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ATP Adenosine triphosphate. 5, 89
BBB Brain blood barier. 14, 15

CBF Cerebral blood flow. 14, 90

CNS Central nervous system. 2

DNA Deoxyribonucleic acid. 2, 3
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ODE Ordinary differential equation. xv, xvi, 14, 15, 44, 52, 63, 75, 89, 91, 110, 120
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PDE Partial differential equation. 109
PSA Prostate Specific Antigen. 18

TCA Tricarboxylic acid. 5

WHO World health organization. 1






R  The set of real numbers.

LP  The lebesgue space.

H™ The Sobolev Space.

((,.)) Usual inner product in R.

[l./| Usual norm in R.

C° Set of continuous functions.

C!  Set of continuously differentiable functions.

[E] The concentration of E.

1

o () =—— /Q:cda: the spatial average of x.

Vol()
Xla,y) The characteristic function on [a, b].

t
| o 0,1500(2)) = (/0 ||$(8)||}£q(ﬂ>d3>

||| Lo (0,620 () = sup ||z(s)||Lr()-
s€[0,t]
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¢¢A mathematidc:@%, like a painter or poet, is a maker of patterns. If
his patterns are more permanent than theirs, it is because they are
made with ideas. J)

G. H. Hardy

THIS thesis addresses different therapeutic approaches for gliomas, either directly or
at the level of metabolism using optimal control theory. Indeed, we first consider
an Allen-Cahn equation modeling tumor growth, and since the structure of the model
can change in the presence of nutrients, it is then coupled with an evolution equation
for nutrient dynamics. In addition, the treatment of gliomas is considered in terms of
control that represents the concentration of the cytotoxic drug at a given rate. Our goal
in this part is to choose the control and the treatment time such that the corresponding
tumor growth and its final distribution are the best possible approximation to the desired
values. Our first step is thus devoted to the study of the well-posedness of our state
system, which allows us to define the control-to-state operator that is continuous. Then,
we show the existence of a minimizer of our cost functional, where our control-to-state
operator is Fréchet differentiable. Next, our cost functional is also Fréchet differentiable
with respect to time and control; finally, to simplify the first-order necessary optimality
condition, we consider an adjoint system using Lagrange’s principle for which this system
has a regular solution. On the other hand, we know that the progression and malignancy
of gliomas are related to metabolism, in particular to the waste product of glycolysis,
lactate. Thus, we first emphasize the fact that the more lactate the glioma produces, the
more it transports the excess into the capillary to sustain proliferation, metastasis, and
malignancy. Therefore, we consider the state equation as a parabolic problem modeling
intracellular lactate dynamics. Our first challenge is to add a biologically relevant control
that acts as a concentration of a certain drug to inhibit lactate production. Since the
drug dose and time must not exceed or fall below a certain threshold in cancer treatment,
we try to choose the best control at the most convenient time so that the correspond-
ing intracellular lactate concentration is as close as possible to our desired evolution and
final distribution of lactate. However, as aforesaid, the cell withdraws excess lactate by
transporting it across the plasma cell membrane into the capillary to maintain its prolif-
eration. This has inspired us to target lactate transport using an MCTs inhibitor that
acts as a control term in a coupled ODE system that models lactate dynamics in both
the intracellular and capillary domains. We address the question of how long a patient




Abstract

needs to be treated and what is the optimal drug dose to achieve the desired capillary
lactate concentration. To attain our goal, we consider a minimization problem with a
conventional cost functional associated with the ODE system aforementioned. First, we
show the existence of a unique regular non-negative solution of our ODE system, then we
define the control-to-state operator and show that it is continuous on the corresponding
topology. Next, we show the existence of a solution to our minimization problem under
given constraints. Then we study the existence of a unique derivative of the control-to-
state operator and its Fréchet differentiability. We then show the Fréchet differentiability
of the cost functional with respect to time and control. Moreover, we define the adjoint
system by Lagrange’s principle, simplify the first-order necessary optimality condition,
and finally, we emphasize the choice of the control term with numerical simulations.

Keywords. Tumor growth; Allen-Cahn model; Altered metabolism; glioma treatment;
lactate dehydrogenase; reaction-diffusion equation; first-order necessary optimality con-
ditions.
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§¢Science is facts; just as houses are made of stones, so is science
made of facts; but a pile of stones is not a house and a collection of
facts is not necessarily science. 99

Jules Henri Poincare

CETTE these aborde différentes approches thérapeutiques pour les gliomes, soit di-
rectement, soit au niveau du métabolisme en utilisant la théorie du controle optimal.
En effet, nous considérons tout d’abord un systéme couplant une équation d’Allen-Cahn
modélisant la croissance tumorale, avec une équation d’évolution pour la dynamique des
nutriments. Le traitement des gliomes est considéré en termes de controle qui représente
la concentration du médicament cytotoxique a un taux donné. Notre objectif dans cette
partie est de choisir le controle et le temps de traitement de telle sorte que la croissance
tumorale correspondante et sa distribution finale soient la meilleure approximation pos-
sible des valeurs désirées. Notre premiere étape est donc consacrée a 1’étude du caractere
bien posé de notre systeme d’état, ce qui nous permet de définir I'opérateur controle-état
qui est continu. Ensuite, nous montrons 'existence d’un minimiseur de notre fonction
de cofit, ou notre opérateur controle-état est différentiable au sens de Fréchet. Ensuite,
notre fonctionnelle de cott est également différentiable au sens de Fréchet par rapport
au temps et au contréle. Enfin, pour simplifier la condition d’optimalité nécessaire du
premier ordre, nous considérons un systéme adjoint utilisant le principe de Lagrange pour
lequel ce systeme a une solution réguliere. D’autre part, nous savons que la progression
et la malignité des gliomes sont liées au métabolisme, en particulier au déchet de gly-
colyse et de lactate. Ainsi, nous soulignons d’abord le fait que plus le gliome produit
de lactate, plus il transporte ’exceés dans le capillaire pour soutenir la prolifération, les
métastases et la malignité. Par conséquent, nous considérons 1’équation d’état comme un
probléme parabolique modélisant la dynamique du lactate intracellulaire. Notre premier
défi consiste a ajouter un controle biologiquement pertinent qui agit comme une concen-
tration d’un certain médicament pour inhiber la production de lactate. Puisque la dose
de médicament et le temps ne doivent pas dépasser ou descendre en dessous dun certain
seuil dans le traitement du cancer, nous essayons de choisir le meilleur contréle au mo-
ment le plus opportun afin que la concentration de lactate intracellulaire correspondante
soit aussi proche que possible de notre évolution souhaitée et de la distribution finale du
lactate. Cependant, comme nous l'avons dit plus haut, la cellule retire 'exces de lac-
tate en le transportant a travers la membrane plasmique de la cellule dans le capillaire
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pour maintenir sa prolifération. Ceci nous a inspiré a cibler le transport du lactate en
utilisant un inhibiteur de MCTs qui agit comme un terme de controle dans un systéme
couplé de type EDO qui modélise la dynamique du lactate dans les domaines intracel-
lulaire et capillaire. Nous abordons la question de savoir combien de temps un patient
doit étre traité et quelle est la dose optimale de médicament pour atteindre la concen-
tration de lactate capillaire souhaitée. Pour atteindre notre objectif, nous considérons un
probleme de minimisation avec une fonction de cotlit conventionnelle associée au systeéme
d’EDO susmentionné. Tout d’abord, nous montrons I'existence d’une solution réguliere
unique et non négative de notre systeme EDO, puis nous définissons I'opérateur controle-
état et montrons qu’il est continu sur la topologie correspondante. Puis, nous montrons
I'existence d’une solution a notre probleme de minimisation sous des contraintes données.
Nous étudions ensuite I'existence d’une dérivée unique de l'opérateur controle-état et sa
différentiabilité de Fréchet. Nous montrons ensuite la différentiabilité de Fréchet de la
fonctionnelle de cotit par rapport au temps et au controle. De plus, nous définissons le
systeme adjoint par le principe de Lagrange, nous simplifions la condition d’optimalité
nécessaire au premier ordre, et enfin, nous mettons en évidence le choix du terme de
controle par des simulations numériques.

Mots Cles. Croissance tumorale; modele d’Allen-Cahn; métabolisme altéré; traitement
du gliome; lactate déshydrogénase; équation de réaction-diffusion; conditions d’optimalité
nécessaires de premier ordre.
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Chapter

Introduction

¢ When you chase a dream, you learn about yourself. You learn your
capabilities and limitations, and the value of hard work and
persistence. ))

Nicholas Sparks

After cardiovascular diseases, cancer ranks second in the list of deadly diseases, according
to the WHO [40]. A fact that attracts scientists from different fields to study its aspects
to develop the best therapies. So, in this work, we are interested in studying some optimal
control problems that govern glioma therapy directly at the cellular level or indirectly at
the metabolic level. The purpose of this chapter is to familiarize the reader with some
of the concepts used in the rest of our work, to display some results on some problems
concerning tumor growth and treatment, and finally to provide a summary of our main
results.

Biological background

The origin and development of gliomas

Cancer occurs due to genetic mutations in cells. In turn, these mutations can change
the number or activity of proteins involved in regulating cell life. Important clues about
how mutated genes cause cancer come from studying the role of their counterparts in
normal cells. A scientist described a molecular "bucket brigades" that transmits growth-
stimulating signals from outside the cell to the depths of the cell (see [77]). When cells
secrete proteins called growth factors, the growth signal between cells begins. These
proteins pass through space between cells and bind to specific receptors. The signal is
transmitted to a series of other proteins, and finally to the nucleus, which reminds the cell
to complete its growth cycle. By overstimulating the growth-promoting mechanism and
bypassing or ignoring the normal braking system (apoptosis, the programmed cell death),
cells may become malignant. The braking system, like the growth signal system, works
with the molecular "bucket brigades", in this case, it sends a signal that growth should
stop. Another important discovery is the cell clock, which is a target in the nucleus that
promotes or inhibits growth (see [71]).
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Figure 1.1 — Both increased cell division and decreased apoptosis can contribute to tumorigenesis (see [1])

Epigenetic continuous changes that result from the adjustment of chromatic structure
without alteration of the cell’s DNA sequence, also lead to cancer. But somatic muta-
tions that change DNA sequence appear to be an essential and universal characteristic,
and in this sense cancer is a genetic disease (see [1]).

Most cancers have characteristics that reflect their origin. For example, gliomas are can-
cers that originate from glial or neuroglial cells. Although they are not neurons, they play
an important role in defining synaptic contacts and maintaining the signaling ability of
neurons (see [66]). Gliomas are the most common tumors of the CNS, particularly the
brain. There are numerous classification systems in use, Gliomas are classified on the
basis of cell origin, grade, and location. According to cell type, they are divided into
ependymomas, originating from ependymal cells, astrocytomas, originating from astro-
cytes, oligodendrogliomas, originating from oligodendrocytes, and mixed gliomas, origi-
nating from different glial cells. According to their grade, they are classified as low-grade
and high-grade gliomas on the basis of increased cell density, nuclear atypias, mitosis,
vascular proliferation, and necrosis. Gliomas classified by location are sorted based on
whether they are located above or below a membrane in the brain called the tentorium,
which separates the cerebrum (above) from the cerebellum (below) (see [51]).

In this thesis, we are interested in the study of cancer cells in particular, wherever cancer
is mentioned is regarded as gliomas.

Modes of treatment of glioms

Current cancer treatments include surgery, targeted therapy, immunotherapy (boosting
the immune system), radiotherapy (using radiation to kill cancer cells), and chemotherapy
(using drugs to kill cancer cells). The latter three treatments are usually given in cycles.
In this subsection, we present two types of treatment that we have used in our models.

— One of the most popular cancer treatments is chemotherapy. Tumor cells duplicate
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more than normal cells, and most therapies target proliferating cell populations (and
that’s one reason why therapies also hit healthy tissue with rapid renewal rates). To
accomplish this task, chemotherapies can target specific proteins that are present in
a phase of the cell cycle, i.e., the various stages a cell must go through to duplicate.
For example, they may target cyclins (proteins that control the transition between
phases) to keep cells in the G1 phase so they stay quiescent; these drugs are called
cytostatic drugs. It is more common to target the S or G2 (synthesis and repair)
phases when DNA duplicates. This can lead to irreversible damage and subsequent
apoptosis of the cells; these are cytotoxic drugs (see [65]).

Since chemotherapy may cause the damage of healthy cells, the treatment is applied
in cycles where a cycle is a period of treatment followed by a longer period of rest to
allow the patient’s body to produce new healthy cells. The goal of these treatments
is to shrink the tumor to a more manageable size so that surgery can be performed
(see [42]).

So, usually for a final treatment time 7" > 0, 7 € [0, 7] represents the treatment time
of one cycle.

— Targeted drugs refer to drugs that specifically target, bind to, and act on cancer-
causing sites at the cellular or molecular level. These targets may be molecules that
play key roles in tumorigenesis and regulate signal transduction pathways. Drugs
that target these molecules can specifically kill tumor cells without affecting the
normal tissue cells around the tumor, thereby treating the tumor. Compared to
chemotherapy, targeted drugs have the advantage that they can be selected based on
the characteristics of different patients and do not target normal, proliferating cells,
but they are less broadly applicable than chemotherapy(see [76]). Such therapies are
used in Chapters 3 and 4, as inhibitors for lactate production and transport.

Lactate dehydrogenase enzyme

In this subsection we will introduce the enzyme LDH, which is crucial to the mechanism
of lactate production and will be mentioned later in the context of this thesis as a thera-
peutic target of glioma.

Lactate dehydrogenase LDH is a tetrameric enzyme that belongs to the family of 2-
hydroxy acid oxidoreductase, it increases the rate of the simultaneous inter-conversion of
pyruvate to lactate and nicotinamide adenine dinucleotide NADH to NAD™.

NADH NAD+

\/

Pyruvate <_’ Lactate

"

NADH NAD+

Figure 1.2 — The reversible reaction of the catalysis of pyruvate and NADH to lactate and NADT by
LDH enzyme (see [75]).
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LDH is formed of four genes: LDHA, LDHB, LDHC, and LDHD. The first three genes use
or produce lactate, mainly LDHA is also known as the M subunit as it is predominantly
found in skeletal muscle, and LDHB is also known as the H subunit as it is predominantly

found in the heart (see [75]). Five isoenzymes can be derived from M and H subunits:
LDH-1, LDH-2, LDH-3, LDH-4, and LDH-5.

LDH-1 LDH-2 LDH-3 LDH-4 LDH-5

LDH
Tetramer

Subunit

LDHT—M LDI}-H
!

ona [ N 2| ( ESSoEEES. 0 |

mRNA

Figure 1.3 — The LDH isoenzymes are composed of different ratios of LDH-M and LDH-H subunits,
transcribed from LDHA and LDHB, respectively, taken from [75].

LDHA has a higher affinity for pyruvate, and thus preferentially converting pyruvate to
lactate and NADH to NAD™, however, LDHB has a higher affinity to lactate and converts
lactate to pyruvate and NAD' to NADH.

The inhibition of LDHA is a safe therapeutic approach for cancer, particularly, Gossypol,
which is a natural product found in cottonseed, has been also used as an antimalarial,
works on blocking the binding of NADH, it is now used in phase I and phase II clinical
oncology trials (see [32]).

~ Mitochondria

-
\\ » ROS generation
— Electron transport | :) » Loss of mitochondrial
chain membrane potential

» Apoptosis
Glucose =—> Pyruvate % Lactate

LDHA

Citric acid
cycle

Inhibitors of LDHA = N
=)

Figure 1.4 — LDHA inhibition forces cancer cells to use oxidative phosphorylation and thus pyruvate enters
the mitochondria which leads to reactive oxygen species (ROS) generation and apoptosis (see [75]).

Metabolism of cancer cells

This subsection is devoted to distinguishing the metabolism of cancer cells from normal
cells. We present the mechanism of this metabolism in the presence of some enzymes, in
particular LDH, which contributes to lactate formation.

In normal cells, pyruvate is generated from glucose by glycolysis and enters the citric acid
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cycle in mitochondria, where it is oxidatively decarboxylated to form acetyl-CoA, which
is used to fuel oxidative phosphorylation, theoretically generating 36 net GLSATP per
molecule of glucose. However, when the oxygen concentration is infrequent, cells become
unable to undergo OXPHOS to produce ATP so glycolysis becomes the main generator
of ATP, producing 2ATP per one molecule of glucose. Glyceraldehyde phosphate de-
hydrogenase (GAPDH) uses NAD™ to convert glyceraldehyde 3-phosphate (GADP) to
D-1,3bisphosphoglycerate (1,3BPG) so NAD™ is needed to enable the sixth step of gly-
colysis. Usually, NAD™ is regenerated through OXPHOS by electron transport chain, so
when oxygen is scarce, NAD™ is regenerated from NADH by LDHA to maintain glycoly-
sis which in turn produce lactate from pyruvate, in a process called anaerobic glycolysis

(see [75]).

Differentiated tissue Proliferative Tumor

tissue
e Py o %
B

Y s
2

Glucose Glucose Glucose
Oz Pyruvate l 0, Pyruvate

Pyruvate

\ Lactate l

Lactate
Lactate
CO,
Oxidative Anaerobic Aerobic
phosphorylation glycolysis glycolysis
-36 mol ATP/ 2 mol ATP/ (Warburg effect)
mol glucose mol glucose ~4 mol ATP/mol glucose

Figure 1.5 — Schematic representation of the differences between oxidative phosphorylation, anaerobic
glycolysis, and aerobic glycolysis (see [52]).

In cancer cells, even in the presence of oxygen, cells undergo aerobic glycolysis or War-
burg effect, which is observed by Otto Warburg in the 1920’s. Cancer cells uptake large
amounts of glucose to generate sufficient ATP to satisfy the metabolic needs, pyruvate is
converted into lactate utilizing LDHA enzyme.

By contrast, LDHB converts lactate into pyruvate, which makes lactate an energy source
for many cells. Also, aerobic cells may take lactate through MCT1, converts it to pyruvate
which enters TCA cycle to fuel cells, so also the inhibition of MCT1 leads to the death
of anaerobic cancer cells and is good for cancer therapy (see [70]).

Monocarboxylate transporters

This subsection presents the mechanism of monocarboxylate transporters as a means of
transferring a substance across the cell membrane. In particular, these transporters play
an important role in the transport of lactate from the cell to the capillary and vice versa.

Monocarboxylates such as pyruvate, lactate, and the ketone bodies (acetoacetate and (-
hydroxybutyrate) play an essential role in carbohydrate, lipid, and amino acid metabolisms
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and must be transported rapidly across the plasma membrane of cells. This transport is
mediated by proton-linked monocarboxylate transporters (MCTs, 1-4) (see [49]).

Glucose 2 Lactic acid
BLOOD MCTY
MCT4 (MCT3)

Plasma membrane

Glucose 2 Lactic acid

Gluconeo-
Glycolys>\$ genesyv
/ ol Ketone bodies

....... \

MCT1
MCT2

2 Lactic acid Mitochondrion

Ketone bodies

Figure 1.6 — The role of MCTs in metabolism (see [49]).

MCTs regulate eflux and influx of lactate across the plasma membrane, high concentra-
tions of lactate resulting from increased glycolysis lead to acidification of the intracellular
milieu which is lethal to the cell, so this is prevented by the cotransport of both protons
and lactate out of cells by MCTs (see [70]). The transport mechanism of MCTs could be
described as an electroneutral 1HTmonocarboxylate™ cotransport, in other words, mono-
carboxylate transport via MCT4 is accompanied by the transport of H" across the plasma
membrane. In agreement with this mechanism, lactate transport was pH-dependent, in-
creasing with decreasing pH.

Due to its role in regulating intracellular PH and thus avoiding the deleterious of the
cell, MCT inhibition is a cancer therapeutic approach, lactate transport was blocked by
several inhibitors such as p-chloromercuribenzoesulphonic acid and DIDS (see [31]).

Targeting MC'T's leads to lactate accumulation in the intracellular domain which induces
apoptosis or inhibit lactate uptake by aerobic cells which reduces tumor angiogenesis,

metastasis, the deleterious effects of extracellular lactate on the immune cells and inva-
sion (see [70]).

Michaelis-Menten Kinetics

Lactate cannot pass from the intracellular domain to capillary and vice versa by passive
diffusion, a faster transport rate with facilitated diffusion is fulfilled through MCTs, a
process that can be described employing Michaelis-Menten kinetics. More precisely, this
expression describes what happens on the membrane of a cell, as an example (see [35]),
knowing that water-soluble molecules, mostly, cannot pass through the hydrophobic en-
vironment of the cell membrane directly and must be carried by some means. Hence,
molecular receptors embedded in the bacterial cell membrane are involved in "capturing"
these polar molecules in a loose complex, carrying them across the membrane barrier, and
releasing them to the cell’s interior.
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Figure 1.7 — Passage of nutrient molecules into the cell (see [35]).

The directions and rates of reactions are given by
O+X0 kk:lxl——ki—)P—{—Xg
-1

C denotes external nutrient molecule, X, an unoccupied receptor, X, a nutrient-receptor
complex, P, a nutrient molecule successfully captured by cell. Moreover, ki, k_; and ko
represent the rates of reactions.

The rate of formation of P, the rate at which nutrient-receptor complex, X7, dissociates
to form product is based upon the rate constant ks and the concentration of X7, as follows

_dp]
Vo = W —kQ X [Xl]
But, we have EL(C
El.|C
=5 v

where [FE], is equal to the sum of concentrations of unoccupied receptor and that of
nutrient-receptor complex, in addition, we have

k_1+ ko
K,=———7.
ka1
The term ks[E], represents the maximum velocity, so finally, we have
Vmax [C]
Vg = ——=.
Ky +(C]

An overview on optimal control theory

This section is divided into two parts. The first part introduces the theory of optimal
control through an example. The second part, however, is intended to remind the reader
of some concepts used in the study of optimal control problems.
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General concept of optimal control theory

In control theory, one is interested in controlling the state of a system by using controls.
The dynamics of the system is the way in which the state changes under the influence of
the controls. In addition to the system and the state, two other concepts are needed in
control theory, namely the constraints on our controls and the objective or target state(s)
of our system.

We consider the vehicle in the figure below, as an example of optimal control concept.

At time t = 0, the vehicle is at position A and moves along a straight line to reach point
B at time T > 0. Suppose that the vehicle of mass m is accelerated in either direction
by a variable force u(t), so that it takes positive values when moving to the right and
negative values when moving to the left, so that the maximum value it can reach in both
directions is 1.

Taking y(t) as the position of the vehicle at time ¢, 3o and yr as the positions corresponding
to points A and B, respectively, Newton’s law demonstrates that.

my" (t) = u(t).

Thus, our control problem is: minimize 7" > 0, associated with the following constraints.

()| <1, Vtelo,T].

Here the cost functional to be minimized is the time 7" > 0 needed for the travel. An
initial value problem to determine the state y(t) of the system influenced by the control
u(t), under the constraints y(T') = yr, ¥/ (T) = 0, |u(t)| < 1, Vi € [0,T] (see [60,73]).

Some preliminaries

We consider in this subsection the following optimal control problem for nonstationary
heat source

1 1
minJ(y,w) =5 ([ y(wt) = yslPdedt + 5 [y, T) - yal*do dt
by 2Jr (1.1)
)\ 2 ’
+§ /Q|u(:n,t)| dx dt,

s
p ’n h 1 d@hotmail.co /
Hawraa Alsayed awraa_a sayye OCtmall.com



hawraa_alsayyed@hotmail.com

CHAPTER 1. INTRODUCTION

subject to
y— Ay =pu in Q:=1[0,T] x Q,
0,y =0 on ¥ :=1[0,7] x T, (1.2)
y(0,2) =0 in Q,
and

uq(x,t) <ulx,t) <wup(x,t) forae. (z,t) € Q.
And the set of admissible controls is defined by
Upg = {u € L*(Q) : ug(x,t) < ulx,t) <up(x,t) for ae. (z,t) € Q}.

The variable y(x,t) represents the temperature at position z € Q at time ¢t € [0,7T], u
represents a variable heat source that serves as a control. J is the objective functional
to be minimized, i.e. the objective is to achieve the best possible approximation to the
desired evolution boundary temperature ys, and a final boundary distribution temperature
Yq4, in addition to a minimum cost due to the effect of the control given by the term

;//Q (i, )2 de dt,

where A > 0 can be viewed as a measure of the energy cost needed to implement the

1
control u, and the factor 3 that appears before the integrals does not affect the solution

of the problem. It is introduced only for sake of convenience and it cancels out later when
differentiating.

The study of such problems begins in showing that the state system given by the boundary
value problem (1.2) admits a unique solution y(x,t) for some control u(x,t) in a suitable
functional space.

Then, the existence of a solution for (1.1) is investigated, i.e. the existence of some optimal
control u* associated to optimal state y*, which follows again from the continuity of the
control- to- state operator S, for which to any control there is a unique state.

First order necessary optimality condition. The first order necessary optimality condition
satisfies

D, J(y*,u*)(u —u*) >0, (1.3)
but we already have that S(u) = y, then (1.3) verifies
D, J(S(u*),u)(u—u*) > 0. (1.4)

So, for (1.4) to be verified, we need to show that the control- to - state operator S is
Fréchet differentiable. Then we show that the functional J is also Fréchet differentiable
with respect to time and control, respectively.

One way to simplify the first order necessary optimality condition is by applying Lagrangian
technique, which may also help in having an idea about the form of the optimality condi-
tion, so the Lagrangian function £ associated with the optimal control problem (1.1)-(1.2)
satisfies

£=Jyw- [ /Q<yt — Ay - Bu)pda dt.
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The adjoint system is given by
D,L(y*,u",p)y =0 for ally with y(0) = 0.
Simultaneously, one can expect the following necessary optimality condition

D, L(y*,u",p)(u—u*) >0 forallu € Uyg.

Modeling

In this part, we are concerned with some mathematical models that introduce our prob-
lems in Chapters 2, 3, and 4.

Optimal control of tumor growth in the presence of nutriennts

Starting with modeling the behavior of a cell or a living organism, first, we think of its
birth and death, given by the Lotka-Voltera model (see [65])

aN ()
WO _ w(o) 0t0) - die).
N(0) = N,

where N(t) denotes the total population density of cells, b(t) and d(t) represent the birth
and death rates of the cell, respectively.

Since the birth and death rates depend on the availability of nutrients, then b and d are
usually taken as a nonlinear function R(N(t)), leading to the equation
dN(t)

7 N()R(N(t)),

many nonlinearities could be taken, such as logistic and Gompertz models.

The mathematical theory of diffusion is based on the hypothesis that the rate of transfer
of diffusing substance through unit area of a section is proportional to the concentration
gradient measured normal to the section, i.e.
oC

F=-D o
where F' is the rate of transfer per unit area of section, C' the concentration of diffusing
substance, x the space coordinate measured normal to the section, and D is called the
diffusion coefficient. In some cases, D can reasonably be taken as constant such as in
dilute solutions, however in other cases not (see [59]). As an example, tumor cells invade
white matter faster than grey matter, so D changes depending on the position of the
tumor x (see [44]).

We know that the change in time of the concentration of diffusing substance enclosed by
the surface equals to the mass that traverses the surface, so we have,

oC
== = divF.
; div
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Consequently,
oc D 02C

ot 022
So, the reaction diffusion equation is given as follows

Ut—DAU = f(u)a

where DAw denotes the random motion with coefficient D, and f(u) represents the reac-
tion term which may count for the proliferation or death of the cells.

On the other hand, the Allen-Cahn equation (see [13])

ou .
— —e“Au+ f(u) =0, in Q x (0,7,
i f(w) 0.7) s

d,u =0, on 02 x (0,7,

is important in materials science, where €2 represents the volume occupied by the material,
u is an order parameter corresponding, for example, to the ordering of atoms per unit
cell in a crystal lattice, and the function f is the derivative of a double-well potential F'
whose wells correspond to the phases of the material is given by

1/ 2
F@):Z( ~1)". (1.6)
Equation (1.5) is based on a free energy (see [48])

B(w) = 5IVul’ + f(u),

The standard derivation of the Ginzburg-Landau or Allen-Cahn equation is based on
considering the total free energy of the region €2 occupied by the material

WMZLE@M.

The term f(u) represents the uniform energy of the order parameter u, and the term
2

€

—|Vul? represent the energy of the interface. The formal variation of W(u) with respect

to fields u that vanish on 02 is given by

O (u) = /Q (f'(u)ou + eVu - 6Vu) dx = /Q (f'(u) + eAu) dudr,

and give the following expression

OV (u)
ou

and hence the Allen-Cahn equation. Such a model prohibits discontinuities of u and
the interface is represented by a thin phase-to-phase transition layer possessing small
thickness, hence the term diffuse interface model(as opposed to sharp interface models
models, which is found by making € tends to zero). If the potential is defined by (1.6),
the typical width of an interface is e.
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In the view of tumor growth, modeling must take into account the proliferation of the cells
that depends on the nutrient uptake and apoptosis, the programmed cell death. More
importantly, what we are going to model is the cell density of two phases, a healthy phase,
and a tumor phase.

As mentioned earlier, a cancer cell arises from a normal one due to some genetic mutations.
Therefore, we will consider a phase-field model that replaces the boundary conditions at
the interface with a partial differential equation for the evolution of an auxiliary field
that takes the role of an order parameter. This phase-field takes two different values +1
and —1 in each of the phases, with a smooth change between the two values in the zone
around the interface, which is then diffuse with finite width. A discrete location of the
interface can be defined as the set of all points at which the phase-field takes a certain
value (e.g. 0).

Moreover, like normal tissues, cancer cells require nutrients to stay alive and proliferate.
When modeling tumor growth, it is therefore common to combine the tumor growth
equation with an equation that models the dynamics of nutrients.

So, let ¢ = 1 — @9 be the phase field representing the difference between tumor and
healthy phases, ¢ = —1 denotes healthy phase and ¢ = 1 denotes tumor phase, and let o
be the concentration of nutrients, we have

O — BAp + f(p) = (Po— A —au)h(p), inQx(0,T)=:0Q, (1.7)

where B the diffusion coefficient, depends on tumor mobility and interface width, h is
an interpolation function where h(—1) = 0 and h(1) = 1, Poh(p) and Ah(p) model the
proliferation and apoptosis, programmed cell death, of tumor cells at rates P and A,
respectively.

Many therapeutic concepts are used in cancer treatments, the direct ones may be done
through cytostatic drugs which block proliferation or cytotoxic drugs, the one we are
concerned about, which kills proliferative cells. So, here auh(p) models the elimination
of proliferative tumor cells through a cytotoxic drug at rate a.

Note that when the right hand side of (1.7) is null, we have an Allen-Cahn equation of
the form

oo — BAp + f(p) =0 in Qx (0,7,

d,0 =0 on 092 x (0,7,

where
flp) =¥’ .

One of the main nutrients consumed by tumor cells is lactate (see subsection 1.1.3 for
more details), when the concentration of lactate is high, it is transported to the capillaries
by MCTs, however, when the cell lacks nutrient, it uptakes lactate from capillaries in
a process called lactate shuttle, employing MCT1. Taking o as the concentration of
nutrients and o the nutrient concentration in a pre-existing vasculature, then (o — o)
refers to nutrient delivery from blood vessels at rate 3, when o, > ¢ and nutrient removal
from domain when o, < . On the other hand, the nutrient dynamics is modeled by the
following reaction diffusion equation

00 = Ao — Coh(p) + flos — o), inQ,
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where Ch(yp) is the nutrient consumption by the proliferative cells.
Since both cells and nutrients are not supposed to flux through domain we consider
Neumann boundary conditions so that

Oyp=0,0=0 ondQx(0,T),
where v is the outward normal on the boundary 0f).
Moreover, ¢y and o are the initial phase difference and nutrient concentration at x € Q.

Hence we have the following system coupling an Allen-Cahn equation and a reaction
diffusion equation

0ip — BAp + f() = (Po — A—awh(p), in Qx (0,T)=:Q, (1.8)
00 = Ao — Coh(y) + Blos — o), i Q, (1.9)

By =08,0 =0, on T x(0,T), (1.10)

0(0) = po, o(0) =g, in Q. (1.11)

We aim to control tumor growth through treatment with cytotoxic drugs administered to
patients in several cycles, each followed by a long rest period during which the healthy cells
can recover. In this way, we aim to minimize the growth of the tumor in @) and its final
distribution in €. Considering that the duration of a cycle in which the patient undergoes
treatment is rigorous for the patient’s health, we consider minimizing the treatment time.
Finally, a low dose of treatment does not affect the tumor and a high dose may cause
the tumor to adapt to the therapy and destroy the healthy cells, so we also minimize the
dosage of the drugs.

We consider for positive constants r, 3,, Br, and nonnegative constants g, Bq, 8s the
functional to be minimized

Tour) =22 [7 [ No—poldwar+ 22 [7 [ o poldrar

1
+53/ /1—|—g0 da:dt+— /|u|dxdt—|—ﬁ:p7

(1.12)

Where ¢ represents a desired evolution for the tumor cells while ¢q represents a de-
sired final distribution. The first two terms of 7, are of standard tracking type is often
considered in the literature of parabolic optimal control (see [73]) and the third term of
J- measures the size of the tumor at the end of the treatment. The fourth term penal-
izes large concentrations of the cytotoxic drugs, and the fifth term of 7, penalizes long
treatment times (see [43]). So, the main problem becomes

minimize J,(p,u, 7) subject to (1.8) — (1.11), u € Uyq, T € [r,T].

Modeling the control on lactate transport

Even in the presence of ample oxygen, tumor cells predominantly rely on glycolysis to
produce energy in a phenomenon called the Warburg effect or aerobic glycolysis.

Based on our interest in applying therapeutic strategies in the metabolic state that target
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lactate production and transport, we will adopt a transport model (see [4] and [47]) that
describes lactate flow between cell and blood capillary, so in this model, it is interesting
to consider the elements that are important in lactate kinetics.

e The production of lactate by the cells due to glycolysis, denoted by .J;.
e Exchange through BBB denoted J,.

e J3 denotes the sum of lactate consumption by mitochondria after catalysis by LDH-B
to pyruvate, and the diffusion to adjacent regions.

e Cerebral blood flow denoted by C'BF.
e PH variations.

LAC; and LAC, denote intracellular and capillary lactate concentrations, respectively.
LAC, and LAC, are the arterial and venous lactate concentrations as well. Furthermore,
V; and V. are respectively the dimensionless capillary and intracellular volume fractions.

Cell (V;)

CBF

CAPILLARIES (V,)

Figure 1.8 — A scheme that describes the lactate flow from cell towards capillary, taken from [47]

The intracellular and capillary metabolic balance equations lead to the following ODE

system
dLAC;

‘/i - Jl - J2 - J37
dzﬁc (1.13)
‘/070 = Jca Ja.
dt S

The contribution of CBF to the variation of capillary lactate concentration (see [74]), is
given by
Jeap(t) = CBEF(t) (LAC,(t) — LAC,(t)),

but
LAC,(t) = 2LAC.(t) — LAC,(t),

then
Jeap(t) = 2CBF(t) (LAC,(t) — LAC.(t)) .

For simplicity, F(t) = 2CBF(t), and the arterial lactate concentration is considered
constant, so LAC,(t) = L, then V¢ € R*, we have

Jup(t) = F(t) (L — Lac,(t)).
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Moreover, set J(t, LAC;(t)) = J; — Ja, which can be viewed as a forcing function. J is
non-negative since the cell is seen as it cannot export more lactate than it has.

Finally, the flux of lactate through BBB, J5, which in turn is affected by intracellular and
capillary H* concentrations, takes the following form, which is taken from a more general
transport formula for cotransport, the Michaelis-Menten Kinetics, discussed in Subsection

1.1.6
J Lac; H; Lac Hf
= K — s
? Ky + Lac;H Ky + Lac.H7
Ky, is a constant of type Michaelis-Menten, expressed in mMxM, k is the maximum

transport rate, depending on the total area of the capillary endothelium and the density
of the MCTs. H;" and H. are assumed constants.

K K
Finally, set k = H—Ij and k' = = to obtain

i HF
g — ( Lac; Lac, )
20 k+ Lac; k' + Lac.)’
and therefore
dLAC; Lac; Lac,
; = J(t, Lac;) - -
Vi dt I, Laci) — x (k‘ + Lac; K + Lacc>
dLAC, Lac; Lac
V. = F(t)(L — Lac, L = .
dt ) ac)—i_ﬁ(k—i-Lacz- k’—i—LacC)

Setting v and v as the intracellular and capillary lactate concentrations, respectively, and

V.
€ = VC as the volume separating the cell and capillary compartments, we obtain the
followi:zlg system of ODEs

u/(t):J(t,u)—/@<kiu—k/:iv), in [0,7],
eo'(t) = F(£) (L — v) + & (kiu _ kiy) S 0,7, (1.14)
(u(0),v(0)) = (uo, vo), in Rt x RT.

To maintain proliferation, highly glycolytic cancer cells prevent intracellular acidification
by exporting lactate to the extracellular space via monocarboxylate transporters (MCT1
and MCT4). This, in turn, leads to acidification of the extracellular PH in the tumor mi-
croenvironment, which indeed promotes metastasis, angiogenesis, and, most importantly,
immunosuppression (see [28] and [7]).

A potential therapeutic target in cancer is therefore MCT1/4 inhibition, as it has been
shown in [7] that cell proliferation is reduced both in vitro and in vivo by pharmacolog-
ical or genetic MCT1/4 inhibition. Syronsingopine, an antihypertensive drug, is a dual
MCT1/4 inhibitor that can be used to treat cancer.

Our main goal is to add a control term w at a rate v representing the desired treatment
with syrosingopine, where w = 0 represents no dosing and w = 1 represents full dosing.
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Here, we apply the control to the term representing the transport of lactate out of the
cell into the capillary employing MCT inhibitor.

So, our new system becomes

u(t) v(t)

k+u(t) K +o()

u(t) v(t)

k+u(t) K +o()

u'(t) = J(t,u(t)) — K ((1 — yw) ) , in (0,7), (1.15)

e’ (t) = F({t)(L—v(t)) + & ((1 — yw) ) in (0,7, (1.16)

(w(0),0(0)) = (uo,v0) € R, x R, (1.17)
Accompanied with the following objective functional to be minimized
1 /7 9 1 9 1 7 9
Iww.r) =5 [ =v)@F di+ o [ =)@l dt+3 [ llo@] dt. (1.18)

Here r is a positive constant, the function vg corresponds to the desired evolution capillary
lactate concentration and vy to the desired final capillary lactate concentration. Moreover,
a patient undergoes several cycles of treatment, so that each cycle is followed by a resting
period during which the healthy cells can recover, so that 7 is the treatment time of each
cycle and T' is the final treatment time.

A large value of |v — vg|? means that the patient has high levels of capillary lactate
concentration, likewise a large value of |w|? would mean that the patient is suffering from
a high dose of the drug.

Achieving the desired goal is accomplished by the following problem.

minimize J associated to (1.15) — (1.17), w € W,q, T € [r, T]. (1.19)

Modeling the control on lactate production

A common feature of tumor cells is the abnormal glycolytic metabolism known as the
Warburg effect, in which cancer cells preferentially use glycolysis even in the presence of
abundant oxygen, in contrast to healthy cells, which generally use oxidative phosphoryla-
tion for energy. The shift from oxidative phosphorylation to glycolysis, which is associated
with high glucose uptake due to the lower energetic efficiency of glycolysis compared to
oxidative phosphorylation, is one of the hallmarks of tumors. As a result, increased lactate
production is observed, contributing to malignancy progression, lowering PH for invasion,
and triggering immune escape.

The enzyme LDH occupies a central position in the metabolic reprogramming of tumor
cells. It plays a key role in maintaining altered glycolytic metabolism and enables tumor
cell survival when glycolysis is the sole source of energy. Structurally, LDH enzyme is a
tetrameric enzyme consisting of two different types of subunits LDH-A and LDH-B. LDH-
A has high activity in converting pyruvate to lactate, whereas LDH-B is more efficient in
catalyzing the reverse reaction of lactate to pyruvate (see Subsection 1.1.3).

An isoform of LDHA, hLDH-5 (see Subsection 1.1.3), was overexpressed in a variety of
tumors, revealing a link between its increase and the aggressive phenotype of the tumor.
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In addition, hLDH-5 has been found to play an important role in the development and
maintenance of metastatic tumors, and serum hLDH-5 levels have been associated with
resistance to chemotherapy and radiotherapy. For these reasons, hLDH-5 is now consid-
ered a promising therapeutic target for the treatment of cancer(see [17,25,30,32,39, 54,
57,58,72,78]).

Several LDHA inhibitors are mentioned in the literature for either type of tumors (see
[45,56,67,68]). In this thesis, we are interested in gliomas, so we consider treatment with
gossypol, which showed dose-dependent cytotoxic activity in various cancer cells and in
gliomas in particular

We leverage from system (1.13), but if we consider spatial diffusion, we have the following
system (see [62]).

8tu—aAu:Bu+f(a:,t)+klkﬁu 8>0,k>0 inQx(0,7),
ou

5—0 on 092 x (0,7,
U|t:0 = UQ(%) in Q.

Here u represents the intracellular lactate concentration. Furthermore, the non-linear

term

n stands for lactate transport from capillary, where £ is the maximum transport
u

rate and k&’ is the Michaelis-Menten constant. The function f represents the creation and
consumption of lactate and Su stands for the loss of lactate due to the convert of lactate
to pyruvate by the LDHB enzyme and due to migration to neighboring tissues (note that
the above equation can also model the extra-cellular (capillary) lactate concentration, in
which case Su corresponds to the blood flow). One can see that

ku kK

E+u  K+u

Based on the previous model, we consider the following problem, for 7" > 0 in a bounded
domain © C R3 with C3—boundary T,

Ou — alAu + fu — =J(z,t)(1 —~v), in Qx(0,T)=:0Q, (1.20)
Byu=0, on T x(0,7), (1.21)

u(0,2) = up(x), in Q. (1.22)

kK +u

Here, we introduce a control v which represents the concentration of gossypol inhibitor,
/

where v = 0 stands for no dose and v = 1 stands for full dose. We further write as

kK +u
and note that J = f — k. Finally, vJ(z,t)v is the inhibition of lactate production

kK +u
at rate . The cost functional to be minimized is given by

T T T
J(u,v,7) = ﬂQQ/O /Q|u—uQ|2dacdt+§£;/T_T/Q|u—uQ|2d:vdt+52v/0 /Q|v|2dxdt, (1.23)

where ug, uqn represent the desired evolution and distributional lactate concentrations
both in L*(Q). A cancer patient is treated in cycles; each treatment cycle is followed
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by a rest period to allow the healthy cells to recover. Here 7 € (0,T] represents the
treatment time of one cycle and 7" > 0 is a fixed maximal time in which the patient is
allowed to undergo treatment. The first two terms of (1.23) are of standard tracking type
as often considered in the literature of parabolic optimal control (see [73]) and the third
one penalizes large concentrations of the applied inhibitor. Our problem becomes

minimize J associated to (1.20) — (1.22). (1.24)

Problematic

This section is devoted to the presentation of some results that are close to our work,
so we divide it into three subsections. In the first subsection, we consider two optimal
control problems that study tumor growth models (see [23] and [43]). In the second
subsection, we consider a problem that studies a system modeling lactate kinetics in one
compartment (either intracellular or extracellular) (see [62]), for which we constructed
our control problem. Finally, the third subsection deals with an ODE model studied in
(see [46]), which we used later in our work to apply an appropriate control.

Some optimal control problems on tumor growth models

In [23], the target was prostate cancer through two controls as a combination of two
treatments a cytotixic drug along with a targeted therapy presented by an antiangiogenic
drug. A system of an Allen-Cahn equation and two reaction diffusion equations was
considered. The first equation models the spatial location of the tumor denoted as the
phase-field in the presence of nutrient, the second models the dynamics of nutrient and
the last equation models the dynamics of tissue PSA concentration. They consider the
following system

09 — AAG + F'(¢) — m(o)W'(v) = —UN'(¢), in€2 x (0,7),
00 — AT + Y0 + Voo = Sp(1 — ¢) + (S — )¢, in€2x (0,T),
Oip — DAp +v,P = an + aund, inQ x (0,7), (1.25)

¢=0,0,0=0,p=0, onI' x (0,7),

¢(0’ :L‘) = QOO(QE)? 0(07 $) = UO(x)’ p(O,ZL“) = p0($), il’lQ,

where ¢ is a phase-field that identifies the spatial location of the tumor; ¢ is the con-
centration of a vital nutrient; and p is the tissue PSA concentration. The serum PSA
is commonly used in clinical practice can be obtained as P; = [, pdz. F’ denotes the
derivative of F, so that F(¢) = M¢*(1 — ¢)? and h(¢) = M¢?*(3 — 2¢), where M is a
positive constant.

Yeh = Ve — Vhy Och = Q¢ — Oy, Sch = Sc - Sh-

The model parameters A, 0, D, Yy, Ye, Y, ¢, On, S and S, are positive constants with bi-
ological significance. For the solution of the initial boundary value problem (1.25), the

s
p ’& h 1 d@hotmail.co /
Hawraa Alsayed awraa_a sayye OCtmall.com



hawraa_alsayyed@hotmail.com

CHAPTER 1. INTRODUCTION

functions U (t, z) and S(¢, x) are considered to be given, so that U (¢, x) models the inhibit-
ing effect of a cytotoxic drug on tumor dynamics, while S(¢, z) represents the reduction
of nutrient supply produced by an antiangiogenic drug. The function m(c) is given by

p+A p—A (0’—0‘1))
= Mlyre t ’
m(o) =m f( 5 + — arctan p

where m,.s is a positive constant, while r7ho and A are constants that determine the rate
of cell proliferation and apoptosis. Here p = K,/K, and A = —K4/K 4. Where, K, and
K4 are, respectively, the proliferation and apoptosis rates of tumor cells while K, and
K 4 are scaling positive constants. The positive constants o; and o, are, respectively, a
reference and a threshold value for the nutrient concentration.

The optimal control problem in this work was to find the functions U(t,z) and S(¢,z)
that provide the optimal cytotoxic and antiangiogenic effects to treat a certain PCa case.
Therefore, the optimal control problem stated was

minimize{J(U, S); (U,S) € Uyq},

subject to (1.25), where the objective functional was given as

1w.8) = [ [ (66.0) — 60 drde+ %2 [ (6(T,2) — 60
+k;3/9¢(T, ) dz + ’;‘*/OT [(/Qp(t,x) dz —pQ(t)>+] di
+k‘5/Qp(T, x)dx

_kﬁ r 2 ke (T 2
— 2/0 /QU(t,x)dxdt+ 2/0 /QS(t,x)dxdt,

(1.26)

and
Ung = {(U,S) € (L=(Qr))*; 0 < U < Upag, 0< S < Sppae, ae. in Qr}.

And Sy00, Unae are positive threshold values and Qr := (0,7) x , r* represents a
positive part of r; the functions ¢, ¢q are prescribed targets fro tumor phase in Q7 and
in € at the final time, respectively, while pg represents an upper target function for the
spatial mean value of the tissue PSA, so that

$q € L*(Qr), Pocri), Pa € L*(0,T).

The constants k;, i = 1,...,7 in equation (1.26) are nonnegative such that there exists at
least one 7 so that k; > 0.

The authors has studied the optimal control problem, and illustrated some numerical
computations using isogeometric analysis, a recent generalization of finite element method
with superior approximation properties granted by the use of splines as basis functions.
These simulations suggest that antiangiogenic therapies may not be optimal for treating
PCa, because the used drugs docetaxel and bevacizumab are reference drugs in therapeutic
investigations of advanced optimal control. however, the optimal control problem used in
this work is drug-independent, i.e, it provides optimal cytotoxic and antiangiogenic drug
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effects without accounting for any specific drug delivery plan.

On the other hand, the authors in [43] considered an optimal control problem involving
a cancer treatment with cytotoxic drugs. It is well known that while cytotoxic drugs
primarily target and damage rapidly dividing cells such as tumor cells, the drugs can also
accumulate in the body and have negative side effects on the immune system and various
vital organs such as the kidneys and liver. In the worst case, too high a dose of cytotoxic
drugs can cause tumor cells to mutate and become resistant to treatment. Thus, from
the patient’s perspective, the shortest treatment time in which the goals of chemotherapy
are achieved is most ideal. Thus, the optimal control problem that have been studying
involves finding the optimal distribution of the drug and the optimal treatment time.

For T' > 0, in a bounded domain  C R? with C3- boundary I, the following Cahn—Hilliard
model for tumor growth was considered (see [43]),

oo =Ap+ (Po— A—au)h(e), inQx(0,7),

1= AV (p) — BAg, inQ x (0,7),

80 = Ao —Coh(p) + B (0, — o), inQx(0,T), (1.27)
By = 8,0 =0, =0 onT x (0,7),

©(0) = o, (0) = 0y, in Q.

Where « is a positive constant, ¢ denotes the dierence in volume fraction, where ¢ =1
represents the tumor phase and ¢ = 1 represents the healthy tissue phase. The function
i is a chemical potential associated to ¢, W'(y) is the derivative of a potential ¥(y) with
equal minima at ¢ = £1, ¢ is the concentration of an unspecied chemical species acting
as nutrient for the tumor cells, while u denotes the concentration of cytotoxic drugs.
The function h(p) is an interpolation function such that h(—1) = 0 and h(1) = 1, the
parameters P, A, C, and B denote the constant proliferation rate, apoptosis rate, nutrient
consumption rate, and nutrient supply rate, respectively. The positive constants A and B
are related to the thickness of the interfacial layer and the surface tension, while , is the
unit outward normal of I'. The term h(¢)Po models the proliferation of tumor cells which
is proportional to the concentration of the nutrient, the term A(p).A models the apoptosis
of tumor cells, and Ch(¢)o models the consumption of the nutrient only by the tumor
cells. The term auh(yp) models the elimination of the tumor cells by the cytotoxic drugs
at a constant rate a. Meanwhile, o denotes the nutrient concentration in a pre-existing
vasculature, and (o — o) models the supply of nutrient from the blood vessels if o3 > o
and the transport of nutrient away from the domain 2 if o4 < 0.

For positive constants r, 3,, 7, and nonnegative constants g, 8o and g, the objective
functional considered is as follows

P
T, u, ) = 5 ), Q|c,0 wol|*dx dt + 5 ) Q|g0 wol|“dx dt

Bs

1 T T
—l-ff/ /(l—l—go)dxdt%—ﬁu/ /|u|2da:dt+ﬁT7'.
2 rJr—rJa 2 Jo Ja
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Where, 7 € (0, T] represents the treatment time, ¢¢ represents a desired evolution for the
tumor cells while pq represents a desired final distribution. The first two terms of 7, are
of standard tracking type as often considered in the literature of parabolic optimal control,
and the third term of J, measures the size of the tumor at the end of the treatment. The
fourth term penalizes large concentrations of the cytotoxic drugs, and the fifth term of
J- penalizes long treatment times.

The optimal control problem studied is min7, (¢, u, 7) associated to (1.27), where the set
of admissible controls verifies,

Upg ={u € L=(0,T; L) : 0<u<1a.e. in Q}.

A reaction-diffusion equation associated with brain lactate kinetics

We have introduced earlier in Subsection 1.3.3 the mathematical model presented in
[62], which describes brain lactate kinetics in one compartment (either intracellular or
extracellular), when spatial diffusion is taken into account. Recall the considered system

0tu—aAu+Bu+k/ju:f(a:,t), in Qx (0,7),
d,u =0, on I, (1.28)
ulj=o = o, in Q.

The main objective of this work was to show the well-posedness of this system. First, the

> 1,

author has established some apriori estimates, then considering the assumption i
u

he obtained that the solution w is nonnegative. Moreover the solution has uniform (with
respect to time) and dissipative (in the sense that it is independent of time and bounded
sets of initial data, at least for large times) upper bound, since

_ 1
0 <u(zt) <e ™ [0 ][ oo ) + 3 (”fHLoo(Q) + 1) a.e. (z,1).

Assuming that
ug € H%(Q) = {v e H*(Q), d,v =00nT}, u >0 a.e. x,

Fe LNO,T; L®(Q)) N L2(0, T; LA(Q)) N L0, T; HY(Q)) N H'Y(0,T; L2(Q)), ¥V T > 0,

f>—1ae. (z,t).

Then (1.28) possesses a unique strong solution u such that, V7' > 0,
u € L0, T; Hy ()N L*(0,T; H*(Q)) and O € L>(0,T; L*(Q)) N L*(0,T; H'(Q)).

Moreover, the solution u satisfies

t
0 < u(e,) < Juoll ey + | 1]y ds +1 ac. (20)
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In addition, if ug > a.e. z and f >0 a.e. (x,t), then
o—Ft
1

|

Analysis of a mathematical model for brain lactate kinetics

u(z,t) > a.e. (z,t).

Uo

Leo(Q)

Lactate kinetics has been an interest of study for many researchers, in particular, the
model (1.14) with initial conditions (u(0),v(0)) = (%o, 7o), was considered in [46], the
authors have considered two cases e > 0 and € = 0.

When € > 0, the problem is well posed, moreover

T+ L
v(t) < max (vo, +2) = B,.

Fy
On the other hand, setting
J(t,z) < By V(t,z) e R and By (k' + B,) < kk'.

And setting
B, By

/{’+BUJr Kk’

then Vt € R*:

kz
u(t) < max (1 Z,u()) := B,.

Moreover, lower bounds are derived

B
L — v
TR TR

Fy

v(t) > min | vo, mazx 0| | =M,

and

k/

And the following unique stationary point is a node

J (v
(=
(FL + k’+vl>

k
u(t) > min <u0, Mv> = M,,.

Uy ‘= 1_(J+ U; )
T k/—FUZ
and 7
v = L+ f

The equilibrium does not always exist, and the parameters need to satisfy

JP+ JF(L+K)—TFkK <O0.
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When € = 0, and given that F'(t) = F and J(¢t,z) = J are constants, then the limit
system is as follows

u@(t)zJ—n( wlf) vl )

k+ug(t) K+ vo(t)

U()(t) Ug(t) .
F(L—vo(t))+/<;<k+u0(t) - k:’+vo(t)> =0, (1.29)

UU(O) =Ug € RT.

This system is well-posed, moreover the stationary point is locally stable. Moreover,
taking u and v to be the difference of the solution of System (1.14) and (1.29), respectively,
they get

u(t)? + ev(t)? <

Tt /8 4 7 B E2(J+T)? 2¢?
&Tp(F <k2+k/2>> E(UO—\II(UO))2+ ( ) 2 2 + 1
vT (5 +72)
Fo——m | ¥
k?/ L ~\2
(F+L+ %)
k2(J+T)° 2¢2
- 2792 T\’
E'T <l<:2+k2>
F+ N
K+ L+ —
(wei+g)

where U () = .

Finally, numerical simulations were established for both cases, the functions F' and J are
constants and when

Rt — RT

J
Cy
X — GJ—LJ+ )
Tr+ey
and
Rt — R*
F F0(1+()éf) if ElNEN/(N—l)tf+ti<t<Ntf,
t —
Fy if not.

The simulations for this case are given in Figure 1.9
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Figure 1.9 — Intracellular and capillary lactate concentrations

Contributions

This section is concerned with a brief summary of our main results, so it is divided into
three subsections.

Optimal control problem of tumor growth model

The results presented in Chapter 2 is a paper accepted in the journal of Dis-
crete and Continuous Dynamical Systems Series S.

We consider for T" > 0, which is the maximum treatment time, in a bounded domain
Q Cc R*n = 1,2,3, with C?- boundary T the system (1.8)-(1.11) described in Section
1.3.1.

Moreover, for positive constants 7, 8,, 87, and nonnegative constants 3q, 8q, Bs, we con-
sider the functional

To(p,u, 7) = Q/ /Iso eol’ dl’dt+ / /Iso pal*d dt

+—f/ / 1+ ¢)dxdt + u/ /Q|u|2d:vdt+,6T7'.
T—T 0

The first two terms of 7, are of standard tracking type is often considered in the literature
of parabolic optimal control (see [73]) and the third term of J, measures the size of the
tumor at the end of the treatment. The fourth term penalizes high concentrations of the
cytotoxic drug, and the fifth term of 7, penalizes long treatment times (see [43]).

A cancer patient undergoes treatment for several cycles, the duration of each of which is
given as 7, followed by a rest period during which the healthy cells are allowed to recover.
The total treatment time is denoted by T'. We tend to optimize the treatment time of
each cycle at a given drug dose such that we achieve the desired evolution of tumor cells
g in ) and their desired final distribution target ¢q in €2, so that ¢ can be a stable
conguration of the system such that the tumor does not grow again after the treatment
is completed. One can also choose ¢ as a conguration which is suitable for surgery.

The main objective of this chapter is to study the problem
minimize 7, associated to (1.8) — (1.11) and u € Uyq, T € [r, T1, (1.30)
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where the set of admissible controls satisfy
Upg ={u e L®(Q):0<u<1lae in Q}.

For this purpose, we consider first the following assumptions

(A) The initial conditions satisfy, g, 09 € H(Q), with 0 < 0g < 1 a.e. z € Q. The target
functions g, pg € L*(Q), and the vasculature nutrient concentration oy satisfies
0<o0,<1,ae. in Q.

(B) The interpolation function h : R — [0, 1] is continuously differentiable and Lipschitz
with Lipschitz constant M. In addition, the parameters P, A, C, § are non negative
constants, and « is a positive constant.

We start by showing that the state system is well-posed, by proving the following theorem:

— Theorem (Existence and uniqueness of weak solution)

Assume that Assumptions (A) and (B) hold. Then, Problem (1.8)-(1.11) admits a
unique weak solution (¢, o) such that 0 <o <1 and

(p.0) € Y = (L*(0,T; HA(Q) N L=(0,T; H'(Q) N H'(0,T: I*(2))) .
Moreover, the control-to-state operator
S: L*(Q) — Y

u — (p,0)

is continuous for the corresponding topology.

Where Y := (L2(0,T; H2(Q)) N L®(0,T; H'(Q)) 1 H'(0,T; L2(Q)))>.

Moreover, we prove that S is continuous, so that the solution of (1.8)-(1.11) is unique for
either value of w.

Now, since the solution (¢,0) of (1.8)-(1.11) exists and starting from Assumption (A)
which states that 0 < o9 < 1, we show that 0 <o < 1.

On the other hand, we show the existence of a solution for (1.30), this is done by proving
the following theorem:

— Theorem

Assume that Assumptions (A) and (B) hold and let J, be defined by (1.12). Then
there exist (u*,7*) € Uyq X [, T'] such that

TJr(u*, ) < T (u, 1), for every (u,7) € Upg x [, T).

To show the Fréchet differentiability of the control-to-state operator with respect to the
control, we first demonstrate the existence of the Fréchet derivative by considering a
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linearized System of (1.8)-(1.11) at (u.,7) for w € L*(Q) as follows

0% — BA® +8'(5%) = (PS — aw)h(y") + (Po™ — A— au”)oH (%), in Q,
03 = AY — CEh(p*) — Ca*®h' (p*) — B, in Q,
(1.31)
0,YX=0,9 =0, on T x (0,7),
(0) = ®(0) = 0, in Q.

We establish the existence of a unique regular solution of (1.31) by proving the next the-
orem, and hence the unique Fréchet derivative of S at (u., 7.) exists.

Theorem

Let u* € Uyg. Then, System (1.31) admits a unique solution

(®,%) in (L*(0,T; HX(Q) N H'(0,T: *(Q)) N C([0, T); L*(2)))".

Now, we set (¥, 0") := S(u* + w), (¢*,0%) := S(u*), and u" := u* + w, after that, we
show that the remainders

0=¢p"—¢"—® and p=0c“—0"—3%,

satisfy
2 4
10, p)lly < ¢ ”w”LZ(Q) :
For this aim we prove the following theorem:

— Theorem

Let (®,3) be the solution of the linearized system (1.31) at u*, then the remainders
0 and p satisfy

2 4
||(97P)||y <c ”w||L2(Q) )
with

Y= L*0,s H*(Q)) N HY0,s; L*(Q)) N L®(0,s; H'()), s € (0,T).

Furthermore, the Fréchet differentiability of the cost functional with respect to time is
established as in [43], however, the Fréchet derivative of the cost functional with respect
to the control at (u*,7*) is given by

Du$(u*,T*)w:ﬁQ/0 /ngp*_my@wdxdwﬁg/h /Q]go*—cpg@wdxdt

/6 T* T
+—5/ /@“’dwdt—i—ﬂu/ /uwdxdt.
T Jrx—r JQ 0 Q

Since this problem is constrained, and we want to eliminate the term ® from D,J,,
we considered an adjoint system by means of Lagrangian principle, then established the
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existence of regular multipliers of the following system
—0ip — BAp = (Po™ — A—au”) W (¢")p + Bq (" — vq)

+2flr><[7w,f*](t) (2B8a (¢* — o) + Bs) — f'(¢*)p — Ca*h'(¢*)q, in[0,T] x Q,

—0iq — Aq = Ph(¢")p — (Ch(¢") + B) q, in [0,7] xQ,  (1.32)
dup = 0,q =0, on [0,T] x T,
p(t*) = q(7*) =0, in .

For this purpose we prove this theorem:

— Theorem

Let u* be an optimal control, and (¢*,0*) = S(u*) be the corresponding state.
Then the adjoint Problem (1.32) has a unique solution

2

(p,q) € (H'(0,7% L(Q)) N L=(0, 7" H'(Q)) N L*(0, 7% H*(Q)) N C([0,77]; H'(Q)))

Finally, we demonstrate that the optimal control u* satisfies the following simplified first-
order necessary optimality condition

(D Jr(u*, 7)) (u — u™) Bu/ / (u—u” d:pdt+a/ / Vu—u")pdrdt > 0.

An Optimal Control Problem Describing Lactate Production Inhibition

The results presented in Chapter 3 is a paper published in the journal of
Applicable Analysis with doi:10.1080/00036811.2021.1999418

We leverage from the model that we presented in Subsection 1.3.3. So, we consider
for T > 0 in a bounded domain  C R? with C®— boundary I, the following problem
detailed in Subsection 1.3.3 and in Chapter 3.

E +u = J($7t)(1 - 7,0)7 mn Q x (07T> = Qa
o,u = 0, on I'x (0,7, (1.33)
u(0, z) = wup(x), in Q.

In addition to the following cost functional

I (u,v,7) / /]u uQ]2da:dt+ / /|U UQPdmdt+ﬁv/ /M da dt, (1.34)

this is a conventional functional used in optimal control theory (see [73]).
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Our problem is
minimize J associated to (1.33). (1.35)

We start with the following assumptions
(C) The constants k,o« > 0, B > 0, v > 0, and the function J € L*°(Q) are such that
k
JZ—EandUOZO.

(D) The control v € V,q :={v e L®(Q): 0 <v <1}
First, we establish that the solution w is nonnegative (thanks to Assumption (C)).

Then the existence of solution of the state System (1.33) is demonstrated by proving the
following theorem:

— Theorem (Existence and uniqueness of weak solutions)

Assume that Assumptions (C) and (D) hold and that ug € H'(€2). Then, Problem
(1.33) admits a unique weak solution u such that v > 0 and

weY:=L*0,T; H*(Q)) N L>®(0,T; H(Q)) N H'(0,T; L*()).
Moreover, the control-to-state operator
S: L*(Q) — Y
v —

is continuous on the corresponding topology.

Now, we establish the existence of a solution for our problem (1.35) through the following
theorem:

— Theorem

Assume that Assumptions (C) and (D) hold and let J be defined by (1.34). Then,
there exist (v*,7*) € V,q % (0,T") such that

J ) < J(v,7), forevery (v,7) € Vag X (0,7T).

To establish the existence of the Frechet derivative of the control-to-state operator with
respect to the control, we consider the linearized system at u* associated to the control
v*, for w € L*(Q).

k .
3,5U — aAU -+ ﬁU = —m[j — ’)/JU), m Q,
0,U = 0, on T x (0,7), (1.36)
U(0,z) =0, in Q.
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Satisfying the following variational formulation, for £ € H'(Q),

k
2U§dm—’y/ﬂJ(:v,t)w§d:v.

/Qatde%—a/QVU-Vfdx%-ﬁ/Qdeﬂfz—/QM

We prove the existence of a unique solution of (1.36) by proving the following theorem:

Theorem

Let v* € V,4. Then the System (1.36) admits a unique solution
U e 130, T; HA(Q) 1 HY(0,T; 13(@) 0 C([0, T HY(9).

Moreover, for w € L*(Q), we set u®” := S(v* +w) and u* := S(v*) and U as the solution
of the linearized System (1.36) at v*. Then the remainder p satisfy

2 4
llly < cllwllzzg) -
The Fréchet derivative of the functional J with respect to time is given by

1

r

D7) = 22 (Julr*) ~ ualr) age) — + lulr* — ) —ua(r* ~)lExg)
22 ur) — ug(r*) ey

For ug € H'(0,T; L*(Q)), uq,u* € H(—r,T; L*()), we deduce the following first-order
necessary optimality condition with respect to time

D, JW",m)(s—7")>0 Vsel0,T]

Furthermore, the Fréchet derivative of the cost functional with respect to the control is
given by

T* T T
D,J (v, 7" )w zﬁQ/O /Q|u*—uQ|Ud$dt+BQ /T*_T/Q|u*—uQ|Ud:Edt+,6v/0 /vadxdt.

To eliminate U from the above equation, we consider the following adjoint system by
means of Lagrangian principle

kp . Ba . )
Op + alp = Bp + WrwR Bo(u™ —uq) + 7X[T*—T‘7T*](t)(u —ug), in[0,7]x€Q,
Oyp =0, on [0,7] x T, (1.37)
p(t*) =0, in .

We have the following theorem by which we prove the existence of a regular multiplier p.
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— Theorem

Let v* be an optimal control, and u* = S(v*) be the corresponding state. Then the
adjoint Problem (1.37) has a unique solution

p € HY 0,75 L*(Q)) N L>(0, 7% H'(Q)) N L*(0, 7 H*()) N C([0, 7*]; H'(2)).

Finally, we simplified the first-order necessary optimality condition with respect to control
by using the variational formulations of (1.31) and (1.32) to get

(D, J (v*, 7)) (v — v¥) / / (v —v")dxdt > 0.

An Optimal Control Problem Describing Lactate Transport Inhibition

The results presented in Chapter 4 is a paper to appear.

As demonstrated in Subection 1.1.5, targeting MCTs is a good therapeutic approach for
cancer, for this aim, we consider in Chapter 4 the model (1.15)-(1.17) described in details
in Subsection 1.3.2.

W0 = ) e (-t - 200 e,
e’ () — FO(L - () + & ((1 — ) i(i)(t) - :’L(’;) (t>> . in (0,7), (1.38)
(w(0),v(0)) = (uo,v0) € Ry x Ry.

Moreover, the cost functional to be minimized is given by

g Ly
J(v,w,7) / (v = v)(®)]° dt+2r/ (v = va) (1) dt+§/0 lw(t)[| dt. (1.39)

Where (1.39) corresponds to the conventional functional in optimal theory when r tends
to 0 (see [73]). Similarly as in Chapters 2 and 3, we set 7 € [r, T| to be treatment time of
each cycle, however, T is the final treatment time.

So our main problem is
minimize J associated to (1.38). (1.40)

First, we start with the following assumptions
(E) The constants x, L > 0, k, k' > 0, 0 <y < 1, and the function F' is positive bounded

continuous function; i.e., there exist two positive constants F; and Fj, such that
I} < F < F;. The function J is Lipschitz with respect to u such that the derivative
of J with respect to u is bounded.

(F) The control w € W,y := {w € L*(0,T;R,) : 0 <w < 1},

Recall the following definition:

s
p ’& h 1 d@hotmail.co /
Hawraa Alsayed awraa_a sayye OCtmall.com



hawraa_alsayyed@hotmail.com

CHAPTER 1. INTRODUCTION

~ Definition 1.1

An ODE system 2'(t) = f(t,z(t)) on R*, & = (z1,...,2,)", f = (f1i,..., fn)' is
called quasipositive, if the condition

r>0,2,=0 = fi(t,z(t)) >0,

is verified for all k =1,...,n.

So, starting from nonnegative initial values (ug,v) € (R4 )?, and since our system (1.38)
is quasipositive, then the solution is nonnegative, moreover, the existence is demonstrated
by Cauchy Lipschitz, thanks to Assumption (F), we have the following theorem:

— Theorem (Existence and uniqueness of solution)

Assume that Assumptions (E) and (F) hold and that (ug,v9) € Ry x Ry. Then,
System (1.38) admits a unique solution (u,v), satisfying

(u,v) € (CH([0,T], Ry )*.
Moreover, the control-to-state operator
S: W — CH[0,T],Ry)?
wo (u,v),

is continuous with respect to a suitable topology.

Moreover, the existence of a solution of (1.40) is demonstrated in the proposition below.

~— Proposition

Let w € W,q and 7 € [r,T], and let (u,v) be the solution of System (1.38) corre-
sponding to w. Then there exist w, € W,q and 7. € [r, T}, such that

inf T (v, w,7) = T (ve, Wy, ),

(w,7)EWaax[r,T]

where (u., v,) is the solution of (1.38) corresponding to ws.

The natural approach consists in proving that the control-to-state operator S is Fréchet
differentiable at w, and applying the chain rule to J (v, w) = J(S(v),v). So, let w, € Waq
be a solution of (1.40), with corresponding state (u*,v*), and let h € W,4. In order to
establish the existence of the Fréchet derivative of S at w,, we consider the following
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linearized system.

, . u KU KV
= — — 1-—- * - ’ 7T7
U = J,(t,u")U Ii( 7hk+u*+( ~yw )(k+u*)2 CETSE on [0,T]
- KU % (1.41)
g B 1 — yw, - T
% V—|—/~£< 0% k+u*+( ~w )(k+u*)2 (k’+v*)2>’ on [0,T7],

We demonstrate the following theorem:

Theorem

Let w* € W,4. Then, System (1.41) admits a unique solution

(U, V) € 1[0, T],R,)>.

Now, to show that the control-to-state operator is Fréchet differentiable we take h € W4,
set (up, vp) = S(w* + h) and (uy, vy) := S(w*) and (U, V) = D,,S(w*)h, so that we have
the theorem below.

— Theorem

Let (U, V') be the solution of the linearized system (1.41) corresponding to w*. Then
the remainders p and 6 defined by

p=up—u,—U and 0=v,—v, -V,

satisfy

2 4
(o, 0)||Lo<>(0,T;R+)mH1(0,T;R+) <c ||h||L2(O,T;]R+) :

Concerning the Fréchet differentiability of the cost functional with respect to time, we
have the following proposition:

~ Proposition

Let vg € H'(0,T;R,) and vgq, v, € H'(—r,T;R,). Then the mapping J : Waq X
[r, T] — R, is continuously Fréchet differentiable with respect to 7 and

D, (wnr) = 3 I0(r2) = va(rl + 5 (Io(r) = vl )| = T (s = ) = . = D).

In addition, we have that

D, J(ws,7u)(s — 1) >0 Vse|[rT].

The following proposition presents the result concerning the Fréchet differentiability of
the cost functional with respect to the control.
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~— Proposition

Let (w,, T.) be a minimizer of J, h € W,4 so that h = w — w,, and let (U, V) be
a solution of the linearized System (1.41). Then the Fréchet derivative of the cost
functional at (w,, 7.) with respect to the control w is given by

T 1 T T
Do (ws, 7.)h = / (v —vo)Vdt+ = [ (v— )Vt + / wohdt.  (1.42)
0 0

T Jre—r

To eliminate the term V' from Equation (1.42), we apply the Lagrangian principle. Using
the Lagrangian function, we can formally eliminate the equality constraints given by
the state System (1.38), for which we define the Lagrangian function with respective
Lagrangian multipliers p and ¢ by

T
L, w,,0) = Tow) = [ p (0 = I + 4 (0= yw) e = 2 e

—/()Tq<€v'—F(L—v)—ﬁ((l—yw)kiu—k/iy)) dt.

— Proposition

Let (wy, T:) be a solution of Problem (1.40), (u., v.) be the solution of System (1.38)
associated to wy, and let (p,q) be two multipliers of £. Then the adjoint system is
given by

k k
—_— 1— ——¢q, in [0,T], (1.43
k+u*)2p+l€( wa) <k+u*)2Q7 ln[ ? ]7 ( )

—p' = Ju(us, t)p — k(1 — ’yw)(

1 K .
_Gq/ = (U* - UQ) + ;X[T*—T‘,T*](t)(v* - Ud) + ﬁm(p - Q) - Fq, m [07 T]? (144)
p(r) = gfr.) =0 (1.45)

The existence of unique regular multipliers is established through the following theorem:

— Theorem

Let w, be an optimal control, and (u.,v.) = S(w,) be the corresponding states.
Then the adjoint Problem (1.43)-(1.45) has a unique solution

(p,q) € CH[0, 7]} Ry

We end the theoretical part by letting (w., 7.) to be a solution of Problem (1.40) with
corresponding state variables (u.,v.) = S(w,), and adjoint variables p and ¢ related to w,
and v, respectively. And taking h := w — w, € Wy, for any w € W,4, and (U, V) to be
the linearized state variables associated to h, then we establish the following proposition:
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~— Proposition
The optimal control w, satisfies the following simplified first-order necessary opti-
mality condition

U
k + u,

ij(w*,T*)h:/T*w*hdt—i—/f/nvh (p—q)dt > 0.
0 0

To demonstrate the choice of the control, we end this chapter with numerical simulations
which verify in both considered cases; i.e., when J and F are constants and when they are
functions so that F' is chosen as a periodic function. We can see in both Figures 4.2b and
4.3d that the extracellular lactate concentration drops with time when we increase the
dose of the inhibitor. However, in Figures 4.2a and 4.3c, we observe that as we increase
the dose of the inhibitor the intracellular lactate concentration increases so leading to
acidosis of the intracellular domain which inhibits tumor progression.
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Chapter —

Optimal control probleTngé gr;owth\\m de

¢ What distinguishes a mathematical model from, say, a poem, a
song, a portrait or any kind of “model”, is that the mathematical
model is an image or picture of reality painted with logical symbols
instead of with words, sounds or watercolors. 99

John L. Casti

OUR aim in this chapter is to study an optimal control problem for a tumor growth
model. The state system couples an Allen-Cahn equation and a reaction diffusion
equation that model the evolution of tumor in the presence of nutrient supply. Elimination
of cancer cells via cytotoxic drug is considered and the concentration of the cytotoxic
drug is represented as a control variable. To achieve the desired tumor density with an
optimal drug dosage, we consider a cost functional that depends on a free time variable
representing the treatment time to be optimized.

Introduction

Literature

Nowadays, various strategies are being developed in the fight against cancer, including
experimental and theoretical techniques.

From the first decades of the twentieth century to the present day, and in light of the
illustration of experimental results from different areas of cancer research, scientists have
to resort to mathematical modeling. Thus, the power of mathematical modeling is used
by scientists to distinguish between different mechanisms underlying important aspects
of tumor development. Applied mathematics has the potential to reduce experimenta-
tion and provide scientists with information that can help control tumors by developing
mathematical models that describe tumor growth (see [3,6,19,29]).

The integration of mathematical investigations and experimental work, have together
modeled our understanding of tumor development and helped to achieve some cancer
treatments, so far, it may also be possible to optimize treatment for each individual,
through collaboration between biologists, clinicians, and the development of mathemati-
cal models of tumor growth (see [9-12,15]).



CHAPTER 2. OPTIMAL CONTROL PROBLEM OF TUMOR GROWTH MODEL

The Allen-Cahn equation (see [13])

ou
ot

is important in materials science, where €2 represents the volume occupied by the material,
u is an order parameter corresponding, for example, to the ordering of atoms per unit
cell in a crystal lattice, and the function f is the derivative of a double-well potential F
whose wells correspond to the phases of the material is given by

F(s) 21(32_1)2.

Furthermore, this equation is important in modeling tumor growth (see [23]).

—Au+t fu) =0, inQx(0,T), (2.1)

The Cahn-Hilliard equation

ou

5= A Bu— f(w),

was first introduced by Cahn and Hilliard (see [14]) to explain the phenomenon of spin-
odal decomposition observed in binary metal alloys.

The phase-field theory is used to derive models for problems with moving interfaces,
specifically, they have been considered in the studies of tumor growth (see [16,37,38,63]).

The complexity of oncology has attracted the interest of mathematicians to guide the ex-
perimental research necessary for therapy development. Mathematical models, especially
those involving phase separation models, have been used to help develop therapeutic
strategies for cancer (see [23]), in particular, the authors in [43] considered the following
Cahn-Hilliard model for tumor growth

Op=Au+ (Po— A—au)h(p), inQx(0,T),

1= AV (p) — BAg, inQ x (0,7),

80 = Ao — Coh(p) + B (o, — o), inQx (0,T), (2.2)
By = 0,0 = O =0, onT x (0,7),

©(0) = o, 0(0) = oy, in €2,

along with the relaxed cost functional

o) =2 [ [ 1o~ goPdrdi+ 21 [T [ o~ poPdra

if/ /(1+<p d:cdt+—/ /|u\ dx dt + By,
T Jr—r JQ

The authors have shown the existence of a solution for the problem minJ,(¢,u, ) as-
sociated to (2.2), in addition, they derived a simplified first-order necessary optimality
condition.
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Many mathematical models involving optimal control for tumor models have been studied.
A distributed optimal control problem for a nonlocal convective Cahn-Hilliard equation
with degenerate mobility and singular potential in three spatial dimensions is studied
in [69]. A distributed optimal control of the Cahn-Hilliard system including the case of
a double homogeneous energy density, where a first-order optimality condition for the
original problem was derived by a boundary value process, was also studied in [53]. A dis-
tributed optimal control problem for a diffuse interface model of tumor growth was studied
in [21]. We can also refer the reader to many problems dealing with tumor growth mod-
els [2,20,22,24,33,34,41-43,55,64] and the references therein.

We are interested in studying tumor growth based on a phase-field model, for this purpose,
we proceed in this work and leverage the mathematical model presented in [43].

Position of our problem

Cancer treatments include surgery, immunotherapy (boosting the immune system), radi-
ation therapy (using radiation to kill cancer cells), and chemotherapy (using drugs to kill
cancer cells). The latter three treatments are used in cycles, where a cycle is a period of
treatment followed by an extended period of rest to allow the patient’s body to produce
new healthy cells. The goal of these treatments is to reduce the size of the tumor until
surgery can be performed. Further treatments may be necessary to eliminate any cancer
cells that remain after surgery.

Cancer drugs are known to cause the death of rapidly dividing normal cells, such as in
bone marrow, hair follicles, which impairs the immune system and is fatal for the patient.
In addition, a high dose of these drugs may cause resistance to treatment, so the short-
est treatment time along with the optimal drug dose must be found. Thus, to optimize
the growth of the tumor, the final distribution of cancer cells, the number of drugs ad-
ministered to the patient, and the treatment time of a cycle, we consider a system that
couples the variation of tumor density with the concentration of nutrient delivery to the
tumor cells in the presence of cytotoxic drug (control). For 7' > 0, which is the maximum
treatment time, in a bounded domain Q C R",n = 1,2, 3 with C?- boundary I', we have

Op — BAp + f(¢) = (Po — A—au)h(p), in Qx(0,7T)=:0Q, (2.3)

00 = Ao —Coh(p) + p(os—0), in Q, (2.4)

Oy =0,0=0, on I x(0,7), (2.5)

©(0) = g, 0(0) =09, in Q. (2.6)

Here, ¢ = ¢ — ¢p, where ¢ and ¢p are the concentrations of phases C' and D,

respectively. The double-well potential F(s) = 47! (s2 — 1)* of derivative f allows the
coexistence of tumor and healthy cells, so that f(s) = s® —s. The constant « is positive,
B = \? is the diffusion coefficient of tumor cells, where A and [ denote tumor mobility and
interface width, respectively. o is the concentration of an unspecified chemical species that
serves as a nutrient for tumor cells, while v denotes the concentration of cytotoxic drugs.
The function h(p) verifying h(—1) = 0 and h(1) = 1 is an interpolation function, and
the parameters P, A, C, # denote the constant proliferation rate, apoptosis rate, nutrient
consumption rate and nutrient supply rate, respectively. The term h(¢)Po models the
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proliferation of tumor cells which is proportional to the concentration of nutrient, the
term h(¢)A models the apoptosis of tumor cells, and Ch(y)o models the consumption
of nutrient by tumor cells only. The term auh(¢) models the elimination of tumor cells
by the cytotoxic drug at a constant rate . On the other hand, o, denotes the nutrient
concentration in a pre-existing vasculature, and (o5 — o) models the delivery of nutrients
from blood vessels when o, > o and the removal of nutrients from the domain 2 when
0s < o. In this work, the function u will act as our control. For realistic applications,
the control w : [0,7] — [0, 1], should be spatially constant, where u = 1 represents full
dosage and u = 0 represents no dosage.

In Equation (2.3), the function A is defined over R, but we are only interested here in the
physical domain, which is [—1, 1], and since the choice of h is not unique, we can take it,
for example, as in Figure 2.1 illustrating the phase transition.

Figure 2.1 — Some examples for the interpolation function h

— Remark

1. When the right hand side of (2.3) vanishes, we obtain the Allen-Cahn Equation
(2.1).

2. Note that, in [43], the authors considered a Cahn-Hilliard equation coupled
with a diffusion equation for tumor growth. However, in our work, we consider
coupled Allen-Cahn and diffusion equations which can also be applied to tumor
growth. Compared to the Cahn-Hilliard model studied in [43], this allows to
simplify the mathematical analysis, while still keeping important aspects of
phase separation. The numerical analysis of the model and simulations will be
addressed in future works.

.

Now, we consider the objective functional 7, as in [43]. For positive constants r, 3, 5r,
and nonnegative constants Bq, S, s

1
Te(p,u,7) = Q//I@ eol’ dwdHﬁg / /Iso eal*dx dt

+—f/ /1+g0 dxdt+—//]u|dxdt+5Tr

Here, 7 € [r,T] represents treatment time, ¢ represents a desired evolution for the
tumor cells while ¢q represents a desired final distribution. The first two terms of J.
are of standard tracking type often considered in the parabolic optimal control literature
(see [73]) and the third term of 7, measures the size of the tumor at the end of treatment.
The fourth term penalizes high concentrations of the cytotoxic drug, and the fifth term
of J, penalizes long treatment times (see [43]).
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In this chapter, we study the optimal control problem
minimize J,.(p, u, 7) subject to (2.3) — (2.6), u € Uyq, T € [r, T},
where the space of admissible controls U, is defined by:
Upg = {u e L®(Q):0<u<1,ae in Q}.
Assumptions

(A) The initial conditions satisfy, ¢y, 0o € H* (), with 0 < 0g < 1 a.e. z € Q. The target
functions g, pg € L*(Q), and the vasculature nutrient concentration o satisfies
0<o,<1,ae inQ.

(B) The interpolation function h : R — [0, 1] is continuously differentiable and Lipschitz
with Lipschitz constant M. In addition, the parameters P, A, C, § are non negative
constants, and « is a positive constant.

Throughout this work, the same letter ¢ (and, sometimes, ¢, c”, ¢, ¢o,¢p,) denotes a
constant that may vary in the same line.

We denote by (@) the spatial average of a function ¢ in L*(€),

1
) = Yor@) /gﬁb da.

Existence of solution

In this section, we study the existence of a unique weak solution of System (2.3)-(2.6).
More precisely, we will prove the following theorem:

— Theorem (Existence and uniqueness of weak solution)

Assume that Assumptions (A) and (B) hold. Then, Problem (2.3)-(2.6) admits a
unique weak solution (¢, 0) such that 0 <o <1 and

(p.0) € ¥ = (L*(0,T; HA(Q) N L=(0,T; H'(Q) N H(0,T: I*())) .
Moreover, the control-to-state operator
S: L*Q) — Y

u — (p,0)

is continuous for the corresponding topology.

Proof. We employ the Faedo-Galerkin method (see [26]) to show the existence of solution
of the parabolic System (2.3)-(2.6).

Existence of weak solution of (2.3)-(2.6).
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The variational problems associated with (2.4) and (2.3), are given by:

/ (Bo)edz + / Vo Vede + 8 / otdr = —C / o)otds + / ofde  (2.8)
and
| @p)cde+B [ Vo-Vedet [ fl)ede = [ (Poh(p) - Ah(p) - auh(p)) Edr, (29)

for almost every ¢ € (0,T) and for all £ € H'().
A priori Estimates:

FEstimate 1. Formally putting £ = 20 in (2.8) and using Assumption (B), we get
2 2 2
Hal\mm +2([Voll72@) + 28 loll72@) < RO e ol 720y + B2 losl 72 + o112
Setting ¢y = min(2,2/) and integrating over [0, t], we find

2 2 2 2 2 2
lo )20y + o (19011320020 + Iol3a 0,220 ) < ellolliaey + B2 10l 0.n2y + Io0llEa(ey

Using Gronwall’s lemma, we have
2 2 2 2 c
||0(t)||L2(Q) +Co ||U||L2(o,t;H1(Q)) < (52 ||US||L2(O,t;L2(Q)) + ||UO||L2(Q)) e (2.10)

Putting £ = 2¢ in (2.9), we find

d 2 2 2 2 2

I lellz2) + 2B [IVellr2) < 10 (7)2 o720 + @ ull72() + ”90HL2(9)>

2 2
+A 1) 2y + 1l 20

From (2.10), we know that

/

2 t 2 C
ol uzz@y = [ Io(Eam ds < S(et = 1),
Now, integrating over [0, ¢] and since h is C', u € U,q, we have
2 2
le( 720 + 2B 1Vl 22002001 < A IO 7200412007 + 190l 720

2 2 2
+[[(0) ]| (772 ol 220422000 + a? HU”L2(o,t;L2(Q))> + el z20,622(0)) (1 + 17(0)llo) -
Thanks to Gronwall’s inequality, we infer
2 2 c
o720 + 2BIVOl 2001200 < €+ ce

FEstimate 2. Putting £ = 20,0 in (2.8), using Young’s inequality, and Assumption (B), we
find

2(|000 | 2y + IIVUIILz(Q +ﬂ IIUIILz @ < Clh@)llo 5 Hal\m(g) + 82103l 72 + 19t 1720 -

s
p ’@ h 1 d@hotmail.co /
Hawraa Alsayed awraa_a sayye OCtmall.com



hawraa_alsayyed@hotmail.com

CHAPTER 2. OPTIMAL CONTROL PROBLEM OF TUMOR GROWTH MODEL

Setting ¢; = min(1, ), integrating over [0, ] and using (2.10), we find
2 2 2 2 c
1020 W1 220 se2 () + €1 10122000210y < €0 ool iy + B2 105l 20,020 + €

Putting € = 20,¢ in (2.9), we obtain

2 2 2
2||3t<ﬂ||L2(sz +B ||V<PHL2(Q < NA(P) oo (7’2 loll720) + o ||U||L2(sz +||‘9t<PHL2(Q))
(2.11)

+ A )0y + ||s0||L2(Q)

Equivalently
1012120y + B V1220 < N e (P2 01220 + 0 22y ) + A2 (2 ey + o5 Ny

Multiplying Equation (2.3) by and integrating over () yield

1
Vol ()

o) = (7)) + ((Po — A~ au) ().

We already know that

GO =2 G < @4 (0] < 7+ U+ (Po = A= ) o)

Using the facts that
(p)* < ||<P||i2(9)
and
(F(@))? < el

we write

d 9 9 9 1A (e )||L2(Q 9 2 2 2 2
ﬁw>gmm@+wm@+wmm>(an +ATVOU Q)+ ullZa))

Setting ¢ = min(B, 1) in (2.11), we have
2
2 HatSDHL? +d— (HV<P||L2 + (p) ) < p? HUHL2 +a? ||uHL2(Q) +— dt ”90”1:2(9)

H ( )HL(Q) 2 2 2 2 2
el + 19l + g (P ol + ANVOIQ)? + 02 fullfa)

d
2 2 2 2
< cllollzae) + cllullzz + A 1Az + Ielz) + el + 2 1ol

Finally, integrate over [0,¢], and since ¢ is bounded in L?(0,¢; L*(Q)) N L>=(0,t; L*(Q))
and ¢ is bounded in L?*(0,¢; L*(2)) in addition to Assumption (B), we find

21|10ell 72y + ¢ lo ()l gy < e

The last inequality yields that ¢ € L>(0,¢; H'(Q2)) and 9, € L*(0,t; L*(Q)).
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Estimate 3. Equations (2.3) and (2.4) can be written in the following forms:
—Aoc = =00 —Coh(p)+ [ (os—0), in Q,

—BAp = dpo+¢—¢*+ (Po—A—au)h(p), inQ.

Since the right hand sides are in L*(Q) for a.e. ¢ € (0,7) and 9,0 = 9,0 = 0 on T, then
the elliptic regularity (see [61]) yields, (o, ) € H*(Q)? for a.e. t € (0,7, and there exists
K > 0 such that

2 2 2 2
lollz2@) < K (HatUHLz(Q) +lollz2) + H%Hm(m)
and
2 2 2 2 2 2
H<:0||H2(Q) <K (”atSO”LZ(Q) + ||‘7HL2(Q) + ”h(SO)“L?(Q) + ||u|lL2(Q) + ||f(<P)||L2(Q)) :

It follows, from Estimates 1 and 2, that (o, ¢) € L*(0,T; H*(Q2))?. In particular, since
(040, Orp) € L*(0,T; L*(Q))?, then, using interpolation result, we deduce that (o,p) €
CO([0,T]; H*(2))? (see [36]). Therefore, we get

(0.¢) € (L*(0,T; H*(Q)) 1 H'(0,T; L*(2)) n €°([0, T); ()

We will use Faedo-Galerkin method (see [26]) to show the existence of weak solution of
the parabolic System (2.3)-(2.6). First, the variational formulations associated with (2.3)
and (2.4) are given by

/Q Oy Edr+B /Q Vo Vedo+ /Q flo)ede =P /Q oh(p)ede—A /Q h()édz—a /Q uh(p)ede

and

/Q otds + /Q Vo - Vede = — /Q (Ch(p) + B) otdz + B /Q ofde  (2.12)
for almost every ¢ € (0,7) and for all £ € H'(Q).
The variational approximate problem.

Let w; be an eigenfunction of the following problem

—Aw; = )\?wj, in Q,
Oyw;j =0, on r,

such that
2

The operator Ly := —A with Neumann boundary condition is self adjoint with compact
resolvent from L3(Q) = {u € L*(2) : (u) = 0} into itself, then its eigenfunctions {w;}52,
corresponding to the eigenvalues {\;}52, form an orthonormal basis in L*(Q2) and an
orthogonal basis in

D(LY?) = HY(Q) = {p € H(Q) : {¢) =0 and 8, =0 on T'}.
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Consider the finite dimensional eigenspaces V;, := span {w;, j = 1,...,n} and the pro-
jection P,, then V,, C V41 and UV = HN(Q) (see [26]). Set ¢ = P,po, of = P,oq,

= P,o0, and u,, = P,u, such that u, — u strongly in L?(0,T; L*(Q)), o — o, in
LQ(O T; L*(Q)), o — 0o in L*(Q) and ¢y — ¢o in L*(Q).

The approximated variational problem is given by

/at%wjdxﬂLB/ Vn - ijd$+/ f(pn)w;dx
Q Q Q
(2.13)
= 73/ onh(pn)widr — .A/ h(pn)w;dz — a/ Uph(pn)w;dx
0 Q 0

and

/Qﬁtanwjda: + /Q Vo, - Vw;dr = — /Q (Ch(py) + B) opwjdx + ﬁ/Qogwjdx, (2.14)

where ¢, = Zam Wy, 0= me wi € Vi, ani = (pn,w;) and by, = (op,w;) Vi =

1,...,n. We also have || Pyyl| m@) < lleoll () according to Bessel’s inequality. Equa-
tions (2 13) and (2.14) are equivalent to find a,(t) and b, (t) satisfying

2

d n n n n
Cl?fi_zlan’i/szwindx—i_Bi_Zlan’i/(szi.ijdx—i_i_zlan’i/g <;an,iwi—1> wiw;dx
:'Pan,i/ h(z amiwi)wiwjdxffl/ h(z Ap,iw;)w;ide (2.15)

i=1 Q=1 Q=
_a/ unh(Zan,iwi)wjdx—i—Zan’i/ wiw;dx

@ i=1 i=1 @

and

dthm/szw]dI—i—me/ Vw; - Vw;dx

(2.16)
S an,/ﬂ (Ch(z A iW;) + 5) wiw;dx + B/Qagwjd:x, wj, w; € V.
1=1 =1

(2.15) and (2.16) can be written in vector form as follows

day,(t)
dt

I, = —Ban(t)W, + Pb,(t)M,, — AH, — alU, + an(t)f1,

and
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where

(In)s; :/Qwiwjdx, (W), :/QVMZ--ijdx,

(Mn)i,j = /Qh (Z anyiwi> wiwjdac, (Hn)j = /Qh (Z amiwi) CL)jde,

i=1 =1
()i :/Q (Ch<2 Ay, iW;) —i—ﬁ) wiw;dr, (Sp); = /Qagwjdx,
(Uy); = /Qunh (Z anﬁiwi> w;dx.

i=1

Recall that 0 < 0, <1 and 0 < u, <1, a.e. in Q and h is continuously differentiable
with values between 0 and 1, so we have a system of ODEs in the following form

a,(t) = f(t an(t), bn(t))

b(t) = g(t, an(t), bn(t)).

It is obvious that F' = (f, g) is locally Lipschitz with respect to the second variable, and
the system of ODEs has a unique local solution (a,,b,) € [0,7%]? for all T* € [0,T].
Multiplying Equation (2.16) by b, ; and summing over j from 1 to n, we find

2 2 ni2 2
lon (O 20) + ¢ lonllT2mm @) < (52 o5 2200220 + HUTL(O)HLQ(Q)) e'. (2.17)

We find that o, is bounded in L*(0,T; L*(Q2)) N L*(0,T; H*()). Similarly, multiply
Equation (2.15) by a,; and sum over j from 1 to n, we get

2 2 2 2
lon O lz2) + 1V 20102000 < NenOz20) + P2 onll 200020 (218)

2 2 2 c
+A? I1h ()l 220220y + a’ [unll 220,020 + € Nenllz2000200)) < ce '

It follows, that (,, is bounded in L*>(0,t; L*(2)) N L?(0,¢; H*(2)). Therefore the solution

db, ;(t
(an(t),b,(t)) is global in [0, T]. Multiply Equation (2.16) by dzf )
1 to n, we get

and sum over j from

2 2 2 n2
||8t0n||L2(0,t;L2(Q)) + van(t)HL?(Q) <(C+5) ||0n||L2(0,t;L2(Q)) + 5% || ||L2(0,t;L2(Q)) .

We deduce that d;0,, is bounded in L*(0,T; L*(2)). It follows from (2.17) that there exists
a relabeled subsequence {o,}, such that o, — ¢ weakly in L?*(0,7; H'(Q)). Multiply

da, ;(t
Equation (2.15) by ans (1)

and sum over j from 1 to n, we have

2 2 2
HatSOnHLZ’(o,t;LZ’(Q)) +2B Hv%(t)”m(n) < P? ”UHHLQ(O,t;LQ(Q))

2 2 2
+ [IVon(0) |72 () + A? ()l 220 4:22(0)) T a’ lwnll 22042200 -
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Consequently, d;p, is bounded in L?(0,T; L*(2)), so there exists a relabeled subsequence
dp., dop,
{ Ld }, such that 2 (0,T; L*(€)). Tt also follows from (2.18) that

dt dt
there exists a relabeled subsequence {, }, such that o, — ¢ weakly in L?(0,T; H'(Q)).

Passing to the limit.
Assume that ¢ € C’OO(O T; Hl(Q)) we have

t)da dt = / /% t)da dt
as n — 00, // t)dx dt = // t)dx dt.
dt

d
So, we deduce that y = ditp On the other hand

T T
/ / Vo, - vdodt = — / / onVibda dt
0 Q 0 Q

T T
as n — oo, —/ /wwdxdt:/ /w.zpdxdt.
0 Q 0 Q

Furthermore, we have that ¢, is bounded in L*(0,T; H*(2)) compactly embedded in
L*(0,T; L*(Q)), then

©n — ¢ strongly in L*(0,T; L*(Q)),
and as h is Lipschitz, we infer
h(pn) — h(p) strongly in L*(0,T; L*(Q))

and
flon) — f(@) strongly in L*(0,T; L*(Q)).

Therefore, (2.13) converges weakly to

//dt ddeB//Vso dexdt+//f Yhda dt

_ / /Q (Po — A — au)h(p)vdz dt.

Since ¢ € L*(0,T; H'(2)) N HY(0,T; L*(2)), then ¢ € C([0,T]; L*(2)). Now choose a
function v € C1([0,T]; H'(Q)) with ¢(T) = 0 in the above equation, we get

|| fyvazas s [ [ wovuarars [7 [ e
= /OT /Q(PU — A — au)h(p)ydz dt.

Thus, we have

_/OT/QW'ddeB/OT/QW'VWMH/OT/QJC(@)WJC& (2.19)

- /OT/Q(PJ—A—au)h(go)wda:dt—l—/ng(O)w(O)d:c.
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Similarly, we have in (2.13) that
T T T
—/0 /ng dxdt—l—B/O /an-wda;dm/o /Qf(gon)wdxdt
T
= | [Pon— A= au)h(enyedrdt + | (00 (0)da,

so that by passing to the limit in this equation, we obtain

—/OT/ng,b’dxdt—kB/oT/QVgo-V@/}dmdtJr/oT/Qf(go)zbdxdt
_ /OT/Q(PU—A—au)h(gp)zﬁdwdt—l—/ﬁ@o@b(o)dx

Note that after subtracting (2.19) and the above equation, we obtain [, (¢ (0)—¢o)1(0)dx =
0. Then, we deduce that p(0) = ¢ a.e. in L?(Q2). Similarly (2.14) converges weakly to

/T/ a’¢dxdt+/T/ VJ-dexdt:P/T/Qah(gp)@Ddxdt
—A/ / wdxdt—oz/ /uh Vorda dt.

Which is equivalent to

—/T/a¢’dxdt+/T/ VU-Vzpdxdt:P/T/ oh(@)wda di
—A/ / wdxdt—a/ /uh wdxdtJr/ 0)da.

Back to (2.14), we have

(2.20)

—/()T/Qaniﬂ’d:cdt—l—/oT/QVan.Vzpda:dt—P/oT/anh(@n)wdxdt

—A/OT/Qh(gon)wdx dt—a/OT/Qunh(gon)wdxdt—|—/Qan(0)w(0)dx.

Finally, by passing to the limit in this equation, we obtain

—/T/ aw’da:dt—l—/T/ va-vwdxdt:P/T/ah(gpmdxdt
—A/ / wdxdt—a/ /uh ¢dmdt+/aow

Hence, by subtracting (2.20) and the above equation, we find that o(0) = oy a.e. in
L3(Q).

Boundedness property of o.

Recall that, 0 < 09 < 1. Let 0~ = min(0, —o) and substitute £ in Equation (2.12) by
—o~ € H'(Q2), we obtain

2
L2(Q)

= — HVU

25” 2@ —C/ |a]d1:—6/asa dx—ﬁ/\a|dx<0
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It follows from the positivity property of C, h, o and 3, that

2
< |low
L2(Q)

sup HO’

t€(0,7] L2(Q)

On the other hand, since g > 0 a.e. in 2, then, we get 0~ (0) = 0 a.e. in Q which leads
to o~ =0 a.e. in ). Hence 0 > 0 a.e. in Q.

Similarly, let (o — 1)" = max(0,0 — 1), and substitute £ in (2.12) by (¢ — 1)", we obtain

Ha—l H —|—HVO'—1)

th . +/ (Ch(p) + B) |(0 = 1)*[ da

+0/ 0—1+dx+ﬁ/1—as)(a—1)+dx—0

It follows that )

ST AT S T

t€(0,T]
However, og < 1 a.e. in 2, so that 0g — 1 <0 a.e. in Q, and (g — 1)" =0 a.e. in Q.

We infer that (o0 — 1)" =0 a.e. in @, and 0 < 1 a.e. in Q.

Continuous dependence on the control.

This section is devoted to study the continuous dependence of the control-to-state operator
on the control u, for this purpose, let uy,us € U,q be given, along with the corresponding
solutions (¢1,01) and (p2,02) of (2.3)-(2.6) with same initial data ¢y and o¢. Let u =
Uy — Uz, p = @1 — Py, and o = 01 — 0y satisfying for all £ € H'(Q)

/Qatagdx +/Qvo Vede = —/Q (Ch(g1) + B) o€dz — c/ﬂa2 (h(1) — (o)) Edut
and

[ opede+ B [ Vo Vedn+ [ (F(o1) = F(p) €do =P [ h(er)otda o

—l—/ﬂ (Poy — A — auy) (h(p1) — h(p2)) Eda — oz/Q h(ps)uédz.

Some calculations yield

d 2 2 2 2 2
7 lellze@) +2BIVelli2) < P2 lollzz) + el + o lullze g

and

d 2 2 2 2
P lollz20y +21lollz20) < C2M? [l@l720) + oll72 (0 -

Combining the last inequalities, we have
d 2 2 2 2
7 Ulellza) +l1oll5ae) + 2B 1Vl 20 + 2 Vo720, <

(L+P2) ol 72 + ¢ lellzz@ + o lul 72
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Putting ¢ = max(1 + P?;¢), integrating over [0,¢] and thanks to Gronwall’s inequality,
we find

c't

2
||‘7(t)“L2(Q)+H<P< )HL2 +2 “VUHL2 (0,;L2( )+QB ||v90||L2(0tL2(Q) <a’ HUHL2 (0,6:L2(2)) €

We can write

oo zecay + I 3s0z2can / o) 2aiay ds + [ 1(3) g

<< ||uuL2 sz (€77 — 1)

Moreover, putting £ = ;¢ in (2.21), and £ = (9ta, we find

[ +B HVSOHLz (@) ||<P||Lz )+ P llolzz(q) + o lullzeiy + M2 l@llze  (2:22)

_dt
and
H@U\Im(mJF HVUHLz <clloliam + ¢ el - (2.23)

Putting £ = 1 in (2.21) yields

jt(w) = (f(¢1) = f(p2)) = (Ph(p1)o) + ((Poz — A — awr) (h(p1) — h(p2))) — (ah(pa)u).

Using Assumption (B), in addition to the following inequality

2
1£ (1) = Fp) 20y < N1 (D0l
it follows that

d, \* .
(5549) <17 @l + P Il e ol

2 2 2 2
+M? ||Poy — A - CWIHLoo(Q) ||90||L2(Q) +a’ ||h(<P2)||Loo(Q) ||U||L2(Q) :

Now, we can write

d 2
(5509 + 07 < ol + P ol + @ el

Adding the last inequality with (2.22), we find

d
2 2
J0uelay + e Il < 5 Nelaia) + 2P lollZae + 20 ulldaay + el aey

Combining (2.23) and the above equation, and integrating over [0, t], we have

2 2 2 2 2 o
102120522 + 1950132 0,520 + € N0 Nirs @y + VoI 2(y < 02 a0 12y (et + ) -

In addition, we know that
2
HSOHLQ(o,s;HZ(Q))

2 2 2 2
<k (196211720 0512 + @ Nl 720 0502 + 1011 720,05200) + 19122 00,001 )

s
p ’@ h 1 d@hotmail.co /
Hawraa Alsayed awraa_a sayye OCtmall.com



hawraa_alsayyed@hotmail.com

CHAPTER 2. OPTIMAL CONTROL PROBLEM OF TUMOR GROWTH MODEL

and
2 2 2
o172 002 < K (1001320 20 + 10122002200 ) -

Finally, we have

2 2 2
M2 (0,5 m200)) + 11 2200,5:82 00 < €llullz20,502(0) -

Existence of a minimizer

— Theorem

Assume that Assumptions (A) and (B) hold and let 7, be defined by (2.7). Then
there exist (u*,7*) € Unq X [, T] such that

Tr(u*, ") < T (u, 1), for every (u,7) € Upg x [, T).

Proof. The cost functional 7, is bounded from below, and therefore it has a finite infi-
mum. Consider a minimizing sequence {(u, 7,) tneny With u, € U,y and 7, € [r, T] and
the corresponding weak solutions (¢, 0y )nen on the interval [0, 7] with ¢, (0) = ¢o and
0,(0) = 09, n € N, such that

lim J,-(on, Tn, Un) = (qﬁinf)\ﬂ(qb,w,s).

n—oo

We have, u,, € Uyq, then 0 < u,, < 1, a.e in @, for all n € N. Since {7, }, is a bounded
sequence, then there exists a relabeled subsequence 7, satisfying
lim 7, =7, € [r,T].

n—oo

We also have
u, — u, weakly in  L2(0,T; L*(Q)),

©n — s strongly in  C([0,T]; L*(Q2)) N L*(0,T; L*()),

o, — 0, strongly in  C([0,T]; L*(Q)) N L*(0, T; L*(Q)),

where the couple (@, 0,) satisfy (2.3)-(2.6), with 0 < u,, 0, < 1, a.e. in Q.

Applying Lebesgue dominated convergence theorem, we obtain
X[0,0] () = Xjo,m(t) strongly in  L?(0,7) p € [1,00)

Xirn—rma] (£) = Xfro—r7)(t) strongly in  LP(0,T) p € [1,00).

Passing to the limit, we get

Tn T
2 2
17 ] ton—ealdrdt = [ llen = polliaq xiom (Bt
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T Tx
— /0 ng* — @QH%%Q) X[O,T*](t)dt — /0 /Q |g0* — (pQ‘dSL’ dt asn — oo in LQ(()’T; LZ(Q»

and

1 Bs

™ Bo
- (1) ) A G "
(R e el + 5 [0+ eie) a

1 T
S [ (Bt ol + 5 [0+t s oo m 1207 20)

rJr

Furthermore, using the weak lower semicontinuity of the L?(Q) norm, and the fact that
Tn — Tx as n — 00, we find

lim inf ||un|y§2(mdt—/o 2 g dt = 0.

n—oo

After passing to the limit in J,.(¢n, tn, T,), Wwe obtain

((z)inf ) uZ"(Qb, w, 3) = nh_g)lo ujr(SOm Up, Tn) > jr(@»w Uy T*)7

which implies that (u.,7.) is a minimizer of the problem. O

Well-posedness of the linearized system

In order to establish the existence of the Fréchet derivative of the control-to-state operator
with respect to the control, we consider the linearized system at (¢*, 0*) associated to the
control u*, for w € L*(0,T; L*(Q)).

0:® — BAD + & f' (") = (PE — aw)h(¢*) + (Po* — A — au® )R/ (¢*), in Q,
03 = AY — CEh(p*) — Ca*®h' (p*) — B, in @,
(2.24)
0,2=0,9=0, on I' x (0,7,
2(0) = &(0) = 0, in Q,
satisfying the following variational formulations, for & € H'(Q),
/ 8,0 & d + B/ Vo - VEde +/ F1(0")E d = / (PS — aw)h(¢*) € dx
(2.25)

—l—/Q(PU — A — au")Ph (¢*)E dx
and

/Qé?tEgdx—l—/QVE-Vﬁdxz —/Q((Ch(go*)+6)Z+Cg*®h’(gp*)§) dr.  (2.26)

s
p ’& h 1 d@hotmail.co /
Hawraa Alsayed awraa_a sayye OCtmall.com



hawraa_alsayyed@hotmail.com

CHAPTER 2. OPTIMAL CONTROL PROBLEM OF TUMOR GROWTH MODEL

Theorem

Let u* € Uyq. Then, System (2.24) admits a unique solution

(@,%) in (L*(0,T; H*(Q)) 0 H'(0,T; L*(€)) n C([0, T); LQ(Q)))2 .

Proof. As we did before, we will use Galerkin method. Reconsider the finite dimentional
space spanned by the first n eigenfunctions {w;}; associated to the first n eigenvalues of
—A operator. We are looking for the functions of the form

Z ani(Hw;(x) and T (z,t) =D by (t)wi(z)
satisfying
/ (0¢®Pnv + BV®,, - Vv — h(¢")(PE, — aw)v) dx

—/ (W (¢*)(Po* — A — au*)®,, — f'(¢")Pp)vdx =0

and
/ (0 Xnv + VY, - Vo + Ch(p*)X,v + Co*h/ (o) ®,v + f5,0) dz = 0.
Q

Let CI)n() PVn(I)07 and EnO PV >0 such that cI)nO — CI)O, and Eno — Y in LQ(Q)
Substituting w; € V,,, 7 = 1,...,n, for v in both equations to have

/ (0¢Ppwj + BV®,, - Vw; — h(¢")(PE, — cww;) dx
)

—/ (B (¢*)(Po* — A— au*)®, — f'(¢*)®,) widz =0
0
and
/Q (0:Znw; + VE, - Vw; + Ch(p™)E,wj + Co™h (") P,w; + X w;) dx = 0.

Consequently,

/(CZZ(L” wlw]—l—BZam )Vw; - Vw; — h(p (Panl —aw)wj>dx

=1

(2.27)
7/ h'(¢*) (Po* — A — au™) Z i (t)wiw;de — / (") Z i (H)wiwjdr =0
Q i=1 Q i=1
and
/ a > by i(Hwiw; + me (t)Vw; - Vw;j + Ch(¢*) > b (Hwiw; | d
o \dt ;= i=1 = (2.98)

+/ <C *h' (¢ Zam Jwiw, + Ban,i(t)wiwj> dr =0
Q i—1
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Its vector form is

%an(t)ln—I—Ban(t)Jn—h( ©")Pby ()1, + h(¢")aW,

+h'(¢") (Po* — A — au®) an(t) L, — f'(@")an(t) ]

and
d
%bn(t)ln + b, (t) S = —Ch(p")bn(t) I, — Co™ I (¢")an(t) I, — Bbn(t) L,
where
(Jn)ij = /Vwi -Vw;de and (W,);; = /wwjdx.
Equivalently

a(t) = (h(¢")Pba(t) + B (") (Po™ — A — aw”) an(t) — f'(¢")an(t)) I
+ h(¢*)aW,, — Ba,(t)J, = f(t,a,,by)

b, (t) = =bu(t)Jn, — (Ch(p*) + B) bu(t) I, — Co™ ' (¢*)an(t) I, = g(t, an, by).

It is easy to see that the function F' = (f(t, ay,b,), g(t, a,,b,) is locally Lipschitz with
respect to a, and b, so the ODE system admits a unique local in time solution. Multi-
plying Equation (2.27) by a, ;(t) and (2.28) by b, ;(¢), and summing over j from 1 to n,
moreover, due to the fact that « is positive, 3,C, P, A are non negative, we obtain

1d 1, .
i [@allZaie) + BIV@alZa) < 5 IR P IS En(e) + 120220
(2.29)
+§ 11" oo @ 1w 20y + |7/ (") PO* @l 72y + [/ ()] 1@l 720
and
1d 1 w1l x 9 9
5 2 IE ey + 12l < 5 (ICo W (@) 5l + 19 l2ag0y)

Adding (2.29) to the last inequality, we get

1d

2 2 2
S (H@ HL2 + HEnHm(ﬂ)) + BV ®n|[12(q) + |l

< clZalza@) + ¢ 1@allzai) + ¢ lwl7zg

Integrating the above equation with respect to time leads to
120 () 3200y + I1Za() I Fa@) + [ 2 (BIVOa®IF2@) + IEa Ol ) dt
0

2 2 2 3 2 2
< 19Oy + 20O 2oy + Cs 0l aany + [ (C 1B 0y + Co 1900y

for s € (0,7]. By virtue of Gronwall’s lemma, we obtain

1a(3) ) + 1SN 2y + [ (BIT@uON i) + IVE Ol Fagey)

Ccs

2
< <C+C||w||L2(0,S;L2(Q))) c-
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1
Putting £ = 1 in (2.26), and multiplying it by ————, we find

Vol(Q2)
Ci(@ = —(f'(©)®) + (Ph(¢")E) — a(wh(p")) + ((Po™ — A — au”) M'(¢")®),
so that ; )
(556®) < 1Bl + P2 I + 0 ol
Consequently,

d
2<®>%<¢>SCH®HL2 + P8l 22@) + @ w72 - (2.30)

Multiplying (2.27) and (2.28) by a;, ; and V], ;, respectively, and summing over j from 1
to n, we find

o, ||” L Bd Ao,
- — ||V, |72 h o PS5 2oy + @2 [|w]|52 —&—H
7 . t5a | I7 ) || ()N Lo (@) ( | ”L ) [ ||L ) @t | e
1 ! * * * d
+3 [h'(¢%) (Po™ — A —au )||oO 7 [®n HLz(Q) +35 Hf( Moo P H‘I’nHiz(Q)-
Adding (2.30) to the last inequality, we find
da, |
n 2
H‘I’ i) < 2P* (12020 + H‘I’ 72 + 207 [wll7> ). (2.31)
dt LQ(Q “at

On the other hand, we have

s, |I?
dt

[Chle)[ + 5
- 2

d 1 . o\ 2
IV Salae) < R G L TS

12(9)
Combining (2.31) and the last inequality, and integrating over [0, ¢], we find

as, |I?
dt

do,,
dt

2 2
+el|@n i) + IVED 20

L2(0,t;L2(£)) L2(0,t;L2(9))

2 2 2
< 207 |wllza i) + € 1a(0) 71 () + 1VER ()72

+c ||En||i2(o,t;L2(Q)) +c ||¢n“i2(o,t;L2(Q)) :
Consequently, {®,,} and {¥,} are uniformly bounded in
L(0,T; HY(Q)) N H' (0,75 L*(92)),

therefore, the solution is global in time. Moreover, there exists a relabeled subsequence
such that
®,, = & weakly star in L>=(0,T; H*(Q)) N H'(0,T; L*(2))

and
¥ % weakly star in L>°(0,T; H'(Q)) N H'(0,T; L*()).
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Since this system is linear, it is easy to pass to the limit. Let {(®;, ¥;)}i=12 be two weak
solutions to (2.25)-(2.26). Setting ¢ := &; — Py and ¥ := X1 — ¥y with w = 0, then ¥ and
® satisfy (2.25) and (2.26), respectively. Therefore, regularity estimates still hold and it
implies

”(I)HLW(O,T;LQ(Q))OLQ(O,T;Hl(Q)) + ”ZHL°°(0,T;L2(Q))ﬁLz(O,T;Hl(Q)) <0

hence ® =¥ = 0. O

Y

Fréchet Differentiability of control-to-state operator with respect to the control

Let w € L*(Q), set (p¥,0%) := S(u* + w), (p*,0*) = S(u*) and v* := u* + w. We
express the remainders p and 6 as § = ¥ — p* — ®, and p=0" — " — X.

— Theorem

Let (@, X) be the solution of the linearized system at u*, then the remainders 6 and
p satisfy
2 4
||(9:P)Hy <c HwHLZ(Q) ’
with

Y= L*0,s; H*(Q)) N H*(0,s; L*(2)) N L™=(0,s; H(Q)), s € (0, 7).

Then the control-to-state operator is Fréchet differentiable with respect to the con-
trol.

Proof. The remainders 6 and p could be expressed as, § = ¢¥—¢*—®, and p = ¥ —0*—X,
such that, for all £ € H*(2), we have

/atga §dac+B/ T vgdx+/ g §dx—/ (Po® — A — au®)h(p") dz

/atgo §dx+B/ Tyt - vgdx+/ Flo §dx—/ (Po* — A — au’)h(p) do

and

/atq>gdx+3/ V- V£d$+/ F1(0")DE da

= Jo (PY — aw)h(¢*) €dz + f (Po* — A — au*) DI (%) Eda.
Respectively,
/ B0 Edz + / Voo . Védr = —C / U h(e¥)edz + B / (0, — o%)ed,
/8t05dx+/VU vgdx_—c/ gdx+ﬁ/ s — o")eda

/Q 0,5 + /Q VY. Vede = —C /Q Sh(g*)ede — C /Q o O (p7)ed — B /Q S¢dz.
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Then the remainder § = ¢ — " —  satisfies, for all £ € H1(€2)
| e +B | V6-Veda+ | (£(") — f(o7) — f' (") €
- /Q (Po® — A — au®) h(o®)eds — /Q (Po* — A — au®) h(p*) dz
— [ (P —auw)h(e")¢dr = [ (Po* — A—au’) OR(¢")¢da.
Besides, we have that
T h(p") = o"h(9”) + 0" h(p") = a“h(¢") + 0 h(@") + oh(¢") — " h(¥")

+0"h(p") — Th(p") — " O (¢7)

Thanks to Taylor expansion with integral remainder, we have

A(e*) — (") — B(e) = H(g")0 + (o = &) [ W'(a(6") + (1= 2))(1 - 2)d=

The remainder
1
R= [ /(") + (1= 2)¢)(1 - 2)dz
0

is bounded, with
IRl < cr

We then deduce that
(hlg") = h(g") (0" = 0") + h(#") (6 = 0" = T) + 0" (h{") — (") — DR ("))
= (h(g") = h(")) (6" = ") + h(¢")p + 0" (W ()0 + (9" — ¢")*R) .
Therefore the variational formulation, for & € H'(€) is given by
| bedr +B [ V0-Vedw+ [ (£(2") = (o) = @f' (7)) o
=P | (h(e") = h(e") (0" = o) €dw = [ aw (h(p") = h(y")) € da (2:32)

+/Q (Po* — A — au”) (h'((p*)@ + (¢* — <p*)2R> Edx + /Qph(go*)pédaz.

[N
p ’ﬁ h 1 d@hotmail.co /
Hawraa Alsayed awraa_a sayye OTmall.com



hawraa_alsayyed@hotmail.com

CHAPTER 2. OPTIMAL CONTROL PROBLEM OF TUMOR GROWTH MODEL

Now, put € = 6 in (2.32), we get
. dt L0122y + B IV 200 +/ F1(57)0% do +/ — o ROda

=P [ (h(e") = h(p") (" = o) bz + [ Ph(e")pbd

+/Q (Po™ — A — au®) W(p)6% da + /Q (Po™ — A — au®) (¢ — o*)? RO da

—a [ w (h(p*) = b)) 0da.

Applying holder’s inequality, and as well as Young’s, and knowing that h is a Lipschitz
function with constant M, and R is bounded by some cg, we obtain

||e||L2 @+ 2BIVOI ) < 2PM ([0 — || 2y 10 = 0% | ey 10 2
* 2 2 * 2
+ 8" | oo (P2 ol 720y + 10017200y) + 26 1B (07 ooy 1001220
+2¢re|90” — @l gy 19" = 0"l g 9] 22

F2M [[0" = || oo 10l 20y 101l 220y -

Using the boundedness of h'(¢*), h(¢*), and integrating with respect to time, we get
16(3)1 720 + 2B V0] 72(0,6,12(0)
<2PM ||o* — S0*||Loo(o,s;L2(Q)) |o" — U*||L2(o,s;Loo(Q)) ||9||L2(0,5;L2(Q))
2 2 2 2
+P ol 1200 s:22()) + 1002200 52200 + € N10T2(0,5:02(00))
+2cg [|¢" — 80*||L2(o,s;Loo(Q)) lp* — 90*||Loo(o,s;L2(Q)) ||9||L2(o,s;L2(Q))

+2M [|p* — 90*HL2(0,3;L°<>(Q)) Hw||L2(0,s;L2(Q)) HQHLOO(O,S;LQ(Q)) :

Using the embedding L?(0, s; H*(Q)) < L?(0, s; L°°(€2)), and applying Young’s inequality,
we obtain

]2
16(s )“L2 +2BHVQHL2 (0,5;L2(Q)) (PM) " — ||Lo<> (0,5;L2()) o — o HL?(O,s;H2(Q))
+1011; +P ol + (161l +c ol
L2(0,s;L2(Q)) L2(0,s;L2(9)) L2(0,s;L2(Q)) L2(0,s;L2(Q))
+ 2 w * (12 W *12 9 2
crlle” — ¢ HL2(o,s;H2(Q)) I ¥ ||L°°(0,5;L2(Q)) + |l ||L2(o,s;L2(Q))

1
2 w * (12 2 2
M= 0" = " 220,512 00 10N 2200 5502000 T 5 1017 (0,522 (2)) -

L Y
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Therefore, it follows that

16(5) 11720y + 2B 1 V0l[72(0,5:22(0)
(2.33)

4 2 2
<a ||wHL2(O,s;L2(Q)) + 02 HGHLQ(D,S;LQ(Q)) +P ||pHL2(O,s;L2(Q)) :
On the other hand, p = ¢% — o* — ¥ satisfies the following variational inequality, for

£ e H'(Q)

| oz + [ Vp-Vede == [ (0" o) (h(p") — hig")) €da 250

- . / o *( w _ *\2 o
C/ “)p&dx C/ oW (p*)0&dx C’/Qa (p" — )" R&dx ﬂ/ﬁpédw.
Putting £ = p in (2.34), we get

1d
2dt

w * w * * 2
<Clo“ -0 HLOO(Q) [h(¢*) — h(p )HL2(Q) ”p”L2(Q) +C|la(e )HLOO(Q) HPHL?(Q)

2
Il + 1V Al + B llolz2(0)

C a2 (2 2 Lo
+3 10|70 () 1 ("Moo 0y 10117200y + 5 121720

+C HU*HLOO(Q) crllp” — SO*HLOO(Q) ll* — 90*HL2(Q) HP“L?(Q)

Putting ¢ = min(1;5) and using the boundedness of h(¢*), h'(¢*),c*, in addition to
the fact that h is Lipschitz with constant M, and the embedding L?(0,s; H*(Q))) —
L*(0,s; L=(1)), then integrating on [0, s) for s € [0,T], we get

1p() 1220y + 2¢ 11172 (0,001 2
2 w %112 w %112 2
< (M) [[¢" -0 HL2(o,s;H2(Q)) " — ”Loo(o,s;m(ﬂ)) + HPHL2(0,5;L2(Q))
C 2 0 2 2
+C 1ol 20,5020 T €10 220.5:22()) + 12Nl 22(0.5:22 ()
w *1(2 w %12 2
+CQC?% " — ¢ HL2(0,3;H2(Q)) " — ¢ HLOO(O,s;LQ(Q)) + HPHLZ(o,s;m(Q))

4 2 2
< ¢ ||w||L2(0,s;L2(Q)) t+a ||p||L2(0,s;L2(Q)) + s HQHLQ(O,S;LQ(Q)) :

Combining (2.33) and the above inequality, we find
2 2 2 2
[o() I 72(0) + 16020y + 2¢ ol 720,5:11 ) + 2B IVON 20,5120
4 2 2
< ¢ [|wll 20,5020y + 7 1072 0,520y T+ 8 101 7200,5:22(00))

4 2 2
< ¢ [|wll 20,5 02()) + 9 (||p”L2(0,s;L2(Q)) + ||0||L2(0,5;L2(Q))) , Cg>crand cg > cg.
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Applying Gronwall’s inequality, we get
2 2 2 2
1p() 720y + 10C) [ 72¢0) + 2¢ 1ol 720,51 () T 2B IVl 120 5:22(0))

c9S 4
< Ce€ ’ ”wHL2(0,s;L2(Q)) , S € [O,T]

Furthermore, putting £ = 9,0 in (2.32), we obtain

Bd 1d .
19:613 20y + 5 35 19802y < 532 1802y + o ™ = "L om ey 19 = 0"l gy 1048 o

w * w * *\ (12 2 1d 2
+P (™) = h(@*) |l poe 0 = 0" 120y 106l 20y + P el )Hoog Pl () + 5 g7 1912 (q)

+afwll 2y 1R(") = (@)l Lo [10:0] L2y »

using the Lipschitz property of the function A, in addition to the boundedness of o*,
h'(¢*), h(¢*), and R in addition to Young’s inequality, and the continuous embedding
H?*(Q) < LOO(Q) we get

106172y + B HV@HLz(Q ||9||L2 @ T 269 = @[l e 19" = 0" [l 120y 10601l L2

* ) * 2 2 * 12
+2PM [|9" = ¢% || 10" = 0"l L2 102pll 120y + P I6ll72(0) + M20® [[wl L2y 19" = 0" r2(q) -

Integrating over [0, s), and applying Young’s and Schwartz inequalities, as well as the
embedding
L*(0,s; H*(2)) — L*(0,s; L™(Q)),

we obtain

2 2 w * (12 w * (12
HaHHL?(O,s;L?(Q)) +B HVH(S)HLQ(Q) <cerlle” — ||L2(0,S;H2(Q)) ™ — ||L°°(0,5;L2(Q))

2 20 w2 w2 2
+[|0(s) 12y + (PM)" 19" = 0" 120,5:m2(0)) 10 = 0" I poe 0,5:22(0)) T 1901 T2(0.5,02() (2:35)

w

2 2 2 2
+P 1ol 72(0,5:12(0)) + (M) [[wll 720,522 197 — €"11200,5: 12 (02)) -

On the other hand, putting £ = 9;p in (2.34), and proceeding in the same way like above,
we get

d
2 2 2 w * |2 w * |2 2
”atpHL?(Q) + dt ||VP||L2(Q) < (M) |o" =0 ||L°°(Q) [ —¢ ||L2(Q) + ||atp||L2(Q)

2 w * (2 w * 12
||P||L2 +c1a 100720y + 10l 72 + (Cer)” 19" = ¢ [l7 19" = @710

Integratlng with respect to time, using the embedding L?(0, s; H*(Q)) < L?(0, s; L>(Q)),
and the continuous dependence on control, we obtain

2 2
1000 12(0,5120)) + IV (s )||L2 <c Hw||L2 o120 T ¢ H9HL2(osL2( o) T C ez
Combining (2.35) and the above inequality, we obtain

2 2 2 2
106011 22(0.5;r2(0y) + 1002l 20,5 22(02)) T BIVO(S) 12000 + V() |72

4 2 2 2 2
< cllwllzzsr2@) T 1ol 1200 50200)) T 2 100) 720y + €3 100720 5:22(0)) T C lo(S)] 720y -
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Noting that, there exist a constant ¢4 such that ¢4 > ¢; and ¢4 > ¢3, we have
2 2 2 2
i Pl 22052200y + €3 1011220 5:02(0)) < €4 (||P||L2(o,s;L2(Q)) + ||9||L2(o,s;L2(Q)))

<o ([ (IO + 100N dt) < e (e = 1) ol iy

and a constant cs such that c5 > ¢y and ¢5 > C, we also have
2 2 2 2
&2 [0(5) 720 + C l0() 720y < €5 (100720 + 12() 7200

cos 4
< ¢5 (coe™ w20 siz2(c) ) -
Finally, we obtain
2 2 2 2 4
HatQHLQ(O,s;L?(Q)) + ”8tpHL2(0,s;L2(Q)) +B HVH(S)HLQ(Q) + HVP(S)Hm(m <c HwHLQ(O,s;LQ(Q)) :
One can view (2.32) and (2.34) as the weak formulations of the following problem
~BAG = 0,0 + P (h(¢") = h(¢")) (0" = 0*) + h(¢")p + "W (9)0 + (9" = ¢*)* R

and

—Ap=—=0ip —C(h(e") = h(¢")) (" = 07) = Ch(¥")p

—Co™l ()0 — Co™ (9" — ¢*)* R — Bp.
Thus, using elliptic regularity, we get

2
||0||L2(075;H2(Q)) + ”p L2(0,5;H2(Q)) — <c ||w||L2 0,5L2(Q)) *

Differentiability of the cost functional

Differentiability of the cost functional with respect to time

The Fréchet derivative of the reduced cost functional at (u*,7*) with respect to time is
given as follows:

D7, 7) = 22 [ (1o(r*) ~ palr)? ~ 16(0) — wa(0)) d

5@
27“

which is equivalent to

/ (|so< ) - @Qw)ﬁ—|¢<T*_r>_¢g<7*_r>|2)dfc

D7y, 7) = 22 olr*) — pa(r) ey + 5 [ (plr*) — plr* — 1) da
o ATy + 5 (I65) = o) Ea = 5" = 1) = gl =17 ) + B
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the proof of the differentiability of the cost functional with respect to time follows as
in [43].

Fréchet differentiability of the cost functional with respect to the control

Furthermore, the Fréchet derivative of the cost functional at (u*,7*) with respect to the
control is given as follows:

D' T =g [ [ lo" = poledrdt+ o [ [ 1¢" = pole duat

ﬁ T* T
+i/ /(I)wdxdtJrﬁu/ /uwdxdt.
r Jrr—r JQ 0 Q

In order to eliminate the term ®" from the above equation, we apply Lagrangian principle,
to this end, we define the Lagrangian function with respective Lagrangian multipliers p
and g by

L(p,o,u,p,q) = T-(p,u / (Oy0 — Ao + Coh(p) — B(os — o)) qdxdt

B /Q (Oxp — BAp — (Po — A —au) h(p) + f(p)) pdz dt.

Adjoint system

The adjoint system is given as follows

D L(p*, 0", u",p,q)p =0

and
D,L(p*, 0", u*,p,q)o =0,
where
Do L(¢" 0%, u", p,q) 27,/ /XT 7] () (280 (¢ — pa) + Bs) pda di
BQ/OT*/Q(@*—QDQ)gpdxdt—l—/ /&pgpdmdt—i—B/T*/ App dx dt
—i—/T*/ (Po* — A — au™) W (p* pgpdxdt—/ /f “Vpp dx dt
/ /CO‘ b (p*)qpdzdt, 7 € [r,T]
and
D L(p*, 0", u",p,q / /8tqadxdt+/ /Aqadmdt—i—/ /Ph ) po dx dt

—C/ / qadazdt—ﬁ/ /qad:cdt
s
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The adjoint system is then written as

—0ip — BAp = (Po™ — A= auw”) M (¢")p + Bo (¢" = ¢q)

+%X[Tum*](t) (2B (¢* —pa) + Bs) — [/ (¢")p — Co™h'(¢*)q, in [0,T] x Q,

—dyq — Aq = Ph(¢*)p — (Ch(¢*) + B) q, in [0,7] x ©, (2.36)
Oyp = 0,q=0, on [0,T] x T,
p(t") =q(17) =0, in Q.

— Theorem

Let u* be an optimal control, and (¢*,0*) = S(u*) be the corresponding state.
Then the adjoint Problem (2.36) has a unique solution

2

(p,q) € (H'(0,7% L(Q)) N L=(0, 7% H'(Q)) N L*(0, 7% H*(Q)) N C([0,7°]; H'(Q)))

Proof. The variational formulations of the adjoint system, for £ € H'(Q), are given by:

/&spfd:ﬁ—i—B/Vp Vfdm—/(Po —A—au*)l (¢ )pfdfﬂ'i‘/BQ (0" — o) Ed
Q

(2.37)

g [ Xemnen () 280 (" = o)+ B o = [ 1/ e de — [ comh (o )agd

and
—/Qatqﬁdx—i—/QVq-Vfdx:/QPh(go*)pfdx—/Q(Ch(go*)—f—ﬁ)qfdm. (2.38)

Now, we will establish the a priori estimates for (2.36), for this purpose, we put £ = p in
(2. 37) and £ = ¢ in (2.38) in addition to using f’(¢*)p* > —p?, to obtain

d 2 2 2 x 2
it ||p||L2(Q) +2B ||Vp||L2(Q) <c ||p||L2(Q) + [[Ba(e” — SDQ)HL?(Q)

2

1 * 2 2 2
+ g tale’ — ) + 8 L+ 2l + ¢ (bl + o) (239)
<CHP“L2 +d HQHL2(Q +c.
On the other hand, we have
Nl + 2 1Vl ag0y + 28 lallia, = =2 [ Chle")ePde + [ Ph(s*)pad

Therefore

d 2 2 2 2
i lallz2) + 211Vl 2) < P2 HIpll20) + (2C +1) lallf2 (0
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Combining (2.39) and the above inequality, and putting ¢y = min(2;24), we obtain

/!

d 2 2 2 2 2 2

dt (||P||L2(Q) + ||q||L2(Q)) +2B ||Vp||L2(Q) + HqHHl(Q) <c ||p||L2(Q) +d ||Q||L2(Q) t+c
2 2

<1 (lPl7a + lalza) + ¢

where ¢; is a constant depending on P,C, A, «, (3, so that ¢ < ¢; and ¢’ < ¢;. Integrating
over time and applying Gronwall’s lemma, we find

2 2 2 2 .
1P(s) 22y + la() 122 () + 2B VPl L2 (0,622 (0)) + N0l 20,5511 () < €€, 5 € (0,77], (2.40)

where ¢y depends on ¢’ HPOHi?(Q) and quHiz(Q). Furthermore, putting £ = 9;p in (2.37)
and & = 0q in (2.38), we obtain

d d
2 2 2
10:pl 720 + B@ VDl 2200) + 101l 20y + i IVall 720

!

d
2 2 2 2 2
< cllpllza) + ¢ N0pl72 () + 1 llala) + 2 [10ull72q) + o 1Pl () + ¢

Consequently,

2 2 2 2
10ep172(0,5:22(02)) + BIVP(S) 1200y + IVaU(S) 200y + 101l 12(0,5:22(02)) < €PN T2(0,5:22(02)) 241
2.41

+e1 [l 720,502(0)) + € [1P(9) 720y + €5 + BIVP(O) 7200y + BIIV(O0)l|72(c -

However, due to (2.40), we have

2 2 2 2 s
1P 7200,6:22(0) + 102200510200 = Jo 1POlz20 dE+ f5 la(O)llz20y dE < f5 et < (e 1)
As well, we know that

2
: :
(dt<p>> £ 0 < oy + 180 (5" — 0y + clldlam,

2

L2(Q)

1 %
+ HQT (280 (¢" = ¢q) + 5s)
Adding the above inequality to (2.41), and integrating over [0, ¢], we find

2 2 2
||atp||L2(o,s;L2(Q)) + B ||VP(3)||L2(Q) + ||Q(3)||H1(Q) + HatQHL?(O,s;L?(Q)) <c

Therefore, we deduce that

(p.q) € (H'(0,7 L*(Q)) N L(0,7% H'(Q)) N C(0, 7] L(2))) .
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Rewriting the adjoint equations as

—BAp =0ip+ (Po™ — A—au”) W (¢)p + B (¢" — ¢o)
1

o X —rr1 (1) (200 (07 = pa) + B5) = Ca™'(")q — [(¢")p, i [0, T] x €,
—Aq = 0q+ Ph(¢")p — (Ch(¢") + B) g, in [0,T] x €,
Oup = 0yq =0, on [0,T] x T,
p(r7) = q(7") =0, in 0,

and thanks to elliptic regularity, we deduce that (p,q) € (L2(0, 7%, H%(Q)))".

Existence of solution for the adjoint system. We apply a Galerkin approximation
and consider a basis {w; }sey of H'(2) that is orthonormal in L?*(€2). Look for the functions

n

DPni(,t) = Z P, i(t)wi(z) and g,(t,x) Z Qni(t)
i=1
such that
Pn(0) =15, @(0) =qy, Pu(T") = qu(77) =0,

which satisfy the following approximate problem:
—/ Orpn v dz + B/ Vo, - Vodr = / (Po* — A — au®) W (¢")p,vdx
Q Q Q
1
+ /Q (BQ(so* = #Q) + 5 X e (8) (260 (¢7 = o) + &)) vdz (2.42)

—/QCJ*h/ qnvd:v—/ 1 (¢ )pnv dx
and

—/Qﬁtqnvdx—i-/Qan-Vvdx:/QPh(go )pnvdx—/Q(Ch(cp )+ B)guvdr, (2.43)

for all v € V,, = span {w;, i = 1,...,n}. In particular, put v = w; in (2.42) and (2.43) to
get, Vi, j=1,...,n,

ZPM /wz z)w;i(z )dx+BZPm /Vu)z - Vwi(x) dx

i P, / Po* — A—a) W (o*)w;i(z) w;(z)dx
=1 (2.44)
+ /Q Bole™ — vo)w;(x) dz + /Q 21TX[T*_T,T*}(15) (280 (9" — wq) + Bs) wj(z) dx

=3 Quilt) [, €K (2" () (x) e = 3 Puslt) [ 1" (a) )

i=1
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and

_fzn:Qn,i(t /wzw]dvaZQm /sz - Vw;(z) dx
=1

Pt [ P Yo (x) ) d = 3 Q) [ (CH(") + ) () )

Consequently, the above equation and (2.44) are ODEs of the following forms:
= Pyt) Ty + BP()) = Pa()K + L + Xy (DM — Qu(t)H — Po()F  (2.45)
and
= Qu()' I, + Qu(t)J = Pu(t)N — Qu(t)R, (2.46)
with the conditions p,(z,7") = ¢,(x,7*) = 0. Here
Jij = / Vw;(z) - Vwj(x)dr, K;; = /Q (Po* — A —a") W (¢")w;i(z) wj(x)d,
Nij = / Ph(¢")wi(x) w;(x) dz, Ri; = / (Ch(¢") + B) wi(z) w;(z) dz,
Hij = [ Cot(p")n(@)ws(@) da, Fiy = [ f¢")wrla)wi(a) do,

L= /QBQW* — ) wj(z) dz,

1 *
My = [ 5 (280 (2" = wa) + ) wj(a) da.
First, we will consider the Cauchy Problem (2.45)-(2.46) on the interval (7% — r,7%], so
that it has the form
P,(t)'I, = BP,(t)J — P,(t)K — L — M — Q,(t)H + P,(t)F
and
Qn(t)' L, = Qu(t)J — P,(t)N + Q,(t)R
In other words, we have

(@'(t),y' ()" = (F(t,x(t),y(1)), g(t, 2 (1), y(1))) "

The right hand side of the above equation is locally Lipschitz with respect to (x,y), hence
according to Cauchy Lipschitz theorem, the Problem (2.45)-(2.46) has a unique solution
on (7 —r,s), where s € (7% —r, 7]

As well, we consider the System (2.45)-(2.46) on the interval (0,7 —r), we have
P,(t)I, = BP,(t)J — P,(t)K — L+ Q.(t)H (2.47)

and
Qn(t) I, = Qu(t)J — Pu(t)N + Qu(t)R. (2.48)
We then rewrite System (2.47)-(2.48) as

('(t),y'(t) " = (f(t,2(t),y(t)), g(t, (1), y(t))) ",
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where f(t,z(t),y(t)) = BxJ —xK—L+yH and g(t,z(t),y(t)) = yJ —xN+yR. The func-
tion (f(t,z(t),y(t)), g(t,x(t),y(t)))" is locally Lipschitz with respect to (z,y), so Cauchy
Lipschitz theorem implies that the System (2.47)-(2.48) has a unique solution on the in-
terval (0, s) where s € (0,7" — 7).

It follows from the a priori estimates derived formally in the previous section, but for the
approximated solution (p,,@,), that the solution is global and is defined on the whole
interval [0,7*]. Then the a priori estimates yields that up to a relabeled subsequence,

(Pn: @) = (p,q), weakly star in L=(0, 7", L*(2))
and
(s @n) = (p,q), weakly in L*(0, 7%, H'(2)).
Moreover (p,, g,) € C([0, 7], L*(Q))2.

Passing to the limit. Recall that, the variational formulations of the approximate
system are given by

d
—%(pn, V) r2(0) + B(Vpn, V) 12(0) = (Po™ — A — au™) K (¢")pn, v) 1200

+ ((562(90* — o)+ ;X[T*m(t) (280 (¢" — pa) + &)) ,v>

L2(Q)

—(CO'*h/((,O*)qn, U)LQ(Q) - (f/((p*)p7 U)

and

()i + (Va0 V) 1500y = (PR . v) sy — ((ChE) + B) g 0)

Integrating by parts over [0, 7], V¢ € D([0,7*)), we obtain

[ a0, 00 00) oy + B [ (Tpa(0), Vout) oy
= [ (Po = A ) W palt), 00 0)) gy + (5 000)

*

+ /OT (BQ(sO* — Q) + ixhur,m(t) (260 (¢" — va) + Bs) wW)) dt

2r L2(Q)

*

_/oT (Ca™ P (£ )gn, v(1)) 120 dt_/oT (f(" )P, V() (gt

and

*

/0 " (8, v (1) g2yt + /0 " (Vault), Voub () ey dt = (gl vib(0) 20y

+ [T Ph )00 )t = [ (CHE) + B au®) 000 ot
Noting that

*

/0 " (put), 00 (1)) 2y dt + B / " (pa(t), Vb (t)) g2yt

%/ £, 00 (1)) 1200 dt+B/ (Vp(t), Voub(t)) ey dt
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and

*

[ (P — A= o) (6" pu(t), v (1)) 2oyt + (5, 00(0)) 1200y

0

— /OT*((PJ* — A —au”) K(")p(t), vi)(t)) 2()dt + (po, v¥(0)) 12(0)-

On the other hand

*

/0 " (an0) 00 ()t + [ (Taale), b )it — (a0 0)) o

= [ (a), vw (1)) 2yt + / (Va(t), Vorb (1)) L2yt — (g0, v1(0)) 20

and
[ PR a0 v @)t = [ (CHE) +5)4a(0), 000 3

*

= [T PH ), )it — [ (ChIS) + B) ale), o (0) st

Using (2.37) and (2.38), as well as the fact that |V, is dense in H*(€2), we find, for all
v eV, ve D(0,7)

*

[ ), 00 D)zt + B [ (p(0), Vo ) it = (p(0), w60z
4 [ ((Po — A= 0w K" plt), v )zt + [ (B (6" — o) o)zt
o / " (o) (280 (2" — o) + ) v06(8)) oyt

— [ e ov) et = [ (700

and
[ ), 00 @)t + [ (Fa(0), Tovts)) aydt = (4(0), v (0)) e
4 [ PR, v @)t — [ (ChIS) + B) alt), o0z
Thus, it follows that p(0) = pg, and q(0) = g a.e. in L*(£). O

Simplification of the first-order necessary optimality condition for the control

Let (u*,7*) be a minimizer of the problem with corresponding state variables (¢*, 0*) =
S(u*), and adjoint variables (p, q) associated to (¢*,0%). Let w := u —u* € L*(Q) for
any u € Uyq, and let (P, X) be the linearized state variables associated to w.
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~— Proposition

The optimal control u* and the optimal treatment time 7* satisfy the following
simplified first-order necessary optimality conditions

(DT (u™, 7)) (u / / (u—u” dwdt+a/ / (u—u*)pdzdt > 0.

and
D, J.(w, ) (s—7%)>0,Vs € [r,T]

Proof. Setting ¢(t) = ¢o for t <0, and pg € H*(0,T; L*(2)), ¢*, pq € H (=1, T; L*(Q),
then the cost functional (??) can be expressed as

Bu

Trlps0.7) = 2 ulaigy + o7+ 52 [ [ (0~ o) )P

%/T/ (@~ 2o (O — I(p — pa)(t — r)I2) dodt
/ / ot —r)) d:cdt—l——/_T/ wo — pal(t)) dz dt
—l—fi/_r/g(l—kwo)dxdt.

We have

D,y (1) = Br + B2 16" () — 0oy + 55 [ (6"(r%) = (" =) da

F22 (6 — pa) () agey — 8" — 00) (7" =) Pagey)-

So, the optimal control and time (u*, 7*) satisfy the following first order necessary opti-
mality condition with respect to time

D, J.(uw,7)(s—7%)>0,Vs € [r,T]

This condition can be simplified by taking the following arguments on s. If 7% € (r,T),
take s = 7"+ h or s = 7% — h for h > 0, then we obtain D, J,(u*,7*) = 0. If 7* = r, then
s —71* >0 for any s € [r,T], so we have D, J,(u*,7*) > 0. Finally, if 7* = T', we deduce
that D, J,(u*,7*) < 0.

The optimal control u* satisfies the following first-order necessary optimality condition

(DuTr (", 7)) (u = w) = (DuJr(u", 77))w = B /T /(@’“—%)@dﬂcdt

/ /90 fgogédxdtJrf/ /<I>dxdt+ﬂu/ / (u —u*)dzdt > 0.
r—
p h 1 dehot '1—/
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In order to simplify this condition, put £ = ® in (2.37), { = ¥ in (2.38) and integrate
over [0, 7*], which yields

_/T*/atpq)d:vdt:—B/T*/ Vp.Vq)dxdt—i—/T*/ (Po* — A — au®) W (¢")p® da dt

+/ /BQ 2 _@Q)(Dd‘rdtdl'/ﬂ/Z (28a(¢" — pa) + Bs) D drdt

_ / / Co™ I (¢ )qPd dt — / / £ )pPda dt

(2.50)
and ) )
—/ /8tq2dxdt:—/ /Vq-VEd:cdt
(2.51)
+/ /Ph V% da dt — / / (Ch(¢*) + B) ¢ dx dt.
On the other hand, substituting ¢ for p in (2.25) and ¢ in (2.26) leads to
/T /8t(I>pda:dt+B/T /V(I)~Vpdxdt:/T /(PE—aw)h(w*)pdmdt
o Ja 0o Jo
. (2.52)
+/ /(PU*—A—au*)h’( @pdzdt—/ /f “YPpdx dt
o Jo
and ) .
/ /atzqudH/ /VZ-qu:vdt
(2.53)

:—/ /Ch )+ 8) Sqdx dt — //Ca*h’ Vg d dt.

Due to the facts that p(7*) = ¢(7*) = 0, and ®(0) = X(0) = 0, and upon integrating by
parts with respect to time, we obtain

—/T /8tp<I>dxdt:/T /pf)tq)dxdt.
0o Ja 0o Ja

Consequently, substituting (2.50) into (2.52), we obtain

I [ ate —eaydrdit [T [ (08a(e" — pa) + 5 @it
e (2.54)

:/0 /Q(PZ—aw) h(gp*)pdzdth/oT*/QCa*h’(cp*)q@dxdt.

As well, upon substituting (2.51) into (2.53), we obtain

//Ph VSp de dt = //Ca*h’ Vg dz dt.

Combining (2.54) and the above equation leads to

/T*/ Bal¢” = pq)®drdt + /TT/Q 2110 (2Ba(¢" — wq) + B)  du dt

+a / / Nwpdz dt = 0.
p——
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Substituting the above equation into (2.49) to obtain

(Do T (u*, 7)) (u — u*) :&/{)T/Qu*(u—u*)dxdtqtoz/(:*/gh(@*)(u—u*)pdxdt > 0.
O
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- Chapter

On_an Optimal Control Problem Describing Lactate Production Inhibition

,-%

A\

¢¢Doing the best at this moment puts you in the best place for the
next moment. J)

Oprah Winfrey

ALTERED metabolism, characterized by high concentration levels of lactate enzyme,
contributes to tumor development, malignancy, and metastasis and introduces metabolic
liabilities that can be employed in cancer treatment. Here, this chapter aims to reach a
desired lactate concentration, under the action of an optimal treatment dose, represented
by a control, at an optimal treatment time. We consider an objective functional to be
minimized associated with a system modeling lactate dynamics in the presence of con-
trol. We show the existence of a minimizer of this functional, and we derive a first-order
necessary optimality condition.

Introduction

A common feature of tumor cells is the glycolytic abnormal metabolism known as the
Warburg effect, by which and even in the presence of ample oxygen, cancer cells preferen-
tially use glycolysis, unlike healthy cells which usually rely on oxidative phosphorylation
to produce energy. The shift from oxidative phosphorylation towards glycolysis, which is
accompanied by a high glucose uptake due to the lower energetic efficiency of glycolysis
compared with oxidative phosphorylation, is one of the hallmarks of tumors. As a result,
one observes elevated production levels of lactate which contributes to malignant progres-
sion, lowering PH for invasion and triggering immune escape.

LDH enzyme covers a central position in the metabolic reprogramming of tumor cells,
playing a key role in the maintenance of altered glycolytic metabolism and permitting the
survival of tumor cells when glycolysis represents the only energetic source. Structurally,
the LDH enzyme is a tetrameric enzyme composed of two different kinds of subunits
LDH-A and LDH-B. LDH-A has high activity in converting pyruvate into lactate whereas
LDH-B is more efficient in the catalysis of the reverse reaction from lactate to pyruvate.

An isoform of LDHA, hLDH-5, was found to be overexpressed in a wide range of tumors
linking its increase to aggressive tumor phenotype. Moreover, it has been established that
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hLDH-5 may play an important role in the development and maintenance of metastatic
tumors and serum hLLDH-5 levels have been correlated with resistance to chemotherapy
and radiotherapy. For these reasons hLDH-5 is now being considered a very promising
therapeutic target for the treatment of cancer (see [17,25,30, 32,39, 54, 57,58, 72, 78]).
Several LDHA inhibitors are mentioned in the literature for either type of tumors (see
[45,56,67,68]). In this chapter, we are interested in gliomas, so we consider the treatment
with gossypol which showed dose-dependent cytotoxic activity in diverse cancer cells and
in particular in gliomas.

In [62], Miranville considered the following reaction-diffusion equation modeling lactate
kinetics in one compartment

ou — aAu + Bu +

o = f(o,1).
Here u represents the intracellular lactate concentration. Furthermore, the non-linear
term ku (k' + u)_1 stands for lactate transport from capillary, where & is the maximum
transport rate and k' is the Michaelis-Menten constant. The function f represents the
creation and consumption of lactate and Su stands for the loss of lactate due to the convert
of lactate to pyruvate by the LDHB enzyme (note that the above equation can also model
the extra-cellular (capillary) lactate concentration, in which case Su corresponds to the
blood flow). One can see that

ku kK

E+u K +u

Based on the previous model, we consider the following problem, for 7' > 0 in a bounded
domain ©Q C R? with C3—boundary T

v J(z,t)(1 —~v), in Qx(0,T)=:0Q, (3.1)
d,u=0, on T x(0,7), (3.2)
u(0,x) = up(x), in €. (3.3)

Here, we introduce a control v which represents the concentration of gossypol inhibitor,
where v = 0 stands for no dose and v = 1 stands for full dose. We further write
kk! (K +u)”" as k (K +u)”" and note that J = f — k. Finally, vJ(z,t)v is the in-
hibition of lactate production at rate . The cost functional to be minimized is given

by

J(u,v, ) 6Q/ /|u uQ|2d:Udt+ / /|u ug|? dmdt—i— /|U| drdt, (3.4)

where ug,uqn represent the desired evolution and distributional lactate concentrations
both in L*(Q), 7 € (0,T)] represents the treatment time, 7' > 0 is a fixed maximal time
in which the patient is allowed to undergo treatment. The first two terms of (3.4) are of
standard tracking type as often considered in the literature of parabolic optimal control
(see [73]), the third term penalizes large concentrations of the applied inhibitor. Our
problem becomes

minimize J associated to (3.1) — (3.3). (3.5)
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Cancer therapy is of interest to many researchers, particularly the application of optimal
control theory to find an optimal treatment dose at an optimal time (see [43] and [23]),
but most of these models target the cancer cell itself. In this work, we consider the cancer
cell, its proliferation, malignancy, and metastasis from a different perspective, for exam-
ple at the level of metabolism. To this end, we consider the parabolic problem in [62]
the more lactate the cell produces, the more malignant it becomes. As excess lactate is
transported to the capillaries with Michaelis-Menten kinetics, this promotes metastasis,
malignancy, and resistance to therapy. Considering these facts, we think of inhibiting lac-
tate production by finding a biologically relevant control to achieve our goal. Moreover,
cancer treatment must not exceed or fall below a certain dose and treatment time. Thus,
the goal of this work is to choose the control and treatment time such that the corre-
sponding state u(t, x) is the best possible approximation to a desired evolutionary lactate
concentration and a stationary final lactate distribution in 2. A mathematical difficulty
lies in the singularity of the nonlinear term k (k 4 u) ™", showing that our solution is non-
negative is another challenge, however, we also emphasize that our objective functional
depends on the free final time, which is also a challenge to show the differentiability of the
coast functional with respect to time. So, in this work, we first show the well-posedness
of (3.1)-(3.3), and consequently, we define the control-to-state operator, which we show
is Fréchet differentiable with respect to the control v, we also prove that a minimizer of
(3.4) exists. Moreover, the objective functional (3.4) is also Fréchet differentiable with
respect to time and control. Finally, we derive a simplified first-order necessary optimality
condition.

Assumptions
(C) The constants k,o« > 0, B > 0, v > 0, and the function J € L*°(Q) are such that
/

k
JZ—Eandu()zO.
(D) The control v € V,q :={v € L*(Q) : 0 <wv <1}

Existence of solutions

In this section, we study the existence of a unique weak solution of System (3.1)-(3.3).
More precisely, we will prove the following theorem:

— Theorem (Existence and uniqueness of weak solutions)

Assume that Assumptions (C) and (D) hold and that ug € H'(€2). Then, Problem
(3.1)-(3.3) admits a unique weak solution u such that v > 0 and

uweY:=L*0,T; H*(Q)) N L0, T; H(Q)) N H'(0,T; L*(2)).
Moreover, the control-to-state operator
S: L*(Q) — Y
v —

is continuous.
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Proof. The variational formulation of (3.1), for u, £ € H*(), is given by

/Qatuﬁdx—l—a/QVu-Vfda:—i—ﬁ/Qufdx:/

o k/_i_ufdx—i-/QJ(x,t)(l—’yv)fd:c. (3.6)

Nonnegativity of u:

Estimate 1. Set U = u + k’. Then (3.1) is equivalent to

8tU—ozAU+5U—[]jzﬁk:’—l—J(l—’yv).

1
Multiplying the above equation by T and integrate by parts to have

dt/ln—dx—i— / U2d+/ = o = BVol(Q) — /QﬂUk,dx_/Qj(ll_dex'

From the above equation, we deduce that

d 1 2 2
i o g < e (L 1 ey 1= 0l5a0)-

Whence, upon integrating over [0, t], we find

1 1 2 2
/anU(t)d:r;g /an%derc(tJr 112 1L = 70l22() -

This implies that U > 0, and thus u > —k'.
Estimate 2. Set v~ = max(0,—u). Then, multiplying Equation (3.1) by —u~, and

integrating over €2, we get
2 k
- = — J(1— “dx.
()

If uw > 0, then u= = 0. On the contrary, from Estimate 1, we have —k' < u < 0, and

+ o HVU

+ 8]

2 dt H L2(Q) L2(Q)

consequently oy > " So, by using Assumption (C) in the above equation, we deduce
u
that
dt H L2(Q) <0
It follows, from the fact that uy > 0, that
2 2
oo o)y < [ Oy =

Therefore u~ = 0, and hence u > 0 a.e. in Q.
Regularity estimates:

FEstimate 1. Putting £ = 2u in (3.6) gives

ku
HuHLQ(Q) +20¢]|VuHL2 +26HuHL2 2/Q k/+uda:+2/gj(a:,t)(1 — yv)ud.
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Let A = min(a, B), we find

d 2 2 2 2 2

a0 [ullz2i) + 2M [ullzn @) < 26V0l(Q) + ([ |70 @) (11 = Y0l 72¢0) + [lullz2(0)

< 2kVol(Q) + ||J||? (VOI(Q) + 42 ||v|| ) + |22y -

= Lo () L2() L2(Q)
Integrating over [0,t), and applying Gronwall’s lemma, we have

||U(t)||i2(9) + 2A ||U||i2(o,t;H1(Q)) < ||U0||i2(9)

t 2 2 t 2

+ [ (2RVOl(Q) + 11} (VOUQ) + v [0l Fa(ey) ) ds + [ 1u(3)]1Ea( ds.

Consequently, we get
2 2
w22 + 2M [ull 2004810

2 t 2 2 ¢
< (ol ooy + | (2EVOU) + 117 gy (VOURQ) + v [[0]2(ey)) ds ) "

We deduce that u is bounded in L>(0,¢; L*(Q2)) N L%(0,t; H'(2)).
Estimate 2. Putting & = 20,u in (3.6), we find

d d
Hatuui?(n) Tag HVUHiQ(Q) + 5@ ”W‘i%n)
< RVOI(Q) + |17y (VOLQ) + 77 [0l Z2(y) + 1etllZ2(g -
Taking A = min(«, 8), and integrating over [0,t], we get
||atu||i2(o,t;L2(Q)) +A ||U(t)||?{1(9) < kVol(2)¢ + Vol(€2) “‘]HiQ(O,t;LC’o(Q))

2 2 2
+v2 H‘]HLOO(O,t;Loo(Q)) HUHLQ(O,t;LQ(Q)) +A HuOHHl(Q) :

Therefore, we deduce that u is bounded in L*(0,t; H*(2)), and dyu is bounded in
L2(0,t; L*(9)).

Estimate 3. We rewrite (3.1) in the form

—aAu = =0 — Pu + + J(z,t)(1 — yv),

K +u

and since the right-hand side is in L?(§2), then elliptic regularity (see [36]), implies that
u € H?(2). Moreover there exists some [ so that

el rzqay < © (19rll gy + all gy + 1012y + 11 ey ) -

Consequently

lwll 20421200 <1 (HatU”Lz(o,t;p(Q)) + lull 20,6020 + 10Nl L2 0,60200)) + HJHLZ(o,t;LZ(Q))) :
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Therefore, we infer that u € L*(0,¢; H*(2)) N L>(0,t; H'(Q)) and d,u € L*(0,t; L*(Q)),
hence u € C°([0,¢]; H'(Q2)) (see [8]).

Existence of solution. We have seen in the previous part that any regular solution of
(3.1)-(3.3) is non-negative, so in the view of that, we set

_k; if s>0,
) K +s
o(s) =
k s .
_E‘FE, if s<0,

and we consider the following problem
Ou — aAu+ fu+ @(u) = J(x,t)(1 —yv), inQx(0,T)=:0Q,
dyu =0, onI' x (0,7),
u(0, ) = ug(x), in Q.

In order to establish the existence of solution, we will employ Faedo-Galerkin method, to
this end, we consider V,, = Span{w;; i = 1,...,n} where {w;}; form an orthonormal basis
of L*(Q2). Let P, be the projection of L*(2) on V,,. Set

uy = Pyug, v, = Py, J, = P,J, andu, = Pu,

so that u, =Y a,(t)wi(z), and J,, — J strongly in L*(Q), uf — uo strongly in L*(€),
i=1

and v, — v Stljongly in L*(Q). Then the approximated variational problem is given by

dZani(t)/Windx+aZani(t)/VWi'VWjdx+/BZani(t)/Windx
dt ;= Q - Q - Q

n (3.7)
= —/ © (Zami(t)wi) wjdx—i-/ I (1 =) wide, i,57=1,...,n.
o \o Q
Equivalently, we have
() I + can (t) My, + Ban(t) I, = Ky + Jn — Vi, (3.8)

where
(In)i,j = / W CL)j dl‘7 (Mn>z',j = / sz- . ij dI,
Q Q

(K,); :/ng<§an7i(t)wi> wide, (Jn); :/Qanj dz, (V,); :/Qvnwj dz.

The Problem (3.8) can be written as the following form

a, (1) = F(t, an(t)), (3.9)

with a vectorial function f Lipschitz with respect to the second variable a,(t). Then (3.9)
admits a unique local solution over [0,7™], where T € [0, T].
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Multiplying Equation (3.7) by a, ;, and summing over j from 1 to n, and putting A =
min(a, 3), we find

d 2 2 2
dt ||un||L2 +2A ||Un||H1(Q < kVol(2) + ”Jn”Loo(Q) 11— VUn“L‘Z(Q) +2 ||un||L2(Q)

Hence
*\ (|2 2
()20 + 22 [unll 7200 711 ()

t
< (/ (HJTLHiOO(Q) 11— ’yvnHiz(m + kVol(Q)) ds + HugHiz(Q)) 2T

Now, multiplying Equation (3.7) by a/, ., and summing over j from 1 to n, we have

n]’
2 d 2 2 2 2
2 ||atun||L2(Q) + )‘% ||UnHH1(Q) < kVol(Q) + ||Jn||Loo(Q) 11— Wn||L2(Q) + HatunHL?(Q)

Equivalently, we have
2 (|2
HatUnHL2(0’T*;L2(Q)) +A Hun<T )HHl(Q)

* 2 2 n||2
< EVol(Q)T™ + ||Jn||L°°(O,T*;L°°(Q)) [ W"||L2(07T*;L2(Q)) +A ||uO”Hl(Q) :

We deduce that u, is bounded in L?(0, T*; H*(2)), and d;u,, is bounded in L*(0, T*; L*(Q)),
hence the solution a, of the ODE (3.9) is global over [0,T], and u, € C°([0,T]; L*(Q2)).
Moreover, there exists some relabeled subsequence {u,,},, which converges weakly to u in
L*(0,T; HY(DQ)).

Passage to the limit. Let ¢y € C°([0,T]), and & € H*(Q), we have

/ ' / Buntpda dt + a / ' / (V- VE) td di

(3.10)
:_5/ /“nwdde/ / (tn €¢dxdt+/ /J — yva)éibda dt.
Therefore . .
/0 /Qat“@d“’ dt = - /0 /Qunéw’d:cdt,
b
) / ' | gzt — | ! [ wevdwar =~ [ ! [ owevarat
So,

/0 ' /Q Buntibda dt —s — /0 ' /Q Brucda dt.

Besides, we have that

/T/ (Vun-V§)1/)dxdt—>/T/ (V- VE) pda di
0 Q 0 Q
and
T T T T
_B/O /Qunfwdxdt—&—/o /QJn(l—’Yvn)éwdxdt%—ﬁ/o /Qufwdxdt—i-/o /QJ(l—VU){wdxdt.
S
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The compact embedding
W= {u, € L*(0,T; H(Q)), dyu, € L*(0,T; L*(Q))} — L*(0,T; L*(2))

(see [8]) yields that w, converges strongly to u in L*(0,T; L*(Q2)), and since ¢(u,) is
Lipschitz continuous, then

/ / (un)Eda dt —s / / wed dt.

Now choose ¢ € C°(]0,T1]), so that ¢(T") = 0. Then, we have in (3.6)
T T
/ / Byutibdz di + / / (V- VE) pda di
:—/3/ /ugzpdxdwr/ / £¢dxdt+/ / (1 — yo)ewda dt,

which is equivalent to

_/T/“fl//dde&/T/ (VU'Vf)¢dIdt=—5/T/u&pdxdt

+// fwda:dtJr// 1—wgwdxdt+/ 0)dz.

Similarly, we have in (3.10)

/OT/Qun&//dxdt+a/oT/Q(Vun~V§)z/1dxdt
:—B/OT/Qun&/dedt—i—/OT/Qap(un)&pdxdt—i—/OT/QJn(l—'yvn)gwdxdt—l—/Qun(O)fz/J(O)d:r

Passing to the limit in the above equation, we find

(3.11)

_/T/ ufw’dxdt—l—oz/T/ (Vu - V&) ydu dt

:_5/ /ugwdde/ | ot z/Jda:dtJr/ | a0 = geduat+ [ uwog(0)ds

Subtracting (3.11) and the above equation, we get

| u(€(0)de = | uog(0)de
we deduce that u(0) = ug a.e in L*(Q).

Continuity of the control-to-state operator. Let wu;,us be two solutions of (3.1)-
(3.3) with same initial data, and let vy, vy be two controls. Set u = u; —ug, and v = v; — vy,
set A = min(q, §), we have

6tU€d$+oz/Vu Védx + 6 ufdg;:_/

u
o (K +u) (kK + u2)§dx - 'Y/Q J(x,t)v€dx. (3.12)

Put £ = 2u in (3.12), we obtain

d
at ||U||L2 +2>‘||U||H1 <7 ||J||L°° ||U||L2 +2||u||L2(Q
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Thus, integrating with respect to time, and using Gronwall’s inequality, we get

2 2 2 2
||U(t)||L2(Q) +2A HUHL?(O,t;Hl(Q)) < (72 ||J||Loo(o,t;Loo(Q)) HUHL?(O,t;L?(Q))) e*.

Put £ = 20, in (3.12), we have

d k
2 |0ul)? A= ull? < —2/
| tu”m(g) + di ”uHHl(Q) = o (k' + uy) (K + up)

uyu dr — 27/ J(z, t)voudx
Q

d 2 2 2 2
< 2 Nulliz@) + 7 110 1012(0) + 192y -
Hence

2 2 2 9
10etul 72052209y + Mz @) < ¥ I 0 2000 10117202200 (26% +1)

Recall that

ku
(]f/ + ul)(k:’ + Ug)
Since the right-hand side lies in L?*(€2), then elliptic regularity gives that v € H%({2), and
there is a constant [ so that

—aAu = —0u — fu +

—vJ(z, t)v.

el 2y < L (1l 20y + 19120y + 100l 2y ) -

Finally, we get

||u||L2(0,t;H2(Q)) <l <||u|lL2(O,t;L2(Q)) + ||U||L2(O,t;L2(Q)) + ||atu||L2(0,t;L2(Q))) )

and hence the desired result. O

Existence of a minimizer

The cost functional J defined by (3.4) is bounded from below, so consider a minimizing se-
quence (Vp,, Tn)neny With v, € Voq, and 7, € (0, T) such that (u,),en are the corresponding
solutions of (3.1)-(3.3) on the interval [0, 7] with u,(0) = ug, Vn € N such that

lim J (uy, Un, Tn) = inf J (o, w,s),

n—00 (wvs)evadx[ovT]

where ¢ is the solution of (3.1)-(3.3) for the corresponding control w. In particular,
U, € V,q implies that 0 < v, < 1in Q, Vn € N. As {7, },en is a bounded sequence, there
exists a relabeled subsequence, such that

T, = 7€ [0,T], asn — oc.

We also have
v, —v* weakly in L*(Q), asn — o0

and
u, — u* strongly in  C°([0,T]; L*(Q)) N L*(Q), as n — oo,

where (u*,v*) satisfy (3.1)-(3.3), with 0 < v* <1 a.e. in Q.
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Lebesgue dominated convergence theorem gives, V p € [1, 00),

X[0,7] () = X[o,r4) ()

and
X[rn—7,70) (t) — X[r*—r,r*] (t)v

strongly in L”(0,7"). Thus, since u, — ug converges strongly to u* — ug, and u, — ug
converges strongly to u* — ug in L*(Q), in addition to the strong convergence of x[o-(¢)
t0 X[+ (t), and X(r,—rr)(t) t0 X[re—r -+ (£), also in L*(Q), we have

Tn T
2
/O /Q|un—uQ|2dxdt:/0 g 220 Xtom (£)dE

T T
* 2 *
—>/0 [u" = ugll72 0 X[O,T*](t)dt:/o /Q|u — ug|*dz dt,
and

Tn T
/T . /Q|un — ugq|*dzr dt = /0 ||lun — uQHiQ(Q) X[rn—r,m] (t)dt

T T*
= /0 lu = a2y Xirerire) (£)dlt = / /Q u* — uo|?da dt.

By passing to the limit in 7 (u,, vn, T,), and using the lower semi continuity of the L?(Q)
norm, we infer

(ms)eivrigx[o,:r] J (9w, s) = nh—{EO I (U, 0n, ) = T (U, 07, 77),

which implies that (u*,7*) is a minimizer of (3.5).

Fréchet differentiability of the control to state operator

In order to establish the existence of the Fréchet derivative of the control-to-state operator
with respect to the control, we consider the linearized system at u* associated to the
control v*, for w € L?(Q).

k .
oU — aAU + U = —mU —~vJw, in, Q
o,U =0, on, I' x (0,7) (3.13)
U(0,z) =0, in,

satisfying the following variational formulation, for ¢ € H*(Q),

k
/Qatde—Fa/QVU-Vfdm—t—B/QUﬁdx:—/QmUédx—’y/ﬂJ(x,t)w§dx. (3.14)
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Theorem

Let v* € V,4. Then the System (3.13) admits a unique solution
U € 12(0,T; H¥()) N HY(0,T: L() n C([0, T} H'()).

Proof. Regularity estimates. Putting £ = 2U in (3.14), we have

2k

2
<V N7y 10ll720) + € 1011720 -
Hence
2 2 c
IOz + 221U 20 1)) < 7 1N psmoea 101200 1020y € (3.15)
On the other hand, putting £ = 20,U in (3.14) yields

d d

2 2 2 2 2 2
210U 720 + )‘% 1U |51y < 2% 101 20y + V2 1 (0 0ll7200) + 10:U 1120
Integrating over [0,t], ¢t € [0, 7], and using (3.15), we get

190120 :1200) + MU O30y < 7 115 0oy 10ll 520 2200 (26 + 1)
Consequently, we deduce that U is bounded in L>(0,¢; H*(Q)) N L*(0,¢; HY(Y)), and 0,U
is bounded in L?(0,¢; L*(£2)). Rewrite (3.13) as
kR
(k/ + u*)?
and due to elliptic regularity (see [61]), we deduce that U is in H*(€2). Moreover there
exists some [ such that

2 2 2 2
1U |52y <1 (HatUHH(Q) Ul 720) + HwHLQ(Q)) '

—aAU = —3,U — AU — U —~Jw,

Thus, we get

2 2 2 2
U 7204m200) <1 (||atU||L2(0,t;L2(Q)) U2 0.6020)) + Hw||L2(0,t;L2(Q))> :
Therefore, U € L2(0,t; H*(2)) N L>(0,t; HY(Q)), and o,U € L*(0,t; L*(Q)), so that
U € C([0,t]; H'(Q2)).

Existence. By applying Faedo-Galerkin method, one can easily show the existence of
solution of a linear system (see [27]).

Uniqueness. Let U; and Us be two solutions of (3.13) with w = 0, set U = Uy — Us, we
find

2 2 2 2 ci
”U||LOO(O,t;LQ(Q))nLQ(O,t;Hl(Q)) <7 HJHLOO(o,t;Loo(Q)) ||w”L2(Q) e <0,
hence U = 0. O

Fréchet Differentiability of control-to-state operator with respect to the control

Let w € L*(Q), set u* := S(v* + w), and u* := S(v*).
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— Theorem

Let U be the solution of the linearized System (3.13) at v*. Then the remainder p
satisfy

2 4
lolly < ellwllpq) »

where

Y= L*0,s; H*(Q)) N H(0,s; L*(Q)) N L>(0, s; H(Q)).

Proof. The remainder p could be expressed as, p = u"* — u* — U, and set v* = v* + w,
such that for all, £ € H'(2), we have

k
/Qﬁtuwédx+a/QVuw~V§dx = —6/9u“’§dx+/ﬂ k/+uw§d:v+/QJ(x7t) (1 — ") &d,
k
/Qatu*fdx%—a/QVu*-Vfdx _ —ﬁ/ﬂu*gdaz+/9 k,+u*§d:c+/QJ(x,t)(1 — ") Eda,
and
k
/QﬁtUgdana/QVU-Vde _ —B/Qdex—/Q(k/+u*)2U§dx—V/QJ(x,t)wﬁdx.

Then the remainder p = u¥ — u* — U satisfies, for all £ € H'(Q)

kK + i Edx
E+uwe K +u (K +u)2U '

/Qé?tpfdx%—a/ﬂv,()-Vfdijﬁ/ﬂpgdx:/Q<

Setting f(u) = Taylor with integral remainder gives

k
K +u’
F) = ) = P = Fp = [ o+ (1= 2)ut) (1= 2) d.
However, the remainder
R:= /1 [ u” + (1= 2)u*) (1 —2)dz
0

is bounded, so that
1Bl < cr-

Thus, p satisfies the variational formulation

/8tp§dx+a/Vp vgdHﬁ/pgdx_/f gd:c+/ )2 Rédr. (3.16)
Estimates:

FEstimate 1. Putting £ = 2p in (3.16), gives

k w *\ 2
HP||L2 120 HVPHH Q)+25 HPHH(Q) Q/QMWF(M"‘Q/Q (u” —u*)" Rpdx.
Consequently, taking A = min(a, ), we find

IIPIILa )+ 2M ol ) < 216l + 2cr 1 = |l ooy I = Ul 2y 0]l 22y -
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Integrating over [0,t), we obtain

t
2 2 2 w * w *
o220y + 2M el 220,601 0)) < lollz2(0) + 2CR/O [u” = u™ |l ooy I0" = ™[ 2 () [Pl L2(q) ds
5 t
< ||PHL2(Q) + 2cp [[u® — u*HLOO(O,t;Lz(Q))/O [l — U*HLOO(Q) ||p||L2(Q) ds.
Applying Holder’s and Young’s inequalities, and using the embedding
2 2 2
L0, 8 H*(Q)) = L7(0,8; L=(92)),

we find

e 72 + 2X 10ll72 0001 () < €™ = u* o 002200 16 = U7z 000200y + € 1012 0,0502¢2y) -
Consequently
1p()220 + 22 10112 < clfw|* <t 3.17)
P[220 Plrznmiey) < clwlliapLa) e (3.

FEstimate 2. Putting £ = 20,p in (3.16), and taking A = min(«, 3), we find

2 d . o2 d . 2 w2
2110epllze ) + A ol @) < oy IPlLe () + A (u” —u")" Rowpda
d 2 w * w *
< dat Hp||L2(Q) +crllu” —u ||L°°(Q) [u® —u HL?(Q) ||875PHL2(Q) :
Hence and using (3.17), we get
a3 MMlp@®)Z o < o)1 2w — || w3
10epl1 22 (0,152(0)) T AP () < NloO) 220 + R 1 = w I 72(0,6: 100 () 10 = ¥ L0 (0,522 (02))
4 ol w %112 w %112
<c ||“’||L2(o,t;L2(Q)) e tellu’ —u HL?(O,t;H?(Q)) [u® —u ||L°°(O,t;L2(Q))
4
< cllwllza o2 -

Estimate 3. We can view the variational formulation as a variational formulation of an
elliptic problem

—alp=—0ip—Bp+ f(u)p+ (u” —u)’ R

Since the right-hand side lies in L?*(2), the elliptic regularity of the Neumann problem
yields that p lies in H?(2). Moreover, there is a constant [, so that

2
ol gy < (ol 2y + 190l 12y + I0ll72qy ) -

Consequently

2
HPHL?(O,t;H?(Q)) <l (HPHL?(O,t;L?(Q)) + ”atPHm(o,t;m(Q)) + Hw“L2(o,t;L2(Q))> :

|
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Differentiability of the cost functional

Differentiability of the cost functional with respect to time

For any function f € L*(0,7, L'(£2)), we have the following relation

/TT_T/Qf(s)dxds :/:T/Qf(s)dacds—i—/;/ﬂf(s)dxds
:/_r/ f(s)dxds%—/i/ f(s)dxds—l—/OT/ﬂf(s)dxds
_// S_T))dxds+/ /f(s)dxds.

So, we can rewrite the objective functional as

ol 52 [ 1= o) (0) e

+§Aﬂ@(@ﬂw—w@MwV+ﬁQwawmxwe_iuu_mﬁ@_rw))@ﬂt

The first two terms are independent of time, so they vanish when we compute the Fréchet
derivative with respect to the time, for f € H'(0,7) — L>(0,T) and h > 0, so that for
€ (0,7), 7+ h € (0,T), we find

J(u,v,7) =

[ 15s) |w—/u s — )P = [ 15)Pds — g
- [ wn)@:f ()] = D F6)] + 177D ds

T

3
< 2|[fll g OT)/ () = F (D)) ds < 2 fl ooy P> N0 20,1 -

Thus, we get T
D. ([ 1rwPat) = 1)

D, J ", ") = BQ llu (7 )—UQ<T*)Hi2(Q)

So, we deduce that

69 *( % *\ (12 1 * (% * 2
+2wawwwwwﬁ—gww—m—mw—ﬂm@)

For ug € H*(0,T; L*(Q)), uq,u* € H'(—r,T; L*(Q2)), we deduce the following first-order
necessary optimality condition with respect to time

D, Jw ) (s—71")>0 Vsel0,T].

To simplify this condition, if 7* € (0,7"), then s —7* > 0if s > 7% and s — 7* < 0 if
s < 7%, so that D, J(v*,7*) = 0. If 7* = 0, then s — 7% > 0 and hence D, J (v*,7*) > 0.
If 7* =T, then s — 7* < 0 and hence D, J (v*,7*) < 0.
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Differentiability of the cost functional with respect to the control

The Fréchet derivative of the reduced cost functional at (v*, 7*) with respect to the control
v is given by

T* * T
D, J(v*, 7" )w :BQ/O /Q|u*—uQ|dedt—|—BQ /T*_T/Q|u*—uQ|dedt—l—Bv/o /Qv*wdxdt.

In order to eliminate the term U from the above equation, we apply Lagrangian principle,
to this end, we define the Lagrangian function with respective Lagrangian multiplier p by

C(u,v,p):J(u,v)—//Qp<8tu—aAu—|—ﬂu— k,iu—J(m,t)(l—vv)> dx dt

Adjoint system

The adjoint system is given by
D, L(u*,v*,p)u =0,

where

Duﬁ(u*,v*,p)u:ﬁQ/ /|u*—uQ|udﬂcdt+5—Q/ /|u*—uQ|udxdt
o Ja T Jre—rJQ

k *
+//Q(8tp+aAp)udxdt_ﬁ//Qp“d$dt_//QMpudmdt, e [0,T]
T . ) .
:/0 /Q(ﬂQ(u —uq) + BaXrs—rr () (u —ug)+8tp+aAp—Bp—Mp)udxdt.

The adjoint system is then written as

kp . Ba . .
Op + alp = Bp + [CESaE Bo(u* —ug) — TX[T*—r,T*](t)(U —ug), in[0,7]xQ,
dyp =0, on [0,T] x T, (3.18)
p(1") =0, in Q.

— Theorem

Let v* be an optimal control, and u* = S(v*) be the corresponding state. Then the
adjoint Problem (3.18) has a unique solution

p € HY (0,75 L*()) N L>(0, 7% H'(Q)) N L*(0, 7 H*()) N C ([0, 7*]; H'(Q)).

Proof. The variational formulation of the adjoint system, for £ € H'(Q), is given by:

k
S&da

—/QatpdeJFO‘/QVp’Vfdw+ﬁ/(2p§dx:_/Q(k:’+u*)

(3.19)
+5Q /Q(U* — ’U,Q)f dx + 5;2 /Q X[T*_T’T*](ﬂ (’U,* — UQ)f dx.
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Regularity estimates:

FEstimate 1. Put £ = 2p in (3.19), we find

d 2 2 * 2 BQ * 2 2
i IDll720) + 2M Pl ) < B3 lu” — uQllze(q) + s [u* — uallz20) + cllplz2(q) -
Hence

P22y + 2 1Pl 220,001

2
* 2 5(2 * 2 2 C
< (53) Ju* — UQ||L2(o,t;L2(Q)) + (r) [u® = UQ||L2(0,t;L2(Q)) + ||p0HL2(Q)) e

We deduce that p is bounded in L>(0,¢; L*(Q)) N L2(0,t; H*(Q)).
FEstimate 2. Put £ = 20;p in (3.19), we have

BQ * 2 2
210|720 +)\ HpHL2 ) < B llu™ = gl + < ) e = el + 102l 220

Hence

2 2 2
||atp||L2(O,t;L2(Q)) + ||p(t)||H1(Q) < Hp(O)HHl(Q)

2
* 2 69 * 2
+5é ||U - UQ‘|L2(O¢;L2(Q)) + (7“) ||u - UQHLQ(O,t;LQ(Q)) )
Therefore, p is bounded in L*°(0,¢; H'(2)), and 9;p is bounded in L?(0,¢; L*(9)).

Estimate 3. Rewrite (3.18) in the elliptic form using the Neumann boundary conditions

—alAp = Oyp — Bp — v + Bo(u* — uq) + BaXir—rr(t) (0" — ug),

_ K
(kl + u* 2

since the right-hand side of this equation is in L?*(€2), so using elliptic regularity, we deduce
that p € H?(2), and there is a constant [ such that

1Pl 20y <1 (||P||L2(Q) + [l 2 + ||8tp||L2(Q)) :
Consequently

1P 20,6 m20)) <1 (||PHL2 osz2) 1 2 0.0200)) ||atp||L2(0,t;L2(Q))> :

Existence of solution for the adjoint system. We apply a Galerkin approximation
and for this purpose, we consider a basis {w,},eN of H'(€) that is orthonormal in L*(£2).

Look for the function p, ;(z,t) Z P, i(t)wi(z), p,(0) = py so that pj — po strongly in

L*(Q) and p,(7*) = 0, which satlsfy the following approximate problem:

—/8tpnvdx+a/ Vpn-Vvda::—ﬁfpnvda:

—/ = 2pnvd:c+ﬁQ/ <u —uQ)—l—B—X[T pe (U —u@)vdm
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for all v € V,, = span {w;, ¢ = 1...,n}. In particular, put v = w; in the above equation
toget,Vi,j=1,...,n,

dtzpnz /wZ z) wj(z dx—l—ozZPm /sz - Vwi(z) dz

.
Il

" k
_ —ﬁ;Pn,@-(t)/Qwiwj d:r—l;Pm(t)/QMwiwj dr

+B0 /Q(u* — ug)w; dx + 6;2 /Q Xjr—rr] (8) (0" — ug)w; da.

Consequently, we can write the above equation in the form
— P,(t)' I, + aP,(t)J, = —8P,(t)I, — P,(t) K, + BoUqg + %X[T*_T7T*](t)UQ (3.20)

with the condition P,(7*) = 0, where

k
(In)i,j :/Qwiwj dux, (‘]")i,j :/QVwi~wj dz, (Kn)i,j :/QMwiwj dz,

(Ug); = /Q(u* —ug)wjdr, (Ug); = /Q(u* — uq)wj dx

We rewrite (3.20) as
P'(t) = [f(t, Pa(t))-

It is easy to see that f is Lipschitz with respect to P,, so by Cauchy Lipschitz theorem,
we deduce that (3.20) has unique solution over [0,s), s € (0,7*]. With estimates similar
to the regularity estimates, we can show that this solution is global over [0, 7*], and that
pn is bounded in L?(0, 7%; H?(Q)), so there exists a relabeled subsequence (p,),, so that

pn — p, weakly in L*(0, 7%, H*(2)).

Moreover, p, € C([0,7*], L*(Q)).
Passage to the limit. Let ¢y € C°(0,7*; H'(Q)), we find

By . . .
- Oypnt) da dt Vpn - Vi da dt vt
A A A

. . . (3.21)
+5/OT /Qpnwdxdt—BQ/oT /Q(u*_uczwdxdt—ﬁf/; /QX[T*,T)T*](IS)(u*_ug)wda:dt
— [ [apvdzdtva " [ p-Vodrdrss [ [ poded
+// k,prwxdt—&z /T*/(u*—uQ)l/dedt (3.22)

_7/ /X[T ey (8) (U = ug) da dt.
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In particular, choose 1 so that ¥ (7*) = 0, and integrate (3.21) by parts with respect to
time, we get

/T*/pnf)t?ﬁdxdt—i—oz/T*/ Vpn-V¢dmdt:/pn(O)qﬁ(O)dx—/B/OT*/Qpnquxdt

—/ / e Qpnl/dedt—i—ﬁQ/ /u o)y dz dt

ﬂf /0 /Q Xire e (£) (0 — )t da di.

Passing to the limit, we get
/T /p@twdxdt+a/T /Vp-Vz/Jd:cdt:/pow(O)dx—ﬁ/T /pwdxdt
0 Q
/ / o 2pwd:vdt+5g/ /u o) du dt (3.23)

Ba
iy e (D) = uQ) d dt.
+r /0 /QX[ () (U —ug)Y dr

Similarly, integrating (3.22) with by parts with respect to time, we obtain
/T /p@t¢dxdt+a/T /Vp-V¢dxdt:/p(O)w(O)dx—ﬁ/T /szpdxdt
0

—/ / e prdxdt—IrBQ/ /u—qu/zdxdt

BQ/ /X[T*—TT*]<t>(u _uﬂ)wdmdt

We infer, after subtracting (3.23) and the above equation that

| 200z~ [ pow(0) de =

hence, we have p(0) = py a.e. in L?(Q). O

Simplification of the first-order necessary optimality condition for the control

Let (v*,7*) be a minimizer of the problem with corresponding state variable u* = S(v*),
and adjoint variable p associated to u*. Let w := v —v* € L*(Q) for any v € V,4, and let
U be the linearized state variables associated to w.

~ Proposition

The optimal control v* satisfies the following simplified first-order necessary opti-
mality condition

(DT (v, 7)) (v — v* // (v —2v")dzxdt > 0.
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Proof. The optimal control v* satisfies the following first-order necessary optimality

condition

(DT (v*,77))(v = v*) = (D, J (v, 7°))w = Bg /OT* /Q(u* —ug)Udz dt

—1——/ /(u —uQ)dedt+ﬁv/ /v (v —ov")dxdt > 0.
T T*—1r JQ 0 Q

(3.24)

In order to simplify this condition, put £ = U in (3.19), and integrate over [0, 7*], which

yields
—/T /&pUda:dt—i—oz/T /Vp«VUd:cdt:—B/T /pUd:cdt
0 Q 0 Q 0 Q

T* k T*
_ " S Udxdt / / *_up) U dz dt
I /;(k’+—uﬂ2p vdi+fg j (0 —ue)Uds

S
— TH Tk t * Ud dt,
+7“ o Jo X () (u" — ug)U dx
and put £ = p in (3.13), then integrate over [0, 7*], we find

—/T /@Updxdt—i—oz/T /VU-Vpdxdt
0o Jo 0o Ja

7_* 7_* k 7_*
_ Uddt—/ /7Uddt—//(],t dz dt.
B/o /Q P o Ja (K + u*)? pet T Ja (2, tywp e

Using the fact that p(7*) = 0 and U(0) = 0, we have

—/T /atpdedt:/T /patdedt.
0 Q 0 Q

Substituting, and comparing with (3.25) and (3.26), we get

5[ /pUda:dt—/T /kaUdmdt:—ﬁ/T [ pUdit
K+ u* Q
/ / v+ 2pdedt~|—BQ/ /u —ug)U dx dt

Ba
+= e (B) (U — U dzx dt.

Thus, we have

BQ/ / vt —ug dedt+—/ /X[T o (D — ug)U da dt = 0.

Consequently, upon substituting the above equation into (3 24), we obtain

va(v*,T*)w—BQ/OT /Q(u*—uQ Udmdt—i—— (u* —uq)Udx dt

T Jr*—r JQ

T
—I—Bv/ /v*(v—v*)dmdtZO,
o Ja
T
Bv/ /v*(v—v*)dmdtZO.
o Ja

therefore

(3.25)

(3.26)

O
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¢¢Strong, deeply rooted desire is the starting point of all
achievement. J)

Napoleon Hill

IN this chapter, the effect of inhibition of monocarboxylate transporters on intracellular
and extracellular lactate concentration is investigated using an optimal control problem.
A control term that represents the concentration of the inhibitor is used in an ODE model
that models the lactate kinetics between the cell and the capillary. Finally, some numerical
simulations were performed to confirm the efficiency of the control term for the problem.

Introduction

Tumor cancer cells take up high amounts of glucose to generate sufficient ATP to maintain
cell proliferation and, as a result, produce large amounts of lactate in a process known as
aerobic glycolysis.

To maintain proliferation, highly glycolytic cancer cells prevent intracellular acidification
by exporting lactate to the extracellular space via monocarboxylate transporters (espe-
cially MCT1 and MCT4). This, in turn, leads to acidification of the extracellular PH in
the tumor microenvironment, which indeed promotes metastasis, angiogenesis, and, most
importantly, immunosuppression (see [28] and [7]).

A potential therapeutic target in cancer is therefore MCT1/4 inhibition, as it has been
shown in [7] that cell proliferation is reduced both in vitro and in vivo by pharmaco-
logical or genetic MCT1/4 inhibition. Syronsingopine, an antihypertensive drug, is a
dual MCT1/4 inhibitor that can be used to treat cancer. For more information on ther-
apeutic approaches in lactate metabolism, please see the following and the references

therein. [17,25,30,32,39,54,57,58,72,78].

In this work, we consider the model presented in [46], which describes the lactate kinetics
between a cell and the capillary network in its neighborhood. Here, u represents the
intracellular lactate concentration, v the capillary lactate concentration and e represents
the volume separating the compartments. Lactate cotransport through brain blood is
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taken into account by a simplified version of the equation for carrier-mediated symport.
This nonlinear term depends on the maximum blood-cell transport rate, x, and the mod-
ified Michaelis-Menten positive constant for both the intracellular and capillary lactate
concentrations (k and k', respectively).

Our main goal is to add a control term w at a rate v representing the desired treatment
with syrosingopine, where w = 0 represents no dosing and w = 1 represents full dosing.
Here, we add the control to the term representing the transport of lactate out of the cell
into the capillary employing MCT inhibitor.

Capillary

Figure 4.1 — Lactate transport inhibition from the cell to the capillary

Referring to [47], J; and Jy denote lactate production and diffusion to the neighboring
tissues, respectively, so that J(t,u(t)) = Ji; — Jo. In addition, F(t) = 2CBF, where CBF
is the cerebral blood flow, L is the lactate arterial concentration so that F(t)L represents
the flow of lactate from arteries, F'(t)v, the flow of lactate to the veins.

The dynamics treated in Figure 4.1 is given in the following system, that is, for 7" > 0.
u(t) v(t)

E+ut) K+

u(t) o) |\ .
ktu(t) K+ v(t)) in(0,7),  (42)

(u(0),v(0)) = (uo,v9) € Ry x Ry (4.3)

u'(t) = J(t,u(t)) — K ((1 — yw) ) , in(0,7), (4.1)

e’ (t) = F(t)(L —v(t)) + & ((1 — yw)

And the cost functional to be minimized is given by

Twwr) =3 [(Mw-v)@I di+ o [ - )@ dt+ 5 [ )] (44)
0 rJr—r 2 Jo

Here r is a positive constant, the function v corresponds to the desired evolution capillary

lactate concentration and vy to the desired final capillary lactate concentration. Targeting

lactate transport from the cell to the capillary leads to acidification of the intracellular

domain, which in turn is lethal to the tumor and its proliferation. At the same time, the
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lower the lactate concentration in the capillary, the lower the malignancy of the tumor.
Moreover, a patient undergoes several cycles of treatment, so that each cycle is followed
by a resting period during which the healthy cells can recover, so that 7 is the treatment
time of each cycle and T is the final treatment time. So our main problem is

minimize J associated to (4.1) — (4.3), w € Wyq, 7 € [, T]. (4.5)

In this chapter, we first show the well-posedness of the System (4.1)-(4.3), then, we define
the control-to-state operator S which is continuous, Fréchet differentiable with respect
to the control w. We show the existence of a solution to our Problem (4.5), Fréchet
differentiability of the objective functional with respect to time and control. Then, we
derive a simplified first-order necessary optimality condition. Finally, we support the
result with numerical simulations.

Assumptions

(E) The constants k, L > 0, k, k" > 0,0 <~ < 1, and the function F is positive bounded
continuous function; i.e., there exist two positive constants F; and F3, such that
Fy < F < F5. The function J is Lipschitz with respect to u such that J,, the
derivative of J with repect to u, is bounded.

(F) The control w € W,y := {w € L*(0,T;R,) : 0 <w < 1}..
Notations

e ((+,-)) and [|-|| represent the usual inner product and norm of R, respectively.

e We write A < B, if there exists a constant C' > 0 independent of A and B, such that
A< CB.

Well-posedness

In this section, we investigate the existence of a unique solution of the System (4.1)-(4.3).

~ Definition 4.1
An ODE system 2/(t) = f(t,z(t)) on R", @ = (z1,...,2,)", f = (f1,.- -, fa) is
called quasipositive, if the condition

x>0,z =0 = fi(t,z(t)) >0,

is verified for all k =1,... n.

— Theorem (Existence and uniqueness of solution)

Assume that Assumptions (E) and (F) hold and that (ug,v9) € Ry x Ry. Then,
System (4.1)-(4.3) admits a unique solution (u,v), satisfying

(u7 U) S (Cl([07 T]’ R+)2‘
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Moreover, the control-to-state operator

St Uy — CY[0,T],Ry)?

w o — (u,v),

is continuous.

.

Proof.

e The solution is nonnegative. System (4.1)-(4.3) can be viewed as
u'(t) = f(t,u(t), v(t))

V() = g(t, u(t), v(t)).

For u =0, v > 0, then

t,0,v) =J > 0.
f(t,0,v) TR 2
For v > 0, v = 0, then

g(t,u,O):FLqL/f(l—vw)kiu >

Hence, the system is quasi-positive and so the solution
(u,v) e Ry xRy Vit>0.

e Existence of solution. System (4.1)-(4.3) can be rewritten in the form
X'(t) = F(t, X(1))

X(0) = Xo,

where X (t) = (u(t),v(t)) and F(t,X(t)) = (f(t,u,v),g(t,u,v)). We know that, for
nonnegative u; and us

U1 _ U9 _ Ul(k’+U2) —UQ(k+U1) _ k(ul —UQ)
and, for nonnegative v; and vy
U1 _ V2 o k;'(vl — ?]2)
v K4v (K +v)E +ov)

As well, using Assumption (E), we have

k(ul — UQ) o k,(”Ul — ’UQ)
k+u1)(k+u2) (k/+U1)(k/+U2)

J(tuy) — J(t,ug) — k(1 — yw)(

S Jug — ug| + |v1 — vy
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and
1 k:(ul — Uz) ]’C/(Ul — ’Ug)

€ For=v2) + (1 = yuw) (k+u)(k+uz) (K + o) (K + vg)

S Jug — ug| + |vg — v

We deduce that F is globally Lipschitz with respect to u and v, so System (4.1)-(4.3)
admits a unique solution (u,v) € C'([0, T],R)>.

e Continuous dependence on control. Let w;, wy be two controls in U,y and (uy, v1),
(ug,v2) be their corresponding solutions of System (4.1)-(4.3) with same initial data. Set
U= u; — U, ¥ =101 — Vg, and w = wy — wo, then, we have

=t wm) = It uz) — K <(k T uj?k Ta) ! (114;C (fifﬂlflii) W vlk)/(ka n UQ)) (46)
and
/
W= —Futr ((k + ull;;?k Yus) (llj iw;?)aqﬁu;)ﬁ (K + vlk) (Uk' + v2)> - 47)
Step one. Multiply Equation (4.6) by u in R, we find
() = () = Tt ) = (o) )
(k + up)(k + ug)
k (wiu 4 ugw) kv
_m<<w+umk+ww@>_“<Qw+mxw+wr0>’
Thanks to Cauchy Schwartz inequality, we get
Sl < ) = It ) ]+ i
2 dt (k+u k: + uy
Tk H (k+ u?;l(ll:: + uy) i lull + v H (k + u?)2(12 + us) ‘ Iell w4 G k:' +03) H el
Now using Assumption (E) and Young’s inequality, we have
jt lull® < flell® + [lwl® + [Jo]* - (4.8)

On the other hand, multiplying Equation (4.7) by v in R;, using Assumption (E) and
Young’s inequality, we get

d

ol S Hlull® + ol + o]l (4.9)

Combining Equation (4.8) and Equation (4.9), then integrating over [0, ¢], where ¢ € [0, T,
we get

lu()]? + [Jo(t) /\mj uds+/’uu )2+ llo(s)|?) ds.

So, owing to Gronwall’s inequality, we obtain

2 2 2 c
[u@ " + oI < lwlizepr,) et €[0,7]. (4.10)
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On the other hand, since
2 t 2
lullFeqoesn,y = |, ()] ds
then, using Equation (4.10), we find
t t
LI ds S [ lwlliagm,) eds S ol (4 =1, Vi€ 0.T].  (411)

Similarly, we have
2 2 c
”UHL2(0,t;R+) S Hw“L2(O,t;R+) (e = 1). (4.12)

Step two. Similarly to Step one, multiplying Equation (4.6) and Equation (4.7) by o’
and o', respectively, we get

2
! [* < It wn) = Tt u)| ]| + 5 5 IIUII +cllwl 'l + cl[o]l [l
S llull el + = IIUII + [fwl Il + ol ']
Let § > 0. Applying Young’s inequality, we obtain

(1 =) lu'|]* < Julf? +o HUH + [Jwl|* + [lo]* .
1
Where ¢ > 0 constant independent of §. Choosing § << 1 such that 1 —c¢d = 2 we obtain

HUH < Jull® + o HUH + flwll* + ol (4.13)
By similar way, we obtain

NI S ol + el + o] (4.14)

~dt
Further, integrating (4.13) and (4.14) over [0,], t € [0,T], and using (4.10), we get

2 2 2 2 2
HU,HL2(0HR+) ~ ||U||L2 OtRy) T [u(®)]|” + ||U||L2(o,t;R+) + HwHL2(O,t;R+) S ||w”L2(0,t;R+)

and
el 2 0umsy S N0+l 720w,y + 0l 7202,)
hence
HU/Hi?(O,t;R_,_) S HWH%?(o,t;RJr) :
The proof is thus complete. g

Existence of a minimizer

In this section, we want to prove the existence of optimal control and time; i.e., we will
prove the following result.
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~— Proposition

Let w € W,q and 7 € [r,T], and let (u,v) be the solution of System (4.1)-(4.3)
corresponding to w. Then there exist w, € W,q and 7, € [r, T], such that

inf T, w,7) = T (vy, Wy, o),

(w,7)EWaax[r,T]

where (u., v,) is the solution of (4.1)-(4.3) corresponding to w.

.

Proof. The cost functional J defined by (4.4) is bounded from below, consequently,
we consider a minimizing sequence (wy, Ty )neny With w, € W,q and 7, € [r,T], such
that (v,)nen are the corresponding solutions of (4.1)-(4.3) on the interval [0,7] with
v,(0) = v9,Vn € N, such that where (1, ¢) is the solution of System (4.1)-(4.3) for the
corresponding control w. In particular w, € W,Vn € N. As {7,},en is a bounded
sequence, there exists a relabeled subsequence such that

lim T (v, Wp, ) = inf J(v,w, ),
n—00 (w,7)EWaa X [r,T)

where (u,v) is the solution of (4.1)-(4.3) for the corresponding control w. As {7, }nen is
a bounded sequence, there exists a relabeled subsequence such that

Tn — T € [r,T], asn — oo.
Since w,, € W,4. Then there exists w, € W,4 such that
w, = w, weakly in L*([0,T],R;), asn — oo.

On the other hand, from Theorem 4.2, there exists (u.,v,) € C*([0,T]; R, )? solution of
System (4.1)-(4.3) associated to w,. Further, we have

v, — v, strongly in - L*([0,T];R,), asn — oo.
Moreover, from Lebesgue dominated convergence theorem, we have
Xjo.m](t) = X[o,m (1), strongly in L*(0,7)

and
X[Tn—’l‘,Tn](t) - X[T*—T,T*](t)J strongly in L2(07 T)

It follows from the strong convergence of v, to v, in L*([0,T];R,), that
n 2 r 2
| o = vall*dt = [ v —voll* xioy (112

Clos — voll? ndt= [ . — vol? dt
= lloe = vl xori (D)t = | . = voll

and
™ 2 T 2
L o= vl dt = [ llew = vall X (B2

T T
= [ o = vall X (@)t = [ o = vt
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Finally, passing to the limit in J (v, w,, 7,), and using the lower semi continuity of the
norm of L?*(0,T,R,) along with the weak convergence of w, to w,, we infer

inf J(,w,m) = lm J(vy, Wn, Tn) > T (0s, Wy, Ts),
(0, T)EW a X [r,T] n—oo

which implies that (w.,7,) is a minimizer of (4.5). O

Fréchet differentiability of the control to state operator

The natural approach consists in proving that the control-to-state operator S is Fréchet
differentiable at w, and applying the chain rule to J (v, w) = J(S(v),v). So, let w, € Waq
be an optimal control in (4.5), with corresponding state (u*, v*), and let h € W,q4. In order
to establish the existence of the Fréchet derivative of S at w,, we consider the following
linearized system

u* LU BV
U’:Jut U — —~h 1-— « _ ’ 0,7], (4.15
(t,u”) /4:( Yhe o 7@1})(k+m)2 (k’+v*)2> on [0, 7], (4.15)

i kU KV
Vi=-FV —yhi— 1 -y, - 0.7, (4.16
6 H( e T gy (k;/ﬂ*)z)a on [0,7], (4.16)
U(0) = V(0) = 0. (4.17)

Theorem

Let w* € W,q. Then, System (4.15)-(4.17) admits a unique solution

(U, V) € CH[0,T],R;)>.

Proof. Let (U, Vi), (Ua, Vo) be two solutions of the System (4.15)-(4.17), which can be
written in the form

X'=H(t, X (1)),
where X = (U,V) and H(t,U,V) = (F(t,U,V),G(t,U,V)), we know that

|F(t7 Ul?‘/l) - F(t’ U27 ‘/2)| + |G(t7 Ul)‘/l) - G(t’ U27 ‘/2)|

« k K’
= |Jult, ) (U = Us) — <<1 — Yw,) (k + u*)? - (k' + v )2 (V1 — V2)>’
1 k ]{Zl
"—E F(‘/l - ‘/2) + K ((1 —7w*)(k+u*>2 - (k’+v*)2 (‘/1 - %))‘

< (Wl + 5+ 5) ) 100 = Ul + (w+ Z) Vi = Wi

K
< (I|Ju||oo + (n+ 6)) Uy — Un, Vi — VAl

which yields that H is lipchitz with respect to X, and therefore the System (4.15)-(4.17)
admits a unique solution (U, V) € C'([0,T],R;)? (see [18]). O
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Fréchet Differentiability of control-to-state operator with respect to the control

Let h € W4, set (up, vp) := S(w* + h) and (u, vi) := S(w*) and (U, V) = D,,S(w*)h.

— Theorem

Let (U,V) be the solution of the linearized system (4.15)-(4.17) corresponding to
w*. Then the remainders p and 6 defined by

p=u,—u,—U and 0=uv, —v,—V,
satisfy

9 4
(e, 9)||Loo(o,T;R+)mH1(o,T;R+) sc ”hHLQ(O,T;RH ’

and thus the control-to-state operator is fréchet differentiable.

Proof. The remainders p, and 6, satisfy

Up, U k
p (t,un) — J(t, ) ’i<( 7w><k+uh Et+ue  (F+wu)? >>

U Vs k' ( up, Uy )
_ _ 1% h _
th (k:’—l—vh E+v. (K4 wv,)? T k+u, k-+u.

eQZz—FGh—I—/ﬁ((l—'yw*)( l e k U))

ktu,  k+u. (k4 u)?

. Uh—v*—le—h(uh—u*)
K4+wv, K4+uv. (K +0v,)? 7 k4+wu, k+u)

/

kK 4+

and

Setting f(u) =

and g(v) =

, Taylor with integral remainder gives
k+u

Flun) = F(ue) = f/@)U = fu)p+ (un = e [ G (1= 2u) (1= =) ds
and

9(vn) = g(vs) — g (VIV = g'(v.)0 + (vi — U*)Q/O 9" (zon + (1 = 2)v,) (1 = 2) d.
However, the remainders
Ry = /01 f"(zup+ (1= 2)u,) (1 —2)dz and Rg:= /01 g" (zop + (1 —2)v,) (1 — 2) dz,

are bounded, so that
|Rill, <cr and ||Ro|l < cp,.

Thus, p satisfies
! 2 ! 2
P = Jult,w)pn + (up — w) Ry — K ((1 — Yw.) (f (ue) pr =+ (un, — us) Rl))

15 (g ()0 + (vn — v.)*Re + 7 (f(un) — (1))
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Equivalently, we have

P = Jultw)pr+ (un = w) Ry — i (1= yws) (f () pn + (un — w)°Ry )

(4.18)
+r (QI(U*)Qh + (on = v) Ry + v (f () (up — we)) + (up, — u*)2R1>
and 6 satisfies
et = —F0, + x(1 — yw,) (f’(u*)ph + (up, — u,)? Rl)
—# (g ()0 + (vn — v.)*Ra + vk (f (un) — f(un))).
Which is equivalent to
e, = —FO, + r(1 — yw,) (f’(u*),oh + (up — u,)? Rl)

(4.19)

—# (9 (v:)0n + (on — v.)* Ry + b (' () (wn — ws) + (un = w.)* Ry ) -
We need to prove some estimates.

Estimate 1. Multiplying (4.18) by pj and (4.19) by 6, we find
((ph 1)) = ((Jult, w)pn, pn)) + ((un — us)*Re, pn)) — £(((1 = yw.) ' (us) pn, 1)
—#(((1 = yw.)(un — w)*Ra, pn)) + £((g' (v)0n, pn)) + K(((vn — v.)* Ra, pr))
+He((Yh ' (we) (un — us), pn)) + £((h(un — w)*Ra, pn))
and
(€65, 01)) = —((F0n, 1)) + £(((L = yw.) f () pn, O1))

+(((1 = ywe) (un — w)*Ra, ) — 6((9'(0:)0n, 0)) — £(((vn — v.)* Ra, 0n))

—i((Yhf (w) (un — us), 0n)) — K((yh(un — ) Ry, Or)).

Consequently, after using Assumptions (E) and (F), and Cauchy Schwartz inequality, we
get

d
pr loall* < Nonll® + llun = well* lonll + 164l 1o
(4.20)

2
tellon = vell® llpnll + A1 ln = wall llpnll + |[(wn = w)?|| lonl

and

d 2 2 2 2
e 10u1™ S 101+ llpnlH1OR N + llun = wel™ 1001 + lon — vl [|0] @21)
4.21

1l lun = wall 168 ] + [BCun — )2 1164 -
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Combining (4.20) and (4.21), integrating over [0, ¢], and using Holder’s inequality, we get
lon @I + € 10a O S NonlZa0,m,y + 100 2005, ) + 1081 120 1, 121 20,0,
llun = tall oo my 1 = sl 2o myy (108l 20 my + 100l 202 )

+ v — U*HLOO(O,t;]R+) [on — U*”L2(O,t;R+) (||thL2(O,t;R+) + HehHL2(0,t;R+))
1l 20 ) l1un = wall oo my (I0nll 2oy + 16hll 2.

2
+ HhHL2(0,t;R+) [[un — u*”Loo(o,t;R+) (th||L2(O,t;R+) + Heh”L2(0,t;R+)> :

Consequently, using Young’s inequality, Assumption (F), Equations (4.10), (4.11), and
(4.12), we have

2 2 2 2 4
lon N+ ell0N™ < cllpnllzzom,) + 1001200 + Clllz2(0 1, 22)
22

6 1
+ 1l z204m0) S P20k, ) -

Estimate 2. Multiplying (4.18) by p},, and (4.19) by 6, we find
((Phs Ph)) = (Jult, w)pn, 1)) + (((un = wa)*Ra, ) = £(((1 = yw.) f' () pws )
—#(((1 = yw.)(un — w)*Ru, p1,)) + £((9' (v)0n, £h)) + K(((vn — v.)* Ra, 1))

+r((Yhf (we) (un — ), p)) + w((A(up — u.)?Ri, o))
and

(€65, 05)) = —=((FOn, 03)) + (1 = yw.) f'(w) pn, 0))
+(((1 = yw.)(un — w) Ry, 0;)) — £((g' (v)0n, 01)) — £(((0n — v2)* R, 0}))

—((Vhf" (us) (un = 1), 04)) = 5((vh(un — w)* Ry, 6)).

Then, using Cauchy Schwartz inequality, we get

d

2 2 2 2

ol = = llonll™ 4 10n 1l 1okl + llun = wal ™ [l ]l + llon = oal* [l 3]
4.23

2
1Al s = well o411+ Il Tun = wal [l ol

and

d

2 2 2 2

eNOnl1™ S = 16al™ + Nonll 161l + [l — wel " IOR ] + llvn — vl 1G] w24)
4.24

2
1Al un = vl 1ORI+ 17l un — el ™ (1651 -
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Combining (4.23) and (4.24), and integrating over [0,¢]. In addition to that, using As-
sumption (F) and Young’s inequality, we have

2 2 2 2 2 2

||plh||L2(0,t;R+) te ||9;L||L2(O,t;R+) 5 th(t)HLQ(O,t;R+) + ||9h<t>H + ||‘9h||L2(0,t;R+) + th|lL2(0,t;R+)
2 2 2 2

+ [Jun — U*||Loo(o,t;R+) [[un — U*||L2(o,t;R+) + [lon — U*||L°°(0,t;R+) v — U*||L2(o,t;R+)

2 4
+ ||h||L2(0,t;R+) [|un — “*”Loo otry) T HhHL2 (0,5R ) [|un — “*HLoo(o,t;RJr) :

Further, using Equations (4.22), (4.10), (4.11), and (4.12), we infer

2 2 4
||p,h||L2(0,t;IR+) t+e ||9;L||L2(O,t;R+) S ||h||L2(0,t;R+) )

and hence the result. O

First-Order Necessary Optimality Condition

The purpose of this section is to derive a first-order necessary optimality condition in the
form of a variational inequality for an admissible control to be an optimal control. We
divide this section into two subsections.

Differentiability of the cost functional with respect to time

~ Proposition

Let vg € H'(0,T;R,), vg and v, € H'(—r,T;R,). Then the mapping J : Waq X
[r, T] — R, is continuously Fréchet differentiable with respect to 7 and

1 1 1
Do (wn,r) = 5 Ion () = v+ 3 (Ioa(r) = vl )| = 3 (e = ) = v = D).
In addition, assume that

D, J(ws, ) (s — 1) >0 VselrT].

Proof. For any function f € L'(0, 7, R+) we have the following relation

/TT_Tf(s)ds " s ds+/f

T—T

—/_r )ds + (s)ds+/0Tfs ds

—/ f(s—r)) ds+ Of(s)ds.

-

So, we can rewrite the objective functional as
1 2 1 0 2
I(ww,7) = 3 wlsore, + 5 [ (I =v) @) de

b [ (1w =0 O + (10 = 00) O = ~ 10 =) (¢ = 7)) ) .
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Since the first two terms are independent of time, consequently, they vanish after com-
puting the Fréchet derivative with respect to time. For f € H'(0,T) — L>*(0,T) and
h > 0, so that for 7 € (0,T), 7+ h € (0,T), we find

[ pers — [ie)Pas - P = [ 176)Pds - AP
= [ (156 - 17@)P) ds
= [0 = 1D IS+ 1) ds

T+h

<2 flmon [ £ = £ ds

3
< 2{[fll e 0.y P2 N0 20,1 -
Thus, we obtain
D ([MIr0)Pat) = 1)

So, we deduce that

D, (ws,7) = 5 Jou(72) = wg(r)P+5 ([loe(m) = walm) I = on(rs = 1) = valm = 1))

Simplification of the first-order necessary optimality condition with respect
to time. For vg € H*(0,T;R,), vy and v, € H'(—r,T;R,), we deduce the following
first-order necessary optimality condition with respect to time

D, J(wy,m)(s—7")>0 VserT]

In fact, if 7, € (r,T), then s—7, > 0if s > 7, and s—7, < 0if s < 7, s0 D, J (w,, 1) = 0.
If 7. = r, then s — 7. > 0 and hence D, J(w.,7) > 0, if 7. = T, then s — 7, < 0 and
hence D, J(ws,7.) < 0. The proof is thus complete. O

Differentiability of the cost functional with respect to the control

~— Proposition

Let (w,, T.) be a minimizer of J, h € W,4 so that h = w — w,, and let (U, V) be
a solution of the linearized System (4.1)-(4.3). Then the Fréchet derivative of the
cost functional at (w, 7.) with respect to the control w is given by

Tx

Tx 1 T
Dy J (ws, )b = / (Ve —vg)Vdt + — (Ve —vg)Vdt + / wehdt.  (4.25)
0 0

T Jre—r

Proof. By direct calculations, we get the above Fréchet derivative of the Functional (4.5).
O

To eliminate the term V' from Equation (4.25), we apply the Lagrangian principle. Using
the Lagrangian function, we can formally eliminate the equality constraints given by the
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state System (4.1)-(4.4), for which we define the Lagrangian function with respective
Lagrangian multipliers p and ¢ by

E(u,v,w,p,q):j(v,w)—/OTp(u'—J(t,u)—i—/i((l—fyw)kiu — k’j—v) dt
_/qu<€v/_F(L_U)_R((l_yw)kiu a k:’j—v)) .

~ Proposition

Let (w., 7) be a solution of Problem (4.5), (., v«) be the solution of System (4.1)-
(4.4) associated to wy, and let (p,q) be two multipliers of £. Then the adjoint
system is given by

—p' = Ju(us, t)p — k(1 — yw)mp + k(1 — vw)mq, in [0,7],(4.26)

1 K
—eq' = (v —vg) + ;X[T*,m*](t)(v* —vg) + S

p(1) = q(7) = 0. (4.28)

(p—q) — Fq, in[0,T1],(4.27)

Proof. The adjoint system verifies
Rl = Duﬁ(u*vv*7w*ap7 q)U’ = 0

RZ = Dvﬁ(u*av*aw*apa Q)U = 07

Tx T T k:
R :/ fwdt / ot )pu dt — / 1 —yw)—t
o= s [ e = [ (0= )

ok
k+ U*)2

Tx 1 7
Ro = /0 (U* - UQ)U dt + ;/0 X[T*—’/’,Tﬂ(t> (U* - Ud)” dt

Tx k' Tx T
= —q)dt / "vdt — F/ dt
+f<&/0 k,+v*v(p q) dt + | edv v
[ (= 00) + P (0 = ) 5
g U* — U — TR * U* — K
0 @ TX[ 7] d k' + v,

(p—q)—f-eq'—Fq)vdt.

O
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— Theorem

Let w, be an optimal control, and (u.,v,) = S(w,) be the corresponding states.
Then the adjoint Problem (4.26) has a unique solution

(p.q) € CH([0, 7], Ry)%.

Simplification of the first-order necessary optimality condition for the control

Let (wy, T) be a solution of Problem (4.5) with corresponding state variables (u.,v.) =
S(wy), and adjoint variables p and q related to u, and v, respectively. Let h :=w—w, €
Wha for any w € W4, and (U, V') be the linearized state variables associated to h.

~ Proposition

The optimal control w, satisfies the following simplified first-order necessary opti-
mality condition

ij(w*,T*)h:/T*w*hdtJrn/*’yh (p—q)dt > 0.
0 0

k + u,

Proof. The optimal control w, satisfies the following first-order necessary optimality
condition

(DuJ (w., 7)) (0 = w.) - = (DuJ (ws, 72) )

1 Tx Tx
—/ v, —vg)V dt + — (v*—vd)th+/ wehdt > 0.
0

T Jre—r

To simplify this condition, multiply Equation (4.26) by U and Equation (4.15) by p and
integrate over [0, 7,], which after taking advantage of the fact that p(7.) = ¢(7.) = 0 and
U(0) =V(0) =0, gives

k
_ / S OpU dt — / | ) (p—VUdt=0  (4.29
/pUdt—l—/ (U, 1) /-@0( vw)(k+u*)2(p q) (4.29)
and
/T*pU/dt— /T* Ju(u,, )Up dt
0 0
Tx u* k k/
—~h 1 — ~w, U— V] pdt=0.
+’f/o ( v k:—l—u*+( 7w)(k+u*)2 (k' + v,)?2 >p

Adding (4.29) and the above equation, we find

1 — ) — U dt = / h V) pdt. 4.30
K/o ( Vw)(k—l—u*)Qq " o <7 k:+u* (/’{:’—l—v*)2 )p (4.30)
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Similarly, multiplying Equation (4.27) by V and Equation (4.16) by ¢ and integrating
over [0, 7.], we obtain

T T T k’
_ V’dt—/ FqV dt — / )WV dt
6/0 q | Fq s k,+v*(q P)

(4.31)
—1—/0 (ve —vg)V dt +/O Xirs—r],r () (V4 — vg)V dt = 0
and
6/*qV’dt+/*Fqut+/</*’yh Y gdt
0 0 0 k + u,
T k K’
— 1 — yw, U— V] qdt =0.
<, <( ") T T ) )q
Adding (4.31) and the above equation, we infer
T k’ T* T
/{/0 [ Vpdt —I—/O (Ve —vg)V dt +/0 Xire—rr] (U« — vg)V dt
+/T*hu dt /T*(l " Ugdt—0
K — K — YWy ) =0.
o Mkt o & T a1
Substituting (4.30) into the above equation, we find
T — Vit [ X (v — )V dt = / h —q)dt.
/O(U Q) | Xir=rin) (0 = va) K 7k+ (»—a)
Consequently, the simplified first-order necessary optimality condition is given by
D,J (w., T)h / w*hdtJrKJ/ 7h (p—q)dt > 0.
O

Numerical Simulations

As aforementioned, high concentrations of lactate lead to over-acidification of the in-
tracellular milieu that is lethal for the cell, this is prevented by the cotransport of both
protons and lactate from the cells by MCTs. Moreover, acidification of the extracellular
domain promotes tumor malignancy and metastasis. Therefore, targeting MCTs leads
to lactate accumulation in the intracellular domain, which induces apoptosis or inhibits
lactate uptake by aerobic cells, reducing tumor angiogenesis, metastasis, the deleterious
effects of extracellular lactate on immune cells, and invasion (see [70]).

Thus, in this section, the effect of adding the control term, which represents the concen-
tration of the therapeutic drug given at a certain rate, on the intracellular and capillary
lactate concentrations is shown through some numerical simulations. For this purpose, we
leverage from the parameters proposed in [46], then, we proceed by assuming two cases.
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Numerical simulations with F' and J constants. We assume that F' and J are
constants, then, we consider the parameters in Table 4.1:

Parameter K k k' L J F €

value 0.01 3.5 | 35 | 03 | 0.0057 |0.0272 | 0.1

Unit mMs ™ | mM | mM | mM | mMs—t | s | g7t

Table 4.1 — Parameters values.

When the control is zero, we get the same results as in [46], however, in Figure 4.2a, we
can observe that the intracellular lactate concentration increases when the control value
is close to 1 until it reaches a constant value. Simultaneously, in Figure 4.2b, the cap-
illary lactate concentration decreases until it reaches a constant value, which illustrates
the mode of action of the control (syronsigopine) on both intracellular and extracellular
lactate concentration in this case.

70 T T T T T T T 1

— w0 =
Jw=0.25 =0
1 yw=0.5 0.9 wwig-fo 1
80 | — su-075 ;;;0:35
5 Aw=0.85 - A w=0.85
= Jw=0.95 S08 w095 1
=507 Jw=1 ® R
@ ] —_—u=1
g 8 07
c 3 o.
840r s
fo) o
IS 206
© k]
8ol g
5 =05
2 8
820t T
g S04
£ ]
10F 03
0 S R S S 02 S R S S S S
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
time time
(a) Intracellular lactate concentration (b) Extracellular lactate concentration

Figure 4.2 — Intracellular and capillary lactate concentrations for several values of yw

Numerical simulations with non-constant F' and J. We assume that it is biolog-
ically relevant to take a function .J that does not depend on ¢ since it is to be expected
that a cell controls its lactate concentration by the amount, but not by the duration
of the experiment. Moreover, we expect a cell to import more lactate when its lactate
concentration is low. Thus, we consider the function J (see [46]) as follows

R, — R,
J
Cy

T — Gy—Lj+ ,
Tr+ey

which contains a creation term, a consumption term, and an import term. This function,
J, is a bounded and Lipschitz continuous function. Moreover, we follow [4] and define the
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function

R, — R,

F0(1+ozf) if HNEN/(N—l)tf+ti<t<Ntf,

Ey if not.

The parameters of these functions are given in Table 4.2:

Parameter | Fy ofp |t | ty Cy €J Gy Ly
value 0.012 | 0.5 | 50 | 100 | 5.7 x 10~° | 0.01 0.02 0.01
Unit s71 1 | s s mM?2s7! | mM | mM2.s™! | mM2.s7!

Table 4.2 — Parameters for F' and J.

We also consider the parameters given in [5] and [50]. In that case, (ug,v9) = (1.15,1)
and the parameters’ values are given in Table 4.3:

Parameter K k 4 L €
value 0.01 3.5 3.5 0.3 0.001
Unit mM.s™! | mM | mM | mM. | s7!

Table 4.3 — Parameters values.

The Functions F' and J are given in Figure 4.3:

><1O'3
R e W e e B e B B B e B e e 6
0.017¢ 5|
=
20016} PN
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(a) F is a periodic function (b) J is a monotone decreasing function
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CHAPTER 4. ON AN OPTIMAL CONTROL PROBLEM DESCRIBING LACTATE TRANSPORT INHIBITION
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Figure 4.3 — Intracellular and capillary lactate concentrations for several values of yw when F' and J are non-
constants

Also, if we assume that the control is zero, then, we have the same results as those obtained
in [46]. Moreover, in Figure 4.3¢ with an increasing value of yw, we can observe that
the lactate concentration increases with time, simultaneously, the extracellular lactate
concentration decreases with time and emerges in a sinusoidal form as shown in Figure

4.3d.
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¢¢Do the best you can until you know better. Then when you know
better, do better. )

Maya Angelou

THE objective of this thesis was to investigate three optimal control problems that
describe glioma therapy directly, and at the level of metabolism. First, we showed
in Chapter 2 the well-posedness of a state system that couples an Allen-Cahn equation
modeling the tumor growth in the presence of a cytotoxic drug as a control term with
a reaction-diffusion equation. This allowed us to define the control-to-state operator,
which we proved to be continuous on a suitable topology. Next, we proved the existence
of a minimizer (u*,7*) using the lower semicontinuity of the L?-norm, then, we proved
the existence of a unique Fréchet derivative through a linearized system at u* for any
w € L*(Q). Moreover, the control-to-state operator is Fréchet differentiable. On the
other hand, we have proved that the cost functional is Fréchet differentiable for both
time and control. Consequently, we have shown the existence of regular multipliers by
employing an adjoint system. At the end of Chapter 2, we simplified the first-order
necessary optimality condition.

In Chapter 3, we first modeled our optimal control problem, for this purpose, we
considered the PDE model in [62] and added a biologically relevant control term with a
given rate and set an objective functional to be minimized, which is the usual functional
in optimal control theory (see [73]). Then, we studied the well-posedness of the state
system, which allowed us to define the control-to-state operator. Consequently, we have

j(u,v) = \7(5(”)7'[})7

Moreover, we established the existence of a minimizer for 7, the existence of Fréchet
derivative of the control-to-state operator S by means of the existence and uniqueness of
solution for a linearized system at v*. As well, we showed that S is Fréchet differentiable
with respect to the control. Regarding the functional J, we have shown that this func-
tional is Fréchet differentiable with respect to time and control, moreover, to reduce the
first-order necessary optimality condition, we have considered an adjoint system, shown
that this system is well-posed, and derived the simplified first-order necessary optimality



Conclusion and open Problem

condition.

Finally, in Chapter 4, we considered the ODE model provided in [46], but added the
control term to inhibit lactate transport to the capillaries and thus acidify the intracellu-
lar domain, contributing to tumor regression.

Then, we set up an objective functional equivalent to the conventional functional used in
optimal control theory. In this chapter, we first showed that the system is quasi-positive,
and therefore we have a non-negative solution starting from non-negative initial data,
then, we used Cauchy-Lipschitz theory to show the existence of a solution for our ODE
system, and then we defined the control-to- state operator S. In addition, we demon-
strated the existence of a minimizer, then the existence of the Fréchet derivative of the
operator S using a linearized system of our ODE-model at the minimizer w*. Since the
unique Fréchet derivative exists, we have then shown the Fréchet differentiability of the
operator S. Moreover, the objective functional is Fréchet differentiable with respect to
time and control, respectively. Since this is a constrained problem, the existence of regular
multipliers was proved by means of an adjoint system. Then, the simplified first-order nec-
essary optimality condition was demonstrated. Finally, to verify our results, we performed
some numerical simulations by considering two cases where, in one case the functions F
and J are constant in the model, and in the other case J is a monotonically decreasing
function and F' is a periodic function. The results are shown in Figures 4.2a-4.2b and
Figures 4.3c-4.3d, respectively.

As we mentioned earlier in this chapter, cancer cells transport excess lactate into the
capillaries to maintain their proliferation and malignancy, in addition to resistance to
therapy. In this way, we consider in Chapter 4 the ODE model provided in [46] and
searched for a biologically relevant control whose main purpose is to inhibit lactate trans-
port into the capillaries, thus acidifying the intracellular domain, which contributes to
tumor regression. The main goal here is to choose the control, which is the concentration
of the inhibitor, and the treatment time so that the capillary lactate concentration is the
best approximation of the desired concentration during and at the end of treatment.

To this end, we set up an objective functional, 7, equivalent to the conventional func-
tional used in optimal control theory, such that we seek some (w., 7) that minimizes J.
In this chapter, we first showed that the state system is quasi-positive, and hence we have
a non-negative solution starting from non-negative initial data. Furthermore, we have
used the Cauchy-Lipschitz theory to show the existence and uniqueness of a solution to
our ODE system, so we have defined the control-to-state operator S. Moreover, we have
shown the existence of a minimizer of J and then proved the existence of the Fréchet
derivative of the operator S with respect to the control using a linearized system of our
ODE-model at w*. Since the unique Fréchet derivative exists, we have then shown the
Fréchet differentiability of the operator S. Moreover, the objective functional is Fréchet
differentiable with respect to time and control, respectively. Since this is a constrained
problem, the existence of regular multipliers was proved by means of an adjoint system.
Consequently, the simplified first-order necessary optimality condition was demonstrated.
Finally, to verify the efficiency of our control, we performed some numerical simulations
by considering two cases: In one case, the functions F' and J are assumed to be constants
in the model, and in the other case J is a monotonically decreasing function and F' is
a periodic function. The results are shown in Figures 4.2a-4.2b and Figures 4.3c-4.3d
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Conclusion and open Problem

respectively.

Therapeutic strategies of various cancers using the theory of optimal control are very in-
teresting, starting from the behavior of the cell, what affects its proliferation, malignancy,
and metastasis, in other words, knowing the key helps in deciphering the puzzle.

As open problems, we can emerge from the ones we have studied. For example, in Prob-
lem (4.1)-(4.3), we can also target lactate production, leading to two controls, moreover,
we can also consider the spatial diffusion of lactate by a reaction-diffusion equation.

As well, Problem (3.1)-(3.3) may also model lactate transport inhibition by changing the
position of the control in the equation.

Although this science is vast, and perhaps, sometimes require more complex models to
target cancer, but a little is still better than nothing, and as we aforesaid, mathematical
modeling is a major player in helping clinicians and physicians fight cancer. For this,
we can recite Cohen’s adage which says:"Mathematics’ is Biology’s next microscope; only
better. Biology is mathematics’ next Physics; only better."
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Cahn; métabolisme altéré; traitement du gliome; lactate
déshydrogénase; équation de réaction-diffusion; conditions
d’optimalité nécessaires de premier ordre.

Résumé: Cette these aborde différentes approches
thérapeutiques pour les gliomes, soit directement, soit au
niveau du métabolisme en utilisant la théorie du contréle
optimal. En effet, nous considérons tout d’abord un sys-
téme couplant une équation d’Allen-Cahn modélisant la
croissance tumorale, avec une équation d’évolution pour
la dynamique des nutriments. Le traitement des gliomes
est considéré en termes de controle qui représente la con-
centration du médicament cytotoxique & un taux donné.
Notre objectif dans cette partie est de choisir le controle
et le temps de traitement de telle sorte que la croissance
tumorale correspondante et sa distribution finale soient
la meilleure approximation possible des valeurs désirées.
Notre premiere étape est donc consacrée a 1I’étude du carac-
tére bien posé de notre systéeme d’état, ce qui nous permet
de définir 'opérateur controle-état qui est continu. En-
suite, nous montrons l'existence d’un minimiseur de notre
fonction de colt, ol notre opérateur controle-état est dif-
férentiable au sens de Fréchet. Ensuite, notre fonction-
nelle de cotit est également différentiable au sens de Fréchet
par rapport au temps et au controle. Enfin, pour simpli-
fier la condition d’optimalité nécessaire du premier ordre,
nous considérons un systéme adjoint utilisant le principe de
Lagrange pour lequel ce systéme a une solution réguliere.
D’autre part, nous savons que la progression et la ma-
lignité des gliomes sont liées au métabolisme, en partic-
ulier au déchet de glycolyse et de lactate. Ainsi, nous
soulignons d’abord le fait que plus le gliome produit de
lactate, plus il transporte l’excés dans le capillaire pour
soutenir la prolifération, les métastases et la malignité. Par
conséquent, nous considérons 1’équation d’état comme un
probléme parabolique modélisant la dynamique du lactate
intracellulaire.

Notre premier défi consiste & ajouter un contréle biologique-
ment pertinent qui agit comme une concentration d’un cer-
tain médicament pour inhiber la production de lactate.
Puisque la dose de médicament et le temps ne doivent pas
dépasser ou descendre en dessous d’un certain seuil dans le
traitement du cancer, nous essayons de choisir le meilleur
controle au moment le plus opportun afin que la concen-
tration de lactate intracellulaire correspondante soit aussi
proche que possible de notre évolution souhaitée et de la
distribution finale du lactate. Cependant, comme nous
Pavons dit plus haut, la cellule retire ’exces de lactate en
le transportant a travers la membrane plasmique de la cel-
lule dans le capillaire pour maintenir sa prolifération. Ceci
nous a inspiré a cibler le transport du lactate en utilisant
un inhibiteur de MCTs qui agit comme un terme de con-
tréle dans un systéme couplé de type EDO qui modélise
la dynamique du lactate dans les domaines intracellulaire
et capillaire. Nous abordons la question de savoir com-
bien de temps un patient doit étre traité et quelle est la
dose optimale de médicament pour atteindre la concentra-
tion de lactate capillaire souhaitée. Pour atteindre notre
objectif, nous considérons un probléme de minimisation
avec une fonction de coit conventionnelle associée au sys-
téeme d’EDO susmentionné. Tout d’abord, nous montrons
I’existence d’une solution réguliére unique et non négative
de notre systéeme EDO, puis nous définissons l'opérateur
controle-état et montrons qu’il est continu sur la topolo-
gie correspondante. Puis, nous montrons l'existence d’une
solution & notre probléme de minimisation sous des con-
traintes données. Nous étudions ensuite 'existence d’une
dérivée unique de lopérateur controle-état et sa différen-
tiabilité de Fréchet. Nous montrons ensuite la différentia-
bilité de Fréchet de la fonctionnelle de cout par rapport
au temps et au contréle. De plus, nous définissons le sys-
téme adjoint par le principe de Lagrange, nous simplifions
la condition d’optimalité nécessaire au premier ordre, et en-
fin, nous mettons en évidence le choix du terme de controle
par des simulations numériques.

Keywords. Tumor growth; Allen-Cahn model; Altered
metabolism; glioma treatment; lactate dehydrogenase;
reaction-diffusion equation; first-order necessary optimal-
ity conditions.

Abstract: This thesis addresses different therapeutic ap-
proaches for gliomas, either directly or at the level of
metabolism using optimal control theory. Indeed, we first
consider an Allen-Cahn equation modeling tumor growth,
and since the structure of the model can change in the pres-
ence of nutrients, it is then coupled with an evolution equa-
tion for nutrient dynamics. In addition, the treatment of
gliomas is considered in terms of control that represents the
concentration of the cytotoxic drug at a given rate. Our
goal in this part is to choose the control and the treatment
time such that the corresponding tumor growth and its fi-
nal distribution are the best possible approximation to the
desired values. Our first step is thus devoted to the study
of the well-posedness of our state system, which allows us
to define the control-to-state operator that is continuous.
Then, we show the existence of a minimizer of our cost
functional, where our control-to-state operator is Fréchet
differentiable. Next, our cost functional is also Fréchet dif-
ferentiable with respect to time and control; finally, to sim-
plify the first-order necessary optimality condition, we con-
sider an adjoint system using Lagrange’s principle for which
this system has a regular solution. On the other hand, we
know that the progression and malignancy of gliomas are
related to metabolism, in particular to the waste product of
glycolysis, lactate. Thus, we first emphasize the fact that
the more lactate the glioma produces, the more it trans-
ports the excess into the capillary to sustain proliferation,
metastasis, and malignancy.

Therefore, we consider the state equation as a parabolic
problem modeling intracellular lactate dynamics. Our first
challenge is to add a biologically relevant control that acts
as a concentration of a certain drug to inhibit lactate pro-
duction. Since the drug dose and time must not exceed or
fall below a certain threshold in cancer treatment, we try
to choose the best control at the most convenient time so
that the corresponding intracellular lactate concentration
is as close as possible to our desired evolution and final dis-
tribution of lactate. However, as aforesaid, the cell with-
draws excess lactate by transporting it across the plasma
cell membrane into the capillary to maintain its prolifera-
tion. This has inspired us to target lactate transport using
an MCTs inhibitor that acts as a control term in a coupled
ODE system that models lactate dynamics in both the in-
tracellular and capillary domains. We address the question
of how long a patient needs to be treated and what is the
optimal drug dose to achieve the desired capillary lactate
concentration. To attain our goal, we consider a minimiza-
tion problem with a conventional cost functional associated
with the ODE system aforementioned. First, we show the
existence of a unique regular non-negative solution of our
ODE system, then we define the control-to-state operator
and show that it is continuous on the corresponding topol-
ogy. Next, we show the existence of a solution to our min-
imization problem under given constraints. Then we study
the existence of a unique derivative of the control-to-state
operator and its Fréchet differentiability. We then show the
Fréchet differentiability of the cost functional with respect
to time and control. Moreover, we define the adjoint system
by Lagrange’s principle, simplify the first-order necessary
optimality condition, and finally, we emphasize the choice
of the control term with numerical simulations.
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