
HAL Id: tel-03553064
https://theses.hal.science/tel-03553064

Submitted on 2 Feb 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Electron molecule collisions : study of reaction
mechanisms and applications

Abdillah Abdoulanziz

To cite this version:
Abdillah Abdoulanziz. Electron molecule collisions : study of reaction mechanisms and applications.
Physics [physics]. Normandie Université, 2021. English. �NNT : 2021NORMLH14�. �tel-03553064�

https://theses.hal.science/tel-03553064
https://hal.archives-ouvertes.fr




2

2



Remerciements

Ce travail de thèse a été réalisé au Laboratoire Ondes et Milieux Complexes

(LOMC) de l'Université Le Havre Normandie, je tiens à présenter mes remer-

ciements les plus sincères à mon directeur de thèse, le professeur Ioan SCHNEI-

DER, pour m'avoir donné la chance de réaliser mon stage de master 2 puis ce travail

de thèse avec lui. Je le remercie pour sa disponibilité, son accompagnement, son

encadrement, sa patience, sa rigueur scienti�que, ses conseils et surtout pour sa

con�ance tout au long de ma thèse.

Ce travail est le fruit d'une collaboration scienti�que de plusieurs chercheurs na-

tionaux et internationaux. Je remercie mon codirecteur de thèse, monsieur Arnaud

BULTEL et mon encadrant, monsieur Vincenzo LAPORTA pour leur assistance.

Je remercie également Zsolt MEZEI pour son encadrement, sa pédagogie et pour les

di�érents fructueux échanges partagés pendant ces années de thèse. Je tiens égale-

ment à remercier le professeur Jonathan TENNYSON de m'avoir accueilli dans

son unité de recherche à Londres pour pouvoir m'initier aux calculs de structures

moléculaires avec les méthodes R-matrix ; merci beaucoup pour votre accompa-

gnement et votre disponibilité durant toute la durée de ma thèse. Merci à Tom

(Tomas MELTZE) pour ton temps et pour toutes les astuces partagées pendant ma

visite à l'University College London (UCL). J'ai eu l'occasion de pouvoir m'initier

aux études de molécules polyatomiques avec l'aide de Mehdi AYOUZ, merci très

sincèrement pour le temps et pour les conseils partagés avec moi au cours de mes

dernières années de thèse.

Je tiens à exprimer mes remerciements aux membres du jury plus particulière-

ment aux professeurs Laurent WIESENFELD et Guillaume LOMBARDI pour

avoir accepter de juger mon travail.

Je tiens à remercier tous ceux qui, de près ou de loin, ont contribué à la réal-

isation de ce travail. Dans toute équipe, outre les projets communs, les relations

humaines sont au c÷ur du travail à réaliser et à ce titre, j'ai une pensée particulière

i



ii

aux potos ; Bouba, Belaïd, Ziad, Oussama, Emérance, Paul, Abdessamad, Hrishi,

Dr Cheick, Ahmad, Nihad, Tess, Ragav ..., merci pour ces années passées ensemble,

c'étais pour moi un plaisir de partager ces moments avec vous.

Je ne saurais terminer ce travail de thèse sans le soutient profond de ma famille.

Un grand merci à mes parents et mes oncles et plus particulièrement à Soilihi

MOHAMED qui a ÷uvré toute sa vie pour notre réussite. Ce travail est le fruit

de vos encouragements et de vos conseils, merci in�niment!!!. Merci à mes frères

et s÷urs, plus particulièrement à mon grand frère Abderemane et sa famille ainsi

qu'à ma défunte s÷ur, que Dieu t'accueille dans les plus hauts degrés du paradis.

En�n je voudrais adresser un merci particulier à ma très chère épouse et à ma

�lle pour tout leur amour sans oublier ma belle famille.

ii



Contents

Introduction xvi

1 General Introduction 1

2 Molecular states 5

2.1 Born-Oppenheimer approximation . . . . . . . . . . . . . . . . . . 7

2.2 An option for the electronic part: the adiabatic choice . . . . . . . 9

2.2.1 The Hartree-Fock method . . . . . . . . . . . . . . . . . . . 10

2.2.2 Post-Hartree-Fock methods . . . . . . . . . . . . . . . . . . 13

2.3 Basis set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Beyond the Born-Oppenheimer approximation . . . . . . . . . . . 16

2.4.1 Adiabatic representation . . . . . . . . . . . . . . . . . . . . 18

2.4.2 Quasi-Diabatic representations . . . . . . . . . . . . . . . . . 20

3 Multi-channel Quantum Defect Theory (MQDT): Application on

reactive collisions 21

3.1 Subdivision of the con�guration space . . . . . . . . . . . . . . . . . 22

3.1.1 Inner region . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1.2 Outer region . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 The channel notion . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2.1 One-channel case . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2.2 Lippmann-Schwinger equation . . . . . . . . . . . . . . . . . 27

3.3 Multi-channel case . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.4 Multi-channel Quantum Defect Theory (MQDT) approach of the

reactive collisions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.4.1 General ideas . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.4.2 Vibrational dynamics Neglecting Rotational e�ects(VNR) . 34

iii



iv CONTENTS

4 Electron scattering on ArH+ 45

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.2 Molecular data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.4 Astrophysical consequences . . . . . . . . . . . . . . . . . . . . . . . 54

4.5 Quantum defect in�uence on vibrational excitation . . . . . . . . . 56

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Electron scattering on HD+ 59

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2 Molecular data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

6 Electron induced reaction on N+
2 69

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6.2 Theoretical approach . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.3 Molecular data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

6.4 Results and discussions . . . . . . . . . . . . . . . . . . . . . . . . 73

6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7 Carbon dioxide electron impact reactions 81

7.1 Step of calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

7.2 Theoretical approach . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7.2.1 Basis set choice . . . . . . . . . . . . . . . . . . . . . . . . . 83

7.2.2 Potential Energy Curve of CO2 . . . . . . . . . . . . . . . . 83

7.2.3 Dissociative electron attachment and dissociative excitation

on carbon dioxide . . . . . . . . . . . . . . . . . . . . . . . . 89

7.3 R-matrix results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.3.1 General ideas . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.3.2 Calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

7.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

8 Electron scattering on formylium molecule (HCO+) 97

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

8.2 General ideas on theoretical approach . . . . . . . . . . . . . . . . 98

8.3 Target properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

8.4 Probabilities and cross section . . . . . . . . . . . . . . . . . . . . . 104

iv



CONTENTS v

8.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

8.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

9 Conclusion and perspectives 113

10 Appendix A 115

v



vi CONTENTS

vi



List of Figures

1.1 Ranges of temperature and electron density for several laboratory

and cosmic plasmas and their characteristic physical parameters:

Debye length λD, plasma frequency ωpe , and number of electrons

ND in a Debye sphere. MHD stand for magnetohydrodynamic. . . . 2

2.1 Particle coordinates in a diatomic molecule AB . . . . . . . . . . . 6

2.2 Avoided crossing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.1 Distribution of con�guration space in terms of inter-nuclear (x axis)

and electronic (y-axis) coordinates which lead to dissociation and

ionization respectively. BO here means regions where the Born-

Oppenheimer approximation can be applied while CC is the region

where a close coupling representation is appropriate . . . . . . . . 24

3.2 Dissociative recombination mechanisms: (A) Direct mechanism: A

dissociative state of the neutral (blue line) crossing the ion potential

energy curve (black line). The electron is captured into this state

and then dissociation occurs. (B) Indirect mechanism: The electron

is �rst captured on a vibrational level of the neutral state belonging

to a Rydberg series which converges to the ground state of the ion,

coupled to the resonant state leading to dissociation. . . . . . . . . 34

vii



viii LIST OF FIGURES

3.3 Overlap between the relevant wave functions in electron/molecular

cation collision, for several cases of vibrationally excited target, col-

lided by a very slow (energy almost zero) electron. The solid curves

are the target bound vibrational wave functions and the dashed ones

are the dissociative ones. The colored horizontal lines correspond to

the vibrationnal levels of the ion. The target potential energy curves

of the ion (black line) and of the dissociative state of the neutral

(dashed violet) are given. This example is valid for the H+
2 /H

∗∗
2

system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.1 R-matrix results for the resonant states of 2Π symmetry. The dashed

lines are the potential energy curves of the target ground electronic

and excited states (blue curves) of ArH+. The dotted green curves

are those of the Rydberg states converging to the ground electronic

state and the red curves converging to the excited electronic states. 47

4.2 Potential energy curves used in the present calculations. The ArH+

potential curves - ground state, X 1Σ+, and the lowest excited elec-

tronic states - are displayed as black lines. The molecular data sets

for the di�erent symmetries of the neutral system are displayed with

di�erent colors: 2Σ in red, 2Π in blue and 2∆ in green. . . . . . . . 48

4.3 Electronic couplings used in the present calculations. The molecu-

lar data sets for the di�erent symmetries of the neutral system are

displayed with di�erent colors: 2Σ in red, 2Π in blue and 2∆ in green. 48

4.4 Quantum defects used in the present calculations. The molecular

data sets for the di�erent symmetries of the neutral system are dis-

played with di�erent colors: 2Σ in red, 2Π in blue and 2∆ in green.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.5 Dissociative recombination of vibrationally relaxed ArH+. Broken

colored lines: The contributions coming from all the dissociative

states having the same asymptotic atomic limit. Solid black line

(partially hidden by the red curve): Total cross section coming from

the sum over all the available dissociative states. . . . . . . . . . . 51

4.6 Dissociative recombination of ArH+ on its lowest vibrational levels:

(a) global cross sections, coming from the sum over all the available

dissociative states; (b) the corresponding Maxwellian-averaged rate

coe�cients. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

viii



LIST OF FIGURES ix

4.7 Dissociative recombination of vibrationally relaxed ArH+. Compar-

ison between the rate coe�cient measured in the CRYRING storage

ring and the anisotropic rate coe�cient obtained by the convolution

of our MQDT-computed cross section using the temperatures char-

acterizing the relative velocities of the electrons with respect to the

ions in the experiment. . . . . . . . . . . . . . . . . . . . . . . . . 53

4.8 Vibrational excitation (VE) of ArH+ on its lowest vibrational levels:

Cross sections for ∆v+ = 1 (solid lines). The dissociative recom-

bination (DR) cross section are also shown for comparison (broken

line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.9 Dissociative recombination rate of vibrationally relaxed ArH+ and

ArD+ as a function of electron temperature: The isotopic e�ects. . 54

4.10 Relative abundance of ArH+ as a function of the rate coe�cients for

the case of (a) di�use ISM (temperature T = 100 K) and (b) Crab

nebula (temperature T = 1000 K). . . . . . . . . . . . . . . . . . . 54

4.11 Variable quantum defect . . . . . . . . . . . . . . . . . . . . . . . . 56

4.12 Constant quantum defect . . . . . . . . . . . . . . . . . . . . . . . . 56

5.1 Cross section for Dissociative Recombination(DR), Elastic Collisions

(EC), Dissociative Excitation (DE) and Vibrational Excitation (VE)

of HD+ on its vibrational levels (left pannel) global cross sections,

coming from the sum over all the available dissociative states; right

pannel the corresponding Maxwellian-averaged rate coe�cients. (a)

and (b) are results for for v+
i = 0 and (c) and (d) for v+

i = 1 . . . . 62

5.2 Same as �gure (5.1) for v+
i = 2 ((a) and (b)) and v+

i = 3 ((c) and (d)) 63

5.3 Same as �gure (5.1) for v+
i = 5 ((a) and (b)) and v+

i = 10 ((c) and

(d)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.4 Same as �gure (5.1) for v+
i = 15 ((a) and (b)) and v+

i = 20 ((c) and

(d)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.5 Maxwellian-averaged rate coe�cients for Dissociative Recombina-

tion(DR) over the 11 levels for T = 100, 1000, 5000 and 10000K.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

ix



x LIST OF FIGURES

6.1 Potential energy curves (PEC) relevant for DR of N+
2 , compiled from

Figures. 2 and 3 of Little et al.. The color code of the curves is the

following: Target cation: ground electronic state (X2Σ+
g ): black; 1st

excited state (A2Πu): red; 2nd excited state B2Σ+
u : green. Dissocia-

tive states of N2-left panel: 1Πu: blue; 1∆g: magenta; a”1Σ+
g : cyan;

and 1Φu: orange. Dissociative states of N2-right panel: 3Πu: blue;

H3∆g: magenta; and 3Φu: orange. The lowest �ve vibrational levels

of each electronic state of the ion and the dissociative asymptotic

limits for all states are shown. The green dashed line gives the upper

limit of the collision energy. . . . . . . . . . . . . . . . . . . . . . . 71

6.2 Molecular data sets relevant for the DR of N+
2 limited to internu-

clear distances around the equilibrium geometry of the ion. 1st row:

PECs of the ionic and neutral states for all relevant symmetries. 2nd

row: all Rydberg-valence electronic couplings. 3rd row: the relevant

Rydberg-Rydberg couplings. 4th row: quantum defects. . . . . . . 73

6.3 Global DR, VE and VdE cross sections of the N+
2 v+

i = 0 (A),

v+
i = 1 (B) and v+

i = 5 (C) as a function of the collision energy.

For vibrational transitions (VE and VdE) we label the processes

as transitions from the initial to the �nal vibrational leveles of the

target. The vertical dashed dark-green line gives the precision limit

of the calculations. . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.4 Isotropic Maxwell rate coe�cients of N+
2 for v+

i = 0 − 5 initial vi-

brational levels for all relevant electron induced processes: Disso-

ciative recombination (black line), elastic collision (indigo dashed

line), vibrational excitation (thin coloured lines) and vibrational de-

excitation (symbols and thick coloured lines). For the vibrational

excitations all transitions are shown up to ∆v+ = v+
f − v+

i = 8 with

the lowest transition being labeled on each �gure. excitation and

de-excitation to �nal vibrational quantum numbers are given. The

green dashed line gives the precision limits of our calculation given

in temperatures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.5 Relative di�erence between the calculated and �tted isotropic Maxwell

rate coe�cients. The �tting parameters of the (3), and (4) Arrhe-

nius type formulas are listed in tables (6.2) and (6.3). The target

vibrational quantum number is v+
i = 1. . . . . . . . . . . . . . . . 78

x



LIST OF FIGURES xi

7.1 Potential energy curves of the ground electronic state of CO2 as

function of the distance between the two oxygen atoms, the CO

distance being frozen to its equilibrium value. The black solid curve

is the singlet ground electronic state and the dashed one is the singlet

excited state. The blue curve is the degenerate excited triplet state. 85

7.2 Potential energy curves of the ground electronic state of CO2 as on

�gure (7.1) and di�erent vibrational wave functions on colors. . . . 89

7.3 Partition of con�guration space in �xed-nuclei R-matrix theory for

CO2 molecule. Space is divided into an inner and an outer regions . 91

7.4 Eigenphase sum for electron-CO2 scattering . . . . . . . . . . . . . 93

7.5 Potential energy curves of the ground electronic state of CO2 as

function of distance between the two oxygen atoms, the CO distance

being frozen to its equilibrium value. The black solid curve is the

singlet ground electronic state and the blue one is the triplet excited

state. The red curves are Close Coupling (CC) results and the cyan

curve the static exchange plus polarization (SEP) results. The circle

marked curve are the results from Moradmand et al . . . . . . . . 95

7.6 Width for CO−2 as function of the inter-nuclear distance. The dashed

curve is the SEP result according to Figure 7.5 and the solid curve,

the CC result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

8.1 Representation of the normal modes of HCO+ molecule: Symmet-

ric stretching (a), bending (b) and asymmetric stretching (c). The

carbon atom is represented by the black ball, the oxygen by the red

ball and the hydrogen by the gray one . . . . . . . . . . . . . . . . 100

8.2 Potential energy curves of the ground electronic state of HCO+ as

function of the dimensionless geometry (Q) for bending (left panel),

symmetric stretching ( middle) and asymmetric stretching (right

panel) modes. Red curves are results from Quantemol-N and black

curves from Molpro. . . . . . . . . . . . . . . . . . . . . . . . . . . 102

8.3 Eigenphases as a function of the dimensionless geometry (Q) for

electron-scattering energy Eel = 0.1 eV for the symmetric stretch-

ing (left bottom panel), bending ( upper panel), and asymmetric

stretching (right bottom panel) modes. The curves of di�erent col-

ors correspond to di�erent symmetries . . . . . . . . . . . . . . . . 103

xi



xii LIST OF FIGURES

8.4 Eigenphase sums as a function of the incident electron energy for q =

0.001 (dimensionless) for the bending mode in Cs group symmetry

(upper panel), symmetric stretching (left bottom panel) and asym-

metric stretching (right bottom panel) modes in C2v point group.

The curves of di�erent colors correspond to di�erent symmetries of

the electron HCO+ scattering. For bending mode, black curve is for

A' symmetry and the red one for A". For symmetric and asymmet-

ric stretching, the black curve is for A1, red and green curves are for

doublet degenerate symmetries B1 and B2 and the blue curve is for

A2 symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

8.5 DR cross section as on �gure (6) of dos Santo et al.. The violet solid

and dashed curves are respectively the calculated cross section and

its convolution compared to previous works. Black curves are cross

section calculation obtained with probabilities from dos Santo et al. 110

8.6 Excitation probabilities . . . . . . . . . . . . . . . . . . . . . . . . . 111

xii



Abstract

Electron-molecule collisions are present in various astrophysical media such as

interstellar molecular clouds, in planetary atmospheres, and in cold natural or man-

made plasmas. Theoretical investigations are presented in this thesis for diatomic

molecular cation and polyatomic molecules. Using an approach based on the mul-

tichannel quantum defect theory, the dissociative recombination and competitive

processes are calculated for diatomic molecules. Di�erent approaches of this the-

ory are used to compute the cross-section and the corresponding rate coe�cients

for ArH+ molecular cation in a �rst case where a good agreement with merged

beams measurement at low energy is shown. An extension of the theory is used

to fully account the dissociative excitation and then computing all the processes

cross-section of the HD+ molecular cation. In a second extension of the same the-

ory, with more target states, results are presented for the N+
2 molecular cation.

The potential energy curves of the carbon dioxide negative ion is calculated and

results are in good agreement with the previous calculation. Finally, the electron

induces dissociation of HCO+ molecule is modeled in this thesis using an approach

that combines the normal modes approximation for the vibrational states of the

target molecule, the UK R-matrix code to obtain electron�molecule S-matrix for

�xed geometries of the target and the vibrational frame transformation. The im-

portance of the rate-coe�cients in the collisional-radiative models of cold ionized

media is outlined for all these species.

Keywords: Dissociative recombination, dissociative excitation, vibrational ex-

citation, dissociative electron attachment, cross sections, rate coe�cients

Résumé

Les collisions électron-molécule sont présentes dans divers milieux astrophysiques

tels que les nuages moléculaires interstellaires, les atmosphères planétaires et les

xiii
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plasmas froids naturels ou arti�ciels. Des études théoriques sont présentées dans

cette thèse pour les cations moléculaires diatomiques et pour les molécules poly-

atomiques. En utilisant une approche basée sur la théorie des défauts quantiques

multivoies, la recombinaison dissociative et les processus compétitives sont calculés

pour les molécules diatomiques. Di�érentes approches de cette théorie sont util-

isées pour calculer la section e�cace et les taux de réactions correspondants pour

le cation moléculaire ArH+ dans un premier cas où un bon accord avec l'expérience

à basse énergie est montré. Une extension de la théorie est utilisée pour pren-

dre entièrement en compte l'excitation dissociative et ensuite calculer la section

e�cace de tous les processus pour cation moléculaire HD+. Dans une deuxième

extension de la même théorie, avec plus d'états cibles, des résultats sont présentés

pour le cation moléculaire N+
2 . Les courbes d'énergie potentielle de l'ion négatif du

dioxyde de carbone sont calculées et les résultats sont en bon accord avec les calculs

précédents. En�n, la recombinaison dissociative de la molécule HCO+ est aussi cal-

culée dans cette thèse en utilisant une approche qui combine l'approximation des

modes normaux pour les états vibrationnels de la molécule cible, le code UK R-

matrix pour obtenir la matrice S, pour des géométries �xes et une "vibrational

frame transformation". L'importance des coe�cients de vitessse dans les mod-

èles collisionnels-radiatifs des milieux ionisés froids est soulignée pour toutes ces

espèces.

Mots clés : Recombinaison dissociative recombination, excitation dissociative,

excitation vibrationelle, attachment dissociative, sections e�caces, taux de réac-

tions
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Chapter 1

General Introduction

Electron-molecule collisions are major processes that occur in cold ionized me-

dia containing molecules: planetary atmospheres, interstellar molecular clouds, and

cold natural or man-made plasmas. Plasmas can be observed in a lot of media in

the universe but it also can be produced in laboratory and it temperature can vary

from a few hundred to billions of Kelvin as it shown in Figure (1.1) taken from

[1]. The man-made plasma is widely used in laboratory and one of most famous

is the International Thermonuclear Experimental Reactor (ITER) which is an in-

ternational project aiming to demonstrate the scienti�c and technical feasibility

of nuclear fusion as a new source of clean energy for humanity. The world's an-

nual energy consumption is increasing daily and to satisfy this energy demand,

the main production of energy is based on the use of widely exploited and lim-

ited resources, the environmental consequences being catastrophic. The use of

plasma-based thermonuclear fusion reactions, where the hydrogen isotopologues,

deuterium, and tritium react together to give the helium, is the probably the best

candidate for future energy clean productions.

1



2 CHAPTER 1. GENERAL INTRODUCTION

Figure 1.1: Ranges of temperature and electron density for several laboratory and
cosmic plasmas and their characteristic physical parameters: Debye length λD,
plasma frequency ωpe , and number of electrons ND in a Debye sphere. MHD
stand for magnetohydrodynamic.

The biological e�ect of the low-energy electrons is shown by Budaï�a et. al.

[2] where the DNA damage is pointed out in their results. They show that abun-

dant free secondary electrons are produced during ionization radiation with energy

ranging from 1 and 20 eV. These electrons can induce the breaking of the DNA.

The study of electron-molecule collisions is more than crucial to model and

understand the behavior of ionized media. Cross-sections and rate coe�cients for

these reactions are important for modelizers. In the case of molecular cations, the

major reaction is the dissociative recombination (DR). It consists in the capture of

2
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the incident electron by the target followed by the break-up of the neutral complex

into two neutral fragments

AB+(N+
i , v

+
i ) + e−(εi) −→ A + B. (1)

This process is in competition with the dissociative excitation (DE) at high energy,

above the dissociation energy of the molecule, where one of the two fragments is

excited:

AB+(N+
i , v

+
i ) + e−(εi) −→ A + B*, or A* + B + e−(εf ), (2)

and the vibrational excitation (VE) and deexcitation (VdE) where the initial vi-

brational target state is lower and higher respectively:

AB+(N+
i , v

+
i ) + e−(εi) −→ AB+(N+

f , v
+
f ) + e−(εf ), (3)

Here N+
i , N

+
f , v

+
i , v

+
f , εi and εf are respectively the initial and �nal rotational

quantum number, the initial and �nal vibrational quantum number and the initial

and �nal incident electron energy.

For poly-atomic molecules the processes remain the same with a multitude

dissociation pathways and complexity because of the additional degrees of freedom

that are introduced in the target such as vibration and rotation of the nuclei.

In addition to these processes, we mention the elastic collision (EC) where

εi = εf and N+
i = N+

f , v
+
i = v+

f in reaction (3).

For the case of neutral molecules, the processes are similar to those of reactions

(2), (3) and reaction (1) is replaced by dissociative electron attachment (DEA)

which is a process whereby the incoming electron attaches to a molecule causing it

to a neutral and anion fragments as:

AB(N, vi) + e−(εi) −→ A− + B or A + B−. (4)

The need of data for all of these reactions is important for scientists performing

measurements of cross-section and rate coe�cients. But these experiments can be

very expensive and theoretical calculations can be the best way to overcome the lack

of experimental measurements. The calculation is relatively cheap compared to ex-

periments and we can get information about all possible transitions of the molecule

for a wide range of energy. The aim of this thesis is to provide theoretical studies

for reactions listed above for collision between electron and molecules at electron

3



4 CHAPTER 1. GENERAL INTRODUCTION

impact energy below the dissociation energy of the target for some molecules and

above this dissociation for others with di�erent theoretical approaches.

The organization of this thesis is as follows. The next chapter denoted "molecu-

lar states" will describe the relevant theory appropriate for the the di�erent target

states used in this thesis. It is a general overview of the quantum chemistry meth-

ods used followed by the the presentation of the Multi-channel Quantum Defect

Theory (MQDT) in chapter (3) which is used for the case of molecular cation target.

Its application is the subject of the next three chapters. The �rst application is the

electron scattering on the ArH+ molecular cation in chapter (4) where cross-sections

are presented for dissociative recombination and electron-impact vibrational exci-

tation at electron energies appropriate for the interstellar environment. The cross

sections and the corresponding Maxwellian rate coe�cients are computed using

the simplest approach of the MQDT. It consists in taking into account the target

ground electronic state and incident electron enegy below the ion's dissociation

limit in the calculation. The second application is the electron scattering on HD+

molecular cation in chapter (5). The cross-section and rate coe�cients of reactions

(1), (2) and (3) for DR, DE, EC, VE and VdE are computed respectively. The

MQDT approach used in this chapter includes the �rst excited state of the target

and the calculation goes above the dissociation limit. The last application con-

siders as target the N+
2 molecular cation in chapter (6) where cross-sections and

thermal rate coe�cients are computed for electron-impact DR, VE and VdE of the

N+
2 molecular ion in its lowest six vibrational levels, for collision energies up to 2.3

eV. The two last chapter are devoted to poly-atomic molecules. In chapter (7) we

compute the potential energy curves of the CO2 molecule as target, as well as those

of the di�erent resonant state of CO−2 using quantum chemistry and R-matrix [3, 4]

methods. In chapter (8) we compute the DR cross-section for electron scattering

with formylium molecule (HCO+). Finally the thesis is concluded with a summary

of the obtained results and perspectives.

4



Chapter 2
Molecular states

The description of the molecular dynamics in our formalism starts by a good

knowledge of the target states. Once they are correctly described, we can build

the states of the whole molecular system - intermediate or resonant states - formed

during the collision with an electron. An accurate calculation of both these types

of states is crucial for the prediction of the reaction products.

Our purpose in this chapter is to identify the major molecular states involved in

the collisional processes addressed in our study and to describe the di�erent ways

to compute them.

We start this description by writing the non-relativistic time-independent Schrödinger

equation

HΨ = EΨ, (1)

where the Hamiltonian H is splitted in an electronic and nuclear part:

H = TN +H(e), (2)

H(e) being called electronic Hamiltonian, since it describes the movement of the

electrons for a given geometry of the internuclear arrangement, and TN being the

kinetic-energy operator associated to the motion of the nuclei.

In order to explicitate the Hamiltonian in equation (2), let us consider a di-

atomic molecule AB with MA and MB the masses of the nuclei A and B respec-

tively.

In �gure(2.1) the molecular coordinates are shown. qiA, qiB, qij and R = RAB

are respectively the distance between the electron i and the nucleus A, the distance

between the electron i and the nucleus B, the distance between the electrons i and

j, and the inter-nuclear distance, i.e. the distance between the nuclei A and B.

According to these coordinates, the two parts (2) of the general Hamiltonian in the

5



6 CHAPTER 2. MOLECULAR STATES

Figure 2.1: Particle coordinates in a diatomic molecule AB

Schrödinger equation (1) can be explicitly be written as:

TN = − ~2

2MA

∆RA −
~2

2MB

∆RB, (3)

and

H(e) = Te + VNN + VeN + Vee, (4)

where

Te = − ~2

2me

n∑

i=0

∆qi (5)

is the electron's kinetic energy,

VNN =
ZAZBe

2

4πε0|R|
(6)

6



2.1. BORN-OPPENHEIMER APPROXIMATION 7

the nucleus-nucleus repulsion,

VeN = −
n∑

i=0

ZAe
2

4πε0|qAi|
−

n∑

i=0

ZBe
2

4πε0|qBi|
(7)

the electron-nucleus attraction and

Vee =
∑

i<j

e2

4πε0|qij|
, (8)

the electron-electron repulsion. If we work in the center of mass frame, the relevant

nuclei kinetic energy (3) will be:

TN = − ~2

2µ
∆R, (9)

and the all the other parts of the Hamiltonian are the same.

The resolution of equation (1) is a priori very complex, due to the number of

degrees of freedom to be taken into account. Hopefully, approximations exist to

make it simpler, if the physics is well modeled. An intuitive choice is to separate as

much as possible the variables, and this can be achieved in the Born-Oppenheimer

context, illustrated below.

2.1 Born-Oppenheimer approximation

[5] The proton and the electron masses are known to be respectively mp =

1.676231 × 10−27 kg and me = 9.1093897 × 10−31 kg. Otherwise, mp ≈ 1836me.

This huge mass ratio plays a fundamental role in the simpli�cation of the study of

the energy and of the dynamics of molecules. For low total energy of the molecular

system, the electron average velocity is much larger compared to that of the nuclei.

We can thus, in a �rst step, study the movement of the electrons by considering

the nuclei as �xed, determine their energy within this assumption, and study even-

tually the vibration movement of the nuclei in an average potential relying on the

previously determined electronic energy. This is called the Born-Oppenheimer ap-

proximation [6]. Within this approximation, the total wave function Ψ in equation

(1) is divided in two parts and it can be written as a product between a nuclear

7



8 CHAPTER 2. MOLECULAR STATES

and an electronic part, involving all the nuclei and electronic coordinates:

Ψ = ψ(~qi, R)χ(~R), (10)

where ψ(~qi, R) and χ(~R) are respectively electronic and nuclear wave functions.

Applying the Schrödinger equation(1) together with equation (2) we obtain:

H(e)ψ(~qi, R)χ(~R) + TN(ψ(~qi, R)χ(~R)) = Eψ(~qi, R)χ(~R)

(11)

H(e) acts only on ψ(~qi, R) while TN acts both on χ(~R) and ψ(~qi, R)

TN(ψ(~qi, R)χ(~R)) =
−~2

2µ

[
ψ(~qi, R)∆χ(~R) + 2~∇ψ(~qi, R) · ~∇χ(~R)) + χ(~R)∆ψ(~qi, R)

]
1

(12)

Using the normalization of the electronic part wave function (〈 ψ(~qi, R)|ψ(~qi, R)〉 =

1) when making the scalar product of the electronic wave function ψ(~qi, R) at the

left of equation (11) we can write:

[
〈 ψ(~qi, R)|H(e)|ψ(~qi, R)〉 + TN + 〈 ψ(~qi, R)|TN |(ψ(~qi, R)〉

]
χ(~R)〉 +

[
−~2

µ
〈ψ(~qi, R)|~∇ψ(~qi, R)〉 ~∇

]
χ(~R)〉 = Eχ(~R)〉 (13)

By de�ning the B̂ operator as:

B̂ = 〈 ψ(~qi, R)|TN |(ψ(~qi, R)〉 − 〈ψ(~qi, R)|Ĉψ(~qi, R)〉 Ĉ (14)

where Ĉ =
~√
µ
~∇ and the energy term U(R)

U(R) = 〈 ψ(~qi, R)|H(e)|(ψ(~qi, R)〉 (15)

1

∆(χψ) = ~∇(ψ~∇χ+ χ~∇ψ)

= ~∇(ψ~∇χ) + ~∇(χ~∇ψ)

= ψ∆χ+ 2~∇χ · ~∇ψ + χ∆ψ

8
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CHOICE 9

the equation (13) becomes

[
U(R) + TN + B̂ − E

]
χ(~R)〉 = 0

(16)

The Born-Oppenheimer approximation consist in the neglect the term B̂χ(~R):

B̂χ(~R) ≈ 0 (17)

which is partially justi�ed by the fact that the mass ratio between nuclei and

electron is huge. Then we can rewrite equation (10) as :

ΨBO = ψBO(~qi, R)χBO(~R), (18)

where χBO(~R) is the solution of the eigenvalues equation:

[U(R) + TN − E]χ(~R) = 0

(19)

Within this approximation we can focus ourselves to reach the physical meaning

of this ψBO(~qi, R) and U(R) and this is the aim of the next sections.

2.2 An option for the electronic part: the adiabatic

choice

Concerning the physical signi�cance of ψBO(~qi, R), a natural choice is to take

this wave function as the eigen-function corresponding to the eigen-energy of the

electronic Schrödinger equation:

H(e)ψ(ad) = U (ad)ψ(ad) (20)

where H(e) is the electronic Hamiltonian, de�ned by equation (2). Consequently,

by taking ψBO(~qi, R) = ψ(ad) naturally we can see that U(R) = U (ad)(R) can

be considered as the electronic energy of our molecular system for a given inter-

nuclear distance R. This is the so-called adiabatic choice, and it is the basis of

the traditional quantum chemistry. Over the years, di�erent methods have been

elaborated in order to solve the equation (20), and we will focus ourselves to some

of the ab initio methods based on Hartree and post-Hartree Fock methods in the

9



10 CHAPTER 2. MOLECULAR STATES

folowing sections.

2.2.1 The Hartree-Fock method

In the coming paragraphs, I am describing the major quantum chemistry details

related to my molecular structure calculation, as exposed by Attila Szabo and Neil

S. Ostlund in "MODERN QUANTUM CHEMISTRY" [7]

The Schrödinger equation is known to be a many-body problem which can not

be solved analytically. Within the framework of the polyelectronic wave function

representation by a Slater determinant, the Hartree-Fock method makes possible

to solve the Schrödinger equation by substituting the Hamiltonian's eigenvalues

and eigenfunctions search by those of a monoelectronic F̂ pseudo operator

Hh =
Z∑

i=1

F̂ (i) (21)

representing the interaction of an electron with the nuclei on one hand and a local

repulsive �eld taking into account the presence of the other electrons on the other

hand as :

F̂ (i)ψ(qi) = εiψi(qi) (22)

where ψi(qi) are orbital functions representing the position vector qi and εi are the

monoelectronic energies. The total electronic energy in this approximation is the

sum of these monoelectronic energies.

Eh
e =

Z∑

i=1

εi (23)

In equation(20) the Ψ wave function is an anti-symmetric sum of products of spin-

orbit φi eigenfunctions of the F̂ (i) operator. It can be written as a Slater determi-

nant :

Ψelec =
1√
n!



φ1(1) ... φ1(n)

... ... ...

φn(1) ... φn(n)


 (24)

where φi(j) = ψi(qi) × ψspin(sj) and ψspin(sj) = α or β. Here α and β are two

orthonormal functions describing the spin up and down of the electron, respectively.

In this approximation, the independent-electron assumption [8] is stated, which

means that, the electron-electron interaction is completely neglected.

10
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The further step is to take into account the general e�ect of other electrons on

a given electron i. The Fock operator (22) can be written as :

F̂ (i) = − ~2

2me

~∇2 − Ze2

4πε0qi
+
∑

i 6=j
Vj

(25)

Here − ~2
2me

~∇2− Ze2

4πε0qi
= ĥ(i) is the mono-electronic hydrogenoid Hamiltonian. The

interaction of the j electron with the i electron are not included in this operator.

The Hartree Fock method does not take into account the electronic correlation.

To �nd out Vj let us apply φi on (25)

〈 φi|F̂ (i)|φi〉 = 〈 φi|ĥ(i)|φi〉 +
∑

i 6=j
Repij (26)

Repij is the average value of the electronic repulsion operator e2

4πε0qij
between i and

j electrons with φi and φj spin-orbitals. The wave function of the two-electron-

system bellow, is a Slater determinant φiφj

Repij = Jij −Kij =

(
〈 |φiφj||

e2

4πε0qij
||φiφj|〉

)
(27)

where the Coulomb operator

Jij =
e2

4πε0

∫∫
φi(1)∗φi(1)

1

qij
φj(2)∗φj(2)d−→q1d

−→s1d
−→q2d
−→s2 (28)

and the exchange operator

Kij =
e2

4πε0

∫∫
φi(1)∗φj(1)

1

qij
φj(2)∗φi(2)d−→q1d

−→s1d
−→q2d
−→s2 (29)

We can see that F̂ (i) can be written as :

F̂ = ĥ+
Z∑

j=1

Ĵj − K̂j (30)

with

Ĵjφi(1) = φi(1)

∫
e2φj(2)∗φj(2)

4πε0qij
d−→q2d

−→s2 (31)

11



12 CHAPTER 2. MOLECULAR STATES

and

K̂jφi(1) = φj(1)

∫
e2φj(2)∗φi(2)

4πε0qij
d−→q2d

−→s2 (32)

The resolution of eq.(22) is done with the variational method since the Fock op-

erator contains eigenfunctions which are the solutions of this equation. We start

by choosing a set of M orbitals χ which constitute the expansion basis of the ψ

solution [9].

ψi =
M∑

k

Cikχk (33)

Plugging eq.(33) into eq.(22) yields

M∑

k

CikF̂ |χk〉 = εi

M∑

k

Cik|χk〉

M∑

k

Cik〈χl|F̂ |χk〉 = εi

M∑

k

Cik〈χl|χk〉 ,∀l = 1, ...,M (34)

Here eq.(34) can be written as:

[
F̃ C̃ − εS̃C̃

]
= 0 (35)

where F̃ = 〈χl|F̂ |χk〉 and S̃ = 〈χl|χk〉 . We have a set of M equations with M

unknown ψi and ε orbital energies. The calculation of F̂ supposes to know a set of

ψi orbitals which can form a Slater determinant eigenfunction of the system and

this is precisely what we are looking for. Therefore, the calculation will start with a

set of orbitals ψ0
j combinations of basic functions χk which will form a determinant

called the trial function. They are used to calculate the matrix elements F̃ 0 and to

solve the secular equations giving ψ1
j and so on iteratively up to reach convergence

de�ned by ψrj = ψr+1
j . This is called the self-consistent �eld (SCF) method. Only

occupied orbitals in the fundamental determinant are optimized because they are

involved in F (J and K), the others are virtual.

The total energy ESCFe is calculated using the electronic Hamiltonian H(e) with

12
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the approximate optimized wave function ΨSCF = |φopt1 ...φoptZ |:

ESCF
e = 〈 ΨSCF |Ĥ(e)|ΨSCF 〉

=
∑

i

hii +
∑

i

∑

i>j

(Jij −Kij)

=
Z∑

i=1

εi −
∑

i

∑

i>j

Repij (36)

The Hartree-Fock method is useful to begin a calculation of wave function

and eigenvalue of a molecular or atomic system and as mentioned previously the

electron-electron interaction is not taken into account in this method. This is a

major weakness because of the neglect of the electron correlation which can lead to

large deviations from experimental results. Several approaches to this weakness, in

general, called post-Hartree�Fock methods, have been derived to include electron

correlation to the multi-electron wave function.

2.2.2 Post-Hartree-Fock methods

The post-Hartree-Fock methods are splitted into three standard models based

on con�guration interaction (CI), coupled-cluster (CC) and many-body perturba-

tion theories [10]. In this work, only con�guration interaction methods are used

to calculate the wave function and the total energy beyond the Hartree-Fock ap-

proximation. The con�guration interaction uses a linear combination of several

electronic con�guration wave functions [11, 12] which can be written as:

ΨCI(~qi, ~R) = a0Φ0 +
∞∑

k

akΦk(
−→qi ,
−→
R ) (37)

where Φ0 is the reference Hatree-Fock wave function [10] and Φk is a Slater deter-

minant for singly-, doubly-, ... excited states. In the following part only two con-

�guration interaction based on Multi-Con�gurational Self-Consistent Field (MC-

SCF) and Multi-Reference Con�guration Interaction (MRCI) are described since

the most potential energy curves used on this work are calculated with these two

con�guration interaction methods.

2.2.2.1 Multi-Con�gurational Self-Consistent Field (MCSCF)

The MCSCF method uses a set of coe�cients where the determinants and the

basis functions in the molecular orbitals in equation (37) are varied to obtain the

13



14 CHAPTER 2. MOLECULAR STATES

total electronic wave-function with the lowest possible energy using a variational

minimization. It is a generalization of the Hartree-Fock method with the use of a

combination between con�guration interaction and the Hartree-Fock method. A

speci�c type of the MCSCF method is the complete active space self-consistent

�eld or (CASSCF) in which the number of determinants used in the expansion of

CI vector is divided into three subspaces: The �rst one is the inactive space, where

all orbitals are doubly occupied. The second one is known as the active space, and

within electrons and orbitals included in this subspace are those that contribute

mostly to the multireference character of the particular system of study. The last

one is termed as the virtual space, where orbitals are kept unoccupied. The number

of determinants is decreased in this method since core electrons and orbitals are

inactive and active space electrons are distributed over all possible excitation on

equation (37) [12]. Good knowledge of the chemical system under study is needed

for the proper choice of the di�erent con�gurations.

2.2.2.2 Multi-Reference Con�guration Interaction (MRCI)

The MRCI is a more accurate CI method where the reference wave function is

constructed by generating a CI vector representing the multi-con�guration space

taken on an MCSCF calculation. This leads to having more con�guration since the

interactions come from a CI calculation added to the di�erent excitations from the

MRCI equations [12]:

ΨMRCI(~qi, ~R) = a0ΦMCSCF +
∑

s

asΦ
s
MCSCF +

∑

d

adΦ
d
MCSCF +

∑

t

atΦ
t
MCSCF + ...

(38)

where Φs
MCSCF , Φd

MCSCF and Φt
MCSCF are single, double and triple excitation func-

tions respectively come from an MCSCF calculation. A truncation must be done

[10] with single and double excitation to provide a highly accurate description of

the molecular system because the calculation become heavier and heavier with the

inclusion of con�gurations from MCSCF calculation. Note that it is important to

include the dominant con�guration in the MCSCF calculation in order to get an

accurate MRCI calculation.

2.3 Basis set

The notion of basis set is primordial to any quantum chemistry calculation.

The Hartree Fock method described in section (2.2.1) uses molecular orbitals de-

14
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veloped on a given atomic orbital basis according to the Linear Combination of

Atomic Orbitals (LCAO) approximation as shown in equation (33). The de�ni-

tion of orbital basis allowing the description of molecular orbitals is necessary to

better describe a molecular system. There are two basic types of functions mainly

used in an electronic structure calculation: the solutions of the Schrödinger equa-

tion of hydrogen-like atoms called Slater Type Orbitals (STO) and Gaussian Type

Orbitals (GTO).

The STO's functions can be written as:

χζ,n,l,m(r, θ, φ) = NYl,m(θ, φ)rn−1e−ζr (39)

whereN is a normalization constant, Yl,m(θ, φ) are the spherical harmonic functions

depending on angular coordinates and describe the shape of orbitals and n, l, and

m are the principal, orbital, and magnetic quantum numbers respectively. The

exponential dependence of the distance between the nucleus and the electrons is

that of the orbitals of the hydrogen atom. Thus, a linear combination of several

STOs allows to reproduce correctly the true orbitals. Even if the dependency in r

allows to write correctly the behavior of the orbitals when r → 0, the computation

of integrals with more centers, such as bi-electronic integrals, is not analytically

possible. So, for molecules, instead of STOs which decay with e−r it is useful to

use GTO which can be written in Cartesian coordinates as:

χζ,lx,ly ,lz(x, y, z) = Nxlxylyzlze(−αr2) (40)

Here the sum lx + ly + lz allows to determine the orbital type: lx + ly + lz = 0 is

an orbital of type s, lx + ly + lz = 1 is an orbital of type p, lx + ly + lz = 2 is an

orbital of type d, lx + ly + lz = 3 is an orbital of type f , etc.

The multiplication of two GTO results in a new GTO. Therefore, bi-electronic

integrals are much easier to evaluate with GTO than with STO functions. However

they have the disadvantage of not correctly describing the exact orbital in the

vicinity of the nucleus at r → 0, but also of decreasing too quickly as a function

of r at r → ∞. Hence, the representation of molecular orbitals requires many

more GTO numbers than Slater functions. Despite this drawback, the ease of

computation of bi-electronic integrals makes Gaussian functions the most widely

used orbitals in quantum chemistry.

STO functions can be represented by a linear combination of GTO functions.

And the smallest of these latter can be used to well describe molecular orbitals.

They are called minimal basis, and are typically consisting of the minimum number

15
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of basic functions required to represent all the electrons in each atom. A minimal

basis is the one in which, on each atom of the system, only basic function is used

for each orbital in a calculation. These basis can be expanded by including double,

triple, or quadruple orbitals on the valence functions to have Double Zeta, Triple

Zeta, or Quadruple Zeta orbitals. This allows the electron density to be contracted.

The most common addition to a minimal basis is the polarization functions

which are auxiliary functions with an extra node. Another common addition is

the di�use functions. These are very soft Gaussian base functions, which represent

more precisely the "tails" of the atomic orbitals, distant from the atomic nucleus.

The Dunnings [13] correlation consistent polarized basis sets are widely used in

post-Hartree-Fock calculations. They start with 'cc-p', for correlation consistent

polarized followed by 'V' for valence and Z for Zeta. They are Double, Triple,

Quadruple ... Zeta (cc-pVDZ, cc-pVTZ, cc-pVQZ ...).

2.4 Beyond the Born-Oppenheimer approximation

The electronic solution described in section (2.2) is calculated with a parametriza-

tion of the internuclear distances in the Born-Oppenheimer approximation. Within

this approximation, we can get ab initio potential energy curves (PEC) of the

ground electronic and weakly-excited states of our molecular system. In the case

of dynamic calculations, like those for electron-molecule collisions which are the

subject of this thesis, we are lead to calculate couplings involving two di�erent

Born-Oppenheimer or adiabatic states, since the Born-Oppenheimer approxima-

tion may not be available because we involve highly-excited molecular states and

the electron's movement is not necessarily more rapid than those of the nuclei. In

such cases, we have to �nd another way to choose the total wave function describing

our molecular dynamic. An adequate solution is to take the total wave function not

as a Born-Oppenheimer product solution but as a sum of these products [14, 15].

Ψ =
∑

m,v

ψm(~qi, R)χmv(~R), (41)

Here m stands for a Born-Oppenheimer electronic state and v for a vibrational

quantum number associated to the electronic statem. For the sake of simpli�cation,

we will omit the v symbol in the following equations. The total wave function (41)

16
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becomes:

Ψ =
∑

m

ψm(~qi, R)χm(~R), (42)

we can write the Schrödinger equation (1) as :

He

∑

m

ψm(~qi, R)χm(~R) + TN
∑

m

ψm(~qi, R)χm(~R) = E
∑

m

ψm(~qi, R)χm(~R) (43)

He

∑

m

ψm(~qi, R)χm(~R) +
∑

m

ψm(~qi, R)TNχm(~R)−
∑

m

Ĉψm(~qi, R)Ĉχm(~R) (44)

+
∑

m

χm(~R)TNψm(~qi, R) = E
∑

m

ψm(~qi, R)χm(~R)

Let make the scalar product of a given {ψn(~qi, R)} functions on the left of equation

(43), we can write :

〈 ψn(~qi, R)|He|ψn(~qi, R)χn(~R)〉 + 〈 ψn(~qi, R)|ψn(~qi, R)TNχn(~R)〉 − (45)

〈 ψn(~qi, R)|Ĉψn(~qi, R)Ĉχn(~R)〉 + 〈 ψn(~qi, R)|χn(~R)TNψn(~qi, R)〉 −
E〈 ψn(~qi, R)|ψn(~qi, R)χn(~R)〉

=
∑

m 6=n
〈 ψn(~qi, R)|He|ψm(~qi, R)χm(~R)〉 −

∑

m6=n
〈 ψn(~qi, R)|ψm(~qi, R)TNχm(~R)〉 +

∑

m6=n
〈 ψn(~qi, R)|Ĉψm(~qi, R)Ĉχm(~R)〉 −

∑

m 6=n
〈 ψn(~qi, R)|χm(~R)TNψm(~qi, R)〉

Knowing that the Kronecker delta act as δmn = 1 or 0 if m = n or m 6= n

respectively, equation (46) becomes:

[Un + TN − E]χn(~R) =
∑

m6=n
〈 ψn(~qi, R)|He|ψm(~qi, R)χm(~R)〉 (46)

−
∑

m 6=n
〈 ψn(~qi, R)|Ĉψm(~qi, R)Ĉχm(~R)〉

−
∑

m 6=n
〈 ψn(~qi, R)|TNψm(~qi, R)〉 χm(~R)

and by taking into account the ˆBnm operator(14),

ˆBnm = 〈 ψn(~qi, R)|TN |(ψm(~qi, R)〉 − 〈ψn(~qi, R)|Ĉψm(~qi, R)〉 Ĉ (47)

we can express this equation (46) as:

17
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[Un + TN − E]χn(~R) =
∑

m 6=n
Vnmχm(~R)−

∑

m 6=n

ˆBnmχm(~R)〉 (48)

where

Vnm = 〈 ψn(~qi, R)|He|ψm(~qi, R)〉 (49)

The choice (41) leads also to thinking about the appropriate choice of the elec-

tronic wave function basis. Three choices are shown and discussed in the following

subsection.

2.4.1 Adiabatic representation

The adiabatic representation consist in choosing for ψm(~qi, R) in equation (41)

the adiabatic wave function given by:

Ψ =
∑

m

ψ(ad)
m (~qi, R)χm(~R), (50)

Where ψ(ad)
m (~qi, R) are the solutions of the electronic eigenvalue problem:

H(e)ψ(ad)
m (~qi, R) = U (ad)

m (R)ψ(ad)
m (~qi, R) (51)

and U (ad)
m (R) is the potential energy of the studied system in the adiabatic state

m. The consequences of this assumption in equation (48) are :

[
U (ad)
n + TN − E

]
χn(~R) = −

∑

m6=n

ˆBnmχm(~R)〉 (52)

because of the vanishing of coupling terms in equation (49)

Vnm = 〈 ψn(~qi, R)|He|ψm(~qi, R)〉 = U (ad)
n 〈 ψn(~qi, R)|ψm(~qi, R)〉 = 0 (53)

Hence the Schrödinger equation to be solved in this case will be expressed as:

[
U (ad)
n + TN − E

]
χn(~R) +

∑

m 6=n

ˆBnmχm(~R)〉 = 0 (54)

18
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and in the resolution of this equation, we will face radial couplings of the form:

F
~R
nm = 〈ψ(ad)

n (~q, R)|~∇~R|ψ
(ad)
m (~q, R)〉 (55)

and

G
~R
nm = 〈ψ(ad)

n (~q, R)|∆~R|ψ
(ad)
m (~q, R)〉 (56)

According to Hellmann-Feynman theorem, we can write:

F
~R
mn = 〈ψ(ad)

n (~q, R)|~∇~R|ψ(ad)
m (~q, R)〉

=
〈ψ(ad)

n (~q, R)|~∇~RH
(e)|ψ(ad)

m (~q, R)〉
Un(R)− Um(R)

(57)

Very often F
~R
mn and G

~R
mn are small, which allows us to make a perturbative

resolution of the Schrodinger equation (54). However in the vicinity of the avoided

crossings -see Figure (2.2)- where the |U b′
m(R2) − Ua′

n (R2)| di�erence is small, F ~R
mn

and G~R
mn diverge according to the Hellmann-Fenymann relation (57) and a pertur-

bative approach can not be used in this case. Indeed, in an adiabatic basis, two

states of the same spatial and spin symmetry interact and cannot have the same

value of potential energy [16]. These potential energy curves, instead of crossing

each other, are avoided.

In the adiabatic approximation, the electronic movement is parametrical on the

position of the nuclei of two PECs of adiabatic states of the same symmetry. The

adiabatic PEC and wave function is calculated by solving the Schrodinger equation

(1) in the Born-Oppenheimer approximation for each value of the inter-nuclear

distance. The adiabatic approximation suggests to not take into account the non-

adiabatic couplings terms (F ~R
mn and G

~R
mn) on equations(55,56) for the remaining

terms, due to the mass ratio of the nucleus and the electrons. However, in some

important processes, this adiabatic treatment fails and the so-called non-adiabatic

e�ect becomes very important. This is the case of reactive collisions where very

highly excited (or double excited) states, close to the ground state of the ion, are

involved. In the case of electron-molecular cation scattering, the energy increases

along with a Rydberg series, the Rydberg electrons motion becomes progressively

slower and closer to that of the vibrations and rotations of the nucleus. The energy

exchange between the Rydberg electron and the nucleus becomes very e�cient

resulting in the fragmentation of the molecule or the ejection of the electron. The

adiabatic representation is therefore no longer valid in this situation and another

19
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Figure 2.2: Avoided crossing

representation must be employed

2.4.2 Quasi-Diabatic representations

In order to describe well the molecular dynamic it's necessary to take into

account non-adiabatic couplings. Using the quasi-diabatic representation can allow

us to incorporate derivative couplings into the description of molecular states[17,

18, 19]. In this representation, the electronic Hamiltonian is partially diagonalized

and the non-adiabatic couplings are few and small. Indeed this latter vanishe

between two con�gurations when they di�er by one orbital[14]. At each nuclear

con�guration, diagonalization of the molecular Hamiltonian is performed in an

adiabatic basis by isolating the interacting electronic states. Far from the region

of avoided crossing, quasi-diabatic states are the same as adiabatic states.
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Chapter 3
Multi-channel Quantum Defect Theory

(MQDT): Application on reactive

collisions

After the collision of an electron with a molecular cation, a neutral intermediate

state is formed and two general issues can be presented:

� The �rst one is the autoinization which consists to the re-emission of the

incoming electron. the neutral molecule reemits the electron back to the

ionization continuum and falls back into a vibrational state of the ion. The

molecular cation target can keep its initial con�guration with the possibility

to be excited. This phenomenon takes place under energy and total orbital

angular momentum conservation.

� The second one is the predissociation which occurs in the same timescale as

the autoinization and it consists of the dissociation of the molecular cation.

The electron capture can be done directly in a doubly excited state called

dissociative state which brings the molecule to dissociate or in a bound mo-

noexcited Rydberg state of the molecular cation. In this latter, the energy

of the incident electron can be transferred into another electron or into the

vibrational-rotational motion of the target and in this case, an internal en-

ergy conversion of the Rydberg electron may cause the electron to change

from this bound state of the molecule to a dissociative state in the vicinity

of the crossing between the corresponding potential energy curves

In the case of crossing between the dissociative state and the ion ground-state, au-

toionization is no longer possible since the dissociative state becomes energetically
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stable towards autoionization[20]. The probability for electron capture into an au-

toionization is related to the autoionization width, which is inversely proportional

to the lifetime of the dissociative state.

The U(R) of a neutral molecule in a given molecular state can be related to the

energy of the ion in its ground state U+(R) by the formula:

U(R) = U+(R)− Ryd

ν2
(1)

where Ryd = 13.605698 eV is the Rydberg constant, and ν = n - µ is the e�ective

quantum number in relation with the principal quantum number and the quantum

defect µ. At positive energies this latter multiplied by π is the phase shift of the

scattered electron wave function relative to the hydrogen-like atom wave function at

large distances. The quantum defect theory was developed initially to describe the

electron-atomic-cation scattering by Seaton[21] and then extended to the molecular

case[22, 23, 24, 25] in order to describe the electron scattering by molecular cations.

3.1 Subdivision of the con�guration space

The quantum defect theory is based in the subdivision of the con�guration

space (q, R) into a �nite inner region and an outer region based on the distinction

between short and long-range interactions according to the electronic and inter-

nuclear coordinates.

3.1.1 Inner region

The inner region or reaction zone[26, 27] is characterized by an incident electron

that experiences strong short-range interactions with the target ion. It is delimited

by a couple of (q0, R0) coordinates in Figure (3.1). The Born Oppenheimer ap-

proximation remains valid inside this region in which other methods than the the

quantum defect theory are used (either quantum chemistry [28] or the R-matrix

method [3]. All the characteristics of this zone are stored in the large distance

phase-shift of the wave function with respect to reference situation (either electron

in the �eld of the ion, or two neutrals resulting from dissociation) and its deriva-

tive boundary continuity conditions, the net e�ect of this delimited zone being

transmitted to the outer region.
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3.1.2 Outer region

The external region is the remaining con�guration space outside (q0, R0) coor-

dinates. It is divided into a region where the Born-Oppenheimer approximation

is considered since the incident electron is faster than the nuclear motion due to

strong Coulomb attraction between the positively charged core and the scattered

electron, and another region, beyond qBO, called the asymptotic region, where the

incident electron can not exchange with core for R < R0) [29, 23]. In this latter

region, the interactions between the incident electron and the ionic core are weak

and dominated by long-range Coulomb interactions. The electron can not exchange

with the core and the Born-Oppenheimer approximation is not valid. Then a frame

transformation must be applied in order to use a close coupling basis to express

the wave function with core e�ect saved in the form of a quantum defect and take

into account closed or open channels.

3.2 The channel notion

In the quantum defect theory the description of an incoming electron colliding

with an ion uses the partition of con�guration space in an inner and outer region as

is shown in section (3.1). During this collision, the scattered electron is captured

into a bound state belonging to one of the molecular complex Rydberg series or

into a dissociative state of the neutral molecule. This capture is the starting point

of a lot of reactions ending-up either in the dissociation of the molecule or in the

vibrational transitions of the ion with the re-emission of an electron. In both

cases we can talk about channels which are sets or a families of states, having

in common the same quantum numbers and the same fragmentation threshold

but having di�erent energies [28, 12]. An ionization channel is then described

by the internal target ion state and the orbital quantum number of the incoming

or captured electron. A channel can be open if the total energy of the molecular

system is higher than the fragmentation threshold energy of the considered channel

or closed in the opposite case. The distinction between open or closed channels is

done on the asymptotic limit of the con�guration-space.
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Figure 3.1: Distribution of con�guration space in terms of inter-nuclear (x axis)
and electronic (y-axis) coordinates which lead to dissociation and ionization respec-
tively. BO here means regions where the Born-Oppenheimer approximation can be
applied while CC is the region where a close coupling representation is appropriate

3.2.1 One-channel case

Let-us consider the radial Hamiltonian H0 for one particle in 1D-space having

a continuous spectrum and V(r) an additional limited strong range potential:

V (r) = 0 where r > r0; (2)

fE(r) and gE(r) are two independent eigenfunctions of H0 and having the same

energy E where:

H0fE(r) = EfE(r) and lim
r→0

fE(r) = 0 (3)
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and
H0gE(r) = EgE(r) and lim

r→0
gE(r) =∞ (4)

For a given energy E, the Shrödinger equation's solution for another particle where

the Hamiltonian can be written as:

H(r) = H0 + V (r) (5)

is expressed as a linear combination of fE(r) and gE(r):

ϕE(r) =
r>r0

fE(r)cos(η(E))− gE(r)sin(η(E)) (6)

where ϕE(r) is the total wave function and η(E) is the phase-shift which re�ects the

V (r) potential e�ect on the wave function. We can de�ne a tanη(E) ratio between

the wave function (6) coe�cients which is an element of the reaction matrix K for

a given collision energy E:

tanη(E) = −πK(E) (7)

and allows the connection between the quantum defect theory and the con�gura-

tion interaction[12, 28]. In the case of a given E > Elim energy, where Elim is a

limit energy between discrete and continuous spectrum and can be a fragmentation

threshold energy for atomic system or dissociation limit for a molecular system,

the f and g functions behave as:

fE(r) ≈
r→∞(E>Elim)

A(E)sin(kr + δ(E)) (8)

and

gE(r) ≈
r→∞(E>Elim)

A(E)sin(kr + δ(E)− π

2
) = −A(E)cos(kr + δ(E)) (9)

Here k is the wavenumber corresponding to E − Elim =
~2k2

2µ
and A(E) a nor-

malization coe�cient chosen such a way that the f and g functions are energy

independent at r → 0. We can see that g function is phase lagged by π
2
with

respect to f function. According to equation (6) the total wave function behavior
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is then:

ϕE(r) ≈
r→∞(E>Elim)

A(E)sin(kr + δ(E))cos(η(E)) + A(E)cos(kr + δ(E))sin(η(E))

= A(E) [sin(kr + δ(E))cos(η(E)) + cos(kr + δ(E))sin(η(E))]

= A(E) [sin(kr + δ(E)) + η(E)] (10)

In an interaction formalism con�guration the wave function(10) can be written in

the form[30]:

ϕE(r) =

∫
dE ′a(E ′, E)fE′(r) (11)

where E is the total energy, E ′ a given energy of the system described by H0

and the coe�cient a(E ′, E) can nevertheless be expressed by a mathematical Dirac

notation [31]

a(E”, E) = P
∫

1

E − E ′K(E ′, E) + δ(E − E ′) (12)

here δ(E − E ′) is the Dirac delta function, and the symbol P speci�es the princi-

pal part integration which should be taken over the singularity of
1

E − E ′ on the

summation.

We can then explicitate the wave function by putting the a(E ′, E) expression

into equation (12):

ϕE(r) =

∫
dE ′

[
P
∫

1

E − E ′K(E ′, E) + δ(E − E ′)
]
fE′(r)

=

∫
dE ′f ′E(r)δ(E − E ′) + P

∫
dE ′ 1

E−E′K(E ′, E)fE′(r)

= fE(r) + P
∫
dE ′

1

E − E ′K(E ′, E)fE′(r) (13)

This formula for the wave function is the same as that established in references

[28, 14]. For r > r0 it was shown that the con�guration interaction wave function

(13) coincide with the quantum defect wave function (6), since Green et al [32] and

Fano [30]demontrated that, for a short-range interaction V(r):

P
∫
dE ′

1

E − E ′K(E ′, E)fE′(r) = πK(E)gE(r) (14)

providing that

K(E) = − 1

π
tan(η(E)) = K(E,E) (15)
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consequently, we can write :

ϕE(r) = fE(r) + πK(E)gE(r) (16)

3.2.2 Lippmann-Schwinger equation

The Lippmann-Schwinger equation is a fundamental step in the quantum defect

theory. It allows to make the connection between short and long-range interactions.

We show in this section the di�erent step to establish it.

One starts by putting the wave function (13) on the Schrödinger equation:

(H0 + V (r)− E)

[
fE(r) + P

∫
dE”

1

E − E”
K(E”, E)fE”(r)

]
= 0 (17)

we can make the scalar product of fE′(r) on the left of this equation (17) and

integrate on the radial coordinate:

〈 fE′(r)| (H0 + V (r)− E)

[
|fE(r) + P

∫
dE ′

1

E − E ′K(E”, E)fE′(r)〉
]

= 0

= 〈 fE′(r)|H0|fE(r)〉+ P
∫
dE”

1

E − E”
K(E”, E)〈 fE′(r)|H0|fE”(r)〉

+ 〈 fE′(r)|V (r)|fE(r)〉+ P
∫
dE ′

1

E − E”
K(E”, E)〈 fE′(r)|V (r)|fE”(r)〉

− 〈 fE′(r)|E|fE(r)〉 − EP
∫
dE ′

1

E − E”
K(E”, E)〈 fE′(r)|fE”(r)〉 = 0 (18)

We expand this equation and we get:

E������
δ(E ′ − E) + P

∫
dE”

1

E − E”
K(E”, E)E”δ(E ′ − E”)

+ 〈 fE′(r)|V (r)|fE(r)〉+ P
∫
dE”
〈 fE′(r)|V (r)|fE”(r)〉

E − E”
K(E”, E)

− E������
δ(E ′ − E)− EP

∫
dE”

1

E − E”
K(E”, E)δ(E ′ − E”) = 0 (19)

we can factorize this equation as:

−P
∫
dE”������

(E − E”) 1

����(E−E”)
K(E”, E)δ(E ′ − E”)

+ 〈 fE′(r)|V (r)|fE(r)〉+ P
∫
dE”
〈 fE′(r)|V (r)|fE”(r)〉

E − E”
K(E”, E) = 0 (20)
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and consequently

P
∫
dE”K(E”, E)δ(E ′ − E”) = 〈 fE′(r)|V (r)|fE(r)〉+ (21)

P
∫
dE”
〈 fE′(r)|V (r)|fE”(r)〉

E − E”
K(E”, E)

and we have the Lippmann-Schwinger equation:

K(E ′, E) = 〈 fE′(r)|V (r)|fE(r)〉+ P
∫
dE”
〈 fE′(r)|V (r)|fE”(r)〉

E − E”
K(E”, E) (22)

3.3 Multi-channel case

For the multi-channel case, we need to search the wave functions by including

all the di�erent fragmentation channels. Let Q = (rp, Ωp; p = 1, ...., N) be the

set of N coordinates of the molecular system, where rp is a radial coordinate and

Ωp the angular and spin coordinates for each particle. For a system experiencing

fragmentation, and for each i channel, we limit ourselves to a fragmentation coor-

dinate rI . According to the eigenvalue equations (3) and (4), the non perturbed

Hamiltonian H0 solutions, in the multichannel case, can be written as:

H0fiE(Q) = EfiE(Q) and lim
rI→0

fiE(Q) = 0 (23)

and
H0giE(Q) = EgiE(Q) and lim

rI→0
giE(Q) =∞ (24)

where

fiE(QI) ≈
rI→∞(E>E

(i)
th )

AiEφiE(QI)sin(kIrI + δi(E)) (25)

and

giE(QI) ≈
rI→∞(E>E

(i)
th )

−AiEφiE(QI)cos(kIrI + δi(E)) (26)

Here rI are the fragmentation coordinates, kI the momentum associated wavenum-

ber to the fragmented system and E(i)
th the fragmentation threshold energy for the

corresponding channel i. For a given channel, we will talk about an open channel

when the energy is higher than the fragmentation threshold E(i)
th and a closed one

in the opposite case.
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The total wave function for a channel i is expressed as:

ΨiE(Q) = fiE(Q) +
∑

j

P
∫
dE ′ 1

E−E′Kji(E
′, E)fiE′(Q) (27)

as it is established in the one channel case in equation (13). Here Kji(E
′, E) are

the K matrix elements which satisfy the integro-di�erential equation:

Kji(E
′, E) = 〈 fjE′|V |fiE〉+

∑

j

P
∫
dE ′
〈 fjE′ |V (r)|fkE”(r)〉

E − E”
Kki(E”, E) (28)

The proof of this can be performed as we did in order to obtain for the one channel

case in equation (22).

In the case of a limited potential:

V (Q)rI>rI,0 = 0 where rI = 1, . . . , Nf ; (29)

and Nf the number of di�erent coordinates involved in the fragmentation, as in

the one channel case we can based ourselves to equation (14) to write:

P
∫
dE ′

1

E − E ′Kji(E
′, E)fjE′(Q) = πKji(E,E)gjE(Q), rI > rI,0; (30)

consequently the multichannel wave function (27) can be written as :

ΨiE(Q) = fiE(Q) + π
∑

j

Kji(E,E)gjE(Q) rI > rI,0; (31)

The asymptotic behavior of the wave function allows us to know the net e�ect the

inner region strong-interactions. So by using the relation (31), we express the total

wave function as large distances as a linear combination of the regular function

fiE(QI) (25) and irregular function giE(QI) (26):

ΨiE =
rI→∞(E>E

(i)
th )

AiEφiE(QI)sin [kiri + δi(E)]− π
∑

j

Kji(E)AjEφjE(QI)cos [kjrj + δj(E)]

(32)

Within this asymptotic wave function relation (32), we can not highlight the short-

range interaction in terms of a phaseshift as it was the case in the one channel
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case. One performs a basic change in order to get a physically meaningful wave

function behavior. Let us consider a basis wave function {Ψα}α=1,...,Nf
describing

the molecular system as:

ΨαE
=
∑

i

CiαE
ΨiE (33)

where CiαE
coe�cients have to be determined. By putting relation (32) on equation

(33), we can express the wave function in the new basis as:

ΨαE
=
∑

i

CiαE
AiEΦiE(QI)sin [kiri + δi(E)]−

∑

i

CiαE

∑

j

πKji(E)AjEΦjE(QI)cos [kjrj + δj(E)] (34)

In the other hand, we request that ΨαE
given by equation (33) behaves asymptot-

ically as :

ΨαE
=
∑

i

UiαE
AiEΦiE(QI)sin [kiri + δi(E) + ηα(E)] (35)

We can expand the sin in equation (35) in order to write it in the form of

equation (32)

ΨαE
=
∑

i

UiαE
AiEΦiE(QI)

[
sin (kiri + δi(E)) cos(ηα(E)) + cos(kiri + δi(E))sin(ηα(E))

]
(36)

then

ΨαE
= cos(ηα(E))

∑

i

UiαE
AiEΦiE(QI)sin (kiri + δi(E)) +

sin(ηα(E))
∑

i

UiαE
AiEΦiE(QI)cos(kiri + δi(E)) (37)

So the CiαE
coe�cients can be found by comparing equation (37) with equation

(34) and by identifying the similar terms. Consequently:





CiαE
= UiαE

cos(ηα(E))

and

−CiαE

∑

j

πKj(E) = UjαE
sin(ηα(E))

(38)
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or




CiαE
= UiαE

cos(ηα(E))

and

UiαE
sin(ηα(E)) = −

∑

j

πKij(E)CiαE

(39)

We can put the CiαE
coe�cients on the second relation of (39) to get:

UiαE
sin(ηα(E)) = −cos(ηα(E))

∑

j

πKij(E)UiαE (40)

Hence

∑

i

Kij(E)UiαE
= −tan(ηα(E))

π
UjαE

(41)

Here UiαE
can be expressed in terms of a column vector and Kij as a matrix :

K̂
−→U αE

= −tan(ηα(E))

π

−→U αE
(42)

where

−→U jαE
=




U1αE

U2αE

...

UNchαE




(43)

The equation (42) is an eigenvalue equation and UiαE
and −tan(ηα(E))

π
are re-

spectively the components of the eigenvectors and the eigenvalues of the K matrix.

As for ηα(E)), it is the phaseshift due to the limited potential V (Q) for an eigen-

channel α. Let us take an example for a channel number Nch = 2 in order to well

understand the relation (42). A set of two independent solutions must be taken

into account. They can be written in the form:





(
K11 K12

K21 K22

)(
U11

U12

)
= −tan(η1(E))

π

(
U11

U12

)

(
K11 K12

K21 K22

)(
U21

U22

)
= −tan(η2(E))

π

(
U21

U22

) (44)
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So the vector ~U =
(
~U1, ~U2

)
is build with two column vectors ~U1 =

(
U11

U12

)
and

~U2 =

(
U21

U22

)
is the eigenvector of the equation (42) in the case of Nch = 2

3.4 Multi-channel Quantum Defect Theory (MQDT)

approach of the reactive collisions

As we have shown in the introduction (1), reactive collisions between an electron

and a molecular cation are of fundamental scienti�c interest, but also of interest for

applications, notably by their importance in the kinetics of astrophysical media and

technological and energetic processes. These are the reasons why their description

is crucial in atomic and molecular physics. The Dissociative Recombination (DR)

of a molecular cation colliding with an electron with a kinetic energy ε :

AB+(N+
i , v

+
i ) + e−(ε) −→ A + B , (45)

in competition with related processes such as elastic (EC), inelastic (IC) and super-

elastic (SEC) collision where εi = εf , εi < εf or εi > εf respectively:

AB+(N+
i , v

+
i ) + e−(εi)→ AB+(N+

f , v
+
f ) + e−(εf ) (46)

and dissociative excitation:

AB+(v+
i ) + e−(εi)→ [A+B+]ε + e−(εf ) (47)

are the main reactions which occur during molecular electron-cation collision in

cold energy media [33]. Here N+
i , N

+
f , v

+
i , v

+
f , εi and εf are respectively the initial

and �nal rotational quantum number, the initial and �nal vibrational quantum

number and the initial and �nal incident electron energy. The processes (45), (46)

and also (47), one can lead to the formation of temporary excited states of the

neutral system AB. We can therefore rewrite the reactions (45-47) by taken into

account these states :

AB+(N+
i , v

+
i ) + e−(εi)→ AB∗, AB∗(c), AB∗∗, AB∗∗(c) (48)

→[A+B]ε, AB
+(N+

f , v
+
f ) + e−(εf )
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where AB∗(c) belong to the monoelectronic ionization continuum but are bound

states from the vibrational point of view, AB∗∗ belong to the vibrational continuum

but is bound from the electronic point of view, and AB∗ are electronically and

vibrationally bound states.

The "Rydberg resonances" AB∗ in equation (48) play a fundamental role in

all these processes [34, 35, 36, 37, 38, 28]. The occurrence of these di�erent states

lead to the consideration of two mechanisms of DR. The �rst one called the direct

mechanism consists of the capture of the incident electron into a resonant state

of type AB∗∗ before dissociating as it is shown in Figure (3.2 - (A)) taken from

[39]. In this mechanism, the incident electron is captured into a doubly excited

state of the neutral molecule which evolves either towards dissociation into neutral

or ionized fragments -i.e. DR (45) or DE (47) - or towards the reemission of

the incident electron VE or VdE or EC (46)[40] -i.e. autoionization. The second

mechanism is the indirect one Figure (3.2 - (B)) and it consists in the capture

of the incident electron into a Rydberg state AB∗, subsequently predissociated

by the resonant state. The two mechanisms "interfere" together to give the total

process. It is important to take into account this uni�ed treatment in order to have

a good modeling of the process and a relevant comparison between theoretical and

experimental results.

The processes in equation (48 ) are treated using a quasidiabatic representation

[38, 28, 41] and they result from the coupling between ionization and dissociation

channels.

We can now describe more precisely these channels, previously de�ned. A ion-

ization channel, in the case of the reactive collisions (48 ) is a family of states built

on a vibrational state v+ of the ion corresponding to an electronic state (ground

or excited) and is completed by all the possible monoelectronic states of a given

orbital quantum number l, describing an �optical� electron. These monoelectronic

states describe, with respect to the v+ threshold, either a �free� electron�in which

case the total state AB∗(c) corresponds to (auto)ionization �or a bound electron�

in which case the total state AB∗ corresponds to a temporary capture into a Ryd-

berg state. On the other hand, a dissociation channel consists in an electronically

bound state of type AB∗∗ whose potential energy in the asymptotic limit is situated

below the total energy of the system. Accordingly, the ionization channels gather

together AB∗ and AB∗(c) states, and the dissociation channels correspond to AB∗∗

states. Given the total energy of the molecular system, a channel is open if this

energy is higher than the energy of its fragmentation threshold and is closed in the

opposite case.
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Figure 3.2: Dissociative recombination mechanisms: (A) Direct mechanism: A
dissociative state of the neutral (blue line) crossing the ion potential energy curve
(black line). The electron is captured into this state and then dissociation occurs.
(B) Indirect mechanism: The electron is �rst captured on a vibrational level of the
neutral state belonging to a Rydberg series which converges to the ground state of
the ion, coupled to the resonant state leading to dissociation.

3.4.1 General ideas

3.4.2 Vibrational dynamics Neglecting Rotational e�ects(VNR)

In this subsection we will restrict ourselves to the cases where rotational exci-

tation and couplings during the collision are neglected.

The MQDT approach starts with the building of the interaction matrix V ,

performed in the so-called `A-region' of the con�guration space [23], where the

Born-Oppenheimer approximation is appropriate for the description of the collision

system. One has to perform separate calculations for each relevant ensemble ω of

quantum numbers and symmetry parameters (QNSP), i.e.:

i) the projection of the total angular momentum of electrons on the internuclear

axis - quantum number Λ,

ii) the total electronic spin momentum - quantum number S,

iii) parity for the inversion of the nuclei with respect to the center of mass, g/uin
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the case of homonuclear molecules,

and, in the case of Σ states,

iv) parity for the re�exion of the electrons with respect to any surface containing

the internuclear axis, +/−.

3.4.2.1 Ionization channels built on the ground electronic state of the

ion: the "single-core" case (VNR-SC)

We will start by considering that the target ion is initially in its ground elec-

tronic state AB (X), that it can not be electronically excited during the collision

and, moreover, that all the ionization channels gather electronic states having as

core the ground electronic state of the ion, i.e. states of the type (εlλg/u), ε being

positive for open channels and negative for the closed ones.

In the A-region, the states belonging to an ionization channel may be character-

ized with respect to hydrogenic states in terms of the quantum defect µωl , which is

dependent on the internuclear distance R but, within our approach, is assumed to

be independent of energy. An ionization channel associated to the vibrational state

of quantum number v+ is coupled to a dissociation one, labeled dj, electronically

�rst, through an R-dependent scaled `Rydberg-valence' interaction term, V (el)ω
dj ,l

,

which is assumed to be, as the quantum defect µωl , independent of the energy of

the electronic state:

V
(el)ω
dj ,l

= 〈Φ(el)ω
dj
|He|Φ(el)ω

l 〉 , (49)

where He denotes the electronic Hamiltonian, Φ
(el)ω
dj

is the electronic wave function

of the dissociative state, and Φ
(el)ω
l is the wave function describing the neutral

molecular system "electron + ion".

This Rydberg-valence term corresponds to the coupling (49) described before

in section (2.4). It is expressed as:

V
(el)ω
dj ,l

(R) =

√
Γ(R)dj ,l

2π
. (50)

where Γ(R) is the autoionization width of the dissociative state

Eventually, for a given value of the total energy E of the system, the convolution

of the electronic coupling V (el)ω
dj ,l

with the local Franck-Condon factor provides the

elements of the interaction matrix V :

Vωdj ,lv+(E) = 〈F ω
dj

(E)|V (el)ω
dj ,l
|χv+〉 , (51)

where F ω
dj

(E) and χv+ are the internuclear wave-functions corresponding to the
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dissociative state dj and to the ionization channel associated to v+, respectively.

This procedure applies in each ω-subspace, and results in a block-diagonal global

interaction matrix.

1 1,5 2 2,5 3 3,5 4 4,5 5

Internuclear distance (Bohr)

-0,5

0

0,5

1

1,5

2

E
n

er
g

y
 (

eV
)

Figure 3.3: Overlap between the relevant wave functions in electron/molecular
cation collision, for several cases of vibrationally excited target, collided by a very
slow (energy almost zero) electron. The solid curves are the target bound vibra-
tional wave functions and the dashed ones are the dissociative ones. The colored
horizontal lines correspond to the vibrationnal levels of the ion. The target poten-
tial energy curves of the ion (black line) and of the dissociative state of the neutral
(dashed violet) are given. This example is valid for the H+

2 /H
∗∗
2 system.

In the case of a weakly-variable Rydberg-valence interaction V (el)ω
dj ,l

,

Vωdj ,lv+(E) ≈ V
(el)ω
dj ,l
〈F ω

dj
(E)|χv+〉 , (52)

for a given total energy of the system and a given vibrational level, the overlap

between the two wave functions F ω
dj

(E) and χv+ depends on the inter-nuclear dis-

tance. The dissociative wave function has its main peak not far from the crossing

point between the dissociative curve and the total energy level E, at the right of

this point as we can see it on Figure (3.3). For the energy range explored in a

collision study, by focusing on the two wave functions, it can be seen from the Fig-

ure (3.3) that, as the energy rises, there can be more or less overlaps. Since, as it

will be shown below, the dissociative recombination cross section strongly depends

on the R-INTEGRATED overlap, we can conclude that its variation with energy
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can be predicted by examining diagrams like Figure (3.3). The internuclear wave-

functions χv+ are calculated by the resolution of the nuclear Schrödinger equa-

tion corresponding to the electronic potential energie curves using the Numerov

method.Starting from the interaction matrix V and from the zero-order Hamilto-

nian H0, we build the reaction K-matrix with total energy E, which satis�es the

Lippmann-Schwinger equation [42]:

K = V + V 1

E −H0

K . (53)

In the following we will consider the second-order perturbation solution of Eq. (53)

and then on its rhs the K matrix will be replaced by the V matrix. In order

to express the result of the short-range interaction in terms of phase-shifts, we

perform a unitary transformation of our initial basis into a new one, corresponding

to eigenchannels, labeled by α, via the diagonalization of the reaction matrix K:

KU = − 1

π
tan(η)U . (54)

In the external `B-region' [23], characterized by large electron-core distances, the

Born-Oppenheimer model is no longer valid for the neutral molecule. Λ is no longer

a good quantum number, and a frame transformation [22, 43, 44] is performed, via

the projection coe�cients:

Clv+,ωα =
∑

v

Uω
lv,α〈χv+ | cos(πµωl + ηωα)|χωv 〉 , (55)

Cd,ωα = Uω
dα cos ηωα , (56)

Slv+,ωα =
∑

v

Uω
lv,α〈χv+ | sin(πµωl + ηωα)|χωv 〉 , (57)

Sd,ωα = Uω
dα sin ηωα , (58)

In practice, in the Equations. (55)-(58), the approximation χωv ≈ χv+ is used,

expressing the fact that the vibrational wavefunction of the neutral system in a

Rydberg state is almost the same as that of the ion (more the electronic Rydberg

state is excited, more this approximation is valid).

The matrices C and S, having as elements the coe�cients given by (55-58), are

eventually used in building the generalized scattering matrix X, in which all the

channels, open (`o') and closed (`c'), are represented, and which can be organized
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in 4 sub-matrices:

X =
C + iS
C − iS , X =

(
Xoo Xoc

Xco Xcc

)
. (59)

The physical scattering matrix S [34] is obtained as a consequence of the boundary

conditions:

S = Xoo −Xoc
1

Xcc − exp(−i2πν)
Xco , (60)

Here the diagonal matrix ν is formed with the e�ective quantum numbers (in

atomic units),

νv+ = [2(Ev+ − E)]−1/2 , (61)

associated with each closed channel, i.e. to each vibrational threshold Ev+ of the

ion larger than the energy E.

The cross section of Dissociative Recombination (DR, Eq. 1) of an electron of

energy ε with an ion initially on the level v+, into all the dissociative states dj of

a given ensemble ω of molecular electronic features, writes:

σωd←v+(ε) =
π

4ε
ρω
∑

l,j

|Sωdj ,lv+ |2 , (62)

whereas the cross section toward an ionization channel v′+, describing the VE

process in (2), is written as:

σωv′+←v+(ε) =
π

4ε
ρω
∑

l,l′

∣∣Sωl′v′+,lv+ − δl,l′δv+,v′+
∣∣2 . (63)

The global cross sections are computed by making the sum on all the QNSP

sets, ω:

σd←v+(ε) =
∑

ω

σωd←v+(ε) σv′+←v+(ε) =
∑

ω

σωv′+←v+(ε) (64)

When the indirect process is impossible or ine�cient, theX-matrix from Eq. (59)

is reduced to its Xoo component.

Furthermore, provided that:

(i) one single dissociation channel `d' is open only,

(ii) the �rst order term of the reaction matrix eq. (53) is the dominant one,

(iii) the quantum defect is weakly R-dependent,
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the DR cross section writes, omitting the collective index ω for sake of simplicity

[28]:

σd←v+ = σ
(cap)

d←v+ · f
(surv)

d←v+ , (65)

where

σ
(cap)

d←v+ =
π

ε
ρξ̃2

v+ , (66)

and

f
(surv)

d←v+ =
1

[
1 +

∑
v+
ξ̃2
v+

]2 . (67)

These quantities rely all on the strength of the Rydberg-valence interaction:

ξ̃2
v+ =

∑

l

ξ2
lv+ , (68)

where

ξlv+ = π · Vd,lv+ . (69)

Notice that even if we do not use approximations (ii) and (iii) invoked above,

the direct cross section computed using the formulas (53-62) is very close to that

given by the simple ones - Eqs. (65-69).

Some applications of this level of theory are presented in the result part of this

thesis for electron scattering with ArH+ molecular cation on chapter (4)

3.4.2.2 Ionization channels built on the ground and excited electronic

states of the ion: the "double-core" case (VNR-DC)

The formalism described in the paragraph (3.4.2.1) is able to take into account

the vibrational transitions of the target ion in its ground electronic state, as well

as the temporary capture of the electron into singly-excited Rydberg states. This

is appropriate at low energies of the incident electron, namely below the energy

necessary to dissociate the ion in its ground electronic state. However, when this

energy is exceeded, the theory has to be extended in order to take into account the

�rst excited electronic state of the ion. A detailed description of the theoretical

approach was given in [40]. Here the main steps are reproduced by considering two

electronic-core state of the ion (β = 1 for the ground electronic state, attractive,

and β = 2 for the lowest excited state, repulsive).

At energies higher than the dissociation threshold of the ion we have to take

into account the autoionization resulting into states from the continuum part of the
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vibrational spectrum, i.e. dissociative excitation (DE, equation (47)).These states,

representing a free electron in the �eld of a dissociating ion, can be organized either

into dissociation channels, or into ionization ones, but the latter option has been

preferred so far. In order to be explicit on the developments implemented here, we

will refer concretely to the case of H2 and HD systems.

For the case of H2 the two electronic states of the ionic cores are the ground state
2Σ+

g (1sσg) - referred to as core 1 - and the �rst excited state 2Σ+
u (2pσu) - referred

to as core 2. The corresponding continua have been discretized by providing a wall

of 15 eV height at R = 25 a.u. [37]. This corresponds, for every partial wave of the

incident electron, to 334 and 291 further ionization channels for the ground cores

of HD+ and H+
2 respectively - responsible for DE of core 1 - and to 383 and 375

ionization channels for the excited cores of HD+ and H+
2 respectively - responsible

for DE of core 2. Since the temporary capture into bound Rydberg states AB∗ is

excluded above the dissociation limit of the ion, the collision process is exclusively

driven by the direct mechanism.

When dissociative excitation is included in our approach, the coupling between

a given dissociation channel dj and an ionization one v, built on core 1 - eq. (51) - is

extended to the continuum part of the vibrational spectrum (previously discretized

as shown in the preceding subsection). On the other hand, every channel v is

coupled to the further ionization channels built on the core 2, labelled generically by

w. These couplings are quanti�ed at electronic level by the R-dependent interaction

term Ṽ(e)ω(R) - assumed to be energy independent - and they have the following

form:

V ω
wv(E,E

′) = 〈χωw|Ṽ(e)ω(R)|χωv 〉. (70)

Besides the elements given by eqs. (51) and (70), in which v and w span, for every

ω symmetry, all the available vibrational levels (bound and discretized continuum),

the remaining elements of the interaction matrix - V ω
didj

, V ω
diw

, V ω
vv′ and V

ω
ww′ - vanish,

since in the quasidiabatic representation chosen here, they concern pairs of channels

associated to the the same ionic core [41]. As for the actual K-matrix, it is in block

form:

K =




Kd̄d̄ Kd̄v̄ Kd̄w̄

Kv̄d̄ Kv̄v̄ Kv̄w̄

Kw̄d̄ Kw̄v̄ Kw̄w̄


 . (71)

where the collective indices d̄, v̄, w̄ in Eq. (71) span the ensembles of all the avail-

able individual ones dj, v and w labeling dissociation channels, ionization channels

built on core 1, and ionization channels built on core 2 respectively. Whereas the
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matrix formed by the �rst two rows and columns stand for the DR at low en-

ergy, the third row and the third column completes the K-matrix for the correct

description of the DR at high energy, including the DE.

As in the case of DR at low energy, the Lippmann-Schwinger equation can be

solved exactly in second order when the interactions V(e)ω
dj

and Ṽ(e)ω do not depend

on the energy of the incident electron. Whereas the �rst order solution of equa-

tion (28) accounts for the electronic coupling between ionization and dissociation

channels, the second order one goes further in accuracy, accounting for electronic

coupling between ionization channels, an aspect which was not addressed in older

previous studies [45, 46].

The non-vanishing elements, for all the allowed di, dj, v, v′, w, w′ dissociation

and ionization channels, are:

Kω
vdj

= Kω
djv

= V ω
vdj
, (72)

Kω
vw = Kω

wv = V ω
vw , (73)

Kω
vv′ =

1

W

∫ ∫ [
χωv (R)V(e)ω

dj
(R)FΛ

d (R<)GΛ
d (R>)V(e)Λ

dj
(R′)χΛ

v′(R
′)
]
dRdR′ . (74)

In eq. (74) W denotes the wronskian of the regular (Fd) and the irregular ( Gd) so-

lution of the dissociative state nuclear Schrödinger equation. Due to the previously

explained reasons all the other elements will vanish, namely:

Kdidj = 0, Kdiw = Kwdj = 0, Kww′ = 0. (75)

Taking all of these into account, the second order K-matrix has the form,

K =




O V d̄v̄ O

V v̄d̄ Kv̄v̄ V v̄w̄

O V w̄v̄ O


 (76)

where the elements of each block are given by Eqs. (72), (70) and (74), and O is

the null matrix.

The inclusion of dissociative excitation due to the presence of the discretized

continuum levels of the two cores increases not only the dimension of the interaction

matrix V (eq. 70) and the reaction K-matrix (71), but also that of the frame
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transformation C and S matrices. Consequently, the sum in the right-hand side of

eq. (58) is extended to the quasi-continuum levels, and further matrix elements,

corresponding to the quasi-continuum levels of the second core, (w), will occur.

The X-matrix and �nally the S-matrix are eventually built according to Eqs.

(59) and (60) respectively. The DE1 and DE2 processes are actually treated as

vibrational excitations from an initial vibrational state v+
i , to the (discretized)

ionization continua of the two cores. The cross sections for these processes are

given by:

σsym,Λ
DE1, v+i

=
π

4ε
ρsym,Λ

∑

v+h <v
+<v+max(ε)

|Sv+, v+i |
2, (77)

and

σsym,Λ
DE2, v+i

=
π

4ε
ρsym,Λ

∑

w+<w+
max(ε)

|Sw+, v+i
|2. (78)

The total DE cross section has the form:

σDE,v+i =
∑

sym,Λ

σsym,Λ
DE,v+i

, (79)

where

σsym,Λ
DE,v+i

= σsym,Λ
DE1, v+i

+ σsym,Λ
DE2, v+i

. (80)

v+
h is the highest bound vibrational level built on core 1, while v+

max(ε) and w
+
max(ε)

are the highest quasi-continuum vibrational levels situated below the current total

energy E = Ev+i + ε, corresponding to core 1 and core 2 respectively. The cross-

sections and rate coe�cients calculated using this part of the theory are shown in

chapter (5) for the HD+ electron scattering.

3.4.2.3 Ionization channels built on the ground and excited electronic

states of the ion: "triple-core" case (VNR-TC)

A straightforward level of the formalism is the inclusion of another core excited

state which includes more couplings of type Rydberg-valence as on equations (49)

and (51) for core 2 and 3 :

V
(el)ω
dj ,lc2

= 〈F ω
dj

(E)|Vω
dj ,lv

+
c2

(E)|χw+〉 , (81)

V
(el)ω
dj ,lc3

= 〈F ω
dj

(E)|Vω
dj ,lv

+
c3

(E)|χu+〉 , (82)
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and some additional Rydberg-Rydberg couplings [47] as on equation (70)

V ω
vu(E,E

′) = 〈χωv |Ṽ(e)ω
c1,c3

(R)|χωu〉. (83)

V ω
wu(E,E

′) = 〈χωw|Ṽ(e)ω
c2,c3

(R)|χωv 〉. (84)

Here the vibrational quantum numbers v, w and u are labeled respectively for

ionization channels of core 1, 2 and 3.

The consequences of these couplings are the increasing of the dimension of the

K-matrix which is structured in the form :

K =




Kd̄d̄ Kd̄v̄ Kd̄w̄ Kd̄ū

Kv̄d̄ Kv̄v̄ Kv̄w̄ Kv̄ū

Kw̄d̄ Kw̄v̄ Kw̄w̄ Kw̄ū

Kūd̄ Kūv̄ Kūw̄ Kūū



. (85)

where d̄, v̄, w̄ and ū are collective indices for indices d, v, w and u wich label

respectively for dissociation channel and ionization channels appended on core 1,

core 2, and core 3. The C (55) and S-matrix (57) increases also respectively with

core 2:

Cw+,ωα =
∑

w

Uω
lw,α〈χw+| cos(πµωc2 + ηωα)|χωw〉 , (86)

Slw+,ωα =
∑

w

Uω
lw,α〈χw+| sin(πµωc2 + ηωα)|χωw〉 , (87)

and with core 3:

Cu+,ωα =
∑

u

Uω
lu,α〈χu+ | cos(πµωc3 + ηωα)|χωu〉 , (88)

Slu+,ωα =
∑

u

Uω
lu,α〈χu+ | sin(πµωc3 + ηωα)|χωu〉 , (89)

Using the physical S matrix (60), we can obtain the DR cross section as in

equations (62) and (64) the VE cross section :

The DR and VE cross section and rate coe�cients using this level of theory are

calculated for the molecular cation N+
2 which has three bound electronic cores and

the results are presented in section (6).
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Chapter 4
Electron scattering on ArH+

4.1 Introduction

The argonium (ArH+) is ubiquitous in the interstellar medium (ISM), namely

the crab Nebulae where Barlow et al. [48] reported detection of 36ArH+ 617.525

GHz (J = 1− 0) and 1234.603 GHz (J = 2− 1) emission lines in spectra from the

Crab Nebula using the data from Herschel mission. That supernova remnant is

known to contain both molecular hydrogen and regions of enhanced ionized argon

emission. After this �rst noble gas molecular ion detection, Schilke et al. [49]

realized that the still unidenti�ed absorption transition at 617.5 GHz observed in

di�use gas toward several sources such as Sg B2, and various PRISMA sources

(W31C, W49N, W51e, . . . ), was in fact due to argonium with 36Ar. Moreover,

features of 38ArH+ were subsequently found in Sg B2(M) as well and, consequently,

Schilke et al. suggested that argonium is ubiquitous in the ISM. More recently,

Müller et al. [50] made extragalactic detections of the 36Ar and 38Ar isotopologues

of argonium through absorption studies of a foreground galaxy at z = 0.89 along

two di�erent lines of sight toward PKS 1830-211 within the band 7 of the ALMA

interferometer, including the corresponding redshifted transitions.

The possible formation and destruction processes of ArH+ are discussed by

Neufeld and Wol�re [51]. An important information needed is the unknown value

of this dissociative recombination rate coe�cient of that molecular ion. An up-

per limit of 10−9 cm3 s−1 for electron collision energies below about 2 eV was

reported by Mitchell et al. [52] who performed a storage ring measurement. She

also gave the corresponding theoretical potential curves. That upper limit value is

adopted in the presently available astrochemical models for galactic di�use clouds

[51] whereas Priestley et al. [53] introduce a lower value (10−11 cm3 s−1) to inter-
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pret the Crab nebula observations. Photodissociation of ArH+, another potential

destruction mechanism, was studied theoretically by Alekseyev et al. [54] and the

corresponding photodissociation rate was shown to be moderate, i.e. 9.9 10−12 s−1

in the unshielded mean ultraviolet interstellar radiation �eld [55, 49]. In addition

to this, the rotational excitation due to electron impact has been studied in ref.

[56].

In this chapter, we investigate theoretically the dissociative recombination (DR)

of ArH+ through ab initio methods, including the dependence on the vibrational

excitation of the target molecular ion and, in the same energy range, the competi-

tive process of vibrational excitation (VE) by electron impact, i.e.:

e(ε) + ArH+(X 1Σ+, v+)→Ar + H , (DR) (1)

e(ε) + ArH+(X 1Σ+, v+)→ArH+(X 1Σ+, w+) + e , (VE) (2)

where ε is the incident electron energy, v+ and w+ represent the initial and �nal

vibrational quantum numbers respectively corresponding to the ground electronic

state X 1Σ+ of ArH+. The results presented in this chapter has been published in

Monthly Notices of the Royal Astronomical Society [57]

4.2 Molecular data

A theoretical study of the ArH+ electronic excited states was performed by

Stolyarov et al. [58]; [59] and, more recently, in [60] the ArH Rydberg states have

been explored. In the present work we have used, ab initio ArH+ calculations

performed using MOLPRO and an aug-cc-pVQZ (AVQZ) Gaussian type orbital

(GTO) basis set at the complete active space (CAS) self-consistent �eld (SCF) level

of theory. These calculations provided input orbitals for the electron-ion scattering

calculations. All calculations were performed in C2v symmetry, which is the highest

allowed by MOLPRO and the polyatomic R-matrix code for an asymmetric linear

molecule.

We have also used the potential energy curves and the autoionization widths of

the ArH∗∗ resonant states calculated using the R-matrix method [3] as implemented

in UKRMol code [61]. Our general approach follows closely the treatment of N∗∗2
by [62] which provided the input for N+

2 DR calculations [63]. The ArH+ target

states were represented using the AVQZ GTO basis set and a CAS in which the

Ar 1s22s22p6 electrons were frozen and the remaining 8 electrons were distributed

as (4σ, 5σ, 6σ, 2π)8. The 3π virtual orbital was retained to augment the continuum
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Figure 4.1: R-matrix results for the resonant states of 2Π symmetry. The dashed
lines are the potential energy curves of the target ground electronic and excited
states (blue curves) of ArH+. The dotted green curves are those of the Rydberg
states converging to the ground electronic state and the red curves converging to
the excited electronic states.

orbitals in the scattering calculation.

The scattering calculations used an R-matrix sphere of radius 10 a0. Continuum

basis functions were represented using GTOs placed at the center of this sphere

and contained up to g orbitals (` ≤ 4) [64]. Close-coupling calculations built on

the target CAS [65] and an expansion of the 8 lowest states of each (C2v) symmetry

were retained for the outer region calculations. In this latter region, calculations

were repeated for the internuclear separations 2.2 < R < 15 a0 and for symmetries

corresponding to 2Σ+, 2Π and 2∆ scattering channels.

The outer region calculations explicitly considered the 20 lowest target states.

R-matrices were propagated to 100.1 a0 and then �tted to an asymptotic form.

Resonance positions and widths were determined by automated �tting of the eigen-

phase sums to a Breit-Wigner form using program RESON [66]. Couplings were

determined from the resonance widths Γ using the formula:

V (R) =

√
Γ(R)

2π
. (3)

Figure (4.1) is the R-matrix adiabatic potential energy curves for the resonant

state of 2Π. They are used to provide the relevant smoothed quasi-diabatic states

shown in Figure (4.2), employed to the study of the DR and VE in this chapter.

Couplings and quantum defect are respectively displayed in Figures (4.3) and (4.4).
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The molecular data characterizing the ArH+ ion in its ground state are given in

Table 4.1. All these data form the input for the Multichannel Quantum Defect

Theory (MQDT) step of the calculations. Linear extrapolation was adopted for

the couplings in order to extend the internuclear distances range below 2.2 a0

down to 1.6 a0.
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Figure 4.2: Potential energy curves used in the present calculations. The ArH+

potential curves - ground state, X 1Σ+, and the lowest excited electronic states -
are displayed as black lines. The molecular data sets for the di�erent symmetries
of the neutral system are displayed with di�erent colors: 2Σ in red, 2Π in blue and
2∆ in green.

Figure 4.3: Electronic couplings used in the present calculations. The molecular
data sets for the di�erent symmetries of the neutral system are displayed with
di�erent colors: 2Σ in red, 2Π in blue and 2∆ in green.
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Figure 4.4: Quantum defects used in the present calculations. The molecular data
sets for the di�erent symmetries of the neutral system are displayed with di�erent
colors: 2Σ in red, 2Π in blue and 2∆ in green.

µ (a.u.) 1791.94

Req (a0) 2.419 (2.419)

De (eV) 4.039 (4.025)

D0 (eV) 3.8725

v+ εv+ (eV) v+ εv+ (eV)

0 0.000 12 2.949

1 0.321 13 3.110

2 0.627 14 3.258

3 0.919 15 3.393

4 1.197 16 3.513

5 1.461 17 3.617

6 1.712 18 3.703

7 1.949 19 3.770

8 2.174 20 3.817

9 2.387 21 3.846

10 2.587 22 3.861

11 2.774

Table 4.1: Molecular constants (reduced mass, equilibrium distance and dissoci-
ating energies) for 36ArH+ in its ground electronic state and the energies of the
corresponding vibrational levels. The comparison with the experimental data of
[67] given in brakets is reported.
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ArH+ is a closed shell system so no spin-orbit (SO) splitting e�ects are expected

in its ro-vibrational levels. Conversely, SO e�ects may be important in the non-Σ

resonances. [68]. However our calculations are non-relativistic and therefore neglect

SO e�ects; we assume the calculated R-matrix resonances converge on the lowest

component of the Ar doublets at large internuclear distances. Table 4.2 shows the

asymptotic limits of the ArH∗∗ resonant states considered below.

Channel Energy (eV) Symmetries

Ar(3P) + H(n = 1) -2.00 (-2.05) 1 2Σ+, 1 2Π

Ar(1P) + H(n = 1) -1.81 (-1.87) 2 2Π

Ar(1S) + H(n = 4) -0.87 (-0.85) 2 2Σ+, 3 2Σ+

Ar(1S) + H(n = 5) -0.58 (-0.54) 1 2∆

Table 4.2: Asymptotic limits of the ArH∗∗ resonant states relevant for the low-
energy impact collisions. The energy is expressed with respect to the asymptotic
limit of the ground electronic state of ArH+. The experimental energy values from
the NIST database [68] are given in brackets for comparison.

The most abundant isotope of argon in the Earth's atmosphere is 40Ar whereas

in the ISM 36Ar and 38Ar isotopes are preponderant. In the present work, we deal

with vibrational processes and, due to the small relative variation of the reduced

mass from one isotopologue to an other - as a consequence of the huge atomic mass

of the Ar isotopes - we expect these e�ects to be negligible. In order to verify

this, we performed calculations for di�erent isotopologues of ArH+ and the relative

di�erence between the rate coe�cients was found to be below 1 %.

4.3 Results and discussion

Figure (4.5) displays the DR cross sections for ArH+ v+ = 0, namely the to-

tal one and the partial contributions corresponding to the asymptotic channels

of resonant states. It can be noted that the main contribution arises from the

Ar(3P) + H(n = 1) channel. One reason for this is that, as shown in Table 4.2,

this exit channel gathers contributions coming from two states - 1 2Σ+ and 1 2Π

- instead of one state, as is the case of the exit channels Ar(1P) + H(n = 1) and

Ar(1S) + H(n = 5) . One can argue that - as shown in Table 4.2 - the channel

Ar(1S) + H(n = 4) is the asymptotic limit of two states, as the Ar(3P) + H(n = 1)

one. However, the coupling of the 1 2Σ+ state with the electron/ion continuum (see

Figure 4.2) is about three times larger than the other ones.
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Figure 4.5: Dissociative recombination of vibrationally relaxed ArH+. Broken
colored lines: The contributions coming from all the dissociative states having the
same asymptotic atomic limit. Solid black line (partially hidden by the red curve):
Total cross section coming from the sum over all the available dissociative states.

Figures 4.6(a) and (b) display, respectively, the results for DR cross sections and

the corresponding rate coe�cients for v+ = 0, 1, 2. Two features can be noted:

(i) The resonant structures present in the cross sections correspond to the tem-

porary captures into singly-excited Rydberg states ArH∗, and they cease to appear

when the electron energy reaches the dissociation energy of ArH+(v+ = 0, 1, 2);

(ii) For a vibrationally relaxed target, the dissociation channels are closed for

energies of the incident electron below 1.8 eV. For the ion situated on one of the

next 8 excited vibrational states, the threshold decreases progressively, and the DR

becomes exothermic for vibrational levels equal or higher to 9 only. This particular

energetic situation explains the particular behavior of the computed rate coe�cients

displayed in Figure 4.6(b), namely the very low values and the "explosive" increase

below 2000 K.
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Figure 4.6: Dissociative recombination of ArH+ on its lowest vibrational levels: (a)
global cross sections, coming from the sum over all the available dissociative states;
(b) the corresponding Maxwellian-averaged rate coe�cients.

In order to validate the results, Figure (4.7) shows the anisotropic DR rate coef-

�cient for v+ = 0, calculated by considering the electron beam with a longitudinal

temperature kT‖ ≈ 0.5 eV and a transverse temperature kT⊥ ≈ 25 meV, compared

to the experimental data from the storage ring by [52]. We note that the agreement

is quite satisfactory at energies greater than ∼3 eV within the 20% experimental

error. At lower energies our calculated rates are smaller than the experimental

ones: This can derive from bad detected signal as stated by the authors.
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Figure 4.7: Dissociative recombination of vibrationally relaxed ArH+. Compari-
son between the rate coe�cient measured in the CRYRING storage ring and the
anisotropic rate coe�cient obtained by the convolution of our MQDT-computed
cross section using the temperatures characterizing the relative velocities of the
electrons with respect to the ions in the experiment.

Figure (4.8) displays the DR cross section compared to the competitive process

of VE for one quantum excitation in the same energy range. The main feature is

that, at energies just above the opening of the dissociative channels, the VE cross

section is larger than the corresponding DR starting from the same vibrational

level.

Figure 4.8: Vibrational excitation (VE) of ArH+ on its lowest vibrational levels:
Cross sections for ∆v+ = 1 (solid lines). The dissociative recombination (DR) cross
section are also shown for comparison (broken line).

We also checked the isotopic e�ect by replacing ArH+ by ArD+, which results
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in a variation of the reduced mass by a factor of 2. Figure (4.9) displays this e�ect

for v+ = 0 DR rate coe�cient. The rates decrease by a factor between 10 at 1000

K and 3 at 8000 K, due to lowering of the ArD+ ground state, compared to that

of ArH+.

Figure 4.9: Dissociative recombination rate of vibrationally relaxed ArH+ and
ArD+ as a function of electron temperature: The isotopic e�ects.

4.4 Astrophysical consequences

Figure 4.10: Relative abundance of ArH+ as a function of the rate coe�cients
for the case of (a) di�use ISM (temperature T = 100 K) and (b) Crab nebula
(temperature T = 1000 K).

As stated previously, ArH+ DR is an important destruction mechanism in in-

terstellar conditions. We have examined two di�erent environments where this
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molecular ion has been found and have varied the value of the DR rate coe�cient

over a range of values between 10−9 and 10−18 cm3 s−1 for a sample of 0D steady

state chemical models. We solve the coupled d
dt

[X] = 0 di�erential equations where

[X] stands for the abundance of a particular X molecule included in the chemical

network for a �xed value of density and temperature and di�erent values of the DR

chemical rate coe�cient of ArH+, kDR (ArH+). In Figure 4.10(a), we display the

di�erent solutions of the argonium relative abundance as a function of kDR (ArH+)

for typical di�use cloud conditions: Proton density nH = 100 cm−3, temperature

T = 100 K, H2 cosmic ionization rate ζ = 10−16 s−1, visual extinction Av = 0.001

and standard interstellar radiation �eld de�ned by the scaling parameter χ = 1. In

Figure 4.10(b), we display the di�erent solutions for physical conditions pertaining

to the Crab nebula, as discussed in [53], i.e. nH = 2000 cm−3, T = 1000 K, H2

cosmic ionization rate ζ = 5 10−10 s−1, χ = 60, Av = 0.1 and the elemental abun-

dances displayed in Table 1 of [53]. Each point corresponds to a speci�c model

results and the line connects the di�erent model results. In the standard di�use

cloud conditions, we see that the argonium relative abundance remains constant for

values of kDR (ArH+) smaller than some 10−11 cm3 s−1, where another destruction

mechanism such as photodissociation becomes dominant. It should also be noticed

that the scale is linear and the variations are moderate. However, in the extreme

conditions of the Crab nebula where the cosmic ionization rate is about 7 orders

of magnitude larger, the variation of the relative fractional abundance of argonium

is much more spectacular. The limiting value of kDR (ArH+) = 10−13 cm3 s−1,

below which the relative abundance of argonium remains almost stable and the

destruction by photodissociation and reaction with H2 take over the dissociative

recombination. Our theoretical computations demonstrate that the actual value

is signi�cantly below the experimental upper limit 10−9 cm3 s−1 and even below

the limiting values stressed out by the models (see Figure 4.6(b)). Within these

�ndings, we conclude that DR plays a negligible role in astrophysical media and

that photodissociation and reactions with molecular hydrogen become the main

destruction processes.
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4.5 Quantum defect in�uence on vibrational exci-

tation

Figure 4.11: Variable quantum defect

Figure 4.12: Constant quantum defect

In Figures (4.11) and (4.12) we have represented the DR and VE cross sections

for the total process at the second order of the K matrix with a calculation step

of 10−5. The quantum defect is considered constant in the Figure (4.12) and this

excludes the vibronic coupling between the ionization channels.

The vibrational excitation only is sensitive to this coupling. The complex po-

tential method gives almost the same results as the MQDT method applied for
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the constant quantum defect case, except the Rydberg resonances which are not

included at all in the former method.

4.6 Conclusions

In this chapter I have described the exploration of the superexcited states of

ArH within the R-matrix approach and I have shown how we computed the cross

sections and the corresponding rate coe�cients for the dissociative recombination

and the vibrational excitation of ArH+ by using Multichannel Quantum Defect

Theory. We have explained the very low rate coe�cient of DR at low energy, put

in evidence by the experimental studies, and we have produced DR, VE and VdE

rate-coe�cients for the three lowest levels of the argonium ion, in order to be uses

in the modeling of the kinetics of low temperature ionized media, especially in

interstellar molecular clouds.
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Chapter 5
Electron scattering on HD+

5.1 Introduction

For it simplicity, the hydrogen molecule is one of the most theoretically studied

molecule. In the early universe it was the �rst molecule to be formed [69, 70]. It

isotopologue HD+, is the subject of this chapter for fusion plasma application ; the

deuterium can easily be founded in water and with tritium are the major reactants

on a plasma fusion. In this later, electron induced dissociation of molecular hy-

drogen plays a major process[71, 72]. The dissociative recombination (DR) of the

HD+ molecular cation, where an electron collide the target and break it up into

two neutral fragments as:

HD+(v+
i ) + e−(ε) −→ H + D, (1)

in competition with the dissociative excitation (DE) where one of the two fragments

is excited:

HD+(v+
i ) + e−(ε) −→ H + D*, or H* + D, (2)

and the vibrational excitation (VE) and deexcitation (VdE) where the initial vi-

brational target state is lower and higher respectively:

HD+(v+
i ) + e−(ε) −→ HD+(v+

f ) + e−(ε), (3)

are the major processes in ionized medias. Theoretically the DR of the HD+

molecular cation was studied for the last four decades for incident electron energy

higher than the dissociation of the molecule, 2.65 eV[73, 74, 75, 76, 77, 78, 45, 46,

33, 40]. The most of these studies was focused on the lowest vibrational states

of the molecules except the study of Takagi [45] who made calculations for all the

59



60 CHAPTER 5. ELECTRON SCATTERING ON HD+

vibrational states of the molecule and di�erent isotopologues of molecular hydrogen

cation and for all the processes mentioned on eqs. (1,2 and 3). The MQDT theory

was also the major subject in these studies. The wave packet approach was used in

a �rst time by Ann E. Orel [76] to calculate the direct DR of the molecule and and

in a second time by Morisset et. al. [77] to include the indirect processes where

the comparison of the results was in good agreement with the MQDT results. The

calculated DR cross section in refs.[79, 45, 46, 33, 40], where the DR was assisted

by the DE, was compared with experimental results [80, 81]. The best comparison

among all these studies is the MQDT theory developed in our team [40]. The aim

of this chapter is to provide more accurate data for all the vibrational states of

the molecule and for all the processes in eqs. (1,2 and 3) since the validity of the

theory is con�rmed. We are using the same theory as in ref. [40] in this chapter.

5.2 Molecular data

The molecular data used in this chapter are the main input data for the theo-

retical models presented in the sections (3.4.2.2), where the potential energy curve

of the target, with some of it vibrational levels, and the lowest dissociative state

can be found in Fig. (3.3) and more explicit in Fig. (1) of Refs. [33, 40] . The

discrete-to-continuum couplings V (e)Λ
dj ,l

(Eq.(49)) and the quantum defects for the

Rydberg states µΛ
l (Eqs.(55)-(58)) are the same as on Ref. [40]. In the following

calculations, 7 symmetries � Λ = 1Σ+
g ,

1Σ+
u ,

1Πg, 1Πu, 3Σ+
u ,

3Πg, 3Πu � for the

intermediate states HD∗ and HD∗∗ are taken into account and for each symmetry.

Four states has been calculated plus one obtained by scaling-law. For the 1Σ+
g sym-

metry two partial waves, corresponding to l = 0, 2 's' and 'd' partial waves, were

considered whereas for the others ones just for l = 2. The discrete-to-continuum

coupling V (e)Λ
dj ,l

has been evaluated via the width of the corresponding resonance:

V
(e)Λ
dj ,l

=

√
Γ

(e)Λ
dj ,l

2π
, (4)

Table 5.1 shows the list of vibrational energy levels εv+ of HD+ in its ground elec-

tronic states with neglecting the rotational e�ect. Twenty vibrational levels are

obtained with the Numerov resolution of the Schrodinger equation. The calcula-

tions presented in this chapter are computed for all of these levels and only cross

sections and rate coe�cients for v+
i = 0, 1, 2, 3, 5, 10, 15 and 20 are presented.
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Req = 1.996 (1.997) a.u.

De = 2.793 eV

D0 = 2.650 eV

v+ εv+(eV) v+ εv+(eV)

0 0.0000 11 1.9233

1 0.2284 12 2.0370

2 0.4454 13 2.1407

3 0.6511 14 2.2340

4 0.8460 15 2.3167

5 1.0306 16 2.3886

6 1.2046 17 2.4492

7 1.3683 18 2.4980

8 1.5219 19 2.5346

9 1.6658 20 2.5583

10 1.7996

Table 5.1: Vibrational levels of ground state of HD+ for non rotational case. Dis-
sociation energies De and D0 are shown. In bracket comparison with experimental
values from NIST

5.3 Results

We have performed a MQDT calculations of dissociative recombination and

excitation cross sections and vibrational transitions of HD+ ions in it discrete vi-

brational levels. We explored an energy range between 10−5 and 12 eV with an

energy step of 0.01 meV. For all studied processes, the calculations were performed

including all discrete levels plus 335 discretized from continua which corresponding

to a total of 355 vibrational levels for the ground electronic state and 383 discretized

levels for the core excited state. The cross sections have been calculated for all the

symmetries listed in molecular data section and only the results of the summation

of all of these symmetries are plotted. The direct and indirect mechanisms and the

second order of the Lippmann-Schwinger equation (53). The rate coe�cients of

each calculated cross section have been calculated by integrating this cross sections

in Maxwell distribution for each level and the results are displayed in the second

column of each Figure.
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Figure 5.1: Cross section for Dissociative Recombination(DR), Elastic Collisions
(EC), Dissociative Excitation (DE) and Vibrational Excitation (VE) of HD+ on
its vibrational levels (left pannel) global cross sections, coming from the sum over
all the available dissociative states; right pannel the corresponding Maxwellian-
averaged rate coe�cients. (a) and (b) are results for for v+

i = 0 and (c) and (d)
for v+

i = 1

62



5.3. RESULTS 63

10 5 10 3 10 1
Electron energy (eV)

10 21

10 19

10 17

10 15

10 13

10 11

10 9

Cr
os

s s
ec

tio
n 

(c
m

2 )

4 6 8 10 12

DR
VdE 1 0
VdE 2 0
EC
VE 2 3
VE 2 4
VE 2 8
VE 2 16
DE

(a)

102 103 104

Temperature (K)

10 13

10 12

10 11

10 10

10 9

10 8

10 7

10 6

10 5

Ra
te

 c
oe

ffi
cie

nt
s (

cm
3 .

s
1 )

DR
VdE 1 0
VdE 2 0
EC
VE 2 3
VE 2 4
VE 2 8
VE 2 16
DE

(b)

10 5 10 3 10 1
Electron energy (eV)

10 21

10 19

10 17

10 15

10 13

10 11

10 9

Cr
os

s s
ec

tio
n 

(c
m

2 )

2 4 6 8 10 12

DR
VdE 3 2
VdE 3 1
VdE 3 0
EC
VE 3 4
VE 3 7
VE 3 15
DE

(c)

102 103 104

Temperature (K)

10 13

10 12

10 11

10 10

10 9

10 8

10 7

10 6

10 5
Ra

te
 c

oe
ffi

cie
nt

s (
cm

3 .
s

1 )
DR
VdE 3 2
VdE 3 1
VdE 3 0
EC
VE 3 4
VE 3 7
VE 3 15
DE

(d)

Figure 5.2: Same as �gure (5.1) for v+
i = 2 ((a) and (b)) and v+

i = 3 ((c) and (d))
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(a) (b)

(c) (d)

Figure 5.3: Same as �gure (5.1) for v+
i = 5 ((a) and (b)) and v+

i = 10 ((c) and (d))
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Figure 5.4: Same as �gure (5.1) for v+
i = 15 ((a) and (b)) and v+

i = 20 ((c) and
(d))

Figure (5.1) shows the global cross section and the corresponding rate rate co-

e�cient for each processes , DR, DE, EC, VE and VdE for v+
i = 0 and v+

i = 1.

And �gure (5.2), �gure (5.3) and �gure (5.4) are results respectively for v+
i = 2

and 3, 5 and 10 and 15 and 20. For the cross section, results are divided to low and

high energy continuously in order to elucidate the total (direct + indirect) mech-

anisms, at energies below the dissociation limit of the ion, the dissociative states

and Rydberg states converging to this limit are su�cient to accurately describe the

reactive collision processes at low energies. One can �nd narrow resonance at low

energy. As the electron energy increases, or if reactive collision processes involving

the excited vibrational states of the ion are considered, which is the case in this
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study, the e�ect of the indirect process decreases but the contribution excited states

is to be considered and these resonances disappear as we approach the dissociation

limit where only the direct mechanism govern the processes.

In all the �gures, we can see a threshold e�ect for the VE while for the VdE

this e�ect is not observed which can be explained by the opening of the channels

for the VE at each level considered in the calculation. The inverse process does

not present this threshold since the channel remains open. The EC predominates

compared to the other processes for all levels with a di�erence between two and

three orders of magnitude except the last level v+
i = 20 where the VdE and DE

are in the same order of magnitude. Except the EC, the DE predominates at high

energy for all �gures except v+
i = 0 where the DR is in the same order of magnitude

as the DE.

The calculated DR rate coe�cient as a function of the vibrational levels is

displayed in �gure (5.5) from the ground vibrational level up to the eleventh one

and for di�erent electron temperature. As can be seen in the �gure, for a given

temperature, the rate coe�cient increases as a function of the vibrational level

between v+
i = 3 and v+

i = 10.
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Figure 5.5: Maxwellian-averaged rate coe�cients for Dissociative Recombina-
tion(DR) over the 11 levels for T = 100, 1000, 5000 and 10000K.

66



5.4. CONCLUSION 67

5.4 Conclusion

In this chapter we computed the cross section and rate coe�cients for all the

discrete levels of reactive collision between electron and HD+ molecular cation. The

MQDT theory is used for energy between 0 and 12 eV. At low energy below the

dissociation limit of the molecule the processes are dominated by resonances which

are narrow with large amplitude at very low energy and become broad with small

amplitudes near the dissociation limit because of the implication of the indirect

mechanism where the incident electron is temporary captured in a Rydberg state

before dissociating. At high energy the direct mechanism only act in the processes.

The theory described in section (3.4.2.2) is used here to calculate the cross section

of DR in competition of other DE, EC, VE and VdE. In a perspective to produce

an exhaustive database for this system, the exploration of lower energy with the

rotational e�ects is the preoccupation of the team.
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Chapter 6
Electron induced reaction on N+

2

6.1 Introduction

The nitrogen molecule N2 is one of the most widely studied species so far in

plasma physics. Being very stable at low temperature, it is very abundant in the

Earth atmosphere, and is notably present in other planetary atmospheres - Titan

98.4 % [82], Triton [83] Pluto [84], Venus 3.5 % and Mars 1.9 % [82] . For other

trans-Neptunian objects than Pluto, this molecule is also one of the main compo-

nent of the ices - spectroscopically observed at their surfaces - and may produce a

very thin atmosphere when the temperature increases under solar irradiation [85].

Under the in�uence of an electric �eld, the high altitude planetary atmosphere

can be crossed by few milliseconds giant discharges called sprites, whose spectro-

scopic signature is mainly due to spontaneous emission from N2 excited electronic

states [86]. Consequently, the N+
2 cation is also of huge interest. Due to the solar

irradiation, the production of N+
2 on excited vibrational states plays a signi�cant

role in the characteristics of the Earth's thermosphere [87]. It is also the main

molecular cation in the atmosphere of Titan [88] and Triton [89]. On the other

hand, during the atmospheric entry of a spacecraft in Earth's and Titan's atmo-

spheres, the hypersonic compression of the gases leads to the formation of a plasma

departing from local thermodynamic equilibrium [90]. The ionic composition, in-

cluding N+
2 , plays a key role in the radiation emitted by the plasma in the near

UV spectral region [91]. In many plasma-assisted industrial processes elaborated

so far, the plasma reactivity is greatly enhanced by the presence of N+
2 . This is, for

instance, the case in the ammonia synthesis in plasmas/liquid processes [92]. N+
2

is also very e�ective in the antibacterial treatment of polyurethane surfaces [93].

Moreover, N+
2 - as N2 - is very important in the steel nitriding, resulting in the im-

69



70 CHAPTER 6. ELECTRON INDUCED REACTION ON N+
2

proving of its frictional wear resistance, surface hardness and corrosion resistance

[94]. Furthermore, N+
2 plays a major role in the dermatological treatments based

on the nitrogen radio-frequency discharges [95].

The characteristics of the nitrogen-containing plasmas cannot be fully under-

stood without a deep knowledge of the reactivity of N+
2 , in particular by collisions

with electrons.

Dissociative Recombination (DR) is the major molecular cation destruction

reaction, that takes place when an electron collides with a the N+
2 molecular cation,

leading to neutral atomic fragments:

N+
2 (v+

i ) + e−(ε) −→ N + N. (1)

In the same time other competitive processes might occur:

N+
2 (v+

i ) + e−(ε) −→ N+
2 (v+

f ) + e−(εf ), (2)

i.e. elastic, inelastic and super-elastic collisions.

The elementary non-thermal electron driven processes, in particular dissociative

recombination, was experimentally studied using plasmas with laser induced photo-

�uorescence techniques [96], shock tubes [97], discharge afterglow experiments [98,

99] and microwave techniques [100]. The most detailed collisional data can be

obtained in merged beam [101] and/or storage ring experiments [102].

Two di�erent sets of theoretical calculations have been performed [63, 103, 104,

105] on the DR of N+
2 . They involved di�erent quantum chemistry and similar

nuclear dynamics calculations, and both studies were focusing on the ground and

�rst three vibrational levels of the target.

Our aim with this chapter was to extend as far as possible the calculations

started in [63], and to provide DR, EC, VE and VdE cross sections and rate

coe�cients involving the lowest ten vibrational levels that could be populated in

collision with an incoming electron having kinetic energy up to 2.3 eV, relevant

for the atmospheric and cold plasma environments. The results presented in this

chapter has been published in Journal of Applied physics [106]

6.2 Theoretical approach

The MQDT formalism used in this chapter is the same as the one used in

chapter (5) valid for the HD+ system where the dissociative states are coupled to the

ionization channels of the ground and excited ion core presented on section (3.4.2.2).
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Figure 6.1: Potential energy curves (PEC) relevant for DR of N+
2 , compiled from

Figures. 2 and 3 of Little et al.. The color code of the curves is the following:
Target cation: ground electronic state (X2Σ+

g ): black; 1st excited state (A2Πu):

red; 2nd excited state B2Σ+
u : green. Dissociative states of N2-left panel: 1Πu:

blue; 1∆g: magenta; a”1Σ+
g : cyan; and

1Φu: orange. Dissociative states of N2-right
panel: 3Πu: blue; H3∆g: magenta; and 3Φu: orange. The lowest �ve vibrational
levels of each electronic state of the ion and the dissociative asymptotic limits for
all states are shown. The green dashed line gives the upper limit of the collision
energy.

However, the N+
2 target cation has two attractive excited states whose ionization

continua are coupled to the continuum of the ground core and to neutral dissociative

states. The interaction between the elevated number of ionization channels with

the dissociation ones result beside the already known electronic couplings to a

second type of couplings, namely the Rydberg-Rydberg couplings. The dimension

of the interaction matrix, and consequently the K-matrix and physical S-matrix is

increased with the number of vibrational levels (ionization channels) supported by

the two excited ion states. The major steps to arriving to the cross sections remain

the same.
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6.3 Molecular data

The nuclear dynamics in low-energy electron molecular cation collisions cru-

cially depends on the molecular structure of the colliding partners and on the

structure of the formed neutral complex. These calculated molecular data sets

include the potential energy curves (PECs) of the target: ground and possibly

the excited electronic states of the cation, the PECs of the formed neutral sys-

tem: doubly excited dissociative molecular states and mono-excited electronically

bound Rydberg states, the coupling functions between the ionization and dissocia-

tion continua and the generating functions (quantum defects) of the Rydberg series

correlating to the electronic states of the target.

One of the few quantum chemistry methods capable to produce the highly ex-

cited molecular states at the required accuracy is based on the R-Matrix Theory [3].

The bound and resonant adiabatic potential energy curves of the valence and Ry-

dberg states of N2 having singlet and triplet symmetries have been published in

Refs. [107, 108]. The diabatic curves, couplings and quantum defects relevant for

the dissociative recombination of N+
2 were presented in [63]. The electronic states

of the target were calculated using the standard quantum chemistry program suite

Molpro [109].

Figures (6.1) and (6.2) contains a compilation of the molecular data used in

the present and our previous calculation [63]. Figure 6.1 shows only the molecular

states relevant for DR. The PECs of the target cation are given as follows: black

curves: X2Σ+
g ground electronic state; red curves: A2Πu �rst excited state and

green curves: B2Σ+
u second excited state. The colour-code for doubly excited dis-

sociative valence states for singlet (left-panel) and triplet (right-panel) symmetries

are as follows 1,3Πu: blue, 1,3Φu: orange, 1,3∆g: magenta and 1Σ+
g : cyan curves.

The dark-green horizontal line gives the upper limit of the collision energy.

Figure (6.2) in contrary contains the complete molecular data relevant for the

nuclear dynamics. The �gures are restricted to the inter-nuclear distance region

between 1.9 and 2.5 a0 units around the equilibrium geometry of the target cation.

The �rst row of the �gure is essentially a repetition of Figure 6.1. The limited inter-

nuclear region gives a better view on how favourable the crossings of the dissociative

states with the target ones are. The driving interactions of the dynamics are

shown in the second row of the �gure. The couplings between the dissociative

valence states and the Rydberg states for all symmetries - the coupling function that

connects the two major decay channels of the neutral: ionization and dissociation

- are limited to the chosen inter-nuclear distance region, outside this region they
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Figure 6.2: Molecular data sets relevant for the DR of N+
2 limited to internu-

clear distances around the equilibrium geometry of the ion. 1st row: PECs of the
ionic and neutral states for all relevant symmetries. 2nd row: all Rydberg-valence
electronic couplings. 3rd row: the relevant Rydberg-Rydberg couplings. 4th row:
quantum defects.

vanish. The third row gives the coupling among the di�erent series of Rydberg

states. In the present calculation only the couplings among the series correlating

to the ground (X) and �rst excited (A) state of the ion was considered, the other

two couplings were taken as zero. And �nally the last row of �gures represent the

quantum defects. For more details on the molecular data set and electron structure

calculations, the reader is referred to the reference [63].

6.4 Results and discussions

The present work is a natural continuation of our previous study focusing on

the DR of N+
2 performed for astrophysical applications [63]. Based on the molec-

ular data compiled from [63] and summarized in Figures (6.1) and (6.2), we have

performed the nuclear dynamics calculations using the MQDT approach presented

in Section 6.2, for the collisions of electrons with N+
2 target cations. The DR, VE

and VdE cross sections have been calculated for the �rst 10 initial vibrational levels

of the ground electronic state of N+
2 . Table 6.1 shows the energies of the vibrational

levels relative to v+
i = 0 of the target.
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Table 6.1: The relevant vibrational levels of the N+
2 molecular cation - relative to

the ground vibrational level - in the present calculations.

v+ 0 1 2 3 4 5 6 7 8 9
Ev+ (eV) 0.0 0.266 0.528 0.786 1.040 1.290 1.536 1.777 2.014 2.248

The calculations were performed by taking into account both direct (the cap-

ture of the incoming electron into a dissociative state of the molecule) and indirect

(temporary capture of the electron into a highly excited Rydberg state predissoci-

ated by the dissociative state) mechanisms at the second order perturbation theory.

Three attractive target states (X, A and B) and their vibrational levels (81, 66

and 50) were fully accounted in the calculation.
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The cross sections were calculated for all the relevant symmetries listed in �g-

ures. (6.1) and (6.2) for collision energies ranging from 10−5−2.3 eV of the incident

electron, having an energy step of 0.01 meV. These cross sections were summed up

to obtain the global cross sections.

The global DR, VE and VdE cross sections for target cations having initial

vibrational levels v+
i = 0, 1 and 5 are shown in �gure (6.3) A, B and C panels

respectively. The vertical dark-green dashed lines in the mid and upper panels of

�gure (6.3) mark the energy below which the calculations are the most accurate.

Above these thresholds the calculations neglect the role of the higher lying dissocia-

tive states of the neutral. Nevertheless, the data displayed continue to be reason-

ably correct above these thresholds because these dissociative states penetrate into

the ionization continuum above these thresholds, forming favourable/non-vanishing

Franck-Condon overlaps with the target electronic states at even higher collision

energies. This Franck-Condon overlap is proportional with the �rst order term of

the direct cross section. In addition the couplings of these dissociative states with

the Rydberg series are generally weaker, leading to less important cross sections in

second order.

The direct mechanism is responsible for the background 1/E behaviour of the

cross sections, while the indirect one through the temporary capture into the Ry-

dberg states produces all the resonance structures dominating the cross sections.

The global DR cross section increases as we change the initial vibrational state

of the target by unity and starts to decreases as we arrive at v+
i = 5. While the

vibrational de-excitation (cyan curves for initial vibrational levels higher than 0) are

in competition with the DR cross section, at higher collision energies their overall

cross section values are at least with a factor of 5 smaller than those of the DR.

The vibrational excitations (green, blue, violet, maroon,... curves) show threshold

e�ects at the collision energies where they become open. Moreover one can see,

that for a given initial vibrational level v+
i the |∆v+| = 1 vibrational transitions

are the most important ones, followed by the higher transitions.

A better view on the vibrational dependence of the processes one can have when

the global cross sections are thermally averaged in order to obtain the isotropic

Maxwell rate coe�cients. Figure 6.4 shows the rate coe�cients of all processes

for the six lowest initial vibrational levels of N+
2 . The green dashed line gives the

precision limits of our calculation expressed now in electron temperatures.

The DR (solid black line) and VdE (coloured lines with symbols) rates in �g-

ure 6.4) show monotonically decreasing patterns as function of the temperature,

while the VE (thick coloured lines) ones show increasing behaviour presenting a
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Figure 6.4: Isotropic Maxwell rate coe�cients of N+
2 for v+

i = 0−5 initial vibrational
levels for all relevant electron induced processes: Dissociative recombination (black
line), elastic collision (indigo dashed line), vibrational excitation (thin coloured
lines) and vibrational de-excitation (symbols and thick coloured lines). For the
vibrational excitations all transitions are shown up to ∆v+ = v+

f −v+
i = 8 with the

lowest transition being labeled on each �gure. excitation and de-excitation to �nal
vibrational quantum numbers are given. The green dashed line gives the precision
limits of our calculation given in temperatures.

Table 6.2: List of the parameters used in Eq. (3) for the DR rate coe�cients of N+
2 .

v+i A
v+
i

α
v+
i

B
v+
i

0 0.168904101× 10−05 −0.351926202× 10+00 −0.134370270× 10+02

1 0.121053981× 10−06 −0.107632411× 10+00 −0.399000690× 10+02

2 0.590303124× 10−05 −0.534570541× 10+00 0.101278261× 10+02

DR 3 0.146929391× 10−05 −0.431676563× 10+00 −0.188330434× 10+02

4 0.164348890× 10−05 −0.466246783× 10+00 0.229753115× 10+02

5 0.584851528× 10−06 −0.365953053× 10+00 −0.145957453× 10+02

maximum towards higher temperatures. The largest rate coe�cients we obtained

for the EC process, which is followed by the DR. With the exception of the v+
i = 1

case the VdE rate coe�cients are bellow the DR. At v+
i = 1 the DR is in com-

petition with VdE, but for v+
i > 1 DR exceeds VdE with a factor of 2 − 5. We

can see from �gure 6.4, that the VE process becomes important at higher electron

temperatures. Moreover higher we go with the initial vibrational quantum number

of the target cation, more important the VE is becoming.

And �nally, in order to allow the versatile implementation of the rate coe�-

cients in kinetics modelling codes, we have �tted them with simple and generalized

Arrhenius-type formulas.

The calculated rate coe�cients of dissociative recombination rate coe�cients of N+
2
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Figure 6.5: Relative di�erence between the calculated and �tted isotropic Maxwell
rate coe�cients. The �tting parameters of the (3), and (4) Arrhenius type formulas
are listed in tables (6.2) and (6.3). The target vibrational quantum number is
v+
i = 1.

for the lowest 10 vibrational states (v+
i = 0→ 9) have been �tted as:

kDR
(N+

2 ),v+i
(Te) = Av+i T

α
v+
i

e exp

[
−
Bv+i

Te

]
(3)

over the electron temperature range 100 K ≤ Te ≤ 12 000 K. The parameters Av+i ,

αv+i and Bv+i
(j) are listed in Table 6.2.

The rate coe�cients of the vibrational transitions (VE and/or VdE) of N+
2 have

been interpolated under the form

kV E,V dE
(N+

2 ),v+i →v
+
f

(Te) = Av+i →v
+
f
T
α
v+
i
→v+

f
e exp

[
−
Bv+i →v

+
f

Te

]
(4)

over the electron temperature range 450 K ≤ Te ≤ 12 000 K. The parameters

Av+i →v
+
f
, αv+i →v+f and Bv+i →v

+
f

(j) are listed in Table 6.3. The values calculated by

Eqs. (3)-(4) defer from the referenced values by of a few percent. A representative

case �gure can be seen in Figure 6.5, where the relative di�erences among the

original and �tted data is presented as function of temperature.
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6.5 Conclusions

The present work completes a previous study performed on reactive collisions

of N+
2 with electrons [63]. Making use of the molecular data set calculated in

Refs. [107, 108, 63], we have performed a step-wise MQDT calculation for the

lowest 6 vibrational levels of the target cation in collisions with electrons having

kinetic energy up 2.3 eV. We have provided cross sections and rate coe�cients

for resonant elastic scattering, dissociative recombination, vibrational excitation

and de-excitation of N+
2 molecular cation, up to collision energies and/or electron

temperatures important for the detailed kinetic modelling of cold astrophysical,

atmospheric and laboratory plasmas.
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Table 6.3: List of the parameters used in Eq. (4) for the VE and VdE rate coe�-
cients of N+

2 (v+
i = 0− 5). The lines having bold v+

f values belong to VdE.

v+i v+f A
v+
i →v+

f
α
v+
i →v+

f
B

v+
i →v+

f

0 1 0.533344237× 10−05 −0.639374553× 10+00 0.456739316× 10+04

2 0.658378881× 10−06 −0.508032807× 10+00 0.607945515× 10+04

3 0.362115898× 10−05 −0.674156176× 10+00 0.930893498× 10+04

4 0.501855702× 10−06 −0.500080763× 10+00 0.120925542× 10+05

5 0.235912200× 10−05 −0.703019757× 10+00 0.151544255× 10+05

6 0.293791457× 10−05 −0.758069795× 10+00 0.179532193× 10+05

7 0.844921993× 10−06 −0.636542915× 10+00 0.207666715× 10+05

8 0.138641664× 10−06 −0.515367652× 10+00 0.234152751× 10+05

9 0.134097811× 10−08 −0.582687960× 10−01 0.236665697× 10+05

1 0 0.295077650× 10−05 −0.573680535× 10+00 0.370832440× 10+02

2 0.128822963× 10−06 −0.259330324× 10+00 0.287067490× 10+04

3 0.490705465× 10−07 −0.246519767× 10+00 0.603265476× 10+04

4 0.289902179× 10−06 −0.477464964× 10+00 0.891365876× 10+04

5 0.147216051× 10−06 −0.436923369× 10+00 0.119542621× 10+05

6 0.223367779× 10−06 −0.521846263× 10+00 0.147323078× 10+05

7 0.133051980× 10−06 −0.486721650× 10+00 0.172809300× 10+05

8 0.210780119× 10−06 −0.518354452× 10+00 0.203265946× 10+05

9 0.984869766× 10−07 −0.477479897× 10+00 0.229495263× 10+05

2 0 0.847821462× 10−06 −0.532998020× 10+00 0.405352818× 10+02

1 0.413063749× 10−07 −0.143998488× 10+00 −0.358549186× 10+02

3 0.464786859× 10−07 −0.245777044× 10+00 0.285862699× 10+04

4 0.159108720× 10−06 −0.391348421× 10+00 0.585177469× 10+04

5 0.360044376× 10−07 −0.276667604× 10+00 0.868446216× 10+04

6 0.258089123× 10−06 −0.507330640× 10+00 0.117566701× 10+05

7 0.333098042× 10−06 −0.605949101× 10+00 0.144650428× 10+05

8 0.613621551× 10−06 −0.668110981× 10+00 0.174175232× 10+05

9 0.258659482× 10−06 −0.572706841× 10+00 0.200428524× 10+05

3 0 0.164184580× 10−05 −0.596574164× 10+00 0.142269951× 10+02

1 0.621487443× 10−07 −0.268738942× 10+00 0.312326420× 10+02

2 0.111782734× 10−06 −0.336464781× 10+00 −0.121616700× 10+02

4 0.766268279× 10−07 −0.345400694× 10+00 0.267682697× 10+04

5 0.134606977× 10−07 −0.179764421× 10+00 0.574922736× 10+04

6 0.535124837× 10−08 −0.121773603× 10+00 0.867471070× 10+04

7 0.204963902× 10−07 −0.265769846× 10+00 0.114419973× 10+05

8 0.879364727× 10−08 −0.224268128× 10+00 0.142282367× 10+05

9 0.814651461× 10−07 −0.499342338× 10+00 0.168805145× 10+05

4 0 0.107606116× 10−05 −0.575085141× 10+00 0.145468955× 10+03

1 0.248568440× 10−06 −0.466043134× 10+00 0.564097946× 10+02

2 0.724394585× 10−07 −0.308511590× 10+00 0.226809253× 10+02

3 0.138222192× 10−05 −0.640485514× 10+00 0.561106669× 10+02

5 0.239207956× 10−05 −0.668594861× 10+00 0.306395333× 10+04

6 0.101993424× 10−05 −0.713594098× 10+00 0.582189709× 10+04

7 0.164341020× 10−05 −0.729783197× 10+00 0.861715530× 10+04

8 0.125571495× 10−05 −0.739599323× 10+00 0.113354172× 10+05

9 0.148406106× 10−06 −0.535162904× 10+00 0.139439109× 10+05

5 0 0.611371619× 10−06 −0.566807382× 10+00 0.158486274× 10+02

1 0.411089882× 10−06 −0.543865182× 10+00 0.285127586× 10+02

2 0.515303362× 10−07 −0.315487751× 10+00 −0.323769106× 10+02

3 0.516023387× 10−07 −0.317535711× 10+00 −0.246956406× 10+02

4 0.791676797× 10−06 −0.549559034× 10+00 0.457289565× 10+01

6 0.313205750× 10−06 −0.458006851× 10+00 0.285255623× 10+04

7 0.348715111× 10−06 −0.594271554× 10+00 0.575157504× 10+04

8 0.303368112× 10−06 −0.546732721× 10+00 0.861104543× 10+04

9 0.131609694× 10−06 −0.527503523× 10+00 0.112079309× 10+05
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Chapter 7
Carbon dioxide electron impact reactions

Carbon dioxide is one of the main greenhouse gases and a plays a fundamental

role in our planetary atmosphere. It helps to control the temperature of the planet

by trapping the infrared rays emitted by the sun in the atmosphere. Without

greenhouse gases, the Earth's temperature would be very cold. However, The

increasing of the human activity increases considerably the amount of CO2 present

in the Earth atmosphere and lead to a disruption of the natural balance which

can have unpredictable e�ects on the Earth's temperature. The excess CO2 in

the atmosphere is one of the main causes of global warming. It is known to play

an important fundamental role in the chemistry of the atmospheres of Mars and

Venus (most abundant gases with 96 % of the atmospheres) [110] in addition to

being involved in respiration mechanisms. The main goal of this chapter was based

on the computation of the cross-section of dissociative electronic attachment and

dissociative excitation presented in the reactions (1) and (2) bellow.

CO2(X) + e−(ε) −→ CO(X) +O−(2P ), (1)

CO2(X) + e−(ε) −→ CO(X) +O−(3P ) + e−. (2)

Due to the lack of complete data in the literature on the potential energy curves

of carbon dioxide, we have set ourselves the main goal of calculating the potential

energy curves of the molecule by freezing one CO bond and stretching the other

bond, thus bringing our study back to a case of a diatomic molecule. This is justi�ed

by the production of carbon monoxide in its fundamental ground electronic state

after the collision with electrons.
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Con�guration Term Level (eV) Con�guration Term Level (eV)
3P 0 .0000000 3P 0 .0000000

C (1s22s22p2) 1D 1.2637284 O (1s22s22p4) 1D 1.9673642
1S 2.6840136 1S 4.1897463
3P 0 .0000000 3P + 3P 0 .0000000

C (1s22s22p2) 1D 1.2637284 2× O (1s22s22p4) 3P + 1D 1.9673642
1S 2.6840136 1D + 1D 3.9347282

Table 7.1: Energies of spectral atomic terms for Carbon an Oxygen from NIST [68]

7.1 Step of calculation

In order to describe the adiabatic wave functions of our triatomic molecule,

preliminary work must be done to understand well and have the correct wave

function and the electronic states to be put in the calculation. The nature of the

ground electronic state in our case is done using the building up principle [111]

based on the Wigner-Witmer correlation rules [112] which consist, for a diatomic

molecule, to consider it as a uni�ed atom. Using this principle, the molecule may

build up from a separated atom or group of atoms, or united atom or molecule. In

our case, we choose to build the CO2 molecule by taking into account the group

of two oxygen atoms together with a carbon atom as it is shown in table (7.1).

For that, the di�erent spectral terms energy levels of the independent atoms which

makes up our molecule have to be checked from atomic spectra database levels

form of NIST website [68]. And several con�gurations are needed to describe well

the real wave function but a huge quantity of molecular state must be putted in

the calculation and it can not be possible.

In our study, we are only interested in the lower triplets and singlets spectral

terms with minimal energies, i.e, the 0.0000 eV states of oxygen (3P + 3P) which,

according to Bièmont's table 10.4 [113], correlate to the states (Σ+(2),Σ−,Π(2),∆)

to which we add the triplet 3P at 0.0000eV and the singlet 1D at 1.2637284 eV of

carbon to �nally reach the �nal molecular states according to Herzberg's table

22 [111]:

Molecular state Energy (eV)

Σ+(2), Σ−(3), Π(5), ∆(2) Φ 0.0000

Σ+(4), Σ−(3), Π(6), ∆(5) Φ(2), Γ 1.2637284

Table 7.2: Molecular states included in the calculation of potential energy curve of
CO2 molecule
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We can see that only with two lowest energies for atomic spectral terms and for

triplets and singlets states, we have a total of 34 molecular state (see table (7.2))

which is very big in term of calculation.

7.2 Theoretical approach

The calculation of the potential energy curves was performed taking into ac-

count the 34 molecular states shown in the previous section. At this stage, the

choice of the basis set to be used in our calculation was crucial. To do this, an

optimization of the geometry was carried out.

7.2.1 Basis set choice

To choose the appropriate basis set to use in our calculation of potential energy

curves, a convergence study is made for the equilibrium internuclear distance with

a geometry optimization with a Hartree Fock and a CASSCF method using the

Molpro quantum chemical programs (version 2019.2) [114].

Basis Hartree Fock CASSCF

cc-pVDZ 1.14056 1.17124

cc-pVTZ 1.13618 1.16576

cc-pVQZ 1.13448 1.16390

cc-pV5Z 1.13439 1.16378

cc-pV6Z 1.13437 1.16337

Table 7.3: Optimization of CO2 geometry with a Hartree-Fock and CASSCF
method [115]

The results of our optimization can be found on table (7.3) for a HF and

CASSCF and cc-pVXZ (X = D, T, Q, 5, 6) basis set. Convergence is reached

with a cc-pVQZ basis set as is shown on table. The internuclear distance value

remains the same with a basis set greater or equal to cc-pVQZ.

7.2.2 Potential Energy Curve of CO2

The carbon dioxide is molecule is a linear which have 22 electrons and it ground

electronic state, in C2v symmetry, is :

1Σ+
g : (1a1)2(2a1)2(3a1)2(4a1)2(5a1)2(1b1)2(1b2)2(6a1)2(7a1)2(2b1)2(2b2)2 (3)

83



84 CHAPTER 7. CARBON DIOXIDE ELECTRON IMPACT REACTIONS

It is one of the simplest triatomic molecule but the ab initio calculations of CO2

potential energy curve is very scarce for the complexity of the identi�cation of

molecular states due to the lack of experimental data. The little theoretical data

that can be found in the literature is much more axed on the bent molecule and

the debates were more focused on determining how the molecule dissociates. M.C.

Lin and S.H. Bauer [116] and M.A.A. Clyne and B.A. Thrush [117] suggested a

schematic pathway dissociation for the singlet and triplet states of the molecule.

They agreed on a dissociation with a production of a triplet oxygen O(3P ) and

O(1D) through two mechanisms:

CO2(X1Σ+
g ) −→ CO(X1Σ+

g ) + O(3P ) (4)

and

CO2(X1Σ+
g ) −→ CO(X1Σ+

g ) + O(1D) (5)

The dissociation involving the second path (5) remains the most logical way to

break up the molecule by the conservation of the total spin. Nevertheless, the �rst

path (4) is known to be the lowest dissociation limit since it involves the production

of oxygen in a fundamental spectroscopic state O (3P ) but it is spin forbidden . It

is shown [118, 119] that the dissociation through this latter occur with a step-by-

step vibrational excitation which is a non-radiative transition without any kinetic

energy. The calculation of the ground and excited state potential energy surface

of bent carbon dioxide by Y. Ma et al.[120] did not show any crossing point be-

tween triplet and singlet state (1B2) and (3B2) as expected by Abe et al. [121].

In their study of spin-forbidden of carbon dioxide decomposition, D.Y. Hwang and

A.M. Mebel [122] show a dissociation mechanism through a bent molecule for the

�rst path and suggest an additional path consisting to product molecular oxygen at

higher energy with an atomic carbon (3P ). This latter is not the subject of this work

and we will focus ourselves onto the two �rst paths. A large number of singlets and

triplets excited states have been identi�ed by [123, 124, 125] and the most of them

have a bent structure with conical intersections between them. In this calculation

we setting up the whole potential energy curve for a bi-molecular model (O−CO)
assuming the freeze of one internuclear distance RO−CO in a range between 1.5 and

8.0 Bohr with an average step of 0.15a0 and 0.05a0 near the equilibrium distance.

Complete Active Space Self-Consistent Field (CASSCF) molecular orbitals aver-

aged over 34 molecular symmetries of CO2, as described before in section (7.1),

followed by a Multireference Con�guration Interaction (MRCI) calculation for the

two lowest molecular states were done with Molpro using the GTO cc-pVQZ Dun-
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Figure 7.1: Potential energy curves of the ground electronic state of CO2 as function
of the distance between the two oxygen atoms, the CO distance being frozen to
its equilibrium value. The black solid curve is the singlet ground electronic state
and the dashed one is the singlet excited state. The blue curve is the degenerate
excited triplet state.

ning basis set with a Complete Active Space (CAS) of 16 electrons shared between

6a1, 3b1 and 3b2. We can rewrite this CAS as:

(core)6(6× a1, 3× b1, 3× b2, 0× a2)16

which gives a total con�guration of (9a1 3b1 3b2 0a2)22. Calculations are performed

separately for singlets and triplet states to avoid con�guration changes errors be-

tween them in the calculation. Most of the available works aimed to calculate the

dissociation or excitation energy without giving more details on the behavior of

the whole potential energy curve. Figure (7.1) displays our complete PEC of the

carbon dioxide based on a MRCI cc-pVQZ results for the ground electronic singlet

state (1Σ+
g ) and excited state (1∆u and 1Πg) and triplet degenerated (3B1/2 cor-

relate to 3∆u) states. An avoided crossing is obvious for the excited singlet state

and it is quanti�ed as a combination between a Σ (left part) and ∆ (right part)
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states. The nature of these states is elucidated by the calculation of the scare of the

total angular momentum for each molecular state in Molpro. A good agreement

between our calculation and the known value of equilibrium geometry The value

of our equilibrium distance is reached at RO−CO = 2.20 Bohr while the experiment

value is 2.196 Bohr [111]. The dissociation energy of the carbon dioxide is known

experimentally to be 5.4533 eV [126] for the ground electronic state.In table (7.4)

we show a comparison between our calculated values of the dissociation energy,

according to the lowest two asymptotic limits and for the vertical excitation en-

ergies with the available values in the literature. A good agreement between our

calculation and previous works is obvious. The Spiel�eld et al [125] MRCI calcu-

lation is done with the same number of electron in the active space and C2v group

symmetry as ours. The two calculations di�er on the number of con�guration and

the CAS. Nevertheless the comparison of the excitation energy is done considering

a D∞h calculation which is the real symmetry point group in linear geometry. The

calculated dissociation energy is compared to theoretical and experimental values.

Considering the dissociation asymptote taken into account, a good agreement can

be shown between our calculated De value and available D0 values, knowing that

De = D0 +zpe, wehere zpe stand for zero point energy. The dissociation correlated

to the �rst asymptote (CO (X1Σ+
g ) + O (3P)) is going through a triplet state as it

can be show by the previous works and our calculation. And through the second

asymptote (CO (X1Σ+
g ) + O (1D)), the dissociation is directed by a singlet 1A1

state.

Asymptotes States Te (eV) De(eV) Method Taken from
3B2 8.73 5.50 MRCI This work

CO (X1Σ+
g ) + O (3P) 3B2 8.61 5.45 (D0) MRCI [125]

3A′ - 5.42 (D0) G2(MP2) [122]

- - 5.45 (D0) - Exp. [111]
1A1 - 7.46 MRCI This work
1A1 - 7.41 (D0) MRCI [125]

CO (X1Σ+
g ) + O (1D) - - 7.63 G2(MP2) [122]

1A1 - 7.53 (D0) CASPT2 [120]

- - 7.42(D0) - Exp. [116]

Table 7.4: Dissociation and excitation energies for CO2.

The resolution of the radial Schrodinger equation by Numerov's method for the

CO2 molecule gives the 'vibrational levels' and the corresponding wave functions.
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Table (7.5) gives the discrete spectrum of the 66 considering vibrational levels

of CO2. In this table, vi is the vibration quantum number and εvi the energies

associated to each vibrational level of the molecule. The ground vibrational state

is taken as the reference energy. The unit of energy used here is the electron-

Volt (eV). Figure (7.2) shows a zoomed PEC and the wave functions for six �rst

vibrational levels. The PEC values and vibrational levels are referenced to the

ground state as on table (7.5)
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Req = 2.20 (2.196) [111] a.u.

De for 1A1 = 7.46 (D0 = 7.42(Exp.))eV

vi εvi(eV) vi εvi(eV)

0 0 .0000 33 5.3157

1 0.1888 34 5.4374

2 0.3793 35 5.5566

3 0.5709 36 5.6730

4 0.7600 37 5.7870

5 0.9478 38 5.8983

6 1.1339 39 6.0069

7 1.3181 40 6.1125

8 1.5002 41 6.2154

9 1.6803 42 6.3155

10 1.8583 43 6.4124

11 2.0338 44 6.5060

12 2.2071 45 6.5963

13 2.3783 46 6.6831

14 2.5473 47 6.7664

15 2.7138 48 6.8453

16 2.8779 49 6.9196

17 3.0398 50 6.9892

18 3.1992 51 7.0532

19 3.3568 52 7.1114

20 3.5119 53 7.1634

21 3.6648 54 7.2083

22 3.8153 55 7.2459

23 3.9636 56 7.2758

24 4.1095 57 7.2984

25 4.2531 58 7.3161

26 4.3944 59 7.3297

27 4.5334 60 7.3403

28 4.6697 61 7.3487

29 4.8039 62 7.3555

30 4.9353 63 7.3607

31 5.0646 64 7.3645

32 5.1914 65 7.3675

Table 7.5: Vibrational levels of the CO2 molecule for non rotational case considering
as a diatomic molecule. Dissociation energies De and D0 are shown. In bracket
comparison with experimental values from [126]88
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Figure 7.2: Potential energy curves of the ground electronic state of CO2 as on
�gure (7.1) and di�erent vibrational wave functions on colors.

7.2.3 Dissociative electron attachment and dissociative ex-

citation on carbon dioxide

Dissociative electron attachment (DEA) (1) and dissociative excitation (DE)

(2) of carbon dioxide occurs with an intermediate negative anion or a resonance

state as bellow :

CO2(X) + e−(ε) −→ CO−2 −→ CO(X) +O−(2P ) (6)

CO2(X) + e−(ε) −→ CO−2 −→ CO(X) +O(3P ) + e− (7)

For neutral molecules, this dissociation is naturally in competition with the au-

todetachement which can be followed by a vibrational excitation of the target as

explain in the MQDT theory (3) for molecular cations. The DEA of carbon diox-

ide is a subject of big interest experimentally and theoretically sixty years old.

Two majors peaks at 4.4 eV and 8.2 eV have been revealed by the measurements

of the O− production in the DEA of CO2 ([127, 128] and the O− ion kinetic en-

ergy and CO products was debated to assign the observed broad peaks at 4.2 eV

to vibrational states of carbon monoxide and structure of the intermediate state

[129, 130, 131, 132, 133, 134] and very recently to vibrationally excited states of the
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target molecule [135]. The di�erence between the oxygen a�nity and the asymp-

totic limit of carbon dioxide provide the asymptotic limit value of the resonant state

which must be at 3.988 eV. It is well known that at low energy the resonant state is

a 2Πu shape [136, 137, 138] instead of the highest one which is a 2Πg Feshbach state

[139, 140]. A conical intersection was suggested by Slaughter et al [140] and latter

by Morandmand and Slaughter et al [141] in order to elucidate the asymptotic

limits of the negative anion state. The structure of this latter is never addressed

in the previous works. In this study we compute the potential energy curves and

the corresponding width of the resonant state using the R-matrix theory.

7.3 R-matrix results

7.3.1 General ideas

In molecular dynamics and in the case of resonant processes as presented pre-

viously with MQDT treatment, a number of molecular data are required using ab

initio calculations such as potential energy curves and autoionization widths from

which we can extract the electronic couplings between target and temporary elec-

tron capture channels. The R-matrix method is actually one of the powerful theory

used in molecular dynamic to provide low energy electron-molecule data for astro-

physical and plasma studies. For more details and a complete comprehension about

this method, the reader can have more than enough and exhaustive information in

the Burke's book [4] for both electron-atom and electron-molecule scattering and

in the Tennyson's paper [3] for electron-molecule scattering. in this chapter I show

you my brief comprehension in this method.

The main idea of the R-matrix theory is the partition of the coordinate space

into an inner and outer regions separated by a spherical boundary of radius a

centered at the center-of-mass of the molecule as shown in �gure (7.3). For a given

molecular system, the inner region is characterized by the target N number of

electrons plus the scattering electrons. In this region, the scattering electron and

the target electrons are indistinguishable so all electrons are physically identical

and the wave function of this region must be anti-symmetric in order to obey to

the Pauli principle and then the correlation and exchange are taken into account

as for any quantum chemistry calculations. Beyond the spherical radius a in the

outer region the incoming electron is distinguishable to those of the target and

moves in a long-range interaction with the target. The R-matrix is then the link

between the inner region and the outer region at the boundary distances where
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the solution of the inner region is derived to the outer region to propagate the

short-range interactions to this zone.

Figure 7.3: Partition of con�guration space in �xed-nuclei R-matrix theory for CO2

molecule. Space is divided into an inner and an outer regions

In the inner region, the R-matrix theory start the problem resolution with a

Schrodinger equation taken into account both the target and the scattering elec-

trons where the hermeticity of the Hamiltonian, removed by the introducing spa-

tial restriction at the boundary, is reestablished by a Bloch operator [142] which is

added to the �rst Hamiltonian and form a global hermitic Hamiltonian and result

to the canceling of the spatial terms. The inner region total wave function can be

written using a close-coupling terms as:

ΨN+1
k (q1 . . . qN+1, R) = A

∑

i,j

ai,j,kφi(q1 . . . qN+1)ui,j(qN+1)

+
∑

i

bi,kχi(q1 . . . qN+1) (8)

where q1 . . . qN+1 is a set of electronic coordinates for N + 1 electrons. A is

an antisymmetrization operator. ui,j(xN+1) denotes the extra continuum orbitals

used to describe the jth scattering electron with a partial wave up to the maximum

value of l(lmax = 4 in our case ), they are only the non zero contribution from the
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inner region wave function in the outer region. φi are wavefunctions for a true or

pseudostates of the target molecule. χi are known as L2 − configurations and

are square integrable functions, constructed from the target occupied and virtual

molecular orbitals and they are used to allow the relaxation of the orthogonaliza-

tion between continuum and target orbitals and also to model the e�ect of target

polarization. The orthogonalization of the total inner region Hamiltonian allow to

found the ai,j,k and bi,k expansion coe�cients. The target parameters and inner

region wave function (8) are used with the associated eigenvalues to built the R-

matrix at the boundary in the form of equation (13) of Tennyson [3].

In the outer region, the problem is much more easier than the inner region since the

exchange and correlation are neglected. Hence, in this region, electron molecule

scattering problem can be solved as an electron-atom problem in term of equations

[3, 61, 4]. we must know that there are some di�erences for molecules since molec-

ular space con�gurations or symmetries are not the same as those of atoms which

make the molecular problem computationally more heavy. The scattered electron

behavior can be described by some radial functions which are solution of a set of

coupled di�erential equations used to propagate the R-matrix from boundary to

outer region. These radial wave functions have to be matched to asymptotic solu-

tions of known form in order to obtain the K-matrices. This latter is a symmetric

matrix and it can be used to extract all the scattering observables such as the

scattering matrix S using the expression:

S =
1 + iK
1− iK (9)

Also we can calculate the eigenphase sum:

δ(E) =
∑

i

tan−1KD
ii (E) (10)

where KD
ii (E) are the diagonal elements of the K-matrices. Within the eigenphase

sum we can have information about resonance position which appear as a rapid

increasing in π as shown in Figure (7.4)
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Figure 7.4: Eigenphase sum for electron-CO2 scattering

Resonances are very important in reactive processes and it is very crucial to

obtain informations for resonance position a�ected to a symetry and the corre-

sponding half-width auto-ionization. In our processes we can distinguish two dif-

ferent type of resonances: A shape resonance where an electron is trapped behind

a centrifugal barrier in the electron-molecule potential; and this barrier is centrifu-

gal which depend on l, which mean that s-wave scattering cannot lead to a shape

resonances. From a chemical view, a shape resonance is the occupation of the scat-

tering electron to the lowest unoccupied molecular orbital. In a function of energy,

a shape resonances are in generally short lived and usually appear as broad features

[3, 39]. and a Feshbach resonance which can be explained as the trapping of the

scattering electron and the excitation of the target molecules leading to a double

excitation simultaneously. The incoming electron is temporarily captured into an

unoccupied virtual orbital and the target molecule is excited into a con�guration

a parent state which is di�erent to the ground electronic state of the molecule.

This kind of state decays to the parent state at the end of the resonance's lifetime.

Feschbach resonances are prevalent in ionic targets and generally take the form of

Rydberg states, there are however also valence states embedded in the continuum

which appear as Feshbach resonances.

7.3.2 Calculations

In our R-matrix calculation we started by chose a target model based on a

close coupling wave function with a MCSCF method as shown before on section
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(7.2) but by lack of time and for numeric complications, the summary of the target

states in our CC model on equation (8) is consist on 5 electronic states based on

the ground electronic state (1A1) with excited double degenerated triplet (3B1 and
3B2) and singlet (1B1 and 1B2) in a C2v symmetry. A cc-pVDZ and cc-pVQZ basis

set of Dunning [13] was tested in the beginning and �nally the calculation was

performed using a cc-pVQZ for the accuracy of the results. A resonance positions

of 4.81 eV and 9.72 eV was found for cc-pVDZ basis set against 4.16 eV and 8.29 eV

for cc-pVQZ at equilibrium geometry. The scattering calculation was performed

for di�erent geometries with the Born-Oppenheimer approximation. Several target

models was tested and the model denoted (6a1)12 (7−8a1, 1−3b1, 1−3b2, 1a2)11 was

selected; 6a1 orbitals was frozen and the Complete Active Space of (7 − 8a1, 1 −
3b1, 1 − 3b2, 1a2)10 + (9a1 − 15a1, 4b1 − 7b1, 4b2 − 7b2, 1a2)1 where the last set of

orbitals are virtuals, was then de�ned.

Another scattering model based on static exchange plus polarization (SEP) ap-

proximation where only Hartree-Fock target wave functions are taken into account

with the advantages to better describe Feshbach and shape resonances at low en-

ergy by moving one electron from the target into a virtual orbital and which will

be added to the scattering electron into a virtual orbital giving two particles. A

CAS of ((1− 7a1, 1− 2b1, 1− 2b2, 0a2)21 + (8− 14a1, 3− 7b1, 3− 7b2, 1a2))2, where

the second set of orbitals are virtual, and a cc-pVQZ are used in this model. For

the CC and SEP model the R-matrix was propagated to 100.1 a0 to obtain stable

results. To detect resonances and �t them to a Breit-Wigner pro�le in order to

obtain energies and the corresponding width, the program OUTER and RESON

[66] in the R-matrix code was used.

The resonance energy is a complex quantity which can be expressed as:

E = Er − iΓ
2

(11)

where Er is the resonance position and Γ the autoionization width.

The resonance positions are calculated and presented in Figure (7.5) accord-

ing to the target ground electronic state for close coupling and static exchange

plus polarization. the resonant curves are calculated by adding the resonance posi-

tions calculated with the R-matrix to the target eigenvalues calculated by MCSCF

method in Molpro.
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Figure 7.5: Potential energy curves of the ground electronic state of CO2 as function
of distance between the two oxygen atoms, the CO distance being frozen to its
equilibrium value. The black solid curve is the singlet ground electronic state and
the blue one is the triplet excited state. The red curves are Close Coupling (CC)
results and the cyan curve the static exchange plus polarization (SEP) results. The
circle marked curve are the results from Moradmand et al
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Figure 7.6: Width for CO−2 as function of the inter-nuclear distance. The dashed
curve is the SEP result according to Figure 7.5 and the solid curve, the CC result

On Figure (7.5) we investigate the PEC of the CO−2 resonant state using R-

matrix method [143] and Molpro [114]. We have studied the PEC of CO−2 resonant

state as a function of the asymmetric stretching of one C-O bond and by freezing the
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other one in linear geometry. The R-matrix theory is used with CC method from

1.9 to 3.5 a0 and the result are completed by a Molpro calculation up to dissociation

limit of the anion state. The SEP method is also used to calculate the PEC of the

anion state and the calculation is performed from 1.5 to 8.0 a0 without Molpro.

The target orbitals was obtained using Molpro both for the two R-matrix models.

For a long time, it well known that a 2Πu shape resonance [136, 137, 144, 145]

govern the low energy electron scattering. A conical intersection between a 2Πu

shape resonance and a 2Πg Feshbach resonance was demonstrated in the �rst time

by Slaughter et al [140] in their study of dissociative electron attachment to carbon

dioxide via a 8.2 eV Feshbach resonance and con�rmed by the same team few years

after their �rst study [141]. The behavior of hole resonant state PEC was never

addressed before. Our CC results show two resonance positions before the conical

intersection point and become numerically unstable beyond this point. A good

agreement between our low energy CC result and Moradmand et al results. In order

to and give a comprehensive resolution of the conical intersection, we combine our

SEP low energy results and the high energy CC result. This is why on Figure (7.6),

we show only the SEP width and CC result at high energy. The width of this later

is very negligible compared to those of SEP method. For DEA calculation, one can

expect two principal peaks as discussed before and our equilibrium geometry results

(see eigenphase sum on Figure (7.4)) are in good agreement with experimental value

for DEA measurement on CO2 ([127, 128].

7.4 Conclusion

In this chapter, we compute for the �rst time the potential energy curves of the

carbon dioxide molecule taking into account its ground state as well as the excited

states using quantum chemical methods with the Molpro program. With the chosen

model, which is close to the asymmetric stretching motion of the molecule and

which consists in an assimilation of a diatomic molecule, we determined for the

�rst time the vibrational levels of the molecule. The resonant potential energy

curves of CO−2 were calculated using the R-matrix method.The obtained results

are in good agreement with the previous results in terms of resonance position and

allowed to con�rm the conical intersection that has been demonstrated before on

references [140, 141] and also provide the most complete structure of the potential

energy curves of the resonant states.
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Chapter 8
Electron scattering on formylium molecule

(HCO+)

8.1 Introduction

The HCO+ molecular ion is one of the most abundant species in the ISM and

have been the object of a number of detection studies [146, 147, 148, 149, 150, 151].

It is also abundant in the Universe and it is an important constituent of the upper

ionosphere of Mars [152]. The DR is known to be the most important molecular

cations destruction mechanism. This is the reason why the low energy HCO+

DR is in the focus of studies for long time both theoretically and experimentally.

A major production of carbon monoxide is revealed by the heavy-ion storage ring

CRYRING experiment of Geppert et al [153] for HCO+ DR. The DR rate coe�cient

for this cation was also measured using �owing afterglow [154, 155] and merged-

beam [156] experiments and it was found a large DR rate coe�cient at low energy.

Theoretically, there are a plethora of studies devoted to this ion. The di�culty

in studying poly-atomic molecular system compared to the diatomic cations arise

from the presence of a multitude of degrees of freedom based on vibrational and

rotational motions which have to be taken into account in the calculation. The �rst

pioneering study on the DR of the HCO+ system was addressed in 2005 by Larson

et al [157]. They have given an initial comparison with experimental results and

open a multitude of questions that where answered are provided in the following

studies [158, 159, 160, 161, 162, 163]. Mikailov et al. [158] and Jungen and Pratt

[159] used a theoretical approach based on reaction matrixK including a non-Born-

Oppenheimer Renner-Teller couplings between the doubly-degenerate vibrational

modes of the molecule and the degenerate continuum states of the incident electron
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and their results was underestimated with a factor lower than two with the merged-

beam [156] experimental cross section. The most probable explanation for this was

the frozen of CO vibrational modes and the non inclusion of the permanent dipole

moment of the molecule. Douguet, Viatcheslav and Greene have added the CO

vibrational motion in their �rst paper [160] and they found a good agreement with

Mikhailov et al [158] at low energy and a better agreement with the experiments

at high energy. In a second study [161] they have included the permanent dipole

moment of the molecule and they found an enhancement in the calculated DR

cross section, but the discrepancy of about a factor 2 with the experimental cross

sections was still persisting. Moreover Larson et al [162] have demonstrated that

the contribution of a direct mechanism to DR has to be counted only at high energy,

above 0.1 eV, since only above this energy one can �nd a Feshbach resonant state

that can derive the direct process. In 2014 dos Santos et al [163] has completed

these studies with calculations addressing only the indirect mechanism. Their

theory consists in the computation of the scattering matrix S in a restricted Renner-

Teller coupling scheme by taking into account several types of vibronic couplings

through all vibrational modes of the target molecular cation. The S matrix was

calculated above the ionization threshold and enables an explicit determination of

all diabatic electronic couplings responsible for dissociative recombination. The

theoretical framework used in our calculations is based on those presented in dos

Santos et al [163] and Kokoouline et al. [164]. More details can be found in

Reference [159] and its major ideas will be presented bellow. The major di�erences

between our calculations and those of dos Santos et al [163] are in the computation

of the S matrix which is calculated by the R-Matrix method [3, 61, 66] in our

calculation and Kohn variational method [165, 166] in dos Santos calculations.

8.2 General ideas on theoretical approach

The present theoretical approach relies on Refs [163] and [164]. In order to

calculate cross sections for electron induced processes, a number of approximations

has to be taken into account. The rotational energies are negligible comparing

to the vibrational ones and resonances caused by a rotational excitation of the

molecule in a cross section experiment are taken as an average. The obtained cross

sections should be viewed as averaged over initial rotational states and summed

over �nal rotational states of corresponding vibrational levels. Consequently the

rotational motion of the molecule is neglected in the theory. Resonances are not

resolved individually. The cross section is averaged over the vibrational autoioniz-
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ing resonances. The capture of the electron into a Rydberg resonant state allows

the conversion of the electron energy to vibrational motion, thus the autoinization

lifetime is assumed to be longer than the predissociation lifetime. The cross-section

is averaged over the vibrational autoionizing resonances. It is justi�ed because the

experimental resolution (storage-ring or merged-beam experiments) is too low to

resolve individual Rydberg resonances in the DR spectra. Hence the cross section

is obtained using these approximations with the application of an analytical frame

transformation. Cross sections obtained at low-energy such as the harmonic ap-

proximation is still valid. So the description of the target vibration is done with

the harmonic approximation.

8.3 Target properties

The HCO+ molecular cation is a linear molecule and its ground electronic con-

�guration reads as :

X1Σ : (1a1)2(2a1)2(3a1)2(4a1)2(5a1)2(1b1)2(1b2)2 (1)

It is a closed shell molecule and it has a C2v point group symmetry. It is char-

acterized by 3N − 5 = 4 vibrational modes, where N is the number of atom.

These vibrational modes consist of symmetric stretching(ω1), the doubly degen-

erate bending(ω2) and the asymmetric stretching(ω3). Figure (8.1) shows these

modes. It has to be mentioned that, upon the bending mode, the symmetry of the

molecule is broken into a Cs point group.

A �rst description of the target was done using a multi-reference-con�guration-

interaction (MRCI) theory in the the Molpro quantum chemical programs (version

2019.2) [114]. The calculation was completed within a wider set of test calculations

where di�erent basis sets and theoretical methods were used. Table (8.1) shows our

results in comparison with other theoretical and experimental data. 14 electrons

of the molecule are distributed in 11 molecular orbitals where 3 cores orbitals were

frozen. Our calculated permanent dipole moments are in good agreement with the

experimental value of Ref. [167] and the calculated normal modes are also in good

agreement with experimental and calculations values as shown in table (8.1) for

cc-pVTZ basis set. The results for normal modes calculation using a cc-pVDZ basis

set are not in good agreement with the previous results in table (8.1). Nevertheless

the permanent dipole moment value is close to experimental value compare to the

one calculated using a cc-pVQZ basis set.
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Figure 8.1: Representation of the normal modes of HCO+ molecule: Symmetric
stretching (a), bending (b) and asymmetric stretching (c). The carbon atom is
represented by the black ball, the oxygen by the red ball and the hydrogen by the
gray one

ω1 ω2 ω3 µe Method Taken from

3244 810 2180 3.904 MRCI(cc-pVDZ) This work

3273 831 2194 3.910 MRCI(cc-pVTZ) This work

3225 841 2207 3.873 MRCI(cc-pVQZ) This work

3229 790 2186 ... CEPA Ref. [163]

3224 863 2212 3.843 CAS-CI Ref. [163]

3231 845 2215 ... CCSD(T) Ref. [168]

3224 840 2203 3.888 CCSD(T) Ref. [169]

... 830 2184 ... Exp. Ref. [170]

... ... ... 3.922 Exp. Ref. [167]

Table 8.1: Characteristics of the target HCO+ from this work compared to those
of Tab. 1 of Douguet et al. [163]. µe is the permanent dipole moment in debye
and frequencies are in cm−1

Based on these results, the target energies and geometries are calculated using

Molpro and results are showed on table (8.2) for cc-pVTZ, cc-pVTZ and cc-pVQZ

basis sets and for di�erent methods. A decreasing of the energy can be seen for the
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di�erent method. The calculation starts with the HF method where the molecular

orbitals obtained are used to make the CASSCF calculation and the optimization

of the MRCI energy is done with molecular orbitals from the CASSCF calculation.

The energy optimization is increasing for a big basis set.

Basis theory energy RHC RCO

(Hartree) (Å) (Å)

HF -112.97984042 1.09405954 1.08320998

cc-pVDZ CASSCF -113.14240827 1.11044919 1.11884714

MRCI -113.29025252 1.10729667 1.12199739

HF -113.01282901 1.08527559 1.07832924

cc-pVTZ CASSCF -113.17917369 1.08265784 1.11027099

MRCI -113.38102270 1.08902108 1.11431414

HF -113.02159952 1.08553544 1.07623707

cc-pVQZ CASSCF -113.18328773 1.10110143 1.11130248

MRCI -113.412208080 1.09294535 1.10902872

Table 8.2: characteristics of the linear target HCO+: ground state energy and opti-
mized equilibrium geometry for cc-pVTZ and cc-pVQZ basis sets and for di�erent
theoretical models

The scattering calculation was done using the R-Matrix method implemented

in UKRMol [3, 61, 66] accessed via Quantemol-N interface [171]. Unfortunately

only Hartree-Fock and CASSCF orbitals are available in R-matrix calculation and

a close coupling calculation with CASSCF method can be di�cult to setting. The

multitude of quantum chemistry methods available in Molpro can not be taken

into account in the UKRMol codes which means that a balance is needed between

the CAS and the basis set. In our R-matrix calculation, it would better to use

Molpro molecular orbitals leading to a better characterization of the target. De-

spite the fact that both software, Molpro and QuantemolN, were installed in the

same machine, the molecular orbitals calculated by Molpro could not be taken into

account in the di�usion calculation. Many exchanges were initiated with the tech-

nical service of Quantemol to solve this problem and solution was to upgrade to

the newest version of Quantemol. This most recent version, Quantemol Electron

Collision(QEC) [172], has been downloaded and installed. In this new version, we

had the possibility to include the orbitals calculated by Molpro in the calculation

but we were faced with a limitation on the basis set and on CAS. With this present

QEC version, we can not make a calculation with the needed basis set and CAS.
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Hence we were forced to do electron scattering calculations using QN with HF

orbitals, instead of the MCSCF ones.

Another version of QEC is recently available with the possibility to compute

the vibrational excitation using the theoretical model described in this thesis and

in refs. [164, 173, 174]

In a �rst step we have calculated the potential energy curve of the ground

electronic state as the function of the normal coordinates using both Molpro and

Quantemol-N. On Figure (8.2), we plot the calculated potential energy curve for

bending, symmetric stretching and asymmetric stretching normal modes.
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Figure 8.2: Potential energy curves of the ground electronic state of HCO+ as
function of the dimensionless geometry (Q) for bending (left panel), symmetric
stretching ( middle) and asymmetric stretching (right panel) modes. Red curves
are results from Quantemol-N and black curves from Molpro.

Good agreement can be seen for the symmetric and asymmetric stretching

modes for Molpro and Quantemol-N calculations. However for bending mode the

agreement is not so good for higher collision energies and/or larger Q values (around

±1). Despite this disagreement, harmonic curves can be seen for all normal modes.

For a good description of the scattering process, the behavior of the eigenphase sum

calculated from the reactance K-matrix (10) are obtained for di�erent geometries

and their values obtained for 0.1 eV collision energy are plotted on Figure (8.3).

The bending mode calculation is done in the Cs point group and for the symmetric

and asymmetric modes the C2v point group is used. The variation of eigenphases is

linear for these latter, which means that a transition with a quanta will be needed
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in the frame transformation and the tendency of the bending mode is slightly curvi-

linear for di�erent geometries, in this cases, a transition with two quanta will be

needed instead of single quanta. In consequence the Taylor expansion of the S-

matrix will be used up to second order in the calculation of the cross section. The

calculation of this latter consist to take into account the nuclear motion. However

in the R-matrix calculation and from the perspective of the incident electron, the

Born-Oppenheimer approximation is considered. Thus the approximation is not

valid when the speed of the incident electron is in the same order of magnitude

with the nuclear motion. This is the case when the distance between the target

and incident electron increases causing a deceleration of the electron due to the

target attenuation. A vibrational transformation is taken into account to involve

the nuclear motion.
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Figure 8.3: Eigenphases as a function of the dimensionless geometry (Q) for
electron-scattering energy Eel = 0.1 eV for the symmetric stretching (left bottom
panel), bending ( upper panel), and asymmetric stretching (right bottom panel)
modes. The curves of di�erent colors correspond to di�erent symmetries
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8.4 Probabilities and cross section

Lets de�ne the Ladder operators or raising or lowering operator as increaser or

decreaser of the eigenvalue of another operator. These anihilation (lowering) and

creation (raising) operators for the quantum harmonic oscillator have the following

forms[175]:

â =

√
mω

2~

(
x+

i

mω
p

)
(2)

â† =

√
mω

2~

(
x− i

mω
p

)
(3)

The addition of (2) and (3) allow us to write:

x

√
mω

~
=

1√
2

(
â† + â

)
(4)

by letting q = x

√
mω

~
, we get :

q =
1√
2

(
â† + â

)
(5)

In the following, the displacement x will be called q. For a given |v〉 state, the

annihilation and creation operators acts as :

â|v〉 =
√
v|v − 1〉 (6)

and

â†|v〉 =
√
v + 1|v + 1〉 (7)

The vibrational frame transformation consists in evaluating the matrix elements

〈 v|Slλ,l′λ′(qi)|v′〉 (8)

where Slλ,l′λ′ is an element of the scattering matrix obtained from the R-matrix

with an initial channel lλ and a �nal channel l′λ′. Here l is the angular momentum

of the electron and λ its projection on the molecular axis. The Taylor expansion
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of the S-matrix elements around the equilibrium geometry (qi = 0) reads as :

Slλ,l′λ′(q) = Slλ,l′λ′(q)q0=0,... +
∑

i

(
∂Slλ,l′λ′(qi)

∂qi

)

qi=0

qi +
1

2

∑

i

(
∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

q2
i + ...

(9)

By putting equation (9) into equation (8), we can write:

〈 v|Slλ,l′λ′(q)q0=0,...|v′i〉 + 〈 vi|
∑

i

(
∂Slλ,l′λ′(qi)

∂qi

)

qi=0

qi|v′i〉 + 〈 vi|
∑

i

1

2

(
∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

q2
i |v′i〉

(10)

which is equivalent to:

Slλ,l′λ′(0)〈 v|v′〉 +

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 vi|qi|v′i〉 +
1

2

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

〈 vi|q2
i |v′i〉

(11)

Lets evaluate term by term the equation (11) using equations (6) and (7).

Slλ,l′λ′(0)〈 v|v′〉 = Slλ,l′λ′(0)δv,v′ (12)

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 vi|qi|v′i〉 =
1√
2

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 vi|
(
a† + a

)
|v′i〉

=
1√
2

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 vi|
(
a†|v′〉 + a|v′i〉

)

=
1√
2

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 v|
(√

v′i + 1|v′i + 1〉 +
√
v′i|v′i − 1〉

)

=
1√
2

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

(√
v + 1δvi,v′i+1 +

√
v′iδvi,v′i−1

)

(13)
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1

2

∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

〈 vi|q2
i |v′i〉 =

1

2

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

〈 vi|
(
a† + a√

2

)2

|v′i〉

=
1

4

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

〈 vi|
(
a†

2
+ a2 + a†a+ aa†

)
|v′i〉

=
1

4

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

〈 vi|
(
a†

2|v′i〉 + a2|v′i〉 + a†a|v′i〉 + aa†|v′i〉
)

=
1

4

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

(√
(v′i + 1)(v′i + 2)δvi,v′i+2 +

√
v′i(v

′
i − 1)δvi,v′i−2

)

+
1

4

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

(
v′iδvi,v′i + (v′i + 1)δvi,v′i

)
(14)

By considering the ion in its vibrational ground state and an excitation with one

vibrational quanta, the electron can be captured only in the �rst vibrational excited

state of each mode. Hence for v = v′ + 1, equations (12) and (14) cancels out and

equation (10) can be written as:

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 vi|qi|v′i〉 =

√
vi + 1√

2

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

(15)

for vibrational excitation (VE) and:

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 vi|qi|v′i〉 =

√
vi√
2

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

× 1 (16)

for vibrational de-excitation (VDE). In the case of an excitation with two quanta in

the second order, equations (12) and (13) canceled out and equation (10) becomes

:

1

2

∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

〈 vi|q2
i |v′i〉 =

√
(v′i + 1)(v′i + 2)

4

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

× 1

(17)

for the excitation and

1

2

∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

〈 vi|q2
i |v′i〉 =

√
v′i(v

′
i − 1)

4

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

× 1 (18)

for the de-excitation.
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For a given incident electron energy (Eel), the dissociative recombination (DR)

cross section in the �rst order, is de�ned as :

σDR(Eel) =
π

k2
Pi (19)

where k is the wavevector corresponding to Eel =
~2k2

2µ
and by using the frame

transformation in equation (8), and according to equations (15) we can rewrite

equation (19) as:

σDR(Eel) =
π~2

2mEel

∑

i

∑

ll′,λλ′

|〈 vi|Slλ,l′λ′(qi)|v′i〉 |2 giθ(~ωi − Eel)

=
π~2

2mEel

∑

i

∑

ll′,λλ′

∣∣∣∣∣∣

(∑

i

∂Slλ,l′λ′(qi)

∂qi

)

qi=0

〈 vi|qi|v′i〉

∣∣∣∣∣∣

2

giθ(~ωi − Eel)

=
π~2

4mEel

∑

i

∑

ll′,λλ′

∣∣∣∣
∂Slλ,l′λ′(qi)

∂qi

∣∣∣∣
2

giθ(~ωi − Eel) (20)

here θ(~ωi − Eel) is the Heaviside step function open that when (Eel ≥ ~ωi), the
sum over i is for di�erent normal modes, gi the degeneracy of the mode i and the

sum over ll′, λλ′ for initial and �nal angular momentum quantum number and their

projections. Equation (20) can be expressed in term of probability as: and for the

Vibrational de-Excitataion (VdE) of one quanta is :

σDR(Eel) =
∑

i

π~2gi
2mEel

θ(~ωi − Eel)Pi (21)

where

Pi =
gi
2

∑

ll′,λλ′

∣∣∣∣
∂Slλ,l′λ′(qi)

∂qi

∣∣∣∣
2

(22)

According to equation (14) at the second order and for a transition with two quanta,
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the cross section can be expressed as:

σDR(Eel) =
π~2

2mEel

∑

i

∑

ll′,λλ′

|〈 v|Slλ,l′λ′(qi)|v′〉 |2 giθ(~ωi − Eel)

=
π~2

2mEel

∑

i

∑

ll′,λλ′

∣∣∣∣∣
1

2

∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

〈 v|q2
i |v′〉

∣∣∣∣∣

2

giθ(~ωi − Eel)

=
π~2

2mEel

∑

i

∑

ll′,λλ′

∣∣∣∣∣∣
1

4

(∑

i

∂2Slλ,l′λ′(qi)

∂q2
i

)

qi=0

×
√

2

∣∣∣∣∣∣

2

giθ(~ωi − Eel)

=
π~2

16mEel

∑

i

∑

ll′,λλ′

∣∣∣∣
∂2Slλ,l′λ′(qi)

∂q2
i

∣∣∣∣
2

giθ(~ωi − Eel) (23)

8.5 Results

The cross section calculation requires a continuous veri�cation of the results

obtained during the scattering calculation. One way is to plot the eigenphase

sum obtained after collision in the R-matrix calculation. A necessary and obvious

condition concerning the use of the method developed above evokes the absence of

resonant states at low energy before applying the derivative of the S matrix. For

a geometry corresponding to a very small displacement from equilibrium along the

di�erent normal modes of the molecule (qi = 0.001), we show the eigenphase sum

in �gure (8.4). The calculations were performed in Cs group symmetry for the

bending mode, C2v point group for symmetric and asymmetric stretching. At low

collision energies, bellow 2 eV, we can see that the eigenphase sums are smooth as a

functions of the electron energy, which is a criteria to use the previously presented

method to calculate the cross section.
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Figure 8.4: Eigenphase sums as a function of the incident electron energy for
q = 0.001 (dimensionless) for the bending mode in Cs group symmetry (upper
panel), symmetric stretching (left bottom panel) and asymmetric stretching (right
bottom panel) modes in C2v point group. The curves of di�erent colors correspond
to di�erent symmetries of the electron HCO+ scattering. For bending mode, black
curve is for A' symmetry and the red one for A". For symmetric and asymmetric
stretching, the black curve is for A1, red and green curves are for doublet degenerate
symmetries B1 and B2 and the blue curve is for A2 symmetry

The e−-HCO+ DR cross-section is computed using equation (20) and the re-

sults are shown on �gure (8.5). Our calculated cross section is overestimates by a

factor 2 the previous calculations of Refs. [156, 158, 160, 163]. In order to under-

stand the origin of this discrepancy a number of auxiliary test calculations were

performed using di�erent CAS, basis but the results remain the same. The present

investigations tend to attribute to the nature of the molecular orbitals used in the

�xed nuclei calculation. In this work the calculations were done with Hartree-Fock

orbitals and the target is well described by this method as it can be seen with drops

corresponding to each vibrational threshold. A proof of concept/methodology we

obtained when we have used the capture probabilities calculated by Ref [163] in

our model.
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Figure 8.5: DR cross section as on �gure (6) of dos Santo et al.. The violet solid
and dashed curves are respectively the calculated cross section and its convolution
compared to previous works. Black curves are cross section calculation obtained
with probabilities from dos Santo et al.

8.6 Conclusion

In this chapter, we compute the DR cross-section of a linear triatomic molecular

cation HCO+ using a theoretical approach based on harmonic approximation and

frame transformation. The Molpro program is used to describe the target molecule

while the R-matrix method is used, via the Quantemol-N interface, to describe

the nuclear dynamics. A good description is shown with frequencies and angular

dipole moment in agreement with previous experience and calculation. The DR

cross-section is over-estimated and the model must be improved by the inclusion of

molecular orbitals from CASSCF calculation. The overestimation of our calculated

cross-section with S matrix from R-matrix calculation can be explained also with

the phase shift di�erence between our results and the Kohn calculation of dos Santo

et al. [163]. Another assumption of this overestimation may be explained by the

probability values in equation (22) which are not constant against the incident

electron energy for the bending and asymmetric stretching modes as shown in
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Figure(8.6).

Figure 8.6: Excitation probabilities

As a perspective in this work and to understand well the discrepancy between

our results and those of dos Santos et al. [163], we can evaluate the phase shift

by �tting and identifying the relevant S matrix element. The phase shift can be

obtained using the S matrix as the following:

Si = e2i(δi) (24)

log(Si)

2i
= δi (25)

The S matrix can be �tted for di�erent value of qi, and we can identify the

relevant S matrix element as in Figure 1 of dos Santo et al. [163] and then calculate

the derivative of the scattering matrix.
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Chapter 9
Conclusion and perspectives

In this thesis, the electron-molecule reactive collision processes have been stud-

ied. These collisions are important in ionized media, plasmas used for technological

applications, in the ISM and planetary atmospheres. In this thesis, we have focused

on collisions between electrons and diatomic molecular cations with di�erent ver-

sions of theory based on MQDT and on two triatomic molecules.

We have also studied the the competitive processes: VE, VdE and DE.

Before the quantum dynamics study, the description of the relevant electronic

states is a prerequisite. This is why the �rst theoretical chapter of this thesis was

dedicated to the description of the relevant quantum chemical theory used for the

di�erent electronic states.

We have neglected the rotational e�ects of the molecules. The application of a

�rst approach of this theory with a single-core was dedicated to ArH+ molecular

cation [57] where the DR and VE cross-section and corresponding rate coe�cient for

the three �rst vibrational levels are computed and DE is not taken into account.

Results are in good agreement with merged beams measurement of Mitchell et

al.[52]. The continuation of this work can be the inclusion of more dissociative

PECs in the calculation and take into account the DE process in order to have a

realistic database of this system at high energy. In a second approach of the theory

with a double-core, we show the results for electron scattering with HD+ molecular

cation in chapter (5). The cross-section and rate coe�cients for all processes are

calculated for all vibrational levels up to electron energy equal to 12 eV. Results

shown in this chapter are the work continuation of Chakrabarti et al. [40] In near

future, a better approach, taking into account the numerous dissociative highly-

excited states and using the grid method for the modeling of the continuum rather

than the Numerov one will be implemented in order to extend our exploration.
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The last MQDT application is based on an approach of the theory where multiple

excited-core are taken into account for N+
2 molecular cation [106] in chapter (6).

Cross-sections and thermal rate coe�cients are computed for electron-impact DR,

VE, and VdE of the N+
2 molecular ion in its lowest six vibrational levels, for collision

energies up to 2.3 eV. Ab initio calculations for still higher neutral states will be

initiated.

Poly-atomic molecules have been studied in the two last chapters. In a perspec-

tive to computing the cross-section of the DEA and VE of the carbon dioxide, the

potential energy curves of this molecule for di�erent resonant states using quantum

chemistry and R-matrix [3, 4]Finally, In chapter (8) the DR cross-section for elec-

tron scattering with formylium molecule (HCO+) is calculated using a theoretical

approach based on the MQDT where the scattering matrix has been obtained in

an R-matrix calculation for di�erent geometries considering the normal mode co-

ordinates and frame transformation. More investigations on the CAS or the nature

of molecular orbitals may be done in order to have a good agreement with previous

calculations. Most of the data - cross-section and rate coe�cients - that we have

obtained will be used in the improvement of powerful colisional-radiativemodels

needed in the kinetics of various ionized cold media.
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Chapter 10
Appendix A

The a(E ′, E) is a coe�cient which can be determined using the Schrödinger

equation:

H(r)ϕE(r) = [H0 + V (r)]ϕE(r) = EϕE(r) (1)

Putting equation ( 11) on equation (1) lead to

[H0 + V (r)]

∫
dE ′a(E ′, E)fE′(r) = E

∫
dE ′a(E ′, E)fE′(r) (2)

Making the scalar product of fE′(r) on the left of equation (2) and integrate on all

radial coordinates give:

〈 fE′(r)|H0 + V (r)− E|
∫
dE”a(E”, E)fE”(r)〉 = 0 (3)

The expansion of this equation (3) give terms as:

〈 fE′(r)|H0|
∫
dE”a(E”, E)fE”(r)〉 + 〈 fE′(r)|V (r)|

∫
dE”a(E”, E)fE”(r)〉

− 〈 fE′(r)|E|
∫
dE”a(E”, E)fE”(r)〉 = 0(4)

and by expanding these terms one by one we can write the �rst one as:

〈 fE′(r)|H0|
∫
dE”a(E”, E)fE”(r)〉 =

∫
dE”a(E”, E)〈 fE′(r)|H0|fE”(r)〉

=

∫
dE”a(E”, E)E”〈 fE′(r)|fE”(r)〉

=

∫
dE”a(E”, E)E”δ(E ′ − E”)

= a(E”, E)E ′ (5)
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the second one is the de�nition of the K which will be explicitly explain on the

next part:

〈 fE′(r)|V (r)|
∫
dE”a(E”, E)fE”(r)〉 = 〈 fE′(r)|V (r)|ϕE(r)〉

= K(E ′, E) (6)

and the last one as:

−〈 fE′(r)|E|
∫
dE”a(E”, E)fE”(r)〉 = −E

∫
dE”a(E”, E)〈 fE′(r)|fE”(r)〉

= −E
∫
dE”a(E”, E)δ(E ′ − E”)

= −Ea(E”, E) (7)

The sum of these di�erent terms hold on the relation:

a(E”, E)E ′ +K(E ′, E)− Ea(E”, E) = 0 (8)

whhich can be rewrite as:

a(E”, E) =
K(E ′, E)

E − E ′ (9)

Here E − E ′ may vanish when energy is conserved and it can be happen when

E − E ′. Dividing equation (9) by Ej − Ef is then accordingly nontrivial. The

general solution of (9) is nevertheless expressed by a mathematical notation due to

Dirac [31]

a(E”, E) = P
∫

1

E − E ′K(E ′, E) + δ(E − E ′) (10)

where δ(E − E ′) is the Dirac delta function, and the symbol P speci�es the prin-

cipal part integration which should be taken over the singularity of
1

E − E ′ on the

summation.

According to relation (6) we can write the reaction matrix K by inserting the

wave function established in (13) and expand it:

K(E ′, E) = 〈 fE′(r)|V (r)|ϕE(r)〉

= 〈 fE′(r)|V (r)

[
|fE(r) + P

∫
dE ′ 1

E−E′K(E ′, E)fE′(r)〉
]

= 〈 fE′(r)|V (r)|fE′(r)〉+ P
∫
dE ′ 〈 fE′ (r)|V (r)|fE′ (r)〉

E−E”
K(E”, E) (11)
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to obtain the Lippmann-Schwinger equation :

K(E ′, E) = 〈 fE′(r)|V (r)|fE′(r)〉+ P
∫
dE ′
〈 fE′(r)|V (r)|fE′(r)〉

E − E”
K(E”, E) (12)
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ABSTRACT
Cross sections are presented for dissociative recombination and electron-impact vibrational excita-
tion of the ArH+ molecular ion at electron energies appropriate for the interstellar environment. The
R-matrix method is employed to determine the molecular structure data, i.e. the position and width
of the resonance states. The cross sections and the corresponding Maxwellian rate coefficients are
computed using a method based on the Multichannel Quantum Defect Theory. The main result of
the paper is the very low dissociative recombination rate found at temperatures below 1000K. This
is in agreement with the previous upper limit measurement in merged beams and offers a realistic
explanation to the presence of ArH+ in exotic interstellar conditions.

Key words: ArH+ – dissociative recombination – vibrational excitation – interstellar
medium

1 INTRODUCTION

The presence of the ArH+ molecular cation, argonium, in
interstellar medium (ISM) was reported for the first time
by Barlow et al. (2013), who detected 36ArH+ 617.525 GHz
(J = 1 − 0) and 1234.603 GHz (J = 2 − 1) emission lines
in spectra from the Crab Nebula using the data from Her-
schel mission. That supernova remnant is known to contain
both molecular hydrogen and regions of enhanced ionized
argon emission. After this first noble gas molecular ion de-
tection, Schilke et al. (2014) realized that the still uniden-
tified absorption transition at 617.5 GHz observed in dif-
fuse gas toward several sources such as Sg B2, and various
PRISMA sources (W31C, W49N, W51e, . . . ), was in fact
due to argonium with 36Ar. Moreover, features of 38ArH+

were subsequently found in Sg B2(M) as well and, conse-
quently, Schilke et al. suggested that argonium is ubiquitous
in the ISM. More recently, Müller et al. (2015) made extra-
galactic detections of the 36Ar and 38Ar isotopologues of
argonium through absorption studies of a foreground galaxy
at z = 0.89 along two different lines of sight toward PKS

? E-mail: vincenzo.laporta@univ-lehavre.fr (VL)

1830-211 within the band 7 of the ALMA interferometer,
including the corresponding redshifted transitions.

The possible formation/destruction processes linked to
ArH+ are discussed by Neufeld & Wolfire (2016) who em-
phasized that ArH+ is a good tracer of the almost purely
atomic diffuse ISM in the Milky Way. However, an important
missing piece of information remains the unknown value of
the dissociative recombination rate coefficient of that molec-
ular ion. An upper limit of 10−9 cm3 s−1 for electron collision
energies below about 2 eV was reported by Mitchell et al.
(2005) who performed a storage ring measurement. Mitchell
et al. also gave the corresponding theoretical potential
curves. That upper limit value is adopted in the presently
available astrochemical models for galactic diffuse clouds
(Neufeld & Wolfire 2016) whereas Priestley et al. (2017) in-
troduce a lower value (10−11 cm3 s−1) to interpret the
Crab nebula observations. Photodissociation of ArH+, an-
other potential destruction mechanism, was studied theo-
retically by Alekseyev et al. (2007) and the corresponding
photodissociation rate was shown to be moderate, i.e. 9.9
10−12 s−1 in the unshielded mean ultraviolet interstellar ra-
diation field (Roueff et al. 2014). In addition to these, the
rotational excitation due to electron impact has been stud-
ied by Hamilton et al. (2016).
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by University of Connecticut user
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2 A. Abdoulanziz et al.

In this paper, we investigate theoretically the dissocia-
tive recombination (DR) process of ArH+ through ab initio
methods, including the dependence on the vibrational exci-
tation of the target molecular ion and, in the same energy
range, the competitive process of vibrational excitation (VE)
by electron impact, i.e.:

e(ε) +ArH+(X 1Σ+,v+) →Ar +H , (DR) (1)

e(ε) +ArH+(X 1Σ+,v+) →ArH+(X 1Σ+,w+) + e , (VE) (2)

where ε is the incident electron energy, v+ and w+ represent
the initial and final vibrational quantum numbers respec-
tively corresponding to the ground electronic state X 1Σ+ of
ArH+.

The manuscript is organized as follows: in Section 2 the
theoretical model used to characterize the ArH∗∗ resonant
states is presented and in Section 3 the results concerning
the cross sections and the corresponding rate coefficients are
discussed. Finally the conclusions, in Section 4, close the
paper.

2 THEORETICAL MODEL

A theoretical study of the ArH+ electronic excited states
was performed by Stolyarov & Child (2005); Jungen et al.
(1997), and more recently Kirrander et al. (2006), explored
ArH Rydberg states.

In the present work, ab initio ArH+ calculations were
performed using MOLPRO and an aug-cc-pVQZ (AVQZ)
Gaussian type orbital (GTO) basis set at the complete ac-
tive space (CAS) self-consistent field (SCF) level of theory.
These calculations provided input orbitals for the electron-
ion scattering calculations. All calculations were performed
in C2v symmetry, which is the highest allowed by MOLPRO
and the polyatomic R-matrix code for an asymmetric linear
molecule.

The potential energy curves and the widths for the
ArH∗∗ resonant states were calculated using the R-matrix
method (Tennyson 2010) as implemented in UKRMol code
(Carr et al. 2012). The general approach follows closely the
treatment of N∗∗2 by Little & Tennyson (2014) which pro-
vided the input for N+2 DR calculations (Little et al. 2014).
The ArH+ target states were represented using the AVQZ
GTO basis set and a CAS in which the Ar 1s22s22p6 elec-
trons were frozen and the remaining 8 electrons were dis-
tributed as (4σ,5σ,6σ,2π)8. The 3π virtual orbital was re-
tained to augment the continuum orbitals in the scattering
calculation.

The scattering calculations used an R-matrix sphere of
radius 10 a0. Continuum basis functions were represented us-
ing GTOs placed at the center of this sphere and contained
up to g orbitals (` ≤ 4) (Faure et al. 2002). Close-coupling
calculations built on the target CAS (Tennyson 1996) and
an expansion of the 8 lowest states of each (C2v) symmetry
were retained for the outer region calculations. In this latter
region, calculations were repeated for the internuclear sep-
arations 2.2 < R < 15 a0 and for symmetries corresponding
to 2Σ+, 2Π and 2∆ scattering channels.

The outer region calculations explicitly considered the
20 lowest target states. R-matrices were propagated to
100.1 a0 and then fitted to an asymptotic form. Resonance
positions and widths were determined by automated fitting

µ (a.u.) 1791.94

Req (a0) 2.419 (2.419)

De (eV) 4.039 (4.025)

D0 (eV) 3.8725

v+ εv+ (eV) v+ εv+ (eV)

0 0.000 12 2.949
1 0.321 13 3.110

2 0.627 14 3.258
3 0.919 15 3.393
4 1.197 16 3.513

5 1.461 17 3.617
6 1.712 18 3.703
7 1.949 19 3.770
8 2.174 20 3.817

9 2.387 21 3.846
10 2.587 22 3.861
11 2.774

Table 1. Molecular constants (reduced mass, equilibrium dis-
tance and dissociating energies) for 40ArH+ in its ground elec-
tronic state and the energies of the corresponding vibrational lev-

els. The comparison with the experimental data of Hotop et al.
(1998) given in brakets is reported.

of the eigenphase sums to a Breit-Wigner form using pro-
gram RESON (Tennyson & Noble 1984). Couplings were de-
termined from the resonance widths Γ using the formula:

V (R) =

√
Γ(R)
2π

. (3)

Figure 1 shows the R-matrix results for resonance posi-
tions (upper panel), couplings (middle panel) and quantum
defect (lower panel). The corresponding molecular data are
given in Table 1. These data form the input for the Multi-
channel Quantum Defect Theory (MQDT) step of the calcu-
lations. Linear extrapolation was adopted for the couplings
in order to extend the internuclear distances range below
2.2 a0 to 1.6 a0.

ArH+ is a closed shell system so no spin-orbit (SO)
splitting effects are expected in its ro-vibrational levels. Con-
versely, SO effects may be important in the non-Σ resonances
and are well characterized for the Ar asymptotic states. In
particular, the Ar(2P0

3/24s) and Ar(2P0
1/24s) show SO split-

tings of 0.075 eV and 0.105 eV, respectively (Kramida et al.
2018). Our calculations are non-relativistic and therefore ne-
glect SO effects; we assume the calculated R-matrix reso-
nances converge on the lowest component of the Ar doublets
at large internuclear distances. Table 2 shows the asymptotic
limits of the ArH∗∗ resonant states considered below.

The MQDT method (Giusti 1980;
Guberman & Giusti-Suzor 1991; Chakrabarti et al. 2013;
Motapon et al. 2014; Little et al. 2014; Epée Epée et al.
2015) was used to study the processes (1) and (2).
Within this approach, the corresponding cross sections are
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Figure 1. Potential energy curves, couplings and quantum de-
fects used in the present calculations. The ArH+ potential curves
- ground state, X 1Σ+, and the lowest excited electronic states -
are displayed as black lines. The molecular data sets for the differ-
ent symmetries of the neutral system are displayed with different
colors: 2Σ in red, 2Π in blue and 2∆ in green.

Channel Energy (eV) Symmetries

Ar(3P) + H(n = 1) -2.00 (-2.05) 1 2Σ+, 1 2Π

Ar(1P) + H(n = 1) -1.81 (-1.87) 2 2Π

Ar(1S) + H(n = 4) -0.87 (-0.85) 2 2Σ+, 3 2Σ+

Ar(1S) + H(n = 5) -0.58 (-0.54) 1 2∆

Table 2. Asymptotic limits of the ArH∗∗ resonant states relevant
for the low-energy impact collisions. The energy is expressed with
respect to the asymptotic limit of the ground electronic state of
ArH+. The experimental energy values from the NIST database
(Kramida et al. 2018) are given in brackets for comparison.

expressed in terms of S-matrix elements as:

σv+ (ε) =
π

4ε

∑

sym,Λ,l, j

ρsym,Λ
����Ssym,Λd j ,lv+

����
2
, (4)

σv+,w+ (ε) =
π

4ε

∑

sym,Λ,l,l ′

ρsym,Λ
���Ssym,Λl ′w+,lv+

− δl,l ′ δv+,w+ ���2 ,
(5)

where the summation is extended over all symmetries (sym:
spin, inversion for homonuclear molecules) of the neutral
system, projection of the total electronic angular momentum
on the internuclear axis Λ , and partial waves l/l′ of the
incident/scattered electron, and ρsym,Λ is the ratio between
the multiplicities of the neutral system and of the target ion.

The most abundant isotope of argon in the Earth’s at-
mosphere is 40Ar whereas in the ISM 36Ar and 38Ar isotopes
are preponderant. In the present work, we deal with vibra-
tional processes and, due to the small relative variation of
the reduced mass from one isotopologue to an other - as a
consequence of the huge atomic mass of the Ar isotopes -
we expect these effects to be negligible. In order to verify
this, we performed calculations for different isotopologues
of ArH+ and the relative difference between the rate coeffi-
cients was found to be below 1 %.

3 RESULTS AND DISCUSSION

Figure 2 displays the DR cross sections for ArH+ v+ = 0,
namely the total one and the partial contributions corre-
sponding to the asymptotic channels of resonant states. It
can be noted that the main contribution arises from the
Ar(3P) + H(n = 1) channel. One reason for this is that, as
shown in Table 2, this exit channel gathers contributions
coming from two states - 1 2Σ+ and 1 2Π - instead of one
state, as is the case of the exit channels Ar(1P) + H(n = 1)
and Ar(1S) + H(n = 5) . One can argue that - as shown in
Table 2 - the channel Ar(1S) + H(n = 4) is the asymptotic
limit of two states, as the Ar(3P) + H(n = 1) one. However,
the coupling of the 1 2Σ+ state with the electron/ion contin-
uum (see Fig. 1) is about three times larger than the other
ones.

Figures 3(a) and (b) display, respectively, the results for
DR cross sections and the corresponding rate coefficients for
v+ = 0,1,2. Two features can be noted:

(i) The resonant structures present in the cross sec-
tions correspond to the temporary captures into singly-
excited Rydberg states ArH∗, and they cease to appear
when the electron energy reaches the dissociation energy of
ArH+(v+ = 0,1,2);

(ii) For a vibrationally relaxed target, the dissociation
channels are closed for energies of the incident electron be-
low 1.8 eV. For the ion situated on one of the next 8 excited
vibrational states, the threshold decreases progressively, and
the DR becomes exothermic for vibrational levels equal or
higher to 9 only. This particular energetic situation explains
the particular behavior of the computed rate coefficients dis-
played in Fig. 3(b), namely the very low values and the ”ex-
plosive” increase below 2000 K.

In order to validate the results, Fig. 4 shows the
anisotropic DR rate coefficient for v+ = 0, calculated by con-
sidering the electron beam with a longitudinal temperature
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Figure 2. Dissociative recombination of vibrationally relaxed
ArH+. Broken colored lines: The contributions coming from all
the dissociative states having the same asymptotic atomic limit.
Solid black line (partially hidden by the red curve): Total cross
section coming from the sum over all the available dissociative
states.

kT‖ ≈ 0.5 eV and a transverse temperature kT⊥ ≈ 25 meV,
compared to the experimental data from the storage ring by
Mitchell et al. (2005). We note that the agreement is quite
satisfactory at energies greater than ∼3 eV within the 20%
experimental error. At lower energies our calculated rates
are smaller than the experimental ones: This can derive from
bad detected signal as stated by the authors.

Figure 5 displays the DR cross section compared to the
competitive process of VE for one quantum excitation in the
same energy range. The main feature is that, at energies just
above the opening of the dissociative channels, the VE cross
section is larger than the corresponding DR starting from
the same vibrational level.

We also checked the isotopic effect by replacing ArH+

by ArD+, which results in a variation of the reduced mass
by a factor of 2. Fig. 6 displays this effect for v+ = 0 DR
rate coefficient. The rates decrease by a factor between 10
at 1000 K and 3 at 8000 K, due to lowering of the ArD+

ground state, compared to that of ArH+.

3.1 Astrophysical consequences

As stated previously, ArH+ DR is an important destruction
mechanism in interstellar conditions. We have examined two
different environments where this molecular ion has been
found and have varied the value of the DR rate coefficient
over a range of values between 10−9 and 10−18 cm3 s−1 for
a sample of 0D steady state chemical models. We solve the
coupled d

dt [X] = 0 differential equations where [X] stands
for the abundance of a particular X molecule included in the
chemical network for a fixed value of density and tempera-
ture and different values of the DR chemical rate coefficient
of ArH+, kDR (ArH+). In Fig. 7(a), we display the different
solutions of the argonium relative abundance as a function of
kDR (ArH+) for typical diffuse cloud conditions: Proton den-
sity nH = 100 cm−3, temperature T = 100 K, H2 cosmic ion-
ization rate ζ = 10−16 s−1, visual extinction Av = 0.001 and
standard interstellar radiation field defined by the scaling
parameter χ = 1. In Fig. 7(b), we display the different solu-
tions for physical conditions pertaining to the Crab nebula,
as discussed in Priestley et al. (2017), i.e. nH = 2000 cm−3,

T = 1000 K, H2 cosmic ionization rate ζ = 5 10−10 s−1,
χ = 60, Av = 0.1 and the elemental abundances displayed in
Table 1 of Priestley et al. (2017). Each point corresponds to
a specific model results and the line connects the different
model results. In the standard diffuse cloud conditions, we
see that the argonium relative abundance remains constant
for values of kDR (ArH+) smaller than some 10−11 cm3 s−1,
where another destruction mechanism such as photodissoci-
ation becomes dominant. It should also be noticed that the
scale is linear and the variations are moderate. However, in
the extreme conditions of the Crab nebula where the cosmic
ionization rate is about 7 orders of magnitude larger, the
variation of the relative fractional abundance of argonium is
much more spectacular. The limiting value of kDR (ArH+) =
10−13 cm3 s−1, below which the relative abundance of argo-
nium remains almost stable and the destruction by photodis-
sociation and reaction with H2 take over the dissociative
recombination. Our theoretical computations demonstrate
that the actual value is significantly below the experimen-
tal upper limit 10−9 cm3 s−1 and even below the limiting
values stressed out by the models (see Fig. 3(b)). Within
these findings, we conclude that DR plays a negligible role
in astrophysical media and that photodissociation and reac-
tions with molecular hydrogen become the main destruction
processes.

4 CONCLUSIONS

In this paper we explored the superexcited states of ArH
within the R-matrix approach and we computed the cross
sections and the corresponding rate coefficients for the disso-
ciative recombination and the vibrational excitation of ArH+

by using Multichannel Quantum Defect Theory. The very
low values of the dissociative recombination rate coefficients
leads to the conclusion that the only significant ArH+ de-
struction mechanisms in the interstellar medium are the col-
lisions with H2 molecules and the photodissociation.
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Figure 3. Dissociative recombination of ArH+ on its lowest vibrational levels: (a) global cross sections, coming from the sum over all

the available dissociative states; (b) the corresponding Maxwellian-averaged rate coefficients.

Figure 4. Dissociative recombination of vibrationally relaxed
ArH+. Comparison between the rate coefficient measured in the

CRYRING storage ring Mitchell et al. (2005) and the anisotropic
rate coefficient obtained by the convolution of our MQDT-

computed cross section using the temperatures characterizing the
relative velocities of the electrons with respect to the ions in the
experiment.

Figure 5. Vibrational excitation (VE) of ArH+ on its lowest
vibrational levels: Cross sections for ∆v+ = 0 (solid lines). The

dissociative recombination (DR) cross section are also shown for
comparison (broken line).

Figure 6. Dissociative recombination rate of vibrationally re-
laxed ArH+ and ArD+ as a function of electron temperature: The

isotopic effects.
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Figure 7. Relative abundance of ArH+ as a function of the rate coefficients for the case of (a) diffuse ISM (temperature T = 100 K) and
(b) Crab nebula (temperature T = 1000 K).
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ABSTRACT

Cross sections and thermal rate coefficients are computed for electron-impact dissociative recombination and vibrational excitation/de-excitation
of the Nþ2 molecular ion in its lowest six vibrational levels, for collision energies/temperatures up to 2.3 eV/5000 K.
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I. INTRODUCTION

The nitrogen molecule N2 is one of the most widely studied
species so far in plasma physics. Being very stable at low temper-
ature, it is very abundant in the Earth atmosphere and is notably
present in other planetary atmospheres—Titan 98.4%,1 Triton2

Pluto,3 Venus 3.5%, and Mars 1.9%.1 For trans-Neptunian
objects other than Pluto, this molecule is also one of the main
components of the ices—spectroscopically observed at their
surfaces—and may produce a very thin atmosphere when the
temperature increases under solar irradiation.4 Under the influ-
ence of an electric field, high altitude planetary atmosphere can
be crossed by giant discharges of a few milliseconds duration
called sprites, whose spectroscopic signature is mainly due to
spontaneous emission from N2 excited electronic states.5 The
application of N2 as seeding gas in magnetically confined fusion
plasmas (ITER and JET equipments) will help in the reduction
of power loads on the tungsten divertor region. Nitrogen may
be preferable as an extrinsic radiator to noble gases (neon) as it

mostly affects the divertor radiation without significantly increasing
core radiation.6,7

All these facts justify the various studies of the role of the N2

molecule in the cold plasmas, from the state-to-state description of
its electron impact induced reactivity8–10 to the detailed modeling
of its contribution to the plasma kinetics.11–14

Consequently, the Nþ2 cation is also of huge interest. Due to the
solar irradiation, the production of Nþ2 on excited vibrational states
plays a significant role in the characteristics of the Earth’s thermo-
sphere.15 It is also the main molecular cation in the atmosphere of
Titan16 and Triton.17 On the other hand, during the atmospheric
entry of a spacecraft in Earth’s and Titan’s atmospheres, the hyper-
sonic compression of the gases leads to the formation of a plasma
departing from local thermodynamic equilibrium.18 The ionic com-
position, including Nþ2 , plays a key role in the radiation emitted by
the plasma in the near UV spectral region.19 In many plasma-assisted
industrial processes elaborated so far, the plasma reactivity is greatly
enhanced by the presence of Nþ2 . This is, for instance, the case in the
ammonia synthesis in plasmas/liquid processes.20 Nþ2 is also very
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effective in the antibacterial treatment of polyurethane surfaces.21

Moreover, Nþ2 —like N2—is a key ingredient in the steel nitriding,
resulting in improving its frictional wear resistance, surface hard-
ness, and corrosion resistance.22 Furthermore, Nþ2 also plays a
major role in the dermatological treatments based on the nitrogen
radio-frequency discharges.23

The characteristics of the nitrogen-containing plasmas cannot
be fully understood without a deep knowledge of the reactivity of
Nþ2 , in particular, by collisions with electrons.

Dissociative Recombination (DR) is the major molecular cation
destruction reaction that takes place when an electron collides with
the Nþ2 molecular cation, leading to neutral atomic fragments,

Nþ2 (v
þ
i )þ e�(ε) �! NþN: (1)

Here, ε is the kinetic energy of the incident electron and vþi is the
initial vibrational quantum number of the target. Alongside DR,
other competitive processes can occur,

Nþ2 (v
þ
i )þ e�(ε) �! Nþ2 (v

þ
f )þ e�(ε f ), (2)

i.e., elastic (EC) (vþf ¼ vþi ), inelastic (IC) (v
þ
f . vþi ) and super-elastic

(SEC) collisions (vþf , vþi ), v
þ
f standing for the final vibrational

quantum number of the target ion. These processes are also
known as Elastic Scattering (ES), Vibrational Excitation (VE),
and Vibrational deExcitation (VdE), respectively.

The elementary non-thermal electron driven processes, in par-
ticular, dissociative recombination, have been studied experimentally
using plasmas with laser induced photo-fluorescence techniques,24

shock tubes,25 discharge afterglow experiments,26,27 and microwave
techniques.28 The most detailed collisional data can be obtained in
merged beam 29 and/or storage ring experiments.30

Two different sets of theoretical calculations have been
performed31–34 on the DR of Nþ2 . They involved different underly-
ing quantum chemistry but rather similar nuclear dynamics calcu-
lations; both these studies focused on the ground and the lowest
three vibrational levels of the Nþ2 target.

While both results show good agreement with the experiment
for the ground vibrational level, the rates for the higher vibrational
levels calculated in Ref. 31, contrary to those of Refs. 32–34, indi-
cate less strong vibrational dependence on temperature, in agree-
ment with the experimental results.

Our aim with this paper is to extend as far as possible the cal-
culations started in Ref. 31. This extension refers to

(i) The kinetic energy of the incoming electron: up to 2:3 eV vs
1 eV previously.

(ii) The elementary processes explored: besides the DR studied in
the past, the VE and VdE cross sections and rate coefficients
are computed.

(iii) The vibrational levels considered in the vibrational tran-
sitions: up to the fifth excited level of the target vs the
third previously and the lowest ten vibrational levels as
the final ones.

The rotational effects have been neglected since they are
important only at very low collision energies.

All these extensions make our results relevant for the atmo-
spheric and cold plasma environments, at electron temperatures
where the rotational effects can be neglected.

The paper is organized as follows: After a brief description of the
theoretical approach (Sec. II), we present in more detail the molecular
data used in the calculations (Sec. III) followed by the presentation of
the results (Sec. IV). The paper is ended with conclusions.

II. THEORETICAL APPROACH

The efficiency of our method of modeling the electron/dia-
tomic cation collisions based on the Multichannel Quantum
Defect Theory (MQDT) has been proved in many previous studies
on different species, including Hþ2 and its isotopologues,35–37 ArHþ,38

CHþ,39 SHþ,40 etc. The general ideas of our approach were already
presented in detail in our previous study of the Nþ2 dissociative
recombination31 and, therefore, here we restrict ourselves to its
major steps.

The reactive processes (1) and (2) involve ionization channels—
describing the scattering of an electron on the target cation - and
dissociation channels—accounting for atom–atom scattering. The
mixing of these channels results in quantum interference of the
direct mechanism—in which the capture takes place into a doubly
excited dissociative state of the neutral system—and the indirect
one—in which the capture occurs via a Rydberg bound state of
the molecule belonging to a closed channel, this state being predis-
sociated by the dissociative one. In both mechanisms, the autoio-
nization—based on the existence of open ionization channels—is

FIG. 1. Potential energy curves (PECs) relevant for the DR of Nþ2 .
31 Target

cation Nþ2 : ground electronic state (X2Σþg ) black, first excited state (A2Πu) red,
and second excited state B2Σþu green. Neutral system N2: Left panel, singlet
states of different symmetries—blue for 1Πu, magenta for 1Δg, cyan for a}1Σþg ,
and orange for 1Φu. Right panel, triplet states of different symmetries—blue for
3Πu, magenta for H3Δg, and orange for 3Φu. The lowest five vibrational levels
of each electronic state of the ion and the dissociative asymptotic limits for all
states are shown. The green dashed line gives the upper limit of the total
energy of the system, above which our results are still reasonably correct (see
the text).
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in competition with the predissociation and can lead to the excita-
tion or to the de-excitation of the cation.

One starts with the building of the interaction matrix V that
drives the collision, whose elements quantify the couplings between
the different channels—ionization and/or dissociation ones.

More specifically, each of the ionization channels, built on
the Nþ2 ion in one of its three lowest electronic states—X 2Σþg ,
A 2Πu, or B 2Σþu , see Fig. 1—in a particular vibrational level, inter-
acts not only with all the dissociation exit channels (Rydberg–
valence interaction), but also with the other ionization channels
(Rydberg–Rydberg interactions)—Fig. 2. Depending on the total
energy of the system, these ionization channels can be open—either
as entrance channels, describing the incident electron colliding the
ion in its ground electronic state, or as exit channels, describing the
autoionization, i.e., elastic scattering, vibrational excitation, and
de-excitation—or closed—describing the resonant temporary captures
into Rydberg states.

Once the V-matrix is elaborated, we build the short-range
reaction matrix K of the collision, as a second order perturbative
solution of the Lippmann–Schwinger equation. The diagonalized
version of the K-matrix (in the eigenchannel representation),
whose eigenvalues are expressed in terms of long range phase-
shifts of the eigenfunctions, together with the vibronic couplings
between the ionization channels, serves for the building of the
frame transformation matrices.

Applying a Cayley transformation on these latter matrices, we
can setup the generalized scattering matrix X. The Seaton’s method

of “eliminating” the closed channels41 is then employed, resulting
in the physical scattering matrix S,

S ¼ Xoo � Xoc
1

Xcc � exp(�i 2 πν)
Xco, (3)

relying on the block-matrices involving open (Xoo), open and closed
(Xoc and Xco), and closed (Xcc) channels. The diagonal matrix ν in
the denominator of Eq. (3) contains the effective quantum numbers
corresponding to the vibrational thresholds of the closed ionization
channels at a given total energy of the system.

Finally, the cross section for the dissociative recombination and
for the vibrational transitions—vibrational excitation/de-excitation
and elastic scattering write, respectively, as

σdiss vþi
¼ π

4ε
ρsym

X
l,j

SΛdj ,lvþi

��� ���2 (4)

and

σvþf  vþi
¼ π

4ε
ρsym

X
l,l0

SΛl0vþ
f
,lvþi
� δl,l0δvþi ,vþf

��� ���2, (5)

where dj stands for a given dissociative state and ρsym the ratio
between the state multiplicities of the neutral and the target ion.

FIG. 2. Molecular data sets for the modeling of reactive collisions between electrons and Nþ2 .
31 First row: PECs of the relevant states of the ion and of the neutral for all

relevant symmetries. Second row: Rydberg–valence electronic couplings. Third row: Rydberg–Rydberg electronic couplings. Fourth row: Quantum defects characterizing
the Rydberg series of states.
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III. MOLECULAR DATA

The nuclear dynamics in low-energy electron/molecular cation
collisions crucially depends on the molecular structure of the target
and of the formed neutral—often superexcited—complex. The rele-
vant molecular data sets consist in the potential energy curves
(PECs) of the target cation—for the ground and for the excited
electronic states—the PECs of the doubly excited bound or disso-
ciative molecular states of the neutral, the quantum defect-
functions characterizing the bound mono-excited Rydberg series of
the neutral, and the coupling functions between the several—ioni-
zation and dissociation—continua.

One of the few quantum chemistry methods capable of pro-
ducing the highly excited molecular states at the required accuracy
is based on the R-Matrix Theory.42 Bound and resonant adiabatic
potential energy curves of the valence and Rydberg states of N2

having singlet and triplet symmetries were obtained by Little and
Tennyson43,44 using R-matrix calculations on fine grid of internu-
clear separations. The diabatic curves, couplings, and quantum

defects relevant for the dissociative recombination of Nþ2 were pre-
sented in Ref. 31. The electronic states of the target were calculated
using the standard quantum chemistry program suite Molpro.45

Figure 1 shows the PECs of the dissociative molecular states of N2,
as well as those of the relevant states of Nþ2 , involved in our previ-
ous31 and present calculations.

The same PECs are displayed by symmetries on the first row
of Fig. 2, which contains the whole ensemble of molecular data rel-
evant for the modeling of the internuclear dynamics. Whereas its
first row illustrates how favorable the crossings are between the
PECs of the dissociative states with those of the target ones—i.e.,
the Franck–Condon effect—the driving interactions of the dynam-
ics—the Rydberg–valence couplings—are shown in the second row.
The third row gives the Rydberg–Rydberg couplings: In the present
calculation, only the couplings among the series correlating to the
ground (X) and first excited (A) state of the ion have been consid-
ered. And finally, the last row of the figure displays the quantum
defects characterizing the Rydberg series built, each of them, on
one of the three cores X, A, and B.

TABLE I. The energies of the vibrational levels of the Nþ2 molecular cation—relative to the ground one—involved either as initial or as final levels in the present calculations.

v+ 0 1 2 3 4 5 6 7 8 9

Evþ (eV) 0.0 0.266 0.528 0.786 1.040 1.290 1.536 1.777 2.014 2.248

FIG. 3. Global DR, VE, and VdE cross sections of the Nþ2 vþi ¼ 0 (a), vþi ¼ 1 (b), and vþi ¼ 5 (c) as a function of the collision energy. For vibrational transitions
(VE and VdE), we label the processes as transitions from the initial to the final vibrational levels of the target. The vertical dashed dark-green line gives the precision limit
of the calculations (for details, see the text).
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IV. RESULTS AND DISCUSSIONS

Based on the molecular data already presented in Fig. 2, we
have performed nuclear dynamics calculations using the MQDT
approach presented in Sec. II. The DR, VE, and VdE cross sections
have been calculated considering the Nþ2 target in one of its lowest
six vibrational states and focusing on the vibrational transitions to
the lowest ten vibrational levels, when energetically accessible.
Table I shows the energies of these latter levels relative to vþi ¼ 0 of
the target.

The calculations have been performed by taking into account
both the direct and the indirect mechanisms, the reaction matrix
being evaluated in the second order, and all their vibrational
levels—81, 66, and 50, respectively, associated with open or closed

ionization channels, according to the total energy of the system—
have been fully accounted for.

The cross sections have been calculated for all the relevant
symmetries listed in Figs. 1 and 2, for collision energies of the inci-
dent electron ranging between 10�5 and 2:3 eV, with an energy step
of 0:01 meV. These cross sections have been summed up to obtain
the global cross sections.

The global DR, VE, and VdE cross sections for target cations
having initial vibrational levels vþi ¼ 0, 1, and 5 are shown in
Figs. 3(a)–3(c), respectively. The vertical dark-green dashed lines in
the mid and upper panels of Fig. 3 mark the energy below which
the calculations are the most accurate. Above these thresholds, the
calculations neglect the role of the higher lying dissociative states of
the neutral.

FIG. 4. Maxwell rate coefficients for all the relevant electron-induced processes on Nþ2 initially on vþi ¼ 0–5 vibrational levels: Dissociative recombination (black line),
vibrational excitation (thin colored lines), and vibrational de-excitation (symbols and thick colored lines). For the vibrational excitations, all the transitions are shown up to
vþf ¼ 9 with the lowest transition being labeled on each figure. The excitation and the de-excitation up to the final vibrational quantum numbers are given. The green
dashed line gives the precision limit of our calculation given in temperatures (for details, see the text).

TABLE II. List of the fitting parameters used in formula (6), temperature regions, and root mean squares for the DR rate coefficients of Nþ2 (vþi ¼ 0–5).

vþi Temperature range K A (cm3 s−1 K−α) α B (K) RMS

DR 0 100≤T≤700 1.560 20×10−5 −0.679 449 53.0333 0.0051
700<T≤5000 2.270 99×10−7 −0.129 049 −388.399 0.0040

1 100≤T≤900 1.111 78×10−7 −0.120 373 −41.6843 0.0049
900<T≤5000 2.607 04×10−8 0.086 645 −85.4307 0.0055

2 100≤T≤1000 1.544 30×10−6 −0.345 836 −28.1712 0.0053
1000<T≤5000 7.095 92×10−6 −0.544 674 145.630 0.0030

3 100≤T≤5000 1.530 33×10−6 −0.438 705 −19.1368 0.0088
4 100≤T≤460 5.255 73×10−8 0.0423 84 −76.5345 0.0032

460<T≤5000 3.426 00×10−6 −0.539 469 208.028 0.0031
5 100≤T≤5000 7.206 27×10−7 −0.394 354 −7.90548 0.0106
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TABLE III. List of the fitting parameters used in formula (6), temperature regions and root mean squares for the VE and VdE rate coefficients of Nþ2 (vþi ¼ 0� 5 and
vþf ¼ 9). The lines having bold vþf values belong to VdE.

vþi vþf Temperature range (K) A (cm3s−1K−α) α B (K) RMS

0 1 270≤T≤5000 3.354 76×10−6 −0.584 062 4525.43 0.0073
2 400≤T≤1000 9.136 78×10−7 −0.553 899 6100.88 0.0021

1000<T≤5000 3.045 96×10−7 −0.420 925 5907.02 0.0028
3 600≤T≤1500 9.670 70×10−7 −0.509 170 3228.55 0.0062

1500<T≤5000 4.984 32×10−6 −0.699 380 9626.89 0.0040
4 850≤T≤2000 9.306 28×10−8 −0.292 379 119 89.3 0.0054

2000<T≤5000 8.814 69×10−7 −0.546 342 126 51.0 0.0033
5 1000≤T≤5000 8.924 93×10−7 −0.596 125 14871.8 0.0066
6 1200≤T≤2500 1.447 02×10−6 −0.667 566 179 80.5 0.0022

2500<T≤5000 5.491 26×10−6 −0.815 886 184 22.2 0.0009
7 1500≤T≤5000 1.655 52×10−6 −0.696 318 213 45.0 0.0190
8 1800≤T≤5000 9.867 09×10−8 −0.470 871 235 04.3 0.0071
9 2000≤T≤5000 1.340 02×10−6 −0.780 327 263 09.7 0.0025

1 0 100≤T≤5000 1.453 41×10−6 −0.478 820 19.3876 0.0195
2 190≤T≤900 3.828 42×10−6 −0.706 740 3146.96 0.0154

900<T≤5000 1.451 26×10−8 −0.015 912 2326.31 0.0076
3 420≤T≤900 1.790 64×10−7 −0.420 497 6137.15 0.0011

900<T≤5000 1.143 29×10−8 −0.080 877 5736.89 0.0040
4 600≤T≤1500 5.536 86×10−8 −0.277 018 8726.55 0.0040

1500<T≤5000 4.120 85×10−7 −0.506 359 9262.99 0.0065
5 850≤T≤5000 1.382 79×10−7 −0.426 255 120 08.4 0.0031
6 1100≤T≤2500 9.873 96×10−7 −0.707 100 148 13.1 0.0035

2500<T≤5000 3.024 02×10−8 −0.318 434 136 84.3 0.0017
7 1300≤T≤5000 3.250 83×10−8 −0.336 661 167 32.0 0.0157
8 1500≤T≤5000 1.395 45×10−7 −0.467 278 203 48.3 0.0062
9 1800≤T≤5000 3.505 37×10−8 −0.362 041 226 92.0 0.0027

2 1 100≤T≤1500 1.046 03×10−7 −0.287 973 −9.07849 0.0073
1500<T≤5000 4.350 37×10−9 0.116 715 −377.074 0.0027

0 100≤T≤5000 6.634 40×10−7 −0.498 417 38.4238 0.0193
3 200≤T≤700 1.791 99×10−7 −0.415 799 2977.42 0.0005

700<T≤5000 7.478 37×10−8 −0.306 566 2843.67 0.0089
4 400≤T≤1300 4.275 98×10−6 −0.800 392 6144.90 0.0036

1300<T≤5000 4.375 39×10−8 −0.268 995 5056.36 0.0148
5 600≤T≤1500 7.029 48×10−8 −0.367 691 8687.59 0.0076

1500<T≤5000 8.342 12×10−9 −0.117 668 8217.86 0.0022
6 850≤T≤5000 9.678 64×10−8 −0.401 678 114 29.0 0.0164
7 1000≤T≤2500 9.385 61×10−7 −0.733 592 145 27.8 0.0013

2500<T≤5000 1.752 59×10−7 −0.547 538 139 60.8 0.0012
8 1300≤T≤5000 1.130 24×10−6 −0.737 221 175 18.6 0.0117
9 1500≤T≤5000 1.462 92×10−7 −0.513 870 197 32.3 0.0137

3 2 100≤T≤5000 3.601 61×10−7 −0.490 909 23.3038 0.0108
1 100≤T<700 2.526 73×10−9 0.215 750 −58.7472 0.0174

700≤T<5000 7.862 65×10−8 −0.292 543 41.8077 0.0060
0 100≤T≤700 3.69265×10−7 −0.399 263 −29.4462 0.0087

700<T≤5000 1.889 55×10−6 −0.594 995 205.425 0.0045
4 100≤T≤560 3.679 69×10−7 −0.546 948 2807.96 0.0290

560<T≤5000 1.291 98×10−7 −0.410 534 2682.71 0.0112
5 440≤T≤1300 4.829 97×10−7 −0.335 457 5887.42 0.0106

1300<T≤5000 8.499 83×10−9 −0.137 448 5427.34 0.0084
6 650≤T≤1700 1.541 45×10−7 −0.532 191 9039.15 0.0032

1300<T≤5000 9.065 25×10−10 0.052 019 7617.98 0.0111
7 850≤T≤2000 2.496 01×10−8 −0.300 658 113 33.8 0.0091
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Nevertheless, the data displayed continue to be reasonably
correct above these thresholds because these dissociative states pen-
etrate into the ionization continuum well above these thresholds,
forming favorable/non-vanishing Franck–Condon overlaps with the
target electronic states at even higher collision energies. This
Franck–Condon overlap is proportional to the first order term of
the direct cross section. In addition, the couplings of these dissocia-
tive states with the Rydberg series are generally weaker, leading to
less important cross sections in second order.

The direct mechanism is responsible for the background 1=E
behavior of the cross sections, while the indirect one through the
temporary capture into the Rydberg states produces all the reso-
nance structures dominating the cross sections.

Among all the processes studied here, dissociative recombina-
tion (black curves in Fig. 3) predominates. The global DR cross
section increases as we change the initial vibrational state of the
target by unity and starts to decrease as we arrive at vþi ¼ 5. While

the vibrational de-excitation (cyan curves for initial vibrational levels
higher than 0) is in competition with the DR cross section, at higher
collision energies their overall cross section values are at least with a
factor of 5 smaller than those of the DR. The vibrational excitations
(green, blue, violet, maroon, etc., curves) show threshold effects at
the collision energies where they become open. Moreover, one can
see that for a given initial vibrational level vþi the jΔvþj ¼ 1 vibra-
tional transitions are the most probable ones, decreasing monotoni-
cally with jΔvþj for the transitions between more distant levels.

Figure 4 shows the thermal rate coefficients of all processes for
the six lowest initial vibrational levels of Nþ2 . The green dashed line
gives the precision limits of our calculation expressed now in elec-
tron temperatures.

The DR (solid black line in Fig. 4) and VdE (symbols and
thick colored lines) rate coefficients decrease monotonically with
the temperature, while the VE (thin colored lines) ones increase,
partly because of the threshold behavior of their corresponding

TABLE III. (Continued.)

vþi vþf Temperature range (K) A (cm3s−1K−α) α B (K) RMS

2000<T≤5000 4.154 24×10−9 −0.093 853 108 88.7 0.0003
8 1100≤T≤5000 2.275 58×10−9 −0.079 760 137 23.8 0.0189
9 1300≤T≤5000 3.068 56×10−7 −0.645 208 172 78.8 0.0034

4 3 100≤T≤400 6.378 63×10−8 −0.145 968 −28.4720 0.0082
400<T≤5000 6.361 81×10−6 −0.825 697 192.216 0.0072

2 100≤T≤900 6.554 02×10−8 −0.262 797 23.6274 0.0227
900<T≤5000 1.058 21×10−7 −0.378 427 −214.371 0.0140

1 100≤T≤440 2.329 72×10−8 −0.116 666 −8.972 62 0.0057
440≤T≤5000 2.270 97×10−7 −0.444 141 124.096 0.0044

0 100≤T≤400 2.129 11×10−9 0.389 295 −22.4417 0.0183
400<T≤5000 2.100 16×10−6 −0.645 580 264.431 0.0066

5 190≤T≤900 7.698 58×10−7 −0.525 187 2964.92 0.0217
900<T≤5000 2.432 98×10−6 −0.666 480 3146.71 0.0028

6 400≤T≤1200 4.497 41×10−6 −0.896 475 5955.41 0.0017
1200<T≤5000 8.844 87×10−7 −0.708 372 5563.92 0.0076

7 580≤T≤1500 1.179 91×10−5 −0.974 002 8780.06 0.0036
1500<T≤5000 7.346 77×10−7 −0.655 786 8053.50 0.0084

8 800≤T≤2000 4.107 91×10−6 −0.886 512 11 434.1 0.0015
2000<T≤5000 3.732 24×10−7 −0.615 368 107 37.3 0.0026

9 1000≤T≤2500 1.137 54×10−7 −0.519 202 136 77.4 0.0126
2500<T≤5000 1.251 00×10−8 −0.269 595 130 39.9 0.0002

5 4 100≤T≤5000 4.509 70×10−7 −0.474 388 −11.0566 0.0125
3 100≤T≤500 5.830 98×10−8 −0.304 037 −19.8859 0.0073

500<T≤5000 1.317 81×10−7 −0.447 966 −55.6242 0.0132
2 100≤T≤5000 6.216 86×10−8 −0.340 696 −27.4858 0.0101
1 100≤T≤900 8.495 09×10−8 −0.310 555 −17.4355 0.0022

900<T≤5000 1.089 34×10−6 −0.653 000 198.309 0.0031
0 100≤T≤5000 3.732 56×10−7 −0.501 538 2.803 63 0.0122
6 190≤T≤5000 1.476 02×10−7 −0.367 489 2789.39 0.0150
7 400≤T≤1200 3.158 77×10−8 −0.292 229 5543.78 0.0036

1200<T≤5000 1.105 25×10−6 −0.712 115 6289.63 0.0090
8 600≤T≤5000 4.107 24×10−7 −0.585 006 8593.14 0.0153
9 850≤T≤2000 7.616 66×10−7 −0.744 946 113 07.6 0.0038

2000<T≤5000 7.878 95×10−8 −0.489 941 106 18.0 0.0036
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cross sections. The largest rate coefficients we obtained are those
for the DR. With the exception of the vþi ¼ 1 case, the VdE rate
coefficients are smaller than those for the DR. At vþi ¼ 1, the DR is
in competition with VdE but, for vþi . 1, DR exceeds VdE by a
factor of 2–5. We can see from Fig. 4 that the VE process is rela-
tively important at high electron temperatures only. Moreover, the
higher we go with the initial vibrational quantum number of the
target cation, the more probable VE becomes.

And finally, in order to allow the versatile implementation of
the rate coefficients in kinetics modeling codes, we have fitted them
with Arrhenius-type formulas. The calculated rate coefficients for
the dissociative recombination of electrons with Nþ2 in each of its
lowest 6 vibrational levels (vþi ¼ 0, 1, . . . , 5) have been interpolated
using the mathematical form,

k fitt(T) ¼ ATα exp � B
T

� �
(6)

over the electron temperature range 100 K � Te � 5 000 K and/or
for rate coefficients larger than 10�14 cm3 s�1, as displayed in
Fig. 4. The A, α, and B fitting parameters used in Eq. (6) together
with the temperature regions are listed in Table II for DR and in
Table III for VE and VdE processes. The efficiency of the fitting is
characterized by the root mean squares, and we were able to repro-
duce the MQDT rate coefficients with a precision higher than 97%.

V. CONCLUSIONS

The present work extends considerably our previous study of
the dissociative recombination of Nþ2 with electrons.31 Making use
of the molecular data set calculated in Refs. 31, 43, and 44 and of
our stepwise MQDT method, we have performed calculations for
the lowest 6 vibrational levels of the target cation in collision with
electrons having kinetic energy up 2.3 eV and, in the case of
thermal equilibrium, electronic temperature up to 5000 K. We have
provided cross sections and rate coefficients for dissociative recom-
bination, vibrational excitation, and de-excitation of the Nþ2 molec-
ular cation, important for the detailed kinetic modeling of cold
astrophysical, atmospheric, and laboratory plasmas. The calculated
cross sections and rate coefficients are available on request.
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1. Introduction

The plasma in the peripheral region (plasma boundary) of
the ITER fusion reactor [1] necessarily interacts with the first
wall materials, which are mostly covered with the low Z metal
beryllium in the main chamber. In the outer (near wall) plasma
domains this leads to a complex diversity of interconnected phys-
ical and chemical elementary processes [2]. The fuel used in the
activated phases in next step magnetic fusion reactors consists of
deuterium and the tritium at equal concentrations. The d-t fusion
reaction leads to helium and neutrons as products, which carry
the excess energy from these fusion processes as kinetic energy.
While the neutrons leave the plasma flame, the helium ash is con-
fined and therefore magnetically guided out (together with the
other plasma constituents) from the main plasma chamber into
the so called divertor [1,2]. The latter is equipped with pumps and
high heat flux components (currently envisaged there: tungsten
target surfaces).

Beryllium and tungsten are therefore considered as major
plasma-facing materials for the ITER reactor [3–5] which, once
released, act as plasma impurities. Thus it is of great impor-
tance to quantitatively understand their release, the transport,
and the chemical reactivity of these metals in the plasma. The
main chamber beryllium wall is exposed to plasma heat and
particle bombardment from the outer boundary plasma region.
Identification and quantification of the various release candidate
mechanisms, such as physical , chemical sputtering or other such
processes, is still an active field of ongoing research in magnetic
confinement fusion [3,6,7]. Chemically assisted physical sputter-
ing contributes to the formation of beryllium atoms at surfaces;
release mechanisms of molecular forms BeH or BeH2 may also
play a role. The beryllium atoms or beryllium hydrides in turn will
enter into the plasma, fragment (dissociate) and radiate there,
and/or form further molecular species like BeH, BeD and BeT (or
their ions) in chemical reactions with the atoms of the fuel (H, D,
T) or their molecules.

Besides the experimentally confirmed presence of Be con-
taining neutral atomic and molecular species in magnetic fusion
plasma, their ionic counterparts (Be+, BeX+, where X stands

for H, D, or T) were also presumed early [8–10] and mean-
while also been experimentally confirmed by spectroscopic meth-
ods [11–15]. Even though the fuel hydrogen isotopes remain, by
far, the dominant gas and charged components, in the colder
edge/divertor regions collisions between comparatively low en-
ergy (0.1 – 100 eV) electrons and BeX+ ions can play a significant
role for the overall transport and fragmentation pathways of
these impurities and hence, globally, for the fusion plasma flame
purity. Typically, in current fusion devices related impurity wall
release rates are inferred only rather indirectly, via intensity
of light emission from the Be and BeX containing plasma con-
stituents. However, this experimental procedure combines two
unknowns: firstly the surface release mechanisms and rates, and,
secondly, the (mostly) electron collision driven volumetric colli-
sional processes (incl. fragmentation, excitation, etc.). Our present
computational work on the BeX+ family of ions contributes to
a wider effort to separate these two unknowns, by isolating the
latter with detailed theoretical cross section calculations, hence
to make the former then better experimentally accessible.

The most relevant reactive collisions starting from BeX+ ions
that can take place are the following:

BeX+(v+i )+e− −→ Be+X Dissociative Recombination (DR)

(1)

BeX+(v+i )+e−
v+i <v+f
−→ BeX+(v+f )+e− Vibrational Excitation (VE)

(2)

BeX+(v+i )+ e−
v+i >v+f
−→ BeX+(v+f )+ e− Vibrational deExcitation (VdE)

(3)

and, at high collision energies — which will be a range addressed
in future work:

BeX+(v+i )+e− −→ Be++X+e− Dissociative Excitation (DE)

(4)

2
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where v+i and v+f denote the initial and final vibrational quantum
numbers of the target cation.

In the framework of the Multichannel Quantum Defect Theory
(MQDT) [16–21] we have performed nuclear dynamics calcu-
lations using previously computed molecular data [20,22] up-
dated for the heaviest beryllium monohydride isotopologue. The
present work continues and ends a series of studies we performed
on the DR, VE and VdE – Eqs. (1)–(3) – of BeH+ [10,20,23]
and BeD+ [24–26] with electrons of low to moderate collision
energy. Here we first present a complete study on the vibrational
dependence of the DR, VdE and VE rate coefficients of BeT+
cation. Having thus completed the set of monohydride BeX+ ion
isotopologues enables us now to also derive an isotopic scaling
law from this data-set (see Section 3), which greatly facilitates
the use of this detailed information inside the physically and
numerically already demanding multi-physics multi-scale fusion
boundary plasma computational tools, such as the current ITER
boundary plasma suite of codes SOLPS-ITER [27] .

The paper is organized as follows: The introduction is followed
by a brief description of the employed theoretical approach and
some computational details. Section 3 presents our calculated
rate coefficients. The paper ends with conclusions.

2. Theoretical approach of the dynamics

In the present study, we used an MQDT-based method to
study the electron-impact collision processes given by Eqs. (1)–
(3). Along with other methods we use [28], MQDT has proven
to be a powerful and successful method when applied to several
diatomic systems like H+2 [29], N+2 [30], CO+ [31]. This approach,
combined with the R-matrix technique, was also used to model
satisfactorily – although less accurately – electronic collisions
with poly-atomic ions like BF+2 [32] and NH2CH2O+ [33].

The processes studied in the present paper involve ioniza-
tion channels, describing the scattering of an electron on the
molecular cation, and dissociation channels, accounting for atom–
atom scattering. The mixing of these channels results in quantum
interference of the direct mechanism – in which the capture
takes place into a doubly excited dissociative state of the neutral
system – and the indirect one – in which the capture occurs via a
Rydberg state of the molecule, predissociated by the dissociative
state. The direct mechanism dominates the reactive collisions in
the cases of favorable crossings (in accordance with the Franck–
Condon principle) between the potential energy curves of the
dissociative states and that of the target ion. In both mechanisms
the autoionization is in competition with the predissociation,
and leads to the excitation/de-excitation of the cation. In the
present calculations we account for vibrational structure for the
target ion’s ground electronic state and for the neutral’s relevant
electronic states, and neglect the rotational effects. A detailed
description of our theoretical approach has been given in our
previous articles — see for example [20] and [21] and references
therein. Here the general ideas and major steps are recalled only.
Within a quasi-diabatic representation of the molecular states,
and for a given set of conserved quantum numbers of the neutral
system - Λ (projection of the electronic angular momentum on
the internuclear axis), S (total electronic spin) - the interac-
tion matrix is built based on the couplings between ionization
channels — associated to the vibrational levels v+ of the cation
and to the orbital quantum number l of the incident/Rydberg
electron — and dissociation channels dj. By adopting the second-
order perturbative solution for the Lippman–Schwinger integral
equation [34], we compute the reaction matrix of our collision
system in the reaction zone.

A frame transformation is performed eventually, from the
Born–Oppenheimer (short range) representation, characterized

by v and Λ quantum numbers, valid for small electron–ion and
nucleus–nucleus distances, to the close-coupling (long-range)
representation, characterized by v+, Λ+ (for the ion) and l (or-
bital quantum number of the incident/Rydberg electron), valid
for both large distances. This frame transformation relies on the
quantum defects µΛ

l (R) describing the relevant Rydberg series
built on the ionic core, and on the eigenvectors and eigenvalues
of the K-matrix.

Based on the frame-transformation coefficients, we then build
the physical scattering matrix organized in blocks associated to
energetically open and/or closed (O and/or C respectively) chan-
nels:

S = XOO − XOC
1

XCC − exp(−i2πν)
XCO. (5)

The first term in Eq. (5) is restricted to the open channels, result-
ing in the direct mechanism, and the second takes into account
their mixing with the closed ones, resulting in the total, i.e. direct
and indirect mechanism, the denominator being responsible for
the resonant patterns in the shape of the cross section [17]. Here
the matrix exp(−i2πν) is diagonal and relies on the effective
quantum numbers νv+ associated to the vibrational thresholds of
the closed ionization channels.

Once we have the scattering matrix the computation of the
cross-sections is straightforward. For a given target cation on
vibrational level v+i and for a given energy of the incident electron
ε, the dissociative recombination and the vibrational transition
– elastic scattering, excitation, de-excitation – cross sections are
computed using, respectively:

σdiss←v+i
=

π

4ε

∑
l,Λ

ρΛ
∑

j

⏐⏐⏐SΛ

dj,lv
+

i

⏐⏐⏐2 , (6)

σv+f ←v+i
=

π

4ε

∑
l,l′Λ

ρΛ

⏐⏐⏐⏐SΛ

l′v+f ,lv+i
− δl′ lδv+f v+i

⏐⏐⏐⏐2 . (7)

Here ρΛ is the ratio between the spin and angular momentum
multiplicities of the neutral and the target ion.

3. Results and discussions

Neglecting the very slight effects related to the change of the
nuclear mass when Tritium replace Hydrogen, we have used the
molecular data given in Figure 1 of Ref. [20] — namely:
(i) the potential energy curve (PEC) of the ground electronic state
of the cation and, for each of the dominant symmetries 2Σ+, 2Π
and 2∆,
(ii) the PECs of the valence dissociative states of the neutral,
(iii) the quantum defects corresponding to the PECs of the bound
Rydberg singly-excited states of the neutral,
(iv) the Rydberg–valence couplings.

Relying on these molecular data, we have performed the inter-
nuclear dynamics calculations using the MQDT approach pre-
sented in Section 2, for the collisions of low-energy electrons with
BeT+ molecular ions. The DR, VE and VdE cross sections have been
calculated for all 28 vibrational levels of the target cation. Table A
shows the energies of the vibrational levels of the cation relative
to v+i = 0 as well as its two spectroscopic dissociation energies
(De and D0).

The cross sections have been calculated with the inclusion
of both direct and indirect mechanisms for the Σ and Π sym-
metries, and only the direct mechanism for the ∆ symmetry at
the highest (i.e. second) order of theory. The cross sections were
calculated for each symmetry for the energy range 10−5− 2.7 eV
of the incident electron, having an energy step of 0.01 meV. Thus,
we managed to cover the energy range up to the dissociation

3
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Table A
BeT+ vibrational levels relative to the v+i = 0. The values of dissociation energies
are De = 2.795 eV and D0 = 2.704 eV.
v+i Ev+i

(eV) v+i Ev+i
(eV) v+i Ev+i

(eV) v+i Ev+i
(eV)

0 0.000 7 1.078 14 1.921 21 2.477
1 0.167 8 1.214 15 2.017 22 2.532
2 0.327 9 1.347 16 2.107 23 2.578
3 0.486 10 1.475 17 2.193 24 2.617
4 0.641 11 1.597 18 2.273 25 2.648
5 0.792 12 1.712 19 2.348 26 2.674
6 0.937 13 1.819 20 2.416 27 2.693

limit of the ion, i.e. 2.704 eV. The global cross sections – Eqs. (6)
and (7) – summed up over all symmetries were averaged over
a Maxwellian electron energy distribution in order to obtain the
thermal rate coefficients up to a maximum electron temperature
of 5000 K.

Graphs 1–5 show the rate coefficients for DR, VE and VdE of
BeT+ for all the 28 vibrational levels of the electronic ground
state. For a given vibrational level of BeT+ the DR and the VdE rate
coefficients have mainly monotonically decreasing tendencies as
function of the electron temperature, while the VE ones increase.
Moreover, the vibrational dependence of the DR rate coefficients
show a monotonically decreasing behavior presenting local max-
ima for v+i = 3, 8, 17, 23 initial target vibrational levels. The DR
rate coefficients dominate for v+i ≤ 16, while for v+i > 16 the
monovibrational de-excitations become more important.

The excitations are getting important for higher electron tem-
peratures for each vibrational level of the target. For the lower
vibrational levels of the BeT+ cation (v+i ≤ 16), the VE rates are
a notable competitor for DR or the de-excitation processes above
1000 K electron temperature only. For v+i > 16, the competition
starts at lower temperatures (even below 300 K) and, for the
highest vibrational levels (v+i ≥ 24) and temperatures above
1000 K, VE becomes the dominant process. Notice that the vibra-
tional excitation and de-excitation channels are not necessarily
simply connected via detailed balancing, because they involve
intermediate states and multi-step processes.

Finally, in order to facilitate kinetic modeling of the beryllium
and hydrogen containing plasma and to illustrate the isotopic
effect for the beryllium monohydride, we have displayed the rate
coefficients for all three isotopologues in the same graph, in two
versions.

Graph 6 shows the ratio of the DR rate coefficients for BeD+
[24] vs BeH+ [10,20,23], and for BeT+ vs BeH+ molecular cations,
as function of the quantum number of the initial vibrational level
of the target and of temperature.

In this representation, the isotopic effect increases with the
vibrational quantum number of the target, from very weak for
v+i smaller than 5 to very significant for v+i larger than 8, being
stronger for BeT+ than for BeD+. This is entirely do to the depen-
dence of the positions of the vibrational levels with respect to the
points of crossing between the dissociative PECs and the PEC of
the ground state of the target cation.

Graph 7 shows the DR rate coefficients for BeH+, BeD+ and
BeT+ molecular cations as function of the energy of the current
vibrational level – relative to the ground (v+i = 0) vibrational
level (see Table A) – for three different electron temperatures,
300, 1000 and 5000 K respectively. Each point or symbol on these
curves belongs to a vibrational level of a different isotopologue.
The slight shift in each point is due to the slightly different
vibrational level spacing induced by the mass difference of the
three isotopologues.

Distinct from the common way of plotting such rate coeffi-
cients versus vibrational quantum numbers, which in our case
leads to a set of three different curves for each considered elec-

tron temperature, we now find that the rate coefficients for the
three isotopologues versus vibrational energy instead collapse
to a very similar (nearly identical) functional form. With the
exception of a few points they are essentially the same. This is
a very interesting outcome, similar to the one observed already
by Capitelli et al. [35] for pure neutral hydrogen isotopologues.
This similarity law provides scalable rate coefficient functions
for all isotopologues with reasonable accuracy starting from rate
coefficients calculated for one of them only.

In order to allow the versatile implementation of the rate co-
efficients shown in Graphs 1–5 in kinetics modeling codes, unlike
our previous studies [10,24] where we have used generalized
Arrhenius formula, here we considered that the original Arrhe-
nius formula is quite suitable for this (cold) plasma application.
We also found that this is falling within the range of accuracy
provided by quantum chemistry data. As in [30] we will use
Arrhenius formula as follows:

kfitt (T ) = A Tα exp
[
−

B
T

]
, (8)

for DR and VT (VE and VdE) processes over the electron tempera-
ture range 100 K ≤ T ≤ 5000 K. Assuming a Maxwell–Boltzmann
vibrational level distribution we have found that vibrational lev-
els up to v+max = 10 and vibrational transition with ∆vmax = 10
are of importance at 5000K electron temperatures. The fitting
parameters (A, α, B) are displayed in Tables 1–12. The numerical
values, obtained using Eq. (8), agree with the MQDT-computed
ones within a range of errors specified in the caption of each
table. A maximal relative deviation and an average Root Mean
Square (RMS) were provided per data set.

4. Conclusions

The present work completes a large series of studies per-
formed on reactive collisions of the berylliummonohydride cation
and its isotopologues with low energy electrons, namely for
BeH+ [10,20,23], for BeD+ [24] and for BeT+. Making use of the
molecular data set calculated in Ref. [20,22] and by adjusting
the nuclear masses, we have performed an MQDT calculation for
all 28 vibrational levels of the heaviest beryllium monohydride
cation in collisions with electrons having kinetic energy up to the
dissociation limit of the ion.

We have provided rate coefficients for dissociative recombina-
tion, vibrational excitation and de-excitation of BeT+ molecular
cation, relevant for detailed kinetic plasma-chemical modeling
of the cold edge plasma in fusion devices and for aiding and
improving interpretation of spectroscopic beryllium wall release
rate experiments. Our present and previously-calculated rate co-
efficients for the berylliummonohydride isotopologues have been
alternatively represented in a comparative way as functions of
the target vibrational energy – rather than of the target vibra-
tional quantum number – for different electron temperatures. We
found a quite close qualitative and quantitative behavior for all
three of these species. This provides a hitherto apparently un-
expected similarity scaling law, significantly reducing complexity
of the underlying plasma chemical databases for kinetic plasma
chemistry models, to be employed in the above mentioned fu-
sion applications. A quite natural but important extension of
this finding, left to future work, would be identification (or dis-
proof) of a similar scaling also for the pure hydrogen molecular
ions, which is currently already used in fusion boundary codes
merely for simplicity, but so far without a posteriori theoretical
confirmation.

It is known that beryllium and its compounds are toxic, so
no experimental data are provided yet. In this regard, our cal-
culations can be considered as reference. The accuracy of the
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calculated data is based on our method, which was tested and
calibrated with other molecular ions where experimental data
can be found. However, we are aware that the main source
of error comes from the data obtained from quantum chem-
istry calculations, which provides us potential energy curves and
couplings.

The present article completes the study of low-energy colli-
sions of electrons with beryllium monohydride cations. Compu-
tations of the high-energy cross sections will start soon, relying
on the inclusion of further excited dissociative paths and of the
vibrational continuum of the ion, this latter element being at the
origin of the dissociative excitation.

Finally we must mention that all the data in tables 1–13 are
provided in the Supplementary Materials as ASCII files. Further-
more, the raw data sets of cross sections and rate coefficients are
additionally added. Along the way, the data will be uploaded to
the LxCat database [36] website.
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Explanation of Graphs

Graphs 1–5. Dissociative recombination, vibrational excitation and de-excitation Maxwell rate coefficients for all the vibrational levels of BeH+ in its
ground electronic state.
Ordinate Maxwell rate coefficient in cm3 s−1
Abscissa Electron temperature in K
Thick black line DR Maxwell rate coefficient
Thin colored lines Vibrational excitation rate coefficients
Colored lines with symbols Vibrational de-excitation rate coefficients

Graph 6. Ratios of the dissociative recombination rate coefficients for BeD+ vs BeH+ (left), and for BeT+ vs BeH+ (right) molecular cations, as
function of the quantum number of the initial vibrational level of the target and of temperature.
Ordinate Ratios of dissociative recombination Maxwell rate coefficients
Abscissa Electron temperature in K

Graph 7. Dissociative recombination rate coefficient for the three beryllium monohydride isotopologue cations as function of the energy of the
initial vibrational level of the target – relative to the ground vibrational level – for three different electron temperatures.
Ordinate Dissociative recombination Maxwell rate coefficient in cm3 s−1
Abscissa Vibrational energy relative to the ground level in eV.
Black curves DR rate coefficients for BeH+ .
Blue curves DR rate coefficients for BeD+ .
Red curves DR rate coefficients for BeT+ .
Dashed colored curves with symbols DR rate coefficients at T = 300 K electron temperature.
Continuous colored curves with symbols DR rate coefficients at T = 1000 K electron temperature.
Dashed–dotted colored curves with symbols DR rate coefficients at T = 5000 K electron temperature.
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Explanation of Tables

Table 1. List of fitting parameters according to Eq. (8), minimum and maximum values of relative difference and root mean squares calculated for
dissociative recombination for the v+

i = 0 − 10 vibrational levels of the ground electronic state of BeT+.
v+i Initial vibrational level of BeT+
Temperature range in K
A, α, B Fitting parameters

rdmax = maxi=1,...,n

⏐⏐⏐⏐ ki(T )−k
fitt
i (T )

ki(T )

⏐⏐⏐⏐ maximum of relative difference

RMS=

√∑n
i=1

1
n

⏐⏐⏐⏐ ki(T )−k
fitt
i (T )

ki(T )

⏐⏐⏐⏐2 root mean square

Tables 2–12. List of fitting parameters according to Eq. (8), minimum and maximum values of relative difference and root mean squares calculated for
vibrational transitions (∆vmax = 10) for the v+

i = 0 − 10 vibrational levels of the ground electronic state of BeT+.
v+i → v+f Vibrational transition of BeT+

v+i →v+f Stands for VdE
Temperature range in K
A, α, B Fitting parameters

rdmax = maxi=1,...,n

⏐⏐⏐⏐ ki(T )−k
fitt
i (T )

ki(T )

⏐⏐⏐⏐ maximum of relative difference

RMS=

√∑n
i=1

1
n

⏐⏐⏐⏐ ki(T )−k
fitt
i (T )

ki(T )

⏐⏐⏐⏐2 root mean square

Note: In Tables 1–12 the coefficients were given taking into account a wider temperature range in order to prevent boundary errors. The temperature range
was increased with 10% of the boundary values. The global maximal value of relative difference was taken as the maximum among all DR maximum
relative differences and the maximum among all VT values for a given target. The average RMS was calculated as the arithmetic mean of the temperature
weighted process RMS values.
Table 13. List of dissociative recombination rate coefficient showing the isotopic effects displayed in Graph 7.

Temperature range in K
v+i Initial vibrational level of BeX+
Ev+i
− E0 Energy difference relative to the ground state

Rate coefficient in (cm3/s)
Data by columns corresponding to isotopologues BeX+ ∈ {BeH+, BeD+, BeT+}

7
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Graph 1. Dissociative recombination (DR, thick black line), vibrational excitation (VE, thin colored solid and dashed lines) and vibrational de-excitation (VdE, symbols
and thick colored lines) rate coefficients of BeT+ in its electronic ground state and for the initial vibrational levels v+i = 0 − 5. Upper panels: for each v+i of
BeT+ , all possible de-excitation final vibrational quantum numbers are given, while for the excitation only the first one is labeled. The VE rate coefficients decrease
monotonically with the increase of the final vibrational quantum numbers of the target ion. Lower panels: DR and VE rate coefficients only, with the panels extended
down to 10−16 cm3 s−1 .
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Graph 2. Same as in Graph 1 for v+i = 6− 11.
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Graph 3. Same as in Graph 1 for v+i = 12− 17.
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Graph 4. Same as in Graph 1 for v+i = 18− 23.
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Graph 5. Same as in Graph 1 for v+i = 24− 27.
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Graph 6. Isotopic effects: Ratios of the dissociative recombination rate coefficients for BeD+ [24] vs BeH+ [10,20,23] (left), and for BeT+ vs BeH+ (right) molecular
cations, as function of the quantum number of the initial vibrational level of the target and of temperature.
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Graph 7. Isotopic effects: Dissociative recombination rate coefficient of the BeH+ (black curves with circles), BeD+ (blue curves with diamonds) and BeT+ (red
curves with squares) molecular cations as function of the energy of the initial vibrational level of the target – relative to the ground vibrational level – for three
electron temperatures.
In order to facilitate the use of the rate coefficients given in Graph 7 we have presented them in Table 13. The data obtained for each of the three isotopologues
are suitable to represent the behavior as a function of the vibrational energy.
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Table 1
Fitting parameters for the DR Maxwell rate coefficients of BeT+(v+i = 0, . . . , 10), for temperatures ranging
between 100 K and 5000 K as displayed in Graph 1–5. The calculated rate coefficients are reproduced with
a maximal relative deviation of 3.242% and with an average Root Mean Square (RMS) of 0.0064.
v+i Temperature range A α B

(K) (cm3/s) (K)

0 100 ≤ T ≤ 1000 3.28197·10−6 −0.560182 1.28522
1000 < T ≤ 5000 1.2742·10−7 −0.193793 −715.096

1 100 ≤ T ≤ 1500 4.93965·10−6 −0.551551 −3.05762
1500 < T ≤ 5000 5.54357·10−7 −0.286297 −345.175

2 100 ≤ T ≤ 1500 1.59139·10−6 −0.359808 −26.6809
1500 < T ≤ 5000 8.88933·10−6 −0.551753 429.823

3 100 ≤ T ≤ 5000 6.41436·10−6 −0.517293 13.1328
4 100 ≤ T ≤ 1000 6.98686·10−7 −0.228439 −30.1691

1000 < T ≤ 5000 8.75990·10−6 −0.551726 279.519
5 100 ≤ T ≤ 1000 1.81880·10−6 −0.393492 −3.40054

1000 < T ≤ 5000 2.01551·10−6 −0.386694 140.669
6 100 ≤ T ≤ 5000 8.97394·10−7 −0.281268 −28.9724
7 100 ≤ T ≤ 1000 1.08752·10−6 −0.258424 −31.4290

100 ≤ T ≤ 5000 1.82852·10−5 −0.612179 350.171
8 100 ≤ T ≤ 1000 8.0781 ·10−6 −0.539215 0.11067

1000 < T ≤ 5000 1.0082 ·10−5 −0.561074 11.15700
9 100 ≤ T ≤ 1000 1.7769 ·10−6 −0.360498 −3.68476

1000 < T ≤ 5000 2.0542 ·10−6 −0.388174 −3.37710
10 100 ≤ T ≤ 1000 2.7190 ·10−6 −0.467593 −0.13565

1000 ≤ T ≤ 5000 2.6040 ·10−6 −0.423590 128.7260
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Table 2
Fitting parameters for the VT (∆vmax = 10) Maxwell rate coefficients of BeT+(v+i = 0), for temperatures
ranging between 100 K and 5000 K, as displayed in Graph 1. The calculated rate coefficients are reproduced
with a maximal relative deviation of 6.073% and with an average RMS of 0.0108.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

0 → 1 100 ≤ T ≤ 800 5.55127·10−7 −0.631862 1946.6
800 < T ≤ 1700 6.82095·10−20 3.19051 −1420.11
1700 < T ≤ 5000 2.18465·10−6 −0.41325 6020.8

0 → 2 200 ≤ T ≤ 540 5.61·10−8 −0.277382 3703.32
540 < T ≤ 1700 1.69648·10−14 1.71428 2320.49
1700 < T ≤ 5000 1.8088·10−6 −0.439072 6608.15

0 → 3 320 ≤ T ≤ 700 1.96702·10−16 2.42111 4758.72
700 < T ≤ 1500 4.0198·10−9 0.242131 6595.09
1500 < T ≤ 5000 1.94918·10−5 −0.755523 8455.75

0 → 4 400 ≤ T ≤ 1500 7.19563·10−8 −0.156832 7658.54
1500 < T ≤ 5000 7.81868·10−6 −0.696791 8849.87

0 → 5 460 ≤ T ≤ 1500 2.62787·10−7 −0.367603 9262.82
1500 < T ≤ 5000 5.20392·10−6 −0.710329 10044.6

0 → 6 560 ≤ T ≤ 1500 5.36862·10−7 −0.486471 11014.8
1500 < T ≤ 5000 8.72782·10−6 −0.808104 11756.5

0 → 7 650 ≤ T ≤ 1500 2.72072·10−7 −0.460102 12561.0
1500 < T ≤ 5000 3.60645·10−6 −0.753226 13304.5

0 → 8 750 ≤ T ≤ 1500 2.22274·10−7 −0.487693 14077.8
1500 < T ≤ 5000 1.37401·10−6 −0.685974 14745.6

0 → 9 850 ≤ T ≤ 1700 7.47373·10−8 −0.37838 15497.4
1700 < T ≤ 5000 1.16235·10−6 −0.678763 16486.9

0 → 10 950 ≤ T ≤ 2000 1.76168·10−8 −0.212531 16919.9
2000 < T ≤ 5000 2.31428·10−6 −0.755505 18522.3
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Table 3
Same as Table 2 for v+i = 1, as displayed in Graph 1, maximal relative deviation of 6.459% and average
RMS of 0.0098.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

1 → 0 100 ≤ T ≤ 1000 4.50249·10−7 −0.599873 5.30000
1000 < T ≤ 2500 2.43483·10−16 2.21315 −1823.33
2500 < T ≤ 5000 1.8544·10−5 −0.643767 4975.26

1 → 2 100 ≤ T ≤ 300 2.55835·10−7 −0.467812 1818.6
300 < T ≤ 900 4.45218·10−9 0.102817 1562.25
900 < T ≤ 5000 5.70154·10−9 0.112954 1901.61

1 → 3 190 ≤ T ≤ 400 7.33653·10−8 −0.243628 3630.72
400 < T ≤ 1300 3.59106·10−9 0.303087 3419.43
1300 < T ≤ 5000 4.92087·10−8 −0.110554 4050.88

1 → 4 280 ≤ T ≤ 1500 6.03362·10−7 −0.507352 5686.01
1500 < T ≤ 5000 1.92775·10−8 −0.096070 5036.37

1 → 5 360 ≤ T ≤ 1000 9.45769·10−8 −0.295715 7099.65
1000 < T ≤ 2500 9.96048·10−10 0.267671 6422.72
2500 < T ≤ 5000 2.40339·10−7 −0.344658 8178.08

1 → 6 480 ≤ T ≤ 1000 1.60089·10−9 −0.127208 8485.23
1000 < T ≤ 2500 2.88654·10−11 0.636106 8003.94
2500 < T ≤ 5000 2.48387·10−7 −0.378268 10844.1

1 → 7 560 ≤ T ≤ 1700 1.02492·10−9 0.234332 10195.0
1700 < T ≤ 5000 8.8946·10−7 −0.535633 12076.0

1 → 8 650 ≤ T ≤ 1700 7.23629·10−10 0.273121 11880.6
1700 < T ≤ 5000 3.37484·10−6 −0.692863 14159.8

1 → 9 750 ≤ T ≤ 1800 8.58581·10−10 0.230284 13453.3
1800 < T ≤ 5000 7.40756·10−6 −0.804795 15920.4

1 → 10 800 ≤ T ≤ 1700 7.91052·10−9 −0.045485 15121.1
1700 < T ≤ 5000 2.45025·10−5 −0.965532 17280.1

1 → 11 900 ≤ T ≤ 1800 5.55123·10−8 −0.295216 16841.5
1800 < T ≤ 5000 5.33313·10−5 −1.0799 18708.8
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Table 4
Same as Table 2 for v+i = 2, as displayed in Graph 1, maximal relative deviation of 5.369% and average
RMS of 0.0079.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

2 → 1 100 ≤ T ≤ 650 1.98340·10−7 −0.410144 −47.2313
650 < T ≤ 2500 2.67382·10−9 0.217131 −221.517
2500 < T ≤ 5000 1.03204·10−5 −0.743861 1679.41

2 → 0 100 ≤ T ≤ 1000 2.65852·10−7 −0.422904 −18.0281
1000 < T ≤ 5000 1.41619·10−8 −0.055055 −438.763

2 → 3 100 ≤ T ≤ 750 2.98556·10−7 −0.385583 1857.56
750 < T ≤ 5000 1.52063·10−7 −0.317954 1649.34

2 → 4 180 ≤ T ≤ 460 5.39078·10−8 −0.108704 3706.07
460 < T ≤ 1500 1.79330·10−7 −0.270308 3810.89
1500 < T ≤ 5000 4.21512·10−7 −0.373900 3955.53

2 → 5 280 ≤ T ≤ 750 1.47486·10−8 −0.104801 5239.98
750 < T ≤ 5000 1.07730·10−8 −0.064429 5185.79

2 → 6 360 ≤ T ≤ 950 1.63766·10−7 −0.383215 7049.35
950 < T ≤ 5000 4.35176·10−8 −0.214698 6932.32

2 → 7 460 ≤ T ≤ 1000 5.07710·10−7 −0.548890 8732.22
1000 < T ≤ 2500 2.29574·10−9 0.108113 7824.24
2500 < T ≤ 5000 3.27557·10−8 −0.181104 8832.80

2 → 8 560 ≤ T ≤ 1200 3.04328·10−10 0.265882 9619.67
1200 < T ≤ 2500 4.32959·10−12 0.789060 8969.37
2500 < T ≤ 5000 7.05150·10−8 −0.293284 12085.2

2 → 9 650 ≤ T ≤ 1900 4.62304·10−10 0.282399 11528.0
1900 < T ≤ 5000 5.15463·10−7 −0.509966 13597.4

2 → 10 750 ≤ T ≤ 2000 6.43134·10−9 −0.046700 13239.8
2000 < T ≤ 5000 3.16506·10−7 −0.479755 14524.7

2 → 11 800 ≤ T ≤ 1900 3.04332·10−8 −0.276149 14504.1
1900 < T ≤ 5000 9.65857·10−8 −0.392462 15116.6

2 → 12 850 ≤ T ≤ 2000 3.35235·10−8 −0.308151 15744.6
2000 < T ≤ 5000 3.55228·10−7 −0.565695 16623.0
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Table 5
Same as Table 2 for v+i = 3, as displayed in Graph 1, maximal relative deviation of 4.869% and average
RMS of 0.0064.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

3 → 2 100 ≤ T ≤ 5000 3.46715·10−7 −0.410553 9.90469
3 → 1 100 ≤ T ≤ 650 2.12157·10−7 −0.394035 −15.1628

650 < T ≤ 5000 1.58371·10−8 0.015527 18.2980
3 → 0 100 ≤ T ≤ 380 8.75244·10−9 −0.163227 −19.2090

380 < T ≤ 1000 1.36004·10−15 2.15314 −751.922
1000 < T ≤ 5000 2.54536·10−6 −0.531187 2127.30

3 → 4 100 ≤ T ≤ 400 1.73997·10−7 −0.378735 1800.43
400 < T ≤ 1500 2.53625·10−7 −0.435000 1813.83
1500 < T ≤ 5000 2.33805·10−10 0.397347 443.964

3 → 5 180 ≤ T ≤ 540 1.91749·10−7 −0.357808 3511.67
540 < T ≤ 1500 1.85672·10−8 −0.046832 3300.15
1500 < T ≤ 5000 7.81031·10−8 −0.210848 3672.47

3 → 6 270 ≤ T ≤ 750 8.51869·10−8 −0.324917 5161.45
750 < T ≤ 2000 2.54974·10−9 0.122469 4737.41
2000 < T ≤ 5000 2.16745·10−8 −0.117307 5390.10

3 → 7 360 ≤ T ≤ 1000 4.41787·10−9 0.036043 6626.28
1000 < T ≤ 2500 5.03471·10−8 −0.258383 7048.81
2500 < T ≤ 5000 3.83663·10−7 −0.487105 7658.27

3 → 8 440 ≤ T ≤ 1200 5.57754·10−8 −0.212691 8466.71
1200 < T ≤ 5000 1.46301·10−6 −0.599417 9162.28

3 → 9 520 ≤ T ≤ 1500 1.24894·10−6 −0.630400 10297.4
1500 < T ≤ 5000 3.04057·10−7 −0.460993 10053.8

3 → 10 650 ≤ T ≤ 1500 1.48874·10−6 −0.698783 11634.5
1500 < T ≤ 5000 1.54147·10−7 −0.417352 11387.4

3 → 11 700 ≤ T ≤ 1200 8.17357·10−8 −0.385387 12622.1
1200 < T ≤ 2500 1.27242·10−9 0.121714 11933.6
2500 < T ≤ 5000 4.55953·10−7 −0.532978 13861.3

3 → 12 800 ≤ T ≤ 2000 8.98344·10−11 0.416906 13704.7
2000 < T ≤ 5000 9.46224·10−7 −0.628390 16455.0

3 → 13 900 ≤ T ≤ 2500 2.32460·10−9 0.002630 15463.8
2500 < T ≤ 5000 5.98830·10−7 −0.614689 17301.9
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Table 6
Same as Table 2 for v+i = 4, as displayed in Graph 1, maximal relative deviation of 6.067% and average
RMS of 0.0047.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

4 → 3 100 ≤ T ≤ 200 1.06736·10−9 0.494538 −89.1826
200 < T ≤ 700 3.68736·10−8 −0.056086 37.2856
700 < T ≤ 5000 3.40362·10−7 −0.349760 255.420

4 → 2 100 ≤ T ≤ 400 9.47838·10−9 0.0986899 −26.4064
400 < T ≤ 1000 4.68070·10−7 −0.4725691 170.016
1000 < T ≤ 5000 3.33750·10−8 −0.157519 −307.015

4 → 1 100 ≤ T ≤ 1000 1.59446·10−7 −0.368440 −3.36955
1000 < T ≤ 2500 1.29462·10−8 −0.069683 −437.410
2500 < T ≤ 5000 1.38102·10−10 0.455216 −1536.81

4 → 0 100 ≤ T ≤ 400 7.22006·10−10 0.514608 −32.8827
400 < T ≤ 1000 8.18946·10−7 −0.447542 666.741
1000 < T ≤ 5000 2.46285·10−10 0.391802 −1330.58

4 → 5 120 ≤ T ≤ 400 5.49606·10−7 −0.512713 1754.28
400 < T ≤ 800 3.72401·10−7 −0.457827 1729.88
800 < T ≤ 5000 2.82849·10−7 0.139895 973.706

4 → 6 240 ≤ T ≤ 500 3.76215·10−7 −0.480352 3439.51
500 < T ≤ 1700 1.23983·10−8 −0.003322 3097.05
1700 < T ≤ 5000 4.55290·10−8 −0.176574 3510.89

4 → 7 240 ≤ T ≤ 650 7.06310·10−8 −0.297187 4995.04
650 < T ≤ 2000 4.11467·10−9 0.075303 4708.91
2000 < T ≤ 5000 6.05544·10−8 −0.230307 5456.78

4 → 8 360 ≤ T ≤ 1000 3.44101·10−7 −0.501357 6677.32
1000 < T ≤ 2500 7.49936·10−8 −0.317387 6409.92
2500 < T ≤ 5000 4.83064·10−8 −0.264485 6349.28

4 → 9 440 ≤ T ≤ 1100 2.87446·10−7 −0.434330 8217.24
1100 < T ≤ 5000 6.37019·10−7 −0.520453 8494.59

4 → 10 520 ≤ T ≤ 1500 2.54007·10−7 −0.450098 9647.51
1500 < T ≤ 5000 5.21684·10−7 −0.527340 9919.87

4 → 11 600 ≤ T ≤ 1500 3.52393·10−7 −0.548614 10917.4
1500 < T ≤ 5000 5.21684·10−7 −0.527340 9919.87

4 → 12 700 ≤ T ≤ 2000 9.41697·10−7 −0.675116 12596.2
2000 < T ≤ 5000 5.88904·10−7 −0.609756 12639.5

4 → 13 800 ≤ T ≤ 2000 9.80478·10−9 −0.148876 13089.3
2000 < T ≤ 5000 4.90592·10−7 −0.582882 14390.0

4 → 14 900 ≤ T ≤ 2000 2.60260·10−11 0.522764 13703.4
2000 < T ≤ 5000 8.71549·10−7 −0.652413 16809.2
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Table 7
Same as Table 2 for v+i = 5, as displayed in Graph 1, maximal relative deviation of 4.841% and average
RMS of 0.0047.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

5 → 4 100 ≤ T ≤ 1000 5.56989·10−7 −0.513528 3.53340
1000 < T ≤ 2500 2.01375·10−8 −0.094742 −436.759
2500 < T ≤ 5000 6.94136·10−10 0.295339 −1236.46

5 → 3 100 ≤ T ≤ 1000 3.10058·10−7 −0.423326 −4.96023
1000 < T ≤ 5000 3.62360·10−8 −0.125478 −116.229

5 → 2 100 ≤ T ≤ 1000 1.06655·10−7 −0.366370 −18.3113
1000 < T ≤ 5000 1.29558·10−8 −0.084856 −152.314

5 → 1 100 ≤ T ≤ 800 5.14091·10−7 −0.521073 −1.52554
800 < T ≤ 5000 4.26149·10−9 0.096789 −537.599

5 → 0 100 ≤ T ≤ 1000 1.48856·10−7 −0.300884 −23.0870
1000 < T ≤ 5000 1.00448·10−6 −0.528422 313.166

5 → 6 100 ≤ T ≤ 400 4.37146·10−7 −0.483497 1694.15
400 < T ≤ 1500 5.91892·10−7 −0.529020 1704.15
1500 < T ≤ 5000 1.05782·10−9 0.225184 472.374

5 → 7 180 ≤ T ≤ 650 1.21009·10−7 0.014402 3269.17
650 < T ≤ 1700 1.21516·10−7 −0.284733 3516.74
1700 < T ≤ 5000 3.54698·10−8 −0.144782 3187.95

5 → 8 260 ≤ T ≤ 650 1.83759·10−8 −0.090440 4793.12
650 < T ≤ 2100 5.73937·10−9 0.059712 4662.73
2100 < T ≤ 5000 7.20070·10−8 −0.224701 5421.46

5 → 9 380 ≤ T ≤ 1200 1.37355·10−9 0.149154 6364.13
1200 < T ≤ 2500 7.66743·10−10 0.222468 6290.03
2500 < T ≤ 5000 6.81228·10−8 −0.279019 7715.95

5 → 10 460 ≤ T ≤ 900 1.73377·10−10 0.440321 7689.34
900 < T ≤ 2500 2.58850·10−8 −0.162749 8416.55
2500 < T ≤ 5000 4.18396·10−7 −0.490630 9309.77

5 → 11 540 ≤ T ≤ 1000 5.21803·10−10 0.299906 9102.53
1000 < T ≤ 2500 5.32106·10−8 −0.265705 9855.20
2500 < T ≤ 5000 6.50276·10−7 −0.546073 10637.9

5 → 12 650 ≤ T ≤ 1200 2.30279·10−10 0.336866 10621.2
1200 < T ≤ 2500 2.45953·10−8 −0.233982 11391.3
2500 < T ≤ 5000 1.56872·10−7 −0.439112 12002.3

5 → 13 750 ≤ T ≤ 1500 2.54628·10−9 −0.031512 12035.7
1500 < T ≤ 5000 2.24958·10−8 −0.279178 12675.0

5 → 14 800 ≤ T ≤ 2000 6.65399·10−9 −0.137991 12985.0
2000 < T ≤ 5000 5.58883·10−8 −0.372194 13735.0

5 → 15 850 ≤ T ≤ 2500 1.04228·10−9 0.084524 13778.2
2500 < T ≤ 5000 1.23324·10−7 −0.444019 15405.9
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Table 8
Same as Table 2 for v+i = 6, as displayed in Graph 2, maximal relative deviation of 4.706% and average
RMS of 0.0053.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

6 → 5 100 ≤ T ≤ 900 3.70942·10−7 −0.446045 −7.63342
900 < T ≤ 5000 2.79129·10−8 −0.094844 −201.478

6 → 4 100 ≤ T ≤ 1000 3.46289·10−7 −0.467495 −2.18171
1000 < T ≤ 5000 1.47926·10−8 −0.051965 −289.979

6 → 3 100 ≤ T ≤ 1000 2.16284·10−7 −0.451211 −2.10319
1000 < T ≤ 5000 4.54736·10−9 0.054518 −382.150

6 → 2 100 ≤ T ≤ 1500 2.25277·10−7 −0.426085 −8.75750
1500 < T ≤ 5000 2.52568·10−8 −0.154857 −337.870

6 → 1 100 ≤ T ≤ 800 2.50619·10−7 −0.545479 3.32825
800 < T ≤ 1700 8.66864·10−11 0.497744 −808.696
1700 < T ≤ 5000 5.97457·10−9 0.027004 461.581

6 → 0 100 ≤ T ≤ 1500 1.78058·10−7 −0.351516 −13.7935
1500 < T ≤ 5000 2.93734·10−6 −0.688251 503.043

6 → 7 100 ≤ T ≤ 460 4.35370·10−7 −0.408248 1624.97
460 < T ≤ 5000 4.93604·10−7 −0.411277 1691.35

6 → 8 160 ≤ T ≤ 400 5.53976·10−7 −0.466277 3252.76
400 < T ≤ 1500 3.24117·10−6 −0.707137 3392.23
1500 < T ≤ 5000 2.29274·10−7 −0.401535 2749.01

6 → 9 230 ≤ T ≤ 600 2.75278·10−6 −0.672536 4802.44
600 < T ≤ 2000 2.46122·10−6 −0.662899 4763.01
2000 < T ≤ 5000 3.21817·10−7 −0.426979 4277.31

6 → 10 320 ≤ T ≤ 950 9.81810·10−7 −0.663553 6282.91
950 < T ≤ 5000 3.49419·10−8 −0.257514 5717.87

6 → 11 420 ≤ T ≤ 1300 2.12516·10−8 −0.277995 7628.75
1300 < T ≤ 5000 1.97566·10−9 0.006899 7193.40

6 → 12 480 ≤ T ≤ 5000 3.07918·10−8 −0.259332 8791.81
6 → 13 560 ≤ T ≤ 1500 3.83568·10−9 −0.043277 9957.15

1500 < T ≤ 5000 2.59324·10−8 −0.254134 10597.6
6 → 14 650 ≤ T ≤ 1600 9.86322·10−9 −0.214461 11127.2

1600 < T ≤ 5000 1.41149·10−8 −0.245719 11390.3
6 → 15 700 ≤ T ≤ 1700 1.99330·10−7 −0.558820 12607.5

1700 < T ≤ 5000 4.11509·10−7 −0.639626 12839.7
6 → 16 750 ≤ T ≤ 2000 1.80570·10−7 −0.527551 13787.9

2000 < T ≤ 5000 2.31377·10−6 −0.815269 14547.0
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Table 9
Same as Table 2 for v+i = 7, as displayed in Graph 2, maximal relative deviation of 4.507% and average
RMS of 0.0049.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

7 → 6 100 ≤ T ≤ 5000 3.37418·10−7 −0.367396 −16.0055
7 → 5 100 ≤ T ≤ 700 6.89753·10−8 −0.217932 −21.4795

700 < T ≤ 1700 2.20433·10−7 −0.355737 150.159
1700 < T ≤ 5000 2.18723·10−7 −0.362567 50.2353

7 → 4 100 ≤ T ≤ 900 2.28672·10−7 −0.458909 2.53416
900 < T ≤ 5000 1.05626·10−8 −0.037530 −200.131

7 → 3 100 ≤ T ≤ 700 1.05779·10−7 −0.400270 −8.90257
700 < T ≤ 2000 7.32901·10−9 −0.028179 −182.674
2000 < T ≤ 5000 2.22962·10−7 −0.428072 577.902

7 → 2 100 ≤ T ≤ 1500 4.48329·10−7 −0.529847 14.8007
1500 < T ≤ 5000 2.83299·10−9 0.085167 −826.414

7 → 1 100 ≤ T ≤ 700 1.00443·10−7 −0.386590 −10.0161
700 < T ≤ 1700 9.68579·10−10 0.240321 −398.928
1700 < T ≤ 5000 1.28210·10−7 −0.323788 789.265

7 → 0 100 ≤ T ≤ 1000 2.23629·10−7 −0.439551 4.12887
1000 < T ≤ 5000 5.92475·10−7 −0.553455 189.878

7 → 8 100 ≤ T ≤ 400 6.80708·10−7 −0.392035 1590.04
400 < T ≤ 1000 4.87541·10−6 −0.667102 1721.04
1000 < T ≤ 5000 1.47057·10−6 −0.531807 1429.38

7 → 9 160 ≤ T ≤ 400 1.37265·10−6 −0.709983 3138.77
400 < T ≤ 1000 1.75384·10−7 −0.428938 2981.03
1000 < T ≤ 5000 1.58164·10−8 −0.127625 2640.45

7 → 10 240 ≤ T ≤ 700 2.95504·10−8 −0.146963 4487.15
700 < T ≤ 5000 3.18819·10−7 −0.444849 4811.26

7 → 11 320 ≤ T ≤ 1000 2.63726·10−7 −0.512544 6088.15
1000 < T ≤ 5000 4.07183·10−8 −0.294606 5560.91

7 → 12 400 ≤ T ≤ 1000 2.14375·10−7 −0.573817 7364.27
1000 < T ≤ 2500 6.02160·10−8 −0.422393 7123.42
2500 < T ≤ 5000 8.85182·10−10 0.054397 5893.89

7 → 13 460 ≤ T ≤ 1400 3.46987·10−7 −0.600761 8655.21
1400 < T ≤ 5000 5.22711·10−9 −0.109419 7716.82

7 → 14 560 ≤ T ≤ 1500 4.47577·10−8 −0.348135 9650.12
1500 < T ≤ 5000 8.57693·10−9 −0.151472 9339.79

7 → 15 600 ≤ T ≤ 2000 4.05949·10−9 −0.109537 10670.0
2000 < T ≤ 5000 4.20558·10−9 −0.106801 10810.7

7 → 16 700 ≤ T ≤ 1000 1.17187·10−7 −0.559309 12044.6
1000 < T ≤ 5000 4.20426·10−9 −0.166911 11348.1

7 → 17 700 ≤ T ≤ 1000 8.31094·10−7 −0.762056 13081.4
1000 < T ≤ 5000 2.65219·10−7 −0.630184 12803.8
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Table 10
Same as Table 2 for v+i = 8, as displayed in Graph 2, maximal relative deviation of 3.697% and average
RMS of 0.0054.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

8 → 7 100 ≤ T ≤ 500 5.78241·10−7 −0.536410 2.54953
500 < T ≤ 1500 6.89449·10−6 −0.712737 172.842
1500 < T ≤ 5000 8.52219·10−7 −0.471517 −331.533

8 → 6 100 ≤ T ≤ 500 3.16466·10−7 −0.383842 10.6386
500 < T ≤ 1500 2.60307·10−6 −0.679387 149.899
1500 < T ≤ 5000 2.87412·10−7 −0.426602 −396.479

8 → 5 100 ≤ T ≤ 500 1.63510·10−7 −0.325893 −8.18654
500 < T ≤ 1500 4.22095·10−7 −0.450519 79.3021
1500 < T ≤ 5000 3.29429·10−7 −0.427530 −41.4880

8 → 4 100 ≤ T ≤ 500 3.37039·10−7 −0.502840 8.13046
500 < T ≤ 1500 3.27948·10−7 −0.495167 16.8707
1500 < T ≤ 5000 3.56897·10−8 −0.231563 −423.381

8 → 3 100 ≤ T ≤ 500 1.04359·10−7 −0.321301 −18.8331
500 < T ≤ 1500 3.17592·10−8 −0.142575 −61.4199
1500 < T ≤ 5000 9.16946·10−7 −0.548129 547.126

8 → 2 100 ≤ T ≤ 500 3.85687·10−7 −0.677221 17.1568
500 < T ≤ 1500 2.62968·10−9 −0.003202 −388.783
1500 < T ≤ 5000 6.05370·10−10 0.223618 −62.8571

8 → 1 100 ≤ T ≤ 500 5.19264·10−8 −0.324035 −18.0165
500 < T ≤ 1500 5.95451·10−10 0.293257 −341.671
1500 < T ≤ 5000 5.95451·10−10 0.293257 −341.671

8 → 0 100 ≤ T ≤ 500 3.09423·10−7 −0.536410 2.54953
500 < T ≤ 1500 2.19437·10−7 −0.486125 −14.5982
1500 < T ≤ 5000 2.04734·10−7 −0.475431 2.70393

8 → 9 100 ≤ T ≤ 400 9.49750·10−7 −0.530662 1516.89
400 < T ≤ 1000 2.83633·10−7 −0.359254 1443.77
1000 < T ≤ 5000 4.07622·10−7 −0.413605 1410.77

8 → 10 170 ≤ T ≤ 400 4.15169·10−10 0.325430 2808.01
400 < T ≤ 1000 3.35729·10−9 0.048405 2993.08
1000 < T ≤ 5000 5.58929·10−9 −0.035381 2866.01

8 → 11 240 ≤ T ≤ 400 5.35457·10−7 −0.569165 4472.53
400 < T ≤ 1000 2.73894·10−7 −0.477771 4420.27
1000 < T ≤ 5000 9.80430·10−8 −0.357002 4192.51

8 → 12 320 ≤ T ≤ 400 1.35568·10−7 −0.449477 5765.65
400 < T ≤ 1000 9.19102·10−8 −0.396388 5735.52
1000 < T ≤ 5000 2.88488·10−8 −0.266229 5409.83

8 → 13 400 ≤ T ≤ 1000 1.47058·10−7 −0.527347 6967.98
1000 < T ≤ 5000 5.13127·10−9 −0.152644 5990.70

8 → 14 480 ≤ T ≤ 1000 2.18512·10−7 −0.589139 8345.45
1000 < T ≤ 5000 1.39150·10−9 −0.014322 7001.90

8 → 15 520 ≤ T ≤ 1000 1.63717·10−6 −0.807889 9435.76
1000 < T ≤ 5000 4.53125·10−9 −0.117374 8117.49

8 → 16 600 ≤ T ≤ 1000 5.91540·10−7 −0.706951 10448.0
1000 < T ≤ 5000 2.64262·10−9 −0.062595 9368.17

8 → 17 700 ≤ T ≤ 1000 3.30687·10−8 −0.442046 11199.8
1000 < T ≤ 5000 3.21768·10−10 0.127603 10540.1

8 → 18 750 ≤ T ≤ 1000 2.60829·10−9 −0.174712 12243.2
1000 < T ≤ 5000 3.60844·10−10 0.068440 12019.2

24



N. Pop, F. Iacob, S. Niyonzima et al. Atomic Data and Nuclear Data Tables 139 (2021) 101414

Table 11
Same as Table 2 for v+i = 9, as displayed in Graph 2, maximal relative deviation of 4.062% and average
RMS of 0.0038.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

9 → 8 100 ≤ T ≤ 500 1.44871·10−6 −0.593333 −1.62306
500 < T ≤ 1500 3.65915·10−7 −0.392892 −69.8892
1500 < T ≤ 5000 2.67847·10−7 −0.367149 −264.834

9 → 7 100 ≤ T ≤ 500 1.24170·10−6 −0.695805 14.5189
500 < T ≤ 1500 9.79737·10−8 −0.351667 −189.513
1500 < T ≤ 5000 1.44986·10−8 −0.117823 −505.359

9 → 6 100 ≤ T ≤ 500 1.24407·10−6 −0.558619 4.63465
500 < T ≤ 1500 3.89262·10−6 −0.719476 76.8211
1500 < T ≤ 5000 4.21510·10−7 −0.456587 −381.530

9 → 5 100 ≤ T ≤ 500 2.06640·10−7 −0.448587 −18.4794
500 < T ≤ 1500 2.17823·10−6 −0.766914 168.897
1500 < T ≤ 5000 1.99507·10−8 −0.218426 −872.766

9 → 4 100 ≤ T ≤ 500 1.70925·10−7 −0.362443 −9.96986
500 < T ≤ 1500 2.95153·10−7 −0.437449 29.4370
1500 < T ≤ 5000 4.01500·10−7 −0.469641 143.683

9 → 3 100 ≤ T ≤ 500 4.32221·10−8 −0.188273 −24.1836
500 < T ≤ 1500 4.48697·10−7 −0.502495 171.029
1500 < T ≤ 5000 2.22533·10−7 −0.426892 −50.0461

9 → 2 100 ≤ T ≤ 500 1.02774·10−7 −0.483004 −7.30020
500 < T ≤ 1500 3.06525·10−10 0.330319 −395.902
1500 < T ≤ 5000 3.26279·10−8 −0.208900 725.828

9 → 1 100 ≤ T ≤ 500 8.86504·10−8 −0.420146 −9.85374
500 < T ≤ 1500 3.83639·10−10 0.322306 −430.712
1500 < T ≤ 5000 4.67244·10−7 −0.502120 1216.24

9 → 0 100 ≤ T ≤ 500 1.38755·10−7 −0.446860 −6.22064
500 < T ≤ 1500 1.72365·10−7 −0.481270 −3.16788
1500 < T ≤ 5000 7.12289·10−8 −0.369724 −100.655

9 → 10 100 ≤ T ≤ 400 1.20071·10−7 −0.234322 1439.04
400 < T ≤ 1000 4.95822·10−7 −0.430412 1539.01
1000 < T ≤ 5000 6.58499·10−7 −0.479700 1459.11

9 → 11 160 ≤ T ≤ 400 2.11543·10−7 −0.466053 2885.60
400 < T ≤ 1000 1.24949·10−7 −0.388771 2861.73
1000 < T ≤ 5000 3.20005·10−8 −0.239367 2473.46

9 → 12 230 ≤ T ≤ 400 2.59073·10−7 −0.528059 4271.87
400 < T ≤ 1000 2.59555·10−7 −0.531444 4261.73
1000 < T ≤ 5000 8.74783·10−9 −0.125368 3613.08

9 → 13 300 ≤ T ≤ 400 1.85508·10−7 −0.474054 5459.09
400 < T ≤ 1000 2.46768·10−7 −0.512874 5481.55
1000 < T ≤ 5000 3.72732·10−8 −0.290945 5066.43

9 → 14 400 ≤ T ≤ 1000 4.04717·10−7 −0.676035 6685.63
1000 < T ≤ 5000 1.88103·10−9 −0.047674 5464.71

9 → 15 460 ≤ T ≤ 1000 8.55868·10−8 −0.523497 7733.14
1000 < T ≤ 5000 5.12315·10−10 0.058287 6354.33

9 → 16 520 ≤ T ≤ 1000 9.83633·10−8 −0.505568 8961.72
1000 < T ≤ 5000 1.71131·10−9 −0.044699 7889.40

9 → 17 560 ≤ T ≤ 1000 3.44385·10−7 −0.645044 9929.37
1000 < T ≤ 5000 2.87160·10−9 −0.084483 8860.52

9 → 18 650 ≤ T ≤ 1000 3.83691·10−7 −0.693580 10839.3
1000 < T ≤ 5000 9.37271·10−10 0.022107 9636.56

9 → 19 650 ≤ T ≤ 1000 6.27368·10−8 −0.562797 11532.9
1000 < T ≤ 5000 1.85441E−14 1.152320 7032.37
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Table 12
Same as Table 2 for v+i = 10, as displayed in Graph 2, maximal relative deviation of 3.541% and average
RMS of 0.0038.
v+i → v+f Temperature range A α B

(K) (cm3/s) (K)

10 → 9 100 ≤ T ≤ 500 1.92577·10−7 −0.305078 −26.8405
500 < T ≤ 1500 9.22604·10−7 −0.512261 111.699
1500 < T ≤ 5000 4.18158·10−7 −0.429462 −175.701

10 → 8 100 ≤ T ≤ 650 1.10611·10−8 −0.160095 −66.0942
650 < T ≤ 1500 6.14458·10−9 −0.031534 25.8044
1500 < T ≤ 5000 4.20322·10−9 −0.003797 −252.871

10 → 7 100 ≤ T ≤ 500 1.73636·10−7 −0.401646 −18.5255
500 < T ≤ 1500 4.87697·10−8 −0.213395 −71.3638
1500 < T ≤ 5000 3.15820·10−7 −0.443674 207.158

10 → 6 100 ≤ T ≤ 500 3.60732·10−7 −0.516145 −1.65344
500 < T ≤ 1500 7.79404·10−7 −0.632888 23.7802
1500 < T ≤ 5000 3.27638·10−8 −0.250421 −543.330

10 → 5 100 ≤ T ≤ 500 3.52024·10−7 −0.460535 15.1393
500 < T ≤ 1500 4.77314·10−6 −0.839672 147.701
1500 < T ≤ 5000 3.13883·10−8 −0.234609 −763.686

10 → 4 100 ≤ T ≤ 500 1.80921·10−7 −0.387829 −0.99888
500 < T ≤ 1500 3.81103·10−7 −0.501019 22.6404
1500 < T ≤ 5000 2.89393·10−7 −0.462745 31.7006

10 → 3 100 ≤ T ≤ 500 7.58313·10−8 −0.281289 −20.6885
500 < T ≤ 1500 2.03004·10−6 −0.736521 210.870
1500 < T ≤ 5000 5.68021·10−8 −0.308307 −456.762

10 → 2 100 ≤ T ≤ 500 7.31922·10−9 −0.067803 −46.7249
500 < T ≤ 1500 1.09392·10−8 −0.109858 20.2654
1500 < T ≤ 5000 2.86504·10−8 −0.217551 302.217

10 → 1 100 ≤ T ≤ 500 1.77418·10−7 −0.501015 3.90605
500 < T ≤ 1500 1.64880·10−9 0.142933 −339.635
1500 < T ≤ 5000 1.89084·10−6 −0.683998 1184.11

10 → 0 100 ≤ T ≤ 500 1.13041·10−7 −0.456875 0.21805
500 < T ≤ 1500 4.54531·10−8 −0.330801 −65.4893
1500 < T ≤ 5000 4.86730·10−8 −0.327513 84.7081

10 → 11 100 ≤ T ≤ 400 2.78742·10−7 −0.356049 1385.68
400 < T ≤ 1000 4.46097·10−7 −0.419660 1422.69
1000 < T ≤ 5000 8.10946·10−7 −0.501366 1445.19

10 → 12 140 ≤ T ≤ 400 2.13203·10−6 −0.753681 2786.00
400 < T ≤ 1000 1.04984·10−6 −0.655861 2735.17
1000 < T ≤ 5000 8.91478·10−8 −0.359020 2283.81

10 → 13 230 ≤ T ≤ 400 4.10433·10−8 −0.373744 4005.04
400 < T ≤ 1000 2.41232·10−8 −0.306044 3948.51
1000 < T ≤ 5000 5.04050·10−10 0.163101 3267.37

10 → 14 290 ≤ T ≤ 400 1.06117·10−7 −0.419498 5166.32
400 < T ≤ 1000 1.19855·10−7 −0.434089 5182.09
1000 < T ≤ 5000 3.45317·10−8 −0.289256 4896.40

10 → 15 360 ≤ T ≤ 400 1.94581·10−7 −0.578360 6313.66
400 < T ≤ 1000 1.77365·10−7 −0.569324 6293.84
1000 < T ≤ 5000 2.27823·10−9 −0.053242 5386.11

10 → 16 420 ≤ T ≤ 1000 2.65598·10−7 −0.688741 7328.40
1000 < T ≤ 5000 2.90340·10−10 0.103411 5706.67

10 → 17 500 ≤ T ≤ 1000 1.33379·10−8 −0.315155 8238.91
1000 < T ≤ 5000 3.48882·10−10 0.090272 7160.36

10 → 18 560 ≤ T ≤ 1000 4.78249·10−8 −0.444997 9369.07
1000 < T ≤ 5000 1.08039·10−9 −0.010176 8414.03

10 → 19 600 ≤ T ≤ 1000 1.51702·10−7 −0.584259 10253.4
1000 < T ≤ 5000 1.50933·10−9 −0.040020 9279.58

10 → 20 600 ≤ T ≤ 1000 1.51702·10−7 −0.584259 10253.4
1000 < T ≤ 5000 1.50933·10−9 −0.040020 9279.58
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Table 13
Isotopic effects: Dissociative recombination rate coefficient of the BeH+ , BeD+ and BeT+ molecular cations as function of the energy of the initial vibrational level
of the target Ev+i

− E0 (relative to the ground vibrational level) for three electron temperatures: 300 K, 1000 K and 5000 K.

Temperature BeH+ BeD+ BeT+

v+i Ev+i
− E0 Rate coefficient v+i Ev+i

− E0 Rate coefficient v+i Ev+i
− E0 Rate coefficient

(K) (eV) (cm3/s) (eV) (cm3/s) (eV) (cm3/s)

300 0 0.000 1.13043·10−7 0 0.000 1.26201·10−7 0 0.000 1.34068·10−7

1 0.259 1.89605·10−7 1 0.194 2.13453·10−7 1 0.167 2.15156·10−7

2 0.507 2.55119·10−7 2 0.381 2.25027·10−7 2 0.327 2.23157·10−7

3 0.746 2.05097·10−7 3 0.565 2.34042·10−7 3 0.486 3.20841·10−7

4 0.975 2.35437·10−7 4 0.743 2.41174·10−7 4 0.641 2.09956·10−7

5 1.191 4.54551·10−7 5 0.915 1.81772·10−7 5 0.792 1.947060·10−7

6 1.396 2.24184·10−7 6 1.080 2.93495·10−7 6 0.937 1.996350·10−7

7 1.588 1.64762·10−7 7 1.238 3.67180·10−7 7 1.078 2.752180·10−7

8 1.762 1.55939·10−7 8 1.391 2.48675·10−7 8 1.214 3.978330·10−7

9 1.921 1.38102·10−7 9 1.538 2.19837·10−7 9 1.347 2.280440·10−7

10 2.066 1.08544·10−7 10 1.675 1.84860·10−7 10 1.475 1.922060·10−7

11 2.198 1.04839·10−7 11 1.802 1.53598·10−7 11 1.597 1.624550·10−7

12 2.316 0.90535·10−7 12 1.921 1.403460·10−7 12 1.712 1.636260·10−7

13 2.418 0.71285·10−7 13 2.031 1.289540·10−7 13 1.819 1.462200·10−7

14 2.503 0.56714·10−7 14 2.135 1.184330·10−7 14 1.921 1.264430·10−7

15 2.568 0.38451·10−7 15 2.232 0.1065160·10−7 15 2.017 1.224940·10−7

16 2.614 0.248093·10−7 16 2.321 0.942660·10−7 16 2.107 1.131190·10−7

17 2.646 0.12415·10−7 17 2.401 0.688125·10−7 17 2.193 1.140570·10−7

18 2.473 0.664439·10−7 18 2.273 1.05216·10−7

19 2.535 0.53440·10−7 19 2.348 0.98783·10−7

20 2.586 0.38638·10−7 20 2.416 0.91899·10−7

21 2.624 0.26081·10−7 21 2.477 0.78952·10−7

22 2.656 0.35449·10−7 22 2.532 0.68255·10−7

23 2.679 0.38637·10−7 23 2.578 0.55167·10−7

24 2.617 0.42227·10−7

25 2.648 0.37486·10−7

26 2.673 0.28288·10−7

27 2.693 0.15356·10−7

1000 0 0.000 0.62273·10−7 0 0.000 0.6676·10−7 0 0.000 0.66745·10−7

1 0.259 1.15746·10−7 1 0.194 1.15668·10−7 1 0.167 1.08648·10−7

2 0.507 1.48471·10−7 2 0.381 1.49232·10−7 2 0.327 1.3651·10−7

3 0.746 1.23833·10−7 3 0.565 1.42339·10−7 3 0.486 1.79330·10−7

4 0.975 1.59735·10−7 4 0.743 1.49176·10−7 4 0.641 1.47070·10−7

5 1.191 2.37894·10−7 5 0.915 1.26522·10−7 5 0.792 1.22328·10−7

6 1.396 1.54019·10−7 6 1.080 1.97732·10−7 6 0.937 1.29393·10−7

7 1.588 1.02440·10−7 7 1.238 1.81918·10−7 7 1.078 1.88718·10−7

8 1.762 0.91984·10−7 8 1.391 1.46238·10−7 8 1.214 2.03371·10−7

9 1.921 0.81237·10−7 9 1.538 1.25893·10−7 9 1.347 1.39099·10−7

10 2.066 0.66003·10−7 10 1.675 1.04380·10−7 10 1.475 1.23618·10−7

11 2.198 0.65134·10−7 11 1.802 0.89330·10−7 11 1.597 1.05604·10−7

12 2.316 0.54343·10−7 12 1.921 0.81329·10−7 12 1.712 0.980590·10−7

13 2.418 0.43323·10−7 13 2.031 0.73243·10−7 13 1.819 0.86606·10−7

14 2.503 0.33629·10−7 14 2.135 0.66925·10−7 14 1.921 0.77773·10−7

15 2.568 0.22762·10−7 15 2.232 0.59011·10−7 15 2.017 0.71660·10−7

16 2.614 0.15309·10−7 16 2.321 0.51745·10−7 16 2.107 0.66103·10−7

17 2.646 0.12415·10−7 17 2.401 0.37836·10−7 17 2.193 0.62597·10−7

18 2.473 0.36924·10−7 18 2.273 0.57802·10−7

19 2.535 0.30333·10−7 19 2.348 0.52977·10−7

20 2.586 0.22249·10−7 20 2.416 0.48865·10−7

21 2.624 0.32560·10−7 21 2.477 0.42874·10−7

22 2.656 0.36031·10−7 22 2.532 0.36855·10−7

23 2.679 0.22243·10−7 23 2.578 0.29787·10−7

24 2.617 0.23348·10−7

25 2.648 0.21063·10−7

26 2.673 0.16473·10−7

27 2.693 0.09307·10−7

5000 0 0.000 0.55998·10−7 0 0.000 0.37608·10−7 0 0.000 0.29001·10−7

1 0.259 0.82794·10−7 1 0.194 0.65690·10−7 1 0.167 0.51597·10−7

2 0.507 0.77280·10−7 2 0.381 0.80984·10−7 2 0.327 0.73925·10−7

3 0.746 0.79359·10−7 3 0.565 0.72617·10−7 3 0.486 0.75943·10−7

4 0.975 0.92771·10−7 4 0.743 0.77806·10−7 4 0.641 0.74990·10−7

5 1.191 0.96326·10−7 5 0.915 0.81876·10−7 5 0.792 0.71843·10−7

6 1.396 0.79917·10−7 6 1.080 0.96890·10−7 6 0.937 0.79576·10−7

7 1.588 0.56721·10−7 7 1.238 0.84272·10−7 7 1.078 0.92157·10−7

8 1.762 0.51647·10−7 8 1.391 0.75447·10−7 8 1.214 0.86090·10−7

9 1.921 0.46885·10−7 9 1.538 0.65267·10−7 9 1.347 0.74701·10−7

10 2.066 0.36131·10−7 10 1.675 0.55439·10−7 10 1.475 0.68115·10−7

11 2.198 0.36483·10−7 11 1.802 0.49067·10−7 11 1.597 0.58977·10−7

12 2.316 0.30467·10−7 12 1.921 0.44263·10−7 12 1.712 0.52260·10−7

(continued on next page)
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Table 13 (continued)

Temperature BeH+ BeD+ BeT+

v+i Ev+i
− E0 Rate coefficient v+i Ev+i

− E0 Rate coefficient v+i Ev+i
− E0 Rate coefficient

(K) (eV) (cm3/s) (eV) (cm3/s) (eV) (cm3/s)

13 2.418 0.25328·10−7 13 2.031 0.39992·10−7 13 1.819 0.47411·10−7

14 2.503 0.20608·10−7 14 2.135 0.36903·10−7 14 1.921 0.43223·10−7

15 2.568 0.14556·10−7 15 2.232 0.33269·10−7 15 2.017 0.40022·10−7

16 2.614 0.10140·10−7 16 2.321 0.29882·10−7 16 2.107 0.37307·10−7

17 2.646 0.053571·10−7 17 2.401 0.21835·10−7 17 2.193 0.34827·10−7

18 2.473 0.22794·10−7 18 2.273 0.32048·10−7

19 2.535 0.19643·10−7 19 2.348 0.29209·10−7

20 2.586 0.15036·10−7 20 2.416 0.27011·10−7

21 2.624 0.18515·10−7 21 2.477 0.24116·10−7

22 2.656 0.19536·10−7 22 2.532 0.21027·10−7

23 2.679 0.15037·10−7 23 2.578 0.17552·10−7

24 2.617 0.14177·10−7

25 2.648 0.13063·10−7

26 2.673 0.10503·10−7

27 2.693 0.06095·10−7
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Abstract. We describe the major low-energy electron-impact processes involving
H+
2 and HD+, relevant for the astrochemistry of the early Universe: Dissociative re-

combination, elastic, inelastic and superelastic scattering. We report cross sections and
Maxwellian rate coefficients of both rotational and vibrational transitions, and outline
several important features, like isotopic, rotational and resonant effects.

Key words: Astrochemistry – Dissociative recombination – Vibrational excitation –
Early Universe .

1. INTRODUCTION

The models of the early Universe (Lepp et al., 2002; Coppola et al., 2016)
state that atomic hydrogen, helium and lithium - and their cations - have been the
very first species produced by the nucleosynthetic activity which followed the Big
Bang. Later on, atoms reacted to form simple molecules, like HeH+, H2, HD, LiH
and their cations. These latter ones face Dissociative Recombination (DR):

AB+(N+
i ,v

+
i )+e

−→A+B, (1)

Ro-Vibrational Transitions (RVT):

AB+(N+
i ,v

+
i )+e

−(ε)→AB+(N+
f ,v

+
f )+e

−(ε′), (2)
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and Dissociative Excitation (DE):

AB+(N+
i ,v

+
i )+e

−→A+B++e−, (3)

where N+
i /N

+
f and v+i /v

+
f are the initial/final rotational and vibrational quantum

numbers of the target ion, and ε/ε′ the energy of the incident/scattered electron.
The dissociative recombination was first bravely proposed as elementary pro-

cess in the Earth’s ionosphere, as a competitor to the photoionisation providing free
electrons (Bates and Massey, 1947). Currently, it is considered a corner-stone re-
action in the synthesis of interstellar molecules and plays an important role in the
ionized layers of other planets, exoplanets and their satellites. In the modeling of
the kinetics of cold dilute gases, the ro-vibrational distribution of molecular species
is governed by competition between formation and destruction processes, absorp-
tion, fluorescence, radiative cascades, and low-energy collisions involving neutral
and ionized atomic and molecular species as well as electrons. Rate coefficients for
such elementary reactions are badly needed, in particular for the chemical models of
the early Universe, interstellar medium, and planetary atmospheres.

Within a semiclassical scenario, a two-step process characterizes the DR. First,
the electron is captured by the molecular cation while exciting an electron, similarly
to the dielectronic recombination of atomic cations. A neutral molecule is formed, for
many species in a doubly-excited, repulsive electronic state, located above the lowest
ionization potential. Second, the molecule dissociates rapidly along the potential
energy curve of this dissociative state. The (re-)ejection of an electron may occur
– autoionization – with low probability due to rapid dissociation which lowers the
electronic energy below the lowest ionization limit. The molecule stabilizes then the
electron capture by dissociating.

The spectroscopic information, given by the output of RVT reactions (2), is
sensitive to the quantum numbers of the target ion (initial: {N+

i , v+i } and final:
{N+

f , v+f }) and consequently it provides the structure of the ionized media. As
for the RVT, they are called Elastic Collisions (EC), Inelastic Collisions and Super-
Elastic Collisions (SEC) when the final energy of the electron is equal, smaller or
larger respectively than the initial one.

This paper aims to illustrate our theoretical approach of the reactive collisions
of electrons with H+

2 and HD+ cations at low – below 1 eV – energy, from basic
ideas to computation of cross sections and rate coefficients, via details of the meth-
ods we use. The results we show are a part of a huge series of data we are about
to produce, relevant for the kinetic modelling of the early Universe. This data gen-
eration was initiated by previous publications of our group (Motapon et al., 2014;
Epée et al., 2016). In the present study, the accent is put on HD+ rather than on H+

2 ,
since most of the latest experiments – performed in storage rings – focused on this
isotopomer, is subject of quick vibrational relaxation and, consequently, more easy to
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vibrationally resolve than the homonuclear species. We have to notice that, whereas
for this latter isotopomer, the rotational transitions involve rotational quantum num-
bers of strictly the same parity (even or odd), this rule is not valid for the deuterated
variant. However, we have assumed it for HD+ too, since no data are so far available
for the gerade/ungerade mixing, and since the transtions between rotational quantum
numbers of different parity are much less intense than the others (Shafir et al., 2009).

Our paper is organized as follows: The introduction is followed – Section 2 –
by a brief description of the employed theoretical approach and of the major compu-
tational details. In section 3 we present and discuss our calculated cross sections and
rate coefficients. The paper ends with conclusions – Section 4.

2. THEORETICAL APPROACH

We presently use a stepwise version of the Multichannel Quantum Defect The-
ory (MQDT) to study the electron-induced reactions described in Eqs. (1–3). In the
last decade, we made evolve this approach and applied it successfully for comput-
ing the dissociative recombination, ro-vibrational and dissociative excitation cross
sections of H+

2 and its isotopoloques (Waffeu et al., 2011; Chakrabarti et al., 2013;
Motapon et al., 2014; Epée et al., 2016), CH+ (Mezei et al., 2019), SH+ (Kashinski
et al., 2017), BeH+ and its isotopologues (Niyonzima et al., 2017; Pop et al., 2017;
Niyonzima et al., 2018), etc.

The reactive collision between an electron and a diatomic cation target can
follow two pathways, a direct one when the electron is captured into a (most of-
ten doubly-excited) dissociation state of the neural and an indirect one where the
electron is captured in a bound mono-excited Rydberg state which in turn is predis-
sociated by the dissociative one. Both pathways involve ionization and dissociation
channels, open if the total energy of the molecular system is higher than the energy
of its fragmentation threshold, and closed in the opposite case. The open channels
are responsible for the direct mechanism and for the autoionization/predissociation,
while the closed ionization channels imply the electron capture into series of Ryd-
berg states (Giusti, 1980; Schneider et al., 1994). The quantum interference between
the indirect and the direct mechanisms results in the total processes.

A detailed description of method has been given in previous articles (Motapon
et al., 2014; Mezei et al., 2019), and here, the main ideas and steps will be recalled.

1. Building the interaction matrix: Within a quasidiabatic representation, for a
given set of conserved quantum numbers of the neutral system, Λ (projection
of the electronic angular momentum on the internuclear axis) and N (total ro-
tational quantum number), the interaction matrix is based on the couplings be-
tween ionization channels – associated with the ro-vibrational levels N+,v+
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of the cation and with the orbital quantum number l of the incident/Rydberg
electron – and dissociation channels.

2. Computation of the reaction matrix: We adopt the second-order perturbative
‘exact’ solution (Ngassam et al., 2003) of the Lippmann-Schwinger integral
equation (Florescu et al., 2003; Motapon et al., 2006).

3. Diagonalization of the reaction matrix: We end up in building the eigenchannel
short-range representation.

4. Frame transformation We switch from the Born-Oppenheimer (short-range)
representation, characterized by N , v, and Λ to the close-coupling (long-range)
representation, characterized byN+, v+,Λ+ for the ion, and l (orbital quantum
number) for the incident/Rydberg electron.

5. Building of the generalized scattering matrix: Based on the frame-transformation
coefficients and on the Cayley transform, we obtain the generalized scattering
matrix, organized in blocks associated with energetically open (o) and/or closed
(c) channels:

X =

(
Xoo Xoc

Xco Xcc

)
. (4)

6. Building of the physical scattering matrix: Applying the method of ”elimination
of the closed channels” (Seaton, 1983) we get the scattering matrix:

S =Xoo−Xoc
1

Xcc− exp(−i2πν)Xco. (5)

The diagonal matrix ν in the denominator above contains the effective quantum
numbers corresponding to the vibrational thresholds of the closed ionisation
channels at the current total energy of the system.

7. Computation of the cross-sections: For the target initially in a state characterized
by the quantum numbersN+

i ,v
+
i ,Λ

+
i , and for the energy of the incident electron

ε, the dissociative recombination and the ro-vibrational transitions global cross-
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sections read respectively

σdiss←N+
i v+i

=
∑

Λ,sym

σ
(sym,Λ)

diss←N+
i v+i

, (6)

σ
(sym,Λ)

diss←N+
i v+i

=
π

4ε
ρ(sym,Λ)

∑

N

2N +1

2N+
i +1

∑

l,j

| S(sym,Λ,N)

dj ,N
+
i v+i l

|2, (7)

σN+
f v+f ←N+

i v+i
=

∑

Λ,sym

σ
(sym,Λ)

N+
f v+f ←N+

i v+i
, (8)

σ
(sym,Λ)

N+
f v+f ←N+

i v+i
=

π

4ε
ρ(sym,Λ)

∑

N

2N +1

2N+
i +1

∑

l,l′
| S(sym,Λ,N)

N+
f v+f l′,N+

i v+i l
(9)

− δN+
i N+

f
δv+i v+f

δll′ |2,

where sym is refering to the inversion symmetry – gerade/ungerade – and to
the spin quantum number of the neutral system, N is standing for its total rota-
tional quantum number, and ρ(sym,Λ) is the ratio between the multiplicities of
the neutral system and of the ion.

3. RESULTS AND DISCUSSIONS

The results presented in this work are the first ones going beyond our previ-
ous studies performed on HD+ (Waffeu et al., 2011; Motapon et al., 2014) and
H+
2 (Epée et al., 2016) for low collision energies relevant for astrophysical applica-

tions. Indeed, not only we extended the range of the incident energy of the electron
but, furthermore, we considered for the first time simultaneous rotational and vibra-
tional transitions (excitations and/or de-excitations).

The calculations were performed using the step-wise MQDT method including
rotation, briefly outlined in the previous section. We have used the same molecular
structure data sets as those from our previous studies (Waffeu et al., 2011; Motapon
et al., 2014; Epée et al., 2016). The cross sections have been calculated with the
inclusion of both direct and indirect mechanisms for the Σ+, Π and ∆ – singlet and
triplet, gerade and ungerade – symmetries at the highest (second) order of perturba-
tion theory. The energy range considered here was 10−5− 1.7 eV, while the energy
step was taken as 0.01 meV.

Our results are presented in Figures 1–4, where we have chosen three differ-
ent initial ro-vibrational levels of the ground electronic state of both target systems,
namely (N+

i ,v
+
i ) = (0,0), (1,0) and (0,1), corresponding to ground state, lowest

rotationally excited state and lowest vibrationally excited state respectively. The cal-
culated cross sections (Figs. 1–3) are restricted to low collision energies – ε ≤ 0.5
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Fig. 1 – Dissociative Recombination (DR) and Elastic Collisions (EC) of HD+(X2Σ+g ), effect of the
excitation of the target. Black: target in its ground state (N+

i = 0,v+i = 0). Red: target rotationally
excited (N+

i = 1,v+i = 0). Blue: target vibrationally excited (N+
i = 0,v+i = 1).

eV – where the rotational effects are the most relevant, while for calculating the rate
coefficients (Fig. 4) we have used the cross sections on the whole energy range.

Figure 1 shows the dissociative recombination (solid lines) and resonant elastic
scattering (dashed lines) cross sections of HD+ for the previously defined three ini-
tial target states. The background 1

ε trend is due to the direct mechanism, while the
resonant structures correspond to the temporary captures of the incident electron into
ro-vibrational levels of Rydberg states - indirect mechanism. The cross section of
EC exceeds the DR by at least two orders of magnitudes, and we found that the im-
portance of resonances and of the target-excitation effects are much less pronounced
than in the case of the DR, both on order of magnitude and on position and number
density of resonances.

Figure 2 illustrates the dependence of the ro-vibrational excitation – ∆N+ =
0,2,4 and ∆v+ = 0,1 – cross section on the excitation of the target. While the
most prominent ∆N+ = 2 ∆v+ = 0 transition shows very little dependence, those
involving more change in the ro-vibrational state are more sensitive to the target state.
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Fig. 3 – De-excitation of the lowest vibrationally-excited level (N+
i = 0,v+i = 1) of HD+(X2Σ+g ),

dependence on the final ro-vibrational state: (N+
i = 0,v+i = 0) - vibrational de-excitation, black,

(N+
i = 2,v+i = 0) and (N+

i = 4,v+i = 0) - rotational excitation and vibrational de-excitation, blue
and red respectively.

The largest sensitivity corresponds to the ∆N+ = 4 transition, where a unity
change in either and/or both rotational and vibrational quanta increases the cross
section with more than one order of magnitude.

The cross sections display threshold effects and, similarly to DR, prominent
resonances. On the other hand, concerning the intensity of the transitions, the∆N+=
2 ∆v+ = 0 one is followed by the ∆v+ = 1 purely vibrational (blue curves) and by
either the ∆N+ = 4 purely rotational (red curves) or ∆N+ = 2, ∆v+ = 1 (green
curves) ’mixed’ ro-vibrational excitations. The smallest cross sections caracterize
the ∆N+ = 4, ∆v+ = 1 excitations.

Figure 3 is an illustration of the dependence of the de-excitation cross section
on the final ro-vibrational state of the target ion. We have chosen as example the
case of HD+(X2Σ+

g ) initially on its (N+
i = 0,v+i = 1) level. The black, blue and

red curves correspond to the (∆v+ = −1, ∆N+ = 0), (∆v+ = −1, ∆N+ = 2), and
(∆v+ = −1, ∆N+ = 4) transitions respectively. While bellow 10 meV of collision
energy the three cross sections have roughly the same shape and magnitude, above 10
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Fig. 4 – Electron-impact dissociative recombination and ro-vibrational transitions of HD+ and H+
2 in

their ground state: Maxwell rate coefficients.

meV the ∆N+ = 4 transition shows quite different resonance patterns and becomes
almost one order of magnitude smaller than the other two transitions.

And finally, in order to obtain the thermal rate coefficients, we have convoluted
our cross sections with the isotropic Maxwell distribution function for the kinetic
energy of the incident electrons:

α(T ) =
8π

(2πkT )3/2

∫ +∞

0
σ(ε)εexp(−ε/kT )dε, (10)

where σ is one of the cross sections calculated according the eqs. (6) and (9) and k
is the Boltzmann constant.

The DR and RVT Maxwell rate coefficients for electron temperatures between
10 and 3000 K are given in Fig. 4 for HD+ and H+

2 targets initially in their ground
ro-vibrational state (N+

i ,v
+
i ) = (0,0). The resonant EC rates are overall constantly

the highest. Among the othess proceses the DR ones predominates at very low tem-
peratures, and is surpassed by the lowest rotational excitation above 50 K. The higher
excitations become notable above 2000 K only. Figure 4 also illustrates the isotopic
effects: it is important for ∆N+ = 2 and 4 rotational excitations and for DR below
100 K electron temperature.
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4. CONCLUSIONS

The multichannel quantum defect theory results in the detailed modeling of
the reactive collisions of electrons with H+

2 and HD+. The account of the interfer-
ing mechanisms - direct and indirect - as well as of the major interactions - Ryd-
berg/valence, ro-vibronic and rotational - result in accurate state-to-state theoretical
cross sections and rate coefficients.

The results of the present paper are a first step in the extension of our previous
studies on reactive collision of HD+ and H+

2 with electrons to a wider range of in-
cident collision energy and to mixed - i.e. simultaneous rotational and vibrational -
transitions. The results concerning higher ro-vibrational levels are the subject of an
ongoing work. We do expect a strong dependence of the cross sections and Maxwell
rate coefficients on the target state. The provided collisional data are available on
demand to be used in the kinetics modeling in astrochemistry - early Universe, inter-
stellar molecular space - and cold plasma physics.
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