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«Il faut étre toujours ivre. Tout est 1a : c’est 'unique question. Pour ne pas sentir
I’horrible fardeau du Temps qui brise vos épaules et vous penche vers la terre, il faut

vous enivrer sans tréve.

Mais de quoi ? De vin, de poésie ou de vertu, a votre guise. Mais enivrez-vous.

Et si quelquefois, sur les marches d’un palais, sur I’herbe verte d’un fossé, dans
la solitude morne de votre chambre, vous vous réveillez, I'ivresse déja diminuée ou
disparue, demandez au vent, a la vague, a I’étoile, a I'oiseau, a I’horloge, a tout ce qui
fuit, a tout ce qui gémit, a tout ce qui roule, a tout ce qui chante, a tout ce qui parle,
demandez quelle heure il est ; et le vent, la vague, I’étoile, I'oiseau, 1'horloge, vous
répondront : « Il est ’heure de s’enivrer ! Pour n’étre pas les esclaves martyrisés du
Temps, enivrez-vous ; enivrez-vous sans cesse ! De vin, de poésie, de mathématiques

ou de vertu, a votre guise. »

-Baudelaire, Le Spleen de Paris, XXXIII
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Résumé

Dans cette thése, on étudie les régularités des valeurs propres et vecteurs propres
de familles linéaires de matrices symétriques réelles A(t) € Symgy(R), t € Q C RE.
Les éléments propres de A(t) sont singuliers en général, et Kurdyka et Paunescu
(2008) en donnent une résolution par éclatements dans I'espace 2. Le long d’une
courbe, Rellich (1937) montre que les éléments propres de A(t) ont un prolongement
analytique. Mais le prolongement le long d’un lacet peut s’avérer différent du point
de départ: le premier groupe d’homotopie de I’ensemble des paramétres réguliers agit

par permutation sur le spectre de A(t), une action que 'on appelle monodromie de

A1),

Nous relions cette monodromie avec un autre invariant, la monodromie antipodale,
et caractérisons complétement les permutations apparaissant comme monodromies
de familles & deux parameétres. En montrant que les points singuliers d’une famille
diagonale générique & un parameétre admettent des perturbations indépendantes, nous
réalisons toute permutation donnée comme la monodromie antipodale d’une famille
a deux paramétres. Pour les familles affines & deux paramétres, nous décrivons le
comportement des valeurs propres au voisinage des points ou A(t) a une valeur propre
double.

On s’intéresse ensuite a I'existence d’une diagonalisation, ou d’une réduction par
bloc, analytique, pour A(t) € Symg(R). On remarque que 'absence de monodromie
antipodale n’est pas suffisante pour factoriser une valeur propre dans le polynéme
caractéristique P4, ni Pexistence d’un facteur dans P4 n’assure l'existence d’une ré-
duction par bloc. On obtient cependant des résultats positifs pour les valeurs pro-
pres extrémales. Ceux-ci permettent de montrer que A(¢) admet une diagonalisa-
tion analytique compléte si et seulement si sa monodromie antipodale est triviale:
la monodromie antipodale est 'unique obstruction a l’existence d’éléments propres

analytiques.

Enfin, nous nous concentrons sur les familles & deux parameétres dans Symgs(R).
Ici, les vecteurs propres et valeurs propres forment chacun une cubique de P2. Nous
classifions entiérement les couples de telles cubiques et montrons qu’il n’y existe que
9 types de telles paires. Inspiré par cette étude, on s’intéresse a la question de savoir
si les vecteurs propres fournissent une résolution des singularités des valeurs propres,
et on donne une réponse positive dans le cas des courbes, et lorsque la famille est

'espace complet Symgy(R).
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ABSTRACT

In this thesis, we study the regularities of eigenvalues and eigenvectors of linear
families of real symmetric matrices A(t) € Symy(R), t € Q C R*. The eigenelements
of A(t) are singular in general, and Kurdyka and Paunescu (2008) give a resolution
by blowing-ups in the space Q. Along a curve, Rellich (1937) shows that the eigenele-
ments of A(t) have an analytic continuation. But the prolongation along a loop might
be different from where one started: the first homotopy group of the set of regular pa-

rameters acts by permutation on the spectrum of A(¢), an action we call monodromy

of A(t).

We rely this monodromy with another invariant, the antipodal monodromy, and
fully characterize those permutations that appear as monodromies of two-parameter
families. Showing that singular points of one-parameter generic diagonal families
have independent perturbations, we realize any given permutation as the antipodal
monodromy of a two-parameter family. Then, for two-parameter affine families, we
describe the behavior of the eigenvalues near the points where A(t) has a double

eigenvalue.

We then study whether A(t) € Symgy(R) is analytically diagonalizable, or splits
into blocks. We remark that neither the lack of antipodal monodromy is sufficient for
an eigenvalue to be factored out of the characteristic polynomial P4, nor a factor in
P4 necessarily corresponds to a splitting block. However, we get positive results for
extremal eigenvalues. It leads us to prove that A(¢) has full analytic diagonalization
if and only if it has trivial antipodal monodromy: the antipodal monodromy is the

only obstruction to get analytic eigenelements.

Finally, we focus on two-parameter families in Syms(R). Here both eigenvectors
and eigenvalues form a cubic curve in P2. We fully classify the couples of those
cubics and show that there are only 9 types of such pairs. Inspired by this study, we
consider the question whether eigenvectors form a resolution of singularities for the
eigenvalues, and prove that it has a positive answer in the curve situation, and when

the family is the full space Symgy(R).

Xiv






Introduction

Consider a family of monic polynomials which their coefficients belong to a certain
class of functions, the perturbation problem is whether it is possible to choose their
roots as a function of this class. The origin of this problem is in the work of Lord
Rayleigh (1894) in acoustics, and of Schréodinger (1926) in quantum mechanics. But,
the mathematical foundations of this problem were only laid by Franz Rellich (1937)
[29, 30, 31] for hyperbolic polynomials whose coefficients are analytic functions de-
pending on one variable, and then it has been developed in the work of Tosio Kato

[17] for linear operators.

The classical result of Rellich, Rellich Theorem 1.2.1, is connected with investiga-
tion of the behavior of the eigenvalues of symmetric matrices under one-parameter
analytic perturbation. This result may be stated as follows. Rellich considered an
analytic family A(¢) of d x d symmetric matrices, where t € [ and I C R is an interval.
He proved that the eigenvalues of A(t) can be chosen analytically on I. Consequently,
we can choose analytically eigenvectors of A(t), so we can diagonalize uniformly and
analytically the family of A(¢). But, if we consider a multi-parameter analytic family
A(t), t € Q of d x d symmetric matrices, where Q C R* is open, then for k > 2

Rellich’s theorem fails, even for linear families, Example 0.0.1.

Example 0.0.1. Let
ty ot 1 0 0 1
Attty =" 7 | =t +ty .
ty —ty 0 —1 10

XA(t,t2) = X? - (t% + t%):
AA(tl,tZ) = 4@% + t%),

Thus, we get

where x4 and A4 are the characteristic polynomial and the discriminant of A(ty,t5),

respectively. The eigenvalues of the matrix A(ty, o) are:

Xy =/t2+13

Note that the eigenvalues of A(t,t5) are not analytic functions at the point (¢,t2) =



(0,0). These eigenvalues satisfy the equation X? — ¢t — 3 = 0 and the surface of the

eigenvalues is a circular double cone in the space (t1,ts, X), Figure 1.

VAN

Figure 1: The eigenvalues of A(t;,%5)

In [23], Von Neumann and Wigner proved that generically the multiple eigenval-
ues of a two-parameter family of real symmetric matrices happen at isolated points.
Indeed, Arnold [3| showed that the family of matrices with multiple eigenvalues has
codimension two in the manifold of real symmetric matrices. Let us consider the

family of 2 x 2 symmetric matrices that is given as follows.

A R3 —  Syma(R)

TR
ti,to,t3)
o (1)

Then, the discriminant of A can be written as a sum of squares, Ay = (t; —t2)* +4¢3.
Note that A4 = 0 if and only if the two eigenvalues of A coincide. Thus, we have
A4 = 0 if and only if

tiy—t, =0 (1)

t3 = 0.
Hence, in dimension two, the problem of locating the parameters such that eigen-
values coincide has a straightforward solution. But, as the dimension of the family
grows, the discriminant becomes complicated and it cannot be used in practical com-
putations. However, it can be written as a sum of squares [8], |14, 15, 16|, [19],
[25] and the number of summands grows quickly as we increase the dimension of the
family. Recently, the multi-parameter version of Rellich’s theorem has been studied.
First, in 2008, by Kurdyka and Paunescu [18] for real symmetric and anti-symmetric
matrices and then by Rainer (2009) [27], (2011) [28], Parusinski and Rond (2018) [26]

and Grandjean (2019) [12] for normal matrices.

In [18|, Kurdyka and Paunescu proved the following:

2



There exists a mapping
o:0—Q

which is locally finite composition of blowing-ups with smooth centers, such that the
family A oo locally satisfies the conclusion of the theorem of Rellich. In this way, the
eigenvalues (and even eigenvectors) of the original family A(¢), t € Q C R* can be seen
as multi-valued (arc-analytic) functions on ). Hence, there is a natural monodromy
action of the first fundamental group of the complement of the centers on eigenvalues
and eigenvectors. In 2009, Rainer generalized the result of Kurdyka and Paunescu
for normal operators, [27]. In [26], Parusinsky and Rond showed that a family of
normal matrices depending on a multi-parameter ring of formal power series can be
diagonalized if we assume that the discriminant of its characteristic polynomial is
a normal crossing. In 2019, Grandjean [12| presented a new proof of the results of
Kurdyka and Paunescu, and of Rainer, for normal matrices. For further results on

the perturbation problem of hyperbolic polynomials see [7], [9], [11], [22].

We consider A(t) € Symy(R), t € R¥. Then, by the Implicit Function Theorem,
A(t) is diagonalizable, in an analytic way, in a neighborhood of a point t, € R* such
that A(ty) ¢ X where

Y ={A € Symy(R) | Ay =0}

and Ay is the discriminant of the characteristic polynomial of A. Therefore, we are
interested in studying the behavior of the eigenvalues in a neighborhood of the points

to € R* such that A(ty) has at least one pair of repeated eigenvalues.

The results in brief

Let us now explain our results in brief.

In chapter 2, for a multi-parameter analytic and linear family of real symmetric
matrices, we define different types of monodromies, monodromy o, and antipodal
monodromy 7', respectively. The main result of this chapter is that the monodromy

of a linear family depending on two parameters is a square. We state it as follows.

Theorem 0.0.2. (see Theorem 2.5.1). A permutation o € S, is a square if and only
if there are Ay, Ay € Symy(R) such that o is the monodromy of the eigenvalues of the
matriz A(t) = t; A1 + to Ay along a loop «v : [0,1] — R\ (0,0), v(0) = v(1) = to with
Alto) ¢ X.

In chapter 3, the main results are obtained by focusing on affine families depending

on one and two parameters. Indeed, by focusing on one-parameter affine families, we



prove that given d distinct values aq, ..., a, in R, and o a permutation of {ay, ..., a4},
there exists a linear family A(t) € Symy(R), t € R?, whose eigenvalues at (1,0)
are ai, ..., a4, and whose antipodal monodromy from (1,0) in the direction (0,1) is

precisely o. This result is stated as the following.

Theorem 0.0.3. (see Theorem 3.5.5). Let (b1,...,bs) € R? such that b; # b; for
i # j. Let T be a permutation of {by,ba,...,bs}. Then, there exists a 2-linear family
A(ty,ta) whose antipodal monodromy from (0,1) in the direction of (1,0) is 7.

Then, by focusing on two-parameter affine families, we give a description of the
behavior of the eigenvalues in a neighborhood of a matrix A(¢y,) which has a double

eigenvalue, Subsection 3.4.

In chapter 4, we study possible reductions of linear families of symmetric matrices.
In Section 4.2, we prove that if the monodromy of a linear family A(t) € Syma(R),
t € R*, has an extremal orbit of length one or two, then there exists a homogeneous
polynomial of degree one or two that divides the characteristic polynomial of A(t).
After that, we manage to find an invariant subspace F(t) of dimension ¢ such that
the characteristic polynomial of the restriction of A(t) to E(t) is the known divisor
P(t) of degree ¢ of xa(;. Finally, in Section 4.3, we prove that A(t) has full analytic
diagonalization if and only if it has trivial antipodal monodromy: the existence of
non-trivial antipodal monodromy is the only obstruction for having eigenvalues as

analytic functions. We state this result as the following.

Theorem 0.0.4. ( see Theorem 4.3.1). Let A(t) € Symq(R),t € R¥ be a k-linear
family, A ¢ 3. Then, the following statements are equivalent:

1. There exists a basis (e, ea,...,¢ex) of RE, with A(ey) ¢ ¥ and Topan(er.er) = 1d
foralli=2,... k.

2. For any linear 2-plane P C R*, 7}, =1,.
3. 0 is a quasi-reqular point of A(t).

4. There exists a family P(t) € Oq(R), analytic in t, such that P~ (t)A(t)P(t) is

diagonal.
5. There exists an orthogonal matriz P € O4(R) such that P~*A(t)P is diagonal.

6. There exists a basis (ey, ea, . .., ex) of R¥, such that A(e;) ¢ ¥ and A(ey)Ale;) =
A(ei)A(el) fOT 1= 2, SN ,I{}.

7. For all (t,¥') € (RF)2, A(t)A(t') = A(t')A(t).
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In chapter 5, we consider A, A ¢ ¥, a linear subspace of dimension k of the d x d
symmetric matrices and we introduce different objects. The eigenelements set of
A which is a variety made of the triple matrix and the associated eigenvalues and
eigenspaces. The eigenvalue set which is the image of the eigenelements set by the
projection that forgets the eigenvector entry. The eigenvectors set which is the
image of the eigenelements set by the projection that forgets the eigenvalue entry.
We also define eigenvector portrait of A which is the image of the eigenvectors
set by the projection that forgets the matrix entry. Since all of these objects have
homogeneous behavior, it is natural to work with their counterpart in projective space.
We note that the projective eigenvector set I'(A) is not smooth in general, so we define
the set of the strict eigenvectors G(A) which is constructed by first removing from
I'(A) all eigenvectors that appears for the singular matrices of A, and then we take
the topological closure. In Claim 5.1.1, we prove that ® : G(A) C I'(4A) — A(A) is
a proper birational map. In Section 5.2, the main result is obtained by focusing on
the eigenelements of the two-dimensional subspaces of 3 x 3 matrices. We consider
two cubic curves: the cubic curve V(A) which is associated to eigenvectors and the
cubic curve A(A) that is associated to the eigenvalues of A. We give a classification
of the pair (V(A), A(A)). For this aim, we follow a projective classification of cubic
curves of P? containing 16 configurations where each configuration is the union of at
most 3 analytic components. Then, we introduce a notion of marked cubic type for
eigenvalues (resp. eigenvectors) by associating to each component C; of A(A) (resp.
of V(A)), the number of eigenvalues (resp. eigenvectors) that belongs to C;, for a
regular member of the family. Thus, we fully classify the couples of these cubics and
show that there are only 9 types of pairs (V(A), A(A)). This result is given as the

following.

Theorem 0.0.5. (see Theorem 5.2.4). Let A be a 2-family of 3 x 3 symmetric
matrices, A ¢ . Then the eigenvectors type of A determines the eigenvalues type
of A. More precisely, the following 9 couples of marked cubics types, and only those,

appear as eigenvectors and eigenvalues types.



Table 1: Table of cubics types.

Marked cubic of eigenvectors

Marked cubic of eigenvalues

WO D@ @@

Continued on next page




Table 1 — Continued from previous page

Marked cubic of eigenvectors | Marked cubic of eigenvalues

i

Finally, in the last section, we prove that G(A) — A(A) is a resolution of singu-
larities of algebraic varieties in two special case: when the family is the full space

Symg(R), Proposition 5.3.2, and when the family depends on two parameters:

Theorem 0.0.6. (see Theorem 5.5.1). For any 2-linear family A ¢ 3, the set G(A)

of strict eigenvectors of A is a non-singular algebraic curve.






Chapter 1
Preliminaries

In this chapter, we present some notions which will be used throughout the thesis

and we also give an extension of the Rellich Theorem to higher dimensions.

Notation and conventions 1.0.1. All matrices that we discuss are over the real
numbers. We denote by M, ,(R) the set of matrices with entries in R with m rows
and n columns. When m = n = d, we denote this set by My(R). A matrix S € My(R)
is called symmetric if S = S*. We denote by Symgy(R) the set of all real symmetric

matrices of dimension d.

Theorem 1.0.2. (Spectral theorem ) If A € Symy(R), then there exists an orthonor-
mal matriz P such that A = P'DP, with D = diag(\y, ..., \a) where A\1,..., g € R

are the eiegnvalues of A.
Corollary 1.0.3. Let A € Symy(R) be a symmetric matriz and let us denote by Apyas

its largest eigenvalue and by Ay, its smallest eigenvalue, then we have:

maxHXH:lxtAx = )\maw, T € ]Rd

minHX”:lXtAX = Amin, S R,

We deduce from this corollary that the largest eigenvalue of a symmetric matrix

is convex and the smallest eigenvalue is concave.
Lemma 1.0.4. Let A € Symy(R). The following properties hold true:
1. The eigenvalues of A are real.

2. FEigenvectors of A corresponding to different eigenvalues are two-by-two orthog-



onal.

Definition 1.0.5. The set of all eigenvalues of A € Symgy(R), denoted by Spec(A),
15 called the spectrum of A.

Definition 1.0.6. We consider A € My(R). The characteristic polynomial of A,
denoted by xa(x), is the polynomial defined by

xa(z) + Symg(R) xR — R
(A, x) = det(A — xly).

where 1y denotes the identity matriz of dimension d.

Definition 1.0.7 (Hyperbolic Polynomials). A monic polynomial

d
pz) = 29 + Z a;x?
i=1

with real coefficients is called a hyperbolic polynomial, if all of the roots of p(x) are

real.

Since the eigenvalues of symmetric matrices are real, the characteristic polynomial

of a real symmetric matrix is a hyperbolic polynomial.

1.1 Resultant and discriminant of polynomials

In this section, following Benedetti and Risler [5], we present the definitions and some

properties of the notions of the resultant and the discriminant of polynomials.

1.1.1 Resultant

Definition 1.1.1. Let P(z) = ap+ a1z + - - - + apa? and Q(x) = by +byx+ - - -+ byat?
be two polynomials of degrees p and q, respectively, with coefficients in an arbitrary
field F. Their resultant R(P,Q) = R,,(P,Q) is the element of F given by the
determinant of the (p+ q) x (p + q) Sylvester matriz Syl, ,(P,(Q)) given by

10



g ... Qg—1 ... Gp—1 Qp

bo ... ... b
bo ... ... b,

bo ... ... b,

Proposition 1.1.2. R, ,(P,Q) is a homogeneous polynomial with coefficients a;,b;

wn an arbitrary field F.
1. R,,(P,Q) is homogeneous of degree p in ay,...,a, and degree q in by, ..., b,.

2. If a; and b; are regarded as having degree i, then R, ,(P,Q) is homogeneous of
degree pq.

The main importance of the resultant lies in the following proposition, which often

is taken as definition.

Proposition 1.1.3. Let P(x) = ag+a1x+---+aya? and Q(x) = by +bix+- - -+ bya?
be two polynomials of degrees p and q, respectively, with coefficients in an arbitrary
field F'. Suppose that in some extension of F', P has p roots o, ..., and Q) has q
roots By, ...,B,. Then,

1L R(P,Q)=afbth[[(ci = 8;) (1<i<pl<j<yq)
2. R(P,Q) = af[i_, Q(ai) = (=1)P0 15, P(B))-

Proof. See for instance [5], page 29. ]

1.1.2 Discriminant

Definition 1.1.4. Let P(z) = ap + ayx + - - - + a,a? be a polynomial of degree p > 1
with coefficients in an arbitrary field F. Suppose P'(x) is the derivative of P. The

discriminant Ap is given by

0 if ap =0
Ap = : (1.1)
(L)R(P.P) ifa, #0

In general, it is often more convenient to use the following version.

11



Definition 1.1.5. Let P(z) = ap + a1z + - - - + a,a® be a polynomial of degree p > 1

with coefficients in an arbitrary field F. The discriminant of P is

AP = a;p_Q H (Oéi - Oéj)z,

1<i<j<d
where o, . .., o, are the roots of P in some extension of F.

Proposition 1.1.6. Let P be a polynomial of degree p > 1 with coefficients in a field
F. Then, Ap =0 if and only if P has a double root in some extension of F.

We denote by A4 the discriminant of the characteristic polynomial of A € Symg4(R).
The discriminant is a fundamental object and it appears in several areas of math-
ematics, from mathematical physics to real algebraic geometry, see for instance |4,
2].

Corollary 1.1.7. Let A € Symy(R). Then, the discriminant of the characteristic
polynomial of A is

Aa= T Ou4) = n(4)7,

1<i<j<d

where A\ (A), ..., A\a(A) are the eigenvalues of A.

Proposition 1.1.8. Let A € Symy(R). Then A4 is a non-negative homogeneous
polynomial of degree d(d —1).

Proof. See [5], page 27. ]

1.2 Rellich’s theorem

Theorem 1.2.1 (Rellich). Let p(z,t) = 2% + 320 a;(t)z%~" be a monic hyperbolic
polynomial; where a;(t) are real analytic functions on an open set I C R. Then, there
are analytic functions f; : I — R , 1 =1,...,d such that P(x,t) = H?Zl(x — fi(t)). In

other words, we can choose analytically the roots of P.

Proof. Due to [29]. A proof can be found in [18] by Kurdyka and Paunescu. In this
paper, they gave a short proof of the Rellich Theorem by using the classical theorem

of Newton-Puiseux which we will mention in the following theorem. ]

Theorem 1.2.2 (Newton-Puiseux ). Let p(x,t) = 2% + 320 a;(t)z%" be a monic

polynomial such that a; are real analytic functions in a neighborhood of 0 € R. Then

12



there are holomorphic functions h; , 1 =1,...,d and r € Z such that

1

P(a,t) = [Tiy (x = hi(t+))
for t > 0 close enough to 0 and for any © € C. We call fi(t) = hy(t+) a Newton-

Puiseux root of P.

Proof. A proof can be found in [21]. O

Proposition 1.2.3. Let A(t) € Symy(R), t € R be an analytic family. Then, the
eigenvalues of A(t) are analytic functions on t. Moreover, eigenvectors of A(t) can

be chosen as analytic functions on t.
Proof. See for instance [17] page 121. O

Here, we give an extension of the Rellich Theorem to higher dimensions.

Proposition 1.2.4. Let Py y(\) = M+ 320 a;(t, 2)A, (t,x) € U C R x R¥1 be
an analytic family of hyperbolic polynomials. Suppose that:

1. P,y has a root of order £ and d — £ simple roots;
2. Pog) has an analytic root Xo(x) of multiplicity (;

8. Py oy has € analytic roots A\i(t), ..., Ae(t) with A1 (0) = --- = A(0) = Ao(0) and
N(0) # X,(0) for i # .

Then, there exists a neighborhood V of (0,0) and analytic functions Ay,..., g on V.
such that Py (Ai(t,x)) =0, Ai(t,0) = Ai(t) and Xi(0,2) = Ao(x).

Proof. Up to replace Py ;)(A) by Pug)(A+ Ao(x)), we suppose that A\g(z) = 0. The
d — ¢ simple roots of Py admit analytic continuations z;(¢,z), i = £ +1,...,d
for (t,x) small. Set Sy .y (\) = [T, (A — zi(t,2)) and note that S, () divides
P z)(A). Let

Q) (N) = N+ ai(t, x))\é’l + ot apq(t )N+ a(t, x)

be the quotient of P 4)(A) by Sz ().

For a fixed x € R¥ 1, Q(t,2)(A) is an analytic one-parameter homogeneous polyno-
mial which admits ¢ analytic roots. Since Qo) (A) = XY, these roots vanish at ¢ = 0.
Then, Vieta’s formulas show that for all i = 1,...,¢, a;(t,z) is divisible by ¢".

13



Now, for x = 0, write a;(¢,0) = b;it" + o(t") and \;(t) = m;t + o(t). From
Q,0)(Ai(t)) = 0, one gets

th(my A+ bimlt + beml T2 4 bpymy + by) + o(t) = 0.
Hence, for each i = 1,...,¢, R(m;) = 0 where
RX)=X"4+0 X" 4o 4 by 1 X 4 by

Furthermore, for all 4, j € {1,...,¢}, i # j, we have m;(z) # m;(x). So, the polyno-
mial R(X) has ¢ simple roots. In particular, R'(m;) # 0. For given i € {1,..., d},
set

Wi (1) = P(t,z)((’rz‘zi + Mz’)t)'
Notice that, since a;(t, z) is divisible by ¢/, so Py 4 ((m;+p;)t) is divisible by ¢‘. Thus,
Wit.2)(1s) is analytic in terms of (¢, ).

We will apply the Implicit Function Theorem to express analytically a root j;(t, )
of Witz (i) that vanish at (0,0). Indeed, this gives the desired extension of A;(t), by
setting A;(t,z) = m;t + u;(t, x)t. For this, notice that

o (mit) Qo) (mit )}
Q(t 0) (mzt)} |

But Q(;,0)(mst) is divisible by ¢,

0Q(1,0)
o\

(mit) = t“ R (m;) 4+ o(t*1),
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and S(0)(0) # 0. Thus,

OW(1,0)(0)

alu |t:0 = S((),O) (O)R’(mz) 7é O

To conclude, the Implicit Function Theorem applies to Wi . (1):

There exists a neighborhood of (0,0) and an analytic function f;(t, ) such that
1i(0,0) = 0 and Wiy ) (ps(t, #)) = 0. This means that \;(¢,z) = m;t + p;(t, z)t is an
analytic root of Py ,)()\) that satisfies A;(0,2) = 0 and 2%(0,0) = m;. Notice that
since the slopes of \;(t), i = 1,... ¢ are different at ¢t = 0, P ) has a unique analytic

root with the slope m; at t = 0. [
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Chapter 2

Monodromy of eigenelements of a

linear family of Sym,(R)

Given A(t), an analytic family of real symmetric matrices

A U — Symy(R)
t o= A1),

where U is an open subset of R*, we study the behavior of the eigenvalues of A(t)
above the loops which turn around singular points of A(¢). Along a curve, a theorem
of Rellich states that the eigenvalues extend in a unique way. But, the image of an
eigenvalue by its extension along a loop can turn out to be different from the eigenvalue
from which we started: therefore, the first homotopy group of the complement of the
singular points acts by permutation on the spectrum of the family. This action is
called monodromy of the family. In this chapter, we introduce various definitions of

monodromies associated with analytic and linear families of real symmetric matrices.

In the first section, we introduce a set that we call super-singular set which
we denote by S4. A point t € R¥ is a super-singular point if there is no analytic

continuation of the eigenvalues around this point.

In the second section, we construct the analytic continuation of the eigenvalues
along continuous curves. In order to deal with paths that contain curves in ¥ (the set
of symmetric matrices with multiple eigenvalues), the values of the analytic continu-
ation that we consider are in the set of germs of analytic functions. We show that if

a continuous path 7 in the space of parameters does not meet S, then there exists a
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unique analytic continuation of the germs of the eigenvalues along . We also show
that the end-point of the analytic continuation of a germ of an eigenvalue along 7,
only depends on the homotomy class of v € R¥\S4. As a corollary, the eigenvalues

are analytic over any open simply-connected subset of R* that does not intersect S.

In the third section, we define the monodromy of the eigenvalues along a loop ~,
based at p, that does not meet the super-singular set. As a corollary of Section 2, we

see that the monodromy a long 7 only depends on the homotomy class of v in R*¥\ 5.

In the fourth section, we introduce another type of monodromy associated to k-
linear families A : R¥ — Symgy(R), t = t; Ay + -+ + 1, A, with Ay, ... Ay € Symq(R).
Indeed, we see in Example 2.5.11 that the lack of the monodromy is not sufficient
to have eigenvalues as analytic functions while the existence of non-trivial antipo-
dal monodromy is the only obstruction for having eigenvalues as analytic functions,
Theorem 4.3.1.

In section 5, we prove that the monodromy of a 2-linear family is a square. Indeed,
we show that it is the square of the antipodal monodromy. Then, for a given permu-
tation o, we construct a family ¢;A; + t3As such that the antipodal monodromy of
t1 Ay + t2 Ay and o have the same cycle structure. These results may be summarized
in Theorem 2.5.1.

Finally, in the last section, we give some general properties of the eigenvalues of a

one-parameter affine family that we use later.

2.1 Super-singular set
Definition 2.1.1. Let A(t) € Symgy(R), t € R* be an analytic family. A point
to € R* is called a singular point of A(t), if A(ty) € .

Definition 2.1.2. A point to € R* is called a quasi-regular point of an analytic
family A(t) € Symg(R), if there exists an open neighborhood V' of ty and analytic
functions A1, ..., \g : V — R such that

Xaw(r) = H(f —Ai(t))

foranyt €V and x € R.

Remark 2.1.3. From isolated zero principle, if ¢, is a quasi-regular point, the (an-
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alytic) maps \; are uniquely determined up to reindexing. In particular, the germs

[Ai]i, of the maps \; at ¢y are chosen in a finite set.

Definition 2.1.4. A point t, € R* is called a super-singular point of an analytic
family A(t) € Symq(R) if to is not a quasi-regular point. The set of super-singular
points of A(t) is denoted by Sa

Sy = {ty € R* | ty is a super-singular point of A}.

Remark 2.1.5. The set S4 is a closed subset of R, since the set of quasi-regular

points is open.

Definition 2.1.6. A point t, € R is called a quasi-ordinary point of an analytic
family A(t) € Symgq(R) if Aa(t) is a normal crossing at t.

Theorem 2.1.7. Let P(t,x) = :Bd—l—Zf:l a;(t)x?=" be a monic hyperbolic polynomial;
where a;(t) are real analytic functions on an open set @ C R*. If ty € Q is a quasi-

ordinary point, then it is a quasi-reqular point.
Proof. A proof is given in [18]. O

In the following example, we show that the converse of Theorem 2.1.7, is not true.

Example 2.1.8. Consider the linear 2-family A(ty,t3) € Syms(R) that is given as

follows.
t1 0 0
A(tl, tz) - 0 tl + tg 0
0 0 to

The eigenvalues of A(ty,19), A\; = t1, Ay = {1 + to A3 = to, are analytic functions on

R2. However, the discriminant of A(t,,)
Au(t) = tit5(t — ta)?

is not a normal crossing at the origin.

Proposition 2.1.9. There exists a semi-analytic closed subset X C R¥ of codimen-
sion at least 2 such that S, C X.

Proof. See [18]. O
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2.2 Analytic continuation of eigenvalues

Let 2 be an open subset of R¥ and

E’Q:{<t7f>7 teQa feot}7

where O, stands for the ring of germs of analytic functions at ¢ € Q C R*.

Definition 2.2.1. Consider a continuous path v : [0,1] — Q. We say that T is
an analytic continuation (prolongation) of the germ [\, o) along v if (v,T) :
[0,1] — Eq satisfies that for each x € [0,1], there are ¢ > 0, a neighborhood V,, C 2
of v(z) and an analytic function f : V, — R such that v([x — e,x + €]) C V, and
Vo' e lx —e, v+, T(2) = [flya)-

Proposition 2.2.2. Let v : [0,1] — R¥\S4 be a continuous path. Then, there ex-
ists a unique analytic continuation I' of the analytic germs [Ai]y o), .-, [Naly0) of the

eigenvalues of an analytic family A(t) along .

Proof. Fix to in RF\S4. Since ty is a quasi-regular point, an analytic choice );,
t = 1,...,d can be made on an open neighborhood V of t;. Choose an index i.
Denote by A the corresponding analytic eigenvalue on V' and set [A];, for the germ
of A at to. We prove that we can extend analytically [A];, along a (continuous) path
v :[0,1] = R*\ Sy, with v(0) = to. For this, we define

E ={z€[0,1]; 3r: [0, 2] — R*\S,4, analytic continuation of [A];, along 0.}

and we set T = sup F. Then x,,,, > 0, since there is an a > 0 such that ([0, a]) C
V and for x € [0,al], I'(x) = [A]4(») is an analytic continuation of [y, along 7 .-
Moreover, since ¥(Zmqas) ¢ Sa, there exists a neighborhood W of 4(x,4.) over which
the eigenvalues of A(t) are analytic functions p, ..., ftg. Suppose Ty.. 7 1, and set
e >0 and y = Zya, — € such that y([y, mez +€]) C W. Since y € E, the germ [\,
has an analytic continuation I' along v, and since the germs of the eigenvalues
are chosen in a finite set, there is a j such that I'(y) = [uj]y). Extending I' to
[Y, Taw + €] by setting I'(z) = [p;]4) for @ € [y, Tpae + €] constructs an analytic
continuation of [A];, along Y|[0,2mas+¢]» Which contradicts that x,,4, is the supremum of
E. S0 X4 = 1, and the preceding construction (but on [1 — ¢, 1]) shows that 1 € E,
which was to be proven.

We now prove the uniqueness of the analytic continuation [A];, along 7. Suppose
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that I'y, 'y are analytic continuations of [A];, along 7. We show that for all ¢ € [0, 1],
T={te[0,1] | Ty(t) =Ts(t)}.

Then, T is closed in [0, 1] and it is non-empty since 0 € 7. We show that 7" is open
in [0,1]. Take ¢t € T, then I';(¢) = I's(¢). By the definition of analytic continuation,
for i = 1,2, there is ¢; > 0, open connected subsets V; of (), analytic functions
a; : Vi = R such that y([t —e;,t +¢]) CV; and for all ¢’ € [t —g;,t +¢], Ti(t) =
[@i]y@y- Since I'y(t) = [y(t), then [oy],@) = [a2)y) and so a; = ap on Vi N Vs, Let
£ :=min(ey, eq), then I'1 (') = To(t'), for all ' € [t —e,t+¢]. By connectivity of [0, 1],
we get 7' = [0, 1] which finishes the proof. O

Proposition 2.2.3. Let I' be an analytic continuation of [N, along ~v : [0,1] —
R¥\S4, ¥(0) = to,v(1) = t. Then, T'(1) only depends on the homotopy class (with
fized extremities) of v in R¥\Sy.

Proof. Let F :[0,1]> — R*\S4 be an homotopy with v = F(0, -). For each y € [0, 1],
[A]s, has an analytic continuation I'(y,-) along F'(y,-). It is sufficient to prove that
y — I'(y,1) is locally constant. Fix yo € [0,1]. The path F(yo,|[0,1]) is compact,
and covered by open neighborhood Vi, ») of F(yo, ) where I'(yo,2") is the germ at
x' of some analytic eigenvalue A, on Vi, .. We extract from it a finite covering
Vi, j = 1...,k and choose a sequence 0 = a9 < a; < --- < a; = 1 such that
F(yo,aj—1,a;]) C V; and Vo € [a;_1,a;],T'(y0,2) = [A]pyow)- For y sufficiently
close to yo, the inclusion F(y, [a;_1,a;]) C V; remains, and the map I'(y,-) given by
I(y,z) = (N F@ye) for @ € [aj_1,a;] defines an analytic continuation of [A;];, along
F(y,-). Unicity of analytic continuation shows that f(y, ) = I'(y,-). In particular,
[(y,1) = T(y,1) = (Aely) = T(yo,1). So I'(+,1) is locally constant, as announced,

then it is constant. ]

Definition 2.2.4. Let ty € Q, where Q0 is an open subset of R*\S,. We call \(t)
the end-point of the analytic continuation I of [Ny, along v : [0,1] — Q, v(0) =
to,v7(1) =t. The end-point A(t) is defined by A(t) := T'(1)(¢).

Corollary 2.2.5. Let Q C R¥ be open, simply-connected such that QNS4 = 0. Then,

there are analytic functions \; : Q@ — R, i =1,...,d such that
d
xaw(@) = [ J(= = X)),
i=1
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foranyt e Q, z e R.

Proof. Given ty € €). Since t; is a quasi-regular point, there exists an open neigh-
borhood V' of t;, and analytic functions Ay,... g : V. — R. Moreover, for any t € 2,
t # to, there exists a path v : [0,1] — Q, v(0) = to, v(1) = ¢. Since ) is path-
connected, the path v that joins ¢ and ¢ exists. We now fix an index ¢ € {1,...d} and
we call A the associated eigenvalue. Let A(¢) := I'(1)(¢). Since I'(1)(¢) is homotopy-
invariant and (2 is simply-connected, A(¢) is a well-defined function. By construction,
A is analytic (it locally coincides with analytic functions). Therefore, any analytic
germ at ty of an eigenvalue of A(t) can be extended analytically on €. The equality
Xa@(T) = H;j:l(:c — Ai(t)) is an equality between analytic functions, that holds in a
neighborhood of {#o} x R; from isolated zero principle, the equality holds everywhere
on the connected set €2 x R. O

2.3 Monodromy around super-singular set

Definition 2.3.1. Let A(t) € Symgy(R) be an analytic family. Let to € RF\S,. The
germ spectrum of the eigenvalues of A(t) at to, denoted by Spec([Als,), is defined
to be

Spec([A]to) = {[)‘l]tov R [)‘d]to}a

where Ai(t),..., \a(t) are analytic functions in Spec(A(t)) in a neighborhood of to.

Definition 2.3.2. Let A(t) € Symq(R), t € R* be an analytic family. Let vy :
[0,1] — R¥\Sy4, v(0) = (1) = to be a continuous loop in the space of parameters.

The permutation
o, Spec([A],) — Spec([Aly,)
P‘i]to — Fz(l)

)

where T'; is the analytic continuation of the germ [Ny, along vy, is called the mon-

odromy of Spec([Als,) along 7.

Definition 2.3.3. Let A(t) € Symgy(R), t € R be an analytic family. Let~y : [0,1] —
R¥\S4, 7(0) = v(1) = to be a continuous loop in the space of parameters, and suppose
A(to) ¢ X. Then, the permutation

o, : Spec(A(to)) — Spec([A],) — Spec([Als,) —  Spec(A(to))
A = P‘]to = [M]toza_v([)‘]to) = [M]to(to)

?

22



where o ([N]y,) is the analytic continuation of the germ [y, along v, with [p]y, (to) =
i, is called the monodromy of Spec(A(ty)) along .

Corollary 2.3.4. From Proposition 2.2.3, the monodromies &, and o, of A(t) €
Syma(R) along v : [0,1] = R*\Sa, v(0) = y(1) =ty (with A(ty) ¢ X for o) only
depend on the homotopy class of v in RF\Sy.

It is natural to ask about the dependence of the monodromies on the base point
to of 7 (R¥\S4,to). For this, let ¢, # to € R*¥\S4, and denote by

S m(RMN\Sa,to) — S(Spec([Aly,))

v > o

Y

& mENS 1) - S(Spec((Al,)

¥ — oy

Then, by Proposition 2.1.9, R¥\S, is path connected, so there exists § : [0,1] —
R¥\ S, 6(0) = t,(0) = t;. The analytic prolongation of the germs of the eigenvalues
at to along J defines a bijection ¢ from Spec([A]s,) to Spec([A],). We get

&' og=go&",
and the following diagram commute.

Spec([Ali,) —=%+ Spec([Als,)

J+ I+

Spee([Aly) ~ Spec([Aly,)
By the following lemma, the cycle structure of &' is the same as the cycle structure
of Glo.

For any permutation o € &,,, we can write o as the product of disjoint cycles.
Suppose that in the cycle decomposition of «, there are cycles of length ki, ko, ... ky,
where ky > ko > -+ > kp. We call (ky, ko, ..., k) the cycle type of a.

Let a, 8 € &, if there exists 7 € &,, such that 8 = 7a7™!, we say that a and /8

are conjugate in G,,.

Lemma 2.3.5. Let 0,p € G,, be two permutations. Then, p and o are conjugate if

and only if they have the same cycle type.
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Proof. Suppose that o has the cycle type (ki,kq,...,ks), so o can be written as
0 = cicy ... ¢, where each ¢; is a cycle of length k;. Let 7 € &,, such that p = 70771,

then we have

ror t=T1c. et = (et D (Tear™Y) L (T Y. (2.1)

lis also a cycle of length

Since for each © = 1,...,/, ¢; is a cycle of length k;, 7¢c,7~
k;. Moreover, since for all ¢ # j, ¢; and ¢; are distinct and 7 € &,, is a bijection, it
follows that 7¢;7! and 7¢;77! are also distinct. Thus, 707! is a product of disjoint

1

cycles 7¢;7! of length k;. Therefore, any conjugate of o, p = 70771, has the same

cycle type of o.

Now, suppose that o and p have the cycle type (ki, ko, ..., k¢), we show that o
and p are conjugate. Suppose that ¢ = a;...ap and p = B1...05, be the cycle
decomposition of ¢ and p into the product of the disjoint cycles a; and [; of length
k;. For each i, let us write o; = (a;,a, . . . aiki) and f5; = (by,bi, - . . bzk) and we define

the permutation 7 € &,, by 7(a;;) =b;;, i =1,...,¢, j=1,... k. Then
-1 -1 -1 -1 -1
TOGT = Ty Qg - @iy, T =TT T T T, T = by by, . by,

From this, we have

rar™t = (raum ) (ran™ ) . (e = BiBa. . Be = p.

Hence, any two elements of G,, with the same cycle type are conjugate. [

Definition 2.3.6. Let v : [0,1] — R*\S4, v(0) = (1) = t, with A(ty) ¢ ..

Consider the bijection

D Spec(A(ty)) — E(A(to))
i — B,

(3

)

where E(A(ty)) = UL, Ey, and E,, is the one-dimensional eigenspace associated to
Ai. The permutation Og,, = Doo,o D=1 is called the monodromy of eigenspace
of A(to) along 7.

Remark 2.3.7. If ['; is the analytic prolongation of the eigenvalue \; along a con-
tinuous loop 7 : [0,1] — R*\S4, v(0) = (1) = to with A(¢y) ¢ >.. Then Do T} is
the analytic prolongation of D o \; along ~.
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2.4 Antipodal monodromy

The absence of monodromy around super-singular set is not sufficient to have analytic

eigenvalues. Thus, we introduce another type of monodromy.

In this section, we consider a linear application A : R¥ — Symg4(R) such that for
any t = (t1,...,t;) € R,

where Ay, ..., Ay € Symy(R). We call it shortly by a k-linear family.

Definition 2.4.1 (Half-turn path). Take t, € R¥\{0}, and choose u € R¥\{0} such
that uw L tg and ||u|| = ||to]|. The half-turn path from tq in the direction u is the
path 7y : [0,1] — R*\{0} given by

v(s) = cos(ms)ty + sin(ms)u.

If the half-turn from ¢y in the direction u avoids S,, the analytic prolongation
of the germs of the eigenvalues at ¢, defines a bijection 7,y from Spec([A]s,) to
Spec([—A]y,). While 0 might be super-singular, we also can define a continuation
of the eigenvalues of A(—ty) along the segment [—t¢,%y]. Indeed, since the family is
linear, A(kty) = kA(to) for any k, so if A € Spec(A(to)), [—to,to] > kto — kA is
the unique analytic prolongation of the eigenvalue —\ € Spec(A(—ty)) over [—to, to].
(Note that if A(tg) ¢ X, [—to, to] being an analytic arc, the existence of an analytic
prolongation of a given eigenvalue along [—t, to] exists by Rellich’s Theorem 1.2.1;
here, the linearity of the family makes this prolongation simple). We define the
antipodal monodromy of the germs from ¢, in the direction u as the composition

of the analytic prolongation along the half-turn path with this prolongation along
[—to, to]-

Definition 2.4.2 (Antipodal monodromy of the germs). Let t, € R¥\{0}, u L t,,
\lu|| = ||to]]- If the half-turn path from tq in the direction u avoids Sya, we define the
antipodal monodromy from ty in the direction u to be the permutation T(,to ) of

Spec([Aly,) given by

%: Spec([Al,) —  Spec([As,)
P‘]to = _T(toﬂ)([)‘]to)

where T, 4y @5 the analytic prolongation of the germs along the half-turn path from tg
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in the direction u.

Definition 2.4.3 (Antipodal monodromy of the eigenvalues). Let t, € R*\{0}, u L
to, |lu|l = |ltoll- If the half-turn from ty in the direction u avoids Sa and A(ty) ¢ %,
we define the antipodal monodromy of the eigenvalues from ty in the direction

u to be the permutation T{to’u) of Spec(A(ty)) given by

Thom) Spec(A(ty)) — Spec([Al,) — Spec([—Aly,) —  Spec(A(ty))
A = DM e e =Teew (M) = =il (t)

Y

where Ty, 4y @8 the analytic prolongation of the germs along the half~turn path from tg

in the direction of u with [u]s, (to) = .

Consider an analytic family A(t), t € R*. Let t, € R* such that the eigenvalues of
A(to) and A(—tg) are all simple. We define the antipodal monodromy from ¢, in the
direction u, u L tg and ||u|| = ||to|| as the composition of the analytic prolongation of
the eigenvalues of A(ty) along the half-turn path from ¢, in the direction u with the
analytic prolongation of the eigenvalues of A(—ty) along [—t,to]. If there exists the
antipodal monodromy, then the eigenvalues of A(t) are not analytic functions. But,
we will see in an example that the antipodal mondromy of an affine family depends
on the base point t5. So, the antipodal monodromy of an analytic family is less

interesting than the antipodal monodromy of a k-linear family.

2.5 Combinatorics of monodromies

In this section, we study on monodromy around a super-singular set, antipodal mon-
odromy and the relation between them for a 2-linear family A(t), and we will prove
Theorem 2.5.1.

We say that a permutation 0 € G, is a square if there exists a permutation p € S,

such that o = p?.

Theorem 2.5.1. A permutation o € &y is a square if and only if there are Ay, As €
Symq(R) such that o is the monodromy of the eigenvalues of the matriz A(t) =
t1 A1 + t2 Ay along a loop ~ : [0,1] — R\ (0,0), v(0) = v(1) =ty with A(ty) ¢ %.

The proof of Theorem 2.5.1 is divided into two steps. First, we show that the
monodromy of a 2-linear family is a square, Proposition 2.5.3. Then, in Proposition

2.5.10, for a given permutation p € &, we construct two symmetric matrices A;
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and A, such that o(A(ty,t3)) = p?, where o is the monodromy of the eigenvalues
of A(ty,ts) = t1 A1 + taAs. The following lemma shows that the cycle type of a

permutation determines whether a given permutation is a square.

Lemma 2.5.2. A permutation o € Sy is a square if and only if its unique decom-
position into the product of distinct cycles contains an even number of cycles of even

length.

Proof. Let 0 = C}...C},...C{...C} be the decomposition of ¢ into distinct cycles
Cj’?C of length k where 2 <k <[, 1 <j <ix. We suppose that the decomposition
of o contains an even number of cycles of length even and we prove that o has a
square root. For j =0,...,%, if C§ ., = (a1...a;) and C§,, = (by...by) be two
cycles of even length k in the decomposition of o, then C§; ,C5; , = (C‘j%)2 with
CN'j% = (a1by ... agby). For any odd nU{nber S {?, ..., }and forall j € {1,...,4,},

if C¥ = (dyds . .. dy), then C¥ = (C;")2 with ;" = (didy...dds...dy_y). Finally,

[ ik
k' k
o= I < 1] ¢ (2.2)
k' odd,j=1 k even,j=1
; ik
igy W 5 ke,
= II < I @) (2.3)
k' odd,j=1 k even,j=0
i ik
2 KT 5 ko 2
k' odd,j=1 k even,j=0

Now assume that o = p? and let p = d;...dyc;...c; be the decomposition of p into odd
cycles d; of length k], i € {1,...,I'} and even cycles ¢; of length k;, j € {1,...,1}.
Then

pz _ d%d%...dl%c%mc? — (d’ld/Q...dg/)(€1f1...€lfl) =0,

where for i € {1,...,I'} and j € {1,...,1}, d; = d? is an odd cycle of length k] and if
¢; = (ar1byagby . .. apby), then e; = (ay...ay), fj = (by...b;) are even cycles of length
%’ Therefore, the cycles of even length in ¢ come in pairs. Thus, in the decomposition

of ¢ into distinct cycles, the number of cycles of even length is even. ]
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2.5.1 The monodromy of a 2-linear family is a square

The following proposition proves that the monodromy of a 2-linear family is a square,

which finishes one part of the proof of Theorem 2.5.1.
Proposition 2.5.3. Let A(t) € Symg(R) be a 2-linear family, t, € R*\{0} and

u L to, |[ul| = |[to]| with A(te) ¢ X. Let v : [0,1] — R*\{0} be the loop given by
v(s) = cos(2ms)(to) + sin(27ws)(u). Then, the monodromy along vy is

Oy = (T(/to,u))27

where T(/to ) s the antipodal monodromy from ty in the direction of .

The main idea of the proof is to decompose ~ as the combination of two loops along
which the monodromy coincide. Namely, ~ is the concatenation of the half-turn path
from t; in the direction of u followed by the straight path from —t to ¢y, and of the
straight path from ty to —t, followed by the half-turn path from —ty in the direction

of —u.

Proof. Let ¢ : [0,1] — R*\(0,0) be the half-turn path from ¢, in the direction u and
n = —9.

(o)

Figure 2.1: Monodromy along the unit circle centered at the origin

We define
As ¢ [0,1] x Spec(A(to)) —  Spec(A(6(1)))

(tv )‘) = A5(t)(/\>

Y

where As)(A) is the value at 6(t) of the analytic continuation of A along d, and
similarly, we let A, () be the value at n(t) of the analytic continuation of A €
Spec(A(—tp)) along n, so that o, (X) = A,y (Asay(N)).

For a given A\ € Spec(A(ty)), remark that ¢ — —As) () is analytic in terms of
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t € [0,1] and belongs to —Spec(A(4(t)). But, since A is linear,
—Spec(A(3(1)) = Spec(A(—6(t)) = Spec(A(n(t)).

By uniqueness of analytic continuation, we then get that A, (=) = —Asr)(A). In
particular, for any A € Spec(A(ty)),

oy (A) = Ayy(Asy ()
= —Asq)(=Asay(N))

= T(/to,u) ° T(,t(),u)()\)7

where 7(; (A) = —As(1)(A) is the antipodal monodromy from o in the direction of
U. []

In Proposition 2.5.3, we proved that the monodromy along the loop v which turns
one time around the origin is a square. Since the fundamental group of R?\(0,0) is
isomorphic to the integers, with the path + acting as a generator, the proposition is
true for any homotopy class of a loop 7 in R?\(0,0) which turns % times around the

origin.

Corollary 2.5.4. (Corollary of Proposition 2.5.3) If o is the monodromy of the eigen-
values of a 2-linear family A(t) along a loop v : [0,1] — R*\(0,0), v(0) = ~(1) = tg
with A(to) ¢ X, then o is a square.

2.5.2 Construction of a linear family with prescribed mon-
odromy
We will construct the two matrices of Theorem 2.5.1 by blocks that are related to

the cycle decomposition of a square root of 0. These matrices are build from the

following two matrices:

1 0 0 1
0 2

A= 0
0 0 (d—1) 1
1 1 0
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and Ay = diag(0,...,0,1). We first study the monodromy of the family A(ty,t;) =
t1 Ay + ta Ay, For this, we blow-up the origin in the space of parameters. Namely, we
let 7o : (u,v) — (u,uv) and m : (u,v) = (uv,v) be the expressions of the blow-up 7
of (0,0) € R? in the two classical system of coordinates. The pull-back of A by 7 is

given in coordinates by

Aomg=uA; +uwvAs = u(A; +vAy) = uB(v),
Aom = uvA; +vAy = v(ud; + As) = vB'(u).

Hence, for t; # 0 we get Spec(A(ti,t2)) = tlSpec(B(i—f)) and for ty # 0, we get
Spec(A(ty,ta)) = thpec(B’(i—;)).

The study of the eigenvalues of A o 7 is made in the following lemmas. We set

ag = —o00, a =k fork=1,...,d—1, and ay = +00.

Lemma 2.5.5. For any v € R, the matriz B(v) = A;+vAy admits d distinct analytic
eigenvalues A\ (v), ..., A\g(v) such that for each k € {1,...,d}, M\e(v) € (ak—1,ax). In
particular, Ay ¢ X.

Proof. Note that the super-singular set of the one-parameter family B(v) is empty. So,
all the points are quasi-regular and all the eigenvalues of B(v) are analytic functions.
We show that for each v € R, xpw (k) = (=1)*(k — 1)!(d — k — 1)! for a fixed
ke{l,...,d—1}. From xpw)(r) = det(A, + vAy; — xly), we get

0 2—k
~1
XBw(k) =] 0
1
: S 0 :
0 P | R i [ S |
1 v—k

Expanding this determinant with respect to the k-th row gives
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1—k 0 0 0
0 2—k
: -1 0
Xp() (k) = (1)) o001
2
0
0 0 0 d—1—-k
1
Now expanding with respect to the k-th column, we get
X8 (k) = (1) x (=) F 1 (d -1 - k)! x (=) (k- 1)! (2.5)
= (=1)*d—-1—-Fk)!(k—1)! (2.6)

Therefore, for all k € {1,...,d — 1}, xp(k) is a non-zero constant, and for k < d — 1,
xB(k)xs(k + 1) < 0. In particular, by the Mean Value Theorem, xp(, admits
a root in the interval (k,k + 1), for k = 1,...,d — 2. Moreover, as © — =400,
X)) ~amo (— 1) while xp(d — 1) = (—1)}(d — 2)! and xp(1) = —(d — 2)L,
so in a similar way, xp(,) admits a root in (—oo,1) and another one in (d — 1, 400).
Then, for any v, xp(v) has d distinct eigenvalues A;(v),..., Ag(v) such that for each
ke{l,...,d}, \e(v) € (ax—1,ax) with a = k it k # d, a9 = —o0 and ag = +oo. [

Lemma 2.5.6. For any v € R, B(v) = Ay + vAs has analytic eigenvalues A\ (v) <
<o < A\g(v) such that for each k =1,...,d,

lim Ag(v) = ar_1 and lim Ag(v) = ay.
V——00 V—+00

Proof. By Lemma 2.5.5, for any v € R, B(v) has d distinct analytic eigenvalues
A1(v), ..., Ag(v). Without loss of generality, we can suppose that A;(v) < -+ < A\g(v).

Let us first show that for any fixed parameter x,

deg(v = xp(()) < L (2.7
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l—2z 0 0 1
0 2—ux

Xpw (@) =| e 0
0 0 d—1—=x 1
1 1 v—x

1—=x 0 0
0 2—x . :

XBw)(z) =@ —2)| , _ . +R,
0 0 d—-1—-=

where R does not depend on v. Hence,
XBw) () =1—-2)2—2)...(d=1—-2)v+ g(2) (2.8)

where g(x) is a polynomial of degree d in terms of « which does not depend on wv.

Now, we claim that for all £ € {1,...,d}, A\ is strictly monotone. Indeed, if there
are vy, v2 € R such that A\g(vi) = Ae(v2) = o, then xp,) (@) = XB,) () = 0. Notice
that o ¢ {1,...,d — 1} (because if &« € {1,...,d — 1}, (2.6) shows that xp@)(a) # 0
for all v), so (2.8) gives v; = v,. Since Ay is injective and continuous, A, is strictly

monotone.

Our next claim is that A, (0) > 0. Since xp()(z) has d distinct roots, for any
ie{l,...,d—1},

8XB(O) aXB(O)
P20, 5 0)) XED (3, (0)) < 0.
Moreover, X p(0)(Z) ~a——oo (—1)%2?, s0 limg_, o XB(0)(®) = +00, then %()\1(0)) <
0, and finally,
X B(0) e
sgn (Ar) = sgn (—1)~. (2.9)
ox
OXB(0) - .
Now, we fix z € R. By (2.8), we get 5 () = H(z — x). Since, from Lemma
v
i=1

(2.5.5), A\i(0) € (ag_1,ax),

n (aXaJZ(O) ()\k(O))> = sgn <H(z — )\k(o))) = sgn (—1)F . (2.10)

i=1
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On the other hand, x p(,)(Ax(v)) = 0. Thus,

X B(v) OXB(v) 1) —
8—x()\k<v)) + T(Ak(v»)‘k(v) =0. (2.11)

Replacing v by 0 in (2.11) gives

9XB(0
)\;C(O) _ _T()()‘k(o))

De0 (3,(0))

(2.12)

Then by (2.9) and (2.10), we get
sgn (\(0)) = sgn ((=1)"1 x (=1)7) = sgn (=1)* = +

Finally, A\, is monotone and has positive derivative at 0, so A is strictly increasing.

Now, from (2.8), for given = € (ap—1,ax), Xpw) () has degree exactly one in v, then
has a root. So x belongs to the image of an eigenvalue. But only A\; has values in

(ax—1,ax), so x is in the image of \g. In other terms, )y is surjective onto (ax_1,ax).
Finally, \; is an increasing bijection from R to (a_1, ax), so lim,_,_ o A\x(v) = ax_1
and lim, o A\x(v) = ay. ]
Lemma 2.5.7. Let B'(u) = uA; + Ay, u € R. Then, d—1 analytic eigenvalues of B,
[y -y fa—1 vanish at w =0 and their slopes py(0), ..., 1, 1(0) are 1,2,...,d — 1.

We prove the lemma by relating the slopes of the eigenvalues of the matrix B’
that vanish at u = 0, with the finite limits of the eigenvalues of B(v) = A; +vA, at

v = +00.

Proof. Let p;, i = 1,...,d be the analytic eigenvalues of B’, and denote by \; <
-+ < Ag the analytic eigenvalues of B, with B(v) = A; + vA; (see Lemma (2.5.5)).
Notice that

B/(U) = ’U,Al + A2

1 1
—u (A1+—A2> —uB (_) |
u u

So for u # 0, each eigenvalue p; is obtained as u;(u) = ulg (%), for some k. Since

A1 < -+ < Ag, up to reindexing, we get for u > 0, pur(u) = ulg (%) Now for

33



. . 1
uligl"' Mk(u> N uli>r(r)l+ uAk (E) n O’
since lim,_,o+ A\ (%) = lim,_, 10 A\x(v) = k, by Lemma 2.5.6.
Moreover, for k=1,...,d — 1,

2 (0) = Tim 2 g (1) = I.

u—0t U u—0t U

]

Proposition 2.5.8. Let A(t1,ts) = t1 Ay + taAs, (t1,t2) € R?. Then, the antipodal
monodromy 7' from ty = (1,0) in the direction v = (0,1) is the permutation of the

ordered set Spec(A(1,0)) defined by

, 12 ...d=1d
T = :
23 ... d 1

Proof. Set A(0) = cos(0)A; + sin(f) As. Notice that A(0) = Ay, A; ¢ ¥ and denote
by A1, ..., Aq¢: [0, 7] — R the analytic eigenvalues of A(f) with A\;(0) < --- < X\g(0).

Let us show that A\g(m) = —A1(0). Since Spec(A(5)) = {0,1}, Xa(3) € {0,1}. We
claim that A\4(}) = 1. Otherwise, Ag(5) = 0, and there exists k € {1,...,d — 1} such
that A\y(5) = +15s0 Aa(5) < Ae(5) while Ag(0) > Ax(0). This leads to a contradiction,
since from Lemma 2.5.5, A(f)) = cos(f) B(tan(f)) has distinct eigenvalues over (0, 7).
The same argument on (3, 7) shows that Ay(w) > A(m) for b = 1,...,d — 1 so
Aa(m) = max (Spec(A(m))) = —A1(0).

We next show that for all £ # d, A\.(7) = —Ag11(0). Notice that for all k # d,
Ae(3) = 0, since otherwise A\q(3) = A(5) = 1, contrary to the fact that the multi-
plicity of the eigenvalue 1is 1 at 6 = 7. Moreover, since A(f)) = sin(0) (B'(cotan (¢)))
with B'(u) = uA; + Az, so \g(0) = sin(f) pg(cotan (0)), where py is the analytic

eigenvalue of B’(u) that vanishes at u = 0. Thus,

!/
X4(0) = ( sin(6) (ue(cotam (6))) ) | =~k (0).
Then by Lemma 2.5.7, the slopes X|(0),...,A,(0) are all different. Hence, the eigen-
values Ai, ..., Ag—1 coincide at § with different slopes, so their ordering reverse at 7.
z) and

Since again by Lemma 2.5.5, these eigenvalues have constant ordering on (0, §
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(5,m) we get A(m) > -+ > A\g_1(m). However,

{A(7), .y Aam1(m) } = Spec(—A)\{ ()} = {=X2(0), ..., =X4(0)},
yvet —Ag(0) < -+ < —X3(0), so we get finally A\p(7) = —Ap41(0) for k € {1,...,d—1}.

Thus, the antipodal monodromy from (1,0) in the direction of (0, 1) is given by

7 (Ae(0)) = =M (7)
= —(=A+1(0)) = Ae41(0),

which finishes the proof. O

Proposition 2.5.9. Let A;(t1,t2) € Symg,(R), i =1,...,k, dy + -+ dr, = d be 2-
linear families and A(ty,t2) = diag(Ai(t1,ta), ..., Ak(t1,t2)). Suppose that A(1,0) ¢
Y., then the antipodal monodromy 7' of A(ty,t3) from (1,0) in the direction of (0, 1)

is given by 7' = T 0+ 0T, where

/() if A€ Spec(A;(0))
Tl()\) = s
A Otherwise

where T/ is the antipodal monodromy of A; from (1,0) in the direction of u = (0,1).

k
Proof. Note that x4 = HXAr Moreover, R?\(0,0) is made of the quasi-regular

=1
points of A(t,ts) and each A;. Thus, in a neighborhood V' of the point (1,0), we
d

d;
have y4 = H(ac — ) and x4, = H(x — \;j) where the A\, and \;; are analytic and
=1 =1
i @
uniquely determined. Yet, y4 = H(x — ) = H (x — Aij). Then,
=1 i=1 j=1

{)\g, lzl,,d}:{Am, Zzl,k,jzl,,dz},

over V. For a given X\ € Spec(A), let £ € {1,...,d} be the unique index such that
A = A(1,0) and and 4, j such that Ay = X;; over V. Then, the analytic continuation
of \;; along the half-turn path from (1,0) in the direction of (0,1) is an analytic
continuation of A, so 7'(A\) = 7/(Xi;(1,0)) = 1 0 -+~ o 7(A). O
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Proposition 2.5.10. Suppose that p € &4 has the cycle decomposition p = C1Cs...C,
where C; is a cycle of length k;. Let

tp 0 .- 0 t
0 2t : :
Ai(ty, ty) == Lot e 0 :
0 -+ 0 (k—D1t1 t
foeee e t to
Then, there are a, ..., ap € R such that o = p? is the monodromy of the eigenvalues

of the matriz A(ty,t2) = diag(Ai(t1,t2) + aaly,, ..., A(t1, ta) + aly,) along a loop
v :10,1] = R2\(0,0), v(0) = (1) = to with A(ty) & 2.

Proof. Let to = (1,0) and u = (0,1). Then, Proposition 2.5.8 proves that the
antipodal monodromy from ¢, in the direction u of the matrix A; is a cycle of
length k;. We choose real numbers ay,...,a, such that for all i # j € {1,... ¢},
Spec(A;(to) + all,) N Spec(A;(to) + a;llk,) = 0. Then

A (ty, ta) + oLy,
Ao(ty, ta) + anl
Altr 1) = o(t1,t2) ollk,
Ay(ty, t2) + agl,

is a block diagonal matrix associated with the permutation p such that A(t,) ¢ X.
By Proposition 2.5.9, the antipodal monodromy T(/to ) from ty in the direction u
of A(ty,ts) is given by T(/to w = p- We conclude from Proposition 2.5.3 that the

monodromy of eigenvalues of A(ty,t;) along v is 0., = (T{to’u))Z = p2. O]

Example 2.5.11. In this example, we see that the lack of monodromy is not sufficient

to have eigenvalues as analytic functions. Let

tl tg 1 0 0 1
Aty ts) = =t +t .

In Example 0.0.1 We saw that the eigenvalues of A(tq,t2) cannot be chosen as the
analytic functions on R?. Since as we move on the circle t2+t3 = 1 we get A\; = +1 and
Ay = —1, the monodromy of eigenvalues of A(1, t2) is the identity permutation, Figure
2.2. This shows that the lack of the monodromy is not sufficient to get eigenvalues

as analytic functions.
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IR

Figure 2.2: The eigenvalues of A(f) = cosA; + sin A,

However, the antipodal monodromy from ¢, = (1,0) in the direction of u = (0,1)

is a cycle of length two 7/, ) = (A1A2).

Figure 2.3: The eigenvalues of A(t,12)

In Theorem 4.3.1, we will see that the existence of non-trivial antipodal mon-

odromy is the only obstruction for getting the eigenvalues as analytic functions.

Example 2.5.12. Let A(t) = t; Ay + 13 A5 be the linear family of symmetric matrices
dimension three, where A; and A, are in the form of the matrices of Subsection 2.5.2.
We see that the monodromy of the eigenvalues along the unit circle centered at the

origin is non-trivial. Consider

tir 0 & 101 000
A(tl, tz) — 0 2t1 tl - tl 0 2 1 + tg 0 00 )
tr t1 o 1120 001

where Spec(A;) = {—0.8,1.3,2.5} and Spec(Ay) = {0,0,1}. By Lemmas 2.5.5 and
2.5.6, the eigenvalues of the B(v) = A; +vA, are distinct and strictly increasing such
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that for £ = 1,2,3, lim,,_ A\p(v) = a1 and lim, o A\p(v) = ag, with a; = k
for k = 1,2, ap = —o0, ag = +o0 In the following figure, we see the graph of the
eigenvalues of B(v).

Eigenvalues of the matrix B(v) while v goes from -oo to +o0

[ R S I N
T T - T : : :

Eigenvalues of B(v)

&

Figure 2.4: The eigenvalues of B(v)

By Lemma 2.5.7, the slopes of the eigenvalues of B'(u) = uA; + Az at u = 0 are
{1,2}. By Proposition 2.5.8, the antipodal monodromy T(/toyu) is a cycle of length 3.
Finally, by Proposition 2.5.10, the monodromy of the eigenvalues of A(t1,t5) is given
by o = (T(/to’u))2. Hence, 0 = (A A3\2) is a cycle of length three, Figure 2.5.

Eigenvalues of the matrix A(6) while ¢ goes from -7/2 to +3*n/2
25F q

Eigenvalues of A(#)

Figure 2.5: Monodromy of the eigenvalues of A(f) = cosfA; + sin Ay
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2.6 Slopes and asymptotes of eigenvalues

In Subsection 2.5.2, we were driven to prove some properties of eigenvalues associated
to a special family. Some of them are consequences of general facts we state below,
as we use them later.

Lemma 2.6.1. Let B : v — Ay +vAs. If A : R — R is a continuous eigenvalue of
Av)

B(v), then lim, 1o == ewists and it belongs to the spectrum of As.
Proof. Since v — A(v) is a semi-algebraic function, lim,_, o ¥ exists in RU{+o0}.
Let us denote by Aix(A) the k-th largest (with repetition) eigenvalue of A. Note that

the k-th eigenvalue function

or - Symyg(R) — R

is continuous and we take A(v) = ¢(B(v)) in a neighborhood of +occ.
Consider the matrix

B(v)  A;+vA,
v v

whose eigenvalues are of the form Aif}”), Ai(v) € Spec(B(v)). Since the eigenvalue

function is continuous, the eigenvalues of lim, BS’) = A, are lim,_, # = S.
Same argument works for v = —oo, thus, the slopes of the eigenvalues of the matrix
B(v) at +o00 are the eigenvalues of A,. O

Lemma 2.6.2. Let
A(0) = cos(6)A; + sin(0) A,

where
Ay = diag(0,...,0,1).

Then, the finite limits of the eigenvalues of the matriz B(v) = Ay +vAy at v = £o0

s

are the slopes of the eigenvalues of the matriz A(0) at the point 0 = —7

Proof. Consider an eigenvalue \;(v) of the matrix B(v) with finite limit at v = —oc.
Suppose that
lim \(v)=C;

V—>—00

where C; € R. Suppose that y;(6) is the corresponding eigenvalue of the matrix A(6).
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zg;g, we have
(2.13)

Since © = cosf and v =
wi(0) = Ai(tan @) cos 0,

Since cosf ~_= (0 + ), Ai(tan ) ~_= Cj, we get
T
pi(0) ~—z C; x (6 + 5) (2.14)
We now calculate the slope of the eigenvalue j; of A(f) at the point 6 = —7,
T : :ul(e)
(—=) =1 .
Hi(=3) P
Since 11;(f) depending on one parameter is analytic and p;(—5) = 0, then by

Hopital’s rule and 2.14 pj(—%) = C;
Now consider a constant eigenvalue \;(v) # \;(v) of B(v) at v = +00 and suppose

that
V——+00
Let 11;(6) be the corresponding eigenvalue of matrix A(#). We have
1i(0) = Aj(tan @) cos ¥, (2.15)
Since cos ) ~ iz (=0 + F), Aj(tand) ~, = Cj, we get
T
1i(0) g Oy x (=0 + ) (2.16)

Hence, the slope of the eigenvalue ji; of A(0) at the point § = +7,

11;(0)

/ ™ .
(+=):= 1 .
#y(Hg) = tim, —0+1
By Hopital’s rule and 2.16, we get p;(+5) = —Cj.
—A(0+ ), the slopes of eigenvalues of the matrix A(f) at the points
O

Since A(f) =
at 7 and —7 are opposite reciprocals which finishes the proof.
Now, it is of interest to look at the slopes of the eigenvalues of the matrix A(f) at

¢ = —%, Lemma 2.6.3.
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Lemma 2.6.3. If Ay € Symy(R) is diagonal with #Spec(Az) = d. Then, the slopes
of the eigenvalues A(6) = cos(0)A; + sin(0)As at § = —Z are the diagonal elements

2
of the matriz A;.

Proof. Let t; = cosf = uv, to = sinf = v. We consider B’ : u +— Ay + uA;, where

ay
A2 = e . )
Qq
such that for all i, j € {1,...,d}, o; # «; and
ajp a2 - aid
A = Q12 Q22 -+ Q24
Q14 Q24 - QAdd

Since B’(u) is a one parameter family, the eigenvalues of B'(u), \; : R — R,
i =1,...,d are analytic functions. Choose an index i and denote by A(u) the corre-

sponding eigenvalue such that A(u) = oy + mju + o(u) in a neighborhood of zero. So

we have
det(B'(u) — Mu)Iy) = 0.
Therefore,
ag + uay; — A(u) ua2 Uag
ua o + Uy — A(u) ... e
det " 2 (u) - 0. (2.17)
Uag Uy e g F uagg — Nu)
Let
a2 Q2o *++ Ad Qg
al = y All = ) AIQ -
Qa1d Q24 -+ Qdd Qq
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Hence, we can rewrite 2.17 as

dot oy + uay — A(u) ‘ uay —0.
uay ‘ Ay + uA — AMuw)ly—y

We can write
AL+ uA] — Nu)ly—q = Ay — agllyq + uA] — (AMu) — ap)lg_1.

Since for all i € {2,...,d}, a; # «; and A\(0) = a4, then at u = 0, the matrix
(A, + uA] — Mu)lz—1) is invertible. We can choose u sufficiently small such that
(AL +uA| — Mu)lz_;) stays invertible. Define z(u) € R~! by

z(u) = —u(Ay +udy — Mu)ly_1) " d). (2.18)

so that
(Ay + uA] — Muw)ly_1)z(u) = —uad).

Cl — ua’llt
A+ ud] — Mu)g_y )

the d x (d — 1) sub-matrix of the determinant of the matrix B'(u) — AM(u)l;. Let
us replace the first column C of the determinant of the matrix B’(u) — A(u)I; by
Ci+ C/Z‘(t):

Denote by

Cl + C’Z’(t) — Cl.

Note that under these procedures the determinant of the matrix B'(u) — A(u)l, does

not change. We get,

A 1t
det(B' () — Mu)ly) = det | 2 | o4 —0,
0 | Ab+udl — Mu)lg_,
where
Au) = ay + uay — Mu) + uaiz(u). (2.19)
Moreover, by replacing 2.18 in 2.19 we get,
Au) = aq +uay — Mu) — w2 (AL + uAy — Nu)ly_1) " (d)). (2.20)
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Thus,

xr(A(w)) = A(u) x det(Ay +uA] — Mu)ly_y)
= Pi(u, AN(u)) x Py(u, AN(u)),

where

and
Py(u, AM(u)) = det(Ay + uA] — Mu)ly_q).

Since at u = 0, Py(u, A(u)) # 0, then xp () = 0 if and only if P(u, A(u)) = 0. If
A(u) =0, we get

Mu) = oy +uay; — w?al (A + uAl — Mu)la_1) "' (d)).

From this, the slope of the eigenvalue A(u) at the point u = 0 is a1, the corresponding
diagonal element of A;. Since we can do the same procedure respect to any diagonal
element of (B'(u) — A\;(u)ly), it can be concluded that slopes of the eigenvalues of
B'(u) at the point u = 0 are the diagonal elements of A;. By linearity of the family

we have the same for the eigenvalues of the matrix A(6). O]
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Chapter 3
Intersection of linear families with >o

Given a linear family A(t) in Symgy(R), we showed in the previous chapter obstructions
— the monodromy around S4 and the antipodal monodromy — for the existence of
analytic eigenvalues. The monodromy is fully supported by the super-singular set.
Thus, it is of prime importance to identify in ¥ the points that are super-singular for
A(t). We dedicate this chapter to study of the intersections of linear families with
Yo, this is, matrices that have exactly one double eigenvalue. Since eigenvalues are
homogeneous, it is sometimes convenient to restrict the study to affine subspaces of
A(t) of codimension one, (that can be seen as charts of the corresponding projective

family). We state most of our results in this framework.

In the first section, we describe some underlying geometric structure of Symgy(R).
We recall that Symg(R) is stratified according to the multiplicities of eigenvalues. The
action of the orthogonal group O(d) respects the stratification, and the geometry
of O(d) shows in particular through the local geometry of the smooth part of 3,
that is X5. We give a local decomposition of (the tangent space to) Symg(R) in a
neighborhood of Ay € ¥, that respects T4,%,, and distinguish the tangent to the
orbit of Ay by O(d) and the centralizer of Ay.

In the second section, we recall some results of Lax [20] and of S. Friedland, J.
Robbin and J. Sylvester [10]. Asking for the nature of the intersection of A(t) with
Y, one could hope for some lower bound for A(¢) MY in terms of dim(A). Naively,
being codimension one, linear 3-families (i.e., affine 2-families) could always intersect
¥\ {0} (0 always belongs to AN ). Lax Theorem shows that the later is true in
Symg(R) for d = 2 mod 4. But, Friedland, Robbin and Sylvester refines the later

and gives the minimal %k(d) such that any k(d)-linear subspace in Symg4(R) intersects
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¥\ {0}. Surprisingly, there are subsequences of k(d) that grow to infinity. We remark
that for those large families with no non-zero intersection points with >, the origin is

always a super-singular point.

In another section, we focus on affine 1-families. There, thanks to Rellich, eigen-
values are analytic in terms of the parameter. We relate the slopes of collapsing
eigenvalues to the transversality of the family with Y5, which will be of great use
later. The maximal number of intersection points of A(¢) with 35 that is allowed by
the degree of x (), is reached for simultaneously diagonalizable families. We then
prove that the singular points of generic diagonal families admit independent pertur-
bations. In other words, given a generic diagonal affine family D(¢) (this means, such
that D(t)NY C X5), and choosing a subset I of D(t)NX,, there exists an affine family
A(t) close to D(t) such that A(t) N %, is exactly made of Card(I) points close to the
points of I, Proposition 3.3.4. This result can be regarded as a version of Brusotti
Theorem (singularities of plane curves with only simple singular points can be per-
turbed independently one to the other) for determinential curves, where matrices are
perturbed instead of curves. This result leads us to construct families with prescribed
“set” antipodal monodromy. Precisely, given d distinct values aq,...,a4 in R, and o
a permutation of {ay,..., a4}, there exists a 2-linear family A(t) € Sym4(R), whose
eigenvalues at (1,0) are ay,...,aq, and whose antipodal monodromy from (1,0) in

the direction (0, 1) is precisely o, Theorem 3.3.5.

In the last section of this chapter, we focus on affine two-dimensional families. We
give a description of the behavior of the eigenvalues in a neighborhood of a point A(ty)
of A(t)N%,. Here we use the description of T4, % that is given in the first section of the
chapter, and break down the analysis in terms of the dimension of the intersection of
Ta,A(t) with T4, 35 and then of the intersection of A(t) with 5. The diversity of the
encountered cases dissuades to push the analysis further (increasing the dimension
of A(t)) with no new theoretical result. Among the interesting behaviors that we
enlight, we should mention that we construct non-trivial plane curves included in s,
and cases where the antipodal monodromy of the affine family depends on the base
point. We also produce lines along which the contact order with ¥, is 3, that refute
the naive local representation of 3, as a sort of bended cylindrical surface. (as it is
locally the orbit of a “flat” linear space made of diagonal matrices by the action of
the “round” group O(d)).
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3.1 Generalities on Symy(R), X9, O(d).

3.1.1 Stratifying Symy(R)

We fix an integer d € N*, and consider the space Sym4(R) of symmetric d x d matrices.
We first introduce some notations. Let A : Symy(R) — R be the discriminant
function, so that >, the set of symmetric matrices with multiple eigenvalues, is the
zero set of A:

Y ={X e Symys(R); A(X) =0}.

The space Symgy(R) can be decomposed according to the multiplicities and the order
of the eigenvalues. Given (iy,...,i,) € (N*)* with 4, + -+ + i, = d, we denote by
¥i,....i, the matrices whose eigenvalues are of the form A\; < --- < Ay, Ay having

-----

multiplicity 4y:

¢
Sy, g = {X € Symg(R); I\ < -+ < A, xx(A\) = [ — )\)i’“}

k=1
Forgetting the order of the eigenvalues drives to consider the sets 87, indexed by the

finite sequences J = (ji,...,Js) € (N*)® with Z kj. = d, and made of the matrices

k=1
that have exactly jj eigenvalues of order k. The set 8, ;

the Eh

is the disjoint union of

s

i, where jj is the occurrence of £k in the sequence iy, ..., 7.

Sjl ----- Js — |_| Eil ----- igs

J(i1,00500)=(J1,---7s)

-----

where J(iy,...,1) = (j1,...,Js) if jx = Card{n; i, = k}.

For short, and since we manly focus on it, we write ¥y for the set 8§;_5;, made of
those matrices that have exactly 1 double eigenvalue (and d — 2 simple eigenvalues),

’’’’’ ., Where all 7;’s are 1 but one that is 2.

Note that symmetric matrices also can be considered as quadratic forms, assuming
that a quadratic form can be written in coordinates as a symmetric matrix. In (|3],
Appendix 10) Arnold represent the open area Sym (R) of the positive definite forms
in Symgy(R) as the area of ellipsoid. For the first time, the problem of the stratification
of symmetric matrices was asked by Arnold. In [4], he discusses the properties of this
stratification. Then, in (|32], Lemma 1) Shapiro and Vainshtein give a stratification

of Sym4(R) according to the multiplicity of the eigenvalues. In our notations, it is
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shown that :
Theorem 3.1.1. [Arnold [3], Shapiro and Vainshtein [32]]

1. The decomposition

SymaR) = || 8.

22:1 kjk:d
is a stratification of Symg(R) into smooth semi-algebraic manifolds. In par-
ticular, ¥ = Symg(R) \ 84 is a finite disjoint union of smooth semi-algebraic

manifolds.

2. The decomposition

s a decomposition into smooth connected components of equal dimension, and

the codimension of 8;, ;. s given by

-----

In particular, Y9 = 84-21 15 a smooth manifold of codimension 2 and has d —1

connected components.

3.1.2 Action of the orthogonal group

We denote by O(d) the orthogonal group of d x d matrices,
0(d) == {Q € My(R) | Q"Q =Ia}.
It acts on Symgy(R) by conjugation, this is, with the action a:

a : O(d) x Symyg(R) —  Symga(R)
(@, Ao) = QT AQ.

The orbit O4, of an Ay € Sym4(R) under this action

04, = {Q"40Q; Q € 0O(d)},
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is the image of the map

Gt Od) — Symy(R)
QR — QTAQ,

and consists of the symmetric matrices which have the same eigenvalues (with multi-

plicities) as Aj.

We fix Ay € Sym4(R) and describe the tangent space 74,0 4,. For this, we compute
the differential Dy a4, € L(17,0(d), Ta,Syma(R)). From the definition of O(d), we

have

T1,0(d) = ker Dy,(M v+ M*M —1;) = {K € My(R); KT = ~K}.

So T1,0(d) is the space of d x d skew-symmetric, that we denote Skewy(R). Notice

Symg(R) is linear so T4, Syma(R) = Symgy(R). Direct calculation gives:

Dy, (aa,): Skewys(R) —  Symg(R)
K — KAO—A()K

Now, 74,04, = Im Dy, (@a,), so
TAOOAO = {KAO — AOK | K e Skewd(R)}
In particular,

dim OAO = dlm TAOOAO
= dim 7T7,0(d) — dim ker(Dry,(@4,))

= —d(d;) — dim{K € Skewy(R) | KAy — AgK = 0}.

3.1.3 Construction of tangent planes

Proposition 3.1.2. Suppose that Ay € ¥o. Then,
Symg(R) = T, Oa, ® C(Ag) N Ty Xy & C(Ag) N Ty Not

and
Ty = Ta, 04, B C(Ag) NTay20
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where C(Ag) = {M € Symg(R); MAy = AgM} and Ty Yo" is the complement of
Tay2o , orthogonal to Ta %o for the scalar product < A|B >= tr(AB), A,B €
Syma(R).

Proof. Let P € O(d) such that PTAyP = By with By = diag(ay, as, as, ..., aq),
aj=ay=caandforalli,je{3,...,d}, i #j, s #a; #a. Foralli,je{1,...,d},
let 6;; be the matrix whose only non-zero entry is the (7,j)-th that is 1 and define
D; = 6;;. Let Diag N1, 29 be the diagonal direction in Tz, that contains By, this
is,
Diag NTg Yo = span(D, Ds, ..., Dy)

where D = 011 + 0g9. Let K;; € Skewy(R) be K;; = 0;; — 0j;, then Kj;, i < j, form a
basis for Skewy(R). Note that {K € Skewq(R); KBy — ByK = 0} = span(K;2) and
for all i < j, K;jBy — BoKi; = (a; — ;)05 + (0 — )0, with oj — oy # 0 for all
i,j € {3,...,d}. Define O;; = §;; + 6;;. Then, ((0;;);i < j,(i,7) # (1,2)) is a family

of @ — 1 independent matrices which form a basis for Tz,0p,,
TBOOBO = Span((Ow),z <7, (%]) 7£ (17 2))

Note that Diag NTg,2 is a subspace of T’5, 2. Since By € Y5 and X5 is smooth,

Op, is a sub-manifold of 5. So, T5,0p, also is a subspace of T, X5 and we have
dim Dzag N TBOZQ + dim TBOOBO = dim TBO 22.

Since any matrix of 75,05, has zero diagonal, for any matrix M; € Diag N T, >0
and M, € Tp,0p,, tr(M;My) = 0. So, Diag N T3, is the orthogonal complement
of Tp,0p, in T %, for the scalar product < A|B >= tr(AB). Thus,

TBOZQ == TBOOBO D Dzag n TBOEQ.

Since Tp,Y5 is the complement of T Y, it has dimension two and Symg(R) =
Tp, Y0 ® T, Yo, Since T, Yy = Tp,0p, @ Diag N Tp,Y2, we have

Syma(R) = Tp,0p, ® Diag N T,y & Tp, N2

Now, consider the invertible linear map C : Symg4(R) — Symq(R), X — PXPT.

Since € is an invertible linear map, it preserves the direct sums of subspaces of
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Symga(R), we have
Syma(R) = €(Tp,0,) & C(Diag N Tp,¥s) @ C(Tr,%2™).

Notice that C(Op,) = Op, , C(Tp,0p,) = T4,04, and C(T5,X2) = T4,%s. We show
that

L] G(Dzag N TBOEQ) = C(Ao) N TAozgl

G(DZGQ N TBOEQ) g C(Ao) N TAozgi let Bl < Dzag N TBOEQ so that G(Bl) = Al.
Since By € Tg,Xs, we get Ay € Ty, Yy. Since PTAP = By, PTAyP = By and B,
and B are diagonal, Ay and A; are simultaneously diagonalizable, so A; € C'(Ay).

C(AO)HTAOEQ Q 6(DiagﬂT3022)i let A1 € C(AO)HTAOEQ, so that G_I(Al) = Bl-
We show that By € Diag N Tp,Xy. Since Ay € Ty X9, so By € Tp,X,. Since
AlAO = AoAl, e_l(A1>e_1(Ao) = G_l(AO)C’_l(Al). From thiS, BBy = ByB;. SO7
B, € C(BO) But B; € TBOEQ7 so By is diagonal.

L] G(TBOE%> = C(A()) N TAOE%I

C(Tg,X5)) C C(Ag)NTa,X5: since for any A, B € Symgy(R), € preserves the inner
product < A|B >= tr(AB), for any S € T,Xy, C(S) € T, X5 . Since

01 0 -0 1 0 0 ---0
1 0 0 : 0 -1 0 :

Sespan(| 0 0 0o . |, 0o 0o 0o . )
0 .0 0 0

SO SBO = B()S ThUS, G(S>G(B0) = G(BQ)@(S) SO, G(S) € C(Ao)

C(Ap) N Ty, Xy C C(Tg,X5): let Ay € C(Ag) NTaXy. Since orthogonality is
preserved by €71, C71(A)) € Tp, Y5 . So, A; = C@(B;) with By € Tg, X5

Therefore,
Syma(R) = T, Oa, ® C(Ag) N T, 25 ® C(Ag) N Ty Not

and T4, 20 = T4,0.4, ® C(Ap) N Tp,Xs which finishes the proof. O
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3.2 Empty intersection

We recall a theorem of Lax (see |20]) from 1982, which shows that if d = 2 (mod 4),
any 3-linear plane in Symg4(R) intersects 35 somewhere else than the origin. We let
M be the set of real d x d matrices with real eigenvalues, and say that M € M is

singular if it does not have d distinct eigenvalues.
Theorem 3.2.1 (Lax in [20]). Let Ay, Ay, Ay € My(R), and for t = (to,t1,t2) € R3,

denote A(t) = toAg + t1 Ay + taAs. Suppose Vt € R® A(t) € M. If d = 2 (mod 4)
then there exists t # 0 such that A(t) is singular.

The theorem of Lax applies in particular to families of real symmetric matrices.

As a corollary, we state the symmetric version.

Corollary 3.2.2. Let A(t) € Symg(R) be a k-linear family. Suppose d =2 (mod 4)
and k > 3. Then A(t) "X # {0}.

For d # 2 (mod 4) S. Friedland, J. Robbin and J. Sylvester in [10], extended Lax’s
theorem and give the minimal k(d) such that any k(d)-linear family has a non-trivial
intersection with . Their proof relies on the construction of vector fields on high
dimensional spheres and uses Adams result [1]. We must also mention that, for d = 3
and d = 4, a proof can be found in [24, Remark 4.3]. To state the theorem, we first

need the following definition (and notation):

Definition 3.2.3. Given m € N, we denote by p(m) the Radon-Hurwitz number of
m:
p(m) =2°48d

where m = (2a + 1)24 with a,d € Z and ¢ = 0,1,2 or 3.

Theorem 3.2.4. (S. Friedland, J. Robbin and J. Sylvester) For positive integers d

and k the following are equivalent:

1. k < o(d), where o(d) is given by

o(d) =2 for d#0,£1 (mod 8),
o(d) = p(4b) for d =8b,8b =+ 1;

2. Fither k = 1 or else there is an integer m with k < p(m) and d is one of the
2m —1, 2m , 2m+1;
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3. There is a linear map
U RF 5 My(R)

such that each matriz V(a), o € R*1\(0,...,0) has d distinct real eigenvalues.

4. There exists an odd continuous map
Y0 SF — My(R)

such that each V(a), a € S¥, has d distinct real eigenvalues.

It can be deduced from the proof of Theorem 3.2.4 that this theorem applies to
symmetric matrices. Indeed, the proof gives an explicit construction of the family
U(«) that appears in the third item, and it happens that ¥ is made of symmetric
matrices. Below, we follow the proof and we construct an explicit 4-linear family of

8 X 8 symmetric matrices that has no non-trivial intersection with X.

Example 3.2.5 (Constructed from the proof of Theorem 3.2.4, [10]). By using the
implication (2) = (3) of Theorem 3.2.4, we give the minimal number of parameters
k such that a k-linear family of 8 x 8 matrices has a non-trivial intersection with X.
According to the part (2) of Theorem 3.2.4, we search for m € Z such that 8 = 2m—1
or 8 =2m or 8 = 2m + 1. From this, either m =4, m = g orm = %. Since m € Z,
then m = 4. Since 4 = (2 x 0+ 1)22™*0_ we get p(4) = 22 +8 x 0 = 4. We follow the

proof of Theorem 3.2.4, and for m = 4 with k < p(4) = 4, we construct
U RF 5 My(R)

such that ¥(«) is non-singular. Choose k = 3 and define

0 -1 0 0 0 -1 0 00 0 -1
1 0 0 0 0 1 0 0 —1
AIZ 7A2: »A3:
0 0 0 —1 1 0 0 0 01 0 O
0 1 0 0 —1 0 10
For all 7,5 =1,2,3,i # 7 we have
AA; = -1,
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Consider the map

o : R — M4(R)
3 .
a = oy + > a4,
We have
(67} —Q1 —Qp —Q3
-0 Gy —Q3z Q2
P(ar) =
(6% Q3 Q) —Qq
Q3 —Qy —ap Qo

and we note that

We can verify that for |o| = 1, we get T'(a)T'(a)” = 2I5. We choose,

o= (0 %)

with A = diag(aq, a9, as,as) and a; > as > az > a4 > 0 are the eigenvalues of A and
we define ¥(a) = I'(a)DI'(a)”. Then, we get

way= [ 2A®(O‘)T> (3.2)
20(a)A 0
0 0 0 0 20100  —2a1001 20109 2a103
0 0 0 0 —2as0 0 2a9003  —2a90u9
0 0 0 0 —2a309 —2asos 0 —2asaq
B 0 0 0 0 —2a403 20409 —2a401 0
B 2a1000 —2a001 —2a300 —2a403 0 0 0 0
—2a10 0 —2as03  2a40 0 0 0 0
2a100 20903 0 —2a401 0 0 0 0
2a103  —2a005 —2as0 0 0 0 0 0
(3.3)

We note that the eigenvalues of the symmetric matrix of ¥(a) are +2|al?a;, i =
1,...,4. The map ¥ : R* — Symg(R) satisfies the hypothesis of the part 3 of
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Theorem 3.2.4.
From Theorem 3.2.4 and Definition 3.2.3,
o If d#0,£1 (mod 8), then k(d) = 3.

o Ifd=0,£1 (mod 8): We write
d=2x2"2c+ 1)+

with v € {—1,0,1}, a € {0,1,2,3} and b,c € N and a + 4b > 2. Then, the minimum
number of parameters k(d) for intersecting ¥ is k(d) = 2% + 8b + 1. Now since
a€{0,1,2,3}, b~ ilog2 d. This gives k(d) ~ %logz d+9. We illustrate the behavior
of k(d) for d < 1000 in a picture bellow.

25 T T T T T T T T T
2log,(d)+1
I (d,k(d))
15 + 1
o
<
10 -

100 200 300 400 500 600 700 800 900 1000
d

Figure 3.1: The minimum number of parameters for intersecting ¥

To conclude this section, we state the following straightforward proposition. It
shows in particular that for the families that are constructed in the former (that do

not intersect ¥ but at 0), 0 is always a super-singular point.

Proposition 3.2.6. Let A(t) € Symy(R), d > 2 be a k-linear family, and suppose
that 0 is not super-singular for A(t). Then, for all non zero ty,u, to L u, there exists
0 # t; € Span(ty,u), A(ty) € X.
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Proof. Suppose A(tg) ¢ ¥ (otherwise ty = t; works) and denote A\; < --- < A4 the
eigenvalues of A(ty). The analytic prolongation of each \;, i = 1,...,d over the half
turn [0, 1] 3 s+ cos(ms)to+sin(ms)u defines an analytic function A;(s) on [0, 1]. Since
0 is not super-singular, the antipodal monodromy from %, in the direction w is trivial:
T{,w = la. In particular, for all i, \;(1) = —X;i(0). So A4(s) — Ai(s) is a continuous
function on [0, 1], positive for s = 0 and negative for s = 1. Then there exists s; €
(0,1) such that A;(s1) = Ag(s1). The announced ¢; is t; = cos(wsy)to +sin(mwsy)u. [

3.3 Affine lines and >

In this section, we study the intersections of affine lines with 5. We first state
a useful lemma: along a transverse intersection with ¥, the collapsing eigenvalues
intersect transversally (Lemma 3.3.1). We then notice that the maximal number of
the intersection points of an affine family with >, is realized for diagonal families.
Constructing perturbations of these diagonal families allows us to show that any
permutation of d distinct values can be produced as the antipodal monodromy of a
2-linear family in Symg4(R) (Theorem 3.3.5).

Lemma 3.3.1. Let A(t) = Ag+tA; € Symy(R) with Ay € ¥o and Ay ¢ Ty, Y. Then,
there exist € > 0 such that A(t) ¢ ¥ fort € (—¢,e), t # 0 and A\, Ay : (—¢,6) - R
two analytic functions such that A\ (t), Aa(t) € Spec(A(t)), t € (—e,£), A1 (0) = Ay(0)
and N, (0) # Xy(0).

Proof. Since A(t) is a one parameter family, by Rellich Theorem the eigenvalues of
A(t) are defined as analytic functions. Denote these analytic eigenvalues by A;(t),7 =
1...,d.

Let ¢ € R be the multiple eigenvalue of Ayg. Then, up to diagonalization of A,
subtracting ¢I; from A(t), we can assume that Ay = diag(0,0,as,...,aq), where for
all ¢ # j, a; # a; are non-zero real numbers since Ay € 5. Up to reindexing,

Since Ay ¢ T4, Yo, after suitable change of basis in ker(Ap), we can assume that
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Aj has the following form

T 0 13 - A1d
0 Yy G23
A= a3 Q3 a3z - : ) (3-4)
a17d .. ... ... ad,d

with = # y (See proposition 3.1.2).

We write the Taylor expansions of A\i(t) and A\y(t) at 0:

A1 (t) =0+ mqt + oft)
Aa(t) = 0+ mat + o(2),

and we let e;(t) and ey(t) be analytic unit eigenvectors associated with A;(¢) and

Ao(t), respectively. We write

eq + ejt + o(t)
eq + et + o(t).

e(t)
Bg(t)

Since e} is eigenvector associated with the eigenvalue 0 of A,
e1(0) = ey = (a,b,0,...,0) with a® +b* = 1.

We will show that either (a,b) = (1,0) or (a,b) = (0,1). We have A(t)e;(t) =
)\1(15)61@) SO,

(Ag +tAy)(eg + et +o(t)) = (myt + o(t))(ey + eit + o(t))
Apeg + t(Arey + Agey) + o(t) = tmaey + oft).

Considering the terms in ¢, we get

Avel + Agel = myep. (3.5)
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Denote e} = (vy,va,...,v4). Then, from (3.5) we get

ax mia
by mqb

a3v3 + a; 3a + a273b = 0

QqUq + a1 g0 + agqb 0

From this az = mya and by = m4b. If none among a,b is 0, it gives m; = x and
my = y, which contradicts x # y. Therefore, either ¢ = 0 or b = 0. Assuming
ey = (1,0,...,0) (the other choice exchange the roles of e; and ey) gives m; = =,
and by the same argument, ms = y. Consequently, m; = A} (0) # A\, (0) = my, which
finishes the proof. Notice that, \; and Ay having different slopes, they are distinct
for t # 0 on some (—e¢,¢), € > 0, and & might be reduced if needed to avoid other

equality between eigenvalues. ]

From Rellich Theorem, if A(t) = Ay + tA; is an affine line in Sym,(R), its eigen-
values are analytic functions Ai(t),..., As(f). A point A(t) € ¥ corresponds to a
parameter ¢, for which two different \;, A; coincide: \;(ty) = A;(¢p). In other terms,
since the graphs of the )\; form the zero set of the characteristic polynomial x 4(;), a
point in ¥ is a double point of the curve XZ(lt) (0). Now, xa)(A) is a polynomial of
degree d in (t,\). So, the number of its double points, if it is finite, is bounded by
d(dz_l). In particular, if A(t) ¢ X, Card(A(t)NY) < d(dz—_l). It happens that this value
is reached by diagonal families, when x () ()) factors in d lines.

Claim 3.3.2. Let D(t) = Diag(ay,...,aq) + tDiag(by, ..., bq), and suppose

ai—aj

bi — b;

Q;r — Clj/

by — b

J

(i # ) = b # b, and <2’ <j i<y, (i,5)# (i’,j’)> = 7

Then D(t) N Xy is made of @ points.

Notice that the condition above on the a;, b; is a generic condition in (R?)2. We say
that an affine family D(t) € Sym4(R) of diagonal matrices is in general position
when D(t) = A+tB with A = diag(ay,...,aq), B = diag(by,...,by) and the a;,b;,1 =
1,...,d satisfy the hypothesis of claim 3.3.2. Because in this case, the eigenvalues

form d lines in general position.

Proof of claim 3.3.2. Here the d eigenvalues are linear, given by \;(¢) = a; + tb;. For
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a;—a;

bi—b,

all ¢ # j, the equation X;(t) = X;(¢) has a unique solution t;; = — , and for

different couples (i, j) with i < j, the ¢, ; differs.

Then, for each i < j, exactly two eigenvalues coincide at ¢; j, so D(t; ;) € ¥o, and
for other parameters ¢, the d eigenvalues are different and D(t) ¢ X. Since there are
@ couples (i,7) with ¢ < j, the claim is proven. ]

Starting from an affine family of diagonal matrices D(¢) in general position, we
will show that there exists a small perturbation A(t) = D(t) + E, E € Sym4(R) of
D(t) which exactly preserves any given intersection points with 5. The existence
of an affine curve having prescribed intersection with ¥, could also be proven as
an application of the Brusotti Theorem, that we recall below [6], and of [13]| that
state that in dimension 2, hyperbolic algebraic curves are the determinential curves
of affine families. Here we state the Brusotti Theorem, which shows that we can

smooth ordinary double points of a plane curve independently.

Theorem 3.3.3 (Brusotti). Let C' be a real algebraic curve of degree d in RP? with
ordinary double points as its only singularities. For any of these singularities, choose a
local deformation. Then it is possible to vary the curve C in the space of real algebraic
curves of degree d in RP? in such a way that all previously chosen deformations are

realized.

Our construction is however more explicit, and our perturbation appears as a
continuous deformation of the family D(¢). The idea is to consider a diagonal family
A + tB in general position, and to find a perturbation of the lines made by the
eigenvalues in a way that preserves some intersection points of the lines while ignoring
the other intersection.

Proposition 3.3.4. Let D(t) = diag(ay, ..., aq) + tdiag(by, ..., by) € Symg(R) be a

diagonal family in general position. For 1 <1 < j <d, sett;; = —Zf:Z?, and choose
05

a subset I C {(i,j); 1 < i < j < d}. Then, there exist E € Symy(R), arbitrary

small, and T = {t; ;; (i,j) € I} with t;; close to t; ; such that

A+tB+EFeX s A+tB+Eed,steT.

Proof. For notation purpose, we let d;; be the matrix whose only non-zero entry is the
(i,7)-th that is 1. Note that D(t) e ¥ & D(t) € ¥y &t € {t;;,1 <i<j<d}. We
let £ € Symy(R) be a matrix with zero diagonal and indeterminate other coefficients

€ij = €4, 1 # J, and we investigate for conditions on the entries of £ that determines
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whether A 4 ¢B + E has a point or not in X for ¢ close to ¢; ;.

Fix (4,j), 1 <i<j<d.

By definition of ¢; ;, the (4,7)-th and (j, j)-th entries of the diagonal matrix D, ; :=
A—I—ti’jB coincide (DZ’J’ S 22) and are >\ij = a¢+tiy]~b¢ = aj +ti,jbj- We let ¢ = t_ti,j;
and set:

bi + b, b + b,

B1 :diag(bl,...,bi_l, T,bj+1,...,bd),

7bi+1a s abj—la

B2 = 512 — 5jja Ai,j = 61'7]' + 5]'77; and Ei,j =F — 87;7in’]'.

This way, we get

— b=,
A+tB+E=D;; +tB + E;; + QJﬂBwﬁm&¢

In this decomposition, remark that, from Proposition 3.1.2, B; and E; ; are indepen-
dent in Tp, ;35 (as soon as E-J # 0), while By and A, ; form a basis of a comple-
mentary space of T, 3y in Symgy(R). Since X is locally the graph of an analytic
function over its tangent space, there exists a neighborhood W; ; of 0 € R x R@*H

a neighborhood V; ; of D; ; in Symy(R), and an analytic function

d(d-1) 4

Pij - VVZ‘,]' C R x R = — R?
t . Eiy)

—
=
!
<
—
~
x
|
S
&,
S—
3
K
&,
)
~
x
!
<
S—
N—

such that -
(t', Eij) € Wiy,
A+tB+E€Vi NSy & "y =, (', E), (3.6)
gij =V ;(t', E;j).
Notice that d;;(0) = 0, as Tp, ;% is obviously tangent to ¥y at D;;. As a first

consequence, the second item in the right hand side of (3.6) can be inverted. Indeed,

0 [b,—b; — b; —b;
ISRt Ey) =22,
ot’ 2 7 R - 2
(t',Ei,;)=(0,0)
so from the Implicit Functions Theorem,
bi —b; , ) = , _
—2 t = (I)i’j(t 7Ei,j> St = ai,j(Ei,j)7 (37)

for some analytic function ¢; ; in a neighborhood of 0. We shrink W; ; and V; ; so that
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(3.7) holds for (¢, E;;) € W;;, on the left hand side, and for F;; in a neighborhood
of 0, say U, ;, on the right hand side. From this, the equivalence (3.6) becomes:

Ei,j € Ui’j,
A+tB+ F € V;',j N 22 = t = OéiJ(Ei’j), (38)
eij — Ui ;(Eiy) =0,

where \Ilg,j(El,]) = ‘Ili,j(ai7j(Ei,j)7Ei7j)- This will be the condition near t@j we were
looking for.

d(d d(d—1)

Now, let W : R 3 E = (5;,)1<icjea = (5 — V), (Eij)icicjca € R7T. We
claim that ¥ is invertible at 0. Indeed, recall that the functions ¢;; have all zero
differential at 0, which implies dW; ;(0) = 0, then d¥(0) = Id. We need to adjust
some neighborhoods to conclude (shrinking V; ;, W; ; and U; ; might be needed). We
let U ¢ R“Z” be a neighborhood of 0, and §; > 0, ég > 0 be such that:

1. ’ti,j - ti’,j’l > 2575 if (7’7]) 7é (i,’j,);

2. A + (ti]‘ — (515,75,‘7]‘ + (5t)B + B(O, 6E) C ‘/m';

3. W has an inverse defined on U, with ~1(U) = U’ C B(0, ig),

We can now conclude. Recall that I is a set of indices, and we look for E such that
A+tB+ FE has only points in >5 near the ti,ja for (Z,]) € I. Choose (Ci7j)1§i<j§d elU
such that ¢;; = 0 < (i,7) € I, and set E = U '((¢;)1<icj<a). We claim that F

works.

First fix (4, j) € 1. We show that there exists a unique t; ; € (t;; — 0y, ;; +6;) such
that A+t; B+ E € X. Indeed, for t € (t;; — 0, ti;+6;), A+tB+E € V;; and since
Gij =0, we have ;; — W} ,(E; ;) = 0. So (3.8) gives

A+tB+E€eXy &t =a;(E:)),

/ f— .. .. ] 1
so t; ;= t;j + o ;(E; ;) works and is unique.

Now fix (¢,j) ¢ I. We show that for all t € (t;; — 0,t;i; + &), A+tB+ E ¢ X.
Again, fort e (ti,j_étvti,j+6t); A+tB—|—E < V;'J'. But Qi,j 7é O, SO EL]'—\IJ;-’]-(ELJ') 7é 0.
Thus (3.8) shows that A+ ¢B + E € ¥ has no solution.

Finally, if V(4,j), [t —t; ;| > &, then d(A +tB,%X) > 6. But E € B(0,dg), so
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A+tB+ E ¢ X. Therefore, there are no other point in A+ ¢B + EN X than the ¢/

le ’

1,7) € I, as announced. OJ
(4,7) € 1,

The previous proposition allows us to construct a 2-linear family with prescribed

monodromy.

Theorem 3.3.5. Let (by,...,bs) € R such that b; # b; for i # j. Let T be a
permutation of {by,ba, ..., bs}. Then, there exists a 2-linear family A(ty,t2) whose

antipodal monodromy from (0,1) in the direction of (1,0) is 7.

Proof. Up to reindexing, we suppose by > --- > by, and let B = diag(by,...,bq).
Given A = diag(ay,...,aq), such that A+ tB is in general position, we denote by

the abscissa of the intersection of the lines y = a; +tb; and y = a; +1tb;, for 1 < i < d,
1<j5<d, (i#jandt;;=1t;,), and given I C {(4,7);1 <i < j < d}, we set E(I)

for the perturbation matrix given by Proposition 3.3.4.

We prove by induction on d the following:

Claim 3.3.6 (Inductive hypothesis). Given B and T as above, there erists A =
diag(a, ..., aq), there exists I C {(,7);1 <i < j < d} such that:
1. The family A+ tB is in general position;

2.9(i,4),(7,j), 1<i<j<d 1<i<j<d

((G>4)or(j=4 andi>1i)) =t;; <ty;;

3. The antipodal monodromy of A(ty,t2) = t1(A+ E(I)) + toB from (0,1) in the
direction of (1,0) is 7.

Whenever d =1, A = 0,1 = () works.

Suppose the claim holds for d — 1 and prove it for d. Let by = 7(by), and let 7/
be the permutation of {1,...,d — 1} given, if b, = 7(b;), by 7/(i) = ¢ if ¢ < k, and
7'(i)=0—1if { > F.

We apply the inductive hypothesis to B = (by,...,bq—1) and 7/, and get A" =
diag(ay,...,aq-1), I' € {(i,7);1 < i < j < d—1}. Choose a; € R such that
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aq + bd(td—Q,d—l — 2) < a;+b (td—Z,d—l — 2) Since ag_1 + bd—1<td—2,d—1 — 2) > e >
a; + b1 (tde,dfl — 2), we get ti,d < td72,d71 — 2, Vi = 1, R ,d. Then, since bd < bl for
i=1,...,d—1, the points (1) and (2) are satisfied for A = diag(as,...,aq).

Now, we let I = I’ U{(j,d);j < k}. The antipodal monodromy o of A(ty,ts) =
t1(A+ E(I)) 4+ toB from (0,1) in the direction (1,0) is given by o(b;) = b; if the
analytic prolongation of the eigenvalue of A + E(I) 4+ vB that is asymptotic to b;v
at 400 is asymptotic to bju at —oo. We denote by A;(v),...,A\g(v) the analytic
eigenvalues of A+ E(I) + vB indexed in such a way that \;(v) ~ . b;v.

Let i € {1,...,d —1}. Then A;(tg—24-1 — 1) is the j + 1-th larger eigenvalue of
A + E(I) + (tdfgvdfl — 1)B with ] = T’(i) because )\d(tde,dfl — 1) < )\i(tde,dfl — 1)

If j < k, then (j,d) € I, so the analytic prolongation of )\; intersects the pertur-
bation of the line y = a4y + vby. Then the rank of A\; among the \’s is raised by 1, i.e,
becomes the j-th. So A\j(v) ~_ bjv, and o(b;) = by = 7(b;).

If j > k, then for all j* > j, (4,5') ¢ I, so the rank of ); is conserved for ¢t <
tdfgjdfl — 1, and )\l(v) ~_so ijrlU. But bj+1 = br’(i)-i-l = T(bl) So O’(bl) = T(bz) again.

Finally, for i = d, then \; is asymptotic to bgv at +00, intersects k — 1 eigenvalues
since (1,d), ..., (k—1,d) belong to I, and no other, so its rank among the \’s at —oo
is ki A\g(v) ~_o bgv. Hence o(bg) = by = 7(by), which concludes the proof of the

claim, and the theorem follows. ]

We illustrate the previous proof with the following picture, where we show the

construction of the set I in the case of a particular permutation of 5 eigenvalues. Let

1 23 45
T = .
541 2 3

Since 7(5) = 3 = ky, we get I; = {(1,5),(2,5)} and

, 1 2 3 4
T = .
! 431 2

Since 7{(4) =2 = ko, I = {(1,4)} and
(123
Ty = :
3 21
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1 2
Since 75(3) = 1 = k3, I3 = 0 and 7§ = (2 1). We define I = I, UL, U I3 =

{(1,5),(2,5),((1,4))}, Figure 3.2.

15 34 24

Figure 3.2: Perturbation of lines

3.4 Local study of intersections of >); with affine planes

In this section, we study the local behavior of the eigenvalues of an affine plane family
P in a neighborhood of a point Ay of PN Xy, in order to decide whether 0 is a super-
singular point of the family. We will frequently compute antipodal monodromies, and
for this we always imply that P is parameterized as Ay + L(t),t € R? where L is
linear. We separate the cases according to the dimension of the intersection of the
tangent planes to P and X, at the point Ag, and we consider the different possibilities

in turn.
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3.4.1 dim TAO'J) N Ty,20 = 0.

We first suppose that there is no intersection between 74, P and 74,32 but 0, so no

direction in 74, P belongs to T'4,25. We have the following proposition.

Proposition 3.4.1. Let A(t),t € R? be an affine family with A(0) = Ay € 3. If
dim Ty, A(t) N TayXe = 0, then for all small ty # 0, the antipodal monodromy of
the eigenvalues of A(t) from to € R? in the direction of u, u L to, |to| = ||ull is
the transposition of the two eigenvalues whose analytic continuations coincide at the

oTigin.

Proof. Since Ta,A(t) N Ta 29 = {Ao}, there exists a neighborhood V' of the origin
such that for all t € V', ¢t # (0,0), A(t) ¢ Xo. Let us take to € V, ¢y # (0,0) such that
v C V, where « is the concatenation of the half-turn path from ¢, in the direction of
U, N(t,u), followed by the straight path from —t, to to, [—to,%o]. Since A(ty) ¢ X, we
have #Spec(A(ty)) = d.

Note that h,.) C V, so the order of the eigenvalues of A(ty) is preserved along
h(tou)- The same argument shows that this order is also preserved along the segment
(—to,0). Let

C(s) .= Ao+ s(Ay — A(—ty)) = Ao + sB,

with B = Ay — A(—to) and s € [—1,1], so that C(—1) = A(—ty), C(0) = Ag. Note
Ay € X9, B ¢ Ty,29 and for all s € [-1,0), s # 0, we have C(s) ¢ 5. So, by
Lemma 3.3.1 there exists A\j, Ay € Spec(C(—1)) whose analytic prolongations along
the segment [—1, 0] coincide at 0 and have two different slopes at 0. Hence, the order
of the analytic prolongations of A\; and A\, reverse at the origin. But Ay € Y, so the
order between the other eigenvalues is preserved along the segment [—t,0]. Finally,

the order of the eigenvalues of A(t) is preserved along the segment (0, ty).
From this, the antipodal monodromy from %, in the direction of u, is the transpo-

sition that reverse A\; and Ay. This finishes the proof. O

Corollary 3.4.2. Under the hypotheses of Proposition 3.4.1, there exists a non-trivial
antipodal monodromy for the eigenvalues of A(t) which forbids the eigenvalues to be

analytic. Hence, (0,0) € Sy.
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Example 3.4.3. Let Ay = diag(0,0,1), Ay, Ay ¢ Ta,3 be given as follows.

1 0 -1 011
A=10 -1 1 A,=11 0 1
-1 1 0 11 2
Consider the family
t1 to to — 11
A(t) = A() + tlAl + tgAg = to —t t1+1ty |,

to—t1 6+t 2ty +1
The characteristic polynomial of A(t) is

XA(trte)(T) = —2° + 2%(1 + 2to) + x(3t5 + 3t]) — 8t5ty — 1] — L2,

The family A(t) satisfies the hypothesis of Proposition 3.4.1. So, A(t)NY = {Ao}
in a neighborhood of the origin, and there is a non-trivial antipodal monodromy
which forbids the eigenvalues to be analytic. We see the eigenvalues of A(t) in a

neighborhood of the origin, Figure 3.3.

Figure 3.3: Eigenvalues of A(¢) near the origin

3.4.2 dim TAO'JD N1y =1

We now suppose the intersection of T4, P with the tangent plane to X5 at Ay is a line.
Since Y5 has codimension two, the intersection Yo NP in a neighborhood of Ay should

generically contains nothing but Ay. However, it happens that 3, contains many
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plane curves, and this case admits different subcases. In a neighborhood of Ay, either
PNy ={A} or dimP Ny = 1. Again, we consider these different possibilities in

turn.

3.4.2.1 PN 22 = {Ao}:

Proposition 3.4.4. Let A(t) = Ay + t1 41 + toAy € P with Ay € Ta,Xy and Ay ¢
Tay2a. Suppose that A(t) N Xe = {Ao} in a neighborhood of the origin. Then, there
exists € > 0 such that the antipodal monodromy of the eigenvalues of A(t) from (0, ¢€)
in the direction of (g,0) is the transposition of the two eigenvalues of A(0,e) whose

analytic continuations coincide at 0.

Proof. Since A(t) N3y = {Ap}, there exists a neighborhood V' of the origin such that
forallt € V, t # (0,0), A(t) ¢ 5. There exists € > 0 such that the concatenation of
the half-turn path from (0, ) in the direction of (g, 0), h,..), followed by the straight
path from —(0, €) to (0, e) belongs to V. Since A(0,¢) ¢ X, we have #Spec(A(0,¢)) =
d. Moreover, hi.y C V, so the order of the eigenvalues of A(0,¢) is preserved
along hgy.wy. Now, Ay ¢ TyXs and Ay € Xy, So, by Lemma 3.3.1 there exists
A1, Ay € Spec(A(0,¢e)) such that the analytic continuations of A\; and Ay along the

segment (—¢, ) coincide at 0 and have two different slopes at 0.

Hence, the order of A\; and \; reverse at the origin. But Ay € X5, so the order
between \; and )\; is preserved along the segment (—¢,¢) for all {7, j} # {1,2}. This
finishes the proof. ]

Corollary 3.4.5. Under the hypotheses of Proposition 3.4.4, Ag € Sa.

In the following example, which illustrate the situation, we see that in a non-linear
case, the antipodal monodromy is not a satisfying invariant in the affine situation.

Indeed, it shows that this antipodal monodromy might depend on base point t.

Example 3.4.6. Let A(t) = Ay + t1A; + t2As € P be given as follows.

0 ty t 00 0 00 1 010
Aty=1|t, 0 o|l=]0o o0 of+ti]lo 0 0]+t|[1 00
t, 0 1 001 100 000
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Note that Ag € Yo, Ay € Ty, 2o and As ¢ Ty, Y. We have

XAt ) = — A+ X+ At +13) — 3,
Aty = 2617 + (V12585)° + (17)° + (V126183)% + (V20t1t2)* + (262(t5 — 1)),

where X a4 ,4,)0) and Ay, 1) are the characteristic polynomial and the discriminant
of the matrix A(ti,ts), respectively. We have Z(Axu, 1)) = {(0,0),(0,£1)}. So
A(t)NEy = {Ap} in a small neighborhood of the origin.

The calculation gives Spec(A(ty,0)) = {0, 3(1 £ 1/4t2 + 1)} and Spec(A(0,t5)) =
{—ta,1,t5}. Note that for ¢y = (0,1s), t2 # 0 small, the antipodal monodromy from
to in the direction of u = (—t2,0) is a transposition of the two eigenvalues whose
analytic continuation coincide at 0. But, for small t; # 0, the antipodal monodromy
from (t1,0) in the direction of (0,#,) is trivial. Indeed, ¢t +— 1 — y/4¢> 4+ 1 is a non-
positive analytic function on (—t1,%;) so that two eigenvalues 0 and (1 — VA 1)
do not exchange along the segment (—tq,¢;). In Figure 3.4, we see the eigenvalues of

A(ty, ts).

(a) non-trivial monodromy (b) trivial monodromy

Figure 3.4: Antipodal monodromies of the eigenvalues

3.4.2.2 dimPnNy=1:
We first prove that the intersection P N 3, is an analytic curve .

Proposition 3.4.7. Let P be the image of A(t) = Ag+1t1A1+12As, Ag € 3o. Suppose
that:

1. TAo(P N TAOZQ = Span(Al)
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2. dimP N3y =1.

Then, the intersection P N Xq is a smooth analytic curve.

Proof. We choose A" € Symg4(R) such that Span(As,, A') is a complementary subspace
of T4y% in Symgy(R):

Symg(R) = T4, 2o & Span(Ay, A').

Denote by 7 the associated projection m : Symgy(R) — T4 2>. We note that locally
Yy is the graph of an analytic function over T4 ,3;. This means that there exists an

analytic function
@ 1 Tye — R?

B+~ (¢1(B),¢2(B)) "’
a neighborhood V € Sym,4(R) of Ay and a neighborhood W € T}y, %5 of 0 such that

T(A— A4y eW,
A=Ay +m(A—Ay) + ¢1(m(A— Ag)) Az + da(m(A — Ap))A'.

AeVNi, &

In particular, for (¢;,?2) is a small neighborhood of the origin,

t1A € '\/\77
Ao+ tA +tA e VNYE, & ty = Cbl(tlAl);

¢2(t1A1) - 0

Since, dim A(t) N3y = 1 and Ay € Ty, s, for ¢ close to 0, we have t;4; € W and
¢2(t1A1) =0. SO, Ao + tlAl + tQAQ evn 22 if and only if t2 = (Z)l (tlAl) Hence, the
intersection P N 3, is given by the parameterization Ay + t1 A1 + ¢1(t1 A1) As which

defines an analytic curve as announced. ]

We now study the eigenvalues of the family.

Proposition 3.4.8. Let A(t) = Ao + t1 A1 + t9Ay € P with Ay € Yo such that
dim Ty, A(t)NTa, X0 = 1. If dim A(t) Ny = 1, then A(t) admits analytic eigenvalues
pi(ty, ta) and pe(ty,te) in a neighborhood of the origin which coincide at (0,0).

Proof. Without loss of generality, we suppose that A; € Ty, A(t) N Ta,22 and Ay ¢
T,22. By Proposition 3.4.7, the intersection A(f) N Xy is an analytic curve. Let
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Ag+ xA; + ¢(x) Az be an analytic parameterization of A(t) N Xy, where ¢ is analytic.
Let B(t,x) = Ay + xA; + ¢(x)As + tAy. Then, Py (\) = XBre)(A) is an analytic
family of hyperbolic polynomials such that:

L. Po,0)(A) = XB(0,0) = X4,(A) has d — 2 simple roots and one root of multiplicity

two,

2. P(()’x)<)\) = XB(O,x)()\) = XA0+:L‘A1+¢($)A2(/\)- Note that Ay + xA; + ¢($)A2 is a
one-parameter analytic family in ¥,. So, by Rellich’s Theorem, the eigenvalues
of Ag+ xA; + ¢(x)As are analytic functions. Since Ag+ xA; + ¢(x)As € Yo, it
has an analytic multiple root. We denote it by A\o(z).

3. Since Ay € ¥y and Ay ¢ T4, X,, then by Lemma 3.3.1, Py )(A) = Xag4ea,(A)
has two analytic roots A (), Aa(t) with A1 (0) = Ay(0), N[ (0) = N5(0).

S0, XB(tz)(A) satisfies the hypotheses of Proposition of 1.2.4. So, it has two analytic
roots Ai(t,z) and A\y(¢,z) in a neighborhood of (0,0). Now, Ay + tA; + t2As =
B(tQ — ¢(t1), tl) SO,

pa(te, t2) = Mi(ts — o), 1)
pia(t1, t2) = Ao(ta — d(t1), 1)
are analytic eigenvalues of A(ty,ts). O

Examples:

Recall X5 has codimension two in Symg4(R). However, it happens that ¥, contains
many plane curves. We give several examples of this fact. A trivial case happens
when Ag + t; A; is block diagonal, with a constant eigenspace of dimension two (case
1). There are also non-trivial examples, where P N ¥, is not a line and in particular,
PNXy # TayPNTy,3s (case 2).

e Case 1: The intersection P N X5 is a line:

Example 3.4.9. Let A(t) = Ao + t1 Ay + ta Ay where Ay = diag(0,0,1) and A; =
diag(1,1,2) and

Ay =

)
o o

1
1
0

¢

Note that Ay, A; € ¥ are diagonal and Ay ¢ T'4,35. So, the intersection of A(t) and
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Yo is the line Ay + t;A;. Here, A(t) satisfies the hypothesis of Proposition 3.4.8. So,

the eigenvalues of A(t) are analytic in a neighborhood of the origin, Figure 3.5.

Figure 3.5: Intersection along a line

Example 3.4.10. We give another example in dimension four, to emphasize the fact
that P might intersect ¥, along a line that is not made of diagonal matrices, but only
block diagonal. Indeed, suppose that Ay = diag(0,0,as,...,aq) € Xo, Az & Ty 3o
and A; has the following form.

I _
A1=< k2|02’“>, (3.9)

0d—2,2 | B

where B is a d — 2 X d — 2 symmetric matrix. Then, for all (¢;,0) in a neighborhood
of the origin Ag + t1A; + t3As € P has a double eigenvalue t1k. For instance, let
Ay = dZCLg(O, 0,1, 2)7

10 0 1 0 01
0 1 0 0 -1 00
A =0.1x : Ay =
00 —11 0 0 00
00 1 0 1 00
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Note that Ay € Xo, Ay ¢ T4,35 and A; has the shape given in (3.9). We have

Xa(tt)(T) = (0.1t — tg — 2)[(0.1¢; +t2 — 2)((2 — 2)(—0.14; + 1 — x) — 0.01¢7)

+t3(—=0.1t; + 1 — )]
(3.10)

We have ya0)(z) = (0.1t — 2)*(2* + 2(0.1¢; — 3) + 2 — 0.2¢1), whose roots are
Tr1 = Oltl

T9 = Oltl
1
7y = 5(3- 0.1t + VJ0.05(22 + 4t, + 20))

1

which has a double eigenvalue ¢;, Figure 3.6a, and Spec(A(0,t2)) = {1, —ts, 5(t2 +
2+ +/5t3 — 4ty + 4)}, Figure 3.6b.

Eigenvalues of A(tz)

Eigenvalues of A(Il)

(a) (b)

Figure 3.6: The eigenvalues of the one parameter families

Note that A(0,0) € X5 and for all (¢1,0) in a neighborhood of the origin, A(t;,t2)
has the double eigenvalue 0.1#;. In Figure 3.7, we see the eigenvalues of A(t) in a

neighborhood of the origin.
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D

o

Figure 3.7: Intersection along a line

e Case 2: The intersection P N X, is not a line:

There are also planes curves in Y5 that are not lines. Our examples is based on
the observation that the orbits of Ay under of the action of certain one-parameter
subgroups of O(d) which are plane curves are plane curves themselves. For instance,
if Ay = diag(0,0,as,...,aq) € ¥y and

cosf@ 0 —sinf O 0
0 1 0 0
sinf 0 cosf8 O
G(0) = 0 0 0 1 :

then, the orbit of Ay by the subgroup G = {G(); 6 € R} C O(d) is the image of

r(g) 0 q(g) O -+ -+ 0
0 0 0 0 :
q@) 0 z(@) O
Y0 =GO)AGO)" =] 0 0 0 ,
0 o
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with 7() = azsin®0, q(f) = —assinfcosf,z(0) = azcos®f. So, for all & € R, ~(0)
belongs to the affine plane P = Ay + Span(A;, As), where

1 00 1 0 ...0
0 00 0 0
—1 1 0 0 0
Alz 9 A2:
0 0 0 0
0 0 - 0

In particular, the plane P contains a curve included in 3,. Here, since A; ¢ T4, 2o,

this curve is the intersection P N >,.

Example 3.4.11. Let A(ty,t2) = Ao + t1 Ay + t2 A2 be the affine family given by

ta 0 000 0 01 1 0 0
A(tl, tg) = 0 —tg 0 == 0 0 0+ tl 00 0]+ t2 0 -1 0
ty, 0 1 0 01 1 00 0 0 0

Here, A(ty,t5) is tangent to X in the direction of A; and it is transverse to 3 in the
direction of A,. We have

XA(tl,tg)(l’) = tft2 + t%x + t%:r — t% — 342
= (ty + 2) (55 + tor — tg — 2° + )

Thus, Spec(A(t1,t2)) = {E(t2 + 1 £ /42 + 3 — 2ty + 1), —to}.

If t, = 0 then Spec(Ag+t1A;) = {0, 3(14 /4t + 1)}, Figure 3.8a. Now, if t; =0
then Spec(Ag + taAy) = {—t2,1,t2}, Figure 3.8b.
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Spec(AoﬂlAl) Spec(AoﬂzAz)
4

A b N s

Figure 3.8: The eigenvalues of the one parameter families

We calculate the intersection of ¥ with A(¢y,t2). Notice that, A(t1,t2) € 3, then

either —t, is a multiple eigenvalue of A(ty,t5), or the sub-matrix

ty 1t
A22 = ( 2 1> € 22.
1 1

But the discriminant of Agp is Ay,, = (t2 — 1)? + 4¢3, which vanishes only at (0, 1).
o+t 1y _o.

t 1+t
From this, we get (1+¢2)(2ta) —t2 = 0. So, near (0,0), A(t1,ty) € ¥ along this curve
(hyperbola).

Now, if —t5 is a multiple eigenvalue of A(t,t;), we have det

From proposition 3.4.7, the eigenvalues of A(t) are analytic functions in a neigh-
borhood of the origin: (0,0) ¢ Sa. In Figure 3.9, we see the eigenvalues of A(t) in a
neighborhood of the origin.

<~

Figure 3.9: Intersection along a hyperbola
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3.4.3 dim TAO'J) N Ty, 20 =2

The plane tangent to ¥y at Ay and the tangent to P coincide. We note P = Ay +
t1A1 4ty Ay, P C Ty, Xo. There are again subcases:

2. dimP N, =1;
3. dimP N, =2

Except for the subcase dim®P N ¥y = 2, i.e., P C ¥y, we don’'t have a description
simply based on dim P N ¥,. Indeed, the behavior of the eigenvalues of P strongly
depends on orders of contact between P and Y5, that can be high as the dimension of
the ambient space grows. We illustrate this fact with various examples that includes
the complete classification for Symg(R). The following proposition shows that in

dimension three, in this case, (0,0) ¢ Sy.

Proposition 3.4.12. Let P = Ay + tA; + t2 Ay € Syms(R) with Ay € ¥y. Suppose
that dim Ty, P NTy, X9 = 2. Then, the eigenvalues of P are analytic functions near

the origin.

Proof. Since dim Ty, P NT4,22 = 2, we have P C Ty, 22. Without loss of generality,
we suppose that Ay = diag(0,0,a) with a € R, a # 0. Up to subtract k(t1, )3 with

some linear function k& to the family, we suppose that

0 0 «
A(tl,tg) :A0+B(t1,t2) :A0+ 0 0 B 5
a B v

with «, 8,7 linear in (t;,t3). We show that the eigenvalues of Ay + B(ty,t2) are

analytic functions. The characteristic polynomial is

-z 0 «
XA0+B(t1,t2)($) =det| 0 —zx I6;
a [ y4+a—z
=~z (~z(y+a—1z)— 52) + o’z
=—z(2* —2(a+7) - B —a?)).

Then Spec(Ag + B(ty,t2)) = {O, : <'y +a£/(a+7)?+4(a?+ /32)> } Since a # 0
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and 7(0,0) = 0, this are analytic functions near (0,0). O

Remark 3.4.13. In the previous proof, we have seen that, given a direction B €
T4,P, the contact order of the two eigenvalues that coincide at 0 along Ay + tB is
always 2, except when the linear forms « and 3 have a common zero line that contains
B (in which case, A+ tB lies in ¥3). We will see that this order might vary in higher

dimensional spaces, and this sometimes create non-trivial antipodal monodromy.

3.4.3.1 :P N 22 = {Ao}!

Example 3.4.14. We first give an example in dimension 3. In view of the proof of the
preceding proposition, this case happens for the family A(t1,t5) = Ag+1t1 41 +12A5 €
Syms(R) given as follows.

0 0 ¢ 0 00 0 01 000
1 to 1 0 01 1 00 010

We have X aq, 1) = iz + the — 23 + 22 = z(t} + t3 — 2* + ) and so

1 1
Spec(A(ty, ty)) = {5(1 — /42 4+ 4t +1),0, 5(1 + /483 + 4% + 1)} :

In Figure 3.10, we see the analytic eigenvalues of A(ty,t5).

D 4

Figure 3.10: The intersection is a point

Example 3.4.15. We give another example for d = 4. For P € Symy(R), d > 3,

there are examples where P N ¥y = {A} and there exists a direction along which
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the order of contact between the eigenvalues is odd, and this produces non-trivial
antipodal monodromy. Indeed, if this happens, the analytic continuation along a
segment [—t,t] exchange the order of two eigenvalues, while the order is preserved
along the half turn (since only Ay € X). So the antipodal monodromy in this direction
is non-trivial, and (0,0) € Sy.

For instance, let A(ty,t2) = Ag + t1 41 + ta A € Symy(R) be given as follows.

0 0t 000 O 0000 000

00 ¢ ¢ 000 O 0011 00 0
Aty ta) = R = +t iy

0 t; 1+t O 001 0 0110 00 0

th 0 —1 000 —1 0100 100

The characteristic polynomial of A(tq,ts) is
XA(t 1) = Bix + 115 — 2652° + titsw — ty2® — t2® — 52 + o + o' — 2.

In Figures 3.11a and 3.11b, we see the eigenvalues of A(0, t5) and A(t,0), respectively.

0 22

0 11

Spec(A +t A,) Spec(A_+t.A)
61

Figure 3.11: The eigenvalues of the one parameter families

In the direction of Ay, the order of contact between the eigenvalues is even (order
2) while the order of contact in the direction of A; is odd (order 3), Figure 3.12. So the
antipodal monodromy from (¢1,0) in the direction of (0, ;) exchange two eigenvalues.

In particular, (0,0) € S4.

Once again, this example shows that the antipodal monodromy might depend on
the base point in the case of affine families. Since in the direction of A,, the order

of contact between the eigenvalues is 2, the antipodal monodromy from (0, ¢3) in the
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direction of (t2,0) is the identity.

.
N ST
P _

(b) Non-trivial antipodal mon-
(a) Trivial antipodal monodromy odromy

Figure 3.12: Antipodal monodromies of eigenvalues

Since the antipodal monodromy from (¢;,0) in the direction of (0, ¢1) is non-trivial,

so there is no analytic orthogonal matrix Q(t) € O(d) which diagonalize A(ty,t5).

3.4.3.2 dimPNniy;=1

We give two examples, in dimension 3 and 5. In dimension three, Example 3.4.16,
(0,0) is not a super-singular point as expected from Proposition 3.4.12. In this ex-
ample, the intersection P N X5 is a smooth curve. In dimension five, Example 3.4.17,
(0,0) also is not a super-singular point while the intersection P N 3, is a singular

curve, a cusp.

Example 3.4.16. In dimension three, the order of contact between the eigenvalues
is two. So, the antipodal monodromy from tg, in the direction of u, u L tg, ||to] =
||u|| is trivial. Thus, there exists an analytic orthogonal matrix Q(¢) € O(d) which
diagonalize P. For instance, let A(t1,t2) = Ag + t141 + t2As € Syms(R) be given as

follows.

ty 0 000 00 1 100
Alti,t) =10 t, 0 =(ooo|+t|loo0o0o|+t]|o 1 o0
t 0 142t 00 1 100 00 2
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Then,

XA(tte) = —tito + ta + 2t5 — Btox + 15 + 4tea® — 2w — 2° + 2 (3.11)
= —(ty — o) (13 — 2t5 + 3tox — ty — 2° + ) = 0. (3.12)

Note that Spec(A(ty,0)) = {0, 5(1 &+ /4t + 1}, Figure 3.13a and Spec(A(0,t,)) =
{ta, ta, 2ty + 1}, Figure 3.13b.

. - 7
. + +
\\ 5 Spec(Ao llAl) L, P Spec(A0 tZAZ) /,
N
. Pad
~ 4 4
A - M r -
N - 7 .
o 3l L7 - - Rd
. 7’ 4
. * — 2
N i 3 .
S - "
O -’ 3r 7
Sop-” R4
t iq t
1 7 2
Z.
. - ~ 3 1t 1 3
< g
-, -ir N 7
-’ N ’
’ b N // ——
. ~ 2 5
s, s - =
-, 3r s 2 2
-, N - A
~ - 3
’ 4t N L
(a) (b)

Figure 3.13: The eigenvalues of the one parameter families

By (3.12), we get Spec(A(t1,t2)) = {t2, 5(1 + 3t2 £ /48] + (t2 + 1)?)}, where for
t1 =0,t; = —1, A(t) has a triple eigenvalue —1 and A(0,0) € X,. Note that for small
t; # 0, the antipodal monodromy from (¢,0) in the direction of (0,¢;) is trivial.
Indeed, ¢t — 1 — \/m is a non positive analytic function on (—ty,%1) so that
two eigenvalues 0 and $(1 — /412 +1) do not exchange along the segment (—t, ;).
Therefore, the eigenvalues of A(t,t5) are analytic functions in a neighborhood of the

origin, Figure 3.14.
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Figure 3.14: Eigenvalues of A(t1,ts) in a neighborhood of the origin

Example 3.4.17. This example prove that the intersection of PN, is not necessary
a smooth curve when P C Ty 3o, Let A(ty,t2) = Ag + t1A; + t2As € Syms(R) be

given as follows.

0 0 0 t
0 ot 0
Altit) =10 # 1+t 0 0
0t 0 -—10
t, 0 0 0 2

The characteristic polynomial of A(ty,ts) is

XAt 1) (T) = (—t% + 2% — 2:1;)(—15:{’ + 2t§x + 2+t — 2t 4 x)
= Pl(tg,.%)Pg(tl,l')

In Figure 3.15 we see the eigenvalues of A(t1,0) and A(0, t).
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sl Spec(AoﬂlAl) , Spec(A0+t2A2)
’

Figure 3.15: The eigenvalues of the one parameter families

Let x(t2) be a root of Pi(t2,z) with 2(0) = 0. We write the Taylor expansion of
z(te) at ty = 0:
o(ty) = aith. (3.13)
>0
By replacing (3.13) in Pi(ty,z) = 0, we get —t3 + (aity + asts + asts + o(t3))* —

2(ayty + ast3 + asts + o(t3)) = 0. Now, by considering the terms in ¢y, t3 and 3, we
-1
2
zero at the origin, is of the form z(t,) = 513 + o(¢3). Similarly, it can be shown that

z(t1) = 13 4 o(t}) is a root of Pa(ty, ) which has the value zero at the origin. These

get a; = 0, ag = 0 and az = respectively. So, a root of P;(tg, ) with the value

two roots intersect along ¢3 + 1t3 = o(]¢|*) which is singular at (0,0). In Figure 3.16,

we see the eigenvalues of A(ty,ts).
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(a) (b)
Figure 3.16: The eigenvalues of A(ty,t5)

Notice that for any tg and u L ty, the antipodal monodromy from #, in the direction

of w is trivial. So (0,0) is not a super-singular point.

3.4.3.3 dimPNY, =2

In this case, P C 3. Since X5 is smooth, so the eigenvalues of P are analytic functions.
Consequently, there is an orthogonal matrix Q(¢) € O(d) which diagonalize P.
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Chapter 4
Reductions

In this chapter, we study possible reductions of linear families of symmetric matrices.
In a first attempt, if A(¢) is a family of d x d symmetric matrices, one can investigate
whether there exists a regular (analytic, linear ... ) family O(¢) of orthogonal matrices
such that A'(t) := O(t)"A(t)O(t) is reduced, this is A’(t) = Diag(Ai(t),..., An(t))
is diagonal by blocs. Recently, the question was studied by Kurdyka and Paunescu
in the case where A(0) admits n different multiple eigenvalues for analytic families
[18] and then by Parusinski and Rond, Lemma 2.1 of [26], for the families of normal
matrices depending on a formal multi-parameter. We say that a family A(t) splits
into n blocks if n regular invariant linear subspaces F;(t) exist. In full generality, to
get true splitting, one also needs to find “regular” basis of each E;(t), but it won’t be

problematic in the linear case.

Obtaining such reduction aggregates two difficulties. Indeed, if a family A(¢) splits,
then it has a reducible characteristic polynomial x 4, since it is the product of the
characteristic polynomials xa,¢), ¢ = 1,...,n, where A;(t) is the restriction of A(t)
to F;(t). Now, when a polynomial family P(¢) € (R[t])[A] is the product of n factors
Pi(t),..., P,(t), the monodromy o associated to the roots of P(¢) also factorizes. A
cycle in the decomposition of o acts on the roots of one P;(t), so o can be seen as the
product of n permutations with disjoint support. We identify this situation by the
classes of the quotient of the roots of P(t) by the action of o (that only aggregate

roots of the same factor P;(t)).

In this chapter, we try to find sufficient conditions to reverse the implications (a)
and (b):
. a . b .
A(t) splits O} Xaq) factorizes Y 5 factorizes.
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We call factorization problem the reverse of (b), this is, finding a factor P;(t) in
xa(t) with Pi(ty) = Hle(/\ — Ai(to)), when the subset {\;(to); ¢ = 1,...,¢} of the
roots of X ) is known to be invariant by o. We call splitting problem the reverse
of (a), this means, finding an invariant subspace F(t) of dimension ¢ such that the
characteristic polynomial of the restriction of A(t) to E(t) is the known divisor P(t)
of degree £ of x ().

In the first section, we notice some rigidities that proceed from the linearity of the
family. To be differentiable (and in particular analytic), an eigenvalue A(t) of A(t)
needs to be linear, and in the same vein, if a linear family A(t) splits, the associated
invariant spaces needs to be constant. It happens that (b) cannot be reversed in
full generality. Indeed, there is an example of a 2-linear family in Symg(R) that
admits an eigenvalue that is invariant by the antipodal monodromy but is not linear,
Proposition 4.1.4. Then we study eigenvectors associated to linear eigenvalues, and
we show that they have constraints, but not enough to make them constant, except in
the case where the eigenvalue is extremal. It happens indeed (a) is not an equivalence

either, that we illustrate by Example 4.1.10.

This invites us to consider extremal eigenvalues, section two. We achieve to solve
the factorization problem when ¢ has an extremal orbit of length 1 or 2. The result
might be generalized, but our method for an extremal orbit of length n requires a
construction of particular hyperbolic curves of degree n that we have not reached in
arbitrary degree. Then, still for extremal factors, we manage to solve the splitting

problem in full generality.

The last section combines consequences of the formers. In particular, we state
as a theorem (Theorem 4.3.1) the equivalence of many propositions, including the

following:

A linear family admits an analytic diagonalization if and only if the associated

antipodal monodromy is trivial if and only if any two matrices in the family commute.

4.1 Generalities

In this section, we study the splitting and factorization problems for linear families.
We first state some generalities that confirm the rigidity of linear cases, and we give
examples which show that neither the lack of monodromy is sufficient for an eigenvalue

to be factored out of the characteristic polynomial, nor a factor in the characteristic
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polynomial corresponds necessarily to a splitting block of the family. However, in
the second subsection, we will obtain positive results under the assumption that the

considered eigenvalues and factors are extremal.

4.1.1 Rigidity of eigenelements

The behavior of “regular” eigenelements of linear families is very rigid. Indeed, eigen-
values need to be linear, and eigenvectors to be constant, as shown by the following

two propositions.

Proposition 4.1.1. Let A(t) € Symq(R),t € R* be a linear family. Suppose \ :
R* — R is an eigenvalue of A(t), continuous on R*, and differentiable at 0. Then X

18 linear.

Proof. For given t # 0 and s € R, A(st) = sA(t), so Spec(A(st)) = sSpec(A(t)).
Then, since Spec(A(t)) is discrete (finite) and A is continuous, A is positively homo-
geneous of degree 1: Vs > 0, A(st) = sA(t). For s > 0, we then get

AE) — dA(0) () = A(st) — dA(0)(st) _ o(st) .0

S S s—0

So A(t) = dA(0)(t) for all ¢ (the equality is clear for ¢ = 0), and X is linear. O
Proposition 4.1.2. Let A(t) € Symy(R),t € R* be a linear family, A ¢ X. The
following are equivalent:

1. There are k independent parameters (ty,. .. t;) € R¥ such that A(ty), ..., A(ty)

have a common eigenvector.
2. There exists a continuous e : R¥ — S=1 that is an eigenvector of A(t).
3. There exists an analytic e : R¥ — S=1 that is an eigenvector of A(t).
4. There exists e € ST that is an eigenvector of A(t).
If these propositions are satisfied, the associated eigenvalue is linear.
Proof. Let us prove (2) = (4). Since A ¢ 3, the set Q of regular parameters (such
that A(t) ¢ X) is a dense open set in R¥. Let t € Q. Then R*t C , since A is

linear. The unit eigenvectors of A(st), for s > 0 are made of 2d distinct points that

do not depend on s. The map e being continuous, 0 < s — e(st) is constant, and in
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particular, e(t) = lim,_,¢ e(st) = e(0). Finally, Vt € Q, e(t) = e(0), so e is constant on

Q). Then, by continuity of e and density of €, e is constant on R”.

Since (4) = (3) = (2) and (4) = (1) are clear, and since a common eigenvector
of different matrices is an eigenvector of any linear combination of them, we get

(1) = (4) which finishes the proof of the proposition.

Finally, if e is a constant eigenvector, the associated eigenvalue is A(t) =< A(t)e, e >,

which is linear. H

The following proposition generalizes the principle, working with invariant spaces
instead of eigenvectors. The hypothesis A(t) ¢ ¥ below is necessary. Any continuous
E : R? — Gi whose image is included in the hyperplane (0,0,1)* is a continuous
invariant space of the family A(tq,ts) = t1diag(1,1,0) + t515.

Proposition 4.1.3. Let A(t) € Symq(R),t € R¥ be a linear family such that A(t) ¢

Y. Suppose E(t) is a continuous invariant space of A(t), then E(t) is constant.

Proof. Let Q be the set of regular parameters ¢ such that A(t) ¢ 3. Since A(t) ¢ %,
Q) is a dense open set in R*. Take ¢, € Q. Since A(t) is linear, for any s € R*
the eigenspaces of A(sty) are d independent lines associated to simple eigenvalues
of A(sty). Since the invariant spaces of A(t) are all direct sums of subspaces of
eigenspaces of A(t), the set E(sty), s € R*, is discrete. Thus, by continuity of F,
s — E(sty) is constant and E(ty) = lims_,¢ E(sty) = E(0). Finally, for all t € Q, we
have E(t) = F(0). By continuity of E(t) and density of 2 in R*, E(t) is constant on
RE. ]

4.1.2 Factorization problem

In view of Proposition 4.1.1, the following example shows that the antipodal mon-

odromy fails to predict the factorization of the characteristic polynomial.

Proposition 4.1.4. There exists a 2-linear family A(t) € Syms(R) and A € R such
that :

e )\ is an eigenvalue of A(1,0) and is invariant by the antipodal monodromy from
(1,0) in the direction of (0,1): 7'(/170)7(071)()\) = \;

e \ has no analytic prolongation on R?. Indeed, N has a unique analytic prolon-

gation on R*\ {0} that is not a linear function.
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Proof. The proof is given by the following example. Let

0 0 t1
A(tl, tg) = tlAl + tQAQ - 0 t2 tl 5
ti t1 t1—1t

where Spec(A;) = {—1,0,2} and Spec(Ay) = {0,0, 1}. Notice that 0 is an eigenvalue
of A(1,0). We show that 7, o) ))(0) = 0. Let ¢; = u and ¢ = uv and

00 1
Bv)=A; +vA;s=|0 v 1
1 1 1—vw

The characteristic polynomial and the discriminant of B(v) are
Xy (A) = =N+ X2+ (2+0° =) —v =2 — (A +1)v— A> + \? + 2],
Apwy = A+ 12 —4A=N + X2 +20) = A+ 1)(2A = 1)(A(2X = 3) — 1).

Therefore, Z(Apw)) = {\ € R|Apw)(A\) = 0} = {-1,1,3 Vi7 3

38— 8+ T} Since
Apw) ~aostoo 4A%, then Ap, is negative in the two intervals [; = [—1, % — @] and
L=1[323+ @], Figure 4.1a.
AB(V)

Eigenvalues of B(v)

15 M 0. 1

(a) The graph of A = Ap,) (b) The eigenvalues of B(v)

Figure 4.1: Non-analytic eigenvalue with trivial antipodal monodromy

From this, if we choose a A € I} U [y, then there is no parameter v such that X is
an eigenvalue of the matrix B(v). Thus, the eigenvalues of B(v) are distinct, so for

all v, A\j(v) < Ay(v) < A3(v). Note that A\y(0) = 0 and the slopes of the eigenvalues
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of B(v) at £o00 are —1 , 0 and 1, Lemma 2.6.1. So, A2(v) has a finite limit 0 at
+o00, Lemma 2.6.2 and 2.6.3. In Figure 4.1b, we see the graph of eigenvalues of B(v).
Now, let h be the half turn path from (1,0) in the direction of (0,1) and pr, be
the analytic prolongation along h. Then, for each ¢ = 1,2,3, pry(\;) = A\;. Since
T((1,0),00,1))(A)) = —prr(X;), the antipodal monodromy from (1,0) in the direction of
(0,1) is the transposition of the two extremal eigenvalues —1 and 2 at (1,0). So,

T((1,0),(0,1))(0) = 0.

Now, we show that the eigevalue 0 does not have any anlytic continuation on R2.

We write the Taylor expansion of \y(v) at v = 0:

Ao(v) = Zawi. (4.1)
>0
By replacing (4.1) in xp(), we get —(a1v + agv? + 0(v?))? + (a1v + agv? + o(v?))* +
(v — v+ 2)(a1v + azv? + 0o(v?)) — v = 0. Now, by considering the terms in v, we get
(2a; —1)v = 0. From this, the slope of the eigenvalue of Xy(v) at v =0 is 3. We have
1

Ao(v) = 3¢ + o(v).

Note that Ay(v) is the unique analytic prolongation of the eigenvalue 0 of R?\(0,0).
Since A2(v) is not linear, the associated eigenvalue po(ty,ts) of A(ty,ta), pa(ty, ta) =
t1A2(v) is not linear in ¢; and ¢y. In particular, by Proposition 4.1.1 ps(t1,ts) is not
analytic on R% So, 0 does not have an analytic continuation R2. In Figure 4.2, we

see the eigenvalues of A(t,ts).

Figure 4.2: The eigenvalues of A(t)
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4.1.3 Splitting problem

From the preceding, the factorization problem has no positive answer in full generality,
even for orbits of length 1 of . We now consider the splitting problem. For this we
focus on linear eigenvalues (factors of degree one in x4), and try to investigate the
regularities of the associated eigenvectors. From Proposition 4.1.2, getting a splitting
for the family equates to have a constant eigenvector. We will see that again, this
cannot be reached in general. Indeed, examples below show that even the full given
of the eigenvalue set — all (¢, \) with A\ € Spec(A(t)) —, is not sufficient to determine
whether A(t) splits. However, the journey reveals that extremal eigenvalues play a

particular role, and we study them in a second phase.

The following is the key lemma that outlines the regularities of eigenvectors

associated to linear eigenvalues.

Lemma 4.1.5. Let A(t) € Syma(R), be a 2-linear family, and suppose A(t) has a
linear eigenvalue \(t) that is not always multiple : 3t € RQ;XA(t)(/\(t)) # 0. Then,
there exists an eigenvector e(t) € STt associated to \(t), analytic on R?\ {0}, unique

up to multiplication by —1, and we have:
Y(t, ty,ts) € (R*\ {0})?, e(t) L (A(tl) — )\(tl)]ld)e(tg) + (A(tg) — )\(tz))e(tl). (4.2)

Proof. Without loss of generalities, suppose (1,0) is a parameter such that A(1,0)
is a simple eigenvalue of A(1,0), and choose ¢y € S ! to be one of the two unit
eigenvector of A(1,0) associated with A(1,0). For given # € R we denote by © the
parameter © = (cos(#),sin(f)), and © + II = (cos(d + ), sin(0 + 7)).

From Rellich Theorem, there exists a unique analytic vector e; : R — S% ! such
that A(©)e1(0) = A(O)e1(0) and €1(0) = ey. We claim that e; is 27 periodic. Indeed,
notice that the equation A(©)v = A(©)v for v € S ! has only two continuous
solutions (in terms of ), that can be distinguished by their value ey or —eq at § = 0,
then happens to be e; and —e;. Now, since A(O© +1II) = —A(©) and \(© + II) =
—A(©), the problem A(© + I))v = A(© + [I)v,v € S has the same continuous
solutions. From this we deduce that either e;(6 + 7) = e1(#), and then e, (0 + 27) =
e1(0), or else, e1(0 + m) = —eq(A) and then e1(0 +27) = —e1(0 + 1) = —(—e1(0)) =
e1(0). In both cases, e; is 27 periodic. The function e; being analytic and 27 periodic,
the map e : R?\ {0} — S%°! given by e(t) = e, (¢/||t||) is analytic on R?\ {0}, and
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since A(t) and A(t) are linear, e(t) is an eigenvector of A(t) associated with A(¢). The

unicity up to central symmetry is straightforward.

We come to the relation (4.2). Let 1, t5 be two independent parameters (otherwise
the relation is trivial), and denote A; = A(t;), Ay = A(ts), A1 = A(t1), A =
Ata), e1 = e(t1), ea = e(tz), so (A1 — Mlg)e; = (Ay — Aoly)es = 0. For ¢t € R?, we set
t = aty + Bty (o and S depends on t). Since e(t) is an eigenvector of A(t) for A(t),
we have (A(t) — A(t)Iy)e(t) = 0. Then, in particular

vt € R?\ {0}, < (A(t) — AM()Iy)e(t) ; ae; + Bey >= 0.
This gives, by linearity of A and A, and by symmetry of A — Al:

0 = < (a(A;—My) + B(As — Xoly))e(t) ; aey + Pey >
= <e(t); (a(A — Mlg) + B(As — Aolly)) (cey + Beg) >
= o? <e(t); (A — Mg)ep > ...

e+ B <e(t); (Ay — Xoly))ey > ...
etaf <e(t); (A — Mlges + (As — Aoly))ey >
= af <e(t); (A — Mlg)es + (Ay — Xoly))eg > .

Then, for aff # 0, we get < e(t) ; (A1 — Alg)es+ (As — Aoly))e; >= 0. By continuity

and density, the equation is finally satisfied for all ¢, as announced.' ]

The vector (A(t1) — A(t1)Ia)e(t2) + (A(t2) — A(t2))e(t1) which appears in the key
lemma is associated with the linearity of eigenvectors, as suggested by the proof.

Indeed, we have the following:

Proposition 4.1.6. Let A(ty,t2) = t1 A1 +12As be a 2 linear family, and fori=1,2,
let \; € R be an eigenvalue of A;, with associated eigenvector e; € R\ {0}. The

following are equivalent:
o (Al — )\1]Id>€2 + (Az — )\2]Id>€1 = 0,
o t1e1 + taey is an eigenvector of A(ty,ts).

If this case, the eigenvector tieq+taes is associated with the linear eigenvalue A(t1,ty) =
A1t 4 Aoto.

Inotice that the first part of the proof (the existence of an analytic eigenvector on R?\ {0}) does
not involve the linearity of A but only its idempotency by the antipodal monodromy. In particular,
if A\ has no monodromy, A has an associated eigenvector, analytic on R? \ {0}.
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Proof. First suppose e(ty,ts) = t1eq + taey is an eigenvector of A(ty,t). Denote by
A(t1,t9) the associated eigenvalue. So A\; = A(1,0), s = A(0,1). Notice that, if e;
and ey are linearly dependent, they are both eigenvectors of the two matrices, and

the result follows immediately. Thus, we suppose e; and e, independent.

We have (A(tl, to) — A(t1, tQ)]Id)G(tl, to) = 0, which gives
tl(tl/\l — )\(tl, tg))€1 + t2<t2)\2 — /\(tl, tg))eg + t1t2(A1€2 + Agel) = 0. (43)

So, for tity # 0,

A — At tada — Aty t
(tih t(l; 2))€1+ 272 t(l 2)62:—A1€2_A2€1.
9 1

Since the right hand side vector does not depends on (t1,%2) and eq, ey are indepen-
dent, this implies 2M=202) — g 22 Aul)
) to 1 t1
A(t1,ta) = ti A1 — c1te = —t1co + tadg, 80 A(t1,t2) = Ait1 + Aato. Notice the equality
also holds if ¢1t, = 0, so A is linear as announced. Finally, replacing A(¢1,t2) by

>\1t1 + )\th in (43) for tl = 1, tg =1 precisely gives (Al — Alﬂd)eg + (A2 — )\Q]Id)el =0.

= ¢y are constant. In particular,

We now suppose (A; — Mly)es + (A — Aoly)e; = 0. Then

( tl, t2 tl)\l + tg)\g)]ld) (t161 + t262)

= (tl(Al M) + ta(As — )\ZHd))(tlel + toes)
= tltg((Al — )\1Hd)€2 + (AQ — )\QHd)el)

= 0.

So tiey + taey is an eigenvector of A(ty, ty) for t1 A\ + tas. O

This fact can be generalized to bigger families, as follows.

Corollary 4.1.7. Let A(t) = t1 Ay + - -+ + ti A be a k-linear family. Let \; be an
eigenvalue of A; and e; € RIN\{0}, i = 1,...,d, be an associated eigenvector. Then,

the following are equivalent:

o For all 7é j, (Az — )\i]Id)ej + (Aj - )\j]Id)ei =0

o tiey + -+ trey is an eigenvector of A(ty, ..., tg).

In this case, the associated eigenvalue is linear, N(ty,...,tx) =t A\ + -+ + tp k.
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Proof. First, we suppose that e(t) = tje; + - - - + txe is an eigenvector of A(t). Then,
on each plane P,; = t;A; +t;A;, i # j, we have (4; — Nla)e; + (A4; — A\jlg)e; = 0,
Proposition 4.1.6.

Now, suppose that for all i # j, (A; — Nilg)e; + (A; — Ajlz)e; = 0. We prove that
tie; + -+ - + treg is an eigenvector of A(t) associated to t1\; + - -+ + tgA\g. The proof
is by induction on k, the number of parameters. If £ = 2, then by Proposition 4.1.6

there is nothing to prove. We fix a £ > 2 and we suppose that the corollary holds for
k — 1. We have

[t1(Ar — MLg) 4+ -+ teo1(Ag1 — Me—1la) + te(Ax — Mely)](tren + - - - + treg)

= (t1(A1 — ML) + -+t (Ak—1 — Meo1ly)) (Brer) + te(Ag — MNelg) (Bren + -+ + tp_1e-1)
= S itk (Ai = Nilg)ex + S0 it (Ar — Mella)e

= S itk (A = Nila)er + (Ay — Mla)e;) = 0

So, tie; + -+ + tgeg is an eigenvector of A(t) associated to the linear eigenvalue
tiA1 + - - - + tpAx which finishes the proof. O

As a corollary, the key Lemma 4.1.5 together with Proposition 4.1.6, show that
eigenvectors associated to linear eigenvalues are at least constrained in a hyperplane.
This corollary is weak compared to the lemma, but we state it because its conclusion

seems more eloquent, and is sufficient for some applications.

Corollary 4.1.8. Let A(t) € Symq(R), be a 2-linear family, and suppose A(t) has
a linear eigenvalue A(t) that is not always multiple. Denote by e(t) the associated

eigenvector. Then there exists a hyperplane H such that Vt,e(t) € H.
Proof. We fix two independent parameters t1,t; and we define
v = (A(tl) - )\(tl)ﬂd)e(tg) + (A(tg) — /\(tg))e(tl)

Then, either v # 0, or v = 0. In the first case, the conclusion stands from Lemma
4.1.5, with H = v*. In the latter case, e(t) belongs to a two dimensional plane P,

Proposition 4.1.6. Any hyperplane H that contains the plane P fits. ]

Another corollary of the key lemma is obtained by specifying ¢ to be ¢ in its

conclusion. It gives the following corollary which is more powerful than the preceding.
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The result is remarkable because it gives a constraint on the eigenvector that is

associated with a single matrix of the family.

Corollary 4.1.9. Let A(t) € Symy(R), be a 2-linear family, that admits a linear
eigenvalue \(t), associated with the analytic eigenvector e(t) for t # 0. Suppose
Ao = A(to) is a single eigenvalue of Ay = A(ty). Then, for all t, e(t) belongs to the

1sotropic cone of Ay — Aolly, this means,
Vvt € R\ {0}, e(t)"(Ag — Nollg)e(t) = 0.

Proof. By Lemma 4.1.5, V¢t € R\{0}, e(t) L (A(to) = A(to)La)e(t)+ (A(t) = A(¢))e(to).
Thus,
<e(t) ] (Ao — Nolg)e(t) > + < e(t) | (A(t) — A(t)La)e(ty) >=0 (4.4)

But, < e(t) | (A(t) — A(t)Ly)e(ty) >= 0, since Im(A(t) — A\(¢)Iz) C e(t)*. Hence, for
all t € R\ {0}, <e(t) | (Ao — Xolg)e(t) >= 0 which finishes the proof. O

If, in what precedes, \¢ is an extremal eigenvalue of A, then the quadratic form
associated to Ay — Aol is non-negative (or non-positive), and its isotropic cone co-
incides with its kernel, this is, the eigenspace of Ay associated with \g. Since Aq is
a single eigenvalue, e(t) then range in a 1-dimensional subspace. So, A(t) admits a
constant eigenvector associated with A(¢). Recall that having a constant eigenvector
(or eigenspace) is the condition to get splitting of the family. Hence, if A(¢) is a
linear eigenvalue, that is extremal for some parameter, the former proposition allows
to solve the splitting problem. This is a declination of a general fact studied in detail

later.

Before focusing on extremal eigenvalues, let us illustrate that (a) is not an equiv-

alence in general.

Example 4.1.10. In this example, we consider A(t) € Syms(R) a 2-linear family
given by
i —h —l
A(ty,ty) = 1Ay +tAs = | =t —t1 +to 1
—t t t1 — 1o

We show that —1 is an eigenvalue of A(1,0) so that 7(; 5 1y(—1) = —1 and it has
an analytic continuation on R? which is a linear function. But, we show that there is

no analytic block diagonalization for A(t) on R2.
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Let t; = u and t, = uv, then we have

-1 —1 -1
A(u,v) =uA; +whAy =uBv)=u| -1 —-1+v 1
-1 1 1—-v

We have Spec(A4;) = {—2,—1,2} and Spec(A;) = {—1,0,1}. The characteristic

polynomial of the matrix B(v) is
Xy (A) = (1+X)0* = CA+2)v = XN = X +4A+4 = (1 + ) (0® — 20 — N> +4).

Thus, A\ (v) = +vVv?2 —2v+4, A\(v) = —1 and A\3(v) = —vv2 —2v+4 are the

eigenvalues of B(v). In Figure 4.3a, we see the eigenvalues of B(v) and A(t).

v

=

IS

<

(a) The eigenvalues of B(v) (b) The eigenvalues of A(t)

Figure 4.3: Analytic eigenvalue with trivial antipodal monodromy

Note that the associated eigenvector us(ty,ts) = t1Ae(v) = t; of A(ty,1s) is linear.

Now we study the behavior of an eigenvector X (v) associated with Ag(v) = —1.
Let X(v) = (xl To a;3>, so we have (B(v) — A2(v)I3) X (v) = 0. From this we get

—LUQ—SL‘g:O
—$1+U.’L'2+ZE3:0

—r1F+ 22+ (2—0v)r3 =0,
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- X (v) 1—w -1 +1
X(v) = — H(— - — ) (45)
| X (v)]| V2 —2043 V2 —20+3 Vo2 —2v+3
Note that
1o—-1 1 _
Hemw v=0
X(v) = 4 £(1,0,0) v = —00
+(-1,0,0) v = +00.
Since we have v = 2 we get
t1
t1—to
o —1 1
V(t1,ta) = £( = ; ; )
VO —2(2)+3 (2 —2(2) +3 /()7 - 2(2) +3
. :I:( t1—ty —t1 t )
- Vt2—t1)242t2  \f(ta—t1)242t2 ([ (t2—t1)242t2

which are eigenvectors of A(ty,ty) associated to po(ty,t2) = t1A2(v). Note that these
eigenvectors are not analytic on R? and turn in the plane v, 4+ v3 = 0. So, there is no

analytic block diagonalization of A(ty, ;) in R

Proposition 4.1.11. There exists a 2-linear family t1A; + taAs of Syms(R) that

admits a linear eigenvalue, and (Ay — A\1)ex + (Aa — Ay)er = 0 with e; # ey,

Proof. Let Ay = diag(—1,0,1),

Ay = 1 0 -1
-2 -1 3

First, we note that A; = 0 is an eigenvalue of A; associated to eigenvector e; = (0,1, 0)

and Ay = 0 is an eigenvalue of A,y associate to eigenvector e; = (1,1,1). We have,
XA(tt2)(A) = A=A+ 6 + 2415 + 35 + 4Mto)
Thus, A(t) = 0 is the linear eigenvalue of A(tq,t2) and we have

—1
=0 (4.6)

o O O
— o O
—_
+
—
e}
|
—_

0
0



with e; # es. O

The following example comes as a complement of the fact that (a) cannot be re-
versed. It shows it is hopeless to search for additional data concerning the eigenvalues

to get a criterion that determines if a linear eigenvalue corresponds to a splitting.

Proposition 4.1.12. There are two linear 2-families A(t), B(t) in Syms(R) such
that:

® Xaw) = XB(t)- S0 A(t) and B(t) share the same eigenvalues.
e A(t) and B(t) have a (common) linear eigenvalue.
o A(t) has a constant eigenvector, and in particular, splits.

e B(t) has no constant eigenvector, and in particular, doesn’t split.

Proof.
0 O 0 0y vy
Aly)=10 =z V2 | Ba,y)=|y = 0
0 V2y —x y 0 —=x

The characteristic polynomial of both is x(x,y, \) = —A(A\* — 2% — 2y?). So, 0 is a
constant eigenvalue of A(x,y) and B(z,y) associated with (1,0,0) for A(t) (constant
eigenvector) and with (z, —y,y) for B(t) (non constant eigenvector). Notice that
(z, —y,y) belongs to the plane Y + Z = 0. O

4.2 Extremal eigenvalues

In this section we investigate if the factorization and splitting problems can be solved
with the additional hypothesis that the considered eigenvalues (or block of eigenval-

ues) are extremal. We first consider the factorization problem.

4.2.1 Factorization problem for extremal eigenvalues

We prove that the factorization problem has a positive answer for extremal eigenvalues
for orbits of length 1 and 2. In other terms, when an orbit of the antipodal monodromy
at some t; is made of extremal eigenvalues, then the characteristic polynomial admits

a factor whose roots at ¢, are these eigenvalues, if the orbit has length 1 or 2. We
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only consider the maximal eigenvalues, but the results holds for the minimal ones, by

replacing A(t) by its opposite.

If A(t),t € R¥, is a k-linear family and P a linear subspace of dimension 2 in R¥,
notice the cycle structure of the antipodal monodromy 7; ., of A(t) from t, in the
direction wu, where (to,u) is an orthonormal basis of P, does not depends on (¢, u).
Indeed, super-singular sets have codimension 2, so the origin is the only potential
super-singular point of the restriction of A to P, and 7/ , and 7/ _, are inverse one
to the other, then have the same cycle structure. It allows us to write 7, = I; as a

shorthand for 7; , = I for all orthonormal basis (to,u) of P.

Proposition 4.2.1 (Factorization of extremal l-orbit ). Let A(t) € Symy(R) be a
2-linear family, to € R?\ Sy4, and A > Ay > -0 > )\ be the eigenvalues of Alto).
Suppose A\ is fired by the antipodal monodromy: T(rou0) (A1) = A\1. Then, A(t) admits
a linear eigenvalue A, : R? — R with A\ (tg) = 1. In other terms, (A — A1 (t)) divides
Xa@(A)-

Proof. Without loss of generality, we suppose to = (0,1), and set A(ty,t2) = t14; +
toAy. Since (0,1) ¢ Sy, the eigenvalues of A(t) are uniquely determined as analytic
functions in a neighborhood V' of (0,1). We denote them by \;(t1,t2), ¢ = 1,...,d,
with A;(0,1) = ;. Since T(/to’u) (A1) = A1, the analytic prolongation of the eigenvalue
A1(t) defines a function on R? (analytic on R?\(0,0) and A;(0,0) = 0).

Let us consider the one-parameter family B(v) = A; + vAy. Then, for ¢; # 0
sufficiently close to 0, if ¢; = %, Ai(t1,t1v) is an analytic function. Since A(ty,ts)

is linear, %ﬁlv) does not depend on t; and %f”’) € Spec(B(v)). Moreover, by

Rellich’s Theorem the eigenvalues of B(v) are analytic functions for all v € R. Denote

i (tl,tlv)
t1

them by p1(v),..., pa(v). Up to change the indexes, we have p,;(v) = , for

t; > 0 close to zero and t; = % As T(/to ) (A1) = A1, we have

lim p(v) = lim —Al(tl’tlv)

v—too v—to0 tlv

= tllu—n)O >\1 (th 1)

= 0 (0,1) = X,

Hence, 11;(v) ~is A0 so the slope of the eigenvalue p;(v) at foo is Aj, the
pi(v) _

maximal eigenvalues of As. Yet if ¢ # 1, lim, i1 and limg, o ’“T(”) = k2

where for i = 2,...,d and j = 1,2, k; ; € Spec(A(0,1)) so k; ; < A\;. Therefore, there
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exists C' > 0 such that for all v < —C', p1(v) < p;(v) and for all v > C, py(v) > p;(v).

Now consider the line £ passing trough the two points p; = (—C, i (—C)) and
p2 = (C, p1(C)). Then, for any i # 1,

sgn (pi(C) — i (C)) = —sgn (1(=C) = pu(=0C)).

Since pq(v),. .., ug(v) are continuous, by Mean Value Theorem there are d — 1 inter-

section points between the graphs of p;(v), i € {2,...,d} and the line £:

#({(v,m)veRi#A1}NL) =d— 1.

Moreover, # ({(v, 1 (v));v € R} N L) > 2. From this, # (x5'(0)N L) > d+ 1. But
deg(xp) = d, so by Bézout Theorem, if L4 ¢ {xp = 0}, one gets # (Xgl 0)n L) <d.
Thus £ C {x5 = 0}. So, u1(v) is an affine eigenvalue of B(v),

p1(v) = Ao + 11(0).

Finally, Al(tl, tg) = tl,ul(t—f) = tl ()\_1% + /11(0)) = )\_1t2 + M1 (O)tl is linear in (tl, tg)
]

This can be generalized to k-linear family as follows.

Proposition 4.2.2. Let A(t) € Symy(R) be a k-linear family and suppose that there
exists tg € R¥, r > 0 and B(tg,r) N Sa = 0 such that for any t € B(to,r) and
any u L t, 7, (M) = Mi(t), where M(t) > Xo(t) = As(t) = -+ = Aa(t) are
the eigenvalues of A(t). Then, there exists a linear function L : R¥ — R such that

(A= L(t)) divides x a4 (N) and L(ty) = max Spec(A(ty)).

Proof. Let (ty,...,tx) € B(to,r) be a basis of R¥. We set, for (ay,...,az) € R*:

k k
i=1 i=1
We claim that
Vy € Conv(ty, ..., tx), ANy)= L(y) (4.8)

where Conv(X) denotes the convex hull of X. We show this by induction on k. For
k =1 there is nothing to prove. Let y € Conv(ty,...,tx). Then, y = ay’ + (1 — a)ty
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with a € [0,1] and ' € Conv(ty,...,tx_1). Now, ay’ € B(tg,r), and there exists
u L ay’ such that tp € Span(ay’,u). From Proposition 4.2.1, X is linear on this
space. Hence, A(ay/ + (1 —a)ti) = aA(y') + (1 —a)A(t;). From induction hypothesis,
we conclude A(y') = L(y'). Finally,

Ay) = aL(y) + (1 — ) L(ty)
= L{ay' + (1 — a)ty) = L(y)

which finishes the proof of the claim.

From this, we conclude that for any ¢ € Conv(ty,..., ), xaw)(L(t)) = 0. But,
Conv(ty, ..., ) is open. So, for any ¢t € R¥, x 44y (L(t)) = 0. Then, (A—L(t))|xa@) ().
]

Proposition 4.2.3 (Factorization of extremal 2-orbit). Let A(t) € Symgy(R) be a
2-linear family, and let Ay > Xy > A3 > --- > Ay be the eigenvalues of A(ty) for some
to. Suppose that T(’t()’u)()\_l) =\ and T{to’u)<)\_2) =\, where u L to, ||u|| = 1. Then,
the characteristic polynomial of A(t) has a homogeneous divisor p(t) of degree 2 with

pto)(A) = (A = A)(A = Xa).

Proof. The principle follows the proof of Proposition 4.2.1. Our goal is to construct a
hyperbola that has more intersection points with the characteristic polynomial than
Bézout Theorem allows, so that the hyperbola is included in the eigenvalues, which

provides a factor of degree 2 in y 4.

We suppose tg = (0, 1), write A(ty,ts) = t1 A1 +t2As and let ¢, = u, ty = uv. Then,
A(u,uwv) = uB(v) with B(v) = A; + vA,. Since B(v) is a one parameter family, the
eigenvalues of B(v) are analytic functions p; : R - R, i =1,...,d.

In a neighborhood V' of ¢, the eigenvalues of A are analytic functions \;, ¢ =
1,...,d, with \;(0,1) = \;. We write the order one Taylor expansion of ); at (0, 1):

)\i<t1, t2) = )\1(07 1) + Oéitl + /BZ(tQ — ].) + 0<t1, (tz — 1)) (49)

For v > 0 sufficiently large, (%, 1) € V, so up to change the indexes, we have

i) = = , (4.10)
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(1
and for v < 0 sufficiently large also, p;(v) is one of the M for some j (j might

differ from 7). :

From (4.9) and (4.10), we get the expansion of y;(v) at +oo:

wi(w) = N0, 1)v+a;+(6; x0)+o (%) xv = XN(0,1)v+a;+o(1). (4.11)

v——+00 v—+00
Since 7, (A1) = Ay and T o0 (A2) = Ay, it follows that

Ml(v) :)\_2’ hm /’LQ(/U) :)\_1’ (412)

v——0o U v——00

1 1
so for v < 0 large, puy(v) = 22600 nd p2(v) = M This gives the expansions of

v v

p1(v) and pe(v) at —oo:

p(v) = v+ az+o(l),

Vv——0Q

pa(v) = Mu+ar+o(l).

Now, consider the family (H,)qer of hyperbolas with asymptotes p = A\jv + a; and
[ = Aav + i given by

Hy: (p— v+ a)(p— (Dov+ag)) —a? =0, for a € R.

Notice that for any v, the equation of H, has two solutions, so the branches of H, are
two graphs of analytic function defined all over the v-axis. We show that there exists
ap € R, such that the hyperbola H,, is included in the roots of the characteristic
polynomial of B(v).

Recall that the larger eigenvalue of B(v) is convex. For large v > 0, py(v) is the

maximal eigenvalue of B(v), and since we have

lim (p1(v) — Mo —aq) =0,

Vv—+00

we get, for large v, uq(v) > v+ a;. Now, A\ > Ao, so there exists vy such that
p1(vo) > Avg + a1 > A + . Let

ag = \/(/h(vo) - ()\_1?)0 + 041)) (Ml(vo) — (/\_2U0 + Oé2))~
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(The inequality above shows that the term under the root is non-negative).
We count the number of intersection points of H,, with {xs = 0}.
By construction of ag, (vo, pt1(vg)) € Hq,, which gives the first point.

We claim that each branch of the hyperbola intersects all graphs of y;, for i > 3,
which gives 2(d — 2) other points. Indeed, note that, for i € {1,2} and j € {3,...,d},
we got )\_jv +o; < A\iv 4 a; for large v > 0, and )\_jv +oj > A\iv + a; for large v < 0.
Since the branches of the hyperbola are asymptotic to \;v + a; for i = 1,2, and the
asymptotic of the y;, j > 2 stand among the \yv + oy, k = 3,...,d we got, for v > 0

large enough:

(v) < min p, and p;(—v) > max , for j=3,...,d.
/JIJ( ) (Uﬂﬂ)EHGOIUI MJ( ) (—’U,M)GHaO,LL j

Since pg, . . ., jtqg and the two branches of H,, are continuous, the previous inequal-
ities implies, by Mean Value Theorem, that there are 2(d — 2) intersection points
between the graphs of the 11, j € {3,...,d} and the hyperbola H,,.

Now, we count the intersection number at infinity. In homogeneous coordinates

[ty : t3 : A], the hyperbola H,, has equation
(>‘ - ()‘_th + altl)) <)\ - ()\_2152 + Oézh)) — agt% =0,

then has two points at infinity [0 : 1 : A\;] and [0 : 1 : Xy]. The tangents of H,, at
these points are given by A — ayt; — Aty = 0 for [0: 1: A\j] and X\ — agt; — Aoty = 0
for [0: 1: Xg]. Because )\, is an eigenvalue of A(0, 1), the point [0 : 1 : \;], belongs to
the zero set of x4, and similarly, ), is an eigenvalue of A(0,1) s0 [0: 1: Xy] € x,*(0).
Beside, the tangent to the curve x,'(0) at these points can be deduced from the
expansions (4.9) of A\; and A,. For this notice that ); is homogeneous of degree one,
which imposes 8; = A;(0,1) in (4.9). We got:

Nty ts) = Xi(0,1) + aity + Xi(0, 1) (t2 — 1) + olty, (t2 — 1)),

which shows that A —a;t; — Aty = 0 is the tangent to x ;" (0) at [0: 1: )], fori = 1,2.
Finally, the two points [0 : 1 : \;], for 4 = 1,2 belongs to both H, and x,'(0), where
the two curves H, and x,;"(0) have the same tangent. The intersection multiplicity
of each of these two points is then at least 2. This provides an intersection number

not smaller than 4 for the points at infinity in H, N x ;" (0).
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From above, #(Hy, N x5 (0)) > 14+ 2(d —2) +4 = 2d + 1.

On another hand, deg(xa) = d and deg(H,) = 2, so by Bézout Theorem, if the
intersection if finite, # (Hq, N x5 (0)) < 2d. So Hy, C x4 (0) and the polynomial

P(tl, t2, )\) = ()\ — ()\_ﬂfg -+ Oéltl)) ()\ - ()\_Qtz + 062251)) - agt%

divides the characteristic polynomial of the family, with P(0,1)(A) = (A—=X1)(A—\2)

as claimed. O]

This can be generalized to k-linear families:

Proposition 4.2.4. Let A(t) € Symq(R) be a k-linear family. Suppose that there
ezists tg € R*, r > 0 and B(ty,r) N Sa = O such that Vt € B(ty,7), Yu L t,
Ty M) = Aa(t) and 7,y Ma(8)) = M(#), where Ai(t) > Ao(t) > As(t) > -+ >
Ai(t) are the eigenvalues of A(t). Then, the characteristic polynomial of A(t) has a

homogeneous divisor p(t) of degree 2 with p(ty)(N) = (A — A1 (to)) (A — A2(to))-

Proof. We need the following lemma:

Lemma 4.2.5. Let f : B(tg,r) — R be such that for any affine line L € R*, there
exists a quadratic function qr on L such that f|, = q;,. Then, there exists a quadratic

function q such that f = Uy -

Proof. By induction on k, the dimension of the ambient space. For k = 1, there is
nothing to prove. We suppose that the lemma holds for k£ and we prove it for k + 1.
Denote by (2',xr41) a system of affine coordinate centered at to. From induction
hypothesis, for all x4 with |zp1| < 7, fo,,, : 2" = f(2',2441) is the restriction
of a quadratic function: Denoting by (mq(2))aca, (ms(2))sep the collections of all

monomials of respective degree 2 and 1 in therms of a2/,

Free i) = Y taloer)ma(e) + Y balar)ma(a) + clarn).  (413)
acA Beb

On the other hand, for any 2/,

for t T = f(2, Tp11) (4.14)

is quadratic. Choosing (x});c; such that the vectors ((mq(x}))aca, (ms(z}))sen, 1)
form a basis of REard(A)+Card(B)+1 wwe obtain that Yo € A, VB € B, au(Thi1),b5(Tri1)
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and c(xp41) is quadratic. It remains to prove that the a, are constant and the bg

have degree 1. For this, notice that given £ € R¥ s € R~ f(s/, s) is quadratic, and

f(st,s) = Z aa(8)s*ma(f) + Z ba(s)sma(l) + c(s); (4.15)

acA BeB

so, choosing again (¢;);c; in such a way that the vectors ((mq (€;))aca, (ms(€:))sen, 1),
for i € I, form a basis of RCerdA)+Card(B)+1 giveg rise to an invertible system with
quadratic second member, which shows that a,(s)s® is quadratic, bs(s)s is quadratic

and c(s) is quadratic, so a, is constant and b,, is linear. Finally,

Sy, k) = Z ta(Tps1)ma(2’) + Z bs(zr1)mp(a’) + c(ri1)

acA peB
is quadratic as announced. This finishes the proof of the lemma. ]
Now we prove the proposition. Choose 1, ..., in such a way that (to,¢1,...,tx_1)

form a basis of R¥. From Proposition 4.2.3, L(t) = A(t) + Az(t) is linear on each
affine line of B(ty, ) Nto+Span(ty, ... t;) and f(t) = A\ (t)A2(t) is quadratic on each
affine line of B(to, ) Nt + Span(ty,. .., tx), and A — L(t)A+ f(t) divides x a() for all
t € B(tg,r). Then, L(t) is linear on B(tp,r) and by Lemma 4.2.5, f(¢) is quadratic
on B(ty,r). Then, p(ty)(A) := A2 — L(t)\ + f(t) is an homogeneous polynomial
of degree two and x4« vanishes over an open subset of the connected zeros of p,
so xa identically vanish over p~'(0), so p divides x4. This finises the proof of the

proposition. [

We don’t know if the procedure we develop in the former proofs can be adapted for
an arbitrary large collection of extremal eigenvalues that is invariant by the antipodal

monodromy, but the question deserves to be stated.

Question 4.2.6. Let A(t) € Symy(R) be a 2-linear family, and let

M> o> > N1 > > N

be the eigenvalues of A(ty) for some ty. Suppose T{to’u)({A_l, o)) =0,
Does the characteristic polynomial of A(t) have an homogeneous divisor p(t) of degree

k with pto)(A) = TTim (A = X)) 7

In an attempt to adapt the previous proofs, one constructs the same analytic

eigenvalues p;(v) of the one-dimensional family B(v) = A; + vAs, where A(ty,t) =
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t1A] + taAs, and to = (0,1). The p; are asymptotic at +oco to d lines, say

pi(v) = v+ a; +o(1).

V——+00

At —o0, each p; is also asymptotic to one of these lines, not necessary the same, but
since the set {\;; i = 1,...,k} is invariant by the monodromy, if
pi(v) = Xvtai+o(l),

then either ¢ and j both belong to {1,...,k}, or else i and j both belong to {k +
1,...,d}.

The family of all hyperbolic polynomial of degree k, whose roots are k graphs (say,
of g1,...,gx), that are asymptotic at infinity to the lines u = Nv+ta;, fori=1,...,k
can be constructed. It is a k(k — 1)/2 dimensional family, parameterized by all k x k

symmetric matrices C' with zero diagonal, to which one associates the polynomial
Po(v, \) = det (Diag(al, ...,a) + C +vDiag (A1, ..., A1) — )\]Ik>.

(We do not claim the parameterization is one to one).

There are intersections of the two curves P5'(0) and y ;' (0) that exist indepen-
dently from C. Indeed, the k points of P;'(0) at infinity belongs to x;'(0), and are
double points in this intersection (same asymptotic line). This gives 2k points. There
are also k(d — k) points obtained with the extremal condition on the \;,i = 1,..., k.
From Mean Value Theorem, each graph u;, ¢ = k+ 1,...,d intersects each graph
gj, 7 = 1,...,k since from the asymptotics, y; — g; is positive at —oo and negative
at +o0o. So we have 2k + k(d — k) = kd — k(k — 2) intersection points for any C' in
the family, when Bézout allows kd points. The difficulty is then to choose C' in such
a way that the intersection number of Pr with the graphs of the u;, i = 1,... k,
realizes at least k(k — 2) + 1 other points. This would contradict Bézout, and then
provide a factor in x4 as wanted. This number, k(k —2) + 1, must be compared with
the dimension k(k—1)/2 of the family Pc. For k = 1, the family has dimension 0 and
there are no missing points. The proof is direct for the line. For k = 2, the family
has dimension 1 and there is one missing point. A choice must, and can be made
(the value ag in the proof), to get the right hyperbola. For k& = 3, the family has
dimension 3, but 4 intersection points are missing. The situation seems to deteriorate
when & grows, since k(k—2) 41— k(k —1)/2 increases rapidly. It let us think that, if
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the process works, a good knowledge of the roots of P and some accurate properties

of the graphs of the extremal eigenvalues are required to conclude.

4.2.2 Splitting problem for extremal eigenvalues

Here we show that the splitting problem always have a positive solution in the case

of extremal eigenvalues.

Proposition 4.2.7. Let A(t) € Symy(R) be a 2-linear family whose characteristic
polynomial x(t,\) admits a homogeneous divisor P(t,\) of degree k: ¥t, x(t,\) =
P(t,\)Q(t, \). Suppose that for some parameter to, the roots of P(ty) are strict maz-
imal in Spec(A(ty)), this is,

k
P(to)(\) = [TA = M),
i=1
where A\; > -+ > A\, > Agy1 > -+ > A\g are the roots (enumerated with multiplicity)
of x(to). Then, there ezists an orthogonal matriz O such that

O'A(1)O = diag(A'(t), A" (1)),

where A'(t) € Symy(R), A”(t) € Symq_r(R) and P(t) is the characteristic polynomial
of A'(t).

The proof requires to notice that the sum of the k values of a quadratic form g over
an orthonormal family of k£ vectors is maximal if and only if these k vectors generate
the invariant space associated with the k greater eigenvalues of ¢. It is the following

lemma. For notation purpose, we set
V;cd = {(61, SRR ek) S (Rd)k; V(Z,]), 626]- = 5g}a

where ¢/ is 1 if i = j and 0 otherwise. V¢ is the set of all orthonormal families
of k vectors in R?. Notice that V¢ is a smooth compact sub-manifold of (R?)* (of

: C (k]
codimension %)

Lemma 4.2.8. Let A € Symy(R) with eigenvalues Ay > -+ > X\ > A1 = -+ > Ag,
and let f - V& — R be given by fler,...,ex) = Sov_ etAe;. Then f admits its

mazimum Ay + -+ + A\, at ey, ... e if and only if Vect(ey, ..., ex) is the invariant

subspace of A associated with Ay, ..., \.
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Proof. 1t is an optimization with constraints problem on (R%)*. The constraints are
given by the

gij(€17---7€k) 22656]'—54 Z:177d7j22+1??d7

79

that have differentials dg;; = ejde; + e’de;. The function to be optimized has differ-

ential i
df =2 el Ade;,
=1

so, from Lagrange Multipliers Theorem, if f has a critical point under the constraints
gi; = 0, then there are a;; € R such that df = Zz‘j a;jdg;;. Since the linear forms de;

are independent, this gives, for all i:
k
6:14 = Z(am + iji)eé-.
j=1

In particular, for all i, Ae; belongs to Vect(ey, ..., ex), so Vect(ey, ..., ex) is an invari-

ant space for A.

Recall that the invariant spaces of A are all direct sums of subspaces of eigenspaces
of A, and also, that if H is a k-dimensional invariant subspace, f(eq,...,ex) does not
depend on the choice of an orthonormal basis (e, ...,e;) of H since f(ey,...,ex)
is nothing but the trace of the restriction to H of the endomorphism associated to
A. So, if (eq,...,ex) is an orthonormal basis of a k-dimensional invariant subspace,
f(e1,...,ex) is the sum of k values among the eigenvalues of A (multiplicities taken
into account). Among all possible choices, the sum A\ +- - -+ ), is maximal, so finally,
f(eq,...,ex) is maximal whenever Vect(ey,...,ex) is the invariant subspace that is

the direct sum of the eigenspaces of A associated to \; fori=1,... k. ]
We can now prove Proposition 4.2.7.

Proof of Proposition 4.2.7. Without loss of generality, we suppose that t, = (0,1)
and set A(1,0) = A;, A(0,1) = Ay and B(v) = A; + vAs. Since B(v) is a one
parameter family, B(v) admits analytic eigenvalues u(v), ..., uq(v) associated with
an analytic orthonormal basis of eigenvectors (e1(v),...,eq(v)). We set xp(v)(p) =
det(B(v) — pld) and write p(v) = P(1,v) and q(v) = Q(1,v), so xg = pg. The
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polynomial P is homogeneous of degree k£ so p can be written as:

p()(p) =Y _p'(v)u~", with deg(p') = i.

=0

We let p'(v) = py + p1v. Notice that p® = 1.

Recall that the limits lim,_, ’”f)v) are the eigenvalues of A(0,1), taken with
multiplicity, which are the A\; for i = 1,...,d. Up to reorder indices we suppose that
for all 7,

pi(v) = Av+o(v).

V—+00

By unicity of analytic prolongation, Vv, p(v)(x) = [1_, (4 — p1:(v)). In particular, for
all v, pp +p1v = Zle ;i (v), which leads to

L= Z A (4.16)

by identification of the dominant terms in the asymptotic at +oc.

We now study the asymptotic near v = 0, and for this, we set

Vi, e;(v) =6 ve; + o(v).

v—r

Since p;(v) = e;(v)!'B(v)e;(v), we get

k
Potpiv = ZM(W
=1
k

= ) () B)elv)

i1 (4.17)
= Z(ei + vel + o(v)) Ay + vAs)(e; + vel + o(v))

iil
= Z ejAre; + v (2e} A€ + €l Ase;) + o(v)

i=1

Notice that, since e;(v)e;(v) = 1, we get efe, = 0. Since e; = ¢;(0), et Ay = p;(0)el

2
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so e!Aje} = 0. Then the terms of order v in (4.17) reduce to:

k
_ tA
P = €;12€;,
i=1

which, according to (4.16) gives

k k
D eldse; =) N (4.18)
=1 =1

But A, has eigenvalues \y > -+ > A\ > A1 > - -+ > Ay, so according to lemma 4.2.8,

the equation (4.18) implies that (eq,...,ex) is an orthonormal basis of the invariant
space H of Ay associated to the eigenvalues Ay, ..., \x.
We can now conclude. H is an invariant space of Ay, and since for ¢ = 1,... k,

e; = ¢€;(0) is an eigenvector of Ay, H is invariant for A; too. So H is invariant for all
combinations #; A; + ty Ay, this means, for A(t), and its orthogonal H+ also. Then, if
O is the orthogonal matrix of (eq,...,e4), the matrix O'A(¢)O is diagonal by block,
O'A(t)O = diag(A'(t), A”(t)), and the identity P(t) = xa() follows from the equality

near t = (0, 1) and unicity of analytic prolongation. O

This can be generalized to k-linear families.

Proposition 4.2.9. Let A(t) € Symy(R) be a k-linear family whose characteristic
polynomial x(t,\) admits a homogeneous divisor P(t,\) of degree (: Yt, x(t,\) =
P(t, \)Q(t, \). Suppose that for some parameter ty, P(to)(A) = [J'_;(A — i), where
AL > e > N> Ny > 0o > Ag are the roots (enumerated with multiplicity) of x(to)-

Then, there exists an orthogonal matriz O such that
O'A(1)O = diag(A'(t), A" (1)),

where A'(t) € Symy(R), A”(t) € Syma—_¢(R) and P(t) is the characteristic polynomial
of A'(t).

Proof. Let (e, ...,ex) be a basis of RF. For all t € R¥, we have t = tye1+- - -+tye; and
we set A(e;) = A;. Suppose that ¢ty = e;. There exists a neighborhood V' of ¢y such
that the eigenvalues of A(t) are uniquely determined as analytic functions on V and for
allt e V, P(t)(\) = Hle()\ — Ai(t)) where A\ (t) > -+« > Xo(t) > A1 > -+ > Aa(2)
with \;j(e1) = N, i =1,...,d. Let t € Span(ey,e;)NV, i # 1, then there exists t1,t; €
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R such that A(tq,t;) = t1A; + t;A;. By Proposition 4.2.7, there exists an invariant
subspace H of dimension ¢ for A; associated to Aq,..., A, which is also invariant for
each A;, i = 2,...,k. So, H is invariant for all combination of ¢; Ay + - -+ + t, As.
Since for all t € V, H is invariant by A(t), H* is invariant by A(t). Therefore,
there exists an orthonormal matrix O, such that O'A(¢t)O = diag(A’(t), A”(t)), where
A'(t) € Symy(R), A"(t) € Symg_¢(R). This is an equality between analytic functions,
that holds in a neighborhood of ty; from isolated zero principle, the equality holds
everywhere on RF. Since P(t) = Xar(t) holds in a neighborhood of #y, by unicity of
analytic prolongation for all ¢t € R¥ we get P(t) = xar(s).- O

4.3 Full reduction

In this section, we mix the previous results to study the problem of the full reduction
of a linear family. Even through, in full generality, the antipodal monodromy cannot
predict the factorization of the characteristic polynomial (Proposition 4.1.4), nor the
factorization is sufficient to get splitting (Example 4.1.10). For a full reduction, one
can use recursively the positive results obtained for extremal eigenvalues (Section 4.2)
to get the following theorem. In particular, it shows that the existence of a non-trivial
antipodal monodromy is the only obstruction for the existence of a diagonalization

of the family.

We first state the result, and present a proof that relies on the postponed Corollary
4.3.3. Then we exhibit a sufficient condition to get a partial diagonalization (Propo-
sition 4.3.2). The extremal case of this proposition is exactly Corollary 4.3.3 that is
needed to complete the proof of Theorem 4.3.1. Finally, as an application, we give a

complete description of the 2 linear families of Symsy(R).

Theorem 4.3.1. Let A(t) € Symq(R),t € R* be a k-linear family, A ¢ . Then,

the following statements are equivalent:

1. There exists a basis (e1, e, ..., ex) of RE, with A(e;) ¢ ¥ and Topan(er.er) = 1d
foralli=2,... k.

2. For any linear 2-plane P C R*, 7}, =1,.
3. 0 is a quasi-regular point of A(t).

4. There exists a family P(t) € O4(R), analytic in t, such that P~1(t)A(t)P(t) is

diagonal.
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5. There exists an orthogonal matriz P € O4(R) such that P~*A(t)P is diagonal.

6. There exists a basis (ey, ea, . .., ex) of R¥, such that A(e;) ¢ ¥ and A(ey)Ale;) =
A(ei)A(el) fOT‘ 1= 2, . ,I{J.

7. For all (t,¥') € (RF)2, A(t)A(t') = A(t')A(t).

Proof. Some implications between these statements are straightforward. We first
show (7) = (6) = (5) = (4) = (3) = (2) = (1), and (5) = (7). Remains (1) = (5)
that we deduce from the postponed Proposition 4.3.2 which contains in fact the core

of the proof.

(7) = (6): For any (t,t') € (R¥)?, A(t) commutes with A(#'). So in particular,
for any (e;,e;) € (R¥)2, i # 1, A(e;) commutes with A(e;).

(6) = (5): Write A(t) = ZletiA(ei). For any i # 1, A(e;) commutes with
A(ey), thus there exists an orthogonal basis of R where A(e;) and A(e;) are diagonal.
But A(e;) ¢ ¥ so A(e;) is diagonal in only one basis (up to permutation). So all
A(e;) are diagonal in this basis, and therefore A(t) also.

(5) = (4): There is a P € O4(R) which diagonalize A(t), so in particular, there
is an analytic diagonalization for A(t).

d
(4) = (3): x4 = Xp-1ap = H(m — \i(t)), where by assumption the \; are
i=1
analytic, so 0 is a quasi-regular point.
(3) = (2): Since 0 is a quasi-regular point of A(t), for each i, \;(t) is analytic
in a neighborhood of 0, so 7, = Id.

(2) = (1): For all linear 2-plane P, 7, = Id, so in particular, Topan(er.en) = 1d-

(5) = (7): Let (t,t') € (R¥)? be two independent parameters. By (5), there
exists an orthogonal matrix P such that P~'A(¢t)P and P~'A(')P are diagonal, so

they commute.

Finally, we show (1) = (5) which is the main part of the proof of the theorem.
The key point of the proof of (1) = (5) is Proposition 4.3.2.

Proposition 4.3.2. Let A(t) € Symq(R) be a k-linear family, and (ey, ..., ex) be a
basis of R¥. Suppose the eigenvalues (with multiplicity) of A(ey) satisfy the ordering
AM> >N > Mg > > A LetA:{/\_l,--- ,)\_g} and assume that there exists a
partition of A\, A = P,U---U P, formed by singletons or consecutive pairs ()\_l, m),
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i=1...,0—1 such that for all j =1,...,m, T(/el,ei)(‘Pj) = P;. Then, there exists an
orthogonal matriz P € O(d) such that

Ay (2)

PrA()P =

where B(t) € Symg_¢(R) and for j = 1,...,m, Aj(t) € Symup,)(R) and Aj(e)) =
diag(F;).

Proof. The proof is by induction on m, the number of extremal blocks fixed by the

antipodal monodromies. For t € R, we write t = Zle tie; and A(e;) = A;.
For m = 0, there is nothing to prove.

We fix m > 1 and we suppose that the proposition holds for m — 1. Choose
i € {2,...,k}, then the two linear family ¢, A; + ¢;A; satisfies the hypothesis of
Proposition 4.2.1 or Proposition 4.2.3 for (¢1,¢;) = (1,0) and u L (1,0).

In the first case, from Proposition 4.2.1, for each i # 1, t; A; +t; A; admits a linear
eigenvalue Ay ;(t1,;) = t1 A + tij; with Ai(1,0) = 1. In particular, for any i # 1,
p(t1,t;) = (A=A1i(t1,t;)) divides the characteristic polynomial of ¢, A; +t;A;. Since for
any i # 1, t1A; +t; A; satisfies the hypothesis of the Proposition 4.2.7, there exists an
invariant subspace H of dimension one for A; associated to A\; which is also invariant
by each A;, i = 2,...,k. So, H is invariant for all combination t;A; + --- + t; As.
Since H* is invariant by A(t), there exists P, € O(d) such that

B (M) 0
P; A(t)P1_< ) C(t)>, (4.19)

where Ai(t) = M\ (t) = ti M +toplo + - - -+t and C(t) is a k-linear symmetric matrix
of size d — 1 x d — 1 whose eigenvalues for t = ey, are g > -+ > \p > Aoy >0 >\
with 7/, (P;) = Pjforj=2,... L

In the other case, from Proposition 4.2.3, the characteristic polynomial of ¢;A; +
t;A; has a homogeneous divisor p(ti,t;) of degree two such that p(1,0)(\) = (A —
)\_1)()\ — )\_2) Since for any i # 1, t1A; + t; A; satisfies the hypothesis of Proposition

4.2.7, there exists an invariant subspace H of dimension two for A; associated to
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A1, Ao which is also invariant by each A;, i = 2,...,k. So, H is invariant for all
combination t;A; + - - - +t,Ay. Since H* is invariant by A(t), there exists P, € O(d)

such that
Ai(t) 0
PP = 1(0) : (4.20)
0 C)
where A;(t) € Syma(R), Ai(e;) = diag(Ai, Ag) and C(t) is a k-linear symmetric
matrix of size d — 2 x d — 2 whose eigenvalues for t = ey, are A3 > --- > \; > Aev1 >
.-+ > )\ and satisfies Tleyeny( D) = Py for j=2,... L.

From the inductive hypothesis, there exists ad—1xd—1 or d—2 xd—2 orthogonal

matrix P, such that

As(t) 0 0o | o

POt Py = S c |,
0 A1) 0
0 | B

where the matrix B(t) is a symmetric matrix of dimension = d — /.

100
1 0
DeﬁnethedxdmatrixR:<O )ifPQEO(d—l)orR: 01 ofif
’ 00 P
P, € O(d —2) and let P = RP,. Then, P is an orthogonal matrix and we have
Aq(t 0
PHA(NP = 1) ) .
0 P2_ C(t)PQ
This finishes the proof. ]

Corollary 4.3.3. Let A(t) € Syma(R) be a k-linear family, and (ey,...,ex) be a
basis of R*. Suppose the eigenvalues (with multiplicity) of A(e;) satisfy the ordering
A > o> Mg Let A= {1, -+, \q} and assume that there exists a partition of A,
A= P U---UP,, formed by singletons or consecutive pairs ()\_“ m), i=1,...,d—1
such that for all j = 1,...,m, T(,el,ei)(jjj) = P;. Then, there exists an orthogonal
matriz P € O(d) such that P~ A(t)P is diagonal by 1 x 1 blocks and 2 x 2 blocks.

Proof. This is exactly Proposition 4.3.2 with ¢ = d. ]
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This corollary finishes the proof of (1) = (5), and so the proof of the theorem is
finished. u

In the following proposition, we study on all 2-linear family A € Symy(R) and

give a computational necessary and sufficient condition for having the eigenvalues as

analytic functions.

Proposition 4.3.4. Consider the 2-linear family

a; b ay v L
A(tl,tg) :t1A1+t2A2:t1 b a + 19 , ;al,ag,b,b,al,aQ ER,
2

O— a —ay ay —a .
b v

Let to € R*\(0,0) and u L ty. Then the following alternative holds.

and let

1. Either
(a) det(C) # 0,
(b) and 7, ) is a transposition,
(¢) and the eigenvalues of A(tq,ts) are not analytic functions near origin,

2. or else,
(@) det(C) =0,
(b) and Tl = La;

(¢) and there exists an orthogonal matriz P such that P*A(ty,ty) P is diagonal.

Proof. Tt is to prove the equivalence of (), (b), (¢) and the negations =(a) of (@), —(b)

of (b), and —(¢) of (¢). We prove (a) = (b) = (¢) = —(b) = —=(¢) = —(a) = (a).

Let A4, 4,) be the discriminant of A(ty, ;). We remark that A 4, 4, is the sum of
the squares of the two linear forms £, = 2(bt; +'ty) and Lo = (a3 —ag)t; + (a) —al)ts:

Autr 1) = 40ty + U't2)? + [(a1 — ag)ty + (a) — ab)to]?
= L1t ta) + L3(t1, ta).
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S0 A 1) = 0 equates the linear system

(a1 — ag)tl + (a’1 — aé)tg =0
btl + b/tz = 0,

(4.21)

whose coefficient matrix is C.

If det(C') # 0, then (0,0) is the unique parameter for Ay, +,) = 0. In this case, for
given to, u, if \; < Ao denotes the eigenvalues of A(ty), then the analytic continuations
7(A1), 7(A2) of Ay and Ay along the half-turn path from t, in the direction of u
satisfy 7(A;1) < 7(X2). But Spec(A(—ty)) = {—=A1i,—X2}. So, 7(A\1) = —A2 and
7(A2) = — A1 Finally, 7/ (A1) = —7(A1) = A2 and 7/ ,(A2) = —7(A2) = A1, 50 74,
is a transposition: (a) = (b). Then, (b) = (¢) = —(b) = —(¢) are given by Theorem
4.3.1. Now, the direct calculation of A; Ay — Ay Ay shows that det(C') = 0 is equivalent
to AjAy = AsA;. So Theorem 4.3.1 again shows —(¢) = —(a). Since —(a) = (a) is
clear, this finishes the proof. O]
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Chapter 5

Resolution of eigenvalues by

eligenvectors

In this chapter, we study linear subspaces of Sym,(R) by means of their eigenspaces.

In the first section — Projectivization — we introduce different objects: the variety
made of the triples matrix and the associated eigenvalues and eigenspaces, and those
of its projections that are of interest to us. Since these objects have homogeneous
behavior, it is convenient to systematically quotient by scalar multiplication and work

in projective spaces. This quotients are described in the same section.

In the second section — Cubics of eigenelements —, we focus on the eigenelements
of the two-dimensional subspaces of 3 x 3 matrices. This case is of particular interest
as we will see that for these families, both the eigenspaces and the eigenvalues form
a cubic curve in the projective plane P2, A 2-linear family of Syms(R) hence realizes
a matching between two cubic curves, that happens to be birationnal. We introduce
a “marked cubic type” for those curves (the given of a cubic configuration together
with a number of eigenelements for each component of the cubic). We prove that
the marked cubic of the eigenspaces determines the marked cubic of the eigenvalues,
Theorem 5.2.4. Indeed, we give a complete enumeration of all possible marked cubics
of the pairs eigenvectors, eigenvalues. It happens that there exist only 9 such pairs,

when the full combinatorics of pairs of marked cubic types is way heavier.

In the third section — Resolution of singularities of eigenvalues — we discuss a ques-
tion that arises naturally. The preceding study enlightens the fact that eigenspaces

sometimes contains artificial points, appearing as combination of eigenvectors associ-
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ated to multiple eigenvalues but disappearing by small perturbation. Removing these
artificial points from eigenvectors produces a set, that we call strict eigenvectors, and
which is a smooth curve in all cases studied in section 2, even when the correspond-
ing curve of eigenvalues is singular. It is then natural to ask whether the birationnal
mapping that maps eigenvectors to eigenvalues is a resolution of singularities. We
prove that this question has a positive answer in two situations : when the family is

a 2-linear family and when the family is the full space Symg4(R), Section 5.3.

5.1 Projectivization

In this section, we introduce different sets made of symmetric matrices, eigenspaces
and eigenvalues, and describe their elementary properties. Let A, A ¢ ¥, be a k-linear
family of Symgy(R), i.e., A is a linear subspace of dimension k of the d x d symmetric
matrices. For short, we write A(t) for the image of R* > t — A(t) € Symg(R)

whenever A comes with a given linear parameterization.

5.1.1 Eigenelements and their projections

The eigenelements of A are the triples (Ap, A,v) where Ay range in A, \ is an
eigenvalue of Ay and v an eigenvector! of Ay associated with \. We denote the set
of eigenclements of A by E(A), or E when A is clear from context. E admits the

following definition:

E(A) = {(Ag, \,v) € Symg(R)xRxR% Ay € A, det(Ag—Al,) = 0, (Ag—Aly)v = 0}, 2

which makes E(A) an algebraic surface of dimension k + 1 and degree d. 3

Whenever A = A(t) is parameterized always with the minimum number of param-
eters, we also refer to E(A(t)) for the similar set where the parameter of the family

replaces the matrix entry:

E(A(t)) = {(t,\,v) € R¥ x R x R%; det(A(t) — ) = 0, (A(t) — A)v = 0}.

1Only in this subsection, we consider 0 as an eigenvector, even if it contradicts the usual definition,
in order to get algebraic definitions below.

2Due to the fact that Agv = Av always holds when v = 0, E cannot be simply described by the
equation (A — Al;)v = 0; this limitation disapears onces we consider projective sets.

3All the dimensions we give here and below are the generic ones. It might happen that the
dimension behave badly. If A contains I, the fiber of E(A) over (14, 1) has dimension d, and d could
be larger than k.
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The sets we study in this chapter are various projections of E. Namely, we call
eigenvalues set of the family A the image of E(A) by the projection that forgets
the eigenvectors entry, and eigenvectors set of the family A the image of E(A) by
the projection that forgets the eigenvalues entry. The eigenvalues set of A is denoted
by A(A) and given by

A(A) = {(Ag, \) € Symy(R) x R; Ay € A, det(Ayg — M) = 0},
and the eigenvector set is denoted by T'(A) and given by
[(A) = {(Ag,v) € Syma(R) x R%: Ay € A, Agv Av = 0}.

These two projections are algebraic sets, as it is shown by their equations. A has
dimension k and degree d, and T' dimension k + 1 also and degree 3. For notation
purpose, again we drop the dependence in A if the context allows, and, whenever A is
parameterized, we make no distinction between the eigenvectors and eigenvalues sets
of the family and the similar sets defined in terms of the parameters of the family

instead of the matrix itself.

Finally, we call eigenvectors portrait of the family A, or portrait of A for short,
the set denoted by V(A) and made of the points in R? that are eigenvectors of some
member of the family, this is, the image of the eigenvectors set by the projection that
forgets the matrix entry. Again, this projection happens to be an algebraic set. To see
the later, fix a linear basis A, ..., A, of A. Then the vector v belongs to V(A) if and
only if there exists Ay in A, and A € R, such that Agv = Mv. So v € V(A) if and only
if there are (t1,...,t;, \) € R¥*1 such that t;Ajv +toAgv + - -+t Agv — Av = 0. In
other terms, v € V(A) iff the k+1 vectors Ayv, Agv, . .., Agv, v are linearly dependent.
Hence,

V(A) = {veR? rk(Aw, Ay, ..., Ay, v) < k +1}.

Since the inequality rk(Ajv, Agv, ..., Agv,v) < k + 1 is equivalent to the nullity of
all (k+1) x (k+ 1) minors of the matrix (Ajv, Agv, ..., Agv,v) (it is always satisfied
if d < k+ 1), the condition above shows the algebraicity of V(A). The set V(A) is
then either R? if d < k + 1, or an algebraic set of degree k + 1 and dimension less or
equal than k + 1.

To refer to the different projection mappings that links A and all the sets we have

introduced, we use the symbol 7 decorated with the source space as upscript and
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target space as downscript. We then get 7 : E — f, 7E E — V, 7 L — ‘7, 7E
E— A5 E— A7 A= A7 T = A

It would be natural to define mappings between [ and /~X, since eigenvalues and
eigenvectors are associated to each other. However, from eigenvectors to eigenvalues,
the convention we adopt (the fact that we allow 0 to be an eigenvector), while needed
to get algebraic sets, forbids us to construct such function, since 0 becomes an eigen-
vector associated to different eigenvalues (the mapping 7% is not injective then can’t
be inverted). From eigenvalues to eigenvectors, the situation is even worse since full
dimension of eigenvectors are associated to eigenvalues. These obstructions invite us
to consider eigenspaces as subsets of projective instead of linear spaces, which will

dispel unnecessary limitations.

5.1.2 Projective Eigenelements

Recall that, L being a linear space, the quotient L \ {0}/R* of L \ {0} by scalar
invertible multiplication is called projective space associated to L. We denote it
by PL, except in the particular cases of projective spaces associated to R**!, for
which we keep the usual notation P¢. If L is a linear space of dimension d + 1, PL
is an algebraic smooth compact variety of dimension d. When L is equipped with
coordinates 1, ...,ry, PL has homogeneous coordinates denoted by [zy : --- @ xy].
We also denote by [-] the quotient operator. So [x] denotes the class of z € L\ {0} in
PL, and [X] C PL is the image of X C L by the quotient. We say that the quotient
respects a subset X C L if X \ {0} is a union of fibers of the quotient, i.e., if X is

invariant by invertible scalar multiplication.

The dual L* of L, being isomorphic to L, is also associated to a projective space
PL* that is isomorphic to PL. The choice of a non-degenerated bilinear form B de-
termines all isomorphisms between L and L*, via x — B(x,.). Dealing with matrices
of automorphisms that are self-adjoint for the canonical scalar product, we always
identify R¥*! and its dual through the isomorphism defined by the canonical scalar
product. Consequently, we equip P* with an orthogonality relation ([x] L [y] in P* if
and only if < x,5 >=0), and systematically identify P* and P** through the isomor-
phism that is given by the canonical dot product. For instance, the orthogonal of a
point p in P? is, for us, the line p* in P? made of the classes of all non-zero points of
the plane of R? that is orthogonal to the line in R® whose non-zero points have class

p in P2
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Let us now see how the former applies to our sets of eigenelements. As announced,
eigenspaces are better understood as subsets of projective spaces. Indeed, if v is a
non-zero eigenvector of A associated with A, the whole class [v] does. So the sets which
we defined before have natural projective counterpart where the eigenvectors entries
are replaced by projective coordinates. Similarly, since eigenvalues are homogeneous
of degree one in terms of matrices, the couples (Ag, \) € A admits coherent projective
representative [Ag : A] € P(Symgy(R) x R) ~ P when A, range in a linear
space. Also, if the family A = {A(¢); t € R*} has a linear parameterization, the
couples (A(to), A) are homogeneous of degree one in terms of the parameterization,
so the quotient (A(tg),\) € A x R = [to, \] € P* respects our set A. Finally, since
eigenspaces are invariant by invertible scalar multiplication of the couple matrix,

d(d+1)

eigenvalue, the quotient Symy(R)x RxR¥ — P2 xP* (or (RFxR)xR? — PFxPd-1

for parameterized families) respects the set E. The remaining projections, 7 and

74, also have projective counterparts, where the target space becomes PSymgy(R) or
PA = P+,

To summarize, given a k-linear family of d X d symmetric matrices, we get a
projective counterpart E(A) of F(A):

E(A) = {([As : AL, [o]) € B(Syma(R) x R) x P4 [Ay] € PA, (g — AL)v = 0},*

or B(A(t = (t1,...,t))) = {([ts : -~ tp : A, [v]) € PF x P7% (A(t) — Ay)v = 0},

which is algebraic of degree 2, and has dimension £ — 1. We have a projective coun-

terpart A(A) of A(A):
A(A) = {[Ao : A] € P(Syma(R) x R); Ag € A, det(Ay — Aly) = 0},

or A(A(t = (t1,...,te)) = {[t1: -+ : tx : A\] € P¥; det(A(t) — M) = 0},

algebraic of degree d, with dimension k — 1, a projective counterpart I'(A) of I'(A):
I'(A) = {([Aq], [v]) € PSymg(R) x P71; [Ag] € PA, Agv Av =0},

or T(A(®)) = {([t], [v]) € P*1 x 1, A(t)v Av = 0},

4Notice that the unpleasant behavior of the non projective equation for v = 0 now disapears
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algebraic of degree 3 and dimension k£ — 1, a projective eigenvectors portrait V (A):
V(A) = {[] € PN rk(Ao, ..., Apo,v) <k + 1}

(where (A4, ..., Ag) stands for a linear basis of A), algebraic of degree k with dimen-
sion k—1ifd> k+ 1 and d — 1 otherwise. Except for V', all these sets map onto a
projective family [A] of dimension k — 1. Notice that all equations that appear in our
definitions are homogeneous in terms of their projective coordinates, and then, are
well founded. We denote by the letter = with source upscript and target subscript

the mapping that factors the corresponding 7 through the quotient operators.

It is now possible to construct a mapping between eigenvectors set and eigenvalues
set. Indeed, if ([Ao], [v]) is given in ['(A), there is a unique point ([Af : A], [v']) in
E(A) such that [A})] = [Ag] and [v] = [¢]. In fact, one has [Ay : \| = [Ap :< Agv, v >].
In particular, there exists a unique map ¢ : I'(A) — A(A) such that the following

diagram commute:

7rE
E(A) —— A(A)
[+
I'(A)
The variety I'(A) is not smooth in general. For instance, if A C Syms(R) is the

2-linear diagonal family given by A(tq,t2) = tidiag(1,1,0) + todiag(0,1,1), ['(A) is
the union of the 6 lines /1, ..., ¢ in P* x P? given by

(=P x{[1:0:0]},l=P" x{[0:1:0]}, l=P" x {[0:0: 1]},

o =A{[1: 1]} x{[v];v1 =0}, €5 = {[0: 1]} x{[v];ve = 0}, g = {[1: 0]} x{[v];v3 = 0}.

Thus, I'(A) is singular at the 6 intersection points ¢; N ¢; (that exist for i = 1,2,3
and j =4,5,6if j # ¢+ 3). In section 3, we will study a subset G of I, that we call
strict eigenvectors, and we consider the question whether G 2, A is a resolution
of singularities for A. The set G(A) is constructed by first removing from I'(A) all
eigenvectors that appears for the singular matrices of A, and then take the topological

closure. Precisely, suppose A C Symy(R) is a k-linear family, and A ¢ ¥. We set
G(A) = Clos (T'\ [Z] x P*1). (5.1)

In the former example, with A(t,t5) = tdiag(1, 1,0) +t2diag(0, 1, 1), the set G(A) is
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the union of the three lines ¢4, {5, {5, which are the eigenvectors of the family A that
matters, in the sense that all and only those appear as image of an analytic section

of the mapping ;.

Claim 5.1.1. Let A be a k-linear family in Symgy(R), and suppose that A ¢ 3. Then
the mapping ® : G(A) — A(A) is a proper birationnal map.

Proof. Let ([t; : --- : tg],[v]) € G(A), then O([ty = -+ t],[v]) = [t1 : -+t A
with A = <A|?Z)H“2’”> is a rational map that is defined everywhere which belongs to
A(A). We show that it has as a rational inverse W : A(A) — G(A). Let us take
[ty -+ tp - A] € A(A). The eigenspace of A(t) associated to A is the set of solutions
of the d x d system

(tlAl + AL — )\]Id)v =0 (52)
Since A ¢ ¥, for a generic point ¢ € R¥, this system has rank d — 1, so we can delete
one equation from (5.2) and we obtain an equivalent system

B(t)v =0, (5.3)

where B(t) is a matrix of dimension (d — 1) x d. Let M, be the determinant of the
(d—1) x (d—1) matrix obtained from B(t) by deleting the i-th column. By Cramer’s

rule we obtain that
v=[=M(t):---: (—1)""Mk(t) D (—l)de(t)] (5.4)

is a non-zero solution of (5.2). So, W([ty : --- : tx : A]) = ([t1,- .., tk, ], [v]) is defined
on a generic point [t : \] € A(A). Finally, since G(A) is compact and ® is continuous,

® is proper. ]

The relations between the sets and functions we introduced until now are described
in the following diagram, where the quotient operator [.] is written as a dashed arrow

between two algebraic sets.
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(Ao, \v) € B(A) — 2 (40, 2) € A(A)
(Ag,v) € T(A) —— 7?“‘ Ay € A
vev(a) (A0, [6]) € B(4) “T5 ([40,]) € A(4)

[v] € V(4)

Figure 5.1: Projections

5.1.3 Rellich and monodromies

We finish this section by restating a version of Rellich Theorem in our framework,

and use it to define the monodromies associated to the projective eigenelements.

Theorem 5.1.2 (Rellich). Let A C Sym4(R) be a linear family, Ay € A\ %, and let
¢ : R — [A] be a parameterized analytic curve in [A], with c(0) = [Ao]. Choose an
eigenvalue \g € Spec(Ag) and let vy be an associated eigenvector of Ay. Then ¢ admits
a unique analytic lift in E(A) issued from ([Ag : Aol [vo]) and C(0) = ([Ag : Nol, [vo])-

Proof. Let
E(A).={(s,[B:\,[v]) € RxP"x P! ¢(s) = [B], Bv = \v}.
Recall that we have a double analytic covering

d(d—1)

Syma(R) DSz — P(Syma(R)),

so in particular, there exists a unique analytic ¢ : R — A\{0} such that [¢] = ¢

and ¢(0) = Ap. Since ¢ depends on one parameter, by Rellich Theorem, there exists
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analytic functions A(s) and v(s) such that A\(0) = Ay and v(0) = vg. We define

which is the analytic prolongation of Ay and v, along c in E(A). We have C(0) =
([Ao : A(0)], [vo]) and by unicity of analytic continuation this lift is unique. O

As in chapter 2, this version of Rellich Theorem allows to define a monodromy
associated with the projective family and eigenvalues. Indeed, if ¢ : [0, 1] — [A]\ S(a
(where Sp4 is the image of the super-singular set of A by the projective quotient)
and [Ap : A\] € A(A) with [Ag] = ¢(0), then ¢ has a unique lift ¢, in A(A) satisfying
0,(0) = [Ap : A]l. The lift ¢, is not a loop in general. If £,(1) = [Ap : p], the function
ot [Ao : A] — [Ag, p] defines a permutation of the fiber of A over [A,] that is called
projective monodromy of the eigenvalues of A associated with ¢. Replacing the
given of an eigenvalue with an eigendirection [v] € P4~!, one constructs a monodromy
for eigenvectors. Denoting by £,) the unique lift of £ in I" with ¢},)(0) = ([Ao], [v]), and
(1)(1) = ([Ao], [w]), the function d; : [v] — [w] defines a permutation of the fiber of T’
over [Ap] that we call projective monodromy of the eigenvectors of A associated
with /.

It is clear that, if ¢ is the projectivization of a loop ¢ : [0,1] — A\Sa, oy is
nothing but the projective image of the monodromy associated with /. However, not
all loops in [A]\S4) are projectivization of loops in A\S4. For instance, if A;, A, are
independent symmetric matrices, [0,1] 5 ¢ — cos(nt)A; + sin(wt) Ay € Symgy(R) is
not a loop while [0, 1] 2 ¢ — [cos(7t) Ay +sin(nt) Ay] € PSymy(R) does. This explains
that we use a different terminology, but we frequently drop the word “projective” for
short when the context is clear. Actually, the projective monodromy truly differs
from the linear monodromy since it recovers the antipodal monodromy. If A(t) is a
linear family and A(ty) ¢ X, u L ty, then the projective image [y] : [0,1] — [A] of
the half turn v from ¢, in the direction u is a loop in [A], and is then associated to

projective monodromies.

Claim 5.1.3. Let A(t) be a k-linear family. Suppose that h : [0,1] — A\S4 is
the half turn path from to in the direction u, uw L ty and A(tg) ¢ X. Then, the
projective monodromy of the eigenvalues associated with [h] is the projective image of

the antipodal monodromy from to in the direction u.
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Proof. Let h:[0,1] — A\S4 be the half turn path from ¢; in the direction of u, o be
the antipodal monodromy and p the projective monodromy. Let A € Spec(Aq) and
denote by pr,(A) the analytic prolongation of A along h. Then, o(\) = —pry(A). So,

the projective image of o, [0], satisfy

[o]([A(to) = Al) = [A(to) = —pra(N)].

On the other hand,

P([A(to) : A]) = [=A(to) : pri(N)] = [0]([A(to) = A]),
which finishes the proof. O]

We therefore keep the terminology antipodal monodromy for the projective
monodromy of eigenvalues associated to half turns, and extend the notion and de-
fine the antipodal monodromy of eigenvectors. Notice that, eigenvalues and
eigenvectors being associated one to the other, the cycle structure of the antipodal
monodromy is the same for eigenvalues and eigenvectors. There is a small glitch
that must be revealed here: an antipodal monodromy for eigenvectors could take into
account an orientation of the direction [v], that we do not consider here. Our antipo-
dal monodromy of eigenvectors is rather an antipodal monodromy of eigendirections.
However, one occurrence of this oriented antipodal monodromy appears as a remark
(Remark 5.2.24) in section 2 of this chapter.

5.2 Cubics of eigenelements

We have seen in the former section that for a given k-family A(t) of d x d symmetric
matrices, the set A(A) is an algebraic set of degree d and dimension k — 1 in P*, and
the portrait V(A) is an algebraic set of degree k + 1 and dimension k — 1 in P?~!
if d > k+ 1. Many reasons invite us to focus on the case k = 2, d = 3. Indeed,
for k = 1, the projective family is one point, and for k£ = 2, d < 3, the portrait is
the full space, so the case k = 2,d = 3 minimizes the values of £ and d among the
interesting ones, then probably, minimizes the complexity. Also, and more generally,
k = d — 1 makes V(A) an hypersurface, same as A(A), which makes these cases of a
prior interest. Finally, for £ = 2,d = 3 the couple (V(A), A(A)) is made of two cubic
curves of P2, The classification of cubics being sufficiently restraint, it is possible to

go through entirely, but it is still large enough to allow interesting phenomenon to
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occur.

5.2.1 Marked cubic types and results

Our goal here is to give a complete classification of the pair (V(A), A(A)) that can be
encountered where A is a 2-family of 3 x 3 symmetric matrices. For this we define a
notion of marked cubic type. It is the invariant by which we classify. We follow the
projective classification of cubic curves below of P2, which contains 16 configurations.
Each configuration is the union of finitely (at most 3) analytic components (denoted
by (Ci)ier.). To each component, we associate a number among 0, 1,2, 3, which will
represent the number of eigenelements that belongs to a component for A, € A\ X.
We give in the following table the explicit list of all cubic types, together with their
decomposition into components. We also associate a symbolic picture to each cubic
and component, which will be used in our classification instead of the (unnecessary

heavy) explicit description.

Table 5.1: Table of cubics types.

Cubic types | Components Example Symbol
Elliptic with Oval: 5 B
2
an oval Pseudo-line: R 3z =0
Elliptic R - P —
connected Pseudo-line: g
Rational < 3 2 O
) B e —
cuspidal Cusp: Y
R t' ] l‘3 — yzz _
ationa
crunodal Crunodal: \5\ zsz 4223 =
Rational Point: . 2y? — xg(x _
acnodal beendoline: R =0

Continued on next page
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Table 5.1 — Continued from previous page

Cubic types | Components Example Symbol
Disjoint
union of a
(x — 2y —
non .
Conic: O 42)(:152 F?—
degenerate Line: \_ 22) .
conic and a
line
Union of a
non
- — 2)(z* +
degenerate Conic: O (g 2)(
: Line: \_ y°—2z%) =0
conic and a :
tangent line
Union of a
non
s m? + 2 o
degenerate Conic: O yg) 0 4
. 52) —
conic and a Line:  \
secant line
Product of a ( SN
z(x
line and an Line: ‘U 9 Y
: 22) =0
empty conic
Disjoint
. ! ¢ (x — 2y —
union of a .
_ . Point: . 42)(22+9?) =
conic point Line: ‘U 0
and a line
Product of a
I d (x — 2y —
ine and a .
conic point Point: . 42)((I2+(y+
ni in .
b . Line: \_ 22)2) =0
on the line
Union of (x — 2y +
three lines in Line: 42)(2x — y +
general Line: _ 52)(z + y —
position Line: ) 32) =

Continued on next page
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Table 5.1 — Continued from previous page

Cubic types | Components Example Symbol
Th (2x — 3y +
ree
Line: [~ 52)(3x + 4y —
concurrent .
. Line: — 72)(9z — by +
lines .
Line: 82) =0
Product of a 2 5 +
. x — 3y
double line Double line: \, 5)(3z + 4y —
and a single ) 72 =0
line Line: -
A triple line Triple line: NG 3 =0 @
p? p. = 0=0 O

Definition 5.2.1. A marked cubic type is the given of a cubic configuration C
(an entry in the configuration list above) with components (C;)icr, together with a
map s : (C;)icr. — {0,1,2,3}.

To associate a couple of marked cubics to A, we remark the following :

Lemma 5.2.2 (Eigenvalues type). Let A be a 2-family of 3 x 3 symmetric matrices,
A ¢ 3. Let C be a component of A(A). Then, the cardinality Card(C'N () ~([Ao]))
of the fiber of C' over [Ao] is at most 3 and does not depend on Ay € A\ 2.

Proof. Since x4« is a hyperbolic polynomial of degree 3, there are at most three
points in the fiber of A(A) over [Ay].

Let Ay # By be two points in [A]\[X]. Denote by ¢, the analytic parameterization
of [A] given by
¢ : R — [A]
t — cos(t)Ap + sin(t) By

Since Ay ¢ X, there exists Ay, Ay, A3 such that
A(A) N (7'(%)71(140) = {[AO . /\1], [AO : )\2], [AO . )\3]}
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Then, by Rellich Theorem, there are three unique lifts

such that \;(0) = ;.

Suppose that [Ag : A\;] € C. Then, there exists a neighborhood V' of [Aq : ;] such
that VN C = ANC, since Ay ¢ X. Then, \; being analytic, there exists ¢ > 0
such that for all ¢ € (—¢, +¢), [A(t) : \i(t)] € C. But, C is an analytic set and ); is
analytic, so for all t € R, [A(t) : \i(t)] € C. For t = Z, this gives [By : \i(5)] € C.
Then,

Card(C N (74)"H(By)) > Card(C N (74) 7 (Ay)).

By exchanging the role of Ag and By, we get
Card(C N (74) 1 (By)) < Card(C N (75) ' (Ap))
which shows that this number does not depend on Ag. This finishes the proof. ]

Lemma 5.2.3 (Eigenvectors type,). Let A be a 2-family of 3 x 3 symmetric matrices,
A ¢ 3. Let C be a component of V(A). Then, the cardinality Card(C N (7)) (A))
is at most 3 and does not depend on Ay € A\ 3.

Proof. A regular symmetric matrix of dimension 3 has three eigendirection. The
same principle of the proof of Lemma 5.2.2 shows that Card(C’ N (74)~1(Ap)) does
not depend on Ay ¢ A\X where C’ is a component of I'. The result then follows from
the fact that any component of V' (A) is the union of the images of certain components
of I'. [

From lemmas 5.2.2 and 5.2.3, if A is a 2-family of 3 x 3 symmetric matrices that
is not included in ¥, one can associate a marked cubic type for eigenvalues (resp.
eigenvectors), by defining a function s which associates to each components C; of
A (resp. of V), the number of eigenvalues (resp. eigenvectors) that belongs to Cj,
for a regular member of the family. We respectively call those marked cubic types

eigenvalues type and eigenvectors type of the family.

We can now state the main result of this section.
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Theorem 5.2.4. Let A be a 2-family of 3 X 3 symmetric matrices, A ¢ . Then
the eigenvectors type of A determines the eigenvalues type of A. More precisely, the
following 9 couples of marked cubics types, and only those, appear as eigenvectors and

etgenvalues types.

Table 5.2: Table of cubics types.

Marked cubic of eigenvectors | Marked cubic of eigenvalues

D@2 &

O @ @@

\GE

Continued on next page
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Table 5.2 — Continued from previous page

Marked cubic of eigenvectors | Marked cubic of eigenvalues

[ [agivas

The proof goes as follows. In subsection 5.2.2, we give a collection of lemmas in
which our proof is based on. In subsection 5.2.3, we enumerate all combinatoric can-
didates for the eigenvectors type, and either we eliminate the case from the lemmas,
or we deduce the corresponding eigenvalues type. Finally, in Subsection 5.2.4, we

construct an explicit family that have these prescribed eigenvectors and eigenvalues

types.

5.2.2 Cubic types properties

In this subsection, we give some properties of eigenvectors types and eigenvalues
types that will be sufficient for us to eliminate all marked cubic types that cannot
be encountered as types of linear families. We first need to introduce the analogous
of the set G(A) in V(A), this is, the set of strict eigenvectors. For this, we call
regular eigenvector of A a point in V' (A) that is the eigenvector of a regular member

Ap € A\ X of A:
Vieg(A) = {[v] € P*; JAg € A\ X, Agv Av =0},
and a virtual eigevector is an eigenvector associated to multiple eigenvalues:
Viir(A) = {[v] € P*; 3([A, A], [v]) € E, dim((m5)™"([4o, A])) > 0}.
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Notice that a regular eigenvector might also be virtual (if it is associated to both
regular and singular elements of A), and that a non-virtual eigenvector might not be
regular (if it is associated to the simple eigenvalue of an element in ANY,). Finally, a
strict eigenvector is an eigenvector that can be approached in V,.,(A). So, the set
of strict eigenvectors Vi, (A) is the topological closure of V., (A). Notice that Vi, (A)
is nothing but the image of G(A) by i,

Var (A) = Clos(Vieg(4)) = 75 (G(A)). (5.5)

Intersecting ¥ has a deep influence in V' (A), since then, V(A) has a linear factor, and

in particular, V' is reducible.

Fact 5.2.5. Let A € Syms(R) be a 2-linear family, A ¢ %. If [A]N[X] # 0, V(A)

contains a line.

Proof. 1f [Ay] € [A] N [X], Ay has a multiple eigenvalue, whose associated eigenspace
has dimension at least 2. The projective quotient of this eigenspace contains a pro-

jective line. O

Virtual eigenvectors come by packs of projective lines. There are at most 3 of

them, if the family does not meet [[,].

Fact 5.2.6. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ . Then, Vi is a

union of at most 3 lines, or V;, = P2,

Proof. In an affine chart, the discriminant of the characteristic polynomial has degree
6 and its roots are double, then it has at most three roots. The dimension of the
associated eigenspaces is 2 or 3. Thus, either V,;, = P?, or it is the union of at most

three lines. O]

Lemma 5.2.7. Let A(t) € Syms(R) be a 2-linear family such that A ¢ . Then,
V(A) = P? if and only if there exists a parameter to such that N3 € A(ty).

Proof. If there exists a parameter ¢, € R? such that A3 € A(tp), then the associated
eigenspace is R3. So, V(A4) = P2

Note that the fiber of each element of [A\X], [A N Xy] and [A N 3] in T'(A) has
dimension 0, 1 and 2, respectively. Since A ¢ X, the dimension of ANy and AN X3
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is at most 0. We have dim(V(A)) < dim(I'(A4)) and
dim(T'(A)) = max(dim[A\X] + 0, dim[A N 3y] + 1, dim[A N X3] + 2).

Thus, V(A) = P? gives dim[A N 23] = 0. This means that there exists a parameter
to such that A(tg) € 33 which finishes the proof. O

Lemma 5.2.8. Let A(t) € Symy(R) be a diagonal 2-linear family such that A(t) ¢ 3.
Then, either V(A) is the union of three lines in general position, or V(A) = P2

Proof. Let A(t) = t1 Ay + to Ay with Ay = diag(a, b, c), Ay = diag(a’,b', ). Then,
V(A)={[z:y:z] € P?| kxyz = 0} with

a a 1
E=1b UV 1].
c d 1
If
a 1
rk b1,V |,]1 =3,
c d 1

then I3 ¢ A(t) and V(A) is the union of three lines z = 0, y = 0, z = 0. Otherwise,
I; € A(t) which means V(A) = P2. This, finishes the proof. O

We notice that if for two different parameters, e is an eigenvector of A(t), then it

is an eigenvector of the family for all parameters.

Fact 5.2.9. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X. If e is an eigenvector
of both A(ty), A(ts) for independent ty, to, then e is an eigenvector of A(t) for all t.

In this case, the associated eigenvalue is linear, and A contains a line.

Proof. For a given t € R?, set t = a(t)t; + B(t)ts, o « and 3 are linear in terms of ¢.
Then, we have A(t) = a(t)A(t1) + B(t)A(t2). Thus,

A(t)e = (a(t)h + B(t)A2)e,

where A\; and A, are the respective eigenvalues associated with e for A(¢;) and A(ts).

So for all ¢, e is an eigenvector of A(t) associated with the linear eigenvalue a(t)\; +
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B(t)Aa. The set
{[t - a(®M +B(t)As] € P t € R*\ {0}}

is included in A and is a projective line. ]

Recall that the eigenspaces of a symmetric matrix are orthogonal.

Fact 5.2.10. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X. Then, for all
parameters t € R\ 'S, the three eigenvectors of A(t) are two by two orthogonal.

Lemma 5.2.11. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ ¥, and let C be a
component of V(A). If C ¢ Vi, then C C Vig,.

Proof. By Fact 5.2.6, V,;, is the union of at most 3 lines or V,;, = P2. But, C ¢ Vi,
s0 Vi # P2. Let C € I'(A) be the projective preimage of the component C' of V(A),
C = W‘F/_l(C). Moreover, Clos(C\X) = C, since ¥ has codimension 1 in A, But, by the
definition of strict eigenvectors of T'(A), Equation (5.1), we have Clos(C\X) C G(A).
We have Vi, (A) = 71, (G(A)), Equation (5.5). Finally, since C' € G(A), so C' C Vi
which finishes the proof. O

Lemma 5.2.12. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X, and suppose
V(A) #£ P2 If{ is a line included in V (A), then N Vg, contains at least two different

points.

Proof. Let R 3 s — [B(s)], be a parameterization of [A]. If { C Vg,, then £ N Vg,
contains at least two different points. If ¢/ ¢ V., then by Lemma 5.2.11, £ C V.
Then, there exists a parameter sy and A such that ¢ = ker(B(sg) — Aly). Since
A ¢ ¥, for small € # 0, B(sop+¢) ¢ X. Let Ai(so + ¢€), Aa(so + €) and A3(so + €)
be the analytic eigenvalues of B(sg + ). Up to change of indices, we suppose that
lim. 0 Ai(so+¢€) =\, i =1,2. Let e1(so+¢) and es(so+¢) be eigenvectors associated
to the eigenvalues A (so + €) and Ao(so + €), respectively. Note that for all small e,
ei(so+¢) € Vi, i = 1,2. Since, €;(sg), ¢ = 1,2, is an eigenvector of B(sy) associated
to X and £ = ker(A(sg) — Aly), e;(so) € £. We have lim. g e;(so+¢) = €;(s0), i = 1,2,
s0 €;(so) € Vi Since for € # 0, < e1(sg + €), €2(sp +¢) >= 0 and the inner product
function is continuous, we get e;(sg) L ea(sp). This means ¢ N Vg, contains at least

two different points, which finishes the proof. O

We prove that the components of V' (A) that contains non-virtual eigenvectors are

fully covered by strict eigenvectors. Indeed, these components are exactly the analytic
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prolongation of them.

Lemma 5.2.13. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X. Let C be a
component of V(A) and e € C\ V.. Then C' is the image of the analytic prolongation

of e.

Proof. Let s — [B(s)] be a 1-periodic parameterization [A], and denote by [e;(s)],
[ea(s)] and [es(s)] the analytic eigenvectors of [B(s)]. Set

I = {([B(9)],[ei(s)]), s € R}, i=1,2,3. (5.6)

Since Iy, I and I3 are connected, and G = U;_, I}, each component of G is a union of
some [,. Moreover, if two I, have non-empty intersection, they coincide, since each
I, is the analytic prolongation of each of its elements. So, the components of G are

exactly the I (some I might coincide).

Recall that C'is the image of a union of the analytic components of T by {,. Since
Since e € C'\ Vi, € € C'\ Vi, Lemma 5.2.11. So, these components lies in G. Say
C = U,e; ™ (I;). We claim that this union is disjoint. Indeed, if v € my, (1) N7y, (12),
I} # I,. Then, there exists s; # s such that ([B(s1)], [v]) € I and ([B(s2)], [v]) € I,
then [v] is an eigenvector of B(s) for all s € R, Lemma 5.2.9. So, [A] x {[v]} is a
component of G, then I1 = [A] x {[v]} = I, which is forbidden. Thus,

But, the 7};(/;) are closed and C is connected, so C' = 7,([;,). In the other words,
C' is the image of the analytic prolongation of each of its points. This finishes the
proof. ]

Lemma 5.2.14. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X. Ife € ViegMViir,
then either e € V., or for all t, ([A(t)], [e]) € I

Proof. Let R 5 s+ [B(s)] be a parameterization of [A] with £(0) = [B(so)]. Since e
is a regular eigenvector, it has unique analytic prolongation e(s), e(sg) = e. If e(s) is
not constant, let C' be the component of V(A) which contains e(s). For small s # 0,
B(sg+ ) ¢ 2,80 C ¢ V. Then, C' C Vi, Lemma 5.2.11, and e € V. O

Proposition 5.2.15. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X. Suppose
V(A) # P2 If V(A) is irreducible, it has at least two components.
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Proof. Being irreducible, V' contains no line, so from Fact 5.2.6, V,;. = (), then ANY =
0.

Suppose V' has only one component. Denote by A, A2, A3 the three (different)
eigenvalues of A(1,0), and respectively by ey, es, €3 € P? the associated eigenvectors.

The projectivized 1-periodic half-turn
p:R 3 s+ [cos(ms)A(L,0) +sin(rs)A(0, 1)] € [A]

is a parameterization of [A], bijective when reduced to [0,1), and has three different
lifts in T, (p(t),e1(t)), (p(t),ea(t)), (p(t),es(t)), which satisfy e;(0) = e; for i =1,2,3.

We claim that for each i, e;(1) # €;(0) and prove it for ¢ = 1. If e;(1) = ey, then
e1(t) is 1-periodic. But V is the image of e;(¢) from Fact 5.2.13. So there exists
t €(0,1), e1(t) = ea. So eq is an eigenvector of A(1,0) and of A(cos(t),sin(t)), then
of the whole family by Fact 5.2.9. In particular, the analytic continuation es(t) of ey

is constant, which contradicts that V' is the image of es(t) from Fact 5.2.13. Hence,
61(1) 7é €1.

Since all permutations of 3 elements that have no fixed points are cycles of length
3, the antipodal monodromy of eigenvectors of family is a cycle. From this, the
antipodal monodromy of the eigenvalues of family is a cycle of length three. But,
a cyclic antipodal monodromy needs a non empty intersection with >, which is a

contradiction. []

Proposition 5.2.16. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X, and C},
Cy be two components of Vy,.. Then C; N Cy = .

Proof. Recall that G(A) is the disjoint union of its components, that have disjoint
intersection by 7. Since, C} and Cy are components of Vi, they are the images of
the components of G(A) by 7T‘I;. So, Ci =Cyor C;NCy = 0. O

Fact 5.2.17. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ ¥. Then A belongs to
the following list:
1. Elliptic with an oval: two eigenvalues on the oval and one on the pseudo-line.
2. Rational crunodal: three eigenvalues on the rational crunodal.
3. Union of a non-degenerated conic and a (disjoint, secant or tangent) line: Two

etgenvalues on the conic and one on the line.
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4. Union of three lines in general position or concurrent: each line contains one

etgenvalue.

Proof. Since A ¢ ¥, in an affine chart, A is the union of three graphs of eigenvalues
and there exists a parameter to with A(ty) ¢ 3. Now, since the characteristic polyno-
mial of A(t) is a hyperbolic polynomial of degree 3, there exists a point p ¢ A(A) such
that all the lines passing through p intersect A(A) in exactly three points. Thus, it
remains only four possibilities for the cubic configuration of A: elliptic with an oval,
rational crunodal, non degenerate conic with a line, three lines. Since in an affine
chart, there are three eigenvalues lying in different graphs for non-singular parameters,

it is sufficient to associate the number of eigenvalues to each component. O

Proposition 5.2.18. Let A(t) € Syms(R) be a 2-linear family, A(t) ¢ X. If A(A)

contains a line, Vi, contains a line or an isolated point.

Proof. By Corollary 4.1.8, an eigenvector associated to a linear eigenvalue is restrained
to an hyperplane, this means a line here. If the line is not covered by the eigenvector,

it is a constant isolated eigenvector. O

5.2.3 Proof of Theorem 5.2.4: forbidden types

In this subsection we prove the first part of Theorem 5.2.4. For this, we go through
the full combinatoric of marked cubics, and discuss the compatibility of the given
marked cubic with the properties of eigenvectors types that we saw in the former
subsection. If the marked cubic is not found to be forbidden as an eigenvectors type,
we show that it can be associated to only one eigenvalues type. An example of each
type that is not proven to be forbidden is given in Subsection 5.2.4. For a fast journey

through the enumeration, see Table 5.12 at the end of the section.

To organize the enumeration, we proceed as follows. We first pick up a cubic
configuration to be the configuration of V. Then for each line £ C V, we decide
whether ¢ C V,;,.. In the pictures, a line in V,;,. is symbolized by a doted line. Then,
from Lemma 5.2.13, the remaining components contains at least 1 eigenvector, so
we associate a number in 1...3 to them, keeping in mind that the total number of
regular eigenvectors is at most 3. If this total is smaller than 3, we associate the
remaining ones to virtual lines. Below, we discuss all marked cubic types that satisfy

these combinatoric constraints.
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I) V is elliptic with an oval. There are two possibilities for the eigenvectors
type, described in table 5.3.

Cubic configuration Marked cubic type

I) (a). (b).

Table 5.3: Elliptic cubic with an oval

It happens that both cases are realizable. We discuss the eigenvalues type.
In both cases, the fact that Vi, has two components determines an antipodal
monodromy made of one cycle of length 2 and one fixed point. Beside, since V'
is irreducible, [A] N X = (). So, the corresponding eigenvalues type must have
two components that do not intersect. From Fact 5.2.17, it is either elliptic with
an oval or a disjoint union of a conic with a line. By Proposition 5.2.18, the
later must be removed since V,;, does not have a line or an isolated point. So

the eigenvalue type is prescribed: it is elliptic with an oval.

(a) The oval has two non-virtual eigenvectors and the pseudo-line one, Exam-
ple 5.2.20.

(b) The pseudo-line has two non-virtual eigenvectors and the oval one, Exam-
ple 5.2.21.

IT) V is elliptic connected, ...
III) ... or V is rational crunodal, ...

IV) ... or V is rational cuspidal, Table 5.4.

Cubic configurations

1) I11) V)

Table 5.4: One component irreducible cubic types
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In all of these cases, V is irreducible and has one component, which contradicts

Proposition 5.2.15. The three cases are impossible.

V) V is rational acnodal, Figure 5.2.

Figure 5.2: Cubic type V

The case is impossible. Indeed, V' has no virtual eigenvectors, Fact 5.2.6. Then

from 5.2.11, the isolated point p is an eigenvector for all parameters. By Fact

5.2.10, the other eigenvectors are restrained to p~. This contradicts Fact 5.2.13,

that the pseudo-line component is covered by regular eigenvectors, while it is

not included in p*.

VI) V is the disjoint union of a non-degenerate conic and a line. There are

many subcases summarized in table 5.5 below.

Cubic configuration

Marked cubic type

V1)

Table 5.5: Disjoint union of a non-degenerate conic and a line

(a) The line is not in V,;. and has one eigenvector, the cubic has two eigenvec-

tors.

The case exists, we discuss the eigenvalues. The corresponding eigenvalues
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(b)

(c) ...

type must have two components that do not intersect. By Fact 5.2.17, there
are two possibilities. Either elliptic with an oval, or the disjoint union of a

conic with a line. We show that the first case is impossible:

Let {e; = (1,0,0),e2 = (0,1,0),e3 = (0,0,1)} be the orthonormal basis
of R? and suppose that the projective line ¢ of the cubic is generated by
the two vectors e; and e3. Thus, for each parameter, a vector of the form
[0 : y : 2] belongs to the line ¢. Since for all parameters, the line ¢ is
covered by a strict eigenvector, there exists two different parameters t, t,
such that e3 and ey are regular eigenvectors of A(t;) and A(ty), respectively.

We suppose t; = (1,0) and 2 = (1,0) and we write

a a 0 b
A(tl, tg) = tl Y ﬁ O + tz 0 )\(O, 1) 0
0 0 X(1,0) b 0 c

v =1[0:y: z]is an eigenvector of A(ty,t) if and only if det (Alv Asv v) =
0. We have

Yy bz 0
By A0,D)y y| = (0A(L,0) = bB)y2* + (YA(0,1) — e7)y*z = 0.
A(1,0)z cz

From this, we get A\(1,0) = 8 and A(0,1) = ¢. Now, we show that the
associated eigenvalue A(t1,t2) is linear. We have (t; A1+t As)v = Aty ta)v,

so we get

t1yy + tabz 0
tl)\(l, O)y + tg)\(o, 1)y = )\(751, tg)y
t1>\(1,0)2+t2)\(071)2 )\(tl,tg)z

SO, /\<t1, tg) = tl)\(l, O) + tg)\(o, 1) is linear.

Therefore, the marked cubic of eigenvalues is the disjoint union of a conic

and a line. See Example 5.2.22.
The line is not in V. and has two eigenvectors, the conic has one, ...

or, the line is in V,;. and carry two distinct non-virtual eigenvectors,
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the conic has one.

These cubics do not happen to be a cubic of eigenvectors. Indeed, by
Fact 5.2.10, the two eigenvectors on the line ¢ are orthogonal to the third
one, which is then assigned to be fixed at ¢+ for all non singular parame-
ters. This is a contradiction with Proposition 5.2.13, since the conic is not

covered by non-virtual eigenvectors.
The conic carries two eigenvectors . ..
. or the conic carries three eigenvectors.

These cubics do not happen to be a cubic of eigenvectors. Indeed, in both of
cases, the virtual line has at most one strict eigenvector, which contradicts
Lemma 5.2.12.

VII) V is the union of a non-degenerate conic and a line with two inter-

section points. There are again subcases for the marked type, summarized in
table 5.6.

Cubic configuration Marked cubic type

VII)

Table 5.6: Union of a line and a non-degenerate conic that intersect twice.

(a)

) ...

(c)

The line is not virtual and has one ...
or two eigenvectors, the conic has the other(s).

Both cases are impossible. Indeed, by Proposition 5.2.16, two components

in Vg, do not intersect.

The line is virtual and carries two . ..

142




d) ...

or one regular eigenvector(s).

By Lemma 5.2.14, each eigenvector on the virtual line is fixed. Now, from
Fact 5.2.10, all other eigenvectors on the conic must be orthogonal to any
fixed non-virtual eigenvector on the line. This is a contradiction with
Lemma 5.2.13, since the conic curve is covered by strict eigenvectors and

does not included in the orthogonal of a point. The cases are impossible.
The line is virtual and carries no regular eigenvectors.

The case exists. Since V. is connected, the antipodal monodromy is a
cycle of length 3. So A has one component. By Fact 5.2.17, only rational
crunodal cubic has one component in the configurations of the cubics, see
Example 5.2.25.

VIII) V is the union of a conic and a tangent line. The subcases are in the

following table 5.7.

Cubic configuration

Marked cubic type

VIII)

Table 5.7: Union of a non-degenerate conic and a tangent line

(a) The line is not virtual and has two ...

(b) ... or one eigenvector(s), the conic has the other(s).

From Proposition 5.2.16, two components in V. do not intersect. Impos-

sible cases.

(¢) The line is virtual and carries two ...

(d) ... or one regular eigenvector.
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The cases are impossible. Indeed, by Lemma 5.2.14, the eigenvectors on
a virtual line are constant. By Fact 5.2.10, all other eigenvectors must be
orthogonal to any fixed non-virtual eigenvector on the line. But, the conic
curve is covered but strict eigenvectors, Lemma 5.2.13, and not included

in the orthogonal of a point.
The line is virtual and carries no regular eigenvectors.

The only intersection of the line with V. is the tangency point. But, by
Lemma 5.2.12, there must be at least two different strict eigenvectors on

the virtual line. This case is impossible.

IX) V is the disjoint union of a conic point and a line. There is only one

type, but we discuss two possibilities, depending whether the line is regular. See

table 5.8.
Cubic configuration Marked cubic type
IX) (a). (b).

()

Table 5.8: A conic point and a disjoint line

The line is non-virtual, and has two eigenvectors, the conic point is the
third one. This case happens. Since there is a constant eigenvector, the
associated eigenvalue is linear and A contains a line. There is no virtual
eigenvector, so [A] does not meet 3. Then, A contains only one line (any
two lines intersect). So A is the union of a line with one eigenvalue, and a

disjoint non-degenerate conic with the other two. See Example 5.2.23.

The line is virtual and carries two regular eigenvectors. Then the three
eigenvectors are constant, and the family is diagonal. But, the cubic type
of eigenvectors of a diagonal family is either three lines in general position,

or P?, Lemma 5.2.8. This case never happens.

X) V is the product of a line and a conic point on the line ...

XI) ...

or V is the product of a line and an empty conic.
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There is now way to set three two-by-two orthogonal vectors on a line, so these

cases are forbidden.

XII) V is the union of three lines in general position. There are many
subcases. We do not enumerate all types when less than two lines are virtual,

since we can eliminate all by the same argument. Table 5.9.

Table 5.9: Three lines in general position

Cubic configuration Marked cubic type

XII (a)

(a) No line ...
(b) ... or only one line is virtual.

Both cases are impossible. Indeed, non-virtual lines are fully covered by
strict eigenvectors, Lemma 5.2.13, and cannot intersect by Proposition
5.2.16.

(¢) One line is non-virtual, and carry one regular eigenvector.

By Lemma 5.2.14, there are two fixed regular eigenvectors on the virtual
lines. So, the regular eigenvector on the non-virtual line is restrained at
the point orthogonal to the eigenvectors on the virtual lines, then cannot

cover the line, which is a contradiction with Lemma 5.2.13.

(d) One line ¢ is non-virtual, and carry two eigenvectors. The third one has
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to be orthogonal to ¢, and since by Lemma 5.2.12, any line must contain
at least two strict eigenvectors, this point must be the intersection of the
two virtual lines. This case exists. Since there is a constant eigenvector,
the corresponding eigenvalue is linear and A contains a line. The rest of A
must have a unique component since the antipodal monodromy contains
a cycle of length 2. So, A is made of a line and a non-degenerate conic.
There are two virtual lines, which correspond to two parameters such that
the family intersect 3. Thus, the conic and the line in A intersect in two

points. See Example 5.2.26.

(e) A unique regular line carries three eigenvectors. This is impossible as the

three vectors must be two-by-two orthogonal.
(f) The three lines are virtual.

By Lemma 5.2.12, each line must contain at least two strict eigenvectors.
There is only one way to distribute three eigenvectors on the three lines in
such a way that each line contains at least two vectors: the three eigenvec-
tors lie at the three intersection points. This case exists. The three strict
eigenvectors are fixed, so the family is diagonal. The associated eigenval-
ues are linear, so A is the union of three lines. These lines cannot have
a common intersection point, otherwise [I] belongs to [A], and P2 C V/,
Lemma 5.2.7. Hence, A is made of three lines in general position, Example
5.2.27.

XIII) V is made of three concurrent lines. Again we don’t precise the type when

there are more than one non-virtual line. Table 5.10

Table 5.10: Three distinct concurrent lines

Cubic configuration Marked cubic type

XI1I)

® @
0y

(e).

Continued on next page
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Table 5.10 — Continued from previous page

Cubic configuration Marked cubic type

(a) There are no virtual lines ...
(b) ... or one virtual line.

By Lemma 5.2.13, non-virtual lines are fully covered by strict eigenvectors.

But, they cannot intersect, Proposition 5.2.16. Both cases are impossible.

(¢) The only non-virtual line carries one eigenvector. Then, the two eigenvec-
tors on the virtual lines are fixed, Lemma 5.2.14. From this, the eigenvector

on the non-virtual line must be fixed. This is contrary to Lemma 5.2.13.

(d) The only non-virtual line carries two eigenvectors. One of the virtual lines
gets only one intersection point with V,;., which is a contradiction with
Lemma 5.2.12.

(e) The only virtual line carries three eigenvectors; but they must be two-by-
two orthogonal, Fact 5.2.10. This case does not happen to be a cubic of

eigenvectors.

(f) The three lines are virtual. By Lemma 5.2.14, there are three fixed eigen-
vectors. But, there is no way to distribute 3 regular eigenvectors in such a
way that each line contains at least two of them. This is a contradiction
with Lemma 5.2.12.

XIV) V is the product of a double and a single line. The types are described
in table 5.11. The bold line stand for the double one.
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Table 5.11: Product of a double and a single line.

Cubic configuration Marked cubic type
XIV (a).@
0~ . N .
(e). (f). 7 (8)-
D

(a) The three lines are non-singular. Thus, by Lemma 5.2.13, the lines are
covered by strict eigenvectors. But, they cannot intersect, Proposition

5.2.16. This case is impossible.

(b) The single line is virtual and carries two fixed points. By orthogonality,
the double line cannot be covered by a strict eigenvector which is a con-

tradiction with Lemma 5.2.13.

(¢) The single line is virtual and carries one point. By Lemma 5.2.14, there is
one constant eigenvector on the virtual line which correspond to a linear
eigenvalue \ of the family. Without loss of generality, we suppose that

A=0and e = (1,0,0) is the associated eigenvector on the virtual line, and

we let
0 00 0 0 O
A(tl, tg) = t1 0 a b|+ t2 0 a b
0 b c 0oy ¢
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Then, for all parameters two eigenvectors on the double line must be or-

thogonal to e = (1,0,0). So, the double line is given by 2? = 0.

Now, v = (z,y, z) is an eigenvector of A(t,ty) if and only if p(z,y, z) =

det (Alv Asv v) =0, we have

0 0 T
p(r,y,2) = lay+ bz dy+bz y|==z
by+cz by+dz z

ay+bz dy+bz
by +cz by+cdz

But, M does not depend on z. Thus, 22 is not a divisor of p(z,y, 2).

This case is impossible.

(d) The double line has 3 eigenvectors. But, then they cannot be two-by-two

orthogonal. This case is impossible.

(e) The double line is virtual and has two regular eigenvectors. By orthogo-
nality, the third one cannot cover the simple line which is a contradiction
with Lemma 5.2.13.

(f) The double line is virtual and has a fixed regular eigenvector. This case
exists. The family has a fixed eigenvector that correspond to a linear eigen-
value. The other eigenvectors have non-trivial monodromy, so A has only
one other component, a non-degenerate conic. The double line correspond
to one parameter such that the family intersect 5. So, the line and the

conic are tangent, see Example 5.2.28.

(g) The single line carries three eigenvectors. They cannot be two-by-two

orthogonal. This case is impossible.

(h) The two lines are virtual. Thus, the eigenvectors are fixed, Lemma 5.2.14,
and so the case is diagonal. But, by Lemma 5.2.8, the eigenvector type of

the diagonal families is made of three general lines or P2. That’s impossible.

XV) V is a triple line. The eigenvectors cannot be orthogonal two-by-two, which

eliminate the case.

XVI) V is P2, Then, by Lemma 5.2.7, the family contains [I,;], and the eigenvalue

type is made of three concurrent lines, Example 5.2.29.

The following table summarizes all discussed cases, together with a symbol stand-

ing for the main argument that eliminates the case when it is proven to be forbidden.
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The symbols are as follows:

The symbol 7 < 2 comp.” stands for Proposition 5.2.15, 7 1 7 for Fact 5.2.10,
"N = (” for Proposition 5.2.16, "Diag.” for Lemma 5.2.8, 7 < 2 str.” for Lemma
5.2.12 and "Impossible” for the argument given in XIV(c).

Table 5.12

Cubic configuration Marked cubic type A

) @ @ I(a). exists
@ I(b). exists

Dl

1) @ < 2 comp.
I11) @ < 2 comp.
IV) @ < 2 comp.
vw& 1

VI Q) (a).@ VI(a) exists Q

1L

< 2 str.

< 2 str.

Vi) &) (a).@ n=10
(b).@ nN="~0

Continued on next page
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Table 5.12 — Continued from previous page

Cubic configuration

Marked cubic type

VIII) @

(d). 1
(e).@ < 2 str

IX) @

(a) @ IX(a). exists

(b). @ Diag.

00

XI)@J_

XII) @

(a).@ N=10

(b). N=10

Continued on next page
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Table 5.12 — Continued from previous page

Cubic configuration Marked cubic type A

(c). 1
(d). XTII(d). exists @
(e). 1

(f). XTI(f). exists @

XIH)@ (a).@ Nn=~0
(b). nN=190

(c). 1
(d). < 2 str
(e). 1

(f). s

< 2 str
X1V) @ (a).@ N=10
(b). L

(c) . Impossible
(d) @ 1

(e). @ 1
0 X1v(r). exists ()
(g)- L

Continued on next page
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Table 5.12 — Continued from previous page

Cubic configuration Marked cubic type A

O

XV)

XVI. exists @

XVI)

5.2.4 Examples of cubics

In this section, we give 9 examples for the marked cubics of the pairs of eigenvectors

and eigenvalues of a 2-linear family.

Lemma 5.2.19. Suppose that C is a real cubic curve of P? whose cubic type is an
elliptic with an oval and p is a point on C. Let L be a tangent line to C at the point
p. Then, LNC = {p,q} where p # q and the point q belongs to the pseudo line.

Proof. First, note that any line on the real projective plane intersect a cubic either
at three real roots or at one point. Moreover, the number of intersection points of a
line with an oval is even. Since p is a point of multiplicity two, ¢ cannot be on the

oval, so it belongs to the pseudo line. O

Example 5.2.20. Here, we give an example for the marked cubic I.(a) of eigenvectors.

Figure 5.3: Marked cubic I.(a)

Let
0 2t7 t
A(tl, tg) = tlAl -+ tQAQ = 2t1 t2 0 . (58)
t 0 —t
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A vector v = [X : Y : Z] € P? is an eigenvector of A(ty,t,) if and only if P(X,Y, Z) =
det <A1v Aqv v) =0,

Y+ 0 X
2Y+Z7Z X 2Y+7Z X
2X Y Y|=Y
X A 2X Y
X -7 Z

=YQYZ+2Z°—X*)+Z(2Y* + ZY — 2X?)
=4Y?%7Z +2Y7Z? — XY —27X?

In the chart Z =1, we get

p(x,y) = 4° + 2y — 2’y — 22
=4y* +y(2 — 2*) — 227

We have
Apzy(r) = (2 - x?)? + 3227,

So, for any fixed z € R, p(x,y) = 0 has two real roots y = (@2t (§_x2)2+32x2 such
that p(z,y) = 0. In Figure 5.7, we see the graphs of [X : Y : V1 - X2 —-Y?]
PX,Y,VI— X2 V%) =0and v=(X,Y,Z) = P(X,Y,Z) = 0.

(a) The graph of P(X,Y,v1—X?-Y2) =0in  (b) Thegraphof P(X,Y,Z) =0
P2 in R3

Figure 5.4: Cubic of eigenvectors and eigenvectors of A(t)

Note that the asymptotics of p(z,y) = 0 are y = 122 — 1 and y = —2 and we have

1
2

154



p(0,0) = p(0,—3) = 0. So, any two lines y = k, k € (—1,0) and y = —2 separates
the projective plane P? in two components such that each component of P? contains
a part of the cubic. So, the cubic contains 2 components. There are two possibilities.
Either, the cubic type is an elliptic with an oval, or a line and a conic. The later
is not possible. Indeed, for any x, p(z, —2) # 0, the cubic of eigenvectors does not
contain a line. Hence, the cubic type of eigenvectors is an irreducible cubic with two
components. The only possibility for the cubic type of eigenvectors is an elliptic with

an oval.
Now, we show that there is only one non-virtual eigenvector on the pseudo line:

We have %(m, y) = —2yx — 4z and %(m, y) = 8y + 2 — 2% So, the tangent line to
p(z,y) = 0 at the origin is y = 0. The intersection of y = 0 with P(X,Y, Z) = 0 gives
X?Z = 0. So, the intersection points are the double point [0 : 0 : 1] and the simple
point [1:0:0]. By Lemma 5.2.19, the point [1 : 0 : 0] belongs to the pseudo line.

Since the cubic type of eigenvectors is an elliptic with an oval, A(ty,t) N = (.
Now, [1 : 0 : 0] is an eigenvector of A(0,1) associated to the eigenvalue 0 and
Spec(A(0,1)) = {—1,0,1}. Thus, there is a monodromy between two eigenvectors
associated to the eigenvalues —1 and 1, so these eigenvectors are in the same com-
ponents. So, there is one eigenvector on the pseudo line and two eigenvectors on the

oval.

By Theorem 5.2.4, the cubic type of the eigenvalues is an elliptic with an oval. Let
B(v) = A; + vA,, then we have

XBw) (r) = —2° + (54 vz + v (5.9)
Apw)(z) =9 —202% + 42* =0 (5.10)

We have Z(Ap))(z) = {£75, £} So, App)(z) < 0 on the two intervals [; =
[—\%,—\%] and I, = [, %], Then, if # € I, U I, there is no v € R such that

XB(w)(x) = 0. In Figure 5.5, we see the graph of the eigenvalues.
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Eigenvalues of B(v)

(a) The eigenvalues of B(v) (b) Eigenvalues of A(t1,t2)

Figure 5.5: Eigenvalues of B(v) and A(ty,ts)

Example 5.2.21. Here, we give an example for the marked cubic I.(b) of eigenvectors,
Figure 5.6.

Figure 5.6: Marked cubic I.(b)

Let A(ty,ts) = t1 Ay + t2As be given as follows.

0 V3t 0 0 V3 0 00 0
Aty ) = | V3t tn V2t =t |Vv3 0 V2]+t]0o 1 0 |. (511)
0 V2, —ty 0 V2 0 00 —1

First, we show that the marked cubic of the eigenvalues is elliptic with an oval. For
this, let B(v) = A; + vAs, then we have

XB(v) (x) = —z? + (54 v2)x + 3v (5.12)

which is the characteristic polynomial of the matrix given in previous example. From
Example 5.2.20, the cubic type of the eigenvalues is an elliptic with an oval. Thus,

the cubic type of eigenvectors is elliptic with an oval.

We show that there is only one non-virtual eigenvector on the oval:
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A vector v = [X : Y : Z] € P? is an eigenvector of A(ty,ts) if and only if the three
vectors Ayv, Agv and v are co-linear, i.e. P(X,Y,Z) = det (Alv Asv v) =0,

V3Y 0 X
3y X 3Y X
V3X+V2Z Y Y:Y\/_ +Z V3
oy s Voy Z V3X +V2Z Y

— V3X2Z - V2XY? - V2XZ2 1+ 2V32Y?

In the chart Z =1, we get

pla,y) = —V3a* — V2xy® — Vo +2V3y’
=~V — (V212 + V2)a + 23y

In Figure 5.7, we see the graphsof [X : Y : /1 — X2 —Y?] —» P(X,Y, V1 - X2 -Y?2) =
0and v=(X,Y,Z) — P(X,Y,Z) =0.

x

0.5

(a) The graph of P(X,Y,v/1—X?2-Y2) =0in  (b) The graphof P(X,Y,Z) =0
P2 in R?

Figure 5.7: Cubic of eigenvectors and eigenvectors of A(t)

Now, the tangent line to p(z,y) = 0 at the point (0,0) is

op op
%(0,0)(x —0)+ 8—y(0,0)(y —0)=0.

We have 22(z,y) = —2v3z — (v2y* + v2) and 2(z,y) = 2(—v2z + 2v/3)y. So,
the tangent line to p(z,y) = 0 at the origin is * = 0. The intersection of x = 0
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with P(X,Y, Z) = 0 gives Y2Z = 0. So, the intersection points are the double point
[0:0: 1] and the simple point [0 : 1 : 0]. By Lemma 5.2.19, the point [0 : 1 : 0]

belongs to the pseudo line.

The eigenvector [0 : 1 : 0] is associated to the eigenvalue 1 of A(0, 1) and Spec(A(0,1)) =
{=1,0,1}. By the same argument used in the previous example, two eigenvectors
associated to the eigenvalues —1 and 1 are in the same component. Thus, two eigen-
vectors [0 : 1:0] and [0: 0 : 1] belong to the pseudo line, while the only eigenvector
on the oval is [1: 0 : 0].

Example 5.2.22. Here, we give an example for the marked cubic VI.(a) of eigenvec-

tors, Figure 5.8.

Figure 5.8: Marked cubic VI.(a)

Let A(ty,t2) = t1 Ay + t2As be given as follows.

0t 011 00 0
Alti,t)=|t, 2 0 | =t]1 0 0] +t2|0 1 0 |. (5.13)
ty, 0 —ty 1 00 00 —1

A vector v = [X : Y : Z] € P? is an eigenvector of A(ty,t;) if and only if

Yrao0oa Y+27Z X Y+27Z X
PX)Y,Z)=| X Y Y|=Y (5.14)
X Z X
X -z z
= (Y +2)(2YZ - X2) =0 (5.15)

Now, if Z =1, we get p(z,y) = —(y + 1)(2y — 2?) where 2y — z? = 0 is the equation
of a hyperbola which does not intersect the line y = —1. So, the cubic type of
eigenvectors is the disjoint union of a line and a non degenerate conic. In Figure 5.9,
we see the graphs of [X : Y : /1 - X2 -Y?] — P(X,Y,V/1—-X2—-Y?) =0 and
v=(X,Y,Z2)— P(X,Y,Z)=0.
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A

(a) The graph of P(X,Y,v/1—X2-Y?) =0in  (b) The graph of P(X,Y,Z) = 0 in
P? R3

Figure 5.9: Cubic of eigenvectors and eigenvectors of A(t)

Since eigenvectors are two-by-two orthogonal, there is one eigenvector on the line

while the others are on the conic.

By Theorem 5.2.4, the cubic type of eigenvalues is the disjoint union of a line and

an irreducible conic. We have

A={[t1 :ta: N\ | det(t; A1 + t2 Ay — A3) = 0} (5.16)
={[t1 :ta: A | A(=A* + 2t +13) = 0}. (5.17)

In Figure 5.10, we see the graphs of the eigenvalues B(v) = A; + vAy and A(ty, ).

Eigenvalues of B(v)

(b) Eigenvalues of
(a) The eigenvalues of B(v) A(ty,t2)

Figure 5.10: Eigenvalues of B(v) and A(ty,t2)

Example 5.2.23. Here, we give an example for the cubic IX.(a) of eigenvectors,
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Figure 5.11.

Figure 5.11: Marked cubic IX.(a)

0 0 0 0 0 0 00 0
Alti,t) =0t V2t | =t |0 0 V2|[+tf0 1 0 ]. (518
0 V2 —ty 0 V2 0 00 —1

Then, Xag,1,)(A) = =A% + (265 4 ¢3)A which is the characteristic polynomial of the
matrix given in Example 5.2.22. So, the cubic type of the eigenvalues is the disjoint

union of a line and a non-degenerate conic.

Nowwv = [X : Y : Z] € P?is an eigenvector of A(t,t,) if and only if det (Alv Agv v) =

0,
0 0 X
27 Y
V2Z Y Y:X\\/[;Y P
VoY -7 Z

= —V2X(Y? + 77

So, the marked cubic of the eigenvectors is the disjoint union of the conic point
Y2+ 2% = 0 and the line X = 0. There is one constant eigenvector [1 : 0 : 0] associated
to the analytic eigenvalue 0 on the conic point, and two non-virtual eigenvectors
[0:0:1] and [0: 1: 0] are on the line XZ? = 0. The marked cubic of eigenvectors is

the disjoint union of a conic point and a line.

Remark 5.2.24. The analytic prolongation of eigenvectors associated to the extremal
eigenvalues 1 and —1 along the half turn path changes in Example 5.2.20 (resp.
5.2.22), but not in Example 5.2.21 (resp. 5.2.23). This orientation is a factor which
cannot be seen by the antipodal monodromy of the eigenvectors, but this would
have been manifested if we had constructed a monodromy in taking into account an

orientation of eigenvectors.
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Example 5.2.25. Here, we give an example for the cubic VII.(e) of eigenvectors,
Figure 5.12.

Figure 5.12: Marked cubic VII.(e)

Let A(ty,t2) = t1 Ay + t2As be given as follows.

th 0 # 101 000
Alti,te) =0 2t; t1 | =t |0 2 1| +t|0 0 0 (5.19)
ty t to 110 001

From Example 2.5.12, the monodromy of the eigenvalues is a cycle of length three. So,
the cubic type of the eigenvalues is the rational crunodal. From this, the marked cubic
of eigenvectors is the union of a non-degenerate conic and a line with two intersection

points in which the conic has three regular eigenvectors.

Indeed, v = [X : Y : Z] € P? is an eigenvector of A(ty,t2) if and only if

X+7Z 0 X viz x
PX,)Y,Z)=2Y+2Z 0 Y|=-Z (5.20)
2 +Z Y
X+Y Z Z
=—Z(Y(X+2)— X(2Y + 2)) (5.21)
=—Z(-XY+YZ—-XZ)=0 (5.22)

This is a reducible cubic and Z = 0 is the equation of the line of the cubic and
—XY +YZ — XZ is a non-degenerate conic. Note that the line Z = 0, intersect
the conic in two points [1 : 0: 0] and [0 : 1 :0]. In Figure 5.13, we see the graph of

eigenvectors.
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X

Figure 5.13: The graph of P(X,Y,Z) =0

Example 5.2.26. Here, we give an example for the cubic XII.(d) of eigenvectors,

Figure 5.14.

Figure 5.14: Marked cubic XIL.(

0 t, 0 010
Alti,t)) =t 4 0 | =t |0 1 0 [+tf1 0 0 (5.23)
0 0 —t 00 —1 000

v =[x :y:z] € P?is an eigenvector of A(t,t,) if and only if det (Alv Asv U> =0,

= —y(2yz) + 1%z
= 2(2% — 2%) = 2(x — V2y)(x + V2y)

So, the cubic type of eigenvectors is the union of three lines in general position. Note
that [1:0:0],[0:1:0] and [0: 0 : 1] are eigenvectors of the non-singular matrix
A(1,0) associated to the eigenvalue 0 , 1 and —1, respectively. Two eigenvectors
[1:0:0] and [0: 1 :0] belong only to the line z = 0, while [0 : 0 : 1] belongs only to
the intersection of the two lines z — \/§y =0and z + \/§y =0.

Therefore, the cubic type of the eigenvalues is the union of a line and a non-
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degenerate conic with two intersection points. We have

A={[t: : ts: N] | det(t; Ay + t2As — Al) = 0} (5.24)
={[t1 : t2: A | (b1 + N (LA + 15 — N?) =0} (5.25)

In Figure 5.15, we see the eigenvalue of A(ty,s).

]

Figure 5.15: The eigenvalue of A(ty,1s)

Example 5.2.27. Here, we give an example for the cubic XII.(f) of eigenvectors,
Figure 5.16.

Figure 5.16: Marked cubic XIL.(f)

ty 0 0 00 0 100
Aty ) = [ 0t + 2ty 0 =t {01 0 [+tf0 20 (5.26)
0 0  —t +3t 00 —1 003

We have Spec(A(ty,ts)) = {ta,t1 + 2ta, —t1 + 3to} which two by two intersect along
three different lines. So, the cubic type of the eigenvalues is union of three lines in

general position.
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Now, v = [X : Y : Z] € P? is an eigenvector of A(ty,t,) if and only if

0 X X
Y Y Y 2Y
Y 2y Y|I=-X
-7 Z -7 3Z
—Z 3Z Z
=3XYZ

which is the union of three lines X =0, Y =0, Z = 0 in general position. Note that
eigenvectors of the non-singular parameter (1,0) are v = [1:0: 0], v = [0: 1 : 0]
and v3 = [0:0:1]. We have v; € {Z =0} N{Y =0}, v € {Z =0} N{X = 0}
and vz € {X =0} N{Y = 0}. Thus, the marked cubic of eigenvectors is the union of

three lines in general position.

Example 5.2.28. Here, we give an example for the cubic XIV.(f) of eigenvectors,
Figure 5.17.

Figure 5.17: Marked cubic XIV.(f)

Let
0 0 0 000 0 00
Attty =10 2, ti+t | =t:]0 2 1| +t]0 0 1 (5.27)
0 t1+1t2 2 010 01 2
Let B(v) = A; +vAy. We have
XBw) () = —2(z® — 2(2+20) —v* + 20 — 1) (5.28)
Spec(B(v)) ={0,(14+v) £ +/2(v2+1)} (5.29)

We have Spec(B(1)) = {0,0,4}, 22 (v, z) = 22—(2+2v) and L& (v, ) = —20—2v+2.
So, the tangent line to the hyperbola 2* — 2(2 4+ 2v) —v*+2v — 1 at (v,z) = (1,0) is
x = 0. So, the marked cubic of the eigenvalues is the union of a non-degenerate conic

and a tangent line, Figure 5.18.
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Eigenvalues|of B(v)

™

(a) The eigenvalues of B(v) (b) Eigenvalues of A(ty,t2)

Figure 5.18: Eigenvalues of B(v) and A(ty, t5)

Now, v = [X : Y : Z] € P? is an eigenvector of A(ty,t,) if and only if

0 0 X
Y +Z  Z
PX)Y,Z)=12Y+2Z Z Y|==x
Y  Y+2Z
Y  y+2Z Z
=2X(Y + 2)?

If Z =1, we get p(z,y) = 2x(y + 1)2. The cubic type of the eigenvector is the
product of a double line and a single line such that the intersection point happens
at [0 : —1 : 1]. For the non-singular parameter (t1,%,) = (1,0), [0 : =1 : 1 4+ /2],
[1:0:0]and [0 : 1,1++/2] are eigenvectors of A(t;,t,) associated with the eigenvalues
1 —+/2, 0 and 1 + /2, respectively. Note that only [1 : 0 : 0] belongs to the double
line (Y + Z)? = 0 while two vectors [0: —1: 14 /2] and [0: 1 : 1 + /2] belong only
to the simple line X = 0. So, the marked cubic of eigenvectors is the product of a

double line with a simple line.

Example 5.2.29. Here, we give an example for the cubic XVT of eigenvectors, Figure
5.19.

e

—

I
—
"
"
.
Figure 5.19: Marked cubic XVI
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Let

ta+ti 0 0 100 100
Alti,t) =] 0 24t 0 =t]10 2 0|+t]0 1 0]. (530
0 0  t+3h 00 3 00 1

First, we note that the eigenvalues of A(t1,ty) are Ay (t1,t2) = t1 41, Aa(t1,t2) = 2, +
to, and Ag(t1,t2) = 3t1+t which intersect two-by-two over t; = 0 since A(0, t2) = tol3.
So, the cubic of the eigenvalues is made of three concurrent lines. From this, the cubic

type of eigenvectors is the projective plane P2

We have

V(A) = {v e P?| det (Alv Agv v) = 0}
={veP?|0=0} =P

and for a non-singular parameter (¢1,0) there are three constant eigenvectors v; =
[1:0:0],v2=1[0:1:0], v3=[0:0: 1] associated with three different eigenvalues ¢,
2t1 and 3ty respectively.

5.3 Resolution of singularities of eigenvalues

In Subsection 5.1.2, we saw that there exists a map ¢ : I'(A) — A(A) where I'(A) is the
set of eigenvectors and A(A) is the set of the eigenvalues. Note that the variety I'(A)
is not smooth in general. In Claim 5.1.1, we proved that ® : G(A) C I'(4) — A(A)
is a proper birational map, where for a k-linear family A € Sym4(R), A & 3,

G(A) =Clos (T'\ [Z] x P*71). (5.31)

Here, we show that the map ® is a resolution of singularities of algebraic varieties

when the family is a 2-linear family and when the family is the full space Symgy(R).

Recall that a subset of R"™, respectively of C”, is called constructible if it is
a finite union of differences of algebraic sets. The Euclidean closure of a complex
constructible set is an algebraic set. However, in general, this not true in the real
case. For instance, a real cubic with isolated point, when we delete this point we
obtain a closed (for the Euclidean topology) constructible set which is not algebraic.

So, a priori, our set G(A) may not be algebraic. We conjecture that indeed G(A) is
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an algebraic set. However we are able to prove it only for curves, what is actually

needed in this chapter.

5.3.1 Resolution of a 2-linear family

In can be concluded from the following theorem and Claim 5.1.1 that the map @ :
G(A) — A(A) is a resolution of singularity for A(A) if A € Symy(R) is a 2-linear
family.

Theorem 5.3.1. For any 2-linear family A ¢ 3 the set G(A) of strict eigenvectors

of A is a non-singular algebraic curve.

Proof. We shall consider an affine chart of the projectivization of A, that is an affine

family in one parameter of the form
At) = Ag + tAL,t € R,

where Ay, A; are real symmetric matrices. We assume that Ay € X. In this chart

T :=T(A(t) = {(t,[v]) € R x P"Y(R); A(t)v Av = 0}.

Now we consider its complexification

Ic:=T(A(2)) = {(z,[v]) € C x P"HC); A(z)vAv=0}.

By the theorem of Rellich there are distinct real analytic functions A; : R — R,
j =1,...,d such that SpecA(t) = {\i(t),..., Aa(t)} for all t € R. We consider their
complexifications, denoted again by \;(z), which are well defined and holomorphic in
a small disk D around the origin in C. Shrinking D, if necessary, we may assume that
for any z € D* := D\ {0} all \(2),...,\4(z) are pairwise distinct. In other words,
A(z) # 0 for z € D*, where A(z) stands for the discriminant of the characteristic
polynomial of the matrix A(z). Again by the theorem of Rellich there are analytic
functions [v;] : R — P Y(R), j = 1,...,d which represent eigendirections associated
to Aj(t), that is

A(t)v;(t) = Nj(t)v,(t), t € R.

Again we can take the complexifications [v;] : D — P4 1(C), j = 1,...,d which
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satisfy clearly
A(2)v(t) = \j(2)v;(2), z € D. (5.32)

We denote by V; the graph of [v;] which is a smooth holomorphic submanifold of

C x P=!(C). The following inclusion is important

(D* xPHC)nTc C [ Vi (5.33)

j=1

Indeed, let (z,[v]) € D* x P¥"1(C)) NT'¢, then [v] is an eigendirection of A(z). Since
A(z) # 0, the matrix A(z) has d distinct eigendirections. Therefore, [v] = [v;](2) for
some j € {1,...,d}.

Let 3¢ :={z € C: A(z) = 0} which is actually a finite set. The set
I'c\ (IS¢ x P7H(C))

is a complex constructible set. So (see for instance Lojasiewicz [21]|, Proposition 2,
VII.8.3, page 394) its Euclidean closure, denoted by G, is a complex algebraic subset
of C x P471(C). Therefore

H = Gc N (R x PP7Y(R))

is a real algebraic set. It is enough to prove that Gg = H. The inclusion Gg C H is
obvious. To prove the converse assume that (0, [v]) € H, it means that there exists a
sequence

(D* x PHC)) NTe) D (2, [w(2,)] = (0, [v]), n — oo.

By the inclusion (5.33), there exists j € {1,...,d} such that [w(z,)] = [vj](z,) for
almost all n € N, because eigendirection maps [v;] are continuous with disjoint graphs.
Therefore

(0, [v]) = lim(¢, [v,](¢)) € GRr.

t—0

To make the final conclusion that the set Gy is algebraic, we apply the above
argument over each point ¢ € R such that A(¢) € ¥. Note that there are finitely

many such points.

To prove that Gy is actually non-singular observe that its complexification G¢

is non-singular (as analytic set) at each point Gg, since it is locally a graph of a
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holomorphic mapping. It follows from a lemma of Serre (|21], VII.16.1 Corollary,
page 458) that each point of Gy is regular in the algebraic sense. In other words, it

has a local description by a regular submersion. []

5.3.2 Resolution of a @-linear family

From Claim 5.1.1 and the following proposition, the map ® : G(A) = I'(4) — A(A)

is a resolution of singularity for A(A) if A € Sym4(R) is a @—linear family.

Proposition 5.3.2. T' = {([4], [V]) € PSym4(R) x P4 | V is an eigenvector of A}

18 a smooth algebraic set of codimension d — 1.
Proof. Let ¢ be the map given by

¢ : PSymg(R) x P41 —  PA%(RY)

([A], [V]) = [AVAV]
We consider the map v given by

v 1 Symg(R) x RY —  A%(RY)
(A, V) = AV AV

and we define I' = {(A4,V) € Symgq(R) x R? | V is a non-zero eigenvector of A}.
Note that (A, V) € T if and only if ¢)(A, V) = 0, 1 being a polynomial, it follows that
' = ¢~1(0) is algebraic. Now, we show that for any (4,V) € T' € Symq(R) x R?, the
rank of the differential of 1) is d — 1. For this, we show that the image of d(4,)1 has

dimension d — 1.

The differential of v is given by
dawny¥(a,v) =a VAV +AvAV +AV Av

Now, if (A, V) € I, then V = ey is an eigenvector of A. Let {e,,...,eq} such that
{e1,e3,...,e4} is an orthonormal basis of R? which is formed by eigenvectors of A. We

denote by (A1,...,\q) the associated eigenvalues of A. Let a = (a;;) be a symmetric
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matrix. Then,

diae)(a,e;) =ae; Nep + Ae; Ney + Aeg Ae
=a.e; Nep+ Ne; ANep + Meg Ae;
=a.eg Nep+ (N —A)e; A ey
= (a.e1 + (N — M)e;) Ae

So, any member of the image of d(4.,)¢(a,v) is included R? A e;. Conversely, let
w € RY, then there exists a symmetric matrix a such that ae; = w. So, dia,e)¥(a,0) =

aey A e = w A ey. Therefore, d(4 ¢ has rank d — 1 on T

Let di = dim(Symy(R) x R?), dy = dim(A*(R?)). Since the rank of da)¥
is d — 1, its matrix has some d — 1 X d — 1 non-zero minor. By ordering the co-
ordinates, we may assume that it is the upper-left minor. We label the coordi-
nates (T1,...,%Ta—1,Y1, - -, Yar—(a—1)) on Symg(R) x R? and we label the coordinates

(U ..y Ug1, 01, -, Vgy—(a—1)) O0 A*(R?). Then, we may write

Y(z,y) = (Qz,y), R(z,y)),

where () is the projection on v = (uy,...,uq—1) and R is the projection on v =
(V15 -+ Vdy—(d—1)) With ‘g—g non-singular. Note that for (A4,V) e T, dia,v)@ has the
maximum rank d — 1. Since determinant is continuous and the rank function is lower
semi-continuous, there exists a neighborhood U C Symg4(R) x R? of (A, V') such that
for any v € U, d,@ has a constant rank d — 1. So, @) : U — V has constant rank on
U where V' is an open set around Q(A, V). Now, by constant rank theorem, for any
point p € U, we can find a smooth coordinate chart (Up, g) centered at p and (Vp, h)
centered at Q(p) with Uy C U and Q(Uy) C Vy C V such that

hoQog b, ..., 2%t 2% . a®)=(a!,..., 2%

Note that Q~1(0)NUy = {a! = --- = 291 = 0}. We deduce that Q~1(0) is a
smooth algebraic set of codimension d — 1. Up to restriction of U, on an open ball
B.(a) centered at a = (A,V), @7'(0) is connected (path-connected). We show that
Q'(0) = T on this ball. We remark that ' € Q~'(0) on B,(a). Now we show that
Q'(0) c T on B,(a). Let m € Q~'(0) N B,(a) and v be one of the functions which
defines T'. Then, we can write v(m) = f7 dv where v is a continuous path in Q~(0)
from 0 to m. Since the rank of ¥ on all the points of Q~1(0) N B,(a) is p — 1 and
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duq,...,dug_q are independent, then dv is a combination of duy, ..., dugs_; on all the
points of Q~1(0) N B,(a). Thus, we get v(m) = 0 which proves Q~'(0) € T on B,(a).
Thus, we deduce that I is a smooth algebraic set of codimension d — 1. Therefore, I’

also is a smooth algebraic set of codimensoin d — 1. This finishes the proof.

Corollary 5.3.3. The algebraic variety
E:={([A: A, [V]) € P(Syma(R) x R) x P4"" | (A — AL;)V = 0}

18 smooth.
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