soon as the coefficients of the SDE haudiaear growth (see Lemma 36
in Appendix 2.6.4). It is instead much more technical to ¢etlbounds (2.31) on the deriva-
tives ofu. In their original paper, Talay and Tubaro have considetezhger assumptions on
b ando (namely,C> with bounded derivatives) to get such bounds. In the caseish&i
processes, we are able to get (2.31) wifienC;,(Sa(R)) by using the explicit formula of the
characteristic function (2.9). This is stated in Proposi##3. We however deem that this result
still holds for the general affine case.
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Now, we present results that explain how the property ofdaipotential weakth-order
scheme can be preserved when we use the splitting techniqui® so, we need to introduce
first the composition of schemes. Let us consider two trammsjprobabilitiesp. (¢)(dz) and
p2(t)(dz) onD. Then, we define:

P(t2) 0 pL(1) (d2) = / P (t2)(d2)p (1) (dy),

which is the law obtained when one uses first use scheme 1 witheastept; and then
scheme 2 with a time stefp with independent samples. More generally, if one hatan-
sition probabilities!, .. ., p™ onD, we define

P (tm) © -+ 0 Py (ta)(dz) = P (tm) © (™ (tm—1) 0 -+ 0 Py (t1)(d2)).

Proposition 22 — Let L, L, be two operators satisfying the required assumptiorDor_et
pL andp? be respectively two potential weath-order schemes o for L, and L.

o If LiLy, = LyLy, p*(t) o pL(t)(dz) is a potential wealth-order discretization scheme
for L, + L.

o Ifv>2,p%(t/2)op'(t)op?(t/2) andl (p*(t) o pL(t) + p'(t) o p2(t)) are potential weak
second order schemes fb§ + L.

2.3.2 High order schemes for Wishart processes

In this paragraph, we will give a way to get weetk-order schemes for any Wishart processes.
The construction of these schemes is the same as the onearsthe fexact scheme. First
we obtain avth-order scheme foW 1S,(x, «,0,1}). Then, we get ath-order scheme for
WISy(x,a,0,17) by scheme composition. Last, we use the identity in law (Rthlget a
weakwvth-order scheme scheme for any Wishart processes.

A potential weak vth-order scheme associated td.,

In this paragraph, we present a potential wegiikorder scheme fdi 7.5,(z, «, 0, I}). Roughly
speaking, we obtain this scheme from the exact scheme gw&hdorem 13 and Corollary 15
by replacing the Gaussian random variables with momenthirggwariables and the exact CIR
distribution with a sample according to a potential weatk order scheme for the CIR.

Theorem 23 — Letz € S;(R) and (¢, k., p) be an extended Cholesky decomposition of

T T
(2i,j)2<i,j<a- We setr = ( é 2 ) andz = man’, so thati = ( Z’“ 8 ) ( Cé“ k(; ) . Like

in Theorem 13, we have

T

Uiy = Ty — Z(U{l,kJrl})Q > 0, where(ugi11y)1<i<r = ¢, (F(1141)) 1<1<r,
=1
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and we setup ;; = 0ifr +2 < i < dandugj, = Tu,ifi,7 > 2. Let(GY)1<<, be a
sequence of independent real variables with finite momérasyoorder such that:

Vie{l,...,r}, Yk <2v+1, E[(G)*] = E[G*], whereG ~ N(0,1).

Let(U}) (1,13 be sampled independently according to a potential wethkorder scheme for the
CIR processl(U) 1,1y = (o — r)dt + 2,/(U) 1,13dZ} starting fromu; 1, and that satisfies
the immersion property (Definition 37). We set:

(Utu){l,i} = U{l,i}+\/5éi, 2<i<r+l, (Utu){l,z‘} =0, r+2 <i<d, (Utu){i,j} = uyjy ifi,5 > 2.

Then, the scheme defined Ky = 7 h,.(U*)7 is a potentialvth-order scheme fof.;, where
the functiom, is defined by2.27)

The proof of this result is technical and requires furthdimgigons. It is left in Appendix 23.
Second and third order schemes for the CIR process thatystitesimmersion property can
be found in Alfonsi [5] (see Corollary 40). We can therefoet gecond (resp. third) order
schemes for.; by taking any variables that matches the five (resp. the $drehmoments
of N(0, 1). This can be obtained by taking

P(G' = V3) =P(G' = —V/3) = é andP(G" = 0) = % (2.32)
(resp.P (GZ =e\/3+ \/6> = \fi\/_gz, P (G’i =¢e\/3— \/6> = % - \26\/_62, ee{-1,1}).

(2.33)

A potential weak vth-order scheme associated tdV 1 5,(x, o, 0, I7)

From Theorem 10, we know that the infinitesimal generatdiafS,(z, «, 0, I}) is given by

L =3%"" | L;, where the operators; are the same ak, up to the permutation of the first and

i coordinate. Moreover, these operators are commuting. ,Thm§~? denotes the associated

permutation matrix an’;” is the potentialth-order scheme defined by Theorem 23,
7T1<—>iXt7r

11

»m'™' r1=1 s a potentiabth-order scheme fak,.

We then get a potentiaith-order scheme fok thanks to Proposition 22.

Corollary 24 — Letp’, i € {1,...,d} be potential weakth-order scheme fof.;. Then for
anyn <d,

Pr(t) o+ 0 py(t)(d2)
defines a potential weakh-order scheme foW 1.S,(z, o, 0, I}).

Remark 25 — Lete > 0 ande be a potential weakth-order scheme fol/ 1.5,(x, «, 0, I7).

Sincex + et**11; is a potential weak/th-order scheme for the operatdr = 0, we easily
get by scheme composition (Proposition 22) thd =" is also a potential weakth-order
scheme foWV 1S,(z, o, 0, I}). This scheme starts from an invertible initial conditiomdaby
Remark 14, we only make in that case usual Cholesky decaimpssin invertible matrices.
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A weak vth-order scheme for Wishart processedV [.S,(x, a, b, a)

Now that we have a potentiath-order scheme foW/15,(z, «, 0, I}), we are in position to
construct a scheme for any Wishart procBsssS,(z, o, b, a) thanks to the identity (2.11). Un-
fortunately, we need to make some technical restrictiona andb (namely,a € G4(R) or
ba”a = a” ab) to show that we get like this a potentiah-order scheme. We however believe
that this is rather due to our analysis of the error and threastheme converges as well without
this restriction. We mention in addition that we give in thexhsection a second order scheme
based on Corollary 8 for which we can make our error analysiay parameters.

Proposition 26 — Lett > 0, a,b € My(R) anda > d — 1. Letm; = exp(th), ¢4 =
[ exp(sb)aTa exp(sb”)ds andn = Rk(a”a). We assume that eithere G4(R) or b anda’a
commute. We define

e if n = d, 0, as the (usual) Cholesky decompositiorgt,

; _ c, O .
eifn < d, 6, = \/% [ exp(sb) exp(sbT )dsp~! ( kI, ) where (c,,, ky, p) is the
extended Cholesky decompositionbf otherwise.

In both casesf, € G4(R).
LetY;” denote a potential weakth-order scheme for/ 15,(y, «, 0, I}). Then, the scheme
defined by

Xtm _ etf/ft_ meazmy (0, )Teg“’ (2.34)

is a potential wealvth-order scheme foWV 1.5,(x, a, b, a).

Proof : First, letus check th# € G,(R) is well defined, such that /¢ = 6,176] and satisfies:
3K, n > 0,Vt € (0,n), max(||6,]], |6, ") < K. (2.35)

Whenn = d, ¢/t is definite positive as a convex combination of definite pasimatrices
and the usual Cholesky decomposition is well defined. Maeof2.35) holds since;/t
goes toa’ @ which is invertible whent — 0*. Whenn < d, we have assumed in addition
thatb anda”a commute. Thereforeg, = a”a(, exp(sb) exp(sb”)ds/t). Sincea”a and

(f(f exp(sb) exp(sb?)ds/t) are positive semidefinite matrices that commute, we have

1t L[
G = \/E/ exp(sb) exp(st)dsaTa\/gf exp(sb) exp(sb”)ds.
0 0

Once again; f(f exp(sb) exp(sb?)ds is definite positive as a convex combination of definite

positive matrices and we get that= \/% [ exp(sb) exp(sbT )dsp~? ( z" [0 ) € G4(R)
n d—n

satisfiesy; /t = 60,1701 by Lemma 33. Similarly, (2.35) holds singe' ( ;" IO ) does
n d—n

not depend om and \/% f(f exp(sb) exp(sbT)ds goes tol, whent — 0.

50



Let f € C2%,(S; (R)). Let X} ~ WISy(z, o, b, a;t). Since the exact scheme is a potential
vth-order scheme, there are constafitd’,» > 0 depending only on a good sequencefof
such that

~ L )] < ot (14 o). (2.36)

vt € (0,n), [B[f(XD] =D 4

On the other hand we have from Proposition 9,
E[f(X7)] - BIF(XP)] = BLF(O5 " O g0 — B[ (0, ™" 00 2.37)

Let us introducqut( ) == f(0wo]) € C%(S; (R)). By the chain rule, we haw@; ;; fo, (y) =
Tr[@t(ezl] + 127&] )HTaf(thHT)] Where((?f(x))k,l = (ﬂk:l —+ %lk#)@{k,l}f(x) and 62’] =
(Lgmiimi) 1<k i<d- From (2.35), we see that there is a good sequéficee,, )., caw+1),/2 that can
be obtained from a good sequencefuch that:

vt € (0,7),Vy € ST (R), |0/, ()] < C5(1+ [ly[™).

Therefore, we get that there are constants still denoted'ldy,» > 0 such that for every
te(0,n),

Bl e O gD — By O T < cort (1 0y g (0717 15).
(2.38)

From (2.35), we get that there is a constant> 0 such that|d,” TP < K'||z||P

fort € (0,7n). Thus, we get the result by gathering (2.36), (2 37) anoB()Z 3 O

Now, we want to show thanks to Theorem 21 that the scheme bQiv@mnoposition 26 gives
indeed a weak error of order However, if we exclude the exact simulation of the CIR, wl/on
have at our disposal (up to our knowledge) at most a thirdrasdeeme for the CIR (see [5]).
It seems thus fair to state the result on the weak error incse.

Theorem 27 — Let(X[) >0 ~ W1S4(z, a, b, a) such that eithen € G4(R) or a”ab = ba’ a,
and f € C2,(Sa(R)). Let(X)X,0 < i < N) be sampled with the scheme defined by Propo-
sition 26 with the third order scheme for the CIR given in [Sidastarting fromz € S; (R).
Then,

3C, Ny > 0,¥YN > No, [E[f(XY)] — E[f(X?)]| < C/N°.

Proof : The conditions of Theorem 21 are satisfied thanks to Prapaosi26, 43 and
Lemma 36. O

2.3.3 Second order schemes for affine diffusions af)/ (R)

In this part, we present two different potential second ostdemes for general affine pro-
cesses. The first one is well-defined without any restriatiothe parameters. The second one
is faster but requires to assume in addition that da”a € S (R).
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Let (X} )i>0 ~ AFFy(x,@, B, a). Thanks to Corollary 8, thereis€ G,(IR) and a diagonal
matrix ¢ such that = u”du, a’ a = u" Iu and we have:

)T 1

w HTgu— = n
(XP)iz0 = (Y, w)1=0, WhereY! ~ AFFy(y, 8, By, 7).

Lemma 28 — Lethy be a potentiabth-order scheme fod F F,(y, 6, B,, I}). It follows then
thatu?Y," """ 'y is a potentialuth-order scheme fol F Fy(z, @, B, a).

Proof: Let f € C2,(S; (R)). We then have: — f(u’zu) € C32,(S; (R)). Sinceu is fixed,

pol pol
there are constants, n, £ depending only on a good sequencefaduch that fort € (0,7),

E[f (""" W)~ E[f(X7))| = [E[f("Y" ™ W) ~ E[f (@Y, )| <
Ct' 1 (1 + [[(wHTzu™|P) < C't" (1 + ||z||F), for some constar®’ > C. O

We now focus on finding a scheme fdi" Iy (y, @, B, I}). Sinces is a diagonal matrix
such thab — (d — 1)1} € S§ (R), we have

Omin := min gi,i >d-—1.
1<i<n

From Corollary 4, we can write the infinitesimal generatot’8f

L =Tr([0 + B(2)]|D®) + 2Tr(x DI} D?)

= Tr([6 — Ouinl} + By(2)]D%) + 0pin Tr(D®) + 2Tr(z DS I D®) (2.39)
LC;;E LWIsd(;,;min,o,Ig)

as the sum of the infinitesimal generatori®f/ Sy(x, omin, 0, I}) and of the generator of the
affine ODE2'(t) = 0 — dminl} + Bu(z(t)). Of course, this ODE can be solved explicitly.
Moreover, we know by Lemma 45 thatif0) = = € S; (R), the solution of this ODE remains
in S; (R) since Assumption (2.4) holds f@, andd —d,,;, [ € S (R). We denote by?P#(t)

the Dirac mass at(¢): this is an exact scheme féi, . Thanks to Proposition 22, we get the
following result.

Proposition 29 — Letp! (¢) denote a potential second order schemelfor Sy (, Sumin, 0, I7).
With the notations above, the following schemes
1

1 . . .
SHOPE(E) 0 5 (1) + 5V (1) 0 pOPE (1) andpPE (t/2) o 5 (1) 0 pOPE(1/2)

are potential second order scheme for the affine proegss) (=, 6, B, I}).

By combining Lemma 28 and Proposition 29, we get a potentiebsd order scheme for
any affine process. In the numerical experiments in Sectibw& have used the composition
pOPE(t/2) o pW (t) o pOPE(t/2) even though the other one would have work as well.

Let us stress now that different splitting from (2.39) arsgible. For example, we could
have chosen insteall = Tr([6 — B3I} + B,(z)|DS) + pTr(DS) + 2Tr(x D317 DS) for any
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B € [d—1,6un]. Whena — da’a € S} (R) (or equivalently wher — dI} € S;(R)), the
following splitting

L =Tr([§ — dI} + B,(z)]D°) + dTr(D®) + 2Tr(z D I} D%) (2.40)

Lopr Lwrsy(e.d.0.17)

is really interesting. Indeed it is known from Bru [17] thaidNart processes can be seen as
the square of an Ornstein-Uhlenbeck process on matricesaamioe simulated very efficiently.
More precisely, we will use the following result.

Proposition 30 — Letz € S (R) andc € M,(R) be such that”c = z. Then, the process
X¥ = (c+ W I (c + W, I}) satisfies

(Xtm)tzo liu W[Sd(]?, d, 0, Ig)

If G denote ad-by-d matrix with independent elements sampled accordin(?182) Xf =
(c+ VIGINT (c + VtGIY) is a potential second order scheme 611 S,(, d, 0, I7).

Proof : We have by using It6 calculudX? = (c + W, I})TdW, I} + I7dW/[ (c + W, I7) +
dl}dt. By using Lemma 2, The quadratic covariation (0f;); ; and (X}),,, IS given by
d<(X£E)i,j> (Xf)mn> = (Xtm)i,m(lg)j,n + (Xf)i,n(]g)j,m + (Xtm)j,m(lg)zn + (Xf)Jn(Ig)zm
Therefore (X7 ):>o solves the same martingale problem®$5,(zx, d, 0, I7}), which is known
to have a unique solution from Cuchiero et al. [26].

Let us show now thak? is a potential second order scheme. We carcseg/tG1? as the
Ninomiya-Victoir scheme with moment-matching variablseg Theorem 1.18 in [5]) associ-
ated tos >°7 | > 07, 0on My(R). Let f € C5,(Sy (R)). Then,z € My(R) — f(z"x) €
Coo(Ma(R)) and there are constant§ £, > 0 depending only on a good sequencefof
such that, for alVt € (0,7)

[ELf (¢ + VIGI}) (¢ + VIGI))] = Ef (¢ + WiI)T (¢ + W) < CEFH L+ [le]| ).

Let us observe now that the Frobenius norme @ /Tr(cZc) = /Tr(z) < /d + Tr(z2) <
Vd++/Tr(z2). Therefore, for any norm, there is a constant- 0 such that|c|| < K(1+|z|)),
which gives the result. O

Corollary 31 — We assume that— dI} € S;(R). Letp"vs(t), denote the second order
scheme of Proposition 30, apf”*(t) be the exact scheme for the ODE associatebrt@ —
dIj + Bu(x)]D%). Thenzp@PE(t) o pileis (t) + 55" (t) o p PP (t) andp@PE (t/2) o pois (t) o

pOPE(t/2) are potential second-order scheme f0F F;(x, 6, By, 7).

The scheme given by Lemma 28 and Corollary 31 is not well-ddfivhena — da’a ¢
S;(R). Whenitis defined, it is however more efficient than the salgiven by Proposition 29
and Lemma 28. We have already mentioned in subsection hat3he exact scheme has a
cost of O(d*). Similarly, the schemes given by Propostions 26 and 29 haestofO(d*)
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operations. On the contrary, the scheme given by Propos3ioonly requires one Cholesky
decomposition. Thus, the scheme given by Lemma 28 and @oydIL has a complexity in
O(d?). We will illustrate this in the next section.

We conclude this section by mentioning that in the case oh@figprocesses, we can show
that the weak error is indeed of order 2 thanks to Theorem @frha 36 and Proposition 43.

Theorem 32 — Let (X[ )0 ~ WISy(x,a,b,a). Let (Xtﬁvv, 0 < i < N) be the scheme
starting fromz which is sampled either by the scheme defined by Lemma 28 apdstion 29
(with the second order scheme for the CIR given in [5]) or,eflvave in additiony > d, by the
scheme given by Lemma 28 and Corollary 31. Then,

3C, Ny > 0,¥N > N, \E[f()?f}[]g)] —E[f(X®)]| < C/N2

2.4 Numerical results on the simulation methods

The scope of this section is to compare the different simananethods given in this paper.
We still consider a time horizof' and the regular time-grig’ = i7/N, fori = 0,..., N. In
addition, we want to compare our schemes to a standard athejewill consider the following
corrected Euler-Maruyama scheme foF F;(x, @, B, a), forevery0 <i < N —1:

A A A T -
XN, = X+ @+ B 1 + /(R0 W,

i1 N Wti\r)a’ + a’T(V[/t

N = W) (X
N =
0

(2.41)

Here,xzt denotes the matrix that has the same eigenvectorsvath the same eigenvalue if
it is positive and a zero eigenvalue otherwise. Namely, we:se= odiag(\f, ..., A})o” for
r = odiag(\y, ..., \g)or. Thus,z™ is by construction a positive semidefinite matrix and its
square root is well defined. Without this positive part, tbieesne above is not well defined for
any realization o#V'.

First, we compare the time required by the different scheamesthe exact simulation.
Then, we present numerical results on the convergence dliffieeent schemes. Last, we give
an application of our scheme to the Gourieroux-Sufana modelance.

2.4.1 Time comparison between the different algorithms

In this paragraph, we compare the time required by the @iffeschemes given in this paper.
As it has already been mentioned, the complexity of the eselteme as well as the one of
the second order scheme (given by Lemma 28 and Propositjcan2he third order scheme
(given by Proposition 26) is it©0(d*) for one time-step. To be more precise, they require
O(d*) operations that mainly correspondsddCholesky decomposition§)(d?) generations

of Gaussian (or moment-matching) variables @&nd) generations of noncentral chi-square
distributions (or second or third order schemes for the CTRg time saved by the second and
third order schemes with respect to the exact scheme onlgsfnom the generation of random
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variables. For example, the generation of the moment-rmajalariables (2.32) and (2.33) is
2.5 faster than the generation &f(0, 1) on our computer. The gain between the second or
third order schemes for the CIR given in Alfonsi [5] and thaexsampling of the CIR given
by Glasserman [43] is much greater, but it depends on thenmeas of the CIR. When the
dimensiond gets larger, the absolute gain in time between the disateiiz schemes and the
exact scheme is of course increased. However, the relainargstead decreasesitpbecause
more and more time is devoted to matrix operations and Ckpldscompositions that are the
same in both cases. Let us now quickly analyse the complexitile other schemes. The
second order scheme given by Lemma 28 and Corollary 31 (c&kcond order bis” later)
has a complexity irD(d®) operations for one Cholesky decomposition and matrix rplide-
tions, with O(d?) generations of Gaussian variables. The complexity of theected Euler
scheme is of the same kind. At each time-stéfy/?) operations are needed for matrix multi-
plications and for diagonalizing the matrix in order to cangthe square-root of its positive
part. However, diagonalizing a symmetric matrix is in pi@much longer than computing a
Cholesky decomposition even though both algorithms a@(i#¥). Also, one has to sample
O(d?) Gaussian variables for the Brownian increments. In Tablel2we have calculated by

a Monte-Carlo method one value of the characteristic fonotif a Wishart process. It is also
known analytically thanks to (2.9), and we have indicateebioh case the exact value. We have
considered dimensions= 3 andd = 10. We have given in each case an example whered

and another one where— 1 < o < d. We have used the different algorithms presented in this
paper: 2" order bis” stands for the scheme given by Lemma 28 and Coydda (with the
moment-matching variables (2.32)2™ order” stands for the scheme given by Lemma 28 and
Proposition 29 (with (2.32) and the second order scheméd&EIR given by [5]), 8¢ order”
stands for the scheme given by Proposition 26 (with (2.38)tae third order scheme for the
CIR given by [5]), and “Corrected Euler” stands for the coteel Euler-Maruyama scheme
presented in the beginning of this section. For the exaarsehwe have both considered the
cases with one time-stép and NV time-stepsl’/N. Of course, the first case is sufficient to
calculate an expectation that only dependsXgn but the second case allows to compute also
pathwise expectations. For each method, we have given the whtained and the time needed
on our computer (3000 MHz CPU).

First, let us mention that the exact value is in each casearctimfidence interval except
for the corrected Euler scheme. As one can expect, the exatbioshwith one time-step is by
far the quickest method to compute an expectation that apedds on the final value. We put
aside this case and focus now on the generation of the whtlle pée see from Table 2.4.1
that the second and the third order schemes require roulgalgame computation time. As
expected, the second order scheme bis is much faster wiseddtined (i.e. when > d). On
the contrary, the Euler scheme is much slower than the semotdhird order scheme, even
though it should be faster for largke This is due to the cost of the matrix diagonalization. Let
us mention that the time required by the discretization sweeis proportional t&v and do not
depend on the parameters when the dimension is given. Orottteacy, the time needed by
the exact scheme may change according tnd can increase considerably wheis close
tod—1. To be more precise, the exact simulation method for the Gi&py Glasserman [43]
uses a rejection sampling when the degree of freedom is lhwaai , which corresponds to the
cased — 1 < a < d. The rejection rate can in fact be rather high, notably wientime-step
gets smaller. FoN = 30, d = 3 anda = 2.2, the exact scheme is four times slower than the
second order scheme and slower than the exact scheme with= 3.5.
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N =10 N =30

Schemes R.value | Im. value | Time| R. value Im. value | Time
Exact (1 step) —0.526852| —0.227962 | 12

274 order bis —0.526229| —0.228663 | 41 —0.526486 | —0.229078 | 125
2nd order —0.526577| —0.228923| 76 —0.526574 | —0.228133| 229
374 order —0.527021| —0.227286 | 82 —0.527613 | —0.228376 | 244
Exact (V steps) —0.526963 | —0.228303| 123 || —0.526891 | —0.227729| 369
Corrected Euler —0.5256271 —0.2338631 225 || —0.5256381 —0.2314497 687

a=35,d=3Ar =1 A, =1, exact value R. =0.527090 and Im.=—0.228251

Exact (1 step) —0.591579| —0.037651 | 12

27 order —0.590444 | —0.037024 | 77 —0.590808 | —0.036487 | 229
374 order —0.591234 | —0.034847 | 82 —0.590818 | —0.036210| 246
Exact (V steps) —0.591169| —0.036618 | 174 || —0.592145| —0.037411| 920
Corrected Euler —0.5897351 —0.042002% 223 || —0.5900791 —0.0399371 680

a=2.2,d=3,Ar = 0.9, A, = 1.3, exact value R. =0.591411 and Im.=—0.036346

Exact (1 step) 0.062712 | —0.063757| 181

2" order bis 0.064237 | —0.063825| 921 || 0.064573 | —0.062747| 2762
2nd order 0.064922 | —0.064103| 1431 || 0.063534 | —0.063280 | 4283
374 order 0.064620 | —0.064543| 1446 || 0.064120 | —0.063122| 4343
Exact (V steps) 0.063418 | —0.064636| 1806 || 0.063469 | —0.064380| 5408
Corrected Euler 0.068298* | —0.0584917% 2312 || 0.061732* | —0.0568821 7113

a=10.5,d =10,Ar = 1.4, A, = 1.3, exact value R. 9.063960 and Im.=—0.063544

Exact (1 step) —0.036869 | —0.094156 | 177

2nd order —0.036246 | —0.094196 | 1430 || —0.035944 | —0.092770| 4285
374 order —0.035408 | —0.093479 | 1441 | —0.036277| —0.093178 | 4327
Exact (V steps) —0.036478 | —0.092860 | 1866 || —0.036145| —0.093003 | 6385
Corrected Euler —0.0286851 —0.09428171 2321 || —0.030118% —0.088988" 7144

a=9.2d=10,Ar = 1.4,A, = 1.4, exact value R. =0.036064 and Im.=—0.093275

Table 2.12E[exp(—Tl’(ivXZX,))] calculated by a Monte-Carlo with)® samples for a Wishart process
witha =1;,b6=0,2 = 10%, v = 0.091; andT = 1. The starred numbers are those for which the
exact value is outside tH¥% confidence interval, and  (resp.Aj) gives the two standard deviations
value on the real (resp. imaginary) partlior 3.

56



Let us draw a conclusion from this time comparison betweendifferent schemes. Ob-
viously, we recommend to use the exact scheme when caluglakpectations that depend
on one or few dates. Instead, when calculating pathwiseataiiens of affine processes by
Monte-Carlo, we would recommend to use in general the secadet bis scheme when> d
and the second order (or third order for Wishart processhep/— 1 < a < d.

2.4.2 Numerical results on the convergence

Now, we want to illustrate the theoretical results of cogegice obtained in this paper for the
different schemes. To do so, we have plotted for each schi#eng(—Tr(vX)Y))] in function
N

of the time ste@’/N. This expectation is calculated by a Monte-Carlo methodfoAthe time
comparison, we illustrate the convergencedor 3 in Figure 2.1 andl = 10 in Figure 2.2.
Each time, we consider a case where> d and a case wheré — 1 < a < d, which is in
general tougher. In these figures,

schemel denotes the value obtained by the exact scheme with onestiepe-

scheme stands for the second order scheme given by Lemma 28 andgfiop@9,

schemes denotes the third order scheme given by Theorem 27,
e schemel is the corrected Euler scheme (2.41).

Here, we have not plotted the convergence of the second @ridgscheme given by Lemma 28
and Corollary 31 because it would have given almost the sameecgence as the other second
order scheme.

N 2 4 8 10 16 30
Figure 2.1, right| -0.000698| 0.000394 | 0.033193| 0.111991| 0.185128| 0.210201
Figure 2.2, right| 0.494752 | -0.464121| 0.657041| 0.643042| 0.637585| 0.619553

Table 2.2: Values obtained by the Euler scheme in the nualegiperiments of Figures 2.1
and 2.2.

As expected, we observe in both Figures 2.1 and 2.2 conveggdhat fit our theoretical
results. Namely, Scheme 2 convergegifi /N?) and Scheme 3 converges fastetifl /N?).

In some cases such as Figure 2.2, Scheme 3 already matchesattievzalue fromV = 2.
Even though it seems to converge & @ /N) speed, the corrected Euler scheme is clearly not
competitive with respect to the other schemes. In the toage€— 1 < o < d, the values
obtained by the Euler scheme are in fact outside the figunelsywa have put the corresponding
values in Table 2.2.

We want to conclude this section by testing numerically tbevergence of our schemes
when we calculate pathwise expectations. Of course, oorétieal results only bring on the
weak error, but we may hope that our schemes converge alsklyywhen considering more
intricate expectations. In Figure 2.4.2, we approxinfgieaxo<;<r Tr(X;")] with the different
schemes by computing the maximum on the time-grid. The agewnee seems to be roughly in
O(1/+/N) for all the schemes (see Figure 2.4.2, left), including trecescheme. However, the
main error seems to come from the approximatiomeko<;<r Tr(X;) by maxo<x<n Tr(X;ZV).
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Figure 2.1:d = 3, 107 Monte-Carlo samples]’ = 10. The real value Oﬂi[exp(—Tl’(ivXt]X,))] in
function of the time-stefi’/N. Left: v = 0.051,; and Wishart parameters= 0.41;, a = 4.5, g =1y
andb = 0. Exact value0.054277. Right: v = 0.21; + 0.04¢q and Wishart parametetis= 0.41; + 0.2q,
a = 2.22,a = Igandb = —0.51;. Exact value0.239836. Here,q is the matrix defined byg; ; = 1,;.
The width of each point represents W€ confidence interval.

In fact, we have plotted in Figure 2.4.2 (right) the diffecerbetweerE|[maxo<,<n Tr(Xt]éVV)]
andE[maxo<g<ny Tr(ka]Y)]. Then, we find convergences that are very similar to thosairodx
for the weak error: schemes 2 and 3 converge at a speed whigspisctively compatible with
O(1/N?) andO(1/N?). Scheme 4 seems also to givéal/N) convergence. It would be
hasty to draw a global conclusion from this simple examplen&theless, the convergence of
schemes 2 and 3 is really encouraging on pathwise expatsatfave put aside the problem of
approximating a function afX7,0 < ¢ < T') by a function of(X;ZV, 0<k<N).

2.4.3 An application in finance to the Gourieroux and Sufana rodel

In this paragraph, we want to give a possible applicationwfszhemes in finance. More
precisely, we will consider the model introduced by Gourer and Sufana [47]. This is a
model ford risky assetss}, ..., S¢. Let (B;,t > 0) denote a standard Brownian motion&fi
that is independent frorfiV;, t > 0). Then, we consider the following dynamics for the assets:

t t
t>0,1<1<d, S = Sé—H"/ Sgdu+/ SL(\/ X, dBy);, (2.42)
0 0

whereX, = Xo+ [, (aa’a + bX, + X, b") du+ [y (v/XzdW,a + o”dWT\/XZ) is a Wishart
process. Herd,/X,dB,), is simply thel" coordinates of the vectay X,,d B,. We can easily
check that the instantaneous quadratic covariation mia&iween the log-prices of the assets
is X;. Last,r denotes the instantaneous interest rate.
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Figure 2.2:d = 10, 107 Monte-Carlo sampleq, = 10. Left: imaginary value oE[exp(—Tr(ilef]V]X))]

with v = 0.0091; in function of the time-stefi’/N. Wishart parameters: = 0.41;, « = 12.5,b =0

anda = I;. Exact value:—0.361586. Right: real value oE[exp(—Tr(ivX;}fv))] with v = 0.0091, in
N

function of T/N. Wishart parameterst = 0.41;, « = 9.2, b = —0.51; anda = I;. Exact value
0.572241. The width of each point represents Wi&% confidence interval.

To simulate both assets and the Wishart matrix, we procetadlaws. We observe that the
generator of S;, X;) can be written as

d d
1
L=1L1°+ L%, whereL® = g rs5;0s; + ) g 8i8;; ;05,05

i=1 ij=1

andL” is the generator of the Wishart procé®d S,(x, o, b, a). The operatol.” is associated
to the SDEdS! = rS! + S!(\/xdB,), that can be solved explicitly. We have indesd =
St exp|(r — z1,/2)t + (v/xBy)). Let us also remark thayzB; = c¢B; if we havecc” = x:

Law

both are centred Gaussian vectors with the same covariantmin practice, it is more
efficient to useS! = S}exp|(r — z;,/2)t + (cBy);] wherec is computed with an extended
Cholesky decomposition afrather than calculating/x, which requires a diagonalization. Let
us then denote by, ,(¢) the exact scheme fat® (x is unchanged) ang?, ,(t) a second
order scheme for the Wishart procd$d S,(x, o, b, a) (s is unchanged). Then, we consider
the following scheme

1

5 (5% () © By (8) + B () © Bl (1)),

i.e. we draw a Bernoulli variable of parametef2 to decide whether we use firﬁg@) (t)

or ﬁfm)(t). Under some conditions that we do not check here, this agset&in is known
from Proposition 22 to preserve the second-order convergefo be consistent with Subsec-
tion 2.4.2, this scheme is denoted by scheme 2 later in thegypaph. To compare this scheme
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Figure 2.3:d = 3, 10" Monte-Carlo samples]’ = 1. Wishart parameters = 0.41; + 0.2¢ with
gi,j = lizj, a =2.2,b=0anda = I;. Left, Elmaxo<<n Tr(XtJZY)]’ right: E[maxo<j<x Tr(f(t]]}:v)] —
E[maxo<k<n Tr(kaN)] in function of T'/N. The width of each point gives the precision up to two
standard deviations.

with a more basic one, we consider the Euler-Maruyama schiefireed by (2.41) and

A

S = Sh, S =S¥ <1+rT/N+( XN (B, —Bti_v))l) L0<i<N-1.

It is denoted by scheme 4 like in Subsection 2.4.2.

We have plotted in Figure 2.4.3 the price of a put option onrfaimum of two risky
assetsd = 2). The Gourieroux and Sufana model is an affine model, andhbeacteristic
function of S, is explicitly known (see [47]). Thus, it is possible to addp method proposed
by Carr and Madan [21] and to calculate by numerical integmawhich is possible for small
dimensions) the value of this put option. We have given inFég.4.3 the exact value obtained
by this method. As one might have guessed, we observe a dguathavergence for schenze
and a linear convergence for schemerlhe benefit of using schen2ds clear since it already
fits with the exact value fromV = 5 in both cases: its convergence is really satisfactory.

2.5 Conclusion and prospects

Let us draw a brief summary of this paper. Thanks to a reméelsgilitting of the infinitesimal
generator of Wishart processes, we have been able to sargulyeany Wishart distribution.
We have also proposed a third order scheme for Wishart pgsesesd a second order scheme
for general affine diffusions. We have confirmed these ratemovergence with numerical
tests and analysed the time complexity of each method. lesoout that we recommend to
use the exact scheme to compute expectations that depemstdordew) times. To calculate
pathwise expectations, we instead recommend generallgaaliscretization schemes. More

60



1659 1564

] 154+
16.0

4 15.21
155 4 Exact value

15.0—

] Exact value
15.0+

14.84

1454
14.64

L T T T
. . 08 0.9 10 0.0 0.1 0.2 0.3 0.4 0.5

1
0.0 0.1 0.2 03 X

L
0.4 .

0.5

0.6 0.7
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standard deviations (°® Monte-Carlo samples).

precisely, the second order scheme given by Lemma 28 andl&grd1l has to be preferred
whena > d. Otherwise, we recommend to use the third order scheme gi@imeorem 27
for Wishart processes or the second order scheme given bynae28 and Proposition 29 for
general affine diffusions.

Let us give now some prospects of this work. As a possibleicoation of this paper,
it is natural to wonder if it is possible to extend our schenteaffine diffusions on positive
semidefinite matrices that include jumps (see Cuchiero.@64). From a modelling point of
view, we believe that Wishart processes could be used in a inige of applications. In fact,
they can be used as soon as one has to model dependence dynamis, we hope that the
possibility of sampling such processes will stimulateeatidint kinds of dependence models.
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2.6 Appendix

2.6.1 Notations and some results on matrices
Notations for real matrices :

e Ford,d € N*, M,(R) denotes the realsquare matrices antt ;.. » (R) the real matrices
with d rows andd’ columns.

e Si(R), S;(R),S;*(R), andG,(R) denote respectively the set of symmetric, symmetric
positive semidefinite, symmetric positive definite and niogslar matrices.

e Forz € My(R), 27, adjz), det(x), Tr(z) and RKz) are respectively the transpose, the
adjugate, the determinant, the trace and the rank of

e Forz € §) (R), /= denotes the unique symmetric positive semidefinite matrck shat
(Vr)* ==

e The identity matrix is denoted by; and we set fon < d, Ij = (1i—j<n)1<i,j<q and
e = (Lizj—n)i1<ij<d» SO thatll = > €. We also set foll < i,j < d, e}/ =
(Lpmii—j)1<ki<d-

e Forz € 8,(R), we denote by, ;, the value ofz; ;, so thatr = 37, ..,z (e’ +
1,.;¢""). We use both notations in the paper: notatiap;)<; ;<a iS of course more

convenient for matrix calculations whilery; ;1)1<i<j<q iS preferred to emphasize that
we work on symmetric matrices and that we haye = z; ;.

e For\, ..., \; € R, diag()\, ..., ;) denotes the diagonal matrix such that forlak
1 < da dia’g()‘la B )‘d)i,i = )\z

Now, we present different results that are used in the paperfirst recall the extended
Cholesky decomposition of positive semidefinite matricéscv is used intensively and then
give two other technical results.

Lemma 33 — Letg € S (R) be a matrix with rank-. Then there is a permutation matnix
an invertible lower triangular matrix,. € G,.(R) andk, € M,_,«,(R) such that:

r 1 (¢ O
pgp —cc,c—<kr0).

The triplet(c,, k.., p) is called an extended Cholesky decomposition of

Besides¢ = 0 ) € Gq4(R), and we have:

¢
kr Idfr
q=(&"p) ;" p.

The proof of this result and a numerical procedure to get suddcomposition can be found in
Golub and Van Loan ([45], Algorithm 4.2.4). When= d, we can take = I;, andc, is the
usual Cholesky decomposition.
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Lemma 34 — Letb, c € S;(R). If eitherb € S (R) or c € S; (R), thenI, + ibc is invertible.
In particular, if b € S;*(R), b + ic is invertible.

Proof : We start with the first assertion. Sin¢&; + ibc)” = I; + ich, it is sufficient
to check the case wherece SJ(R). By a way of contradiction, let us assume that there is
x € C?\ {0} such thatr + ibcz = 0. We respectively denote by, € R? andz; € R? the
real and imaginary part of. One gets easily thaty = bcx; andz; = —bcxg. Sincex # 0,
we have necessarilyr # 0, cxr # 0, bexr # 0 andcbezr # 0. Sincec is nonnegative, we
get by decomposing on an orthonormal basis thatzr > 0 andcbcxr.bexy > 0. However,
we also havexr.xp = —cxp.bebex g, Which leads to a contradiction. The second assertion is
now obvious sincé + ic = b(I, + ib~'c). O

2.6.2 Proofs of Section 2.1
Proof of Lemma 2

Proof : From the SDE (2.5), we have

(dY;g)i,j = (Ct)i,jdt + (BtthAt + A?thTB?)i7j
= (Coigdt+ 30 -1 (Boige(Ad)ig + (B (An)) (AW,

Then we get the following formula for the quadratic covaaat

Ao Vman) - — 5o (B (Ao + (B (A1) (Bemge(Ain + (Be)nk(A)im)
Z;l,k(Bt)i,k(Bt)m,k(At)l,n(At)l,j + Z;{k(Bt)i,k(Bt)n,k(At)l,m(At)l,j
l

(B ik (Be) ok (A1 (A + S (B (Be) ik (Ae) i (At
= (BBY)im (AL A)nj + (BeB] )i n (AL Ap)m,j
+(ByBL) jm (AT Ap)ni + (BeBE) jn (AT A) i

Proof of Proposition 5

Proof : Let v € Sy(R) such thatvs € [0,¢], I; — 2q;v € G4(R). As it is usual for affine
diffusions, the Laplace transform can be formulated withED&blutions. Namely, we will
show thatE[exp(Tr(vX}))] = explo(t,v) + Tr(y(t,v)x)], wherewy and ¢ solve following
ODEs (see for example Cuchiero et al. [26]):

Onp(t,v) = P(t0)b+bTY(tv) + 20t v)aTav(t,v) ; P(0,0) = v
Oip(t,v) = aTr(P(t,v)) ; #(0,v) = 0.

The functiony solves an usual matrix Riccati ODE. As shown by Levin [62§an be obtained
explicitly by the mean of the following exponential matrix :

(A ai) = oo ((o 5F))
_ ( expo(tb) —2exp(th) [, exp(—ib)aTTa exp(—sb?)ds) ) .
exp(—tb")
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From [62],we obtain that

P(tv) = (¥(0,0)A1a(t) + Az2(t)) 7 (0, v) A1 (t) + A2 (1)) B
—2v exp(tbh) fot exp(—sb)a’a exp(—sbT)ds + exp(—th)) vexp(th)

—

I
/NN

—2v fot exp(sb)alaexp(sb?)ds exp(—tb’) + exp(—th)> vexp(th)
xp(tbT) (14 — 2vq;) " v exp(th),

|
@

provided thatl, — 2q¢,v is invertible fors € [0, ¢], which holds by assumption. Therefore we
get forz € Sy(R),

Tr(y(t,v)x) = Tr(exp(th”)(Iy — 2vq;) vexp(th)z)

= Tr((1s — 2vg) 'vexp(th)x exp(tb")
= Tr (U(Id — 2qv) L exp(th)z exp(th?)) ,

sincev(ly — 2q,v) "' = (I3 — 2vq;)~'v. As explained by Grasselli and Tebaldi ([49], section
4.2), ¢ can also be calculated explicitly by the mean of the expoalemiatrix above, and we
get:

o(t,v) = —%Tr (log[(1s — 2v0g,) exp(tb7)] — £Tr(b)) .
By using thatexp(Tr(log(A))) = det(A) for A € G,(R), we deduce then that

exp(6(t,v)) = exp(§LTr(b)) (exp(Tr(log{ (14 — 2vq,) exp(tb”)}))) * E
exp($tTr(b)) (det{ (I, —2vqt)}det{exp(th)}a)
exp ( tTr(b) — StTr(b )) (def{(I; — 2vq)}) 2

det(I4— 2qtv)% ’

For the last equality, we have used that(I; — 2vq;) = det((I; — 2vg,)T) = det(I; — 2q;v).
Now, it remains to show that (2.9) indeed holds. By It6 calsylwe get that fos € (0, ¢):

dexplop(t — s,v) + Tr(¢(t — s,v)X7)]
= explg(t — 5,v) + Tr(y(t — 5,0) XD Tr{(t — 5,0)(V/ XFdWsa + " dW] \/XT)).
(2.43)

Thus, exp[o(t — s,v) + Tr(¥(t — s,v)X7¥)] is a positive local martingale and therefore a
supermartingale, which gives thBfexp(Tr(vX[))] < explo(t,v) + Tr(¢(t,v)z)] < oo,
i.8. Dyat C Dyapar, Where Dy oy = {v € S4(R),Vs € [0,t],I; — 2¢.v € G4(R)} and
Diavar = {0 € Sa(R), Elexp(Tr(vX?¥))] < oo}

On the other hand, wherv € S;*(R), we can check thatxp[é(t — s,v) + Tr(y(t —
s,v)X")] < 1 by observing thadiet([d — 2qv) = det(Iy + 2v/—vg/—v) > 1 and

Tr (v(Iq — 2q,v) " exp(th)z exp(th))
= —Tr (vV—-v(Is + 2V —vgiv/—v) "I/ —v exp(th)x exp(th)) <0.

In that caseexp|¢p(t — s, v) + Tr(¢(t — s,v) X¥)] is a martingale from (2.43), and (2.9) holds.
Let us observe now tha®, . is convex. In fact, we haveet(l, — 2¢;v) = det(ly —
2,/4;v1/qs), and therefor®, ., = {v € Sy(R),Vs € [0,t], I, — 2\/G:v/qs € S; " (R)} which
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is obviously convex. The Laplace transform— Elexp(Tr(vX[))] is an analytic function
onD, .. (see for example Lemma 10.8 in [40]). The RHS of (2.9) is atsalydic onD, ,, and
coincides with the Laplace transform when < Sj’*(R). Therefore, (2.9) holds far € D, 4
sinceD, ., is convex. Now, we can extend to complex values.dhdeed, the RHS of (2.9) is
well defined forv = vg + iv; with vy € Dy 4, thanks to Lemma 34. Since both hand sides are
analytic functions ot (2.9) holds forv = vi + iv;.

Last, we want to show thd®, .., = f)x,a,b,a;t. We first consider the cage= 0 and assume
by a way of contradiction that there ise f)gg,a,o,a;t \ Do.q; for somez, a, a andt > 0. Let
t = min{s € [0,¢],1; — 2¢;v & Ga(R)} € (0,t]. On the one hand, we have¢ D, ,; and
v € Dy 4. for s € [0,%). On the other hand, we have by Jensen’s inequality:

s € [0,t], exp((t — s)Tr(va’a)) exp(Tr(vX")) < Elexp(Tr(vX?))|Fl,

which givess € [0,t] — exp(—sTr(va’a))E[exp(Tr(vX?))] is nondecreasing and finite.
Since (2.9) holds fos < ¢, we get thafE[exp(Tr(vX?))] = +oo, which leads to a contra-
diction. Let us now consider the cases 0. From Proposition 9 (which is a consequence of
the characteristic function obtained above), we have

v E ﬁx,mb’a;t — 01, € Do ny < Vs € 0,t],det(1y — 2(s/t)qv) # 0.

In particular,f)m,b,a;t is an open set. Far € G,;(R), we havedet(1; — 2(s/t)qv) # 0 <—
det(v™t—2(s/t)q) # 0 (resp.det(I;—2qv) # 0 <= det(v—2¢,) # 0). Sincesq; < s'¢;
(resp.qs < qy) for s < s, we know from Theorem 8.1.5 in [45] that the (real) eigenealof
v —2(s/t)q; (resp.v~! — 2¢,) are nonincreasing w.r.t. Since they are also continuous, and
v —2(s/t)q = vt —2¢q, fors € {0,¢}, we getthav's € [0, ¢],det(v'—2(s/t)q;) # 0 <
Vs € [0, t], det(vil — 2(]8) 7é 0, and thugaa:,a,b,a;t N gd(R) = Db,a;t N gd(R) Letv € f)x,a,b,a;t-
SinceD, . .4 IS an open set, thereis> 0 such that & eI € D, 4 .0 N Ga(R). SINCED, 4
isconvexy = (v+elg+v —¢ely)/2 € Dy g O

2.6.3 Proofs of Section 2.2
Proof of Theorem 10
Proof : From (2.7), we get:
1
Li = adi g + 22,305 5 + 2 Z T m}Orim) Opiiy + 5 Z Ty OumyOuy  (2.44)
1<m<d 1<m,l<d

m#£i m##i,l#i

We want to show that,L; = L,L; for 7 # j. Up to a permutation of the coordinatds,and
L; are the same operators AsandL,. It is therefore sufficient to check that L, = L, L,.
By a straightforward but tedious calculation, we get
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LiLy =

a’dp, 1}5‘{2 2) + 20022001,y 0, 2) T 20 > 20,100,130 00, +
© 0 7 ,

-~

2)

(5‘{1 g+ Y m0undpndpn) + 20ag, 1}5‘{1 13002 T 4T, 2}5‘{1 102 +

2~ e

3) ~ g ) @)
@)

Y rpnrendhn0endes + ran0undhg + Y 2Gmdh 1y 0endes) +
j#2 ) T J#2,k£2 )

-~ -~

(6) )

2
20 Z T11,my 001,13 00,my Op2,2) + 4 Z T(1,myT(2,210(1,110(1,my o 0y +
m#1 m#1

(. J J
v~ v~

2) (6)

A0 2wt 0a000m0pi0pey + 120y, 1}3{1 210(2.2))
m;él N

. (T0)

©
+ Y ramrenfun0umOendern + Y TrmOh g dum
m#£1,k#£2,5#£2 m#1,m#2

J/ N J/

(TT) (I;)

+2 Z T01,my00,13001,2)012,m) + 55{1 2}3{1 2y T 237{1 21011,11011,23 92, 2}
m#1,m#2

- (14)

(13)

Z Ty O,myOq1,1 012,23 + Z x{Q,Q}x{m,l}a{l,m}a{l,l}afgg}+
m#1,1£1 m#1,1£1

J/ N J/
~~ ~~

(4) (®)

> rpprmndumOnndesden +2 Y Tem0u20nmde)
m#£1I#£1,j#2 m#1,m#2

J J
v~ ~~

(11) (13)

+2x{22}3{12}3{22}+— > iyt 0m0nn0erde.,)

R4 ryun
(T5)
+ Z T{my 001,13 041,2)Og2,my + Z x{Q,m}asz}a{Q,m}
m#1,l1#1 m#1l,m#2
A2 A2 ~— ”
~ . (12)

(16

=

Obviously, we have the same formula b5, simply by exchanging the indekand?2.
It is then sufficient to check that the above formula remaimshanged when we exchange
the two index. Each term above is marked with a number. Ifnhbigiber is in the forni7),
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then the associated term is symmetric. Otherwise, thest exihe formula its corresponding
symmetric term which is marked with the same number. O

Proof of Proposition 11

Proof : Let X ~ WISy(x,«,0,I};t). We will check that for any polynomial functiofi

of the matrix elements, we ha®& f (X})] = E[f(Xt"’“'Xt’ )]. Let us consider a polynomial
function f of degreemn:

z € Sy(R), f(x)= > a1,

YENIHD/2 || <m

where|y| = >\, [V @ndZ = [1,,c; 27} . Since the operator are affine, it is

easy to check that f(x) and L, f (z) are also polynomial functions of degree We set:

1flle = > o, and|L] = max  |[Lz7],

N2 |y <m FENA(d+1)/2 |y|<m

so that||L* f||p < |L|*|| f||p for anyk € N. Therefore, the seri€s.,- , t*L* f(z)/k! converges
absolutely. By using + 1 times Itd’s formula, we get:

B =3 2w+ [ i s

Wishart processes have bounded moments since the driftifimsiah coefficients have a sub-
linear growth. Thus(' = max,cyaw+1)/2 4 <m SUPse(o, ﬂEHX;ﬂH < oo and we obtain that

| Jy SR (XE)ds| < CUSI(LD @+ 1) — 0. Thus, we haval]f(X)] =
> oo tFLF f(x) /k! and similarly we get that

o X0 et KT — k net1,. X"
E f(Xf )|Xt 7 = ﬁ[f nf(Xt ’ )
kn=0
= iz Pl
Now, we remark that’ = max_ cyas+1)/2 < SUDep g max(E[| X7 [, E[[ X" |]) <
oo by using once again that Wlshart processes have bounded mtmm@s we have already
proven thatk[| L f (X1 )|] < C||f|lp|Ln|*, we can then switch the expectation with
the series and get (2.13). Then, since f(x) are polynomial function of degree, we can
iterate this argument and finally get (2.14), which givesrteailt. O
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Proof of Theorem 13

The proof is divided into two parts. First, we prove that tH2ES(2.23) has a unique strong
solution which is given by (2.24) and is well defined §p(R). Second, we show that its
infinitesimal generator is equal to the operaterdefined in (2.15).

First step. Let us assume tha&fX});>, is a solution to (2.23). We use the matrix decom-
position of(z; j)2<; j<4 given by (2.22) and set:

T

U)pary = > (6 (X sy, Le{l... ),

=1
T T 2 T
Upnyy = (XHaay — Z (Z(Cr_l)l,i(Xf){l,i-f—l}) = (X )1y — Z((Ut){l,l—l—l})Q'
=1 i=1 =1
We get by using Lemma 35 that:
(U y + 2t (U arsy)® (U sny) i<, O .,
¢ (U1 1<i<r I, 0 |e
0 0 0
Uy + 2 (U pwsy)? (U ) i<rcr (U pasy) i<k
= e ((Un) (1413 1<i<r crcl c kT = X7
Er((Up) {10413 1<i<r kel 0
1 0 0
Sincec=| 0 ¢ 0 is invertible, X € S; (R) if, and only if for all - € R?
0 kr Id—r—l
(U gy + 2 (U iey)® (U pn)2<i<rsr O
2T ((Ue)gy)2<i<rs1 I, 0 |z

0 0 0 (2.45)

=2 (Un)pay + Z(Ziﬂ + (Un)qrir1321)* > 0, <= (Up)q1y > 0.

i=1

In particular, we get thatly ) 1,1} = ug1,1; > 0 sincer € S (R). Now, by It6 calculus, we get
from (2.23) thad(Ut){LlJrl} =i ZZ:l(Cr_l)l,i(Cr)i,deerl = dZ,fJrl and

AUy = (a—r)dt+2¢/(U)audWE +23 0 S0 (6 )un(Xe) ey dW/
— > 2((U) 1,441y AW

= (a—r)dt+2 (Ut){l,l}thl'

Thus, the solutiorf.X});~o is necessarily the one given by (2.24) (pathwise uniquehelsts
for ((U}){1.3)1<i<r+1, and especially for the CIR diffusiofU;*)1,1y sincea > d — 1 > r).
Reciprocally, it is easy to check by It6 calculus that (2.24dlves (2.23).

Second step. Now, we want to show thak; is the infinitesimal operator associated to
the procesg.X;"):>o. It is sufficient to compare the drift and the quadratic c@tén of the
processX;” with L;. Since the drift part of X" );>( clearly corresponds to the first order iof,
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we study directly the quadratic part. From (2.23), we have fpe {2,...,d}*:

d(XP) gy (XD pap/dt = 4(XF )y + 2kt (— [ (D (XE) sy )

> (e Dk (X 1413]%)
= 4(X2E){1,1}7

d((XP) 1y (X)) qugy)/dt Srei(er)icik(en)ioik = (ech)icrim1 = (XP) gy

(X )11y (X)) ap/dt = 235y o (en)imim (e D (XF ) risy
2(Xf){172~}, ifi<r+1,

d((X¥) 1,13, (X)) /dt 23 et 2ot (e ici—re (6 ) ea (X ) 1,413

23 (ke it (XF) 1051

2(XP )y ifi>r+1, by Lemma 35

Thus, we deduce thdt, is the infinitesimal generator ¢} );>.

Lemma 35 — Lety ~ SJ(R) We setr = Rk((yi,j)Qgi,jgd)a y{ = (yl,i+1)1§i§r and y;’d =
(y1.i+1)r+1<i<a- We assume that there are an invertible matsband a matrixk, defined on

M _—1x-(R), such that
¢ 0 ' kT
(yiJ)QSiJSd = ( k. 0 ) ( 0 0 ) :

Then, we have] = k¢ 'y

10 0 1| 0 0
Proof: Wesepp=| 0] ¢, 0 and havey ! = ot 0 . Since the
0 kr [dfrfl 0 ‘ _krcr_l ]dfrfl
matrix
Yi,1 | ()™ (! = ke )T
Py = oyt I 0
vt = keS| 0 0
is positive semidefinite, we necessarily h@\?@ — ke tyr = 0. O

2.6.4 Proofs of Section 2.3

Lemma 36 — Let us consider an operatdr on D that satisfies the required assumption and
such thath ando have a sublinear growth, i.&dK > 0, [[b(z) (|2 + [lo(2)[l2 < K(1 + ||z][2).
Let us considerX; a potentialvth-order scheme fof, with » > 1. Then, condition(2.30)
holds.

Proof : We haveD C R¢, and we set fop € N*, f,(z) = (ZC x2>p = (||z|l2)?, = € D.

=11

Clearly, f, € Co2,(D), and sinceX? is a potentiabth-order scheme fok, we have

lim [Bf,(X7)] = fo(@)]/t = Lfy(2). (2.46)

t—0t+
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Since we haV@ifp(.T) = 2p$€ifp,1(37) and@@jfp(x) = 4p(p—1)xzxjfp,2(x)+ﬂlzj (2pfp,1(37)),
it is easy to check that

¢ ¢
2p—1 2p—2
ILfp(@)] <D 2pK (1 + |zl 2l + Y 4p* K2 (1 + [|lf2) ]2~
i=1 ij=1

< Gy + [lall3”) = Cp(1 + fyl@)),

for some constant’, > 0. From (2.46), we get that:

3n > 0,9t € (0,), E[f,(X7)] < fo(x) +tCy(1 + f(2)).
We consider now the sche t])é,z =0,...,N)with N > T/n that starts fromx, € D. We
haveE(f,(X )] < Elf,(X)] + Cyl(T/N)(1 + EBlf, (X)) Letuo = f,(ro) andus,, =
w;(1+C,T/N)+C,T/N. We havelE[fp()A(t]}fv )] < wu;andu; = (1+C,T/N)(f,(z0)+1)—1 <
e T (f,(xo) + 1). Therefore we have

sup sup E[J| XN [157] < eFT([|lzol3” + 1) < 00
N>T/n0<i<N

which gives (2.30). O

Proof of Theorem 23

Theorem 23 defines the schemezré&r(f]g‘)w. We can prove (see later) tr‘léiﬁ is a potential
vth-order scheme for some operator, and it would be then eeasyalyze the error if, were
in C3%,(S; (R)). Unfortunately/,, is only smooth w.r.t. to the coordinates, 1, . . . u 4y and
is not a priori inC3%,(S; (R)). In fact, this is sufficient to show thaf b, (U%)7 is a potential
vth-order scheme because these coordinates are the onlgaireeé¢ modified by the scheme.
This requires however some further analysis which is mat@be

LetD ¢ R¢ be a domain. We introduce for any dom@in— R¢, ¢ € N* the set

¢ | (D x D) = {feCOO(]D)x]D,R),vveNC, 30, > 0, e, € N*, ¥(z, %) € D,

10, f (2, 2)| < C5(1+ ||(2, D))}

pol H])(

where|.||is anorm orR¢*¢ andd, = 47", ..., 9} denotes the derivatives w.r.t. the coordinates
of D. Forf € C OI}D (D x D), we will say that(C,, e, )., enc is agood sequenctor f if it is
such thato, f(x, )| < C,(1 + ||(z, Z)||*) for any(z,Z) € D x D.

Let us now consider an operatbrthat satisfies the required assumptioniorit is easy to
check that all the iterated functios f are well defined and belong ﬂgf)l}D(]D) x D) as soon

asf € C35|p(D x ]D). Let us fixz € D and considerf(x sampled according to a potential
weakvth-order scheme fok. Sincer — f(z, %) belongs taCo¢, (D), we know by (2.29) that
there are constants;, E;, n; such that

Vi € (0.m), [BLAXD] — 30 i T (o, 8)] < Gt (14 ] %),

70



In practice, one would like instead to get some bounds whneréépendence with respectito
is more tractable. This is why we introduce the following dgion.

Definition 37 — Let L be an operator that satisfies the required assumptioonNe will
say that a potential weakth-order scheme fol. satisfies the immersion property if for any
D C RS, ¢ € N* and any functiory € Cootlp (D x D) with a good sequendg’,, e,).en¢, there
exist positive constants, £, andn depending only o(C.,, e.,).,en¢ Such that

vt € (0,1), [E[f(X7,)] ZEW )| < CEHH A+ |, 2)I17).

In practice, most of the usual schemes satisfy this propbrtiact, to prove that a scheme
is a potentiabth-order scheme, it is common to use a Taylor expansion thes generally at
the same time the immersion property. We illustrate thighierexact scheme below.

Proposition 38 — LetD C RS, b : D — R¢ando : D — M.(R) such that||b(z)|| +

Ho—( )H < C(1 + ||z||) for someC' > 0, and assume thakf(z) = S, bi(z)d;f(x) +
Z” (o™ (2));;0:0; f (x) satisfies the required assumption®nThen, for any € N, the

exact scheme is a potential weak-order scheme fok and it satisfies the immersion property.

Proof: Letf € C OI\D (D x D). We know from the sublinear growth condition that we have
bounds on the moments of: V¢ € N*, 3C, > 0,Vt € [0, 1], E[|[(X], 2)[]9] < Cu(1 +
|(z, 2)||7). By iterating 1té’s Formula, we get then easily foe [0, 1],

v ~ . bt —s) . . -
Xt ) Z k[Lk /0 TE[L +1f(Xs ) {L’)]ds

Since L1 f ¢ Cootlp(D X D), there are constants > 0 andq € N* depending only on
a good sequence of such that|L"*' f(z, )| < C(1 + ||(z,7)|%). Thus, we deduce that

(X7, 8)] = S gL (2, 8)] < ErpC L+ Co(L+ ||(2, 2)]19). o

Besides, the immersion property is easily preserved bymselemmposition.

Proposition 39 — LetL; and L, be two operators that satisfy the required assumption®on
and assume that!(¢)(dz) andp?(t)(dz) are respectively potential weakh-order discretiza-
tion schemes ob for these operators that satisfy the immersion property.Xye\, > 0 and
Xyoowe ~ p2(Mat) o pL(Ait)(dz). Let f € €|, (D x D). Then, there are constant £, v
that only depend on a good sequencg siich that

oole - AL . .
vt € (0,n), ELf(Xainn B — Y St R LU f(a, 3)| < CE L+ [|(z, 2)]17).

[,
lhi+l<v 12

Therefore,

71



o If LiLy, = LyLy, p*(t) o pL(t)(dz) is a potential weakth-order discretization scheme
for L, + L, satisfying the immersion property.

o Ifv>2,p%(t/2)op'(t)op?(t/2) andl (p*(t) o pi(t) + p'(t) o p2(t)) are potential weak
second order schemes for + L, satisfying the immersion property.

This proposition is a straightforward extension of Proposil.15, Corollary 1.16 and The-
orem 1.17 of Alfonsi [5], and we do not repeat the proof herbarks to this result, we can
prove the immersion property of the schemes that are olastdigesplitting. The Ninomiya-
Victoir scheme [69] which is obtained by a composition of @xschemes naturally satisfies
this property. By looking at the proof of Theorem 1.18 in [iBktill satisfies this property if we
replace the Gaussian samples by moment matching variakiks.we can check that the sec-
ond and third order schemes for the CIR process presentelflinsi[5] satisfy the immersion

property.

Corollary 40 — The Ninomiya-Victoir scheme and the second and third asdeeme for the
Cox-Ingersoll-Ross process given in [5] satisfy the imnoerproperty.

Corollary 41 — LetL, (resp. L,) be an operator that satisfies the required assumptiongon
(resp. Ds). Let th’“”l and Xf’” be potential weakth-order schemes fak, and L, sampled
independently. Ther{ X""*, X" is a potential weak/th-order schemes ob; x D, that
satisfies the immersion property.

Proof : From the immersion property, it is easy to check th&f™", z,) (resp. (z1, X))

is a potentialvth order scheme fof; (resp. L,;) onD; x D, that satisfies the immersion
property. The composition of these schemes is sir(wﬁlsl“,Xf’”). SinceL; and L, operate
on different domains, we have L, = L, L, which gives the result. O

Proof of Theorem 23.
Letz € S, (R) andf € C3%,(S;(R)) andr = RK((z;j)2<ij<a). Since the operatok; sat-

pol
isfies the required assumption, we know that the exact scieepotentiabth-order scheme

(Proposition 38), and there are constaiits”, n > 0 depending on a good sequencefafuch
that

vt € (0,7), |E[f( Z k'Lk z)| < C(1 4+ ||lz||F). (2.47)
On the other hand, we know from Theorem 13, equation (2.2d Caollary 15 that we have
X7 =xTh, (U,

where (U}*)(1,; solves the SDEs (2.25) starting from the initial conditiory for 1 < [ <
r+ 1, and(U}") ;3 = uqgiyy for the other coordinates. We have als¢ = 77 h, (U)w by
construction, and it is natural to focus on the functions f (77 h,.(u)r).

Let us consider the set

{ZL‘ c Sd(R), s.t. (xi,j)QSi,jgd € SJ_l(R)axl,l Z 0}
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Itis isomorphic ta R, x R“) x ) | (R) by the mapr — (@11, ...,21.4), (Ti;)2<i j<a). We
have to notice now that the functidn defined by (2.27) is such that € Cpol\R a1 (R4 X
R x 8§ [ (R)). Itis indeed a polynomial function with respecttg;,...,u; 4. Then,
it is easy to check that — f(xTh,(u)7) € Cpol\R i1 (Ry X R x Sj_l(R)) since
f € Cx(S7(R)). Moreover, by the chain rule, we can get a good sequence ifofuthction
that only depend on a good sequencg sincer andh, are fixed.

By assumption(U;*) (1.1 is a potentiabth-order scheme for the operat@r — )y 1y +
2u{171}6fl’1} and satisfy the immersion property. The schemfé;%){17i} 2<i<r+1)can
be seen as a Ninomiya-Victoir scheme with moment matchimigbigs. They are therefore
potentialvth-order scheme for the opera@)@f1 i ([5], Theorem 1.18) and satisfy the immer-

sion property from Corollary 40. Therefore, from Corolla}’y (U ), SRR (Ut“){m}) is a
potentialvth order scheme fofa — 7)0¢1.13 + 2u{1,1}8{171} +3 Zzzl 8{1,1} satisfying the im-
mersion property. Thus, there are constants that we stibebyC', £, > 0 depending on a
good sequence gf such that:

vt € (0,7), [Elf (x"h (U)m)] = E[f (x" h (U)m)]| < CEFHH(L A+ [|u]|P). (2.48)

Now, one has to notice thau| < C’(1 + ||z||) for some constant” > 0 since we have
wpay + O opey (ugiks1y)? = Zq1,1y @andz andz have the same Frobenius norm. We get then the
result by gathering (2.47) and (2.48). O

Remark 42 — We can check by looking at the proof above that the schenagettfor L,

also satisfies the immersion property. Since we do not ndedthie construction of the further
schemes folV [.Sy(x, a, b, a) or AF Fy(z, &, B, a), we will no longer mention it.

Proof of the third condition of Theorem 21 for Wishart processes

The scope of this part is to show the following result.

Proposition 43 — Let(X[ )0 ~ WISy(z, o, b,a), f € C32(S4(R)), = € S (R) andT >

0. Then,a(t,z) = E[f(XF)] is C>® on[0,T] x S (R), solvesd,i(t,z) = Lu(t,x) and its
derivatives satisfy
ern > 0Ve € S§(R), Vt € [0,T7,
0 (2.49)
o TI ol att.o)| < Crall+ ).

1<i<j<d

For technical reasons on the boundary&jf(R), it is convenient here to work withf €
C2,(S4(R)) rather thanf € C%,(S;(R)). The proof of Proposition 43 is based on a re-

pol pol
markable identity on the derivatives of the Laplace tramafahich is stated below.

Lemma 44 — Let(X} )0 o W1S4(z,a,b,a) andv = vg + dvr such thawg € Dy, and
vy € S4(R). We denote by(¢, a, z, v) the Laplace transform ok} given by(2.9), the other
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parameters:, b being fixed. Then, the derivative way, ;, satisfies the following equality

Oy d(t, o, 2,v) = p(t, o+ 2,2, 0)pi " (v),

7l}

Wherep,f"C is a polynomial function of the matrix elements of degtelefined by :

pfk’l}(z}) = [Uadj([d — 2q0)my (e’ + Ilk;élefik)mﬂ
= Z aZ’{k=l}W, wherey” = H U?z{ﬁ}

d(d+1) i q
~ENT T |4|<d {i.g}

Moreover, its coefficients are bounded uniformly in time:

IK; > 0, Vs € [0,¢], max (|a3’{k’l}|) < K;.
d(d+1)
YyENT 2 |y|<d

Proof : We get from (2.9),
5 Tr [vadj(ld — 2qtv)mt(es’l + Ilkﬂeil’k)mtT]
t =

{k,l}(b( 70571:7,0) det(]d — thv)

exp (Tr [v(Ls — 2qv) " 'myam]])
X z
det(I; — 2qv)2
=o(t,a+2,z,0)Tr [vadj([d — 2qw)my (et + ]lk;,éleil’k)mtT] :

Sinces — ||mg|| ands — ||¢;|| are continuous functions df, |, we obtain the bounds on the
polynomial coefficients. O

Proof : Let f € C32,(Sa(IR)). First, let us observe that (2.49) is obvious wtiea [n| = 0
Since we haveyl € N, L'f € C%,(S4(R)), anddju(t, ») = E(L'f(X})), it is sufficient to
prove (2.49) only for the derivatives w.rit.

We first focus on the cage| = 1 and want to show that, ;u(t, z) satisfies (2.49). The
sketch of this proof is to writ¢g' as the inverse Fourier transform of its Fourier transform an
then use Lemma 44. Unfortunatelfyhas not a priori the required integrability to do that, and
we have to introduce an auxiliary functigi.

Definition of the new function f,. SinceD, ,.r- given by (2.8) is an open setafdE Dy, .1,
there isp > 0 such thatpl, € D,,r. Letu : R — R be the function such that(z) = 0 if

1

v < —lorz >0, u(x) = exp(;5) if -1 < 2 < 0. We havey € C*(R). We consider

then the cutoff functiorf : R — R € C*(R) defined asvz € R, ((z) = %. It

is nondecreasing, such that< ((z) < 1, ((z) = 0if 2 < —1 and((z) = 1if z > 0.
Besides, we have € C2,(R) since all its derivatives have a compact support. Now, wendefi

pol
av € C;,(Sa(R)) as

9 Sd(R) — R
x =TT Crgay) Ty S epn — 235)-
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It is important to notice that < ¥ < 1, d(z) = 1if x € S4(R) andd(z) = 0 if there is
i€ {1,...,d} suchthatry;;; < —lori < je {l,...,d}such thatrfm} > 1+ 230104
Lety € Nd (=172 Sincef € C3,(S4(R)), there are constanfs, E > 0 andK’, E’ > 0 such
that,vVz € Sd( )

N < KO+ 12D (o) TT (T, <reepmonn)

1<i<j<d

d
<K'+ g hziza ], (1{\x{i,i}|>—1}> 11 (l{mf,,j}§1+m{i,¢}x{j,j}}> :

1<i<j<d
Here, the upper bound only involves the diagonal coeffisieWite define

z € Su(R), fo(z) :=I(z)f(x)exp(=Tr(px)),

and obtain from the last inequality thgt belongs to the Schwartz space of rapidly decreasing
functions sincep > 0. Thus, its Fourier transform also belongs to the Schwarzs@and we
have
1 .
F0) =~z | sy XP(=Trliv)) F (£, ) ()
(2m)" =2 Jr 2

where F(f,)(v) = fRdu;l) exp(Tr(ivz)) f,(x)dz, and in particularf,, F(f,) € L*(Sa(R)) N
L*(Sa(R)).

A new representation ofu(t, z). We havef(z) = exp(pTr(z))f,(z) for 2 € S (R), and
therefore

u(t,x) = Elexp(Tr(pXy)) fp(X])]

= WE |:/Rd(d2+1) exp(Tr[(—w + ply) X7)F(f,)(v)dv
- ﬁ / Elexp(Tr{(—iv + pla) X7]))F(f,)(v)dv

The last equality holds since
/R aaryy [Elexp(Tr{(=iv + pla) XP)][ < [F(fo) (v)|dv < ¢(t, v, 2, pla)[| F ()]l < oo

Here, we have used that, € D, .1 to geto(t, o, x, ply) < oo.
Derivation with respect to x5 , k,1 € {1,...,d}. From Lemma 44, we have by
Lebesgue’s theorem

_ 1 : :
e pu(t, r) = m /Rd‘d;” o(t,a+2, —w—i—p[d)pik’l}(p[d—w)f(fp)(v)dv (2.50)
Sincelf, (1 ., —iv-+ L F(f,) ()] < 10t a-+2,,pla) o) pla = i) F(S,) )| and
pik: l}(pId iv)F(f,)(v) is arapidly decreasing function.
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Let1 < k/,I'’ < d. Anintegration by part gives

/R (pIa = iv) gy exp (Tr(z(iv — pla)]) V() f(2)da g ry

— (ﬂk;ﬁl/ + Lp—p) /Rexp (Trlz(iv — ply)]) O y3 (V(2) f () d g 1y,

and thus
(pla — iv) g 1y F(exp[—pTr(z)]0(z) f () (v)

— (Hk;l/ + Do) F (exp[—pTr(x)]0ps 1y [9(2) f (2)]) (v).

We setp(y) = ngk,g/sd(@ + Lp—p) "0y for v € NU4+1/2 and get by iterating the
argument that:

[T (ola—iv) 05 F(£,)(0) = (N F (exp [=pTr(2)] 0,(9 x f)(@)) (v).  (2.51)

1<k’<lI'<d
. k,l . Ak, Nk
Sincep!*! (pI, —iv) = EveNduH),leSd al't }ngk,g/gd(pld—w){,{j’l,’}}, we get from (2.50)
and (2.51):
Opnut.z) = Y al " e(NE©,(f x ) =Y ol " e(1)E (0, £ (Y7 )R2.52)

[v|<d ly|<d

where (Y;"):>o o~ W1S4(x,a + 2,b,a). Here, we have used that (¥ x f)(y) = 0,f(y)

for y € S§(R). From Lemma 44 )t D is bounded for € [0,77], and we
V€ gl

2

get (2.49) whenn| = 1 sinced, f € C5%,(Sa(R)). Thanks to (2.52), a derivative of order|,

pol
can be seen as a (bounded) linear combination of derivadifvesder|n| — 1, and we easily

get (2.49) by an induction om|.

It remains to check that we have inde®d(t,z) = Lu(t,z). Lett, h > 0. By the Markov
property, we havei(t + h,x) = E[u(t, X})]. From (2.49) and It6’s formula, we géi(t +
h,x) —u(t,x)]/h e Lu(t, x). O

Lemma 45 — Leta, z € S; (R), B € L(S; (R)) that satisfieg2.4), andz(¢) be the solution
of the following ODE

x(t) =x + /Ot(oz + B(z(s)))ds. (2.53)

Then, we have(t) € SJ (R) fort > 0.

Proof : The ODE (2.53) is affine and has unique solutionjr{R) which is given by
t
t >0, z(t) = exp(tB)(x) +/ exp (sB) (a)ds, (2.54)
0
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wherevt € RT,Vz € Sy(R), exp(tB)(z) = > 7o, th,:!(x), B*(x) = Bo...o B(x) such that

k times

B%(z) = z.

We assume first that, » € S;*(R) and consider = inf{t > 0,z(t) ¢ S; (R)}, with the
conventioninf ) = +o0o. We haver > 0. Let us assume by a way of contradiction that oc.
Then,z(7) cannot be invertible and theregsce S; (R) such thaty # 0 and T(yz(7)) = 0.
From (2.54) and (2.4), we get

Tr(2'(r)y) = Tr([B(z(7)) + aly) > 0,

sinceax is positive definite. Therefore, thereds (0, 7) such that Tfyz(r — ¢)) < 0. Let us
recall now that € Sf(R) < Vy € S;(R), Tr(yz) > 0. Thus,z(r — €) ¢ S; (R), which
contradicts the definition of.

In the general case, = € S, (R), we observe that the solution (2.54) is continuous wer.t.
anda, and thus/t > 0,z(¢) € S (R) sinceS; (R) is a closed set. 0
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Chapter 3

A Mean-Reverting SDE on Correlation
matrices

Note: Ce chapitre a donné lieu un article [3] soumiStachastic Processes and their Applica-
tions

Abstract We introduce a mean-reverting SDE whose solution is ndyudaifined on the
space of correlation matrices. This SDE can be seen as amexteof the well-known Wright-
Fisher diffusion. We provide conditions that ensure weal stnong uniqueness of the SDE,
and describe its ergodic limit. We also shed light on a usefuinection with Wishart pro-
cesses that makes understand how we get the full SDE. Lagbcws on the simulation of this
diffusion and present discretization schemes that aclaeexzond-order weak convergence.

Introduction

The scope of this paper is to introduce an SDE that is well ddfon the set of correlation
matrices. Our main motivation comes from an application narfce, where the correlation
is commonly used to describe the dependence between ask®ts precisely, a diffusion on
correlation matrices can be used to describe the instamianeorrelation between the log-
prices of different stocks. Thus, it is also very importamt practical purpose to be able to
sample paths of this SDE in order to compute expectatiomgp(foes or greeks). This is why
an entire part of this paper is devoted to get an efficient Eittmn scheme. More generally,
processes on correlation matrices can naturally be useddelthe dynamic of the dependence
between some quantities and can be applied to a much widge m@inapplications. In this
paper, we focus on the definition, the mathematical progeeetnd the sampling of this SDE. In
a further work, we will investigate a possible implemerdatin finance to model an index and
its stock components.

There are works on particular Stochastic Differential Eounes that are defined on positive
semidefinite matrices such as Wishart processes (Bru [L ea Affine extensions (Cuchiero
et al. [26]). On the contrary, there is to the best of our krealgke very few literature dedicated
to some stochastic differential equations that are valuedasrelation matrices. Of course,
general results are known for stochastic differential #gna on manifolds. However, no par-
ticular SDE defined on correlation matrices has been studiel@tail. In dimensionl = 2,
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correlation matrices are naturally described by a singé ge= [—1, 1]. The probably most
famous SDE on—1, 1] is the following Wright-Fisher diffusion:

dX, = k(p — X;)dt + o+/1 — X2dB, (3.1)

wherex > 0, p € [—1,1], o > 0, and(B;);>o is a real Brownian motion. Here, we make
a slight abuse of language. Strictly speaking, Wright-€isttiffusions are defined ojf), 1]
and this is in fact the proceg$tXt ¢ > 0) that is a Wright-Fisher one. They have originally
been used to model gene frequencies (see Karlin and Taygdx. [Fhe marginal law ofX;

is known explicitly with its moments, and its density can bgtten as an expansion with
respect to the Jacobi orthogonal polynomial basis (see M8Z§. This is why the process
(X;,t > 0) is sometimes also called Jacobi process in the literatunehigher dimension
(d > 3), no similar SDE has been yet considered. To get processesroglation matrices,
it is instead used parametrization of subsets of correlatiatrices. For example, one can
considerX; defined by(X,); ; = p: for 1 < i # j < d, wherep, is a Wright-Fisher diffusion
on[—1/(d — 1),1]. More sophisticated examples can be found in [12]. The maipgse of
this paper is to propose a natural extension of the Wrigltiéti process (3.1) that is defined on
the whole set of correlation matrices.

Let us now introduce the process. We first advise the readeave a look at our notations
for matrices located at the end if this introduction, eveoutih they are rather standard. We
consider(W;,t > 0), ad-by-d square matrix process whose elements are independent real
standard Brownian motions, and focus on the following SDEhercorrelation matrices;(R):

X, = x+/0 (k(c— X)) + (¢ — Xg)K) ds

d t
+3 an / ( /X, — X, e X, dW,e? + endWT /X, — Xseng) ,
n=1 0

(3.2)
wherez,c € €4(R) andx = diag(ki,...,kqs) anda = diag(ay,...,aqs) are nonnegative
diagonal matrices such that

ke+cx — (d—2)a* € Sf(R)ord = 2. (3.3)

Under these assumptions, we will show in Section 3.2 that3BE has a unique weak solution
which is well-defined on correlation matrices, i#.> 0, X, € €;(R). We will also show that
strong uniqueness holds if we assume moreoventtat™ (R) and

ke + ck — da* € SF(R). (3.4)

Looking at the diagonal coefficients, conditions (3.3) aBd) imply respectively:; > (d —
2)a?/2 andk; > da?/2. This heuristically means that the speed of the mean-revehas to
be high enough with respect to the noise in order to sta§;,{iR). Throughout the paper, we
will denote M RC(z, k, ¢, a) the law of the processX;):>o andM RCy(z, k, ¢, a; t) the law of
X;. Here,M RC stands for Mean-Reverting Correlation process. When ubi@ge notations,
we implicitly assume that (3.3) holds.
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In dimensiond = 2, the only non trivial component i€X;); . We can show easily that
there is a real Brownian motidiB;, ¢ > 0) such that

A(X)12 = (ma+ mo) (er2 — (Xr2)dt + \Ja? +a3y/1 — (X,)2 0B,

Thus, the process (3.2) is simply a Wright-Fisher diffusi@ur parametrization is however
redundant in dimensio, and we can assume without loss of generality that= x, and
a; = ap. Then, the conditionc + ck € S; (R) is always satisfied, while assumption (3.4) is
the condition that ensurég > 0, (X;);. € (—1,1). In larger dimensiongd > 3, we can also
show that each non-diagonal element of (3.2) follows a Wrkjbher diffusion (3.1).

The paper is structured as follows. In the first Section, ves@nt first properties of Mean-
Reverting Correlation processes. We calculate the infimital generator and give explicitly
their moments. In particular, this enables us to describeetiyodic limit. We also present a
connection with Wishart processes that clarifies how we lgetSDE (3.2). It is also useful
later in the paper to construct discretization schemed, lasshow a link between some MRC
processes and the multi-allele Wright-Fisher model. Tisattion 3.2 is devoted to the study
of the weak existence and strong uniqueness of the SDE (8/2)discuss the extension of
these results to time and space dependent coefficients a. Also, we exhibit a change of
probability that preserves the family of MRC processes. laseand third Section is devoted
to obtain discretization schemes for (3.2). This is a ciussue if one wants to use MRC
processes effectively. To do so, we use a remarkable sglitif the infinitesimal generator
as well as standard composition technique. Thus, we canstiscretization schemes with a
weak error of orde2. This can be done either by reusing the second order schemasshart
processes obtained in [1] or by an ad-hoc splitting (see Agpe3.4.4). All these schemes are
tested numerically and compared with a (corrected) Eulardylama scheme.

Notations for real matrices :

e Ford € N*, My(R) denotes the real square matricesS,(R), SJ (R),S;*(R), and
G4(R) denote respectively the set of symmetric, symmetric pasgemidefinite, sym-
metric positive definite and non singular matrices.

e The set of correlation matrices is denoteddyR):

CR)={z eSS (R),VI<i<d, z;;, =1}

We also defin€’(R) = €,4(R) N G4(R), the set of the invertible correlation matrices.

e Forz € My(R), 27, adjz), det(x), Tr(x) and RKz) are respectively the transpose, the
adjugate, the determinant, the trace and the rank of

e Forz € §) (R), /z denotes the unique symmetric positive semidefinite matrtk shat

(VEy =1

e The identity matrix is denoted bfy. We set forl <, j < d, e;’ = (15=i—;)1<k<a aNd
e, = e;'. Last, we definez({j’j = g’ + Lizje).
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o Forz € S,(R), we denote byr, ;y the value ofr, j, so thatr = 3., zpel™.
We use both notations in the paper: notatien;),<; j<4 is of course more convenient
for matrix calculations whil€x; ;3)1<i<j<q iS preferred to emphasize that we work on
symmetric matrices and that we havg = z; ;.

o For\,...,\qs € R, diag(\,...,\q) € Sq(R) denotes the diagonal matrix such that
diag(Ay, ..., Aa)ii = i

e Forx € S§(R) such thatr;; > 0 for all 1 < i < d, we definep(z) € €,4(R) by

1<i,j<d (3.5)

e Forz € Sy(R) and1 < i < d, we denote byl € S, |(R) the matrix defined by

2l = 2100, 41, andzt € R4 the vector defined byi = x;, for 1 < k < i and

2l =z fori <k < d—1. Forz € €(R), we have(z — zela)! = 2ll — 2i(29)7.

3.1 Some properties of MRC processes

3.1.1 The infinitesimal generator

We first calculate the quadratic covariationdfRC,(x, k, ¢, a). By Lemma 72, we get:

(d(X1)ig, d( X)) = |a; (Limp( Xy — XpelXe) 0+ Lic(Xe — Xeeh X0) )

+ad (Lo (Xe — Xeeh Xo)ia + L (Xe — Xe€l X)) |t

= _a?(ﬂz‘:k((Xt)j,l — (Xp)ij(Xe)ig) + Lica(Xe) g — (Xe)i(Xe)in))

+ af (L (Xe)ig — (Xe)56(Xe)j0) + Lz (Xe)ik — (Xt)j,i(Xt)j,k))] dt.
(3.6)

We remark in particular thai((X,); ;, d(X;)r;) = 0 wheni, j, k, [ are distinct.
We are now in position to calculate the infinitesimal germraf M RC,(x, x,c,a). The
infinitesimal generator oM ,(R) is defined by:

r € €4(R), LMf(2z) = lim EU(Xf)t] — f(z)

t—0t

for f € C*(Mg4(R), R) with bounded derivatives

By straightforward calculations, we get from (3.6) that:

M= Y (ki ) ey — 2i5)0h
1<i,j<d
J#i
Z a (@ — 35T k) 0500 + 0;jOki + 0505k + 05,0h.4).

1<i,jk<d
Ak

(3.7)
_'_

DO | —
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Here,d; ; denotes the derivative with respect to the element at'tHéne and;™ column.
We know however that the process that we consider is valu€g(iR) C S;(R). Though it
is equivalent, it is often more convenient to work with théritesimal generator o5,(R),
which is defined by:

z € €4(R), Lf(z) = lim E[f(X?)] — f(z)

t—0t+ t

for f € C*(S,;(R), R) with bounded derivatives

since it eliminates redundant coordinates. koe S;(R), we denote byry; j, = x;; = z;;
the value of the coordinatds, j) and(j, ), so thatr = 3=, _._._, 2z (ef’ + Lizje)'). For
[ € C*(S4(R),R), dy; ;3 f denotes its derivative with respectig ;. Forz € My(R), we set
m(x) = (z+2T1)/2. Itis suchthatr(z) = x for x € S4(R), and we havd. f(z) = LM for(x).
By the chain rule, we have far € Sy(R), 9;;f o () = (1= + 31Li)0p. 51 f(x) and we get:

d
1
L=>"| Y silepgy —va)0us + 5 > al@ym — vanTm) 0106
i=1 | 1<j<d 1<j,k<d
J# ik
(3.8)
Then, we will say that a proce$x(;,t > 0) valued in€,(R) solves the martingale problem
of MRCy(z, K, c,a) ifforanyn e N*, 0 <¢; <-.- <t, <t <s,01,...,9, € C(Sa(R),R),
f € C?(84(R), R) we have:

E =0, and Xy ==z (3.9)

s

i]igi(Xt,.) (f(Xt) — [(X,) = /t Lf(Xs)ds)

Now, we state simple but interesting properties of meaestéwy correlation processes. Each
non-diagonal coefficient follows a Wright-Fisher type dgfon and any principal submatrix is
also a mean-reverting correlation process. This resultdisegct consequence of the calculus
above and the weak uniqueness of the SDE (3.2) obtained wil@gr48.

Proposition 46 — Let(X,);>0 ~ MRCqy(z,rK,c,a). Forl < i # j < d, there is Brownian
motion (3,7, ¢ > 0) such that

d(X4)ig = (ki + k) (ciy — (Xo)iy)dt + \/a? +a? \/ 1— (X;)2,dB;". (3.10)

Let/ = {ky < --- < kg} C {l,...,d} suchthatl < d’ < d. Forz € M,(R), we define
' € My(R) by (2');; = x4, for 1 < i,j < d'. We have:

(X])iz0 'Y MRCy (2", k1,1, a").

3.1.2 Calculation of moments and the ergodic law

We first introduce some notations that are useful to chaiaetéhe general form for moments.
For everyx € S;(R), m € §;(N), we set:

o= I afly andiml = 37 mi.

1<i<yj<d 1<i<yj<d
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A function f : S;(R) — R is a polynomial function of degree smaller thanc N if there
are real numbers,, such thatf(z) = >_, ., a2™, and we define the norm gfby | f{|r =
2 jmisn |@m]-

We want to calculate the momenrii$X ;"] of (X;,t > 0) ~ M RCy(x, k,c,a). Since the
diagonal elements are equal tpwe will takemy; ;; = 0. Let us also remark that far# j
such that:; = x; = 0, we have from (3.3) thai; = a; = 0. Therefore we getX,);; = z;;
by (3.10).

Proposition 47 — Letm € S;(N) such thatm“ =0forl <i < d Let(Xy)o ~
MRCy(z,k,c,a). Form € S(N), Lz™ = — K™ + f,,(z), with

d d 1 d d
= Z Z Kimyi ) + 5 Z CL? Z U

i=1 j=1 i=1  jk=1

and
¢ L el } d d {i,3} _ { k} | {4k}
. 1,5 g ik} ol
=D D e e E ;Y mpgym g™t o
i=1 j=1 i=1  jk=1

is a polynomial function of degree smaller thigm| — 1. We have
t
E[X{"] = 2™ exp(—tK,,) + eXp(—th)/ exp(s Ko E[fin (Xs)]ds. (3.11)
0

Proof : The calculation ofLz™ is straightforward from (3.8). By using Itd’s formula, wetge
easily that™ X" — i, B[X;"] + E[f,.(X,)], which gives (3.11). m

Equation (3.11) allows us to calculate explicitly any motrtgninduction onm|. Here are
the formula for moments of ordérand2:

VI<i#j<d, E[(Xe)iy] = e ) e (1 — et ttm),
and for givenl <i # j < dandl < k # [ < dsuchthak; + x; > 0 andxy, + x; > 0,

E(X1)ij(Xka] = igaree” ™00+ (ki + 55) ¢ ma(t) + (K + K1) e (1)
a7 (Limyja(t) + Licyn(®) + a5 (Lj—evia(t) + Lj—rvin(t)) |
WhereKi,ng,l = K; + Kj + K + K+ CLZ2 (ﬂlzk -+ ﬂi:l) —+ CL? (ﬂj:k —+ ﬂj:l) and

1 — e tKijk e~ tlhmtrn) _ otKi k1

vmu n e {i7j7 k7 l} ) fym,n(t) =Cmn ™ + (xm,n - Cm,n)
Ki,j,k,l

Ki,j,k,l — Rm — Rp

Let f be a polynomial function of degree smaller thag N. From Proposition 47L, is a linear
mapping on the polynomial functions of degree smaller thaand there is a constaat, > 0
such thal|Lf||r < C.||f]le. On the other hand, we have by Itd’s formWgf (X;)| = f(z) +
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[ E[ )lds, and by iteratingE[f(X,)] = S5 b Lif(z) + [I LRI F(X,)]ds
SlnceHLZfHP < C|If|le, the series converges and we have

E[f(X)] = > L' (@) (3.12)

for any polynomial functiory’. We also remark that the same iterated It6’s formula gives

ki
Vf € C(Su(R), R), Vk € N, 3C > 0,V € €4(R), [E[f(X)] = Y %Ll’f(x)\ < ot
Z (3.13)
sinceL**! f is a bounded functions afy(R).

Let us discuss some interesting consequences of Propo4ditioObviously, we can calcu-
late explicitly in the same mann&{X;" ... X" for0 <t; < --- < t, andmy,...,m, €
Sq4(N). Therefore, the law of X, . . ., X;, ) is entirely determined and we get the weak unique-
ness for the SDE (3.2).

Corollary 48 — Every solutioi X, ¢ > 0) to the martingale probler(8.9) have the same law.

Proposition 47 allows us to compute the lifiity, ., -, E[X/"] that we noteE[X "] by a
slight abuse of notation. Let us observe tiigf, > 0 if and only if there isi, j such that
K + r; > 0andm,; > 0. We have

EX2] = a™if m e Sy(N)issuchthaing j; >0 < k;=x; =0, (3.14)
E[XZ] = E[fn(Xw)]/K. otherwise

Thus, X, converges in law wheth — +o00, and the momentB[ X | are uniquely determined
by (3.14) with an induction ofyn|. In addition, ifx; + x; > 0 foranyl < i,j < d (which
means that at most only one coefficientxof equal ta0), the law of X, does not depend on
the initial condition and is the unique invariant law. Ingloase the ergodic moments of order
and2 are given by:

aZ(Li—gejy + Licicir) + a?(ﬂj:kci,l + 1)
Kk
(FLZ' + Rj + ki + /ﬂ)cl-7jck,l
Kk ’

E [(Xoo)i,j(Xoo)ri] =

3.1.3 The connection with Wishart processes

Wishart processes are affine processes on positive seniiel@fiatrices. They have been intro-
duced by Bru [17] and solves the following SDE:

t
Yf/=y+/ ((a+1)aTa+b1Qy+Y;be)ds+/ (\/ YdW,a + ot dW VY. ) (3.15)
0
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wherea, b € My(R) andy € S; (R). Strong uniqueness holds when> d andy € S} *(R).
Weak existence and uniqueness holds wlaen d — 2. This is in fact very similar to the results
that we obtain for mean-reverting correlation processdse garameten + 1 is called the
number of degrees of freedom, and we denot@b¥S,(y, « + 1, b, a) the law of (Y,?, ¢ > 0).
Once we have a positive semidefinite matrix S; (R) such thaty;; > 0for 1 < < d,
a trivial way to construct a correlation matrix is to consige€y ), wherep is defined by (3.5).
Thus, it is somehow natural then to look at the dynamics(f”), provided that the diagonal
elements of the Wishart process do not vanish. In geneialddes not lead to an autonomous
SDE. However, the particular case where the Wishart paemetres = ¢} andb = 0 is
interesting since it leads to the SDE satisfied by the meagriag correlation processes, up to
a change of time. Obviously, we have a similar propertyifer e;, andb = 0 by a permutation
of the:th and the first coordinates.

Proposition 49 — Leta > max(1,d — 2) andy € S; (R) such thaty;; > 0for 1 < i < d.
Let (V¥)is0 ~ WISy(y, o+ 1,0,¢€)). Then, (YY) = y;; for 2 < i < dand(Y}), follows a
squared Bessel process of dimensioft 1 and a.s. never vanishes. We set

t
1
X, = p(Y}), t:/ids.
t p( t) ¢() 0 (}/;y>1,1
The functiony is a.s. one-to-one oR, and defines a time-change such that:
law (6]
(X410, t > 0) = MRCq(p(y), §e;,Id,e}i).

In particular, there is a weak solution t8/ RC4(p(y), $ey. ls, €;). Besides, the processes
(Xp-1),t > 0) and ((Yy?)1,1,t > 0) are independent.

Proof : From (3.15)a = e} andb = 0, we getd(Y,”); ; = 0for2 <i,j < dand

(VY?)is(dWy)r1. (3.16)

M&

d(Y)11 = (a+1) dt+2z Y1 (dWy)g, d(YY)1: =
k=1

i

1

In particular,d((Y}Y)11) = 4(YY)11dt and (YY), is a squared Bessel process of dimension
a + 1. Sincea + 1 > 2 it almost surely never vanishes. Thi&;,¢ > 0) is well defined, and
we get:

- +Z< W—(X)%) (@W)ks (3.17)

By Lemma 75¢( )is a.s. one-to-one dR., and we consider the Brownian motitit;, ¢ > 0)
defined by(Wy )i, = fO dWS Jis ds We have by straightforward calculus

1/

d_ (Y1 )ik (Y )1k
o VYot o p)h )
d(Xg-1)1 = =5 (Xgm1i)radt + > ( — (Xp-1())1i————| (dW)i1
P N n

(Y,

A(Xo)1s = —5 (X))

d(Xp-1(0)16, (Xg-10))15) = [(Xg-1(0))ij — (Xp-100)1,i(Xp-10))1,5]dt,
(3.18)
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which shows by uniqueness of the solution of the martingabdlpm (Corollary 48) that
(Xg1,t > 0) "2 MRCy(p(y), e, I, eh).
Let us now show the independence. We can check easily that

1

X (Xs) = Gy~

[(Xt)ij — (Xo)14(Xe) 1] andd((Xy)1, (Yi)11) = 0. (3.19)
We define¥ (y) € Su(R) fory € S7 (R) suchthay;; > 0by ¥ (y)1; = ¥(y)i1 = y1i/\/I1.10ii
and¥(y),; ; = y;; otherwise. By (3.16) and (3.17)\(Y;),t > 0) solves an SDE o5,;(R).
This SDE has a unique weak solution. Indeed, we can checkdhany solution(Y;,¢ > 0)
starting from¥(y), (I~1(Y;),t > 0) ~ WIS,(y, o + 1,0, e}), which gives our claim sincé
is one-to-one and weak uniqueness holddfafS,(y, a + 1,0, ¢}) (see [17]). Le{ B, t > 0)

denote a real Brownian motion independentldf, ¢ > 0). We consider a weak solution to the
SDE, forall2 <1i,57 <d

d(Yy)11 = (o + 1)dt 4 24/ (Yy)1.1d B, d(?;). =0,

_ (VY

— (Ve (V)i

d

t kz <\/ Yt)llyu

that starts fromy; = ¥(y). It solves the same martingale problemiag;), and therefore
(U(Y,),t > 0) "2 (V,,t > 0). We setp(t) = Y) —ds. As above((Yj-14))1i1=2....d)

solves an SDE driven biV;,¢ > 0) and is therefore independent @), ,,¢ > 0), which
gives the desired independence. O

d(Y;s)l,z‘ = —%( ) (th)k,lv

Remark 50 — There is a connection between squared-Bessel processesmardimensional
Wright-Fisher diffusions that is similar to Proposition 4®@et us considet’} = z; + (it +
fot a\/ngBg,i = 1, 2 two squared Bessel processes driven by independent Browro&ons.
We assume that;, 3,0 > 0 ando? < 2(3;, + 3;) so thatY; = Z! + Z? is a squared Bessel
processes that never reach@s By using It calculus, there is a real Browniam,, ¢ > 0)
motion such thaf; = Z! /Y, satisfies

B dt dB,
B+ fa Xt)Yt A Xt)JYt
and we havedXt, dY;) = 0. Thus, we can use the same argument as in the proof abovet we se
fo 1/(Y;)ds and get that X,-1(,y,t > 0) is a one-dimensional Wright-Fisher diffusion
that 5 mdependent afY;,t > 0). This property obviously extends the well known identity
between Gamma and Beta laws. This kind of change of time hswdaen considered in the
literature by [39] or [47] for similar but different multi-dnensional settings.

dXi = (B + 52)(

3.1.4 Aremarkable splitting of the infinitesimal generator

In this section, we present a remarkable splitting for themaeeverting correlation matrices.
This result will play a key role in the simulation part. In fawe have already obtained in [1]
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very similar properties for Wishart processes. Of courisesé properties are related through
Proposition 49, which is illustrated in the proof below.

Theorem 51 — Leta > d — 2. Let L be the generator associated to theRC y(z, $a*, 14, a)
on ¢,(R) and L; be the generator associated fd RC y(z, $€;, 14, €}), fori € {1,...,d}.
Then, we have

d
L= alL;and Vi,je{l,...,d}, Lil; = L; L. (3.20)
=1
Proof : The formulalL = Ele a?L; is obvious from (3.8). The commutativity property
can be obtained directly by a tedious but simple calculuschvis made in Appendix 3.4.3.
Here, we give another proof that uses the link between WisimakrMean-Reverting Correlation
processes given by Proposition 49.

Let L}" denotes the generator &F 1.S,(z, o + 1,0,¢}). From [1], we haveL;" L} =
LYLY for1 <i,j < d. Letus considerv > max(5,d — 2) andz € €4(R). We set for
i=1,2 (Yt > 0) ~ WISy(z, o + 1,0,¢4), and we assume that the Brownian motions
of their associated SDEs are independent. Sib¢d.) = LY LY, we know from [1] that

1,Y2% 1 2,y
Y, 't "E Yy and thus

E[f(p(v;"" )] = Bl (p(v2" ")),

2, 2,
LYSTy o g L)

for any polynomial functionf. By Proposition 49p(Y; = X )= where the

2,
process(X(léf)(_Yﬁ(u;,u > 0) is a mean-reverting correlation process independemnt' of) =
2,z
fot 1Y+,xds. Since(Y,*"),1 = 1, (Ysl’yt )1.1 follows a squared Bessel of dimensiont- 1
Tt

(Ys 1,1
starting froml. Using the independence, we get by (3.13)

B RO DY 61 0] = F02)+0 00 £ 02+ I 121 o2 + 000 1)

By Lemma 76, we havB[¢' (t)] = t-+3522+0(t?), E[¢' (¢)?] = t+0(¢%), E[¢' (1)*] = O(¢%).
Thus, we get:

1,Y2"
‘)

E[f(p(v2" )

2
= FROG) + L f(PO) + SR (V) + (3 — 0) L1 f(p(V2T))] + O(F).

Once again, we use Proposition 49 and (3.13) to get simitaayE[f (p(Y,*"))] = f(x) +
tLof () + E[L3f(x) + (3 — @) Laf(x)] + O(#?) for any polynomial functiory. We finally get:

2,
b

B[ ()] = (&) + 1 + L) ()
2
+ IR () + 2LaL f(@) + T3 (2) + (3 — 0)(Ln + La) f(2)] + O(").
Similarly, we also have

E[f (2" )] = f(2) + (L1 + L) f(x)

+ g[L%f(x) +2L1Laf(2) + L3 f(2) + (3 — a)(L1 + La) f(2)]t* + O(t%),

(3.21)
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and since both expectations are equal, welgét, f (z) = Lo L, f(x) for anya > max(5,d —
2). However, we can writd; = 3 (aLP + L), with

LY = Y wujOugyandL) = > (w0 — 20 0060) 0.5 ik
1<j<d 1<j,k<d
2 JF#LkFEL
Thus, we have? LP LY + o(LP LY + LM LD + LM LY = o2LP LP + o(LY LM + LY LP) +
LY LM for anya > max(5,d — 2). This givesLY LY = LD LP LPLY + LV LD = [LDLM +
LYLP, LYY = LY LM, and thereford,, L, = L, L, holds without restriction on.. O

Remark 52 — Letz € €4(R), (Y;"",t > 0) ~ WIS(z,a+1,0,e}) and L}V its infinitesimal
generator. Equatiorf3.21)and the formulal[f(p(Y,""))] = f(x) + tL, f(z) + E[L3f(z) +
(3 — a)Lif(z)] + O(t?) used in the proof above lead formally to the following idtesi for
z € €y(R)and f € C(S4(R),R),

L' (fop)(x) = Lif(x), (L1 )*(f op)(x) = Lif(2) + (3 — a) L1 f(2),
LY Ly (fop)(x) = Ly Lo f (),
that can be checked by basic calculations.

The property given by Theorem 51 will help us to prove the wesistence of mean-
reverting correlation processes. It plays also a key roletestruct discretization scheme for
these diffusions. In fact, it gives a simple way to sampleléhe N/ RCy(z, $a?, 14, a,;t). Let
x € €4(R). We construct iteratively:

1,z 2.1 1.
o X" ~ MRCy(x, Sajey, I, areg,t),

1,z

. . 17
o For2 < i < d, the distributionX;"* ~ MRCy(X{ """ %alel, Iy, azeiit) is

1,z
X

sampled, conditionally tox] " , independently according to the distribution of a
mean-reverting correlation process at timeith parameterg§ael, 14, a;el;) starting

from X'

11

1

Proposition 53 — LetX>"* be defined as above. Theti™ " ~ MRC y(z, 202, I, a,;).

Let us notice thaf\/ RC'y(x, 2 2,aZ el Iy, a; el t) faw MRCy(x, %, ey, I4; €;)aZt. Moreover, we
also remark thad/ RCy(z, §, €}, Iy, € t) and M RCy(x, §, €4, 14, ey; t) are the same law up to
the permutation of the first and thi¢h coordinate. Thus, it is sufficient to be able to sample
this latter law in order to sample/ RC'y(z, $a?, Iy, a,;t) by Proposition 53.

Proof : Let f be a polynomial function an&? ~ M RC4(x, 2, a?, I4,a;t). By (3.12),

E[f(X?)] = $°°, £ Lif(x). Using once again (3.12),

§=0 31

727

1,z 1,z ,T t T

B () = BEGOGp ) =3 GES ()
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and we finally obtain by iterating

; ; d
a.X0" s tittia . tI )
Ef (X7 )= Y L L) =) 5L+ + La) f(2) = E[f(X])],
gl ga! 4!
J15e-Ja=0 j=0
since the operators commute. O

We can also extend Proposition 53 to the limit laws. More igedy, let us denote by
MRC 4(x, K, c,a;00) the law characterized by (3.14). We deflne S|m|IarIy fore €4(R),

11

X"~ MRCy(x, Sate}, 14, are; 00) and, conditionally taX’J ">, we obtainX’; > ~
MRCd(ngL“-X ,Safel;, Iy, azelj; 00) for 2 < i < d. We have:

xLT

X5 O MRCO (e, %aQ,Id,a; ). (3.22)

To check this we consid€tX;,t > 0) ~ MRCy(z,%a? Is,a) andm € Sy(N) such that
m;; = 0. By Proposition 47E[X]"] is a polynomial function of: that we writeE[X;"] =
Zm,esd(wm,‘gm Ymme ()™ . From the convergence in law (3.14), we get that the coeffisie
Yomme () O 10 @ liMit~y,, v (00) Whent — +o0, andE[XT] = 37 < Yomme (00)2™ . SIM-
ilarly, the momenin of M RCy(z, $aZel, 14, a;el; t) can be written a3 | <jml 721’m,(t)xm/
We get from Proposition 53:

E[in] = Z fde)’L,md (t)f}/?dndlmd 1 (t> et 71}/12,1711 (t)xm17

[ma|<--<|mq|<|m]|

which gives (3.22) by letting — +oc.

3.1.5 Alink with the multi-allele Wright-Fisher model

Theorem 51 and Proposition 53 have shown that anyMWCd( 2a?, 14, a,;t) can be ob-
tained by composition with the elementary |&GRC y(, §, 14, €j,;t). By the next proposition,
we can go further and focus on the case WHere)s<; j<q = I4—1.

Proposition 54 — Letz € €;(R). Letu € M, 1(R) andz € €4(R) such thatr =

( (1) 2 T ( (1) uOT ) and(Z)qs<; j<a = 141 (Lemma 71 gives a construction of such matri-

ces). Then, for > 2,

10

aw e 1 0
MRC(x, 2ed,[d, el ' <o " ) MRCa(#, Fej. Iu. e)) ( 0 T )

Proof : Let (X;,t > 0) ~ MRCy(i, 26d,Id,ed) We setX; = ( (1) 2 )Xt ( (1) uOT ) .

CIearIy,((Xt)m)QSZ-,de = I, and the matrix(X;); ;)2<i j<a iS constant and equal ta.” =
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(i5)2<ij<a- We have for2 < i < d, (X,)1; = S uiik1(X) 1k By (3.6), we get
(d(X) 10, d(X)1g) = [Tpey — (X) 1(X)1,]dt. Therefore, the quadratic variations

(d(Xi)1i, d(Xo)1,) = <Zuz Lhk—1Uj—1 k-1 — Zuz Le—1(Xe)1 pUio10— 1(Xt) )dt

= ((Xo)ij — (X)1i(Xe)15) dt,

are by (3.6) the one a¥/ RCy(x, Se;, 14, ey). This gives the claim by using the weak unique-
ness (Corollary 48). O

Forz € S4(R) such thatz; ;)o<; j<a = 14—1 andz; ; = 1, we havelet(z) = 1 — El 5T,

and therefore )

r€GR) = ) af, <1 (3.23)
=2
The proces$X;);>o ~ MRCy(x, 5, 14, el,t) is such that(X,); ;)2<i j<a = l4-1. In this case,
the only non constant elements are on the first row (or coluiioye precisely((X;)1:)i2.. 4
is a vector process on the unit ball in dimensiba 1 such that

d((Xe)1, (Xe)1,5) = (Lizj — (Xi)1,4(Xi)15)dt.

Fori =1,...,d— 1, we set¢} = (X;)?,,,. We have(d(},d¢]) = 4¢}(1,—; — ¢})dt and the
drift of ¢/ is (1 — (1 +2a)¢})dt . Thus,(¢})1<i<q1 Satisfiesy ! ¢} < 1 and has the following
infinitesimal generator

d—1
= (142020, +2 > zi(Liey — 2)0-,0.,
i=1 1<i,j<d—1

This is a particular case of the multi-allele Wright-Fiskhéfusion (see for example Etheridge
[38]), where(¢}, ..., ¢ 1 — Ef;ll ¢}) describes population ratios along the time. Similar
diffusions have also been considered by Gourieroux an@kg46] in a different context.
Roughly speaking,(X;)::)2<i<s Can be seen as a square-root of a multi-allele Wright-Fisher
diffusion that is such that its drift coefficient remainsdar.

Also, the identity in law given by Proposition 54 allows usctimpute more explicitly the
ergodic limitlaw. Letr € €4(R) suchthatz; j)a<; j<a = Li—1, (X{)i>0 ~ MRCy(z, Sel, 14, €})
and(Y;");>0 ~ WISy(z,a+ 1,0, ¢€l). We know by [1] that( (Y;"); ;)1<i j<a = L4-1 and

d
((Y)1.4)1<i<d o Ztml’l + Z(xlz + \/ENZ.)27 T12 + \/ZN27 W \/ENd)7

where N; ~ N(0,1) are independent standard Gaussian variablesziht = =1, + (o +
2 —d)t+2 f(f V Zi"'d, is a Bessel process independent of the Gaussian variabléggt

from z; ;. By a time scaling, we havg; "' law tz 1/ and thus:

(1\1[2 ~|»N2,--.,$\1[d +Nd> (NQ,.. Nd)
—
VAT S N T [ e, N
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(P(Y)1,i)2<ica =




On the other hand, we know that’ converges in law wheh — +oo, and Proposition 49
law (N2,...,Na)

immediately gives, with the help of Lemma 75 tH&lXZ )1 :)o<i<a = T By
1 1=2 i
simple calculations, we get thetX? ), ;)2<i<q has the following density:
T (a_+1 d
LTa o 2 1—) 22|. (3.24)
i=2 Lél(ﬁ)d—qﬂ (a+§ d) < ZZ;

In particular, we can check th&tX? )3 ,).<i<4 follows a Dirichlet law, which is known as
the ergodic limit of multi-allele Wright-Fisher models. d$talet us mention that we can get
an explicit but cumbersome expression of the density ofalel/ RCy(x, $a?, 14, a; 00) by
combining (3.22), Proposition 54 and (3.24).

3.2 Existence and uniqueness results for MRC processes

In this section we show weak and strong existence resultaéoBDE (3.2), respectively under
assumptions (3.3) and (3.4). These assumptions are of the sature as the one known for
Wishart processes. To prove the strong existence and uregggwe make assumptions on the
coefficients that ensures that remains in the set of the invertible correlation matricegeh
the coefficients are locally Lipschitz. This is similar tetpbroof given by Bru [17] for Wishart
processes. Then, we prove the weak existence by introdacseguence of processes defined
on &,;(R), which is tight such that any subsequence limit solves thetingele problem (3.9).
Next, we extend our existence results when the parametensaalonger constant. Last, we
exhibit some change of probability that preserves the dldyaamics of our Mean-Reverting
Correlation processes.

3.2.1 Strong existence and uniqueness

Theorem 55 — Letz € €5(R). We assume thgB8.4) holds. Then, there is a unique strong
solution of the SDK3.2)that is such that't > 0, X; € €4(R).

Proof : By Lemma 68, we havé,/z — ze"z)™ = \/zl — z7(27)T andz" — 2" (2" €
S;7%(R) whenz € €4(R). Forx € S;*(R) such thatr!") — z ( ) € S;*(R), we define
f(x) € §§(R) by (f"(x)),; = 0for1l < j < dand(f"(z = = /all — zn(z7)T. The
function f™ is well defined on an open set 6f,(R) that mcludeseid( ), and |s such that
f(x) = /x —zejz for x € &(R). Since the square-root of a positive semi-definite matrix is
locally Lipschitz on the positive definite matrix set, we f&t the SDE

¢ d ¢
Xt =T+ / (/{(C - Xs) + (C - XS)KV) ds + Z an/ (fn(Xs)dWseg + egdWsTfn(Xs)) ’
0 =1 0
has a unique strong solution for< ¢t < 7, where
T=inf{t>0,X, S (R)orFi e {1,....d}, X,/ = X}(X))T ¢ SI5(R)}, inf ) = +oo0.
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Forl < i < d, we have(f"(X,)dWseh)i; = Lin 35—y f"(Xo)nj(dWs);, = 0 and then:
d(Xt)ii = 2ki3(1 — (X3)i)dt,

which immediately give$.X;),; = 1for0 < ¢ < 7. Thus,X; € ¢;(R) for0 <t < 7 and
7 =1inf{t > 0, X; € €;(R)} by Lemma 68, and the proce&3s is solution of (3.2) up to time.
We setY; = log(det(X;)) + Tr(2x — a?)t. By Lemma 73, we have

¢
Y, = Yb~|»/TI’[XS_1(I{C+Cli—da d5+2/ \/Tra2 — I)]dps,
0

> Y+ Q/t \/Tr[a?(X[1 — 14)]dp,
0

sincerc+ck —da® € S (R) by Assumption (3.4). Now, we use the McKean argument exactly
like Bru [17] did for Wishart processes: dnr < oo}, Y, o0, and the local martingale

f(f VTr[a2(X, 1 = 1,))dB, il which is almost surely not possible. We deduce that
T = 400, a.s. U

3.2.2 Weak existence and uniqueness

The weak uniqueness has already been obtained in Propo4ifioand we provide in this
section a constructive proof of a weak solution to the SDE)(3n the casé = 2, this resultis
already well-known. In fact, by Proposition 46, the assdanartingale problem is the one of
a one-dimensional Wright-Fisher process. For this SDBngtfand therefore weak) existence
and unigueness holds since the diffusion coefficiemy%sHdlderian.

Thus, we can assume without loss of generality that 3. The first step is to focus
on the existence whem = diag(ai,...,a4) € S (R), @ > d — 2, k = Sa® andc = I.
By Proposition 49, we know that weak existence holds¥6RC y(x, Se}, 14, ¢;), and thus
for MRCy(z, 5 azel I, a:¢4) fori = 1,...,d anda; > 0, by using a permutation of the
coordinates and a linear time- scallng Therefore, by uSiraposition 53, the distribution
MRCy(z, $a? 14, a,;t) is also well-defined oty(R) for anyt > 0. LetT > 0 be a time-

horlzon,N e N*, andtN = iT/N. We defing X}, ¢ € [0, T7]) as follows.
o WesetXY = z.
e Fori=0,...,N—1 XN is sampled according to the IaZWRCd(Xt]YV, 2a?, I4,a;T/N),
7,+1

conditionally toXt]}C.

o Fort e [, tN,), XY = e XN + RN = X+ T - X,

4

T/N

The procesg X, ¢  [0,7]) is continuous and such that almost surély,e [0,7], XN <
1/4
¢4(R). We endow the set of matrices with the nojmi| = (Zd - ) . The sequence of

i,7=1""1,7
processe$X}V,t € [0,T])n>: satisfies the following Kolmogorov tightness criterion.
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Lemma 56 — Under the assumptions above, there is a congtant 0 such that:

VO <s<t<T, E[|X)Y - X" < K(t—s)* (3.25)

Proof : We first consider the case= ¢} andt = tN forsome0 < k£ <[ < N. Then, by
Proposition 53, we know that condltlonally dﬁ;}é X follows MRCd(Xt]}G, 24, Iy, a). In
particular, each eleme tN)” follows the marginal Iaw of a one-dimensional Wright-Fishe
process with parameters glven by equation (3.10). Thusyoydition 74 there is a constant
still denoted byK” > O such thatforany <i,j < d, E[(X\)i;—(XX)i;)"] < K@ —t)?,
1 k

and therefore ) )

E[| X5 — X111 < K — )2,
Let us consider now < s < t < T. If there existd) < k < N — 1, such thas, t € [t} 1, ,],
thenE[[| XN — XN||4] = ( ) E[IXY  — XN < Kd¥(s - )% Otherwise, there are

T/N
k < lsuchthat) — T/N < s <t < tN <t < tN +T/N, andE[| X} — XN||4] <
K[t —s)2 + (t —tN)2 + (tN — t{CV)Q] < K’(t — s)* for some constank” > 0. O

The sequenceX}, ¢ € [0, T]) > is tight, and we will show that any limit of subsequence
solves the the martingale problem (3.9). More preciselywieshow that for anyn € N*,
0<t; <. <t, <t<s<T,g,...,0 € C(Sa(R),R), f € C*(S4(R), R) we have:

lim E
N—+o00

ljgz—(ffff) (f(XtN) — f(XY) - /: Lf(ffff)du)] —0.  (3.26)

We setk" (s) andi”¥(¢) the indices such thatly | — T/N < s <ty andtjy,) <t <

t{}fv(t) + T/N. Clearly, f is Lipschitz andL f is bounded or,;(R). It is therefore sufficient to

show that
lim E H (XM )— F(XN ) - / o LF(XMdu || =0. (3.27)
N——+oo gz lN(t) kN(s) tkNN( : u - . .

We decompose the expectation as the sum of

Hgl XN/ (Lf(XlN()) Lf(ij))du]

Ben ()

IN(@)—1

1E f{gi(f(f:[) > AR~ SR — LAY

J=kN(s)
(3.28)
To get that the first expectation goesitave claim that:
tl]\]fv(t) ~ ~
E 1B(u, X0 = Bty XN ldu| — 0 (3:29)
N 1Y (u)
kN (s)
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wheng : (t,z) € [0,7] x €4(R) — R is continuous. This formulation will be reused later on.
By Lemma 56, (3.29) holds whenis Lipschitz with respect t¢t, z). If 5 is not Lipschitz, we
can still approximate it uniformly on the compact §&t7'] x €,(R) by using for example the
Stone-Weierstrass theorem, which gives (3.29).

On the other hand, we know by (3.13) that the second expenctgioes to0. To be
precise, (3.13) has been obtained by using Ité’s formuldemve do not know yet at this
stage that the proceﬂRCd( a ,I4,a) exists. It is nevertheless true: (3.13) holds for
MRC y(x,%azel, Iy, €}) since thls process is already known to be well defined, andetbyg

using Proposition 53 and Proposition 63 tRaf > 0, |f(XéVN+1) f(thZfV) (T/N)Lf(Xé}/_V)| <

K/N2. Thus,(X}N,t € [0,T])y>1 converges in Iaw to a solution of the martingale prob-
lem (3.9). This concludes the existencel\6RC y(x, Sa?, 14, a).

Now, we are in position to show the emstenceMSRCd(x, K, ¢, a) under Assumption (3.3).
We denote by (¢, x) the solution to the linear ODE:

d—2

&(t,x) =k(c—x)+ (c—1x) [a*(I;— )+ (I;—x)a?], £(0,2) = x € €4(R). (3.30)

By Lemma 67, we know thatt > 0,¢'(t, z) € €4(R). Itis also easy to check that:
3K > 0,Vz € €4(R), ||E(t,x) — x| < K.
Now, we defing X}V, ¢ € [0, T]) as follows.
o We setX) = z € €4(R).

e Fori =0,...,N —1, and conditionally toXﬂVV, the dlstrlbutloanYV is sampled accord-
z+1

ing to MRC4(&(T/N, XX), 52a?, 14, a; T/N) More precisely, we denote XNt €
tN,tN ,]) a solution to

XY = g(T/N,X +—/ La— X))+ (I — XV)a?] du

d
+Y a, /t ) (\/ XN — XNegXNdW, e + jdW] /XN — ngegxgy) ,
n=1 i

and we setXt]}fv = Xt% .
1+1 1+1

o Fortc [tV tN ], XN = Xt]zvv tT/N (thgvil

XN).

We proceed similarly and show that the Kolmogorov criter{825) holds for(f(tN,t €
[0,T])n>1. As already shown in Lemma 56, it is sufficient to check that thiterion holds for
s =ty <t=tN. We have

X - Xt = HZ L ST/ X + SN, X = K

. . KT\"
< 2 <|]ZkX&1—ngH4+(l—k)4 (T) )
pm
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Since(XV,t € [0,T]) is valued in the compact sef;(R), we get easily by using Burkholder-
Davis-Gundy inequality thakE||| Zl ! XN — XX < K(t; — t)* and thenE[|| X% —
J 1

tN|| ] < K(t; — t;)* for some constanK > 0 that does not depend oW
k

Thus, (XN,t € [0,T])y>1 Satisfies the Kolmogorov criterion and is tight. It remaias t
show that any subsequence converges in law to the solutitimeahartingale problem (3.9).
We proceed as before and reuse the same notations. Fron, {8i28ufficient to show that

IK >0, [f(XN ) = F(XX) = (T/N)LF(XN)| < K/N*.

Once again, we cannot directly use (3.13) since we do not latdhis stage that the process
MRC4(z, K, c,a) exists. We haved, = L* + L, whereLf is the operator associated§(r, )
and L is the infinitesimal generator a¥/ RC 4(z, %5242 I;,a). We have: 3K > 0,Vz €

Cy(R), |f(&(t,x)) — f(z) — tLE f(2)] < Kt2, and (3.13) holds fof.. By Proposition 63, we
get: 3K > 0,Vx € €4(R), |f(&(t, z))— f(z)—tf(x)| < Kt*, which gives (3.26) and concludes
the proof of the weak existence.

Theorem 57 — Under assumptioi§3.3), there is a unique weak solutiopX,,¢ > 0) to
SDE(3.2)such thatP(Vt > 0, X; € €4(R)) = 1.

Remark 58 — Assumptioii3.3) has only be used in the proof of Theorem 57 to ensuretthat
defined by(3.30)satisfies

Vt > 0,2 € €4(R), £(t, ) € E4(R). (3.31)

As pointed by Remark 66, this is a sufficient but not necessaugition. In fact, a weak solution
of (3.2)exists unde(3.31) which is more general but less tractable condition tt§au3).

3.2.3 Extension to non-constant coefficients

In this paragraph, we consider the SDE (3.2) with time andep@pendent coefficients:

X, =x+ / [k(s, Xs)(e(s, X)) — Xs) + (c(s, Xs) — Xo)r(s, X)| ds
. (3.32)

+3 an(s. X,) /(\/X X, XodWie + egdWI /X, = XoejX, )
n=1

wherex(t, x), c(t,z) anda(t, z) are measurable functions such that for any 0 andz €
¢4(R), k(t, z) anda(t, z) are nonnegative diagonal matrices afd ) € €,;(R). Then, under
the following assumption

VT >0, sup |k(t,13)| < oo, Vt € [0,T],3K >0, f(t,x) — f(t,y)| < K|z —y| for f € {k,¢,a},
t€[0,T]

Vt > 0,7 € €4(R), K(t,2)c(t,x) + c(t,z)k(t,z) — da’(t,z) € Sf (R) and Xy € €5(R),
(3.33)
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strong existence and uniqueness holds for (3.32). To gerésult, we observe thatx) is
Lipschitz on{z € S (R) s.t. V1 <14 <d,1/2 < x;; < 2}. Therefore, the SDE

X, =t /0 (1(s, P(X))[els, P(X,)) — K] + [e(s, P(X,)) — X Jr(s, p(X,)))ds
d t
. Z/O an (5, P(X2)) (FH(X)dW.el + endWT f7(X.,))

has a unique solution up to time= inf{t > 0,X, ¢ S;*(R)or3i € {1,...,d}, X,") —
XHXHT ¢ S (R) or (Xy)iq ¢ [1/2,2]}, and we proceed then exactly as for the proof of
Theorem 55.

Also, weak existence holds for (3.32) if we assume that:

k(t,x),c(t, x),a(t, x) are continuous ok, x €4(R)
Vt > 0,2 € €4(R), k(t,z)c(t,x) + c(t, z)k(t,x) — (d — 2)a*(t,z) € ST (R).

To get this result, we proceed as in Section 3.2.2 and dekife ¢ € [0, 77]) as follows.

o We setX)' = z.

e Fori=0,...,N — 1, we denote by X}, ¢ € [t¥, ¢} ,]) a solution to
t
XY= XX+ / [, X, %) = XD + (et XN = XY, X%)] du
t

i

d t
+ 3 an (Y, XN) / <\/ng — XN XNAW, e+ cjdWT /XY - X;veg)(g) ,
n=1 ' tzN

and we sefY, = XN .
1+1 1+1

7 0 Y41 T/N M t!

o Fort e [tN N ], XN = XA + (XN — X).

We can check thatX,¢ e [0,T]) satisfies the Kolmogorov criterion and is tight. To ob-
tain (3.26), we proceed as in Section 3.2.2. More precissiys denote for. € [0, 7] L, the
infinitesimal generator of (3.32), and, the infinitesimal generator with frozen coefficient at
(ti,Xé}G) whenu € [tV ¥ ). In (3.28), the first term tends to zero :

i 0 Vi1
L A tz]\{\’(t) A A A
E Hgi(ng)/N (Luf(XgVNN( ) — Ly f(X))du| — 0
=1 tkN(S) 1 (u

thanks to (3.29), and the second term goesas before.

To sum up, it is rather easy to extend our results of strongtexce and uniqueness, and
weak existence when the coefficients are not constant. Haywere can no longer get explicit
formulas for the moments in this case. Thus, if the coeffisisatisfy (3.34) but not (3.33), the
weak unigueness remains an open question, which is beyersttpe of this paper.
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3.2.4 A Girsanov Theorem

In this section, we will use an alternative writing of the SCE2). In fact, by Lemma (72), the
SDE

t d t
X, =x+ / (k(c — Xs) + (¢ — Xs)k)ds + Z an/ (ho(X,)dW,ely + ehdW ] h, (X,)T)
0 = Jo

(3.34)
is associated to the same martingale problemVBBC,(z, k, ¢, a) for any functionsh,, :
Si(R) — My(R) such thath,(z)h, ()T = = — zetz for z € €4(R). In this paper, we
have arbitrarily decided to take the symmetric versigtw) = /= — zelx. Obviously, other
choices are possible. An interesting choice is the follgnone:

7 € SER), hnlw) = var/li— Vaepy/a = Valla - Vaei/a),  (3.35)

where the second equality comes from Lemma 69. Obvioustyweak existence and unique-
ness results (Theorem 57) applies to (3.34) since (3.2) &:3d) solve the same martingale
problem. However, we have to show again that strong uniggsehelds for (3.34) under As-
sumption (3.4) and € €;(R). The proof is in fact very similar to Theorem 55. We know that
there is one strong solution to

X, = x+/0 (k(c— X)) + (¢ — Xg)K) ds

+ Za” /Ot (@(Id — VXX AWl + e (I — @eﬁ@)@dﬂf)

n=1

up to timer = inf{t > 0, X; ¢ S; (R)}. Ont € [0, 7), there are real Brownian motioii#
such that

d(Xy)ii = 2ri(1 — (X3)i)dt + 2a,(1 — (X)) (Xt)i,idﬁfa

which gives(X};);; = 1 by strong uniqueness of this SDE. We then conclude as in thef pf
Theorem 55 and get in particular th¥f € €(R) for ¢ > 0.

We consider now a solution to (3.34), and a progressivelysumadle processH;);>o,
valued inM,(R), such that

t t
EF =exp < / Tr(HI aw,) — % / Tr(H! Hs)ds) (3.36)
0 0

is a martingale. For a given time horizh> 0, we denote by the probability measure, if it
exists, defined as
dQ

B, = EX, (3.37)

Fr

where(F;):>¢ is the natural filtration of the proce$&;);>o. Then,WtQ =W, — fot H.dsisa
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d x d Brownian matrix undef), and the processX;),>( satisfies
t
Xy=z +/ (k(c— X)) + (¢ — Xs)K) ds
0

[ (S [ VR et i [ V] V)

i=1

e [ (VI [1a R/ ) 2l W) [1 - T/ T V)
- (3.38)

We present now changes of probability such ¥t ¢ > 0) is also a mean-reverting correla-
tion process undep.

Proposition 59 — We assumg.3). We conside(X;,t > 0) ~ M RCy(z, k, c,a) and take
H; = VXA, with A = diag(\y, ..., \g) € Sq(R). Then,(3.36)is a martingale and X, t >
0) ~ MRCy(z, k, c,a) underQ.

Proof: Since the procegsY,,t > 0) is bounded, (3.36) is clearly a martingale. kat €4(R),

eiyel = el and we have/y(1; — /yei /1)) /yrel, = Ni(y — yely)el, = 0, which gives the
result by (3.38). O

Proposition 60 — Letz € €(R). We conside(X;,t > 0) ~ MRC4(z,x', c', a) and assume
that x', ¢!, a satisfy(3.4). Letc®> € ¢4(R) andx? be a real diagonal matrix such that =
0 = r?=0andxr!c" + c'k! + K22 + 2k? — da® € S (R). We set:

k3 /a;if a; >0

andH, = (\/X,) 12\
0 otherwise = e

A= diag()\l, cey )\d) with )\Z = {

This defines witli3.36)and (3.37)a change of probability such that
(Xi,t>0) ~ MRCy(z, K, c,a) underQ,

wherer = diag(k1, . .., rq) € Sf (R) andc € €,4(R) are defined as in Lemma 67.

Proof :  We havea!\/y(1s — \/yei\/Y)\ /I '?heh = ki(cPel, — yeicPel) = k3 (c® — y)el,
which gives the claim by (3.38), provided tHa{£] = 1 for anyT > 0. We prove now this
martingale property with an argument already used in Rygib&] and Cheridito, Filipovic,
and Yor ([84], Theorem 2.4).

Let (X,,t > 0) (resp.(X,,t > 0)) be a strong solution to (3.34) with parametets ¢!, a
(resp.x, ¢, a) and Brownian motioriiW;, ¢ > 0). Fore > 0, we define:

7¢ = inf{t > 0,det(X;) < e}, Hf = L-5(/X;) '
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We havelim,_q+ 7 = 400, a.s. and therefore
E[&F] = lim E[EH 1 esr].

On the other hand, we ha®&X1,-57] = E[EH 1,-57]. We clearly haveE[£F°] = 1 and
W¢ = W, — [ Heds is a Brownian motion undeft = £, Let(X;, ¢ € [0,T1) be the strong
solution to (3.34) with the Brownian motioW; and parameters, ¢, a. By construction,
X=X, for0 <t <TA7r°andthusl, >y = 57, Wherer® = inf{t > 0,det(X?) < }.
We deduce thaE[EH 1,->7] = Q° (75 > T) = P(inf{t > 0,det(X;) < e} > T) = 1,

sincexc + cx — da* = k'c' + k! + K22 + Pk? — da? € S (R). a

Let us assume now that > 0 for any1 < i < d. A consequence of Proposition 60 is that
the probability measures induced BYRC y(x, k, ¢, a) and M RC4(x, k', ¢, a) are equivalent
as soon as (3.4) holds fer,c,a andx’, ¢, a. By transitivity, it is in fact sufficient to check
this for v’ = gaz andd = I;. By Lemma 67, there is a diagonal nonnegative matrand
¢ € €4(R) such thaké+ ¢k = /<;c+cn da®. We get then the probability equwalence by using
thce Proposition 60 with:! = a el =1, k2 =k, 2 =¢c¢andk! =k, ¢t = ¢, K2 = —F,

C =C.

3.3 Second order discretization schemes for MRC processes

In the previous sections, we focused on the existence of NReserting Correlation pro-
cesses (3.2) and some of their mathematical propertiesm Rr@ractical perspective, it is
also very important to be able to sample such processes. rBylisgy, we mean here that we
have an algorithm to generate the process on a given tinde-ghrough this section, we will
consider for sake of simplicity a regular time gtitl = i7//N, i = 0,..., N for a given time
horizonT > 0. Despite our investigations, the sampling of the exactidigion does not seem
trivial, and we will focus on discretization schemes. Anywdiscretization schemes are in
practice equally or more efficient than exact sampling, astlén the case of square-root dif-
fusions such as Cox-Ingersoll-Ross process and Wishazepsqsee respectively [5] and [1]).
First, let us say that usual schemes such as Euler-Maruyaihta be defined for (3.2) as well
as for other square-root diffusions. Indeed, this schermgezen by

7,+1

d
A A T A A A
XN = XN+ (sle— XN) + (e = XN)w) DI <\/thx — XNeGRN Wy | = Win)ei
n=1

1+1

+ef(Wyn = W) \/XI{]VV XtNenXtQVV).
(3.39)

Thus, even |fXN € €y(R), XJIVV can no longer be i€, (R) and the matrix square-root can
+

no longer be deflned at the next time-step. Itis possible tsider the following modification
of the Euler scheme:
XN =p(Xx ), (3.40)

7,+1 1+1

wheref(t]}fV denotes the right hand side of (3.39). Here, € S; (R) is defined byz™ =
i+1
odiag(\f, ..., \})oforz € S4(R) such that: = odiag(\T, ..., A} )owhereois an orthogonal
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matrix. Let us check that this scheme is well defined if wetstam Xt% € ¢(R). By
~ O ~
Lemma 68, the square-roots are well defined, we Hage );; = 1 and thus(Xt;v 5> 1

andp((f(t{v)ﬂ is well defined. By induction, this modified Euler scheme isals defined
and takes values in the set of correlation matrices. Howagewe will see in the numerical
experiments, it is time-consuming and converges ratharglo

In this section, we present discretization schemes thailateened by composition, thanks
to a splitting of the infinitesimal generator. This techradnas already been used for square-root
type diffusions such as the Cox-Ingersoll-Ross model [8]Afishart processes [1], leading to
accurate schemes. The strength of this approach is thatnydgan ad-hoc splitting of the
operator, decompose the sampling of the whole diffusiampieces that are more tractable and
that we can simulate by preserving the domain (here, thef ®ereelation matrices). Besides,
it is really easy to analyze the weak error of these schemes.

3.3.1 Some results on the weak error of discretization schess

We present now the main results on the splitting techniqae ¢an be found in [5] and [1]
for the framework of Affine diffusions. Here, we have in aduitfurther simplifications that
comes from the fact that the domain that we considler R¢ is compact (typicallwld(R) or
D = {z € R™! %142} in Appendix 3.4.4). Fory € N¢, we setd, f = a,, ... 05 and

lv| = ZZ 1 vi- We denote by > (D) the set of infinitely differentiable functlons dhand say
that that(C.,).,cn¢ is agood sequencir f ¢ C>*(D) if we havemax,cp [0, f(z)| < C,. A
differential operatol. f(z) = >, <o a,(2)0, f(x) satisfies theequired assumptioif we
havea, € C>*(D) for any~. This property if of course satisfied by the infinitesimal gen
tor (3.8) of M RCy(z, &, ¢, a) since the functions, are either affine or polynomial functions
of second degree. Since we are considering Markovian pgesesnD, we will by a slight
abuse of notation represent a discretization scheme bytmbpildy measure,.(¢)(dz) on D
that describes the law of the scheme starting frora D with a time stept > 0. Also, we
denote byX? a random variable that follows this law. Then, the discegitn scheme on the
full time grid (t¥,i = 0, ..., N) will be obtained by:

OX;ZVVISCE]D),
0

e conditionally toXt]}G, Xt% is sampled according to the probability lm% (T'/N)(dz),
[ i+1 ti
XN

and we write with a slight abuse of notatuszjV = XT/N
1+1

A discretization schem&# is said to be gotential-th order scheme for the operatdr if

for a sequenceC,)). oy € (R4 )Y, there are constants,n > 0 such that for any function
[ € C>*(D) that admitgC, ). cn¢ @s a good sequence, we have:

) + Z k'tkLk

This is the main assumption that a discretization schemeldlsatisfy to get a weak error of
orderv. This is precised by the following theorem given in [5] thelies on the idea developed
by Talay and Tubaro [82] for the Euler-Maruyama scheme.

Vt € (0,n),z €D |E[f(X7)] < ot (3.41)
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Theorem 61 — Let L. be an operator satisfying the required assumptions on a eatngo-
mainD. We assume that:

1. X7 is a potential wealth-order scheme fof,

2. f: D — Risafunction such that(t, z) = E[f(X7_,)] is defined and> on [0, T'] x D,
and solves/t € [0, 7],V € D, Qyu(t, x) = —Lu(t, ).

Then, there i< > 0, N, € N, such thaﬂE[f(Xf}C)] —E[f(X})]| < K/N"for N > Ny.

The mathematical analysis of the Cauchy problem for MeaveRi&g Correlation pro-
cesses is beyond the scope of this paper. This issue hadlyebean addressed for the
case of one-dimensional Wright-Fisher processes by Epatel Mazzeo [37], and Chen and
Stroock [22] for the absorbing boundary case. In this sgtfitpstein and Mazzeo have shown
that u(¢, x) is smooth forf € C>([0,1]). However, since we have an explicit formula for
the moments (3.11), we obtain easily that for any polynoffuacttion f, the second point of
Theorem 61 is satisfied. By the Stone-Weierstrass theorencaw approximate for the supre-
mum norm any continuous function by a polynomial functiod get the following interesting
corollary.

Corollary 62 —LetX? be potential wealkth-order scheme fol RCy(z, 1, ¢, a). Let f be a
continuous function od,;(R). Then,

Ve >0,3K >0, [E[f(X))] - E[f(X7)]| <&+ K/N”.

Let us now focus on the first assumption of Theorem 61. Thegrtppf being a potential
weak order scheme is easy to handle by using scheme congpmosithis technique is well
known in the literature and dates back to Strang [81] the 6€I@DEs. In our framework, we
recall results that are stated in [5].

Proposition 63 — LetL,, L, be the generators of SDEs definedbthat satisfies the required
assumption ofd. Let X" and X" denote respectively two potential weak-order schemes
onD for L; and L.

~ ol,x
1. The schemé(f’xt is a potential weak first order discretization scheme for+ L.
Besides, ifl.; L, = L, L4, thisis a potential weakth-order scheme fof,; + L.

2. LetB be an independent Bernoulli variable of parametge. If v > 2,

1 XQ,?J

~o vl o U2,T o o t)2
(a) BX)™ +(1—-B)X/ " and (b) X7

t/2
are potential weak second order schemeslfor- L.

o

Here, the composmorXf2 I means that we first use the scheme 1 with time stemd then,
conditionally tothl’:”, we sample the scheme 2 with initial vaIJXél’:” and time step,.
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3.3.2 A second-order scheme for MRC processes

First, we split the infinitesimal generator &f RCy(z, k, ¢, a) as the sum
L=L+1,

whereL is the infinitesimal generator aff RC y(z, %aQ, I,4,a) andL¢ is the operator associ-
ated to (¢, =) given by (3.30). Obviously, the ODE (3.30) can be solvedieipt and we have

to focus on the sampling aff RC 4(x, %cﬂ, 1;,a). We use now Theorem 51 and consider the
splitting

d
= 97
- E CLZ‘LZ'7

where L, is the infinitesimal generator ol RC y4(z, 2 d>2ei Iy, ey). We claim now that it
is sufficient to have a potential second order schemeMdtC,(z, 452e), 1., €}) in order
to get a potential second order scheme §6RCy(x, k, ¢, a). Indeed if we have such a
scheme, we also get by a permutation of the coordinates atmiteecond order scherﬁéf’x

for MRC y(x, 2 a=2ei Iy, ¢4). Then, by time-scaling‘,f(;’;ff is a potential second order scheme

for MRCy(z, @ —a 2el, I4,a;¢%). Thanks to the commutativity, we get by Proposition 63 that
X123L

X4 "isa potential second order scheme for_ast, still by using Proposition 63 we obtain

aét
that
)»(1,2.5(15/2,1')
A~ att
£(t/2, ng‘t“ ' ) is a potential second order scheme f0RC,(z, , ¢, a). (3.42)
d

Now, we focus on getting a second order scheméfdtC y(x, & T2el 1,,el). Itis possible
to construct such a scheme by using an ad-hoc splitting ahfhetesmal generator. This is
made in Appendix 3.4.4. Here, we achieve this task by usiagtinnection between Wishart
and MRC process and the existing scheme for Wishart progesséhdida and Alfonsi [1],
we have obtained a potential second order sch&fhefor W1S,(xz,d — 1,0,¢)). Besides,
this scheme is constructed with discrete random variallled,we can check that there is a
constantX” > 0 such that for anyi < i < d, |(Y;"");; — 1| < K+/ holds almost surely
(we even havey;'");;, = 1for 2 < i < d). Therefore, we haveé/2 < (Y;"*),; < 3/2
for t < 1/(4K?). Let f € C™(€4(R)). Then f(p(y)) is C> with bounded derivatives on
{y € SF(R),1/2 < y;; < 3/2}. SinceY;"" is a potential second order scheme, it comes that
there are constants, n > 0 that only depend on a good sequencg aiich that

2

vt € (0,n), )E[f(p(fél’x))] ~ fl@) ~tL¥ (fo p)(a) — S(LVY(f o p)()

5 < Of%, (3.43)

whereL! is the generator off’ I.5,(z,d — 1,0, e}). Thanks to Remark 52, we get that there
are constant€’, n depending only on a good sequencef &uch that

vt € (0,1), ’Emp(ﬁ“m ) - (t f(5- d>§) Luf(x) - Z<L1>2f<x>] <o,
(3.44)
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In particular,p(Y;"") is a potential first order scheme fé and even a second order scheme
whend = 5. We can improve this by taking a simple time-change. We set:
o0 t—(5-d)Lifd>5
a —71“51:?(5%” otherwise,
so that in both cases(t) =t — (5 — d)% + O(#?). Then, we have that there are constarits
still depending only on a good sequencefafuch thatvt € (0, 7),

E[f(p(Yy))] — f(x) — tLaf(x) — 5(L1)2f(x)| < Ct*, and therefore

1y - d—2
p(Yqj(’g) is a potential second order scheme f612C 4(z, Teé, Iy el). (3.45)

3.3.3 A faster second-order scheme for MRC processes undeisgump-
tion (3.46)

We would like to discuss on the time complexity of the schenvergby (3.42) and (3.45)
with respect to the dimensiah The second order scheme given in Ahdida and Alfonsi [1]
for W1Sy(z,d—1,0,e}) requiresD(d®) operations. Since itis usedimes in (3.42) to generate

a sample, the overall complexity is @ (d*). In the same manner, the second order given in
Appendix 3.4.4 require®(d*) operations. However, it is possible to get a faster secoderor
scheme with complexit@) (d*) if we make the following assumption:

ay =+ =ay (i.e. a = a;ly) andkc + cx — (d — 1)a® € SJ (R). (3.46)

This latter assumption is stronger than (3.3) but weaker (Bat), which respectively ensures
weak and strong solutions to the SDE. Under (3.46), we cackdmeLemma 67 that

d—1

5 [a?(Ig— )+ (Ig—x)a?], ((0,2) = z € €4(R) (3.47)

C'(t,x) =k(c—z)+(c—x)k —

takes values ir€,;(R). Then, we split the infinitesimal generator & RCy(z, k, ¢, a) as the
sum )
L=L"+dL,

where L¢ is the operator associated to the OQEand L is the infinitesimal generator of
MRC y(x, d;zlld,ld, I;). In [1], it is given a second order scherﬁ’é for W1Sy(x,d,0,1,)
that has a time-complexity i®(d*). We then considef € C>(€4(R)) and get by using the
same arguments as before that there are constants- 0 depending only on a good sequence
of f such that

R 2

vt € (0,n), ‘E[f(p(Yf))] — f(@) —tL" (fop)(z) — 5 (LY)*(f o p)(2)| < CF,

where LY is the infinitesimal generator a#'15,(z, d, 0, I;). Thanks to Remark 52, we get
that

2

vt € (0.1), [E[f(p(Y)))] = f(2) - (t +(4- d)g) Lf(z) - 7bL§L2f(3?) < Ot
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d=3|d=10
2" order “fast” 19 224
274 order 65 1677
2" order “direct”| 90 3105
1% order “fast” 19 224
Corrected Euler | 400 | 14322

Table 3.1: Computation time in seconds to genetafepaths up tol’ = 1 with N = 10
time-steps of the followingl/ RC' process:x = 1.2514, ¢ = 14, a = I, andz; ; = 0.7 for

i 7.
In particular,p(Y;*) is a first order scheme fav/ RC'y(z, 11,,1,4,1,) and by Proposition 63,

¢(t, p( Aa:%t)) is a potential first order scheme fof RCy(z, k, ¢, a). (3.48)

As before, we can improve this by using the following timexsbe: () = ¢t — (4 — d)% if
d>4andy(t) = VIR Giherwise, S0 thab(t) =t — (4 — d)% +O(t?) in both cases.

4—d
We get thap(Yj(t)) is a potential second order scheme $6:2C y(x, 4511, 14, 1,). Then, we
obtain that

¢(t/2, p(Yai(jzft;Q))) is a potential second order scheme f6Cy(z, &, ¢, a) (3.49)
1

by using Proposition 63. Its time complexity is@d?).

3.3.4 Numerical experiments on the discretization schemes

In this part, we discuss briefly the time needed by the diffesehemes presented in the paper.
We also illustrate the weak convergence of the schemes ttkhat it is in accordance with
Corollary 62. In Table 3.1, we have indicated the time regplito samplel0° scenarios for
different time-grids in dimensiod = 3 andd = 10. These times have been obtained with
a 2.50 GHz CPU computer. As expected, the modified Euler setgven by (3.40) is the
most time consuming. This is mainly due to the computatiothefmatrix square-roots that
require several diagonalizations. Between the second sdeemes that are defined for any
parameters satisfying (3.3), the second order scheme Qwén42) and (3.45) is rather faster
than the “direct” one presented in Appendix 3.4.4. HoweNdras a larger bias on our exam-
ple in Figure (3.1), and their overall efficiency is simild&lonetheless, both are as expected
overtaken by the fast second order scheme (3.49). Let ull tieatit is only defined under
Assumption (3.46) which is satisfied by our set of parame#siso, the fast first order scheme
given by (3.48) requires roughly the same computation time.

Let us switch now to Figure 3.1 that illustrates the weak eogence of the different
schemes. To be more precise, we have plotted the followingbotations the moments of
order3 and1 (i.e. respectively

Bl > [(E)uE8] + (Xa(XN)aa(Xi)1s | (3.50)
1<i#5<3
1<k£1<3
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andE Zlﬁﬁgd()ﬁv)i,j ) in function of the time-steff’/ N. These expectations can be calcu-

lated exactly for the MRC process thanks to Proposition Ad,the exact value is reported in

both graphics. As expected, we observe a quadratic conveeder the second order schemes,
and a linear convergence for the first order scheme. In pdatichis demonstrates numerically
the gain that we get by considering the simple change of tinbetween the schemes (3.48)
and (3.49). Last, the modified Euler scheme shows a rougtdaticonvergence. It has how-

ever a much larger bias and is clearly not competitive.

0.14

Exact value
2nd “direct”

2hd “fast” o151 2nd “direct”
' ' Exact value

0.28

+fast | .
0.12

O'ZAi S —, 1st “fast”

7 0.1
0.227 4

1 0.0
020
i Eul

Figure 3.1: d = 3, same parameters as for Table 3.1. In the left (resp. rigié)is plot-
ted (3.50) (respE [ZlS#de()@/)m]) in function of the time step/N. The width of each

point represents th& % confidence intervall()” scenarios for the modified Euler scheme and
108 for the others).
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3.4 Appendix

3.4.1 Some results on correlation matrices
Linear ODEs on correlation matrices
Letb € S;(R) andx € My(R). In this section, we consider the following linear ODE
2 (t) =b— (ka(t) + z(t)k"), 2(0) =z € €4(R), (3.51)
and we are interested in necessary and sufficient conditiorsandb such that
Vz € €4(R),Vt > 0, z(t) € €4(R). (3.52)

Let us first look at necessary conditions. We havelfer i, j < d:

d
l‘;,j (t) = b@j - Z /{i,kxk,j(t) + xi,k(t)/‘fj7k-
k=1

In particular, we necessarily hawg,(t) = 0. This gives fort = 0, [ # i andz(0) = I +
p(e + eb'y thatb, ; — 2k, — 2pr,; = 0 for anyp € [—1,1]. It comes out that:

Ri1 = 0if { # i, biﬂ' = 2/’@1'71'.

Thus, the matrix is diagonal and we denote = x; ;. We getr; ;(t) = b; j — (ki + k;)xi 5(t)
fori # j. If k; + k; = 0, we haver; ;(t) = x; ; + b; jt, which implies thab; ; = 0. Otherwise,
ki + k; # 0 and we get:

bi
l’@j(t) = Xy,j €Xp (—(/QZ + /‘ij)t) + — [1 — exp (—(KVZ + fi]>t)] .
Ki + Rj
Once again, this implies that + x; > 0 since the initial value: € €4(RR) is arbitrary. We set
forl1 <i,j5 <d,

bi,j

cii =1, andfori # j, ¢; ; = { Fith
| 7 G {Oif/iiJr/{j:()'

i A (3.53)

We haveb = kc + ck and forz = I, ¢ = limy_,, z(t) € €4(R), and deduce the following
result.

Proposition 64 — Letb € S4(R) andk € My(R). If the linear ODE(3.51) satisfieq3.52)
then we have necessarily:

dc € €4(R), Ik1, ..., kg € R)Vi # j,k; + K > 0,k = diag(ky, . .., kg) andb = kc + ck.
(3.54)

Conversely, let us assume that (3.54) holds @ardS; (R). We get thats; = b,;/2 > 0 and
fort > 0, exp(kt)x(t) exp(kt) = = + fot exp(ks)bexp(ks)ds is clearly positive semidefinite.
Therefore, (3.52) holds. We get the following result.
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Proposition 65 — Letky,..., kg > 0, k = diag(k1,...,kq) andc € €4(R). If ke + ck €
S;(R) or d = 2, the ODE

2(t) = k(c—1x)+ (c —x)K, 2(0) =1 € €4(R) (3.55)
satisfieq3.52)

Let us note here that the parametrization of the ODE (3.588dandant whed = 2, and we
can assume without loss of generality that= «, for which kc + cx € S; (R) is clearly
satisfied.

Remark 66 — The condition given by Proposition 64 is necessary but afbicgent, and the
condition given by Proposition 65 is sufficient but not neeeg Letd = 3 andc = I3. We can
check that forx = (1, %, —%), (3.54) holds but(3.52)is not true. Also, we can check that for

k= (1,1,—3), (3.52)holds.

Lemma 67 — Letx!, x? be diagonal matrices and', ¢* € €4(R) such thats'c! + ¢!k +
k%c® 4+ *k* € 8 (R). Then, the ODE

' = k(e —2) + (' — ) + k(P —2) + (- 1)K?

satisfieq3.52) Besidesy’ = r(c — z) + (¢ — z)k with k = k! + £? € S (R) andc € €4(R)
defined by:

(r} +H})C}’j +(r2 +n§)cz

sl L >0
¢, =1, andfori # j, ¢;; =4 Ritr; Ki + Kj
0if k; + k; = 0.

Proof : Sinceb = k'c! + ¢!kl + k%c® + 2k? € SF (R), (3.52) holds forr’ = b — kx + zk.
Then, we know by (3.53) thatis a correlation matrix. O

Some algebraic results on correlation matrices

Lemma 68 — Letc € €,;(R) and1 < i < d. Then we havez—cei,c € S; (R), (c—cehe);ij =0
for1 < j<d,(c—cec) = cll — ci(¢)T and:

(7]
(\/c - ceilc) =/ clil — ¢i(¢))T and (\/c - ceilc) = 0.

7/7]

Besides, it: € €;(R), cll — ci(c)T € S7* (R).

Proof : Up to a permutation, it is sufficient to prove the resultfer 1. We have

T
¢ cele = < 0 04— ) — aca”, with a — < 0 Ui ) € S (R).

0g_1 cM—ct(ehHT —ct I,
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Besides, we have Rica’) = Rk(a\/c) = d — 1 whenc € &;(R), which givescl! — ¢i(c))T €
S (R). O

Lemma 69 — Letc € €;(R) and1 < n < d. Thenl; — \/cel\/c € S (R) and is such that

VIa— veen/e = I — Vel

Proof: The matrix(y/cej\/c)ij = (v/¢)in(1/€);n is Of rankl andzle(\/éegﬁ)i,j(\/é)m =

(VC)im sinceZ?zl(\ﬁ)2 = ¢;; = 1. Therefore((1/c)in)1<i<a IS an eigenvector, and the

j7n

eigenvalues of; — \/celj\/c are0 and1 (with multiplicity d — 1). O

Lemma 70 — Letq € S; (R) be a matrix with rank-. Then there is a permutation matnix
an invertible lower triangular matrixn,. € G,.(R) andk, € M _..,(R) such that:

T T o my 0
Pqp —mm,m—( k, 0)-
The triplet(m,, k., p) is called an extended Cholesky decomposition of
The proof of this result and a numerical procedure to get susdbdcomposition can be found in

Golub and Van Loan ([45], Algorithm 4.2.4). When= d, we can take = I;, andm,. is the
usual Cholesky decomposition.

Lemma 71 — Letc € &4(R), r = RK((¢;;)2<ij<a) @and (m,, k., p) an extended Cholesky

110 0
decomposition ofc; ;)a<ij<a- We setp = (1 ~0T ) m = 0|m, O and¢ =
), 00> O p
0| k- O
1 ‘ (mten)T 0
m, 'ch I, 0 , Wherec] € R", with (¢}); = (pTep)ria for1 < i < r.
0 0 Id—r—l
We have:

c = pmem™pt andé € €4(R).

Proof : By straightforward block-matrix calculations, on has teck that the vecto«fi’d €
R* 0+ defined by(c¢;?); = (pTep)1, for r +1 < i < d is equal tok,m ' ¢,. To get this, we

r

1o 0 1| 0 0
introduce the matrixy = [ 0| m, 0 and have; ! = [ 0| m ! 0
0‘ kr [dfrfl 0 _krmr_l [dfrfl
Since the matrix
1 | (mte)” (4 = kymy o))"
g plep(g )t = m; 1t I, 0

0 0

r,d —1,.r
" —kym e
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L (mtep)”

is positive semidefinite, we havé? = k,m_ !¢}, ( - I ) € S, (R) and thus
r 1 r

c e Q:d(R) O

3.4.2 Some auxiliary results

Calculation of quadratic variations

Lemma 72 — Let (F;):>o denote the filtration generated kyV;,¢ > 0). We consider a
processY;):>o valued inS,(R) such that

d
dY; = Bydt + » _(ArdWielj + ejdW] (A})"),
n=1

where(A}):>o0, (Bt)i>o are continuous.F;)-adapted processes respectively valuedii(R),
andS;(R). Then, we have for < i, j,k, 1 < d:

d(Yij, Yia)t = [lizk(Ai(Ai)T)j,z + Limi(AL(ADT) 1 + L= (AL (A0 + lj:l(A{(A{)T)i,k} dt
(3.56)

Proof : Since(AdWeh); ; = ﬂj:n(A{th)ivj and (endWI (AMT); ; = Licn (ALdW) 4,
we get:
d

d(Yy)ij = (Bo)igdt + Y (AD)in(dWi)n g + (A} jn(dW3)ni.

n=1
Then,
dYij, Yea)t _
dt
Z (]lJ':l(Ai)i,n(Ai)k‘,n + ]lj=k(Ag)i,n(Ag)l,n + 1i=l(Aft)j7n(A1Zt)k,n + 1i=k(Aff)j,n(Aft)l,n> )
n=1

which precisely gives (3.56). O

Lemma 73 — Let us considex € ¢}(R), and (X;);>o a solution of the SDK3.2). Letr
denote the stopping time definedas= {t > 0,X; ¢ ¢;(R)}. Then, there exists a real
Brownian motion3;);>o such thatforl0 < ¢ < 7,

d(det (X))

dot(igy = TG e - om — (d = 2)a*)Jdb — Tr(2s + o)t + 2/ Tr [a2(X, " — 1)) dBr.

(3.57)

dlog(det(X;)) = Tr[X; ! (ke + ¢k — da?)]dt — Tr(2k — a®)dt + 2\/Tr [a2(X; ! = I;)]dB:. (3.58)
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Proof: First, letusrecallthati, j, k.l € {1,...,d}, Vo € S;*(R) 0;;det(x) = (adj(z));; =
det(z)x;;, Opa0;;(det(x)) = det(z)(z;,x; ;] — x, ;). Sincex is symmetric, we have in
particular that, ;0; ;(det(z)) = 0if i = [ or j = k. Itd’s Formula gives for < 7:

— = (X¢ )igd(Xe)ij
det(Xt) 1§;j§d t J J
1 _ _ _ _
t5 > (XY (X ks = (5 (X)50) (X0, d(X k)
1<ij<d
1<KkI<d

On the one hand we have

d
Z (X, i gd(X)i g = (Tr[X,; Y (keter)|=Tr(2k))dt+2 Z a;Tr [Xt_leildWST X, — XteélXt} .

1<i,5<d i=1

On the other hand we get by (3.6):

S (Y (X ke — (XX 1)0) (X, d(X o))

= > (X (X5 ks = (X)) x {ad1—p(Xy — Xeel Xy)i

1<4,5<d
1<k,l<d
+a?]]_j:l(Xt — Xte';Xt)iJg + a?]]_i:l(Xt — XteéXt)j7k +a?]]_i:k(Xt — XtefiXt)jJ}
d
= Y ( > a(Xy = Xeeh Xa)ir (X )i (X7 kg — (Xt_l)i,k(Xt_l)jJ)>
j=1 \1<i,k<d

d
+> < > ad(Xe = Xpe X (X7 (X ia — (Xfl)z‘,z‘(Xt_l)j,l)>

i=1 \1<j,I<d

d
= 2 al (Tr[(Xy — Xeeh X)X, el X — (X )Tr (X — Xeeh X)X, ')
i=1

Since X, € €;(R), we obtain that TH(X, — X,/ X;)X; '} X; '] = (X; ") — 1 and that
Tr [ X7 '(Xe — Xeel X)) = d — (Xy);; = d — 1. We finally get:

d(det(Xy)) = det(Xy) (Tr[Xt_l(nc + ek — (d — 2)a®)] — Tr(2k + a?)) dt

d it oo (3.59)
+ 2 det(Xt) Z (J,Z‘Tr |:Xt_ eQdWS Xt — XtefiXt} .

i=1
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Now, we compute the quadratic variationdf (X,) by using (3.6):

d{det(X . .
éet(g( ))2>t = Z (X )i (X7 D {02 1j-e(Xe — X0€) X)ig + aF 1m( Xy — Xoel X))k
¢ 1<i j<d
1<k1<d

+a,22]]_z‘:l(Xt — XtefiXt)ng + a?]]_z‘:k(Xt — XtefiXt)jJ} dt

d
=4 alTr [ X el X (X — Xpeh X)) dt

i=1

—4 zd: a2((X;7 V)i — 1)dt = A[Tr(a®X;Y) — Tr(a?)]dt.

It is indeed nonnegative: we can show by diagonalizing afeguhe convexity ofr +— 1/z
thatz;; > 1/z;; = 1. Then, there is a Brownian motidyy,, ¢ > 0) such that (3.57) holds (see
Theorem 3.4.2 in [57]). O

Proposition 74 — Letk,6,n > 0. For a givenz € [—1.1], let us consider a process(;’):>o,
starting fromz, and defined as the solution of the following SDE

AXE = k(0 — XT)dt +n\/1 — (XF)2dB,, (3.60)

where(B;):>o is a real Brownian motion. Then there exists a positive cmsk” > 0, such
that
vt >0,V € [-1,1], E [(X] — 2)*] < K¢?

Proof : For a givenz € [—1,1], we setf?(y) = (y — x)*. If we denoteL the infinitesimal
operator of the proces&¥;, then we notice thaf“(z) = Lf*(z) = 0. Besides,(z,y) €

[—1,1)> — L2 f*(y) is continuous and therefore bounded:
3K > 0,Vz,y € [-1,1], |L*f*(y)| < 2K. (3.61)

Since the processX;)~¢ is defined orj—1, 1], we get by applying twice Itd’s formula:
t s
BPC) = [ B[22 (X)) duds
0 JO

From (3.61)one can deduce th%l]f(f Jo B[L2f7(X)] duds‘ < Kt? and obtain the final result.
O

Some basic results on squared Bessel processes

Lemma75 — Letg > 2andZ;, = z + Ot + 2 fot Vv Z,dB, be a squared Bessel process of
dimensions starting fromz > 0. Then we have

td +ood
IP’(VtZO,/07i<oo):1 and/O £:+ooa.s.

112



Proof : The first claim is obvious, since the square Bessel process dever touch zero
under the condition off > 2. (see for instance [52], part 6.1.3). By using a comparison
theorem ¥t > 0,7, < Z; a.s. ifg < ('), it is sufficient to prove the second claim for
5 € N. In this case, it is well known thd¥V,! + /z)* + >_,_,(W/})? follows a square Bessel
process of dimension, where(1W},¢ > 0) are independent Brownian motion. By the law

of the iterated logarithmlim sup, ., #{;{:@ = 1, which gives the desired result since

o0 d _
i tlog(lég(t)) = Fo0. =

Lemma76 — Lets > 6. LetZ;, = 1+ Bt + 2 fot Vv ZsdB, be a squared Bessel process of
dimensions starting from1 and ¢(t) ft L ds. Then we have

Blo(0)] = 1+ 50+ O(), Blpli) = £ + O(), Elp(t)"] = O(F).

Proof : For a fixed time > 0, the density ofZ, is given by:
+o0

L 1\k
e 2t( ) 1 b1+l 2
Z>0,p(t,2’): 2t ( ) +2@ 2t |
Zko Kl 2Tk +2) 2t

Let us consider that € {1, 2,3}, then all negative moments can be written as

E[i:| :f e 21t( )kJr'YP(k—l———’y)_f e 21,5(2 )k+’Y 1
S et k! T'(k+2) Pt k! k+8—1)x--x(k+58—7)

We haveHlT1 - - W + O(75), which yields to the following expansion:

1 e ()M e (5)" £~ €% ()
E{gj = ;W (6= 4)t kzo (k+2)! +O<2 ;W)
= 1—(B—4)t+ 0 (3.62)

The first equality is thus obtained. We use the same arguroeyett

1 +oo 672t(2t)k+2 +oo e 2t(2t)k+3
E{Z—E} :270”2)! +O<t27(k+3)! ) =1+0(t)

1 R (e w0 (3.63)
2 [] =0 (L Wy ) —o0

(Zs)?
moment expansion in (3.63)e find the third equality. Finally, by Jensen’s equality, eixain

that t , t t
Iz ) e =] =]+

|([ 1)
=t* -2+ + O(t?) = O(t).
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It yields that

3.4.3 Adirect proof of Theorem 51
Proof: From (3.8) we haveL; = —aLP + LM, with:

L = Z 4,1} 0t g Ly = Z (@ {50y — T0,1 00k} Oy Ok} -
1<j<d 1<5,k<d
J# G,k

We want to show that;L; = L;L, for ¢ # j. Up to a permutation of the coordinatds,and
L; are the same operators AsandL,. It is therefore sufficient to check tha L, = LoL;.
SincelL Ly = LM LY — o(LP LY + LM LD) + o2 LP LY, it is sufficient to check that the three
terms remain unchanged when we exchange indi@e=l2. To do so we write:

LY = ) (wug — raares)0undug +2 Y (T — 2p2ts)002 0.
3<i,j<d 3<i<d
+(1 - 37%1,2})8?1,2}
LY = Y @y — renren)dpnden +2 Y (Tng — 2pees)00 2 0e
3<k,l<d 3<i<d
+(1— 37%1,2})8%1,2}
LY =wp0ne + ) wpaduag, LY =va20us + ) vpndesn.

3<i<d 3<i<d

By a straightforward but tedious calculation, we get :

LYY = Y (g — raars) @en — TeaTen)00a00,5) 0 O
3<i j.k,l1<d

J/

—~
1

+ Y (@i — T rgy) (200200000, + 200,200,101,

3<i,j<d

J/

Y
2

+2 Y (g — raaran) (@ — 2ara0)00.2 0000000,

3<i,5,l<d

J/

-~

3
+ > (g — rparay) (1 — 259)0000 1300 2

3<i,j<d
A

J

b
+2 Z (g2,0y — T,202(1,0y) (T (ray — T2, 012,03 ) Op2,ky 02,3 01,23 01,0

3<ik,1<d

J/

-~

3
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4 (wpg —rparpg) | 0ydes — D tenda20p000.:
3<i<d T 3<i<d

v~

6

+4 Z Z (- x{LQ}x{?J})8?1,2}8{2,1}3{1,1'}

3<i<d 3<I<d

J/

¥
7

+2 Z (g2} — T1,23%(13)) —255{1,2}8%1,2}3{1,2‘} +S1 — 55%1,2})3?172}3{1,@/

3<i<d %r ?)r
+ Z (#ray — T2mCrzmy) (1 — 27 9y) 02,43 0p2,m} O 2

3<k,i<d

J/

-~

4

+(1 — a7, ) Z 2(90{1 I} — T2y T2 0 00, p—4 Z 21208 9020y

3§l<d 9 3<I<d
- 7

10

+(1 - x%l,Q})afl 2}(( x%l,Q})afl,Z})

>
11

In this formula, the termg are already symmetric by exchangibh@nd2. The termsn are
paired with the corresponding symmetric term. To analyseehmsn, we have to do further
calculations. On the one hand,

1~0 + 5 = Z 41‘{172} (l‘{lg}l‘{u} - x{l’l})a?172}a{27l}
3<i<d

8 = Z drp oy (T oy2ig — T2) 00 00y,
3<i<d

are symmetric together. On the other hand we have

DR
(@)}

Y {deig —deparag — AreaTeg + 40 aTe T2 ) 0n o000 0,),

1<i,j<d
27512 j#1,2

which is symmetric.

Now we focus onl.P LY + LM LD We number the terms with the same rule as above, and

115



get:

LYLY + LY'Ly = Z (Tiryy — 0T 12,60) (1,21 02,1 012, 1) 91,23
3<k,l1<d

1

2 Z oy (Tpy — 5'3{1,2}90{2,1})5%,2}3{2,1} -2 Z T{1,2)%(2,13902,11011,2)

3<i<d 3<i<d
5 3
+ 41,9101} {(1 - 96%1,2})3?1,2}} + Z T (T — T 2,y) 92,6 912,391,
3<i,k,I<d
Z '
5
+2 Y rpag(easn - raaren)dny0endng +2 Y 200002000
3<i,l<d 3<i<d
6 k4
+ > wpa(l—af o) n0na + Y (@hg — 2aaras)rn 200290300,
3<i<d 3<i,j<d
3 1
+ Y rpa(rng - raa e )00 0.0
3<4,5,0<d

5
+2 Z 90{1,2}(90{2,i} - 5'3{1,2}90{1,i})3f1,2}3{1,i} +2 Z (90{2,i} - 5'3{1,i}5'3{1,2})3{1,i}a{1,2}

3<i<d 3<i<d Y

2

+2 Z Tron (Tioy — T(1,237(1,i1) 011,11 941,292,y + (1 — 55%3})332}{5'3{1,2}3{1,2}}

3<i,l<d v
6
+ D (2o 500y
3<i<d

8

Therefore LP LY + LY LY is symmetric when we exchangend?2. Last, it is easy to check
that LPLY = L LP, which concludes the proof. O

3.4.4 Adirect construction of a second order scheme for MRC iocesses

In Section 3.3, we have presented a second order scheme &n-Rleverting Correlation pro-
cesses that is obtained from a second order scheme for Wisloaesses. In this section, we
propose a second order scheme that is constructed dirgctlysplitting of the generator of
Mean-Reverting Correlation processes As pointed in (345 sufficient to construct a po-
tential second order scheme ®FRC(x, & ed, I4, €} ;t). Thanks to the transformation given
by Proposition 54, it is even sufficient to construct suchheste whernz)a<; j<q = L4-1.
Consequently, in the rest of this section, we focus on ggtéirpotential second order
scheme forM RC y(z, 52e}, Iy, el , ;1) where (z)o<; j<q = Is,—1. By (3.23), the matrix
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is a correlation matrix i5%_, z7; < 1. Besides, the only non constant elements are on the first
row (or the first column) and the vectiX;),;)2. 4 iS thus defined on the unit ball:

d—1
D= {xeRdl, Z:c3§1}. (3.64)

i=1

With a slight abuse of notation, the procegs’; ), ). willdenote the vectof(X;)1i+1)1..a-1-
Its quadratic covariance is given ly{(X;);, d(X:);) = (1,=; — (X1):(X:);) dt, and the in-
finitesimal generatot! of M RCy(x, 2l 14, €}) can be rewritten oi, as

d—1
d—2 Z 1 Z
i=1

1<4,j<d—1

One can prove that for alll < i < d — 1, the following stochastic differential equation

d—1
) d—2 ) ) ) ) ) ) )
thZ = —?MZ + MtZ 1— E (le)%lBt1 + (1 — (le)z)dBfrl — MtZ E Mgng“
j=1 1<j<d-1

g (3.66)
is associated to the martingale problemIgdf where(B;):>, denotes a standard Brownian
motion in dimensiond. By Theorem (57), there is a unique weak solut{dd;);>, that is
defined orD.
The scope of this section is to derive a potential second alideretization for the operator
L', by using an ad-hoc splitting and the results of Propositidn\&e consider the following

splitting
d—1

L'=c'+> £, (3.67)
m=1

where we have, fot <m < d — 1:

d—1
L= %(1—2953) Z w0k 0y,

1<l,k<d—1

1<k#m<d—1 1<k#£m<d—1

rm+l ( Z TpO + (1 — 22202, — 20 (1 — 22) Z 2,0k Om

+ E I'k.%'l.%'%l(:)kal
1<k#m<d—1
1<l#m<d—-1

Thanks to Proposition 63, it is sufficient to focus on getfomgential second-order schemes
for the operatorg!, ..., L%

Potential second order schemes fof?, . .., £¢

All the generatorC!*!, I = 1,...,d — 1 have the same solution @& up to the permutation
of the first coordinate and theth one. It is then sufficient to focus on the first operatér By
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straightforward calculus, we find that the following SDE

d(X)1 = (1= (X)})dBy, V2 <i <d—1d(X,); = —(X,); (it (Xo dBt)’ (3.68)

XQZZEED,

is well a solution of the martingale problem for the gener@ The SDE that definegX;);
is autonomous. Since, € [—1,1], it has clearly a unique strong valued[inl, 1]. It yields
that the SDE (3.68) has a unique strong solutiorR8nTo prove that X;),>, takes values in
D we conside; = 32 (X,)2. By It6 calculus, it follows that

dVi = (1 = Vi)(1 — (Xp)H)dt + 2(X,)1(1 — V;,)dB,.

Thus,1 —V; can be written as a stochastic exponential starting freny, > 0 and is therefore
nonnegative. We now introduce the Ninomiya-Victoir schdarghe SDE (3.68).

Proposition 77 — Let us consider € D. LetY be sampled according tB(Y = /3) =
P(Y = —/3) = ¢, so that it fits the first five moments of a standard Gaussiaiae. Then
X7 =Xt Xl(\fY X(%,2))) is well defined oD and is a potential second order scheme
for the infinitesimal operator:2, whereforal2 <[ <d—-1,t>0, x €D, yeR:

xlet

Ve2ta? + (1 —a?)

(
e?(14m)— (1 —m1)
Xi(y, @) = e2y(1 + xi) +(1— xi)

Xy
Ve + (1 —af)
2eYx;
e2(1+x)+ (1 —a)

X{(t,x) = , XP(t,2) =

Xll (ya :U) =

Proof : The proof is a direct application of the Ninomiya-Victoissheme [69] and we intro-
duce forall2 <[ < d — 1, the following ODEs:

aX{(tx) = X{(t,2)(1 - (X{(t,2)%),  0X](t.2) = =X)(t,2)(X] (¢, 2))*

0, X1 (y,x) = (1 — (X (y,2))*), 0,X) (y, ) = = X{ (y, ) X (y, ).
These ODEs can be solved explicitly as stated above. We loawkeck that they are well
defined onD. This can be checked with the explicit formulas or by obseg\woth equations
0o (XD (¢, 2))?) = 2(XP (1) (1= 215 (XD (4, 2))7), 0] (X} (t,2))?) = 2X1 (¢, @) (1—

f;f (X (t,x))?). Last, Theorem 1.18 in Alfonsi [5] ensures t@é;f is a potential second order
scheme forC?. O

Potential second order scheme fog!

Let (B;):>o be areal a Brownian motion. We consider the following SDE:

d—1
VI<i<d—1, d(X;); = (X))iy|1— > (X)2dB;, Xo=2 €D (3.69)

m=1
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Its infinitesimal generator i€!, and we claim that it has a unique strong solution. To check

this, we setZ, = /3% (X,)2. By Ito calculus, we get that the procesg ), is solution of
the following SD

dZ, = Z,\/1 — Z2dB,, Z, =

Since the SDE (3.70) satisfies the Yamada-Watanabe comslifRroposition 2.13, Chapter 5
of [57]), it has a unique strong solution defined[onl]. If Z, = 0, we necessarily havg;, = 0
and thus(X;); = 0 for anyt > 0. Otherwise, we have by It6 calculddn((X;);) = dIn(Z;),
and then

(3.70)

Vi<i<d—1, (X)), = {0’_ T2 =0 (3.71)
;—th otherwise.
Conversely, we check easily that (3.71) is a strong solutigf3.70), which proves our claim.
The explicit solution (3.71) indicates that the SDE (3.7)pne-dimensional up to a basic
transformation. Thanks to the next proposition, it is sidfit to construct a potential second
order scheme foZ; in order to get a potential second order scheme for (3.70).

Proposition 78 — Let us consider € D, and Zf denote the second potential order scheme
for (Z;)+>0, starting from a given value € [0, 1]. Then the following schemk

0 |iji]2

Vi<i<d—1, (XF); = Szt a?

T

7
N

is a second potential order scheme o which is well defined o).

otherwise,

Proof: Foragivenr € Dandf € C*(D), let (X[);>o denote a process defined by (3.71) and
starting fromz € D. It is sufficient to prove that

B0 -E[(X0)] | < K2

The case where = 0 is trivial, and we assume thus thg’_ 22 > 0. Let f € C>®(D). We

defineg” : [0,1] — RbyVYy € [0,1], ¢*(y) = f(Wy, ce Zﬁi’i mZy). Since for every
1<i<d-—1, } < 1, it follows we can construct from a good sequenc¢g afgood

J1J

sequence fop” that does not depend an By the defintion of the second potential scheme,
there exist positive constanis > 0 andn > 0, depending only on a good sequence/&uch
thatvt € [0, 1]

(.i_lmz. ~ d:ll 2
B o2/~ || < e

which gives the desired result. O
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We now focus on finding a potential second order schemé4gg-,. To do so, we try the
Ninomiya-Victoir's scheme [69] and consider the followi@Es forz € [0, 1],

vt > 07 825Z0(t7 Z) = ZO(t7 Z)(Z(](tv Z) o %)7 Va € R, amzl(xwz) = Zl(SU,Z) \% 1- Zl('ra 2)2'

These ODEs can be solved explicitly. On the one hand, itvidlthat for everyt > 0 and
z € [0,1]

Zo(t,2) = zexp(—t/2) .

’ V1 —222(1 —exp(—t))
On the other hand, we get by considering the change of varighl— Z? that for everyr € R
andz € [0, 1],

2z exp(—x) . 1 1122
Zl(l’, Z) _ ) 1—V1—224exp(—22)(1+v1—22) if 2 < 2 ln(1,m>7
1 otherwise.

Then, the Ninomiya-Victoir scheme is given b (¢/2, Z,(V/tY, Zy(t/2, 2))), whereY is a
random variable that matches the five first moments of thelatanGaussian variable. Unfor-
tunately, the compositiol,(t/2, Z1(v/tY, Zo(t/2, z))) may not be defined if is close tol.
To correct this, we proceed like Alfonsi [5] for the CIR difon. First, we consider that has
a bounded support so that(t/2, Z,(vVtY, Zy(t/2, z))) is well defined when is far enough
from 1 (namely wherd < z < K(t) < 1 with K(t) = 1 + O(t)). When the initial value:

is close tol, we instead use a moment-matching scheme, and then we praivéhé whole
scheme is potentially of orde@r(Propositions 79 and 80).

Ninomiya-Victoir's scheme for (Z;):>, away from 1

Proposition 79 — Let us consider a discrete random variablehat followsP(Y = /3) =
P(Y = —Vv3) =i, andP(Y = 0) = 2, so that it matches the five first moments of a standard
Gaussian.

e For a givenz € [0,1], the mapz — Zy(t/2, Z1(V/1Y, Zo(t/2, 2)))) is well defined on
[0, 1], ifand only ifz € [0, K(t)], where the threshold functioli (¢) is given in(3.73)

e For a given functionf € C*([0, 1]), there are constants, C > 0 depending only on a
good sequence gfsuch thatvt € [0,7], Vz € [0, K(t)],

‘E [Zo(t/z,zl(\/iy, Zo(t/2,z))))} — (f(z) —tLzf(2) + %L%f(z))‘ < Ct,
(3.72)
whereL is the infinitesimal operator associated to the SGBE0)

For everyt > 0 the functionK (¢) is valued on0, 1] such that

[ 1 1— D(t,V3)? 1K) V3
K(t) = —5 A , lim = “2(1+V3),
2 — et/ \/e—t/2+2(1—D(t, V3))(1 — et/?) t—0 t 2

(3.73)
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L—em2Viu g, [1=eTl/2 (1 g =2V
withVy € RT D(t,y) = \/2_7»#2

e—2ﬁy+1+\/;:::zg (1—e—2Viy)

Proof : The main technical thing here is to check the first point. TH8072) is a direct
consequence of Theorem 1.18 in Alfonsi [5]. By constructiva haveZ,(¢/2, z) € [0,1]

z < \/ﬁi(tﬂ) We conclude that the whole schermg(t/2, Z,(VtY, Zy(t/2, 2)))) is well
B By slight abuse of notation,

defined o0, 1], ifand only if Z, (V/tY, Zy(t/2, 2))) < 72—;@ —
we denote in the followingZ,(t/2, =) by the shorthand,. Let us assume for a while that we

have:
V1= 221+ e 2VY) 42 _1>0,as. (3.74)

It yields then to

Zo(t/2, Z1(VY, Zo(t/2,2)))) € [0,1]

1—et/2
2 — e t/2

. e VY (14 /1-22)—(1—/1-23) 2> 1—et/2
VA T-)+(1-1-23)) ~\N2-e P (3.75)

VI=ZZ(1 4 e 2V0) f o2V L Lot

= 1= [awiv 22 )] >

By?‘l) 1— Zg(@*Q\/ZY _ 1) + 1+ 672\/ZY - 2 e—t/Q
S LoV e (L e YY)
=142 = D(t,Y).

eV 14 [ (1 - e V)

. 21+ =)
We can check thatthe mapping: (t,z) € Ry xR +— D(t,z) = —1+

2_e—t/2

it [T eV

is non decreasing an, andD(¢,z) < 1. SinceY € {—\/g, 0, \/5} , it yields thus that the last
condition is equivalent to:

1 — D(t,/3)?

Zo(t/2,2) < \/1—D(t,V3)? < 2 < .
Ve +2(1 - e )(1 - D(t, v/3)?)

(3.76)

Conversely, if (3.76) is satisfied, we can check that, V) (1 + e 2V?) 4 ¢ 2V1Y _ 1

Therefore (3.74) holds. To sum up, where [0, K (t)], both Zy(t/2, Z,(V/tY, Zo(t/2,
andZy(t/2, z) are defined ire [0, 1].

Last, it remains to compute the limit 0f — K'(¢))/t. First, itis obvious thalim; ., K (t)

1

y - VVE
1. W can check tha{/1 — D*(t, v5) = \/Q—e_t/2+\2/1—:—15/2(1—@*\/5\/5) = 1+t — 9

V3)) + o(t), and therefora — \/1+2(1v—117(f5t?:)\f()j—et/2) = t(3(1+/3)) + o(t). It yields that

lim, o =50 — B /3y v L

0.
)

& v

+
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Potential second order scheme fofZ;),>, in a neighbourhood of 1

Let (Z;)+>0 be solution of the SDE (3.70By Itd calculus, its moments satisfy the following
induction:

Ph(k—1 - E(k —1
Vk Z 2, E [Zf} — <Zk _/ ( 5 )ei%sE [Zf+2] dS) exp( ( 5 )t>
0

We obtain first thaE [Z7] = 2° + O(t), thenE [Z}] = 2* + 62*t(1 — 2?) + O(¢*) and last

E[Z7] =2*+tz°(1 - 2%) + 222(1 — 24 (1 —62%) + O(t%). (3.77)

Moreover, by straightforward calculus, one can check thati % and for every: € [0, 1]
2 2

z2+t22(1—22)+%22(1—22)(1—622) <1, tz2(1—22)+%z2(1—22)(1—622) > 0. (3.78)

SinceE(Z;) = z, the right hand side of (3.78) corresponds to the asymptati@ance ofZ;.

To approximate the process;);>, near to one, we use a discrete random variable, denoted by
Zf , that fits both the exact first moment and the asymptotic segivaah by (3.77). We assume
that Z7 takes two possible valugs< =t < z~ < 1, with probabilityp(t, z) and1 — p(t, z)
respectively. We introduce two positive variables™, m~), defined as™ = 2z + m™ and

2z~ =z —m~. Since we are looking to match the moment, we get the follgveiquations:

E|%] == smp(t,2) =m(1-p(t,2))
E [(Zf)z} =22 +t22(1 - 2?) & (m*)zﬁ =t2%(1 — 2?) (3.79)
+822(1 - 22)(1 - 622) +822(1 - 22)(1 - 622)
We choosen™' = z(1—z) and then have(t,z) = 1— 1 m- =tz(1+2)(1+

+t<1+z)(1+§(1—6z2)) ’

1 1—2

(1 —622)).
2

The random variable; is well defined or{0, 1] if and only if z* < 1 andz~ > 0, which
is respectively equivalent to(1 — z) < (1 — z) and#(1 + z)(1 + £(1 — 62%)) < 1. By
straightforward calculus, we can check that these conditave satisfied. Sinde— K (t) =
O(t) by Proposition 79, we deduce that ther€is> 0 such that

2 )
vie [0, 2], ¥z € [K(), 1], Yg N, E [(1 - Z;)q} < Oy (3.80)

Proposition 80 — LetU ~ U([0,1]). The schem&? = z* Liy<p.)) + 2~ Lipspre)) IS @
potential second order scheme oenc [K(t),1]: for any functionf € C>(|0, 1]), there are
positive constant§’ and .. that depend on a good sequence of the funcfisuch that

vt € [07?7Ag]7 vz e [K(t) 1], |E [f(Zf)} —f(Z)—thf(Z)—g(Lz)zf(Z) < Ct’, (3.81)

5
whereL is the infinitesimal operator associated to the S@BE0)
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Proof : Let us consider a functiofi € C>([0,1]). Since the exact scheme is a potential
second order scheme (see Alfonsi [5]), there exist then wgitipe constantg andC', such
thatvt € [0, u], Vz € [0,1], [E[f(Z7)]—f(2)—tLzf(z)— 5 (Lz)?f(2)| < Ct*. We conclude
that it is sufficient to prove thatz e [K(t),1], |E[f(Z7)] — E[f(Z7)]| < Ct3, for a constant
positive variable”'. By a third order Taylor expansion gfnear to one, we obtain that

Vz € [0,1], (1—2)

O IHNESE

10 - (- rwa-2+
Thus, there is a consta6t > 0 depending on a good sequencefafuch that

EL/(Z)] - ELf(Z)) < € (BIOL - 25+ EI(L - 2% + B [(1 - 2)2) - B [(1 - Z7)?] |)

By (3.80), the first term is of ordep(¢*). The last term is equal $&[(77)?] — 2% — t2(1 —

22) = £22(1 - 2%)(1 —62%)| and is also of orded(t*) by (3.77). Last, we have by 16 calculus

thatvVg > 2, E[(1 — Z7)1] < (1 —2)9+q(q — 1) fotE[(l — Z7)7'ds. By induction, we get
that there is a constafi, > 0, such thatvz € [K(¢), 1], E[(1 — Z7)7] < R,t?, which finally
gives the claimed result. O
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Chapter 4

Index modeling: a bottom up approach

Note: Contrairement aux parties précédentes, ce chapitre semeepas de nouveaux résultats
mathématiques mais traite la modélisation multi dimensgében finance et étudie numérique-
ment les données du marché. Il a donné lieu l'article [2]

Abstract In this paper we investigate different class of models ireotd calibrate simulta-
neously the index option and Vanillas option of its compdseh is known that option market
for equity indices show a non-trivial dependency struchew®veen its constitutions. Moreover,
a simple correlation structure fails usually to explainreotly the steepness of the observed
volatility skew of the index. We explain how this skew is stgly related to the instantaneous
correlation between the variance of the log index price &medprice itself, and we describe
also the contribution of single-stock skew market. We pegpa parametric local correlation
model for the pricing of multi asset derivative, taking ironsideration the term structure of
the index implied volatility. Finally, we propose two clasfsstochastic correlation model. The
first kind is considered as a perturbation around a locaktation model, whereas the second
one combines between local and stochastic factor. Somermuahmethods are described in
order to get an efficient simulation and calibration results

4.1 Introduction

Correlation plays a crucial role in financial market, espkgiduring crisis. In the literature
many authors, Bollerslev, Engle and Wooldridge [11], Maositp [68], Engle and Sheppard
[36], demonstrated the existence of such risk factor whithnges over time. Correlation
measures the risk of multi asset portfolio in quite similayvas the volatility does in the case
of single stocks. In time of crisis, correlation seems to henaportant indicator of the real
state of the market. Indeed, asset return correlationdlyqeak during financial crisis while
asset value decreases. In this chapter, we will focus ondialproduct depending on multi
asset, especially basket options, which can be seen as tliedimension version of standard
European options. Avellaneda et al. [7] has shown that denisig a trivial way for correlation
risk factors is very inadequate for the basket optionsipgiceven tough individual stock option
are taking into in account. In the most cases of pricing, tltirasset modelling is done via
a vector of correlated Brownian motions, with constant elation, and local volatilities well
calibrated to the single market. Despite the fact that ityibnstruction calibrated to data
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single market. Avellaneda et al. [7] and Langnau [61] givegesal examples to show that this
constant correlation model is not able to catch the infoionahcorporated in the basket option
prices, especially the skew of the index implied volatility

In the modelling point of view, there exists two principapgs of correlation modelling.
The first one considers that the dependency is derived byahance-covariance matrix. Let
(S)1<i<as>0 denote the price of underlyings. Under the risk neutral measure, all undeglyin
are supposed to be solution of the following SDE

i

ds
V1 <i<d, St = rdt + (VE,dB,);,

t
wherer is the risk-free rate(B;);>¢ is a vector of Brownian motion an@;);>, is a process
defined in the semi positive matric63$ (R). Under this consideration, the challenge is to create
such matrix in a way to be able to characterize all baskeboptfeatures. Wishart process
remains the most known model used for this purpose. It has ime@duced by Gourieroux
and Sufana [47] and enhanced by Da Fonseca et al. [28] in todget a negative implied
volatility skew. This model will be presented in Section thZxplain its Pro and cons in term
of Basket option pricing.

The second method is the most widely used in literature. dtatterizes the dependency
via a correlation matrix and a vector of individual voldtés, denoted respectively §yr;):>o
and (o})1<i<4.+>0. Under the neutral risk measure, the multi-asset model besa@wlution of
the following SDE

dS: -
Sit = rdt + U;(\/EtdBt)z (41)

t
The greatest advantage of this approach is its compayililih the single equity market. In-
deed, if we suppose thét!), ;<4 are local volatilities calibrated into the single equityriet,
then the whole model, by construction, fits single equitykaatrlt is then sufficient to specifies
only the dynamic of?, to fit the index market. Under these considerations, Avelliaret al [7]
use a method based on steepest descents and the most-tikelg@nfiguration, to derive an
approximation in short maturity of Basket option prices. ilWthe objective of Langnau [61] is
to present an extension of the methodology of the Dupir&allgolatility, in order to provide
in a consistent way the local correlation structure. Untlerdgame hypothesis, Reghai [75]
presents an other local correlation structure for inded,laghlights the methodology calibrate
the model.

Lipton [63] and Carr and Laurence [20] have presented arr ajygroach based on Radon
transform. Theoretically, if we suppose that there existsrdinuum of European basket option,
then the density of the index can be represented as the @wktise Radon transform. Jourdain
and Sbai [55] consider a top-down model, because they gpeqificitly the dynamic of the
correlation with respect to index local volatility, which ¢alibrated to the market.

Numerous stylized facts have been observed from corralatiohe literature. In Skintzi
and Refenes [79], these features have been summarizetiieéorhajor properties: Correlation
persistence, co-movement between volatility and coicelaand the asymmetry dependency
between the correlation and its stock return. The first ptgpe associated to the persistence
of the memory which means that periods of high (low) corretagre likely followed by high
(low) correlation again. The second characteristic is tyaielated to a strong positive rela-
tionship between index correlation changes and index negihange. As in single equity
worlds, the last property corresponds to the negative lativa between the index and its own

V1 <1 <d,
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correlation. We will see in this work , that this asymmetrgperty is connected to the negative
skew of the implied volatility of the index. An adequate &ation model has to meet and
incorporate all these features and constraints to be albédléxt the right correlation dynamic.

Moreover, in term of hedging perspectives, it is importdnattthe multi asset derivative
models incorporate these effects, because an increaserefatmn has the unpleasant effect
of increasing the cost of risk management hedging, espyetalshort cross-gamma positions.
Indeed, under the direct correlation modelling (4.1) andaf@iven multi underlying option
(V(t, St))>0, the infinitesimal dailyP& L of delta neutral portfolios can be written as

1 .
P&L =5 > 00V (t,S1)S; S

1<i,j<d

ASIAS] y
< Szt Sgt - (Rt)i,jat@?) At.
Consequently, if the implicit correlatiqiR?; ) >0, derived by the model, does not well predict the
behavior of the realized correlation, then during bullishrket, underlyings are strongly cor-

related and the realized covariance might exceed the @naeiof the model, |@%As—ftj >>
t t

(R,): 0c], which can damage the risk-management of trading book.

This part is structured as follows. The first section is desldib the description of the
general the model that it will be used. The second part facaeghe market data analysis, and
brings some answers about the skew of the implied volatiditsted to an index. the last part
shows the behavior of index implied volatility under basiodrls, and proposes two models in
order to calibrate DAX implied volatility. We start by studyg a pure local correlation model,
and after that we give an other alternative for index modglbased on stochastic correlation
process. Numerical results are given in each part to putigeece all assumptions related to
each model.

4.2 Model description

In a previous work, we have introduced a new SDE that is deforedorrelation matrices.
Namely, we have shown that the following SDE

Cy = Cy +/Ot (k(c = Cs) + (¢ — Cs)k) ds

d
+ ; an /0 t («/CS = CLenCLdWae + endWT /T, — Cseng> ,

(4.2)

is well defined on the space of correlation matriégeR), whenCy, ¢ € €4(R), x anda are
diagonal matrices such that + cx — (d — 2)a? is a positive semidefinite matrix. Her8/;

denote ai-square Brownian matrix whose elements are independenBreanian motions.
Also, we have provided a way to sample such processes.

This work is a first investigation to use these processes inaméial context. More pre-
cisely, we will study a bottom-up model where the individetdcks are modelled with local
stochastic volatililty models [4] and are correlated tlgbwa correlation process. Our motiva-
tion is to get some unified model that could price in a conststeanner any payoff defined on
a basket of assets.
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We directly assume that we are under a risk-neutral meagéeeonsidet] stocksS}, . .., S¢
that are assumed to follow local stochastic volatility mieddlamely we assume that

dS; =S+ o'(t, S;) f'(v))dB;
o o | N (4.3)
dv} = bV (t, v)dt + ' (t,}) (pid B + \/1 — pd ),

where dBi and dB! are real Brownian increments. Local stochastic volatititpdels are
tractable and can be individually calibrated to the singbels market. They obviously embed
both local and stochastic volatility models. Let us explaow how the assets are correlated.
We assume thatB!, ..., B%, B}, ..., BY) is a standar@d-dimensional Brownian motion, and
that we have at our disposal an (adapted) pro€gsso that we set:

dB; = v/ Ctdét- (4.4)
We havedB; = Zzzl(\/@)i,kdégﬂ and thug’, is the instantaneous correlation Bf, i.e.
(dBj, dB]) = (Cy)s dt.

Let us note that this property is preserved if we talg = L.dB,, whereL, is such that
L;LT = C;. In addition, we haveédB!,dB}) = 0, and the instantaneous covariance of the
log-stocks is given by

(dlog(S}), dlog(57)) = (Co)ijo' (¢, 7)1 () (8, S F (1))

We consider an index on the basket which is defined by:

d
§ i Qi
It = Oétst,
i=1

where the weights! are assumed to be positive.

Let us turn now to the modelling of the joint dynamics. A firsisgible choice is to con-
sider a “local correlation model” (denot¢HC) thereafter), wher€’; is simply a deterministic
function of the time and the Index:

Cy = C(t, 1), whereC' : (R%)* — €4(R). (4.5)

This type of model has been considered by Reghai [75] andran{f1] typical choice is to
consider correlation matrices such that all non diagorehehts are equal, i.e.

1
Ci;(t, 1) = p(t, I;), where — — < p(t,I,) < 1. (4.6)

To extend the local correlation model, one would like to atittisasticity to the correla-
tion. There is a first simple extension, if we restrict catigin matrices tdc € €,;(R),Jp €
[—1/(d—1),1]s.t.i # j = ¢;; = p}. Infact, we can consider the following scalar diffusion

dps = k(pe — p(t, It))dt + v/ pe(1 — pe)dW, (4.7)
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wherek, v > 0. The procesg, is then defined ofp, 1], and we then set
(Ct)i,j = Pt fOI’ 7 # j (48)

This model will be denoted bySC1D) in the sequel. This extension has the huge advantage
to be rather simple and to involve only a one-dimensionat@ss. It is thus rather convenient
for pricing, by using Monte-Carlo simulations. A possibl@awback is however that all the
instantaneous correlations are equal, and this kind of hmodg induce some detectable aribi-
trage. Also, if one has more precise views on the market famgple, correlations between
main firms, or between sectors), it is impossible to take thmaccount in one single param-
eter. Let us say here that the Index has a “mean effect” ondtrelations, and as far as the
Index is concerned, one single correlation may be suffiteeoatch the main lines of the Index
dynamics. However, we believe that this becomes diffefennié consider financial products
on sub-baskets of the Index. At least from a theoreticalgmative, having more tractability
on the instantaneous correlation is interesting to propas®del that price consistently every
assets on the basket.

This motivates us to consider the following model, denoted3C) thereafter:

t
C, = Oy +/ (k(s, I5)(C(s, Is) — C5) + (C(s, Is) — Cs)k(s, 1)) ds (4.9)
0
d ¢
+3 " an(s, L) / (\ /C, — CoetCodWeli + edWI\/Cy — Cseng> :
n=1 0

In the full generality, this SDE will admit a weak solutionsson as:(¢, x)C (¢, x)+C(t, z)k(t, x)—
(d — 2)a(t,x)* € S (R), for everyt > 0, z > 0. However, for a practical implementation,
we will restrict some of the parameters. Namely, we will assuhat the diagonal matrices
k(s, Is) anda(s, I5) are proportional to the identity (all their diagonal elertsesre equal). By

a slight abuse of notation, we still denote ki, I;) € R anda(s, I;) € R, the corresponding
value. Thus, with these simplifications, the SDE@ns

C, = Cp+2 / (5. 1)(Cls. 1) — C)ds (4.10)
0

t
+ / a(s, I,) (\/CS O CLdW,el + endWT /T, — Cseng) .
0

The meaning of the parameters is cle@f:is a mean-reverting diffusion toward tli&¢, 7;)
which is perturbed by a noise driven by The speed of the mean-reversion is tuned bifor
a first implementation, we will moreover assume that all the diagonal elements f (¢, ;)
are equal, i.eC; (¢, I;) = p(t, I;). Letus set/; € S; (R) suchthat J,); ; = 1for1 <i,;j <d.
Then the condition on the weak existence can be rewrittép(t, z)J; + (1 — p(t,x))14) —
(d —2)a*1; € S (R), and is satisfied if and only if:

2k(t, x)(1 — p(t,z)) > (d — 2)a*(t, z).

The main advantages of such a model are the following. First,can still calibrate indi-
vidual stocks by using one’s favorite model. Then, the datien process that describes the
dependence between the stocks has a clear meaning anwvépaitameters. Thus, it provides
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a model that prices and hedges in a consistent manner stodksvary financial products on
the basket Index. As we will see, pricing by using discrétmaschemes and Monte-Carlo
method can be achieved in an acceptable time. Even if cahlyrthe correlation process is (as
we will see) still an hard task, we believe that the study «f thpe of model is relevant and
could lead to a better understanding of the dependence éetstecks.

Pro and cons with respect to affine multidimensional models

There are few existing multidimensional stochastic vbtgtmodels in the literature. Here,
we want to compare some features of the model presented abtbvthe affine model intro-
duced by Gourieroux and Sufana [47] and enhanced by Da Famrsed. [28]. They propose
an affine dynamics for the stocks, whose instantaneousieocaris described by a Wishart
process. Namely, they consider the following diffusions:

(07,

1
dlog(Sy) = |rl— B : dt + /%, [(1 = ||pl3)dZ; + dWip]
2
(3¢)d,a
d¥ = (aaa” + b 4+ Sb") dt + /SedWia + o dW,] /2, (4.11)

Here,log(.S;) is the vector of the log-stocka,andb are matrices inVl4(R), r is the risk-free
rate, (W;);>o is @ matrix made up of independent Brownian motions @fid;> is a vector

of independent of Brownian motiong, is a real value greater thdt— 1, andp € R is a
correlation vector such thdlp||3 < 1. Under this model, the instantaneous covariance matrix
is given by:

(dlog(S)),dlog(S])) = (Z¢)idt, (4.12)
while the vectop tunes the dependence between the stocks and their instantacovariance:
<dlog(sf)7 d(Xe)k) = (Se)ik Z Pl + (St Z PmQlm (4.13)
1<m<d 1<m<d

Moreover, this dynamics ensures that the codllg(S;), ;) is an affine process, and its char-
acteristic function can be obtained by solving Riccati ¢qus (Ssee Da Fonseca et al. [28]).

We would like now to focus on the dynamics of the individuaksts. From (4.12) and (4.13),
we get that there are Brownian motiof{si = 1,. .., d such that:

d
A(S0)is = (aaa®)i +23 7 by (S0)igdt + 24/ (aal)s iy (S1);ad5.

J=1

The non diagonal elements;); ; for i # j can be seen as factors that drives the volatility of
each stock. Inits full form, the dynamics of one stock andalstility is not autonomous. This
means in practice that it is not possible to calibrate thisi@heeparately to single stock market
(mainly, European options on single stocks). This calibralhas to be done at the same for all
the stocks, which is a priori a very challenging task sinegdhare many parameters and a lot
of data.

Then, one may want to recover autonomous dynamics for eack st order to calibrate
separately each stocks. Within this model, the only possihbice is to assume thats a
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diagonal matrix. In this cas€y;); ; follows a CIR diffusion and the coupl&X;). ;, S;) follows
an Heston model: there are independent Brownian motions® such that

dlog(S}) = (r (22) )t + 4/ (2 ( "B+ /1 — (pf)2dn; )
d(Xe)i; = (Oé(aTCL)M +2b; (2, )zz dt + 2\/(CLTCL)m' \/(Et)i,idﬁfa
~ (a”p)’ Zk 1 %% zp

p =
\/aall \/Zk 1a’k2

In practice, each individual stock could be then calibrdiieel in the Heston model. Unfor-
tunately, there are further restrictions implied by thisdeloand especially that > d — 1,
which is the condition that ensures the existence of the &vigbrocess. This is unlikely be-
cause when calibrating Heston to market data, it is typagkt values ofv around or below.
When modelling many stocks together (say 10), it is then not possible to fit conveniently
stocks date because of this restrictionoon

One of the main feature of the model (4.11) is the Affine prgpdt allows to obtain the
characteristic function of the stocks by solving Riccatiedential equations. Then, the pricing
of European style options can be made by using Fourier imrer3 his approach is known to
be very efficient in a one-dimensional framework (see CadrMadan [21]) and has been used
successfully by Da Fonseca et al.[28] to price Best-of aptiovithd = 2 assets. However,
when the number of assefsis much larger, the Fourier inversion requires an integrain
dimensiond and can no longer be computed quickly. Unless the payoff hesyaparticular
structure (for example if it depends @nor 3 assets or on a linear combination of the log-
assets), the pricing by Fourier inversion is no longer cditipe with respect to Monte-Carlo
methods. Thus, we believe that the Affine property does raityrgive a real advantage in
terms of computational methods when the number of assailvaw gets large (sa&yor more).

To sum up, we believe that the model introduced by Da Fonseah és relevant when
considering a few number of assets. In this case, the résitrion o does not prevent from a
good calibration of the individual stocks, and one can takeaatage of the Affine structure
to get fast pricing methods. If the goal is instead to modelrgd basket of assets, we believe
that the bottom-up approach that consists in modelling stmtk individually and then plug a
correlation structure is much more tractable. It allowse¢efxone’s preferred model for each
stock, and to calibrate them separately. Besides, the paeasthat tune dependence between
the assets are clearly identified.

4.3 Market data and index option analysis

In this part, we want to investigate how the bottom-up apgiozan be used to fit the Index
prices. To do so, we will make further assumption with respe¢4.3): we will assume that
the stocks follow local volatility model, that i§ = 1 for any1 < i < d. We have been kindly
given by Julien Guyon at Société Générale market data on A IBdex at the 4th October
2010. Here is the composition of the DAX Index at this date.

We will assume for sake of simplicity that the weightsdoes not depend on the timeThe
data that we have at our disposal are the following. For etmdkswe have a local volatility
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SIEMENS BASF BAYER E-ON DAIMLER-CHRYS ALLIANZ SAP

9.91 8.03 7.97 7.67 7.35 6.97 6.01
DT-TELEKOM DEUTSCHE-BANK RWE M-RUECK LINDE BMW VOLKSWAGEN
5.6 5.06 3.86 3.23 3.06 2.92 2.26
DEUT-POST ADIDAS DEUT-BOERSE FRESENIUS-MC THYSSEN-KRUPP ~ MAN HENKEL-VZ
2.05 1.76 1.65 1.63 1.52 1.47 1.29
SDF LUFTHANSA METRO INFINEON-TECH HEIDEL-Z FRESENIU BEIEBDORF
1.17 1.16 1.12 1.02 0.94 0.9 0.86
COMMERZBANK MERCK-DEM
0.84 0.74

Table 4.1: The composition of Dax index in percentage. 2000 .

function that is already calibrated to European options: the DAX Index, we also have a
local volatility function that is calibrated to Europeantiops on the DAX, which enables us
to compute any European option on the DAX. Our scope is to fiedreelation proces§’;
that enables us to recover Index European option pricese, khex will first target to calibrate
one single maturity. Obviously, we would like in practicedalibrate simultaneously all the
maturity. Nonetheless, we have to make this choice in o@anderstand the behavior of the
model and the impact of each parameter. We hope (even ifthigtithe case yet!) that we will
be able later to propose a calibrated model across the riesuri

In order to explain the motivation to derive a random cotrety let us first assume that the
correlation is constant, and consider {fi€C) model such that all componer(iS;),<; ;<4 are
equal to a constant. We suppose also that all volatilitie$ are exactly the local volatilities
well calibrated to the single market, which means that théirnnderlyings model is already
calibrated to the single equity market. Avellaneda et al] ajfd Langnau [61] have already
explained that this Gaussian copula modelling is unableiftg fit the volatility skew of the
market. Figure 4.1 shows a comparison between the implidiMy of the DAX market and
model one. Roughly speaking, we conclude that this moded dumrporate completely the
negative skew market. In the rest of this chapter, we willl@xpwhy this model produces a
negative implied volatility skew, and how can improve it te &ble to match the non trivial
dependency formed by the market.

We will proceed as follows. First, we will investigate indestcing option under some basic
models. We will identify some features that characterizeghcing issues. After that, we will
discuss the calibration of a local correlation modeC). Then, we will discuss the impact of
the noise and the mean-reversion in the stochastic camelatodels(SC1D) and(SC).

First of all, since we are interested on models that fit theketattata, we are then looking
for ways to take into account the implied volatility featsi@f options. As in each part of this
section we will study certain models following these isslets> 1 - denote the index implied
volatility associated to these models, for a given a stiike- 0 and maturity” > 0. Moreover,
we consider also thété‘{}? is the index implied volatility related to the market. Ingluhapter,
the implied volatility skew of a model (market) is defined ks first derivative of the implied
volatility of the model (market) w.r.t the strike at-the-mey: 0 X1 x (9 X}). We define
also the kurtosis of the model (market) as the second demvane :0% X ( 0% X7'}). More
generally, the skew will denote the slope of the implied tibtg around the money, while the
kurtosis give information about the convexity related te tlurve of the implied volatility.
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Figure 4.1: d = 10, 105 Monte-Carlo samples, and discretization time 9e25. Graphs of index
implied volatility for both DAX market (solid line) and the adel with constant correlatiom(dash line),
for different maturitiesI’ = {1,1.69}. All local volatilities are calibrated in Vanillas marketnd p fits
the ATM implied volatility of the market.

Since the index is defined ds= 3" , oS}, then if follows that

d
dI, = rdt+) o'Sio'(t,S})dB;
i=1
(I, dly = ) a'?SiSlo'(t, 57)07 (t, 5))(Re)iy,

1<i,j<d

let 72 denote the instantaneous variance for the lognormal irithgelds then that

52 — 1 (dl,dl) _ Zlgmgd O‘iajsfsgai@a St (t, Sg)(Rt)i,j
L I?

As the skew effect in index option pricing has been highkghnany times in the literature,
we shall study in each model the instantaneous covariarnteebe the index and its variance.
Under some hypothesis, Durrleman [34] has proved that theewaf this instantaneous co-
variance will define in short time the value (especially tlym¥yof the skew implied volatility
model. Indeed, Durrleman has proved in [34] that at-the-egdavel and skew of the implied
volatility, in short maturity can be expressed as

_ =)
Et,lt - at?
Vi
aK t,I,
st —2
4It0t

where for every > 0, v, = —L Whd7i) |t is clear then that the sign of the implied volatility
I

in short term is derived by the instantaneous covarianomesst the index; and it variance
o2. By straightforward Ité calculus, it follows that in model. 8
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(dI;,52%) 2 (
dt [3

Uy [th|ag{04 Ut Stl, e, O'g)QStd} Rt] ut]t — (Ef[tyl)

J

v~

P1

]22 [Rediag{a'c) (S))*0u0}, ..., a0l (S{) 040} Ri] us

v~

P2
—2

+0rp(1y) < Z aZSZU§ajsgai> I—;,
L<ij<d ‘

N J/
-~

P3

(4.14)

where for every > 0, (u;);>0 denote the vector defined & asu;, = (a'a/S}, ..., a%edSHT.
To simplify notations, alb! for everyl < i < d denote here respectively function§t, S;)
for all ¢ > 0. The main idea of next part is to identify the three term inealvin (4.14):
{P1, P2, P3}, in order to derive the sign of this instantaneous covariance

4.4 Calibration to Market data

The main idea of this is section is to derive an intuitive gaare to explain the impact of all
terms in (4.14)by presenting basic models, and to explain the structuf&©f) that has been
taking into account within this section.

4.4.1 Calibration of basic models

To illustrate the role played by each tef?1, P2, P3} in formula (4.14) and to explain how
to get a negative implied volatility skew, we start by studysome basic models . All the
models involved in this section assume that the correldon-, in (4.6) is constant.

Black & Scholes Index model

First of all, if we assume that all local volatiliti€s* (¢, S;))1<i<as>0 and local correlation
(pt):>0 are constants and denoted respectivelydy;;<, andp, then the instantaneous co-
variance obtained in (4.6) becomes

—2
AL 2 (uf [Rdiag{a (" 5}...a"(*S )R]l — (a7 ).
whereVl < i,7 < d, R;; = 1;—; + L,%;p. In the case of dimensioih = 1, the index value
becomed; = S} and the covariance is by construction equal to zero, wetal bn Black &
Scholes model, characterized by a constant implied vityatilowever, the previous instanta-
neous covariance will not be equal to zero as soon as the diorehis greater than, which
means that the skew would appear even though all volasildied correlation are constants.

134



0.50

0.45

0.35
0.307
0.257
0.207

0.5(

0.107

Figure 4.2: d = 30, 10 Monte-Carlo sampleg, = 1.3 and discretization time step025. The index
implied volatility w.r.t to strike moneyness’,%() for the basic model. The smile value for= 0.4 and for
different choices op = {—0.05,0.,0.1,0.4, 1} . The width of each point represents %% confidence
interval.

The sign of this skew can take positive value, if we suppasegtample, that all components
o' share the same value then by Holder inequality we obtain that

2

I, d52)  20*(1—p)* [ =, e S

( tdt 0 ([3 ) 13 (0l - [Z(O‘ szl | o,
¢ i=1 i=1

which means that the index and its variance move in the saraetidin independently on the
value ofp ando. From Figure 4.2 one can observe that for small value of caticei, a positive
skew value is noticed especially in high strikes. Howeves@on as the value of correlatipn
takes value near to one, the implied volatility becomes atngonstant for every value of the
strike. These observations are exactly related to the termp)* written in the formula.

Since the implied volatility skew of the market is negatives model is not adequate for the
market fitting purposes, we need then that both t&vand P3 in (4.14) have to take negative
values. Consequently, the next step is to consider morergleagsumptions in modelling
involving these terms.

Pure local volatility model - Displaced Model

We still consider a constant correlation, and we assume hawatl volatilities are no longer
constants, but follow for example a displaced diffusionction [77], such that for every <
i#j<d, (R);; = p. We suppose therefore that

_ (7S] + (1 = B)Se™)
— 5 _

vVt >0,V1<i<d, o'(t,S}) (4.15)

In the context of pricing vanillas options, it is known that ach underlying, each value of
B¢ € [0,1] characterizes the skew of the implied volatility. In theémgbricing situation, while
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Figure 4.3: d = 30, 10° Monte-Carlo sampleg, = 1 and discretization time stép025. Both graphs
correspond to the index implied volatility w.r.t to strikeomeyness for displaced model. all constants
(8")1<i<q are equal tg3. Right: 8 = 0.7 andp = {0.3,0.5,0.9} . Left: 3 = {0,0.1,0.5,0.6,0.7,0.9}
andp = 0.5. The width of each point represents Wi&% confidence interval.

the third termP3 in (4.14) is still equal to zero by definition, the second tePiis given by

2
]—EU;T [thiag{alal(stlfﬁlal, e ,OédO'd(Std)QadO'd} Rt] Ut

2 .
= i [Rediag{a'o SH(L—31)......a"o"S(1 = 3} R .

By construction, it yields thaP2 is negative if all(3*),<;<4 are defined ono0, 1]. For the
sake of simplicity for our numerical experiments, we sugpibsits’ = 3 for everyl <i < d.
The right left side of Figure 4.3 shows the index implied wts skew for different choices
of 5. As in the single name context, we notice that the skew of tdexrdepends inversely
on 3. When 3 reaches the valug, we fall on the previous model, where all parameter are
constants and the skew takes a positive value. The right sigledof Figure 4.3 shows how
implied volatilities behave with respect to the correlatialue p. The three curves almost
share the same skew value at the money. However, one cae tadicthe value op modifies
systematically the level of the index implied volatility.

Pure local volatility model - CEV Model

Under the hypothesis that the correlation is a constanipatex, we can study also the case
when the local volatility follow a CEV structure (Cox [25)Ve recall that CEV model suppose
that for everyt > 0 and1 < i < d, ¢'(t,S)) = (S;)’~1. In the single name world, in order to
be able to fit a negative single implied volatility, all comsts(5");<;<, have to take values less
that one. Going back to formula (4.14ye can notice that under the hypothesis of the existence
of the process, the second teff in (4.14) takes by construction a negative value, becalise al
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Figure 4.4: d = 30, 10° Monte-Carlo samples] = 1 and discretization time step025. All graphs
correspond to the index implied volatility w.r.t to strikeomeyness for displaced model. all constants
(8")1<i<q are equal t@3. Left: p = 0.3 and3 = {0.8,0.9,1}. Right: p = {0.55,0.65,0.7,0.75} and

5 = 0.3. The width of each point represents $i#/% confidence interval.

derivative of the local volatilities w.r.t underlyings amegative:

%utT [Ridiag{a'c' (S} )00, ..., a0 (S)? 040"} Re] wi
t

_ —I%Qu? [Ridiag{a'a" S3(S1)7' (1= 3'). ..., aoS§(S9)"' (1 = )} R e

We can state then that if the local volatilities are wellloadied to the vanilla markets, then
they can help to compensate the lack of a negative value instentaneous covariance (4.14)
In order to study the behavior of the implied volatility mbder.t these parameter, we consider
that all(3%),<;<q4 Share the same value, denotedbyn Figure 4.4, we illustrate the impact of
both 3 andp in terms of the implied volatility.

As in the displaced model, the left side of Figure 4.4 shoved the skew of the index
implied volatility is negative and highly dependent on tladue of 3, That is why we illustrate
this impact in the center of Figure 4.4 by normalizing thevpes curves. The parameter
plays the same role as in the displaced model, because rbrggst linked to the level of the
at-the-money implied volatility model (on the right of Figu4.4).

Moreover, empirical studies about the dynamics, at-theaypof the volatility skew show
that it approximately independent of the volatility levever time [41]. This property is easily
translated in the displaced model, because in Figure 4.8 wiekes different values, the index
implied volatility skew changes, but the level of its impuligolatility at-the-money remains
almost constant. However, for the CEV model (Figure 4.45am as the value gf changes,
both the level and skew of the index implied volatility takéfetent values.

We conclude that the local volatility functions can help fiedex pricing issues, but the
impact of these functions is related to their structure.th@mmore, since the local volatilities
are supposed to be calibrated to vanillas market, they agady frozen by the market. We
have then to use an other way to put the smile on the index.iF iRy it is interesting to take
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into account a correlation that depends on the index in dodeave a negative sign of the skew
via the termP3 in (4.14).

4.4.2 Calibration of a local correlation model(LC)

We have already seen that local volatilities can be usedjtstitthe skew of the index implied
volatility. However, in order to take into consideratiomilas market, these local volatilities
are supposed to fit each single name market. For the sequslpp®se that all local volatil-
ities are well calibrated to the equity market. Figure 4.avehthat the only use of this local
volatilities with a constant correlation will not lead tolitaate the implied volatility market.
Avellaneda et al. [7] have stressed the lack of these streittufit the market. Consequently,
Reghai [75] and Langnau [61] consider that the correlatias & local structure, in order to
calibrate the skew index market.

The first approach of correlation modelling is to considenepocal correlation mod¢LC).
We consider thus a typical class, which derives the dynaom@tation through a power func-
tion. The local correlation in (4.6) is given by the followiequation

Vi<i#j<d, (Cij:=p(ly) = V' Pmin, (4.16)

L+n(3)
wherey > 0, n > 0 andpu, € [0, 1].

The choice of this structure comes from the special featofréise correlation (derived al-
ready in the the introduction), especially concerning tfgnametry moves between the index
and the correlation of its components. Indeed, from a modgpoint of view, the local cor-
relation increases (decreases) as soon as the valug)Qf decreases (increases). In term of
implied volatility skew, since the derivative pf¢, ;) w.r.t the index is negative, then the third
term in (4.14) takes negative value too, and we can therefquect that this structure is suffi-
cient to fit the skew given by the market. First of all, it isargsting in itself to understand the
behavior of the model parameters in term of implied volgtiturve.

Figure 4.5 shows that the value gfis directly related to the level of the index implied
volatility index, especially it derives a direct dependendth the at-the-money implied volatil-
ity, because this value increases as soon ag tages higher value. Intuitively; is strongly
linked to the expected value of the correlation matrix. Whes near to zero, the value of the
correlationp, is almost equal td ,(z), and all underlyings are therefore strongly correlated.
Consequently, the price of option tends to take a higherevalhile, if ther becomes bigger,
then all components tends to be more independent, and tHedhwolatility will have then a
smaller value.

Moreover, Figure 4.5 shows that the at-the-money impliddtitdty skew is highly depen-
dent on the value of the parameterindeed, the biggey is, the bigger is the implied volatility
skew. Going back to the instantaneous covariance formulat)4its third term is explicitly

related to ,
n(4) !
Oip(ly) =~ .
O (1+9(3))

The parametey plays thus an important role to set a negative sign for thelelwomula. The
advantage of this model is its ability to separate two fesgtuelated to the level and skew of
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Figure 4.5: d = 10, 10° Monte-Carlo samples]’ = 1 and discretization time stef025. Both
graphs correspond to the index implied volatility w.r.t tok& moneyness und¢L.C) model, such that
pmin = 0.1. Left: n = 2, andvy = {2, 5, 15,30} . Right: v = 8 andn = {1.6,2.4,3.6,6} . The width of
each point represents th8% confidence interval.

the implied volatility. This property will help to do caliation efficiently knowing the value of
parameters.

The parametep,,;, is used to characterize the queue distribution of the inaethe right
side (in-the-money region). Indeed, it corresponds iviely to the common correlation in a
wealthy market, which is related to the cq*Qge>> 1. Figure 4.6 (LHS) shows that for a given
level and skewp,,;, can enhance the sensibility of the curve in term of convexalysmall
value ofp,,;,. However, when this parameter takes lower values, it hasahe effect as : it
becomes strongly correlated to the level of the implied titlaat-the-money.

In the light of these results, we are able to propose theredidn algorithm. The optimiza-
tion routine is divided into five steps.

e Step1: Dimension reduction, since the dimensiod is equal to30 for DAX context, we

will consider a new baske = >_.°, @'S! by taking thel0 first biggest underlying (in

terms of composition, see Table (4.1)). Let us assume that> ... > a,. We consider
that

1<i<10, &= —5—-
i—1 O

Since these components represents @0t of the total DAX index, it is then interest-

ing to do such approximation for time reduction purposes. tl@nright hand side of

Figure 4.6, we present the value of the implied volatilityldoth casel = 10 andd = 30

and under the same parameter. We notice that the change efsiiom mainly modifies

only the at-the-money level of the implied volatility, wlithe skew remains the same

under both considerations.

Moreover, all pricing are performed by Monte-Carlo. Befbeginning optimization, the
algorithm starts by saving in memory all random variablessgay involved in pricing
procedure. Consequently, at each iteration, we use the isardem variables.
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Figure 4.6: 30° Monte-Carlo samples, and discretization time Sig]25. Plot of the index implied
volatility w.r.t to strike moneyness, undéL.C) model. Left: T = 1, v = 8, andn = 2, for different
values ofp,in, = {1,0.7,0.3,0.001} . Right: 7" = 0.64, v = 14.1, n = 0.55, and p,;,, = 0.35 for

both casel = 10 andd = 30. The width of each point represents $i€/% confidence interval.

e Step2: At-the-money implied volatility level target, we work on a the new modéLC)
derived by the indeX,. The main goal of the second step is to look for the adequateval
related to the parametgrthat matches the market at-the-money level. Because, v hav
already seen, that this parameter is strongly correlatéuigdevel target. The routine is
performed by a simple dichotomy algorithm.

e Step3 : At-the-money implied volatility skew target, it consists on fitting the smile of
the market, it is done by the adjustment. We have already observed tha highly
connected to the skew of the market, and is less linked totttieeamoney level. The
research routine is based on the Newton-Raphson algorithm.

e Step4 : Right queue distribution, during this step, we take into account just some point
on the the right side of the implied volatility. The left sideéFigure 4.6 shows that this
can be handled by small valyg,;,,. Since, the change can be reasonably be monotone,
then Newton-Raphson algorithm is sufficient to deal witls thi

e Step5 : General research proceedingwe go back finally to the indeX; under the
model (LC) and by taking into consideration the previous calibratedupeterization.
The last task uses a descent gradient algorithm on the taraenpter.

One can notice that second, third and fourth steps are athiawvone dimension, because
we focus on just one parameter. However, the optimizer irfiftrestep takes into account
all parameters. In general, all calibration of each matuare obtained ovet minutes, per
maturity.

Before beginning both pricing and optimization proceduvwaskeep in memory all possible
random variables involved in the simulation. Consequeatigach iteration, and at each step
in optimization we use the same random variable. On the ond,hlhis method can enhance
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Table 4.2:The error of calibration ", (%) for different maturities, under thg8C1D) model,
T,K?

with £ = 15 ando = 0.

T 0.17 0.28 0.64 1 1.35 1.67 2 2.34 3.1 3.8 4.5 6
y 22.30 1514 11907 9.88 9.08 8.99 9.30 8.52 7.15 6.43 460 5 4.1
n 6.00 4.43 2.52 1.83 1.45 1.37 1.014 0.88 0.66 0.54 0.53 0.3

pmin  0.0756  0.0752 0.0755 0.0752 0.0752 0.0752 0.0757 0.0755758.00.0757 0.0758 0.0753
Error 0.00004 0.00001 0.0008 0.0008 0.0009 0.0006 0.0006000. 0.0008 0.0008 0.0007 0.000¢€

the simulation in term of time computation. On the other hanensures certain stability for
optimizer. Moreover, since we are interested in the sinraih the case of a special case
of correlation(R;);; = p; foreverl < i,5 < d andt > 0, then we use a method that do
not involve the compute of Cholesky decomposition for thecpss R;>¢), at each time step.
Instead of adding new Brownian motions as in [75], we remhait t

V1+(d—=1)p — A
\V Rt:)\l]]-Md(R)+)\21d7 /\1 = ( d >pt 2, AQ = \/l—pt (417)

One has to notice that this optimization procedure will sepen whether the initial guess
of parameters, obtained by the approximat{tﬁntzo, will be or not able a pertinent starting
point for the real index/;).>, during the fifth step. We remark from Figure 4.6 that in the las
we usually deal with just the level of the implied volatilityecause the skew of the implied of
volatility under the mode{I;) remains the same for the real indgy);>o

Table 4.2 illustrates the behavior of all parameters oveuntees calibrated. It shows that
~ tends to take high value, when the maturity is small, it caxty@ained naturally by the fact
that the skew at-the-money, in short time, of option is higlhie market data. Moreover, the
level of the implied volatility of DAX option becomes smalh&n the maturity increases, that
is why then calibrated takes small value over time. We note also sontbdistaver time with
respect to the parametgy,;,,.

In Figure 4.7, we illustrate several results about calibrealgorithm that has been run for
different maturities. We notice that the model is able ton& market in all kind of maturities.
Indeed, in short maturity, the model has to deal with bottnIsigew and kurtosis, while in long
maturity the convexity is less important.

Even though, thé LC) model is able take into consideration all features of theliealp
volatility, it has a drawback related to the dynamic of itgliad volatility once the spot is
perturbed. The main idea has been already studied by Hagain ¢50] in single market.
He shows that, in the case of CEV models, once the spot isrpetuthe implied volatility
moves in the opposite direction of the spot. The result Ibvatiid under the local correlation
assumption. Figure 4.8 shows this undesirable featuredarcéise of negative perturbation,
which gives wrong hedges. To see this, let us condittefS, K, o, T') be the Black and Scholes
formula. Under thé L.C) model, the value of call option, denoted by, S;) is given by the
Black and Scholes formula

V(t, St) — BS(St, K, ZT,K(It)a T),

whereXr k(1) is the implied volatility of the model with initial spdt. The following(A)i_,_,
hedging strategies

\V/I S 1 S d, AZ — 651V(t, St) — 85235 + [6233] aSiZT,K(It)
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Figure 4.7: d = 30, 10° Monte-Carlo sampleg, = 1 and discretization time step025. Calibration
results with respect to different maturitiés= {0.17,0.29, 1,4.5}, under the LC) model compared to
the implied volatility (Dash line) given by the market: DAXdlid line).

is the one given by the modéLC). The first term is clearly the\ risk in the Black and
Scholes model. The second term corresponds to the ternttorrdy the local LC) model.

It is divided into two part, the first one is the risk of Vegafided asoy, B.S, multiplied by the
sensitivity of the implied volatility model with respect tbhe change of stock value. Under a
negative perturbation, we see then that since the real iinaidees in the opposite direction of
the one derived by the model, the teti ¥ x (1;) will take the wrong value in term of hedge,
even though it calibrates the smile of the market. Howeveralgo notice in Figure 4.8 that,
under a positive perturbation, the implied volatility mbd®eves in the right direction as the
index changes, which means that under(th€), we are highly exposed to the Vega risk if the
index decreases.
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Figure 4.8: d = 30, 10° Monte-Carlo samples]’ = 1 and discretization time stef025. Both
graphs correspond to the shape of index implied volatilitytwo strike moneyness fdil.C) model
after perturbationy = 11, n = 2 andp,;, = 0.

index implied volatility dynamic under local correlation

In this section, we try to investigate whether the opposyteadhnic direction is strongly related
to the local structure. We take into consideration the foilg model, foralll <i <d:

dsi
S

dv} = KL(T' — vy dt + Ui\/l/:i (pidBt +4/1- P?dBZ) .

— rdt + \/vidB!
(4.18)

Under the same notation as in (4.8 have(B},..., B}, B}, ..., BY) is a2d standard Brow-
nian motions, such that for &l < i < d we assume thaB! = (/C;B;);, where the local cor-
relation matrix(C}),>¢ is given by (4.16) We note that each component of the vectsi),~
follows a Heston model. Here, we are not interested intdcation performance, we just study
the dynamic of the implied volatility. We plot therefore timelex implied volatility curve with
respect to the change of the initial vector valige— So(1 F ¢€).

Figure (4.9) shows the behavior of the index implied volgtil We can see that under
these modelling consideration, its dynamic follows the smoent of index change better than
(LC). We can deduce implicitly, like as in Hagan [50], that the uba etochastic structure,
can enhance the dynamic properties of the implied vokatiBack again to the Heston model,
Figure (4.10) shows the behavior of the implied volatilitpael associated to one underlying.
We recall that Heston model is given by the following SDE

dsS;

28— pdt + /dW,
S, (4.19)

dvy = kv(U — v)dt + o/ (pdVVt +4/1— deZt> ,

where(Z;);>o and(W,),>o are an independent Brownian motion.
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Figure 4.9: d = 30, 10° Monte-Carlo sampleg, = 1 and discretization time steép025. Both graphs
correspond to the shape of index implied volatility aftertpdoation w.r.t to strike moneyness under
the multi dimension Heston model in18. We assume that all instantaneous volatilities share the sam
parameterizationy = 14.1, 7 = 0.55, pmin = 0.26,¢ = 0.2 andforalll <i < d, p; = —0.8,x, =
1.2,0% = 0.38, /4 = 0.0174 andv’ = 0.03.

In Figure (4.10) shows that Heston model moves exactly by the same order wirpation
as the initial stock value changes. We call this kind of ma&bticky Delta’ one. Indeed,
by simple calculus, one can prove That the Heston impliedtility depends only orb,/ K.
Indeed, the price of the call option is given by

2
Vs

E[e™(K - Sr)] = KE [erT(1 — %efoT(Tz')dHfoT deWs)+]

S,
=K <6TTJ\/'(—d2) — —ON(—dl)) ,
K
S0y (py Z(TKLS )2 )
whered; = log(f?);((;K o T anddy = dy — S(T, K, So)V/T, it follows X(T, K, S) :=
(T, 52).

One has to wonder if it is possible to derive a stochasticetation, in order to prevent the
drawback of local framework in term of the dynamic of the imaglvolatility. In the sequel,
we discuss two types of stochastic correlation proceskedijrst one is defined bySC1D)
and (SC) models, which are considered as local models perturbeddasphastic factor. The
second type of modelling assume a pure stochastic cooe]atthich derives froni.S'V (joint
Local Stochastic structure) models developed for one damarcontext.

Performing local correlation structure for calibration of different maturities

From Table 4.2, one can deduce that the previous local etiwelmodel, defined in (4.16) is
not adequate in order to calibrate simultaneously all nité¢groptions. Looking closer to the
evolution of the parameter, we have noticed that takes value fron22 to 4. Since, in short

maturity the smile of the implied volatility for index optis takes high value, the parameter
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Figure 4.10: d = 30, 10° Monte-Carlo samples]’ = 1 and discretization time step025. Both
graphs correspond to the shape of index implied volatilitytwo strike moneyness for displaced model
after perturbation. We use the same calibration parametén §1]: p = —0.71,x%, = 1.32,7 =

0.0354, vy = 0.0174 ando = 0.38.

takes naturally big value to compensate this phenomenaedfer, the parameterchanges
also value with respect to different maturities (frorf to 6), because this parameter is strongly

related to the level of the implied volatility.

In order to calibrate in the same time all options, one calvedgeas a first alternative, a
non parametric function, and assume that bpth= (1;):>0, 7 := (7):>0 depend on time.
However, since) and~ variate highly with respect to maturities, it leads us tostdar a new
local correlation structure, which its parameters are nstable than the first model.

The idea is to consider a new instantaneous correlatiorghwikigiven by

1

d k _k Qk
N Zk:10‘ 055

V1 S [ 7&] S d7 (Ct)i,j =

Lie—mt—1
L {(W

0 —
+1>+r’ Iy

(4.20)

It follows from Table 4.3, that this new correlation strugtaletains more stable parameter with

MEkt

2
Table 4.3:The error of calibrationy", <ET;A#> for different maturities, undeil.C) model defined

T,K1

in (4.20)
T 017 0.28 0.64 1 135 167 2 234 31 3.8 45 6
~ 1.50 257 329 376 3.72 400 433 420 395 453 396  3.29
" 1.29 0.95 061 048 040 037 035 032 024 021 020 017
Error 0.0003 0.00011 0.0002 0.0005 0.0007 0.0008 0.0008000.0 0.0010 0.0009 0.0005 0.0002

respect to maturities, it is then a potential candidate librede all option market. Indeed, we
suppose now that bothand~ are no more constants, and they depend on time= (7;):>o
andy := (v)i>0. Let(T;);en denote a sequence related to all market maturities, therssuerae

that structure of the parameter is the following

Vi e N, Vt € [T}, Tisal, v =1, and n, = ny,. (4.21)
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Table 4.4:The error of calibration}_, %) for different maturities, under time dependent model

(LC) model defined in (4.20) and (4.21) '

T 0.17 0.28 0.64 1 1.35 1.67 2

Ve 1.50 4.26 5.09 5.00 4.68 1156 78.35

Nt 1.29 1.06 0.47 0.27 0.12 0.23 0.14
Error 0.0003 0.00009 0.0006 0.0009 0.0013 0.0011 0.0012

Table 4.4 shows the calibration result over maturities,eurtde consideration that all pa-
rameter in model (4.20) depend on time. We remark that tid gear, the model calibrate
correctly market data. However, the model is less perfognieyond one maturity. Indeed,
since square root function w.r.t time (in (4.20) ) has noctfieghen maturity is big, then the
parametef~,);>o has to take big high value in order to catch the skew of the atark

4.5 Discussion of the parameters in the modelSC1D) and
(SC)

Under both model$SC1D) and(SC), we no longer assume that the correlation modelling is
done via a local correlation, but instead, we replaced it pyr@ stochastic diffusion one. The
idea of this approach is to investigate whether these madelsble (or not) to characterize
better the term structure of the implied volatility indexohMover, we would like to see if they
have the same drawback as the local correlation in term ajihgd

Let us go back to Formula (4.14), it yields that the third tédPthdisappears because we are
placed in pure stochastic correlation. We assume the follpwodel

dpy = K(pr — %)dt + v/ pe(1 = pr)dWr.
L+n(g)

Intuitively, in long time this model behaves like the onel@). with a local correlation, where
k is large andr is small. Therefore, depending on the value of the mearriage: the model
is characterized by two regimes, that are defined by its petens1 Indeed, we remark that
when x takes high value, the model becomes most likely indepenalebobth p, ando. In
this regime, bothy andn play the same role as if.C) model: v characterize the skew of
the implied volatility and; defines its level at-the-money. Figure 4.11 shows thesétsdsu
different choices.

However, when the value afremains small the impact of botly ando become significant.
Indeed,p, plays the same role aswhich means that the at-the-money increases (decreases) as
soon as, the value gf, increases (decreases). Intuitively, in short matupigyis closed to the
expected value gf;, which is highly correlated to the level of the implied voléyi Moreover,

o has an impact on the right queue distribution of implied uibtg. All these results are given
in Figure 4.12

Since wherx takes high valug(SC1D) behaves likg LC) model. Then, the calibration
under this regime of each maturity can be obtained by the sgtim@ization method. Table 4.5
illustrates the behavior of parameter calibration, for adixalue ofx ando.

We are also interested in a second type of pure stochastielaton related to thé/ RC
problem. The model can be seen as the extensig8@flD) model. We consider therefore
that the whole correlatiofR;);>o is solution of the following SDE
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Figure 4.11: d = 30, 10° Monte-Carlo samples]’ = 1 and discretization time step025. Both
graphs correspond to the index implied volatility w.r.t tok& moneyness und¢SC1D) model, such
thato = 0. Left: n = 2, andy = {4, 10,20} . Right: v = 8 andn = {0.2,0.9,4} . The width of each
point represents theés% confidence interval.
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Table 4.5:The error of calibration3 ", (%) for different maturities, under th6SC1D)
T,K?

model, withx = 15 ando = 0.

T 0.17 0.28 0.64 1 1.35 1.67 2 2.34 3.1 3.8 4.5 6

0 22.13 17.55 11.13 9.66 8.89 8.33 7.53 6.67 6.07 4.32 411 3.60

n 1.32 1.03 0.64 0.48 0.40 0.37 0.34 0.31 0.23 0.20 0.19 0.15
Error 0.00009 0.00005 0.0004 0.0006 0.0008 0.0009 0.0009000. 0.001 0.001 0.0006 0.0002

t d t
Cy = Co+ / k(T — Cotds+ Y / as (w/cs — CLenCodW,e" + edWT\/C, — Csegcg> .
0 1“0

(4.22)
The mean reversion correlatigh;);~, and the correlation volatilitya;),~, are given by the
following

(L — py)

V1<i#j<d, (¢)i; d—1 "’

= Pt andCLt:O'

wherep; = w ando € [0,1], K > 0 andn,~y > 0. The sensibility of parameters are

quite similar to(LOC) model. On the one hand, one can have two regimes, with resptot
value ofx. In large value, we are supposed to fall on {l&”) model, while in the low value
of , the skew implied volatility of the model seems to be lessolés because we supposed
that all Brownian motions in both SDE (4.3) and (4.22) areepehdent. In other word, for a
given value of bothy andn, the most expected value of the skew will be obtained wheakes

a great value. On the other hand, both parametendr play the same role as ifL.C) and
(SC1D) models, because they are respectively related to the sketharevel of the implied
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Figure 4.12: d = 30, 105 Monte-Carlo samples]’ = 0.64 and discretization time step025. Both
graphs correspond to the index implied volatility w.r.t tok& moneyness und¢SC1D) model, such
thaty = 20, x = 1 andn = 5. Left: py = 0.55, ¢ = {0,0.1,0.2}. Right: py = {0,0.3,0.7} and
o = 0.1. The width of each point represents W&/ confidence interval.

volatility model at-the-money. In Figure 4.13, we illuggdahe behavior ofSC) model with
respect to these three parametersy and.

Moreover, the parametér, keeps the same impact on the implied volatility as the param-
etern, but it is more visible whem takes a low value. Even tough, we observe that all these
parameters, in certain sense, plays the same role(&Inhmodel, butr becomes the only one
whose behavior has changed. Indeed, Figure 4.14, shows thatrongly related to the left
side of the queue distribution. The left queue distribuihigh as soon as the parameter
take higher values. Finally, one can deduce that in ordealtbrate all maturities, this model is
strongly related t@L.C) calibration, which means that even if we consider that batiameter
n and-~ are time dependent, it is very hard to obtain an adequateratbn result for the term
structure.

4.6 Stochastic local correlation model

In the previous section, the stochastic correlation moslaleien as a perturbation around a
local correlation model. We have concluded that in term dibcation, the previous model
has the same performance as its local version ¢h€:), which means that in short maturity,
the parametey takes very high value, and the term structure calibrati@ob®es much more
hard. In this section, we will try to use the stochastic dfiacorder to compensate the high
value of~ in short maturities. We will try to derive a model that is gqugimilar to the so
known LSV model in the single name world. Indeed, we take into conait®r both local and
stochastic correlation. Under the same notation as in &@edti2, we suppose that the stock
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Figure 4.13: d = 30, 10° Monte-Carlo sampled, = 0.64 and discretization time stép025., o = 0
andpy = 0.55. Both graphs correspond to the index implied volatility tte. strike moneyness under
(SC) model. Left:x = {15,8,1}. Center:y = {4,10,20} . Right: n = {0.2,1,4} . The width of each
point represents th& % confidence interval.

vector(S});<i<q is solution of the following SDE, for all <i <d

45
S = rdt+
oi(t, S1) (\/E(\/thét)i (1= A)AZ N = A1 = 2)dZ2 + oy/(1 = )\t)AtdBtA> ,

(4.23)

where(Bt)tZO and(Z;);eq1,23.1>0 are vector of Brownian motions, whereas the prog¢ess
is given by the following Wright-Fisher SDE:

d\; = O\ — \)dt + B/ (1 — \)dBy,
where(B});>, is a Brownian motionf > 0, A € [0,1],3 > 0 andg is real value defined
on [—1, 1]. Finally, we suppose that for evety< i # j < d,(C});; = p(I;), wherep(I;) is

defined in (4.16)
The instantaneous variance is given by

Ly Yacijea@d0io] SIST M(Ch)ig + (1= N))
t = ]’2
t
The choice of the sign of depends on the new term that will occur when we compute again
=2
the quadratic covarianc@;’t;m. Therefore, under the same notations as in (4.14)

dl,. 52
dlnoi) P1+ P2+ \,P3

dt
BA(1 = \y) .y o
—Q% Z o' Siop [1 = (C})iy] &/ Slof Z aFSkak |,

1<4,j<d 1<k<d
NS o
Vv

P4

(4.24)
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Figure 4.14: d = 30, 105 Monte-Carlo samples]’ = 0.64 and discretization time ste@.025.
Graph correspond to the index implied volatility w.r.t talet moneyness und¢S8C) model, such that
v =20, =5, po = 0.55andx = 1. 0 = {0,0.1,0.2}. The width of each point represents &%
confidence interval.

We note byP4 the new term appearing in (4.14), and Looking closely tagktrhand side, we
remark that by construction the sign Bit is related to sign of the parameterWe conclude
that the negative value of instantaneous correlation §4c24 be derive by a local structure
effect (the termP3) or by a pure stochastic effect (the new tefrd). We notice also that
the term P3 is multiplied by \;, which means that the stochastic correlation effect wilt jus
compensate the role of the local structure that is weakegdtebfactor)\;. Before deriving
sensitivities numerical result, we explain briefly how slata this model efficiently without
involving Cholesky decomposition at each step time.

Looking closer to Equation.23, one can notice that by constructiqn(1 — \,)\;dB} =
5 (d\ —0(X = \y)dt) , and the square root matriXC; can be obtained explicitly from Equa-
tion 4.17. We consider the time horizofl > 0, and the regular time-grid¥ = iT/N, for
j=0,...,N. The price stock are given by the following scheme, forlail i < d :

N Qo (twsz) 3 T 3
Stj+1 = Stj+1 ( J+1 — t; ) + T |:)\t]+1 - )\t]’ - 9()\ - )\tj)(tj+1 - t]):| +

[ (1= Dp(d,) — 1 (L) .
(t]+1 — 1 ))\t O’ tj,S d ]lMd(R) + 1-— p([tj)[d Nj+1
—i—O’i(t]—, Szj) [(1 — th)\/tj_,_l — tjGjl-Jrl + \/(1 — QQ)S\tj(l — th)(tj_,_l — tj)G?Jrl])

where foralll < j < N andl <i <d, N;,G} andG? are independent Gaussian variables.

The simulation of the Jacobi proce{sistj)lngN is done by the same techniques explained
in [3].

Since the procesg\;);>o is @ mean reverting process, which means that in long mgturit
one can assume that the process tends to the alDae can assume intuitively that the model
behaves in long maturity as a pu@eC) model.
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In Figure 4.15, we show the behavior of the index implied tilig with respect to the
value of o, X. On the right hand side of this figure, one can conclude ghiatstrongly related
to the skew of the curve, which corresponds to the tétnin (4.24) On the left hand side,
we observe a change of the level related to the implied Vityaéit the money. One has to
remember that the instantaneous local volatility is wnitie :\,C'(1;) + (1 — X)Ly, r). When
the value of\ decreases, it leads implicitly to decrease the probaliiiy )\, takes low value,
and the instantaneous local volatility tends thereford i, ). It follows then level of the
implied volatility increases.

4.7 Summary and conclusion

This paper investigate different models that can be usedderao calibrate both Vanillas
and index option markets. We choose to consider a corralatiedelling instead of variance
covariance modelling. First of all, we highlight the majoadback associated to the adoption
of a covariance modelling such as Wishart process. We s$tanpaper by presenting a pure
local correlation mod€lLL.C). We were able to identify by a few parameters the behavioref th
index implied volatility. We explain how one can enhancettren structure calibration under
the local structure hypothesis.

Moreover, we propose a different model taking into accobatstochastic effect of certain
factors. The first one (denoted 8C1D) and(SC)) is considered as a perturbation around
the (LC) model. The second one tries to mix both local structure amchsistic effect one. In
both models, we presents several efficient discretizatietihad to enhance time computation.
We conclude that in term of calibration the first one has theeseesult agL.C) model, and
is not well appropriate to calibrate the term structure. $&eond model has better chance to
calibrate, because the stochastic factors can compemsategh value ofy in short maturity
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in order to keep a regular model parameter value with regpebe maturity.
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