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❆❇❙❚❘❆❈❚ ✸

❘és✉♠é

▲❡ s✉❥❡t ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❧❛ t♦♣♦❧♦❣✐❡ ❞❡s ✜❜r❡s ❞❡ ▼✐❧♥♦r ❞❡s s✐♥❣✉❧❛r✐tés

ré❡❧❧❡s✳ ■❧ ② ❡st ét❛❜❧✐❡ ✉♥❡ ❢♦r♠✉❧❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ❣r♦✉♣❡s ❞✬❤♦♠♦❧♦❣✐❡ ❞❡s

✜❜r❡s ❞❡ ▼✐❧♥♦r ❞✬✉♥ ❣❡r♠❡ ❞❡ s✐♥❣✉❧❛r✐té ❞✬❤②♣❡rs✉r❢❛❝❡ f : (Rn+1, 0) → (R, 0) ❀

❝❡tt❡ ❢♦r♠✉❧❡ ❡st ✈❛❧❛❜❧❡ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ♣♦rt❛♥t s✉r ❧❡s ✐♥❞✐❝❡s ❞❡ ▼♦rs❡

❞❡s ♣♦✐♥ts ❝r✐t✐q✉❡s ❞✬✉♥❡ ♣❡t✐t❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ s✐♥❣✉❧❛r✐té✳ ❙✉♣♣♦s♦♥s q✉❡

X ⊂ Rn ❡st ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❛❧❣é❜r✐q✉❡ ré❡❧ éq✉✐❞✐♠❡♥s✐♦♥♥❡❧ ❛②❛♥t ✉♥ ♣♦✐♥t

s✐♥❣✉❧✐❡r ✐s♦❧é à ❧✬♦r✐❣✐♥❡ ❡t q✉❡ f : X → R ❡st ❧❛ r❡str✐❝t✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥

♣♦❧②♥♦♠✐❛❧❡ f̃ : Rn → R✳ ❉❛♥s ❝❡tt❡ s✐t✉❛t✐♦♥ ✉♥❡ ❢♦r♠✉❧❡ ❡st ét❛❜❧✐❡ ♣♦✉r ❧❛

❝❛r❛❝tér✐st✐q✉❡ ❞✬❊✉❧❡r✲P♦✐♥❝❛ré ❞❡s ✜❜r❡s ❞❡ ▼✐❧♥♦r ❞❡ f à ❧✬♦r✐❣✐♥❡✱ ✈❛❧✐❞❡ s♦✉s

❧✬❤②♣♦t❤ès❡ q✉❡ f ❛✐t ✉♥❡ ♠♦rs✐✜❝❛t✐♦♥✳

❑❡②✇♦r❞s✳ ❙✐♥❣✉❧❛r✐tés ❘é❡❧❧❡s✱ ❋✐❜r❡ ❞❡ ▼✐❧♥♦r✱ ❋✐❜r❡ ❞❡ ▼✐❧♥♦r ▼♦t✐✈✐q✉❡

❘é❡❧❧❡✱ ❊q✉✐✈❛❧❡♥❝❡ ❇❧♦✇✲◆❛s❤✱ ❊q✉✐✈❛❧❡♥❝❡ ❆♥❛❧②t✐q✉❡ P❛r ❆r❝s✱ ❈②❝❧❡s ➱✈❛♥❡s✲

❝❡♥ts ❘é❡❧s✱ ▼♦rs✐✜❝❛t✐♦♥✱ ●r♦✉♣❡s ❞✬❍♦♠♦❧♦❣✐❡ ❙✐♥❣✉❧✐❡r✱ ❈❛r❛❝tér✐st✐q✉❡ ❞✬❊✉❧❡r✲

P♦✐♥❝❛ré

❆❜str❛❝t

❚❤❡ s✉❜❥❡❝t ♦❢ st✉❞② ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ r❡❛❧

s✐♥❣✉❧❛r✐t✐❡s✳ ❆ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s ♦❢ ❛ ❣❡r♠

♦❢ ❤②♣❡rs✉r❢❛❝❡ s✐♥❣✉❧❛r✐t② f : (Rn+1, 0) → (R, 0) ✐s ❡st❛❜❧✐s❤❡❞❀ t❤❡ ❢♦r♠✉❧❛ ✐♥

q✉❡st✐♦♥ ✐s ✈❛❧✐❞ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥str❛✐♥ts ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ ▼♦rs❡ ✐♥❞✐❝❡s ♦❢ t❤❡

❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t②✳ ❙✉♣♣♦s❡ t❤❛t X ⊂ Rn ✐s ❛♥

❡q✉✐❞✐♠❡♥s✐♦♥❛❧ r❡❛❧ ❛❧❣❡❜r❛✐❝ s✉❜s❡t ❤❛✈✐♥❣ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥

❛♥❞ t❤❛t f : X → R ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f̃ : Rn → R✳ ■♥ t❤✐s

s✐t✉❛t✐♦♥ ❛ ❢♦r♠✉❧❛ ✐s ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ▼✐❧♥♦r

✜❜r❡s ♦❢ f ❛t t❤❡ ♦r✐❣✐♥✱ ✈❛❧✐❞ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t f ❤❛s ❛ ♠♦rs✐✜❝❛t✐♦♥✳

❑❡②✇♦r❞s✳ ❘❡❛❧ ❙✐♥❣✉❧❛r✐t✐❡s✱ ▼✐❧♥♦r ❋✐❜r❡✱ ❘❡❛❧ ▼♦t✐✈✐❝ ▼✐❧♥♦r ❋✐❜r❡s✱ ❇❧♦✇✲

◆❛s❤ ❊q✉✐✈❛❧❡♥❝❡✱ ❆r❝✲❆♥❛❧②t✐❝ ❊q✉✐✈❛❧❡♥❝❡✱ ❘❡❛❧ ❱❛♥✐s❤✐♥❣ ❈②❝❧❡s✱ ▼♦rs✐✜❝❛t✐♦♥✱

❙✐♥❣✉❧❛r ❍♦♠♦❧♦❣② ●r♦✉♣s✱ ❊✉❧❡r✲P♦✐♥❝❛ré ❈❤❛r❛❝t❡r✐st✐❝





❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■♥ ✇r✐t✐♥❣ t❤✐s t❤❡s✐s ■ ❤❛✈❡ ♣r♦✜t❡❞ ❢r♦♠ t❤❡ ✇✐s❞♦♠✱ ♣❛t✐❡♥❝❡ ❛♥❞ ❣♦♦❞✇✐❧❧

♦❢ ♠② s✉♣❡r✈✐s♦rs ●❡♦r❣❡s ❈♦♠t❡ ❛♥❞ ▼✐❝❤❡❧ ❘❛✐❜❛✉t✳ ■ ✇✐s❤ t♦ s✐♥❝❡r❡❧② t❤❛♥❦

t❤❡♠ ❢♦r t❤❡✐r ♠❛♥② ❤♦✉rs s♣❡♥t ❝♦rr❡❝t✐♥❣ ♠② ✇♦r❦✱ ❛♥❞ t❤❡ ♠❛♥② ✇♦r❞s ♦❢ ❛❞✈✐❝❡

t❤❛t t❤❡② ❤❛✈❡ ❜❡st♦✇❡❞ ✉♣♦♥ ♠❡ ❛s t♦ ♠❛❦❡ t❤❡ ❡①♣♦s✐t✐♦♥ ♦❢ t❤✐s ♣r♦❥❡❝t ❛s ❝❧❡❛r

❛s ♣♦ss✐❜❧❡✳ ■ ✇✐s❤ t♦ t❤❛♥❦ t❤❡ ♦t❤❡r P❤❉ st✉❞❡♥ts ❛t ▲❆▼❆✱ ♣❛st ❛♥❞ ♣r❡s❡♥t✱

✐♥ ♣❛rt✐❝✉❧❛r ❈❧♦✈✐s✱ ▼✐❝❦❛❡❧✱ P✐❡rr❡ ❛♥❞ ❘é♠② ❢♦r t❤❡✐r ❝♦♠♣❛♥② ❛♥❞ ❢♦r ♠❛♥②

✐♥t❡r❡st✐♥❣ ❞✐s❝✉ss✐♦♥s✳ ■ ❛❧s♦ ✇✐s❤ t♦ t❤❛♥❦ ♠② ✈❡r② ❞❡❛r ❢r✐❡♥❞s ❈♦❧✐♥❡ ❛♥❞ ❨✈❛✐♥

✇✐t❤ ✇❤♦♠ ■ ❤❛✈❡ ❤❛❞ ♠❛♥② ❤❛♣♣② ♦♣♣♦rt✉♥✐t✐❡s t♦ ❞✐s❝✉ss ❧✐t❡r❛t✉r❡ ❛♥❞ s✉❝❤

✭❛♥❞ ✇✐t❤ ❨✈❛✐♥✱ s❤❛r✐♥❣ ♠❛♥② ❧❛t❡ ❝♦♥✈❡rs❛t✐♦♥s ♦❢t❡♥t✐♠❡s ❜② ❛ ❧❛❦❡s✐❞❡ ✈✐❡✇✮✳

❍♦✇❡✈❡r ✐❢ ✐t ❤❛❞ ♥♦t ❜❡❡♥ ❢♦r ♠② ❢❛t❤❡r ❆r♥❡✱ ♠② ♠♦t❤❡r ▲✐❧✐❛♥♥❡ ❛♥❞ ♠②

s✐st❡r ■❞❛ t❤✐s ♣r♦❥❡❝t ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ t❤r♦✉❣❤✳ ■❢ ✐t ❤❛❞ ♥♦t ❜❡❡♥ ❢♦r

t❤❡ ✇♦r❞s ♦❢ ❡♥❝♦✉r❛❣❡♠❡♥ts ♦❢ ♠② ❢❛t❤❡r ■ ✇♦✉❧❞ ❧✐❦❡❧② ♥♦t ❤❛✈❡ ❝♦♥t✐♥✉❡❞ ✇♦r❦✐♥❣

✐♥ t❤❡ ♠❛♥② t✐♠❡s ♦❢ ❝♦♠♣❧❡t❡ ❞✐s♣❛✐r✳ ■ ✇✐s❤ t♦ t❤❛♥❦ ❤✐♠ ❢♦r ❜❡✐♥❣ t❤❡r❡✱ ❛❧✇❛②s✱

t♦ t❛❧❦ ✇✐t❤✳ ❚❤♦s❡ ♠❛♥② ♠♦♠❡♥ts ✇❤❡♥ ❧✐❢❡ s❡❡♠ ❞❛r❦ ❤❡ ❤❛s ❛❧✇❛②s ❛ ❣♦♦❞ ❜♦♦❦

♦r ❛ ♠❛st❡r♣✐❡❝❡ ✐♥ ♦♥❡ ❢♦r♠ ♦r ❛♥♦t❤❡r ✐♥ r❡s❡r✈❡✱ t♦ ❣✉✐❞❡ ♠❡ t♦ ❜❡tt❡r t❤♦✉❣❤ts✱

t♦ ❢✉t✉r❡ ❞❛②s✳ ▼② s✐st❡r✬s ❝❛r❡ ❤❛s ❝❛rr✐❡❞ ♦✉r ❢❛♠✐❧② t❤r♦✉❣❤ ❞✐✣❝✉❧t t✐♠❡s✳ ❙❤❡

❤❛s ❜❡❡♥ str♦♥❣ ✇❤❡♥ ♥♦♥❡ ♦❢ ✉s ❝♦✉❧❞ ❜❡ ❛♥❞ ✐❢ ✐t ❤❛❞ ♥♦t ❜❡❡♥ ❢♦r ❤❡r ❜♦t❤ ♠❡

❛♥❞ ♠② ❢❛t❤❡r ❝♦✉❧❞ ♥♦t ❤❛✈❡ ♠❛♥❛❣❡❞✳ ❆♥❞ ✐❢ ✐t ❤❛❞ ♥♦t ❜❡❡♥ ❢♦r ♠② ❧❛t❡ ♠♦t❤❡r✱

♣❛ss❡❞ ❛✇❛② s✉❞❞❡♥❧② ◆♦✈❡♠❜❡r ✷✸ ✷✵✶✼✱ ■ ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❝♦♠❡ t♦

❋r❛♥❝❡ ❛♥❞ ♣✉rs✉❡ ♠② st✉❞✐❡s ❤❡r❡✳ ❚❤r♦✉❣❤♦✉t ♠② ❧✐❢❡ s❤❡ ❤❛s ❜❡❡♥ ❛ ❧✐❣❤t ❢♦r

♠❡✱ ✐♥ ❤❡r ♠❛♥② ✇❛②s✱ ❛♥❞ s❤❡ st✐❧❧ ✐s✳ ❙❤❡ ✇❛s t❤❡ ♦♥❡ ✇❤♦ ✇♦✉❧❞ t❡❧❧ ♠❡ s♦ t❤❛t

■ ❝♦✉❧❞ ❜❡❧✐❡✈❡ ✐t t♦ ❜❡ tr✉❡✱ t❤❛t ❡✈❡r②t❤✐♥❣ ✇✐❧❧ ✇♦r❦ ♦✉t ✐♥ t❤❡ ❡♥❞✳

❚❤✐s ✇♦r❦ ✐s ❞❡❞✐❝❛t❡❞ t♦ ❤❡r ♠❡♠♦r②✳

✺





❈♦♥t❡♥ts

❘és✉♠é ✸

❆❜str❛❝t ✸

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ✺

❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡♥ ❋r❛♥ç❛✐s ✾

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✾

✷✳ ❙✐♥❣✉❧❛r✐tés ❘é❡❧❧❡s ✶✵

✸✳ ❋✐❜r❡s ❞❡ ▼✐❧♥♦r ▼♦t✐✈✐q✉❡s ✶✶

❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ ✶✾

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✾

✷✳ ❘❡❛❧ ❙✐♥❣✉❧❛r✐t✐❡s ✷✵

✸✳ ❘❡❛❧ ▼♦t✐✈✐❝ ▼✐❧♥♦r ❋✐❜❡rs ✷✺

✹✳ ❆ ❇r✐❡❢ ❖✉t❧✐♥❡ ♦❢ ❆r❝✲❆♥❛❧②t✐❝ ●❡♦♠❡tr② ✸✻

✺✳ ❙✉♠♠❛r② ♦❢ ❘❡s✉❧ts ✸✼

❈❤❛♣t❡r ✸✳ ▼♦t✐✈✐❝ ▼✐❧♥♦r ❋✐❜r❡s ♦❢ ❋❛♠✐❧✐❡s ♦❢ ❙✐♥❣✉❧❛r✐t✐❡s ✹✾

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✹✾

✷✳ ❚❤❡ ❆r❝✲❆♥❛❧②t✐❝ ❊q✉✐✈❛❧❡♥❝❡ ✹✾

✸✳ ■♥✈❛r✐❛♥❝❡ ❯♥❞❡r t❤❡ ❆r❝✲❆♥❛❧②t✐❝ ❊q✉✐✈❛❧❡♥❝❡ ✺✸

✹✳ ❆r❝✲❲✐s❡ ❆♥❛❧②t✐❝ ❚r✐✈✐❛❧✐t② ✺✼

❈❤❛♣t❡r ✹✳ ■s♦❧❛t❡❞ ❘❡❛❧ ❍②♣❡rs✉r❢❛❝❡ ❙✐♥❣✉❧❛r✐t✐❡s ✻✺

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✻✺

✷✳ ■s♦❧❛t❡❞ ❘❡❛❧ ❍②♣❡rs✉r❢❛❝❡ ❙✐♥❣✉❧❛r✐t✐❡s ✻✺

✸✳ Pr❡♣❛r❛t♦r② ▲❡♠♠❛s ✽✶

✹✳ ❖♥ t❤❡ ❍♦♠♦t♦♣② ❚②♣❡ ♦❢ ❚❤❡ ❘❡❛❧ ▼✐❧♥♦r ❋✐❜r❡s ✽✽

✺✳ ❖♥ t❤❡ ❍♦♠♦❧♦❣② ♦❢ ❚❤❡ ❘❡❛❧ ▼✐❧♥♦r ❋✐❜r❡s ✾✾

❈❤❛♣t❡r ✺✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ❘❡❛❧ ADE✲❙✐♥❣✉❧❛r✐t✐❡s ✶✶✸

✼



✽ ❈❖◆❚❊◆❚❙

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✶✸

✷✳ ❖♥ t❤❡ ❚♦♣♦❧♦❣② ♦❢ ❘❡❛❧ ADE✲❙✐♥❣✉❧❛r✐t✐❡s ✶✶✸

❈❤❛♣t❡r ✻✳ ▼♦rs✐✜❛❜❧❡ ❘❡❛❧ ❙✐♥❣✉❧❛r✐t✐❡s ✶✷✸

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✷✸

✷✳ ❚❤❡ ❙✐t✉❛t✐♦♥ ✶✷✸

✸✳ ❙tr❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥s ✶✷✹

✹✳ Pr❡♣❛r❛t♦r② ▲❡♠♠❛s ✶✷✺

✺✳ ❖♥ t❤❡ ❍♦♠♦t♦♣② ❚②♣❡ ♦❢ t❤❡ ▼✐❧♥♦r ❋✐❜r❡s ✶✸✷

✻✳ ❈♦♥s❡q✉❡♥❝❡s ✶✸✼

❇✐❜❧✐♦❣r❛♣❤② ✶✹✸



❈❍❆P❚❊❘ ✶

■♥tr♦❞✉❝t✐♦♥ ❡♥ ❋r❛♥ç❛✐s

✏ ′Oϕϑαλµoυ̃ κ̺άτǫι✑

▼❛①✐♠❡ ❉❡❧♣❤✐q✉❡

✶✳ ■♥tr♦❞✉❝t✐♦♥

❙✐ ❧✬✉♥ ❞❡s ❜✉ts ♣r✐♥❝✐♣❛✉① ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ s✐♥❣✉❧❛r✐tés ❡st ❞✬♦❜t❡♥✐r ✉♥❡

❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés✱ ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞✬✐♥✈❛r✐❛♥ts ❝❛❧❝✉❧❛❜❧❡s ❞❡ ♥❛t✉r❡

t♦♣♦❧♦❣✐q✉❡ ♦✉ ❛❧❣é❜r✐q✉❡ ❞❡s s✐♥❣✉❧❛r✐tés ❡st ❡♥ ♣r❡♠✐❡r ❧✐❡✉ s♦✉❤❛✐t❛❜❧❡✱ ❡t ❡♥ s❡❝✲

♦♥❞ ❧✐❡✉ ✉♥❡ r❡❧❛t✐♦♥ ❞✬éq✉✐✈❛❧❡♥❝❡ ❝♦♥✈❡♥❛❜❧❡ q✉✐ ♣rés❡r✈❡ ❧✬✉♥ ❞❡ ❝❡s ✐♥✈❛r✐❛♥ts✳

P♦✉r ❧❡s s✐♥❣✉❧❛r✐tés ❞é✜♥✐❡s s✉r ❧❡ ❝♦r♣s ❞❡s ♥♦♠❜r❡s ❝♦♠♣❧❡①❡s ❞❡ t❡❧s ✐♥✈❛r✐❛♥ts

s♦♥t ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ✉t✐❧✐sés ♣♦✉r ❝❡ ♣r♦❜❧è♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✶✱ ❡t ♣❧✉s✐❡✉rs ❝❤♦✐①

s♦♥t à ❢❛✐r❡ ❡♥tr❡ ❞✐✛ér❡♥t❡s r❡❧❛t✐♦♥s ❞✬éq✉✐✈❛❧❡♥❝❡ ❞❡ ❣❡r♠❡s✱ ❝♦♠♠❡ ❧✬éq✉✐✈❛❧❡♥❝❡

❝♦♥t❛❝t ♦✉ ❧✬éq✉✐✈❛❧❡♥❝❡ à µ✲❝♦♥st❛♥t✱ q✉✐ ♣rés❡r✈❡♥t ✉♥ ♦✉ ♣❧✉s✐❡✉rs ❞❡ ❝❡s ✐♥✈❛r✐✲

❛♥ts✳ ▲❡ ❜✉t ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❞✬ét✉❞✐❡r ❧❡s ✐♥✈❛r✐❛♥ts ❛❧❣é❜r♦✲t♦♣♦❧♦❣✐q✉❡s

❞❡s ✜❜r❡s ❞❡ ▼✐❧♥♦r ❞❡s s✐♥❣✉❧❛r✐tés ré❡❧❧❡s✱ ❡t ❡♥ ♣r❡♠✐❡r ❧✐❡✉ ❧❡✉rs ♥♦♠❜r❡s ❞❡

❇❡tt✐✱ ♠❛✐s ❛✉ss✐ ❧❡✉r ❝❛r❛❝tér✐st✐q✉❡ ❞✬❊✉❧❡r✲P♦✐♥❝❛ré✳

❈✬❡st ❡♥ ❣é♥ér❛❧ ✉♥ ♣r♦❜❧è♠❡ ❞é❧✐❝❛t ❞❡ ❝❛❧❝✉❧❡r ❡✣❝❛❝❡♠❡♥t ❞❡s ✐♥✈❛r✐❛♥ts

♣♦✉r ❧❡s ✜❜r❡s ❞❡ ▼✐❧♥♦r ❞❡ s✐♥❣✉❧❛r✐tés ré❡❧❧❡s✱ ❡t ♣❛r ❝♦♥séq✉❡♥t ❧❡s ❞✐✛ér❡♥ts

♣r♦❜❧è♠❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ r❡st❡♥t ❡♥ ❣é♥ér❛❧ ❝♦♠♣❧èt❡♠❡♥t ♦✉✈❡rts✳ ❯♥ ♣r♦❣rès

♥♦t❛❜❧❡ ❛ été ❢❛✐t ré❝❡♠♠❡♥t ❡♥ ❝♦♥s✐❞ér❛♥t ❞❡s ✐♥✈❛r✐❛♥ts ❞❡ ♥❛t✉r❡ ♠♦t✐✈✐q✉❡s✱

❝♦♠♠❡ ❞✐✛ér❡♥t❡s ❢♦♥❝t✐♦♥s ③êt❛ ♠♦t✐✈✐q✉❡s✱ à ❧✬❛✐❞❡ ❞❡sq✉❡❧s ●✳ ❋✐❝❤♦✉ ❬✷✷❪ ❡t ❏✳✲

❇✳ ❈❛♠♣❡s❛t♦ ❬✾❪ ♦♥t ❝❧❛ss✐✜é r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s s✐♥❣✉❧❛r✐tés ADE ❡t ❧❡s ♣♦❧②♥ô♠❡s

❞❡ ❇r✐❡s❦♦r♥✱ ♣♦✉r ❧✬éq✉✐✈❛❧❡♥❝❡ ❇❧♦✇✲◆❛s❤ ❞❡s ❣❡r♠❡s ❞❡ ◆❛s❤✳ ❯♥ ❛✉tr❡ ❜✉t ❞❡

❝❡tt❡ t❤ès❡ ❡st ❧✬ét✉❞❡ ❞❡s ❢♦♥❝t✐♦♥s ③êt❛ ♠♦t✐✈✐q✉❡s ✐♥tr♦❞✉✐t❡s ♣❛r ●✳ ❈♦♠t❡ ❡t ●✳

❋✐❝❤♦✉ ❞❛♥s ❬✶✶❪ ♦ù ❡st ♠♦♥tré q✉❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣♦❧②♥ô♠❡ ❞❡ P♦✐♥❝❛ré ✈✐rt✉❡❧ ❞❡s

✜❜r❡s ❞❡ ▼✐❧♥♦r ♠♦t✐✈✐q✉❡s ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❢♦♥❝t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ft : Rn → R

✶❈♦♠♠❡ ❧❡s ♥♦♠❜r❡s ❞❡ ▼✐❧♥♦r✱ ❡t ❞❡ ❚❥✉r✐♥❛ ♣♦✉r ♥❡ ❝✐t❡r q✉❡ ❝❡s ❡①❡♠♣❧❡s✳

✾



✶✵ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆ ❊◆ ❋❘❆◆➬❆■❙

♣❛r❛♠étré❡ s❡♠✐✲❛❧❣é❜r✐q✉❡♠❡♥t ♣❛r ✉♥ ❡♥s❡♠❜❧❡ T ✱ ❡st ❣é♥ér✐q✉❡♠❡♥t ❝♦♥st❛♥t✱

✐✳❡ ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ ♣❛r❛♠ètr❡ t ∈ T ❡♥✲❞❡❤♦rs ❞✬✉♥ ❡♥s❡♠❜❧❡ s❡♠✐✲❛❧❣é❜r✐q✉❡ ❞❡

❝♦❞✐♠❡♥s✐♦♥ ♣♦s✐t✐✈❡ ❞❛♥s T ✳

✷✳ ❙✐♥❣✉❧❛r✐tés ❘é❡❧❧❡s

✷✳✶✳ ▲❡s ❋✐❜r❡s ❞❡ ▼✐❧♥♦r ❘é❡❧❧❡s✳ ❉❛♥s ❬✸✾❪ ❏♦❤♥ ▼✐❧♥♦r ❛ ét✉❞✐é ❧❛

t♦♣♦❧♦❣✐❡ ❞❡s ❡♥s❡♠❜❧❡s ❛♥❛❧②t✐q✉❡s ré❡❧s ❡t ❝♦♠♣❧❡①❡s ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞✬✉♥ ♣♦✐♥t

s✐♥❣✉❧✐❡r ✐s♦❧é ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❛❧②t✐q✉❡✱ ét❛❜❧✐ss❛♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ✜❜ré ❧✐ss❡

❧♦❝❛❧❡♠❡♥t tr✐✈✐❛❧ ❛✉✲❞❡ss✉s ❞✬✉♥❡ ❜♦✉❧❡ é♣♦✐♥té❡ ❞❡ r❛②♦♥ s✉✣s❛♠♠❡♥t ♣❡t✐t✱ ❝❡♥✲

tré❡ ❡♥ ❧❛ ✈❛❧❡✉r ❞✉ ♣♦✐♥t ❝r✐t✐q✉❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s s♦✐t f : (Rn+k, 0) → (Rk, 0)

✉♥ ❣❡r♠❡ ❞❡ ❢♦♥❝t✐♦♥ ❛♥❛❧②t✐q✉❡ ré❡❧❧❡✳ ❈❤♦✐s✐ss♦♥s✲❡♥ ✉♥ r❡♣rés❡♥t❛♥t f :M → Rk

s✉r ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt ❝♦♥t❡♥❛♥t ❧✬♦r✐❣✐♥❡✳ P♦✉r k ≥ 2✱ ▼✐❧♥♦r ♠♦♥tr❡ ❧✬é♥♦♥❝é

s✉✐✈❛♥t✳

❚❤❡♦r❡♠ ✶✳✶ ✭❬✹✻✱ ❚❤❡♦r❡♠ ✹✳✷❪✮✳ ❙✐ ❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❏❛❝(f) ❡st ❞❡ r❛♥❣

♠❛①✐♠❛❧ ❡♥ ❞❡❤♦rs ❞❡ ❧✬♦r✐❣✐♥❡✱ ❛❧♦rs ✐❧ ❡①✐st❡ δ0 > 0 t❡❧ q✉❡✱ s✐ δ ∈ (0, δ0]✱ ✐❧ ❡①✐st❡

ǫ0 > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t ǫ ∈ (0, ǫ0] ❧❛ r❡str✐❝t✐♦♥

f : f−1(Bkǫ \ {0}) ∩ Bn+kδ → Bkǫ \ {0}

❡st ✉♥❡ ✜❜r❛t✐♦♥ ❧✐ss❡ ❧♦❝❛❧❡♠❡♥t tr✐✈✐❛❧❡✳

▲❡s ✜❜r❡s ❞❡ ❝❡tt❡ ✜❜r❛t✐♦♥ s♦♥t ❛❧♦rs ❞❡s ✈❛r✐étés ❧✐ss❡s ❡t s✬❛♣♣❡❧❧❡♥t ❧❡s ✜❜r❡s

❞❡ ▼✐❧♥♦r ❞❡ f à ❧✬♦r✐❣✐♥❡✳ P♦✉r k ≥ 2 ❧❛ ❜♦✉❧❡ é♣♦✐♥té❡ ❡st ❝♦♥♥❡①❡ ❡t ❞♦♥❝ ❧❡s

✜❜r❡s ❞❡ ▼✐❧♥♦r

Fη = f−1(η) ∩ Bn+kδ , η ∈ Bkǫ \ {0}

s♦♥t ❞✐✛é♦♠♦r♣❤❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ♣♦✉r k = 1 ✐❧ ❡①✐st❡ ❣é♥ér❛❧❡♠❡♥t✱ à ❞✐✛é♦✲

♠♦r♣❤✐s♠❡ ♣rès✱ ❞❡✉① ✜❜r❡s ❞❡ ▼✐❧♥♦r ❀ ❧❛ ♣♦s✐t✐✈❡ f−1(η) ∩ Bn+kδ ❡t ❧❛ ♥é❣❛t✐✈❡

f−1(−η) ∩ Bn+kδ ✱ η ∈ (0, ǫ0)✳ ❖♥ ❧❡s ❞és✐❣♥❡ r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r

F+
η et F−

η .

❚rès ♣❡✉ ❞❡ ♣r♦♣r✐étés t♦♣♦❧♦❣✐q✉❡s ❣é♥ér❛❧❡s ❞❡ ❝❡s ✜❜r❡s ré❡❧❧❡s s♦♥t ❝♦♥♥✉❡s✳

P♦✉r ❧❡s s✐♥❣✉❧❛r✐tés ✐s♦❧é❡s ❞✬❤②♣❡rs✉r❢❛❝❡s ❝♦♠♣❧❡①❡s ❡t ♣♦✉r ❧❡s s✐♥❣✉❧❛r✐tés ✐s♦❧é❡s

❞✬✐♥t❡rs❡❝t✐♦♥s ❝♦♠♣❧èt❡s ♦♥ s❛✐t ❞❡♣✉✐s ❏✳ ▼✐❧♥♦r ❬✸✾✱ ❚❤❡♦r❡♠ ✻✳✺❪ ❡t ❍✳ ❍❛♠♠

❬✸✹✱ ❈♦r♦❧❧❛r② ✺✳✶✵❪ q✉❡ ❧❡s ✜❜r❡s ❞❡ ▼✐❧♥♦r ❝♦♠♣❧❡①❡s ♦♥t ❧❡ t②♣❡ ❞✬❤♦♠♦t♦♣✐❡ ❞✬✉♥
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❜♦✉q✉❡t ❞❡ s♣❤èr❡s ❡t q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝❡s s♣❤èr❡s ♣❡✉t êtr❡ ❝❛❧❝✉❧é ❛❧❣é❜r✐q✉❡✲

♠❡♥t ❬✸✹✱ ❋♦r♠✉❧❛ ✺✳✶✶✳❝❪ ❝♦♠♠❡ s♦♠♠❡ ❛❧t❡r♥é❡ ❞❡ r❛♥❣ ❞❡ ❝❡rt❛✐♥s ♠♦❞✉❧❡s✱

s♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❝❡s ♠♦❞✉❧❡s s♦♥t ❞❡ t②♣❡ ✜♥✐✳ ❆✉❝✉♥ rés✉❧t❛t ❝♦♠♣❛r❛❜❧❡

♥✬❡st ❝♦♥♥✉ ♣♦✉r ❧❡s ✜❜r❡s ❞❡ ▼✐❧♥♦r ré❡❧❧❡s✳

❊♥ ♣❛rt✐❝✉❧✐❡r ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ♠ét❤♦❞❡ s②sté♠❛t✐q✉❡ ♣♦✉r ❝❛❧❝✉❧❡r ❧❡✉rs ♥♦♠✲

❜r❡s ❞❡ ❇❡tt✐✱ ❜✐❡♥ q✉❡ ❞❡s ❢♦r♠✉❧❡s ❛✐❡♥t été ét❛❜❧✐❡s ♣♦✉r ❧❡✉r ❝❛r❛❝tér✐st✐q✉❡

❞✬❊✉❧❡r✲P♦✐♥❝❛ré✱ ♣❛r ●✳ ▼✳ ❑❤✐♠s❤✐❛s❤✈✐❧✐ ❬✷✾❪ ✭✈♦✐r❡ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪✮ ❡♥ ✶✾✼✼

q✉❛♥❞ k = 1 ♣♦✉r ❧❡s ✜❜r❡s ❞❡ ▼✐❧♥♦r ♣♦s✐t✐✈❡s ❡t ♥é❣❛t✐✈❡s F+
η ❡t F−

η ✱ ❡t ♣❧✉s

ré❝❡♠♠❡♥t ♣❛r ◆✳ ❉✉t❡rtr❡✱ ❉✳ ❉r❡✐❜❡❧❜✐s ❡t ❘✳ ❆r❛ú❥♦ ❞♦s ❙❛♥t♦s ❬✹✹✱ ❈♦r♦❧❧❛r②

✸✳✹❪✮ ♣♦✉r Fη q✉❛♥❞ k ≥ 2✳

✸✳ ❋✐❜r❡s ❞❡ ▼✐❧♥♦r ▼♦t✐✈✐q✉❡s

➚ ✉♥❡ ✈❛r✐été ❛❧❣é❜r✐q✉❡ ♥♦♥✲s✐♥❣✉❧✐èr❡ ✐rré❞✉❝t✐❜❧❡ X ❞é✜♥✐❡ s✉r ✉♥ ❝♦r♣s k

❞❡ ❝❛r❛❝tér✐st✐q✉❡ ③❡r♦ ❡t ✉♥ ♠♦r♣❤✐s♠❡ ♥♦♥✲❝♦♥st❛♥t f : X → A1
k✱ ❏✳ ❉❡♥❡❢ ❡t ❋✳

▲♦❡s❡r ❬✶✹❪ ♦♥t ❛ss♦❝✐é ✉♥❡ ❢♦♥❝t✐♦♥ ③êt❛ ♠♦t✐✈✐q✉❡ Z(f)✱ q✉✐ ❡st ✉♥❡ sér✐❡ ❢♦r♠❡❧❧❡ à

❝♦❡✣❝✐❡♥ts ❞❛♥s ❧✬❛♥♥❡❛✉ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ K0(❱❛rk) ❞❡s ✈❛r✐étés s✉r k✳ ▲❛ ✜❜r❡ ❞❡

▼✐❧♥♦r ♠♦t✐✈✐q✉❡ ❞❡ f ❡st ❛❧♦rs ❞é✜♥✐❡ ❝♦♠♠❡ ✉♥❡ ❧✐♠✐t❡ ❢♦r♠❡❧❧❡ ❞❡ Z(f)✳ ◗✉❛♥❞

k = C ♦♥ r❡tr♦✉✈❡ à ♣❛rt✐r ❞❡ ❝❡tt❡ ✜❜r❡ ♠♦t✐✈✐q✉❡ ❧❛ ❝❛r❛❝tér✐st✐q✉❡ ❞✬❊✉❧❡r ❞❡ ❧❛

✜❜r❡ ❞❡ ▼✐❧♥♦r t♦♣♦❧♦❣✐q✉❡ ❝♦♠♣❧❡①❡✳

❙✐ k = R ❝❡s ♠ét❤♦❞❡s ♥❡ ♠è♥❡♥t ♣❛s à ✉♥❡ ❢♦r♠✉❧❡ ❛♥❛❧♦❣✉❡ ♣♦✉r ❧❛ ❝❛r❛❝tér✐s✲

t✐q✉❡ ❞✬❊✉❧❡r ❞❡ F+
η ❡t F−

η ✳ ❊♥ r❡✈❛♥❝❤❡ ❧❡s ❢♦♥❝t✐♦♥s ③êt❛ ♠♦t✐✈✐q✉❡s ✐♥tr♦❞✉✐t❡s

♣❛r ●✳ ❈♦♠t❡ ❡t ●✳ ❋✐❝❤♦✉ ♣❡r♠❡tt❡♥t ❞❡ r❡tr♦✉✈❡r✱ ❛✉ tr❛✈❡rs ❞❡ ❧❛ ré❛❧✐s❛t✐♦♥ ♣❛r

❧❛ ❝❛r❛❝tér✐st✐q✉❡ ❞✬❊✉❧❡r✲P♦✐♥❝❛ré✱ χc(F+
η ) ❡t χc(F−

η )✳ ❈❡s ❢♦♥❝t✐♦♥s ③êt❛ ♦♥t ❞❡s

❝♦❡✣❝✐❡♥ts ❞❛♥s ❧✬❛♥♥❡❛✉ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ ❞❡s ❢♦r♠✉❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s ❜❛s✐q✉❡s

q✉❡ ♥♦✉s ❞é❝r✐✈♦♥s ♠❛✐♥t❡♥❛♥t✳

✸✳✶✳ ❋♦r♠✉❧❡s ❙❡♠✐✲❛❧❣é❜r✐q✉❡s ❇❛s✐q✉❡s✳ ❉❛♥s ❬✶✶❪ ●✳ ❈♦♠t❡ ❡t ●✳ ❋✐✲

❝❤♦✉ ❞é✜♥✐ss❡♥t ❧✬❛♥♥❡❛✉ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ K0(❇❙❆R) ❞❡ ❢♦r♠✉❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s

❜❛s✐q✉❡s ❝♦♠♠❡ ✉♥ s✉❜st✐t✉t✱ ♣♦rt❛♥t ♣❧✉s ❞❡ str✉❝t✉r❡s ❣é♦♠étr✐q✉❡s✱ ❞❡ ❧✬❛♥♥❡❛✉

❞❡ ●r♦t❤❡♥❞✐❡❝❦ K0(❙❆R) ∼= Z ❞❡s ❡♥s❡♠❜❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s✳ ▲✬✐❞é❡ ❡st ❞❡ ❝♦♥✲

s✐❞ér❡r à ❧❛ ♣❧❛❝❡ ❞❡s ❡♥s❡♠❜❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s ❧❡s ❢♦r♠✉❧❡s✲♠ê♠❡s q✉✐ ❧❡s ❞é✜♥✐s✲

s❡♥t✳
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❉❡❢✐♥✐t✐♦♥ ✶✳✷ ✭❬✶✶✱ ➓ ✶✳✸❪✮✳ ❯♥❡ ❢♦r♠✉❧❡ s❡♠✐✲❛❧❣é❜r✐q✉❡ ❜❛s✐q✉❡ A ❡♥ n

✈❛r✐❛❜❧❡s ❡st ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞✬é❣❛❧✐tés✱ ✐♥é❣❛❧✐tés ❡t ✐♥éq✉❛t✐♦♥s ❞❡ ♣♦❧②♥ô♠❡s ❡♥

n ✈❛r✐❛❜❧❡s✳ ❯♥❡ t❡❧❧❡ ❢♦r♠✉❧❡ ❡st ❞♦♥❝ ❧❛ ❞♦♥♥é❡ ❞❡ I, J, L ⊂ N ❡t pi, qj , rl ∈
R[x1, . . . , xn] ♣♦✉r i ∈ I, j ∈ J, l ∈ L t❡❧s q✉❡

A := {pi = 0, qj 6= 0, rl > 0, ∀i ∈ I, ∀j ∈ J, ∀l ∈ L}.

❯♥❡ ❢♦r♠✉❧❡ s❡♠✐✲❛❧❣é❜r✐q✉❡ ❜❛s✐q✉❡ s❛♥s ✐♥é❣❛❧✐té ❡t s❛♥s ✐♥éq✉❛t✐♦♥ ❡st ❞✐t❡ ❛❧✲

❣é❜r✐q✉❡ ✭❡t ❝♦♥str✉❝t✐❜❧❡ s✐ ❧❛ ❢♦r♠✉❧❡ ♥❡ ❝♦♠♣♦rt❡ ♣❛s ❞✬✐♥é❣❛❧✐té✮✳ ▲✬❡♥s❡♠❜❧❡

❞❡s ❢♦r♠✉❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s ❜❛s✐q✉❡s ❡♥ n ✈❛r✐❛❜❧❡s ❡st ❞és✐❣♥é ♣❛r ❇❙❆n ❡t ♦♥

é❝r✐t ❇❙❆ =
⋃

n∈N
❇❙❆n✳

❙✐ A ❡st ✉♥❡ ❢♦r♠✉❧❡ ❞❡ ❧❛ ❢♦r♠❡ ❞♦♥♥é❡ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ✶✳✷ ❡❧❧❡ ❞♦♥♥❡ ❧✐❡✉ à

✉♥ ❡♥s❡♠❜❧❡ s❡♠✐✲❛❧❣é❜r✐q✉❡ ré❡❧

A(R) = {x̄ ∈ Rn | pi(x̄) = 0, qj(x̄) 6= 0, rl(x̄) > 0, i ∈ I, j ∈ J, l ∈ L}

q✉✐ s✬❛♣♣❡❧❧❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts ré❡❧s ❞❡ ❧❛ ❢♦r♠✉❧❡ A✳

❉❡❢✐♥✐t✐♦♥ ✶✳✸ ✭❬✶✶✱ ➓ ✶✳✸❪✮✳ ❙♦✐t G ❧❡ ❣r♦✉♣❡ ❛❜é❧✐❡♥ ❧✐❜r❡ 〈[A]|A ∈ ❇❙❆〉 ❞❡s

❝❧❛ss❡s ❞✬❡q✉✐✈❛❧❡♥❝❡s ❞❡ ❢♦r♠✉❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s ❜❛s✐q✉❡s ♠♦❞✉❧♦ ❧❛ r❡❧❛t✐♦♥

s✐ A,B s♦♥t ❛❧❣é❜r✐q✉❡s ❡t A ∼= B

♣❛r ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❛❧❣é❜r✐q✉❡ ❛❧♦rs [A] = [B].

❙♦✐t K0(❇❙❆R) ❧❡ q✉♦t✐❡♥t ❞❡ G ♣❛r ❧❡s r❡❧❛t✐♦♥s

✭✶✮ [A, q = 0] + [A, q 6= 0] = [A], A ∈ ❇❙❆n,R, q ∈ R[x1, . . . , xn],

✭✷✮ [A, q > 0] + [A, q < 0] + [A, q = 0] = [A], A ∈ ❇❙❆n,R, q ∈ R[x1, . . . , xn],

✭✸✮ ❙✐ A,B s♦♥t ❞❡s ❢♦r♠✉❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s ❜❛s✐q✉❡s ❛✈❡❝ ❞❡s ❡♥s❡♠❜❧❡s

❞✐s❥♦✐♥ts ❞❡ ✈❛r✐❛❜❧❡s ❛❧♦rs

[A][B] = [A,B],

♦ù A,B ❡st ❧❛ ❝♦♥❥♦♥❝t✐♦♥ ❞❡ A ❡t B✳

❘❛♣♣❡❧♦♥s q✉✬ét❛♥t ❞♦♥♥é ✉♥ ❝♦r♣s k ❧❡ ❣r♦✉♣❡ ●r♦t❤❡♥❞✐❡❝❦ K0(❱❛rk) ❞❡s

✈❛r✐étés ❛❧❣é❜r✐q✉❡s s✉r k ❡st ❝♦♥str✉✐t ❞❡ ❢❛ç♦♥ à ② ♦❜t❡♥✐r ❧❛ ♣r♦♣r✐été ❞✬❡①❝✐s✐♦♥

♣♦✉r ❧❡s ❝❧❛ss❡s ❞❡s s♦✉s✲✈❛r✐étés ❢❡r♠é❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t ✿
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❉❡❢✐♥✐t✐♦♥ ✶✳✹ ✭❬✸✼✱ ❉❡✜♥✐t✐♦♥ ✶✳✶❪✮✳ ❙♦✐t G ❧❡ ❣r♦✉♣❡ ❛❜é❧✐❡♥ ❧✐❜r❡ ❞❡s ❝❧❛ss❡s

❞✬✐s♦♠♦r♣❤✐s♠❡s ❞❡ ✈❛r✐étés s✉r k✳ ▲✬❛♥♥❡❛✉ ●r♦t❤❡♥❞✐❡❝❦ K0(❱❛rk) ❡st ❧❡ q✉♦t✐❡♥t

❞❡ G ♣❛r ❧❡s r❡❧❛t✐♦♥s

✭✶✮ ❙✐ Y ⊂ X ❡st ✉♥❡ s♦✉s✲✈❛r✐été ❢❡r♠é❡ ❛❧♦rs [X] = [X \ Y ] + [Y ],

✭✷✮ [X ×k Y ] = [X][Y ].

▲❛ ❝❧❛ss❡ [A1
k] ❞❡ ❧❛ ❞r♦✐t❡ ❛✣♥❡ ❡st ❞és✐❣♥é❡ ♣❛r Lk ❡t s✬❛♣♣❡❧❧❡ ❧❡ ♠♦t✐❢ ❞❡

▲❡❢s❝❤❡t③✳

❉❡❢✐♥✐t✐♦♥ ✶✳✺ ✭❬✸✼✱ ❉❡✜♥✐t✐♦♥ ✷✳✸❪✮✳ ▲❡ ♣♦❧②♥ô♠❡ ❞❡ P♦✐♥❝❛ré ✈✐rt✉❡❧ ❡st

❧✬✉♥✐q✉❡ ♠♦r♣❤✐s♠❡ ❞✬❛♥♥❡❛✉ β❱❛r : K0(❱❛rR) → Z[u] t❡❧ q✉❡ s✐ X ❡st ❝♦♠♣❛❝t❡✱

♥♦♥✲s✐♥❣✉❧✐èr❡ ❡t ❛✈❡❝ ❞❡s ♥♦♠❜r❡s ❞❡ ❇❡tt✐ bi(X) = dimZ/2ZHi(X;Z/2Z)✱ ❛❧♦rs

β❱❛r(X)(u) =
∑

i≥0

(−1)ibi(X)ui.

❯♥ ❧✐❡♥ ❡♥tr❡ ❧❡s ❞❡✉① ❛♥♥❡❛✉① ●r♦t❤❡♥❞✐❡❝❦ K0(❱❛rR) ❡t K0(❇❙❆R) ❡st ❞♦♥♥é

♣❛r ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✻ ✭❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✶✳✸❪✮✳ ▲❡ ♠♦r♣❤✐s♠❡

i : K0(❱❛rR) → K0(❇❙❆R), [A(R)] → [A]

q✉✐ ❡♥✈♦✐❡ ❧❛ ❝❧❛ss❡ ❞✬✉♥❡ ✈❛r✐été ❛❧❣é❜r✐q✉❡ s✉r ❧❛ ❝❧❛ss❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ q✉✐ ❧❛ ❞é✜♥✐t✱

❡st ✐♥❥❡❝t✐❢✳

●râ❝❡ à ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥ ♦♥ ♣❡✉t ét❡♥❞r❡ β❱❛r : K0(❱❛rR) → Z[u] à ✉♥ ♠♦r✲

♣❤✐s♠❡ ❞✬❛♥♥❡❛✉① K0(❇❙❆) → Z[u][1/2]✳ ▲❛ ❞é✜♥✐t✐♦♥ ❞❡ ❝❡ ♠♦r♣❤✐s♠❡ ❡st ❞♦♥♥é❡

♣❛r ré❝✉rr❡♥❝❡ s✉r ❧❡ ♥♦♠❜r❡ ❞✬✐♥é❣❛❧✐tés ❞❛♥s ❧❡s ❢♦r♠✉❧❡s ❜❛s✐q✉❡s✳

❉❡❢✐♥✐t✐♦♥ ✶✳✼ ✭❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪✮✳ ▲❡ ♣♦❧②♥ô♠❡ ❞❡ P♦✐♥❝❛ré ❞❡s ❢♦r♠✉❧❡s

s❡♠✐✲❛❧❣é❜✐q✉❡s ❜❛s✐q✉❡s ❡st ❧✬✉♥✐q✉❡ ♠♦r♣❤✐s♠❡ ❞✬❛♥♥❡❛✉① β❇❙❆ : K0(❇❙❆) →
Z[u][1/2] t❡❧ q✉❡

✭✶✮ ❙✐ A ∈ ❇❙❆ ❡t p ∈ R[x1, . . . , xn] ❛❧♦rs

β❇❙❆([A, p > 0]) =
1

4
β❇❙❆([A, p = z2])− 1

4
β❇❙❆([A, p = −z2])

+
1

2
β❇❙❆([A, p 6= 0]),

✭✷✮ ❙✐ [A] ∈ K0(❱❛rR) ❛❧♦rs β❇❙❆([A]) = β❱❛rR([A])✳
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❈❡ ♠♦r♣❤✐s♠❡ ❡st ❛❧♦rs t❡❧ q✉❡ ❧✬é✈❛❧✉❛t✐♦♥ ❡♥ u = −1 ❞❡ β❇❙❆([A])(u) ❡st ❧❛

❝❛r❛❝tér✐st✐q✉❡ ❞✬❊✉❧❡r✲P♦✐♥❝❛ré à s✉♣♣♦rts ❝♦♠♣❛❝ts ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts ré❡❧s

❞❡ ❧❛ ❢♦r♠✉❧❡ A✳

Pr♦♣♦s✐t✐♦♥ ✶✳✽ ✭❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹❪✮✳ ❙✐ A ∈ ❇❙❆ ❛❧♦rs

β❇❙❆([A])(−1) = χc(A(R))

♦ù χc ❡st ❧❛ ❝❛r❛❝tér✐st✐q✉❡ ❞✬❊✉❧❡r✲P♦✐♥❝❛ré à s✉♣♣♦rts ❝♦♠♣❛❝ts✳

✸✳✷✳ ❋✐❜r❡s ❞❡ ▼✐❧♥♦r ▼♦t✐✈✐q✉❡s ❘é❡❧❧❡s✳ ◆♦✉s r❛♣♣❡❧♦♥s ❞❛♥s ❝❡ q✉✐

s✉✐t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ③êt❛ ♠♦t✐✈✐q✉❡s ❞❡ ❬✶✶❪✳

❈♦♥s✐❞ér♦♥s ❧❡ s❝❤é♠❛ ❞❡s ❛r❝s L(An+1
R

) s✉r ❧❡ s♣❡❝tr❡ ❞❡ R✳ ❙♦♥ ❡♥s❡♠❜❧❡

❞❡ ♣♦✐♥ts ré❡❧s L(An+1
R

)(R) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts R[[t]]✲r❛t✐♦♥♥❡❧s ❞❡ An+1
R

✳

■❧ ❡①✐st❡ ✉♥ s♦✉s✲s❝❤é♠❛ L(An+1
R

, 0) ❛②❛♥t ♣♦✉r ❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts ré❡❧s ❧❡s ❛r❝s

❢♦r♠❡❧s ❛❜♦✉t✐ss❛♥t à ❧✬♦r✐❣✐♥❡

L(An+1
R

, 0)(R) = {γ ∈ (R[[t]])n+1 | γ(0) = 0}.

❆❧♦rs ♣♦✉r ❝❤❛q✉❡ k ∈ N✱ ✐❧ ❡①✐st❡ ✉♥ R✲s❝❤é♠❛ ❞❡ t②♣❡ ✜♥✐ Lk(An+1
R

)✱ ❧❡ s❝❤é♠❛

❞❡s ❛r❝s tr♦♥q✉és à ♦r❞r❡ k + 1✱ ❛②❛♥t ❝♦♠♠❡ ❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts ré❡❧s ❧✬❡♥s❡♠❜❧❡

❞❡ ♣♦✐♥ts R[[t]]/tk+1✲r❛t✐♦♥♥❡❧s ❞❡ An+1
R

✳

❉❛♥s ❝❡ q✉✐ s✉✐t ♥♦✉s ❝♦♥s✐❞ér♦♥s s❡✉❧❡♠❡♥t ❧❡s ❡♥s❡♠❜❧❡s ❞❡ ♣♦✐♥ts ré❡❧s

❞❡ ❝❡s s❝❤é♠❛s✱ ❡t ♥♦✉s é❝r✐✈♦♥s L(Rn+1)✱ L(Rn+1, 0) ❡t Lk(Rn+1, 0) ❛✉ ❧✐❡✉ ❞❡

L(An+1
R

)(R)✱ L(An+1
R

, 0)(R) ❡t Lk(An+1
R

, 0)(R) r❡s♣❡❝t✐✈❡♠❡♥t✳

P♦✉r ❝❤❛q✉❡ k ∈ N✱ ✐❧ ❡①✐st❡ ✉♥ ♠♦r♣❤✐s♠❡ ❞❡ tr♦♥❝❛t✐♦♥

πk : L(Rn+1, 0) → Lk(Rn+1, 0)

q✉✐ ❛ss♦❝✐❡ à ✉♥ ❛r❝ s❛ (k + 1)✲✐è♠❡ tr♦♥❝❛t✐♦♥✳ P♦✉r ❝❤❛q✉❡ ❛r❝ tr♦♥q✉é

γk ∈ Lk(Rn+1, 0), γk(t) = akt
k + ak−1t

k−1 + · · ·+ a0

♦♥ ❞é✜♥✐t ✉♥❡ ❢♦♥❝t✐♦♥

♦r❞ : Lk(Rn+1, 0) → N ∪ {∞},
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❛ss♦❝✐❛♥t s♦♥ ♦r❞r❡ ♦r❞(γk) à γk✱ ❡t ❛ss♦❝✐❛♥t ♦r❞(0) = ∞ à ❧✬❛r❝ γk ≡ 0✳ ■❧ ❡①✐st❡

é❣❛❧❡♠❡♥t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♠♣♦s❛♥t❡ ❛♥❣✉❧❛✐r❡

❛❝ : Lk(Rn+1, 0) → R, ❛❝(γk) = a♦r❞(γk).

❖♥ ❝♦♥s✐❞èr❡ ❛❧♦rs ❧❡s ❢♦r♠✉❧❡s s❡♠✐✲❛❧❣é❜r✐q✉❡s ❜❛s✐q✉❡s s✉✐✈❛♥t❡s

X1
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) = 1},

X−1
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) = −1},

X>
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) > 0},

X<
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) < 0}.

❉❡❢✐♥✐t✐♦♥ ✶✳✾ ✭❬✶✶✱ ➓ ✹✳✶❪✮✳ P♦✉r ❝❤❛q✉❡ s②♠❜♦❧❡ ǫ ∈ {±1, <,>} ♣♦s♦♥s

Zǫ(f) :=
∑

k≥0

[Xǫ
k,f ]L

−(n+1)kT k ∈ K0(❇❙❆R)[L
−1][T ].

❘❡♠❛r❦ ✶✳✶✵✳ Z1(f), Z−1(f) ∈ K0(❱❛rR)[L−1][T ]✳

❘❡♠❛r❦ ✶✳✶✶✳ P❛r ❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✶✳✸❪ ❡♥ ❛♣♣❧✐q✉❛♥t β❇❙❆ : K0(❇❙❆) →
Z[1/2] à Z±1(f) ♦♥ ♦❜t✐❡♥t ❧❡s ❢♦♥❝t✐♦♥s ③êt❛ ♠♦t✐✈✐q✉❡s ❞é✜♥✐❡s ❞❛♥s ❬✷✶❪✳

❙♦✐t ǫ ∈ {±1, <,>}✳ P♦✉r ❞é♠♦♥tr❡r ❧❛ r❛t✐♦♥❛❧✐té ❞❡s Zǫ(f)✱ ❞❛♥s ❬✶✶❪ ❡st

ét❛❜❧✐❡ ✉♥❡ ❢♦r♠✉❧❡ ❝❛❧❝✉❧❛♥t ❧❡s ❢♦♥❝t✐♦♥s ③êt❛ ♠♦t✐✈✐q✉❡s ✈✐❛ ✉♥❡ rés♦❧✉t✐♦♥ ❞❡s

s✐♥❣✉❧❛r✐tés✳ P♦✉r ❧❛ ❞é❝r✐r❡ ♦♥ ❝♦♠♠❡♥❝❡ ❛✈❡❝ ❧❛ ❞♦♥♥é❡ ❞✬✉♥ ♠♦r♣❤✐s♠❡ ❜✐r❛✲

t✐♦♥♥❡❧ ♣r♦♣r❡ σ :M → Rn+1 ❞✬✉♥❡ ✈❛r✐été ❧✐ss❡ M t❡❧ q✉❡

✭✶✮ ▲❛ r❡str✐❝t✐♦♥ σ :M \ (f ◦ σ)−1(0) → Cn+1 \ f−1(0) ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡

❛❧❣é❜r✐q✉❡✱

✭✷✮ ▲❡s ❞✐✈✐s❡✉rs ré❞✉✐ts ❞❡ f ◦ σ ❡t det ❏❛❝ σ s♦♥t à ❝r♦✐s❡♠❡♥ts ♥♦r♠❛✉①✱

✭✸✮ ▲❡ ❞✐✈✐s❡✉r ❡①❝❡♣t✐♦♥♥❡❧ E = (σ−1(0))red ❡st ✉♥❡ ré✉♥✐♦♥ ❞❡ ❝♦♠♣♦s❛♥t❡s

✐rré❞✉❝t✐❜❧❡s ❞❡ Y := ((f ◦ σ)−1(0))red✳

■❧ ❡①✐st❡ ❛✐♥s✐ ❞❡s s♦✉s✲❡♥s❡♠❜❧❡s J ⊂ N ❡t K ⊂ J t❡❧s q✉❡

Y =
⋃

j∈J

Ej , E =
⋃

k∈K

Ek.

❉❡❢✐♥✐t✐♦♥ ✶✳✶✷✳ P♦✉r ❝❤❛q✉❡ i ∈ J s♦✐t

Ni = multEi
(f ◦ σ), νi − 1 := multEi

det Jac(f ◦ σ).
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❈♦♠♠❡ ❧❡ ❞✐✈✐s❡✉r ❞❡ f ◦ σ ❡st à ❝r♦✐s❡♠❡♥ts ♥♦r♠❛✉① ❞❛♥s M ✐❧ ❡①✐st❡ ♣♦✉r

❝❤❛q✉❡ ♣♦✐♥t p ∈ Y ✉♥ ♦✉✈❡rt ❛✣♥❡ U ⊂ M ❝♦♥t❡♥❛♥t p✱ ✉♥❡ s✉✐t❡ r❡❣✉❧✐èr❡ ❞❡

❢♦♥❝t✐♦♥s r❡❣✉❧✐èr❡s xi : U → R ❡t ✉♥ u ∈ O×
U t❡❧s q✉❡

f ◦ σ(x) = u(x)
∏

i∈J

xNi
i , ∀x ∈ U.✭✶✮

❖♥ str❛t✐✜❡ Y ❛✜♥ q✉❡ E s♦✐t ré✉♥✐♦♥ ❞❡ str❛t❡s✱ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳

❉❡❢✐♥✐t✐♦♥ ✶✳✶✸✳ P♦✉r ❝❤❛q✉❡ s♦✉s✲❡♥s❡♠❜❧❡ ♥♦♥✲✈✐❞❡ I ⊂ J ♣♦s♦♥s

EoI :=
⋂

i∈I

Ei \
⋃

j∈J\I

Ej

❡t s♦✐t NI = gcdi∈I(Ni)✳

❙✐ ǫ ∈ {±1, <,>} ♦♥ ❝♦♥str✉✐t ✉♥❡ ❢♦r♠✉❧❡ s❡♠✐✲❛❧❣é❜r✐q✉❡ ❜❛s✐q✉❡ Eo,ǫI ∈ ❇❙❆

t❡❧❧❡ q✉❡ Eo,1I (R) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts ré❡❧s ❞✬✉♥ r❡✈êt❡♠❡♥t ét❛❧❡ ❞❡ ❞❡❣ré NI

❞❡ ❧✬❡①t❡♥s✐♦♥ ❞❡s s❝❛❧❛✐r❡s ❞❡ EoI à C✳ ❆✜♥ q✉❡ ❝❡❧❛ ❞é✜♥✐ss❡ ❝♦rr❡❝t❡♠❡♥t ✉♥❡

❢♦r♠✉❧❡ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ✭✶✮ ❡t ❛r❣✉♠❡♥t❡r ❧♦❝❛❧❡♠❡♥t s✉r ❞❡s ♦✉✈❡rts ❛✣♥❡s✳

❉❡❢✐♥✐t✐♦♥ ✶✳✶✹ ✭❬✶✶✱ ➓ ✹✳✶❪✮✳ P♦✉r ❝❤❛q✉❡ s②♠❜♦❧❡ ǫ ∈ {±1, <,>}✱ s✐ U ⊂M

❡st ❧✬♦✉✈❡rt ❛✣♥❡ ❞♦♥♥é ♣❛r ✭✶✮ ♣♦s♦♥s

R1
I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) = 1},

R−1
I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) = −1},

R>I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) > 0},

R<I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) < 0}.

♦ù NI ❡st ❝♦♠♠❡ ❞❛♥s ❧❛ ❉é✜♥✐t✐♦♥ ✶✳✶✸ ❡t u ❝♦♠♠❡ ❞❛♥s ✭✶✮✳ ❙✐ M = (Ul)l∈L

❡st ✉♥ r❡❝♦✉✈r❡♠❡♥t ✜♥✐✱ ♣♦s♦♥s

[E0,ǫ
I ] =

∑

S⊂L

(−1)|S|+1[RǫI,∩s∈SUs
] ∈ K0(❇❙❆).

▲❛ r❛t✐♦♥❛❧✐té ❞❡s ❢♦♥❝t✐♦♥s ③êt❛ ♠♦t✐✈✐q✉❡s Zǫ(f)(T ) ❡st ❛❧♦rs ❝♦♥séq✉❡♥❝❡ ❞✉

t❤é♦rè♠❡ s✉✐✈❛♥t✳

❚❤❡♦r❡♠ ✶✳✶✺ ✭❬✶✶✱ ❚❤❡♦r❡♠ ✹✳✷❪✱ ❬✶✹❪✮✳ P♦✉r ❝❤❛q✉❡ s②♠❜♦❧❡ ǫ ∈ {±1, <,>}
❧❡s ❢♦♥❝t✐♦♥s Zǫ(f)(T ) s❛t✐s❢♦♥t

Zǫ(f)(T ) =
∑

I∩K6=∅

(L− 1)|I|−1[Ẽ0,ǫ
I ]

∏

i∈I

L−νiTNi

1− L−νiTNi
.
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❉❡❢✐♥✐t✐♦♥ ✶✳✶✻ ✭❬✶✶✱ ❉❡✜♥✐t✐♦♥ ✹✳✺❪✮✳ P♦✉r ❝❤❛q✉❡ s②♠❜♦❧❡ ǫ ∈ {±1, <,>}✱
♣♦s♦♥s

Sǫ(f) :=
∑

I∩K 6=0

(1− L)|I|−1[Ẽ0,ǫ
I ] ∈ K0(❇❙❆R).

❊♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ t❡r♠✐♥♦❧♦❣✐❡ ét❛❜❧✐❡ ❞❛♥s ❬✶✶❪ ♦♥ ❛♣♣❡❧❧❡ S1(f) ❧❛ ✜❜r❡ ❞❡

▼✐❧♥♦r ♠♦t✐✈✐q✉❡ ♣♦s✐t✐✈❡ ❡t S−1(f) ❧❛ ✜❜r❡ ❞❡ ▼✐❧♥♦r ♠♦t✐✈✐q✉❡ ♥❡❣❛t✐✈❡ ❞❡ f ❡♥

❧✬♦r✐❣✐♥❡✳ ❊♥ ✐♥tr♦❞✉✐s❛♥t ❞❡ ♥♦✉✈❡❧❧❡ t❡r♠✐♥♦❧♦❣✐❡✱ ♥♦✉s ❛❧❧♦♥s ❛♣♣❡❧❡r S>(f) ❧❡

t✉❜❡ ❞❡ ▼✐❧♥♦r ♠♦t✐✈✐q✉❡ ♣♦s✐t✐❢✱ ❡t S<(f) ❧❡ t✉❜❡ ❞❡ ▼✐❧♥♦r ♠♦t✐✈✐q✉❡ ♥é❣❛t✐❢✳ ■❧s

♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞✉ ❝❤♦✐① ❞❡ ❧❛ rés♦❧✉t✐♦♥ ❞❡ s✐♥❣✉❧❛r✐tés σ✱ ❞✬❛♣rès ❬✶✶✱ ❘❡♠❛r❦

✹✳✸❪✳

❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ f : Rn+1 → R ❛✐t ✉♥ ♣♦✐♥t ❝r✐t✐q✉❡ ✐s♦❧é ❡♥ ❧✬♦r✐❣✐♥❡✳

❙♦✐t (ǫ0, δ0) ❞❡s ❞♦♥♥é❡s ❞❡ ▼✐❧♥♦r ❝♦♠♠❡ ❞❛♥s ❧✬é♥♦♥❝é ❞✉ ❚❤é♦rè♠❡ ✶✳✶ ❡t ♣♦✉r

❝❤❛q✉❡ δ ∈ (0, δ0) ❡t η ∈ (0, ǫ(δ)) é❝r✐✈♦♥s

F>
η := f−1((0, η)) ∩ Bδ,

F<
η := f−1((−η, 0)) ∩ Bδ,

F1
η = f−1(η) ∩ Bδ,

F−1
η = f−1(−η) ∩ Bδ.

❚❤❡♦r❡♠ ✶✳✶✼ ✭❬✶✶✱ ❚❤❡♦r❡♠ ✹✳✶✷❪✮✳ ❙✐

f : Rn+1 → R, f(0) = 0

❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ ❛✈❡❝ ✉♥ ♣♦✐♥t ❝r✐t✐q✉❡ ✐s♦❧é ❡♥ ❧✬♦r✐❣✐♥❡✱ ❛❧♦rs ♣♦✉r

❝❤❛q✉❡ δ ∈ (0, δ0) ❡t η ∈ (0, ǫ(δ))✱

β❇❙❆(S
ǫ(f))(−1) = (−1)nχc(Fǫ

η), ǫ ∈ {±1, <,>}.
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■♥tr♦❞✉❝t✐♦♥

❇❡t✇❡❡♥ t❤❡ ✐❞❡❛

❆♥❞ t❤❡ r❡❛❧✐t②

❇❡t✇❡❡♥ t❤❡ ♠♦t✐♦♥

❆♥❞ t❤❡ ❛❝t

❋❛❧❧s t❤❡ ❙❤❛❞♦✇

✏❚❤❡ ❍♦❧❧♦✇ ▼❡♥✑

❚✳❙ ❊❧❧✐♦t

✶✳ ■♥tr♦❞✉❝t✐♦♥

■❢ ♦♥❡ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ♦❜❥❡❝t✐✈❡s ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ ♠❛♣s ♦❢

❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s ✐s t♦ ♦❜t❛✐♥ r❡❛s♦♥❛❜❧❡ ❝❧❛ss✐✜❝❛t✐♦♥s t❤❡r❡♦❢✱ t❤❡♥ ❛♥ ❛❞❡q✉❛t❡

✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❝❛❧❝✉❧❛❜❧❡ ✐♥✈❛r✐❛♥ts ♦❢ t♦♣♦❧♦❣✐❝❛❧ ♦r ❛❧❣❡❜r❛✐❝ ♥❛t✉r❡ ✐s ❞❡s✐r✲

❛❜❧❡ ✜rst ♦❢ ❛❧❧✱ ❛♥❞ s❡❝♦♥❞❧②✱ s✉✐t❛❜❧❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥s ♣r❡s❡r✈✐♥❣ ❛ ❣✐✈❡♥ s✉❝❤

✐♥✈❛r✐❛♥t✳ ❋♦r s✐♥❣✉❧❛r✐t✐❡s ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs s❡✈❡r❛❧ s✉❝❤

✐♥✈❛r✐❛♥ts ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠✱ ❛♠♦♥❣st ♦t❤❡rs t❤❡ ▼✐❧♥♦r

♥✉♠❜❡r ❛♥❞ t❤❡ ❚❥✉r✐♥❛ ♥✉♠❜❡r✱ ❛♥❞ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥s✱ ❛♠♦♥❣st ♦t❤❡rs

t❤❡ ❝♦♥t❛❝t ❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ t❤❡ µ✲❝♦♥st❛♥t ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥s✱ ♣r❡s❡r✈✐♥❣ ♦♥❡

♦r ♠♦r❡ ♦❢ t❤❡s❡ ✐♥✈❛r✐❛♥ts✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ st✉❞② t❤❡

✐♥✈❛r✐❛♥ts ♦❢ ❛❧❣❡❜r♦✲t♦♣♦❧♦❣✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ r❡❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞

✐♥ ♣❛rt✐❝✉❧❛r t❤❡✐r ❇❡tt✐ ♥✉♠❜❡rs✱ ❜✉t ❛❧s♦ t❤❡✐r ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝✳

■t ✐s ❛ ❞❡❧✐❝❛t❡ ♣r♦❜❧❡♠ t♦ ❡✛❡❝t✐✈❡❧② ❝❛❧❝✉❧❛t❡ t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥ts ❢♦r t❤❡

▼✐❧♥♦r ✜❜r❡s ♦❢ r❡❛❧ ✶ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞✐✛❡r❡♥t ❝❧❛ss✐✜❝❛✲

t✐♦♥ ♣r♦❜❧❡♠s ❛t ❤❛♥❞✱ ❛r❡ ♠♦st❧② ❝♦♠♣❧❡t❡❧② ♦♣❡♥ ❛t t❤❡ ♣r❡s❡♥t ❞❛t❡✳ ❚❤❡r❡

✶▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐♥ t❤❡ ✇♦r❞s ♦❢ ❘é♥é ❚❤♦♠ ❛s q✉♦t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✭♣✳ ✺✮ t♦ t❤❡ ❜♦♦❦
❬✻❪✱ r❡❛❧ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✱ ✐♥ ❚❤♦♠✬s ✈✐❡✇ ❛♥ ❡①❛♠♣❧❡ ♦❢ ♠❛t❤❡♠❛t✐❝s ♣❡rt❛✐♥✐♥❣ t♦ ♣❤❡♥♦♠❡♥❛
✇❤❡r❡ ✏r❡❛❧✐t② ♣❧❛②s ❛♥ ❡ss❡♥t✐❛❧ r♦❧❡✑✱ ❤❛s ❤✐st♦r✐❝❛❧❧② ❜❡❡♥ ♥❡❣❧❡❝t❡❞ ✐♥ ❧✐❡✉ ♦❢ t❤❡ ✏❡✈❡♥ t♦♦
❜❡❛✉t✐❢✉❧✑ ❝♦♠♣❧❡① ❣❡♦♠❡tr②✳ ❚❤✐s ♠✐❣❤t ❛r❣✉❛❜❧② ❡①♣❧❛✐♥ ❛t ❧❡❛st ✐♥ ♣❛rt ✇❤② r❡❧❛t✐✈❡❧② ❧✐tt❧❡ ✐s
❦♥♦✇♥ ♦❢ t❤❡ t♦♣♦❧♦❣② ♦❢ r❡❛❧ s✐♥❣✉❧❛r✐t✐❡s✳

✶✾
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❤❛s ❤♦✇❡✈❡r r❡❝❡♥t❧② ❜❡❡♥ ♠❛❞❡ ❛ s✐❣♥✐✜❝❛♥t ♣r♦❣r❡ss ❜② ❝♦♥s✐❞❡r✐♥❣ ✐♥st❡❛❞ ♦❢ ✐♥✲

✈❛r✐❛♥ts ♦❢ t♦♣♦❧♦❣✐❝❛❧ ♥❛t✉r❡✱ ✏♠♦t✐✈✐❝✑ ✐♥✈❛r✐❛♥ts ✐♥ t❤❡ ❢♦r♠ ♦❢ ❞✐✛❡r❡♥t ♠♦t✐✈✐❝

③❡t❛ ❢✉♥❝t✐♦♥s✳ ❯s✐♥❣ t❤❡s❡ ●✳ ❋✐❝❤♦✉ ❬✷✷❪ ❛♥❞ ❏✳✲❇✳ ❈❛♠♣❡s❛t♦ ❬✾❪ ❤❛✈❡ ❝❧❛ss✐✜❡❞

r❡s♣❡❝t✐✈❡❧② ADE✲s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❇r✐❡s❦♦r♥ ♣♦❧②♥♦♠✐❛❧s✱ ✉♣ t♦ t❤❡ ❇❧♦✇✲◆❛s❤

❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ ❣❡r♠s ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s✳ ■♥ ❧✐❣❤t ♦❢ t❤❡s❡ ❛❞✈❛♥❝❡s✱ t❤❡

s❡❝♦♥❞❛r② ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ st✉❞② ♦❢ t❤❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ✐♥tr♦✲

❞✉❝❡❞ ❜② ●✳ ❈♦♠t❡ ❛♥❞ ●✳ ❋✐❝❤♦✉ ✐♥ ❬✶✶❪ ❛♥❞ t♦ ❡st❛❜❧✐s❤ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡

✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡s ♦❢ ❛ s❡♠✐❛❧❣❡❜r❛✐❝ ❢❛♠✐❧②

♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ft : Rn → R ♣❛r❛♠❡tr✐s❡❞ ❜② T ✱ ✐s ❣❡♥❡r✐❝❛❧❧② ❝♦♥st❛♥t✱

t❤❛t ✐s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r t ∈ T ♦✉ts✐❞❡ ♦❢ ❛ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t ♦❢

♣♦s✐t✐✈❡ ❝♦❞✐♠❡♥s✐♦♥ ✐♥ T ✳

✷✳ ❘❡❛❧ ❙✐♥❣✉❧❛r✐t✐❡s

✷✳✶✳ ■♥tr♦❞✉❝t♦r② ❘❡♠❛r❦s✳ ■♥ ❤✐s ❛rt✐❝❧❡ ❬✹✵❪ ♦❢ ✶✾✺✷ ❏♦❤♥ ◆❛s❤ ❛❞r❡ss❡❞

t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡♥ ❛ ❝♦♠♣❛❝t C∞✲♠❛♥✐❢♦❧❞ ❝❛♥ ❜❡ ❣✐✈❡♥ t❤❡ str✉❝t✉r❡ ♦❢ ❛ r❡❛❧

❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✳ ❍❡ ❞❡✜♥❡❞ t❤❡r❡✐♥ t❤❛t ✇❤✐❝❤ ❛r❡ ♥♦✇ ❝❛❧❧❡❞ ◆❛s❤ ♠❛♥✐❢♦❧❞s ❛♥❞

◆❛s❤ ♠♦r♣❤✐s♠s✱ ✇❤✐❝❤ ❤❛✈❡ s✐♥❝❡ t❤❡♥ ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ♦❜❥❡❝ts ♦❢ r❡s❡❛r❝❤ ✐♥

r❡❛❧ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ❛♥❞ s✐♥❣✉❧❛r✐t② t❤❡♦r②✷ ❛♥❞ ❤❡ ♣r♦✈❡❞ t❤❛t ❛♥② ❝♦♠♣❛❝t

s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✐s ❞✐✛❡♦♠♦r♣❤✐❝ ✭✐♥ ❢❛❝t ✐s♦t♦♣✐❝✮ t♦ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ ❛

r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t✳ ❚❤❡ ❧❛tt❡r r❡s✉❧t ✇❛s t❤❡♥ ✐♠♣r♦✈❡❞ ✉♣♦♥ ❜② ❚♦❣♥♦❧✐✱ ✇❤♦ ✐♥

✶✾✼✸ ❬✹✾❪ ♣r♦✈❡❞ t❤❛t ❛♥② s✉❝❤ ♠❛♥✐❢♦❧❞ ✐s ❞✐✛❡♦♠♦r♣❤✐❝ t♦ s♦♠❡ ♥♦♥s✐♥❣✉❧❛r r❡❛❧

❛❧❣❡❜r❛✐❝ s❡t✳ ❋✉rt❤❡r ♦♥✱ ✐♥ ✶✾✽✶✱ ❆❦❜✉❧✉t ❛♥❞ ❑✐♥❣ ❬✸❪ ♣r♦✈❡❞ t❤❛t ❛♥② ♥♦♥s✐♥✲

❣✉❧❛r r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ✐s ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡ ✐♥t❡r✐♦r ♦❢ ❛ ❝♦♠♣❛❝t C∞✲♠❛♥✐❢♦❧❞✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ t❤✉s ❤❛s ❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♥♦♥s✐♥❣✉❧❛r r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡ts✱

✉♣ t♦ ❞✐✛❡♦♠♦r♣❤✐s♠✳

✷✳✷✳ ❆ ▼✐❧♥♦r ❋✐❜r❛t✐♦♥✳ ❚❤❡ t♦♣♦❧♦❣✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ r❡❛❧ ❛♥❞ ❝♦♠♣❧❡①

❛❧❣❡❜r❛✐❝ ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ❛♥❛❧②t✐❝✮ s❡ts ♥❡❛r ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✇❛s ✐♥✲

✈❡st✐❣❛t❡❞ ❜② ❏♦❤♥ ▼✐❧♥♦r ✐♥ ❤✐s ♥♦✇ ❝❧❛ss✐❝❛❧ tr❡❛t✐s❡ ❬✸✾❪ ❢r♦♠ ✶✾✻✽✳ ■♥ ✐t ❤❡

s❤♦✇❡❞✱ ❛s ❛ ♠❡❛♥s ♦❢ ❝♦♥str✉❝t✐♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ str✉❝t✉r❡s ♦♥ t♦♣♦❧♦❣✐❝❛❧ ♠❛♥✐✲

❢♦❧❞s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t♦ ♣r♦❞✉❝❡ ❡①❛♠♣❧❡s ♦❢ ❡①♦t✐❝ s♣❤❡r❡s✱ t❤❛t t♦ ❛♥② s✐♥❣✉❧❛r✐t②

♦❢ ❛ ❝♦♠♣❧❡① ❤②♣❡rs✉r❢❛❝❡ ♦♥❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❬✸✾✱ ❚❤❡♦r❡♠ ✹✳✽❪ ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ ✜✲

❜r❛t✐♦♥ ♦✈❡r t❤❡ ♣♦✐♥t❡❞ ❞✐s❝✳ ❋✉rt❤❡r♠♦r❡ ❤❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛❧ ❛♥❛❧♦❣✉❡

✷■♥ ❛♥♦t❤❡r ❛rt✐❝❧❡✱ ♦❢ ✶✾✻✾✱ ◆❛s❤ ❞❡✜♥❡❞ ❛♥❞ st✉❞✐❡❞ ❛r❝ s♣❛❝❡s✱ ✉s❡❞ ❜② ❉❡♥❡❢ ❛♥❞ ▲♦❡s❡r
❬✶✹❪ t♦ ❞❡✜♥❡ ♠♦t✐✈✐❝ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳
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✭❢♦r k > 1✮✳

▲❡t f : (Rn+k, 0) → (Rk, 0) ❜❡ ❛ ❣❡r♠ ♦❢ r❡❛❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ ❧❡t ✉s ❝❤♦♦s❡

❛ r❡♣r❡s❡♥t❛t✐✈❡ f : M → Rk ♦♥ ❛ s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞ M ⊂ Rn+k ❝♦♥t❛✐♥✐♥❣ t❤❡

♦r✐❣✐♥ ❛♥❞ ❧❡t ❏❛❝(f) ❞❡♥♦t❡ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ t❤✐s r❡♣r❡s❡♥t❛t✐✈❡✳

❚❤❡♦r❡♠ ✷✳✶ ✭❬✹✻✱ ❚❤❡♦r❡♠ ✹✳✷❪✮✳ ■❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❏❛❝(f) ❤❛s r❛♥❦ k

✐♥ ❛♥② x 6= 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts δ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② δ ∈ (0, δ0] t❤❡r❡ ❡①✐sts

ǫ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ǫ ∈ (0, ǫ0] t❤❡ r❡str✐❝t✐♦♥

f : f−1(Bkǫ \ {0}) ∩ Bn+kδ → Bkǫ \ {0}✭✷✮

✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ t♦♣♦❧♦❣✐❝❛❧ ✜❜r❛t✐♦♥ ✇❤❡r❡ Bn+kδ ⊂ Rn+k ❞❡♥♦t❡s t❤❡ ♦♣❡♥ (n+k)✲

❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ♦❢ r❛❞✐✉s δ ❛♥❞ ✇❤❡r❡ Bkǫ ⊂ Rk ❞❡♥♦t❡s

t❤❡ ♦♣❡♥ k✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ♦❢ r❛❞✐✉s ǫ✳

❲❤❡♥ k = 1 t❤❡r❡ ❛r❡ t❤✉s ✉♣ t♦ ❞✐✛❡♦♠♦r♣❤✐s♠ t✇♦ ✜❜r❡s

F±
η := f−1(±η) ∩ Bn+1

δ , 0 < η ≤ ǫ

♦❢ t❤❡ ❧♦❝❛❧❧② tr✐✈✐❛❧ ✜❜r❛t✐♦♥ ✷ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❚❤❡♦r❡♠ ✷✳✶✳ ❚❤❡s❡ ❛r❡

r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♦♣❡♥ ▼✐❧♥♦r ✜❜r❡s ♦❢ f ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡

❝❧♦s✉r❡s F̄±
η ❢♦r t❤❡ ❡✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣② ♦❢ t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♦♣❡♥ ▼✐❧♥♦r

✜❜r❡s ❛r❡ t❤❡♥ ♠❛♥✐❢♦❧❞s ✇✐t❤ ❜♦✉♥❞❛r✐❡s ❛♥❞ ❛r❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♣♦s✐t✐✈❡ ❛♥❞

♥❡❣❛t✐✈❡ ❝❧♦s❡❞ ▼✐❧♥♦r ✜❜r❡s ♦❢ f ❛t t❤❡ ♦r✐❣✐♥✳

❲❤❡♥ k ≥ 2 t❤❡r❡ ✐s ✉♣ t♦ ❞✐✛❡♦♠♦r♣❤✐s♠ ❛ ✉♥✐q✉❡ ✜❜r❡

Fη = f−1(η) ∩ Bn+kδ , η ∈ Bkǫ \ {0}

♦❢ ✭✷✮ ❜❡❝❛✉s❡ t❤❡♥ t❤❡ ❝♦❞♦♠❛✐♥ ✐s ❝♦♥♥❡❝t❡❞✳ ❚❤❡ ♠❛♥✐❢♦❧❞ Fη ✐s t❤❡♥ r❡❢❡rr❡❞

t♦ ❛s t❤❡ ♦♣❡♥ ▼✐❧♥♦r ✜❜❡r ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡ ❝❧♦s✉r❡ F̄η ❢♦r t❤❡ ❡✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣②

♦❢ t❤❡ ♦♣❡♥ ▼✐❧♥♦r ✜❜r❡ ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r② ❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s

t❤❡ ❝❧♦s❡❞ r❡❛❧ ▼✐❧♥♦r ✜❜r❡ ♦❢ f ❛t t❤❡ ♦r✐❣✐♥✳

✷✳✸✳ ❆♥ ❖✉t❧✐♥❡ ♦❢ ❑♥♦✇♥ ❘❡s✉❧ts✳ ❆s ❢♦r t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r

✜❜r❡s✱ r❡❧❛t✐✈❡❧② ❧✐tt❧❡ ✐s ❦♥♦✇♥✱ ❛t ❧❡❛st ✐❢ ♦♥❡ ✇❡r❡ t♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ s✐t✉❛t✐♦♥

♦✈❡r t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs✳ ❲❡ ♥♦✇ ♦✉t❧✐♥❡ ✇❤❛t ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✱ ❜❡❣✐♥♥✐♥❣
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✇✐t❤ ❛ st❛rt❧✐♥❣ ❝♦♥❣r✉❡♥❝❡ ✇❤✐❝❤ ✐s s♦♠❡✇❤❛t t②♣✐❝❛❧ ✐♥ r❡❛❧ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✳

❍❡r❡ p ∈ Rn+1 ✐s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ f :

(Rn+1, p) → (R, p) ✐❢ p ✐s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ❛♥② r❡♣r❡s❡♥t❛t✐✈❡ f :M → R

♦❢ t❤✐s ❣❡r♠✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷ ✭❬✸✻✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷❪✮✳ ■❢ t❤❡ ♦r✐❣✐♥ ✐s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧

♣♦✐♥t ♦❢ t❤❡ ❣❡r♠ ♦❢ ❛ r❡❛❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ f : (Rn+1, 0) → (R, 0) ❛♥❞ ✐❢ (ǫ0, δ0) ✐s

▼✐❧♥♦r ❞❛t❛ ❛t t❤❡ ♦r✐❣✐♥ ❛s ✐♥ ✭❚❤❡♦r❡♠ ✷✳✶✮ t❤❡♥ ❢♦r ❛♥② η ∈ (0, ǫ(δ)] t❤❡ ❊✉❧❡r✲

P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❝❧♦s❡❞ ▼✐❧♥♦r ✜❜r❡s s❛t✐s❢② t❤❡ ❝♦♥❣r✉❡♥❝❡ r❡❧❛t✐♦♥

χ(F̄+
η ) ≡ χ(F̄−

η ) (♠♦❞ 2).

❚❤✐s ❝♦♥❣r✉❡♥❝❡ r❡❧❛t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ❜② ❈✳ ▼❝❈r♦r② ❛♥❞ ❆✳ P❛r✉s✐➠s❦✐

❬✸✻❪✮ ❛s ❢♦❧❧♦✇s✸✳

❈♦♥s✐❞❡r ❛ r❡♣r❡s❡♥t❛t✐✈❡ f : M → R ♦❢ t❤❡ ❣❡r♠ f : (Rn+1, 0) → (R, 0) ✇❤❡r❡

M ⊂ Rn+1 ✐s ❛ s♠❛❧❧ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❡t

fC :MC → C

❞❡♥♦t❡ ❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤✐s r❡♣r❡s❡♥t❛t✐✈❡ ✇❤❡r❡ MC ⊂ Cn+1 ✐s ❛♥ ♦♣❡♥

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥ s✉❝❤ t❤❛t MC ∩ Rn+1 = M ✳ ▲❡t c : Cn+1 → Cn+1

❞❡♥♦t❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t✐♦♥ ❛♥❞ ❧❡t FC,η ❞❡♥♦t❡ ❛ ▼✐❧♥♦r ✜❜r❡ ✭s❡❡ ❬✸✾✱ ❚❤❡♦r❡♠

✹✳✽❪✮ ❛t t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ fC✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ❣❡♦♠❡tr✐❝

♠♦♥♦❞r♦♠②

h : FC,η → FC,η

s❛t✐s✜❡s✱ ✉♣ t♦ ✐s♦t♦♣②✱ t❤❡ r❡❧❛t✐♦♥ chch = Id✳ ▼❝❈r♦r② ❛♥❞ P❛r✉s✐➠s❦✐ t❤❡♥ ♦❜✲

t❛✐♥ t❤❡ ❝♦♥❣r✉❡♥❝❡ ❛❜♦✈❡ ❛♥❞ ♠♦r❡♦✈❡r ♦❜t❛✐♥ ❛♥♦t❤❡r ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ❬✶✸✱

❚❤❡♦r❡♠ ✶❪ ♦❢ ▼✳ ❈♦st❡ ❛♥❞ ❑✳ ❑✉r❞②❦❛ ♦♥ t❤❡ ❣❡♥❡r✐❝✐t② ♠♦❞✉❧♦ ❢♦✉r ♦❢ ❧✐♥❦s ♦❢

✐rr❡❞✉❝✐❜❧❡ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡ts✳ ❆♥♦t❤❡r ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ ✉s✐♥❣ r❡❛❧ ♠♦t✐✈✐❝

③❡t❛ ❢✉♥❝t✐♦♥s✱ ✐s ❣✐✈❡♥ ❜② ●✳❋✐❝❤♦✉ ✐♥ ❬✷✸❪✳ ❨❡t ❛♥♦t❤❡r ♣r♦♦❢ ❢♦❧❧♦✇s ❡❛s✐❧② ✐♥

t❤❡ ❝❛s❡ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✱ ♦❜t❛✐♥❡❞ ❜② ●✳▼✳

❑❤✐♠s❤✐❛s❤✈✐❧✐ ❬✷✾❪ ✐♥ ✶✾✼✼✱ ✇❤✐❝❤ ✇❡ ♥♦✇ r❡❝❛❧❧✳

❚❤❡♦r❡♠ ✷✳✸ ✭❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪✮✳ ■❢ t❤❡ ♦r✐❣✐♥ ✐s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢

t❤❡ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠ f : (Rn+1, 0) → (R, 0) ❛♥❞ ✐❢ (ǫ0, δ0) ✐s ❛ ▼✐❧♥♦r ❞❛t❛ ❛t

✸❆s r❡♠❛r❦❡❞ t♦ ♠❡ ❜② ❆✳ P❛r✉s✐➠s❦✐ t❤❡ r❡s✉❧t ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ❛❧❣❡❜r❛✐❝❛❧❧②
❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ❬✹✶✱ ❚❤❡♦r❡♠ ✻✳✻❪
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t❤❡ ♦r✐❣✐♥✱ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶✱ t❤❡♥ ❢♦r ❛♥② η ∈ (0, ǫ(δ)]✱

χ(F̄+
η ) = 1− (−1)n+1 deg0(∇f), χ(F̄−

η ) = 1− deg0(∇f)

✇❤❡r❡ deg0(∇f) ✐s t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❞❡❣r❡❡ ♦❢ t❤❡ ♠❛♣

∇f
‖∇f‖ : Snδ → Snδ

✇❤❡r❡ Snδ = ∂B̄n+1
δ ❞❡♥♦t❡s t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ s♣❤❡r❡ ♦❢ r❛❞✐✉s δ ❝❡♥t❡r❡❞ ❛t t❤❡

♦r✐❣✐♥✳

❖♥❡ ❝❛♥ ♥♦t❡ ❤❡r❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❡st✐♥❣ ❝♦r♦❧❧❛r② r❡s✉❧ts✳

❈♦r♦❧❧❛r② ✷✳✹✳ ■❢ n ✐s ♦❞❞ t❤❡♥

χ(F̄+
η ) = χ(F̄−

η ).

■♥ t❤❡ ❝❛s❡ ♦❢ ❤✐❣❤❡r ❝♦❞✐♠❡♥s✐♦♥❛❧ ✭k ≥ 2✮ ✐s♦❧❛t❡❞ r❡❛❧ s✐♥❣✉❧❛r✐t✐❡s ◆✳

❉✉t❡rtr❡✱ ❉✳ ❉r❡✐❜❡❧❜✐s ❛♥❞ ❘✳ ❆r❛ú❥♦ ❞♦s ❙❛♥t♦s ❤❛✈❡ q✉✐t❡ r❡❝❡♥t❧② ❢♦✉♥❞ t❤❡

❢♦❧❧♦✇✐♥❣ ❛♥❛❧♦❣✉❡ ♦❢ ❑❤✐♠s❤✐❛s❤✈✐❧✐s ❢♦r♠✉❧❛✳

❈♦r♦❧❧❛r② ✷✳✺ ✭❬✹✹✱ ❈♦r♦❧❧❛r② ✸✳✹❪✮✳ ▲❡t f : (Rn, 0) → (Rk, 0) ✇✐t❤ n > k ≥ 2

❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠ ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ❛t t❤❡ ♦r✐❣✐♥✳

▲❡t f = (f1, . . . , fk) ❜❡ ❛♥ ❛r❜✐tr❛r② r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❣❡r♠✳ ❉❡♥♦t❡ ❜② deg0(∇fi)
t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❞❡❣r❡❡ ♦❢

∇fi
‖∇fi‖

: Sn−1
δ → Sn−1

δ

❛♥❞ ❧❡t F̄η ❞❡♥♦t❡ ❛ ❝❧♦s❡❞ ▼✐❧♥♦r ✜❜r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❤♦❧❞s✳

✭✶✮ ■❢ n ✐s ❡✈❡♥ t❤❡♥ χ(F̄η) = 1− deg0(∇f1) ❛♥❞

deg0(∇f1) = · · · = deg0(∇fk).

✭✷✮ ■❢ n ✐s ♦❞❞ t❤❡♥ χ(F̄η) = 1 ❛♥❞

deg0(∇f1) = · · · = deg0(∇fk) = 0.

■♥ t❤❡ ❝♦♠♣❧❡① r❡❛❧♠✱ ❛s ❛❧r❡❛❞② st❛t❡❞✱ ▼✐❧♥♦r ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜✲

❜r❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❤♦❧♦♠♦r♣❤✐❝ ❣❡r♠s ❛♥❞ ❤❡ ♠♦r❡♦✈❡r ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

❝❧❛ss✐❝❛❧ r❡s✉❧t
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❚❤❡♦r❡♠ ✷✳✻ ✭❬✸✾✱ ❚❤❡♦r❡♠ ✻✳✺❪✱ ❬✹✻✱ ❚❤❡♦r❡♠ ✼✳✷❪✮✳ ■❢ t❤❡ ♦r✐❣✐♥ ✐s ❛♥ ✐s♦✲

❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ f : (Cn+1, 0) → (C, 0) t❤❡♥

t❤❡ ▼✐❧♥♦r ✜❜r❡

FC = f−1(η) ∩ B̄n+1
δ (C)

❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ ❛ ❜♦✉q✉❡t ♦❢ s♣❤❡r❡s
∨µ(f,0)
i=1 Sn✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s♣❤❡r❡s

µ = µ(f, 0) ✐s ❝❛❧❧❡❞ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r ♦❢ f ❛t t❤❡ ♦r✐❣✐♥✳ ■t ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞

µ = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ 0 ∈ Cn+1 ✐s ❛ r❡❣✉❧❛r ♣♦✐♥t ♦❢ f ✳

❘❡♠❛r❦ ✷✳✼✳ ❚❤❛t t❤❡ ❛♥❛❧♦❣✉♦✉s ▼✐❧♥♦r ✜❜r❡ ❡①✐sts ❛♥❞ ❤❛s t❤❡ ❤♦♠♦t♦♣②

t②♣❡ ♦❢ s✉❝❤ ❛ ❜♦✉q✉❡t ♦❢ s♣❤❡r❡s ❤❛✈❡ s✐♥❝❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❢♦r ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝✲

t✐♦♥s f : (Cn+k, 0) → (Ck, 0) ❜② ❍✳ ❍❛♠♠ ✭s❡❡ ❡✳❣ ❬✸✹✱ ❈♦r♦❧❧❛r② ✺✳✶✵❪✮✹✳

◆♦ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✻ ❤❛s t♦ t❤✐s ❞❛t❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ r❡❛❧ ▼✐❧♥♦r

✜❜❡rs ♦❢ ❣❡r♠s ♦❢ ✐s♦❧❛t❡❞ r❡❛❧ s✐♥❣✉❧❛r✐t✐❡s f : (Rn+1, 0) → (Rk, 0) ❛♥❞ ❛s ❢♦r t❤❡

❤♦♠♦t♦♣② t②♣❡ ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜❡rs✱ ♥♦t ♠✉❝❤ ❝❛♥ ❜❡ s❛✐❞✳ ❊✈❡♥ ✐❢ ♦♥❡ ✇❡r❡

t♦ r❡str✐❝t ♦♥❡s ❛tt❡♥t✐♦♥ t♦ t❤❡ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜❡rs✱

❛❣❛✐♥✱ ♥♦t ♠✉❝❤ ❝❛♥ ❜❡ s❛✐❞ ❡①❝❡♣t ❢♦r t✇♦ r❡s✉❧ts ✇❤✐❝❤ ✇❡r❡ ❡st❛❜❧✐s❤❡❞ ✐♥ ✷✵✶✹

❜② ❘✳ ❆r❛ú❥♦ ❞♦s ❙❛♥t♦s✱ ▼✳ ❍♦❤❧❡♥✇❡r❣❡r✱ ❖✳ ❙❛❡❦✐ ❛♥❞ ❚✳ ❙♦✉③❛✳ ❲❡ st❛t❡ t❤❡✐r

r❡s✉❧ts ❤❡r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

Pr♦♣♦s✐t✐♦♥ ✷✳✽ ✭❬✹✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✹❪✮✳ ▲❡t f : (R2k, 0) → (Rk, 0) ❜❡ ❛ ♣♦❧②✲

♥♦♠✐❛❧ ♠❛♣ ❣❡r♠ ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ❛t t❤❡ ♦r✐❣✐♥✱ k ≥ 2✳ ●✐✈❡♥ ❛ r❡♣r❡✲

s❡♥t❛t✐✈❡ f = (f1, . . . , fk)✱ ✐❢ F̄η ❞❡♥♦t❡s ❛ ▼✐❧♥♦r ✜❜r❡ ❛t t❤❡ ♦r✐❣✐♥ ✭❚❤❡♦r❡♠ ✷✳✶✮

t❤❡♥

✭✶✮ βk−1 := dimHk−1(F̄η,Z) = (−1)k deg0(∇f1).
✭✷✮ ❚❤❡ ▼✐❧♥♦r ✜❜r❡ F̄η ❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ ❛ ❜♦✉q✉❡t

F̄η ∼
βk−1
∨

i=1

Sk−1

✇❤❡r❡ ✐t ✐s ♠❡❛♥t ❛ ♣♦✐♥t ✐❢ βk−1 = 0✳

❚❤❡② ❛❧s♦ s❤♦✇❡❞

✹❙✉❝❤ ❜♦✉q✉❡t ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠s ❡①✐st ❛❧s♦ ♠♦r❡ ❣❡♥❡r❛❧❧② ❢♦r ❤♦❧♦♠♦r♣❤✐❝ ♠❛♣ ❣❡r♠s
f : (X, 0) → (C, 0) s✉❝❤ t❤❛t ❜♦t❤ f ❛♥❞ X ❤❛✈❡ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥ ❛♥❞
dimX 6= 3✳ ❉✳ ❙✐❡rs♠❛ ✭❬✹✼✱ ❚❤❡♦r❡♠ ✵✳✶❪✮ ♣r♦✈❡❞ ♥❛♠❡❧② ✐♥ t❤✐s ❝❛s❡ t❤❛t t❤❡ ▼✐❧♥♦r ✜❜❡r ❤❛s
t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ ❛ ❜♦✉q✉❡t lk0(X) ∨ Sn ∨ · · · ∨ Sn. ❆ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❙✐❡rs♠❛✬s r❡s✉❧t ✇❛s
❧❛t❡r ❡st❛❜❧✐s❤❡❞ ❜② ▼✳ ❚✐❜❛r ❬✹✽✱ ✏❇♦✉q✉❡t ❚❤❡♦r❡♠✑❪✳
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Pr♦♣♦s✐t✐♦♥ ✷✳✾ ✭❬✹✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✻❪✮✳ ▲❡t f : (R2k+1, 0) → (Rk, 0) ✇✐t❤

k ≥ 3 ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠ ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡♥

t❤❡ (k− 1)✲t❤ ❤♦♠♦❧♦❣② ❣r♦✉♣ Hk−1(F̄η,Z) ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡ ✐s t♦rs✐♦♥ ❢r❡❡ ✐❢ ❛♥❞

♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

F̄η ∼
βk−1
∨

i=1

Sk−1 ∨ Sk.

✸✳ ❘❡❛❧ ▼♦t✐✈✐❝ ▼✐❧♥♦r ❋✐❜❡rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤❛❧❧ ❞✐s❝✉ss ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❛❧ ✐s♦❧❛t❡❞

s✐♥❣✉❧❛r✐t✐❡s✳ ❚♦ ♣✉t t❤✐s ✐♥t♦ ♣❡rs♣❡❝t✐✈❡ ✇❡ ✜rst r❡❝❛❧❧ ❛ ❢♦r♠✉❧❛ ♦❢ ◆♦r❜❡rt

❆✬❈❛♠♣♦ ❛♥❞ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❏✳ ❉❡♥❡❢ ❛♥❞ ❋✳

▲♦❡s❡r✳

✸✳✶✳ ❆✬❈❛♠♣♦✬s ❋♦r♠✉❧❛✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛ ❬✷✱ ❚❤é♦rè♠❡ ✶❪ ♦❢ ❆✬❈❛♠♣♦

✐♠♣❧✐❡s t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤②♣❡rs✉r❢❛❝❡ s✐♥❣✉❧❛r✐t✐❡s t❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡rs ♦❢ t❤❡

✐t❡r❛t❡s ♦❢ t❤❡ ♠♦♥♦❞r♦♠② ❛❝t✐♥❣ ♦♥ t❤❡ ❝♦♠♣❧❡① ▼✐❧♥♦r ✜❜r❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞

❢r♦♠ ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤✐s ②✐❡❧❞s ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡

❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡✳

❚❤❡ s✐t✉❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ▲❡t f : Cn+1 → C ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ✇✐t❤

f(0) = 0 ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ♦r✐❣✐♥ ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t✳ ❲r✐t❡ Fη = f−1(η) ∩ B̄δ

❢♦r ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡ ❛t t❤❡ ♦r✐❣✐♥✳ ❇② t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✲

✐t✐❡s t❤❡♦r❡♠ ♦❢ ❍✐r♦♥❛❦❛ ❬✷✼❪ t❤❡r❡ ❡①✐sts ❛ ♣r♦♣❡r ❜✐r❛t✐♦♥❛❧ ♠❛♣ σ :M → Cn+1

❢r♦♠ ❛ s♠♦♦t❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②M s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✶✮ ❚❤❡ r❡str✐❝t✐♦♥ σ : M \ (f ◦ σ)−1(0) → Cn+1 \ f−1(0) ✐s ❛♥ ❛❧❣❡❜r❛✐❝

✐s♦♠♦r♣❤✐s♠✳

✭✷✮ ❚❤❡ r❡❞✉❝❡❞ ❞✐✈✐s♦r Y := (f ◦ σ)−1
red(0) ⊂M ❤❛s ♥♦r♠❛❧ ❝r♦ss✐♥❣s✳

✭✸✮ ❚❤❡ r❡❞✉❝❡❞ ❞✐✈✐s♦r E := (σ−1(0))red ✐s ❛ ✉♥✐♦♥ ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts

♦❢ Y ✳

■t ❢♦❧❧♦✇s t❤❛t ✐❢ Y =
⋃

j∈J Ej ❞❡♥♦t❡s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ✐rr❡❞✉❝✐❜❧❡

❝♦♠♣♦♥❡♥ts ♦❢ Y t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡t ♦❢ ✐♥❞✐❝❡s K ⊂ J s✉❝❤ t❤❛t E =
⋃

i∈KEi

✐s ❛ ✉♥✐♦♥ ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts✳

❉❡❢✐♥✐t✐♦♥ ✷✳✶✵✳ ❋♦r ❛♥② i ∈ J ✱ ❧❡t Ni = ♠✉❧tEi(f ◦ σ) ❜❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢

(f ◦ σ)−1(0) ❛❧♦♥❣ Ei✳ ❋♦r ❛♥② I ⊂ J ❧❡t NI = gcdi∈I Ni✳
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▲❡t ✉s str❛t✐❢② Y ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t E ✐s ❛ ✉♥✐♦♥ ♦❢ str❛t❛✳

❉❡❢✐♥✐t✐♦♥ ✷✳✶✶✳ ❋♦r ❛♥② ♥♦♥❡♠♣t② s✉❜s❡t ∅ 6= I ⊂ J ❧❡t

EoI =
⋂

i∈I

Ei \
⋃

j∈J\I

Ej .

❚❤❡ t❤❡♦r❡♠ ♦❢ ❆✬❈❛♠♣♦ ♥♦✇ r❡❛❞s

❚❤❡♦r❡♠ ✷✳✶✷ ✭❬✷✱ ❚❤é♦rè♠❡ ✶❪✮✳ ❋♦r ❛♥② k ∈ N✱ t❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡r Λ(hk)

♦❢ t❤❡ k✲t❤ ✐t❡r❛t❡ ♦❢ t❤❡ ♠♦♥♦❞r♦♠② ❛❝t✐♦♥ h : Fη → Fη ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡ s❛t✐s✜❡s

Λ(hk) =
∑

I⊂K,NI |k

NIχ(E
0
I ).

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡ s❛t✐s✜❡s

χ(Fη) = Λ(h0) =
∑

I⊂K

NIχ(E
0
I ).

❆✬❈❛♠♣♦ ♣r♦✈❡❞ t❤✐s t❤❡♦r❡♠ ✐♥ ✶✾✼✸✱ ❜② ✉s✐♥❣ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢ t❤❡

s❤❡❛❢ ♦❢ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ❛s t♦ r❡❞✉❝❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦r♠❛❧ ❝r♦ss✲

✐♥❣s s✐♥❣✉❧❛r✐t②✱ ❢♦r ✇❤✐❝❤ t❤❡ ▲❡❢s❝❤❡t③ ♥✉♠❜❡rs ❤❛❞ ❜❡❡♥ ❝♦♠♣✉t❡❞ ❜② ❤✐♠ ✐♥ ❛

♣r❡✈✐♦✉s ❛rt✐❝❧❡✳

❲❤✐❧st ❝♦♥str✉❝t✐♥❣ t❤❡✐r t❤❡♦r② ♦❢ ♠♦t✐✈✐❝ ✐♥t❡❣r❛t✐♦♥✱ ❏✳ ❉❡♥❡❢ ❛♥❞ ❋✳ ▲♦❡s❡r

❛ss♦❝✐❛t❡❞ ✐♥ t❤❡✐r ❛rt✐❝❧❡ ❬✶✹❪ t♦ ❛♥② ♥♦♥❝♦♥st❛♥t ♠♦r♣❤✐s♠

f : X → A1
k

❢r♦♠ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ♥♦♥s✐♥❣✉❧❛r ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t② ♦✈❡r ❛ ✜❡❧❞ k ♦❢ ❝❤❛r❛❝t❡r✐st✐❝

③❡r♦✱ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s✳ ❚❤❡s❡ ❛r❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ ❛

r✐♥❣ ♦❢ ♠♦t✐✈❡s✱ ✇❤✐❝❤ ✐s t♦ s❛② ✐♥ t❤✐s s❡tt✐♥❣✱ ❛ ❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ●r♦t❤❡♥❞✐❡❝❦

r✐♥❣ ♦❢ ✈❛r✐❡t✐❡s K0(❱❛rk)✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ t❤❡♥ t❤❡ ♠♦t✐✈❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦

❝❡rt❛✐♥ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❛r❝ s♣❛❝❡s ✐♥tr♦❞✉❝❡❞ ❜② ◆❛s❤✳ ❆ ❝❡rt❛✐♥ ❢♦r♠❛❧ ❧✐♠✐t ♦❢

t❤❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ✐s t❤❡♥ ❝❛❧❧❡❞ t❤❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡ ♦❢ f ✳ ❲❡ ✇✐❧❧ ♥♦t

❞❡❧✈❡ ❢✉rt❤❡r ✐♥t♦ t❤✐s ♠❛tt❡r✱ ❧❡st t♦ s❛② t❤❛t ✇❤❡♥ k = C ♦♥❡ r❡❝♦✈❡rs ♠♦st ♦❢ t❤❡

✉s✉❛❧ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ❝♦♠♣❧❡① ▼✐❧♥♦r ✜❜r❡ ✭s✉❝❤ ❛s t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡rst✐❝✮ ❢r♦♠

t❤❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡✱ ❜② ❛♣♣❧②✐♥❣ ❛ ❝❡rt❛✐♥ r❡❛❧✐s❛t✐♦♥ ♠♦r♣❤✐s♠✳
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❲❡ ✇✐❧❧ ❤♦✇❡✈❡r ❞✐s❝✉ss ❛ ✈❡rs✐♦♥ ❢♦r r❡❛❧ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s✱ ❞✉❡ t♦ ●✳❈♦♠t❡

❛♥❞ ●✳❋✐❝❤♦✉✱ ❢r♦♠ ✇❤✐❝❤ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r

✜❜r❡s✳ ❆s t❤❡✐r ❝♦♥str✉❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ✏♠♦t✐✈❡s✑ ❛s ❣✐✈❡♥ ❜② ❛ ❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡

r✐♥❣ ♦❢ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s✱ ✇❡ ✜rst ♥❡❡❞ t♦ ❞✐s❝✉ss t❤❡ ❧❛tt❡r✳

✸✳✷✳ ❇❛s✐❝ ❙❡♠✐❛❧❣❡❜r❛✐❝ ❋♦r♠✉❧❛s✳ ■♥ t❤❡ ❛rt✐❝❧❡ ❬✶✶❪ ●✳ ❈♦♠t❡ ❛♥❞ ●✳

❋✐❝❤♦✉ ✐♥tr♦❞✉❝❡❞ t❤❡ ●r♦t❤❡♥❞✐❡❝❦ r✐♥❣ K0(❇❙❆R) ♦❢ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉✲

❧❛s✳ ❚❤❡② ✇❡r❡ ❜r♦✉❣❤t t♦ ❞♦ s♦ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❛❝❦ ♦❢ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ♦❢ t❤❡

●r♦t❤❡♥❞✐❡❝❦ r✐♥❣ K0(❙❆R) ♦❢ r❡❛❧ s❡♠✐❛❧❣❡❜r❛✐❝ s❡ts❀ ✐♥❞❡❡❞ t❤❡ ❧❛tt❡r r✐♥❣ ✐s ✐s♦✲

♠♦r♣❤✐❝ t♦ t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝❧❛ss ♦❢ ❛ ♣♦✐♥t✳ ❚❤❡ ✐❞❡❛ t❤❡♥

✇❛s t♦ ❝♦♥s✐❞❡r ♥♦t s❡♠✐❛❧❣❡❜r❛✐❝ s❡ts t❤❡♠s❡❧✈❡s ❜✉t r❛t❤❡r t❤❡ ❢♦r♠✉❧❛s ❞❡✜♥✐♥❣

t❤❡♠ ❛♥❞ t❤✉s ♣r♦❞✉❝❡ ❛ r✐♥❣ ✇✐t❤ r✐❝❤❡r str✉❝t✉r❡✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ✇✐❧❧ ❞❡♥♦t❡

❱❛rR t❤❡ ❝❛t❡❣♦r② ♦❢ ✈❛r✐❡t✐❡s ♦✈❡r ❙♣❡❝(R) ❛♥❞ ✐❢ X ∈ ❱❛rR ✐s ❛ r❡❛❧ ✈❛r✐❡t② ✇❡

s❤❛❧❧ ❞❡♥♦t❡ ❜② X(R) ✐ts s❡t ♦❢ r❡❛❧ ♣♦✐♥ts✳

❉❡❢✐♥✐t✐♦♥ ✷✳✶✸ ✭❬✶✶✱ ➓ ✶✳✸❪✮✳ ❆ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛ ✐♥ n ✈❛r✐❛❜❧❡s

A ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡q✉❛❧✐t✐❡s✱ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✐♥❡q✉❛t✐♦♥s ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ n

✈❛r✐❛❜❧❡s✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐sts I, J, L ⊂ N ❛♥❞ ♣♦❧②♥♦♠✐❛❧s pi, qj , rl ∈ R[x1, . . . , xn]

❢♦r i ∈ I, j ∈ J ❛♥❞ l ∈ L s✉❝❤ t❤❛t

A = {pi = 0, qj 6= 0, rl > 0, ∀i ∈ I, ∀j ∈ J, ∀l ∈ L}.

❆ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛ ✇✐t❤♦✉t ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✐♥❡q✉❛t✐♦♥s ✐s ❝❛❧❧❡❞ ❛❧❣❡✲

❜r❛✐❝✳ ❚❤❡ s❡t ♦❢ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s ✐♥ n ✈❛r✐❛❜❧❡s ✐s ❞❡♥♦t❡❞ ❜② ❇❙❆n✳ ❚❤❡

✉♥✐♦♥ ♦❢ t❤❡ s❡ts ❇❙❆n ♦✈❡r N ✐s ❞❡♥♦t❡❞ ❜② ❇❙❆✳

❘❡♠❛r❦ ✷✳✶✹✳ ❆ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛ ✐s ♥♦t ❞❡t❡r♠✐♥❡❞ ❜② ✐ts s❡t ♦❢

r❡❛❧ ♣♦✐♥ts

A(R) = {x̄ ∈ Rn | pi(x̄) = 0, qj(x̄) 6= 0, rl(x̄) > 0, i ∈ I, j ∈ J, l ∈ L}.

❋♦r ✐♥st❛♥❝❡ A = {x2+a > 0} ❛♥❞ B = {x2+b > 0} ✇✐t❤ a, b ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱

❞❡✜♥❡ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛s ❛❧t❤♦✉❣❤ t❤❡✐r s❡ts ♦❢ r❡❛❧ ♣♦✐♥ts ❛r❡ t❤❡ s❛♠❡✳

❆♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢♦r♠✉❧❛s ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

❉❡❢✐♥✐t✐♦♥ ✷✳✶✺ ✭❬✶✶✱ ❉❡✜♥✐t✐♦♥ ✷✳✻❪✮✳ ▲❡t

A = {A′, pi > 0, i = 1, . . . , l}, B = {B′, qi > 0, i = 1, . . . , l}
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❜❡ ❢♦r♠✉❧❛s s✉❝❤ t❤❛t A′, B′ ⊂ Rn ❛r❡ ❩❛r✐s❦✐ ❝♦♥str✉❝t✐❜❧❡ s✉❜s❡ts ❛♥❞ pi, qi ∈
R[x1, . . . , xn]✳ ❲❡ s❛② t❤❛t A ❛♥❞ B ❛r❡ ✐s♦♠♦r♣❤✐❝ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠

♦❢ r❡❛❧ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s

φ : Ã→ B̃

✇❤❡r❡

Ã = {A′, p1 = z21 , . . . , pl = z2l },

B̃ = {B′, q1 = z21 , . . . , ql = z2l }

s✉❝❤ t❤❛t φ ✐s ❡q✉✐✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❝t✐♦♥ ♦❢ {±1}l ♦♥ Ã ❛♥❞ B̃ ❛♥❞ s✉❝❤

t❤❛t t❤❡ ♠♦r♣❤✐s♠ ✐♥❞✉❝❡❞ ❜② ❡①t❡♥s✐♦♥ ♦❢ s❝❛❧❛rs φC : ÃC → B̃C ✐s ❛ ❝♦♠♣❧❡①

❛❧❣❡❜r❛✐❝ ✐s♦♠♦r♣❤✐s♠✳

❉❡❢✐♥✐t✐♦♥ ✷✳✶✻ ✭❬✶✶✱ ➓ ✶✳✸❪✮✳ ▲❡t G ❜❡ t❤❡ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ 〈[A]|A ∈ ❇❙❆〉 ♦❢
❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s ✇❤❡r❡ ✐❢ A ❛♥❞ B ❛r❡ ❛❧❣❡❜r❛✐❝✱

t❤❛t ✐s ❤❛✈❡ ♥♦ ✐♥❡q✉❛❧✐t✐❡s✱ ❛♥❞ ✐❢ A ∼= B ❜② ❛♥ ❛❧❣❡❜r❛✐❝ ✐s♦♠♦r♣❤✐s♠ t❤❡♥ [A] =

[B]✳ ▲❡t K0(❇❙❆R) ❜❡ t❤❡ q✉♦t✐❡♥t ♦❢ G ❜② t❤❡ r❡❧❛t✐♦♥s

✭✶✮ [A, q = 0] + [A, q 6= 0] = [A], A ∈ ❇❙❆n,R, q ∈ R[x1, . . . , xn],

✭✷✮ [A, q > 0] + [A, q < 0] + [A, q = 0] = [A], A ∈ ❇❙❆n,R, q ∈ R[x1, . . . , xn].

✭✸✮ ■❢ A,B ❛r❡ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s ✇✐t❤ ❞✐s❥♦✐♥ts s❡ts ♦❢ ✈❛r✐❛❜❧❡s

t❤❡♥

[A][B] = [A,B]

✇❤❡r❡ A,B ✐s t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛s A ❛♥❞ B✳

❘❡❝❛❧❧ t❤❛t ❣✐✈❡♥ ❛ ✜❡❧❞ k t❤❡ ●r♦t❤❡♥❞✐❡❝❦ ❣r♦✉♣✺ K0(❱❛rk) ♦❢ ❛❧❣❡❜r❛✐❝ ✈❛✲

r✐❡t✐❡s ♦✈❡r t❤❡ s♣❡❝tr✉♠ ♦❢ k ✐s ❢♦r♠❡❞ ❜② ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ✈❛r✐❡t✐❡s ✐♥ s✉❝❤

❛ ✇❛② t❤❛t ♦♥❡ ❤❛s t❤❡ ❡①❝✐s✐♦♥ ♣r♦♣❡rt② ❢♦r ❝❧♦s❡❞ s✉❜✈❛r✐❡t✐❡s✳

❉❡❢✐♥✐t✐♦♥ ✷✳✶✼ ✭❬✸✼✱ ❉❡✜♥✐t✐♦♥ ✶✳✶❪✮✳ ▲❡t G ❜❡ t❤❡ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦❢ ✐s♦✲

♠♦r♣❤✐s♠ ❝❧❛ss❡s [X] ♦❢ ✈❛r✐❡t✐❡s X ♦✈❡r t❤❡ s♣❡❝tr✉♠ ♦❢ k✳ ❚❤❡ ●r♦t❤❡♥❞✐❡❝❦

❣r♦✉♣ K0(❱❛rk) ✐s t❤❡ q✉♦t✐❡♥t ♦❢ G ♠♦❞✉❧♦ t❤❡ r❡❧❛t✐♦♥

✭✶✮ ■❢ Y ⊂ X ✐s ❛ ❝❧♦s❡❞ s✉❜✈❛r✐❡t② t❤❡♥ [X] = [X \ Y ] + [Y ]✳

❚❤❡ q✉♦t✐❡♥t ♦❢ G ❜② t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ ❛♥❞ ❜② t❤❡ s✉♣♣❧❡♠❡♥t❛r② r❡❧❛t✐♦♥

[X ×k Y ] = [X][Y ]

✺▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐♥ ❛♥② ❡①❛❝t ❝❛t❡❣♦r② t❤❡r❡ ✐s ❛ ♥♦t✐♦♥ ♦❢ ●r♦t❤❡♥❞✐❡❝❦ ❣r♦✉♣
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❣✐✈❡s K0(❱❛rk) t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✳ ❚❤❡ ❝❧❛ss [A1
k] ♦❢ t❤❡ ❛✣♥❡

❧✐♥❡ ✐s ❞❡♥♦t❡❞ ❜② Lk ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡ ▲❡❢s❝❤❡t③ ♠♦t✐✈❡✳

❲❡ ❤❛✈❡ t❤❛t K0(❱❛rR) ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ s✉❜r✐♥❣ ♦❢ K0(❇❙❆) ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✽ ✭❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✶✳✸❪✮✳ ❚❤❡ ♠♦r♣❤✐s♠

i : K0(❱❛rR) → K0(❇❙❆R)

❞❡✜♥❡❞ ❜② s❡♥❞✐♥❣ t❤❡ ❝❧❛ss ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t② t♦ t❤❡ ❢♦r♠✉❧❛ ❞❡✜♥✐♥❣ ✐t✱ ✐s ❛♥

✐♥❥❡❝t✐♦♥ ♦❢ r✐♥❣s✳

❇② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ●r♦t❤❡♥❞✐❡❝❦ r✐♥❣ K0(❱❛rk) ✐❢ (R, ·,+) ✐s ❛

❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ❛♥❞ ✐❢ e : ❱❛rk → R ✐s ❛♥② ❛♣♣❧✐❝❛t✐♦♥ s✉❝❤ t❤❛t

✭✶✮ e(X) = e(Y ) ✐❢ X ❛♥❞ Y ❛r❡ ✐s♦♠♦r♣❤✐❝ k✲✈❛r✐❡t✐❡s✱

✭✷✮ e(X) = e(Y ) + e(X \ Y ) ✐❢ Y ⊂ X ✐s ❛ ❝❧♦s❡❞ s✉❜✈❛r✐❡t②✱

✭✸✮ e(X ×k Y ) = e(X) · e(Y )

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ ẽ : K0(❱❛rk) → R s✉❝❤ t❤❛t

ẽ([X]) = e(X) ❢♦r ❛♥② X ∈ ❱❛rk✳ ❆♣♣❧✐❝❛t✐♦♥s e : ❱❛rk → R ❛s ❛❜♦✈❡ ❛r❡ ❝❛❧❧❡❞

✭❛❞❞✐t✐✈❡ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡✮ ✐♥✈❛r✐❛♥ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠s

ẽ : K0(❱❛rk) → R ❛r❡ ❝❛❧❧❡❞ r❡❛❧✐s❛t✐♦♥s ♦❢ K0(❱❛rk)✳ ❲❤❡♥ k = C,R t❤❡ ❊✉❧❡r

❝❤❛r❛❝t❡r✐st✐❝s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rts ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ r❡❛❧✐s❛t✐♦♥ ♦❢K0(❱❛rk)❀

❛♥♦t❤❡r ✐s ❣✐✈❡♥ ❜② t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧✻ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❤✐❝❤ ✐♥ t❤❡

r❡❛❧ ❝❛s❡ ✇❛s ✜rst ♣r♦✈❡♥ ❜② ❈✳ ▼❝❈r♦r② ❛♥❞ ❆✳ P❛r✉s✐➠s❦✐✳

❉❡❢✐♥✐t✐♦♥ ✷✳✶✾ ✭❬✸✼✱ ❉❡✜♥✐t✐♦♥ ✷✳✸❪✮✳ ❚❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ✐s t❤❡

✉♥✐q✉❡ r✐♥❣ ♠♦r♣❤✐s♠ β❱❛r : K0(❱❛rR) → Z[u] s✉❝❤ t❤❛t

β❱❛r(X)(u) =
∑

i≥0

(−1)ibi(X)ui

✇❤❡♥❡✈❡r X ✐s ❛ ❝♦♠♣❛❝t ♥♦♥s✐♥❣✉❧❛r r❡❛❧ ✈❛r✐❡t② ✇✐t❤ ❇❡tt✐ ♥✉♠❜❡rs

bi(X) = dimZ/2ZHi(X;Z/2Z), i ≥ 0

✐♥ ❤♦♠♦❧♦❣② ✇✐t❤ Z/2Z✲❝♦❡✣❝✐❡♥ts✳

✻■♥ t❤❡ ❝♦♠♣❧❡① ❝❛s❡ ❛♥♦t❤❡r ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❍♦❞❣❡✲❉❡❧✐❣♥❡ ♣♦❧②♥♦♠✐❛❧
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❚❤✐s ♠♦r♣❤✐s♠ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ♠♦r♣❤✐s♠ ♦♥ t❤❡ ●r♦t❤❡❞✐❡❝❦ r✐♥❣ ♦❢ ❜❛s✐❝

s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s K0(❇❙❆)✱ ❣✐✈✐♥❣ ❛ r❡❛❧✐s❛t✐♦♥ ♦❢ t❤✐s r✐♥❣✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s

❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❡q✉❛❧✐t✐❡s ❛♣♣❡❛r✐♥❣ ✐♥ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛ ❝❧❛ss

[A] ∈ K0(❇❙❆)✳ ▼♦r❡ ♣r❡❝✐s❡❧②

❉❡❢✐♥✐t✐♦♥ ✷✳✷✵ ✭❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪✮✳ ❚❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦❢

❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s ✐s t❤❡ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ ♦❢ r✐♥❣s β❇❙❆ : K0(❇❙❆) →
Z[u][1/2] s✉❝❤ t❤❛t

✭✶✮ ■❢ A ∈ ❇❙❆ ❛♥❞ p ∈ R[x1, . . . , xn] t❤❡♥

β❇❙❆([A, p > 0]) =
1

4
β❇❙❆([A, p = z2])− 1

4
β❇❙❆([A, p = −z2])

+
1

2
β❇❙❆([A, p 6= 0]).

✭✷✮ ■❢ [A] ∈ K0(❱❛rR) t❤❡♥ β❇❙❆([A]) = β❱❛rR([A])✳

❚❤❡ ❛❜♦✈❡ ♠♦r♣❤✐s♠ ❤❛s t❤❡♥ t❤❡ ♣r♦♣❡rt② t❤❛t ❡✈❛❧✉❛t❡❞ ❛t −1 ♦♥❡ r❡❝♦✈❡rs

t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ♦❢ t❤❡ s❡t ♦❢ r❡❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❢♦r♠✉❧❛✿

Pr♦♣♦s✐t✐♦♥ ✷✳✷✶ ✭❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹❪✮✳ ❋♦r ❛♥② ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝

❢♦r♠✉❧❛ A✱

β❇❙❆([A])(−1) = χc(A(R))

✇❤❡r❡ χc ❞❡♥♦t❡s ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✳

❖♥❡ t❤✉s ❣❡ts ❛♥ ❡①t❡♥s✐♦♥✼ ♦❢ χc : K0(❱❛rR) → Z t♦ ❛ ♠♦r♣❤✐s♠

χ̃c : K0(❇❙❆) → Z[1/2].

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t ✐s♦♠♦r♣❤✐❝ ❢♦r♠✉❧❛s ❤❛✈❡ t❤❡ s❛♠❡ ✐♠❛❣❡s

❜② t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ❙✉♣♣♦s❡ ❣✐✈❡♥ ❢♦r♠✉❧❛s A,B ∈ ❇❙❆R✳ ■❢ t❤❡r❡ ❡①✐sts ❛♥

✐s♦♠♦r♣❤✐s♠ ♦❢ ❢♦r♠✉❧❛s φ : A → B t❤❡♥ t❤❡ ❝❧❛ss❡s ♦❢ A ❛♥❞ B ❤❛✈❡ t❤❡ s❛♠❡

✐♠❛❣❡ β❇❙❆([A]) = β❇❙❆([B]) ✉♥❞❡r β❇❙❆ : K0(❇❙❆R) → Z[u][1/2]

✼❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ✇❛s ❞❡✜♥❡❞ ❜② ❈♦♠t❡ ❛♥❞ ❋✐❝❤♦✉ ❡①❛❝t❧②
❛s t♦ ✐♠♣♦s❡ t❤✐s ♣r♦♣❡rt②✳
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Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷❪ ❛♥❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐s♦♠♦r✲

♣❤✐❝ r❡❛❧ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s ❞❡✜♥❡ t❤❡ s❛♠❡ ❝❧❛ss ✐♥ K0(❱❛rR) ❤❡♥❝❡ ❤❛✈❡ t❤❡ s❛♠❡

✐♠❛❣❡s ✉♥❞❡r β❱❛r✳ �

❘❡♠❛r❦ ✷✳✷✸ ✭✏❚♦♣♦❧♦❣② ♦❢ ❋♦r♠✉❧❛s✑✮✳ ▲✐tt❧❡ ✐s ❦♥♦✇♥ ♦♥ t❤❡ ❡①❛❝t r❡❧❛t✐♦♥✲

s❤✐♣ ❜❡t✇❡❡♥ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ s❡t A(R) ♦❢ r❡❛❧ ♣♦✐♥ts ♦❢ ❛ ❢♦r♠✉❧❛

❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ✈❛❧✉❡ β❇❙❆([A]) ♦❢ t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡

❝❧❛ss ♦❢ t❤❡ ❢♦r♠✉❧❛ ✐♥ q✉❡st✐♦♥✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s q✉✐t❡ ✐♥t❡r❡st✐♥❣ ❜✉t ✐♥❞❡❡❞ ✈❡r②

❝♦♠♣❧✐❝❛t❡❞✱ ❢♦r✱ ✐♥ ♦r❞❡r t♦ ✜♥❞ β❇❙❆([A]) ♦♥❡ ✐s r❡q✉✐r❡❞ t♦ ❝❛❝✉❧❛t❡ 3k t❡r♠s

✇❤❡r❡ k ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❡q✉❛❧✐t✐❡s ❛♣♣❡❛r✐♥❣ ✐♥ A✳ ❚♦ ❝❛❧❝✉❧❛t❡ ❥✉st ♦♥❡ t❡r♠

♦♥❡ ✐s t❤❡♥ r❡q✉✐r❡❞ t♦ ✜♥❞ t❤❡ ❇❡tt✐ ♥✉♠❜❡rs ♦❢ ❛ r❡❛❧ ❩❛r✐s❦✐✲❝♦♥str✉❝t✐❜❧❡ s❡t✳ ❇②

❛❞❞✐t✐✈✐t② ♦♥❡ ✐s ❡✈❡♥t✉❛❧❧② r❡❞✉❝❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♠♣❛❝t ♥♦♥s✐♥❣✉❧❛r ❛❧❣❡❜r❛✐❝

✈❛r✐❡t② ❜② ❝♦♠♣❛❝t✐❢②✐♥❣ ❛♥❞ r❡s♦❧✈✐♥❣ s✐♥❣✉❧❛r✐t✐❡s✳ ❇✉t ✜♥❞✐♥❣ t❤❡ ❇❡tt✐ ♥✉♠❜❡rs✱

♦r ❡✈❡♥ t❤❡ ③❡r♦❡t❤ ♦♥❡✱ ♦❢ ❛ ❝♦♠♣❛❝t✱ ♥♦♥s✐♥❣✉❧❛r r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ✐s ❛ ♥♦t❛❜❧②

❞✐✣❝✉❧t ♣r♦❜❧❡♠✱ ❛❧❜❡✐t t❤❛t ♦♥❡ ❦♥♦✇s ❜② t❤❡ r❡s✉❧ts ♦❢ ❆❦❜✉❧✉t ❛♥❞ ❑✐♥❣ ❬✸❪ t❤❛t

✐t ✐s ❞✐✛❡♦♠♦r♣❤✐❝ t♦ s♦♠❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳

✸✳✸✳ ❘❡❛❧ ▼♦t✐✈✐❝ ▼✐❧♥♦r ❋✐❜r❡s✳ ■♥ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝✲

t✐♦♥s ♦❢ ❉❡♥❡❢ ❛♥❞ ▲♦❡s❡r ❬✶✹❪ ❢♦r ♥♦♥❝♦♥st❛♥t ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ ♠♦r♣❤✐s♠s✱ ❛♥❞

t❤❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❙✳ ❑♦✐❦❡ ❛♥❞ ❆✳ P❛r✉s✐➠s❦✐ ❬✸✵❪ ❛♥❞ ♦❢ ●✳ ❋✐❝❤♦✉ ❬✷✵❪

❢♦r r❡❛❧ ❛♥❛❧②t✐❝ ♠❛♣s✱ ❈♦♠t❡ ❛♥❞ ❋✐❝❤♦✉ ❛ss♦❝✐❛t❡❞ ✐♥ t❤❡ ❛rt✐❝❧❡ ❬✶✶❪ ♠♦t✐✈✐❝ ③❡t❛

❢✉♥❝t✐♦♥s t♦ ❛♥② r❡❛❧ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f : Rn+1 → R ✇✐t❤ f(0) = 0✳ ❆s ❛❧r❡❛❞②

st❛t❡❞✱ t❤❡s❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ❛r❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ❣✐✈❡♥

❜② ♠♦t✐✈❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝❡rt❛✐♥ s✉❜s❡ts ♦❢ tr✉♥❝❛t❡❞ ❛r❝✲s♣❛❝❡s✳ ❇② ❛ ♠♦t✐✈❡ ✐s

♠❡❛♥t ❤❡r❡ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❧♦❝❛❧✐s❛t✐♦♥ K0(❇❙❆)[L
−1
R

] ♦❢ t❤❡ ●r♦t❤❡♥❞✐❡❝❦ r✐♥❣

♦❢ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❢s❝❤❡t③ ♠♦t✐✈❡✳ ❲❡ r❡❝❛❧❧

✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s❛✐❞ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r ❦♥♦✇♥

♣r♦♣❡rt✐❡s✳

❈♦♥s✐❞❡r t❤❡ ❛r❝ s❝❤❡♠❡ L(An+1
R

) ♦✈❡r t❤❡ s♣❡❝tr✉♠ ♦❢ R✳ ■ts s❡t ♦❢ r❡❛❧ ♣♦✐♥ts

L(An+1
R

)(R) ✐s t❤❡ s❡t ♦❢ R[[t]]✲r❛t✐♦♥❛❧ ♣♦✐♥ts ♦❢ An+1
R

✳ ❚❤❡r❡ ❡①✐sts ❛ s✉❜s❝❤❡♠❡

L(An+1
R

, 0) ❤❛✈✐♥❣ ❛s s❡t ♦❢ r❡❛❧ ♣♦✐♥ts

L(An+1
R

, 0)(R) = {γ ∈ (R[[t]])n+1 | γ(0) = 0}.
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❋♦r ❡❛❝❤ k ∈ N t❤❡r❡ ❡①✐sts ❛ R✲s❝❤❡♠❡ ♦❢ ✜♥✐t❡ t②♣❡ Lk(An+1
R

)✱ ❝❛❧❧❡❞ t❤❡ s❝❤❡♠❡

♦❢ tr✉♥❝❛t❡❞ ❛r❝s ♦❢ ♦r❞❡r k + 1✱ ❤❛✈✐♥❣ ❛s s❡t ♦❢ r❡❛❧ ♣♦✐♥ts t❤❡ s❡t ♦❢ R[[t]]/tk+1✲

r❛t✐♦♥❛❧s ♣♦✐♥ts ♦❢ An+1
R

✳

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ s❤❛❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ r❡❛❧ ♣♦✐♥ts ♦❢ t❤❡s❡ s❝❤❡♠❡s✱

❛♥❞ ✇❡ s❤❛❧❧ ✇r✐t❡ L(Rn+1),L(Rn+1, 0) ❛♥❞ Lk(Rn+1, 0) ✐♥st❡❛❞ ♦❢ L(An+1
R

)(R),

L(An+1
R

, 0)(R) ❛♥❞ Lk(An+1
R

, 0)(R)✱ r❡s♣❡❝t✐✈❡❧②✳

❋♦r ❡❛❝❤ k ∈ N t❤❡r❡ ❡①✐sts ❛ tr✉♥❝❛t✐♦♥ ♠❛♣

πk : L(Rn+1, 0) → Lk(Rn+1, 0)

s❡♥❞✐♥❣ ❛♥ ❛r❝ t♦ ✐ts (k + 1)✲t❤ tr✉♥❝❛t✐♦♥✳ ❋♦r ❛ tr✉♥❝❛t❡❞ ❛r❝

γk ∈ Lk(Rn+1, 0), γk(t) = akt
k + ak−1t

k−1 + · · ·+ a0

♦♥❡ ❞❡✜♥❡s ❛ ❢✉♥❝t✐♦♥

♦r❞ : Lk(Rn+1, 0) → N ∪ {∞}

s❡♥❞✐♥❣ γk t♦ ♦r❞(γk) ❛♥❞ s❡♥❞✐♥❣ γk ≡ 0 t♦ ♦r❞(0) = ∞✳ ❚❤❡r❡ ❛❧s♦ ❡①✐sts ❛ ♠❛♣✱

t❤❡ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t ♠❛♣

❛❝ : Lk(Rn+1, 0) → R, ❛❝(γk) = a♦r❞γk

✇❤✐❝❤ s❡♥❞s ❛ tr✉♥❝❛t❡❞ ❛r❝ t♦ ✐ts ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t✳

❖♥❡ t❤❡♥ ❞❡✜♥❡s ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s

X1
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) = 1},

X−1
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) = −1},

X>
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) > 0},

X<
k,f := {γ ∈ Lk(Rn+1, 0) | ♦r❞(f ◦ γ) = k, ❛❝(f ◦ γ) < 0}.

❚❤❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

❉❡❢✐♥✐t✐♦♥ ✷✳✷✹ ✭❬✶✶✱ ➓ ✹✳✶❪✮✳ ❋♦r ❛♥② s②♠❜♦❧ ǫ ∈ {±1, <,>} ❞❡✜♥❡

Zǫ(f) :=
∑

k≥0

[Xǫ
k,f ]L

−(n+1)kT k ∈ K0(❇❙❆R)[L
−1][T ].
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◆♦t❡ t❤❛t Z±1(f) ❛r❡ ❡❧❡♠❡♥ts ♦❢ MR[T ] = K0(❱❛rR)[L−1][T ]✱ t❤❛t ✐s✱ t❤❡✐r

❝♦❡✣❝✐❡♥ts ❛r❡ ♠♦t✐✈❡s ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡♥❡❢ ❛♥❞ ▲♦❡s❡r✳

❘❡♠❛r❦ ✷✳✷✺✳ ❇② ❛♣♣❧②✐♥❣ β❇❙❆ : K0(❇❙❆) → Z[1/2] t♦ Z±1(f) ♦♥❡ r❡❝♦✈❡rs

t❤❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ●✳ ❋✐❝❤♦✉ ✭s❡❡ ❬✷✶❪✮✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❬✶✶✱ Pr♦♣♦s✐✲

t✐♦♥ ✶✳✸❪✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ r❛t✐♦♥❛❧✐t② ♦❢ t❤❡ ❛❜♦✈❡ ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s✱ ❈♦♠t❡

❛♥❞ ❋✐❝❤♦✉ ❡st❛❜❧✐s❤❡❞ ❛ ❝❡rt❛✐♥ ❢♦r♠✉❧❛ ❢♦r Zǫ(f)✱ ❛♥❛❧♦❣✉♦✉s t♦ t❤❡ ❢♦r♠✉❧❛ ❬✶✹✱

❚❤❡♦r❡♠ ✷✳✹❪ ❡st❛❜❧✐s❤❡❞ ❜② ❉❡♥❡❢ ❛♥❞ ▲♦❡s❡r ❢♦r t❤❡✐r ♠♦t✐✈✐❝ ③❡t❛ ❢✉♥❝t✐♦♥s✳ ❚❤❡

❝♦♥t❡♥t ♦❢ t❤✐s ❢♦r♠✉❧❛ ✐s t❤❛t ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ③❡t❛ ❢✉♥❝t✐♦♥s ✈✐❛ ❛ r❡s♦❧✉✲

t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ❚♦ ❞❡s❝r✐❜❡ ✐t ♦♥❡ st❛rts ✇✐t❤ ❛ ♣r♦♣❡r ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠

σ :M → Rn+1 ❢r♦♠ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ M s✉❝❤ t❤❛t

✭✶✮ ❚❤❡ r❡str✐❝t✐♦♥ σ : M \ (f ◦ σ)−1(0) → Cn+1 \ f−1(0) ✐s ❛♥ ❛❧❣❡❜r❛✐❝

✐s♦♠♦r♣❤✐s♠✱

✭✷✮ ❚❤❡ ❞✐✈✐s♦rs ♦❢ f ◦ σ ❛♥❞ det ❏❛❝ σ ❛r❡ ♥♦r♠❛❧ ❝r♦ss✐♥❣s✱

✭✸✮ ❚❤❡ r❡❞✉❝❡❞ ❞✐✈✐s♦r E = (σ−1(0))red ✐s ❛ ✉♥✐♦♥ ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts

♦❢ Y := ((f ◦ σ)−1(0))red✳

❯♥❞❡r t❤❡s❡ ❤②♣♦t❤❡s❡s ♦♥❡ ❝❛♥ ✇r✐t❡

Y =
⋃

j∈J

Ej , E =
⋃

k∈K

Ek,

❢♦r s♦♠❡ s✉❜s❡ts J ⊂ N ❛♥❞ K ⊂ J ✳

❉❡❢✐♥✐t✐♦♥ ✷✳✷✻✳ ❋♦r ❛♥② i ∈ J ❧❡t

Ni = ♠✉❧tEi(f ◦ σ), νi − 1 := ♠✉❧tEi det ❏❛❝(f ◦ σ)

❆s t❤❡ ❞✐✈✐s♦r ♦❢ f ◦ σ ✐s ♥♦r♠❛❧ ❝r♦ss✐♥❣s ✐♥ M t❤❡r❡ ❡①✐sts ❢♦r ❛♥② ♣♦✐♥t

p ∈ Y ❛♥ ❛✣♥❡ ♦♣❡♥ U ⊂ M ❝♦♥t❛✐♥✐♥❣ p ❛ r❡❣✉❧❛r s❡q✉❡♥❝❡ ♦❢ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s

xi : U → R ❛♥❞ ❛ ✉♥✐t u ∈ O×
U s✉❝❤ t❤❛t

f ◦ σ(x) = u(x)
∏

i∈J

xNi
i , ∀x ∈ U.✭✸✮
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❖♥❡ ♥♦✇ str❛t✐✜❡s Y ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t E ✐s ❛ ✉♥✐♦♥ ♦❢ str❛t❛✳

❉❡❢✐♥✐t✐♦♥ ✷✳✷✼✳ ❋♦r ❛♥② ♥♦♥❡♠♣t② s✉❜s❡t I ⊂ J ❧❡t

EoI :=
⋂

i∈I

Ei \
⋃

j∈J\I

Ej

❛♥❞ ❧❡t NI = gcdi∈I(Ni)✳

❋♦r ❛♥② s②♠❜♦❧ ǫ ∈ {±1, <,>} ❛♥❞ ❢♦r ❛♥② str❛t✉♠ EoI ♦♥❡ ❝♦♥str✉❝ts ❛ ❜❛s✐❝

s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛ Eo,ǫI s✉❝❤ t❤❛t Eo,1I (R) ✐s t❤❡ s❡t ♦❢ r❡❛❧ ♣♦✐♥ts ♦❢ ❛♥ ét❛❧❡

❝♦✈❡r✐♥❣ ♦❢ ❞❡❣r❡❡ NI ♦❢ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ s❝❛❧❛rs ♦❢ EoI t♦ C✳ ❋♦r t❤✐s t♦ ✐♥❞❡❡❞

②✐❡❧❞ ❛ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛ ♦♥❡ ✜rst ❤❛s t♦ ❞❡✜♥❡ ✐t ❧♦❝❛❧❧② ♦♥ ❛✣♥❡ ♦♣❡♥

s❡ts✱ ✉s✐♥❣ ✭✸✮✳

❉❡❢✐♥✐t✐♦♥ ✷✳✷✽ ✭❬✶✶✱ ➓ ✹✳✶❪✮✳ ❋♦r ❛♥② s②♠❜♦❧ ǫ ∈ {±1, <,>}✱ ✐❢ U ⊂ M ✐s

t❤❡ ❛✣♥❡ ♦♣❡♥ s❡t ✐♥ ✭✸✮ ❛❜♦✈❡ t❤❡♥

R1
I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) = 1},

R−1
I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) = −1},

R>I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) > 0},

R<I,U := {(x, t) ∈ (EoI ∩ U)× R | tNIu(x) < 0}

✇❤❡r❡ NI ✐s ❛♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✷✻ ❛♥❞ u ❛s ✐♥ ✭✸✮ ❛❜♦✈❡✳ ❋♦r ❛ ❝♦✈❡r✐♥❣ M =

(Ul)l∈L✱ s❡t

[E0,ǫ
I ] =

∑

S⊂L

(−1)|S|+1[RǫI,∩s∈SUs
] ∈ K0(❇❙❆).

❚❤❡ r❛t✐♦♥❛❧✐t② ♦❢ t❤❡ ③❡t❛ ❢✉♥❝t✐♦♥s Zǫ(f)(T ) ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦✲

r❡♠✳

❚❤❡♦r❡♠ ✷✳✷✾ ✭❬✶✶✱ ❚❤❡♦r❡♠ ✹✳✷❪✱ ❬✶✹❪✮✳ ❋♦r ❛♥② s②♠❜♦❧ ǫ ∈ {±1, <,>} t❤❡

③❡t❛ ❢✉♥❝t✐♦♥s Zǫ(f)(T ) s❛t✐s❢②

Zǫ(f)(T ) =
∑

I∩K6=∅

(L− 1)|I|−1[Ẽ0,ǫ
I ]

∏

i∈I

L−νiTNi

1− L−νiTNi
.

❖♥❡ ❝♦♥s✐❞❡rs t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛❧ ❧✐♠✐ts ♦❢ t❤❡ ③❡t❛ ❢✉♥❝t✐♦♥s ❛❜♦✈❡✿
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❉❡❢✐♥✐t✐♦♥ ✷✳✸✵ ✭❬✶✶✱ ❉❡✜♥✐t✐♦♥ ✹✳✺❪✮✳ ❋♦r ❛♥② s②♠❜♦❧ ǫ ∈ {±1, <,>}✱ ❧❡t

Sǫ(f) :=
∑

I∩K 6=∅

(1− L)|I|−1[Ẽ0,ǫ
I ] ∈ K0(❇❙❆R).

■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ t❡r♠✐♥♦❧♦❣② ✉s❡❞ ✐♥ t❤❡ ❛rt✐❝❧❡ ❬✶✶❪ ✭s❡❡ ❛❧s♦ ❬✶✹❪✮ ♦♥❡

❝❛❧❧s S±1(f) t❤❡ ♠♦t✐✈✐❝ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ f ❛t t❤❡ ♦r✐❣✐♥✳ ■♥✲

tr♦❞✉❝✐♥❣ ♥❡✇ t❡r♠✐♥♦❧♦❣② ✇❡ ✇✐❧❧ r❡❢❡r t♦ S>(f) ❛s t❤❡ ♠♦t✐✈✐❝ ♣♦s✐t✐✈❡ ▼✐❧♥♦r

t✉❜❡✱ ❛♥❞ t♦ S<(f) ❛s t❤❡ ♠♦t✐✈✐❝ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r t✉❜❡✳ ❚❤❡② ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥

t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ str♦♥❣ ❞❡s✐♥❣✉❧❛r✐s❛t✐♦♥✱ ❜② ❬✶✶✱ ❘❡♠❛r❦ ✹✳✸❪✳

■♥ t❤❡ ❝❛s❡ ♦❢ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s ♦♥❡ r❡❝♦✈❡rs t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡

❝❧❛ss✐❝❛❧ ▼✐❧♥♦r ✜❜r❡s ❜② ❛♣♣❧②✐♥❣ t❤❡ r❡❛❧✐s❛t✐♦♥

χ̃c : K0(❇❙❆R) → Z[1/2], χ̃c([X]) := β❇❙❆([X])(−1)

❛s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛❧ ✭♣❛rt✐❛❧✮ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❆✬❈❛♠♣♦ ❢♦r♠✉❧❛✳ ❙♦

s✉♣♣♦s❡ t❤❛t f : Rn+1 → R ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ❤❛✈✐♥❣ ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧

♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥✳ ▲❡t (ǫ0, δ0) ❜❡ ▼✐❧♥♦r ❞❛t❛ ♦❢ f ❛t t❤❡ ♦r✐❣✐♥ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶

❛♥❞ ❢♦r ❛♥② δ ∈ (0, δ0) ❛♥❞ ❛♥② η ∈ (0, ǫ(δ)) ✇r✐t❡

F>
η := f−1((0, η)) ∩ Bδ,

F<
η := f−1((−η, 0)) ∩ Bδ,

❛♥❞ ✇r✐t❡

F1
η = f−1(η) ∩ Bδ,

F−1
η = f−1(−η) ∩ Bδ

❢♦r t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡s ❛t t❤❡ ♦r✐❣✐♥✳

❚❤❡♦r❡♠ ✷✳✸✶ ✭❬✶✶✱ ❚❤❡♦r❡♠ ✹✳✶✷❪✮✳ ▲❡t

f : Rn+1 → R, f(0) = 0

❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ❤❛✈✐♥❣ t❤❡ ♦r✐❣✐♥ ❛s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t✳ ❚❤❡♥ ❢♦r

❛♥② δ ∈ (0, δ0) ❛♥❞ ❛♥② η ∈ (0, ǫ(δ))✱

χ̃c(S
ǫ(f)) = (−1)nχc(Fǫ

η), ǫ ∈ {±1, <,>}

✇❤❡r❡ χc ❞❡♥♦t❡s ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✳
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✹✳ ❆ ❇r✐❡❢ ❖✉t❧✐♥❡ ♦❢ ❆r❝✲❆♥❛❧②t✐❝ ●❡♦♠❡tr②

❘❡❛❧ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s ♣r❡s❡♥t t❤❡♠s❡❧✈❡s ✇✐t❤ ❛♥ ✐♠♠❡❞✐❛t❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤

❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ✈❛r✐❡t✐❡s ✐♥ t❤❛t ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ✭❢♦r t❤❡ ❡✉❝❧✐❞❡❛♥ t♦♣♦❧✲

♦❣②✮ ♦❢ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t X ♥❡❡❞ ♥♦t ❜❡ ✐ts❡❧❢ ❛❧❣❡❜r❛✐❝✳ ❍♦✇❡✈❡r✱

❛s ✐t t✉r♥s ♦✉t✱ ❝❡rt❛✐♥ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛r❡ ✏r✐❣✐❞✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛❢t❡r

❜❧♦✇✐♥❣ ✉♣ t❤❡ s❡t ♦❢ t❤❡✐r ♣r❡✐♠❛❣❡s ✐♥ t❤❡ str✐❝t tr❛♥s❢♦r♠ X̃ ❝♦♥st✐t✉t❡s ❡①❛❝t❧②

t❤❡ s❡t ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ X̃✳

■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❝❛t❡❣♦r② ❝♦♥t❛✐♥✐♥❣ ❛❧❧ s✉❝❤ r✐❣✐❞ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❑✳

❑✉r❞②❦❛ ✐♥tr♦❞✉❝❡❞ ✐♥ ❤✐s ❛rt✐❝❧❡ ❬✸✷❪ ❢r♦♠ ✶✾✽✽✱ t❤❡ ♥♦t✐♦♥ ♦❢ ❛r❝✲❛♥❛❧②t✐❝ s❡ts✳

❆ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤✐s ♥♦t✐♦♥✱ ♥❛♠❡❧② t❤❡ AS✲s❡ts✱ ✇❛s s❤♦rt❧② t❤❡r❡❛❢t❡r

♣r❡s❡♥t❡❞ ❜② ❆✳ P❛r✉s✐➠s❦✐✳ ❚❤❡s❡ s❡ts ❛r❡ t❤❡♥ ♣r❡❝✐s❡❧② t❤❡ ❝❧♦s❡❞ ❛r❝✲❛♥❛❧②t✐❝

s❡ts✱ ❢♦r t❤❡ ❡✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣②✳ ❋♦r ♣♦st❡r✐♦r r❡❢❡r❡♥❝❡ ✇❡ ♥♦✇ ❜r✐❡✢② ❞✐s❝✉ss t❤❡s❡

♥♦t✐♦♥s✳

❉❡❢✐♥✐t✐♦♥ ✷✳✸✷ ✭❬✸✸✱ ➓ ✶❪✮✳ ❆ s❡♠✐❛❧❣❡❜r❛✐❝ ♠❛♣ f : Rn → Rk ✐s s❛✐❞ t♦ ❜❡

❛r❝✲❛♥❛❧②t✐❝ ✐❢ ❢♦r ❛♥② r❡❛❧ ❛♥❛❧②t✐❝ ❛r❝ γ : (−1, 1) → Rn t❤❡ ❝♦♠♣♦s✐t✐♦♥ f ◦ γ ✐s

r❡❛❧ ❛♥❛❧②t✐❝✳

❆ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t ✐s AS ✐❢ ❛♥② r❡❛❧ ❛♥❛❧②t✐❝ ❛r❝ ♠❡❡t✐♥❣ ✐t ❝❛♥ ❜❡ ♣r♦❧♦♥❣❡❞

s♦ ❛s t♦ ❜❡ ❡♥t✐r❡❧② ✐♥❝❧✉❞❡❞ ✐♥ ✐t✱ ❡①❝❡♣t ♣♦ss✐❜❧② ✐♥ ✐s♦❧❛t❡❞ ♣♦✐♥ts✳ ▼♦r❡ ♣r❡❝✐❝❡❧②✿

❉❡❢✐♥✐t✐♦♥ ✷✳✸✸ ✭❬✸✸✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷❪✮✳ ❆ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t X ⊂ Pn ✐s ❝❛❧❧❡❞

❛♥ AS✲s❡t ✐❢ ❢♦r ❛♥② r❡❛❧ ❛♥❛❧②t✐❝ ❛r❝ γ : (−1, 1) → Pn s✉❝❤ t❤❛t γ((−1, 0)) ⊂ X ✐s

❡♥t✐r❡❧② ✐♥❝❧✉❞❡❞ ✐♥ X✱ t❤❡r❡ ❡①✐sts ❛♥ ǫ > 0 s✉❝❤ t❤❛t γ((0, ǫ) ⊂ X✳ ❆ s❡♠✐❛❧❣❡❜r❛✐❝

♠❛♣ ✐s ❝❛❧❧❡❞ ❛♥ AS✲♠❛♣ ✐❢ ✐ts ❣r❛♣❤ ✐s ❛♥ AS✲s❡t✳

❖♥❡ t❤❡♥ ❢♦r♠s t❤❡ ❝❛t❡❣♦r② ✇✐t❤ ♦❜❥❡❝ts AS✲s❡ts ❛♥❞ ❛rr♦✇s AS✲♠❛♣s✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ t❤❡♥ s❛②s t❤❛t t❤✐s ❝❛t❡❣♦r② ✐s ❝♦♥str✉❝t✐❜❧❡✳

❚❤❡♦r❡♠ ✷✳✸✹ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✮✳ ❚❤❡ AS✲s❡ts ❢♦r♠s ❛ ❝♦♥str✉❝t✐❜❧❡ ❝❛t❡✲

❣♦r②✳ ❚❤❛t ✐s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ AS ❝♦♥t❛✐♥s t❤❡ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡ts✳

✭✷✮ AS ✐s st❛❜❧❡ ❜② ❜♦♦❧❡❛♥ ♦♣❡r❛t✐♦♥s✳ ❚❤❛t ✐s✱ ❛r❜✐tr❛r② ✐♥t❡rs❡❝t✐♦♥s ❛♥❞

✉♥✐♦♥s ♦❢ AS✲s❡ts ❛r❡ AS ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ AS✲s❡ts ✐s ❛♥ AS✲s❡t✳
✭✸✮ ❚❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ ❛♥ AS✲s❡t ❜② ❛♥ AS✲♠❛♣ ✐s ❛♥ AS✲s❡t✳ ❚❤❡ ✐♠❛❣❡

♦❢ ❛♥ AS✲s❡t ✉♥❞❡r ❛♥ ✐♥❥❡❝t✐✈❡ AS✲♠❛♣ ✐s ❛♥ AS✲s❡t✳
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✭✹✮ ❋♦r ❡❛❝❤ ❧♦❝❛❧❧② ❝♦♠♣❛❝t AS✲s❡t X t❤❡r❡ ❡①✐sts ❛ s❡♠✐❛❧❣❡❜r❛✐❝ s✉❜s❡t

Y ⊂ X ✇✐t❤ dimY ≤ dimX − 2 s✉❝❤ t❤❛t X \Y ✐s ❊✉❧❡r✱ t❤❛t ✐s✱ ❢♦r ❛♥②

x ∈ X \ Y t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❧✐♥❦ ♦❢ x ✐♥ X \ Y ✐s ❛♥ ❡✈❡♥

✐♥t❡❣❡r✳

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❛t❡❣♦r② AS ❝♦♥t❛✐♥s t❤❡ ❩❛r✐s❦✐✲❝♦♥str✉❝t✐❜❧❡ s❡ts✳

❚❤❡♦r❡♠ ✷✳✸✺ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✹✳✺❪✮✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ AS✲s❡ts ✐s str✐❝t❧② ✐♥✲

❝❧✉❞❡❞ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ r❡❛❧ ❛♥❛❧②t✐❝ s❡ts ❛♥❞ ✐s t❤❡ s♠❛❧❧❡st ❝♦♥str✉❝t✐❜❧❡ ❝❛t❡❣♦r②

❝♦♥t❛✐♥✐♥❣ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❝♦♠♣❛❝t r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡ts✳

❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❝❛t❡❣♦r②AS ❛♥❞ t❤❡ ❝❛t❡❣♦r②N ♦❢ ◆❛s❤✲❝♦♥str✉❝t✐❜❧❡

s❡ts ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✇❛s ✜rst ♣r♦✈❡❞ ❜② ❆✳ P❛r✉s✐➠s❦✐

❬✹✷✱ ❚❤❡♦r❡♠ ✹✳✸❪✳

❚❤❡♦r❡♠ ✷✳✸✻ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✸✳✾❪✮✳ ❋♦r ❛ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t X ⊂ Pn t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ X ∈ AS✳
✭✷✮ ❚❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ X ✐s ◆❛s❤✲❝♦♥str✉❝t✐❜❧❡ ♦♥ Pn ✭s❡❡ ❬✸✸✱ ❉❡✜♥✐✲

t✐♦♥ ✸✳✼❪✮✳

✭✸✮ ❚❤❡r❡ ❡①✐sts ❛ ♣r♦♣❡r✱ r❡❣✉❧❛r ♠♦r♣❤✐s♠ ♦❢ r❡❛❧ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s f : Z →
Pn ❛♥❞ ❛ ✉♥✐♦♥ Z ′ ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ Z s✉❝❤ t❤❛t

x ∈ X ⇐⇒ χ(f−1(x) ∩ Z ′) ≡ 1 (♠♦❞ 2).

x /∈ X ⇐⇒ χ(f−1(x) ∩ Z ′) ≡ 0 (♠♦❞ 2).

✺✳ ❙✉♠♠❛r② ♦❢ ❘❡s✉❧ts

✺✳✶✳ ▼♦t✐✈✐❝ ▼✐❧♥♦r ❋✐❜r❡s ♦❢ ❋❛♠✐❧✐❡s ♦❢ ❙✐♥❣✉❧❛r✐t✐❡s✳

✺✳✶✳✶✳ ■♥ ❝❤❛♣t❡r ✸ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❣❡r♠s ♦❢ ◆❛s❤

❢✉♥❝t✐♦♥s ❞✉❡ t♦ ❏✳✲❇✳ ❈❛♠♣❡s❛t♦ ❬✶✵❪✳

❉❡❢✐♥✐t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✸✳✺✮✳ ▲❡t f, g : (Rn, 0) → (R, 0) ❜❡ ❣❡r♠s ♦❢ ◆❛s❤

❢✉♥❝t✐♦♥s✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❣❡r♠ ♦❢ s❡♠✐❛❧❣❡❜r❛✐❝ ❤♦♠❡♦♠♦r♣❤✐s♠

h : (Rn, 0) → (Rn, 0)

✇✐t❤ f = g ◦ h s✉❝❤ t❤❛t h ✐s ❛r❝✲❛♥❛❧②t✐❝ ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤

t❤❛t

| det ❏❛❝(h)| > c
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t❤❡r❡ ✇❤❡r❡ t❤❡ ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t ✐s ❞❡✜♥❡❞✱ t❤❡♥ f ✐s s❛✐❞ t♦ ❜❡ ❛r❝✲❛♥❛❧②t✐❝❛❧❧②

❡q✉✐✈❛❧❡♥t t♦ g ✈✐❛ h ❛♥❞ ♦♥❡ ✇r✐t❡s f ∼a g ♦r f ∼ g ✐❢ ♥♦ ❛♠❜✐❣✉✐t② ✐s ♣♦ss✐❜❧❡✳

❚❤❡ r❡s✉❧t ❬✷✵✱ ❚❤❡♦r❡♠ ✹✳✾❪ ♦❢ ●✳ ❋✐❝❤♦✉ ✐♠♣❧✐❡s t❤❛t ✐❢ f, g : (Rn, 0) → (R, 0)

❛r❡ ❛r❝✲❛♥❛❧②t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ❣❡r♠s ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s t❤❡♥ t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré

♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ♣♦s✐t✐✈❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡s ♦❢ f ❛♥❞ g ❛r❡ ❡q✉❛❧✱ β❱❛r(S1(f)) =

β❱❛r(S
1(g))✱ ❛♥❞ ❧✐❦❡✇✐s❡ t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ♠♦t✐✈✐❝

▼✐❧♥♦r ✜❜r❡s ♦❢ f ❛♥❞ g ❛r❡ ❡q✉❛❧✱ β❱❛r(S−1(f)) = β❱❛r(S
−1(g))✳

✺✳✶✳✷✳ ❚❤❡ ✜rst r❡s✉❧t ✐♥ ❝❤❛♣t❡r ✸ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❬✷✵✱ ❚❤❡♦r❡♠ ✹✳✾❪ t♦ t❤❡

♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r t✉❜❡s✳

❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✸✳✶✵✮✳ ■❢ f, g : (Rn, 0) → (R, 0) ❛r❡ ❛r❝✲❛♥❛❧②t✐❝❛❧❧② ❡q✉✐✈✲

❛❧❡♥t ❣❡r♠s ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s t❤❡♥ ❢♦r ❛♥② s②♠❜♦❧ ǫ ∈ {±1, <,>} t❤❡ ✈✐rt✉❛❧

P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡s ❛♥❞ ♠♦t✐✈✐❝ ▼✐❧✲

♥♦r t✉❜❡s ❛r❡ ❡q✉❛❧✿

β❇❙❆(S
ǫ(f)) = β❇❙❆(S

ǫ(g)).

✺✳✶✳✸✳ ❚❤❡ ♥❡①t r❡s✉❧t ✐♥ ❝❤❛♣t❡r ✸ ❝♦♥❝❡r♥s ❢❛♠✐❧✐❡s

ft : R
n → R, ft(0) = 0, ∀t ∈ T

♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s s❡♠✐❛❧❣❡❜r❛✐❝❛❧❧② ♣❛r❛♠❡tr✐s❡❞ ❜② ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝

s❡t T ⊂ Rm✳ ❚❤❡ ♠❡t❤♦❞s ♦❢ ❆✳ P❛r✉s✐➠s❦✐ ❛♥❞ ▲✳ P❛✉♥❡s❝✉ ❧❡❛❞✐♥❣ t♦ t❤❡✐r ♣r♦♦❢

♦❢ t❤❡ ❲❤✐t♥❡② ❋✐❜❡r✐♥❣ ❈♦♥❥❡❝t✉r❡ ❬✹✸❪ ❡♥❛❜❧❡ ✉s t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛

❧♦❝❛❧❧② ✜♥✐t❡ str❛t✐✜❝❛t✐♦♥ ♦❢ T ❤❛✈✐♥❣ r❡❛❧ ❛♥❛❧②t✐❝ str❛t❛✱ s✉❝❤ t❤❛t ❛❜♦✈❡ ❡❛❝❤

str❛t❛ t❤❡r❡ ❡①✐sts ♦♥❧② ♦♥❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❢♦r t❤❡ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡✱ ❛♥❞

t❤❛t ✐❢ T ✐s ❝♦♠♣❛❝t t❤❡♥ t❤❡ str❛t✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❤❛✈❡ ❛t ♠♦st ✜♥✐t❡❧②

♠❛♥② str❛t❛✳

❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✸✳✶✸✮✳ ▲❡t T ⊂ Rm ❜❡ ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ❛♥❞ f : T ×
(Rn, 0) → R ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ❣❡r♠s s✉❝❤ t❤❛t f(t, 0) = 0

❢♦r ❛♥② t ∈ T ✳ ❚❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧❧② ✜♥✐t❡ r❡❛❧ ❛♥❛❧②t✐❝ str❛t✐✜❝❛t✐♦♥ S ♦❢ T s✉❝❤

t❤❛t ✐❢ S ∈ S ✐s ❛ str❛t✉♠ t❤❡♥

ft = f(t, ·) ∼a ft′ = f(t′, ·), ∀t, t′ ∈ S

✐♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✺✳ ■♥ ♣❛rt✐❝✉❧❛r

β❇❙❆(S
ǫ(ft)) = β❇❙❆(S

ǫ(ft′)), ∀t, t′ ∈ S ∈ S, ∀ǫ ∈ {±1, <,>}.



✺✳ ❙❯▼▼❆❘❨ ❖❋ ❘❊❙❯▲❚❙ ✸✾

▼♦r❡♦✈❡r ✐❢ T ✐s ❝♦♠♣❛❝t t❤❡♥ S ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ ❛ ✜♥✐t❡ str❛t✐✜❝❛t✐♦♥✳

✺✳✷✳ ■s♦❧❛t❡❞ ❘❡❛❧ ❍②♣❡rs✉r❢❛❝❡ ❙✐♥❣✉❧❛r✐t✐❡s✳

✺✳✷✳✶✳ ■♥ ❝❤❛♣t❡r ✹ ✇❡ st✉❞② t❤❡ ❤♦♠♦t♦♣② t②♣❡ ❛♥❞ t❤❡ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣②

❣r♦✉♣s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ r❡❛❧ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠s f : (Rn+1, 0) → (R, 0)

s✉❝❤ t❤❛t f−1(0) ❤❛s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥✳ ❙✐♥❝❡ t❤❡ ✐❞❡❛ ✐s t♦

♣❡rt✉r❜ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❣❡r♠ f s♦ ❛s t♦ ❤❛✈❡ ♦♥❧② ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧

♣♦✐♥ts ✇❡ ❛r❡ ❧❡❛❞ t♦ ❝♦♥s✐❞❡r R✲♠♦rs✐✜❝❛t✐♦♥s✽ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠s✳

❉❡❢✐♥✐t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✹✳✷✽✮✳ ▲❡t f : (Rn+1, 0) → (R, 0) ❜❡ ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦✲

♠✐❛❧ ♠❛♣s✳ ❆ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡

F :M × U → R

♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠ F : (Rn+1 × Ī, 0) → (R, 0) s✉❝❤ t❤❛t

✭✶✮ Ī ∼= [−1, 1]k ❢♦r s♦♠❡ k ∈ N✱

✭✷✮ F (x, 0) = f(x) ❛s ❣❡r♠s ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s✱

✭✸✮ ❚❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ s✉❜s❡t V ⊂ U \ {0} s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ V ✱ t❤❡

❢✉♥❝t✐♦♥ ft :M → R ✐s ❛ ▼♦rs❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳

❆ R✲♠♦rs✐✜❝❛t✐♦♥ F ✐s str♦♥❣ ✐❢ ❢♦r ❛♥② t ∈ V t❤❡ ❢✉♥❝t✐♦♥ ft :M → R ❤❛s µ(fC, 0)

❝r✐t✐❝❛❧ ♣♦✐♥ts ❛♥❞ ✐t ✐s ✇❡❛❦ ✐❢ ❢♦r ❛♥② t ∈ V ✐t ❤❛s str✐❝t❧② ❧❡ss t❤❛♥ µ(fC, 0) ❝r✐t✐❝❛❧

♣♦✐♥ts✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ f−1(0) ❤❛s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥ ❛♥ R✲

♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ❛❧✇❛②s ❡①✐st✳

Pr♦♣♦s✐t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ ✹✳✷✾✮✳ ■❢ f : (Rn+1, 0) → (R, 0) ✐s ❛ ❣❡r♠ ♦❢ r❡❛❧

♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❛♥❞ ✐❢ f−1(0) ❤❛s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥ t❤❡♥ f

❤❛s ❛♥ R✲♠♦rs✐✜❝❛t✐♦♥✳

✺✳✷✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s t❤❡ ✜rst ♦❢ t❤❡ t✇♦ ♠❛✐♥ t❤❡♦r❡♠s ✐♥ ❝❤❛♣t❡r

✹✳ ■t s❛②s t❤❛t ❛❢t❡r s✉❝❝❡s✐✈❡❧② ❛tt❛❝❤✐♥❣ ❤❛♥❞❧❡s t♦ ❛ s♣❛❝❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜❡rs ♦❢ f ♦♥❡ ♦❜t❛✐♥s ❛ ❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡✱ ✇❤❡r❡ ❡❛❝❤ ❤❛♥❞❧❡

❝♦rr❡s♣♦♥❞s t♦ ❛ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft = F (·, t) ❢♦r t ∈ V ✳

❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✹✳✹✼✮✳ ❙✉♣♣♦s❡ t❤❛t f : (Rn+1, 0) → (R, 0) ✐s ❛ ❣❡r♠ ♦❢

r❡❛❧ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ s✉❝❤ t❤❛t f−1(0) ❤❛s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥

✽✏❘❡❛❧ ♠♦rs✐✜❝❛t✐♦♥s✑ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❜② ❱✳■ ❆r♥♦❧❞ ❛♥❞ ❤✐s s❝❤♦♦❧ ✭s❡❡ ❡✳❣ ❬✶✾❪✮✳ ❚❤❡s❡
❛r❡ ❤♦✇❡✈❡r ❤♦❧♦♠♦r♣❤✐❝ ♠❛♣s ❛♥❞ s✐♥❝❡ ✇❡ s❤❛❧❧ ✐♥ t❤❡ ❡♥❞ ❛♣♣❧② ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r② ✐t ✐s
❛r❣✉❛❜❧② ♠♦r❡ ♥❛t✉r❛❧ ❢♦r ♦✉r ♣✉r♣♦s❡s t♦ ❝♦♥s✐❞❡r r❡❛❧ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s✳
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❛♥❞ ❧❡t (δ0, ǫ0) ❜❡ ▼✐❧♥♦r ❞❛t❛ ❛t t❤❡ ♦r✐❣✐♥✳ ▲❡t

F :M × U → R

❜❡ ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✇✐t❤ V ⊂ U \ {0} ❛ ❞❡♥s❡ s✉❜s❡t s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ V

t❤❡ ❢✉♥❝t✐♦♥ ft :M → R ✐s ▼♦rs❡ ✇✐t❤ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳ ❋♦r ❛♥② η ∈ (0, ǫ(δ))

t❤❡r❡ ❡①✐sts t0 = t0(η) ∈ R s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ▲❡t t ∈ V s✉❝❤ t❤❛t |t| ≤ t0

❜❡ ✜①❡❞ ❛♥❞ ❧❡t p1, . . . , pm ∈ B̄δ ❞❡♥♦t❡ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft :M → R ❧②✐♥❣ ✐♥s✐❞❡

t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❡t λ(pi) ❞❡♥♦t❡ t❤❡✐r ✐♥❞✐❝❡s✳ ❚❤❡♥

Xt,η ✐s ❝♦♥tr❛❝t✐❜❧❡ ❛♥❞ t❤❡r❡ ❡①✐st ❡♠❜❡❞❞✐♥❣s

h+i :











Dλ(pi) × ∂Dn+1−λ(pi) → F̄+
η × (0, 1) ∪⋃

1≤j≤i−1

h+
j

(

Dλ(pj) × Dn+1−λ(pj)
)

, i ≥ 2

Dλ(p1) × ∂Dn+1−λ(p1) → F̄+
η × (0, 1), i = 1,

h−i :











Dn+1−λ(pi) × ∂Dλ(pi) → F̄−
η × (0, 1) ∪⋃

1≤j≤i−1

h−

j

(

Dn+1−λ(pj) × Dλ(pj)
)

, i ≥ 2

Dn+1−λ(p1) × ∂Dλ(p1) → F̄−
η × (0, 1), i = 1

❛♥❞ ❤♦♠❡♦♠♦r♣❤✐s♠s

Xt,η ∼= F̄+
η × (0, 1) ∪

⋃

1≤i≤m
h+
i

(

Dλ(pi) × Dn+1−λ(pi)
)

Xt,η ∼= F̄−
η × (0, 1) ∪

⋃

1≤i≤m
h−

i

(

Dn+1−λ(pi) × Dλ(pi)
)

✇❤❡r❡ ❡❛❝❤ ❤❛♥❞❧❡ Dλ(pi)×Dn+1−λ(pi) ✭r❡s♣❡❝t✐✈❡❧② Dn+1−λ(pi)×Dλ(pi)✮ ✐s ❛tt❛❝❤❡❞

❛❧♦♥❣ Dλ(pi)×∂Dn+1−λ(pi) ✭r❡s♣❡❝t✐✈❡❧② ❛❧♦♥❣ Dn+1−λ(pi)×∂Dλ(pi)✮ ✈✐❛ h+i ✭r❡s♣❡❝✲

t✐✈❡❧② ✈✐❛ h−i ✮✳

❈♦r♦❧❧❛r② ✭❈♦r♦❧❧❛r② ✹✳✻✵✮✳ ❑❡❡♣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼✳ ❙✉♣♣♦s❡

t❤❛t ft : M → R ❤❛s ❛ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t p ♦❢ ✐♥❞❡① λ(p)✳ ■❢ F̄+
η ✐s ♥♦♥❡♠♣t②

t❤❡♥

β(F̄+
η ) =







1 + un−λ(p), ✐❢ λ(p) ≤ n,

1, ✐❢ λ(p) = n+ 1.

■❢ F̄−
η ✐s ♥♦♥❡♠♣t② t❤❡♥

β(F̄−
η ) =







1 + uλ(p)−1, ✐❢ λ(p) ≥ 1,

1, ✐❢ λ(p) = 0.
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✺✳✷✳✸✳ ❚❤❡ ❛♥❛❧♦❣♦✉s st❛t❡♠❡♥t ❢♦r ❤♦❧♦♠♦r♣❤✐❝ ♠❛♣ ❣❡r♠s g : (Cn+1, 0) →
(C, 0) ✇✐t❤ g−1(0) ⊂ Cn+1 ❤❛✈✐♥❣ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥ s❛②s t❤❛t

❛❢t❡r ❛tt❛❝❤✐♥❣ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r µ = µ(g, 0) ♦❢ ❞✐s❝s ♦❢ ❞✐♠❡♥s✐♦♥ n t❤❡ ❝♦♠♣❧❡①

▼✐❧♥♦r ✜❜r❡ FC,η(g) ❜❡❝♦♠❡s ❝♦♥tr❛❝t✐❜❧❡ ✭s❡❡ ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✺✳✻❪✮✳ ❆ ❝❧❛ss✐❝❛❧

♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t ✐s ❞✉❡ t♦ ❊✳ ❇r✐❡s❦♦r♥ ❬✼❪✳ ❚❤❡r❡ ♦♥❡ t❛❦❡s ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥

♦❢ g ❤❛✈✐♥❣ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r µ = µ(g, 0) ♦❢ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇✐t❤

♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳ ■♥ t❤✐s ❝❛s❡ ❡❛❝❤ ♦❢ t❤❡ ❞✐s❝s ❝❛♥ ❜❡ ♣r♦✈❡♥ ❜② ❛

❣❡♦♠❡tr✐❝❛❧ ❛r❣✉♠❡♥t ❬✶✽✱ ▲❡♠♠❛ ✺✳✸❪ t♦ ❜❡ ❛tt❛❝❤❡❞ ❞✐r❡❝t❧② t♦ FC,η(g)✳

❋✉rt❤❡r♠♦r❡✱ t❤❡s❡ ❛r❣✉♠❡♥ts ❡♥❛❜❧❡ ♦♥❡ t♦ ✉s❡ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❛

♣❛✐r t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❊①❝✐s✐♦♥ ❚❤❡♦r❡♠ ❬✷✻✱ ❚❤❡♦r❡♠ ✷✳✷✵❪ t♦ ❞❡❞✉❝❡ t❤❛t t❤❡

r❡❞✉❝❡❞ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ FC,η(g) ❛r❡

H̃k(FC,η(g)) =







Zµ, ✐❢ k = n,

{0}, ♦t❤❡r✇✐s❡.

❚❤❡r❡ ❛r❡ t✇♦ ♠❛❥♦r ♦❜st❛❝❧❡s ❢♦r t❤✐s r❡❛s♦♥✐♥❣ t♦ ❜❡ ❝❛rr✐❡❞ t❤r♦✉❣❤ s✉❝❝❡s✲

❢✉❧❧② ✐♥ t❤❡ ❝❛s❡ ❡♥✈✐s✐♦♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✹✼ ❢♦r r❡❛❧ ✐s♦❧❛t❡❞ ❤②♣❡rs✉r❢❛❝❡ s✐♥❣✉✲

❧❛r✐t✐❡s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ ✐❢ ❣✐✈❡♥ ❛♥ ❛r❜✐tr❛r② R✲♠♦rs✐✜❝❛t✐♦♥ F ♦❢ f ❛♥❞ ❛ t ∈ V

s✉❝❤ t❤❛t ft ❤❛s ❝r✐t✐❝❛❧ ♣♦✐♥ts p1, . . . , pm ∈ B̄δ t❤❡r❡ ♠✐❣❤t ✈❡r② ✇❡❧❧ ❜❡ t❤❡ ❝❛s❡

t❤❛t t❤❡r❡ ❡①✐sts j, j′ ∈ {1, . . . ,m} s✉❝❤ t❤❛t

F̄+
η × (0, 1) ∪

⋃

1≤i≤m
h+
i

(

Dλ(pi) × Dn+1−λ(pi)
)

❤❛s t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡ ❛s

F̄+
η × (0, 1) ∪

⋃

1≤i 6=j,j′≤m

h+
i

(

Dλ(pi) × Dn+1−λ(pi)
)

.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡r❡ ✐s ♥♦ ❛ ♣r✐♦r✐ r❡❛s♦♥ t♦ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❞✐s❝s ✐♥ t❤❡

st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ ❝❛♥ ❛❧✇❛②s ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ❛tt❛❝❤❡❞ ❞✐r❡❝t❧② t♦ F̄η+

✭r❡s♣❡❝t✐✈❡❧② F̄−
η ✮✳ ❚❤✐s s❡❡♠s ✐♥ ♦✉r ✈✐❡✇ t♦ ❜❡ t❤❡ ♠♦st ❞✐✣❝✉❧t ♦❜st❛❝❧❡✳ ❲❡

s❤❛❧❧ ♥♦✇ st❛t❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r t❤❡ ✈❛❧✐❞✐t② ♦❢ ✇❤✐❝❤ t❤❡s❡ t✇♦ ♦❜st❛❝❧❡s ❝❛♥ ❜❡

❝✐r❝✉♠✈❡♥t❡❞ ❛♥❞ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ❝❛♥ ✐♥❞❡❡❞ ❜❡ ♦❜t❛✐♥❡❞✳

✺✳✷✳✹✳ ❲❡ st❛rt ❜② s❤♦✇✐♥❣ ✐♥ ▲❡♠♠❛ ✹✳✺✹ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② r❡s✉❧t✳ ■❢

F ′ : M × U ′ → R ✐s ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f : (Rn+1, 0) → (R, 0) t❤❡♥ t❤❡r❡ ❡①✐sts
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❛♥♦t❤❡r R✲♠♦rs✐✜❝❛t✐♦♥ F : M × U → R ♦❢ f s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ ♦♣❡♥

s✉❜s❡t V ⊂ U s✉❝❤ t❤❛t t❤❡ ♥✉♠❜❡r m = m(t) ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft : M → R

❧②✐♥❣ ✐♥s✐❞❡ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ V ❛♥❞ ❡❛❝❤ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐s

▼♦rs❡ ✇✐t❤ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s t❤❡ s❡❝♦♥❞ ♠❛✐♥

t❤❡♦r❡♠ ✐♥ ❝❤❛♣t❡r ✹✳

❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✹✳✺✽✮✳ ▲❡t n ∈ N ❜❡ ♦❞❞ ❛♥❞ s✉♣♣♦s❡ t❤❛t f : (Rn+1, 0) →
(R, 0) ✐s ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ s✉❝❤ t❤❛t f−1(0) ❤❛s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t

✐♥ t❤❡ ♦r✐❣✐♥✳ ▲❡t (δ0, ǫ0) ❜❡ ▼✐❧♥♦r ❞❛t❛ ❛t t❤❡ ♦r✐❣✐♥✳ ❙✉♣♣♦s❡ t❤❛t

F :M × U → R, ft = F (·, t)

✐s ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ❛♥❞ ❧❡t V ⊂ U ❜❡ ❛ ❞❡♥s❡ ♦♣❡♥ s✉❜s❡t s✉❝❤ t❤❛t t❤❡

♥✉♠❜❡r m = m(t) ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft : M → R ❧②✐♥❣ ✐♥s✐❞❡ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s

δ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ V ❛♥❞ ❡❛❝❤ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐s ▼♦rs❡ ✇✐t❤ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t

❝r✐t✐❝❛❧ ✈❛❧✉❡s✳ ▲❡t δ ∈ (0, δ0] ❛♥❞ η ∈ (0, ǫ0] ❜❡ ✜①❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts t0 ∈ R

s✉❝❤ t❤❛t ✐❢ t ∈ V ∩ {|t| ≤ t0}✱ ✐❢ p1, . . . , pm ∈ B̄δ ❞❡♥♦t❡s t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢

ft : M → R ❧②✐♥❣ ✐♥s✐❞❡ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ❛♥❞ ✐❢ λ(pi) = (n + 1)/2, i = 1, . . . ,m

t❤❡♥

Hk(F̄+
η ) = Hk(F̄−

η ) ∼= Hk(

m
∨

i=1

S(n−1)/2), k ≥ 0.

■❢ ❣✐✈❡♥ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ♦r ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r② X ❧❡t

β(X) =
∑

n≥0

r❛♥❦ Hn(X;Z)

❞❡♥♦t❡ t❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦❢X ✐♥ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ✇✐t❤ ✐♥t❡❣r❛❧ ❝♦❡✣❝✐❡♥ts✳

❈♦r♦❧❧❛r② ✭❈♦r♦❧❧❛r② ✹✳✺✾✮✳ ❑❡❡♣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✺✽✳ ❚❤❡

P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s ❛r❡

β(F̄+
η ) = 1 +mun−λ

❛♥❞

β(F̄−
η ) = 1 +muλ−1

✺✳✸✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ❘❡❛❧ ADE✲❙✐♥❣✉❧❛r✐t✐❡s✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ❝❛♥

♦❜t❛✐♥ t❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ✐♥ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢

r❡❛❧ ADE✲s✐♥❣✉❧❛r✐t✐❡s✱ ❡①❝❡♣t ❢♦r ♦♥❡ s♣❡❝✐❛❧ ❝❛s❡✳ ▲❡t ✉s ❝♦♥s✐❞❡r r❡❛❧ ♣♦❧②♥♦♠✐❛❧

♠❛♣ ❣❡r♠s f : (Rn+1, 0) → (R, 0) ♦❢ t❤❡ ❢♦r♠

✭✶✮ A±,s
k : f = xk+1 ± y2 +

∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j , k ≥ 2✳
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✭✷✮ D±,s
k : f = x2y ± yk−1 +

∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j , k ≥ 4

✭✸✮ E±s
6 : f = x3 ± y4 +

∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j

✭✹✮ Es7 : f = x3 + xy3 +
∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j

✭✺✮ Es8 : f = x3 + y5 +
∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j

✇❤❡r❡ t+s = n−1, s, t ≥ 0 ❛♥❞ ✇❤❡r❡ (x, y, x1, . . . , xn−1) ❛r❡ ❝♦♦r❞✐♥❛t❡s ♦♥ Rn+1✳

❲❡ ✜rst tr❡❛t t❤❡ ❝❛s❡ ♦❢ ❝✉r✈❡s ✭♥❛♠❡❧② n = 1✮✳ ❲❤❡♥ t❤❡ ♠❛♣ f ✐s ❝❧❡❛r

❢r♦♠ t❤❡ ❝♦♥t❡①t ✇❡ s❤❛❧❧ ❧❡t F+ ❛♥❞ F− ❞❡♥♦t❡ ❛ ♣♦s✐t✐✈❡✱ r❡s♣❡❝t✐✈❡❧② ♥❡❣❛t✐✈❡✱

▼✐❧♥♦r ✜❜r❡ ♦❢ f ❛t t❤❡ ♦r✐❣✐♥ ✐♥ Rn+1✳

❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✺✳✶✮✳ ❚❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ✐♥ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ♦❢

t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ ADE✲s✐♥❣✉❧❛r✐t✐❡s ♦❢ ❝✉r✈❡s ❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✳

✭✶✮ A+
k : f(x, y) = xk+1 + y2✿

β(F̄+) = β(F̄−) = 1, ✐❢ k ≡ 0 (♠♦❞ ✷)

β(F̄+) = 1 + u, β(F̄−) = 0 ✐❢ k ≡ 1 (♠♦❞ ✷).

✭✷✮ A−
k : f(x, y) = xk+1 − y2✿

β(F̄+) = β(F̄−) =







1, k ≡ 0 (♠♦❞ ✷)

2, k ≡ 1 (♠♦❞ ✷)

✭✸✮ D+
k : f(x, y) = x2y + yk−1, k ≥ 4✱

β(F̄+) = β(F̄−) =







1, k ≡ 0 (♠♦❞ ✷)

2, k ≡ 1 (♠♦❞ ✷)

✭✹✮ D−
k : f(x, y) = x2y − yk−1, k ≥ 4✱

β(F̄±) =







3, k ≡ 0 (♠♦❞ ✷)

2, k ≡ 1 (♠♦❞ ✷)

✭✺✮ E±
6 : f(x, y) = x3 ± y4✱ β(F̄+) = β(F̄−) = 1.

✭✻✮ E7 : f(x, y) = x3 + xy3✱ β(F̄+) = β(F̄−) = 2.

✭✼✮ E8 : f(x, y) = x3 + y5, β(F̄+) = β(F̄−) = 1.

❈♦r♦❧❧❛r② ✭❈♦r♦❧❧❛r② ✺✳✷✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳

✭✶✮ A−s
k , D+s

k ✿

β(F̄+) =







1, k ≡ 0 (♠♦❞ ✷)

1 + un−s−1, k ≡ 1 (♠♦❞ ✷)
,
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β(F̄−) =







1, k ≡ 0 (♠♦❞ ✷)

1 + us, k ≡ 1 (♠♦❞ ✷)

✭✷✮ A+s
k :



























β(F̄+) = 1 + un−s, k ≡ 1 (♠♦❞ ✷)

β(F̄−) = 1 + us−1, s 6= 0, k ≡ 1 (♠♦❞ ✷)

β(F̄−) = 0, s = 0, k ≡ 1 (♠♦❞ ✷)

β(F̄+) = β(F̄−) = 1, k ≡ 0 (♠♦❞ 2).

✭✸✮ Es7 :

β(F̄+) = 1 + un−s−1,

β(F̄−) = 1 + us.

✭✹✮ E±s
6 , Es8 : β(F̄+) = β(F̄−) = 1.

❚❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ D−s
k ✲s✐♥❣✉❧❛r✐t✐❡s ❢♦r k ♦❞❞ ❛♥❞

n > 1 ❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

D−s
k :







β(F̄+) = 1 + un−s−1, k ≡ 1 (♠♦❞ ✷)

β(F̄−) = 1 + us, k ≡ 1 (♠♦❞ ✷)

✺✳✹✳ ▼♦rs✐✜❛❜❧❡ ❘❡❛❧ ❙✐♥❣✉❧❛r✐t✐❡s f : X → R✳ ■♥ t❤❡ ❧❛st ❝❤❛♣t❡r ✻ ✇❡

❣✐✈❡ ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ ✹✳✹✼✳ ❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥✳

✺✳✹✳✶✳ ❆ss✉♠❡ t❤❛t X ⊂ Rn ✐s ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s✉❜s❡t ❝♦♥t❛✐♥✐♥❣ t❤❡ ♦r✐❣✐♥ ✐♥

Rn ❛♥❞ t❤❛t

f : X → R, f(0) = 0

✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f̃ : Rn → R✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st ❛

❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ S̃ = (S̃i)i∈I ♦❢ X s✉❝❤ t❤❛t f−1(0) ⊂ X ✐s ❛ ✉♥✐♦♥ ♦❢ str❛t❛

s✉❝❤ t❤❛t S̃ s❛t✐s✜❡s t❤❡ af ✲❝♦♥❞✐t✐♦♥ ♦❢ ❚❤♦♠ ❬✺✵❪✳

✺✳✹✳✷✳ ❙✉♣♣♦s❡ t❤❛t f : X → R ✐s ❛s ✐♥ s✐t✉❛t✐♦♥ ✺✳✹✳✶✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

δ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② δ ∈ (0, δ0] t❤❡r❡ ❡①✐sts ǫ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ǫ ∈ (0, ǫ0]

t❤❡ r❡str✐❝t✐♦♥

f : f−1([−ǫ, ǫ] \ {0}) ∩X ∩ B̄nδ → [−ǫ, ǫ] \ {0}✭✹✮

✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ t♦♣♦❧♦❣✐❝❛❧ ✜❜r❛t✐♦♥ ✇❤❡r❡ Bnδ ⊂ Rn ❞❡♥♦t❡s t❤❡ ♦♣❡♥ n✲❞✐♠❡♥s✐♦♥❛❧

❜❛❧❧ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ♦❢ r❛❞✐✉s δ✳ ❚❤❡ ❜❛rs ❞❡s✐❣♥❛t❡s ❝❧♦s✉r❡s ❢♦r t❤❡ ❡✉❝❧✐❞❡❛♥

t♦♣♦❧♦❣②✳ ❚❤❡ ✜❜r❡s ♦❢ ✭✹✮ ❛r❡ t❤❡ ✭❝❧♦s❡❞✮ ▼✐❧♥♦r ✜❜❡rs ♦❢ f ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❛r❡
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❞❡♥♦t❡❞ ❜②

F̄+
η := f−1(η) ∩X ∩ B̄δ, F̄−

η := f−1(−η) ∩X ∩ B̄δ η ∈ (0, ǫ].

❚❤❡ s❡t F̄+
η ✐s t❤❡ ♣♦s✐t✐✈❡ ❝❧♦s❡❞ ▼✐❧♥♦r ✜❜r❡ ❛♥❞ t❤❡ s❡t F̄−

η ✐s t❤❡ ♥❡❣❛t✐✈❡ ❝❧♦s❡❞

▼✐❧♥♦r ✜❜r❡✳

✺✳✹✳✸✳ ❚♦ ♦❜t❛✐♥ t❤❡ ✇❛♥t❡❞ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ ♦♥❡ s❤❛❧❧ ♣❡rt✉r❜

f̃ s♦ t❤❛t r❡str✐❝t❡❞ t♦ ❡❛❝❤ str❛t❛ ♦❢ X ♦♥❡ ♦❜t❛✐♥s ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ ♦♥❧② ♥♦♥❞❡✲

❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥s s✉✣❝❡s ❢♦r

t❤✐s ♣✉r♣♦s❡✳

❉❡❢✐♥✐t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✻✳✸✮✳ ▲❡t Y ⊂ Rn ❜❡ ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ r❡❛❧ s✉❜❛♥✲

❛❧②t✐❝ s❡t ❛♥❞ ❧❡t g : Y → R t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ g̃ : Rn → R✳ ❆

str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ g ✐s t❤❡ r❡str✐❝t✐♦♥ G : Y × Ū → R ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧

♠❛♣

G̃ : Rn × Rk → R,

s✉❝❤ t❤❛t

✭✶✮ Ū ⊂ Rk ✐s ❛ s♠♦♦t❤ k✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r② ❤❛✈✐♥❣ ❜♦✉♥❞✲

❛r② ∂Ū ❛♥❞ ✐♥t❡r✐♦r U ✱

✭✷✮ Ū ∼= [−1, 1]k ❛♥❞ ∂Ū ❝♦♥t❛✐♥s t❤❡ ♦r✐❣✐♥ ✐♥ Rk✱

✭✸✮ G̃(x, 0) = g̃✱

✭✹✮ ❚❤❡ ♠❛♣

Φ : Rn × U → T ∗Rn, Φ(x, t) = d(g̃t)(x),

✇❤❡r❡ T ∗Rn ✐s t❤❡ ❝♦t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ Rn✱ ✐s ❛ s✉❜♠❡rs✐♦♥✳

❙tr❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥s ❣✐✈❡ ✐♥❞❡❡❞ r✐s❡ t♦ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ ♦♥❧② ♥♦♥❞❡❣❡♥✲

❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦♥ ❡❛❝❤ str❛t❛✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ ✻✳✹✮✳ ▲❡t Y ⊂ Rn ❜❡ ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ ❝♦♠♣❛❝t

r❡❛❧ s✉❜❛♥❛❧②t✐❝ s❡t ❛♥❞ ❧❡t G : Y × Ū → R ❜❡ ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢

g : Y → R ✇❤❡r❡ g ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ g̃ : Rn → R✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ ♦♣❡♥ s✉❜s❡t V ⊂ U s✉❝❤ t❤❛t gt : Y → R ✐s ❛ str❛t✐✜❡❞ ▼♦rs❡

❢✉♥❝t✐♦♥ ❢♦r ❛♥② t ∈ V ✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✷✳✶❪✳

✺✳✹✳✹✳ ❚♦ st❛t❡ t❤❡ ✜rst ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠s ❛s s✉❝❝✐♥❝t❧② ❛s ♣♦ss✐❜❧❡ ✇❡

✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥✳
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❉❡❢✐♥✐t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✻✳✽✮✳ ❆ ♠❛♣ f : X → R ✐s ♠♦rs✐✜❛❜❧❡ ✐❢ ❝♦♥❞✐t✐♦♥

✺✳✹✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✻✳✸✮

F : X × Ū ⊂ Rn × Rl → R, ft(x) = F (x, t).

♦❢ f ✳

✺✳✹✳✺✳ ❖♥❡ ❛❧s♦ ♥❡❡❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❛♥❞ ❞❡✜♥✐t✐♦♥✳

▲❡♠♠❛ ✭▲❡♠♠❛ ✻✳✾✮✳ ❙✉♣♣♦s❡ t❤❛t f : X → R ✐s ♠♦rs✐✜❛❜❧❡ ❛♥❞ s✉♣♣♦s❡ t❤❛t

F : X × Ū ⊂ Rn × Rl → R, ft(x) = F (x, t)

✐s ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✳ ❚❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ❞❡♥s❡ s❡t V ⊂ U s✉❝❤ t❤❛t

❢♦r ❡❛❝❤ t ∈ V ✱

ft : X ∩ B̄δ → R

✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥✳

❉❡❢✐♥✐t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✻✳✶✵✮✳ ❋♦r ❛♥② t ∈ V ♣✉t

C(F, t) = {p(t) ∈ X ∩ B̄δ | p(t) ✐s ❛ str❛t✐✜❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft : X ∩ B̄δ → R}

✺✳✹✳✻✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜❜r❡✈✐❛t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦✲

r❡♠✳ ▲❡t t ∈ V ❜❡ ✜①❡❞✳

• ■❢ pj = pj(t) ∈ C(F, t) ❛♥❞ pj ❜❡❧♦♥❣s t♦ ❛ str❛t✉♠ S ∈ S ❞❡♥♦t❡ ❜②

λS (pj) t❤❡ ▼♦rs❡ ✐♥❞❡① ♦❢ ft|Sl
❛t pj ✳

• ■❢ pj ∈ C(F, t) ❜❡❧♦♥❣s t♦ ❛ str❛t✉♠ S ∈ S t❤❡♥ ❜❡❝❛✉s❡ S s❛t✐s✜❡s t❤❡

❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s t❤❡r❡ ❡①✐sts ρj > 0 s✉❝❤ t❤❛t ✐❢ B̄ρj (pj) ⊂ Rn ✐s t❤❡

❝❧♦s❡❞ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t pj ❛♥❞ ♦❢ r❛❞✐✉s ρj t❤❡♥ ∂B̄ρj (p) ✐♥t❡rs❡❝ts t❤❡

str❛t❛ ♦❢ S tr❛♥s✈❡rs❛❧❧②✱ s❡❡ ❬✷✺✱ ✸✳✺❪✳ ❉❡♥♦t❡ ❜②

l+(pj) = N(pj) ∩ Bρj ∩ f−1
t|X∩B̄δ

(sj + γj),

l−(pj) = N(pj) ∩ Bρj ∩ f−1
t|X∩B̄δ

(sj − γj),

❢♦r 0 < γj << ρj ✱ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦s ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✾✳✶❪

♦❢ ft|X∩B̄δ
❛t t❤❡ ♣♦✐♥t pj ✳ ❍❡r❡ N(pj) ✐s t❤❡ ♥♦r♠❛❧ s❧✐❝❡ t❤r♦✉❣❤ t❤❡

str❛t✉♠ S ∈ S ❛t pj ❬✷✺✱ ➓ ✶✳✹❪✳

• ▲❡t dim(S )(pj) ❞❡♥♦t❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ pj ✳

✺✳✹✳✼✳ ❚❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ ❝❤❛♣t❡r ✻ s❛②s t❤❛t ❛❢t❡r s✉❝❝❡s✐✈❡❧② ❛tt❛❝❤✐♥❣

♣r♦❞✉❝ts ♦❢ ❞✐s❝s ❛♥❞ ❝♦♥❡s ♦❢ ✉♣♣❡r ❤❛❧❢✲❧✐♥❦s t♦ t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜❡r F̄+
η
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♦♥❡ ♦❜t❛✐♥s ❛ ❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡✳ ❙✐♠✐❧❛r❧② ❛❢t❡r s✉❝❝❡s✐✈❡❧② ❛tt❛❝❤✐♥❣ ♣r♦❞✉❝ts ♦❢

❞✐s❝s ❛♥❞ ❝♦♥❡s ♦✈❡r ❧♦✇❡r ❤❛❧❢✲❧✐♥❦s t♦ t❤❡ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜❡r F̄−
η ♦♥❡ ♦❜t❛✐♥s ❛

❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡✳

❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✻✳✶✸✮✳ ❙✉♣♣♦s❡ t❤❛t X ⊂ Rn ✐s ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ❛♥❞

t❤❛t f : X → R ✐s ❛ ♠♦rs✐✜❛❜❧❡ ♠❛♣ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✻✳✽✮ ❤❛✈✐♥❣ ▼✐❧♥♦r ❞❛t❛ (ǫ0, δ0)

❛t t❤❡ ♦r✐❣✐♥✳ ❙✉♣♣♦s❡ t❤❛t

F : X × Ū ⊂ Rn × Rl → R, ft = F (·, t)

✐s ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✻✳✸✮✮✱ ✇✐t❤ V ❛s ✐♥ ▲❡♠♠❛ ✻✳✾✳

❋♦r ❛♥② δ ∈ (0, δ0] t❤❡r❡ ❡①✐sts ǫ ∈ (0, ǫ0] s✉❝❤ t❤❛t ❢♦r ❛♥② η ∈ (0, ǫ(δ)] t❤❡r❡ ❡①✐sts

t0(η) ∈ R s✉❝❤ t❤❛t ✐❢ t ∈ V ∩ {|t| ≤ t0} t❤❡♥ t❤❡r❡ ❡①✐st s❡♠✐❛❧❣❡❜r❛✐❝ s❡ts N (F̄+
η )

❛♥❞ N (F̄−
η ) ❤❛✈✐♥❣ t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ F̄+

η r❡s♣❡❝t✐✈❡❧② F̄−
η ❛♥❞ ❛tt❛❝❤✐♥❣ ♠❛♣s

h+j : ∂
(

DdimS (pj)−λS (pj) × ❝♦♥❡(l+(pj))
)

→






N (F̄+
η ) ∪⋃j−1

l=1 DdimS (pj)−λS (pj) × ❝♦♥❡(l+(pj)), 2 ≤ j ≤ m

N (F̄+
η ), j = 1

h−j : ∂
(

DλS (pj) × ❝♦♥❡(l−(pj))
)

→






N (F̄−
η ) ∪⋃j−1

l=1 DλS (pj) × ❝♦♥❡(l−(pj)), 2 ≤ j ≤ m

N (F̄−
η ), j = 1

✇✐t❤ pj ∈ C(F, t) ❛♥❞ m = |C(F, t)| ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✻✳✶✵✱ s✉❝❤ t❤❛t

N (F̄+
η ) ∪

⋃

1≤i≤m
h+
i

(

Ddim(S )−λS (pj) × ❝♦♥❡(l+(pj))
)

,

N (F̄−
η ) ∪

⋃

1≤i≤m
h−

i

(

DλS (pj) × ❝♦♥❡(l−(pj))
)

❛r❡ ❝♦♥tr❛❝t✐❜❧❡✳

✺✳✺✳ ❆♣♣❧✐❝❛t✐♦♥s✳

✺✳✺✳✶✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ ✻✳✶✸ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥✲

❡r❛❧✐s❛t✐♦♥ ♦❢ ❑❤✐♠s❤✐❛s❤✈✐❧✐✬s ❢♦r♠✉❧❛ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪✳

❈♦r♦❧❧❛r② ✭❈♦r♦❧❧❛r② ✻✳✶✺✮✳ ❑❡❡♣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✻✳✶✸ ❛♥❞

s✉♣♣♦s❡ ❢✉rt❤❡r♠♦r❡ t❤❛t X ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝
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♦❢ t❤❡ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ✇✐t❤ Q✲❝♦❡✣❝✐❡♥ts ✐s ❣✐✈❡♥ ❜②

χ(F̄η−) = 1+
∑

1≤j≤m
dim(S (pj))=dim(X)

(−1)λS (pj)−1+
∑

1≤j≤m
dim(S ((pj))<dim(X)

(−1)λS (pj)χ̃(l−(pj))))

❛♥❞ t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ✇✐t❤ Q✲❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡

✐s ❣✐✈❡♥ ❜②

χ(F̄+
η ) = 1 +

∑

1≤j≤m
dim(S )(pj))=dim(X)

(−1)dim(S )(pj)+1−λS (pj)

+
∑

1≤j≤m
dim(S )(pj))<dim(X)

(−1)dim(S )(pj)−λS (pj)χ̃(l+(pj)))).

▼♦r❡♦✈❡r ✐❢ dim(S (p)) = dimX ❢♦r ❛♥② p ∈ C(F, t) t❤❡♥ t❤❡s❡ r❡❧❛t✐♦♥s ❤♦❧❞ ❢♦r

t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝s ✇✐t❤ Z✲❝♦❡✣❝✐❡♥ts✳



❈❍❆P❚❊❘ ✸

▼♦t✐✈✐❝ ▼✐❧♥♦r ❋✐❜r❡s ♦❢ ❋❛♠✐❧✐❡s ♦❢ ❙✐♥❣✉❧❛r✐t✐❡s

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ r❡❛❧ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡s ♦❢ ❛

s❡♠✐❛❧❣❡❜r❛✐❝ ❢❛♠✐❧② ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♣❛r❛♠❡tr✐s❡❞ ❜② ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t✱

❛♥❞ t♦ s❤♦✇✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str❛t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ s✉❝❤ t❤❛t

t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡s ✐s ✐♥✈❛r✐❛♥t ❛❧♦♥❣ t❤❡

str❛t❛✳

✷✳ ❚❤❡ ❆r❝✲❆♥❛❧②t✐❝ ❊q✉✐✈❛❧❡♥❝❡

✷✳✶✳ ◆❛s❤ ❋✉♥❝t✐♦♥s ❛♥❞ ▼❛♥✐❢♦❧❞s✳ ❲❡ st❛rt ❜② ✜rst r❡❝❛❧❧✐♥❣ t❤❡ ❛r❝✲

❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ◆❛s❤ ❣❡r♠s✱ ✐♥tr♦❞✉❝❡❞ ❜② ❏✲❇ ❈❛♠♣❡s❛t♦ ✐♥ ❤✐s t❤❡s✐s

❬✽❪✳

❉❡❢✐♥✐t✐♦♥ ✸✳✶ ✭❬✹✵❪ ❬✶✵✱ ❉❡✜♥✐t✐♦♥ ✻✳✶❪✮✳ ❆ ❢✉♥❝t✐♦♥ f : U → R ❞❡✜♥❡❞ ♦♥ ❛♥

♦♣❡♥ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t U ⊂ Rn ✐s s❛✐❞ t♦ ❜❡ ◆❛s❤ ✐❢ ✐t ✐s s❡♠✐❛❧❣❡❜r❛✐❝ ❛♥❞ ♦❢ ❝❧❛ss

C∞✳ ❆ ♠❛♣ f : U → Rm ✐s s❛✐❞ t♦ ❜❡ ◆❛s❤ ✐❢ ❡❛❝❤ ♦❢ ✐ts ❝♦♠♣♦♥❡♥ts ❢✉♥❝t✐♦♥s ❛r❡

◆❛s❤✳

❇② ❬✻✱ Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✽❪ ♦♥❡ ❤❛s t❤❛t ❛ ❢✉♥❝t✐♦♥ f : U ⊂ Rn → R ✐s ◆❛s❤

✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s r❡❛❧ ❛♥❛❧②t✐❝ ❛♥❞ s❛t✐s✜❡s ❛ ♥♦♥tr✐✈✐❛❧ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥✳ ■♥

♣❛rt✐❝✉❧❛r✱ ❜② ❬✻✱ ❈♦r♦❧❧❛r② ✽✳✶✳✻❪✱ t❤❡ r✐♥❣ ♦❢ ❣❡r♠s ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s ✐s ✐s♦♠♦r♣❤✐❝

t♦ t❤❡ r✐♥❣ ♦❢ ❛❧❣❡❜r❛✐❝ ♣♦✇❡r s❡r✐❡s✳ ❚❤✐s ②✐❡❧❞s ❛ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡

s❡♠✐❛❧❣❡❜r❛✐❝ s❡ts ❛♥❞ ✇❤♦s❡ ❛rr♦✇s ❛r❡ ◆❛s❤ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠s ✐♥ t❤✐s

❝❛t❡❣♦r② ❛r❡ t❤❡♥✿

❉❡❢✐♥✐t✐♦♥ ✸✳✷✳ ❆ ◆❛s❤ ❞✐✛❡♦♠♦r♣❤✐s♠ ✐s ❛ s❡♠✐❛❧❣❡❜r❛✐❝ ♠❛♣ φ : U → V

s✉❝❤ t❤❛t φ ❛♥❞ ✐ts ✐♥✈❡rs❡ ❛r❡ ◆❛s❤ ❢✉♥❝t✐♦♥s✳

❚❤❡ ♥♦t✐♦♥ ♦❢ ♠❛♥✐❢♦❧❞ ✐♥ t❤✐s ❝❛t❡❣♦r② ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✳

❉❡❢✐♥✐t✐♦♥ ✸✳✸ ✭❬✶✵✱ ❉❡✜♥✐t✐♦♥ ✻✳✸❪✮✳ ❆ ◆❛s❤ ♠❛♥✐❢♦❧❞ ♦❢ ❞✐♠❡♥s✐♦♥ d ∈ N

✐s ❛ s❡♠✐❛❧❣❡❜r❛✐❝ s✉❜s❡t M ⊂ Rn s✉❝❤ t❤❛t ❢♦r ❛♥② x ∈ M t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥

✹✾
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s❡♠✐❛❧❣❡❜r❛✐❝ ♥❡✐❣❤❜♦r❤♦♦❞ U ⊂ Rn ♦❢ x✱ ❛♥ ♦♣❡♥ s❡♠✐❛❧❣❡❜r❛✐❝ ♥❡✐❣❤❜♦r❤♦♦❞ V ⊂
Rn ♦❢ t❤❡ ♦r✐❣✐♥ ❛♥❞ ❛ ◆❛s❤ ❞✐✛❡♦♠♦r♣❤✐s♠ φ : U → V ✇✐t❤ φ(x) = 0 s✉❝❤ t❤❛t

φ(M ∩ U) = Rd × {0}✳

✷✳✷✳ ◆❛s❤✲■s♦♠♦r♣❤✐❝ AS✲❙❡ts✳ ❚❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦♥ ❝♦♠✲

♣❛❝t r❡❛❧ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ◆❛s❤ ❞✐✛❡♦♠♦r♣❤✐s♠s✱ ❛s ❢♦❧❧♦✇s

❢r♦♠ t❤❡ r❡s✉❧t ❬✷✵✱ ❚❤❡♦r❡♠ ✸✳✸❪ ✭❝♦♠♣❛r❡ ❬✷✹✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷❪✮✳

❋♦r ♥♦♥❝♦♠♣❛❝t ✈❛r✐❡t✐❡s t❤✐s ✐s ♥♦ ❧♦♥❣❡r tr✉❡❀ ♦♥❡ ❣❡ts ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡

t❤❡r❡♦❢ ❜② t❛❦✐♥❣ X ⊂ R2 t♦ ❜❡ ❛ ❤②♣❡r❜♦❧❛✳ ❚❤❡♥ X ✐s ◆❛s❤ ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡

✉♥✐♦♥ Y ♦❢ t✇♦ ❞✐s❥♦✐♥t ❛✣♥❡ ❧✐♥❡s A1✳ ❙♦ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ β(X) = u−1 ❜❡❝❛✉s❡ ✐❢

X̄ ⊂ P2 ✐s ❛ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ t❤❡♥ X̄ \X ❝♦♥s✐sts ♦❢ t✇♦ ♣♦✐♥ts✱ ✇❤❡r❡❛s

♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ β(Y ) = 2β(A1) = 2u ❜② ❛❞❞✐t✐✈✐t②✳ ■♥ t❤❡ ❝❛s❡ ♦❢ AS✲s❡ts ♦♥❡
❞❡✜♥❡s

❉❡❢✐♥✐t✐♦♥ ✸✳✹ ✭❬✷✵✱ ❉❡✜♥✐t✐♦♥ ✸✳✷❪✮✳ ■❢ A,B ∈ AS t❤❡♥ A ❛♥❞ B ❛r❡ s❛✐❞ t♦

❜❡ ◆❛s❤✲✐s♦♠♦r♣❤✐❝ ✐❢ t❤❡r❡ ❡①✐sts ❝♦♠♣❛❝t ◆❛s❤ ♠❛♥✐❢♦❧❞s A ⊂ X ❛♥❞ B ⊂ Y ❛♥❞

❛ ◆❛s❤ ❞✐✛❡♦♠♦r♣❤✐s♠ φ : X → Y s✉❝❤ t❤❛t φ(A) = B✳

❚❤❡♥ ❋✐❝❤♦✉ ♣r♦✈❡❞ ❬✷✵✱ ❚❤❡♦r❡♠ ✸✳✸❪ t❤❛t t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧

❛s ❞❡✜♥❡❞ ♦♥ t❤❡ AS✲❝♦❧❧❡❝t✐♦♥ ✭✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡ts✮ ✐s ✐♥✈❛r✐❛♥t

✉♥❞❡r ◆❛s❤ ✐s♦♠♦r♣❤✐s♠s✳

✷✳✸✳ ❚❤❡ ❆r❝✲❆♥❛❧②t✐❝ ❊q✉✐✈❛❧❡♥❝❡✳ ❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈✲

❛❧❡♥❝❡✳

❉❡❢✐♥✐t✐♦♥ ✸✳✺ ✭❬✶✵✱ ❉❡✜♥✐t✐♦♥ ✼✳✶❪✮✳ ▲❡t f, g : (Rn, 0) → (R, 0) ❜❡ ❣❡r♠s ♦❢

◆❛s❤ ❢✉♥❝t✐♦♥s✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❣❡r♠ ♦❢ s❡♠✐❛❧❣❡❜r❛✐❝ ❤♦♠❡♦♠♦r♣❤✐s♠

h : (Rn, 0) → (Rn, 0)

✇✐t❤ f = g ◦ h s✉❝❤ t❤❛t h ✐s ❛r❝✲❛♥❛❧②t✐❝ ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤

t❤❛t

| det ❏❛❝(h)| > c

t❤❡r❡ ✇❤❡r❡ t❤❡ ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t ✐s ❞❡✜♥❡❞✱ t❤❡♥ f ✐s s❛✐❞ t♦ ❜❡ ❛r❝✲❛♥❛❧②t✐❝❛❧❧②

❡q✉✐✈❛❧❡♥t t♦ g ✈✐❛ h ❛♥❞ ♦♥❡ ✇r✐t❡s f ∼a g ♦r f ∼ g ✐❢ ♥♦ ❛♠❜✐❣✉✐t② ✐s ♣♦ss✐❜❧❡✳

❚❤✐s ♥♦t✐♦♥ ✐s ❞✉❡ t♦ ❏✳✲❇✳ ❈❛♠♣❡s❛t♦✳ ❍❡ ✐♥tr♦❞✉❝❡❞ ✐t ✐♥ ♦r❞❡r t♦ ♣r♦✈❡

t❤❛t t❤❡ ❇❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❣❡r♠s ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s ❬✷✵❪✱ ❬✶✵❪ ✐s ✐♥❞❡❡❞ ❛♥
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❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡ ❧❛tt❡r ✇❡ ♥❡❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ◆❛s❤ ♠♦❞✐✜❝❛t✐♦♥✳

❚♦ t❤✐s ❛✐♠✱ ❧❡t ✉s ✜rst r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ ❛ r❡❛❧ ❛♥❛❧②t✐❝

♠❛♥✐❢♦❧❞✳

❉❡❢✐♥✐t✐♦♥ ✸✳✻ ✭❬✶✵✱ ❉❡✜♥✐t✐♦♥ ✶✳✹❪✮✳ ❆ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ ❛ r❡❛❧ ❛♥❛❧②t✐❝

♠❛♥✐❢♦❧❞ M ♦❢ ❞✐♠❡♥s✐♦♥ n ✐s ❛ ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞ MC ❡♥❞♦✇❡❞ ✇✐t❤ ❛ r❡❛❧

❛♥❛❧②t✐❝ ✐s♦♠♦r♣❤✐s♠

φ :M → φ(M) ⊂MC

✇✐t❤ φ(M) ❛ r❡❛❧ ❛♥❛❧②t✐❝ s✉❜✈❛r✐❡t② ♦❢ MC s✉❝❤ t❤❛t ❢♦r ❛♥② x ∈ MC t❤❡r❡ ❡①✐sts

❛ ♥❡✐❣❤❜♦r❤♦♦❞ UC ⊂MC ♦❢ x ❛♥❞ ❛ ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ✐s♦♠♦r♣❤✐s♠

ψ : UC → ψ(UC) ⊂ Cn

s✉❝❤ t❤❛t

ψ(φ(M) ∩ UC) ⊂ Rn ∩ ψ(UC).

■♥ ♦t❤❡r ✇♦r❞s M ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ r❡❛❧ ❛♥❛❧②t✐❝ s✉❜✈❛r✐❡t② ♦❢ ✐ts ❝♦♠✲

♣❧❡①✐✜❝❛t✐♦♥ ✈✐❛ φ ❛♥❞ t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s♣❡❝ts t❤❡ ❝❤❛rts✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t

❛♥② r❡❛❧ ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞ ♣♦ss❡ss❡s ❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥✳ ■♥ t❤❡ ◆❛s❤ ❝❛t❡❣♦r②✱ t❤❡

❝♦♥str✉❝t✐♦♥ ✐s ❢✉♥❝t♦r✐❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐❢ g : M → N ✐s ❛ ♣r♦♣❡r ◆❛s❤ ♠❛♣

❜❡t✇❡❡♥ ◆❛s❤ ♠❛♥✐❢♦❧❞s ❛♥❞ ✐❢ MC ❛♥❞ NC ❛r❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s t❤❡♥ g ❡①t❡♥❞s t♦

❛ ♣r♦♣❡r ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ♠❛♣ gC : U → V ♦❢ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞s U ⊂ MC ❛♥❞

V ⊂ NC ♦❢ M ❛♥❞ N ✱ r❡s♣❡❝t✐✈❡❧②✳

❉❡❢✐♥✐t✐♦♥ ✸✳✼ ✭❬✶✵✱ ➓ ✻✳✷❪✮✳ ❆ ◆❛s❤ ♠❛♣ σ : U ⊂ Rn → Rp ✐s s❛✐❞ t♦ ❜❡ ❛

◆❛s❤ ♠♦❞✐✜❝❛t✐♦♥ ✐❢ ✐t ✐s ♣r♦♣❡r✱ s✉r❥❡❝t✐✈❡ ❛♥❞ ✐❢ ✐ts ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ✐s ♣r♦♣❡r ❛♥❞

❜✐♠❡r♦♠♦r♣❤✐❝✳

❉❡❢✐♥✐t✐♦♥ ✸✳✽ ✭❬✷✵✱ ❉❡✜♥✐t✐♦♥ ✹✳✷❪✮✳ ▲❡t f, g : (Rn, 0) → (R, 0) ❜❡ ❣❡r♠s ♦❢

◆❛s❤ ❢✉♥❝t✐♦♥s✳ ❖♥❡ s❛②s t❤❛t f ❛♥❞ g ❛r❡ ❜❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣

❤♦❧❞s✳

✭✶✮ ❚❤❡r❡ ❡①✐st t✇♦ ❣❡r♠s ♦❢ ◆❛s❤ ♠♦❞✐✜❝❛t✐♦♥s

σf : (M,σ−1
f (0)) → (Rn, 0), σg : (M

′, σ−1
g (0)) → (Rn, 0)

s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐✈✐s♦rs ♦❢ f ◦σf ❛♥❞ g ◦σg ❛r❡ ♥♦r♠❛❧ ❝r♦ss✐♥❣s✱

❛♥❞ s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐✈✐s♦rs ♦❢ ❏❛❝(σf ) ❛♥❞ ❏❛❝(σg) ❛r❡ ♥♦r♠❛❧

❝r♦ss✐♥❣s✳
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✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ ❣❡r♠ ♦❢ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠s

Ψ : (M,σ−1
f (0)) → (M ′, σ−1

g (0))

♣r❡s❡r✈✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡ ❞✐✈✐s♦rs ❞✐✈❏❛❝(σf ) ❛♥❞ ❞✐✈❏❛❝(σg)

❛❧♦♥❣ ❡❛❝❤ ♦❢ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦rs σ−1
f (0)

❛♥❞ σ−1
g (0) ♦❢ t❤❡ ♠♦❞✐✜❝❛t✐♦♥s✳

✭✸✮ ❚❤❡ ♠❛♣ Ψ ✐♥❞✉❝❡s ❛ ❣❡r♠ ♦❢ s❡♠✐❛❧❣❡❜r❛✐❝ ❤♦♠❡♦♠♦r♣❤✐s♠

ψ : (Rn, 0) → (Rn, 0)

♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♠✉t❡

(M,σ−1
f (0)) (M ′, σ−1

g (0))

(Rn, 0) (Rn, 0)

(R, 0)

Ψ

ψ

σf σg

f

g

❲❡ ✇r✐t❡ f ∼b−N g ✐❢ f ❛♥❞ g ❛r❡ ❜❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥t✳

❈❛♠♣❡s❛t♦ t❤❡♥ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✾ ✭❬✶✵✱ ❚❤❡♦r❡♠ ✼✳✾❪✮✳ ❚✇♦ ❣❡r♠s ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s

f, g : (Rn, 0) → (R, 0)

❛r❡ ❛r❝✲❛♥❛❧②t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ ❜❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥t✳

■♥ ❤✐s t❤❡s✐s ❬✽❪ ❈❛♠♣❡s❛t♦ s❤♦✇❡❞ t❤❛t t❤❡ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡ ✐s ✐♥❞❡❡❞

❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ ✭❬✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼✳✺❪✮✳ ❚❤❡ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❛♥

❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✸✳✶✶ ✭❬✽✱ ❈♦r♦❧❧❛r② ✸✳✼✳✽❪✮✳ ❚❤❡ ❇❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❛♥ ❡q✉✐✈✲

❛❧❡♥❝❡ r❡❧❛t✐♦♥✳
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✸✳ ■♥✈❛r✐❛♥❝❡ ❯♥❞❡r t❤❡ ❆r❝✲❆♥❛❧②t✐❝ ❊q✉✐✈❛❧❡♥❝❡

❆❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧t ❬✷✵✱ ❚❤❡♦r❡♠ ✹✳✾❪ t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ♦❢

t❤❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡✳ ❲❡ s❤❛❧❧

❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ t❤❛t t❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ❢♦r t❤❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r t✉❜❡s❀ t❤❡ ♣r♦♦❢

✐s ✐♥ ❡✛❡❝t ❛ ♠✐♥♦r ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❋✐❝❤♦✉✬s r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✶✷✳ ■❢ f, g : (Rn, 0) → (R, 0) ❛r❡ ❛r❝✲❛♥❛❧②t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ❣❡r♠s

♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s t❤❡♥ ❢♦r ❛♥② s②♠❜♦❧ ǫ ∈ {±1, <,>} t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②♥♦✲

♠✐❛❧ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♠♦t✐✈✐❝ ▼✐❧♥♦r ✜❜r❡s ❛♥❞ t✉❜❡s Sǫ(f) ❛♥❞ Sǫ(g)✱ ❛r❡ ❡q✉❛❧✳

Pr♦♦❢✳ ✭✶✮ ❆❝❝♦r❞✐♥❣ t♦ ❬✶✵✱ Pr♦♣♦s✐t✐♦♥ ✼✳✾❪ ♦♥❡ ❤❛s t❤❛t f ∼a g ✐❢ ❛♥❞
♦♥❧② ✐❢ f ∼b−N g✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐st ❣❡r♠s ♦❢ ◆❛s❤ ♠♦❞✐✜❝❛t✐♦♥s

σf : (M,σ−1
f (0)) → (Rn, 0), σg : (M

′, σ−1
g (0)) → (Rn, 0)

❤❛✈✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐✈✐s♦rs ♦❢ f ◦ σf ❛♥❞ ♦❢ g ◦ σg
❛r❡ ♥♦r♠❛❧ ❝r♦ss✐♥❣s ❛♥❞ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐✈✐s♦rs ❏❛❝(σf ) ❛♥❞ ❏❛❝(σg)

❛r❡ ♥♦r♠❛❧ ❝r♦ss✐♥❣s✱ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❣❡r♠ ♦❢ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠s

✭❬✷✵✱ ❉❡✜♥✐t✐♦♥ ✸✳✷❪✮

Ψ : (M,σ−1
f (0)) → (M ′, σ−1

g (0))

♣r❡s❡r✈✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡ ❞✐✈✐s♦rs ❞✐✈ ❏❛❝(σf ) ❛♥❞ ❞✐✈ ❏❛❝(σg)

❛❧♦♥❣ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦rs

σ−1
f (0) ❛♥❞ σ−1

g (0)✳

✭✷✮ ❲r✐t❡

(g ◦ σg)−1(0) =

k
⋃

i=1

E′
i

❢♦r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ (g ◦σg)−1(0) ❛♥❞ ❧❡t

p ∈ M ′ ❜❡ ❛ ♣♦✐♥t✳ ❙✐♥❝❡ ❞✐✈(g ◦ σg) ✐s ❛ ♥♦r♠❛❧ ❝r♦ss✐♥❣s ❞✐✈✐s♦r t❤❡r❡

❡①✐sts ❛♥ ❛✣♥❡ ♦♣❡♥ s❡t U ′ ⊂ M ′ ❝♦♥t❛✐♥✐♥❣ p ❛♥❞ ❛ s②st❡♠ ♦❢ ✭ét❛❧❡✮

❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s x1, . . . , xk ♦♥ U ′ ⊂M ′ s✉❝❤ t❤❛t

g ◦ σg(x) = v(x)
k
∏

i=1

xNi
i

❢♦r v : U ′ → R ❛♥ ✐♥✈❡rt✐❜❧❡ ◆❛s❤ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ σ−1
g (0) ✐s ❝♦♠♣❛❝t

♦♥❡ ❝❛♥ ✜♥❞ ❛ ✜♥✐t❡ s❡t L ⊂ N ❛♥❞ ♦♣❡♥ ❛✣♥❡ s✉❜s❡ts U ′
l , l ∈ L ♦❢ ❛
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♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ σ−1
g (0) s✉❝❤ t❤❛t

σ−1
g (0) ⊂

⋃

l∈L

U ′
l .

❋♦r ❛♥② s✉❜s❡t I ⊂ {1, . . . , k} ❝♦♥s✐❞❡r t❤❡ str❛t✐✜❝❛t✐♦♥ ♦❢ (g ◦ σg)−1(0)

✇✐t❤ str❛t❛

E′
I
o =

⋂

i∈I

E′
i \

⋃

j /∈I

E′
j .

■❢ E′
I
0 ∩ σ−1

g (0) 6= ∅ t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t

E′o
I =

⋃

l∈L

E′
I
o ∩ U ′

l .

✭✸✮ ❚❤❡♥ E
′o
I ∈ AS s✐♥❝❡ g ✐s ❛ ❣❡r♠ ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥✱ ❜② ❬✶✵✱ ❘❡♠❛r❦ ✻✳✶✵❪✱

❛♥❞ U ′ ∈ AS ❜❡❝❛✉s❡ AS ✐s ❛ ❝♦♥str✉❝t✐❜❧❡ ❝❛t❡❣♦r② ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡

❝❛t❡❣♦r② ♦❢ ❩❛r✐s❦✐ ❝♦♥str✉❝t✐❜❧❡s✱ ❜② ❚❤❡♦r❡♠ ✷✳✸✹ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✮✳

❍❡♥❝❡ E
′o
I ∩U ′ ∈ AS ❛❣❛✐♥ ❜② ❚❤❡♦r❡♠ ✷✳✸✹ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✮ ❜❡❝❛✉s❡

AS ✐s ❛ ❝♦♥str✉❝t✐❜❧❡ ❝❛t❡❣♦r②✳

✭✹✮ ❋♦r ❡❛❝❤ s②♠❜♦❧ ǫ ∈ {±1, <,>} ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss❡s ✐♥ K0(❇❙❆) ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ g ❛♥❞ U ′ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✷✽ ❛♥❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ❬✶✶✱

❚❤❡♦r❡♠ ✹✳✷❪✱ ♥❛♠❡❧②

[R±
I,U ′(g)] = [(x, t) ∈ (E′o

I ∩ U ′)× R | tNIv(x) = ±1],

[R>I,U ′(g)] = [(x, t) ∈ (E′o
I ∩ U ′)× R | tNIv(x) > 0],

[R<I,U ′(g)] = [(x, t) ∈ (E′o
I ∩ U ′)× R | tNIv(x) < 0].

❙✐♥❝❡ Ψ ✐s ❛ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ♣r❡✐♠❛❣❡s EoI := Ψ−1(E′o
I )

❣✐✈❡s ❛ str❛t✐✜❝❛t✐♦♥ ♦❢

(f ◦ σf )−1(0)

s✉❝❤ t❤❛t σ−1
f (0) ✐s ❛ ✉♥✐♦♥ ♦❢ str❛t❛✳ ▼♦r❡♦✈❡r ✐❢ U ′ ⊂M ′ ✐s ❛♥ ❛✣♥❡ ♦♣❡♥

s❡t t❤❡♥ U = Ψ−1(U ′) ✐s ❛♥ ❛✣♥❡ ♦♣❡♥ s❡t ❜❡❝❛✉s❡ ❛ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠

✐s s❡♠✐❛❧❣❡❜r❛✐❝ ❜② ❬✷✵✱ ❉❡✜♥✐t✐♦♥ ✸✳✷❪✳ ❲r✐t❡

Ψ = (Ψ1, . . . ,Ψn) : (M,σ−1
f (0)) → (M ′, σ−1

g (0)).

❙✐♥❝❡ Ψ ✐s ❛ ❣❡r♠ ♦❢ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠ ✐t ♣r❡s❡r✈❡s t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s Ni ♦❢

❞✐✈(g ◦σg) ❛❧♦♥❣ Ei ❢♦r ❡❛❝❤ i = 1, . . . , k s♦ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❞✐❛❣r❛♠
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✐♥ t❤❡ ❉❡✜♥✐t✐♦♥ ✸✳✽ ♦❢ t❤❡ ❇❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥❝❡ ②✐❡❧❞s

f ◦ σf (y) = g ◦ σg ◦Ψ(y) = v(Ψ(y))

k
∏

i=1

Ψi(y)
Ni

✇❤❡r❡ v ◦Ψ : U → R ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ◆❛s❤ ❢✉♥❝t✐♦♥✳ ❆❧❧ s❛✐❞✱

[R±
I,U (f)] = [(y, t) ∈ (EoI ∩ U)× R | tNIv(Ψ(y)) = ±1],

[R>I,U (f)] = [(y, t) ∈ (EoI ∩ U)× R | tNIv(Ψ(y)) > 0],

[R<I,U (f)] = [(y, t) ∈ (EoI ∩ U)× R | tNIv(Ψ(y)) < 0]

❛r❡ t❤❡ ❝❧❛ss❡s ✐♥ K0(❇❙❆) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ❛♥❞ U = Ψ−1(U ′) ❛s ✐♥

t❤❡ st❛t❡♠❡♥t ♦❢ ❬✶✶✱ ❚❤❡♦r❡♠ ✹✳✷❪✳

✭✺✮ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ r❡❛❧✐s❛t✐♦♥s ♦❢ t❤❡s❡ s❡ts ✉♥❞❡r t❤❡ ✈✐rt✉❛❧ P♦✐♥❝❛ré ♣♦❧②✲

♥♦♠✐❛❧ ✭❉❡✜♥✐t✐♦♥ ✷✳✷✵✮✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣ s❡t R±1
I,U ′(g) ✐s ❛♥

✐♥t❡rs❡❝t✐♦♥ ♦❢ AS✲s❡ts✳ ■♥❞❡❡❞ E′o
I ∩U ′ ✐s AS ❜② t❤❡ ❛❜♦✈❡✳ ❋✉rt❤❡r♠♦r❡

v ✐s ◆❛s❤ ❤❡♥❝❡ s❡♠✐❛❧❣❡❜r❛✐❝ ❛♥❞ r❡❛❧ ❛♥❛❧②t✐❝ s♦ ✐ts ❣r❛♣❤ ✐s AS✱ ❛s ✐♥
t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ✭❬✷✵✱ ❚❤❡♦r❡♠ ✸✳✸❪✮✳ ❚❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡

♦❢ ❛♥ AS✲s❡t ✉♥❞❡r ❛♥ AS✲♠❛♣ ✐s AS✱ ❜② ❚❤❡♦r❡♠ ✷✳✸✹ ✭❬✸✸✱ ❚❤❡♦r❡♠

✹✳✹❪✮✱ ❤❡♥❝❡ {v(x) = ±1} ❛r❡ AS✳ ❚❤❡r❡❢♦r❡ R±1
I,U ′(g) ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢

AS✲s❡ts ❤❡♥❝❡ ✐s ❛♥ AS✲s❡t ❜② ❚❤❡♦r❡♠ ✷✳✸✹ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✮✳

✭✻✮ ❆❣❛✐♥ ❜② t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✵✱ ❚❤❡♦r❡♠ ✸✳✸❪ t❤❡ ❣r❛♣❤ ♦❢

Ψ ✐s AS s♦ Ψ ✐s ❛♥ AS✲♠❛♣✳ ❙✐♥❝❡ ✐t ✐s ❛♥ ❛♥❛❧②t✐❝ ✐s♦♠♦r♣❤✐s♠ ✐t ✐s

✐♥❥❡❝t✐✈❡ s♦ t❤❡ ✐♠❛❣❡s ♦❢ ❡❛❝❤ ♦❢ t❤❡ s❡ts R±1
I,U ′(g) ✉♥❞❡r t❤❡ ✐♥❥❡❝t✐✈❡

AS✲♠❛♣

(x, t) 7→ (Ψ−1(x), t)

❛r❡ AS✲s❡ts✱ ❚❤❡♦r❡♠ ✷✳✸✹ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✮✳ ❍❡♥❝❡ R±1
I,U (f) ❛r❡ AS✲

s❡ts✳ ❙✐♥❝❡ Ψ ✐s ❛ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ (y, t) 7→ (Ψ(y), t)

❣✐✈❡s ❛ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ RǫI,U ′(g) ❛♥❞ RǫI,U (f)✳ ❙✐♥❝❡ β❱❛r ✐s

✐♥✈❛r✐❛♥t ✉♥❞❡r ◆❛s❤ ✐s♦♠♦r♣❤✐s♠s ❜② ❬✷✵✱ ❚❤❡♦r❡♠ ✸✳✸❪ ✐t ❢♦❧❧♦✇s t❤❛t

β❇❙❆(R
ǫ
I,U (f)) = β❱❛r(R

ǫ
I,U (f)) = β❱❛r(R

ǫ
I,Ψ(U)(g)) = β❇❙❆(R

ǫ
I,Ψ(U)(g))

❢♦r ❛♥② I ⊂ {1, . . . , k} ❛♥❞ ❛♥② s②♠❜♦❧ ǫ ∈ {±1}✳ ■❢ ⋃l∈L U
′
l ✐s ❛ ❝♦✈❡r✐♥❣

♦❢ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ σ−1
g (0) ❜② ❛✣♥❡ ♦♣❡♥ s❡ts ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣ ✷

t❤❡♥
⋃

l∈L

Ψ−1(Ul)
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✐s ❛ ❝♦✈❡r✐♥❣ ♦❢ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ σ−1
f (0) ❜② ❛✣♥❡ ♦♣❡♥ s❡ts ❤❡♥❝❡

β❱❛r(E
o,ǫ
I (f)) =

∑

S⊂L

(−1)|S|+1β❱❛r(RI,∩s∈SΨ−1(Us)(f))

=
∑

S⊂L

(−1)|S|+1β❱❛r(RI,∩s∈SUs
(g)) = β❱❛r(E

o,ǫ
I (g))

s♦ β❇❙❆(Sǫf ) = β❇❙❆(S
ǫ
g) ❜② ❬✶✶✱ ❚❤❡♦r❡♠ ✹✳✷❪✳

✭✼✮ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t β❇❙❆(S>f ) = β❇❙❆(S
>
g )✱ t❤❡ ♣r♦♦❢ ♦❢ β❇❙❆(S<f ) =

β❇❙❆(S
<
g ) ✐s s✐♠✐❧❛r✳ ■t ❢♦❧❧♦✇s ❜② t❤❡ ❉❡✜♥✐t✐♦♥ ✷✳✷✵ ♦❢ t❤❡ ✈✐rt✉❛❧

P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧ ♦♥ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ ❢♦r♠✉❧❛s t❤❛t

β❇❙❆(R
>
I,U (f)) =

1

4
βV ar([(y, t) ∈ EoI ∩ U × R | tNIv(Ψ(y)) = z2])

−1

4
βV ar([(y, t) ∈ EoI ∩ U × R | tNIv(Ψ(y)) = −z2])

+
1

2
βV ar([(y, t) ∈ EoI ∩ U × R | tNIv(Ψ(y)) 6= 0]).

❚♦ s❤♦✇ β❇❙❆(R
>
I,U (f)) = β❇❙❆(R

>
I,Ψ(U)(g)) ✐t t❤❡r❡❢♦r❡ s✉✣❝❡s t♦ s❤♦✇

t❤❛t

βV ar([(x, t) ∈ E′o
I ∩ U ′ × R | tNIv(x) = ±z2]) =

βV ar([(y, t) ∈ EoI ∩ U × R | tNIv(Ψ(y)) = ±z2])

❛♥❞ t❤❛t

βV ar([(x, t) ∈ E′o
I ∩ U ′ × R | tNIv(x) 6= 0]) =

βV ar([(y, t) ∈ EoI ∩ U × R | tNIv(Ψ(y)) 6= 0]).

❚❤❡ ✉♥❞❡r❧②✐♥❣ s❡ts ♦❢ t❤❡s❡ ❝❧❛ss❡s ❛r❡ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❛❜♦✈❡ ❝❛s❡s ✐♥t❡r✲

s❡❝t✐♦♥s ♦❢ AS✲s❡ts ❛♥❞ ❩❛r✐s❦✐ ❝♦♥str✉❝t✐❜❧❡ s❡ts ❤❡♥❝❡ ❛r❡ AS✲s❡ts ❜②

❚❤❡♦r❡♠ ✷✳✸✹ ✭❬✸✸✱ ❚❤❡♦r❡♠ ✹✳✹❪✮✳ ❙✐♥❝❡ Ψ ✐s ❛ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠ ✐t

❢♦❧❧♦✇s t❤❛t (y, t, z) 7→ (Ψ(y), t, z) = (x, t, z) ❣✐✈❡s ❛ ◆❛s❤ ✐s♦♠♦r♣❤✐s♠

❜❡t✇❡❡♥

{(y, t, z) ∈ EoI ∩ U × R× R | tNIv(Ψ(y)) = z2}

❛♥❞

{(x, t, z) ∈ E′o
I ∩ U ′ × R× R | tNIv(x) = z2}

❛♥❞ ❜❡t✇❡❡♥

{(y, t, z) ∈ EoI ∩ U × R× R | tNIv(Ψ(y)) 6= 0}
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❛♥❞

{(x, t, z) ∈ E′o
I ∩ U ′ × R× R | tNIv(x) 6= 0}.

❚❤✉s β❇❙❆(R>I,U (f)) = β❇❙❆(R
>
I,Ψ(U)(g)) ❢♦r ❛❧❧ I ⊂ {1, . . . , k} ❜② ❬✷✵✱

❚❤❡♦r❡♠ ✸✳✸❪ s♦ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣ ✻ ❣✐✈❡s

β❇❙❆(S
>(f)) = β❇❙❆(S

>(g)).

�

✹✳ ❆r❝✲❲✐s❡ ❆♥❛❧②t✐❝ ❚r✐✈✐❛❧✐t②

✹✳✶✳ ❆r❝✲❲✐s❡ ❆♥❛❧②t✐❝ ❚r✐✈✐❛❧✐t② ♦❢ ❋✉♥❝t✐♦♥ ●❡r♠s✳ ❇❡❢♦r❡ ❝♦♥t✐♥✉✲

✐♥❣ ✇❡ ♥❡❡❞ t♦ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❛r❝✲✇✐s❡ ❛♥❛❧②t✐❝ tr✐✈✐❛❧✐t② ❢♦r ❣❡r♠s ♦❢ ❢❛♠✐❧✐❡s

♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s❀ ✇❡ r❡❢❡r t♦ t❤❡ ❛rt✐❝❧❡ ❬✹✸❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✇❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② K ❡✐t❤❡r t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣❧❡①✱ ♦r r❡❛❧ ♥✉♠❜❡rs✳

❉❡❢✐♥✐t✐♦♥ ✸✳✶✸ ✭❬✹✸✱ ➓ ✽✳✸❪✮✳ ▲❡t T ⊂ Km ❜❡ ❛♥ ♦♣❡♥ ❛♥❛❧②t✐❝ s❡t✳ ❆ K✲

❛♥❛❧②t✐❝ ❢❛♠✐❧② f : T × (Kn−1, 0) → K ♦❢ ❣❡r♠s ♦❢ K✲❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐s ❛r❝✲✇✐s❡

❛♥❛❧②t✐❝❛❧❧② tr✐✈✐❛❧ ♦✈❡r T ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ Λ ⊂ Km×Kn−1 ♦❢ T ×{0}
❛♥❞ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ Λ0 ⊂ Kn−1 ♦❢ {0} ❛♥❞ ❛♥ ❛r❝✲✇✐s❡ ❛♥❛❧②t✐❝ tr✐✈✐❛❧✐s❛t✐♦♥ ❬✹✸✱

❉❡✜♥✐t✐♦♥ ✶✳✷❪

σ : T × Λ0 → Λ

s✉❝❤ t❤❛t f ◦ σ(t, x) = f(0, x)✳

❚❤❡ ❦❡② r❡s✉❧t ✇❤✐❝❤ ✐s ❣♦✐♥❣ t♦ ❜❡ ✉s❡❞ ❧❛t❡r ♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳ ❍❡r❡

✇❡ ♦♥❧② ❛ss✉♠❡ t❤❛t T ⊂ Km ✐s ❛♥❛❧②t✐❝✳

❚❤❡♦r❡♠ ✸✳✶✹ ✭❬✹✸✱ ❚❤❡♦r❡♠ ✽✳✺❪✮✳ ▲❡t f : T ×(Kn−1, 0) → K ❜❡ ❛ K✲❛♥❛❧②t✐❝

❢❛♠✐❧② ♦❢ K✲❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ❣❡r♠s ❛♥❞ ❧❡t t0 ∈ T ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞

U ⊂ T ♦❢ t0 ❛♥❞ ❛ K✲❛♥❛❧②t✐❝ s✉❜s❡t Z ⊂ U ✇✐t❤ dimZ < dimU s✉❝❤ t❤❛t f ✐s

❛r❝✲✇✐s❡ ❛♥❛❧②t✐❝❛❧❧② tr✐✈✐❛❧ ❛❧♦♥❣ U \ Z✳

✹✳✷✳ ❚❤❡ ▼❛✐♥ ❚❤❡♦r❡♠✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✸✳✶✺✳ ❚❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ s❤♦✇ t❤❛t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠

✸✳✶✹ ❛❜♦✈❡✱ t❤❡ ❝♦♥str✉❝t❡❞ ❛r❝✲❛♥❛❧②t✐❝ tr✐✈✐❛❧✐s❛t✐♦♥ ♦❢ σ ❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t

t❤❡ ❥❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t ♦❢ σt := σ(t, ·) ✐s ❜♦✉♥❞❡❞ ✇❤❡r❡ ✐t ✐s ❞❡✜♥❡❞ ❛♥❞ t❤✉s

♣r♦✈✐❞❡s t❤❡ ✇❛♥t❡❞ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡✳

❚❤❡♦r❡♠ ✸✳✶✺✳ ▲❡t T ⊂ Rm ❜❡ ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ❛♥❞ ❧❡t f : T × (Rn, 0) → R

❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠s s✉❝❤ t❤❛t f(t, 0) = 0 ❢♦r ❛♥②
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t ∈ T ✳ ❚❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧❧② ✜♥✐t❡ r❡❛❧ ❛♥❛❧②t✐❝ str❛t✐✜❝❛t✐♦♥ S ♦❢ T s✉❝❤ t❤❛t ✐❢

S ∈ S ✐s ❛ str❛t✉♠ t❤❡♥

ft = f(t, ·) ∼a ft′ = f(t, ·), ∀t, t′ ∈ S

✐♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✺✳ ■♥ ♣❛rt✐❝✉❧❛r

β❇❙❆(S
ǫ(ft)) = β❇❙❆(S

ǫ(ft′)), ∀t, t′ ∈ S ∈ S, ∀ǫ ∈ {±1, <,>}.

▼♦r❡♦✈❡r ✐❢ T ✐s ❝♦♠♣❛❝t t❤❡♥ S ✐s ❛ ✜♥✐t❡ str❛t✐✜❝❛t✐♦♥✳

Pr♦♦❢✳ ✭✶✮ ❘❡❝❛❧❧✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✸✳✶✹ ✭❬✹✸✱ ❚❤❡♦r❡♠ ✽✳✺❪✮

❧❡t ✉s ✇r✐t❡

F : T × R× Rn → R, F (t, z, x) = z − f(t, x)

✇❤❡r❡ x = (x1, . . . , xn) ∈ Rn✳ ❉❡✜♥❡

Y := {F = 0} ⊂ T × R× Rn.

❋✐① t0 ∈ T ✳ ❚❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❬✹✸✱ ▲❡♠♠❛ ✻✳✸❪ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r✲

❤♦♦❞ U(t0) ❝♦♥t❛✐♥✐♥❣ t0✱ ❛ ♣r♦♣❡r ❛♥❛❧②t✐❝ s✉❜s❡t

Z(t0) ⊂ U(t0), dimZ(t0) < dimU(t0)

❛♥❞ ❛ tr❛♥s✈❡rs❡ ❧♦❝❛❧ s②st❡♠ (Fi)
n+1
i=0 ♦❢ ❩❛r✐s❦✐ ❡q✉✐s✐♥❣✉❧❛r ♣s❡✉❞♦✲

♣♦❧②♥♦♠✐❛❧s ✭s❡❡ ❬✹✸✱ ❉❡✜♥✐t✐♦♥ ✹✳✶✱ ✸✳✶❪✮ s✉❝❤ t❤❛t Fn+1 ✐s t❤❡ ❲❡✐❡r✲

str❛ss ♣♦❧②♥♦♠✐❛❧ ♦❢ F ✐♥ (t, 0) ❢♦r ❛❧❧ t ∈ U(t0) \Z(t0)✳ ❇② ❬✹✸✱ ❚❤❡♦r❡♠

✸✳✸❪ t❤❡r❡ ❡①✐st ❢♦r ❛♥② s✉❝❤ ❧♦❝❛❧ s②st❡♠ ❛ r❡❛❧ ♥✉♠❜❡r ǫ > 0 ❛♥❞ ♥❡✐❣❤✲

❜♦r❤♦♦❞s

Bǫ = {t ∈ U(t0) \ Z(t0) | ‖t− t0‖ ≤ ǫ} ⊂ Rm,

Ω0 ⊂ Rn+1, Ω ⊂ Rn+m+1

♦❢ t0 ❛♥❞ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♦r✐❣✐♥s ❛♥❞ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

Φ : Bǫ × Ω0 → Ω

♣r❡s❡r✈✐♥❣ {z0 = f(t, x)} ❢♦r ❡❛❝❤ z0 ∈ R ✭s❡❡ ❬✹✸✱ ❉❡✜♥✐t✐♦♥ ✶✳✷❪✮ s✉❝❤

t❤❛t (z0, x) ∈ Ω0✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s (Z2−Z3) ♦❢ ❬✹✸✱ ❚❤❡♦r❡♠
✸✳✸❪ ❛r❡ s❛t✐s✜❡❞✱ t❤❛t ✐s ❢♦r ❛❧❧ t ∈ Bǫ ❛♥❞ ❛❧❧ (z, x1, . . . , xn) ∈ Ω0 t❤❡
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❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✱

✭❛✮ Φ ✐s ❛♥ ❛r❝✲❛♥❛❧②t✐❝ tr✐✈✐❛❧✐s❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ Ω → Bǫ✳

■♥ ♣❛rt✐❝✉❧❛r Φ ✐s r❡❛❧ ❛♥❛❧②t✐❝ ✐♥ t ❛♥❞ ❛r❝✲❛♥❛❧②t✐❝ ✐♥ (z, x1, . . . , xn)

❛♥❞ Φ−1 ✐s ❛r❝✲❛♥❛❧②t✐❝✳

✭❜✮ Φ(t, 0) = (t, 0) ❛♥❞

Φ(t0, z, x1, . . . , xn) = (t0, z, x1, . . . , xn).

✭❝✮ Φ(t, z, x1, . . . , xn) = (t,Ψ1(t, z), . . . ,Ψn+1(t, z, x1, . . . , xn))✳

✭❞✮ ❋♦r ❡❛❝❤ i = 2, . . . , n+ 1✱

Ψi(t, z, x1, . . . , xi−1, •) : R → R

❛r❡ ❜✐✲▲✐♣s❝❤✐t③ ✇✐t❤ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥ts ♦❢ Ψi ❛♥❞ ♦❢ Ψ−1
i ✐♥❞❡✲

♣❡♥❞❡♥t ♦♥ (t, z, x1, . . . , xi−1) ❛♥❞

Ψ1(t, ·) : R → R

✐s ❜✐✲▲✐♣s❝❤✐t③ ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥ts ♦❢ Ψ1 ❛♥❞ ♦❢ Ψ−1
1 ✐♥❞❡♣❡♥✲

❞❡♥t ♦❢ t✳

❲r✐t❡ Φ(t, z, x) = (t,Ψ(t, z, x)) ✭s♦ t❤❛t Ψ : Bǫ × Ω0 → Ω0✮ ❛♥❞ ❝♦♥s✐❞❡r

t❤❡ ❢✉♥❝t✐♦♥s

Ψt = Ψ(t, ·, ·) : Ω0 → Ω0, t ∈ U(t0) \ Z(t0)

Φt = (t,Ψt) : Ω0 → Bǫ × Ω0.

❚❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ✭✶❝✮ ❛♥❞ ✭✶❞✮ ✐♠♣❧②✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✹✸✱ Pr♦♣♦s✐✲

t✐♦♥ ✸✳✻❪✱ t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C̃, c̃ > 0✱ ✇❤✐❝❤ ❛r❡ ❜② ❝♦♥❞✐t✐♦♥ ✭✶❞✮

✐♥❞❡♣❡♥❞❡♥t ♦❢ t✱ s✉❝❤ t❤❛t t❤❡ ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥ts ❛r❡ ❜♦✉♥❞❡❞

c̃ ≤ | det ❏❛❝Ψt| ≤ C̃✭✺✮

t❤❡r❡ ✇❤❡r❡ t❤❡② ❛r❡ ❞❡✜♥❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r Ψt ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢♦r

t ∈ U(t0) \ Z(t0) ✭s❡❡ ❛❧s♦ ❬✹✸✱ Pr♦♣♦s✐t✐♦♥ ✸✳✺❪✮✳ ❉❡♥♦t❡ ❜②

π : Rm × R× Rn → Rm × Rn, π(t, z, x) = (t, x)
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t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ♣✉t

π̃ : Rn+1 → Rn, π̃(z, x) = x.

▲❡t Λ0 = π̃(Ω0) ❛♥❞ Λ = π(Ω)✳ ❚❤❡♥

σ : U(t0) \ Z(t0)× Λ0 → Λ

❣✐✈❡♥ ❜②

σ(t, x) = π ◦ Φ(t, f0(x), x)

✐s ❛♥ ❛r❝✲✇✐s❡ ❛♥❛❧②t✐❝ tr✐✈✐❛❧✐s❛t✐♦♥ ♦❢ f ❛❧♦♥❣ U(t0)\Z(t0)✱ ❜② ✸✳✶✹ ✭❬✹✸✱

❚❤❡♦r❡♠ ✽✳✺❪✮✳

✭✷✮ ❈♦♥s✐❞❡r

σt = σ(t, ·) : Λ0 → Λ.

❚❤❡♥ ❜② ❝♦♥str✉❝t✐♦♥✱

σt = π ◦ Φ(t, f0(·), ·) =

= π ◦ (t,Ψ(t, f0(·), ·) = π̃ ◦Ψt(f0(·), ·)

s♦ t❤❛t ♦♥❡ ❝❛♥ ✇r✐t❡

σt = π̃ ◦Ψt|H = π̃ ◦Ψt ◦ g

✇❤❡r❡ H ⊂ Ω0 ✐s t❤❡ s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡ H = Γ(f0) ∩ Ω0✱ ✇❤❡r❡

Γ(f0) = {(z, x) ∈ Rn+1 | z = f0(x)}

❛♥❞ ✇❤❡r❡

g : Λ0 → Ω0, g(x) = (f0(x), x).

✭✸✮ ▲❡t t ∈ U(t0) \ Z(t0)✳ ❚❤❡♥

❏❛❝(σt)(x) = ❏❛❝(π̃)(Ψt(f0(x), x))❏❛❝(Ψt)(f0(x), x)❏❛❝(g)(x)

❜② t❤❡ ❝❤❛✐♥ r✉❧❡✳ ❚❛❦✐♥❣ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s ♦♥❡ ✜♥❞s t❤❛t t❤❡ ❏❛❝♦❜✐❛♥

♠❛tr✐① ♦❢ g ❤❛s t❤❡ ❢♦r♠

❏❛❝(g)(x) =
(

(∂f0/∂xi)(x) In

)

✇✐t❤ In = ■❞Rn t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✱ s♦ ❏❛❝(g) ❤❛s ❢✉❧❧ r❛♥❦✳ ❇② ✺ ♦♥❡ ❤❛s

t❤❛t ❏❛❝(Ψt) ❧✐❦❡✇✐s❡ ❤❛s ❢✉❧❧ r❛♥❦✱ s✐♥❝❡ ✐ts ❞❡t❡r♠✐♥❛♥t ✐s ♥♦♥③❡r♦✳
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✭✹✮ ❲❡ ❝❧❛✐♠ t❤❛t✱ ❛❢t❡r r❡♣❧❛❝✐♥❣ ✐❢ ♥❡❝❡ss❛r② U(t0) ❜② ❛ s♠❛❧❧❡r ♥❡✐❣❤❜♦r✲

❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥✱ ❢♦r ❛❧❧ t ∈ U(t0) \ Z(t0) t❤❡ r❡str✐❝t✐♦♥ π̃|Ψt(H) ♦❢ π̃ t♦

Ψt(H) ✐s ❛ s✉❜♠❡rs✐♦♥✳ ❚♦ s❤♦✇ t❤✐s✱ r❡♠❛r❦ t❤❛t

π̃|H : H → Rn

✐s ❛ s✉❜♠❡rs✐♦♥✱ ❜② t❤❡ ♣r❡✈✐♦✉s st❡♣ ✭✸✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛

r❡❛❧ ♥✉♠❜❡r δ > 0 s✉❝❤ t❤❛t ✐❢ Bδ ⊂ Rn+1 ❞❡♥♦t❡s t❤❡ ♦♣❡♥ ❜❛❧❧ ♦❢ r❛❞✐✉s

δ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ t❤❡♥ B̄δ ⊂ Ω0 ❛♥❞

∀s ∈ π̃(H ∩ ∂B̄δ), π̃−1(s) ⋔ (H ∩ ∂B̄δ).

■♥ ♣❛rt✐❝✉❧❛r

π̃|H∩∂B̄δ
: H ∩ ∂B̄δ → Rn

✐s ❛ s✉❜♠❡rs✐♦♥✳ ❘❡♣❧❛❝✐♥❣ Ω0 ❜② Bδ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❛ss✉♠❡ t❤❛t

π̃|H∩Ω̄0
: H ∩ Ω̄0 → Rn

✐s ❛ s✉❜♠❡rs✐♦♥✳ ❘❡♠❛r❦ t❤❛t t 7→ Ψt ✐s ❝♦♥t✐♥✉♦✉s ❜② ✭✶❛✮ ❛♥❞ t❤❛t Ψt0

✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣ ♦♥ Ω0 ❜② ✭✶❜✮✳ ❙✐♥❝❡ ❜❡✐♥❣ ❛ s✉❜♠❡rs✐♦♥ ✐s ❛♥ ♦♣❡♥

❝♦♥❞✐t✐♦♥ ❛♥❞ s✐♥❝❡ H ∩ Ω̄0 ✐s ❝♦♠♣❛❝t ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥

♥❡✐❣❤❜♦r❤♦♦❞ U ′(t0) ⊂ Rm ♦❢ t0 s✉❝❤ t❤❛t U ′(t0) ⊂ U(t0) ❛♥❞ s✉❝❤ t❤❛t

π̃|Ψt(H) : Ψt(H) → Rn

✐s ❛ s✉❜♠❡rs✐♦♥✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❝❧❛✐♠✳

✭✺✮ ❋✐① t ∈ U(t0) \ Z(t0)✳ ❇② t❤❡ ♣r❡✈✐♦✉s st❡♣ ✭✹✮ det ❏❛❝(σt) ✐s ♥♦♥③❡r♦ ❛t

❛♥② x ∈ Λ0✳ ❘❡❝❛❧❧ ❍❛❞❛♠❛r❞✬s ❞❡t❡r♠✐♥❛♥t ✐♥❡q✉❛❧✐t②✿ ✐❢ A ∈M(k, k,R)

✐s ❛ k × k ♠❛tr✐① ♦✈❡r ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R t❤❡♥

| det(A)| ≤ ‖A · e1‖ . . . ‖A · ek‖

✇❤❡r❡ A · ei ❛r❡ t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦rs ♦❢ A✳ ❆❣❛✐♥ ❜② ✭✶❞✮✱

‖❏❛❝Ψt · ei‖ ≤ K, i = 1, . . . , n+ 1.

❢♦r ❛ ❝♦♥st❛♥t K ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ t✳ ▲❡t

M := ♠❛①1≤i≤ns✉♣x∈Λ̄0
∂f0/∂xi(x)
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✇❤❡r❡ Λ̄0 ⊂ Rn ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ Λ0 ❢♦r t❤❡ ❡✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣②✳ ❙✐♥❝❡

❏❛❝(σt) ✐s ✐♥✈❡rt✐❜❧❡✱ t❤❡ ❝❤❛✐♥ r✉❧❡ ❛♥❞ ❍❛❞❛♠❛r❞✬s ✐♥❡q✉❛❧✐t② ②✐❡❧❞

| det ❏❛❝(σ−1
t )(σt(x))| =

1

| det ❏❛❝(π̃ ◦Ψt|H)(x)|

≥ 1
∏n
i=1‖❏❛❝(π̃ ◦Ψt|H) · ei‖

≥ 1

lM
∏n+1
i=1 ‖❏❛❝(Ψt) · ei‖

≥ 1

lMKn+1

❢♦r s♦♠❡ ♥♦♥③❡r♦ l ∈ N✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t

c = 1/(lMKn+1) ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡r t ✭❜❡❝❛✉s❡ K ❛♥❞ M

❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✮✱ s✉❝❤ t❤❛t

| det ❏❛❝(σ−1
t )| ≥ c.

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ❬✹✸✱ ❉❡✜♥✐t✐♦♥ ✶✳✷❪ ♦❢ ❛♥ ❛r❝✲✇✐s❡ tr✐✈✐❛❧✐s❛t✐♦♥ Φt ✐s

❛r❝✲❛♥❛❧②t✐❝ ❛♥❞ ✐ts ✐♥✈❡rs❡ ✐s ❛r❝✲❛♥❛❧②t✐❝ ❤❡♥❝❡ σt ✐s ❛r❝✲❛♥❛❧②t✐❝ ✇✐t❤

❛r❝✲❛♥❛❧②t✐❝ ✐♥✈❡rs❡✳ ❆♥❞ ❛s ✐ts ❞❡t❡r♠✐♥❛♥t ✐s ❜♦✉♥❞❡❞ ✇❤❡r❡ ✐t ✐s ❞❡✜♥❡❞

✐t ❢♦❧❧♦✇s ❜② ❉❡✜♥✐t✐♦♥ ✸✳✺ ♦❢ t❤❡ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡ t❤❛t ❢♦r ❡❛❝❤

t ∈ U(t0)\Z(t0) t❤❡ ❢✉♥❝t✐♦♥ σ−1
t ②✐❡❧❞s ❛♥ ❛r❝✲❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡ ft ∼a

f0✳ ❚❤❡r❡❢♦r❡✱

β❇❙❆(S
ǫ(ft)) = β❇❙❆(S

ǫ(ft0)), ∀t ∈ U(t0) \ Z(t0)

❜② ❚❤❡♦r❡♠ ✸✳✶✷✳

✭✻✮ ❋♦r ❡❛❝❤ t0 ∈ T ♦♥❡ ✜♥❞s ❛ ✜♥✐t❡ ❛♥❛❧②t✐❝ str❛t✐✜❝❛t✐♦♥ ♦❢ ❛ ♥❡✐❣❤❜♦r❤♦♦❞

♦❢ t0 ❛s ❢♦❧❧♦✇s✳ ▲❡t U0 = U(t0) ❜❡ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t0 ❝♦♥str✉❝t❡❞

✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣ ❛♥❞ ❧❡t Z0 = Z(t0) ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦♣❡r

❛♥❛❧②t✐❝ s✉❜s❡t✳ ❘❡♣❡❛t✐♥❣ t❤❡ ♣r❡✈✐♦✉s st❡♣ ✇❡ ✜♥❞ ❢♦r ❡❛❝❤ t1 ∈ Z0

❛ ♥❡✐❣❤❜♦r❤♦♦❞ U1 ⊂ Z0 ♦❢ t1✱ ❛ ♣r♦♣❡r ❛♥❛❧②t✐❝ s✉❜s❡t Z1 ⊂ U1 ✇✐t❤

dimZ1 < dimU1 ≤ dimZ0 ❛♥❞ ❛♥ ❛r❝✲✇✐s❡ ❛♥❛❧②t✐❝ tr✐✈✐❛❧✐s❛t✐♦♥

σ1 : U1 \ Z1 × Λ1
0 → Λ1, f ◦ σ1(t, x) = f(0, x).

❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦♥❡ ✜♥❞s ❛ ✜♥✐t❡ ❧✐st ♦❢ s✉❜s❡ts

S0(t0), . . . , Sn(t0) ⊂ U0

❣✐✈✐♥❣ ❛ str❛t✐✜❝❛t✐♦♥ S(t0) ♦❢ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ U0 ♦❢ t0 ∈ T s✉❝❤ t❤❛t

β❇❙❆(S
ǫ(ft)) = β❇❙❆(S

ǫ(ft′)), ∀t, t′ ∈ Si(t0).
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✭✼✮ ❖♥❡ t❛❦❡s ❛ ❝♦✈❡r✐♥❣ ♦❢ T ❜② ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ t❤❡ ❢♦r♠ U = U(t) ❛♥❞

♦♥❡ ❝♦♥s✐❞❡rs ❢♦r ❡❛❝❤ t ∈ T t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜♥✐t❡ str❛t✐✜❝❛t✐♦♥s S(t)✳
❖♥❡ ❞❡✜♥❡s S ❛s ❛ ❝♦♠♠♦♥ r❡✜♥❡♠❡♥t ♦❢ t❤❡ str❛t✐✜❝❛t✐♦♥s S(t)✳ ■❢ T ✐s

❝♦♠♣❛❝t t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ s✉❜❝♦✈❡r✐♥❣

T ⊂
l
⋃

i=1

U(ti)

✇✐t❤ ✜♥✐t❡ str❛t✐✜❝❛t✐♦♥s S(ti) ♦❢ U(ti)✱ ❢♦r ❡❛❝❤ i = 1, . . . , l s♦ ✐♥ t❤✐s ❝❛s❡

t❤❡ ❝♦♠♠♦♥ r❡✜♥❡♠❡♥t S ✐s ✜♥✐t❡ ❛s ✇❡❧❧✳

�





❈❍❆P❚❊❘ ✹

■s♦❧❛t❡❞ ❘❡❛❧ ❍②♣❡rs✉r❢❛❝❡ ❙✐♥❣✉❧❛r✐t✐❡s

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ❝♦♥❝❡r♥s t❤❡ t♦♣♦❧♦❣② ♦❢ r❡❛❧ ✐s♦❧❛t❡❞ ❤②♣❡rs✉r❢❛❝❡ s✐♥❣✉❧❛r✐t✐❡s✳

❲❡ ♣r♦✈❡ ✐♥ ❚❤❡♦r❡♠ ✹✳✹✼ t❤❛t ❛❢t❡r ❛tt❛❝❤✐♥❣ ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ❤❛♥❞❧❡s t❤❡

r❡❛❧ ▼✐❧♥♦r ✜❜r❡s ❜❡❝♦♠❡ ❝♦♥tr❛❝t✐❜❧❡✱ ✇✐t❤ ❡❛❝❤ ❤❛♥❞❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝r✐t✐❝❛❧

♣♦✐♥t ♦❢ ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✹✳✷✽✮❀ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥❡ r❡❝♦✈❡rs t❤❡ ❢♦r♠✉❧❛

♦❢ ❑❤✐♠s❤✐❛s❤✈✐❧✐ ✭❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪✮ ❢♦r t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ▼✐❧♥♦r

✜❜r❡s✳

❲❡ t❤❡♥ ❣✐✈❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s✱ ✐♥ ❚❤❡♦r❡♠ ✹✳✺✽ ❢♦r ❤❛✈✐♥❣ t❤❛t t❤❡ ✐♥t❡❣❡r

❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s

♦❢ ❛ ❜♦✉q✉❡t ♦❢ s♣❤❡r❡s✱ ✇❤❡r❡ ❡❛❝❤ s♣❤❡r❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡

❣✐✈❡♥ R✲♠♦rs✐✜❝❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r ✐t ❢♦❧❧♦✇s ✐♥ t❤✐s ❝❛s❡ t❤❛t t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s

♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❛❧ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ✭❉❡❢✲

✐♥✐t✐♦♥ ✹✳✻✶✮✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s ❜② ❛♥❞ ❧❛r❣❡ t♦ ❛❞❛♣t t❤❡ ♣r♦♦❢ ♦❢ ❊✳ ❇r✐❡s❦♦r♥

❬✼✱ ❆♣♣❡♥❞✐①❪ ♦❢ ▼✐❧♥♦rs t❤❡♦r❡♠ ❬✸✾✱ ❚❤❡♦r❡♠ ✼✳✷❪ ❜② r❡♣❧❛❝✐♥❣ ❛r❣✉♠❡♥ts ✇❤✐❝❤

❢❛✐❧s ✐♥ t❤❡ r❡❛❧ ❝❛s❡ ❜② ❛r❣✉♠❡♥ts ❝♦♠✐♥❣ ❢r♦♠ ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r② ❬✷✺❪ ❛s

❝♦♥str✉❝t❡❞ ❜② ●♦r❡s❦② ❛♥❞ ▼❛❝P❤❡rs♦♥✳

❚❤r♦✉❣❤♦✉t✱ ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r② ✇✐❧❧ s❡r✈❡ ❛s ❛♥ ✐♠♣♦rt❛♥t ❛✐❞❡✱ ✇❤✐❝❤

✇❡ t❤❡r❡❢♦r❡ r❡❝❛❧❧ t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❧❡❝t✉r❡✳

✷✳ ■s♦❧❛t❡❞ ❘❡❛❧ ❍②♣❡rs✉r❢❛❝❡ ❙✐♥❣✉❧❛r✐t✐❡s

✷✳✶✳ ❖♥ ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r②✳ ■♥ t❤❡✐r ✶✾✼✹ ❜♦♦❦ ❬✷✺❪ ●✳ ●♦r❡s❦② ❛♥❞

❘✳ ▼❛❝P❤❡rs♦♥ ♣r❡s❡♥t❡❞ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ▼♦rs❡ t❤❡♦r② ♦♥ ❝♦♠♣❛❝t ♠❛♥✐✲

❢♦❧❞s✱ t♦ ❲❤✐t♥❡② str❛t✐✜❡❞ s♣❛❝❡s✳ ❲❡ ❤❡r❡ ♣r❡s❡♥t s♦♠❡ ♦❢ t❤❡✐r ♠❛✐♥ r❡s✉❧ts✳ ▲❡t

X ⊂M ❜❡ ❛ s✉❜s❡t ♦❢ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ M ❛♥❞ ❧❡t S ❜❡ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥

♦❢ X✳

✻✺
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❉❡❢✐♥✐t✐♦♥ ✹✳✶ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✷✳✶❪✮✳ ■❢ f|X : X → R ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛

s♠♦♦t❤ ❢✉♥❝t✐♦♥ f :M → R t❤❡♥ p ∈ X ✐s s❛✐❞ t♦ ❜❡ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ f|X ✐❢ ✐t ✐s ❛

❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ r❡str✐❝t✐♦♥ f|S ✇❤❡r❡ S ∈ S ✐s t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ p✱ t❤❛t ✐s✱

df(p)(TpS) = 0✳ ❆ ❝r✐t✐❝❛❧ ✈❛❧✉❡ s = f(p) ∈ R ✐s s❛✐❞ t♦ ❜❡ ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ✈❛❧✉❡

✐❢ t❤❡r❡ ❡①✐st γ > 0 s✉❝❤ t❤❛t p ✐s t❤❡ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥ f−1([s− γ, s+ γ])✳

❚❤❡ ♥♦t✐♦♥ ♦❢ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥s ✐s ❛s ❢♦❧❧♦✇s✳

❉❡❢✐♥✐t✐♦♥ ✹✳✷ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✷✳✶❪✮✳ ❆ ▼♦rs❡ ❢✉♥❝t✐♦♥ ♦♥ X ✐s t❤❡ r❡str✐❝t✐♦♥

f|X : X → R ♦❢ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ f :M → R s✉❝❤ t❤❛t

✭✶✮ f|X : X → R ✐s ♣r♦♣❡r ❛♥❞ ✐❢ p 6= q ❛r❡ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ f|X ✱ t❤❡♥

f(p) 6= f(q)✳

✭✷✮ ❋♦r ❛♥② str❛t✉♠ S ∈ S t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ f|S : S → R ❛r❡ ♥♦♥❞❡❣❡♥❡r✲

❛t❡✳

✭✸✮ ❋♦r ❛♥② ❝r✐t✐❝❛❧ ♣♦✐♥t p ❜❡❧♦♥❣✐♥❣ t♦ ❛ str❛t✉♠ S ∈ S✱ ✐❢ S′ ∈ S ✐s ❛ str❛t✉♠

s✉❝❤ t❤❛t S ⊂ S′ ❛♥❞ ✐❢ (pi) ∈ S′ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ❝♦♥✈❡r❣✐♥❣ t♦ p✱

✐❢

Q := lim
pi→p

TpiS
′

t❤❡♥

df(p)(Q) 6= 0 ✇❤❡♥❡✈❡r Q 6= TpS.

❖♥❡ ❝❛♥ ♣r♦✈❡ ❬✷✺✱ ❚❤❡♦r❡♠ ✷✳✷✳✶❪ t❤❛t ✐❢ X ✐s ❛ ❝❧♦s❡❞ s✉❜❛♥❛❧②t✐❝ s✉❜s❡t ♦❢

❛♥ ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞ M t❤❡♥ t❤❡ s❡t ♦❢ s♠♦♦t❤ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ M ✇❤✐❝❤

r❡str✐❝t t♦ ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥ ♦♥ X ❢♦r♠s ❛♥ ♦♣❡♥ ❞❡♥s❡ s✉❜s❡t ♦❢ t❤❡ s♣❛❝❡

C∞
p (M,R) ♦❢ ♣r♦♣❡r s♠♦♦t❤ ♠❛♣s M → R✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❲❤✐t♥❡② t♦♣♦❧♦❣②✳

▼❛♥② ♦❢ t❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ❜② ●♦r❡s❦② ❛♥❞ ▼❛❝P❤❡rs♦♥ ✉s✐♥❣ str❛t✐✜❡❞ ▼♦rs❡

❢✉♥❝t✐♦♥s✱ ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✱ ❤♦❧❞ ❛s ✇❡❧❧ ❢♦r ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s❀ ♥❛♠❡❧② t❤♦s❡

❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ ❛t ♠♦st ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳

❉❡❢✐♥✐t✐♦♥ ✹✳✸ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✷✳✸❪✮✳ ▲❡t f : M → R ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥

❛♥❞ s✉♣♣♦s❡ t❤❛t X ⊂M ✐s ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ s✉❜s❡t ✇✐t❤ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥

S✳ ❆ ❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ X ♦❢ f|X : X → R ✐s ♥♦♥❞❡♣r❛✈❡❞ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ p ✐s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t✳
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✭✷✮ ❚❤❡ r❡str✐❝t✐♦♥ f|S : S → R t♦ t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ p ✐s ♥♦♥❞❡♣r❛✈❡❞✱

t❤❛t ✐s✱ ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts (pi) ∈ S ✇✐t❤ pi → p ✐❢

vi :=
pi − p

|pi − p| → v, ker df|S(pi) → τ

❛♥❞ v /∈ τ t❤❡♥ ❢♦r ❛❧❧ i s✉✣❝✐❡♥t❧② ❧❛r❣❡

df(pi)(vi) · (f(pi)− f(p)) > 0.

✭✸✮ ■❢ S ∈ S ✐s t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ p t❤❡♥ ❢♦r ❛♥② str❛t✉♠ S′ ∈ S s✉❝❤

t❤❛t S ⊂ S′ ✐❢ (pi) ∈ S′ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ❝♦♥✈❡r❣✐♥❣ t♦ p ❛♥❞

Q = lim
pi→p

TpiS
′

t❤❡♥

df(p)(Q) 6= 0 ✇❤❡♥❡✈❡r Q 6= TpS.

▲❡t ✉s ♥♦✇ r❡❝❛❧❧ t❤❡ ▼❛✐♥ ❚❤❡♦r❡♠ ♦❢ ❙tr❛t✐✜❡❞ ▼♦rs❡ t❤❡♦r② ✐♥ t❤❡ ♣r♦♣❡r

♥♦♥r❡❧❛t✐✈❡ ❝❛s❡✳ ▲❡t X ⊂M ❜❡ ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ s✉❜s❡t ♦❢ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞

❛s ❛❜♦✈❡ ❛♥❞ ❧❡t f : X → R ❜❡ ❛ ♣r♦♣❡r s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ♥♦♥❞❡♣r❛✈❡❞

❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ X ✇✐t❤ ✈❛❧✉❡ s = f(p)✳ ❲❡ ❡♥❞♦✇ M ✇✐t❤ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝

❛♥❞ ✇❡ ❧❡t

B̄Mη (p) ⊂M

❞❡♥♦t❡ t❤❡ ❝❧♦s❡❞ ❜❛❧❧ ♦❢ r❛❞✐✉s η > 0 ❛♥❞ ❝❡♥tr❡ p✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♠❡tr✐❝✳

❙✐♥❝❡ X ✐s ❲❤✐t♥❡② str❛t✐✜❡❞ t❤❡r❡ ❡①✐sts η > 0 s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❜❛❧❧

✐♥t❡rs❡❝ts ❛♥② str❛t✉♠ S′ ∈ S tr❛♥s✈❡rs❛❧❧②

∂B̄Mη (p) ⋔ S′, S′ ∈ S.

❯s✐♥❣ ❬✷✺✱ ▲❡♠♠❛ ✸✳✺✳✶❪ ✐t ❢♦❧❧♦✇s✱ ❜② r❡♣❧❛❝✐♥❣ η ❜② ❛ s♠❛❧❧❡r ✈❛❧✉❡ ✐❢ ♥❡❝❡ss❛r②✱

t❤❛t ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

f|B̄M
η (p)∩X : B̄Mη (p) ∩X → R

❤❛s ♥♦ ♦t❤❡r ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ✈❛❧✉❡ s ♦t❤❡r t❤❛♥ p✳ ❆s p ✐s ♥♦♥❞❡♣r❛✈❡❞ ❛♥❞ ♥♦♥✲

❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛r❡ ✐s♦❧❛t❡❞ t❤❡r❡ ❡①✐sts γ > 0 s✉❝❤ t❤❛t f−1([s− γ, s+ γ])

❝♦♥t❛✐♥s ♥♦ ♦t❤❡r ❝r✐t✐❝❛❧ ♣♦✐♥ts t❤❛♥ p✳
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▲❡t S ❜❡ t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ p✳ ▲❡t N ′ ⊂ M ❜❡ ❛ s♠♦♦t❤ s✉❜♠❛♥✐❢♦❧❞ ♦❢

M s✉❝❤ t❤❛t

N ′
⋔ S′, ∀S′ ∈ S

N ′ ∩ S = {p}, dim(N ′) + dim(S) = dim(M).

❇② t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s t❤❡r❡ ❡①✐sts η > 0 ❜❡ s✉❝❤ t❤❛t

∂B̄Mη (p) ⋔ S′, ∂B̄Mη (p) ⋔ S′ ∩N ′, ∀S′ ∈ S.

❉❡❢✐♥✐t✐♦♥ ✹✳✹ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✶✳✹❪✮✳ ❚❤❡ ♥♦r♠❛❧ s❧✐❝❡ t❤r♦✉❣❤ t❤❡ str❛t✉♠ S

❛t p ✐s

N(p) = X ∩N ′ ∩ B̄Mη (p).

❚❤❡ ❧✐♥❦ t❤♦✉❣❤ t❤❡ str❛t✉♠ S ❛t t❤❡ ♣♦✐♥t p ✐s

L(p) = X ∩N ′ ∩ ∂B̄Mη (p).

❘❡♠❛r❦ ✹✳✺✳ ■❢ t❤❡ str❛t✉♠ S ❝♦♥t❛✐♥✐♥❣ p ✐s ♦❢ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ dim(S) =

dim(M) t❤❡♥ N(p) = p✳ ■❢ dim(S) = 0 t❤❡♥ N(p) ✐s ❛ r❡❣✉❧❛r ♥❡✐❣❤❜♦✉r❤♦♦❞✶ ♦❢ p

✐♥ X✳

❲❡ ✜① ❢r♦♠ ♥♦✇ ♦♥ s✉❝❤ q✉❛♥t✐t✐❡s (η, γ)✳

❉❡❢✐♥✐t✐♦♥ ✹✳✻ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✺✳✷❪✮✳ ❚❤❡ ▲♦❝❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f ❛t t❤❡

♣♦✐♥t p ✐s t❤❡ ♣❛✐r

(A ,B) := (B̄Mη (p) ∩X ∩ f−1([s− γ, s+ γ]), B̄Mη (p) ∩X ∩ f−1(s− γ)).

●✐✈❡♥ a, b ∈ R ✇✐t❤ a ≤ b ✐❢ ♦♥❡ ✇r✐t❡s

X≤a = f−1((−∞, a]) ∩X

t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s❛②s t❤❛t t❤❡ ❧♦❝❛❧ ▼♦rs❡ ❞❛t✉♠ ❞❡t❡r♠✐♥❡ t❤❡ t♦♣♦❧♦❣②

♦❢ t❤❡ ❛❜♦✈❡ s♣❛❝❡ ✇❤❡♥ a ❝r♦ss ♦✈❡r ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳ ❋✐rst r❡❝❛❧❧

❉❡❢✐♥✐t✐♦♥ ✹✳✼ ✭❬✷✺✱ ◆♦t❛t✐♦♥❛❧ ❉❡✜♥✐t✐♦♥ ✸✳✵❪✮✳ ■❢ B ⊂ A ❛♥❞ Y ⊂ X ❛r❡

t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣

h : B → Y

✶❚❤✐s ♠❡❛♥s t❤❛t N(p) ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ p ✇❤✐❝❤ ✐s ❛ ❧♦❝❛❧❧② ✢❛t ❝♦♠♣❛❝t ❝♦❞✐♠❡♥s✐♦♥ ③❡r♦
t♦♣♦❧♦❣✐❝❛❧ s✉❜♠❛♥✐❢♦❧❞ ♦❢ X✳ ▼♦r❡♦✈❡r t❤❡ ✐♥❝❧✉s✐♦♥ {p} ⊂ N ✐s ❛ s✐♠♣❧❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡
❛♥❞ {p} ✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ N(p)✳
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s✉❝❤ t❤❛t t❤❡ ✐❞❡♥t✐t② ♠❛♣ Y → Y ❤❛s ❛♥ ❡①t❡♥s✐♦♥ t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

φ : X → Y ∪h A

t❤❡♥ ♦♥❡ s❛②s t❤❛t X ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ Y ❜② ❛tt❛❝❤✐♥❣ A ❛❧♦♥❣ B ✈✐❛ t❤❡ ❛tt❛❝❤✐♥❣

♠❛♣ h✳

❚❤❡♦r❡♠ ✹✳✽ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✸✳✺✳✸❪✮✳ ■❢ p ✐s ❛ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡

♣r♦♣❡r ❢✉♥❝t✐♦♥ f : X → R t❤❡♥ t❤❡r❡ ❡①✐sts ❛ t♦♣♦❧♦❣✐❝❛❧ ❡♠❜❡❞❞✐♥❣ h : B → X≤s−γ

s✉❝❤ t❤❛t t❤❡ ✐❞❡♥t✐t② ♠❛♣ X≤s−γ → X≤s−γ ❡①t❡♥❞s t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

X≤s+γ → X≤s−γ ∪h A

✇❤❡r❡ (A ,B) ✐s t❤❡ ❧♦❝❛❧ ▼♦rs❡ ❞❛t✉♠ ❛t p✳

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ♠♦r❡ s✉❝❝✐♥❝t❧② ❜② t❤❡ ❛❜♦✈❡

❉❡✜♥✐t✐♦♥ ✹✳✼ ❛s

X≤s+γ
∼= X≤s−γ ∪B A (∗)

t❤❛t ✐s✱ t❤❛t X≤s+γ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ X≤s−γ ❜② ❛tt❛❝❤✐♥❣ A ❛❧♦♥❣ B ✈✐❛ t❤❡

❡♠❜❡❞❞✐♥❣ h✷✳

❘❡♠❛r❦ ✹✳✾✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ X ⊂ RN ✐s ❛ s♠♦♦t❤ s✉❜♠❛♥✐❢♦❧❞ ✇✐t❤♦✉t

❜♦✉♥❞❛r② ♦❢ ❞✐♠❡♥s✐♦♥ dimX = n✱ ❈❧❛ss✐❝❛❧ ▼♦rs❡ t❤❡♦r② ✐♠♣❧✐❡s t❤❛t ❧♦❝❛❧ ▼♦rs❡

❞❛t❛ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ▼♦rs❡ ✐♥❞❡① ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥✿ t❤❡r❡ ✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

♦❢ ♣❛✐rs

(A ,B) = (Dλ(p) × Dn−λ(p), ∂Dλ(p) × Dn−λ(p)).

■♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ❝♦♥s✐❞❡r❡r❡❞ ❤❡r❡ ✇✐t❤ X ⊂ M ❛ ❲❤✐t♥❡② str❛t✐✜❡❞

s✉❜s❡t ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ❧♦❝❛❧ ▼♦rs❡ ❞❛t❛ ♦♥❡ ♥❡❡❞s ♥♦t

♦♥❧② t♦ ❦♥♦✇ t❤❡ ▼♦rs❡ ✐♥❞❡① ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ❜✉t ❛❧s♦ ◆♦r♠❛❧ ▼♦rs❡ ❞❛t❛✱

✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ X✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❙tr❛t✐✜❡❞ ▼♦rs❡ t❤❡♦r② ✐♥ t❤❡ ♣r♦♣❡r✱ ♥♦♥r❡❧❛t✐✈❡

❝❛s❡ s❛②s t❤❛t ❧♦❝❛❧ ▼♦rs❡ ❞❛t✉♠ ❛t p ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧ ❛♥❞ t❤❡

♥♦r♠❛❧ ▼♦rs❡ ❞❛t❛ ❛t p✳ ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡s❡ t❡r♠s

❉❡❢✐♥✐t✐♦♥ ✹✳✶✵ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✻✳✶❪✮✳ ❚❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f ❛t

t❤❡ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t p ✐s t❤❡ ♣❛✐r

(T ,T ′) = (B̄Mη (p) ∩ S ∩ f−1([s− γ, s+ γ]), B̄Mη (p) ∩ S ∩ f−1(s− γ))

✷❛♥② ♣❛✐r (A ,B) s✉❝❤ t❤❛t (∗) ❤♦❧❞s ❢♦r s♦♠❡ ❡♠❜❡❞❞✐♥❣ h : B → X≤s−γ ✐s ❝❛❧❧❡❞ ▼♦rs❡
❞❛t✉♠ ♦❢ f ❛t t❤❡ ♣♦✐♥t p
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✇❤❡r❡ S ∈ S ✐s t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ p✳ ❚❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f ❛t p ✐s t❤❡

♣❛✐r

(N ,N ′) = (B̄Mη (p) ∩N(p) ∩ f−1([s− γ, s+ γ]), B̄Mη (p) ∩N(p) ∩ f−1(s− γ)).

■♥ ♦t❤❡r ✇♦r❞s t❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f ❛t p ✐s t❤❡ ❧♦❝❛❧ ▼♦rs❡ ❞❛t✉♠

♦❢ t❤❡ r❡str✐❝t✐♦♥ f|S : S → R t♦ t❤❡ str❛t✉♠ S ❝♦♥t❛✐♥✐♥❣ p✱ ✇❤❡r❡❛s t❤❡ ♥♦r♠❛❧

▼♦rs❡ ❞❛t✉♠ ✐s t❤❡ ❧♦❝❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ t❤❡ r❡str✐❝t✐♦♥ f|N(p) : N(p) → R t♦ t❤❡

♥♦r♠❛❧ s❧✐❝❡ ♦❢ t❤❡ str❛t✉♠ S t❤r♦✉❣❤ t❤❡ ♣♦✐♥t p✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✶ ✭❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✸✳✺✳✸❪✮✳ ❚❤❡ t❛♥❣❡♥t✐❛❧ ❛♥❞ ♥♦r♠❛❧ ▼♦rs❡

❞❛t❛ ♦❢ f ❛t t❤❡ ♥♦♥❞❡♣r❛✈❡❞ ♣♦✐♥t p ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ❘✐❡♠❛♥♥✐❛♥

♠❡tr✐❝ ♦♥ M ❛♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ η, γ ❛s ❧♦♥❣ ❛s t❤❡s❡ ❛r❡ ❝❤♦s❡♥ ✐♥ ❛❝❝♦r❞❛♥❝❡

✇✐t❤ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ▼♦rs❡ t❤❡♦r② ✐♥ t❤✐s s✐t✉❛t✐♦♥ r❡❛❞s

❚❤❡♦r❡♠ ✹✳✶✷ ✭✏❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r②✑❬✷✺✱ ❚❤❡✲

♦r❡♠ ✸✳✼❪✮✳ ■❢ X ⊂ M ✐s ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ s✉❜s❡t ♦❢ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ M ❛♥❞

f : X → R ✐s ❛ ♣r♦♣❡r s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ X

t❤❡♥ t❤❡r❡ ✐s ❛ S ✲❞❡❝♦♠♣♦s✐t✐♦♥ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✶✳✶❪✮ ♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠

♦❢ ♣❛✐rs

(A ,B) ∼= (T × N ,T × N
′ ∪ N × T

′)

✇❤❡r❡ (A ,B) ❞❡♥♦t❡s t❤❡ ❧♦❝❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f ❛t p✱ (T ,T ′)) ❞❡♥♦t❡s t❤❡ t❛♥✲

❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f ❛t p ❛♥❞ (N ,N ′) ❞❡♥♦t❡s t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢

f ❛t p✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✸ ✭❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✹✳✺❪✮✳ ▲❡t f : X → R ❜❡ ❛ ♣r♦♣❡r s♠♦♦t❤

❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ X ❛♥❞ ❧❡t S ∈ S ❜❡ t❤❡ str❛t✉♠

❝♦♥t❛✐♥✐♥❣ p✳ ❚❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ♦❢ ♣❛✐rs

(T ,T ′) ∼= (Ddim(S)−λS(p) × DλS ,Ddim(S)−λS(p) × ∂DλS(p))

✇❤❡r❡ λS(p) ✐s t❤❡ ▼♦rs❡ ✐♥❞❡① ♦❢ t❤❡ r❡str✐❝t✐♦♥ f|S : S → R✳

■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t✉♠ ❛t ❛ ♣♦✐♥t ✐t

s✉✣❝❡s t♦ ❦♥♦✇ t❤❡ ❧♦✇❡r ❤❛❧✢✐♥❦ ♦❢ t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❣✐✈❡♥ ♣♦✐♥t✳
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❉❡❢✐♥✐t✐♦♥ ✹✳✶✹ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✾✳✶❪✮✳ ❚❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦s ♦❢ X

❛t t❤❡ ♣♦✐♥t p ∈ X ✇✐t❤ r❡s♣❡❝t t♦ f ❛r❡

l+(p) := N(p) ∩ B̄Mη ∩ f−1(s+ γ),

l−(p) := N(p) ∩ B̄Mη ∩ f−1(s− γ).

❉❡❢✐♥✐t✐♦♥ ✹✳✶✺ ✭❬✷✺✱ ➓ ✶✳✹❪✮✳ ❚❤❡ ❝♦♥❡ ♦✈❡r ❛ ♥♦♥❡♠♣t② s❡♠✐❛❧❣❡❜r❛✐❝ s❡t L

✐s t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡

❝♦♥❡(L) = L× [0, 1]/(x, 0) ∼ (y, 0), ∀x, y ∈ L.

❚♦ ♠❛❦❡ t❤✐s ❞❡✜♥✐t✐♦♥ ❝♦♠♣❧❡t❡ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥❡ ♦✈❡r t❤❡ ❡♠♣t② s❡t t♦ ❜❡

❛ ♣♦✐♥t✳ ■♥❞❡❡❞ t❤✐s s✐t✉❛t✐♦♥ ♠✐❣❤t ✈❡r② ✇❡❧❧ ♦❝❝✉r ✇❤❡♥ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ❝♦♥❡

♦✈❡r ❛♥ ✉♣♣❡r ♦r ❧♦✇❡r ❤❛❧❢ ❧✐♥❦ ✐❢ ❢♦r ✐♥st❛♥❝❡ N(p) = p ❛♥❞ p ∈ f−1(s)✳

❈♦r♦❧❧❛r② ✹✳✶✻ ✭❬✷✺✱ ❈♦r♦❧❧❛r② ✸✳✶✶✳✷❪✮✳ ■❢ f : X → R ✐s ❛ s♠♦♦t❤ ♣r♦♣❡r

❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥ p ∈ X t❤❡♥ t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t✉♠

❛t p ❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ t❤❡ ♣❛✐r

(cone(l−(p)), l−(p))

✇❤❡r❡ l−(p) ✐s t❤❡ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦✳

❚❤✐s ❣✐✈❡s

❚❤❡♦r❡♠ ✹✳✶✼ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✸✳✶✷❪✮✳ ■❢ f : X → R ✐s ❛ str❛t✐✜❡❞ ♣r♦♣❡r ▼♦rs❡

❢✉♥❝t✐♦♥ ♦♥ ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ s✉❜s❡t X ⊂M ♦❢ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❛ ❝r✐t✐❝❛❧

♣♦✐♥t p ∈ X ✇✐t❤ ❝r✐t✐❝❛❧ ✈❛❧✉❡ s = f(p) ❛♥❞ ✐❢ [a, b] ⊂ R ✐s ❛♥ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣

♥♦ ♦t❤❡r ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❡①❝❡♣t s ∈ (a, b) t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

X≤s+γ ∼ X≤s−γ ∪(∂(DλS(p),❝♦♥❡(l−(p))) (D
λS(p), ❝♦♥❡(l−(p))).

❘❡♠❛r❦ ✹✳✶✽✳ ■♥ t❤❡ ❜♦♦❦ ♦❢ ●♦r❡s❦② ❛♥❞ ▼❛❝P❤❡rs♦♥ t❤✐s t❤❡♦r❡♠ ✐s ❣✐✈❡♥

✇✐t❤ f : X → R ❛ str❛t✐✜❡❞ ♣r♦♣❡r ▼♦rs❡ ❢✉♥❝t✐♦♥✱ ❜✉t ❛s st❛t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥

♦❢ t❤❡✐r ❜♦♦❦ ✭s❡❡ ❬✷✺❪ ♣❛❣❡ ①✳✮ ✐t ❛❧s♦ ❤♦❧❞s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ f : X → R ✐s ❛ ♣r♦♣❡r

s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥ p ∈ X✳

✷✳✷✳ ◆♦♥♣r♦♣❡r ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r②✳ ❚❤❡r❡ ✐s ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❛❜♦✈❡

r❡s✉❧ts ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦♥♣r♦♣❡r ❢✉♥❝t✐♦♥s✳ ▲❡t M ❜❡ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❛♥❞ ❧❡t

X ⊂ M ❜❡ ❛ ❝❧♦s❡❞ s✉❜s❡t ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ S = {Si|i ∈ I }
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✇✐t❤ str❛t❛ ✐♥❞❡①❡❞ ❜② ❛ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡t I ✳ ▲❡t X̃ ⊂ X ❜❡ ❛ s✉❜s❡t ✇❤✐❝❤ ✐s

❛ ✉♥✐♦♥ ♦❢ str❛t❛✿ t❤❡r❡ ✐s ❛ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s✉❜s❡t I ′ ⊂ I s✉❝❤ t❤❛t

X̃ =
⋃

i∈I ′

Si.

▲❡t f : X → R ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦♥ M s✉❝❤ t❤❛t f ✐s

♣r♦♣❡r ✇✐t❤ ❛ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ X ❛♥❞ s✉♣♣♦s❡ f(p) = 0✳ ▲❡t ✉s ✜①

❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ❛♥❞ ❧❡t ❞❛t❛ (η, γ) ❜❡ ❝❤♦s❡♥ ❢♦r f|X ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡

♣r♦❝❡❞✉r❡ ❣✐✈❡♥ ❜❡❢♦r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ✹✳✻ ❛❜♦✈❡✳

❉❡❢✐♥✐t✐♦♥ ✹✳✶✾ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✶✵✳✶✱ ✶✵✳✸❪✮✳ ▲❡t p ∈ X ❛♥❞ ❧❡t S ∈ S ❜❡ t❤❡

str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ p✳ ❚❤❡ ♥♦r♠❛❧ s❧✐❝❡ t❤r♦✉❣❤ S ✐♥ X̃ ❛t t❤❡ ♣♦✐♥t p ✐s

NX̃(p) = N(p) ∩ X̃

✇❤❡r❡ N(p) ✐s t❤❡ ♥♦r♠❛❧ s❧✐❝❡ ❛t p ✇✐t❤ r❡s♣❡❝t t♦ f : X → R✳ ❚❤❡ ❧✐♥❦ ♦❢ S ✐♥ X̃

❛t p ✐s

LX̃(p) = L(p) ∩ X̃

✇❤❡r❡ L(p) ✐s t❤❡ ❧✐♥❦ ❛t p ✇✐t❤ r❡s♣❡❝t t♦ f : X → R✳

❖♥❡ ❞❡✜♥❡s t❤❡ str❛t✐✜❡❞ s❡ts

X̃≤a = X̃ ∩ f−1(−∞, a], X̃[a,b] = X̃ ∩ f−1[a, b].

❉❡❢✐♥✐t✐♦♥ ✹✳✷✵ ✭❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✶✵✳✸❪✮✳ ❚❤❡ ▲♦❝❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f|X̃ ❛t t❤❡

♣♦✐♥t p ✐s t❤❡ ♣❛✐r

(AX̃ ,BX̃) := (B̄Mη (p) ∩ X̃ ∩ f−1([s− γ, s+ γ]), B̄Mη (p) ∩ X̃ ∩ f−1(s− γ)).

❚❤❡ ❚❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f|X̃ ❛t p ✐s t❤❡ ♣❛✐r

(TX̃ ,T
′
X̃
) := (B̄Mη (p) ∩ S ∩ f−1([s− γ, s+ γ]), B̄Mη (p) ∩ S ∩ f−1(s− γ)).

❚❤❡ ◆♦r♠❛❧ ▼♦rs❡ ❞❛t✉♠ ♦❢ f|X̃ ❛t p ✐s t❤❡ ♣❛✐r

(NX̃ ,N
′
X̃
) = (B̄Mη (p)∩N(p)∩X̃∩f−1([s−γ, s+γ]), B̄Mη (p)∩N(p)∩X̃∩f−1(s−γ)).

■♥ ♦t❤❡r ✇♦r❞s t❤❡ ❧♦❝❛❧ r❡s♣❡❝t✐✈❡❧② ♥♦r♠❛❧ ▼♦rs❡ ❞❛t❛ ❢♦r f|X̃ : X̃ → R ❛r❡

t❤❡ ❧♦❝❛❧ r❡s♣❡❝t✐✈❡❧② ♥♦r♠❛❧ ▼♦rs❡ ❞❛t❛ ❢♦r f : X → R ✐♥t❡rs❡❝t❡❞ ✇✐t❤ X̃✱ ✇❤❡r❡❛s

t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛ ❢♦r f|X̃ ✐s t❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛ ❢♦r f ✳
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❚❤❡♦r❡♠ ✹✳✷✶ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✹❪✮✳ ❋♦r γ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ t❤❡r❡ ✐s ❛

S ′✲❞❡❝♦♠♣♦s✐t✐♦♥ ♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠

X̃≤γ
∼= X̃≤−γ ∪BX̃

AX̃ .

❖♥❡ ❝❛♥ t❤❡♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❙tr❛t✐✜❡❞ ▼♦rs❡

❚❤❡♦r② ✐♥ t❤❡ ♥♦♥♣r♦♣❡r ❝❛s❡✳

❚❤❡♦r❡♠ ✹✳✷✷ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✺❪✮✳ ❚❤❡r❡ ✐s ❛ S ✲❞❡❝♦♠♣♦s✐t✐♦♥ ♣r❡s❡r✈✐♥❣

❤♦♠❡♦♠♦r♣❤✐s♠

(AX̃ ,BX̃) ∼= (TX̃ ,T
′
X̃
)× (NX̃ ,N

′
X̃
)

:= (TX̃ × NX̃ ,TX̃ × N
′
X̃ ∪ T

′
X̃
× NX̃).

❉❡✜♥❡

❉❡❢✐♥✐t✐♦♥ ✹✳✷✸✳ ❚❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦s ♦❢ X ❛t t❤❡ ♣♦✐♥t p ✇✐t❤

r❡s♣❡❝t t♦ f|X̃ ❛r❡

(l+
X̃
(p), ∂l+

X̃
(p)) = (l+(p) ∩ X̃, ∂l+(p) ∩ X̃),

(l−
X̃
(p), ∂l−

X̃
(p)) = (l−(p) ∩ X̃, ∂l−(p) ∩ X̃)

✇❤❡r❡ l+(p) ❛♥❞ l−(p) ❛r❡ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦s ♦❢ X ❛t p ✇✐t❤ r❡s♣❡❝t t♦

f ✳

❆s ✐♥ t❤❡ ♣r♦♣❡r ❝❛s❡✱ ❛❧❜❡✐t t❤❛t t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠ t②♣❡ ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧

▼♦rs❡ ❞❛t❛ r❡❛❞✐❧② ❝❛♥ ❜❡ ❢♦✉♥❞✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t❛✳

❍♦✇❡✈❡r ✐ts ❤♦♠♦t♦♣② t②♣❡ ✐s ❦♥♦✇♥❀ ♥❛♠❡❧② ♦♥❡ ❝❛♥ ♣r♦✈❡ ✭s❡❡ ❬✷✺✱ Pr♦♣♦s✐t✐♦♥

✶✵✳✼✳✶❪✮ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■❢ t❤❡ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ X ❧✐❡s ✐♥ ❛ str❛t✉♠ ♦❢

X̃ t❤❡♥ t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t✉♠ ❛t p ❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡

(NX̃ ,NX̃) ∼ (❝♦♥❡(l−
X̃
(p)), l−(p)).

■❢ p ❧✐❡s ✐♥ ❛ str❛t✉♠ ♦❢ X \ X̃ ✭t❤❛t ✐s✱ ✐t ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ❛t ✐♥✜♥✐t②✮ t❤❡♥ ♦♥❡

❝❛♥ ♣r♦✈❡ ✭s❡❡ ❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✼✳✷❪✮ t❤❛t t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t✉♠ ❛t p ❤❛s t❤❡

❤♦♠♦t♦♣② t②♣❡

(NX̃ ,NX̃) ∼ (l+
X̃
(p), ∂l+

X̃
(p)).

❚❤✐s ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠

❚❤❡♦r❡♠ ✹✳✷✹ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✽❪✮✳ ❙✉♣♣♦s❡ t❤❛t [a, b] ⊂ R ❝♦♥t❛✐♥s ♥♦ ❝r✐t✲

✐❝❛❧ ✈❛❧✉❡ ♦❢ f : X → R ❡①❝❡♣t ❢♦r ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ✈❛❧✉❡ s ∈ (a, b) ❝♦rr❡s♣♦♥❞✐♥❣
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t♦ ❛ ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t p ❜❡❧♦♥❣✐♥❣ t♦ ❛ str❛t✉♠ S✳ ■❢ p ∈ X̃ t❤❡♥ t❤❡r❡ ✐s

❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

X̃≤b
∼= X̃≤a ∪∂(DλS(p)×❝♦♥❡(l−

X̃
(p))) (D

λS(p) × ❝♦♥❡(l−
X̃
(p))).

■❢ p ∈ X \ X̃ t❤❡♥ t❤❡r❡ ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

X̃≤b
∼= X̃≤a ∪∂(DλS(p)×l+

X̃
(p)) (D

λS(p) × l+
X̃
(p))

✇❤❡r❡ λS(p) ✐s t❤❡ ▼♦rs❡ ✐♥❞❡① ♦❢ f|S ❛t p✳

✷✳✸✳ R✲▼♦rs✐✜❝❛t✐♦♥s✳ ❆ ♣r✐♥❝✐♣❛❧ ✐❞❡❛ ✇❤✐❝❤ ♣r❡s❡♥ts ✐ts❡❧❢ ✐♥ ❣❡♦♠❡tr② ✐s

t❤❛t ♦❢ ❞❡❢♦r♠✐♥❣ ❛ ❣✐✈❡♥ ♦❜❥❡❝t ❛s t♦ ❡❧✐♠✐♥❛t❡ ♥♦♥❣❡♥❡r✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦❜❥❡❝t

✐♥ q✉❡st✐♦♥ ✇❤✐❧st ❝♦♥s❡r✈✐♥❣ ❛ ❣✐✈❡♥ ❣❡♦♠❡tr✐❝❛❧ ✐♥✈❛r✐❛♥t✳ ❖♥❡ ❡①❛♠♣❧❡ ✐s t❤❡

♠♦✈✐♥❣ ❧❡♠♠❛ ✐♥ ✐♥t❡rs❡❝t✐♦♥ t❤❡♦r② ✇❤❡r❡❜② ♦♥❡ ❝❛♥ ♣❡rt✉r❜ t✇♦ ❣✐✈❡♥ ❝②❝❧❡s ♦❢

❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s ❛s t♦ ✐♥t❡rs❡❝t tr❛♥s✈❡rs❛❧❧②✱ ✇❤✐❧st ♣r❡s❡r✈✐♥❣ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥

♥✉♠❜❡r✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ♣r❡s❡♥ts ✐ts❡❧❢ ✐♥ t❤❡ t❤❡♦r② ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱ ✇❤❡r❡ ♦♥❡

❝❛♥ ❞❡❢♦r♠ ❛ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s✱ ❞❡✜♥✐♥❣ ❛♥ ✐s♦❧❛t❡❞ ❤②♣❡rs✉r❢❛❝❡ s✐♥✲

❣✉❧❛r✐t②✱ ❛s t♦ s♣❧✐t t❤❡ s✐♥❣✉❧❛r✐t② ✐♥t♦ ✐s♦❧❛t❡❞ q✉❛❞r❛t✐❝ s✐♥❣✉❧❛r✐t✐❡s✸✳

❉❡❢✐♥✐t✐♦♥ ✹✳✷✺ ✭❬✶✽✱ ❉❡✜♥✐t✐♦♥ ✸✳✽❪✮✳ ❆ ♠♦rs✐✜❝❛t✐♦♥ ♦❢ ❛ ❣❡r♠

f : (Cn+1, 0) → (C, 0)

♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ F :M ×U → C ♦❢ ❛ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r✲

♣❤✐❝ ❢✉♥❝t✐♦♥s

F : (Cn+1 × C, 0) → (C, 0), (z, t) 7→ ft(z)

s✉❝❤ t❤❛t

✭✶✮ F (·, 0) = f(·) ❛s ❣❡r♠s ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s✳

✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ s✉❜s❡t V ⊂ U \{0} ♦❢ ❝♦♠♣❧❡♠❡♥t ♦❢ ▲❡❜❡sq✉❡ ♠❡❛s✉r❡ ③❡r♦

s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ V t❤❡ ❢✉♥❝t✐♦♥ ft :M → C ✐s ❛ ▼♦rs❡ ❢✉♥❝t✐♦♥✳

▼♦r❡♦✈❡r✱ F : M × U → C ❛ ❝❛❧❧❡❞ ❛ str✐❝t ♠♦rs✐✜❝❛t✐♦♥ ✐❢ ✐♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛❧❧

t ∈ V ✐❢ p 6= q ❛r❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft :M → C t❤❡♥ ft(p) 6= ft(q)✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ f : (Cn+1, 0) → (C, 0) ❤❛s

❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥✱ t❤❛t ✐s✱ ✐❢ f :M → C ✐s ❛♥② r❡♣r❡s❡♥t❛t✐✈❡

✸❚❤✐s ♣r❡s❡r✈❡s t❤❡ t♦t❛❧ ▼✐❧♥♦r ♥✉♠❜❡r
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t❤❡♥ 0 ∈ f−1(0) ✐s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t✳ ❖♥❡ ❝❛♥ s❤♦✇ ✭s❡❡ ❡✳❣ ❬✶✽✱ Pr♦♣♦s✐t✐♦♥

✸✳✶✽❪✮ t❤❛t ✐♥ t❤✐s ❝❛s❡ ❛ str✐❝t ♠♦rs✐✜❝❛t✐♦♥ ❡①✐sts✳ ❘❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ▼✐❧♥♦r ✜❜r❡

❛t t❤❡ ♦r✐❣✐♥ ❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ ❛ ❜♦✉q✉❡t ♦❢ r❡❛❧ n✲❞✐♠❡♥s✐♦♥❛❧ s♣❤❡r❡s ❬✹✻✱

❚❤❡♦r❡♠ ✼✳✷❪ ❛♥❞ t❤❛t t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r µ(f, 0) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤

s♣❤❡r❡s✱ ♦♥❡ ❤❛s ♠♦r❡♦✈❡r

Pr♦♣♦s✐t✐♦♥ ✹✳✷✻✳ ▲❡t f : (Cn+1, 0) → (C, 0) ❜❡ ❛ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝✲

t✐♦♥s ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥✳ ▲❡t F : M × U → C ❜❡ ❛ str✐❝t

♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✳ ❚❤❡ ▼✐❧♥♦r ♥✉♠❜❡r µ(f, 0) ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧

♣♦✐♥ts ♦❢ ft :M → C✱ ❢♦r ❛♥② t ∈ V ✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❬✶✽✱ ❚❤❡♦r❡♠ ✺✳✷❪✳ �

❲❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡

❊①❛♠♣❧❡ ✹✳✷✼✳ ❈♦♥s✐❞❡r t❤❡ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f : C → C ❣✐✈❡♥ ❜② f(z) = z3−y2

❛♥❞ ❧❡t

F : C2 × C → C, F (z, t) = z3 − 3tz − y2.

❚❤❡♥ F (z, 0) = f(z) ❢♦r ❛❧❧ z ∈ C ❛♥❞

❏❛❝(ft) = [3(z2 − t),−2y].

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛♥② t ∈ C t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft : C → C ❛r❡

p1(t) = (|t|1/2ei arg(t)/2, 0), p2(t) = (|t|1/2e(arg(t)/2+π)i, 0).

❚❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ✐s

❍❡ss(ft) =





6z 0

0 −2





✳ ❈♦♥s❡q✉❡♥t❧②

det❍❡ss(ft)(pi(t)) = −12pi(t) 6= 0, ∀t ∈ C∗

s♦ t❤❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts pi(t) ❛r❡ ♥♦♥❞❡❣❡♥❡r❛t❡ ✇❤❡♥❡✈❡r t 6= 0✳ ❚❤❡✐r ✈❛❧✉❡s ❛r❡

❞✐st✐♥❝t ❤❡♥❝❡ F ✐s ❛ str✐❝t ♠♦rs✐✜❝❛t✐♦♥ ✭✇✐t❤ V = C∗✮ ❛♥❞ t❤❡r❡❢♦r❡ ❜② Pr♦♣♦s✐t✐♦♥

✹✳✷✻ ❛❜♦✈❡ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r ✐s

µ(f, 0) = 2.

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦♠♣❧❡① ✭❝❧♦s❡❞✮ ▼✐❧♥♦r ✜❜r❡

F̄C,η = {z3 − y2 = η, |z|2 + |y|2 ≤ δ}, |η| << δ
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✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ ❛ ❜♦✉q✉❡t ♦❢ s♣❤❡r❡s S1∨S1✳ ❖♥❡ ❝❛♥ r❡♠❛r❦ ❤❡r❡ t❤❛t ✐❢

✇❡ ❝♦♥s✐❞❡r t❤❡ r❡str✐❝t✐♦♥ F : R×R → R ♦❢ F t♦ t❤❡ r❡❛❧ ♥✉♠❜❡rs t❤❡♥ ft : R → R

❤❛s t✇♦ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ✇❤❡♥ t > 0 ❛♥❞ ✐t ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇❤❡♥

t < 0✳

❚❤✐s s❡r✈❡s ❛s t❤❡ ✐♥s♣✐r❛t✐♦♥ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡❢✐♥✐t✐♦♥ ✹✳✷✽✳ ▲❡t f : (Rn+1, 0) → (R, 0) ❜❡ ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s✳ ❆

R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡

F :M × U → R

♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠ F : (Rn+1 × Ī, 0) → (R, 0) s✉❝❤ t❤❛t

✭✶✮ Ī ∼= [−1, 1]k ❢♦r s♦♠❡ k ∈ N✱

✭✷✮ F (x, 0) = f(x) ❛s ❣❡r♠s ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s✱

✭✸✮ ❚❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ s✉❜s❡t V ⊂ U \ {0} s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ V ✱ t❤❡

❢✉♥❝t✐♦♥ ft :M → R ✐s ❛ ▼♦rs❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳

❆♥ R✲♠♦rs✐✜❝❛t✐♦♥ F ✐s str♦♥❣ ✐❢ ❢♦r ❛♥② t ∈ V t❤❡ ❢✉♥❝t✐♦♥ ft : M → R ❤❛s

µ(fC, 0) ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛♥❞ ✐t ✐s ✇❡❛❦ ✐❢ ❢♦r ❛♥② t ∈ V ✐t ❤❛s str✐❝t❧② ❧❡ss t❤❛♥

µ(fC, 0) ❝r✐t✐❝❛❧ ♣♦✐♥ts✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ ❣❡r♠ ❤❛s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥

t❤❡ ♦r✐❣✐♥✹ ❛♥ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ❛❧✇❛②s ❡①✐st✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✾✳ ■❢ f : (Rn+1, 0) → (R, 0) ❤❛s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥

t❤❡ ♦r✐❣✐♥ t❤❡♥ f ❤❛s ❛♥ R✲♠♦rs✐✜❝❛t✐♦♥✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽❪ ❛♣♣❧✐❡s ❛❧♠♦st ✈❡r❜❛t✐♠✱ ❜✉t s✐♥❝❡

✐t ✐s ❝♦♥str✉❝t✐✈❡ ✇❡ r❡❝❛❧❧ t❤❡ ❛r❣✉♠❡♥t✳ ◆❛♠❡❧② ❧❡t f : M → R ✇✐t❤ f(0) = 0

❜❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❣❡r♠ f : (Rn+1, 0) → (R, 0)✱ ❢♦r s♦♠❡ ♥❡✐❣❤❜♦r❤♦♦❞

M ⊂ Rn+1 ♦❢ t❤❡ ♦r✐❣✐♥✳ ❈♦♥s✐❞❡r t❤❡ r❡❛❧ ❛❧❣❡❜r❛✐❝ s✉❜s❡t D ⊂ Rn+1 ♦❢ ❝r✐t✐❝❛❧

✈❛❧✉❡s ♦❢ t❤❡ ❣r❛❞✐❡♥t

❣r❛❞(f) : Rn+1 → Rn+1

❛♥❞ ❧❡t TD ⊂ Rn+1 ❞❡♥♦t❡ t❤❡ t❛♥❣❡♥t ❝♦♥❡ ♦❢ D ❛t t❤❡ ♦r✐❣✐♥✳ ❇② t❤❡ ❇r♦✇♥✲

❙❛r❞ ❚❤❡♦r❡♠ ❬✸✶✱ ❚❤❡♦r❡♠ ✸✳✶❪✱ dimD ≤ n✳ ❇✉t t❤❡♥ dimTD ≤ n ❛s ✇❡❧❧✳ ■♥

♣❛rt✐❝✉❧❛r ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛ ✉♥✐♦♥

l = {(ta1, . . . , tan+1) | t ∈ (−a, 0) ∪ (0, a)}, a ∈ R

✹t❤❛t ✐s✿ ❢♦r ❛♥② r❡♣r❡s❡♥t❛t✐✈❡ f : M → R t❤❡ ♦r✐❣✐♥ ✐s ❛♥ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t
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♦❢ t✇♦ ❧✐♥❡ s❡❣♠❡♥ts s✉❝❤ t❤❛t ❡❛❝❤ ❧✐♥❡ s❡❣♠❡♥t ❞♦❡s ♥♦t ♠❡❡t ❛♥② ❝r✐t✐❝❛❧ ✈❛❧✉❡✳

▲❡tt✐♥❣

ft = f + t
n+1
∑

i=1

aixi

t❤❡♥ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft ❛r❡ ❡①❛❝t❧② t❤❡ ♣♦✐♥ts p ∈M ❢♦r ✇❤✐❝❤

❣r❛❞(f)(p) = (ta1, . . . , tan+1).

❚❤✐s ✐s ❛ ♥♦♥❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❣r❛❞(f) ❤❡♥❝❡ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ❍❡ss(ft)(p)

❛t p ✐s ✐♥✈❡rt✐❜❧❡✳ ❇✉t t❤✐s ♠❡❛♥s t❤❛t p ✐s ❛ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft✳

❚❤❡r❡❢♦r❡ ✐❢ ♦♥❡ ❞❡✜♥❡s t❤❡ s✉❜s❡t V ⊂ R ❜② V = (−a, 0) ∪ (0, a) t❤❡♥ ❢♦r ❛♥②

t ∈ V ♦♥❡ ❤❛s t❤❛t ft ❤❛s ♦♥❧② ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✐♥ M ✳ ❯♣ t♦ ❝❤❛♥❣✐♥❣

t❤❡ ✈❡❝t♦r (a1, . . . , an+1) ❜② ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ft ❤❛s ♦♥❧②

♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇✐t❤ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❢♦r ❛♥② t ∈ V ✳ ❚❤❡♥ t❤❡

r❡♣r❡s❡♥t❛t✐✈❡

F :M × (−a, a) → R, F (x, t) = ft(x)

♦❢ t❤❡ ❣❡r♠

F : (Rn+1 × [−a, a], 0) → (R, 0)

s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❉❡✜♥✐t✐♦♥ ✹✳✷✽ ♦❢ ❛ R✲♠♦rs✐✜❝❛t✐♦♥✱ ✇✐t❤ U = (−a, a)
❛♥❞ V = U \ {0}✳ �

❘❡♠❛r❦ ✹✳✸✵✳ ❆s t❤❡ ♣r♦♦❢ s❤♦✇s ♦♥❡ ❝❛♥ ❛❧✇❛②s ♦❜t❛✐♥ ❛ ✇❡❛❦ R✲♠♦rs✐✜❝❛t✐♦♥

♦❢ ❛ ❣❡r♠ ♦❢ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② f : (Rn+1, 0) → (R, 0) ❤❛✈✐♥❣ t❤❡ ♣r♦♣❡rt② t❤❛t

V = U \ {0}✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft :M → R ♠✐❣❤t

❜❡ ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ t ∈ V ✳

❲❡ ❣✐✈❡ ❛ ❢❡✇ ❡①❛♠♣❧❡s✳

❊①❛♠♣❧❡ ✹✳✸✶✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ✹✳✷✼ t❤❡ r❡str✐❝t✐♦♥ ♦❢ F t♦ F : R × Ī → R

✇✐t❤ Ī = [0, 1] ✐s ❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥✱ ✇❤❡r❡❛s ✐❢ Ī = [−1, 0] ✐t ✐s ❛ ✇❡❛❦

R✲♠♦rs✐✜❝❛t✐♦♥✳

■♥ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡ ♦♥❡ ❢♦✉♥❞ ❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥ ❜② ❛ ❝❤❛♥❣❡ ♦❢ ❝♦♦r✲

❞✐♥❛t❡s ✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ♦❢ ❛ ✇❡❛❦ ♠♦rs✐✜❝❛t✐♦♥✳ ❚❤✐s ✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡✱

❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s
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❊①❛♠♣❧❡ ✹✳✸✷✳ ▲❡t f : R → R ❜❡ ❣✐✈❡♥ ❜② f(x) = x4 ❛♥❞ ❧❡t F : R × R → R

❜❡ F (x, t) = x4 − tx✳ ❚❤❡♥

f ′t(x) = 4x3 − t = 0 x3 = t/4

❛♥❞ ❛s t❤❡r❡ ❛r❡ ♦♥❧② ♦♥❡ r❡❛❧ t❤✐r❞ r♦♦t ♦❢ ✉♥✐t② t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢

ft : R → R ❢♦r ❛♥② t ∈ R✳ ❇✉t t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r ♦❢ f ✐♥ t❤❡ ♦r✐❣✐♥ ✐s µ(f, 0) = 3✳

❚❤❡r❡❢♦r❡ t❤❡r❡ ✐s ♥♦ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ Ī ❝♦♥t❛✐♥✐♥❣ t❤❡ ♦r✐❣✐♥ s✉❝❤ t❤❛t F|R×Ī ✐s ❛

str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥✳

❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❡①❛♠♣❧❡ ♦♥❡ ❝❛♥ ✜♥❞ ❛♥♦t❤❡r ♦♥❡✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ✇❤✐❝❤ ✐s

❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥✳

❊①❛♠♣❧❡ ✹✳✸✸✳ ▲❡t F : R × I → R ✇✐t❤ I = [0, 32/27] ❜❡ ❣✐✈❡♥ ❜② F (x, t) =

x4 − 4tx2 + 4t2x✳ ❚❤❡♥ ❢♦r ❛♥② t ∈ [0, 32/27)✱ t❤❡ ❞❡r✐✈❛t✐✈❡ f ′t = 4(x3 − 2tx+ t2)

❤❛s ❞✐s❝r✐♠✐♥❛♥t

∆(f ′t) = t3(32− 27t)

✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✇❤❡♥ 0 < t < 32/27 ✇❤❡♥❝❡ ✐t ❢♦❧❧♦✇s t❤❛t ft ❤❛✈❡ ❡①❛❝t❧② µ(f, 0) =

3 r❡❛❧ r♦♦ts✳ ❚❤❡ s❡t ♦❢ t ∈ (0, 32/27] s✉❝❤ t❤❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft ❛r❡ ♥♦t ▼♦rs❡

✐s t❤❡ ✐♠❛❣❡ π(X) ♦❢

X = {(x, t) | 3x2 − 2t = 0, x3 − 2tx+ t2 = 0} ⊂ R× (0, 32/27]

✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ π : R × R → R✳ ❆s X ✐s ❛ ♣r♦♣❡r ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ❝✉r✈❡s

✐t ❢♦❧❧♦✇s t❤❛t dimX = 0 ✇❤❡♥❝❡ π(X) ❤❛s ✜♥✐t❡ ❝❛r❞✐♥❛❧✐t②✳ ❚❤❡r❡❢♦r❡ V =

(0, 32/27]\π(X) ✐s ❞❡♥s❡ ✐♥ I ❛♥❞ ❢♦r ❛♥② t ∈ V t❤❡ ❢✉♥❝t✐♦♥s ft ❛r❡ ▼♦rs❡✳ ❍❡♥❝❡

F ✐s ❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥✳

❆s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥s ❧❡t ✉s r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ M ✲

♠♦rs✐✜❝❛t✐♦♥✱ ❞✉❡ t♦ ❱❧❛❞✐♠✐r ■✳ ❆r♥♦❧❞✳

❉❡❢✐♥✐t✐♦♥ ✹✳✸✹ ✭❬✷✽❪✮✳ ❆M ✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ ❛ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s

f : (Cn+1, 0) → (C, 0) ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ✐♥ t❤❡ ♦r✐❣✐♥ ❛♥❞ ♦❢ ▼✐❧♥♦r

♥✉♠❜❡r µ = µ(f, 0)✱ ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡

F :M × U → C

♦❢ ❛ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s F : (Cn+1 × Cµ−1, 0) → (C, 0) s✉❝❤ t❤❛t

✭✶✮ F (·, 0) = f(·) ❛s ❣❡r♠s ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s✱
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✭✷✮ U ⊂ Rµ−1 ❛♥❞ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡t V ⊂ U \{0} ♦❢ ❝♦♠♣❧❡♠❡♥t ♦❢ ▲❡❜❡s❣✉❡

♠❡❛s✉r❡ ③❡r♦ s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ U t❤❡ ❢✉♥❝t✐♦♥ ft = F (·, t) ✐s ▼♦rs❡

✇✐t❤ ❡①❛❝t❧② µ r❡❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳

❆ M ✲♠♦rs✐✜❝❛t✐♦♥ ✐s s❛✐❞ t♦ ❜❡ ✈❡r② ♥✐❝❡ ✐❢ ♠♦r❡♦✈❡r t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ ft ❛r❡

❞✐st✐♥❝t✱ ❢♦r ❛❧❧ t ∈ U ✳

❙t❛t❡❞ ❞✐✛❡r❡♥t❧②✱ ❛♥ M ✲♠♦rs✐✜❝❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❢r♦♠ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡

tr✉♥❝❛t❡❞ ♠✐♥✐✈❡rs❛❧ ❞❡❢♦r♠❛t✐♦♥✺ ♦❢ f ❜② r❡str✐❝t✐♥❣ t❤❡ ❜❛s❡ t♦ t❤❡ ✭♦♣❡♥✮ s❡t ♦❢

r❡❛❧ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ ❛❧❧ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft ❛r❡ r❡❛❧✳

❆r♥♦❧❞ ❡st❛❜❧✐s❤❡❞ ✐♥ ❤✐s ❛rt✐❝❧❡ ❬✺❪ ❢r♦♠ ✶✾✾✶ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✈❡r② ♥✐❝❡ M ✲

♠♦rs✐✜❝❛t✐♦♥s ❢♦r s✐♠♣❧❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ ❝❧❛ss Ak❀ ♠♦r❡ ♣r❡❝✐s❡❧② ❤❡ ❝❛❧❝✉❧❛t❡❞

t❤❡r❡✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♣❛❝❡ ♦❢ s✉❝❤ ♠♦rs✐✜❝❛t✐♦♥s✳

■♥ ✶✾✾✸ ▼✳❘✳ ❊♥t♦✈ ❡st❛❜❧✐s❤❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✈❡r② ♥✐❝❡ M ✲♠♦rs✐✜❝❛t✐♦♥s ❢♦r

Dk✲s✐♥❣✉❧❛r✐t✐❡s✳ ❆♥❞ ✐♥ ❤✐s ❛rt✐❝❧❡ ❬✷✽❪ ❱✳❱✳ ●✉r②✉♥♦✈ ♣r♦✈❡❞ t❤❡✐r ❡①✐st❡♥❝❡ ❢♦r

s✐♠♣❧❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ ❝❧❛ss E6, E7 ❛♥❞ E8✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞

❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♣❛❝❡ ♦❢ ✈❡r② ♥✐❝❡M ✲♠♦rs✐✜❝❛t✐♦♥s ❛r❡ 82, 768 ❛♥❞ 4056✱ r❡s♣❡❝✲

t✐✈❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✺✳ ▲❡t f : (Rn+1, 0) → (R, 0) ❜❡ ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s

❞❡✜♥✐♥❣ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ✐♥ t❤❡ ♦r✐❣✐♥✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛♥② r❡♣r❡s❡♥t❛t✐✈❡

f : M → R✱ ✇❤❡r❡ M ✐s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢

s❝❛❧❛rs fC : MC → C ✐s ❛ s✐♠♣❧❡ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ♦❢ ❝❧❛ss ADE✳ ❚❤❡♥ t❤❡r❡

❡①✐sts ❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✳

Pr♦♦❢✳ ✭✶✮ ❙✉♣♣♦s❡ n = 1✳ ❆s fC : MC → C ✐s ❛ s✐♠♣❧❡ ADE✲

s✐♥❣✉❧❛r✐t②✱ ❜② t❤❡ r❡s✉❧ts ❬✺❪✱ ❬✶✾❪ ❛♥❞ ❬✷✽❪✱ t❤❡r❡ ❡①✐sts ❛ ✈❡r② ♥✐❝❡ M ✲

♠♦rs✐✜❝❛t✐♦♥

FC :MC × U → C

♦❢ fC ✇❤❡r❡ U ⊂ Rµ−1 ✐s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥✳ ❇② ❞❡✜✲

♥✐t✐♦♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡t V ⊂ U \ {0} ♦❢ ❝♦♠♣❧❡♠❡♥t ♦❢ ♠❡❛s✉r❡ ③❡r♦

s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s

fC,t :MC → C, t ∈ V

✺♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ tr✉♥❝❛t❡❞ ✉♥✐✈❡rs❛❧ ✉♥❢♦❧❞✐♥❣
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❛r❡ ▼♦rs❡ ✇✐t❤ µ r❡❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥ts p1, . . . , pµ ❛♥❞ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳

❚❤❡r❡ ♠✐❣❤t ❜❡ ♦t❤❡r ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ fC,t ✇❤✐❝❤ ❛r❡ ♥♦t r❡❛❧✱ ❜✉t ❛s ✇❡

s❤♦✇ ♥♦✇ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ■♥❞❡❡❞ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ❛ s❡t A ⊂ Rk

♦❢ ♠❡❛s✉r❡ ③❡r♦ ✐s ❞❡♥s❡✱ s♦ V ✐s ❞❡♥s❡✳ ❆♥❞ ❛s FC ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢

❛ ♠✐♥✐✈❡rs❛❧ ❞❡❢♦r♠❛t✐♦♥ ✐t ❢♦❧❧♦✇s ❜② ❬✶✽✱ ▲❡♠♠❛ ✸✳✾❪ t❤❛t ✐t ✐s ❛ str✐❝t

♠♦rs✐✜❝❛t✐♦♥✳ ❇② ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✾❪ ❛s FC ✐s ❛ ♠♦rs✐✜❝❛t✐♦♥ ♦❢ fC ✐t

❢♦❧❧♦✇s t❤❛t fC,t ❤❛s ❛❧❧ ✐♥ ❛❧❧ µ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ❚❤❡r❡❢♦r❡ ❛❧❧

t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛r❡ r❡❛❧✳ ❈♦♥s❡q✉❡♥t❧② ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ r❡str✐❝t✐♦♥

F :M × U → R

t♦ t❤❡ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ M ♦❢ t❤❡ ♦r✐❣✐♥ ✐♥ R2 t❤❡♥ F (x, 0) = f(x) ❢♦r

❛❧❧ x ∈M ❛♥❞ ♠♦r❡♦✈❡r✱ ❢♦r ❛♥② t ∈ V ✱ t❤❡ ❢✉♥❝t✐♦♥ ft = F (·, t) ✐s ▼♦rs❡

✇✐t❤ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳ ❍❡♥❝❡ F ✐s ❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥✳

✭✷✮ ■❢ n ≥ 1 ❛♥❞ ✐❢ f :M → R ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❣❡r♠ f : (Rn+1, 0) →
(R, 0) t❤❡♥ ♦♥❡ ❝❛♥ ❜② ❛ss✉♠♣t✐♦♥ ✇r✐t❡

f(x1, . . . , xn+1) = f̃(x1, x2) +

n+1
∑

i=3

ǫix
2
i , ǫi ∈ {±1}

✇❤❡r❡ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ s❝❛❧❛rs ♦❢ f̃ : M ∩ R2 → R ✐s ❛ s✐♠♣❧❡ ❝✉r✈❡

s✐♥❣✉❧❛r✐t② ♦❢ ❝❧❛ss ADE✳ ◆♦t✐❝❡ t❤❛t

µ = µ(fC, 0) = µ(f̃C, 0).

❇② t❤❡ st❡♣ ❛❜♦✈❡ t❤❡r❡ ❡①✐sts ❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥

F̃ :M ∩ R2 × U → R

♦❢ f̃ ✱ ✇❤❡r❡ U ⊂ [−δ, δ]µ−1 ❢♦r s♦♠❡ δ > 0✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts

t❤❡r❡❢♦r❡ ❛ ❞❡♥s❡ s✉❜s❡t V ⊂ U \ {0} s✉❝❤ t❤❛t f̃t = F̃ (·, t) ❤❛s µ(f̃C, 0)
❝r✐t✐❝❛❧ ♣♦✐♥ts p̃1, . . . , p̃µ ✇✐t❤ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✱ ❢♦r ❛♥② t ∈ V ✳ ▲❡t

F :M × U → R,

F (x1, . . . , xn+1) = F̃ (x1, x2) +

n+1
∑

i=3

ǫix
2
i .

❚❤❡♥ ❢♦r ❡❛❝❤ t ∈ V t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft = F (·, t) ❛r❡

pi = p̃i × (0, . . . , 0) ⊂M,
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✇❤❡r❡ i = 1, . . . , µ✳ ❚❤❡r❡❢♦r❡ F ✐s ❛ str♦♥❣ R✲♠♦rs✐✜❝❛t✐♦♥✳

�

✸✳ Pr❡♣❛r❛t♦r② ▲❡♠♠❛s

❈♦♥s✐❞❡r ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s f : (Rn+1, 0) → (R, 0) ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞

s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥✳ ▲❡t f : M → R ❜❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤✐s ❣❡r♠ ✐♥ ❛

♥❡✐❣❤❜♦r❤♦♦❞ M ⊂ Rn+1 ♦❢ t❤❡ ♦r✐❣✐♥✳

❚❤❡♦r❡♠ ✹✳✸✻ ✭s❡❡ ❡✳❣ ❬✹✻✱ ❚❤❡♦r❡♠ ✹✳✷❪✮✳ ❚❤❡r❡ ❡①✐sts δ0 > 0 s✉❝❤ t❤❛t ❢♦r

❛♥② δ ∈ (0, δ0) t❤❡r❡ ❡①✐sts ǫ0 = ǫ0(δ) > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ǫ ∈ (0, ǫ0)✱

f : f−1((0, ǫ]) ∩ B̄δ → (0, ǫ],

f : f−1((0,−ǫ]) ∩ B̄δ → (0,−ǫ].

❛r❡ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ tr✐✈✐❛❧ t♦♣♦❧♦❣✐❝❛❧ ✜❜r❛t✐♦♥s✱ ✇❤❡r❡ B̄δ ⊂ Rn+1 ❞❡♥♦t❡s t❤❡

❝❧♦s❡❞ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✳ ▼♦r❡♦✈❡r ❡❛❝❤ ✜❜r❡ ♦❢ t❤❡s❡ ✜❜r❛t✐♦♥s

❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s ✇✐t❤ ❜♦✉♥❞❛r②✳

▲❡t ✉s ✜① ▼✐❧♥♦r ❞❛t❛ (ǫ0, δ0) ❛s ✐♥ t❤❡ ❚❤❡♦r❡♠ ✹✳✸✻ ❛♥❞ ❧❡t ǫ ∈ (0, ǫ0)✳ ❋♦r

❛♥② η ∈ (0, ǫ] ❧❡t ✉s ✇r✐t❡

F̄+
η = f−1(η) ∩ B̄δ, F̄−

η = f−1(−η) ∩ B̄δ

❢♦r t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡s✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ tr✐✈✐❛❧✐t② ♦❢ t❤❡

✜❜r❛t✐♦♥s ❛❜♦✈❡ t❤❛t ✐❢ η̃ ✐s ❛♥♦t❤❡r r❡❛❧ ♥✉♠❜❡r s✉❝❤ t❤❛t η̃ ∈ (0, ǫ] t❤❡♥ t❤❡r❡ ❛r❡

❤♦♠❡♦♠♦r♣❤✐s♠s

F̄+
η

∼= F̄+
η̃ , F̄−

η
∼= F̄−

η̃ .

❘❡❝❛❧❧ t❤❡ ✜rst ♦❢ t❤❡ ■s♦t♦♣② ❧❡♠♠❛s ♦❢ ❘é♥é ❚❤♦♠✿

▲❡♠♠❛ ✹✳✸✼ ✭✏❚❤♦♠✬s ❋✐rst ■s♦t♦♣② ▲❡♠♠❛✑ ❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮✳ ▲❡t g :

M → N ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s ❛♥❞ ❧❡t X ⊂ M ❜❡ ❛ ❝❧♦s❡❞

❲❤✐t♥❡② str❛t✐✜❡❞ s✉❜s❡t✳ ■❢ g|X : X → N ✐s ♣r♦♣❡r ❛♥❞ ✐❢ ❢♦r ❛♥② str❛t✉♠ S ⊂ X

t❤❡ r❡str✐❝t✐♦♥ g|S : S → N ✐s ❛ s✉❜♠❡rs✐♦♥ t❤❡♥ f|X : X → f(X) ✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧

t♦♣♦❧♦❣✐❝❛❧ ✜❜r❛t✐♦♥✳

❲❡ ♥♦✇ ❝❛♥ ♣r♦✈❡

▲❡♠♠❛ ✹✳✸✽✳ ▲❡t f : (Rn+1, 0) → (R, 0) ❜❡ ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s ❞❡✜♥✐♥❣

❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥✳ ▲❡t f : M → R ❜❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦♥ ❛
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♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❡t (ǫ0, δ0) ❜❡ ▼✐❧♥♦r ❞❛t❛✳ ❙✉♣♣♦s❡ t❤❛t

F :M × [−1, 1]k → R, F (·, t) = ft

✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ s✉❝❤ t❤❛t F (x, 0) = f(x) ❢♦r ❛❧❧ x ∈ M ✳ ❚❤❡♥ ❢♦r ❛♥② δ ∈
(0, δ0) ❛♥❞ ❛♥② η ∈ (0, ǫ(δ)) t❤❡r❡ ❡①✐sts t′0 = t′0(η) ∈ R s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ [−1, 1]k

s✉❝❤ t❤❛t |t| ≤ t′0 t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

φ : F̄±
η → f−1

t (±η) ∩ B̄δ.

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❛ss❡rt✐♦♥ ❢♦r t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡✱ t❤❡ ♦t❤❡r ❝❛s❡

✐s ❛♥❛❧♦❣♦✉s✳ ❇② t❤❡ ❈✉r✈❡ ❙❡❧❡❝t✐♦♥ ▲❡♠♠❛ ❬✸✾✱ ▲❡♠♠❛ ✸✳✶❪ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ δ0 > 0

s✉❝❤ t❤❛t ❢♦r ❛♥② δ ∈ (0, δ0) t❤❡ s♣❤❡r❡ Sδ ⊂ Rn+1 ✐♥t❡rs❡❝ts f−1(0) tr❛♥s✈❡rs❛❧❧②✳

▼♦r❡♦✈❡r ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ǫ0(δ) > 0 s✉❝❤ t❤❛t ❛♥② η ∈ (0, ǫ0) ✐s ❛ r❡❣✉❧❛r ✈❛❧✉❡ ♦❢

f : Bδ → R✳ ▲❡t ✉s ✜① δ ∈ (0, δ0)✳ ❚❤❡♥ ❜② ❝♦♥t✐♥✉✐t②✱ f−1(η) ❛♥❞ Sδ ✐♥t❡rs❡❝t

tr❛♥s✈❡rs❛❧❧② ❢♦r ❛❧❧ η ∈ (0, ǫ0)✳ ▲❡t

F̃ :M × [−1, 1]k → R× [−1, 1]k, F̃ (x, t) = (ft(x), t).

❛♥❞ ❞❡♥♦t❡ ❜②

π : Rn × Rk → Rk, π(x, t) = t

t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡t❡r t✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts t′0(η)

s✉❝❤ t❤❛t t❤❡ r❡str✐❝t❡❞ ♠❛♣

π : F̃−1({η} × (−t′0, t′0)k) ∩ (B̄δ × Rk) → Rk

✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥ ❛♥❞ t❤❡♥ ✉s❡ t❤❡ ■s♦t♦♣② ▲❡♠♠❛ t♦ ♦❜t❛✐♥ t❤❡

r❡s✉❧t✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ✇❡ ✇✐❧❧ ✜rst ✜♥❞ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥✳

✭✶✮ ❋✐rst ♥♦t❡ t❤❛t s✐♥❝❡ ❛♥② η ∈ (0, ǫ0) ✐s ❛ r❡❣✉❧❛r ✈❛❧✉❡ ♦❢ f : Bδ → R

t❤❡ ❞✐✛❡r❡♥t✐❛❧ dF̃|M×(−1,1)k(x, 0) ❤❛s ♠❛①✐♠❛❧ r❛♥❦ k + 1 ❢♦r ❛♥② x ∈
f−1(η) ∩ Bδ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ ❜② ❝♦♥t✐♥✉✐t② t❤❛t ✐❢ η ✐s ✜①❡❞

t❤❡♥

r❛♥❦ (dF̃|M×(−1,1)k)(x, t) = k + 1

❢♦r ❛♥② x ∈ f−1
t (η) ∩ Bδ ❛♥❞ ❛♥② t ∈ (−t0, t0)k✳ ❚❤✐s ♠❡❛♥s t❤❛t

F̃ : Bδ × (−t0, t0)k → R× Rk

❤❛s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ✐♥ {η} × (−t0, t0)k✳
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✭✷✮ ■♥ ♣❛rt✐❝✉❧❛r✱

T1 := F̃−1({η} × (−t0, t0)k) ∩
(

Bδ × (−t0, t0)k
)

✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳

✭✸✮ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts t̃0 = t̃0(η) ∈ (0, 1] s✉❝❤ t❤❛t

T2 := F̃−1({η} × (−t̃0, t̃0)k) ∩
(

Sδ × (−t̃0, t̃0)k
)

✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳ ❋♦r t❤✐s ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠✿ t❤❡

✐♥t❡rs❡❝t✐♦♥

F̃−1({η} × (−t̃0, t̃0)k) ∩ Sδ × (−t̃0, t̃0)k

✐s tr❛♥s✈❡rs❡✳ ❚❤✐s ✇✐❧❧ ❜❡ s❤♦✇♥ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t tr❛♥s✈❡rs❛❧✐t② ✐s ❛♥

♦♣❡♥ ❝♦♥❞✐t✐♦♥✳ ❲❡ ❤❛✈❡ t❤❛t t❤❡ s❡t ♦❢ (x, t) ✇✐t❤ x ∈ f−1
t (η) s✉❝❤ t❤❛t

f−1
t (η) ∩ Sδ ✐s ♥♦t tr❛♥s✈❡rs❡ ❛t x ✐s ♣r❡❝✐s❡❧② t❤❡ s❡t ♦❢ (x, t) s✉❝❤ t❤❛t

T(x,t)f
−1
t (η) ⊥ v(x)

✇❤❡r❡ v(x) = (x, 0)✳ ❙✐♥❝❡ t❤✐s ✐s ❛ ❝❧♦s❡❞ ❝♦♥❞✐t✐♦♥✱ t❤❡ s❡t ✇❤❡r❡

T(x,t)f
−1
t (η) ✐s ♥♦t ♦rt❤♦❣♦♥❛❧ t♦ v(x) ✐s ❛♥ ♦♣❡♥ ❝♦♥❞✐t✐♦♥✳ ❙✐♥❝❡ t❤❡

✐♥t❡rs❡❝t✐♦♥

f−1(η) ∩ Sδ

✐s tr❛♥s✈❡rs❡✱ T(x,0)f
−1
t (η) ✐s ♥♦t ♦rt❤♦❣♦♥❛❧ t♦ v(x)✳ ❚❤❡r❡❢♦r❡✱ ❜② ♦♣❡♥✲

♥❡ss✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t = 0 ✐♥ Rk s✉❝❤ t❤❛t ❢♦r ❛♥② t ✐♥

t❤❛t ♥❡✐❣❤❜♦r❤♦♦❞ ❛♥❞ ❛♥② x ∈ f−1
t (η)✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ f−1

t (η) ∩ Sδ ✐s

tr❛♥s✈❡rs❡✳ ❚❤✉s t❤❡r❡ ❡①✐sts ❛ t̃0 ∈ R ❛s ❝❧❛✐♠❡❞✳

✭✹✮ ▲❡t t′0 = min(t0, t̃0) ❛♥❞ ❝♦♥s✐❞❡r

π|Ti
: Ti → (−t′0, t′0)k, i = 1, 2

❲❡ ❝❧❛✐♠ t❤❛t ✉♣ t♦ r❡♣❧❛❝✐♥❣ t′0 ❜② ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦♥❡ ❤❛s t❤❛t π|Ti
✐s

❛ s✉❜♠❡rs✐♦♥✱ ❢♦r i = 1, 2✳ ❙✉♣♣♦s❡ ♦t❤❡r✇✐s❡ ❛♥❞ t❤❛t ❢♦r ❛♥② t′0 t❤❡r❡

❡①✐sts ❛ ♣♦✐♥t (x, t) ∈ T1 ✐♥ ✇❤✐❝❤ π|T1
❤❛s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t✳ ❇② ❞❡✜♥✐t✐♦♥

t❤✐s ♠❡❛♥s t❤❛t

T(x,t)T1 ⊥ TtR
k (∗)

❛♥❞ t❤❛t dF̃ (x, t) ✐s ♣❛r❛❧❧❡❧ t♦ TtRk✳ ❙✐♥❝❡ (∗) ✐s ❛ ❝❧♦s❡❞ ❝♦♥❞✐t✐♦♥✱ ✐❢

(xt, t) ∈ T1 ✐s ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t |t| → 0 t❤❡♥ t❤❡r❡ ✇♦✉❧❞ ❡①✐st ❛
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❧✐♠✐t ♣♦✐♥t (x̃, 0) ✇✐t❤ x̃ ∈ f−1(−η) ∩ B̄δ s✉❝❤ t❤❛t dF̃ (x̃, 0) ✐s ♣❛r❛❧❧❡❧ t♦

T0R
k✳ ❇✉t t❤❡♥ df(x̃) ✇♦✉❧❞ ❜❡ ③❡r♦ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ x̃ ∈ f−1(η)✳

❚❤❡r❡❢♦r❡ π|T1
✐s ❛ s✉❜♠❡rs✐♦♥✳ ■♥ t❤❡ s❛♠❡ ✈❡✐♥ s✉♣♣♦s❡ t❤❛t π|T2

❤❛s ❛

❝r✐t✐❝❛❧ ♣♦✐♥t (x, t) ✇❤✐❝❤ ✐s t♦ s❛② t❤❛t

T(x,t)T2 ⊥ TtR
k.

▲❡tt✐♥❣ (xt, t) ∈ T2 ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t |t| → 0 t❤❡r❡ ✇♦✉❧❞ ❡①✐st ❛

❧✐♠✐t ♣♦✐♥t (x̃, 0) ✇✐t❤ x̃ ∈ f−1(η) ∩ Sδ s✉❝❤ t❤❛t dF̃ (x̃, 0) ✐s ♣❛r❛❧❧❡❧ t♦

T0R
k ❤❡♥❝❡ df(x̃) = 0 ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ f−1(η) ∩ Sδ ✐s tr❛♥s✈❡rs❡

❛t x̃✳

✭✺✮ ❚❤❡r❡❢♦r❡ ✐❢

W := T1 ∪ T2

t❤❡♥ ❜② t❤❡ t❤❡ st❡♣s ✷ ❛♥❞ ✸ ❛❜♦✈❡ W ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r②

❤❡♥❝❡ T = {T1,T2} ✐s ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ st❡♣ ✹

π|W : W → (−t′0, t′0)k

✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥✳

✭✻✮ ❇② ❚❤♦♠✬s ✜rst ■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭s❡❡ ❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮ π|W ✐s

t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ ✜❜r❛t✐♦♥✳ ❆s t❤❡ ❜❛s❡ ✐s ❝♦♥tr❛❝t✐❜❧❡ ✐t

✐s ❛ tr✐✈✐❛❧ ✜❜r❛t✐♦♥✳ ❚❤❡ ✜❜❡rs ♦❢ ❛ tr✐✈✐❛❧ ✜❜r❛t✐♦♥ ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝

✇❤❡♥❝❡ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛♥② t ∈ (−t′0, t′0)k t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

φt : π
−1
|W (0) → π−1

|W (t),

♦r ✐♥ ♦t❤❡r ✇♦r❞s✱

F̄+
η

∼= f−1
t (η) ∩ B̄δ

✇❤✐❝❤ ✐s ✇❤❛t ✇❛s t♦ ❜❡ ♣r♦✈❡♥✳

�

❘❡♠❛r❦ ✹✳✸✾✳ ❘❡str✐❝t❡❞ t♦ ❡❛❝❤ str❛t❛ ♦❢ t❤❡ ✜❜❡rs t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠ φt ✐s

✐♥ ❢❛❝t ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳

❘❡♠❛r❦ ✹✳✹✵✳ ❚❤❡ s❡t

f−1
t (η) ∩ B̄δ

✐s ♥♦t ❛ ▼✐❧♥♦r ✜❜r❡ ♦❢ ft : Rn+1 → R s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ ft ❤❛s ✐♥ ❣❡♥❡r❛❧ ❝r✐t✐❝❛❧

♣♦✐♥ts ✐♥ B̄δ \ {0}✳
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❆♣♣❧②✐♥❣ t❤✐s ❧❡♠♠❛ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ F :M ×U → R ✐s ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ✇❡

❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✿

❈♦r♦❧❧❛r② ✹✳✹✶✳ ▲❡t f : (Rn+1, 0) → (R, 0) ❜❡ ❛ ❣❡r♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♠❛♣s

❞❡✜♥✐♥❣ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r ♣♦✐♥t ✐♥ t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❡t F : M × U → R ❜❡ ❛ R✲

♠♦rs✐✜❝❛t✐♦♥✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts δ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② δ ∈ (0, δ0) t❤❡r❡ ❡①✐sts

ǫ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② η ∈ (0, ǫ0) t❤❡r❡ ❡①✐sts t′0 = t′0(η) ∈ R s✉❝❤ t❤❛t ❢♦r ❛♥②

t ∈ U ∩ {|t| ≤ t′0} t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

φ : F̄±
η → f−1

t (±η) ∩ B̄δ.

▲❡t ✉s ❞❡♥♦t❡

Xt,η = f−1
t (−η, η) ∩ B̄δ,

F̄+
t,η = f−1

t (η) ∩ B̄δ,

F̄−
t,η = f−1

t (−η) ∩ B̄δ.

❘❡♠❛r❦ ✹✳✹✷✳ ❲❡ ❤❛✈❡ t❤❛t F̄+
t,η ❛♥❞ F̄−

t,η ❜❡❧♦♥❣ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ X̄t,η ❛♥❞

t❤❛t t❤❡ ♠❛♣

ft : X̄t,η → R

❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t ✐ts r❡str✐❝t✐♦♥ t♦ F̄+
t,η ❛♥❞ t♦ F̄−

t,η r❡s♣❡❝t✐✈❡❧② ❤❛s ♥♦ ❝r✐t✐❝❛❧

♣♦✐♥ts✱ ❜② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✽✳

▲❡♠♠❛ ✹✳✹✸✳ ❋♦r ❛♥② η ∈ (0, ǫ0(δ)) t❤❡r❡ ❡①✐sts ❛ r❡❛❧ ♥✉♠❜❡r t′′0 > 0 s✉❝❤

t❤❛t ❢♦r ❛♥② t ∈ U ✇✐t❤ |t| ≤ t′′0 ✱ t❤❡ s✉❜s❡t Xt,η ⊂ M ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✇✐t❤

❜♦✉♥❞❛r②✳

Pr♦♦❢✳ ▲❡t η ∈ (0, ǫ0(δ)) ❜❡ ✜①❡❞✳ ❇② t❤❡ ▲❡♠♠❛ ✹✳✸✽ t❤❡r❡ ❡①✐sts t′0 = t′0(η)

s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ U s✉❝❤ t❤❛t |t| ≤ t′0 ♦♥❡ ❤❛s t❤❛t η ✐s ♥♦t ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢

ft : Bδ → R✳ ◆♦✇ t❤❡ ♦♣❡♥ s❡ts

f−1
t ((−∞, η) ∩ Bδ, f−1

t (−η,∞) ∩ Bδ

❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s ❢♦r ❛♥② t ∈ U s✉❝❤ t❤❛t |t| ≤ t′0✳ ❚r❛♥s✈❡rs❛❧✐t② ✐s ❛♥ ♦♣❡♥

❝♦♥❞✐t✐♦♥ s♦ t❤❡r❡ ❡①✐sts t′′0 ∈ R s✉❝❤ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥

f−1
t (−η, η) ∩ Bδ
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✐s tr❛♥s✈❡rs❡✱ ❢♦r t ∈ U∩{|t| ≤ t′′0} ❤❡♥❝❡ ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥ts

❛♣♣❧✐❡❞ t♦ ft : Sδ → R s❤♦✇s t❤❛t

f−1
t (−η, η) ∩ Sδ

✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❛ss❡rt✐♦♥✳ �

❲❡ ♥♦✇ s❤♦✇ t❤❛t X̄t,η ✐s ❝♦♥tr❛❝t✐❜❧❡✳

▲❡♠♠❛ ✹✳✹✹✳ ❙✉♣♣♦s❡ t❤❛t

F :M × U → R

✐s ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✇❤❡r❡ U ⊂ [−1, 1]k ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❚❤❡♥ ❢♦r ❛♥② η ∈
(0, ǫ0(δ)) t❤❡r❡ ❡①✐sts t0 ∈ R s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ U ✇✐t❤ |t| ≤ t0 ✱

X̄t,η = f−1
t ([−η, η]) ∩ B̄δ

✐s ❝♦♥tr❛❝t✐❜❧❡✳

Pr♦♦❢✳ ❲❡ ♣✉t t0 = min(t′0(η), t
′′
0(η)) ✐♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✸✽ ❛♥❞ ✹✳✹✸✳

▲❡t

F̃ :M × U → R× U, F̃ (x, t) = (ft(x), t)

❛♥❞ ❧❡t

π : Rn+1 × Rk → Rk, π(x, t) = t

❜❡ t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥✳ ❈♦♥s✐❞❡r

T1 = F̃−1((−η, η)× U ∩ {|t| < t0})) ∩ Bδ × U,

T2 = F̃−1((−η, η)× U ∩ {|t| < t0})) ∩ Sδ × U,

T
±
3 = F̃−1({±η} × U ∩ {|t| < t0})) ∩ Bδ × U,

T
±
4 = F̃−1({±η} × U ∩ {|t| < t0})) ∩ Sδ × U.

❚❤❡♥ t❤❡ T1 ❛♥❞ T2 ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s ❛♥❞ ❜② t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛ ✹✳✸✽

T
±
3 ❛♥❞ T

±
4 ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s✳ ❚❤❡r❡❢♦r❡ ✐❢

Y = F̃−1([−η, η]× U ∩ {|t| < t0}) ∩ (B̄δ × U)

t❤❡♥

T = {T1,T2,T
±
3 ,T ±

4 }
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✐s ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ Y ❜② tr❛♥s✈❡rs❛❧✐t② ♦❢ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥s✳ ❲❡ ✇✐❧❧

♣r♦✈❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥

π : Y → U ∩ {|t| < t0}

✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥✳ ❋✐rst ♦❢ ❛❧❧ ✐t ✐s ❛ ♣r♦♣❡r ♠❛♣ s✐♥❝❡ ❛♥② ✜❜❡r ✐s

❝♦♠♣❛❝t✱ ♦❢ t❤❡ ❢♦r♠

π−1
|Y (s) = f−1

t ([−η, η]) ∩ B̄δ.

❇② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✽

π|T ±

i
: T

±
i → U ∩ {|t| < t0}, i = 3, 4

❛r❡ s✉❜♠❡rs✐♦♥s✳ ◆♦✇ s✐♥❝❡

dimT1 = dim(M × U) = n+ k + 1

✐s ♦❢ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ ❛♥❞ s✐♥❝❡ t❤❡ str❛t✉♠ T1 ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❛♥❞ ✐♥ ♣❛r✲

t✐❝✉❧❛r ♦♣❡♥✱ π|T1
✐s ❛ s✉❜♠❡rs✐♦♥ ❛♥❞ s✐♥❝❡ t❤❡ ♣r♦❥❡❝t✐♦♥ π|Bδ×U ✐s ❛ s✉❜♠❡rs✐♦♥✳

■t t❤✉s r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t π|T2
✐s ❛ s✉❜♠❡rs✐♦♥✳ ❆❣❛✐♥ t❤✐s ❢♦❧❧♦✇s s✐♥❝❡

dimT2 = dim(M × U)− 1 = n+ k,

s✐♥❝❡ T2 ✐s s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♣❡♥ ❛♥❞ s✐♥❝❡ t❤❡ ♣r♦❥❡❝t✐♦♥ π|Sδ×U

✐s ❛ s✉❜♠❡rs✐♦♥✳ ❚❤❡r❡❢♦r❡ ♦♥❡ ❤❛s t❤❛t

π|Y : Y → U ∩ {|t| < t0}

✐s ❛ str❛t✐✜❡❞ ♣r♦♣❡r s✉❜♠❡rs✐♦♥✳ ❇② t❤❡ ❋✐rst ■s♦t♦♣② ▲❡♠♠❛ ♦❢ ❚❤♦♠ ✹✳✸✼ ✭s❡❡

❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮ ✐t ✐s t❤❡r❡❢♦r❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ ✜❜r❛t✐♦♥✱ ❛♥❞

❛s t❤❡ ❝♦❞♦♠❛✐♥ ✐s ❝♦♥tr❛❝t✐❜❧❡ ❜② ❛ss✉♠♣t✐♦♥✱ ✐t ✐s ❛ tr✐✈✐❛❧ ✜❜r❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r

✐ts ✜❜r❡s ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝ t❤✉s

π−1
|Y (t) = X̄t,η ∼= f−1([−η, η]) ∩ B̄δ = π−1

|Y (0).

❚❤❡r❡❢♦r❡✱ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t f−1([−η, η]) ∩ B̄δ ✐s ❝♦♥✲

tr❛❝t✐❜❧❡✳ ❇✉t ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻❪✮ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ f−1(0)∩B̄δ ⊂
f−1([−η, η]) ∩ B̄δ ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❇② t❤❡ ▲♦❝❛❧ ❈♦♥✐❝ ❙tr✉❝t✉r❡ ♦❢ ❛❧✲

❣❡❜r❛✐❝ s❡ts f−1(0) ∩ B̄δ ✐s ❛ ❝♦♥❡ ♦✈❡r ✐ts ❜♦✉♥❞❛r② ❤❡♥❝❡ ❝♦♥tr❛❝t✐❜❧❡✳ ❍❡♥❝❡

f−1([−η, η]) ∩ B̄δ ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ X̄t,η ✐s ❝♦♥tr❛❝t✐❜❧❡✳ �
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✹✳ ❖♥ t❤❡ ❍♦♠♦t♦♣② ❚②♣❡ ♦❢ ❚❤❡ ❘❡❛❧ ▼✐❧♥♦r ❋✐❜r❡s

✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥✳ ❚❤❡ ✐❞❡❛ ♥♦✇ ✐s t♦ ❲❤✐t♥❡② str❛t✐❢② X̄t,η ❛♥❞ t♦ ✉s❡ t❤❡

♥♦♥♣r♦♣❡r ✈❡rs✐♦♥ ♦❢ ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r② t♦ ♦❜t❛✐♥ t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ t❤❡

r❡❛❧ ▼✐❧♥♦r ✜❜r❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ✇✐❧❧ ✐♥ ❚❤❡♦r❡♠ ✹✳✹✼ s❤♦✇ t❤❛t ❛ t✉❜✉❧❛r

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ r❡❛❧ ▼✐❧♥♦r ✜❜r❡ ❜❡❝♦♠❡s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ ❛ ❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡

❛❢t❡r s✉❝❝❡s✐✈❡❧② ❛❞❥♦✐♥✐♥❣ ❤❛♥❞❧❡s ❛tt❛❝❤❡❞ ✈✐❛ ❡♠❜❡❞❞✐♥❣s✱ ✇✐t❤ ❡❛❝❤ ❤❛♥❞❧❡ ❝♦r✲

r❡s♣♦♥❞✐♥❣ t♦ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ❛♥ R✲♠♦rs✐✜❝❛t✐♦♥✳

✹✳✷✳ ❚❤❡ ❙✐t✉❛t✐♦♥✳ ▲❡t f : (Rn+1, 0) → (R, 0) ❜❡ ❛ ❣❡r♠ ♦❢ ✐s♦❧❛t❡❞ s✐♥❣✉✲

❧❛r✐t② ❛♥❞ ❧❡t

F :M × U → R, ft = F (·, t)

❜❡ ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❣❡r♠✱ ✇❤❡r❡M ⊂ Rn+1 ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥✳

❋✐① ▼✐❧♥♦r ❞❛t❛ (ǫ0, δ0) ❛t t❤❡ ♦r✐❣✐♥ ❢♦r f :M → R✱ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✸✻✳

❲❡ s❤❛❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤♦s❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

s❡♥s❡✳

◆♦t❛t✐♦♥ ✹✳✹✺✳ ▲❡t δ ∈ (0, δ0) ❛♥❞ ǫ ∈ (0, δ) ❜❡ ✜①❡❞✳ ❋♦r ❛♥② t ∈ V ✇✐t❤

V ⊂ U \ {0} ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✷✽ ❧❡t p1, . . . , pm(t) ❞❡♥♦t❡ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢

ft : M → R s✉❝❤ t❤❛t pi ∈ B̄δ ❢♦r ❛❧❧ i = 1, . . . ,m(t) ❛♥❞ ❧❡t si = ft(pi) ❞❡♥♦t❡

t❤❡✐r ✈❛❧✉❡s✳

❘❡♠❛r❦ ✹✳✹✻✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts t0 ∈ R s✉❝❤ t❤❛t si(t) ∈ (−ǫ, ǫ) ❢♦r

❛❧❧ t ∈ V ∩ {|t| ≤ t0}✳ ❲r✐t❡ U ′ = U ∩ {|t| ≤ t0}✳ ❲❡ ✜rst ❝❧❛✐♠ t❤❛t ✐❢ Ct ❞❡♥♦t❡s

t❤❡ s❡t ♦❢ t ∈ U ′ s✉❝❤ t❤❛t pi(t) ∈ B̄δ ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft : M → R t❤❡♥ Ct ✐s

❝❧♦s❡❞ ✐♥ U ✳ ❈♦♥s✐❞❡r

C = {(x, t) ∈ B̄δ × U ′ | r❛♥❦ ❏❛❝(ft)(x) = 0}.

❚❤❡♥ C ✐s ❝❧♦s❡❞ ✐♥ t❤❡ ❝♦♠♣❛❝t s❡t B̄δ×U ′ ⊂M×Rk ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❊✉❝❧✐❞❡❛♥

t♦♣♦❧♦❣② ❛♥❞ s♦ ✐❢

π : Rn+1 × Rk → Rk, π(x, t) = t

❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r t❤❡♥ t❤❡ ✐♠❛❣❡ Ct = π(C )

✐s ❝❧♦s❡❞ ✐♥ U ′✳ ❚❤❡r❡❢♦r❡✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ t 7→ dft✱ ✐❢

(ptn)n∈N, |ptn | ≤ δ
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✐s ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts s✉❝❤ t❤❛t tn ∈ U ′ ❛♥❞ limn→∞ |tn| = 0 t❤❡♥

t❤❡ ❧✐♠✐t p = p0 ❡①✐sts✱ ✐s ❜♦✉♥❞❡❞ |p0| ≤ δ✱ ❛♥❞ ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ f ✳ ❆s t❤❡

♦r✐❣✐♥ ✐s t❤❡ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ f ✐♥ t❤❡ ❜❛❧❧ B̄δ ⊂M ✐t ❢♦❧❧♦✇s t❤❛t

∀pi(t) ∈ B̄δ, lim
|t|→0

pi(t) = 0.

❙✐♥❝❡ ft : M → R ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛ ❣❡r♠ ft : (Rn+1, 0) → (R, 0) ♦♥❡ ❤❛s

ft(0) = 0 ❤❡♥❝❡ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s s❛t✐s❢② si(t) ∈ (−η, η) ❢♦r ❛❧❧ i = 1, . . . ,m(t) ❛♥❞

❢♦r ❛❧❧ t ∈ V ∩ {|t| ≤ t0} ❢♦r t0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳

✹✳✸✳ ❚❤❡ ❚❤❡♦r❡♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❝♦♥❝❡r♥s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢

t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s ♦❢ f ❛t t❤❡ ♦r✐❣✐♥✳

❚❤❡♦r❡♠ ✹✳✹✼✳ ❙✉♣♣♦s❡ t❤❛t F : M × U → R ✐s ❛ R✲♠♦rs✐✜❝❛t✐♦♥✳ ❋♦r ❛♥②

η ∈ (0, ǫ(δ)) t❤❡r❡ ❡①✐sts t0 = t0(η) ∈ R s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ▲❡t t ∈ V

✭✇❤❡r❡ V ✐s ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✷✽✮ s✉❝❤ t❤❛t |t| ≤ t0 ❜❡ ✜①❡❞ ❛♥❞ ❧❡t p1, . . . , pm ∈ B̄δ

❞❡♥♦t❡ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft : M → R ❧②✐♥❣ ✐♥s✐❞❡ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ❝❡♥t❡r❡❞

❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❡t λ(pi) ❞❡♥♦t❡ t❤❡✐r ✐♥❞✐❝❡s✳ ❚❤❡♥ Xt,η ✐s ❝♦♥tr❛❝t✐❜❧❡ ❛♥❞ t❤❡r❡

❡①✐st ❡♠❜❡❞❞✐♥❣s

h+i :











Dλ(pi) × ∂Dn+1−λ(pi) → F̄+
η × (0, 1) ∪⋃

1≤j≤i−1

h+
j

(

Dλ(pj) × Dn+1−λ(pj)
)

, i ≥ 2

Dλ(p1) × ∂Dn+1−λ(p1) → F̄+
η × (0, 1), i = 1.

h−i :











Dn+1−λ(pi) × ∂Dλ(pi) → F̄−
η × (0, 1) ∪⋃

1≤j≤i−1

h−

j

(

Dn+1−λ(pj) × Dλ(pj)
)

, i ≥ 2

Dn+1−λ(p1) × ∂Dλ(p1) → F̄−
η × (0, 1), i = 1.

❛♥❞ ❤♦♠❡♦♠♦r♣❤✐s♠

Xt,η ∼= F̄+
η × (0, 1) ∪

⋃

1≤i≤m
h+
i

(

Dλ(pi) × Dn+1−λ(pi)
)

,

Xt,η ∼= F̄−
η × (0, 1) ∪

⋃

1≤i≤m
h−

i

(

Dn+1−λ(pi) × Dλ(pi)
)

✇❤❡r❡ ❡❛❝❤ ❤❛♥❞❧❡ Dλ(pi)×Dn+1−λ(pi) ✭r❡s♣❡❝t✐✈❡❧② Dn+1−λ(pi)×Dλ(pi)✮ ✐s ❛tt❛❝❤❡❞

❛❧♦♥❣ Dλ(pi)×∂Dn+1−λ(pi) ✭r❡s♣❡❝t✐✈❡❧② ❛❧♦♥❣ Dn+1−λ(pi)×∂Dλ(pi)✮ ✈✐❛ h+i ✭r❡s♣❡❝✲

t✐✈❡❧② ✈✐❛ h−i ✮✳

Pr♦♦❢✳ ▲❡t t0(η) = min(t′0(η), t
′′
0(η)) ✐♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✹✹✳ ❚❤❡♥

❢♦r ❛♥② t ∈ U ∩ {|t| ≤ t0} ✇❡ ❤❛✈❡ t❤❛t ±η ❛r❡ r❡❣✉❧❛r ✈❛❧✉❡s ♦❢ ft : X̄t,η → R✱
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❛♥❞ ❝♦♥s❡q✉❡♥t❧② ♥♦ ♣♦✐♥t ♦❢ F̄±
t,η ❛r❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ❲❡ ♥♦✇ ✜① t ∈ V s✉❝❤ t❤❛t

|t| < t0✳

✭✶✮ ▲❡t

S1 = ✐♥tXt,η, S2 = Xt,η ∩ Sδ

S3 = F+
t,η, S4 = F−

t,η, S5 = ∂F̄+
t,η, S6 = ∂F̄−

t,η

❛♥❞ ❧❡t S = {S1, . . .S6}✳ ❆s |t| < t′′0 ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ▲❡♠♠❛ ✹✳✹✸ t❤❛t

Si ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s✱ ❢♦r i = 1, 2✳ ❆s |t| < t′0 ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ st❡♣s

✶ ❛♥❞ ✸ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ✹✳✸✽ t❤❛t Si ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s✱ ❢♦r i = 3, . . . , 6✳

▼♦r❡♦✈❡r ❛s

f−1
t ([−η, η]) ∩ Bδ = S1 ∪ S3 ∪ S4

✐s ❛ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r② ✐ts str❛t❛ s❛t✐s❢② t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s ✭s❡❡

❡✳❣ ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✶✳✷❪✮✳ ❆s t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r

f−1
t ([−η, η]) ∩ Sδ = S2 ∪ S5 ∪ S6

✐ts str❛t❛ s❛t✐s❢② t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s✳ ❇✉t t❤❡♥ ❜② tr❛♥✈❡rs❛❧✐t② ✭st❡♣

✸ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✹✳✸✽✮ t❤❡ str❛t❛ ♦❢ S s❛t✐s❢② ❛❧s♦ t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s✳

❚❤❡r❡❢♦r❡ ✐t ✐s ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X̄t,η s✉❝❤ t❤❛t Xt,η ✐s ❛ ✉♥✐♦♥

♦❢ str❛t❛✳

✭✷✮ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ ft :M → R✳ ■t r❡str✐❝ts t♦ ❛ ♣r♦♣❡r ❢✉♥❝t✐♦♥

ft : X̄t,η → [−η, η] ⊂ R.

❆t t❤❡ ♣♦✐♥ts p ∈ F̄±
t,η t❤✐s ❢✉♥❝t✐♦♥ ❤❛✈❡ ❞❡♣r❛✈❡❞ str❛t✐✜❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥ts

s✐♥❝❡ ft ✐s ❝♦♥st❛♥t t❤❡r❡✳ ❍♦✇❡✈❡r ❛♥② ❝r✐t✐❝❛❧ ♣♦✐♥t

p ∈ X̄t,η \ F̄+
t,η ∪ F̄−

t,η

✐s ♥❡❝❡ss❛r✐❧② ♥♦♥❞❡♣r❛✈❡❞✱ ❛s ✇❡ ♥♦✇ ♣r♦✈❡✳ ❙♦ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ✐❢

p ∈ Si ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢

ft|Si
: Si → R, i = 1, 2

t❤❡♥ ✐t ✐s ♥♦♥❞❡♣r❛✈❡❞✳ ❋♦r t❤✐s✱ ✇❡ ✜rst s❤♦✇ ft|S2
❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥t✳

■♥❞❡❡❞ s✉♣♣♦s❡ ♥♦t✳ ❚❤❡♥

ft|Sδ : Sδ → R
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✇♦✉❧❞ ❤❛✈❡ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ Sδ ✇✐t❤ ❝r✐t✐❝❛❧ ✈❛❧✉❡ s ∈ (−η, η) ❤❡♥❝❡

dft|Sδ(p) = 0 ❛♥❞

TpSδ ⊂ ker dft|Sδ(p). (∗)

❍♦✇❡✈❡r t❤❡ ✐♥t❡rs❡❝t✐♦♥s f−1
t (±η) ∩ Sδ ❛r❡ tr❛♥s✈❡rs❡✱ ❜② ▲❡♠♠❛ ✹✳✸✽

❢♦r ❛❧❧ t s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭t❤❛t ✐s✱ ✉♣ t♦ r❡♣❧❛❝✐♥❣ t0 ❜❡ ❛ s♠❛❧❧❡r ✈❛❧✉❡✮✳

❚❤❡r❡❢♦r❡ ❜② ❝♦♥t✐♥✉✐t② ✐❢ t ✐s ✜①❡❞✱ t❤❡♥ f−1
t (s)∩Bδ ✐s tr❛♥s✈❡rs❡ ❢♦r ❛❧❧ s ∈

(−η, η)✳ ❚❤❡♥ (∗) ✐♠♣❧✐❡s t❤❛t ker dft|Sδ(p) = Tpf
−1
t (s) ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t TpSδ ⊂ Tpf
−1
t (s)✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ ✇❡ ❤❛❞ ❛ tr❛♥s✈❡rs❡

✐♥t❡rs❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ S2 ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛♥❞ ✐t r❡♠❛✐♥s t♦ s❤♦✇

t❤❛t ❛♥② ❝r✐t✐❝❛❧ ♣♦✐♥t p ✐♥ S1 ✐s ♥♦♥❞❡♣r❛✈❡❞✳ ❙✐♥❝❡ S1 ✐s ❛ s♠♦♦t❤

♠❛♥✐❢♦❧❞ ♦♥❡ ❝❛♥ ❛♣♣❧② ❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✷✳✹❪ t♦

ft|S1
: S1 → R

✇❤✐❝❤ ❣✐✈❡s t❤❛t ❛♥② ❝r✐t✐❝❛❧ ♣♦✐♥t ✐s ♥♦♥❞❡♣r❛✈❡❞✳ ❆❧❧ s❛✐❞✱ ❛♥② str❛t✐✜❡❞

❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft : X̄t,η → R ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ ❛ str❛t✉♠ Si ❢♦r i = 1, 2

♥❡❝❡ss❛r✐❧② ❜❡❧♦♥❣ t♦ t❤❡ ✜rst✱ ❛♥❞ ✐s ❛ ♥♦♥❞❡♣r❛✈❡❞ ♣♦✐♥t✳

✭✸✮ ❲❡ ♥♦✇ ❛♣♣❧② t❤❡ ♥♦♥♣r♦♣❡r ✈❡rs✐♦♥ ♦❢ ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r② ✇✐t❤ t❤❡

str❛t✐✜❡❞ s✉❜s❡t Xt,η ❛♥❞ t❤❡ ♣r♦♣❡r ❢✉♥❝t✐♦♥ ft : X̄t,η → R✳ ❲❡ ✇✐❧❧ ✉s❡

❚❤❡♦r❡♠ ✹✳✷✶ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✹❪✮ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❋✉♥❞❛♠❡♥t❛❧

❚❤❡♦r❡♠ ✹✳✷✷ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✺❪✮✳

▲❡t p ∈ Xt,η ❜❡ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ✇✐t❤ ✈❛❧✉❡ s = ft(p)✳ ❇② t❤❡ ♣r❡✈✐♦✉s

st❡♣✱ p ∈ S1 ✐s ❛♥ ✐♥t❡r✐♦r ♣♦✐♥t✳ ❆s S1 ❤❛s ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ dimS1 =

dimM ✐t ❢♦❧❧♦✇s t❤❛t ✐ts ♥♦r♠❛❧ s❧✐❝❡ ✐s NXt,η
(p) = p ✇❤❡♥❝❡ ✐t ❢♦❧❧♦✇s ❜②

✐ts ✈❡r② ❞❡✜♥✐t✐♦♥ t❤❛t t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ❞❛t❛ ✐s

(NXt,η ,NXt,η ) = (p, ∅).

❚❤❡r❡❢♦r❡ ❜② t❤❡ ❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ✹✳✷✷ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✺❪✮ t❤❡

❧♦❝❛❧ ▼♦rs❡ ❞❛t❛ ❢♦r ft|Xt,η
❛t t❤❡ ♣♦✐♥t p ∈ S1 ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ t❤❡

t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛

(AXt,η ,BXt,η )
∼= (TXt,η ,T

′
Xt,η

)

❢♦r ft|Xt,η
❛t t❤❡ ♣♦✐♥t✱ ✇❤✐❝❤ ✐s ❜② ❞❡✜♥✐t✐♦♥ t❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛

♦❢ ft ❛t p✳ ❇② ✹✳✶✸ ✭❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✹✳✺❪✮ t❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛ ❛t p



✾✷ ✹✳ ■❙❖▲❆❚❊❉ ❘❊❆▲ ❍❨P❊❘❙❯❘❋❆❈❊ ❙■◆●❯▲❆❘■❚■❊❙

✐s ❤♦♠❡♦♠♦r♣❤✐❝ ❜② ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✲♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠ t♦

(TXt,η ,T
′
Xt,η

) = (Dn+1−λS(p) × DλS(p),Dn+1−λS(p) × ∂DλS(p)).

❚❤✉s ❜② ❚❤❡♦r❡♠ ✹✳✷✶ ✭❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✹❪✮ ♦♥❡ ❤❛s t❤❛t ✐❢ [s− γ, s+ γ]

❝♦♥t❛✐♥s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❡①❝❡♣t s = ft(p) t❤❡♥

f−1
t (−η, s+ γ) ∩ B̄δ ∼= f−1(−η, s− γ) ∩ B̄δ ∪T ′

Xt,η
TXt,η

✇❤✐❝❤ ✐s t♦ s❛② t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣

hs : D
n+1−λS(p) × ∂DλS(p) → f−1

t (−η, s− γ) ∩ B̄δ

s✉❝❤ t❤❛t t❤❡ ✐❞❡♥t✐t② ♠❛♣ ❡①t❡♥❞s t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

f−1
t (−η, s+ γ) ∩ B̄δ ∼=

f−1
t (−η, s− γ) ∩ B̄δ ∪h

(

Dn+1−λS(p) × DλS(p)
)

.

✭✹✮ ❇② t❤❡ ❘❡♠❛r❦ ✹✳✹✻ ✐❢ p1, . . . , pm ∈ Bδ ❞❡♥♦t❡ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ ft|S1

✇❡ ❝❛♥ ♦r❞❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝r✐t✐❝❛❧ ✈❛❧✉❡s si = ft(pi) ❛s ❢♦❧❧♦✇s

−η < s1 < · · · < sm < η.

❋♦r ❡❛❝❤ i = 1, . . . ,m ❝❤♦♦s❡ ❛ r❡❛❧ ♥✉♠❜❡r γi > 0 s✉❝❤ t❤❛t si ✐s t❤❡ ♦♥❧②

❝r✐t✐❝❛❧ ✈❛❧✉❡ ❝♦♥t❛✐♥❡❞ ✐♥ [si − γi, si + γi] ❛♥❞ s✉❝❤ t❤❛t

si + γi = si+1 − γi+1, i = 1, . . . ,m− 1.

❚❤❡ ♣r❡✈✐♦✉s st❡♣ ✸ ❣✐✈❡s t❤❛t t❤❡r❡ ❡①✐st ❛♥ ❡♠❜❡❞❞✐♥❣

h−m : Dn+1−λS(pm) × ∂DλS(pm) → f−1
t (−η, sm − γm) ∩ B̄δ

s✉❝❤ t❤❛t

Xt,η ∼= f−1
t (−η, sm − γm) ∩ B̄δ ∪h−

m

(

Dn+1−λS1
(pm) × DλS1

(pm)
)

.

❙✐♠✐❧❛r❧② t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣

h−m−1 : Dn+1−λS(pm−1) × ∂DλS(pm−1) → f−1
t (−η, sm−1 − γm−1) ∩ B̄δ

s✉❝❤ t❤❛t

f−1
t (−η, sm − γm) ∩ B̄δ = f−1

t (−η, sm−1 + γm−1) ∩ B̄δ
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∼= f−1
t (−η, sm−1 − γm−1) ∩ B̄δ ∪h−

m−1

(

Dn+1−λS1
(pm−1) × DλS1

(pm−1)
)

.

❚❤❡r❡❢♦r❡ Xt,η ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦
(

f−1
t (−η, sm−1 − γm−1) ∩ B̄δ ∪h−

m−1

(

Dn+1−λS1
(pm−1) × DλS1

(pm−1)
))

∪h−
m

(

Dn+1−λS1
(pm) × DλS1

(pm)
)

.

❈♦♥t✐♥✉✐♥❣ ✐♥❞✉❝t✐✈❡❧② t❤✐s ②✐❡❧❞s

Xt,η ∼= f−1
t (−η, s1 − γ1) ∩ B̄δ ∪

⋃

1≤i≤m
h−

i

(

Dn+1−λS1
(pi) × DλS1

(pi)
)

.

✭✺✮ ❙✐♥❝❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ str❛t✉♠ S1 ✐s ♠❛①✐♠❛❧✱ t❤❡ ✐♥❞❡① ♦❢ ft|S1
❛t

❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐s ❡q✉❛❧ t♦ t❤❡ ✐♥❞❡① ♦❢ ft :M → R s♦

λS1
(pi) = λ(pi).

■t t❤❡r❡❢♦r❡ r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t

f−1
t (−η, s1 − γ1) ∩ B̄δ ∼= F̄−

η × (0, 1).

◆♦✇✱

f−1
t (−η, s1 − γ1) ∩ B̄δ ∼= f−1

t (−η + γ1/2) ∩ B̄δ × (−η, s1 − γ1)

❛♥❞

f−1
t (−η − γ1, s1 − γ1) ∩ B̄δ ∼= f−1

t (−η) ∩ B̄δ × (−η − γ1, s1 − γ1)

❜② ❚❤♦♠✬s ■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮ ❜❡❝❛✉s❡ ❜② ❝♦♥✲

str✉❝t✐♦♥ ft : M → R ❤❛s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ✐♥ (−η − γ1, s1 − γ1) ❛♥❞ ✐t

♠♦r❡♦✈❡r ❢♦❧❧♦✇s t❤❛t

f−1
t (−η, s1 − γ1) ∩ B̄δ ∼= f−1

t (−η − γ1, s1 − γ1) ∩ B̄δ.

❇✉t t❤❡♥

F̄−
t,η = f−1

t (−η) ∩ B̄δ ∼= f−1
t (−η + γ1/2) ∩ B̄δ

❛♥❞ ❝♦♥s❡q✉❡♥t❧② f−1
t (−η, s1 − γ1) ∩ B̄δ ∼= F̄−

η × (0, 1) ❜❡❝❛✉s❡ F̄−
t,η

∼= F̄η
❜② ▲❡♠♠❛ ✹✳✸✽✳ ❋✐♥❛❧❧② t❤❛t Xt,η ✐s ❝♦♥tr❛❝t✐❜❧❡ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛

✹✳✹✹✳

�
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❋✐❣✉r❡s ✭✶✕✷✮ ✐❧❧✉str❛t❡ ❚❤❡♦r❡♠ ✹✳✹✼ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ q✉❛❞r❛t✐❝ s✐♥❣✉❧❛r✐t②✳

❋✐❣✉r❡ ✶✳ ❚❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡✱ ✐♥ ❜❧✉❡✱ ♦❢ f = xy ✇✐t❤ t❤❡
❤❛♥❞❧❡ D1×D1✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✇❤✐t❡ str✐♣✱ ❛tt❛❝❤❡❞ ❛❧♦♥❣ t❤❡
t✇♦ ❞✐s❥♦✐♥t s❡❣♠❡♥ts D1 × S0✳

❋✐❣✉r❡ ✷✳ ❚❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐t❡✱ r❡♣r❡s❡♥t✐♥❣ Xt,η ✐s ❤♦♠❡♦♠♦r✲
♣❤✐❝ t♦ t❤❡ s♣❛❝❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✇✐t❤ ❛ ❤❛♥❞❧❡
❛tt❛❝❤❡❞ ❛s ✐♥ ❋✐❣✉r❡ ✶✳

❈♦r♦❧❧❛r② ✹✳✹✽✳ ❲✐t❤ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✹✼ t❤❡r❡ ❡①✐st

❛tt❛❝❤✐♥❣ ♠❛♣s

H+
i :











∂Dn+1−λ(pi) → F̄+
η ∪⋃

1≤j≤i−1

H+
j

Dn+1−λ(pj), i ≥ 2

∂Dn+1−λ(p1) → F̄+
η , i = 1.

H−
i :











∂Dλ(pi) → F̄−
η ∪⋃

1≤j≤i−1

H−

j

Dλ(pj), i ≥ 2

∂Dλ(p1) → F̄−
η , i = 1.

❛♥❞ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s

Xt,η ∼ F̄+ ∪H+
1
Dn+1−λ(p1) ∪ · · · ∪H+

m
Dn+1−λ(pm),

Xt,η ∼ F̄+ ∪H−
1
Dλ(p1) ∪ · · · ∪H−

m
Dλ(pm)

✇❤❡r❡ ❡❛❝❤ ❞✐s❝ Dn+1−λ(pi) ✭r❡s♣❡❝t✐✈❡❧② Dλ(pi)✮ ✐s ❛tt❛❝❤❡❞ ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r② ✈✐❛

H+
i ✭r❡s♣❡❝t✐✈❡❧② ✈✐❛ H−

i ✮✳
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ r❡♣❡❛t✐♥❣ st❡♣s ✭✸✕✺✮ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❚❤❡♦r❡♠

✹✳✹✼ ❜✉t ✉s✐♥❣ ❤♦♠♦t♦♣② ▼♦rs❡ ❞❛t❛ ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✸❪ ✐♥st❡❛❞ ♦❢ ▼♦rs❡ ❞❛t❛✳

▲❡t t ∈ V ∩{|t| ≤ t0} ❜❡ ✜①❡❞✱ ✇✐t❤ t0 ✐s ❛s ▲❡♠♠❛ ✹✳✹✹✳ ■♥ ♣❛rt✐❝✉❧❛r F̄−
t,η

∼= F̄η
❛♥❞ Xt,η ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ▲❡t ❛❣❛✐♥ p ∈ Xt,η ❜❡ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft : X̄t,η → R

❛♥❞ ❧❡t s = ft(p)✳ ■♥ st❡♣ ✸ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ ✇❛s ❡st❛❜❧✐s❤❡❞ t❤❛t t❤❡

❧♦❝❛❧ ▼♦rs❡ ❞❛t❛ ♦❢ ft|Xt,η
❛t p ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ t❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛ ♦❢ ft

❛t p✳ ❋✉rt❤❡r♠♦r❡ ✐t ✇❛s ❡st❛❜❧✐s❤❡❞ t❤❛t t❤❡ t❛♥❣❡♥t✐❛❧ ▼♦rs❡ ❞❛t❛ ♦❢ ft ❛t p ✐s

❤♦♠❡♦♠♦r♣❤✐❝ t♦

(Dn+1−λS(p) × DλS(p),Dn+1−λS(p) × ∂DλS(p)).

❇② ❬✷✺✱ ❘❡♠❛r❦ ✸✳✺✳✹❪ t❤❡r❡ ❡①✐sts ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

(Dn+1−λS(p) × DλS(p),Dn+1−λS(p) × ∂DλS(p)) ∼ (DλS(p), ∂DλS(p)).

❇② ❬✷✺✱ ❘❡♠❛r❦ ✸✳✸❪ t❤✐s ✐♠♣❧✐❡s t❤❛t ✐❢ γ = γ(p) > 0 ✐s ❝❤♦s❡♥ ❛s ✐♥ st❡♣ ✸ ♦❢ t❤❡

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛tt❛❝❤✐♥❣ ♠❛♣

Hs : ∂D
λ(p) → f−1

t (−η, s− γ) ∩ B̄δ

❛♥❞ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

f−1
t (−η, s+ γ) ∩ B̄δ ∼ f−1

t (−η, s− γ) ∩ B̄δ ∪Hs D
λ(p).

✭✶✮ ■♥ ❣❡♥❡r❛❧ ✐❢ r❡❛❧ ♥✉♠❜❡rs γ1, . . . , γm > 0 ❛r❡ ❝❤♦s❡♥ ❛s ✐♥ st❡♣ ✹ ♦❢ ❚❤❡✲

♦r❡♠ ✹✳✹✼ t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐st ❢♦r ❡❛❝❤ i = 1, . . . ,m ❛tt❛❝❤✐♥❣

♠❛♣s

H̃−
i : ∂Dλ(pi) → f−1

t (−η, si − γi) ∩ B̄δ

❛♥❞ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s

f−1
t (−η, si + γi) ∩ B̄δ ∼ f−1

t (−η, si − γi) ∩ B̄δ ∪H̃−

i
Dλ(pi).

❚❤✐s ❣✐✈❡s

Xt,η ∼ f−1
t (−η, sm − γm) ∩ B̄δ ∪H̃−

m
Dλ(pm)

∼ f−1
t (−η, sm−1 − γm−1) ∩ B̄δ ∪H̃−

m−1
Dλ(pm−1) ∪H̃−

m
Dλ(pm).

❈♦♥t✐♥✉✐♥❣ ✐♥ t❤✐s ♠❛♥♥❡r ♦♥❡ ♦❜t❛✐♥s

Xt,η ∼ f−1
t (−η, s1 − γ1) ∩ B̄δ ∪H̃−

1
Dλ(p1) ∪ · · · ∪H̃−

m
Dλ(pm).
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❙✐♥❝❡ ❜② st❡♣ ✺ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼✱

f−1
t (−η, s1 − γ1) ∩ B̄δ ∼= F̄−

η × (0, 1)

♦♥❡ ❣❡ts t❤❛t

Xt,η ∼ F̄− × (0, 1) ∪H̃−
1
Dλ(p1) ∪ · · · ∪H̃−

m
Dλ(pm).

✭✷✮ ▲❡t

φ1 : F̄− × (0, 1) → F̄−

❜❡ ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥✳ ❚❤❡♥ φ1 ❡①t❡♥❞s ❜② ❬✸✽✱ ▲❡♠♠❛ ✸✳✼❪ t♦ ❛

❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

φ2 : F̄− × (0, 1) ∪H̃−
1
Dλ(p1) → F̄− ∪φ1◦H̃

−
1
Dλ(p1).

■♥ t✉r♥ ❛♣♣❧②✐♥❣ ❬✸✽✱ ▲❡♠♠❛ ✸✳✼❪ t♦ φ2 ❣✐✈❡s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

φ3 : F̄− × (0, 1) ∪H̃−
1
Dλ(p1) ∪H̃−

2
Dλ(p2)

→ F̄− ∪φ1◦H̃
−
1
Dλ(p1) ∪φ2◦H̃

−
2
Dλ(p2).

❈♦♥t✐♥✉✐♥❣ ✐♥ t❤✐s ♠❛♥♥❡r ♦♥❡ ❡✈❡♥t✉❛❧❧② ♦❜t❛✐♥s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

❜❡t✇❡❡♥

Xt,η ∼ F̄− × (0, 1) ∪H̃−
1
Dλ(p1) ∪ · · · ∪H̃−

m
Dλ(pm)

❛♥❞

F̄− ∪φ1◦H̃
−
1
Dλ(p1) ∪ · · · ∪φm◦H̃−

m
Dλ(pm).

❚❤❡♥ H−
i := φi ◦ H̃−

i , i = 1, . . . ,m ❛r❡ t❤❡ ✇❛♥t❡❞ ❛tt❛❝❤✐♥❣ ♠❛♣s✳

�

❖♥❡ r❡❝♦✈❡rs t❤❡ ❢♦r♠✉❧❛ ♦❢ ❑❤✐♠s❤✐❛s❤✈✐❧✐ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪ ❢r♦♠ t❤✐s ❈♦r♦❧✲

❧❛r② ❜② t❛❦✐♥❣ t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝✳

❈♦r♦❧❧❛r② ✹✳✹✾✳ ❲✐t❤ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✹✼ ♦♥❡ ❤❛s

χ(F̄+
η ) = 1−

m
∑

i=1

(−1)n+1−λ(pi), χ(F̄−
η ) = 1−

m
∑

i=1

(−1)λ(pi).

Pr♦♦❢✳ ■t ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❈♦r♦❧❧❛r② ✹✳✹✽ t❤❛t

F̄+
t,η ∪H+

1
Dn+1−λ(p1) ∪ · · · ∪H+

m
Dn+1−λ(pm)
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✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❋♦r ❛♥② k = 1, . . . ,m ❧❡t

Mk := F̄+
t,η ∪H+

1
Dn+1−λ(p1) ∪ · · · ∪H+

k
Dn+1−λ(pk),

M0 := F̄+
t,η.

❋♦r ❛♥② ♣❛✐r (X,A) ♦❢ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ❝♦♥s✐❞❡r t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝

χ(X,A) =
∑

n≥0

(−1)nr❛♥❦ Hn(X,A;Z)

✐♥ r❡❧❛t✐✈❡ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ✇✐t❤ Z✲❝♦❡✣❝✐❡♥ts✳ ❋r♦♠ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢

❛ tr✐♣❧❡ (X,A,B) ✇✐t❤ B ⊂ A ⊂ X ♦♥❡ ❤❛s t❤❛t χ ✐s ❛❞❞✐t✐✈❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t

χ(X,B) = χ(X,A) + χ(A,B).

❙✐♥❝❡

M0 ⊂ M1 ⊂ · · · ⊂ Mm

✐s ❛♥ ❛s❝❡♥❞✐♥❣ ✜❧tr❛t✐♦♥ ♦❢ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ❛♥❞ s✐♥❝❡Mi ∼ Mi−1∪H+
i
Dn+1−λ(pi)

❢♦r i = 1, . . . ,m ♦♥❡ ♦❜t❛✐♥s

χ(Mm,M0) =
m
∑

i=1

χ(Mi,Mi−1).

❯s✐♥❣ t❤❡ ❊①❝✐s✐♦♥ ❚❤❡♦r❡♠ ❬✷✻✱ ❚❤❡♦r❡♠ ✷✳✷✵❪ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❛✐r (Mi,Mi−1)

❛♥❞ t❤❡ s✉❜s♣❛❝❡ Mi−1 \H+
i−1(∂D

n+1−λ(pi)) ❣✐✈❡s

χ(Mi,Mi−1) = χ(Dn+1−λ(pi), ∂Dn+1−λ(pi)) = (−1)n+1−λ(pi)

✭s❡❡ ❛❧s♦ ❬✸✽✱ ■ ➓ ✺❪✮ ❤❡♥❝❡

χ(Mm,M0) =

m
∑

i=1

(−1)n+1−λ(pi).

❖♥❡ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♣♣❧②✐♥❣ ❛❞❞✐t✐✈✐t② ♦❢ χ t♦ t❤❡ ❛s❝❡♥❞✐♥❣ ✜❧tr❛t✐♦♥

∅ ⊂ M0 = F̄+
t,η ⊂ Mm

♦❢ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ♦♥❡ ♦❜t❛✐♥s

χ(F̄+
t,η) = χ(Mm)− χ(Mm;M0).

❙✐♥❝❡ X̄t,η ∼ Mm ✐s ❝♦♥tr❛❝t✐❜❧❡ ❛♥❞ s✐♥❝❡ F̄+
t,η

∼= F̄+
η t❤✐s ②✐❡❧❞s

χ(F̄+
η ) = 1−

m
∑

i=1

(−1)n+1−λ(pi)



✾✽ ✹✳ ■❙❖▲❆❚❊❉ ❘❊❆▲ ❍❨P❊❘❙❯❘❋❆❈❊ ❙■◆●❯▲❆❘■❚■❊❙

✇❤❡♥❝❡ t❤❡ ✜rst ❛ss❡rt✐♦♥✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ❛ss❡rt✐♦♥ ✐s ❛♥❛❧♦❣✉♦✉s✳ �

❘❡♠❛r❦ ✹✳✺✵✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❑❤✐♠s❤✐❛s❤✈✐❧✐✬s ❢♦r♠✉❧❛ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ✉s✻

✐s t❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪✳ ■t ✉s❡s ▼♦rs❡ t❤❡♦r② ❢♦r ♠❛♥✐❢♦❧❞s✲✇✐t❤✲

❜♦✉♥❞❛r✐❡s✳ ❚❤❡♦r❡♠ ✹✳✹✼ ✐s ♥♦t st❛t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ ✐t ❞♦❡s ♥♦t ❢♦❧❧♦✇

❢r♦♠ ♦❢ t❤❡ ♣r♦♦❢ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪✳

❆♥♦t❤❡r ❝♦r♦❧❧❛r② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✹✳✺✶✳ ■♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ ✐❢ t❤❡r❡ ❡①✐sts t ∈ V ✇✐t❤

|t| < t0 s✉❝❤ t❤❛t ft = F (x, t) ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✐♥s✐❞❡ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s δ

❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ t❤❡♥ t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡s ❛r❡ ❝♦♥tr❛❝t✐❜❧❡✳

❘❡♠❛r❦ ✹✳✺✷✳ ■❢ f : (Cn+1, 0) → (C, 0) ✐s ❛ ❣❡r♠ ♦❢ ❝♦♠♣❧❡① ❤②♣❡rs✉r❢❛❝❡

s✐♥❣✉❧❛r✐t✐❡s t❤❡♥ ✐t ✐s ♥❡✈❡r t❤❡ ❝❛s❡ t❤❛t ❛ ▼✐❧♥♦r ✜❜r❡ ✭s❡❡ ❡✳❣ ❬✸✾✱ ❚❤❡♦r❡♠ ✹✳✽❪✮

♦❢ f ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ■♥❞❡❡❞ t❤❡ ▼✐❧♥♦r ✜❜r❡ ✐s ❝♦♥tr❛❝t✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦r✐❣✐♥

✐s ❛ ♥♦♥s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ (f−1(0), 0)✱ ❛❝❝♦r❞✐♥❣ t♦ ❛ t❤❡♦r❡♠ ❬✶✱ ❚❤é♦rè♠❡ ✸❪ ♦❢

◆♦r❜❡rt ❆✬❈❛♠♣♦✱ ❣❡♥❡r❛❧✐s✐♥❣ ❛ r❡s✉❧t ♦❢ ▼✐❧♥♦r ❢♦r ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✳

❲❡ ❣✐✈❡ ❛♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ ✳

❊①❛♠♣❧❡ ✹✳✺✸✳ ▲❡t f : R2 → R ❜❡ ❣✐✈❡♥ ❜② f(x, y) = y2 − x3✳ ❚❤❡♥

F : R2 × [0, 1] → R, F (x, y, t) = y2 − x3 − tx

✐s ❛ R✲♠♦rs✐✜❝❛t✐♦♥✳ ■♥❞❡❡❞

❏❛❝(ft)(x, y) = [−(3x2 + t), 2y]

❤❛s ❢✉❧❧ r❛♥❦✱ ❢♦r ❛♥② t > 0✳ ❚❤❡r❡❢♦r❡ ft : R2 → R ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛♥❞ ❤❡♥❝❡

t❤❡ ▼✐❧♥♦r ✜❜r❡s F̄±
η ❛r❡ ❜♦t❤ ❝♦♥tr❛❝t✐❜❧❡ ❜② ❈♦r♦❧❧❛r② ✹✳✺✶ ✳ ❘❡♠❛r❦ t❤❛t ✐❢ ✇❡

✐♥st❡❛❞ ❝♦♥s✐❞❡r t❤❡ R✲♠♦rs✐✜❝❛t✐♦♥

G : R2 × [0, 1] → R, G(x, y, t) = y2 − x3 + tx

t❤❡♥

❏❛❝(gt)(x, y) = [t− 3x2, 2y]

❤❛s ❢♦r t > 0 ♥♦♥♠❛①✐♠❛❧ r❛♥❦ ✐♥ p1(t) = (
√

t/3, 0) ❛♥❞ ✐♥ p2(t) = (−
√

t/3, 0)✳

❙✐♥❝❡

❍❡ss(gt) =





−6x 0

0 2





✻❚❤❡ ♦r✐❣✐♥❛❧ ❛rt✐❝❧❡ ❬✷✾❪ ✐s ♥♦t ❛✈❛✐❜❧❡ ♦♥❧✐♥❡
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♦♥❡ ♦❜t❛✐♥s t❤❡ ▼♦rs❡ ✐♥❞✐❝❡s λ(p1(t)) = 1 ❛♥❞ λ(p2(t)) = 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡

F̄+
η × (0, 1) r❡♠❛✐♥s ❝♦♥tr❛❝t✐❜❧❡ ❛❢t❡r ❛tt❛❝❤✐♥❣ ❛ ❤❛♥❞❧❡ D1 × D1 ❛❧♦♥❣ D1 × ∂D1

❛♥❞ t❤❡♥ ❛tt❛❝❤✐♥❣ ❛ ❤❛♥❞❧❡ D0 × D2 ❛❧♦♥❣ D0 × ∂D2✳

✺✳ ❖♥ t❤❡ ❍♦♠♦❧♦❣② ♦❢ ❚❤❡ ❘❡❛❧ ▼✐❧♥♦r ❋✐❜r❡s

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s ❚❤❡♦r❡♠ ✹✳✹✼ ♦♥❡ ♦❜t❛✐♥s ❛ ❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡ ❜②

s✉❝❝❡s✐✈❡❧② ❛tt❛❝❤✐♥❣ ❤❛♥❞❧❡s ✭❉❡✜♥✐t✐♦♥ ✹✳✼✮ t♦ ✭❛ s♣❛❝❡ ❤❛✈✐♥❣ t❤❡ ❤♦♠♦t♦♣② t②♣❡

♦❢✮ t❤❡ ♣♦s✐t✐✈❡ ✭r❡s♣❡❝t✐✈❡❧② ♥❡❣❛t✐✈❡✮ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s✳ ❍♦✇❡✈❡r t❤✐s ❣✐✈❡s ♥♦

✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♠❛♥♥❡r ✐♥ ✇❤✐❝❤ t❤❡ ❤❛♥❞❧❡s ❛r❡ ❛tt❛❝❤❡❞✳ ▼♦r❡♦✈❡r ✐t ♠✐❣❤t

❜❡ t❤❡ ❝❛s❡ t❤❛t t❤❡r❡ ❡①✐st t ∈ V ❛♥❞ 1 ≤ i, j ≤ m ❛♥❞ ❛ ♣❛✐r ♦❢ ❤❛♥❞❧❡s

(Dλ(pi) × Dn+1−λ(pi),Dλ(pj) × Dn+1−λ(pj)),

s✉❝❤ t❤❛t X̄t,η ❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢

F̄+
η × (0, 1) ∪





⋃

1≤l 6=i,j≤m

Dλ(pl) × Dn+1−λ(pl)



 .

❆♥ ❡①❛♠♣❧❡ ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ♣r♦✈✐❞❡❞ ❜② ❊①❛♠♣❧❡ ✹✳✺✸ ✇❤❡r❡ ♦♥❡ ❦♥♦✇s ❜②

✉s✐♥❣ t❤❡ R✲♠♦rs✐✜❝❛t✐♦♥ F t❤❛t t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ✐s ❝♦♥tr❛❝t✐❜❧❡ s♦ t❤❛t

t❤❡ ♣❛✐r ♦❢ ❤❛♥❞❧❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ R✲♠♦rs✐✜❝❛t✐♦♥ G ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡

❤♦♠♦t♦♣② t②♣❡ ♦❢ X̄t,η✳

❖♥❡ t❤❡r❡❢♦r❡ ❝♦♥❝❧✉❞❡s t❤❛t t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ❝❛♥♥♦t

❜❡ ♦❜t❛✐♥❡❞ ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✹✼✳ ❍♦✇❡✈❡r ✇❡ s❤❛❧❧ ♥♦✇ st❛t❡ ❝♦♥❞✐t✐♦♥s

✉♥❞❡r t❤❡ ✈❛❧✐❞✐t② ♦❢ ✇❤✐❝❤✱ ❛❧❧ ♦❢ t❤❡ ❤❛♥❞❧❡s ❛r❡ ✉♣ t♦ ❤♦♠♦t♦♣② ❛tt❛❝❤❡❞ t♦ ❛

r❡❛❧ ▼✐❧♥♦r ✜❜r❡✳

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ✜① ▼✐❧♥♦r ❞❛t❛ (δ0, ǫ0) ❢♦r f : (Rn+1, 0) → (R, 0)✳

✺✳✶✳ ❆ ▲❡♠♠❛✳ ❇② r❡str✐❝t✐♥❣ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ U ♦♥❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛

R✲♠♦rs✐✜❝❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❧②✐♥❣ ✐♥s✐❞❡

t❤❡ ❝❧♦s❡❞ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛r❛♠❡t❡r✳

▲❡♠♠❛ ✹✳✺✹✳ ▲❡t F :M × U → R ❜❡ ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢

f : (Rn+1, 0) → (R, 0)✳ ❚❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ s❡t ♦❢ ♥♦♥❡♠♣t② ❝♦♥♥❡❝t❡❞ s❡♠✐❛❧❣❡✲

❜r❛✐❝ s✉❜s❡ts

U1, . . . , UN ⊂ U ⊂ Rk
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❡❛❝❤ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♦r✐❣✐♥ s✉❝❤ t❤❛t ✐❢ t, t′ ∈ Ui t❤❡♥ m(t) = m(t′) ✭❉❡✜♥✐t✐♦♥

✹✳✹✺✮ ❛♥❞ s✉❝❤ t❤❛t V ∩ Ui = Ui \ {0}✳ ❚❤❛t ✐s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢

ft : M → R ❧②✐♥❣ ✐♥s✐❞❡ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ V ∩ Ui ❛♥❞ ❡❛❝❤

❝r✐t✐❝❛❧ ♣♦✐♥t ✐s ▼♦rs❡ ✇✐t❤ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳

Pr♦♦❢✳ ❙✐♥❝❡ F :M ×U → R ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣✱ M ❛♥❞

U ❛r❡ s❡♠✐❛❧❣❡❜r❛✐❝✳ ❙✐♥❝❡

P : t ∈ U p ∈M : r❛♥❦ ❏❛❝(ft)(p) = 0, det❍❡ss(ft)(p) 6= 0

Q : t ∈ U p, q ∈M : r❛♥❦ ❏❛❝(ft)(p) = r❛♥❦ ❏❛❝(ft)(q) = 0,

p 6= q =⇒ ft(p) 6= ft(q)

❛r❡ s❡♠✐❛❧❣❡❜r❛✐❝ ❝♦♥❞✐t✐♦♥s ♦♥❡ ❝❛♥ ❛ss✉♠❡ ✭❉❡✜♥✐t✐♦♥ ✹✳✷✽✮ t❤❛t V ⊂ U \ {0} ✐s

s❡♠✐❛❧❣❡❜r❛✐❝✳ ▲❡t

CV = {(p, t) ∈M × V | r❛♥❦ ❏❛❝(ft)(p) = 0}.

❚❤❡♥ CV ✐s ❛ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t✳ ▲❡t

π : Rn+1 × Rk → Rk, π(x, t) = t

❞❡♥♦t❡ t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r✳ ❚❤❡♥ π|CV
✐s ❛ s❡♠✐❛❧❣❡✲

❜r❛✐❝✱ ❝♦♥t✐♥✉♦✉s ♠❛♣ ❛♥❞ ✐ts ✜❜❡r ❞✐♠❡♥s✐♦♥ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft|V ✳

❇② ❍❛r❞t✬s ❚❤❡♦r❡♠ ❬✶✷✱ ❚❤❡♦r❡♠ ✹✳✶❪ ♦♥❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ V ✐♥t♦ ❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢

s❡♠✐❛❧❣❡❜r❛✐❝ s✉❜s❡ts V1, . . . , VL ⊂ V s✉❝❤ t❤❛t π|CV
✐s s❡♠✐❛❧❣❡❜r❛✐❝❛❧❧② tr✐✈✐❛❧ ✭s❡❡

❡✳❣ ❬✶✷✱ ➓ ✹✳✶✳✶ ❪✮ ♦✈❡r ❡❛❝❤ Vi✳ ❚❤❡ ✜❜❡r ❞✐♠❡♥s✐♦♥ dimπ−1
|C (t) ✐s t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥✲

❞❡♥t ♦❢ t ∈ Vi✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

t ∈ Vi✱ ❡❛❝❤ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐s ▼♦rs❡ ❛♥❞ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✳ ❙✐♥❝❡

(0, . . . , 0) ∈ V̄ ❜② t❤❡ ▼♦rs❡ ▲❡♠♠❛ ❬✸✽✱ ▲❡♠♠❛ ✷✳✷❪ t❤❡r❡ ❡①✐sts ❛ s✉❜❝♦❧❧❡❝t✐♦♥

{V1, . . . , VN} ⊂ {V1, . . . , VL} s✉❝❤ t❤❛t (0, . . . , 0) ∈ V̄i, i = 1, . . . , N ✳ ❊✈❡r② s❡♠✐✲

❛❧❣❡❜r❛✐❝ s❡t ❤❛s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ s❡♠✐❛❧❣❡❜r❛✐❝

❝♦♠♣♦♥❡♥ts ❜② ❬✻✱ ❚❤❡♦r❡♠ ✷✳✹✳✺❪ s♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t V1, . . . , VN ❛r❡ ❝♦♥♥❡❝t❡❞✳

❚❤❡♥ Ui = Vi ∪ {0}, i = 1, . . . , N s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ▲❡♠♠❛✳ �

❘❡♠❛r❦ ✹✳✺✺✳ ❖♥❡ ❝❛♥ t❤✉s ❛❧✇❛②s ♦❜t❛✐♥ ❛ R✲♠♦rs✐✜❝❛t✐♦♥ F s✉❝❤ t❤❛t t❤❛t

ft :M → R ✐s ❛ ▼♦rs❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❡①❛❝t❧② m = m(t) ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇✐t❤ ❞✐st✐♥❝t

❝r✐t✐❝❛❧ ✈❛❧✉❡s ❢♦r ❛❧❧ t ∈ U \ {0}✳ ■♥❞❡❡❞ t❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛
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✹✳✺✹ s✐♥❝❡ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ ❛ ❣✐✈❡♥ R✲♠♦rs✐✜❝❛t✐♦♥ F : M × U → R ❜② ❛ ♥❡✇ R✲

♠♦rs✐✜❝❛t✐♦♥ F ′ :M ×Ui → R ✇❤❡r❡ Ui ✐s ♦♥❡ ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞ s❡♠✐❛❧❣❡❜r❛✐❝ s❡ts

❣✐✈❡♥ ❜② ▲❡♠♠❛ ✹✳✺✹ ❛♥❞ ✇❤❡r❡ t❤❡ ❞❡♥s❡ s❡t V ⊂ U ✐s r❡♣❧❛❝❡❞ ❜② ❜② Ui \ {0}✳

✺✳✷✳ ❚❤❡ ▲♦❝❛❧ ▼✐❧♥♦r ❋✐❜r❡s✳ ❲❡ s❤❛❧❧ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❧♦❝❛❧ ▼✐❧♥♦r

✜❜r❡s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ F : M × U → R ✐s ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f s✉❝❤ t❤❛t m(t)

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✱ ❞❡♥♦t❡❞ m = m(t)✱ ❛♥❞ s✉❝❤ t❤❛t V = U \ {0}✳

▲❡t t ∈ V ✳ ❇② t❤❡ ▼♦rs❡ ▲❡♠♠❛ ❬✸✽✱ ▲❡♠♠❛ ✷✳✷❪ ❡❛❝❤ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts

pi = pi(t) ∈ B̄δ ♦❢ ft : M → R ❞❡✜♥❡s ❛ q✉❛❞r❛t✐❝ s✐♥❣✉❧❛r✐t② ✐♥ t❤❡ ✜❜r❡ f−1
t (si)✱

✇❤❡r❡ si = ft(pi)✳ ❖♥❡ ❝❛♥ t❤❡r❡❢♦r❡ ❛♣♣❧② t❤❡ ❋✐❜r❛t✐♦♥ ❚❤❡♦r❡♠ ♦❢ ▼✐❧♥♦r ✹✳✸✻

❬✹✻✱ ❚❤❡♦r❡♠ ✹✳✷❪ t♦ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❋♦r ❡❛❝❤ i = 1, . . . ,m t❤❡r❡ ❡①✐sts ❛ δi,0 = δi,0(t) > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② δi ∈
(0, δi,0] t❤❡r❡ ❡①✐st ❛♥ ǫi,0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ǫi ∈ (0, ǫi,0) t❤❡ r❡str✐❝t✐♦♥s

ft : f
−1
t ((si, si + ǫi]) ∩ Bδi(pi) → (si, si + ǫi]✭✻✮

❛♥❞

ft : f
−1
t ([si − ǫi, si)) ∩ Bδi(pi) → [si − ǫi, si)✭✼✮

❛r❡ ♣r♦❥❡❝t✐♦♥s ♦❢ tr✐✈✐❛❧ ✭t♦♣♦❧♦❣✐❝❛❧✮ ✜❜r❛t✐♦♥s ✇❤❡r❡ Bδi(pi) ✐s t❤❡ ♦♣❡♥ ❜❛❧❧ ❝❡♥✲

t❡r❡❞ ❛t pi ❛♥❞ ♦❢ r❛❞✐✉s δi✳ ❚❤❡ ♣❛✐r (δi,0, ǫi,0) = (δi,0(t), ǫi,0(t)) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❧♦❝❛❧

▼✐❧♥♦r ❞❛t❛ ❛t t❤❡ ♣♦✐♥t pi✳

❘❡♠❛r❦ ✹✳✺✻✳ ❲❡ s❤❛❧❧ ✇r✐t❡ Bδi ✐♥st❡❛❞ ♦❢ Bδi(pi) ✇❤❡♥ ♥♦ ❝♦♥❢✉s✐♦♥ ✐s

♣♦ss✐❜❧❡✳

❉❡❢✐♥✐t✐♦♥ ✹✳✺✼✳ ▲❡t t ∈ V ❜❡ ✜①❡❞ ❛♥❞ ❧❡t δi ∈ (0, δi,0] ❛♥❞ ηi ∈ (0, ǫi,0]✳ ❚❤❡

✜❜❡rs

F+
i,loc := f−1

t (si + ηi) ∩ Bδi , i = 1, . . . ,m

F−
i,loc := f−1

t (si − ηi) ∩ Bδi , i = 1, . . . ,m

♦❢ t❤❡ ✜❜r❛t✐♦♥s ✻ ❛♥❞ ✼ ❛r❡ ❝❛❧❧❡❞ t❤❡ ❧♦❝❛❧ ♣♦s✐t✐✈❡ ✭r❡s♣❡❝t✐✈❡❧② ♥❡❣❛t✐✈❡✮ ♦♣❡♥

▼✐❧♥♦r ✜❜r❡s ❛t t❤❡ ♣♦✐♥t pi = pi(t) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ R✲♠♦rs✐✜❝❛t✐♦♥ F ✳ ❚❤❡✐r

❝❧♦s✉r❡s

F̄±
i,loc := f−1

t (si + ηi) ∩ B̄δi , i = 1, . . . ,m
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Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮ t♦❣❡t❤❡r ✇✐t❤

❈♦r♦❧❧❛r② ✹✳✹✽ ✇❡ ✜rst s❤♦✇ t❤❛t t❤❡ ❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡ X̄t,η ✐s ♦❜t❛✐♥❡❞ ❜② ❛tt❛❝❤✐♥❣

❞✐s❝s Dλ(pi) ❛❧♦♥❣ t❤❡✐r ❜♦✉♥❞❛r✐❡s ∂Dλ(pi) t♦ ❝❡rt❛✐♥ s♣❛❝❡s ✇❤✐❝❤ ❜② ✉s✐♥❣ ❬✷✺✱

Pr♦♣♦s✐t✐♦♥ ✸✳✷❪ ❛r❡ s❤♦✇♥ t♦ ❜❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ ❞✐✛❡r❡♥t ❝♦♣✐❡s ♦❢ t❤❡

♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ♦❢ f ✳ ❯s✐♥❣ t❤❡ ❊①❝✐s✐♦♥ ❚❤❡♦r❡♠ ❬✷✻✱ ❚❤❡♦r❡♠ ✷✳✷✵❪ ♦♥❡ ✐s

t❤❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ ✐♥t❡❣r❛❧ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡✳ ❚❤❡

❝❛s❡ ✇✐t❤ t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡s ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ −ft ✐♥st❡❛❞ ♦❢

ft✳

✭✶✮ ❋✐① t ∈ V ✳ ▲❡t δi = δi(t) ∈ (0, δi,0(t)) ❛♥❞ ǫi = ǫi(t) ∈ (0, ǫi,0(δi)) ❜❡

❧♦❝❛❧ ▼✐❧♥♦r ❞❛t❛ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✺✼✳ ❋♦r ❡❛❝❤ i = 1, . . . ,m ♦♥❡ ❝❛♥

❛ss✉♠❡ ❜② t❤❡ ▼♦rs❡ ▲❡♠♠❛ ❬✸✽✱ ▲❡♠♠❛ ✷✳✷❪ t❤❛t δi ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t

t❤❡r❡ ❡①✐sts ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s x1, . . . , xn+1 : Bδi → Rn+1 ✇✐t❤ xj(pi) =

(0, . . . , 0), j = 1, . . . , n+ 1 s✉❝❤ t❤❛t

f|Bδi
= si −

λ
∑

j=1

x2j +

n+1
∑

l=λ+1

x2i ,

✉♣ t♦ ♣r❡❝♦♠♣♦s✐♥❣ f ✇✐t❤ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✱ ✇❤❡r❡ λ := λ(pi), i =

1, . . . ,m✳ P✉t

Zi = f−1
t (si − ǫi, si + ǫi) ∩ B̄δ,

Z̄i = f−1
t ([si − ǫi, si + ǫi]) ∩ B̄δ,

Yi = Zi ∩ Bδi = f−1
t (si − ǫi, si + ǫi) ∩ Bδi .

❋♦r ❡❛❝❤ i = 1, . . . ,m ❝❤♦♦s❡ r❡❛❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs γi > 0 s✉❝❤ t❤❛t t❤❡

✐♥t❡r✈❛❧ [si − γi, si + γi] ❝♦♥t❛✐♥s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ ft|B̄δ
❡①❝❡♣t si ❛♥❞

s✉❝❤ t❤❛t

si + γi = si+1 − γi+1, i = 1, . . . ,m− 1,

−η = s1 − γ1, η = sm + γm.

P✉t

Xi = f−1
t (si − γi, si + γi) ∩ B̄δ,

X̄i = f−1
t ([si − γi, si + γi]) ∩ B̄δ.

❚❤❡♥ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ s❡ts X̄i, i = 1, . . . ,m ✐s t❤❡ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❝♦r♥❡rs

X̄η := X̄t,η ♦❢ ▲❡♠♠❛ ✹✳✹✹✳ ■♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❇② ▲❡♠♠❛

✹✳✹✸ ♦♥❡ ❤❛s t❤❛t ❡❛❝❤ X̄i ❛♥❞ Z̄i ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s ✇✐t❤ ❝♦r♥❡rs✳ ❇②
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s♠♦♦t❤❡♥✐♥❣ t❤❡✐r ❝♦r♥❡rs ♦♥❡ ❞❡❞✉❝❡s t❤❛t X̄i ∼ Xi ❛♥❞ Z̄i ∼ Zi✳ ▲❡t

i ∈ {1, . . . ,m}✳ ❲❡ s❤❛❧❧ ♥♦✇ ✉s❡ ●♦r❡s❦② ❛♥❞ ▼❛❝P❤❡rs♦♥✬s ♠❡t❤♦❞ ♦❢

✏♠♦✈✐♥❣ t❤❡ ✇❛❧❧✑ t♦ ❞❡❞✉❝❡ t❤❛t X̄i ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ Z̄i✳ ❋♦r t❤✐s

❝♦♥s✐❞❡r

W = {(x, r) ∈ R× [0, 1] | x ∈ [si − rγi − (1− r)ǫi, si + rγi + (1− r)ǫi]}

❛♥❞ ❡♥❞♦✇ W ✇✐t❤ ✐ts ♥❛t✉r❛❧ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥✳ ■❢ π : R × R → R

✐s t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ π(x, r) = r t❤❡♥ π|W ✐s ❛ ♣r♦♣❡r s✉❜♠❡rs✐♦♥ ❜②

❝♦♥str✉❝t✐♦♥✳ ◆♦✇✱ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ t0 ∈ R ♦♥❡ ❤❛s t❤❛t ft : B̄δ → R ✐s

tr❛♥s✈❡rs❡ t♦ [−ǫ, ǫ] ❤❡♥❝❡ ft|B̄δ
✐s tr❛♥s✈❡rs❡ t♦

Wr = [si − rγi − (1− r)ǫi, si + rγi + (1− r)ǫi] ⊂ [−ǫ, ǫ]

❢♦r ❛❧❧ r ∈ [0, 1]✳ ❖♥❡ ❝❛♥ t❤❡r❡❢♦r❡ ❛♣♣❧② ❬✷✺✱ ❚❤❡♦r❡♠ ✹✳✽❪✳ ❚❤✐s ❣✐✈❡s ❛

str❛t✉♠✲♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠

f−1
t ([si − ǫi, si + ǫi]) ∩ B̄δ ∼= f−1

t ([si − γi, si + γi]) ∩ B̄δ.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ X̄i ∼= Z̄i ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ Xi ∼ Zi✳
✭✷✮ ❋♦r ❛♥② i = 1, . . . ,m ❝♦♥s✐❞❡r t❤❡ ♠❛♣

ft : Zi \ Yi → (si − ǫi, si + ǫi).

■t ✐s ♣r♦♣❡r s✐♥❝❡ ✐ts ✜❜❡rs ❛r❡ ♦❢ t❤❡ ❢♦r♠

f−1
t|Zi\Yi

(s) = f−1
t (s) ∩ (B̄δ \ Bδi)

❛♥❞ ❤❡♥❝❡ ❛r❡ ❝♦♠♣❛❝t✳ ❋r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥

λ(p1) = · · · = λ(pm) =
n+ 1

2

❢♦❧❧♦✇s t❤❛t ✐❢ ✇❡ ❝❤♦♦s❡ ηi ∈ (0, ǫi], i = 1, . . . ,m t❤❡♥ ❧♦❝❛❧ ▼✐❧♥♦r ✜❜r❡s

✭❉❡✜♥✐t✐♦♥ ✹✳✺✼✮ ❛r❡ ♦❢ t❤❡ ❢♦r♠

F̄+
i,loc

∼= {x ∈ B̄δi | −
(n+1)/2
∑

j=1

x2j +

n+1
∑

j=(n+3)/2

x2j = ηi} ∼= F̄−
i,loc.

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❧♦❝❛❧ ▼✐❧♥♦r ✜❜r❡s F̄±
t,i,loc ❛r❡ ♥♦♥❡♠♣t②

s♦ t❤❡ ✜❜❡rs ♦❢ ft|Zi\Yi
❛r❡ ♥♦♥❡♠♣t②✳ ◆♦t❡ t❤❛t t❤❡ ♦♥❧② str❛t✐✜❡❞ ❝r✐t✐❝❛❧

♣♦✐♥t ♦❢ ft|Zi
✐s ❜② ❝♦♥str✉❝t✐♦♥ pi ∈ Yi✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t
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ft|Zi\Yi
✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t

ft : f
−1
t (si − ǫi, si + ǫi) ∩ Sδi → R

✐s ❛ s✉❜♠❡rs✐♦♥✱ t❤❛t ✐s✱ t❤❛t t❤❡ ♠❛♣

ft : Sδi → R

❤❛s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ✐♥ (si − ǫi, si + ǫi)✳ ■t ❤❛s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s s 6= si

❜❡❝❛✉s❡

ft : f
−1
t ((si, si + ǫi]) ∩ B̄δi → (si, si + ǫi],

ft : f
−1
t ((si − ǫi, si]) ∩ B̄δi → [si − ǫi, si)

❛r❡ str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥s ❛♥❞ ❜❡❝❛✉s❡ f−1
t (si)∩ Sδi ✐s tr❛♥s✈❡rs❡ ❜② ❝♦♥✲

str✉❝t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✹✳✺✼✮ ❛♥❞ s♦ ft : Sδi(t) → R ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥t

❛❜♦✈❡ si✳ ❆❧❧ s❛✐❞ ft|Zi\Yi
✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥ s♦ ❜② ❚❤♦♠✬s

❋✐rst ■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮✱

Zi \ Yi ∼= f−1
t (s) ∩ (B̄δ \ Bδi)× (si − ǫi, si + ǫi),

❢♦r ❛❧❧ s ∈ (si−ǫi, si+ǫi)✳ ❚❤✐s ②✐❡❧❞s ✐♥ ♣❛rt✐❝✉❧❛r ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥

Zi ∼ f−1
t (s) ∩ (B̄δ \ Bδi) ∪ Yi =

= f−1
t (s) ∩ B̄δ ∪ Yi, s ∈ (si − ǫi, si + ǫi).

✭✸✮ ❲❡ ❝❧❛✐♠ t❤❛t Zi ∼ Zi−1 ❢♦r ❛❧❧ i = 1, . . . ,m✳ ❚♦ ♣r♦✈❡ t❤✐s ✇❡ s❤❛❧❧ s❤♦✇

t❤❛t ❜♦t❤ Zi ❛♥❞ Zi−1 ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ ❤♦♠❡♦♠♦r♣❤✐❝ s♣❛❝❡s✳

❋r♦♠ t❤❡ ▼♦rs❡ ▲❡♠♠❛ ❬✸✽✱ ▲❡♠♠❛ ✷✳✷❪ ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞✐❢✲

❢❡♦♠♦r♣❤✐s♠ Yi−1
∼= Yi✳ ❇② t❤❡ ♣r❡✈✐♦✉s st❡♣ ✷ ✐t s✉✣❝❡s t❤❡r❡❢♦r❡ t♦

s❤♦✇ t❤❛t

f−1
t (si − ηi) ∩ (B̄δ \ Bδi) ∼= f−1

t (si−1 + ηi−1) ∩ (B̄δ \ Bδi−1
).

❚❤❡ ✐♥t❡r✈❛❧ [si − γi, si) ❝♦♥t❛✐♥s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣r♦♣❡r ♠❛♣

ft|B̄δ
✳ ❚❤❡r❡ ❡①✐sts t❤❡r❡❢♦r❡ ❜② ❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷❪ ❛ str❛t✉♠✲♣r❡s❡r✈✐♥❣✼

❤♦♠❡♦♠♦r♣❤✐s♠

φi : f
−1
t ((−∞, si−1 + ηi−1]) ∩ B̄δ → f−1

t ((−∞, si − ηi]) ∩ B̄δ

✼❇② t❤❡ ♣r♦♦❢ ♦❢ ❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷❪✱ ✇❤✐❝❤ ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✷✺✱ ❚❤❡♦r❡♠ ✹✳✹❪✱ ✐t
❢♦❧❧♦✇s t❤❛t φi ✐s ✐♥ ❢❛❝t s♠♦♦t❤ ♦♥ str❛t❛✳ ❚❤✐s ❢♦❧❧♦✇s ❛❧s♦ ❢r♦♠ ❬✷✺✱ ❘❡♠❛r❦ ✼✳✷❪ ✇❤❡r❡ ♦♥❡ ✉s❡s
t❤❡ ❋✐rst ■s♦t♦♣② ▲❡♠♠❛ t♦ ❧✐❢t ❛ ❝❡rt❛✐♥ s♠♦♦t❤ ✈❡❝t♦r ✜❡❧❞ t♦ ❝♦♥str✉❝t t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠ φi✳
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✇❤✐❝❤ ❤❡♥❝❡ r❡str✐❝ts t♦ ❛ str❛t✉♠✲♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠

φi|Ai
: Ai := f−1

t (si−1 + ηi−1) ∩ B̄δ → Bi = f−1
t (si − ηi) ∩ B̄δ.

❙✐♥❝❡ F+
i−1,loc ⊂ ✐♥t(Ai) ✐t ❢♦❧❧♦✇s t❤❛t φi|F+

i−1,loc
✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

♦♥t♦ ✐ts ✐♠❛❣❡✳ ❙✐♥❝❡ F+
i−1,loc ❛♥❞ F−

i,loc ❛r❡ ❞✐✛❡♦♠♦r♣❤✐❝ ❜② ❬✸✽✱ ▲❡♠♠❛

✷✳✷❪ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ φi|F+
i−1,loc

✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ F−
i,loc✳ ❚❤❡♥

φ̃i|Ai\F
+
i−1,loc

: Ai \ F+
i−1,loc → Bi \ φi(F+

i−1,loc)
∼= Bi \ F−

i,loc

❣✐✈❡s t❤❡ ✇❛♥t❡❞ ❤♦♠❡♦♠♦r♣❤✐s♠✳ ❚❤✐s ②✐❡❧❞s

Zi ∼ f−1
t (si − ηi) ∩ (B̄δ \ Bδi) ∪ Yi

∼= f−1
t (si−1 + ηi−1) ∩ (B̄δ \ Bδi−1

) ∪ Yi−1 ∼ Zi−1.

✭✹✮ ❇② t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ ❛♥❞ ❈♦r♦❧❧❛r② ✹✳✹✽ ❛♣♣❧✐❡❞ t♦

ft : f
−1
t ([si − ǫi, si + ǫi]) ∩ B̄δ → R

t❤❡r❡ ❡①✐sts ❛♥ ❛tt❛❝❤✐♥❣ ♠❛♣

h−i : ∂Dλ → f−1
t (si − ηi) ∩ B̄δi

❛♥❞ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

Yi ∼ f−1
t (si − ηi) ∩ B̄δi ∪h−

i
Dλ

✇❤❡r❡ ♦♥❡ ✉s❡s t❤❡ ❢❛❝t t❤❛t Yi ∼ f−1
t (si−ǫi, si+ǫi)∩B̄δ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ❚✉❜✉❧❛r ◆❡✐❣❤❜♦r❤♦♦❞ ❚❤❡♦r❡♠ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹✷❪ ❢♦r t♦♣♦❧♦❣✐❝❛❧

♠❛♥✐❢♦❧❞s ✇✐t❤ ❜♦✉♥❞❛r✐❡s✳ ❆♣♣❧②✐♥❣ ✐♥st❡❛❞ ❚❤❡♦r❡♠ ✹✳✹✼ ❛♥❞ ❈♦r♦❧❧❛r②

✹✳✹✽ t♦

−ft : f−1
t ([si − ǫi, si + ǫi]) ∩ B̄δ → R

♦♥❡ ♦❜t❛✐♥s ❛♥ ❛tt❛❝❤✐♥❣ ♠❛♣

h+i : ∂Dλ → f−1
t (si + ηi) ∩ B̄δi

❛♥❞ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

Yi ∼ f−1
t (si + ηi) ∩ B̄δi ∪h+

i
Dλ.
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❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s st❡♣ ✷ ②✐❡❧❞s ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥s

Zi ∼







f−1
t (si + ηi) ∩ B̄δ ∪h+

i
Dλ,

f−1
t (si − ηi) ∩ B̄δ ∪h−

i
Dλ.

✭✺✮ ❯s✐♥❣ ❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷❪ ♦♥❡ ♦❜t❛✐♥s ❤♦♠❡♦♠♦r♣❤✐s♠s

φ+i : f−1
t (si + ηi) ∩ B̄δ → f−1

t (si + γi) ∩ B̄δ,

φ−i : f−1
t (si − ηi) ∩ B̄δ → f−1

t (si − γi) ∩ B̄δ

s♦ t❤❛t ❛♣♣❧②✐♥❣ ❬✸✽✱ ▲❡♠♠❛ ✸✳✼❪ ❛♥❞ st❡♣ ✹ ♦♥❡ ♦❜t❛✐♥s ❤♦♠♦t♦♣② ❡q✉✐✈✲

❛❧❡♥❝❡s

Zi ∼







f−1
t (si + γi) ∩ B̄δ ∪φ+

i ◦h+
i
Dλ,

f−1
t (si − γi) ∩ B̄δ ∪φ−

i ◦h−

i
Dλ.

✭✻✮ ❇② t❤❡ ✜rst st❡♣ ✶ ♦♥❡ ❤❛s X̄i ∼ Xi ❛♥❞ Xi ∼ Zi ❢♦r ❛❧❧ i = 1, . . . ,m✳ ❇②

st❡♣ ✸ ♦♥❡ ❤❛s Zi ∼ Zi−1 ❢♦r ❛❧❧ i = 2, . . . ,m✳ ❍❡♥❝❡

X̄i ∼ f−1
t (−η) ∩ B̄δ ∪H̃i

Dλ

❢♦r ❝❡rt❛✐♥ ❛tt❛❝❤✐♥❣ ♠❛♣s H̃i✱ ❜② st❡♣ ✺✳

✭✼✮ ❈♦♥s✐❞❡r t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣❛✐r (X̄t,η, F̄−
t,η) ✐♥ ✐♥t❡❣r❛❧ ❤♦✲

♠♦❧♦❣②✿

→ H̃n(F̄−
t,η) → H̃n(X̄t,η) → Hn(X̄t,η, F̄−

t,η)

❙✐♥❝❡ ❜② ▲❡♠♠❛ ✹✳✹✹ X̄t,η ✐s ❝♦♥tr❛❝t✐❜❧❡ t❤✐s ❣✐✈❡s

H̃k(F̄−
t,η) = Hk+1(X̄t,η, F̄−

t,η), ∀k ≥ 0.

❇② t❤❡ ♣r❡✈✐♦✉s st❡♣ ✻ ❛♥❞ t❤❡ ❢❛❝t t❤❛t X̄i ∼ Xi ❣✐✈❡s

X̄η ∼ F̄−
t,η ∪H̃1

Dλ ∪ · · · ∪H̃m
Dλ

✇❤❡r❡

H̃i : ∂D
λ → F̄−

t,η, i = 1, . . . ,m

❛r❡ ❛tt❛❝❤✐♥❣ ♠❛♣s✳ ❚❤❡r❡❢♦r❡

H̃k(F̄−
t,η)

∼= Hk+1(F̄−
t,η ∪H̃1

Dλ ∪ · · · ∪H̃m
Dλ, F̄−

t,η).
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❙✐♥❝❡ λ > 0 t❤❡ ❝❧♦s✉r❡ ♦❢

F̄−
η \

m
⋃

i=1

H̃i(∂D
λ)

✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ F̄−
η s♦ ✉s✐♥❣ t❤❡ ❊①❝✐s✐♦♥ ❚❤❡♦r❡♠ ❬✷✻✱

❚❤❡♦r❡♠ ✷✳✷✵❪ ②✐❡❧❞s

H̃k(F̄−
t,η) =

m
⋃

i=1

Hk+1(D
λ, ∂Dλ)

=

m
⊕

i=1

Z, k = λ− 1.

❚❤❡r❡❢♦r❡

Hk(F̄−
η ) = Hk(

m
∨

i=1

Sλ−1)

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t F̄−
t,η

∼= F̄−
η ❜② ▲❡♠♠❛ ✹✳✹✹✳

�

✺✳✹✳ ❈♦♥s❡q✉❡♥❝❡s✳ ❲❡ ♥♦✇ ❞✐s❝✉ss s♦♠❡ ❝♦♥s❡q✉❡♥❝❡s✳

❈♦r♦❧❧❛r② ✹✳✺✾✳ ❑❡❡♣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✹✳✺✽✳ ❚❤❡ P♦✐♥❝❛ré

♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s ❛r❡

β(F̄+
η ) = 1 +mun−λ

❛♥❞

β(F̄−
η ) = 1 +muλ−1

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ ✹✳✹✼✱ ✇✐❧❧ ❜❡ ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ ✉s❡ ✐♥ t❤❡

♥❡①t ❝❤❛♣t❡r ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ADE✲s✐♥❣✉❧❛r✐t✐❡s✳

❈♦r♦❧❧❛r② ✹✳✻✵✳ ❑❡❡♣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼ ❛♥❞ s✉♣♣♦s❡ ft :M → R

❤❛s ❛ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t p ♦❢ ✐♥❞❡① λ(p)✳ ■❢ F̄+
η ✐s ♥♦♥❡♠♣t② t❤❡♥

β(F̄+
η ) =







1 + un−λ(p), ✐❢ λ(p) ≤ n,

1, ✐❢ λ(p) = n+ 1.

■❢ F̄−
η ✐s ♥♦♥❡♠♣t② t❤❡♥

β(F̄−
η ) =







1 + uλ(p)−1, ✐❢ λ(p) ≥ 1,

1, ✐❢ λ(p) = 0.
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Pr♦♦❢✳ ❲❡ s❤❛❧❧ tr❡❛t t❤❡ s❡❝♦♥❞ ❛ss❡rt✐♦♥✱ t❤❡ ✜rst ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ❜② ❝♦♥✲

s✐❞❡r✐♥❣ −ft ✐♥st❡❛❞ ♦❢ ft ❛♥❞ r❡♣❡❛t✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ❜❡❧♦✇✳ ❇② t❤❡ ❈♦r♦❧❧❛r②

✹✳✹✽ t❤❡r❡ ✐s ❛♥ ❛tt❛❝❤✐♥❣ ♠❛♣

h : ∂Dλ(p) → F̄−
t,η

s✉❝❤ t❤❛t

X̄t,η ∼ F̄−
t,η ∪∂Dλ(p) D

λ(p)

✐s ❝♦♥tr❛❝t✐❜❧❡✳ ■❢ λ(p) = 0 t❤❡♥ Dλ ✐s ❛ ♣♦✐♥t ❛tt❛❝❤❡❞ t♦ F̄−
t,η ❛❧♦♥❣ t❤❡ ❡♠♣t②

s❡t✳ ❚❤❡♥ ❡✐t❤❡r F̄−
t,η = ∅ ✐♥ ✇❤✐❝❤ ❝❛s❡ F̄−

η = ∅✱ ♦r F̄−
t,η ✐s ❝♦♥tr❛❝t✐❜❧❡ ✐♥ ✇❤✐❝❤

❝❛s❡ β(F̄−
η ) = 1✳ ❙♦ s✉♣♣♦s❡ F̄−

η 6= ∅ ❛♥❞ t❤❛t λ(p) > 0✳ ❚❤❡♥ F̄−
t,η ✐s ♥♦♥❡♠♣t② ❛s

✇❡❧❧ s♦ ♦♥❡ ❝❛♥ ❛♣♣❧② t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐♥ ❤♦♠♦❧♦❣② ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶✷❪✱

②✐❡❧❞✐♥❣

H̃k(F̄−
η ) ∼= Hk+1(X̄t,η, F̄−

t,η).

❙✐♥❝❡ λ(p) > 0 t❤❡ ❝❧♦s✉r❡ ♦❢ F̄−
t,η \ h(∂Dλ(p)) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ F̄−

t,η s♦

♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❊①❝✐s✐♦♥ ❚❤❡♦r❡♠ ❬✷✻✱ ❚❤❡♦r❡♠ ✷✳✷✵❪✽✳ ❚❤✐s ❣✐✈❡s

H̃k(F̄−
η ) = Hk+1(F̄−

t,η ∪∂Dλ(p) D
λ(p), F̄−

t,η)

∼= Hk+1(D
λ(p), ∂Dλ(p)).

❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳ �

✺✳✺✳ ❘❡❛❧ ❱❛♥✐s❤✐♥❣ ❈②❝❧❡s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ F : M × U → R ✐s ❛ R✲

♠♦rs✐✜❝❛t✐♦♥ s✉❝❤ t❤❛t m = m(t) ❛♥❞ s✉❝❤ t❤❛t V = U \ {0}✱ ❛s ✐♥ s✉❜s❡❝t✐♦♥ ✺✳✷✳

❲❡ ❛ss✉♠❡ ❢✉rt❤❡r♠♦r❡ t❤❛t F̄+
η ❛♥❞ F̄− ❛r❡ ♥♦♥❡♠♣t②✳ ❋✐① t ∈ V ❛♥❞ ❝♦♥s✐❞❡r

❢♦r ❡❛❝❤ i = 1, . . . ,m t❤❡ ❧♦❝❛❧ ▼✐❧♥♦r ✜❜r❡s ✭❉❡✜♥✐t✐♦♥ ✹✳✺✼✮

F+
i,loc = f−1

t (si + ηi) ∩ Bδi

F−
i,loc = f−1

t (si − ηi) ∩ Bδi

❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t pi = pi(t) ∈ B̄δ ♦❢ ft = F (·, t)✳ ▲❡t λ(pi) ❜❡ t❤❡ ▼♦rs❡ ✐♥❞❡① ♦❢

ft ❛t pi✳ ❚❤❡♥ ❈♦r♦❧❧❛r② ✹✳✻✵ ❣✐✈❡s

Hk(F+
i,loc) =







Z, k = 0, n− λ(pi),

{0}, ♦t❤❡r✇✐s❡

✽❖♥❡ ❝❛♥ ❛❧s♦ t❛❦❡ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ A ⊃ F̄−
t,η s✉❝❤ t❤❛t ✐♥t(A) ∪ Dλ(p) ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts

t♦ F̄−
t,η ∪

∂Dλ(p) Dλ(p) ❛♥❞ s✉❝❤ t❤❛t A ∩ Dλ(p) = ∂Dλ(p) ❛♥❞ ❛♣♣❧② t❤❡ ❊①❝✐s✐♦♥ ❚❤❡♦r❡♠ t♦ A

❛♥❞ B = Dλ(p)✳
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Hk(F−
i,loc) =







Z, k = 0, λ(pi)− 1,

{0}, ♦t❤❡r✇✐s❡

❢♦r ❡❛❝❤ i = 1, . . . ,m✳ ❚❤✉s t❤❡ ❧♦❝❛❧ ▼✐❧♥♦r ✜❜r❡s ❤❛✈❡ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢

s♣❤❡r❡s✳

❉❡❢✐♥✐t✐♦♥ ✹✳✻✶✳ ❙✉♣♣♦s❡ t❤❛t λ(pi) ≤ n✳ ❆ ❣❡♥❡r❛t♦r

γ+i ⊂ H̃n−λ(pi)(F+
i,loc)

∼= H̃n−λ(pi)(S
n−λ(pi))

✐s ❝❛❧❧❡❞ ❛ ♣♦s✐t✐✈❡ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡ ✇✐t❤ r❡s♣❡❝t t♦ F ❛t t❤❡ ♣♦✐♥t pi✳

❙✉♣♣♦s❡ t❤❛t λ(pi) ≥ 1✳ ❆ ❣❡♥❡r❛t♦r

γ−i ⊂ H̃λ(pi)−1(F−
i,loc)

∼= H̃λ(pi)−1(S
λ(pi)−1)

✐s ❝❛❧❧❡❞ ❛ ♥❡❣❛t✐✈❡ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡ ✇✐t❤ r❡s♣❡❝t t♦ F ❛t t❤❡ ♣♦✐♥t pi✳

■❢ λ(pi) = n+1 ♦♥❡ s❛②s t❤❛t F ❤❛s ♥♦ ♣♦s✐t✐✈❡ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ❛t pi✳ ■❢ λ(pi) = 0

♦♥❡ s❛②s t❤❛t F ❤❛s ♥♦ ♥❡❣❛t✐✈❡ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ❛t pi✳

■♥ ❝♦♥tr❛st t♦ t❤❡ s✐t✉❛t✐♦♥ ❢♦r ❝♦♠♣❧❡① ❤②♣❡rs✉r❢❛❝❡ s✐♥❣✉❧❛r✐t✐❡s t❤✐s ♥♦t✐♦♥

♦❢ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡ ❞❡♣❡♥❞s ♦❢ ❝♦✉rs❡ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ♠♦rs✐✜❝❛t✐♦♥✳

■❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✹✳✺✽ ❛r❡ s❛t✐s✜❡❞ t❤❡♥ ❛ s❡t ♦❢ ♣♦s✐t✐✈❡✱ ♦r

❡q✉✐✈❛❧❡♥t❧② ♥❡❣❛t✐✈❡✱ r❡❛❧ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ✐s ❛ ❣❡♥❡r❛t✐♥❣ s❡t ♦❢ t❤❡ t♦♣✲❞✐♠❡♥s✐♦♥❛❧

❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ r❡❛❧ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡s✳

❈♦r♦❧❧❛r② ✹✳✻✷✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✺✽ ❛r❡ s❛t✐s✜❡❞✳

❚❤❡♥ γ−1 , . . . , γ
−
m ✐s ❛ s❡t ♦❢ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣

H̃k(F+
η ) ∼= H̃k(F−

η ), k = (n− 1)/2.

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ s♣❛❝❡s

Yi = f−1
t (si − ǫi, si + ǫi) ∩ Bi

❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺✽✳ ❚❤❡r❡ ❛r❡ ✐s♦♠♦r♣❤✐s♠s

H̃k(F̄−
η ) ∼= Hk+1(X̄t,η, F̄−

t,η)
∼=

m
⊕

i=1

Hk+1(Yi,F−
i,loc)

❜❡❝❛✉s❡ Yi ∼ Fi ∪∂Dλ Dλ ❜② t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺✽✳ ❲❡ ❝❧❛✐♠ t❤❛t Yi ✐s

❝♦♥tr❛❝t✐❜❧❡✳ ❚❤❡ ▼♦rs❡ ▲❡♠♠❛ ❬✸✽✱ ▲❡♠♠❛ ✷✳✷❪ ❣✐✈❡s t❤❛t Yi ✐s ❤♦♠❡♦♠♦r♣❤✐❝

t♦

Q−1
i (−ǫ, ǫ) = {−ǫi < Qi(x1, . . . , xn+1) < ǫi}
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✇❤❡r❡ Qi : U → R ✐s ❛ q✉❛❞r❛t✐❝ ❢♦r♠ ♦❢ ✐♥❞❡① λ ❞❡✜♥❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞

♦❢ t❤❡ ♦r✐❣✐♥ U ⊂ Rn+1 ✇✐t❤ Qi(0, . . . , 0) = 0✳ ❚❤❡♥ Q−1
i (0) ⊂ Q−1

i (−ǫ, ǫ) ✐s

❜② ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻❪ ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✳ ❇② t❤❡ ▲♦❝❛❧ ❈♦♥✐❝ ❙tr✉❝t✉r❡ ♦❢

❛❧❣❡❜r❛✐❝ s❡ts Q−1
i (0) ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❍❡♥❝❡ Yi ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❙✐♥❝❡ F−

i,loc 6= ∅ ❛s

λ = (n + 1)/2 > 0 ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣❛✐r (Yi,F−
i,loc)

t❤❛t

Hk+1(Yi,F−
i,loc) = H̃k(F−

i,loc), k ≥ 0.

❤❡♥❝❡

H̃k(F̄−
η ) ∼=

m
⊕

i=1

H̃k(F−
i,loc), k ≥ 0.

❚❤❡ ♦♥❧② ♥♦♥tr✐✈✐❛❧ ❤♦♠♦❧♦❣② ❣r♦✉♣ ✐s ✐♥ ❞✐♠❡♥s✐♦♥ k = (n−1)/2 s♦ t❤❡ r✐❣❤t✲❤❛♥❞

s✐❞❡ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♥❡❣❛t✐✈❡ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡s γ−1 , . . . , γ
−
m✳ ❍❡♥❝❡ t❤❡s❡ ❣❡♥❡r❛t❡

t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛s ✇❡❧❧✳ �

❆ s❡t ♦❢ ✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❛r❜✐tr❛r② R✲♠♦rs✐✜❝❛t✐♦♥ ❞♦❡s ♥♦t

❣❡♥❡r❛t❡ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ✭❢♦r ❛♥ ❡①❛♠♣❧❡ s❡❡ ❡✳❣ ❊①❛♠♣❧❡

✹✳✺✸✮✳ ❚❤✐s ✐s t♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ s✐t✉❛t✐♦♥ ♦✈❡r t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs✱ ✇❤❡r❡ t❤❡

✈❛♥✐s❤✐♥❣ ❝②❝❧❡s ❞❡t❡r♠✐♥❡ ♥♦t ♦♥❧② t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ ❝♦♠♣❧❡① ▼✐❧♥♦r

✜❜r❡ ❜✉t ❛❧s♦ ✐ts ❤♦♠♦t♦♣② t②♣❡✳
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❆♣♣❧✐❝❛t✐♦♥s t♦ ❘❡❛❧ ADE✲❙✐♥❣✉❧❛r✐t✐❡s

✶✳ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❜r✐❡❢ ❝❤❛♣t❡r ✇❡ ❣❛t❤❡r s♦♠❡ ❢✉rt❤❡r ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡

♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❲❡ s❤♦✇ ✐♥ ❈♦r♦❧❧❛r② ✺✳✷ ❤♦✇ t❤❡ ❚❤❡♦r❡♠s ✹✳✹✼ ❛♥❞ ✹✳✺✽✱

t❛❦❡♥ ✐♥ t❛♥❞❡♠✱ ❡♥❛❜❧❡s ✉s t♦ ✜♥❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ADE✲s✐♥❣✉❧❛r✐t②✱ t❤❡ P♦✐♥❝❛ré

♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s✱ ❡①❝❡♣t ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ❛ D−,s
k ✲s✐♥❣✉❧❛r✐t② ✭s❡❡

t❤❡ ❧✐st ✷ ❜❡❧♦✇✮ ✇❤❡r❡ k ✐s ❡✈❡♥✳

✷✳ ❖♥ t❤❡ ❚♦♣♦❧♦❣② ♦❢ ❘❡❛❧ ADE✲❙✐♥❣✉❧❛r✐t✐❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s f : Rn+1 → R ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

✭✶✮ A±,s
k : f = xk+1 ± y2 +

∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j , k ≥ 2

✭✷✮ D±,s
k : f = x2y ± yk−1 +

∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j , k ≥ 4

✭✸✮ E±s
6 : f = x3 ± y4 +

∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j

✭✹✮ Es7 : f = x3 + xy3 +
∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j

✭✺✮ Es8 : f = x3 + y5 +
∑t
i=1 x

2
i −

∑s+t
j=t+1 x

2
j

✇❤❡r❡ t+s = n−1, s, t ≥ 0 ❛♥❞ ✇❤❡r❡ (x, y, x1, . . . , xn−1) ❛r❡ ❝♦♦r❞✐♥❛t❡s ♦♥ Rn+1✳

❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ✇❡ s❤❛❧❧ ✇r✐t❡ F+ = F+
η (f) ❢♦r ❛ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ❛♥❞

F− = F−(f) ❢♦r ❛ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ❛t t❤❡ ♦r✐❣✐♥✳

❚❤❡ ✐❞❡❛ ✇✐❧❧ ❜❡ t♦ ✜rst tr❡❛t t❤❡ ❝❛s❡ ♦❢ ❝✉r✈❡s ✭♥❛♠❡❧② n = 1✮ ❛♥❞ ✜♥❞ ❢♦r ❡❛❝❤

♦❢ t❤❡ ❝❧❛ss❡s ❛❜♦✈❡ ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r❧② s✐♠♣❧❡ ❝❤❛r❛❝t❡r✱ ✇✐t❤ ❢❡✇

❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ✜♥❞ R✲♠♦rs✐✜❝❛t✐♦♥s ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✭♥❛♠❡❧②

n ≥ 2✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s t❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢

ADE✲s✐♥❣✉❧❛r✐t✐❡s ♦❢ ❝✉r✈❡s✳

✶✶✸
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❚❤❡♦r❡♠ ✺✳✶✳ ❋♦r ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X ❧❡t β(X) ❞❡♥♦t❡ t❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦✲

♠✐❛❧ ✐♥ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ✇✐t❤ Z✲❝♦❡✣❝✐❡♥ts✳ ❚❤❡♥

✭✶✮ A+
k : f(x, y) = xk+1 + y2✿

β(F̄+) = β(F̄−) = 1, ✐❢ k ≡ 0 (♠♦❞ ✷)

β(F̄+) = 1 + u, β(F̄−) = 0 ✐❢ k ≡ 1 (♠♦❞ ✷).

✭✷✮ A−
k : f(x, y) = xk+1 − y2✿

β(F̄+) = β(F̄−) =







1, k ≡ 0 (♠♦❞ ✷)

2, k ≡ 1 (♠♦❞ ✷)

✭✸✮ D+
k : f(x, y) = x2y + yk−1, k ≥ 4✱

β(F̄+) = β(F̄−) =







1, k ≡ 0 (♠♦❞ ✷)

2, k ≡ 1 (♠♦❞ ✷)

✭✹✮ D−
k : f(x, y) = x2y − yk−1, k ≥ 4✱

β(F̄±) =







3, k ≡ 0 (♠♦❞ ✷)

2, k ≡ 1 (♠♦❞ ✷)

✭✺✮ E±
6 : f(x, y) = x3 ± y4✱ β(F̄+) = β(F̄−) = 1.

✭✻✮ E7 : f(x, y) = x3 + xy3✱ β(F̄+) = β(F̄−) = 2.

✭✼✮ E8 : f(x, y) = x3 + y5, β(F̄+) = β(F̄−) = 1.

Pr♦♦❢✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✜♥❞✱ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❝❛s❡s ❛❜♦✈❡✱ ❛ R✲♠♦rs✐✜❝❛t✐♦♥

❤❛✈✐♥❣ ❡✐t❤❡r ♦♥❡ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ♦r ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛t ❛❧❧ ❛♥❞ ✐♥ t❤❡ ❝❛s❡

D−
k ✇✐t❤ k ♦❞❞✱ ❛ R✲♠♦rs✐✜❝❛t✐♦♥ ✇✐t❤ t✇♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ❚♦ ❜❡❣✐♥ ✇✐t❤ ✇❡ tr❡❛t

t❤❡ ❝❛s❡ ♦❢ ❛♥ Ak✲s✐♥❣✉❧❛r✐t②✳

✭✶✮ ❈♦♥s✐❞❡r f : R2 → R ❣✐✈❡♥ ❜② f(x, y) = xk+1 + y2✳

❙✉♣♣♦s❡ t❤❛t k ≡ 0 (♠♦❞ 2) ❛♥❞ ❧❡t

F : R2 × [0, 1] → R

F (x, y, t) = xk+1 + tx+ y2.

❚❤❡♥

❏❛❝(ft) = [(k + 1)xk + t, 2y],
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s♦ ft ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥t ❢♦r t 6= 0✳ ❍❡♥❝❡ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✹✳✹✼ ✇❡ ❣❡t

β(F̄+) = β(F̄−) = 1

s✐♥❝❡ t❤❡ ▼✐❧♥♦r ✜❜r❡s ❛r❡ ❝♦♥tr❛❝t✐❜❧❡✳

❙✉♣♣♦s❡ t❤❛t k ≡ 1 (♠♦❞ 2)✳ ❚❤❡♥ F̄− = ∅ ❜❡❝❛✉s❡ f ✐s ♥♦♥♥❡❣❛t✐✈❡✳

▲❡tt✐♥❣

F : R2 × [0, 1] → R, F (x, y, t) = xk+1 − (k + 1)tx+ y2

t❤❡♥

❏❛❝(ft) = [(k + 1)(xk − t), 2y],

s♦ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t p = (t1/k, 0) ❛♥❞ t❤❡♥

❍❡ss(ft)(p) =





k(k + 1)t(k−1)/k 0

0 2



 .

❙✐♥❝❡ t > 0 ✐t ❢♦❧❧♦✇s t❤❛t λ(p) = 0✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❛♣♣❧② ❈♦r♦❧❧❛r②

✹✳✻✵ t♦ ❞❡❞✉❝❡ t❤❛t

β(F̄+) = 1 + u.

✭✷✮ ❈♦♥s✐❞❡r f : R2 → R ❣✐✈❡♥ ❜② f(x, y) = xk+1 − y2✳

❙✉♣♣♦s❡ t❤❛t k ≡ 0 (♠♦❞ 2) ❛♥❞ ❞❡✜♥❡

F : R2 × [0, 1] → R, F (x, y, t) = xk+1 + tx− y2.

❚❤❡♥

❏❛❝(ft) = [(k + 1)xk + t,−2y], t ∈ [0, 1]

❙✐♥❝❡ k ✐s ❡✈❡♥✱ ft ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇❤❡♥❡✈❡r t ✐s ♥♦♥③❡r♦✳ ❚❤❡r❡❢♦r❡

t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡s ❛r❡ ❜♦t❤ ❝♦♥tr❛❝t✐❜❧❡✱ ❜② ❚❤❡♦r❡♠

✹✳✹✼ s♦

β(F̄±) = 1.

❙✉♣♣♦s❡ t❤❛t k ≡ 1 (♠♦❞ 2)✳ ❚❤❡♥ ♦♥❡ ❝♦♥s✐❞❡rs F : R2 × [−1, 0] → R

❣✐✈❡♥ ❜② t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❛s ✐♥ t❤❡ ❝❛s❡ k ❡✈❡♥ ❛♥❞ ♦♥❡ ❣❡ts ✐♥st❡❛❞ t❤❛t

ft = F (x, t) ❤❛s ❛ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t

p = ((−t/(k + 1))1/k, 0).
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✐♥ ✇❤✐❝❤ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ✐s

❍❡ss(ft)(p) =





k(k+1)
(k+1)(k−1)/k (−t)(k−1)/k 0

0 −2



 .

❙✐♥❝❡ t ✐s ♥❡❣❛t✐✈❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ s♦ t❤❡ ✐♥❞❡① ✐s

λ(p) = 1✳ ❖♥❡ ❛♣♣❧✐❡s ❈♦r♦❧❧❛r② ✹✳✻✵ ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❛t

β(F̄+) = β(F̄−) = 2.

✭✸✮ ▲❡t k ≥ 4 ❛♥❞ ❝♦♥s✐❞❡r ❛ D+
k ✲s✐♥❣✉❧❛r✐t② f(x, y) = x2y + yk−1✳

❙✉♣♣♦s❡ ✜rst t❤❛t k ≡ 0 (♠♦❞ 2) ❛♥❞ ❝♦♥s✐❞❡r

F : R2 × [−1, 0] → R,

F (x, y, t) = x2y + 2tx2 + yk−1 − ty.

❚❤❡♥

❏❛❝(ft) = [2x(y + 2t), x2 + (k − 1)yk−2 − t]

❤❛s ♥♦♥♠❛①✐♠❛❧ r❛♥❦ ✐♥ ❛ ♣♦✐♥t p = (x, y) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ s❡ts ♦❢ ❡q✉❛t✐♦♥s ✐s s❛t✐s✜❡❞






x = 0, (k − 1)yk−2 = t, ♦r

x2 = t
(

1− 2k−2(k − 1)tk−3
)

, y = −2t.

❘❡♠❛r❦ ✜rst ♦❢ ❛❧❧ t❤❛t ✐❢ t 6= 0 t❤❡♥ (k− 1)yk−2 = t ❤❛s ♥♦ r❡❛❧ s♦❧✉t✐♦♥s

❜❡❝❛✉s❡ k ✐s ❡✈❡♥ ❛♥❞ t < 0✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t < 0 ❛♥❞ s✐♥❝❡ (k− 3) ✐s

♦❞❞✱

∀t < 0, tk−3 < 0 <
1

(k − 1)2k−2

❤❡♥❝❡ 1− 2k−2(k− 1)tk−3 > 0✳ ❚❤❡r❡❢♦r❡ t❤❡ s❡❝♦♥❞ s❡t ♦❢ ❡q✉❛t✐♦♥s ❤❛s

♥♦ r❡❛❧ s♦❧✉t✐♦♥s ❢♦r t 6= 0 ❡✐t❤❡r✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ft : R2 → R ❤❛s

♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇❤❡♥❡✈❡r t 6= 0✳ ❚❤✉s ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✹✳✹✼ ♦♥❡ ❣❡ts

t❤❛t t❤❡ ▼✐❧♥♦r ✜❜r❡s ❛r❡ ❝♦♥tr❛❝t✐❜❧❡ ❛♥❞ s♦ β(F̄+) = β(F̄+) = 1 ❜②

❤♦♠♦t♦♣② ✐♥✈❛r✐❛♥❝❡✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t k ≡ 1 (♠♦❞ 2)✳ P✉t

I = (− 1

((k − 1)2k−2)
1/(k−3)

, 0]

❛♥❞ ❝♦♥s✐❞❡r t❤❡ R✲♠♦rs✐✜❝❛t✐♦♥

F : R2 × I → R,
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F (x, y, t) = x2y + 2tx2 + yk−1 − ty.

❙✐♥❝❡ k − 3 ≡ 0 (♠♦❞ 2) ♦♥❡ ❤❛s

∀t ∈ I, tk−3 <
1

(k − 1)2k−2

❚❤❡r❡❢♦r❡ ✐❢ t ∈ I \ {0} t❤❡♥

x2 = t
(

1− 2k−2(k − 1)tk−3
)

❤❛s ♥♦ r❡❛❧ s♦❧✉t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ♦♥❧② ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft ✐s

p(t) = (0, (t/k − 1)k−2)✳ ❚❤❡ ❍❡ss✐❛♥ ❍❡ss(ft)(p(t)) ✐s




2t(2 + tk−3

(k−1)k−2 ) 0

0 (k − 1)(k − 2)( t
k−1 )

(k−2)(k−3)



 .

❙✐♥❝❡

k − 3 ≡ (k − 2)(k − 3) ≡ 0 (♠♦❞ 2)

✐t ❢♦❧❧♦✇s t❤❛t ✐❢ t ∈ I \ {0} t❤❡♥ λ(p) = 1✳ ❯s✐♥❣ ❈♦r♦❧❧❛r② ✹✳✻✵ ♦♥❡

❞❡❞✉❝❡s t❤❛t

β(F̄+) = β(F̄−) = 2.

✭✹✮ ▲❡t k ≥ 4 ❛♥❞ ❝♦♥s✐❞❡r ❛ D−
k ✲s✐♥❣✉❧❛r✐t② f(x, y) = x2y − yk−1✳

❙✉♣♣♦s❡ t❤❛t k ≡ 1 (♠♦❞ 2) ❛♥❞ ❧❡t

F : R2 × [0, 1] → R, F (x, y, t) = x2y − yk−1 + (k − 1)ty.

❚❤❡♥

❏❛❝(ft) = [2xy, x2 + (k − 1)(t− yk−2)].

■❢ t 6= 0 t❤❡♥ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❝r✐t✐❝❛❧ ♣♦✐♥t

p(t) = (0, t1/(k−2))

❛♥❞ ♦♥❡ ✜♥❞ t❤❡ ❍❡ss✐❛♥ t♦ ❜❡ ❣✐✈❡♥ ❜②

❍❡ss(ft)(p(t)) =





2t1/(k−2) 0

0 −(k − 1)(k − 2)t(k−3)/(k−2)



 .

❚❤❡r❡❢♦r❡ λ(p(t)) = 1 ✇❤❡♥❡✈❡r t 6= 0 ❤❡♥❝❡

β(F̄+) = β(F̄−) = β(S0) = 2
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❜② ❈♦r♦❧❧❛r② ✹✳✻✵✳

❙✉♣♣♦s❡ t❤❛t k ≡ 0 (♠♦❞ 2) ❛♥❞ ❧❡t

F : R2 × [0, 1] → R, F (x, y, t) = x2y − yk−1 + (k − 1)ty.

❚❤❡♥

❏❛❝(ft) = [2xy, x2 + (k − 1)(t− yk−2)].

■❢ t 6= 0 t❤❡♥ t❤❡r❡ ❛r❡ t✇♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts

p1(t) = (0, t1/(k−2)), p2(t) = (0,−t1/(k−2))

❛♥❞ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐❝❡s ❛r❡

❍❡ss(ft)(p(t)) =





±2t1/(k−2) 0

0 ∓(k − 1)(k − 2)t(k−3)/(k−2)



 .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ s✐♥❝❡ t > 0✱ t❤❡ ▼♦rs❡ ✐♥❞✐❝❡s ❛r❡

λ(p1) = λ(p2) = 1.

❙✐♥❝❡ n + 1 − λ(pi) = λ(pi) ♦♥❡ ❝❛♥ ❛♣♣❧② t❤❡ ❚❤❡♦r❡♠ ✹✳✹✼ t♦ ❞❡❞✉❝❡

t❤❛t

β(F̄±
η ) = β(S0 ∨ S0) = 3.

✭✺✮ ❈♦♥s✐❞❡r ❛ E±
6 ✲s✐♥❣✉❧❛r✐t② f±(x, y) = x3 ± y4✳ ■❢

F± : R2 × [0, 1] → R, F±(x, y, t) = x3 + 3tx± y4

❛♥❞ ✐❢ f±t = F±(·, t) t❤❡♥

❏❛❝(f+t ) = [3x2 + 3t, 4y3],

❏❛❝(f−t ) = [3x2 + 3t,−4y3]

s♦ t❤❛t ♥❡✐t❤❡r f+t ♥♦r f−t ❤❛s ❛♥② ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇❤❡♥❡✈❡r t 6= 0 ❤❡♥❝❡

β(F̄+) = β(F̄−) = 1

❜② ❚❤❡♦r❡♠ ✹✳✹✼✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r E8✲s✐♥❣✉❧❛r✐t✐❡s ❜❡❝❛✉s❡ ✐❢ ♦♥❡

❞❡✜♥❡s

F : R2 × [0, 1] → R, F (x, y, t) = F (x, y, t) = x3 + 3tx+ y5
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t❤❡♥

❏❛❝(ft) = [3x2 + 3t, 5y4]

s♦ ft ❤❛s ♥♦ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✇❤❡♥❡✈❡r t ✐s ♥♦♥③❡r♦ ❤❡♥❝❡ t❤❡ ▼✐❧♥♦r ✜❜r❡s

❛r❡ ❝♦♥tr❛❝t✐❜❧❡✳

✭✻✮ ■t r❡♠❛✐♥s t❤❡ ❝❛s❡ ♦❢ ❛♥ E7✲s✐♥❣✉❧❛r✐t②✳ ■♥ t❤✐s ❝❛s❡✱ ♣✉t

F : R2 × [0, 1] → R, F (x, y, t) = x3 + 3tx+ xy3 + ty3.

❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s

❏❛❝(ft) = [3(x2 + t) + y3, 3y2(x+ t)]

✇❤✐❝❤ ❤❛s ♥♦♥♠❛①✐♠❛❧ r❛♥❦ ✐♥ p = (x, y) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐t❤❡r






x2 + t = 0, y = 0, ♦r

x = −t, y3 = −3(t2 + t).

❍♦✇❡✈❡r ✐❢ t 6= 0 t❤❡♥ t❤❡ ✜rst s❡t ♦❢ ❡q✉❛t✐♦♥s ❤❛s ♥♦ r❡❛❧ s♦❧✉t✐♦♥s ❛♥❞

♦♥❡ ✜♥❞s t❤❛t ft ❤❛s ❛ ✉♥✐q✉❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥

p(t) = (−t,−(3)1/3(t2 + t)1/3)

❚❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜②




6x 3y2

3y2 6y(x+ t)





❛♥❞ ♦♥❡ ✜♥❞s t❤❛t ❡✈❛❧✉❛t❡❞ ✐♥ p(t) ✐ts ❡✐❣❡♥✈❛❧✉❡s ❛r❡

λ+(t) = −3t+
√

9t2 + 310/3(t2 + t)4/3,

λ+(t) = −3t−
√

9t2 + 310/3(t2 + t)4/3.

❋♦r t s✉✣❝✐❡♥t❧② s♠❛❧❧✱ λ+(p(t)) > 0 ❛♥❞ λ−(p(t)) < 0✳ ❍❡♥❝❡ t❤❡ ▼♦rs❡

✐♥❞❡① ❛t p = p(t) ✐s λ(p) = 1 ❛♥❞✱ ❛♣♣❧②✐♥❣ t❤❡ ❈♦r♦❧❧❛r② ✹✳✻✵ ♦♥❡ ❣❡ts

t❤❛t

β(F̄+) = β(F̄−) = 2.

�

❋r♦♠ t❤✐s ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧t ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱

❡①❝❡♣t ❢♦r t❤❡ ❝❛s❡ D−
k ✇✐t❤ k ❡✈❡♥ ❛♥❞ n ≥ 2✳
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❈♦r♦❧❧❛r② ✺✳✷✳ ❚❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ✐♥ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ✇✐t❤ ✐♥t❡❣❡r

❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ t❤❡ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s A±s
k , D+s

k ❛♥❞ Esi ❛r❡

❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✳

✭✶✮ A−s
k , D+s

k ✿

β(F̄+) =







1, k ≡ 0 (♠♦❞ ✷)

1 + un−s−1, k ≡ 1 (♠♦❞ ✷)
,

β(F̄−) =







1, k ≡ 0 (♠♦❞ ✷)

1 + us, k ≡ 1 (♠♦❞ ✷)

✭✷✮ Es7 :

β(F̄+) = 1 + un−s−1,

β(F̄−) = 1 + us.

✭✸✮ E±s
6 , Es8 : β(F̄+) = β(F̄−) = 1.

✭✹✮ A+s
k :



























β(F̄+) = 1 + un−s, k ≡ 1 (♠♦❞ ✷)

β(F̄−) = 1 + us−1, s 6= 0, k ≡ 1 (♠♦❞ ✷)

β(F̄−) = 0, s = 0, k ≡ 1 (♠♦❞ ✷)

β(F̄+) = β(F̄−) = 1, k ≡ 0 (♠♦❞ 2).

❚❤❡ P♦✐♥❝❛ré ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ D−s
k ✲s✐♥❣✉❧❛r✐t✐❡s ❢♦r k ♦❞❞ ❛♥❞

n > 1 ❛r❡

D−s
k :







β(F̄+) = 1 + un−s−1, k ≡ 1 (♠♦❞ ✷)

β(F̄−) = 1 + us, k ≡ 1 (♠♦❞ ✷)

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛♥ R✲♠♦rs✐✜❝❛t✐♦♥

F̃ : R2 × Ū → R, ft = F̃ (·, t)

♦❢ ❛♥② ♦❢ t❤❡ ADE✲s✐♥❣✉❧❛r✐t✐❡s f̃ : R2 → R ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶ ❛♥❞

❧❡t

f : Rn+1 → R, f = f̃(x, y) +

t
∑

i=1

x2i −
s+t
∑

j=t+1

x2j .

■❢

F : Rn+1 × Ū → R, F = F̃ +

t
∑

i=1

x2i −
s+t
∑

j=t+1

x2j

t❤❡♥ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ft = F (·, t) ❛r❡ t❤❡ ♣♦✐♥ts p = (p̃, 0, . . . , 0) ✇✐t❤ p̃ ❛

❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ f̃t✳ ▼♦r❡♦✈❡r t❤❡s❡ ❛r❡ ▼♦rs❡ ✇❤❡♥❡✈❡r p̃ ✐s ▼♦rs❡✱ ✇✐t❤ ❍❡ss✐❛♥



✷✳ ❖◆ ❚❍❊ ❚❖P❖▲❖●❨ ❖❋ ❘❊❆▲ ADE✲❙■◆●❯▲❆❘■❚■❊❙ ✶✷✶

❍❡ss(ft)(p) =









❍❡ss(f̃t)(p̃) 0 0

0 2It 0

0 0 −2Is









✇❤❡r❡ It ❛♥❞ Is ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐❝❡s ♦❢ s✐③❡ t×t ❛♥❞ s×s✱ r❡s♣❡❝t✐✈❡❧②✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ λ(p̃) ✐s t❤❡ ▼♦rs❡ ✐♥❞❡① ♦❢ f̃t ❛t p̃ t❤❡♥ λ(p) = s+ λ(p̃) ✐s t❤❡

▼♦rs❡ ✐♥❞❡① ♦❢ ft ❛t p✳ ❙✐♥❝❡ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❝❛s❡s t❤❡r❡ ✐s ❡✐t❤❡r ♦♥❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦r

♥♦♥❡ ❛t ❛❧❧ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❈♦r♦❧❧❛r② ✹✳✻✵ ❛♥❞ ❢r♦♠ ❚❤❡♦r❡♠

✹✳✹✼ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳

�

❲❡ ❝❛♥ r❡♠❛r❦ ❤❡r❡ t❤❛t ●✳ ❋✐❝❤♦✉ ✭s❡❡ ❬✷✷❪✮ ❤❛s ❝❧❛ss✐✜❡❞ t❤❡ r❡❛❧ ADE✲

s✐♥❣✉❧❛r✐t✐❡s ❛❜♦✈❡ ✉s✐♥❣ t❤❡ ❜❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐✲

t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥ ♣❛❣❡ ✶✽✹ ♦❢ ❬✹❪✳

❉❡❢✐♥✐t✐♦♥ ✺✳✸ ✭❬✹✱ ■■❪✮✳ ▲❡t X ❜❡ ❛ ♠❛♥✐❢♦❧❞ ❛♥❞ s✉♣♣♦s❡ t❤❛t ❛ ▲✐❡ ❣r♦✉♣ G

❛❝ts ♦♥ X✳ ▲❡t x ∈ X✳ ❚❤❡ ♠♦❞❛❧✐t② ♦❢ x ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G ✐s t❤❡ ❧❡❛st ♥✉♠❜❡r

m s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ x ∈ U ⊂M ❛♥❞ ❛ ❝♦✈❡r✐♥❣ ♦❢ U ❜② ✜♥✐t❡❧②

♠❛♥② m✲♣❛r❛♠❡t❡r ❢❛♠✐❧✐❡s ♦❢ ♦r❜✐ts✳ ■❢ m = 0 t❤❡♥ ♦♥❡ s❛②s t❤❛t x ✐s s✐♠♣❧❡✳ ■❢

m = 1 ♦♥❡ s❛②s t❤❛t x ✐s ✉♥✐♠♦❞❛❧ ❛♥❞ ✐❢ m = 2 ♦♥❡ s❛②s t❤❛t x ✐s ❜✐♠♦❞❛❧✳

■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ♣♦✐♥t x ∈ X ✐s s✐♠♣❧❡ ✐❢ ✐t ❤❛s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ✐♥t❡rs❡❝t✐♥❣

♦♥❧② ✜♥✐t❡❧② ♠❛♥② ♦r❜✐ts ♦❢ G✳

❉❡❢✐♥✐t✐♦♥ ✺✳✹ ✭❬✹✱ ■■❪✮✳ ▲❡t f : (Rn+1, 0) → (R, 0) ❜❡ ❛ r❡❛❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥

❣❡r♠✳ ❚❤❡ ♠♦❞❛❧✐t② ♦❢ f ✐s t❤❡ ♠♦❞❛❧✐t② ♦❢ ✐ts ❥❡t jkf ✱ ❢♦r k ∈ N s✉✣❝✐❡♥t❧② ❧❛r❣❡✱

✐♥ t❤❡ s♣❛❝❡ ♦❢ ❥❡ts ♦❢ ❢✉♥❝t✐♦♥s Rn+1 → R ❤❛✈✐♥❣ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t 0 ∈ Rn+1 ❛♥❞

❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ 0 ∈ R✱ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ▲✐❡ ❣r♦✉♣ ❉✐✛(Rn+1) ♦❢ ❞✐✛❡♦♠♦r✲

♣❤✐s♠s ♦❢ Rn+1✳

❘❡t✉r♥✐♥❣ t♦ ❋✐❝❤♦✉✬s r❡s✉❧t✱ ❤❡ s❤♦✇❡❞ t❤❛t ✐❢

f, g : (Rn+1, 0) → (R, 0)

❛r❡ t✇♦ ❣❡r♠s ♦❢ ◆❛s❤ ❢✉♥❝t✐♦♥s ✇✐t❤ ♦♥❡ ♦❢ t❤❡♠ s✐♠♣❧❡ ✭❛s ❛ ❣❡r♠ ♦❢ r❡❛❧ ❛♥✲

❛❧②t✐❝ ❢✉♥❝t✐♦♥✮✱ s❛② f ✱ t❤❡♥ f, g ❛r❡ ❜❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡

❛♥❛❧②t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ t❤❡♥ g ✐s s✐♠♣❧❡ ❛s ✇❡❧❧✳ ❙♦ ❢♦r s✐♠♣❧❡ ◆❛s❤ ❢✉♥❝t✐♦♥
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❣❡r♠s t❤❡ ❜❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥❝❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝ ❡q✉✐✈❛❧❡♥❝❡✳ ❈♦♥s❡✲

q✉❡♥t❧②✱ t❤❡ ❧✐st ✷ ❣✐✈❡♥ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛ ❝♦♠♣❧❡t❡ ❧✐st ♦❢

s✐♠♣❧❡ s✐♥❣✉❧❛r✐t✐❡s ✉♣ t♦ t❤❡ ❜❧♦✇✲◆❛s❤ ❡q✉✐✈❛❧❡♥❝❡✳



❈❍❆P❚❊❘ ✻

▼♦rs✐✜❛❜❧❡ ❘❡❛❧ ❙✐♥❣✉❧❛r✐t✐❡s

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❣❡♥❡r❛❧✐s❡ t❤❡ r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✹ t♦ t❤❡ ❝❛s❡

♦❢ r❡❛❧ s✐♥❣✉❧❛r✐t✐❡s f : X → R ❞❡✜♥❡❞ ♦♥ ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t X ⊂ Rn ❝♦♥t❛✐♥✐♥❣

t❤❡ ♦r✐❣✐♥ s✉❝❤ t❤❛t f ✐s ♠♦rs✐✜❛❜❧❡✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✻✳✽✳ ■♥ ❚❤❡♦r❡♠ ✻✳✶✸ ✐s ♦❜t❛✐♥❡❞

❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ♦❢ s✉❝❤ s✐♥❣✉❧❛r✐t✐❡s✱ ❣❡♥✲

❡r❛❧✐s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ♦❢ ❑❤✐♠s❤✐❛s❤✈✐❧✐ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✸❪✳ ■♥ ❚❤❡♦r❡♠ ✻✳✶✺ ❛ r❡s✉❧t

♦♥ t❤❡ ❣❡♥❡r✐❝ ✈❛❧✉❡ ♦❢ t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❧✐♥❦ ♦❢ ❛♥ ✐rr❡❞✉❝✐❜❧❡

❛❧❣❡❜r❛✐❝ s✉❜s❡t ✐s ♦❜t❛✐♥❡❞✳

✷✳ ❚❤❡ ❙✐t✉❛t✐♦♥

✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t X ⊂ Rn ✐s ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s✉❜s❡t ❝♦♥t❛✐♥✐♥❣

t❤❡ ♦r✐❣✐♥✳ ❆ss✉♠❡ t❤❛t

f : X → R, f(0) = 0

✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f̃ : Rn → R ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ str❛t✲

✐✜❝❛t✐♦♥ S̃ = (S̃i)i∈I ♦❢ X s✉❝❤ t❤❛t S̃ s❛t✐s✜❡s t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s✱ ❚❤♦♠✬s

af ✲❝♦♥❞✐t✐♦♥ ✭s❡❡ ❡✳❣❬✺✵❪✮ ❛♥❞ t❤❛t f−1(0) ⊂ X ✐s ❛ ✉♥✐♦♥ ♦❢ str❛t❛ ♦❢ S̃✳

✷✳✷✳ ❆ ▼✐❧♥♦r ❋✐❜r❛t✐♦♥✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ♦♥❡ ❝❛♥ s❤♦✇ t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ t♦♣♦❧♦❣✐❝❛❧ ✜❜r❛t✐♦♥ ♦✈❡r ❛ s♠❛❧❧ ♣✉♥❝t✉r❡❞ ✐♥t❡r✈❛❧✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ❚❤❡r❡ ❡①✐sts δ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② δ ∈ (0, δ0) t❤❡r❡ ❡①✐sts

ǫ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ǫ ∈ (0, ǫ0) t❤❡ r❡str✐❝t✐♦♥

f : f−1([−ǫ, ǫ] \ {0}) ∩X ∩ B̄nδ → [−ǫ, ǫ] \ {0}✭✽✮

✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ ✜❜r❛t✐♦♥✱ ✇❤❡r❡ B̄nδ ⊂ Rn ❞❡♥♦t❡s t❤❡ ❝❧♦s❡❞ n✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧

❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ♦❢ r❛❞✐✉s δ✳

✶✷✸
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Pr♦♦❢✳ ❖♥❡ ❝♦♣✐❡s ✈❡r❜❛t✐♠ t❤❡ ♣r♦♦❢ ♦❢ ❬✶✼✱ ❚❤❡♦r❡♠ ✶✳✶❪ ❢♦r f ❛♥❞ X

❝♦♠♣❧❡① ❛♥❛❧②t✐❝✳ �

❚❤❡ ❞❛t❛ (ǫ0, δ0) ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ▼✐❧♥♦r ❞❛t❛ ❢♦r f ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡

✜❜❡rs

F̄+
η = f−1(η) ∩X ∩ B̄nδ , F̄−

η = f−1(−η) ∩X ∩ B̄nδ , η ∈ (0, ǫ]

♦❢ ✭✽✮ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❛ ♣♦s✐t✐✈❡✱ r❡s♣❡❝t✐✈❡❧② ♥❡❣❛t✐✈❡✱ ▼✐❧♥♦r ✜❜❡r ♦❢ f ❛t

t❤❡ ♦r✐❣✐♥✳

❙✐♥❝❡ S̃ s❛t✐s✜❡s t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s ❬✷✺❪ ✐t ❢♦❧❧♦✇s t❤❛t✱ ✐❢ δ0 ✐s ❝❤♦s❡♥

s♠❛❧❧ ❡♥♦✉❣❤ t❤❡♥ ❢♦r ❛♥② δ ∈ (0, δ0] ❛♥❞ ❛♥② str❛t✉♠ S̃ ❤❛✈✐♥❣ t❤❡ ♦r✐❣✐♥ ✐♥ ✐ts

❝❧♦s✉r❡✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ S̃ ∩ ∂B̄nδ ✐s tr❛♥s✈❡rs❡✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ S̃ s❛t✐s✜❡s t❤❡

af ✲❝♦♥❞✐t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t ✐❢ δ ∈ (0, δ0] ❛♥❞ η ∈ (0, ǫ0] ❛r❡ ✜①❡❞ ❛♥❞ ✐❢ x ∈ f−1(η)

t❤❡♥ ❢♦r ❛♥② i ∈ I t❤❡ ✐♥t❡rs❡❝t✐♦♥

f−1(η) ∩ S̃i ∩ ∂B̄nδ

✐s tr❛♥s✈❡rs❡ ❛t x✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜❡r ✐s str❛t✐✜❡❞ ❜② str❛t❛

f−1(η) ∩ S̃i ∩ Bnδ , i ∈ I,

f−1(η) ∩ S̃i ∩ ∂B̄nδ , i ∈ I.

❛♥❞ t❤❡ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜❡r ✐s str❛t✐✜❡❞ ❜② str❛t❛

f−1(−η) ∩ S̃i ∩ Bnδ , i ∈ I,

f−1(−η) ∩ S̃i ∩ ∂B̄nδ , i ∈ I.

❘❡♠❛r❦ ✻✳✷✳ ❲❤❡♥ ♥♦ ❝♦♥❢✉s✐♦♥ ✐s ♣♦ss✐❜❧❡ ✇❡ s❤❛❧❧ ✇r✐t❡ Bδ ✐♥st❡❛❞ ♦❢ Bnδ
❢♦r t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ✐♥ Rn ❛♥❞ ✇r✐t❡ Sδ

✐♥st❡❛❞ ♦❢ ∂B̄nδ ❢♦r ✐ts ❜♦✉♥❞❛r② s♣❤❡r❡✳

✸✳ ❙tr❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥s

✸✳✶✳ ❙tr❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥s✳ ❚♦ ♦❜t❛✐♥ t❤❡ ✇❛♥t❡❞ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢

❚❤❡♦r❡♠ ✹✳✹✼ ✐♥ ❝❤❛♣t❡r ✹ t❤❡ ❣✉✐❞✐♥❣ ♣r✐♥❝✐♣❧❡ ✇✐❧❧ ❜❡ t♦ ♣❡rt✉r❜ f : X → R t♦

♦❜t❛✐♥ ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥✳ ❚♦ t❤✐s ❛✐♠ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥✳

❉❡❢✐♥✐t✐♦♥ ✻✳✸✳ ▲❡t Y ⊂ Rn ❜❡ ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ r❡❛❧ s✉❜❛♥❛❧②t✐❝ s❡t ❛♥❞

❧❡t g : Y → R t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ g̃ : Rn → R✳ ❆ str❛t✐✜❡❞



✹✳ P❘❊P❆❘❆❚❖❘❨ ▲❊▼▼❆❙ ✶✷✺

R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ g ✐s t❤❡ r❡str✐❝t✐♦♥ G : Y × Ū → R ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣

G̃ : Rn × Rk → R,

s✉❝❤ t❤❛t

✭✶✮ Ū ⊂ Rk ✐s ❛ s♠♦♦t❤ k✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r② ❤❛✈✐♥❣ ❜♦✉♥❞❛r② ∂Ū

❛♥❞ ✐♥t❡r✐♦r U ✱

✭✷✮ Ū ∼= [−1, 1]k ❛♥❞ ∂Ū ❝♦♥t❛✐♥s t❤❡ ♦r✐❣✐♥ ✐♥ Rk✱

✭✸✮ G̃(x, 0) = g̃✱

✭✹✮ ❚❤❡ ♠❛♣

Φ : Rn × U → T ∗Rn, Φ(x, t) = d(g̃t)(x),

✇❤❡r❡ T ∗Rn ✐s t❤❡ ❝♦t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ Rn✱ ✐s ❛ s✉❜♠❡rs✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t ✐❢ G : Y × Ū → R ✐s ❛ str❛t✐✜❡❞ R✲

♠♦rs✐✜❝❛t✐♦♥ ♦❢ g : Y → R ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✻✳✸ ❛♥❞ ✐❢ Y ⊂ Rn ✐s ❝♦♠♣❛❝t t❤❡♥

t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ ♦♣❡♥ s✉❜s❡t V ⊂ U ♦❢ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ t ∈ V t❤❡ ❢✉♥❝t✐♦♥

G(·, t) = gt : Y → R ✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳✹✳ ▲❡t Y ⊂ Rn ❜❡ ❛ ❲❤✐t♥❡② str❛t✐✜❡❞ ❝♦♠♣❛❝t r❡❛❧ s✉❜❛♥❛❧②t✐❝

s❡t ❛♥❞ ❧❡t G : Y × Ū → R ❜❡ ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ g : Y → R ✇❤❡r❡ g ✐s

t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ g̃ : Rn → R✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡ ♦♣❡♥

s✉❜s❡t V ⊂ U s✉❝❤ t❤❛t gt : Y → R ✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥ ❢♦r ❛♥② t ∈ V ✱ ✐♥

t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✷ ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✷✳✶❪✳

Pr♦♦❢✳ ❙✐♥❝❡ U ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✱ s✐♥❝❡ Y ✐s ❝♦♠♣❛❝t ❛♥❞ s✐♥❝❡ Φ ✐s ❛

s✉❜♠❡rs✐♦♥ ♦♥❡ ❝❛♥ ❛♣♣❧② t❤❡ ❚❤❡♦r❡♠ ❬✷✺✱ ❚❤❡♦r❡♠ ✷✳✷✳✸❪ t♦ ❞❡❞✉❝❡ t❤❛t t❤❡r❡

❡①✐sts ❛ ❞❡♥s❡ ♦♣❡♥ s✉❜s❡t V ⊂ U s✉❝❤ t❤❛t gt : Y → R ✐s ❛ str❛t✐✜❡❞ ▼♦rs❡

❢✉♥❝t✐♦♥✱ ❢♦r ❛♥② t ∈ V ✳ �

✹✳ Pr❡♣❛r❛t♦r② ▲❡♠♠❛s

❲❡ st❛rt ❜② ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✻✳✺✳ ❙✉♣♣♦s❡ t❤❛t f : X → R s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ s✉❜s❡❝t✐♦♥

✷✳✶✳ ❚❤❡♥ ▼✐❧♥♦r ❞❛t❛ (ǫ0, δ0) ❢♦r f ❛t t❤❡ ♦r✐❣✐♥ ❝❛♥ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t ✐❢ δ ∈ (0, δ0]

❛♥❞ ǫ ∈ (0, ǫ0] t❤❡♥

f−1([−η, η]) ∩X ∩ B̄δ

✐s ❝♦♥tr❛❝t✐❜❧❡✳
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❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ ❧❡♠♠❛ ✇❡ s❤❛❧❧ ♥❡❡❞ t♦ ✐♥✈♦❦❡ ❛ r❡s✉❧t ♣r♦✈❡❞ ❜② ❆✳ ❍✳

❉✉r❢❡❡ ✐♥ t❤❡ ❛rt✐❝❧❡ ❬✶✺❪✳ ■❢ M ⊂ Rn ✐s ❛ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t ❛♥❞ Y ⊂ M ✐s ❛

❝♦♠♣❛❝t s❡♠✐❛❧❣❡❜r❛✐❝ s✉❜s❡t r❡❝❛❧❧ ❬✶✺❪ t❤❛t ❛ s❡♠✐❛❧❣❡❜r❛✐❝ r✉❣ ❢✉♥❝t✐♦♥ ♦❢ Y ✐♥

M ✐s ❛ ♣r♦♣❡r✱ s❡♠✐❛❧❣❡❜r❛✐❝ ❢✉♥❝t✐♦♥ α :M → R s✉❝❤ t❤❛t

∀x ∈M α(x) ≥ 0, α−1(0) = Y.

❘❡❝❛❧❧ ❢✉rt❤❡r♠♦r❡ t❤❛t ✐❢ α ✐s ❛ s❡♠✐❛❧❣❡❜r❛✐❝ r✉❣ ❢✉♥❝t✐♦♥ ❢♦r Y ✐♥M ❛♥❞ ✐❢ δ′ > 0

✐s s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡♥ t❤❡ ✐♥❝❧✉s✐♦♥ Y ⊂ α−1([0, δ′]) ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

■♥❞❡❡❞✱ ❛s r❡♠❛r❦❡❞ ♦♥ ♣❛❣❡ ✺✷✺ ♦❢ ❬✶✺❪ t❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛s ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻❪✳

❲❡ s❤❛❧❧ ♥♦✇ ✉s❡ t❤✐s ❢❛❝t t♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✳

Pr♦♦❢✳ ▲❡t δ ∈ (0, δ0] ❛♥❞ ❝♦♥s✐❞❡r

α : X ∩ B̄δ → R, α(x) = f(x)2.

❚❤❡♥ α ✐s s❡♠✐❛❧❣❡❜r❛✐❝ ❛♥❞ s✐♥❝❡ X ∩ B̄δ ✐s ❝♦♠♣❛❝t α ✐s ♣r♦♣❡r✳ ❋✉rt❤❡r♠♦r❡✱

∀x ∈ X ∩ B̄δ, α(x) ≥ 0,

α−1(0) = f−1(0) ∩X ∩ B̄δ

s♦ α ✐s ❛ s❡♠✐❛❧❣❡❜r❛✐❝ r✉❣ ❢✉♥❝t✐♦♥ ❢♦r f−1(0)∩X ∩ B̄δ ✐♥ X ∩ B̄δ✳ ■❢ y ∈ R ✐s s✉❝❤

t❤❛t y ≥ 0 t❤❡♥

α−1([0, y]) = f−1([−√
y,
√
y]) ∩X ∩ B̄δ.

❇② t❤❡ ♣r♦♦❢ ♦❢ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻❪ ✐t ❢♦❧❧♦✇s t❤❛t ✐❢ ǫ0 ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ t❤❡♥

❢♦r ❛❧❧ ǫ ∈ (0, ǫ0]

f−1(0) ∩X ∩ B̄δ ⊂ f−1([−ǫ, ǫ]) ∩X ∩ B̄δ

✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❇② t❤❡ ▲♦❝❛❧ ❈♦♥✐❝❛❧ ❙tr✉❝t✉r❡ ♦❢ ❛❧❣❡❜r❛✐❝ s❡ts✱

f−1(0) ∩X ∩ B̄δ

✐s ❛ ❝♦♥❡ ♦✈❡r f−1(0) ∩X ∩ Sδ ❤❡♥❝❡ ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❚❤❡r❡❢♦r❡✱

f−1([−ǫ, ǫ]) ∩X ∩ B̄δ

✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❚❤✉s✱ ✉♣ t♦ r❡♣❧❛❝✐♥❣ ǫ0(δ) ❜② ❛ s♠❛❧❧❡r ✈❛❧✉❡ ǫ′(δ)✱ ♦♥❡ ♦❜t❛✐♥s

▼✐❧♥♦r ❞❛t❛ (δ0, ǫ
′
0) ❢♦r ✇❤✐❝❤ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛ ❤♦❧❞s tr✉❡✳ �

❲❡ ♥♦✇ ❣✐✈❡ ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✸✽ ✐♥ t❤❡ t❤✐r❞ ❝❤❛♣t❡r✳



✹✳ P❘❊P❆❘❆❚❖❘❨ ▲❊▼▼❆❙ ✶✷✼

▲❡♠♠❛ ✻✳✻✳ ▲❡t X ⊂ Rn ❜❡ ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ❝♦♥t❛✐♥✐♥❣ t❤❡ ♦r✐❣✐♥ ✐♥ Rn✳

❙✉♣♣♦s❡ t❤❛t f : X → R ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f̃ : Rn → R

s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✶ ❛♥❞ ❧❡t (ǫ0, δ0) ❜❡ ▼✐❧♥♦r ❞❛t❛ ❢♦r f ❛t

t❤❡ ♦r✐❣✐♥✳ ❙✉♣♣♦s❡ t❤❛t

F̃ : Rn × Rl → R, l ∈ N

✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ s✉❝❤ t❤❛t F̃ (·, 0) = f̃ ❛♥❞ ❧❡t F = F̃|X×Rl ✳ ❚❤❡♥ ❢♦r ❛♥②

δ ∈ (0, δ0] ❛♥❞ ❛♥② η ∈ (0, ǫ(δ)] t❤❡r❡ ❡①✐sts t0 = t0(η) ∈ R s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ R

s✉❝❤ t❤❛t |t| < t0 t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

φt : f
−1(η) ∩X ∩ B̄δ → f−1

t (η) ∩X ∩ B̄δ.

Pr♦♦❢✳ ❋✐① δ ∈ (0, δ0]✳ ❆s t❤❡ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ S̃ ♦❢ X s❛t✐s✜❡s t❤❡

❚❤♦♠ af ✲❝♦♥❞✐t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛♥② η ∈ (0, ǫ0(δ)] t❤❡ s♣❤❡r❡ Sδ ✐♥t❡rs❡❝ts

f−1(η) ∩ S̃i, i ∈ I tr❛♥s✈❡rs❛❧❧② ❛t ❛♥② x ∈ f−1(η)✳ ❋✐① η ∈ (0, ǫ0]✳ ❚❤❡♥ η ✐s ❛

r❡❣✉❧❛r ✈❛❧✉❡ ♦❢ t❤❡ r❡str✐❝t✐♦♥

f : S̃i ∩ Bδ → R, ∀i ∈ I.

❈♦♥s✐❞❡r

G̃ : Rn × Rl → R× Rl,

G̃(x, t) = (F̃ (x, t), t)

❛♥❞ ❧❡t

π : Rn × Rl → Rl, π(x, t) = t

❞❡♥♦t❡ t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡

❡①✐sts t0 ∈ R s✉❝❤ t❤❛t

π : G̃−1({η} × (−t0, t0)l) ∩X ∩ B̄δ × Rl → Rl

✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥ ❛♥❞ t❤❡♥ ✉s❡ t❤❡ ❋✐rst ■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭❬✸✺✱

Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮ t♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✳

✭✶✮ ❋♦r ❡❛❝❤ i ∈ I ✐❢ x ∈ f−1(η) t❤❡♥

dG̃(x, 0) : Tx(S̃i ∩ Bδ)× T0R
l → TG̃(x,0)(R× Rl)

❤❛s ❢✉❧❧ r❛♥❦✱ ❜❡❝❛✉s❡ η ✐s ❛ r❡❣✉❧❛r ✈❛❧✉❡ ♦❢ f|S̃i∩Bδ
✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts

t′0 ∈ R s✉❝❤ t❤❛t dG̃(x, t) ❤❛s ❢✉❧❧ r❛♥❦ ❢♦r ❛♥② x ∈ f−1(η) ❛♥❞ ❛♥② t ∈ (−t′0, t′0)l✳
❇② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ dG̃ t❤✐s t❤❡♥ ❤♦❧❞s ❢♦r ❛♥② x ∈ f−1

t (η)✳
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✭✷✮ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✐❢ i ∈ I t❤❡♥

G̃−1({η} × (−t′0, t′0)l) ∩ S̃i ∩ Bδ × Rl

✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳

✭✸✮ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts t̃0 ∈ R s✉❝❤ t❤❛t ✐❢ i ∈ I t❤❡♥

G̃−1({η} × (−t̃0, t̃0)l) ∩ S̃i ∩ Sδ × Rl

✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳ ❚♦ t❤✐s ❛✐♠ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t

G̃−1({η} × (−t̃0, t̃0)l) ⋔ S̃i ∩ Sδ × (−t̃0, t̃0)l (∗)

✐s ❛ tr❛♥s✈❡rs❡ ✐♥t❡rs❡❝t✐♦♥✳ ❚❤❡ s❡t ♦❢ ♣♦✐♥ts (x, t) ✇❤❡r❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ (∗) ✐s ♥♦t
tr❛♥s✈❡rs❡ ✐s t❤❡ s❡t ♦❢ (x, t) ✇✐t❤ x ∈ X ∩ Sδ ❛♥❞ t ∈ (−t̃0, t̃0)l s✉❝❤ t❤❛t

T(x,t)f
−1

t|S̃i∩Sδ
(η) ⊥ (x, 0).

◆♦t✐❝❡ t❤❛t t❤✐s ✐s ❛ ❝❧♦s❡❞ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❛t

T(x,0)f
−1

|S̃i∩Sδ
(η) 6⊥ (x, 0) ∀i ∈ I

❜❡❝❛✉s❡ f−1(η) ✐s tr❛♥s✈❡rs❡ t♦ S̃i ∩Sδ ❢♦r ❛♥② str❛t✉♠ S̃i ❝♦♥t❛✐♥✐♥❣ t❤❡ ♦r✐❣✐♥ ✐♥

✐ts ❝❧♦s✉r❡✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ t❤❡ ♦r✐❣✐♥ ✐♥ Rl s✉❝❤ t❤❛t

❢♦r ❛♥② t ∈ U ❛♥❞ ❛♥② x ∈ X ∩ Sδ t❤❡ ✐♥t❡rs❡❝t✐♦♥ f−1
t (η) ∩ S̃i ∩ Sδ ✐s tr❛♥s✈❡rs❡

❢♦r ❛❧❧ i ∈ I✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts t̃0 s❛t✐s❢②✐♥❣ (∗)✳
✭✹✮ ▲❡tt✐♥❣ t0 = ♠✐♥(t′0, t̃0) ♦♥❡ ❣❡ts ❛ str❛t✐✜❡❞ ♠❛♣

π : W = G̃−1({η} × (−t0, t0)l) ∩X ∩ B̄δ × Rl → Rl

✇✐t❤ ❝♦♠♣❛❝t ✜❜❡rs

π−1
|W (t) = f−1

t (η) ∩X ∩ B̄δ

❤❡♥❝❡ π|W ✐s ♣r♦♣❡r✳ ❲❡ s❤❛❧❧ s❤♦✇ t❤❛t✱ ✉♣ t♦ r❡♣❧❛❝✐♥❣ t0 ❜② ❛ s♠❛❧❧❡r ✈❛❧✉❡✱ ✐t

✐s ✐s ❛ s✉❜♠❡rs✐♦♥ ♦♥ ❡❛❝❤ ♦❢ t❤❡ str❛t❛

S̃
′
i := G̃−1({η} × (−t0, t0)l) ∩ S̃i ∩ Bδ, ∀i ∈ I,

S̃
′′
i := G̃−1({η} × (−t0, t0)l) ∩ S̃i ∩ Sδ ∀i ∈ I.

❋♦r t❤✐s ♦♥❡ ❛r❣✉❡s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛ ✹✳✸✽✳

✭❛✮ ■♥❞❡❡❞ s✉♣♣♦s❡ t❤❡r❡ ❡①✐sts i ∈ I s✉❝❤ t❤❛t ❢♦r ❛♥② t0 ♦♥❡ ❤❛s t❤❛t

π|S̃ ′′
i
: S̃

′′
i → Rl
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✐s ♥♦t ❛ s✉❜♠❡rs✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ x ∈ f−1
t (η) ∩ S̃i ∩ Sδ

s✉❝❤ t❤❛t ❢♦r ❛♥② t ♦♥❡ ❤❛s t❤❛t

T(x,t)S̃
′′
i ⊥ TtR

l (∗∗).

✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛❧ dG̃(x, t) ✐s ♣❛r❛❧❧❡❧ t♦ TtR
l✳

❙✐♥❝❡ (∗∗) ✐s ❛ ❝❧♦s❡❞ ❝♦♥❞✐t✐♦♥ ♦♥❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ (xt, t) ✇✐t❤ xt ∈
f−1
t (η) ∩ S̃i ∩ Sδ s✉❝❤ t❤❛t dG̃(xt, t) ✐s ♣❛r❛❧❧❡❧ t♦ TtRl✳ ▲❡tt✐♥❣ |t| → 0

t❤❡r❡ ✇♦✉❧❞ ❡①✐st ❛ ❧✐♠✐t ♣♦✐♥t y ∈ f−1(η) ∩ ¯̃
Sj ∩ Sδ ❢♦r s♦♠❡ j ∈ I s✉❝❤

t❤❛t S̃i ⊂ S̄j ✳ ❇✉t t❤❡♥ dG̃(y, 0) ✐s ♣❛r❛❧❧❡❧ t♦ T0R s♦ df(y) = 0✳ ❚❤✐s

❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ f−1(η) ∩ S̃i ∩ Sδ ✐s tr❛♥s✈❡rs❡✳

✭❜✮ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✐❢

π|S̃ ′
i
: S̃

′
i → Rl

✇❡r❡ ♥♦t ❛ s✉❜♠❡rs✐♦♥ t❤❡♥ t❤❡r❡ ✇♦✉❧❞ ❡①✐st ❛ y ∈ f−1(η) ∩ ¯̃
Sj ∩ Sδ

s✉❝❤ t❤❛t df(y) = 0✳ ❚❤❡♥ y ∈ f−1(η) ✇♦✉❧❞ ❜❡ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ f :

S̃i ∩ Bδ → R ❢♦r s♦♠❡ i ∈ I✱ ❝♦♥tr❛❞✐❝t✐♦♥✳

✭✺✮ ❚❤❡r❡❢♦r❡ π|X ✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥ ❛❜♦✈❡ (−t0, t0)l ⊂ Rl s♦ ❜② t❤❡

✜rst ■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮ ✐t ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ tr✐✈✐❛❧

t♦♣♦❧♦❣✐❝❛❧ ✜❜r❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r ✐ts ✜❜❡rs ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝ ✇❤✐❝❤ ❣✐✈❡s t❤❡

❤♦♠❡♦♠♦r♣❤✐s♠ ♦❢ t❤❡ st❛t❡♠❡♥t✳

�

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ ▲❡♠♠❛ ✹✳✹✹✳

▲❡♠♠❛ ✻✳✼✳ ❑❡❡♣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ▲❡♠♠❛ ✻✳✻✳ ❋♦r ❛♥② δ ∈ (0, δ0] t❤❡r❡

❡①✐sts ǫ ∈ (0, ǫ0] s✉❝❤ t❤❛t ❢♦r ❛♥② η ∈ (0, ǫ] t❤❡r❡ ❡①✐sts t′0 ∈ R s✉❝❤ t❤❛t ❢♦r ❛♥②

t ∈ Rl ∩ {|t| < t′0} t❤❡ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t

f−1
t ([−η, η]) ∩X ∩ B̄δ

✐s ❝♦♥tr❛❝t✐❜❧❡✳

Pr♦♦❢✳ ❑❡❡♣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✻✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛

✻✳✻ t❤❡r❡ ❡①✐sts t0 ∈ R s✉❝❤ t❤❛t ✐❢ ❢♦r ❡❛❝❤ i ∈ I ♦♥❡ ❞❡✜♥❡s

Ti1 = G̃−1((−η, η)× (−t0, t0)l) ∩ S̃i ∩ Bδ × Rl,

Ti2 = G̃−1((−η, η)× (−t0, t0)l) ∩ S̃i ∩ Sδ × Rl,

T
±
i3 = G̃−1({±η} × (−t0, t0)l) ∩ S̃i ∩ Bδ × Rl,
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T
±
i4 = G̃−1({±η} × (−t0, t0)l) ∩ S̃i ∩ Sδ × Rl

t❤❡♥ T
±
ij ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s ❢♦r j = 3, 4✳ ❋♦r ❡❛❝❤ i ∈ I, dimTi1 = dim S̃i ∩

Bδ × Rl ❛♥❞ dimTi2 = dim S̃i ∩ Sδ × Rl✳ ❙✐♥❝❡

Ti1 ⊂ S̃i ∩ Bδ × Rl

Ti2 ⊂ S̃i ∩ Sδ × Rl

❛r❡ ♦♣❡♥ Ti1 ❛♥❞ Ti1 ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s✳ ❋♦r ❡❛❝❤ i ∈ I ♣✉t

Ti = {Tij ,T
±
il , j = 1, 2, l = 3, 4}

❛♥❞ ❧❡t T = (Ti)i∈I ✳ ❚❤❡♥ T ✐s ❛ str❛t✐✜❝❛t✐♦♥ ♦❢

Y := G̃−1([−η, η]× (−t0, t0)l) ∩X ∩ B̄δ × Rl.

❙✐♥❝❡ S̃ s❛t✐s✜❡s t❤❡ af ✲❝♦♥❞✐t✐♦♥ f̃|X∩B̄δ
⋔ [−η, η] s♦✱ ✉♣ t♦ r❡♣❧❛❝✐♥❣ t0 ❜② ❛ s♠❛❧❧❡r

✈❛❧✉❡✱

G̃|X∩B̄δ×Rl ⋔
(

[−η, η]× (−t0, t0)l
)

.

❇✉t t❤❡♥

G̃−1([−η, η]× (−t0, t0)l) ∩X ∩ B̄δ × Rl

✐s ❲❤✐t♥❡② str❛t✐✜❡❞ ❜② t❤❡ str❛t❛ ♦❢ T ✭s❡❡ ❬✷✺✱ ➓ ✶✳✸❪✮✳ ❈♦♥s✐❞❡r t❤❡ r❡str✐❝t✐♦♥

π|Y : Y → Rl

♦❢ t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ π : Rn×Rl → Rl ♦♥t♦ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r✳ ❲❡ s❤❛❧❧ s❤♦✇

t❤❛t ✉♣ t♦ r❡♣❧❛❝✐♥❣ t0 ❜② ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦♥❡ ❤❛s t❤❛t π|Y ✐s ❛ ♣r♦♣❡r str❛t✐✜❡❞

s✉❜♠❡rs✐♦♥✳ ■ts ✜❜r❡s ❛r❡ ♦❢ t❤❡ ❢♦r♠

π−1
|Y (t) = f−1

t ([−η, η]) ∩X ∩ B̄δ

❛♥❞ ✐❢ K ⊂ Rl ✐s ❝♦♠♣❛❝t t❤❡♥

π−1
|Y (K) = G̃−1([−η, η]×K) ∩X ∩ B̄δ × Rl

✐s ❝♦♠♣❛❝t s♦ π|Y ✐s ♣r♦♣❡r✳ ❋♦r ❛♥② i ∈ I ❛♥❞ ❛♥② j = 1, 2 t❤❡ ♠❛♣s

π|Tij
: Tij → Rl, j = 1, 2

❛r❡ s✉❜♠❡rs✐♦♥s✳ ■♥❞❡❡❞ t❤❡ str❛t❛ Ti1 ❛♥❞ Ti2 ❛r❡ s♠♦♦t❤ ♦❢ ❞✐♠❡♥s✐♦♥

dim(Ti1) = dim(Si ∩ Bδ) + l, dim(Ti2) = dim(Si ∩ Sδ) + l
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r❡s♣❡❝t✐✈❡❧② ❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥s

π : S̃i ∩ Bδ × Rl → Rl,

π : S̃i ∩ Sδ × Rl → Rl

❛r❡ ❜♦t❤ s✉❜♠❡rs✐♦♥s ❜❡❝❛✉s❡ ❡❛❝❤ ♦❢ t❤❡ str❛t❛ S̃i ✐♥t❡rs❡❝ts t❤❡ ❜❛❧❧ Bδ ❛♥❞ t❤❡

s♣❤❡r❡ Sδ tr❛♥s✈❡rs❛❧❧②✱ ❜② t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s✳ ❍❡♥❝❡ t❤❡s❡ ✐♥t❡rs❡❝t✐♦♥s ❛r❡

❛❧❧ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❝❧❛✐♠ ❢♦r i = 3, 4✳ ❙✉♣♣♦s❡ ♥♦t✳ ❚❤❡♥

❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✻ t❤❡r❡ ✇♦✉❧❞ ❡①✐sts i ∈ I ❛♥❞ ❛ s❡q✉❡♥❝❡ (xt, t) ✇✐t❤

|t| t❡♥❞✐♥❣ t♦ ③❡r♦ ✇✐t❤

xt ∈ f−1
t (η) ∩ S̃i ∩ Bδ ∪ f−1

t (−η) ∩ S̃i ∩ Bδ

✐♥ ❝❛s❡ j = 3 r❡s♣❡❝t✐✈❡❧②

xt ∈ f−1
t (η) ∩ S̃i ∩ Sδ ∪ f−1

t (−η) ∩ S̃i ∩ Sδ

✐♥ ❝❛s❡ j = 4✱ s✉❝❤ t❤❛t dG̃(x, t) ✐s ♣❛r❛❧❧❡❧ t♦ TtRl✳ ❙✉♣♣♦s❡ t❤❛t

xt ∈ f−1
t (η) ∩ S̃i ∩ Bδ

❚❤❡♥ t❤❡r❡ ✇♦✉❧❞ ❡①✐sts ❛ ❧✐♠✐t y ∈ f−1
t (η) ∩ ¯̃

Si ✇✐t❤ y ∈ Bδ s✉❝❤ t❤❛t df(y) = 0✱

❢♦r s♦♠❡ i ∈ I✳ ❙✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t

xt ∈ f−1
t (η) ∩ S̃i ∩ Sδ.

❚❤❡♥ t❤❡r❡ ✇♦✉❧❞ ❡①✐sts ❛ ❧✐♠✐t y ∈ f−1
t (η) ∩ ¯̃

Si ✇✐t❤ y ∈ Sδ s✉❝❤ t❤❛t df(y) = 0✱

❢♦r s♦♠❡ i ∈ I✳ ❇✉t t❤✐s ❝♦♥tr❛❞✐❝ts ✐♥ ❜♦t❤ ❝❛s❡s t❤❡ ❢❛❝t t❤❛t

f : f−1(S|η|) ∩X ∩ B̄δ → Sη

✐s ❛ str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥✱ ❜② ❝♦♥str✉❝t✐♦♥ ✭s❡❡ ✷✳✶✮✳ ❚❤❡r❡❢♦r❡ π|Y ✐s ❛ ♣r♦♣❡r

str❛t✐✜❡❞ s✉❜♠❡rs✐♦♥✳ ❇② t❤❡ ❋✐rst ■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮

π|Y ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ tr✐✈✐❛❧ t♦♣♦❧♦❣✐❝❛❧ ✜❜r❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐st ❢♦r ❛♥②

t ∈ (−t0, t0)l ❛ ❤♦♠❡♦♠♦r♣❤✐s♠

φt : π
−1
|Y (t) → π−1

|Y (0),

✇❤✐❝❤ ✐s t♦ s❛② t❤❛t

f−1
t ([−η, η]) ∩X ∩ B̄δ ∼= f−1([−η, η]) ∩X ∩ B̄δ.

❙✐♥❝❡ ❜② ▲❡♠♠❛ ✻✳✺ t❤❡ s♣❛❝❡ t♦ t❤❡ r✐❣❤t ✐s ❝♦♥tr❛❝t✐❜❧❡ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �
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✺✳ ❖♥ t❤❡ ❍♦♠♦t♦♣② ❚②♣❡ ♦❢ t❤❡ ▼✐❧♥♦r ❋✐❜r❡s

✺✳✶✳ ▼♦rs✐✜❛❜❧❡ ▼❛♣s✳ ❲❡ s❤❛❧❧ ♥♦✇ ❛♣♣❧② ❙tr❛t✐✜❡❞ ▼♦rs❡ ❚❤❡♦r② ✭❬✷✺❪✮

t♦ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡ ❜② ❛❞❥♦✐♥✐♥❣ ❝❡❧❧s t♦ t❤❡ r❡❛❧ ▼✐❧♥♦r ✜❜r❡s✳ ■♥ t❤❡

st❛t❡♠❡♥t ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✻✳✶✸ ♦♥❡ s❤❛❧❧ ♥❡❡❞ t♦ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛

str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ✇❤❡r❡❢♦r❡ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡❢✐♥✐t✐♦♥ ✻✳✽✳ ▲❡t X ⊂ Rn ❜❡ ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ❝♦♥t❛✐♥✐♥❣ t❤❡ ♦r✐❣✐♥✳ ❚❤❡

r❡str✐❝t✐♦♥ f : X → R ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f̃ : Rn → R ✐s ❝❛❧❧❡❞ ♠♦rs✐✜❛❜❧❡ ✐❢ t❤❡r❡

❡①✐sts ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ S̃ ♦❢ X s❛t✐s❢②✐♥❣ t❤❡ ❚❤♦♠ af ✲❝♦♥❞✐t✐♦♥ s✉❝❤ t❤❛t

f−1(0) ⊂ X ✐s ❛ ✉♥✐♦♥ ♦❢ str❛t❛✱ ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥

F : X × Ū ⊂ Rn × Rl → R, ft(x) = F (x, t)

♦❢ f : X → R✳

✺✳✷✳ ❚❤❡ ▼❛✐♥ ❈♦♥str✉❝t✐♦♥s✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ f : X → R

✐s ♠♦rs✐✜❛❜❧❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ str❛t✐✜❝❛t✐♦♥ ✐s ❞❡♥♦t❡❞ ❜② S̃ = (S̃i), i ∈ I ❛♥❞

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✐s

F : X × Ū ⊂ Rn × Rl → R, ft(x) = F (x, t).

❋✐① δ ∈ (0, δ0] ❛♥❞ η ∈ (0, ǫ(δ)]✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t ❢♦r ❛♥ ♦♣❡♥ ❞❡♥s❡ s✉❜s❡t ♦❢

♣❛r❛♠❡t❡rs t❤❡ r❡str✐❝t✐♦♥ ♦❢ ft t♦ X ∩ B̄δ ✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥

▲❡♠♠❛ ✻✳✾✳ ❚❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ❞❡♥s❡ s❡t V ⊂ U s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ t ∈ V ✱

ft : X ∩ B̄δ → R

✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥✳

Pr♦♦❢✳ ❙✐♥❝❡ S̃ = (S̃i)i∈I s❛t✐s✜❡s t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s ✐❢ S = (Si)i∈ ✐s

t❤❡ str❛t✐✜❝❛t✐♦♥ ♦❢ X ∩ B̄δ ⊂ Rn ❤❛✈✐♥❣ str❛t❛

S
′
i = S̃i ∩ Bδ, S

′′
i = S̃i ∩ Sδ, i ∈ I

t❤❡♥ S ✐s ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥✳ ❙✐♥❝❡ X ∩ B̄δ ✐s ❝♦♠♣❛❝t✱ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✹ ✐t

❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐st ❛ ❞❡♥s❡ s✉❜s❡t V ⊂ U s✉❝❤ t❤❛t

∀t ∈ V, ft : X ∩ B̄δ → R

✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ S✳ �
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❉❡❢✐♥✐t✐♦♥ ✻✳✶✵✳ ■❢ t ∈ V ♣✉t

C(F, t) = {p(t) ∈ X ∩ B̄δ | p(t) ✐s ❛ str❛t✐✜❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ft : X ∩ B̄δ → R}

❆s ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥s ❛r❡ ✐s♦❧❛t❡❞ ❛♥❞ s✐♥❝❡ t❤❡ ❝r✐t✐❝❛❧

✈❛❧✉❡s ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❜② ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✷✳✶❪✱ ♦♥❡ ❝❛♥ ✇r✐t❡

C(F, t) = {p1(t), . . . , pm(t)}, ft(C(F, t)) = {s1(t), . . . , sm(t)},

m(t) = |C(F, t)|.

❘❡♠❛r❦ ✻✳✶✶✳ ❙✐♥❝❡ X ∩ B̄δ ✐s ❝♦♠♣❛❝t ❢♦r ❛♥② i = 1, . . . , k t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s

♦❢ ft|X∩B̄δ
❛r❡ ❜♦✉♥❞❡❞✳ ❇② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧s ♦❢ t❤❡ ♠❛♣

(ft, t) : X ∩ B̄δ × Ū → R× Ū ,

(x, t) 7→ (ft(x), t)

t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ ft|X∩B̄δ
t❡♥❞ t♦ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ f|X∩Bδ

✇❤❡♥ |t| → 0✳

❇✉t t❤❡ ♦r✐❣✐♥ ✐s t❤❡ ♦♥❧② ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❧❛tt❡r ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✶ s♦ ♦♥❡ ❝❛♥

t❤❡r❡❢♦r❡ ❛ss✉♠❡ t❤❛t ✐❢ t0 = ♠✐♥(t0, t′0) ✐♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ▲❡♠♠❛s ✻✳✻ ❛♥❞ ✻✳✼

t❤❡♥ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ ft|X∩B̄δ
❧✐❡ ✐♥ (−η, η) ❢♦r ❛❧❧ t ∈ V s✉❝❤ t❤❛t |t| < t0✳

❇❡❢♦r❡ st❛t✐♥❣ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✇❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ s♦♠❡ ❢✉rt❤❡r ♥♦t❛t✐♦♥✳

• ■❢ pj = pj(t) ∈ C(F, t) ❛♥❞ pj ❜❡❧♦♥❣s t♦ ❛ str❛t✉♠ S ∈ S ❞❡♥♦t❡ ❜②

λS (pj) t❤❡ ▼♦rs❡ ✐♥❞❡① ♦❢ ft|Sl
❛t pj ✳

• ■❢ pj ∈ C(F, t) ❜❡❧♦♥❣s t♦ ❛ str❛t✉♠ S ∈ S t❤❡♥ ❜❡❝❛✉s❡ S s❛t✐s✜❡s t❤❡

❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s t❤❡r❡ ❡①✐sts ρj > 0 s✉❝❤ t❤❛t ✐❢ B̄ρj (pj) ⊂ Rn ✐s t❤❡

❝❧♦s❡❞ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t pj ❛♥❞ ♦❢ r❛❞✐✉s ρj t❤❡♥ ∂B̄ρj (p) ✐♥t❡rs❡❝ts t❤❡

str❛t❛ ♦❢ S tr❛♥s✈❡rs❛❧❧②✱ s❡❡ ❬✷✺✱ ✸✳✺❪✳ ▲❡t

l+(pj) = N(pj) ∩ Bρj ∩ f−1
t|X∩B̄δ

(sj + γj),

l−(pj) = N(pj) ∩ Bρj ∩ f−1
t|X∩B̄δ

(sj − γj)

❢♦r 0 < γj << ρj ❞❡♥♦t❡ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦s ❬✷✺✱ ❉❡✜♥✐t✐♦♥

✸✳✾✳✶❪ ♦❢ ft|X∩B̄δ
❛t t❤❡ ♣♦✐♥t pj ✳ ▲❡t dim(S )(pj) ❞❡♥♦t❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢

t❤❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ pj ✳

❘❡♠❛r❦ ✻✳✶✷✳ ❘❡♠❛r❦ t❤❛t

l±(pj) = l±(pj) ∩ f−1
t (−η, η)



✶✸✹ ✻✳ ▼❖❘❙■❋■❆❇▲❊ ❘❊❆▲ ❙■◆●❯▲❆❘■❚■❊❙

❜② ❞❡✜♥✐t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s

l±(pj) = l±
X∩B̄δ∩f

−1
t (−η,η)

(pj).

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ✉♣♣❡r ✭❧♦✇❡r✮ ❤❛❧❢✲❧✐♥❦s ♦❢ t❤❡ ♣r♦♣❡r ❢✉♥❝t✐♦♥ ft|X∩B̄δ
❛r❡ t❤❡

✉♣♣❡r ✭❧♦✇❡r✮ ❤❛❧❢✲❧✐♥❦s ♦❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ft t♦ X ∩ B̄δ ∩ f−1
t (−η, η)✳

✺✳✸✳ ❚❤❡ ▼❛✐♥ ❚❤❡♦r❡♠✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✻✳✶✸✳ ❙✉♣♣♦s❡ t❤❛t X ⊂ Rn ✐s ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ❛♥❞ t❤❛t f : X → R

✐s ❛ ♠♦rs✐✜❛❜❧❡ ♠❛♣ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✻✳✽✮ ❤❛✈✐♥❣ ▼✐❧♥♦r ❞❛t❛ (ǫ0, δ0) ❛t t❤❡ ♦r✐❣✐♥✳

❙✉♣♣♦s❡ t❤❛t

F : X × Ū ⊂ Rn × Rl → R, ft = F (·, t)

✐s ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ ♦❢ f ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✻✳✸✮ ✇✐t❤ V ❛s ✐♥ ▲❡♠♠❛ ✻✳✾✳

❋♦r ❛♥② δ ∈ (0, δ0] t❤❡r❡ ❡①✐sts ǫ ∈ (0, ǫ0] s✉❝❤ t❤❛t ❢♦r ❛♥② η ∈ (0, ǫ(δ)] t❤❡r❡ ❡①✐sts

t0(η) ∈ R s✉❝❤ t❤❛t ✐❢ t ∈ V ∩ {|t| ≤ t0} t❤❡♥ t❤❡r❡ ❡①✐st s❡♠✐❛❧❣❡❜r❛✐❝ s❡ts N (F̄+
η )

❛♥❞ N (F̄−
η ) ❤❛✈✐♥❣ t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ F̄+

η ❛♥❞ F̄−
η r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❛tt❛❝❤✐♥❣

♠❛♣s

h+j : ∂
(

DdimS (pj)−λS (pj) × ❝♦♥❡(l+(pj))
)

→






N (F̄+
η ) ∪⋃j−1

l=1 DdimS (pj)−λS (pj) × ❝♦♥❡(l+(pj)), 2 ≤ j ≤ m

N (F̄+
η ), j = 1

h−j : ∂
(

DλS (pj) × ❝♦♥❡(l−(pj))
)

→






N (F̄−
η ) ∪⋃j−1

l=1 DλS (pj) × ❝♦♥❡(l−(pj)), 2 ≤ j ≤ m

N (F̄−
η ), j = 1

✇✐t❤ pj ∈ C(F, t) ❛♥❞ m = |C(F, t)| ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✻✳✶✵✱ s✉❝❤ t❤❛t

N (F̄+
η ) ∪

⋃

1≤i≤m
h+
i

(

Ddim(S )−λS (pj) × ❝♦♥❡(l+(pj))
)

,

N (F̄−
η ) ∪

⋃

1≤i≤m
h−

i

(

DλS (pj) × ❝♦♥❡(l−(pj))
)

❛r❡ ❝♦♥tr❛❝t✐❜❧❡✳

Pr♦♦❢✳ ❋✐① δ ∈ (0, δ0] ❛♥❞ η ∈ (0, ǫ(δ)] ❛♥❞ ❧❡t t0 ∈ R ❜❡ ❛s ✐♥ ▲❡♠♠❛ ✻✳✻

❛♥❞ ▲❡♠♠❛ ✻✳✼✳ ❯s✐♥❣ ▲❡♠♠❛ ✻✳✾ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❞❡♥s❡ ♦♣❡♥ s❡t V ⊂ U s✉❝❤ t❤❛t

✐❢ t ∈ V t❤❡♥ ft|X∩B̄δ
✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥✳ ❋✐① t ∈ V ∩ {|t| ≤ t0}✳ ❇②
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❘❡♠❛r❦ ✻✳✶✶ ♦♥❡ ❝❛♥ ♦r❞❡r t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❛s

−η < s1 < · · · < sm < η

❙✐♥❝❡ ft|X∩B̄δ
✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ❢♦r ❡❛❝❤ j = 1, . . . ,m

❛ γj > 0 s✉❝❤ t❤❛t [sj − γj , sj + γj ] ❝♦♥t❛✐♥s ♥♦ ♦t❤❡r ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❡①❝❡♣t sj ✳ ❇②

❬✷✺✱ ❘❡♠❛r❦ ✸✳✹❪ γj > 0 ❝❛♥ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t

sj + γj = sj+1 − γj+1, j = 1, . . . ,m− 1

❜❡❝❛✉s❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ t②♣❡ ♦❢

f−1([sj − γj , sj + γj ]) ∩X ∩ B̄δ, j = 1, . . . ,m

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ γj > 0 ❛s ❧♦♥❣ ❛s [sj−γj , sj+γj ] ❝♦♥t❛✐♥s ♥♦ ❝r✐t✐❝❛❧
✈❛❧✉❡ ❡①❝❡♣t sj ✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠✐❛❧❣❡❜r❛✐❝ s❡ts

X̄t,η = f−1
t ([−η, η]) ∩X ∩ B̄δ,

Xt,η = f−1
t (−η, η) ∩X ∩ B̄δ,

X ′
t,η = f−1

t (−η, η) ∩X ∩ Bδ,

X ′′
t,η = f−1

t (−η, η) ∩X ∩ Sδ.

◆♦t✐❝❡ t❤❛t X̄t,η ✐s ❲❤✐t♥❡② str❛t✐✜❡❞ ❜② str❛t❛

f−1
t (−η, η) ∩ S , f−1

t (±η) ∩ S , S ∈ S

❛♥❞ t❤❛t ✐❢ S ∈ S t❤❡♥ dim f−1
t (−η, η) ∩ S = dimS . ❲❡ s❤❛❧❧ ❛♣♣❧② str❛t✐✜❡❞

▼♦rs❡ t❤❡♦r② ❢♦r t❤❡ ♣r♦♣❡r ♠❛♣ ft : X̄t,η → R ❛♥❞ t❤❡ s✉❜s♣❛❝❡ Xt,η✳ ❲❡ ❝❧❛✐♠ t❤❛t

ft r❡str✐❝t❡❞ t♦ Xt,η ❤❛s ♦♥❧② ♥♦♥❞❡♣r❛✈❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ❍♦✇❡✈❡r s✐♥❝❡ ft|X∩Bδ
✐s

▼♦rs❡✱ ✐ts ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛r❡ ✐s♦❧❛t❡❞ s♦ ✐❢ t❤❡r❡ ✇❛s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t p ∈ f−1
t (−η, η)∩

X ∩ B̄δ t❤❡♥ t❤✐s ♣♦✐♥t ♠✉st ❜❡ ✐s♦❧❛t❡❞✱ ❛s ✇❡❧❧✳ ❇✉t t❤❡♥✱ ❜② ❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✷✳✹❪

p ✐s ♥❡❝❡ss❛r✐❧② ♥♦♥❞❡♣r❛✈❡❞✳

✭✶✮ ❇② ❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✽❪ t❤❡r❡ ❡①✐sts ❛♥ ❛tt❛❝❤✐♥❣ ♠❛♣

h−m : ∂(DλS (pm) × ❝♦♥❡ l−(pm)) → f−1
t (−η, sm − γm) ∩X ∩ B̄δ

❛♥❞ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

f−1
t (−η, sm + γm) ∩X ∩ B̄δ ∼

(

f−1
t (−η, sm − γm]) ∩X ∩ B̄δ

)

∪h−
m
(DλS (pm) × ❝♦♥❡ l−(pm)).
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■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✉s✐♥❣ ❬✷✺✱ ❚❤❡♦r❡♠ ✶✵✳✽❪ t❤❡r❡ ❡①✐sts ❛♥ ❛tt❛❝❤✐♥❣ ♠❛♣

h−m−1 : ∂(DλS (pm−1) × ❝♦♥❡ l−(pm−1)) → f−1
t (−η, sm−1 − γm−1) ∩X ∩ B̄δ

❛♥❞ ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

f−1
t (−η, sm − γm) ∩X ∩ B̄δ = f−1

t (−η, sm−1 + γm−1) ∩X ∩ B̄δ ∼
(

f−1
t (−η, sm−1 − γm−1]) ∩X ∩ B̄δ

)

∪h−

m−1
(DλS (pm−1) × ❝♦♥❡ l−(pm−1)).

❈♦♥t✐♥✉✐♥❣ ✐♥ t❤✐s ✇❛② ♦♥❡ ♦❜t❛✐♥s t❤❛t f−1
t (−η, sm + γm) ❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡

♦❢

N (F̄−
η ) ∪

⋃

1≤i≤m
h−

i

(

DλS (pj) × ❝ô♥❡(l−(pj))
)

✇❤❡r❡

N (F̄−
η ) := f−1

t (−η, s1 − γ1) ∩X ∩ B̄δ.

✭✷✮ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✼✱ ✉s✐♥❣ t❤❡ ❋✐rst

■s♦t♦♣② ▲❡♠♠❛ ✹✳✸✼ ✭❬✸✺✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶❪✮✱ ❣✐✈❡s t❤❛t t❤❡r❡ ❡①✐sts✶ ❛ ❤♦♠❡♦♠♦r✲

♣❤✐s♠

N (F̄−
η ) ∼= f−1

t (−η) ∩X ∩ B̄δ × (−η − γ1, s1 − γ1).

✭✸✮ ❇② ▲❡♠♠❛ ✻✳✼

f−1
t ([−η, η]) ∩X ∩ B̄δ ∼= f−1([−η, η]) ∩X ∩ B̄δ

❜② ❛ str❛t✉♠✲♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠ s♦

Xt,η ∼= f−1(−η, η) ∩X ∩ B̄δ.

❲❡ ❤❛✈❡ t❤❛t f−1([−η, η])∩X ∩ B̄δ ✐s ❝♦♥tr❛❝t✐❜❧❡ ❛♥❞ ✇❡ ❝❧❛✐♠ t❤❛t f−1(−η, η)∩
X ∩ B̄δ ✐s ❝♦♥tr❛❝t✐❜❧❡ ❛s ✇❡❧❧✳ ❋♦r t❤✐s ✇❡ ❝♦♥s✐❞❡r t❤❡ tr✐✈✐❛❧ ✜❜r❛t✐♦♥s

f : f−1((0, η]) ∩X ∩ B̄δ → (0, η]✭✾✮

f : f−1[(−η, 0)) ∩X ∩ B̄δ → (−η, 0]✭✶✵✮

❇② t❤❡ ❚✉❜✉❧❛r ◆❡✐❣❤❜♦r❤♦♦❞ ❚❤❡♦r❡♠ ✭s❡❡ ❡✳❣ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹✷❪✮ t❤❡r❡ ❡①✐sts

❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ h+ ❜❡t✇❡❡♥ (0, η] ❛♥❞ (0, η) s✉❝❤ t❤❛t

h+(0,ρ̃] = ■❞(0,ρ̃], 0 < ρ̃ << η.

✶❚❤✐s ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦❛rs❡ ▼♦rs❡ ❞❛t❛ ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✹❪ ♦❢ ft ❛t p1 ✐s
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ γ1 > 0✱ ❜② ❬✷✺✱ ❘❡♠❛r❦ ✸✳✹❪
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❇② t❤❡ ❤♦♠♦t♦♣② ❧✐❢t✐♥❣ ♣r♦♣❡rt② t❤❡r❡ ❡①✐sts ❛ ❧✐❢t ♦❢ h+ ❜② ✭✾✮ t♦ ❛ ❤♦♠♦t♦♣②

❡q✉✐✈❛❧❡♥❝❡

H+ : f−1((0, η]) ∩X ∩ B̄δ → f−1(0, η) ∩X ∩ B̄δ

✇❤✐❝❤ ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ f−1((0, ρ̃]) ∩ X ∩ B̄δ✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✉s✐♥❣ ✭✶✵✮ t❤❡r❡

❡①✐sts ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡

H− : f−1([−η, 0)) ∩X ∩ B̄δ → f−1((−η, 0)) ∩X ∩ B̄δ

✇❤✐❝❤ ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ f−1((0, ρ̃]) ∩X ∩ B̄δ✳ ❚❤❡r❡❢♦r❡

f−1([−η, η]) ∩X ∩ B̄δ ∼ f−1(−η, η) ∩X ∩ B̄δ.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ Xt,η ✐s ❝♦♥tr❛❝t✐❜❧❡✳

✭✹✮ ▲❡t

W = {(x, r) ∈ R× [0, 1] | x ∈ [−η, (1− r)η + r(sm + γm)]} ⊂ R× R

❛♥❞ ❧❡t π : R × R → R ❜❡ t❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ π(x, r) = r✳ ❋♦r ❡❛❝❤ r ∈ [0, 1]

❧❡t

Wr = π−1(r) ∩W .

❙✐♥❝❡ ❜② ❝♦♥str✉❝t✐♦♥ [sm+γm, η] ❝♦♥t❛✐♥s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ ft|X∩B̄δ
t❤❡r❡ ❡①✐sts

❜② ❬✷✺✱ ❚❤❡♦r❡♠ ✹✳✸❪ ✭s❡❡ ❛❧s♦ ❬✷✺✱ ❘❡♠❛r❦ ✼✳✷❪✮ ❛ str❛t✉♠✲♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r✲

♣❤✐s♠

X̄t,η = f−1
t|X∩B̄δ

(W0) ∼= f−1
t|X∩B̄δ

(W1) = f−1
t ([−η, sm + γm]) ∩X ∩ B̄δ

❤❡♥❝❡

Xt,η ∼= f−1
t (−η, sm + γm) ∩X ∩ B̄δ

❙✐♥❝❡

F̄−
η

∼= f−1
t (−η) ∩X ∩ B̄δ

❜② ▲❡♠♠❛ ✻✳✻ t❤❡ r❡s✉❧t ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ❢♦❧❧♦✇s✳ ❚❤❡ r❡s✉❧t ❢♦r t❤❡

♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ −ft ✐♥st❡❛❞ ♦❢ ft✳ �

✻✳ ❈♦♥s❡q✉❡♥❝❡s

✻✳✶✳ ❚❤❡ ❊✉❧❡r ❈❤❛r❛❝t❡r✐st✐❝s ♦❢ ❚❤❡ ▼✐❧♥♦r ❋✐❜r❡s✳ ❲❡ s❤❛❧❧ ♥♦✇

❞r❛✇ s❡✈❡r❛❧ ❝♦♥s❡q✉❡♥❝❡s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✶✸✳ ❚♦ ❜❡❣✐♥ ✇✐t❤ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡
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❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s✳ ❲❡ ❞❡♥♦t❡ ❜②

χ̃(·) =
∑

j≥0

(−1)j dim H̃j(·, R)

t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ✐♥ r❡❞✉❝❡❞ s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥

❛ ❣✐✈❡♥ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ ❞♦♠❛✐♥ R✳

❈♦r♦❧❧❛r② ✻✳✶✹✳ ❑❡❡♣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✻✳✶✸ ❛♥❞ s✉♣♣♦s❡ ❢✉r✲

t❤❡r♠♦r❡ t❤❛t X ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ♥❡❣✲

❛t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ✇✐t❤ Q✲❝♦❡✣❝✐❡♥ts ✐s ❣✐✈❡♥ ❜②

χ(F̄η−) = 1+
∑

1≤j≤m
dim(S (pj))=dim(X)

(−1)λS (pj)−1+
∑

1≤j≤m
dim(S ((pj))<dim(X)

(−1)λS (pj)χ̃(l−(pj))))

❛♥❞ t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝ ✇✐t❤ Q✲❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡

✐s ❣✐✈❡♥ ❜②

χ(F̄+
η ) = 1 +

∑

1≤j≤m
dim(S )(pj))=dim(X)

(−1)dim(S )(pj)+1−λS (pj)

+
∑

1≤j≤m
dim(S )(pj))<dim(X)

(−1)dim(S )(pj)−λS (pj)χ̃(l+(pj)))).

▼♦r❡♦✈❡r ✐❢ dim(S (p)) = dimX ❢♦r ❛♥② p ∈ C(F, t) t❤❡♥ t❤❡s❡ r❡❧❛t✐♦♥s ❤♦❧❞ ❢♦r

t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❝❤❛r❛❝t❡r✐st✐❝s ✇✐t❤ Z✲❝♦❡✣❝✐❡♥ts✳

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❡ ✜rst ❢♦r♠✉❧❛ ✐♥ t❤❡ st❛t❡♠❡♥t❀ t❤❡ s❡❝♦♥❞ ❢♦r♠✉❧❛

✐s ❛♥❛❧♦❣✉♦✉s✳ ❇② ❡✳❣ ❬✸✾✱ ■✳ ➓ ✺❪ ✐❢ A ⊂ X ✐s ❛ s✉❜s♣❛❝❡ ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X

❛♥❞ R = Q,Z t❤❡♥ t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝

χ(X,A) =
∑

n≥0

(−1)nr❛♥❦ Hn(X,A;R)

✐s ❛❞❞✐t✐✈❡❀ ♥❛♠❡❧② ✐❢ A ⊂ B ⊂ X t❤❡♥

χ(X,A) = χ(X,B) + χ(B,A).✭✶✶✮

▲❡t N (F̄−
η ) ⊂ Xt,η ❜❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❚❤❡♦r❡♠ ✻✳✶✸ ❛♥❞ ❧❡t ✉s ✇r✐t❡

N := N (F̄−
η ) t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✳ ❆♣♣❧②✐♥❣ ✭✶✶✮ t♦ t❤❡ ✜❧tr❛t✐♦♥

∅ ⊂ N ⊂ Xt,η

❣✐✈❡s

χ(F̄−
η ) = χ(N , ∅) = χ(Xt,η, ∅)− χ(Xt,η,N )
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= 1− χ(Xt,η,N ).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡r❡ ❡①✐sts ❜② ❚❤❡♦r❡♠ ✻✳✶✸ ❛ ✜❧tr❛t✐♦♥

N ⊂ · · · ⊂ Bp ⊂ Ap ⊂ · · · ⊂ Xt,η✭✶✷✮

✇❤❡r❡ p ❣♦❡s t❤r♦✉❣❤ t❤❡ s❡t C(F, t) ❛♥❞ ✇❤❡r❡ ❡❛❝❤ ❝♦♥s❡❝✉t✐✈❡ t❡r♠ ✐s ♦❜t❛✐♥❡❞

❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❛s

Ap = Bp ∪hp
(DλS (p) × ❝♦♥❡ l−(p))

❢♦r ❛♥ ❛tt❛❝❤✐♥❣ ♠❛♣

hp : ∂(D
λS (p) × ❝♦♥❡ l−(p)) → Bp.

❘❡❝❛❧❧ t❤❛t m = |C(F, t)|✳ ❆♣♣❧②✐♥❣ ✭✶✶✮ t♦ t❤❡ ✜❧tr❛t✐♦♥ ✭✶✷✮ ♦♥❡ ♦❜t❛✐♥s

χ(Xt,η,N ) =

m
∑

j=1

χ(Ap, Bp)

=

m
∑

j=1

∑

n≥0

(−1)nr❛♥❦ Hn(Ap, Bp;R)

s♦ t❤❛t

χ(F̄−
η ) = 1−

m
∑

j=1

∑

n≥0

(−1)nr❛♥❦ Hn(Ap, Bp;R)✭✶✸✮

❛♥❞ ❜② t❤❡ ❊①❝✐s✐♦♥ ❚❤❡♦r❡♠ ❬✷✻✱ ❚❤❡♦r❡♠ ✷✳✷✵❪ ❛♣♣❧✐❡❞ t♦

Bp \ hp
(

∂(DλS (p) × ❝♦♥❡ l−(p))
)

♦♥❡ ♦❜t❛✐♥s

Hn(Ap, Bp) = Hn

(

DλS (p) × ❝♦♥❡(l−(p), ∂(DλS (p) × ❝ô♥❡(l−(p))
)

✭✶✹✮

✇❤❡r❡ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ❤❛✈❡ R✲❝♦❡✣❝✐❡♥ts✳ ❋♦r ❛♥② i = 1, . . . , k ❛♥❞ ❛♥②

j = 1, . . . ,mi ✐❢ p = pji ∈ Ci(F, t) ✐s s✉❝❤ t❤❛t dim(S (pji)) ✐s ♠❛①✐♠❛❧✱ ❤❡♥❝❡ ❡q✉❛❧

t♦ dimX✱ t❤❡♥ t❤❡ ♥♦r♠❛❧ s❧✐❝❡ ✐s N(p) = p ❜② ❬✷✺✱ ♣✳✽ ➓ ✶✳✷❪✳ ❚❤❡♥ l−(p) = ∅ ❜②

❉❡✜♥✐t✐♦♥ ✹✳✶✹ ❬✷✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✾✳✶❪ s♦ t❤❡ ♦♥❧② ♥♦♥tr✐✈✐❛❧ ❤♦♠♦❧♦❣② ❣r♦✉♣ ✐s

Hn(Ap, Bp) = Hn

(

DλS (p), ∂DλS (p)
)

= Z, n = λS (p).
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❚❤❡ ❡q✉❛t✐♦♥s ✭✶✹✮ ❛♥❞ ✭✶✸✮ t❤❡♥ ❣✐✈❡

χ(F̄−
η ) = 1−

∑

1≤j≤m
dim(S (pj))=dimX

(−1)λS (pj)

= 1 +
∑

1≤j≤m
dim(S (pj))=dimX

(−1)λS (pj)−1

✇❤❡r❡ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❝♦❡✣❝✐❡♥ts t♦ ❜❡ ✐♥ R = Z✳ ❙♦ s✉♣♣♦s❡ t❤❛t ♥♦t ❛❧❧ ❝r✐t✐❝❛❧

♣♦✐♥ts ❧✐❡ ✐♥ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥❛❧ str❛t❛ ❛♥❞ ❧❡t ✉s t❛❦❡ R = Q✳ ■♥ t❤✐s ❝❛s❡ ♦♥❡

❝❛♥ ❛♣♣❧② t❤❡ ❑ü♥♥❡t❤ ❚❤❡♦r❡♠ ❢♦r r❡❧❛t✐✈❡ ❤♦♠♦❧♦❣② ❬✷✻✱ ❚❤❡♦r❡♠ ✸✳✶✽❪✳ ❚❤✐s

②✐❡❧❞s ❛♥ ✐s♦♠♦r♣❤✐s♠

Hn(Ap, Bp) ∼=
⊕

l≥0

Hl(D
λS (p), ∂DλS (p))⊗Hn−l(❝♦♥❡ l

−(p), l−(p))

✇❤✐❝❤ ✐s tr✐✈✐❛❧ ✉♥❧❡ss l = λS (p)✱ ❜❡❝❛✉s❡ t❤❡ r❡❧❛t✐✈❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ♣❛✐r (DλS (p), ∂DλS (p))

✐s tr✐✈✐❛❧ ✐♥ ❛❧❧ ❞❡❣r❡❡s ❡①❝❡♣t l = λS (p)✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ♦♥❡ ♦❜t❛✐♥s

Hn(Ap, Bp) ∼= Hn−λS (p)(❝♦♥❡ l
−(p), l−(p))✭✶✺✮

❤❡♥❝❡

χ(F̄η) = 1−
m
∑

j=1

∑

n≥0

(−1)nr❛♥❦ Hn−λS (p)(❝♦♥❡ l
−(p), l−(p)).

❖♥❡ ♠✉st ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t✇♦ ❝❛s❡s✳

✭✶✮ ■❢ p ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛ str❛t✉♠ ♦❢ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ t❤❡♥ t❤❡ ♥♦r♠❛❧ s❧✐❝❡ ✐s ♦❢

♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥ s♦ l−(p) ✐s ♥♦♥❡♠♣t② ❛♥❞ t❤❡♥ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ t❤❡

♣❛✐r (❝♦♥❡(l−(p)), l−(p)) ❣✐✈❡s

Hn−λS (p)(❝♦♥❡ l
−(p), l−(p)) = H̃n−λS (p)−1(l

−(p))

= H̃n(S
λS (p)+1(l−)(p))

✇❤❡r❡ SλS (p)+1(l−1(p)) ❞❡♥♦t❡s t❤❡ (λS (p)+1)✲t❤ ✐t❡r❛t❡❞ ✭✉♥r❡❞✉❝❡❞✮ s✉s♣❡♥s✐♦♥

❬✷✻❪ ♦❢ t❤❡ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ s✉s♣❡♥s✐♦♥ ♦❢ t❤❡ ❧♦✇❡r ❤❛❧❢✲❧✐♥❦ s❛t✐s✜❡s

∀N ∈ N, χ̃(SN (l−)(p)) = (−1)N χ̃(l−(p)).

✭✷✮ ■❢ p ❜❡❧♦♥❣ t♦ ❛ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥❛❧ str❛t✉♠ t❤❡♥ l−(p) = ∅✳ ❚❤❡ ❝♦♥❡ ♦✈❡r t❤❡

❡♠♣t② s❡t ✐s ❛ ♣♦✐♥t ✭s❡❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ ✹✳✶✹✮ s♦

Hn−λS (p)(❝♦♥❡ l
−(p), l−(p)) = Hn−λS (p)(pt) = H̃n(S

λS (p)).
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❈♦♠❜✐♥✐♥❣ ✶ ❛♥❞ ✷ ❛♥❞ ❛♣♣❧②✐♥❣ ❡q✉❛t✐♦♥s ✭✶✺✮ ❛♥❞ ✭✶✸✮ t❤❡♥ ❣✐✈❡ t❤❡ r❡s✉❧t✳ �

✻✳✷✳ ❖♥ t❤❡ ▲✐♥❦ ♦❢ ❆❧❣❡❜r❛✐❝ ❙✉❜s❡ts✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✐❧❧✉str❛t❡ ♦♥❡

♣♦t❡♥t✐❛❧ ✉s❡ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✻✳✶✸ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❣❡♥❡r❛❧ ❑❤✐♠s❤✐❛s❤✈✐❧✐

❢♦r♠✉❧❛ ❡st❛❜❧✐s❤❡❞ ✐♥ ✻✳✶✹✱ t♦ ♣r♦✈❡ ❛ r❡s✉❧t ♦♥ t❤❡ ❣❡♥❡r✐❝ ✈❛❧✉❡ ♦❢ t❤❡ ❊✉❧❡r ❝❤❛r✲

❛❝t❡r✐st✐❝ ♦❢ ❧✐♥❦s ♦❢ ✐rr❡❞✉❝✐❜❧❡ r❡❛❧ ❛❧❣❡❜r❛✐❝ s✉❜s❡ts✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ r❡❝❛❧❧✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❛rt✐❝❧❡ ❬✸✻❪ ♦❢ ❈✳ ▼❝❈r♦r② ❛♥❞ ❆✳

P❛r✉s✐➠s❦✐✱ t❤❛t t❤❡ ❧✐♥❦ ♦❢ ❛ ❝♦♠♣❛❝t r❡❛❧ ❛❧❣❡❜r❛✐❝ s✉❜s❡t Y ♦❢ ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝

s❡t X ⊂ RN ✐♥ ❛ ♥♦♥s✐♥❣✉❧❛r ♣♦✐♥t x ∈ Y ✐s ❞❡✜♥❡❞ ❛s

X ∩Nx ∩ SNǫ (x)

✇❤❡r❡ Nx ✐s t❤❡ ♥♦r♠❛❧ t❛♥❣❡♥t s♣❛❝❡ ♦❢ Y ⊂ RN ❛t x ❛♥❞ SN (x) ⊂ RN ✐s ❛

s♣❤❡r❡ ♦❢ r❛❞✐✉s ǫ > 0 ❝❡♥t❡r❡❞ ❛t x✳ ❚❤❡ ❧✐♥❦ ✐s t❤✉s ✉♥❞❡✜♥❡❞ ✐♥ s✐♥❣✉❧❛r ♣♦✐♥ts

♦❢ Y ✇❤✐❝❤ ♠♦t✐✈❛t❡s t❤❡ ❞❡✜♥✐t✐♦♥ ❬✸✻✱ ➓ ✶✳✸❪ ♦❢ t❤❡ ❧♦❝❛❧✐s❡❞ ❧✐♥❦✳ ❆s Y ✐s ♣❡r

❛ss✉♠♣t✐♦♥ ❝♦♠♣❛❝t t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f̃ : Rn → R r❡str✐❝t✐♥❣ t♦ ❛

♣r♦♣❡r✱ ♥♦♥♥❡❣❛t✐✈❡ ♠❛♣ f : X → R s✉❝❤ t❤❛t f−1(0) = Y ✳ ❚❤❡♥ t❤❡ ❧♦❝❛❧✐s❡❞ ❧✐♥❦

♦❢ Y ✐♥ X ❛t x ∈ X ✐s ❞❡✜♥❡❞ ❛s

l̃kx(Y ;X) = f−1(ǫ) ∩ Bδ(x), 0 < ǫ << δ.

❙t❛t❡❞ ✐♥ ♦t❤❡r t❡r♠s ✐t ✐s t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡ ♦❢ f : X → R ❛t x✳ ❲❡ ❝❛♥

st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✻✳✶✺✳ ▲❡t X ⊂ RN ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ r❡❛❧ ❛❧❣❡❜r❛✐❝ s❡t ❡♥❞♦✇❡❞

✇✐t❤ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ S = (Si)i∈I ❛♥❞ ❧❡t Y ⊂ X ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡❛❧

❛❧❣❡❜r❛✐❝ s✉❜s❡t✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ ♠❛♣ f̃ : Rn → R s✉❝❤ t❤❛t

f̃ r❡str✐❝ts t♦ ❛ ♠♦rs✐✜❛❜❧❡ ♣r♦♣❡r✱ ♥♦♥♥❡❣❛t✐✈❡ ♠❛♣ f : X → R ✇✐t❤ f−1(0) = Y ✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ s✉❜s❡t Z ⊂ Y ✇✐t❤ dimZ < dimY s✉❝❤ t❤❛t ❢♦r

❛♥② x ∈ Y \ Z t❤❡r❡ ❡①✐sts ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥

g = gx : X ∩ B̄δ → R

s✉❝❤ t❤❛t

χ(l̃kx(Y ;X)) = 2
∑

1≤j≤m
dim(S (pj))=dim(X),

dim(S )≡1

(−1)λS (pj)
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+
∑

1≤j≤m
dim(S (pj))<dim(X)

dim(S )≡0

(−1)λS (pj)[χ̃(l+(pj))− χ̃(l−)(pj)]

−
∑

1≤j≤m
dim(S (pj))<dim(X)

dim(S )≡1

(−1)λS (pj)[χ̃(l+(pj)) + χ̃(l−)(pj)]

✇❤❡r❡ pj , j = 1, . . . ,m ❛r❡ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ g ❛♥❞ ✇❤❡r❡ λS (pj) ✐s t❤❡ ▼♦rs❡

✐♥❞❡① ♦❢ pj ❛t t❤❡ str❛t✉♠ S ∈ S✳

Pr♦♦❢✳ ▲❡t Z = ❙✐♥❣(Y ) ❞❡♥♦t❡ t❤❡ s✐♥❣✉❧❛r ❧♦❝✉s ♦❢ Y ✳ ❚❤❡♥ dimZ < dimY

❛♥❞ s✐♥❝❡ Y ✐s ✐rr❡❞✉❝✐❜❧❡ t❤❡ ❝♦♠♣❧❡♠❡♥t Y \Z ✐s ❛ ❞❡♥s❡ ♦♣❡♥ s❡t ❢♦r t❤❡ ❩❛r✐s❦✐

t♦♣♦❧♦❣②✳ ❋♦r ❛♥② x ∈ Y \ Z t❤❡ ❧♦❝❛❧✐s❡❞ ❧✐♥❦ ❛t x ✐s t❤❡ ♣♦s✐t✐✈❡ ▼✐❧♥♦r ✜❜r❡

l̃kx(Y ;X) = f−1(ǫ) ∩ Bδ(x), 0 < ǫ << δ

♦❢ f : X → R ❛♥❞ s✐♥❝❡ f ✐s ♥♦♥♥❡❣❛t✐✈❡✱

f−1(−ǫ) ∩ Bδ(x) = ∅.

❙✐♥❝❡ f ✐s ♠♦rs✐✜❛❜❧❡ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ str❛t✐✜❡❞ R✲♠♦rs✐✜❝❛t✐♦♥ F :

Y ∩ B̄δ × Ū → R✳ ▲❡t t ∈ V s♦ t❤❛t g := ft ✐s ❛ str❛t✐✜❡❞ ▼♦rs❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❧❡t

✐ts ❝r✐t✐❝❛❧ ♣♦✐♥ts ❜❡ ❞❡♥♦t❡❞ p1, . . . , pm✳ ❘❡♠❛r❦ t❤❛t

∀k ∈ N, χ̃(Sk(l−(p))) = (−1)kχ̃(l−(p))

✇❤❡r❡ Sk(l−(p)) ❞❡♥♦t❡s t❤❡ k✲t❤ ✭✉♥r❡❞✉❝❡❞✮ s✉s♣❡♥s✐♦♥ ❬✷✻❪ ♦❢ l−(p)✱ s♦ ❜② ❈♦r♦❧✲

❧❛r② ✻✳✶✹✱

χ(f−1(ǫ) ∩ Bδ(x)) = 1 +
∑

1≤j≤m
dim(S (pj))=dim(X)

(−1)dim(S )(pj)−λS (pj)−1

+
∑

1≤j≤m
dim(S (pj))<dim(X)

(−1)dim(S )(pj)−λS (pj)χ̃(l+(pj))

❛♥❞

χ(f−1(−ǫ) ∩ Bδ(x)) = 1 +
∑

1≤j≤m
dim(S (pj))=dim(X)

(−1)λS (pj)−1

+
∑

1≤j≤m
dim(S (pj))<dim(X)

(−1)λS (pj)χ̃(l−(pj)).

❙✉❜str❛❝t✐♥❣ t❤❡s❡ q✉❛♥t✐t✐❡s ②✐❡❧❞s t❤❡ r❡s✉❧t✳ �
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