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Résumé

Dans cette thése, nous étudions le probléme de stabilisation au bord de systemes généraux d’équations
aux dérivées partielles hyperboliques. Plus précisément, 1’étude se focalise sur des systémes ot le transport
est uniquement scalaire et ou le sens de propagation de I'information est fixé. En outre, le controle choisi
sera la plupart du temps sous la forme d’une loi de retour d’état (ou feedback) linéaire que I’on perturbera
éventuellement par 'effet d’une saturation. Le travail est séparé en deux parties bien distinctes ; 'une se
concentre sur des méthodes de Lyapunov, tandis que 'autre va plutét utiliser des techniques propres au
linéaire.

Pour la premiére partie, deux travaux principaux sont présentés. Dans un premier temps, nous
ne considérons que des équations de transport linéaires & vitesses positives et cherchons a stabiliser
exponentiellement le systéme dans L grace a un feedback linéaire saturé. La méthode consiste & utiliser
des techniques classiques de Lyapunov afin d’exhiber un bassin d’attraction et d’en donner une estimation
fine. On généralise ensuite ce travail dans un cadre BV pour les systémes de lois de conservation scalaires
couplées au bord. Secondement, un systeme de lois de conservation scalaires a vitesses positives est
discrétisé en utilisant un schéma a limiteur de pente. En s’inspirant des méthodes issues du cadre continu,
une fonctionnelle de Lyapunov discréte est étudiée pour prouver la stabilisation exponentielle BV par
feedback linéaire de la solution discrete.

Pour la seconde partie, deux études sont également exposées mais cette fois-ci, dans un cadre totale-
ment linéaire. D’une part, il s’agit d’établir la possibilité de construire un feedback issu d’un placement
de poles pour stabiliser exponentiellement des edps hyperboliques linéaires avec couplage au bord et
dans le domaine. D’autre part, nous développons une théorie du backstepping discrétisé pour stabiliser
en temps fini un schéma numérique modélisant un systéme 2 x 2 avec couplage au bord et au sein du
domaine.

Mots-Clés

Stabilisation, équations de transport, Backstepping, saturation, schémas numériques

Abstract

In this thesis, we study the problem of boundary stabilization of general hyperbolic systems of partial
differential equations. More precisely, the analysis focuses on systems where the transport term is scalar
and for which the information propagates in a fixed direction. In addition, the chosen control is most
of the time a state feedback law for which a saturation is possibly applied. The work is divided into
two distinct parts, one focusing on Lyapunov techniques while the other one uses the linearity of the
problem.

In the first part of the thesis, two main works are presented. In the first one, only linear transport
equations with positive velocities are considered. The main goal is to design a saturated linear feedback
in order to stabilize exponentially the open-loop system in L°. The method consists of using classical
Lyapunov techniques to exhibit a basin of attraction for which a fine estimate is given. We also extend
this work to nonlinear scalar conservation laws in a BV framework.

In the other work, thanks to a slope limiter scheme, a system of scalar conservation laws is discretized.
Inspired by "continuous" Lyapunov methods, a discrete Lyapunov functional is studied to prove the
exponential BV stabilization of the discrete solution using a linear feedback.

In the second part of the thesis, two works are exposed as well, this time in a full linear framework.
On the one hand, we study systems of linear transport equations of arbitrary dimension, coupled on the
domain and at the boundary. Designing a controller from a pole placement algorithm, the exponential
stabilization is proved in L2. On the other hand, we develop a numerical Backstepping theory in order to
stabilize in finite time a numerical scheme modeling a 2 x 2 linear system with in domain and boundary
couplings.

Keywords

Stabilization, transport equations, Backstepping, saturation, numerical schemes
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1.1 Notions de controle

Pour introduire certaines notions de contrdle, considérons une simple équation différentielle
ordinaire (EDO) :

X = a(X)
{ X(0)= X,€Rd (1.1)
ouq€eN,a:R?— R?et Xy est une donnée initiale choisie dans R?. En théorie du contréle on

va chercher & modifier la dynamique (1.1)) de X pour que celle-ci corresponde & une trajectoire
ou & une cible voulue. Ainsi, on introduit un opérateur b d’actuation et un contrdle u(t) € R™

pour contrdler (|1.1J).

X = a(X) + blu(t))
{ X(0)= X,€Rd (1.2)

La fonction b : R™ — R? permet de modéliser action que le contrdle u(t) peut avoir sur I'état
X. On peut distinguer trois branches principales dans la théorie du controle :

— La controlabilité ot on prend un temps final 7" et une cible X; et on regarde s’il est possible
de trouver un contrdle tel que X(7T') = X;. Pour ce genre de probléme, le contrdle dépend
uniquement de I’état initial X.

— Le controle optimal ot on impose un critére & minimiser et le probléme sera de trouver un
contrdle u qui minimise ce critere.

— Enfin, la stabilisation qui est la branche qui va le plus nous intéresser dans cette these.
Lorsque ’on cherche a stabiliser un systéme, on considere un état X., d’équilibre du systéme
(1.1) vérifiant a(X.s) = 0 et on essaye de faire converger la solution X (¢) vers cet état.
Pour ce faire, on impose une certaine maniere d’écrire le controle. Celui-ci doit dépendre
de I'état X (t) a 'instant ¢ :

u(t) = k(X (1)) (1.3)

ou k est une fonction bien choisie telle que :

lim X () = X.,.

T—>00

Il semblerait a priori qu’imposer la forme de contrdle soit assez limitatif, cependant il
s’avere que ce choix est trés robuste vis a vis des perturbations extérieures. En effet, le contréle
dépendant de I’état a I'instant ¢, celui-ci peut s’adapter a I’éventualité d’une perturbation de la
dynamique du systeme. De part cette robustesse, les méthodes de stabilisation par feedback sont
trés utilisées dans ’'industrie.

Pour ce qui concerne les méthodes de contrélabilité, le contrdle ne dépendant que de la
condition initiale X, il ne pourra pas s’adapter a une éventuelle perturbation et ’état cible X4
sera le plus souvent non atteint. On parle de manque de robustesse de la méthode par rapport
a une perturbation. C’est d’autant plus flagrant lorsque le systéme étudié est non linéaire et
chaotique comme celui du double pendule par exemple.

Ainsi et avant de continuer, il est nécessaire d’introduire le vocabulaire des automaticiens [45]
Chapitre 1], ce dernier étant nécessaire afin de continuer notre présentation.

Definition 1. On appellera X ’état du systéme. La variable u(t) correspond au controle. Le
systéme sans controle u(t) = 0 est ce qu’on appelle le systéme en boucle ouverte alors que celui
avec controle de type u(t) = k(X(t)) est le systéme en boucle fermé. On appellera un
controle de type u(t) = k(X (t)) un controle par retour d’état ou un feedback.
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Ces notations proviennent de la vision du systéme sous forme de schémas blocs que 'on
rappelle ici pour la boucle ouverte.

u(t) . y(t)

— X =a(X)+ b(u) >

FIGURE 1.1 — Un schéma bloc en boucle ouverte

La variable y(t) € R? correspond aux observations données par les capteurs qui nous informent
sur I’état X. En automatique linéaire, on a y = CX ou C € M,,(R). Dans les cas les plus
généraux, C' n’est pas inversible et on n’a qu’une observation partielle de 1’état.

Dans ce travail, on fera I’hypotheése que les capteurs permettent de mesurer I’état X avec une
infinie précision, pour ne se focaliser uniquement que sur ’effet du controle. On prendra donc
y = X. En boucle fermée, on aura le schéma bloc suivant :

» b(+) o X = a(X) +b(u) —

k()

FIGURE 1.2 — Un schéma bloc en boucle fermée

Pour les notions de stabilité, on introduit les définitions suivantes en supposant que 0 est
l'unique état d’équilibre du systeme (a(0) = 0) [29, Theorem 10.8] :

Definition 2. — Le point d’équilibre 0 ou le systéme (1.2) est dit stable (en 0) si pour tout
e >0, i existe un n > 0 tel que si | Xo| < n alors pour tout t > 0, | X (t)| <e.

— Le point d’équilibre 0 ou le systéme (1.2) est globalement asymptotiquement stable si pour
toute condition initiale Xy,

lim |X(t)| = 0.

t——+o0

— Le point d’équilibre 0 ou le systéeme (1.2)) est globalement exponentiellement stable s’il existe
v,C > 0 tels que pour toute condition initiale X,

Yt >0, | X(t)] < Ce Xy
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— Le point d’équilibre 0 ou le systéme (1.2)) est dit localement asymptotiquement stable s’il
existe n > 0 tel que pour toute condition initiale Xo vérifiant | Xo| < n, la solution X (t)
tend vers 0. On définira de la méme maniére "localement exponentiellement stable".

Ce vocabulaire est tres classique chez les automaticiens pour caractériser la stabilité du sys-
teme étudié. Il sera utilisé tout au long de la these.

1.2 Les équations de transport

Il ne s’agit pas d’approfondir la stabilisation de systémes de dimension finie (EDO) qu’étudient
les automaticiens, mais plutot de se concentrer sur un type particulier de systemes ou I’état évolue
dans des espaces de dimension infinie : les Equations aux Dérivées Partielles (EDP) hyperboliques.
Plus particulierement, on introduit une variable 1D d’espace x que ’on va pour I'instant supposer
dans R. Notre état sera noté R qui est une fonction de ¢ et de x a valeur dans RY.

Ainsi I'état R évolue dans un espace de dimension infinie qui sera le plus souvent un espace
de Lebesgue LP(R;R?). Dans cette thése, 'état R(t,z) en boucle ouverte vérifiera une équation
de transport du type :

R+ 9,[f(R)] = S(R).
Cette equation permet de modéliser ’ensemble des phénomeénes de transport. On peut ’écrire
de la maniére suivante si ’on suppose que le flux f et la solution R sont suffisamment réguliers :

R+ f'(R)O.R = S(R). (1.4)
On supposera également que f'(R) € M,(R) est diagonalisable dans R quelque soit R € RY et
que les valeurs propres de f'(R) ne s’annulent pas.

1.2.1 La forme caractéristique

On introduit ici 'hypothese d’écriture sous forme caractéristique [I6], Partie 1.1] :

Hypothése 1. Il existe un changement de variable régulier U = ¢(R) et une fonction A:R? —
Dy(R) d valeur dans les matrices diagonales carrées de taille q tels que :

VR € R, (R)'f'(R) = AR)$(R)" (1.5)
La variable U se notera invariant de Riemann et l'on pourra réécrire (1.4)) sous la forme carac-
téristique :

U + AW~ (U))o,U = C(U).

Par la suite et pour ne pas introduire des notations superflues, on prendra U < R et C(U) +
S(R). La forme caractéristique s’écrira :

R+ A(R)O,R = S(R) (1.6)
avec A(R) = A(y~(R)).

Il n’est pas évident que I’'Hypothese [1] soit satisfaite. Pour la prouver il faut et il suffit d’ex-
pliciter un changement de variable U = t(R) tel que soit vérifiée. Cela revient a trouver
les solutions & des EDOs d’ordre un. Il a été montré dans [78] p.34-35] que cette équation peut
toujours étre résolue au moins localement pour ¢ < 2. A contrario, pour des systemes de plus
grandes dimensions, il y a des cas ol un tel changement de variable n’existe pas [36, p. 240].
Heureusement, ce sont des cas qui sortent du cadre de cette these.
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1.2.2 Le cas particulier des équations scalaires

Un cas particulier va nous intéresser : il s’agit de la situation ou ¢ = 1. Ici, le flux f sera
une fonction de R dans R. Ce cadre comprend notamment les équations de transport linéaires ou
f(R) est un opérateur de la forme AR avec A un réel. Ce genre de modele donne des modélisations
tres simples pour de nombreux phénomenes physiques. On pourra toujours écrire le systéme sous
la forme suivante :

OiR + 0,]V(R)R] = S(R)

ou V : R — R. Ci-dessous nous présentons une liste non exhaustive [16, Chapter 1] de modeles
faisant intervenir des lois de conservation scalaires :

— Le modele de Kac-Goldstein [61]-]69] & deux équations, pour la chimiotaxie qui modélise le
mouvement de cellules selon le milieu chimique dans lequel elles se trouvent. On aura deux
lois de conservation scalaires qui interagissent entre elles par un terme d’ordre zéro :

{ pt + 700t + p(pT p7)(p” —pt) = 0 (1.7)
Op™ —0up™ +ulp,p7)(pT —p7) = 0

Ici p* désigne la densité de cellules se déplagant vers la droite (y > 0) alors que p~
correspond aux cellules se déplacant vers la gauche. Le terme p est un terme d’échange
entre les deux types de cellules. Cette équation est un bel exemple de systéme d’EDPs
hyperboliques semilinéaires ou le transport est linéaire alors que le terme d’ordre zero ne
I’est pas.

— Les modeles de trafic routier & une route ou la variable R = p représente la densité de
véhicules et V(p) la vitesse associée. Le modele de Garavello et Picolli [55, Chapter 3]
donne une vitesse linéairement décroissante en fonction de la densité :

V(p) = Vinax (1— P )

Pmax

On retrouve ainsi le modele de Lighthill et Whitham [83] pour le trafic de véhicules routiers.

— Un modele tres simple de fluide & deux phases comme ’eau et I’huile, est donné par une loi
de conservations scalaire. Ici R = p correspond a la saturation d’eau. Le cas p = 0 équivaut
a de l'huile pure tandis que p = 1 équivaut a de I’eau pure. Dans ce cas, on prendra une
vitesse caractéristique de la forme [23] :

2

p
Vip) = —L—.
p*+ (1 —p)?

— Enfin, en dernier exemple, on peut citer les modeles scalaires décrivant les mouvements
d’eau au sein de canaux. Ici la variable d’état R = H représente la hauteur d’eau au sein
du canal. Afin de présenter le modele, on rappelle les equations de Saint-Venant :

O H + 0,(HV) = 0
V2 V2 (1.8)
OV +0,(7x +9H)+ (CF —gS) = 0.

Ici, on a un systéme hyperbolique avec deux variables (¢ = 2) H et V, qui n’est donc pas

scalaire. Le parametre physique g est la constante de gravité, C le coefficient de viscosité

et Sp correspond a l'inclinaison verticale du canal. On considere le régime physique suivant
proposé dans [16], p. 44] :
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V2

qui désigne un régime ou la friction compense la gravité. Dans ce cas, on peut exprimer V'
en fonction de H et k := % pour obtenir :

OH + 0, (kH“Ig{> =

Pour les modeles qui présentent un couplage dans le terme de flux (¢ > 1), le probléme
d’existence et d’unicité de la solution est tres difficile et n’est, a ce jour, pas completement résolu.
Souvent, il faut faire des hypotheses de petitesse sur la condition initiale pour avoir I'existence
d’une solution. Les modeles scalaires sont, quant a eux, tres accommodants puisqu’ils permettent
d’avoir des solutions sans faire cette hypothése de petitesse de la condition initiale. Cela nous
permettra de faire des estimations fines de bassin d’attraction que 1’on abordera en chapitres

et B

qui est une équation scalaire.

1.2.3 Les systémes de lois de conservation scalaire

Considérons toujours le cas scalaire ¢ = 1. Dans cette theése, on se placera non pas dans la
droite réelle entiére, mais dans un domaine borné : le segment [0, 1]. On considére ainsi le systéme
suivant :

R+ ANR)I,R = S(R).
ol on suppose que la vitesse de propagation possede un signe constant :

Hypotheése 2.
VR eR, A(R) >0 ou A(R) < 0.

Si A(R) > 0, alors on doit spécifier la valeur de R en = = 0. Si au contraire A(R) < 0, il
faudra le faire en x = 1. On notera R;, cette valeur. Quant a R,,:, cette notation désignera
Iinformation qui sort du domaine. Admettons que 'on veuille modéliser un réseau avec d € N
equations scalaires qui interagissent entre elles par le bord et par un terme d’ordre zéro. Dans ce
cas, on écrira le systeme de la maniére suivante :

OtR; + Ni(R;)0zR; = Si(Ri,--,Rq)
Rin,i = hi (Rout) + u; (t)
ou h; est une fonction qui couple les equations au bord alors que w;(t) modélise un éventuel input

extérieur. On peut également généraliser pour ¢ > 1. Dans ce cadre 1a on se placera souvent en
transport linéaire :

Vlgigd,{

OR; + N0z R; = Si(Ri,--,Ry)
Rini: = hi(Rout)+ ui(t)

ou ici R;,u; sont des vecteurs de taille g. On peut par exemple imaginer un réseau de systémes
de Kac-Goldstein (1.7)) ot ¢ = 2.

Vlgigd,{

Remarque 1. Si on sort du cas scalaire et que ’on considere un réseau d > 1 de systeme
q > 1 ’EDPs hyperboliques non linéaires, il va falloir admettre une hypotheése importante sur
la matrice des vitesses A(R) :
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Hypothese 3. Il existe 1 < qg < q tel que :
VR, M(R) < X(R) <+ < Ap(R) <0< Aggg1(R) < --- < N(R).
Cette hypotheése permet de fixer le sens du transport et ainsi (R;y,, Rout) st bien défini. Pour
illustrer cela on peut prendre le systéme de Saint Venant (1.8). On obtient alors :
2

R=(H,V), [(H,V) = (HV, - +gH)

et donc :

Apres de simples calculs, on obtient les valeurs propres de A(H, V') ainsi que les invariants de
Riemann correspondants :

)\1:Vf\/gHet )\2:V+\/QH
U=V —=2y/gH et Uy =V + 2/gH.

L’écoulement est dit fluvial si les deux vitesses caractéristiques sont de signe opposé. Cela est
vrai si et seulement si le nombre de Froude local vérifie :
[V (t, )|

Vt,x, Fr(t,x) = ———
gH(t,x)

< 1. (1.9)

L’Hypothese[3]pour le systéme de Saint-Venant n’est pas toujours vérifiée. En effet, il faut imposer
en plus la condition de Froude (1.9)), qui restreint I’état du systeme. Si (1.9) est satisfaite, on
aura :

A < 0et Ay >0.

Dauns ce cas, R;, = (U1(t,1),Us(¢,0)) et Rour = (U1(¢,0),Uz(t,1)). Lorsque le nombre de Froude
vaut localement 1 au bord, les choses se compliquent puisque ’on ne pourra plus définir si ce
dernier est entrant ou sortant.

Dans cette thése, on ne considérera pas des systémes tels que ¢ > 1, mais on se concentrera
sur des systemes un peu plus simples, moins fideles a la physique afin d’introduire des techniques
nouvelles de stabilisation. Par la suite, on prendra donc ¢ = 1.

1.2.4 Stabilisation

Il existe deux moyens de stabiliser une EDP ou un systéme d’équations de transport scalaires.

— Le premier moyen est d’appliquer un contréle au sein du domaine. On définira le support
du contrdle que 'on notera w; C [0,1] et on aura un systéme en boucle fermée de type :

ou 1, est la fonction indicatrice de 'ensemble w;. Cette méthode bien que tres intéressante
ne sera alors pas traitée dans cette these.
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— On se focalisera plutdt sur un contrdle u;(t) stabilisant au bord :

OR; + Ni(R;)0z R, = Si(Ri1,---,Ry)

Rivi” = hz(Rout)‘i’bz(ul(t)) (1‘10)

V1 <i<d, {
Ensuite, on fera I’hypothese que :

v1<i<d, S;(0,---,0)=0
pour que l'état R; = 0 soit un équilibre de (L.10]). Ainsi, on cherchera des controles de la
forme d’un retour d’état u; = k;j(Ry, -+, Ry), oit Ry, -+, R, est un élément de LP, tels
que en boucle fermée :

Jim (1 Ri(t, )| e o,11) = 0-

On parlera donc de stabilisation autour de ’état nul de systémes de lois de conservation
scalaires.

Pour la suite et jusqu’a la fin de cette these, on écrira notre réseau d’équations sous la forme
vectorielle suivante :

R+ 0:[f(R)] = S(R)

ot R(t,x) € R? et f est un flux scalaire dans le sens ot f;(R) = fi(R;) et S : R — R%.

1.3 Stabilisation d’équations scalaires sans couplage au sein
du domaine

Dans cette section, on va négliger le terme source S(R). Ainsi, par un simple changement de
variable en espace, on peut se ramener a un systéme d’équations en boucle ouverte a vitesses
positives :

{8tR+8m[f(R)] =0
R(t,0) = h(R(t1)).

Dans cette theése, 'opérateur h sera linéaire et on aura h(R) = HpoR, ot Hgpo € My(R) est
une matrice modélisant les échanges au bord. Le systéeme en boucle fermée sera de la forme :

KR+ O0,[f(R)] = 0
{R(t,O) = HpoR(t,1) 4+ Bu(t)

avec B € My, la matrice d’actuation.

1.3.1 La commande par retour linéaire local

Dans cette partie, on prendra un controle de la forme u(t) = KR(t,1), o K € M,,4. Ainsi,
le schéma bloc sera le suivant :
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B HR+0:[f(R)] = 0 -
| R(t, 0) = HB()R(t, 1) + Bu(t)
u(t) = Ky(t)
K <
y(t) = R(t,1)

FIGURE 1.3 — Le schéma bloc en boucle fermée

On notera la matrice de retour au bord par H := Hgp + BK. Dans ce cadre, la littérature
est assez riche et ’on peut caractériser la stabilité en fonction de H.

— Lorsque le flux est linéaire : f(R) = A = diag(A1,--- , Aqg) avec A1, -+, A\g > 0, des condi-
tions nécessaires de stabilité ont été prouvées dans de nombreux espaces fonctionnels. On
citera par exemple :

1. Les espaces de Sobolev de type W™ P([0,1]) pour m € N et p € [1, 4+00].
2. Les espaces C™([0,1]) and (m € N).
3. L’espace BV ([0,1]).
En effet, dans [62, Theorem 3.5 p. 275], les auteurs prouvent que 0 est globalement ex-

ponentiellement stable dans les espaces 1.,2.,3. définis ci-dessus si et seulement si il existe
6 > 0 tel que

{z € C | det(Iy — diag(e /M1, ... e /M) H) = 0} C{ze€C| Re(z) < —0}. (1.11)

Cependant, le critere ([1.11) n’est pas robuste par rapport & A. En fait, lorsque I'on fixe un
couple (H,A) vérifiant (1.11)), il est impossible de garantir que ce méme critere soit vérifié
pour A avec A arbitrairement proche de A [62] p. 285].

Dans le méme livre, Silkowski [62, Theorem 6.1 p. 286] démontre que pour tous les espaces
de Banach 1.,2.,3. listés ci-dessus, 0 est globalement exponentiellement stable et que cette
stabilité est robuste vis a vis de A si et seulement si

po(H) := max {p(diag(e’®, - e )H) | ; e R)} < 1 (1.12)

ou p désigne le rayon spectral. Cette condition est plus forte que (1.11)) et pendant des
années, la littérature a tenté de généraliser ces résultats a des flux non linéaires et vectoriels.

— Quand le flux est non linéaire et vectoriel, seules des conditions suffisantes de stabilité sont
données et la plupart du temps la stabilité n’est prouvée que localement.

1. Pour C™([0,1]) avec m € N*, une condition suffisante [I5] [37, 93], 8I] est :

Poo(H) = ianeD:(R)mHA*HOO <1 (1.13)
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ol |+ oo est la norme infinie usuelle des matrices. Dans [37] [95] [81], la stabilité a été
prouvée pour m = 1, mais les arguments permettent tout aussi bien de le démontrer
pour m > 0.

. Pour les espaces de Sobolev WP ([0, 1]) une condition suffisante de stabilité s’écrit :

pp(H) := ianeDI(R)\AHA’l\p <1 (1.14)

ol | - |, est la norme p usuelle des matrices.

Le cas p = 2 a été traité dans [30] et le cas général p > 1 dans [33]. Aussi, dans [30, [33],
la stabilité fut prouvée pour m = 2, mais les arguments permettent également de le
démontrer pour m > 2.

. Pour BV (][0, 1]), peu de résultats sont connus. A notre connaissance, seul [32] étudie
ce cas. Les auteurs y considérent un systeme de lois de conservation ¢ = 2 et donnent
des conditions suffisantes sur H pour garantir une stabilité locale dans BV'.

Dans cette these, on considére une situation intermédiaire a mi-chemin entre d’une part, le
cas linéaire, et d’autre part celui trés complexe des flux non linéaires vectoriels. En effet, il s’agit
du cas des flux scalaires qui posseéde un intérét théorique certain pour la stabilisation de systémes
d’EDPs hyperboliques plus complexes, tels que celui de Saint-Venant.

1.3.2 La commande par retour linéaire saturé

Maintenant, on décide de saturer notre commande stabilisante en introduisant une fonction
de saturation o : R — R tel qu'il existe o, > 0 (le niveau de saturation) tel que :

olz) ==z si|z] <o
o(x) = sign(z)os sinon.

On définit ainsi la saturation par composante sur un vecteur de taille m par :

YR €R™, [0(R)); = o(R;).

Le schéma bloc correspondant est 1égerement modifié et on obtient :

5 OR+0:[f(R)] = 0
| R(t,0) = HpoR(t,1)+ Bo(u(t))
a(:) K -
u(t) = Ky(t) y(t) = R(t,1)

FIGURE 1.4 — Le schéma bloc en boucle fermée avec saturation

L’étude de la stabilisation avec saturation intéresse de plus en plus la communauté du controle,
en raison des besoins en précision croissants pour la modélisation des actionneurs. Les actionneurs
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physiques ne peuvent pas fournir une amplitude infinie et il arrive qu’ils saturent, rendant ainsi
les modeles de contrdle linéaire inadaptés. Pour éviter de rentrer dans la zone de non-linéarité, les
ingénieurs font souvent le choix de prendre des actionneurs suffisamment puissants pour éviter la
saturation. Cependant, surdimensionner un actionneur est loin d’étre optimal en terme de masse
et de colit d’opération. On pourra citer 'exemple de I’aéronautique ou le moindre kilogramme
ajouté est important. De plus, dans certaines situations exceptionnelles, les actionneurs peuvent
étre amenés a saturer et ’on se doit de prédire ce qu’il se passera pour éviter des circonstances
dangereuses.

Négliger la saturation des actionneurs peut méme mener a des comportements non désirés,
voire & des situations catastrophiques. Dans [24] ou [102, Exemple 1.1, 1.2], les auteurs prennent
un systeme de dimension finie et montrent avec des exemples que sous certaines conditions ini-
tiales, le systeme peut devenir instable, et ce méme si le systéme non saturé est globalement
stable. Ce constat nous fait entrevoir 1’existence de bassins d’attraction, qui constituent 1’en-
semble des conditions initiales telles que la solution associée n’explose pas en norme en temps
infini. A des fins d’illustration, nous allons reprendre ’exemple [102, Exemple 1.1] ot on étudie
I'EDO :

X = HpoX + Bo(KX)

avec :

Hpo = (? é),B:: (_01>,K:: (13 7).

Les valeurs propres de H = Hgo+ BK sont —3 et —4 donc le systéme non saturé est globalement
stable. Si on sature la commande avec un niveau de saturation oy = 5, on aura un bassin
d’attraction. Pour le représenter, on réalise une simulation numérique (schéma d’Euler explicite).
Sur une fenétre de temps 7" = 10s on évalue le taux de convergence exponentiel de la norme
euclidienne de la solution /X7 (t) + X2(t). Si ce taux est positif, alors la solution diverge. A
contrario, s’il est négatif, alors la solution converge exponentiellement vite vers 0. On obtient

ainsi la Figure :

X2(0)

X1(0)

FIGURE 1.5 — Le bassin d’attraction dans notre exemple

On voit tres clairement apparaitre un bassin d’attraction en bleu ou le systéme est stable.
En revanche, dans la zone rouge la saturation est trop importante et le systéme est instable. Ce
simple exemple rend palpable ce phénomene de perte de stabilité globale que ’on retrouve aussi
lors du passage aux EDPs.
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Pour les équations de transport, peu de travaux considerent 'effet de la saturation. On pourra
quand méme citer [93] dans lequel le cas particulier de I’équation des ondes zi = 2, est étudié.
Les auteurs prouvent une stabilité locale exponentielle dans H' dans le cas d’un contrdle au
bord, puis d’un contréle dans le domaine. On a également [85] ot un résultat de stabilité globale
sur I’équation de KdV stabilisé par un controle distribué et saturé, est démontré.

1.3.3 Meéthode d’estimation du bassin d’attraction

Dans ce paragraphe, nous allons donner un résumé des techniques utilisées pour estimer le
bassin d’attraction. Considérons un exemple pour nous aider a développer les idées. Considérons
deux équations de transport linéaires couplées au bord telles que :

ORy + M0 = 0
OtRy + X0, Ry = 0 (1.15)
R(t, 0) = HR(t,1)+ BU(KR(t, 1))

ol A1, Ay >0 et H,B, K € M3(R). Le systéme non saturé est le suivant :

OR1 + MO R = 0
OtRy + X0,Ry = 0 (116)
R(t,0) = (H+ BK)R(t,1)

Afin de prouver des résultats de stabilité, on introduit ici la notion de fonctionnelle de Lyapunov
stricte.

Définition 1. Soit p < oo, on dit que la fonctionnelle V, : LP([0,1];R?) — R* est une fonc-
tionnelle de Lyapunov stricte pour le systéme (1.16)) par rapport a la norme LP([0,1]) si il existe
C,v >0 tels que :

1
VR € LP([0,1];R?), 6||R||LP([O,1]) < Vp(R) < C|[R|Lr(0.1))

et si de plus, pout toute solution classique R de (L.16)) on a :
d
SV(R(E,) < —V(R(E, )

Tout I’enjeu sera de trouver une telle fonctionnelle de Lyapunov stricte pour le systéme sans
saturation (|1.16]). Il en existe d’ailleurs une trés classique pour ([1.16)). Il s’agit d’une norme LP
avec un poids exponentiel de la forme :

1 Pp Pp 1/P
Vp(R) = / LR P+ ZE|RoP ) e P d
0o \A1 A2

ot P € D (R) est a choisir astucieusement. On va essayer de le démontrer ici :

Vit >0,

Lrpp P?
4y (R)P = p/o (AiRlatR1|Rl|P—2+AzRQatRQ|Rg|P—2> e P dy
1

_p/ (PfR181R1|R1|p_2 + ngRzamRQ‘Rﬂp_Q) e PYT
0

1
—[(PRY + P{RE)e™™"]g — m/ (PP|Ry [P + PY|Ro|P)e "% dx

0
—pymin(Ay, )V’ (R) — (e |PR(¢, 1)[] — [P(H + BK)R(t, 1)[7).

IN
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Maintenant il faut estimer le terme de bord. Pour cela, on introduit une hypothése sur les
matrices :

poo(H)= inf |P(H+ BK)P Y, <1
PeDT(R)

et on prend P € D} (R) tel que :

|P(H + BK)P™1|,, < 1.

On estime le terme d’énergie sortant :

|PR(t,1)[; = [PR(t, 1)[%
et le terme d’énergie rentrant :

|P(H + BK)R(t,1)|} < d|P(H + BK)P~'[2 |PR(t,1)|%.
On obtient 'estimée du terme de bord suivante :

(e7PY —d|P(H + BK)P1|2)|PR(t,1)|5,
0

e PV PR(t,1)[b — |P(H + BK)R(t, 1)) >
>

ol on a pris v > 0 tel que |P(H + BK)P~!|,, < e~ 7 et p suffisamment grand. Ainsi, on obtient :
dv,

pT;Vpp—l S —pY min(AlvAQ)‘/pp7
ce qui donne :
d
% < —ymin(A1, A2)V,.

Il est a noter que cette estimée est uniforme en p et donc on a démontré le lemme de stabilité
globale suivant dans L* :

Lemme 1. [15] Si la condition

Po(H +BK) <1
est vérifiée, alors le systéme linéaire (1.16)) est globalement exponentiellement stable dans L>([0,1]).

Pour estimer le bassin d’attraction lorsqu’on sature le controle, il faut se baser sur des estimées
de "deadzone". En supposant que le contrdle non saturé soit stabilisant ie poo(H + BK) < 1 et
en le comparant avec son homologue saturé, on obtient le lemme suivant qui sera démontré en
chapitre [2]

Lemme 2. Soit R € R?, P € DJ(R) tels que |P(H + BK)P~ ! < e 7. Si

|PBP ™| Prinos
H + BK)P~ | + |[PBP~ | PKP~ o — |’

|PR|o < TR (1.17)

alors

|P(HR + Bo(KR))|oo < ¢ 7|PR|w. (1.18)
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Ensuite en faisant une analyse de Lyapunov similaire au cas non saturé et en utilisant (1.17)),
on peut trouver un contour de Lyapunov de type sup,cjo 1) [PR(2)| < constante ou I'on aura
une stabilité exponentielle. On a ainsi estimé le bassin d’attraction dans L°.

Remarque 2. Cette méthode ne permet pas de recouvrir la totalité du bassin d’attraction.
En effet, nous utilisons des normes de LP a poids pour nos fonctionnelles de Lyapunov. Or, les
contours d’une norme sont forcément des ensembles convexes. Si I'on regarde bien la figure 5]
on voit que le bassin d’attraction est loin d’étre convexe. Avec nos méthodes, on ne pourra donc
obtenir qu’au maximum le plus grand convexe inclus dans le bassin d’attraction.

1.3.4 Contributions

Les contributions de cette these pour ’étude du controle feedback saturé pour des réseaux
d’EDPs de transport scalaires sont décrites ci-dessous :

— On va d’abord estimer un bassin d’attraction dans L pour un systéme (d quelconque)
d’équations de transport linéaires avec couplage au bord. Ce sera 1’objet du chapitre

— On fera de méme dans le cadre des lois de conservations scalaires, en utilisant des techniques
de suivi de front d’ondes (chapitre [3)).

La principale approche utilisée sera tres similaire a la technique présentée ci-dessus. Dans un
cadre numérique, on essayera d’adapter la démarche de Lyapunov présentée en paragraphe [1.3.3]
pour prouver des résultats de stabilité. Cela fera I'objet de la prochaine section.

1.4 Méthode de Lyapunov discrete

Dans cette partie, nous nous concentrerons sur ’approximation numérique de systemes de
transport les plus simples de type :

{3tR+az[f(R)] =0 (1.19)

R(t,0) = HR(t,1)

ot R € RY H € My(R) et f est un flux scalaire dans le sens ou f;(R) = fi(R;) (i € {1,---,d})
et a vitesse de propagation positive ie f/ > 0.

1.4.1 Méthodes de volumes finis

Pour commencer, on va rappeler la méthode des volumes finis. Elle consiste a discrétiser notre
variable d’espace = € [0, 1] en un nombre fini N € N de cellules. On fera de méme pour la variable
de temps t. Pour cela, on introduit deux parametres de discrétisation dx, dt > 0 supposés petits
et

z; = (j—1/2)dx

, Cj = (z; —dz/2,x; + dz/2).

La méthode des volumes finis consiste & donner une approximation constante par morceaux
Ra; de la solution de (L.19), aux temps ¢" et sur les cellules Cj. On notera (R}), ; les valeurs
de Raq(t",-) sur les cellules C;. L’indice n est I'indice de temps et j l'indice d’espace. Ensuite,
nous intégrons sur une cellule d’espace-temps [ndt, (n+ 1)dt] x C; et réalisons un bilan de
flux :
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(n+1)dt (n+1)dt

J

J

R((n+1)dt, -)d:v—/

o

R(ndt, -)da:+/

ndt ndt

Afin de déterminer (R?)n, 7, on donne une approximation des différents termes de la précédente
équation.

— Dans toute cette these, les termes temporels seront approximés par :

Jo, R(n+1)dt, )dz ~  Rj™'dx
fc (ndt,-)dr ~ Rjdx.

— Pour les termes spatiaux et sans se soucier pour 'instant du bord, on prendra une approxi-
mation a trois points de la forme :

n+1)d n n n
{ fé%;1idzf(R(t7$j +dv/2)dt ~ f(RY_, R, Ry )dt
Joge 7 F(R(t; — dw/2))dt ~  f(R}_,, Ry, RY)dt

n
ou f est une approximation du flux & choisir judicieusement.

On pourra ainsi (sans se soucier du bord) définir (R}), ; par récurrence sur I'indice de temps
n:

R?H—R;'l f(R? 1 Ry RYL) — F(Ry R} o R} 1, B})
a dx

On dit alors que I’équation (|1.20)) est un schéma numérique. On peut citer plusieurs propriétés
classiques et importantes d’un schéma numérique. Pour cela supposons que 1’on ait acces a une
solution R aussi réguliére que 'on veut au systéme d’EDPs (|1.19). On pose

=0. (1.20)

R((n+ 1)dt,x;) — R(ndt, z;)

dt -
+ f(R(ndta xj—l)) R(ndt7 Z‘j), R(ndta xj-l—l)) — f(R('fldt, xj—2)7 R(’I’Ldt, xj—l)v R(ndt7 33]))
dx

que 'on appellera ’erreur de consistance du schéma.

Définition 2. On dit que le schéma est consistant d’ordre p; € N en temps et p, en espace si
pour tout T > 0, il existe C > 0 indépendant de dx,dt tel que :

Vndt < T,j, |C}| < C(dzP" + dt?").

Pour donner un exemple prenons le cas d’une simple equation de transport linéaire a vitesse
unité, approximée par un schéma tres simple de type :

n+1 n
BBy Ry R
dt dx

Ensuite, on pose R aussi réguliere que 1’on veut et solution de I’équation de transport O, R+0, R =
0. On a ainsi avec un développement de Taylor :

=0.

n+1 _ n
R’ Rj

dt
i = O¢R(ndt, z;) + EattR(ndt, x;) + o(dt)
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et
R" — R™ dx
jle = 0y R(ndt,x;) + 78sz(ndt7xj) + o(dx).
En sommant, on obtient CJ = %9y, R(ndt, z;) + % 0,, R(ndt, z;) + o(dt, dz) et ainsi le schéma
est d’ordre de consistance égal a un en temps et un en espace. Une autre définition trés importante
introduit la notion de stabilité du schéma.

Définition 3. On dit que le schéma est stable pour la norme LP si pour tout T > 0, il existe
C > 0 indépendant des paramétres de la discrétisation, telle que :

¥R € LP, Vndt <T, Y |R}[Pdx < C||R°|,.

J

Finalement, la notion de schéma convergent est donnée ici.

Définition 4. On dit que le schéma est convergent dans un espace de Banach E de norme |- || g
s’il existe R € E tel que :

lim ||Raz — R||g =0.
dt,dz—0
En général, on dira que le schéma est convergent s’il existe une sous-suite convergente dans
FE de Ra,. Parfois, il s’agira uniquement d’une convergence faible et on dira quand méme que le
schéma est convergent.

1.4.2 Le choix de la fonction de flux

Il existe un grand nombre de fonctions f pour approximer le flux aux interfaces de C;. Dans
cette thése, nous nous concentrerons sur deux types de fonction f :

— Comme on a posé 'hypothése que les vitesses de propagation étaient positives, on peut
supposer que le flux a droite de C; est sortant et ne s’exprime qu'avec R} :

J(R}_\ R}, R}.) = f(R}).

Ce schéma bien connu se nommera alors schéma "upwind", cas particulier du schéma de
Godunov [60]. Sous une condition de CF'L :

dt maxi<i<q,r f{(R;)
dx

on peut montrer qu’il est stable et convergent. Son principal inconvénient est qu’il est tres
diffusif, ce qui régularise fortement la solution. Dans un contexte hyperbolique dans lequel
on peut se trouver en présence de discontinuités, le schéma upwind donne des solutions
assez éloignées des celles continues lorsque la discrétisation est grossiere. De plus, c¢’est un
schéma, d’ordre de consistance égale a un en temps et en espace uniquement.

<1,

— Pour pallier ce probleme, on introduit une fonction de flux un peu plus générale de type
[108] [79] :

(R}, R} R} ) = f(R} + RY)

28



. R — R T — RN dx
n __ J j—1 Jj+1 N Wi
Rj=¢ ( de dx ) 2

Le schéma associé se nomme schéma a limiteur de pente. Lorsque la solution est assez

, .s ~ R ,—R?} . .
réguliere, on prendra R} = e %I pour retrouver localement un schéma de type centré
d’ordre deux. Or il est bien connu que le schéma centré est instable notamment autour
des extremums locaux et des discontinuités de la solution. C’est pourquoi on introduit le

limiteur de pente ¢ de la forme :

¢(u’ U) = ¢7'(U/U)U' (121)

Pour expliquer la construction de ce schéma, il faut distinguer deux cas. Si ’on se trouve
loin d’un extremum local et que la solution est réguliére ie u/v ~ 1 alors ¢, (u/v) =~ 1 et on
retrouve le schéma d’ordre deux centré. Si au contraire, la solution admet localement un
extremum local, ou bien est discontinue, alors on prendra ¢, (u/v) = 0 pour retrouver le
schéma upwind qui posseéde de bonnes propriétés de stabilité. Ainsi, on obtient un schéma
globalement moins diffusif et plus précis, tout en conservant de la stabilité.

1.4.3 Les conditions aux bords

Dans cette theése, nous travaillons dans un domaine borné x € [0,1]. Cela pose un probléme
dans (1.20) puisque lorsque j = N et j = 0, R}, et Ry n’ont pas été définis. Pour pallier ce
probléme, on impose un schéma de type upwind a droite du domaine :

R — Ry, L S@BY) — F(RY )

= 0,
dt dz
et on introduit une cellule fantéme en zg := —dz/2 et on définit :
o = HRY.

1.4.4 Contributions

D’une part, la contribution du chapitre [4] sera de trouver une fonctionnelle de Lyapunov
stricte dans I’espace fonctionnel BV ([0, 1]) pour le systéme d’équations vérifié par Ra, dans le
cadre d’un schéma a limiteur de pente. D’autre part, il s’agira d’analyser des résultats numériques
montrant ’influence du choix du limiteur ¢ sur la dynamique énergétique de la solution.

1.5 Les méthodes linéaires
Dans cette section, nous allons nous concentrer plutot sur espace L%([0, 1]). Les EDPs seront

linéaires avec une interaction au sein du domaine. On prendra d = 2 équations de transport avec
une vitesse positive et une vitesse négative :

3tR+>\+(1‘)3xR = Mn(x)R—FMlg(x)S
6t§ — )\7(.%)8935' = le(.’b)é + Mgg(.’b)g
R(t,0) = a(t)

S(t, 1) = hR(t,1).
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On retrouve ce type de modele lorsque 'on linéarise des systémes d’EDPs physiques type
Saint-Venant. Par un changement de variable [16, p 176], on peut éliminer les termes diagonaux
dans le membre de droite et en ces nouvelles variables, le systeme prend la forme suivante :

8tR+)\+($)81R = Mlg(x)S’
S

6tS — A (x)@l = M21(J3)R
R(t,0) = u(t)
S(t,1) = hR(t1).

Finalement, pour simplifier notre étude on ne gardera que des parametres constants :

8tR + /\+81R - MIQS

0SS —A_0,S = MxnR

R(t,0) — () (1.22)
S(t,1) = hR(t,1).

Le systeme ((1.22) sans condition au bord peut s’écrire sous forme matricielle :

OUy + A0, U = MU

ou :

_ R(t,x) _ )\+ 0 o 0 M12
Ut z) = (S(t,x)) A= (o —)\) M= <M21 0 )

Pour stabiliser ce systéeme, on pourrait envisager les méthodes de Lyapunov des sections
précédentes mais il a été démontré dans [I3], [64] que si les termes de couplages M étaient trop
importants dans un sens a définir, alors on ne peut pas trouver de fonctionnelle de Lyapunov
quadratique dans L? pour le systéme . De plus, une analyse spectrale [16, Proposition 5.2
montre que pour n’importe quel controle de la forme w(t) = fR(t,0) (f réel) le systéme sera

toujours instable dans L2. Il faudra donc radicalement changer de paradigme pour stabiliser un
tel systéme. On rappelle le théoréme prouvé dans [I3] :

Théoréme 1. Le systeme (1.22)) admet une fonctionnelle quadratique de Lyapunov dans L? de
la forme :

1
V(R,S) = \// qr(2)R?(2) + ¢s(2)5? () + qrs(z)R(z)S(2)dx,
0
st et seulement si la solution de :

Myy My
n'(x) = ‘ + <"
) A AL

est définie sur [0, 1].
Dans cette section, on va donc mettre de coté les méthodes de Lyapunov, et I’on va plutét

utiliser des techniques permettant de stabiliser (1.22)) qu’elles que soient les valeurs de M. On
profitera fortement de la linéarité du systeme.
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1.5.1 Stabilisation par placement de pdles

Dans ce cadre, on va considérer le systéme (|1.22) comme une équation d’évolution dans
l'espace de dimension finie qu'est L?([0,1]) :

d
22U = AU + Bu(t)

ol :
— L’opérateur A est 'opérateur linéaire non borné tel que :
D(A) = {U € L*([0,1;R?) | U" € L*([0,1]; R?), R(0) = 0, S(1) = hR(1) }
AU = —AU" + MU.

C’est l'opérateur représentant la boucle ouverte.

— L’opérateur B est 'opérateur de controle :

Bu = (v/A1u, 0)8(x)

ou ¢ est la distribution de Dirac usuelle.

En chapitre [5] et dans un cadre plus général que d = 2 équations, on emploiera le Spectral
Mapping Theorem qui n’est pas vrai pour tous les opérateurs non bornés mais qui I’est pour
notre opérateur de boucle ouverte A. Ce théoréme est prouvé dans [82] et on le rappelle ici :

Théoréme 2. Le spectre de l'opérateur A et celui son semigroupe associé sont reliés par ’égalité
sutvante :

a(e)\{0} = en(D1\{0}.

Plus particuliérement, dans [82] on montre que le spectre de 'opérateur de la boucle ouverte
est uniquement discret avec un nombre fini de valeurs propres instables. Ainsi, afin de stabiliser
notre systéme, on projettera I’état R sur l’espace propre instable de dimension finie, projec-
tion que l'on stabilisera & 'aide des techniques de la dimension finie. On citera le théoreme de
placement de poles :

Théoréme 3. [29, Section 10.1] Soit (A, B) (A € My(R), B € Mg (R)) un couple de matrices
controlables alors pour tout d-uplet de valeurs propres (pu;);, il existe une matrice K € M,q4(R)
telle que le spectre de A+ BK soit exactement (11;);.

Ainsi on pourra trouver un actionneur de dimension finie qui stabilisera (1.22)). On montrera
cela de manieére rigoureuse en chapitre [5| pour un cas plus général que seulement deux équations
de transport.

Remarque 3. Pour synthétiser ce genre de controle, on aura besoin de connaitre la projection
de I’état sur son espace instable. Cela oblige & connaitre I’état sur la totalité de l’espace = € [0, 1]
et pas seulement sur le bord. On touche ici & une limitation pratique de la méthode. On a besoin
de plus d’informations sur 1’état qu'uniquement celle du bord. En réalité, on ne va pas observer
directement I’état dans sa totalité, mais plutot construire ce que ’on appelle un observateur qui,
a partir des informations aux bords, donne une bonne approximation en temps réel de I’état sur
[0,1]. On peut citer [25], 54, 58|, [39] [TT0] qui étudient ce genre de problématique.
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1.5.2 La méthode de backstepping pour la stabilisation en temps fini

La méthode de backstepping est présentée ici. Elle sera appliquée pour obtenir une stabilisa-
tion en temps fini dont la définition est donnée ici :

Définition 5. Un contréle par retour d’état stabilise en temps fini T > 0 le systéeme (1.22) dans
L2([0,1]) si pour toute condition initiale (R°,S°) € L*([0,1])?,

vt >T,R(t,-) =0 et S(t,-)=0
dans L?([0,1]).

La méthode de backstepping a d’abord été construite pour les EDOs non linéaires (le livre [72)
en est une bonne introduction), ou I'idée principale est de trouver une transformation bijective,
changeant notre systeme en un systeme plus facile a stabiliser. La littérature est vaste pour
étendre cette technique aux EDPs. On citera [100, [73} [99] et notamment le livre [74] qui est une
trés bonne introduction au domaine.

On utilise la stratégie de backstepping afin de synthétiser un controle. L’idée est de construire
une transformation inversible de L? vers L?. On prendra la transformée du deuxiéme ordre de
Volterra qui permet de passer a un systeme que ’on qualifiera de systéme cible. Cette transformée
est décrite ci-dessous :

1

U*(t,x) =U(t,x) —/ P(z,§)U(t,&)d¢ (1.23)

x

ou P prend ses valeurs dans Ms2(R) et est définie sur le triangle {(z,&) |0 <z < ¢ <1}. On
exprime la dérivée en temps de U* :

OU*(ta) = BU(ta) - [ Pla (k€
1
— QU — / Pla,€)(—ABeU + MU)(t, €)de

x

U (t,z) + P(x,)AU(¢,1) — P(x,2)AU(t, )
—/ (0¢PA+ PM)(z,&)U(t,&)dE.

x

Pour la dérivée en espace :

1

0. U*(t,x) = axU(t,x)—l—P(%m)U(t,x)—/ P.(z,§)U(t,&)dE.

x

En rassemblant les résultats précédents, on obtient le systéeme d’EDPs vérifié par U* :

OU*(t,z) + AOU*(t,z) = /1(—Aaxp — 0cPA — PM)(x, &)U (t, €)d¢
T(M + AP(z,2) — P(z,2)A)U(t, z)
+P(z, 1)AU(t,1).

On choisit maintenant P comme 1'unique solution du systéme :

O0¢PA+ AO,P+ PM =0
M+ AP(z,z) — P(z,x)A = 0 (1.24)
P(z,1)A(1,n)T =0

qui est bien posé d’apres [34]. Ainsi, le systéme vérifié par U* est plus simple :
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U+ A0, U* =0
et on a supprimé le terme d’ordre zero. Il faut désormais donner les conditions aux bords pour

Pétat cible U*. D’apres (1.23), on a :

1
Ui (1,0) = u(t) - / P12 (0, €)1 (€) + p1a0, €)Us (€)de
Us(t1) = Us(t,1) = AUy (t 1) = hRE(, 1),

Le controle u(t) est donc choisi tel que :

Ut (t,0) = u(t) _/0 P11(0,8)U1 (&) + p12(0,£)U2(£§)dE = 0

et le systeme cible s’écrit de la maniére suivante :

OHU* + A, U* = 0
Uz (t,0) 0 (1.25)
Us(t,1) = RhUS(t,1).

Apres un temps ¢ > 1/A; + 1/A_, Pétat solution de est nul et comme la transformée de
Volterra est bijective, 1’état primal ’est aussi.

Cette méthode est bien connue dans un contexte que I’on qualifiera de continu. Dans un cadre
numérique ou l'on discrétise les équations, la théorie du backstepping est inexistante. Cela est
d’autant plus dommageable que les actionneurs utilisés en industrie sont numériques, c’est a dire
que le controle est exprimé dans un espace de dimension finie. C’est sur ce probléme que nous
nous pencherons dans la derniére partie de 'introduction.

1.6 La méthode de backstepping discretisé

On consideére toujours (1.22) mais a la différence qu’ici nous nous placerons dans une situation
numérique. La méthode de backstepping étant principalement linéaire, il est impératif de choisir
un schéma linéaire. On prendra pour cela le schéma le plus simple, le schéma upwind.

1.6.1 Le schéma

Soient N, « deux entiers et dz_ := 1/N et dzy := 1/aN. On introduit également le pas de
temps dt > 0 vérifiant une condition de CFL classique :

o Agdt
e <1
A_dt (1.26)
{ vo:i= T——< 1.

Dans cette section, on aura une grille de temps et deux grilles d’espace :

Vn € N, t" ;= ndt
V1 <jo < N, 2§ = (je — 1/2)dz and  Cf = (2§ —dr_ /2,2 +dz_/2)
V1 < jr < aN, xl{f = (jy —1/2)dzy and CJJ; = (a:{f — dx+/2,z§cf +dxy /2).

L’approximation numérique (R™,S™) (n est 'indice temporel) est constante par morceaux
sur les cellules C]ff (respectivement Cf ). Le schéma est donné ci-dessous :
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— La condition initiale se calcule comme suit : R?f = i fcjf} RY(x)dx et SJQC = dx% fC;C SO(x)dx.

— Si on suppose que (R™,S™) est donné, on calcule (R"*! S"*1) en utilisant les formules

suivantes :

{ Rl = R4 di(—Ap0F R™ + MyoIl;.S™ + Bu™) (1.27)

Sl = §n 4 dt(A_O; S™ + Myl fR" + ByR™)

Pour décrire les opérateurs dans (|1.27), nous aurons besoin de la définition suivante afin de
passer de la grille fine a la grille grossiére et vice versa :

Définition 6. Pour tout 1 <i. < N,
Ny(ic) == {1 <if<aN |zl e c;c}.

De plus, 1 < N (if) < N est l'unique indice tel que C’iff C Cfvc(if).

Les opérateurs dans la définition du schéma ([1.27)) sont décrits ci-dessous :

1. On introduit 'opérateur de transport & vitesse positive 9F € M, N.anN(R) :

of =| 0 —1/de, 1/dzs

Pour celui & vitesse négative, on a 0, € My n(R) :

~1/dz_  1/dx_ 0
0 ~1/dz_  1/dz_ :
9y = 0 0 —1/dz_ 1/dx_
0 . - 0 —1/dw_

2. On introduit I'opérateur de projection de la grille grossicre vers la grille fine Ily, . €
Myn,n(R). Afin de la définir, on prend une cellule grossiére indexée par 1 < i, < N et un
vecteur grossier S € RV :

Si

| i |

FIGURE 1.6 — La définition de Il
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Le vecteur fin ITy, .S € RN est construit en copiant la valeur de S dans la cellule grossiére
correspondante i.e. :

ij € Nf(ic)a (ercs)jf =5

e

Pour la projection de la grille fine vers la grille grossiére, on définit 'opérateur Il..y €
My o~ (R). Pour ce faire, on considére un vecteur fin R et une cellule grossiére indexée par
1<i. <N

1
& 2jen; G Ri

FIGURE 1.7 — La définition de I, ¢

Le réel (Il. fR);, est calculé en prenant la moyenne arithmétique de R sur lensemble
des cellules fines correspondant & la cellule grossiere i.. Ainsi, on a la propriété de dualité
suivante :

(R, Iy cS)pday = (Ilee fR, S)cdx_ (1.28)
avec (+,-) 7, (-, ) sont les produits scalaires canoniques respectifs de R et RY. Et donc :
O =alll, ;. (1.29)

3. L’opérateur de contréle discrétisé B € Myn,1 est donné ci-dessous :

A /dzy

4. L’opérateur d’interaction au bord By € My on(R) est défini tel que :

hA_

BQ,N,aN = W

et nul pour toutes les autres composantes.

1.6.2 La méthode de Backstepping discrétisée

Dans cette section, il s’agit d’appliquer la méthode de backstepping a notre systéme discrétisé
(1.27)). On introduit pour cela la transformation de Volterra du deuxiéme ordre :

R\ . (R R* = R— PyRdey — PipSda_
(5)=7(5) = {5 25
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ou la structure de Pj1, Pio est triangulaire supérieure dans un certain sens que 'on définira en
chapitre @ Tout U'enjeu de la méthode de backstepping sera de trouver un couple (Pi1, Pi2) et
un contrdle de type feedback u(t) tel que le systéme cible soit de la forme :

R*nJrl — R*n
——— 4+ MNOfR, = 0
S*nJrl — g*n
T — /\_(9;S*n = (Bg + M21HC<_f)(R*n + LllR*ndl‘+ + ngS*”dx_)
(1.30)
ou L1, L12 sont aussi triangulaires supérieures dans un certain sens.
Remarque 4. L’équivalent de ([1.30) en continu est :
8tR*(t,ZC) + /\+8xR*(t,x) = 0
OS*(t,x) — A_0,5"(t,x) = Mo (R*(t,x)+ f;(LH(x,f)R*(t,ﬁ) + Lio(x,£)S5*(t, £))dE)
R*(t,0) = 0
S*(t,1) = hR*(t,1).

Cela ne ressemble pas vraiment au systéme cible ([1.25]) plus simple. Cependant, on peut montrer
que les deux systémes sont équivalents, dans le sens ou il existe une transformation bijective
continue entre les deux systemes.

La derniere étape de la méthode de backstepping sera de montrer que la solution du systeme
est nulle lorsque le temps d’extinction T' = ﬁ + )\% est dépassé.

1.6.3 Contributions

Dans le chapitre [6} nous suivrons rigoureusement la méthode de backstepping discrétisé pré-
sentée ci-dessus en faisant attention a deux points :

— La transformation de backstepping et son inverse n’explosent pas (dans un certain sens)
lorsque le parametre de discrétisation tend vers zéro. Sans cela, il est impossible de garantir
la stabilité du systéme primal méme si I'on établit la stabilité du systeme cible, puisqu’en
effet les constantes de continuité de la transformée peuvent exploser.

— On ne pourra pas prouver une extinction stricte dans le sens ou apres un temps t = /\i + /\i
T

la solution numérique avec contrdle au bord ne sera rigoureusement pas nulle. Cela provient
du fait que ’on travaille avec un systeme linéaire de dimension finie. Dés lors, on obtiendra
plutot un résultat de type :

Théoréme 4. Pour T > ﬁ + )\% and 1 < p < o0, il existe une constante C' indépendante

NPT 14dt*8 (1, 1
de la discrétisation telle que pour tout n tel que S oTE (M + )\_) < ndt < T et toute
condition initiale (R, S°) € L>(]0,1])?,

IR™ || e o,1)) + 19™ 1 Lo 0,17) < CUR|| poe o,17) + I15° ] Lo ([0,17) ) dw—

1.7 Organisation du manuscrit

Ce manuscrit est écrit selon le modele de compilation d’articles. Il traitera dans 'ordre pré-
senté ci-dessous les sujets présentés en introduction :
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— Le chapitre [2| correspond a I’étude d’un systeme d’EDPs de transport scalaires linéaires
avec une loi de feedback au bord saturé. Il s’agit de donner une estimation du bassin
d’attraction. L’approche est basée sur une étude de semigroupes non linéaires.

— Le chapitre [3] se focalise sur les lois de conservation scalaires avec retour au bord saturé.
Le cadre sera L™ /BV.

— Le chapitre[d]sera consacré aux schémas & limiteur de pente pour donner une approximation
numérique des systemes de lois de conservation scalaires décrits dans le chapitre précédent.
On prouvera une stabilité de Lyapunov dans un cadre BV lorsque le retour est linéaire.

— Le chapitre [5] s’inscrit dans un cadre totalement linéaire. On y étudie la stabilisation de
systemes d’équations de transport linéaires couplées au bord et dans le domaine. L’idée
principale se base sur un placement de pdles que 'on justifiera rigoureusement.

— Le chapitre [6] se focalisera sur le backstepping discrétisé. On y établi la stabilisation en
temps fini d’'un systéme de deux équations de transport linéaires a vitesses de signe opposé.
Le couplage se fait au bord et dans le domaine.

— Enfin, en chapitre 7] nous exposons nos conclusions et perspectives.
Cette these a donné lieu a deux publications, deux articles soumis et un en préparation :

— M. Dus, F. Ferrante and C. Prieur, On L*° stabilization of semilinear hyperbolic
systems by saturated boundary control, ESAIM : Control, Optim. Cal. Var., vol. 26
(23) (2020).

— M. Dus, Bv exponential stability for systems of scalar conservation laws using
saturated controls, SIAM journal on Control and Optimization, (2021).

— M. Dus, Exponential stability of a general slope limiter scheme for scalar conser-
vation laws subject to a dissipative boundary condition, Submitted, https ://hal.archives-
ouvertes.fr/hal-03116551, (2021).

— M. Dus, F. Ferrante and C. Prieur, Spectral stabilization of linear transport equa-
tions with boundary and in-domain couplings, Submitted, (2021).

— M. Dus, The discretized backstepping : an application to a general system of
linear hyperbolic partial differential equations, in preparation, (2021).
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CHAPITRE 2

SUR LA STABILISATION L DES
SYSTEMES HYPERBOLIQUES
SEMILINEAIRES PAR UN
CONTROLE AU BORD SATURE

Le contenu de ce chapitre correspond a un article écrit avec F. Ferrante et C. Prieur. Il a donné
lieu a la publication suivante :

M. Dus, F. Ferrante and C. Prieur, On L stabilization of semilinear hyperbolic systems
by saturated boundary control, ESAIM : Control, Optim. Cal. Var., vol. 26 (23) (2020).

Abstract.
Ce chapitre considere un systéme diagonal d’équations aux dérivées partielles hyperboliques
semilinéaires & vitesses positives. La condition au bord est sous la forme d’un feedback saturé.

Gréce a une approche semigroupe non-linéaire, on y établit la stabilisation locale exponentielle
des solutions dans L>°([0, 1]). De plus, une estimation du bassin d’attraction y est explicité.

La suite de ce chapitre est écrite en anglais.
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2.1 Introduction

2.1.1 Literature Review

In this chapter, we are interested in the effect of saturation on systems of semilinear transport
equations coupled at the boundary. To the best of our knowledge, the first work analyzing the
effect of saturation in infinite-dimensional systems is [98]. In particular, in [98] the author focuses
on the case of compact and bounded control operators, with an a priori constraint. The results
in [76] suggest the use of an observability condition for the analysis of systems modeled by
PDEs controlled via closed-loop saturating controllers. In particular, the contraction semigroup
obtained from the saturating closed-loop system is compared with the corresponding saturation-
free semigroup.

The literature on unsaturated linear boundary control for semilinear hyperbolic systems is
rich; see, e.g., [16] or [74], just to mention a few. However, when input saturation comes into
play, the inherent nonlinear nature of the problem renders the analysis much harder. As such,
only a few papers focused on saturated boundary control of systems modeled via PDEs. For
example, in [80], the authors prove that two-dimensional quasilinear hyperbolic systems with
opposite velocities are stabilizable with bounded C' boundary control inputs. Nevertheless, the
method mainly relies on characteristics and does not seem to be generalizable to system with a
larger number of PDEs. The results in [93] are tailored to the wave equation zy = 2z, subject
to a nonlinear saturated boundary condition ; which is a special second-order hyperbolic PDE.
In particular, inspired by [10], the authors in [93] rely on the theory of nonlinear semigroups to
prove well-posedness and global H' exponential stability for the wave equation, in the presence
of distributed or boundary saturated controllers. The main idea consists of using a sector boun-
ded approach inspired by the literature of finite dimensional systems [102], to ensure exponential
decay of an H'-Lyapunov functional.

Here, we directly consider the following system of semilinear hyperbolic PDEs of arbitrary
dimension d € N
OR+AO,R= g¢goR
R(t,0) = HR(t, 1)+ Bu(t)
R(0,:) = Ry

where A is a diagonal positive definite matrix, H and B are d x d real matrices, and g € C'*(R%)
is a globally Lipschitz function, with Lipschitz constant Ly, such that g(0) = 0. Moreover, g is
diagonal in the sense that for all R € R, g;(R) = g;(R;).

The open-loop system may turn out to be unstable if the matrix H is too “large” (in the
sense of a certain norm). The source term g has also its impact on the stability. According to its
form, it could make the open-loop system more or less stable.

In [I5], authors found a sufficient condition on matrix K € Mgy(R) such that the linear
control u(t) = KR(t,1) ensures C! exponential stability of the following “unsaturated” closed-
loop system :

R+ AO,R= 0
R(-,0)= (H+ BK)R(-,1) (2.1)
R(0,:) = Ry € C([0,1]).
In particular, recalling that for all matrices M € My(R), |M|o = max;—1 4 Z?Zl |M; ;
Theorem 3.3] established that if :

poo(H + BEK) = infp 1 |[P(H + BE)P™ o < 1

, 15,
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then the unsaturated system (2.1 is C! exponentially stable for the canonical norm of C*([0, 1]).
Note that [I5, Theorem 3.3] was proven for small initial data and for quasilinear systems.

2.1.2 Definition of the system and contribution

Here, it is assumed that there exists a matrix gain K such that p.(H + BK) < 1 and we
will study the L stability of the saturated closed-loop system :

O:R+AI,R= goR
R(0,.) = HR(l,.)+ Bo(KR(1,.)) (2.2)
R(.,0) = Ry e L*>([0,1])

with o defined as a saturation by component i.e. there exists a s > 0 such that for all i €

[1,d], = € R,
{ oi(x)
oi(x)

Remark 1. For simplicity, we take o such that the value of the saturation level o, is identical
for each component. This is not a restriction with respect to the general case

{ oi(r) == if o] < osy

oi(z) = sign(z)os; otherwise

x if |z| < o5
sign(z)os otherwise.

where (0s;)icp,q € (RT)™

The initial data Ry being in L*°([0,1]), solutions of (2.2)) has to be understood in a weak
sense. The main contribution of this chapter is to answer the two following problems :

Problem 1. Define the sense of a weak solution to system and prove a well-posedness
theorem.

Problem 2. Prove the L local exponential stability of this system with an estimation of the
region of attraction.

Problem (1| will be solved using a smooth approximation of the system coming from a
smoothed sequence of saturations. Convergence of semigroups allows to define weak solutions
to and prove the well-posedness. Problem [2[ will be tackled using an approximation of the
L*>([0,1]) norm by L?([0, 1]) norms (p € N).

The rest of this chapter is organized as follows. In Section [2.2] all main results are formu-
lated by two theorems; the first one states the well-posedness and the other, the exponential
stability. In the same section, an estimation of the region of attraction is given. In Section [2.3
the estimated region of attraction for systems taken from the literature is compared with the re-
gion of non-saturation. Some concluding remarks and further orientations are given in Section [2-4]

2.2 Main results

In this section, results for well-posedness and exponential stability are stated.
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2.2.1 Problem [1

To properly define a weak solution to system , we need to give a precise sense to the
trace of this solution on the lines s — (t = s, = 0) and s — (t = s,z = 1). To do so, smoothed
solutions subject to smoothed saturations are used. Such smoothed saturations approximate o
in the sense of Definition [3l

Definition 3. (0,,), is a smooth approzimation of o if it is in C1(R) and converges uniformly
to o on R.

Remark 2. An example of smoothed saturation (o,), (with n an integer) approxzimation of o
is defined by :

!

Un,i(m) = 1 Zf.%‘ € [_0—8708]

o,.:(x) = %er if x € 05,05 + 7/n]
opi(x) = %—l—‘mw%')) if x € [—05,—0s — /N
ol ;(x) = 0 otherwise

32

/

r, 1s chosen as :

and o, which is a primitive of o

oni(x)= zifxe [—os, o)

Onalw) = B 4 MRG0 ifp ¢ (o, 0, + /]
oni(x) = 25 4 WOLHR) iy € [0y, —0, —7/n]
Oni(r) = os+g-ifr>0s+ 7T

oni(r) = —0s— g ifr < —os—I.

It is easy to show that (o,)y tends uniformly towards o on R. We represent both sequences

(0n)n and (o),)n in Figure .

Remark 3. In this chapter and for every approximation of o, the mazximum of o, will be denoted
0s.n for all integers n.

Now, taking a smooth approximation (o,,), of ¢ and an integer n, we define another system
“smoother” than (2.2)). The system subject to the saturation o, is defined by :

OiR, +ANO,R,= ¢goR,
R,.(-,0)= HR,(,1)+ Bo,(KR,(-,1)) (2.3)
R,(0,-)= Ry, € H*([0,1)).

Thanks to Theorem [3] given in Appendix, we will show that if the initial data is H?2([0,1])
and satisfies compatibility conditions of order 1 then the previous system of PDEs has a
unique solution in C°([0, T}, H'([0,1]))NC([0,T7], L*([0, 1])) for any T > 0. Hence, traces of this
unique solution R, (0,.) and R,(1,.) are well-defined on the almost everywhere sense.

Remark 4. Note that compatibility conditions of order 1 depends on the chosen o,. They are
expressed as follows

{ Ro(0) = HRy(1) + Bo,(KRo(1)) (2.4)

0(0) = A7 ([H + By, (Ro(W)I(AR(1) — g(Ro(1))) + g(Ro(0))).

The definition of weak solutions is given here.

43



title1 title2

0.8 0.5

sigprime
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FIGURE 2.1 — Functions o/, and o,, for n =20 and o =1

Definition 4. For all T >0, R € C°([0,T), L*([0,1])) is a weak solution to the problem :

4R+ AI,R= goR
R(-,0)= HR(,1)+ Bo(KR(-,1)) (2.5)
R(0,-) = Ry € L*([0,1]),

if there exists a sequence (0y,)n, smooth approzimation of o, and a sequence (Ro.n)n in H*([0,1])
satisfying the compatibility conditions of order 1 (which depend on the saturation o, chosen)
tending towards Ro in L*([0,1]), such that the sequence of solutions (Ry), to converges
towards R in C°([0,T], L*([0,1])).

Remark 5. This definition is different from the common definition of a weak L? solution [16),
Definition A.3]. The adjoint (for the usual L?([0,T]) scalar product) of the boundary operator
f = Hf + Bo(Kf) may not exist. As a consequence, it is impossible to define a boundary
condition on test functions. Therefore, we cannot use the common notion of weak solutions.
In [T2], authors proved the well-posedness of quasilinear scalar problems subject to L™ boundary
conditions. They used the method of vanishing viscosity to prove the existence and the uniqueness
of the weak solution. The method consists of using a regularized system with additional viscosity
and pass to the limit in the weak formulation of the PDE considered. Here, we use the same idea :
a reqularized system is considered and by a passage to the limit, the weak solution is defined.

It turns out that this problem is well-posed in the sense of Hadamard :

Theorem 1 (Well-Posedness). There exists a unique weak solution to problem . Moreover,
the flow operator defined by :

U L L0 1) = Co((o, 7], L*([0, 1]))
T'{ Ry R

s continuous for all T > 0.
This theorem is proven in Appendix A.

Remark 6. Theorem [I] holds for whatever ¢ bounded and continuous such that there exists a
smooth approximation of ¢ in the sense of Definition 3] Moreover, Theorem [I]is also valid for a
nondiagonal (but Lipschitz) source term.
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2.2.2 Problem [2I

For exponential stability, we introduce the Lipschitz constants L, ; such that

Hence, for all integers 4, the scalar function R +— g;(R) is a scalar function from R to R which is
L, ; Lipschitz. Then defining

Vf e L“([O, 1]), V(f) = zgﬁ?)éﬂ |Pifi6_“x‘Loo([O’1]) (27)

where P = diag(P;) is selected such that |P(H + BK)P~!|,, < 1 (possible because po(H +
BK) < 1 is assumed all along this article). One gets the following result :

Theorem 2 (Exponential Stability). Suppose poo(H + BK) < 1. For all P € DI (R) satisfying
|P(H + BK)P~Y| < 1, all positive p < —log(|P(H + BK)P~|.) and for all initial data
Ry € L>([0,1)), if

N)\min - Lg,max Z 0

where Lg max = maX;cq,q] Lg,is

and
|PBP~ Y000 Puin

—n
||P(H + BK)P 1| + |PBP 7 |PKP~ 1|0 — e H|’
then, the weak solution to verifies :

V(RO) <e

vt >0, V(R(E, ) < e Wmn=Lomadt/(Re).

This theorem is proven in Appendix B.
Remark 7. As
VR € L=((0,1]), min {F;} e[| L~ (po,1)) < V(R) < max {Fi} [|R]| L= (0,1,

Theorem gives the classical local exponential stability of system (2.5) with respect to the usual
L*>([0,1]) norm.

Remark 8. Concerning the estimation of the region of attraction, we will see in the proof of
Theorem @ (Rema,rk that such an estimation (@) comes from a sector bounded condition
imposed on the dead-zone function; the difference between the linear and the saturated control.

2.3 Numerical example
In this section, we analyze a typical example of diagonal semilinear systems taken from

[92] ; an article considering the same kind of systems plus a disturbance ; discarded here for our
purposes. Matrices are defined as :

1 0 0 1.1
A N S
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In [92], authors consider a system of transport PDEs with positive velocities and without
source term. They give a method to find a gain matrix K such that the equivalent linear system
subject to the control R(t,0) = (H + BK)R(t,1) be L? exponentially stable and robust. Three
gain matrices K were compared with an increasing rate (or at least an estimation of this rate)
of exponential decay for the L? norm :

0 —0.1050
K1 = <—0.1045 0 )

0 —0.4777
Kz = (—0.4651 0 > '

The last gain is taken from [52] :

0 0.7
m=(0 7).

For all these matrix gains, we evaluate the region of attraction thanks to the estimation given in
Theorem [2] and evaluate if it is larger than the domain where the saturation does not apply.
We take p = 0 in (2.8) and approximate the stability region of Theorem 2 by :

|PBP ™Y 0005 Pain

V(o) < 5 T BR)P 1w + [PBP | PEP 1w — 1]

(2.9)

equivalent to :

Vie HLdﬂ? |R0,i

Le=([0.1]) < |Ro,i

L lim

where | Ry ;| o= L |PBP o005 Pnin
0,i|L> lim = P, MP(H+BK)P oot |PBP 1|oo|PKP 1|oo—1]"

Taking P € D (R) minimizing |[P(H + BK)P~!|, and a saturation such that o5 = 1, one
gets the numerical results from Table 2.I] for the estimation of the region of attraction :

K K Ky | K3
poo(H+BK) [ 095|058 | ~0
|R071|Loc711m 17.5 11.0 ~ 0
|Ro2|r=tim | 16.6 | 10.1 | ~0
[(KRo)1|tim | 1.84 | 5.61 | ~0
(KRo)alim | 1.93]5.91 [ ~0

TABLE 2.1 — The estimation of the region of attraction

where ‘(KRO)lhim = Sup{|(KR)1| | ‘RZ| < |RO,1'
SUP{|(KR)2| | [Ri] < |Roi|zes tim, Vi € [[1,2]]}.

Lo tim, Vi € [[1,2]}} and |(K Ro)alim =

We added a row giving the values of po.(H + BK) as it gives an estimation of the rate of
convergence UAmin — Lg max Of the L norm of the solution R. This can be seen from the condi-
tion “u < —log(|P(H + BK)P~!|)” of Theorem [2}

Note that for K7 and Ko, [(KRg)1)im and |(K Ro)2|iim are both larger than the saturation

o0s = 1 and hence, the estimated region of attraction is larger than the linear unsaturated region.
Then, we also remark that there exists a balance between the rate of convergence of the saturated
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system estimated by poo(H + BK) and the region of attraction. Keep in mind that the smaller
Poo(H + BK), the larger the estimation of the rate of exponential convergence of the saturated
system. From this and results presented in Table if one wants a vast region of attraction,
the estimation of the rate of convergence will not be important. On the contrary, if one wants a
strong rate of convergence, then the region of attraction will be limited.

Another comment has to be made on the case K = K3. Here the matrix gain K3 is chosen
such that poo(H+ BK) ~ 0 which means that the system is exponentially stable with a very large
rate of convergence. From Table 2.T] the estimation of the region of attraction gives bad results.
This is mainly because |PBTK+tP~1|,, ~ +oo. This last analysis tends to confirm the link
between the estimation of the rate of convergence and the estimation of the region of attraction
underlined earlier.

2.4 Conclusion

The well-posedness and the local L™ exponential stability of a wide class of diagonal semi-
linear systems was established. The PDEs under consideration resulted from a transport with
constant velocities coupled with a nonlinear source term and a nonlinear boundary condition.
The saturated control was applied at the boundary in order to stabilize the open-loop system.
The well-posedness was tackled using nonlinear semigroup techniques. The stability has been
proven using convergence of semigroups and Lyapunov theory.

This work let some questions open. The case of mixed positive and negative velocities is not
treated ; the method of [3I] which differentiates the Lyapunov functional for components with
positive and negative velocities seems to be a promising idea. The case of space varying velocities
(with constant sign) is also interesting and already solved in[I6, Chapter 3.5] for unsaturated
systems. The generalization to non-diagonal source terms would be an important improvement.
The article [64], where a specific space dependent Lyapunov functional is introduced, would be a
good starting point to tackle the problem. Finally, the L>° (or even LP) stability for systems of
nonlinear d scalar conservation laws remains an open question even for unsaturated controllers. In
[19], a feedback control was found for a single scalar conservation law whose flux is either convex
or concave. Additionally, authors of [35] study the stabilization of a nonlocal one-dimensional
conservation law. Starting from a linearized system, they find a sufficient condition for stability
and adapt the proof to the full nonlinear PDE. However, to our knowledge, nothing seems to be
generalizable to conservation laws of arbitrary dimension.

2.A  Proof of Theorem [1I

Let X = L?([0,1]) be the base space; the scalar product on X was introduced by [31] and is
defined by :

1
Yu,v € X, (u,v) ::/ uTze’ @V, (2.10)
0
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2.A.1 Existence and uniqueness of solution with a smoothed saturation

Take an arbitrary smooth approximation (o), of ¢ in the sense of Definition [3| For all
integers n, we define the operator A,, by :

A, R= —AR
{ D(A,) = {Re H'(0,1]); R(0) = HR(1) + Bo,(KR(1))} .

Moreover, the operator G can be defined as follows :

GR= goR
{D(G) L([0,1])

The following theorem states the well-posedness for the closed-loop system whose control is
smoothly saturated.

Theorem 3. There exists ( > 0 dependent on o5, H, B and K such that for all integers n, the
operator A, + G is  dissipative. Moreover, A, + G generates a semigroup T,, of type ¢ and for
all Ry, € D(Ay), Ty(.)Ro.n is the C°([0,T], L*([0,1])) solution to the Cauchy problem :

O R, =—-A0;R,+go R,
R, (t=0) =Ry, (2.11)
R, (1) € D(A,)

where O, R,, is defined as the Fréchet derivative with respect to t in the L? space :

— O R, (t,) —dt—0 0

L2([0,1])

Finally, if Ry, is H*([0,1]) and satisfies compatibility conditions of order 1 (2.4)) then the
solution R,, belongs to C*([0,T], L%([0,1])) N C°([0, T], H([0,1])).

R, (t+dt,-) — Ry(t,")
dt

Remark 9. A definition of the ¢ dissipativity can be found in [86]. Moreover, in the following
proof, we do not use the form of o, but the fact that it is bounded in C' (n fized). Hence,
conclusions of Theorem @ are valid for whatever bounded o,, € C1(R).

Let n be an integer. To get the conclusions of Theorem [3] we need to prove some properties
on the operators A,, + G. They are listed below :

— A, + G is ¢ dissipative with ¢ independent on n.

— It satisfies the range condition : Rg(/—p(A,+G)) D D(A,+G) for all positive p sufficiently
small.

— A, + G is closed

Having done that, we use [86, Theorem 5.12] to prove that A, + G generates the expected
semigroup.

Proof. Let n be an integer fixed all along the proof. Constants may depend on n but, in the
following, this dependence is skipped when it is useless.

(1) A, + G is ¢ dissipative :
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Let uw and v in D(A, + G) = D(A,). Recalling the definition of the scalar product (2.10)),
one has

1 1
(A +G@)u—(An+G)v,u—v) = —/ (' —v" )T A(u— v)e”(‘r”*l)dx—f—/ (gou—gov) T (u =)’ Yz
0 0

(2.12)
By an integration by parts, one has :

1
((Ap + Q)u— (A, + G)v,u—v) = —[(u—v)TA(w—=20)e’ "]} + / (u—v)TAW = v)e’@ Dz
0
1 1
—H// (u—v)TA(w—=0)e’@Vdz + / (gou—gov) ' (w=0)e’@ Yz,
0 0

From (2.12)), one gets :

(Ap + G)u— (Ay 4+ Qv u—v) = —[(u — ) TAw=0)e’@ V] — (A, + G)u — (4, + G)v,u — v)
1 1
Jrl// (u—v)TA(uw—=0)e" " Vdz + 2Re/ (gou—gov) (w—0)e"" Vg,
0 0
It implies necessarily that :
2Re((An + Q)u — (Ap + G)v,u—v) = — [(u—v) ' A —=0)e’@ Y]}
1
+ 1// (w—v)"A(uw—=0)e’@ Dy
0
1
+ 2Re/ (gou—gov) (w=0)e"" Vg
0

and taking the real part in last equation :

9MRe((A, + G)u — (A + G)v,u —v) = —Re <[(u o)A@ = v)e"(w*l)}é)
1 1
+v Re/ (w—v)'A(w—=0)e’@Vdz + 2Re/ (gou—gov) (w—=0)e"" V. (2.13)
0 0

Using the fact that velocities are bounded from above,

9MRe((An + G)u — (An + G)v,u—v) < — Re ([(u . v)TA(m)e”@*l)]g) + P AmaxRe(u — v, u — v)
1
+ QRe/ (gou—gov) (W=0v)e"@ V.
0

Using the fact that g is Lipschitz, there exists a constant ¢ > 0 depending on L, such that :

2Re((Ap+G)u—(Ap+G)v,u—v) < —Re[(u—v)TA(w =)@V 4+ (WA max +)Re(u—v, u—v).
(2.14)
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To simplify the notation, u(1) and v(1) will be denoted, respectively, by u; and vy in following
computations. Boundary terms can be rewritten as follows :

Re ([(u - U)TA(m)e”(r_l)]é> = Re(u; — v1)TARe(u; — v1)
— e YRe[H (u1 — v1) + B(op(Kuy) — 0y (Kv1))]T ARe[H (u1 — v1) + Blon(Kuy) — 0, (Kvy))]
+ Im(uy — vy) " Alm(uy — vy)

— e YIm[H (u; — v1) + B(op(Kuy) — 0 (Kv1))| T AIm[H (u1 — v1) + B(on(Kuy) — 0, (Kv1))).
(2.15)

For v = v, large enough compared to the norm of H, B and o5y, we deduce that

1
Re ([(u —u)TA(u = v)e””"“”]é) > §(Re(u1—vl)TARe(ul—vl)—i—Im(ul—vl)TAIm(ul—vl)) >0
which implies with (2.14)) that :
AIIlﬁl)( n Amax n
2Re ((An e %m (A, G- %m, u— v)

and therefore A,, + G is 2maxkats dissipative.

Recall that, v, was taken large enough compared to the norms of H, B and o, 5. As (0sn)n
is a bounded sequence, we can take a sequence (v,), bounded from above by a positive real v.
As A, + G is % dissipative and ”")‘“;"+< < ”Amg"“, A, + G is % = ( dissipative
with ¢ independent on n.

(2) A, + G satisfies the range condition :
Let us now prove the following range condition :
psup > 0; Vp € (0, psup), Re(I — p(A, + G)) D D(A,). (2.17)
It is equivalent to prove that for all v in D(A,,), there exists an element u in D(A,,) such that :

{ u+pAu’ — pg(u) = v
u(0) = Hu(l) 4+ Bo,(Ku(l))

This property is the most difficult to prove. It consists of proving the existence of a solution
to a nonlinear ODE with a nonlinear boundary condition. To prove the existence, first, we will
deal with the nonlinear boundary condition and then, using a fixed point theorem, the nonlinear
source term will be taken into account ; the method being inspired from [93] and [T05].
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(2.1) Taking into account the nonlinear boundary condition

Let us now prove the following range condition :

V(vi,v2) € D(A, + G) = D(A,), v1 + pGuvy € Rg(I — pA,). (2.18)
To do so, take v, ve both in CY([0,1]). To prove assertion (2.18]), we have to find an element u
in D(A,,) solution of :

{ u+ pAu' = v+ p(gows)
u(0) = Hu(l) + Bo,(Ku(l))

equivalent to :

W Aus AT gow) (2.19)
u(0) = Hu(l) + Bo,(Ku(l)).
We define 7 : C°([0,1]) — C([0,1])
T:C%[0,1)) — C*([0.1])
Y — u solution of the following system
{ u + A;lu: A—l(% +gov2) (2.20)
uw(0) = Hu(l) 4+ Bo,(Ky(1)).

If we prove that 7T is well-defined and admits a fixed point in D(A4,,), then assertion (2.18]) is
proven.

For all y in C°([0,1]), solutions u to the ODE in (2.20) are C*([0,1]) (because v, g(v2) €
C(]0,1])) and can be expressed as follow :

—1,

z —1
Vz € [0,1], u(z) = e 7 Z(y) +/ e Em9) AT (Ul +go Uz) ds
0 P

where Z(y) is a constant of RY. Thus, for all y in C°([0,1]), u is a solution to system (2.20) if
and only if Z(y) satisfies the following equation :

—1

1 —1
Z(y) = He_ATZ(y) + H/ et (1=8) AT (1;)1 +g ov2> ds + Bo,(Ky(1))
0

equivalent to :

1 1 1
(a1 71200 = H [ 70 A (2t o) ds-t o (Ky(D)

and for p sufficiently small, say p < 0(H, A) with 6(H, A) > 0, one can invert the last relation :

—1

Yy € C°([0,1)), Z(y) = (I—He "7 )~} (H/Ol et (1=) A <”pl +go 02) ds + Ban(Ky(l))>

(2.21)
Last equation ensures that for p < 6(H,A), T is well defined and
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—1, z -1
Vo e [0.1), T)@) =7 20) + [ 7 A (Ul +govz> *
0 P
with Z(y) defined in ([2.21)).

The operator 7 being well-defined, we can focus on the fixed point argument. As o, is
bounded, Z(y) is bounded when y scans C°([0,1]). Hence, T(C°([0,1])) is a bounded set of
C1([0,1]) and there exists a set
K = {w e C'([0,1]); lw|lcoqo,1)y < M and [|w'||co(o,1) < M} where M is a constant such that
T(C°([0,1])) C K. As K is bounded in C*(]0,1]), K is compact in C°([0,1]) by Ascoli-Arzela’s
theorem. Moreover, T is continuous and K is closed and convex allowing to use Schauder fixed
point theorem to conclude that :

Jue K:T(u)=
Hence, u € D(A,,) = D(A,, + G) and the assertion (2.18) is proven.

(2.2) Taking into account the source term

Let v be in D(A,, + G) = D(A,), p < 0(H,A) and H : C°(]0,1]) — C°([0,1]) be such that
for all w in C°([0,1]), H(w) is solution of :

g
|

WA= AT+ gow)
w(0) = Hu(l) + Bop(Ku(l)).
By assertion , H is well defined (take v; + v and vy < w). We will prove that H has a
fixed point in D(A,,) which implies that the range condition is verified. To do so, we will
prove that there exists a ball of C°; B, of radius r such that B, is invariant under H and H(B,)
precompact in C°([0, 1]).
(2.2.1) There exists a ball of C°([0,1]), B,, invariant under H

Let w be in C9(]0,1]) and let recall the definition of the usual C°([0,1]) norm :

Ielononn = g, )l = g

The continuous function H(w) can be expressed as :

Yw € C°([0,1]), Yz € 0,1], H(w)(z) =e "7 Z(w) +/ e ) i A (; +go w) ds
0
where :
-1 1 -1
Yw e C°([0,1]), Z(w) = (Iy — He "7 )~! (H/ LY S
0 p

+gow)ds + Bon(KH(w)(l))). (2.24)

Fixing an w in C°([0, 1]), we focus on a term present in both expressions of Z(w) and of H(w) :

v € [0,1], /

A—l —1 T —1
X T’U ds =wv(x) — e “v(0) —/ e~ S @8y 4.
0
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A—l
and because e~ "7 7% < I; when s <z :

Tooat, g AL
vz € [0, 1], / e~ @) v ds| < 2||v||coqo.a)) + vl E1(o,17) =: C(v). (2.25)
0
Remark that C'(v) is independent on p, w.
The second term to study is :
T Al 2 d z )\7‘—1 2
vz € [0,1], / e 7 ) A (gow) ds| = Z / e @) AN gy ow) ds
0 i=1 \’0
: 2 P —2£x
< D lgiowlizgon gy (1 —€ 77 )
Zjl p p
< Y 27\i|9i o wl|ia (o, < Dmin, A lg © wlZo 0,1
i=1

where we have used Cauchy-Schwarz inequality to get first inequality.

Using the fact that g(0) = 0 and g Lipschitz as a function from R? + R? for the canonical
R? norm, one gets :

Y € C(0. 1)) lg o wlenqo < max |(g0w)(w)) = 9(0)] + [9(0)] < Ly maxe fu(a)

Hence,
vw € C°([0,1]), [lg o wllcoqo,1)) < Lgllwllcoo,1))

P
< \/ngHwHCO([o,uy

(2.26)

and as a consequence :

vw € C°([0,1]),z € [0, 1],

z -1
/ e~ E8) & A (gow) ds
0
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Finally, using the boundedness of o,,, one gets the existence of a constant C5 (only dependent
on o, H, B) such that Vp > 0 :

-1

(Iy— He™ *7 ) Bon (KH(w)(1))| < Cs. (2.27)
Injecting inequalities (2.25), (2.26) and (2.27) in the definition of Z(w) (2.24), one gets the

existence of C(v),Cs, C3 independent on p,w such that :

Yw € C°([0,1)), | Z(w)| < C1(v) + Cay/pllwllcoo.)) + Cs. (2.28)

Putting all together inequalities (2.25), (2.26]) and (2.28) in the expression of H(w) (2.23)), there
exists three positive constants Cy(v), Cy, C5 independent on p,w such that :

vw € C°([0,1]), [H(w)|lcoo,1)) < C1(v) + Cav/pllwllcoo.ay) + Cs. (2.29)

Taking p < # (note that this bound is independent on v), it is possible to choose a strict
2 ~ ~ ~
positive 7 such that Cy(v) + Ca/pr+ C3 < r and :

Vw € By, [[H(w)llcoo)) <7
which is no more than B, is invariant under H.
(2.2.2) The set H(B,) is precompact in C°([0,1])
The following claim allows to get compactness :
Claim 1. The set H(B,) is uniformly bounded in C1([0,1]).

Proof of Claim[1. Let w € B,. Denoting u = H(w), we have

A—l
u’z——u—&—A‘l(g—i—gow).
p p

As u,v,w are all continuous, u’ is also continuous. By previous section, u € B, and as a conse-
quence

[u|co o,y < C
where C' may depend on (7, p, A\, Ly, v) but not on w. This ends the proof of Claim O
To conclude, using Ascoli-Arzela’s theorem, H(B,) is relatively compact in C°([0,1]) and by
Schauder fixed point theorem, H admits a fixed point which ends the proof of the range condition
©17).
(3) A, + G is a closed operator :

To prove this, we first prove that A,, is closed. Then, using the continuity of G, we conclude
on the closedness of the operator A, + G.

(3.1) A, is a closed operator :
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Take a sequence (uy)r of elements of D(A,) such that klim up =: u in L?([0,1]) and
— o0
klim Ayup, =: @ in L2([0,1]). We have to show that u belongs to D(4,) and that @ = A,u.
— o0

Let us define for all integers k, @y, := Apur —12(j0,1)) & which can also be written as :
Vk € N, U;C = —Ailﬂk —r12([0,1]) —Ata. (230)

As a consequence,

xT x
Vk € N,Vz € [0,1], ug(z) = ug(0) —/ A g (s)ds = Huy (1) 4 Bop(Kup (1) — [ A Yy (s)ds.
0 0
Let z be in [0, 1], we have | [i" A= (@ (s) — @(s))ds| < C x ||@x — | r2([0,1) Which tends to zero
as k tends towards infinity. Hence,

x

Y € [0,1], /z A g (s)ds —— [ A7ta(s)ds. (2.31)
0

k—o0 0

Then, as H'([0,1]) C C°([0,1]) continuously :

Vk,m €N, [ug(1) — unm(1)] < C X |luk — w1 (0,1))

where C'is the constant of the continuous injection H'([0,1]) c C°([0,1]).

Moreover, by , ||Uk—um||§-[1([071]) = ||ug —um||%2([071]) + || A Vg —A*lamHQLQ([OJ]) which
tends to zero as (k,m) tends towards infinity. Hence, (ug(1))s is Cauchy and tends towards a
real u;. From this and the pointwise convergence stated in (2.31)), Huy(1) + Boy,(Kug(1)) —

x

Jo A 'ax(s)ds converges pointwise towards a function denoted w (which can be different from
u because the convergence of w is just pointwise) and :

Vz € [0,1], w(z) = Huy + Bo,(Kuy) — /: A~ ta(s)ds. (2.32)

Obviously, w is in H'([0,1]) and w, = A~'@. The convergence of (uy)y towards w is also in
L3([0,1]) :

/0 (w(z) — ug(x))2dz :/O {H(u, — wy(1)) + Boo(Kur) — Boy(Kuy(1))

+ /;A—l(a(s) - ﬁk(s))ds}de

<2 x (H(uy — up(1)) + Bon(Kuy) — Bon(Kug(1)))?

+2x /01 (/OwAl(ﬁ(s)ka(s))ds> dx

<C x (Jug(1) —wa|* + || — allZ2(0.17))

where we have used the identity (a + b)? < 2a? + 2b? to get first inequality and C' is a constant
depending on H, B, 0, ,, and A.

The right-hand side of last equation tending towards zero as k tends to infinity, we have
proven that (uy)y tends towards w in L2([0,1]) and by the uniqueness of the limit w = u in
L?([0,1]). Note that as w is continuous, we can take w = u in the sense of C°([0, 1]). Moreover,

95



as ug (1) tends towards w(1) = u(1) (because (uy)x tends towards w pointwise) and towards u;
(by definition of u;) at the same time, we have that u(1) = u;. Injecting this last equality in

([2-32), we have :
Vo € [0,1], u(x) = Hu(l) + Bo,(Ku(l / At
Thus, u € D(A,) and @ = A,u.
(3.2) A, + G is a closed operator

As A, is closed by previous paragraph and G is continuous as an operator from L?([0,1])
into L%([0,1]) (because g is Lipschitz), A,, + G is closed.

(4) First conclusions on the proof of Theorem

As A, + G satisfies the range condition and is ¢ dissipative; by [86, Theorem 5.12], A,, + G
generates a unique semigroup T, of type ¢. By Remark 2 p. 148 (and Theorem 4.10 (ii)) of the
same book, the additional facts that A, + G is closed and L%([0, 1]) is reflexive; if Ry ,, € D(A,)
then t — T, (t)Ro.n is the unique solution of the Cauchy problem :

R, = (An+G)R
R, (t=0)= Ron
R,(t) € D(Ay)

in the sense that for almost every ¢ > 0, T,,(t)Ro,, is in D(A,), time-Fréchet differentiable in
L2([0,1]) and verifies the system presented just above.

As T, is a semigroup of type ¢ in L?([0,1]), we have :
t = Tn(t)Ro,, € C°([0,T7, L3([0,1])).

(5) Regularity of the solution

Here we use the C' regularity assumptions on g and ¢,,. The augmented system satisfied by
U, := (Ry, 0. R,) writes

oU, —&-diag(A,A)@wUn = g oU
OpRa(0) = A~ 1([H+Bo (RN (1) ~ g(Ra(1))) + g(Ra(0)))
(2.33)
where
{ g2 : R2d — R2d
U= (U,U02) — (9(U1),g'(U1)U2)

In substance, this augmented system is very similar to system (2.11). The transport part
is identical and the source term is Lipschitz (¢’ is bounded by assumption). For the boundary
condition of 0, R,, it is linear in the variable 0,R,. Knowing this, we can easily adapt the
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reasoning used for the system (2.11]) for the variable R,, alone to the system (2.33)), the unbounded
operator being now defined as

Ul(O): HU1(1)+BUn(KU1(1)),
D(Az,n){(U17U2)€H1([0,1])2 | 0= A—l([H+Ba;<U1<1>1<AU2<1>}

)
—g(U1(1))) + 9(UA(0)))
AQ,n(Ula UQ) = _(AU{a AUé)

and the source term

D(G2) = (L*([0,1]))?
G2(U1,Uz) = g2(Uy, Uy).

Recall that to apply the theory of nonlinear semigroups from [86], we need to prove the three
following statements ; Az ,, + G2 is ¢ dissipative for some ¢ € R, satisfies the range condition and
is closed. As these proofs are very similar to what was done in the parts (1) (2) and (3) for the
operator A,, + G, we will just give a sketch of the proof and insist on crucial hypothesis.

— For ( dissipativity, it is a comparison between boundary terms. The fact that o7, is bounded
(n fixed) is the key hypothesis to show this ¢ dissipativity.

— For range condition, we need to solve (I — p(Az , + G2))(u1,u2) = (v1,v2) where (ug, uz) is
the unknown, (v, v2) € D(A2,) and p belonging to [0, pg] with py independent on (vy, v2)
to determine. We find u; using the fact that A,, + G satisfies the range condition. For us, it
suffices to remark that the ODE to solve is linear in uy (even for the boundary condition)
with a bounded linear source term (¢’ is bounded as g is Lispchitz).

— Finally, for the closedness one can proceed using same techniques as in previous sections
and the closedness of A, + G.

Hence (R, 0. R,) is C°([0,T], L?([0,1])). As a consequence, R,, € C°([0,T], H'([0,1])) and
as R, = g(R,) — AdR,, we also have ;R, € C°([0,T],L?([0,1])). To conclude, R, €
Co([0, 77, H([0,1])) n ([0, T, L*([0, 1])).-

All points of Theorem [3] are now proven. O

2.A.2 Convergence of solutions with smoothed saturations in L?([0,1])

We define the operator A by :

AR =-AR
D(A) ={Re H'([0,1]); R(0) = HR(1) + Bo(KR(1))} .
Note that D(A) = L?([0,1]) because C2°((0,1)) € D(A) and C°((0,1)) is a dense subset of
L2([0,1]) by [22, Corollary 4.23] B The following lemma will be useful to prove the convergence
of semigroups (T}, ).

1. In fact, it is shown that C2°(Q) is dense in L?(Q) for Q open of RN (N € N)) but the proof can be easily
adapted to our context.
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Lemma 1. It holds A C lim,,_,o, A, which means that every element of the graph of A is the
limit of a sequence {(xn, Apxn)}, (in L*([0,1]) x L*([0,1])) where z,, € D(A,,).

Proof. Let R € D(A). Let us define the sequence (R,,), in H([0,1]) by

Vn € N,Vz € [0,1], R,(z) := (1 — 2*)Blo,(KR(1)) — o(KR(1))] + R(z).

For all integers n, we have R, (0) = HR(1) + Bo, (K R(1)) (use the fact that R € D(A)) and
R, (1) = R(1). Hence, for all integers n, R, € D(A,) and by the pointwise convergence of (o, )n,
we have R,, — g1 (jo,1)) R which is equivalent to (R,, A, Ry) —12(j0,17)x22(j0,1)) (R, AR).

O

The convergence of semigroups (7},), is given by the following theorem :

Theorem 4. The operator A + G generates a semigroup T of type . Moreover, for all initial
data Ry in D(A) = L?([0,1]) and sequence (Ro.n)n such that Ry, € D(A,) for all integers n
and converging to Ry in L*([0,1]) :

VT >0, lim T, ()Ro, =T()Ro € ([0, 77, L*([0, 1]). (2.34)

Proof. After Lemma [3| all the A, + G are ( dissipative. Moreover, A + G satisfies the range
condition, the proof being identical to the proof of “A,, + G satisfies the range condition ”
(because the argument only uses the boundedness and the continuity of the saturation operator).
Hence, it satisfies the distance condition :

¥Q € D(A), lim inf, ,o+p *d(Rg(I — p(A + @), Q) = 0. (2.35)

Finally, A C lim, o A4y by pr vious lemma. As a consequence, by the continuity of G as an
operator from L?([0,1]) to L%([0,1]), A + G C lim,_ A, + G.

Take Ry € D(A) and a sequence (Rg ), of elements from D(A,,) for all n converging to Ry
in L*([0,1]). From [86, Theorem 6.8], A + G generates a semigroup 7" and

. _ 12
lim T, (t)Ro,. = T()Ro in L2([0,1])

for all time ¢ > 0. Moreover, the equality above holds uniformly on every bounded interval of
[0, 00) which proves Theorem O

2.A.3 Conclusion of the proof of Theorem
(1) Existence

Let Ry be the initial data in D(A) = L?([0,1]). Take a smooth approximation (c,), of o
and (Ro.n)n & sequence of C*°((0,1)) satisfying compatibility conditions of order 1 converging
towards Ry in L?([0, 1]). Note that there exists at least one sequence (R )y, of such initial data.
Indeed, C2°((0,1)) is dense in L2([0,1]) and functions of C2°((0,1)) obviously satisfy compati-
bility conditions of order 1.
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By Theorem for all integers n, the operator A, + G generates a semigroup T, and
R, :=T,(.)Ry is the unique solution to (2.3)).

After Theorem[d] (R,,),, converges in C°([0,T], L%([0,1])) towards an element R € C°([0, 7], L*([0, 1])).
R satisfies all requirements for being a weak solution to system ([2.5)).

(2) Uniqueness

The limit R neither depends on the smooth approximation (o), nor on the sequence of initial
data (R »)r chosen. To prove this, we take an arbitrary sequence of smooth approximations (6,,)»

and define the corresponding sequence of operators (A,)n. Then, take an arbitrary sequence
(Ro,n)n_of elements of D(A,) N H?([0,1]) converging to Ry in L*([0,1]). For all integers n, we
define R,, as the solution of :

atRn + AaJ:Rn = go° R,
Ro(-0) = HRu(- 1)+ Boy(KRu(-1))
R,(0,-) = Ron-

We note R, the limit in C°([0, 7], L?([0,1])) of (Ry)n. We define (7,), as equal to o, if n
is even and equal to G, otherwise. In the same way, we define (Eo,n)n as equal to Ry, if n is
even and equal to RO,n otherwise. Obviously, (), is a smooth approximation of o and (Eo,n)n
is a sequence of H? function satisfying compatibility conditions of order 1 and converging to Ry
in L2([0,1]). Hence, we can apply what was done before to prove that there exists a limit R in
C0([0,T), L*([0,1])) of the sequence (R,,),. As a consequence R = R = R and the limit is unique.

(3) Continuity of Ur

Let Ro, Ry be two initial data in L?([0,1]) and R, R the associated weak solutions. Take an
arbitrary smooth approximation (o), of o and sequences of approximation (R ), and (R n)n
of Ry and Ry respectively. Using the ¢ dissipativity of the A, + G proven in Theorem [3| with ¢
independent on n, one gets :

Vn € Na Y0 S t S Ta HTn(t)RO,n - Tn(t)RO,n||L2([O,1]) S 6Ct”}zO,n - RO,nHLZ([O,l])'
Taking the limit for all time ¢ < T (see Theorem {)) :

VO <t < T, ||T(t)Ro — T(t)Roll 20,17 < €**l|Ro — Rol| L2 (o,
which implies that :

VO<t<T, [|[T(t)Ro — T(t)ROHLQ([OJ]) <eT|Ry — RO”LQ([OJ]).

It shows that Up is Lipschitz and hence continuous. This concludes the proof of Theorem [T}

2.B  Proof of Theorem [2]
Take a P € D} (R) satisfying |[P(H + BK)P~ ! < 1 and a positive u < —log(|P(H +

BK)P1|). Take the smooth approximation (), of o from Remark [2| Notation A,,, D(A,)...
are the same as in Appendix A.1.
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Let Ry be an initial data in D(A) = L?([0,1]) (for the moment we do not suppose that Ry is
in L>°([0,1])) . As C°((0,1)) is dense in L2([0,1]) (see [22]) and as C2°((0,1)) C D(A,,) for all
integers n, one can construct a sequence (Ro.,)n belonging to C°((0,1)) C D(A,) converging
to Ro in L2([0,1]). In what follows, we will consider such a sequence of initial data.

2.B.1 Local L™ stability of C'([0,T], L*([0,1])) N C°([0,T], H([0,1])) solu-
tions

All along section B.1, n is a fixed integer.

R, is the solution to the smooth problem :

atRn + Aaan = go R,
Rn<,0) = HRn(al)+Ban(KRn(a1))
Rn(0.) = Ruo € D(A,) N H2([0,1]).

As the initial data is H2([0, 1]), satisfies compatibility conditions of order 1, the solution belongs
to C1([0,T],L?([0,1])) n C°([0,T], H([0,1])) for all T > 0 by Theorem
Recall the definition of V'(.),

Vf e LOO([O, 1]), V(f) = lgﬁ?}éﬂ |Pifi6_“x|Loc([071]) (236)

where diag;cpy qp(55) = P.
For all integers p, the functional V3, is defined by :

d 1 1/2p
vf € L¥([0,1)), Vap(f) := (Z / 0 dx>
=1

where @, = diag;c1 47(gp,:) Will be chosen wisely later.

Claim 2. We can differentiate Vo, (R, (,-)) with respect to time and

AV3? (Rt

’)) d ! 2p 2p—1_—2ppu
vt >0, o =2p; /0 @F 0 Ry i RV e~ 22 . (2.37)

Proof of Claim[3 Take t >0, dt >0 and T > t.

‘/22pp(Rn(t + dta )) - VYQQpP(Rn(t
dt

. d r1
) - QPZ/ qﬁf’i@tRn,iRiZ_le‘Qp”fdx
i=170

A1 | R¥ (¢4 dt,x) — R (t,2)
2p n,i ) m,i\"? 2p—1 —2pux
< ;/0 Qi i — 20O Ry i(t, o) R,Y (t, )| e P da.
Thus it is sufficient to prove that at the limit when dt tends to zero
R (t +dt,-) — R?" (t,-
Vi € [1,d], n’l( di n’l( ) — 2p0y Ry i(t, ')Ri{)i_l(t, )| = 1o 0
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Let i be in [1,d],

- 2pat nz( )Rzp'il(tv’)

n,i

R+ dt ) - ()
/ 7 : dxr

/ ‘ nz t+dt - R, ( )(R ( —‘rdt )2p 1+ '+an(t )2p 1)_2p8t nz( _)Rififl(t’.) dx
R, ;(t + dt,- :
< it & d?f ni(ty) — OpRn il L2 01])><\// |Rpi(t+dt,)2P=L 4 - 4 Ry, i(t,-)2r—1* dx

+f0 ‘825 nzHant‘i‘dt )2p 1—|— +Rnl( 210 1_2pan( 2p 1‘dx

The term HR"”‘(HdtQi_R"‘i(t") - 8tRn‘
L2([0,1])

C1([0,T], L?([0,1])) while the term fol |Rpi(t+dt, )%~ 4 - 4 Ryt _)2p—1|2 dz is bounded
because R, ; € C°([0,T], H'([0,1])) € C°([0,T] x [0,1]). Finally, the term

fol ’@Rn,iHRm(t +dt, )P 4+ Ryt )P = 2pR, (8, -)2”_1‘ dz is bounded by
||6tRn,i||L2([O,1])HRn,i(t =+ dt’ _)2p—1 + o+ Rn,i(t7 .)210—1 - 2pR7L,i(t7 ')2p_1||L2([O,1])- The term
8¢ Rn il L2([0,1) is bounded as R, is in C'*([0,T], L*([0,1])) whereas the other term converges
towards zero by the dominated convergence theorem. Therefore, Claim [2]is proven. O

converges towards zero because R, ; is in

Next, as R,, verifies O;R,, + A0, R, = go R,,, one gets :

dV5 P (R, (
(7 = 2pZ/ qp " (=X\iOz Ry + gi o R) Rff{le_%“mdx. (2.38)

There are two terms in ([2.38) whose origins are different :

— the transport term :

WQP(R = —QPZ/ qp z/\ 1o Ry, zR2p e 2rme gy (2.39)

— and the source term :

d 1
Zay (ot ) =Y [ a0 IR e o (2.40)
i=170
so that :
dVZp(Rn(ta ))
A = W (Ru(t, ) + Zap (B ). (2.41)
Define :
V>0, £a(t) = PRy, 1). (2.42)

In the rest of the proof, we will sometimes denote &,(t) as &, for readability.
Study of the term transport term Wy,

61



Lemma 2. For all p < —log(|P(H +BK)P™|) and ¢ > 0 there exists p = p(u, H, B, K, P, )
such that for all initial data Ry, € H?([0,1]) satisfying compatibility conditions of order 1, the
solution R,, = T,,(.)Ro.n to verifies the following assertion.

If at time t > 0,

|§ (E)| < |PBP_1|ooUs,anin
nmEC S P(H + BK)P~Yo + |[PBP—Y||PK P~ — e—v—¢|

(2.43)

Then :

Vp > 5, Wap(Ra(,-)) < =2ppAminVap (Ru (7)) (2.44)

Remark 10. The positive real ¢ is introduced to prevent an eventual dependence of p with
respect to t. Indeed, further in the chapter, we integrate (2.44]) with respect to time. This would
not be possible if § = p(t).

Proof. In this proof we will sometimes drop the time dependence notation £(t) or R, (f) for rea-
dability.

Using an integration by parts in (2.39)), we compute :

Wop(R Zqu)\ [ 2p 727”’” QPHZ/ p)\ RZP e PR gy

and therefore

Wap(Ra(F,)) < =Wapa (Ra(. ) = 20 Amin Vay (Ru (7)) (2.45)

where

1
Wap1 (R qu’)\ [ R, _2””}0'

Using the fact that R,(,-) is in D(A,), one gets :

Wap1(R Z 20\ R, (£, 1)e =2 — %\ {HR,,(1,1) + Bo (K Ry (1,1)) 127
We have,
Waop1(Ru(t, ) = Wap 11 + Wap 12 (2.46)
with :
Wapa1 1= qu,p/\ R2p J(E, 1)e2Pr (2.47)
i=1
and
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d
Wapiz = — Y "N {HR,(1,1) + B(on(KR,(i,1))}.". (2.48)

i=1

Note that if &, = 0, Wy, 1 is zero and the conclusion of Lemma |2| holds. In what follows, we
suppose that &, # 0.
Study of W2p,11

For what follows, we choose (), such that :

Vie[L,d],¥p €N, g, =\ /*P, (2.49)

Inspired by [16, p. 123], we get the following estimates for W) 11

Wap11 = Z?:l qﬁﬂ-)\iRiﬂ(f, Le—2rt (2.50)
L |

max

\%

where we have used the equations q;pi)\i = PP €%, < 2?21 |€:]?P and ([2.42)).

Hence :

W
) (2.51)
|£n rr{)ax

Study of Wz 12 ¢

The term Woy, 12 is deeply related to the effect of saturation. We recall the definition of Wy, 12

d
- - 2
W2p712 = - Z {HRn(t7 1) + B(UH(KRTL(tv 1)))}117)
i=1
equivalent to :
d
Wap12 = — Z PPPyZP (2.52)

i=1

with :

v=HR,(t,1) + Bo,(KR,(t,1)).

The following claim allows to neglect the term Wy, 15 relatively to Wap, 11 at the limit when
p tends to infinity :

Claim 3. Under the conditions ofLemma@ and if &, # 0, then there exists ap = p(u, H, B, K, P, ¢)

such that : ) )
—2pp P
€ |€n|max . (253)

Vp > p, [Wap 2| < 5
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Proof of Claim[3 Let i be in [1,d]. Denoting R, ;(£,1) by R, ; (j € [1,d]) and Sat; the set

Sat,- = {j S [[l,d]] | |(KRH)]| > Osn and B,'J' 75 O},
one has

d d
Pilvi| =P; |y (H+ BK); ;R + Y Bij(0n;([KRu];) — [KRn);)

Jj=1 Jj=1

M=

=P, |> (H+ BK)ijRn;+ > Bij(on;([KRu;)— [KRul))
j=1 j€ESat;
d d
SPZ\(H—FBK)” n]|+P Z 1,3 (Jn,j([KRn]j)_ZKJ}’CRHJC>‘
Jj=1 jESat; k=1
d d
SPZ‘(H—I—BK)” n]|+P Z |Bm|<|ZK]kRnk| )
k=1

1 j€ESat;

J
S|P(H+BK)P71|OC|€7I|H1&X + ‘PBP71|00(|PKP71|00|€n|max _Us,npmin)
If Sat; is empty ie if the saturation does not act on the ith coordinate, then v; = x; and
PZ|U1‘ < |P(H+BK)P71|OO|€n|max (254)

Otherwise, Sat; is non empty and

Pilvi| <|P(H + BK)P™ |0 |énlmax + [PBP™ oo (|PEP ™ oo|€nlmax — OsnPmin). (255
Moreover, by assumption |P(H + BK)P~!|,, < e™* and so, there exist o < 1 such that :
|P(H + BK)P ™| = ae™*.
Additionally, by ,
|P(H + BK)P ™ |oo|€nlmax + [PBP ™ oo (IPK P |oo|€nlmax — Ts,n Panin) < €[ |max-
Injecting the last two equations in —,
Vi e [1,d], Pilvi] < max(ae ", e *7%)|&n max- (2.56)

Finally, from and ( -, we have

W
VpeN, | 2‘2’;2 < 2d x max{a?P e 2P} 2PH,
n [max

Hence, there exists an integer p (depending on (g, &) but not on |&, |max) such that

12 e 2m

[Enl? | 7 2

This ends the proof of Claim O

Vp > p,
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—2pp

As a consequence, by (2.51)), (2.53) and for p > p, Wap 1 = Wap 11+ Wap 22 > Ifl‘% >
Injecting last statement in (2.45)), one gets :

Wap (R (%)) < —2ppAminVar (Ru(E, ).

This finishes the proof of Lemma O

Remark 11. In the proof of the above result, we enforce Wap 13 =p—s oo 0(|En|?Eace 2P*). This

max
condition recalls a local sector bounded condition[I02, Section 1.7.2]. Indeed, the term Wayp 12 is
induced by the difference between the linear control law and the its saturated version, i.e., this
term arises from a deadzone nonlinearity. The term on the right-hand side of (2.57), e *|&, | max,

represents the state of the system. Thus formally speaking, the condition

W2P112 —p—+oo 0(|§n r2rﬁ1x€72p'u)7 (257)

is somewhat equivalent to a regional sector condition[I02, Section 1.7.2].

Remark 12. Conditions are less restrictive when the saturation o, is weaker and when
the exponential decay rate i decreases.

Analysis of the term 73,

Lemma 3. For all integers p and for all time t > 0,
| Zop(Ru(t, )] < 2pLgmaxVar (Rt -))-

Proof. Recall the definition of Zay,(R,,(t,-)) (2.40) :

d 1
Zap(Bn(t, ) = QpZ/ qz?z‘(gi o Rn)RiI,)i_le_Qp“zdx.
i=1"0
Using the hypothesis on g in (2.6) :
d 1
2y (a6 D) < Y [ LR e < 2L V3 (Ro(8,),
i=1 70

Conclusion on the L™ stability of regular solutions

Lemma 4. Under conditions of Lemma@ the solution R,, = T,,(.)Ro n to problem satisfies
the following statement.

If at a time t > 0, condition is satisfied then :

Wop(Bn®)) 3 Lo e Van (BT, )

dt -
for all p > p where p defined in Lemma[3
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Proof. Let p > p. By (2.41]), we have :

dvy? dv: _
5 g 2 o

After Lemmas [2] and [3]

Wap(Ba(l,)) < =2pudminVay (Ba (i)
and

| Zop(Ru (L, )| < 2pLgmaxVar (Ru(t, ).
Summing previous inequalities and dividing by 2pV22pp “Lin 1) one gets :

dVay _

dt = _(N)\min - Lg,max)‘/Zp

O

Before going further into the proof, we need the following lemma which may be useful in
future works :

Lemma 5.
VR € L(0,1]), Vap(R) —psroc V(R).

Moreover, the convergence is uniform on all bounded sets of H'([0,1]).

Proof. Let R be in L>([0,1])

d 1 1/2p
Vp €N, Vap(R) = (Z / Jzszinpe—Qde> .
i=1"0
As a consequence,

A2\ s PR(z)e ™| 120 (0.1)) < Vap(R) < AL2P |2 = PR(2)e ™| 120 (0.1))-

min max

By a classic result of analysis ||Q| £2r([0,1)) converges towards [|Q|| - (0,17) for all @ € L*([0,1]).
Hence, passing to the limit in last inequalities :

lz = PR(z)e™" ||z (o) < lm Vap(R) < [l = PR(z)e™ | L= (0.1
and :

lim Vgp(R) = H.’L‘ — PR(:B)e_WHLoo([OJ]) = V(R)

p——+oo

We also need to prove the uniform convergence for all bounded sets of H(]0,1]). We will
prove it for the case of scalar functions; the case of vector valued function being similar.

Take an 7 > 0. Let B, be the ball of radius r in H'([0,1]). Define for w > 0 and f in B,,
Stw = Az € [0,1]; |f(x)] > |flree(jo,1)) — w}. For all w > 0 and f in B,, there exists an = in
Sf,w/Q-
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For all y in [0, 1], we have :
y
f6) = f@)+ [ F)a

Using Cauchy-Schwartz inequality for the L? canonical scalar product, one gets

W)l = |f(@)] = rv|z—yl.
As xisin S,/ :

w
[FW 2 [ fle=qoa) — 5 — Ve —yl
Thus, for all y in [0, 1] such that \/|z —y| < 5% :

|FW)| > | fles (o) —w

which implies that :
T

As a consequence :

2
Vfe B, Y0<w<2r, u(Syu) > s (2.59)

where p designates the usual Lebesgue measure.

Now using the definition of Sy, and (2.59)), one has for all f € B,,w >0,p € N :

w\1/p 1/2p 2p 1/2p

()77 (fleory — @) < w(S5) 22 (flzmqony —w) = (s, (Flewqory —w)?de)
< Uflzerqo))-
Moreover,
Ve L2([0,1]), [flzeo,a) < [flzee(o,1))-

Hence :

w

1/p
Vf e By, Yw>0,VpeN, (g) ([flLo(o,11) — @) < [flreeo,1)) < [flLe= (0,1

which implies :

w\1l/p
Vfe B, Yw>0,¥peN, 0< ‘|f|L2P([0,1])_|f|L°°([0,1])‘ < ‘(%) ([ f1zo= o,y — @) = [flLo=(fo,11)] -

Now take an 0 < e < 1, f in B, and pose w = §;
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2r

w\1/p
‘( ) ([ flo(o,11) — w) = [flLe=((0,1))

IN

(5:)" -1
+ Hf|L°°<[o,1J>
)"
()"
()"

‘|f|L°°([O,1]) —w‘

—w— |f|L°°([0,1])’
(r+w)+w
€. €
(T+§)+§
€
1 —
(r+1)+ 5

There exists a P(r,e) (independent on f) such that for p > P(r,¢) :

so that :

)"

(r+1)<

5
2

Vf e B, ‘|f|L2P([O,1]) — | flzeeoap| < e
This finishes the proof of Lemma [f]

O

Lemma 6. For all initial data Ry, € H*([0,1]) satisfying compatibility conditions of order 1
and p < —log(|P(H + BK)P~ ), if

NAmin
V(Ro.n)

- Lg,max

> 0

< ek

|PBP_1|ooUs,anin

|P(H + BK)P~Vog + |PBP~ 1| PKP~ 1|0y — e

then, the solution R, = T,,(.)Ro.n to verifies :

Proof. Using a continuity argument, we can take a € > 0 such that

vt > 0, V(Rn(t, )) < e_(ﬂ)\mm—Lg,max)tv(RO’n).

V(RO,n) <e

|PBP71|ooUs,anin

—u
|P(H + BK)P~1|o 4 |PBP~ || PKP~ 1| — e F—¢|

Define for all integers p,

T, := sup {T > 0; VYt €[0,T], Vap(Ra(t,")) < e—Wmin—Lavmax)tvgp(Ro,n)} .

1) (7,), is not a bounded sequence
p)p
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We will prove that the sequence (7}), is not bounded by contradiction. Suppose (1},), boun-
ded and take a subsequence still denoted (7},), converging towards a limit denoted To.

(1.1) T is strictly positive
For all integers ¢ in [[1,d]

fn,i(o)e_ﬂ = IDiRn,i(lvo)e_'u < V(Rn(a 0)) = V(RO n)

)

By (.60,

< |PBP71|Ooas,anin
HP(H_’_BK)P_l'oo + IPBP_1|O<>|PKP_1|(X> — e_H—E‘ ’
By continuity of ¢ — &,(t) = PR, (t,1), there exists a dtyg > 0 independent on p such that :

[€n | max(0)

|PBP71|ooUs,anin

vt € [0, dt max (? ’
€ [0, dto], [&nfmax(t) < ||P(H 4+ BK)P~Y|o + |PBPY||PKP~ 1o — e 1—¢|

Applying Lemma [4] and noting that condition (2.43) is satisfied for ¢ < ¢ € [0, dig], there exists
ap(u, H,B,K, A ¢) € N (independent on time) :

dV?p(Rn(tv ))

Vp > p, Vt € [0, dto), 7

S _(,UAmin - Lg,max)‘/Qp(Rn(tv ))

Integrating on [0, dt], it holds

Vp > p,Vt € [07 dt0]7 Vzp(Rn(t, )) < e_(/’t)\min—Lg,max)t‘/zp(RO’n).

This allows to assert that :

Vp >ﬁa Tp > dtO

and passing to the limit,

Too > dtg > 0.

(1.2) Proof of the contradiction
As R, € C°([0,1] x [0,T]) for all T > 0 and by definition of T}, :

Vp €N, Vo (R, (Tp, ")) = ei(w\min7Lg’max)TpV2p(R0,n)~

As (R,(T,)), is a bounded sequence of H'([0,1]) (because R, is in C°([0,T], H'([0,1])) for
all T > 0), we can use the uniform convergence proven in Lemma [5 to pass to the limit as p
tends towards infinity in last equation :

V(Bn(Toc, ) = e (min=Lommd TV (Ry ) <V (Ro ).

As a consequence, for all integers ¢ in [1, d]
gn,i(Too)e_H = PiRn,i(TOO7 1)6_M < V(Rn(Too; )) < V(RO,n)
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and by ([2.60), we have :
< |PBP—1|OOUs,anin
|P(H + BK)P~1|o + |PBP~Y|PKP~1|o — e=#—¢|

Ast— &,(t) = PR, (t,1) is a continuous function (remember that R, is in C°([0,1] x [0,77]) for
all T > 0), there exists a 0 < dt < T, independent on p (but dependent on n) such that :

|£n|max(Too)

< |PBP_1|OoUs,anin
|P(H + BK)P~V|o + [PBP~Y|oo|PKP~ [ — e 1<’

Vit € [Too — dt, Too + dt], [En]max(t)

Applying Lemma [4] and noting that condition ([2.43) is satisfied for ¢ < ¢t € [To — dt, Too + dt],
there exists p(u, H, B, K, A, ¢) € N such that :

dVap(Rn(t, )

Vp > p, Vt € [Too — dt, Teo + dt], 7

S _(lf)\min - Lg,max)v2p(Rn(tu ))
which is no more than :

d[‘/Qp(Rn (t, '))e(lu’)‘minflzg’max)t}
at
Tntegrating last statement on [Ta, — dt, ] for Ty — dt <t < Ty + dt :

Vp > P, Vt € [Tho — dt, To + dt], <0.

VP > ]53 vVt € [Too - dtaToo + dt]7 ‘/QP(Rn(ta )) < 67(“/\"’i“7L9=maX)(t+dt7T°C)‘/Qp(Rn(Too - dta ))

(2.61)
Moreover, as Too —dt < Too and lim,,_, o T}, = T, there exists a P(dt) such that for all p > P(dt),
Too — dt < T),. It implies that :

Vp > P(dt), Yt < Too — dt, Vap(Rn(t,-)) < e~ WAmn=Lomadtyy (Ry ).
Using last inequality and ([2.61)), one has :
Vp > max(P(dt),p),Vt < Too + dt, Vap(Rn(t,-)) < e~ WAmn=Lomadtyy (R ).
As a consequence and by the definition of T}, :
Vp > max(P(dt),p), Tp > Too + dt
passing to the limit as p tends towards infinity, one gets :

Too > Too +dt
implying that dt < 0 which is a contradiction.

(2) Proof of exponential convergence

Hence, (7}), is not a bounded sequence and there exists a non decreasing subsequence (Ty(y))p
of (Tp), such that :

lim T¢(p) = +00.

p—00
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Take an arbitrary time ¢ > 0, there exists a P such that for p > P then T}, > t. It implies
that :

Vp > P, Vagp)(Rn(t,-)) < e” WAmin=Lomedtyy (R )
Passing to the limit as p tends towards infinity, we get :

V(Ra(t,)) < e Wrmm=LomadlV(Ry )

and Lemma [f] is proven. O

2.B.2 Local L>(]0,1]) stability for weak solutions

Finally, we prove Theorem [2] The integer n is not fixed anymore and we will pass to the limit
in the exponential stability of the sequence (Ry,).

Lemma 7. For all Ry € L>([0,1]), there exists a sequence (Ron)n € C2((0,1)) converging to
Ro in L*([0,1]) such that

VneN, V(Ron) < V(Rp).

Pro of. By [22 Corollary 4.23], for all R € L°°([0,1]) there exists a sequence of elements of
C2((0,1)), (Rp)n, such that :
Vn €N, [|Rullzefo,1) < 1Rl Lo (jo,11)

and

Rn _>n~>+oo R

where the convergence holds in L([0,1]).

Now take Ry in L>([0,1]), V(Ro) = ||z + PRo(z)e™"*||L((0,1))- Applying the Corollary
stated above to x — PRy(z)e "%, there exists a subsequence (Sp ), of elements of C2((0,1))
such that :

Vn €N, [So.nllze(o,1) < V(Ro)

and

So0,m —n—+oo [m — PRy(x)e H*

in L2([0,1]).
Defining, for all integers n, Ry, =z — P~1Sy ,(z)e"”, one gets :

Vn €N, V(Ron) < V(Ro)

and

RO,n _>n—>+oc RO

in L2([0,1]). This concludes the proof of Lemma [7}
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Take the sequence (Ro.)n € D(Ay) given by preceding Lemma [7| converging to Ry in
L2([0,1]). We denote also (Ry,)n = (T(.)Ron)n
As for all integers n, V(Ry ) < V(Ry), 0s,n > 05 and (2.8) :

|PBP71|ooUs,n-Pmin

K
VBon) < B BR)P oo + |PBP Voo PKP 1] — ]

we can apply Lemma [0 for all integers n,

Vn €N, Vt >0, V(Ry(t,-)) < e~ Rmn=Lomadty (R, . (2.62)

Now let t > 0 and p € N. By Fatou’s lemma and the fact that (R, (t,-)), converges up to a
subsequence towards R(t,-) in the almost everywhere sense (because it converges in L?([0, 1]) by
Theorem {J) :

Vap(R(t,-)) < liminf Vap(Ra(t, ).

n—-+oo

Using the fact that for all R € L>([0,1]), Vap(R) < d/? max,;{\; /**}V(R) (Remember (2.49)
and the definition of V' and V3,), we have :

A2 max; {\; P} iminf,, 4o V(R (t, )
d/2p maXi{Afl/zp}e_(“A'“i"_L9=max)t liminf,, 1o V(Ro.n)
dl/2p maxi{)\i—1/2P}ef(;u\mh,7Lg,max)tv(R0)

where we have used the fact that V(Rg,,) < V(Ry) by construction.
Passing to the limit when p goes to infinity, one gets :

Vap(R(t,-))

VAN VANRVAN

V(R(L,-)) < e~ Whmin=Lomu)ty(Ry).

Theorem [2] is proven.
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CHAPITRE 3

STABILITE EXPONENTIELLE BV

POUR LES SYSTEMES DE LOIS DE

CONSERVATION SCALAIRES PAR
CONTROLE AU BORD SATURE

Le contenu de ce chapitre correspond a un article. Il a donné lieu a la publication suivante :

M. Dus, Bv exponential stability for systems of scalar conservation laws using satu-
rated controls, SIAM journal on Control and Optimization, (2021).

Abstract.

Dans ce chapitre, on ajoute une nonlinéarité supplémentaire qui portera sur le flux. On aura
donc un systeme de lois de conservation scalaires a vitesses positives, couplées au bord par une
loi de feedback d’abord linéaire puis saturée. Le cadre de travail sera BV ([0, 1]) pour le retour
linéaire. En revanche et toujours dans BV, un exemple sera présenté pour montrer qu’il est
impossible de stabiliser notre systéme au dela de la zone de linéarité lorsque le retour est
saturé. Ainsi, on se focalisera sur un autre espace plus adapté, L>°([0, 1]), pour lequel on
démontrera ’existence d’'un bassin d’attraction avec estimation explicite de celui-ci. L’approche
utilise principalement la technique de suivi de front (wavefront tracking) décrite dans [20].

La suite de ce chapitre est écrite en anglais.
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3.1 Introduction

In this chapter, we are interested in systems of d € N scalar conservation laws with strictly
positive characteristic velocities. The system under consideration is of the form :

OB + 0. fi(Ri)) = 0
vie[l,d], { Ri(t0) — 4(R(t,1)) (3.1)
Rz(O,x) = R(m’(fﬂ)

where R; : R x[0,1] — R, f; : R+~ Rand g; : R? = R. For coherence, all characteristic velocities
are positive and consequently, the boundary condition in is adapted. More specifically, we
are interested in the stabilization of using feedback control laws at the boundary. The
problem is equivalent to find sufficient conditions on g such that for any initial data Ry, the
solution to converges exponentially fast towards zero in the sense that

Vt >0, |R(t,.)|x < Ce "||Ro|x (3.2)

where C,~ > 0 are constants independent on ¢ and || - || x is a norm on a Banach space X.

3.1.1 An example

One can consider the basic scalar model for open channel [16] p.44] :

R+ 0, (kR\/E) ~0 (3.3)

where R > 0 is the height of water in the channel, k is a coefficient calculated from the viscous
friction, the vertical slope of the channel and the gravity. This simplified model corresponds to
a regime where the friction is compensated by the gravity. Written in the flow rate variable

Q =kR3? > 0 writes :

9
%Q+ Sk, (Q4/3) ~0. (3.4)

Now imagine that seven channels are linked as depicted in Figure [3.1] ;

Qs

FI1GURE 3.1 — An example of system

1. Here the change of variable is done when the solution is regular. With discontinuous solutions, equations

(3.3) and (3.4) may not be equivalent.
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Flow rates (Q1,- - ,Q7) are functions of space x € [0, 1] and time ¢ > 0 and are all subject
(3-4). To hope for a well-posed problem, it is necessary to define (Q1(t,0),---,Q7(t,0)). In this
paper, it is given by transfer operators associated to nodes A, B,C, D, E. For example, at node
B, it is physically relevant to impose that the flow rate in channel 2 is the sum of flow rates from
channels 6 and 7 :

Q2(t,0) = Q6(t,1) + Q7(t, 1) := gp(Qs(t, 1), Q7(t, 1)).

For completeness, paragraph [16, Section 4.2] presents another example of such scalar models
coupled by the boundary.

More generally, the family of systems we study constitutes a simplified model for more realistic
systems. In [16, Chapter 1], typical examples of hyperbolic PDEs with feedback boundary condi-
tions are cited ; the telegrapher equations for electrical lines, the shallow water (Saint-Venant)
equations for open channels [65], the isothermal Euler equations for gas flow in pipelines or even
the Aw-Rascle equations [9] for road traffic. It should be noted that in previous examples, there
is often an in-domain coupling which is not present in our model. Moreover, fluxes are not scalar
which render the analysis far more complicated. In fact, this paper focuses on a simplified version
of those systems in order to introduce techniques helping in the complex study of general systems
of conservation and balance laws from [16, Chapter 1].

Additionally, the stabilization of similar systems with non-local terms receive more and more
attention. We can cite [I8] where the authors add a nonlocal zeroth order term to be stabilized.
In this article, uncertainties on parameters and on the state of the system are allowed and an
adaptive command built from an observer is designed. In [35], authors propose a spectral analysis
to stabilize a scalar linear transport equation with a non-local velocity. The control is localized at
the boundary. Then, by a Lyapunov analysis they prove a local stability result for the nonlinear
version of the system.

3.1.2 Linear feedback

For the case where g = H € My(R) is a linear operator, the literature is quite rich.

When the flux is linear

It can be written as f(R) = AR = diag(\1,- -+, A¢)R with A1,---, g > 0 and the problem
of stabilization can be treated for the following classical functional spaces X :

a. Sobolev spaces W™P?([0,1]) for m € N and p € [1, +0o0].

b. Spaces C™(]0,1]) with (m € N).

c. BV([0,1]).
A literature review was given in Section 1.3.1 describing sufficient conditions on H ensuring
exponential stability. Some works are also available when there is an additional source term
coupling the equations in the domain. One can cite papers [64], 65, 37, [17, [42] where Lyapunov
methods allow to prove exponential stability for the linearized Saint-Venant system.

When the flux is nonlinear for general hyperbolic systems

For some years, many results came out in the case of nonlinear and non scalar fluxes. Only
sufficient conditions of stability are given and most of the time this stability is only proved to be
local. Also in this case, a literature review is given in Section 1.3.1 where special attention was
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given to [32] where authors study the BV stabilization with a linear feedback (g(R) = H), of a
general 2 x 2 hyperbolic system.

In this chapter, we also place ourselves in a BV context and find a sufficient condition on H
to ensure a global BV stability. Contrary to [32], non scalar fluxes are discarded here. In this
case, solutions are only proved to exist for small initial data. This is why, we rather consider
scalar decentralized fluxes (see Section 1.3) for which solutions exist for any initial data in BV
This hypothesis on the flux is all the more important that when we will study saturated feedback
laws, the basin of attraction will be estimated. This would not be possible with solutions defined
only for small initial data.

3.1.3 Saturated control law

Let us introduce a matrix H € My(R) potentially unstable in the sense that po,(H) > 1.
Then, it is assumed that there exist matrices B, K € My(R) such that po (H +BK) < 1. Finally,
the following stabilization problem is considered :

R(t,0) = HR(t,1) 4+ Bu(t) (3.5)
R(0,x) = Ry(x).

If u(t) := KR(t,1), the control is a linear feedback and as po.(H + BK) < 1, it will be proven
in Section that the solution to converges exponentially fast towards zero in BV

Now suppose that the control is saturated imposing u(t) := o(KR(t,1)) with o defined as a
saturation by component ¢e there exists a o, > 0 such that :

oi(z) == if |2| < o5

Vi € [[l,d]], z € R, { Oi(l') = sign(w)os otherwise.

It is natural to ask ourselves if this property of stability is conserved through the saturation. In
fact, a basin of attraction exists and an estimation of it is given in Theorem which is the
main result of this paper.

Additionally, it is argued that in a BV context, it is not possible to get a basin of attraction
bigger than the region of linearity. We rather prove an L*° local stability result with an estimation
of the basin of attraction. Then, the exponential decay of the BV norm is shown, for solutions
whose initial data belongs to the L basin of attraction.

3.1.4 Scalar conservation laws

The feedback laws being presented, we can now focus on the partial differential equation in
itself. The flux f verifies the following Hypothesis [I] of regularity :

Hypothesis 1. For alli € [1,d], fi € CY(R) and there exist o, 8; > 0;

Vi€ [1,d], a; < fi < B

Such hypothesis allows to define the maximal and the minimal velocity :

{ Cmax = maXiE[[l,d]] 5i (36)

Cmin = minieﬂl,dﬂ Q.
The aim of this section is to give a very short introduction to scalar conservation laws without
giving any proof (see [20] for more details).
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The set of functions with bounded variations

It is well-known that the space BV is well-adapted for conservation laws (see [20] for instance).
This is why, we give the definition and main properties of such a space here :

Definition 5. Let R : [0,1] — R? be a vector valued function. We say that R has bounded
variations if

n—1
VneN, YV <..<uz, €[0,1], Z |R(zi+1) — R(x;)| < o0
i=1

where | - | is the canonical euclidean norm.

We denote TVip 1j(R) = sup {Zz;_ll |R(zit1) — R(xz)|} the total variation of R. BV (]0,1])
n, (T1,...,&n)
is the space of vector valued functions with bounded variations and it is a Banach space when

BV ([0,1]) is embedded with the norm ||| gy (jo,1)) defined as

VYR € BV([0,1]), [|RllBv(0,1]) = TVio,1](R) + IRl L1 ([0,1])- (3.7)

The reason why we consider this space is because any function with bounded variations has
a left and a right limit at each point x of [0, 1]. Hence, it is easy to define the trace operator
and impose a boundary condition. Moreover, BV ([0, 1]) has a very interesting property of com-
pactness which will be very useful when we will pass to the limit in the Lyapunov analysis of
approximating solutions. These properties are summed up in a lemma and a theorem :

Lemma 8. Let R : [0,1] — R? with bounded variations. Then for all x € (0,1), the left and
right limat
R(z7) = lim R(y), R(z")= lim R(y)
y—x— y—axt

exist.
Moreover, R(0") and R(17) are also well defined and R has at most countably many point
of discontinuities.

Proof. This is an adaptation of [20, Lemma 2.1]. O

Defining the value of R at each jump by R(z) = R(x™"), we can say that R is right continuous
in the L' equivalence class. The following theorem is from Helly and states the compactness of
BV([0,1]) in Lj,(R*, L*([0, 1])).

Theorem 5. [20, Theorem 2.4] Let (R,), be a sequence of functions from R* x [0,1] into R¢
such that there exist constants C, M and L satisfying

Vo> 1, Vo e [0,1], Yt >0, TViy(Ru(t,.) < C, |Ry(t,z)] < M, (3.8)

and
VO <t,s<T, ||R,(t.)— R,(s, .)||L1([0,1]) < L|t—s| (3.9)

Then there exists a subsequence (R,,), converging strongly towards a certain R in L}, ,(RT, L*([0,1]))
and this limit satisfies (3.8)-(3.9) with R, replaced by R.
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Entropy

The concept of entropy is primordial in order to guaranty uniqueness of solutions to conser-
vation laws. This is why we recall some basic definitions in this section.
If one considers the conservation law 0;R + 0, f(R) = 0 in the usual weak sense :

T 1
Vo € C((0,T) x (0,1);RY), /0 /0 (016R + 0,6 f(R)) = 0,

it is commonly known that this PDE (associated with fixed boundary and initial conditions) can
have several weak solutions (see Example 4.3 from [20]). In order to restrain the set of solutions,
an entropy functional was introduced ([36], [77]) and is defined as follows :

Definition 6. A continuously differentiable convex function n: R? — R is called an entropy for
the conservation law Oy R + 0, f(R) = 0 with entropy fluz q : RY — R, if

VR € RY, Dn(R)- Df(R) = Dq(R).

For scalar conservation laws of the form d;u + 9, f1(u) = 0, every convex function is an
entropy and the usual choice is n(u) := |u — k| with flux g(u) := (f1(u) — f1(k))sign(u — k) where
k is an arbitrary real. Knowing this, we introduce the notion of entropy solution to (3.1)).

Definition 7. Under Hypothesis we say that R € LS (RY, BV([0,1])) is an entropy solution
on [0,T] to the system

R(,0) =g(R(,1)) (3.10)
R(0,.) =Ry e BV([0,1]),

if :

d T 1
Vk € RY, Z/o /0 {IRi = kil 06 + (fi(Ri) — fi(Ki))sign(Ri — ki)Ond}dzdt >0 (3.11)
i=1

for all $ >0 and ¢ € CL((0,T) x (0,1); R).
— R(0,.) = Rg in the almost everywhere sense.

— R(.,0%) = g(R(.,17)) in the almost everywhere sense.

Remark 13. Here the entropy functional and its flux are defined for all k in R? by

d d
VR ERY, m(R) =3 [Ri = kil, ax(R) = 3 (fi(Ri) = filks))sign(R; — ks). (3.12)

i=1
Moreover, equation (3.11) can be rewritten as

Ok (R) + Ozqr(R) <0

in a weak sense. Hence entropy solutions are the solutions of ([3.1) which make the entropy 7
decrease.
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3.1.5 The contribution

Now that all the notions have been introduced, we can be more specific concerning the main
contributions of this paper :

— State and prove a well-posedness result of (3.1)) in a BV context.

To help us in the task, we use front tracking techniques from DiPerna [43] and Bressan [20]
to get an entropy solution in the domain considered. To deal with the boundary condition,
the article [32] is the reference work. One could use results from [32] for which well-posedness
is proven for system of 2 x 2 equations. Here, the proof is simpler and adapted to the context
of scalar equations.

— State and prove a global exponential stability result for linear feedback laws.
To our knowledge, no global stabilization result holds for feedback laws of the form R(t,0) =
HR(t,1) in a BV entropy context. The article [90] proposes also a feedback law of the form
R(t,0) = g(|R(t,.)||z1). However, in physical systems the L! norm of the solution is not
always accessible by observations. Additionally, the article [32] which considers a 2 x 2
system of conservation laws gives only a local stabilization result for an entropy solution.

— The key result of this paper is the statement and the proof of a local exponential stability
result for saturated feedback laws. We will see that this is not possible in a BV context. To
our knowledge, only [49] has studied this kind of saturated feedback laws in an L>° context
and for the case of constant characteristic velocities.

3.1.6 Outline

In Section [3.2] we present and prove an approximation and a well-posedness result for the en-
tropy BV solution to . The technique of front tracking are mainly used. Then in Section (3.3]
a sufficient condition for global BV stability is given in the case of a linear feedback. Additionally,
we give a sufficient condition for the local L stability in the case of a saturated feedback with
an estimation of the basin of attraction. Finally, Section [3.5]is devoted to concluding remarks
and perspectives.

3.2 Well-posedness and approximation results

This section is devoted to the well-posedness of ([3.10)). Additionally, we prove the existence of
a suitable approximation by piecewise constant functions of the solution to (3.10). This sequence
of approximation is crucial for the stability analysis.

3.2.1 Piecewise constant entropy solutions

Piecewise constant functions play an important role in the theory of BV solutions to conser-
vation laws. Let us recall the definition of what a piecewise constant function is in our context.

Definition 8. An element R of Lo (RT, BV ([0,1])) is piecewise constant if for all T > 0, R
viewed as a function defined on [0,T] x [0,1] is constant on a finite number of polyhedra. The
edges of such polyhedra are called the fronts of R. Additionally, the absolute value of the jump

across the front is called the intensity of the front.

In this paper, the concept of approximating sequence of piecewise constant functions (PCF)
is used in the proof of stability and well-posedness.
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Definition 9. (R,), is an approzimating sequence of PCFs of an entropy solution R to (3.10))
if :
— For v > 1 fized, R, is piecewise constant in the sense of Definition[§ and takes its values
in 2= HOYZ o strips

{(z,t) |0 <2 <1, max{(z+n —1)/Cmax,0} <t < (£ +n)/Cmax}

for n € N. The velocities of fronts are all bounded from below by cmin and from above by
Cmax (see (3.6) for the definition of cymin and cmax)-
— Forv > 1 fized, no more than one front at a time can interact with the right boundary.

— Forv > 1 fized, if at a time t > 0 several fronts interact, the sum of intensities of outgoing
fronts is inferior to the sum of intensities of ingoing fronts.

— The sequence (R,(0,.)), converges toward Ry in BV ([0,1]).

— The approzimated boundary condition is verified :

1
VneN, Vit s.t c" <t< Tf , Ry(t,0%) = gnyay (Ru(t,17)) (3.13)
where :
VReRY, Vv >1, g,(R) =2""(E(2"g(R))). (3.14)
— Yt >0, At >0,
TVio,1(R(t,.)) <limsup sup TV q(R.(s,.))
v—+00 se(t,t+At]
and

HR(t, .)||Loo([071]) S lim sup sup ||RV(S, .)HLOO([O71]). (315)
v—+00 se(t,t+At]

3.2.2 The result of well-posedness and approximation

Now we give the first result of this paper :

Theorem 6. Under Hypothesis (1| and for all Ry € BV ([0,1]), g € Lip(R?,R?), there exists a
unique entropy solution R € Lo (R™, BV ([0,1])) to (3.10). Moreover, there exists an approwi-

C

mating sequence of PCF (R,), of the entropy solution R.
Proof. A proof is given in Appendix A for the existence and Appendix B for the uniqueness. [

3.3 Lyapunov analysis

Before going into the stability analysis, the functional TV defined on the space BV, is
intoduced. For all matrices H in My4(R), it is defined as follows :

VR € BV([0,1)), TVi(R) = TVjo.y(R) + [HR(1I™) ~ R(0%)]. (3.16)

where R(17) and R(0") has to be understood as the left and right limits of the function R at
z=1and z=0.
Moreover, the Hypothesis [2] is imposed :
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Hypothesis 2. The feedback matriz H verifies :

Poc(H) < 1.

Remark 14. By [32] Remark 1.4],

VM € Ma(R), po(M) = p1(MT) = p1(M) = poc(MT).

The following lemma ensures the equivalence between TVy and || - || gy (jo,1))-

Lemma 9. Assume Hypothesis[d The functional TVy defined in (3.16)) is a norm on BV([0,1])
equivalent to the norm || - ||gv(jo,1)) defined in (3.7). Moreover, there ewists a constant C' > 0
such that

VR € BY(0,1]), |Bllz~(o1) < C TVir(R). (3.17)
Proof. We first prove the following claim :

VReR? |R| <C|R— HR|. (3.18)
Let P € D} (R) such that

|PHP ! < 1.

| My(R) — R*
The map ”'”°°'{ M s |[PMPY
Hence, I, — H is invertible, which gives (3.18) with C := [(I — H)7!|.

defines an algebra norm on M4(R) and || H||eo < 1.

TVh(R) = TViy(R)+ [HR(17) - R(0Y)|
< TVioy(R) +[HR(1™) = HR(0Y)| + [HR(0T) — R(0F)]
< TV (R) +[H[R(1™) = R(0T)[ + [H — Lal|[R(07)]
< (A4 [H)TVio(R) + [H — 1a]|R(0)].

Take = € [0, 1], by the triangle inequality,

TVu(R) < (L+[H)TVpy(R)+|H — 1a|R(0F) — R(x)| + |H — Ia|| R(x)]
< (4 [H[+[H = 1a))TVjo,)(R) + [H — Ls||R(z)|.

Integrating with respect to z on [0, 1], one obtains :

TVu(R)

IN

(L+|H| 4 |H — Ia))TV(R) + |H — I3|[| Rl L1 jo,1))
= ClRlBv(o-

where C' =1+ [H|+ |H — I4].
To get the converse inequality, we remark that by (3.18)),

[R(17)| < CIHR(1™) — R(17)].
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As a consequence,

IRllBv(o1y = TVioyR)+ IRl 0.1
< TVioy(R) + [RAT)|[ + IR — R(17) |1 (f0,1))
< 2TVpy(R) + ClHR(1™) — R(17)
< 2TVjpy(R) + ClHR(17) — R(0%)| + C|R(07) — R(17)]
< 2+O)TVpy(R)+ CIHR(1™) — R(07)]

and both norms are equivalent. Concerning the L> estimate (3.17)), take a couple (z,y) € [0, 1]?
and using again the triangle inequality

|R(x)| < |R(z) — R(y)| + [R(y)| < TV)o,1)(R) + |R(y)]-
Integrating with respect to y on [0, 1], one gets

|R(z)| < TVjo,)(R) + | Rl (0,17 = IRl BV ([0.1))-
And as this is true for all z in [0, 1],

| Rl 2 (j0,1) < [I1RIlBV ([0,1))-

The equivalence between the norms || - || gy (jo,1)) and T'Vy proved earlier allows to deduce (3.17)).
O

3.3.1 Lyapunov analysis for the unsaturated system

In this section, we consider the following system

R+ 0,f(R) = 0
R(.,0) = HR(,1) (3.19)
R(0,.) = Ry e BV([0,1))

where the feedback operator g presented in the introduction is replaced by a matrix H € My(R).
The main theorem of this section is presented here :

Theorem 7. Under Hypothesis@ and if 0 < v < —log(peo(H)), then the unique entropy solution

of (3.19) satisfies

vt >0, [|Rlpvo,1)) < Ce 7™ Roll v (jo,1))

where C' > 0 is a constant which does not depend on Ry and t.

A candidate Lyapunov functional first introduced by Glimm [59] and then by Coron et al [32]
applies well to piecewise constant functions and is defined by :

Definition 10. Let R be a piecewise constant function on [0,1] and taking its values in RY. Take
i€ [1,d] :

— We denote ;1 < xj2 < -+ < Zin, the discontinuities of R; (n; being the number of
discontinuities).
— For all j € [1,n,], rl j» Ti; designate the respective left and right state of R; around x; ;.
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The Lyapunov functional L evaluated at R writes

d g

d
LR)=> P> |, —rl le7™% + > P|[HR];(17) — R;(07)| (3.20)
=1

j=1 i=1
where v > 0 and P = diag {P;,i € [1,d]} € DI (R) will be selected later.

Remark 15. Obviously, there exists a constant C(H, P,~y) > 1 such that for all R piecewise
constant :

0(2(,]27) < TVy(R) < C(H,P,7)L(R). (3.21)

Remark 16. In our case, the boundary terms in ([3.20)) are not zero since the boundary condition
is approximated by (3.13).

Theorem|[7]is proved using a piecewise approximation of the solution for which the exponential
decay of the Lyapunov functional £ is established. As a last step, we pass to the limit.

Proof. We consider (R,), an approximating sequence of PCFs of the entropy solution R in the
sense of Definition [0} Such a sequence exists by Theorem [6 The following lemma asserts the
exponential stability of the approximation :

Lemma 10. If0 < v < —log(poo(H)). Then, for all P € DI (R?) such that |P"*HT P|, < €7,
there exists (P, H,~) such that

d

E(cmaxt) + 1
Vv >, Yt >0, L(R,) < e "nL(Ry,) + (02% > P (3.22)
=1

Proof. Fix v > 1, P € D} (R?) such that |[P~1HT P|,, < e and time 0 < t < 1/cpax.
Three cases are to be considered :
— (Case 1) If at time ¢ there is no interaction between two fronts nor between a front and the
boundary, then L£(R, ) is differentiable and because the boundary term is constant locally
around ¢ one gets :

dﬁ(Rl,(t,.)) i dxi}j r U | —ywi s
i=1 j=1
d n;
< Amin Y Py |riy =k lem
i=1  j=1
Here, we used the fact that for all integers ¢ € [1,d], characteristic velocities d”f;t‘j are
bounded from below by ¢y, > 0. Finally, by the definition of L(R,(t,.))),
dL(R,(t,.
PR < inl(Ru,.1)
d _
FYemin 3 i1 Pil[HR,Ji(t, 1 )d_ Ry ;(t,07)] (3.23)
Y Cmin
S _’chin»C(Ru(ta ))) + v ; Pz

where we used (3.13)) with g replaced by H to get last equation.
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— (Case 2) When a front interaction happens, the total variation is non increasing by construc-
tion and as a consequence

L(R,(tT,.)) — L(R,(t7,.)) <0O.

Here we used the third point of Definition [9]

— (Case 3) When an interaction of a front with the boundary happens, computations are a
bit more difficult. Suppose that such a front is of type ¢ € [1,d] and has (R;;, R;,) as
respective left and right state (see Figure . We note its intensity by I; := |R;; — R; r|.
Note that as R, takes its values in 27"Z on the triangle {(x,t) | 0 <t < /c¢max} :

L >27". (3.24)

Moreover, recall that simultaneous interactions of fronts with the boundary are forbidden
by construction. Using the approximate boundary condition (3.13)) with g replaced by the
linear operator H, it holds

d
L(R,(t+,)) = LR, (t,)) < ; Pj|Hji(Riy = Rig)| — e 7LD, (3.25)

+272u+2 Z?:l Pj .

The second term on the right-hand side of corresponds to the leaving front (which
is of type 7). The first term results from the entering fronts at the left boundary. Note that
an entering front of type j € [1,d] may rather be a fan of fronts (see Figure [3.2). This is
not problematic because the sum of the intensities of the fronts composing the fan is equal
to the difference of extremal states of the fan by construction (see Appendix A for details).
The last term in corresponds to the approximation of the boundary condition .

FIGURE 3.2 — Case 3

Then, using the definition of | - | and (3.24)), one gets :
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(S5
j=1""

+2 2y B

L(R,(tF,.) = L(R, (L, )

IN

— )P

d
(|P*1HTP|OO +27*2 5" P/,

j=1

IN

—e—v)PiIi.

Remark 17. Here we see why the approximated boundary condition (3.13) is essential.
Thanks to it, the error term 272v+2 Z?Zl P; coming from the approximation of g by g,
can be bounded by the intensity I; > 27" of the front hitting the right boundary.

As|P7'HT P|,,—e~" < 0 by assumption, we can take v sufficiently large say v > o(P, H, )
such that

L(R,(tT,.)) = L(R,(t7,.)) <0

(Case 2) and (Case 3) can occur only a finite number of times on finite time intervals because
R, is piecewise constant in the sense of Deﬁnition Consequently, one can integrate (3.23)) with
respect to time to get :

d
1
V0 S t S ]-/Cma)u L(Ru(tv )) S e_’ycmmtﬁ(RO,u) + 27 Z P’L
i=1
For time n/cmax < t < (n+ 1)/cmax Where n is an integer, one easily proves by induction
that :

d
1
Vi emax < t < (14 1) /cmax L(Ru(£,.)) < €7 L(Ry,) + ”; 3P,

This ends the proof of Lemma [T0] O

Now, we conclude on the proof of Theorem [7| taking ¢ > 0 fixed. By (3.22)) and (3.21)), there
exists a constant C' > 0 such that

d

e E(cmaxt) +1
cmint max 3
Vo >0, TV (R (t,.)) < C(e T Vi (Ro,) + = }} :pz).

Using the equivalence between the norm 7T'Vy and the norm || - || gy (jo,1)),

d

I E(cmaxt) +1
W >0, [Ru(t. Msviony < C(e By lavon + 2D LSR) - (3.26)

where the constant C' > 0 may have changed.
As (R,), is an approximating sequence of PCFs of R, one has :

le R,(0,.)
V7 >0, dr >0, TV 1(R(7,.))

Ro € BV([0,1))
limsup sup TVjo 1)(Ru(s,.))-

v—00 se[r,7+dT]

IN



Moreover, by Remark A.4,

YT >0, VIHEOHRV(T7 ) — R(T, ')HLl([O,l]) =0.

We have for all dt > 0,

IR Bv@oa < HmSUP( sup  TVjo (R (s,.)) + [ Ru(t, -)||L1([o,1}))
v—00 \sE[t,t+dt]
< limsup sup (TV[(M] (Ru(s,.)) + || Ry (s, .)HLI([()J]))

v—00 s€[t,t+dt]
= limsup sup [R.(s,.)l|Bv (0,1

v—00  selt,t+dt]
< Climsup (e‘”‘”‘““t Rou|lBv (o)) + %ZLH)
RollBv([0.1))

| Zde el
— Ceifycmint

where (3.26) has been used to get the fourth equation.
This finishes the proof of Theorem [7] O

3.3.2 Stability analysis for the saturated system

In this section, we consider the following system :
R+ 0, f(R) = 0

R(.,0) = [H-+Bo(K-)R(.,1) (3.27)
R(0,.) = Ro € BV([0,1]).

The deadzone function is defined by :

VReR? ¢(R)=0o(R) - R (3.28)
and Hypothesis [3] :

Hypothesis 3. The matrices H, B, K are chosen such that :

poo(H + BK) < 1,

Here the main result is different since we prove local exponential stability (Proposition . It
is not possible to study directly the problem of BV stability because of the lack of contractivity
of the saturation o.

Remark 18. In Figure we represent the boundary operator H - +Bo(K-) ford =1, H = 2,
B =1, K =—-1.5 and g5 = 2. Except for the zone of linearity, the boundary operator is only 2-
Lipschitz. As a consequence, it is possible to construct a front whose left/right states are arbitrary
close to the zone of linearity and whose intensilty increases after a passage through the feedback
operator. This is why it is not possible to get a basin of attraction in BV norm larger than the
zone of linearity. We rather prove the L local stability with a basin of attraction in L.

This section is devoted to the proof of the following proposition and theorem (the definition
of || - |leo,p is given in the section notation) :
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FIGURE 3.3 — The feedback operator (black line) compared with the graph of the function
R(0) = R(1) (red line)

Proposition 1. Under Hypothesis@ if 0 < v < —log(poo(H + BK)). Then, for all P € D} (R%)
such that |P(H+ BK)P~ 1| < e, there exists a constant C' depending on (H, B, K, P,~v) such
that if Ry € BV ([0,1]) and if :

|PBP_1|ooPmin05
||[P(H + BK)P~| + |PBP~ o |PKP~ oo — ™|’
Then, the unique entropy solution R € L (RT, BV ([0,1])) of (3.27) satisfies,

loc

[ Rolloo,p < (3.29)

VE >0, | R(t, )| o o,a7) < Ce™ 7| Ry || Lo (j0,1)) (3.30)
where C' depends on the parameters of the problem but not Ry.
For cases where poo(H) > 1, the denominator in is not zero :
Remark 19. If po(H) > e~7, then we claim that for all P € D} (R) :

|P(H + BK)P™ | + |PBP | |PKP (o —e77 > 0.
Proof of the claim of Remark[I9 Let P be in D} (R). As poo(H) > €77,
|PHP™ | >e.
This gives by the triangle inequality :
|P(H 4+ BK)P~ ' +|PBKP Y > e 7.
Finally, by the fact that
VA, B € My(R), |PABP™ |, < |PAP™}||PBP |,

we have :

|P(H + BK)P™ | + |PBP7||PBP 7| > e

and the claim is proved. O
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The following theorem is a consequence of Proposition [I] and constitutes a BV exponential
stability result.

Theorem 8. Under the conditions of Proposition [

vt >0, |R(t,)Bvoe < Ce 7| Ryl pv(jo,1))
where C' depends on the parameters of the problem but not Ry.

Let us assume for the time being Proposition [I] and prove Theorem [g]:

Proof of Theorem[§ Equation (3.30) implies that at a certain time denoted ¢* depending on
| Roll o< (j0,17), the solution enters in the zone of linearity and stays in it. Then, Theorem m
implies :
vt > t*, ||R(t, ) By (o)) < Ce " = RE, ) By (o.1)) (3.31)
where C depends on H, B, K, P,v, 0.
Then, for ¢ < t*, one can prove using the same techniques from Section 3.1 that :

VO <t <t*, ||R(t,)llBv (0.1 < €[ RollBv(o.1)) (3.32)
where v > 0 is a constant depending on cpyayx, v and a Lipschitz constant of the feedback operator
H + Bo(K). From (3.32)) and (3.31]), one gets :

vt >0, [|R(t, )l v (o)) < Ce™ 7| Rol gy (jo.1))

where C' depends on the parameters of the problem and on [|Ro ||z ([o,1])- As the bound (3.29))
holds, we can conclude that C' does not depend on || Ry|| o (jo,1}) and the corollary is proved. [

The following lemma is useful for the proof of Proposition
Lemma 11. Let R € R? be such that :

|PBP~| o Pinos
H + BK)P~'|y + |PBP~1| [PKP~ o — e[

PRl < 157 (3.33)
Then,

|P(HR + Bo(KR))|oo < € 7|PR|co.

Proof. Let i be in [1,d]. If sat;(R) := {j € [1,d], | |[KR];| > 0s and B; ; # 0} is empty, then :

P|HR+ Bo(KR)|; = Pj|(H+ BK)R)|;
< |P(H + BK)P~Y|PR|w
< e 7PR|.
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If the set sat;(R) is not empty, then :

P|HR + Bo(KR)|; = P;|(H+ BK)R+ B¢(KR))|;
Z?:; Pj|(H + BK); ; R
+dzj€sat1;(R) Pi|Bi ;|(|[KR];| — o)
51 Pi|(H + BK); jp- P ;|

P
+ Y esatu(r) PilBigl (K R];| = o)
|P(H + BK)P7!||PR|w
+|PBP~ oo (|IPK P! oo| PR|oc — Prmin0s)
< ¢ |PR|x

IA

IN

where we have used the hypothesis (3.33) to get the last inequality. O
Now the focus is on the proof of Proposition

Proof of Proposition[i, Take P € DJ(R) such that |[P(H + BK)P™ ! < €7 and Ry €
BV ([0,1]) satisfying (3.29)). We consider (R,), an approximating sequence of PCFs of the en-
tropy solution R in the sense of Definition[J] Such a sequence exists because of Theorem[6] Then,

we analyze the exponential damping of R, for a fixed v > 1. As (R, ), converges towards Ry
in BV (][0, 1]), it holds for v sufficiently large :

|PBP71|ooPmino—s
H + BK)P~ | + |[PBP~ ! |PKP~ s — e

[Ro,vlloo,p < (3.34)
|1P(

We first recall the definition of ¢pin, Cmax the respective minimum and maximum velocity, in
(13.6). Let t < 1/¢min and & > ¢maxt be in [0, 1]. Constructing the light cone enclosed by line with
slopes 1/¢min and 1/c¢max and passing through (¢, x), the following estimate is obtained :

|PRu(tax)|oo S HRO,V”oo,P (335)

The argument of the light cone can be justified by the fact that the L°° norm does not increase
by fronts interaction (see Appendix Appendix A.2.3) and because fronts velocities belongs to
[cmiIu Cmax] .

When z < ¢paxt, constructing the light cone enclosed by lines with slopes 1/¢pin and 1/¢pax
and passing through (¢, x), one gets :

|PR,(t,%)|co < max{||Rov|lco,r, sup |PR,(t,0)|}.
t€[0,1/cmin)
The boundary condition gives :
|PR,(t,2)|co < max{||Rovllcc.r, sup |P[H +Bo(K-)|R,(t,1)|}.

tE[O,l/Cmm]

By (3.35) applied to 2 = 1 and (3.34)), hypothesis of Lemma [11| are verified and consequently :

[PRy(t,2)|oo < max{|[Ro,vlloc,ps e [[Rovlloc,p} < [[ R,

|00, P-

Next we proceed by induction on intervals of the form t € [n/cmin, (n 4 1)/¢min] With n € N.
Suppose that :

vVt € [n/cminy (n + 1)/Cmin]7 ||Ru(ta ')”oo,P S e_vnHRO,VHoo,P-
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Let (n+1)/¢min <t < (n 4 2)/¢min and 2 be in [0, 1]. Constructing the light cone enclosed
by lines with slopes 1/c¢min and 1/cmax and passing through (¢, z), one gets the existence of a
t* € [n/cmin, (N + 2)/cmin] such that :

|PR1/(ta x)|oo < |PRV(t*7O)|OO < |P[H : +BU(K')]RV(t*7 1)| (336)
Using same reasoning as in the case n = 0, it can be proved that :
[ Ry (s )oo,p < || R (n/Cmin, )|l oo,p-
Hence, by the hypothesis of induction :
|PR,,(t*, 1)loo < ||Ru(t*»')Hoo,P < e_meRO’VHoo,P < HRO’Vlloo,P' (3~37)
As a consequence, by (3.34)) :

o < |PBP ™| Puin0s
7 ||P(H 4+ BK)P~|oo + |[PBP~ 1| PKP~ ! — e~

Thus, we can use Lemma [11]in (3.36]) to get :

|PRV(t*a 1)

|PR,(t,%)|co e 7|PR,(t*,1)|co

<
< eTR(t7s ) [loo, P

Hence by the induction hypothesis,

1R (8, Moo, < € R (Elloo,p < €7V Ro oo,

where (3.37)) has been used. To conclude, we have :

¥t >0, | Ry(t,)l|oo,p < €7D Ry,

|<>o7P~

It remains to prove the exponential decay for the solution R. It suffices to use property (3.15))
and to take a sequence of initial data piecewise constant such that :

Vv > 1, |Roulloo,r < [[Rollco,p-

Owing this, one passes to the limit as v goes to infinity to get :

VE >0, [|R(t,)]|oo,p < €7D Ryl p.

This ends the proof of Proposition O

3.4 Numerical results

Here, we study a numerical example with saturation and show the relevance of the estimation
of the region of attraction ([3.29).
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3.4.1 Relevance of the estimation of the basin of attraction

In this section, an example of system of scalar conservation laws is analyzed for d = 2 with
saturated feedback control law with o, = 1. Matrices are defined as follows.

0 11 0 —0.1050
H‘<1 0>’B_IZ’K_<—0.1045 0 >
We take a nonlinear flux f(R) = AR + 0.2(arctan(R;), arctan(Rz)) with
10
(%)

The open-loop system can be represented by the graph given in Figure [34] :

R

() ()
R

FI1GURE 3.4 — The open-loop system

We recall the estimation of the basin of attraction for v > 0 and P € D} (R) :

|PBP71|ooPminO's
H + BK)P~Y|o + [PBP~Y [PKP~ 1o — e

[ Rolloo,p < (3.38)
°° ||P(

Using an optimization routine from python, we calculate P € D7 (R) such that |P(H+BK)P~1|

is minimal. The code gives :
0.974 0
P= ( 0 1.026) '
To estimate the largest region of attraction, we take v = 0 in (3.38) which gives the following
criteria of stability :

o p < |PBP~| s Pin0s
P = |P(H + BK)P~1|o + [PBP~Voo|[PKP1| oo — 1|’

[ Ro (3.39)

3.4.2 Numerical simulations

Still keeping the matrices from previous section, we take a certain range of initial data Ry
constant on [0, 1] belonging to the estimated region of attraction and simulate the behavior of
the solution. For example, one can take Ry constant with value in (—40,40)? and look if the
solution does not blow up at infinite time in L* norm. We briefly describe the scheme used.
The space step is de = 1/N (N € N*) and the time step dt > 0 such that the following CFL
condition holds :

dt
maxr 7 S 1 - 4
Cmaz 3 (3.40)
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with

0<e<l.

For computation, we take dt = 1072 and g—; = 0.4. Doing so, the space-time mesh is given by :

: z; = (j—1/2)dx
V”EN’lgjgN’{t” = ndt.

FI1GURE 3.5 — The space grid

The scheme is a finite volume one given by the minmod slope limiter method [79]. It is of the
form :

Ry — Ry LT = e

dt dz =0

where for alln >0,1<i<2:

V2<GSN—=L flliii)e = (R —|—mmm0d( dR’n7 L R, S R )7””)
ff}NH/z = fl( )
fiilel/2 = fl( 7,N 1)
f53/2 = fl( )
f;f1/2: fl([H+Ba R’]\,]i).

The minmod function is defined below for all a,b € R :

0 ifab<O0
minmod(a,b) := < a if ab> 0 and |a| < |b]
b otherwise.

One can cite [48] for the study of stability of such numerical system subject to linear boundary
conditions.

In Figure contours correspond to the rate of exponential decay wrt L> norm of the
numerical solution for a time window of 50 seconds. If it is negative, the solution decays ex-
ponentially in norm. If it is positive, we have exponential divergence. The orange square is the
estimated region of attraction while the blue one encloses the zone where saturation does not
occur at t = 0.
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FIGURE 3.6 — The basin of attraction

We also pick three initial data Ry in different regions of Figure [3.6] and observe the dynamic
of the solution. For example, one can take Ro(z) = (15, —15) on [0, 1]. The black dots in Figure
[3:6] correspond to these initial data. The values of controls are plotted in Figure [3.7}3.9] where
ui(t) = o(KR(t,1))1 and ug(t) = o(KR(t,1))2. Concerning Figure we observe that some
saturation occurs from ¢ = 0 until time ¢ ~ 13, then the solution enters in the zone of linearity.
The Figure 3.8 represents a case where the system stays in the zone of linearity whereas in Figure
[3:9) the initial data is out of the basin of attraction.

15 15
10 10
0s 0s
% 00 % 00
05 -05
-10 -10
B B » » P P B B » » P P
Time(s) Time(s)
(a) The control w1 (t) (b) The control usz(t)

FIGURE 3.7 — The case Ry(x) = (15, —15)
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(a) The control u1(t) (b) The control ua(t)

FIGURE 3.8 — The case Ry(z) = (6,6)
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| 1
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Liz(t)
| 1
= = =
= in =

0 10 2 0 a 50 0 0 20 B a0 =0
Time(s) Time(s)

(a) The control u(t) (b) The control ua(t)

FIGURE 3.9 — The case Ro(z) = (0, 35)

3.5 Conclusion

The well-posedness for a wide class of systems of scalar conservation laws with boundary
unsaturated and saturated feedback laws was established. The p, criteria was established in
the BV context for linear feedback laws. Then, for saturated feedback laws, we proved with
an example that estimating a basin of attraction in BV was not relevant. We rather gave an
estimation of the basin of attraction in L°° and deduce the exponential decay of the BV norm
of solutions whose initial data belongs to this basin of attraction.

Some questions remain open. The estimation may not be optimal. Moreover, a method
of maximizing the basin of attraction where the matrix K is the variable of optimization is not
given in this article. This is not an easy task since criterion is not convex with respect
to K. Finally, the other big gap to bridge is the stabilization of general systems of conservation
laws the main difficulty coming from the well-posedness. The initial-boundary value problem
for hyperbolic systems of conservation laws is indeed a very delicate matter, even when no
characteristic speed vanishes. We refer to [97, 3] 27, [44] [32] and the references therein.
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3.A Existence of a solution

All this section is dedicated to the proof of the existence result of Theorem [6]

3.A.1 The approximated problem

Let v > 1, ¢ in [1,d] and define f,; the piecewise affine approximation of f; coinciding with
fi at all 2777 nodes (j € Z) by :

§s—27Yj

27V(j+1)—s
PR -

fl/,i(s) = 9—v

Li77G+1) + fi(27%5) for s € [2775,277(5 + 1)].

The sequence (f,), is introduced in order to construct a piecewise constant entropy solution.
The following lemma gives its main properties :

Lemma 12. For all T > 0, there exists a constant C(g,T) such that for all v > 1 and Ry,
piecewise constant taking its values in 27 V7, there exists R, piecewise constant in the sense of
Definition [§ verifying the following assertions :

— The approzimated boundary condition (3.13)) is verified.
— Two fronts cannot interact simultaneously with the right boundary.
— Vke Ry ¢ € CH(0,T) x (0,1);R) :

Tt TV (Ro,,
[ [ @00+ ampvuoasde > o0 0D ol oy 1)
o Jo
where :
d
me(Ry(t,2)) = D[Ryt x) — ki
=t (3.42)
(R (t,0) = D |fi(Ruilt,2)) — filki)l-
i=1
— The following bounds hold :
Vt <T, TV (Ru(t,.)) < Clg, T)TVio,1)(Ro)-
VE<T, [[Ry(t,.)||Le=o,1) < Cg, D[ Row(t, )l Le=(f0,1))- (3.43)
Proof. See Appendix O

It is relatively easy to construct piecewise constant functions that make the entropy decrease.
The main rules of construction are presented in the following lemma.

Lemma 13. [Characterization of entropy piecewise constant functions]
A piecewise constant function R in the sense of Definition 8§ verifies the condition of entropy

decay (3.11) if and only if for all integers i in [1,d] and all fronts v(t) of R;,
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— The Rankine-Hugoniot condition holds for Ré the left state and R the right state :

Y(O[R] () — Ri()] = fi( R (1)) — fi(Bi(1)). (3.44)

— If RL(t) < RI(t) then :
Va € [0, 1], fi(aR] (1) + (1 = a)Ri(t)) = afi(R{ () + (1 — ) fi Ri(t))- (3.45)

— If R{(t) > RI(t) then :
va € [0,1], fi(aR(t) + (1 — @)Ri(t)) < afi(R] (1) + (1 — ) fi( Ri(t)). (3.46)
Proof. This corresponds to [20, Theorem 4.4]. O

We call conditions (3.45))-(3.46[), the entropy decay conditions of fronts; it selects values be-
fore and after the front such that the entropy of the solution decreases with time. If a front
verifies such conditions, we say that the front is entropic.

3.A.2 Proof of Lemma [12

Now we prove Lemma [12] constructing step by step a piecewise constant solution. We begin
by solving a Riemann problem to get a solution near ¢ = 0.

The Riemann problem

Let i be an integer of [1,d], v > 1 and Rl Rl € R be two states. We recall techniques from

[20, pp .108-113] to solve the Riemann problem associated to (R., RY) when taking f, as flux.
There are two cases to consider :

— If Rl < R’. Then, we consider f; the largest convex function inferior to f,; on [RI, RY].
Denote also wg := R} < w; < wg < -+ < w,, := R’ the states where fi*’/ jumps. We give
an example for n = 2 on Figure [3.10]:

A

FIGURE 3.10 — The case R! < RT

Introducing the speeds
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)‘l = fl”i(wl) B fu,i(wlfl)

) l e 17”7‘ ) 3.47
o [1,n] (3.47)
we define the solution to the Riemann problem as :
wp if © <ty
Ryvi(t7x) = wp ifthy <z <thg, L€ [[1,71 - 1]] (3.48)

wy, if £ > tA,.

This solution is entropic because it is piecewise constant, all fronts are entropic (3.45)) and
satisfy the Rankine-Hugoniot condition (3.44)).

— If Rl > RI. Then, we consider f; the smallest concave function larger than f, ;. Denote
also wy = R% > wyp > we > -0 > wy, = R the states where fi*" jumps. We give an
example for n = 2 on the Figure 3.11

FIGURE 3.11 — The case R} > Rl

Defining velocities (A;)e[1,q) as in (3.47)), we define the local solution also as :

wy if x < tAg
Rm(t,x) = wy if tA < x < t>\l+1, le [[].,TL — 1]] (349)
wy, if x > tA,.

Local in time solution

Take a fixed v > 1. Let us define what we will call the limit line ¢ — cpaxt With maximal
speed. Thanks to the Riemann solver defined in the previous section, we can find an entropy
solution until a front interaction happens. The corresponding picture is given in Figure 3.12}

Dealing with shock interactions

We recall the method described in [20, pp. 111-112]. Two cases have to be considered :

— (Case 1) All the incoming jumps have the same sign. Suppose they are all positive and let
us denote wy < wy < ... < wy (n € N) the consecutive “incoming” states. As all incoming
fronts are entropic, we have :
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FIGURE 3.12 — The local in time solution

>
x

r=1

Va € [0,1], floaw; + (1 —a)wit1) > af(w;) + (1 — a) f(wit1). (3.50)

The fact that we have converging fronts gives that the function h built from lines passing
through points (w;, f(w;))icfo,n] is concave. Moreover, by (3.50) :

Yw € [wo, wy], h(w) < f(w). (3.51)
Hence, by the concavity of h and (3.51]) :

Vo e [07 1]a f(awo + (1 - a)wn) > h(awo + (1 - a)wn) 2 Oéf(’wo) + (1 - a)f(wn)
Thus, it is possible to link the extremal (wg and w,,) states by a unique entropic front whose

jump intensity is strictly equal to the sum of the intensities of incoming jumps. Hence, in
this case the total variation is conserved and so is the L*>° norm.

w
0 wo

wo w1 |w2 w1

F1GURE 3.13 — All jumps have the same sign

— (Case 2) Not all jumps have the same sign. Let us denote wq,ws,...,w, (n € N) the
consecutive “incoming” states. It is possible to link the extremal (wg and w,,) states using
fronts whose jumps have the same sign. To do so, it suffices to solve a Riemann problem
between extremal states wg and w,, as in Section Moreover, by the triangle inequality,
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the total variation decreases at least by 2 x 27%. Concerning the L norm, it is conserved.
This is because the f, ;s are non decreasing.

wo ‘wg |w4 wo w1 w1

.

FIGURE 3.14 — Not all jumps have the same sign

(Case 1) creates a unique front and let the total variation unchanged whereas (Case 2) can
create several fronts but the total variation decreases by at least by 2 x 27%. Consequently, (Case
2) can happen only a finite number of times and the number of fronts remains bounded as time
evolves. As a consequence, it is possible to construct an entropy piecewise constant approximate
solution under the limit line verifying

(3.52)

)

{ V0 S t § 1/Cmaxa T‘/[cmaxt,l] (Ru,i(ta )) S T‘/[O,l] (RO,u,i)
Vo € [0, 1], T‘/[()’m/cmax](Rl,,i(.,I)) < T‘/[O,l] (Ro yﬂ‘)

The corresponding picture is given in Figure [3.15|:

t A Limit line
Fronts

>
T

r=1

FIGURE 3.15 — The solution under the limit line

Remark 20. If n > 2 (n € N) fronts interacts exactly at « = 1 for some time ¢ > 0. Then,
we modify a bit the velocity of n — 1 fronts to prevent this situation. Taking one of such fronts,
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we denote A and X the respective former and new velocities. We can choose them such that
A=Al <5

Finishing the construction

To construct locally the solution above the limit line, we impose the boundary condition

V0 <t < 1/emaxs Ru(t,07) = gou(R,(t,17))

where we recall that :

VRe R v >1,i€[L,d], g,:(R) =2""(E(2"g:(R))).

Then, to construct a local solution, we solve the different Riemann problems as in section[3.A.2]
this time using the approximated flux fs,. More precisely if at a time ¢, R;(t~,0") # R;(t*,07),
we solve the Riemann problem with R;(t*,07) as left state and R;(t~,0") as right state. Hence
we are able to get a solution locally above the limit line taking its values in 272*Z.

A Limit line
— Fronts

1 / Cmax

>
T

=1

FIGURE 3.16 — The local solution above the limit line

Finally, we extend fronts coming from the zone under the limit line and deal with front
interactions as in section [3.A2] this time using the approximated flux fs,. The final picture is
given in Figure [3.I7] This is very important to remark that the picture under the limit line
cannot be modified by fronts coming from the left boundary. This is because the limit line has
maximal velocity.
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A Limit line
— Fronts

>
X

r=1

FIGURE 3.17 — The solution

Concerning the total variation, the way we dealt with front interactions prevents the total
variation from increasing when we compare the total strength of ongoing fronts with the one of

outgoing fronts. As a consequence,
vO0 S t S 1/Cmaxa TVY[O,cmaxt](Rv,i(t) ))

Vr € [07 1], T‘/[ﬁc/cmax,l/cmax] (Ry,i(., (E))

Conclusion

All previous steps can be repeated on intervals

TVio,1)(Rov,i)
FTV(0,1/emar] (Br,i (-, 07))

max ’ 3.53
TVio, 1} (Ro.vi) (3.53)
+T‘/[0 1/Cm1x](RV,Z( ))

[k/Cmax, (k+1)/cmax] and a solution defined for all time is built. Now let T > 0. There are several

points to verify :

— (Boundary condition) The approximated boundary condition ([3.13]) is satisfied by construc-

tion.

(Boundary interactions) Two fronts cannot interact simultaneously at the right boundary
by construction.

(Estimate on the total variation). Using (3.52)), (3.53)) and the fact that R, satisfies the ap-
proximated boundary condition ([3.13)), one can deduce that there exists a constant C(g,T)
(depending on the Lipschitz constant of g and T') such that

VO <t < T, TVioy(Ru(t,.)) < Clg, T)TVio.1(Rou(t, ). (3.54)

(Estimate on the entropy) Take a positive test function ¢ € C1((0,7) x (0,1)), T > 0 and
k € R?. Then, by integration by parts, one obtains :

/0 / (RO + i (R)Oabdzdt = 3 i (me(RE) — mi(RL o))~

«

(ar(R.0) — ak(R}, )]0t va)
where a runs over the discontinuities ¢ — (£, v, (t)) of R,.
We denote P the set of physical fronts ie the fronts for which the velocity has not been
modified. NP designates the complement of P. As fronts of P are entropic by construction,
we have :
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T 1
/ / Ni(Ry) 0 i + qi(R,) 0y pidadt
0 0

>0+ Y Walm(Ry )me(RL L) = (ax(RY ) = ar(RL ,)]6(E 7o)
a€ENP

= D Palmw(Blo) = m(R0)) = (@(R] o) — a(RL0))](t, 7a)

aeENP

where we replaced the notation % by A to emphasize the fact that it corresponds to a
modified velocity (see Remark ; the unmodified "entropic" velocity being denoted .

Hence,

/ (R 6t¢+Qk( )0 ddxdt

Z — (R ) — (ae(Ry, o) — ae(RL )]0t a)
=S
aeNP

— (R, 0)) = (0:(B] o) — (R, 0))
+(Xa — Aa)(nk(Rﬁ,a) — (R}, )16t 7o)

>0 — DARLD 6] o s epo,))
> 70(97T)wnd)HL“(R‘FX[O,l])
where we have used chronologically :

— The fact that an unmodified velocity corresponds to an entropy front

— The equation |\ — )| < 1 = from Remark
— The fact that ny is 1—L1psch1tz
— The estimate (3.54) proven before.

— (L estimate). Remark that when we solved a Riemann problem, the L* norm did not
increase. This is mainly because we are dealing with non decreasing fluxes. The only way
for the L norm to increase is through the boundary condition. As a consequence, the

estimate (3.43)) holds.
This finishes the proof of Lemma [I2]

3.A.3 End of the proof of the existence result

To conclude on the existence, we will use Lemma[I2 and Helly’s Theorem [5} There are several
points to prove :

— (Entropy decay) Take T' > 0, Ry € BV ([0, 1]) and a sequence (Ry ), of piecewise constant
functions converging to Ry in BV (such a sequence exists by [20, Lemma 2.2]). For all
v > 1, we denote (R,), the sequence of piecewise constant functions of Lemma

By Lemma [12] there exists a C(g,T) > 0 such that

VO<t<T, TVjy(Ru(t,.) < Clg,T)TV]o,11(Ro,v)-
As lim Ry, = Ry € BV([0,1]),

V—r00
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Y0 <t < T, TVjy(Ru(t,.)) < Cg,T, Ro). (3.55)

Next by (3.43) and the fact that the L norm of the elements of (Ry ), are bounded, we
have

V0 <t< T7 ||RV(t7 ')||L°°([O,1]) < C(gaTa RO) (356)
Finally for all 0 < s,¢ < T and by the finiteness of the speed of propagation :

IN

”Ru(ta ) - RV(Sv ‘)”Ll([o,l]) cmax(t - 8) maxue[s,t] TVv[O,l](RV(ua ))

(3.57)
Cmax(t - S)C(g, T, RO)

IN

where we have used (3.55)).

By Helly’s Theorem (Theorem [f]), there exists a subsequence of (R, ), still denoted (R, ),
converging in L}, (R, L'([0,1])) to an element R € L (R*, BV([0,1])). Moreover,

loc loc

YO0 < S,t < T, ||R(t, ) - R(S, -)HLl([O,l]) < Cmax(t — S)C(g,T, RO) (358)

As (f,), converges uniformly towards f on bounded intervals, we can pass to the limit in
(3-41) to get (3.11)).

(Initial condition). Let € > 0 and s > 0

1R(0,.) = R (0, Loy < 1RO, .) = R(s, )l L2 (jo,17)
+HR(S, ) - RV(S, ~)HL1([0,1])
+[R(s,.) = Ru(0,.)[| L1 (0,11
< QC(g, RO)S + ||R(S, ) — RU(S, .)”Ll([o’l]).

where we have used (3.58)).

Integrating with respect to s on an interval [0,t] for 0 < ¢ < 1/¢pax, one gets

HR(07 ) - RV(Ov ')”Ll([O,l]) < C(gv P;O)t

5 [ G = Ros, o ds
S C(g7R0)t
1 1/¢max
—l—z/o HR(&) _Ru(sw)HLl([O,l])dS
TakiQHg t = 557, 7oy and v sufficiently large such that fol/cm‘“ |R(s,.) =Ry (s, )z (j0,17)ds <
m, one finally obtains :

||R(O7 ) - RV(O7 .)”Ll([o,l]) s e

By the fact that (Rp,), converges towards Rg in L'([0,1]), we deduce that R(0,.) = Ry
in a L! sense and R(0,.) = Ry almost everywhere.

Remark 21. We can repeat the same procedure for any ¢ > 0 and

Vit > O, VILH;OHRV(t, ) - R(t, -)”Ll([O,l]) =0.
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— Boundary condition). For the boundary condition, it suffices to consider the variable  as
a time variable.

Using (3.52)), (3.53) and the approximated boundary condition ([3.13]), one can easily prove
that

Vo € [07 1]’ T‘/[O;]-/Cn\ax] (RV(,I’)) < C(g)TV[O,l] (RO,V(~))'
As (Ry,.), is bounded in BV,
Ve € (0,1, TVio1/enn (B( 7)) < C(g, Ro)- (3.59)
Additionally, with (3.56)) we get the L estimate

Vv >1, Vx € [O, 1], ||RV(~7x)”L“([O,l/cmax]) < C(g,Ro). (360)

Finally, using (3.59)) and recalling the definition ¢y := min; a; of front velocities, we have
for0<z,y<1:

T —
W > 1, [Rolo) = Bl oa/emnn < 2 C(g. R, (3.61)
By Helly’s Theorem (Theorem [f]), (R,), tends towards R in
L2 ([0,1], L' ([0,1/¢max]))- Using a similar argument as in the previous item of the proof,
one shows that R(.,0") = g(R(.,17)) in the almost everywhere sense on [0,1/cpax]. We
repeat the argument to get the same conclusion for all time.

Hence, R is a solution of (3.10]) in the sense of Definition [7| It remains to prove that (R,),
is an approximating sequence of PCFs of the entropy solution R in the sense of Definition [J}
By construction, (R,), satisfies the first five points of Definition @ It remains only to prove the
bound :

Vt >0, 6t >0, TVj1)(R(t,.)) <limsup sup TV 1)(Ru(s,.)). (3.62)
V=00 sE[t,t+At]

This is a consequence of Helly’s Theorem. Indeed, take ¢t > 0, At > 0 and n € N*. Instead of
applying Helly’s Theorem on an interval of the form [0, T] for the sequence (R, ),~1, we apply it
on the interval [t,t + At] for the sequence (R, ),>n.

As

Vs € [tat + At]; Vv > n, T‘/[O,l] (RV(57 )) < sup T‘/[OJ](RU(UJ’ ))7
u€[t,t+At]
v>n

we deduce by Helly’s Theorem that
Vs € [t,t + At], TVjo 1 (R(s,.)) < sup  TVj1(Ru(u,.)).

w€[t,t+At]
v>n

Passing to the limit as n goes to infinity gives (3.62). To get the estimate (3.15]), the proof is
similar. The existence part of Theorem [0] is proven.
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3.B  Uniqueness

We will adapt the method of doubling variables of Kruzhkov to our boundary value problem.
Let u,v be two entropy solutions of (3.10) with their respective initial data wug, vo.
We will first show the uniqueness on the triangle 77 :

T ={t2) | cmaxt <z <1, 0<t<1/Cmax}

To do so, let 0 < ¢t < 1/¢max and define the domain €; by :

Q:={(s,2); 0<s<t, cpaxs <z <1},

We give a graphical representation of €2; in Figure [3.18

>
x=1 7

FI1GURE 3.18 — The domain €,

Formally, as v in entropy on €, we have for all k € R?

0o > / O (1) + 0z qr (w)dxdt
Q4

1 1
/ nk(u)dw—/ Nk (uo)dz
1—cmaxt 0
t t
4 / o (17 ) — @ (17, ™)) T+ / au(u(1,5))ds.
0 0

The third term is positive because cpax is superior to all the Lipschitz constants of the f;s. The
last term is positive since all the f;s are non decreasing. Hence,

1 1
/1 nr(u)dz < /O i (uo)da. (3.63)

—Cmax?t

It is equivalent to :

d 1
vk € R, Z/
i=171-

Kruzhkov’s doubling variable method allows to replace the k; by the v; to give :

Cmax

d 1
lui (t, ) — ks|da < Z/ lug.i(z) — ki|dz.
t =170
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Z/ |u;(t, ) — v;(t, z)|dx < Z/ [uo,i (z) — vos(x)|dx.
1—cmaxt

As a consequence, the solution is unique on the triangle 77 .

Remark 22. Rigorous justifications of previous computations can be found in the proof of [20
Theorem 6.2].

|
|
t =1/Cmax )
|
Q, l
|
|
|
\
\
—

FIGURE 3.19 — The domain €,

Now let x be in |0, 1], we apply the same strategy to the set

Qw = {(Say); 0 S Yy S x, y/cmax S S S 1/Cmax}

represented in Figure [3.19
Integrating 9y, (u) + Ozqr(u) < 0 in Q, one obtains : Vo € [0,1],k € RY,

1/Cmax 1/Cmax
/ qr(u(t,z))dt < / qr(u(t,0))dt
0

I/Cmax _x/cmax

J//Cmax
+ / Cmax Tk (’U,(t, Cmaxt)) — gk (u(tv Cmaxt))dt'
0

This is equivalent to : Vx € [0,1], k € R9,

d 1/¢max
Z/ (fi(ui) — fi(k;))sign(u; — k;)dt

1/¢max—2/Cmax

4 11/ cmax
< Z/O (fi(u;(¢,0)) — fi(k;))sign(u; (¢, 0) — k;)dt

+

Z/Cmax
/ CmaxTk (u(t; Cmaxt)) — gk (u(ta Cmaxt))dt-
0
As all the f; are non decreasing (g > 0) and all ¢y,ax Lipschitz : Vo € [0,1], k € R4,
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d

1/¢max d 1/Cmax
Z/ |fl(ul) - fl(k2)|dt < Cmax Z/ |Ui(t, O) — kl|dt
i=170

i=1 Y 1/Cmax—%/Cmax
Z/Cmax
b [ muult )i
0

Following Kruzhkov’s method, the k;s can be replaced by the v;s and for all z in [0,1] :

l/Cmax

d
2 / [fi(us) = filws)

/Cmax _1/Cmax

IA

d 1/¢max
Cmax / |ui(t,0) — v (t, 0)|dt
i=170
T/Cmax
+ cmax/o |u(t, cmaxt) — v(t, Cmaxt)|dt.

As u, v satisfy the boundary condition on [0, 1/¢max], there exists a constant C(g, ¢max) depending
on the Lipschitz constant of g such that for all z in [0,1] :

1/Cmax

d d 1/Cmax
> / [filws) = fiw)|dt < C(g, cmax) Y / Jug(t,1) — vi(t, 1)|dt
i—1 Y 1/cmax—%/Cmax /i:l 0
Fman / [t emat) — V(t, Conasct) .
0

If ug = vg, we have seen that v and v coincide on Tj. This implies that if ug = vg, u and
v coincide on the segment {1} x [0,1/¢max] and on the line (x = ¢pazt,t) for t < 1/cpax. As a
consequence,

d 1/Cmax
vz € [0,1], Z/ i) — fi(v)]dt = 0.
i=171

/Cmax =/ Cmax

By the monoticity of the f;s, v and v coincide on the triangle T, defined by

T :={(t,2) |[0<2 <1, /cmax <t <1/Cmax}-

To conclude, u and v coincide for ¢t < 1/¢max and repeating this argument, we can prove the
uniqueness for all time. This finishes the proof of the uniqueness.
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CHAPITRE 4

SUR LA STABILITE
EXPONENTIELLE DES SCHEMAS A
LIMITEUR DE FLUX POUR LES LOIS
DE CONSERVATION SCALAIRES
SOUMISES A UNE CONDITION AU
BORD DISSIPATIVE

Le contenu de ce chapitre correspond a un article soumis chez Mathematics of Control, Signals,
and Systems (MCSS).

Abstract.

Dans ce chapitre, on étudie toujours le méme type de systéme de lois de conservations couplées
au bord par un feedback linéaire. En gardant le cadre BV ([0, 1]), on discrétise les équations en
utilisant les bonnes propriétés des schémas a limiteur de pente. D’une part, un résultat de
stabilisation exponentielle est démontré pour la version numérique du systeme, la méthode
consistant a utiliser le formalisme de Harten pour U'inclure dans une étude de Lyapunov
discrete. D’autre part, une analyse comparative sera exposée pour montrer I’influence du choix
du schéma sur la stabilisation du systeme numérique en jeu.

La suite de ce chapitre est écrite en anglais.
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4.1 Introduction

In this chapter, we are also interested in the BV exponential stability of systems of scalar
conservation laws using boundary feedback laws. The system under consideration is a set of d
nonlinear scalar conservation laws coupled at the boundary by a square matrix H of size d :

OR; + 0:[fi(Ri)] = 0
Vi<i<d, { Ri(t0) — [HR( 1), (4.1)

where R : Rt x [0,1] — R? (d € N*), f; : R ++ R. For coherence, it is assumed that all
characteristic velocities are positive and consequently, the boundary condition in is adapted.
The case where the sign of characteristic velocities is not fixed is out of the scope of this chapter.
This corresponds to a problem of traffic junction treated in [7], 6] just to mention a few.

The criterion ensuring exponential stability which is relevant in this chapter is given in Chap-
ter [3| corresponding to the article [47] :

poo(H) = ianEDI(R)\AHA_HOO <1 (4.2)

Owing (4.2), we proved in Chapterthat the exponential stability of (4.1)) in the space BV ([0, 1]),
holds. In this work, we also consider the Banach space BV (]0,1]) and focus on the exponential
stability of the corresponding numerical solutions.

4.1.1 The numerical problem

In this chapter, the focus is on finite volume approximations of system (4.1)) :

RYV R Fap = Fs
dt dx

where n, j are respectively the time and space index. More precisely, we find sufficient conditions
on H such that the discretized version of is exponentially stable.

The upwind flux f]”“ 2= f(R}) is known for its simplicity and its good properties. It is
consistent and under a classic hypothesis of CFL, it is Total Variation Decreasing (TVD) and
monotone [53] for scalar equations. These characteristics allow to prove easily that when the
parameter of discretization tends towards zero, the numerical solution tends towards the unique
entropy solution of the problem. For an introduction on the notion of entropy solution, we refer
to [53] or Section However, it is over diffusive and only first order accurate. In order to

correct such behavior, one can use the additional precision of a second order scheme taking :

0

e = f(R} + R;L)

R, — R dy

where for example R;L = 2 5 However, a second order scheme cannot be TVD by

Godunov Theorem and have og(ﬁllatory behaviors around discontinuities. Moreover, it can also
be unstable as it is the case for the example cited just above. This is why one introduces a slope
limiter ¢ [79] whose role is to damp the effect of the second order flux around discontinuities.
The slope limiter scheme is defined taking :

- R — R m 1 — RN dx
- J j—1 j+1 I Wit
R ¢< dv dx > 2
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where ¢ is called the slope limiter that will be defined carefully later. The main contribution of
the chapter is to find sufficient condition on ¢ and H to prove the exponential BV ([0, 1]) stability
of the numerical solution built from the slope limiter scheme giving an explicit formula for the
dissipation rate.

There are several results for the stabilization of discretized 1D wave equation. A very ins-
tructive survey from Trélat [106] gives an insight of techniques for the stabilization of discretized
hyperbolic PDEs. One can also cite [I04] where the authors prove the boundary stabilization of a
semi-discretized 1D wave equation. Adding a numerical viscosity term damping high frequencies,
they prove a uniform exponential stability decay of the energy uniformly with respect to the
parameter of discretization. The article [I03] deals with the case of an in-domain damping.

The main concern is to obtain a uniform observability inequality whose constant is inde-
pendent on the parameter of discretization. This is not an easy task since the observability of
the continuous system does not necessarily imply the same for the fully discrete or the semi
discrete system. The survey [112] summarizes most of the main results about this question. The
main problem comes from high frequency modes and their group velocity. The group velocity
of two consecutive high frequency modes tends to zero as the discretization parameter goes to
zero which prevent from using Ingham’s inequality. This makes the observation (at a finite fixed
time) very difficult as the discretization get finer [84]. This is why it is primordial to add a non
physical numerical viscosity in order to damp these high frequencies.

For completeness, we cite [50] where the author proves the uniform exponential decay for
another semi-discretized scheme simulating an in-domain damped wave equation. The case of
semilinear wave equation is treated in [I]. The method to deduce exponential stabilization for
the full discretized case is given in [51].

However to the author’s knowledge, few result are known about the stabilization of discretized
transport equations of the form . The method presented here is very different from obser-
vation inequalities techniques. We rather use discrete Lyapunov functions to prove exponential
decay of our solution inspired from [57, [IT]. This is presented in Section 2.

4.1.2 Problem setting

For wellposedness and scheme convergence results, we consider a more general boundary
condition :

O R+ 6w[f(R)] = 0
R(t,0) g(R(t,1)) (4.3)
R(0,2) RO(z) € BV ([0, 1]).

where the following hypothesis on f and ¢ hold :

— f is diagonal in the sense that :
V1<i<d, ReR’ fi(R)=fi(R:).

Moreover, all the f; seen as functions from R to R are non decreasing. Doing so, the
boundary condition of (4.3) has sense.

— There exist two positive constants 0 < vpyin < Umax such that for all 1 < i <d,
Y(u,v) € R?, vminlu — v < [fi(w) = fi(v)] < vmax|u = v]. (4.4)

— The boundary feedback function g : R? — R? is Lipschitz with Lipschitz constant Ly > 0.
Moreover, we impose g(0) = 0.
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Remark 23. The components of a solution R to (4.3) interact with each others only at the
boundary.

In this chapter, the framework is BV ([0, 1]). This space is embedded with its classical norm
H . HBV([O,I]) defined by

VR € BV ([0,1]), [ Rl Bv(0.1]) = TVj0,1)(R) + [|R]|z1([0.1)) (4.5)

where :

n—1
TV(R) = sup { |R(ziy1) — R(xl)|} )
1

n, (T1,2n) | =

The reason why the BV space is considered is because any function with bounded variations
has a left limit and a right limit at each point z of [0,1]. Hence, it is easy to define the trace
operator and impose a boundary condition. Moreover, BV ([0, 1]) has a very interesting property
of compactness which will be very useful when we will pass to the limit when the parameter of
discretization tends towards zero. These properties are given in Lemma [§and Theorem [5 (Helly’s
theorem) from Chapter

When the initial data is supposed to be L* only, an entropic solution exists and is unique
[75]. Moreover, it is possible to define the trace in a certain sense [89] [I09]. However, the method
we use to prove exponential stability crucially uses the BV hypothesis and this is why the L
framework is out of the scope of this chapter.

4.1.3 Outline

The chapter is organized as follows. In Section [£:2] we precisely define the slope limiter
scheme and prove the convergence in BV ([0, 1]) of the corresponding numerical solution. As a
by-product, a well-posedness result for system is proved. In Section the framework is
restricted to linear boundary feedback operator g(R) = HR. Then, the exponential stability of
the scheme in BV (][0, 1]) is proved giving an explicit formula for the dissipation rate. Passing to
the limit, we give another proof of the exponential stability of the continuous system which was
already stated in [47]. In Section simulations are given to illustrate results from Section
A study of saturated controls is also given. Finally, the conclusions and perspectives are exposed
in the last part of this work.

4.2 Well-posedness and numerical approximation results

In this section, we introduce rigorously the slope limiter scheme corresponding to (4.3) and
prove the convergence of such a scheme. Firstly, let us consider a space step do = 1/N (N € N*)
and a time step dt > 0 such that the following CFL condition holds (recall the definition of vyax

in ([@4)) :
UmazV <1 —& (4.6)
with

dt
dx

and where £ is a real number such that :
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0<é<l

Doing so, the space-time mesh is given by :

z; = (j—1/2)dx

o et , Cj = (z; —dz/2,x; + dz/2).

Vn € N, ISjSN,{

FIGURE 4.1 — The space grid

All along this chapter, the superscript n is exclusively allocated to designate time indices.
Whereas, subscripts ¢ and j are the indices corresponding respectively to the vector component
and space grid. The numerical approximation R}, of R® € BV([0,1]) is given below

1
V1<j<N, reCj, R, (z)= %/ R%(z)dx. (4.7)
o

In our context, the definition of a four point finite volume scheme is given below :

Definition 11. A four-point finite volume scheme is defined a follows :

— The scheme is initialized defining (R9)1<j<n as in (4.7).
— Then the numerical solution is built by induction. For n € N, (R;‘)lngN is supposed to be
given. We define (R;H'l)lsjg]v using the following relation

R?+1"R?<+-ﬂﬁ4/2‘ﬂﬁllﬁ

V2<j<N-1 =0 4.8

<j< ; e e (4.8)

where f;lJrl/Q is the approzimation of the flux at the right interface of cell j :
VISj<SN-1, flhi)= f(R?—17R§L7R?+1)~ (4.9)

The function f is called the three point approzimation of the flux f. The choice of such a
function will be given later with careful justifications.

— At the boundary the scheme degenerates into the upwind one :

R — R, L SR — f(RY )

dt dz =0
R - RYF(RY) = f(R) (4.10)
dt dx
0= g(R)-
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There are many possibilities for the choice of the function f . For example, one can take :

f( ?713R9L7 ;‘L+1) = f(R?)

It corresponds to the classic upwind scheme when the transport velocity is positive. Recalling
what was said in the introduction, the first main advantage of such scheme is that it is TVD and
consistent allowing convergence towards a weak solution to . The other advantage is that it is
monotone forcing the scheme to converge towards the unique entropy solution of . However,
it is known for its diffusivity giving poor results in simulation. This is why one introduces the
slope limiter flux [T08] [79] :

FORY 1 R} RYL) = (R) + ) (1)

where the term R;L is given by a piecewise linear approximation of the solution :

- R — R™. R™. — R™.
V1l <i<d, sz :¢( i,J — mfl’ z,j+il$ z,j) dg

where ¢ is assumed to be of the form :

0 ifv=0
9(u,v) _{ &r(u/v)hgs(v)  otherwise (4.12)
such that there exists 0 < 8 < 1/2 such that :
V4 (v)| < v and [Pg(v)| < dz™" (4.13)

and ¢, : R — R and for all » <0, ¢,(r) =0.
The natural choice for 4, is :

v if |v| < dz=8
sign(v)dz=?  otherwise.

Yaz(v) = {

Hence, if R}y — R}'; # 0, then :

- R . — R".\ dz
- 1,j+1 0,7
Riyi= 0r (1l o (m ) B

The variable r € R is defined by :

i,j+1/2
n.o _ R®.
Ri,j Rm—l

vV1<i<d, r’. =
>~ bt > J+1/2
Lt/ Rﬁj 1—R2j

Remark 24. When the flux is linear, slope limiter schemes and flux limiter schemes coincide
[79, p. 114].

The slope limiter ¢ is designed such that when the solution is regular i.e r; 1/ ~ 1, the flux
f is closed to a second order flux. On the contrary, when the solution is not regular (rjg12 > 1)
or admits a local extrema (r;41/2 < 0), the second order scheme gives poor oscillatory results. In
this case, we prefer to give more weight on the upwind TVD scheme imposing ¢ ~ 0. We define
the following coefficient for all 1 <7 < d, 1 < j < N — 1, which will be useful all along this

chapter :

119



fi(RTL.-|-R") fl( i,J— 1+RZJ 1)

n

ai’jfl =V mn n n n
R™. + R — R} R
0,9 g 7%% 1 1,51 A7 (4.14)
X(1+ ¢T(T2j+1/2) 1/}dx( 1J+;r z]) ¢7’( 1,5 — 1/2) 1/}dz( = dTlvjil)
PR I 2 RLRD,
J dx dx

For the pathologic cases where :

— R}, =R}, =0 (ier] =0and r}’;_, , ill-defined), then af’; ; := 0.

i,j+1/2
R RD

.. . (/12)wd(M). .
i is ill-defined, the coefficient Ld+l/ z 4z is replaced by zero in (4.14)).
i,j+1/2 ) T e Riﬁdl—R;ﬁj P y

5 5 o Fi(REHRE )= Fi(RY i+ RY )

no R _Rn. R — . i1t

R +R},—R{; 1 —R; ; =0, then the coeflicient - +R" - TT—"T is replaced

~ i,j—1 i,j—1
by fi(Ri; + Ri;) in (4.14).

For j = N, we set :

" Vfi( py) = F(RENC)
N—1 "= .
' Riny = Rin
if RY vy — R'y_1 # 0 and af y_; := 0 otherwise.
The diagonal matrix with a;'; as entries is denoted A7 := diag{a’; | 1 <14 < d}. Hence, the
scheme can be reformulated under an upwind form :

n+1l _ n n n n
Ry = R} — A7 (R} — Rj_,).

In order to ensure that our scheme is TVD, we impose the following condition of the slope
limiter ¢ :

Hypothesis 4. There exists 0 < Vyum < Umin Such that :

1 num
Og(br(r)gmin{Z( 1)T72(1v)}
VUmax Umin

This hypothesis is fundamental to ensure Harten’s condition [63] :

Lemma 14. If Hypothesis[{] is satisfied, then Harten’s condition is satisfied :

VOnum < aib)j <1. (4.15)
Proof. Looking at (4.14)), one has :

Or(rii41/2)

aZj S VVUmax 1 %1/2 )

2r ,J+1/2

¢T( i,— 1/2)

Ay > Vimin (1 S

By Hypothesis [] :
V¥max ( ’]+1/2)> < 1,
Tig+1/2
VUmin < 2] 1/2) Z VUnum
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which immediately gives the result of the Lemma.
O

Before going into the main result of this section, we introduce a new notation. Let Ra, be
the piecewise constant function equal to R? on each cell [ndt, (n + 1)dt] x C;. This numerical
approximation helps us proving the existence of a solution to . Meanwhile, Kruzhkov theory
allows to prove the uniqueness. To prove the following Theorem [} techniques are quite classical
and plenty of works deal with the convergence of slope limiter schemes for scalar conservation
laws in several dimensions and when the domain is the whole real line [26] [71] [88]. In our case,
this is a bit more complex since we have to take into account the boundary condition.

Theorem 9. System ([.3) admits a unique entropy solution R € LS (RT, BV ([0, 1]))NLip.(RT, L1([0,1]))
in the sense that for all T >0 :

— The entropy decay estimate holds :

d T 1
i=170 J0

for all p; > 0 and ¢; € CL(]0,T[x]0,1]).
— R(0,.) = R® in the almost everywhere sense.

— R(.,0%) = g(R(.,17)) in the almost everywhere sense.

Moreover, the following convergence properties hold

Vt > 0,dt >0, TVjp1(R(t,.)) <limsup sup TV 1j(Raz(s,.))- (4.17)
N—+oose[t,t+dt]

Vi >0, ]\}gnoo I|R(t,.) = Rax(t, )||L1(jo,1)) = 0. (4.18)

Proof. The proof is given in Appendix [{.A] O

4.3 Exponential BV stability

In this section, we focus on a particular case of system of (4.3)).

R+ 0.[f(R)] = O
R(t,0) = HR(t,1) (4.19)
R(0,x) = R%z) e BV([0,1]).

where H € M4(R). We introduce the following stability hypothesis.

Hypothesis 5. The feedback matriz H satisfies :

pl(H) < 1.
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Remark 25. By [32, Remark 1.4

VM € My(R), pr(H) = po(H)
so that Hypothesis [5| can also be written as :

Poc(H) < 1.

The following Lyapunov functional is proposed for functions which are constant on the space
mesh.

Definition 12. Let N be in N*, v > 0 and P € D;{ (R). For any function R piecewise constant
on cells C; taking its values in RY, the BV Lyapunov functional L is given by

d N-1
E(R) = sz Z |Ri’j+1 - Ri’j‘e_vxj
i=1  j=0
where

xg := —dx/2, Ry := HRN.
Next lemma ensures the equivalence between £ and || - || gy (jo,17) defined in (4.5).

Lemma 15. Suppose Hypothesis @ For all P € D} (R") such that |[PHP~1|; <1 and for all
v > 0, there exists a constant C(P,v,H) > 1 such that for all N € N* and all functions R
piecewise constant on cells (Cj); :

L(R)

— < <C(P,~v H . 4.2
C(P,’)/,H) = ||RHBV([O,1]) > C( s Y )L(R) ( 0)

Proof. We define the extension R of R at Cy := (—dx,0) setting R(x) = HR(1) on Cy. In [47,
Lemma 2], it is proved that :

LR

C(Py, H) ~

Additionally, as R is an extension on the left boundary of R and by the definition of the BV
norm, it holds :

TV(R) + | Rll1s (o) < C(P., H)L(R). (4:21)

IRl v (o1 < TV(R) + 1Rl o1 = IR v (0.1 + 1R — Rol + | Ro|da.

As Ry = HRy by definition and as || - 2o (0,1)) < Cll - BV (f0,1)) (C >0 is a constant depending
on the parameters of the problem only), one has :

IRl Bv (0.1 < TV (R) + IRl L1 (0,17) < C(H) R B (0,1))-
Hence, using (4.21]), it holds :

L(R)
5 < <C(P~,H .
P ) = IRl Bv (0.1 < C(P,v, H)L(R)
where we may have changed the constant C'(P,~, H). The lemma is proved. O
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The reason why we introduce a discrete Lyapunov functional is because we cannot deduce
the exponential stability of the numerical solution from the stability of the “continuous” one
proven in [47]. Indeed, the convergence of the numerical solution towards the continuous solution
is only proven to be in L} (RT;L'([0,1])) in general |53, Theorem 5.2]. This is not enough to
prove an exponential stability result even in L' ([0, 1]). This is why, we need to study the stability
property of the scheme in itself introducing a discrete Lyapunov functional. The main result of

this chapter is given in the following theorem whose proof is the object of the section.

Theorem 10. Under Hypothesz's and for all v > 0,0 < ¢ < Vpum, P € DI (RY) such that
|PHP~|y, < e™7, there exists € such that if vdt < e, the discrete Lyapunov estimate holds :

Vn >0, L(RY) < e~cmdtL(RO).

To understand the consequences of Theorem [I0} we consider a limiter ¢, satisfying Hypothesis
With Vnym = @Umin and « € [0,1]. Then, a Sweby diagram [I01] is drawn in Figure where
the colored region represents the zone corresponding to Hypothesis [f] Theorem [I0]states that for
such ¢, the dissipation rate of the numerical solution is bounded from below by avmin(= Vnum)-
Remark that the best estimation vyym = Umin <= « = 1 is obtained for only one scheme
¢, = 0 which is the upwind scheme.

Y,

y =205~ Dr y=2(1-0a)

¢r(7)

FIGURE 4.2 — The Sweby diagram

Proof. Let N,n be positive integers. By the definition of £, we have :

—

LR =S "By R, — RPF e,
j=0

i=1 Jj=
The ith component of the Lyapunov functional £ is given here :
N—-1
— +1 +1), =z,
Li(R™Y) = Y |RMTL - R
j=0
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For1 <i<dand1l < j < N-—1, we estimate the intensity of the discontinuity R ;il RZ;rl'

R?;il R?,gﬂ = (I-af )(R?j+1 R?,j) + a?,j—l(R? R?g 1)
where a} was defined in (4.14). Because of the Harten’s condition (4.15) we have for 1 <i <d
and1<j <N -—1:

[Rifh =R < (U= alp)IRY e — BRI+ el | R = Ry (4.22)
Multiplying by e~7%i and summing over 1 < j < N — 1, we get

N—
N—1 P —~d T
Zj:l ‘R?j-&l - RZ}LHG < Z l—a (1 —e ")|RY g+l T ?,j|6 T
+(1 —ain )| Ry — Ry _qle” 7Nt
+alo|Rly — Rlole~vdw/2,

Coming back to the Lyapunov functional £;, it holds :

N—2
Li(R™1) < Z (1-af _de))|R”+1 R} ;e
Jj=1
+(1 —ai v )R N — R y_qle 7ot
+afo| Yy — ]“227",'()|€_’de2
B - R,
Now, we estimate |R:-lj1 - R%Fl :
RPN = RIGY = Ry +afo(Ry — RYy) — R
(Ry — RYY)(1 —aig) + Ry — RZO—H'

Taking the absolute value and by triangle inequality, one obtains :

(4.23)

1
IR} — RIS < (L—alo)|Rry — Rl + R — RV
This gives :

N-2
Li(RY) < Y (L—af;(1—e " ))|Ry — R jle™™

+k>
—_

(I —aln_ IR} — R n_qle 7oV
1= afy (1 = R, — Rigle 2
HRIG — Ryglerier?

which is no more than :

Li(R™) < (I—ai;(1- eiwdz)”RZjH - Rjle™7™

0
+(1—aiy )R}y — Ry le7 77Nt
RIS — Ry levde/2,
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Using the fact that there exists e such that for ydr < e, 1 —e™ 7% >
by assumption), we get :

vdz (because —“— <1

Vnum

2 c*ydx
ﬁi(RnH) < Z T‘ )|R ij+1 R?,j‘eiwj
=0

j=
+(1 —aj N—1)|Ri,N — R}y lem 7Nt
|Rn+l R20|e’ydm/2.
Then we add and subtract (1 —al’y_, <) |RY — RP'y 4 ]e”"(N=D4 in the first and second
line respectively to get :

iy c'ydx
»Ci(Rn+1) S Z n )‘Rz J+1 T Zj|ei’y$j

c'yda?

—aiy_q(1— IR N — Ry fe” 7Nt
Un
|Rn+1 Rn |e'ydz/2
Finally, using the fact that al_, (R} — Ry _;) = —(R"" — R}%) and the fact that 1 —af'; 5:(1; <
1 — cydt (see (4.15)), the estimate of £; writes :
LR < (1 erdt) La(RY)

d
~( = IR Ry e

|R?§1 Rygler4e/2.
Using the discrete boundary condition , one changes the last boundary term :

LR < (1 - eqdt) L(RY)

,(1 _ %”Rﬂﬁ'l Rn |€7"/IN71

+|[HRn+l] [HR”] |e’ydx/2
Multiplying by P; and summing over all the 1 <i < d, an estimate on £ writes :

LR < (1 — cydt)L(R™)

d
—ZP|R"“ Ry |(1 = ST )emove

Unum
d

+ 3" PIHR Y — [HRR |/,

i=1
Using the definition of | - |1, the boundary terms can be compared with each others :
LR < (1 — cydt)L(R™)

d
d
+(‘PHP71|167dz/2 . (17 cy -T) —yTN— 1 ZP|RZ4]\}1 7R17‘Z,N"

vnum i=1

As P € DJ(R) is such that [PHP~!|; < ™7, we get for ydz sufficiently small (that is to say
ydz < e(e, Vpym, H)) :
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LR < (1—c~ydt)c(Rn).

Summing with respect to time, one obtains :

L(R™Y) < (1—cydt)n+1£(R0).

Using the fact that 1 — x < e™*, the result of Lemma |10]is proved.
O

Remark 26. The rate of exponential convergence ¢ given by Theorem [10] is weaker than the
one given in [47] for the continuous setting yvmin. This is mainly due to the choice of the limiter
which guaranties only (4.15)). To recover the rate of convergence from [47], one should impose :

A
VUmin S an,j S 1

which is true for the upwind scheme but not for other limiters.

The following Theorem was already proved in [47]. The main difference here is that the proof
comes from the convergence of our finite volume scheme.

Theorem 11. Under Hypothesis @ and for all P € D} (R),y > 0 such that |PHP™1|; < e™?,
there exists a constant C(P,~, H) depending only on P,~, H such that the entropy solution to
(4.19) verifies

vVt >0, ||R(t,-)||Bv (0] < C(P,v, H)exp ( - W’Umint) IR v (j0.1)-

Proof. For this proof, we take ¢ = 0 which corresponds to the upwind scheme. As a consequence,
it is possible to take vpum = Umin in Hypothesis @ Then, it suffices to pass to the limit as N
goes to infinity in Lemma [10| using estimates , and the equivalence between norms
,C, || . ||BV([O,1]) (see 4.20).

O

4.4 Simulations

In this section, we illustrate numerically that slope limiter schemes are clearly less dissipa-
tive than the upwind scheme and capture better the behavior of the continuous solution. For

computations, we consider the case where d = 4, 3—; = 0.4 and the flux is given by :

V1<i<4, zeR, fi(x) =05z +

0.5
5T arctan(z).

In such a case, min and max velocities are vy, = 0.5 and vy = 1. Concerning the limiter,
it is chosen as :

v if |v| < dz=F
sign(v)dz™? otherwise

@r(r) = max{min{r,1},0}, g, (v) = {
with 8 = 0.49. This limiter is called a minmod limiter.
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4.4.1 Dissipativity of the scheme

If the focus is on the dissipativity of the scheme alone, a relevant boundary condition is :

o O = O
o= O O
_ o o o
o O O

In such a case, the boundary condition does not dissipate energy. For a smooth initial data :

Ri(t=0,.)=---=Ry(t =0,.) = cos(2mx),

we compare the BV ([0,1]) norm of the solution given by the upwind scheme with the one given
by the limiter one. It is expected that the limiter scheme is less dissipative than the upwind one
when the solution is regular.

10t 10t

BV norm
BY norm

10°

—— slopeLimiter —— slopeLimiter
—— upwind —— upwind

2 4 & L 0 2 4 H g 1 12 1
Time(s) Time(s)

(a) dt =107 (b) dt =5 x 107*

=

FIGURE 4.3 — The BV norm of the solution for the non dissipative case

One sees in Figure that this is indeed the case. Obviously when the grid is fine
enough, the dissipation created by the upwind scheme is negligible and results for both schemes
are similar. Next, we can do the same analysis imposing this time, a dissipative feedback boundary

condition :

05 01 0 01
0.1 05 01 O

0 01 05 01
01 0 01 0.5

H =

An optimization routine gives p1(H) = 0.7. Moreover, a less regular initial data is examined :

RY= 2>05
RYy= —(z<05)+(z>0.5)
Rg = x>0.5
R} = —(<05)+ (z>0.5).

One obtains Figures for the evolution of the BV norm :
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107

BV norm
BV norm

—— slopeLimiter

._.
g

—— slopeLimiter

— upwind — upwind
---- Theorem 3 ---- Theorem 3
1071 —.— Theorem 3(Optimal) 1= | == Theorem 3(Optimal)
0 2 4 6 8 10 12 14 0 2 4 3 8 10 12 14
Time(s) Time(s)
(a) dt =1072 (b) dt =5x10"*

FIGURE 4.4 — The BV norm of the solution for the dissipative case

The black dashed line corresponds to the estimation of the rate of convergence Yvnum (Vnum =
0.5Umin, ¥ = —1og(0.7) here) given by Theorem We see this is not optimal since the rate of
convergence is underestimated. Then, when the solution is small enough, it should be wise to take
Umin = min; f7(0) in Theorem in order to estimate the rate of convergence when the solution
is small (in L>°([0,1])). This rate is represented by the dashed dotted line for the upwind scheme
(Vnum = Umin) in figures This estimation fits better with the numerical experiments.
With these results, one sees that Theorem gives only a lower bound on the exponential
convergence rate and not a precise estimation of it. Another remark to make is that the limiter
scheme captures better the dissipation rate, the upwind scheme dissipating too much when the
grid is coarse.

If we change the limiter, we have similar numerical results. For example, one can take the
Van Leer limiter :

r+|r|
1+ |

ér(r) =

10° 100

BV norm
BV norm

—— slopeLimiter 15-1  —— slopeLimiter

— upwind — upwind
---- Theorem 3 ---- Theorem 3
107+ —.— Theorem 3(Optimal) 12 | == Theorem 3(Optimal)
0 2 4 6 8 10 12 1 0 2 4 B 8 10 12 14
Time(s) Time(s)
(a) dt = 1072 (b) dt =5x107*

FIGURE 4.5 — The Van-Leer case

For completeness, we plot a part of the left trace of the solution for t < 15 (dt =5 x 107%).
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(a) R1(t,0) (b) R2(t,0)

FIGURE 4.6 — Trace of the solution

One clearly sees that the solution is rapidly damped when time evolves.

4.4.2 Saturated control

In this section, we analyze an example of system of scalar conservation laws for d = 2 with
saturated feedback control law. The same example as [47] is considered :

OR+0.[f(R)] = 0
R(t,0) — HR(t,1) + Bu(t) (4.24)
R(0,z) = R%z) e BV([0,1])

where :

u(t) = o(KR(t,1)).

The operator o is the saturation by component with level of saturation equal to one :

oi(x) if || <1

<71 < B
Vi1<i<2, z€R, { o;(z) = sign(z) otherwise.

Matrices are defined as follows.

0 L1 0 —0.1050
H:<1 0)’32[2’[(:(—0.1045 0 >

As nonlinear flux, one takes f(R) = AR + 0.2(arctan(R;), arctan(Rz)) with

1 0
A= .
)
For the scheme parameters, it is imposed that dt = 1072 and v = 0.4. Then, we take R° constant
with value in (—40,40)? and look if the solution does not blow up at infinite time in BV norm.
In this way, it is possible to estimate the projection of the basin of attraction onto the space

of constant initial data. Results are given below for the upwind and the minmod slope limiter
scheme :
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(a) Upwind (b) Minmod limiter

FIGURE 4.7 — Comparison of basins of attraction (dt = 1072)

The z-axis corresponds to the value of the first component of the initial data R?(z) = R} € R
whereas the y-axis corresponds to the value of the second component of the initial data R9(z) =
RY € R. Contours correspond to the rate of exponential decay of the numerical solution for a time
window of 50 seconds. If it is negative, the solution decays exponentially fast in BV norm. If it
is positive, we have exponential divergence. The black thick contour corresponds to a dissipation
rate equal to zero. Here, the same figure is plotted with a finer discretization dt = 10~3 for the

minmod limiter scheme.
40 0.08
0.00
20
10 —0.08
Sy u
= -0.16
=10
30 -0.24
-30 -032
—40

—-40 -30 -20 -10 o 10 20 30 40
RO

=

FIGURE 4.8 — Basin of attraction for dt = 10~3

We see that when the grid is coarse, the upwind scheme overestimates the basin of attraction
whereas it is not the case for the minmod slope limiter scheme.

4.5 Conclusion

The exponential BV stability of general slope limiter scheme for system has been
established with an estimate of the dissipation rate. The main idea was to use Harten’s formalism.
Then, using new discrete Lyapunov techniques, we concluded on the exponential stability of the
numerical solution in the spirit of the continuous case. The dissipation rate is estimated from
below uniformly with respect to the discretization. Finally, the convergence of the scheme towards
the entropy solution was established using the boundedness of ¥4, .
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There are some questions which remain open. The case of time dependent flux may not change
the philosophy of the proof of exponential stability. However if we add a source term coupling the
equations inside the domain the analysis is far from being obvious. Then the case where there are
positive and negative characteristic velocities is not treated but this is only a question of change
of variable. Finally combining both difficulties of velocities with different signs and the one of
source terms, we know that a Lyapunov function does not exist in the continuous case [14]. It
does not seem extravagant to suppose that such Lyapunov function does not exist in the discrete
case. Backstepping techniques were designed to solve this difficulty when the flux is linear but it
is not obvious that such methods can be directly applied to the corresponding numerical system.

4.A Proof of Theorem

The uniqueness can be proven by classical Kruzhkov techniques [47, Appendix B]. In this
section, we give more attention on the existence result and the convergence of the scheme. Let
N be a positive integer and denote Ra, the numerical approximation given in Definition We
recall that we defined R{ as :

0 = 9(RY).

4.A.1 BV estimates

The three following lemmas allow to get BV estimates on Ra.

Lemma 16. [Space to space BV estimate]
Let 0 < jg < j1 < N —1 be integers, then for all integers n, m such that m < jo :

J1 J1
STIRY, RIS S RS- RT (4.95)
J=Jjo Jj=jo—m

Moreover, the following L*° estimate holds :

max |R}[ < max [R}T™ (4.26)
Jo<i<i jo—m<j<ji 7

We give a graphical interpretation of previous lemma. It corresponds to a bound on the space
BV norm of the red line in Figure [£.9] by the space BV norm of the blue line.

Proof. We will show this by induction on m. For m = 0, the property is trivially verified. For
m =1, we have :
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ndt

(n —m)dt

FIGURE 4.9 — Space to space BV estimate.

J1 J1
SR, R < Y |- AR - R

J=jo J=Jjo
J1
-1 1 _
+ Y AR - Ry
J=Jjo
J1
1 1 _
= Zud_A? |Rjy — Ry 'l
J=Jjo
Jji—1
- - 1
+ D AR - Ry
j=jo—1
J1
< 3 mE-m
Jj=jo—1

where we have used (4.22)) to get the first inequality and the fact that the A?s verify 0 < A7 < Iy
for last inequality. The case m > 1 is easily proven by induction. For the L* estimate (4.26) for
m=1:

max |R?| = max |[R" 1+ A" (R*!_ Rl
o2, 1] e 1R -l o B )|1
o jorgjagle d Jl_l)RJ T J—lR]—l
< max RN
N joﬂsj‘gjl{' ;B

Again, the case for m > 1 is easily proven by induction. This ends the proof of Lemma [I6] O

Lemma 17. [Time to space BV estimate/
Let 1 < j < N, n,m be integers such that j —1 —m >0
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n j—1

DR Ry < Y IRPT R (4.27)

l=n—m j=j—1-m

Moreover, the following L*° estimate holds :

max |RY < max |R7TT™. (4.28)
n—m<i<ntl 77T j1m<i<i

Similarly to Lemma we give a graphical interpretation of previous lemma. The time BV
norm of the red line in Figure is bounded by the space BV norm of the blue line.

t,
(n+D)dt|---------------------—-
N
7
Q

>

(n — m)dt ********* T 1
“Ti'—l—m :L'i x

FIGURE 4.10 — Time to space BV estimate.

Proof. We will proceed by induction on m. For m = 0, the following TV estimate holds :

n+l _ pn n n  _ Rn
|R; Rj| < |Aj_1(R4 Rj)\

< |Rl‘7 —R?|.
j—1 J

which is the required result. For the L*° estimate (4.28)) :

n+1 n n n  _ pn
< (- Ar )Rr+ A7 | R» |
<

max{[R? |, |R2]}

which is the required result.
Suppose that (4.27) is true for m — 1 > 1. Then we have,

n

I+1 l j—1 —m+1 —m+1
Z |R3 _R3|§ Zj:3717m+1|R?+1m _R? "

l=n—m

+RETmE - R,
J J
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Using the definition of the scheme, one gets

n 3—1
l — — —
> BT =Rl > e AFTTR - R
l=n—m j=j—1—m+1
j—1
+ Y AR = Rusng—l
j=j—1—m+1

HATT|RET™ — R
Jj—1 J J—1

Rearranging all the terms and taking into account that fact that the a}';s verify 0 < a7’; <1, we
get

n
I+1 ! j-1 - _
> 1B -R < X IR - R

l=n—m

which is what was required.
For the L estimate, the hypothesis of induction gives :

max RY < max |R;L7erl |

n—(m-1)<i<n+1 7 J=1=(m=1)<j<j

The space to space L™ estimate (4.20) gives :

max |IRL| < max |R"™|
n—(m-1)<i<n+1 jom-1<j<j

This finishes the proof of the Lemma.

O
Lemma 18. [Space to time/space BV estimate]
Let 0 < jo < j1 < N — 1 be integers, then for all integers m,n
J1 J1 n—1
- - !
SRS - R < YR R4 Y IR - Ry (4.29)
J=jo J=Jjo l=n—m
Moreover, the following L* estimate holds :
max |R?| < max |R,|+ max |R"™| (4.30)
jo<i<iitl 7 T mem<i<n 700 jo<j<ji4l d

Similarly to Lemma [I6] we give a graphical interpretation of previous Lemma. The space
total variation of the red line in Figure is bounded by the time/space total variation of the

blue line.

Proof. We proceed by induction this time on m. If m =1 and jo > 1, then
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ndtr--------

(n—m)dtf--------

FIGURE 4.11 — Space to time/space BV estimate.

J1
> IR} — Ry

Jj=Jo J=jo

= AR - R

Jjo—1 Jo—1

IA

J1
Do Ma—AFYIR = R 4 AT |R T — R

Jji—1
—1 —1 —1 —1 -1
+ Z |R}L+1 - R;l | + |Id o A?l ||R}L1+1 B R;LI |
Jj=jo
= |R§Lo - R;'loil
Jji—1
-1 -1 -1 -1 -1
+ Y IR = By e = ARG, - RS
Jj=Jjo

n n—1
|Rj0 Rjo

IA

J1
-1 -1
+ IR - R
Jj=Jjo
which gives the required result. By induction, it is easy to get the result for any m such that
n—m > 0. Now we consider the case where jo = 0 and m = 1. Using the definition of the scheme,
we have :

Ji J1
DOIRS — R < Y Mo - AFTHIRI - Ry + AR - Ry
§=0 j=1
YRy — RY.
Moreover from (4.23)), one deduces that
|RY =Rl < |Ry — Ry ™|+ Lo — ApTY|RYT - Ry

This gives
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J1 J1
SR - RIS S la— AT IR - R AR - R
j=0 j=1
+|RY — Ry~ 4 [La — AG MR T — Ry
Jeo Ry — BT+ [RE — Ry,
which gives the required result. Again, we use the induction to deduce the result for any m such

that n —m > 0. The L*° estimate (4.30f) can be proven with similar techniques and is left to the
reader. O

4.A.2 The L estimate

Now, define for all ndt < m := 7, the index jz(n) such that 2(1 — &)vmax(n — 1)dt <

Jjr(n)dz < 2(1 — §)vmaxndt. From now on, we suppose that the time index n verifies ndt < 7.

Estimate (4.26)) gives

max  |R}| < max |R]| (4.31)
ndt<r 0<j<N
ip (n)+1<j<N

whereas estimate (4.30]) gives

max |R?| < max |Rj|+ max |RY.
ndt<t J ndt<rt 0<;<N
0<j<iL(n)

Then, the Lipschitz character of the boundary condition allows to transform last inequality

< O(L n 0
mmax |Ry] < C(Lg) max |Ry| + max [ 1]
0<j<jr(n)

where C(L,) is a constant depending only on L,. Finally, injecting estimate (4.28) in last equa-
tion, one gets :

n 0
max |R}| < (1+ C(Lg))ogm%XNlel' (4.32)
0<5 <3, (n)

Gathering (4.32)) and (4.31)), we get :

| Raall Lo (0,7 [0,1]) < (14 C(Lg)) I RALI o< (0,1))-

Repeating this process, we get the following L estimate for any 7' > 0 :

IRag | Lo ((0,1)x[0,1]) < CIl1RA Lo (0,1))-

where C' depends only on T, Ly, £ and vmax. By the fact that (ROAx)N is bounded in L (recall
that R° is in BV([0,1])), we have

IRaq |l Lo (0,11x[0,1]) < ClIIR%|| 1o (j0,1)) (4.33)

where C' depends only on 1" and L.
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4.A.3 The TV estimate
We have,

TV(R?) = TV[OJL](R?) + TV[juN](R:L)' (4~34)
By Lemma the first term in (4.34) can be bounded :

TVo,j.)(R2) < TVjo,n)(RS) + TV (RD).

Moreover, by the Lipschitz character of the boundary condition, we get

TVio,5,)(RY) < LgTVig n)(RY) + TV (RY).
Finally, using Lemma [T7] we get

TVio,j)(RS) < (1+ Ly)TV(RY). (4.35)
With Lemma [I6] we get :

TVi, N (RY) < TV(RY). (4.36)
and with (4.35)), one gets :

Vndt < 7, TV(R}) < C(Ly, T)TV(R]).
Repeating this process, one gets the following bound in TV for ndt < T with T'> 0 :

TV(R]) < C(Lg, )TV (R])

where C(L,,T) is a constant that depends solely on L, and T'. By the fact that (R°) y converges
towards R’ in BV ([0, 1]), we have

Vndt <T, TV(R}) < O(Lgy, T, R°). (4.37)

4.A.4 The L'(]0,1]) continuity estimate

For all integers n > 1,

J

N N
SOIRIT — RY|de = > |A7 (R} — R}_y)|da + |[Ry ! — Ry |da
j=0 J

< AT [|R} — Ry |do + Ly| Ry — Ry |de

= |AF[|RY .y — RY|dw + Lg| AN (RN — Ry_y)|dx

J
< (14 L,)TV(RY)da.

(=)

By the triangle inequality, one gets for n,m > 0

N n+m—1
SUIRI™ — RPde < dx Y (1+ L) TV(RL).
7=0 l=n
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And by the boundedness of the total variation (4.37)), we get

N
DOIRJT" = Rpldr < C(Ly, (n + m)dt, R®)mdz.
=0

which is no more than :

|Raz((n 4+ m)dt,-) — Ras(ndt, .)||L1([0,1]) < C(Lg, f, (n+m)dt, RY)mdt. (4.38)

4.A.5 The L} (R") continuity estimate

We define for T' > 0, ny := E(T'/dt). For all integers 0 < j < N — 1, we have the following
estimate :

nrt nr
Do IRp = Rplde = 3o di(art) T R - Ryl
n=0

n=0

nr
< Cdt Z |RyF — Ryl
n=0

where we have used the fact that the a?,js are bounded from below because of the Harten’s
condition (4.15). By the triangular inequality, one gets for jo < ji
nr J1
STIRE =Ryt < Cdt > TVigppra(R4y)- (4.39)
n=0 J=Jjo

Similarly to proof of the boundedness of the space total variation (see (4.37)), we can prove
the corresponding result for the time total variation. That is to say :

VT > 0,0 <j <N, TV, (RS) < C(T,R%, Ly).
Injecting this in (4.39)), one gets :

|Raz (-, j1dz) — Rag (-, jodz)| 1o,y < C(T, R°, Ly, f)(j1 — jo)d. (4.40)

4.A.6 Conclusion

By Helly’s Theorem, the sequence (Ra.)y converges in Li (R x [0,1]) to a function R €

loc

L}, (R*, BV ([0,1])) N Lipjoc(RT, L1([0, 1])). It remains to prove that R is an entropy solution to

(#-3)-
Let k € R? and define gy (u) := f(uTk) — f(k L u). The proof of the following result crucially
depends on (4.13)) and is given in a more general context in [26]. We give it here for completeness.

Lemma 19. [Discrete entropy estimate]
For all k € R4, N € N*, we have for allm e NJ1<j< N :

TR — k| — |RY — ki) + 25 (qu(RY + R?) — qu(RY_ + RP_y)) < Cda'=%%. (4.41)
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Proof. Let R, Ry, be defined as :

{ gy i= R = 20(/(Ry
=

+RP) — f(RD))
Ry, ;= R"—|—21/(f(R +

R~ F(RD)

Let us also define :

{ Epii= n(Ry;) —n(R})+2v(a(R} + R}) — ar(R}))
Ep = n(Rpy ;) —n(R}) = 2v(ae(Rj_, + R}_) — qi(R})).

‘We now estimate E" To do so, we define :

a(t):== R} + TR}
o(r) = R =2v(f(a(r)) — f(R})).

With these definitions, we can interpret the terms of £ ;
n(F5) = n(Hy) = n(e(1)) = n(e(0))
d
— | donteoir
0

T

For the entropy flux :

I
o\
&.‘
\]
)
=
—
—
=
QA
\]

Hence, we have :

By = 21// f(a (n'(a(r)) —n'(c(1)))dT
= 2Vfo f'(a(r) Ry ”(CT)(a( ) —c(T))dr
where (¢, €] min(a(7), c(r)),max(a(r),c(T))[. As:
la() = e(r)| = |[TR} + 2v(f (R} + TR}) — f(R}))]
The following estimate holds :

By, < 2v||n” HLOO(R)'UmaX|R I2(1 4 2v0max)

S e (4.42)

By a similar proof, we have the same estimate for E7, ;. Finally, as
Ryt = (R" + Ry, )
Hence, by the convexity of the entropy :

n(R;T) < 5By ) + (R, )

= n(Ry) — v(gs(R} + RY) — g (R}

E? +EL
; )) A TR

1+ Ry
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which immediately give the result with (4.42)) and the corresponding estimate for Ey.

O
ntl zj+dx/2
Then we take ¢ € C.(]0, T[x]0, 1[). Multiplying (4.41)) by I3 (¢ / / p(t, z)dtdx
zj—dx/2
and summing over n, j, one gets :
nr N R"+1 n(R™) 2 N ge(RY 4+ R — qp(R?_, + R™_)))
37 J J Jj—1 j—1 n 1-28
PIPIE HORDIPD i I} (¢) < Cda' 2",
n=0 j=1 n=0 j=1

A numerical integration by parts (owing the fact that ¢ is zero at the boundary of [0, 7] x [0, 1]),
we get :

n N -1 n N
- n 7'1 (90) ~ n n 7.7‘( ) I]Jrl(@) 1-248

Passing to the limit owing that 8 < 1/2, one gets
/ / Mk (R)Dsp + qi(R) Dy pdadt > 0.
0 Jo

Boundary conditions and convergence estimates

To finish the proof of the existence of a solution to (4.3)), it remains to show that the initial
and boundary conditions are verified in the almost everywhere sense. Let ¢ >0 and 0 < s < 1

IN

[1R(0,.) = Raz (0, )llr(jo,1)) 1R(0,.) = R(s, )l o,) + [1B(s, ) = Raa(s, )llLr(o,1))
+[[Raa(s,.) = Baz(0,)llL1(0,1))

< 20(g,R%)s + ||R(s,.) = Raa(s, )L (o,1)-
where we have used ([4.38) to get the last inequality and the fact that R € Lip;,.(R™, L1(]0, 1])).
Integrating with respect to s on an interval [0,¢] for 0 < ¢ < 1, one gets

N

IR(0,.) — Raw(0, )iy < Clgn RO+ - / 1R(s,.) — Raa(s,)ll2 (0.1 ds

IN

C(g, ROt + = /HR D) = Rax(s, )llpiods

52

Taking t = s Mz oapds < 4C(g, RY)

1
m and N sufficiently large such that / ||[R(s,.)—R(s
’ 0

one finally obtains :

|R(0,.) = Rax(0,.)||L1(0,1)) < &

By the fact that R}, converges towards R° in L'([0,1]), we deduce that R(0,.) = R° in a L'
sense and R(0,.) = R" almost everywhere.
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Remark 27. We can repeat the same procedure for any ¢t > 0 and prove (4.18|).

Remark 28. We can use the same technique to prove that the boundary condition R(t,0) =
g(R(t,1)) is satisfied in the almost everywhere sense. In this case, the continuity estimate (4.40))
is the key tool (see [47, p.24] for details).

The final step is to prove the convergence estimate (4.17). We give the sketch of the proof
(see [47), p.24-25] for more details). In fact is a consequence of Helly’s Theorem applied to
the sequence (Raz)y~ 5 Where N > 1, on a time interval [t,t 4 dt] (dt > 0). Then it suffices to
take the limit when N goes to infinity and when d¢ goes to zero.
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CHAPITRE 5

STABILISATION PAR METHODE
SPECTRALE DE SYSTEMES
GENERAUX D’EQUATIONS DE
TRANSPORT AVEC COUPLAGES AU
SEIN DU DOMAINE

Le contenu de ce chapitre correspond & un article soumis chez Compte Rendus de I’Académie
des Sciences (Mathématiques).

Abstract.

Ce chapitre se place dans un cadre linéaire ol on rajoute un terme de couplage au sein du
domaine. Contrairement aux chapitres précédents, les méthodes de Lyapunov sont ici inefficaces
puisqu’il a été prouvé dans [13] 64] que si le terme de couplage est trop fort dans un certain sens
alors on ne peut pas trouver une fonctionnelle de Lyapunov simple. Ainsi, on préférera utiliser
une méthode spectrale de placement de poles pour utiliser pleinement le caractere linéaire du
systeme.

La suite de ce chapitre est écrite en anglais.
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5.1 Introduction

5.1.1 Literature review

In the work, we investigate boundary stabilization of a class of linear first-order hyperbolic
systems of PDEs on a finite space domain z € [0, 1]. Such systems are predominant in modeling
traffic flow [9], heat exchangers [I11], open channel flow [16, Chapter 1.4] or multiphase flow
[38, [46], [40]. The couplings between states traveling in opposite directions, both in-domain and at
the boundaries, may induce instability leading to undesirable behaviors. For example, oscillatory
two-phase flow regimes occurring on oil and gas production systems directly result, in some cases,
from these mechanisms [40]. The dynamics of most of these industrial systems are described by
nonlinear transport equations. If we linearize systems presented before, one obtains a system of
equations of the form :

&R+ AR = MR
Ri(t,0) = u(t) (5.1)
Ro(t,1) — HRi(t,1)

where R = (R, Rz) € R" x R% and :

Ay 0 My Mo
A= (0 —Az)’ M= <M21 M22>'

Matrices have dimensions A; € D(Z (R), Ay € DUJ{2 (R), My € Mg q,(R), Moy € Mg,q, (R),
My1 € My, q, (R) and Mas € Mg, 4, (R). It should be noticed that in most of the cases presented in
the first paragraph, the linearized system is not homogeneous in the sense that matrices depend
on the space variable.

To exponentially stabilize system (5.1, feedback controls u(t) depending on the boundary
values Ry(t,0) were designed in the literature. Lyapunov techniques allow to establish exponential
stabilization in Sobolev or CP spaces when term M is supposed to be small. Applications to
linearized Saint Venant systems are given in [64} 65], 37, [17], 42].

However when the in-domain coupling term M is too large, simple quadratic Lyapunov func-
tion may not be found [I3] [64]. Moreover, spectral analysis shows that when the entries of M
exceed a certain amplitude, the system is unstable for any control of the form u(t) = FR(¢,1)
(F € Mg, 4,(R)) [16, Proposition 5.2]. Note that in [I6, Proposition 5.2] this was proven only for
di=dy=1.

To overcome this problem, one can relax the assumption of a control depending only on the
value of the state at the boundary. Doing so, it is possible to construct a full-state feedback
depending on the value of R on all the domain [0,1]. In this work, we consider an integral
feedback of the form u(t) = fol k(x)R(x)dx where k is a kernel to be defined. As a consequence,
to use the proposed method, one needs to measure the state R on all the domain, which is
impossible in industrial applications (see [38] for example). Some works [25], 54 [68) [39] [110] solve
this difficulty designing a boundary observer of the state R. Here for simplicity, it is assumed
that the observation of the state is complete in order to focus only on the effect of the control.

The core of the method is based on spectral theory applied to a well-behaved open-loop
operator for which the spectrum is reduced to its point spectrum. Our analysis is greatly inspired
from works [82], [96], 87] where the authors study a vast class of linear hyperbolic systems with in
domain and boundary couplings. In order to explain the great lines of the proof of exponential
stabilization, it is needed to define the problem in a semigroup form. This is the object of the
next two sections.

145



5.1.2 Preliminaries

Let H be an Hilbert space. The scalar product on H is denoted (-, )3 and the associated
norm is given by || - ||%-

The following formalism is taken from the book [I07, Chapter 2]. Here, concepts are intro-
duced without proof to ease the presentation. For more details, we refer to [107, Chapter 2].

Generator of a strongly continuous semigroup

The notion of semigroup is fundamental in this chapter. Its definition is given here :

Definition 13. A family (T)i>0 of operators in L(H) is a strongly continuous semigroup on H
Ty =1Iy.
— Vt,7 >0, Ty, = 1T, (the semigroup property)
— Vz € H, limy_o Tz = z (the strong continuity property)

The generator of the semigroup (7}):>0 is defined as follows :
Definition 14. Let D be the subset of H such that :

TR

D := {RE H | lim LE-R exists in 7—[}
t—0+ t

Then, the operator A: D — H is defined such that :

TiR

AR = lim ti_R, VR e D.
t—0+ t

This operator is called the generator of (T;)i>0 and for the rest of the chapter, we use the
very classic notation Ty + e*, D <~ D(A). It is also said that A generates the semigroup e”t.

The Lumer-Phillips Theorem states necessary and sufficient conditions on an unbounded
operator (A, D(A)) to generate a strongly continuous semigroup.

Theorem 12. [Lumer-Phillips] Let A be an unbounded operator defined on D(A) C H. The
operator A generates a strongly continuous semigroup et if and only if :

— D(A) dense in H.
— A is closed.

— VR € D(A), (R, AR)y < C||R||3, where ¢ € R. This property is called the ¢ dissipativity of
A.

— The resolvent set of A
p(A) == {X € C | M — A is invertible and (\] — A)~" € L(H)}
15 not empty.

Remark 29. The operator (A —.A)~! appearing in the definition of p(A) is denoted by R(),.A).
Moreover, one can easily generalize the notion of spectrum to unbounded operators ; the spectrum
of A is given by :

o(A) :=C\ p(A).
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The point spectrum of A is given as :

op(A) :=={A € o(A) | \I — A is not injective}.

If Ry € D(A), it is not difficult to prove that T'(t)Ry € D(A) for all time ¢ > 0 and :

d
%G"AtRO = .Ae'AtRo,\V/t Z 0.

In other words, if we note R(t) := e Ry :
d
dt

Hence, the semigroup representation can be very useful to treat PDEs when the initial data is

in the domain of the operator considered.

R(t) = AR(t), Vt > 0. (5.2)

The adjoint semigroup

When Ry is not in D(A), things become more difficult since we are not allowed to differentiate
e Ry. In order to consider less regular solutions, we need to introduce duality. The adjoint
semigroup is a key tool to understand this aspect.

Let us define the space :

AR
D(A*) =S peH | sup %<oo
ReD(A),R#0 || Bll%

and the adjoint operator A* is defined by the Riesz representation theorem as :

(AR, )3 = (R, A"y, VR € D(A),p € D(A*).

Hence, when R is supposed to be in H only, it is tempting to still write (AR, @) = (R, A*¢)
when ¢ € D(A*) so that the problem (5.2)) is written in the duality form :

d

(—

dt

Here ¢ correspond to the test functions of our problem. Moreover and by density, one can prove

that e Ry is a solution to previous equation. Hence, we found a solution to problem (5.2]) when
Rg isin H.

R(t), p)n = (R(t), A"p)p, Vo € D(A").

The embedding H{ Cc H C H_,

In this chapter, the control operator is singular in the sense that it does not belong to £(U, H)
(U is the control space). Hence, we cannot use the bracket (-,-)7; when the control operator is
involved. Fortunately, one can generalize the notion of duality to a larger space than .

Let H{ be a normed dense subset of H. For all R € H, the star norm of R writes :

IRl = sup (R, ¢)n.

e, 10l g <1
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Definition 15. The space H_1 is the completion of H with respect to the norm || - ||, and hence
HE € H C H_1. Moreover, for all R € H_y and (Ry), such that lim, . |R — R,|« = 0, we
define the duality bracket as :

(R, @)y, o = nli_{I;O<Rm ©)H-
The space H which defines the scalar product is called the pivot space. The space H_1 is
named as the dual of HS with respect to the pivot space H.

The notion of duality is very important when one treats solution which does not necessarily
pertain to D(A).

Theorem 13. Let )\ € p(A) and define :

Hi = (D(A™), |(M = A) - [l3)

and H_1 be the completion of H with respect to the norm ||\ — A)~1 - |l. Spaces HS and H_,
are independent on the choice of \.

Additionally, the space H_1 is the dual of H{ with respect to the pivot space H. Moreover, one
can extend the operator A so that (keeping the same notation for the extension) A € L(H,H_1)
and the associated semigroup (et) can be extended in L(H_1).

Remark 30. In the proof of last theorem, the extension of A is built from A4**.

As a consequence, if the operator of control B is in £(U,H_1), it is easy to define a solution
to:

d
- == B

with w € L2([0,T]) (T > 0). Using the duality bracket, one can write last equation as :

d

(GO g = (B A )y g + (Bu, @)y, g, Vo € DAY)

and the closed-loop problem has sense.

5.1.3 The abstract problem

Now that the semigroup framework has been recalled, we can apply it to our problem. Let
H = L2([0,1]; C%) be the base space embedded with the usual scalar product :

d 1
(=Y [ F@g(a)da.
i=1"0
The open-loop operator A is given by :

{ DA = {ReH|R €H,R(0)=0,Re(1) = HRy(1)}
AR= —AR + MR.

It is easy to check (left for the reader) that A is a closed densely defined operator that satisfies
the hypothesis of Lumer-Phillips Theorem. Hence, it generates a strongly continuous semigroup
denoted (eAt)tZO on H. For its adjoint A*, it can be shown that :
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DA*)= {ReH|R €H, R (0)=0,A1Ri(1) = H'A2R>(1)}
A*R= AR + MTR.
The control space L(R,, U) := L*(R;,R%) is embedded with the canonical norm of L?(R, R%).

To define the control operator, we introduce the space H_; which is the dual of D(A*) when we
take H as pivot space, namely :

Hoy = (D(A), [R(A, A) - [[3)-

where A € p(A) is taken arbitrarily in the resolvant set of A. Moreover, the primal of H_; is
denoted :

Hi = (D(A), (ML = A™) - [}30).
The control operator B € L(U, H_1) writes :

Bu := (v/A1u,04,)0(x) € H_q
where § is the usual Dirac delta distribution. Note that in this chapter, we will not make the
difference between A, A* and their canonical extension (A)**, (A*)** in L(H,H_1).

With this notation, the abstract evolution problem on H_; is defined here :

dR

— = R+ Buf(t

gr ~ AR Bul) (53)
R(0) = Ry.

The notation being introduced, one can present the main theorem of this work and the rest

of the chapter is dedicated to its proof.

Theorem 14. There exists a linear feedback control of the form u := KR with K € L(H)
for which there exists C,6 > 0 such that for all initial condition Ry € H, the system (5.3)) is
well-posed and the corresponding unique solution R € C(RT,H_1) to (5.3) verifies :

IR, < Ce™**|Rolls_,, ¥t = 0.
A sketch of the proof of this exponential stabilizability result is given below.

— First, we prove that A has only a discrete spectrum with a finite number of unstable
eigenvalues.

— Then, the focus is on the unstable finite dimensional part M of the system using a projection
on the unstable eigenspace. Proving a controlability result for the operator (A, Bjaq), it
is possible to use the pole placement theorem to find a state feedback control stabilizing
the unstable part.

— Finally, we prove that the whole closed-loop system is well-posed and exponentially stable.
This is not immediate since the control synthesized from the finite dimensional unstable
part can destabilize the remaining one.

The chapter is organized as follows :

Outline : In Section [5.2] we give the definition of solution, state and prove an admissibility
condition for well-posedness. Section is dedicated to the spectral study of the open-loop
operator A. Then, Section 5.4 gives a rigorous proof of Theorem[T4] Next, the control constructed
in Theorem [I4)is saturated in a certain sense and we give a local stability result in Section[5.5 In
the same part, numerical illustrations of the results previously presented, are exposed. Finally,
as a conclusion, perspectives and open problems are stated.
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5.2 Solution definition and admissibility condition

Let u € L?(0,T,U) be given. The definition of a solution to (5.3) is proposed below :

Definition 16. The function R € C*([0,T],H_1) N C([0,T};H) is a solution to (5.3) if for all
o € H

t
(R(t),@?_{_l}[f = <R0,6'A t50>7_[_1’7_[? +/ (u(s),B*eA (tfs)go)U’Uds, VO<t<T. (5.4)
0

where U is identified with its dual.

The following lemma is an admissibility result allowing to prove that the solution has regu-
larity in H.

Lemma 20. The admissibility property holds for all time T >0 :

T
/ B A T |2dt < 2|3, Vo € H. (5.5)
0

where C' is a constant depending on the parameters of the problem.
Proof. Let ¢ € H{; the case p € H is easily deduced by a density argument. Let z(t) := etA" o
the solution to :

Oz — Nz = MTz
22(0) = 0, Alzl(l) — HTA222(1) =0
z(t =0) = .

We define the functional V by :

1 1
V(z) := / 2T 21e77® 4 2L 207717y = / 2T zdx
0 0

where I'(z) = diag(e 7" 1, e‘"’“‘“[dz) will be chosen later. Using integration by parts, we get :

dv !
(2) = / 8,2 Tz + 2718, zdx

= /(A@wz—kMTz)TFz—FzTF(Aawz—FMTz)da:
0

1 1
= 2/ ZTAFamde:Jr/ ZI(TMT + MT)zdx
0 1 0 1
= [ZTATZ)} —/ zTA(‘?zI‘zdx—i—/ 2T (TMT + MT)zdz.
0 0
Using the fact that z € H{ for all time, the boundary terms are estimated below :

[ZTATz)) = —21(0)TA121(0) + 22(0)T Ag2za(0)e ™
+21(1)TA121(1)67’Y — ZQ(].)TAQZQ(l)
(0)"Avz1(0)
(1)TA2HTA1_1HTA222(1)677 — ZQ(l)TAZQ(l)

Thus, for v > 0 large enough :

1 1 x
[FTATAE < — 210 Az (0) = —5 1B g3
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Hence :
av L tar 2 b or Yr T
— < ——|IB*e" ol — | 2" A0 Tzdx+ | 2" (TM* + MT)zdx.
Using the fact that 9,I'A = —T'|A|, the following estimate on V holds :
av 1 A
P —§HB*€ ‘ol + CmyV
where Cy, , depends on M, v. Integrating, one obtains :

1/t x
V(D) - V)t < 5 [ B A et s

0
which immediately gives the existence of a constant C' depending on ¢ and the parameters of the
problem such that :

T

V0 =)= [ B T

0
which is the required result since V' is equivalent to the square norm on H. The proof of the
general case of ¢ € H follows by density of H¢ in H. O

By [29, Theorem 2.37], Lemma [20| gives the following results.

Lemma 21. If u € L?(0,T,U) then there exists a unique solution to (5.3) in the sense of
Definition [16

The aim of this chapter is to stabilize (5.3)) showing the existence of an admissible operator
(the notion of admissible operator will be defined latter) K : H_; — U such that :

{ 4k (A+BK)R (5.6)

R(0) = Ry
is well-posed and its solution verifies the bound :

IR(t, I3, < Ce™ | Rolla_,, ¥t >0
where 0, C > 0 do not depend on Ry.

5.3 Spectral analysis of the open-loop problem

Before going into the proof of Theorem we need some information the open-loop operator
A. More precisely, it is proved that A has a spectrum reduced to its point spectrum with a finite
number of unstable eigenvalues.

Proposition 2. The spectrum of the open-loop operator verifies :
— o(A) =o,(A).
— There exists r > 0 such that :
op(A) C{ze€C| Rz <r}.
— The unstable part of the spectrum ; o,(A) N{A € C | RA > 0} has a finite cardinal.

The proof will be the object of this section.
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5.3.1 Structure of the spectrum

The first lemma states that the spectrum of A is in fact its point spectrum.

Lemma 22. The spectra of A consists of isolated eigenvalues of finite geometric multiplicity ie
o(A) = o,(A).

Proof. Let A € C and consider the unique solution to :

~AR'+ MR = AR
Ry (0) = 0 (5.7)
Ry(1) = HRy(0).

In particular, by defining :

T(z,y,\) = e~ AT (Ma—M)(z—y)
The solution to ((5.7) is given by :

R(x) = T(z,0,)(0,1,)Tv(0)

where v(0) € C%. In order to satisfy the right border boundary condition, we need to impose :

(Ha 7Id2)T(17 0, /\)(Ov Id2)Tv(O) = 0Og, -

Hence, denoting :

UN) := (H,—1I4,)T(1,0,2)(0, 1,)7,

the point spectrum of the system is given by the zeros of the following characteristic equation :

det(U(N)) = 0. (5.8)

Moreover, for all A € g,,(A), the corresponding eigenspace is given by :

Big(A,X) = {T(x,0,2)(0, 1a,)"v(0) | v(0) € ker(U(X))} -
The geometric multiplicity is less than do (the dimension of v(0)) and for A € C\ ¢, (A) :

R\, A)G = T(x,0, M)(0, I1,)v(0) — /O T(z,y, VA~ Gdy, ¥G € H (5.9)

with :

v(0) =UN\) " (H,—1a,) /1 T(z,y, \)A"'Gdy.

With (5.9), it is easy to see that R(\,.A) is bgunded in £L(H) when A ¢ 0,(A) and hence
o(A) =o,(A). O
Remark 31. In the proof of the previous lemma, we have shown that :

R\ A) =UN)TTE(N), VA € p(A) (5.10)

where E()) is a H valued entire function of .
The expression (5.10) gives immediately that :

Lemma 23. The algebraic multiplicity of X € o(A) is given by the multiplicity of the zeros of
K(A) :=det(U(N)).
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5.3.2 Analysis of the unstable part of the spectrum

In this section, we end the proof of Proposition [2] The result given next ensures that the
characteristic equation of the spectrum can be approximated by the same equation removing
the effect of non-diagonal Oth order term coming from the matrix M for which the spectrum is
known. To be clear, the following notation is introduced :

(M0
MO_(O M22>

{ D(Ag)= {ReM|R €M, R0)=0,Ry(1) = HR (1)}
AoR= —AR + MR.

and Ay the operator in H :

Obviously, we can prove Lemma [22] for operator Ay and exhibit a characteristic equation for
.Ao :
Ho()\) = det(Uo()\)) =0.

where :

Uo(\) = (H,—Iy,)e ™ Ma=Mo) (o 1, )T (5.11)

By simple computations :

det(Uo(M)) = det(eAgl(A—Mm))

which does not have zeros. This means that the operator Ay generates a semigroup and p(Ag) =
C. We present the following result taken from [82] which states that spectrum of Ay and A are
closed for large imaginary part :

Lemma 24. Let r > 0 be such that C, .= {z € C | |Rz| < r}. We have the following :

lim |U(\) - Us(\)| =0 (5.12)

|SA| =00
and the convergence is uniform on C,. for all r > 0.

Moreover, we have the following property which will be exploited for the complex functional
Ko -

Lemma 25. [82] Let f be an exponential polynomial of the form f(X\) = Y_i_, a;e’* (X a; €
C,b; € R). Let Z := {A € C | f(\) =0} denote the zero set of f. For all 6 > 0,c, 3 € R with
a < B there exists a constant m(d, «, ) > 0 such that for all X € C satisfying dist(\,Z) > ¢,
a <R\ < B, we have |f(X)] > m(d, o, B).

A direct consequence of previous lemma is that on all strips of the form a < R\ < S,
inf [ko(A)] > 0 (ko does not admit zeros and is an exponential polynomial).

Corollary 1. For all o < B, we have

inf A 0.
AeC, lan<m‘:,\<6 koM >

To conclude, Rouché’s Theorem is recalled here :
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Theorem 15. [Rouché] Let U C C be an open connected set and f, g two meromorphic functions
on U with finite number of zeros and poles. Let vy be a closed smooth curve in U that does not
intersect the set of zeros of f or g and that forms the border OK of a compact set K. If

|f(z) = 9(2)| <lg(2)], Vz €,
then :

Zy—Pr=124-F

where Zy, Z4 designate the number of zeros of f and g in K and Py, P, designate the number of
poles of f and g in K.

By applying Rouché’s Theorem to f = k and g = k¢ and using Lemma and Corollary
one has that x(A) has zeros located near the real axis. Owing this and the fact that x(\) is
an entire function, it has a finite number of zeros in the right-half plane. Combining this with
Lemma [22] we easily conclude on the proof of Proposition [2]

5.4 Proof of Theorem [14]

Let us denote M the finite dimensional unstable generalized eigenspace (Jordan blocks) of
A and M’ its topological complement. We denote by « := dim(M). Let P : H — M be the
projection onto M defined as [70, Theorem 6.17] :

1

P=—-——
2

7{ R(), A)dA

r

where T is any contour enclosing the unstable eigenvalues of A (this is possible because of the
separation of unstable eigenvalues). As P and A commute, it is possible to decompose A on the
topological sum M @ M’ = H and the abstract stabilization problem becomes :

{ PR= PAPR + PBu(t)
(

I-P)R= (I—P)A(I - P)R+ (I — P)Bu(t). (5.13)

5.4.1 Stabilization of the finite dimensional part

First, we stabilize the finite-dimensional part without considering the infinite-dimensional
part taking u(t) of the form u(t) = KPR(t) where K is a matrix of dimension d; x a. Hence,
we have to solve a finite-dimensional stabilization problem where the open-loop matrix is the
restriction denoted A of A on M and the control matrix is By = PB € Mg, (R).

Proposition 3. The system (A, Baq) is controllable. Hence, there exists K € My, o such that
A+ B K is Hurwitz.

Proof. We show the result by using the Fattorini-Hautus test (also known as the Popov—Belevitch—-Hautus
test). It is necessary to prove that :

ker(AI — A% () Nker Bpg™ = {0}, YA e C (5.14)

which reduces the analysis to eigenspaces only (and not generalized eigenspaces). In order to
prove (5.14]), the eigenvalues of A* are calculated. This is equivalent to solve :
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AR + MTR= AR
Ri(1)= A7'HTAsR»(1) (5.15)
R5(0) = 0.
To do so, we introduce the operator :
T(z,y,\) := AT A L= MT) (z—y)
The solution to (5.15)) is given by :
R(z) = T(2,0,\)(I4,,0)Tv*(0)

where v*(0) € C%. In order to satisfy the right-border boundary condition, it is needed to
impose :

(=TI, AT HT AS)T(1,0,\)(14,,0)T0*(0) = 04,
Hence the spectrum of A* is given by the equation :
det(T(N)) == det((—1Ia,, AT HT Ao)T(1,0,0)(0,14,)7) =0, (5.16)
where :
UN) = (=1, AT HT A5)T(1,0,1)(0, Iy,)T.
Similarly to A, the spectrum of A* corresponds to its point spectrum and for all A € ¢,,(A*) :
Eig(A*,\) = {T(Z‘,O,)\)(Idl,O)T’U(O) | v(0) € ker(U(/\))} )
To conclude, it suffices to remark that for all A € o(A*) and all v*(0) € ker(T()\)) :
B*T(2,0,\)(I4,,0)Tv*(0) =0 <= v*(0) = 0.
This proves Fattorini’s condition :

ker(A — A*) Nker B* = {0}, VA e C

which immediately implies (5.14). The finite-dimensional system (Aaq, Bag) is controllable and
we can apply a pole placement theorem to find a matrix gain K such that Ax + By K is
Hurwitz. O

5.4.2 Well-posedness of the closed-loop system

Now we take a gain matrix K stabilizing the finite-dimensional part of ([5.13]), define K := K P
and system ([5.6]) split as follows :

{ PR= (PAP + PBKP)R (5.17)
( .

I-P)R= ((I-P)A(I —P)+ (I - P)BKP)R.

Our notion of solution is given in the following definition :
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Definition 17. If Ry € H is the initial data considered and T > 0. The element R € C*([0,T],H_1)N
C([0,T);H) is a solution to (5.6)) if for all p € HY
* t *
(R(E), @)yt = (Rov € )3 + / (KPR, B*eA =95)y uds, YO <t <T.  (5.18)
0

where U is identified with its dual.
Proposition 4. There exists a unique solution to (5.6)) in the sense of Definition .

Proof. Let T > 0. We use a Banach-Picard fixed-point theorem proving existence and uniqueness
at the same time. Let us define 7 : C([0,T],H) — C(]0,T],H) the application such that for all
peH:

t
((TR)(t), o)n = (Ro, e tp)y +/ (KPR(s), B*e*" =) )y yds, VR € C([0,T),H),0 <t <T.
0

Let R,Q € C([0,T],H), we have :

(T(R=Q)(#), Py = /0 (KP(R(s) — Q(5)), Be* =)y yds, VO <t <T.

By Cauchy-Schwartz inequality and Lemma [20] :

(T(R=Q)(®),p)n

IN

VIS IBet=9A gl ds x [ [ | K P(R(s) — Q(s))[3ds
VT % K PIZ 0| R = QU 071,30

where we have used the fact that K P is in £(H,U). Indeed, P is a projection, hence P € L(H)
and K is a matrix. As a consequence,

IN

(TIR=Q)®), o) < CVT|KP|camllR— Qllcqormllelln, Y0 <t <T.

Taking T sufficiently small (uniformly with respect to Rp), it holds :

IR~ Qllcqo,m,

H
9 Vgl YO<t<T.

(TR - Q)(1),p)n <

Asa consequence,

1R = Qlleqo,rn)
IT(R - @Bl < 1=
We can apply Banach-Picard theorem to assert the existence of a unique fixed point of 7 in
C(]0,T),H) for T sufficiently small. By a bootstrap argument, we conclude on the existence and
uniqueness in C([0, T],H) for all T > 0. This unique solution is denoted by R and for ¢ € H{ :

L YO<t<T.

t
(R(t), )3y 10 = (R, et t<p>H717H({z —I—/ (KPR(s), B A =)o)y yds, VO <t <T. (5.19)
0

The equation (5.19)) is equivalent to :
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t
(R(t), Oy, ma = <R0,6A*t90>7-t,1,7-[f +/ <BKPR(8)7GA*(FS)SD)H,I,H;idS, Vo<t <T.
0
Owing the fact that R € C([0,T],H), B € L(U,H_1) and s — e* 5o € C([0,T],H?), one
deduces that R € C*([0,T],H_1). Moreover :

dR x
(O mg = (Ro, A* e )3 + (K PR(t), B*¢)uu

t
— / (KPR(s), B*e* =) A* o)y yds, YO <t < T.
0

All terms in last equation are convergent because of Lemma [20] Indeed,

J (K PR(s), B* A*eA" =)o)y yds CllA*¢lln x 1K Pl| 20| Rlloqo.mm0

Cllellpa X 1K P ceulIRllco,r1,)-

INIA

This concludes the proof of Proposition [4 O

5.4.3 Conclusion on the stability of the whole system

The vector gain K € Mj,(R) (« is the dimension of M) is chosen such that the finite
dimensional system exponentially converges to zero with rate 7 > 0 fixed.

|PR|y < Ce™ ™, Vt > 0. (5.20)
In order to conclude on the whole stability, we have to prove that the infinite-dimensional
part in ([5.17)) is not destabilized by the control. To prove the stability of the infinite-dimensional
part, it suffices to see the second equation of (5.17)) as an inhomogeneous Cauchy problem on
M
(I —P)R= A (I — P)R+ (I — P)Bu(t)
where u(t) verifies the following estimate :
luly < Ce™ ™, Vt >0

and Axy is the restriction of A on M’. Our choice of feedback matrix K gives that the spectrum
of Ay is stable :

o(Am) C{zeC| Rz < -7}
with 7 < 0. To conclude, we need the following spectral mapping Theorem from [82] :

Theorem 16. The spectral mapping theorem holds true :

a(eA)\ {0} = eo(1\ {0}, Vt > 0. (5.21)
Corollary 2. Property (5.21) is also true for Ay .

Proof. To characterize the spectrum of a semigroup when comparing it with its generator, we
will need the following theorem :
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Theorem 17. Gearhart-Priss Spectral Mapping Theorem [56}, [97)]
Let (e);>0 be a Co semigroup generated by A in a Hilbert space. Then e € p(et) iff

{A+i2nt™ 2| 2 CZ} € p(A) and sup |[R(A + i2mt™ 'z, A)|| < oo.
2€ZL

We first show that o (e mt)\ {0} C eo(Arm)t\ {0}. Let A € C such that e ¢ eo(Ar)t, We
have to show that e* € p(e*m't). By the definition of A, there exists § > 0 such that :

U B+ 2im2/t,6) € p(Ap). (5.22)
z€Z

We need to prove that R(A+2imz/t, Apr) = R(A-2imz/t, A)(I — P)jae [70, Theorem 6.17] is
uniformly bounded with respect to z € Z. Note that for z large enough, A\+2i7z/t € p(A) because
of Lemma [24| and Rouché theorem. As a consequence, it suffices to prove that R(\ + 2inz/t, A)
is bounded when z goes to infinity. The following lemma will help us to conclude :

Lemma 26. [82] Let U C p(A) so that supycy |RA| < 0o and infacy |ko(A)| > 0. Then, there
exists d > 0 such that for A € U and |SN\| > d :

RN A) =R\ Ag) +EN, A /A
with R(A, Ag) and E(N\, A) bounded on U. In particular, R(X,.A) is bounded on U.

Because of Corollary [1} one has :

inf [ko(N)] # 0. (5.23)
UZEZ B(A2imz/t,6)

We apply previous lemma to U = |J,.5, B(\ + 2i7z/t,d) which gives immediately that R(\ +
2irz/t, A) is bounded when z goes to infinity. Hence,

o (e )\ {0} € enAnt\ {0}

The reverse inclusion is classic for all closed densely defined operators. This finishes the proof
of Corollary O

Property (5.21)) holds true for Aag . Hence, the growth bound of Aay verifies :

w(Am) =sup{RA [ A € o(Amr)} = =7 <0.
This allows to prove the following stability result :

Lemma 27. There exists C' > 0 such that for allt >0 :

le? (1 = P)ll g0y < Ce™™ (5.24)

and
et (T = Pl < Ce ™. (5.25)
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Proof. The first inequality is proven by Gelfand formula [I07, Remark 2.2.16] and Corollary
For the second inequality, take z € H_1,¢ € HE.

(A (I = P)z, )y, (=, eI - P@)n . u
2[4 1€ (1 = P*)pll 40

2ll2¢_s (AT = A%)e™ (I = P*)glln

IA

As et and M — A* commutes and as A* commutes with P*, one gets :

(eAM YT = P)z, o)y, 2l 2™ (I = P*) (AL — Aol
12l [l 2 (1 = P*)l| 2oy (M = A%l

l2ll2e_y lle?n “(I = P*)l| 2o Il

d
JHY

[ IAIA

To conclude, we use the fact that the norm of the adjoint is also the norm of the anti-adjoint

and by (5:24) :
(€M 2 o) g < Nzl Ce ™ @l
which finishes the proof of the lemma. O

By the definition of solution (Definition , we have for all ¢ € H¢ :

t
(R(), 9y aat = (Ron e @) g + / (KPR, B*e*" =9 0) s,
0

The following decomposition is used to conclude on the exponential stability :

(R(t), Oy g = (R(@), P @)y, qa + (R(E), (I = P)p)gy_, e

and we estimate both terms on the right hand side of last equation.
For the simplest one :

<R(t)7 P*§0>H_1,7-[‘f <PR(t)7 90>H_1,H‘f

—7t
< Celellpa

where we used (5.20) and the fact that H{ is continuously embedded in H.
For the other estimate :

(R(6),(I = P))gy_, g = (Ro, eI = P*)@)yy_, yaa + Jo (KPR, B*e (=9 (I — P*)p)y uds
= (eI = P)Ro,9)y_, s + o (eI = PYBKPR, @)y, yuds
Am (I — P)Ro, @)y Ly HE "’fg@AM'(t*S)(I—P)BKPR, Ol mads

= (e
< (leAst( = P)llege | Rolla
+ / 1Bl o 1K e o) PRl (1 = Pl g,y dt)
xlellg

where we used the fact that P and e5* commute.
With (5.25)) and the fact that |PR(s)|lp_, <€ 75 :

t
I(T = P)R(®)]l3e_, < e ™ (I = P)Rolla_, + C/ e mTe o ds (5.26)
0
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where C depends on K and the parameters of the problem. Hence, the exponential stability in
H_1 holds with rate (at least) min(7, 7). This finishes the proof of Theorem

Remark 32. If instead of (5.1)), we focus on the stabilization of :

&R+ AR = MR
Ry (t,0) = FRy(t,0) + u(t) (5.27)
Ro(t,1) — HR,(1,1)

where F' is a real matrix of suitable dimension. Then, the characteristic equation of the system
will be modified giving eigenvalues at high frequency. Indeed, in this case :

-1
2

50()‘) = det ((Ha _IdQ)e_Ail(AId_JWO)(Fa Idz)T) - det(He_Al_l(AI_Mo’u)F — GA (XI_MO’N))

which may have zeros at |3A| > 1. This has important consequences on the spectrum. Indeed,
in such a case it is possible to have an infinite number of unstable eigenvalues! To illustrate this,
we give an example with dy =dy; =1:

OR+AO;R = MR

Rl (t7 0) 2R2 (t, 0)
Ro(t, 1) 2R (t,1)

(6 )0 ).

Then, the characteristic equation xg(A\) = 0 becomes :

with :

e~ A1 Al =g
for which solutions are explicit :

Vk € Z, A\, =log(2) + 1+ 2ikm

which immediately implies that the number of unstable poles is infinite.

5.5 Towards a nonlinear control

5.5.1 The saturation of the control

In this section, the following abstract problem is considered :

{@’f = AR+ Bo(KR)

B0y = R (5.28)

where o : U — U is the usual saturation by components with o, > 0 the saturation level. If
K := KP where P is the projection on the unstable space of A and K is a matrix, we can easily

give the notion of solution :
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Definition 18. If Ry € H is the initial data considered. We say that R € C*([0,T],H_1) N
C([0,T);H) is a solution to (5.6) if for all p € H$

t
(R0t = (Ros e ")+ [ (@(KPR),BeA ghyds, W2 0. (5.29)
0

where U is identified with its dual.

Using a fixed point argument as in previous section, it is easy to prove that such a solution
exists and is unique. As we have seen in the previous section, the stability of the finite- dimensional
part implies the stability of the entire system. As a consequence, to estimate a basin of attraction,
techniques from finite-dimension literature will be used. More precisely, the following theorem
from [102, Theorem 3.1 p 125] is a key tool :

Theorem 18. If there exist a symmetric definite positive matric W € Myo(R), S > 0, a matriz
Z € Mo (R) such that :

(W(AM + (PB;I((;Z;; (_A%A + (PB)K)W (Pl’>’)_52 S ZT) <0 (5.30)
and

then, the cylinder EW1,1) := {R € H | (PR)"WY(PR) < 1} is a region of stability for sys-
tem (5.28)).

This theorem has a surprising consequence. The basin of attraction is expressed in the uns-
table finite-dimensional subspace of A. As a consequence, if we suppose that we can find a
solution W, S, Z for the matrix inequalities (5.30)-(5.31]). Then, taking an initial data Ry € H
in the cylinder £(W =1 1), one can take an arbitrarily large stable part (I — P)Rq such that the
corresponding solution is stable. Hence, the basin of attraction is not bounded in H.

5.5.2 Numerical simulations
Linear feedback

In this section, an example illustrating the problem of stabilization, is discretized. The space
and time steps are denoted respectively dz and dt. We denote N := E(1/dz) € N. For this
example, the dimensions are d; = ds =1 and :

1 0 1 -1
a0 (P D)oo

The state vector R € Man 1(R) is now a vector such that R(1---N), R(N +1---2N) is the
numerical version of Ry, Ry respectively. The discretized open-loop operator A € My an(R) is
expressed using a classical upwind scheme :
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B _%"‘Mll 0 0 M12 0 0
= —+ + My 0 0 Mo 0
1 1
A= 0 dz —%‘FMH . 0 : M12
Moy 0 0 -0t Ms 0
0 M>, 0 0 L =4 My =
I 0 0 My+i 0 0 — a5 + My

Using the function “eig” from python, we plot the spectrum of A :

O Open_Loo \%
40 A pen_-oop
20 4 %
2
[e]
(o]
01 o
(@)
O
_40 .
T T T — T
-20 -15 -10 -5 0 5

FIGURE 5.1 — The spectrum of the open-loop operator A for dz = 1073

One gets 2N simple eigenvalues with two unstable modes. The corresponding eigenvectors
are stored in a matrix V.. € Moy on(C) for which eigenvectors are its columns. For complex
conjugate eigenvalues, the corresponding couple of complex conjugate eigenvectors (denoted F, F)
is replaced by R(F),I(F) to work with real matrices. Thus, V. € Moy on(R) is now a real
matrix. For the control operator B € My 1(R), it can be written as :

1/dx
0
B = )
0
To compute the control, matrices A, B are projected on the unstable eigenspace. To do so,
V! is computed and we denote the first two columns of V., by P = (Vec,ij)1<i<on,1<j<2-
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Similarly, P* := (Ve_l)1§ig2N,1§jg2 is the first two columns of V. !. The projection on the

unstable eigenspace writes :

Aproj = (P*)TAP, Bpo; = (P*)TB.

Then, we apply a classic pole placement algorithm to matrices Ao, Bproj to move unstable
poles to the desired locus. It gives a feedback matrix K,,; € My 2(R) stabilizing the open-loop.
To obtain the non-projected feedback matrix, it suffices to return to the state space :

K := Kp0j(P*)" € My on(R).

We get the following spectrum for the following closed-loop operator A + BK :

O Open_Loop
401 4 Closed_Loop
20 A
0 -
_20 4
-40 3
T T T m T
-20 -15 -10 -5 0 5

FIGURE 5.2 — The spectrum of the closed-loop operator A + BK for dx = 1073

One can observe that poles are now all stable which implies that the closed loop system is
stable.

Saturated feedback

Now, the focus is on the case where we saturate the control with a saturation level o, := 1.
For computations, we take dx = 5 x 1073. We then evaluate the relevance of the estimation of
the basin of attraction given in Theorem [I§] It has been observed that the unstable space is of
dimension 2 and is generated by vectors P; := (P;1);, P := (P;2);. Hence, to study the basin of
attraction, it is sufficient to study initial conditions of the form :

Ro € z P + yP2 € MQNJ(R) (532)
where (z,y) € R2.
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In Figure the x-axis corresponds to the variable x in and the y-axis corresponds to
the variable y in . To estimate the real basin of attraction, at each initial data given in
we compute the solution using a time explicit Euler scheme (the time step being dt = 0.9 x dz)
and observe the exponential rate of its L? norm. This corresponds to the colormap in Figure
[5-3] Divergence is associated to the red color whereas convergence corresponds to the blue color.
The green curve represents the contour related to a convergence rate equal to zero. Finally,
solving matrix inequalities — from Theorem we give an estimation of the basin
of attraction £(W~1,1) represented by the closed black curve in Figure Note that we have
used the package cxvpy for Python to solve the matrix inequalities problem. We remark that the
estimation is very closed to the real basin of attraction.

10.0
s 0.2
5. 0.0

2.
-0.2

0.
-2. -0.4

-5,
-0.6

-75
T T T T _0.8

00 25 50 7.5 100

o

(6]

o

w

o

-10.0
-10.0 -7.5 -5.0 -25

FIGURE 5.3 — The basin of attraction and its estimation (dxr =5 x 1073)

5.6 Conclusion

In this work, a general system of linear balance laws coupled by the domain and the boundary
is studied. More precisely, the problem of stabilizability is treated using a spectral method. The
main idea is to use a pole placement theorem applied on the unstable finite-dimensional part of
the system. As a by-product, the linear control has been saturated to give a more realistic model
of controller and a result is given to estimate the basin of attraction. In the final part, numerical
simulations are given to illustrate results from the linear and the saturated theory.

Some questions remain open. A priori, it is not guarantied that the control proposed is robust
with respect to perturbation. Proving this can be difficult since we do not use Lyapunov methods.
Another important question is that the full-state feedback imposes the full observation which
may be problematic in real applications. In order to have a realistic model of controller, one
should analyze the coupling between the controller and an observer. It is far from being obvious
that the stability will be preserved. Finally, the problem of local stability of nonlinear balance
laws using pole placement methods was discarded.
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CHAPITRE 6

LLE BACKSTEPPING DISCRETISE :
APPLICATION A UN EXEMPLE
GENERAL DE SYSTEME LINEAIRE
AVEC DEUX EQUATIONS

Abstract.

Dans ce dernier chapitre, nous allons nous concentrer sur un autre type de "full state feedback" :
la commande de backstepping. Toujours dans un contexte linéaire, on discrétise, a I'aide d’un
schéma upwind, un systéme de deux équations couplées au sein du domaine et au bord. D’une
part, on montre a ’aide d’'un exemple qu’ appliquer la méthode de backstepping en discrétisant
directement les équations du noyau n’est pas forcément pertinent et peut méme générer des
solutions instables. D’autre part, un schéma bien choisi pour la synthése du controle est exhibé
et un résultat de stabilité en temps fini est démontré en fin de chapitre.

La suite de ce chapitre est écrite en anglais.
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6.1 Introduction

6.1.1 Literature review

In the chapter, we investigate the boundary stabilization of the same class of linear first-order
hyperbolic systems of PDEs, as in previous chapter :

8tR+A+(z)3xR = Mll(CC)R+M12(.CC)S

atS*A_(IL’)axS = Mgl(’l})R+M22(QZ’)S (6 1)
R(t,0) = u(t) ’
S(t,1) — HR(1)

where R € R4, S € R%, A, A_ > 0 are positive diagonal matrices and H, My;, Mo, May, Moy
are matrices of appropriate dimensions. To stabilize system , feedback controls wu(t) de-
pending on the boundary values S(¢,0) were designed. Lyapunov techniques allows to establish
exponential stabilization in Sobolev or C? spaces when the terms M,, are supposed to be small.
Applications to Saint Venant systems are given in [64] 65, 37, [T'7, [42].

However when the in-domain coupling term M,, is too large, a simple quadratic Lyapunov
function does not exist [I3] 64]. Moreover, spectral analysis shows that when M,, exceed a certain
amplitude, the system is unstable for any control of the form u(t) = F'S(¢,0) (F' € Mg,q4,(R))
[16, Proposition 5.2]. Note that in [I6, Proposition 5.2] this was proven only for d; = dy = 1.

To solve this problem, one can relax the assumption of a feedback control depending only
on boundary terms and use a full-state feedback control of the form wu(t) = fol a(é)R(t, &) +
B(&)S(t, &)dE (a(E), B(£) are functions taking their values in [0, 1]). Here, we focus on backstepping
controls which is a particular case of full-state feedback controls. Besides, backstepping techniques
were primarily designed for ODEs [72] where the main idea is to find a bijective transformation
that maps the system in a simpler to stabilize one. There is a vast literature on the extension of
backstepping to parabolic and hyperbolic PDEs [T00, [73],[99]. The book [74] is a very pedagogical
introduction to the topic.

In this chapter, we focus on the particular case where d; = do = 1 that is to say that we
have only two heterodirectional transport equations. By a change of variable (see [I6, p 176]), it
is possible to suppress diagonal zeroth order terms to obtain :

8tR+>\+(x)8xR = ]\:412(.%)5

6,55 — )\7($)8IS = Mgl(.’b)R
R(,0) — u(t)
S(t,1) = hR(t,1)

where h € R, Ay, A_ > 0, Mo, My : [0,1] — R, u(t) is the control and z € [0,1]. In this
chapter, we neglect the space dependence of A1, Ao, M2, M1 and suppose that they are constant.
Moreover, in order to ease the reading, the tilda notation of ]\7[12, M21 is dropped in the rest of
the chapter. As a consequence, the system under consideration writes :

R+ N 0,R = MS
0SS —A_0,S = MxnR
R(#,0) - (6:2)
S(t, 1) — hR(t,1)

where Ay, A\_ > 0 and M5, My € R.
More precisely, the focus is on the finite-time stabilization of the system with optimal time
in LP([0,1]) (1 < p < o0). The problem is to find a full-state feedback control u(t) such that :
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Vit > T 1= )\i + )\i, Rt ) zr o7y + I1S(E ) Le(0,17) = O-
n _

In the continuous setting, this problem is already solved [I6, Chapter 7.4]. However to the
author’s knowledge, no result is known when one discretizes the equations. In [8], Section 3.3],
the author designs a backstepping control from the continuous theory and inject it in the dis-
cretized closed loop. More precisely, inspired from [68], the author uses an iterative algorithm
where the characteristic lines are calculated in order to compute the backstepping kernel (see
Section for the definition of the kernel). However, finding the characteristic lines makes
the implementation quite difficult when characteristic velocities are not constant. Here, we do
not use the iterative algorithm from [8), Section 3.3], the method rather relies on a finite volume
scheme presented in Section [6.3] that is easier to implement.

To simulate the closed loop system, a classic upwind finite volume scheme is given. With an
example, we will see that the finite volume scheme used to compute the backstepping control
cannot be chosen arbitrarily. It is mandatory to apply the backstepping method directly on the
scheme in itself in order to build a control. More precisely, if the schemes are not wisely chosen,
then instabilities occur when the in-domain coupling is large. The contribution can be summed
up as follows :

— We illustrate on an example that injecting a control synthesized from an arbitrary finite
volume scheme does not stabilize the discretized closed loop system.

— We give a numerical framework for the numerical backstepping theory.

— We prove a finite time stabilization result for the discretized system.

Outline : The chapter is organized as follows. In Section [6.1.2] we recall the way to compute
the backstepping control in the continuous theory. In Section[6.2] an example is given to show that
both schemes for calculating the control and the solution must be wisely chosen. In Section [6.3}
we propose another scheme and prove the finite time stabilization of the numerical system using

new discretized backstepping techniques. In Section numerical illustrations of our results are
given. Finally, conclusions and perspectives are proposed in the last part of this chapter.

6.1.2 The continuous backstepping method

In this section, we recall the continuous backstepping procedure without giving any proof.
The system (6.2)) without boundary condition can be rewritten in the form,

oU + A0, U = MU

where

. R(t,l‘) . )\+ 0 o 0 M12
ven=(5m) 4= 5 )= (o '07):
To find a feedback control, we use the strategy of backstepping. A second order Volterra

transform allows to pass from the original system (6.2)) to a target system for which finite time
extinction is straightforward :

oU* + Ao, U* = 0,
Uz (t,0) = 0, (6.3)
Us (t,1) = WU (£,1).
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Note that we got rid of the 0th order term and that after a time ¢ = Ty, the solution to (6.3))
is zero for any initial data.
More precisely, the Volterra transform is expressed as follows :

Ut 2) = U(t,z) — / Pla, Ut €)de (6.4)

where P takes its values in M3 2(R) and is defined on the triangle {(z,£) | 0 <z <& <1}.
With such transformation, we express the time derivative of U* :

oUtz) = UL ) — / Pla, €)0,U (t, €)de
ta) — / Pla,€)(—ABU + MU)(t, €)de

hU(
( yx) + P(x,1)AU(t,1) — P(z,2)AU(t, x)
/(BgPA—f—PM)(:c,{)U(t,{)df.

For the space derivative :

0.U*(t,x) = 0,U(t.z) + Pla,a)U(t,x) - [, 8 P(a,)U(t, €)dE.
Gathering previous results, one gets the PDE solved by U™ :
0 U*(t,x) + A0, U*(t,x) = f (—AOyP — 0:PA — PM)(z,8)U(t, &)dE
JU(t, x)

+(M + AP(z,z) — P(z,2)N)U(t,z
+P(x,1)AU(¢,1).

To get that U* solves (6.3)), the function P is then chosen as the unique solution to the following
system :

O¢PA+ A0, P + PM = 0
M+ AP(z,z) — P(z,x)A = 0 (6.5)
Pz, 1)A(1,h)T = 0

which is a well-posed transport system. See [16], chapter 7] or [34] for details. This can be rewritten
in the usual PDE form as follows :

Ay O0cPii + Ay 0 Piy — Mo Py
AO¢Pria — Ay 0, P12 = +Mi2Pry

6.6
Ay0ePo1 — A_0yPo1 = —Ma1 Pao (6.6)
)\_851322 + )\_(%cpgg = +M12P21
with boundary conditions :
Pip(z,2) = —xM%-
Py (z,z) = Ai\/fi, (6.7)
Pn(a:,l) = %Plg(x,l) '
PQQ(x,].) h):r_ P21(CU,].)

Additionally, let us compute the trace of U* :
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UHEO) = u)~ [ pu(0OUIE + pia(0. Vst e
Us(t,1) = Us(t,1) = hUs (¢, 1).

Hence to get the same boundary condition at = 0 as in (6.3)), the control u(t) is chosen such
that :

u(t) = / P12 (0. UL (1,€) + p1a (0, E)Us (1, €)de. (6.8)

Equations — defines the backstepping control allowing finite-time stabilization for
the system under study.

6.2 The numerical backstepping approach : the naive way

In this section, a scheme is proposed to compute the backstepping kernel. It is shown by
numerical illustrations that the associated control may not stabilize the closed loop system. This
is why, the method is called the "naive" method in contrast with the one presented in Section
[6-3] for which stability will be proved.

6.2.1 The scheme for the closed-loop system

We discretize the state (R, S) introducing two discretization parameters dt > 0,dz = 1/N(N €

N). The numerical approximation of R, S is piecewise constant on cells [ndt, (n + 1)dt] x [(j —

1)dz, jdz] (n € N*;1 < j < N). To designate its values on such cells, we introduce the sequences
(R?, S )nen~1<j<n—1 and the numerical closed loop system is :

VAR
Ryt — R? R? — R?_
4 LA = = M12S7
Vj:1<j<N, K dx
Sy oSy Spa =S
— A = My R?.
dt dx J
For boundary conditions, we impose the ghost cell condition :
{ sl 2 h
Sk = hRy .
where u™ is given by :
N
Z (PN ;R + Pro NST “dz. (6.9)

—=

J

where Pi1, Pio, Pa1, Pas € My n(R) are the discretized version of P that will be defined just
after.

6.2.2 Resolution of (6.5))

Before going into the simulations, we need to compute P solving using a scheme that
will be chosen later.

Equations in can be seen as as a system of coupled transport equations on a triangular
domain drawn in Figure :

172



P11($C, 1) = h)\)\fplg(.i(}, 1)
£=1

Pos(x,1) = 5 Poi (2, 1)

FIGURE 6.1 — The domain where P is defined

Here, the dot-dashed lines corresponds to characteristics for Pjo and the dashed ones to those
of P51 while the plain ones correspond to Py; and Pss.

One can see the variable = as a “time” variable and £ as a space variable. Boundary conditions
are imposed on the diagonal and the upper edge of the triangle. The corresponding “initial data”
condition corresponds to the upper right corner of the triangle in Figure In the next section,
we give a naive method to solve these transport equations on such triangular domain.

6.2.3 A naive scheme to solve (/6.5

To solve system (6.5]), a finite difference method is used where z is seen as the time variable
while & corresponds to the space variable. To do so, we introduce the step de = 1/N (N € N*)
and the step d¢ = 1/N. The (z,£) mesh is then defined by :

VieN, 1<i<N, {:17z = (i—1/2)dx
i & (4 = 1/2)dg.

As a consequence, the grid is Cartesian (and square) and drawn in Figure :

173



FIGURE 6.2 — The grid for the computation of P

The numerical approximation P;; of P is piecewise constant on cells of the form (x; —
dz/2,x; + dx/2) x (§ — d€/2,&; + d€/2). It is computed as follows :
- FOI‘ all 1 S j S ZV7 P12,N,j =

_ A My
PZQ,N,N T RA A A

— Suppose that P; , is given for some 7 < N. Recalling , we calculate to calculate P;_4
using an upwind scheme :

_ My . Mo _ _hx_ My,
o Panvg = oo and Puny = =5

. . M
Vi<i—1 Puoiaj= —x 33
. . A_dx M
Vj>i Proic1j = P+ 5g(Pizii-1 — Piaiy) +do2 P
; ; ) - Mo,
Vj <i—1 P21,z—1,j D W o
S M
A Poric1j = Porig+ 3ge (Porijo1 — Pariy) — do i Py .
hA_
Puiain= 5PN
. . M.
Vi-1<j<N Pu-1j= Puj+de/d§(Priiiji1— Piiyj) +do ot Pizi g
P, = AP
22,i-1,N = fxL121i+1,N
: : M
Vi-1<j<N Pui1;= Puo;;+de/d(Paijr — Pa2iy) — de 2 Py

— When all lines of P are computed, it is important to impose :

Vi,Vj <, € {11,12,21,22}, P, ;; =0

to have an upper triangular structure.

Remark 33. Note that the scheme for P exhibits a CFL number equal to A-dz _ A

NdE TN whereas
for the scheme for Py, the CFL number is At

3= As a consequence, this naive scheme for P is
stable only if Ay = A_.
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6.2.4 Numerical experiments

For numerical experiments, we consider three tests illustrating why such a scheme is not
appropriate to get a finite time stabilization. In the three cases, we consider the same initial

data :

—4sin(50%)
2x 1y 05— cos (504 ).

—
2
[

1. For Myp = 2, May = 2, dt = 0.002, A\ = A_ = 1 (Tyuin = 2), dzx = d€ = 0.0022 (N = 450),
the energy dynamics is shown in Figure [6.3] :

100 4
€ 1014
o
c
<
1072 4
1073 L . . . . . T
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time(s)

FIGURE 6.3 — The L? norm of the solution for case 1

The spectra of the closed-loop and open-loop operators are displayed in Figure :
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+ +
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—40 A g
i
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FIGURE 6.4 — Spectrums of discretized operators for case 1

Here the action of the control is quite satisfying since in Figure|6.3] one can clearly see that
just after the extinction time Ty, there is an abrupt decrease of the solution’s energy.
From a spectral point of view, finite time stabilization is less clear since we have modes of
real part around —4 which gives an exponential stability with rate equal to —4 only.

. In fact when the coupling term M is too large, it is possible to exhibit the lack of ef-
fectiveness of the control synthesized in the previous section. As an example, if we take

Mo = 8, M3 = —8 keeping the same discretization parameters (dt, dz...), we obtain Figure
63
10° 4
£
2 102 4
s
101 4
0.0 0.5 1.0 15 2.0 2.5 3.0
Time(s)

FIGURE 6.5 — The L? norm of the solution for case 2
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In that case, the spectrum of the closed-loop and open-loop operators are shown in Figure
0.0] :

T+
R + Open_Loop
40 A + +
+ + + Closed_Loop
++
i
+ +
20 A 1.‘.-:_
%
bk
0 -
+
&
¥
—20 A E:
i
+ +
+ +
~401 i
+ +
; ; ; ; — ; ;
-30 =25 -20 -15 -10 -5 0 5 10 15

FIGURE 6.6 — Spectra of discretized operators for case 2

One clearly sees that the closed-loop system is unstable even if the “continuous” (ie without
discretization) version is finite-time stable.

There is a more efficient way to compute the backstepping control and this is the object of
the next section.

6.3 The numerical backstepping approach

In all this section, an initial data (R°,S?) is taken in (L>°([0,1]))2. In order to remedy the
problem of effectiveness of the control highlighted in case 2, we apply directly the backstepping
method on the discretized open-loop system. In addition, we consider two different grids for R
and S to avoid problems of CFL pinpointed in Remark

6.3.1 The scheme

Let N, « be integers. In this section, we consider two different space grids (see Figure , a
coarse grid with IV cells, and a fine grid obtained by dividing each coarse cell into « finer cells.
Using the notation dz, = der_ := % and introducing the time step dt > 0, one defines the
space-time grid by :

1
alN?

V1<i. <N, xf :=(ic—1/2)dw_

Vi<iy<aN, wz; = (i —1/2)dey
Vn >0, t":=ndt.
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FIGURE 6.7 — The space grids for o = 2

Moreover, the time step dt > 0 is given such that the following C' F'L conditions are satisfied :

L Apdt
vy = dry S 1,
6.10
{ yom Ay (6.10)

The following definition will be useful to pass from the coarse grid to the the finer one and
vice-versa.

Definition 19. Foralll <i. < N,
Ny(ic) == {1 <iy <aN | :v{f € [xf —dr_ /2,25 +dﬂc,/2]}.

Moreover, 1 < N.(if) < N is the unique index such that [m{f — dm+/2,a:{f +dry /2] C[xn, i) —
dl’,/27.'L‘Nc(if) +dz_/2].

The numerical approximation (R"), € (R*M)N is piecewise constant on cells of the form
]x{f —dxy /2, x{f +dx /2[ whereas (S™),, € (RV)N is piecewise constant on cells |z§ —dx_ /2, 2§ +
dx_/2[. Tt is computed as follows :

1 a:ff+dw+/2 1 a:fc+dw,/2
R%(x)dx and S = SO(x)d.

— The initial data is given by RY = =
€L x§ —dx_ /2

dl‘+ :v{f —dz4 /2
— If we assume that (R™, S™) is given at time t", we compute (R"™!, S"*1) with :
Rl = R" 4+ dt(—Ay0f R" + Myo1ly .S™ + Bu™)
sntl = gny dt()\,am_S" + lencefRn + BQR”)
where operators are defined below.

(6.11)

(i) The positive transport operator 9} € Moy, on(R) is :

1/dx 0 0
—1/d$+ 1/d$+
8; = O —1/dl‘+ 1/dl‘+ ?
0 s o —1/day 1/day
whereas the negative one 9, € My n(R) is :
~1/dz_  1/dx_ 0
0 —1/dx_  1/dx_
9y = 0 0 —1/dx_ 1/dx_
0 e - 0 —1/dw_
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(ii) The projection from the coarse grid towards the fine one Iy . € Mon n(R) is introduced
here. To define its action, we take a coarse cell indexed by 1 < i, < N and a coarse vector
SeRN:

S,
| te |

FIGURE 6.8 — The definition of ITy._..

The fine vector II;._.S € RN is constructed by copying the value of S in the coarse cell
into the associated fine cells e :

Vir € Ny(ic), (HyecS)j, = Si

e

For the projection from the fine grid towards the coarse one, the operator Il y € My on(R)
is constructed here. To define its action, we take a fine vector R and a coarse cell indexed
by 1<i. <N

1
& 2jen; (i) Bi

FIGURE 6.9 — The definition of II.. ¢

The coarse value (Tl fR)ic is computed using the arithmetic mean of the values of R in
the fine cells corresponding to the neighborhood of the coarse cell i.. Obviously, we have
the following dual property :

<R, Hf<_cS>fdl‘_ = <Hc<_fR, S)edx (6.12)

where (-, ), (-, ). are the respective canonical scalar products in RV RV,
At a matrix level, this is equivalent to :

M. =olll, ;. (6.13)
(iii) The discretized boundary control operator B € RV is given below :

A /dzy
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(iv) The boundary transfer operator B € My on(R) is given by :

hA_

BQ,N,aN = W

and all other coefficients of By are set to zero.

6.3.2 The numerical backstepping method

We apply the backstepping method to the discretized system (6.11]). We look for a backstep-
ping transformation 7 as a Volterra transform of the second kind, of the following form :

R\ (R R* = R-— PiyRdry — PaSda_
(5)=7(5) = {5 =5

The structure of P;1, P12 is upper triangular in a sense that will be defined later.
The system verified by R*™ := R™ — P;1 R"dx; — P12S™dx_ is calculated below :

R*n+1 — Rxn Rn+1 — R"
dt == d - Pll(f)\_i_@iRn + M12Hf<_cS” + Bun)dz+

t
—P12(/\_8;Sn + MQIHa_fR" + BQR”)dl‘_

Moreover,

/\+6;_R*n = )\+6;Rn — /\+(9;_(P11Rnd$+ + PlgS"dx_).

Thus, the equation for R* reads :

R*n+1 — R*n

at + )\+8;“R*" = MlzﬂfecS" + Bu™ — )\+(9I(P11Rnd.%'+ + P125ndl‘,)

*P11(7>\+8£+Rn + M12Hf<_cS” + Bu”)dz_,.
—Plg()\,aajS" + lencngn + BQRn)dl',
= —FuRn — Flgsn + (B - Pllex+)u"7

(6.14)
where the terms I'11,1'12 are given below :
Fll = )\+(9;_P11d$+ — )\+P11(9;—d$+ + Plg(Mglna_f + Bg)dl‘_, (6 15)
' = )\+ajP12dSC_ + )\_Plzﬁgdx_ + M12P11Hf<_cdl'+ — M12Hf<_c. ’

In what follows, we give a scheme that construct a P such that most of the terms of ' are
[{Pee})

equal to zero. To do so, we see the column index of P (the “z” variable) as a time variable
whereas row’s index is seen as the space variable (the “£” variable). The scheme is given below :

— We begin by setting the last lines of Piq, Pis :

V1<jr<aN, Puang, =0

Vi<j.<N, Piaan,; =0 (6.16)

— Suppose that Pia, P17 is given at rows if, - - - , N, then we calculate Plg’if,lyjc by imposing
I'12,4,4. = 0 for jo > N.(iy —1). From (6.15), we deduce :
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Pioisje — Pr2ip—1,5. Pioisje — Pr2ig jo—1

AL dr_ — A

doy dx_
+ M12[P11Hf<—c]if7jcdm+ — M12[Hf<—c]if,jc = 0. (617)

dr_

It is easy to compute [Py11lf, ];, ;. using local indexes. Using (/6.13)), one gets :

[Pullyecliy o = M o P, = olec pPhlji, = > P
'LENf(]c)

Then, we compute P11, -1, imposing I'11 4, ;, =0 for jp>iy—1:

Pryis g — Prajip—1,j Pry iy g — Priig jp+1

) f
dry — A
d.’17+ T+ + d$+

+ Mgl[PuHC%f]if’jfdx + [Plng]lf’jfd =0. (618)

>\+ dZL'+

It is easy to calculate [PyoIl. ] using local indexes. Using (6.13)), one obtains :

ifsJf

1 1
[Prolleeflip 5, = Mo Pioljy i, = E[ercpfébf,if = P12 N.Gp)-

For [P12Bs5] we also have :

if,Jf0

hA_
[P1aBali, j; = . — P12, NOj;=aN-

Algorithm 1 Calculate Pio

P127if7jc —0foralll< if < OzN,l S]C < N.
for 2 <i; < aN (step =-1) do
for N.(if —1) <j.< N do
if jo = N.(iy) then
M
Praig1j. < =32
end if
A d A d
Praip—j. ¢ P15+ (0= 5255 Pizjigge + 37 @ Pz j.—1 (transport)

. , . . Mo o
Praig—1j. < Prai;—15. + 533 E Py, j,day (exchange)
Js €N (e)

end for
end for

181



Algorithm 2 Calculate Py
Pll,if,jf +—O0foralll <iyf <alN,1<jr<alN.
for 2 <iy < aN (step =-1) do
Pr1i;—1,0N < %Plzif,N
for iy —1<j;<aN do
if j; # aN then
Pll,if—Ljf — Pll,if—l,jf + Pll,if,jf-i-l (transport)
end if
da_
P11,if71.,jf — P11,if71,jf + ‘7\4211312,7:f,NC(jf),;ET+ (exchange)
end for
end for

Remark 34. The algorithms immediately give that :

Vir <if, Puig, =0
; . A 6.19
{ VJC < NC(’Lf), P12,if,jc =0. ( )

6.3.3 Convergence properties of the kernel

In what follows and until the end of the chapter, C' designates a constant independent on the
discretization. Here we present a boundedness result for P which will be useful later :

Proposition 5. If %% <1, there exists Co > 0 independent on N such that :
[Pr1llree(o,112) + [ Prallpoc o,172) < Coo (6.20)
Remark 35. The condition :
Adry
Atde_ —

can be interpreted as a CFL condition. It imposes an asymmetry of grids in the sense that if
3\\—; > 1, the grid for R (where the control is applied) needs to be finer than the one for S.

Proof. The scheme verified by P;o gives :

1 1 A_ dx A_ dx
Vije > Ne(if), |Pr2i;—1,5.] < (1‘* T_,_‘drt NP2 jel + 55 T Przis -1
My 6.21
+W Z |P11,,'f7j|dx+. ( )
JENs(Je)
For j. < N¢(if) — 1, we have :
|Pr2,i; 1.l = 0, (6.22)

whereas for j. = N.(is), it holds :

A dxy Mo
P | < (1-22%75) Py, i |+ |22
|Pr2,i;—1,5.] < ( N dm>| 12,15 50| + Mo
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Combining (6.21)-(6.23)), it holds :

MlZ

A

} + C||P11,z'f,-

\|P12,z‘f—1,-||Loc([0,1]) = Inax {|P12,z‘f,~||Loo([0,1])a Loc([o,l])d55+~

Similarly, it holds :

hA_
|Pr1,i;—1,- [l Lo (jo,1)) < max {||P11,if,-||Loo([o,1]), ~ P12, - Lw([o,l])} + C||Pra,i; || o= 0,17y d2 - .

At
Denoting
hX_ .
A;; = max{ P 1Pr2,is -1l 2oe (10,17 1P11,is Il oo (10,17) hﬁm }, it holds :
Aif,1 S (1 + Cd!)i‘,)Azf
and hence :

V1 <ip <aN, A;, <%= < el
O

Finally, in order to exhibit the exact target system, we need to see which term of I is zero :

Lemma 28. The matrix I'1o is zero except for the first row. Moreover, the term 11,4, 98 non
zero on~ly for jr € [[if —a,tf — 2] and if = 1. Hence, I'11 can be decomposed as I'y1 =: T'11 + 11
where T'11 is the subdiagonal part of I'11 and I'yy = 11 — T'11 is mon zero only on its first row.
Furthermore, R

sup ‘F117if,jf| S Cdx_.

1fdf
with C > 0 is independent on the discretization.

In order to see which entry is zero, we represent I'y1,1'12 for @ = 3 putting a cross on each
non zero entry in Figures [6.1016.11]:

FIGURE 6.10 — The non zero coefficients for 'y (o = 3)
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FIGURE 6.11 — The non zero coefficients for I'1s (o = 3)

Proof. Let iy > 2. For j. > N.(iy — 1) and by Algorithm 1, we have I'15;, ;. = 0. For j. <
Nc(iy) — 2, we have :

1. je < NC(Zf — 1) and P127if—1,jc =0.

2. 4. < Nc(lf) and P12,if,jc = 0.

3. For all j; € Ny(j.), we have j; < iy (because j. < N.(iy) — 2 by assumption) and hence

P15, =0.
By the definition of I'y5, T1244,5. = 0.

Now for j. = N.(iy) — 1, then points 2 and 3 of the previous case hold. If j. = N.(iy — 1),
then by Algorithm 1, Ty, ;. = 0. Otherwise, j. < N¢(iy — 1) implying that P2, 1, = 0.
Thus, by the definition of 2,4 ,5., one gets I'a i, 5, = 0.

For I'11,i; j,, the only terms that could be non zero are terms such that iy —a+1 < jy <ip—1
and by the definition of 'y :

|F117if7jf| < C||P12|‘Loo([071]2)dx_ < Cdx_

where we have used Proposition

Remark 36. If o < 2 then :

sup |f‘117if,jf‘ =0.
ip>1,79¢

Indeed, the condition iy —a+1<jy <if—1 <= iy —a+1<jr <if — 2 is empty.

From the computations of the kernel P, we obtained that all the entries of I'11,I'15 are zero
except for the first row and some diagonal terms in I';;. By (6.14), in order to get rid of the
contribution of these first rows, we impose a control u™ of the form :

1 aN

N
no_ r R d r gny ) o
u Ay — [P11B]11dxi ( 3 11,1-,]ij]" Ty + jz::l 12,1,JCS]C Ty (6.24)

Jf=
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and thus, the final target system is :

R*nJrl — R B

di + )\4_8:]‘1’*” = Flan

S*n+1 t_ Sxn (6'25)
e A0S = BB+ Mol g R

where f‘11 is the subdiagonal part of I'1; (see Figure .

Next proposition asserts that the discrete Voltera transform of the second kind is invertible
and continuous uniformly with respect to the parameter of discretization. This will be useful to
express the target system uniquely in terms of star variables. Before presenting the result, it is
needed to introduce the L? (1 < p < oo) norm for vectors R € RN S € RV :

aN N

Z |Rj, [Py and ||S]|Le(j0,1)) = Z |S;.|Pdx .

Jr=1 Je=1

1Rl e (0,1]) =

Proposition 6. Let 1 < p < oco. There exists C > 0 independent on the discretization such
that if dx_ < C, then the operator T is invertible as an operator from LP([0,1]) into LP([0,1]).
Moreover, there exists a Cyackp > 0 independent on the discretization such that for all R €
RN S e RN :
1
Cback:,p
Moreover, there exists L11 € Mon,oan(R), L12 € Moy n(R) such that :
VR* e R S* e RN, 771 R: = R+ LllR*dxf + LipStda )
S S

where (L11, L12) is upper triangular in the sense of (6.19).

[T (R, S)l e o)y < (B 9)|rqo,1)) < Coack,pl| T (R, S)l| e (j0,1))- (6.26)

Proof. The first inequality is easy to prove owing Proposition [5| (the proof is left to the reader).
For the second one, we use a fixed point argument. Let (R*); be the sequence such that
R = Ogo~ and :
Vk >0, Rkt = R* + Plled$+ + P1oS*dx_.
We estimate R*+1 — R¥ in a weighted space. More precisely, let v > 0 and for all 1 < i; < aN

f f
k+1 kY% _ L k. pk—1\ 7%
(REH — RE)e™s = 3" Pug, g, (RE — RE D day,
Jf

f f f
(=5~ )k k—1y 7%;
ZPllvifvjfe ! f (ij —ij )6 fd.l?+.
Jf

For the case p = oo, we have :

— ('rf —rf) _
IR = R¥[|ree o,y < supy, 325 [Prigg e 20 day |[RY = RF Y| e o,y (6:27)

where L7° is the weighted L> norm :
§
VR e RV, HRHLEf’([O,l]) = max R, \ewiﬂ
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Because of the uniform estimate from Proposition and the upper triangular structure (6.19)),
one gets :

(ot it et
supz |Pi1; 5, le (@, wif)dx+ < Coosup;, 35 5, € (@, z-jf)dx+
’Lf jf
(! —af ) (6.28)
= Cx su;c)lif ijZifCe ;f dry
T _ o yaxr
= Cool—i%u = S e
Using the boundedness around 0 of the function x — =2 and taking dz, < C/v:
2C
SupZ‘Plllf,jf‘e Jf Lf d +< -
if Y
iy
With 4Co <y and day < C/y (with dzy < 1§-) :
v > 0, || R — R¥|| o< 0,1 *||Rk R peo o1y
For the case 1 < p < oo, the conjugate exponent is q := pj and :
P
q
va(z] —af ) -
IR* — R¥|| 12 0.1 Z Z|P11zf gslie”” Il dry | day||RP = R* 1o

if

VR € R*N, ||R] 12 (jo,1)) g/Z IR;,|pe" =

Using Proposition (6.19) and for dxy < C/~, we get by similar computations as in (6.28]),
that :

where :

¢ 1/q
2
§ § | P11, 1f»]f|qe nate Jf If)der dry < Cyx (q) '7_1/q
if

q+1

and for 2 qu° <~anddzy <C/v:

Vn > 0, [ — R¥||1r (0,17 *||Rn R* M| e o,1))-

As a consequence, for 1 < p < oo the series > p—, RF+1 — RF is convergent and the sequence
(R*) converges in LP([0, 1]) towards a limit R € LP([0, 1]). Moreover, we have for «y large enough :

HRk+l - RkHLz([o,u)

1

ng) ||R HLP ([0,1])
1
ok

b
>,

||RHLZ([0,1])

N
wMg

IN

) (IR 2z jo,17) + 157 22 (10,17))-

186



Using the fact that || - ||Le(o,1)) < || - |22 jo,17) < €7l - lzr(f0.1]) one finally gets :

o0

1
1Rl e (0,17 < (Z 2k> eV (IIR*| Lo (0,17 + I1S™ [ e (f0,17))-

k=0

Q+IC
This proves (6.26]) taking v = — which does not depend on the discretization.
To finish the proof of the proposition, it suffices to write that :

R _ R* + Plldx+ Plgdlf_ R
S} \s* 0 0 S
and by induction, it holds :
oo k
R o R* P11d$+ P12d$, R*
(5)=(5) = ("0 ") (5)
Owing the strict upper triangular structure of P, o, we get that :

Livdry Lysdo_ .:i Pudar, Prode_\"
0 0o )72\ o 0

with Lqq strict upper triangular and Lio verifying (6.19) (easy to prove by induction).

O
6.3.4 Proof of the finite time stabilization result
Owing Proposition @ it is possible to write the target system (6.25) as :
R*nJrl — R ~
————— + MO R = TR
S*n+1 — §xn
T — )\,8;6’*” = (BQ + leﬂcef)(R*” + LllR*nder + ngS*”d:c,).
(6.29)

Then using Lemma [28 next lemma shows that the right hand side of the equation for R* in
(16.29)) can be neglected.

Lemma 29. For oll T >0 and 1 < p < oo, there exists C > 0 independent on the parameters
of discretization such that :

Vn :ndt <T, HR*n_R*nHIz,p([o 1]) +H5*n S*nHLp( 0,1]) < Cda” Z (HR*mHLp( 0,1]) +||S*mHLp( 0,1]) )dt'
m=0
where R*, S* satisfies the same system as (6.29) without the term I'11, that is
R*n+1 o R*n B
———— + MO RE= 0
5**n+1 o S*n (630)
dt

with initial data :

- A_(?;S*n = (B2 + M21Hc<_f)(R*" + Lllé*"d:c+ + ngg*nd:r_),

R*O _ R*O
{ S+0 — g0
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Before going into the proof of Lemma we will prove the following preliminary result :

Lemma 30. For all T > 0, there exists C' > 0 independent on the discretization such that for
every (f™)n € (RN and every (R*™, 5*™),, satisfying :

R*n+1 _ R*n _

L I PR

S’*TL-H . Sf*n B ~ ~ _ (631)
T — )\_8;5*” = (B2 + M21Hc<_f)(R*n + LllR*nd$+ + ngs*"dx_),

then :

Vit ndt < T, R 001015 1oy < € <||R*0| broay + 15 oy + 3 IIf”II’Zp([O,l])dt> .
=0

Proof. As this is classical, we give only a rapid sketch of the proof here.
Let 1 < p < 00, then by the convexity of z — |z|P :

Vig > 2, [R7HP < (L dt)P (L — v )| RSP P + v | RyT_y P+ dt| 7 ]P).
Hence, summing over j; and multiplying by dz, one gets :

IR o,y < (4 d IR [ao,1y) + AN [oo,17) — v [ REN [P das)-

For S*, the method is similar :

Vie SN =1, S < (14 =t (1= v IS5 P + v S5, 1P
+dt|M21|(|[HC<;fL11R*n]jcdl’+|p+ |[ chleg*n]jcdl',F
Mo s B27.1))-

Then, summing over j., multiplying by dz_ and owing the fact that Liidxy, Liodz_ are
bounded as operators from L? to LP((Proposition [6), one gets :

15, oy < (L4 CAtP (15117 0 1y + VR E oy + CIREN Pz

where the last term corresponds to the boundary condition at x = 1.
Thus, it is possible to take an n > 0 such that £" := ||R*"||Lp( 01]) T nl|S* ”HLP( 0,1)) Verifies :

EME < (L+CaP(E" + 1" 1o (go.1) )
which immediately gives the result of the Lemma by induction. O
Now we are able to prove Lemma [29) :

Proof of Lemma[29 By using Lemma we have :

IT11 R | 2r(0.17) < Cda—||R™|| 2o(j0.1))-
By Proposition [} one can bound [|R™|| Lo (0,17 by |B*™ || o (0,17 + 1™ | Lo (fo,17) to get :

IT11 R | 2e(0,17) < Cda—(||R*™ || Lo (o,1)) + 1S | Lo (o,1))
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where we may have changed the constant C'.
Applying Lemma [30[to (R*™ — R*", S*™ — §*™),,, we can conclude easily. This ends the proof
of Lemma

O

As a consequence, the energy dynamics of R*,S* can be estimated by the one of R*,S*.
Indeed,

IR 2o 0,17y + 19 I 0,1

I A

CIR™ = BB o1y + 157" = 8712
HIE s o + 15 1% 017

Cda? Z(HR*mHip([o 1y 1S o o,17) )t

m=0

+C (IR 18 0.1y + 157 12 017)

([0,1])

IN

and thus by Gronwall inequality [67), p.1], there exists a constant C' independent on the parame-
ters of discretization such that :

IR 12 0. + 155" 12 0,17y < C(IIR*”HM(M] + 18120 0,11 )

+Cdax”. ZeCdz (n= mdt(HR*m”m(ou +||S*m||m (lo,1))) -

m=0

Hence for all T' > 0 fixed and 1 < p < oo, there exists a constant C' > 0 such that :

vndt < T, ||R*" || ooy + 1S |zeqoap < CUR™ oo + 15" | 2r(0.17)

6.32
+dz— || R*|| Lo o,13) + [1S*° ]l Lo f0.17)) (0:32)

where we used Lemma [30] applied to (R*", §*™),,. o
From now on, we do not make the difference between R*, S* and R*, S* keeping the non tilda

notation. To prove a finite time stabilization result, the first step is to prove an extinction result
for R*.

Proposition 7. The following estimate holds :

1—-CVdt)

n —+ nd *0
W¥n >0, | R*™|| o o1y < €7 37 ¢ IR 1 (o,1)-

Proof. We use a Lyapunov argument using the Lyapunov functional firstly introduced in [28] in
a continuous setting and then adapted to a discrete framework [48] :

. Ay )
Vy(R™) = sup |Rife %
1<js<aN

where v > 0 will be chosen later. R
Using the scheme verified by R* (identified with R*) (6.30)), it holds for j; > 1 :

*n+1 7%15 *1 e -5 Zj —xF z;
R < (1 - vy Rire f|+u+|R e x|
< (1= v Vo(R™) + vype 7" *VV(R*”)

= Q-w=e VR
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and for jy=1:

*n+1 7%:”5 _ *70 7%15
RHTT T < (1— vy Rire R |
(1= v ) V3 (R™).

As a consequence,

2

Vi) < (1 (e ) (R,

A86_$§1—$+§for$207ith01d81

1
V, (R < (1 — ydt + (7dt)2> V., (R*™).
21/+
Owing the fact that 1 + x < e®, one gets :
2
V,Y(R*n—H) < e*’YdtJrﬁ(’Ydt) V,Y(R*n)
Thus, for vdt < 2v,e where € will be fixed later :

Vn > O7 V—Y(R*n) < 67(176)AmdtV,Y(R*O).
To finish the proof, we use the fact that :

e M- lzeeoa < V50) < - oo,

to conclude that :

*10 s=—(1—¢)nd *
Vnz 0, ||R ||L°°([0,1]) <67()\+ (1—¢) t)HR 0||L°°([0,1])

For  := 1/V/dt and ¢ = -1—/dt, we have :

2U+

n L (L —(1— 5= Vdt)ndt
V>0, R Loy < eva xx UTmpVami paoy o

This finishes the proof of the proposition.

A similar analysis for S* is given, to deduce the extinction result for all the system.

Theorem 19. For T > Ty, there exists a constant C independent on the discretization such

. A 1/8 L0 o o
that for all n with % < ndt < and for all (R*°,8*%) € L>([0,1])? :

S R
R || Lo (o,1)) + 1™ | oo (jo,17) < Ce 275 (||R OHLOO([O,l]) + ||S*O||L°°([o,1]))-
Proof. By Proposition [7} it holds :

*10 L (L —(1—-CVdt)nd «
Vndt < T, [|R™ | Lo,y < €72 55 TV RO g . (6.33)

In order to have estimates on S*, we again proceed by a Lyapunov argument. This time the
Lyapunov function is the norm L3° defined by :

(@5, 1)
15" | 2= 0,17y := sup | S}
Tc

where v > 0. Note that in the proof of Propositionﬁ we have proven that for C' <y < \/% :
X —
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[L11dz | (e o,)) + 1 Ln2dz— [l c(reo(o,1))) < €

uniformly in dt,~. Then, by similar computations as in the proof of Proposition [7] :

*n —x-dw- *N *1
15" e oy < (L= v (1= e X )| Lo 0.1y + CIREK |
+(ILrrder || gnze o) 1R [Lee o,y + 1a2da— || £(zee (j0,1) 15" | o= (f0,17) ) dt-

For ndt < T,

1S | Lo o,y < (1= (v = C)dt + C(ydt))|S*"™ | L= 0,17 + CIREK |-
For ~ such that C(% + vdt) < e (e will be fixed later), it holds :

“n _ _ n L (& —(1-CcVdt)ndt
1S oy < €S| Lon 0,17y + Ce vt 35 7 0| ROl oo 0,1

where we have used ((6.33)). Let us introduce n; := FE (%) +1 and for ny <n < E(T/dt),

we easily get (by induction) :

*n * n —~(n— _o) (- —-(1-CVdt)kdt
15* ™ M Lo o)y < CUIR | Los f0,1]) Yo, €7 7RIHE Jevar (x5~ e
+e—7(n—n1)dt(1—5) ||S*n1 ||Lj7°([0,1])
CHR*OHL“([O,IDe_ dt11/4 ZZ:nl e—'y(n—k)dt(l—e) 4 e—"‘/(n—nl)dt(l—s)HS*’nl HL?ﬁ([O,l])

1
%”R*O”LW([OJ])@ wl/T 4 p—v(n—m1)di(l—e) | §*m ||Lg°([0,1])~

IN A

To finish the proof, we use the fact that :

e - llzeqoan < I lzseqo,ny < N llzee o,

to conclude that :

DLl 2 y(p—ny)dt
I oy € GUR o oape™ T+ 10T

1- *T
( E)||5 | Lo (j0,1)-

For v = 2;;7;/4,6 = Cdt'/*, one gets :

R— I —n1)dt(1—CVdt
||S*n+1||L°°([O,1])S %”R*O”Lm([o,l])e 240173 | eaarl/a ari7x (=) di( )HS*m”L‘X’([O,l])-

Tint+dt' /8 /A _ 1 1/8 1.
FOrndtZW@(n nl)dtzliémx(l'i—dt )Xr

1 -1
1S o) < IR llooope” 2077 + €7 2 7F 1S | oo po,1)

<
1 _ 1
< GIR Nz qope 207 + Ce 2al7F ||| oo 0,1y

Hence,

[1S*™ | oo jo,17) < Ce™ 24675 (| R* | oo o,17) + 1™l 2w ((0,1)))-
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Because of the perturbation term I'1; (see also (6.32])), we lose the convergence in e 2a:1/8 .
The final result is given in the next corollary.

Corollary 3. For T > Ty, and 1 < p < oo, there exists a constant C' independent on the

discretization such that for all n with % < ndt < and for all (R°,S%) € L>([0,1])? :

IR o o,1)) + 15™ Lo o1y < Cdz— (| R || Lo (jo,1) + I15° Il Lox (j0,17))-

Proof. Immediate from (6.32]), Proposition |§| and Theorem O

6.4 A numerical example

6.4.1 Comparison with the naive method

Here we give a numerical example with h = 1, Mo = 2, My =3, Ay = A_ =1, dt = 1/1000.
For the naive way, we have only one discretization e a = 1 for which we take a CFL = 0.8. The
naive way gives a converged result for the kernel represented in Figure

K1 K2
—4.00 - —1.0 4
—4.25 - —1.51
—4.50 A 2.0 1
—4.75 A 257
~5.00 301
~5.25 - 35
~5.50 401
~5.75 4>

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

FIGURE 6.12 — The kernels of the closed-loop operator for the naive method

The kernels K7, K5 represents the functions such that :

VYn,u" = K1 Rdxy + KoSdr_.
The spectrum is given in Figure [6.13]
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FIGURE 6.13 — The spectrum of the closed loop operator for the naive method

For our scheme with o = 2,dt = 1/1000,dz = 1/800,dz_ = 1/400, the kernels are repre-
sented in Figure :

_10 -
_2 4

_15 -

_20 -
_3 -

_25 -
—4 - —3.0

3.5
=57 4.0

4.5

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

FIGURE 6.14 — The kernels of the closed-loop operator for less naive method

However, the spectrum of the closed loop system is much closer to its “continuous” equivalent
whose spectrum is rejected at infinity. This is displayed in Figure [6.15)
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FIGURE 6.15 — The spectrum of the closed loop operator for the less naive method

Indeed, we have a much stronger rate of convergence for our method than the the naive one.
To see this, take an initial data :

—4sin(50x)
2 x 1y<0.5 — cos(50z).

{ RO(z)

$9(z) (6.34)

and look at the evolution of the L? norm of the solution as time goes by. The comparison between
both methods is shown in Figure [6.16]

L2 norm of solution L2 norm of solution
10_1 101 4
1055 ] \%\ 1074 1
109 4 1074
€10 § 10744
2 2
U 1017 U 1010
10-21 4 10-24
10-25 4 10-2° ]
1072 1— T T T T T T T v T T T
0 1 2 3 4 5 0 1 2 3 4 5
Time(s) Time(s)
(a) The naive method (CFL = 0.8) (b) Our method (v = 0.8,v_ = 0.4)

FIGURE 6.16 — The L? norm of the solution (log10 scale)

Our method gives much more dissipation than the naive one. This is why it represents better
the behaviour of the “continuous” solution which extinguishes at a finite time (T = 2).
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6.4.2 The effect of the perturbation term

In order to observe the effect of the perturbation term fn, we need to take a larger zeroth
order term M. The parameters are now h = 1, Mis =8, Moy = =8, Ay = A_ =1, dt = ﬁ,
dxy =1/800,dz_ =1/200 (o = 4) and the initial data is given by . The Figure gives
energy dynamics :

L2 norm of solution L2 norm of solution
10?2 102
10 4 10t 4
€ 100 4 € 10° 4
N“C‘ 107" 4 N‘:‘ 10
1072
1072 4
103
S 1 ; ; ; : 5 1 ; ; ; :
Time(s) Time(s)
(a) dt = 1/1000, dz; = 1/800,dz_ = 1/200 (b) dt = 1/4000, dz 4 = 1/3200,dz_ = 1/800

FIGURE 6.17 — When the perturbation term is non zero

One can observe that we are far from a finite time stabilization picture since after a time
t > Tmin = 2, the solution has still a lot of energy. Moreover, when the discretization is finer
(Figure b), the picture shows a stronger decay of the energy but still, one cannot see a clear
extinction at t = Thin.

In order to explain this, we need to come back to the results of Lemma In fact, when the
zeroth order term M is large, the constant C' from Lemma [29 may be very large. Besides, we
can estimate it heuristically :

C ~ eMZITmin ~ 107.

Hence, when M is large, we need to discretize a lot (in this example dz_ should be at least 1077)
for (R*,S*) to be close to (R*,5*).

As a consequence, the effect of the perturbation term I'1; can be important if dz_ is not small
enough. To confirm this, now take a different discretization for which the perturbation term I'1;
is zero. After Remark this is the case when the fine grid is two times finer than the coarse
one (o = 2). Take for example, dt = 1/1000, dz; = 1/800,dz_ = 1/400 to obtain Figure :
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L2 norm of solution
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FIGURE 6.18 — When the perturbation term is zero

Here, the finite time extinction is clear and after ¢ ~ T, the solution is of the order of at
-
least e 2a:'/8 (see Theorem .
6.4.3 The case of different velocities

For completeness, we illustrate that our method works for the case were A\; # A2 ,a > 2 and
when zeroth order term M is moderate. Taking Ay = 1, A_ = 3, M5 = 2, Mo; = 3, dt = 1/1000,
dry = dt and do_ = 4dz, (o = 4), one gets Figure [6.19]:

L2 norm of solution

+
+
100 4 204 + : + Open_Loop
+ + Closed_Loop
* p
10-3 * "
201 +
6 ‘:_ +
10- " +
E " +
o 4
~ 107° 0 M iE
- + +
+
107124 -201 * N
+ +
+
+ N
1015 +
—-40 + ++
+ +
0 1 2 3 4 5 -30 -25 -20 -15 -10 -5 0 5 10 15
Time(s)
(a) The energy (b) The spectrum

FIGURE 6.19 — When velocities are different

6.5 Conclusion

In this chapter, it is established that designing a discretized backstepping control must be
done with the appropriate scheme. This is why we discretized the system first and then designed
a backstepping control adapted to the numerical open-loop system. Doing so, an approximate
finite-time stabilization result was shown for the numerical system.

The natural question which comes into play is how can we construct a similar control when
the numbers dy,ds of equations are larger. We can quote papers [41] where d; = 1 and ds €
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N* and [68] where dj,ds € N* for the continuous theory. In these papers, the authors design
a backstepping control to have exponential stabilization. Another interesting question is the
influence of the choice of the scheme. Here we took the upwind scheme but it well known that
it is very diffusive and gives poor results in simulation. It would be interesting to see if we can
extend the numerical backstepping method to higher order schemes like the slope limiter [79]
one for example. This is not an easy task since slope limiter schemes are nonlinear even if the
PDE system is linear. Finally, it would be interesting to generalize the method to a larger class
of grids where the coarse grid is not a subgrid of the fine one.
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CHAPITRE 7

CONCLUSION GENERALE ET
PERSPECTIVES
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Tout le travail fait dans cette these a consisté a établir rigoureusement la stabilisation expo-
nentielle ou en temps fini de systémes hyperboliques scalaires. On peut décomposer ce manuscrit
en deux parties bien distinctes :

— Les chapitres [2] 3] [ se focalisent plutot sur des méthodes de Lyapunov. Dans les chapitres
2let[3 on utilise des méthodes de Lyapunov "continues" pour exhiber un bassin d’attraction
dans L lorsque la commande est saturée. Alors que dans le chapitre [} la fonctionnelle
de Lyapunov est discréte et on prouve la stabilité exponentielle d’un schéma a limiteur de
pente modélisant un systeme de lois de conservation scalaires avec feedback linéaire.

— Les chapitres [6] et [f] quant a eux, vont utiliser des techniques linéaires. Dans le chapitre
on utilise des techniques de placement de poles pour stabiliser des systémes linéaires avec
couplage dans le domaine. Un bassin d’attraction est également identifié dans L? lorsque
I'on sature la commande. Pour le chapitre [6] on discrétise deux équations de transport
couplées et un résultat de stabilité en temps fini est démontré en utilisant la méthode de
backstepping discrétisé, contribution essentielle de cette these.

Présentons quelques extensions possibles des travaux exposés dans ce manuscrit.

Stabilisation de systémes généraux. Les équations étudiées dans ce manuscrit ne font
intervenir qu’un terme de transport, certes non linéaire pour certains chapitres, mais scalaire. Il
serait intéressant de développer des méthodes de stabilisation pour des systémes hyperboliques
physiques ou un couplage intervient aussi dans le terme de transport. La plupart des travaux
sur le sujet ne prouvent qu'une stabilisation locale puisque les espaces fonctionnels considérés
sont souvent mal adaptés aux équations qui présentent des solutions tres irréguliéres. De plus,
les techniques utilisées proviennent le plus souvent du linéaire et donc ne permettent pas de
prendre en compte les phénomeénes de chocs. On citera quand méme les travaux [21], [32] et [5]
qui n’utilisent pas le carcan du linéaire pour prouver des résultats de stabilité BV. On peut
soulever deux difficultés principales pour établir un résultat de stabilisation au bord :

— La premiere et la plus évidente provient du caracteére bien posé du probleme. Il est tres
difficile, a ce jour, de trouver des résultats d’existence et surtout d’unicité pour des systémes
hyperboliques généraux. On donne quelques articles [97, B 2, 4, 27, 44] et la remarque
[32] remarque 1.3] pour illustrer ce genre de problématique. Le plus souvent, on aura des
solutions o1 on a imposé une condition de petitesse de la condition initiale pour garantir
I’existence en temps long. Une idée pour avancer serait de considérer des systemes un peu
plus simple ol on a pas besoin de ce genre d’hypothese mais ou on conserve quand méme
le couplage au sein du transport : les systémes de classe Temple [66] p. 235].

— L’autre difficulté est le fait de ne pas avoir un sens de propagation bien défini. A chaque
fois, on s’est placé dans un contexte favorable ot le sens de propagation était fixé et ainsi,
leffet d’une condition au bord était évident. Pour des problemes plus physiques, on aura
des conditions aux bords beaucoup moins intuitives et pour définir un controdle, il s’agira
de construire des solveurs de Riemann au bord. On citera quelques articles [19] 6] [7] pour
donner des pistes de réflexion sur ce genre de problématique.

Une idée intéressante serait de considérer la version cinétique d’un systéme hyperbolique [91].

LUt 20)) (7.1)

3

O fe(t, 2, 0) + 0O, fe(t, x,v) =

ol v € R est la variable des vitesses, () un terme de collision non linéaire et £ > 0 est supposé
petit. Cette représentation correspond a une vision mésoscopique du systéme physique étudié.
Par exemple, pour Saint-Venant, la hauteur et le débit se déduisent aisément de f. : H(t,x) =
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fv fedv, HV (t,x) = ﬁ . fedv. Cette représentation a deux avantages, le premier étant qu’il est tres
facile de définir une condition au bord dans . En effet, il suffit de définir f en x = 0,v > 0
et en x = 1,v < 1. Le deuxiéme est que le sens de propagation est bien défini par la vitesse
v et on peut aisément identifier I'information qui se propage vers la gauche de celle qui se
propage vers la droite. Par contre, on a un gros inconvénient qui provient du terme de couplage
raide éQ( fe(t,z,v)) qui reste difficile & traiter via une étude de Lyapunov ou une méthode de
backstepping.
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Résumé

Dans cette thése, nous étudions le probléme de stabilisation au bord de systemes généraux d’équations
aux dérivées partielles hyperboliques. Plus précisément, 1’étude se focalise sur des systémes ot le transport
est uniquement scalaire et ou le sens de propagation de I'information est fixé. En outre, le controle choisi
sera la plupart du temps sous la forme d’une loi de retour d’état (ou feedback) linéaire que I’on perturbera
éventuellement par 'effet d’une saturation. Le travail est séparé en deux parties bien distinctes ; 'une se
concentre sur des méthodes de Lyapunov, tandis que 'autre va plutét utiliser des techniques propres au
linéaire.

Pour la premiére partie, deux travaux principaux sont présentés. Dans un premier temps, nous
ne considérons que des équations de transport linéaires & vitesses positives et cherchons a stabiliser
exponentiellement le systéme dans L grace a un feedback linéaire saturé. La méthode consiste & utiliser
des techniques classiques de Lyapunov afin d’exhiber un bassin d’attraction et d’en donner une estimation
fine. On généralise ensuite ce travail dans un cadre BV pour les systémes de lois de conservation scalaires
couplées au bord. Secondement, un systeme de lois de conservation scalaires a vitesses positives est
discrétisé en utilisant un schéma a limiteur de pente. En s’inspirant des méthodes issues du cadre continu,
une fonctionnelle de Lyapunov discréte est étudiée pour prouver la stabilisation exponentielle BV par
feedback linéaire de la solution discrete.

Pour la seconde partie, deux études sont également exposées mais cette fois-ci, dans un cadre totale-
ment linéaire. D’une part, il s’agit d’établir la possibilité de construire un feedback issu d’un placement
de poles pour stabiliser exponentiellement des edps hyperboliques linéaires avec couplage au bord et
dans le domaine. D’autre part, nous développons une théorie du backstepping discrétisé pour stabiliser
en temps fini un schéma numérique modélisant un systéme 2 x 2 avec couplage au bord et au sein du
domaine.

Mots-Clés

Stabilisation, équations de transport, Backstepping, saturation, schémas numériques

Abstract

In this thesis, we study the problem of boundary stabilization of general hyperbolic systems of partial
differential equations. More precisely, the analysis focuses on systems where the transport term is scalar
and for which the information propagates in a fixed direction. In addition, the chosen control is most
of the time a state feedback law for which a saturation is possibly applied. The work is divided into
two distinct parts, one focusing on Lyapunov techniques while the other one uses the linearity of the
problem.

In the first part of the thesis, two main works are presented. In the first one, only linear transport
equations with positive velocities are considered. The main goal is to design a saturated linear feedback
in order to stabilize exponentially the open-loop system in L°. The method consists of using classical
Lyapunov techniques to exhibit a basin of attraction for which a fine estimate is given. We also extend
this work to nonlinear scalar conservation laws in a BV framework.

In the other work, thanks to a slope limiter scheme, a system of scalar conservation laws is discretized.
Inspired by "continuous" Lyapunov methods, a discrete Lyapunov functional is studied to prove the
exponential BV stabilization of the discrete solution using a linear feedback.

In the second part of the thesis, two works are exposed as well, this time in a full linear framework.
On the one hand, we study systems of linear transport equations of arbitrary dimension, coupled on the
domain and at the boundary. Designing a controller from a pole placement algorithm, the exponential
stabilization is proved in L2. On the other hand, we develop a numerical Backstepping theory in order to
stabilize in finite time a numerical scheme modeling a 2 x 2 linear system with in domain and boundary
couplings.

Keywords

Stabilization, transport equations, Backstepping, saturation, numerical schemes






