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Introduction

Deux énergies géométriques de surface sont au coeur de ce manuscrit de thése : 1'aire et I'énergie
de Willmore. L’intérét pour la notion d’aire est ancien puisque les premiers travaux sur le prob-
leme isopérimétrique datent de l'antiquité et qu’il existe toujours aujourd’hui une riche activité de
recherche autour des surfaces minimales en analyse, en géométrie, en théorie géométrique de la
mesure mais aussi en probabilités et en statistique. Le tres vaste champ d’applications des surfaces
minimales motive également de nombreux travaux portant sur leur approximation discrete. L'énergie
de Willmore est peut-étre un peu moins connue, ainsi que ses points critiques, les surfaces de Will-
more. On rappelle que I'énergie de Willmore désigne l'intégrale sur la surface du carré de la courbure
moyenne, qu’elle doit son nom aux travaux du géometre T.J. Willmore dans les années 60 [137, 136]
mais que son existence est bien plus ancienne. En dimension 1, Bernoulli et Euler 1’avaient déja pro-
posée au 18e siecle comme énergie de torsion d'une tige élastique. Son étude pour les 2-surfaces dans
R? a commencé deés le début du 19e siécle avec Poisson [117] puis Germain [65] qui ’ont utilisée pour
caractériser les plaques élastiques fines. Plusieurs raisons expliquent I’engouement fort dont ’énergie
de Willmore(-Poisson-Germain...) bénéficie aujourd hui :

e C’est un invariant pour les transformations conformes de R? et, a topologie fixée, elle offre
par minimisation une bonne définition d’immersion optimale. Mieux encore, I'énergie de Will-
more vérifie une propriété de quantification dépendant de la topologie : si ¥ est une surface
orientable et fermée (i.e., compacte et sans bord) de genre g alors pour toute immersion f de
¥ dans R3 on a W(f) > B, ou 3, est une constante positive. En outre, il existe une surface
de Willmore (i.e. un point critique f de l'énergie) orientée, fermée et de genre g d’énergie
B4 [128, 14]. L'inégalité W (f) > j, reliant géométrie et topologie de la surface est remarquable.
Elle constitue le pendant pour la courbure moyenne (et sous forme d’inégalité) du lien établi
par le théoreme de Gauss-Bonnet entre 1'intégrale de la courbure gaussienne et la caractéris-
tique d’Euler. L'identification précise des 3, et des surfaces dont c’est I'énergie a fait 1’objet de
nombreux travaux depuis Willmore. Celui-ci avait démontré que 5y = 4, qui coincide avec
I'énergie des spheres plongées. Le cas ¢ = 1, objet de la fameuse conjecture de Willmore, a
été résolu par Marques et Neves [94] qui ont confirmé que 31 = 27, énergie qu’on savait déja
atteinte par le tore de Clifford. Le probléme est toujours ouvert pour g > 2. Une conjecture
due a Kusner affirme que 'énergie optimale serait atteinte par les projections stéréographiques
des surfaces de Lawson, une classe de surfaces minimales dans S? [79, 86]. Il est d’ailleurs im-
portant de souligner, pour mettre en avant le lien étroit qui lie surfaces minimales et surfaces
de Willmore, que la projection stéréographique sur R* d’une surface minimale de S® est une
surface de Willmore.

¢ L'énergie de Willmore n’est pas seulement utile comme outil de caractérisation géométrique et
topologique, elle joue aussi un role fondamental dans des applications variées : en biologie, elle
est contenue dans I'énergie de Canham-Helfrich qui régit la forme des membranes bilipidiques,
par exemple celle des globules rouges, voir [17, 98, 99] et les références incluses. Comme on
I'a vu en évoquant Bernoulli, Euler, Poisson et Germain, elle est aussi utilisée en mécanique
comme énergie de déformation des tiges ou des plaques élastiques. Elle apparait également en
relativité générale dans la masse d"Hawking [68]. Elle intervient par ailleurs dans des modéles
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de reconstruction ou de segmentation d’images numériques [95, 9, 39, 13, 36, 96] et elle sert
d’énergie de régularisation pour des problémes de complétion ou de régularisation de surfaces
discretes ou de nuages de points [55, 29, 45].

Toutes ces applications sont a 1’origine d’une trés grande variété de méthodes pour I'approximation
numérique de minimiseurs de 1'énergie de Willmore. On se focalisera dans cette these sur les méth-
odes dites de champ de phase qui permettent d’approcher 1’aire ou l'énergie de Willmore du bord
d’un domaine ouvert (donc des énergies singulieres concentrées) par des fonctionnelles tres régulieres
définies pour des fonctions régulieres [30]. L'approche par champ de phase permet a la fois d’obtenir
des bonnes garanties de convergence (au sens de la I'-convergence) des énergies approchées vers les
énergies limites et se préte tres bien a I’approximation numérique.

Décrivons maintenant plus en détail le contenu de ce manuscrit. Il comporte deux parties in-
dépendantes rédigées en anglais. Bien que I'énergie de Willmore soit commune a ces deux parties,
les questions abordées ainsi que les techniques et outils utilisés sont tres différents.

La partie I, intitulée De I"approximation champ de phase du flot de Willmore au flot de courbure moyenne
approché avec auto-évitement, a été 1’objet d’une collaboration avec Elie Bretin. Elle comporte quatre
chapitres. Au chapitre 1, on rappelle les principes de 'approximation champ de phase, en partic-
ulier pour l'approximation de l'aire ou de 1'énergie de Willmore. On rappelle également quelques
résultats connus sur les propriétés des flots-gradients associés a certaines approximations champ de
phase et leur convergence vers les flots gradients limites que sont le flot de courbure moyenne et
le flot de Willmore (i.e. le flot gradient L? de I’énergie de Willmore). Le chapitre 2 est consacré a
l'analyse théorique et a 'approximation numérique du flot de De Giorgi-Bellettini-Paolini, c’est-a-
dire du flot gradient L? associé au modele classique d’approximation de 1’énergie de Willmore dt a
De Giorgi, Bellettini et Paolini [18]. Ce flot converge vers le flot de Willmore lorsque tout est régulier,
mais les singularités qu’il laisse apparaitre ne sont pas compatibles avec les propriétés de la relaxée
de I'énergie de Willmore. Au contraire, un autre modéle d’approximation déi &8 Mugnai [108] em-
péche l'apparition de ces singularités indésirables. C’est dti a la présence d’un terme de réaction que
nous qualifions de terme d""auto-évitement" car il empéche, lors du flot, le contact entre deux points
différents de l'interface approchée en générant une force répulsive au voisinage des singularités de
la fonction distance. Le chapitre 3 est consacré a une bréeve étude de ce terme avec une illustration
numérique de ses propriétés. Dans le chapitre 4, nous proposons un nouveau terme d’auto-évitement
qui offre davantage de robustesse. Nous montrons en particulier que ce terme, dit de saut, converge
vers une mesure portée par I’ensemble singulier d’un champ normal associé aux formes étudiées. On
déduit d’'une analyse asymptotique et de simulations numériques une conjecture faisant apparaitre
a des ordres variés les sous-ensembles de dimensions variées de cet ensemble singulier. Puis nous
étudions 'apport de ce terme de saut lorsqu’il est couplé au flot de courbure moyenne approché.
Le flot perturbé obtenu est particulierement adapté pour obtenir des approximations numériques de
solutions du probleme de Steiner en dimension 3, qui est notoirement difficile. Il est également bien
adapté pour résoudre numériquement le probléme de Plateau et permet d’obtenir une approximation
de surfaces minimales aussi bien orientables que non orientables.

La partie II du manuscrit est intitulée Analyse asymptotique pour les spheres de Willmore dans une
variété tri-dimensionnelle, elle est composée du chapitre 5 et d'une annexe. L'étude des surfaces de
Willmore dans les espaces courbes est relativement récente, et plusieurs résultats d’existence ou de
non existence ont été prouvés depuis peu. En particulier, des petites spheres de Willmore ont été
construites comme étant des spheres géodésiques perturbées, cf. les travaux de Lamm & Metzger
[81], Mondino [104, 105], Lamm, Metzger & Schulze [82] et Chen & Li [40]. Toutes ces construc-
tions reposent sur le théoreme des fonctions implicites et certaines non-dégénérescences de la variété
ambiante sont requises, notamment dans un voisinage d’un point critique de la courbure scalaire.
Réciproquement, on est ramené naturellement a la question suivante :

Soit p un point dans une variété tri-dimensionnelle (M, h). Supposons que, pour r > 0 suffisamment petit,
la boule géodésique B! (p) contienne une surface de Willmore (ou plus généralement une surface de Willmore
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sous contrainte d’aire), alors p est-il essentiellement un point critique de la courbure scalaire de (M, h) ?

Lamm et Metzger ont montré dans leur travail pionnier [80] que ce phénomene de concentration ap-
parait si on ne considere que les surfaces de Willmore de courbure moyenne positive. D’'une maniere
équivalente, un tel phénomene de concentration a lieu pour les surfaces de Willmore d’énergie in-
férieure a 47 + € pour € > 0 suffisamment petit. Laurain et Mondino ont généralisé ce résultat dans
[84] lorsque la borne d’énergie est inférieure a 8 — ¢ pour tout § > 0. Plus précisément, ils mon-
trent que si (M, h) est une variété riemannienne de dimension 3 et (®*(S?))xen une suite de spheres
de Willmore dans M (éventuellement sous contrainte d’aire) dont 1’énergie de Willmore est unifor-
mément bornée par 87 — J et telles que diam(®*(S?)) — 0 lorsque k — oo alors, & une extraction
pres, la suite (®*(S?)),en converge vers un point critique p de la courbure scalaire de (M, h). Notons
que, grace a une inégalité de Li et Yau [89], on ne peut avoir sous ces hypotheses que des spheres de
Willmore plongées.

On s’intéresse dans la partie II du manuscrit a ce qu’on peut dire quand on relache la contrainte
d’énergie. Quitte a faire un changement d’échelle approprié autour du point p, nous étudions le
cas particulier ol les surfaces limites peuvent étre vues asymptotiquement comme deux spheres eu-
clidiennes qui se collent I'une a I'autre. Nous montrons comment obtenir des estimées ponctuelles
fortes pour la suite (®*),cy en appliquant la technique développée par Druet, Hebey & Robert [57]
au systeme triple d’équations vérifiées par les surfaces de Willmore dont 1'une est la reformulation
de Riviere sous forme divergence et les deux autres sont celles données par le paramétrage conforme
des surfaces. Ces trois équations sont des EDPs elliptiques avec des termes non-linéaires dominants
sous forme de Wente. En étudiant soigneusement le recollement entre les deux spheres et en adaptant
la méthode utilisée par Laurain [83] pour les surfaces a courbure moyenne constante, nous montrons
a l'aide des estimées fortes que ces spheres de Willmore doivent se concentrer en un point critique
de la courbure scalaire de (M, h). Nous ne savons pas pour l'instant comme étendre ces résultats
pour traiter le cas plus général d'un nombre quelconque de spheres avec apparition de caténoides.
Nous pensons néanmoins que la méthode utilisée pour obtenir des estimées fortes doit pouvoir étre
généralisée.






Part I: From the approximation of the
Willmore flow to a self-avoiding
approximate mean curvature flow






Chapter 1

Phase-field approximations of the
perimeter and Willmore energies

1.1 Van der Waals-Cahn-Hilliard energy

An historical reference for the phase-field approach is van der Waals’s work on the thermodynamic
theory of capillary, where the free energy of a liquid-gas interface is studied (see [123] for an English
translation with insightful comments). Van der Waal advocates that there is no sharp transition be-
tween the liquid and gas phase states, but rather a smooth transition. The local concentration of liquid
with respect to gas can therefore be represented by a smooth scalar field u which is not binary, but
instead varies smoothly from 0 to 1. Van der Waals proposes a two-term model for the free energy of
such a diffuse liquid-gas interface:

/ (AIVul® + fo(w)) dz, (1.1.1)
1%

where V denotes the volume enclosing the liquid-gas interface, \ is the capillarity coefficient, A\|Vu|?
is the local free inhomogeneity energy density, and fy(u) denotes the local bulk free energy density
associated with u.

Cahn and Hilliard [35] derived in 1958 a similar expression for the free energy of binary alloys but
emphasized the energy tradeoff between the two terms: as the width of the transition zone increases,
the decrease of the gradient term |Vu|? is counterbalanced by an increase of the bulk free energy. This
leads to the van der Waals—Cahn—Hilliard energy (usually simply called the Cahn—Hilliard energy):

F.(u) Z/V<;|VU|2—|-VV£U)> dz, 1.1.2)

where ¢ denotes the width of the transition layer and W is usually taken to be a smooth double-well
function of the form:
(1—s2)2

4

in the case where the two pure phase states are represented by {u = —1} and {u = 1}. Obviously, the
energy promotes the smoothness of gas and liquid densities while penalizing the non pure states.

It is natural to study the asymptotic behavior of F; as ¢ — 0. A formal argument shows that,
when u is close to the characteristic function of a smooth set (2, F;(u) is close to the area of 9Q (up
to a multiplicative constant depending only on ). This has been proved rigorously by Modica and
Mortola [103, 102] in the more general context of sets of finite perimeter and using the notion of
I'-convergence that we recall now.

W(s) =
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1.2 TI'-convergence

One way to describe and understand the asymptotic behavior of a family of functionals in a vari-
ational context is the notion of I'-convergence introduced by De Giorgi and Franzoni [52]. We recall
below its definition and some of its basic properties, see [47, 28] for more detailed presentations on
the topic.

Definition 1.2.1. Let X be a topological space and let F, : X — R U {400} be a sequence of functionals on
X. We say that the sequence (F;)e>o I'-converges to the I-limit F : X — RU {400} on X ase — 0 if the
following assertions hold for every u € X:

1. Lower bound inequality: For every sequence (u®).>o of X converging to win X as e — 0, we have that:

< lim N
Fu) < llggf F.(u®)

2. Upper bound inequality: There exists a sequence (v°).>o of X converging to w in X as ¢ — 0 such that

limsup F; (v°) < F(u).

e—0
In this case, we write that

NX)—limF.=ForT — gig%)FE(u) = F(u) for every u € X.

e—0

Remark1.2.2. In practice, combining both assertions in Definition 1.2.1, it is sometimes also convenient
to replace the upper bound inequality by the existence of a so-called recovery sequence (v°).~o of X
converging to u in X as ¢ — 0, and such that

lim F.(v®) = F(u).

e—=0
Notice that I'-convergence remains stable under continuous perturbations [47]:

Proposition 1.2.3. Let X be a topological space and F. : X — R U {400} be a sequence of functionals such
that I' — lim._,o F. = F. Then for every continuous function G : X — R, we have that

I'-limF.+G=F+G.
e—0

One of the most significant consequences of the I'-convergence in a context of optimization is
the link between (global) minimizers of a I'-convergent sequence (F.) and (global) minimizers of the
I-limit:

Theorem 1.2.4 ( [47]). Assume that (F.).~o I'-converges to a function F in X as e — 0. For every e > 0,
let x. be a minimizer of Fy in X. The following properties hold:

e If x is a cluster point of (x.) then x is a minimizer of F in X and F(x) = limsup F(z.).
e—0

e If (x¢) converges to x in X then x is a minimizer of F in X and F(z) = lin% F.(z.).
E—

* [n addition, if (F.) is equi-coercive (i.e., for every t there exists a closed countably compact subset K; of
X such that {F. <t} C Ky for every ) then :
- mig F(y) = lim inf Fe(y) = lim Fe(ze).

— If x is a cluster point of (x.) then x is a minimizer of F in X and F(x) = lir% F.(z¢).
E—

Remark 1.2.5. It is important to observe that, unfortunately, I'-convergence does not imply the con-
vergence of local minimizers, see [28].
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1.3 Phase-field approximation of perimeter

To get a proper I'-convergent approximation of perimeter, it is useful to extend the definition of the
Cahn-Hilliard energy to general L!-functions in the following way.

Definition 1.3.1. Let 2 be an open and bounded subset of R™. We define P. : L'(Q) — Ry by

P.(u) = { /Q (Z'V“F + WE(U)) deifue H'(S), 1.3.1)

+00 otherwise in L' (Q).

(-5

where W (s) = 1

Following a conjecture of De Giorgi, Modica and Mortola [103, 102] proved that, up to a multi-
plicative constant, the sequence (P.).>o I-converges as € — 0 to the perimeter functional in L'().
The result holds in the context of functions of bounded variation and sets of finite perimeter, see [6].

Theorem 1.3.2 (Modica & Mortola [103, 102]). Let Q be an open and bounded subset of RN. Then
1
I-lim. o P- = c¢oP on LY(Q), with ¢y := / v/ 2W (s) ds and P the perimeter functional defined by
-1

_ ) IDul(Q) ifu e BV(Q,{-1,1}),
Plu)= {+oo otherwise in L (£2), (13.2

with |Du|(SY) the total variation of u defined by

|Du|(£2) := sup{/ u(z) dive(x)dz, ¢ € C;(Q,RN), llell Lo (o) < 1}.
Q

Remark 1.3.3. P is called the perimeter functional for the following reason: when E is a subset of
such that yg := 1 — 21 € BV(Q) with 1 the characteristic function of F, P(xg) coincides with
twice the perimeter of E.

Remark 1.3.4. Assuming that E has smooth boundary, there exists a so-called recovery sequence (u°)
such that u* = yg in L' and

coP(xE) = 1i£1;iglf Pe(u®)

from which follows the upper bound inequality needed to prove the I'-convergence. The recovery
sequence involves the function
dg(-
. (E(>> 7
€

where dg is the signed distance function to E (negative in E, positive outside) and ¢ is a so-called
optimal profile, i.e. a suitable minimizer of the 1D Cahn-Hilliard energy. More precisely, ¢ : R — R is of

/ 2
class C1, q(0) =0, ¢ = /2W (q), lirin q(t) = £1 and ¢ is a minimizer of/ <|SD (;)‘ + W(ga(t))) dt.
S—r 00 R
. (1—s%)? . ) ) t
Recalling that W (s) = Yy an explicit expression for ¢ is ¢(t) = tanh 7 and

%=/3ﬁW@¢=A(W?2+Wmm)wzﬁf
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1.4 De Giorgi-Bellettini-Paolini’s phase-field approximation of the
Willmore energy

The second part of the manuscript is devoted to the Willmore energy of smooth immersions into
a Riemannian manifold, and more precisely to Willmore surfaces, i.e. images of critical points of
the energy. A brief historical introduction to the Willmore energy is provided at the beginning of
Section 5.1. In this first part of the manuscript, we use the following simpler definition: given an
open set E C RY with smooth boundary 0E, the Willmore energy of E is

W(E) = [ HZ,dH" ™!,
OFE

where HV~1 is the (N — 1)-dimensional Hausdorff measure and H is the (scalar) mean curvature of
OF, i.e. the trace of its second fundamental form, see Definition 1.8.7.

Remark 1.4.1. We use two different definitions of the scalar mean curvature in the first and second
parts of this manuscript to stick with the conventions used in the respective literatures. The mean
curvature is the trace of the second fundamental form in the first part, i.e. the sum of the principal
curvatures, but it is the half-sum in the second part! Up to these two different conventions, everything
is consistent.

It is well known that the L?-gradient flow of the perimeter of smooth sets is the mean curvature
flow of their boundaries, see for instance [127]. It seems therefore natural to use the L?-gradient of
the van der Waals-Cahn-Hilliard functional to approximate the mean curvature. This is exactly what
motivates the phase field model proposed by Bellettini and Paolini [18], following a conjecture of
De Giorgi [51], to approximate the Willmore functional. A few other models have been proposed by
various authors, see [30] for a survey, but we shall focus here on two of them which are convenient
for our purpose of identifying a reaction term which promotes self-avoidance. De Giorgi-Bellettini-
Paolini’s model is defined as follows:

Definition 1.4.2. Let Q be an open and bounded subset of RY. De Giorgi-Bellettini-Paolini’s phase field
model is W, : L' () — Ry defined by

! W\ . i

+ o0 otherwise in L*(9).

(1.4.1)

The I'—convergence as ¢ — 0 of W, to the Willmore energy W (for the convergence in L' and
in arbitrary dimension) has been first studied by Bellettini and Paolini in [18], where they proved for
smooth sets (and by extension for any set with finite relaxed Willmore energy, see the next section) the
upper bound inequality defined in Definition 1.2.1. In the case where N = 2,3, Roger and Schitzle
[125] completed the proof of I'-convergence by showing the lower bound inequality for the Willmore
energy of smooth sets. Independently, Nagasa and Tonegawa [111] also proved the I'-convergence in
the case N = 2.

Theorem 1.4.3 ([125], [111]). Let N = 2,3. The L' — T limit of W, coincides with W on smooth sets, i.e.,
forany xp =1 — 21 with E C Qand OF € C?, we have that:

(PLi(oy-lim__, (P- + W) (xe) = co (P + W) (E). (1.4.2)

1
with ¢y := / vV 2W (s)ds.
-1
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1.5 TI'-limit of the phase field approximation and relaxed Willmore
energy

The Willmore energy is properly defined for subsets of R whose boundary is sufficiently smooth
to admit an L2—integrable mean curvature. In many situations, however, it is necessary to extend the
definition to less regular sets. This is possible by relaxation using the notion of lower-semicontinuous
envelope. We recall that the L'(Q2)-lower-semicontinuous envelope of the Willmore energy W is
defined for any set E of finite perimeter in Q2 by

n—-+oo

W(E) = inf{limJiran(En)7 E,CQ, 0E, € C? xg, — xgin L'(Q) asn — +oo}. (1.5.1)

By locality of the mean curvature [9, 88, 97], W coincides with W on smooth sets. Since the I'-
convergence of W; to the Willmore energy W is true for smooth sets, is it true that the I'-limit of .
coincides with the relaxed Willmore energy VW on sets with finite relaxed Willmore energy? Unfortu-
nately, it is not true: one can exhibit unsmooth sets for which the I'-limit of W, does not coincide with
the relaxed Willmore energy.

Proposition 1.5.1 (Bellettini-Dal Maso-Paolini [16], Dang-Fife-Peletier [50]).

1. There exists a bounded set E, C R? of finite perimeter such that

Tpio-lim__,  We(E1) < 400 and W(E;) = +o0; (1.5.2)

—0 " "¢
2. There exists a bounded set Eo C R? of finite perimeter such that

Cri)-lim__ We(E2) < W(E3) < 400, (1.5.3)

Both sets Ey and E5 are illustrated in Figure 1.1.

Proof. On the one hand, we have W(E,) = +00, since, thanks to Theorem 4.1 in Bellettini-Dal Maso-
Paolini [16], a domain with finite relaxed Willmore energy must admit a continuous unoriented tan-
gent everywhere on its boundary. The fact that W(E,) < +oco comes from Theorem 6.5 in [16], which
shows that a planar set which admit a continuous unoriented tangent everywhere on its boundary
has finite relaxed Willmore energy if and only if its boundary has an even number of cusp points. On
the other hand, the reason why I' — lim._,¢ W is finite on both E; and E» stems from the existence of
smooth solutions with singular nodal sets for the Allen-Cahn equation:

Au—W'(u) = 0.

Indeed, thanks to a result of Dang, Fife, and Peletier [50], there exists a unique solution u € C*°(R?)
with values in (-1, 1) such that

u(z,y) <0 ifzy >0,
u(z,y) >0 ifzy <0and
u(z,y) =0 ifzy=0.

O

According to the above proposition, De Giorgi-Bellettini-Paolini’s approximation W, does not I'-
converge to the relaxed Willmore energy W, or more precisely they coincide on smooth sets but not
always on general sets of finite relaxed Willmore energy. It is then natural to ask if there exists a
diffuse approximation for which the I'-convergence holds also for unsmooth sets. As we will see in
the next section, the answer is positive in 2D.
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Figure 1.1: First line: the set I; satisfying (1.5.2). Its boundary does not have everywhere a continuous
unoriented tangent, thus its related Willmore energy is infinite [16]. On the other hand, the charac-
teristic function of £, is the limit of Dang-Fife-Peletier—type solutions whose De Giorgi-Bellettini—
Paolini’s energy is uniformly bounded. Second line: from left to right, the set E satisfying (1.5.3), a
limit configuration of Dang-Fife-Peletier-type solutions whose De Giorgi-Bellettini-Paolini’s energy
is uniformly bounded but whose relaxed Willmore energy is infinite, and a configuration showing
that the relaxed Willmore energy W(E») is finite.

1.6 Bellettini-Mugnai’s phase field approximation of the second fun-
damental form energy

Let Q ¢ RV be open and bounded, and define
K(E) = /Q o Kop dHN 1 (1.6.1)
n

where E C Q2 is an open set with C%-boundary in 2 and Ky is the product of the principal curvatures
of OF (i.e. the Gauss curvature when N = 3). Let also

A(E) = /Q . |Agp|? dHN ! (1.6.2)

with Agp the second fundamental form of OF. Notice that if N = 2, |4y E|2 = Hg » thus A(E) =
W(E). And if N = 3, A(E) = W(E) — 2K(E) thus, thanks to Gauss-Bonnet theorem, minimizing in
R? the Willmore energy W with constrained genus is equivalent to minimizing .4 since K(E) depends
only on the topology of E.

Bellettini and Mugnai introduced in [17] a phase-field approximation of A and used it to prove
the I'-convergence of a phase-field approximation of the Helfrich energy under certain conditions.

Definition 1.6.1 (Bellettini-Mugnai [17]). Let Q@ C R be open and bounded. The Bellettini-Mugnai’s
phase field model WM is defined by

W]

eV3u Ty @ Ty | dx. (1.6.3)

W2 () = o
2¢ Jov{|vul=0}

€

Bellettini and Mugnai showed that, in dimensions 2,3, the I'-limit of W, coincides with A on
subsets of  with C?-boundary:
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Theorem 1.6.2 (Corollary 4.3 in [17]). Let Q be a smooth domain in RN with N = 2,3. For any xp =
1 — 215 with E C Qand OF € C?, we have:

Tpiq)-lim__ (P°+ WM*)(xE) = co(P(E) + A(E)). (1.6.4)

with co := fil V2W (s) ds.

In contrast with Proposition 1.5.1, which shows that the I'-limit of De Giorgi-Bellettini-Paolini’s
model does not coincide in general with the relaxed Willmore energy on unsmooth sets, it was
proved by Mugnai in [109] in the two-dimensional case that such coincidence holds for the I'-limit of
Bellettini-Mugnai’s model.

Theorem 1.6.3 (Theorem 4.1 in [109]). Let N = 2. For any set E of finite perimeter and xp = 1 — 21 g, we
have that o
Tpi)-lim__ (P + WM*) (xg) = co(P + W)(E). (1.6.5)

Proposition 1.5.1 and Theorem 1.6.3 show that, although De Giorgi-Bellettini-Paolini’s model W,
and Bellettini-Mugnai’s model W2 have the same I'-limit on smooth sets, this is not true for un-
smooth sets. What can be said about the associated L?-gradient flows? More precisely, do the gra-
dient flows of W. and W converge to the Willmore flow in a smooth setting? How do the flows
behave just before the appearance of singularities? These questions will be addressed in Chapters 2
and 3.

1.7 Signed distance function to a set and medial axis

If E C RY is nonempty we denote by d(z, E) := 11612 |z — y|| the Euclidean distance to E of a point
y
x € RY. We also let d(z,0) = +o0.

Definition 1.7.1. Let E C RY. The signed distance function to E is defined by:

Ve e RN, dp(z) :=d(z, E) —d(z,RY \ E).

We collect below some basic regularity properties of the signed distance function, see [5, 54, 66].
Proposition 1.7.2. Let E C RY be such that T' = OF is nonempty. The following properties hold:
e dp is 1-Lipschitz, thus differentiable a.e. in RY.

* dp is differentiable at = € RN \ T if and only if there exists a unique point y € T such that dg(z) =
|y — x|. In this case,

==Y ifr eRV\E,
) =y
VdE(l')— z—y
_P7Y e,
rE

In particular, |\Vdg| = 1 at any differentiability point.

e IfT" € CY! and nr denotes the outer unit normal to E on T, there exists a neighborhood U of T such that
forany x € U [54]:

— « has a unique orthogonal projection on T given by nr(x) = « — dg(z)Vdg(x).

- Vdg(z) = nr(nr(z)) = Vdg(z), Vz € [z, nr(z)] the line segment joining x to mr(x).
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— Inaddition, ifT € C?and s = mr(x), Adp(z) = N7} #&2}3@ where k;(s) are the principal
curvatures of I at s along v = Vdg(s).
In particular, for every z € T', Adg(z) = Zﬁ\;l ki(z) = mean curvature at z.

* Ifk € [2,400] is an integer, then
OE isa (N — 1)-manifold of class C* <= 3U open, U > OE, dg € C*(U)

In such a case, we write OF € C*.

There is a rich literature on medial axes, skeletons and cut locus of sets with various definitions. For
it is more suitable for what we need later, we use the definition of medial axis based on the signed
distance function.

Definition 1.7.3 ([4]). The medial axis of E C R¥ is the singular set Sing y, of d, defined by:

Sing = {x € RY, dg is not differentiable at x}

Remark 1.7.4. 1t follows that Vd; is well defined on R \ Sing ; and takes values in SV 1. In addition,
z € Singy \ OF if and only if there exist at least two distinct points y1,y2 € OF such that d(x,y1) =

d(.l?,yQ).

The following regularity properties of the medial axis are proved in [93] for the distance function
to a closed, nonempty set, and easily extend to the signed distance function dg associated with a
general set E C RY with nonempty boundary.

Proposition 1.7.5. If E C R” has nonempty boundary then
* Singp \ OF is C? — (N — 1)-rectifiable.

e If, inaddition, OF is of class C” with r > 3 then the closure Sing y; of Sing ; is C"~2— (N —1)—rectifiable.
In particular,

— the Hausdorff dimension of Sing; is at most (N — 1).
— the vector field Vd g belongs to the space SBV),.(R™).

Remark 1.7.6. Singy, is not (N — 1)-rectifiable in general. There is an example in [93] of a convex open
set in R? with C! boundary such that the closure of its medial axis has positive Lebesgue measure.

The boundary of I is the set of points where dr vanishes. Is there a similar way to link the medial
axis of E with the (complementary of the) support of a map defined with dg or Vdg? There is no
easy way to do it directly, but the medial axis can be obtained as (a subset of) the support of the
distributional limit of a sequence of well defined approximate maps, as we shall see in Chapter 4
together with various applications. There are essentially two difficulties with the medial axis:

* A smooth shape may have a non-smooth, and possibly very non smooth, medial axis [93].
* There is no continuous dependence of the medial axis of a set £ with respect to perturbations
of E. A disk in R? has its center as medial axis but it is easy to design arbitrarily small perturba-

tions of the disk’s boundary to get a collection of medial axes with Hausdorff dimension 1 and
whose Hausdorff distance to the disk’s center is bounded from below by a positive number.
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1.8 Mean curvature flow and Willmore flow

We take exactly the definitions and characterizations of smooth flows, and in particular the mean
curvature flow, given by Bellettini in [15].

We first define the parametric smooth flow of codimension 1 immersed manifolds. Recall that,
given a k-dimensional oriented connected C* submanifold S C RY without boundary, an immersion
of Sin R is a map ¢ € C°°(S,RY) such that ¢ is proper and, for any s € S, dy(s) is injective. We
denote ¢ € Imm(S,RY). This immersion is an embedding if, in addition, ¢ is an homeomorphism
between S and ((9). In such a case, we denote p € Emb(S,RY).

Definition 1.8.1 (Parametric smooth flow [15]). Let S C RY be a smooth (N — 1)-dimensional embedded
oriented connected manifold without boundary, let a,b € R be with a < band let p € C*([a,b] x S;RY).
We say that o is a parametric smooth flow, and we write p € X ([a,b]; Imm(S,RYN)), if for any t € [a,b],
o(t,-) € Imm(S,RN).

If, in addition, p(t,-) € Emb(S,RY) for any t € [a, b], then we write ¢ € X([a,b]; Emb(S,RN)) and we
say that ¢ is an embedded smooth flow.

If ¢ € X([a,b); Imm(S,RYN)), one can always choose locally a smooth unit vector field v(t,-) normal to
©(t,S). The normal velocity vector associated with the parametric smooth flow is then defined as the map
V :[a,b] x S — R" given by

Vi(t,s) = (v(t,s), %—f(t,s))u(t, s), (t,s) €la,b] x S.
Remark 1.8.2. Remark that the velocity vector does not depend on the choice of orientation for v, but
the velocity V (¢, s) = (v(t, s), %—f(t, s)) does
We now define smooth flows implicitly using the signed distance function. We denote as P(R”)
the collection of subsets of RY.

Definition 1.8.3 (Implicit smooth flow [15]). We say that f is an implicit smooth flow if:
o there exist a,b € R, a < b, such that f : [a,b] — P(RY),
e foranyt € [a,b] the set f(t) is closed,

o if we denote by d(t,z) = dy)(2), (t,2) € [a,b] x RY, the time-dependent signed distance function
to f(t) then for any t € |a,b] there exists an open set A, C RY containting df(t) such that, setting
Q = U,ejan({t} x Ar), we have

de C™(Q).

The outer normal velocity vector of the flow at x € 9 f(t) is defined as — 9% (t, z)Vd(t, z), where V denotes the
gradient with respect to the space variables.
The outer normal velocity of the flow at z € Of(t) is defined as — %2 (¢, z).

Remark 1.8.4. Notice in particular that, by Proposition 1.7.2, 9f(t) € C* for any ¢ € [a, b].

Definition 1.8.5 ([15]). Let E C RY be a closed set with OE € C™, and let f : [a,b] — P(RY) be an
implicit smooth flow. If f(a) = E we say that f starts from E at time a.

Remark 1.8.6 (Implicit vs parametric flows [15]).

Assume that S C R¥ is a smooth (N — 1)-dimensional embedded, oriented, connected, and compact
manifold without boundary and let ¢ € X([a,b]; Emb(S,RY)). If we denote by f(¢) the closure of
one connected component of RV \ ¢(¢,S), then [4] f : [a,b] — P(RY) is an implicit smooth flow.
Conversely, if f : [a,b] — P(RY) is an implicit smooth flow and 9f(t) is connected, then there
exists [4] a smooth (N — 1)-dimensional embedded oriented connected manifold S without boundary
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(for instance S = 9f(a)) and a map ¢ € X([a,b]; Emb(S,RY)) such that 9f(t) = ¢(t,S) for any
t € la,b).
If ¢ € X([a,b]; Emb(S,RY)) and 9f(t) = ¢(t,S), a reasonable choice of an inner normal unit
vector field is
V(t,S) = —Vd(t,.f), €T = @(tﬂg)v \V/(t,S) € [CL, b] X Sa

and it follows from d(¢, p(t,x)) = 0, t € [a,b], s € S, that the inner velocity of the flow is V'(¢,s) =
%(t, ©(t, s)) and the velocity vector is:

od
V(tv S) = *E(t,iﬂ)Vd(t,I), €T i= W(tv 5) € af(t)a (ta S) € [aﬂ b] xS.
Definition 1.8.7 (Second fundamental form and mean curvature of a codimension 1 immersion). Let
S C RN be a smooth (N — 1)-dimensional embedded oriented connected manifold without boundary and
¢ € Imm(S,RY). Let sy,---,sn_1 be local coordinates on S around s € S given by a parameterization
c taking some open nelghborhood 0 of an (N — 1)-dimensional Euclidean vector space into S and such that
= poc: O — RN is the expression of ¢ in the local system of coordinates sy, -+ ,sn—1. We denote by
9 = (9aB)a,p the Riemannian metric tensor induced on S by the scalar product of RN ie
0p 0p
g(s):(gaﬁ(s))a,ﬁ = (<a;0 (817" s SN— 1)76 (817"'7SN71)>)O¢,57 820(817"'781\771)'
«

By g®#(s) we denote the «, B-component of the inverse matrix g~1 of g. Since  is locally an embedding, we
can choose for o € S belonging to a suitable neighborhood of a point s € S a smooth unit normal vector field
to the corresponding image point (o), that will be denoted by v(o). If o, 8 € [1,...,N — 1] we define for
s=c(s1,...,8N-1):
h(s) = (h . g
(s) = (hap(s))ap = ((v(s), mm,ﬁ,

and

the second fundamental form at s, A(s) = (hag(s)v($))a,s, of the immersion ;
* its scalar mean curvature H(s) :== 3", 4 9P (8)hap(s) = tr(gth);

e its mean curvature vector H(s) := H(s)v(s).

when N = 3, its Gaussian curvature K (s) = det(g~'h).

Remark 1.8.8. Remark that A, H (as well as K in dimension 3) are invariant under a change of sign of
v, while H changes sign.

Remark 1.8.9. As mentioned earlier, we use two different definitions of the mean curvature in the first
and second parts of this manuscript to stick with the conventions used in the respective literatures.
The mean curvature is the trace of the second fundamental form in the first part, i.e. the sum of the
principal curvatures, but it is the half-sum in the second part.

Remark 1.8.10 (Mean curvature of an embedding). If ¢ € Emb(S,RY), we consider the open set E
such that 0F = ¢(S) and we let dg be the associated signed distance function. We choose in the
arguments above the unit normal vector v so that v(s) = —Vdg(¢(s)), i.e. v is an inner unit normal
with respect to E. Then it can be proved [8] that, ¢ being an embedding;:

H(s) = —-Ad(z)Vd(x)
{H(s) = Ad(z) T =)

Definition 1.8.11 (Implicit smooth mean curvature flow [15]). We say that f is an implicit smooth mean
curvature flow if:
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o there exist a,b € R, a < b, such that f : [a,b] — P(RY) is a smooth flow;
* the following equations hold for the signed distance function d of Definition 1.8.3:

ad
a(t7 x) = Ad(t,z)

d(t, x) = 0

, te€la,b], ze€df(t)

Remark 1.8.12. Since |Vd(t,z)|> = 1 for any (¢,2) € Q (see Definition 1.8.3), the mean curvature flow
can be equivalently defined using the velocity vector, i.e. f is an implicit smooth mean curvature flow

if:
od
—a(t,x)Vd(t, x) = —Ad(t,x)Vd(t,x), tE€a,b], € df(t)
Definition 1.8.13 (Parametric smooth mean curvature flow [15]). Let S C RY be a smooth (N — 1)-
dimensional embedded oriented connected manifold without boundary. We say that ¢ € X ([a, b]; Imm(S, RY))
is a parametric smooth mean curvature flow if, with the notations of Definition 1.8.1,

V(t,s) = H(t,s)v(t,s), te€lab], s€S
where H (t,s) denotes the scalar mean curvature at s € S of the immersion p(t,-) : S — RV,

Remark 1.8.14 (Parametric vs implicit mean curvature flows). If ¢ € X([a, b); Emb(S,R")) is a para-
metric smooth mean curvature flow, it follows from the definitions and results above that the implicit
and the parametric definitions of the flow are equivalent, the normal velocity vector satisfies

V(t,s) =H(t,s) = —Ad(t,x)Vd(t,z), t€]lab], s€S, x=p(s)
and the inner normal velocity is:
V(t,s)=H(t, s) = Ad(t,z), telab], s€S, z=p(s)

Definition 1.8.15 (Parametric smooth Willmore flow). Let S C R? be a smooth 2-dimensional embedded
oriented connected manifold without boundary. We say that ¢ € X ([a, b]; Imm(S,R?)) is a parametric smooth
Willmore flow if, with the notations of Definition 1.8.1,

V(t,s) = —[A,H + H(H72 —2K)](t,s)v(t,s), te€]a,b], s€S, (1.8.1)

where v(t,-) is the unit inner normal and A,(t,-), H(t,-), and K(t,-) denote, respectively, the Laplace-
Beltrami operator, the scalar mean curvature and the Gaussian curvature associated with the immersion ¢(t,-),
and with the assumption that v(t,-) is a unit inner normal to (¢, 5).

Remark 1.8.16. Recall that we use in this first part the definition of H as the sum of the principal
curvatures whereas the half-sum is used in the second part. If H is replaced with 2H, the right-hand
side in the above definition of the Willmore flow is consistent with equation (5.3.1) in the second part.

Definition 1.8.17 (Parametric smooth Euler-Bernoulli flow). Let S C R? be a smooth 1-dimensional
embedded connected manifold without boundary. We say that ¢ € X([a,b];Imm(S, R?)) is a parametric
smooth Euler-Bernoulli flow (or, in short, an elastica flow) if, with the notations of Definition 1.8.1,

V(t,s) = —[Ayk + %3}(15,3)1/(15,5), t €la,b], s€S,

where k(t,-) denotes the curvature associated with the immersion p(t,-) and v(t,-) is a unit inner normal to
o(t,5).
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1.9 Gradient flows and phase field approximation

1.9.1 Gradient flow associated with a functional

We first recall the definition of the gradient flow associated with a functional defined on a Hilbert
space.

Definition 1.9.1. Let Q C RY be open and let H = H(S,R) be a Hilbert space of functions from § to R.
Given a functional F' : H — R U {400}, its H-gradient flow is the equation

ou oF

where 3£ (¢, -) is the first variation of F with respect to u defined as the function of H which satisfies:

OF dF' (u(t,-) + €p)
X, (- il e L ks 2
Vo € X, <5u( : ),s0>H I )

with (-, -) g the inner product in H. We shall also denote % = VuF(u).

We recalled earlier that I'-convergence is a suitable notion of convergence for functionals for it
links global minimizers of a sequence of functionals with global minimizers of its I'-limit. There
is no such link in general for local minimizers, see [28] for examples with no convergence of local
minimizers. Since local minimizers are stationary points of gradient flows, it is reasonable to expect
that, in general, the I'-convergence of a sequence of functionals does not imply the convergence of
the associated gradient flows to the gradient flow of the I'-limit. There are some exceptions though,
in particular for the mean curvature flow and the Willmore flow.

1.9.2 Gradient flows associated with phase-field approximations of the perimeter
and Willmore energies

Definition 1.9.2 (L?-gradient flow of the phase field approximate perimeter).
The L?-gradient flow of the phase field approximate perimeter P coincides with the Allen-Cahn equation up to
time rescaling t < et, i.e. eQu® = —V 2P (u®) gives :

opu® = v°
{ W' (uf) (1.9.2)

’UE:AUE—72
9

Definition 1.9.3 (H ~!-gradient flow of the phase field approximate perimeter).
The H~'-gradient flow of the phase field approximate perimeter P coincides with the Cahn—Hilliard equation,
ie Out = —Vy-1P(u®) gives :

2

ou® = —eAv°®
e (1.9.3)
e W)

The computations of the gradient flow of De Giorgi-Bellettini-Paolini’s model (1.4.1) and Bellettini-
Mugnai’s model (1.6.3), and their connections with the Willmore flow have been discussed in [59, 60,
133, 30]. In particular, the following result holds:

Definition 1.9.4 (L?-gradient flow of De Giorgi-Bellettini-Paolini’s phase field model).
The L?-gradient flow of De Giorgi-Bellettini-Paolini’s model ,u® = —V 2 W*# (u®) is given, up to time rescal-
ing, by
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Opuf = —2 Av® + W (u)®
W () (1.9.4)
-

v® = Au®

In the sequel, we shall refer to this flow as De Giorgi-Bellettini-Paolini’s flow.

1.9.3 Gradient flows of phase field approximations: existence of solutions and
convergence

We mentioned earlier that the gradient flows of a family of I'-convergent functionals need not con-
verge to the gradient flow of the I'-limit. There are some exceptions, though, as we shall see now with
a brief summary on known results on the Allen-Cahn equation, the Cahn-Hilliard equation, and the
L?-gradient flow of De Giorgi-Bellettini-Paolini’s phase field approximation of Willmore energy.

1. Existence of solutions to the gradient flow equations

Allen-Cahn equation: there is a rich literature on the existence and uniqueness of solutions to
this equation, see [15, 4] and the many references therein.

Cahn-Hilliard equation: Similarly, many contributions have addressed the existence and unique-
ness of solutions to this model, see [113, 100] and the references therein.

De Giorgi-Bellettini-Paolini’s approximation of the Willmore flow: Using a time-discretization
scheme, Colli and Laurencot [43] first proved the existence and uniqueness of (weak)
solutions, along with well-posedness properties, for the following De Giorgi-Bellettini-
Paolini’s approximation of the Willmore flow with a volume constraint:

opuf = —e2 Av® + W (uf)v® + W (uf)ve
W (uf) (1.9.5)

v® = Au’ 5
€

where W (u®)v? denotes the spatial average of W (u®)v®, namely,
W (uf)ve = i/ W (u)v° da.
9] Jo

Similar results have been proved in [44] for solutions to the flow with volume and area con-

straints:
Opuf = —2 Av® + W (uf)v® + A + Bv°
(e (1.9.6)
v = Auf — w (QU )
€

where A° and B¢ are time-depending functions in L? such that
A® + B*vF = W (uf)ve.

Based on the ideas developed in [43, 44], the results have been generalized for periodic
solutions of the flow (1.9.4) by Zwilling [139].

The three flows above are either L? or H~! gradient flows. More general gradient flows can
actually be defined and studied in metric spaces, see the thorough study in [7].

2. Strong convergence to sharp geometric flows
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¢ The convergence of the Allen-Cahn equation to the mean curvature flow of smooth in-
terfaces before the appearance of singularities has been proved by various authors with
various techniques and in various forms, see [15, 53, 32, 41, 78, 124, 61]. For example,
Evans, Soner, and Souganidis proved in [61] that the 0-level set I'® of solutions u® to the
Allen-Cahn equation (1.9.2) with well-prepared initial conditions converges to a smooth
front I' evolving under the mean curvature flow. More precisely,

dist(T',T;) = 0, ase — 0

for every 0 < ¢t < T* where T > 0 is the first time where I' encounters topological changes
under the mean curvature flow.

* Pego [116] first formally showed that, with well-prepared initial conditions, the 0-level set
of the solutions «° to the Cahn-Hilliard equation (1.9.3) converges to a front I' evolving
under the Hele-Shaw motion. Namely, we have, for every 0 < t < T,

dist(I';, ;) - 0ase — 0,

1 [0ov
re=3 M

Av =0on Q\I'; (1.9.7)
v =cHr, onT}
@ = 0 on 092
ON

where ¢ > 0 depends only on W, n and N are the outer normals of I'; and 02, respectively,
[9v] r, is the difference of approximate limits of v with respect to n on I'; (see Chapter 4
for more details) and 7™ is the time before the appearance of singularities of I'. A rigorous
proof of the convergence of the Cahn-Hilliard equation (1.9.3) has been later given in [3].
Then it was proved in [34] that under time rescaling ¢ < t, and with well-prepared ini-
tial conditions, the 0-level set of the solutions converges to a smooth front I' with normal

velocity Vr = —ArpHr.

e Under time rescaling ¢ +— £2¢, the convergence of the rescaled De Giorgi-Bellettini-Paolini
flow (1.9.4) to the Willmore flow has been shown formally in [92, 133]. It was proved rig-
orously only recently in [63], the main arguments of the proof will be presented in Chapter
2.

3. Weak convergence to sharp geometric flows.
Alongside with the results on the strong convergence of phase-field flows, which are limited to
smooth flows without singularities, more general results of weak convergence in the sense of
varifolds have been proved, for instance:

¢ the convergence of the Allen-Cahn equation to Brakke’s mean curvature flow [74, 101].

¢ the convergence of the Cahn-Hilliard equation to Hele-Shaw’s motion [42].

The reader may refer to [15] for many more references regarding strong and weak approxi-
mations of the mean curvature flow. An interesting overview of phase field approximation of
geometric flows, with both theoretical and numerical aspects, is [58].
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Chapter 2

Analysis of
De Giorgi-Bellettini-Paolini’s flow

This chapter is devoted to the analysis of the approximation of the Willmore flow by the L?—gradient
flow associated with De Giorgi-Bellettini-Paolini’s model (1.4.1). We give a brief presentation of the
paper of Fei and Liu [63] which addresses the question of whether the gradient flow approximates
the Willmore flow. It had been shown formally to be true using the method of matched asymptotic
expansion, see [30] and the references therein, Fei and Liu provide a rigorous proof.

In the end of this chapter, we address the numerical approximation of De Giorgi-Bellettini-Paolini’s
flow. We propose a scheme based on the splitting of the associated operator into a convex part and
a (semi-)concave part. The convex part is processed implicitly and the concave part explicitly, which
guarantees that the scheme is energetically stable.

2.1 Convergence of De Giorgi-Bellettini-Paolini’s flow to the Will-
more flow for smooth surfaces

The L?—gradient flow of De Giorgi-Bellettini-Paolini’s model (1.4.1) defined in Chapter 1 is d;u® =
—V 2 We. By direct computations, we have that

1
Ot = —eAv® + EW"(UE)UE
W)

’UE:AUE—72
9

@.1.1)

We recall our choice for the double well potential W (s) = (=" Since we expect that a solution

u® to the equation can be characterized as a minimizer of the functional W* which converges to +1
almost everywhere as ¢ — 0, we are interested by the behavior of u° in a slower timescale. Up to time
rescaling ¢ < et, the L?—gradient flow can be rewritten as:

1
Opu® = —Av® + &jszV”(us)v€
W' (uf)
-

(De Giorgi-Bellettini-Paolini’s flow) (2.1.2)

v® = Au®

The well-posedness of De Giorgi-Bellettini-Paolini’s flow (2.1.2) has been proved in the previ-
ous section. The associated energy, De Giorgi-Bellettini-Paolini’s phase field model, is known to
I'-converge to the Willmore energy of smooth sets in space dimensions 2,3, see [18, 125, 30]. It is
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thus natural to ask the following question: Does De Giorgi-Bellettini-Paolini’s flow (2.1.2) converge to the
Willmore flow (1.8.1)?

Loreti and March first provide some elements of response in [92]. By using the formal method of
matched asymptotic expansion, they show that given a smooth front I' := JF evolving by Willmore
flow (1.8.1), then an approximate solution (u5, v5) of (2.1.2) (that is, satisfying equation (2.1.2) up to
the order £* for some k € N*) such that the normal velocity of the front I'. := (u5)~1(0) converges to
the normal velocity of T', is expected to take the following form:

aitet) = () w22 (- L) (22 4 o),
o) = g (P2} ety () 4 oe),

where H and ||A|? are respectively the mean curvature and the second fundamental form of T, 1,
and 7, are respectively solutions on R of

{ni’(S) —W"(q(s))m(s) = s¢'(s) with  lim_mi(s) =0

(2.1.3)

s—+oo

/" " " : : (2‘1‘4)
1 (s) = W (a(s)m(s) = ¢’(s) with  Tim_a(s) = 0.
Notice that 7; and 7, only depend on the double well potential V.

It is only recently that Fei and Liu provided in [63] a rigorous justification of this result. They
showed that, for well-prepared initial data, as € goes to zero, the O-level set of the solution to De
Giorgi-Bellettini-Paolini’s flow converges to a surface evolving by the Willmore flow before any for-
mation of singularities occurs.

Theorem 2.1.1 (Fei & Liu [63]). Given a smooth front I'(t) = OE(t) evolving by Willmore flow for 0 < t <
T. Then there exists a family of functions (uf)e>o such that the solution (u®,v®) of (2.1.2)

1
Oyt = —Av® + ;21/[/”(115)115

!/ €
Ua:Aue_W(; )
£
supplemented with initial and boundary conditions
uf(x,0) = uf(x) in Q
{ O (a,t) —u(m,t) —1=0 indQx (0,7), (2.1.5)
satisfies
€ ; +
u — +1 in Q*(9) forevery § >0 and (2.1.6)

ve(Te,t) — Hrp(t) forevery0 <t <T

where I = {u® = 0}, Hr(t) is the mean curvature of T', Q@+ (8) = {z € Q| dg(z) > 6}, and Q= (6) = {z €
Qdp(z) < =6}

For readers’ convenience, we give a sketch of the proof which divides in two parts: the first part
consists in constructing an approximate solution to the flow (2.1.2) whose level set converges to mo-
tion by Willmore flow; in the second part, the stability of the phase-field system (2.1.2) is proved,
which implies that the solution to (2.1.2) is close to the approximate solution if they are close enough
at initial time.

¢ Construction of an approximate solution:

Theorem 2.1.2 (Theorem 1.1 in [63]). Given a smooth front I'(t) evolving by Willmore flow for 0 <
t < T. Then, for an integer k large enough, there exist two functions u5, and v such that
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1. u® converges to +1 outside of T, that is,
ufy — +1in QF(8) for every 6 > 0,

2. (u®,v®) satisfies the following system

W// 15 .
By, = Avsy — #v; +e" R inQx (0,7)
W) 2.1.7)
05 = Aufy — % +e"2Ry,  inQx(0,T),

where Ry (x,t) and Ry (x, t) are uniformly bounded functions in e.

3. (u5, v5) have the following Taylor expansions (with a control of the error terms):

aitet) = () w22 (- ) (22 4 o),
vi(x,t) = Hq' (dEg(x)> —eH?pp <dEE(:”)> +0(?),

The construction of such an approximate solution is based on the approach via matched asymp-
totic expansions of Alikakos, Bates and Chen in [3], where a general approximate solution to the
Cahn-Hilliard equation is designed to prove that the Cahn-Hilliard equation converges to the
Hele-Shaw model.

Stability of the flow (2.1.2):

Theorem 2.1.3 (Theorem 1.2. [63]). Let u® be a solution of (2.1.2) such that
/ IV (uf — uSy) (z,0) > de < e for every 0 < 1 < 2,
Q

for some ¢ > 0, where u% is defined as in Theorem 2.1.2. Then there exist C > 0 and €9 > 0 such that,
forevery 0 < e < gy,

sup / |V (uf —uSy) (1) > de < Ce*®71 for every 0 < 1 < 2.
0<t<T Jo

In order to prove Theorem 2.1.3, as in De Mottoni-Schatzman [53] for the convergence of the
Allen-Cahn equation and in Alikakos-Bates-Chen [3] for the convergence of the Cahn-Hilliard
equation, the crucial step in [63] is to show a spectrum condition of the linearized operator associ-
ated with the system (2.1.2) at the approximate solution. More precisely, let R* = u® — u5, then
direct computations give

1d

37 Q(RE)2dx+Q;(R€):/QHQ(RE)RE dz, (2.1.8)

where Q% is a functional defined by

(o) = [ (Lal)de - 5 [ WO i) da
R = e (2.1.9)
with L5 (p) := Ap — #gp Yo € H?(Q)
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and H§ (R?) is the non-linear perturbation term with respect to R* satisfying
VH5 () 3200y = 0 (IRI32q0 ) -
In particular, Q¢ is the quadric form of the fourth-order operator:

£3(p) = (12)*(p) ~ 5 WO )i (2110

By studying the lower bound of the spectral of L5, Fei and Liu show the following estimate on
Qi

Lemma 2.1.4 (Fei-Liu [63]). There exist C > 0 and ey > 0 depending only on k such that for every
0 < e < gq and for every p € H*(Q),

4
Q () > %/ |A<p|2dx—C/ ©? dz. (2.1.11)
Q Q

Using Lemma 2.1.4 in (2.1.8), together with some bootstrap arguments, gives an estimate of
| R 1,2 (o) Which proves Theorem 2.1.3 of stability. Finally, combining Theorems 2.1.2 and 2.1.3,
we have the convergence of De Giorgi-Bellettini-Paolini’s flow (2.1.2) to the Willmore flow
(1.8.1) before singularities occur.

The study of the quadric form Q% plays an important role to prove the convergence to the Will-
more flow. Heuristically, we can write that

£)2

WE(u+ to) = W (u) + Et/ VW (u)pdr + %Qf(w) + o(e2t?). (2.1.12)
Q

In the following section, by reformulating the quadric term Q%, we show that De Giorgi-Bellettini-

Paolini’s model W¢ can be written as the sum of a convex functional and an (almost)-concave func-

tional which provides a numerical scheme with unconditional stability.

2.2 Splitting numerical schemes

Let us first present the principle of splitting methods for gradient flow equations. We consider the
L?—gradient flow of a given functional F:
Ou=—ViF in Q x (0,7),
= —VieF) nfx 0.1) (22.1)
u(z,0) = ug(x) in Q.

In practice, numerical methods based on explicit time discretization are not convenient due to nu-
merical instabilities.

The splitting method has originally been introduced by Eyre in [62] in the context of implicit and
semi-implicit numerical methods for approximating the solutions to the Cahn-Hilliard equation. The
method has been implemented later in different contexts, and numerous variants and generalizations
have been actively developed since then.

The main idea of the method in its basic form is pretty straightforward: Assume that the functional
F' can be decomposed into a convex part and a non linear part:

F(u) = Fy (u) + F_(u),
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where I, is convex quadratic and F_ is non linear. The method consists in treating implicitely the
convex part and explicitly the non linear part. More precisely, the splitting scheme is implemented at
each time step as follows:

Up4+1 — Unp

A = —VL2F+(Un+1) - VL2F_(un). (222)

The numerical advantage of the above scheme is that usually V 2 F'y can be chosen to be linear, which
makes the computation of u,; relatively easy.

One can verify that the splitting scheme defined in (2.2.2) corresponds actually to the following
minimization problem:

Rn (un+1) = vjili%v Rn(’l}),

) (2.2.3)

R, (v): (V= Up, v — Up)y + Fr(v) + (VF_(up),v — upn)v + F_(un),

where V is a Hilbert space and (-, -)y its inner product.
In the case where F_ is concave, the scheme (2.2.2) is unconditionally F-stable. More precisely, the
scheme (2.2.2) ensures the decreasing of F, i.e.,

F(up+1) < F(uy,) for every n € N. (2.24)
Indeed, by the definition of (u,,) in (2.2.3), we have that
R, (un+1) < Ry (uy) for every n € N,
which gives

1
%Hun_H - un||%/ + Fy(upt1) + (VF_(up),unt1 — un)v + F—(un) < F(uy). (2.2.5)

Since F_ is concave, we have that
<VF7 (un)>un+1 - un>V + F_ (un) 2 F,(Un+1)

which, together with (2.2.5), gives (2.2.4).

In the following, we first introduce the splitting scheme for the Cahn-Hilliard phase field ap-
proximation to the perimeter functional which has been widely studied in numerous works such as
[138, 91, 87]. Next, we turn our attention to De Giorgi-Bellettini-Paolini’s model for the approxima-
tion of the Willmore energy. We show that, despite that it is unlikely to write the functional W* as
the sum of a convex part and a concave part, it is possible to write W* as a sum of a convex part and
a locally concave part in a neighborhood of each (u,,). The proof is based on the reformulation of the
quadratic term Q% defined in (2.1.9).

2.2.1 Splitting scheme for the Allen-Cahn approximate mean curvature flow

We consider the Allen-Cahn equation:

W' (u)
€2 (2.2.6)

Oyu = Au —
u(z,0) = ug(w)

where the optimal profile associated with an initial shape S is chosen in practice as initial condition,

ie., uf = q(—d('s’s) ).
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Recall that (2.2.6) is the gradient flow associated with the (rescaled) Cahn-Hilliard approximation
of the perimeter:

P.(u) = / Loup + W0 g, (227)
Q2 €
We can write that
Pe(u) = P (u) + P2 (u), (2.2.8)
where P¢ and P (u) are functionals defined by
P (u) = 1/ (IVul® + au®) dz and P (u) = —/ (au2 + VV(U)) dx (2.2.9)
2 QO Q 2 82

for some o > 0. It is clear that for every a > 0, the functional P¢ is always convex.
We claim that P¢ is concave as soon as we take

a> % (2.2.10)
€
Indeed, we easily calculate that
1
D2(P*)(u) (e, ) = f/Q (a - EQW“(@) % da. (2.2.11)
We get that
2 a : : M(u)
D*(P2)(u) < 0if and only if & > ——, (2.2.12)
€
where M (u) is defined by
M(u) := sup |W”"(s)].
Is|<|ul
Moreover, thanks to maximum principle, we have that
[ulloo < llugllee <1, (2.2.13)

which gives M (u) < supj, <, [W”(s)| = 2, and we can conclude that P2 is concave whenever (2.2.10)
holds. With such choices of P¢, P, the splitting scheme associated with the gradient flow of the
approximate perimeter is:

un+1 — Up

; = V2P (tny1) — VP2 (un)

2.2.2 Splitting scheme for De Giorgi-Bellettini-Paolini’s flow

Up to space and time rescalings, we can assume that ¢ = 1. Let @ € RY (IV = 2,3) be an open
bounded subset with smooth boundary. Consider
Ou=Av—W"'uv inQx(0,7),
v=—Au+W'(u) inQx(0,7T),
Ou=u—1=0 in 9Q x (0,7)
u(0) = ug forxz € Q,

(2.2.14)

b

foru € H2(Q) = 1+ H2(), where H2(Q) = {f € HX(Q)|f = 8,f = 0on 82} and W (s) = U=
Recall that (2.2.14) corresponds to the L?—gradient flow of the functional
1
B = [ (Bu= W)’ do = 3o
Q

The following theorem shows that one can decompose E as the sum of a convex part and a locally
concave part under proper settings:
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Theorem 2.2.1. Let ug € HZ(2), T > 0 and N € N*. Then there exist o, > 0 and h > 0 such that the
following decomposition holds:
E=F +E_

where E is a convex functional defined on HZ()) by
_1 2 2 2
Ey(u) = [Auldx +a | u*dz+ 5 | |Vul|“dz
2 Ja Q Q

and E_ defined on HZ(Q2) by

1

= 7/ W' (u)? + / W (u)|Vul? — a/ u? — 5/ |Vul?

2 Ja Q Q Q

is concave in a neighborhood of each u,, € HZ (), for all n € N, defined by the iterative splitting scheme

“"Lh_“” = V2 By (ung1) — Vi E- (uy)

1
Proof. First, we write that F'(u) = = Au)? + FEy(u) + Es(u) where Vu € H2(Q),
2 Jo !

—% / W (u)? and Es(u / AulW' (u / W (u)|Vul?.
Q

Notice that the last identity derives from integrations by parts. Direct calculations show that, VR €
Hg (),

D2E, (u)(R, R) + D2Es(u)(R, R) = /

(W7 (u)2R2 +2 / W ()| VRJ? + / W) () (W () — Au)R2
Q Q Q

Thanks to Cauchy-Schwarz inequality, we have that

< W (u) = Aull2|| RZW () |2

/ WO (u)(W' (u) — Au)R?
Q

< CF (u)||ulloo | B?|2
< CF(u)llull RIS,
for some C' > 0. Remark that thanks to the Sobolev embedding theorem, ||u||~ is finite for all u €
Moreover, thanks again to the Sobolev embedding theorem, we have that H3(Q2) — H}(Q) —
L4(Q) for n = 2,3, which implies that there exists C(2) > 0 such that VR € HZ(Q),
[1Rlla < CO)[VE2-

Combining the above inequalities, we obtain that

/W<3 (u) — Au)R?| < C(Q ||u\|oo/ IVR|%.

Finally, for ug € H(f2) given, by choosing «, 3 € RT such that

a> sup W’(s)?and
[s]<2[|uol o
B> sup 2W"(s)+ C(Q)F(uo)l||uol| oo,

Is|<2flwolloo
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we define 1
Ey(u) = 7/ |Au|? + a/ u? +B/ |Vu|? and
2 Ja Q Q
E_(u) := Ei(u) + Ez(u) — a/ u? — B/ |Vul?.
Q Q
It is clear by the choice of a and 3 that E is convex and for every R € H3(2), we have that
D?E_(ug) (R, R) < 0. (2.2.15)

For h > 0 small enough, we can prove by induction that the sequence (u,,),en defined by the splitting
scheme
Up+1 — Up

h
is energetically stable. Indeed, as in (2.2.3), u,,41 is characterized by R, (uy41) = min,_,, ¢ H2(@) Bn (v)

where R, (v) = 5 (v — up,v — up)r2 + E4(v) + (V2 E_(up),v — up)z2 + E_(uy,). In particular,
R, (unt1) < Ry (uy,), which leads to

= _VL2E+(U7L+1) —ViE_ (Un)

E(un) = Rn(un) > Rn(un-H) > E+(un+1) +E_ (Un) + <VL2E—(un)a Upt1 — Un)
1
=By (Uny1) + E_(Uny1) — §D2E7(wn)<un+1 — Up, Uny1 — Un)
> Ey(uny1) + E-(unt1) = E(unt1)

with w,, on the vector segment [w,,, u,,+1] and using the fact that (2.2.15) holds also for w,, close enough
to ug. O

2.3 De Giorgi-Bellettini-Paolini’s flow and formation of singulari-
ties not consistent with the relaxed Willmore energy

Temps = 7.4506e-08 Temps = 0.0DO40001 Temps = D.OODBODO!
05

04

-03

-02

-1

0

01

02

0.3
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05 -04 -03 D2z 0§

0z 03 04 05 04 -03 02 -0j
N=2',

N=2',

02 03 04 05 -04 -03 02 -0j

N=2’,

02 03 04

Figure 2.1: Numerical illustrations from [30]: two circles in 2D evolving by De Giorgi-Bellettini-
Paolini’s flow. Singularities appear in finite time, in particular the two disks merge to form a shape

which has infinite relaxed Willmore energy.
We recalled in a previous section that De Giorgi-Bellettini-Paolini’s phase field flow converges

to the Willmore flow as long as everything remains smooth. We also recalled in Section 1.5 that De
Giorgi-Bellettini-Paolini’s flow may allow the creation in finite time of singularities which correspond
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Figure 2.2: Numerical illustrations from [30]: cylinders in 3D evolving by De Giorgi-Bellettini-
Paolini’s flow. Singularities appear in finite time and shapes appear which have infinite relaxed Will-
more energy.
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to unsmooth nodal sets of smooth solutions to the Allen-Cahn equation. This can be illustrated nu-
merically as in Figures 2.1 and 2.2 taken from [30]. As shown formally in [30], the L?—gradient flow
of Mugnai’s model is equivalent to De Giorgi-Bellettini-Paolini’s flow until the latter is close to let a
singularity appear. But in contrast, with Mugnai’s flow, level sets of the phase field solution deform
themselves rather than colliding, see Figures 2.3 and 2.4 taken from [30]. It was actually emphasized
in [30] that Mugnai’s flow contains an additional reaction term with respect to De Giorgi-Bellettini-
Paolini’s flow. The next chapter is devoted to a more detailed analysis of this additional term.

Figure 2.3: Illustrations in 2D taken from [30]. Mugnai’s flow prevents from colliding, the interfaces
deform themselves rather than merging.
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Figure 2.4: Illustrations in 3D taken from [30]. Mugnai’s flow prevents from colliding, the interfaces
deform themselves rather than merging.
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Chapter 3

The self-avoidance term in Mugnai’s
flow

This chapter is devoted to the analysis and interpretation of a perturbation term carried by Mugnai’s
flow, i.e. the L%-gradient flow of Mugnai’s phase field approximation of the Willmore energy. This
perturbation term prevents the interfaces moved by the flow from colliding, see the previous section.

3.1 Approximation of the Willmore flow with Mugnai’s model

Let us recall that Mugnai’s approximation of the Willmore energy is given by

W, |

1 / 2 - 1 2,2
— eVau — Ty @ 7y do  ifue LH(Q)NW>2(Q)
WM (u) := { 2¢ Jor (v ulz0y £ . (311
+ 00 otherwise in L' (1)
where 7, := ‘g—g‘ on {|Vu| # 0}, and 7, is set to an arbitrary unit vector on {|Vu| = 0}.

The associated L?-gradient flow has been derived first in [30]. Up to time rescaling ¢ +— ¢t and on
the set {|Vu®| # 0}, the flow
Ot = —VWMu (yf)

is actually equivalent to De Giorgi-Bellettini-Paolini’s flow (2.1.2) plus a perturbation term (marked in
red):

1 1 _
atua = Av® + ?W//(ue),us + ?I/V/(Uc)g(ffg)

(Mugnai’s flow) ] W) (3.1.2)
V" = Aut — ———,
€
where
B(7i°) = div (div(7®)7i) — div ((V7i©) ii°) (3.1.3)
and Vit* =V (%) is a square N x N matrix such that (V7i©), ; = gij forevery 1 <i,j < N. Notice

that B(7i®) is apparently of third order and highly non-linear with respect to its profile function u°.

A formal asymptotic expansion of a solution to this flow is provided in [30] and shows that, at
least in dimensions 2 and 3, Mugnai’s flow approximates the Willmore flow as long as everything
remains smooth. As illustrated by the numerical experiments of Section 2.3, the flows start to diverge
significantly when two parts of the 0-level set of a solution to Mugnai’s flow become too close. This
is due to the reaction term B(7i°) that we will now analyze further.
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In the following lemma, we first show that, surprisingly, B(7i°) can be written in a form a la
Wente, which plays an important role as a compensated compactness tool in the second part of this
manuscript. Under this form, B(7) is of second order only.

Lemma 3.1.1. Ifu® € C?(Q) has non vanishing gradient Vu® and i then

o \Vual

e ons ons - On; ons
B(iit)=2 Y ( T axj>' (3.1.4)

1<i<j<N

In the particular case where N = 2, the expression reduces to

B(7®) = 2 det(Vii) = 0.

Proof. First, we write that

div(div(ii®)i®) = > 0; || Y. ouis | i

1<j<N 1<i<N

> (9355 + 0yiis ;i) and

1<i,j<N
=€\ 7€
E 0, [(Vi® g 0 g (03115 )75
1<j<N 1<j<N 1<i<N

> ((035)i + 0;it50;%)

1<i,j<N

> OhEs = >, (G5,

1<4,j<N 1<4,j<N

div (Vi) i)

Since

we get that
B(if) = Z (0stiE0;75 — 95 0;7s ) = 2 Z (0s7iE 0y — 9750577 )
1<i,j<N 1<i<j<N

which gives (3.1.4). In particular, we have B(7®) = 2 (0,70, 75 — 0;1150,17) = 2det(Vn®) if N = 2.
The fact that det(V#i®) = 0 comes from the identity |7* |2 = 1 even 1f N # 2. Indeed, the derivative
of the identity with respect to x; gives

Z (0;75)7; =0, forevery1 < j < N
1<i<N

which can be written as
(vir) e =0 eRY, (3.1.5)

where (V7i©)7 is the transpose of the matrix V7. Since 7i° is not a null vector, (3.1.5) implies that the
matrix V7€ is not invertible. Therefore, det(V7i¢) = 0. O

3.2 Numerical illustration of the self-avoidance term

The lemma of the previous section shows that, in dimension 2, 5(7®) vanishes at smooth points where
Vu® # 0. Numerical experiments show that it seems to be essentially true, up to negligible terms,
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in dimension 3 as well. Yet B(7i°) charges some singular points. We will study in the next chapter
another term which vanishes at smooth points but charges singular points, the so-called jump term
7i¢ defined by

S = (i, (Viie) Tie)

We compare in the next numerical experiments the values taken by B(7*) and S7° on various con-

figurations. The computation is done as follows: if Q2 denotes the shape under study, u° is defined as
Vu®
= Ve

q(==2 a9 Q) ) with ¢ the usual optimal profile, and 7° =

Flgure 3.1 shows, in the first column, the values of u¢ = q(@) with Q defined successively
as two different annuli formed of two concentric circles. The middle column shows the values of
B(7i¢) and the third column the values of S7i°. Remark that none of the terms charges smooth points.
B(i®) shows a little hump at the center of the concentric circles, whereas S7i° charges the center of the
circles and the “median” circle between them. In other words, S7i® charges the whole singular set of
the signed distance function to the annuli, whereas B(7*) charges only the center point.

-05 0 0.5

-0.5
200

150

100

50

Figure 3.1: First column: values of u¢ = q(d( Q)) with 2 = two different annuli; Second column:
associated values of B(7i°) where 7i® = IVuEI ; Third column: associated values of the jump term S7i°.

In the case of the two spheres of Figure 3.2, both B(7i°) and S7i° charge their centers. In addition
Sii® charges also partially the median plane between the spheres, which is almost not charged by
B(7i%). The two terms behave essentially the same way with both tori shown in Figure 3.2

Finally, Figure 3.3 shows some values taken by B(7i°) for two 3D examples. B(7i°) does not charge
anything between two parallel planes but does charge the median axis between the two cylinders.
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What do these numerical experiments suggest? That both terms B(7i°) and S7i* charge only some
singular points of the signed distance function to the shape under study, and not the smooth points.
However, B(7i°) does not seem to charge consistently all parts of the singular set of the signed distance
function.

3.3 Formal asymptotic expansion of Mugnai’s flow

There are no known results on the existence and well-posedness of solutions to Mugnai’s flow (3.1.2).
The high non-linearity of B() with respect to u® makes the problem difficult. However, a formal
asymptotic expansion can be performed to identify the sharp limit. This is done in [30] where it is
shown that, given a smooth front I' := 0FE evolving by Willmore flow (1.8.1) before the singularities
occur, an approximate solution (u5, v®) of Mugnai’s flow (3.1.2) such that the normal velocity of the
front T, := (u5) ' (0) converges to the normal velocity of I', is expected to take the following form:

o (1) A (00 )

o5 = g (P22 - cap (22) 4 0,

where H and ||A||> = H? — K are respectively the mean curvature and the second fundamental form
of I', and 7; and 1, are respectively solutions on R of

(3.3.1)

i (s) = W"(g())m(s) = sq'(s), with lim m(s) =0,

" " " o (3.3.2)
W (s) = W a(s)m(s) = ¢"(s),  with lim_a(s) =0.

Remark 3.3.1. Recall that the formal analysis of Loreti and March [92] shows that the approxime solu-
tion to De Giorgi-Bellettini-Paolini’s flow (2.1.2) admits the following Taylor:

o) = () w2 (- ) (22 4 o),
v (z,t) = Hq' <dEE(z)> — eH?np (dE(x)) + O(e?).

3

In particular, when N = 2, the two approximate solutions coincide up to order £3. And in dimension
3, also the expansions are different, they actually are both good approximations of the Willmore flow
as long as there is no topology change and no appearance of singularity, see [30].

3.4 Flow associated with a regularized Mugnai’s model

In the numerical scheme presented in [30] to approximate solutions of Mugnai’s flow, the normal
vector 7i° is regularized with a small parameter o > 0, that is

. Vue
e =

o s/|Vu5|2+02.

In order to preserve the variational aspect of the gradient flow, one can also regularize the normal
vector in the expression of Mugnai’s model (1.6.3) before computing the flow. For instance, one can
consider a regularized Mugnai’s model with regularized normal vector:

()€ 2
eV — Mﬁi QM| dx, (3.4.1)

e g

u 1> 1
Wi = 5 [
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Figure 3.2: First column: Two round spheres and two tori. Middle and right columns: values of
B(7®) and S7i¢ on the plane {x3 = 0}. The following notations are used: if 2 denotes a shape, then

d .$Q . €
u = q(i(E )) and 71 = |§Z£‘.
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Figure 3.3: First column: two parallel planes and two parallel cylinders. Middle column: values of
B(7) on the plane {z3 = 0}. Right column: values of B(7i¥) on the plane {z; = 0}.
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In this case, thanks to Lemma 3.1.1 and by direct computations, the gradient flow of the regularized
model (3.4.1) can be written as

1 1 _
O = =D + W (u)o" + W (u)B(7T;) + A5 (i)

e? (3.4.2)
/ € o
08 = Auf — W(;l, )’
e
where
A5 (1) = % | o (AW () + W () A
o\u = 52 |V’U,E|2 n 02 u u u
2
— W (u®)((V2u®)iiS, 7S
s LA a LA -

2 €\ 1: €\|=¢€ |2,2¢€
- ?W/(u )le (W/(u )|na|2n0)

Lo ovenr e [(AVUE| 4 302 | Vus]? + ot
=W (W)W (u?) < (Ve + 02)3 :

Notice that for o > 0 small enough, we have AZ (u) = o (LW’ (uf)B(7)).

3.5 Conclusion

In comparison with De Giorgi-Bellettini-Paolini’s flow, Mugnai’s flow contains an additional second-
order reaction term which charges essentially only singular points of the gradient of the solution to
the flow, and which seems to prevent, according to numerical simulations, topology changes and ap-
pearance of singularities. However, we also observed that the parts of the singular set of the solution’s
gradient are not all charged consistently. The purpose of the next chapter is threefold:

¢ introduce and study a new, more consistent reaction term;

* associate it with an approximate mean curvature flow to get a new self-avoiding approximate mean
curvature flow;

* study applications of this new flow to the Steiner problem and the Plateau problem.
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Chapter 4

A self-avoiding approximate mean
curvature flow

4.1 The discontinuity set of singular maps

In the previous chapter, we showed that, according to the numerical simulations of [30] together with
Lemma 3.1.1, the additional term B(7°) in Mugnai’s flow (3.1.2) charges singular points of the profile
function u®. More precisely, B(7i°) behaves as a repulsive force from the set where the gradient of u®
vanishes, thus prevents the front from topological changes in certain cases.

In this section, we first recall some well-known results on the distributional Jacobian, which is
widely considered as an optimal indicator describing the singular set of Sobolev maps. However,
by providing some examples, we show that the distributional Jacobian is not relevant to our frame-
work where the normal vector 7i° needs not be a Sobolev map in general. This leads us to introduce a
new jump term. We show that this jump term is able to charge the higher dimensional part of the skele-
ton, we also illustrate on simple configurations that other dimensional parts seem to be represented
in the asymptotic expansion of the jump term.

4.1.1 Distributional Jacobian of Sobolev maps

Let f = (f1,...,fn) € WENTLQ,RY) N L>°(Q,RY) with  an open set of RM. The distributional
Jacobian of f can be defined as

N
Jf = %d (Z(l)ilfi A dfj) , (4.1.1)

i=1 j#i

in the distributional sense. Notice that in case where f € W1V (Q,RY), the Jacobian of f is basically
the determinant of the matrix (V f); ; = (8;f%)i ;:

Jf = det(Vf)dz, 4.1.2)

in the classical sense.

The distributional Jacobian has been actively studied in the last two decades. In particular, the
distributional Jacobian for Sobolev maps taking values in the unit sphere SV ~! has been widely ad-
dressed. In the case where M = NN, Brézis-Coron-Lieb proved that the distributional Jacobian can be
written as a sum of Dirac masses.
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Theorem 4.1.1 (Brézis, Coron & Lieb [31]). Let u € WHN=1(Q, SVN=1) with Q c RN, There exists an at
most countable collection of points {a;}icy C Q and integers {d;};c; C Z such that

Ju=ay Y dida,
ieJ
where oy = ﬁHN’l(SN’l), 04, is the Dirac mass centered at the point a; for i € J and d; is the Brouwer

degree of u at a;.

The above theorem implies that a Sobolev map in W¥~1(Q,S¥~1) may have a gradient whose
determinant vanishes almost everywhere, but the Jacobian is not necessarily zero. For instance, con-
sider E a ball centered at origin 0 € R? and d the signed distance function to E. One can verify that
dp € WH1(Q,S!) and its gradient

x

fE:=Vdg(z)=—=ifz#0

]
is well-defined everywhere except at 0. Moreover, we have that
Jfr = w8 and det(Vfg) = 0in R?\ {0}.
Indeed, by differentiating the identity | fz|*> = 1 in R? \ {0}, we get that

(Vo) fs = (8) inR2\ {0}, (413)

where (Vfr)? is the transpose of the matrix (Vfg). Thanks to (4.1.3), the matrix (Vfg) is not in-
vertible and thus det(V fg) = 0. For the computation of the distributional Jacobian J fz, we refer the
interested reader to Examples 3.1 in Jerrard-Soner [75]. Finally, several generalizations of Theorem
(4.1.1) to general Sobolev maps have been studied as well, see [75, 1].

While the distributional Jacobian is well-suited for characterizing singular points of Sobolev maps
in WHN(Q,SV=1) as shown in Theorem 4.1.1, it does not necessarily fit to our context where the
signed distance function can easily fail to be a Sobolev map, which, to the author’s knowledge, causes
difficulties to define its distributional Jacobian. For example, consider two parallel ellipsoids in R3.
The associated skeleton consists of two parallel segments and the signed distance function is not reg-
ular. Moreover, even if one may regularize the distance function in a symmetric way (for example, by
convoluting it with a radial mollifier) in order to approximate the Jacobian, the approximate Jacobian
(which can be computed by the determinant) is always zero since the third coordinate of the gradient
vanishes.

In fact, since the skeleton of a domain is meagre, as shown in the next section, it is more convenient
to work with functions of bounded variation.

4.1.2 BV functions and the jump term

In the following, we first introduce the notion of function of bounded variation and its basic proper-
ties, see [6] for more detailed information on the topic.

Given u € L'(f2), we say that u is a function of bounded variation if its distributional gradient Du is
a vector-valued Radon measure with finite total variation in {2. More precisely, we have that

|Du|(9) = sup{/ udiv(@) de | F € CHOQ,RY), |F]le < 1} < +o00.
Q

The class of such functions is denoted as BV (Q2). Endowed with the norm |jul| gy (q) = |lulz1 (o) +
| Du|(€), it is a Banach space. The notion of bounded variation can naturally be extended for vector-
valued functions.
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For every v € BV (Q2), Du is a Radon measure which can be written as the sum of an absolutely
continuous part and a singular part with respect to the Lebesgue measure, i.e.:

Du = D%u+ D%u.,

where DAy = VAudr with VAu the Radon-Nikodym derivative of Du with respect to the Lebesgue
measure in RY, and D%u L dz. Also notice that u is approximately differentiable a.e. in 2 and its
approximate differential coincides with V4u a.e. in €2, see[6].
The singular part D°u decomposes into the jump part D”u and the Cantor part D¢u. More pre-
cisely, we can write that
D7u = ([u] @ v)HN 1L (u), (4.1.4)

where X(u) is the jump set of u oriented by a unit vector v, and [u] := u™ — u™ is the difference of the

approximate limits of u with respect to v on ¥(u). Namely, we have

i) = 1
@=lmf )y

u

where BF (z,7r) = {y € R | (y, v(z))gny > 0} and B~ (z,7) = {y € RN | (y,v(z))ry < 0}.
The Cantor part D« is a signed measure which does not charge any H" ~! —finite set, that is

Du(0) =0, V0 c Qs.t. HY1(0) < +oc.

Finally, we say that u € BV () is a function of special bounded variation, denoted by u € SBV(Q),
if its Cantor part vanishes, i.e. D%u = 0.
Now we are at the point to introduce the notion of jump term.

Definition 4.1.2. For every ii € SBV (2, SV ~1), we define the (regularized) jump term S7i° of 7i by
Si% = Z iif 0,71 ii] = (n,(Vn?)" 'n?),
1<i,j<N

where o > 0 and @ = f7 i is the mollification of 7i by a smooth kernel f° = Jo f (3) with f € C ()
and [, f = 1.

The intention of the jump term is pretty straightforward: by formally deriving the identity
i]> =1
and then by considering its inner product with 77, in the case where 7 is regular, we get that
> 0y = 0.
1<i,j<N

Therefore, we expect that the expression of the jump term introduced in the above definition preserves
only the singular part of the map 7.

In the following, we show that the regularized jump term of a i € SBV(2,S¥~!) converges
asymptotically to a measure supported on the jump set ¥ of 7.

Theorem 4.1.3. Let 7 € SBV (0, SN 1) with C'— jump set S oriented by the unit vector v. Then
1
Si% — E|[ﬁ]|2<[m, vydsy inD'(Q) aso —0, (4.1.5)

where dsy, is the measure volume on ¥ and 7° = f7 x i is the mollification of 7i by a smooth kernel f° =
e f (%) with f € C(Q) and [, f = 1.

47



Proof. Since ©i” = f7 * 7i, we have that
Gy = f7 % O;i; = f7 * Oty + f7 % Oy = f7 # Oy + f7 * [7i]v; dss.

Therefore, for every function with compact support ¢ € C°(€2), we can write that
Z/ 7 ;g i pdx = I7 + 13,
i 0

where
I = E /ﬁf@fﬁfﬁ?@dm and I§ = E /ﬂfg%ﬁ?cpdm (4.1.6)
— JQ — Ja
@7 i,7

with
g5; = [7 x [fi]v; dss.

Without loss of generality, we can assume that Q = 3(1) := {z € Q| d(z, %) < 1} and that the map
7:35(1) = [-1,1] x X2
x> (r,s)

is a diffeomorphism, with s = mx(x) the normal projection of z on ¥ and r = (z — s,v(s)), so that
x = s+ rv(s),. Thanks to the fact that

n?

;= f7xn; —n; ae, f”*afﬁfﬁafﬁi a.e.aso — 0,

and |72 =Y,

K2

ii? = 1, we get that, for every o > 0, |37 (f7 * 9717 )| < C|9;*71;| for some C > 0 and
1
—0 o A =0 = 0A > -
Xi:ni (f7x0;'7]) — zi:niﬁj fl; = iaj (|i*) =0 ae.aso — 0, (4.1.7)
which, thanks to Lebesgue’s theorem, leads to

o—0

lim 1Y = § j / 7107 i1 d = 0. (4.1.8)
— JQ
,J

In order to estimate I§ defined in (4.1.6), by identifying = = (r, s), and taking z = r/o, we can write
that

1
15 =30 [ [ A ) (51 ) s 5) d
i
N (4.1.9)
:Z/ /ﬁf(az,s)g%(oz,s)ﬁ‘}(cz,3)<p(oz,S)X[,l/g’l/g](z)an(Jz,s) ds dz,
i,j Y —° p

where X[_1/0,1/0] is the characteristic function of [-1/0,1/0] and Jg = det (9(,5)7 ' (r,s),) is the
Jacobian of 7~!. We are now at the point of studying the pointwise limit of the integrand function as
o goes to 0.

Let (020, s0)+ € [-1,1] x 3, we have that

097 (020, 50)r = / af?((0z0,50)r — (0,5)7)[7:](s)v;(s)ds. (4.1.10)
b
As X is C', we can parametrize locally X as a graph around so. More precisely, up to rotation, we can
assume that v(sg) = (Og~-1,1) and then there exist a neighbourhood V' (s¢) of sgp and ¢ > 0 such that
Vs € V(sp), we can write that

s = s(u) = so + (u, ¥(u)), (4.1.11)
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where ¥ : BN=1(0,5) — R is a C'-map such that ¥(0) = |[V¥(0)| = 0. For o > 0 small enough, with
help of (4.1.11), (4.1.10) can thus be written as

og;; (020, 50) = / o f? ((0z0,50)r — (0,5(u))r) [7is]v; (s(u)) /14 |VE(u)|? du
BN-1(0,6)
-/ p (om0 o) T VR
BN-1(0,6/0) g

(4.1.12)

where the second equality is obtained by replacing u by ou. Moreover we have that

(020,50)r — (0,8(cw)),  so+ (Opyv—1,020) — so — (ou, ¥(ou))

v
= (—U,7 20 — <UU)> — (_u7 ZO) as o — 07
g

(4.1.13)

thanks to (4.1.11). Together with (4.1.12) and (4.1.13), we get that
0g7;(020, 50) = g(20)[7i](s0)vj(s0) as o — 0, (4.1.14)

where g(z0) = [on—1 f(—u, 20)du = [on_: f(u, 20) du.
By analogy, for o small enough, we also have

1/o
iy (020, So) = / /f" ((020,80)r — (02,8);) (02, 58);00x(02,8), dsdz
1/o

/1/o / ; ( (020,50)r — (02, s(ou))7> (4.1.15)
1/o0 J BN=1(0,6/0) o
x Mi(0z, s(ou))rIn(0z, s(ou)r)\/ 1+ |V¥(ou)|? dudz

Moreover, since we have that

fi:r(so) if 2> 0,
fii(oz,s(ou))r = § __ )
fi; (so)if z < 0,
Js(0z,s(ou)), — 1and (4.1.16)

(020,50)r — (02,5(0u))-

= (—u,z0 — 2),

as o — 0. Notice that the second limit is due to the fact that Js(r, s), = 1 + Hs(s)r + o(r), see [127].
Thanks to (4.1.15) and (4.1.16), we get that

—+00 0
i (020, S0) — / / f(=u,zo — z)ﬁj(so) dudz + / / f(=u, 20 — 2)7; (s0) dudz
0 RN-1 —oo JRN-1

- </_OO (= )dz> F(s0) + (/Z:roog(z)dz> 7i; (s0)

= G(20)] (s0) + (1 — G(20)) 7i; (s0),
(4.1.17)
as o — 0, where G(z) = [*_g(2)d=.
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Finally, together with (4.1.9), (4.1.14), (4.1.16) and (4.1.17), we obtain that

tim 17 Z / / + (1= G(2)) 717 (5)) (g(2)[Ei]vy)
G(2)iif (s) + (1 — G(2)) 7] (s)) dz(0,5); ds
> / / G(z ()7} + (1= G()ny ) (7+,0) (5)(0, ). ds (4118
> / (1= GG + (1= Gy ) ) (s)p(0,5), ds.
which, thanks to the fact that 3, (1 — 7/ 77, ) = @, leads to
i 15 =3 [ [ 666 — 10 - am) it v s)e(.), ds
#3001 GENg(a)eaE) ~ (1~ w610, )-
:/ (/ G(2)g(2)(2G(z) — 1) dz) W(Fﬁ, v)(s)¢(0, ), ds (4.1.19)
= \/R 2
s 2
A / (1= GENalE6G) - 1)ds ) V) 6)60,5), s
/ G (0, 5) ds = <112[ﬁ]|2<[ﬁ],z/> dsz,gp>.
Hence, together with (4.1.8) and (4.1.19), we prove Theorem 4.1.3. O

Remark 4.1.4. In the case where N = 2 and @ = Vdg is the gradient of a signed distance function on

Oyde ) satisfies

; ; 1L
a certain domain F, i+ := ( 9, d

V-iit =0in D'(Q),

(or equivalently, V x @ = 0 in D’(2)). Thanks to the divergence-free hypothesis and the trace theory
of functions of bounded variation, we can write that

it = cos Qv + sinfv and i~ = cos vt — sin G
on the jump set X(i7), where 6 is the angle between 7+ and v*. Therefore, we have that [7i] = 2sin6 =
([7], v), which, combined with Theorem 4.1.3, implies
1
lim 577 = E([ﬁ], v)3dsy, in D'(9).

oc—0

—

Notice that, up to a multiplicative constant, the quantity [, 15 ([7i],v)*dss coincides with the line-
energy functional I;_,;s which appears as the asymptotic energy of the Aviles-Giga model (G, ). defined

by
Ge(m®) = / <5|Vme|2 + %g (11— |m5|2|)> dx (4.1.20)
Q

for m* € H'(Q,R?) satisfying the divergence-free hypothesis V - m® = 0in Q and with g : ¢ — 2.
The variational model (4.1.20) has been originally introduced by Aviles and Giga [10] in 1987 and
its asymptotic behavior has been studied in their seminal works [11]-[12]. The Aviles-Giga model is
related to numerous physical applications such as theory of liquid crystals in smectic states, Bloch
walls in micromagnetics, thin-film blisters, etc., see e.g. [10, 72, 114]. For more recent results on the
link between line-energy functions and BV functions with vanishing divergence, we refer to [70, 71]
and[73].
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4.2 Asymptotic behavior of the jump term on simple configura-
tions

Thanks to Theorem 4.1.3, the jump term S7” approximates the 1-codimensional jump set of 77 weighted
by the weight of the jump and the angle with the normal to the set. However, S#i? does not neces-

sarily charge at the limit as o goes to 0 singular parts of higher codimension. For instance, consider

ii(x) = x/|z| € WH1(Q,S'). As shown in the previous section, the distributional Jacobian satisfies

Ji? — wéo in D' (Q) as ¢ — 0,

whereas the jump term satisfies

Si7 — 0inD'(Q) as o — 0.

Indeed, since the singular part of D7 vanishes, thanks to (4.1.6) and (4.1.8), we have that, for every
p € C (),

(ST, ) =17 — 0aso — 0.
However, in the following we study the case where the map 7 = Vdg is chosen to be the gradient of
a signed distance function to a given domain E. It is clear that the discontinuity set of 7 corresponds

to the skeleton of E, we illustrate with some basic examples that higher codimensional parts of the
jump set 3(77) actually appear in the Taylor expansion of S7“ at higher orders of o.

421 Case of a round sphere

In this case, the associated skeleton ¥ is a singleton. Without loss of generality, we can assume that
Y = {Og~ } and therefore we have

. x
ni(x) = Ek Va # 0.

Thanks to the definition of 77 and its symmetric properties, we get that

i’ (x) =h ('i) fi(x), Vo # 0, (4.2.1)

where h : RT — R is a smooth function such that 2(0) = 0, lim,_, o, h(z) = 1 and
0 < h(z) < 1 for every = > 0.

By injecting (4.2.1), since >, ; n;0;n;n; = 0 almost everywhere, we get that

s B (256 (2)on)s (35
=) ()5
)
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Therefore, for every ¢ € C2°(2), we get that

(577, ¢) = %/RN (h <?)>2 n (") o(z) dx
=1/w/ ;) 2(
()

( r
o
oo
o= 1/ h(u (/ o(ou, s) ds) uN " du
0 SN—-1

o[ (P (e (0),
RN
which gives
1
(577, 0) (/ h(|2])2h( |x)dx) (0), 422)

aso — 0.

4.2.2 Case of a circular tube in R?

We now discuss the case where the skeleton ¥ is a regular curve in R®* and I' := X, = {z €
R3 |d(z,¥) < o} is a tube obtained by thickening the curve.
For every ¢ € C°(T"), we claim that

Sn’ @)~ 0o 2 u ) ) ) -
< n-, > /E (/D h(u, S) 0 h(u S) (1’114) SD(O S) as (4 2 3)
aso — 0.

Proof. For o > 0 small enough, we can write that for every z € ¥, there exist s € ¥ and v € D such
thatx = s + ow.
Therefore, by analogy with (4.1.15), we have that

7 (o) = / )7 (25 — y) dy

-/ H [ 1 a5 =)z dsds

= 02/ / fi(s,ou) f7(xf —y)J(ou, s)ds du

//f —z,ug — u)fg, (u) dz du

= hf oo UO)

(4.2.4)

where 7730 (u) = lim,_,¢+ 7is, (tu) and h7(-) = h(). Combining (4.2.4) with polar coordinates, we have
that

(Sh7, o) :Z/E 70,777 o dx
2m 1 r
// / r(*ﬁ) ro(r,0,s)J(r,0,s)drdd ds
g
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1 2
= a/ / / h(u, 0)hy (u, 0)up(ou, 0, s)J (ou, 0, s) dudf ds
> Jo 0

1 2m
:a// / h(w, 0)hy(u, 0)p(0,0,5)J(0,0,s)ududb ds
sJo Jo

NUA(Aﬁwﬁvmm%@>wqgm,

aso — 0. O

4.2.3 Asymptotic comparisons between 577 and S7i

We now compare the asymptotics of B7i and of the jump term S7 on simple examples.

2D examples

In 2D, thanks to Lemma 3.1.1, B is proportional to the distributional Jacobian, i.e. Bii = 2J17.

1. CaseT' = {(—1,0)} U{(1,0)} U {x = 0}, which corresponds to the skeleton of 2 circles of same
radius inferior to 1. We calculate that

(z+1ly) .
—————ifz < 0and (z,y) # (—1,0).
1 2 2
iz) = ftij
Moreover, for (z,y) ¢ T,
2
8xn1 = Y 3/2°
(z£1)*+y?)
Oy — (x+1)2 '
N (S O
835712 = — (.13 + 1)y = 8yn1.

((z£1)2 +y2)*?

Here we also set v = (1,0) which is the normal vector on the median line {z = 0}. Therefore we
have

20 _ ), o

[ml{a:o} = \/Ti?ﬁ =

(a) Since 7 is locally W! around (1,0) and (—1,0), for every p € C>°(R?*\{z = 0}), one has
<Bﬁga <P> — 27 (410(1) O) + 99(_17 O)) .
For every ¢ € C>°(R?\{0}), by integration by parts, we have that

<Bﬁoa 4P> =2 (—<n(fayn§7 a:r@) + <n‘178$ng7 ay(p>>

=-2 / n{ Oyng p dedy + / n{ Oyng ¢ dxdy + o(1)
{z<0} {z>0}

- P ©(0,y) [nlaynﬂ{w:o} dy,
x=0
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where

_ 2
[nlaynﬂ{m:()} = nlaynQ(OJray) - nlaynQ(O ay) = 7@'

Therefore, Bii charges both circles centers as well as the median plan.

Since 77 is W1 in neighbourhoods of (1,0) and (—1,0), S7 does not charge these points,
namely, we have

(8717, ) > 0aso — 0,

for every compactly supported function ¢ in Q\{z = 0}. Thanks to Theorem 4.1.3, we
deduce that, for every ¢ € C°(R?),

i 1 o
S0 > 15 | ellmP L) dsgemoy
{z=0}

_ 2/*” 09—t 4
= 3 . %0 ay (1+y2)3/2 y

as ¢ — 0. Notice that if we consider the configuration contained in a domain 2 C
{(z,y)|a < y < b}, then S7 is "equivalent" to the uniform measure on {z = 0} in the
sense that there exist C;, Cy > 0 such that

b b 1 b
01/ (0, y) dy S/ P09 G < 02/ (0,y) dy,

for any ¢ > 0.

The previous example shows that S7i charges only the median line at first order.

2. CaseI' = {(0,0)} UOB(0,1) which corresponds to the skeleton of an annulus. We have

i
_ ||
@) =4
——if Jz| < 1.

|z

if |z| > 1.

By setting v = x for |z| = 1, we get ([7i],v) = 2

(a)

In a local neighbourhood of the origin point, it is clear that B7i7 — 2J7 = 2mdy.

In order to study the asymptotic behavior of B around the circle 9B(0,1), we choose
a radial regularized normal vector 7. Namely, we consider 7 = (n{,n3) where nj =
f?cosf and n§ = f7sinf for some smooth radial functions f? : Ry — R such that, as
0 —0,f°(r) = 1lifr > 1and f?(r) — —1if r < 1. Using Lemma 3.1.1 in polar coordinates,
we can write

dr Oy dy Oz

B — 9 <5‘n‘1’ ong  Ong 8n‘2’>

2 .,,0f° . 2
:;f W(cos20+sm29)
_ 2.0
Cortoor
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For every ¢ € C>°(R?\{0}), we get that

(Bit”, o) = | Bit%¢

R
27 “+oo
= / / Bii?ro(r,0) drdf
o Jo

27 “+o00
—2 [ [ o odras
o Jo
— Cdsgp(o,1) in D' (R*\{0})
aso — 0.
(b) Thanks to Theorem 4.1.3, we have
2
Sﬁg — gdSaB(OJ) 11’1 D/(RQ)

aso — 0.
The example of the annuli shows that S7i charges only the circle whereas Ji7i charges both the
origin and the circle.
3D examples

1. CaseI' ={z =1,y =0} U {z = -1,y = 0} U {z = 0} which corresponds to the skeleton of two
parallel vertical cylinders.

(a) Itis clear that the third coordinate of 7i remains constant outside of I". Therefore, thanks to

3.1.1, we have
<8ﬁ1 Omla  Ofig 87’[1)

in the distributional sense, which, by analogy with 1.(a) in the 2D case, gives

(B, p) :w/ gp(l,O,z)dz—ﬂ/ ©(—1,0,2)dz
{z=1,y=0} {z=-1,y=0}
+/ ©(0,0, 2)[n10yn2] {z=0,y—0} dz.
{z=0,y=0}

(b) Similarly as in the case of two circles in 2D, we have

SR S
(1442 + 22)3/2 Y

L, 2
si°.0) > =3 [ e00.2)
R2
aso — 0.

2. CaseI = {z = 0} which corresponds to the skeleton of two parallel planes. We have 7i(z, y, z) =
(1,0,0) if x < 0 and 7i(z,y, 2) = (—1,0,0) if x > 0.

(a) Here we can take for instance the regularized normal vector 77 of the form (n{,0,0) with
n{ a smooth function accross the median plane I'. Thanks to Lemma 3.1.1, we have Bii? =
0, therefore B7i° — 0as o — 0.

(b) By Theorem 4.1.3, we have S7i7 — %ds{zzo} aso — 0.

In this example, we observe that B7i vanishes with some symmetric regularizations while the
limit S71° is independent on the choice of the regularization.
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Summary on the consistency of 37 and the jump term S7i for BV maps: With the above 2D or 3D
examples, one can conclude that no matter the given configuration, the jump term always charges the
1-codimensional part of the corresponding skeleton at first order, whereas the reaction term Bii from
Mugnai’s model charges systematically the 0-dimensional parts of the skeleton and charges the rest
of the skeleton rather inconsistently depending on the given configurations.

Theoretically, to the author’s knowledge, it seems so far not clear if we can canonically define
either Bii or the Jacobian for BV maps. The above examples also indicate that even by regularizing
the normal vector to properly compute 57 in the classical sense, the asymptotic limits depend on
the choice of the regularization. This does not meet the criteria in our study, since the main interest of
this chapter is to be able to capture the skeleton of any given configuration up to suitably negligible
sets.

4.2.4 Numerical illustration of the asymptotic behavior of S7i”

We now compute some approximations of S7” for various numerical examples on a Cartesian grid
either in 2D or in 3D. More precisely, 77 = f % 7 is computed using a Gaussian kernel f7 =

ﬁv exp " o2 with N =2,3.

2D numerical examples

In the 2D case, we provide some illustrations of the jump term in Figure 4.1 obtained with a resolution
of 27 nodes for each dimension of the grid, where we consider three different sets F whose skeletons
consist of, respectively:

* two concentric circles,
* two parallel lines,
* and a rectangle.
We compute the jump term S7i” using different values of the regularization parameter o > 0 (see the

caption for the details).

3D numerical examples

We also try with the same 3D test presented in Figure (4.2), with a numerical resolution of 27 nodes
for each dimension of grid. Examples in Figure (4.2) are:

* two concentric spheres,
¢ two parallel planes,
¢ and a circular torus.

The values taken by the jump term are captured on the three hyperplanes {z; = 0}, {z2 = 0} and
{.%‘3 = O}

In both figures 4.1 and 4.2, one can clearly observe that the skeleton of the set E is well localized
in each configuration. Thanks to the observations together with Theorem 4.1.3 and the heuristic re-
sults (4.2.1) and (4.2.3) in the case of round spheres and circular tubes in R?, one could conjecture that
if 77 is the gradient of the signed distance function associated with F, its jump term S7° character-
izes asymptotically the jump set ¥(i7), which corresponds to the skeleton of £. More precisely, it is
attempting to propose the following conjecture:
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Figure 4.1: Numerical values of S7i” in 2D for various configurations and various values of ¢; The
first column of each line corresponds to the considered set £; On each line, the columns 2, 3, and 4
correspond to S7i7 with, respectively, o = 0.02, 0.01 and 0.005.

57



05

05,

Figure 4.2: Numerical values of S7i” for 3D examples. Each line shows the set E, then the values
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taken by the jump term on the planes {; = 0}, {2 = 0}, and {z3 = 0}, respectively.
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Conjecture 4.2.1.
N-1

Sn?~ Y ol HY (4.2.5)
=0 ’
where
* «; are R-valued density functions;

o ¥;are (N — 1 — j)-dimensional sets;

e the discontinuity set of n satisfies ¥(n) = U L
J
Actually, the numerical computations of Figures 4.1 and 4.2 show that the magnitude on the jump
term appears to be linear with respect to ¢ and does not depend on the dimension of the skeleton.
For instance, in the case of two concentric circles as in Figure 4.1, one can notice that the jump term
computed at the center has the same order of magnitude (up to a sign difference) as it has on the
circle. This is not in contradiction with (4.2.5) for the following reason: on the one hand, the Dirac

mass Jp at the center can be numerically represented by the inverse of the pixel’s area, which gives in

2D
1

On the other hand, the uniform measure on the discrete circle satisfies i (o) ~ 7= since the circle of
length L is approximated numerically by a band of area Lo in 2D. Therefore, thanks to (4.2.5), we
have that o1(2) ~ Ly (o) ~ 1, which justifies the fact that the jump term has approximately the
same magnitude at the center and on the circle in Figure 4.1.

4.3 Approximate mean curvature flow with a forcing term

In this section, we address perturbed Allen-Cahn equations of the form:
W/ £
ot = Auf — % +g° for (z,t) € 2 x (0,T),
u®(z,0) = ug(x) forz e Q,>
Dufsn =0 fort >0

4.3.1)

where Q C R”, n > 2 is an open bounded set with smooth boundary and the forcing term ¢° satisfies
T
sup/ / eg®(x, t)dzdt < +o0. (4.3.2)
e>0Jo Ja

In [110], Mugnai and Roger showed that equation (4.3.1) is a phase-field approximation of the forced
mean curvature flow
V=H+y,

in the varifold sense, where g is an approximate limit of ¢°Vu® defined by

T T
1im/ /n-VuEgEd:Edt:/ /77~gd,u7
e=20Jo Ja o Ja

for every n € C2((0,T) x Q,RY), with x is a Radon measure on (0,7) x 2 obtained as the limit of
diffuse surface area measures 1 defined as

1
pe o= (;|Vu5|2 + EW(UE)) LT
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One can also consider the case where g° does not depend on ¢:

/ £
By = Auf — Wg(f Ja+ 7)) for (s,1) € 2 x (0,T)

(4.3.3)
u®(z,0) = ug(x) for z € Q,

where u € C*°(Qx]0,T]) N C°([0,T],C>®(Y)), f7 € C=(Q) and W(s) = (1 — s%)? is the bistable
potential. In [118], Qi and Zheng showed that, if 1 + f“ > a for some a > 0, then the equation (4.3.3)
converges to the forced mean curvature flow as

VL fa
ety
in the varifold sense, where V1 7 := V f9 v is the normal component of V f° with v the outer normal
of the front I'.

In the following sections, we first show the convergence result (4.3.4) by using the formal method
of matched asymptotic expansion. Next, we discuss the behavior of the forcing term in (4.3.4) and we
prove that, under certain conditions on f?, (4.3.4) provides a flow with obstacle.

(4.3.4)

Remark 4.3.1. One can verify that equation (4.3.3) is the L?—gradient flow (up to time rescaling) of the

following functional:
€12 € €
E(uf) :/ (EWU LUC )da:+/ W) )f”> da.
Q 2 € o €

The first integral is well-known as the phase-field approximation of perimeter of the interface I,
whereas the second integral can be regarded as a "penalized weight” on the obstacle.

Remark 4.3.2. In practice, as shown in the next section where we are interested in numerical applica-
tions of the perturbed phase-field approximation, we usually consider periodic solutions of (4.3.3)
W/ €
opu® = Au® — i)(l + f7) for (z,t) € Q x (0,T)

&2 (4.3.5)

u®(x,0) = ug(x) forz € Q,

where Q = [0, L]V with N = 2,3.

4.3.1 Formal asymptotic expansion: first order

Similarly as for the asymptotic analysis of Mugnai’s flow in [30], see Chapter 3, we find the inner
solution of equation (4.3.3) up to order =2 and we show that formally that the level set of an approx-
imate solution of (4.3.3) with well prepared initial data approximates a front I' moved by the forced
mean curvature flow (4.3.4). We assume that the zero level set of a solution u° to equation (4.3.3) is
a smooth n — 1 dimensional front I' which is the boundary of a domain £ C () evolving in time.
For convenience, we assume that I' does not intersect J€2 and that as ¢ — 0, u® converges to —1 in
E and to 1 outside of E almost everywhere, that is, V¢ €]0, T, for every compact sets K1 CC E and

Ky CcC Q\ E, we have that
—1,ifxe K
ut(x) — .x 1,ass—>0.
1, ifr e Ko

Following the method of matched asymptotic expansion used in [53, 3, 63], we assume that the solu-
tion u® of (4.3.3) has the following Taylor expansion in a neighbourhood of I':

u(z,t) = U(z,z,t) = ieiU’:(z,s,t), (4.3.6)
i=0
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where for every x close to I', we write z = (z,s) € R x I" with s := n(z) € I" the normal projection of
zonT, U* are smooth bounded fonctions such that

U 0,s,t) =0and lim U'(z,s,t) =0, Vi € N,V(s,t) € I'x]0,T] (4.3.7)

z—+too

and the parameter z is the stretched signed distance in a neighbourhood of I':

where d(x, ) is the signed distance defined by

sy [Tz e\
SU=Y ~dist(e, T) freE’

Then it follows that )
Vu® = VrU + gUZVd,

1 1
Au=ArU + -U,Ad + U, ,
g 3

1
atu = &gU + EVUZ

where V' = 0,d(z, t) is the normal velocity of I', which is positive when the front moves toward E (i.e
when E “shrinks”). Moreover, we can write that

HOEDS =2 Fis), (4.3.8)

where _ ‘
f'(s)=1(9,f7)(0,s),
with (8; f ") the ith normal derivative of f?. In particular, we have
7=/

Vi onl. (4.3.9)

4.3.2 Formal asymptotic expansion: second order

At order £ 72, equation (4.3.3) gives

U, — W' (U (1 + f°s)) =0, for z € R. (4.3.10)
It is clear that
U(z) =g (VIF96)z)
where

= on (25).

is a solution of (4.3.10) and satisfies the matching condition (4.3.7). Notice that by differentiating
(4.3.10), we also get that
UO

ZZZ

— WU+ fO>s)UY = 0. (4.3.11)

Next at order e 7!, we get that

VU = UL —W"(U°)(1 + £2(>s)) + HU? — W' (U®)zf(s).
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By multiplying by U? and integrating, we get that

+oo +oo

V/+mw®2—/%WU%U;w”uﬂx1+ﬂw»>+/ HUY? — [ WU)zp (s)U?

— 00 — 00 — 00 — 00

+oo +oo
:/ Ut (v, - Wﬂﬂu+ﬂmw0+ﬂ/ (U%)?
_ H/ U() =+ f W (UO) U;]’

thanks to (4.3.11) and integration by parts. Moreover, since W' (U°) = 17 fo Gy, We get that

[Tt

oo 0 f1(s) oo 012
—uf @ Lﬁ%»/w“”’
which implies
f1(s)
2(1+ £°(s))
VJ_J('O'
2(1+ f9)

V=H+

=H+ onl.

4.3.3 Perturbed mean curvature flow with static obstacles

Here, we show that if the perturbation term f satisfies a growth condition around a given point then
the front I" moved by the flow (4.3.4) will never intersect with the point if the initial distance at t = 0
between the interface I' and the point 0 is far enough. In this case, we say that the flow (4.3.4) is a
perturbed mean curvature flow with a static obstacle point.

Without loss of generality, we can assume that the obstacle point is the origin point 0. We denote
0 = dist(T',0) > 0 and take so € I' such that 6 = |sg — 0|. Additionally, we assume in the following
that the obstacle point 0 is at the interior of I', i.e 0 € ™. The study of the opposite case can be proved
in a similar way.

First of all, thanks to the definition of §, we have the following lemma giving an upper-bound
control on the mean curvature.

Lemma 4.3.3. If0 € Q~, H(so) < XL

Proof. Thanks to the definition of sy, up to some linear transformation on the plane, we can assume
that the obstacle point has coordinates (0, J), sp has coordinates (0,0) and the curve can be locally
considered as the graph of a regular fonction v defined on a neighborhood of 0 such that ¢(0) =
¥’ (0) = 0. Therefore, it is clear that the (signed) curvature at (0, 0) is

¥"(0) "
k(so) = ——————= =¢"(0),
T 1 w(0)?
and we have that )
M@zwmm%ﬁm@%ﬁmx%O

Thanks to the definition of 6, we have that, for all  in a neighborhood of 0,
(&= 0)% + ((z) = 8)* > &,
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which gives
2% — 26¢(z) + () > 0.

Hence, by dividing the above inequality by 22, as = goes to 0, we obtain that

P7(0)5 < 1,
which leads to 1
k(so) < 5
O
We are now in position to prove the following theorem thanks to Lemma 4.3.3.
Theorem 4.3.4. Let f7(z) = .,/ EZ,Z Ji(s) defined as in (4.3.8). If there exists 6y > 0 such that
OnfHs0) N, (4.3.12)

2(1 + f°(s0))
for every so € I'(0) satisfying dist(I'(0),0) = |sg — 0| = dn, and if dist(I'(0),0) > dn, then
dist(I'(¢),0) > dn,
forevery 0 <t < T before the singularities occur.

Proof. Assume that there exists ¢ > 0 such that dist(I'(¢),0) = dx. Thanks to Lemma 4.3.3 and the
definition of forced mean curvature flow (4.3.4), there exists s € I'(t) such that V+ f7(s) = f(s) and
that

Vi) _N-1 )

(T+fo(s)) = on  2(1+fO(s))
thanks to (4.3.12). Therefore, the distance between I'' and 0 is bounded below by d, which completes
the proof. 0

V(s):H(s)+2 <0,

A Gaussian kernel as perturbative term: Consider

gy o Lk
f (x)_aNe 7.

It is clear that
f7o—=dpaso — 0,

in the distribution sense, where ¢ is the Dirac function centered at 0.

Claim 4.3.5. There exists o, > 0 such that, for every ¢ < o, V(sg) < 0if co, < 6 < dg p, for some
0 < con < don.

Proof. By the definitions of ¢ and s(, we first notice that

VJ_fU(SO) = au(so)fa

where
I/(S )_ 80—0 o S0
Y =0 0
Therefore, we have that
1 _s2 20 _s2
fO(So) = O_iNe -2 and fl(So) = 7m6 a2,
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Thanks to (4.3.4) and Lemma 4.3.3, we have that

26 -3
n—1 1--ome

V(So)g
1) 21+ 1

on

82
e o2

In order to have V' < 0, it is sufficient to require that,

(n—1) ;e
g(0) :== "1 —57 >n—1
14+ e o2

on

Since ¢ is continuous on [0, +-o0o[ such that lims_, 1 o g(6) = ¢g(0) = 0 and that, foro < 1,

—Ilno™

2

max g > g(—o%Ilno") =

Hence, the theorem is proved by taking ¢ small enough and the existences of ¢, and d,,, derive
from the intermediate value theorem. O

Remark 4.3.6. The above example indicates that, in the case 0 € 27, the Gaussian kernel f7 in (4.3.3)
acts as a "repulsive source” avoiding the interface from getting in collision with the point 0. Moreover,
the repulsive zone contains an annulus whose smaller radius is at most of order ¢ and whose bigger
one is at least of order —oIno. These observations can actually be extended to the case where the
obstacle is a general C%-subset.

Remark 4.3.7. One of the interests of using the flow (4.3.3) is that when the interface is far from the
obstacle, it behaves exactly as a mean curvature flow. When the interface starts approaching the
obstacle, the perturbed term will prevent the interface from self colliding by forcing the interface and
the obstacle to remain beyond a minimal distance, denoted by & depending on ¢ when the interface
become stationary. It is natural to extend this idea to dynamic obstacles, and even obstacles defined
by the interface itself, actually its skeleton. This is the purpose of the next section.

4.4 Self-avoiding approximate mean curvature flow

Inspired by Theorem 4.1.3 on the approximation of the skeleton and by Theorem 4.3.4 on the mean
curvature flow with static obstacles, we propose a phase-field approximation of the mean curvature
flow with a self-avoidance term. The motion is similar to mean curvature flow as long as the interface is
far enough from its skeleton, but a reaction term (actually the jump term associated with the skeleton)
starts to be active when the interface gets closer to its skeleton, and prevents them to be too close. We
will provide arguments that this new self-avoiding mean curvature flow applied to filaments in R?
approximates the codimension 2 mean curvature flow. Instead of defining directly the motion of a
filament, we consider a tubular fattening of it and let is evolve according to the new flow. Thanks
to Theorem 4.3.4, the fattening does not degenerate. These results could be generalized to higher
dimensions.

4.4.1 Definition of the flow and numerical approximation scheme

In this section, we introduce a mean curvature flow perturbed with a term depending on a skeleton-
based obstacle. Thanks to the results on the characterization of singular sets by the jump term defined
in Definition 4.1.2, together with our analysis of the perturbed Allen-Cahn equation (4.3.1), a natural
phase field candidate is the Allen-Cahn equation coupled with the jump term, i.e.,

W' (uf)

8tu€ = Aug — 572(1 + 55) (441)
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where
Vue

[Vus|
Here, f7 is the Gaussian kernel of size ¢ > 0 seen at the end of the previous section and ¢ is a constant
to be chosen in order to enforce or relax the topological constraint.

To approximate numerically this flow, we propose a quasi-static approach, i.e. the sequence of

approximate solutions (u"),, is defined recursively as u"*!(z) = v(z, h) where v is solution of the
following PDE

oe=c(f7*|Sn%:|]) and nl.=f7=*

uc

(4.4.2)

dro(a,t) = Av(x,t) — LD 4 fo (1))
v(-,0) =u"

and h represents the time step of the quasi-static formulation. Notice that the above equation is a
L?-gradient flow of the perturbed Cahn-Hilliard energy

Jin(v):/%WvF%—%W(v) (L+ f2.)) de.

From a numerical point of view, equation (4.4.2) is solved in a box @ with periodic boundary
conditions. Moreover, we use a semi-implicit approach based on a convex-concave splitting of the
perturbed Cahn-Hilliard energy. More precisely, we define the solution v” as an approximation of v
at the time pd, given by the following scheme

pPTL P

Ot

1« 1 o W' (P)  «
= (AUP+ — ?Up+ ) - <(1 + fun) 62 - 6—21)}’ .

Here, §; represents the time step of the scheme. The stabilized coefficient « is assumed to be suffi-
ciently large to ensure the concavity of the the functional

w 2
vH/(l—k ) (QU) — a—dz.
Q €

2¢2
Indeed, in that case, we can prove the decreasing of the perturbed Cahn-Hilliard energy

Tan (VPF1) < T8 (0P),

and obtain an energy-unconditionally stable scheme. More precisely, this scheme can be written as

W = (L= (A~ 1) (vp 5 ((1 4o @) O;vp»

g2 €

where the operator (I; — 6;(A — 514))~! is computed in Fourier space using the Fast Fourier Trans-
form thanks to the periodic boundary conditions on the box Q.

In practice, we consider the box @ = [—0.5,0.5]3, discretized with N nodes on each axis. All the 3D
numerical experiments presented in this section are obtained using a resolution of N = 27, a phase-
field parameter ¢ = 2/N, and h = §; = 2. As for the jump term, we set 02 = 0.1¢? and ¢ = 0.35e N3.
In order to ensure the stability of the splitting scheme as shown in Chapter 2, section 2.2, the regular-
ized parameter « is defined as

1
o= — sup [W"(u(z))].
€7 zeQ

4.4.2 Application to a dumbbell

The first numerical experiment illustrates the influence of the jump term in our new self-avoiding
approximate mean curvature flow. We consider a dumbbell as the initial set, and it is well known
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that the classical mean curvature flow yields a topology change in finite time. It is illustrated on the
first line of Figure 4.3 where we plot the 0—level set of an approximate solution ™ to the Allen-Cahn
equation computed at different times " = nh without using the jump term (which corresponds to
using ¢ = 0). On the second line, we plot the 0—level set of the approximate solution u™ to the self-
avoiding approximate mean curvature flow. We clearly observe here that the jump term forces the
topological conservation.

t = 0.00024414 t = 0.0046387 t=0.01123 t=0.017822

! 0 0 " o
0.5 /05 0.5 0.5
y y s o
- “o o5l “o o pal 0 - yal)
% / 0 e 0 e % P
o e . o o o e
0s 0s oos s
t= 0.00020014 = 0.022217 t= 0.055176 t= 0.088135
. . o5 0
! o o l 0 '
s 05 o5 s
y e / /
- 0 sl o 05 b ) 05 %
05 7 s / 05 .
5 e o e

Figure 4.3: Evolution of a dumbbell: the solution u™ plotted at different times ¢. The first and second
lines correspond to the approximate mean curvature flow with or without, respectively, the additional
jump term.

4.4.3 Application to a circle in 3D and codimension 2 mean curvature flow

We will now advocate, both with a numerical example and an asymptotic analysis, that the self-
avoiding approximate mean curvature flow is a good candidate for approximating a codimension 2
mean curvature flow.

Numerical illustration

The second numerical experiment concerns the evolution of a circle in R3. We plot in Figure 4.4 the
solution at different times t” = nh. We can clearly observe a fattened circle which decreases along the
iterations. We also illustrate in the last plot the evolution of the squared mass of u,

L (/Qu(x,t)dac>2

along the iterations. Notice that in the case of a fattened circle, this term is proportional to the square
of the radius of the circle which is expected to decrease linearly in the case of the mean curvature
flow, see Remark 4.4.1 below. We can clearly observe numerically such a decreasing (except at the
every beginning of the simulation) which means that the circle evolves consistently with the mean
curvature flow. One reason for the "bad" behavior at the very beginning is presumably an inconsistent
initialization which is quickly regularized by the flow.
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t = 0.00024414 t=0.22021 t=0.55005 4

— o 05 /o s

Figure 4.4: Evolution of a circle: the solution u™ plotted at different times ¢ and the squared mass
t = ([ u(z, t)dz)? along the iterations.

Formal analysis of the velocity

Rcosu

Consider, forallu € S, ¥(u) = , which parametrizes a circle I' of radius R > 0 lying on the

Rsinu

horizontal plane R? x {0} in R?. The curvature of I'is 1/R.
We start by fattening the curve with an offset § > 0, hence we obtain a circular torus. Let ® be a
parameterization of the torus defined by

(R+ 0 cosv)cosu
D(u,v) = | (R+dcosv)sinu

dsinv
By direct computations, the outer normal 77 and the scalar mean curvature H can be written as

COS U COS ¥
fi(u,v) = | sinucosv

sin v
and
1 Ccos v
Hu,v) = - (5 * R+6cosv) '
The velocity of the torus on ®(u, v) under the flow (4.3.4) is

Vo (uw) = H(u,v) + g5 (9). (4.4.3)

We denote the mean curvature vector as H := Hii. For every u € S, the motion of the point ¥ (u) is
the average velocity of the torus on the associated sectional points, that is the mean value of Vg, 1)
forallv € S.

. 1 27
V\p(u) = % . V\p(u,v)n(u,v)dv
1 2T . 1 2T
= — H(u,v)dv + — 6)n(u,v)dv
5 | Ao - [ @it wan
. iy 2
= % SlnufO R—Ci-o(;covsv v
f27r cosvsinwv
0 R+dcosv

Notice that the forcing term g,(§) in (4.4.3) does not have in average any impact on the velocity in
(4.4.4).
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Since we have that

27 .
Cos v sinw
——dv=0
o R+dcosv Y
and that
/27r cos? v i /72r cos? v n cos? v i Jr/O
——dv = v
o R+dcosv o \R+dcosv R—Jcosv _

COS2 (%

3
4R —_—
/0 R? — §% cos?v

4R z 1
_ R2 dv —
( /0 R? _%costu’’

==
Moreover, by the change of variables z = tan v, we get that

/og ( Joo= [

Therefore, together with (4.4.4), (4.4.5) and (4.4.6), we get that

™

),

2

1
R? — 62 cos?2v

1
1422

cosu

1

2R

1 .
Sin uw
52
- R 0

1-—

52

~

vlll(u) =

us
2

(

s
w)dm:zR

ool

COS2 (% COS2 v

R+ dcoswv JrR—(Scosv

RZ 52

2

) ) ﬁ\I/(u)v

R?

Jao

(4.4.5)

(4.4.6)

4.4.7)

where iy, is the normal vector of V. Consequently, the circle of radius R > 0 moves with a normal
velocity V ~ — 5% at first order, i.e. consistently with the codimension 2 mean curvature flow.

Remark 4.4.1. Thanks to (4.4.7), one can show that the square of the radius R of the circle decreases

linearly as illustrated in Figure 4.4. Indeed, we have that

d 1
V=3 "
which gives
1d, , d 1
Hence, we get that
R? ~ —t

4.4.4 Applications to smooth curves (and filaments) in 3D

The study of the previous section can be extended to more general smooth curves in 3D.

Numerical experiments

We present two evolutions of filaments (i.e., fattened smooth curves) in Figure 4.5. The first column
shows the evolution of a simple filament which converges, using periodic boundary conditions, to a
simple line. The second column shows the evolution of a more complex filament with the presence

of a triple junction.

68



t = 0.00024414

t = 0.00024414

05 05
0 0
0.5 0.5
/,/ /,/
0.5 . 0 0.5 . 0
05 — 05 ——
0 0 ——
0.5 03 05 05
t = 0.22021 t = 0.44019
05 05
0 0
/ 0.5 / 0.5
0.5 4 0 0.5 4 0
0.5 T 0.5 T
0 0
0.5 03 0.5 03
t = 0.44019 t = 0.88013
05 05
0 0
05 05
,/ ,/
0.5 /o 05 /o
05 —— 05 —— )
0 T 0 T
0.5 03 0.5 03
t = 0.99023 t = 1.9802
05 05
0 0
0.5 0.5
// //
0.5 . /o 0.5 . /o
05 ——— , 05 ————
0 < 0 T
0.5 03 0.5 03

Figure 4.5: Each column illustrates the numerical evolution along time of a filament flowed by the
self-avoiding mean curvature flow.
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Formal analysis of the velocity

In the following, we will describe how to generalize the result of the circular case to any C?-curve
in R3. Given a closed curve I' in R3, as shown in the previous section, we consider the tube with
thickness 6 > 0 obtained by fattening the curve. For every s € I, one can construct a circular torus
7(s) as follows:

The torus 7(s) is generated by the circle consisting of the orthogonal sectional points at s (which is a circle of
radius ¢) and the osculating circle of I on s of radius |R(s)|, where R(s) is the inverse of the curvature of T’
at s.

Thanks to the previous result, since s is the barycenter of its orthogonal sectional points, the velocity
at s is therefore the average of the velocities on the sectional set, which leads to

where 7i(s) is the normal vector of " on s.

Open space curves

For open curves in R3, the process is the same as for closed curves except at the end points. The
velocity on each end point of the curve is indeed the mean value of the velocities on the semi-spherical
cap of radius § centered on the end point.

Up to some linear transformation, we can assume that the end point is (0,0,0) and the semi-
spherical cap is parametrized by @ : [0, 1] x S with

rcosf
O(r,0) ;=6 rsind
m

It is clear that H (r,6) = —2 and the normal vector is

rcos
fi(r,0) = | rsind

V1—r7r2

Direct computations shows that the mean velocity vector on the end point is

V= (? + ga(é)) % /:ﬂ ii(r,0)|®, A ®g|(r,0)drdd = ((2; + 90(5))

w— O O

Notice that in absence of the forcing term g, (), i.e under the classical mean curvature flow, the end
point moves towards the curve, therefore shortens the curve. However with the presence of g,, the
end point becomes stationary in finite time. Since the regular part of the curves keeps evolving under
the mean curvature flow at first order, the flow actually provides a natural approach to the Steiner
problem in R3.

Videos

To get a better idea of numerical flows computed with our model, videos (in .avi format) can be
downloaded at the following addresses.
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¢ Video of the flow shown in Figure 4.5, left: Filament 1.
¢ Video of the flow shown in Figure 4.5, right: Filament 2.

¢ In the previous video, the filament remains connected but the inner cycle disappears. It is
actually possible to play with that by simply changing the weight of the jump term: a higher
weight yields a higher sensitivity. This is the choice made for the numerical simulation shown
in this third video where the inner cycle is conserved: Filament 3.

Conclusion

The above numerical experiments together with the formal analysis indicate that our self-avoiding
approximate mean curvature flow:

* manages to preserve the topology of general (smooth) sets thanks to the jump term;

* gives an approximation of the mean curvature flow in codimension 2 in the case where we have
filaments as initial sets.

4.5 Application to the Steiner problem in 3D

The numerical experiments and observations of the previous sections on the Allen-Cahn equation
coupled with the jump term (4.4.1) lead us naturally to address the application to Steiner’s problem
in dimension 3. Recall that Steiner’s problem consists in finding, for a given collection of points
agp,...,an € @, acompact connected set K C () containing all the a;’s and having minimal length. In
other words, it amounts to solving the following minimization problem

min{H'(K), K C Q, K connected, a; € K,Vi}, 4.5.1)

where H!(K) stands for the one-dimensional Hausdorff measure of K. The numerical approxima-
tion of solutions to this problem is notoriously difficult, especially in dimension > 3, see for instance
[77, 76,49, 27,24, 25, 37, 38, 26]. The model we propose provides an effective and natural way to ap-
proximate these solutions in 3D (and actually even in higher dimension for the extension is straight-
forward).

A fattened problem

We consider an approximation of Steiner’s problem in dimension 3 for the &-tubular set K; := {z €
R? | dist(z, K) < &} which is the 5-fattening of K. We choose the fattening parameter & to be small
enough as in Claim 4.3.5 so that the minimal distance between the boundary of K and its skeleton
K is ensured.

It is clear that the length of K is approximated by the perimeter of K5 in the sense that

P(Ks) ~ 2m6H (K).
Moreover, the property that K contains all the a; points can be replaced by the inclusion constraint:
U, B(a;,5) C Ks, 4.5.2)

which means that K5 contains all the balls B(a;, &) of radius &.
Therefore, we are now interested in a phase-field approximation of the following approximate
minimization problem:

min{H*(K5)| UN, B(a;,5) C K5 and dist(0K5,%(K5)) > 7},
where X(Kj) is the skeleton of 0 K.
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Phase-field approximation of the fattened Steiner problem

There is a natural way to approximate the inclusion constraint (4.5.2) using phase fields. This can be
done by first introducing the function u;, defined by

dist(z, UX; {a;}) — &)
€ 9

w5 (@) = q (

where dist(z, UY ; {a;}) denotes the distance function to the points a; and q is the usual optimal profile
associated with the double-well function. The inclusion constraint (4.5.2) can thus be implemented
by considering the inequality constraint:

<.
Indeed, it is not difficult to observe that

up, <ut = Uf\ilB(aiﬁ) C {x;u(x) > 0}

Therefore, we define recursively the sequence {u"},en by
u"*(z) = max(v(z, h), uy(2)), (45.3)
where v is solution to the equation:

Ov(z,t) = Av(z,t) —
v(-,0) = u™.

W' (v(z,t)) -
(Lt fin (@), (4.5.4)

Numerical experiments

We define Q = [—0.5,0.5]® and use the following settings: N = 27, = 2/N, h = §; = €2, 0% = 0.1¢?,
c¢=0.35¢N3,and 6 = 0.02.
Remark that in 3D, according to conjecture (4.2.5):

fon = p(E8) + op(E}) + 0*u(5)

where X7 is the i-dimensional component of the skeleton £" of u". Therefore, in order to make sure
the entire skeleton is an obstacle for the flow, we set

1
co~eN3 ~ P
which is of order o2 so that even in the worst case where the skeleton is a union of discrete points,
the perturbation term cfJ. charges effectively the skeleton X" at time nh.

The first example in Figure 4.6 represents the case where the a;’s are the vertices of a cube. The
initial set is also a cube containing all nodes a;. We show in Figure 4.6 approximate solutions at
different times of the phase-field flow (4.5.3)-(4.5.4).

Notice that even if the initial set is of dimension 3 (the initial cube), the stationary solution is close
to a tubular thickening of a 1-dimensional set K containing all the nodes a;. We observe that this
solution approximates well the Steiner tree associated with the vertices of the cube, in particular at
each triple junction all angles equal 27/3.

As a comparison, we consider in Figure 4.7 an example with 10 points randomly distributed in @
which leads exactly to the same conclusion.
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t = 0.00024414 t = 0.55005

Figure 4.6: A Steiner tree associated with the vertices of a cube: illustration of the approximate so-
lutions at different times along the numerical flow. The red and blue interfaces are, respectively, the
0-level set of u™ and the set UY_, B(a;, 5).
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Figure 4.7: A Steiner tree associated 10 points randomly chosen in @): illustration of the approximate
solutions at different times along the numerical flow. The red and blue interfaces are, respectively,
the 0-level set of u™ and the set U | B(a;, 5).
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Videos

To get a better idea of numerical flows computed with our model, videos (in .avi format) can be
downloaded at the following addresses.

* Video of the flow illustrated in Figure 4.6: Approximation of the Steiner set of cube’s vertices.

* Approximation of the Steiner tree associated with 50 randomly chosen points: Approximation
of the Steiner set of 50 random points.

4.6 Application to the Plateau problem

Our last numerical application is devoted to the celebrated Plateau problem. Recall that the Plateau
problem in dimension 3 consists in finding, for a given closed Jordan curve v, a surface E in R3 with
(locally) minimal area such that the boundary of E coincides with ~. In other words, it amounts to
solving the following minimization problem:

min{H?(E), E C Q, connected and such that 9F = ~}, (4.6.1)

where H?(E) stands for the 2-dimensional Hausdorff measure of E.

A fattened Plateau problem

We consider a -fattened minimal surface problem for the &-tubular thickening of a given Jordan
curve vy

Ve = {a;dist(z,7) < 7},

by considering the following minimization problem:
min {P(Ea) + g’H?’(E&); Es C Q,connected and v C Ea—} . (4.6.2)
g

where H?(E5) stands for the volume of E;. Here, 5 being chosen sufficiently small, the volume term
is present to ensure that E; has a thickness of size & which requires the existence of a connected set
E such that

Es; ~{z € Q;dist(z,E) <&}, and P(E;)~2H*(E).

Figure 4.8 shows what may happen if this volume term is not used: it it not possible to get in the limit
a "thin" volume which approximates a surface.

As previously, starting from an initial connected set, the connectedness property is conserved
thanks to the jump term in the self-avoiding mean curvature flow.

Remark 4.6.1. In contrast with the fattened Plateau problem, it is not necessary to penalize the volume
in the fattened Steiner problem. The reason is straightforward: in the Steiner problem the vertices
constraints coupled with an area-minimizing property of the flow yield a natural decreasing of the
volume to reach a final tubular set.

Phase-field approximation of the fattened Plateau Problem

Similarly to the fattened Steiner problem, we build recursively a sequence (u"), by combining a
perturbed Allen Cahn equation with an additional inclusion constraint, i.e. we compute:
u" T (x) = max(v(z, h), u,), (4.6.3)

in
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where v is solution of the following flow

d(x,t) = Av(z,t) — W(l + fan(2)) + % 2W (un), (4.6.4)
v(+,0) = u".

with u; defined as

u(z) = ¢ (d“””)) |

3

and the last term in the first equation of (4.6.4) corresponds to the approximation of the volume term.

Numerical experiments

As previously, we define Q = [—0.5,0.5]> and we set N = 27, & = 2/N, h = §; = €%, 0% = 0.1¢?,
¢ =0.35¢N3,and & = 0.02.

In Figure 4.8, we plot the solution obtained at different times using the parameter cyoume = 0. In
this case, the volume is not penalized during the iteration. In particular, we can observe that the
stationary set £, has not the right form in the sense that its thickness is not of size & and cannot be
associated with a minimal 2-dimensional surface. This experiment shows all the interest to penalize
the volume in our computations. All following numerical experiments in this section are done with
the setting cyolume = 1.

The main motivation of Figure 4.9 is to illustrate the influence of the initial set and its topology
on the result. Each column corresponds to a particular choice of an initial configuration, the images
show the numerical solution of the flow at different times. We observe that our model is able to
compute a minimal surface associated with the given boundary but the topology of this minimal
surface depends logically on the choice of the initial set.

With Figure 4.10, we illustrate the ability of our method to approximate non orientable minimal
surfaces and minimal surfaces with triple line singularities. The first column shows an example of
a non smooth (approximate) minimal surface whereas the second one gives an approximation of a
Mobius strip. Notice that in the latter case, we start from an initial connected set given by a cube with
a cylinder hole.

Videos

To get a better idea of numerical flows computed with our model, videos (in .avi format) can be
downloaded at the following addresses.

¢ Video of the flow illustrated in Figure 4.9, right: An (approximate) Plateau solution.
¢ Approximation of a Mébius strip with a singularity line: A singular (approximate) Mobius strip.

¢ An hybrid solution combining a Steiner set and a minimal surface: A Steiner-Plateau hybrid
solution.
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Figure 4.8: Using the self-avoiding mean curvature flow without volume penalization: the stationary
shape is not at all close to a minimal surface
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Figure 4.9: Numerical approximation of solutions to the Plateau problem using the proposed flow.
The experiment illustrates the influence on the result of the initial set’s topology. Each column shows
the numerical solution at different times starting from two different initial configurations.
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Figure 4.10: Numerical approximation of solutions to the Plateau problem using the proposed flow.
First column: convergence to a minimal surface with a triple line singularity. Second column: con-
vergence to a Mobius strip, an example of non-orientable surface that our model can compute.
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Chapter 5

Asymptotic analysis of embedded
Willmore spheres in Riemannian
manifolds of dimension 3

In this chapter, we present some partial results in the direction of proving that small embedded Will-
more spheres concentrating in a Riemannian manifold of dimension 3 must concentrate at a critical
point of the scalar curvature. This type of results were proven for constant mean curvature spheres
by Laurain [83] using the Wente structure of the associated equation. It has also been proven by
Laurain-Mondino [84] with a small energy condition.

We present here a way to get strong pointwise estimates for such a sequence, in the spirit of [83],
showing how to use the Riviere formulation of Willmore equation in terms of a triple system of elliptic
PDE’s with nonlinear leading terms in Wente form.

However, this remains programmatic since, in the decomposition of the sequence of Willmore
surfaces into standard "bubbles", spheres and catenoids should appear and we are not, at now, able
to deal with the appearance of catenoids. But we are convinced that the way we find strong estimates
should be very useful for the general case. So we present them here. Since it has no meaning to deal
with multiple spheres without considering catenoids, we just restrict ourself to show how it works
for two spheres. And we shall explain from place to place what is lacking to deal with the general
situation.

5.1 Willmore energy and Willmore immersions

Let (M, h) be a Riemannian manifold and ® : ¥ — (M, h) be a smooth immersion of a closed surface
Y into (M, h). The Willmore energy of ® is given by

Wh(®) := /ZH%UQ, (5.1.1)

where do, is the volume form associated to the pullback metric g := ®*(hjx) on %, and the mean
curvature H is half of the trace of the second fundamental form A. We can write simply W(®) instead
of W, (®) if there is no risk of confusion. In addition, we say that ® is a Willmore immersion if ® is a
critical point of the Willmore functional W and ®(X) is then said to be a Willmore surface in (M, h).
The investigation of Willmore energy in 3-dimensional Euclidean space has originally been intro-
duced by Poisson [117] and Sophie Germain [65], inspired by the works of Bernoulli and Euler on
the theory of elasticity and the study of Chladni figures in the early XIX century (interested readers
can refer to [46], for example). In the 20’s, Blaschke [23] and his student Thomsen [132] started the
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study of the conformal invariant theory of critical points of this functional. This functional was later
referred as Willmore energy, after the name of the english mathematician Thomas Willmore who re-
discovered the functional in the 60’s, see [137] and [136]. Since then, the subject has become one active
branch in geometric analysis. We also refer to Nitsche [112], Palmer [115], Dall’Acqua [48], Grunau
[67] and recently Alessandroni-Kuwert [2] ...etc. for topics on Willmore surfaces with fixed and/or
free boundaries.

5.2 Existence of Willmore surfaces in manifolds and concentration
phenomena

Concerning Willmore surfaces in manifolds, several existence and non-existence results have been
recently revealed: using a pertubative method, Willmore spheres (with possibly small area constraint
or not) have been constructed as perturbations of small geodesic spheres by Lamm-Metzger [81],
Mondino [104]-[105], Lamm-Metzger-Schulze [82] and Chen-Li [40]. Mondino-Riviere [107] gener-
alize the existence result for any value of area constraint. All these constructions are based on the
implicit function theorem, where certain non-degeneracies of the ambient manifold are required, no-
tably in a neighborhood of a critical point of the scalar curvature.

Hence, conversely, we are naturally lead to the following question: let p be a point of a given 3-
dimensional Riemannian manifold (M, k). Assume that, for r small enough, the geodesic ball B”(p)
contains a Willmore surface (or more generally Willmore surface under area constraint), what can we
say about p?

In several different contexts, it appears that p has to be a critical point of the scalar curvature. Druet
[56] first gave the response in the case of isoperimetric domains, when he showed that isoperimetric
domains of small volume necessarily concentrate at a critical point of the scalar curvature (more
precisely a maximum point of scalar curvature). In the case of constant mean curvature surfaces, the
answer was given by Laurain [83] for embedded CMC spheres with small diameter while the mean
curvature goes to infinity. In the case of Willmore surfaces, Lamm and Metzger first showed that
the concentration phenomena appears if we restrict ourself to Willmore surfaces with positive mean
curvature in their pioneer work [80]. In an equivalent way, such concentration phenomena holds for
Willmore surfaces with its energy below 47 + ¢ for ¢ > 0 small enough. Laurain and Mondino in [84]
next generalized the result to any energy threshold 87 — ¢ for any 6 > 0. More precisely, they prove
the following theorem.

Theorem 5.2.1 (Laurain-Mondino [84]). Let (M, h) be a 3-dimensional Riemannian manifold. Let p € M
and let 6 > 0 be given. If, for any r small enough, there exists an embedded Willmore sphere with area
constraint contained in the geodesic ball B! (p) such that its Willmore energy is bounded above by 87 — §, then
p is a critical point of the scalar curvature of (M, h).

Notice that, thanks to the Li-Yau inequality in [89], only embedded Willmore spheres occur under
these assumptions. Instead of considering the Willmore energy, one can also consider the energy
functional given by the second fundamental form:

Definition 5.2.2. Let (M, h) be a Riemannian manifold and ® : ¥ — (M, h) be a smooth immersion of a
closed surface X into (M, h). We define the energy Ay (®) by

A (@) = %/E|A|2dag _ 2/2H2 - /E (K — R (T9)) do, (52.1)

where K is the Gauss curvature and K, (T®) is the sectional curvature of the ambient manifold (M, h) on the
tangent space of ®(X)

Thanks to the definition 5.2.2 of A;,, Theorem 5.2.1 can be reformulated as follows:

82



Theorem 5.2.3. Let (M, h) be a smooth 3-dimensional Riemannian manifold and let (®*(S?))en be a se-
quence of area-constrained Willmore spheres in M satisfying the following assumptions:

1. diam(®*(S?)) = e, with limy_, 1 socr = 0,
2. the energies of ®*(S?) are uniformly bounded above by 12w — § i.e,

sup Ap (®%) < 127 — 6.
keN

Then, up to a subsequence of (®*(S?))ren, (®*(S?))ren converge to p € M which is a critical point of the
scalar curvature of (M, h).

Indeed, since we always have that

/Kdog =47 for ¥ = S?,
b

we get that
Ap(@F) =20, (%) —dr + | Kp(TOF)do g, (5.2.2)
S2
which implies
sup Ap (®%) < 127 — § <= sup Wy, (®*) < 87 — 4. (5.2.3)
keN keN

since under the hypothesis of Theorem 5.2.1, we have that

Ky, (T®") dogx < Cpdiam (9%(S?)) — 0as k — oo,
S2

In this part of the thesis, we will focus on the analysis aspect of the nature of the problem, and
provide key elements which seems promising to generalize the result to the most general case for any
energy upper bound threshold C' > 0.

In Section 5.3, we will first introduce the conservative form given by Mondino-Riviere [106] for
Willmore immersions in manifolds. Under proper rescaling of the metric, we show that the Lagrange
multiplier due to the area constraint can be treated as a perturbative error. Hence, we are lead to
consider Willmore spheres in (R3, h.) where h. is the rescaled metric, close to the usual Euclidean
metric hg.

In Section 5.5, working with relevant parametrization for our Willmore spheres, we perform a local
blow-up analysis at the points where concentration phenomena appear: we describe asymptotically
the Willmore spheres as a sum of bubbles and remainder, by using the pointwise technique developed
in Druet-Hebey-Robert [57], which allows to obtain first pointwise estimates on the remainder. In
Section 5.7, exploiting compensated compactness results in Lorentz spaces, together with help of
Green'’s representation formula, we are able to improve the pointwise estimates by re-injecting them
in the Willmore system. At the end of the section, under the assumption that the remainder and
bubble interactions can be absorbed by the Riemannian error term due to h., we prove Theorem
5.2.3.

Finally in Section 5.7.2, using the fact that, with relevant initial conditions, the linearized Willmore
operator contains only trivial solutions, we study carefully the interaction between bubbles and prove
the assumption made in Section 5.7.

5.3 Preliminaries

Throughout the rest of the thesis, (M, h) will be a 3-dimensional Riemannian manifold. By abuse
of notations, we denote by D both the Levi-Civita connection of (M, ) and the associated covariant
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exterior derivative. %, designs the Hodge operator associated to h on multi-vectors of M from AP M
into A37? M. The Riemannian curvature tensor is given by the following formula:

Riemh(X,Y)Z = DnyZ - DyDXz — D[X7y]Z,

where [X, Y] is the Lie bracket of X and Y.

Since here we deal particularly with immersions ® of S* onto (M, h), with help of stereographic
projection and local conformal coordinates, it would be convenient to consider ® as a conformal
immersion of a disc or a plane into (M, h). Recall that an immersion ® of the 2-dimensional unit
disc D into (M, h) is said to be a conformal immersion if there exists A € C°°(D) such that the pullback
metric g := ®*h = e?*(dz? + dy?). We call ) the conformal factor of ®. We also denote by (7, €>) the
orthonormal basis of ®,(TD) given by ¢€; := e *9,® and &> := ¢~ *9,® where e* = [9,®| = [9,9|.
Finally, the unit normal vector 7 to ®(ID) is given by

n= *h(gl A 52)

Discovered in the Ph.D work of Thomsen [132] and attributed to the work of Schadow, an Euler-
Lagrange equation of the Willmore functional has been established for surfaces immersed in R3.
Weiner [134] next derived its form for surfaces immersed in higher dimensions and in curved spaces.
An immersion ® : ¥ — (M, h) is then said to be a Willmore immersion if it satisfies

AgH +2H(H? — (K, — K3)) + HRicp,(,7) =0 on %, (5.3.1)

where A, = div,V is the negative Laplace-Beltrami operator corresponding to the induced metric g,
K is the Gauss curvature on (X, g), K}, is the sectional curvature of (M, h) on T®(X) and Ricy, is the
Ricci tensor of (M, h). More generally, Willmore surfaces under area-constraint are characterized by

A H +2H(H? — (K, — K3)) + HRicy,(7,7) = oH on %, (5.3.2)

where o € R is the Lagrange multiplier.

Remark that the above equation (5.3.2) is a non-linear elliptic PDE of fourth order with respect
to its parametrization. Despite of its simplicity, the equation is not quite convenient for variational
approaches. In fact, under weak formulation, H is required to be at least L} (¥), which does not fit
with the Willmore functional, giving only L2—integrabﬂity of H.

In consecutive works [120]-[121]-[122], Riviére develops powerful analytical tools for the study
of Willmore immersions into R3. In particular, by describing the conservative laws of the confor-
mally invariant functional, Riviere manages to give a local reformulation of the Willmore equation
(5.3.6) in a divergence form. Moreover, derived from the divergence form, a coupled system of Wente-
type equations permits to use compensated compactness developped by Wente [135] and Tartar [130]
and leads to numerous outcomings: in [21], Bernard and Riviere proved an energy quantization re-
sult for any sequence of Willmore surfaces with fixed genus with uniformly bounded energy and
non-degenerating conformal type; in [85], Laurain and Riviére recently generalized this result in de-
generating case, and showed strong compactness of Willmore immersions with energy below 127.

In this section, we focus on the following divergence form generalized by Mondino and Riviere in
[106] for Willmore immersions into manifolds, or more generally, for conformal immersion satisfying
the Euler-Lagrange equation (5.3.2) with area constraint. We have:

Proposition 5.3.1 (see Mondino-Riviere [106], Corollary II.1.). A conformal immersion ® : D — (M, h)
is an area-constrained Willmore immersion if and only if

262 [R§(T®) + H Ricy (i, 7) — afl| = D* |DH = 37(DH) — -, (H A D*7)], (5.3.3)

for some o € R, where we denote by 7 : Te M — (®,(TD))™ the orthogonal projection from the tangent bun-
dle to (M, h) onto the normal bundle to ®(D), H := Hii the mean curvature vector, D - := (Do,a -, Do,o-),
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D+ := (=Ds,o -, Do,o ) and D* represents an operator acting on couples of vector fields (Vh, Va) along
O, (TY) defined by

D*(Vi,Vs) := Da,aVi + Do, s Va,

and finally we have e** Rg (T®) := %), (ﬁ A Riemp,(0,®, 8x<1>)ﬁ>.

Given any conformal immersion ® : R? — (M, h), it is well known that

D*D® = 2¢**H = %, Dii A V1,

where V- = (%~, a%') and V4. = (—%~, %~>.

To be supplemented with the conformal equation and the usual perturbed harmonic map equation
for the Gauss map (which can be obtained from Lemma II.1. in [107], for example), it is thus clear that
a conformal area-constrained Willmore immersion from R? into (M, h) satisfies the following system
of equations:

D*D® = x, Dii AV ®
D*Dii = — %, (Dii A D+ ii)

— %, (ﬁ A Riemh(ﬁy@, 8x<1>)ﬁ) — 2% (Dﬁ N VJ—‘I)> (5.3.4)

D* [DH — 3n(DH) — % (ﬁ A Diﬁ)} -

22 [R$ (T®) + H Ricy (7, ﬁ)] — ax, DA AV
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In geodesic normal coordinates, the above system can be rewritten as
A(@)" = — (1) (@) <V<¢>>i V(@)) + V/IR[R* (Vi A VD),
+ /R (r (7)"(VO)" A V4D
A" ==2(I;) (@) (V@) - V(@)
= (D) (@)()'(A )
— (I3, )(@) () (V(®) - V(®)")
—/Ih|n* (vnAvl )
_ 2\/'?]7} ( 'm V(I))n A vL —*)
= VIR (T (®)(7)™ (V@)™ A Ty (@)(7)" (V4 0)")
—2y/[n[ni* (VHAVL )

—2\/|fh“€( o (@) ()™ (V@)"AVL@)
— e P R(D @,ay@,ﬁ,aycp)ach
— e P R(0,®,0,9,1,0,P)0,P
) = —2(r%) @) (V) - v(@))
— (T5)(@)(H) (A®)
— (T, ) (@) (H) (V(®) - V(D))

+ 3div ((haﬂ@)rfj(@)(H)i(wb)ﬂ‘(ﬁ)ﬂ) ﬁ)

q

i

Sl

div (V(Er)k ~3 (vﬁ e ﬁ) (

i

13 PR (ayqaaw@,ﬁ 0, @) 0,

+ 2¢**H Ricy, (7, 7)

—ay/[ap* (Vi AV <1>)Z,
—amhl’f( (7)™ (Vcb)"Av%b)

(5.3.5)
where . B L
VH -pe i := h*(®)(VH, ) = hi;(®)(VH)" (1)’

the (I'¥;)’s are the Christoffel symbols of the Levi-Civita connection D, R (X, Y, Z, W) is given by
R(X,Y,Z,W) := h(Riemy(X,Y)Z,W) = Rijmx X YIZ"W¥
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and T',,, X™Y ™ is a vector in R3 with coordinates (I'!,  X™Y ™). We also have

*n®, A B, LA
———~and H =
N Vo|2

n=

with
(1. P2 A ®y) = V/[h[W* (D4 A ©y); and Ag@F = AQF 4+ T}(0)(VE' - V).
Later we will exploit the above system (5.3.5) in order to study the asymptotic behavior of area-
constrained Willmore spheres.
In comparison, we also describe the system verified by conformal Willmore immersions into R?
with area constraint:
AP =Vi AV
Al = Vi AV — 2VH A VYD (5.3.6)
Li(VH) = aVii AV*®
where, for every N € WH2(R?,S?), £ ; denotes

= =

Lo(V) = div (vf— 37rﬁ(w)) + VAN AV

Notice that £ 3 is a self-adjoint operator in W2 (R?; R?).

In order to simplify our notation and to enhance the clarity of the lecture for readers, from now
on we will denote by ¢ the index of sequences instead of €5 and (2°) instead of (Xx)xen.

Let (®°) be a sequence satisfying the assumptions in Theorem 5.2.3. Take a system of coordinates
(y*,y% y3) around p. For every ¢ > 0, we consider the exponential chart centered at a point p° €
(M, h) such that 3¢ C Blz (p®). Notice that, up to a subsequence, p° — p as ¢ — 0. Then, by rescaling
the exponential chart by a factor 1 with respect to 0, we obtain a sequence of immersions, still denoted
by ®¢, from S? into (R3, h.), where h. is the rescaled metric defined by

hE(y)('a ) = h(Ey)(‘g_l" 5_1')'

Thanks to the invariance of the Willmore functional under rescaling, it is clear that (®°) remains a
sequence of area-constrained Willmore immersions in (R?, h.) such that

diamy, (9°(S?)) = 1, ®°(S?) € BL=(0) and sup Wj,_(P°) < +oo. (5.3.7)
e>0
Lemma 5.3.2. Let ®° : S? — (R3, h.) be a sequence of smooth immersions such that diamy,_(®°(S?)) = 1,
®°(S?) € BJ=(0) and sup,.-.o Wi, (9°) < +oc. Then, we have

1
5 < diamp, (95(S?)) < 2, ®°(S?) € B(0) and sup Wi, (®°) < +oo, (5.3.8)
e>0

where hg is the usual Euclidean metric in R3. Moreover, there exists a constant C' > 0 such that

1
° < Areap, (%) < C. (5.3.9)
Proof. (5.3.8) is a consequence of the expansion of the metric in normal coordinates, see Lemma 6.5.1

in Appendix 6. The inequality (5.3.9) directly stems from the fact that, by Lemma 1.1 in Simon [129],
there exists C' > 0 such that, for all compact connected surface ¥ in R?,

Areap, (%)

W () < diam(E) < O/ Areay, (E)W, ().
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Next, we show that the associated Lagrange multiplier a® can be treated as a small perturbation
term. The idea is based on the observation that, as shown in Lamm-Metzger [81] and in Laurain-
Mondino [84], area-constrained Willmore surfaces embedded in R? are actually “true” Willmore sur-
faces. Indeed, let ¥ be some area-constrained Willmore surface embedded in R® and let a be the
corresponding Lagrange multiplier. By considering the first variations of the Willmore and the area
functionals with respect to the position vector field of %, one get that

IW(E) = adgArea(X).

Since the Willmore energy is invariant by homothetic transformations, 6zW(X) = 0, while 6z Area(X) =
2Area(X), so that it follows immediately that o = 0.

In case of surfaces embedded in curved space, the Lagrange multiplier does not a priori vanish,
but more the curved space is flat, less the Lagrange multiplier becomes.

Lemma 5.3.3 (see Lamm-Metzger [81] and Laurain-Mondino [84]). Let (®°).~o be a sequence of smooth
area-constrained Willmore immersions of S into (R3, h.) and ®¢(S?) C By, (0, 2). Then the Lagrange multi-
pliers of satisfy:

a® = 0(e%). (5.3.10)

Next, we show that, under area and energy controls, for any conformal immersion of the standard
sphere S?, we get Lorentz estimates on its associated conformal factor.

Lemma 5.3.4. Let ®° : (S?, go) — (M, h.) be a conformal immersion such that

sup (Area, (9°(S?)) + Wy (9°)) < +o0,
e>0

where gy is the usual metric on S*. We denote by \° the associated conformal factor, that is, e gy = ¢° :=
(®°)*(he), where g. = (°)*(he). Then, there holds

sup [[VA®[| 2,400 g0y < 400, (5.3.11)
e>0 90

where ||fHL§,O+oc(S2) = SUPyso 2 g, (| f] > t) with pg, the induced measure defined on (S?, go), for all mea-
surable functions f on (S?, go).

Proof. Since K4, = 1, the well-known Liouville’s equation gives the following identity:
AN =K, +1on§? (5.3.12)

where A, = div(Vy,-). Since

1

~|Af]? -1 =2H? - K,

2 €
where A° is the second fundamental form of ®¢, we get that

‘Kgs‘ < 4H2 +2- Kgs~

Integrating the Liouville’s equation (5.3.12) over (S?, go) gives that

[ i < [+ [
2 S2 S2

<4 [ H%do, + 2/ ldog, —/ Ky dog +4m
s? s? 52

< AW, (9°(S?)) + 2Areay, (9°(S?)),

(5.3.13)
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thanks to Gauss-Bonnet theorem. Hence we obtain with Lemma 5.3.2 that

sup ”Ago)‘EHLl(SQ) < +00.
e>0

Finally, thanks to standard elliptic estimates (see Theorem 3.3.6. in Hélein [69], for example), we
deduce (5.3.11). O

Lemma 5.3.5. There exist g > 0 and C' > 0 such that, for any conformal immersion ® : D — R3, if

/ |Vii|? dx < o,
D

then we have
1A — XHLOC(]D)UZ) <C (/ |Vﬁ|2 dx + ||V)‘|L2v+°°(]l)))> (5.3.14)
D

where X is the conformal factor of ® defined as e* = |0, ®| = |0, ®| and
- 1
A= —/ Adx.
T Jp

Proof. Assume ||VA[ 2.4+ p) < 400 and g9 < 5F. Thanks to Hélein’s moving frames theorem (see,
e.g, Hélein [69]), there exists (&1, é2) € (WH2(D,R?) N C>(D, R3))2 such that

||é'1||2 = Héb”Q = 1, 51 . (?2 =0on ]D,
AX=V"'é - V& onD, (53.15)
/ |Vé;|? de < / Vil de, Vi=1,2.
D D
Write A = u + v, where p and v are solutions of
Ap=V+é-Vé;onD Av=0onD
H G Ve ont gt i (5.3.16)
@ =0o0noD v=AondD
Thanks to Wente’s inequality 6.3.4, we have
el o) + I Vel 2y < ClIVELL2(m) IV L2(D) < C/D Vitl* dx (5.3.17)
for some C > 0. Thus, we obtain that
IVV[p2tem) < Vallzztom) + VAl 240 m)
1o (5.3.18)
<C / |Vii|* dx + ||V)\||L2,+oo(]]])) .
D
for some C' > 0.
Next, thanks to Poincaré’s inequality, we have that
lv — PHLl(D) < C||VI/||L1(D) < C||VVHL2«+°°(D) (5.3.19)
for some C > 0, where v := 1 [ vdx.
Since W11(D) — L'(dD), we deduce that
|lv —fHLl(aD) < C||VI/||L2,+oo(D) (5.3.20)
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for some C' > 0.
Moreover, since v is harmonic, we get that

||l/ — v”L‘x’(Dl/g) < C”I/ - vHLl(BIDJ) < C||VV||L2,+:>0(]D>). (5.3.21)
Combining (5.3.17) and (5.3.18) with (5.3.21), we get that

H>\ *XHLOO(DIN) < HN 7ﬁ||Loo(]D>1/2) + HV 7PHL00(]D)1/2)
< IVl L2 oo ) + (VY[ L2420 () (5.3.22)

<c (/ V| da + HV)‘LZ’“’O(]D))
D

for some C' > Owithz =1 [} pdw. O

Corollary 5.3.6. Let ®° : (S, go) — (M, h) be a sequence of conformal immersions of S into (M, h). For any
connected compact set K C S?\{S} containing the north pole N, we have that

sup [A* = A*(N)||=(x) < Ck,
e>0

where Cc only depends on sup_~ ||V o7 oo (k)

Proof. For any x € K and p > 0 such that B (z) C K, we have that
sup/ IV o712 dog, < Ch2m(1 — cos B) < Cgp?
>0 J B0 (2) 2

where C. = sup,- supg |V, |2

We choose p > 0 small enough such that Ckp? < g9 where ¢, is defined as in Lemma 5.3.5.
Therefore, thanks to Lemma 5.3.5, for € > 0, there exists ¢; € R such that

sup sup |A°(y)—c;| <C, (5.3.23)
e>0 yeBi’%(x)

for some C, > 0 only depending on p > 0.
Finally, thanks to the connectedness and the compactness of K and the Vitali’s covering theorem,

one can cover K by a finite number of balls of radius £, such that every two distinct points of K can

be joined by a chain of balls of the cover, which gives the desired result. O

e—regularity and Strong convergence

Theorem 5.3.7 (¢ —regularity theorem for conformal Willmore immersions, Riviere [121]). There exists
o0 > 0 such that, for every conformal Willmore immersion ® : D — R3, if we have

/ |Vii|? dx < o,
D

then, for every | € N*, there exists C) (HV)\||L2,+00(D1/2)) > 0 such that

2

He_)\vl(PHLx(Dl/z) <G (HV/\||L2=+°°(D1/2)) [/ID lVﬁ|2 dx + 1:|
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Corollary 5.3.8. Let & : D — R3 be a sequence of conformal Willmore immersion such that
sup/ Vi€ |? da < &g
e>0JD
and lim sup,~ g |VA®||2 400 < +00. Then, up to a subsequence of (9°).~o, we have, for every | € N,
Pe — £

/'nE

— &> in C}, (D)

where r¢ > 0, ¢¢ € R3 and ®°° is a conformal Willmore immersion on D.
Proof. Set ®° = ¢~ *"(0) (&= — ®(0)). Thanks to Corollary 5.3.6 and the defintion of ®¢, we have that
®°(0) =0, Ve>0,

sup [[A%]] ;.= = sup [[A° = A5(0)]|; =\ < C, and
E>ISH 15 (D,) E>ISH Ol ®,) =%p (5.3.24)

sup/ Vs |? do = sup/ |Viic|? da < &g
e>0JD e>0JD

for every 0 < p < 1 and for some C, > 0, where 7 is the normal vector of ®°. Thanks to the
e—regularty theorem 5.3.7, together with (5.3.24), we get that, for every [ € N,

sup H‘i)EHLoo(ﬁ,,) + ||Vl‘i>s\|mc(ﬁp) <Cip (5.3.25)
€

for some Cj,, > 0. Therefore, thanks to Arzela-Ascoli theorem, there exists a conformal immersion
> such that, up to a subsequence of ().,

~ PF —

P° — &> in O}, .(D) (5.3.26)

TrE

with ¢¢ = ®¢(0) and ¢ = ¢~ (0 > 0.
Finally, ®> is a Willmore immersion since, by strong convergence, ®>° also verifies the Euler-
Lagrange equation (5.3.1). O

5.4 Willmore spheres in R?

As in many works on compactness problem and bubbling phenomena, we need to know global solu-
tions of the Willmore equation in the entire domain. In [33], Bryant showed that the only embedded
Willmore spheres in R? are naturally Euclidean spheres:

Lemma 5.4.1 (Bryant, [33]). If ® : S* — R3 is a Willmore immersion without transversal self-intersection,
then ® is embedded and ®(S) is a round sphere.

Remark 5.4.2. Moreover, up to compose ® with 7y, the stereographic projection with respect to the
North pole N, if ® : R? — C is conformal then there exist r > 0, C € R? and P, Q € C[X] irreducible
polynomials with max{deg(P), deg(Q)} = 1 such that

® = rw with w(z) = 7y <g§3> e (5.4.1)

In particular, setting w® = w (;?5> for some p° > 0 and a® € R?, we get that

IVt ()] = O (|x - a5|’L2L - (;ﬁ)r") . (5.4.2)

For the purpose of convenience, we set w := w — p where p is the barycenter of w. It is clear that
|Vw| = |V&|, fiyw = —@ and H,, = —1&. Notice that (&, @y, @) forms an orthogonal basis of R?.
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5.5 Energy tracking and bubble extraction

In this section, we will describe the bubbling phenomenon for ¢ and show that one can write asymp-
totically ®¢ as the sum of round spheres. Precisely, we have, up to a subsequence of (®<),

@ =158y + 7By + ¢

where r; B are so called “bubbles” which corresponds to Willmore spheres in R? and ¢¢ is the re-
mainder converging to zero in some sense which we will precise later.

In the more general situation of arbitrary energy, it is believed that ®¢ can be written as a sum
of Willmore surfaces in R?, these surfaces being round spheres and catenoids. Below, we show how
to extract successively these surfaces in the decomposition. However, we need to stop at the second
sphere since the third "bubble" could be a catenoid and we were not able to classify the surfaces that
could appear in this process (even if we conjecture that only spheres and catenoids should appear).

5.5.1 Bubble extraction and weak estimates

In [21], Bernard and Riviere have proved the quantization of energy while the conformal factor stay
in a compact of moduli space. Here we establish a similar result for our embedded spheres with
pointwise estimates. To do so, our technique is based on a systematic method developed by Druet,
Hebey and Robert in [57].

The following construction of bubbles can originally be found in Druet [56] for Yamabe-type equa-
tions and Laurain [83] for CMC surfaces. However, some new ingredients are needed here since we

need to control three quantities, V¢, V7 and VHE.
The claims in what follows are up to a subsequence of (®°).

First bubble extraction Up to compose ®¢ with a rotation of S?, we can assume that, for every ¢ > 0,
the North pole N € §? is the maximum point of the quantity |V, | + |V, 7i°|:

1 =€ g —E
T (IVgo @] + [V 7i°]) (V) = max (|Vg, @[ + Vg, 7i7))
Replacing ¢ by ®¢(z) := ®° (7' (u*mn(z))) forall z € S?, where my : S? — R? is the stereographic

projection with respect to the North pole N, one can verify that the quantity |V, ®°| + |V, 7| is
bounded on every compact subset of S*\{5}.

* The case where A*(N) — 400 is excluded, otherwise we would have
Area(®°(K)) = 400
for any compact set K C S*\{S}.
o Ifsup,.( |A\°(N)| < +oc, then for any compact set K C S?\{S} containing the North pole, z € K
and for every p > 0, we have that

/ ‘vgoﬁ6|2 dog, < CKPQ-
BS0 (z)NK

By taking p > 0 such that Cx p? < ¢(, we get that, up to a subsequence of (9°),

P — *

ré

— ®%in C},.(S\9),

where @ is a conformal Willmore immersion on S?\{S} and limsupr® < +oo. Moreover,
since ®° has finite energy and finite area, ®° can be extended to a branched conformal Will-
more immersion on S2. Indeed, up to compose P, 7o, ﬁo with 7@1, it is clear that ®, 7, ﬁo S
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C>=(R?\{0}) satisfy the Willmore equation (5.3.6) with a« = 0 on R*\{0}. Moreover for all r > 0,
we have

/ Ly (Vﬁégofl) dx = oﬁ/ A(D° oyt )dx + o(1). (5.5.1)
BT(O) PEom N BT(O)

N

By divergence theorem, we get

/ (aVHqﬁole - 37“7@50,,—1 (al’H(I)EOﬂ';,l) + Hcpsmr;,l A aTﬁ<1>50ﬂN1> rdf
85-(0) v (5.5.2)
= (f/ Dy (D€ o mx)rdf + o(1),
9B, (0)

where v is the unit normal vector and 7 the unit tangent vector to the boundary of B,.(0). The
strong convergence of ®¢ o 7' to ®; and the fact that a° = o(1) in lemma 5.3.3 allow us to pass
to the limit in the last identity. As ¢ — 0, we obtain that

/ (ayﬁ% — 3, (O Ha) + Hay A aTﬁ%) rdf = 0. (5.5.3)
90B,(0)

Thanks to the above identity for all » > 0, we can thus apply the singularity removability
theorem established in Theorem 1.2. of [20] which shows that ® extends to a branched smooth
Willmore immersion in R?. Moreover, since @ is obtained as the limit of smooth embeddings,
@ has in fact no branched points in R?, see Lemma A.1. in Laurain [83] or Li [90]. Hence, it
turns out that we have

Adg
(@) A (Po)y|’

Do)y A (P 5
iy = iy = 20 MRy g L

[(@0)a A (Po)y]

Similarly, we can also show that ®; has no branched points at infinity by considering ®; o 7
where 7 : z — ‘w% is the inversion centered at 0, and thus ®; can be extended to a Willmore

immersion in S?. Finally, by the classification result of Bryant [33], ®, parametrizes a round
sphere and we can write ®; = rowo for some ry > 0 and a simple embedded unit sphere wy.

e If \°(N) — —oo, then set &° = ¢~ (V) (&= — ®(0)). Thanks to Corollary 5.3.6, we have that
sup | A%l (x0) < Ck
e>0

for every connected compact set K containing the North pole N and for some Ck > 0. There-
fore, similarly to the previous case, up to a subsequence, we have that

d° — &> in ¢} (S®\{S}), VIeN
where > is a conformal Wilmore immersion in $?\{S}.

1. If  has finite area, similarly to the previous case, we have that > can be extended to a
embedded Willmore sphere and thus is a round sphere.

2. If &> has infinite area, noting that ®> has integer density 1 at the South pole S (obtained
as a limit of embeddings), by Li [90], ®>° is a complete conformal Willmore immersion
with finite energy and thus ®° is a plane, which contradicts the fact that

L= Vo @°|(N) + [V | (V) = [V gy @ |(N) + |V i°|(N) = Oas & — 0.

Finally, let ap € R? be a maximum point of |Vwy|, by replacing wo by wo(- + ag), we can assume
that |Vwy| attains its maximum at 0.
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Reparametrization of Willmore spheres Up to compose ®° by & o 7' : R? — R3, we have that

1. ¢ satisfies the Willmore system (5.3.6) on the entire plane R? such that ®¢ is conformal and

sup ||[VA% |2, 400 < +00.
e>0

2. foralll e N,
df — cf

15
7o

— wp in C!,(R?\{0}) as e — 0. (5.5.4)

where ®f = ®°(- + ap), ¢§ € R?* and limsup,. 7§ < 400,
3. wy is a simple embedded unit sphere and |Vwy| attains its maximum at 0.

4. We also have, for R > 0

@5
lim sup (1 + |z|?) <’V <’I“E - wo) ‘ + |V (7 — o) |> =0,
0

E%O‘lﬂlZR

1
sup || ®°|| 0o < +00,sup ||[VE® |2 < 400 and sup = || Vi[5 < 127 — 4.
e>0 e>0 e>0 2

Construction of bubble tree

After choosing proper reparametrizations, we are now at the point to extract the second bubble. We
prove the following theorem:

Theorem 5.5.1. We have either
@ — wo, in Cl(R?), foreveryl € N (5.5.5)
0
or there exist
1. wy a embedded unit sphere for which |Vw | attains its maximum at 0,
2. af a sequences of R? and 1§, 5 sequences of positive real numbers such that

lim a7 =0, limsupr{ < +ooand lim uj =0,
e—0 e>0 e—0

such that, up to a subsequence of ®¢, we have the following assertions:

(bg €
1r5 D inCL (R%)ase — 0 (5.5.6)
1
foralll € N, where ®§ = ®°(u5 - +a5) and
sup (1 + |z*)d5 () (|Ve® (z)| + |[Vve(z)]) = o(1) ase — 0 (5.5.7)

reR?
with

|z — af| + 4

T(x) = ,
(o) = AL
©° = O — riwg — riwi and

e ._ =€ Se S
Ve = qf —nig — 15

where i and 75 are respectively the normal vector of w§ and ws with (a5, 1) = (ag, 1) and ws = wl(;—;i)
Notice that we have 0 < d5(z) < 1.
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Proof of Theorem 5.5.1. If we have
sup (Jx — ag| + 1) (|V<I>E —r5Vuwg| + |Vi® — Vﬁ’6|> () =0
z€R?

as € — 0, then we get automatically (5.5.5) by e-regularity theorem.

Now assume that

liminf sup (| — a§| + ) (IV&° = 1§Vwj| + V7 — Vi) (2) > 0. (5.5.8)

e>0 z€R?

Let a5 € R? be such that

(105 —a5|+115) (1Y — r5Vwi| + [Vii® — Vits] ) (af) = sup (Ja—a5|+15) (1Y — r§Vwi| + [Vii® — Vitg]) (a).

z€R?
(5.5.9)
The supremum is achieved in R? since, thanks to the choice of parametrization, we have that

<|V<I>6 —rgVuwg| + |V7® — vﬁg|) () =0 ( > as x — +o0.

Lt ]af?
Moreover, we get that
a; - 0ase — 0,
since, by construction,
(W@—@Wﬂ+WW—V%D@4w

as ¢ — 0 on R2\{0}.
Setting

— i= (a5 — aj| + p§) (IVO° — rgVwj| + VA" - V) (af) ,
we have that
u; —>0ase —0,
otherwise the quantity
(P = ¢5) = rowo

would be uniformly bounded in C! (R?) and thus would converge uniformly to 0 on R? which would
contradict (5.5.8).
Next, we set

®f = &°(p5 - +aj) ,
1y =7 (pu] - +a3) and
i = (5 - +a5) -
Then we get that
AT = log |0, D5| = log 15 + A° and (5.5.10)

2 400 = SUP || VA®2, 400 < +00. (5.5.11)
e>0

sup || VAT
e>0
Moreover, for all 2 € R?, we have that

(IVei|+ Vi) ()
= pi (VO] + Vi) (uizx + af)

< 15 (IV0° = 5| + |V = Vi) (e + af) + s (Ir§ V] + VG (ufe +a5)  ©512)

< 1+ 0(1) + 45 (159wl + V7gl) (ufz + af)
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since
s (59w + 975 ) (5w + a5) = O(u5) = o(1). (55.13)

Then, using the definition of a5, (5.5.12) and (5.5.13), we obtain that, for all z € R?,
(Ve[ + |Viif]) (x) < 1+ o(1). (5.5.14)

Hence |V®5| + |Vii5| is bounded on every compact subset of R?. Moreover, @ still verifies the Will-
more system (5.3.5), since the system is conformally invariant. Thanks to (5.5.11), (5.5.14) and Corol-
lary 5.3.8, up to a subsequence, there exist ¢; € R® and 7§ > 0 and a unit embedded sphere w; such
that we have, forall [ € N,

Pl

£
1

— w in C},(R?) as e — 0. (5.5.15)

It remains to show (5.5.7). Assume by contradiction that there exists dy > 0 such that, foralle > 0,

sgﬂgz(l + |22 d5 (z) ([V© (z)] + |[Vve(z)]) > . (5.5.16)

Let a5 € R? be such that

(1 + la5[*)ds (a3) (|Ve* (a3)] + [V2©(a)]) = ilﬂg(l +[2?)d5 (%) (IV© (2)] + [V (2)]) -

For every ¢ > 0, the supremum is achieved in R? since, thanks to the choice of parametrization and
Remark 5.4.2, we have that

IVt ()] + |[Vve(z)| = O (H-1|917|2> and dj(z) — 1 as |z| = +o0.

Moreover, we get that
a5 >0ase —0

since |[V¢¢| 4+ |Vve| — 0 on R?\{0}.
Next, we set

1 £
i [V (a3)| + Vv (a3)].
Since we have (1 + |a5|?)d5 (a§) — 0 as e — 0, thanks to (5.5.16), we get that
u5 —>0ase — 0.

Now, we distinguish between two cases according to

min{dg(a3),dj(a5)}

lim inf - > 0.
e—0 ,U/Q
First case:
3 dE € dE g
hrsn_}élf mln{ O(ais)v 1(a2)} = +o0. (5517)
2

In this case, we set

®5 = °(p5 - +a3) and

iy = 7" (5 - +a3) -
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Second case:

Then, for all z € R?, we get that
(V3| +[Vii3]) (z)
= p3 ([VO°| + [Vi®|) (u3z + a3)
< us(IVe® (5 + a3)| + [V (uaz + a3)| + O (u5 |V (rjwg + riwi)| (u5z +a3))  (5.5.18)
+ O (13 |V (g + )| (p32 + a3))
<1+40(1)+0 (k3 |V (w§ +wi)| (uzz + a3)) .

Thanks to (5.4.2) and (5.5.17), we get that
w3 |V (wg + wi)| (57 + a5) = o(1). (5.5.19)
Then, using the definition of a§, (5.5.17), (5.5.18) and (5.5.19), we obtain that, for all z € R?,
(VPS5 + |VA5]) (z) < 14 o(1). (5.5.20)
P_I'ence |V®5| and |Viig| are bounded on every compact subset of R%. Moreover, ®§, 775 and
Hg still verify the Willmore system (5.3.5), since the system is conformally invariant. Standard

elliptic theory and simple bootstrap arguments confirm that there exists some ®; € C*(R?)
satisfying (5.3.6) with ov = 0 such that, up to a subsequence, we have, forall [ € N,

£ £
D5 — 5

£
T3

— Oy in C},.(R?) ase — 0. (5.5.21)

Thanks to Laurain [83] and Li [90], we can show that V&, does not vanish on R? and that
®, extends as a smooth immersion in S?. Hence, by the classification result of Bryant [33], ®»
parametrizes a round sphere: ®; = row, for some ry > 0 and wy embedded unit sphere.

Let R > 0. It appears that, thanks to (5.5.17), for € small enough, we can write

2
1 1
7/ Vi P > S }/ Vi de (55.22)
2 Jre 20 2 JR2nB,e (a\SE(R)

where S¢(R) = {x € Bp-1,s (a5)]j s.t. lim.o Z—Z = O}.
Moreover, thanks to (5.5.4), (5.5.15) and (5.5.21), we obtain that

2
1 1
f/ |Vﬁ5|2dxzzf/ . Vi |? da + 0%
2 Jre im0 2 (Blusy-1 (—55)nBRO)\Si(R) (5.5.23)
>3 x4m+ 0%

where S;(R) = U, cs, Bi () and limp_, 4 o0 lim. 9 6%; = 0. Therefore, we have that
1
liminf = || V7|3 > 127,
e—=0 2

which contradicts with the energy threshold assumption.

min{d;(a53), di(a3)}

0 < lim 2 < 4o0. (5.5.24)

e—0 125

First we have that . R . .
BB 8% L pase—o0. (5.5.25)

s 4 Hg

97



Indeed, assuming by contradiction this is not the case, then, up to a subsequence,

e _ €
1§ = 0(4i5), 45 = O(u5) and T =O(1)ase 0, (5.5.26)
1
which contradicts with the fact that
IVo® (5 - +a5)| + |V (5 - +af)| - 0onR*as e — 0, (5.5.27)

thanks to (5.5.7).

Next, we set

For all z € R?\{b12}, we have that
(V@3] + Vi) (2)
= p5 (IVO°| + [Vii®|) (uw + a3)
< 5 (IVeF + [VVF]) (m57 + a5) + O (13 |V (wf + )| (452 + a3)) (5.5.28)
min{d§(a3), di(a5)}
= min{da (1o + a5), i (e + a3}
Thanks to (5.4.2) and (5.5.24), we get that
min{dj(a3), di(a5)}
min{d§(p5z + a3), di (u5z + a3)}
Then, combining (5.5.24), (5.5.28) and (5.5.29), we obtain that, for all z € R?\{b12},

+ O 13|V (wg + wi)l (p32 + a3)) -

1
+ 15 |V (w§ + wi)| (u52 + a5) = O () . (55.29)
|’I’ — b12|

(IV®5] + V7)) () < O (1) | (5.530)

|1‘— b12|

Hence, (|[V®5| + |Vi5|) is bounded on every compact set of R?\{b12}. Up to subsequence, there
exists a @5 € C°°(R?\{b12}) such that, for every [ € N,
5 -

15
T3

— ®yin O}, (R?\{b12}). (5.5.31)

As previously shown in Reparametrization of Willmore spheres, we can apply the singularity
removability theorem at b;2 and at infinity, so that 5 can be extended to a branched immersion
in S? and satisfies the Willmore equation (5.3.1). Again, since ®; is obtained as the limit of
smooth embeddings, by Laurain [83] and Li [90], ®» has no branched points in S?. Therefore,
by the classification result of Bryant [33], there exist o > 0 and a embedded unit sphere wy
given by (5.4.1) such that ®5 = rows.

By analogy with the first case, thanks to (5.5.25), for R > 0 and ¢ > 0 small enough, we can

write
1 —e |2 : 1 —e |2
= |Vn\dxzzf |V7®|* dx
2 Jre =5 2 Jr2nBR,: (a\S2(R)
2

1 o e
222/<B | Vil do -+ &

>3 x 4w+ 6%

(5.5.32)
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where

ME
S;(R) = {.’L'EBRIH (a5)]js.t. ;1_%; —0}

Si(R) = U,e s, B% (x) and limp_, 4 o lim._,¢ 6% = 0. (5.5.32) contradicts with the energy thresh-
old assumption.

Thus in either case we have reached a contradiction, which shows that (5.5.7) is true and completes
the proof of Theorem 5.5.1. O

Remark 5.5.2. In the general situation, as long as the weak estimate (5.5.7) of Proposition 5.5.1, one
could continue the process as we did with this a5. And the aim would be to prove that the limiting
Willmore surfaces, obtained after rescaling, are either spheres or catenoids (which all carry the same
amount of energy). And the process has to stop once there is no energy left (as we did here).

Thanks to Theorem 5.5.1, we give in the following another pointwise estimates on V¢©:

Proposition 5.5.3. Forany 0 < o < 1, we have

(1 +|2%)|Ve©|(z) = 0 (di ()~ + 7’2;(:6’;?) (5.5.33)

Proof. Assume by contradiction that

1 2 e (x
limin sup 12PNV (@)

L > (5.5.34)
0 e (di(o) e + )

for some g9 > 0.

For every € > 0, sup, g W is attained by some 2 € R? thanks to the fact that
H >+ dE(I)

1 eroya o LA
[V (x)] = <1+| |2) and (dl(x) + :if(x)l> /4 0asz — +oo.

Claim 5.5.4. We have
|2° — af]

- — 4+oocase — 0.

M1

Proof of Claim 5.5.4: Otherwise, since k] converges to wy, we have that

lji E(E € E(EN| — /Ji E(EY _ (€| —

= | V£ (a7) + 1 Vwg(a9)] = 2V (af) = Vwi(a®)| = o(1)

1 1
which implies
vera)l =0 (L) + 0,
I

Moreover, since d5 (z¢) ~ Cu§ as € — 0 for some C' > 0, we obtain that

rs _ ] + u§ 1 1
Vet (z°)| = O(1 +o<1>25 <d5x5 oyl >Z< + >,
Vel =0 o (e ) 2 2\ Gy ) 2 G e

which leads to a contradiction. O
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Now, we set .
¢ (aj +di(z)z) ,

P = N @)
1
@V @)
n°(z) := n(af + dj(z®)x) .

() == ®°(af + d5 (z°)z) and

Remark that, thanks to (5.5.34), on any compact set K of R?\ {0}, we have that

€ TO

~ - 7‘1
Vo (y) = V© (y) + =———Vuwi (a] + d5 (2°)y) + =———
(1) = V5 (0) + oy Vs (05 + e ) + g

Write 2¢ = a§ + d5 (2°)y° so that we have

Yy > ygase — 0

with |yo| = 1 and
Ve (y)l = 1.

Thanks to (5.5.34), we have that, for every y € K,
e ( 4E € (nE —a rit+ud
di(af +di(2%)y) = + a7 (as 45 (29)9)

Vgt )l < RAG
di(@) 7 + &

da(29)"7° - v+ s 5
x|~ + x| +o(l
a di(xs)l’“—kr‘i—kui' | di(xf)1*a+r§+u§| | (1)

(1+0(1))

with equality at y = y°. Up to a subsequence, we set

ds(ze)lfa
Ci:=1 L 0.1
! 513(1) di(l-ﬁ)lfa_'_r? _;'_Mi € [ ’ }7

which gives
VO (y)] < Culyl™ + (1= CO)lyl ™ + o(1)

on every compact set K of R?\{0}.

Moreover, thanks to (5.5.7) and the fact that u§ = o (d5(z°)), for every y € K, we get that
INVvE| (af + di(2%)y) + di (@) VNG| (af + di(2%)y) + di(2°)[VNT[(a] + di(2%)y)

[Vis(y)] < di(x
=o(1).

(5.5.35)

(5.5.36)

(5.5.37)

Thanks to (5.5.36), (5.5.37) and the first equation of (5.3.5), by standard elliptic theory, up to a subse-

quence, ®° — ®°(0) converges to some @, in C{2,(R?\{0}) where @, satisfies

Ad, = 0 on R*\{0}

and
[V®o(y)| < Cilyl~* + (1 - C1)ly|~" on R*\{0}.
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Thanks to Béchner’s theorem (see, e.g. Raynor [119]) together with (5.5.38) and (5.5.39), we have
that
®y = Fologr +C (5.5.40)

for some ¥y, C € R3.
Finally, since ®, is conformal, we get that 7y = 0 and thus V&, = 0, which is in contradiction with
the fact that V®<(y*) — lase — 0. O
Similarly, we can also obtain a pointwise estimate on |V7®| where

1 1

e::ﬁe_i e _ g€
n TSHO Tle
Proposition 5.5.5. Set
e r7e 1 € 1 €
nt=H = Hy— H
To 1
Then we have, forany 0 < o < 1,
1
1+ |z |V (x :o(dfxa+ ) . (5.5.41)
(14 o) V@) = 0 (i)™ + s

Proof of Proposition 5.5.5: Assume by contradiction that

2 €
limi(r)lf sup (L+[2%)[Vn 1(1’)| >
e (d @)+ i)

(5.5.42)

for some g9 > 0.
2 €
Fore > 0, sup,cp2 _U+2P) V" (@) _ g attained by some 2° € R? thanks to the fact that
zeR (dE (2)-o+ 1 y
1 BTHO)

> and (di(m)”‘+1) 4 0asz — +oo.

ridi(z)

i@l =o (5

Moreover, since |V7¢| — 0 in R*\{0} as ¢ — 0, we also get that

limz® =0
e—0

and lim._,o 7§|Vn® (z)| = +o0.
Claim 5.5.6. We have

IS
u—>+ooaszs—>0.

g

251

Proof of Claim 5.5.6: Otherwise, since we have
Hir IV (2%) + VHG ()| = pilri VA (2°) — VHi (%) = o(1)
we get that u$75|Vn®(2°)| = o(1) + O (u5r5) which implies

Ve (2)] = o (M;E) oq).

171

Moreover, since d5(x°) ~ Cu5 as e — 0 for some C > 0, we obtain that

1 1 1
Vi) =0 ()40 2 (e + e )
HiTY (u5)™  pirg

which gives contradiction. O
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Next, we set

K

“(y) = (a5 + d5 (z°)y)
7 (y) = 7 (a5 + d5(z°)y)

[7e — 1 7/ € €, €
H(y) = WH (a5 + d5(2%)y) (5.5.43)
7 (y) = . ¢ (af + d5(2°)y)

di (z°) [V ()]

Notice that, thanks to (5.5.42), we get that

1 1
 VHI(a 4+ (%)) + ——————
V@) ¥ ol )+ )

=i ) +0 (e ) +0 (e ooe)

= Vi (y)+o(1)+ O (

VH®(y) = Vi (y) + VHi(ai + di(z)y)

£

Hi
rizo (d5(2%) 0 + sy ) di(wf)Q)

= Vi (y) +o(1) + O (dffnf))

= Vi (y) + o(1)

(5.5.44)

on every compact set K of R?\{0}.

Write 2° = a§ + d5(«°)y° so that y* — yp as e — 0 with |yo| = 1 and |V7°(y°)| = 1. Then we have,
foreveryy € K,

di(of + AW ™ + rrGm ey

Vi (y)l < (1+o(1))
B@) "+ mEn
1
di(z)' _ =3 . (55.45)
B A G T I SR ol 5
SFarer p T FEre T el
1
< — +o(1)
191

since

Moreover, thanks to estimates (5.5.7) and the fact that u5 = o(d5(z°)), for every y € R?\{0}, we
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)y) +r5di(2)|VBg|(ai + di(2%)y) + ridi(«°)[VBi|(a] + di(2%)y)

(z
> toll)+0 ((ui;jiﬁ(ggf)ylﬁ

Ve ()] < d (@) VoA [(aS + d (2 )y) + d (2%) VNG (a5 + S (a°)y) + d (o) VNS (S + 5 (a))
5 (o)
xe>y>> el +0 ((ui)Q T di(xf)yP)

1 i€
- + O ~>
e + yl) ()2 + |y|?

with ] = di( =y — 0ase = 0.

(5.5.46)
For R > 0, using Hodge decomposition, we can write that
VHE -3 (VFIE e n) 7° = V05 + V4L D5, + VES on Dy(R)
where VH® ;. 7° := h*(9°)(VH*,7%), E% is a harmonic function on Dy(R), C%, and D5, verify

~ ~ e __ . 1 rre . ze\ze
ACE = div (VHE —3(VHE - . af)ac) on DO(R) ADR = 3dl’l}((v H Fe T )n ) on D()(R)
R " and

D5
{ C% = 0on dDy(R) auR = 0 on dDg(R)

Thanks to the third equation of the Willmore system (5.3.5), together with (5.5.45) and (5.5.46), for
every y € R?\{0}, we can write that

div (VA = 3(VH . 7)) (y) = OUVH )|V 7 (w)]) + 0 (VA ()] [V* (v)])
+o(|Hf<y> "IV ) +o (17 w) 1V (v)])

(Iy (5 + lyl) ) (Iy M1+|yl2))

<o (rmm) ™
3div (VI . 7)) (y) = OV () IViF (W)]) + o (|98 () VI (v)])

(5.5.47)

1
So\ =
(Iy(ul +lyl)
Thanks to (5.5.47), there exist some Cr, D € C*°(Do(R)\{0}) and d° € R? such that, for every [ € N,
Cf — Cr in Ol (Do(R)\{0}) and D — d° — Dp in Cj,.(Do(R)\{0})

where Cr and Dp, verify

ACg(y) = 0on Dy(R)\{0} ADg(y) = 0 onDy(R)\{0}
{ Cr = 00n dDy(R) and { DR _ (5.5.48)
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Using Green'’s representation formula and estimates on V H¢, we can also prove that Cr and Dg have
at most logarithm singularities at 0. Therefore, thanks to Bochner’s theorem (see, e.g. Raynor [119]),
we can write that

Cr(r) = 7In(R/r) and Dg(r) = &, In(R/r) + 04 (5.5.49)

for some 7, 81, 8 € R3.
Thanks to the divergence theorem and (5.5.47), we also have

aCs, / OH* oH®  __\ .
dlg = — —— = 3| = .2 | 7° | dlg = o(1). 5.5.50
n/B]D)o(R) 8Z/R R dDo(R) <81/R <8VR h ) ) f ( ) ( )

Therefore, we get that f Do (R) 0,Crdlg = 0, which implies ¥ = 0.

In addition, we also have 51 = 0, since % = 0 on dDy(R). Thus we get
VCr=VDr=0 (5.5.51)

for every R > 0.
Finally, since lim |, ;oo VH®(y) = 0, we have that

E% — 0in C' (Dp(R)) as R — +oc. (5.5.52)
Combining (5.5.51) and (5.5.52) with the diagonal extraction procedure, we obtain that
VH® — 3(VH® -;. 72°)a° — 0in C,.(R?\{0})

and thus VH® — 0in C}, .(R?\{0}), which is in contradiction with the fact that VH*(y°) = 1 4 o(1).
Hence (5.5.41) is proved. O

Remark 5.5.7. These improved weak estimates are necessary since the sizes of the various spheres and
catenoids which could appear in the decomposition need not be comparable. Note also that, working
only on the gradient of ®¢, it should be possible to consider also bubbles modelled on catenoids. One
would have to adapt these weak estimates.

5.5.2 [Energy quantization

In this section, we show that, in addition to the weak estimates (5.5.7), we have
IVVElL2 + [Ve©]lLz — 0ase — 0. (5.5.53)

We first prove that
IVve|Lz — 0ase — 0. (5.5.54)

This is in fact a direct consequence of energy quantization established in Bernard-Riviere [21]. Indeed,
it is well known that (M, h) can be smoothly embedded in R™ for some n > 3 (n = 120 suffices), one
can therefore consider (®¢) as a sequence of conformal Willmore immersions with area constraint into
R™.

We next apply the Energy tracking procedure (Lemma III.2 in [21]) around a5 for each 1 < i < p,
then, for 0 < a < 1, we can define the corresponding “a-neck region” Q°(«a) of ®° such that the
L2-norm of Vii® converges to the sum of the bubble energy V&; on the complement of Q°(«), that is,

V0 <a<l1,lim |Vve|2dx = 0. (5.5.55)
e70Jr2\05 (o)

This set 2°(«) characterizes the junction between the bubbles r§w§ and r{w5. It remains to show that
asymptotically there is no energy left in neck regions.
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Since (®°).0 is a local Palais-Smale sequence for the Willmore functional (see [19] for more de-
tails), thanks to the control on conformal factor in Lemma 5.3.4, we are allowed to use Lemma V.1 and
Lemma VI.1 in [21], where uniform controls of Willmore immersion in neck regions are established,
on Q¢ («). Therefore, we deduce the no-neck energy property

lim lim |V |2dx = 0. (5.5.56)

a—0e—0 Qe (a)

Combining (5.5.55) and (5.5.56), we get (5.5.54).
In order to prove L2-convergence for V°, one can check that ¢° verifies

Ap® = — (vﬁg AV (r5ws) + Vits A VL(réwS))
it ATy — it A Tt (5.5.57)
+ Ve AV + O(E2 (V| + |Viie])?).

With the help of stereographic coordinates, we can consider ¢°, wf and v as maps defined on S°.
Observe that we have

rEVits A VWi +rgVits A VEiws — 0in L(S?).
For i =0, 1, let UF and V' be solutions of
AU? = Vwi A Ve and AVE = Vf A Vo on S2 (5.5.58)

Thanks to the generalized Wente inequality proved by Ge [64] (see Lemma 6.3.6) applied to (5.5.58)
together with (5.5.54) and the fact ||[V¢®||2 400 — 0 as € — 0, we obtain that

VUi |2 = O(IV@; |2/ Ve ll2,400) = o(1) and [[VVE[y = O([[ Ve [l2[[ Ve l2,400) = o(1).  (5.5.59)

Coming back to (5.5.57) with the fact that || ®°||o, |V®¢||2 and ||V7i®||2 are uniformly bounded, we
get that

[Vee||3 — 0ase — 0. (5.5.60)

Hence, we retrieve the L2-convergence (5.5.53).

5.6 Adjustments of bubbles

We have previously shown that ®¢ behaves asymptotically as a sum of two round spheres. Since
Willmore spheres in manifolds are not exactly round and, thanks to the expansion of the metric in
normal coordinates, one can verify that the derivatives of curvature terms appear at order ¢ in the
Willmore system (5.3.5). Therefore, we would like to modify the form of our bubble rjwj such that it
solves the Willmore system (5.3.5) at order 2. For each 6 = 0, 1, we set

r5B5 = rich + r5(05 + £2(15)%5),
NG = =5 + £ (15)%5,
1

H = (=5 +£2(15)%15),
0

(5.6.1)
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where N and 7 represent respectively the linearized normal vector and linearized mean curvature
vector of 7585 at r5B; with
2 NP nEN [
Vo = Toae (90)e - @8)(@6)o + ((h)y - 5)(@H)y)
6
1 1
+ gRE((‘DS7 CS,CZJS + Cgv ) + éRS((’Dea CZa (:Jg, Cz)d}ga

ASDZ 2 5 ~E 5 ~E ~E
= et g (P @0)s + (90 (@3)y) &

(5.6.2)

Mo

1 1 1
S Ric* (@5 + chy ) — FRE(@5, ¢5 @5, ) + SR (@5, ¢, 45, c5)3%,

where ¢ = O(1) is a constant vector in R? to be chosen later.
We also require that 7535 is conformal up to order £3, that is, at r§ 55, we have

((roB§)a, (roB5)y)n.(roi5) = O(3(r
((roBg)as (r6B5)a)h. (roBs) — ((19B5)ys (1615 )y) he (rg35) = O(3(r
which, thanks to expansion of the metric h° in Lemma 6.5.1, gives

1

)*IVB5[%)

VB 2), (5.6.3)

>m DM

(8)a - (W5)y + (£5)y - (W9)s = —5 R ((Wh)a, @5 + ch, 0 + 5, (W5)y)
£ ~E £ ~E 1 15 ~E ~E g ANE ' A E 1> ~E ~E g ~E (= A E
2((pg)z - (Wg)z — (¥h)y - (W5)y) = ~3 (R® ((@0§)as Wp + c§, W5 + ), (W5)a) — R ((W5)y, W5 + g, W5 + ¢, (W5)y))
(5.6.4)
Finally, we take
£ 1 - E(NE 1 £ ~E aE 1 £ £ £ ~E
(9§)r = —Ric™ (g, )k — =5 Scal(p®)(@Wg)k + | | =3 — 35¢cal(p®) | f§ + 95 ) (05)x
6 12 € 3 (5.6.5)
1 ~E £ £ 1 E(NE g ~E o

- ERE(WGNCO?CQ’ )k - gR (wévcevwgv ')k

where
|z —aj )
s(x)=f and
§(@) < 1
£ 1 m E\N £\ £ 257‘
9o = 1 (Rimnj (p°)(cg)™ (cg)™) <(W9) (wg)” + 1 +i2))
1 S
7 i (nE m(_ e\n __ (€ ~ENT(ANENT 3
+ 12 (Rimnj(p°)(cg)™ (ch) Rici;(p®)) ((we) (wg) 4(1 +r2)) )
with
2r2 1

Inr —In(1+4 1"2) -

£ =

and r? = 22 + y%. By Lemma 5.3.3, one can verify that

1+ 72

V5l? + V5% + [Vng|* = O(IV ).

Notice that the case where only one bubble appears is studied in [84] by Laurain and Mondino. In
our case where we have (at least) two bubbles 555, since these bubbles are not centered at the same
point, we also need to take into account the presence of their barycenter in (5.6.5).

Thanks to the conformality (5.6.3) together with the fact that in dimension 3,

Scal

Rinm,j = (hZTLRZC’n’I] - hz]RZCmn + hijZCTTL - hmnRiCij) + T (hvjhmn - hTTLhm]) (566)
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one can check that (r§ By, N, Hj) solves the first two equations in (5.3.5) up to order €3, since they
are directly derived from the conformality of the immersion. The last equation in (5.3.5) is also satis-
fied up to order &3 thanks to the choice of f we made. Computations are tedious but straightforward.
Thus we have the following:

Proposition 5.6.1. For 0 € {0, 1}, o135, N and Hj verify the following system of equations:
A(rgB5)* = —(I°)5(r§B 5)( ( 585" - V(r585))
+ VIhe| (h*)*(r5B5) (VNG AV r5B5),
- ( ,,m<r569></vs>m<wzsz>” AV413B7)
O (*(5)"IVB;I?)
AWG)* = —2(1“8)’3( B3) (VNG)" - V(riB;))
— (D%)3(r§ B3) (NG )" (ArgB5)!
— (D)5, (rgBg) (NG (Y (1§ B5)7 - V(r5B7)')
— Vel (hF)*(r5B5) (VNG AVENG),
~2 (f;m B3)(NG)™ (VrsB3)" AVENG )
[hel(h°)™ (r§B5) (VHG A V1555),
( o (5 B3) (H3)™ (VP B5)" A V4135

—€ 773 0:(r585), 0, (r5B5), N5, 0, (r585)) 0, (1585
oy 0.0, (155050, (13857))0, 1355)

22
IV (r§B35)I?
+0 (2(r5)°|VB5)
div (VHg — 3 (VHG -ng N§) N§), = —2(0°);(r585) (V(Hg)' - V(r555)7)
— (T°)5(r3B5) (H3) (ArgB; )
— (T%)55,1(r§B5) (H) (V (r§B5) - v

R*(0y(r5B3), 02(r585), Ny , 02(1585)) 0y (r5y)

(555)")
o+ 3div (1) (F5B5)TS (1585) (M5)' (V (1385)7) (7)) )
+ 30, (b5, (1585) (H3)' (NG V) (1) (r3 B5) (NG ) (9,585
+ 39, (b5 (5 B5) (H5)' (N5 )Y) (D) (r3B5) (N5 (0,755
[hel(h°)™ (r355)

(VHG AVENG),
(B8, (15 BR) ()™ (Vi Bs)" A VNG )
+ (VH; AT (5BNG) ™ (VAr5B5)" )

9 6

te? o
[V (r3B5)[?

RE(0x(r585), 0y (1685), Ho, 9y (r585)) 0 (ro157)

+e’ Ry (15585, 0 (r5B5), Hp, 92 (1585)) 9y (1555)

IV (rgB5)1*
+ 2 Ric(Ng, N A(rgB5)*
—af (VN5 AVE (r585))"
+0 (°(r§)*IVB5|?)

(5.6.7)
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where 1585, Njj and H are defined as in (5.6.1) and
VHG -ne Ny = b (r5B5) (VHG, NG ) = hi;(rgB3) (VHG) (N5 ).
Moreover, rgBg verifies the conformality up to order 3, that is, at rgBg, we have that

((r§B5)e, (r§B3)y n. (rg5) = O(*(r§)°| VB5|*) (5:68)
((r§B5)a, (r5B5)a)n. (rs85) = ((r3B5)y, (r5B5)y)n. rgg) = O(e°(r5)° IV B5]%)

Now, we try to rotate our modified bubbles rgB3; in such a way that each revised rg3; is tangent
to the Willmore spheres >° at extremal points. Set

= 1 1
g .__ g € 1RE € RE g .__ 7€ € € g .__ € g g
0 =@ —rgB; — riBi, v* =" — N5 — N7, andn® :=H ——TSHO——iHl.

We have the following proposition:

Proposition 5.6.2. For 6 € {0,1}, up to change the (a3)’s and (p5)’s in Theorem 5.5.1, rotate and translate
the bubbles rg13;, we have:

e Foralll € N, we have that

1> € £,
(a5 +45) Bg(ag + ps-) — 0in Cf (R*\{—ap}) as e — 0 and

76
Span{®3(ag), 5 (ag)} = Span{(r§85)z(ag), (r685)y(ag)},
@3 (ag) = (1585)=(ag)-
|77 — NS |(ag) = ( ) (5.6.9)
‘ﬁe - %’Hé (ag) = 0(82).

where cf is chosen so that ®°(af) = r§Bf(af).
e Foralll € N, we have that

Pe(qt €,
Pos +pi) B5(a5 + p5-) — 0in C), . (R*) ase — 0and

=
Span{®; (a7), y(a7)} = Span{(riBi)(al), (r1B7)y(ai)},
@3 (af) = (riBi)z(a)
|7 — Nf| (a]) = O(e3(r9)?) (5.6.10)

‘ﬁ

i| (a3) = O (e%rf)

where c5 is chosen so that ®¢(a$) — r$B5(a5) = O(e%(r§)?) and ¢ = O(1). Moreover, we have that

(- s)es]-0()
o (2 ) ] - (L)

1
e The estimates (5.5.7) in Theorem 5.5.1 and the L*-convergence (5.5.53) still remain true.

(5.6.11)
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Proof. We first prove (5.6.9). Thanks to Theorem 5.5.1 and the adjustment of r§13; in (5.6.1), there
exists g > 0 such that, for every [ € N,

V&g

5

— VB (5 - +ag) — 0in C'(B(ag,d)) as e — 0 (5.6.12)

where @5 = ®° (15 - +aj). Thanks to (5.6.12), there exist ji§ > 0,0 € R and Rj € SO(3) satisfying

i = ps(140(1)),R; - Idase — 0,
Span{ (85).(0), (85),(0)} = Span{ (75 R BS). (ad), (75 R355), (a5)}, (5.6.13)
(@5)2(0) = (FGR5B5)x(a5).

where f§ = f¢(e% 5 - +a5) and % := Hf - 5(0). Therefore, up to replace B5 by R5B; ( it ~6>, s
Ok
by 75 and u§ by €% ji§, we get that

Span{®; (a5), ®, (a5)} = Span{(r655)=(a5), (r555)y(a5) }

(5.6.14)
@3 (ag) = (r§B5)(ag)-

Moreover, we choose ¢§ € R3 such that ®°(af) = r§55(aj). Since ii® = *hs%, together with
(5.6.1), (5.6.14) and (6.5.1), we get that
[i1® — N§| (a5) = O(?). (5.6.15)

Thanks to the choice of 7§, together with (5.6.15) and the fact that %Noa (ag) — %7—[8 (a§)
O(£?) given by (5.6.1), we also obtain that

=0 (62(7’8)) =

—

1
H® = —Hj| (ag) = O(?). (5.6.16)
0

Next, we prove (5.6.10). Thanks to Theorem 5.5.1, there exists 6; > 0 such that, for every [ € N,

@6

73 — & — 0in CY(B(0,61)) (5.6.17)
1

as e — 0, where ®5 = ®°(u5 - +a5). Thanks to (5.6.17) and the fact that

[V |(0) = max |V | (5.6.18)

there exists a5 € R? such that

@E
5 - a5l = ol and ¥ (1)

1

attains its local maximum at aj. (5.6.19)

In addition, (5.6.17) also implies the existence of ji{ > 0,0 € R and RS € SO(3) satisfying

[ =pS(1+0(1), R —Idase — 0,
Span{(®5)(0), (95)y(0)} = Span{(r{ Riw1).(0), (r§ Riw1),(0)}, (5.6.20)

(99)2(0) = (1§ Rjw1)4(0).
where ¢ = = (e i€ - +af).
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Thanks to (5.6.18) and (5.6.1), there exists b5 = o(1) such that |V (R5B5)] attains its local maximum
at b. Moreover, thanks to the adjustment of bubble (5.6.1), we also have that that ’VR? (dzf — l;f)

O(%(r$)?) in a neighborhood of 0, where B = B¢ (¢%1 i§ - +af). Therefore, we get that

61| = O(ery)

D5 . 5.6.21
’v () (0) - VESB (8)| = O(er). oozl
1
which implies that there exist /i{ > 0, 5 € R and RS € SO(3) satisfying
15 = af(1+ O(er))),
A 5 = pi( (erf)) (5.6.22)
[Ry —1d| = O(ery)
such that
Span{(®9):(0), (7),(0)} = Span{ (7 R{ RiB;). (b7), (71 R{ R{55), (b7)} and (5.6.23)

(99)2(0) = (F{ RTRIBY) (7).
where f = ff (e i) and & := Hf - 75(0).

Up to replace B{ by REREB® < '.T&i + bi) ;5 by 75, pi by d(éiJréT)giﬂﬁ and af by a§, we get that

05,

Span{(®7)z(ai), (®7)y(a1)} = Span {(riB7).(a1), (r1Bi)y(ai)}

(05)z(af) = (r$B5).(a5) (5.6.24)

Now, we take
ric := ®°(aj) — ri05(a3) = O(r). (5.6.25)
Thanks to the above adjustments (5.6.22), (5.6.24) and the choice (5.6.25) of ¢] we obtain that
|%(af) — riBi(af)| = O((r)?) (5.6.26)
and

= 0(er%). (5.6.27)

(‘1>> (a5) — (BY)y (a})

1

Using the quasi-conformality (5.6.8) of r{ 3] and the conformality of ®¢ with respect to the metric £,
together with (5.6.26) and (5.6.27), we get that
o (20
po)

v (% -t) )

1
s £3(rs)3 (5.6.28)
£ 15 € —
v (G 1) vsien| = o ()
Moreover, thanks to the fact that
—e\ k (hg)ikyi e( € e\k (he)ikl/i 3/..€\3 ERE( E
=—< — _at® d =~ " +0 triB
() |(he)id v at ®%(af) and (N7) |(he)ii v +0 (°(r)°) atriBi(af)
: _ L (aDAPL(al)  (riB5)e(aDA(riBT)y (aF)
with v(a§) = \<I>i(a%)/\<1>%(a%)l = |(:%B%)I(Z%)A(%B%)Z(Z%)l thanks to (5.6.24), we get that
|7 — NT|(a5) = O (£°|®° — i B5|(a7) + £°(r])*) = O(3(r9)?). (5.6.29)
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Thanks to the choice of 7§ in (5.6.23), together with (5.6.29) and the fact that %Nf —H5| (a§) =
O (£%(r5)) given by (5.6.1), we also obtain that
)HE ~ M| (af) = O (%) (5.6.30)
1

Finally, one can also verify that the estimates (5.5.7) established in Theorem 5.5.1 and the L?-
convergence (5.5.53) still hold. O

Thanks to Proposition 5.6.1 and the expansion of metrics, we check that ¢°, »* and n° satisfy the
following linearized system of (5.3.5):

Proposition 5.6.3. Under the preceding notations, we have

Apf = Vi AV + VNS AVEQT + YNE A VLS
+ 75 (VNF A VB + Ve AVEB)
+ 75 (VNG AVEBS + Ve AVEB)
+ R (p)
AV = =V AV — 2 (VNG A VS + VENT A VS + VENS A VAT)
—2Vn° AVEeF
— 2V A (rgVEBG + riV*BY)
-2 (%V?—lg + évm) AVEe®
- 22%{5 A VLB — 2:?V”Hi AVLB; (5.6.31)
+ R (v),
div (VF = 3(Vn© -pe %) ) = =V0F A VYT — VENS AV — VENT A VY°
- Tlng(VE +N)YAVHS — %Vl(zﬁ +N§) AVHS

+3 (div ((V:E’HS “h§ (78 —Noe)) ﬁ) + div ((V:E'HS “h NS | (7@ —Ng))
0 0

L))
+3 (div ((vé%i ons (7 —Nf)) ﬁ) + div ((V%Hi e Nf> (7 —Nf)))

+ R (n),
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where, thanks to Lemma 6.5.1, the remainders R° (), R°(v), R (n) verify:

0=0,1

R (p)i := —(T5)"(2°) ((V‘I’E)i(W’g)j - (wgB;)’?(wng)j)

+ B (%) | (VAT) A (V%) = ) (VAG) A (VEr385)
0=0,1 i
, (5.6.32)
+T5,, (D) ()™ | (VOF)" AVEDT — Y~ (VrgB5)" A VEr§B;
6=0,1

+0 ( S riles —rzszwwﬁ)

0=0,1
+0 (%(|19° — ri B P[VO°|? + |0° — r{Bi P |ViE|[VO©))) + O (¢°(r]) | VS [?)

R (), := —2(T'};)"(®°) ((Vﬁs)i(v‘bs)j - (VNg)i(VTSBZ)j)

6=0,1

= (L) (@) (i)’ ((M’E)j - (ATSBZ)j)

6=0,1

6=0,1

— ()3 (@) ()" ((W’E)j(w’e)l - (wng)j(wng)l)

— B5,(9°) ((W) A (V) = (VNG A (VLNQE))

0=0,1

— 2B5, (%) ((Vﬁe) A(VHET) = Y (V%H?;) A (VLTZBZ)>

0=0,1 )
(2

. (5.6.33)
— 215, (%) (%)™ [ (ViE9)" AVERT — >~ (VNG)" AV r§B;

6=0,1

— 2T, (%) (H*)™ ((V@E)" AVEDT = N (VrgBg)" A v%gb’;)
0=0,1

0=0,1

+O () |0 —rf g||va92)

+0 | Z r§|ﬁ€—N§||V®0|2)

0=0,1

+0|e? Z
9=0,1

+0 (107 — k5B (Vi + [VH|[VOT))) + O (2(r5)?| V5 ) and

— 1
H*® — T—EHZ
0

IV(TSBZ)Q)
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R (), = —2(I'5;)"(2°) ((Vﬁe)i(vqf)j - (Véﬂé)i(VTéBé)j>

0=0,1

— ()7 (@9) ((ﬁﬂi(mf)j S (%sz(mzszﬁ)

0=0,1

0=0,1

— 0Tl (@) (H)' ((V@E)j(V®E)l - (VTZBé)j(VTZBZ)l>

+ B, (® )((VHa) N (Vi) — Z(V%HE)/\(VLN&)

0=0,1 )
1

T, () ()™ ((W)” AVERE = 37 (VI5B)" A vw;)

0=0,1

L 1 .
FTH AT @) (TH) — YT (G ) AT (8 (TG
6=0,1 o

+ ) 3div ( (he(D°) — hE(rgB5)) s (V Hf)i(ﬁa)j(ﬁ5)>

0=0,1

+ 3div ((h%ﬂ(@ﬂfﬁj@f) ((ﬁv(wv(ﬁ)ﬁﬁ— ( (1%) wrzzssV(N;)ﬂN;)))
6=0,1 > 0

+3V(H® - i1) o (T°)(°) ()" (V) =3 ) (rleG NG ) o (T9)5(2F)NG) (V (r55))

6=0,1

+o (> |<I>E—r§B§||VoD0|2)

9019

+0 | Z |ﬁE—N§||Vw9|2)

0=0,1
w)

+0 (@ — riBiP (IVHE Vi) + 22107 — B P |V HE(|[Ve*]) + O (£2(r5)? Vi )
(5.6.34)

+0 EQZTEH

0=0,1

1
— %’HE

where BS,(9°) <\/|h€ |he — )l
In addition, combining (5.6.8) and the conformality of ®¢, we have that

Proposition 5.6.4. Under the preceding notations, ¢° satisfies the relation of quasi-conformality: for § = 0,1,
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at relB5, we have that

(05, 50+ (((r5B5)xs #5) + (95, (15B5)y))
= O (r5ri_o((By)as (Bi_g)y)) + O (2(r5)%|9° — r§ B3|V B5 )
+ 0 (275 |VB5_g?) + O (2(19° — r§cg |V O°|* + |9° — ricg | (|Vi*||[VE)))
+ 0 (53(r;)5\vw9|2) and
(05, 95) — {95, 05)+ (((15B5) s 05) — ((T5B5)y, ¥5))
= O (rgri_e((B§)zs (Bi_g)adn. — ((B5)y, (Bi_g)y)n.)
+0 (2(r§)?|@° — rB5||VB5[?)
+ 0 (275 | VBi_g?) + O (2(19° — r§cg IV O°|* + |97 — ricg | (|Vi*[|[VE)))
+ 0 (e3(r§)°| Va5 [?)
(5.6.35)

5.7 Strong pointwise estimates

Throughout the rest of this section, we show how to use the system of equations with nonlinearities
of Wente type to obtain strong pointwise estimates on our sequence, starting from the weak ones
obtained previously. We shall also show how to deduce that the Willmore surfaces concentrate at a
critical point of the scalar curvature once these estimates are obtained.

The aim would be to obtain these estimates with a sum of an arbitrary number of bubbles (spheres
and catenoids) and one would have to adapt the arguments below to catenoids. However, even if we
know that "two spheres imply a catenoid", we present the estimates with two spheres to show how
to deal with interaction terms in the estimate. At last, we shall assume that the two bubbles r§B§ and
r{Bi do not degenerate, that is,

liminfrg > 0 and liminfr{ > 0.
e—0 e—0

This last assumption is useful only for the conclusion, not for the estimates. If this is not the case, we
believe (and heuristics tell so) that the interaction with the catenoid would be the leading term.

5.7.1 Strong pointwise estimates

Set )
o5, = sup (1+ [22) [V ()],
rER?2

o5, = sup (1+ [z[?) |[Vre(z)],
zcR? (5.7.1)
o = sup (14 |af?) [V (2)],
z€R2
p° = max{p;, p;, p;, } and
Poir = sup (1+[z*) |Ves(2)],
z€QS(R)
Poir= sup (14 |z[?) [V (z)],
€05 (R) (5.72)
Phrir = sup (L+|2*)[Vy®(2)]
z€Q; (R)

£ —— £ £ 5
Pi,R ‘= ma“x{pgp,i,RJ Pv,i.R> pn,i,R}
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for R > 0and i = 0,1, where
& P £ lu(g) 1> e >4 H’i
Q5(R) = ID)aS(Ruo)\]D)a? <> and Qf(R) := Dag(Rul)\Dag <R) .

With the help of (5.6.31) in Proposition 5.6.3, we are now able to enhance the pointwise estimates
(5.5.7) established in Theorem 5.5.1.

In order to obtain precise pointwise estimates, we will adapt a “bootstrap” approach which con-
sists of studying successively the equations of the system (5.6.31) and getting estimates with the help
of previous ones.

Claim 5.7.1. For every R > 0and x € Do(R), we have that
1+ |2))IVe®|(2) S (0508 + 7605 0r +E° + R (05, + répi)) (1+ |=) 7

+ ((P;LR + Tfﬂi,l,R)) <1 + |a1> In (2 + |a1|>
' 0 Hg

a T — a§
+ (05 +7505)) (R + |ul> = (2 - |1|> (573)
1 1231

3 4 _ -
+ <5 (1) +1) <1+ |z a1|> In (2+ €|93 ajil >
Hg B p5 (1 + |z])

+ IVl V92 g (1 + fa) ™!

Proof of Claim 5.7.1: Let us write with Proposition 5.6.3 and the Green’s representation formula in
Lemma 6.2.2 that

(Ut [2) [V (@)] < (1+ [2]) [V95,, (2)]
4 / LWL e () (1902 + 15 1V07]) (9) dy

2 |z —yl

1+ y £ £ 1> £
+/R 91982 ()] (V6] + 751V ]) (9) dy

2 |z —yl

+/ 1+‘y||v60< )IIVB5 (y)] dy

|2 (5.7.4)
/ Vet (1) + [V @) IV @)]) dy
]' + 1= £ 1= 15
23 / 'y| IVBE ()|219° — 5B | (y)dy
=0,1
+ £ 1> 1>
e / LWL wsep + (05 VBL ) (9) d.
R2 \»’5 - y|
Claim 5.7.2. For every x € R2, we have that
(1+ [22)2VeE, (@)2 S IVl @) [IV6F | 2 2y o505 (5.7.5)
In particular, thanks to (5.5.53), we get that
(1 Jal) [Vl =0 (05 +5) (14 Ja) ) (57.6)
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Proof of Claim 5.7.2: With the help of stereographic coordinates  : R? — S? and thanks to conformal
invariance of the equation and the energy, ¢, o 77!, ¢* o 7! and v° o 7~ ! are maps defined on
(S?, go) satisfying

AW (wSO yom h) = Vo (%0 A Vg (V0 771) on S2.

Thanks to Lemma 6.3.8 and , we have
Vg0 (W5, 0 20 S Vg (0 0 T [0l Vigo (v° 0 7 N lssllose(v5, , o 771 [l

S Vg0 (¢ 0 1 HlloolI Vo (v 0 77 [loo | Vgo (0% 0 77 )12/ Vg (v° 0 771 2

S Vg0 (¢ 0 7 HllsolVgo (v 0 77 Hlloo V" 12 V2~ -
(.7.7)
Moreover, since for every f € C*°(S?) and Vz € R?, we have

1V g0.f (7 (@) lgo () = €NV 0 1) () lewe

where (7*)(g0) = €**heye with e* = We get that, for every z € R?

B 1+| B
(L+ 2?21V, (@) S IVe°ll2l V8 l2p505 -
In particular, thanks to (5.5.53), V¢® — 0 and Vv — 0in L?(R?) as e — 0, we obtain that

(1 [2) IV, @)] S 3\ IVe ol Ve llapgps (14 o)™ =0 (05 +p5) L+ 12) 7). (B78)
O
Thanks to the definitions (5.7.1) of p° and (5.7.2) of pj p, we can also write that, for: = 0,1

1 + 1> 1> 1> 1>
/ Y1985 ()] (19| + £ 190]) (9) dy

2 |z — vyl

1
S (Poir +7EPviR) / VB (y)|dy

£ c c e 1
% Ty VB Wldy+ (ef + 17 p,,)/

r2\0: [ =yl (1+[y])

1 105 1 S
< o : dy + / i d
Sp / y+p y.
P Jre |z —yl(L+Jyl) (5)2 + |y — a5 r2\: [ = yl(L+y]) (u5)? + |y — a5 ?

This leads by direct computations to

1+ g £ £ > £ — £ -
/}R Y119 85 () (196°] + #5105 ]) (0)dy < (pfn + B67) (1 + Ja])~ and

2 |z —yl

| BB W 1967+ 751901 579)

2 |z — vyl

|:r—a1|> ( |z CL1|> < |z a1|> ( |z — af| )
<pa (1B (o BT R+ 74U} (o AUl )
~ P e

LA ( K MY K ps (L +]z))

In order to estimate the term in |VB5||V 5|, we can write that

14 - 1+ € €
| s wIvE @ s [ S 4

|z =yl

dy
g2 |2 =y (15)% + [y — a§|?* (ui)? + |y — ai|?

1 1
</ lul Qdy
g2 [T =yl L+ |yl (u7)? + |y — af

5.7.10
5/ 1 51 : 12dy ( :
R2 %_y)l+\u1y+a1|1+lyl
1

|xai|>1 ( |z — af] )
<(1+ In(2+—-L1_).
( 15 p5 (1 + |z])
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Claim 5.7.3. For every 1 < 8 < 2, we have

62/]R 1+ |yl |V505|2(y) dy = o (52(/);)2—5 (1+ |5CD71>

2z =y (5.7.11)

— 1— -2
0 (252005 + 1)’ (s + o — ) (1 ) )

In particular, by taking 8 = 5, we get that

3/ ¢ e —1
52/R ”'yw2<y>dy_o((53+pz><1+|x)‘1)+o<53(’2)4 (u"”’“’fl') ) (57.12)

2 |z —y]

Proof of Claim 5.7.3: For 1 < 3 < 2, we can write that

1+ |yl 2 2-8 1 8
— |V |7 (y) dy < (o —75 V|7 (y) dy.
/. P L e B = )

Thanks to the pointwise estimates (5.5.33) in Proposition 5.5.3, we have, for every 0 < o < 1,

1 e
IVesl(y) =o — + L ,
(s +ly —asD* @+ Jy)>™ > (15 +ly —ail) A+ Jyl)

so that

1+ |y| 2 22— 1 1
Vo |*(y)dy = o | (p5,) —=dy
/]R? |z — | ’ r2 |7 =yl (0 + |y — ag)*” (1 + y))* "

_ ) 1 1
ol (P i+ ) [ =L
( ST el =l s+ Ly - af) (1 )P

(5.7.13)
Taking 0 < a < 1 such that a8 < 1, we can write that
14|y - oo -~
[ v ay = o (2627 1 1a) )
R2 [T =Y (5.7.14)

0 (252005 + D) (s + o — ) (1 ) )
Take 3 = 3. Thanks to Young’s inequality, we have that

1+ . N2 -
[ P dr = o (20t 1+ 1a) ™)
=0 (53 (1+ |x|)_1> +o0 (s%pfa (1+ Ix\)_l) (5.7.15)

o (=2 (rf + ) (5 + o — a5 )
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Claim 5.7.4. Forevery 0 < 8 < 1and 0 <y < 1 such that  + v > 1, we have that
2 + |y‘ v 5 \VY, dy = 2/ e\1—v/ e\1-p 1 —1
S |\ IVvE(y)ldy = o (€*(p5) 7 (p5) =7 (1 + [] 7))

0 (205) 7 (05) P (1 4 1) (5 + e — a5 )T (L [al) TR,
(5.7.16)

In particular, by taking 8 = % and v = 2, we get that

1—"_ g € (> (> -
[ 9y = o (4 o+ 00) 0+ b))

2 [ — Y| (5717)
71 o .
‘o 63(7“5)4 (1 N |z —E(ﬁ) .
H1 251

Proof of Claim 5.7.4: Let 0 < f < 1and 0 < v < 1 such that 8 + v > 1. Thanks to (5.5.7) in Theorem
5.5.1 and (5.5.33) in Proposition 5.5.3, proceeding as in Claim 5.7.3, we have that, for every 0 < oo < 1
such that 5 + ay < 1,

1+ [yl _ 1 1

2 5 e _ 2/ e\1 1-8

: VI Wl dy = o | 26075 [ dy
Je =i ’ e [2 =9l (s + Iy — at)™ 7 (L + g

1 1
o SRR o 4 ) | _ dy>
( Rr2 |2 — Y| (us + |y — ai|)6+7 (1+ |y|)3 (B+7)
—o (e (1 1al) ™)

0 (2(05) T (00) P + )7 (i + o — a5 T (1 o) 4.
(5.7.18)

Take 3 = 3,7 = 2. Thanks to Young’s inequality, we have that

/ |”' VIV @l dy = 0 (25)5(62)F (14 Jal) )

+0(2(05) ()05 + D)F (5 + Jo = af )75 (14 [al)7F)
—o( (a7 (o)) as ™)

so((Funtent) o m)l)

)
—o((*+ 05 +07) 1+|x|> )
(5 ()
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Let us write now that
(D% — riB) (x) = (@° — 1385 (2) — (@ = 13835) (a) + O(2(r5)?),
thanks to Proposition 5.6.2. Thus we have that
|(@° = rB5) ()] < O (2(r)° + |9 () — ¢%(af)| + ][ Bi_s(x) — Bi_;(a5)]) - (5.7.20)
We clearly have, thanks to the definition (5.7.1) of pf, that
0% () — ¢ (a))| S PEle — ail S PG, (lz — af| + 115) -

Thus, by straightforward computations, we can already write that

1+ 13 (3 13 g
2 [ s )P - D) ) dy
Rz [ =y

1+ |y 0 2
554 ,r,g 3/ 7 dy
s r2 [T —y| \ (45)* + |y — af|?

1+ Jyl (15)?
+€2pe/ 7 dy
Y e |o =yl (15)? + |y — ai P

Lyl ()

vent [ DB (y) — Bi(a)ldy
e eyl ey —as)tT T T
e4(rg)?

~ i+ |z — af]

v D" 15z () — B_y(a)ldy
e le =yl (us 4y -t T

4(,.€\3 5 -1
e*(rf) 9 |x — a5
5 1 +€ pE) <1+ 3
( 1 v 145

Lyl ()
weri S |Bi () — Bii(ai)ldy.
Tl sl Gy -t T

s (5.7.21)

+€2p€7
ps + |z — af

Estimating the last integral is more tricky. By distinguishing appropriate cases, we claim the
following:

Claim 5.7.5. Fori = 0, 1, we have that, for all x € R?,

—1
Lty () o —ag] )™ & — af]

where j =1 — i and a5 is chosen as in Proposition 5.6.2.

Proof of Claim 5.7.5: We first write that

1 (15)?
t B (y) — B (a3)|dy = Aj(x) + A5(z) + A5(x),
L o e B ) — By = 45 (w) + A5(0) + A5
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where

Ain) = [ N V) S
B\a@—af\ (af) |.T/' - y| (/’L’L + |y —a; |)

2

1 (15)*
Aax:/ : B:(y) — B5 (a3 )|dy and
2( ) B (,uf+|y_af )4' ](y) j( )| Y

las —a| (a5) |z -yl
2

A3t = | L i) - B
B e 0N BSye e (a2) [T =yl (1f + ]y —af)* o

la& —a5|
We now estimate A5 (z), A5(x) and A5(x).

e Estimating A5 (z): One can verify that

ME‘
J

2 _ 2
(15)? + la§ — a5

IVB:(y)| < C < Cyj forally € Bjas oz (a7),

since 5 + |a$ — a5| = O (|a§ — a5]), thanks to Proposition 5.6.2. Thus we have that

|B5 (y) — Bj(a7)| < Cu5 (ly —ai| + p5)

from which we deduce that

Af(y) < Cus / ! (1)

dy<0u5<1+|x_a?)_l (5.7.22)
re o=yl (s +ly—a)® " K ' -

i

* Estimating A5(x): Either |af — a5| = O (1) or not, thanks to the definition of af, we can verify
that

pi +la; —a5| < C(p; + |y —ajl) forally € B\a_?;af\ (a3),
which leads to

(15)* / 1
A5(2) < O —— ——|B5(y) — B3 (aZ)|dy. (5.7.23)
2( ) (Mi+|ai_a’j|)4 B f\(af) |x—y|‘ ]( ) ]( )‘

la€—a
J

Forally € Ba:—az (a5), let y7 € [a5,af] be such that [y — a5| = |yt — a5|. We can write that
Lo _edl

1B; (y) = B (a7)] < |B; (y) = Bi (y7)| + |B (y7) = Bi (a7

<c 15y — as| 15 a5 — a5
TN ez 5+ ly = a5l + a5 —af] (5.7.24)
145 a5 — a5

5+ ly — a5l w5 + |a5 — a5
Indeed, we have that

u
J | _ €
Yy CL-|7
W+ ly =P

1B; (y) = Bi(yr)l < Cmax [VB| x [y —yr| < C

where yy+ is the circular arc centered on a5 joining y and yr. By distinguishing appropriate
cases, we also get that

a5 —af | e e
J i M]

M; ‘aj — a;|

|B5(yr) = Bj(a;)| < C dt <
’ ! as—yl (W52 +82 7 p§ + |y — af] pf + [a§ — af
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Coming back to (5.7.23) together with (5.7.24), direct computations show that

(15)? a5 — ag|us 1 1

A5(x) < dy
? (w5 + laf — a5)* 5 +1a5 — af| Jp e (as) [2 =yl 15 + |y — a5
.72 K2
(15)2p5 a5 — as]? 1 (24 |a5 — ag|
(5 + las — asl)" (ks + las — ag))* (a5 — af| + | = a5]) ps + | — a5
(5.7.25)
(i) If we have
T —as|+ ps
M —0ase — 0,
|a5 — a]|
we can write that
A(x) < C (p5)? 5 |05 — a5 |® a5 — a3 1
2 >
(45 + a5 — as))" (kS + |as — ag)) a5 — @l + & — a5 5 + & — af]
<C 15 15 pslas — agf? a5 — a5

(s + las — ag])” 15 + 12 = 51 (s + |as — a5))* |05 — @] + [ — df]

-1
; |z —aj
< Cp; 1+T ;
j

psla5—af|®

B T < land __lajzail <.
(f+laf—a5l)” —

since we have as—at [lo—at] <
(ii) Else, if we have
|z —af| + 45
——J1 7 s 0ase—0,

a5 — as|
we can write that
A(2) < © (15)? 15 a5 — a]? 1
a (Mﬂaf—a§|)4 (uj—i—laj—aﬂ)Z a5 — ai| + |z — a5
<0 H; 115 p5las — ag|? (s + |z — af

a"

(45 + az —as|)* 15 +lz =il (s 4 Jas — a2]) " laf —afl + o — o
Using the fact that |z — af| < [z — a§| + |a§ — af| + pf, we get that

—ac\ 7t clas — a3 e
Ag(l’) Scﬂj <1+ |l' Ea1|) « /’Ll‘ 7 ’L| . 1+ . E/uz -
H; (15 + la5 — as]) a5 — af| + |z — df]

—ac\ !t elas — at|3 V2|8 — |2
<Cu§<1+|w |) ((uu W, e —afl

1 g+ las —asl)”  (ps + las — as))

—a
coug (14 =21,

Hence, we show that in all cases,

—as T —as
A(x) < C (Mg (1 iy mazl) b (1 + |uﬂ>> . (5.7.26)
i J
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* Estimating A§(z): Proceeding as we did in (5.7.24), we have that

€ —at
Hi v = a5 for all y € B

B(y)—B5(a)| < C e e
| j(y) j( 2)|— u§+|a§—af|uj+|y—a§\ |j2 H

(a5) N Bz a2 (a5), (5.7.27)
lof il

which leads to

As(z) < C 'u;; 1 (Mze)2|y - a§| _
ﬂj+ |a§ 7(15‘ R2\B|a§_af‘(a§) |x7y| (Mf—f' |y_a§|)0
i

By straightforward computations together with the fact that 1; = O (|a§ — a5|), we get that

€)2 8
Ag(x) < C c (,Uz)E/JJ e £12 . € €12 ,,€ 51 € €
uj—&—\aj—ai“uj) +|a’j_ai| Mj+‘x_ai|+|aj_ai|
€ € €
i s Hi (5.7.28)

C
T+ a5 —af] (45)? + |af — ag|? g + o — af]

v —ag]\ ™
< op (1+220)

i

Hence, the claim is proved, thanks to (5.7.22), (5.7.26) and (5.7.28). O
Thanks to Claim 5.7.5 together with (5.7.21), we thus get that
1+y
it [ VB )PI@ - Bl 0) dy
540@)4 ) ) |(E . a§| 1 (5729)
N (; ++e*rip, ¢ rfr“{i,uii> (1 + ME1> .
At last, it remains to write that
s [ L+l & (0 lr—as]\7!
[ s s = (14 1) 657.30)
2 [T — Yl 1 g

by direct computations.
Coming back to (5.7.4) with (5.7.5), (5.7.9), (5.7.10), (5.7.12), (6.7.17), (5.7.29), and (5.7.30), we obtain
O

Claim 5.7.1.
Claim 5.7.6. For every R > 0and x € Dy(R), we have that

(L+ 2DV (@) S (P +&* + R'p%) (L+Ja]) ™

1 r—a|\ " T —as
+ ((J?LR +P01R +T§P§717R>> <1 . - ll) In (2 + lz = af] - 1|>
1 2 1251

1 jz —af|\ "' |z — af|
+ p€+p§+r5p€> (R+ In({24+ —F———
(ﬁ ¢ o 15 ps (L+ |2])

3 ()3 _ € -1 _ £
Hi T Hi 5 (1+ [2])
1
+o0 ((,08 + TE) (1+ |x|)1> )
1
(5.7.31)
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Proof of Claim 5.7.6: Applying the Green’s representation formula in Lemma 6.2.2 to the second equa-
tion of Proposition 5.7.10, and estimating various terms as in Claim 5.7.1, see in particular (5.7.9),
(5.7.10), (5.7.12), (5.7.17), (5.7.29) and (5.7.30), we can write that

(L[] [V (@) S (U4 J2]) [Voy, (@) + (1 + [2]) [Vip o (2)]

1+ |y
v [ LIy
R2 |~”C—Z/|

1+ _
vt [ W (- a1+ 02
R

2 |z — vyl

L+ y| .
et [ CE (o - A

- 1
e - 35
0

) VBE2() dy

L1
H® —
1

) VB2 (y) dy

1 _ -1
+ <7£P5¢,0,R +05or+ Porte +R L+ 05+ P;)) (1+1z])
0
1 z—as|\ " T —a
+ ((MZ,LR +rarT TiﬂprR)) (1 + o= o] B 1|) In (2 + |51|)
" Hi My
+<1 E+ E+ as) <R+|I’CL§>_11 (2+ |Iia§| >
— 05+ 05 +rip n(24+———=—
i o IG] 5 (1+ |z))

e3(r§)? 1)( |m—ai>1 ( Iw—a"il)

+({—+— ) (1+—F) W2+

( It r{ I p5 (1 + |z])
(5.7.32)

Proceeding as in Claim 5.7.2, since Vv — 0 in L?(R?) as ¢ — 0, we have that, for all z € R?

(1 + DIV, (@)] S V05 laps (1 + [2)) ™" = o5 (1 + [2) ). (5.7.33)

Proceeding as in Claim 5.7.3, we have

1 ’ —ail\™
[ e s (@ i 4o (S (14 2D ) s
o ey i\

Proceeding as in (5.7.20), thanks to Proposition 5.6.2, we get that, for i =0, 1,

1
2 [ (v A+ 0
2 [T — Yl

1

e = | ) IV ) dy

3(,r€)3 _ 4.le -1
H; H;
3(re)3 £)2 e\ 1
My L= Hi

In order to control [V45 (x)|, since we do not necessarily have V® — 0 in L*(R?) as ¢ — 0, we
must exploit estimates similar to those obtained in Claim 5.7.1.

Claim 5.7.7. We have

(1+ [2) [ V5, (2)] = 0 (2 + 95 + 5+ p) (1 + Ja) ™)
+o0 (63(7“{)3 (1 T |z — a§|)1> (5.7.36)

I 1251
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Proof of Claim 5.7.7. Thanks to Proposition 5.6.3 and the definition of ¥

5. using Green'’s representa-
tion formula (6.2.4), we can write that

1
-+ DIV @ S [ 9 )9 dy

1 + £ £
< / L e ()19, (9) dy

2 |z —y|

+Z/ H'y' ()] (IV05 ()] + 75 1V5, )] + 75 V054 (w)]) dy

1=0,1

+52/ |1+|y|| ‘W (X5 W)+ X5, W) dy

1+ € € 1 & 1> & &
#2350+ 0]+ T 0]+ ) dy

1=0,1

e /R v ) (X6 @)+ (IS (w)]) dy,

|z =yl
(5.7.37)
where
c xr —
Gole) = [ T P,
€ r—y € e
Gol)i= [ TV W )
€ L= € €
@)= [ I VE W B )l
L= € g
Koy = [ PIVB W1V (w)ldy,

Xi () 1:/ T IVB; (y)||Vve (y)|dy and

[z —y \2

Xoaale) = / LY B (4) [V B ()dy.

[z =y \2

Thanks to (5.5.53) and the generalized Wente inequality in Lorentz spaces, see Lemma 6.3.6, we
have

||V1/1¢ V||2 1+ Hv¢ 4p||2 1+ ||V¢
S C(IVEllz + VY2 + |VBf||2) IVellz + IV©ll2) = o(1).

Therefore, using Holder inequality in Lorentz spaces, we obtain that

1+|y| (>4 € g d
/Rm_ylwn(yn(ww I+ Y IV W)+ iV ()|> y

1=0,1
1
Seon |l o | VYL @)+ Vi (W) + 17 VY5, ()] | dy
p”/m |z =yl (1+ |y]) (' o0l i;%' oW+ VL W (5.7.38)
< Py, sup (va 2+ DIV Sl + VS u||2,1)
wer? |17 =2 400 i=0,1
= o(py)-
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Let us now use (5.7.10) to write that

1+ . . 1
Lt s [

ly—a]
In (2 + ui(1+|1y\))
dy.

v €
r2 7= A O
Hy
Let us write now thanks to definition (5.7.1) that,
O A———
T A yf?
so that,
1+ 1y
[ v wlay
R2 [T —y
ly—ail
< a/ 1 1 In (2+ N§(1+‘Iy|)) dy (5739)
S e e =yl (L) el
1

=0 (p;(l +z)7h).

Thanks to (5.7.11) in Claim 5.7.3 and the definition (5.7.1) of p;, we can write
IViE ()17 < (p9) T (L + Jy) Y (5.7.40)

and we obtain that, thanks to the weak estimates (5.5.41) on |[V7°|, forevery 1 < § < 2and 0 < o,y <
1,

e? /RQ |133+—|§//| IV (W)X, () dy
—o ()R [ T ) ay)
2¢ eNl—vy/, e\2—B/(..€ e\p 1 € Y (€ en1-8 2y+p—4
o (SRS [ IV 0+ - ) )T )
—o (2 [ D G = o) () )
o2 ier [ |(M1+|y D () )

+0<52(pi)l‘”(p2) (r§ + p5) / T‘i V(s ly —ai) I (1 4y 4dy)

7 i+ Iy = a§|) ) (1 gy 4dy)
(5.7.41)

+o0 (82(,02)1‘”(/)2) (r§ + p9)°
Since 0 <y < land 3 — v > 2, we get
o (26 67 [ 0D e T )
ro (2P [ byl () )
= o (%) () P (L4 [ ).
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Take 3 = 2,7 =2and 0 < « < 1 such that ay + 8 < 1, then we have

1 + £ ' £ £ -
[ e )l s = o (2 (55) 7 ()7 1+ Ja) )
r2 [T — Y|

1/3 1/2 _ — _
o (<2 (05 (05) 2 05 + )2 1) 2% (i + Lo — aS) T (14 ) %)

]
(5.7.43)
Proceeding as in (5.7.19), thanks to Young’s inequality, we obtain that
1+y 1 1 -
= [ LW G )l @y = 0 (2005) (0203 (1 1))
Rz |7 — Y

1, g1, ¢ eNd e en—1 _5
Fo2) s+ uD)E (5 + o — i) (1t la))F)

o (10 + 1)’ (i + o —ai) )
o (2 (100)F + 62F) ) a4 1)
o (63(7"?)9 (1+ Iw—ai>1>
I G

=o((* 4+ 041D

é £ € -1
+0 53(1"61)9 <1 + |I’ 6a1>
M1 K1

(5.7.44)
Similarly to (5.7.44), we can also deduce from Claim 5.7.4 that
1 + S € (> (S (S -
[ Gl = o (4 05+ 65) (1 + b))
Rz |2 =yl
(5.7.45)

837"64 T —af -1
o (2 (14 e
M1 H1

Now, we establish estimates on x5, X5 ;, X5, and x5 . Since sup. |2 — 7iB3; ||« < +00, we can
write that

1 i ?
o< [t (i) @
2 |z —1y| (15 + |y — a5])? (5.7.46)
<——— for0 <~y <3,
e -]y =7
while
1 us P
Xi1_i(x g/ : dy
ai@ S f o g G T o — o) (s Iy — o

</ ! ( W >2dy+/ ! ( M >2dy (5.7.47)
~ Jre lz—yl \ (15 + |y — a5])? e |2 =yl \ (05 + [y —af_])? o

1 1
< for0 <~ < 3,.
~ <(u§-+ w—a) (T |w—aii|)v> orn=TEs
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Thanks to (5.7.46), (5.7.47) and the weak estimates (5.5.41) on |V7¢|, we can write that, for 0 < 1,72 <
3andfor0 < a <1,

1+ e €l E He
52/ ﬁIVn W (rEIxE @I+ 5 IxE i (v)]) dy

r2 | — Y

= (pn)l ,8/ ! . 1—af (€ : e\aB+ dy (5748)
r2 |2 =yl (14 |y) (1 + |y — af)>P*m o

1 1 1
+o 62(p5)1‘ﬁ/ - dy
< K R |7 =yl (1 + |y =7 (u + ly — af])Fte

By taking v = 1,3 = 2,4, = § and 72 = 1 in (5.7.48), thanks to Young’s inequality, we get that

1+ B E |+ E El4 €
62/R u [V ()] (75 1x5 W) + r§ X5 (W)]) dy

2 |x—y|
:0(52(;;;)1/3 (1+(r§)’2/3) (5 + |z —af)) 22 (1 +|ml)_1/3) (5.7.49)

e’ @ — a5\ -1
o (B ) rolionen ).

Next, thanks to (5.5.7) and (5.7.1) we can write that, for every 0 < v < 1,

1+ [y J7s
e <x>|+r¢|x;<x>\</ L (Ve W)+ IV (w)]) dy
2Tl o 1o =l + 1y — a2 i
1+ |yl i 1— 1
< ‘ P5) VW) s dy
Ly e Iy ) T e
1+ |yl J7e o enle 1
+f g () I ) s
o o=y G Ty i ) T e

1 ui 1
_ 1—v e e\1—v 1
=0 pa +Ti pv / — dy)
<< o) ) e T Ty =) A

= 0 ((p5)1 7 475 (05) ) () (5 + Ly —aE) ™ (1+ 1))
(5.7.50)
Thanks to (5.7.50) and the weak estimates (5.5.41) on |V7¢|, we can write that, for every 0 < 8 < 1,
0<a<l,0<y<land0<yy <1,

62/ 1+|y\‘v ) (NG ) + X, ()] dy
R

2 |z —yl

B N 1+ |yl B (1ve - 1
= (6 (p5) / P || W7 (X5 W)+ 75 Ix5, (W)]) REIE dy>

:0(82 ()7 75 (p5) ) (o) P () ”(m)"g/ ! . : B dy)

r2 17—yl (1 + |y — af)P (1 4 |y

1 1 1
+ol e ((b0) 7 +75(p))' ) (5, 1‘%5/ f dy
( () ) @) G Ty — ey e (14 [y))*= (@7

(5.7.51)
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Taking 8 = 1 and v, = 3 into (5.7.51), we obtain that

0 (52 (D) 7 75 () 7) (p5) P ()~ “(ri)’ﬁ/ ! ! L dy>

we 12—yl (5 + [y — a3 )P (1 1 y))/?

= o (=2 () (o) + 7500202 (03)F) ()% (5 + | — e )% (1 + [al) %)

(e (5 et
(5.7.52)

Taking 72 = 2 and a = 2 into (5.7.51), we have a8 + 7, = 1 and thanks to Young’s inequality, we get
that

1 1 1
2 e \1—2 e( AEN1—72 e\1-p
ofle + 75 (p5, N d
( ((65) ()7 ) “/ & =yl (5 + [y — a5 ) HB2) (1 1 )P @B ) y)

((qu)% (P5)% + 75 (p5)* (pf?)%> <1 + wfﬂ)_ In (2 n M))

251 1251 (1+]2)

(ot ot ) 528 o)

=0

1

=0 <512+ [CAR +(,02)%}g 7 () +(p2)3]g) (1+|”3;5a§|)_11n <2+ roail ))

w5 (L |zf)

(5.7.53)
Coming back to (5.7.51) with (5.7.52) and (5.7.53), we get that
14|y E .
! Z/ L )] ()] 773 )
, (5.7.54)

=o (s (14127 +o<<;+p5> (1+x;;§|)_11n <2+M)>

At last, proceeding as in (5.7.49), we can use (5.7.1), (5.7.34) and (5.7.30) to write that, for 0 < v < 3,

1 + y € € € €
2 [ W (3600 + (5 s ) d

1 1 1 1
Ty A S i —— )
( ey VT I W+ 0 | e VT e

£ 1 1 £ g\— € ENNT -
=O(€3p [ Rt y)+0( () (o) ) 7 (i + = @) (14 ) )

= 0@y tla)™) +o (s (1 + 1)) +O (ﬁ?g s )_> |

251
(5.7.55)
Coming back to (5.7.37) with (5.7.37), (5.7.38), (5.7.39), (5.7.44), (5.7.45), (5.7.49), (5.7.54) and (5.7.55),
we get Claim 5.7.7. O
Hence, combining (5.7.32) with (5.7.33) and Claim 5.7.7, we get Claim 5.7.6. O
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Claim 5.7.8. For every R > 0and x € Dy(R), we have that

(L+ 2DV (@) S (P0. + Phor + %+ R (0% + 95 +05)) (L |2]) ™

(o) (50) o5
1 |z — af| |z — af
(e *f%) =) 6756
&3 Iw—aﬂ)l ( Iw—)
(S R) () (T
ro(+ 2) i)
1

Proof of Claim 5.7.8: First, thanks to Hodge decomposition theorem, we can write that
VnE —3(Vnf e i) ii° = VC° + V1 De, (5.7.57)

where C¢, D* € C*°(R? R?) satisfy
1
(Ve |+ (907 @) = 0 (1) as ol - o

Thanks to the third equation of the system (5.6.31) in Proposition 5.6.3, we have that

ACE = =V vf AV — VENS AV — VENT AVY®
1 1
- 7vl(zﬁ +NF)AVHS — FVJ‘(VS + NE) A VHS
1

(dw ((V Ho -ng (71 —NS)) ﬁ) + div ((v:g%g . NS) (7 —Ng)))
(dzv ((v HS “he (ﬁ—Nf)> ﬁ) + div (<v7"1§7ﬁ he Nf) (ﬁ—Nf)>> (5.7.58)
_—;’_df:«)VLUE “he T ) ﬁa)
B (@ )igdiv (V207! (7)) + Ouliy (0°) (V09! (V") (%) )i

We apply the Green’s representation formula (6.2.4) to (5.7.58). Most of the terms have already
been estimated in Claims 5.7.1 and 5.7.6, see in particular (5.7.9), (5.7.10), (5.7.12), (5.7.29), (5.7.34) and

129



(5.7.30). We thus get that

1+ |z) [VC* ()] S (1 + [z]) [Vy ,(2)]
+(phr++R)) L+ a))”

(o) 52 (o5
ri b LR i i
1 @ — a5\ ™ @ — a5
+ E,O,i—i—pe) <R+ . > In (24—t
(’”1 ! G pi (1 + |z])
€3 £\2 1 _ e —1 e
+<(T;)+a> (1+|x EC“') 1n(2+8|f”1a1|)
251 1 21 w5 (14 |z|)
1 1 1
[t o (9556 0 67 0) ) e ( (9526 45 45 ) -4
R2 T — Y 7o o
1 + 3 1 g = - 1 5 =
+/ _|3/| < div <(VEH§ “hs (n —Nf) i div V7H1 s N1
g2 |7 yl 1 Ty

I ((pe + :1) (1+ x|)_1> and

(1 + |z]) [VDE(2)] S (1 + [=]) [Vey, , (@)]
1
+ (paR +e3 4+ R Y (p) 4o (ra>
1
Iwa’i>1 |z — a§
( n’l’R) My %1
w—ai>1 @ — a
+ (o5 (R+€ In(24——7>1—
( 77) 1251 251 (1+|$|)

3 ()2 1 _ £ -1 __ €
c(BU L L) (1 i)y (Lol )
251 T 251 5 (1+[z)

1+ |y . c
v [ LW ()] 19 ()] dy.
R2 |x—y|

+o0 ((,f + :1) (14 x|)1> .

+

_|_

(5.7.59)
In order to get estimates on [V, , (7)|, we show that we have the following claim:
Claim 5.7.9.
1 3 (e 3(,.6\2 _ € -1
(1+ [2]) VY5, ()] = o ((e?’ Ot e (Zl)) (1+ |a:|)_1> o et (1 N )
(r9) 1251 251 251
(5.7.60)

Proof of Claim 5.7.9: Thanks to Proposition 5.7.10 and the definition of 1y ,, together with (5.7.44),
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(5.7.54) and (5.7.55), we can write with the Green’s representation formula that
A+ 2D)IVey (@) S (1 + [z VY, 4 (2)]
1 + € €
+ [ P s )iy

r2 |7 — Y|

1 1
+ 3 [ ] (900l + V65 )]+ VO )]+ VO )] ) d

1=0,1

14yl o - . _ ) ]
+82/ e | |||V77 (G @)+ X5 W]+ X, )] + x5, W)]) dy

1+ y| 1
+2 3 [ IR (W + 0]+ 0]+ o]+
7

1=0,1

1
I d

7

48 [ W) (G0 + 0D dy
o ey
< (1t fa)| V0

nson( z)|

1 + £ £
+ [ 9 e () 1902, ()
R2 \x - |

1 1
+ 3 [ ] (TR0l + V65 )]+ VO )]+ 2 VU )] ) d

i=0,1

+o0 ((53 + ps) 1+ |x|)71) +o0 (635;?2 <1 + | ;‘;ﬁ)l) ,

(5.7.61)
where ¢ . is the bounded solution in C?(R?, R?) of
AV o = VI A vt o
b (5) =0 (5.7.62)
|z| =400 Rl

Note here that we estimated the terms in [x?, ,[ and in [x;, | similarily as we did for the terms in |5, |
in (5.7.44).
Thanks to the weak estimates (5.5.41) on |V7n©| together with (5.5.53), we have that

i IVIE |2, 400 + [V [|l2 = 0o(1), (5.7.63)

which, with the help of generalized Wente inequality in Lemma 6.3.6, implies that r{ ||V, ,[[2 = o (1)
and then that (r§)?|| V45, ,|l2 = o(1) by the definition (5.7.62) of ¥; , . Therefore, thanks to Lemma
6.3.8, we have

(1+ [2))IV5 o ()] S V85 0l (05) 2N+ [2) V5, 18221+ Ja)) !

1 _
= o (R I )V 0 D) ). 5769

€ — 1 € -
=0 a1+ 1a) ) +0 (gl + 1)V (1 + D))
1
Moreover, thanks to Claim 5.7.7, we have

(L + 2DIVey o (@) S 0 ((€° +p7) (A + [2)7)

+o0 (53(T5)3 (1 L= §|>1> (5.7.65)
H1 I
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which, together with (5.7.64), we get that

N '

(L+ 2DV (@) =0 (o5 (L+ [z)) ™) +o ((W)Q + e + " )) (1+ x|)1> (5.7.66)

1 1

Again, thanks to generalized Wente inequality, we state that
vai,unll + vaiga z"S,VHQ,l + T'L‘E”V’(/}z"s,nnll = 0(1) (5767)

as € — 0, since we have that || V¢®|l2 + || V22 + [V |l2,400 = 0(1) and ||VBE||2,1 = O(1). Therefore,
using Holder’s inequality in Lorentz spaces, we can write that

= 10 )] (15,0 0)] + 1V )]+ (905, ()] + 51905, 0)) dy = 0 (55). (57.68)

2 [z =yl
Coming back to (5.7.61) with (5.7.68) and (5.7.66), we obtain Claim 5.7.9. O

Let us now write thanks to the definition of v¢ that

div <<V73[6HZE "h¢ (ﬁ —./\/ia)) ﬁ) + div <(V7}6Hf "h¢ ./\/f> (T_i —./\/f))‘

1

S —= (AH] + [VHEIIVAT| + % VH ||V 7)) 77 — AT
1
+ ZIVH V| + |V7—[5|\VN1€ N (5.7.69)

1

S = (VB +€2|V5}-€||V‘I"€|)|ﬁ‘e Nil+ = |VBEHVV5\
1
—6|VBE||VB i
Here we used the fact that |7¢| + |NF| + |7 — NF| = O(1) and that

|AHS |+ [VNF P + [VHS|? = O (VB )

thanks to Proposition 5.6.1.
Proceeding as in (5.7.20), thanks to Proposition 5.6.2, we can write that

(7 = ND)(@)] < [ (7% = N7) (@) = (7% = N7) (a9)] + 7" — N7 (a7)
< (€% + 7 (2) — w7 (af)] + INT_i () — NT_i(a5)])

which leads together with (5.7.69) to
/ L+ 1yl (‘d ((v Ho 1 (uNg)) ﬁ) div ((VIE’H,E e Ng) (ﬁ-Ng))D (y) dy
r2 |7 — Y 7o
1 + ‘y| € = N 1 € € ho=g €
+ V Hl h5< _Nl) n + div V?Hl .hiNl (n_Nl) (y)dy
r2 | — Y| 1
S (o5 p+e®+R7(p%) A +]a)"
1 & 5 |$ — al') ( ‘ al|)
+((=poan+ 1+ 5—) m(24+=——
(et ian)) (1475 ul
1 |z a1|> ( |z — aj )
+ (= I‘i_i_ € R+ In(24+ ——
(T?p ”"> ( I 5 (L J2])
+(53(T§)2+15> <1+|x al') In <2+fa§| >
) 51 5 ps (1+ |=|)
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Note here that we estimated the terms in [NT_,(x) — N7_,(a5)| as we did for the terms in |B5_,(z) —

;_,;(a%)], see Claim 5.7.5.
Coming back to (5.7.59) together with Claim 5.7.9 and (5.7.70), we get that

s |x — as| —2/3
vewl+ v s e Y ((shat Ser) (14 E20) ) o

i,ji i

53
ro (5 +)

ig#i N

(5.7.71)

Finally, using the fact that |Vn®| < |V —3(Vn® - 7°)7°| S |[VC?| 4+ |VD?| together with (5.7.71),
O

we get Claim 5.7.8.

Thanks to Claims 5.7.1, 5.7.6 and 5.7.8, we get the following strong pointwise estimates on |V¢©|,
|[Vve| and | Ve
Proposition 5.7.10. We have that, for every R > 0,

(L+ [2))[Vef|(2) S (b5.p +°+R7107) (Lt |a) ™

~1
T —aj T —af
+ «pfp,lﬂ + ripi,l,R)) (1 + 51|> In (2 + |€1)
M1 M1

z—as|\ " T —aj
(i) (s B ) (2 ) o
1

1

3 ()4 - -1 e
+ (6 (Tj) + 1) (1 ¥ M) In <2+ M)
Hi 13 ps (L+ |2))
+o(p(1+12)7)
(L4 2DV (@) S (phr+e*+ R p%) (L4 |2
1 lz —as|\ " | — a§
+ (<r,i-p€<p,1,R + pIE/,l,R + Tipf?vLR)) <1 + /L‘i) In{2+ T‘i
N (1/)5 ﬂfwglf) (R+ x—ai|)1ln<2+|x—ai|)
it s 5 (1+ Ja])
-1
+<€3(7§)3+16> (1+x_ﬁ|> 1n<2+!”5_aﬂ>
il " 1 pi (1+ |2)
1
+o0 (<p€ + TE) (1+ |x|)1>
1
(5.7.73)

(L+ |2V (@)] S (65,5 + >+ R 0G + 95 +05)) L+ [~

1 |z — a5 -1 | — a§
e e 14 2%l In(9a %11
i <(T%p”’1’R +p"’1’R)> < T A

1 |z —as|\ " |z — af]
+ (=05 + 15 R+1> 1 <2+1
<T‘§p p") < I BTN (5.7.74)

—1
N (53(7»5)2 . 15) (1+ |z —Saﬂ) n (2+ Jm—ai\ >
M 1 1 ps (1 + |z])

+o0 ((pE + Tli) (1+ |z|)_1) .
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5.7.2 Interactions between bubble terms and Riemannian terms
Thanks to the pointwise estimates (5.5.7), (5.5.41), we get that

Lemma 5.7.11. For every R > 0, we have that

1 5 5 5 1
E(pap,O,R + pV,O,R) + pn,O,R =0 <’I"§> . (5775)

Before proving our main theorem 5.2.3, we state that the dominating term in our strong pointwise
estimates (5.7.72) is Z—z due to the derivatives of the curvature of the space (R, h). The main goal of
1
this section is thus to prove the following Lemma:

(ps + 15> =0 <€3(T§)3> . (5.7.76)
1 H1

By contradiction, we assume that

Lemma 5.7.12. We have that

Claim 5.7.13. We have

1
p°=0 <E> (56.7.77)
1
Proof. By contradiction, we assume that
1
== o(p%). (5.7.78)
1

Combining (5.7.78) with (5.7.72), (5.7.73) and (5.7.74), together with Lemma 5.7.11, we get that, for
every R > 0,

1 . _
(1l (196l + 1907+ 551991 () (R72) 1+ o)
1

& -1 &
L (1 N Ix—all) In <2+ |z — af] ) (5.7.79)
1 w5 (1 )

+o(p* (1+1]a) ™

in Do(R). Let 2° € R? be such that

15 1 (> £ £ £ £ p
(1+12P) (196714 1907 481V ) ) = -
1

Claim 5.7.14. Up to a subsequence, there exists R > 0 such that ¢ € Q3 (R). In particular, we have % <AMir
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Proof. First, we cannot have |2°| — 400 as ¢ — 0, since, thanks to Theorem 5.5.1, we have that

s‘up (1+ |z|?) (IV°|(x) + |Vve(z) + |V (z)]) = o(1) for every R > 0. (5.7.80)
|z|>R

Therefore, we have sup,( |2°| < +o0.

lz—ai]

Next, if we have e +oo as € — 0, thanks to (5.7.79), we get that, for R > 0 big enough,

° 1
& 5 @ lal) (1967 197 4 05197 ) o)
1
<+ olpf) + (") (5.7.81)
% +o(p"),
which gives contradition by taking R > 0 large enough and thus proves Claim 5.7.14. O

On every compact set of R?, we have that

1. _ "
= IVEI VI + 11| Vi = O(uip®),
1

IVB5| + |[VNF| + [VHS| = O(1), (5.7.82)

1 £ RE \ "€ i ) /€ 1% € €
IVr385|+ 1945+ v g] = 0 (A1) = ofut).
1 7o 1

where f := f(us - +a5).
Thanks to (5.7.82) and Proposition 5.6.3, by straightforward computations, we get that

Ap® = VN AV + 75 (Vof AVEB) + o (uiripf)
AVF = —2VHNF A VS = 2Vnf° A (r{VEB5)
1 € 1 e € €
-2 (ﬁV’Hl) AV=9 40 (uip®), (5.7.83)

div (Vi —3(Vn° - NOYNF) = =VINF A Vy°

I3
1

1 € €
— —V S AVHS 4o Hip ) .
5 r
For convenience reasons, we also write
1 ~E ~E E~E g €
Lge \ 2950510 | = o(uip®), (5.7.84)
1

where the meaning of L. is given before the beginning of Subsection 6.5 in Appendix 6. Thanks to
Proposition 5.6.4 and Propsition 5.6.2, we also get the relation of quasi-conformality:

RE 1 ~e 1 ~e (13€ € &
<(BI)ZL’7 7,590y> + <T590x7 (81)y> = O(IU’lp )7
1 1

2 1 ~e 1 ~e 2E € €
((B0)n 6t ) = (638D, ) = ol
1

1

(5.7.85)
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supplemented with the conditions

(5.7.86)

(0) = o(kip°).

&—¢°(0) 5t g rift el 5 5and i
m o= and “-- respectively converge to some ¢, 7 and 7 in

Then, by standard elliptic theory, AT t
C? .(R?) which satisfy
Lo, (¢,7,7) = 0in R?, (5.7.87)
and the relation of conformality
1 Py Pa, =0,
((@0)ar34) + (B (1)) 5789
(W1)a, @a) = (Py, (w1)y) =0,
supplemented with the conditions
(0) = 0. (5.7.89)

|V3|(0) = 0 and |VZ@(Vw)|

Therefore, thanks to the classification of linearized solution in Proposition 6.4.3, see Appendix 6, we

get that
Vo=Vr=Vn=0,
which indicates pf p = o(p°) and thus contradicts the fact that p—; < pi r- Hence, we prove (5.7.77).
O

Thanks to Lemma 5.7.11, Proposition 5.7.10, and Claim 5.7.13, we now get that

1 - . . 1 _
(14 o) (19l + 19774551971 ) ) S 0 (2 (1l )
1 1

L <1+|$E“1> In (HM) on Dy(R)
™ M1 5 (1+ |z])

+o (Tl (1+ |x|)_1)
1
(5.7.90)

Again we rescale around a by setting f=f (u5 - +a3). Thanks to (5.7.90), we get that

Lo _ _ p
19|+ (9] + v = 0 (A1),
1 1
|VB5| + |[VNT| + |[VHT| = O(1) and (5.7.91)
1 - €
(o) o)

To 1
Thanks to (5.7.90) and Claim (5.7.13), together with (5.6.11) and Proposition 5.6.3, on every compact
subset of R?, by straightforward computations and weak estimates (5.5.7), we get that

1 ~e RE\ ~E \/E .. [ =€ 1 1 /€ 1
L"Bi <s(gﬁ +7’080),V +N0,7’1 (7] +5%0>> O(‘LL51> 9
r 75 51

1 _ ~
V(r3By)| + VNG| + 1

|
s

(5.7.92)

1
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and the relation of quasi-conformality

(8), 5 Gt 29), )+ (i (o2, (59), ) = (1),
(50, 7 (a0 ) (G (552,69, = (),

supplemented with the conditions

1 €13e ~e RE e, €
VL (1585 + #7) (VED)| 0) = oluir).
1

~ ~ ~ 2(~e 1 g€
G 4reBs— (3 4+reBg)(0) (75 +NE (r1)* (71 + 72 Ha

0~0 {ui 0 (J)( ), 1 ( p‘i 0 ) and ( MT 0 ) respec_
(R?) to some &, &, and &, which satisfy

Thanks to standard elliptic theory,
tively converge in C?

loc

Ly, (6,,6,,6,) =0onR2, (5.7.93)
1 2 n

and the relation of conformality

(1), (Gp)y) + {(Gp)as (wWi)y) =0,
(W1)as (Gp)a) = ((Gp)y, (wi)y) =0,
supplemented with the initial conditions
[V (54)[(0) =0,
92 (5,) (V)| (0) = 0.
Thanks to Proposition 6.4.3, we get that
Vo, =Vo, =Va, =0. (5.7.94)
On the other hand, thanks to the definition of r§55, we have that V (ri?g) converges in C? (R?)
to some non-zero constant 2-vector VBO, and thus
|VBo| > 0. (5.7.95)

Coming back to (5.7.94) together with (5.7.95), we obtain that, for all z° € B(a§, Ru5) with R large
enough, we have

1 1
<E|Vg05| + [V + T§V1f> (%) > C—, (5.7.96)
1 1
for some C > 0.

Combining (5.7.96) with the estimates (5.7.90), for every R > 0 large enough, by taking any |z° —
aj| = Rpj, we get that

1 1 _ 1
oo ™

which gives contradiction as R — +o0c. Therefore, we prove Lemma 5.7.12.
Thanks to Lemma 5.7.12 and Proposition 5.7.10, we have the following proposition:
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Proposition 5.7.15. For R > 0 and x € Dy(R), we have that

1 e3(r])® |z — af |z — af|
1+ |z (EVgoEa: + Ve (x)| + |V (z ),S E 1+ E In {2+ —
(14 lel) (21965 @)+ 190 @) 4 1519 0)] ) < S - AL
20
—+ 0% ,
Bps
(5.7.98)

where limp_, 4 o0 lim. 0 0% = 0.

5.7.3 How to conclude with these strong estimates ?

In order to prove our main theorem 5.2.3, we first place ourselves close to the bubble r{B5. Set f=
f(u5 - +a3). Thanks to Proposition 5.7.15, we have that

IV(B5)| + [VAG| + [VHS| = O(15)
=0 (*(r))?) (5.7.99)
IV(BD)| + [VNF| + [VH]| = V& |(1+ o(1))

Set

7 =% —riB]
~€

vt =0t = NY (5.7.100)
~c ~g 1 ) /€
=1 - ZH

1

Thanks to (5.7.99) and (5.6.31), we get that, on every compact set of R?,

AGE = VN AVLEGE + Vif AVErEBS

+ O ([Vee|[Vee])

+ R*(9)

- ~ 1 -
AP = VN AV = 2Vif AVEB] — 2 VIS A VG
1
+ O (Vo ? + |Vif| Ve
+ RE(v), (5.7.101)

N 1 -
div (ViF — 3 (Vi - 7°) 7°) = —VENE A ViiF — V4Eif A vr—sHi
1

+3 (div ((V:‘i#i : (175)> ff) + div ((V%ﬁi -1\715> (n° —1\716)»

+ O (Ve[| Vir])
+ RE(7),
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where

R (@) = o (IVAE V@] + V5| [VriB))
+0 (2r51®° — 185 | Vi ?)
= €35 By (0°) (@5 + €)™ (@5 + )" (V(&), V@)

Ta4ﬂv®€2 ) ~ ~ _ .
s DTV iy, 0°) @5 + 0™ (@5 + 5@ + 5V

+e D
£ 4‘7~52
VS )@+ €)@+ ) (@ + ) (@) (57.102)
o+ &3(5)" (Bitgmn (p°) (@5 + €)™ (@5 + )" (") Z(wa ) w; e
Bitjmn (0°)(@F + ¢1)™(@f + )™ (W) (w) (w5)’) @5
€

™
w
~—~N N
=
—o = =
—_ — —
S
—

Bitjman (pF) (@5 + €)™ (@5 + ¢5)" <w6>1<wazf>ﬂ,v<~ )
(2(19° = rSBE [V 0° 2 + 8 — 5 B Vi [ V<)) )

(D) Vs )

'S
—~

Rg(ﬁ)k:_o<VA7f|Vz7€|+|V ||VT§B€|+| kuv |)

O (£2®* — riBi Vi)

+0 (2@ — riB5| 1V (1187 P)

+0 <s2 |V(T§B§)|2>

223 (1) Bitjman (0°) (@5 + €)™ (@5 + )" (V(&°)", V(@) (5.7.103)
€\3 ~e12

O )5 + €)™ @5 + €)@ + e

_ a9V
6

= &3 (r5)* [V [ Bt (p°) (@5 -+ €5)™ (@5 + )" (@) (@)

3(05)° Batjonn (0°) (57 (@5 + €5)" 4+ 6" (@5 + ¢5)™)(@) (V (@), V (@°))

(r

_|_
+0 (3187 = rSBi (Va2 + [VHE|[VE*))) + O (¢(r§)* V&5 |?) and

He — —"Fﬁ
1
£

1

Rijmpe,n(p) (@5 + ¢1)™(@F + c])" (@5 + )’ (@)

(L)
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€~ \ /€ ~c ~e 1 /€
R = o (1WA IViF |+ (997119 7 )
1

9% (1) Bigmn (0°) (@5 + €)™ (@5 + )V (@), V(@)
Gk
12
e N i (0@ + 65)7 (@5 + )" (5 + 5P (@)
= () V& P Butjan (0°) 35 + )™ (@5 + )" (@) (@)
25 Bitgonn (0F) (075  65)" + 67155 + )™ (@) (V@Y V(&)
3 (r)?
2

3(7‘?)2 £\ (~E e\m (~€ E\N(~E eNJ (~EN(~eNi e
D) Rijmi, n(p®)(@F + 7)™ (@F + )™ (@F + cf) (@) (@) '@y,
—53(r1)? (Buyma(p !
— 563(5)? (Butgmn (0
+e3A%af

1 -
+O <52T | —T960|Vw6|2>
6

EEQ@E 2| |div <~(<:§mf}> N;) N;) D
+O<e2¢5 rs | w(((
( 5)
(

Ricn, j (p°)(@F + c§)™ (@F + )" (@] + cf ) ®

Rijimt,n(07) (@5 + €)™ (@F + )" (@5 + ¢5) (@°)' (@5)'@5

)(@F + )™ (@1 + )" (W

(p
(p°)(@F + )™ (@f + 1) (@°

- . 1 -
+ O 52\<I>5—7"ZB§| V(riBi TEVHZ>
0
1 - _ N\ -
Tgﬂswz@) -Ng) Ns) D
. . 1 - .
+0 62‘(1)677"58& V(riB;§ rEHZV(TZB}E))
0

1 -
+ 0 52—8|sz — N§|VGJ6|2>
"o

+0 (4 — riBiP (IVAH|IVie]) + 22187 — riBiP[VHF (V) + O (4 (r5)? Vg

for some scalar function A=.
Thanks to (5.7.99), (5.7.98) and Proposition 5.6.2, we have that

1. _ ~
V& + V| + Vi = O(*(r])°)
1

O (IVo|[VET)) = o(e(r)")
O ([V5 [ + [ViF[[VEF]) = o (°(rD)?)
O (IVoF||Vir®) = o (°(r()?)
e?[@f — riBi| = 0 (°(r1)°)
e?[n® = Ni| =0 (°(r§)’)
e*H® - ZHi| =0 (*(r)) -

2)’

(5.7.104)

(5.7.105)



Therefore, we obtain that

AGE = VN AVLEGE 4+ ViF AVErEBS
+ RE(@) +o((r])")
ADF = —2VENE AVIE — 2V A V5B — 2%%2;‘ AV4EEE
1
+ RE(D) + o (3(r])?),

o e ey - ~ _ . 1 -
div (Vii® — 3 (Vi - 7°)t°) = —=V-NF A Vi — V5 AV—H]
1

+3 (dw ((véﬁi : (DE)> n) + div ((V:{Hi -Nf) (R —Nf)))

+R(1) + o((r)?),

(5.7.106)
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where

R (@) = =€ (r]) Birjimn (p°) (@5 + ¢1)™ (@ + ¢1)"(V(@%)', V(@7))

5 (r) Ve |?
12

5 (r) 1|V |?
6

te Ricma, j(p°) (@5 + )™ (@ + ¢1)" (@5 + ]/ &°

&
=M
+
()
—'m
3
&
=
+
%)
—'m

+e€ Rijmk,n(D%)(

r ilymn\P O‘}1 + Cl

)* (Bitjmn (p°)(&
)t ( itjmn (P°)(@F + 7)™
)* (Bitjmn (p°)(&

wl +cl

Q)
—~ /—\
=3
o =o =m
\_/ \_/ \_/

iljmn (D
0D
RE(5) = 26%(75) Bitgoun (0°) @5 + €)™ (35 + )™ (V(@)', V(@)

D VO iy, 5 (5@ + 5™ @5 + )7 (@ + 5
OV e 0°) @ + 66)™ (@5 + )5+ D (@)

1) V&2 Bikjmn (p°) (@7 + €)™ (@5 + ¢1)" (@°)" (@°)

(
RE (i) = 26°(r])* Bingjmn (p°) (@5 + ¢1)™ (@5 + ¢1)"(V(@%)", V(@7)7)
_ aDIverP?
12
ré 2 e 2 . .
a Engv'Rz‘jmk n(PO)(@] + 7)™ (@ + 7)™ (@F + ¢1) (@°)°
)2 IV&Z | Bijmn (p°) (@] + ¢1)™ (@] + )" (@°) (@)
)2 Bikjmn (p°) (6™ (@F + 7)™ + 8"(@F + ¢f)™) (@) (V(@°), V(@°))
)?

Rzgml,n(pe)((bi + c‘i)m(oﬁf + ci)n(&;’i + ci)j ("De)l<d}i)laji

Ricn, j (p°) (@ + ¢§)™ (@F + )" (@] + cf ) °

—e2(rf
+&3(rf
_ 3 (1

T

3(7‘?)2 £\ ([ ~\E e\m ([ ~€ E\N (~E eNJ ( e\ ~eNi e
D) Rijmi, n(p)(@F + 7)™ (@F + )™ (@F + cf) (@) (@) @y
= 56%(r§)? (Bitjmn (p°) (@ + ¢1)™ (@] + €)™ (@°)" (w)! ) &%
= 56%(r])? (Bitjmn (0) (@ + ¢1)™ (@ + ¢])"(&°)"(@)"(@;)7) @5
+ A%

+o(2(r])?).

(5.7.107)

Dividing respectively the equations in (5.7.106) by €3(r§)?, €3(r§)3 and £3(r§)? , thanks to (5.7.107)
and standard elliptic theory, we get that, up to a subsequence, V (53 (“Z; ;)4 ), \Y <6 (”; }) ) and V (53 G )
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respectively converge to Vi, Vv and Vn in CP _(R?) for some ¢, v,n € C?(R?) satisfying

A+ VwAVYe = Vo AVEY = —Bigjmn (p)(w + ¢)™(w + ¢)"(Vw', Vi)
[Vw|?

12
Vel®

+ T Rijmk, n(p)(w + &)™ (w + ¢)"(w + )’ (5.7.108)

+ Ricpn, j(p)(w+¢)™(w+ )" (w+ c)jw

) )(
+ (le]mn( Yw+ )™ (w+ c)”(w)i(w)l(wy)j) Wy
- (lejmn( Jw+ )" (w+ C)n(w)z<

Av —2Vw AV —2Vw A Vg 4+ 2Vw A Vi
= QBikjmn(p) (W + C)m(w + c)”(Vwi, ij>
2
- |V1<;| Ricyn, j(p)(w + )™ (w + ¢)"(w + c)w
(5.7.109)

V|2 ,
- 605J| Rijimk,n(p)(w + )™ (w + )" (w + c)'w’

— [Vl Bitjmn (p) (@ + )™ (w + €)™ (w)" (w)’
+ Bikjmn(p)(dml (wH+o)™ + ot (w4 ¢)™) (W) (Ve le> and

div(Vn—3(Vw-v+Vn- -w)w)
+Vw AV + Vw A VY = 2B jmn(p) (W + ¢)™(w + )" (Vw', Vw?)
[Vwl]?
12
[Vwl]?
6
— [Vw|? Biggmn (p) (@ + )™ (w + €)™ (w)* ()
+ Bikjmn (p) (0™ (w + )" + 6" (w + )™ (w)i<w’ , V')
!

)(w+)™

Ricyn, j(p)(w +¢)™(w +¢)"(w+ ) w

Rijmk,n(p) (@ + 0)™ (w + )" (w + ¢)w*

(5.7.110)

zyml n n(w + C)J w

(p
2 zjml n(p w c)™

l

m n

)
(w (w+e) (
Jw+ )" (w+ )" (w+ ) (w

=5 (Bitjmn (p) (@ + )™ (w + )" ()" (w)'(
(P)(w + )™ (w +¢)"( (w

( iljmn\P
+ Aw,

)
c w)’ (w)l

where w = lim._,¢ @}, ¢ = lim._,g ¢f and A* — Ain C’ZOOC(Rg) for some scalar function A. In addition,
since we have h°(®°)(n°,7°) = 1, thanks to Lemma 6.5.1, we also get that

Vw-v+Vv -w= % (Rijmk,n(P) + Rijmi,n(p)) (w+c)™(w+c)"(w + c)’ (w)"(Vw)*
1

+ o5 (Rikmj,n (D) + Rimkj n(p) + Rinmj, (1)) (0 + €)™ (w + )" (@) ()’ (V).
(5.7.111)
Multiplying (5.7.108) by —2, (5.7.109) by 1 and (5.7.110) by —1 and summing them up, together
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with (5.7.111), we get that

-2 (A(p +2Vw A Vl‘ga)
+ (Av — Vw A V*v = 3div(m, (V)
— (An—VwA Vin - 3div(m,(Vn)))
= 2Biijmn(p)(w + )™ (w + c)"(Vw', V)

Bl Rt )+ 07 0+

+ 5 Rigmt n(p) @+ @+ 0"+ 0 ()} ()

+ %Rijml,n(p)(w +e)"(w+e)"(w+ C)j(w)l(wy)iwy

o (5.7.112)
(Rijmi,n(P) + Rijmi,n(p)) (@ + €)™ (w + )" (w + ¢} (w)' (wa) wer

(Rijmt, n(p) + Rijmi,n(p)) (@ + €)™ (w + )" (w + ¢)’ (w)" (wy)'wy
(Ritmj, n(P) + Rimij,n(D) + Rinmj,1(p)) (@ + €)™ (W + )" ()" (W) (ws)'ws

1
4
1
4
1
4
411 (Ritmj.n(P) + Rimij,n(D) + Rinmj,1(p)) (w + )™ (w + )" (w)" (w) (wy) wy
+ 3 (Bitjmn (p) (@ + )" (w + )" (w)" (W) (wa)?) wa
+3(B

1lgmn ) w + C) (w + C)n(w)i(w)l(wy)j) Wy
+ Aw

for some scalar function A’, where 7,,(Vv) := (Vv - w)w and 7, (Vn) := (Vn - w)w. Note that we also
know, thanks to Proposition 5.7.10 and Lemma 5.7.12 that,

(IVel + Vvl +|Vn)) (2) = O (|| /%) and
(1] + w1 + Inl) () = o(la]) as || > +oo.

(5.7.113)

For all ¢ = 1,2, 3, we denote Z? by Z! = w,, Z? = w, and Z3 = zw, + yw,. Notice that we have

AZ942Vw AV+Z9 =0,
Vw AVEZ? + div(n,(VZ9)) =0

Multiplying (5.7.112) by Z9, and integrating by parts on R?, thanks to the fact that integrals containing
an odd number of coordinates of w vanish and the fact that

(Vw', V) =

2
|V;L)| (51] J) ,
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By direct computations, we obtain that, for ¢ = 1,2, 3,

0 :/ 25 (AZ9 4 2V A V- 29)
R2
v (AZ? — Vw A V29 - 3div(m,(VZ7)))
—n- (AZ? = Vw AV Z - 3div(7,(VZ7))) dx
2
= / (2Bikjmn (P)w™w™ (5” - wiwj) (Zq)k)@dx
R2

+ Z / (2Bikjmn(p) ((5” — wiw-j) (Z9)k

_ 2
3
1 o
- 7 (Rikmj,n(p) + Rzmkg,n(p) + Rinmj, k(p)) w'w? (Zq)k

4
2
+ 3B (209 Ve

= /RZ)(QBikjmn(p)wmw" (6” — wiwj) (Z9)k)—

(5.7.114)

(Rijmk, n (D) + Rimji, n(p) + Rinmn, j(p))w'w? (Z9)*

2
|Vw| iz,

where the integrability on R? and validity of integration by parts are insured by (5.7.113) and by the
fact that

(lZQ|+VZQ|><z)—o< >forallq—1,2,3.

1
1422
With help of stereographic projection and the following identities on the sphere:
m, n 4m mn m, n k dr mn Sqk mq snk mk gn
y"y"dog, = —0™" and X Yy ylytdog, = — (8™ 4§ 4 g™,
2 3 15
together with symmetries of Riemannian curvature tensor, from (5.7.114) we get, forall ¢ = 1,2, 3,
/ Bikjmn(p)wmw”(éij - wiwj)(éqk — wqwk)dago =0,
SQ

which gives
Ric,,;"(p) = 0. (5.7.115)

It is natural that (5.7.115) is independent of ¢, since our choice on system of coordinates is arbitrary.
Finally, thanks to Bianchi’s second identity, (5.7.115) implies

VSecal(p) = 0.

Hence, we complete the proof of the main Theorem 5.2.3.
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Chapter 6

Appendix

6.1 Reformulation of Willmore equation

In this section, we briefly explain how we obtain the reformulation of the third equation of the Will-
more system (5.3.5) from (5.3.4):
The left hand side of the third equation in (5.3.4) can be rewritten as

D* [Dﬁ — 3na(DH) — % (ﬁ A DLﬁ)} — D*DH — 3D* (h(DHL ﬁ)ﬁ) - (Dﬁ A DLﬁ)
) ) (6.1.1)
— D*DH — 3D* (VH7i) — %, (DH A DLﬁ) .
Here we use the fact that .
DH = VHfi + HD#,
hDH,7) = VHii

since h(i, ) = 1, h(Df, i) = 0, and that D commute with the Hodge operator ;, and DD = 0.
In normal coordinates, we can write that

Dii = Vii + T;(®) ()7 (VD)
DH = VH +T;(®)(H)’ (V)
D*DH = AH + 2T;;(®)(VH) (V®)? + T;;(®)(H)' (AD) (6.1.3)
+0,T;(®)(H)'(VE)’ (V)" and
. (Dﬁ A DLﬁ)k = V]R|(h~ 1Y% (@) (Dﬁ A DLﬁ)
Moreover, thanks to (6.1.2) and (6.1.3), we have that
D* (VHii) = AH# + VH e Dii
— AHi+VHeVi+VHe (fij(cp)(ﬁ)i(wp)i)

6.1.2)

%

— div (VHRA) + VH e (fij@)(ﬁ)i(wy (6.14)
= div (h (Dﬁﬁ) ﬁ) +VHe ( ®)(7)/(V )j) .
Again thanks to (6.1.3), we also get that
div (h (Dﬁ, ﬁ) ﬁ) — div (((vﬁ) : ﬁ)ﬁ) + div ( (@)(vﬁ)i(ﬁ)jﬁ) 615
+div ([has(@) (T3 (@) (H) (Vo)) ()°] 7)
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Combining (6.1.1), (6.1.3), (6.1.4) and (6.1.5), we obtain the third equation of the system (5.3.5) in
normal coordinates.
6.2 Green’s representation formula

Let G be a two-variable function on R? x R? defined as
1
G(z,y) =G(lz —y|) = Py In |z —y| forall x # y.
™
It is well-known that G is the fundamental solution of the Laplacian on the plane, namely that, for
every fixed z,

AyG(z,y) = 0.

Lemma 6.2.1. Let v, f € C?(R?) be two maps such that Vi) € L= (R?), f = O <i> and

|]?

Ay = f.
Then, we have
Vi(z) = / V,G(z,y) f(y)dy forall x € R?. (6.2.1)
R2
In particular, if f(x) = ——, then, by straightforward computations, we have that
p T+ Y straig p
[Vi(z)] < Cw, for some C' > 0. (6.2.2)

Proof of Lemma 6.2.1: Let z € R? and R > 0 be such that z € B(0). Applying the Green’s representa-
tion formula to the equation and integrating by parts, we obtain that

V() = / G (,9) VI (y)dy + / 0,G n(x,y)Vib(2)dl
BRr(0) 9OBRr(0)

(6.2.3)
—- | VGrea)f@dy+ [ Gl [ 0,Ga(eg) Vo),
Br(0) 0BRr(0) 9BR(0)
where v is the outter normal vector of 9B (0) and Gg(z,y) is defined by
|| R%zx .
ny|)G<y ifx #0
Galr.y) = R TP .
G(lyl) — G(R) ifr=0
Using the fact that, for « fixed, we have that
1
VGr(z.0) = O 1) Ga o) = Oyl as ly] - o0
and that
1
V(0,Ggr(z,y)) =0 (R?> fory € 9B (0) and as R — +o0,
we obtain (6.2.1) by taking the limit of (6.2.3) as R — +o0.
O
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Lemma 6.2.2. Let o € C°°(R2) with |V(y)| < (1+ |y|) ™2 and |[V2e(y)| < (1+|y|)~>. Then we have

that

1 14yl
1+IV:E§—/ Ap(y)|dy.
(1412 Vo) < 5= [ 201800)

Proof. Let z € R2. For every R > |z|, we have
pla) = / Gz, y)Ap(y) dy
Do(R)
+ / G(z,y)0ye(y) dy
oDo (R)

+/a Mw(y) dy.

Do (R) lz — y[2|y]
Therefore, we have

1 Yy—x

V(x) Ap(y) dy

= 5= 2
27 Jpy(R) ly — |
1 y—x

— ——0,p(y) dy
21 Jomo(r) |y — 7|

i/ (R* = |z[*) y+ 2 ((z,y) = R*) =
27 Do (R) R\CU - y|4

Thanks to the decreasing condition on ¢ and (6.2.6), as R — +o00, we get

Vo(a) = - / Y% Np(y) dy.

T on R |y — ]
Notice that again thanks to the decreasing condition, one can write
Ap(y) dy = 0.
R2

Therefore, for every x # 0, we also have

1 Yy— T
= — 4+ —]A dy.

Thanks to (6.2.7) and (6.2.9), we get

1 1
ng—/iAydy
Vo) < 5= [ earlbew)

and

1 |yl
Volx <—/7Ag0 d,Va:;éO.

Multiply (6.2.11) by |z| and sum up with (6.2.10), we obtain that

1 1+ |y
1—|—xVx§—/ A dy.
A+ Ve@) < - [ Ay
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(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

(6.2.8)

(6.2.9)

(6.2.10)

(6.2.11)

(6.2.12)
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6.3 Lorentz-Wente type inequality

Here we recall the notion of Lorentz spaces, which can be seen as interpolation spaces between L”
spaces, and some general estimates developed in Tartar [131].

Definition 6.3.1. Let Q be an open subset in a measured space (X, 1), 1 <p < +ooand 1 < g < 4o0. Then
the Lorentz space LP9(Q2) is defined as the space of measurable fonctions f on Q such that, when ¢ < 400,

1

|ﬂm¢:pé(4+wﬂ-wuqu:>ﬂ»2m)q<+m

and when g = 400,
I £ll+o0 = sup ¢ (u({If] = #}))7 < +oc.

Remark 6.3.2. Notice that for p > 1, we have that
IP = [P

and that
LP9 C LP" whenever 1 < ¢ < r < 4oo.

Lemma 6.3.3 (Theorem 3.3.6., Hélein [69]). Let ¢ be solution of
Dy =f € LM(Z).

Then, Vy¢ € L*°°(3) and
[VgollL2+00(2) < Cllfllrs)- (6.3.1)

where C' > 0 only depends on X.

Lemma 6.3.4 (see Wente [135]). Let a,b € W2(D) and ¢ be solution of

A¢p=V+a- VbonD
¢ @ voon 6.3.2)
¢ = 0on JID.
Then ¢ € C°(D) N W12(D) and there exists C' > 0 such that
[&ll 2oy + IVOll2m) < ClIVallL2m) IVl L2(m).- (6.3.3)

Lemma 6.3.5 (Neumann boundary condition version of Wente’s lemma, see Lemma 3.1.2 in Hélein
[69] and Lemma A.6 in Riviere [121]). Let a,b € WhY(D) such that Va € L*>*>°(D) and Vb € L*' (D).
Let ¢ be solution of

Ap=Va-V+ibonD

(6.3.4)
@ = 0 on ID.
ov
Then we have
||V¢||L2,+oo(]1)) < C||Va||L2,+oo(D) ||Vb||L2.1(D) (6.3.5)

for some C' > 0.
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Lemma 6.3.6 (Theorem 3., Ge [64]). Let (X, g) be a smooth compact surface. Assume that a,b € W11(%)
such that Va € L*P() and Vb € L*(X) for p > 1, q > 1such that & + o = © < 1. Let ¢ be solution of

Agp=Vya-4Vgbon¥.
Then we have V¢ € L*"(X) and
HquHLz,r(g) S C(Z,p, q)||VaHL2,p(g) ||Vb||L2,q(§;) (6.3.6)

Remark 6.3.7. The inequality (6.3.6) still remains true for ¥ = 2 a bounded domain of R2, provided
that
¢ = 0 on 0.

Lemma 6.3.8 (Lemma A.2., Bethuel-Brezis-Hélein [22]). Let Q = R? or be a bounded domain of R>.
Assume 1) satisfies

Ay = fon )
{ Y=00mQ (6.3.7)
Then,
IVY[I2 < Cllfllooll®]loos (6.3.8)

where C is a constant depending only on Q.

Also, notice that the L?T>°-norm of the derivative of the Green function (seen as map on y € R?)
is uniformly bounded, namely, we have that, for every x € RZ,

HVUG(xa y) ||L2=+00(R2) < C,

where C > 0 is a constant independent of .

6.4 Global solutions for the linearized Willmore system

In this section, we establish and solve the linearized Willmore system around a sphere: ® = rw + ¢,
fi=—-G+vand H = —%GJ + 1, where w is defined in (5.4.1), Remark 5.4.2.

First, we can derive the relations between the components of derivatives of ¢ under the orthogonal
basis (g, Wy, w).

Lemma 6.4.1. Let o € H*(R? R?) satisfy the conformal condition with respect to the sphere rw:

x ° " + Aa: . =0
Yo ly T e Py =" 6.4.1)
Pz Wy — Py -y =0
Then, there exist a, b, c,d € H*(R?,R) such that
Pz = AWy + by + cw
oy = —bwy + awy, + dw.
Moreover, we have
ay = —by +d
az =by +c (6.4.2)
¢y = |Va*b+ d,
and in particular,
Ab = —|Vw|*b
(6.4.3)
Aa = ¢z + dy.
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Proof. The existence of (a,b, c,d) directly stems from (6.4.1). By using the fact that ¢,, = ¢,,, we
obtain (6.4.2). O

With help of conformal parametrization, we can now classify the solutions of the linearized Will-
more system.

Proposition 6.4.2. Let p,v,n € H*(R? R3) satisfy the linearized Willmore system:
Ap=—-VuAVio+rVvAVie

Av=—-2Vtw AV + 2%Vw AVEp —2rVn AVEw

(6.4.4)
1 1
Anp = 3dz’v(<—TVw v—Vn- w) (—w)) + VIw Ay + ;Vly A Vw
where r > 0 and 5
V= W(aw/\@y_F(Pw /\@y"i'(@w'(pw +@y30y)a})
. . 6.4.5
pe 28 | A Gat oy &), o
r2|Vw|? r2|Vw|? ’
Assume o verifies (6.3.7). Then using the same notation as in Lemma 6.4.1, we have
Aa = —|Vw|?a.
Proof. SetY = gz (Aa + |V[*a). The second identity in (6.4.5) gives that
1 .
n= ;(I/ +Yw). (6.4.6)

Next we multiply the third equation in (6.4.4) by r, using (6.4.6) and the fact that V& - v+ Vv - w =0,
we get that
Av + A(YQ) = 3div((VY)@) +2VEO AV + VEO A V(Yw). (6.4.7)

Combined with the second equation in (6.4.4), we obtain that
2
A(Y®) = 3div(VY)@) — 2Vr A VG — ~Vw A Vo 4+ V(YO) A VG, (6.4.8)
A straightforward computation shows that
YA® = (AY)® — |V’ Yo, (6.4.9)

which implies
AY = 0onR?,

and hence, Y = 0 since p € H?(R?,R3). O

The following proposition shows that under proper initial conditions on ¢, there exist only trivial
solutions for the linearized Willmore system.

Proposition 6.4.3. Let p,v,n € C(R? R3) N H?(R? R?) be as in Proposition 6.4.2 complemented with
initial conditions Vp(0) = 0 and (V2p, Vw)(0) = 0. Then we get

Vo=0andv =n=0.
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Proof. Thanks to Proposition 6.4.2, using the same notation as in Lemma 6.4.1, we have that
Aa = —|Vw|?a and Ab = —|Vw]|?b.

_1

T We have that

Moreover, thanks to Lemma 6.2.1, since |Vw(z)| < C
In(2 + |x|)
1+ |z

which, together with the initial conditions on ¢, leads to
a(0) = b(0) =0,
Va(0) = Vb(0) = 0 and ) (6.4.10)
lal + ] = O (1 + Jo*/?)

Ve()l < C

)

Since ¢ € H?(R? R?), a and b can be extended as maps in H'(S?) satisfying
A§2a = 72&, Agzb = —2b.

Hence, a and b can be written as linear combinations of the first eigenvectors of Ag:. Then, together
with (6.4.10), (see Lemma C.1 of [83] for more details), we get that

a=b=0,
which proves Proposition 6.4.3. O

For convenience reasons, we usually replace v by rv and 7 by 7?1, so we can omit the radius
r. In order to simplify the notations, for every given triplet (¢, v,7) satisfying (6.4.5), we denote by
L., (¢, v,n) the linearized Willmore operator (6.4.4) with respect to w.

Ap+ VoAV — Vv AVED
Lo(0,v,n) = Av+2VEOA VY —2VO A Vi 4+ 2Vn AVED .
An + 3div(Vo - v+ V- @) (=@)) = VEO AV — VI A VG

6.5 Taylor expansion of the metric

The following lemma is a simple consequence of the expansion of the metric under a normal coordi-
nates centered at p € M, see [126].
Lemma 6.5.1.
62 o, m 53 J,m, n 3
(he)ik = 0i + gRijmk(p)y y"+ gRijmk,n(p)y y"y" +o(e”)
2 3

€ - m, n € . m, n, j :
Ve =1~ ngcmn(p)y y" - Emen,jy vy + 0(53)
. 2 , 23 , , (6.5.1)
(%) (y) = bix — o Rijme @)V Y™ — = Rijmr.n(0)y’y™y" + 0(”)

3 6
(Fg)fj (y) = €2Aikj'rn(p)ym + 53Bik:jmn(p)ymyn + 0(53)
(Fs)fj, 1Y) = 52Aikjl(p) + 5SB¢kjmn(P)(5mlyn +6"y™) + o(e®),

where (h®)™* is the inverse matrix of (he )y, and

Airjm(p) = % (Rjmir(p) + Rimjr(p))

1

Bikjmn(p) = E (2ijik,n (p) + ZRimjk,n (P) + ijnk,i(p) + Rimnk’,j (p) - Rimnj,k(p)) .
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Résumé : La premiere partie de cette these est consacrée a 1’étude théorique et numérique de ’approxi-
mation par méthode de champ de phase de deux flots géométriques, le flot de courbure moyenne et le
flot de Willmore. L’analyse d’'un modele particulier d’approximation du flot de Willmore nous ameéne a
proposer un nouveau terme de réaction qui charge les singularités du champ normal associé a une forme
en évolution. On en déduit un nouveau modele d’approximation du flot de courbure moyenne qui empéche
les changements de topologie. Ce modele est en particulier bien adapté a 'approximation numérique de
solutions en 3D du probleme de Steiner et du probleme de Plateau.

Dans la deuxieme partie de la these, on étudie le comportement asymptotique de petites spheres de
Willmore plongées dans une variété riemannienne de dimension 3. En utilisant la formulation de I’équation
de Willmore donnée par Riviere en un systeme triple d’EDPs elliptiques, on montre que, dans le cas ou
seules deux spheres apparaissent dans la décomposition asymptotique, les petites spheres de Willmore se
concentrent nécessairement en un point critique de la courbure scalaire de la variété ambiante.

Mots clés : Approximation par méthode de champ de phase, Flots géométriques, Contraintes topolo-
giques, Energie de Willmore, Phénomenes de concentration, Analyse non linéaire.

Questions of approximation and compactness for some geometric variatio-
nal problems

Abstract : The first part of this thesis is devoted to the theoretical and numerical study of the phase field
approximation of two geometric flows, the mean curvature flow and the Willmore flow. The analysis of a
particular model of approximation of the Willmore flow leads us to propose a new reaction term which
charges the singularities of the normal field associated to an evolving shape. We derive a new model of
approximation of the mean curvature flow which prevents topology changes. This model is in particular
well adapted to the numerical approximation of 3D solutions of the Steiner problem and the Plateau
problem.

In the second part of the thesis, we study the asymptotic behavior of small embedded Willmore spheres
in a Riemannian manifold of dimension 3. Using the formulation of Willmore equation derived by Riviere
in terms of a triple system of elliptic PDEs, we show that, in the case where only two spheres appear
in the asymptotic decomposition, small embedded Willmore spheres necessarily concentrate at a critical
point of the scalar curvature of the ambient manifold.

Keywords : Phase-field approximation, Geometric flows, Topological constraints, Willmore energy,
Concentration phenomena, Nonlinear Analysis.
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