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Resumé

La théorie des Jeux & Champ Moyen (MFG) a été développé par J.-M. Lasry et P.-L.
Lions en 2006. Cette théorie veut décrire le comportement d’un systeme de N jouers, qui
choisissent un controle et agissent pour minimiser une fonction de coiit. La dynamique de
chaque joueur est modélisé avec une équation différentielle stochastique.

Le systeme associé aux équilibres de Nash, sous certain hypotheses et quand N tend
vers I'infini, converge a la solution du systeme MFG. 1l s’agit d'une équation de Hamilton-
Jacobi, pour la fonction valeur du systeme, couplé avec une equation de Fokker-Planck pour
la densité du processus de chaque joueur.

Il y a une vaste littérature en ce qui concerne les Jeux a Champ Moyen, et beaucoup
d’aspects ont été étudiés, comme par exemple existence, régularité et unicité des solutions,
comportement en temps long etc., en utilisant soit des méthodes analytiques soit proba-
bilistes.

Cependant, la plupart de la littérature considere seulement le cas que la dynamique des
joueurs est confinée dans 'espace R?, ou, surtout dans la littérature analytique, dans le tore
Td (solutions périodiques). Plus, dans la plupart des cas les joueurs contrdlent seulement
le drift de I’équation stochastique.

Mais dans beaucoup d’applications c’est trés important travailler avec un processus qui
reste dans un certain domaine d’existence.

Cette condition peut étre obtenue, par exemple, en prescrivant des conditions de Neumann
sur le systeme MFG, lesquelles correspondent a une reflexion dans 1’équation différentielle
stochastique du processus.

Alternativement, on peut confiner la dynamique dans un domaine borné en choisissant
le controle, ou en prenant les termes de drift et de diffusion, afin de satisfaire la restriction

requise. Dans ce cas on parle des MFG avec condition d’invariance ou contraintes sur 1’état.
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Dans ma thése je serai focusé sur les deux aspects.

Dans le premier chapitre j’étudierai le probleme MFG avec contraintes sur l'état, en
obtenant existence, unicité et résultats de régularité. Dans le deuxieme chapitre j’étudierai
le probleme de convergence avec des conditions de Neumann sur la frontiere du domaine.
Finalement, dans le troisitme chapitre je retournerai au systéeme MFG, en étudiant un

modele avec un controle sur la diffusion.
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Chapter 1

Introduction

Game theory is a branch of mathematics which aims to study the behaviour of a group of
players, called agents. The number of players will be denoted by V.

The dynamic of each agent depends on the interactions with the other players, in a
noncooperative framework: i.e., the strategies of each player are made in order to pursue
his own interest.

In this context, a generic agent chooses his own strategy, i.e. a suitable control, and set
up his dynamic, typically modeled by a Stochastic Differential Equation. The control is
chosen in order to minimize a certain cost functional, which also depends on the strategies
and the dynamics of the other players.

A fundamental tool here is the notion of Nash equilibrium, introduced by Nash in [86]. A
certain choice of strategies is called a Nash equilibrium if each agent is playing the optimal
strategy in relation to the others. In other words, each player is not interested to be the
only one who changes strategy.

In this framework, a crucial role is played by the value function. For each agent, the value
function is defined as the cost functional of the player computed at the Nash equilibrium.

We will be more specific about the stochastic formulation and the value function later.

We will focus on differential games, i.e. games in continuous time and state space, intro-
duced for the first time by Isaacs in [67] and, at the same time, by Pontryagin in [88]. In
particular, Isaacs computed formally the link between the value function in these differential
games and the Hamilton-Jacobi equations. In zero-sum differential games, this link became

more rigorous thanks to the work of Crandall, Ishii and Lions on viscosity solutions, see
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Chap. 1 - Introduction

[45] and [68].

In non-zero sum differential games, the work becomes harder. In this case, the value
functions vZN , 4 =1,...,N, solve a coupled system of Hamilton-Jacobi equations, called
Nash system.

We give an example about the structure of the Nash system in the case of uncontrolled
diffusion. If the control of the agents acts only on the drift of the SDE and not on the

diffusion, we can write the dynamic of the generic player ¢ in this way:

dX} = b(X},al)dt + 20 (X])dB},
A ‘ (1.0.1)
X =x.

Here, xé € R4, ! is the control, chosen from a certain set A, b and o are respectively the
drift term and the diffusion matrix and (B;)?, 1 < i < N, are independent d-dimensional
Brownian motions.

From now on, we will use the notation v to indicate a vector of RV defined by v =
)

(vh, ..., oY), where v’ is an already defined vector of R,

Assume that the cost for the player i is given by the following functional:

T

JN (to, xo, ) = [/ (L(s, X%, ) + EN(s, X,))ds + GN(X7)| ,

to

where FiN and GZN are the cost functions of the player i and L is the Langrangian cost for
the control, which we assume in this example not depending on .

With these notations, a control a* provides a Nash equilibrium if, for all controls a.. and

for all 7 we have

JiNv(thmOvaik) < Jijv(thm()vai? (O[;)];él),

i.e., each player chooses his optimal strategy, if we “freeze” the other players’ strategies.
Hence, the value function for the generic player i corresponds to the cost functional

evalutated at the optimal control:
’UZN(to,ZE()) = JiN(to,:Bo, a*) .

Using Ito’s formula and the dynamic programming principle, one can prove that viN solves

the so-called Nash system:



—0w)(t,®) = Y _tr(a(e;) D o o (@) + H(zi, Dool (1, @)

TjTj

J
+> Hy(w), DyvM () Do (t,@) = FN (), (1.0.2)
J#i
oV (T,x) =GN (z),
for (t, ) € [0, T] xRN, Here H is the Hamiltonian of the system, i.e. the Fenchel conjugate
of the Lagrangian, a = oo* and Hp(z,p) denotes %}f’p), for p € RN,

Existence of solutions for this system is well known under some hypotheses of regularity
and growth of the coefficients, see [17] and [74].

However, the structure of the N-players game becomes really intricate when N > 1, and
in that case we are naturally interested in an asymptotic behaviour of (1.0.2) as N — oo,
in order to simplify the configuration of the Nash system.

The system born to describe Nash equilibria in differential games with infinitely many
(small and undistinguishable) agents is called Mean Field Games system. It was intro-
duced by J.M. Lasry and P.L. Lions ([75], [76], [77]), using tools from mean-field theories.
A similar notion of Nash equilibria was also developed in the same years by P. Caines, M.
Huang and R. Malhamé [63].

The macroscopic description used in mean field game theory leads to study coupled sys-
tems of PDEs, where the Hamilton-Jacobi-Bellman equation satisfied by the single agent’s
value function u is coupled with the Kolmogorov Fokker-Planck equation satisfied by the

distribution law of the population m. The simplest form of this system is the following

—0yu — tr(a(z)D*u) + H(z, Du) = F(z,m),

om — Z@EJ (aij(z)m) — div(mH,(xz, Du)) =0, (1.0.3)
m(0) = mg w(T) = G(x,m(T)),

52 . . . . . . .
where 83]() = 8C;iéa)cj denotes a second order partial differentiation and div(-) is the usual
divergence operator.
Unfortunately, there is no hope to obtain a convergence of the Nash system in absence
of a symmetrical structure of (1.0.2). In other words, the agents and their dynamics have

to be symmetric and indistinguishable. So, we suppose that the cost functions FiN and GZN
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Chap. 1 - Introduction

are of this form:

FN(z) = F(z;,m2"),  GN(t,z) = Gz, my"),
where
; 1
mg’l = N_1 ; 5xj ,  where J, is the Dirac function at x .
jFi

If we want to describe, at least heuristically, the structure of this limit problem when
N — oo, we find a differential game with infinitely many players, where the dynamic of a

generic player is driven by a stochastic differential equation of this type:

dXt = b(Xt, O[t) dt + ﬂJ(Xt)dBt 5

Xto = o,

and each player chooses his own strategy in order to minimize

T
J(to, g, .) = E [/ (L(s, X5, as5) + F(Xs,m(s)))ds + G(Xp,m(T))| ,

to

where m(+) is the density of the population, obtained by the convergence of myt.
Since the early works of Lasry and Lions, the study of Mean Field Games Theory with

infinitely many players is, in the literature, roughly divided into three main areas:

(i) Works on the Mean Field Games (MFG) system (1.0.3): study of existence, uniqueness

and qualitative properties of solutions, in all possible frameworks.

(ii) Works on the convergence problem of the system with N players towards the Mean
Field Games system. In other words, show that (1.0.3) is a good approximation of
(1.0.2).

(iii) Works that directly study the stochastic control problem and stochastic trajectories

with probabilistic approach.

There is by now an extensive literature concerning mean field game systems of this kind
(1.0.3), and many fundamental issues have been discussed so far such as existence or nonexis-
tence, regularity and uniqueness of solutions, long time behavior etc., using both an analytic

and probabilistic approach. For example, in the analytic literature existence and uniqueness
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Sec. 1.1 - Mean Field Games System under State Invariance: Chapter 1

of smooth solutions was proved if F' and G are non-decreasing operators, see [77] and [78].
A very general result of existence and uniqueness was subsequently proved by Porretta in
[89]. Other results, concerning also applications and numerical methods, can be found in
(18], [60] and [61].

In the probabilistic literature, some pioneering results about the well-posedness of the

MFG system were given in [16], [34], [64], [65], [66] and [69].

So far, most of the literature considers the case that the state variable x belongs to the
flat torus (i.e. periodic solutions), or, especially in the probabilistic literature, in the whole
space R, But in many applications it is useful to work with a process that remains in a
certain domain of existence.

This can be obtained, for instance, by prescribing Neumann boundary conditions at
the equation (1.0.3), which correspond to a reflection term in the stochastic differential
equation of the process. Some results of existence and uniqueness for MFG with Neumann
(and Dirichlet) boundary conditions can be found in [89] and [43].

Another way to confine the dinamics into a bounded domain is to choose the control, or
to build the drift-diffusion term, in order to satisfy the required restriction. In this case we
talk about MFG with invariance condition or state constraint.

In this thesis I will be focused on both aspects.

In the first chapter I will study a MFG problem with state invariance, obtaining existence,
uniqueness and regularity results. In the second chapter I will deal with the convergence
problem in a framework of Neumann boundary conditions. We will be more specific about
the convergence problem later. Finally, in the third chapter I come back to the Mean Field

Games system, analyzing a model where also the diffusion is controlled.

1.1 Mean Field Games System under State Invariance: Chap-
ter 1

As already sad, in many applied models boundary conditions turn out to be a crucial
issue. A significant case occurs when the dynamical state needs to remain inside some given
domain of existence, say if some natural restriction needs to be preserved. For instance,

in many models appearing in economics, a scalar state variable needs to remain above or
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Chap. 1 - Introduction

below given thresholds (e.g. if x denotes a stock quantity, or the reserve of a fossil fuel, or
a wealth level, see models described in [2], [62]).

There are two typical ways in which the proposed models handle this kind of situation:
either one considers the state constraint control problem, in which case one uses the control
in order to satisfy the required restriction, or alternatively the drift-diffusion terms are built
in the model so that the state does not leave the domain, regardless of the control. This
latter situation is what we are going to study in Chapter 1 of my thesis. Namely, we assume
that the state variable = belongs to a bounded domain ¢ R? and we will assume structure
conditions, on the diffusion and the Hamiltonian terms, which imply that the domain € is
an invariant set for the underlying controlled dynamics, and this invariance occurs for any
choice of the control. In the control community, sometimes this property is referred to as
the invariance of the state space.

Let us stress that considering the domain to be invariant for all controls is different from
considering the state constraint control problem; in very rough words, one can say that the
viability of the state space plays like a regularizing condition of the underlying dynamics,
whereas the state constraint problem leads to formation of singularities at the boundary,
because of the forced action of the control.

In the case of uncontrolled SDEs
dX; = b(t, Xy)dt + V20 (Xp)dW;, Xo=2€Q (1.1.1)

the conditions on the coefficients b and o which let 2 be an invariant set are extensively
discussed in the literature, at least in the case that o and b are globally Lipschitz. We
refer the reader to [27], [46], [47] and the literature therein. The case that the diffusion is
controlled, so b = b(t,z,a), o0 = o(t,z,«) for o in a set of controls, was recently discussed
in [9], [10] and [39] in terms of (viscosity solutions) of the associated Bellman operators.
In our study, we let aside by now the possibility that the diffusion part is controlled; on
the other hand, we aim at giving general conditions on the diffusion matrix and drift terms
which may apply to both degenerate and non degenerate operators, to possibly unbounded
drifts and possibly non Lipschitz matrix o. For the dynamics (1.1.1) in a C? domain €,
we formulate this invariance condition by requiring that the following inequality holds in a
neighborhood of the boundary:

a(z)Dd(z) - Dd(x)

tr(a(z)D*d(x)) + b(t, ) - Dd(x) > d(x)

— Cd() (1.1.2)

12



Sec. 1.1 - Mean Field Games System under State Invariance: Chapter 1

for some constant C' > 0, where d(z) is the distance function to the boundary, a(z) =
(o 0*)(x) is the diffusion matrix and tr(-) is the trace operator. This condition reduces to
the well known necessary and sufficient condition ([27]) if o is Lipschitz continuous and
o*(z)Dd(xz) = 0 on the boundary. However, it also includes more general cases, like o
being only 1/2-Hélder continuous (to this respect, it generalizes the condition used in [9]
for Holder coefficients) and, last but not least, it also applies to the case of non degeneracy
(a(z) coercive up to the boundary) if the drift b(x) is allowed to be unbounded (as in [79]).

In case of Bellman operators, say if the dynamics is controlled, the viability of the state
space is ensured provided the same condition as (1.1.2) is required to hold for all controls.
More specific examples will be given in the next Chapter. We point out that this kind of
condition is also related to the notion of characteristic points of the boundary, namely to
the question whether boundary conditions should be prescribed or not for the corresponding
Bellman operator, see e.g. [12], [13] and [55] for the linear case.

We conclude this section giving a summary of the results obtained:

(i) First we obtain existence and uniqueness of bounded solutions to the Hamilton-Jacobi
equation with bounded terminal conditions, with suitable hypotheses on the Hamil-

tonian H;

(i) Then we prove existence and uniqueness of weak solutions in C([0, T]; L*(2)) for the
Fokker-Planck equation, with initial condition in L'(£2). We will be more precise

about these definitions of solutions in the next Chapter.

(iii) Collecting these results we are able to prove, under classical monotonicity assumptions
on the couplings F' and G, existence and uniqueness of solutions for the Mean Field

Games system with invariance conditions.

(iv) With further hypotheses on the coefficients and the data of the system, we can improve
the regularity of the solutions. In particular, the value function u is globally Lipschitz

continuous and semi-concave in 2, while the density function m is globally bounded.

We point out that these results are not restricted to smooth domains, but at the end of

the chapter a generalization on domains with corners, e.g. rectangles, will be given.
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Chap. 1 - Introduction

1.2 The Master Equation and the Convergence Problem:
Chapter 2

Once proved the results on the Mean Field Games problem, one naturally asks if this system
can be a good approximation of the N-players system.

In this context, two kind of results can be shown:

(i) The optimal strategies in the Mean Field Games system provide approximated Nash
equilibria (called e-Nash equilibria) in the N-player game.

(ii) A Nash equilibrium in the N-player game converges, when N — 400, towards an

optimal strategy in the Mean Field Games.

The first question has been widely studied, using specific tools of the Mean Field theory.
See, for instance, [34], [64], [69].

Conversely, many difficulties arise in the second question, due to the lack of compactness
properties of the problem.

So far it has become clear that the Mean Field Games system cannot be sufficient to take
into account the complexity of the problem with N players.

In order to overcome this problem, Lasry and Lions in [80] introduced a new infinite
dimensional equation, the so-called Master Equation, which summarizes the whole Mean
Field Games system in a unique equation and is clearly connected with the Nash system.

The Master Equation is defined from its trajectories, which are solutions of the Mean
Field Games system. To be more precise, we consider the solution (u,m) of the system

(1.0.3) with initial condition m(ty) = mo and we define the function
U:[0,T)xQ2xP(Q) =R, U(to, x,mo) = u(to, ), (1.2.1)

where Q C R? and P () is the set of Borel probability measures on Q.
If we compute, at least formally, the equation satisfied by U, we obtain a Hamilton-Jacobi

equation in the space of measures:

-0 U (t,x,m) — tr (a(rc)D?cU(t, x, m)) + H (z,D,U(t,z,m))
- | (@)D, DUt m. ) dm(y)

+ | Dot m9) - Hyly. DUty m))dmly) = Pla),
U(]Q“,ac7 m) = G(z,m).

(1.2.2)
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Sec. 1.2 - The Master Equation and the Convergence Problem: Chapter 2

Here, D,,,U is a suitable derivative of U with respect to the measure m. We will deal about
this derivation in Chapter 2. This definition, however, is strictly related to the one given
by Ambrosio, Gigli and Savaré in [4] and by Lions in [80].

The Master Equation plays a crucial role in order to prove the convergence of the N-
player Nash equilibria, and his relevance was recognized in different papers. For example,
in [19] and [20] Bensoussan, Frehse and Yam reformulated this equation as a PDE set
on an L? space, and in [36] Carmona and Delarue interpreted it as a decoupling field of
forward-backward stochastic differential equations in infinite dimension.

Once defined the Master Equation, there are two main steps which must be handled:

(i) Prove the well-posedness of the Master Equation: existence, uniqueness and regularity

of solutions.

(ii) Prove that any solution of the Nash system (1.0.2) converge towards a solution of the

Master Equation (1.2.2).

Some preliminary results about the first problem were given by Lions in [80] and a first
exhaustive result of existence and uniqueness was proved, with a probabilistic approach, by
Chassagneux, Crisan and Delarue in [42].

But the most important work in this direction is given by Cardaliaguet, Delarue, Lasry
and Lions in [32], who give a complete proof for the well-posedness of (1.2.2) and for the
convergence result.

These results are obtained in two different contexts: the first case is the so-called First
order Master Equation, when the control of the generic player has the form (1.1.1) and the
Master Equation is (1.2.2), and the Second order Master Equation, or Master Equation with
common noise. In this case, the dynamic (1.1.1) has also an additional Brownian term dW;,
not depending on i (which justifies the adjective common). This leads to a different and
more difficult type of Master Equation, with some additional terms depending also on the
second derivative D,,,,,U. It is relevant to say that Mean Field Games with common noise
were already studied by Carmona, Delarue and Lacker in [38].

Another convergence result using the Master Equation with common noise was given by
Delarue, Lacker and Ramanan in [48], using large deviations results. Finally, a convergence

result of Nash equilibria without using the Master Equation was given in [72].
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Chap. 1 - Introduction

Anyway, all these results were given in the periodic case, i.e. Q@ = T¢, or possibly in the
whole space RY. But, as already pointed out, in many economic and financial applica-
tions it is necessary to require some boundary conditions, which correspond to reflecting or
absorbing processes for the N-player game.

In the second chapter of my thesis I study the well-posedness of the Master Equation and
the convergence problem in case of reflecting processes, or equivalently Neumann boundary
conditions, for a bounded domain €.

This part follows the main ideas of [32]: the function U is defined as in (1.2.1) and some
estimates like global bounds and global Lipschitz regularity are proved. The main issue
in order to obtain that U solves (1.2.2) is to prove the C! character of U with respect to
m. This proof passes through some estimations on a linearized system of the Mean Field
Games one, (1.0.3).

However, these estimates requires strong regularities of U, and so of the Mean Field
Games system, in the space and in the measure variable.

Concerning the measure variable, a suitable distance between measures has to be defined.
This is called the Wasserstein distance and its definition will be given in the apposite
Chapter.

The space regularity, besides, is obtained in [32] by differentiating the equation with
respect to x.

But in the Neumann case, and in general in any boundary conditions case, these meth-
ods obviously cannot be applied, and these bounds are obtained using some space-time
estimates, which require more effort to gain the same regularity.

Moreover, regularity estimates for Neumann parabolic equation require compatibility con-
ditions between the final data and the value at the boundary (except for Holder estimates).

Unfortunately, these compatibility conditions will be not always guaranteed in this con-
text, especially in some Hamilton-Jacobi equations arising in the study of linearized systems,
(see Proposition 77).

This forces us to generalize the estimates obtained in [32], by defining generalized Wasser-
stein distances to take care of the boundary reflection and sometimes avoiding compatibility
conditions, which allows us to obtain at least Holder estimates.

Once proved existence and uniqueness of solutions, we are able to prove, following the

same lines of [32], the convergence of Nash equilibria. We only need to pay attention about
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Sec. 1.3 - Mean Field Games with Controlled Diffusion: Chapter 3

the stochastic process, which contains also a reflection term at the boundary.

The convergence is obtained defining the auxiliary functions
ul (t,x) = U(t, x5, md)

and the stochastic processes related to this functions. Then, using a probabilistic approach,
we can prove that |ul¥ —v¥| — 0 in two different norms. See Theorem 3.7.7 for further
details.

1.3 Mean Field Games with Controlled Diffusion: Chapter
3

Finally, we come back to the Mean Field Games problem, analyzing another kind of system.

In the model example we gave previously, the control a acts only on the drift. Some
results with controlled diffusion are available, see for instance the elliptic case studied in
[53], or the probabilistic approach developed in [15].

But, as far as we know, Mean Field Games system were mostly studied in case of un-
controlled diffusion. This leads to the study of a system of linear or possibly quasilinear
PDE.

However, in many applied models it is interesting to study a framework where the agents
can play their own control also on the diffusion term. See, for example, the financial articles
of Avellaneda et al., [5], [6], [7].

This leads to the study of a fully nonlinear Hamilton-Jacobi equation, called in the model
case parabolic Bellman equation. This equation was widely studied in the literature, both
in elliptic and parabolic settings. See for instance [11], [44], [70], [71], [81], [97].

In this chapter, we study a particular case of nonlinear Mean Field Games, namely:

Opu+ HY(t, 2, Vu) + H?(t,z, Au) + F(t,z,m) =0,
om — A(mHg(t,m, Au)) + div(mH;(t, z,Vu)) =0,
w(T,z) = G(z,m(T)), m(0) =my.

This system comes from a dynamic for the generic player of this type:

dXs = agds + 0,dBy ,
(1.3.1)

Xt:x()v
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Chap. 1 - Introduction

where two bounded different controls o and ¢ act on the drift and on the diffusion term. In
order to ensure a strong ellipticity condition on the diffusion, we require o bounded from
above and below by two strictly positive constants.

Once defined a suitable definition of viscosity solution for the first equation (no weak
solutions can be defined if there is nonlinearity in the second order term), existence and
uniqueness of solutions for that one is immediately obtained.

But, since the diffusion of the second equation depends on Awu, we need to improve the
regularity of w in order to study the FP equation.

These further regularities are widely studied in the elliptic case, see [24], [25], and in
particular cases of fully nonlinear parabolic equations, see [85].

In our case, we start proving a Lipschitz bound for u, following the same ideas of [91].
Then we improve the regularity of u, adapting in a parabolic setting the results of [44], and
proving a semiconcave bound for the value function.

Then, using a regularity result obtained by Krylov, see [70] and [71], we are able to prove
that u is a classical solution of the system, at least in a regular case. This allows us to
linearize the equation and apply the classical regularity results we need.

Finally, we can classically prove existence and uniqueness for m, since the equation of
m is quasilinear, and then existence and uniqueness for Mean Field Games system using a

standard fixed point argument.
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Chapter 2

Mean Field Games under
Invariance Conditions for the State

Space

2.1 Introduction

In this chapter, as already said, we investigate mean field game systems under invariance
conditions for the state space, otherwise called wviability conditions for the controlled dy-
namics. First we analyze separately the Hamilton-Jacobi and the Fokker-Planck equations,
showing how the invariance condition on the underlying dynamics yields the existence and
uniqueness, respectively in L> and in L'. Then we apply this analysis to mean field games.
We investigate further the regularity of solutions proving, under some extra conditions, that
the value function is (globally) Lipschitz and semiconcave. This latter regularity eventually
leads the distribution density to be bounded, under suitable conditions. The results are not

restricted to smooth domains.

The macroscopic description used in mean field game theory leads to study coupled
systems of PDEs of the form (1.0.3), where the Hamilton-Jacobi-Bellman equation satisfied
by the single agent’s value function is coupled with the Kolmogorov Fokker-Planck equation

satisfied by the distribution law of the population. We allow in this case a dependence on
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t for the Hamiltonian H and the cost function F'. The system assumes the following form:

—Ou— 3 aij(z)0u+ H(t,x, Du) = F(t,z,m), (t,x) € (0,T) x Q2
Om =3 8?]»(aij (x)m) — div(mHp(t,z, Du)) =0, (t,z) € (0,T) x Q
irj
m(0) = myg uw(T) = G(z,m(T))
(2.1.1)

Here  C RY is an open and bounded set and x €  represents the dynamical state of the
generic agent, m(t) is the distribution law of the agents at time ¢ (and m(¢,z) denotes its
density, if m(t) € L), F(t,z,m), G(z,m(T)) are respectively a running cost and a final pay-
off and H(t,x, Du) is the Hamiltonian function associated to the cost of dynamic control
of the individuals. More details on the interpretation of solutions in terms of stochastic

control will be given later.

We said in the introduction that for a stochastic dynamic (1.1.1), the invariance condition

assumes the form (1.1.2). But for a general PDE approach to the Hamilton-Jacobi equation

— Ju — Zaij(x)ﬁfju + H(t,z,Du) =0, (t,x) € (0,T) x Q2 (2.1.2)
i,J

we replace the invariance condition on the dynamics with a structure condition formulated
directly on the Hamiltonian function. Namely, in the same spirit as above, we require that
the diffusion matrix a(z) and the Hamiltonian H (¢, x, p) satisfy the inequality

a(z)Dd(z) - Dd(x)

Tr(a(z)D?d(x)) — Hy(t,z,p) - Dd(x) > a(2)

—Cd(z) VpeRN (2.1.3)

for some constant C' > 0, for z in a neighborhood of the boundary and ¢t € (0,7T).

As it is intrinsic to mean field games, we are going to study not only the properties of the
HJB equation under condition (2.1.3) but also the properties of the Kolmogorov equation
which appear, roughly speaking, in a dual form. The key point, as we will see in our results,
is that the invariance condition ensures that, on one hand, the uniqueness holds just in the
class of bounded solutions for HJB, on another hand a global L!- stability holds for the
KFP equation.

In the end, the contribution of this chapter will be the analysis of HJB equations, Fokker-
Planck equations and, eventually, mean field games under the invariance structure condi-

tions formulated above. In order to focus on the boundary behavior, we assume throughout
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this chapter that the matrix a(z) is Lipschitz continuous in € and is elliptic in the interior
of €2, namely
a(z)>0 VxeQ, and a(x)>0ifxe. (2.1.4)

This latter condition avoids the superposition of interior and boundary degeneracy which
would make the analysis more complicated. Besides, the interior ellipticity will guarantee
local compactness of the solutions which allows us to use a standard framework of weak
(distributional) solutions. While we defer a precise statement of our results to the next

sections, we list here a short summary of what we prove in this chapter:

(a) Assuming the structure conditions (2.1.3) and (2.1.4), and requiring the Hamiltonian
H(t,z,p) to be convex in p, locally bounded in z with at most quadratic growth
with respect to p and such that H(¢,z,0) is globally bounded, we show existence and
uniqueness of bounded solutions to the HJB equation (2.1.2) with bounded terminal

pay-off.

(b) Assuming that the drift b(¢, z) is locally bounded and the structure conditions (1.1.2)
and (2.1.4), we prove that, for any initial probability density mg € L'(Q) the Fokker-

Planck equation
Om — 3 0% (aij(x)m) + div(mb(t, x)) = 0, (t,x) € (0,T) x Q
]
m(0) = myg

admits a unique weak solution m € C°([0,T]; L*(2)). Here by a weak solution we

/ /mﬁ @)dxdt = /moqﬁ

for every ¢ € C9([0,T]; L*(Q)) N L™ such that £(¢) € L>®, where L(¢) = —0sp —
> aij (z)0? =0 —b(t,z) - Do.
irj

mean that

(¢) Under the conditions on a(z), H assumed in item (a) (in particular, under the invari-
ance condition (2.1.3)), and assuming that the coupling terms F'(¢, z,m) and G(z,m)
satisfy global bounds in L and suitable continuity conditions with respect to m, we
prove that the mean field game system (2.1.1) admits a weak solution, where the two

equations are formulated in the sense specified, respectively, by previous results in

21



Chap. 2 - Mean Field Games under Invariance Conditions for the State Space

(a) and (b). This kind of solution of (2.1.1) is also unique under usual monotonicity

conditions upon F' and G (with respect to m).

(d) Assuming in addition that a(z) = (o0*)(x) with o Lipschitz, plus a few natural
structure conditions on the Hamiltonian H and further regularity of F' and G, we prove
additional regularity for the solution (u,m) of (2.1.1); namely, that u is (globally)
Lipschitz continuous and semi concave in Q. Moreover, in this case m is (globally)

bounded provided Zm[%‘?: + Hp,(t,x, Du)]v; > 0 on the boundary, where v is the

outward unit normal.

The spirit of the above results is that the invariance condition plays like a (transparent)
boundary condition for the two equations. In fact, the existence of solutions will be provided
by limit of (penalized) standard Neumann problems. The stochastic interpretation of the
invariance condition easily explains that a kind of (transparent and soft) reflection naturally
occurs near the boundary. The regularity results mentioned in item (d) show how the
invariance condition may prevent the formation of singularities which, conversely, would
occur in case of the state constraint problem. Indeed, global semi concavity may be lost in
that case, see e.g. the recent paper [26].

Last but not least, we generalize our results to possibly non smooth domains. This
generalization includes in particular the case that = Hl]\i 1(a;,b;) is a N-dimensional

rectangle, which is often the case in applications.

We conclude by summarizing the organization of the chapter. In Section 2 we list the
main notation and the standing assumptions which hold throughout the chapter; then we
give a few examples of control problems which fit our conditions and we properly state the
main existence and uniqueness results which are proved. Section 3 is devoted to the study
of the single HJB equation (2.1.2) under the invariance condition. Section 4 is devoted to
the analysis of the single Fokker-Planck equation in the same context. The mean field game
system (2.1.1) is studied and characterized in Section 5. Section 6 contains the additional
regularity results on the solutions and specifically the Lipschitz and semi concavity regu-
larity; at this stage we need to make additional assumptions on the nonlinearity and this
is why those results are not mentioned earlier in Section 2. Finally, Section 7 contains the
generalization to non smooth domains. We leave to the Appendix the proof of a couple of

technical results.
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2.2 Preliminaries: assumptions and examples

We assume throughout the chapter that € is a bounded open subset of RV, N > 1. We
denote Q7 := (0,T) x Q. We recall that the oriented distance from 95, denoted by dq, is
the function defined by

B d(z,00) ifxe
o) { Cd(z,00) ifr¢Q

where, as usual, d(z, 08) = i%fﬂ | —y|. We write d instead of dg when there is no possible
€
mistake for €. It is well-known that dg is a 1-Lipschitz function which coincides with the

unique viscosity solution of the eikonal equation
|Du| =1 x e
u=20 xr € 0.

Moreover, if we require some regularity for the set €2, we obtain further regularity for dg.

Definition 2.2.1. Let K C RN. We say that K is a compact domain of class C* if K
is a compact connected set and IM € N such that V1 < i < M 3B, (x;), x; € OK and a
function ¢; : By, (x;) — R such that

(i) 9K C UL, By, (x:)
(ii) OK (1 By, (z:) = {61 = 0)
(iii) ¢; is of class C* with D*¢; bounded in By, (z;).

In the following, we assume that €2 is an open set such that € is a compact domain of

class C2. We set

R.:={z e RY : |dg()| < ¢}
I.:={zeQ:dao(x)<e}=R.NN.

We recall (see e.g. [27] and [50]) that

Q is a compact domain of class C2 <= 3g9 >0 : dq € C*(Re,)
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and

Ve e, 3T € 00 s.t. do(z) = |z — T
and Ddq(z) = Ddq(Z) = —v(T)

(2.2.1)

where v stands for the outward unit normal to 9.

Remark: Actually, we will use the function dq only near 0f), where this is a regular
function. So, from now on, when we will write dq (or d when there is no possible mistake)

we will mean a C2(Q) function d such that 3 > 0 with d = d in T;,.

For every r € R we set
1
D, = {x € Qs.t. d(z) > } =Q\TI'1 (2.2.2)
T r
so that we build a sequence {D,, }nen of compact domains of class C? such that

Dy CDypyr  and | JDn=0.
n=1

For each couple of vectors (v, w) € R™ x R™, the tensor product v ® w denotes the n x m-

T

matrix v w. Finally, throughout the proofs we use the notation C to denote a generic

constant which may vary from line to line.
2.2.1 Standing assumptions.

Let us now make precise the assumptions on the coefficients a;; and on the nonlinearities

H, F,G of the system (2.1.1).

We assume that a(z) = (a;j());; is a N x N-matrix which belongs to W12 (Q)V*N and
satisfies

a(x)é-£>0 YVareQVeeRY, (2.2.3)

We call A\, € Ryq the constant of uniform ellipticity of a in D,., i.e.

a(x)é - € > M€ VeeD,, VéeRY, (2.2.4)
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Obviously we have A, < Ay if » > s. Moreover, by continuity the matrix a(z) will be

nonnegative on (2, but it is allowed to vanish at the boundary, in which case A, \, 0.

We assume that H (¢, z,p) is a function such that (¢, z) — H(¢,x,p) is measurable for any
given p € RY and p +— H(t,z,p) is of class C! for almost every (t,x) € Q7. We assume in
addition that

p+— H(t,z,p) is convex. (2.2.5)

Concerning the growth of the Hamiltonian, we work assuming that it has at most quadratic

growth with respect to p and is locally bounded with respect to z, with H(t,z,0) globally

bounded. Precisely, we assume that
H(t,z,0) € L=(Q1) (2.2.6)

and

V compact set K C Q, ICk > 0:

(2.2.7)
|Hy(t,z,p)| < Cx(14p))  Vp€RY, and ae. z € K,t €[0,7].
Of course, (2.2.6)—(2.2.7) imply, by integration, that
|H(t,z,p)| < Cr(1+ |p?) Vp € RN, and a.e. z € K,t € [0,7T] (2.2.8)

for a possibly different constant C.
The invariance condition will be formulated in terms of the diffusion matrix a(z) and the
Hamiltonian function H (¢, z,p). Namely, we assume that there exist 6 > 0 and C' > 0 such
that the following inequality holds:

Dd(z) - Dd
@) D) - D)

tr(a(m)DQd(LE)) — Hy(t,z,p)Dd(z) > d(z) (2.2.9)

VpeRN and ae. z €T, t € 0,77,

where, we recall, I's is the subset of Q with d(z) < 4.
A typical case when assumption (2.2.9) is satisfied occurs if there exists a N x N-matrix

o € Wh* such that a = oo™,
o*(z)Dd(z) =0 Vo e 00, (2.2.10)

and
tr(a(x)D?d(z)) — Hy(t, , p)Dd(x) > 0
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for all p € RV and all = in a neighborhood of 9. Moreover, in the case that Hy(t,z,p) is
Lipschitz with respect to  (uniformly in ¢ and p), the inequality can be required to hold
only for x € 99, since (2.2.9) will be equally satisfied for x in some I's provided the constant
C is large enough. This is the typical condition which is given in the literature for linear
operators, i.e. if H(t,x,p) = b(z) - p, see e.g. [27].

However, we stress that assumption (2.2.9) is meant to include more general examples.
On one hand, this condition includes the case of a = oo* with o being only 1/2-Hélder
continuous. On another hand, even the uniformly elliptic case is included in our setting,
indeed a(z) could be non degenerate at the boundary provided the drift part is sufficiently
coercive in the (inward) normal direction. Situations of this kind were considered, for

instance, in [79].

Finally, the assumptions on the coupling costs F,G. Here we assume that F' is a map
from Q7 x C°([0,7T]; L*(2)) into R. In particular, for any given m € C°([0,T]; L'(Q2)),

F(-,-,m) defines a function on Q7. We assume that

m + F(-,-,m) maps bounded sets of C°([0,T]; L'(£2)) into bounded sets of L=(Q7),

and is continuous in the L'(Q7r)- topology.
(2.2.11)

We wish to include two model examples in the previous conditions. The simplest case is
when F' acts locally on the density m(t, x): this means, for instance, that F' is given through

a real function f : @7 X R — R so that
F(t,xz,m) := f(t,z,m(t, x)).

In this case the condition is satisfied whenever f is continuous with respect to m and is
uniformly bounded. A second class of examples is given by nonlocal functions F', as, for
instance, F' = K * m for some bounded convolution kernel K.

A similar condition is assumed for G, although here we need to strengthen the require-
ments in order to ensure that Du is bounded up to t = T (unless H is Lipschitz continuous,
see also Remak 2.5.4). Namely, we assume that G is a map from Q x L'(Q) into R such
that

m +— G(-,m) is a continuous map from L'(Q) into L'()

(2.2.12)
which maps bounded sets of L(Q) into bounded sets of W1>°((Q).
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As is customary in mean field game systems, we will require in addition some monotonicity

of F, G in order to have uniqueness of solutions.

2.2.2 Short statement of the main results.

We list here the three main results that we prove in the chapter, standing on the assumptions
previously introduced. The first one is just concerned with the Hamilton-Jacobi-Bellman
equation. The notion of weak solution is a standard one and will be precisely given in
Definition 2.3.1. Under the invariance condition, it turns out that the problem is well-posed
in the class of (globally) bounded solutions, with no need of prescription of the boundary

condition.

Theorem 2.2.2. Assume that a(x) and H(t,z,p) satisfy assumptions (2.2.3), (2.2.5)-
(2.2.7) and the invariance condition (2.2.9), and that G € L*°(Q).
Then there is one and only one bounded weak solution of the problem
—Ou — Zaij(x)afju + H(t,z,Du) =0, (t,z) € (0,T) x Q
i
u(T) = G(x), ze.

The second result gives, somehow, a counterpart for the Fokker-Planck equation. Indeed,
under the invariance condition the problem turns out to be well-posed in L!(Q). Here
the notion of weak solution is defined in a dual way, see Definition 2.4.1, and incorporates
somehow a transparent Neumann condition at the boundary.

With a slight abuse of notation, we denote by L ([0, T]; L$S.(2)) the space of measurable

loc

functions in Q7 which are bounded on (0,7") x K for every compact subset K C €.

Theorem 2.2.3. Let mg € LY(Q), mg > 0. Let a € WH™(Q) satisfy (2.2.3). Assume
that b € L>([0,T]; LS.(2)) and that there exist 5o, C > 0 such that the following inequality
holds:

a(z)Dd(z) - Dd(x)

tr(a(z) D%d(z)) — b(t,z) - Dd(x) > d(x)

— Cd(z) (2.2.13)

for almost every t € (0,T) and x € T's,.
Then there is one and only one weak solution (in the sense of Definition 2.4.1) of the

problem
Oym — 2812] (aij(z)m) — div(mb(t,z)) =0, (t,z) € (0,T) x Q
m(0) = mp(x), zeN.
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Our third main result is concerned with the mean field game system, where we join the two
previous results, using the conditions on the coupling terms and the viability assumption

on the Hamiltonian.

Theorem 2.2.4. Assume that hypotheses (2.2.8), (2.2.5)-(2.2.7), (2.2.9), (2.2.11) and
(2.2.12) hold true. Then there exists one solution (u,m) of (2.1.1), in the sense of Definition
2.5.1.

If, in addition, F' and G are monotone with respect to m, then the solution is unique.

The further results that we prove are concerned with the regularity of solutions, but in

this case we postpone the proper statements to Section 7.

2.2.3 Probabilistic interpretation and examples.

Now we give the probabilistic interpretation of the system. Given a probability space
(Q, (Fi)i,P) (we use 2 instead of the classical Q to avoid confusion with the state space Q
previously defined) and a Brownian motion (B;), adapted to the filtration (F;),, we consider

for s > t the solution (X)s of the following stochastic differential equation:

dX = b(s, X, as)ds + /20(X,)dBs
Xt =X

(2.2.14)

where b and /20 are, as usual, the drift and the diffusion coefficients of the process X
and where the control ay is a progressively measurable process adapted to the filtration F;
and taking values in A C RV,

We recall the Ito’s formula: if ¢ € C12[0,T] x RYV), then we have

do(s, Xs) = (gbt(s,Xs) + tr(a(Xs)D?*¢(s, Xs)) + b(s, X, as) - V(;S(S,Xs)) ds +
+V2(Ve(s, Xs)) o (Xs)dBs .

In many applications, it is required that the process (X¢); remains in  for every ¢t > 0
and for all available controls. This leads to the terminology of invariance condition for

assumption (2.2.9), which is justified in view of the following result.

Proposition 2.2.5. Let 0 € W(Q) and b(s,z,a) be (locally) Lipschitz with respect to

the time and space variables, with o Lipschitz constant (locally) uniform in «, and suppose
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that, for some d >0 and C > 0:

5 . . a(z)Dd(z) - Dd(z) .
tr(a(z)D*d(z)) + b(s, z, ) - Dd(z) > i) Cd(z) (2.2.15)
V(s,z) € [t,T) x5, VaeA,

where a = oo*. Then, if (Xs)s is the solution of (2.2.14) with starting point x € , we
have
P{X; € QVs>t})=1. (2.2.16)

Proof. The proof is classical (see e.g. [9], [27] for similar results) but we include it for the
reader’s convenience and because condition (2.2.15) applies to a more general setting than
usual.

Let (X5)s be the process solving (2.2.14). The existence and uniqueness of X; is ensured
by the local Lipschitz character of b, o. For a bounded set E € RN we call 7 the exit time
from E of the process Xs: for w € Q

Tp(w) =inf{s >t | Xs(w) ¢ E} .

So, proving (2.2.16) is equivalent to prove that P (1q < +00) = 0. To this purpose, we will
show that, for all s > ¢, we have
P(rq <s)=0. (2.2.17)

Indeed, since

{ra <s} C{m <r} for s <r

and U{TQ <s} ={m < +oo} ,

then the assertion follows thanks to the monotone convergence theorem. To prove (2.2.17),
we will show that
V(z) := —log(d(z))

is, roughly speaking, a super solution up to a constant. Indeed, according to (2.2.15) we

obtain

tr(a(x)D%d(x)) + b(s,z, ) - Dd(x)

d(x)

a(z)Dd(x) - Dd(z)
d(x)?

tr(a(z)D*V) + b(s, z,a) - DV = —

<C,
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for each (s,x) € [t,T] x T's and for each o € A. Now, by a standard localization argument,

we obtain a non-negative C? function U such that
U(z) =V(x) forz eTs,
2
tr(a(x)D?U(x)) + b(s,z,a) - DU(z) < C forx €Q, s€[t,T], a € A;

we recall that the constant C' can change from line to line. To conclude, we consider a
sequence of compact domains {D,},, converging to €2, and the associated stopping times

Tp, - Applying Ito’s Formula to U and taking the expectation, we have
SATD,,
E [U(Xsarp, )] = Ulx) + E [/ (tr(a(X,)D*U(X,) + b(r, Xy, o) - DU(X,)) dr
t

hence
E [U(Xsarp, )] SU(x) + C(s —t) < +o00
since € ). Using Fatou’s Lemma we get
E[U(Xsnr)] < liminfE [U(Xsarp, )] S U(z) + C(s — t) < +00.
n—00 n

Since U(zx) blows-up if z € 9, this implies

P(rq <s)=0.

For t € [0,T] and z € Q, we define now the value function

) T
utz) = il B [ [ s X)) + L5 Xuy ) ds + GOrm(D))|

where, for every s, m(s) is a probability density function.

Here F' and G are the cost functions and the Lagrangian L satisfies standard conditions.
Typically, we require the strict convexity of the function L. In a usual way, one can apply the
Ito’s formula and the dynamic programming principle to obtain a Hamilton-Jacobi-Bellman

equation for the function u. So defining the Hamiltonian H as

H(tua:)p) ‘= sup (_b(t7.7,‘,04) P L(t7$,06)) )
acA
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the value function u turns out to be the solution of the following equation:

—Owu — tr(a(x)D?*u) + H(t,z, Du) = F(t,z,m)
w(T) = G(x,m(T)).

Moreover, we obtain a feedback optimal control b = —H,(s,z, Du(s,x)). Plugging this
control in (2.2.14) and solving the SDE gives the optimal trajectories (X,),. We say that
the system is in equilibrium if the law of X coincides with m(s) for every s € [0,T]. Since
the law of a solution of (2.2.14) solves a Fokker-Planck equation, we obtain a couple (u,m)
solution of (2.1.1).

We give here two typical examples in which the hypotheses made so far upon H are
satisfied. In particular, the invariance condition may be satisfied by using controlled per-

turbations of linear invariant processes.

Example 1 (bounded controls).
We consider a set of controls A € RY which is compact and a positive number M. We

take
b(z,a) := MDd(z) + «.

Then, for any a(z) such that a(z)Dd(z) - Dd(z) = 0 on 99, the invariance condition (2.2.9)
is satisfied for M sufficiently large.
Indeed, since the set of controls is bounded and a is Lipschitz, we have

a(z)Dd(z) - Dd(x)

d(x) — tr(a(z)D%d(z)) — o - Dd(z) < C

for some constant C' > 0 independent of . So (2.2.9) holds provided M is large enough.
Let us now check the other conditions assumed upon H. In this situation, the Hamiltonian
H takes the form

H(z,p) = Slég(—a ‘p—MDd(z) -p— L(z,a)) .

Of course H is a convex function with respect to the variable p. Assume further that L
is strictly convex with respect to the last variable. Then the supremum that arises in the

definition of H(z,p) is attained at a unique point, say «, ., and the mapping (x,p) — op s
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is continuous. In particular, H(x, p) is a continuous function and one can further check that

it is differentiable with respect to p with
Hy(z,p) = =b(z,0p ) = —MDd(x) — ap (2.2.18)

which is continuous in both arguments and bounded uniformly with respect to (z,p). Thus,
H satisfies (2.2.5)-(2.2.7).
In addition, we notice that, if L is Lipschitz with respect to x, uniformly in «, then H is

Lipschitz with respect to  and
H, = —M D?d(2)p — Lu(2,02)

which satisfies the growth condition |H,(x,p)| < C(1+ |p|). If we have further that L is C*
with respect to x with L, continuous with respect to «, then H is also C' in both variables.
Finally, let us stress that a similar example can be adapted to the case that a(x) does

not degenerate at the boundary, namely if a(z) > 0 in . In that case, it is enough to take

b(x,a) =M lz;gg) + « in order to build a similar example.

Example 2 (unbounded controls and coercive Hamiltonian,).

Here we consider a case in which the set of controls is unbounded. This gives us an
Hamiltonian with super-linear growth in p.

We take A = {a € RV s.t. a; >0 Vi} and we set

b(z,a) := MDd(z) + B(z)a,
where Vo B(z) is a N x N-real valued matrix. Let ¢p > 0 be such that
tr(a(z)D?d(x)) > —co .
Then we have
tr(a(z)D?d(x)) + b(z, @) Dd(z) > M — ¢y + B(z)a - Dd(z) > M — ¢,
if we choose B such that
B(z)a - Dd(x) >0, Va e A. (2.2.19)

For example, we can take B(x);; = Dd(x);d;;. If (2.2.19) holds, then the invariance condi-
tion (2.2.9) is satisfied provided M is sufficiently large.
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Let us suppose further that the matrix B(z) is bounded and continuous. As in the
previous example, let the function L(x,a) be continuous in both arguments and strictly

convex in «, and assume the following coercivity condition: 3 > 0, ¢ > 1, ¢y > 0 such that
L(z,a) > n|al? — ¢y Vac A, x€Q.

Then one can readily check the properties of H as before. In particular, the supremum that
arises in the definition of H(z,p) is attained at a unique point «y, ., which is continuous

with respect to (z,p) and now satisfies the estimate:

‘ap,r| <C(+ ‘p|q/_1) V(z,p),

where ¢’ is the conjugate exponent of ¢, i.e. ¢ = q%l. As a consequence, there exists a

constant C' > 0 such that
~C(1+p]) < H(z,p) <CL+[p").
Similarly, the differentiability of H with respect to p and formula (2.2.18) imply that
[Hp(,p)| < C(L+|p|" ),

so that H has at most quadratic growth for ¢ > 2 and satisfies (2.2.5)-(2.2.7).

Moreover, if L and B are C' with respect to z, and the derivative of L is continuous in
a, then H is C! in both variables. Finally, we notice that, if L, has a linear growth in o,
then |Hy(z,p)| < C(1+ [p|?).

2.3 The Hamilton-Jacobi-Bellman equation
In this Section we study the Hamilton-Jacobi-Bellman (HJB) equation

—uy — tr(a(x)D?*u) + H(t,x, Du) =0 in (0,T) x €,
u(T) = G(x) in O

(2.3.1)

under conditions of invariance of the domain (see (2.2.9)). In particular, we observe that no
boundary condition is prescribed. Here, the boundedness of © will be enough to characterize

the solution.
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Note that in this formulation we do not have a function F, since, for m fixed, it can be
included in the Hamiltonian H. Since F' does not depend on Du, the derivative H, does
not change, and the conditions of invariance (2.2.9) are not affected from this inclusion.

We assume that G is a bounded function and the Hamiltonian H satisfies (2.2.6) and
(2.2.8).

Different notions of solutions could be used for problem (2.3.1). Since we are assuming
a to be Lipschitz continuous, the problem can be formulated in divergence form as well,
namely

—uy — div(a(z)Du) 4 b(z) - Du+ H(t,z, Du) = 0
u(T) = G(x)

where b is defined as

aazy .
—1,...N. 2.3.2
Zaxz j=1 (2.32)

This fact allows us to use a weak (distributional) formulation which avoids any continuity
requirement on the solution as well as on F, H with respect to ¢t and x. The natural growth

condition (2.2.8) also leads us to consider local H' solutions as defined below.

Definition 2.3.1. We say that u is a weak solution (resp. subsolution, supersolution) of
the problem (2.3.1) if

(i) uwe L>®([0,T] x Q);
(ii) u € L*([0, T); WY2(K)) for each K CC §);

(i11) Yo € C°((0,T] x Q) (resp. > 0) the weak formulation holds:

/ /uqf)t dxdt +/ / x)Du - D¢ dxdt +
4 /0 /Q (H(t, 2, Du) + b(z) Du)é dzdt — /Q G(2)(T)dx

(resp. <, >), where b is defined above.

Remark 2.3.2. We observe that, if u is a weak solution of (2.3.1), then u € C([0,T7]; LP(Q2))
for each p > 1.

Indeed, from (i) — (i4i) we have u; € L?([0,T]; W~12(K))+L*((0,T)x K) for each K CC Q,
and so u € C([0,T]; L'(K)) (see [89, Theorem 2.2]). Since u € L*°([0,T] x §2), one can
actually conclude that u € C([0,T]; LP(2)) for each p > 1.
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2.3.1 Existence of solutions

We start by proving the existence of at least one weak solution. This is achieved without
using the invariance condition and actually follows by a standard use of global bounds and
local compactness. The next lemma is by now standard, following the arguments in [22].
For the reader’s convenience, since the statement may not be found exactly in this form in

previous references, we will give a short proof in the Appendix.

Lemma 2.3.3. Let {Q.} be a sequence of domains such that Q. C ) C Q for e >n, and
U, Q: = Q. Let H, be a sequence of Carathéodory functions such that

|H.(t,2,p)| < C-(1+|p*) for a.e. (t,z) € (0,T) x Q. and Vp € RY,

where Cy is bounded (independently of €) in (0,T) x K, for every compact set K C Q.
Assume that a. is a sequence of matrices which is uniformly bounded and, locally, uni-

formly coercive. Let u. be a sequence of solutions of
— (ug)y — div(ae(z)Due) + Ho(t,z, Dus) =0, (t,z) € [0,T] x Q¢, (2.3.3)

such that ||ue||oo s uniformly bounded.
Then there exists a function u € L®(Qr) N L2(0,T; W,22(Q)) and a subsequence u.

loc

converging to u weakly in L?(0,T; WY2(K)) and strongly in LP((0,T) x K), for all compact
sets K CC Q and all p < oco.

In addition, if ac(x) converges almost everywhere in Q to some matriz a(z), then us
converges to u strongly in L*(0,t; WY2(K)) for all t < T, and the convergence holds up to

t =T if us(T) converges almost everywhere in ).

Proof. See the Appendix. O

From the above Lemma we deduce the following stability result.

Proposition 2.3.4. Let {Q).} be a sequence of domains such that Q. C Q, C Q for e >,
and | J. Qe = Q. Assume that H.(t,z,p) is a sequence of Carathéodory functions such that:

H.(t,z,p) — H(t,z,p) for a.e. (t,z) € (0,T) x Q and every p € RV,
|H.(t,z,p)| < C-(1+ |p|?) for a.e. (t,z) € (0,T) x Q. and every p € RV,
where C' is a constant independent of € and C¢ is a constant which is bounded (independently

of ) in (0,T) x K, for every compact set K C €.
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Assume that a. is a sequence of matrices which is uniformly bounded and, locally, uniformly

coercive and, moreover, there exists a matrix a(x) such that
as(z) — a(zx) for a.e. x € Q.
Finally, assume that {G:}e is a sequence of uniformly bounded functions such that 3G €

L>(Q) with
G:(z) = G(x) for a.e. x € Q).

Let u. € L*([0,T]; WY2(Q.)) be the unique solution of the approzimating system

—(ug)¢ — div(ae(z)Due) + He(t,z, Due) =0 (t,z) € (0,T) x Q¢
us(T) = Ge(x) (2.3.5)

ae(r) Due - Vg, = 0.

Then we have that there exists u € L>(Qr) N L%(0,T; VV;}’E(Q)) and a subsequence us such
that
Ue = U in L2(0, T; WH2(K)) N C°([0, T); LP(2)) for any p < oo

for all compact sets K C Q, and u is a weak solution of

—uy — div(a(z)Du) + H(t,z,Du) =0, (t,z) € (0,T) x Q
w(T) = G(x).

Proof. Since ||Hc(t,2,0)|c is uniformly bounded, by maximum principle we have that
||t |loo is uniformly bounded. From Lemma 2.3.3, we deduce that there exists a function
u € L=®(Q7)NL*(0,T; VVllof(Q)) and a subsequence u. converging to u strongly in LP(Qr) Vp
and in L2(0,T; Wh2(K)), for all compact sets K C Q. In particular, we have that Du. —
Du in L*([0,T] x K) for any compact subset K. Thanks to the pointwise convergence of

H_ towards H, and due to the growth assumptions, we infer by Lebesgue theorem that
H.(t,z, Duc) — H(t,z, Du) in L'([0, 7] x K)

for all compact sets K C Q. Since the equation implies that (uc); strongly converges in
L2(0,T; W=L2(K)) + L'([0,T] x K), from the embedding result in [89, Theorem 2.2], we
deduce that

ue —u  in C°([0,T]; LY(K))

and due to the L bound the convergence actually holds in C°([0,T]; LP(2)) for every
p < 00. Now we can pass to the limit in the weak formulation of (2.3.5) to show that u is

a weak solution. ]
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We finally deduce the existence of a solution for our problem.

Theorem 2.3.5. Suppose G € L*(Q2). Assume that a satisfies (2.2.3) and that H(t,x,p)
satisfies (2.2.6) and (2.2.8). Then the problem (2.3.1) has at least one solution.

Proof. We first notice that, replacing H(t,x,p) by H(t,z,p) = H(t,z,p) + b(x) - p, where b
is defined in (2.3.2), the function H satisfies the same hypotheses as H. So, without loss of

generality, it is enough to prove the existence of solutions for the following equation:

—uy — div(a(z)Du) + H(t,z, Du) =0

(2.3.6)
u(T) = G(x).

Here we define the truncation of H at levels j:%:

171 1
H.(t,z,p) := min {max {H(t, x,p), —8} , 5} .
and we consider u. € L2([0, T]; W12(Q)) as the unique solution of the penalized Neumann
problem
—(ue)t — div((a(x) + eI)Du.) + H.(t, 2, Du:) =0, (t,z) € (0,T) x Q,
ue(T) = G(x) (2.3.7)
D’LLE Voo = 0.

Applying Proposition 2.3.4 with . = Q, we conclude. ]

We stress that an alternative way to construct a solution of (2.3.1) would be to use
Neumann problems on a sequence of domains converging to €2; the local ellipticity of a(x)
and the local boundedness of H would avoid to approximate the nonlinearities, in this case.

The proof is again a straightforward consequence of Lemma 2.3.3 and Propositon 2.3.4.

Proposition 2.3.6. Let us set Q° :={z € Q : d(z) > e} and let u. be the unique solution

of the Neumann problem

—(uz)¢ — tr(a(x)D?u.) + H(t,x, Du.) =0 in (0,T) x QF,
us(T) = G(z) in QF, (2.3.8)

a(x)Due - v)go- = 0.

Then, up to subsequences, u® converges (in L*(0,T; WY2(K)), for all compact sets K C )
to a weak solution u of problem (2.3.1).
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Remark 2.3.7. The above compactness, and so the existence results, do not need that the
matrix a(z) be globally Lipschitz in €2, since a local Lipschitz condition is enough.
Moreover, we point out that similar results could be proved for other kind of equations,
including for instance fully nonlinear equations (Bellman operators, etc...). In fact, it is
clear that two only ingredients are required in the above construction: a global L* bound
(typically ensured by the bound on ||H(¢,z,0)||c) and a local compactness and stability
for equi-bounded solutions. For instance, in the fully nonlinear case this may be achieved

in the topology of uniform convergence in order to build a viscosity solution inside.

2.3.2 Uniqueness of solutions

Now we prove that the HJB equation (2.3.1) has a unique solution if the invariance condition
holds. The strategy is classical and relies on the existence of a blow-up supersolution and

the convexity of H; a similar principle can be found e.g. in [79, Lemma 6].

Theorem 2.3.8. Suppose G € L*>(Q). Assume that a(x) satisfies (2.2.3), that H(t,x,p)
satisfies (2.2.5)-(2.2.7) and that the invariance condition (2.2.9) holds true.

Then there is at most one bounded weak solution of the problem (2.3.1).
Proof. Let u, v be two bounded solutions of (2.3.1). For ¢ > 0, we set
ve =v+e2(M —logd(z)) +evVT —t.
A straightforward computation implies

— (vo) — tr(a(x)D?v.) + H(t,z, Dv.) = —v; — tr(a(x)D?v) + H(t,z, Dv.)

tr(a(r)D%d(z)))  a(zx)Dd(x) - Dd(z) €
e (M )

By convexity of H, we have

H(t,x,Dv.) > H(t,x, Dv) + Hp(t,z, Dv) - (Dv. — Dv)
o Hy(t, , Dv) - Dd(z)

= H(t,z,Dv) — ¢ i)

so we deduce
— (ve)¢ — tr(a(x)D?v.) + H(t, z, Dv.) > —v; — tr(a(z)D?v) + H(t, z, Dv)
L2 (tr(a(x)DQd(I))) — Hy(t,z,Dv) - Dd(z) a(x)Dd(zx) - Dd(m)) n . €

d(x) d(x)?

38



Sec. 2.3 - The Hamilton-Jacobi-Bellman equation

Using assumption (2.2.9), we have that there exists 6 > 0 such that

tr(a(z)D?d(x))) — Hy(t,x, Dv) - Dd(z)  a(x)Dd(z) - Dd(z)
e - FEE > —C (2.3.10)

for all x € T's. However, due to parabolic regularity (see e.g. Theorem V.3.1 of [74]), we
know that each solution of (2.3.1) is locally Lipschitz in the space variable, and in particular,
thanks to the global L™ bound of the solutions, we have

Cs

Du(t,z)| <
(Dot )] < ==

V(t,z): t € (0,T), d(z) >9.

Because of (2.2.7), we deduce that

1
VI —1

Therefore, since d(z) is a smooth extension of the distance function, the inequality (2.3.10)

|H,(t,z, Dv)| < Cs <1 + )V(t,x) :t€(0,7),d(x) >9.

extends to the whole domain as follows:

tr(a(x)D?d(x))) — Hy(t,z,Dv) - Dd(z)  a(x)Dd(x) - Dd(z) C
d(z) a d(x)? = VT —t (2:3.11)

for any (t,x) € Qr, for a possibly different constant C. Finally, using (2.3.11) and the fact

that v is a super solution, we deduce from (2.3.9)

Ce? €
—(v2); — tr(a(z)D?v + H(t,z,Dv.) > — + >0
(v2); = tr(a(@) D) + H{ta, Dve) = e e >

provided ¢ is sufficiently small.

Thus, v, is a super solution and clearly © — v. < 0 in a neighborhood of 9 since
u,v are bounded while logd(z) — —oo. For a convenient choice of M, we also have that
ve(T) > v(T) > uw(T). Therefore, u and v, are a pair of sub and super solution in any subset
Q\T,, and v < ve on 9(Q\ I')) if 7 is sufficiently small. We can apply e.g. Proposition 2.1
in [92]! to conclude that u < v, in Q\ T},. Letting n — 0, we get u < v, in (0,7) x . As
€ — 0, we obtain u < v. Reversing the roles of u,v, we conclude with the uniqueness of

solutions. n

The above uniqueness result yields important consequences in terms of stability of solu-
tions. Namely, under the invariance condition all different approximations, as those sug-

gested in the previous subsection, converge towards the same solution.

teven if [92, Proposition 2.1] is written with a(x) = I, the same proof applies without any change to the

case of a bounded coercive matrix a(z).
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Corollary 2.3.9. Let the assumptions of Theorem 2.3.8 hold true. Then, given any se-
quences a., He, G satisfying the hypotheses of Proposition 2.3.4, the (whole) sequence u.
of solutions of (2.3.5) converges to the unique weak solution w of (2.8.1). In addition, u is
also the limit of the (whole) sequence of solutions of problem (2.5.8).

2.4 The Fokker-Planck equation

In this section we turn the attention to the Fokker-Planck equation under the invariance

conditions. So we consider the following equation

Z alj (a”tj( ) ) le(m b(t,fE)) =0 in QTa
irj (2.4.1)

m(0) = mg in €2,

where b : [0,7] x @ — R¥ is a vector field which is locally bounded in [0, 7] x Q (i.e. it is
bounded in (0,7) x K, for any compact set K C ).

Definition 2.4.1. Let m € L*([0,T] x ). We say that m is a weak solution of (2.4.1) if
(i) m € C([0,T); L (Q)), m > 0;
(ii) For each ¢ € C([0,T]; L*(Q)) N L>=([0,T] x Q) such that ¢ satisfies
—¢p — tr(a(x)D%¢) +b- D € L>([0,T] x Q)
(T)=0

in the sense of Definition 2.3.1, the weak formulation holds:

/ / —¢y — tr(a(z)D%*p)) + b - D¢) dzdt = / mop(0)dz
Q
Since a is assumed to be Lipschitz, here we also have

Z i(aij(z =div(a*(z) Dm) + div(ml;(x)) ,

where b(z) is defined by (2.3.2). So, there is no loss of generality in considering only

divergence form operators:

— div(a*(z)Dm) — div(m b(t,z)) = 0 (2.4.2)

m(0) = myg
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Weak solutions of (2.4.2) are defined by duality exactly as in Definition 2.4.1. In other
words, m is a weak solution of (2.4.1) if and only if it is a weak solution of (2.4.2) with b
replaced by b— b. Hereafter, we will deal with problem (2.4.2), where the adjoint matrix a*
appears in the divergence operator, in order to keep consistency with the dual HJB equation

considered before.

2.4.1 Existence of solutions

As for the existence of solutions of Hamilton-Jacobi equation, we reason through approxi-
mation and use compactness arguments. We start with the following lemma, whose proof

is postponed to the Appendix.
Lemma 2.4.2. Let {Q.} be a sequence of domains such that Q. C Q, C Q for e > n,
and |J, Qe = Q. Let b, € L>(0,T;LiS.(2)) be a sequence such that, for every compact set

loc

K C Q, be is bounded in (0,T) x K uniformly in . Assume that a. is a sequence of matrices

which is uniformly bounded and, locally, uniformly coercive. Let m. be a solution of
(me)r — div(a(z)Dme +b-me) =0 in (0,T) x €., (2.4.3)

such that ||me(t)||L1(q) s uniformly bounded with respect to e and t € [0,T].
Then there exists a function m € L>((0,T); L*(Q)) and a subsequence m. such that

me — m in LY((0,T) x K)

for all compact sets K C Q. Moreover, if, for some mg, m(0) = mg in L},.(2) and, for
some a(zx), b(t,x), we have a.(x) — a(x) and b:(t,z) — b(t,z) almost everywhere in Qr,
then we also have

me — m in C°([0,T); LY(K))

for all compact sets K C Q.

Proof. See the Appendix. O

The next step says that, under the invariance condition, there is a global L' stability.
Proposition 2.4.3. Let {Q.} be a sequence of domains such that Q. C Q, C Q fore > n,
and |J. Qe = Q. Let mg € L(Q), mo > 0. Assume that b. € L=([0,T] x §2.) is such that

Y compact K C Q, b, is uniformly bounded in (0,T) x K, (2.4.4)
be(t,z) = b(t,x) a.e. in Qr. B
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Let ac(x) be a sequence of locally uniformly coercive and Lipschitz matrices such that
as(z) = a(x) almost everywhere in ).

We call d.(z) = dq_(z) and we assume that be satisfies the following condition in §:
there exist g, C' > 0 and two sequences r, he — 0 such that
as(x)Dde(x) - Ddc(x)

de(x) + 7e

div(as(x)Ddc(z)) — be(t, x) - Dde(z) > —C(de(z) + he)  (2.4.5)

for alle >0 and a.e. t € (0,T), x € T's, N Q.

Let me be the solution, in )., of the Neumann problem

(me)r — div(a(z)Dm.) — div(m:b:) =0 (t,z) € (0,T) x Q¢
me(0) = myg . (2.4.6)

(aZ(x)Dme +beme) - vjgg. = 0.

Then there exists m € LY(Q) such that (defining me = 0 in Q\ Q) we have, up to a
subsequence,
Mme — M in CO([0, T); LY(Q))

and m is a weak solution of problem (2.4.2).

Remark 2.4.4. Despite the above statement is given in a general version, the reader should
keep in mind at least two typical examples of approximations. The first one occurs if a(x)
degenerates on the boundary in the normal direction, i.e. if a(z)Dd(z) - Dd(z) = 0 on 052,
and if b(t, x) is bounded in @ and the invariance property (1.1.2) holds true. In this case
we can use this result with Q. = Q, b, = b and a.(x) = a(x) + e I. Then (2.4.5) is satisfied
provided € = o(r:) and with h, ~ = A second example occurs if the drift b is unbounded
near the boundary, which is certainly the case whenever a(x) does not degenerate and the
invariance condition (1.1.2) holds. In this case one needs to work on internal domains and
the above result can be used with Q. = {x : d(z) > €}, b. = b, ac. = a and 7. = h. = ¢ (see
Theorem 2.4.6 below).

Proof. For simplicity, we divide the proof into steps.

Step 1: local convergence. Hereafter, we extend m. to Q defining m. = 0 in Q \ Q..

Integrating the equation in (2.4.6), one has immediately, for each ¢ € [0, T,

/mg(t)da::/ mod:c—>/m0dx. (2.4.7)
Q . Q
2
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Moreover, by the maximum principle, we have m. > 0 in Q7.

We use Lemma 2.4.2 to deduce that m. is relatively compact and, up to a subsequence,
converges to some m € L'(Q); the convergence holds almost everywhere in Q7 and, in
addition, in C°([0,T]; L}(K) for every compact subset K C Q.

Step 2: global L' convergence. Now we want to prove that, for every ¢ € [0, T],
me(t) — m(t) strongly in L'(Q) .
Since m. > 0, it suffices to prove that, for every t € [0, 7],
me(t) = m(t) a.e inQ and /Qms(t)dx — /Qm(t)dx. (2.4.8)

The almost everywhere convergence of m(t) to m(t) is already given by Lemma 2.4.2 (up

to a subsequence, which is not relabeled). For the convergence of the integrals, by (2.4.7)

/Qm(t)dxz/gmodx. (2.4.9)

By Fatou’s lemma and (2.4.7) we have

/Qm(t)dxg/ﬂmodx, (2.4.10)

we have to prove that

which in particular implies that m € L'(2). To prove the reverse inequality, for § > 0 we

consider the the auxiliary function
¢e = log(d-(x) +9) —logd. (2.4.11)

Of course we have that ¢. — ¢ := log(d(z) + J) —logd. We use ¢. as a test function in the
equation of (2.4.6). Using the Neumann condition for m. and that a.D¢. - v < 0 on 0€),,

integrating by parts twice we obtain

/Qg me(t)pe(t) dw—i—/o /Qs me(—div(ae () D) +be Do) dxds > /QE mo¢:(0) dz . (2.4.12)

Computing the gradient of ¢. we get, for ¢ sufficiently small,

/t/ me(div(ae(z)De) — be Do) dxds
0 JQ.

- /Ot /ﬂ ﬁ)sﬂs {(div(as(m)Ddg) —b.Dd.) — W} dads

t
Me . as(2)Dde - Dd,

> ———<d Dd.) —b.Dd, — ————— 1 dxzds.

_/0 /QE da(x) +5{ IV(aa(l’) E) 5 € dg(x) T ras
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and thanks to assumption (2.4.5) we deduce

t

. d€($)+h5
d D —b.D dxds > —C ————dzd

/0 o, mg( lV(ag(l') ¢a) e Qj)e) xas = / Mme dg(a?)—F(S xras

Qgﬂr‘go
t

_me [y _ _ %()Dde - Dd

+/o / d-(x) + 6 {dw(“g(x)Dde) N T Bl

QE\FJO

The first integral in the right-hand side is uniformly bounded because h. < § for small ¢.

Since b, is locally uniformly bounded in Qp, a. is Lipschitz and, for e sufficiently small,

de(z) > 620 in Q\ I's,, the second integral is also bounded uniformly. So we conclude that

t
/ / me(div(ae(z)Doe) — be Do) dxds > —C
0 Ja.
for some C > 0 independent of ¢,d. Plugging this estimate into (2.4.12), we get

/ me(t)pe(t) de > / mo¢e(0) de — C'. (2.4.13)
Q Qe

Now we observe that the integral in the left side converges: indeed, for any n > 0 we have
(we call I}, = {z : d:(x) <n})

/v%@@w—wmwwwms/hmw%m—nwwme
Q ry

- /Q\rn Ime(t)pe(t) — m(t)p(t)|dw

n+0
ngg<5>+Lwﬂm@%@—m@Wmm-

We let first € — 0, using the Llloc convergence of m., and then we let n — 0, so that last

two terms will vanish. Hence we deduce
/ e (£)6o (t) dz — / m(t) 6(t) dz .
Q Q
Therefore we obtain from (2.4.13), letting e — 0,
/ m(t)o(t) dz > / mod(0) dz — C..
Q Q

Since ¢ = log(d(x) + ¢) —logd < |logd| + ¢ we deduce that

log(d(z) + 0) —logd C
t)dx > dx — .
/Qm() x_/Qmo |log 4 * 7 Tlogd)
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Sec. 2.4 - The Fokker-Planck equation

We now let § — 0; using Lebesgue’s theorem and since mg € L'(2), we get

/Qm(t)dxz/ﬂmodx.

Thus (2.4.9) is proved, we have (2.4.8) and with that we conclude that m.(t) — m(¢) in

LY(Q), for all t > 0. By Lebesgue theorem, we also deduce the convergence of m. to m in

LY(Qr).

Step 3: convergence in C°([0,T]; L*(Q)).
First we observe that m € C([0,T]; L*(Q)), with a similar argument as used above.

Indeed, let ¢, — t; since m € C([0,T); L}

loc(Q)) we have that m(t,) alwayb admits a subse-

quence converging to m(t) a.e. in €. Since [, m(t,)dx = [, modx = [, m(t) dz, we deduce
again that m(t,) — m(t) in LY(Q).
Since m € C°([0,T]; L*(R2)), a compactness argument implies that

lim / m(t (2.4.14)

|E|—=0 tE[OT

Using positive and negative parts, i.e. s = sT —s7, |s| = sT + 57, we split

/Q|m5(t)—m(t)|dx:/ﬂ(m5(t)—m(t))dx—i—?/g(mg(t)—m(t))dm

_ /Q\QE modx+2/9(mg(t) — () da

because of mass conservation. Last integral is restricted to where mc(t) < m(t). So, we

(2.4.15)

split once more

/Q(mg(t) —m(t))” dx < /ﬂ\l‘n (me(t) —m(t))” dx + 2/1“ m(t) dzx

n

< /Q\F,, |me(t) — m(t)| dx + 2 . m(t) dx

which yields

sup /Q(mg(t) —m(t))” dz < sup /Q\F” |me(t) — m(t)| dz +2 sup /nm

t€[0,1) te[0,7] t€(0,1]
Now recall that m. — m in C°([0,T]; L}(K)), for any compact subset K. So, when we let

¢ — 0 the first term in the right-hand side vanishes and we get

lim sup /(mg(t) —m(t))” dx <2 sup m(t) dx .
=0 4ejo,1) Jo t€[0,7]
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Finally, we let n — 0 and we use (2.4.14) in the last term, and we conclude that

lim sup /(mg(t) —m(t)) " dx=0.
e=0 4eo,1] Ja

Then from (2.4.15) we deduce that

lim  sup / ima(t) — m(t)] da = 0
20 4ef0,11 Ja

that is m. — m in C°([0,T]; L' (£2)).
Step 4: Conclusion. We take ¢ € C([0,T]; L(Q)) N L>=([0,T] x Q) such that ¢ satisfies
—¢y — div(a(z)D¢) +b- Dp € L>=([0,T] x Q)
¢(T) =0
in the weak sense. Let us consider the solution ¢, of the following problem
—(¢e)t — div(az(z)Doe) + be - Do = f in (0,77) x Q.
as(x)Dpe -v =10 in (0,T) x 98

¢e(T) =0
where f:=—¢; — div(a(z)D¢) + bD¢ .

As always, we set ¢ := 0 on Q\ Q..
Applying Corollary 2.3.9, we have that ¢. converges to ¢ in L?(0,7; WH?(K)) and in
CY([0,T); LP(Q)) for all p < co. Now, taking ¢. as test function in (2.4.6) we get

T
- /Q mo¢e(0) dx +/0 /ng(qzbt —div(a(x)D¢) +b- D¢) dxdt = 0.

Since ¢-(0) — ¢(0) a.e. in , we can pass to the limit in the first term with Lebesgue’s
theorem. In the second term, we use the L' convergence of m. towards m. Finally, we

obtain that m satisfies

T
/ / m(—¢¢ — div(a(x)D¢) + bD¢) dzdt = / mo¢(0) dx .
0 Q Q

Finally, we conclude with the existence part.

46



Sec. 2.4 - The Fokker-Planck equation

Theorem 2.4.5. Let mg € L'(Q), mg > 0. Let a € WH™(Q) satisfy (2.2.8). Assume that
be L>(0,T; LS. () and that there exist &g, C > 0 such that the following inequality holds:

loc
a(x)Dd(x) - Dd(z)
d()

for almost every t € (0,T) and x € T's,. Then there exists a solution of problem (2.4.2).

div(a(z)Dd(x)) — b(t,z) - Dd(x) > —Cd(x) (2.4.16)

Proof. For each € we consider a. = a, b, = b and Q. = {d(z) > €}. It is immediate to check
that the assumptions of Proposition 2.4.3 are satisfied: indeed, since d.(z) = d(x) — € near
012, we have in ),

div(as(z)Dde(x)) — bs(t, x) - Dd.(x) = div(a(x)Dd(x)) — b(t, x) - Dd(x)

< a(xz)Dd(z) - Dd(x) as(2)Dd(z) - Dd.(x)
- d(zx) d-(z) +¢

which gives (2.4.5). So by solving the approximating problems (2.4.6) and passing to the

—Cd(x) = —Cd.(z) — Ce

limit, thanks to Proposition 2.4.3, we obtain the existence of a solution. O

2.4.2 Uniqueness of solutions

The uniqueness of solutions for the Fokker-Planck equation comes easily from the existence

of solutions of the Hamilton-Jacobi-Bellman equation.

Theorem 2.4.6. Let mg € L*(Q), mg > 0. Assume that a(-) € Wh*°(Q) satisfies (2.2.3).
Assume also that b € L*°(0,T; L2 .()) and that (2.4.16) holds true. Then there exists a

loc

unique weak solution of the Fokker-Planck equation (2.4.2).

Proof. Let my and my be two solutions of (2.4.2). Then m := m; — mg solves in the weak

sense
my — div(a*(z)Dm) — div(mb) =0

m(0)=0.

Now, we take ¢ as the solution of the Hamilton-Jacobi equation
—¢p — div(a(x)D¢) + bD¢p = sgn(m)
o(T)=0,

where sgn(m) = m/|m| 1y, 203 We use ¢ as test function in the weak formulation of m,

T T
/ / |m| dxdt = / / msgn(m) dedt = 0.
0o Jo 0o Ja

So m = 0 and the proof is concluded. O

obtaining
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In the end, from the equivalence between the two problems (2.4.1) and (2.4.2), we have

proved Theorem 2.2.3.

2.5 The Mean Field Game system

We are now ready to study the mean field game system (2.1.1) under the invariance condi-

tions. For convenience, we rewrite here the system, which reads as

—Oru — Zaij(x)afju + H(t,z,Du) = F(t,z,m), (t,x)€ (0,T)x
i,J

(2.5.1)
u(T) = Gz, m(T))
om — > 8%(aij(m)m) —div(mHy(t,z,Du)) =0, (t,z) € (0,T) xQ
J (2.5.2)

m(0) = mg .

Let us recall that the matrix a(z) satisfies (2.2.3), the Hamiltonian H satisfies assumptions
(2.2.5)-(2.2.7) and that the invariance condition (2.2.9) holds true. The nonlinearities F, G
satisfy conditions (2.2.11), (2.2.12). This implies that, for any given m € C([0,T] x L(2)),
the HJB equation has a unique solution thanks to Theorem 2.3.5 and Theorem 2.3.8. Con-
versely, for every u which is locally Lipschitz, the growth condition (2.2.7) guarantees that
H,(t,x,Du) is a locally bounded vector field, so the FP equation has a unique solution

given by Theorem 2.4.6. This justifies our definition below.

Definition 2.5.1. We say that a couple (u,m) € L>®([0,T] x Q) x C([0,T] x L'(Q)) is
a weak solution of the system (2.1.1) if u is a solution of the Hamilton-Jacobi-Bellman
equation (2.5.1) in the sense of Definition 2.3.1 and m is a solution of the Fokker-Planck
equation (2.5.2) in the sense of Definition 2.4.1.

2.5.1 Existence of solutions

Here we prove the existence of a solution to the mean field game system.

Theorem 2.5.2. Assume that hypotheses (2.2.8), (2.2.5)-(2.2.7), (2.2.9), (2.2.11) and
(2.2.12) hold true. Then there exists at least one solution (u,m) of (2.5.1)-(2.5.2), in the
sense of Definition 2.5.1.

48



Sec. 2.5 - The Mean Field Game system

Proof. For each ¢ > 0, we define Q. = {d(z) > €} and (u., mc) as the solution, in [0, 7] x 2,

of the mean-field game system

—Oue — tr(a(z)D?ue) + H(t,x, Du:) = F(z,m.), (t,z) € (0,T) x Q.

dyme — div(a*(x)Dme) — div(me(Hy(t, 2, Duc) + b(z)) =0 (t,z) € (0,T) x Q.
me(0) = mo, ue(T) = G(x, me(T))

a(x)Du - vjpo, =0 [a(m)DmE + mg(i)(x) + H,(t,z, Due))} Voo, = 0.

(2.5.3)
As before, we extend the solutions to the whole of 2 by setting u. = m. =0 in Q \ Q..

By conservation of mass, we have that [ m.(t) = [, modz for all ¢ € (0,T), and addi-
tionally m. > 0. Then, assumptions (2.2.11), (2.2.12) imply that F(z,m.) and G(x, m.(T))
are uniformly bounded. By maximum principle, we deduce that ||ue oo is uniformly bounded.
Applying Lemma 2.3.3, we deduce that there exists a function v € L>(Q7)NL?(0,T; I/Vllof(Q))
and a subsequence u. converging to u weakly in L?(0,T; W12(K)), for all compact sets
K C Q. Moreover, the assumption upon G, the global bound on u. and the natural growth
conditions ensure that the sequence Du, is also bounded in any set (0,7) x K, for K
compact. This allows us to use Lemma 2.4.2 for m.. In fact, since Hy(t,z, Du,) is locally
bounded and converges a.e. to Hy(t,z, Du), and since the invariance condition (2.2.9) holds,
we are in the position to apply the stability result of Proposition 2.4.3 as well. Therefore,

we conclude that

me —m  in C°([0,T]; L}(Q))

and m is a solution of (2.5.2). Finally, the continuity assumptions upon F and G now
imply that F(¢,x,m.) converges almost everywhere to F(t,z,m) in Qr and G(z,m(T))
converges to G(z,m(T)) a.e. and therefore in L for all p < co. We have now access to the
stability result of Proposition 2.3.4 and we deduce that the limit function u is a solution of
(2.5.1). O

2.5.2 Uniqueness of solutions

Theorem 2.5.3. Suppose the hypotheses of Theorem 2.5.2 are satisfied and, in addition,

F and G are nondecreasing with respect to m, in the sense of operators. If at least one of
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the two following conditions holds:

fQ(F(t,m, mo) — F(t,z,my1))d(mg —mq) =0 = F(t,z,mg) = F(t,z,m1)

(4)
Jo(G(x,mg) — G(x,m1))d(mg —m1) =0 = G(x,mg) = G(x,m)

(ZZ) H(tvxapl) - H(tvxa])?) - Hp(tvxaPQ)(pl 7p2> = 0 = Hp(t7x7p1) = Hp(t7x7p2) .
(2.5.4)

then the solution of (2.1.1) is unique.

Proof. Let (u,m) and (v, ) be two solutions of the mean field game system. We want to
prove that v = u, u = m.
To do this, we reason as always through approximation. Having defined €2, as in Theorem

2.5.2, we consider (u., m.) solution of the problem

—Opue — tr(a(z)D?us) + H(t,x, Du.) = F(t,x,m) (t,xz) € (0,T) x €
dyme — div(a*(x)Dme) — div(me(H,(t, z, Duc) + b(z)) = 0 (t,x) € (0,T) x £
me(0) = myg ue(T) = G(x,m(T))
Du. - vjpo, =0 [8Dm€ + ms(g(m) + Hy(t, z, Dua))] “Voq. =0
(2.5.5)
Similarly, (ve, pe) will be the solution of the problem

—Ope — tr(a(z)D?*ve) + H(t,z, Dv.) = F(t,z, i) (t,z) € (0,T) x ¢

Atz — div(a*(x) Dpe) — div(pe(Hy(t, x, Dv.) + b(z)) = 0 (t,x) € (0,T) x £

11e(0) = mo ve(T) = G(z, u(T))

Dv; - vjpn, =0 [ED/LE + pe(b(z) + Hylt, z, DUE))] Voo, = 0.

(2.5.6)

Notice that the equations of u. and v. are decoupled from the system, since they do not
depend, respectively, upon m. and p.. Using Corollary 2.3.9, we know that u. — w and
ve — v in C([0,T]; LP(K)) and in L%([0,T]; H'(K)), for each compact K CC €.

Using this information, and the local gradient bounds, we know that Hy(z, Du.) and
H,(x, Dv.) are locally bounded sequences which converge, respectively, to Hy(z, Du) and
H,(z, Dv). From Proposition 2.4.3 we deduce that m. — m and p. — pin C([0,T]; L' ().

Now we use the classical monotonicity argument in mean field game systems. We estimate

in two different ways the quantity

/oT /E ((ue = ve)(me — pe)), dadt .
5)
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First, computing directly the time integral we find

T
/0 / (e — v2)(me — pie)), dadt = / (Gl m(T)) — G, w(T)))(me(T) — pre(T)) di

Besides, if we use the weak formulations of w., ve, me, e, we obtain

// e = vl o dodt = // (2,m) = F(o,0))(me — pie) dadt—

—/ me(H(t,z, Dv.) — H(t,x, Du.) + Hy(x, Du.)(Dv: — Du,)) dzdt—

T
—/ / pe(H(t, z, Du.) — H(t,z, Dv.) + Hp(x, Dve)(Due — Dv.)) dadt
0 <

which yields
T
/ (G, m(T)) — Gla, y(T)] (me(T) — pie(T)) do + / / (F(z,m) — F(x, 1)) (me — pe) dadt

Qe 0 Qe

+ /T me(H(t,x, Dv.) — H(t,xz, Du.) + Hp(x, Duc)(Dv. — Du,)) dxdt
T

+/ / pe(H(t,z, Dus) — H(t,z, Dve) + Hp(z, Dv.)(Du. — Dv.)) dedt < 0.

0 5

Since H is convex, we can apply Fatou’s lemma in the last two integrals. Moreover, using
that (extending the functions to zero outside €.) m.(T) — pu(T) — m(T) — u(T) in L(Q),

we can pass to the limit in the remaining two integrals. We obtain
T
| Gam(m) = G m(T) = (@) o+ [ [ (FGam) = P, ) om — ) o
T
+/ / m(H(t,z, Dv) — H(t,z, Du) + Hy(x, Du)(Dv — Du)) dxdt
/ / H(t,z,Du) — H(t,xz, Dv) + Hy(x, Dv)(Du — Dv)) dzdt <0,

and therefore all integrals must vanish. Now we conclude with assumption (2.5.4). Indeed,
if (i) holds we deduce that

F(t,z,m)=F(t,xz,n), G(z,m(T)) = Gz, u(T)) .

This means that v and v solve the same Hamilton-Jacobi-Bellman equation. From Theorem
2.3.8, we know that they coincide. So v = u, hence Hy(z, Du) = Hp(x, Dv). Coming back
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to the Fokker-Planck equation, we deduce that u = m from Theorem 2.4.6. Otherwise, if
(ii) holds, we proceed in the opposite way: first we deduce that Hy(x, Du) = Hp(x, Dv),

and then g = m, which in turn implies that u = v by uniqueness of the HJB equation. [J

Remark 2.5.4. We stress that the assumption on the final pay-off G can be relaxed in
case that H(t,x,p) is globally Lipschitz continuous with respect to p. Indeed, in this case
the drift term Hp(t,z, Du) is always bounded and it is not needed that the range of G' be
bounded in WH*°(Q). It would be enough, in this case, to require that the range of G is
bounded in L*°(2), similar as it is done for the internal coupling F. In particular, this

condition would include local couplings, i.e. G = G(z,r) is a bounded real function.

2.6 Further regularity of solutions

In this Section we get an improvement of regularity for v or m with a suitable strengthening

of hypotheses.

2.6.1 Lipschitz regularity of the value function

We follow the classical Bernstein method in order to get gradient bounds for the solution
of u. The approach is borrowed from [79] and yields the global Lipschitz character of the

value function.

Theorem 2.6.1. Assume that a(x) satisfies (2.2.3) and there exists a matriz o € WH(Q)
such that a(z) = o(x)o(x)*. Let H € CY(Qr x RY) satisfy conditions (2.2.5)-(2.2.7) and,

in addition, the following assumption:
Hy(t,z,p)-p>—C(L+pf*)  V(t,x)€Qr,peRY (26.1)

for some constant C' > 0. Moreover, assume that the invariance condition (2.2.9) holds
true. Let F,G satisfy (2.2.11), (2.2.12) and assume that m — F(-,m) has bounded range
in L>®((0,T); WH°(Q)). Then u € L>=((0,T); Wh(Q)).

Proof. Let Qf = {x : d(z) > e}. We consider u, solution of the problem

—(us)s — tr(a(z)D?u.) + H(t,z, Du.) = F(z,m), (t,z) € (0,T) x Q°
ue(T) = Gla,m(T)) . (262)

Dug . Ijlags =0.
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We know from Proposition 2.3.6 that u. — v when ¢ — 0, with Du, — Du a.e. in Q.
Let us set w, := |Dug|??(4®)) where # € C?(0,1) is a bounded function to be defined

later. Computing the derivatives of w,, we find:

Duw, = /(@ (2DucD*u. + |Duc|*6'(d)Dd) ;
D*w, = "D (2D%u.D*u. + 2Du.D3u. + | Duc|*0'(d)D?d + 46 (d) D*u. Du. @ Dd) +
+ %D | Du |?[0"(d) + (' (d))?|Dd © Dd

where Du.D3u, = zk:(ug)xk (ue)gﬂizﬂk.

Thus when we form the equation for w, we obtain (see also [79, Lemma 8])

—(we); — tr(a(x)D?*w.) + bo(t, ) Dw. + c(t, x)w. = re(t, ),

where

be(t,z) = Hy(z, Du.) + 26'(d) (a(z)Dd) ;

c(t,x) = 0'(d) (—Hp(z, Du.) - Dd + tr(a(z)D*d)) + (9”(d) - (9'(d))2) a(x)Dd - Dd;

re(t,x) = 2" (tr(a(ue) D*ue) — tr(a(x) D*ueD*u.) — Hy(x, Du.) - Due + DF - Du,)
and we denoted a(u.);; = Xk:(am (@), (Ue)zy -

First we estimate the quantity tr(a(u.)D?u.) — tr(a(x)D?u.D?u.). Here, since a(-) =
o(-)o(-)*, using Young’s inequality we get

tr(a(us)D*u.) — tr(a(z)D*u.D*u.) =

= (aij)xk (ue)xk (us)zizj - Zaij(UE)ijfEk (UE)Iizk =
k

i7j7 i7j7k

=2 (0)u((0)it)ay, (1), (U)asz; — Y 102 D(ue)y |* < C|Ducl.

(L k

Using also (2.6.1) and the condition on F', we estimate
re < C @ (1+ |Du5\2) .
Therefore, we have that w, satisfies
—(we)¢ — tr(a(x)D*w,) + b.(t, ) Dw, + (co(t, z) — C)w. < C,
for a suitable C' > 0.
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Now we estimate ¢, thanks to the invariance condition (2.2.9). Indeed, if d(x) < d¢, we

get

. > (eléd) +0"(d) — (9’(d))2> a(z)Dd - Dd — C d#'(d).

Choosing 6(d) = d7, with v € (0,1), we get
1
ce >yd ! (d +(y=1)d ! - 7d7_1> a(x)Dd - Dd — C~d"

hence ¢ is uniformly bounded below. If d(x) > dg, we recall that u is Lipschitz by elliptic
regularity, so ¢ is also bounded from below by a constant possibly dependent on &y, but

independent from . We conclude that w,. satisfies
—(wg); — tr(a(z)D*w.) + b.(t, ) Dw. — Cw. < C'.

Since the maximum of w, cannot be taken on the boundary due to the Neumann condition
(see e.g. [79, Lemma 4]), and since at t = T we use the Lipschitz bound on G(-,m(T)), we
conclude applying the maximum principle that the maximum of Dw, is uniformly bounded
in e. As e — 0, this implies that Du € L*(Qr). O

Remark 2.6.2. We stress that the above proof may admit some variants which possibly
apply to other interesting cases. For instance, assume that the invariance condition is

strengthened as follows:

a(x)Dd(z) - Dd(x)

tr(a(z)D?*d(z)) — Hy(z,p)Dd(x) > ()7 - Cd(z), (2.6.3)
for some p > 0, and in addition that a(-) = o(-)o(:)* with
|Do(x)|? < co + e1|o(x)Dd(z)|* d(z) =27 (2.6.4)

for some v > 0. Then the conclusion of Theorem 2.6.1 remains true, and the proof can be
easily modified accordingly.

In particular, whenever (2.6.3) is satisfied, this generalization includes the case that o(x)
is %—Hélder continuous with |o(z)Dd(x)| > ¢ d(m)% and |Do(z)| < C’d(m)_%, in which case
(2.6.4) holds for any v < p. Otherwise, (2.6.3)-(2.6.4) are satisfied if o(z) is S-Holder
continuous, 8 > 3, |o(z)Dd(z)| > ¢ d(z)? and [Do(z)| < Cd(z)?~! and the Hamiltonian
satisfies, in a neighborhood of the boundary, that

tr(a(z) D?d(x)) — Hp(x,p)Dd(x) > cd(z)"
for some n < 28 — 1. An assumption of this kind appears for instance in [9], [39].
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Remark 2.6.3. An assumption as (2.6.1) may not allow the application to Hamiltonians
with super linear growth and inhomogeneous coeflicients. However, we point out that more
general conditions on the growth of the Hamiltonian could still lead to the Lipschitz bound,
exactly as it is done in [79, Theorem 4]. The strategy in that case is to use a change
of unknown (typically of exponential type) in addition to the usual Bernstein method.
However this leads to an increase of technicalities which we decided to omit here, for the

sake of brevity.

2.6.2 Semiconcavity of the value function

If we require stronger assumptions, we can also prove a semi-concavity bound on u. This

will be helpful to improve the regularity of m under suitable assumptions.

We recall that a function f is said to be semiconcave in Q if 3C > 0 such that
fl@+h)+ f(x—h) —2f(x) < C|n[?, (2.6.5)
for each z € Q, h € RY such that . + h,z — h € Q.
In order to prove that u is semi concave, we will follow the tripling variable method used
in [44]. To this purpose, we define the following function, that will play a crucial role:
Y(z,y,2) = o —2[* + |y — 2" + 20z +y - 227

Then the semi-concavity of f is true if the following relation holds:

F@)+ fly) —2f(2) < OV(a,y,2), Va,y,z €Q.

Indeed, it suffices to take x = 2’ +h, y = 2/ —h, z = 2’ to obtain (2.6.5). We also recall that
an equivalent formulation of this latter condition is the following: there exists a constant

C > 0 such that

F@)+ f(y) - 2f(z) < C <5+ U(,y,2)

0
Moreover, it is well-known that a function f is in W2*°(Q) if and only if 3C' > 0 such that

|f(z) + fly) — 2f(2)| < CVP,

) V6 >0V, y,z€Q.

or, equivalently, Vé§ > 0

(2.6.6)

F(@) + f(y) —2f(z)| < C (a + W@/)) .

4]
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Theorem 2.6.4. Suppose the hypotheses of Theorem 2.6.1 are satisfied. Moreover, suppose
that a(z) = o(z)o(z)*, with o € W3*(Q) and that F(-,m) € W2>®(Q), G(-,m) € W2>(Q)
uniformly with respect to m. Finally, we require the following hypothesis on H: there exist
constants Cy, C1 such that

H(t.o) + H(t.g0) - 28 (12250 >

= Collz =2 +ly =2 + |z +y =21+ lp+al) = Cilz — gl Ip — ql
(2.6.7)
for any (x,y,2) € Q, (p,q) € RY, t € (0,T).
Then u(t,-) is a semiconcave function for all t € [0,T], with a semiconcavity constant
bounded uniformly for t € (0,T). Namely, we have
D%u(t)y <M  VYte(0,T),

where M depends on T, ||D*0||o, ||D*F |0, |D*G|loc and on H (through the constants

appearing in the growth conditions).

Proof. We closely follow the proof given in [44, Theorem VIL.3] with two main novelties:
the boundary contribution, which will be handled through the invariance condition, and
the structure condition (2.6.7) rather than the case of pure Bellman operators.

In the end, we wish to prove that there exist, M > 0 such that

w(t, ) +u(t,y) — 2u(t,z) <M ((5 + %z/)(x, Y, z)) ) (2.6.8)

for every t € [0,T], every z,y,2z € Q and for any § > 0 sufficiently small.

For a given k > 0 we consider the function v(t, z) = e *T (¢, z). It satisfies the parabolic

equation
—v; — tr(a(z)D?v) + H(t,x, Dv) + kv = F(t,z,m) (2.6.9)
o(T) = G(z,m(T)),
with
H(t,z,p) = e "TOH ¢z, T 0p) F(t,z,m) = e T F(z,m).

We note that H satisfies (2.6.7) and (2.2.9) uniformly in ¢, k, and that F (¢, -,m) € W2°°(1)
uniformly in ¢. For (v,d, M) € (0,4+00)? we take the following function:

ol 2) =1 (5 2 ogatayaa)
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where, without loss of generality, we assume that d(z) < 1 in . Hence log(d(z)d(y)d(z)) <

0. As usual, we assume that

sup (v(t,x)+v(t,y) 721}(75’ Z) 7@('%73/’2)) > Oa
[0,T]x 3

and we will reach a contradiction if k, M are sufficiently large and ~ sufficiently small,
independently of the choice of §.

Since ¢(x,y, z) = +oo if one of z, y, 2 lies in 9N, the sup is attained at a point (¢, 7,7, z) =
(5. My des T Moy des YoMy ks Zo.M k) € [0,T] x Q3. We drop the indexes for simplicity of

notation. We observe further that, if £ = T', then we have

v(t,z) +v(t,y) — 2v(t, 2) — p(z,y,2) =
= G(z,m(T)) + G(y,m(T)) — 2G(z,m(T)) — p(z,y,2) ,

which implies, thanks to the regularity of G,

v(t,z) +v(t,y) — 20(t,2z) < (C— M) (5+ <0

Y(,y, Z))
1)
provided M > C. So the sup must be attained at ¢ < T
Now we proceed with typical viscosity solutions’ arguments. Indeed, standing on the
uniqueness result, it is easy to see that v is also a viscosity solution. It may actually be the
case that v is smooth inside the domain, but we prefer to keep the argument in viscosity
sense for a possibly wider generality. By Jensen’s lemma, there exists matrices X, Y, Z and

scalars a, b, ¢ such that

X 0 0
0 Y 0| <D*(z472) (2.6.10)
0 z

and

where ¢ is computed at (£, Z, %, Z) and where a, b, ¢ (the time derivatives in viscosity sense)

are real numbers such that a + b < 2¢. We multiply by 2 the latter inequality, we sum and
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we get

where
A ~ ~ ~ 1
H(t,xz,y,z) = H(t,x, Dyp(t,z)) + H(t,y, Dyp(t,y)) — 2H(t, z, —§Dz<p(t, 2)),

F(t,x,y,z) = F(t,z,m(t)) + F(t,y,m(t)) — 2EF(t, z,m(t)) .

We multiply inequality (2.6.10) by the matrix ¥ = X(z,y, 2), which is defined (in blocks)

as

so we estimate
tr(a(Z)X + a(®)Y +a(2)2) < tr (2(z,7,2)D*0(7,7, 2)) .
We also estimate, since t, T, %, Z is a maximum point and the maximum is positive
v(t,z) +o(t,g) —20(t, 2) > ¢(Z,7,2) .
Finally, we deduce that ¢ satisfies
ko(2,9,2) < F(t,x,y,2) + tr (£(2, 4, 2) D*p(7, 79, 2)) — H(t,7,9,2) .
Using the W2 regularity of F, which therefore satisfies (2.6.6), we get

ko(z,7,7) < C <6 + W) +tr (3(z,7, 2)D*¢(2,9,2)) — H(L,

&I

,U,2) . (2.6.11)

We analyse the two latter terms. From now on, we will omit the dependences from (¢, Z, , 2)

when there will be no possible mistake. We have

tr(D2p) = %m(zp%) P (202 (log(d(a:)d(y)d(z)))‘(m7y72):(@g72)) .

So, we start computing the Hessian matrix of the function . We get
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(T — 2) + 4|z — 2|*T + 41, D3 =4I,
D2y = —8(7—2)® (T —2) — 4|7 — 2T — 8T,
(5 — 2) + 4|y — 2|°T + 41,
D24y =-8(5—2)® (§—2) — 4§ — 2*1 - 81,
(2 —2) + 4| — 27T+ 8(5 — 2) ® (§ — 2) + 4]y — 2[*T + 161,

Therefore, computing the first trace we found
r(BD%) = 4% r((0(2) + o(5) — 20(2)) (0" () + 0" (5) — 20 (2))+
P 2P (o) — o ()0 (7) — 0" (2)) +
P4 SR (0(5) — 020" (3) — 0 (D) +
+85(0"() — " (2)(F ~ D + 850" (3) — 0" ()T~ D).
Using the W2 continuity of the function o we easily obtain

%tr(ZDsz) < e PETE)

) ]
A straightforward computation shows us that
D? (log(d(2)d(y)d(2)))|(4,,2)=(@.5.5) =
D2d(z)  Dd(z)®Dd(z)
@) () e 0
_ 0 Dd(y) _ Dd(y)®Dd(y) 0
d(y) da2(y)
0 0 D2d(z)  Dd(z2)®Dd(2)

d(z) d?(z)

Then, we have

- 7 (vt - AP D)
2 (oot - 0240 D)
=Y era(5\D2d(5 _a(2)Dd(z) - Dd(z)
5 (@ 0%a) ).
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Now we have to analyze the Hamiltonian term. As before, we need to split the computation
in two parts, the first one including only the v function and the last one involving the

logarithmic term. First of all, we recall that

. . __ _ [ 1
H(t,z,y,2) = Ht,Z,Dyp(%,9,2)) + H(t,y, Dyp(z,y,2)) —2H (t, z, —§Dzap(:i, 7, z)> )
Since
o M o _
Dz(p(xvyv Z) = Fwa(xvya Z) - ’)/D IOgd(x)

and the same holds for Dy, D,p, we can write

~ _ 1 ~ —
Ao, = (R 5 D00) < [ e mO) s o
oo M e Dd(y)
+H <t7y»5‘Dy¢> - 0 Hp(t7y7p2(/\)) d(g) dA —
- [ Lo Dd(z
—2H <t727 _26D2’¢1) vy Hp(tﬂ Z7p3(/\)) d(ij) dAv
where
M _ _
pi(}) = 5 Datp(2, 7, 2) — MyDlogd(z),
M
p2(/\) = FDyiﬁ(ff,ﬂv?) - )‘7D log d(g) ’
M
pa(A) = — 55 Dab(E,5,7) + 3Ny Dlogd(z)

Putting these estimates in (2.6.11), one finds

(st D? a(y)Dd(y) - DdG) 7 - ]
M evtara D2 GEADAZ) - Dd(z) .
5 [ (ne@ntae) - CPEELLD 2 () Da(o)) i
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We use the invariance condition (2.2.9) to get rid of the latter terms. So the inequality

becomes

ko(7,75,2) < C(1+ M) <5+

./ M -/ M Ny M
—H(t,z, =Dy | —H (t,y,—Dyy | +2H (t,z,——=D,¢ | +c7.
) ) 20
Finally, since —D.v¢ = D,v + Dy, we use (2.6.7) to estimate the last terms involving H:
(- M -/ M - [ M
—-H (tafa 5Dz1/1) -H <ta?775Dy¢> +2H (t727_25D2w) <

M
<Collz = 2" +ly = 2" + |z +y = 22) (1 + - [Datp + Dy¥])

w(i‘7 y? 2)
0 ) (2.6.15)

M
+ Cilz — y|7 | D) — Dyt .
Using the precise values of Dy 1 and Dy, we estimate thanks to Young’s inequality
M M
Ci | =yl 1D = Dy] < Cla =yl - (jo = 2+ [y — #F°)
M
< -
<0y
and similarly
Cole =2 +]y = 2 + o +y = 2:)(1+ = [Datp + Dy) < C (VO + 500

M
<C<5+51/)>.

Eventually, we end up with

- H (t,a?, Ajpzw) —H (t, 7, ]\;Dyw) +20H ( z, —‘;\ﬁpzzp) <C (5 + ‘?w) . (2.6.16)

Since
ko(z,y,2) =kM <5 + — kylog(d(z)d(y)d(2)) >
s (5 2222
we obtain from (2.6.15)—(2.6.16)

ar (54 X529 <ot (544629 o,
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We choose k such that kM — C(1+ M) > 1 to have

Choosing v sufficiently small we obtain a contradiction.
So, we have found that for k sufficiently large and ~ sufficiently small, we have

v(t,x) +ou(t,y) —2v(t,z) < M <5 + W) — ylog(d(z)d(y)d(z)) ,

for every z,y,z € 1, and any § > 0. Letting v — 0, we obtain
u(t,z) +u(t,y) — 2u(t, z) < T M (5+ 1/1(1;,y,z)> .

So, (2.6.8) is proved and the proof is concluded. O

Remark 2.6.5. We note that the hypothesis (2.6.7) is satisfied at least for classical Bellman

equations where

H(x,p) = igg(—b(w,a) p— L(z,a))

assuming that L(-, ) and b(-, a) are W2 and both conditions hold uniformly with respect
to a € A. Indeed, we have

2 (—b(z,a) . <p2+q> - L(z,a)) = (=b(z,a) - p — L(z,a))
+ (=b(z,a) - ¢ — L(y,a)) + (L(z,a) + L(y, ) — 2L(2, v))
= (=b(z, @) - p = L(z, ) + (=b(y, a) - ¢ = Ly, ))
+ 5 (b, 0) ~ bly,) - (p — @) + 5 (0, 0) + by, ) — 20z, @) (0 + )

+ (L(z, ) + L(y, o) — 2L(z, )

< H(z,p)+ H(y,q) + Clz —y[lp—q|
+C(Jx =2 + |y — 2> + |z +y —22]) [p + g
+ (L(z,e) + Ly, ) — 2L(z,0)) .

Hence, taking the sup, in the left-hand side, and using the regularity of L, implies (2.6.7).

Finally, we show with the next result that the semiconcavity of u leads to the boundedness

of the function m.
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Proposition 2.6.6. Assume that the hypotheses of Theorem 2.6.4 are satisfied, and, in
addition, that H,(t,z,p) € WH®(Qr x K) for all compact sets K C RYN. Suppose that the

following condition holds near the boundary: there exists dy such that
(E(l‘) + Hy(t, x,p)) -Dd(z) <0, Vo eTs,, Vpe RV . (2.6.17)
Then, if (u,m) is a solution of (2.1.1), we have m € L>®([0,T] x Q).

Proof. We are going to apply the comparison principle in the equation of m. To do so, we

call u. the solution of the following problem:

(ne)e — div(a(z) Dpe) — div((b(x) + Hp(t, z, Du))ue) =0, (,2) € (0,T) x Qe
1e(0) = mo
[a(x)Dpe + (b(x) + Hy(t, x, Du))pe] - Voo, =0,
where, as before, Q. = {z : d(z) > ¢}. With the same arguments used previously we obtain
He = M a.e. in [0,T] x Q.

Since u is a semiconcave function, we can split the last divergence term in order to get
(1) — div(a(z)Due) — (b+ Hy(t,z, Du))Dpe + c(t, z)pe = 0, (t,z) € (0,T) x Q¢
pe(0) = mo
[a(z) Dy + (b(x) + Hy(t, , Du))pe] - vipa, =0,

where c is defined as follows:

o(t, z) = —div(b) — tr(Hpy (t, v, Du)) — tr(Hyp(t, 2, Du)D?u) .

Recall that in Q. the matrix a(x) is elliptic, so u enjoys the standard parabolic regularity
and c(t, z) is well defined (at least in Lebesgue spaces). We now estimate the function c.
Since Hpy(t,, Du) is in L°(Qr) (because u is globally Lipschitz) and D*u < CI, we get,
up to changing C,

c(t,x) > —C — tr(Hyp(x, Du)(D*u — CT)) — Ctr(Hyy(x, Du)) > —k,
for a certain k > 0 and since Hy,(D?*u — C1I) is a negative semi-definite matrix.

Calling ¥ = e7* ., we have that u¥ is the solution of the following equation

(1F): — div((a(z) + eI)Duk) — (b+ Hy(x, Du))Dpk + (k + c(t, z))uk = 0
1E(0) = mg
[eDpk + (b(x) + Hy(x, Du)pk] - vjgo. = 0
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We choose k such that &k + ¢(t,x) > 0 for each (t,z) € [0,T] X Q.. Then, thanks to (2.6.17),
it is immediate to prove that M is a super-solution of the equation of u¥, for M > ||mo|| .

Now we can easily conclude the proof: thanks to the comparison principle, we have
pit, ) < M = pe(t,z) < e'M =20 m(t,x) < e M,

where the estimates are true almost everywhere in (¢,2). Since m > 0, the proof is con-
cluded. ]

2.7 Non-smooth domains

Unfortunately, in many applications one needs to consider that the state variable does not
belong to a C? domain. This implies that the distance function from the boundary of
turns out not to be a C? function, and the invariance condition (2.2.9) becomes meaningless.

However, a generalization of the results obtained so far is possible, in the following setting.

Theorem 2.7.1. Suppose that F € C*(Q) such that 1 > 0 in Q, 1 = 0 in IQ and the
following inequality holds in a neighborhood V' of 0§):

a(2)Dy(z) - Dp(x) _ -
¥(z) i) (2.7.1)

tr(a(2)D*Y(x)) — Hy(t, z,p) Dy (x) >
VpeRYN Vte[0,T] and a.e. x €V .

Then, all the results of the previous sections remain true replacing (2.2.9) with (2.7.1).

All the proofs can be done in the same way, replacing d by ¢ and the set T'c by {¢) < e}NQQ.

This generalization plays a crucial role in order that the smoothness assumption for the
domain € be weakened. As an example, we define a class of non-smooth domains and we

prove that hypothesis (2.7.1) is satisfied for those ones.

Definition 2.7.2. Let Q C RY. We say that Q is a generalized C* domain if In € N and

a collection of sets {Q}1<i<n such that Q' isa compact domain of class C* and
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From now on, when we write d(x) and d;(x), in the case of a generalized C?> domain, we

mean respectively dqo(z) and dgq: (). Moreover, we will use the following notation:

Q! = {di(z) > e} NQ, I = {di(z) <e}nQ.

We now show that Theorem 2.7.1 applies to generalized C? domains.

n .
Proposition 2.7.3. Let Q = () Q! be a generalized C* domain. Suppose that 3 §,Cy > 0
i=1

st.VpeRV, VI<i<nandV z € Ffs the following inequality holds:

a(x)Dd;(x)Dd;(x)

Then all the results of the previous sections remain true for the non-smooth domain €.

tr(a(x)D?*d;(x)) — Hpy(x, p)Dd;(z) > — Cod;(x) . (2.7.2)

Proof. We have to prove that condition (2.7.1) is satisfied for a certain C? function 1.
To do that, we consider ¢ : [0, +00) — R a C? function such that ¢(s) = s when s < %7
¢ =1 for s > 6 and ¢'(s) > 0. Moreover, we require that ¢(z) > z in [0,d]. This can be

done for § sufficiently small.

We take ¢(z) = [] ¢(d;(x)) and we prove that (2.7.1) is satisfied in V' = |JT' for a certain
i 0

6> 0.
From now on, we will write ¢;, ¢}, ¢ instead of ¢(d;(x)), ¢'(di(z)), ¢"(di(x)) to simplify
the notation. Computing the derivative D1 and D% we find

Dy =Y _T] ¢ ¢iDd;,

D => [[¢;#D%;+> ] ¢/Ddi @ Ddi+ > ] ¢;¢i¢4Ddi @ Ddy,.
i i i i o ik

Plugging these computations in (2.7.1) we find

tr(a(w) D6()) — Hy(t, 0, p) Dip(r) — LPEL) D)

+ () =

¥(z)
=S 1 5 ¢! (tx(a(w) D) — Hy(aw,p)Dds) + > [] 65 ¢/ a(a)Dd; - Ddi+
i j#i i j#i
> 1 65 I1 &1 ¢, a(x)Dd; - Dy,

iR Tk

+> 11 ¢; ¢k a(x)Dd; - Dd, - + O (x).

i,k j#i,k

[1o:
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We start analyzing the first term. Because of the presence of ¢}, we can study each term of

the sum only in I‘f;. So, choosing ¢ such that (2.7.2) holds true, we get
x)Dd; - Dd;
> 1145 ¢ (tr(a(@)D?di) — Hy(w,p)Dd;) > > ] ¢ ¢} < - Codi> :
i J# i A di
Since d; < ¢; in Ff;, one has

~Coy ] #edi > clzﬂ@z ~Cr(a

i jF

where C1 is a constant depending on Cy and n that can change from line to line.

Then we look at the third and the fourth terms. Since, for i # k,

l;[ oy ll;[k o)
R
l:[ bi ik

then we have

> T o lH & &), a(x)Dd; - Ddy

J#i
¢; ¢idy a(x)Dd; - Ddy, — ok

z%ijgk ’ g 1:[¢z

2
Z (1;[ ¢j> (¢;)2a(a:)Ddi - Dd; (b,
— \ iz

- : _ZH¢ —a(x)Dd; - Dd; .

s 11

Using these estimates, we obtain

a(x)Di(x) - Dip(x)

tr(a() D0 (x) — Hy(t, . p)Dis(e) = T 4 Cute) >
/ / (2.7.3)
> ZJI;[Z@ x)Dd; - Dd; (?Z (q;j + ¢} ) +(C = C)Y(x).
To conclude, we want to prove that
/ 2
% - (Z) + ¢ > —Cao

for a certain constant Cy. This is equivalent to prove that, for all x € R,
¢ (2)p(2)x — (¢ (x)*z + ¢/ (2)(z) > —Ca¢?(x)x
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Since ¢(s) = s in [0, %], we obtain immediately that the left hand side term vanishes in this
interval, and so the relation is verified. A similar computation occurs for s > §. Finally, for
s € [g, 4] the relation is certainly satisfied for a constant Co depending on §. Therefore we
obtain from (2.7.3)

a(z)Dy(x) - Dip(x)
()

which, for C sufficiently large, proves that condition (2.7.1) is satisfied. This concludes the

tr(a(z)D*P(x)) — Hy(t,z, p) Dip(x) — + CP(z) = (C = C1 = Ca)ip(x),

proof. ]

2.8 Appendix

In this Appendix, we give the proof of two technical results.

Proof of Lemma 2.3.3.  We consider the sequence of compact sets { Dy }ren defined
n (2.2.2). For each k € N we take a cut-off function &, such that

§reCX(Q), 0<& <1
&(z) =1 for x € Dy (2.8.1)
&(x) =0 for € Dyqq.

For ¢ small enough and A > 0, we multiply the equation (2.3.7) by e)‘“féz and we integrate

in [t,T] x Q.:
1 T
T / (1) da + / / eMea.(x) Due - Du, £ dxdt
A Dy 1 Dy 1
/ H.(t,z, Du.)eM= &2 dadt + / / 2)Du, - D€ 2eMN &y, dadt
D1 Dk+1

_1 / N (T)e2 dw < C
A D1

since wu, is uniformly bounded. From the local uniform coercivity of ac, we have ac(z) >
Ag+1 1 for & € Dyy1. Using also the local uniform natural growth assumed upon H., and a

local bound on a., we deduce that

T
Mest / / e | Dy |2 €2 dadt < C / / e (1 + | Dug )2 dadt
t Dyy1

D11
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for some constant Cj, only depending on k. Choosing A sufficiently large (depending on k),
we can bound the gradient of u. in D;. Hence, together with the L°° bound, we deduce
that u. is bounded in L?([0, T]; W12(Dy)) for each k € N.

From (2.3.7) now we get that (u.), is bounded in L?([0,7]; W~2(Dy)). So, by [93,
Corollary 4], we deduce that u. is relatively compact in L?(D},). By a standard diagonal

argument, we can therefore extract a subsequence, which we still denote by u., such that
ue — u weakly in L2([0, T); W12(K)) and strongly in LP([0,T] x K) for every p < oo,

for any compact subset K C ).

We now aim at getting the strong convergence. To this purpose we assume that the
matrix a.(x) converges (up to subsequences) almost everywhere in Q towards some matrix
a(xz). We further suppose by now that u.(T") converges almost everywhere in {2 to some
function g(z), in order to get the full convergence up to ¢ = T. We notice that, since
ue is uniformly bounded, this implies that u.(T") — ¢ strongly in LP(Q) for all p < oc.
Moreover, since (uc), converges to u; weakly in L?([0,T); W~12(Dy)) for all Dy, one has
that u; € L2([0, T]; W—12(Dy,)), so u € C°([0,T); L?(D},)) and actually u(T) = g(x) in Q.

Now we multiply (2.3.7) by 9 (u. — u)£7, for a convenient increasing function ¢ to be

chosen later. We proceed in a similar way as above obtaining
T
Akt 1 / Y/ (ue — u) |Due — Dul? € dadt
Diy1
<~ [ [ v wa)pu- 0w - Du)
Diy1
T
+ ck/ / —0)|(1+ |Ducl?) € dadt — / (Ortie, b (e — w)ED)
Di41 0
which yields, using |Du.|? < 2(|Du. — Du|? + |Dul?):
T
/ / Mg 19 (ue — u) — 20| (uz — u)|] |Due — Dul? € dadt <
0 JDyq1
T
- / V' (ue — u)as(x)Du - (Due — Du) £
Dyy1

T T
+ Ck/o /Dw (e — w)|(1 + 2| Dul?) € dxdt+/0 (Optte, (e — u)ED)
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Now we choose 9 such that si(s) > 0 and Ag119/(s) — 2Ck[1(s)] > 0 for all s € R. A

2
typical choice is e.g. ¥(s) = sebs” with b = )\g"' . So we get
kE+1
T
/ / |Du. — Dul? €2 dzdt <
0 JDgqa
T
< —C’k/ V' (ue — u)ac(z)Du - (Du. — Du) &} (2.8.2)
0 Dk+1

T T
+ Ck/o /17k+1 W (ue —w)|(1 4 2|Dul?) & dadt + Ck/o (O, (ue — u)E2),

where (-, -) is the duality between W12(€.) and its dual. We conclude by showing that all
terms in the right-hand side go to zero as € — 0. Indeed, if ¥(s) = [ ¢ (r)dr, we have

T

T T
| @it =) = [ ) = uttpae [+ [ (o vl - wie)

T
2
< /Q\I/(UE(T) —u(T))d:c+/0 (Opu, Y(ue —u)éi) dt

and the last two terms converge to zero because 1(u. — u)§,% weakly converges to zero
in L2([0,T); WY2(Dy)) and us(T) — g(z) = u(T) almost everywhere (hence ¥(u.(T) —
u(T)) — 0in L' by dominated convergence). Still using Lebesgue’s dominated convergence
theorem, we have that |¢(ue — u)|(1 + 2|Du|?) — 0 in L'((0,T) x Djy1). Finally, using
that a.(z) converges almost everywhere, we can deduce that 9'(us — u)as(z)Du converges
strongly in L?((0,7) x Dy,1), and since Du. converges weakly to Du, the first integral in
the right-hand side of (2.8.2) converges to zero as well. Therefore, (2.8.2) implies that

T
/ / |Du. — Dul? €2 dzdt 2%
0 JDyq1

which implies the strong convergence of u. to u in L2([0, T]; W12(Dy,)) for all Dy,.

We finish by noticing that, in case u.(T") is not assume to converge strongly, then the above
argument needs to be localized, which means using the test function v (u. — u)&2 (T — t).
With the same arguments as above, in that case one concludes the strong convergence in
L2([0,t]; WY2(Dy,)) for all t < T, but not up to t = 7. O

We now provide the proof of the analog compactness result for the Fokker-Planck equa-

tion.
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Proof of Lemma 2.4.2. We only sketch the proof since this is just a local version of
compactness results which are well-known in the case of boundary value problems.

We first obtain local estimates as in [90, Lemma 3.3]: namely, for any ¢ < %—ﬁ,

T
/0 /D |Dm|? dxdt < Cyp, (2.8.3)
k

for every Dy, defined in (2.2.2). This estimate in particular implies that m,. is bounded in
L0, T; WH(K)) for g < %—ﬁ, for any compact subset K. From the equation and the local
boundedness of a., b., we deduce that (m.); is bounded in L(0,T; W~19(K)), so applying
standard compactness results (see [93, Corollary 4]) we get that m, is relatively compact
in L1(0,T; L'(K)). Through a diagonal procedure, we can extract a subsequence, which
is not relabeled, such that m. converges almost everywhere in Qr, and in L'(0,T; L'(K))
for every compact subset K C (2, towards some function m which actually belongs to
L>=((0,T); L1(2)) because of Fatou’s lemma and the fact that [me ()| 11 (o) is uniformly
bounded.

In order to obtain a strong convergence in C°([0, T; L},.(£2)), we use some renormalization

argument similar as in [89, Theorem 6.1]. To this purpose, we use the auxiliary function

1 if |s|] <1
Sp(r)=nS (%) , where S(r) = [7 S (r)dr, S'(r)=<2—|s| ifl<]|s|<2 (2.84)
0 if |s| > 2

so that S, is a sequence of bounded functions which converges to the identity locally
uniformly as n — oo. Let & be the cut-off function defined in (2.8.1). By choosing

(1 — S/, (m.))& as test function in (2.4.3) one obtains

1 t
/(me - Sn(me))(t)gl% dz + Ag+1 — / / |Dm€|2 ]l{n<m5<2n}d$d3
Q nJo Jp,

t t
< Cg / / Me ]l{n<m€}dxd8 + / / |Dm8|]l{n<m5}dl‘d8
0 JDgy1 0 JDpyq
+ /Q (m2(0) — Sy (mo(0))) € de,

where we used the local ellipticity of a., and the local boundedness of a. and b.. Since

0 <7 —8u(r) <rlysyy, and since m.(0) converges in L'(K) for all compact subsets K,
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last term is small as n — oo, uniformly with respect to . The same holds for the previous

terms in the right-hand side due to the local bounds on m., Dm.. Hence it holds

Jim. sup f/ /|Dm5\ Lincm. <ony § dzdt =0 (2.8.5)
and
lim sup /(ms — Sp(me))(H)E3dx =0 (2.8.6)
N0 fe30,t€(0,T]}

for any cut-off function &.
Now one can renormalize the equation for m.. Indeed, thanks to (2.8.5) the function

Sp(me) satisfies
(Sn(me))e — div(al(z)DSy(me) + beme S),(me)) = Rey in (0,T) x Qe (2.8.7)

where R, , is such that

le Sup / /|R5n|§2dxdt—0 (2.8.8)

Consider now a sequence {m7} in L2(0, T; W;"2(2)) approximating the function S, (m) with

loc

the following properties:

ey = —j(m? — Su(m)),  [me <

for any compact K C Q. We take Tl(Sn(me) - mg)@ as test function in (2.8.7) and we
obtain (we denote O (r fo Ty (s)ds):

n 2 ! ny|2 ¢2
/Q@l (Sn(ms)—mj)(t)f dw+C/O /Q|DT1(Sn(m5)—mj)| ¢

< / @1 (Sn(ma(o)) - m;l(o)) §2d:17 — / / ba Me S;(ms)DTl(Sn(mE) _ m?) 52

/ / z) Dmf DT1(Sn(me) — mf) € dads — / / Ty (Sp(me) — mf) € dads

// ) DSy, (me) 4 be me Sy, (me)| DETy(Sy(me) —m}) € dads

+ sup / / IR | €2 ddt .
€ 0 Q
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We will let first € — 0 and then j — oco. Since all the integrals are localized in a compact
subset of 2, we use the almost everywhere convergence of m. (hence S, (m.) converges in
L') and the weak convergence of DS, (m.) in L?, as well as the convergences of a.(z) and

be(t,x). Then we find, as ¢ — 0:

limsup/Q@l (Sn(me) —mi) (t) dx

e—0

< [ @1 (Sulmo) — mj(0) ¢ - / t | b Sim) DT (S, () — ) €
/ / x) Dm} DT1(Sp(m) — § dmds—/ / M1 (Sp(m) — m?)§2dxds

2 /O /Q (a* () DSy (m) + bm. 8!, (m)| DE Ty (Su(m) — m?) € duds

T
+ sup / / IR | €% dadt .
€ 0 Q

Thanks to the properties of m[ we have (m}),T1(Sp(m) —m]) > 0. Hence that term can
be dropped. For all other terms, we let j — oo; using that m] converges to Sy(m) and
mj(0) to Sp(mo) we conclude that

limsup lim sup/ ©1 (Sn(me) —m7) (t) &2 dx < w(n), = sup / / |R..p| €% dxdt .
Q

Jj—00 e—0
(2.8.9)

Last term will vanish as n — oo due to (2.8.8). Now we estimate
[ 1800me) = Suml(0)6 d < [ 18(me) = mdl(0)da + [ 18,m) — () €.

Using that |s| < C max(01(s), /O1(s)), due to (?7) and to the convergence of m] towards

Sp(m), we get after letting ¢ — 0 and j — oo:

lim sup / 1Sy (me) — Su(m)|(£) €2 dir < Cuo(n) " 570,
Q

e—0

and the above holds uniformly with respect to ¢t € [0,T]. Putting together this estimate
with (2.8.6), we conclude that

lim sup/ |me(t) —ml|(t) €2 dx = 0.
e—0 [0,7]
Hence m € C°([0,T); L},.(2)) and the uniform convergence holds. O
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Chapter 3

The Master Equation in a Bounded

Domain with Neumann Conditions

3.1 Introduction

In this chapter we analyze the asymptotic behaviour of an N-players differential game,
where each player chooses his own control and plays his dynamic in a bounded domain
Q) C R?, with a reflecting process at the boundary 9.

As said in the Introduction of my thesis, this convergence problem is studied using the
so-called Master Fquation, an equation in the space of measures introduced by P.-L. Lions
in his courses at College de France, who gives also a formal link with the Nash system. See
[80].

There are many papers about the well-posedness of the Master Equation. Buckhdan,
Li, Peng and Rainer in [23] proved the existence of a classical solution using probabilistic
arguments, when there is no coupling and no common noise. We point out here also the
work of Chassagneux, Crisan and Delarue in [42], who gave the first existence result of
solution on the Master Equation with diffusion and without common noise. Furthermore,
Gangbo and Swiech proved a short time existence for the Master Equation with common
noise, see [59].

But the most important result in this framework was achieved by Cardaliaguet, Delarue,
Lasry and Lions in [32], who proved existence and uniqueness of solutions for the Master

Equation with and without common noise, and also the convergence problem, in a periodic
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setting (Q = T9).

Many other results about the convergence problem are given in the literature. The
convergence in the whole space, under weaker condition than in [32], was given by Carmona
and Delarue in [35]. In [31], Cardaliaguet, Cirant and Porretta studied the convergence for
the major-minor problem. Very important are the works of Delarue, Lacker and Ramanan,
who used the Master Equation for the analysis of the large deviation problem and the central
limit theorem, see [48, 49]. As regards finite state problems, some recents developments were
studied by Bayraktar and Cohen in [14] and by Cecchin and Pelino in [41].

There are also convergence result obtained without using Master Equation. See, for
example, the work by Lacker in [73]. Other important papers about Master Equation and
convergence problem are [30, 37, 40, 52, 56, 72, 87].

However, most of these papers proves the convergence in a periodic framework (Q = T¢)
or in the whole space R?. But in many applications it is useful to work in a framework with
boundary conditions, in particular reflections at the boundary; see for instance the models
analyzed by Achdou, Bardi and Cirant in [1].

Here we want to extend the convergence results in our context. The chapter is clearly
inspired by the ideas of [32], but, as already said in the introduction, many issues appear
in the further technical estimates, and more effort has to be done in order to gain the same

results.

The chapter is divided as follows. In section 3.2 we define some useful tools and we state

the main assumptions we will need in order to prove the next results.

The rest of the chapter is divided into two parts. In the first part (section 3.3 to 3.6), we

analyze the well-posedness of the Master Equation with a Neumann condition on 02 with
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respect to o and m:

—0,U(t,z,m) — tr (a(z)D2U(t,z,m)) + H (z, D,U(t,z,m))
- [ 5 @)D, DUt 7,m. ) )+

[ Dub(t,2,m,9) - Hyly DU b, m))dm(y) = Flz,m)
nQ(O,T) x 0 x P(Q),

U(T,z,m)=G(x,m) in Q x P(Q),

a(x)DU(t,x,m)-v(z) =0 for (t,z,m) € (0,T) x 0Q x P(£2),

a(y)DnU(t,x,m,y) - v(y) =0 for (t,z,m,y) € (0,T) x Q x P(Q) x 9,
(3.1.1)

where v is the normal outward at 92 and D,,,U is a derivation of U with respect to the

measure, whose precise definition will be given later.

We stress the fact that the Neumann condition aD,,U - v = 0 is completely new in
the literature. Actually, we have to pay attention to the space where U is defined, i.e.
[0,7] x 2 x P(2). Then, together with final data and Neumann condition with respect to
x, there is another boundary condition caused by the boundary of P(€2).

The idea is quite classical: for each (¢, mg) we consider the M FG system in [tg, T] x Q

with a Neumann condition:

—uy — tr(a(z)D?u) + H(z, Du) = F(z, m(t)),
— div(a(z)Dm) — div(m(b + Hy(x, Du))) =

(3.1.2)
m(to) = mo, u(z, T) = Gz, m(T)),
a(x)Du - () 90 = 0 ( (@)Dm + (b+ H, (:L',Du))m) Yoo =0,
where b is a vector field defined as follows:
d
Z Oaji () i=1,....d.
Then we define
U(to, z,mo) = u(to, x) (3.1.3)
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and we prove that this U is a solution of the Master Equation.

Since the function U depends also on the measure, a suitable distance between these
measures has to be defined: this is called the Wasserstein distance, which definition will be
given in section 3.2. For a more detailed description about this kind of distance, see [29].

The main issue is to prove the C! character of U with respect to m, and Section 3.3 — 3.5
are completely devoted to prove technical results to ensure this kind of differentability.

In section 3.3 we prove a first estimate of a solution (u,m) of the Mean Field Games
system, namely

1
llliyasia <C. di(m(t),m(s)) < Clt - 5%,

where d; is the Wasserstein distance defined in Section 3.2. This implies
”U(t’ '7m)”2+a <C.

In section 3.4 we use the definition of U from the Mean Field Games system in order to

prove a Lipschitz character of U with respect to m:
HU(t> " ml) - U(t7 '7m2)||2+a < Cdl(mh mQ) .

In section 3.5 we prove the C' character of U with respect to m. This passes through
different estimates on linearized MFG systems.

Once proved the C! character of U, we can prove that U is actually the unique solution
of the Master Equation (3.1.1). This will be done in Section 3.6.

In the second part we analyze the asymptotic behavior of the N-players game and the
convergence of the Nash system towards a solution of the Master Equation. To do that, we
need to give a precise stochastic interpretation of the differential game in this framework.

We start considering a finite control problem with N players, where each player chooses
his own strategy in order to minimize a certain cost functional.

The dynamic of the player i, with 1 < ¢ < N, is given by the following stochastic

differential equation:

dX} = b(X},a}) dt + /20 (X})dB] — dki,

i o
Xty = g -

(3.1.4)
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Here, o} is the control, chosen from a certain set A, b: [0,7] x Q x A — R? is the drift
function, o : Q — R¥*? is the diffusion matrix, a = oo* and v is the outward normal at
o9.

Moreover, (B;)!, 1 < i < N are independent d-dimensional Brownian motions, xf) €
and k! is a reflected process along the co-normal. According to [83], this reflected process

satisfies the following properties:

t t
= [ oD ans, W= [ Lxicon bl

where v is the outward normal at 9€2. This reflection along the co-normal forces the process
to stay into €2 for all ¢ > 0.

Existence results for stochastic differential equations with reflection were already obtained
in [21], [54], [82], [83], [94], [95], [96], so we will not discuss about it here.

Throughout the chapter we use the notation v to indicate a vector of RV defined by
v = (v!,...,v"), where v is an already defined vector of R
We consider a control a.. and a starting position xy at time tg. The cost for the player 4

is given by the following functional:

T
J;V(to,mo,a_)—EU (L(XLal) + FN(X,)) ds + GN(X7)| |
to

where L is called Lagrangian of the system and FN:' and G+ are the cost functions for
the player .

In order to obtain a convergence when N is large, we need to assume that the players are
indistinguishable: i.e., there has to be some symmetry in the cost functional.

So we assume that, for certain functions F' and G,

FNi(x) = F(x;, md), GNi(x) = Gz, md),
with
. 1
mbt = N1 dz;, where §; is the Dirac function at . (3.1.5)
J#

The optimal control strategy for each players appears in the study of Nash equilibria.
Namely, a control a provides a Nash equilibrium if, for all controls a. and for all ¢ we
have

TN (to, @0, o) < TN (to, o, i, () j24)
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i.e., each player chooses his optimal strategy, if we “freeze” the other players’ strategies.
Now we define the value function for the generic player i as the cost functional at the
optimal control:

’UZN(fo,wo) = JiN(to,mO,oz*).

A well-known computation, using Ito’s formula and dynamic programming principle (see

[57]), proves that, if v}V solves the so-called Nash system,

_8tUZN o Ztr(a(xj)ngxjva) + H(x;, D%‘”ZN) + ZHP(IJ” Dzjv;»v)-ijva = F(z, ngEV,i) )
J J#i
oV(T,x) = G(zi,md"
a(xj)Da:j”zN'V(xj)meaQ:0» .]:]-a aNa
(3.1.6)

then v} is the value function of a Nash equilibrium.

In Section 3.7 we analyze this convergence problem. This is done by defining the following
functions u:

ufv(t, x) =Ul(t, xi7m]mv’i) ,

and proving that uZN solves ”almost” the Nash system, with an error of order %

Then we define the following related process for ’le :

dY;‘/l = 7HP(YYtiv Dmiva(t7 Yt)) dt + \/§U<thl>dB7§ - dk‘% )
Y;fz =27,
where Z = (Z;); are i.i.d. random variables of law my, and we prove that

ulN (to, Z)| — vN(to, Z < P—a.s.
|z(07 )| i \“0s s

=zl Q

T N N 2 C
E |Da2,vi" (8, Y¢) — Dyuy (6, Y4)|"dt| < eR
to

With these asymptotic estimates, we are able to prove the two main convergence results.
N 1
My = N Z Oz, 5
2
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we have

Sup |U1N(t07m) - U(to,.’L‘i, mi\f)
i

IN

Moreover, if we set

wl (to, zi, mp) = / le(to,x)Hmo(d:cj),

QN-1
then

. < Cwpn, (317)

where

wy = CN-2log(N) if d=2,

3.2 Notation and assumptions

Throughout this chapter, we fix a time 7' > 0. Q C R? will be the closure of an open
bounded set, with boundary of class C2*®, and we define Qr := [0,T] x €.

First, we need to define some useful tools.

For n > 0 and a € (0,1) we denote with C"**(Q), or simply C""%, the space of functions
¢ € C™(Q) with, for each £ € N”, 1 < r < n, the derivative D¢ is Hélder continuous with

Holder constant . The norm is defined in the following way:

0lle0 = 3 [[D0]|_+ 37 sup [Do(x) = D'6(y)|
Il

el <n — tY o=yl

Sometimes, in order to deal with Neumann boundary conditions, we will need to work
with a suitable subspace of C"T().

So we will call C"**N(Q), or simply C"**, the set of functions ¢ € C"*t* such that
aD¢ - vjpq = 0, endowed with the same norm ||¢||

n+o*

Then, we define several parabolic spaces we will need to work with during the chapter,

n+ao

starting from C2 "T([0,T] x ).
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We say that ¢ : [0,7] x Q — R is in C"2""+([0,7] x Q) if ¢ is continuous in both
variables, together with all derivatives D} D:¢, with 2r + s < n. Moreover, ||¢|| nta 40 is

bounded, where

Illage o = D2 IDIDsloc + D suplID;DEO(E )]l

2r4+s<n 2r+s=n

Y s DD ) e

0<n+a—2r—s<2 z

The space of continuous space-time functions which satisfy a Holder condition in z will

be denoted by C%*([0,T] x Q). It is endowed with the norm

[8ll.0 = sup_[[o(t,-)ll, -
t€(0,T

The same definition can be given for the space C*C. Finally, we define the space C12+®
of functions differentiable in time and twice differentiable in space, with all derivatives in

C%¥(Q7). The natural norm for this space is

[

|1,2+o¢ = ||¢||oo + ||¢t||0,o¢ + ||D$¢||oo + || ‘Da2/1¢||0)a .

We note that, thanks to Lemma 5.1.1 of [85], the first order derivatives of ¢ € C1? satisfy

also a Holder condition in time. Namely

[1D2¢ll1 0 < Cllfll 210 - (3.2.1)

In order to study distributional solutions for the Fokker-Planck equation, we also need
to define a structure for the dual spaces of regular functions.
We define, for n > 0 and a € (0,1), the space C~("+®)(Q), called for simplicity ¢~("+)

in this article, as the dual space of C"T%, endowed with the norm

1ol —(ntay = sup (p,®).
161140 <1

With the same notations we define the space C~("F9):N ag the dual space of TN

endowed with the same norm:

ol - n 4y v = sup
6110 <1
aqu‘U‘@Q:O
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Finally, for £ > 1 and 1 < p < 400, we can also define the space W~*?(Q), called for
simplicity WP as the dual space of WP (Q), endowed with the norm
lolly—rs =  sup  (p,¢)
oMl gyke,p <1
Definition 3.2.1. Let my,mg € P(Q2) two Borel probability measures on €.
We call the Wasserstein distance between my and ma, and we write dy(my,ms) the quantity
di(my,mg) := sup / o(x ma)(z) . (3.2.2)
sz(¢ )<1

We note that we can also write (3.2.2) as

difmy,ma)i= sup [ oadlms — ma)(e). (3:23)
lllyy1.00 <C
Lip(¢)<1
for a certain C' > 0. Actually, for a fixed z¢ € €2, we can restrict ourselves to the functions

¢ such that ¢(xo) = 0, since

/¢ M@ZAW@%W@wﬂm—mM@,

and these functions obviously satisfies ||¢||;;1,c < C for a certain C' > 0.

We will always work with (3.2.3), where the restriction in W1 allows us to obtain some
desired estimates with respect to dj.

In order to give a sense to equation (3.1.1), we need to define a suitable derivation of U
with respect to the measure m.
Definition 3.2.2. Let U : P(Q) — R. We say that U is of class C' if there exists a
continuous map K : P(Q) x Q@ — R such that, for all mi, mg € P(Q) we have

lim U(mi + s(mg —my)) —U(m
t—0 S

) = / K(my,z)(ma(dz) — mi(dz)) . (3.2.4)
Q
Note that the definition of K is up to additive constants. Then, we define the derivative

1104

$-— as the unique map K satisfying (3.2.4) and the normalization convention

/ K(m,z)dm(x) =0.
Q
As an immediate consequence, we obtain the following fundamental equality, that we will

use very often in the rest of the chapter: for each mj, mg € P(Q2) we have

U(mz) — U(mq) / / ) + s(mg —mq), x)(ma(dz) — my(dz)).

Finally, we can define the intrinsic derivative of U with respect to m.
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Definition 3.2.3. Let U : P(Q) — R. If U is of class C' and %Y is of class C* with respect

om

to the last variable, we define the intrinsic derivative Dy, U : P(Q) x Q — R? as

oU

D, 5 = Dy—
U(m,x) 5

(m,x).
We need the following assumptions
Hypotheses 3.2.4. Assume that
(i) (Uniform ellipticity) ||a(-)[|;,, < oo and 3IX >0 s.t. V€ € RY (a(x)€, &) > NEJ?;

(ii)) H: QxR 5 R, G: QA xP(Q) =R and F : Q x P(Q) — R are smooth functions
with H Lipschitz with respect to the last variable;

(#i) 3C > 0 s.t.
0< pr(xap) < Claxa;

() F satisfies, for some 0 < a <1 and Cp >0,

/Q (F(z,m) — F(z,m'))d(m —m')(z) >0

F
a,24a om

oF
Lip () = sup dl(ml,mg)_l ;
om miF#my a,l+a

(v) G satisfies the same estimates as F with « and 1 4+ « replaced by 2 + «, i.e.

and

OF
sup F(,m Q+H-,m,-
m@@Q|<>| =)

with

oF oF
%('77,”17 ) - %('7777’27 )

oG oG
sup (G + | 3o +1ip (52 < .
meP() < ot om 2+a,2+a om
with
oG oG oG
Lip () = sup | di(mi,m2)"t || —(,m1,) — —(-,ma,-) ;
om misme om om 24a,2+a
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(vi) The following Neumann boundary conditions are satisfied:

oF 0G
(swpigremprw) =0, (awDs @m i) =0,
(@) DG m) )} = 0,
for allm € P(Q).

Some comments about the previous hypotheses: the first five are standard hypotheses in
order to obtain existence and uniqueness of solutions for the Mean Field Games system. The
hypotheses about the derivative of F' and G with respect to the measure will be essential
in order to obtain some estimates on a linearized MFG system.

As regards hypotheses (vi), the second and the third boundary conditions are natural
compatibility conditions, essential to obtain a classical solution for the M F'G and the lin-
earized M F'G system. The first boundary condition will be essential in order to prove the
Neumann boundary condition of D,,U, see Corollary 3.5.13.

With these hypotheses we are able to prove existence and uniqueness of a classical solution
for the Master Equation (3.1.1).

But first, we have to prove some preliminary estimates about the Mean Field Games
system and some other estimates on a linearyzed Mean Field Games system, which will be

essential in order to ensure the C! character of U with respect to m.

3.3 Preliminary estimates and Mean Field Games system

In this section we start giving some technical results for linear parabolic equations, which
will be useful in the rest of the Chapter.

Then we will obtain some preliminary estimates for the Master Equation, obtained by a
deep analysis of the Mean Field Games related system.

We start with this technical Lemma.

Lemma 3.3.1. Suppose a satisfies (i) of Hypotheses 3.2.4, b, f € L=(Qr). Furthermore,
let o € C1TN(Q), with 0 < a < 1. Then the unique solution z of the problem

—z — tr(a(x)D%2) + b(t,z) - Dz = f(t,x),
(T) =4,

aDz - vjpa =0
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satisfies

Izl e 110 < C (Iflloo + 1¥114a) - (3.3.1)

Proof. Note that, if f and b are continuous bounded functions, with b depending only on
x, this result is simply Theorem 5.1.18 of [85]. In the general case, we argue as follows.

We can write z = z1 + 29, where z; satisfies

—(z1), — tr(a(x)D?z) = 0,
21(T) =1, (3.3.2)

aDz - Viga = 0.
and zo satisfies

—(22); — tr(a(x)D?z9) + b(t,z) - Dzo = f(t,z) — b(t,z) - Dz,
2(T) =0, (3.3.3)

CLDZQ . V|39 = 0,

Since in the equation (3.3.2) of 27 we do not have a drift term depending on time, we can
apply Theorem 5.1.18 of [85] and obtain

o1l e <l

As regards (3.3.3), obviously 2o(T) € W2P(2) Vp, and from the estimate of z; we know
that f — bDz € L*™. So we can apply the Corollary of Theorem IV.9.1 of [74] to obtain
that, that Vr > % ,

leally_az2 sz < ClIf = bDzllg < C (Ifllo + W0l -

Choosing r = %, one has 2 — drﬁ =1+ «, and so (3.3.1) is satisfied for z,.

Since z = 21 + 22, estimate (3.3.1) holds also for z. This concludes the proof. O

If the data f = 0, we can generalize the result of Lemma 3.3.1 if v is only a Lipschitz

function.

This result is well-known if a € C2(Q), by applying a classical Bernstein method. In our

framework, we have the following result.
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Lemma 3.3.2. Suppose a and b be bounded continuous functions, and ) € WH°(Q). Then

the unique solution z of the problem

—2z —tr(a(x)D%2) + b(t,x) - Dz =0,
2(T) =19, (3.3.4)

aDz - vjpq =0
satisfies a Holder condition in t and a Lipschitz condition in x, namely AC' such that

1
2(t,x) — 2(s,2)| < CWllyre [t =82, |2(t,2) = 2(t )] < CYllyre [z =yl
(3.3.5)

Proof. If 1 € CYV | estimates (3.3.5) is guaranteed by (3.3.1) of Lemma 3.3.1.

In the general case, we take ¥" € C! such that ¢ — ¢ in C([0,T] x Q) and
1™, < C|9|lyy1.00» and we want to make a suitable approximation of it in order to obtain
a function 1/;” e CN | also converging to 1.
In order to do that, we first need some useful tools.
For 6 > 0, d(-) the distance function from 99, Q5 = {z € Q|d(z) > §} and z € Q\ Q5, we
consider the following ODE in R%:

§(t;x) = —a(§(t; x))v(E(t; @),
£(0;2) =z,

(3.3.6)

where v is an extension of the outward unit normal in Q \ Q5. Actually, we know from [50]
that
Dd(z)j90 = —v(),

so a suitable extension can be v(x) = —Dd(x) .

Then we consider the corresponding hitting time of 9s:
T(z) :=inf{t >0]|&(t;x) ¢ Q\ Qs} .

We have that T'(z) < 400 for each z € Q\ Q5. To prove that, we consider the auxiliary

function

O(t,z) = & — d(E(t;z)).

So, the function T'(x) can be rewritten as
T(z)=inf{t > 0| ®(¢t,z) =0},
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and his finiteness is an obvious consequence of the decreasing character of ® in time:
Oi®(t, x) = —Dd({(t;2)) - & (t;2) = —(a(&(t;2))v(E(t; ), v(€(t; @) < —A < 0.

Moreover, thanks to Dini’s theorem we obtain that T'(x) is a C! function and his gradient
is given by
V@ (T(x),x) _ v(€(T(x);x))Jacs{(T (x); x)

0®(T(x),x)  (av,v)({(T(w); )
Actually, thanks to the regularity of a and €2, we can differentiate w.r.t. « the ODE (3.3.6)
and obtain that £(¢;-) € Ch.

Now we define the approximating functions ¢)™ in the following way:

() = wn(x) if ze€Qy,
e { Y(E(T(x);x) if xeQ\Qs, (3.3.7)

VT(z) =

eventually considering a C! regularization in Qg \ Qa5 .
From the definition of /™ and the C! regularity of £ and T we have z/NJ" € C! and

19"l < Cll" [l < Ol -

Moreover, since near the boundary " is constant along the trajectories a(-)v(-), we have
that on 02 )
(&) D () - @) o = o (@) =0,
d(av(x))

SO 1;” e CchN,

Now we consider 2" as the solution of (3.3.4) with 1 replaced by 15” Then Lemma 3.3.1
implies that ¥ satisfies

127131 < Clldlh < C il

Then, Ascoli-Arzeld’s Theorem tells us that 3z such that 2™ — z in C([0,T] x Q). Passing
to the limit in the weak formulation of 2", we obtain that z is the unique solution of (3.3.4).

Finally, since z" satisfies (3.3.5), we can pass to the pointwise limit when n — 400 and
obtain the estimate (3.3.5) for z. This concludes the Lemma. O

Now we start with the first estimates for the Master Equation.
The first result is obtained by the study of some regularity properties of the M F'G system,

uniformly in my.
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Proposition 3.3.3. The system (3.1.2) has a unique classical solution (u,m) € C'T22T x
C([0,T];P(R)), and this solution satisfies

b di(m(t1), m(t2))
t1#t2 ‘tl — t2|%

Flulliyaopa <C, (3.3.8)

where C' does not depend on (tg, mg).
Furthermore, m(t) has a positive density for each t > 0 and, if mo € C** and satisfies the

Neumann boundary condition
(a(@)Dmo + (B0, @) + Hy(w, Du(0,2)))mo) - o = 0, (3.3.9)

then m € C1 22+,
Finally, the solution is stable: if mo, — mq in P()), then there is convergence of the
corresponding solutions of (3.1.2): (up,my) — (u,m) in CH? x C([0, T); P()).

Proof. We use a Schauder fixed point argument.
Let X C C([to,T]; P(22)) be the set

X = {m € C([to, T]; P()) s.t. di(m(t),m(s)) < L|t — 5|% Vs, t € [to,T}} ,

where L is a constant that will be chosen later.
It is easy to prove that X is a convex compact set for the uniform distance.
We define a map ® : X — X as follows.
Given 8 € X, we consider the solution of the following Hamilton-Jacobi equation
—uy — tr(a(x)D?u) + H(x, Du) = F(z, B(t))
w(T) = G(x, 5(T)) . (3.3.10)
a(x)Du - v(z)j90 =0
Thanks to hypothesis (iv) of 3.2.4, we have F(-, 5(:)) € C2*® and its norm is bounded by a
constant independent of 3. For the same reason G(-, 3(T)) € C>T*.
It is well known that these hypotheses guarantee the existence and uniqueness of a classical
solution. A proof can be found in [74], Theorem V.7.4.

So, we can expand with Taylor formula the gradient term and obtain a linear equation

satisfied by wu:
—uy — tr(a(x)D?*u) + H(z,0) + V(t,x) - Du= F(z,5(t))
w(T) = G(x,a(T)) )

a(x)Du - vgn =0
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with .
V(t,x) = / H,(x,\Du(t,z)) dX.
0

Thanks to the Lipschitz hypothesis on H, (i7) of 3.2.4, we know that V' € L*. So, we can
use the Corollary of Theorem IV.9.1 of [74] to obtain

DueC2® — VeC2“.

So, we can apply Theorem IV.5.3 of [74] and get

luliss gra < C (IFlls 0+ 1Glzta) -

where the constant C' does not depend on g, tg, myg.
Now, we define ®(3) = m, where m € C([to, T]; P(2)) is the solution of the Fokker-Planck

equation

my — div(a(x)Dm) — div(m(b(z) + Hp(x, Du))) =0
m(to) = mo . (3.3.11)
(a(w)Dm + (b + Hy(x, Du))m) “Vag =0
It is easy to prove that the above equation has a unique solution in the sense of distribution.
A proof in a more general case will be given in the next section, in Proposition 3.5.3. We

want to check that m € X.

Thanks to the distributional formulation, we have

/<b(t,:c)m(t,dx)—/(b(s,q;)m(s,dat)+
Q Q (3.3.12)

t
/ /(—qﬁt —tr(a(z)D?%¢) + Hy,(xz,Du) - Do)m(r,dx)dr =0,
s JQ
for each ¢ € L satisfying in the weak sense
—¢¢ — tr(a(z) D?*¢) + Hy(x, Du) - Dp € L¥(Qr)
CLD(b . I/‘ag =0

Take (-) a 1-Lipschitz function in §2. So, we choose ¢ in the weak formulation as the

solution in [t, T] of the following linear equation

—¢y — tr(a(x)D%¢) + H,(xz,Du)-D¢ =0,
o) =¥, (3:3.13)
Cl(.fL')D¢ . l/‘ag =0.
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Thanks to Lemma 3.3.2, we know that ¢(-,z) € C%([O,T]) and its Holder norm in time is
bounded uniformly if ¢ is 1-Lipschitz.
Coming back to (3.3.12), we obtain

[ @t da) ~ m(s,d0)) = [ (6(t.2) = o(s.0)ms,de) < Cle = s
Q Q
and taking the sup over the v 1-Lipschitz,

dy(m(t), m(s)) < C|t — sz .

Choosing L = C', we have proved that m € X.

Since X is convex and compact, to apply Schauder’s theorem we only need to show the
continuity of ®.

Let 8, — 3, and let u, and m,, the solutions of (3.3.10) and (3.3.11) related to 3,. Since
{tn }n is uniformly bounded in C1+%’2+0‘, from Ascoli-Arzeld’s Theorem we have u, — u in
ch2.

To prove the convergence of {my, },, we take ¢, as the solution of (3.3.13) with Du replaced
by Du,. Then, as before, {¢,}, is a Cauchy sequence in C!. Actually, the difference
Onm = Qn — Om, satisfies

_(¢n,m)t - tr(a(l‘)DQQSn,m) + Hp(IE, Dun) : D¢n,m = (Hp(l'a Dum) - Hp(xa Dun)) Do,
¢n,m(t) =0,
a()Dénm - Voo =0,

and so Lemma 3.3.1 implies
[Pnmllisa 1 4o < Cl(Hp(z, Dum) = Hp(x, Dun)) - Dol < C[|Dugn = Dun|o < w(n, k),

where w(n, k) — 0 when n, k — oo, and where we use Lemma 3.3.2 in order to bound Dé,,
in L*, without compatibility conditions.
Using (3.3.12) with (my,, ¢,) and (myg, ¢r), for n,k € N, s = 0, and subtracting the two

equalities, we get
Taking the sup over the v 1-Lipschitz and over ¢ € [0, 7], we obtain

sup di(mp(t)), mp(t)) < w(n, k),
tel0,7
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which proves that {my}, is a Cauchy sequence in X. Then, Im such that m,, — m in X.

Passing to the limit in (3.3.11), we immediately obtain m = ®(/3), which conclude the proof
of continuity.

So we can apply Schauder’s theorem and obtain a classical solution of the problem (3.1.2).
The estimate (3.3.8) follows from the above estimates for (3.3.10) and (3.3.11).

To prove the uniqueness, let (ui,m), (u2, m2) be two solutions of (3.1.2).

We use inequality (3.3.15), whose proof will be given in the next lemma, with mo1(tg) =

moa(to) = mo:
T
/t /Q (H(z, Dug) — H(x, Duy) — Hy(z, Duy)(Dus — Duy))mq (t, dz)dt +
7
+/t /Q (H(x, Duy) — H(x, Dug) — Hp(x, Dug)(Duy — Dug))ma(t,dz)dt <0

Since H is strictly convex, the above inequality gives us Du; = Dusg in the set

{my > 0} U {mg > 0}. Then my and mgy solve the same Fokker-Planck equation, and for
uniqueness we have my = my.

So F(z,mi(t)) = F(z,ma(t)), G(x,m1(T)) = G(x,mz(T)) and u; and ug solve the same
Hamilton-Jacobi equation, which implies u; = us. The proof of uniqueness is complete.
Finally, if mg € C?>T satisfies (3.3.9), then, splitting the divergence terms in (3.3.11), we
have

my — tr(a(x)D*m) — m div (l;(x) + Hp(x, Du)) - (25(3}) + Hp(x, Du)) Dm =0
m(ty) = mo
(a(m)Dm + (b + Hy(x, Du))m) “Vogn =0

Then, thanks to Theorem IV.5.3 of [74], m is of class C'*2:2+,

The stability of solutions is obtained in the same way we used for the continuity of ®. This

concludes the proof. O

With this proposition, we have obtained that

Sup  sup ||U(t7 " m)||2+a < C? (3314)
te[0,T] meP(Q)

which gives us an initial regularity result for the function U.
To complete the previous proposition, we need the following lemma, based on the so-called

Lasry-Lions monotonicity argument.
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Lemma 3.3.4. Let (u1,m1) and (ug, ma) be two solutions of System (3.1.2), with m1(ty) =
mo1, ma(tg) = moz. Then

/tT/ﬂ (H(x, Dug) — H(x, Duy) — Hp(z, Duy)(Duz — Duy))mq (t, dz)dt
T
+/ / (H(z, Duy) — H(x, Dug) — Hy(z, Dug)(Duy — Dug))ma(t, dz)dt  (3.3.15)
to Q

<- / (ur (fo, ) — ua (o, 2)) (mox (dz) — mos(de)) -
Q

Proof. The idea is to estimate the quantity

d

g J. (1~ u2)(mu(t de) — ma(t, da))

Using (3.1.2) and integrating by parts, we find

2 o v t) g, ) =

= — /ﬂ (F(x,m1(t)) — F(xz,m2(t))) (m1(t,dz) — ma(t,dz)) +
— /Q (H(x, Dug) — H(x, Duy) — Hp(x, Duy)(Dug — Duy))m (¢, dz) +

—/ (H(x, Duy) — H(x, Dug) — Hp(x, Duz)(Duy — Dug))ma(t, dx) .
Q
Integrating the above equality for t € [tg, T] we find

/:/Q (H(x, Dup) — H(x, Duy) — Hy(x, Du)(Duz — Duy))ma (t, dz)dt
7t D) 105 D) D) s Dy
=" /tT/Q (F(x,m1(t)) — F(x,ma(t))) (ma(t,dx) — ma(t, dr)) dt
- /Q(G(I’ml(T)) — G, ma(T)))(m(T, dz) — my(T, dx))
- /Q(“l(to, w) = uz(to, ) (mo1 (dx) — moa(dz)) -

Using the monotonicity of the couplings F' and G we obtain (3.3.15) and we conclude. [
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3.4 Lipschitz continuity of U

Proposition 3.4.1. Let (u1,m1) and (u2,ma) be two solutions of system (3.1.2), with

my (to) = mo1, ma(to) = moz. Then

Jur = uzlly 940 < Cdi(mor,moz),

sup di(mq(t), ma(t)) < Cdi(mor, mo2) ,
tE€(to,T]

(3.4.1)

where C' does not depend on tg, mo1, mo2. In particular

sup  sup [(dl(mth))il ||U(ta “ ml) - U(ta '7m2)||2+04:| < C.
te[0,T] m1#ma

So, the solution of the Master Equation is Lipschitz continuous in the measure variable.

This will be essential in order to prove the C! character of U with respect to m.

Proof. For simplicity, we show the result for ¢g = 0.
First step: An initial estimate. Thanks to the hypotheses on H and the Lipschitz bound of
up and wug, (3.3.15) implies

T
/ / |Duy — Dug|*(my (t, dz) + mo(t,dz))dt <
0 Q
S C’/(ul((),x) - ug(O,x))(mm(dx) — moz(dx)) S C Hu1 — ’UJ2||1+Ta’1+a dl(mm,mog).
Q

Second step: An estimate on m1 — mgy. We call m := m; — mo. We take ¢ a sufficiently
regular function satisfying aD¢ - v = 0, which will be chosen later. By subtracting the weak

formulations (3.3.12) of m; and mq for s = 0 and for ¢ as test function, we obtain

/ o(t, z)m(t, dz) + /0 /Q (=¢¢ — tr(a(z)D?*¢) + Hy(x, Duy) Do) m(s, dx)ds+

/ / (z, Duy) — Hp(z, Dug)) D¢ ma(s,dz)ds = /qu(O,x)(mm(dm) — mop2(dx)) .
(3.4.2)

We choose ¢ as the solution of (3.3.13) related to uj, with terminal condition 1 € W1,
Using the Lipschitz continuity of Hj, with respect to p, we get

/Q,D m(t,dx) <C/ / |Duy — Dug|ma(s, dz)ds + Cdi(mo1,me2) ,
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since, for Lemma 3.3.2, ¢ is Lipschitz continuous with a constant bounded uniformly if 1
is 1-Lipschitz.
Now we use the Young’s inequality and the first step to obtain

/1/) t de <C </ / |Du1 DU2| mg(s d:l?)) +Cd1(m01,m02) <

Lto d (mor, m02)5 + di(mo1, m02)> ;

1
<0 (-l
and finally, taking the sup over the 1) 1-Lipschitz and the over t € [0, T],

1
sup dl(ml(t),mg(t)) S C <|U1 — UZH% dl(m()l,mog)% + dl(mol,m02)> . (343)

te[0,T]

Third step: Estimate on uy; — ue and conclusion. We call v := u; — uz. Then u solves the

following equation

—uy — tr(a(x)D?*u) + V(t,x)Du = f(t, )
u(T) = g(x) ;
a(x)Du - vjpq =0

where

1
Vit,x) = / Hy(x,\Du;(t,x) + (1 — N)Dua(t, x)dX;

f(tx) = / OF (o Xma(t) + (1 — Nyma(t), y)(ma(t, dy) — ma(t, dy))dA -

q om

g(x) = / / (x, Am1(T) + (1 — X)ma(T),y)(m1(T, dy) — ma(T, dy))dA .

From the regularity of u; and uy, we have V (t,-) bounded in C2®.
We want to apply Theorem 5.1.21 of [85]. To do this, we have to estimate sup || f(¢,-)||,,
t

First, we call
ma(+) := Ama () + (1 = N)ma(:) -

We get
! §F
sup (£t < sup [ D5 Coma(®)|  dhds(ma(t),mal®)
te[0,T] te[0,7]J0 m a,00
< C sup di(my(t), ma(t)),

te[0,7]
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where C' depends on the constant C'r in hypotheses 3.2.4.

In the same way

[9(-)loq < C sup_di(ma(r),ma(r)). (3.4.4)
rel0,7

So we can apply Theorem 5.1.21 of [85] and obtain

lur = ully 510 < C sup di(ma(r), ma(r)). (3.4.5)
rel0,T

Coming back to (3.4.3), this implies

sup di(mq(t), ma(t)) <
t€[0,7

3
<C ( SFp]d1(m1(7”),m2(7"))> d1(m01,m02)% +dy(mo1, mo2) | »
rel0,T

and, using a generalized Young’s inequality, this allows us to conclude:

sup d1 (m1 (t), mz(t)) S C’dl(mm, moz) . (3.4.6)
t€[0,T

Plugging this estimate in (3.4.5), we finally obtain

lur = wzlly 24 < Cdi(mor, moz) .-

3.5 Linearized system and differentiability of U with respect

to the measure

The proof of existence and uniqueness of solutions for the Master Equation strongly relies
on the C! character of U with respect to m.

The definition of the derivative % is strictly related to the solution (v, ) of the following
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linearized system:

—v — tr(a(z) D*v) + Hy(z, Du) - Dv = %(w, m(t))(u(t)),

pe — div(a(z)Dp) — div(u(Hy(x, Du) + b)) — div(mHpy,(x, Du)Dv) = 0,
o) = 2 (D)D), i) = o

a(x)Dv - vjgn =0, (a(m)Du + w(Hy(z, Du) + b) +mH,p(z, Du)Dv) “Vaa =0,
(3.5.1)

where we use the notation

and the same for G.

We want to prove that this system admits a solution and that the following equality
holds:

v(to, z) = <§Z(t07$,mo, '),,uo> . (3.5.2)

First, we have to analyze separately the well-posedness of the Fokker-Planck equation in

distribution sense:
pie — div(a(z)Dp) — div(pb) = f
u(0) = uo, (3.5.3)
(a(@)Dp + pb) - vjgo =0,
where f € LY(W=1%2) g € C~0+) b e [0,
A suitable distributional definition of solution is the following:
Definition 3.5.1. Let f € LY(W~1%), po € c—(+e) p e L. We say that a function

p € C([0,T); -+ Ny 0 LYQr) is a weak solution of (3.5.3) if, for all ¥ € L™(RQ),
£ e CHHoN and ¢ solution in [0,t] x Q of the following linear equation

—¢r — div(aD¢) + bD¢ = ¢,
P(t) =¢, (3.5.4)
aD¢-vjpq =0,
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the following formulation holds:

(). €) + /0 /Q (s, 2)(s, ) dds = (g, $(0, )) + /0 (F(s)és, )y ds,  (3.5.5)

where {-,-) denotes the duality between C— 1+ N gnd CHN in the first case, between

C~+9) gnd CHH in the second case and between W12 and W in the last case.

We note that the definition is well-posed. Actually, ¢(s,-) is in C!T® Vs thanks to Lemma
(3.3.1), so (uo, ¢(0,-)) and (f(s), ¢(s,-)) are well defined. Moreover, we have

[6(s; w1 <C
Hence, since f € L'(W 1), the last integral is well defined too.

Remark 3.5.2. We are mainly interested in a particular case of distribution f. If there
exists an integrable function ¢ : [0, 7] x Q — R™ such that V¢ € W1

(F(t).6) = / (t,2) - Do(a) da

Q

then we can write the problem (3.5.3) in this way:

e — div(a(z)Dp) — div(pb) = div(c),
#(0) = po ,
(a(x)Dp + pb +¢) - vjgo =0,

writing f like a divergence and adjusting the Neumann condition, in order to make sense
out of the integration by parts in the regular case.
In this case, in order to ensure the condition f € L'(W 1), we can simply require

c € LY(Qr). Actually we have, using Jensen’s inequality,

T T
Ll ey = /0 sup (/Q c<t,x>~D¢<x>dx)dtsc /O /Q e(t, 2)| dadt = ] |

81l 1,00 <1

where | - | is any equivalent norm in RY.

The next Proposition gives us an exhaustive existence and uniqueness result for (3.5.3).
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Proposition 3.5.3. Let f € L' (W), g € ¢+, b € L®. Then there exists a
unique solution of the Fokker-Planck equation (3.5.3).

This solution satisfies

sup L@ -4y, + 1l < C <||M0||—(1+a) + HfHLl(W—LOO)) ; (3.5.6)

d+2
d+1+oa *

Finally, the solution is stable: if pg — po in c( , {b"}, uniformly bounded and
b* — bin LP Vp, f* — f in LY(W=1°), then, calling ™ and u the solutions related,
respectively, to (uf,b™, f*) and (po, b, f), we have u™ — p in C([0,T];C~FN) N LP(Q7).

where p =
1+a)

Proof. For the existence part, we start assuming that f, b, pug are smooth functions, and
that pgo satisfies
(a(x) Do + pob) - vjgq = 0. (3.5.7)

In this case, we can split the divergence terms in (3.5.3) and obtain that p is a solution of
a linear equation with smooth coefficients. So the existence of solutions in this case is a
straightforward consequence of the classical results in [74], [85].

We consider the unique solution ¢ of (3.5.4) with ¢ = 0 and ¢ € C'+*N, Multiplying the
equation of p for ¢ and integrating by parts in [0, ¢] X © we obtain

t
(1l6):€) = (0. (0.9) + [ (7(6). 005, ) . (358)
Thanks to Lemma 3.3.1, we know that

||¢||H'Ta71+a <Cléllya - (3.5.9)

Then the right hand side term of (3.5.8) is bounded in this way:
t t
(0,600, + [ 160,605, 5 = Clel e (ol + [ 15 hyn )
Coming back to (3.5.8) and passing to the sup when ¢ € C1ToN €]l 1o < 1, we obtain

Sup @ —(14ayn < C (||M0||_(1+a) + HfHLl(W*lv‘X’)) : (3.5.10)

Now we have to prove the LP estimate. We consider the solution of (3.5.4) with ¢t = T,
¢=0and ¢ € L™, with r > d + 2 (we recall that in this chapter we call d the dimension of
the space.).
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Then the Corollary of Theorem IV.9.1 of [74] tells us that

||¢||1_%_¥ <Clll - (35.11)

d+2

Choosing r = , one has 2 — ¢= = 1 4+ «. Integrating in [0, 7] x Q the equation of 4

one has
/ / i deds = {10, $(0. ) + / (F(5), 8(s,)) ds .

Thanks to (3.5.11) we can estimate the terms on the right-hand side and obtain

T
| [ mwdads < 1wl (Wl ey + 1) - 512)

Passing to the sup for ||¢[|;» < 1, we finally get

iz < € (llollqrpay + 1z gw-1.0))

d+2

with p defined as the conjugate exponent of r, i.e. p = Trra:

This proves estimates (3.5.6) in the regular case.

In the general case, we consider suitable smooth approximations ;/5, f*, v* converging
to po, f, b respectively in C~(F)N L1 =12) and LI(Qr) Yq > 1, with b, bounded
uniformly in k and with uf satisying (3.5.7).

We call ;¥ the related solution of (3.5.3). The above convergences tells us that, for a

certain C|

116 —11e) < Cllioll ey s Bkl < ClIbllo
5l =100y < Cllfll prw—reey -

Then we apply (3.5.6), to obtain, uniformly in k,
s [ O 1o+ 1l < € (ol + 1 gy 3513

where C actually depends on b*, but since b¥ — b it is bounded uniformly in k.
Moreover, the function p*" := u¥ — u" also satisfies (3.5.3) with data b = b*,
f=fF— fr+div(p(oF — b)), u° = pk — pl. Then estimates (3.5.6) tell us that

sgpIIMk’h(ﬂII_(Ha),N + [l

< C (I = 1811y + 15 = £ rooy + NV (208 = B a-1.))
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The first two terms in the right-hand side easily go to 0 when h, k — 400, since ,ulg and
f* are Cauchy sequences. As regards the last term, calling p’ the conjugate exponent of p,

we have

T
v (1" (8% = b))l -1y < c/ / ‘,ﬁ(bk - bh)‘ dudt < C|0F —0"|,,,,  (3.5.14)
0 Q

since ;¥ is bounded in LP by (3.5.13) (here C' depends also on g and f). So, also the last
term goes to 0 since b* is a Cauchy sequence in L9 Vg > 1.

Hence, {4/}, is a Cauchy sequence, and so there exists p € C([0, T];C~ )Ny 0 LP(Qr)
such that

wF = strongly in C([O,T];Cf(Ho‘)’N) , strongly in LP(Qr) .

Furthermore, u satisfies (3.5.6).

To conclude, we have to prove that p is actually a solution of (3.5.3) in the sense of
Definition 3.5.1.

We take ¢ and ¢* as the solutions of (3.5.4) related to b and b¥. The weak formulation
for p* implies that

k ! k k ik 'k k
0.0+ [ [ s aotsa dods = b 0 0) + [ (4004 s s,

We can immediately pass to the limit in the left-hand side, using the convergence of z*

previously obtained.

For the right-hand side, we first need to prove the convergence of ¢* towards ¢. This is

immediate: actually, the function &k = ¢F — ¢ satisfies

—¢F — div(aD¢") + ¥ Dk = (b* — b) D¢,
k(1) =0,
aD¢ - vjpa =0.
Then, the Corollary of Theorem IV.9.1 of [74] implies, for a certain ¢ > d + 2 and

depending on «,
1611501 1 < CIEE ~ D) D] 10 =0,

since D¢ is bounded in L using Lemma 3.3.1.
Hence, ¢F — ¢ in CHE51+a . This allows us to pass to the limit in the right-hand side too
and prove that (3.5.5) holds true, and so that y is a weak solution of (3.5.3). This concludes
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the existence part.

For the uniqueness part, we consider p; and pe two weak solutions of the system. Then,

by linearity, the function pu := pu; — po is a weak solution of
py — div(a(z)Dp) — div(ub) =0,
n(0) =0,
(a(z)Dp+ pb) - vjgo = 0.

Hence, the weak estimation (3.5.5) implies, V¢ € L> and V¢ € C1 TN,

(u().€) + / /Q (s, 2)(s, z) dds = 0,

which implies

lellr = sup ([l —40)ny =0
te[0,7

and concludes the uniquess part.

Finally, the stability part is an easy consequence of the estimates obtained previously.
Let f* — f, ug — po and b™ — b. Then the function " := p" — p satisfies (3.5.3) with
b, uo and f replaced by 0", pug — po, f™ — f +div(u(d™ —b)). Then we use (3.5.6) to obtain

L2 CER R o P

< C(llub = moll—(1ay + I1F" = fllrw-roey + [div(u(0" = b))l L1 w-1.))

The first two terms in the right-hand side go to 0. For the last term, the same computations
of (3.5.14) imply
[div(p(d" = b))l L1w-1.00) < C[[b" = bl — 0.

Then p” — p in C([0, T); ¢~ 4Ny 0 LP(Qr), which concludes the Proposition. O
The last proposition allows us to get another regularity result of p, when the data b is

more regular. This result will be essential in order to improve the regularity of g—% with

respect to y.

Corollary 3.5.4. Let g € C~U0+) | f e LYW =12, b e C2®. Then the unique solution
w of (3.5.3) satisfies

< “100Y ) - 0.
230 1Ol-azx < € (110l + 10710 (35.15)
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Proof. We take ¢ as the solution of (3.5.4), with £ € C?**N(Q) and ¢ = 0. Then we know
from the classical results of [74], [85] (it is important here that b € C2), that

19015 20 < C 1€l -

The weak formulation of 1 (3.5.5) tells us that

T
(l6):€) = G0 000.) + [ 4F9. 0059 5 < € (Il gy + 1l g1y ) Wl

Hence, we can pass to the sup for £ € C*F*N with ||¢[|,,,, < 1 and obtain (3.5.15). O

Remark 3.5.5. We stress the fact that we shall not formulate problem (3.5.3) directly with
po € C~2+2) - Actually, the core of the existence theorem is the LP bound in space-time of
1, and this is obtained by duality, considering test functions ¢ with data ¢ € L". For this
function it is not guaranteed that ¢(0,-) € C>7%(Q), and an estimation like (3.5.12) is no

longer possible.

We can also obtain some useful estimates for the density function m, as stated in the

next result.

Corollary 3.5.6. Let (u,m) be the solution of the MFG system defined in (3.1.2). Then

we have m € LP(Qr) for p = dﬂia? with

[ml, <C ||m0||_(1+a) . (3.5.16)

Furthermore, if (u1,m1) and (ug,mg) are two solutions of (3.1.2) with initial conditions

mo1 and mo2, then we have
Hm1 — m2||Lp(QT) < Cdl(mm, mog) . (3517)

Proof. Since m satisfies (3.5.3) with u = mg € P(Q) € C~4%) b = H,(x,Du) + b € L™
and f = 0, inequality (3.5.16) comes from Proposition 3.5.3.

For the second inequality, we consider m := mj — mo. Then m solves the equation

my — div(aDm) — div(m(H,(z, Duy) + b)) = div(ma(H,(z, Duz) — Hp(z, Duy))),
m(to) = mo1 — Moz,

[aDm + mb + my Hy(x, Duy) — maoHp(z, D'U,Q)] Voo =0,
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i.e. m is a solution of (3.5.3) with f = div(ma(H,(x, Dug) — Hp(z, Duy))), po = mo1 —mo2,
b= Hp(z, Duy). Then estimations (3.5.6) imply
I = mallnary < € (0]l _(1a) + 1|2 -10e) )

We estimate the right-hand side term. As regards pg we have

Iholrsey = sup_ [ o) (mor — moa)(d) < Ces (o, o)
[8ll1 4o <179

For the f term we argue in the following way:

T
|mmwﬂm—é sup (4%@D@—&Mﬂmww@ww0w

H¢HW1,<X> <1

< Cllur = wzlliga 14, < Cdi(mor, moz)
which allows us to conclude. O

In order to prove the representation formula (3.5.2), we need to obtain some estimates

for a more general linearized system of the form

—z — tr(a(x)D?z) + Hy(x, Du)Dz = %(x, m(t))(p(t)) + h(t, ),
pr — div(a(z)Dp) — div(p(H,(x, Du) 4 b)) — div(mH,(z, Du)Dz +¢) = 0,
A(T2) = 2% (e m(T))(p(D) + 22(x), plto) = po.

a(x)Dz - vjgq =0, (a(m)Dp + p(Hp(z, Du) + b) + mHpy,(z, Du)Dz + c) “Vaa =0,

(3.5.18)
where we require
apeCPr poe 1 he O (t, T) x Q), ce L'([to, T] x Q).
Moreover, zp satisfies
aDzr - vjgq = 0. (3.5.19)

A suitable definition of solution for this system is the following:

Definition 3.5.7. We say that a couple (z, p) € C12+*x (C([0,T];C~0+N(Q)) N LY (Qr))
is a solution of the equation (3.5.18) if

e 2 is a classical solution of the linear equation;
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e p is a distributional solution of the Fokker-Planck equation in the sense of Definition
8.5.1.

We start with the following existence result.

Proposition 3.5.8. Let hypotheses 3.2.4 hold for 0 < o < 1. Then there exists a unique so-
lution (z, p) € CH*T*x (C([0,T; ¢+ NN LY(Qr)) of system (3.5.18). This solution

satisfies, for a certain p > 1,

2]l 240 + sup 1o —(14ayn + ol < CM (3.5.20)
where C' depends on H and where M 1is given by

M = |2zl 0 + 100l (140) + I2lloo + el - (3.5.21)

Proof. As always, we can assume tg = 0 without loss of generality.

The main idea is to apply Schaefer’s Theorem.

Step 1: Definition of the map ® satisfying Schaefer’s Theorem. We set X := C([0, T]; ¢~ (1)),
endowed with the norm

18l x == sup [|o(E)ll_(14ay,n -
t€l0,7

For p € X, we consider the classical solution z of the following equation

—z — tr(a(x)D?z) + Hy(x, Du)Dz = %(m,m(t))(p(t)) + h(t,z),
(1) = 3 (0, () (p(T)) + 2 (3:5.22)

a(x)Dz - vjgq = 0.

We note that, from Hypotheses 3.2.4, we have

0G

(a(x)DG(z,m),v(x))jgn =0 Vm € P(Q) = <a(x)Dz6m

(5 m(T) (D), v(2)) =0.

Els}

Hence, compatibility conditions are satisfied for equation (3.5.22) and, from Theorem 5.1.21
of [85], z satisfies

I2ll104a = C <|2T|2+a + hid (I - (4o, v + ||h|o,a>

(3.5.23)
<C <M+ sup IIP(t)||(1+a),N> ,

tel0,7
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where we also use hypothesis (vi) of 3.2.4, for the boundary condition of g—f;.

Then we define ®(p) := p, where p is the solution in the sense of Definition 3.5.1 to:

o — div(a(z)Dp) — div(p(Hp(x, Du) + b)) — div(mHyy(z, Du)Dz +¢) = 0
5(0) = po . (3.5.24)
(a(x)D,E) + p(Hy(z, Du) + b) + mH,y(x, Du)Dz + c) Vg =0

Thanks to Proposition 3.5.3, we have p € X. We want to prove that the map ® is continuous
and compact.
For the compactness, let {p, }, C X be a subsequence with ||p, ||y < C for a certain C' > 0.
We consider for each n the solutions z, and g, of (3.5.22) and (3.5.24) associated to py,.
Using (3.5.23), we have ||zp[[; 54, < C1, where Cy depends on C. Then, thanks to Ascoli-
Arzeld’s Theorem, and using also (3.2.1), 3z s.t. z, — z up to subsequences at least in
([0, T1;¢H ().

Using the pointwise convergence of Dz, and the LP boundedness of m stated in (3.5.16),

we immediately obtain
mHyy(x, Du)Dz, + ¢ — mHyy(z,Du)Dz + ¢ in LY(Qr),
which immediately implies
div(mHpy(x, Du)Dz, + ¢) — div(mHpp(z, Du)Dz + c) in LY(W=1hoe),

Hence, stability results proved in Proposition 3.5.3 proves that p, — p in X, where p is the
solution related to Dz. This proves the compactness result.
The continuity of ® can be proved used the same computations of the compactness.

Finally, in order to apply Schaefer’s theorem, we have to prove that
dM >0st. p=0P(p) and 0 € [0,1] = |p|lx < M.

We will prove in the next step that, if p = c®(p), then the couple (z, p) satisfies (3.5.20).
This allows us to apply Schaefer’s theorem and also gives us the desired estimate (3.5.20),

since each solution (z, p) of the system satisfies p = o®(p) with o = 1.

Step 2: Estimate of p and z. Let (p,0) € X x [0,1] such that p = o®(p). Then the
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couple (z, p) satisfies

2 — tr(a(2)D%2) + Hy(w, Du)Dz = E—F(x, m())(p(t)) + h(t, z)
— div(a(z)Dp) — div(p(H,(z, Du) + b)) — odiv(mHyy(z, Du)Dz + ¢) = 0
A(T,2) = 20 o m(T)) (7)) + 21(2) p(0) = opy
a(x)Dz - Vg = 0 ( (2)Dp + p(Hy(x, Du) + b) + o(mHyp(x, Du)Dz + c)) Voo =0

We want to use z as test function for the equation of p. This is allowed since z satisfies
(3.5.4) with

Y= %(m,m(ﬂ)(ﬂ(t» +h(t,x) € L>(), §= g—i(x,m(T))(p(T)) + 2p(z) € CoN

We obtain from the weak formulation of p:
T
/ (p(T,2)2(T,z) — opo(x)z(0,x)) dx = —O’/ /(c, Dz)dzxdt+
Q 0 Q

- ' e (ﬁf;wma))(p(t)) + h) dadi o ' | (. DDz, ) dar.

Using the terminal condition of z and the monotonicity of F' and G, we get a first estimate:

R O A PR

12l 210 (10l —(aray + el )

<M < sup ol -1y v + ol + |Z||1,2+o¢> :
te[0,7
(3.5.25)
We already know an initial estimate on z in (3.5.23). Now we need to estimate p.

Using (3.5.6) we obtain

sup ol iy + 0l o < € (llomHyp(a, Dw)D=] 1y + el + ool 1)) (3:5.26)
re[0.7] )s (1+a)

As regards the first term in the right hand side, we can use Hoélder’s inequality and
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(3.5.25) to obtain

T
|mHpy(x, Du)Dz| ;s =0  sup / /m(pr(x,Du)Dz, ¢) dxdt
oo <1 Q
$EL>®(QriRY)

<0</ /m H,(z, Du)Dz, Dz) dxdt) (/ /m oo, D), &) d:cdt)

1
3M2<sup 1O (py + Il + 1121} )
te[0,T]

Putting these estimates into (3.5.26) we obtain

e ol —tayn ol <C <M+M2 ( sup_[lo(t)]2 (14a)N T ||p||L1 + =07 2+a>> :
tel0,T te[0,T

Usmg a generalized Young’s inequality with suitable coefficients, we get

20 llrra + ol <€ (M IVEIFE: 2+a) | (3.5.27)
c[o

This gives us an initial estimate for p, depending on the estimate of z.
Coming back to (3.5.23), (3.5.27) implies

1 1
lethaee <€ (340 a1y )
Using a generalized Young’s inequality with suitable coefficients, this implies
||Z||1,2+a <Cm.
Plugging this estimate in (3.5.27), we finally obtain

121 240 + sup_lIoll-qa)n + ol < CM.
te[0,7)

This concludes the existence result.

Step 3. Uniqueness. Let (21, p1) and (22, p2) be two solutions of (3.5.18). Then the couple
(z,p) := (21 — 22, p1 — p2) satisfies the following linear system:

o e m(1) (1)) =0,

- div(a% 2)Dp) — div(p(H,(x, Du) + b)) — div(mH,,(x, Du)Dz) = 0,
AT0) = S (o, m(T)(P(T)),  plio) =0,
a(x)Dz - vjpo =0, (a(x)Dp + p(Hy(z, Du) + b) +mHyy(z, Du)Dz) Voo =0,

—z — tr(a(x)D?z) + Hy(z, Du)Dz =
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i.e., a system of the form (3.5.18) with h = ¢ = zr = pp = 0. Then estimation (3.5.20) tells
us that

1201240+ sup llpll_(1qayn + ol < 0.
t€[0,T
and so z = 0, p = 0. This concludes the Proposition. O

We are ready to prove that (3.5.1) has a fundamental solution. This solution will be the

. . . SU
desired derivative §-.

Proposition 3.5.9. Equation (3.5.1) has a fundamental solution, i.e. there exists a func-
tion K : [0,T] x Q x P() x Q = R such that, for any (to, mo, o) we have

U(t()am) :7(1+a)<:u’07K(t07$7m07')>1+a (3528)
Moreover, K(to,-,mg,-) € C*T*(Q) x C1T*(Q) with

sup ||K<t7 5 Mm, ')H2+a,1+o¢ < 07 (3529)
(t,m)€E[0,T]xP()

and the second derivatives w.r.t. x and the first derivatives w.r.t. y are continuous in all

variables.

Proof. From now on, we indicate with v(t, z; o) the solution of the first equation of (3.5.1)

related to pg. We start considering, for y € €, pg = dy, the Dirac function at y. We define
K(to, z,mo,y) = v(to, z;dy)
Thanks to (3.5.20), one immediately knows that K is twice differentiable w.r.t. = and
K (to; s m0, Y)llaa < ClIoyll_(110) = C

Moreover, we can use the linearity of the system (3.5.18) to obtain

K (to, x,mo,y + he;) — K(to, z,mo,y)
h

= v(to, x5 Ap jdy) ,
where Ay, 0, = %(5y+hej —dy). Using stability results for (3.5.1), proved previously, we can
pass to the limit and find that

0K
aiyj(tovxa mo, y) - U(to,%’; *ayj(gy) R
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where the derivative of the Dirac delta function is in the sense of distribution. Since 9,9,
is bounded in =) for all 4,5, from (3.5.20) we deduce that the second derivatives of K
with respect to x are well defined and bounded.

The representation formula (3.5.28) is an immediate consequence of the linear character of
the equation and of the density of the set generated by the Dirac functions. This concludes
the proof. O

Now we are ready to prove the differentiability of the function U with respect to the

measure m.

In particular, we want to prove that this fundamental solution K is actually the derivative

of U with respect to the measure.

Theorem 3.5.10. Let (u1,m1) and (ug,msa) be two solutions of the Mean Field Games
system (3.1.2), associated with the starting initial conditions (to,m}) and (to,m3). Let
(v, 1) be the solution of the linearized system (3.5.1) related to (ug, ma), with initial condition

(to, my —m3). Then we have

i =z = vl g+ 500 [l01(0) = m2(0) = O |1y < Calmborid)?, (3530

)

Consequently, the function U defined in (3.1.3) is differentiable with respect to m.

Proof. We call (z,p) = (u1 — ug —v,m1 —mg — u). Then (z, p) satisfies

—z — tr(a(x)D?z) + Hpy(x, Dug)Dz = %(m,mg(t))(p(t)) + h(t, ),

pi — div(a(z)Dp) — div(p(Hy(x, Dug) + b)) — div(mH,,(z, Dug)Dz +¢) = 0,
AT,2) = 9 (amaT) (D) + 22(e), plte) =0,
a(r)Dz - vjpo =0, (a(m)Dp + p(Hy(z, Du) + b) + mHyy(z, Du)Dz + c) Voo =0,
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h(t,x) = hy(t,x) + hao(t, x),
1
hi = —/ (Hp(x,sDuy + (1 — s)Dug) — Hp(z, Dug)) - D(u1 — ug) ds,

he = / / ( (x,smy(t) + (1 — s)ma(t),y) — gfl(x,mg(t),y)) (mq(t) — ma(t))(dy)ds,

o(t) = c1(t) + c2(t)
c1(t) = (ma(t) — ma(t))Hpp(z, Duz)(Duy — Dug),

1
ca(t) = ml/ (Hpp(x, sDuy + (1 — s)Dug) — Hpp(x, Dug)) (Duy — Dug) ds,
0

ap = /01/Q (gi(x,sm(T) + (1= s)ma(1),y)

=5 (ma(),0) ) (s (1) = s ()l

So, (3.5.20) implies that

s = = vl ot sp [l (®) = maft) = )| ryapy <€ (Il + lells + lorlara)

7 (3.5.31)
Now we bound the right-hand side term in order to obtain (3.5.30).
We start with the term h = h1 + hy. We can write

/ / Hyp(x,rsDuy + (1 — rs)Dug) (Duy — Dug), (Duy — Dug)) drds .
Using the properties of Hélder norm and (3.4.1), it is immediate to obtain
Ihillgq < ClD(u1 = w2)} o < Cdi(mg, m§)®.
As regards the ho term, we can immediately bound the quantity
|ha(t, ) — ha(t,y)|
by
1

|z — ylo‘d1(m1(t)7m2(t))/0 [ D F (-, sma(t) + (1 = s)ma(t), ) = DmF (-, ma(t), )| 0,00 ds -
Using the regularity of F' and (3.4.1), we get

1h2llg0 = sup [lh2(t, )|, < Cdi(mg,mg)*.
t€[0,T
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A similar estimate holds for the function zp. As regards the function ¢, we have

T
el = /0 /Q H,p (2, Dug)(Dus — Dus)(mi (¢, di) — ma(t, da)) dt

< Clur — uglly gy di(ma(t), ma(t)) < Cdi(mg, mg)?,

and, using the notation ui4s : = sDuj + (1 — s) Dug,

1 T
leall o = / / / (Hyp(ar, Dur ) — Hyp (2, Duz)) (Duus — Dug)ms (1, di) dids
0 0 Q

< C||Duy — Dus|?, < Cdy(mb, m3)?.
Substituting these estimates in (3.5.31), we obtain (3.5.30) and we conclude the proof. [

Since
olto, ) = /Q K (to, 7, moz, y) (o (dy) — moa(dy))

equation (3.5.30) implies

H U(to, -, mo1) — Ulto, -, mo2) —/ K (to, -, mo2,y)(mo1 — mo2)(dy) H < Cdi(mo1, mo2)*.
Q

oo
As a straightforward consequence, we have that U is differentiable with respect to m and

oU
%(t,x,m,y) = K(t,m,m,y) .

Consequently, using (3.5.29) we obtain

24,14«

But, in order to make sense to equation (3.1.1), we need at least that g—% is almost
everywhere twice differentiable with respect to y.

To do that, we need to improve the estimates (3.5.20) for a couple (v, u) solution of
(3.5.1).

Proposition 3.5.11. Let g € C~14%) . Then the unique solution (v, i) satisfies

[0l 240 + sup H:U’(t)”—(Z-i—a),N <C ||,U0H—(2+a) : (3.5.33)
t€[0,T
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Proof. We consider the solution (v, x) obtained in Proposition 3.5.8. Since p satisfies p =
o®(p) with o = 1, we can use (3.5.23) with zr = h = 0 and obtain

[Vl 240 < Ct:Elp 1N~ (210 - (3.5.34)
We want to estimate the right-hand side. Using (3.5.15) we have

sup [1(t)|_(asapn < C (I110ll_o1.0) + ImHpp(, Du) D]l 1) - (3.5.35)
te[0,7]

The last term is estimated, as in Proposition 3.5.8, by

1
T 2
lomHy,(x, Du)Dvl|,, < C </ / m(Hpy(z, Du)Dv, Dv) dxdt) . (3.5.36)
0 Q
The right-hand side term can be bounded using (3.5.25) with h = 27 = ¢ = 0:

T
/0 /g)m(pr(x, Du)Dv, Dv) dzdt < [[v]|; 914 [lt0ll 240y - (3.5.37)

Hence, plugging estimates (3.5.36) and (3.5.37) into (3.5.35) we obtain

1 1
wpnmn4H%NSC(Mﬂ4H®+mwﬂﬂmu;H®W). (3.5.38)

t€[0,T

Coming back to (3.5.34) and using a generalized Young’s inequality, we get

||”||1,2+a <C H,UO||7(2+a) )

and finally, substituting the last estimate into (3.5.38), we obtain (3.5.33) and we conclude.
O

As an immediate Corollary, we get the desired estimate for g—%.

Corollary 3.5.12. Suppose hypotheses 3.2.4 satisfied. Then the derivative 32 is twice

om

differentiable with respect to y, together with its first and second derivatives with respect to

x, and the following estimate hold:

(tv'amv ) <C. (3.5.39)

24a,24a

(5£
om
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Proof. We want to prove that, Vi, j, the incremental ratio

8%2%(1507 x,mo,y + hej) — 8%(%(1507% mo, Y)
h

R}j(w,y) == (3.5.40)

is a Cauchy sequence for h — 0 together with its first and second derivatives with respect
to . Then we have to estimate, for h, &k > 0, the quantity Di,RZj (x,y) — DéRﬁj (z,y)
for |I] < 2.

We already know that

oU

0,

Yi Sm (t07$7m07y) = U(t07$; _8y¢5y) .

Using the linearity of the system (3.5.1), we obtain that
)DéRZj(x,y) - DiRﬁj(fan)‘ = Dé“ (thxQ A%(_ayi‘sy) - Ai(_ayi‘sy)) )

where A (=8y,0,) = — £ (3y,0yshe; — 0y, 0y) -

Hence, estimate (3.5.33) and Lagrange’s Theorem implies

‘DiRZj(w,y) - DéRﬁj(xuy)‘ <cC H G (=0y,8) — AL (~0y,6,) H —(2+a)

(8yi¢>(y + hej) — Oy, d(y) Oy, by + kej) — 8yi<i>(y)>

sup n L

1811540 <1

= sup (8§iy_7¢(y¢7h) - aﬁiyﬁ(y@k)) < sup [Ysn — Youl™ <RI+ K|,
llplloya<l 16llora<1

for a certain yg4 5, in the line segment between y and y + he; and yg4 in the line segment
between y and y + ke;.

Since the last term goes to 0 when h,k — 0, we have proved that the incremental
ratio (3.5.40) and its first and second derivative w.r.t « are Cauchy sequences in h, and so

converging when h — 0. This proves that Dég—gl is twice differentiable with respect to y,
for all 0 < [I] <2.

In order to show the Holder bound for g—% w.r.t. y, we consider 3,13’ € Q and we consider
the function

h h
Ri,j(xa y) — Ri,j(xvyl) .
Then we know from the linearity of (3.5.1)
Rlj(2,y) = RY(2,y') = v(to, w3 A} (=0y,8,) — A}, (=0y,8,))
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and so, using (3.5.33) and

| Rl o) = RIy)

‘2+a <C H Agz(_ayi(sy) - Agz(_ayi(sy’) H

—(2+4a) '
Now we pass to the limit when h — 0. It is immediate to prove that

A (=0y;6,) — A, (—0y,8) = 0y;0y;0y — Oy; 0y, 0y in C~+),

Since DLR}!;(x,y) — 02, D! U (g,5) for all |I| < 2, we can use Ascoli-Arzela to obtain

YiyY; T dm
that
oU oU
2 2
’ Oy 5p0r (s ) = Oy < (o o) - < C ||8y,8y,8y — 0y,0y,8y | (5,0, < Cly—y'*,
which proves (3.5.39) and concludes the proof. O

We conclude this part with a last property on the derivative D,,U, which will be essential
in order to prove the uniqueness of solutions for the Master Equation and the convergence

problem.

Corollary 3.5.13. The function U satisfies the following Neumann boundary conditions:

U
a(m)D;c%(t,x,m,y) v(z) =0, Ve e 0Q,y € Q,t€[0,T],m e P(Q),

a(y) DU (t,z,myy) -v(y) =0, Ve € Q,y € 00t €[0,T],m € P(Q).
Proof. Since g—%(to, x,mp,y) = v(to,x), where (v, 1) is the solution of (3.5.1) with py = dy,

the first condition is immediate because of the Neumann condition of (3.5.1).

For the second condition, we consider y € Q) and we take

po = —0w(0y), with w = a(y)v(y) .

We want to prove that (v, ) = (0, 1) is a solution of (3.5.1) with pg = —0,,0,, where p is

the unique solution in the sense of Definition 3.5.1 of

e — div(a(w) Dpr) - div(u(Hy(z, Du) +5)) =0,
p(to) = o,
(a(@) Dy + p(Hy(, Du) +5)) - vjpa = 0.
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We only have to check that, if u is a solution of this equation, then v = 0 solves

—vx — tr(a@)D%) + Hy(ar, Du) - Do = 9 (o, m(6)) (1)
o(T,2) = 52 (e m(T)(uT)) (3.5.41)

a(r)Dv - vjpo =0,

which reduces to prove that

O (1)) (1)) = 2o (e, m(T)) (L)) = 0.

We will give a direct proof.
Choosing a test function ¢(t, y) satisfying (3.5.4), with ¢ (t,y) = 0 and £(y) = 2£ (z, m(t),y),

— om

we have from boundary conditions of g—f; that ¢ is a ¢4 function satisfying Neumann
boundary conditions.

It follows from the weak formulation of p that

O () (1(1)) = (1), S (), )) = (1 9(0,) =0,

since aD¢ - vjpq = 0 and

(10, ¢(0,-)) = (=0wdy, ¢(0,-)) = a(y) De(0,y) - v(y) = 0.

Same computations hold for g—g, proving that v = 0 satisfies (3.5.41).

Then we can easily conclude:

sU
a(y) DU (to, z, mo,y) - v(y) = Dy%(to,w,mo,y) Cw

oU
- <5Tn(t07$7m07 '),M0> = ,U(tO»x) =0.

3.6 Solvability of the first-order Master Equation

The C! character of U with respect to m is crucial in order to prove the main theorem of

this chapter.

Theorem 3.6.1. Suppose hypotheses 3.2.4 are satisfied. Then there exists a unique classical
solution U of the Master Equation (3.1.1).
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Proof. We start from the existence part.

Ezistence. We start assuming that myg is a smooth and positive function satisfying (3.3.9),

and we consider (u,m) the solution of M FG system starting from myg at time ¢y. Then
atU(to, T, mo)

can be computed as the sum of the two limits:

. U(t0+h7w,m0) —U(t0+h,$,m(t0+h))
lim
h—0 h

and
lim U(to —+ h,l‘, m(to + h)) — U(t()?xv mO)

h—0 h
The second limit, using the very definition of U, is equal to

lim u(to + h,x) — u(to, x)
h—0 h
—F(x,m(ty)) = —tr(a(m)DiU(to, x,mp)) + H(x, D,U(to, z,mg)) — F(x,mg) .

= wy(to, ©) = —tr(a(z)D*u(ty, z)) + H(x, Du(ty, z))

As regards the first limit, defining mg := (1—s)m(tg)+sm(tp+h) and using the C* regularity
of U with respect to m, we can write it as

. ! ouU (m(to + ha y) B m(t()) y))
- }llg})/o [ Sostto+ ey ) dyds

Lrou sU
:—/(; \/Qm(toam,m(]ay)mt(t(]ay)dyds:\/Qm(to,l‘,mo,y)mt(to’y)dy

=— /Q %(to, r,mo,y) div(a(y)Dm(to,y) + m(to, y) (b + Hy(y, Du(to,y)))> dy.

Taking into account the representation formula (3.5.2) for g—% , we integrate by parts and

use the boundary condition of g—% and m to obtain

/Q [Hp(ya DZU(t(M Y, mo))DmU(th &€, mo, y) —tr (a(y)DmeU(t(h x,mo, y))] dmO(y)
So with the computation of the two limits we obtain
U (t,z,m) = —tr (a(m)DiU(t,m,m)) + H (z,D,U(t,z,m))

i /Qtf (a(y) Dy DU (t, 2, m, y)) dim(y) +

/Q DU (t,2,m, y) - Hy(y, DU (L, g m))dm(y) — Fa,m).

115



Chap. 3 - The Master Equation in a Bounded Domain with Neumann Conditions

So the equation is satisfied for all my € C* satisfying (3.3.9), and so, with a density
argument, for all mg € P(Q).
The boundary conditions are easily verified thanks to Corollary 3.5.13. This concludes

the existence part.

Uniqueness. Let V' be another solution of the Master Equation (3.1.1) with Neumann
boundary conditions. We consider, for fixed tg and mg, with mg smooth satisfying (3.3.9),

the solution m of the Fokker-Planck equation:
— div(a(z) D) — div (m (Hp(x, D,V (t,z, 1)) + b)) ~0,
m(ty) = mo,
[a(x)Dm +(b+ D,V (t,z, m))} v(x)jpn = 0.
This solution is well defined since D,V is Lipschitz continuous with respect to the measure
variable.

Then we define @(t,z) = V (¢, z,m(t)). Using the equations of V' and m, we obtain

n(t, 2) = Vilt, 2 (1)) + W( b i(t), ) et ) dy

=Vi(t,xz, m(t) /5 (t,z,m(t),y) div(a(y)Dm(t,y)) dy

/ 5 (t,z, m(t )dl‘v’( (Hp(:c,DmV(t,x,m)) +I;>) dy .

We compute the two integrals by parts. As regards the first, we have

[0 (bt div(aly) D) d
= - / ) Din(t,) DV (t,2,0(0),) dy+ [ (t,2,00(0), ) aly) Dt ) - (8, 0) dy
Q oQ om

- / div(a(y) Dy DoV (1,2, 1(t), ) i(t, y) dy — / a(y) DV (.2, 0(8),y) - v (y)rin(t, y)dy
Q Q

+/asz g—TVn(t, z, m(t), y) aly) Di(t,y) - v(t,y) dy,

while for the second

NV bz (t), y) div (i (Hy(@, DV (ta,m) +5) ) dy

Qém

- _/Q (Hp(:v,DwV(t,x,ﬁ’L)) + E) DV (t,z,m, y)m(t, y)dy

% . ) . )
+/as2 5m(t z,m(t),y) <Hp(a:,DxV(t,x,m)) + b) v(y) it y)dy .
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Putting together these estimates and taking into account the boundary conditions on V'

and m:
[a@)Din+ b+ DLV ()| v(@)acon =0, aly) DV (tz,m,y) - v(y)yeon = 0.
and the relation between the divergence and the trace term
div(a(z)Do(z)) = tr(a(z) D*¢(x)) + b(z)Dg(x), Vo € WH*(Q),
we find

w(t, @) =Vilt,wm(t) + | tr(a(y)DyDmV(tz,m,y)) dimy)

- /Q _Hp(ya DIV(t? Y, m))DmV(t> z, ’I’h, y) dﬁl(y)
— tr(a(x) D2V (t, z,m(t))) + H(z, D,V (t, z, m(t))) — F(z,m(t))
— tr(a(z)D*u(t, x)) + H(x, Du(t,z)) — F(z,m(t)).

This means that (@,m) is a solution of the MFG system (3.1.2). Since the solution of
the Mean Field Games system is unique, we get (@,m) = (u,m) and so V(t9,x,mg) =
U (to, z,mo) whenever myg is smooth.

Then, using a density argument, the uniqueness is proved. ]

3.7 The convergence problem

In this section we analyze the convergence of the Nash system of N players towards a solu-

tion of the Master Equation.

We consider, for an integer N > 2, a classical solution le of the Nash System:

—0pwlN — Ztr(a(wj)D;%jxijN) + H(z;, Dy,oN) + ZHp(xj>Dzjv§V)-ijva = Pt 25, m),
J i#i
N Nji
v (T,x) = G(zi,mz ),
a(xj)ijviN.y(xj)ijaQ:Oa ]:1, ,N.
(3.7.1)

where 1 < i < N and m%* is defined in (3.1.5).
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If hypotheses 3.2.4 are satisfied, then there exists a unique solution of the Master Equation
(3.1.1).

In order to prove the convergence of UZN towards U, the main idea is to work with suitable
finite dimensional projections of U, proving that these projections are nearly solutions to
the Nash-system.

So, for N > 2 and 1 < i < N, we define the following functions uZN:

ul (t,@) = Utz my"). (3.7.2)
Thanks to the regularity of U, we already know that

ul¥ e cite 2t with respect to the couple (¢, z;) . (3.7.3)

N

In order to prove a regularity result for u;' with respect to the other variables (z;);.i,

we need to prove two technical results about the solution U of the Master Equation (3.1.1).

The first theorem is the following:

Theorem 3.7.1. Suppose hypotheses 3.2.4 are satisfied. Then the derivative of the Master

Equation % 18 Lipschitz continuous with respect to the measure:

U U
- . D= —(t.- . < . .
5 (t,-,m,") 5 (t,-,ma,") <C (3.7.4)

24,14«

sup sup (dl(ml,mg))fl
tE[O,T] mi1F£ma

Proof. We consider, for i = 1,2, the solution (v;, ;) of the linearized system (3.5.1) related
to (ug, m;).

To avoid too heavy notations, we take tg = 0 and we define

Hz{(tv z) = Hp(xv Du(t, x)), Hz{/(ta z) = pr(l‘, Du;(t, z)),
Fleanp) = [ S @ompulds), & amgn = [ o m,g)u(ay).

Then the couple (z, p) := (v1 — v2, u1 — uo) satisfies the following linear system:
—z — tr(a(x)D?2) + H} - Dz = F'(z,m1(t), p(t)) + h,
pi — div(a(x)Dp) — div(p(H} + b)) — div(m1H{/Dz 4 ¢) =0,
Z(T,LE) = G/(xvml(T)vp(T))—i_ZT’ p(t()) =0,
a(z)Dz - vjpo =0, (a(m)Dp + p(H| +b) + mH/ Dz + c) Vo =0,
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where
h(t,x) = hi(t,x) + ha(t, ),
hi(t, ) = F'(x,mi(t), p2(t)) — F'(z, ma(t), pa(t)) ,
ho(t,x) = (H{(t,x) — Hj(t,z)) - Dvs(t, z),
c(t,x) = pa(t)(Hy — Hy)(t, @) + [(ma HY — maHy ) Duvs](t, ) ,
zr(z) = G'(z,mi(T), p2(T)) — G'(x, ma(T), p2(T)) -

Applying (3.5.20) we obtain this estimate on z:
12l 240 < C (I llara + I10llo +llel:) -

Now we estimate the terms in the right-hand side
The term with zp, thanks to (3.5.20), is immediately estimated

2 (T - (1 40y,
24a,14a

0G 0G
fetllose < | 52 om0, = S mal).

< Cdi(mo1, mo2) ||M0||—(1+a) :

As regards the space estimate for h, we have
1 — Hé)(t’ ')DUQ(tv ) || a

18t o < [ F'Coma (@), pa(t) — F'(;ma(t), ma()) || , + || (H]

The first term is bounded as z7:
(1), 12(t) ]|, < Cdi(mor, mo2) [[oll (1) -

[ F/(;mu (), pa(t)) — F' (-, ma(t
The second term, using (3.4.1) and (3.5.20) can be estimated in this way

| (H{ = H3)(t, ) Dua(t, ) || , < C'l(ur — u2)(t)ll1 40 02(8) 110 < Cdi(mor, mo2) |10]l - (140

In summary,
1Pllo.0 = sup [t -)l, < Cdi(mor, moz) 1ol — 110y -
te[0,7]
Finally, we estimate ||c[|;1. We have
(t))(dx)dt

T T
el = / / (H, — H)(t, ) ot d) dt + /O /Q HY(t,2) Dot ) (i (1)

/ / (HY )(t, ) Dva(t, x) ma(t, drc)dt<C’||u1—ugH1+a 1o k2l

+ Ol ge 4 ||v2||1+Ta,1+a Ima = malls + Cllur = vzl o 1 2]l 150 140
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The first term in the right-hand side, thanks to (3.4.1) and (3.5.20), is bounded by

Cllur = w2l 1ge 1 1o 12l 2 < € di(mor, mo2) kol - (1-44) -

while the second term is estimated from above, using (3.5.17) and (3.5.20), by

Cllull e 1o 02l e 1o 1 () = ma(8) | 10y < C damor, moa) 1o 1 -

Finally, for the third term we use again (3.4.1) and (3.5.20) in order to obtain this bound:

Cllur = wallise 1 4o 02l 1ge 140 < Cdi(mor, mo2) [loll 110y -

Then

[l < Cdi(mor, moz) [[koll—(14a) -
Putting together all these estimates, we finally obtain:
12l 210 < Cdi(mor, mo2) (ol (144) -

Since s sU
stt0c0) = [ (o (toavmnn,s) = 55 10,02 ) ) o),

we have proved (3.7.4). O

This theorem is a fundamental step in order to prove this technical lemma.

Lemma 3.7.2. Suppose hypotheses of the previous theorem are satisfied. Then, if m € P(Q)
and ¢ € L*(m,R%) is a bounded vector field,

H Ut id+ 0)m) = Ultseom) — [ Dot m,0) - 6) i)

< ClBll72m) -
1+«
(3.7.5)

Proof. For simplicity, we divide the proof in two steps.

Step 1. We start proving the following inequality for all mg, m1 € P(Q):

v < Cdy(my,mo)?.
Q(Sm 14

H Ut mr) — Ut -mo) — [ 22, mo, y)d(m — mo)(y)

(3.7.6)

Since

U(t,z,m1) — U(t,x,mp) = /0 /Qg:;(t,x,ms,y)(ml(dy) —mg(dy)) ds,

120



Sec. 3.7 - The convergence problem

with mg = sm1 + (1 — s)myg, we have that the left-hand side of (3.7.6) is equal to

(5U oU
< t, 7m87y) - 6(ta‘7m0ay)> (ml _mO)(dy) ds (377)
m 14+«
Using (3.7.4), (3.7.7) is estimated from above by
oU oU
7(@ Mg, ) — 7(15, +, Mo, ) d] (ms, mo) S Cdl(ml,mo)Z N
om om 14+a,1+a
which concludes the first step.
Step 2. In this step we prove (3.7.5).
Thanks to (3.7.6), we know that
; oU .
U(ta K (Zd + ¢)ﬁm) - U(ta E m) - 7(751 M, y)d((Zd + ¢)ﬁm - m)(y)
Q (5m 1+a
< Cdy((id + ¢)gm,m)* < C 6] 72y -
So, it is sufficient to prove that
oU )
o (s )i+ S)pm = m)() = [ DuU(t-m,0)-0(0) dm(y)| < C g
q om Q 1+a
Since D, U = Dyg—g, the left-hand side can be rewritten as
oU oU
= (t.. — (¢ — D, U(t, -, m,y) -
[, Gt 60) = St = Da ) - 00) ) am) |
1
[ [ Oalteeimy +10(w) = DAL ) - 6(0) dmya
14a
1ol
=\ [ ] [ sPsputit.om.stotw)ot)ots) dmiy) deds
0o Jo JQ 1+a
oU
<[5 bl < C ol
1+a,2
where we used (3.5.39) in the last passage. This concludes the proof. O

Now we are ready to prove a regularity result for the ufv functions defined in (3.7.2).

Proposition 3.7.3. For all j # i, the following formulas for the derivatives of ufv hold

true:
D 'LL (t m) mDmU(t,Ii,mN’L,x]), (378)
1 )
D3, ul (t, @) = meDmU(t,xi7miv”,xj), (3.7.9)
C
D ,up (t,®) — ~ 1 DyDmU(tzism mi, x) <3 (3.7.10)
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where the last inequality holds a.e. x € QN

Proof. Thanks to the regularity of D,,U, the second equality is an obvious consequence of

the first one. So, we restrict ourselves to the proof of the first formula.

We consider & = (z1,...,zn) with z; # x; when j # k and € := n2£|x] — .
J
We fix a vector v = (v1,...,vy) with v; = 0 and we consider a smooth and bounded

vector field such that, for all 2 € Be (x;),
o(x) = v;.
We note that
ul (t,x +v) = U(t, z;, (id + ¢)imd?) | ulN (t,x) = U(t, z;, md").
Then, (3.7.5) implies that
w¥ (b +0) = (@) + [ Dub(tamil,y)- o) dmd (o) + o ([0l )
So, computing the integral and the norm in the right-hand side, we find

1 .
ul (@ +v) = (t2) + =7 > DmU(t@imz ™, 2) - v; + o(|v])
JFi
This Taylor expansion proves the first formula for all points @ with z; # x; when j # k.

Since this subset is dense in O, the theorem is concluded thanks to the continuity of D,,U.

As regards the last inequality, we start showing that D, us is a Lipschitz function in the

space variable. Actually

(|DmU(t7 xi7m]:1:\[7ia x]) - DmU(tv Ii7m]:z:V7ia yJ)D

zlQ

|Dw].uzj-v(t,a:) - Dﬂfj“zN(tayﬂ <
C , A
+ N (|DmU(t7 L, mJ;z:VVZa y]) - DmU(t7 T, mé\’,z) y])|) .
The first term in the right-hand side is immediately controlled by
Sla—y
NETYk

As regards the second term, we have

¢
N

zlQ

(|DmU(t’xivmgﬂvyj> - DmU(tvthg]JV’Zvyj)D < 7d1(mi\/,z)mé\/,z) < N'w - y| .
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This means that D%J_vxj ul exists almost everywhere, and

C
N
|22 < &
To prove (3.7.10), we estimate the quantity

Dy uNi(t, x + he®) — D, uVi(t, x) 1

b ) ]\77

‘ d ;L d N (9ykD U(t,zi,my", xj)| ,

where ejj = (ejlk, e ,eé\,’c), with eé»k =0ifl # j and egk =e, € R,

Using (3.7.8), we can bound the quantity above by

xj + hey) — D U(t, 4, miy xj + hey)
h

N,i
DmU(t7 miv mw+h8?7

— 0y DU (t, i, mB )|

%
N
Ny Nii
C |DnU(t,xi,mz ", xj + hey) — Dy U(t, i, mz ™, @)
N h

The first term is estimated from above, using (3.7.4), by

C N N,i C
m 1(mw+hef’ x _m’

while the second term, using Lagrange’s Theorem and (3.5.39), is equal to
¢ C
N'aykDmU(taxivmiv ) — Oy DU (t, 2, mY 25| < Nha’

for a certain zj, in the line segment between x; and x; + heg. Then, for h sufficiently small,

we obtain
D, u™ (ta:—l—he) Dy uNi(t, x) 1 C
‘ ! h £ — N — GykD U(t i, M N ,.%'J) S W,
and, passing to the limit as h — 0 for all 1 < k < d,
2 Nii ¢
D3, vt ulN (t,x) — N lDmeU(t,mi,mx x5)| < N2
which is exactly (3.7.10). O

Now we are ready to prove a first result, showing that (u}¥);<;<x is “almost” a solution

to the Nash system (3.7.1).
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Theorem 3.7.4. Let hypotheses 3.2.4 satisfied. Then ul¥ € C1([0,T] x QN),

uN (t,) € W2(QN) and ul solves almost everywhere the following equation:

—oud — Ztr a(z;) D2, uN) + H(xi, Doul) + > Hy(w, Doul)-Dyull
J#

= F(t,z;,mp") +rN(t,x), -
U' (T "‘B):G(xi,m;]nv’)’
( )Dx]uz (x])ll']EaQ:Oa ]:17 ,N7

where ’I“ € L*> with
C'
N el
< S
Proof. The regularity of ufv follows from (3.7.3) and Proposition 3.7.3.
The boundary condition of ufv is an immediate consequence of the representation formula
for the derivatives of u¥ and the boundary conditions of (3.1.1).

Actually for j = i we have

a(2:) Do, ui - v(23)13,c00 = a(zi) DU (t, xiymy ") - (i) c00 = 0

for the first boundary condition of (3.1.1). On the other hand, for j # ¢ we have

1
a(x;)Dajup - v())|0,c00 = ~v_1°% a(x;) DU (t, 25, my", 5) - v(25)|0,e00 = 0

for the second boundary condition of (3.1.1).

Since U is a solution of the Master Equation, we find, evaluating (3.1.1) at (¢, z;, mé\”),

- 8tU —tr (a(xZ)DQQ:U) + H(mZ,DxU(t,m,m)) - /tI‘ (a(y)DmeU(tvmi,mi:Viay)) dmi:\’,l(y)
Q
/ DUt ism, y) - Ho(y, DoU (b, m ) dml () = F(t, i, m).

So, as QU (t, x5, my") = Bl (t,x) and D,U(t, z;, mh")

tially this equation for ul¥:

= Dy,ulN(t,x), we obtain ini-
- 8tuZN - tr(a(xi)Diixiufv) + H(zy, Dyul) — /tr (a(y)Dy Dy U (t, x4, m Y)) dmbi(y)
Q

—1— ZH (2, DU (t, 25, mY)- Dy U, 2, mi 25) = F(t, i, m).
J?él
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Thanks to the derivative formulas of u’}v, we know that

1 C
ﬁD mU(t, 2, my" xj) = Dy ul (t,x) = HD%‘“ZNHOOSW'

Moreover, using the Lipschitz continuity of D,U with respect to m, stated in (3.7.4), we

have

S

|Hp(zj, DU (t, 25, m NZ)) Hy(xj, DU (t, x5,m ’J))| <Cd1( miv*j) <
Hence, we get
——— Y Hy(xj, DUt x5, mY")-DyU(t, x, m ;)
:ZHP(Ij’ zj J) Dy u; +O<N>

JF#i

We conclude analyzing the last integral term. We have

, . 1 .
/tr (a(y) Dy Dy U (¢, z;, mb Y)) dmYi(y) = —— Ztr(a(a:j)DmeU(t, zi,mitx;))
0 N_1

JFi
=Y DI u)(t,@)+O !
N
J#
Collecting all these estimations, we obtain (3.7.11), which concludes the theorem. O

Now we turn to the main convergence result. To do that, we consider the two functions
(uN); and (v}Y);, where ul¥ is defined in (3.7.2) and (v}V); are solutions of the system (3.7.1).
We note that these solutions are symmetrical. This means that there exist two functions
VN and UN : Q x Q=1 — R such that, for all z € Q, the functions (y1,...,yn_1) —
VN(z, (y1,...,yn—1)) and (y1,...,yn—1) = UN(z, (y1,...,yn_1)) are invariant under per-

i

mutations and

va(t,:c) = VN(aci, (L1, oy ®im1, Tig1, -, TN))

ulN(t,a:) = UN(LEZ', (T, ooy Tim1, Tig 1y e oo TN)) -
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We fix tg € [0,7T), mp € P(R) and Z = (Z'); a family of i.i.d random variables of law mo.

We consider the process Y; = (Y}}); solution of the following system:

dY} = —Hy(Y}, DyolN (¢, Y1) dt + 20 (Y)dB; — dkt
4 4 (3.7.12)
Yy, =2,

where k! is a reflected process along the co-normal.
We need to use an extension of the Ito’s formula, stated in the following Lemma.

Lemma 3.7.5. Let ¢ : [0,T] xQ — R a W2 function with respect to x and a C' function
with respect to t, such that

a(x)De(x) - v(x) 90 = 0.
Let mg € P(Q) and let X; be a process in the probability space (Q, (Fi)¢,P), with initial
density my, satisfying
dX; = b(t, Xy) dt + o(X;) dB; — dk}

where (Bt): is a Brownian motion, b and o are bounded functions respectively in L* and
C'te, with o a uniformly elliptic matriz, and k! is a reflected process along the co-normal.

Then the following formula holds Vt and a.s. in w € Q:
t 1
o(t, Xt) = (0, Xo) +/ (qﬁt(s,Xs) + Etr(a(XS)qub(s, X)) + b(s, X) - Dd)(s,Xs)> ds
0

t
+/ o(Xs)Do(s, Xs)dBs .
0

Proof. We consider ¢™ a sequence of C*¥ functions, bounded uniformly in n together
with their derivatives, such that ¢™ — ¢ pointwise together with its first order derivatives
in space and time, and almost everywhere for the second order derivatives in space.

We define a = go*. The classical Ito’s formula for ¢™ tells us that
t 1
o"(t, Xy) = ¢™(0, Xo) +/ <¢?($,XS) + itr(a(Xs)D2¢>”(s, X)) + b(s, Xs) - qu”(s,XS)) ds
0

+/O o(X5)D¢" (s, Xs)dBs — / $) D" (s, Xs)v(Xs)d|kls ,

and so, since ¢" satisfies a(x) D¢" - vjpq =0,

t
9" (1 Xe) = ¢"(0, Xo) + / <¢> +§tr<< S>Dz¢"<s,xs>>+b<s,xs>-Dw(s,Xs)) @
0
—i—/ta (s, Xs)dBs .
0
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Since ¢™ — ¢ pointwise, we can pass to the limit for the terms outside the integrals.
For the term in the deterministic integral, we note that the law m(t) of the process X
satisfies the following Fokker-Planck equation:

my — div(a(z)Dm) — div(m(b+ b)) =0,
m(0) = my,
aDm +m(b+ 13)} Voo =0,
and so, with the same strategies of Corollary (3.5.6), we have that m is globally bounded
in LP(Qr) for some p > 1.

Hence, we have

|/

—4(s, X5) — %tr(a(XS)DQ(z)(s, X)) — b(s, Xs) - Do (s, Xs)

(s, Xs) + %tr(a(xs)pij”(s,xs)) + b(s, X5) - D¢™ (s, X,)

s

t 1
<[] <¢?—¢t|+|tr<aD2<¢”—¢>>|+|b~<D¢"—D¢>|) m(s, ) deds - 0,
0 Ja 2

where the dominated convergence is guaranteed by the a.e. convergence of ¢, D", D?¢"
and the global boundedness of m in LP and of ¢!, D¢™ and D?¢" in L.

As regards the last term, the a.s. convergence is guaranteed by the property of the
stochastic integral. Actually we have
2

E l( /Otgstm(s,Xs)st_ /OtasD¢(s,Xs)st) e [ /Ot (D6 — D) (s, X ds

< C|Dg" — D%, — 0.
This concludes the Lemma. ]

We note that, if there are no reflection terms, then the boundary condition for ¢ can be
removed.

The last theorem before the main result is the following.

Theorem 3.7.6. Assume hypotheses 3.2.4 hold. Then, for any 1 <1i < N, we have

T
E[/ 1D, 0N (8, Y1) — Doul (1, Y )| dt g%. (3.7.13)
to

Moreover, P-a.s.,

|uiY (t0, Z) — o] (t0, Z)| < + - (3.7.14)

zlQ
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Proof. The proof is almost exactly the same of Theorem 6.2.1 of [32].
Without loss of generality, we work with tg = 0 and we start proving (3.7.13).

To simplify the rest of the proof, we will use the following notations:

Nt =uNt,Yy),  DUNY =D, ulN(t,Y,),

(E]Z

v =oM@Yy, DV =Dy oMt Yy).

Using Lemma 3.7.5 and the equation (3.7.1) satisfied by v{¥, we obtain

N,i i N,iji Nyii i N,iji N,i
vt = [H, DV = DV (v, DY) - PO my ] ar
VEY (V) DV ap]

J

Similarly, using equation (3.7.11) satisfied by u?, we obtain

dUtNﬂ _ [H(Y?, DUt]V7i’Z) DUNZ it . (Y;Z, DUNZ z) — F(YZ, mgz) i (ta Yt)] dt

- ZDUN”( (7, DY) — By (Y], DUN) ) de+ V2 Y (V) DU dB]
J
Both reflection terms are null, because of the boundary conditions on u and U , and
Lemma 3.7.5.

Now we apply the Ito’s formula to the process
, N 2
(UtN,z o V;N’Z) 7
obtaining

a (UM V) = (A + Bt + 203 (U - VM) 3 DV — DU | dB]
J

where
Ay = 20N = VN (H(, DUN) — H(YE, DY)
N,i N,i N,i,i i N,i,i i N,iji
=20 = VY (DU (H (), DU = Hy(v, DY)

N,i N,i N,ii N,iji i N,ii
=20 = V) (DU = DV H (Y, DY) = o (1Y) )
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and

B, =23 (a(Y)(DUN — DY), DU — pyved)
J
oM - VN ST DU (B, (7, DY) — (v, DU
J

Now we want to integrate from ¢ to T" the above formula and take the conditional expec-

tation given Z.
We recall that a is a uniformly elliptic matrix, and 3~ > 0 such that

(a(z)v,v) > v|v]*, forallve Q.
Moreover, thanks to the previous results,
o C C
|DUtN’Z’]| < N’ lrN| < N for a certain C' > 0.

We obtain:

2ds

EZ ['UtN’Z . V;N,z|2} + 2Z/ZEZ [/ |DUSN’1’3 B DV;,N’I’J
; t
J
C T . ) T ' ' - B
S N/ EZ [|U§N’l - V;NJI:I ds + C/ EZ [|UI;N’l — ‘/;Nﬂl . |DU§NJ»’L _ DVSN,zJH ds
t t

C T , . - .
+ ~ Z/ EZ “UsNﬂ — v | DUNGI — DVsN’]’]H ds .
it 7t
By a standard convexity argument, with the use of a generalized Young’s inequality, we

get

EZ [\

UtN,z - V;N’Z|2:| + I/EZ [/ |DUSN,1,1 o DVSN,MIZdS:|
t

C r ; 4 v T g .
< C EZ UN,’L o VN,’L 2 d EZ / DUNJJ _ DVN’]’] 2d
= 7N2 + /t U s s | ] S+ ON Ej \ I s s | s

(3.7.15)

The last term in the right-hand side can be removed by taking the mean of the inequalities

overi € 1,...,N. So we get
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i EZ [\ _ i + v EZ r DUNii _ pyNii|2 s
N t t 2N ] s S
i i

"o . (3.7.16)
Sas oo I AN

Then we use Gronwall’s Lemma and the terminal condition on uf\’ and UZ-N in order to

obtain

1 N, N,i C
sup |= > EZ[|U — vV < =
O<tETlN; H t t |} —N2

Plugging the last bound in (3.7.16) one has

1 T . - C
NZEZ UO DU — DVSN’“Pds} <33
7

Finally, using this estimation in (3.7.15) and applying again Gronwall’s Lemma, we con-
clude the first step:

sup EZ[UN — VN2 + EZ [ / |DUN#E DVSNNFds] <. (3.7.17)
0<t<T ¢ N
This proves (3.7.13).
From (3.7.17), evaluated in ¢t = 0, we obtain P-almost surely
; ; C
N, N,
|u£V(O,Z)—vZN(O,Z)|2:EZHUt =V Z|2]\t:0§ Nz
So, (3.7.14) is proved. O

Now we are ready to the last theorem of this chapter, which proves the main convergence

result of the Nash systems towards the Master Equation.

Theorem 3.7.7. Suppose hypotheses (3.2.4) hold true. Then, if we define
1
2

we have
(3.7.18)

=]

Sup |U7{V(t07 .'E) - U(t(), Zi, m]mv)| <
i
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Moreover, if we set

wl (to, zi,mp) = / viv(to,w)nmo(d:pj),

QN-1

J#i
then
szjv(t(b '7m0) - U(t()v '7m0) H L(mg) S CWN; (3719)
where )
CN~4d if d>3,
wy=4{ CN 2log(N) if d=2,
CN~2 if d=1.

Proof. We start choosing mg = 1. Then, (3.7.14) implies
; C
U (to, Zi,my") — vl (to, Z)| < ~ Poas.

Since the support of mg is €2, this means, thanks to the continuity of UZN and U, that

4 C
|U(t0,$i,mg’l) — le(to,m)| < N Ve e QN .

By the Lipschitz continuity of U, we have

=10

|U(t07xi7m]m\[7i) - U(t0>xi7m:{c\7)| < Cdl(mjmvylam]zv) <

Putting together the last two inequalities, we obtain (3.7.18).
To prove (3.7.19), we use the results of [3], [51], [58] in order to obtain

QN-1

/N Juiv(to,m) — Ul(to, i, mo)| I | mo(dx;) < C dl(mi.v’i,mo) | I mo(dz;) < Cwn,
QN— .. ..
i#i i

where wy is defined exactly as in the right-hand side of (3.7.19).

With this inequality, we can conclude in this way:

|| sz(toﬂ R mo) - U(tov K mo) || L (mg)
= /Q /QN_l (Uﬁ(to,:t) — U(to,xi,mo)) Hmo(dxj) mo(dl'l)
J#i

<E[lv(t, 2) - u(t, 2)|] +/QN [ (to, ) — U(t, i, mo)| ] [ mo(da;)
j

< =+ Cuwy < Cwy.

¢
N
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This proves (3.7.19) and concludes the theorem.
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Chapter 4

Mean Field Games PDE with
Controlled Diffusion

4.1 Introduction

In the last chapter of my thesis we study a general class of Mean Field Games of this form:

O+ HY(t, 2, Vu) + H*(t, 2, Au) = —F(t,z,m), (t,xz) € (0,T) x R™,
om — A(quQ(t, x, Au)) + div(mH;(t, z,Vu)) =0, (t,z)€ (0,T) xR, (4.1.1)
w(T,z) = G(z,m(T)), m(0,z) = mo(z), x € R™.

Here, H'(t,x,p) and H?(t,z,q) denotes the two Hamiltonians of the system, F is the
running cost and G the final pay-off; with the notation H; and H g we mean respectively

the gradient and the derivative of H' and H? with respect to the last variable.

The most important difference with the other Mean Field Games systems we studied
before is that here the nonlinearity of the Hamilton-Jacobi equation regards not only the
first order term, but the second order too.

This class of MFG systems appears when, in the stochastic modelization, the control of
the generic agent involves not only the drift, but also the diffusion term.

In the next Section we will give a significative modelization of this situation. For now,
we stress the fact that models with controlled diffusion are widely required in financial

applications, see for instance the works of Avellaneda et al. in [5], [6], [7].
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Some cases of fully nonlinear Mean Field Games were studied in the literature. In [53]
there are results for an ergodic Mean Field Games (so elliptic) with nonlinear second order
term, and in [15] we find another class of fully nonlinear Mean Field Games systems, studied

with a probabilistic approach.

But, as far as we know, there are no results for the well-posedness of a Mean Field Games

system like (4.1.1). This is the aim of this chapter.
We give a short summary of the results.

In Section 2, as already said, we give a stochastic interpretation of the system, with a
process controlled by two different controls, « for the drift term and o for the diffusion
term. We emphasize that, for simplicity, we will work with a unidimensional diffusion term,
which allows us to work with a function H? of the Laplacian. However, some generalization
to the general case with H? depending on the whole D?u could be given. Then we prove,
in a simpler case, that the value function of this game is actually a viscosity solution of a

fully nonlinear Hamilton-Jacobi equation.

In Section 3 we start studying the Hamilton-Jacobi equation of the system (4.1.1). Equa-
tions of this type has been studied in the literature, see for instance the works [11], [44],
[81] and [97].

We start giving a suitable definition of viscosity solution. Then we prove existence and
uniqueness of bounded solutions. Further we obtain, with a strengthening of the hypotheses,

Lipschitz and semiconcave estimates for u.

In Section 4 we restrict ourselves in a regular case, with stronger hypotheses on H' and
H?; applying a regularity result of Krylov,see [70] and [71], we obtain that u € cltz.2+y
for a certain 0 < v < 1, and so u is actually a solution of a linear PDE. Then, using the
regularity results of [74], we obtain first an estimate for u in C'*2-2* and then a C3+®
regularity for u in the space.

These regularity results will be essential in order to obtain, by approximation, a C'* 23+

solution for the value function u in our case of Bellman operators. This will be done in

Section 5.

This regularity will be essential in Section 6, where we finally prove existence and unique-

ness of solutions for the problem (4.1.1), with a classical fixed point argument.
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4.2 From stochastic model to deterministic PDEs

Now we give a stochastic interpretation of the system (4.1.1).
In this framework, the generic player choose two controls, . and o., and plays his dy-

namic, modelized by the following process:

dX$7 = b(X7, ag)ds + T(X7, 0)d B (4.2.1)
Xtaﬂ =x,,

where © € R™, t € [0,T) and also the random variable X, takes values in the whole space
R™.
The time dependent control variables as, o5 live in the space of bounded controls U x S,
whereas for the continuous functions
b:R"xU — R"™, N'R"xS—NR
we require that, for some constants M > 0, Ay > A\ > 0,

|b(x, )| < M VeeR", acld,
AL <T(z,0) < A2 VeeR"oc e S.

(4.2.2)

In particular, T is bounded from below (and from above) by a positive constant, in order to
ensure the uniform ellipticity of the process. We denote the spaces of admissible controls
where o and o live respectively as AY and A?. From now on we omit the superscripts on

the process to simplify the notations.

The cost function for the player is defined as

J(x,t,a.,0.) =K [/T (Li(s, X5, as) + La(s, Xs,05) + F(s, Xs,m(s))) ds + G(XT,m(T))} ;
' (4.2.3)
where m(s) is a density function, which is fixed at the moment and which will denote the
density of the generic player, with initial condition Xy = my.
Our aim is to find a Hamilton-Jacobi equation, which is solved by the function
u(z,t) ;= inf J(z,t,a.,0.). (4.2.4)

. AY
0. €AY

135



Chap. 4 - Mean Field Games PDE with Controlled Diffusion

For this we use the dynamic programming principle written in the following form:

t+h
u(z,t) = inf E [/ (L1(s, X5, as) + La(s, X5, 04)
a.eAY t
U,GAf (425)

+ F(s, Xs,m(s))ds + v(X¢gn,t + h)] .
The proof of the verification theorem in this general case is quite technical and can be

found in [57]. We will give here a direct proof in a simpler case, where the process of the

generic player follows the equation

dX&° = aeds + o,dB
° ° T (4.2.6)
X7 ==,

where the time dependent control variables ag, o, live in the space of bounded controls
U x S, denoting in this case the compact sets Y C R™ and § C R, and S is bounded from
below (and from above) by a positive constant.

The following lemma will come in handy in the proof of the main result:

Lemma 4.2.1. Let t,r € [0,T], x,y € R™. We consider the two processes

dXs = agds + 0,dBy ,
Xt =X

(4.2.7)

and
dYs = Bsds + nsdBs ,

E:y)

(4.2.8)

with Xy = x for s <t and Y, =y for s <r, and where o, 3. € A4, o.,n. € AY are bounded
processes in [0,T].
Let h > 0. Then there exists a constant C (not depending on h) such that

E| sup |X,— Y §C<|x—y|+\/\tfr\+M\/ﬁ) , (4.2.9)
t<s<t+h
where C' depends on ([, 18llsc: 0]locs Inlloe and where M = o — Bl + lln — ol .
In particular, we have
E| sup |X,— a:|] <CVh. (4.2.10)
t<s<t+h
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Proof. Without loss of generality, we suppose t > r.

We start noticing that (4.2.10) is a directly consequence of (4.2.9).

Actually, taking a process (X;), satisfying (4.2.7), the constant process Y = z satisfies
(4.2.8) withr =t, y ==, Bs =0, ns = 0. Then (4.2.9) tells us that
<Cvh.

E| sup |Xs—z|

t<s<t+h

Hence, we only have to prove (4.2.9).

Since t > r, we can write

s t
X, -Y, :m—i—/ (au—ﬁu)du—l—(au—nu)dBu—y—/ Budu + nydB,y, .
t T

Using the boundedness of o and 3, we get for s € [t, ¢ + h]

s t
| Xs = Y| < |z —y|l+Mh+C(t—1)+ / (0w — Mu)dBy| + / NudBy| ,
t T
and so
E| sup |X5x|] <l|lz—yl+C{t—-r)+Ch
t<s<t+h
t (4.2.11)
+E | sup / (0w —Mu)dBy|| + E {/ nudBu] .
s€[t,t+h] |/t r

The last two terms in the right-hand side are estimated using (7.23) and (7.17) of [8]:

s 2
sup (/ (Ju - nu)dBu>
SE[t,t+h] t

E| sup <.,|E

s€[t,t+h]

< C’\/E [/tt%(au - m)?du} <CMVh.

/ (Ju - nu)dBu
t

In an easier way we estimate the last term:

t t 2
EU 1 dBa (/ nudBu)

Plugging these estimates in (4.2.11), we obtain (4.2.9). O

t
= ]E{/ ngdu] <CvVt—r.

|-

Now we are able to prove the following theorem.
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Theorem 4.2.2. Suppose that L', L?, F and G are Lipschitz continuous in the space
variable and globally bounded. Furthermore, suppose that L' and L? are continuous in time

and space, and that the function
(t,x) = F(t,z,m(t))

is continuous in time and space.

Then u is a viscosity solution of the Hamilton-Jacobi equation

we(t,x) + H'(t, 2, Vu(t, ) + H?(t, z, Au(t,z)) + F(t,z,m(t)) =0,

(4.2.12)
w(T,xz) = G(xz,m(T)),

where

Hl(t,m,p) = inzg{(p, o)+ Li(t,z, )}

(1S
and
2 . o?
H(t,x,q) := ;Ielg {2q+ Lg(t7$,0')} (4.2.13)

are the so called Hamiltonians.

We observe that the condition on F' is satisfied, for instance, if
F:[0,T]xR"xP(Q) —» R,

where P(Q) is the space of Borel probability measures with finite first order moment,
equipped with the Wasserstein distance d; defined in (3.2.3), is continuous in all variables,
and if

m:[0,T] = P(Q)

1s continuous.

Proof. Step 1: Continuity of u. The first step consists to check the continuity of the value
function w in both variables.
Let (tn,xn) — (t,z). Using the definition of u, for each € > 0 we considers controls a5"

and 2" such that
T
B[ [ (Ba(s, X005  Lalo, X375 4+ Fls X5 m(9)) ds + GXG (1)
tn
S u(t’na -Tn) + 3 9
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where X" is the process related to the controls a2™ and ¢2", with X5" = z,, for s < t,.
We take the process (X)s defined X; = x for s < t and satisfying for s > ¢

dX, = aZ"ds + os"dB; ,
Xt =Xx.

Then we have, using the hypotheses on the cost functions and the Lagrangians,
T
u(t,z) <E [/ (L1(5, Xs,05™) + Lo(s, X, 05™) + F(s, Xo,m(s))) ds + G(Xp, m(T))}
t

T
<E [/ (L1(s, Xs,a5™) + La(s, X5, 05™) + F(s, Xs,m(s))) ds + G(Xr, m(T))} + Clt, — ¢t
tn

<CE | sup [X;— X"

+ Cltn — t| + ulty,zn) +e < C (|$n — x|+ |tn — t|) + u(tn, zn) + €,
te[0,T

where we used in the last step (4.2.9) with M = 0.

So, passing to the liminf when (t,,z,) — (¢,z), we obtain

u(t,z) < liminf w(t,,x,) + €,
(tn,xzn)—(t,z)

which gives, for the arbitrariness of ¢,

w(t,z) <  lminf  w(t,,zy).
(tn,zn)—(t,z)

In the same way, we prove
u(t,z) > limsup  u(ty,z,),

(tn,zn)—(t,z)

which finally gives the continuity of w.
Step 2: Subsolution argument. Let ¢ € C*°([0,T] x R™), with all derivatives bounded, a

test function with

) > wu(t,z), V(tz)€[0,T] x R"

81

o(t,
and a minimum value at the point (¢, z), where
o(t, z) = u(t,z).
The dynamical programming principle (4.2.5) gives
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t+h
0= infu E [/ (L1(s, X5, as) + La(s, Xs,05) + F(s, Xs,m(s)))ds + u(t + h, Xeip) — u(t,x)]
a. €AY t
0.€AT

t+h
< inju E [/ (L1(s, X5, a5) + La(s, Xs,05) + F(s, Xs,m(s)))ds + @t + h, Xetn) — go(t,a?)] .
a. €AY t
O'.EAtS

(4.2.14)

We now use Ito’s formula on ¢ and obtain, for any admissible control (as, o),
t+h o2
Blptt + 1 Xewn) = o) =B | [ {0+ (Fp(o, X, + G Al X))
t

This expression, combined with (4.2.14), gives us

o<k [ [ fleits, 30+ (Vto X0, + S plon X0 ]
t+h
+E [/t {L1(8, Xs,5) + La(s, Xs,05) + F(s, Xs,m(s))} ds} ,

for each control a. and o..

Now it is necessary to write down our PDE as a purely deterministic expression. For
this, we consider for now only a subset of the control spaces AY and A$, namely the set of
constant controls. This controls are denoted by « and ¢ instead of o and oy, taking values

ind C R" and S C R. Our inequality now reads

08 [ [ floits. 0+ (Vls X000 + G Bl X0 s
t+h
+E {/t {L1(s, X5, ) + La(s, Xs,0) + F(s, Xs,m(s))} ds] ,

Now we divide by h and we let h — 0. Using the a.s. time continuity of the trajectories

X.(w) and the continuity of the cost functions and the Lagrangians, we obtain

2
0< ¢t(tax) + <V¢(t,CL‘),OZ> + %A¢(t,$) + Ll(t>$va) + LQ(tvl‘aU) + F(tax)m(t)) .
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Passing to the inf when a« € i and o € S, we get
0> _Sot(tv 1') - Hl(t,:p, V(p(t,l‘)) - HQ(t,{E, A@(t7m)) - F(t,:l?, m(t’m)) (4215)

for all test functions ¢, which proves that wu(¢, x) is indeed a viscosity sub solution for our
PDE.
Step 3: Supersolution argument. Now we take ¢ € Cp°([0,T] x R™), a test function with

) <wu(t,z), Y(t,z)e[0,T] x R"

Kl

o(t,
and a maximum value at the point (¢, x), where
p(t, z) = u(t, ).
As before, the dynamical programming principle (4.2.5) gives
t+h
0> inf E [/ (L1(s, X5, a5) + La(s, Xs,05) + F(s, Xs,m(s)))ds + @t + h, Xetn) — go(t,a:)] .
¢

a.cAY
a.EAt‘s

Using the definition of ¢, we take controls ag, O’? and the related process X ;L such that
t+h
B[ (Lalo X008 4 Das, X0+ F(s, X2 m(9))ds + plt-+ 1, XEy) — o(t.0)| < 12,
t

Applying Ito’s formula we obtain

t+h (Uh)z
| [ e ety o+ Gl avexn o

t+h
+E [/ {Ll(s,Xf,ag) + Lo(s, X", o) + F(S,Xf,m(s))} ds} < h?.
t

We estimate all the terms in the same way, using the Lipschitz continuity of the cost

functions with respect to z and Lemma 4.2.1. For instance, for the L' term we get

t+h t+h
E [/ Ll(s,Xf,aZ)ds} >E [/ (Ll(s,a:,ai‘) —|xh - x|) ds}
t t

t+h t+h
>E [/ Li(s,z,a") ds] —hE| sup |X!—z|| >E [/ Li(s,z,aM) ds] — ChVh.
t s€ t

[t,t-+h]
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Hence, with all these estimates we get

(oh)?

t+h
E [/ {apt(s,a:) + (Ve(s,z),al) + QAap(s,x)} ds]
t
t+h
+E [/ {Ll(s,x,a’;) + Lo(s,z,0M) + F(S,w,m(s))} ds} < h?+ ChvVh < ChW/h.
t
Using the definition of H! and H?, we obtain
t+h
E [/ {ou(s,x) + H'(s,2,V(s, 7)) + H* (s, 2, Ap(s,2)) + F(s,2,m(s)) } ds} < ChVh.
t

Now we divide by h and we use the continuity of H' and H? in time variable, which is an

immediate consequence of the time continuity of L' and L?. We finally obtain
- @t(t, (E) - Hl (ta €L, V@(ta ZL’)) - HZ(ta €L, A(p(ta {E)) - F(ta €L, m(ta ZL’)) >0, (4216)
which proves that u is a supersolution of the HJB equation and concludes the Theorem. [

Remark 4.2.3. We observe that, up to defining the set &' := {%2 |o € S}, the function

H? can be rewritten as
H?(t,z,q) := inf {ng+ Ls(t,z,n)},
nes’

where L3(t, z,n) = La(t, z,/27).
Henceforth, when we will talk about this simplified model case, we will refer to

H'(t,x,p) := inf {(p,a) + Li(t,z,a)} ,
, st (4.2.17)
b 2,0) := Jof, {na + Lot )}

4.3 The Hamilton-Jacobi Equation

This Section is completely devoted to the study of the following equation:

u + H*(t, 2, Au) + HY(t,z,Vu) = —F(t,z), (t,x) € 0,T] x RV,
u(T,z) = G(x),

where
H'(t,z,p) := inf {(p,b(x, ) + L(t, 2, 0)}
aE
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and ( )2
'z, o
H? = inf { — 2L g+ Lo(t
(td)i= it {25 4 Lateo)}

Since there is no dependence on m in this step, we can omit F in (4.3.1), including it
into H' (up to changing the Lagrangian L'). Hence, the equation we want to study is the

following
ug + H?(t, 2, Au) + H' (t,2,Vu) =0, (t,z) € [0,T] x RN,
w(T,z) = G(z),

(4.3.1)

We note that, with the change of variable v(t,z) = e M7 =Du(t, z), the system (4.3.1) is

equivalent to the following one:

—uy — H}(t, 2, Au) — Hi(t, 2, Vu) + A\u=0,
uw(T,z) = G(x),

(4.3.2)

where

T 2
13t 2,0) = T B2 1,2, 0g) = inf {(Z”q LT Lo, a>} ,

Hi(t,z,p) = ef)‘(Tft)Hl(t, x, eA(Tft)p) = 5}6115 {(p, b(z,a)) + eiA(Tft)Ll(tyma oz)} .

for each A > 0.

So, in order to prove existence, uniqueness and regularity of solutions, we will work with
(4.3.2). For simplicity, we will write H' and H? instead of H} and H3, up to changing

again the Lagrangians L' and L?.

Due to the non-linearity of the second-order term, we need to work in viscosity sense.

First, for each w : (0,7) x R™ — R we define the following sets:

Definition 4.3.1. We denote with P>V u(ty, o) the set of all points (a,p, X) € R x R" x
Sym(n,n) such that for (t,x) — (to,zo) we have

1
ult, z) < ulto, z0) +a(t —to) + (p, z — zo) + 5 (X(x — z0), 2 — o) + o(|t —to| + |z — wol*) .
Similarly, we define P>~ u(to, z9) = —P>+(—u)(to, z0), i-e. the set of all points (a,p, X) €
R x R™ x Sym(n,n) such that for (t,z) — (tg, o) we have

1

u(t, ) > u(to, vo) + a(t — to) + (p,r — x0) + §<X(x — x0), @ — zo) + o([t — to| + |z — xo|?).-
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Now we give a suitable definition of solution.

Definition 4.3.2. We say that a function v € USC((0,T] x R™) and bounded from above
is a subsolution of (4.3.2) if ¥(t,z) € (0,T) x R™ and V(a,p, X) € P> u(t,z) we have

—a — H?(t,z,tr(X)) — H'(t,z,p) + Mu(t,z) <0;

moreover, Vx € R™ we require u(T,x) < G(x).

Similarly, we say that a function v € LSC((0,T] x R™) and bounded from below is a
supersolution of (4.3.2) if ¥(t,x) € (0,T) x R™ and V(a,p, X) € P>~ u(t,r) we have

—a — H?(t,z,tr(X)) — H'(t,z,p) + \u(t,z) > 0;

moreover, Vo € R™ we require u(T,z) > G(x).

Finally, we say that a bounded continuous function u is a solution of (4.3.2) if it is both

a subsolution and supersolution.

The new term Au and the boundedness hypotheses play an essential role in order to prove
the comparison principle.
In order to prove it, we also need the following proposition (Theorem 8.3 of [45]) , which

will be also useful in the rest of the section.

Proposition 4.3.3. Let uy,...,uy subsolutions of (4.3.2).
Consider a function ¢ : (0,T) x RN™ — R, once continuously differentiable in t and twice
continuously differentiable in (x1,...,zN).

Suppose that
ui(t,z1) + - +un(t,zn) — o(t, x1, ..., TN)
achieves his mazimum in (£, %1,...,ZN).
Then there exist a; € R, X; € Sym(n,n),i=1,--- , N such that, defining A = (D2¢)(t,%1,...,%n),
one has
(ai, Vo, 0(F, 31, .., @n), Xi) € P2Hu(E, 4) 5
X, -~ 0
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Now we are ready to prove the comparison principle, by adapting the proof given by

Crandall, Ishii and Lions in [44].
Theorem 4.3.4. Suppose (4.2.2) is satisfied. Moreover, suppose that

o L' continuous in all variables and Hélder in x, uniformly in t € [0,T] and locally

uniformly in p, i.e. V|p| < L 3K such that
|LY(t, @, p) — L (t,y,p)| < Kp|lz —y|?, for a certain 0 < <1, Vte[0,T].
The same hypotheses hold for L.

e I', b and G are Lipschitz in the space variable.

Then the comparison principle holds for equation (4.3.2), i.e., if u and v are respectively a
subsolution and a supersolution of (4.3.2), then u(t,z) < v(t,z) for all (t,z) € (0,T] x R™.

Proof. Suppose, by contradiction, that 3(s,z) € (0,T] x R™ such that u(s,z) — v(s,2) =
6> 0.
We consider, for a, v > 0, the following quantity

« 1 v
u(t, ) —v(t,y) — §|5U —y* - a|515|2 e (4.3.3)

Due to the coercive term é|:c|2 and the boundedness of u of v, we know that (4.3.3) achieves
a maximum.
We denote the maximum by M and one of its maximum points with (¢, z,7) € (0,T] x R?".

We must have, for v sufficiently small and « sufficiently large,

1 1)
—% zu<s,z>—v<s,z>—a|z\2—§ >6-5=

_ _ o« 1
u(t,x)—v(t,y)—§|x—y|2—a|x|2

| >

. (4.3.4)
This implies, thanks to the boundedness of v and v,

LeP + Sl - gl <u(i®) - v(i5) <C = lim [z -5/ =0

Sl 512 —9I" <ult,z) —v(tg) < Jim [z —gy[=0.

This cannot happen if £ = 7. In this case we have

1) 1 1
S Suls,2) = v(s,2) = —|o = = Sur(@) —vr(@) - Sl —g* - ~|af.
Since G is Lipschitz, up < vp and |Z — §| — 0, we have for « sufficiently large
1) 1 1)
ur(@) —vr(@) < 5 = ur(@) —vr(y) - e -9 - |z < 3.,
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which gives a contradiction.

Then we must have ¢ € (0,7). Applying Proposition 4.3.3 with
ui(t,x) = u(t,x), ua(t,y) = —v(t,y),
ot x,y) = %Ix —yP + élxl2 + % :
we obtain that there exist a, b, X,Y such that
(a, Voot 2,9), X) € P2Hu(t,z),  (=b,~Vyo(t,7,7),~Y) € P> u(1,5),

and

v X 0 _
— < D? 7). 4.3.

From now on, we will omit for the function ¢ his dependence on (t,z, 7).

Since w is a subsolution and v a supersolution, one has
—a— H?(t,z,tr(X)) — HY(1,Z, V,0) + Mu(t, ) <0,
b— Hz({a :’j; *tI'(Y)) - Hl(ﬂ ga *vyd)) + )‘U(: g) 2 0.
Subtracting the two inequalities we obtain
v _ _ - -
+H(,7,V,9) — H' (1,5, —Vy0) . (4.3.7)

The first term in the left-hand side is non-negative, so we can ignore it. For the second

term, we use (4.3.4) to get

0 _ _
SHAGIT— 9P S HA(E 3, 0(X)) — HA(E g, —te(Y) +

+H1(E,f, Vx(b) - Hl(ﬂga _vyd)) .

In order to estimate the last two terms of the right-hand side term, we first compute the

derivatives of ¢. We have

2
Vib=al@—p)+ =5,  V,6=-al@-7),

o (1 =1\ 210
Dd)_a(—l I>+a<0 0)'
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Using the very definition of H?, we obtain, calling o the optimal control for H?(%, 7, —tr(Y)),

H2(t,z,tr(X)) — H*(t, 7, —tr(Y))
L(g,0)?
2

_ 2 _ 2 = 2 5 2
<Clz—g° +tr (F(‘Téa) X+ F(yéa) Y) <wla)+tr (F(xég) X+ F(yéa) Y) .

tr(Y) + e A=) (L2(8,7,0) — L2(£,7,0))

The last term is estimated as follows.
We have
=~ 2 = 2 X
tr(r(m,a) v, Do) Y) 1 <B< 0)) |
2 2 2 0 Y
where B is equal to
I(z,0)>  T(z,0)(y,0)
L(z,0)0(g,0)  T(g,0)? )

Since B is non-negative definite, we can use (4.3.5) to obtain

tr (F(x’”)gx + F(yég)gy> < r (BD*9) =

=anlP(#,0) ~ T(7,0) + 2T(z,0)" < Colz — 5 +w(a),

where w(a) is a quantity depending on « such that w(a) — 0 when a — oo.
We argue in a similar way in order to bound the H' term. We have, calling ag the

optimal control for H'(Z, 7, —V,®),
HY(1,%,V2¢) — H'(T,5, —Vy0)
< (b(, 0), Va0) + (b(F, a0), V) + e T (L (T, 2, a0) = L' (1,9, a0))

<z = g1” + (b(z, 00) = b(F: 20), (7 = 7)) + =(b(F, ), 7) < Calz = j* + w(a),

N}

where in the last passage we used the Lipschitz bound on b and the boundedness of b.

Putting together all the estimates in (4.3.6), we obtain

5
5+ A%p:« — g2 < Calz — 2 + w(a),

which gives a contradiction for « sufficiently small and A sufficiently large, and proves the
Theorem. O
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The existence of solutions of (4.3.2) is a natural adaptation of the elliptic case, whose
proof can be found in [45]. Following the ideas of that article, existence of solutions is
guaranteed if there exists a continuous subsolution v and a continuous supersolution @ such

that (in the case of Dirichlet conditions)

The solution turns to be the following one:

u(t,z) =sup{w(t,z) : u < w < 7w and w is a subsolution of (4.3.2)} .

We look for a function w of this type:
u(t,x) = G(z) +£(t), with £(T) = 0.
Obviously (4.3.8) is satisfied. In order to have u subsolution of (4.3.2), it has to be
— &)+ M(t) < H(t, 2, AG(x)) + H'(t, 2, VG(x)) — \G(x), (4.3.9)

for each (t,z) € (0,T) x R™. If we require G € C?*(R") with bounded derivatives, we obtain
that the right-hand side of (4.3.9) is bounded from below. So it is sufficient to take £ as

the solution of

—=§(t) + AE(t) = - M,

§(T) =0,
with M sufficiently large.

Reasoning in the same way, a good supersolution u will be:
u(t,z) = G(z) +£(1),
with £ solution, for M sufficiently large, of the ODE
=& (t) + X(t) = M,
§(T)=0.

As regards uniqueness, it is an obvious consequence of the comparison principle.

So, we have proved the following
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Theorem 4.3.5. Suppose hypotheses of Theorem 4.3.4 and (4.2.2) are satisfied, and sup-
pose that G € C*(R™) with bounded derivatives.

Then there exists a unique viscosity solution for equation (4.3.2), and, consequently, (4.3.1).

Now, we prove some regularity results for the solution u. These results will be essential

in order to work with the Fokker-Planck equation.

Theorem 4.3.6. Suppose (4.2.2) hold true and hypotheses of theorem 4.3.4 with 8 =1 are
satisfied. Moreover, suppose that G is a globally Lipschitz function.
Then, every solution of (4.3.2) (and consequently of (4.3.1)) is globally Lipschitz in the

space variable, with a Lipschitz constant bounded uniformly in t.
Proof. We have to prove that
u(t, ) —u(t,y)| < Llz -y,
for a certain constant L. Using Young’s inequality, the last inequality is equivalent

|z — yl?
|u(t,z) —u(t,y)| < M |0+ —5 ) Vo >0, (4.3.10)

for a certain constant M > 0. So, we will prove (4.3.10).

We consider, for §,v,v > 0, the following quantity
2
T — v
u(t,z) —u(t,y) — M <5 + |5y|> —ylz? - 7 (4.3.11)

Due to the coercive term ~y|z|? and the boundedness of u, we know that the function in
(4.3.11) achieves a maximum.
We denote one of its maximum points with (¢, z, ) € (0,T] x R?".

Suppose t = T. Then

2 - 12
utto)-ult - (54 L) s jap < 6o)-a)-ar (5.4 250 ) -t
which implies for M sufficiently large, since G is Lipschitz,
12
u(t, ) —u(t,y) < M (5 + |m§y|> + ol + % . (4.3.12)

Suppose now ¢ € (0,7). If the maximum achieved by the function in (4.3.11) is non-positive,

then (4.3.12) remains true.
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Now, suppose by contradiction that (4.3.11) attains a strictly positive maximum. This

implies

u(f,7) — ulf,g) > M (5 4 _5@|2> (4.3.13)

and

Nz <t z) - u(t,g) <O, (4.3.14)

for a certain C' > 0.

Applying Proposition 4.3.3 with

U1 (tv ‘/E) = u(ta x) ’ u2(t7 y) = _u(t> y) )

o(t, 2,1) =M(é+ 2~ yl”

) +ole+ 2,
t
we obtain that there exist a,b, X, Y such that
(a,Vz0(t,Z,79), X) € P>Fu(t, z), (=b, =V o(t,2,9),-Y) € P2~u(t,y),

and

v X 0 9,
atb=—=, (0 Y)SD o(t,7,9) - (4.3.15)

From now on, we will omit for the function ¢ his dependence on (t,Z, 7).
Since u is both a subsolution and a supersolution, one has
—a — H*(t,z,tr(X)) — H'(1,Z,V,¢) + Mu(t,Z) <0,
b— H*(t, g, —tr(Y)) — H'(£,9, —Vy¢) + Mu(t,7) > 0.
Subtracting the two inequalities we obtain

v _

z+ Mu(t, z) —u(t,9)) < H*(t,z,tr(X)) — H*(,7, —tr(Y)) +

+ Hl(t_, CT_J, Vz¢) - Hl(ﬂ g) _Vy¢) .

The first term in the left-hand side is non-negative, so we can ignore it. For the second

term, we use (4.3.13) to get

AM (5 4= y|2) < H2(F, %, tr(X)) — H2(F, §, —tr(Y)) +

—i—Hl(t,J_Z', Vx¢) - Hl(ﬂ v, _vy¢) :
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In order to estimate the last two terms of the right-hand side term, we first compute the

derivatives of ¢. We have

2M 2M
VI¢:7(:E_Q)+2FY:E7 Vy¢:—7(i‘—g),

5
oM (I —I I 0
D*¢p="— +2 :
0= <_I [) 7(o 0)

Using the very definition of H2, we obtain, calling o the optimal control for H2(, 3, —tr(Y)),

_ 2 = 2

sr(xéa) tr(X) F(yéa) (V) + e 2T (L2(E, 2,0) — L*(£,7,0))
_ 2 = 2

<Clz — |+ tr (F(wéo) X+ F(yéa) Y)

The last term is estimated as in the comparison Theorem.
We have

where B is equal to
L(@,0)?  T(z,0)(7,0)
L@@o)l(@ o)  T@o)? )
Since B is non-negative definite, we can use (4.3.15) to obtain

= 32 SN2
o (F(m,a) X4 F(yéa) 2M

Y) < tr (BD%) = =50 (@ o) = T(7, o)? + 2ynT(z,0)?

2

2M T — g2
< CTn|;E—gj|2+2vnF(§c,J)2 <CM <(5+ 2 5y| ) +Cy.

We argue in a similar way in order to bound the H! term. We have, calling o the optimal
control for H*(t,y, —V,¢),

H'(8,2,V.0) — H'(,7, - V,9)

< (b(,0), Vad) + (b7, @), Vyo) + e T (LNE, 2, 0) — L1 (L, 7, @)
<Clo g1+ 2 0(a.0) - g0l o - ) + Zati@a),) < oo (54 200 ) 4 oyl

where in the last passage we used the Lipschitz bound on b and the boundedness of b.

Because of (4.3.14), we have v|Z| — 0 when v — 0.

151



Chap. 4 - Mean Field Games PDE with Controlled Diffusion

Putting together all the estimates, we obtain, for M large enough,

= o2 — o2
AM(6+|x(Sy|> SCM<6+|x 5y| >+w(7),

where w() is a quantity that tends to 0 when v — 0.

So, for v small enough and A > 1, we obtain a contradiction.

So in each case (4.3.12) remains true and, letting v and v go to 0, we get

u(t,z) —u(t,y) < M <5 + |x—6y|2>

for all 6 > 0. Finally, choosing § = |z — y| and reversing the role of x and y, we conclude:
|u(ta x) - u(tvy)| < 2M|CL‘ - y| :
OJ

Our next goal is to show that, with a strengthening of hypotheses, u satisfies a stronger
estimate, which includes, as a direct consequence, a twice differentiability almost every-

where with respect to the x variable.

For this reason, we introduce the notion of semiconcavity:

Definition 4.3.7. We say that a function f : Q — R is semiconcave if for all x € Q and
for all h such that x + h, x — h € Q we have

f(x+h)+ f(z—h) —2f(z) < C|h|? (4.3.16)
for a certain constant C.

A semiconcave function is twice differentiable almost everywhere. Actually, the following
result holds (see [28]):

Remark 4.3.8. The following properties are equivalent:
e f is a semiconcave function;
o There exists a constant C' such that
f(a) = Clal?
8 a concave function;
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e fis a.e. twice differentiable and there exists a constant C' such that
D’f<CI,
where I is the n xXn-identity matriz.

From this remark we immediately obtain:
feWwr®(Q) = f semiconcave in 2,

since each W2 function satisfies || D?f || + < Cfor acertain €, and so the third condition
of the remark is satisfied.

More generally, if f is in W2 then f and —f are semiconcave functions.

In order to prove the semiconcave regularity for the value function, we need the following

technical lemma on semiconcave and W2 functions:

Lemma 4.3.9. Let f : Q@ — R. Suppose that the following inequality holds for every
x,y,z € Q2,0 >0 and for a certain C > 0:

f(@)+ fly) —2f(s) <C <6+ % (lz—2"+ly—2"+ |z +y— 222)> : (4.3.17)

Then f is locally Lipschitz and semiconcave.

Furthermore, if f is Lipschitz and semiconcave then (4.3.17) holds for all x,y,z € Q,
6 > 0 and for a certain C > 0.

Finally, if f € W2>(Q) then there exists a C > 0 such that, for every z,y,z € Q and
0>0

() + fly) —2f(2)| < C (5 + % (le =2 +ly— 2"+ |z +y - 2z|2)) . (4319)

Proof. If (4.3.17) is true, then, taking * = z + h, y = z — h, § = |h|?, we obtain (4.3.16)
and this proves that f is semiconcave.

Furthermore, if we wake z = y and § = |z — y| from (4.3.17) we obtain
f@) = fly) <C (14 |z —yf*) |z —yl,

proving that f is locally Lipschitz.
On the other hand, suppose that f is Lipschitz and semiconcave. Then we know from
(4.3.16) that
f(@+n) + f(@ —h) —2f(z) < O],
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for each T € Q, h € R" such that £ + h,z — h € Q.
We choose T = %, h = %%, obtaining (up to changing C)

Tty
2

f<x>+f<y>—2f( )gcw—yﬁ.

Then we have, using the Lipschitz bound on f,

J(@) + f(y) = 2/(2) < Cla = y|* + 2f (I -

) - 24G) < C (o= + o 4y - 22)
Writing x —y = (z — 2) + (y — 2z) and using a generalized Young’s inequality, we get
1
F@)+ 0 =20 < © (54 5 (o= sl' 4y = =1+ oty - 2) )

and so (4.3.17) holds.
Finally, if f is W2 then f and —f are Lipschitz and semiconcave functions. Then
(4.3.17) holds for f and —f, proving that (4.3.18) is true. ]

Proposition 4.3.10. Suppose hypotheses of theorem 4.5.6 are satisfied. Furthermore, sup-
pose that G, L', and L? are Lipschitz and semiconcave functions in the space variable, and
b and T are W2 functions in the space variable .

Then, every solution of (4.3.2) is semiconcave in the space variable.
Proof. We want to prove that
1
u(t,z) +u(t,y) — 2u(t,z) <C (5 + 5 (|z — Aty — 2P+ rty — 222)> ’

for a certain C > 0 and for all § > 0, t € (0,7, z,y, z € Q.
In fact, choosing x = z + h, y = 2 — h, § = |h|?, we obtain (4.3.16).
To do that, we argue as in the Lipschitz case, following the ideas of Theorem VII.3 of [68].

We consider the following auxiliary function:

1
¢(t,x,y,2) = M (5 (=2t ly =2+ oty - 2Z2)> +9lz* + % ;o (43.19)

Due to the coercive term |z|? and the boundedness of u, we know that the quantity

u(t, ) +u(t,y) — 2u(t, 2) — ¢(t,x,y, 2) (4.3.20)
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achieves a maximum.
We denote one of its maximum points with (Z,z, 7, ) € (0,T] x R3".

Suppose t = T'. Then

Since G is Lipschitz and semiconcave, the right-hand side term is non-positive for M suffi-

ciently large, using (4.3.17). This implies
u(t, ) +ul(t,y) — 2u(t, 2) < o(t, z,y, 2) . (4.3.21)

Suppose now t € (0,7). If the maximum of (4.3.20) is non-positive, then (4.3.21) remains

true.

Now, suppose by contradiction that (4.3.20) attains a strictly positive maximum. This

implies
_ _ _ 1
u(t,z) +u(t, g) — 2u(t,z2) > M <5 +3 (lz—z"+lg—2'"+|z+5— 22|2)> (4.3.22)
and, since w is Lipschitz,

7|j|2 <u(t,z)+ult,y) —2u(t,z) <C(z—z|+ |y —z|), (4.3.23)

for a certain C' > 0.

Since —2u(t, x) is a subsolution of
—z — H(t,2,Az) — H'(t,2,Vz) = —2F(t,z),

with .FNIQ(t,:r,q) = —2H?(t,x, —%q) and ﬁl(t,x,p) = —2H(t,x, —%p)7
we can apply Proposition 4.3.3 with

ul(ta 33) = u(t?m) ) u2(ta y) = u(t)y) ) U3(t, Z) = _Qu(t7 Z) )
o(t,x,y,z) as defined before,

obtaining that there exist a,b,c, X, Y, Z such that

(a,Vo0(t,Z,7,2), X) € P>tu(t, ), (b,Vyo(t,z,79,2),Y) € P>Fu(t,y),
(Cv vzé? Z) € P2’+(—2U) ({7 2) € ’P2’+(—2U)(t_7 2) )

155



Chap. 4 - Mean Field Games PDE with Controlled Diffusion

and

>

0
a+b+c=—= 0 Y D2¢(t,%,7, %) . (4.3.24)
0 0

N © ©
IA

From now on, we will omit for the function ¢ its dependence on (¢, z, 7, z).
It is immediate to prove that, if (¢, V,¢, Z) € P2+ (—2u)(t, Z), then

1 _ -
(—C —V2¢>(t,:£,y,z),—2Z) € P2u(t, 2)

Hence, since u is both a subsolution and a supersolution, one has

—a — H*(t, %, tr(X)) — H'(,Z, Va¢) + Mu(t, ) <0,

—b— HQ(t_a v, tI‘(Y)) - H (ta Y, y¢) + /\u

'9)
o (1) - (15

Adding the first two equalities and subtracting twice the third we obtain

<
<0

5+ Mu(h,7) + u(t,g) - 2u(f, 2))
< H2(1, 7, te(X)) + H*(E, 3, te(Y)) — 2H <t, 2, —;U(Z))
+HY 8,7,V ,0) + H'(L,7,Vyp) — 2H* (t, Z, —;vzqa) :

The first term in the left-hand side is non-negative, so we can ignore it. For the second

term, we use (4.3.22) to get

A (54 3 e = o'+ ly = =+ e+~ 221

< H*(t,z,tr(X)) + H2(t,5,tr(Y)) — 2H? <t, Z, —;tr(Z)) (4.3.25)
+HY(t,2,V0) + H'(£,,Vy¢) — 2H" <t, z, —;VZ(;S) .

In order to estimate the right-hand side terms, we first compute the derivatives of ¢. We
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have
Vad = 424 (I -2z - 2) + (2 + 7§ — 22)) + 27,
4M
Vyp=— (721G -2 + (T +7-22)),
AM o
VZ¢Z—T(|:B—,Z| (z—2)—1y—Z| (y—z)—2(:p+y—2z))7
and so
po=Mee-ne@-n+le-Prensanr, D=
msﬁ—7%(2(x72)®(£—2)+\:z—z|21+21),
AM
Dy =— Q-2@G-2)+1g -2 1+1),
4M
Dy¢=———(Q2@-2@F-2)+Ig—2°1+2I),
¢_ﬁ((m—2)®(§:—2)—|—|f—2|21+2(g—2)®(g—2)+|g_2|2]+4]).

We estimate the H? terms in (4.3.25). Choosing o as the optimal control for H? (£, z, —1tr(Z2)),

we obtain

H2(E, 2, (X)) + H2(E, §, te(Y)) — 2H” (t, s —;w(Z)) <

tr(Z) + e MY (L2(L, 7, 0) + L*(L, §,0) — 2L2(1, 2,0))

< Co+ ;tr(F( 0)’X +T(5,0)%Y +T'(3,0)22).

We estimate the trace term in the following way:

tr(T'(Z,0)2X + T(7,0)%Y +1(%,0)22) =

I%(z,0)1 I'(z,0)

=tr | | T'(z,0)T(g,0)] I2(y,0)I (g,

I(z,0)'(z,0)] T(gy,o
I%(z,0)l I(z,0

<tr | | I(z,0)T(g,0)] 2(y,0)1 I'(y,

I(z,0)T(z,0)I T(y,0)(z,0)I I%(z,0)1

Q
~
o o
o < o
N © o
IN

since the matrix on the left is non-negative definite and thanks to (4.3.24).
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So we obtain, with standard computations,
tr(T'(z,0)2X + T(g,0)*Y +T(2,0)*Z) <
a4M
S T [(2 + ’I’L)‘.f,‘ - 2|2(F(j7 U) - F(Zv U))Q + (2 + n)'@ - 2|2(F(g7 U) - F(Ea 0))2+
+n (I'(z,0) + '(y,0) — 2T'(z, 0))2] + 2ynI?(Z,0).
Using the hypotheses on T, we finally obtain this bound for the H? term:
_ _ _ 1
H%(t,7,tr(X)) + H(t,9,tr(Y)) — 2H? <t, z, —2tr(Z)> < Cop+ O,

where C' depends also on n.

We reason in a similar way in order to bound the H' term. We have, choosing « as the
optimal control for H'(£,Z, —3V.4), and since V.¢ = —(V,¢ + V) + 277,

H'(F.2.V,6) + H'(£.5.V,) — 2H' (t‘, : —1vz¢> < (B(.0), Vad) + (b7, 0), V)

[\

+(b(z,0),V.¢) + e AT (LY(E,7,0) + LML, 7, @) — 2LY({, 2, )

<Co+ e — 2P (0(,0) ~ b(z,0),7 — 2) + 5l — 2005, 0) ~ b(z,0),5 - 2)

§
2M
T<b(fvo—) + b(yva) - Qb(i, U)v‘i‘ + g - 22) + 2V<b(j70)7i‘> S C¢ + O’Y‘i‘| .

Because of (4.3.23), we have v|z| — 0 when v — 0.

Putting together all the estimates, we obtain, for M large enough,
A< Ch+uw(y),

where w() is a quantity that tends to 0 when v — 0.

So, for v small enough and A > 1, we obtain a contradiction.

So in each case (4.3.21) remains true and, letting v and v go to 0, we get
1
u(t,x) +ul(t,y) —2u(t,z) < M <5 + 5 (J= — Aty — 2tz ty — 2z|2)> 7

which concludes the proof. O
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4.4 Classical solutions in a regular case

In this section we want to prove that, for a specified class of C> Hamiltonians, the solution
u of (4.3.1) is actually in the space C'T2:**7, for some 4 > 0. This estimate allows us
to linearize problem (4.3.1) and apply the classical regularity results of linear parabolic
equations in order to obtain a C 1+%’3+0‘, depending only on the coefficients H', H? and the

3+a

data G. This last estimation will be crucial in order to obtain a C1*2: solution in our

framework.
To do that, we need to use the regularity results obtained by Krylov in 1983. According

to [70], we define a class of functions for which the C'*2:2+7 regularity will hold.

Definition 4.4.1. Consider a function M : [0, T]x Rx Rsgx R" x R" xR — R of variables
(t,z,B,B,p,s), with B = (bij)z'j and p = (pi);-

We say that M € # if the following conditions are satisfied:

(i) M is positive homogeneous of first order, with respect to the variables (3, B, p,s);

(ii) M is twice continuously differentiable in the variables (x, 3, B,p,s), for all t € [0,T7;

(i11) v > 0 such that
oM .
o GG 2 Ve, YEeR™;
i Y

(iv) M is concave with respect to (bij>ij ;

(v) The second order directional derivative of M with respect to (B,p,s) along a vector

(Bo, po, s0) is bounded from above by

B~ (Ipol® + Is0l?)
for a certain C > 0;

(vi) There exists C > 0 such that, Vi, j,

[ M| + |Mp,| + [Mp| + [ My, ja| + |Msa| + | Mpo| < C; (4.4.1)

(vii) M continuous in all variables and differentiable with respect to t, with

[Mi(t, @, 8, B,p,5)| + [Mas, (1,2, 8, B,p,s)| < C\/8+ 82 + [pl + [ BP;
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With these hypotheses, we can state the main result we will use in order to prove the

classical regularity of w. This is Theorem 1.1 of [70].

Theorem 4.4.2. Let, for r € N, (M,), a sequence of function such that M, € .# ¥ r. Let

morever ¢ € C*t%, for a certain 0 < a < 1. Then, if we define M = inf M,., we have that
T

the problem

ug — M(t,z,1, D?>u, Du,u) =0, (t,z) € (0,T) x R™
u(0,z) =¢(z), =zeR"

admits a unique solution u € C**7([0,T] x R™), where v € (0,1).

24«

Now we are ready to prove the C'+2 regularity of w.

Theorem 4.4.3. Let H' and H? be differentiable with respect to t and twice continuously
differentiable with respect to the other variables. Let, moreover, G € C>T*(R"), for a certain
O<a<l.

Furthermore, we suppose that H?> and H' are concave with respect to the last variable,

and
Hg(tw,q) >v V(t,x,q) € [0,T] x R" x R and for a certain v > 0. (4.4.2)

Finally, we require the following assumptions: 3C > 0 such that

IH (0 || + ([ H2C 0 <€, (4.4.3)

G () o+ 1H o) [ <€ (4.4.4)

[ He () < C, (4.4.5)
H;(t,ﬂ?,p)-p—Hl(t,I,p)Z—C, Hg(t,m,q)~q—H2(t,:L‘,q) >-C, (4.4.6)
\HY, (t,x,p)-p— HL(t,2,p)| <C,  |HZ (t,w,q)-q— HZ,(t2,q)| <C,  (44.7)
[ Hzo (@) || o + ([ HEC @) || o < OO+l (4.4.8)

| HaCooom) || oo+ ([ HE G p) || o S CA+pl) (4.4.9)

Then, if u is the unique solution of (4.3.1), we have u € C1+%’2+7([0,T] x R™), for a
certain 0 <~y <1.

Proof. We define Vr the function M, = M, where
M(t,l‘,ﬂ,B,B, 8) = ﬁHz (t,x,ﬂ_ltr(B)) + ﬂHl (tvwvﬁ_llz) .
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We note that this definition is well-posed, since 5 € R+, and we have
M(t,x,1, D*u, Du,u) = H?(t,z, Au) + H'(t,z, Du) .

So, if we can apply Theorem 4.4.2, we will obtain a C1327 golution for (4.3.1), and we
will have finished.

We only have to check that M € .#. We check all the conditions required by Definition
4.4.1.

(i), (ii). The positive homogeneity with respect to (3, B, p) and the twice continuously
differentiability with respect to (z, 3, B, p) are immediate consequences of the definition of
M and the hypotheses of regularity for H', H?.

(iii). Since M depends only on b;; when i = j, we have, V& € R™,

oM
o Siki = D BB H(t,w, BT tr(B)EE > vigP.
i Y i

(iv) Since B > 0, the concavity of M with respect to (b;;) is a direct consequence of the

concavity of H? with respect to gq. Actually, we have
O*M

5TZ2j = 6572H§q(t7$,571tr(3)) <0.

(v) Take a vector (Bo,po) and define the function ¢(r) = M(t,z, 3, B +rBo,p + rpo) -
We have to prove that
#(0) < CBVpof?. (4.4.10)

Computing the first derivative, we find
¢ (r) = Hy(t.x, 5~ tx(B + rBo))tx(Bo) + Hy (t, 2, 87 (p + rpo)) - po,

and so
¢"(0) = B~ [H,(t, 2, B~ tx(B))tr(Bo)® + (Hp,(t, 2, 87 'p) po , po)] -
Using the concavity of H? and the semiconcavity of H! with respect to the last variable,

.4.10) is proved.
(4.4.10) i d
(vi) We analyze each term of (4.4.1). As regards M, and M,,, we have for (4.4.4)

| My, | + | My,| = |HF (t, 2, 87 tx(B))| + |H, (8,2, 8~ 'p)| < C.
For Mg, we compute the derivative and we obtain
Mg =H*(t,z, 37 tr(B)) — B 'tx(B)H, (t,, B~ 'tx(B))
+H'(t,x, 87 'p) — BT IpH (t, 2, 87 'p) .
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Hence, the concavity of H? and H', with conditions (4.4.3) and (4.4.6), easily allow to
obtain a bound for |Mg|. Similar and easier computations are made in order to bound
| My, 2| and |Mg,|, using (4.4.5) and (4.4.7).

(vii) The continuity of M follows from the continuity of H' and H2. We prove only the

estimate for | M, .|, since the |M;| goes along the same computations. We have

L
|M1'15EJ| S |ﬁH32Z] (t’ x? ﬁ_ltr(B)” + |6H;11‘] (t’ x? 6_1B)|

< C(tx(B)|+|p| + B) < Cy/B% + |p|* + |BJ?,

where we used (4.4.8), (4.4.9).
Then M € .# and we are allowed to apply Theorem 4.4.2. This concludes the proof. [

Since u is a classical function, we are allowed to linearize problem (4.3.1). Actually, we
get that u satisfies
—up — V(t,x)Au — Z(t,z)Du = b(t, x),
w(T,z) = G(x),

(4.4.11)

where
1 1
V(t,:r;):/ HZ (t,z, \Awu(t, z)) dA, Z(t,x):/ H, (t,z, \Du(t,z))d\,
0 0
b(t,z) = H(t,z,0) + H'(t,z,0).

Now we can use the linear character of the equation (4.4.11) in order to improve the

regularity of u. The theorem is the following:

Theorem 4.4.4. Suppose the hypotheses of Theorem 4.4.3 are satisfied. Furthermore,
assume that, for some k >0 and C' > 0,

[H2(t,2,q)| + [HNt2,p) < CL+ ) Vi€ [0,T],z e R™. (4.4.12)
Morever, we require, for a certain o € (0,1),

TG G o+ T o) o (A NHZC @) g o+ [H (P g o < Co Vipl < Lolal < L,
(4.4.13)
and all the derivatives Hg, H;, H2, H} be Lipschitz in the last variable.
Finally, suppose that G € C3t% , with

IG5, < C. (4.4.14)
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Then the solution u of (4.3.1) satisfies the following estimate:
[ulliye 510 <O (4.4.15)

where C depends on H*>, H', G, T, n.

Proof. We consider, for 1 <14 < N, the function v := uy,.

Differentiating the equation (4.3.1) with respect to x;, we obtain for the function v

—vp — Hq2(t, x, Au)Av — H;(t,m, Du)-Dv = ng (t,z, Au) + Halji(t,x, Du), (4.4.16)
(T, x) = Gy, (). h

Thanks to the hypotheses, the coefficients H, 3, Hg are in L*° and G, € C?*t. Moreover,
with the same ideas of Theorem 4.3.6 (see also [91]), we have that |Dul| is globally bounded
in L*°, which implies, thanks to (4.4.12),

H? (t,x, Au) + H} (t,2, Du) € L™

With these hypotheses we know from standard regularity results (see e.g. [74]) that
<C,

ol 1

where C depends on G, H?, H'.
Coming back to the linear equation (4.4.11) satisfied by u, we get that

V,Z,beC:™,  GeC?e.
Hence, Theorem IV.5.1 of [74] implies that

we et and lullia 200 < C-

Now, the coefficients of the equation (4.4.16) are in C'2*® and G, € C**@ Applying again
Theorem IV.5.1 of [74] we obtain

||U||1+%,2+a <C = ||u||1+%73+a <C,

which concludes the proof. O
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4.5 Regular solutions for the Bellman operator

It is not obvious at all to have in our examples C?> Hamiltonian in all variables. In order to

handle this problem, we introduce the following Proposition.

Proposition 4.5.1. Let H? and H' be almost everywhere twice differentiable in the space
and in the last variable, and almost everywhere differentiable in the time variable, and
suppose H' and H? be concave in the last variable and satisfying estimates from (4.4.2) to
(4.4.9) and from (4.4.12) to (4.4.14), where pointwise estimates have to be intended almost
everywhere.

Then the unique solution u of (4.3.1) satisfies
||u||1+%’3+a <C. (4.5.1)

Proof. We consider a sequence H>* and H'* of smooth functions converging to H? and

H', taking, for 6 > 0, the convolutions
HQ,kZHQ*péa Hl’k:Hl*péa

where ps > 0 is a non-negative function with compact support in B(0,d). Then we take the
related solutions u* of (4.3.1).

It is immediate to prove that H>* and H'* satisfy conditions from (4.4.2) to (4.4.9) and
from (4.4.12) to (4.4.14), with all bounds independent on k. Just to give an example, we
show that

H;’k(t,x,p) p— HY(t . p) > -C.

‘We have

HYk(t,2,p) - p— HY (t,2,p)

T 400
/ / / Hlt—sm—yp—r)p Hl(t—sac—yp—r))p,;(sy7 r) dsdydr
O n

T %)
:/ / / —s,x—y,p—r)-(p—r)—H'(t—s,2—y,p—r)) ps(s,y,r) dsdydr
0 n

T +00
+/ / Hg(t_svx_yap—r)'Tpa(S,y,r)dsdydrz—C,
0 nJ oo

where we use in the last passage hypotheses (4.4.4) and (4.4.6) for H'.

Then, from the results of the previous sections,
k
[u®ll1+g 340 < C.
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Hence, we can use Ascoli-Arzela Theorem on any compact set K C R™ and obtain that

k s w pointwise with all the derivatives. Moreover, u

Ju such that, up to subsequences, u
satisfies (4.5.1).

Passing to the limit in the equation of u*, we obtain that u satisfies (4.3.1). This concludes
the Proposition.

O

Remark 4.5.2. We stress the fact that condition (4.4.6) is satisfied at least in the model
case (4.2.17), where

H2(t,2,q) = inf {ng+ Ly(t, )} ,
nes’

provided L; and L3 are uniformly bounded and strictly convex with respect to the last
variable.

Actually, the linear character of (p,a) and nq with respect to « and n and the strict
convexity of the Lagrangian functions immediately imply that the inf in H' and H? is
attained at a unique point oy gz p, Mt.2.q-

The uniqueness of the argmin plays a crucial role in order to obtain the C! character of

H' and H? with respect to the last variable. Actually, we have
H;(t,x,p) =0t gp, Hg(t,x,q) = Mt,x,q >

and so

|H;(t7 x,p) P Hl(t7 ‘Tvp)| = |L1(t7 xz, at,z,p)| S C )

|H§(t7 z, q) g — HQ(ta Z, q)' = |L3(ta x, nt,l,p)| S C.
Moreover, if we strengthen the regularity hypotheses on L, and Ls with respect to all
variables, we obtain that also conditions (4.4.2),...,(4.4.9) of Theorem 4.4.3 are satisfied.

Finally, we note that the convexity condition of L3 is satisfied if we require, in (4.2.13),

that Lo is convex and non-increasing with respect to the last variable. Actually, from
Remark 4.2.3

L3(taman) = LQ(tvxa V 277) ,

and so, if Ly and Lo are twice differentiable in the last variable,

02, Ls(t,x,1) = 2, Lo (t,2,7/20)(20) 2 — Oy La(t, 2, \/27)(20) "% > 0.
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4.6 The Fokker-Planck Equation and The Mean Field Games
System

The existence and uniqueness for the Fokker-Planck equation follow from well-known argu-
ments, thanks to its linearity character.
Before starting the study of the Mean-Field Games system, we need to prove the following

Proposition about some regularity estimates of m.

Proposition 4.6.1. Let m be the unique solution in C([0,T]; P(R™)) of

my — A(a(t, x)m) + div(mb(t,z)) =0, (t,x) € (0,T) x R™,

m(0,z) = mo(z), r e R,

(4.6.1)

where a is uniformly elliptic, a,b bounded in L, and my € P(R™). Then m satisfies, for

a certain po > 1 and C' > 0 both independent of my,

di(m(t),m(s)) Sup/ 2| m(t, dz) < C, (4.6.2)

Il Lo jo,7)xmy + SUP T
s#t [t — 5|2 t€0,7] /R

for allp < pg.

Proof. We start assuming mg smooth, and we consider the process satisfying

dXt = b(t, Xt)dt + O'(t, Xt)dBt y
Xo= 2,

where Z is a random variable of law my, (By); is a standard Brownian motion and oo* = a.

|

t 2
<Clt—s|+E U |U(r,XT)2dr] <Clt—s|b.

Then, assuming without loss of generality that ¢ > s, we have

E[|X; — X|] <E {/st|b(7’7Xr)|dr} +E [ /sta(r,Xr)dBr

Since X; has law m(¢) and X, has law m(s), we obtain

du(m(t), m(s)) _

sup T
st [t — s|2
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To prove the LP bound for m, we consider ¢ as the solution in [0,7] x R™ of

—¢r —a(t,x)Ap+b(t,x) - Dp =1,
¢(T) =0,
where ¢ € L(R) for a certain ¢ which will be specified later. Then, Theorem IV.9.1 of [74]
tells us that
19llws.agoryxrny < C 1 s -

Hence, for ¢ > n+ 1, ¢ satisfies a Holder estimate in space and time. Multiplying the

equation of m by ¢ and integrating by parts, we obtain
T
| [ wteomt.o)dedt = [ o0.2moldz) < €l
O ]Rn R"L
which implies that

Imll, < C,

for all p < pg, where pg is the conjugate exponent of n + 1.

Finally, we consider ¢ as the solution in [0,¢] x R™ of

—¢y —a(s,x)Ap+b(s,z)- Dp =10,
o(s) = |z|.

From standard regularity results (see e.g. [91]), we know that

sup [¢(s, )] < C(1+ |z]).
s€(0,t]

Hence, multiplying the equation of m by ¢ and integrating by parts, we obtain

/n |x|m(t, z) dedt = @0, z)mo(dz) < C <1 + /Rn |w|m0(d:v)> <C,

Rn

since mg € P(£2).
Since these estimates do not depend on the smoothness of mg, with a standard approxi-

mation we can obtain (4.6.2) Ymg € P(R"™), which concludes the Proposition. O

Now we are ready to study the full Mean-Field Games system.

We handle the case where our couplings I’ and G are non-local.
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Hypotheses 4.6.2. F : [0,T] x R x P(R") — R is a C'*® function in the space variable

and C2 in the time variable, for a certain « € (0, 1), satisfying

sup HF('fam)H%,l—i-a <C.
meP(R")

Furthermore, F and satisfies a Lipschitz estimate with respect to the measure:

||F(t7 B ml) - F(ta B m?)HlJra < Cdl(mh mQ) ) vml? ma € P(Rn) . (463)

For G, we required that is a C3*t® function in the space variable satisfying (4.6.3), with a

C3+® norm bounded uniformly in m .

Theorem 4.6.3. Suppose the hypotheses of Proposition 4.5.1 are satisfied, and suppose
mg € P(R™). Then there exists at least one solution (u,m) € CH e o C([0,T); P(R™))
for the Mean-Field Games system (4.1.1).

Furthermore, if one of these conditions is satisfied:

(i) H' and H? strictly concave with respect to the last variable and F and G non-

decreasing with respect to m:

/ (F(t,x,m1) — F(t,z,ms2)) (m1(dz) — ma(dz)) >0,
" (4.6.4)
/n (G(z,m1) — G(xz,m2)) (my(dx) — mo(dx)) > 0.

(ii) H' and H? concave with respect to the last variable and F and G strictly increasing
with respect to m, i.e. F' and G satisfy (4.6.4) and in addition:

/n (F(t,x,m1) — F(t,z,m2)) (m1(dz) — ma(dz)) =0 = F(t,z,m1) = F(t,z,ma),
/n (G(xz,m1) — G(z,m2)) (m1(dz) — ma(dz)) =0 = G(x,m1) = G(z,m2),

then the solution is unique.

Proof. The existence relies on Schauder fixed point Theorem.

We consider the following metrix space:
1
x = {yec(o.TEP®) : di(x(t)7(s) < Cle = s} |
where C' will be defined later.
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It is immediate to note that X is a convex closed space.

We want to apply the Schauder fixed point Theorem. First, we define a suitable functional
.

For v € X we consider u as the solution of the Hamilton-Jacobi equation

ug + H2(t,x, Au) + HY(t,z, Vu) + F(t,z,v(t)) =0, (t,x) €[0,T] x RV,

(4.6.5)
U(Tv CL‘) = G($7 V(T)) ) r € R™.
and then we define ®(v) = m, where m is the solution of
me — A(mHg(t,x, Au)) + div(mH;(t,:c, Vu)) =0, (¢,z)€ (0,T)xR", (4.6.6)

m(0,z) = mo(z), reR".

Thanks to the regularity results for u, we know that m is well-defined in the space
C([0, T]; P(2)).
Proposition 4.6.1 implies that, if we choose wisely C' in the definition of X, we have

m € X and, in addition to that,

Il < C,

with C' not depending on ~.
In order to apply Schauder’s Theorem we need to show the continuity of ® and that ®(X)

is a relatively compact set.

We start by showing that ®(X) is relatively compact.
Let {v,}n C X, and let u,, and m,, be the solutions of (4.6.5) and (4.6.6) related to .
From (4.4.15) we know that

HU’W’HHT&,S"FQ S C:

where C' does not depend on n. Hence, Ascoli-Arzela and Banach-Alaoglu Theorems imply

that 3{uy, },,u € C1*23% such that u,, — u in Cllo’g’ and all the derivatives converge
pointwise.
For simplicity, we call the subsequence u,, as u,, forgetting the dependence on k.

To prove the convergence of {my}, (up to subsequences), we consider the processes X'
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and X satisfying

AX2 = H} (s, X2, Vun (s, X2))ds + \[2H2 (s, X2, Auy (s, X2))dBs,

dXE = HY (s, XE, Vg (s, XE))ds + \[2H2(s, XE, Mg (s, XE))dB

with X7 = X} = Z, a process with density mo. Then we have

t
E[ X — X}P] <E [ 2 s 320) = H s, XE T, X)) ds}

2

t
/O \/2Hq2(s,Xg, Atin (s, X1)) — \/2H3(S,X§,Auk(s,X§)) B,

(4.6.7)

We analyze each term. The last term is equal to

. ,
2 n n)) — 2 k k
]E_/O (\/2H2(5, X1 Aun(s, X2)) = \[2H2 (5, XE, Aui (s, XE)) ) ds}

<E :/Ot (\/ZH,?(S,X Auy(s, XT) \/2H2 s X;‘,Auk(s,Xg))>2 ds

[ rt 2
+E /0 (28205, X2, Bug(s, X2)) = \[2H2 (5, XE, Aug(s, X£)) ) ds}
< c/ot/n A (un — up)|*mn(s, z) deds + C’/OtIE [|X;L —Xfﬂ
=w(n k) + C/Ot]E Xz - xE2]

where we use the Lipschitz bound of Hg and Au,.
In order to handle the first integral in the right-hand side, we consider a bounded domain
FE C R™ and we write

/ / n — ug)|*mn (s, ) deds
//|A —uk|mnsxdxds+// Up, — ug)|*mn (s, x) dads .

The first integral goes to 0 for any E bounded, thanks to the uniform convergence of Aw,, in

bounded sets and the LP bound of m,,. For the second integral, we note that |A(u, —ug)|?
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is uniformly bounded and that m,, has a finite first order moment thanks to (4.6.2). Hence,

Ve > 0 we can choose E sufficiently large such that

/ / n — ) Pmy (s, x) deds < €.

For the arbitrariness of &, we obtain

E Uot (\/21{3(5,)( Aun(s, X1)) = /2H2 (s X§,Auk(s,X§)))2 ds}

t
< win,k) + C/ E[\XQ—XEH :
0

where w(n, k) is a quantity converging to 0 when n, k — oc.

Similar estimates are made in order to bound the first term of (4.6.7). Hence we get
¢
BXT - XEP) < w(n k) + € [ B[Ix0 - XEP]
0
and so, applying Gronwall’s inequality,
E[IX? — X7|] < B[ X7 — X’ < Cw(n, k) = w(n, k),
which immediately implies

sup di(my, (1)), mr(t)) <w(n, k).
te€[0,7
Hence, we have proved that {m,}, is a Cauchy sequence in X. Then, up to subsequences,
Im such that m,, — m. This proves the relatively compactness of ®(X).

The continuity is an easy consequence of the compactness.

We consider vy, — 7. From the compactness, there exist subsequences {un, }x, {mn, }r
converging to some u, m. Passing to the limit in the formulations of u,, and m,,, we obtain
that v and m are the (unique) solutions of (3.3.10) and (3.3.11) related to v and wu.

Then, for each converging subsequence {my, },, we must have m,, — m. This means
that the whole sequence ®(v,,) = m,, — m = ®(). This proves the continuity of ®.

So we can apply Schauder’s theorem and obtain a classical solution of the problem (4.1.1).
To prove the uniqueness, let (u1, m1), (u2, m2) be two solutions of (4.1.1).

We want to estimate in two different ways the quantity
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/OT/n ((u1 = u2)(my —ma));

First, computing directly the time integral we obtain
/ (G(z,m1(T)) — G(z,m2(T)))(m1(T) — ma(T))dx > 0. (4.6.8)

On the other hand, if we compute the derivative and use the weak formulation of (uj,m;)

and (ug2,m2), we obtain

T
[ P e) = Fma(0) (e de) = mat,do)) e
+/T H2 t,x, Aug) — H*(t, x, Auy) — HqQ(t,x, Aup)A(ug — uy)) ma(t,dz)dt
0

R
T
+/ / 2(t, @, Auy) — H(t, x, Aug) — Hg(t,m,Aul)A(ul — ug)) ma(t,dz)dt
0 n

T
+/ (H'(t,z, Dup) — H'(t,z, Duy) fH;(t,x,Dul)D(ug — 1)) mq(t,dx)dt
0 Jrn
/ / Yt, z, Duy) — HY(t, 2, Dug) — H;(tw,DuQ)D(ul — ug)) ma(t,dz)dt

Since H? and H' are concave functions, all the above integrals are non-positive.

Then, combining this result with (4.6.8), we obtain

/OT/H (w1 — ug)(my1 —ma)); =0,

which means

[ (G (1) = Gl ma (1)) (1) — ma (1)) do = 0,

[ ) = Fmao) (m4d0) = et ) =0,

/T /n (H*(t,m, Aug) — H?(t, @, Auy) — Ho(t, @, Auj) A(u; — uj)) mj(t, dz)dt =0,
/T [ (#(t2. D) = 1 (0.2, Duy) = HY (4,2, D) Dl = ) m (1, )it =0,

for (i,7) = (1,2) or (2,1).
This allows us to conclude: actually, thanks to the hypotheses, there are two cases:
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(i) if F and G are strictly increasing, then
F(t,x,ma(t) = F(t,z,mo(t)), Gz, mi(T)) = Gz, my(T)).

Hence, u; and wusg solve the same HJB equation, which implies u; = us. Coming back
to the FP equation, we have that Au; = Aus and Duq = Dus. So mq and mo solve

the same FP equation, which implies m; = mao.

(i) if H' and H? are strictly concave, we argue in a similar way. Actually, we have for

example
H;(t,x, Duy) = H;(t, x, Dug) , Hg(t,x, Auq) = Hg(t,x, Aug) for x € supp(mq(t)),
which implies

mlH;(t,x, Duy) = mlH;(t,x, Duy), mng(t, x,Auq) = mlH,?(t, x, Aug) .

Hence, m; and mg solve the same FP equation, which implies m; = mo. Coming back
to the HIB equation, we have that F(t,x,m1(t)) = F(t,z,mz(t)) and G(x,m1(T)) =

G(z,m2(T)). So uj and ug solve the same HJB equation, which implies u; = ug.

Hence, the proof of uniqueness is completed.
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Résumé

La théorie des Jeux a Champ Moyen
a été développé pour décrire le com-
portement d'un systéme de jouers
qui agissent pour minimiser une
fonction de colt. Le systéme associé
aux équilibres de Nash, sous certain
hypothéses, converge a la solution
du systeme MFG. Il s'agit d'une
équation de Hamilton-Jacobi, pour la
fonction valeur du systéme, couplé
avec une equation de Fokker-Planck
pour la densité du processus de
chaque joueur. Il y a une vaste
littérature en ce qui concerne les
Jeux a Champ Moyen, mais
généralement on considére seule-
ment le cas que la dynamique des
joueurs est confinée dans tout I'espa-
ce ou dans le tore (solutions périod-
iques). Mais dans beaucoup d'appli-
cations c'est tres important travailler
avec un processus qui reste dans un
certain domaine d'existence. Cette
condition peut étre obtenue, par
exemple, en prescrivant des condi-
tions de Neumann sur le systeme
MFG. Alternativement, on peut confi-
ner la dynamique en prenant les
termes de drift et de diffusion afin de
satisfaire la restriction requise. Dans
ce cas on parle des MFG avec condi-
tion d'invariance. Dans ma thése je
serai focusé sur les deux aspects.

Mots Clés

Jeux a champs moyen
Equations aux dérivées partielles
Contraintes sur I'état

Conditions de Neumann

Abstract

The Mean Field Games Theory was
born to describe the behaviour of a N
players system, which play their
strategies in order to minimize a
certain cost functional. The system
associated with Nash equilibria,
under suitable hypotheses, converge
towards a solution of the Mean Field
Games system. This system consists
of a Hamilton-Jacobi equation for the
value function, coupled with a
Fokker-Planck equation for the
density of the players. There is a
huge literature concerning Mean
Field Games, but in general the
authors consider the case where the
dynamic acts in the whole space orin
the torus (periodic solutions). But in
many applied models boundary
conditions turn out to be a crucial
issue, and it is usefule to work with a
process which remains in a certain
domain of existence. This condition
can be obtained, for example, by
prescribing Neumann conditions on
the Mean Field Games system, or
with a wise choice of the drift and the
diffusion terms in order to satisfy the
required restriction. In the latter case
we talk about Mean Field Games
with invariance conditions for the
state space. In my thesis | will be
focused on both aspects.
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Mean field games

Partial Differential Equations
State constraints

Neumann conditions




