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Résumé

L’objectif principal de cette thèse est d’étudier l’évolution, en temps long et pour une grande
taille de population, des modèles de Moran multi-alléliques, qui sont des processus de Markov
à temps continu et à espace discret, inspirés de modèles mathématiques pour la biologie. Nous
nous intéressons à l’étude, entre autres aspects, de la relation entre le processus de Moran,
compris comme un système de particules en interaction, et la théorie des distributions quasi-
stationnaires. Plus précisément, nous exhibons des phénomènes de propagation du chaos lorsque
la taille de la population est grande, et nous établissons des contrôles quantitatifs de la con-
vergence en temps long vers l’équilibre. Les principaux résultats sont divisés en trois chapitres.
Dans le premier chapitre, nous montrons que la mesure de probabilité empirique induite par le
système de particules converge, lorsque la taille de la population est grande, vers la loi d’une
chaîne de Markov absorbante conditionnée à ne pas être absorbée. De plus, nous établissons
un contrôle de cette convergence, en prouvant une propagation du chaos uniforme en temps.
Nous prouvons également la normalité asymptotique du biais et nous fournissons une expres-
sion explicite pour la variance asymptotique, utilisée ensuite pour définir un autre système de
particules avec une erreur quadratique plus petite. Dans le deuxième chapitre, nous considérons
un modèle plus simple où l’espace d’état est fini et le taux de mortalité est uniforme. Dans ce
contexte, nous trouvons une expression explicite pour le spectre du générateur du système de
particules en termes de spectre de la matrice des taux de mutation. De plus, nous étudions
l’ergodicité du processus et, pour un schéma particulier de mutation, mutation indépendante
des parents, nous sommes en mesure de prouver l’existence de phénomènes de cutoff pour les
distances de variation totale et chi-deux. Le troisième chapitre est consacré à l’étude d’un cas
particulier, où le processus de mutation correspond à une marche aléatoire asymétrique sur le
graphe cyclique. Nous montrons que ce modèle possède une solvabilité remarquable, malgré le
fait qu’il soit non-réversible avec une distribution invariante non-explicite.

Mots clés : Processus de Moran multi-allélique ; systèmes de particules de type Fleming-
Viot ; distribution quasi-stationnaire ; propagation du chaos ; ergodicité ; phénomène de cutoff
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Abstract

The main goal of this thesis is to study the evolution of a multi-allelic Moran model, which
is a continuous-time discrete state Markov process, inspired by biological applications. We
study, among many other aspects, the relation between the Moran process, understood as an
interacting particle system, and the theory of quasi-stationary distributions. More precisely, we
prove the existence of a propagation of chaos phenomenon when the population size is large,
and we study the quantitative control for the long time convergence to stationarity by spectral
arguments. The main results are divided in three chapters. In the first chapter we show that
the empirical probability measure induced by the particle system converges, when the number
of particles goes to infinity, to the law of an absorbing Markov process conditioned to non-
absorption. Furthermore, we establish a control on this convergence, by proving a uniform in
time propagation of chaos. We also prove the asymptotic normality of the bias and we provide
an explicit expression for the asymptotic variance, which is later used to define another particle
system with smaller quadratic error. In the second chapter, we consider a simpler model where
the state space is finite and the killing rate is uniform. In this context we find an explicit
expression for the spectrum of the particle system generator in terms of the spectrum of the
mutation rate matrix. Moreover, we study the ergodicity of the process and, for a particular
mutation scheme, which is the parent independent mutation, we are able to prove the existence
of cutoff phenomena in the total variation and chi-square distances. The third chapter is devoted
to the study of a particular case, where the mutation process is driven by an asymmetric random
walk on the cycle graph. We show that this model has a remarkable exact solvability, despite
the fact that it is non-reversible with non-explicit invariant distribution.

Keywords: multi-allelic Moran process; Fleming – Viot particle system; quasi-stationary
distribution; propagation of chaos; ergodicity; cutoff phenomenon.
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Introduction (version française)

Cette thèse est basée sur l’étude d’un système markovien de particules en interaction, à temps
continu et à espace discret, modélisant l’évolution d’une population de N individus de différents
types donnés par les éléments d’un ensemble discret E. En bref, chaque individu change de
type selon un processus de mutation markovien, indépendamment des autres. L’interaction
se produit lors des événements de reproduction où un individu meurt et un autre choisi au
hasard, possiblement le même, est dupliqué. Ce type de reproduction est de type Moran et
nous appelons ce processus modèle de Moran multi-allélique [Dur08; EG09].

Deux quantités asymptotiques d’intérêt apparaissent dans l’étude de ces processus : la
distribution stationnaire du processus de particules (la distribution limite lorsque le temps tend
vers l’infini) et la distribution empirique limite induite par le processus de particules dans E
(la limite lorsque le nombre de particules tend vers l’infini). L’existence de ces limites et les
vitesses de convergence sont d’un grand intérêt pour des raisons théoriques et pratiques. Cette
thèse est centrée sur l’étude des vitesses de ces convergences décrites précédemment.

Nous présentons d’abord le modèle de Moran multi-allélique et décrivons plus explicitement
les limites qui retiendront notre attention dans la suite de l’exposé. Nous décrivons ensuite les
motivations et les problèmes auxquels cette thèse s’adresse. Enfin, nous résumons les principaux
résultats de la thèse, qui sont présentés et démontrés en détail dans les chapitres suivants.

Le modèle de Moran multi-allélique
Considérons E un espace d’état discret. L’espace d’état du modèle de Moran multi-allélique est
le N simplexe discret

EN :=

{
η : E → N

∣∣∣
∑

x∈E

η(x) = N

}
,

La distribution empirique induite par η ∈ EN est définie par

m(η) =
∑

x∈E

η(x)

N
δx ∈ M1(E),

où M1(E) est l’ensemble des mesures de probabilité sur E.
Soit Q le générateur d’une chaîne de Markov irréductible sur E, non-explosive à temps

continu. Considérons les taux Vµ(x, y) ≥ 0, pour tout x 6= y ∈ E et µ ∈ M1(E).
Le processus de Moran multi-allélique est une chaînes de Markov à temps continu sur EN . Le

processus est dans l’état η ∈ EN s’il existe η(x) ∈ {0, 1 . . . , N} individus avec le type allélique x,
pour chaque x ∈ E. Entre deux événements de reproduction, les N individus évoluent comme
des copies indépendantes du processus de mutation généré par Q = (Qx,y)x,y∈E . Dans ce sens,
nous appelons Qx,y, pour x, y ∈ E, les taux de mutation.

Les événements de reproduction consistent en la mort d’un individu de type x, qui est alors
retiré de la population, et en la reproduction d’un individu de type y, qui ajoute un individu y

1



à la population. Cela se produit avec le taux η(y)/N · Vm(η)(x, y). Par conséquent, le taux de
transition de η ∈ EN , avec η(x) > 0, à η − ex + ey est

η(x)

(
Qx,y +

η(y)

N
Vm(η)(x, y)

)
,

pour tout x 6= y ∈ E, où η − ex + ey est l’élément de l’ensemble EN définie comme suit

(
η − ex + ey

)
(z) =





η(z) if z /∈ {x, y},
η(x) − 1 if z = x,
η(y) + 1 if z = y.

Par conséquent, le modèle de Moran décrit précédemment est une famille de chaînes de Markov
à temps continu sur EN , avec générateurs QN , qui agissent sur toute fonction f sur EN comme
suit

(QNf
)
(η) =

∑

x,y∈E

η(x)

(
Qx,y +

η(y)

N
Vm(η)(x, y)

)
[f(η − ex + ey) − f(η)], (1)

pour tout η ∈ EN .
Nous détaillerons plus loin des exemples particuliers mais, pour l’instant, voyons que lorsque

Vm(η)(x, y) est constant, chaque individu meurt au même taux et le parent est choisi uniformé-
ment au hasard parmi les individus présents dans la population (ceci explique le terme η(y)/N
dans le taux de transition). On peut aussi interpréter ce taux par le point de vue opposé :
chaque individu se reproduit à un taux constant et l’individu mourant est choisi uniformément
au hasard. Ceci est souvent appelé sélection neutre dans la littérature écologique, mais nos
modèles permettent de choisir divers Vm(η)(x, y) non constants. Dans ce sens, nous appelons les
taux Vµ(x, y), pour tout x, y ∈ E et µ ∈ M1(E), les taux de sélection.

Notez que la dynamique de reproduction dépend en général à la fois des types du parent et du
descendant, et peut également dépendre de la distribution empirique induite par la configuration
de la population à l’instant en cours, dans un sens que nous préciserons ultérieurement dans les
Hypothèses (G1) et (C1).

La distribution empirique induite par le processus de particules au temps t est donnée par
m
(
η

(N)
t

)
. Le but de ce travail de thèse est de comprendre les limites et les vitesses de convergence

de m
(
η

(N)
t

)
lorsque t → ∞ et N → ∞.

Dans toute la thèse, la condition suivante est supposée :

‖V ‖ := sup
µ∈M1(E)

sup
x,y∈E

Vµ(x, y) < ∞.

Notons que la condition de non-explosion sur Q et la condition de borne sur ‖V ‖ excluent
la possibilité d’un nombre infini de sauts en temps fini. Ainsi, le processus est bien défini pour
tout t ≥ 0.

Le modèle de Moran multi-allélique généré par QN est une extension, pour K > 2, du
modèle bi-allélique étudié par [Cor17]. En général, lors de la généralisation du modèle de
Moran pour plus de deux types alléliques, les taux de sélection étudiés dépendent que du
type du descendant, c’est-à-dire Vµ(x, y) = V b(y), pour tous les x, y ∈ E et µ ∈ M1(E),
taux appelé sélection à la naissance ou sélection sur la fertilité2 [Dur08; MW09; Eth11]. En
outre, dans les applications biologiques, le modèle avec sélection à la mort ou sélection à la
viabilité3 a également été considéré, lorsque les taux de sélection ne dépendent que du type

2Selection at birth ou fecundity selection en anglais.
3Selection at death ou viability selection en anglais.
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du parent, c’est-à-dire, Vµ(x, y) = V d(x) [MW09], pour tous les x, y ∈ E et µ ∈ M1(E).
Cependant, l’importance de ce dernier modèle va au-delà de ses interprétations biologiques : ce
processus est également appelé processus de particules de Fleming – Viot, processus de particules
en interaction permettant d’approcher la distribution quasi-stationnaire d’une chaîne de Markov
absorbante. Nous discuterons ultérieurement la relation entre le modèle de Moran considéré
ici, les semigroupes de Feynman – Kac, la théorie des distributions quasi-stationnaires et les
processus de particules de Fleming – Viot.

Nous avons que QN = Qmut
N + Qsel

N , où ces générateurs agissent sur chaque f ∈ Bd(EN )
comme suit :

(Qmut
N f)(η) =

∑

x,y∈E

η(x)Qx,y[f(η − ex + ey) − f(η)],

(Qsel
N f)(η) =

∑

x,y∈E

η(x)
η(y)

N
Vm(η)(x, y)[f(η − ex + ey) − f(η)],

pour tout η ∈ EN , où Bb(EN ) dénote l’ensemble des fonctions réelles bornées sur EN . Notons que
l’irréductibilité de Q implique l’irréductibilité de QN . Le générateur Qmut

N pilote le mouvement
indépendant de N particules selon le taux de mutation Q. Par ailleurs, Qsel

N génère une chaîne
de Markov absorbante sur EN . En effet, une fois qu’un site y ∈ E est vide (le processus est
dans un état η tel que η(y) = 0) aucune particule ne peut sauter en y. Ainsi, les états ηx tels
que ηx(x) = N , pour x ∈ E, sont absorbants pour le processus généré par Qsel

N .
Essayons d’avoir une idée plus claire de la limite de la mesure empirique induite par ce

processus de particules lorsque le nombre de particules tend vers l’infini. Par l’équation de Kol-
mogorov, nous savons que ∂tEη[mx(ηt)] = Eη

[(QN mx
)
(ηt)

]
, où mx représente la distribution

empirique induite par η au point x ∈ E, c’est-à-dire, mx : η 7→ η(x)/N. Or,
(Qmut

N mx
)
(η) =

∑

y∈E

Qy,xmy(η),

pour tous x ∈ E and η ∈ EN . D’un autre côté,
(Qsel

N mx
)
(η) = −mx(η)

∑

y∈E

my(η)[Vm(η)(x, y) − Vm(η)(y, x)].

Enfin, nous obtenons

∂tEη[mx(ηt)] =
∑

y∈E

Qy,xEη[my(ηt)] −
∑

y∈E

[Vm(η)(x, y) − Vm(η)(y, x)]Eη[mx(ηt)my(ηt)].

Lorsque le nombre d’individus N → ∞, nous nous attendons à ce que le processus présente un
phénomène de propagation du chaos :

|Eη[mx(ηt)my(ηt)] − Eη[mx(ηt)]Eη[my(ηt)]| −−−−→
N→∞

0.

Autrement dit, les positions des particules deviennent asymptotiquement indépendantes. De
cette manière, la distribution empirique induite par le processus approche la solution de l’équation
différentielle ordinaire non linéaire suivante :

∂tγt(x) =
∑

y∈E

Qy,xγt(y) −
∑

y∈E

[Vγt(x, y) − Vγt(y, x)]γt(x)γt(y), (2)

pour tout x ∈ E.

3



Précisons maintenant la dépendance des taux de sélection par rapport à la distribution
empirique induite par les particules. Supposons que les taux de sélection permettent la décom-
position suivante

Vµ(x, y) = V d
µ (x) + V b

µ (y) + V s
µ(x, y), (3)

où µ 7→ V d
µ et µ 7→ V b

µ sont des applications continues bornées de (M1(E), ‖ · ‖TV) sur
(B+(E), ‖ · ‖), et µ 7→ V s

µ est une autre application continue bornée de (M1(E), ‖ · ‖TV) sur
(B+(E × E), ‖ · ‖). De plus, V s

µ est symétrique dans E × E, pour chaque µ ∈ M1(E). Nous
supposons également qu’il existe une fonction Λ ∈ Bb(E), tel que

Λ = V b
µ − V d

µ .

Ainsi, (2) se réduit comme suit : pour toute fonction ϕ sur E nous avons

∂tγt(ϕ) = γt

(
(Q+ Λ)ϕ− γt(Λ) · ϕ

)
. (4)

En effet, notons que
∑

y∈E

ϕ(x)[Vγ(x, y) − Vγ(y, x)]γ(x)γ(y) = γ
(
Qϕ
)

+ γ
(
V d

γ

)
γ(ϕ) − γ

(
V d

γ ϕ
)

+ γ
(
V b

γ ϕ
)− γ

(
V b

γ

)
γ(ϕ)

= γ
(
Qϕ+ Λϕ− γ(Λ)ϕ

)
.

Remarque 1 (Indépendance de la composante symétrique dans (3)). Notons que la fonction
symétrique V s

µ est absente dans (4). En d’autres termes, le système de particules se rapprocherait
de la même mesure déterministe, qui est donnée par la solution de (4), indépendamment de
l’élément symétrique dans la décomposition (3) des taux de sélection.
Remarque 2 (Feynman – Kac pour le modèle avec taux de sélection généraux). Voir [Del04, p.
25], et les références qui y sont données, pour une interprétation du type Feynman – Kac pour
l’équation différentielle (2) avec des taux de sélection assez généraux.

Le schéma suivant résume les quatre convergences qui nous étudions dans la suite :

m
(
η

(N)
t

) −−−→
t→∞

νN

N
y

yN
γt −−−→

t→∞
ν∞

(5)

où νN est la distribution stationnaire du processus généré par QN et (γt)t≥0 est la solution de
(4), quand ils existent.

Semigroupes de Feynman – Kac et distributions quasi-stationnaires
Considérons (Xt)t≥0 la chaîne de Markov sur E générée par Q. Définissons le semigroupe de
Feynman – Kac pour chaque ϕ ∈ Bb(E) par :

PΛ
t (ϕ) : x 7→ Ex

[
ϕ(Xt) exp

{∫ t

0
Λ(Xs)ds

}]
,

dont le générateur est Q+ Λ. La version normalisée du semigroupe, qui est définie par :

µt(ϕ) :=
µ0P

Λ
t (ϕ)

µ0PΛ
t (111)

, (6)
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où 111 désigne la fonction x 7→ 1 sur E, est la solution de l’équation différentielle non linéaire
(4) avec valeur initiale µ0(ϕ) pour t = 0 [Del04, Eq. (1.17)]. Pour une étude exhaustive et
compréhensible des formules de Feynman – Kac, nous renvoyons au livre de Del Moral [Del04].

Notons que (µt)t≥0 tel que défini ci-dessus est invariant par translation de la fonction Λ. En
effet, pour tout réel β on obtient

µt(ϕ) =
µ0P

Λ−β
t (ϕ)

µ0P
Λ−β
t (111)

.

En particulier, en prenant β = sup Λ, on peut toujours interpréter (µt)t≥0 comme la distribution
d’une chaîne de Markov absorbante conditionnée à la non absorption jusqu’au temps t et avec un
taux de mortalité κ = sup Λ − Λ. Ceci relie naturellement l’étude du comportement de (µt)t≥0

lorsque t → ∞, à la théorie des distributions quasi-stationnaires (QSD), que nous présentons
dans la section suivante.

Distributions quasi-stationaires

Notons par (Xt)t≥0 une chaîne de Markov non-explosive irréductible à temps continu sur un
espace discret E de générateur Q. Soit κ : E → R+ une fonction bornée. Nous ajoutons un état
absorbant ∂ /∈ E et définissons la chaîne de Markov absorbante (Yt)t≥0 sur E ∪ {∂} vérifiant

Yt =




Xt si

∫ t

0
κ(Xs)ds < ξ

∂ sinon,

où ξ est une variable aléatoire exponentielle de paramètre 1, indépendante de (Xt)t≥0. En
d’autres termes, la chaîne (Yt)t≥0 se comporte comme (Xt)t≥0 sur E, et conditionnellement à
être dans l’état x ∈ E, elle saute à ∂ (est absorbée) avec un taux κ(x).

Alternativement, (Yt)t≥0 peut être définie comme la chaîne de générateur Q̃ agissant sur des
fonctions bornées φ sur E ∪ {∂} de la manière suivante

(Q̃φ) : x 7→ κ(x)(φ(∂) − φ(x)) +
∑

y∈E

Qx,y(φ(y) − φ(x)),

pour tout x ∈ E, et on fixe
(
Q̃φ
)
(∂) = 0.

Notons τ∂ le temps d’absorption. On a

Eµ[ϕ(Yt)] = Eµ[ϕ(Xt) | t < τ∂ ] =
Eµ

[
ϕ(Xt)e

−
∫ t

0
κ(Xs)ds

]

Eµ

[
e−
∫ t

0
κ(Xs)ds

] . (7)

Notons la ressemblance entre l’expression précédente et le semigroupe normalisé de Feynman –
Kac défini par (6).
Remarque 3 (Lien entre la mesure γt dans (5) et une chaîne de Markov absorbante). Lorsque
la décomposition (3) est vérifiée, la limite de m(η

(N)
t ) lorsque N → ∞, que nous avons notée

γt dans (5), est la loi d’une chaîne de Markov absorbante conditionnée à la non absorption
jusqu’au temps t ≥ 0. De plus, le générateur d’une de ces chaînes de Markov absorbantes est
Q+ κ où κ := sup Λ − Λ ∈ Bb(E).

Le temps d’absorption τ∂ , qui est définie comme suit

τ∂ := inf
t≥0

{Xt = ∂},
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est un temps d’arrêt. C’est-à-dire, pour tout s ≥ 0, Xs = ∂ implique que Xt = ∂, pour tout
t ≥ s. Tout au long de ce manuscrit, nous supposons qu’en partant de n’importe quel x ∈ E, le
processus sera finalement absorbé, presque sûrement. Concrètement, nous supposons que

Px(τ∂ < ∞) = 1, ∀x ∈ E.

Ainsi, la distribution stationnaire de (Xt)t≥0, qui est la distribution concentrée en ∂, n’est pas
intéressante. Cependant, il est intéressant de considérer la distribution stationnaire du processus
conditionné à la non absorption, que l’on appelle la distribution quasi-stationnaire.

Définition 1 (Distribution quasi-stationnaire (QSD4)). Une distribution quasi-stationnaire
pour la chaîne de Markov absorbante (Yt)t≥0 est toute µ ∈ M1(E) vérifiant

Pµ(Yt ∈ · | t < τ∂) = µ.

Définition 2 (Distribution quasi-limite (QLD5)). Une distribution quasi-limite pour la chaîne
de Markov absorbante (Yt)t≥0 est toute µ ∈ M1(E) vérifiant

lim
t→∞

Pν(Yt ∈ · | t < τ∂) = µQLD,

pour une certaine ν ∈ M1(E).

Lorsque la limite ci-dessus existe et est la même pour tout ν = δx, avec x ∈ E, la distribution
quasi-limite est dite être la limite de Yaglom6 ou la distribution quasi-stationnaire minimale de
(Yt)t≥0.

De manière analogue à la théorie ergodique classique des chaînes de Markov, la QSD et
la QLD sont des objets équivalents. De plus, une QSD minimale est toujours une QSD mais
l’implication inverse n’est pas toujours vraie :

QSD ⇔ QLD ⇐ Limite de Yaglom (QSD minimale) .

Pour plus de détails sur l’étude des distributions quasi-stationnaires, nous renvoyons à l’article
de Méléard et Villemonais [MV12], au livre de Collet, Martínez et San Martín [CMS13], et à
l’article de van Doorn et Pollet [DP13], pour le contexte spécifique des espaces d’états discrets.

De plus, la définition de QLD et la Remarque 3 impliquent que la limite ν∞ définie dans (5)
peut être comprise comme une QSD.
Remarque 4 (La mesure ν∞ dans (5) est une QSD). Lorsque la décomposition (3) est vérifiée,
la distribution de probabilité ν∞ dans (5) est la QSD de la chaîne de Markov absorbante avec
générateur Q+ κ, où κ := sup Λ − Λ ∈ Bb(E).

Au cours de ce travail, nous considérons une condition plus forte : la convergence exponen-
tielle uniforme du semigroupe normalisé de Feynman – Kac. Nous supposons qu’il existe une
distribution µ∞ ∈ M1(E) et des constantes C, γ > 0, telles que

‖µt − µ∞‖TV ≤ Ce−γt, pour tous µ0 ∈ M1(E) et t ≥ 0, (8)

où (µt)t≥0 est définie comme dans (6).
La convergence exponentielle (8) est toujours vérifiée lorsque l’espace d’état est fini. Dans

ce cas, la QSD est donnée par le vecteur propre normalisé à gauche du générateur Q, associé
4La notation QSD provient du nom en anglais : quasi-stationary distribution.
5La notation QLD provient du nom en anglais : quasi-limit distribution.
6Ce nom provient du mathématicien A. M. Yaglom, qui a commencé l’étude de ce type d’objets dans le cadre

d’un processus de Galton – Watson sous-critique dans [Yag47].

6



à la deuxième plus grande valeur propre en module (SLEM7). Ceci a été prouvé par Darroch
et Seneta [DS67] et le résultat est une conséquence du théorème de Perron – Frobenius [Per07;
Fro12] (voir également [MV12, Thm. 8] pour le contexte spécifique des distributions quasi-
stationnaires).

Le cas où E est dénombrable est plus délicat et a suscité beaucoup d’attention et plusieurs
méthodes ont été appliquées. Grâce au travail exhaustif de Champagnat et Villemonais, notam-
ment [CV16; CV17b], il est possible de décrire des hypothèses équivalentes à (8) et d’explorer
les conséquences de la convergence exponentielle uniforme vers la QSD. Nous discutons plus
en détail ce sujet dans la Section 1.2. Par la suite, énonçons simplement le résultat suivant
qui clarifie les conséquences de (8) sur l’ergodicité exponentielle du semigroupe non normalisé(
PΛ

t

)
t≥0

.

Lemme 1 (Ergodicité exponentielle du semigroupe non normalisé). Supposons que (8) soit
vérifié. Alors, il existe un unique triplet (µ∞, h, λ) ∈ M1(E) × Bb(E) × R d’éléments propres de
Q+ Λ tels que h soit strictement positif, µ∞(h) = 1 et tels que

µ∞P
Λ
t = eλtµ∞ et PΛ

t (h) = eλth.

De plus, il existe C, γ > 0 tels que pour tout t ≥ 0 :

sup
µ0∈M(E)

‖e−λtµ0P
Λ
t − µ0(h)µ∞‖TV ≤ Ce−γt.

Par ailleurs, λ ≤ 0 lorsque Λ ≤ 0.

Ce résultat est essentiellement une conséquence du Théorème 2.1 de [CV17b] (Théorème
1.2.2 ci-dessous). Essentiellement, il dit que la convergence exponentielle uniforme du semi-
groupe normalisé implique celle du semigroupe non normalisé.

Systèmes de particules de Fleming – Viot
Le système de particules de Fleming – Viot consiste en N particules qui se déplacent dans E
comme des copies indépendantes d’une chaîne de Markov absorbante, jusqu’à ce qu’une des
particules soit absorbée. Lorsque cela se produit, cette particule saute instantanément et uni-
formément sur l’une des positions des autres particules. Les systèmes de particules de Fleming
– Viot ont été introduits à l’origine et de manière indépendante par Del Moral, Guionnet et
Miclo [DG99; DM00a]8 et Burdzy, Hołyst et March [BHM00] pour approcher la loi d’un pro-
cessus de Markov conditionné à la non-absorption, et sa QSD dans le cadre d’un espace d’état
continu. Ces processus de particules ont suscité beaucoup d’attention ces dernières années. Voir
par exemple [DM03; Vil14; Cér+20; CV21] dans le cadre d’espaces d’états généraux, [FM07;
GJ13; Ass+16; CT16b] pour le cadre d’espaces d’états dénombrables, et aussi [AFG11; LPR18]
pour le cadre d’espaces d’états finis.

Le générateur du processus de Fleming – Viot est un cas particulier de processus de Moran
multi-allélique avec sélection à la naissance ou sélection sur la fertilité, c’est-à-dire, les taux de
sélection dépendent que du type de parent : Vµ(x, y) = κ(x), pour tous x, y ∈ E et µ ∈ M1(E),

7La notation SLEM provient du nom en anglais : second largest eigenvalue in modulus.
8En fait, Del Moral et Miclo ont appelé ce processus système de particules de type de Moran, qui est peut-être

un nom plus précis dans le cadre des espaces d’états discrets, afin d’éviter toute confusion avec l’existence d’un
processus à valeur mesure lié au processus de Moran en génétique des populations introduit par Fleming et Viot
[FV79] et nommé processus de Fleming – Viot. Voir [FV79, Annexe B] pour une discussion sur la relation entre
le processus de Fleming – Viot (au sens de la génétique des populations) et le modèle de Moran multi-allélique,
voir également [Fen10, §6.2].
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avec κ ∈ Bb(E). Notons par FN le générateur infinitésimal du processus de Fleming – Viot qui
agit sur toute fonction bornée sur EN de la manière suivante

(FNf
)
(η) =

∑

x,y∈E

η(x)

(
Qx,y +

η(y)

N
κ(x)

)
[f(η − ex + ey) − f(η)],

pour tout η ∈ EN .
La définition du processus de particules de Fleming – Viot est motivée par des objectifs de

simulation. La simulation de la loi (7) et l’estimation de son QSD par les méthodes habituelles
(comme la méthode de rejet) ne sont pas viables, puisque l’événement auquel on restreint
l’observation a une probabilité tendant (généralement de façon exponentielle) vers zéro. Le sys-
tème de particules de Fleming – Viot offre une méthode alternative. Sous certaines hypothèses,
on peut prouver que lorsque N → ∞, la mesure empirique induite par le système de particules
s’approche de la distribution conditionnelle (7). Ainsi, lorsque N, t → ∞, le système de parti-
cules peut être utilisé pour estimer la QSD associée à (7). Voir par exemple [GJ13] pour plus
de détails sur les simulations de distributions quasi-stationnaires sur des espaces dénombrables.

Examinons, sans être exhaustif, l’état de l’art relatif à la convergence de la mesure empirique
liée au système de particules de Fleming –Viot en tant qu’estimateur d’une distribution quasi-
stationnaire. Ferrari et Marić [FM07] et Asselah et al. [AFG11] étudient la convergence de la
distribution empirique induite par le processus de Fleming – Viot vers l’unique QSD dans des
cadres d’espaces discrets dénombrables et finis, respectivement. Afin d’étudier la convergence
du processus de particules sous la distribution stationnaire vers la QSD, Lelievre et al. [LPR18]
prouvent un théorème central limite pour le cas des états finis. De plus, Villemonais [Vil15]
et Asselah et al. [Ass+16] étudient la convergence vers la QSD minimale pour un processus de
naissance et de mort et pour un processus de type Galton – Watson, respectivement. De même,
Asselah et Thai [AT12] et Maric̀ [Mar15] abordent l’étude du système de particules associé à
une marche aléatoire sur N0 avec une dérive vers l’origine, qui est un état absorbant. Dans
le scénario où l’espace d’état E est infini dénombrable (comme les processus de naissance et
de mort et les processus de Galton – Watson), il peut exister une infinité de QSD. Il est donc
important de garantir l’ergodicité du système de particules et de déterminer vers quelle QSD
converge sa distribution empirique. Dans cette direction , Champagnat et Villemonais [CV21]
étudient la convergence du processus de Fleming – Viot vers la QSD minimale sous des conditions
générales, en fournissant également quelques exemples spécifiques. Voir aussi l’article de Cloez
et Thai [CT16b] assurant, sous de fortes conditions de mélange, les convergences dans (5) avec
des estimations quantitatives explicites pour la vitesse de convergence.

Principaux résultats
Le travail que nous présentons ici peut être vu comme une continuation de la recherche liée
à l’ergodicité et à la propagation du chaos pour les processus de particules de Fleming – Viot.
Dans le Chapitre 1, nous allons plus loin et étudions une classe plus générale de modèles : les
modèles de Moran multi-alléliques avec des taux de sélection vérifiant (3), qui sont des systèmes
de particules dont la mesure empirique s’approche également d’une QSD lorsque t,N → ∞. Le
Théorème 2 établie la convergence uniforme en temps d’ordre 1/

√
N de m(η

(N)
t ) vers γt quand

N → ∞, comme dans le diagramme (5). En particulier, ce résultat assure une propagation du
chaos uniforme dans le temps avec une vitesse d’ordre 1/

√
N pour le processus de Fleming – Viot.

Ce problème a suscité une attention considérable ces dernières années. Voir, par exemple, [Vil14,
Thm. 2.2], [CT16b, Thm. 1.5], [LPR18, Remarque 4.3] et [CV21, Thm. 2.3]. Dans le Théorème
3, nous allons plus loin et prouvons la normalité asymptotique de

√
N
(
m
(
η

(N)
T

)
(ϕ) − γT (ϕ)

)
,
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lorsque N → ∞, avec une expression explicite pour la variance, pour tout T ≥ 0 and ϕ ∈ Bb(E).
La mesure empirique induite par le modèle de Moran avec fonction associé Λ, approche la même
QSD du processus de particules de Fleming – Viot avec un taux de mortalité κ = sup Λ − Λ
(voir les Remarques 1, 3 et 4). Cela pose naturellement la question suivante : quel système
de particules est le meilleur estimateur d’une QSD d’intérêt ? Nous répondons partiellement
à cette question dans le Corollaire 4 ci-dessous, en montrant un moyen de minimiser l’erreur
quadratique asymptotique lorsque t,N → ∞, de (m(ηt))t≥0 comme estimateur de (µt)t≥0.
Cependant, l’étude du processus de particules de Moran avec une erreur quadratique minimale
mérite d’être approfondie.

Dans le Chapitre 2, nous considérons le cas où l’espace d’état des types alléliques est fini
et le taux de sélection est uniforme. Dans le contexte du processus de Fleming – Viot, cela
revient à considérer un taux de mortalité constant κ. Bien qu’il s’agisse d’un modèle assez
simplifié, nos résultats sont particulièrement robustes : dans le Théorème 5, nous obtenons une
expression explicite pour les valeurs propres du générateur du système de particules QN en
fonction des valeurs propres de la matrice du taux de mutation Q, qui est seulement supposée
irréductible, mais pas nécessairement diagonalisable. De plus, nous étudions le processus où
le taux de mutation satisfait une condition, qui est appelée indépendance du parent. Dans ce
cas, le processus de Moran est réversible et on peut calculer explicitement les vecteurs propres
de son générateur et sa distribution stationnaire. Ensuite, nous allons plus loin et prouvons
l’existence du phénomène de cutoff chi-deux (Théorème 8) et en variation totale (Théorème 9).

Dans le Chapitre 3 nous considérons également le processus de Moran où l’espace d’état des
types alléliques est fini et le taux de sélection est uniforme, et de plus la matrice du taux de
mutation est le générateur d’une marche aléatoire asymétrique sur le graphe de cycles Z/KZ,
avec K ∈ N. Nous montrons que ce modèle possède une remarquable résolubilité, malgré le
fait qu’il soit non réversible de distribution invariante non explicite. Nos principaux résultats
incluent la propagation quantitative du chaos et l’ergodicité exponentielle avec des constantes
explicites, ainsi que des formules pour les covariances à l’équilibre en termes de polynômes de
Tchebychev. Nous obtenons également une limite explicite uniforme en temps pour la conver-
gence de la proportion de particules dans chaque état lorsque le nombre de particules tend vers
l’infini.

Nous résumons maintenant les principaux résultats de la thèse, qui sont présentés plus en
détail et prouvés ensuite dans les Chapitres 1, 2 and 3.

Propagation du chaos dans le modèle de Moran

Nous présentons ici les principaux résultats obtenus dans le Chapitre 1, qui sont basés sur la
prépublication [CC21].

Dans ce chapitre, nous considérons le problème de l’étude de la convergence de la distribution
empirique induite par le modèle de Moran lorsque le nombre d’individus tend vers l’infini.
Naturellement, nous supposons que la mesure empirique induite par le processus de particules
en t = 0 converge vers la distribution initiale µ0 ∈ M1(E) dans Lp, pour tout p ≥ 1. Plus
précisément, il existe une constante C > 0 telle que

sup
ϕ∈B1(E)

E[|m(η0)(ϕ) − µ0(ϕ)|p] ≤ C

Np/2
, (9)

où B1(E) est l’ensemble des fonctions réelles sur E telles que ‖ϕ‖ ≤ 1. En particulier, ceci
est vérifié lorsqu’initialement toutes les particules sont échantillonnées indépendamment avec la
même distribution µ0 ∈ M1(E). Ensuite, nous nous concentrons sur le contrôle de la quantité
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suivante

sup
ϕ∈B1(E)

E

[
sup
t∈A

|m(η(N)
t

)
(ϕ) − µt(ϕ)|p

]
,

pour tout p ≥ 1, où (µt)t≥0 est la solution de (4) avec la condition initiale µ0 ∈ M1(E) et
A ⊂ R+. Il s’agit d’un contrôle de la convergence de m

(
η

(N)
t

)
(ϕ) ver γt(ϕ), quand N → ∞,

comme dans (5). Nous considérons deux cas : lorsque A = [0, T ], avec T ≥ 0, et donc pouvant
être étendu à tout compact sur R+ ; ou lorsque A = R+. Dans ce dernier cas, nos résultats
fournissent un contrôle uniforme en temps de la distance Lp entre m

(
η

(N)
t

)
(ϕ) et µt(ϕ), pour

tout ϕ ∈ B1(E).

Propagation du chaos avec un taux de sélection général

Tout d’abord, nous considérons le modèle où les taux de sélection peuvent être écrits de la
manière suivante

Vµ(x, y) =
∑

i≥1

V d
i (x)V b

i (y) + V s
µ(x, y), (10)

où V d
i et V b

i sont uniformément bornés dans E et µ 7→ V s
µ est une fonction continue et bornée de

(M1(E), ‖·‖TV) dans (Bb(E×E), ‖·‖). De plus, V s
µ est symétrique pour tout µ ∈ M1(E). Voir

les Hypothèses (G1) et (G2) dans la Section 1.1.1 pour une version détaillée des hypothèses que
nous supposons dans ce cas. Sous ces hypothèses, nous montrons l’existence d’une convergence
uniforme sur les compacts au sens de l’inégalité suivante : pour tout T ≥ 0 et p ≥ 1, il existe
une constante Cp,T > 0, telle que

sup
ϕ∈B1(E)

E

[
sup

t∈[0,T ]
|m(η(N)

t

)
(ϕ) − µt(ϕ)|p

]1/p

≤ Cp,T√
N
, (11)

où (µt)t≥0 est la solution de (2) avec la condition initiale µ0 ∈ M1(E). Voir le Théorème 1.1.2
pour l’énoncé complet de ce résultat.

Ce résultat est une généralisation pour les modèles de Moran multi-alléliques de la Propo-
sition 3.1 dans [Cor17], où la convergence en probabilité uniforme sur les compacts est montrée
pour un modèle de Moran bi-allélique. Cette vitesse de convergence peut également être re-
liée aux résultats existants qui assurent la convergence de la mesure empirique induite par un
processus de particules de type Moran (ou Fleming – Viot) vers la loi d’un processus absorbant
conditionné à la non-absorption. Voir par exemple : [DM00b, Prop. 3.5] [DPR11, Lemma 3.1],
[Vil14, Thm. 2.2] et [CT16a, Thm. 1.3]. Voir aussi [BC15, Thm. 3.1 et Remarque 3.2], où
la convergence presque sûre (et aussi la convergence complète9 [Gut13, Déf. 1.6]) est prouvée
lorsque l’espace d’état est fini. À notre connaissance, le contrôle que nous établissons dans (11)
est le premier résultat assurant la convergence uniforme sur les compacts dans Lp, pour p ≥ 1,
avec une vitesse de convergence d’ordre 1/

√
N pour les modèles de Moran multi-alléliques,

et aussi pour les processus de particules de Fleming – Viot dans des espaces d’états discrets
dénombrables, non nécessairement finis. L’idée qui soutient la preuve est proche des méthodes
de [Rou06] : elle consiste à trouver une martingale indexée par l’intervalle [0, T ], dont la valeur
terminale au temps T est précisément m(ηT )(ϕ) − µT (ϕ) plus un terme dont sa norme Lp peut
être contrôlée, pour tout ϕ ∈ Bd(E). Par la suite, le résultat final vient par l’utilisation astu-
cieuse d’un argument de type Grönwall, de manière similaire à la preuve de la Proposition 1
dans [MS19].

9Voir complete convergence ou universal convergence en anglais.
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Propagation du chaos uniforme dans le temps avec des taux de sélection additifs

Pour une expression plus spécifique des taux de sélection, nous pouvons montrer une limite
uniforme en temps pour la convergence de

(
m(ηt)

)
t≥0

vers
(
µt
)

t≥0
, lorsque N → ∞. En parti-

culier, nous supposons que (3) est vérifié, c’est-à-dire, nous supposons que les taux de sélection
peuvent être écrits comme suit

Vµ(x, y) = V d
µ (x) + V b

µ (y) + V s
µ(x, y),

et qu’il existe Λ ∈ Bb(E), indépendant de µ, et il existe une fonction Λ et une constante Cµ,
dépendant de µ tels que

Λ = V b
µ − V d

µ + Cµ.

Voir l’Hypothèse (C1) dans le Chapitre 1 pour plus de détails.

Exemple 1 (Taux de sélection indépendants de µ). Lorsque les taux de sélection ne dépendent
pas de µ, l’expression des taux de sélection se réduit à l’existence de V d, V b ∈ Bd(E) et d’un
V s symétrique dans Bd(E × E) tels que

V (x, y) = V d(x) + V b(y) + V s(x, y).

Soit Λ ∈ Bd(E) une fonction fixée. Des exemples typiques de fonctions V b et V d vérifiant cette
condition sont les suivants

V b = (Λ − c)+ et V d = (Λ − c)−,

pour une constante fixe c ∈ R, où nous utilisons la notation standard

(x)+ := max{x, 0} et (x)− := − min{x, 0}.

Ce sont en fait les taux de sélection considérés par Angeli et al. [AGJ21, §3.3] dans le contexte
des algorithmes de clonage10. De plus, le cas c = 0 est considéré dans l’Exemple 3.1-(2) dans
[Rou06]. Notons que dans ce cas, l’expression dans (10) est également vérifiée.

D’un point de vue biologique, le paramètre c ∈ R peut être considéré comme un paramètre
de adaptabilité. Pour simplifier, supposons que V s est nul, et notons par ξ(i)

t le type du i-ème
individu, pour 1 ≤ i ≤ N , au temps t ≥ 0. Donc, si Λ

(
ξ

(i)
t

) ≤ c, le i-ème individu meurt et
un autre choisi au hasard se reproduit avec le taux (Λ(ξ

(i)
t ) − c)−. Sinon, un individu choisi au

hasard meurt et le i-ème individu se reproduit avec le taux (Λ(ξ
(i)
t ) − c)+.

Un autre exemple particulièrement intéressant est celui où V b = 0. Notons que le processus
de Moran avec ces taux de sélection est en fait un système de particules de Fleming – Viot.

Exemple 2 (Taux de sélection dépendant de µ). Considérons une fonction fixée Λ ∈ Bb(E).
Des exemples typiques de fonctions V b

µ et V d
µ sont :

V b
µ =

(
Λ − µ(Λ)

)+ et V d
µ =

(
Λ − µ(Λ)

)−
.

Ce sont les taux de sélection considérés dans [Del04, §1.5.2, p. 35], voir aussi Exemple 3.1-(3)
in [Rou06].

Dans ce cas, l’interprétation biologique de µ(Λ) est similaire à celle du paramètre c dans
l’Exemple 1. En effet, le paramètre de adaptabilité varie dans le temps en fonction de la confi-
guration de la population.

10Cloning algorithms en anglais.
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Nous sommes maintenant en mesure d’énoncer nos principaux résultats pour le modèle de
Moran multi-allélique avec sélection additive.

Théorème 2 (Propagation du chaos uniforme dans le temps). Supposons que

• l’expression (3) pour le taux de sélection,

• l’hypothèse (9) sour la condition initiale, et

• la convergence uniforme établie par (8) pour (µt)t≥0

sont verifiées. Alors, pour tout p ≥ 1, il existe une constante positive Cp, telle que

sup
ϕ∈B1(E)

sup
t≥0

E
[|m(η(N)

t

)
(ϕ) − µt(ϕ)|p]1/p ≤ Cp√

N
.

Voir le Théorème 1.1.4 dans le Chapitre 1 pour une version détaillée de ce résultat et sa
preuve.

Pour un N donné, si le processus
(
η

(N)
t

)
t≥0

généré par QN admet une distribution station-
naire νN , alors, sous l’hypothèse du Théorème 2 nous obtenons

sup
ϕ∈B1(E)

EνN

[|m(η∞)(ϕ) − µ∞(ϕ)|p]1/p ≤ Cp√
N
,

pour tout p ≥ 1.
Obtenir une borne uniforme en temps comme celle fournie par le Théorème 2 est un problè-

me difficile et ce type de résultats est peu fréquent dans la littérature. Del Moral et Guionnet
dans [DG01, Thm. 3.1] ont prouvé un résultat similaire pour un modèle analogue mais en temps
discret, où le potentiel est supposé uniformément borné, et avec une borne inférieure strictement
positive. De plus, leur borne supérieure pour la vitesse de convergence en [DG01, Thm. 3.1]
est d’ordre 1/Nα, avec α < 1/2. Rousset [Rou06, Thm. 4.1] a prouvé une borne uniforme
en temps dans Lp avec la même vitesse de convergence que dans notre résultat. Cependant,
le modèle étudié par Rousset est dans le cadre d’un espace d’état continu et le processus de
diffusion dirigeant le processus de mutation est supposé réversible. De même, Angeli et al.
[AGJ21, Thm. 3.2] ont obtenu un résultat équivalent pour les processus de saut sur des espaces
localement compacts dans le contexte des algorithmes de clonage, pour p ≥ 2. Notre modèle est
différent, puisque nous considérons le cas où l’espace d’état est discret, et pas nécessairement
compact. De plus, dans (3) nous permettons aux taux de sélection de dépendre de la mesure
de probabilité empirique induite par le système de particules, dans le même esprit que [Rou06].
Néanmoins, nos méthodes sont similaires à celles de Rousset [Rou06] et d’Angeli et al. [AGJ21]
(voir aussi [DM00b, §3.3.1]) : elles consistent à trouver une martingale indexée par l’intervalle
[0, T ], dont la valeur terminale au temps T est précisément m(ηT )(ϕ) − µT (ϕ) plus un terme
dont sa norme Lp peut être contrôlée, pour tout ϕ ∈ Bb(E). Par la suite, le résultat final vient
d’un contrôle de la variation quadratique de la martingale et d’un principe de recurrence.

Nous obtenons également le résultat suivant : sous les hypothèses du Théorème 2, pour
chaque p ≥ 1, il existe une constante Cp > 0 telle que

sup
t≥0

E

[(
‖m(η(N)

t

)− µt‖w

)p
]1/p

≤ C√
N
, où ‖µ1 − µ2‖w :=

∑

n∈M

2−n|µ1(xn) − µ2(xn)|,

pour une énumération (arbitraire mais fixé) (xn)n∈M des éléments de E, avec M ⊂ N.
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Remarque 5 (Convergence presque sûre). L’inégalité précédente, pour p = 4, assure le conver-
gence : ∑

N≥2

P

[
‖m(η(N)

t

)− µt‖w > ϵ
]
< ∞,

pour tout ϵ > 0. En conséquence, avec un argument du type Borel – Cantelli cela implique
la convergence m

(
η

(N)
T

) p.s.−−→ µT quand N → ∞ au sens faible, où p.s. note la convergence
presque sûre. De plus, cette convergence ne dépend pas de l’espace où les variables aléatoires
sont couplées.

Désignons par m̄(ηt) la mesure de probabilité empirique moyenne induite par ηt définie par

m̄(ηt) :=
∑

x∈E

E

[
ηt(x)

N

]
δx ∈ M1(E).

De plus, désignons par ξ(i)
t la variable aléatoire qui represente le type du i-ème individu au

temps t ≥ 0, avec i ∈ {1, 2, . . . , N} et par Law
(
ξ

(i)
t

)
la loi de cette variable aléatoire. Notons par

(etQ)t≥0 le semigroupe associé au processus de mutation généré par Q. Alors, sous les hypothèses
de l’énoncé du Théorème 2, nous pouvons garantir l’existence d’une constante positive C telle
que

sup
t≥0

∥∥∥m̄
(
η

(N)
t

)− µt

∥∥∥
TV

≤ C

N
.

De plus, si la distribution initiale des N particules est échangeable, on a

sup
t≥0

∥∥∥Law(ξi
t) − µt

∥∥∥
TV

≤ C

N
.

On s’attend à ce que, lorsque les taux de sélection sont constants, la mesure générée par le
système de particules soit un estimateur sans biais de la loi de la chaîne de Markov générée par
Q, au sens où

m̄
(
η

(N)
t

)
= m̄(η0)etQ, pour tout t ≥ 0.

Voir par exemple [CT16b] et les résultats du Chapitre 3. Nous prouvons dans le Corollaire 1.3.6
que ce résultat est plus généralement valable lorsque V = V s est symétrique.

Nos deux derniers résultats du Chapitre 1 sont destinés à l’étude de l’erreur quadratique
asymptotique de l’approximation de µ∞ par m

(
η

(N)
T

)
lorsque T,N → ∞. Ces résultats sont

très importants lorsque le processus de Moran est utilisé pour approcher une distribution quasi-
stationnaire. Tout d’abord, nous fournissons une expression explicite pour l’expression asympto-
tique de NE

[(
m
(
η

(N)
T

)− µ∞(ϕ)
)2]. Définissons les erreurs quadratiques asymptotiques comme

suit

σ2
T (ϕ) := lim

N→∞
NE

[(
m(ηT )(ϕ) − µT (ϕ)

)2] and σ2
∞(ϕ) := lim

T →∞
σ2

T (ϕ),

pour toute fonction uniformément bornée ϕ dans E.
Tout de suite, nous prouvons la normalité asymptotique du biais et nous fournissons des ex-

pressions explicites pour σ2
T (ϕ) et σ2

∞(ϕ). Ensuite, nous utilisons cette expression pour montrer
comment définir un autre processus de Moran approchant la même distribution µ∞, et avec une
erreur quadratique asymptotique inférieure ou égale.

Définissons
Sµ(ϕ) :=

∑

x,y∈E

(ϕ(x) − ϕ(y))2V s
µ(x, y)µ(x)µ(y), (12)

pour tous ϕ ∈ Bb(E) et µ ∈ M1(E). Nous obtenons ainsi le résultat suivant :
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Théorème 3 (Normalité asymptotique). Supposons qu’initialement les N particules sont échan-
tillonnées indépendamment selon µ0 ∈ M1(E), et que les hypothèses du Théorème 2 sont véri-
fiées. Alors, pour toute fonction ϕ ∈ Bb(E) et T ≥ 0, on a que

√
N
(
m(ηT )(ϕ)−µT (ϕ)

)
converge

en loi vers une variable aléatoire centrée gaussienne de variance σ2
T (ϕ), lorsque N tend vers

l’infini. De plus,

σ2
∞(ϕ) = Varµ∞

(ϕ) +

∫ ∞

0
e−2λsSµ∞

(
PΛ

s (ϕ̄∞)
)
ds+ 2

∫ ∞

0
e−2λsµ∞

(
PΛ

s (ϕ̄∞)2
(
V b

µ∞
+ µ∞

(
V d

µ∞

)))
ds,

où Varµ∞
représente la variance par rapport à µ∞, ϕ̄∞ := ϕ − µ∞T (ϕ), λ est la valeur propre

dans l’énoncé du Lemme 1 et Sµ est défini dans (12).

Voir le Théorème 1.1.8 pour un énoncé détaillé de ce résultat, qui inclut une expression
explicite pour σ2

T (ϕ), pour tout T ≥ 0. Notez que les deux intégrales dans l’expression de
σ2

∞(ϕ) dans le Théorème 3 convergent comme conséquence du Lemme 1.
Lorsque V b

µ et V s
µ sont nuls et donc Λ = −V d ≤ 0, on retrouve

σ2
∞(ϕ) = Varµ∞

(ϕ) − 2λ

∫ ∞

0
e−2λs Varµ∞

(
PΛ

s (ϕ)
)

ds,

Lorsque le processus (ηt)t≥0 est ergodique et converge en loi vers une certaine variable aléatoire
η∞, lorsque t → ∞, le Théorème 3 établit que

√
N
(
m(η∞)(ϕ) − µ∞(ϕ)

)
converge vers une

loi gaussienne centrée de variance σ2
∞(ϕ), lorsque N → ∞. En effet, rappelons qu’une suite

gaussienne converge en loi si ses deux premiers moments convergent. En particulier, nous
retrouvons (et étendons) le résultat récent de Lelièvre et al. [LPR18, Thm. 2.4] dans la cadre
des espaces d’états finis. Remarquons que la constante négative λ dans l’expression précédente
est l’opposée de celle dans [LPR18, Thm. 2.4].

Notons que les trois termes dans l’expression de σ2
∞(ϕ) sont positifs. De plus, la limite

(µt)t≥0 est invariante par le choix de la composante symétrique V s
µ dans (3), comme commenté

dans la Remarque 1. En conséquence, pour un taux de sélection donné Vµ, nous pouvons
obtenir un autre processus de Moran approchant la même distribution limite en prenant le taux
de sélection Vµ − Σµ ≥ 0, où Σµ est une fonction symétrique dans Bb(E × E).

Corollaire 4 (Processus de Moran avec une réduction de l’erreur quadratique asymptotique).
Supposons qu’initialement les N particules sont échantillonnées indépendamment selon µ0 ∈
M1(E), et que les hypothèses du Théorème 2 sont vérifiées. Soit (ηt)t≥0 et (η⋆

t )t≥0 les processus
de Moran avec les mêmes taux de mutation, et taux de sélection donnés par Vµ et Vµ − Σµ,
respectivement, où

Σµ(x, y) := min
{
V d

µ (x), V b
µ (x)

}
111{x} + min

{
V d

µ (y), V b
µ (y)

}
111{y} + V s

µ(x, y),

où 111A représente la fonction indicatrice de A ⊂ E. Alors,

lim
T →∞

lim
N→∞

NE

[(
m(η⋆

T )(ϕ) − µ∞(ϕ)
)2] ≤ lim

T →∞
lim

N→∞
NE

[(
m(ηT )(ϕ) − µ∞(ϕ)

)2]
.

Voir Corollaire 1.1.9 pour une version plus détaillé de ce résultat. Notons que le taux de
sélection Vµ − Σµ dans l’énoncé du Corollaire 4 vérifie (3).

Spectre et ergodicité du modèle de Moran neutre
Nous présentons ici les principaux résultats obtenus dans la prépublication [Cor21b], qui sont
présentés en détail dans le Chapitre 2.
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Dans cette section, nous considérons que E = [K], où [K] := {1, 2, . . . ,K}. La définition de
l’espace d’état du Moran multi-allélique peut être réduite au N simplexe discret de dimension
K :

EK,N :=
{
η ∈ [N ]K0 : |η| = N

}
,

où [N ]0 := {0, 1, . . . , N} et | · | représente la somme des éléments d’un vecteur. L’ensemble EK,N

a pour cardinal
(K−1+N

N

)
.

Selon la notation introduite précédemment, la matrice des taux de mutation dans ce cas
est la matrice : Q = (Qi,j)K

i,j=1. De plus, le processus est neutre, c’est-à-dire que les taux
de sélection sont constants et égaux à p ≥ 0. Notons par QN,p le générateur infinitésimal du
processus de Moran multi-allélique, neutre, qui agit sur une fonction réelle f sur EK,N comme
suit :

(QN,pf)(η) :=
∑

i,j∈[K]

η(i)

(
Qi,j +

p

N
η(j)

)
[f(η − ei + ej) − f(η)] , (13)

pour tout η ∈ EK,N , où ek est le k-ième vecteur canonique de RK .
En d’autres termes, QN,p génére un processus de N individus, où chaque individu possède

un des K types d’allèles possibles et où le type de l’individu change suite à deux processus :
un processus de mutation où les individus mutent indépendamment les uns des autres et un
processus de reproduction de type Moran, où les individus interagissent. Les N individus mutent
indépendamment du type i ∈ [K] au type j ∈ [K]\{i} avec un taux Qi,j . De plus, avec un taux
uniforme p ≥ 0, un des N individus est uniformément choisi pour être retiré de la population et
un autre, également choisi au hasard, est dupliqué. Notons que les transitions d’un individu dues
à une reproduction ne sont pas indépendantes de la position des autres individus. Comme dans
le modèle original, introduit par Moran [Mor58], le même individu retiré de la population peut
être dupliqué, dans ce cas l’état du système ne change pas. Dans le cas où l’individu retiré ne
peut pas être dupliqué, le facteur p

N dans (13) doit être remplacé par p
N−1 . Le processus généré

par QN,p peut également être considéré comme un système de particules de Fleming – Viot, mais
avec un taux de mortalité constant, c’est-à-dire avec κ constant.

Notre résultat principal dans cette section est une description complète du spectre de QN,p,
comme exprimé dans le théorème suivant.

Théorème 5 (Spectre de QN,p). Supposons K ≥ 2, N ≥ 1 et p ∈ [0,∞). Notons par λk,
k ∈ [K − 1], les K−1 racines non nulles, en comptant les multiplicités algébriques, du polynôme

caractéristique de Q. Pour tout η ∈
N⋃

L=1
EK−1,L, définissons

λη,p :=
K−1∑

k=1

η(k)λk − p

N
|η|(|η| − 1).

Alors, les valeurs propres de QN,p, en comptant les multiplicités algébriques, sont 0 et λη,p, pour

η ∈
N⋃

L=1
EK−1,L.

La preuve du Théorème 5 est donnée dans la Section 2.3.3. Notons que le spectre de QN,p

est donné en fonction du spectre de Q, et que le résultat est vrai même si Q n’est pas diagonali-
sable. Nos résultats incluent également une étude des vecteurs propres de QN,p. En particulier,
nous sommes en mesure de fournir des expressions explicites pour les vecteurs propres de QN,p

associés aux valeurs propres de plus petit module. Les expressions que nous fournissons sont
basées sur les vecteurs propres de Q. Voir le Théorème 2.1.3 dans le Chapitre 2 pour plus de
détails.
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Remarque 6 (Monotonie en N du spectre de QN (p = 0)). Le Théorème 5 implique que le
spectre de QN , lorsque p = 0, pour une valeur fixé de K, est une fonction croissante de N au
sens de l’inclusion des ensembles.

Ergodicité du processus de Moran multi-allélique neutre

La relation entre les propriétés spectrales de QN,p et Q peut être utilisée pour estimer la vitesse
de convergence vers la stationnarité du processus de Moran.

Nous nous intéressons à la relation entre le spectre d’une matrice de taux et la convergence
vers la stationnarité du processus de Markov qu’elle génère. Définissons la distance en variation
totale maximale vers la stationnarité du processus piloté par un générateur infinitésimal L d’une
chaîne de Markov sur un espace discret Ω, noté DL

TV, par

DL
TV(t) := max

µ∈M1(Ω)

∥∥∥µ etL − π
∥∥∥

TV
, (14)

où le maximum est pris sur toutes les distributions initiales possibles sur Ω. En utilisant la
convexité de la norme en variation totale, nous pouvons prouver que DL

TV(t) = 1
2‖etL − Π‖∞,

où Π représente la matrice dont chaque ligne est égale à π, et on note par ‖ · ‖∞ la norme infinie
des matrices (cf. [LP17, Ch. 4]).

En conséquence du Théorème 5 et d’autres résultats du Chapitre 2, la deuxième plus grande
valeur propre en module (SLEM) de etQN,p est égale à celle de etQ, pour tout t ≥ 0. La
SLEM du générateur d’un chaîne de Markov finie est utile pour étudier la convergence asymp-
totique en variation totale. Par conséquent, comme application de ce Théorème 5, nous étudions
l’ergodicité du processus piloté par QN,p en variation totale en utilisant les propriétés spectrales
de Q.

Pour une fonction positive réelle f , on note par O(f) une autre fonction positive réelle telle
que C1f(t) ≤ O(f)(t) ≤ C2f(t), pour deux constantes 0 < C1 ≤ C2 < ∞ et pour tout t ≥ T ,
pour T > 0 suffisamment grand.

Corollaire 6 (Ergodicité exponentielle asymptotique en variation totale). Supposons que la
SLEM de etQ est égale à e−ρt et que s ∈ N est la plus grande multiplicité dans le polynôme
minimal de etQ de toutes les valeurs propres de module e−ρt. Alors,

D
QN,p

TV (t) = O
(

DQ
TV(t)

)
= O(ts−1e−ρt).

Le Corollaire 6 est prouvé dans la Section 2.4.
L’expression asymptotique dans le Corollaire 6 cache la relation entre le temps de mélange

de la chaîne de Markov et le nombre d’individus dans la population et le paramètre de sélection
p. Cependant, si Q a une valeur propre réelle −λ < 0, nous pouvons aller plus loin et trouver la
borne inférieure suivante pour la convergence en variation totale vers la stationnarité au temps
ln N−c

2λ , pour tout c ≥ 0.

Théorème 7 (Borne inférieure pour la convergence en variation totale). Supposons que K ≥ 2,
N ≥ 2 et p ∈ [0,∞) et que −λ < 0 soit une valeur propre de Q. Alors

D
QN,p

TV

(
lnN − c

2λ

)
≥ 1 − κe−c.

Dans le Théorème 2.1.5, nous énonçons une version plus détaillée du Théorème 7, qui est
prouvée dans la Section 2.4.1.

La borne inférieure fournie par le Théorème 7 assure que le temps de mélange du modèle
de Moran multi-allélique neutre est au moins de l’ordre de lnN/2λ. Nos résultats ne nous
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permettent pas de trouver une borne supérieure assurant l’existence d’un phénomène de cutoff.
Une étude plus détaillée doit être faite dans cette direction. Cependant, pour le schéma de
mutation indépendant des parents, une analyse plus détaillée peut être effectuée pour prouver
l’existence d’un phénomène de cutoff dans les distances chi-deux et en variation totale, comme
nous le verrons ensuite.

Le modèle de Moran multi-allélique neutre avec mutation indépendante du parent

Considérons la matrice de taux de mutation suivante :

Qµµµ :=




−|µµµ| + µ1 µ2 µ3 . . . µK

µ1 −|µµµ| + µ2 µ3 . . . µK

µ1 µ2 −|µµµ| + µ3 . . . µK

...
...

...
. . .

...
µ1 µ2 µ3 . . . −|µµµ| + µK



, (15)

où µµµ = (µ1, µ2, . . . , µK) ∈ (0,∞)K et |µµµ| représente la somme des éléments de µµµ. Définissons

(LN,p f)(η) :=
K∑

i,j=1

η(i)

(
µj +

p

N
η(j)

)
[f(η − ei + ej) − f(η)] ,

pour tout f sur EK,N et tout η ∈ EK,N , le générateur infinitésimal du processus de Moran
multi-allélique neutre avec matrice de taux de mutation Qµµµ. Le processus généré par LN,p est
un cas particulier du processus de Moran multi-allélique neutre considéré précédemment, mais
à la différence que le taux de mutation ne dépend que du type du nouvel individu, c’est-à-dire
que le processus de mutation change chaque individu de type i en type j au taux µj , pour tous
les i, j ∈ [K]. Il s’agit du processus de Moran multi-allélique neutre avec mutation indépendante
du parent (cf. [Eth11]). Notez que le graphe associé à Qµµµ est le graphe complet, comme le
montre la Figure 1

En utilisant le Théorème 5 nous pouvons exprimer le spectre de LN,p. En effet, pour K ≥ 2,
N ≥ 2 et p ≥ 0, le générateur infinitésimal LN,p est diagonalisable avec des valeurs propres λn,p

de multiplicité
(K+n−2

n

)
, où

λn,p := −|µµµ|n− p

N
n(n− 1),

pour n ∈ [N ]0. En particulier, le trou spectral de LN,p est ρ = |µµµ|.
Remarque 7 (Modèle de graphe complet). Le modèle de graphe complet étudié par Cloez et Thai
[CT16a] dans le contexte des processus de particules de Fleming – Viot est un cas particulier
du processus réversible généré par Qµµµ ci-dessus, lorsque µj = 1

K , pour tout j ∈ [K]. Dans ce
cas, les valeurs propres de la matrice de mutation sont β0 = 0 et β1 = −1, cette dernière avec
multiplicité K − 1. En particulier, l’expression précédente pour le spectre de LN,p améliore le
Lemme 2.14 en [CT16a].

Pour K ≥ 2, N ≥ 2 et p > 0, nous prouvons dans le Chapitre 2 que le processus généré par
QN,p est réversible si et seulement si la matrice de mutation a la forme Qµµµ comme dans (15),
pour un vecteur quelconque µµµ, et par conséquent QN,p peut s’écrire comme LN,p. La Section 2.5
est consacrée à l’étude des propriétés spectrales de LN,p, pour p ≥ 0, et à ses implications dans
l’étude de la convergence vers la stationnarité. Nos résultats dans cette section incluent une
description complète de l’ensemble des valeurs propres et des fonctions propres de LN,p, ainsi que
de sa fonction de transition. Les fonctions propres de LN,p, p > 0, sont explicitement données en
termes de polynômes de Hahn multivariés, qui sont orthogonaux par rapport à la distribution
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Figure 1: Graphe complet induit par le générateur infinitésimal Qµµµ (15) dans [K]. Dans cet
exemple K = 8, la couleur de chaque flèche représente les taux µi, pour 1 ≤ i ≤ K, qui sont en
principe différents. Notez que la couleur des flèches ne dépend que du site d’arrivée.

stationnaire, qui est un mélange Dirichlet de distributions multinomiales (cf.[KM75; KZ09]).
D’autre part, les fonctions propres de LN , pour p = 0, sont explicitement données en termes
de polynômes de Krawtchouk multivariés, qui sont orthogonaux par rapport à la distribution
stationnaire, qui est une distribution multinomiale (cf. [KM65; ZL09; DG14]).

Phénomène de cutoff

Le phénomène de cutoff constitue un riche sujet de recherche sur les chaînes de Markov depuis
son introduction par les travaux de Aldous, Diaconis et Shahshahani dans les années 1980 [DS81;
Ald83; AD86]). Une chaîne de Markov présente un cutoff si elle présente une transition brusque
dans sa convergence vers la stationnarité. Parmi les notions de convergence les plus utilisées
sont, comme nous le considérons ici, la distance en variation totale et la distance (ou divergence)
chi-deux. Une bonne introduction à ce sujet peut être trouvée dans le livre de Levin et Peres
[LP17, Ch. 18] et dans les recherches de Chen, Saloff-Coste et al. [Sal97; Che06; CS08; CS10;
CHS17]. Voir aussi le cours de Salez [Sal21].

Un scénario typique pour l’existence d’un cutoff est une chaîne de Markov avec un haut
degré de symétrie. Par conséquent, le phénomène de cutoff a été étudié en profondeur pour le
mouvement de N particules indépendantes sur K sites. Ycart [Yca99] a étudié le cutoff en varia-
tion totale pour N particules indépendantes pilotés par une matrice de taux diagonalisable. Plus
tard, Barrera et al. [BLY06] et Connor [Con10] ont étudié le cutoff de ce modèle pour d’autres
notions de distance. Voir aussi [Lac15] [LP17, Ch. 20], [CHS17] et [CK18] pour des études plus
récentes sur le cutoff sur ces modèles. Le modèle de Moran que nous considérons ici préserve le
haut niveau de symétrie de ces chaînes de Markov, mais les mouvements des particules ne sont
pas indépendants. En effet, les particules interagissent selon un processus de reproduction qui
favorise les sauts vers les sites ayant de plus grandes proportions d’individus.
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Avant de définir formellement le phénomène de cutoff, rappelons la divergence chi-deux
(parfois appelée “distance”), qui apparaît naturellement dans le contexte des chaînes de Markov
réversibles (cf. [LP17, Ch. 12 et 20], [DP17, Ch. 8], [Bré20, Ch. 9.1]). Soit Ω un ensemble discret.
La divergence chi-deux de µ2 ∈ M1(Ω) par rapport à une distribution cible µ1 ∈ M1(Ω) est
définie par

χ2(µ2 | µ1) :=
∑

ω∈Ω

[µ2(ω) − µ1(ω)]2

µ1(ω)
= ‖µ2 − µ1‖2

1
µ1

,

où ‖ · ‖ 1
µ1

représente la norme dans l2(RΩ, 1
µ1

), et 1
µ1

est la mesure ω 7→ 1/µ1(ω).
La divergence du chi-deux n’est pas une métrique, mais une mesure de la différence entre

deux distributions de probabilité. Notons que la divergence chi-deux, ainsi que la distance en
variation totale, sont des cas particuliers des fonctions appelées f−divergences, qui mesurent la
“différence” entre deux distributions de probabilité. Dans ce contexte, χ2(µ2 | µ1) est également
connue sous le nom de divergence chi-deux de Pearson.

Définissons les fonctions dTV(·, η) et χ2(·, η), comme suit

dTV(t, η) := ‖δηetLN,p − νN,p‖TV =
1

2

∑

ξ∈EK,N

∣∣∣
(
etLN,pδξ

)
(η) − νN,p(ξ)

∣∣∣ ,

χ2(t, η) := χ2(δηetLN,p | νN,p) =
∑

ξ∈EK,N

[(
etLN,pδξ

)
(η) − νN,p(ξ)

]2

νN,p(ξ)
,

pour tout t ≥ 0.
Les fonctions dTV(·, η) et χ2(·, η) sont donc des mesures de la convergence vers la loi sta-

tionnaire du processus généré par LN,p au temps t et avec une configuration initiale η ∈ EK,N .
Conformément à [Zho08; KZ09], nous les appelons respectivement distance en variation totale
et distance chi-deux à la distribution stationnaire.

Lorsque le nombre d’individus varie, nous obtenons une famille infinie de chaînes de Markov
finies à temps continu {(EK,N ,LN,p, νN,p), N ≥ 2}. Pour chaque N ≥ 2, notons par χ2(t,Nek)
(resp. dTV(t,Nek)) la distance chi-deux (resp. distance en variation totale) à la loi stationnaire
du processus généré par LN,p au temps t, lorsque la distribution initiale est concentrée en
Nek ∈ EK,N . Notons que χ2(0, Nek) → ∞ et dTV(0, Nek) → 1, lorsque N → ∞.

Définition 3 (Cutoff en chi-deux et en variation totale). On dit que {χ2(·, Nek), N ≥ 2} vérifie
un (tN , ωN ) cutoff en chi-deux si tN ≥ 0, ωN ≥ 0, ωN = o(tN ) et

lim
c→∞

lim sup
N→∞

χ2(tN + c ωN , Nek) = 0, lim
c→−∞

lim inf
N→∞

χ2(tN + c ωN , Nek) = ∞.

De façon analogue, on dit que {dTV(·, Nek), N ≥ 2} vérifie un (tN , ωN ) cutoff en variation totale
si tN ≥ 0, ωN ≥ 0, ωN = o(tN ) et

lim
c→∞

lim sup
N→∞

dTV(tN + c ωN , Nek) = 0, lim
c→−∞

lim inf
N→∞

dTV(tN + c ωN , Nek) = 1.

Les suites (tN )N≥2 et (ωN )N≥2 sont appelées suites de cutoff et de fenêtres, respectivement.

Voir la Définition 2.1 et la Remarque 2.1 dans [CS08].
Le phénomène de cutoff décrit une transition abrupte dans la convergence vers l’équilibre :

sur une période négligeable donnée par la suite fenêtre (ωN )N>2, la distance de l’équilibre passe
de près de sa valeur initiale à près de zéro à un moment donné par la suite cutoff (tN )N≥2.
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Une condition plus forte pour l’existence d’un phénomène de cutoff en chi-deux (tN , ωN )
(resp. en variation totale) est l’existence de la limite

Gk(c) := lim
N→∞

χ2(tN + c ωN , Nek)

(
resp. Hk(c) := lim

N→∞
dTV(tN + c ωN , Nek)

)
, (16)

pour une fonction Gk (resp. Hk), avec k ∈ [K], qui vérifie

lim
c→−∞

Gk(c) = ∞ et lim
c→∞

Gk(c) = 0,

(
resp. lim

c→−∞
Hk(c) = 1 et lim

c→∞
Hk(c) = 0)

)
.

tNtN − ωN tN + ωN

t

χ2(t)

(a) Profil d’un cutoff en chi-deux

tNtN − ωN tN + ωN

t

dTV(t)

dTV(0)

(b) Profil d’un cutoff en variation totale

Figure 2: Graphiques des exemples des fonctions Gk (partie gauche) et Hk (partie droite)
définies dans (16). Les deux graphiques montrent une transition brusque dans la convergence
vers l’équilibre : sur une période négligeable donnée par la suite des fenêtres (ωN )N>2, la
distance à l’équilibre passe de près de sa valeur initiale à près de zéro à un moment donné par
la suite des cutoffs (tN )N≥2.

En fait, dans ce cas, le cutoff (tN , ωN ) est dit fortement optimal, voir la Définition 2.2 et
la Proposition 2.2 dans [CS08]. Voir aussi les Sections 2.1 et 2.2 de [CS08] et le Chapitre 2 de
[Che06] pour plus de détails sur la définition du cutoff (tN , ωN ) et l’optimalité des suites des
fenêtres. La Figure 2 montre des profils classiques de fonctions Gk et Hk tels que définis dans
(16) pour les cutoffs en variation totale et chi-deux.

Les deux résultats suivants montrent l’existence de phénomènes de cutoff en chi-deux et en
variation totale pour le processus de Moran multi-allélique généré par LN,p, pour p ≥ 0, lorsque
la distribution initiale est concentrée en Nek, pour k ∈ [K]. Dans le cas de la distance chi-deux,
nous pouvons fournir explicitement le profil limite de la distance. De plus, nous prouvons que
la distance en variation totale à la stationnarité du processus de mutation piloté par LN , c’est-
à-dire pour p = 0, a un profil gaussien, lorsque tous les individus sont initialement du même
type.

Théorème 8 (Profile limite du cutoff chi-deux lorsque N → ∞). Pour k ∈ [K], avec K ≥ 2,
p ≥ 0 et pour tout c ∈ R, on a

lim
N→∞

χ2 (tN,c, Nek) = exp{Kk,pe−c} − 1,

où tN,c =
lnN + c

2|µµµ| et Kk,p =
|µµµ|(|µµµ| − µk)

µk(|µµµ| + p)
. Ainsi, le processus de Markov généré par LN,p

vérifie un
(

ln N
2|µµµ| , 1

)
cutoff en chi-deux fortement optimal lorsque N → ∞.
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Figure 3 montre la convergence de χ2(tN,c, Nek), pour tN,c = ln(N)+c
2|µµµ| , versGk(c) = exp{Kk,pe−c}−

1, lorsque N → ∞.
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Figure 3: Pour les paramètres K = 4, k ∈ [K], µ = (0.7, 0.8, 1.0, 1.3), p = 1.7 : la partie gauche
montre χ2(tN,c, Nek) comme fonction de N, 2 ≤ N ≤ 128 pour c = 0.4, et la partie droite
montre Gk(c) et χ2(tN,c, Nek) comme fonctions de c, pour −1 ≤ c ≤ 1, for N = 150.

Théorème 9 (Cutoff en variation totale lorsque N → ∞). Pour k ∈ [K], avec K ≥ 2, p ≥ 0
et tout c > 0, on a

dTV (tN,c, Nek) ≥ 1 − 32|µ|κke−c,

lim
N→∞

dTV (tN,c, Nek) ≤
√

exp{Kk,pe−c} − 1,

où tN,c =
lnN + c

2|µµµ| , κk = max
r:r 6=k

µr ∧ µk

µk
et Kk,p =

|µµµ|(|µµµ| − µk)

µk(|µµµ| + p)
. Ainsi, le processus de Markov

généré par LN,p vérifie un
(

ln N
2|µµµ| , 1

)
cutoff en variation totale lorsque N → ∞.

De plus, lorsque p = 0, le profil limite de la distance en variation totale vérifie

lim
N→∞

dTV(tN,c, Nek) = 2Φ

(
1

2

√
Kk,0e−c

)
− 1,

où Φ est la fonction de répartition de la distribution normale standard. Alors, le processus
généré par LN vérifie un

(
ln N
2|µµµ| , 1

)
cutoff en variation totale lorsque N → ∞.

Les preuves des Théorèmes 8 et 9 sont données dans la Section 2.5.1.
La Figure 4 montre la convergence de dTV(tN,c, Nek), avec tN,c = ln(N)+c

2|µµµ| , vers Hk(c) =

2Φ
(

1
2

√
Kk,0e−c

)
− 1, lorsque N → ∞.

Certains auteurs ont étudié l’existence d’un cutoff dans des modèles du type Moran. Par
exemple, Donelly et Rodrigues [DR00] ont prouvé l’existence d’un cutoff pour le modèle de
Moran neutre bi-allélique dans la distance en séparation11. Pour ce faire, ils ont utilisé une
propriété de dualité du processus de Moran et ont trouvé une expression asymptotique pour
la convergence en la distance en séparation pour un temps approprié mis à l’échelle, lorsque
le nombre d’individus tend vers l’infini. Khare et Zhou [KZ09] ont trouvé des bornes pour la
distance chi-deux pour un processus de Moran multi-allélique en temps discret qui implique
l’existence d’un phénomène de cutoff. Diaconis et Griffiths [DG19] ont étudié l’existence d’un

11Separation distance en anglais.
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Figure 4: Pour les paramètres K = 4, k ∈ [K], µ = (0.7, 0.8, 1.0, 1.3), p = 0 : la partie gauche
montre dTV(tN,c, Nek) comme fonction de N, 2 ≤ N ≤ 256 avec c = 0.17, et la partie droite
montre Hk(c) et dTV(tN,c, Nek) comme fonctions de c, pour −6 ≤ c ≤ 8, avec N = 100.

cutoff en chi-deux et en variation totale pour un analogue en temps discret du processus de
mutation généré par LN . Les Théorèmes 8 et 9 renforcent les résultats obtenus dans [KZ09]
et [DG19], puisqu’ils donnent les profils limites pour la distance à l’équilibre en chi-deux et en
variation totale, pour p ≥ 0 et p = 0, respectivement.

Le Théorème 9 est, à notre connaissance, le premier résultat assurant l’existence d’un
phénomène de cutoff en variation totale pour le modèle de Moran neutre avec p > 0 et mutation
indépendante des parents.

Bornes quantitatives dans un exemple non réversible
Nous présentons ici les principaux résultats obtenus dans l’article [Cor21a], publié dans Stochas-
tic Processes and Their Applications, qui sont présentés en détail dans le Chapitre 3.

L’objectif principal du Chapitre 3 est de fournir des estimations quantitatives pour les
convergences du schéma (5) pour le modèle de Moran multi-allélique neutre, où le processus de
mutation est piloté par une marche aléatoire asymétrique dans le graphe cyclique. En particulier,
nous fournissons des estimations explicites pour les bornes du Théorème 2 ci-dessus.

Comme nous l’avons commenté précédemment, la convergence des distributions empiriques
induites par un processus de particules de Moran (ou Fleming – Viot) défini sur des espaces
d’états discrets, lorsque la taille de la population et le temps tendent vers l’infini, ont été
assurés sous certaines hypothèses. Lorsque l’espace d’état est fini, comme dans le modèle con-
sidéré dans le Chapitre 3, il est bien connu que le processus de Moran est exponentiellement
ergodique, et le phénomène de propagation du chaos est vérifié. On peut citer à titre d’exemple
les travaux d’Asselah et al. [AFG11], Benaim et Cloez [BC15], Cloez et Thai [CT16b] et Lelièvre
et al.[LPR18]. Cependant, il n’y a pas beaucoup de travaux dédiés à l’étude d’exemples spé-
cifiques et fournissant des bornes explicites pour les convergences, même en considérant la
neutralité comme nous le faisons ici. Dans cette direction, nous pouvons citer les travaux de
Cloez et Thai [CT16a] et Del Moral et Jasra [DJ18].

Considérons la constante λ définie dans [CT16b] comme suit

λ = inf
x,y

(
Qx,y +Qy,x +

∑

s 6=x,y

Qx,s ∧Qy,s

)
, (17)

où Q =
(
Qx,y

)
x,y

est la matrice génératrice du processus jusqu’à l’absorption. Lorsque λ = 0

certains des résultats de [CT16b] ne sont pas vérifiés et la plupart des bornes deviennent trop
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grossières. Notons que λ > 0 pour les deux exemples étudiés dans [CT16a], mais que λ est égal
à zéro pour les modèles où il existe deux sommets tels que la distance entre eux est supérieure
à deux. La constante λ est en quelque sorte liée à la géométrie du graphe associé au processus
de mutation du modèle de Moran. Par conséquent, il devient intéressant de trouver des bornes
explicites pour la vitesse de convergence des processus de Moran avec des géométries plus
complexes associées à leurs processus de mutation.

Dans cette section, et plus tard dans le Chapitre 3, nous nous concentrons sur la marche
aléatoire sur le graphe cyclique Z/KZ, pour K ≥ 3. Pour simplifier, nous supposons que
les N particules sautent vers l’état absorbant avec le même taux. Même si dans ce cas la
distribution du processus conditionnel est triviale, l’étude du processus de Moran neutre devient
plus compliquée en raison de sa non réversibilité et de la géométrie du graphe cyclique. Nous
fournissons des limites explicites pour la vitesse de convergence de la distribution empirique
induite par le système de particules vers l’unique QSD lorsque t et N tendent vers l’infini. Cet
exemple peut être considéré comme un pas de plus dans l’étude de la vitesse de convergence
des processus de Moran (ou Fleming – Viot) avec des géométries plus générales.

Considérons le processus de Markov (Zt)t≥0 avec l’espace d’état Z/KZ ∪ {∂}, où K ≥ 3 et
∂ est un état absorbant, de générateur infinitésimal donné par

Gf(x) = f(x+ 1) − f(x) + θ[f(x− 1) − f(x)] + p[f(∂) − f(x)],

où x ∈ Z/KZ, Gf(∂) = 0, avec θ, p ∈ R∗
+ et f est une fonction réelle définie sur Z/KZ ∪ {∂}.

Autrement dit, (Zt)t≥0 est une marche aléatoire asymétrique sur le graphe cyclique K, qui saute
avec des taux 1 et θ dans le sens horaire et antihoraire, respectivement. De plus, avec un taux
uniforme p, le processus saute à l’état absorbant ∂, c’est-à-dire qu’il est tué. Notons que Z/KZ

est une classe irréductible. Le processus généré par G est un cas particulier des processus avec
mortalité uniforme dans un espace d’état fini considérés par Méléard et Villemonais [MV12,
§2.3].

Soit (Xt)t≥0 la marche aléatoire asymétrique analogue sur le graphe cyclique Z/KZ, sans
mortalité. Le générateur de ce processus, désigné par H, est donné par

Hf(x) = f(x+ 1) − f(x) + θ[f(x− 1) − f(x)], pour tout x ∈ Z/KZ.

La Figure 5 montre un schéma des taux associés à G et H dans le graphe cyclique.
Notez que, en raison de la mortalité uniforme, le processus (Zt)t≥0 pourrait également être

défini de la manière suivante
Zt =

{
Xt si t < τp

∂ si t ≥ τp,

où τp est une variable aléatoire exponentielle de moyenne 1/p et indépendante de la marche
aléatoire (Xt)t≥0. Cela signifie que la loi du processus (Zt)t≥0 conditionné à ne pas être absorbé
jusqu’au temps t ≥ 0 est donnée par Pµ(Zt = k | t < τp) = Pµ(Xt = k), pour k ∈ Z/KZ et pour
chaque distribution initiale µ sur Z/KZ. En conséquence, la QSD de (Zt)t≥0 est la distribution
stationnaire de (Xt)t≥0, qui est la distribution uniforme sur Z/KZ, comme nous le prouvons
dans le Théorème 3.1.1.

Maintenant, supposons que nous ayons N particules avec un comportement indépendant
générés par G, jusqu’à ce que l’une d’entre elles saute à l’état absorbant. Lorsque cela se
produit, la particule saute instantanément et uniformément à l’une des positions des autres
N −1 particules. Nous notons par

(
η

(N)
t

)
t≥0

le processus de Markov qui représente les positions
des N particules dans le graphe cyclique K au temps t. Par abus de notation, nous redéfinissons
l’espace d’état EK,N comme suit

EK,N =

{
η : Z/KZ → N |

K−1∑

k=0

η(k) = N

}
.
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Figure 5: Schéma des taux associés aux marches aléatoires asymétriques sur le graphe cyclique
avec et sans absorption, respectivement. Les flèches bleues et rouges représentent les interac-
tions asymétriques de la marche aléatoire, tandis que les flèches en tirets représentent les taux
d’absorption.

Le générateur du processus des N particules
(
η

(N)
t

)
t≥0

, noté QK,N , appliqué à une fonction
f sur EK,N donne

(QK,Nf)(η) =
∑

i,j∈Z/KZ

η(i)

(
1{j=i+1} + θ1{j=i−1} + p

η(j)

N − 1

)
[f(η − ei + ej) − f(η)],

où θ, p > 0 et ei est le i-ième vecteur canonique de RK . Dans le cadre de cette dynamique,
chacune des N particules, quel que soit l’endroit où elle se trouve, peut sauter sur chaque site
j ∈ Z/KZ tel que η(j) > 0. Notons que le processus

(
η

(N)
t

)
t≥0

est donc irréductible. Par
conséquent, il possède une distribution stationnaire unique notée νN .

La définition de QK,N diffère du générateur du processus de Moran multi-allélique défini dans
(1) et aussi (13), car le dénominateur est N−1 à la place de N . Il s’agit d’une différence classique
entre les définitions usuelles des processus de particules de Fleming – Viot et des modèles de
Moran. Cependant, les résultats pour le générateur analogue à celui défini dans (13) peuvent
être facilement retrouvés en prenant le taux de sélection p égal à pN/(N − 1). Nous conservons
la définition de QK,N dans la suite de cette section et dans le Chapitre 3 en accord avec la
version publiée [Cor21a].

La distribution empirique (aléatoire)m
(
η

(N)
t

)
approche la QSD du processus (Zt)t≥0 (cf.[AFG11])

qui, grâce au Théorème 3.1.1 dans le Chapter 3, est la distribution uniforme. Nous souhaitons
étudier à quelle vitesse m

(
η

(N)
t

)
converge vers la distribution uniforme sur Z/KZ lorsque t et N

tendent vers l’infini. Considérons η(N)
∞ une variable aléatoire de distribution νN , la distribution

stationnaire du processus
(
η

(N)
t

)
t≥0

. Dans ce travail, nous développons une analyse similaire à
celle de la dynamique du graphe complet dans [CT16b]. Les convergences dans (5) se réduisent
dans ce cas à

m
(
η

(N)
t

) −−−→
t→∞

m
(
η

(N)
∞
)

N
y

yN
L(Xt) −−−→

t→∞
U(Z/KZ)
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où les limites sont en loi, L(Xt) représente la loi de Xt au temps t et U(Z/KZ) représente la
distribution uniforme sur Z/KZ. Le Théorème 3.1.1 fournit des bornes exponentielles inférieure
et supérieure pour la vitesse de convergence de L(Zt | t < τp) vers U(Z/KZ) dans la norme L2,
lorsque t → ∞. De même, le Corollaire 3.1.7 et le Théorème 3.1.9 donnent des bornes pour
la vitesse de convergence de m

(
η

(N)
t

)
vers L(Zt | t < τp) et m

(
η

(N)
∞
)

vers U(Z/KZ), lorsque
N → ∞.

Le comportement quantitatif en temps long du système de N particules dans des espaces
d’états dénombrables est étudié dans [CT16b]. En utilisant une technique de couplage et sous
certaines conditions, une borne exponentielle est fournie pour la convergence de L(η(N)

t

)
vers

νN au sens d’une distance de Wasserstein [CT16b, Thm. 1.1]. En particulier, le paramètre λ
défini par (17) doit être positif. Ce n’est pas le cas de la marche aléatoire asymétrique sur le
graphe cyclique K avec mortalité uniforme, lorsque K ≥ 6. Une étude de cette convergence
peut être effectuée en utilisant le spectre du générateur QK,N , qui a été discuté dans la section
précédente. En effet, en utilisant l’Exemple 2.4.1 dans le Chapitre 2, nous pouvons obtenir
l’expression asymptotique suivante pour le profil de la convergence de la distance de variation
totale vers la stationnarité :

D
QK,N

TV (t) = O
(
e−ρKt

)
,

où ρK = 2(1 + θ) sin2 (π/K) , et D
QK,N

TV est définie comme dans (14). Cependant, l’obtention
d’une borne explicite pour cette convergence, ou la preuve de l’existence d’un phénomène de
cutoff, sont des sujets de recherche à approfondir.
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Introduction (English version)

This thesis is based on the study of a continuous-time discrete space Markovian interacting
particle systems, modelling the evolution of a population of N individuals of different types
given by the elements of a discrete set E. In words, each individual changes its type according
to a Markovian mutation process independently of the others. The interaction occurs during the
reproduction events where one individual dies and another randomly chosen, possibly the same,
is duplicated. This type of reproduction is of Moran type and we call this process multi-allelic
Moran model [Dur08; EG09].

Two asymptotic quantities of interest arise in the study of these processes: the stationary
distribution of the particle process (the limit distribution when the time goes to infinity) and
the limit empirical distribution induced by the particle process in E (the limit when the number
of particles goes to infinity). The existence of these limits and the speed of the convergences
are of high interest for theoretical and practical purposes. This thesis is centred on the study
of the speed of these convergences previously described.

We first introduce the multi-allelic Moran model and describe more explicitly the limits that
will attract our attention during the rest of the exposition. We then describe the motivations
and the problem to which this thesis is addressed. Finally, we summarize the main results of
the thesis, which are presented and demonstrated in detail in the subsequent chapters.

The multi-allelic Moran model
Consider E a discrete state space. The state space of the multi-allelic Moran model is the N
discret simplex

EN :=

{
η : E → N

∣∣∣
∑

x∈E

η(x) = N

}
.

The empirical distribution induced by η ∈ EN is defined by

m(η) =
∑

x∈E

η(x)

N
δx ∈ M1(E),

where M1(E) is the set of probability measures on E.
Let Q be the generator of a continuous-time, non-explosive, irreducible Markov chain, and

consider the rates Vµ(x, y) ≥ 0, for all x 6= y ∈ E and µ ∈ M1(E).
The multi-allelic Moran process is a continuous-time Markov chain evolving on EN . The

process is at η ∈ EN if there is η(x) individuals of type x, for all x ∈ E. Between reproduction
events, the N individuals evolve as independent copies of the mutation process generated by
Q = (Qx,y)x,y∈E . In this sense we call Qx,y, for x, y ∈ E, the mutation rates.

Reproduction events consist of the death of an individual of type x, which is then removed
from the population, and the reproduction of an individual of type y, which add an y individual
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to the population. This happens at rate η(y)/N · Vm(η)(x, y). Hence, the transition rate from
η ∈ EN , with η(x) > 0, to η − ex + ey is

η(x)

(
Qx,y +

η(y)

N
Vm(η)(x, y)

)
,

for every x 6= y ∈ E, where η − ex + ey is the element in EN satisfying

(
η − ex + ey

)
(z) =





η(z) if z /∈ {x, y},
η(x) − 1 if z = x,
η(y) + 1 if z = y.

Hence, the Moran model considered previously described is a family of continuous-time Markov
chains on EN , with generators QN , which act on every function f on EN as follows

(QNf
)
(η) =

∑

x,y∈E

η(x)

(
Qx,y +

η(y)

N
Vm(η)(x, y)

)
[f(η − ex + ey) − f(η)], (1)

for all η ∈ EN .
We will further detail particular examples but, for the moment, let us see that when

Vm(η)(x, y) is constant, each individual dies at the same rate and the parent is choose uni-
formly at random over the individuals that are present in the population (this explain the term
η(y)/N in the transition rate). We can also interpret this rate by the opposed point of view:
each individual reproduces at a constant rate and the dying individual is chosen uniformly at
random. This is often called neutral selection in ecology literature, but our models allow to
choose various non constant Vm(η)(x, y). In this sense, we call the rates Vµ(x, y), for x, y ∈ E
and µ ∈ M1(E), the selection rates.

Note that the reproduction dynamics depends in general on both the types of the parent and
the offspring, and may also depend on the empirical distribution induced by the configuration of
the population at the current time, in a sense that we will clarify further along in Assumptions
(G1) and (C1).

The empirical distribution induced by the particle process at time t is given by m
(
η

(N)
t

)
.

The aim of this thesis is to understand the limits and convergence speeds of m
(
η

(N)
t

)
when

t → ∞ and N → ∞.
Throughout this thesis the following boundedness condition holds:

‖V ‖ := sup
µ∈M1(E)

sup
x,y∈E

Vµ(x, y) < ∞.

Note that the non-explosion condition on Q and the bound condition on ‖V ‖ let out the pos-
sibility of an infinite number of jumps in finite time. Thus, the process is well-defined for all
t ≥ 0.

The multi-allelic Moran model generated by QN is an extension, for K > 2, of the bi-
allelic model studied by [Cor17]. In general, when generalising the Moran model for more
that two allelic types, the selection rates are taken depending only on the offspring type, i.e.
Vµ(x, y) = V b(y), for all x, y ∈ E and µ ∈ M1(E), which is called selection at birth or fecundity
selection [Dur08; MW09; Eth11]. Besides, in biological applications it has been also considered
the model with selection at death or viability selection, when the selection rates only depend
on the parent type, i.e. Vµ(x, y) = V d(x) [MW09], for all x, y ∈ E and µ ∈ M1(E). However,
the importance of this last model goes outside its biological interpretations: this process is
also called Fleming – Viot particle process, which is an interacting particle process intended for
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the approximation of the quasi-stationary distribution of an absorbing Markov chain. We will
discuss later the relation among the Moran model considered here, Feynman – Kac semigroups,
the theory of quasi-stationary distributions and Fleming – Viot particle processes.

We have that QN = Qmut
N + Qsel

N , where these generators act on every f ∈ Bd(EN ) as follows

(Qmut
N f)(η) =

∑

x,y∈E

η(x)Qx,y[f(η − ex + ey) − f(η)],

(Qsel
N f)(η) =

∑

x,y∈E

η(x)
η(y)

N
Vm(η)(x, y)[f(η − ex + ey) − f(η)],

for all η ∈ EN , where Bd(EN ) denotes the set of bounded real functions on EN . Note that the
irreducibility of Q implies the irreducibility of QN . The generator Qmut

N drives the independent
movement of N particles according to the mutation rate Q. Besides, Qsel

N drives an absorbing
Markov chain on EN . Indeed, once a site y ∈ E is empty (the process is at η such that η(y) = 0)
no particle can jump to y. Thus, the states ηx such that ηx(x) = N , for x ∈ E, are absorbing
for the process generated by Qsel

N .
Let us get some insight in the limit of the empirical mesure induced by this particle process

when the number of particles tends towards infinity. By the Kolmogorov equation we know that
∂tEη[mx(ηt)] = Eη

[(QN mx
)
(ηt)

]
, where mx stands for the empirical distribution induced by η

on the point x ∈ E, i.e. mx : η 7→ η(x)/N. Let us thus compute Qmut
N mx:

(Qmut
N mx

)
(η) =

∑

y∈E

Qy,xmy(η),

for every x ∈ E, for all η ∈ EN . On the other hand,
(Qsel

N mx
)
(η) = −mx(η)

∑

y∈E

my(η)[Vm(η)(x, y) − Vm(η)(y, x)].

Finally, we get

∂tEη[mx(ηt)] =
∑

y∈E

Qy,xEη[my(ηt)] −
∑

y∈E

[Vm(η)(x, y) − Vm(η)(y, x)]Eη[mx(ηt)my(ηt)].

When the number of individuals N → ∞, we expect that the process exhibits a propagation of
chaos phenomenon:

|Eη[mx(ηt)my(ηt)] − Eη[mx(ηt)]Eη[my(ηt)]| −−−−→
N→∞

0.

Namely, asymptotically the positions of the particles becomes independent. Thus, the empirical
distribution induced by the process should approximate the solution of the following nonlinear
differential equation:

∂tγt(x) =
∑

y∈E

Qy,xγt(y) −
∑

y∈E

[Vγt(x, y) − Vγt(y, x)]γt(x)γt(y), (2)

for all x ∈ E.
Let us now clarify the dependence of the selection rates on the empirical distribution induced

by the particle system. Assume that the selection rates allow the following decomposition

Vµ(x, y) = V d
µ (x) + V b

µ (y) + V s
µ(x, y), (3)
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where µ 7→ V d
µ and µ 7→ V b

µ are continuous bounded maps from (M1(E), ‖·‖TV) to (B+(E), ‖ · ‖),
and µ 7→ V s

µ is a bounded continuous map from (M1(E), ‖ · ‖TV) to (B+(E × E), ‖ · ‖). In ad-
dition, V s

µ is symmetric in E × E, for every µ ∈ M1(E). We also assume that there exists a
function Λ ∈ Bb(E) such that

Λ = V b
µ − V d

µ .

Thus, (2) reduces as follows: for every function ϕ on E we have

∂tγt(ϕ) = γt

(
(Q+ Λ)ϕ− γt(Λ) · ϕ

)
. (4)

Indeed, note that
∑

y∈E

ϕ(x)[Vγ(x, y) − Vγ(y, x)]γ(x)γ(y) = γ
(
Qϕ
)

+ γ
(
V d

γ

)
γ(ϕ) − γ

(
V d

γ ϕ
)

+ γ
(
V b

γ ϕ
)− γ

(
V b

γ

)
γ(ϕ)

= γ
(
Qϕ+ Λϕ− γ(Λ)ϕ

)
.

Remark 1 (Independence on the symmetric component in (3)). Note that the symmetric func-
tion V s

µ is absent in (4). In other words, the particle system would approximate the same
deterministic measure, which is given by the solution of (4), independently of the symmetric
element in the decomposition (3) of the selection rates.
Remark 2 (Feynman – Kac interpretation for the model with general selection rates). See [Del04,
p. 25], and the references therein, for a Feynman – Kac interpretation for the differential equation
(2) with rather general selection rates.

The following diagram summarises the four convergences that we study in the sequel:

m
(
η

(N)
t

) −−−→
t→∞

νN

N
y

yN
γt −−−→

t→∞
ν∞

(5)

where νN denotes the stationary distribution of the process generated by QN and (γt)t≥0 denotes
the solution of (4), whenever they exist.

Feynman – Kac semigroups and quasi-stationary distributions
Consider (Xt)t≥0 the Markov chain on E generated by Q. Let us define the Feynman – Kac
semigroup for every ϕ ∈ Bb(E) as follows

PΛ
t (ϕ) : x 7→ Ex

[
ϕ(Xt) exp

{∫ t

0
Λ(Xs)ds

}]
,

whose generator is Q+ Λ. The normalised version of the semigroup, which is defined as follows

µt(ϕ) :=
µ0P

Λ
t (ϕ)

µ0PΛ
t (111)

, (6)

where 111 denotes the all-one function on E, is the solution of the nonlinear differential equation
(4) with initial value µ0(ϕ) for t = 0 [Del04, Eq. (1.17)]. For an exhaustive and comprehensible
study of the Feynman – Kac formulae, we refer to the book of Del Moral [Del04].

Note that (µt)t≥0 as defined above is invariant by translation of Λ. Indeed, for every real β
we get

µt(ϕ) =
µ0P

Λ−β
t (ϕ)

µ0P
Λ−β
t (111)

.
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In particular, taking β = sup Λ, we can always interpret (µt)t≥0 as the distribution of an
absorbing Markov chain conditioned to non absorption up to time t and with killing rate κ =
sup Λ − Λ. This naturally relates the study of the behavior of (µt)t≥0 when t → ∞, to the
theory of quasi-stationary distributions (QSD), which is presented in the next section.

Quasi-stationary distributions

Let us denote by (Xt)t≥0 an irreducible continuous-time non-explosive Markov chain on a dis-
crete space E with generator Q. Let κ : E → R+ be a bounded function. We add an absorbing
state ∂ /∈ E, and we define the absorbing Markov chain (Yt)t≥0 on E ∪ {∂}, such that

Yt =




Xt if

∫ t

0
κ(Xs)ds < ξ

∂ otherwise,

where ξ is an exponential random variable with parameter 1, independent from (Xt)t≥0. In
words, (Yt)t≥0 evolves as (Xt)t≥0 on E, and conditioned to be at x ∈ E, it jumps to ∂ (get
absorbed) with rate κ(x).

Alternatively, (Yt)t≥0 can be defined as the process with generator Q̃ acting on bounded
functions φ on E ∪ {∂} as follows:

(Q̃φ) : x 7→ κ(x)(φ(∂) − φ(x)) +
∑

y∈E

Qx,y(φ(y) − φ(x)),

for every x ∈ E, and we set
(
Q̃φ
)
(∂) = 0.

Let us denote by τ∂ the absorption time. We have

Eµ[ϕ(Yt)] = Eµ[ϕ(Xt) | t < τ∂ ] =
Eµ

[
ϕ(Xt)e

−
∫ t

0
κ(Xs)ds

]

Eµ

[
e−
∫ t

0
κ(Xs)ds

] . (7)

Notice the similarity between the previous expression and the normalised Feynman – Kac semi-
group defined by (6).
Remark 3 (Link between the measure γt in (5) and an absorbing Markov chain). When the
decomposition (3) is verified, the limit of m(η

(N)
t ) when N → ∞, which we denoted γt in

(5), is the law of an absorbing Markov chain conditioned on non absorption up to time t ≥ 0.
Furthermore, the generator of one of this absorbing Markov chains is Q+κ where κ := sup Λ−Λ.

The absorption time τ∂ , defined as

τ∂ := inf
t≥0

{Xt = ∂},

is a stopping time, which means that for all s ≥ 0, Xs = ∂ implies Xt = ∂, for all t ≥ s.
Throughout this manuscript we assume that starting from any x ∈ E, the process eventually
get absorbed, almost surely. Namely, we assume that

Px(τ∂ < ∞) = 1, ∀x ∈ E.

Thus, the stationary distribution of (Xt)t≥0, which is the distribution concentrated at ∂, is
not interesting. However, it is interesting to consider the stationary distribution of the process
conditioned to non absorption, which is called the quasi-stationary distribution.
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Definition 1 (Quasi-stationary distribution (QSD)). A quasi-stationary distribution for the
absorbing Markov chain (Yt)t≥0 is any µ ∈ M1(E) satisfying

Pµ(Yt ∈ · | t < τ∂) = µ.

Definition 2 (Quasi-limit distribution (QLD)). A quasi-limit distribution for the absorbing
Markov chain (Yt)t≥0 is any µ ∈ M1(E) satisfying

lim
t→∞

Pν(Yt ∈ · | t < τ∂) = µ,

for any ν ∈ M1(E).

When the limit above holds true and is the same for all ν = δx, with x ∈ E, the distribution
quasi-limite is said to be the Yaglom limit12 or the minimal quasi-stationary distribution of
(Yt)t≥0.

Analogously to the classic ergodic theory of Markov chains, the QSD and the QLD are
equivalent objects. Moreover, a minimal QSD is always a QSD but the reversed implication is
not always true:

QSD ⇔ QLD ⇐ Yaglom limit (minimal QSD) .

For more the datils on the study of quasi-stationary distributions, we refer to the survey of
Méléard and Villemonais [MV12], the book of Collet, Martínez and San Martín [CMS13], and
the paper of van Doorn and Pollet [DP13], for the specific context of dicrete state spaces.

The definition of QLD and Remark 3 imply that ν∞ in (5) can be understood as a QSD.
Remark 4 (Measure ν∞ in (5) is a QSD). When the decomposition (3) is verified, the probability
distribution ν∞ in (5) is the QSD of the absorbing Markov chain with generator Q+ κ, where
κ := sup Λ − Λ ∈ Bb(E).

During this work we consider a stronger condition: the uniform exponential convergence of
the normalised Feynman – Kac semigroup. We assume that there exist a distribution µ∞ ∈ M1(E)
and C, γ > 0, such that

‖µt − µ∞‖TV ≤ Ce−γt, for all µ0 ∈ M1(E) and t ≥ 0, (8)

where (µt)t≥0 is defined as in (6).
The exponential convergence (8) always verified when the state space if finite. In this case

the QSD is given by the normalised left-eigenvector of the generator Q, associated to the second
largest eigenvalue in modulus (SLEM). This was proved by Darroch and Seneta [DS67] and the
result comes as a consequence of the Perron – Frobenius Theorem [Per07; Fro12] (see also [MV12,
Thm. 8] for the specific context of quasi-stationary distributions).

The case where E is countable is more delicate and has attracted lots of attention and several
methods have been applied. Thanks to the exhaustive work of Champagnat and Villemonais,
specifically [CV16; CV17b], it is possible to describe hypothesis equivalent to (8) and explore the
consequences of the uniform exponential convergence to the QSD. We further discuss this topics
in Section 1.2. Meanwhile, let us just state the following result which clarify the consequences
of (8) to the exponential ergodicity of the unnormalised semigroup

(
PΛ

t

)
t≥0

.

Lemma 1 (Exponential ergodicity of the non normalised semigroup). Assume that (8) is ver-
ified. Then, there exist a unique triplet (µ∞, h, λ) ∈ M1(E) × Bb(E) × R, of eigenelements of
Q+ Λ such that h is strictly positive, µ∞(h) = 1 and satisfy

µ∞P
Λ
t = eλtµ∞ and PΛ

t (h) = eλth.

12This name comes from the mathematician A. M. Yaglom, who started the study of this type of objects for
sub-critical Galton – Gatson process in [Yag47].
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Moreover, there exist C, γ > 0 such that for all t ≥ 0:

sup
µ0∈M(E)

‖e−λtµ0P
Λ
t − µ0(h)µ∞‖TV ≤ Ce−γt.

Furthermore, λ ≤ 0 whether Λ ≤ 0.

This result is basically a consequence of Theorem 2.1 of [CV17b] (Theorem 1.2.2 below).
Essentially, it says that the uniform exponential convergence of the normalised semigroup implies
that of the unnormalised semigroup.

Fleming – Viot particle systems
The Fleming – Viot particle system consists in N particles moving in E as independent copies
of an absorbing Markov chain, until one of the particles gets absorbed. When this happens,
this particle jumps instantaneously and uniformly to the positions of one of the other particles.
The Fleming – Viot particle systems were originally and independently introduced by Del Moral,
Guionnet and Miclo [DG99; DM00a]13, and Burdzy, Hołyst and March [BHM00] to approximate
the law of a Markov process conditioned to non absorption, and its QSD in the continuous state
space setting. These particle processes have attracted lots of attention in recent years. See for
instance [DM03; Vil14; Cér+20; CV21] for general state spaces, [FM07; GJ13; Ass+16; CT16b]
for countable state spaces, and even [AFG11; LPR18] for finite state spaces.

The Fleming – Viot particles process is a particular case of the multi-allelic Moran process
with selection at death or viability selection, when the selection rates only depend on the parent
type, i.e. Vµ(x, y) = κ(x), for all x, y ∈ E and µ ∈ M1(E), with κ ∈ Bb(E). We denote by FN

the infinitesimal generator of the Fleming – Viot process which acts on every bounded function
on EN as follows

(FNf
)
(η) =

∑

x,y∈E

η(x)

(
Qx,y +

η(y)

N
κ(x)

)
[f(η − ex + ey) − f(η)],

for all η ∈ EN .
The definition of the Fleming – Viot particle process is motivated by simulation purposes.

The simulation of the law (7) and the the estimation of its QSD by usual methods (as rejection
sampling) are unviable, since to event to which one restrict the observation has probability
tending (usually exponentially) to zero. The Fleming – Viot particle system offer an alternative
method. Under some assumptions, it can be proved that the when N → ∞, the empirical
measure induced by the particle system approaches the conditional distribution (7). Thus,
when N, t → ∞, the particle system can be used to estimate the QSD associated to (7). See
for example [GJ13] for more details about the simulations of quasi-stationary distributions on
countable spaces.

Let us review, without being exhaustive, the state of the art related to the convergence of
the empirical measure induced by Fleming – Viot as an etimator of a quasi-stationary distri-
bution. Ferrari and Marić [FM07] and Asselah et al. [AFG11] study the convergence of the
empirical distribution induced by the Fleming – Viot process to the unique QSD in countable
and finite discrete space settings, respectively. With the aim to study the convergence of the
particle process under the stationary distribution to the QSD, Lelièvre et al. [LPR18] prove a

13Actually, Del Moral and Miclo called this process Moran-type particle system, which is maybe a moreaccurate
name in the discrete state space setting, in order to avoid confusion with the existence of a measure-valued process
related to the Moran process in population genetics introduced by Fleming and Viot [FV79] and named Fleming –
Viot process. See [FV79, Appendix B] for a discussion on the relationship between Fleming –Viot process (in the
sense of population genetics) and the multi-allelic Moran model, see also [Fen10, §6.2].
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Central Limit Theorem for the finite state case. Additionally, Villemonais [Vil15] and Asselah
et al. [Ass+16] study the convergence to the minimal QSD in a birth-and-death process and
in a Galton – Watson type model, respectively. Similarly, Asselah and Thai [AT12] and Maric̀
[Mar15] address the study of the N particle system associated to a random walk on N0 with a
drift towards the origin, which is an absorbing state. In the scenario where the state space E
is infinite (as for the Galton – Watson and the birth-and-death processes), they could exist an
infinite number of QSD. It is thus important to ensure the ergodicity of the particle system and
determine to which QSD it converges. In this direction, Champagnat and Villemonais [CV21]
study the convergence of the Fleming – Viot process to the minimal QSD under general condi-
tions, providing also some specific examples. See also the paper of Cloez and Thai [CT16b],
ensuring, under strong mixing conditions, the convergences in (5) with explicit quantitative
estimates for the speed of convergence.

Main results

The work we present here can be seen as a continuation of the research related to ergodicity
and propagation of chaos on Fleming – Viot processes. In Chapter 1, we go further and study a
more general class of models: the multi-allelic Moran models with selection rates satisfying (3),
which are particle systems whose empirical measure also approaches a QSD when t,N → ∞.
Theorem 2 establishes the uniform in time convergence of order 1/

√
N of m(η

(N)
t ) → γt as

in diagram (5). In particular, this result ensure a uniform in time propagation of chaos with
rate 1/

√
N for the Fleming – Viot process. This problem has attracted considerable attention

in recent years. See, for instance, [Vil14, Thm. 2.2], [CT16b, Thm. 1.5], [LPR18, Remark 4.3]
and [CV21, Thm. 2.3]. In Theorem 3 we go beyond and prove the asymptotic normality of√
N
(
m
(
η

(N)
T

)
(ϕ) − γT (ϕ)

)
, when N → ∞, with an explicit expression for the variance, for all

T ≥ 0 and ϕ ∈ Bb(E). The empirical distribution induced by the Moran model with associated
function Λ, approaches the same QSD that approaches the Fleming – Viot particle process with
killing rate κ = sup Λ − Λ (see Remarks 1, 3 and 4). This naturally arise the question: what
particle system is the best estimator of a QSD of interest? We partially answer this question in
Corollary 4 below showing a way to minimise the asymptotic quadratic error when t,N → ∞,
of (m(ηt))t≥0 as an estimator of (µt)t≥0. However, the study of the Moran particle process with
minimal quadratic error requires further research.

In Chapter 2 we consider the case where the state space of the allelic types is finite and
the selection rate is uniform. In the context of Fleming – Viot process, this is equivalent to
consider a constant killing rate κ. Although this is a quite simplified model, our results are
particularly strong: in Theorem 5 we obtain an explicit expression for the eigenvalues of the
generator of the particle system QN as function of the eigenvalues of the mutation rate matrix
Q, which is only assumed to be irreducible, but not necessarily diagonalisable. Furthermore,
we study the process where the mutation rate matrix is parent independent. In this case the
Moran process is reversible and one can explicitly compute the eigenvectors of its generator and
its stationary distribution. Then, we go further and prove the existence of cutoff phenomenon
in the chi-square distance (Theorem 8) and in total variation (Theorem 9).

In Chapter 3 we also consider the process where the state space of the allelic types is finite
and the selection rate is uniform, and moreover the mutation rate matrix is the generator
of an asymmetric random walk on the cycle graph Z/KZ, with K ∈ N. We show that this
model has a remarkable exact solvability, despite the fact that it is non-reversible with non-
explicit invariant distribution. Our main results include quantitative propagation of chaos and
exponential ergodicity with explicit constants, as well as formulas for covariances at equilibrium
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in terms of the Chebyshev polynomials. We also obtain an explicit uniform in time bound for
the convergence of the proportion of particles in each state when the number of particles goes
to infinity.

We next summarise the main results of the thesis, which are presented in more details and
proved later in Chapters 1, 2 and 3.

Propagation du chaos dans le modèle de Moran
Here we present the main results obtained in Chapter 1, which are based on the preprint [CC21].

In this chapter we consider the problem of studying the convergence of the empirical dis-
tribution induced by the Moran model when the number of individual tends toward infinity.
Naturally, we assume that the empirical measure induced by the particle process at t = 0 con-
verges towards the initial distribution µ0 ∈ M1(E) in Lp, for every p ≥ 1. More precisely, there
exists a constant C > 0 such that

sup
ϕ∈B1(E)

E[|m(η0)(ϕ) − µ0(ϕ)|p] ≤ C

Np/2
, (9)

where B1(E) is the set of real function on E such that ‖ϕ‖ ≤ 1. In particular, this verified when
initially all the particles are sampled independently with the same distribution µ0 ∈ M1(E).
Then, we focus on the control of the following quantity

sup
ϕ∈B1(E)

E

[
sup
t∈A

|m(η(N)
t

)
(ϕ) − µt(ϕ)|p

]
,

for every p ≥ 1, where (µt)t≥0 is the solution of (4) with initial condition µ0 ∈ M1(E) and
A ⊂ R+. This is a control of the speed of convergence of m

(
η

(N)
t

)
(ϕ) to γt(ϕ), when N → ∞,

as in (5). We consider to cases: where A = [0, T ], with T ≥ 0, and thus it can be extended to
any compact on R+; or when A = R+. In this last case, our results provide a uniform in time
control of the Lp distance between m

(
η

(N)
t

)
(ϕ) and µt(ϕ), for any ϕ ∈ B1(E).

Propagation of chaos with general selection rate

First, we consider a model where the selection rates can be written as follows

Vµ(x, y) =
∑

i≥1

V d
i (x)V b

i (y) + V s
µ(x, y), (10)

where V d
i and V b

i are uniformly bounded in E and µ 7→ V s
µ is a continuous and bounded from

(M1(E), ‖ · ‖TV) to (Bb(E×E), ‖ · ‖). Furthermore, V s
µ is symmetric for every µ ∈ M1(E). See

Assumptions (G1) and (G2) in Section 1.1.1 for a thorough version the hypothesis we assume
in this case. Hence, we prove a uniform on compacts convergence in the sense of the following
inequality: for every T ≥ 0 and p ≥ 1, there exists a constant Cp,T > 0, such that

sup
ϕ∈B1(E)

E

[
sup

t∈[0,T ]
|m(η(N)

t

)
(ϕ) − µt(ϕ)|p

]1/p

≤ Cp,T√
N
, (11)

where (µt)t≥0 is the solution of (2) with initial condition µ0 ∈ M1(E). See Theorem 1.1.2 for
the complete description of this result.

This result is a generalisation for multi-allelic Moran models of Proposition 3.1 in [Cor17],
where the uniform convergence on compacts in probability is proved for a bi-allelic Moran model.
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This speed of convergence can also be related to existing results which ensure the convergence
of the empirical mesure induced by a Moran type (or Fleming – Viot) particle process towards
the law of an absorbing process conditioned to non absorption. See for instance [DM00b, Prop.
3.5] [DPR11, Lemma 3.1], [Vil14, Thm. 2.2] and [CT16a, Thm. 1.3]. See also [BC15, Thm. 3.1
and Rmk. 3.2] where the almost surely convergence (and also the complete convergence [Gut13,
Def. 1.6]) is proved when the state space is finite. As far as we know, the control we establish in
(11) is the first result ensuring the convergence uniformly in compacts, for p ≥ 1, with speed of
convergence of order 1/

√
N for multi-allelic Moran models, and also for Fleming – Viot particle

processes in discrete countable state spaces, not necessarily finite. The idea behind the proof
is closed to the methods in [Rou06]: it consists in finding a martingale indexed by the interval
[0, T ], whose terminal value at time T is precisely m(ηT )(ϕ)−µT (ϕ) plus a term whose Lp-norm
can be controlled, for any ϕ ∈ Bd(E). Thereafter, the final result comes by clever use of a
Grönwall type argument similarly to the proof of Proposition 1 in [MS19].

Uniform in time propagation of chaos with additive selection rates

Under a more specific expression for the selection rate, we can prove a uniform in time bound
for the convergence of

(
m(ηt)

)
t≥0

towards
(
µt
)

t≥0
, when N → ∞. Namely, we assume that (3)

is verified, i.e. we assume that the selection rates can be written as follows

Vµ(x, y) = V d
µ (x) + V b

µ (y) + V s
µ(x, y),

and that there exist Λ ∈ Bb(E), independent on µ, and a constant Cµ, depending on µ, such
that

Λ = V b
µ − V d

µ + Cµ, for all µ.

See Assumption (C1) in Chapter 1 for more details.

Example 1 (Selection rates independent on µ). When the selection rates do not depend on µ,
the expression for the selection rate reduces to the existence of V d, V b ∈ Bd(E) and a symmetric
V s ∈ Bd(E × E) such that

V (x, y) = V d(x) + V b(y) + V s(x, y).

Let Λ ∈ Bb(E) be a fixed function. Typical examples of functions V b and V d satisfying this
condition are

V b = (Λ − c)+ and V d = (Λ − c)−,

for a fixed constant c ∈ R, where we use the standard notation

(x)+ := max{x, 0} and (x)− := − min{x, 0}.

These are in fact the selections rates considered by Angeli et al. [AGJ21, §3.3] in the context of
cloning algorithms. Moreover, the case c = 0 is considered in Example 3.1-(2) in [Rou06]. Note
that in this case the expression in (10) is also verified.

From a biological point of view, the parameter c ∈ R can be seen as a fitness parameter.
Let us assume V s is null for simplicity, and denote by ξ

(i)
t the type of the i-th individual, for

1 ≤ i ≤ N , at time t ≥ 0. Then, if Λ
(
ξ

(i)
t

) ≤ c, the individual i-th dies and another randomly
chosen reproduces with rate (Λ(ξ

(i)
t ) − c)−. Otherwise, a random chosen individual individual

dies and individual i-th reproduces with rate (Λ(ξ
(i)
t ) − c)+.

Another example of particular interest is when V b = 0. Notice that the Moran process with
this selection rates is in fact a Fleming – Viot particle system .
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Example 2 (Selection rates depending on µ). Consider a fixed function Λ ∈ Bb(E). Typical
examples of functions V b

µ and V d
µ are:

V b
µ =

(
Λ − µ(Λ)

)+ and V d
µ =

(
Λ − µ(Λ)

)−
.

These are the selection rates considered in [Del04, §1.5.2, p. 35], see also Example 3.1-(3) in
[Rou06].

In this case the biological interpretation of µ(Λ) is similar to that of the parameter c in the
Example 1. Indeed, the fitness parameter varies in time according to the configuration of the
population.

We are now in conditions to state our main results for the multi-allelic Moran model with
additive selection.

Theorem 2 (Uniform in time propagation of chaos). Assume that

• the expression (3) for the selection rates,

• the assumption (9) for the initial condition, and

• the uniform convergence established in (8) for (µt)t≥0

are verified. Then, for every p ≥ 1 there exists a constant Cp, such that

sup
ϕ∈B1(E)

sup
t≥0

E
[|m(η(N)

t

)
(ϕ) − µt(ϕ)|p]1/p ≤ Cp√

N
.

See Theorem 1.1.4 in Chapter 1 for a detailed version of this results and its proof.
For a fixed N , if the process

(
η

(N)
t

)
t≥0

generated by QN allows a stationary distribution νN ,
then under the hypothesis in Theorem 2 we get

sup
ϕ∈B1(E)

EνN

[|m(η∞)(ϕ) − µ∞(ϕ)|p]1/p ≤ Cp√
N
,

for all p ≥ 1.
Obtaining a uniform in time bound as the one provided by Theorem 2 is a hard problem

and this kind of results are uncommon in the literature. Del Moral and Guionnet in [DG01,
Thm. 3.1] have proved a similar results for a resembling but discrete-time model, where the
potential is assumed uniformly bounded and also bounded away from zero. Moreover, their
upper bound for the speed of convergence in [DG01, Thm. 3.1] is of order 1/Nα, with α < 1/2.
Rousset [Rou06, Thm. 4.1] has proved a uniform in time bound in Lp with the same speed
of convergence as our result. However, the model studied by Rousset is in continuous state
space and the diffusion process driving the mutation process is assumed reversible. Similarly,
Angeli et al. [AGJ21, Thm. 3.2] obtained an equivalent result for jump processes on locally
compact spaces in the context of cloning algorithms, for p ≥ 2. Our model is different, since
we consider the case where the state space is discrete, non necessarily compact. Furthermore,
in (3) we allow the selection rates to depend on the empirical probability measure induced by
the particle system, in the same spirit of [Rou06]. Nonetheless, our methods are similar to
those of Rousset [Rou06] and Angeli et al. [AGJ21] (see also [DM00b, §3.3.1]): they consist in
finding a martingale indexed by the interval [0, T ], wwhose terminal value at time T is precisely
m(ηT )(ϕ)−µT (ϕ) plus a term whose Lp norm can be controlled, for any ϕ ∈ Bb(E). Thereafter,
the final result comes by a control of the quadratic variation of the martingale and an induction
principle.
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We also get the next result: under the hypothesis in Theorem 2, for every p ≥ 1, there exists
a constant Cp > 0 such that

sup
t≥0

E

[(
‖m(η(N)

t

)− µt‖w

)p
]1/p

≤ C√
N
, where ‖µ1 − µ2‖w :=

∑

n∈M

2−n|µ1(xn) − µ2(xn)|,

for an (arbitrary but fixed) enumeration (xn)n∈M of the elements in E, with M ⊂ N.
Remark 5 (Almost sure convergence). The previous inequality, for p = 4, ensure the convergence:

∑

N≥2

P

[
‖m(η(N)

t

)− µt‖w > ϵ
]
< ∞,

for every ϵ > 0. Hence, using a Borel – Cantelli argument we get the convergence m
(
η

(N)
T

) a.s.−−→
µT in the weak sense, where a.s. denotes the almost sure convergence. Furthermore, this con-
vergence does not depend on the space where the random variables are coupled.

Let us denote by m̄(ηt) the mean empirical probability measure induced by ηt which is
defined as

m̄(ηt) :=
∑

x∈E

E

[
ηt(x)

N

]
δx ∈ M1(E).

Moreover, let us denote by ξ
(i)
t the random variable given by the type of the i-th individual

at time t ≥ 0, for i ∈ {1, 2, . . . , N}, and by Law
(
ξ

(i)
t

)
the law of this random variable. Let us

denote by (etQ)t≥0 the semigroup associated to the mutation process generated by Q. Hence,
under the hypothesis in the statement of Theorem 2 we can ensure the existence of a positive
constant C such that

sup
t≥0

∥∥∥m̄
(
η

(N)
t

)− µt

∥∥∥
TV

≤ C

N
.

Moreover, if the initial distribution of the N particles is exchangeable, then

sup
t≥0

∥∥∥Law(ξi
t) − µt

∥∥∥
TV

≤ C

N
.

It is expected that when the selection rates are constant the measure generated by the
particle system is a unbiased estimator of the law of the Markov chain generated by Q, in the
sense that

m̄
(
η

(N)
t

)
= m̄(η0)etQ, for all t ≥ 0.

See e.g. [CT16b] and the results in Chapter 3. In Corollary 1.3.6, we prove that this result also
holds when V = V s is symmetric.

Our last two results in Chapter 1 are addressed to the study of the asymptotic square error
of the approximation of µ∞ by m

(
η

(N)
T

)
when T,N → ∞. These results are highly important

when the Moran process is used for approximating a quasi-stationary distribution. First, we
provide an explicit expression for the asymptotic expression of NE

[(
m
(
η

(N)
T

)− µ∞(ϕ)
)2]. Let

us define the asymptotic quadratic errors:

σ2
T (ϕ) := lim

N→∞
NE

[(
m(ηT )(ϕ) − µT (ϕ)

)2] and σ2
∞(ϕ) := lim

T →∞
σ2

T (ϕ),

for every uniformly bounded function ϕ in E.
First, we prove the asymptotic normality of the bias and we provide explicit expressions for

σ2
T (ϕ) and σ2

∞(ϕ). Then, we use this expression to show how to define another Moran process
approaching the same distribution µ∞, with smaller or equal asymptotic square error.
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Let us define
Sµ(ϕ) :=

∑

x,y∈E

µ(x)µ(y)V s
µ(x, y)(ϕ(x) − ϕ(y))2, (12)

for every ϕ ∈ Bb(E) and µ ∈ M1(E). We thus obtain the following result:

Theorem 3 (Asymptotic normality). Suppose that initially the N particles are independently
sampled according to µ0 ∈ M1(E), and the assumptions in the statement of Theorem 2 are
verified. Then, for every ϕ ∈ Bb(E) and T ≥ 0, we have that

√
N
(
m(ηT )(ϕ) −µT (ϕ)

)
converges

in law towards a Gaussian centered random variable of variance σ2
T (ϕ), when N goes to infinity.

Moreover,

σ2
∞(ϕ) = Varµ∞

(ϕ) +

∫ ∞

0
e−2λsSµ∞

(
PΛ

s (ϕ̄∞)
)
ds+ 2

∫ ∞

0
e−2λsµ∞

(
PΛ

s (ϕ̄∞)2
(
V b

µ∞
+ µ∞

(
V d

µ∞

)))
ds,

where Varµ∞
stands for the variance with respect to µ∞, ϕ̄∞ := ϕ− µ∞(ϕ), λ is the eigenvalue

in the statement of Lemma 1 and Sµ is as defined in (12).

See Theorem 1.1.8 for a detailed version of this result, including an explicit expression for
σ2

T (ϕ), for every T > 0. Note that the two integrals in the expression of σ2
∞(ϕ) in Theorem 3

converge as a consequence of Lemma 1.
When V b

µ and V s
µ are null and thus Λ = −V d ≤ 0, we get

σ2
∞(ϕ) = Varµ∞

(ϕ) − 2λ

∫ ∞

0
e−2λs Varµ∞

(
PΛ

s (ϕ)
)

ds.

When the process (ηt)t≥0 is ergodic and converges in law to some random variable η∞, when
t → ∞, Theorem 3 states that

√
N
(
m(η∞)(ϕ) − µ∞(ϕ)

)
converges to a centered Gaussian law

of variance σ2
∞(ϕ), when N → ∞. Indeed, recall that a Gaussian sequence converges in law if

their first two moments converge. In particular, we recover (and extend) the recent result of
Lellièvre et al. [LPR18, Thm. 2.4] for finite state spaces. Notice that the negative constant λ
in the previous expression is the opposite of that in [LPR18, Thm. 2.4].

Note that the three summands on the expression of σ2
∞(ϕ) are positive. Moreover, the limit

(µt)t≥0 is invariant by the choice of the symmetric component V s
µ in (3), as commented in

Remark 1. As a consequence, for a given selection rate Vµ we can obtain another Moran process
approaching the same limit distribution taking the selection rate Vµ − Σµ ≥ 0, where Σµ is a
symmetric function in Bb(E × E).

Corollary 4 (Moran process with smaller asymptotic square error). Suppose that initially the
N particles are independently sampled according to µ0 ∈ M1(E), and the assumptions in the
statement of Theorem 2 are verified. Let (ηt)t≥0 and (η⋆

t )t≥0 be the Moran processes with the
same mutation rates and selection rates given by Vµ and Vµ − Σµ, respectively, where

Σµ(x, y) := min
{
V d

µ (x), V b
µ (x)

}
111{x} + min

{
V d

µ (y), V b
µ (y)

}
111{y} + V s

µ(x, y),

where 111A, stands for the indicator function on A ⊂ E. Then,

lim
T →∞

lim
N→∞

NE

[(
m(η⋆

T )(ϕ) − µ∞(ϕ)
)2] ≤ lim

T →∞
lim

N→∞
NE

[(
m(ηT )(ϕ) − µ∞(ϕ)

)2]
.

See Corollary 1.1.9 for a detailed version of this result. Note that the selection rate Vµ − Σµ

in the statement of Corollary 4 satisfies (3).
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Spectrum and ergodicity of the neutral Moran model
Here we present the main results obtained in the preprint [Cor21b], which are presented in
detail in Chapter 2.

During this section we will consider that E = [K], where [K] := {1, 2, . . . ,K}. The definition
of the state space of the multi-allelic Moran reduces to the K-dimensional N -discrete simplex:

EK,N :=
{
η ∈ [N ]K0 : |η| = N

}
,

where [N ]0 := {0, 1, . . . , N} and | · | stands for the sum of elements in a vector. The set EK,N

has cardinality of
(K−1+N

N

)
.

According to the notation previously introduced, the mutation rate matrix in this case is the
matrix Q = (Qi,j)K

i,j=1. Moreover, the process is neutral, i.e. the selection rates are constant and
equal to p ≥ 0. Let us denote by QN,p, the infinitesimal generator of the neutral multi-allelic
Moran process in this case, which acts on a real function f on EK,N as follows:

(QN,pf)(η) :=
∑

i,j∈[K]

η(i)

(
Qi,j +

p

N
η(j)

)
[f(η − ei + ej) − f(η)] , (13)

for all η ∈ EK,N , where ek is the k-th canonical vector of RK .
In words, QN,p drives a process of N individuals, where each individual has one of K possible

types of alleles and where the type of the individual changes following two processes: a mutation
process where individuals mutate independently of each other and a Moran type reproduction
process, where the individuals interact. The N individuals mutate independently from type
i ∈ [K] to type j ∈ [K] \ {i} with rate Qi,j . In addition, with uniform rate p ≥ 0, one of
the N individuals is uniformly chosen to be removed from the population and another one, also
randomly chosen, is duplicated. Note that the transitions of an individual due to a reproduction
is not independent of the position of the other individuals. As in the original model, introduced
by Moran [Mor58], the same individual removed from the population can be duplicated, in this
case the state of the system does not change. In the instance where the removed individual
cannot be duplicated, the factor p

N in (13) must be replaced by p
N−1 . The process generated by

QN,p can be also seen as a Fleming –Viot particle system, but with uniform killing, i.e., with
constant killing rate κ.

Our main result in this section is a complete description of the spectrum of QN,p, which is
expressed in the following theorem.

Theorem 5 (Spectrum of QN,p). Assume K ≥ 2, N ≥ 1 and p ∈ [0,∞). Let us denote by
λk, k ∈ [K − 1], the nonzero K − 1 roots, counting algebraic multiplicities, of the characteristic

polynomial of Q. For any η ∈
N⋃

L=1
EK−1,L, let us define

λη,p :=
K−1∑

k=1

η(k)λk − p

N
|η|(|η| − 1).

Then, the eigenvalues of QN,p, counting algebraic multiplicities, are 0 and λη,p, for η ∈
N⋃

L=1
EK−1,L.

The proof of Corollary 5 is given in Section 2.3.3. Note that the spectrum of QN,p is given
in function of the spectrum of Q, and it holds even when Q is not diagonalisable. Our results
also include a study of the eigenvectors of QN,p. In particular, we are able to provide explicit
expressions for the eigenvectors of QN,p associated to the eigenvalues of smaller modulus. The
expression we provide are based on the eigenvectors of Q. See Theorem 2.1.3 in Chapter 2 for
more details.
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Remark 6 (Monotony inN of the spectrum of QN (p = 0)). Theorem 5 implies that the spectrum
of QN , when p = 0, for a fixed value of K, is an increasing function of N in the sense of the
inclusion of sets.

Ergodicity of the neutral multi-allelic Moran process

The relation between the spectral properties of QN,p and Q can be used to estimate the speed
of convergence to stationarity of the Moran process.

We are interested in the relationship between the spectrum of an infinitesimal rate matrix
and the convergence to stationarity of the Markov process it drives. Let us define the maximum
total variation distance to stationarity of the process driven by a infinitesimal generator L of a
Markov chain on a discrete space Ω, denoted DL

TV, as follows:

DL
TV(t) := max

µ∈M1(Ω)

∥∥∥µ etL − π
∥∥∥

TV
, (14)

where the maximum runs over all possible initial distributions on Ω. Using the convexity of the
total variation norm, we can prove that DL

TV(t) = 1
2‖etL − Π‖∞, where Π stands for the matrix

with every row equal to π, and ‖ · ‖∞ denotes the infinity norm of matrices (cf. [LP17, Ch. 4]).
As a consequence of Theorem 5 and other results in Chapter 2, the second largest eigenvalue

in modulus (SLEM) of etQN,p is equal to that of etQ, for all t ≥ 0. The SLEM of the generator
of a finite Markov chain is useful to study the asymptotic convergence in total variation. Hence,
as an application of this Theorem 5, we study the ergodicity of the process driven by QN,p in
total variation using the spectral properties of Q.

For a real positive function f we denote by O(f) another real positive function such that
C1f(t) ≤ O(f)(t) ≤ C2f(t), for two constants 0 < C1 ≤ C2 < ∞ and for all t ≥ T , for T > 0
large enough.

Corollary 6 (Asymptotic exponential ergodicity in total variation). Let us assume the SLEM
of etQ equals e−ρt and let s ∈ N be the largest multiplicity in the minimal polynomial of etQ of
all the eigenvalues with modulus e−ρt. Then,

D
QN,p

TV (t) = O
(

DQ
TV(t)

)
= O(ts−1e−ρt).

Corollary 6 is proved in Section 2.4.
The asymptotic expression in Corollary 6 hides the relation among the mixing time of the

Markov chain and the number of individuals in the population and the selection parameter p.
However, if Q has a real eigenvalue −λ < 0, we can go further and prove the following lower
bound for the convergence in total variation to stationarity at time ln N−c

2λ , for every c ≥ 0.

Theorem 7 (Lower bound for convergence in total variation). Assume K ≥ 2, N ≥ 2 and
p ∈ [0,∞) and let −λ < 0 be an eigenvalue of Q. Then,

D
QN,p

TV

(
lnN − c

2λ

)
≥ 1 − κe−c.

In Theorem 2.1.5 we state a more detailed version of Theorem 7, which will be proved in
Section 2.4.1.

The lower bound provided by Theorem 7 ensures that the mixing time of the neutral multi-
allelic Moran model is at least of order of lnN/2λ. Our results do not allow us to prove an
upper bound ensuring the existence of a cutoff phenomenon. A further study needs to be done
in this direction. However, for the parent independent mutation scheme, a further analysis can
be done to prove the existence of a cutoff phenomenon in the chi-square and total variation
distances, as we next discuss.
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Figure 6: Complete graph induced by the infinitesimal generator Qµµµ (15) in [K]. In this example
K = 10, the color of each arrow represents a different a rate µi, for 1 ≤ i ≤ K, which in principle
are different. Note that the color of the arrows only depends on the arrival site.

The neutral multi-allelic Moran model with parent independent mutation

Consider the following mutation rate matrix:

Qµµµ :=




−|µµµ| + µ1 µ2 µ3 . . . µK

µ1 −|µµµ| + µ2 µ3 . . . µK

µ1 µ2 −|µµµ| + µ3 . . . µK

...
...

...
. . .

...
µ1 µ2 µ3 . . . −|µµµ| + µK



, (15)

where µµµ = (µ1, µ2, . . . , µK) ∈ (0,∞)K and |µµµ| stands for the sum of the entries of µµµ. Let us
define

(LN,p f)(η) :=
K∑

i,j=1

η(i)

(
µj +

p

N
η(j)

)
[f(η − ei + ej) − f(η)] ,

for every f on EK,N and all η ∈ EK,N , the infinitesimal generator of the neutral multi-allelic
Moran process with mutation rate matrix Qµµµ. The process driven by LN,p is a special case
of the neutral multi-allelic Moran process considered before, but with the difference that the
mutation rate only depends on the type of the new individual, i.e., the mutation process changes
each type i individual to type j at rate µj , for all i, j ∈ [K]. This is the neutral multi-allelic
Moran process with parent independent mutation (cf. [Eth11]). Note that the graph associated
to Qµµµ is the complete graph, as show in Figure 6.

Using Theorem 5 we can provide the spectrum of LN,p. Indeed, for K ≥ 2, N ≥ 2 and
p ≥ 0, the infinitesimal generator LN,p is diagonalisable with eigenvalues λn,p with multiplicity(K+n−2

n

)
, where

λn,p := −|µµµ|n− p

N
n(n− 1),
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for n ∈ [N ]0. In particular, the spectral gap of LN,p is ρ = |µµµ|.
Remark 7 (Complete graph model). The complete graph model studied by Cloez and Thai
[CT16a] in the context of Fleming – Viot particle processes is a particular case of the reversible
process driven by Qµµµ above when µj = 1

K , for all j ∈ [K]. In this case, the eigenvalues of
the mutation rate matrix are β0 = 0 and β1 = −1, this last one with multiplicity K − 1.
In particular, the previous expression for the spectrum of LN,p improves the Lemma 2.14 in
[CT16a].

For K ≥ 2, N ≥ 2 and p > 0, in Chapter 2 we prove that the process driven by QN,p is
reversible if and only if the mutation rate matrix has the form Qµµµ as in (15), for some vector
µµµ, and consequently QN,p can be written as LN,p. Section 2.5 is devoted to the study of the
spectral properties of LN,p, for p ≥ 0, and its applications to the study of the convergence to
stationarity. Our results in this section include a complete description of the set of eigenvalues
and eigenfunctions of LN,p and an explicit expression for its transition function. The eigenfunc-
tions of LN,p, p > 0, are explicitly given in terms of multivariate Hahn polynomials, which are
orthogonal with the stationary distribution, which follows a compound Dirichlet multinomial
distribution (cf. [KM75; KZ09]). On the other hand, the eigenfunctions of LN , for p = 0, are
explicitly given in terms of multivariate Krawtchouk polynomials, which are orthogonal with
respect to stationary distribution, which follows a multinomial distribution (cf. [KM65; ZL09;
DG14]).

Cutoff phenomenon

The cutoff phenomenon has been a rich topic of research on Markov chains since its introduction
by the works of Aldous, Diaconis and Shahshahani in the 1980s (cf. [DS81; Ald83; AD86]). A
Markov chain presents a cutoff if it exhibits an abrupt transition in its convergence to station-
arity. Some of the most used notions of convergence are, as we consider here, the total variation
distance and the chi-square distance (or divergence). A good introduction to this subject can
be found in the book of Levin and Peres [LP17, Ch. 18] and in the work of Chen, Saloff-Coste
et al. [Sal97; Che06; CS08; CS10; CHS17]. See the course of Salez [Sal21].

A typical scenario for the existence of a cutoff is a Markov chain with a high degree of
symmetry. Hence, the cutoff phenomenon has been deeply studied for the movement on N
independent particles on K sites, model which is usually known as product chain. Ycart [Yca99]
studied the cutoff in total variation for N independent particles driven by a diagonalisable rate
matrix. Later, Barrera et al. [BLY06] and Connor [Con10] studied the cutoff on this model
according to other notions of distance. See also [Lac15] [LP17, Ch. 20], [CHS17] and [CK18]
for more recent studies about the cutoff on product chains. The Moran model we consider here
preserves the high level of symmetry of the product chain, but the movements of the particles
are not independent. Indeed, the particles interact according to a reproduction process that
favours the jumps to the sites with greater proportions of individuals.

Before formally defining the cutoff phenomenon, let us recall the chi-square divergence (some-
times called “distance”), which naturally arises in the context of reversible Markov chains (cf.
[LP17, Ch. 12 and 20], [DP17, Ch. 8], [Bré20, Ch. 9.1]). Let Ω be a discrete set. The chi-square
divergence of µ2 ∈ M1(Ω) with respect to the target distribution µ1 ∈ M1(Ω) is defined by

χ2(µ2 | µ1) :=
∑

ω∈Ω

[µ2(ω) − µ1(ω)]2

µ1(ω)
= ‖µ2 − µ1‖2

1
µ1

,

where ‖ · ‖ 1
µ1

stands for the norm in l2(RΩ, 1
µ1

), and 1
µ1

is the measure ω 7→ 1/µ1(ω).
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The chi-square divergence is not a metric, but a measure of the difference between two
probability distributions. Note that the chi-square divergence, as well as the total variation dis-
tance, are special cases of the so called f−divergence functions, which measure the “difference”
between two probability distributions. In this context, χ2(µ2 | µ1) is also known as Pearson
chi-square divergence.

Let us define the functions dTV(·, η) and χ2(·, η), as follows

dTV(t, η) := ‖δηetLN,p − νN,p‖TV =
1

2

∑

ξ∈EK,N

∣∣∣
(
etLN,pδξ

)
(η) − νN,p(ξ)

∣∣∣ ,

χ2(t, η) := χ2(δηetLN,p | νN,p) =
∑

ξ∈EK,N

[(
etLN,pδξ

)
(η) − νN,p(ξ)

]2

νN,p(ξ)
,

for all t ≥ 0.
The functions dTV(·, η) and χ2(·, η) are thus measures of the convergence to stationary of

the process driven by LN,p at time t and with initial configuration η ∈ EK,N . In agreement with
[Zho08; KZ09] we call them the total variation and the chi-square distances to stationarity,
respectively.

As the number of individuals varies we obtain an infinite family of continuous-time finite
Markov chains {(EK,N ,LN,p, νN,p), N ≥ 2}. For each N ≥ 2 let us denote by χ2(t,Nek) (resp.
dTV(t,Nek)) the chi-square distance (resp. total variation distance) to stationarity of the process
driven by LN,p at time t, when the initial distribution is concentrated at Nek ∈ EK,N . Note
that χ2(0, Nek) → ∞ and dTV(0, Nek) → 1, when N → ∞.

Definition 1 (Chi-square and total variation cutoff). We say that {χ2(·, Nek), N ≥ 2} exhibits
a (tN , ωN ) chi-square cutoff if tN ≥ 0, ωN ≥ 0, ωN = o(tN ) and

lim
c→∞ lim sup

N→∞
χ2(tN + c ωN , Nek) = 0, lim

c→−∞
lim inf
N→∞

χ2(tN + c ωN , Nek) = ∞.

Analogously, we say that {dTV(·, Nek), N ≥ 2} exhibits a (tN , ωN ) total variation cutoff if
tN ≥ 0, ωN ≥ 0, ωN = o(tN ) and

lim
c→∞

lim sup
N→∞

dTV(tN + c ωN , Nek) = 0, lim
c→−∞

lim inf
N→∞

dTV(tN + c ωN , Nek) = 1.

The sequences (tN )N≥2 and (ωN )N≥2 are called cutoff and window sequences, respectively.

See Definition 2.1 and Remark 2.1 in [CS08].
The cutoff phenomenon describes an abrupt transition in the convergence to stationarity:

over a negligible period given by the window sequence (ωN )N>2, the distance from equilibrium
drops from near its initial value to near zero at a time given by the cutoff sequence (tN )N≥2.

A stronger condition for the existence of a (tN , ωN ) chi-square cutoff (resp. total variation
cutoff) is the existence of the limit

Gk(c) := lim
N→∞

χ2(tN + c ωN , Nek)

(
resp. Hk(c) := lim

N→∞
dTV(tN + c ωN , Nek)

)
, (16)

for a function Gk (resp. Hk), for k ∈ [K], satisfying:

lim
c→−∞

Gk(c) = ∞ and lim
c→∞

Gk(c) = 0,

(
resp. lim

c→−∞
Hk(c) = 1 and lim

c→∞
Hk(c) = 0)

)
.

Actually, in this case the (tN , ωN ) cutoff is said to be strongly optimal, see for instance
Definition 2.2 and Proposition 2.2 in [CS08]. See Sections 2.1 and 2.2 of [CS08] and Chapter
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(a) Profile of a chi-square cutoff
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(b) Profile of a total variation cutoff

Figure 7: Schemes of functions Gk (left panel) and Hk (right panel) as defined in (16). Both
plots show an abrupt transition in the convergence to stationarity: over a negligible period given
by the window sequence (ωN )N>2, the distance from equilibrium drops from near its initial value
to near zero at a time given by the cutoff sequence (tN )N≥2.

2 in [Che06] for more details about the definition of (tN , ωN ) cutoff and window optimality.
Figure 7 shows classic profiles of functions Gk and Hk as defined in (16) for total variation and
chi-square cutoffs.

The next two results establish the existence of cutoff phenomena in the chi-square and the
total variation distances for the multi-allelic Moran process driven by LN,p, for p ≥ 0, when
the initial distribution is concentrated at Nek, for k ∈ [K]. In the chi-square case we are able
to explicitly provide the limit profile of the distance. Moreover, we prove the total variation
distance to stationarity of the mutation process driven by LN , i.e. for p = 0, has a Gaussian
profile, when all the individuals are initially of the same type.

Theorem 8 (Limit profil of the chi-square cutoff when N → ∞). For k ∈ [K], with K ≥ 2,
p ≥ 0 and every c ∈ R, we have

lim
N→∞

χ2 (tN,c, Nek) = exp{Kk,pe−c} − 1,

where tN,c =
lnN + c

2|µµµ| and Kk,p =
|µµµ|(|µµµ| − µk)

µk(|µµµ| + p)
. Consequently, the Markov process driven by

LN,p has a strongly optimal
(

ln N
2|µµµ| , 1

)
chi-square cutoff when N → ∞.

Figure 8 illustrates the convergence of χ2(tN,c, Nek), for tN,c = ln(N)+c
2|µµµ| , towards Gk(c) =

exp{Kk,pe−c} − 1, when N → ∞.

Theorem 9 (Total variation cutoff when N → ∞). For every k ∈ [K], with K ≥ 2, p ≥ 0 and
every c > 0, we have

dTV (tN,c, Nek) ≥ 1 − 32|µ|κke−c,

lim
N→∞

dTV (tN,c, Nek) ≤
√

exp{Kk,pe−c} − 1,

where tN,c =
lnN + c

2|µµµ| , κk = max
r:r 6=k

µr ∧ µk

µk
and Kk,p =

|µµµ|(|µµµ| − µk)

µk(|µµµ| + p)
. Consequently, the Markov

process driven by LN,p exhibits a
(

ln N
2|µµµ| , 1

)
total variation cutoff when N → ∞.
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Figure 8: For parameters K = 4, k ∈ [K], µ = (0.7, 0.8, 1.0, 1.3), p = 1.7: left panel shows
χ2(tN,c, Nek) as a function of N, 2 ≤ N ≤ 128 for c = 0.4, and right panel shows Gk(c) and
χ2(tN,c, Nek) as functions of c, with −1 ≤ c ≤ 1, for N = 150.

Moreover, when p = 0 the limit profile of the total variation distance satisfies

lim
N→∞

dTV(tN,c, Nek) = 2Φ

(
1

2

√
Kk,0e−c

)
− 1,

where Φ is the cumulative distribution function of the standard normal distribution. Thus,
there exists a strongly optimal

(
ln N
2|µµµ| , 1

)
total variation cutoff for the process driven by LN when

N → ∞.

Proof of Theorems 8 and 9 will be given in Section 2.5.1.
Figure 9 illustrates the convergence of dTV(tN,c, Nek), for tN,c = ln(N)+c

2|µµµ| , towards Hk(c) =

2Φ
(

1
2

√
Kk,0e−c

)
− 1, when N → ∞.
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Figure 9: For parameters K = 4, k ∈ [K], µ = (0.7, 0.8, 1.0, 1.3), p = 0: left panel shows
dTV(tN,c, Nek) as a function of N, 2 ≤ N ≤ 256 for c = 0.17 and right panel shows Hk(c) and
dTV(tN,c, Nek) as functions of c, with −6 ≤ c ≤ 8, for N = 100.

Some authors have studied the existence of a cutoff in Moran type models. For instance,
Donelly and Rodrigues [DR00] proved the existence of a cutoff for the bi-allelic neutral Moran
model in the separation distance. In order to do that, they used a duality property of the
Moran process and found an asymptotic expression for the convergence in separation distance
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for a suitable scaled time, when the number of individuals tends to infinity. Khare and Zhou
[KZ09] proved bounds for the chi-square distance in a discrete-time multi-allelic Moran process
that implies the existence of a cutoff. Diaconis and Griffiths [DG19] studied the existence of
a chi-square and total variation cutoffs for a discrete-time analogous of the mutation process
generated by LN . Theorems 8 and 9 sharpen the results in [KZ09] and [DG19], since they
provide the limit profiles for the chi-square and the total variation distances, for p ≥ 0 and
p = 0, respectively.

Theorem 9 is, as far as we know, the first result ensuring the existence of a total variation
cutoff phenomenon for the neutral Moran model with p > 0 and parent independent mutation.

Quantitative bounds in a non-reversible example
Here we present the main results obtained in the article [Cor21a], published in Stochastic Pro-
cesses and Their Applications, which are presented in detail in Chapter 3.

The main goal of Chapter 3 is to provide quantitative estimates for the convergences in
scheme (5) for the neutral multi-allelic Moran model, where the mutation process is driven by
an asymmetric random walk in the cycle graph. In particular, we provide explicit estimates for
the bounds in Theorem 2 above.

As we previously commented, the convergence of the empirical distributions induced by a
Moran (or Fleming – Viot) particle process defined on discrete state spaces, when the size of the
population and the time increase have been assured under some assumptions. When the state
space in finite, as in the model consider in Chapter 3, it is well-known that the Moran process is
exponentially ergodic, and the propagation of chaos phenomenon is verified. See for examples
the works of Asselah et al. [AFG11], Benaim and Cloez [BC15], Cloez and Thai [CT16b] and
Lelièvre et al. [LPR18]. However, there are no many works dedicated to the study of specific
examples and providing explicit bounds for the convergences, even considering neutrality as we
do here. In this direction we can cite the work of Cloez and Thai [CT16a] and Del Moral and
Jasra [DJ18].

Consider the quantity λ defined in [CT16b] as

λ = inf
x,y

(
Qx,y +Qy,x +

∑

s 6=x,y

Qx,s ∧Qy,s

)
, (17)

where Q =
(
Qx,y

)
x,y

is the infinitesimal rate matrix of the process until absorption. When
λ = 0 some of the results of [CT16b] do not hold and most of the bounds become too rough.
Note that λ > 0 for the two examples studied in [CT16a], but λ is equal to zero for those
models where there exist two vertices such that the distance between them is greater than two.
The quantity λ is somehow related to the geometry of the graph associated to the mutation
process of the Moran model. Hence, it becomes interesting to find explicit bounds for the speed
of convergence of Moran processes with more complex geometries associated to their mutation
processes.

In this section, and later in Chapter 3, we focus on the random walk on the cycle graph
Z/KZ, for K ≥ 3. Note that for this graph it holds that λ = 0 when K ≥ 6. For simplicity,
we assume that the N particles jump to the absorbing state with the same rate. Even if in this
case the distribution of the conditional process is trivial, the study of the neutral Moran process
becomes more complicated due to its non reversibility and the geometry of the cycle graph. We
provide explicit bounds for the speed of the convergence of the empirical distribution induced by
the particle system to the unique QSD when t and N tend to infinity. This example can be seen
as a further step towards the study of the speed of convergence of Moran (or Fleming – Viot)
processes with more general geometry.
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Consider a Markov process (Zt)t≥0 with state space Z/KZ ∪ {∂}, where K ≥ 3 and ∂ is an
absorbing state. Specifically, the infinitesimal generator of the process is given by

Gf(x) = f(x+ 1) − f(x) + θ[f(x− 1) − f(x)] + p[f(∂) − f(x)],

where x ∈ Z/KZ, Gf(∂) = 0, with θ, p ∈ R∗
+ and f is a real function defined on Z/KZ ∪ {∂}.

In words, (Zt)t≥0 is an asymmetric random walk on the K-cycle graph, which jumps with rates
1 and θ in the clockwise and the anti-clockwise directions, respectively. Also, with uniform rate
p the process jumps to the absorbing state ∂, i.e., it is killed. Note that Z/KZ is an irreducible
class. The process generated by G is a particular case of the processes with uniform killing in
a finite state space considered by Méléard and Villemonais [MV12, § 2.3].

Let (Xt)t≥0 be the analogous asymmetric random walk on the cycle graph Z/KZ without
killing. The generator of this process, denoted by H, is given by

Hf(x) = f(x+ 1) − f(x) + θ[f(x− 1) − f(x)], for all x ∈ Z/KZ.

Figure 10 shows an scheme of the rates associated to G and H in the cycle graph.

∂∂∂∂∂∂∂∂∂

1

θ

0

1

2

3

4
5

6

p

K−1

Figure 10: Scheme of the generators G and H of the asymmetric random walks on the cycle graph
with and without absorption, respectively. The blue and red arrows represent the asymmetric
interactions of the random walk, whereas the dashed arrows represents the absorption rates.

Note that, because of the uniform killing, the process (Zt)t≥0 could also be defined in the
following way

Zt =

{
Xt if t < τp

∂ if t ≥ τp,

where τp is an exponential random variable with mean 1/p and independent of the random walk
(Xt)t≥0. This means that the law of the process (Zt)t≥0 conditioned to non-absorption is given
by Pµ(Zt = k | t < τp) = Pµ(Xt = k), for k ∈ Z/KZ and for every initial distribution µ on
Z/KZ. As a consequence, the QSD of (Zt)t≥0 is the stationary distribution of (Xt)t≥0, which
is the uniform distribution on Z/KZ, as we prove in Theorem 3.1.1.

Now, assume we have N particles with independent behavior driven by the generator G, until
one of them jumps to the absorbing state. When this happens, the particle instantaneously and
uniformly jumps to one of the positions of the other N − 1 particles. We denote by

(
η

(N)
t

)
t≥0
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the Markov process, which accounts the positions of the N particles in the K-cycle graph at
time t. Abusing notation, we redefine the state space EK,N as follows

EK,N =

{
η : Z/KZ → N,

K−1∑

k=0

η(k) = N

}
.

The generator of the N -particle process
(
η

(N)
t

)
t≥0

, denoted by QK,N , applied to a function
f on EK,N reads

(QK,Nf)(η) =
∑

i,j∈Z/KZ

η(i)

(
1{j=i+1} + θ1{j=i−1} + p

η(j)

N − 1

)
[f(η − ei + ej) − f(η)],

where θ, p > 0 and ei is the i-th canonical vector of RK . Under these dynamics, each of the N
particles, no matter where it is, can jump to every site j ∈ Z/KZ such that η(j) > 0. Note
that the process

(
η

(N)
t

)
t≥0

is irreducible. Consequently, it has a unique stationary distribution
denoted νN .

The definition of QK,N differs from the generator of the multi-allelic Moran process defined
in (1) and also (13), because the denominator N−1 is in place of N . This is a classical difference
between the usual definitions of Fleming – Viot particle process and Moran models. However,
the results for the analogous generator of that defined in (13) can be easily recovered taking the
selection rate p equal to pN/(N − 1). We keep the definition of QK,N in the rest of this section
and in Chapter 3 in agreement with the published version [Cor21a].

The (random) empirical distribution m
(
η

(N)
t

)
approximates the QSD of the process (Zt)t≥0

(cf. [AFG11]) which due to Theorem 3.1.1 below is the uniform distribution. We are interested
in studying how fast m

(
η

(N)
t

)
converges to the uniform distribution on Z/KZ when both t

and N tend to infinity. Consider η(N)
∞ a random variable with distribution νN , the stationary

distribution of the process
(
η

(N)
t

)
t≥0

. In this work we develop a similar analysis to that of the
complete graph dynamics in [CT16b]. The convergences in (5) reduces in this case to

m
(
η

(N)
t

) −−−→
t→∞

m
(
η

(N)
∞
)

N
y

yN
L(Xt) −−−→

t→∞
U(Z/KZ)

where the limits are in distribution, L(Xt) stands for the law of Xt at time t and U(Z/KZ)
denotes the uniform distribution on Z/KZ. Theorem 3.1.1 provides lower and upper exponential
bounds for the speed of convergence of L(Zt | t < τp) to νqs in the 2-norm, when t → ∞.
Likewise, Corollary 3.1.7 and Theorem 3.1.9 give bounds for the speed of convergence of m

(
η

(N)
t

)

to L(Zt | t < τp) and m
(
η

(N)
∞
)

to νqs, when N → ∞.
The quantitative long time behavior of the N -particle system in countable state spaces is

studied in [CT16b]. Using a coupling technique and under certain conditions, an exponential
bound is provided for the convergence of L(η(N)

t

)
to νN in the sense of a Wasserstein distance

[CT16b, Thm. 1.1]. In particular, the parameter λ defined by (17) needs to be positive. As we
said, this is not the case of the asymmetric random walk on the K-cycle graph with uniform
killing, when K ≥ 6. A study of this convergence can be carried out using the spectrum of the
generator QK,N , which was discussed in the previous section. Indeed, using Example 2.4.1 in
Chapter 2 we can get the following asymptotic expression for the profile of the convergence in
total variation distance to stationarity:

D
QK,N

TV = O
(
e−ρKt

)
,

49



where ρK = 2(1 + θ) sin2 (π/K) , and D
QK,N

TV is defined as in (14). However, obtaining an
explicit bound for this convergence, or proving the existence of a cutoff phenomenon, are topics
of further research.
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Chapter 1

Propagation of chaos of the Moran
model ∗

This chapter is based on the preprint [CC21], submitted on September, 2021.

Abstract: The goal of this article is to study the limit of the empirical distribution induced
by a mutation-selection multi-allelic Moran model, whose dynamic is given by a continuous-
time irreducible Markov chain. The rate matrix driving the mutation is assumed irreducible
and the selection rates are assumed uniformly bounded. The paper is divided into two parts.
The first one deals with processes with general selection rates. For this case we are able to
prove the propagation of chaos in Lp over the compacts, with speed of convergence of order
1/

√
N . Further on, we consider a specific type of selection that we call additive selection.

Essentially, we assume that the selection rate can be decomposed as the sum of three terms:
a term depending on the allelic type of the parent (which can be understood as selection at
death), another term depending on the allelic type of the descendant (which can be understood
as selection at birth) and a third term which is symmetric. Under this setting, our results include
a uniform in time bound for the propagation of chaos in Lp of order 1/

√
N , and the proof of

the asymptotic normality with zero mean and explicit variance, for the approximation error
between the empirical distribution and its limit, when the number of individuals tend towards
infinity. Additionally, we explore the interpretation of the Moran model with additive selection
as a particle process whose empirical distribution approximates a quasi-stationary distribution,
in the same spirit as the Fleming – Viot particle systems. We then address the problem of
minimising the asymptotic quadratic error, when the time and the number of particles go to
infinity.

1.1 Introduction and main results

This paper is devoted to the study of a mutation-selection multi-allelic Moran model consisting
on N ∈ N individuals, which can be of different allelic types belonging to a discrete set E. The
state space of the Moran model is the N discrete simplex

EN :=

{
η : E → N

∣∣∣
∑

x∈E

η(x) = N

}
.

∗In collaboration with Bertrand Cloez.
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The empirical distribution induced by η ∈ EN is defined by

m(η) =
∑

x∈E

η(x)

N
δx ∈ M1(E),

where M1(E) is the set of probability measures on E. Let Q be the generator of a continuous-
time, non-explosive, irreducible Markov chain, and consider some rates Vµ(x, y) ≥ 0, for all
x 6= y ∈ E and µ ∈ M1(E).

The multi-allelic Moran model is a continuous-time Markov chain evolving on EN . The
process is at η ∈ EN if there is η(x) individuals of type x, for all x ∈ E. Between reproduction
events, the N individuals evolve as independent copies of the mutation process generated by
Q = (Qx,y)x,y∈E . In this sense we call Qx,y, for x, y ∈ E, the mutation rates. Reproduction
events consist of the death of an individual of type x, which is then removed from the population,
and the reproduction of an individual of type y, which add an y individual to the population.
This happens at rate η(y)/N ·Vm(η)(x, y). Hence, the transition rate from η ∈ EN , with η(x) > 0,
to η − ex + ey is

η(x)

(
Qx,y +

η(y)

N
Vm(η)(x, y)

)
,

for every x 6= y ∈ E, where η − ex + ey is the element in EN satisfying

(
η − ex + ey

)
(z) =





η(z) if z /∈ {x, y},
η(x) − 1 if z = x,
η(y) + 1 if z = y.

We will further detail particular examples but, for the moment, let us see that when Vm(η)(x, y)
is constant, each individual dies at the same rate and the parent is choose uniformly at random
over the individuals that are present in the population (this explain the term η(y)/N in the
transition rate). We can also interpret this rate by the opposed point of view: each individual
reproduces at a constant rate and the dying individual is chosen uniformly at random. This is
often called neutral selection in ecology literature, but our models allow to choose various non
constant Vm(η)(x, y). In this sense, we call the rates Vµ(x, y), for x, y ∈ E and µ ∈ M1(E), the
selection rates.

Note that the reproduction dynamics depends in general on both the types of the parent and
the offspring, and may also depend on the empirical distribution induced by the configuration of
the population at the current time, in a sense that we will clarify further along in Assumptions
(G1) and (C1). The generator of the Moran model is denoted Q := Qmut + Qsel, where Qmut

and Qsel act on every function f ∈ Bb(EN ) as follows

(Qmutf)(η) =
∑

x,y∈E

η(x)Qx,y[f(η − ex + ey) − f(η)],

(Qself)(η) =
1

N

∑

x,y∈E

η(x)η(y)Vm(η)(x, y)[f(η − ex + ey) − f(η)],

for every η ∈ EN . Throughout the paper the following boundedness condition holds:

‖V ‖ := sup
µ∈M1(E)

sup
x,y∈E

Vµ(x, y) < ∞. (1.1)

Note that the non-explosion of the process generated by Q and the bound condition (1.1) let
out the possibility of an infinite number of jumps in finite time. Thus, the process generated
by Q is well-defined for all t ≥ 0.
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This Moran model is an extension, for K > 2, of the model studied by [Cor17]. In general,
when generalising the Moran model for more than two allelic types, the selection rates are taken
depending only on the children type, i.e. Vµ(x, y) = V b(y), for all x, y ∈ E and µ ∈ M1(E),
which is called selection at birth or fecundity selection [Dur08; MW09; Eth11]. Moreover,
in biological applications it has been also considered models with selection at death or viability
selection, when the selection rates only depend on the parent type, i.e. Vµ(x, y) = V d(x) [MW09],
for all x, y ∈ E and µ ∈ M1(E). However, the importance of this last model is beyond its
biological interpretations: this process is also called Fleming – Viot particle process, which is an
interacting particle process intended for the approximation of a quasi-stationary distribution
(QSD) of an absorbing Markov chain conditioned on non-absorption. These particle processes
have attracted lots of attention in recent years. See for instance [DM03; Vil14; Cér+20; CV21]
for general state spaces, [FM07; GJ13; Ass+16; CT16b] for countable state spaces, and even
[AFG11; LPR18] for finite state spaces. We will discuss later, in Section 1.2, the relation among
the Moran model considered here, our results and the theory of QSD and Fleming – Viot particle
processes.

1.1.1 Main results
Let us get some insight into the limit of the empirical measure induced by this particle process
when the number of particles tends towards infinity. Let us denote by (ηt)t≥0 the continuous-
time Markov chain on EN , generated by Q. Although the process generated by Q clearly depends
on N and a better notation would be (η

(N)
t )t≥0, we keep this dependence implicit for the sake

of simplicity. By the Kolmogorov equation we know that ∂tEη[mx(ηt)] = Eη [(Qmx)(ηt)] , where
mx stands for the empirical distribution induced by η on the point x ∈ E, i.e. mx : η 7→ η(x)/N.
Let us thus compute Qmx. It is easy to get

(Qmutmx
)
(η) =

∑

y∈E

Qy,xmy(η), (1.2)

for every x ∈ E, for all η ∈ EN .
On the other hand,

(Qselmx
)
(η) = −mx(η)

∑

y∈E

my(η)[Vm(η)(x, y) − Vm(η)(y, x)]. (1.3)

Finally, we get

∂tEη[mx(ηt)] =
∑

y∈E

Qy,xEη[my(ηt)] −
∑

y∈E

[Vm(ηt)(x, y) − Vm(ηt)(y, x)]Eη[mx(ηt)my(ηt)].

When the number of individualsN is large, we expect the Moran process to exhibit a propagation
of chaos phenomenon and thus the empirical distribution induced by the process approximates
the solution of the following nonlinear system of ordinary differential equations:

∂tγt(x) =
∑

y∈E

Qy,xγt(y) −
∑

y∈E

[Vγt(x, y) − Vγt(y, x)]γt(x)γt(y),

for all x ∈ E. For every function ϕ on E we thus get the nonlinear differential equation

∂tγt(ϕ) = γt(Qγtϕ), (1.4)

where Qγ := Q+ Πγ and

Πγϕ : x 7→
∑

y∈E

γ(y)Vγ(x, y)[ϕ(y) − ϕ(x)],
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for every probability distribution γ on E.
The main results we provide in this article are related to the speed of convergence of(

m(ηt)
)

t≥0
towards

(
γt
)

t≥0
when N → ∞.

Propagation of chaos with general selection rate

We denote by ‖ · ‖ the uniform norm on the set of functions on E, defined by

‖ϕ‖ := sup
x∈E

|ϕ(x)|.

Let Bb(E) be the set of bounded functions on E for the uniform norm and B1(E) := {ϕ : E →
R : ‖ϕ‖ ≤ 1}. For two probability distributions µ1, µ2 ∈ M1(E) the total variation distance is
defined as follows:

‖µ1 − µ2‖TV := sup
A⊂E

|µ1(A) − µ2(A)| =
1

2
sup

ϕ∈B1(E)
|µ1(ϕ) − µ2(ϕ)| =

1

2

∑

x∈E

|µ1(x) − µ2(x)|,

where µ(ϕ) stands for the mean of ϕ with respect to µ ∈ M1(E).
First, we consider the case where the selection rates satisfy the following hypothesis.

Assumption (G1) (General selection rate). The selection rates are uniformly bounded as in
(1.1) and there exists V d

i , V
b

i , for i ≥ 1, and a continuous, nonnegative function µ 7→ V s
µ from

(M1(E), ‖ · ‖TV) to (Bb(E × E), ‖ · ‖) such that V s
µ is symmetric in E × E for every µ, and

Vµ(x, y) =
∑

i≥1

V d
i (x)V b

i (y) + V s
µ(x, y),

for all µ ∈ M1(E) and x, y ∈ E. In addition, Vµ − V s
µ ∈ Bb(E × E) and




∑

i≥1

|V d
i − V b

i |, sup
i≥1

V d
i , sup

i≥1
V d

i



 ⊂ Bb(E).

The expression given by Assumption (G1) for V is rather general. It can be seen as a
“discrete Taylor’s expansion” for Vµ − V s

µ , with some boundedness conditions on the norm
of the factors in the development. See also [Del04, p. 25], and the references therein, for a
Feynman – Kac interpretation for the differential equation (1.4) satisfying (G1), and even a
more general expression for the selection rates.

We also assume the existence of a solution of the differential equation (1.4).

Assumption (G2) (Existence of a solution). For every µ0 ∈ M1(E), there is a unique solution
(µt)t≥0 of the differential equation (1.4). Namely, (µt)t≥0 is solution of the Cauchy problem

∂tµt(ϕ) = µt(Q
⋆
µt
ϕ),

with initial condition µ0(ϕ), for every ϕ ∈ Bd(E), where

Q⋆
µϕ : x 7→ (Qϕ)(x) +

∑

y∈E

µ(y)V ⋆(x, y)[ϕ(y) − ϕ(x)]

and V ⋆ := Vµ − V s
µ ∈ Bb(E).

Assumption (G2) is always verified when ‖Q‖ < ∞, since the differential equation (1.4)
satisfies a Lipschitz condition. This includes in particular the case where E is finite. In general,
when the generator is not bounded, the analysis is more delicate.

Consider also the following assumption.
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Assumption (I) (Initial condition). The empirical measure induced by the particle process
at t = 0 converges towards the initial distribution µ0 ∈ M1(E) in Lp, for every p ≥ 1. More
precisely, for every p ≥ 1, there exists a constant Cp > 0 such that

sup
ϕ∈B1(E)

E[|m(η0)(ϕ) − µ0(ϕ)|p] ≤ Cp

Np/2
.

Note that Assumption (I) is verified when initially all the particles are sampled independently
with distribution µ0, as the next lemma shows.

Lemma 1.1.1 (Control of the initial error). Assume that initially the N particles are sampled
independently according to µ0 ∈ M1(E). Then, Assumption (I) is verified.

The proof of Lemma 1.1.1 is deferred to Appendix 1.A. We include Assumption (I) in order
to be able to apply our results to a wider class of situations, than that described in Lemma
1.1.1.

Theorem 1.1.2 (Propagation of chaos on compacts). Suppose that Assumptions (G1), (G2)
and (I) are verified. Then, for every T ≥ 0 and p ≥ 1, there exists a constant Cp,T > 0, such
that

sup
ϕ∈B1(E)

E

[
sup

t∈[0,T ]
|m(ηt)(ϕ) − µt(ϕ)|p

]1/p

≤ Cp,T√
N
,

where (µt)t≥0 is as in Assumption (G2), with initial condition µ0 ∈ M1(E) as in Assumption
(I).

The proof of Theorem 1.1.2 is deferred to Section 1.3.2.
Let (xn)n≥1 be an enumeration of the elements in E. We define the following distance in

M1(E):
‖µ1 − µ2‖w :=

∑

k≥1

2−k|µ1(xk) − µ2(xk)|.

Note that the space M1(E) with the convergence in law (the weak topology) is metrizable with
this distance. As a consequence of Theorem 1.1.2 we get the following result.

Corollary 1.1.3 (Convergence of the empirical measure). Suppose that Assumptions (G1),
(G2) and (I) are verified. Then, for every T ≥ 0 and p ≥ 1, there exists a constant Cp,T > 0,
such that

E

[(
sup

t∈[0,T ]
‖m(ηt) − µt‖w

)p]1/p

≤ Cp,T√
N
.

Corollary 1.1.3 is proved in Section 1.3.2.
Note that this ensures a functional convergence in Lp

(C([0, T ],M1(E))
)
:

m(η·)
L

p

−−−−→
N→∞

µ·,

with an estimation of the speed of convergence. Furthermore, Theorem 1.1.2, for p = 4, and
a Borel – Cantelli argument imply the convergence m(η·)

c.c.−−→ µ· in the weak sense, where c.c.
denotes the complete (or universal) convergence (cf. [Gut13, Def. 1.6]). In particular, this
implies m(η·)

a.s.−−−−→ µ·, when N → ∞, in the weak sense, no matter in which space the random
variables are coupled.

Theorem 1.1.2 is a generalisation for multi-allelic Moran models with more than two allelic
types, of Proposition 3.1 in [Cor17], where the uniform convergence on compacts in probability
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is proved. The speed of convergence in Theorem 1.1.2 can also be related to existing results that
ensure the convergence of the empirical measure induced by a Moran type (or Fleming – Viot)
particle process towards the law of an absorbing process conditioned to non-absorption. See
for instance [DM00b, Prop. 3.5] [DPR11, Lemma 3.1], [Vil14, Thm. 2.2], [CT16a, Thm. 1.1],
and [AD20, Thm. 5.10 and Cor. 5.12]. See also [BC15, Thm. 3.1 and Rmk. 3.2] where the
almost sure convergence (and also the complete convergence) is proved when the state space
is finite. As far as we know, Theorem 1.1.2 and Corollary 1.1.3 are the first results ensuring
the convergence uniformly on compacts in Lp, for all p ≥ 1, with speed of convergence of order
1/

√
N for multi-allelic Moran models with general selection rates in the sense of Assumption

(G1), in discrete countable state spaces, not necessarily finite. The idea behind the proof is
closed to the methods in [Rou06]: it consists in finding a martingale indexed by the interval
[0, T ], whose terminal value at time T is precisely m(ηT )(ϕ)−µT (ϕ) plus a term whose Lp norm
can be controlled, for any ϕ ∈ Bb(E). Thereafter, the final result comes by a Grönwall type
argument similarly to the proof of Proposition 1 in [MS19]. Nevertheless, [Rou06] does not
contain any uniform bound as in Theorem 1.1.2.

Uniform in time propagation of chaos for additive selection rates

Under a more specific expression for the selection rates, we prove a uniform in time bound for
the convergence of

(
m(ηt)

)
t≥0

towards
(
µt
)

t≥0
, when N → ∞. Consider the following kind of

selection rates that we call additive selection.

Assumption (C1) (Additive selection). The selection rates are uniformly bounded as in (1.1).
Moreover, there exist two continuous nonnegative functions µ 7→ V d

µ and µ 7→ V b
µ , from

(M1(E), ‖ · ‖TV) to (Bb(E), ‖ · ‖); and a continuous, nonnegative function µ 7→ V s
µ from

(M1(E), ‖ ·‖TV) to (Bb(E×E), ‖ ·‖) such that V s
µ is symmetric on E×E, for every µ ∈ M1(E)

and
Vµ(x, y) = V d

µ (x) + V b
µ (y) + V s

µ(x, y),

for all x, y ∈ E and µ ∈ M1(E). Furthermore, there exist a function Λ ∈ Bb(E) and a real
function µ ∈ M1(R) 7→ Cµ such that

Λ(x) = V b
µ (x) − V d

µ (x) + Cµ, (1.5)

for every x ∈ E.

Remark 1.1.1 (Selection rates independent on µ). When the selection rates do not depend on µ,
Assumption (C1) reduces to the existence of V d, V b ∈ Bb(E) and a symmetric V s ∈ Bb(E ×E)
such that

V (x, y) = V d(x) + V b(y) + V s(x, y).

Let Λ ∈ Bb(E) be a fixed function. Typical examples of functions V b and V d satisfying this
condition are

V b = (Λ − c)+ and V d = (Λ − c)−,

for a fixed constant c ∈ R, where we use the standard notation

(x)+ := max{x, 0} and (x)− := − min{x, 0}.

These are in fact the selections rates considered by Angeli et al. [AGJ21, §3.3] in the context of
cloning algorithms. Moreover, the case c = 0 is considered in Example 3.1-(2) in [Rou06]. Note
that in this case Assumption (G1) is also verified.
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From a biological point of view, the parameter c ∈ R can be seen as a fitness parameter. Let
us assume that V s

µ is null for simplicity, and denote by ξ
(i)
t the type of the i-th individual, for

1 ≤ i ≤ N , at time t ≥ 0. Then, if Λ(ξ
(i)
t ) ≤ c, the i-th individual dies and another randomly

chosen individual reproduces with rate (Λ(ξ
(i)
t )−c)−. Otherwise, if Λ(ξ

(i)
t ) ≥ c a random chosen

individual dies and the i-th individual reproduces with rate (Λ(ξ
(i)
t ) − c)+.

Another example of particular interest is when V b = 0. Notice that the Moran process with
these selection rates is in fact a Fleming – Viot particle process (cf. [FM07]). Later, in Section
1.2 we will consider in detail the interpretation of the Moran processes as particle systems
approaching a quasi-stationary distribution.
Remark 1.1.2 (Selection rates depending on µ). Consider a fixed function Λ ∈ Bb(E). Typical
examples of functions V b

µ and V d
µ are:

V b
µ =

(
Λ − µ(Λ)

)+ and V d
µ =

(
Λ − µ(Λ)

)−
.

These are the selection rates considered in [Del04, §1.5.2, p. 35], see also Example 3.1-(3) in
[Rou06].

In this case the biological interpretation of µ(Λ) is similar to that of the parameter c in the
previous remark. Indeed, the fitness coefficient evolves in time according to the evolution of the
population.
Remark 1.1.3 (Additive selection and Feynman – Kac semigroups). Consider that Assumption
(C1) is satisfied. Then, from (1.4) we can recover the nonlinear differential equation

∂tγt(ϕ) = γt
(
(Q+ Λ)ϕ− γt(Λ)ϕ

)
, (1.6)

where Λ is as defined in (1.5). Indeed, let Q⋆
γ defined as in Assumption (G2), namely

Q⋆
γϕ : x 7→ (Qϕ)(x) +

∑

y∈E

γ(y)
(
V d(x) + V b(y)

)
[ϕ(y) − ϕ(x)]

then

γ
(
Q⋆

γϕ
)

= γ
(
Qϕ
)

+ γ
(
V d

γ

)
γ(ϕ) − γ

(
V d

γ ϕ
)

+ γ
(
V b

γ ϕ
)− γ

(
V b

γ

)
γ(ϕ)

= γ
(
Qϕ+ Λϕ− γ(Λ)ϕ

)
. (1.7)

We emphasise that the symmetric component V s is not present in (1.6).
Consider the Feynman – Kac semigroup (PΛ

t )t≥0, where

PΛ
t (ϕ) : x 7→ Ex

[
ϕ(Xt) exp

{∫ t

0
Λ(Xs)ds

}]
(1.8)

whose generator is Q+ Λ. Let us define the normalised version of this semigroup as follows

µt(ϕ) :=
µ0P

Λ
t (ϕ)

µ0PΛ
t (111)

, (1.9)

where 111 denotes the all-one function on E. Then, (µt)t≥0 is the solution of the nonlinear
differential equation (1.6) with initial value µ0(ϕ) for t = 0 [Del04, Eq. (1.17)].
Remark 1.1.4 (Translation of the selection rate and QSD). Note that (µt)t≥0 as defined above
is invariant by translation of the function Λ. Namely, for every real β we have that

µt(φ) =
µ0P

Λ−β
t (φ)

µ0P
Λ−β
t (111)

. (1.10)
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In particular, taking β = sup Λ, we can always interpret (µt)t≥0 as the distribution of an
absorbed Markov chain conditioned to non-absorption up to time t with killing rate κ = sup Λ−
Λ. This naturally relates the study of the behaviour of (µt)t≥0 when t → ∞, to the theory of
quasi-stationary distributions (QSD), as we will discuss later in Section 1.2.

Consider the following assumptions related to the control in the norm Lp of the initial error
and the exponential convergence of (µt)t≥0, as defined by (1.10), towards a unique limit, for
every initial distribution on µ0 ∈ M1(E).

Assumption (C2) (Uniform exponential ergodicity of the normalised semigroup). There exist
a distribution µ∞ ∈ M1(E) and C, γ > 0, such that for every initial distribution µ0 ∈ M1(E)
and for all t ≥ 0:

‖µt − µ∞‖TV ≤ Ce−γt, (1.11)

where (µt)t≥0 is defined as in (1.9).

We are now in a position to state our main results for the multi-allelic Moran model with
additive selection.

Theorem 1.1.4 (Uniform in time propagation of chaos). Under Assumptions (I), (C1) and
(C2), for every p ≥ 1, there exists a constant Cp, such that

sup
ϕ∈B1(E)

sup
t≥0

E
[|m(ηt)(ϕ) − µt(ϕ)|p]1/p ≤ Cp√

N
.

Theorem 1.1.4 is proved in Section 1.3.3.

Corollary 1.1.5 (Convergence of the empirical measure). Suppose that Assumptions (I), (C1)
and (C2) are verified. Then, for every p ≥ 1, there exists a constant Cp > 0, such that

sup
t≥0

E
[(‖m(ηt) − µt‖w

)p]1/p ≤ Cp√
N
.

The proof of Corollary 1.1.5 is analogous to that of Corollary 1.1.3 and we skip it for the
seek of brevity.

For a fixed N , if the process (ηt)t≥0 generated by Q allows a stationary distribution νN ,
then under the hypothesis in Theorem 1.1.4 we get

sup
ϕ∈B1(E)

EνN

[|m(η∞)(ϕ) − µ∞(ϕ)|p]1/p ≤ Cp√
N
, (1.12)

for all p ≥ 1.
Obtaining a uniform in time bound as the one provided by Theorem 1.1.4 is a hard problem

and this kind of results are uncommon in the literature. Del Moral and Guionnet in [DG01, Thm.
3.1] have proved a similar result for a resembling but discrete-time model, where the potential
function Λ is assumed uniformly bounded and also bounded away from zero. Moreover, their
upper bound for the speed of convergence in [DG01, Thm. 3.1] is of order 1/Nα, with α < 1/2.
Rousset [Rou06, Thm. 4.1] has proved a uniform in time bound in Lp with the same speed of
convergence as our result. However, the model studied by Rousset is in continuous state space
and the diffusion process driving the mutation process is assumed reversible. Similarly, Angeli
et al. [AGJ21, Thm. 3.2] obtained an equivalent result for jump processes on locally compact
spaces in the context of cloning algorithms, for p ≥ 2. See also Theorem 5.10 and Corollary 5.12
in [AD20], for a related result when p = 2. Our model is different, since we consider the case
where the state space is discrete, not necessarily finite and in Assumption (C1) we allow the
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selection rates to depend on the empirical probability measure induced by the particle system,
in the same spirit of [Rou06]. Nonetheless, our methods are similar to those of Rousset [Rou06]
and Angeli et al. [AGJ21] (see also [DM00b, §3.3.1]): it consists in finding a martingale indexed
by the interval [0, T ], whose terminal value at time T is precisely m(ηT )(ϕ) −µT (ϕ) plus a term
whose Lp norm can be controlled, for any ϕ ∈ Bb(E). Thereafter, the final result comes by a
control of the quadratic variation of the martingale and an induction principle.
Remark 1.1.5 (Almost sure convergence). Corollary 1.1.5, for p = 4, and a Borel – Cantelli argu-
ment imply the convergence m(ηT )

c.c.−−→ µT in M1(E), when N → ∞, for every T ≥ 0, where c.c.
denotes the complete (or universal) convergence. In particular, this implies m(ηT )

a.s.−−−−→ µT ,
when N → ∞, for every T ≥ 0. Note that in contrast with Corollary 1.1.3, Corollary 1.1.5 does
not ensure the convergence in C([0, T ],M1(E)).

Let us denote by m̄(ηt) the mean empirical probability measure induced by ηt, which is
defined as

m̄(ηt) :=
∑

x∈E

E

[
ηt(x)

N

]
δx ∈ M1(E).

We recall that ξ(i)
t stands for the type of the i-th individual, for 1 ≤ i ≤ N , at time t ≥ 0. Let

us denote by Law(ξ
(i)
t ) the law of ξ(i)

t .

Theorem 1.1.6 (Bias estimate one ergodicity of one particle). Under Assumptions (I), (C1)
and (C2), there exists a constant C > 0 such that

sup
t≥0

‖m̄(ηt) − µt‖TV ≤ C

N
.

Moreover, if the initial distribution of the N particles is exchangeable, then

sup
t≥0

∥∥∥Law(ξ
(i)
t ) − µt

∥∥∥
TV

≤ C

N
.

Theorem 1.1.6 are proved in Section 1.3.3.
It is expected that when selection rates are constant the empirical probability measure

generated by the particle system is a unbiased estimator of the law of the Markov chain generated
by Q, in the sense that

m̄(ηt) = m̄(η0)etQ, for all t ≥ 0.

See e.g. [CT16b] and [Cor21a]. We prove in Corollary 1.3.6 below that this result also holds
when the selection rates are symmetric.

The following result ensures the exponential ergodicity of the unnormalised semigroup.

Lemma 1.1.7 (Exponential ergodicity of the unnormalised semigroup). Suppose that Assump-
tions (C1) and (C2) are verified. Then, there exists a unique triplet (µ∞, h, λ) ∈ M1(E) ×
Bb(E) × R, of eigenelements of Q+ Λ such that h is strictly positive, µ∞(h) = 1,

µ∞P
Λ
t = eλtµ∞ and PΛ

t (h) = eλth.

Moreover, there exist C, γ > 0 such that for all t ≥ 0:

sup
µ0∈M(E)

‖e−λtµ0P
Λ
t − µ0(h)µ∞‖TV ≤ Ce−γt. (1.13)

Furthermore, λ ≤ 0 whether Λ ≤ 0.
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This result is basically a consequence of Theorem 2.1 of [CV17b] (Theorem 1.2.2 below).
We review this theorem and others results on the theory of quasi-stationary distribution in
Section 1.2. Lemma 1.1.7 establishes an exponential control on the speed of convergence of the
unnormalised semigroup. A similar estimate is stated in [AGJ21, Assumption 2.2] as hypothesis.
However, their assumption implies that the eigenfunction h is constant, which in practice makes
their assumption only valid when Λ (V in their notation) is constant.

Let us define
Sµ(ϕ) :=

∑

x,y∈E

(ϕ(x) − ϕ(y))2V s
µ(x, y)µ(x)µ(y), (1.14)

for every ϕ ∈ Bb(E), and the operator Wt,T for t ≤ T as follows

Wt,T : ϕ 7→ PΛ
T −t(ϕ)

µt

(
PΛ

T −t(111)
) , (1.15)

Note that

µt

(
PΛ

T −t(111)
)

= exp

{∫ T

t
µs(Λ)ds

}
. (1.16)

Indeed, it is a consequence of the next two identities

d

dt
ln
(
µ0P

Λ
t (111)

)
= µt(Λ) and µt

(
PΛ

T −t(111)
)

=
µ0

(
PΛ

T (111)
)

µ0

(
PΛ

t (111)
) .

Our last two results are addressed to the study of the asymptotic square error of the approx-
imation of µT by m(ηT ) when T,N → ∞. These results are highly important when the Moran
process is used for approximating a quasi-stationary distribution. Let us define the asymptotic
quadratic errors:

σ2
T (ϕ) := lim

N→∞
NE

[(
m(ηT )(ϕ) − µT (ϕ)

)2]
,

σ2
∞(ϕ) := lim

T →∞
σ2

T (ϕ),

for every ϕ ∈ Bb(E). First, we prove the asymptotic normality of the bias and we provide
explicit expressions for σ2

T (ϕ) and σ2
∞(ϕ). Then, we use this expression to show how to define

another Moran process approaching the same distribution µ∞, with smaller or equal asymptotic
square error.

In order to prove the asymptotic normality of the statistic
√
N
(
m
(
ηT

)
(ϕ) − µT (ϕ)

)
, for

every T ≥ 0, we naturally need to ask, in addition to the law of large numbers established by
Assumption (I), for the existence of a central limit theorem on the initial empirical distribution,
as stated in the following hypothesis.

Assumption (I′) (Asymptotic normality for initial empirical distribution). For every ϕ ∈
Bb(E), the empirical measure induced by the particle process at t = 0 satisfy the following
condition:

√
N
(
m(η0)(ϕ) −µ0(ϕ)

)
converges in law towards a centered Gaussian distribution of

variance µ0(ϕ2), when N → ∞.

Analogously to Lemma 1.1.1, we have that Assumption (I′) is verified when initially the N
particles are sampled independently according to µ0 ∈ M1(E). The proof of this result is a
simple consequence of the classical central limit theorem.
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Theorem 1.1.8 (Asymptotic normality). Suppose that Assumptions (I), (I′), (C1) and (C2)
are verified. Then, for every ϕ ∈ Bb(E) and T ≥ 0, we have that

√
N
(
m(ηT )(ϕ) − µT (ϕ)

)

converges in law, when N goes to infinity, towards a Gaussian centered random variable of
variance

σ2
T (ϕ) = VarµT

(ϕ) +

∫ T

0
Sµs

(
Ws,T (ϕ̄T )

)
ds+ 2

∫ T

0
µs

(
Ws,T (ϕ̄T )2

(
V b

µs
+ µs

(
V d

µs

)))
ds,

where VarµT
stands for the variance with respect to µT , ϕ̄T := ϕ− µT (ϕ) and Sµ and Wt,T are

as defined in (1.14) and (1.15), respectively. Moreover,

σ2
∞(ϕ) = Varµ∞

(ϕ) +

∫ ∞

0
e−2λsSµ∞

(
PΛ

s (ϕ̄∞)
)
ds+ 2

∫ ∞

0
e−2λsµ∞

(
PΛ

s (ϕ̄∞)2
(
V b

µ∞
+ µ∞

(
V d

µ∞

)))
ds,

where Varµ∞
stands for the variance with respect to µ∞, ϕ̄∞ := ϕ−µ∞(ϕ) and λ is the eigenvalue

in the statement of Lemma 1.1.7.
The proof of Theorem 1.1.8 can be found in Section 1.3.4. Note that the two integrals in

the expression of σ2
∞(ϕ) in Theorem 1.1.8 converge as a consequence of Lemma 1.1.7.

Let us mention the relation between Theorem 1.1.8 and some existing results in the literature.
When V s is null, and the selection rates do not depend on µ, our result is related to Proposition
3.7 in [DM03]. Indeed, when taking the parameters of the model in [DM03] as follows: V = 2V b,
V ′ = 2V d and ρ = 1/2, Theorem 1.1.8 can be obtained from Proposition 3.7 in [DM03].

Moreover, when V b
µ and V s

µ are null and thus Λ = −V d ≤ 0, we get

σ2
∞(ϕ) = Varµ∞

(ϕ) − 2λ

∫ ∞

0
e−2λs Varµ∞

(
PΛ

s (ϕ)
)

ds.

When the process (ηt)t≥0 is ergodic and converges in law to some random variable η∞, when
t → ∞, Theorem 1.1.8 states that

√
N
(
m(η∞)(ϕ) − µ∞(ϕ)

)
converges to a centered Gaussian

law of variance σ2
∞(ϕ), when N → ∞. Indeed, recall that a Gaussian sequence converges in law

if their first two moments converge. In particular, we recover (and extend) the recent result of
Lellièvre et al. [LPR18, Thm. 2.4] for finite state spaces. Notice that the negative constant λ
in the previous expression for σ2

∞(ϕ) is the opposite of that in [LPR18, Thm. 2.4].
The expression for σ2

∞(ϕ), when V s
µ = 0, is also similar to the expression for the asymp-

totic square error in Theorem 4.4 in [Rou06]. However, the results in [Rou06] do not include
the asymptotic normality we prove in Theorem 1.1.8. See also Corollary 2.7 and Remark 2.8
[Cér+20] for a central limit theorem for the empirical measure induced by Fleming – Viot par-
ticle systems.

Note that the three summands in the expression of σ2
T (ϕ) in Theorem 1.1.8 are positive, for

every T ≥ 0. Moreover, the limit (µt)t≥0 is invariant by the choice of the symmetric component
V s

µ in Assumption (C1). As a consequence, for a given selection rate Vµ we can obtain another
Moran process approaching the same limit distribution taking the selection rate Vµ − Σµ ≥ 0,
where Σµ is a symmetric function in Bb(E × E). We thus get the following result.
Corollary 1.1.9 (Moran process with smaller asymptotic square error). Suppose that Assump-
tions (I), (I′), (C1) and (C2) are verified. Let (ηt)t≥0 and (η⋆

t )t≥0 be the Moran processes with
the same mutation rates and selection rates given by Vµ and Vµ − Σµ, respectively, where

Σµ(x, y) := min
{
V d

µ (x), V b
µ (x)

}
111{x} + min

{
V d

µ (y), V b
µ (y)

}
111{y} + V s

µ(x, y),

where 111A stands for the indicator function on A ⊂ E. Then,

lim
N→∞

NE

[(
m(η⋆

T )(ϕ) − µT (ϕ)
)2] ≤ lim

N→∞
NE

[(
m(ηT )(ϕ) − µT (ϕ)

)2]
,

for all T ≥ 0.
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Note that the selection rate Vµ −Σµ in the statement of Corollary 1.1.9 satisfies Assumption
(C1). The proof of the previous result is thus a simple consequence of Theorem 1.1.8. In
Example 1.2.1 below we discuss the application of this result to the simple case of the bi-allelic
Moran model, that is, when the cardinality of E is 2.

Structure of the paper
The rest of the paper is organised as follows. In Section 1.2 we discuss the relation of our results
to the theory of quasi-stationary distributions. We are particularly interested in the conse-
quences of Assumption (C2), namely, the uniform exponential convergence of the conditioned
process to the quasi-stationary distribution, the spectral properties of the Markov semi-group
and the ergodicity of the Feynman – Kac semigroup defined by (1.8). Next, we consider several
examples of mutation and selection rates where Assumptions (C1) and (C2) are verified. We
end this section with a discussion about our main results and their possible extensions. Finally,
in Section 1.3, we prove our main results.

1.2 Links to the theory of QSD
Let us denote by (Xt)t≥0 an irreducible continuous-time non-explosive Markov chain on a dis-
crete space E with generator Q. Let κ : E → R+ be a uniformly bounded function. Consider
the absorbing Markov chain (Yt)t≥0 on E ∪ {∂}, where ∂ /∈ E is an absorbing state, satisfying

Yt =




Xt if

∫ t

0
κ(Xs)ds < ξ

∂ otherwise,

where ξ is an exponential random variable with parameter 1, independent from (Xt)t≥0. In
words, (Yt)t≥0 evolves as (Xt)t≥0 on E and conditioned to be at x ∈ E, it jumps to the
absorbing state ∂ with rate κ(x). Let us denote by τ∂ the absorption time. A quasi-stationary
distribution (QSD) for (Yt)t≥0, is a probability measure µQSD on E such that

lim
t→∞

Pµ[Yt ∈ · | t < τ∂ ] = µQSD,

for some probability measure µ on E. When the limit above holds true for all µ = δx, with
x ∈ E, the distribution µQSD is said to be the minimal quasi-stationary distribution of (Yt)t≥0.
We refer the reader to [MV12; CMS13; DP13] and references therein for a review of the classical
results concerning quasi-stationary distributions.

Note that the limit above can be written also as follows

lim
t→∞

Eµ

[
ϕ(Xt)e

−
∫ t

0
κ(Xs)ds

]

Eµ

[
e−
∫ t

0
κ(Xs)ds

] = µQSD(ϕ),

for every function ϕ on E such that µQSD(ϕ) exists. This limit is analogous to (1.11), since
the definition of µt is invariant by translation of κ, as we commented in Remark 1.1.4. Thus,
Assumption (C2) is equivalent to the uniform exponential convergence of a conditioned Markov
chain to its QSD, and the probability measure µ∞ is indeed the QSD of the process driven by
Q and with killing rate κ := sup

x
Λ(x) − Λ ≥ 0.

Remark 1.2.1 (The Moran model with additive selection approaches a QSD). According to our
previous discussion, when Assumptions (I), (C1) and (C2) are verified, Theorem 1.1.4 implies
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that the empirical probability measure induced by the multi-allelic Moran model approaches
the law of the conditioned Markov chain. Moreover, when the process generated by Q allows
a stationary distribution νN , Theorem 1.1.4 also implies that m(η∞), where η∞ is distributed
according to νN , approaches the QSD of this absorbing Markov chain in the Lp distance with
rate 1/

√
N . In particular, the Moran model with selection at birth, when V d

µ and V s
µ in (C1)

are null, also approximate the QSD of the absorbing Markov chain driven by Q and with killing
rate κ := sup

x∈E
V b(x) − V b.

Relying on known results related to the exponential convergence to quasi-stationary distri-
bution, we can discuss equivalent conditions to Assumption (C2), and provide explicit examples
where this assumption holds.

The first example is precisely when E is finite. In this case inequality (1.11) was proved
by Darroch and Seneta [DS67] and the result comes as a consequence of the Perron – Frobenius
Theorem (see [MV12, Thm. 8] for the specific context of quasi-stationary distributions).

The case where E is countable is more delicate and has attracted lots of attention and several
methods have been applied. Thanks to the exhaustive work of Champagnat and Villemonais,
specifically [CV16; CV17b], it is possible to describe hypothesis equivalent to Assumption (C2)
and explore the consequences of the uniform exponential convergence to the QSD.

Let us consider the following assumption, which is the translation of that in [CV16] under
our notation:

Assumption (A). There exists a ν ∈ M1(E) and three positive constants t0, c1, c2 such that

(A1) for all x ∈ E,
δx

(
PΛ

t0
(ϕ)
)

δx

(
PΛ

t0
(111)
) ≥ c1ν(ϕ),

for every positive function ϕ ∈ Bb(E),

(A2) for all x ∈ E and t ≥ 0,
ν
(
PΛ

t (111)
)

≥ c2 · δx

(
PΛ

t (111)
)
.

The first condition in (A) is related to the fact that the process comes back fast in a finite
subset of E with positive probability. This is associated to the idea of processes coming down
from infinity. The second condition in (A) implies that the highest non-absorption probability
among those starting from a singleton of E, has the same order of that starting from distribution
ν. We refer to [CV16, §2] for a deeper analysis of the consequences of Assumption (A) and its
equivalent formulations.

Then, we have the next result:

Theorem 1.2.1 (Theorem 2.1 in [CV16]). Let us assume that (C1) if verified. Then, Assump-
tions (A) and (C2) are equivalent. In addition, if Assumption (A) is satisfied, then (1.11) holds
with the explicit bound

∥∥∥∥∥∥
µ0P

Λ
t

µ0

(
PΛ

t (111)
) − µ∞

∥∥∥∥∥∥
TV

≤ 2(1 − c1c2)⌊t/t0⌋,

for every µ0 ∈ M1(E).

See also the anterior work of Del Moral and Miclo [DM02, Prop. 2.3 and 3.1], which studies
the large time behaviour and stability of Feynman – Kac semigroups in continuous time.
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The distribution µ∞ is the quasi-stationary distribution of the process driven by Q and with
killing rates sup

x
Λ − Λ(x) ≥ 0. It is well known, see e.g. [MV12], that there exists λ ∈ R such

that, for all t ≥ 0,

µ∞
(
PΛ

t (111)
)

= eλt and µ∞PΛ
t

µ∞
(
PΛ

t (111)
) = e−λt · µ∞P

Λ
t = µ∞.

In particular, λ ≤ 0 whether Λ ≤ 0.
The next two results explore the consequences of Assumption (A) to the spectrum of Q+Λ.

Theorem 1.2.2 (Theorem 2.1 in [CV17b]). Assume that (A) is verified. There exist a positive
function h on E and C > 0 such that

|e−λt · δx

(
PΛ

t (111)
)

− h(x)| ≤ Ce−λt · δx

(
PΛ

t (111)
)

e−γt,

where γ > 0 is as in (1.11). Moreover, µ∞(h) = 1 and
(
Q+ Λ

)
(h) = λh.

Corollary 1.2.3 (Corollaire 2.4 in [CV16]). Assume that (A) is verified. If φ ∈ Bb(E) is a
right eigenfunction for Q+ Λ for an eigenvalue β, then either

1. β = λ and φ = µ∞(φ)h, or

2. β ≤ λ− γ, µ∞(φ) = 0,

where γ is as in the statement of (C2).

Then, as we commented in Section 1.1.1, the proof of Lemma 1.1.7 is an immediate conse-
quence of Theorem 1.2.2.

1.2.1 Examples
In this section we consider several examples where Assumption (C2) holds, for the process with
additive selection satisfying (C1).

As we commented, this assumption is always verified when the state space is finite. The
first example we consider is precisely when E = {1, 2}. This example offers us the opportunity
to compare our result with the existing results on bi-allelic Moran models and the Fleming –
Viot particle process approximating the QSD of an absorbing Markov chain with two transient
states.

Example 1.2.1 (Two-allelic Moran model). Consider the two-allelic Moran model on E =
{1, 2} with mutation rate matrix

Q =

(
−a a
b −b

)

and selection rates V1,2 = p and V2,1 = q, with a, b > 0 and p, q ≥ 0. Let us assume, without
loss of generality, that p ≤ q.

The empirical probability measure induced by this Moran process approaches the QSD of the
absorbing Markov chain on E ∪ {∂}, where ∂ is an absorbing state, with infinitesimal generator




−(a+ p) a p
b −(b+ q) q
0 0 0


 .
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See [Cor17] and [CT16a, §3] for a deeper treatment of this model and the limit behaviour of
the interacting particle process approaching its QSD.

Theorem 1.1.2 applied in this case improves Proposition 3.1 in [Cor17] and Theorem 3.1 (see
also Remark 3.2) in [BC15]. Furthermore, Theorem 1.1.4, and also (1.12), improve the control
of the speed of convergence to stationarity of the bounds obtained in [CT16b, Cor. 1.5] and
[CV21, Thm. 2.4].

Likewise, as a consequence of Corollary 1.1.9, we have that the Moran model with the same
mutation rate matrix Q and with selection rates V1,2 = 0 and V2,1 = q−p, approaches the same
QSD but with smaller asymptotic square error.

Consider now the case when p = q. In this case the empirical distribution induced by the
particle system approaches the stationary distribution of the process generated by Q. When E is
finite, the results about the spectrum of the generator Q in [Cor21b] imply that the asymptotic
ergodicity is independent of the value of p. Besides, Corollary 1.1.9 implies that a minimal
asymptotic variance is obtained when there is no selection, that is, when the particle system is
simply given by N independent particles, where each of them is driven by Q.

We now focus on the classical birth and death Markov chain. The existence and uniqueness
of QSD for these models have been well understood. We rely on existing results to find explicit
conditions on the parameters of the birth and death chain that are equivalent to the existence
of a unique QSD and the uniform exponential convergence.

Example 1.2.2 (Birth and death chain). Consider two positive sequences (bx)x≥1 and (dx)x≥1

and the Markov chain on N with rate matrix

Qx,y :=





bx if x ≥ 1 and y = x+ 1
dx if x ≥ 2 and y = x− 1
0 otherwise,

and Λ := d11{x=1}. Note that 0 is an absorbing state and N is a transient class. Van Doorn
[Doo91, Thm. 3.2] has found explicit condition characterising the three possible cases: there is
no QSD, there exists a unique QSD or there exists an infinite continuum of QSDs. See also
[MV12, §4]. Furthermore, Martínez et al. [MMV14, Thm. 2] have proved that the existence of
a unique QSD is in fact equivalent to the uniform exponential convergence of the law of the
conditioned process to its QSD, which is in fact Assumption (C2). In addition, this occurs if
and only if

∑

k≥2

1

dkαk

∑

r≥k

αr < ∞, (1.17)

where αr :=
r−1∏
i=1

bi

/
r∏

i=2
di. We refer also to [CV16, §4.1], where the uniform exponential

convergence is ensured for some generalisations of the classical birth and death chain.

We end this section presenting two quantitative criteria on the transition rates and on the
spectral elements, respectively, ensuring the uniform exponential convergence in (C2).

Example 1.2.3 (A criterion on the mutation and selection rates). We next describe a criterion
on the transition rates, which is in fact Theorem 3 in [MMV14]. Assume that (C1) is verified
and the following condition holds: there exists a finite subset K ⊂ E such that

inf
y∈E\K

(
Λ(y) +

∑

x∈K

Qy,x

)
> sup

y∈E
Λ(y).
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Then, (C2) holds. This provides an easy condition on the mutation rates and Λ to verify
Assumption (C2), which is applicable to a wide range of Moran processes with discrete countable
state space. See also [CT16b, Thm. 1.1], where a stronger condition is asked in order to provide,
via a coupling technique, explicit constants for the upper bound in (C2).

Example 1.2.4 (A spectral criterion). Assume there exists a triplet (µ∞, h, λ) ∈ M1(E) ×
Bb(E)×R, of eigenelements of Q+Λ such that λ is an eigenvalue of Q+Λ, h is strictly positive,
µ∞(h) = 1,

µ∞P
Λ
t = eλtµ∞ and PΛ

t (h) = eλth.

Note that these are the eigenelements in the statement of Lemma 1.1.7. Let us also assume
‖h−1‖ ≤ ∞, which is always true if E is finite, and furthermore, there exists ϵ > 0 such that
the set

Kϵ := {x ∈ E : Λ(x) ≥ λ− ϵ}
is finite. Then, (C2) is verified.

The proof is based on the methods in [DMT95], and is very similar to the proofs of Propo-
sition 3.2 in [Rou06] and Proposition A.5 in [AGJ21]. Consider the Doob’s h-transform

PΛ,h
t :=

1

h
e−λtPΛ

t (h·),

which is the semigroup associated to an irreducible continuous-time Markov chain on E with
generator Qh acting on every ϕ ∈ M1(E) as follows

Qh(ϕ) =
1

h

(
Q+ Λ − λ

)
(hϕ).

Furthermore, the process driven by Qh has stationary distribution µh
∞ ∈ M1(E), satisfying

µh
∞(ϕ) = µ∞(hϕ), for every ϕ ∈ Bb(E). Now, note that h−1 is bounded on Kϵ, and consequently

there exists β > 0 such that

Qh(h−1) =
Λ − λ

h
≤ − ϵ

h
+ β1Kϵ .

Thus, condition (D̃) in [DMT95] is verified and using their Theorem 5.2-(c) we get the h−1-
uniform exponential ergodicity of PΛ,h

t as follows

sup
|g|≤h−1

∣∣∣∣
1

h(x)
e−λtδxP

Λ
t (hg) − µ∞(hg)

∣∣∣∣ ≤ C

h(x)
ρt.

Multiplying by h(x) the previous inequality and taking ϕ = hg ∈ B1(E), we get the uniform
exponential ergodicity (1.13). Finally, it is not difficult to verify that Assumption (C2) also
holds, using the exponential ergodicity (1.13) and the fact that ‖h−1‖ < ∞.

Remark 1.2.2. In [AGJ21, Appendix], the authors state a similar result but they do not include
the fact that ‖h−1‖ is bounded in their hypothesis. We have not found or understood the
arguments making the authors claim that ‖h−1‖ is bounded when the state space is locally
compact [AGJ21, p. 150]. We next provide an example of a birth and death chain whose
generator allows an unbounded eigenfunction associated to its greatest eigenvalue. Indeed, let
us consider the following parameters for the birth and death chain in Example 1.2.2: bi = b,
and di = d, for all i ≥ 2, with b < d. Moreover, take b1 > b and d1 = d(e − 1). Hence, taking
h : n ∈ N 7→ e−n we get

(
Q+Λ

)
(h) = λh, for λ = b(e−1 −1)+d(e−1) > 0. Moreover, Kϵ = {1}

is finite (compact), but ‖r−1‖ = ∞. In fact, the infinite sum (1.17) diverges, thus this birth
and death chain allows an infnite number of QSDs (cf. [Doo91, Thm. 3.2]).
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1.2.2 Discussion
In this paper we study the speed of the convergence of the empirical distribution induced by
a multi-allelic Moran model to a family of probability distributions on M1(E), which is the
solution of a second order nonlinear differential equation. In the case where the selection is
additive in the sense of Assumption (C1), the limit is in fact the law of a absorbing Markov
chain conditioned to non-absorption. The multi-allelic Moran model we study here contains as a
special case the Fleming – Viot particle system, which is an interacting particle system intended
for the approximation of a quasi-stationary distribution.

We also study the Moran model with additive selection for numerical approximation pur-
poses. As we commented in Remark 1.2.1, the Moran model with additive selection always
approaches a QSD, which depends on the additive selection expression in (C1) only through
the function Λ. Actually, one of the main goals of this article is to strengthen the relationship
between research on Moran models with additive selection and Fleming – Viot particle process.
Theorem 1.1.8 ensures to asymptotic normality of the approximation error made by the em-
pirical probability measure induced by the particle system, when N is large. Using this result,
Corollary 1.1.9 can be used to define another particle process approaching the same QSD with
smaller asymptotic quadratic error, given a Moran process satisfying (C1) and (C2). However,
the problem of finding the optimal selection rates for a fixed function Λ remains open.

The fact that the state space E is discrete is not necessarily for our proofs. Therefore, we
expect to be able to extend all our results to more general Markov processes following the same
methods.

There are lots of possible directions to continue this research. Maybe, the more natural is to
weaken the condition (C2) and consider the case where there exists a minimal QSD but the ex-
ponential convergence is not uniform on M1(E). Lots of research have been done for controlling
the domains of attraction of the minimal QSD. See for example the works of Champagnat and
Villemonais [Vil15; CV17a; CV20a; CV20b; CV21] and also the related works of Bansaye et al.
[Ban+21; BCG20], and the references therein. Another interesting research direction is to im-
prove the upper bound constants Cp,T in Theorem 1.1.2. In this sense, the results of Arnaudon
and Del Moral [AD20, Thm. 5.10 and Cor. 5.12] suggest that a bound of type Cp,T = CpT could
hold. Hence, a future research direction would be to combine the approach of [AD20] and this
paper to improve the upper bound in Theorem 1.1.2. Moreover, the results in [AD20, §5] could
also be useful to obtain exponential concentration inequalities, which is a natural continuation
of the research on the long time behaviour of the empirical measure induced by Moran type
particle processes.

1.3 Proof of the main results
1.3.1 The associated martingale problem
For a Markovian generator L, its associated “carré-du-champ” operator, denoted ΓL, is defined
by

ΓL : ϕ 7→ L(ϕ2) − 2ϕLϕ.

See, for example [Ané+00, Def. 2.5.1] for more details on the theory related to this operator.
It is not difficult to prove that ΓQ satisfies

ΓQ(ψ)(η) =
∑

x∈E

η(x)
∑

y∈E

(
Qx,y + Vm(η)(x, y)

η(y)

N

)
[ψ(η − ex + ey) − ψ(η)]2,

where for every η ∈ EN . We recall that m(η) denotes the empirical distribution induced by
η ∈ EN . Moreover, m(η)(ϕ) stands for the mean of ϕ with respect to m(η), for every ϕ ∈ Bb(E).
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Suppose that one of Assumptions (G1) or (C1) is verified. In either case, let us denote V ⋆
µ :=

Vµ − V s
µ .

Lemma 1.3.1. Suppose that one of Assumptions (G1) or (C1) is verified. We have

Q(m(·)(ϕ)) = m(·)
(
Q⋆

m(·)(ϕ)
)
,

ΓQ
(
m(·)(ϕ)

)
=

1

N
m(·)

(
ΓQm(·)

(ϕ)
)
,

where

Q⋆
µϕ : x 7→ (Qϕ)(x) +

∑

y∈E

µ(y)V ⋆
µ (x, y)[ϕ(y) − ϕ(x)],

Qµϕ : x 7→ (Qϕ)(x) +
∑

y∈E

µ(y)Vµ(x, y)[ϕ(y) − ϕ(x)],

for every ϕ ∈ Bb(E) and all x ∈ E.

Proof. The first equality is simply a consequence of (1.2) and (1.3), and the fact that

µ(Qµϕ) = µ(Q⋆
µϕ). (1.18)

Now, to prove the second equality, note that

ΓQ(m(·)(ϕ))(η) =
∑

x∈E

η(x)
∑

y∈E

(
Qx,y + Vm(η)(x, y)

η(y)

N

)
[m(η − ex + ey)(ϕ) −m(η)(ϕ)]2

=
1

N

∑

x∈E

η(x)

N

∑

y∈E

(
Qx,y + Vm(η)(x, y)

η(y)

N

)
[ϕ(y) − ϕ(x)]2

=
1

N

∑

x∈E


∑

y∈E

(
Qx,y + Vm(η)(x, y)my(η)

)
[ϕ(y) − ϕ(x)]2


mx(η)

=
1

N
m(η)

(
ΓQm(η)

(ϕ)
)
.

Using the Lemma 1.3.1 we can study the martingale problem associated to the process
(m(ηt)(ψt))t≥0.

Proposition 1.3.2 (Martingale decomposition). Let ψ be a function on E×R+ such that ψ·(x)
is continuously differentiable in R+, for every x ∈ E and ψt(·) ∈ Bb(E), for every t ∈ R+. Then,
the process

(Mt(ψ·)
)

t≥0
such that

Mt(ψ·) := m(ηt)(ψt) −m(η0)(ψ0) −
∫ t

0
m(ηs)

(
∂sψs +Q⋆

m(ηs)(ψs)
)

ds,

where Q⋆
µ is defined as in Lemma 1.3.1, is a local martingale, with predictable quadratic variation

given by

〈M(ψ·)〉t =
1

N

∫ t

0
m(ηs)

(
ΓQm(ηs)

(ψs)
)
ds.

Moreover,
|∆Mt(ψt)| ≤ 2‖ψt‖

N
.
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Proof. The usual martingale problem associated to (ηt)t≥0 implies that for every function ϕ on
E, the process

t 7→ m(ηt)(ϕ) −m(η0)(ϕ) −
∫ t

0
Q(m(ηs)(ϕ))ds

= m(ηt)(ϕ) −m(η0)(ϕ) −
∫ t

0
m(ηs)(Q⋆

m(ηs)(ϕ))ds

is a local martingale. Note that the equality is due to the first identity in Lemma 1.3.1. Then,
for a function ψ on E × R+, continuously differentiable in R+, the Itô formula implies that
(Mt(ψ·))t≥0 is a local martingale, as desired.

The predictable quadratic variation is obtained using that

〈M(ψ)〉t =

∫ t

0
ΓQ
(
m(ηs)(ψs)

)
ds,

and the final result comes from the second identity in Lemma 1.3.1.
The bound for the jump is due to the fact that each jump only concerns one particle that

jumps from one position to another.

Now, for a function ψ on E × R+, continuously differentiable in R+, we get

dm(ηt)(ψt) = dMt(ψ·) +m(ηt)(∂tψt +Q⋆
m(ηt)(ψt))dt.

Thus, the empirical measure induced by the particle process is a perturbation of the dynamic
given by (1.4), by a martingale whose jumps and predictable quadratic variation are of order
1
N .

1.3.2 Proof of Theorem 1.1.2
Throughout this section we will suppose that the expression for the selection rates in Assumption
(G1) is verified. We will denote Q⋆

µ = Q+ Π⋆
µ as in Lemma 1.3.1, namely

Π⋆
µϕ : x 7→

∑

y∈E

µ(y)V ⋆(x, y)[ϕ(y) − ϕ(x)],

where
V ⋆(x, y) := Vµ(x, y) − V s

µ(x, y) =
∑

i≥1

V d
i (x)V b

i (y),

which is independent of µ ∈ M1(E).
The family of generators (Q⋆

µt
)t≥0 defines an inhomogeneous-time Markov chain, which is

associated to a map (s, t) 7→ P (s, t), for all s ≤ t such that P (s, s) = I, for all s ≥ 0 and satisfies
the forward and backward Kolmogorov equations:

∂tP (s, t) = P (s, t)Q⋆
µt
, for t ≥ s, (1.19)

∂sP (s, t) = −Q⋆
µs
P (s, t), for s ≤ t.

See [FMS14] and the references therein. Moreover, using the forward Kolmogorov equation
(1.19), we get that (µt)t≥0 as in Assumption (G2), satisfies the propagation equation µT =
µtP (t, T ). Note that since P (t, T ) is the propagator of an inhomogenous Markov chain, we get
‖P (t, T )‖ ≤ 1 for all t ∈ [0, T ], which implies

∫ T

0
‖P (s, T )(ϕ)‖pds ≤ T − t. (1.20)
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Let us now study the control in Lp norm for the martingales that are obtained taking the
functions t ∈ [0, T ] 7→ P (·, T )

(
ϕ
)

and t ∈ [0, T ] 7→ P (·, T )
(
ϕ
)2 in Proposition 1.3.2. Note that,

∂t
(
P (t, T )

(
ϕ
))

= −Q⋆
µt

(
P (t, T )

(
ϕ
))
.

From Proposition 1.3.2, we get the following local martingale for t ∈ [0, T ]:

Mt
(
P (·, T )

(
ϕ
))

:= m(ηt)
(
P (t, T )

(
ϕ
))−m(η0)

(
P (0, T )

(
ϕ
))

−
∫ t

0
m(ηs)

(
Q⋆

m(ηs)

(
P (s, T )

(
ϕ
))−Q⋆

µs

(
P (s, T )

(
ϕ
)))

ds.

Similarly, we get

Mt

(
P (·, T )

(
ϕ
)2)

:=m(ηt)
(
P (t, T )

(
ϕ
)2)−m(η0)

(
P (0, T )

(
ϕ
))

−
∫ t

0
m(ηs)

(
Q⋆

m(ηs)

(
P (s, T )

(
ϕ
)2)− 2P (s, T )(ϕ) Q⋆

µs

(
P (s, T )

(
ϕ
)))

ds.

(1.21)

Moreover, by definition, P (T, T )
(
ϕ
)

= ϕ.

Lemma 1.3.3 (Control of the predictable quadratic variation). Assume that Assumption (G1)
is verified. For every test function ϕ ∈ B1(E), we have

N
〈
M (

P (·, T )
(
ϕ
)) 〉

t
≤ C(t+ 1) − Mt

(
P (·, T )

(
ϕ
)2)

, for all t ∈ [0, T ].

Proof. The predictable quadratic variation of the martingale
(Mt

(
P (·, T )

(
ϕ
)) )

t∈[0,T ]
satisfies

N
〈
M
(
P (·, T )

(
ϕ
))〉

t
=

∫ t

0
m(ηs)

(
ΓQm(ηs)

(
P (s, T )

(
ϕ
)))

ds

=

∫ t

0
m(ηs)

(
Q⋆

m(ηs)

(
P (s, T )

(
ϕ
)2)− 2P (s, T )

(
ϕ
) ·Qm(ηs)

(
P (s, T )

(
ϕ
)))

ds,

where the second equality holds because of the definition of carré-du-champ operator and (1.18).
Thus, using (1.21) we get

N
〈
M
(
P (·, T )

(
ϕ
))〉

t
= −Mt

(
P (·, T )

(
ϕ
)2)−m(ηt)

(
P (t, T )

(
ϕ
)2)

+m(η0)
(
P (0, T )

(
ϕ
)2)

+ 2

∫ t

0
m(ηs)

(
P (s, T )

(
ϕ
) ·
[(
Q⋆

µs
−Qm(ηs)

)(
P (s, T )

(
ϕ
))])

ds.

Now, because of (1.20) and the boundedness conditions on Vµ in Assumption (G1) we can
ensure the existence of a constant C > 0 such that

N
〈
M
(
P (·, T )

(
ϕ
))〉

t
≤ C(t+ 1) − Mt

(
P (·, T )

(
ϕ
)2)

.

The following lemma is a generalisation of the classical Burkholder – Davis – Gundy (BDG)
inequality [Kal21, Thm. 20.12]. The lower bound is obtained from the classical BDG inequality.
The proof of the upper bound can be found in [Rou06, Lemma 6.2].

Lemma 1.3.4 (BDG inequalities). Let (Mt)t≥0 be a quasi-left-continuous (i.e. with continuous
predictable increasing process) locally square-integrable martingale with M0 = 0 and bounded
jumps

sup
0≤t≤T

|∆Mt| ≤ a < +∞.
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Then, there exists a constant C, possibly depending on q, such that

E



(

sup
t∈[0,T ]

Mt

)2q+1
 ≤ CE

[(
[M]T

)2q]
≤ C

q∑

k=0

a2q+1−2k+1
E

[(
〈M〉T

)2k
]
.

We are now in position to establish a control on quadratic variation of the martingale(
Mt

(
P (·, T )

(
ϕ
)))

t∈[0,T ]
.

Theorem 1.3.5 (Control of the quadratic variation). Assume that Assumption (G1) is verified.
For all p > 0 and all test function ϕ ∈ B1(E), there exists a positive C (possibly depending on
p) such that

E

[([
M
(
P (·, T )

(
ϕ
))]

t

)p]
≤ C(t+ 1)p

Np
, for all t ∈ [0, T ]

The proof of this result we provide below is inspired by the proof of Theorem 5.4 in [Rou06].

Proof. First, by localisation, we can suppose that the martingales are bounded. Now, we will
prove the inequalities for p = 2q, and then using the Jensen inequality we will extend the result
for all p ≥ 1. The result for p ∈ (0, 1) is simply a consequence of the result for p = 1 and the
Jensen inequality for concave functions.

We want to prove the following inequalities:

E

[(〈
M
(
P (·, T )

(
ϕ
))〉

t

)2q
]

≤ C(t+ 1)2q

N2q , E

[([
M
(
P (·, T )

(
ϕ
))]

t

)2q
]

≤ C(t+ 1)2q

N2q .

For q = 0, the first inequality is consequence of Lemma 1.3.3 and the second one is due to the
fact that

([
M
(
P (·, T )

(
ϕ
))]−

〈
M
(
P (·, T )

(
ϕ
))〉)

t∈[0,T ]
is a local martingale.

We will prove the previous inequalities by induction. Let us assume they are true for q and
lower. Thus, by Lemma 1.3.3 and the Minkowski inequality, there exists a K > 0 such that

Ip := E

[(
N
〈
M(

P (·, T )(ϕ)
)〉

t

)p
]

≤ E

[(
K(t+ 1) +

∣∣∣Mt

(
P (·, T )

(
ϕ
)2)∣∣∣

)p
]

≤
(
K(t+ 1) +

(
E

[∣∣∣Mt

(
P (·, T )

(
ϕ
)2)∣∣∣

p])1/p
)p

,

for all p ≥ 1. Using now the BDG inequality we get

I2q+1 ≤

K(t+ 1) + κ

(
E

[([
M
(
P (·, T )

(
ϕ
)2)]

t

)2q
])1/2q+1


2q+1

≤
(
K(t+ 1) + κ

√
t+ 1

N

)2q+1

≤ C ′(t+ 1)2q+1
,

where the second inequality holds by the induction hypothesis and the last one due to N ≥ 1
and t+ 1 ≥ 1.

Now, the martingale
(Mt

(
P (·, T )(ϕ)

))
t∈[0,T ]

has jumps verifying

a ≤ 2

∥∥P (·, T )
(
ϕ
)∥∥

N
≤ 2

N
.
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Thus, using Lemma 1.3.4 we get

E

[([M(
P (·, T )(ϕ)

)]
t

)2q+1
]

≤ C ′′
q+1∑

k=0

E

[(
〈M(

P (·, T )(ϕ)
)〉t

)2k
]

N2q+2−2k+1 ≤ C ′′
q+1∑

k=0

(t+ 1)2k

N2q+2−2k+1+2k

=
C ′′

N2q+2

q+1∑

k=0

[
N(t+ 1)

]2k

=
C ′′(q + 1)

N2q+2 N2q+1
(t+ 1)2q+1

≤ C
(t+ 1)2q+1

N2q+1 .

This concludes the proof for p = 2q.
Now, for arbitrary p, there exists q such that p ≤ 2q. Thus, using the Jensen inequality (for

the concave function x 7→ xp/2q ) we get

E

[(〈
M
(
P (·, T )

(
ϕ
))〉

t

)p]
≤
(

E

[(〈
M
(
P (·, T )

(
ϕ
))〉

t

)2q
])p/2q

≤
(
C(t+ 1)2q

N2q

)p/2q

≤ Cp/2q (t+ 1)p

Np
.

The result for E

[([M(
P (·, T )(ϕ)

)]
t

)p]
is analogously obtained.

Proof of Theorem 1.1.2. Let us denote ψs,T := P (s, T )(ϕ̄T ), which satisfies the backward Kol-
mogorov equation (1.19).

We have that
(Mt

(
ψ·,T

))
t∈[0,T ]

, defined as in Proposition 1.3.2, is a local martingale. More-
over,

MT (ψ·,T ) = m(ηT )(ψT,T ) −m(η0)(ψ0,T ) −
∫ T

0
m(ηs)

(
−Q⋆

µs
(ψs,T ) +Q⋆

m(ηs)(ψs,T )
)

ds

= m(ηT )(ϕ) − µT (ϕ) −m(η0)(ψ0,T ) −
∫ T

0
m(ηs)

(
Π⋆

m(ηs)(ψs,T ) − Π⋆
µs

(ψs,T )
)

ds.

(1.22)

Note that for any two probability measures λ and µ on E and for every function ψ on E we
have

λ
(
Π⋆

µ(ψ)
)

= −µ(Π̃λ(ψ)
)
, (1.23)

where Π̃λ acts on a test function ψ as follows:

Π̃λ(ψ) : x 7→
∑

y∈E

λ(y)V ⋆(y, x)[ψ(y) − ψ(x)].

Indeed, note that

λ
(
Π⋆

µ(ψ)
)

=
∑

x,y∈E

λ(x)µ(y)V ⋆(x, y)[ψ(y) − ψ(x)] = −
∑

y∈E

(
∑

x∈E

λ(x)V ⋆(y, x)[ψ(x) − ψ(y)]

)
µ(y)

= −µ
(
Π̃λ(ψ)

)
.

Using (1.22) and (1.23) we get

MT (ψ·,T ) = m(ηT )(ϕ) − µT (ϕ) −m(η0)(ψ0,T ) +

∫ T

0

(
m(ηs) − µs

) (
Π̃m(ηs)(ψs,T )

)
ds, (1.24)
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where ψs,T = P (s, T )(ϕ̄T ).
Hence, using (1.24), we can ensure the existence of a positive constant C > 0 such that

sup
t≤T

|m(ηt)(ϕ) − µt(ϕ)|p ≤ C
(
|m(η0)(ψ0,T ) − µ0(ψ0,T )|p + sup

t≤T
|Mt(ψ·,T )|p +Rp(T )

)
,

where
Rp(T ) =

∫ T

0

∣∣∣
(
m(ηs) − µs

) (
Π̃m(ηs)(ψs,T )

)∣∣∣
p

ds.

The initial error can be controlled using Assumption (I). Indeed, there exists C1 > 0 such
that

E
[|m(η0)(ψ0,T ) − µ0(ψ0,T )|p] ≤ C1

Np/2
.

Furthermore, using Theorem 1.3.5 and BDG inequality we get

E

[
sup
t≤T

∣∣∣Mt

(
P (·, t)(ϕ̄T

))∣∣∣
p
]

≤ C2(T + 1)p/2

Np/2
,

for all p ≥ 1. Let us denote by λs, the (random) signed measure

λs := m(ηs) − µs.

We have
Rp(T ) ≤ C

(∫ T

0

∣∣∣λs

(
Π̃µs(ψs,T )

)∣∣∣
p

ds+

∫ T

0

∣∣∣λs

(
Π̃λs

(ψs,T )
)∣∣∣

p
ds

)
.

The first term in the last expression can be controlled, since Π̃µs(ψs,T ) is not random. Indeed,

I1(T ) :=

∫ T

0

∣∣∣
(
m(ηs) − µs

) (
Π̃µs(ψs,T )

)∣∣∣
p

ds

≤ 2p‖V ⋆‖p
∫ T

0

∣∣∣∣∣
(
m(ηs) − µs

)
(

Π̃µs(ψs,T )

2‖V ⋆‖

)∣∣∣∣∣

p

ds.

For the second term, note that

I2(T ) :=

∫ T

0

∣∣∣∣∣∣

∑

i≥1

∑

x,y∈E

λs(x)λs(y)V d
i (x)V b

i (y)
[
ψs,T (y) − ψs,T (x)

]
∣∣∣∣∣∣

p

ds

=

∫ T

0

∣∣∣∣∣∣

∑

i≥1

λs(V d
i − V b

i )λs(V b
i ψs,T ) + λs(V b

i )λs

(
(V b

i − V d
i )ψs,T

)
∣∣∣∣∣∣

p

ds.

Hence, using the Assumption (G1), we conclude that there exists a positive constant Cp, de-
pending on p, such that

I2(T ) ≤ Cp

∫ T

0

∣∣∣∣∣∣
(m(ηs) − µs)


1

κ

∑

i≥1

|V d
i − V b

i |


∣∣∣∣∣∣

p

+

∣∣∣∣∣∣
(m(ηs) − µs)


 |ψs,T |

κ

∑

i≥1

|V d
i − V b

i |


∣∣∣∣∣∣

p

ds,

where κ =

∥∥∥∥∥
∑
i≥1

|V d
i − V b

i |
∥∥∥∥∥ < ∞.

Let us define
Φp(t) := sup

ϕ∈B1(E)
E

[
sup
s≤t

|m(ηs)(ϕ) − µs(ϕ)|p
]
.

73



Thus, taking the expectations of I1(T ) and I2(T ), we can ensure the existence of a positive
constant Bp such that

E[Rp(T )] ≤ Bp

∫ T

0
Φp(s)ds.

Hence, there exists Kp,T > 0 such that

Φp(T ) ≤ Kp,T

Np/2
+Bp

∫ T

0
Φp(s)ds,

which, using Grönwall inequality, gives

Φp(T ) ≤ Kp,T

Np/2
eBpT .

Proof of Corollary 1.1.3. Let (xn)n≥1 be the enumeration of the elements in E, in the definition
of the distance ‖ · ‖w. Note that

E

[
sup

t∈[0,T ]

(‖m(ηt) − µt‖w
)p
]1/p

= E


 sup

t∈[0,T ]


∑

k≥1

2−k|m(ηt)(xk) − µt(xk)|



p


1/p

≤ E




∑

k≥1

2−k sup
t∈[0,T ]

|m(ηt)(xk) − µt(xk)|



p


1/p

≤
∑

k≥1

2−k
E

[
sup

t∈[0,T ]
|m(ηt)(xk) − µt(xk)|p

]1/p

≤ Cp,T√
N
,

where the first inequality comes from interchanging the supremum and the infinite sum, the
second is a consequence of the Minkowski’s inequality for infinite sums and the last inequality
is a consequence of Theorem 1.1.2.

1.3.3 Proof of Theorems 1.1.4 and 1.1.6
In the rest of the paper we will assume that Assumption (C1) is verified. Namely, the selection
rates can be written as follows

Vµ(x, y) = V d
µ (x) + V b

µ (y) + V s
µ(x, y),

where V s
µ is symmetric. Note that, as we commented in Remark 1.1.3, under this assumption

equation (1.4) becomes equivalent to

∂tγt(ϕ) = γt
(
(Q+ Λ)ϕ− γt(Λ)ϕ

)
,

where Λ = V b
µ −V d

µ . Moreover, we recall that the solution of this ordinary differential equation
is given by the normalised Feynman – Kac semigroup:

µt(ϕ) :=
µ0P

Λ
t (ϕ)

µ0PΛ
t (111)

,

where
PΛ

t (ϕ) : x 7→ Ex

[
ϕ(Xt) exp

{∫ t

0
Λ(Xs)ds

}]
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is the Feynman – Kac semigroup with generator Q+ Λ.
Using (1.7) we can simplify the expression of the martingale

(M(ψ·)
)

t≥0
in Proposition 1.3.2

as follows

Mt(ψ·) = m(η·)(ψ·) −m(η0)(ψ0) −
∫ ·

0
m(ηs)(∂sψs + (Q+ Λ)(ψs) −m(ηs)(Λ) · ψs)ds, (1.25)

for every bounded function ψ on E × R, such that ψ·(x) is continuously differentiable in R+,
for every x ∈ E; and ψt(·) ∈ Bb(E), for every t ∈ R. The previous expression is essential: for a
suitable choice of the function ψ, we can control the integral part in the expression of M(ψ·).

When V is symmetric, and thus Λ is null, we obtain the following result as an immediate
consequence of (1.25).

Corollary 1.3.6 (Vµ is symmetric). Assume that Assumption (C1) is verified in such a way
that Vµ = V s

µ , and Assumptions (I) and (C2) are also verified. Then the process
(
m(ηt)

(
e(T −t)Q(ϕ)

)−m(η0)(eT Q(ϕ)
))

t∈[0,T ]
,

is a local martingale, for every ϕ ∈ Bb(E). In particular, m̄(ηt) = m̄(η0)etQ, for all t ≥ 0.

Proof of Corollary 1.3.6. Note that since the selection rates are symmetric, Λ as defined in
(1.5) is null. The proof simply follows as a consequence of (1.25), taking ψt = e(T −t)Q(ϕ), for
all t ∈ [0, T ] and ϕ ∈ Bb(E).

Let us define the operator

Wt,T : ϕ 7→ PΛ
T −t(ϕ)

µtPΛ
T −t(111)

,

which verifies the propagation equation µT (ϕ) = µt(Wt,T (ϕ)). Recall that ϕ̄T := ϕ−µT (ϕ). We
get m(ηT )

(
WT,T (ϕ̄T )

)
= m(ηT )(ϕ) − µT (ϕ), which is the difference we intend to control.

The following results establish a control of the uniform norm of Wt,T .

Lemma 1.3.7. The operator (Wt,T )t∈[0,T ] verifies the following properties:

a) Given p ≥ 1, for any test function ϕ ∈ B1(E), there exists C > 0 such that

‖Wt,T (ϕ)‖ ≤ C, and
∫ T

t
‖Ws,T (ϕ)‖pds ≤ C(T − t).

b) There exists a ρ ∈ (0, 1), such that

∥∥Wt,T

(
ϕ̄T

)∥∥ ≤ CρT −t, and
∫ T

t

∥∥Ws,T

(
ϕ̄T

)∥∥p
ds ≤ C.

Proof of Lemma 1.3.7. The proof of this result is inspired by the proof of Lemma 5.1 in [Rou06],
but we do not make any direct assumption of the spectrum of Q+ Λ.

Note that µt
(
PΛ

T −t(111)
)

= µ0P
Λ
T (111)/µ0P

Λ
t (111). Moreover, using Corollary 1.1.7, the function

t 7→ e−λtµ0
(
PΛ

t (111)
)

is continuous and positive, going from 1 to µ0(h) > 0. This proves part a).
To prove part b) of the lemma, note that

µT (ϕ) =
µtP

Λ
T −t(ϕ)

µtPΛ
T −t(111)

and Wt,T (µT (ϕ)) = µT (ϕ)
PΛ

T −t(111)

µtPΛ
T −t(111)

,
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since µT (ϕ) is constant. Thus,

‖Wt,T (ϕ̄T )‖ =

∥∥∥∥∥
PΛ

T −t(ϕ)

µtPΛ
T −t(111)

− µT (ϕ)
PΛ

T −t(111)

µtPΛ
T −t(111)

∥∥∥∥∥

=

∥∥∥∥∥∥∥

µtP
Λ
T −t(111) · PΛ

T −t(ϕ) − µtP
Λ
T −t(ϕ) · PΛ

T −t(111)
(
µtPΛ

T −t(111)
)2

∥∥∥∥∥∥∥
≤ CρT −t,

where the last inequality is a consequence of the fact that the function t 7→ e−λtµ0P
Λ
t (111) is

bounded away from zero, and the uniform convergence of e−λtPΛ
t (ϕ) towards hµ∞(ϕ), when

t → ∞, claimed in Corollary 1.1.7.

Let us study the control of the Lp norm of the martingales obtained from Proposition 1.3.2
using as argument function Wt,T (ϕ), with ϕ ∈ Bb(E) and t ∈ [0, T ]. Note that

∂t

(
µt
(
PΛ

T −t(111)
))

= ∂t

(
µ0P

Λ
T (1)

µ0PΛ
t (111)

)
= − µ0P

Λ
T (111)

µ0PΛ
t (111)2

µ0P
Λ
t (Λ) = −µt

(
PΛ

T −t(111)
)
µt(Λ).

Thus,

∂tWt,T (ϕ) = −(Q+ Λ)Wt,T (ϕ) − ∂t
(
µt(P

Λ
T −t(111))

)
PΛ

T −t(ϕ)

µtPΛ
T −t(1)2

= −(Q+ Λ)Wt,T (ϕ) + µt(Λ)Wt,T (ϕ).

Hence, Wt,T (ϕ) is solution of the Cauchy problem
{
∂sψs = −((Q+ Λ) − µt(Λ)

)
ψs

ψT = ϕ.

Let us denote ψs,T := Wt,T (ϕ), for any ϕ ∈ Bb(E). Note that,

∂t (ψt,T ) = −
(
Q+ Λ − µt(Λ)

)
ψt,T ,

∂t

(
ψ2

t,T

)
= −2ψt,T ·

((
Q+ Λ − µt(Λ)

)
ψt,T

)
.

We are in position to define the martingales
(Mt(ψ·,T )

)
t∈[0,T ]

and
(Mt(ψ

2
·,T )
)

t∈[0,T ]
, as stated

in Proposition 1.3.2. We recall that

µ(Q⋆
µϕ) = µ

(
Q+ Λ − µ(Λ)ϕ

)
, (1.26)

where Q⋆
µ is defined as in Remark 1.1.3. This identity is proved in (1.7). Hence, we obtain the

following simplified expressions for the martingales
(Mt(ψ·,T )

)
t∈[0,T ]

and
(Mt(ψ

2
·,T )
)

t∈[0,T ]
:

Mt (ψ·,T ) = m(ηt) (ψt,T ) −m(η0) (ψ0,T ) −
∫ t

0
m(ηs) (ψs,T ) [m(ηs)(Λ) − µs(Λ)] ds, (1.27)

Mt

(
ψ2

·,T
)

= m(ηt)
(
ψ2

t,T

)
−m(η0)

(
ψ2

0,T

)
− 2

∫ t

0
m(ηs)

(
ψ2

s,T

) [
µs(Λ) −m(ηs)(Λ)

]
ds− Ψt,

(1.28)
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where

Ψt :=

∫ t

0
m(ηs)

((
Q+ Λ −m(ηs)(Λ)

)
(ψ2

s,T ) − 2ψs,T · (Q+ Λ −m(ηs)(Λ)
)
(ψs,T )

)
ds.

Furthermore, note that

µ
(
ϕ ·Q⋆

µϕ
)

= µ
(
ϕ(Q+ Λ − µ(Λ))ϕ

)
+ µ(ϕ)µ(Vµϕ) − µ(ϕ2V b

µ ) − µ(ϕ2)µ(V d
µ ), (1.29)

where Vµ := V d
µ + V b

µ ∈ Bb(E), for every µ ∈ M1(E).
Thus, the predictable quadratic variation of

(Mt(ψ·,T )
)

t∈[0,T ]
satisfies

N
〈
M
(
ψ·,T

)〉

t
:=

∫ t

0
m(ηs)(ΓQm(ηs)

(ψs,T )ds

=

∫ t

0
m(ηs)

(
Q⋆

m(ηs)

(
ψ2

s,T

)− 2ψs,T ·Q⋆
m(ηs)ψs,T

)
ds+

∫ t

0
Sm(ηs) (ψs,T ) ds,

where Sµ is defined as in (1.14), for every µ ∈ M1(E). Now, using (1.26) and (1.29) we obtain

N
〈
M
(
ψ·,T

)〉

t
= Ψt − 2

∫ t

0
m(ηs)(ψs,T )m(ηs)

(Vm(ηs)ψs,T

)
ds+ 2

∫ t

0
m(ηs)

(
ψ2

s,TV
b

m(ηs)

)
ds

+ 2

∫ t

0
m(ηs)(ψ2

s,T )m(ηs)
(
V d

m(ηs)

)
ds+

∫ t

0
Sm(ηs) (ψs,T ) ds.

Then, using (1.28) we can substitute the value of Ψt into this last expression and get

N
〈
M(

ψ·,T
)〉

t
= − Mt(ψ

2
·,T ) +m(ηt)

(
ψ2

t,T

)
−m(η0)

(
ψ2

0,T

)

− 2

∫ t

0
m(ηs)

(
ψ2

s,T

) [
µs(Λ) −m(ηs)(Λ)

]
ds

− 2

∫ t

0
m(ηs)(ψs,T )m(ηs)

(Vm(ηs)ψs,T

)
ds+ 2

∫ t

0
m(ηs)

(
ψ2

s,TV
b

m(ηs)

)
ds

+ 2

∫ t

0
m(ηs)(ψ2

s,T )m(ηs)
(
V d

m(ηs)

)
ds+

∫ t

0
Sm(ηs) (ψs,T ) ds. (1.30)

The expression in (1.30) for the predictable quadratic variation of the martingale M(ψ·,T )
is a key ingredient in the proof of Theorem 1.1.8. Using this expression and Theorem 1.1.4, it is
possible to obtain an asymptotic expression for the quadratic error of the empirical distribution
induced by the particle system.

Let ψ be a function on E × R+ as in the statement of Proposition 1.3.2. We denote by(MT
t (ψ·,T )

)
t∈[0,T ]

the local martingale defined as follows

MT
t

(
ψ·,T

(
ϕ
))

:= MT

(
ψ·,T

(
ϕ
))− Mt

(
ψ·,T

(
ϕ
))
,

for all t ∈ [0, T ]. We denote by
(〈M(ψ·)〉T

t

)
t∈[0,T ]

, the predictable quadratic variation of the
local martingale

(MT
t (ψ·,T )

)
t∈[0,T ]

.
Using (1.30) we can prove the next two results, analogously to Lemma 1.3.3 and Theorem

1.3.5, and establish a control on the predictable quadratic variation and the quadratic variation
of the martingale

(MT
t (ψ·,T )

)
t∈[0,T ]

, respectively.

Lemma 1.3.8 (Control of the predictable quadratic variation). For every test function ϕ ∈
B1(E) and every t ∈ [0, T ] we have

N
〈
M (

W·,T
(
ϕ
)) 〉T

t
≤ C(T − t+ 1) − MT

t

(
W·,T

(
ϕ
)2)

, for all t ∈ [0, T ],
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and for ϕ̄T = ϕ− µT (ϕ) we have

N
〈
M
(
W·,T

(
ϕ̄T

)) 〉T

t
≤ C − MT

t

(
W·,T

(
ϕ̄T

)2
)
, for all t ∈ [0, T ].

Theorem 1.3.9 (Control of the quadratic variation). For all p > 0 and every test function
ϕ ∈ B1(E) there exists a positive C (possibly depending on p) such that

E

[([
M
(
W·,T

(
ϕ
))]T

t

)p]
≤ C(T − t+ 1)p

Np
,

and for a centered test function ϕ̄T = ϕ− µT (ϕ):

E

[([
M
(
W·,T

(
ϕ̄T

))]T
t

)p]
≤ C

Np
.

The proofs of Lemma 1.3.8 and Theorem 1.3.9 are analogous to those of Lemma 1.3.3
and Theorem 1.3.5, respectively. They are obtained using Lemma 1.3.7 instead of (1.20). In
particular, the second inequalities in both results are consequences of part b) of Lemma 1.3.7.
See also the proofs of Lemma 5.3 and Theorem 5.4 in [Rou06]. We skip the proofs of Lemma
1.3.8 and Theorem 1.3.9 for the sake of brevity.

Let us define the nonlinear propagator associated to (µt)t≥0 as follows

Φt,T (ν) :=
νPΛ

T −t

νPΛ
T −t(111)

∈ M1(E).

By the semigroup property, Φt,T satisfies the propagation equation µT = Φt,T (µt). Using
Assumption (C2) we can ensure the existence of ρ ∈ (0, 1) such that

sup
ν∈M1(E)

‖Φt,T (ν) − µ∞‖TV ≤ CρT −t.

Let us define
Ip(N) = sup

T ≥0
sup

ϕ∈B1(E)
E

[(
m(ηT )(ϕ) − µT (ϕ)

)p]
.

Our goal is to prove that Ip(N) ≤ C/Np/2. The method we use is similar to the one used
by Rousset [Rou06] and Angeli et al. [AGJ21]. Broadly speaking, it consists in an induction
principle. First let us prove the following result providing the initial case of the induction.

Lemma 1.3.10 (Initial case). There exists ϵ > 0 independent of p, such that

Ip(N) ≤ C

N ϵp/2
.

Proof. Fix T > 0 and consider

m(ηT )(ϕ) − µT (ϕ) = m(ηT )(ϕ) − Φt,T

(
m(ηt)

)
(ϕ)

︸ ︷︷ ︸
:=a(t)

+ Φt,T

(
m(ηt)

)
(ϕ) − µT (ϕ)

︸ ︷︷ ︸
:=b(t)

. (1.31)

The idea is to control a(t) using the stochastic error between t and T , and b(t) using the limiting
stability. Moreover, b(0) is controlled by the error made by the initial condition.

Let us first control the term E[|a(t)|p]. Consider the finite variation process

At2
t1

:= exp

{∫ t2

t1

m(ηs)(Λ) − µs(Λ)ds

}
.
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Then,
∂s
(
As

tm(ηs)
(
Ws,t(ϕ)

))
= As

t dMs
(
W·,T (ϕ)

)
. (1.32)

Indeed, the martingale problem in Proposition 1.3.2, for the function Wt,T (ϕ) yields

d
(
m(ηt)(Wt,T (ϕ))

)
= dMt(W·,T (ϕ)) +

(
µt(Λ) −m(ηt)

)
m(ηt)(Wt,T (ϕ))dt.

Hence,

∂s
(
As

tm(ηs)
(
Ws,T (ϕ)

))
= ∂s (As

t )m(ηs)
(
Ws,T (ϕ)

)
+As

t d
(
m(ηs)

(
Ws,T (ϕ)

))
,

= As
t

(
m(ηs)(Λ) − µs(Λ)

)
m(ηs)

(
Ws,T (ϕ)

)
+As

t d
(
m(ηs)

(
Ws,T (ϕ)

))

= As
t dMs

(
W·,T (ϕ)

)
,

where the last expression is obtained using (1.27).
Now, integrating from t to T in (1.32) and dividing by AT

t we get

m(ηT )(ϕ) − (
AT

t

)−1
m(ηt)

(
Wt,T (ϕ)

)
=
(
AT

t

)−1
∫ T

t
As

t dMs
(
W·,T (ϕ)

)
.

Note that
Φt,T (m(ηt))(ϕ) =

(AT
t )−1m(ηt)(Wt,T (ϕ))

(AT
t )−1m(ηt)(Wt,T (111))

,

for all t ≤ T . Thus,

a(t) = m(ηt)(ϕ) − (
AT

t

)−1
m(ηt)

(
Wt,T (ϕ)

)− Φt,T (m(ηt))(ϕ)
[
1 − (

AT
t

)−1
m(ηt)

(
Wt,T (111)

)]

=
(
AT

t

)−1
∫ T

t
As

t dMs
(
W·,T (ϕ)

)− Φt,T (m(ηt))(ϕ)(AT
t )−1

∫ T

t
As

t dMs(W·,T (111)).

Thus, we obtain the upper bound

|a(t)| ≤ (AT
t )−1

(∣∣∣∣∣

∫ T

t
As

t dMs

(
W·,T (ϕ)

)∣∣∣∣∣+
∣∣∣∣∣

∫ T

t
As

t dMs

(
W·,T (111)

)∣∣∣∣∣

)
.

There exists a K > 0 such that

E [|a(t)|p] ≤ Ke2p‖Λ‖(T −t) sup
φ∈B1(E)

E

[∣∣∣∣∣

∫ T

t
As

t dMs
(
Ws,t(φ)

)
∣∣∣∣∣

p]

≤ Ke2p‖Λ‖(T −t) sup
φ∈B1(E)

E



∣∣∣∣∣

∫ T

t
(As

t )2d
[M(

W·,t(φ)
)]

s

∣∣∣∣∣

p/2

 ,

where the second inequality holds by the BDG inequality. Then, using Theorem 1.3.9 we get

E [|a(t)|p] ≤ Ke4p‖Λ‖(T −t) sup
φ∈B1(E)

E

[∣∣∣
[M(

W·,t(φ)
)]T

t

∣∣∣
p/2
]

≤ Ke4p‖Λ‖(T −t) (T − t+ 1)p/2

Np/2

≤ K
κp(T −t)

Np/2
,

where κ = e4‖Λ‖+1/2 > 1.
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Let us now control E[|b(t)|p]. As a consequence of Assumption (C2) there exists a ρ ∈ (0, 1)
and a C ≥ 0 such that

E[|b(t)|p] = E
[|Φt,T (m(ηt))(ϕ) − Φt,T (µt)(ϕ)|p] ≤ Cρp(T −t).

Now, for controlling b(0), note that

b(0) = Φ0,T

(
m(η0)

)
(ϕ) − µT (ϕ)

= m(η0)(W0,T (ϕ)) − µ0(W0,T (ϕ)) + Φ0,T (m(η0))(ϕ) −m(η0)(W0,T (ϕ))

= m(η0)(W0,T (ϕ)) − µ0(W0,T (ϕ)) + Φ0,T (m(η0))(ϕ)
[
1 −m(η0)(W0,T (111))

]
.

Thus, using Assumption (I) and the fact that µ0(W0,T (111)) = 1, we get

E[|b(0)|p] ≤ C

Np/2
.

Let us now establish the global control optimising the choice of the argument t in (1.31). We
have

E [|a(0) + b(0)|p] ≤ C
κpT + 1

Np/2
, (1.33)

E [|a(t) + b(t)|p] ≤ C
κp(T −t) + 1

Np/2
+ Cρp(T −t), (1.34)

for all t ∈ [0, T ].
The key idea now is to find a tϵ such that κtϵ/N and ρtϵ are both equal to 1/N ϵ. Let us

take tϵ = ln N
ln κ−ln ρ and ϵ = − ln ρ

ln κ−ln ρ . Then, we have

κtϵ

N1/2
= exp {−ϵ lnN} =

1

N ϵ
and ρtϵ = exp{−ϵ lnN} =

1

N ϵ
.

We thus obtain the desired inequality:

E [|m(ηT )(ϕ) − µT (ϕ)|p] ≤ C

N ϵp/2
.

Indeed, this inequality is obtained either from (1.33) when T ≤ 1
2

ln N
ln κ−ln ρ , since the expression

in the upper bound is increasing in T , or from (1.34) otherwise taking T − t = 1
2

ln N
ln κ−ln ρ .

We proceed now to prove the induction step (equation (1.37) below), which together with
the initial case proved in Lemma 1.3.10, concludes the proof of Theorem 1.1.4.

Proof of Theorem 1.1.4. Note that (1.25) taking as argument function W·,T (ϕ̄T ) reduces to

MT

(
W·,T (ϕ̄T )

)
= m(ηT )(ϕ̄T ) −m(η0)(W0,T (ϕ̄T ))

−
∫ T

0

(
µs(Λ) −m(ηs)(Λ)

)
m(ηs)(Ws,T (ϕ̄T ))ds. (1.35)

Hence,

|m(ηT )(ϕ) − µT (ϕ)|p ≤ C
(
|m(η0)(W0,T (ϕ̄T ))|p + |MT (W·,T (ϕ̄T ))|p +Rp

)
,
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where
Rp =

∣∣∣∣∣

∫ T

0

(
µs(Λ) −m(ηs)(Λ)

)
m(ηs)

(
Ws,T (ϕ̄T )

)
ds

∣∣∣∣∣

p

.

The initial error can be controlled using Assumption (I). Indeed,

E

[
|m(η0)(W0,T (ϕ̄T ))|p

]
= E [|m(η0)(W0,T (ϕ)) − µT (ϕ) + µT (ϕ) − µT (ϕ)m(η0)(W0,T (111))|p]

≤ C1E [|m(η0)(W0,T (ϕ)) − µ0(W0,T (ϕ))|p] + C1E [|µ0(W0,T (111)) −m(η0)(W0,T (111))|p]

≤ C

Np/2
.

Furthermore, using Theorem 1.3.9 and BDG inequality we get

E

[
|MT (W·,T )(ϕ̄T )|p

]
≤ C

Np/2
.

Note that µs(Ws,T (ϕ̄T )) = 0. Using Hölder inequality we obtain

Rp =

∣∣∣∣∣

∫ T

0

(
µs(Λ) −m(ηs)(Λ)

)
m(ηs)

(
Ws,T (ϕ̄T )

‖Ws,T (ϕ̄T )‖

)
‖Ws,T (ϕ̄T )‖ds

∣∣∣∣∣

p

≤
∫ T

0

∣∣µs(Λ) −m(ηs)(Λ)
∣∣p
∣∣∣∣∣m(ηs)

(
Ws,T (ϕ̄T )

‖Ws,T (ϕ̄T )‖

)∣∣∣∣∣

p

‖Ws,T (ϕ̄T )‖ds

(∫ T

0
‖Ws,T (ϕ̄T )‖ds

)p−1

≤ κ

∫ T

0

∣∣∣∣µs

(
Λ

‖Λ‖

)
−m(ηs)

(
Λ

‖Λ‖

)∣∣∣∣
p
∣∣∣∣∣m(ηs)

(
Ws,T (ϕ̄T )

‖Ws,T (ϕ̄T )‖

)
− µs

(
Ws,T (ϕ̄T )

‖Ws,T (ϕ̄T )‖

)∣∣∣∣∣

p

‖Ws,T (ϕ̄T )‖ds.

Taking expectation and using the Cauchy – Schwarz inequality yield

E

[∣∣∣∣∣

∫ T

0

(
µs(Λ) −m(ηs)(Λ)

)
m(ηs)(Ws,T (ϕ̄T ))ds

∣∣∣∣∣

p]
≤ κ

∫ T

0
I2p(N)‖Ws,T (ϕ̄T )‖ds ≤ KI2p(N).

(1.36)

Thus, for every p ≥ 1 we get the inequality

Ip(N) ≤ C

(
1

Np/2
+ I2p(N)

)
, (1.37)

which using Lemma 1.3.10 reduces to

Ip(N) ≤ C

Nmin{2ϵ,1}p/2
.

By induction we obtain the bound
Ip(N) ≤ C

Np/2
.

Proof of Theorem 1.1.6. Taking expectation in (1.35) we get

E [m(ηT )(ϕ)] − µT (ϕ) =

∫ T

0
E

[(
µs(Λ) −m(ηs)(Λ)

)
m(ηs)

(
Ws,T (ϕ̄T )

)]
ds.

Using Cauchy – Schwarz inequality we obtain

|E [m(ηT )(ϕ)] − µT (ϕ)| ≤ C1

∫ T

0
I2(N)‖Ws,T (ϕ̄T )‖ds ≤ C

N
.
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Now, assume that initially the N particles are sampled according to an exchangeable distri-
bution. Note that

E

[
ηt(x)

N

]
=

1

N

N∑

i=1

P[ξi
t = x] = P[ξj

t = x], ∀j ∈ {1, . . . , N},

where ξi
t denotes the position of the i-th particle of the process (ηt)t≥0 at time t ≥ 0. Note that

the second equality holds because of the exchangeability of the particles. Thus, as a consequence
of the first part of the theorem and the previous equality we get

‖ Law(ξ
(i)
t ) − µt‖TV ≤ C

N
.

1.3.4 Proof of Theorem 1.1.8
Under Assumption (C1), it is possible to find a simplified expression for the predictable quadratic
variation of the martingale

(Mt(ψ·,T )
)

t∈[0,T ]
, where ψt,T = Wt,T (ϕ̄T ), for t ∈ [0, T ]. Indeed, from

(1.30) we have

N
〈
M(

ψ·,T
)〉

t
= − Mt(ψ

2
·,T ) +m(ηt)

(
ψ2

t,T

)
−m(η0)

(
ψ2

0,T

)
+ 2

∫ t

0
m(ηs)(ψ2

s,T )m(ηs)
(
V d

m(ηs)

)
ds

+ 2

∫ t

0
m(ηs)

(
ψ2

s,TV
b

m(ηs)

)
ds+

∫ t

0
Sm(ηs) (ψs,T ) ds+Rt,

where

Rt := − 2

∫ t

0
m(ηs)

(
ψ2

s,T

) [
µs(Λ) −m(ηs)(Λ)

]
ds− 2

∫ t

0
m(ηs)(ψs,T )m(ηs)

(Vm(ηs)ψs,T

)
ds.

The key component in the proof of Theorem 1.1.8 is a central limit theorem for the martingale(Mt(ψ·,T )
)

t∈[0,T ]
. Let us first introduce an auxiliary result.

Consider the process
(M̃t(W·,T (ϕ̄T ))

)
t∈[0,T ]

defined as

M̃t(W·,T (ϕ̄T )) :=
√
Nm(η0)

(
W0,T (ϕ̄T )

)
+

√
NMt(W·,T (ϕ̄T )),

for t ∈ [0, T ]. Then,
(M̃t(W·,T (ϕ̄T ))

)
t∈[0,T ]

is a martingale, with initial value

M̃0(W·,T (ϕ̄T )) =
√
Nm(η0)

(
W0,T (ϕ̄N )

)
.

Proposition 1.3.11 (Central limit theorem). The martingale
(M̃t(W·,T (ϕ̄T ))

)
t∈[0,T ]

converges
in law when N → ∞ towards a Gaussian martingale whose variance at time t ∈ [0, T ] is σ2

t (ϕ),
defined as

σ2
t (ϕ) := µt

(
ψ2

t,T

)
+ 2

∫ t

0
µs(ψ2

s,T )µs

(
V d

µs

)
ds+ 2

∫ t

0
µs
(
ψ2

s,TV
b

µs

)
ds+

∫ t

0
Sµs (ψs,T ) ds,

and ψt,T = Wt,T (ϕ̄T ).

Proof. Using Theorem 3.11 in [JS87, §8], and arguing as in the proofs of Proposition 3.31 in
[DM00b] and Proposition 3.7 in [DM03], we only need to check that the result holds for the initial
value M̃0(W·,T (ϕ̄T )) =

√
Nm(η0)

(
W0,T (ϕ̄T )

)
and that N〈M(ψ·,T )〉 converges in probability to
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a continuous function, when N goes to infinity. The first point is in fact Assumption (I′).
Furthermore, Theorem 1.1.4 implies, by a Borel – Cantelli argument, the following convergence:

m(ηs)
a.s.−−−−→ µs,

when N → ∞, for all s ≥ 0, as we commented in Remark 1.1.5. Now, using Theorem 1.1.4
and reasoning as in (1.36), we easily prove that Rt converges to 0 in probability and that
N〈M(ψ·,T )〉 converges to the continuous function σ2

· (ϕ) − σ2
0(ϕ) in probability, when N → ∞,

which concludes the proof.

Proof of Theorem 1.1.8. As a consequence of Proposition 1.3.11 and (1.27) we have that

M̃T

(
W·,T (ϕ̄T )

)
=

√
Nm(ηT )(ϕ) − µT (ϕ) −

√
N

∫ t

0
m(ηs) (ψs,T ) [m(ηs)(Λ) − µs(Λ)] ds

converges to a Gaussian random variable of variance σ2
T (ϕ), when N → ∞. Thus, the first part

of Theorem 1.1.8 comes from the fact that
√
N

∫ t

0
m(ηs) (ψs,T ) [m(ηs)(Λ) − µs(Λ)] ds

converges to 0 almost surely when N → ∞, as a consequence of (1.36). Thus, m(ηT )(ϕ)−µT (ϕ)
converges in law to a centered Gaussian law with variance

σ2
T (ϕ) = µT

((
ϕ− µT (ϕ)

)2)
+

∫ T

0
Sµs

(
Ws,T (ϕ̄T )

)
ds

+ 2

∫ T

0
µs

(
Ws,T (ϕ̄T )2V b

µs

)
+ µs

(
Ws,T (ϕ̄T )2)µs

(
V d

µs

)
ds.

Consider now the change of variables u = T − s in the last integral of the previous expression,
and then take limit when T → ∞. The final result comes due the the following convergences:

µT −s −−−−−→
T →∞

µ∞,

ϕ̄T = ϕ− µT (ϕ) −−−−−→
T →∞

ϕ− µ∞(ϕ),

WT −s,T (ϕ̄T ) −−−−−→
T →∞

PΛ
s (ϕ̄∞)

µ∞PΛ
s (111)

= e−λsPΛ
s (ϕ̄∞),

where the last inequality is a consequence of (1.16) and of the equality µ∞(Λ) = λ.

1.A Proof of Lemma 1.1.1
Let us first prove the following result, which has an independent interest.

Lemma 1.A.1 (Lp norm bound for sum of i.i.d. centered r.v.). Let us consider Y1, Y2, . . .
a sequence of independent identically distributed random variables with zero-mean and finite
second moment, such that E[|Y1|p] < ∞, for a given p ≥ 1. Then, there exists a universal
constant Cp such that


E



∣∣∣∣∣

1

N

N∑

i=1

Yi

∣∣∣∣∣

p





1/p

≤ Cp√
N
.
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Proof. First note that for p ≤ 2 we get the following result as a consequence of Jensen inequality
for concave functions:

E



∣∣∣∣∣

1

N

N∑

i=1

Yi

∣∣∣∣∣

p

 = E






(

1

N

N∑

i=1

Yi

)2



p/2

 ≤


E



(

1

N

N∑

i=1

Yi

)2





p/2

=

(
E[Y 2]

N

)p/2

.

For p > 2, the proof follows from Marcinkiewicz – Zygmund inequality, which is a con-
sequence of the BDG inequality for discrete-time martingales. Indeed, the Marcinkiewicz–
Zygmund inequality (cf. [RL01]) ensures us that

E



∣∣∣∣∣

N∑

i=1

Yi

∣∣∣∣∣

p

 ≤ Kp

Np/2
E [|Y1|p] . (1.38)

Thus,

E



∣∣∣∣∣

1

N

N∑

i=0

Yi

∣∣∣∣∣

p

 ≤ Cp

Np/2
, where Cp =

{
(E[Y 2

1 ])p/2 if p ≤ 2
KpE[|Y1|p] if p > 2.

Remark 1.A.1 (Qualitative results for the Marcinkiewicz–Zygmund constant Kp). See the work
of Ren and Liang [RL01] for a qualitative study of the constant Kp in inequality (1.38). They
show that (Kp)1/p grows like √

p, when p → ∞, and give the estimate Kp ≤ (3
√

2)ppp/2.

Proof of Lemma 1.1.1. Note that m(η0)(ϕ) = 1
N

∑N
i=1 ϕ

(
ξ

(i)
0

)
, where ξ(i)

0 , for i = 1, . . . , N are
independent random variables. Moreover, ϕ

(
ξ

(i)
0

)
has mean µ0(ϕ), for all i = 1, . . . , N . Thus,

m(η0)(ϕ) − µ0(ϕ) =
N∑

i=1

ϕ
(
ξ

(i)
0

)− µ0(ϕ)

N
,

can be written as a sum of N zero-mean random variables. The result comes from Lemma
1.A.1.
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Chapter 2

Spectrum and ergodicity of the
neutral Moran model

This chapter is based on the preprint [Cor21b] submitted on May, 2021.

Abstract: The purpose of this chapter is to provide a complete description of the eigenvalues
of the generator of a neutral multi-type Moran model, and the applications to the study of
the speed of convergence to stationarity. The Moran model we consider is a non-reversible in
general, continuous-time Markov chain with unknown stationary distribution. Specifically, we
consider N individuals such that each one of them is of one type among K possible allelic types.
The individuals interact in two ways: by an independent irreducible mutation process and by
a reproduction process, where a pair of individuals is randomly chosen, one of them dies and
the other reproduces. Our main result provides explicit expressions for the eigenvalues of the
infinitesimal generator matrix of the Moran process, in terms of the eigenvalues of the jump
rate matrix. As a consequence of this result, we study the convergence in total variation of the
process to stationarity. Our results include a lower bound for the mixing time of the Moran
process when the mutation process allows a real eigenvalue. Furthermore, we study in detail
the spectral decomposition of the neutral multi-allelic Moran model with parent independent
mutation scheme, which turns to be the unique mutation scheme that makes the neutral Moran
process reversible. Under the parent independent mutation, we also prove the existence of a
cutoff phenomenon in the chi-square and the total variation distances when initially all the
individuals are of the same type and the number of individuals tends to infinity. Additionally,
in the absence of reproduction, we prove that the the total variation distance to stationarity
of the parent independent mutation process, when initially all the individuals are of the same
type, has a Gaussian profile.

2.1 Introduction and main results
This chapter is devoted to the study of a continuous-time Markov model of N particles on K
sites with interaction, which is known as the neutral multi-allelic Moran model in population
genetics literature [EG09]: the K sites correspond to K allelic types in a population of N
individuals. The state space of the process is the K-dimensional N -discrete simplex:

EK,N :=
{
η ∈ [N ]K0 : |η| = N

}
, (2.1)

where [N ]0 := {0, 1, . . . , N} and | · | stands for the sum of elements in a vector. The set EK,N is a
finite set with cardinality Card(EK,N ) =

(K−1+N
N

)
. The process is in state η ∈ EK,N if there are
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η(k) ∈ [N ]0 individuals with allelic type k ∈ [K] := {1, 2, . . . ,K}. Consider Q = (µi,j)K
i,j=1 the

infinitesimal rate matrix of an irreducible Markov chain on [K], which is called the mutation
matrix of the Moran process. The infinitesimal generator of the neutral multi-allelic Moran
process, denoted QN,p, acts on a real function f on EK,N as follows:

(QN,pf)(η) :=
∑

i,j∈[K]

η(i)

(
µi,j +

p

N
η(j)

)
[f(η − ei + ej) − f(η)] , (2.2)

for all η ∈ EK,N , where ek is the k-th canonical vector of RK (cf. [EG09]). In words, QN,p

drives a process of N individuals, where each individual has one of K possible types of alleles
and where the type of the individual changes following two processes: a mutation process where
individuals mutate independently of each other and a Moran type reproduction process, where
the individuals interact. The N individuals mutate independently from type i ∈ [K] to type
j ∈ [K] \ {i} with rate µi,j . In addition, with uniform rate p ≥ 0, one of the N individuals is
uniformly chosen to be removed from the population and another one, also randomly chosen, is
duplicated. Note that the transitions of an individual due to a reproduction is not independent
of the position of the other individuals.

As in the original model, introduced by Moran [Mor58], the same individual removed from
the population can be duplicated, in this case the state of the system does not change. In the
instance where the removed individual cannot be duplicated, the factor p

N in (2.2) must be
replaced by p

N−1 .
Note that QN,p can be decomposed as QN,p = QN + p

N AN , where QN and AN are also
infinitesimal generators of Markov chains acting on every f ∈ REK,N as follows

(QNf)(η) :=
∑

i,j∈[K]

η(i)µi,j [f(η − ei + ej) − f(η)] , (2.3)

(ANf)(η) :=
∑

i,j∈[K]

η(i)η(j) [f(η − ei + ej) − f(η)] , (2.4)

for every η ∈ EK,N . The processes driven by QN and AN are called mutation process and
reproduction process, respectively. In words, QN models the dynamic of N indistinguishable
particles, where each one moves among K sites according to the process generated by the
mutation rate matrix Q. This process is usually called compound chain (cf. [ZL09]). On the
other hand, AN models the dynamic where at uniform rate two individuals are randomly chosen
and one of them changes its type for the type of the other one. This chapter is devoted to the
study of the spectrum of QN , AN and QN,p, and of the convergence to stationarity of the
generated Markov processes. Before stating our main results in this direction, let us establish
some notation.

We recall that if Vn ∈ RK , 1 ≤ n ≤ N are N vectors in RK , their tensor product is the vector
V1 ⊗ V2 ⊗ · · · ⊗ VN defined by (V1 ⊗ V2 ⊗ · · · ⊗ VN )(k1, k2, . . . , kN ) := V1(k1)V2(k2) . . . VN (kN ),
for all 1 ≤ kn ≤ K and 1 ≤ n ≤ N . The tensor V1 ⊗ V2 ⊗ · · · ⊗ VN can be considered as
a function on [K]N . Actually, throughout this chapter we completely identify a real function
f on [K]N and the tensor vector Vf such that Vf (k1, k2, . . . , kN ) = f(k1, k2, . . . , kN ), for all
(k1, k2, . . . , kN ) ∈ [K]N .

Let us denote by σ a permutation on [N ], i.e. an element of the symmetric group SN . Then,
the permutation of f ∈ R[K]N by σ, denoted by σf , is defined by

σf : (k1, k2, . . . , kN ) 7→ f(kσ(1), kσ(2), . . . kσ(N)),

for all (k1, k2, . . . , kN ) ∈ [K]N . In particular, for V1, V2, . . . , VN ∈ RN we have

σ(V1 ⊗ V2 ⊗ · · · ⊗ VN ) = Vσ−1(1) ⊗ Vσ−1(2) ⊗ · · · ⊗ Vσ−1(N).
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A real function f on [K]N is symmetric if f = σf , for all σ in SN . Moreover, every function f
on [K]N can be symmetrised by the projector Sym, defined as follows:

Sym : f 7→ f =
1

N !

∑

σ∈SN

σf. (2.5)

Symmetric functions on [K]N are highly important in the sequel because of their relation to the
functions on EK,N . Consider the application ψK,N : EK,N → [K]N defined by

ψK,N : η 7→ (1, 1, . . . , 1︸ ︷︷ ︸
η(1)

, 2, 2, . . . , 2︸ ︷︷ ︸
η(2)

, . . . ,K,K, . . . ,K︸ ︷︷ ︸
η(K)

), (2.6)

when the number of k in
η(k)︷ ︸︸ ︷

k, k, . . . , k is 0 if η(k) = 0. Note that for every symmetric function f
on [K]N , the function f̃ := f ◦ ψK,N on EK,N is well defined. Let U0 be the all-one vector in
RK and U1, U2, . . . , UK−1 ∈ RK such that U := {U0, U1, . . . , UK−1} is a basis of RK . Note that
this is the type of basis given by the eigenvectors of the diagonalisable rate matrix of dimension
K of a Markov chain on [K]. For every η ∈ EK−1,L, for 1 ≤ L ≤ N , let us also denote by
Uη ∈ R[K]N , Vη ∈ Sym

(
R[K]N

)
and Ṽη ∈ REK,N the vectors defined by

Uη := Uk1 ⊗ Uk2 ⊗ · · · ⊗ UkL
⊗ U0 ⊗ · · · ⊗ U0︸ ︷︷ ︸

N−L times

, (2.7)

Vη := Sym(Uη), (2.8)
Ṽη := Vη ◦ ψK,N , (2.9)

where (k1, k2, . . . , kL) = ψK−1,L(η), η ∈ EK−1,L and L ∈ [N ]. In Section 2.2 we analyse the
link between the spaces Sym

(
R[K]N

)
and REK,N , and we clarify the nature of the definitions

previously introduced. Next theorem clarifies the connection between the eigenstructures of Q
and QN

Theorem 2.1.1 (Eigenstructure of QN ). Assume K ≥ 2, N ≥ 1. Let U = {U0, U1, . . . , Ur−1}
be a set of r independent right eigenvectors of Q such that U0 is the all-one vector. Let
λ0 = 0, λ1, . . . , λK−1 be the K complex roots of the characteristic polynomial of Q, counting
algebraic multiplicities, such that QUk = λkUk, for k ∈ {0, 1, . . . , r − 1}. Consider λη defined
as follows

λη :=
K−1∑

k=1

η(k)λk. (2.10)

Then,

(a) The eigenvalues of QN are given by λη, for all η ∈
N⋃

L=1
EK−1,L.

(b) Every function Ṽη, as defined in (2.9), for η ∈
N⋃

L=1
EK−1,L satisfying η(r) = · · · =

η(K − 1) = 0 is a right eigenfunction of QN such that QN Ṽη = ληṼη.

(c) In particular, if Q is diagonalisable, then QN is diagonalisable.
The proof of Theorem 2.1.1 can be found in Section 2.3.1. Theorem 2.1.1 can be seen as a

continuous-time generalisation of the results provided by Zhou and Lange [ZL09] for the discrete-
time analogous of the mutation process driven by QN . We emphasize that our hypotheses do
not require the mutation rate matrix Q to be diagonalisable.

Next result deals with the spectrum of AN .
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Theorem 2.1.2 (Spectrum of AN ). Assume K ≥ 2 and N ≥ 2. The eigenvalues of AN are

0 with multiplicity K and
−L(L− 1) with multiplicity

(K+L−2
L

)
, for 2 ≤ L ≤ N.

Additionally, the infinitesimal rate matrix AN is diagonalisable.

The proof of Theorem 2.1.2 is deferred to Section 2.3.2. Theorem 2.1.2 can be seen as a
generalisation, for K ≥ 3, of the results in [Zho08, §4.2.2] for the discrete analogous of the
reproduction process driven by AN , for K = 2.

Unlike in the independent mutation process, the dynamics of the neutral multi-allelic Moran
process driven by QN,p, for p > 0, is that of an interacting particle system, which makes harder
the study of its spectrum. Our main result is precisely a complete description of the eigenvalues
of the generator QN,p, which is expressed in the following theorem.

Theorem 2.1.3 (Spectrum of QN,p). Assume K ≥ 2, N ≥ 1 and p ∈ [0,∞). Let us denote by
λk, k ∈ [K − 1], the nonzero K − 1 roots, counting algebraic multiplicities, of the characteristic

polynomial of Q. For any η ∈
N⋃

L=1
EK−1,L, let us define

λη,p :=
K−1∑

k=1

η(k)λk − p

N
|η|(|η| − 1).

Then, the eigenvalues of QN,p, counting algebraic multiplicities, are 0 and λη,p, for η ∈
N⋃

L=1
EK−1,L.

The proof of Theorem 2.1.3 is given in Section 2.3.3.
Remark 2.1.1 (Monotony in N of the spectrum of QN,p). Theorem 2.1.3 implies that the spec-
trum of QN,p, for fixed values of K and p ≥ 0, is an increasing function of N in the sense of the
inclusion of sets.
Remark 2.1.2 (Relation to the spectrum of the Wright – Fisher diffusion). The eigenstructure of
the Wright – Fisher diffusion is a special case of the eigenstructure in a Lambda – Fleming – Viot
process studied in [Gri14]. Theorem 5 of [Gri14], taking W = 0, gives the spectrum of the
neutral Wright-Fisher diffusion, which coincides with the spectrum provided by Theorem 2.1.3.
This is not surprising since the Wright – Fisher diffusion is the limit process for the Moran model
(cf. [Eth11, Lemma 2.39]).

Applications to the ergodicity of neutral multi-allelic Moran process
The relation between the spectral properties of QN,p and Q can be used to estimate the speed
of convergence to stationarity of the Moran process.

Let us first recall the total variation distance. For two probability measures µ1 and µ2

defined on the same discrete space Ω, the total variation distance is defined as follows:

dTV(µ1, µ2) := sup
A⊂Ω

|µ1(A) − µ2(A)| = sup
f :Ω→[−1,1]

∣∣∣∣
∫
fdµ1 −

∫
fdµ2

∣∣∣∣ =
1

2
‖µ1 − µ2‖1,

where ‖ · ‖1 denotes the 1-norm in RΩ.
The total variation distance to stationarity at time t of an ergodic process driven by a

generator L on Ω, with initial distribution µ, is given by dTV(µ etL, π), where µ is the initial
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distribution on Ω and π is the stationary distribution of the process driven by L. We are
interested in the relationship between the spectrum of an infinitesimal rate matrix and the
convergence to stationarity of the Markov process it drives. Let us define the maximum total
variation distance to stationarity of the process driven by L, denoted DTV

L , as follows:

DTV
L (t) := max

µ
dTV(µ etL, π),

where the maximum runs over all possible initial distributions on Ω. Using the convexity of
dTV, we can prove that DTV

L (t) = 1
2‖etL − Π‖∞, where Π stands for the matrix with every row

equal to π, and ‖ · ‖∞ denotes the infinity norm of matrices (cf. [LP17, Ch. 4]).
As a consequence of Theorem 2.1.3, the second largest eigenvalue in modulus (SLEM) of

QN,p is equal to that of Q. The SLEM of the generator of the process is useful to study the
asymptotic convergence of the process in total variation. Hence, in Section 2.4 we study the
ergodicity of the process driven by QN,p in total variation using the spectral properties of Q.
We also analyse several examples of neutral multi-allelic Moran processes with diagonalisable
and non-diagonalisable mutation rate matrices.

For a real positive function f we denote by O(f) another real positive function such that
C1f(t) ≤ O(f)(t) ≤ C2f(t), for two constants 0 < C1 ≤ C2 < ∞ and for all t ≥ T , for T > 0
large enough.

Corollary 2.1.4 (Asymptotic exponential ergodicity in total variation). Let us denote by ρ the
SLEM of Q and by s ∈ N the largest multiplicity in the minimal polynomial of Q of all the
eigenvalues with modulus ρ. Then,

DTV
QN,p

(t) = O(DTV
Q (t)) = O(ts−1e−ρt).

Corollary 2.1.4 is proved in Section 2.4.
The asymptotic expression in Corollary 2.1.4 hides the relation between the mixing time of

the Markov chain and the number of individuals in the population. However, if we know the
right eigenvector associated to a real eigenvalue −λ < 0 of Q, we can further prove the following
lower bound for the convergence in total variation to stationarity at time ln N−c

2λ , for every c ≥ 0.

Theorem 2.1.5 (Lower bound for convergence in total variation). Assume K ≥ 2, N ≥ 2
and p ∈ [0,∞) and let −λ < 0 be an eigenvalue of Q with associated right-eigenvector V =
[v1, . . . , vK ]. Let νN,p be the stationary distribution of the process driven by QN,p and let us
denote

tN,c :=
lnN − c

2λ
and κ := 8(2λ+ ‖Q‖∞).

Then,
dTV(δNek

etN,cQN,p , νN,p) ≥ 1 − κ
‖V ‖∞
|vk| e−c,

for all c ≥ 0 and for any k ∈ [K] such that vk 6= 0. In particular,

DTV
QN,p

(
lnN − c

2λ

)
≥ 1 − κe−c.

The proof of Theorem 2.1.5 is deferred to Section 2.4.1.
The lower bound provided by Theorem 2.1.5 ensures that the mixing time of the neutral

multi-allelic Moran model is at least of order of lnN/2λ. Our results do not allow us to prove
an upper bound ensuring the existence of a cutoff phenomenon. A further study needs to be
done in this direction. However, for the parent independent mutation scheme, a further analysis
can be done to prove the existence of a cutoff phenomenon in the chi-square and total variation
distances, as we next discuss.
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Study of the neutral multi-allelic Moran model with parent independent mu-
tation
Consider the following mutation rate matrix:

Qµµµ :=




−|µµµ| + µ1 µ2 µ3 . . . µK

µ1 −|µµµ| + µ2 µ3 . . . µK

µ1 µ2 −|µµµ| + µ3 . . . µK

...
...

...
. . .

...
µ1 µ2 µ3 . . . −|µµµ| + µK



, (2.11)

where µµµ = (µ1, µ2, . . . , µK) ∈ (0,∞)K and |µµµ| stands for the sum of the entries of µµµ. Let us
define

(LN,p f)(η) :=
K∑

i,j=1

η(i)

(
µj +

p

N
η(j)

)
[f(η − ei + ej) − f(η)] ,

for every f on EK,N and all η ∈ EK,N , the infinitesimal generator of the neutral multi-allelic
Moran process with mutation rate matrix Qµµµ. The process driven by LN,p is a special case
of the neutral multi-allelic Moran process considered before, but with the difference that the
mutation rate only depends on the type of the new individual, i.e. mutation changes each type
i individual to type j at rate µj , for all i, j ∈ [K]. This is the neutral multi-allelic Moran
process with parent independent mutation (cf. [Eth11]). Note that LN,p = LN + p

N AN , where
LN := LN,0, satisfies

(LNf)(η) :=
K∑

i,j=1

η(i)µj [f(η − ei + ej) − f(η)] ,

for every f on EK,N and all η ∈ EK,N .
The next result explicitly describes the spectrum of LN,p and it is a consequence of Theorem

2.1.3.

Corollary 2.1.6 (Spectrum of LN,p). For K ≥ 2, N ≥ 2 and p ≥ 0, the infinitesimal generator
LN,p is diagonalisable with eigenvalues λL with multiplicity

(K+L−2
L

)
, where

λL,p := −|µµµ|L− p

N
L(L− 1), (2.12)

for L ∈ [N ]0. In particular, the spectral gap of LN,p is ρ = |µµµ|.

Corollary 2.1.6 is proved in Section 2.5.1.
Remark 2.1.3 (Complete graph model). The complete graph model studied by Cloez and Thai
[CT16a] in the context of Fleming – Viot particle processes is a particular case of the reversible
process driven by Qµµµ above when µj = 1

K , for all j ∈ [K]. In this case, the eigenvalues of the
mutation rate are β0 = 0 and β1 = −1, this last one with multiplicity K − 1. In particular,
Corollary 2.1.6 improves the Lemma 2.14 in [CT16a].

For a real x and n ∈ N0, we denote by x(n), x[n] and
(N

η

)
the increasing factorial coefficient,

the decreasing factorial coefficient and the multinomial coefficient, defined by

x(n) :=
n−1∏

k=0

(x+ k), x[n] :=
n−1∏

k=0

(x− k) and
(
N

η

)
:=

N !
K∏

j=1
η(j)!

,
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for all n > 0 and η ∈ EK,N , respectively. We set by convention x(0) := 1 and x[0] := 1, even for
x = 0.

The multinomial distribution distribution on EK,N with parametersN and q = (q1, . . . , qK) ∈
(0, 1)K such that |q| = 1, denoted M(· | N,q), satisfies

M(η | N,q) =

(
N

η

)
K∏

i=1

q
η(i)
i ,

for all η ∈ EK,N . Furthermore, the Dirichlet multinomial distribution on EK,N with parameters
N and ααα = (α1, α2, . . . , αK) ∈ (0,∞)K , denoted DM(· | N,ααα), satisfies

DM(η | N,ααα) =
1

|ααα|(N)

(
N

η

)
K∏

k=1

(αk)(η(k)),

for all η ∈ EK,N . DM(· | N,ααα) is a mixture, using a Dirichlet distribution, of M(· | N,q).
See Mosimann [Mos62] for the original reference to the Dirichlet multinomial distribution and
Johnson et al. [JKK05, §13.1], a classical reference on multivariate discrete distributions, for
more details.

It is known in population genetics literature that the process driven by LN,p, for p > 0,
is reversible with stationary distribution DM(· | N,Nµµµ/p), see e.g. [EG09]. Moreover, the
stationary distribution of the process driven by LN is M(· | N,µµµ/|µµµ|), see e.g. [ZL09]. Let us
define the distribution νN,p on EK,N , for all p ≥ 0, as follows

νN,p(η) :=

{
DM(η | N,Nµµµ/p) if p > 0

M(η | µµµ/|µµµ|) if p = 0,
(2.13)

for all η ∈ EK,N . Then, νN,p is the stationary distribution of LN,p, for all p ≥ 0. Besides, the
stationary distribution is continuous when p → 0, in the sense that

lim
p→0

νN,p(η) = νN,0(η) =: νN (η),

for every η ∈ EK,N .
In their study of the spectral properties of the discrete-time analogous of QN , Zhou and

Lange [ZL09] mainly focus on the case where the process driven by Q is reversible, which is
proved to be a necessary and sufficient condition for the reversibility of QN . However, the
reversibility of Q is not sufficient to ensure the reversibility of the neutral multi-allelic Moran
model driven by QN,p, for p > 0, as we discuss in Section 2.5.1. Going further, the next
result characterises the reversible neutral multi-allelic Moran processes as those with parent
independent mutation.

Lemma 2.1.7 (Reversible neutral Moran process and parent independent mutation). Assume
K ≥ 2, N ≥ 2 and p > 0. The process driven by QN,p is reversible if and only if the mutation
rate matrix has the form Qµµµ as in (2.11), for some vector µµµ, and consequently QN,p can be
written as LN,p. Furthermore, the stationary distribution of the process driven by LN,p is νN,p

as defined by (2.13).

The previous result is expected because of its analogy with the theory on the measure-valued
Fleming – Viot process studied in [EK93]. Indeed, the measure-valued Fleming – Viot process is
reversible if and only if its mutation factor is parent independent (see e.g. [EK93, Thm. 8.2] and
[LSY99, Thm. 1.1]. Although the “if part” in Lemma 2.1.7 is well known in the theory related to
Moran process, we have not found a explicit statement, nor a proof, of this equivalence between
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parent independent mutation scheme and the reversibility of the neutral multi-allelic Moran
model considered here. Thus, for the sake of completeness, we provide a proof of Lemma 2.1.7
in Appendix 2.C.

Section 2.5 is devoted to the study of the spectral properties of LN,p, for p ≥ 0, and its
applications to the study of the convergence to stationarity. Our results in this section include
a complete description of the set of eigenvalues and eigenfunctions of LN,p and an explicit
expression for its transition function. The eigenfunctions of LN,p, p > 0, are explicitly given in
terms of multivariate Hahn polynomials, which are orthogonal with respect to the compound
Dirichlet multinomial distribution (cf. [KM75; KZ09]). The eigenfunctions of LN , i.e. for p = 0,
are explicitly given in terms of multivariate Krawtchouk polynomials, which are orthogonal with
respect to the multinomial distribution (cf. [KM65; ZL09; DG14]).

Cutoff phenomenon

The cutoff phenomenon has been a rich topic of research on Markov chains since its introduction
by the works of Aldous, Diaconis and Shahshahani in the 1980s (cf. [DS81; Ald83; AD86]). A
Markov chain presents a cutoff if it exhibits an abrupt transition in its convergence to station-
arity. Some of the most used notions of convergence are, as we consider here, the total variation
and the chi-square distances. A good introduction to this subject can be found in the classic
book of Levin and Peres [LP17, Ch. 18] and in the exhaustive work of Chen, Saloff-Coste et al.
[Sal97; Che06; CS08; CS10; CHS17].

A typical scenario for the existence of a cutoff is a Markov chain with a high degree of
symmetry. Hence, the cutoff phenomenon has been deeply studied for the movement on N
independent particles on K sites, model which is usually known as product chain. Ycart [Yca99]
studied the cutoff in total variation for N independent particles driven by a diagonalisable rate
matrix. Later, Barrera et al. [BLY06] and Connor [Con10] studied the cutoff on this model
according to other notions of distance. See also [Lac15] [LP17, Ch. 20], [CHS17] and [CK18]
for more recent studies about the cutoff on product chains. The Moran model we consider here
preserves the high level of symmetry of the product chain, but the movements of the particles
are not independent. Indeed, the particles interact according to a reproduction process that
favours the jumps to the sites with greater proportions of individuals.

Before formally defining the cutoff phenomenon, let us recall the chi-square divergence (some-
times called “distance”), which naturally arises in the context of reversible Markov chains. The
chi-square divergence of µ2 with respect to the target distribution µ1 is defined by

χ2(µ2 | µ1) :=
∑

ω∈Ω

[µ2(ω) − µ1(ω)]2

µ1(ω)
= ‖µ2 − µ1‖2

1
µ1

,

where ‖ · ‖ 1
µ1

stands for the norm in l2(RΩ, 1
µ1

), and 1
µ1

is the measure ω 7→ 1/µ1(ω).

The chi-square divergence is not a metric, but a measure of the difference between two
probability distributions. Note that the chi-square divergence, as well as the total variation
distance, are special cases of the so called f−divergence functions, which measure the “differ-
ence” between two probability distributions [NN14]. In this context, χ2(µ2 | µ1) is also known
as Pearson chi-square divergence.
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Abusing notation, let us define the functions χ2
η and dTV

η , as follows

dTV
η (t) := dTV(δηetLN,p , νN,p) =

1

2

∑

ξ∈EK,N

∣∣∣
(
etLN,pδξ

)
(η) − νN,p(ξ)

∣∣∣ ,

χ2
η(t) := χ2(δηetLN,p | νN,p) =

∑

ξ∈EK,N

[(
etLN,pδξ

)
(η) − νN,p(ξ)

]2

νN,p(ξ)
.

The functions dTV
η and χ2

η are thus measures of the convergence to stationary of the process
driven by LN,p at time t and with initial configuration η ∈ EK,N . In agreement with [Zho08;
KZ09] we call χ2

η and dTV
η the total variation and the chi-square distances to stationarity,

respectively.
As the number of individuals varies we obtain an infinite family of continuous-time finite

Markov chains {(EK,N ,LN,p, νN,p), N ≥ 2}. For each N ≥ 2 let us denote by χ2
Nek

(t) (resp.
dTV

Nek
(t)) the chi-square distance (resp. total variation distance) to stationarity of the process

driven by LN,p at time t, when the initial distribution is concentrated at Nek ∈ EK,N . Note
that χ2

Nek
(0) → ∞ and dTV

Nek
(0) → 1, when N → ∞.

Definition 2 (Chi-square and total variation cutoff). We say that {χ2
Nek

(t), N ≥ 2} exhibits a
(tN , bN ) chi-square cutoff if tN ≥ 0, bN ≥ 0, bN = o(tN ) and

lim
c→∞ lim sup

N→∞
χ2

Nek
(tN + c bN ) = 0, lim

c→−∞
lim inf
N→∞

χ2
Nek

(tN + c bN ) = ∞.

Analogously, we say that {dTV
Nek

(t), N ≥ 2} exhibits a (tN , bN ) total variation cutoff if tN ≥ 0,
bN ≥ 0, bN = o(tN ) and

lim
c→∞ lim sup

N→∞
dTV

Nek
(tN + c bN ) = 0, lim

c→−∞
lim inf
N→∞

dTV
Nek

(tN + c bN ) = 1.

The sequences (tN )N≥2 and (bN )N≥2 are called cutoff and window sequences, respectively.

See Definition 2.1 and Remark 2.1 in [CS08].
The cutoff phenomenon describes an abrupt transition in the convergence to stationarity:

over a negligible period given by the window sequence (bN )N>2, the distance from equilibrium
drops from near its initial value to near zero at a time given by the cutoff sequence (tN )N≥2.

A stronger condition for the existence of a (tN , bN ) chi-square cutoff (resp. total variation
cutoff) is the existence of the limit

Gk(c) := lim
N→∞

χ2
Nek

(tN + c bN )

(
resp. Hk(c) := lim

N→∞
dTV

Nek
(tN + c bN )

)
,

for a function Gk (resp. Hk), for k ∈ [K], satisfying:

lim
c→−∞

Gk(c) = ∞ and lim
c→∞

Gk(c) = 0,

(
resp. lim

c→−∞
Hk(c) = 1 and lim

c→∞
Hk(c) = 0)

)
.

Actually, in this case the (tN , bN ) cutoff is said to be strongly optimal, see e.g. Definition 2.2
and Proposition 2.2 in [CS08]. See Sections 2.1 and 2.2 of [CS08] and Chapter 2 in [Che06] for
more details about the definition of (tN , bN ) cutoff and window optimality. Figure 7, in Section
shows classic profiles of functions Gk and Hk as defined in (16) for total variation and chi-square
cutoffs.

The next two results establish the existence of cutoff phenomena in the chi-square and the
total variation distances for the multi-allelic Moran process driven by LN,p, for p ≥ 0, when
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the initial distribution is concentrated at Nek, for k ∈ [K]. In the chi-square case we are able
to explicitly provide the limit profile of the distance. Moreover, we prove the total variation
distance to stationarity of the mutation process driven by LN , i.e. for p = 0, has a Gaussian
profile, when all the individuals are initially of the same type.

Theorem 2.1.8 (Strongly optimal chi-square cutoff when N → ∞). For k ∈ [K], with K ≥ 2,
p ≥ 0 and every c ∈ R, we have

lim
N→∞

χ2
Nek

(tN,c) = exp{Kk,pe−c} − 1, (2.14)

where tN,c =
lnN + c

2|µµµ| and Kk,p =
|µµµ|(|µµµ| − µk)

µk(|µµµ| + p)
. Consequently, the Markov process driven by

LN,p has a strongly optimal
(

ln N
2|µµµ| , 1

)
chi-square cutoff when N → ∞.

Figure 8 in the introduction illustrates the convergence of χ2(tN,c, Nek), for tN,c = ln(N)+c
2|µµµ| ,

towards Gk(c) = exp{Kk,pe−c} − 1, when N → ∞.

Theorem 2.1.9 (Total variation cutoff when N → ∞). For every k ∈ [K], with K ≥ 2, p ≥ 0
and every c > 0, we have

dTV
Nek

(
lnN − c

2|µµµ|

)
≥ 1 − 32|µ|κke−c,

lim
N→∞

dTV
Nek

(
lnN + c

2|µµµ|

)
≤
√

exp{Kk,pe−c} − 1,

where κk = max
r:r 6=k

µr ∧ µk

µk
and Kk,p =

|µµµ|(|µµµ| − µk)

µk(|µµµ| + p)
. Consequently, the Markov process driven by

LN,p exhibits a
(

ln N
2|µµµ| , 1

)
total variation cutoff when N → ∞.

Moreover, when p = 0 the limit profile of the total variation distance satisfies

lim
N→∞

dTV
Nek

(tN,c) = 2Φ

(
1

2

√
Kk,0e−c

)
− 1,

where Φ is the cumulative distribution function of the standard normal distribution. Thus,
there exists a strongly optimal

(
ln N
2|µµµ| , 1

)
total variation cutoff for the process driven by LN when

N → ∞.

Proof of Theorem 2.1.8 and 2.1.9 will be given in Section 2.5.1.
Figure 9 in the introduction illustrates the convergence of dTV(tN,c, Nek), for tN,c = ln(N)+c

2|µµµ| ,
towards Hk(c) = 2Φ

(
1
2

√
Kk,0e−c

)
− 1, when N → ∞.

During the proof of Theorem 2.1.8, we prove the following result which is of independent
interest.

Corollary 2.1.10 (Law of the process driven LN ). The law of the process driven by LN at time
t when initially all the individuals are of type k ∈ [K] is multinomial

M
(

· | N, µµµ|µµµ|(1 − e−|µµµ|t) + e−|µµµ|tek

)
.

Some authors have studied the existence of a cutoff in Moran type models. For instance,
Donelly and Rodrigues [DR00] proved the existence of a cutoff for the two-allelic neutral Moran
model in the separation distance. In order to do that, they used a duality property of the
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Moran process and found an asymptotic expression for the convergence in separation distance
for a suitable scaled time, when the number of individuals tends to infinity. Khare and Zhou
[KZ09] proved bounds for the chi-square distance in a discrete-time multi-allelic Moran process
that implies the existence of a cutoff. Diaconis and Griffiths [DG19] studied the existence of
a chi-square and total variation cutoffs for a discrete-time analogous of the mutation process
generated by LN . Theorems 2.1.8 and 2.1.9 sharpen the results in [KZ09] and [DG19], since
they provide the limit profiles for the chi-square and the total variation distances, for p ≥ 0
and p = 0, respectively. Besides, Theorem 2.1.9 is, as far as we know, the first result ensuring
the existence of a total variation cutoff phenomenon for the neutral Moran model with parent
independent mutation with p > 0.

Links with other models
Moran type models are fundamental in population genetics and other branches of applied math-
ematics [Dur08], [Eth11]. Simpler than the Wright – Fisher model, the Moran model is more
tractable mathematically and several quantities of interest can be explicitly computed. There
is a rich literature on Moran models in population genetics and other fields, since the seminal
work of Moran [Mor58]. In particular, the study of spectral properties of the generator of a
Markov process is an interesting and active topic of research in population genetics. See e.g.
[KZ09], [ZL09], [MP14], [Möh18], [Möh19] and the references therein.

We want to remark that the utility of Moran processes is behind population genetics. For
instance, the mutation process driven by QN is a particular case of the zero range process, where
the kinetics, i.e. the rate at which the particles are expelled from one state, is proportional to
the number of particles occupying that state. Moreover, the mutation process driven by LN

corresponds to the mean-field version of the zero range process. The very recent paper of Hermon
and Salez [HS19] shows that the Dirichlet form of a zero range process can be controlled in terms
of the Dirichlet form of a single particle. We believe that the methods in [HS19] could be very
useful for the further study of the ergodicity of the Moran process driven by QN,p, for p ≥ 0,
by controlling its Dirichlet form.

Consider a Markov process in EK,N with generator F acting on a real function f on EK,N

as follows

(Ff)(η) =
∑

i,j∈[K]

η(i) [f(η − ei + ej) − f(η)]

(
µi,j +

pi

N − 1
η(j)

)
, (2.15)

for every η ∈ EK,N , where pi ≥ 0, for all i ∈ [K]. The process driven by F is a particular case
of the countable state space continuous-time Markov processes introduced by Ferrari and Marić
[FM07] to approximate the quasi stationary distribution (QSD) of an absorbing Markov chain
on a countable space. Ferrari and Marić called these Markov chains Fleming – Viot particle pro-
cesses. The random empirical distribution associated to the process driven by F has been proved
to approximate the QSD of an absorbing Markov process driven by an irreducible rate matrix
Q on [K] which jumps, with rate pi, from i to a fictitious absorbing state [AFG11]. This kind
of N particle interacting process was originally introduced independently and simultaneously
by Burdzy et. al. [BHM00] and Del Moral and Miclo [DM00b]1 in the continuous state space
settings. The study of the evolution of the proportion of particles in each state for a Moran-
type particle system driven by F is an active topic of research. In particular, many papers have

1Actually, Del Moral and Miclo called this process Moran-type particle system, which is maybe a more accurate
name in the discrete state space setting, in order to avoid confusion with the existence of a measure-valued process
related to the Moran process in population genetics introduced by Fleming and Viot [FV79] and named Fleming –
Viot process. See [FV79, Appendix B] for a discussion on the relationship between Fleming –Viot process (in the
sense of population genetics) and the multi-allelic Moran model, see also [Fen10, Section 6.2].
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been focused on the convergence and the speed of convergence of the proportion of particles in
each state when the time and the number of particles tend toward infinity. See e.g. [FM07],
[AFG11], [CT16a], [CT16b], [Vil20] and the references therein. Note that the Fleming – Viot
particle process generated by (2.15) is different from the classical Fleming – Viot measure-valued
diffusion process, which can be obtained as a limit of particle systems also including mutations
and reproductions, but with a different parameter scaling (cf. [EK93]).

The generator F is also interesting in population genetics. From this point of view, it models
the evolution of a population with an irreducible mutation process driven by Q = (µi,j)K

i,j=1

and selection at death given by the coefficients (pi)
K
i=1 (cf. [MW09]). Unlike the other type

of selection that has been mostly considered in population genetics, which is the selection at
reproduction (cf. [Dur08], [MW09] and [Eth11]), which assumes that the rates pi in the definition
(2.15) do not depend on i but on j, i.e. on the type of the individual that is going to reproduce.

Note that when pi = p, for all i ∈ [K], the generator F reduces to QN,p. Theorem 2.1.3 thus
provides an explicit description for the eigenvalues of the Fleming – Viot (or Moran type) particle
process with irreducible mutation rate matrix Q and the transition rate to the absorbing state
is uniform on [K], which is known in the theory of QSD as uniform killing [MV12, §2.3]. This
is, for example, the case of the complete graph process studied by Cloez and Thai [CT16a] and
the neutral Moran model process with circulant mutation rate matrix considered in [Cor21a].

Structure of the chapter
The rest of the chapter is organised as follows. In Section 2.2 we study the state spaces of
the neutral multi-allelic Moran models, when the individuals are assumed distinguishable or
indistinguishable, respectively. We particularly focus on the study of the vector spaces of real
functions defined on the state spaces of these two models. The notations and results in Section
2.2 are used to prove our main theorems in Section 2.3. Sections 2.3.1, 2.3.2 and 2.3.3 are
devoted to the proofs of Theorems 2.1.1, 2.1.2 and 2.1.3, respectively. In Section 2.4 we focus
on the applications of our main results to the asymptotic exponential ergodicity in total variation
distance of the process driven by QN,p to its stationary distribution, using the eigenstructure
of Q. In particular, we prove Corollary 2.1.4 and Theorem 2.1.5. We also consider several
examples of neutral multi-allelic Moran processes with diagonalisable and non-diagonalisable
mutation rate matrices, throughout this chapter. In Section 2.5 we consider the neutral multi-
allelic Moran process with parent independent mutation and provide a complete description of
its eigenvalues and eigenfunctions. We also prove Theorems 2.1.8 and 2.1.9 about the existence
of a cutoff phenomena in the chi-square and the total variation distances, when initially all the
individuals are of the same type.

2.2 State spaces for distinguishable and indistinguishable par-
ticle processes

The Moran model can be seen as a system of N interacting particles on K sites moving accord-
ing to a continuous-time Markov chain. For the same model, we study two different situations.
Although the sites themselves are supposed to be distinguishable, the N particles can be consid-
ered either distinguishable or indistinguishable. According to both interpretations we describe
two state spaces for the two Markov chains modelling the N independent particle systems. We
study how the vector spaces of the real functions defined on those state spaces are related.

For N distinguishable particles on K sites, the state space of the model describes the location
of each particle, i.e. it is the set [K]N . This is the state space considered in [FM07] and [Eth11].
The set of real functions on [K], denoted R[K], may be endowed with a vector space structure.

96



Thus, the set of real functions on [K]N may be considered as a tensor product of N vectors in
RK as we commented in the introduction.

When the N particles are considered indistinguishable, what matters is the number of par-
ticles present at each of the K sites. The state space for this second model, as in [CT16b] and
[EG09], is the set EK,N defined by (2.1) with cardinality equal to Card (EK,N ) =

(K−1+N
N

)
.

For any k, 1 ≤ k ≤ K, let us denote by xk the k-th coordinate function defined by

xk : η = (η(1), η(2), . . . , η(K)) ∈ EK,N 7→ η(k) ∈ R.

Let us also denote by xα the monomial on EK,N defined by

xα := xα1
1 xα2

2 . . . xαK

K , (2.16)

where α ∈ EK,L, for L ∈ [N ].
For 0 ≤ L ≤ N , let us denote by HK,L the vector space of homogeneous polynomial func-

tions of degree L in variables xk, 1 ≤ k ≤ K on EK,N and the null function. From the
definition of EK,N , it follows that the function ∑K

k=1 xk is equal to the constant function equal
to N . HK,L may be considered as a subspace of HK,L′ when 0 ≤ L < L′ ≤ N by identifying
P (x1, x2, . . . , xK) ∈ HK,L with

1

NL′−L

(
K∑

k=1

xk

)L′−L

P (x1, x2, . . . , xK) ∈ HK,L′ .

We will say that the degree of homogeneity of an homogeneous polynomial P is L, if P
is the sum of monomials xα = xα1

1 xα2
2 . . . xαK

K with the same value of |α| = L, and the value
L is the smallest as possible. This corresponds to the fact that there is no factor equal to
x1 +x2 + · · · +xK in the factorisation of P . The total degree of a polynomial P is the minimum
value of L such that P = PL +R where PL is homogeneous of degree L and all the monomials
in R have a maximum degree strictly less than L. Such an expression for P , which is not
unique, may be obtained by replacing xK by N −∑K−1

k=1 xk in P and adding the monomials in
P (x1, . . . , xK−1, N −∑K−1

k=1 xk) of maximum total degree to define PL.
The following interpolation result shows that REK,N is actually equal to HK,N , the space of

homogeneous polynomials of degree N .

Lemma 2.2.1 (Interpolation on EK,N ). Let K ≥ 2 and N ≥ 1. Then

(a) For any real function f on EK,N there exists a unique homogeneous polynomial P ∈ HK,N

of degree N such that f(η) = P (η), for all η ∈ EK,N .

(b) The set of monomials of degree N

BHK,N
:= {xα, α ∈ EK,N }

where xα is defined by (2.16), is a basis of REK,N .

The proof of Lemma 2.2.1 is mostly technical and is deferred to Appendix 2.A.
Remark 2.2.1 (Dimension of HK,N ). As a consequence of Lemma 2.2.1-(b) we have that the
dimension of HK,N equals

(K+N−1
N

)
.

A natural link between the two state spaces is ϕK,N : [K]N → EK,N , defined by

ϕK,N : (k1, k2, . . . , kN ) 7→ (η(1), η(2), . . . , η(K)), (2.17)
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where η(k) = Card({n, 1 ≤ n ≤ N, kn = k}), for all k ∈ [K]. The function ϕK,N is obtained
by forgetting the identity of the N particles. Note that ψK,N , defined in (2.6), is a right inverse
of ϕK,N , i.e. ϕK,N ◦ ψK,N = IdEK,N

, where IdEK,N
stands for the identity function on EK,N .

Let us denote by Sym the symmetrisation endomorphism, acting on function f ∈ R[K]N

as defined by (2.5). In fact, Sym is the projector onto the subspace of symmetric functions,
denoted Sym

(
R[K]N

)
.

Note that ϕK,N is a symmetric function on [K]N . Furthermore, the equality ϕK,N (x) =
ϕK,N (y) holds if and only if y is obtained from x by a permutation of its components. Hence,
if f is symmetric and x and y are elements in [K]N such that ϕK,N (x) = ϕK,N (y), then
f(x) = f(y).

In general, for every function f on [K]N it is not always possible to define a function f̃ on
EK,N such that f = f̃ ◦ ϕK,N holds. We claim that such a function f̃ exists if and only if f is
symmetric.

Lemma 2.2.2 (Link between REK,N and Sym(R[K]N )). The linear operator

ΦK,N : f ∈ Sym
(
R

[K]N
)

7→ f ◦ ψK,N ∈ R
EK,N , (2.18)

where ψK,N is defined by (2.6), is an isomorphism. In particular, the dimension of the space of
symmetric functions on [K]N is

dim
(
Sym

(
R

[K]N
))

=

(
K +N − 1

N

)
.

Proof. Note that ΦK,N is linear and well defined. Moreover, for any function h on EK,N , the
function h ◦ ϕK,N is symmetric on [K]N and satisfies ΦK,N (h ◦ ϕK,N ) = h, proving that ΦK,N

is an isomorphism.

Lemma 2.2.2 justifies the well definiteness of Ṽη, defined by (2.9), for η ∈ ⋃N
L=1 EK−1,L. The

relationship between f and f̃ is shown in the following diagram:

[K]N

ϕK,N
��

f

!!❈
❈

❈

❈

❈

❈

❈

❈

EK,N
f̃

// R.

We denote by U0 the K-dimensional all-one vector, which is always a right eigenvector
associated to zero of every K-dimensional rate matrix of a continuous-time Markov chain. Let
K ≥ 2, N ≥ 2 and 1 ≤ L ≤ N and let us consider L vectors V1, V2, . . . , VL in RK , non-
proportional to U0, and f the function equal to the following symmetrised tensor product

f := Sym(V1 ⊗ V2 ⊗ · · · ⊗ VL ⊗ U0 ⊗ · · · ⊗ U0︸ ︷︷ ︸
N−L

) ∈ Sym
(
R

[K]N
)
.

Note that,

f(k1, k2, . . . , kN ) =
1

N !

∑

σ∈SN

V1(kσ(1))V2(kσ(2)) × · · · × VL(kσ(L)). (2.19)

We denote by IL,N , for 1 ≤ L ≤ N , the set of all injective applications from [L] to [N ]. For
every σ ∈ SN , the map sσ : n ∈ [L] 7→ σ(n) ∈ {σ(1), . . . , σ(L)} is an injective map in IL,N and
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σ is completely determined by this function sσ and a bijective application β : (L+ 1, . . . , N) →
[N ] \ sσ([L]). For each sσ, there are (N −L)! such applications β. Thus, using (2.19) we obtain

f(k1, k2, . . . , kN ) =
(N − L)!

N !

∑

s∈IL,N

V1(ks(1))V2(ks(2)) × · · · × VL(ks(L)).

In order to simplify the calculations we denote by ξ(V1, V2, . . . , VL) the function on [K]N defined
by

ξ(V1, V2, . . . , VL) : (k1, k2, . . . , kN ) 7→
∑

s∈IL,N

V1(ks(1))V2(ks(2)) . . . VL(ks(L)). (2.20)

Note that ξ(V1, V2, . . . , VL) = N !
(N−L)!f . Since ξ(V1, V2, . . . , VL) is symmetric, Lemma 2.2.2 en-

sures the existence of a unique function ξ̃(V1, V2, . . . , VL) on EK,N given by

ξ̃(V1, V2, . . . , VL) = ΦK,N ξ(V1, V2, . . . , VL). (2.21)

The following two equalities are thus satisfied:

ξ(V1, . . . , VL) = ξ̃(V1, . . . , VL) ◦ ϕK,N , ξ̃(V1, . . . , VL) = ξ(V1, . . . , VL) ◦ ψK,N , (2.22)

where ϕK,N and ψK,N are defined by (2.17) and (2.6), respectively.
The next result provides recursive expressions for the functions ξ(V1, . . . , VL), defined in

(2.20), and ξ̃(V1, . . . , VL), defined in (2.21), for L ∈ [N ]. Furthermore, we prove that Ṽη, as
defined by (2.9), is a polynomial of total degree |η|, for η ∈ ⋃N

L=1 EK−1,L.

Lemma 2.2.3. The following properties are verified:

(a) For L = 1: if V1 = [a1, a2, . . . , aK ]T is non-proportional to U0, then ξ(V1) and ξ̃(V1),
defined by (2.20) and (2.21), satisfy

ξ(V1) : (k1, k2, . . . , kN ) 7→
N∑

i=1

V1(ki),

ξ̃(V1) : (η(1), η(2), . . . , η(K)) 7→
K∑

j=1

ajη(j). (2.23)

(b) For any L, 2 ≤ L ≤ N − 1: if the L vectors Vi = [ai,1, ai,2, . . . , ai,K ]T , 1 ≤ i ≤ L, are
non-proportional to U0, then ξ(V1, . . . , VL) and ξ̃(V1, . . . , VL) satisfy

ξ(V1, . . . , VL) = ξ(V1, . . . , VL−1)ξ(VL) −
L−1∑

i=1

ξ(V1, . . . , Vi−1, Vi ⊙ VL, Vi+1, . . . , VL−1),

ξ̃(V1, . . . , VL) = ξ̃(V1, . . . , VL−1)ξ̃(VL) −
L−1∑

i=1

ξ̃(V1, . . . , Vi−1, Vi ⊙ VL, Vi+1, . . . , VL−1),

where Vi ⊙VL stands for the Hadamard (componentwise) product of the vectors Vi and VL.
In particular, when L = 2 and the two vectors V1 = [a1, a2, . . . , aK ]T and V2 = [b1, b2, . . . , bK ]T

are non-proportional to U0, then ξ̃(V1, V2) is the quadratic polynomial given by

ξ̃(V1, V2) = ξ̃(V1)ξ̃(V2) − ξ̃(V1 ⊙ V2). (2.24)
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(c) For any L, 1 ≤ L ≤ N : if the L vectors Vi = [ai,1, ai,2, . . . , ai,K ]T , 1 ≤ i ≤ L, are
non-proportional to U0, then ξ̃(V1, V2, . . . , VL) is a polynomial of total degree L satisfying

ξ̃(V1, V2, . . . , VL) =
L∏

i=1

ξ̃(Vi) + q, (2.25)

where q is a polynomial of total degree strictly less than L. In particular, Ṽη, as defined
by (2.9), is a polynomial of total degree |η|, for η ∈ ⋃N

L=0 EK−1,L.

The proof of Lemma 2.2.3 can be found in Appendix 2.A.
The following result helps us to construct from a basis of RK , three bases for the vector

spaces R[K]N , Sym(R[K]N ) and REK,N , respectively.

Proposition 2.2.4. Let U0 be the all-one vector in RK and U1, U2, . . . , UK−1 ∈ RK such that

U = {U0, U1, . . . , UK−1}

is a basis of RK . The following statements hold:

a) UN , defined as UN := {W1 ⊗ W2 ⊗ · · · ⊗ WN , where Wi ∈ U , for i ∈ [N ]} is a basis of
R[K]N .

b) SN , defined as

SN := {U0 ⊗ · · · ⊗ U0︸ ︷︷ ︸
N times

} ∪
N⋃

L=1

{Vη, η ∈ EK−1,L, }

where Vη is defined by (2.8), is a basis of Sym
(
R[K]N

)
.

c) S̃N , defined as

S̃N := {U0 ⊗ · · · ⊗ U0︸ ︷︷ ︸
K times

} ∪
N⋃

L=1

{Ṽη, η ∈ EK−1,L}, (2.26)

where Ṽη is defined by (2.9), is a basis of REK,N .

The proof of Proposition 2.2.4 is deferred to Appendix 2.A.

2.3 Spectrum of the neutral multi-allelic Moran process
The main goal of this section is to prove Theorem 2.1.3. In Section 2.3.1 we prove Theorem
2.1.1 describing the set of eigenvalues of the composition chain QN in terms of the eigenvalues
of Q. Moreover, we construct right eigenvectors of QN using the symmetrised tensor product
of right eigenvectors of Q. Later, in Section 2.3.2 we prove Theorem 2.1.2. Using the results in
these two sections we prove Theorem 2.1.3 in Section 2.3.3.

2.3.1 Proof of Theorem 2.1.1
As we commented in Section 2.2, the N particles in the neutral multi-allelic Moran type process
can be considered distinguishable or indistinguishable. Throughout the manuscript we suppose
that Q is irreducible. Thus, 0 is a simple eigenvalue of Q with eigenvector U0. The generator
for the distinguishable case, denoted by DN , acts on a real function f on [K]N as follows

(DNf)(k1, k2, . . . , kN ) :=
N∑

i=1

K∑

k=1

µki,k[f(k1, . . . ki−1, k, ki+1, . . . , kN ) − f(k1, . . . , kN )],
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for all (k1, k2, . . . , kN ) ∈ [K]N . If the function is given in a tensor product form, we get

DN (V1 ⊗ V2 ⊗ · · · ⊗ VN ) =
N∑

n=1

V1 ⊗ V2 ⊗ · · · ⊗QVn ⊗ · · · ⊗ VN , (2.27)

where QVn(k) :=
K∑

r=1
µk,rVn(r) =

K∑
r=1

µk,r(Vn(r) − Vn(k)), for all k ∈ [K].

Remark 2.3.1 (DN as a Kronecker sum). In fact, the infinitesimal generator satisfies DN =
Q⊕Q⊕· · ·⊕Q, where ⊕ denotes the Kronecker sum. The well-known relationship between the
exponential of a Kronecker sum and the Kronecker product of exponential matrices, namely:

exp{Q⊕Q⊕ · · · ⊕Q} = exp{Q} ⊗ exp{Q} ⊗ · · · ⊗ exp{Q},

makes clearer the idea that DN is the infinitesimal generator of the system of N particles moving
independently according to the infinitesimal generator Q. See [Pea65, Ch. XIV] and [Dav79,
§2.2] for further details on the Kronecker sum.

The Markov chain generated by DN is usually called product chain. The infinitesimal gen-
erator DN inherits its spectral properties from those of Q. Namely, if π is the stationary
distribution of Q, then π ⊗ π ⊗ · · · ⊗ π is the stationary distribution of DN . Moreover, if
V1, V2, . . . , VN are N (not necessarily distinct) eigenvectors of Q, then V1 ⊗ V2 ⊗ · · · ⊗ VN is an
eigenvector of DN . Consequently, if Q is diagonalisable, then DN is also diagonalisable and the
tensors products of vectors in an eigenbasis of Q form an eigenbasis of DN , as in Proposition
2.2.4-(a). In particular, if λ0 = 0, λ1, . . . , λK−1 are the K complex eigenvalues of Q, then the
eigenvalues of DN are given by the sums of eigenvalues of Q, i.e. the spectrum of DN is

{z0 + z1 + · · · + zK−1 : zi ∈ {λ0, λ1, . . . , λK−1}}.

See Sections 12.4 and 20.4 in [LP17] for the proofs of these results and more details on product
chains.

When the N particles are considered indistinguishable, the infinitesimal generator of the
Markov chain, denoted by QN , is that defined by (2.3), i.e.

(QNf)(η) =
∑

i,j∈[K]

η(i)µi,j [f(η − ei + ej) − f(η)] ,

for all η ∈ EK,N and for every function f on EK,N . Zhou and Lange [ZL09] noticed that QN is a
lumped chain of DN and used this fact to study the relationship between the spectral properties
of both chains. They studied the eigenvalues and the left eigenfunctions of QN . In particular,
they proved that the stationary distribution of QN is multinomial with probability vector π,
denoted M(· | N, π), where π is the unique stationary probability of Q. Our approach differs
from that on [ZL09]: we study the right eigenfunctions of QN using the connections between
the real functions on EK,N and the symmetric real functions on [K]N studied in Section 2.2. In
addition, our methods allow us to explicitly describe the spectrum of QN , for every mutation
matrix Q generating an irreducible process, even when Q is non-diagonalisable. We first study
the relationship between the generators QN and DN through the operator ΦK,N .

Lemma 2.3.1 (Link between the generators QN and DN ). For any symmetric function ξ on
[K]N , the function DN ξ is also symmetric. In addition,

QN (ΦK,N ξ) = ΦK,N (DN ξ),

where ΦK,N is defined by (2.18).
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Proof. The symmetry of DN ξ is a consequence of the symmetry of ξ and the linearity of DN .
For η ∈ EK,N let us define (k1, k2, . . . , kN ) = ψK,N (η), i.e. ki is the position on [K] of the

i-th particle according to the definition of ψK,N . We have

(DN ξ ◦ ψK,N )(η) =
N∑

i=1

K∑

k=1

µki,k[ξ(k1, . . . , ki−1, k, ki+1, . . . , kN ) − ξ(ψK,N (η))]

=
K∑

k=1

K∑

r=1

∑

i: ki=r

µki,k[ξ(k1, . . . , ki−1, k, ki+1, . . . , kN ) − ξ(ψK,N (η))].

Using the symmetry of ξ, for all η such that ψK,N (η)(i) = r we obtain

ξ(k1, . . . , ki−1, k, ki+1, . . . , kN ) − ξ(ψK,N (η)) = ξ(ψK,N (η − er + ek)) − ξ(ψK,N (η)).

Thus,

(DN ξ ◦ ψK,N )(η) =
K∑

k=1

K∑

r=1

∑

i: ki=r

µki,k[ξ(ψK,N (η − er + ek)) − ξ(ψK,N (η))]

=
K∑

k=1

K∑

r=1

η(r)µr,k[ξ(ψK,N (η − er + ek)) − ξ(ψK,N (η))]

= (QN ξ ◦ ψK,N )(η),

for every η ∈ EK,N .

The following lemma describes all the eigenvalues of QN , defined by (2.3), in the case where
the mutation matrix is diagonalisable.

Lemma 2.3.2 (Eigenvalues of QN for diagonalisable Q). Assume Q is diagonalisable and

U = {U0, U1, . . . , UK−1}

is the basis of RK formed by right eigenvectors of Q, such that U0 is the all-one vector. Consider
Ṽη and λη defined as in (2.9) and (2.10), respectively. Then

(a) λη is an eigenvalue of QN with right eigenvector Ṽη.

(b) The spectrum of QN is formed by 0 and all λη for η ∈
N⋃

L=1
EK−1,L.

(c) QN is diagonalisable.

Proof. (a) For η ∈ EK−1,L let us denote Uη as in (2.7). Because QU0 = 0 and QUk = λk Uk, 1 ≤
k ≤ K − 1, from (2.27), we get DN (Uη) = ληUη. More generally, for every permutation σ ∈ SN ,
DN (σUη) = λη(σUη), and thus, using the linearity of DN we get

DN Vη = ληVη,

where Vη is defined as in (2.8). Applying ψK,N to both members of the previous equality we
obtain (DNVη) ◦ψK,N = ληVη ◦ψK,N . Now, using Lemma (2.3.1), and the expressions (2.8) and
(2.9), definitions of Vη and Ṽη, respectively, we obtain QN Ṽη = ληṼη, which proves (a).

(b)-(c) Because U is a basis of RK , the set S̃N as defined in (2.26) is a basis of REK,N , due to
Proposition 2.2.4-(c). Therefore, all the eigenvalues of QN are those described in part (b) and
QN is diagonalisable.
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Remark 2.3.2. Note that the results in Lemma 2.3.2 remains valid for all operator QN defined
using a diagonalisable matrix Q, not necessarily a rate matrix, with complex entries and such
that QU0 = 0 and λ0 = 0 has algebraic multiplicity equal to one.

Lemma 2.3.2 provides all the eigenvalues and right eigenvectors of QN when Q is diago-
nalisable. However, an ergodic rate matrix is not necessarily diagonalisable, as next example
shows.

Example 2.3.1 (Non-diagonalisable rate matrix of an ergodic Markov chain). Consider the
infinitesimal rate matrix Q given by

Q =




−9 7 2
1 −7 6
5 7 −12


 = W




0 0 0
0 −14 1
0 0 −14


W−1,

where

W =




3/14 2 11/14
3/14 −2 −3/14
3/14 2 −3/14


 , W−1 =




1 7/3 4/3
0 −1/4 1/4
1 0 −1


 .

Then, Q is a non-diagonalisable rate matrix generating an ergodic Markov chain. Note that the
unique stationary distribution of the process driven by Q is (3/14, 1/2, 2/7).

Now, we want to extend the results in Lemma 2.3.2 to the case where the matrix Q is
non-diagonalisable, as stated in Theorem 2.1.1. Let us first recall two known facts in the theory
of real matrices. We denote by Mn(R) and Mn(C) the vector space of n-dimensional real and
complex matrices, respectively. For a matrix M ∈ Mn(C) we denote by Spec(M) ∈ Cn its
spectrum counting the algebraic multiplicities of the eigenvalues. It is known that the set of
diagonalisable complex matrices is dense in Mn(C). Serre [Ser10, Cor. 5.1], for instance, proves
this result as a consequence of the Schur’s Theorem. Using the same reasoning we can prove
the following:

Fact 1 The set of diagonalisable complex matrices with each row summing to zero is dense
in the set of the irreducible rate matrices: for every rate matrix Q ∈ Mn(R) and ϵ > 0
there exists a diagonalisable matrix Q̄ ∈ Mn(C) such that ‖Q− Q̄‖ < ϵ. Moreover, Q̄ can
be chosen such that 0 ∈ Spec(Q̄), with 0 having geometric multiplicity 1 and Q̄ U0 = 0,
where 0 denotes the K dimensional null column vector, i.e. each row of Q̄ sums to zero.

The idea of the proof of Fact 1 is to modify diagonal elements in the upper-triangular matrix
obtained by the Schur’s Theorem [Ser10, Thm. 5.1] to get a matrix with n different eigenvalues,
and thus diagonalisable. Indeed, since Q is an irreducible rate matrix, the eigenspace associated
to the eigenvalue λ0 = 0 has dimension one and it is generated by U0. Moreover, the other
n − 1 complex eigenvalues have strictly negative real parts. Thus, it is possible to modify the
diagonal of the upper triangular matrix obtained by the Schur’s Theorem in such a way that
the eigenvalues of the modified matrix, denoted Q̄, are zero and n − 1 complex numbers with
different and strictly negative real parts. Furthermore, because of the Schur’s factorisation, U0

is also an eigenvector of Q̄ associated to the null eigenvalue, i.e. Q̄U0 = 0.
Note that, since Mn(C) is a finite dimensional vector space, the result in Fact 1 holds for

every norm defined on Mn(C). In the sequel we will use the uniform norm, denoted ‖ · ‖Unif,
and defined as follows

‖A‖Unif := max
i,j

|ai,j |,

for every matrix A = (ai,j)i,j ∈ Mn(C).
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The second fact is related to the continuity of the eigenvalues of a matrix with respect to
its entries. Consider the following distance between two sets of n elements in C:

D ({zi}n
i=1, {ωi}n

i=1) := inf
σ∈Sn

max
j

|zj − ωσ(j)|,

where Sn denotes de symmetric group on [n], for every n ∈ N.

Fact 2 The eigenvalues are continuous with respect to the entries of the matrix in the following
sense: consider M ∈ Mn(C), then for all ϵ > 0 there exists a δ > 0 such that for every
matrix N ∈ Mn(C) such that ‖M −N‖ < δ, then D (Spec(M),Spec(N)) < ϵ.

See e.g. [HM87] and [Ser10, Thm. 5.2] for a proof of Fact 2.

Proof of Theorem 2.1.1. From Lemma 2.3.2 we know that the statement of Theorem 2.1.1 holds
for a diagonalisable rate matrix Q. Let us prove it in the general case using the Facts 1 and 2
we previously discussed.

For a mutation rate matrix Q ∈ MK(R) with spectrum Spec(Q) = {0, λ1, . . . , λK−1}, let us
define by σN (Q) the set formed by 0 and λη, for η ∈ ⋃K−1

L=1 EK−1,L, where the values λk in the
definition (2.10) of λη are those in Spec(Q). Then, proving Theorem 2.1.1-(a) is equivalent to
prove that σN (Q) is the spectrum of QN , i.e. D (Spec(QN ), σN (Q)) = 0.

For a matrix Q̄ ∈ MK(C) whose rows sum to zero (not necessarily a rate matrix), let us
define Q̄N similarly to the definition of QN (2.3), but with Q̄ as mutation matrix instead of
Q. As we commented in Remark 2.3.2, Lemma 2.3.2 remains valid and it ensures us that
Spec(Q̄N ) = σN (Q̄). Thus, using the triangular inequality we get

D (Spec(QN ), σN (Q)) ≤ D
(
Spec(QN ),Spec(Q̄N )

)
+ D

(
Spec(Q̄N ), σN (Q)

)
.

Moreover,

‖QN − Q̄N ‖Unif ≤ N‖Q− Q̄‖Unif,

D
(
Spec(Q̄N ), σN (Q)

)
≤ N D

(
Spec(Q̄),Spec(Q)

)
.

Fix ϵ > 0. Using Fact 2, we know there exist δ1, δ2 > 0 such that

D
(
Spec(QN ),Spec(Q̄N )

)
≤ ϵ

2
if ‖QN − Q̄N ‖Unif < δ1,

D
(
Spec(Q̄),Spec(Q)

)
≤ ϵ

2N
if ‖Q− Q̄‖Unif < δ2.

Thus,
D (Spec(QN ), σN (Q)) ≤ ϵ

2
+N D(Spec(Q̄),Spec(Q)) < ϵ,

whenever ‖Q − Q̄‖Unif < min{δ1/N, δ2}. Since ϵ can be taken arbitrary small, by Fact 1, the
proof of (a) is finished.

The proof of (b) is exactly the same as the proof of (a) in Lemma 2.3.2. Note that, since
η(r) = · · · = η(K − 1) = 0, the definition of Ṽη only depends on the r linearly independent
vectors forming U . Finally, the result in (c) trivially comes from Lemma 2.3.2.

Remark 2.3.3 (Alternative proof for Theorem 2.1.1). The Jordan-Chevalley decomposition is
an elegant tool to find the eigenvalues of QN and prove Theorem 2.1.1. The Jordan-Chevalley
decomposition ensures the existence of two matrices QDiag and QNil such that Q = QDiag +QNil.
Moreover, QDiag is diagonalisable, QNil is nilpotent, they commute and such a decomposition
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is unique. See [Ser10, Prop. 3.20] and [CEZ11] for more details about the Jordan-Chevalley
decomposition. Then, it can be proved that the Jordan-Chevalley decomposition of QN is
QN = (QDiag)N + (QNil)N , where (QDiag)N and (QNil)N are defined similarly to QN in (2.3),
substituting Q by QDiag and QNil, respectively. Now, since the spectrum of QN is that of
(QDiag)N , the proof of Theorem 2.1.1 follows from Lemma 2.3.2.

2.3.2 Proof of Theorem 2.1.2
In this section, given K ≥ 2 and N ≥ 2, we consider the continuous-time Markov chain of N
indistinguishable particles on K sites, with state space EK,N , where, with rate 1, any particle
jumps to one of the positions of another particle chosen at random. We denote by AN the
infinitesimal generator of this reproduction process, which is defined in (2.4) as

(ANf)(η) =
∑

i,j∈[K]

η(i)η(j) [f(η − ei + ej) − f(η)]

for every real function f and all η ∈ EK,N .
Remark 2.3.4 (First degree eigenfunctions of AN ). Note that the states {N ek}K

k=1 ⊂ EK,N are
the only absorbing states for the interaction process generated by AN . Thus, the distribution
concentrated at N ek, denoted δ{Nek}, is stationary for AN , for k ∈ [K]. It is not difficult to
check that the real functions on EK,N , x0 ≡ 1 and xk : η 7→ ηk, for k ∈ [K − 1], are linearly
independent vectors of REK,N and they satisfy ANxk = 0, for all k = 0, 1, . . . ,K − 1. Thus, the
right eigenspace associated to 0 is the space of homogeneous polynomials of degree 1, which has
dimension K.

Actually, it can be proved that the generator AN preserves the total degree of a polynomial,
in the sense that the image of a polynomial is another polynomial of the same total degree.
To prove Theorem 2.1.2 we first formally describe the preserving degree polynomial property
satisfied by AN .

Lemma 2.3.3 (AN preserves polynomial total degree). Assume K ≥ 2 and N ≥ 2. Let P be
a polynomial on EK,N of total degree L with 1 ≤ L ≤ N . Then,

ANVP = −L(L− 1)VP + VR,

where R is a polynomial with a total degree strictly less than L.

The proof of Lemma 2.3.3 is technical and it is deferred to Appendix 2.B. We proceed to
prove Theorem 2.1.2.

Proof of Theorem 2.1.2. (a) For K ≥ 2 and N ≥ 2, let us define the sets BL of monomials in
EK,N as follows

B0 := {1}, B1 := {x1, x2, . . . , xK−1}, BL := {xα, α ∈ EK−1,L},

for 2 ≤ L ≤ N , where xα = xα1
1 xα2

2 . . . x
αK−1

K−1 for α := (α1, α2, . . . , αK−1). Then, consider the
ordered set

B = B0 ∪ B1 ∪ · · · ∪ BN .

The set B is a basis of the space of real functions on EK,N , due to Lemma 2.2.1-(b). The matrix
similar to AN with respect to this basis is ĀN = W−1ANW , where W is the matrix with P ,
with P ∈ B, as column vectors. Thanks to the result in Lemma 2.3.3-(a), ĀN is a block upper
triangular matrix, where the first diagonal block has size K and is a null matrix. The other
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diagonal blocks have size Card(EK−1,L) =
(K−2+L

L

)
and are diagonal matrices with constant

diagonal elements equal to −L(L− 1), with 2 ≤ L ≤ N . This analysis gives us the eigenvalues
of AN are 0 with algebraic multiplicity K and −L(L − 1) with algebraic multiplicity

(K−2+L
L

)

for 2 ≤ L ≤ N .
Now, using the block multiplication of matrices, it is not difficult to see that (ĀN )n is also

a block diagonal matrix, where the L-th block is a diagonal matrix of dimension
(K−2+L

L

)
with

all the entries on the diagonal equal to (−L(L − 1))n, for 2 ≤ L ≤ N . Thus, for every real
polynomial Υ the matrix Υ(ĀN ) = W−1Υ(AN )W is a block diagonal matrix with diagonal
elements Υ(−L(L− 1)). Taking

Υ : s 7→ s
N∏

L=2

[s+ L(L− 1)],

we get Υ(ĀN ) = 0K,N , where 0K,N is the
(K−1+N

N

)
dimensional null matrix. Thus, Υ(AN ) =

0K,N and Υ is necessarily the minimal polynomial of AN , which factors into distinct linear
factors. We thus conclude that AN is diagonalisable.

Remark 2.3.5 (On the right eigenfunctions of AN ). Theorem 2.1.2 does not provide a char-
acterisation of the eigenspace associated to the eigenvalue −L(L − 1), for L ∈ [N ]. For the
special case K = 2, Watterson [Wat61] does provide such a decomposition for the discrete
analogue of AN in terms of cumulative sums of discrete Chebyshev polynomials. In addition,
Zhou [Zho08, §4.2.2] provides an equivalent but simpler expression for the eigenvectors of the
equivalent analogous of AN , for K = 2, in terms of univariate Hahn polynomials.

In the general case, it is possible to describe the eigenspaces associated to the first three
eigenvalues of AN . As we commented in Remark 2.3.4, the right eigenspace associated to 0 is the
space of homogeneous polynomials of first degree. Moreover, the right eigenspace associated
to −2 has dimension K(K − 1)/2 and it is generated by the set of monomials {xkxr, 1 ≤
k < r ≤ K}. Additionally, for L = 3, it is possible to prove that a simple basis of the right
eigenspace associated to −6 has dimension K(K + 1)(K − 1)/6 and is given by eigenvectors
{x2

kxr − xkx
2
r , 1 ≤ k < r ≤ K} ∪ {xkxrxs, 1 ≤ k < r < s ≤ K}. The complete characterisation

of the eigenvectors of AN , for K ≥ 3, is a topic of further research.

2.3.3 Proof of Theorem 2.1.3

This section is devoted to the proof of Theorem 2.1.3 providing a description of the spectrum
of the neutral multi-allelic Moran process with generator QN,p, defined by (2.2) as

(QN,pf)(η) =
∑

i,j∈[K]

η(i)

(
µi,j +

p

N
η(j)

)
[f(η − ei + ej) − f(η)] ,

for every real function f in EK,N and every η ∈ EK,N .
Assume K ≥ 2, N ≥ 2 and p ∈ [0,∞) and suppose that Q is diagonalisable with eigenvalues

0 and λk, for k ∈ [K − 1]. For any η ∈ EK−1,L, with L ∈ [N ], let us recall the definition of λη,p:

λη,p = −L(L− 1)
p

N
+

K−1∑

k=1

η(k)λk. (2.28)

Then, we will prove that the eigenvalues of QN,p are 0 and all λη,p for η ∈
N⋃

L=1
EK−1,L.
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Proof of Theorem 2.1.3. It is straightforward to remark that

QN,p = QN +
p

N
AN ,

where QN and AN are the generators of the mutation and the reproduction processes defined
by (2.3) and (2.4), respectively.

Let us first prove the result when the mutation rate matrix Q is diagonalisable. As proved
in Lemma 2.3.2, the vector Ṽη is an eigenvector of QN with eigenvalue λη, for η ∈ ⋃N

L=1 EK−1,L.
Let us denote by Ṽ0 the all-one vector in REK,N . Then, the set B = {V0}∪{Ṽη, η ∈ ⋃N

L=1 EK−1,L}
is a basis of REK,N , thanks to Proposition 2.2.4-(c). Let us denote by W the matrix with the
elements of B as columns such that W−1QNW is a diagonal matrix with diagonal entries equal
to 0 and λη, for η ∈ ⋃N

L=1 EK−1,L.
For 1 ≤ L ≤ N and η ∈ EK−1,L, the expression (2.9) and Lemma 2.2.3-(c) ensure that Ṽη is

a polynomial of total degree equal to L. Using now Theorem 2.1.2-(b), we get

AN Ṽη = −L(L− 1)Ṽη +R,

where R is a polynomial of total degree strictly less than L. This fact means that, like in
Theorem 2.1.2-(c), W−1ANW is a block upper triangular matrix, where the diagonal blocks of
size Card(EK−1,L) =

(K+L−2
L

)
are diagonal matrices with constant diagonal elements equal to

−L(L− 1), for 2 ≤ L ≤ N . The first diagonal block of size K is a null matrix. It follows that
the matrix

W−1QN,pW = W−1QNW +
p

N
W−1ANW

is a block upper triangular matrix, where the first diagonal block has dimension one and is null,
i.e. the first column is null. Moreover, the L-th diagonal block has dimension

(K+L−2
L

)
and its

diagonal elements are the eigenvalues λη,p with η ∈ EK−1,L, for L ∈ [N ]. Thus, these are the
eigenvalues of QN,p.

Now, consider a general mutation matrix Q ∈ MK(R), not necessarily diagonalisable, with
spectrum Spec(Q) = {0, λ1, . . . , λK−1}. Let us define by σN,p(Q) the set formed by 0 and λη,p,
for η ∈ ⋃K−1

L=1 EK−1,L, where the values λk in the definition (2.28) of λη,p, are those in Spec(Q).
Define Q̄N,p similarly to (2.2) but with a diagonalisable matrix Q̄ ∈ MK(C), whose rows have
null sum (not necessarily a rate matrix), instead of Q. Then,

‖QN,p − Q̄N,p‖Unif = ‖QN − Q̄N ‖Unif,

D
(
Spec(Q̄N,p), σN,p(Q)

)
= D

(
Spec(Q̄K,N ), σN (Q)

)
.

Hence, σN,p(Q) is proved to be the spectrum of QN,p, analogously to the proof of Theorem
2.1.1-(a).

Remark 2.3.6 (Alternative proof of Theorem 2.1.3). Another proof of Theorem 2.1.3 can be
carried out using the Jordan form of the mutation rate matrix Q. Indeed, the vectors Ṽη ∈ REK,N

can be defined using the basis of RK that transforms Q in its normal Jordan form. Then, defining
a suitable order among the vectors Ṽη, for η ∈ ⋃N

L=1 EK−1,L, it is possible to show that QN,p is
similar to an upper triangular matrix with the values λη,p on the diagonal.

2.4 Applications to the ergodicity of the Moran process
This section devoted to some applications of the results in Section 2.3 to the study of the
ergodicity of the process driven by QN,p in total variation, using spectral properties of Q. In
this section we prove Corollary 2.1.4 and Theorem 2.1.5.
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Next result establishes that the Jordan form of Q is a diagonal block in the Jordan form of
QN,p.

Corollary 2.4.1 (Jordan forms of Q and QN,p). Consider K ≥ 2, N ≥ 2 and p ≥ 0. If J is
the Jordan form of Q, then the Jordan normal form of QN,p is J ⊕ J ′, where J ′ is a Jordan
matrix of dimension

(K−1+N
N

)−K.
In particular, Q and QN,p have that same SLEM.

Proof. The image by QN,p of a first degree polynomial is also a first degree polynomial, i.e. the
space of first degree polynomials is invariant by QN,p. Moreover, as a consequence of Lemma
2.3.1 we obtain

QN,p ξ̃(V ) = QN ξ̃(V ) = ΦK,N DNξ(V ) = ΦK,N ξ(QV ) = ξ̃(QV ).

Let U = {U0, . . . , UK−1} by a Jordan basis of Q formed by generalised eigenvectors of Q. Since
QN,p ξ̃(Uk) = ξ̃(QUk), for every k ∈ [K − 1]0, we have that {ξ̃(U0), . . . , ξ̃(UK−1)} is a system of
linearly independent generalised eigenvectors of QN,p. They are precisely the generalised eigen-
vectors of QN,p associated to the eigenvalues in Spec(Q) ⊂ Spec(QN,p). We can complete this
system to a Jordan basis of REK,N , adding the generalised eigenvectors of the other eigenvalues
on QN,p. With respect to this Jordan basis QN,p becomes similar to J ⊕ J ′, where J is the
Jordan matrix of Q and J ′ is a Jordan matrix of dimension

(K−1+N
N

)−K.
Note that the eigenvalues {λ0, λ1, . . . , λK−1} are those eigenvalues of QN,p of smallest mod-

ulus. We thus get that Q and QN,p have the same SLEM.

Every irreducible finite Markov chain convergences exponentially to stationarity, see e.g.
[LP17, Thm. 4.9]. In addition, the asymptotic speed of convergence is associated to the SLEM
and the size of the largest Jordan block corresponding to any eigenvalue with this modulus.
We recall that the size of the largest Jordan block associated to an eigenvalue λ is equal to the
multiplicity of λ in the minimal polynomial of the rate matrix of the Markov chain.

Proof of Corollary 2.1.4. Let ρ be the SLEM of Q and s the largest multiplicity in the minimal
polynomial of Q of all the eigenvalues with modulus ρ, or equivalently, the size of the largest
Jordan block associated to eigenvalues with modulus ρ. Then,

DTV
Q (t) = O(ts−1e−ρt), (2.29)

see e.g. [SRW15, Thm. 3.2]. The following result is a consequence of Corollary (2.29) and 2.4.1.

The following example uses Corollary 2.1.4 to provide the rates for the exponential con-
vergence to stationarity of the neutral multi-allelic Moran (Fleming – Viot particle) process
considered in [Cor21a].

Example 2.4.1 (Circulant mutation rate matrix). Consider the following mutation rate matrix

Qθ =




−(1 + θ) 1 0 . . . 0 θ
θ −(1 + θ) 1 . . . 0 0
0 θ −(1 + θ) . . . 0 0
...

...
...

. . .
...

...
1 0 0 . . . θ −(1 + θ)



,

where θ ≥ 0. Qθ is the infinitesimal generator of a simple asymmetric random walk on the K-
cycle graph. The neutral multi-allelic Moran type process with mutation rate Qθ was considered
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in [Cor21a]. Since Qθ is circulant, it is possible to explicitly diagonalise it using the Fourier
matrix. The eigenvalues of Qθ are

λk = −2(1 + θ) sin2
(
πk

K

)
+ i(1 − θ) sin

(
2πk

K

)
,

for 0 ≤ k ≤ K − 1. Thus, the SLEM of Qθ is 2(1 + θ) sin2
(

π
K

)
, which is attained for two

eigenvalues, each one of them with algebraic multiplicity equals to 1, for θ 6= 1. When θ = 1,
the SLEM of Qθ is λ1 = 4 sin2

(
π
K

)
and it is attained for a unique eigenvalue with algebraic

and geometric multiplicities equal to 2. Let Qθ be the infinitesimal generator of the neutral
multi-allelic Moran process with mutation rate Qθ. Then,

DTV
Qθ

(t) = O
(
e−2(1+θ) sin2( π

K )t
)
.

Example 2.4.2 (Convergence rate for a process with non-diagonalisable mutation rate matrix).
Consider Q as in Example 2.3.1 and QN,p the infinitesimal generator of the associated neutral
multi-allelic Moran process with mutation rate matrix Q. Then, λ0 = 0 and λ1 = λ2 = −14,
because −14 has algebraic multiplicity 2. Then, for N fixed, the eigenvalues of QN,p are

λL,p := η(1)λ1 + η(2)λ2 − L(L− 1)
p

N
= −14L− L(L− 1)

p

N
,

for L ∈ [N ]0. In addition, λL has algebraic multiplicity Card(E2,L) = L+ 1.
Note that the minimal polynomial of Q is mQ : s 7→ s (s+14)2 and according to the notation

in Corollary 2.1.4 we get ρ = 14 and s = 2. Then,

DTV
QN,p

(t) = O
(
t e−14t

)
.

Furthermore, according to Theorem 2.1.5 we get

DTV
QN,p

(
lnN − c

28

)
≥ 1 − 416e−c,

for all c ≥ 0.

2.4.1 Proof of Theorem 2.1.5

First, let us denote by ΓL the “carré-du-champ” operator associated to the Markov generator
L on a state space E , i.e.

ΓLf : η 7→ (Lf2)(η) − 2f(η)(Lf)(η),

for all η ∈ E .
The “carré-du-champ” operator is associated to the evolution in time of the variance of the

test function. Indeed,

Varη(f(ηt)) =

∫ t

0
esL
(
ΓL
(
e(t−s)Lf

))
(η)ds,

where (etL)t≥0 denotes the semigroup generated by L. See, for example, [CT16b, p. 695].

Proof of Theorem 2.1.5. Our method of proof is based on a Wilson’s method (cf. [LP17, Thm.
13.28]). Let us denote V = [v1, v2, . . . , vK ] a real right-eigenvector satisfying QV = −λV . Then,
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using Theorem 2.1.3 and Lemma 2.2.3 (specifically equations (2.23) and (2.24)) we get that ξ̃(V )
and ξ̃(V, V ) are right-eigenfunctions of QN,p satisfying

(
etQN,p ξ̃(V )

)
(η) = e−tλξ̃(V )(η)

(
etQN,p ξ̃(V, V )

)
(η) = e−2(λ+p/N)tξ̃(V, V )(η),

for every η ∈ EK,N . We recall that from (2.24) we have

ξ̃(V, V ) = ξ̃(V )2 − ξ̃(V ⊙ V ).

where V ⊙ V = [v2
1, . . . , v

2
K ] is the componentwise square vector of V .

Thereafter, using ξ̃(V ) as a test function we get

dTV(δNek
etN,cQN,p , νN,p) ≥ PNek

[
ξ̃(V )(ηt) ≥ µt/2

]
− PνN,p

[
ξ̃(V )(η∞) ≥ µt/2

]
, (2.30)

where µt = ENek

[
ξ̃(V )(ηt)

]
= e−tλNvk. By Markov’s and Chebyshev’s inequalities we have

that

PνN,p

[
ξ̃(V )(η∞) ≥ µt

2

]
≤ 4e2tλ

VarνN,p

[
ξ̃(V )(η∞)

]

|vk|2N2
,

PNek

[
ξ̃(V )(ηt) ≥ µt

2

]
≥ 1 − 4e2tλ

VarNek

[
ξ̃(V )(ηt)

]

|vk|2N2
.

Thus, plugging these last expressions into (2.30) we get

dTV(δNek
etN,cQN,p , νN,p) ≥ 1 − 8

e2λt

|vk|2N sup
t≥0

VarNek

[
ξ̃(V )(ηt)

]

N
.

We are interested in finding a lower bound for DTV
QN

at time (ln(N) − c)/2λ. It remains to
prove a bound for the last factor in the previous expression.

Note that

ΓQN,p
ξ̃(V ) = QN,p(ξ̃(V )2) − 2ξ̃(V )QN,p(ξ̃(V ))

= QN,p(ξ̃(V, V )) + QN,pξ̃(V ⊙ V ) − 2ξ̃(V )QN,p(ξ̃(V ))

= −2

(
λ+

p

N

)
ξ̃(V, V ) + 2λξ̃(V )2 + ξ̃

(
Q(V ⊙ V )

)

= −2
p

N
ξ̃(V, V ) + 2λξ̃(V ⊙ V ) + ξ̃

(
Q(V ⊙ V )

)
.

Hence,

VarNek

(
ξ̃(V )(ηt)

)

N
=

1

N

∫ t

0
esQN,p

(
ΓQN,p

(
e(t−s)QN,p ξ̃(V )

))
(Nek)ds

=
1

N

∫ t

0
e−λ(t−s)esQN,p

(
ΓQN,p

ξ̃(V )
)
(Nek)ds

=
1

N

∫ t

0
e−λ(t−s)esQN,p

(
− 2

p

N
ξ̃(V, V ) + 2λξ̃(V ⊙ V ) + ξ̃

(
Q(V ⊙ V )

))
(Nek)ds.

Note that
1

N

∫ t

0
e−λ(t−s)esQN,p

(
− 2

p

N
ξ̃(V, V )

)
(Nek)ds = −2

(
1 − 1

N

)
p v2

k e−λt
∫ t

0
e−(λ+2p/N)sds ≤ 0.
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Then,

VarNek

(
ξ̃(V )(ηt)

)

N
≤ 1

N

∫ t

0
e−λ(t−s)esQN,p

(
2λξ̃(V ⊙ V ) + ξ̃

(
Q(V ⊙ V )

))
(η⋆)ds

≤ 2λ

∥∥∥∥∥
ξ̃(V ⊙ V )

N

∥∥∥∥∥
∞

+

∥∥∥∥∥
ξ̃
(
Q(V ⊙ V )

)

N

∥∥∥∥∥
∞

≤ (2λ+ ‖Q‖∞)‖V ‖∞.

We obtain the desired inequality.
The lower bound for DTV

QN,p
is obtained considering the initial distribution concentrated at

Nek⋆ , where k⋆ satisfies |vk⋆ | = ‖V ‖∞.

2.5 Neutral multi-allelic Moran type process with parent inde-
pendent mutation

In this section we discuss some applications of the Theorem 2.1.3 and its consequences to the
neutral multi-allelic Moran model with parent independent mutation scheme. We will use some
well-known results on finite state reversible Markov chains and their convergence to stationarity.
We refer the interested reader to [Sal97], [Bré20], [DP17] and [LP17]), for further details. We
will focus on the case where the Moran process has parent independent mutation [Eth11]. In
this case, the Moran process is reversible. In fact, as we claimed in Lemma 2.1.7, the neutral
Moran process with p > 0 is reversible if and only if its mutation matrix satisfies the parent
independent condition. We explicitly diagonalise the infinitesimal generator of the neutral multi-
allelic Moran process with parent independent mutation rate using the multivariate Hahn and
Krawtchouk polynomials, which allows us to provide an explicit expression for the transition
function of this process. Using these results we prove Theorems 2.1.8 and 2.1.9.

2.5.1 Proof of Theorems 2.1.8 and 2.1.9
Let us recall that the generator of the neutral multi-allelic Moran process with parent indepen-
dent mutation defined by (2.5.1), which acts on a real function f on EK,N as follows

(LN,pf)(η) :=
K∑

i,j=1

η(i) [f(η − ei + ej) − f(η)]

(
µj + p

η(j)

N

)
,

for all η ∈ EK,N . We next prove Corollary 2.1.6, which provides the spectrum of LN,p, for all
p ≥ 0.

Proof of Corollary 2.1.6. Since Qµµµ is an infinitesimal matrix, zero is one of its eigenvalues with
right eigenfunction f1, theK-dimensional all-one vector. Note that πππ := µµµ/|µµµ| = (µ1/|µµµ|, . . . , µK/|µµµ|)
is the unique stationary distribution of Qµµµ, which is also reversible. Moreover, note that
Qµµµf = −|µµµ|(f + 〈f,πππ〉), for every f ∈ REK,N . Thus, every function f satisfying 〈f,πππ〉 = 0
is a right eigenfunction of Qµµµ, i.e. the eigenspace associated to −|µµµ| is the space of the orthogo-
nal functions to πππ, which has dimension K− 1. The expression (2.12) for the eigenvalues comes
from Theorem 2.1.3. Since the process is reversible we obtain that LN,p is diagonalisable. The
spectral gap is obtained for L = 1.
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Multivariate orthogonal Hahn and Krawtchouk polynomials
The rest of the section is devoted to the characterisation of the eigenfunctions of LN,p and the
proof of Theorem 2.1.8. Let us establish some notation that will be useful in the sequel to study
the eigenfunctions of LN,p. For a K-dimensional real vector x we define the following quantities:

|xi| :=
i∑

j=1

xj , |xi| :=
K∑

j=i

xj .

We set by convention |xi| := 0, for all i > K.
The orthogonal polynomials we define below are indexed by the set ⋃N

L=0 EK−1,L, where
EK−1,0 = {0} is the set formed by the K−1 dimensional null vector. We define the multivariate
Hahn polynomials on EK,N , indexed by η ∈ EK−1,L, for L ∈ [N ]0, and denoted Hη(x;N,ααα), as
follows

Hη(x;N,ααα) :=
1

(N)[|η|]

K−1∏

k=1

(−N + |xk−1| + |ηk+1|)(η(k))Hη(k)(xk;Mk, αk, γk) (2.31)

where Mk = N − |xk−1| − |ηk+1|, γk = |αααk+1| + 2|ηk+1| and Hn(x;M,β, γ) is the univariate
Hahn polynomial defined by

Hn(x;M,β, γ) := 3F2

(
−n, n+ β + γ − 1,−x
β, −M 1

)
(2.32)

=
n∑

j=0

(−n)(j)(n+ β + γ − 1)(j)(−x)(j)

β(j)(−M)(j)

1

j!
.

Note that for 0 ∈ EK−1,0 we obtain H0(· ;N,ααα) ≡ 1. In addition, it is no difficult to check that

Hη(NeK ;N,ααα) ≡ 1, for all η ∈
N⋃

L=0
EK−1,L.

We also define the multivariate Krawtchouk polynomials on EK,N denoted Kη(x;N,q), in-

dexed by η ∈
N⋃

L=0
EK−1,L, with q ∈ (0, 1)K such that |q| = 1, as the multivariate polynomials

satisfying:

Kη(x;N,q) :=
1

(N)[|η|]

K−1∏

k=1

(−N + |xk−1| + |ηk+1|)(η(k))Kη(k)

(
xk;Mk,

qk

|qqqk|

)
(2.33)

where Mk = N − |xk−1| − |ηk+1|, and Kn(x;N, q) is the univariate Krawtchouk polynomial
defined by

Kn(x;N, q) := 2F1

(
−n, −x

−N
1

q

)
(2.34)

=
n∑

j=0

(−n)(j)(−x)(j)

(−N)(j)

1

j!qj
.

In addition, K0(· ;N,q) ≡ 1, for 0 ∈ EK−1,0, and Kη(NeK ;N,q) ≡ 1, for all η ∈
N⋃

L=0
EK−1,L.

See [Ism05, Ch. 6] and [KLS10, Ch. 9] for more details about the univariate Hahn and
Krawtchouk polynomials. We define the univariate Hahn and Krawtchouk polynomials in (2.32)
and (2.34), respectively, using the hypergeometric functions notation which could be very useful
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for algebraic manipulations (cf. [KLS10, Ch. 10]). For instance, consider ααα = Nµµµ/p in the
definition of Hahn polynomials, then

lim
p→0+

Hη(k)(xk;Mk, αk,|αααk+1| + 2|ηk+1|) = lim
p→0+

Hη(k)

(
xk;Mk,

Nµk

p
,
N |µµµk+1|

p
+ 2|ηk+1|

)

= lim
p→0+

3F2

(
−η(k), η(k) +Nµk/p+N |µµµk+1|/p+ 2|ηk+1| − 1,−xk

Nµk/p, −Mk
1

)

= 2F1

(
−η(k),−xk

−Mk

µk + |µµµk+1|
µk

)

= Kη(k)

(
xk;N,

µk

|µµµk|

)
,

for every k ∈ [K], where the calculation of the limit in the third equation follows from [KLS10,
Eq. (1.4.5)] and the last inequality follows from the definition of univariate Krawtchouk poly-
nomials in (2.34). Now, using the previous limit and the definitions (2.31) and (2.33) of the
multivariate Hahn and Krawtchouk polynomials we get

lim
p→0+

Hη

(
x;N,N

µµµ

p

)
= Kη

(
x;N,

µµµ

|µµµ|

)
.

Thus, similarly to how we define νN,p in (2.13), we define the multivariate polynomialQη(·, N,µµµ, p)
by

Qη(x;N,µµµ, p) :=




Hη

(
x;N, Nµµµ

p

)
if p > 0

Kη

(
x;N, µµµ

|µµµ|

)
if p = 0,

(2.35)

for every η ∈ ⋃N
L=0 EK−1,L, and for all x ∈ EK,N . Note that the functions Qη(x;N,µµµ, p) are

continuous when p tends towards zero, in the sense that:

lim
p→0+

Qη (x;N,µµµ, p) = Qη (x;N,µµµ, 0) ,

for every x ∈ EK,N . The following result sets some important properties of the multivariate
Hahn and Krawtchouk polynomials.
Proposition 2.5.1 (Orthogonality of the Hahn and Krawtchouk polynomials). The multivari-
ate polynomials Qη defined by (2.35) satisfy the following properties:

a) Qη(·;N,µµµ, p) is a polynomial on EK,N of total degree |η|, for every η ∈
N⋃

L=0
EK−1,L.

b) The polynomials Qη(·;N,µµµ, p) are orthogonal on EK,N with respect to the probability dis-
tribution νN,p, defined by (2.13), i.e.

EνN,p

[
Qη(· ;N,µµµ, p)Qη′(· ;N,µµµ, p)

]
=

∑

ξ∈EK,N

Qη(ξ ;N,µµµ, p)Qη′(ξ ;N,µµµ, p)νN,p(ξ)

= d2
η,p δη,η′ ,

for every η, η′ ∈
N⋃

L=0
EK−1,L, where δη,η′ stands for the Kronecker delta function and

d2
η,p =





(|ααα| +N)(|η|)
(N)[|η|]|ααα|(2|η|)

K−1∏

j=1

(|αααj | + |ηj | + |ηj+1| − 1)(η(j))(|αααj+1| + 2|ηj+1|)(η(j))η(j)!

(αj)(η(j))
, p > 0

1

(N)[|η|]

K−1∏

j=1

(|πππj |)η(j)(|πππj+1|)η(j)

π
η(j)
j

η(j)!, p = 0,
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where ααα = Nµµµ/p and πππ = µµµ/|µµµ|.
See Theorem 5.4 in [IX07] and Proposition 2.1, also Remark 2.2, in [KZ09] for the proofs of

these results on multivariate Hahn polynomials. See Theorem 6.2 in [IX07] and Proposition 2.4
in [KZ09] for the proofs for the multivariate Krawtchouk polynomials. The system of orthogonal
polynomials for a fixed multinomial distribution is not unique. A general construction of the
multivariate Krawtchouk polynomials can be found in [DG14].

Kernel polynomials for Dirichlet multinomial and multinomial distributions
Consider ν a multivariate distribution on EK,N and {Q0

η} an orthonormal system of polynomials
in l2(REK,N , ν). Then, the kernel polynomial associated to ν is defined by

hn(x,y) :=
∑

|η|=n

Q0
η(x)Q0

η(y),

for all x,y ∈ EK,N and for every n ∈ [N ]0. The kernel polynomials are invariant under the choice
of the orthonormal systems, i.e. they only depend on the distribution ν. Kernel polynomials
are used for manipulating sums of products of orthogonal polynomials. They are especially
useful to obtain explicit expressions for the transition function of a reversible Markov chain
with polynomial eigenfunctions, as we do below in Proposition 2.5.2.

We next review the expressions for the kernel polynomials of the Dirichlet multinomial and
the multinomial distributions. Let us denote by hn(x,y; p) the n-th kernel polynomial of νN,p,
for all n ∈ [N ]0. Then, it can be proven that

hn(Nek, Nek; p) =

(
N

n

)
(|ααα| + 2n− 1)(|ααα|)(n−1)(|ααα| − αk)(n)

(|ααα| +N)(n)(αk)(n)
, (2.36)

for all p > 0, see [KZ09, Eq. (2.18)].
For p = 0, νN,0 follows a M(· | N,µµµ/|µµµ|) distribution and its n-th kernel polynomial satisfies

hn(x, Nek; 0) =
n∑

m=0

(
N

m

)(
N −m

n−m

)
(−1)n−m (xk)[m]

N[m]

(
µk

|µµµ|

)−m

, (2.37)

and
hn(Nek, Nek; 0) =

(
N

n

)( |µµµ|
µk

− 1

)n

. (2.38)

For more details on the kernel polynomials for the multinomial distribution see e.g. [KZ09,
Prop. 2.8] and [DG14]. Also, for more details on the kernel polynomials for the Dirichlet
multinomial distribution see e.g. [KZ09, Prop. 2.6] and [GS13].

The following proposition shows that the right eigenfunctions of LN,p are given by multi-
variate orthogonal polynomials defined by (2.35).

Proposition 2.5.2 (Eigenfunctions of LN,p). The right eigenfunctions of LN,p are the multi-
variate polynomials Qη(· ;N,µµµ, p) with associated eigenvalue λL,p, for η ∈ EK−1,L, for L ∈ [N ]0.
Moreover, the set of right eigenfunctions

{
Qη(· ;N,µµµ, p), η ∈

N⋃

L=0

EK−1,L

}

is orthogonal in l2(νN,p), for all p ≥ 0. In addition, the functions ϕη(· ;N,µµµ, p) defined by

ϕη(η′;N,µµµ, p) := νN,p(η′)Qη(η′;N,µµµ, p)
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are left eigenfunctions of LN,p and the set of left eigenfunctions is orthogonal in l2(1/νN,p).
Furthermore, the transition kernel of the Markov chain driven by LN,p can be decomposed

as follows:

(etLN,pδξ)(η) = νN,p(ξ)

(
1 +

N∑

L=1

eλL,pthL(η, ξ; p)

)
, (2.39)

where hL(η, ξ; p) is the kernel polynomial associated to νN,p.

Griffiths and Spanò [GS13] give the expression (2.39) for the transition kernel of the process
driven by LN,p, for p > 0, as an example of the usefulness of the kernel polynomials for the
Dirichlet multinomial distribution. For the sake of brevity, we skip the proof of Proposition
2.5.2 because it comes from a standard method on reversible Markov chains with polynomials
eigenfunctions. The interested reader could see, for example, the proofs of Propositions 4.7 and
4.10 in [KZ09].

The following result provides an explicit expression for the chi-square distance between the
distribution of the Markov process driven by LN,p starting at Nek and its stationary distribution
at a given time t.

Corollary 2.5.3 (Explicit expression for the chi-square distance). For K ≥ 2, N ≥ 2 and p ≥ 0,
we obtain the following explicit expression for the chi-square distance between the distribution
of the reversible process driven by LN,p at time t when the initial distribution is concentrated at
Nek, for k ∈ [K]:

χ2
Nek

(t) =





[
1 + e−2|µµµ|t

( |µµµ|
µk

− 1
)]N

− 1 if p = 0
N∑

L=1

e2λL,pt

(
N

L

)
(|ααα| + 2L− 1)(|ααα|)(L−1)(|ααα| − αk)(L)

(|ααα| +N)(L)(αk)(L)
if p > 0

(2.40)

Proof. Using classical results on reversible Markov chains, see e.g. [KZ09, Eq. (2.1)], we obtain
the following equality for the chi-square distance:

χ2
Nek

(t) =
N∑

L=1

e2λL,pth(Nek, Nek; p),

where h(Nek, Nek; p) stands for the kernel polynomials associated to νN,p, as defined in (2.36)
and (2.38). Thus, the expression for χ2

Nek
(t) in (2.40) simply comes from (2.36), when p > 0.

To prove the case when p = 0, note that (2.38) implies

χ2
Nek

(t) =
N∑

L=1

e−2L|µµµ|t
(
N

L

)( |µµµ|
µk

− 1

)L

=

[
1 + e−2|µµµ|t

( |µµµ|
µk

− 1

)]N

− 1.

We now take advantage of the explicit expression in (2.40) to prove the existence of a
strongly optimal cutoff in the chi-square distance for the multi-allelic Moran process with parent
independent mutation when N → ∞.

115



Proof of Theorem 2.1.8. Let us first prove the existence of the chi-square cutoff. When p = 0,
for tN,c =

lnN + c

2|µµµ| we obtain

lim
N→∞

χ2
Nek

(tN,c) = lim
N→∞

[
1 +

e−c

N

( |µµµ|
µk

− 1

)]N

− 1

= exp

{
−
( |µµµ|
µk

− 1

)
e−c
}

− 1.

Now, since Kk,0 = |µµµ|/µk − 1, we have proved the existence of the limit (2.14) for p = 0.
Now, for p > 0 let us focus on expression (2.40). For every L ∈ N and k ∈ [K], let us denote

ϕL,k(N) :=
(|ααα| + 2L− 1)(|ααα|)(L−1)(|ααα| − αk)(L)

(|ααα| +N)(L)(αk)(L)
.

We thus have

ϕL,k(N) :=
|ααα| + 2L− 1

|ααα| + L− 1

L−1∏
r=0

(|ααα| + r)(|ααα| − αk + r)

L−1∏
r=0

(|ααα| +N + r)(αk + r)

=
N |µµµ|/p+ 2L− 1

N |µµµ|/p+ L− 1

[ |µµµ|(|µµµ| − µk)

µk(|µµµ| + p)

]L

L−1∏
r=0

(
1 + p

N |µµµ|r
) (

1 + p
N(|µµµ|−µk)r

)

L−1∏
r=0

(
1 + p

N(|µµµ|+p)r
) (

1 + p
Nµk

r
) .

Hence, for all L ∈ N we get

lim
N→∞

ϕL,k(N) =

[ |µµµ|(|µµµ| − µk)

µk(|µµµ| + p)

]L

= (Kk,p)L.

Moreover, (
N

L

)
∼
N

NL

L!
and e2λLtN ∼

N

(e−c)L

NL
,

where for two sequences (fN ) and (gN ) the notation fN ∼
N
gN means fN − gN = o (gN ).

According to (2.36) we have

hL(Nek, Nek; p) =

(
N

L

)
(|ααα| + 2L− 1)(|ααα|)(L−1)(|ααα| − αk)(L)

(|ααα| +N)(L)(αk)(L)
.

Plugging these asymptotic expressions in the L-th summand of (2.40) yields

lim
N→∞

e2λLtNhL(Nek, Nek; p) =
(Kk,p ec)L

L!
.

Moreover,

e2λLtNhL(Nek, Nek; p) ≤ e−L(c+ln(N))hL(Nek, Nek; p)

=
e−cL

NL

(
N

L

)
|ααα| + 2L− 1

ααα| + L− 1

|ααα|(L)(|ααα| − αk)(L)

(|α| +N)(L)(αk)(L)

=
e−cL

L!

|ααα| + 2L− 1

ααα| + L− 1

L−1∏

r=0

[
N − r

N

|ααα| + r

|ααα| +N + r

|ααα| − αk + r

αk + r

]

≤ 3
(γe−c)L

L!
,
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where γ = max{1,Kk,0}.

For an arbitrary small ϵ > 0 let us consider M ∈ N such that 3
∞∑

L=M+1

(γe−c)L

L!
≤ ϵ

3
, and let

Nϵ be a positive integer such that
∣∣∣∣∣

M∑

L=1

e2λLtNhL(Nek, Nek; p) −
M∑

L=1

(Kk,p)L

L!

∣∣∣∣∣ ≤ ϵ

3
,

for all N ≥ Nϵ. Note that
∞∑

L=M+1

(Kk,pe−c)L

L!
≤ ϵ

3
.

Then, for all N ≥ Nϵ, using the triangular inequality we have
∣∣∣∣∣

N∑

L=1

e2λLtNhL(Nek) − (
exp{Kk,pe−c − 1})

∣∣∣∣∣ ≤ ϵ,

which concludes the proof for the chi-square cutoff for the process driven by LN,p, for p ≥ 0.

Let us establish a result that will be very useful during the proof of Theorem 2.1.9.

Lemma 2.5.4 (Lemma A.2 in [NO21]). Let ψN ∈ (0, 1), for all N ∈ N, such that NψN → ∞,
when N → ∞. Then, for all y ∈ R we have

lim
N→∞

dTV


Bin(N,ψN ),Bin


N,ψN +

√
ψN (1 − ψN )

N
y




 = 2Φ

(
1

2
|y|
)

− 1,

where where Bin(N,ψ) stands for the binomial distribution with N trials and probability of
success ψ, and Φ is the cumulative distribution function of the standard normal distribution,
i.e.

Φ : t 7→
∫ t

−∞

1√
2π

e−s2/2ds.

This lemma characterises the limit profile of the total variation distance between two random
variables B1 and B2, following binomial distributions, when the difference between their means
is of the same order of the standard deviation of B1/N . The proof can be found in the Appendix
A.2 of the very recent work of Nestoridi and Olesker-Taylor [NO21].

Proof of Theorem 2.1.9. First note that the lower and upper bounds for dTV
Nek

(tN,c) are simply
consequences of Theorems 2.1.5 and 2.1.8, respectively. Indeed, for c < 0 and using Theorems
2.1.5 we have

lim
N→∞

dTV
Nek

(tN,c) ≥ 1 − κ
‖V ‖∞
vk

e−c,

where κ = 8(2|µµµ| + ‖Qµµµ‖∞) = 32|µµµ|, and V is any right eigenvector of Qµµµ with eigenvalue |µµµ|.
Finally, the desired inequality is obtained considering the eigenvector V = 1/µkek − 1/µses,
where s ∈ [K] satisfies µs ∧ µk = min

r:r 6=k
µr ∧ µk.

Moreover, using the classical inequality between the chi-square and the total variation dis-
tances and Theorem 2.1.8 we get

lim
N→∞

dTV
Nek

(tN,c) ≤ lim
N→∞

1

2

√
χ2

Nek
(tN,c) =

1

2

√
exp{Kk,pe−c} − 1.
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This concludes to proof of the existence of the
(

lnN

2|µµµ| , 1
)

total variation cutoff.

Let us now prove the limit profile for the total variation distance when p = 0. Using (2.37)
and (2.39) we get

(etLN δξ)(Nek) = νN (ξ)
N∑

L=0

e−|µµµ|Lt
L∑

m=0

(
N

m

)(
N −m

L−m

)
(−1)L−m (ξk)[m]

N[m]

(
µk

|µµµ|

)−m

= νN (ξ)
N∑

m=0

(
N

m

)
(ξk)[m]

N[m]

(
µk

|µµµ|

)−m N∑

L=m

e−|µµµ|Lt

(
N −m

L−m

)
(−1)L−m

= νN (ξ)
N∑

m=0

(
N

m

)
(ξk)[m]

N[m]

(
µk

|µµµ|

)−m

e−|µµµ|mt(1 − e−|µµµ|t)N−m

= νN (ξ)(1 − e−|µµµ|t)N
ξk∑

m=0

(
ξk

m

)[
µk

|µµµ|e
|µµµ|t(1 − e−|µµµ|t)

]−m

= νN (ξ)(1 − e−|µµµ|t)N−ξk

[
(1 − e−|µµµ|t) +

|µµµ|e−|µµµ|t

µk

]ξk

.

Thus, the process driven by LN starting atNek at time t follows a M
(
· | N, (1 − e−|µµµ|t) µµµ

|µµµ| + e−|µµµ|tek

)

distribution, which proves Corollary 2.1.10. Moreover,

dTV
Nek

(t) =
1

2

∑

ξ∈EK,N

∣∣∣(etLN δξ)(Nek) − νN (ξ)
∣∣∣

=
1

2

N∑

L=0

∑

ξ∈EK,N :
ξk=L

νN (ξ)

∣∣∣∣∣∣
(1 − e−|µµµ|t)N−ξk

[
1 − e−|µµµ|t +

|µµµ|e−|µµµ|t

µk

]ξk

− 1

∣∣∣∣∣∣

=
1

2

N∑

L=0

(
N

L

)(
µk

|µµµ|

)L (
1 − µk

|µµµ|

)N−L
∣∣∣∣∣∣
(1 − e−|µµµ|t)N−L

[
1 − e−|µµµ|t +

|µµµ|e−|µµµ|t

µk

]L

− 1

∣∣∣∣∣∣

= dTV
(

Bin

(
N,

µk

|µµµ|

)
,Bin

(
N,

µk

|µµµ|(1 − e−|µµµ|t) + e−|µµµ|t
))

.

Then, we have proved that we can write dTV (t,Nek) as the total variation distance between
two binomial distributions with parameters N both and probabilities of success πk = µk/|µµµ|
and π̃k = πk(1 − e−|µµµ|t) + e−|µµµ|t, respectively. For tN,c = ln N+c

2|µ| we get

π̃k = πk +

√
πk(1 − πk)√

N

√
1 − πk

πk
e−c/2.

Therefore, using Lemma 2.5.4 we obtain

lim
N→∞

dTV
Nek

(t) = 2Φ

(
1

2

√
Kk,0e−c

)
− 1,

where Kk,0 = 1−πk

πk
= |µµµ|

µk
− 1.
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2.6 Discussion and open problems

There are several future directions to explore in order to better understand Moran models.
Despite the fact that it is non-reversible in general, the neutral multi-allelic Moran model with
reversible mutation process seems an interesting model for both theoretical and practical reasons
(cf. [SH17]). One possible first step to study the eigenfunctions of QN,p when Q is reversible,
could be the study of the eigenfunctions of the generator of the reproduction process AN , for
K ≥ 3, extending the results in [Zho08, §4.2.2].

There are several ways to continue the study of the existence of cutoff phenomena for Moran
processes. For example, using the results of Zhou and Lange [ZL09], it could be possible to
prove the existence of a (strongly optimal) chi-square cutoff for the composition chain, when
the process driven by the mutation matrix is reversible. A possible generalisation of Theorems
2.1.8 and 2.1.9 would be to prove the existence of a cutoff phenomenon for the Moran process
with parent independent mutation, when initially all the individuals are not of the same type.

Another interesting problem to address is the study of the spectrum of the multi-allelic
Moran process with selection. Under selection at birth the infinitesimal rate matrix of the
process is reversible, but an explicit expression for its spectral gap is unknown. The multi-
allelic Moran process with selection at death seems more complicated from the spectral point of
view because it is non-reversible. However, this process is very interesting in population genetics
but also, more generally, because of its interpretation as a Fleming – Viot particle system, which
approximates the quasi-stationary distribution of a continuous-time Markov chain.

2.A Proofs of Lemmas 2.2.1 and 2.2.3, and Proposition 2.2.4

This section is devoted to the proofs of Lemmas 2.2.1 and 2.2.3, and Proposition 2.2.4.

Proof of Lemma 2.2.1. (a) Let us first prove that for any α ∈ EK,N , there exists a unique
polynomial Pα ∈ HK,N , product of N linear functions on HK,1, such that Pα(η) = 1 if η = α
and 0 otherwise. Indeed, let us define the polynomial Pα by

Pα : x ∈ EK,N 7→
K∏

k=1

αk−1∏

a=0

xk − a

αk − a
,

where ∏αk−1
a=0 (xk − a) = 1 when αk = 0. Note that Pα = 1α, for every α ∈ EK,N . There are∑K

k=1 αk = N linear factors in the numerator. Also, each term xk − a may be replaced by
xk − a

N

∑K
k=1 xk when a 6= 0, so Pα(x) may be considered as a product of N linear functions on

HK,1, and because the uniqueness of such a function Pα is straightforward, (a) is proved.
Now, for every real function f on EK,N , the result is immediately obtained from (a) by

setting
P :=

∑

α∈EK,N

f(α)Pα.

(b) From part (b) we have that BHK,N
is a generator system of REK,N . Moreover,

Card(BHK,N
) = Card(EK,N ) = dim(REK,N ) =

(
K − 1 +N

N

)
,

thus BHK,N
is necessarily a basis of REK,N .

119



Proof of Lemma 2.2.3. (a) For L = 1: An injection s : {1} → {1, 2, . . . , N} is characterised by
s(1) = i. It follows from (2.20) that

ξ(V1)(k1, k2, . . . , kN ) =
N∑

i=1

V1(ki),

which is a symmetric function. For every η = (η(1), η(2), . . . , η(K)) ∈ EK,N , we have

ξ̃(V1)(η) = (ξ(V1) ◦ ψK,N )(η) =
K∑

j=1

V1(j)η(j),

which finishes the proof of part (a).
(b) From (2.20), we get

ξ(V1, V2, . . . , VL)(k1, . . . , kN ) =
∑

s∈IL−1,N

V1(ks(1)) . . . VL−1(ks(L−1))
∑

i∈[N ]\s([L−1])

VL(ki)

=
∑

s∈IL−1,N

V1(ks(1)) . . . VL−1(ks(L−1))

(
N∑

i=1

VL(ki) −
L−1∑

i=1

VL(ks(i))

)

= ξ(V1, V2, . . . , VL−1)(k1, . . . , kN )ξ(VL)(k1, . . . , kN )

−
L−1∑

i=1

ξ(V1, . . . , Vi ⊙ VL, . . . , VL−1)(k1, . . . , kN ).

Using (2.22) we obtain the result for ξ̃(V1, V2, . . . , VL). The particular case L = 2 comes from
part (a).

(c) We can prove equation (2.25) by induction on L. For L = 1 the result easily comes by
(a). If we suppose that (2.25) is satisfied for L, for 2 ≤ L < N − 1, then, using (b) and (a), we
can check that (2.25) holds for L+ 1.

Proof of Proposition 2.2.4. Since U is a basis of RK we trivially have that UN is a basis of
R[K]N , proving (a) (cf. Lemma 12.12 in [LP17]). To prove (b) we prove that each element of
UN has image in SN by Sym, defined as in (2.5). First, Sym(U0 ⊗ · · · ⊗ U0) = U0 ⊗ · · · ⊗ U0,
since the constant function equal to one is symmetric. Furthermore, for every W = W1 ⊗
W2 ⊗ · · · ⊗ WN ∈ UN there is a permutation σ ∈ SN such that σW = Uη, with η ∈ EK−1,L,
where L ∈ [N ] is the number of components in the expression of W different from U0. Thus,
Sym(W ) = Sym(σW ) = Vη, for η ∈ EK−1,L. We have not proved that Vη 6= Vα, for η 6= α.
However, SN is a generator system of Sym(R[K]N ) satisfying

Card
(
SN
)

≤ 1 +
N∑

L=1

Card(EK−1,L)

=
N∑

L=0

(
K − 2 + L

L

)
=

(
K − 1 +N

N

)
,

where the last equality is the well-known Hockey – Stick identity in combinatorics, see e.g.
[LPV03]. Now, since

dim
(
Sym

(
R

[K]N
))

=

(
K − 1 +N

N

)
,

we have that SN is a generator system with a minimal number of vectors, therefore it is a
basis of Sym(R[K]N ). To prove (c) simply note that each element in S̃N is the image by the
isomorphism ΦK,N of an element in SN .
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2.B Proof of Lemma 2.3.3
Proof of Lemma 2.3.3. Without lost of generality we can only prove the result for the monomials
on EK,N . Consider m a monomial on EK,N of total degree |α| = L with 0 ≤ L ≤ N . Then, we
want to prove that

ANVm = −L(L− 1)Vm + Vq,

where q is a polynomial with a total degree strictly less than L.
As we commented in Remark 2.3.4, the result is true for L = 1. Let us assume L ≥ 2 and

consider the monomial m : η 7→ ∏K
r=1 η(r)αr . Evaluating Vm in AN , defined by (2.4), we obtain

(ANVm)(η) =
∑

k,r:k 6=r


 ∏

s/∈{k,r}
η(s)αs


 [(η(k) − 1)αk(η(r) + 1)αr − η(k)αkη(r)αr ] η(k)η(r),

(2.41)
for all η ∈ EK,N . Then, from the Newton’s binomial formula, we get

η(k)(η(k) − 1)αk = η(k)αk+1 − αkη(k)αk +
αk(αk − 1)

2
η(k)αk−1 + a(η(k)),

where a(η(k)) is a polynomial in η(k) with degree strictly less than αk − 1 if αk ≥ 2 and null
otherwise. In the same way, we get

η(r)(η(r) + 1)αr = η(r)αr+1 + αrη(r)αr +
αr(αr − 1)

2
η(r)αr−1 + b(η(r)),

where b(η(r)) is a polynomial in η(r) with degree strictly less than αr − 1 if αr ≥ 2 and null
otherwise.

Using this expansion in (2.41) and regrouping terms with total degree in η(k) and η(r)
strictly less than αk + αr give

(ANVm)(η) =
∑

k,r:k 6=r


 ∏

s/∈{k,r}
η(s)αs


 (αrη(k)αk+1η(r)αr − αkη(k)αkη(r)αr+1)

+
∑

k,r:k 6=r


 ∏

s/∈{k,r}
η(s)αs


 αr(αr − 1)

2
η(k)αk+1η(r)αr−1

−
∑

k,r:k 6=r


 ∏

s/∈{k,r}
η(s)αs


αkαrη(k)αkη(r)αr (2.42)

+
∑

k,r:k 6=r


 ∏

s/∈{k,r}
η(k)αs


 αk(αk − 1)

2
η(k)αk−1η(r)αr+1 + w(η),

where w is a polynomial in η of total degree strictly less than ∑k αk = L. The first sum in the
right member of (2.42) is null because the antisymmetry in k, r of its summands. The third
term is

−
∑

k,r:k 6=r


 ∏

s/∈{k,r}
η(s)αs


αkαrη(k)αkη(r)αr = −c1p(η),

with

c1 =
∑

k,r:k 6=r

αkαr =

(
K∑

k=1

αk

)2

−
K∑

k=1

α2
k = L2 −

K∑

k=1

α2
k.

121



By symmetry in k and r, it is obvious that the second and the fourth sums in the right
member of (2.42) are equal. Using

αr(αr − 1)η(r)αr−1 = η(r)
∂2

∂η(r)2
η(r)αr ,

it follows that

∑

k 6=r


 ∏

s/∈{k,r}
η(s)αs


αr(αr − 1)η(k)αk+1η(r)αr−1 =

∑

k,r:k 6=r

η(k)η(r)
∂2

∂η(r)2
m(η)

=
∑

k,r

η(k)η(r)
∂2

∂η(r)2
m(η) −

K∑

r=1

η(r)2 ∂2

∂η(r)2
m(η)

= N
K∑

r=1

η(r)
∂2

∂η(r)2
m(η) −

K∑

r=1

η(r)2 ∂2

∂η(r)2
m(η).

The first summand in the last equality is an homogeneous polynomial of degree L− 1 and the
second one satisfies

−
K∑

r=1

η(r)2 ∂2

∂η(r)2
m(η) = −c2 m(η),

with

c2 =
K∑

r=1

αr(αr − 1) =
K∑

r=1

α2
r − L.

As a conclusion, it comes from (2.42) that

ANVm = −(c1 + c2)Vm + Vq = −L(L− 1)Vm + Vq,

where q is a polynomial of total degree strictly less than L, which proves (a).

2.C Proof of Lemma 2.1.7
First we prove Lemma 2.C.1 showing that the neutral multi-allelic Moran process driven by
QN,p is reversible if and only if its mutation rate matrix can be written in the form of Qµµµ, given
by (2.11). We start by proving that when the neutral multi-allelic Moran process is reversible,
then all the entries of the mutation matrix are positive and it can be written in the form of
Qµµµ, i.e. the “only if part”. Later, in Lemma 2.C.2 we prove that the process driven by LN,p

is reversible and we provide the explicit expression for its stationary distribution, i.e. we prove
the “if part”. Actually, the results in Lemma 2.C.2 are proved for a more general Moral model
with selection at birth.

Lemma 2.C.1. If the process driven by the generator (2.2) is reversible, then µi,j = µj > 0,
for all i ∈ [K], and every j ∈ [K], j 6= i.

Proof. We first prove that if the process is reversible, then all the entries of the mutation matrix
are positive. Let us denote by νN,p the stationary probability measure of the process driven by
QN,p, which is assumed to be reversible. We denote QN,p[η, ξ] := (QN,pδξ)(η), for all η, ξ ∈ EK,N .
Consider the states η(1) and η(2) defined as η(1) := Nei and η(2) := η(1) − ei + ej , for i, j ∈ [K]
such that i 6= j. Since the process is reversible, the measure νN satisfies the balance equation

νN,p(η(1))QN,p[η(1), η(2)] = νN,p(η(2))QN,p[η(2), η(1)],
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see e.g. [Kel79, Thm1̇.3]. We have

QN,p[η(1), η(2)] = Nµi,j , and
QN,p[η(2), η(1)] = µj,i + p(N − 1)/N > 0.

Furthermore, since the process is irreducible we have that νN (η) > 0, for all η ∈ EK,N . Finally,
the balance equation implies that µi,j > 0, for all i 6= j.

Now, we prove that for every j ∈ [K] we have µi,j = µj > 0, for all i ∈ [K]. For K = 2,
there is nothing to prove. For K ≥ 3, N ≥ 2, let us consider a general model with a reversible
stationary probability. Let i, j, k be three different indices on [K] and consider the four states
η(1), η(2), η(3) and η(4) in EK,N defined by

η(1) := Nei, η(2) := η(1) − ei + ej , η(3) := η(1) − 2 ei + ej + ek, η(4) := η(1) − ei + ek.

Note that

QN,p[η(1), η(2)] = Nµi,j , QN,p[η(2), η(1)] = µj,i + (N − 1)p/N,

QN,p[η(2), η(3)] = (N − 1)µi,k, QN,p[η(3), η(2)] = µk,i + (N − 2)p/N,

QN,p[η(3), η(4)] = µj,i + (N − 2)p/N, QN,p[η(4), η(3)] = (N − 1)µi,j ,

QN,p[η(4), η(1)] = µk,i + (N − 1)p/N, QN,p[η(1), η(4)] = Nµi,k.

Then,

QN,p[η(4), η(1)]

N(N − 1)

3∏

r=1

QN,p[η(r), η(r+1)] = µi,jµi,k

(
µj,i + p

N − 2

N

)(
µk,i + p

N − 1

N

)
,

QN,p[η(1), η(4)]

N(N − 1)

3∏

r=1

QN,p[η(r+1), η(r)] = µi,kµi,j

(
µj,i + p

N − 1

N

)(
µk,i + p

N − 2

N

)
.

Therefore, since the stationary probability is reversible, the Kolmogorov cycle reversibility cri-
terion [Kel79, Thm. 1.8] holds:

QN,p[η(4), η(1)]
3∏

r=1

QN,p[η(r), η(r+1)] = QN,p[η(1), η(4)]
3∏

r=1

QN,p[η(r+1), η(r)],

and we get p(N − 1)µi,jµi,k(µj,i − µk,i) = 0. We know that µi,j > 0 for all i, j ∈ [K], thus
µj,i = µk,i, for all j, k ∈ [K], with j 6= k, and every i ∈ [K], with i /∈ {j, k}. Denoting µj := µi,j

for any i ∈ [K], with i 6= j, we prove that the mutation matrix is of the form of Qµµµ for a suitable
vector µµµ.

It remains to prove that the stationary distribution of LN,p is compound Dirichlet multino-
mial with suitable parameters. Actually, a more general version of Lemma 2.1.7 can be proved,
where the values of the parameter p in (2.5.1) also depend on j, i.e. a model with selection at
birth or fecundity selection [MW09]. Abusing notation, for two vectors ppp = (p1, p2, . . . , pK) and
µµµ = (µ1, µ2, . . . , µK) such that pj , µj > 0, for all j ∈ [K], let us denote by LN,ppp the infinitesimal
generator satisfying

(LN,pppf)(η) :=
K∑

i,j=1

η(i)

(
µj + pj

η(j)

N

)
[f(η − ei + ej) − f(η)] , (2.43)
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for every function f on EK,N and all η ∈ EK,N . We define the weighted Dirichlet-compound
multinomial distribution with parameters N , µµµ and ppp, denoted WDM(· | N,µµµ,ppp), as follows

WDM(η | N,µµµ,ppp) := Z−1

(
N

η

)
K∏

k=1

p
η(k)
k (αk)(η(k)), (2.44)

for all η ∈ EK,N , where αk = µk/pk, for all k ∈ [K] and Z is a normalisation constant satisfying

Z = E







K∑

j=1

pjXj




N

 , (2.45)

where (X1, X2, . . . , XK) follows a DM(· | N,Nµµµ). Note that the measure defined by (2.44)
with the normalisation constant (2.45) is a probability distribution. See [JKB97] and [NRA06]
for more details about the weighted multinomial distributions.

Lemma 2.C.2 (Reversible probability of LN,ppp). The process driven by (2.43) is reversible and
its stationary distribution is WDM(· | N,ααα,ppp), where αk = Nµk, for all k ∈ [K].

Remark 2.C.1. This result is known for multi-allelic Moran models with parent independent
mutation. See e.g. [EG09, Section 3]. However, we have not found a proof in the literature. So,
for the sake of completeness we provide a proof. When the vector ppp is constant we obtain the
stationary distribution of the neutral case and we thus conclude the proof of Lemma 2.1.7.

Proof of Lemma 2.C.2. Let us define qk := pk/N , for k ∈ [K] and, abusing notation, LN,ppp[η, ξ] :=
LN,pppδξ(η), for all η, ξ ∈ EK,N . Note that for η, ξ ∈ EK,N with η 6= ξ, we have LN,ppp[η, ξ] 6= 0 if
and only if there exist i, j ∈ [K], such that i 6= j, η(i) > 0 and ξ = η − ei + ej . In this case

LN,ppp[η, ξ] = η(i)[µj + η(j)qj ].

This implies that ξ(j) = η(j) + 1 > 0 and η = ξ − ej + ei. As a consequence

LN,ppp[ξ, η] = ξ(j)[µi + ξ(i)qi] = (η(j) + 1)[µi + (η(i) − 1)qi].

Also η(k) = ξ(k), for all k 6= i, k 6= j.
Therefore we get,

Z WDM(η | N,µµµ,ppp)LN,ppp[η, ξ] =

(
N

η

)[
K∏

k=1

p
η(k)
k

(
µk

qk

)

(η(k))

]
η(i)[µj + η(j)qj ]

=
N !∏

k /∈{i,j}
η(k)!

1

η(i)!η(j)!




K∏

k=1

η(k)−1∏

l=0

(µk + l qk)


 η(i)[µj + η(j) qj ],

(2.46)

where Z is the normalisation constant given by (2.45). Note that

N !∏
k /∈{i,j}

η(k)!

K∏

k /∈{i,j}

η(k)−1∏

l=0

(µk + l qk) =
N !∏

k /∈{i,j}
ξ(k)!

K∏

k /∈{i,j}

ξ(k)−1∏

l=0

(µk + l qk), (2.47)

because η(k) = ξ(k), for k /∈ {i, j}. Moreover,

1

η(i)! η(j)!
η(i) =

1

(η(i) − 1)! η(j)!
=

1

ξ(i)! (ξ(j) − 1)!
=

1

ξ(i)! ξ(j)!
ξ(j), (2.48)
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because ξ(i) = η(i) − 1 and ξ(j) = η(j) + 1. In addition,

η(i)−1∏

l=0

(µi + l qi) =

ξ(i)∏

l=0

(µi + l qi) = (µi + ξ(i) qi)

ξ(i)−1∏

l=0

(µi + l qi), (2.49)

and 


η(j)−1∏

l=0

(µj + l qj)


 [µj + η(j) qj ] =

η(j)∏

l=0

(µj + l qj) =

ξ(j)−1∏

l=0

(µj + l qj). (2.50)

Using (2.47), (2.48), (2.49) and (2.50) in (2.46) gives

WDM(η | N,µµµ,ppp)LN,ppp[η, ξ] = Z−1

(
N

ξ

)[
K∏

k=1

p
ξ(k)
k

(
µk

pk

)

(ξ(k))

]
ξ(j)[µi + ξ(i)qi]

= WDM(ξ | N,µµµ,ppp)LN,ppp[ξ, η],

for all η, ξ ∈ EK,N . The distribution νN satisfies the detailed balance property, thus it is
reversible for LN,ppp, and it is the unique stationary measure, because the process generated by
LN,ppp is irreducible.
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Chapter 3

Quantitative bounds in a
non-reversible example

This chapter is based on the paper [Cor21a], published in Stochastic Processes and their Appli-
cations in 2021.

Abstract: We study the neutral multi-allelic Moran model where the mutation scheme is given
by an asymmetric random walk in the cycle graph. We show that this model has a remarkable
exact solvability, despite the fact that it is non-reversible with non-explicit invariant distribution.
Our main results include quantitative propagation of chaos and exponential ergodicity with
explicit constants, as well as formulas for covariances at equilibrium in terms of the Chebyshev
polynomials. We also obtain an explicit uniform in time bound for the convergence of the
proportion of particles in each state when the number of particles goes to infinity.

3.1 Introduction

This chapter deals with a continuous-time Markov process describing the position of N particles
moving around on the cycle graph. This type of model is usually known as Fleming – Viot
process, or Moran type process [CT16b; EG09; FM07]. Consider a continuous-time Markov
process on E ∪ {∂}, where E is finite and ∂ is an absorbing state. Briefly, the Fleming –
Viot process consists of N particles moving in E as independent copies of the original process,
until one of the particles gets absorbed. When this happens, the absorbed particle jumps
instantaneously and uniformly to one of the positions of the other particles. The Fleming – Viot
processes were originally and independently introduced by Del Moral, Guionnet, Miclo [DG99;
DM00a] and Burdzy, Hołyst, March [BHM00] to approximate the law of a Markov process
conditioned to non-absorption, and its Quasi-Stationary Distribution (QSD), which is the limit
of this conditional law when t → ∞. See e.g. the works of Méléard and Villemonais [MV12],
Collet et al. [CMS13] and van Doorn et al. [DP13], excellent references for an introduction to
the theory related to the QSD. For recent and quite general results about the convergence of
Markov processes conditioned to non-absorption to a QSD, we refer the interested reader to
[CV16], [CV17a] and [Ban+21].

The convergence of the empirical distributions induced by Fleming – Viot processes defined
on discrete state spaces when the size of the population and the time increase have been assured
under some assumptions. For example, Ferrari and Marić [FM07] and Asselah et al. [AFG11]
study the convergence of the empirical distribution induced by the Fleming – Viot process to the
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unique QSD in countable and finite discrete space settings, respectively. With the aim to study
the convergence of the particle process under the stationary distribution to the QSD, Lelièvre et
al. [LPR18] proves a Central Limit Theorem for the finite state case. Additionally, Villemonais
[Vil15] and Asselah et al. [Ass+16] study the convergence to the minimal QSD in a Galton –
Watson type model and in a birth and death process, respectively. Similarly, Asselah and Thai
[AT12] and Maric̀ [Mar15] address the study of the N -particle system associated to a random
walk on N with a drift towards the origin, which is an absorbing state. In these scenarios there
exist infinitely many QSD for each model, so it is important to ensure the ergodicity of the
N -particle system and to determine to which QSD it converges. Additionally, Champagnat and
Villemonais [CV21] study the convergence of the Fleming – Viot process to the minimal QSD
under general conditions, providing also some specific examples.

In addition, some works have been devoted to the study of the speed of convergence when the
number of particles and time tend to infinity. In particular, Cloez and Thai [CT16b] study the
N -particle system in a discrete state space setting. They study the convergence of the empirical
measure induced by the Fleming – Viot process when both t → ∞ (ergodicity) and N → ∞
(propagation of chaos), providing explicit bounds for the speed of convergence. Following the
results in [CT16b], Cloez and Thai [CT16a] study two examples in details: the random walk
on the complete graph with uniform killing and the random walk on the two-site graph. The
simple geometries of the graphs of these models simplify the study of the N -particle dynamic
and allows them to give explicit expressions for the stationary distributions of the N -particle
processes and explicit bounds for its convergence to the QSD.

Consider the quantity λ defined in [CT16b] as

λ = inf
x,y

(
Qx,y +Qy,x +

∑

s 6=x,y

Qx,s ∧Qy,s

)
, (3.1)

where Q =
(
Qx,y

)
x,y

is the infinitesimal generator matrix of the process until absorption. When
λ = 0 some of the results of [CT16b] do not hold and most of the bounds given become too
rough. Note that λ > 0 for the two examples studied in [CT16a], but λ is equal to zero for
those models where there exist two vertices such that the distance between them is greater than
two. The quantity λ is somehow related to the geometry of the graph associated to the Markov
process. Hence, it becomes interesting to find explicit bounds for the speed of convergence of
Fleming – Viot processes with more complex geometries.

In this chapter we focus on the random walk on the cycle graph Z/KZ for K ≥ 3. Note that
for this graph it holds that λ = 0 when K ≥ 6. For simplicity, we assume that the N particles
jump to the absorbing state with the same rate, i.e., we consider a process with uniform killing
(cf. [MV12]). Even if in this case the distribution of the conditional process is trivial, the study
of the Fleming – Viot process becomes more complicated due to its non reversibility and the
geometry of the cycle graph. We focus on providing bounds for the speed of the convergence
of the empirical distribution induced by the particle system to the unique QSD when t and N
tend to infinity. This example can be seen as a further step towards the study of the speed of
convergence of Fleming – Viot process with more general geometry.

3.1.1 Model and notations
Consider a Markov process (Zt)t≥0 with state space Z/KZ ∪ {∂}, where K ≥ 3 and ∂ is an
absorbing state. Specifically, the infinitesimal generator of the process is given by

Gf(x) = f(x+ 1) − f(x) + θ[f(x− 1) − f(x)] + p[f(∂) − f(x)],

where x ∈ Z/KZ, Gf(∂) = 0, θ, p ∈ R∗
+ and f is a real function defined on Z/KZ ∪ {∂}. In

words, (Zt)t≥0 is an asymmetric random walk on the K-cycle graph, which jumps with rates 1

128



and θ in the clockwise and the anti-clockwise directions, respectively. Also, with uniform rate
p the process jumps to the absorbing state ∂, i.e., it is killed. Note that Z/KZ is an irreducible
class. The process generated by G is a particular case of the processes with uniform killing in
a finite state space considered by Méléard and Villemonais [MV12, § 2.3].

Let (Xt)t≥0 be the analogous asymmetric random walk on the cycle graph Z/KZ without
killing. The generator of this process, denoted by H, is given by

Hf(x) = f(x+ 1) − f(x) + θ[f(x− 1) − f(x)], for all x ∈ Z/KZ.

Note that, because of the uniform killing, the process (Zt)t≥0 could also be defined in the
following way

Zt =

{
Xt if t < τp

∂ if t ≥ τp,

where τp is an exponential random variable with mean 1/p and independent of the random walk
(Xt)t≥0. This means that the law of the process (Zt)t≥0 conditioned to non-absorption is given
by

Pµ[Zt = k | t < τp] = Pµ[Xt = k],

for k ∈ Z/KZ and for every initial distribution µ on Z/KZ. As a consequence, the QSD of
(Zt)t≥0, denoted by νqs, is the stationary distribution of (Xt)t≥0, which is the uniform distribu-
tion on Z/KZ, as we will prove in Theorem 3.1.1.

Recall that the total variation norm of a signed measure µ defined on a discrete probability
space E is given by ‖µ‖TV = 1

2‖µ‖1 where ‖µ‖p = (
∑

x∈E |µ(x)|p)1/p is the p-norm, see for
instance [LP17, § 4.1]. If (fN ) and (gN ) are two real sequences, fN ∼

N→∞
gN means fN − gN =

o (gN ).
Now, assume that we have N particles with independent behavior driven by the generator G,

until one of them jumps to the absorbing state. When this happens, the particle instantaneously
and uniformly jumps to the positions of one of the other N−1 particles. We denote by

(
η

(N)
t

)
t≥0

the Markov process tracking the positions ofN particles in theK-cycle graph at time t. Consider
the state space EK,N of this process, which is given by

EK,N =

{
η : Z/KZ → N,

K−1∑

k=0

η(k) = N

}
.

At time t the system is in state ηt = (ηt(0), ηt(1), . . . , ηt(K − 1)) if there are ηt(k) particles
on site k, for k = 0, 1, . . . ,K− 1. Note that the cardinality of EK,N is equal to that of the set of
nonnegative solutions of the integer equation x1 + x2 + · · · + xK = N , which is card

(EK,N

)
=(K+N−1

N

)
, see e.g. [Com74, Thm. D, § 1.7].

The generator of the N -particle process
(
η

(N)
t

)
t≥0

, denoted by LK,N , applied to a function
f on EK,N reads

(LK,Nf)(η) =
∑

i,j∈Z/KZ

η(i)

(
1{j=i+1} + θ1{j=i−1} + p

η(j)

N − 1

)
[f(Ti→jη) − f(η)], (3.2)

where θ, p > 0 and for every η ∈ EK,N satisfying η(i) > 0, the configuration Ti→jη is defined as
Ti→jη = η− ei + ej , where ei is the i-th canonical vector of RK . Under these dynamics, each of
the N particles, no matter where it is, can jump to every site j ∈ Z/KZ such that η(j) > 0. Note
that the process

(
η

(N)
t

)
t≥0

is irreducible. Consequently, it has a unique stationary distribution
denoted by νN .
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For every η ∈ EK,N the empirical distribution m(η) associated to the configuration η is
defined by

m(η) =
1

N

K−1∑

k=0

η(k)δ{k},

where δ{k} is the Dirac distribution at k ∈ Z/KZ.
The (random) empirical distribution m

(
η

(N)
t

)
approximates the QSD of the process (Zt)t≥0

(cf. [AFG11; FM07; Vil14]) which due to Theorem 3.1.1 below is the uniform distribution. We
are interested in studying how fast m

(
η

(N)
t

)
converges to the uniform distribution on Z/KZ

when both t and N tend to infinity. Let us denote by η(N)
∞ a random variable with distribution

νN , the stationary distribution of the process
(
η

(N)
t

)
t≥0

. In this work we develop a similar
analysis to that of the complete graph dynamics in [CT16a]. We focus on the convergences
when both N and t tend to infinity, as shown in the following diagram

m
(
η

(N)
t

) −−−→
t→∞

m
(
η

(N)
∞
)

N
y

yN
L(Zt | t < τp) −−−→

t→∞
νqs

where the limits are in distribution. Theorem 3.1.1 provides lower and upper exponential bounds
for the speed of convergence of L(Zt | t < τp) to νqs in the 2-norm, when t → ∞. Likewise,
Corollary 3.1.7 and Theorem 3.1.9 give bounds for the speed of convergence of m

(
η

(N)
t

)
to

L(Zt | t < τp) and m
(
η

(N)
∞
)

to νqs, when N → ∞.
The quantitative long time behavior of the N -particle system in countable state spaces is

studied in [CT16b]. Using a coupling technique and under certain conditions, an exponential
bound is provided for the convergence of L(η(N)

t

)
to νN in the sense of a Wasserstein distance

[CT16b, Thm. 1.1]. In particular, the parameter λ defined by (3.1) needs to be positive. As we
said, this is not the case for the asymmetric random walk on the K-cycle graph with uniform
killing, when K ≥ 6. A study of this convergence can be carried out using the spectrum of the
generator LK,N , which is obtained in the recent paper [Cor21b]. Indeed, using Example 3 in
[Cor21b] we can get the following asymptotic expression for the profile of the convergence in
total variation distance to stationarity:

max
η∈EK,N

∥∥∥Lη

(
η

(N)
t

)
− νN

∥∥∥
TV

= O
(
e−ρKt

)
,

where ρK = 2(1 + θ) sin2 (π/K), Lη

(
η

(N)
t

)
stands for the law of the process generated by LK,N

at time t and with initial distribution concentrated at η ∈ EK,N , and where for a real positive
function f we denote by O(f) another real positive function such that

C1f(t) ≤ O(f)(t) ≤ C2f(t),

for two constants 0 < C1 ≤ C2 < ∞ and for all t ≥ T , for T > 0 large enough. It would be
interesting to get non asymptotic results, with explicit constants, for the speed of convergence
of the process generated by LK,N to stationarity. In order to do that, one possible alternative
is to use the results in the recent paper of Villemonais [Vil20], for a suitable distance, to get
upper bounds for the speed of convergence in the sense of a Wasserstein distance. In addition,
the recent work of Hermon and Salez [HS19] offers clues to an alternative method for solving
this problem: control the Dirichlet form of the Fleming – Viot process in terms of the Dirichlet
form of a single particle. Moreover, it remains as an open question the study of the existence of
a cutoff phenomenon when the number of particles N tends towards infinity. These are possible
directions for future research.
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3.1.2 Main results

We first prove that the uniform distribution on Z/KZ is the QSD of (Zt)t≥0. We also establish
exponential bounds in the 2-distance and the total variation distance between the distribution
of this process at time t and its QSD.

Let us denote by Lν(Zt | t < τp) the distribution at time t of the asymmetric random walk
on the cycle graph with initial distribution ν on Z/KZ and conditioned to non-absorption up
to time t. Let us denote by φν the characteristic function of a distribution ν on Z/KZ, which
satisfies

φν(t) = Eν

[
eitX

]
=

K−1∑

k=0

ν(k)eitk,

for all t ≥ 0 [Dur19, § 3.3]. Note that

φνqs(t) =
1 − eitK

K(1 − eit)
,

for all t ≥ 0. Let us denote by D2(t) and DTV(t) the maximum distances to stationarity in the
2-distance and in total variation at time t, respectively, which are defined as follows:

D2(t) = max
ν

‖Lν(Zt | t < τp) − νqs‖2 ,

DTV(t) = max
ν

‖Lν(Zt | t < τp) − νqs‖TV ,

where the maximum runs over all possible initial distributions ν on Z/KZ. Since Z/KZ is finite,
we know that the convergence of Lν(Zt | t < τp) to νqs is exponential [DS67]. The following
theorem gives exponential lower and upper bounds for this convergence.

Theorem 3.1.1 (Convergence in 2-distance and total variation distance). The QSD of the
process (Zt)t≥0, νqs, is the uniform distribution on Z/KZ. Also, denoting

∆t(µ, ν) = Lν(Zt | t < τp) − Lµ(Zt | t < τp),

we have, for for every initial distributions ν and µ on Z/KZ and every t ≥ 0,
∣∣∣∣φν

(
2π

K

)
− φµ

(
2π

K

)∣∣∣∣ e
−ρKt ≤ ‖∆t(µ, ν)‖2 ≤ ‖ν − µ‖2 e−ρKt, (3.3)

√
K

2

∣∣∣∣φν

(
2π

K

)
− φµ

(
2π

K

)∣∣∣∣ e
−ρKt ≤ ‖∆t(µ, ν)‖TV ≤

√
K

2
‖ν − µ‖2 e−ρKt, (3.4)

where

ρK = 2(1 + θ) sin2
(
π

K

)
. (3.5)

Furthermore, the convergence of Lν(Zt | t < τp) to νqs in the 2-distance and the total variation
distance is exponential with rate −ρK . Indeed, for all t ≥ 0,

1√
K

e−ρKt ≤ D2(t) ≤
√
K − 1

K
e−ρKt, (3.6)

1

2
e−ρKt ≤ DTV(t) ≤ 1

2

√
K − 1 e−ρKt. (3.7)
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In spite of its simplicity, we did not find this result in the literature. Therefore, for the sake
of completeness, we provide a proof of this theorem in Section 3.2.

Consider the function ϕ : EK,N → EK,N defined by

ϕ(η0, η1, . . . , ηK−1) = (η1, η2, . . . , ηK−1, η0) (3.8)

and its l-composed ϕ(l) = ϕ ◦ ϕ ◦ · · · ◦ ϕ (l times) which acts on the cycle graph by rotating it l
sites clockwise, for l ∈ {1, 2, . . . ,K − 1}.

Even if the dynamics induced by G has some symmetry (in fact, it is symmetric when θ = 1),
we prove that

(
η

(N)
t

)
t≥0

is not reversible when K ≥ 4 or when K = 3 and θ 6= 1. However,
we show that the stationary distribution of the N -particle process is rotation invariant. Using
this invariance, we calculate the mean of the proportion of particles in each state under the
stationary distribution.

Theorem 3.1.2 (Non-reversibility and rotation invariance). The N -particle system with gen-
erator given by (3.2) has the following properties

a) It is not reversible, except when K = 3 and θ = 1.

b) Its stationary distribution, denoted by νN , is invariant under rotations, i.e.

νN = νN ◦ ϕ(l), l ∈ {1, 2, . . . ,K − 1}.

c) Under the stationary dynamics, the empirical distribution of the N -particle system is an
unbiased estimator of the QSD of (Zt)t≥0, i.e.

EνN

[
η(k)

N

]
=

1

K
, k ∈ Z/KZ.

Theorem 3.1.2 is proved in Section 3.3. Using parts b) and c) of Theorem 3.1.2, the following
result is immediate.

Corollary 3.1.3 (Cyclic symmetry). For every K ≥ 3 we have

CovνN

[
η(0)

N
,
η(k)

N

]
= CovνN

[
η(0)

N
,
η(K − k)

N

]
, k ∈ Z/KZ.

Let Tn and Un be the n-th degree Chebyshev polynomials of the first and the second kind,
respectively, for n ≥ 1. We recall that polynomials

(
Tn
)

n≥0
and

(
Un
)

n≥0
satisfy both the

recurrence relation
pn+1(x) = 2x pn(x) − pn−1(x), for all n ≥ 1, (3.9)

with initial conditions T0(x) = U0(x) = 1, T1(x) = x and U1(x) = 2x, see e.g. [MH03]. We also
extend the definition of the Chebyshev polynomials of the second kind for n = −1, by putting
U−1(x) = 0.

The following theorem provides explicit expressions for CovνN
[η(0)/N, η(k)/N ] in terms of

the Chebyshev polynomials of the first and the second kind, for k ∈ {0, 1, . . . ,K − 1} and the
constant βN , defined by

βN = 2

(
1 +

p

(N − 1)(1 + θ)

)
. (3.10)

Theorem 3.1.4 (Explicit expressions for the covariances). We have
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• If K = 2K2, K2 ≥ 2,

VarνN

[
η(0)

N

]
=

N − 1

KN

2

βN + 2

TK2(βN/2)

UK2−1(βN/2)
+

1

KN
− 1

K2
, (3.11)

CovνN

[
η(0)

N
,
η(k)

N

]
=

N − 1

KN

2

βN + 2

TK2−k(βN/2)

UK2−1(βN/2)
− 1

K2
, (3.12)

for all 1 ≤ k ≤ K2 − 1.

• If K = 2K2 + 1, K2 ≥ 1,

VarνN

[
η(0)

N

]
=

N − 1

KN

UK2(βN/2) − UK2−1(βN/2)

UK2(βN/2) + UK2−1(βN/2)
+

1

KN
− 1

K2
, (3.13)

CovνN

[
η(0)

N
,
η(k)

N

]
=

N − 1

KN

UK2−k(βN/2) − UK2−k−1(βN/2)

UK2(βN/2) + UK2−1(βN/2)
− 1

K2
, (3.14)

for all 1 ≤ k ≤ K2.

Theorem 3.1.4 is proved in Section 3.3.2. Using previous result it is possible to show that
the covariance between the proportions of particles under the stationary distribution in two
different states decreases as a function of the graph distance between the states.

Corollary 3.1.5 (Geometry of the cycle graph and covariances). The covariance between two
states under the stationary measure, νN , is decreasing as a function of the graph distance between
these states, i.e. for all k = 0, 1, . . . , ⌊K

2 ⌋ − 1 we have

CovνN

[
η(0)

N
,
η(k)

N

]
≥ CovνN

[
η(0)

N
,
η(k + 1)

N

]
.

With the aim of proving the convergence of the proportion of particles in each state to 1/K,
we study the behavior of VarνN

[η(0)/N ] as a function of 1/N when N tends to infinity. Theorem
2 in [AFG11] states that these variances vanishes when N goes to infinity. We thus focus on
the speed of this convergence. For this purpose, we find the asymptotic development of second
order for CovνN

[η(0)/N, η(k)/N ] as a function of 1/N when N tends to infinity, for k ∈ Z/KZ.

Theorem 3.1.6 (Asymptotic development of two-particle covariances). The asymptotic series
expansion of order 2 when N → +∞ of CovνN

[
η(0)
N , η(k)

N

]
, for k ∈ Z/KZ, is given by

CovνN

[
η(0)

N
,
η(k)

N

]
=

1

KN

(
1{k=0} − 1

K
+

6k(k −K) +K2 − 1

6K

p

1 + θ

)

+
1

K2N2

30k(K − k)[k(K − k) + 2] − (K2 − 1)(K2 + 11)

180

(
p

1 + θ

)2

+ o

(
1

N2

)
.

(3.15)

The following result provides a bound for the speed of convergence, of the empirical distri-
bution induced by the N -particle system, to the QSD when N → ∞.

Corollary 3.1.7 (Convergence to the QSD). We have

EνN

[ ‖m(η) − νqs‖2

] ≤
√
K − 1

N

√
1 +

p(K + 1)

6(1 + θ)
+ o

(
1√
N

)
. (3.16)
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Theorem 3.1.6 and Corollary 3.1.7 are proved in Section 3.3.3. In particular, Corollary 3.1.7
implies the convergence at rate 1/

√
N under the stationary distribution of m(η) towards the

uniform distributions, when N → ∞. Cloez and Thai [CT16a, Cor. 2.10] provide the same rate
of convergence for the Fleming – Viot process in the K-complete graph. Moreover, Champagnat
and Villemonais [CV21, Thm. 2.3] provide a general rate of convergence 1/Nα, with α ∈ (0, 1/2].
However, as soon as the selection rate is not null, i.e. p > 0, one has α < 1/2, which is actually
not the optimal rate for the asymmetric random walk, killed at a uniform rate, studied in this
chapter. To the best of our knowledge, there are no general results on Fleming – Viot process
in discrete spaces assuring the rate of convergence 1/

√
N , under the stationary distribution, of

the empirical distribution to the QSD.
Finally, in Section 3.4 we study the convergence of the empirical distribution, m(ηt), to the

quasi-stationary distribution of (Zt)t≥0 when t tends to infinity. Let us denote by m
(
η

(N)
t

)
the

mean empirical measure induced by the N -particle process at time t, defined by

m
(
η

(N)
t

)
(k) = E

[
m
(
η

(N)
t

)
(k)
]

= E
[
η

(N)
t (k)/N

]
.

Using Theorem 3.1.1 we can prove the following two theorems.

Theorem 3.1.8 (Mean empirical distribution). Consider η ∈ EK,N and
(
η

(N)
t

)
t≥0

the N -particle
process with initial distribution concentrated at η. We have

m
(
η

(N)
t

)
= Lm(η)(Zt | t < τp).

Furthermore, for every probability measure ν on Z/KZ we obtain
∣∣∣∣φm(η)

(
2π

K

)
− φν

(
2π

K

)∣∣∣∣ e
−ρKt ≤

∥∥∥m
(
η

(N)
t

)− Lν(Zt | t < τp)
∥∥∥

2
≤ ‖m(η) − ν‖2 e−ρKt, (3.17)

where ρK are defined by (3.5), and φm(η) and φν denote the characteristic functions associated
to the distributions m(η) and ν, respectively.

Thus, the proportion of particles in each state is an unbiased estimator of the distribution
of the conditioned process for all t ≥ 0. Using [FM07, Thm. 1.2] we know that the variance
of the proportion of particles in each state at time t ≥ 0 vanishes when N goes to infinity, for
every t ≥ 0. The following result provides a bound for this convergence.

Theorem 3.1.9 (Convergence to the Conditioned Process). We have the following uniform
upper bound for the variance of the proportion of particles in each state

max
η∈EK,N

k∈Z/KZ

∣∣∣∣∣Varη

[
η

(N)
t (k)

N

]
− VarνN

[
η(k)

N

]∣∣∣∣∣ ≤ CK,N
e−pN t − e−ρKt

ρK − pN
+ e−pN t VarνN

[
η(0)

N

]
, (3.18)

where ρK is given by (3.5) and

pN =
2p

N − 1
, (3.19)

CK,N =
2

N

(
1 + θ +

p

N − 1
+
pN(K + 1)

√
K − 1

K
√
K(N − 1)

)
. (3.20)

Furthermore,
∣∣∣φm(η)(t) − φν(t)

∣∣∣e−ρKt ≤ Eη

[∥∥∥m
(
η

(N)
t

)
− Lν(Zt | t ≤ τp)

∥∥∥
2

]

≤
√
K

N

(
DK

1 − e−ρKt

ρK
+ EK

)1/2

+ e−ρKt‖m(η) − ν‖2 + o

(
1√
N

)
, (3.21)
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for every η ∈ EK,N and every initial distribution ν on Z/KZ, where ρK is given by (3.5), and

DK = 2

(
1 + θ +

p(K + 1)
√
K − 1

K
√
K

)
, EK =

K − 1

K2
+

K2 − 1

6K2(1 + θ)
. (3.22)

Theorems 3.1.8 and 3.1.9 is proved in Section 3.4. Similar results are proved in [CT16a] for
the Fleming – Viot process on the complete graph and for the two-point process.
Remark 3.1.1 (Uniform bound). Note that the bound given by (3.18) tends exponentially to-
wards zero when t → ∞. In particular, the right side of (3.18) is bounded in t and can be used
to obtain a uniform bound for the variance of the proportion of particles in each state of order
1/N . Namely, using (3.18) and the inequality (e−pN t − e−ρKt)/(ρK − pN ) ≤ 1/max(ρK , pN ),
we obtain

sup
t≥0

max
η∈EK,N

k∈Z/KZ

Varη

[
η

(N)
t (k)

N

]
≤ CK,N

max(ρK , pN )
+ 2 VarνN

[
η(0)

N

]
=

(
DK

ρK
+ 2EK

)
1

N
+ o

(
1

N

)
,

where ρK , pN , CK,N and Dk and Ek, are given by (3.5), (3.19), (3.20) and (3.22), respectively.
Similar bounds are obtained for the convergence to the conditional distribution for Fleming –

Viot process in discrete state spaces, see e.g. [DM00a, Thm. 1.1] and [Vil14, Thm. 2.2]. However,
these results are not uniform in t ≥ 0. Corollary 1.5 in [CT16b] does provide a uniform bound
under certain conditions of order 1/Nγ , with γ < 1/2, for the 1-distance between the empirical
law associated to the Fleming – Viot process at time t and the law of the conditioned process.
However, this result does not hold for the Fleming – Viot process on the K-cycle graph we study
here, for K ≥ 6, since the parameter λ given by (3.1) is null.

The rest of this chapter is organized as follows. Section 3.2 gives the proof of Theorem 3.1.1.
In Section 3.3 we study the covariances of the proportions of particles in each state under the
stationary distribution, and we thus prove Theorems 3.1.2, 3.1.4 and 3.1.6. Finally, Section 3.4
is devoted to the proof of Theorems 3.1.8 and 3.1.9 related to the variance of the proportion of
particles in each site at a given time t ≥ 0.

3.2 The asymmetric random walk on the cycle graph
We first prove that the QSD of (Zt)t≥0, denoted by νqs, which is the stationary distribution
of (Xt)t≥0, is the uniform distribution on Z/KZ. We also provide exponential bounds for the
speed of convergence in the 2-distance and the total variation distance of Lν(Zt | t < τp) to νqs.

Recall that a square matrix C is called circulant if it takes the form

C =




c0 c1 . . . cn−2 cn−1

cn−1 c0
. . . cn−3 cn−2

...
...

. . .
. . .

...

c2 c3
. . . c0 c1

c1 c2 . . . cn−1 c0




. (3.23)

It is evident that a circulant matrix is completely determined by its first row, therefore we will
denote a circulant matrix with the form given by (3.23) by C = circ(c0, c1, . . . , cn−1).

Let Q be the infinitesimal generator matrix of the process (Xt)t≥0. Then, Q is circulant and
it satisfies

Q = circ(−(1 + θ), 1, 0, . . . , 0, θ). (3.24)
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Let us also denote by i the complex root of −1. Since the matrix Q is circulant, its spectrum is
explicitly known, as follows in the next lemma.

Lemma 3.2.1 (Spectrum of Q). The matrix Q satisfies Q = FKΛF ⋆
K , where

• FK is the K-dimensional Fourier matrix, i.e. the unitary matrix defined by

[FK ]r,c =
1√
K

(ωK)−r c, (3.25)

for each r, c ∈ {0, 1, . . . ,K − 1}, where ωK = ei 2π
K ,

• F ⋆
K is the conjugate of FK (and also its inverse because FK is unitary and symmetric),

• Λ is the K ×K diagonal matrix with [Λ]k,k = λk, for all 0 ≤ k ≤ K − 1, where

λk = −(1 + θ) sin2
(
πk

K

)
+ i(1 − θ) sin

(
2πk

K

)
,

for k = 0, 1, . . . ,K − 1.

Proof of Lemma 3.2.1. Let us define the polynomial pQ : s 7→ −(1 + θ) + s+ θsK−1. Since Q is
a circulant matrix, we can use [Dav79, Thm. 3.2.2] to diagonalize Q in the following way

Q = FK Diag(λ0, λ1, . . . , λK−1)F ⋆
K ,

where FK is the Fourier matrix defined by (3.25) and

λk = pQ

(
ei 2kπ

K

)
= −(1 + θ) + ei 2kπ

K + θ
(
ei 2kπ

K

)K−1

= −(1 + θ)

[
1 − cos

(
2πk

K

)]
+ i(1 − θ) sin

(
2πk

K

)

= −2(1 + θ) sin2
(
πk

K

)
+ i(1 − θ) sin

(
2πk

K

)
,

for k = 0, 1, . . . ,K − 1.

Remark 3.2.1 (Eigenvalues of Q). Note that [ℜ(λk)+(1+θ)]2

(1+θ)2 + [ℑ(λk)]2

(1−θ)2 = 1, for all θ 6= 1, where
ℜ(λk) and ℑ(λk) are the real and the imaginary parts of λk, respectively, for k = 0, 1, . . . ,K−1.
Thus, all the eigenvalues λk are on the ellipse with center (0,−(1 + θ)) and equation

(x+ 1 + θ)2

(1 + θ)2
+

y2

(1 − θ)2
= 1.

Of course, for θ = 1, since the matrix Q is symmetric, all the eigenvalues are real.
Also, the second largest eigenvalue in modulus (SLEM) of Q, denoted by ρK , is given by (3.5)

and it is reached for −ℜ(λ1) and −ℜ(λK−1). The minimum of ℜ(λk) is reached for ℜ(λK/2), if
K is even, and for ℜ(λ(K−1)/2) and ℜ(λ(K+1)/2), if K is odd.
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3.2.1 Proof of Theorem 3.1.1
Proof of Theorem 3.1.1. We know that Q = FKΛF ⋆

K . Therefore etQ = FKetΛF ⋆
K , and it follows

that

etQ =
K−1∑

k=0

eλktFKUkF
⋆
K =

K−1∑

k=0

eλktΩk,

where Uk, 0 ≤ k ≤ K−1, is the K×K matrix with [Uk]k,k = 1 and 0 elsewhere, and Ωk is defined
as Ωk = FKUkF

⋆
K . In fact, Ωk is the symmetric circulant matrix satisfying [Ωk]r,c = 1

Kω
k(r−c),

for all 0 ≤ r, c ≤ K − 1 and for every k ∈ {0, 1, . . . ,K − 1}. In particular [Ω0]r,c = 1
K for all

0 ≤ r, c ≤ K − 1, and Ωk Ωl = 0, for all k 6= l. Then, for two probability measures µ and ν on
{0, 1, . . . ,K − 1} we have

(µ− ν)Ω0 = 0 (3.26)

and therefore

(µ− ν)etQ =
K−1∑

k=1

eλkt(µ− ν)Ωk. (3.27)

Let us denote by 〈·, ·〉 the usual inner product in C and for a matrix A let us denote by AT

its transpose. Note that for every K-dimensional vector x and k 6= l we have

〈x Ωk, x Ωl〉 = x Ωk

[(
ΩT

l

)⋆]
(x⋆)T = x ΩkΩl (x⋆)T = 0.

Thus, the set of vectors (xΩk)K−1
k=1 are orthogonal in (C, 〈·, ·〉). Now, using (3.27) and Pythagoras’

theorem we have
∥∥∥(µ− ν)etQ

∥∥∥
2

2
=

K−1∑

k=1

∥∥∥eλkt(µ− ν)Ωk

∥∥∥
2

2

=
K−1∑

k=1

e2ℜ(λk)t ‖(µ− ν)Ωk‖2
2 .

Since ρK = − max
k=1,...,K−1

ℜ(λk) we obtain

∥∥∥(µ− ν)etQ
∥∥∥

2

2
≤ e−2ρKt

K−1∑

k=1

‖(µ− ν)Ωk‖2
2

= e−2ρKt

∥∥∥∥∥

K−1∑

k=1

(µ− ν)Ωk

∥∥∥∥∥

2

2

= e−2ρKt

∥∥∥∥∥

K−1∑

k=0

(µ− ν)Ωk

∥∥∥∥∥

2

2

= e−2ρKt‖µ− ν‖2
2.

Note that the first equality holds due the Pythagoras’ theorem, the second one uses (3.26) and
the last one uses the fact that

K−1∑

k=0

(µ− ν)Ωk = µ− ν.

Note that the upper bound in (3.4) is proved using the Cauchy –- Schwarz inequality, which
implies

‖∆t(µ, ν)‖TV ≤
√
K

2
‖∆t(µ, ν)‖2 ,
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where ∆t(µ, ν) is as defined in the statement of Theorem 3.1.1, and the inequality holds for
every pair of distributions ν and µ on Z/KZ, and for all t ≥ 0.

To prove the lower bounds in (3.3) and (3.4) we recall the the r-norm of a function f on
Z/KZ, allows the following characterization:

‖f‖r = max
g

|〈f, g〉|
‖g‖q

,

where q ∈ [1,∞] is the conjugate of r ∈ [1,∞], i.e. 1/r + 1/q = 1, and the maximum runs over
all the functions on Z/KZ. Now, take g : k ∈ Z/KZ 7→ 1√

K
(ωK)k as a test function, where

ωK = e
2π
K

i. Note that viewed as a column vector, g is equal to the last column of the Fourier
matrix FK . Then, g is a right eigenfuntion of Q with associated eigenvalue −ρK . Moreover,
‖g‖2 = 1 and ‖g‖∞ = 1/

√
K. Therefore,

‖νetQ − µetQ‖2 ≥ |〈νetQ − µetQ, g〉|
‖g‖2

=

∣∣∣∣φν

(
2π

K

)
− φµ

(
2π

K

)∣∣∣∣ e
−ρKt,

∥∥∥νetQ − µetQ
∥∥∥

TV
≥ |〈νetQ − µetQ, g〉|

2‖g‖∞
=

√
K

2

∣∣∣∣φν

(
2π

K

)
− φµ

(
2π

K

)∣∣∣∣ e
−ρKt,

To prove (3.6) first note that the 2-distance and the total variation distances satisfy
D2(t) = max

k∈Z/KZ

‖Lk(Zt | t < τp) − νqs‖2 ,

DTV(t) = max
k∈Z/KZ

‖Lk(Zt | t < τp) − νqs‖TV ,

which is a consequence of the convexity of these distances. Thus, the upper bounds in expression
(3.6) and (3.7) are consequence of the equality ‖δk − νqs‖2 =

√
K−1

K . The lower bounds in (3.6)
and (3.7) is obtained using that φνqs(2π/K) = 0 and φδk

(2π/K) = |g(k)| = 1/
√
K, for every

k ∈ Z/KK.

3.3 Covariances of the proportions of particles under the sta-
tionary distribution

The following lemma gives us informations about the invariance of the generator LK,N , defined
in (3.2), by the rotation function ϕ defined in (3.8).

Lemma 3.3.1 (Rotation invariance of the generator). The generator LK,N of (η
(N)
t )t≥0 satisfies

LK,N1η = LK,N1ϕ(η) ◦ ϕ, (3.28)
for every η ∈ EK,N .
Proof. Note that

(LK,N1η)(η′) = η′(i)
(
1{j=i+1} + θ1{j=i−1} + p

η′(j)
N − 1

)
, (3.29)

if η = Ti→jη
′, for some i, j ∈ Z/KZ, and it is null otherwise. Now, if η = Ti→jη

′, then we have
ϕ(η) = T(i+1)→(j+1)ϕ(η′). Thus,

(
LK,N1ϕ(η)

)
(ϕ(η′)) = ϕ(η′)(i+ 1)

(
1{j=i+1} + θ1{j=i−1} + p

ϕ(η′)(j + 1)

N − 1

)
. (3.30)

Using (3.29) and (3.30) we can see that (3.28) holds, since η′(i) = ϕ(η′)(i + 1) and η(j) =
ϕ(η)(j + 1).
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3.3.1 Proof of Theorem 3.1.2

We will now prove Theorem 3.1.2, which describes some properties of νN , the stationary distri-
bution of the N -particle process

(
η

(N)
t

)
t≥0

.

Proof of Theorem 3.1.2.

a) The process
(
η

(N)
t

)
t≥0

is not reversible, except when K = 3 and θ = 1.
For K = 3 and N ≥ 2, let us consider the three states in E3,N ,

η1 = [N, 0, 0], η2 = [N − 1, 1, 0], η3 = [N − 1, 0, 1].

It is straightforward to verify that

(LK,N1η2)(η1) = N, (LK,N1η3)(η1) = Nθ, (LK,N1η1)(η2) = p+ θ,
(LK,N1η3)(η2) = 1, (LK,N1η1)(η3) = p+ 1, (LK,N1η2)(η3) = θ.

Moreover,

(LK,N1η1)(η3) · (LK,N1η2)(η1) · (LK,N1η3)(η2) = (p+ 1)N,

(LK,N1η3)(η1) · (LK,N1η2)(η3) · (LK,N1η1)(η2) = Nθ2(p+ θ),

the Kolmogorov cycle reversibility criterion, see [Kel79, Thm. 1.8], is not satisfied unless
θ = 1. Indeed, note that a necessary condition to have reversibility is that the polynomial

α(θ) = θ3 + p(N − 1)θ2 − p(N − 1) − 1 = (θ − 1)[θ2 + (θ + 1)(p+ 1)]

is equal to zero. Now, since θ2 + (θ+ 1)(p+ 1) > 0 for all θ ≥ 0, the polynomial α(θ) only
has one positive root, which is θ = 1.
For K ≥ 4, N ≥ 2 and p > 0, let us consider the two states in EK,N : η1 = [N, 0, . . . , 0] and
η2 = [N − 1, 0, 1, . . . , 0]. Because (LK,N1η2)(η1) = 0 and (LK,N1η1)(η2) = p 6= 0, the de-
tailed balanced property for a reversible process, see [Kel79, Thm. 1.3], νN (η1)(LK,N1η2)(η1) =
νN (η2)(LK,N1η1)(η2), is not satisfied.
Therefore, a) is proved except in the special case K = 3, N ≥ 2 and θ = 1. Note that
in this case the model is a complete graph model, which was proved to be reversible in
[CT16a, Thm. 2.4].

b) The stationary distribution νN is invariant by rotation.

Since νN is the unique stationary distribution of
(
η

(N)
t

)
t≥0

, we know that νN (LK,Nf) = 0
for every function f on EK,N . Thus, in order to prove that νN is invariant by rotation, it
is sufficient to prove that νN ◦ϕ also satisfies (νN ◦ϕ)(LK,Nf) = 0 for every function f on
EK,N . Since EK,N is finite, it is enough to consider the indicator functions 1η, for every
η ∈ EK,N . Using Lemma 3.3.1, we have

(νN ◦ ϕ)(LK,N1η) = νN

(
LK,N1η ◦ ϕ−1

)
= νN

(
LK,N1ϕ(η)

)
= 0,

for every η ∈ EK,N , where the second equality holds due to (3.28) and the third is due to
the fact that νN is stationary for LK,N . Consequently, by the uniqueness of the stationary
distribution, we have νN = νN ◦ ϕ. The result trivially holds for any rotation ϕ(l), l ≥ 1.
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c) Mean of the proportion of particles in each state.
Using part b) we have EνN

[η(0)] = EνN
[ϕ(k)(η)(0)] = EνN

[η(k)], for all k = 0, 1, . . . ,K − 1.
Also, we know that η(0) + η(1) + · · · + η(K − 1) = N . Thus, EνN

[η(k)] =
N

K
, for all

k = 0, 1, . . . ,K − 1.

Let us define the functions fk and fk,l on EK,N as fk : η 7→ η(k) and fk,l : η 7→ η(k)η(l), for
all k, l ∈ {0, 1, . . . ,K− 1}. The following lemma provides explicit expressions for the evaluation
of the generator of the N -particle process on these functions.

Lemma 3.3.2 (Dynamics of the N -particle process). We have that

LK,Nfk = fk−1 − (1 + θ)fk + θfk+1, (3.31)

LK,Nfk,k = 2

[
fk−1,k −

(
1 + θ +

p

N − 1

)
fk,k + θfk,k+1

]

+fk−1 +

(
1 + θ +

2pN

N − 1

)
fk + θfk+1, (3.32)

LK,Nfk,k+1 = −2

(
1 + θ +

p

N − 1

)
fk,k+1 + fk−1,k+1 + θfk+1,k+1 + fk,k + θfk,k+2

−fk − θfk+1, (3.33)

LK,Nfk,l = −2

(
1 + θ +

p

N − 1

)
fk,l + fk−1,l + θfk+1,l + fk,l−1 + θfk,l+1, (3.34)

for all k, l ∈ Z/KZ such that |k − l| > 2.

The proof of Lemma 3.3.2 is mostly technical and it is deferred to Section 3.A.
The expression (3.31) given by this lemma is used to study the behavior of the mean of

the proportion of particles in each state. Also, (3.32), (3.33) and (3.34) are used to study the
covariances of the number of particles when t and N tend to infinity.

Let us denote

sk = EνN

[
fl,l+k(η)

N2

]
= EνN

[
f0,k(η)

N2

]
= EνN

[
η(0)

N

η(k)

N

]
, (3.35)

for all k, l ∈ Z/KZ. Note that the second equality comes from part b) of Theorem 3.1.2. Let
us define the constant

γN = −2

(
1 +

Np

(N − 1)(1 + θ)

)
. (3.36)

The following two lemmas will be useful for obtaining explicit expressions for the quantities sk,
for k = 0, 1, . . . ,K − 1.

Lemma 3.3.3. Then, for K ≥ 3, the values sk, for 0 ≤ k ≤ K − 2, satisfy the following linear
system:

−sK−1 + βN s0 − s1 = − γN

KN
, (3.37)

−s0 + βN s1 − s2 = − 1

KN
, (3.38)

and when K ≥ 4:
−sl−1 + βN sl − sl+1 = 0, (3.39)

for 2 ≤ l ≤ K − 2, where βN and γN are defined by (3.10) and (3.36), respectively.
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Proof of Lemma 3.3.3. Using (3.32) we have

EνN

[
(LK,Nfk,k)(η)

]
= 2

[
EνN

[
fk−1,k(η)

]−
(

1 + θ +
p

N − 1

)
EνN

[
fk,k(η)

]
+ θEνN

[
fk,k+1(η)

]]
+

EνN

[
fk−1(η)

]
+

(
1 + θ +

2pN

N − 1

)
EνN

[
fk(η)

]
+ θEνN

[
fk+1(η)

]
.

Since νN is the stationary distribution, we know that EνN

[
(LK,Nf)(η)

]
= 0, for all f on EK,N .

Thus, using parts a) and b) of Theorem 3.1.2 and dividing by N2, we have the equality

2(1 + θ)s1 − 2

(
1 + θ +

p

N − 1

)
s0 = − 2

KN

(
1 + θ +

pN

N − 1

)
.

Dividing by (1 + θ), this last equality is equivalent to

βN s0 − 2s1 = − γN

KN
. (3.40)

Note that s1 = sK−1 due to Corollary 3.1.3. Using this fact, we deduce that (3.40) is equivalent
to (3.37).

Furthermore, using (3.33) we get

EνN

[
(LK,Nfk,k+1)(η)

]
= −2

(
1 + θ +

p

N − 1

)
EνN

[
fk,k+1(η)

]
+ EνN

[
fk−1,k+1(η)

]

+θ EνN

[
fk+1,k+1(η)

]
+ EνN

[
fk,k(η)

]
+ θ EνN

[
fk,k+2(η)

]

−EνN

[
fk(η)

]− θ EνN

[
fk+1(η)

]
.

In a similar way to the previous case we obtain the equation −s0 +βNs1 − s2 = −1/KN, which
is equivalent to (3.38).

Similarly, using (3.34), the equality (3.39) is proved for all 2 ≤ l ≤ K − 2.

Note that using Corollary 3.1.3 and formula (3.38) we can obtain the following relation

−sK−2 + βNsK−1 − s0 = − 1

KN
. (3.41)

Let us define the K ×K circulant matrix AK and the K-vector bK by

AK = circ(βN ,−1, 0, . . . , . . . , 0,−1),

bK = (γN , 1, 0, 0, . . . , 0, 1)T ,

for K ≥ 3, where βN and γN are defined by (3.10) and (3.36), respectively.
Using Equations (3.37), (3.38), (3.39) and (3.41), the quantities sk, 0 ≤ k ≤ K − 1, defined

in (3.35) are proved to verify the linear system of equations

AK sK = − 1

KN
bK , (3.42)

where sK = (s0, s1, . . . , sK−1)T and βN and γN are defined by (3.10).
Note that the vector bK is almost symmetric, in the sense that bk = bK−k, 1 ≤ k ≤ K − 1,

where bk, 0 ≤ k ≤ K−1, are the K components of bK . Moreover, a vector b is almost symmetric
if and only if the equality Jb = b holds, where

J =




1 0 0 . . . 0 0
0 0 0 . . . 0 1

0 0 0 . .
.

1 0
...

... . .
.
. .
. ...

...
0 0 1 . . . 0 0
0 1 0 . . . 0 0




.

141



In addition, any symmetric circulant matrix of size n can be expressed as follows

A = a0I + a1Π + a2Π2 + · · · + an−1Πn−1,

where (a0, a1, . . . , an−1) is an almost symmetric vector and Π = circ(0, 1, 0, . . . , 0).
The following result gives us information about the solution of a symmetric circulant system

when the vector of constant terms is almost symmetric.

Proposition 3.3.4 (Circulant matrices). Let A be a n-dimensional invertible circulant sym-
metric matrix and let b be an almost symmetric vector of dimension n, then x = A−1b, the
solution of the linear system Ax = b, is an almost symmetric vector.

Proof. Since A is a invertible matrix, we know that x is the unique vector of dimension n
satisfying Ax = b and this vector x is almost symmetric if and only if x = Jx. So, it is
sufficient to prove that Jx is also a solution of the linear system, i.e. A(Jx) = b. Since b is
almost symmetric, the equation A(Jx) = b becomes equivalent to

JA(Jx) = b. (3.43)

It is sufficient to prove that JAJ = A. Note that the matrix J is an involutory matrix, i.e.
J−1 = J , and

JAJ = J
(
a0I + a1Π + a2Π2 + · · · + an−1Πn−1)J

= a0I + a1JΠJ + a2JΠ2J + · · · + an−1JΠn−1J.

The matrix Π is orthogonal, satisfying Π−1 = ΠT . Moreover,

JΠJ = J(ΠJ) = J




0 0 . . . 0 0 1
0 0 . . . 0 1 0
0 0 . . . 1 0 0
...

... . .
.
. .
. ...

...
0 1 0 0 0 0
1 0 0 0 0 0




= ΠT ,

which implies JΠnJ = JΠJ2Πn−1J = ΠTJΠn−1J = · · · =
(
ΠT
)n
. Thus, we get

JAJ = a0I + a1ΠT + a2
(
ΠT )2 + · · · + an−1

(
ΠT )n−1

=
(
a0I + a1Π + a2(Π)2 + · · · + an−1(Π)n−1)T

= AT = A.

Thus, (3.43) holds and hence Jx is solution of the equation Ax = b. By uniqueness of the
solution we get x = Jx, proving that x is almost symmetric.

Because the K × K matrix AK in (3.42) is a symmetric circulant matrix, it is possible
to obtain explicit formulas for all its eigenvalues and eigenvectors using [Dav79, Thm. 3.2.2].
Since all its eigenvalues are non-null, we conclude that the matrix AK is invertible. Thus, using
Proposition 3.3.4, the linear system (3.42) has as its unique solution the vector sK , which is
almost symmetric. In addition to its almost symmetry, the vector bK satisfies b1 = bK−1,
bk = 0, 2 ≤ k ≤ K − 2. This simple structure of bK allows us to deduce explicit expressions
for sk, 0 ≤ k ≤ K − 1, given in Theorem 3.1.4, which is proved below.
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3.3.2 Proof of Theorem 3.1.4
Consider the four families of orthogonal polynomials Neven,n(x), Deven,n(x), Nodd,n(x), Dodd,n(x),
n ≥ 0, defined by

Neven,0(x) = 2, Deven,0(x) = 0, Nodd,0(x) = 1, Dodd,0(x) = 1
Neven,1(x) = x, Deven,1(x) = x+ 2, Nodd,1(x) = x− 1, Dodd,1(x) = x+ 1,

satisfying all of them the recurrence relation

pn+1(x) = x pn(x) − pn−1(x), (3.44)

for all n ≥ 1.
The next proposition will prove useful in the sequel.

Lemma 3.3.5. The following relations hold, for all n ≥ 0:

2Neven, n(x) − xNeven, n+1(x) + (x− 2)Deven, n+1(x) = 0, (3.45)
2Nodd, n(x) − xNodd, n+1(x) + (x− 2)Dodd, n+1(x) = 0. (3.46)

Furthermore, we have the following identities involving the Chebyshev polynomials of the first
and the second kind, for all n ≥ 0:

Neven, n(x) = 2Tn(x/2), (3.47)
Deven, n(x) = (x+ 2)Un−1(x/2), (3.48)
Nodd, n(x) = Un(x/2) − Un−1(x/2), (3.49)
Dodd, n(x) = Un(x/2) + Un−1(x/2). (3.50)

Proof. Setting Pn(x) = 2Neven,n(x)−xNeven,n+1(x)+(x−2)Deven,n+1(x), for all n ≥ 0, it follows
from the definitions of Neven,n(x) and Deven,n(x) that P0(x) = 0, P1(x) = 0 and Pn(x) satisfies
the recurrence relation (3.44). Therefore Pn(x) = 0 for every n ≥ 0 and (3.45) is proved. The
proof of (3.46) is similar.

Now, note that the sequence of polynomials (2Tn(x/2))n≥0 satisfy the recurrence relation
(3.9). Furthermore, 2T0(x/2) = 2 = Neven, 0(x) and 2T1(x/2) = x = Neven, 1(x). Consequently,
identity (3.47) is proved. Analogously, identities (3.48), (3.49) and (3.50) are proved.

We now prove Lemma 3.3.6, which provides explicit expressions for sk, k ∈ {0, 1, . . . ,K−1},
in terms of the polynomials Neven,n(x), Deven,n(x), Nodd,n(x) and Dodd,n(x).
Lemma 3.3.6 (Explicit formulas for sk). The values of sk, 0 ≤ k ≤ K − 1, are given by

a) If K = 2K2, K2 ≥ 2,

s0 =
N − 1

KN

Neven,K2(βN )

Deven,K2(βN )
+

1

KN
, (3.51)

sk =
N − 1

KN

Neven,K2−k(βN )

Deven,K2(βN )
, 1 ≤ k ≤ K2, (3.52)

sK−k = sk, 1 ≤ k ≤ K2 − 1,

b) If K = 2K2 + 1, K2 ≥ 1,

s0 =
N − 1

KN

Nodd,K2(βN )

Dodd,K2(βN )
+

1

KN
,

sk =
N − 1

KN

Nodd,K2−k(βN )

Dodd,K2(βN )
, 1 ≤ k ≤ K2,

sK−k = sk, 1 ≤ k ≤ K2,
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where βN is defined by (3.10).

Proof. We separate the proof into two cases: when K is even and when K is odd.
(a) When K is even, say K = 2K2, Equation (3.42) is equivalent to the following linear

system for sk, 0 ≤ k ≤ K2,

βNs0 − 2s1 = − 1

KN
γN , (3.53)

−s0 + βNs1 − s2 = − 1

KN
, (3.54)

−sk−1 + βNsk − sk+1 = 0, (3.55)

for 2 ≤ k ≤ K2 − 1 and
βNsK2 − 2sK2−1 = 0. (3.56)

Note that (3.56) follows from the equality sK2−1 = sK2+1.
Consider A ∈ R such that sK2 = 2A = Neven,0(βN )A. Equation (3.56) implies

sK2−1 = AβN = ANeven,1(βN ).

Equation (3.55) may be written as

sk−1 = βNsk − sk+1,

for 2 ≤ k ≤ K2 − 1. This proves that sk, for k decreasing from K2 to 1, may be written

sk = ANeven,K2−k(βN ).

From Equation (3.54), we get

s0 = βNs1 − s2 +
1

KN

= A [βNNeven,K2−1(βN ) −Neven,K2−2(βN )] +
1

KN

= ANeven,K2(βN ) +
1

KN
. (3.57)

Plugging (3.57) into Equation (3.53), we get

A [βNNeven,K2(βN ) − 2Neven,K2−1(βN )] = − 1

KN
(βN + γN )

=
1

KN

2p

1 + θ
. (3.58)

Using Equation (3.45) we get

A[βNNeven,K2(βN ) − 2Neven,K2−1(βN )] = A(βN − 2)Deven,K2(βN )

= A
2p

(N − 1)(1 + θ)
Deven,K2(βN ). (3.59)

Thus, using (3.58) and (3.59), we obtain A = 1
KN

N−1
Deven,K2

(βN ) , that achieves the proof of (3.52)
for an even value of K.
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(b) The proof when K is odd is similar. Indeed, for K = 2K2 + 1, the linear system for sk,
with 0 ≤ k ≤ K2, is

βNs0 − 2s1 = − 1

KN
γN , (3.60)

−s0 + βNs1 − s2 = − 1

KN
, (3.61)

−sk−1 + βNsk − sk+1 = 0, (3.62)

for 2 ≤ k ≤ K2 − 1 and
−sK2 + βNsK2 − sK2−1 = 0. (3.63)

Equation (3.63) may be written as

(βN − 1)sK2 = sK2−1,

and so
sK2 = B = BNodd,0(βN ), sK2−1 = B(βN − 1) = BNodd,1(βN ).

From Equations (3.46) and (3.62), it follows that

sk = BNodd,K2−k(βN ), 1 ≤ k ≤ K2.

Then, from Equation (3.61), we get

s0 = βNs1 − s2 +
1

KN

= B [βNNodd,K2−1(βN ) −Nodd,K2−2(βN )] +
1

NK

= BNodd,K2(βN ) +
1

KN
.

From (3.60), it follows, using (3.46), that B = N−1
KNDodd,K2

(βN ) . The proof of Lemma 3.3.6 is
therefore complete.

We are now able to prove Theorem 3.1.4, which provides explicit expressions for the covari-
ances of the proportions of particles in two states under the stationary distribution, in terms of
the orthogonal Chebyshev polynomials of the first and the second kind.

Proof of Theorem 3.1.4. Using expressions (3.47), (3.48), (3.49) and (3.50), and Lemma 3.3.6
we obtain explicit expressions for sk in terms of the Chebyshev polynomials of the first and the
second kind, for 0 ≤ k ≤ K−1. Since CovνN

[η(0)/N, η(k)/N ] = sk−1/K2, for all 0 ≤ k ≤ K−1,
we deduce that (3.11), (3.12), (3.13) and (3.14) hold.

Now, using Theorem 3.1.4 we are able to study the monotony of the covariance of the
proportions of particles in two sites as a function of the graph distances between these two sites.

Proof of Corollary 3.1.5. Note that CovνN

[
η(0)
N , η(k)

N

]
≥ CovνN

[
η(0)
N , η(k+1)

N

]
holds if and only

if sk ≥ sk+1, for all k = 0, 1, . . . , ⌊K
2 ⌋. So, for K even, using (3.11) and (3.12), it is sufficient to

prove that Tk+1(βN/2) ≥ Tk(βN/2). Let us prove it by induction. We know that T1(βN/2) =
βN/2 ≥ 1 = T0(βN/2). Assume that Tk(βN/2) ≥ Tk−1(βN/2). Since

(
Tn(x)

)
n≥0

satisfies the
recurrence relation (3.9) we have

Tk+1(βN/2) − Tk(βN/2) = (βN − 1)Tk(βN/2) − Tk−1(βN/2) ≥ Tk(βN/2) − Tk−1(βN/2) ≥ 0,
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where the first inequality is due to the inequality βN ≥ 2 and the second one because, by
assumption, Tk(βN/2) ≥ Tk−1(βN/2). Then, Tk+1(βN/2) ≥ Tk(βN/2), for all k ≥ 0.

Analogously, for K odd the inequality CovνN

[
η(0)
N , η(k)

N

]
≥ CovνN

[
η(0)
N , η(k+1)

N

]
holds for all

k = 0, 1, . . . , ⌊K
2 ⌋ if

Uk+1(βN/2) − Uk(βN/2) ≥ Uk(βN/2) − Uk−1(βN/2), (3.64)

for all k ≥ 1. For k = 1 we have that (3.64) is equivalent to β2
N − 2βN ≥ 0, which is trivially

true since βN ≥ 2. Assume that (3.64) holds and let us prove the inequality for k + 1. Indeed,
using that

(
Un
)

n≥0
satisfies the recurrence relation (3.9), we have

Uk+2(βN/2) − Uk+1(βN/2) = (βN − 1)Uk+1(βN/2) − Uk(βN/2) ≥ Uk+1(βN/2) − Uk(βN/2).

Thus, (3.64) holds for all k = 0, 1, . . . ,K2.

3.3.3 Proof of Theorem 3.1.6
Theorem 3.1.4 allows us to get a Taylor series expansion for sk, 0 ≤ k ≤ K − 1 as a function
of 1

N , as soon as we are able to obtain such a series expansion for βN , as a function of 1/N ,
as well as for the polynomials Nodd,n(x), Neven,n(x), Dodd,n(x), Deven,n(x), n ≥ 0 around x = 2,
using their definitions by induction given in (3.44).

Lemma 3.3.7. The polynomials Nodd,n(x), Neven,n(x), Dodd,n(x), Deven,n(x), for n ≥ 0, satisfy
the following Taylor series expansion of order 2 around x = 2:

Neven,n(x) = 2 + n2(x− 2) +
n4 − n2

12
(x− 2)2 + o(x− 2)2, (3.65)

Deven,n(x) = 4n+
2n3 + n

3
(x− 2) +

n5 − n

30
(x− 2)2 + o(x− 2)2, (3.66)

Nodd,n(x) = 1 +
n2 + n

2
(x− 2) +

n4 + 2n3 − n2 − 2n

24
(x− 2)2 + o(x− 2)2, (3.67)

Dodd,n(x) = 2n+ 1 +
2n3 + 3n2 + n

6
(x− 2) +

2n5 + 5n4 − 5n2 − 2n

120
(x− 2)2 +

+ o(x− 2)2. (3.68)

Proof. Assume Neven,n(x) = a
(n)
0 + a

(n)
1 (x − 2) + a

(n)
2 (x − 2)2 + o(x − 2)2, for all n ≥ 0. Note

that the polynomials Neven,n(x) can also be defined as

Neven,0(x) = 2,

Neven,1(x) = (x− 2) + 2,

Neven,n(x) = (x− 2)Neven,n−1(x) + 2Neven,n−1(x) −Neven,n−2(x), n ≥ 2. (3.69)

Thus, the coefficients
(
a

(n)
0

)
n≥0

satisfy the recurrence relation a
(0)
0 = a

(1)
0 = 2 and a

(n)
0 =

2a
(n−1)
0 − a

(n−2)
0 , for every n ≥ 2, which yields a(n)

0 = 2, for all n ≥ 0.
Also, using (3.69), the coefficients

(
a

(n)
1

)
n≥0

satisfy a(0)
1 = 0, a(1)

1 = 1 and

a
(n)
1 = 2a

(n−1)
1 − a

(n−2)
1 + a

(n−1)
0 = 2a

(n−1)
1 − a

(n−2)
1 + 2,

for all n ≥ 0. Solving this recurrence gives a(n)
1 = n2, for all n ≥ 2.
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Similarly, the coefficients
(
a

(n)
2

)
n≥0

satisfy a(0)
2 = a

(1)
2 = 0 and

a
(n)
2 = 2a

(n−1)
2 − a

(n−2)
2 + a

(n−1)
1 = 2a

(n−1)
2 − a

(n−2)
2 + (n− 1)2,

for all n ≥ 0. which yields a(n)
2 =

n4 − n2

12
, for all n ≥ 2, proving (3.65).

The proofs of (3.66), (3.67) and (3.68) are similar.

We now prove Theorem 3.1.6, which provides a second order Taylor series expansion of the
variance of the proportion of particles in each state, as a function of 1/N , when N tends to
infinity.

Proof of Theorem 3.1.6. Suppose K is even, say K = 2K2. Using Lemma 3.3.6, we have

sk =
1

K

(
1 − 1

N

)
Neven,K2−k(βN )

Deven,K2(βN )
,

for all k = 1, 2, . . . ,K2. Note that βN , defined by (3.10), tends to 2 when N tends to infinity,
specifically

βN − 2 =
2p

(N − 1)(1 + θ)
=

2p

1 + θ

(
1

N
+

1

N2

)
+ o

(
1

N2

)
.

Using (3.65) and (3.66), we have

Neven,K2−k(βN )

Deven,K2(βN )
=

2 + (K2 − k)2(βN − 2) + (K2−k)4−(K2−k)2

12 (βN − 2)2 + o
(
(βN − 2)2

)

4K2 +
2K3

2 +K2

3 (βN − 2) +
K5

2 −K2

30 (βN − 2)2 + o ((βN − 2)2)

=
1

K
+

(
6k(k −K) +K2 − 1

)

12K
(βN − 2)

+
30k(K − k)[k(K − k) + 2] − (K2 − 1)(K2 + 11)

720K
(βN − 2)2

+ o
(
(βN − 2)2

)
, (3.70)

where K = 2K2.
Finally,

sk =
1

K2
+

(
−1 +

(6k(k −K) +K2 − 1)

6

p

1 + θ

)
1

K2N

+
30k(K − k)[k(K − k) + 2] − (K2 − 1)

(
K2 + 11

)

180

(
p

1 + θ

)2 1

K2N2
+ o

(
1

N2

)
.

Using (3.51), we get the following expression for s0,

s0 =
1

K2
+

(
K − 1 +

K2 − 1

6

p

1 + θ

)
1

K2N
+

(
K2 − 1

) (
K2 + 11

)

180

(
p

1 + θ

)2 1

K2N2
+ o

(
1

N

)
.

Now, the expression (3.15) for CovνN
[η(0)/N, η(k)/N ] with K even follows by noting that

EνN

[
η(k)
N

]
= 1

K , for all k = 0, 1, 2, . . . ,K − 1.
Considering K odd, specifically K = 2K2 + 1, and using (3.67) and (3.68), we have

Nodd,K2−k(βN )

Dodd,K2(βN )
=

1

K
+

(
6k(k −K) +K2 − 1

)

12K
(βN − 2)

+
30k(K − k)[k(K − k) + 2] − (K2 − 1)(K2 + 11)

720K
(βN − 2)2

+ o
(
(βN − 2)2

)
,
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which is the same expression we get for Neven,K2−k(βN )

Deven,K2(βN )
in (3.70). So, the general result is

proved.

Proof of Corollary 3.1.7. Using Jensen’s inequality, we have

EνN

[‖m(η) − νqs‖2

] ≤
(
EνN

‖m(η) − νqs‖2
2

)1/2

=

(
K−1∑

k=0

VarνN

[
η(k)

N

])1/2

=
√
K

(
VarνN

[
η(0)

N

])1/2

. (3.71)

Finally, (3.16) is proved using (3.71) and Theorem 3.1.6.

3.4 Covariances of the proportions of particles at a given time

3.4.1 Proof of Theorem 3.1.8

Proof of Theorem 3.1.8. Consider η ∈ EK,N and the function fk : η 7→ η(k), for k ∈ {0, 1, . . . ,K−
1}. Using the expression of LK,Nfk, for k = 0, 1, . . . ,K−1, given by (3.31), and the Kolmogorov
equation, we get

d

d t
Eη


fk

(
η

(N)
t

)

N


 = Eη


LK,Nfk

(
η

(N)
t

)

N




= Eη


fk−1

(
η

(N)
t

)

N


− (1 + θ)Eη


fk

(
η

(N)
t

)

N




+θ Eη


fk+1

(
η

(N)
t

)

N


 , (3.72)

for k = 0, 1, . . . ,K − 1.
Let us define st(k) = Eη

[
fk

(
η

(N)
t

)
/N
]

= Eη

[
η

(N)
t (k)/N

]
= m

(
η

(N)
t

)
(k), for k = 0, 1, . . . ,K−

1, and the vector st = (st(0), st(1), . . . , st(K − 1))T . Using (3.72), we get that st satisfies the
differential equation

d st

d t
= stQ,

where Q is the circulant infinitesimal rate matrix defined in (3.24), with initial condition s0 =
η/N . Note that the solution of this differential equation is given by

st =
η

N
etQ.

Thus, m
(
η

(N)
t

)
is actually equal to the distribution of the asymmetric random walk on the cycle

graph Z/KZ with infinitesimal generator matrix Q and initial distribution m(η) at time t = 0,
which is Lm(η) (Zt | t < τp). So, the proof of formula (3.17) follows from (3.3) in Theorem 3.1.1.
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3.4.2 Proof of Theorem 3.1.9
In order to study the convergence of the empirical distribution m

(
η

(N)
t

)
induced by the N -

particle system, we will analyze the behavior of the covariance functions in time. Let η ∈ EK,N be
fixed and let us define the functions s(2)

t (k, r) as s(2)
t (k, r) = Eη

[
f(k, r)/N2

]
= Eη

[
η(k)η(r)/N2

]
,

for all k, r ∈ Z/KZ. Using (3.32), (3.33) and (3.34), we have

d s
(2)
t (k, k)

d t
= 2

[
s

(2)
t (k, k − 1) −

(
1 + θ +

p

N − 1

)
s

(2)
t (k, k) + θs

(2)
t (k, k + 1)

]

+
1

N

[
st(k − 1) +

(
1 + θ + 2

p

N − 1

)
st(k) + θst(k + 1)

]
,

d s
(2)
t (k, k + 1)

d t
= −2

(
1 + θ +

p

N − 1

)
s

(2)
t (k, k + 1) + s

(2)
t (k − 1, k + 1) + θs

(2)
t (k + 1, k + 1)

+s
(2)
t (k, k) + θs

(2)
t (k, k + 2) − 1

N
[st(k) + θst(k + 1)]

d s
(2)
t (k, k + l)

d t
= −2

(
1 + θ +

p

N − 1

)
s

(2)
t (k, k + l) + s

(2)
t (k − 1, k + l) + θs

(2)
t (k + 1, k + l)

+s
(2)
t (k, k + l − 1) + θs

(2)
t (k, k + l + 1).

Consider the functions gt(k, r) defined as

gt(k, r) = Covη

[
ηt(k)

N
,
ηt(r)

N

]
= s

(2)
t (k, r) − st(k)st(r),

for all k, r ∈ Z/KZ.
Then, we obtain the following system of differential equations

d gt(k, k)

d t
= 2

[
gt(k, k − 1) −

(
1 + θ +

p

N − 1

)
gt(k, k) + θgt(k, k + 1)

]

+
1

N

[
st(k − 1) +

(
1 + θ + 2

p

N − 1

)
st(k) + θst(k + 1)

]
− 2p

N − 1
st(k)2,

d gt(k, k + 1)

d t
= −2

(
1 + θ +

p

N − 1

)
gt(k, k + 1) + gt(k − 1, k + 1) + θgt(k + 1, k + 1)

+gt(k, k) + θgt(k, k + 2) − 1

N
[st(k) + θst(k + 1)] − 2p

N − 1
st(k)st(k + 1),

d gt(k, l)

d t
= −2

(
1 + θ +

p

N − 1

)
gt(k, l) + gt(k − 1, l) + θgt(k + 1, l)

+gt(k, l − 1) + θgt(k, l + 1) − 2p

N − 1
st(k)st(l).

Then, the K2-dimensional vector gt =
(
gt(k, r)

)
k,r

satisfies the differential equation

d gt

d t
= gtQ

(2)
p + wt, (3.73)

where Q(2)
p = Q(2) −2 p

N−1I, I is the K2-dimensional identity matrix, the matrix Q(2) ∈ MR(K2)
is defined as

Q
(2)
(u,v),(k,r) =





1 if (k = u+ 1 ∧ r = v) ∨ (k = u ∧ r = v + 1),
θ if (k = u− 1 ∧ r = v) ∨ (k = u ∧ r = v − 1),

−2(1 + θ) if (k = u) ∧ (r = v).
(3.74)
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and wt = (wt(k, r))k,r is the K2-vector defined by

wt(k, r) =





1

N

[
st(k − 1) +

(
1 + θ + 2

p

N − 1

)
st(k) + θst(k + 1)

]− 2p

N − 1
st(k)2 if r = k

− 1

N
[st(k ∧ r) + θst(k ∨ r)] − 2p

N − 1
st(k)st(r) if |k − r| = 1

− 2p

N − 1
st(k)st(r) if |k − r| > 1,

for all k, r ∈ Z/KZ.
Note also that

g0(k, r) = 0,

g∞(k, r) = lim
t→∞

gt(k, r) = CovνN

[
η(k)

N
,
η(r)

N

]
,

and

w∞(k, r) = lim
t→∞

wt(k, r) =





2
KN

(
1 + θ + p

N−1

)
− 2p

K2(N−1)
if k = r,

− 1
KN (1 + θ) − 2p

K2(N−1)
if |k − r| = 1,

− 2p
(N−1)

1
K2 if |k − r| > 1,

for all k, r ∈ Z/KZ.
Let A = (ar,c) and B = (br,c) be two matrices of dimensions m× n and w × q, respectively.

Recall that the Kronecker product of A and B, denoted by A⊗B, is the mw×nq matrix defined
as

A⊗B =




a0,0B a0,1B . . . a0,n−1B
...

...
. . .

...
am−1,0B am−1,1B . . . am−1,n−1B


 .

It is convenient to index the elements of A ⊗ B with two 2-dimensional index in the following
way

(A⊗B)(r1,r2),(c1,c2) = (A⊗B)r1m+r2,c1n+c2 = ar1,c1 br2,c2 ,

for all 0 ≤ r1 ≤ m− 1, 0 ≤ r2 ≤ w− 1, 0 ≤ c1 ≤ n− 1, 0 ≤ c2 ≤ q− 1. Now, consider that m = n
and w = q, i.e. A and B are square matrices of dimension n and q, respectively. The Kronecker
sum of A and B, denoted by A⊕B, is defined as A⊕B = A⊗ Iq + In ⊗B, where Iq and In are
the identity matrices of dimension q and n, respectively. It is well known that the exponential
of matrices transforms Kronecker sums in Kronecker products as follows

eA⊕B = eA ⊗ eB. (3.75)

See e.g. Chapter XIV of [Pea65] and [Dav79] for the proofs of these results and more details
about the Kronecker product and sum of matrices.

Lemma 3.4.1. The following properties hold:

1. Q(2) = Q⊕Q,

2. etQ(2)
= etQ ⊗ etQ.

Consequently, the matrix Q(2) is the infinitesimal rate matrix of the independent coupling of two
processes driven by the infinitesimal generator matrix Q.
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Proof of Lemma 3.4.1. Note that using (3.74) for all r1, r2, c1, c2 ∈ {0, 1, . . . ,K − 1}, we have

Q
(2)
(r1,r2),(c1,c2) = Qr1,c1Ir2,c2 + Ir1,c1Qr2,c2 = (Q⊕Q)(r1,r2),(c1,c2),

where I is the K-dimensional identity matrix. Then, property 1 holds. Also, using (3.75) we
can easily prove the property 2.

All the non-diagonal entries of matrix Q(2) are positive and the sum of each row is null, thus
Q(2) is an infinitesimal matrix. Furthermore,

etQ(2)

(r1,r2),(c1,c2) = etQ
r1,c1

etQ
r2,c2

,

which means that Q(2) is the infinitesimal rate matrix of the independent coupling of two
processes driven by Q.

Note also that, when t goes to infinity in (3.73), we get g∞Q
(2)
p + w∞ = 0. Since Q(2) is the

infinitesimal matrix generator of a Markov process and Q
(2)
p = Q(2) − pNI, where pN = 2p

N−1 ,
all the eigenvalues of Q(2)

p are strictly negative and thus, Q(2)
p is invertible. Then,

g∞ = −w∞
(
Q(2)

p

)−1
. (3.76)

We will now prove Theorem 3.1.9, which gives us the solution of the system of differential
equations (3.73) and studies the convergence of the proportion of particles at time t in each
state when t and N tend to infinity.

Proof of Theorem 3.1.9. The solutions of the system of differential equations (3.73) is given by

gt =

(∫ t

0
wue−uQ

(2)
p du

)
etQ

(2)
p

=

(∫ t

0

(
wu − w∞

)
e−uQ

(2)
p du+ w∞

∫ t

0
e−uQ

(2)
p du

)
etQ

(2)
p

=

(∫ t

0

(
wu − w∞

)
e−uQ

(2)
p du+ w∞

(
Q(2)

p

)−1
(
I − e−tQ

(2)
p

))
etQ

(2)
p

=

∫ t

0

(
wu − w∞

)
e(t−u)Q

(2)
p du+ g∞

(
I − etQ

(2)
p

)
.

Note that the last equality comes from (3.76). Therefore, we have

‖gt − g∞‖∞ ≤
∥∥∥∥
∫ t

0

(
wu − w∞

)
e(t−u)Q

(2)
p du

∥∥∥∥
∞

+

∥∥∥∥g∞

(
etQ

(2)
p

)∥∥∥∥
∞

≤
∫ t

0
‖wu − w∞‖∞

∥∥∥∥e
(t−u)Q

(2)
p

∥∥∥∥
∞

du+ ‖g∞‖∞

∥∥∥∥e
tQ

(2)
p

∥∥∥∥
∞

(3.77)

We get
∥∥∥∥e

sQ
(2)
p

∥∥∥∥
∞

= e−pN s
∥∥∥esQ(2)

∥∥∥
∞

= e−pN s, (3.78)

for all s ≥ 0, where pN = 2p
N−1 . Note that the second equality in (3.78) comes from the fact

that the rows of esQ(2) has sum equal to one, for all s ≥ 0. Using Corollary 3.1.5, or the
Cauchy – Schwarz inequality, we get

‖g∞‖∞ = VarνN

[
η(0)

N

]
. (3.79)
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Using the inequality (3.6) we get
∣∣∣∣st(k) − 1

K

∣∣∣∣ ≤ ‖Lm(η)(Zt | t < τp) − νqs‖2 ≤
√
K − 1

K
e−ρKt,

for every k ∈ Z/KZ and all t ≥ 0. Therefore,

|wu(k, k) − w∞(k, k)| ≤ 2

N

(
1 + θ +

p

N − 1

)
e−ρKu +

2p

N − 1

∣∣∣∣su(k)2 − 1

K2

∣∣∣∣ .

But ∣∣∣∣su(k)2 − 1

K2

∣∣∣∣ =

(
su(k) +

1

K

) ∣∣∣∣su(k) − 1

K

∣∣∣∣ ≤ K + 1

K

√
K − 1

K
e−ρKu.

Thus,

|wu(k, k) − w∞(k, k)| ≤ 2

N

(
1 + θ +

p

N − 1
+

p

N − 1

N(K + 1)
√
K − 1

K
√
K

)
e−ρKu.(3.80)

Similarly we get,

|wu(k, k + 1) − w∞(k, k + 1)| ≤ 2

N

(
1 + θ +

p

N − 1

N(K + 1)
√
K − 1

K
√
K

)
e−ρKu, (3.81)

|wu(k, l) − w∞(k, l)| ≤ 2p

N − 1

(K + 1)
√
K − 1

K
√
K

e−ρKu, |k − l| ≥ 2. (3.82)

Inequalities (3.80), (3.81) and (3.82) imply that

‖wu − w∞‖∞ ≤ CK,N e−ρKu, (3.83)

where CK,N is defined by (3.20). Plugging (3.78), (3.79) and (3.83) into (3.77), we obtain

‖gt − g∞‖∞ ≤ CK,N

∫ t

0
e−ρKue−pN (t−u)du+ e−pN t‖g∞‖∞

= CK,N e−pN t
∫ t

0
e−(ρK−pN )udu+ e−pN t VarνN

[
η(0)

N

]

= CK,N
e−pN t − e−ρKt

ρK − pN
+ e−pN t VarνN

[
η(0)

N

]
(3.84)

= CK,N
1 − e−ρKt

ρK
+ VarνN

[
η(0)

N

]
+ o

(
1

N

)

=
1

N

{
DK

1 − e−ρKt

ρK
+ EK

}
+ o

(
1

N

)
,

where DK and EK are given by (3.22). Note that (3.18) is obtained from (3.84).
In order to prove (3.21), note that for every initial distribution µ in Z/KZ and any initial

configuration η ∈ EK,N , we get

‖m (ηt) − Lµ(Zt | t ≤ τp)‖2 ≤ Eη
[ ‖m (ηt) − Lµ(Zt | t ≤ τp)‖2

]
(3.85)

≤ Eη
[ ‖m (ηt) −m (ηt)‖2

]
+ ‖m (ηt) − Lµ(Zt | t ≤ τp)‖2 .(3.86)

Inequality (3.85) is obtained using the convexity of the 2-norm and Jensen’s inequality. In-
equality (3.86) is proved using the triangular inequality. From Theorem 3.1.8 we know that for
any initial configuration η ∈ EK,N , we obtain

e−ρKt

∣∣∣∣φm(η)

(
2π

K

)
− φµ

(
2π

K

)∣∣∣∣ ≤ ‖m (ηt) − Lµ(Zt | t ≤ τp)‖2 ≤ e−ρKt ‖m(η) − µ‖2 , (3.87)

152



where ρK is given by (3.5). Also,

Eη
[ ‖m (ηt) −m (ηt)‖2

2

]
=

K−1∑

k=0

Varη

[
ηt(k)

N

]
≤ K ‖gt‖∞

≤ 2K

N

(
DK

1 − e−ρKt

ρK
+ EK

)
+ o

(
1

N

)
, (3.88)

where DK and EK are defined by (3.22). Finally, (3.21) is proved using (3.85), (3.86), (3.87),
(3.88) and Jensen’s inequality.

3.A Proof of Lemma 3.3.2

In order to calculate LK,Nfk, note that

(LK,Nfk)(η) =
∑

i,j

η(i)

(
1{j=i+1} + θ1{j=i−1} + η(j)

p

N − 1

) [
fk

(
Ti→jη

)− fk

(
η
)]
.

But fk

(
Ti→jη

)
= fk

(
η
)

if i 6= k and j 6= k. Thus,

(LK,Nfk)(η) = η(k)
∑

j 6=k

(
1{j=k+1} + θ1{j=k−1} + η(j)

p

N − 1

)
[Tk→jη(k) − η(k)]

+
∑

i6=k

η(i)

(
1{k=i+1} + θ1{k=i−1} + η(k)

p

N − 1

)
[Ti→kη(k) − η(k)]

= −η(k)

[
1 + θ + p

N − η(k)

N − 1

]
+ η(k − 1) + θη(k + 1) + p η(k)

N − η(k)

N − 1

= η(k − 1) − (1 + θ)η(k) + θ η(k + 1),

for all η ∈ EK,N . Thus, (3.31) is proved.
Now, for computing LK,Nfk,l for all 1 ≤ k, l ≤ K, we separate the proof in three cases:

l = k, l = k + 1 and l > k + 1, for all 0 ≤ k ≤ K − 2.
Case l = k:
From (3.2) we have

(LK,Nfk,k)(η) =
∑

i,j

η(i)

(
1{j=i+1} + θ1{j=i−1} + η(j)

p

N − 1

) [
fk,k

(
Ti→jη

)− fk,k

(
η
)]
,

for all η ∈ EK,N . Denote

Si,j(η) = η(i)

(
1{j=i+1} + θ1{j=i−1} + η(j)

p

N − 1

) [
Ti→jη(k)2 − η(k)2

]
.

Note that if {i, j} ∩ {k} = ∅, then we have Si,j(η) = 0. So,

(LK,Nfk,k)(η) =
∑

j 6=k

Sk,j(η) +
∑

i6=k

Si,k(η).
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Note that

∑

j 6=k

Sk,j(η) =
∑

j 6=k

η(k)

(
1{j=k+1} + θ1{j=k−1} + η(j)

p

N − 1

) [
Tk→jη(k)2 − η(k)2

]

= η(k)


1 + θ +

p

N − 1

∑

j 6=k

η(j)



[
(η(k) − 1)2 − η(k)2

]

=

(
η(k) + θ η(k) + p η(k)

N − η(k)

N − 1

)
[−2η(k) + 1] , (3.89)

∑

i6=k

Si,k(η) =
∑

i6=k

η(i)

(
1{k=i+1} + θ1{k=i−1} + η(k)

p

N − 1

) [
Ti→kη(k)2 − η(k)2

]

=


η(k − 1) + θ η(k + 1) + η(k)

p

N − 1

∑

i6=k

η(i)



[
(η(k) + 1)2 − η(k)2

]

=

(
η(k − 1) + θ η(k + 1) + p η(k)

N − η(k)

N − 1

)
[2η(k) + 1] . (3.90)

Summing (3.89) and (3.90), we obtain

(LK,Nfk,k)(η) =
∑

j 6=k

Sk,j(η) +
∑

i6=k

Si,k(η)

= 2η(k) [η(k − 1) − η(k) + θ(η(k + 1) − η(k))]

+(η(k) + η(k − 1)) + θ(η(k + 1) + η(k)) + 2p η(k)
N − η(k)

N − 1

= 2

[
η(k − 1)η(k) −

(
1 + θ +

p

N − 1

)
η(k)2 + θη(k)η(k + 1)

]

+η(k − 1) +

(
1 + θ +

2pN

N − 1

)
η(k) + θη(k + 1),

for all η ∈ EK,N . Thus, (3.32) holds.
Case l = k + 1:
From (3.2), similarly to the previous case, we have

(LK,Nfk,k+1)(η) =
∑

i,j

η(i)

(
1{j=i+1} + θ1{j=i−1} + η(j)

p

N − 1

)
[fk,k+1 (Ti→jη) − fk,k+1(η)].

Denote

Ri,j(η) = η(i)

(
1{j=i+1} + θ1{j=i−1} + η(j)

p

N − 1

)
[Ti→jη(k)Ti→jη(k + 1) − η(k)η(k + 1)].

If {i, j} ∩ {k, k + 1} = ∅, then Ri,j = 0. Thus,

(LK,Nfk,k+1)(η) =
∑

j 6=k

Rk,j(η) +
∑

i6=k,k+1

Ri,k+1(η) +
∑

j 6=k+1

Rk+1,j(η) +
∑

i6=k,k+1

Ri,k(η).
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Note that

∑

j 6=k

Rk,j(η) = Rk,k+1(η) +
∑

j 6=k,k+1

Rk,j(η)

= η(k)[(η(k) − 1)(η(k + 1) + 1) − η(k)η(k + 1)]

[
1 + p

η(k + 1)

N − 1

]

+
∑

j 6=k,k+1

η(k)[(η(k) − 1)η(k + 1) − η(k)η(k + 1)]

×
(
1{j=k+1} + θ1{j=k−1} + η(j)

p

N − 1

)

= η(k)[η(k) − η(k + 1) − 1]

[
1 + p

η(k + 1)

N − 1

]

−η(k)η(k + 1)


θ +

p

N − 1

∑

j 6=k,k+1

η(j)




= η(k)[η(k) − 1]

[
1 + p

η(k + 1)

N − 1

]

−η(k)η(k + 1)(1 + θ) − p η(k)η(k + 1)
N − η(k)

N − 1
,

∑

i6=k,k+1

Ri,k+1(η) =
∑

i6=k,k+1

η(i)[η(k)(η(k + 1) + 1) − η(k)η(k + 1)]

×
(
1{k+1=i+1} + θ1{k+1=i−1} + η(k + 1)

p

N − 1

)

= η(k)

(
θη(k + 2) + p η(k + 1)

∑
i6=k,k+1 η(i)

N − 1

)

= θη(k)η(k + 2) + p η(k)η(k + 1)
N − η(k) − η(k + 1)

N − 1
,

∑

j 6=k+1

Rk+1,j(η) = Rk+1,k(η) +
∑

j 6=k,k+1

Rk+1,j(η)

= η(k + 1)[(η(k) + 1)(η(k + 1) − 1) − η(k)η(k + 1)]

[
θ + p

η(k)

N − 1

]

+
∑

j 6=k,k+1

η(k + 1)[η(k)(η(k + 1) − 1) − η(k)η(k + 1)]

×
(
1{j=k+2} + θ1{j=k} + p

η(j)

N − 1

)

= η(k + 1)[η(k + 1) − η(k) − 1]

[
θ + p

η(k)

N − 1

]

−η(k)η(k + 1)


1 +

p

N − 1

∑

j 6=k,k+1

η(j)




= η(k + 1)[η(k + 1) − 1]

[
θ + p

η(k)

N − 1

]
− η(k)η(k + 1)(1 + θ)

−p η(k)η(k + 1)
N − η(k + 1)

N − 1
,
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∑

i6=k,k+1

Ri,k(η) =
∑

i6=k,k+1

η(i)[(η(k) + 1)η(k + 1) − η(k)η(k + 1)]

×
(
1{k=i+1} + θ1{k=i−1} + η(k)

p

N − 1

)

= η(k + 1)

(
η(k − 1) + p η(k)

N − η(k) − η(k + 1)

N − 1

)

= η(k − 1)η(k + 1) + p η(k)η(k + 1)
N − η(k) − η(k + 1)

N − 1
.

Then,

(LK,Nfk,k+1)(η) = −η(k)η(k + 1)

[
2(1 + θ) + p

2N − η(k) − η(k + 1) − 2[N − η(k) − η(k + 1)]

N − 1

]

+η(k)[η(k) − 1]

(
1 + p

η(k + 1)

N − 1

)
+ η(k + 1)[η(k + 1) − 1]

(
θ + p

η(k)

N − 1

)

+η(k − 1)η(k + 1) + θη(k)η(k + 2)

= −η(k)η(k + 1)

[
2(1 + θ) + p

η(k) + η(k + 1)

N − 1

]

+η(k)[η(k) − 1]

(
1 + p

η(k + 1)

N − 1

)
+ η(k + 1)[η(k + 1) − 1]

(
θ + p

η(k)

N − 1

)

+η(k − 1)η(k + 1) + θη(k)η(k + 2)

= −2η(k)η(k + 1)(1 + θ) + η(k)[η(k) − 1] + θη(k + 1)[η(k + 1) − 1]

−2p
η(k)η(k + 1)

N − 1
+ η(k − 1)η(k + 1) + θη(k)η(k + 2)

= −2

(
1 + θ +

p

N − 1

)
η(k)η(k + 1) + η(k − 1)η(k + 1)

+θη(k + 1)2 + η(k)2 + θη(k)η(k + 2) − η(k) − θη(k + 1),

for all η ∈ EK,N , which is equivalent to (3.33).
Case l > k + 1:
In this case we have

(LK,Nfk,l)(η) =
∑

i,j∈F

η(i)

(
1{j=i+1} + θ1{j=i−1} + η(j)

p

N − 1

) [
fk,l

(
Ti→jη

)− fk,l

(
η
)]
.

Denote

Ti,j(η) = η(i)

(
1{j=i+1} + θ1{j=i−1} + η(j)

p

N − 1

)
[Ti→jη(k)Ti→jη(l) − η(k)η(l)].

Obviously, if {i, j} ∩ {k, k + l} = ∅, then Ti,j(η) = 0. Thus

(LK,Nfk,l)(η) =
∑

j 6=k

Tk,j(η) +
∑

i6=k,k+l

Ti,k+l(η) +
∑

j 6=k+l

Tk+l,j(η) +
∑

i6=k,k+l

Ti,k(η).
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Note that
∑

j 6=k

Tk,j(η) = Tk,k+l(η) +
∑

j 6=k,k+l

Tk,j(η)

= η(k)[(η(k) − 1)(η(k + l) + 1) − η(k)η(k + l)]p
η(k + l)

N − 1

+
∑

j 6=k,k+l

η(k)[(η(k) − 1)η(k + l) − η(k)η(k + l)]

×
(
1{j=k+1} + θ1{j=k−1} + p

η(j)

N − 1

)

= η(k)[η(k) − η(k + l) − 1]p
η(k + l)

N − 1

−η(k)η(k + l)


1 + θ +

p

N − 1

∑

j 6=k,k+l

η(j)




= η(k)η(k + l)

[
p

N − 1
(η(k) − 1) − (1 + θ) − p

N − η(k)

N − 1

]
,

∑

i6=k,k+l

Ti,k+l(η) =
∑

i6=k,k+l

η(i) [η(k)(η(k + l) + 1) − η(k)η(k + l)]

×
(
1{k+l=i+1}

1

K
+ 1{k+l=i−1}

θ

K
+ η(k + l)

p

N − 1

)

= η(k)

[
η(k + l − 1) + θη(k + l + 1) + p η(k + l)

N − η(k) − η(k + l)

N − 1

]

= η(k)η(k + l − 1) + θη(k)η(k + l + 1) + p η(k)η(k + l)
N − η(k) − η(k + l)

N − 1
,

∑

j 6=k+l

Tk+l,j(η) = Tk+l,k(η) +
∑

j 6=k,k+l

Tk+l,j(η)

= η(k + l) [(η(k) + 1)(η(k + l) − 1) − η(k)η(k + l)] p
η(k)

N − 1

+
∑

j 6=k,k+l

η(k + l)[η(k)(η(k + l) − 1) − η(k)η(k + l)]

×
(
1{j=k+l+1} + θ1{j=k+l−1} + p

η(j)

N − 1

)

= η(k + l) [η(k + l) − η(k) − 1] p
η(k)

N − 1

−η(k)η(k + l)


1 + θ +

p

N − 1

∑

j 6=k,k+l

η(j)




= η(k + l) [η(k + l) − η(k) − 1] p
η(k)

N − 1

−η(k)η(k + l)

[
1 + θ + p

N − η(k) − η(k + l)

N − 1

]

= η(k)η(k + l)

[
(η(k + l) − 1)

p

N − 1
− 1 + θ

N
− p

N − η(k + l)

N − 1

]
,

∑

i6=k,k+l

Ti,k(η) =
∑

i6=k,k+l

η(i)[(η(k) + 1)η(k + l) − η(k)η(k + l)]

×
(
1{k=i+1} + θ1{k=i−1} + p

η(k)

N − 1

)

= η(k + l)

[
η(k − 1) + θη(k + 1) + p η(k)

N − η(k) − η(k + l)

N − 1

]

= η(k − 1)η(k + l) + θη(k + 1)η(k + l) + p η(k)η(k + l)
N − η(k) − η(k + l)

N − 1
.
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Thus,

(LK,Nfk,l)(η) = η(k)η(k + l)

(
p

N − 1
[η(k) + η(k + l) − 2] − 2(1 + θ)

− p

N − 1
[2N − η(k) − η(k + l) − 2[N − η(k) − η(k + l)]]

)

+η(k) [η(k + l − 1) + θη(k + l + 1)] + η(k + l) [η(k − 1) + θη(k + 1)]

= −2η(k)η(k + l)

(
1 + θ +

p

N − 1

)
+ η(k) [η(k + l − 1) + θη(k + l + 1)]

+η(k + l) [η(k − 1) + θη(k + 1)] ,

for all η ∈ EK,N , proving (3.34).
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Appendix A

Notation

We will use the following notations for the sets
• Z = {. . . ,−2,−1, 0, 1, 2, . . . } of integers,

• N = {1, 2, 3, . . . } of positive integers,

• N0 = {0, 1, 2, 3, . . . } of nonnegative integers,

• R = (−∞,∞) of real numbers,

• R+ = [0,∞) of nonnegative real numbers,

• C of complex numbers.
Given a discrete set Ω, we assume Ω is endowed with the sigma-algebra P(Ω) = {A : A ⊂ Ω}

and we denote by
• B(Ω) the set of (measurable) functions from Ω to R,

• B+(Ω) the set of nonnegative (measurable) functions from Ω to R,

• ‖ · ‖ the uniform norm defined by ‖f‖ := sup
x∈Ω

|f(x)| ∈ R ∪ {+∞}, for every f ∈ B(Ω),

• Bb(Ω) the set of bounded (measurable) functions from Ω to R,

• B1(Ω) the set of (measurable) functions from Ω to R bounded by 1,

• M1(Ω) the set of probability measures on Ω,

• µ(f) :=
∑

x∈Ω f(x)µ(x) the integral of f with respect to µ, for every µ ∈ M1(Ω) and
every function in B+(Ω), or every f ∈ B(Ω) integrable with respect to µ, namely, such
that µ(|f |) < ∞,

• ‖ · ‖TV the total variation norm, defined for all µ1, µ2 ∈ M1(Ω) by

‖µ1 − µ2‖TV := sup
A⊂Ω

|µ1(A) − µ2(A)| =
1

2
sup

ϕ∈B1(Ω)
|µ1(ϕ) − µ2(ϕ)| =

1

2

∑

x∈Ω

|µ1(x) − µ2(x)|.

Let (xn)n∈M , where M ⊂ N be an enumeration of the elements in Ω. We define the norm
‖ · ‖w for all µ1, µ2 ∈ M1(Ω) as follows

‖µ1 − µ2‖w :=
∑

n∈M

2−n|µ1(xn) − µ2(xn)|.

Both norms ‖·‖TV and ‖·‖w metrize the convergence in law. Moreover, the sets (Bb(Ω), ‖·‖),
(M1(Ω), ‖ · ‖TV) and (M1(Ω), ‖ · ‖w) are complete spaces.
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Markov chains
Given a discrete space Ω endowed with the sigma-algebra P(Ω), a time homogeneous Markov
chain with state space Ω is a family

(
Ω, (Ft)t≥0, (Xt)t≥0, (Pt)t≥0, (Px)x∈Ω

)
satisfying the condi-

tions in [RW00, Def. III.1.1, p. 227], for t ∈ R+. We recall that Px(X0 = x) = 1, that Pt is the
transition function at time t ≥ 0 of the process, and that the family (Pt)t≥0 defines a semigroup
of operators on the set Bb(Ω).

For all µ ∈ M1(Ω) and all f ∈ B+(Ω), we use the notations

Pµ(·) :=
∑

x∈Ω

Px(·)µ(x) and µPtf :=
∑

x∈Ω

(
Ptf

)
(x)µ(x), ∀t ≥ 0.

We denote by Ex and Eµ the expectations associated to Px and Pµ, respectively.

Absorbing Markov chains
Assume that

(
Xt
)

t≥0
is an irreducible continuous-time Markov chain on a discrete space Ω

whose generator is Q, which acts on every ϕ ∈ Bb(E) as follows

(Qϕ) : x →
∑

y∈E

Qx,y(ϕ(y) − ϕ(x)).

Let us denote by κ ∈ B+(E), the killing rate function. Let us consider the absorbing Markov
chain (Yt)t≥0 on Ω ∪ {∂}, where ∂ /∈ Ω is an absorbing state, satisfying

Yt =




Xt if

∫ t

0
κ(Xs)ds < ξ

∂ otherwise,

where ξ is an exponential random variable with parameter 1, independent from (Xt)t≥0. In
words, (Yt)t≥0 evolves as (Xt)t≥0 on E, and conditioned to be at x ∈ E, it jumps to ∂ (get
absorbed) with rate κ(x). Alternatively, (Yt)t≥0 can be defined as the process with generator
Q̃ acting on every φ ∈ Bb(E ∪ {∂}) as follows:

(Q̃φ) : x → κ(x)(φ(∂) − φ(x)) +
∑

y∈E

Qx,y(φ(y) − φ(x)),

for every x ∈ E, and we set
(
Q̃φ
)
(∂) = 0. The absorption time τ∂ , defined as

τ∂ := inf
t≥0

{Xt = ∂},

is a stopping time, which means that for all s ≥ 0, Xs = ∂ implies Xt = ∂, for all t ≥ s. In the
following we assume that the chain is absorbed almost surely:

Px(τ∂ < ∞) = 1, ∀x ∈ Ω.
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MOTS CLÉS

Processus de Moran multi­allélique; systèmes de particules de type Fleming­Viot ; distribution quasi­
stationnaire ; propagation du chaos ; ergodicité ; phénomène de cutoff

RÉSUMÉ

L'objectif principal de cette thèse est d'étudier l'évolution, en temps long et pour une grande taille de population, des mod­
èles de Moran multi­alléliques, qui sont des processus de Markov à temps continu et à espace discret, inspirés de modèles
mathématiques pour la biologie. Nous nous intéressons à l'étude, entre autres aspects, de la relation entre le processus
de Moran, compris comme un système de particules en interaction, et la théorie des distributions quasi­stationnaires.
Plus précisément, nous exhibons des phénomènes de propagation du chaos lorsque la taille de la population est grande,
et nous établissons des contrôles quantitatifs de la convergence en temps long vers l'équilibre. Les principaux résultats
sont divisés en trois chapitres. Dans le premier chapitre, nous montrons que la mesure de probabilité empirique induite
par le système de particules converge, lorsque la taille de la population est grande, vers la loi d'une chaîne de Markov
absorbante conditionnée à ne pas être absorbée. De plus, nous établissons un contrôle de cette convergence, en prou­
vant une propagation du chaos uniforme en temps. Nous prouvons également la normalité asymptotique du biais et nous
fournissons une expression explicite pour la variance asymptotique, utilisée ensuite pour définir un autre système de par­
ticules avec une erreur quadratique plus petite. Dans le deuxième chapitre, nous considérons un modèle plus simple où
l'espace d'état est fini et le taux de mortalité est uniforme. Dans ce contexte, nous trouvons une expression explicite pour
le spectre du générateur du système de particules en termes de spectre de la matrice des taux de mutation. De plus, nous
étudions l'ergodicité du processus et, pour un schéma particulier de mutation, mutation indépendante des parents, nous
sommes en mesure de prouver l'existence de phénomènes de cutoff pour les distances de variation totale et chi­deux.
Le troisième chapitre est consacré à l'étude d'un cas particulier, où le processus de mutation correspond à une marche
aléatoire asymétrique sur le graphe cyclique. Nous montrons que ce modèle possède une solvabilité remarquable, malgré
le fait qu'il soit non­réversible avec une distribution invariante non­explicite.

ABSTRACT

The main goal of this thesis is to study the evolution of a multi­allelic Moran model, which is a continuous­time discrete
state Markov process, inspired by biological applications. We study, among many other aspects, the relation between
the Moran process, understood as an interacting particle system, and the theory of quasi­stationary distributions. More
precisely, we prove the existence of a propagation of chaos phenomenon when the population size is large, and we study
the quantitative control for the long time convergence to stationarity by spectral arguments. The main results are divided
in three chapters. In the first chapter we show that the empirical probability measure induced by the particle system
converges, when the number of particles goes to infinity, to the law of an absorbing Markov process conditioned to non­
absorption. Furthermore, we establish a control on this convergence, by proving a uniform in time propagation of chaos.
We also prove the asymptotic normality of the bias and we provide an explicit expression for the asymptotic variance,
which is later used to define another particle system with smaller quadratic error. In the second chapter, we consider a
simpler model where the state space is finite and the killing rate is uniform. In this context we find an explicit expression
for the spectrum of the particle system generator in terms of the spectrum of the mutation rate matrix. Moreover, we study
the ergodicity of the process and, for a particular mutation scheme, which is the parent independent mutation, we are able
to prove the existence of cutoff phenomena in the total variation and chi­square distances. The third chapter is devoted to
the study of a particular case, where the mutation process is driven by an asymmetric random walk on the cycle graph. We
show that this model has a remarkable exact solvability, despite the fact that it is non­reversible with non­explicit invariant
distribution.

KEYWORDS

Moran process; Fleming­Viot particle system; quasi­stationary distribution; propagation of chaos; ergodicity;
cutoff phenomenon
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