♦✉••✐ ✈❛r✐❛❜•❡s✳ ❋♦r n ≥ 1 ❛♥❞ ❛ s❛♠♣•❡ (x 1 , ..., x n ) ∈ {0, 1} n ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❛ ♣♦st❡r✐♦r✐ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ♣❛r❛♠❡t❡r ❜② ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡ ❡✈❡♥t {X 1 = x 1 , ..., X n = x n }✿ •❡t ✉s ❞❡✜♥❡ s n = n i=1 x i ✱ t❤❡♥ ❢♦r ❛•• A ∈ σ (X k ) k≥n+1 ✱ P a,b A|X 1 = x 1 , ..., X n = x n = P ⊗N p [A] p sn (1 -p) n-sn μ a,b (dp) P a,b [X 1 = x 1 , ..., X n = x n ] = n i=1 (a + b + i -1) sn j=1 (a + j -1)
n-sn k=1 (b + k -1) 

P ⊗N p [A] 1 [0,1] (p) ❇(
❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ ❢❡✇ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s✳ ▲❡t G =(V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ♥♦♥✲❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❋♦r i, j ∈ V ✱ ✇❡ ✇r✐t❡ i ∼ j ✐❢ i ❛♥❞ j ❛r❡ ♥❡✐❣❤❜♦rs✱ ✐✳❡✳ ✐❢ {i, j}∈E✳ ❲❡ ✇✐•• ♦♥•② ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ♥❡❛r❡st✲ ♥❡✐❣❤❜♦r ♣r♦❝❡ss❡s ♦♥ G✱ ✐✳❡✳ r❛♥❞♦♠ s❡q✉❡♥❝❡s (Y n ) n∈N ∈ V N s✉❝❤ t❤❛t ❢♦r ❛•• n ∈ N✱ P[Y n ∼ Y n+1 ]=1✳ ❲❡ ❞❡♥♦t❡ ❜② (X n ) n≥0 t❤❡ ❝❛♥♦♥✐❝❛• ♣r♦❝❡ss ✐♥ V N ✳ ▲❡t ✉s ❡♥❞♦✇ t❤❡ ❡❞❣❡s ♦❢ G ✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts (a e ) e∈E ✳ ❋♦r ❛•• i, j ∈ V ✱ ✇❡ ❞❡♥♦t❡ a i,j = a {i,j} ✐❢ {i, j}∈E✱ ❛♥❞ a i,j =0♦t❤❡r✇✐s❡✳ ▲❡t ♥♦✇ P SRW(a) i0 ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✐♠♣•❡ r❛♥❞♦♠ ✇❛•❦ ♦♥ (G,a) st❛rt❡❞ ❛t i 0 ✱ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ P SRW(a) i0 [X 0 = i 0 ]=1✱ ❛♥❞ ❢♦r ❛•• n ∈ N ❛♥❞ i ∈ V ✱ P SRW(a) i0 [X n+1 = i|X 0 , ...X n ]=
a Xn,i j∼Xn a Xn,j

. ❚❤❡♥ ❢♦r i 0 ∈ V ✱ t❤❡ ❊||❲ ♦♥ (G,a) st❛rt❡❞ ❛t i 0 ✐s t❤❡ ♣r♦❝❡ss ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P ERRW (a,i0) ✱ ✇❤❡r❡✿ P ERRW (a,i0) 

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s✐♠♣•❡ r❛♥❞♦♠ ✇❛•❦ ♦♥ (G,a) ✐s ❛ r❡✈❡rs✐❜•❡ ▼❛r❦♦✈ ❝❤❛✐♥✱ ✐♥ ✇❤✐❝❤ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐•✐t② ❢r♦♠ ❛♥② ✈❡rt❡① t♦ ♦♥❡ ♦❢ ✐ts ♥❡✐❣❤❜♦rs ✐s ♣r♦♣♦rt✐♦♥❛• t♦ t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❞❣❡✳ ❚❤❡ ✇❡✐❣❤ts (a e ) e∈E ❛r❡ ❛•s♦ r❡❢❡rr❡❞ t♦ ❛s ✧❝♦♥❞✉❝t❛♥❝❡s✧✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ ❛ ❢♦r♠❛•✐s♠ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ✐❞❡♥t✐❢②✐♥❣ ✇❡✐❣❤t❡❞ ❣r❛♣❤s ✇✐t❤ ❡•❡❝tr✐❝❛• ♥❡t✇♦r❦s✱ ❛♥❞ ❢♦r♠✉•❛t✐♥❣ ♣r♦❜❛❜✐•✐st✐❝ ♣r♦❜•❡♠s r❡❣❛r❞✐♥❣ r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s✱ ✉s✐♥❣ t❤❡ •❛♥❣✉❛❣❡ ♦❢ ❝✉rr❡♥ts✱ ♣♦t❡♥t✐❛•s✱ ❛♥❞ ❡♥❡r❣②✳ ❙❡❡ ❬▲P✶✼( ❢♦
❋♦r L ∈ N ❛♥❞ σ =(σ 0 ,σ 1 , ..., σ L ) ∈ V L+1 ✱ ✇❡ ✇✐•• s❛② t❤❛t σ ✐s ❛ ♣❛t❤ ✐♥ G ✐❢ ❢♦r ❛•• 0 ≤ k ≤ L -1✱ t❤❡ s✉❝❝❡ss✐✈❡ ✈❡rt✐❝❡s σ k ❛♥❞ σ k+1 ❛r❡ ♥❡✐❣❤❜♦rs ✐♥ G✳ ❲❡ ❞❡♥♦t❡ ❜② |σ| = L t❤❡ •❡♥❣t❤ ♦❢ σ✳ ❋✐♥❛••②✱ ❢♦r ❛♥② ♣❛t❤ σ ❛♥❞ ❢♦r ❛•• e ∈ E✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥✉♠❜❡r N c e (σ) ♦❢ ♥♦♥✲❞✐r❡❝t❡❞ ❝r♦ss✐♥❣s ♦❢ e ❜② σ✿ N c e (σ)= |σ|-1 k=0 1 {σ k ,σ k+1 }=e . ▲❡t ✉s t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉✐✈❛•❡♥❝❡ ❜❡t✇❡❡♥ ♣❛t❤s✿ ✐❢ σ ❛♥❞ τ ❛r❡ t✇♦ ♣❛t❤s ✐♥ G✱ ✇❡ ❤❛✈❡ σ ∼ pe τ ✐❢ ❛♥❞ ♦♥•② ✐❢ σ 0 = τ 0 ❛♥❞ ❢♦r ❛•• e ∈ E✱ N c e (σ)=N c e (τ )✳ ◆♦t❡ t❤❛t ✐❢ σ ∼ pe τ ✱ ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r✐•② |σ| = |τ | = L✱ ❛♥❞ σ L = τ L ✳ ❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ♣❛rt✐❛• ❡①❝❤❛♥❣❡❛❜✐•✐t②✳ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✳ ▲❡t (Y n ) n∈N ❜❡ ❛ ♥❡❛r❡st✲♥❡✐❣❤❜♦r r❛♥❞♦♠ ♣r♦❝❡ss ♦♥ G✳ ❚❤❡♥ Y ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡✲ ❛❜•❡ ✐♥ ❛ r❡✈❡rs✐❜•❡ s❡♥s❡ ✐❢✱ ❢♦r ❛•• ♣❛t❤s σ, τ ✐♥ G s✉❝❤ t❤❛t σ ∼ pe τ ✱
[X 0 = i 0 ]=1❛♥❞ ❢♦r ❛•• n ∈ N ❛♥❞ i ∈ V ✱ P ERRW (a,i0) [X n+1 = i|X 0 , ...X n ]= A n ({X n ,i}) j∼Xn A n ({X n ,j})
. (a,i0) [A]= P

❆s
❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t G ✐s ✜♥✐t❡✱ ❛♥❞ ✜① (a e ) e∈E ∈ (R * + ) E ❛♥❞ i 0 ∈ V ✳ ❯s✐♥❣ t❤❡ ❇♦r❡•✲❈❛♥t❡••✐ •❡♠♠❛✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❊||❲ ♦♥ (G,a) st❛rt❡❞ ❛t i 0 ❛•♠♦st s✉r❡•② ❣♦❡s ❜❛❝❦ ❛♥ ✐♥✜♥✐t❡ ❛♠♦✉♥t ♦❢ t✐♠❡s t♦ i 0 ✳ ❚❤❡r❡❢♦r❡ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✶✳✷✱ ✐t ✐s ❛ ♠✐①t✉r❡ ♦❢ r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s✳ ❚❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ✐s ❞❡✜♥❡❞ ❜② ❛ ❞✐str✐❜✉t✐♦♥ M a,i0 ♦♥ t❤❡ s❡t ♦❢ ❝♦♥❞✉❝t❛♥❝❡s A e0 E ✱ ✇❤❡r❡ e 0 ✐s ❛ ✜①❡❞ ❡❞❣❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❛♥② (X n ) n∈N ✲♠❡❛s✉r❛❜•❡ ❡✈❡♥t A✱ P ERRW

SRW(α) i0

[A] M a,i0 (dα).

❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ M a,i0 ✇❛s ❝♦♠♣✉t❡❞ ❜② ❉✐❛❝♦♥✐s ❛♥❞ ❈♦♣♣❡rs♠✐t❤ ✐♥ ❬❈❉✽✼(✱ ❛♥❞ ✐s t❤❡ ♦❜•❡❝t ♦❢ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✳ ❋♦r ❡❞❣❡ ✇❡✐❣❤ts (y e ) e∈E ∈ (R * + ) E ✱ ✇❡ ❞❡♥♦t❡ y i = j∼i y i,j ✳ ❚❤❡♦r❡♠ ✶✳✶✳✸✳ ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ •❡t i 0 ∈ V ❛♥❞ e 0 ∈ E ❜❡ ✜①❡❞✳ ▼♦r❡♦✈❡r✱

•❡t (a e ) e∈E ∈ (R * + ) E ❜❡ ✐♥✐t✐❛• ✇❡✐❣❤ts ♦♥ t❤❡ ❣r❛♣❤✳ ❚❤❡♥ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ M a,i0 ♦❢ t❤❡ ❊||❲ ♦♥ (G,a) st❛rt❡❞ ❛t i 0 ❤❛s t❤❡ ❢♦ 

••♦✇✐♥❣ ❞❡♥s✐t②✿ ▲❡t (X t ) t≥0 ❜❡ t❤❡ ❝❛♥♦♥✐❝❛• ♣r♦❝❡ss ♦♥ t❤❡ s♣❛❝❡ C r (R + ,V) ♦❢ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s R + → V ✳❲ ❡ ❞❡♥♦t❡ ❜② (F X t ) t≥0 t❤❡ ✜•tr❛t✐♦♥ ♦❢ t❤❡ ♣❛st ♦❢ X✱ ✐✳❡✳ ❢♦r ❛•• t ≥ 0✱ F X t = σ(X s , 0 ≤ s ≤ t)✳ ▲❡t r =( r i,j ) i∼j ❜❡ ❛ ❢❛♠✐•② ♦❢ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts ♦♥ ❞✐r❡❝t❡❞ ❡❞❣❡s ♦❢ G✱ ✐✳❡✳ ✇❡ ❛••♦✇ r i,j = r j,i ❢♦r {i, j}∈E✳❋ ♦ ri ∼ j✱ ✇❡ ❛•s♦ ❞❡✜♥❡ r i,j = r j,i =0✳ ▲❡t ✉s ✜① ❛ st❛rt✐♥❣ ♣♦✐♥t i 0 ∈ V ✳ ❚❤❡♥ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ♦♥ G ✇✐t❤ •✉♠♣ r❛t❡s r✱ st❛rt❡❞ ❛t i 0 ✱ ✐s ❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s V ✲✈❛•✉❡❞ r❛♥❞♦♠ ♣r♦❝❡ss ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P MJP(r) i0 ✱ ✇❤❡r❡✿ P MJP(r) i0 [X 0 = i 0 ]=1✱ ❛♥❞ ❢♦r t ≥ 0 ❛♥❞ j ∈ V ✱ P MJP(r) i0 [X t+dt = j|F X t ]=r Xt,j dt + o(dt). ✭✶✳✶✮ ❆ ♠♦r❡ r✐❣♦r♦✉s ✇❛② t♦ ❞❡✜♥❡ t❤✐s •✉♠♣ ♣r♦❝❡ss ✐s t❤r♦✉❣❤ ✐ts ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r L r ✿✐ ❢g : V × R ✐s ❜♦✉♥❞❡❞✱ ❢♦r i ∈ V ✇❡ ❤❛✈❡ L r f (i)= j∼i r i,j f (j) -f (i) .
r i = j∼i r i,j ✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐•✐t② t❤❛t ✐t •✉♠♣s t♦ j ✐s ri,j ri ✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ✇❤✐❝❤ ♥❡✐❣❤❜♦r t♦ •✉♠♣ t♦ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ❛t i✱ ❛♥❞ ❛•• •✉♠♣s ♦❝❝✉r ✐♥❞❡♣❡♥❞❡♥t•② ❢r♦♠ t❤❡ ♣❛st ♦❢ t❤❡ ♣r♦❝❡ss✱ s♦ t❤❛t ✐t ✐s ✐♥ ❢❛❝t ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❲❡ ✇✐•• ❛•s♦ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ s❡•❢✲✐♥t❡r❛❝t✐♥❣ •✉♠♣ ♣r♦❝❡ss❡s✱ ❞❡✜♥❡❞ ❜② •✉♠♣ r❛t❡s ✇❤✐❝❤ ❡✈♦•✈❡ ✇✐t❤ t✐♠❡ ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ tr❛•❡❝t♦r② ♦❢ X✳ ❙✉❝❤ ❛ ♣r♦❝❡ss ✐s ♥♦ •♦♥❣❡r ♠❛r❦♦✈✐❛♥✱ ❜✉t ✇❡ st✐•• ❞❡✜♥❡ ✐t t❤r♦✉❣❤ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ✐ts •✉♠♣ r❛t❡s✱ ❛s ✐♥ ✭✶✳✶✮✳ ▼♦r❡♦✈❡r✱ ♦✉r ❢♦❝✉s ✇✐•• ❜❡ ♦♥ t❤❡ ❱|❏P ❛♥❞ t✐♠❡✲ ❝❤❛♥❣❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❱|❏P✱ ✐♥ ✇❤✐❝❤ t❤❡ •✉♠♣ r❛t❡s ❞❡♣❡♥❞ ♦♥•② ♦♥ t❤❡ •♦❝❛• t✐♠❡s (l X i (t)) i∈V,t≥0 ✱ ✐✳❡✳ t❤❡ t♦t❛• t✐♠❡ t❤❛t X ❤❛s s♣❡♥t ❛t ❡❛❝❤ ✈❡rt❡① i ✉♣ t♦ t❤❡ ✐♥st❛♥t t✿ l X i (t)= t 0 1 Xs=i ds.
▲❡t t❤❡♥ (r i,j ) i∼j ❜❡ ❛ ❢❛♠✐•② ♦❢ ❢✉♥❝t✐♦♥s r i,j :( R + ) V → R * + ✳ ❚❤❡ •✉♠♣ ♣r♦❝❡ss ✇❤✐❝❤✱ ❛t t✐♠❡ t✱ •✉♠♣s ❢r♦♠ i t♦ j ✇✐t❤ r❛t❡ r i,j (l X (t))✱ ✐s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐ts ❞✐str✐❜✉t✐♦♥ P JP(r) s❛t✐s✜❡s P JP(r) [X t+dt = j|F X t ]=r Xt,j (l X (t))dt + o(dt).

✶✳✷✳ ❚❍❊ ❱❊|❚❊❳✲|❊■◆❋❖|❈❊❉ ❏❯▼P P|❖❈❊❙❙ ✶✶ ❚❤✐s ❡①♣r❡ss✐♦♥ ♦❢ P JP(r) ✐s ❝♦♥✈❡♥✐❡♥t ❢♦r ❝♦♠♣✉t❛t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉•❛r t♦ ✐❞❡♥t✐❢② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t✐♠❡✲❝❤❛♥❣❡❞ ✈❡rs✐♦♥s ♦❢ X✳ ❍♦✇❡✈❡r ✐♥ t❤✐s ❝❛s❡✱ t❤❡ •✉♠♣ r❛t❡s ❛r❡ ♥♦t ❝♦♥st❛♥t✱ s♦ t❤❡ ♣r♦❝❡ss ❝❛♥ ♥♦t ❜❡ r✐❣♦r♦✉s•② r❡♣r❡s❡♥t❡❞ ✉s✐♥❣ ❡①♣♦♥❡♥t✐❛• ✈❛r✐❛❜•❡s✳ ❚♦ ❞❡✜♥❡ ✐t ♠♦r❡ ♣r❡❝✐s❡•②✱ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ✉♥❞❡r P JP(r) ✱ X t , (l X j (t)) j∈V t≥0 ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ V × R V + ✳ ■ts ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r L r ✐s t❤❡♥ ❣✐✈❡♥ ❜② L r f (i, l)= j∼i r i,j (l) f (j, l)f (i, l) + ∂ li f (i, l), 

❢♦r i ∈ V ❛♥❞ l =( l j ) j∈V ∈ R V + ✱ ❛♥❞ ❢♦r ❛•• ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s f : V × R V + → R s✉❝❤ t❤❛t f (i, •) ✐s C ∞ ❢♦r i ∈ V ✳ ❋✐♥❛••②✱ ❢♦r s✉❝❤ •✉♠♣ ♣r♦❝❡ss❡s✱ ✐t ✇✐•• ❛•s♦ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ ❛ ❞✐s❝r❡t❡✲t✐♠❡ ✈❡rs✐♦♥✱ ✐✳❡✳ ❛ V ✲✈❛•✉❡❞ r❛♥❞♦♠ ♣r♦❝❡ss ( Xn ) n∈N ✱ r❡❣✐st❡r✐♥❣ ♦♥•② t❤❡ s✉❝❝❡ss✐✈❡ ✈❡rt✐❝❡s ✈✐s✐t❡❞ ❜② X✱ ❛♥❞ ♥♦t t❤❡ t✐♠❡ s♣❡♥t ❛t ❡❛❝❤ ✈❡rt❡①✳ ❲✐t❤ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ♦✉t ♦❢ t❤❡ ✇❛②✱ ✇❡ ❝❛♥ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞❡• ✇❤✐❝❤ ✐s ♦✉r ♠❛✐♥ s✉❜•❡❝t ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ❱|❏P ♠♦❞❡• ❛♥❞ t✇♦ r❡•❡✈❛♥t t✐♠❡ ❝❤❛♥❣❡s ▲❡t (W e ) e∈E ∈ (R * + ) E ❜❡ ❛ ❢❛♠✐•② ♦❢ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts ♦♥ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ G✱ ❛♥❞ •❡t i 0 ∈ V ❜❡ ❛ st❛rt✐♥❣ ✈❡rt❡①✳ ❲❡ ❞❡✜♥❡ t❤❡ ❞✐str✐❜✉t✐♦♥ P VRJP(W,i0) ♦❢ t❤❡ ❱|❏P ♦♥ (G,W) st❛rt❡❞ ❛t i 0 ✱ s✉❝❤ t❤❛t✿ ✉♥❞❡r P VRJP(W,i0) ✱ ✇❡ ❤❛✈❡ X 0 = i 0 ❛•♠♦st s✉r❡•②✱ ❛♥❞ ❢♦r i, j ∈ V ❛♥❞ t ≥ 0✱ X t •✉♠♣s ❢r♦♠ i t♦ j ❛t r❛t❡ W i,j (1 + l X j ( 
→ R + ✱ ❛❞❛♣t❡❞ t♦ t❤❡ ✜•tr❛t✐♦♥ (F X t ) t≥0 ✱ ✇❡ ❞❡✜♥❡ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss XA ❜② XA t = X A -1 (t) ❢♦r t ≥ 0✳ ❲❡ ✇❛♥t ❢♦r t❤❡ •♦❝❛• t✐♠❡s ♦❢ XA t♦ s❛t✐s❢② 1+l X i (t)=f l XA i (A(t)) ✭✶✳✷✮ ❢♦r i ∈ V ❛♥❞ t ≥ 0✱ ✇❤❡r❡ f :[0, ∞) → [1, ∞) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜•❡✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ❛t t✐♠❡ u ≥ 0✱ XA •✉♠♣s ❢r♦♠ i t♦ j ❛t r❛t❡ W i,j f l XA j (u) f ′ l XA i (u) . ✭✶✳✸✮ ■♥❞❡❡❞✱ ❢♦r u ≥ 0 ❛♥❞ j ∈ V P VRJP(W,i0) XA u+du = j F XA u = P VRJP(W,i0) X A -1 (u+du) = j F X A -1 (u) = W X A -1 (u) ,j 1+l X j (A -1 (u)) (A -1 ) ′ (u)du + o(du) = W XA u ,j f l XA j (u) 1 A ′ (A -1 (u)) du + o(du), ✶✷ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ✇❤❡r❡ ✇❡ ❛•s♦ ❣❡t 1 A ′ (A -1 (u)) = f ′ l XA XA u (u) ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✭✶✳✷✮ ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r ❛•• i ∈ V ✳ ❚❤✐s ♣r♦✈❡s ✭✶✳✸✮✱ ♠♦r❡♦✈❡r t❤❡ t✐♠❡ ❝❤❛♥❣❡ ✐s ❣✐✈❡♥ ❜②✿ A(t)= t 0 (f -1 ) ′ (1 + l X Xs (s))ds = i∈V f -1 (1 + l X i (t)). ❲❡ ✇✐•• ❜❡ ✐♥t❡r❡st❡❞ ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ f :[ 0 , ∞) → [1, ∞) ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ s❛t✐s❢②✐♥❣ •✉♠♣ r❛t❡s ✐♥ ✭✶✳✸✮✳ ❚❤❡s❡ t✐♠❡ ❝❤❛♥❣❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❙❛❜♦t ❛♥❞ ❚❛rrès ✐♥ ❬❙❚✶✺(✳ ❚❤❡ ✜rst ♦♥❡ ✐s f 1 : x → √ 1+x✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ t✐♠❡ ❝❤❛♥❣❡ A 1 (t)= i∈V 1+l X i (t) 2 -1,
❛♥❞ ✉♥❞❡r P VRJP(W,i0) ✱ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (1) = XA1 •✉♠♣s ❢r♦♠ i t♦ j ❛t t✐♠❡ t ≥ 0 ✇✐t❤ r❛t❡

W i,j 2 1+l Z (1) j (t) 1+l Z (1) i (t)
.

■♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✱ ✇❡ ✇✐•• s❡❡ t❤❛t t❤✐s t✐♠❡ s❝❛•❡ ✐s s✉❝❤ t❤❛t

Z (1) s❛t✐s✜❡s ❛♥ ❡①❝❤❛♥❣❡❛❜✐•✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ♦t❤❡r r❡•❡✈❛♥t t✐♠❡ ❝❤❛♥❣❡ ❝♦rr❡s♣♦♥❞s t♦ f 2 : x → e x ✱ ✐✳❡✳ A 2 (t)= i∈V log 1+l X i (t) .
❚❤❡ ❛ss♦❝✐❛t❡❞ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (2) = XA2 ❤❛s t❤❡ ❢♦••♦✇✐♥❣ •✉♠♣ r❛t❡s ✉♥❞❡r P VRJP(W,i0) ✿ W i,j e l Z (2) i (t)+l Z (2) j (t) . 

♥ ❛ ♣❛rt✐❛• ❡①❝❤❛♥❣❡❛❜✐•✐t② ❝♦♥❞✐t✐♦♥✱ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ■❢ (Y t ) t≥0 ✐s ❛ r❛♥❞♦♠ ♣r♦❝❡ss ♦♥ ❛ ❝♦✉♥t❛❜•❡ st❛t❡ s♣❛❝❡ E✱ ✐t ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡ ✐❢ ❢♦r ❛•• h>0✱ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ♣r♦❝❡ss (Y nh ) n∈N ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉✐❛❝♦♥✐s ❛♥❞ ❋r❡❡❞♠❛♥ ✭r❛t❤❡r t❤❛♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦❜❛❜✐•✐t② t❤❛t (Y nh ) n∈N ❢♦••♦✇s s♦♠❡ ❣✐✈❡♥ ♣❛t❤ ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤✐s ♣❛t❤ ❣♦❡s ❢r♦♠ i t♦ j✱ ❢♦r ❛•• i, j ∈ E✳ ❚❤❡♥ ❋r❡❡❞♠❛♥✬s t❤❡♦r❡♠ ✐s t❤❡ ❢♦••♦✇✐♥❣✳ ❚❤❡♦r❡♠ ✶✳✷✳✶✳ ▲❡t (Y t ) t≥0 ❜❡ ❛ r❛♥❞♦♠ ♣r♦❝❡ss ♦♥ ❛ ❝♦✉♥t❛❜•❡ st❛t❡ s♣❛❝❡ E✱ st❛rt❡❞ ❛t s♦♠❡ ♣♦✐♥t i 0 ∈ E✳ ❲❡ ❛ss✉♠❡ t❤❛t Y ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡✱ ❛s ✇❡•• ❛s r❡❝✉rr❡♥t✱ ✐✳❡✳ t❤❡r❡ ❛r❡ ❛•♠♦st s✉r❡•② ✐♥✜♥✐t❡•② ♠❛♥② ✐♥t❡❣❡rs k s✉❝❤ t❤❛t Y k = i 0 ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t Y ❤❛s ♥♦ ♣♦✐♥t ♦❢ ❞✐s❝♦♥t✐♥✉✐t②✱ ✐✳❡✳ ❢♦r ❛•• t ≥ 0✱✐ ❢t n → t t❤❡♥ Y tn a.s. --→ Y t ✳ ❚❤❡♥ X ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s✳ ✶✳✷✳ ❚❍❊ ❱❊|❚❊❳✲|❊■◆❋❖|❈❊❉ ❏❯▼P P|❖❈❊❙❙ ✶✸ ❆♥♦t❤❡r ❢♦r♠✉•❛t✐♦♥ ♦❢ ♣❛rt✐❛• ❡①❝❤❛♥❣❡❛❜✐•✐t② ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② )❡♥❣ ✐♥ ❬)❡♥✶✻(✱ ❢♦r t❤❡ t②♣❡ ♦❢ ♣r♦❝❡ss❡s t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✱ ✐✳❡✳ •✉♠♣ ♣r♦❝❡ss❡s ♦♥ ❣r❛♣❤s ✇✐t❤ •✉♠♣ r❛t❡s ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ •♦❝❛• t✐♠❡s✳ ❙✉❝❤ ❛ ♣r♦❝❡ss ❛❞♠✐ts ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱ ❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ tr❛•❡❝t♦r✐❡s✳ ❚❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡ ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡ ❞❡♥s✐t② ✐s t❤❡ s❛♠❡ ❢♦r tr❛•❡❝t♦r✐❡s ✇✐t❤ ❡q✉❛• tr❛♥s✐t✐♦♥ ❝♦✉♥ts ❛♥❞ •♦❝❛• t✐♠❡s✳ ▲❡t ✉s ❞❡s❝r✐❜❡ t❤✐s ♠♦r❡ ♣r❡❝✐s❡•②✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ ♥♦t❛t✐♦♥ ❢♦r tr❛•❡❝t♦r✐❡s ♦♥ ❛ ❣r❛♣❤ G =(V, E)✿ ❢♦r t ≥ 0✱ ✇❡ ❞❡✜♥❡ ❛ tr❛•❡❝t♦r② ✉♣ t♦ t✐♠❡ t ❜② ✐ts ♥✉♠❜❡r ♦❢ •✉♠♣s✱ •✉♠♣ t✐♠❡s ❛♥❞ ✈✐s✐t❡❞ ✈❡rt✐❝❡s✳ ❚❤❡r❡❢♦r❡✱ ❢♦r n ∈ N✱ ❢♦r 0 <s 1 < ...<s n <t❛♥❞ ❢♦r i 0 , ..., i n ∈ V ✱ ✇❡ ❞❡♥♦t❡ ❜② σ (i,s) t,n t❤❡ ❢✉♥❝t✐♦♥ [0,t] → V s✉❝❤ t❤❛t ❢♦r ❛•• k ∈ 1,n ✱ ❢♦r u ∈ [s k ,s k+1 )✱ σ (i,s) t,n (u)=i k ✭✇✐t❤ s 0 =0❛♥❞ s n+1 = t✮✱ ❛♥❞ σ (i,s) t,n (t)=i n ✳ ▼♦r❡♦✈❡r✱ ❢♦r σ = σ (i,s) t,n ✱ ✇❡ ❞❡✜♥❡✿ ⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ ∀i ∈ V, l σ i (t)= t 0 1 σ=i , ∀i, j ∈ V, N i,j (σ)= n-1 k=0 1 (Ys k ,Ys k+1 )=(i,j) . ❲❡ ❛•s♦ ❞❡♥♦t❡ ❜② P t t❤❡ s❡t ♦❢ tr❛•❡❝t♦r✐❡s ✉♣ t♦ t✐♠❡ t✿ P t = σ (i,s) t,n ,n∈ N, 0 <s 1 < ... < s n <t❛♥❞ i 1 , ..., i n ∈ V , ❛s ✇❡•• ❛s P = t≥0 P t t❤❡ s❡t ♦❢ ❛•• tr❛•❡❝t♦r✐❡s✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s✱ s❤♦✇❡❞ ✐♥ ❬)❡♥✶✻(✱ ❣✐✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞❡♥s✐t② ♦❢ tr❛•❡❝t♦r✐❡s ❢♦r s♦♠❡ •✉♠♣ ♣r♦❝❡ss❡s ♦♥ ❣r❛♣❤s✱ ❛♥❞ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♣❛rt✐❛• ❡①❝❤❛♥❣❡❛❜✐•✐t② t❤r♦✉❣❤ t❤✐s ❞❡♥s✐t②✳ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ▲❡t Y ❜❡ ❛ •✉♠♣ ♣r♦❝❡ss ♦♥ G =( V, E) ✇✐t❤ •✉♠♣ r❛t❡s ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ •♦❝❛• t✐♠❡s✱ ✐✳❡✳ ❢♦r i ∼ j t❤❡r❡ ❛r❡ ❢✉♥❝t✐♦♥s r i,j : R V + → R * + s✉❝❤ t❤❛t Y •✉♠♣s ❛t t✐♠❡ t ❢r♦♠ i t♦ j ✇✐t❤ r❛t❡ r i,j (l Y (t))✳ ❚❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ❛❞♠✐ts ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ F ❞❡✜♥❡❞ ♦♥ tr❛•❡❝t♦r✐❡s P✱ s✉❝❤ t❤❛t ❢♦r ❛•• t ≥ 0 ❛♥❞ ❢♦r ❛•• ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s Φ:P t → R✱ E[Φ(X s , 0 ≤ s ≤ t)] = n≥0 i0,...,in 0<s1<s2<...<sn<t Φ σ (i,s) t,n F σ (i,s) t,n n k=1 ds k . ▼♦r❡♦✈❡r✱ ❢♦r σ = σ (i,s) t,n ✇❤❡r❡ n ≥ 0✱ i 0 , ..., i n ∈ V ❛♥❞ 0 <s 1 < ... < s n <t✱ ✇❡ ❤❛✈❡ F (σ)=exp ⎛ ⎝ - t 0 j∼σ(u) r σ(u),j l σ (u) du ⎞ ⎠ n k=1 r i k-1 ,i k l σ (s k ) . ❚❤✐s ✐s ❡❛s✐•② ♣r♦✈❡❞ ❢♦r •✉♠♣ ♣r♦❝❡ss❡s ✇✐t❤ ❝♦♥st❛♥t •✉♠♣ r❛t❡s✱ ♦r ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ •✉♠♣ r❛t❡ r i,j l Y (t) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ l Y i (t)✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❤♦•❞✐♥❣ t✐♠❡ ❛t ❛ ✈❡rt❡① i ❜❡t✇❡❡♥ t✇♦ •✉♠♣s ✐s ❛♥ ❡①♣♦♥❡♥t✐❛• ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r j∼i r i,j l Y (t) ✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡①♣♦♥❡♥t✐❛• t❡r♠ ✐♥ F (σ)✳ ❚❤❡ ♠♦r❡ ❣❡♥❡r❛• ❝❛s❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ t✐♠❡ ❝❤❛♥❣❡✳ ❲❡ ❝❛♥ ♥♦✇ ❣✐✈❡ ❛♥ ❡q✉✐✈❛•❡♥t ❢♦r♠✉•❛t✐♦♥ ♦❢ ♣❛rt✐❛• ❡①❝❤❛♥❣❡❛❜✐•✐t② ✉s✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣r♦❝❡ss✳ ▲❡t ✉s ✜rst ❞❡✜♥❡ ❛♥ ❡q✉✐✈❛•❡♥❝❡ r❡•❛t✐♦♥ ♦♥ P✳❋ ♦ rσ, τ ∈P✱ ✇❡ ✇r✐t❡ σ ∼ pe τ ✐❢ ❛♥❞ ♦♥•② ✐❢✿ t❤❡r❡ ❡①✐sts t ≥ 0 s✉❝❤ t❤❛t σ, τ ∈P t ✱ ❛♥❞ ❢♦r ❛•• i, j ∈ V ✱ l σ i (t)=l τ i (t) ❛♥❞ N i,j (σ)=N i,j (τ )✳ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✳ ▲❡t Y ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ❛♥❞ •❡t F ❜❡ ✐ts ❞❡♥s✐t②✳ ❚❤❡♥ Y ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡ ✐❢ ❛♥❞ ♦♥•② ✐❢✿ ❢♦r ❛•• σ, τ ∈P✱✐ ❢σ ∼ pe τ ✱ t❤❡♥ F (σ)=F (τ )✳ ✶✹ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ▲❡t ✉s r❡t✉r♥ t♦ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ♦♥ ❛ ❣r❛♣❤ G =( V, E)✳ ❋✐① ❡❞❣❡ ✇❡✐❣❤ts (W e ) e∈E ❛s ✇❡•• ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t i 0 ∈ V ✳ ❯♥❞❡r P VRJP(W,i0) ✱ t❤❡ ♣r♦❝❡ss Z (1) ❤❛s t❤❡ ❢♦••♦✇✐♥❣ ❞❡♥s✐t② F ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❙❚✶✻(✮✿ ❢♦r n ∈ N✱ 0 <s 1 < ... < s n <t❛♥❞ i 1 , ..., i n ∈ V ✱ ❢♦r σ = σ (i,s) t,n ✱ F (σ)=exp ⎛ ⎝ - i∼j W i,j (1 + l σ i (t))(1 + l σ j (t)) -1 ⎞ ⎠ 2 -n n-1 k=0 W i k ,i k+1 i∈V \{in} 1+l σ i (t) . ❙✐♥❝❡ t❤✐s ❞❡♥s✐t② ❞❡♣❡♥❞s ♦♥•② ♦♥ l σ i (t) ❛♥❞ N i,j (σ) ❢♦r i, j ∈ V ✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷ ②✐❡•❞s t❤❡ ❢❛❝t t❤❛t ✉♥❞❡r P VRJP(W,i0) ✱ Z (1) ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡✳ ❖♥ ✜♥✐t❡ ❣r❛♣❤s✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ s❤♦✇ t❤❛t t❤❡ ❱|❏P ✐s r❡❝✉rr❡♥t✱ ❛♥❞ t❤❡♥ ❛♣♣•② ❚❤❡♦r❡♠ ✶✳✷✳✶ t♦ s❤♦✇ t❤❛t t❤✐s t✐♠❡✲❝❤❛♥❣❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❱|❏P ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ✜rst ♣r♦♦❢ ♦❢ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ❬❙❚✶✺( ❞✐❞ ♥♦t ✉s❡ ❚❤❡♦r❡♠ ✶✳✷✳✶✱ ❜✉t ❛ ♠♦r❡ ❡①♣•✐❝✐t ❛♣♣r♦❛❝❤✳ ❲❡ ✇✐•• ❞❡s❝r✐❜❡ t❤✐s ♠❡t❤♦❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❜✉t •❡t ✉s ✜rst ♣r❡s❡♥t ❛ •✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❊||❲ ❛♥❞ t❤❡ ❱|❏P✱ t❤r♦✉❣❤ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (2) ✳ ❍♦✇ t❤❡ ❊||❲ r❡•❛t❡s t♦ t❤❡ ❱|❏P ■♥ ❬❙❚✶✺(✱ ❙❛❜♦t ❛♥❞ ❚❛rrès s❤♦✇❡❞ t❤❛t ✐♥ s♦♠❡ s❡♥s❡✱ t❤❡ ❊||❲ ♦♥ ❛ ✇❡✐❣❤t❡❞ ❣r❛♣❤ ✐s ❛ ♠✐①t✉r❡ ♦❢ ❱|❏P ✇✐t❤ r❛♥❞♦♠ ✐♥✐t✐❛• ✇❡✐❣❤ts✳ ▲❡t ✉s ❞❡s❝r✐❜❡ ❤♦✇✳ ❋✐① ❛ •♦❝❛••② ✜♥✐t❡ ❣r❛♣❤ (G,E)✱ ❡♥❞♦✇❡❞ ✇✐t❤ ✐♥✐t✐❛• ❡❞❣❡ ✇❡✐❣❤ts (a e ) e∈E ✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ✈❡rs✐♦♥ Y ♦❢ t❤❡ ❊||❲ ♦♥ (G,a)✱ ✇✐t❤ ❛ ❝♦♥str✉❝t✐♦♥ ❞✉❡ t♦ ❉❛✈✐s ❛♥❞ ❙❡••❦❡✳ ❚♦ ❞♦ t❤✐s✱ s✐♠♣•② ❞❡✜♥❡ ❛ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡ a {i,j} + N c {i,j} (t) ❢r♦♠ i t♦ j ❛t t✐♠❡ t✱ ✇❤❡r❡ N c {i,j} (t) ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t Y ❤❛s •✉♠♣❡❞ ❢r♦♠ i t♦ j ♦r ❢r♦♠ j t♦ i ✉♣ t♦ t✐♠❡ t✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❞✐s❝r❡t❡✲t✐♠❡ ♣r♦❝❡ss ✐s t❤❡♥ ❡✛❡❝t✐✈❡•② t❤❡ ❊||❲ ♦♥ (G,a)✳ ❆♥♦t❤❡r ✇❛② ♦❢ ❞❡✜♥✐♥❣ t❤✐s ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❊||❲ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ t♦ ❡✈❡r② ❡❞❣❡ e ∈ E✱ ❛ss✐❣♥ ✐♥❞❡♣❡♥❞❡♥t ❝•♦❝❦s t❤❛t r✉♥ ♦♥•② ✇❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ❛t ♦♥❡ ♦❢ t❤❡ ❡♥❞s ♦❢ t❤❡ ❡❞❣❡ e✳ ❊❛❝❤ ❝•♦❝❦ r✐♥❣s ❛❢t❡r ❛♥ ❡①♣♦♥❡♥t✐❛• t✐♠❡✱ ✇✐t❤ ♣❛r❛♠❡t❡r a e + N c e (t)✱ ❛t ✇❤✐❝❤ ♣♦✐♥t Y •✉♠♣s t❤r♦✉❣❤ e✱ ❛♥❞ t❤❡ ❝•♦❝❦ r❡st❛rts✱ ✇✐t❤ ❛♥ ✉♣❞❛t❡❞ ♣❛r❛♠❡t❡r✳ ❚❤❛♥❦s t♦ ❛ r❡s✉•t ❜② ❑❡♥❞❛•• ✭❬❑❡♥✻✻(✮✱ ❡❛❝❤ ❝•♦❝❦ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ♠✐①t✉r❡ ♦❢ t✐♠❡✲❝❤❛♥❣❡❞ P♦✐ss♦♥ ♣♦✐♥t ♣r♦❝❡ss❡s ✇✐t❤ ♣❛r❛♠❡t❡r 1✱ ✇❤❡r❡ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ r❛♥❞♦♠ ♣❛r❛♠❡t❡r W e ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ •❛♠♠❛(a e , 1) ❞✐str✐❜✉t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐st ✐♥❞❡♣❡♥❞❡♥t •❛♠♠❛ ✈❛r✐❛❜•❡s (W e ) e∈E ✱ s✉❝❤ t❤❛t ❝♦♥❞✐t✐♦♥❛••② ♦♥ (W e ) e∈E ✱ Y ✐s ❛ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣✐♥❣ r❛t❡s W i,j e l Y i +l Y j ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Y ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s ❛ ♠✐①t✉r❡ ♦❢ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (2) ✉♥❞❡r P VRJP(W,i0) ✱ ✇❤❡r❡ (W e ) e∈E ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ W e ✐s ❛ •❛♠♠❛(a e , 1) ✈❛r✐❛❜•❡ ❢♦r e ∈ E✳ ❇② ♦❜s❡r✈✐♥❣ ♦♥•② t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ♣r♦❝❡ss Ŷ ✱ ✇❡ ❣❡t t❤❡ ❊||❲✱ ✇❤✐❝❤ ✐s t❤❡r❡❢♦r❡ ✐ts❡•❢ ❛ ♠✐①t✉r❡ ♦❢ ❞✐s❝r❡t❡✲t✐♠❡ ✈❡rs✐♦♥s ♦❢ t❤❡ ❱|❏P ✇✐t❤ r❛♥❞♦♠ ✐♥✐t✐❛• ✇❡✐❣❤ts (W e ) e∈E ✱ t❤❛t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ •❛♠♠❛✲❞✐str✐❜✉t❡❞✳ ✶✳✷✳✷ ❚❤❡ ❱|❏P ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ♦♥ ✜♥✐t❡ ❣r❛♣❤s ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ✭✐♥ t❤❡ ❡①❝❤❛♥❣❡❛❜•❡ t✐♠❡ s❝❛•❡✮ ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✇❛s s❤♦✇♥ ❜② ❙❛❜♦t ❛♥❞ ❚❛rrès ✐♥ ❬❙❚✶✺(✳ ❚❤❡✐r ♣r♦♦❢ ❞♦❡s ♥♦t ✉s❡ ❞❡ ❋✐♥❡tt✐✬s t❤❡♦r❡♠ ❢♦r ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s✱ ❜✉t ❛ ♠♦r❡ ❡①♣•✐❝✐t ♠❡t❤♦❞✿ ✐❞❡♥t✐❢②✐♥❣ ❛ ❝♦♥✈❡r❣✐♥❣ ❢✉♥❝t✐♦♥❛• ♦❢ t❤❡ ♣r♦❝❡ss✱ ❛♥❞ s❤♦✇✐♥❣ t❤❛t ❝♦♥❞✐t✐♦♥❛••② ♦♥ ✐ts •✐♠✐t✱ Z (1) ✐s ✐♥❞❡❡❞ ❛ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss✳ ❚❤✐s ❢✉♥❝t✐♦♥❛•✱ ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ t❤❡ •♦❝❛• t✐♠❡s ♦❢ t❤❡ ♣r♦❝❡ss✱ ❤❛s ❛ ❞✐str✐❜✉t✐♦♥ t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ s✉♣❡rs②♠♠❡tr✐❝ ❤②♣❡r❜♦•✐❝ s✐❣♠❛ ♠♦❞❡•✳ ❚❤✐s r❡•❛t✐♦♥ ♣r♦✈✐❞❡❞ r❡s✉•ts ❢♦r t❤❡ r❡❝✉rr❡♥❝❡ ❛♥❞ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ❱|❏P ❛♥❞ t❤❡ ❊||❲✱ t❤❛♥❦s t♦ •♦❝❛•✐③❛t✐♦♥ ❛♥❞ ❞❡•♦❝❛•✐③❛t✐♦♥ r❡s✉•ts ❞✉❡ t♦ ❉✐s❡rt♦r✐✱ ❙♣❡♥❝❡r ❛♥❞ )✐r♥❜❛✉❡r ✭❬❉❙)✶✵(✱❬❉❙✶✵(✮✳ ✶✳✷✳ ❚❍❊ ❱❊|❚❊❳✲|❊■◆❋❖|❈❊❉ ❏❯▼P P|❖❈❊❙❙ ✶✺ ❚❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ ❱|❏P ♦♥ ✜♥✐t❡ ❣r❛♣❤s ▲❡t ✉s ✜rst ❞❡s❝r✐❜❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✇✐•• ♣r♦✈✐❞❡ ❛ ♠✐①✐♥❣ ♠❡❛s✉r❡ ❢♦r t❤❡ ❱|❏P ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✷✭✐✐✐✮✳ ▲❡t (G,W) ❜❡ ❛ ✜♥✐t❡ ✇❡✐❣❤t❡❞ ❣r❛♣❤✱ ❛♥❞ i 0 ∈ V ❛ ✜①❡❞ ✈❡rt❡①✳ ❉❡✜♥❡ H i0 = {u ∈ R V ,u i0 =0}✳ ❚❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ♠❡❛s✉r❡ ✐s ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ H i0 ✿ Q W,i0 V (du)= e -i∈V ui √ 2π |V |-1 exp ⎛ ⎝ - {i,j}∈E W i,j (cosh(u i -u j ) -1) ⎞ ⎠ D(W, u) i∈V \{i0} du i ✇❤❡r❡ D(W, u)= T ∈T G {i,j}∈T W i,j e ui+uj ✭✉s✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❚❤❡♦r❡♠ ✶✳✶✳✸✮✳ ❚❤❛♥❦s t♦ t❤❡ ♠❛tr✐①✲tr❡❡ t❤❡♦r❡♠✱ D(W, u) ✐s ❛•s♦ ❡q✉❛• t♦ ❛♥② ❞✐❛❣♦♥❛• ♠✐♥♦r ♦❢ t❤❡ |V |×|V | ♠❛tr✐① M (W, u)✱ ✇❤❡r❡ M (W, u) i,j = ⎧ ⎪ ⎨ ⎪ ⎩ W i,j e ui+uj ✐❢ i = j - k∈V W i,k e ui+u k ✐❢ i = j ❚❤❡ ❢❛❝t t❤❛t Q W,i0 V ✐s ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ✐s ❛ s✐❣♥✐✜❝❛♥t r❡s✉•t✳ ■t ✇❛s ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ s✉♣❡rs②♠♠❡tr② ✐♥ ❬❉❙)✶✵(✳ ■t ❛•s♦ r❡s✉•ts ❢r♦♠ t❤❡ ❢❛❝t t❤❛t Q W,i0 V ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛♥ ❛s②♠♣t♦t✐❝ ❢✉♥❝t✐♦♥❛• ♦❢ t❤❡ ❱|❏P✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❢r♦♠ ❬❙❚✶✺(✳ ❚❤❡♦r❡♠ ✶✳✷✳✷✳ ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❣r❛♣❤ ❡♥❞♦✇❡❞ ✇✐t❤ ✐♥✐t✐❛• ✇❡✐❣❤ts (W e ) e∈E ✱ ❛♥❞ i 0 ∈ V ❛ st❛rt✐♥❣ ♣♦✐♥t✳ ✭✐✮ ❋♦r ❛•• i ∈ V ✱ t❤❡ ❢♦••♦✇✐♥❣ •✐♠✐t ❡①✐sts P VRJP(W,i0) ✲❛✳s✳✿ U i = lim t→∞ 1 2 log l Z (1) i (t) l Z (1) i0 (t) = lim t→∞ l Z (2) i (t) -l Z (2) i0 (t) . ✭✐✐✮ ❯♥❞❡r P VRJP(W,i0) ✱ (U i ) i∈V ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ Q W,i0 V ✳ ✭✐✐✐✮ ❯♥❞❡r P VRJP(W,i0) ✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ (U i ) i∈V ✱ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (1) ✐s ❛ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡ Wi,j 2 e Uj -Ui ❢r♦♠ i t♦ j✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ r❡•✐❡s ♦♥ ♠❛rt✐♥❣❛•❡ ❛r❣✉♠❡♥ts✱ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss Z (2) ✳ ❋♦r ✭✐✐✮✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ U ✐s ✐❞❡♥t✐✜❡❞ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ Q W,i0 V ✐s s♦•✉t✐♦♥ ♦❢ ❛ ❋❡②♥♠❛♥✲❑❛❝ ❡q✉❛t✐♦♥✱ ✐♥✈♦•✈✐♥❣ t❤❡ s❛♠❡ ❣❡♥❡r❛t♦r✳ ❋✐♥❛••②✱ ✭✐✐✐✮ ✐s ♣r♦✈❡❞ t❤❛♥❦s t♦ ❛r❣✉♠❡♥ts ✐♥s♣✐r❡❞ ❜② ❇❛②❡s✐❛♥ st❛t✐st✐❝s✳ ▲❡t Z ❜❡ ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✇✐t❤ •✉♠♣ r❛t❡s Wi,j 2 e Uj -Ui ✱ ✇❤❡r❡ U ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ Q W,i0 V (du)✳ ■t ✐s t❤❡♥ ♣♦ss✐❜•❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ U ❝♦♥❞✐t✐♦♥❛••② ♦♥ t❤❡ tr❛•❡❝t♦r② ♦❢ Z ✉♣ t♦ ❛ t✐♠❡ t ≥ 0✳ ■♥❞❡❡❞✱ t❤✐s ❝♦♥❞✐t✐♦♥✐♥❣ ♠❛❦❡s s♦♠❡ ❡①tr❛ t❡r♠s ❛♣♣❡❛r✱ t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ Q W,i0 V ✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ✐♥❞❡❡❞ ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✱ ❛❞•✉st✐♥❣ t❤❡ ♥♦r♠❛•✐③✐♥❣ t❡r♠s ❣✐✈❡s ❛♥ ❡①♣•✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛• ❞✐str✐❜✉t✐♦♥ ♦❢ U ✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❢✉t✉r❡ ♦❢ Z ❝♦♥❞✐t✐♦♥❛••② ♦♥ ✐ts ♣❛st✳ ■t t✉r♥s ♦✉t t❤❛t Z ❤❛s t❤❡ s❛♠❡ •✉♠♣ r❛t❡s ❛s t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (1) ✉♥❞❡r P VRJP(W,i0) ✳ |❡♠❛r❦ ✶✳✷✳✸✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ✇✐t❤ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ Q W,i0 V ❛♥❞ t❤❡ •✐♥❦ ❜❡t✇❡❡♥ ❊||❲ ❛♥❞ ❱|❏P ❛•s♦ ♣r♦✈✐❞❡ ❛♥♦t❤❡r ✇❛② ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ ❊||❲ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✶✳✸✱ ❛♥❞ s❤♦✇✐♥❣ t❤❛t ✐t ✐s ✐♥ ❢❛❝t ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡✳ ✶✻ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ❚❤❡ s✉♣❡rs②♠♠❡tr✐❝ ❤②♣❡r❜♦•✐❝ s✐❣♠❛ ♠♦❞❡•✱ ❛♥❞ t❤❡ ❱|❏P ❛♥❞ ❊||❲ ♦♥ Z d ❚❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ Q W,i0 V ❛♣♣❡❛rs ✐♥ t❤❡ ✇♦r❦ ♦❢ ❉✐s❡rt♦r✐✱ ❙♣❡♥❝❡r ❛♥❞ )✐r♥❜❛✉❡r ✭❬❉❙)✶✵(✱ ❬❉❙✶✵(✮ ❝♦♥❝❡r♥✐♥❣ t❤❡ s✉♣❡rs②♠♠❡tr✐❝ ❤②♣❡r❜♦•✐❝ s✐❣♠❛ ♠♦❞❡•✳ ❚❤✐s ✐s ❛ s♣✐♥ ♠♦❞❡• ♦♥ ❛ ✇❡✐❣❤t❡❞ ❣r❛♣❤ (G,W) ✇❤❡r❡ t❤❡ s♣✐♥s t❛❦❡ t❤❡✐r ✈❛•✉❡s ✐♥ H 2|2 ✱ ❛ s✉♣❡r♠❛♥✐❢♦•❞ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❤②♣❡r❜♦•✐❝ ♣•❛♥❡✱ ✇✐t❤ t✇♦ ❛❞❞❡❞ ❛♥t✐❝♦♠♠✉t✐♥❣ ✈❛r✐❛❜•❡s✳ ❍♦✇❡✈❡r✱ ✐t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛ s✐♥❣•❡ r❛♥❞♦♠ ✜❡•❞ ♦♥ t❤❡ ❣r❛♣❤✱ ✇❤✐❝❤ ❤❛s t❤❡ ❞✐str✐❜✉t✐♦♥ Q W,i0 V ✳ ❆s ❛ r❡s✉•t✱ s♦♠❡ ❡st✐♠❛t❡s ♣r♦✈❡❞ ❢♦r t❤❡ s✉♣❡rs②♠♠❡tr✐❝ ❤②♣❡r❜♦•✐❝ s✐❣♠❛ ♠♦❞❡• ②✐❡•❞ r❡❝✉rr❡♥❝❡ ❛♥❞ tr❛♥s✐❡♥❝❡ r❡s✉•ts ❢♦r t❤❡ ❱|❏P ❛♥❞ t❤❡ ❊||❲✳ ❈♦♥s✐❞❡r t❤❡ d✲❞✐♠❡♥s✐♦♥❛• •❛tt✐❝❡ Z d ✱ ❛♥❞ ❞❡✜♥❡ Λ (d) n = Z d ∩ [-n, n] d ❢♦r ❛•• n ≥ 0✱ ❛s ✇❡•• ❛s E n t❤❡ s❡t ♦❢ ❡❞❣❡s ❝♦♥t❛✐♥❡❞ ✐♥ Λ (d) n ✳ ❲❡ ❡♥❞♦✇ t❤❡ ❡❞❣❡s ♦❢ Z d ✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤♦s❡ ♦❢ ❛•• Λ (d) n ✱ ✇✐t❤ ❝♦♥st❛♥t ✇❡✐❣❤ts W ✳ ■♥ ❬❉❙✶✵(✱ ❉✐s❡rt♦r✐ ❛♥❞ ❙♣❡♥❝❡r s❤♦✇❡❞ ❛ •♦❝❛•✐③❛t✐♦♥ r❡s✉•t ❢♦r t❤❡ s✉♣❡rs②♠♠❡tr✐❝ ❤②♣❡r❜♦•✐❝ s✐❣♠❛ ♠♦❞❡• ❢♦r •♦✇ ✇❡✐❣❤ts W ✱ ✇❤✐❝❤ ❛ss✉r❡s t❤❡ ❡①♣♦♥❡♥t✐❛• ❞❡❝❛② ♦❢ e ui/2 ✉♥❞❡r Q W,0 Λ (d) n (du)✱ ✉♥✐❢♦r♠•② ✐♥ n✿ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts W (d) > 0 ❛♥❞ C(d),k(W, d) > 0✱ ✇❤✐❝❤ ❛r❡ ❡①♣•✐❝✐t•② ❦♥♦✇♥✱ s✉❝❤ t❤❛t ❢♦r ❛•• 0 <W <W(d)✱ n ∈ N ❛♥❞ i ∈ Λ (d) n ✱ e ui/2 Q W,0 Λ (d) n (du) ≤ C(d)e -k(W,d)|i| , ✇❤❡r❡ |.| ✐s t❤❡ ❊✉❝•✐❞❡❛♥ ♥♦r♠ ♦♥ R d ✳ ❚❤✐s ❡①♣♦♥❡♥t✐❛• ❞❡❝❛② ❛••♦✇❡❞ ❙❛❜♦t ❛♥❞ ❚❛rrès t♦ s❤♦✇ ✐♥ ❬❙❚✶✺( t❤❛t ❢♦r ❛•• d ≥ 2✱ t❤❡ ❱|❏P ♦♥ (Z d ,W) ✐s r❡❝✉rr❡♥t ❢♦r str♦♥❣ r❡✐♥❢♦r❝❡♠❡♥t✱ ✐✳❡✳ ❝♦♥st❛♥t W •♦✇ ❡♥♦✉❣❤✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s❡♥s❡✿ ✐♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❱|❏P ✐s ❛ ♠✐①t✉r❡ ♦❢ ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s✳ ❚❤❡② ❛•s♦ ❣❡♥❡r❛•✐③❡❞ ❉✐s❡rt♦r✐ ❛♥❞ ❙♣❡♥❝❡r✬s r❡s✉•t t♦ r❛♥❞♦♠ ✐✳✐✳❞✳ ✇❡✐❣❤ts (W e ) e∈E ✇✐t❤ ❞✐str✐❜✉t✐♦♥ •❛♠♠❛(a, 1)✱ ✇❤✐❝❤ ②✐❡•❞s ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t t❤❡ ❊||❲ ♦♥ Z d ✱ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts a s♠❛•• ❡♥♦✉❣❤✱ ✐s ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t✳ ❚❤✐s ♣r♦♦❢ ✐s st✐•• ✈❛•✐❞ ❢♦r ❛♥② ❣r❛♣❤ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳ ❚❤✐s ✇❛s ❛•s♦ ✐♥❞❡♣❡♥❞❡♥t•② ♣r♦✈❡❞ ❜② ❆♥❣❡•✱ ❈r❛✇❢♦r❞ ❛♥❞ ❑♦③♠❛ ✐♥ ❬❆❈❑✶✹(✱ ✇❤♦ ❣❛✈❡ ❛ ❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛• •♦❝❛•✐③❛t✐♦♥ ♦❢ t❤❡ ❊||❲ ❛t str♦♥❣ r❡✐♥❢♦r❝❡♠❡♥t✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ d ≥ 3✱ ❉✐s❡rt♦r✐✱ ❙♣❡♥❝❡r ❛♥❞ )✐r♥❜❛✉❡r s❤♦✇❡❞ ✐♥ ❬❉❙)✶✵( t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ♣♦t❡♥t✐❛• ✇✐t❤ ❞✐str✐❜✉t✐♦♥ Q W,0 Λ (d) n ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ∈ N✱ ❢♦r W •❛r❣❡ ❡♥♦✉❣❤✳ ■♥ ♦t❤❡r ✇♦r❞s✿ ❢♦r ❛♥② m>0✱ t❤❡r❡ ❡①✐sts W (d, m) > 0 s✉❝❤ t❤❛t ❢♦r ❛•• W>W (d, m)✱ ❢♦r ❛♥② n ∈ N✱ i, j ∈ Λ (d) n ✱ cosh m (u x -u y )Q W,0 Λ (d) n (du) ≤ 2. ❙❛❜♦t ❛♥❞ ❚❛rrès ✉s❡❞ t❤❡s❡ ❡st✐♠❛t❡s ✐♥ ❬❙❚✶✺( t♦ s❤♦✇ t❤❛t ❢♦r d ≥ 3✱ t❤❡ ❱|❏P ✐s tr❛♥s✐❡♥t ♦♥ Z d ❢♦r ✇❡❛❦ ❡♥♦✉❣❤ r❡✐♥❢♦r❝❡♠❡♥t✳ ❲✐t❤ ❉✐s❡rt♦r✐✱ t❤❡② ❛•s♦ s❤♦✇❡❞ ✐♥ ❬❉❙❚✶✺( ❛ ✈❡rs✐♦♥ ♦❢ t❤✐s ❞❡•♦❝❛•✐③❛t✐♦♥ r❡s✉•t ❢♦r r❛♥❞♦♠ ✐✳✐✳❞✳ ✇❡✐❣❤ts ✇✐t❤ •❛♠♠❛ ❞✐str✐❜✉t✐♦♥✱ ✐♠♣•②✐♥❣ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ❊||❲ ♦♥ Z d ❛t ✇❡❛❦ r❡✐♥❢♦r❝❡♠❡♥t✳ ▼♦r❡ r❡s✉•ts ❢♦r t❤❡ ❱|❏P ❛♥❞ ❊||❲ ♦♥ Z d ✇✐•• ❜❡ ❞❡s❝r✐❜❡❞ •❛t❡r✱ ❛♥❞ ✇❡r❡ ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ❚❤❡ r❛♥❞♦♠ β ♣♦t❡♥t✐❛• ❚❤❡♦r❡♠ ✶✳✷✳✷✭✐✐✐✮ ♣r♦✈✐❞❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ♦♥ ✜♥✐t❡ ❣r❛♣❤s✳ ■♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤✐s r❡s✉•t t♦ ✐♥✜♥✐t❡ ❣r❛♣❤s✱ ❛ ♥❛t✉r❛• ❛♣♣r♦❛❝❤ ✐s t♦ ♣r♦❝❡❡❞ ❛s ✇✐t❤ t❤❡ ❊||❲✿ t❛❦❡ ❛♥ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ s✉❜❣r❛♣❤s (V n ,E n )✱ ❛♥❞ tr② t♦ s❤♦✇ t❤❛t t❤❡ ❡♥✈✐r♦♥♠❡♥t ♣r♦✈✐❞❡❞ ❜② t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ Q W,i0 Vn ❝♦♥✈❡r❣❡s ✇❤❡♥ n →∞✳ ■t ✐s ♣♦ss✐❜•❡ t♦ ♦❜t❛✐♥ ❛ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✜❡•❞ u✱ ❜✉t t❤❡ •✐♠✐t •♦s❡s ♣r♦♣❡rt✐❡s ✭•✐❦❡ tr❛♥s•❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ♦r ❡r❣♦❞✐❝✐t②✮ t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ♠♦r❡ r❡s✉•ts ❢♦r t❤❡ ❱|❏P ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ❚❤❡r❡ ❡①✐sts ❤♦✇❡✈❡r ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• ✶✳✷✳ ❚❍❊ ❱❊|❚❊❳✲|❊■◆❋❖|❈❊❉ ❏❯▼P P|❖❈❊❙❙ ✶✼ ♦♥ V ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ r✐❣❤t r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ❤❛s ❛ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❞✐str✐❜✉t✐♦♥✳ ▲❡t ✉s ❞❡s❝r✐❜❡ t❤✐s ♣♦t❡♥t✐❛•✳ ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❡♥❞♦✇❡❞ ✇✐t❤ ❡❞❣❡ ✇❡✐❣❤ts (W e ) e∈E ✳ ❆s ❜❡❢♦r❡✱ ❢♦r i, j ∈ V ✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ W i,j = W {i,j} ✐❢ {i, j}∈E✱❛ ♥ ❞W i,j =0♦t❤❡r✇✐s❡✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❡①❝•✉❞❡ t❤❡ ❝❛s❡ ✇❤❡r❡ W i,i =0❢♦r s♦♠❡ ✈❡rt❡① i ∈ V ✳ ❋♦r β =(β i ) i∈V ∈ R V ✱ ✇❡ ❞❡♥♦t❡ ❜② H β =2β -W t❤❡ |V |×|V | ♠❛tr✐① s✉❝❤ t❤❛t ❢♦r i, j ∈ V ✱ (H β ) i,j = -W i,j ✐❢ i = j 2β i -W i,i ✐❢ i = j. ❲❡ ❛•s♦ ❝♦♥s✐❞❡r •, • t♦ ❜❡ t❤❡ ❝❛♥♦♥✐❝❛• s❝❛•❛r ♣r♦❞✉❝t ♦♥ R V ✱ ❛♥❞ 1 ∈ R V t♦ ❜❡ t❤❡ ✈❡❝t♦r s✉❝❤ t❤❛t 1 i =1❢♦r ❛•• i ∈ V ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡ ❜② D W V = {β ∈ R V ,H β > 0} t❤❡ ❡✈❡♥t ♦♥ ✇❤✐❝❤ H β ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛• β ✇❤✐❝❤ ✇✐•• ♣r♦✈✐❞❡ ❛♥♦t❤❡r ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ ❱|❏P✳ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✳ ▲❡t ν W V ❜❡ t❤❡ ♠❡❛s✉r❡ ♦♥ D W V ❞❡✜♥❡❞ ❜②✿ ν W V (dβ)= 2 π |V | 2 exp - 1 2 1,H β 1 i∈V dβ i det(H β ) ❚❤❡♥ ν W V ✐s ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✳ ■ts ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ✐s e -λ,β ν W V (dβ)=exp ⎛ ⎝ - {i,j}∈E W i,j (1 + λ i )(1 + λ j ) -1 ⎞ ⎠ i∈V 1 √ 1+λ i ❢♦r λ ∈ R V + ✳ ▼♦r❡♦✈❡r✱ ✉♥❞❡r ν W V (dβ)✿ ❼ ❢♦r i ∈ V ✱ 1 2βi ✐s ❛♥ ■♥✈❡rs❡ •❛✉ss✐❛♥ ✈❛r✐❛❜•❡✱ ✇✐t❤ ♣❛r❛♠❡t❡rs ( j∼i W i,j ) -1 , 1 ✳ ❼ β ✐s 1✲❞❡♣❡♥❞❡♥t✱ ✐✳❡✳ ✐❢ U, U ′ ⊂ V ❛r❡ s✉❝❤ t❤❛t d G (U, U ′ ) ≥ 2 ✭✇❤❡r❡ d G ✐s t❤❡ ❣r❛♣❤ ❞✐st❛♥❝❡ ♦♥ G✮✱ t❤❡♥ (β i ) i∈U ❛♥❞ (β j ) j∈U ′ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❙❛❜♦t✱ ❚❛rrès ❛♥❞ )❡♥❣ ✐♥ ❬❙❚)✶✼(✳ ❚❤❡② s❤♦✇❡❞ t❤❡ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ ν W V ❛♥❞ Q W,i0 V t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✹✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ ❱|❏P ✉s✐♥❣ t❤❡ β ♣♦t❡♥t✐❛•✳ |❡♠❛r❦ ✶✳✷✳✹✳ ❚❤❡ ♠❛tr✐① H β =2 β -W ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ r❛♥❞♦♠ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② Δ t❤❡ ❞✐s❝r❡t❡ ▲❛♣•❛❝✐❛♥ ♦♥ t❤❡ ✇❡✐❣❤t❡❞ ❣r❛♣❤ (G,W)✱ t❤❡♥ H β = V-Δ✱ ✇❤❡r❡ (Vf )(i)=(2β i -j∼i W i,j )f (i)✳ ❚❤❡ ♦♣❡r❛t♦r V ✐s t❤❡ ♠✉•t✐♣•✐❝❛t✐♦♥ ❜② ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• ♦♥ G✱ ✇❤✐❝❤ ✐s ♥♦t ✐✳✐✳❞✳ ❛s ✐♥ t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡•✱ ❜✉t ❛t •❡❛st 1✲❞❡♣❡♥❞❡♥t✳ ▲❡t ✉s ❞❡s❝r✐❜❡ ✐♥ ♠♦r❡ ❞❡t❛✐• t❤❡ •✐♥❦ ❜❡t✇❡❡♥ t❤✐s r❛♥❞♦♠ ♣♦t❡♥t✐❛• ❛♥❞ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ ❱|❏P✳ ▲❡t i 0 ∈ V ❜❡ ❛ ✜①❡❞ st❛rt✐♥❣ ♣♦✐♥t✱ ❛♥❞ •❡t F i0 ❜❡ t❤❡ ❞❡♥s✐t② ✭✐♥ t❤❡ s❡♥s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✮ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (1) ✉♥❞❡r P VRJP(W,i0) ✿ ❢♦r n ∈ N✱ 0 <s 1 <...<s n <t❛♥❞ i 1 , ..., i n ∈ V ✱ ❢♦r σ = σ (i,s) t,n ✱ F i0 (σ)=exp ⎛ ⎝ - i∼j W i,j (1 + l σ i (t))(1 + l σ j (t)) -1 ⎞ ⎠ 2 -n n-1 k=0 W i k ,i k+1 i∈V \{in} 1+l σ i (t) . ✶✽ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ❛♥♦t❤❡r ❡①♣r❡ss✐♦♥ ❢♦r t❤✐s ❞❡♥s✐t②✱ s✐♥❝❡ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✇✐t❤ •✉♠♣ r❛t❡s Wi,j 2 e uj -ui ✱ ✇❤❡r❡ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ✐s Q W,i0 V (du)✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ F i0 (σ)= Hi 0 exp ⎛ ⎝ - i∈V ⎛ ⎝ j∼i W i,j 2 e uj -ui ⎞ ⎠ l σ i (t) ⎞ ⎠ e ui n n-1 k=0 W i k ,i k+1 2 Q W,i0 V (du). ▲❡t ✉s s❡t βi = j∼i Wi,j 2 e uj -ui ❢♦r i ∈ V ✳ ❚❤✐s ✐s t❤❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛• t✐♠❡ t❤❛t t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ r❛t❡s Wi,j 2 e uj -ui s♣❡♥❞s ❛t i ❜❡❢♦r❡ •✉♠♣✐♥❣ ❛✇❛②✳ ❚❤❛♥❦s t♦ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ♦❢ F i0 ✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ( βi ) i∈V ✉♥❞❡r Q W,i0 V ✳ ■♥❞❡❡❞✱ •❡t σ ❜❡ ❛ ❝②❝•✐❝❛• ❞✐str✐❜✉t✐♦♥✱ ✐✳❡✳ s✉❝❤ t❤❛t i n = i 0 ✳ ❚❤❡♥✱ ✇❡ ❣❡t Hi 0 e -i∈V βil σ i (t) Q W,i0 V (du)=exp ⎛ ⎝ - i∼j W i,j (1 + l σ i (t))(1 + l σ j (t)) -1 ⎞ ⎠ i∈V \{i0} 1 1+l σ i (t) , ✇❤✐❝❤ ✐s t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ β✳ ■t ✐s ❛•♠♦st t❤❡ s❛♠❡ ❛s ❢♦r ν W V ✱ ❜✉t t❤❡ t❡r♠ i = i 0 ✐s ♠✐ss✐♥❣ ✐♥ t❤❡ •❛st ♣r♦❞✉❝t✳ ❚♦ ♦❜t❛✐♥ ❛ ♠♦r❡ s②♠♠❡tr✐❝❛• ❡①♣r❡ss✐♦♥✱ ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ ν W V ✱ ✇❡ ❛❞❞ ❛♥ ✐♥❞❡♣❡♥❞❡♥t •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡ t♦ βi0 ✳ ❈♦♥✈❡rs❡•②✱ ❢♦r ❛•• i 0 ∈ V t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ Q W,i0 V ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ ❛ r❛♥❞♦♠ ✜❡•❞ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν W V ✳ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✹✳ ❋♦ r ❛ • • β ∈D W V ✱ •❡t ✉s ❞❡♥♦t❡ ❜② G =( H β ) -1 t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r H β ✳ ❋✐① i 0 ∈ V ✱ ❛♥❞ ❞❡✜♥❡ u(i 0 , •) ∈H i0 ❜② u(i 0 ,i)=log G(i 0 ,i) G(i 0 ,i 0 ) ❢♦r i ∈ V ✳ ❚❤❡♥ ✉♥❞❡r ν W V (dβ)✱ ✇❡ ❤❛✈❡✿ ✭✐✮ u(i 0 ,i) i∈V ✐s (β i ) i∈V \{i0} ✲♠❡❛s✉r❛❜•❡✱ ❛♥❞ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ Q W,i0 V ✳ ✭✐✐✮ G(i 0 ,i 0 ) ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ (β i ) i =i0 ✱ ❛♥❞ t❤❡r❡❢♦r❡ ❢r♦♠ u(i 0 , •)✳ ▼♦r❡♦✈❡r✱ 1 2G(i0,i0) ✐s ❛ •❛♠♠❛ ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r (1/2, 1)✳ ✭✐✐✐✮ ❋♦r i ∈ V ✱ β i = j∼i W i,j 2 e u(i0,j)-u(i0,i) + 1 i=i0 1 2G(i 0 ,i 0 ) . ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛• ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν W V ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❢♦r t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P st❛rt❡❞ ❛t ❛♥② ♣♦✐♥t✳ ■♥❞❡❡❞✱ ❢♦r β ∈D W V ✇❡ ❞❡♥♦t❡ ❜② P W,β,i0 t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡s W i,j 2 
G(i 0 ,j) G(i 0 ,i) . ❚❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✳✷✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✹✱ ✉♥❞❡r P VRJP(W,i0) ✱ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z(1) ✐s ❛ ♠✐①t✉r❡ ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P W,β,i0 i0 ✱ ❛♥❞ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ✐s ν W V (dβ)✳ |❡♠❛r❦ ✶✳✷✳✺✳ ◆♦t❡ t❤❛t ❤❛✈✐♥❣ W i,i =0❢♦r s♦♠❡ i ∈ V ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ H β ✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ •✉♠♣ r❛t❡s r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳ ✶✳✷✳ ❚❍❊ ❱❊|❚❊❳✲|❊■◆❋❖|❈❊❉ ❏❯▼P P|❖❈❊❙❙ ✶✾ ❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✉s✐♥❣ t❤❡ β ♣♦t❡♥t✐❛• ✇✐•• ❜❡ ❝♦♥✈❡♥✐❡♥t ✇❤❡♥ st✉❞②✐♥❣ t❤❡ ❱|❏P ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ■♥❞❡❡❞✱ t❤❡ ♣♦t❡♥t✐❛• ✐s 1✲❞❡♣❡♥❞❡♥t✱ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W V ❜❡❤❛✈❡s ✇❡•• ✇✐t❤ r❡s♣❡❝t t♦ r❡str✐❝t✐♦♥✱ ❛s ❞❡t❛✐•❡❞ ❜❡•♦✇✳ ❋♦r U, U ′ ⊂ V ✱ ❛♥❞ ❢♦r ❛♥② ✈❡❝t♦r x ∈ R V ❛♥❞ ♠❛tr✐① M ∈ R V ×V ✱ •❡t ✉s ❞❡♥♦t❡ ❜② x U =( x i ) i∈U t❤❡ r❡str✐❝t✐♦♥ ♦❢ x t♦ U ✱ ❛♥❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ M U,U ′ =( M i,j ) i∈U,j∈U ′ ✳ ❚❤❡♥ ❢♦r ✜♥✐t❡ U ⊂ V ✱ ✉♥❞❡r ν W V (dβ)✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ β U ✐s ❡①♣•✐❝✐t•② ❦♥♦✇♥✿ ✐t ✐s ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ν W U,U U ✱ ✐♥tr♦❞✉❝❡❞ ❜② ▲❡t❛❝ ✐♥ ❬▲❲✶✾(✱ ❛♥❞ ✐♥✈♦•✈❡s ❛ ❜♦✉♥❞❛r② t❡r♠ η✳ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✺✳ ▲❡t G =(V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✳ ✭✐✮ ❋♦r η ∈ (R + ) V ✱ •❡t ✉s ❞❡✜♥❡ t❤❡ ♠❡❛s✉r❡ ν W,η V ♦♥ D W V ❜② ν W,η V (dβ)= 2 π |V | 2 exp - 1 2 1,H β 1 - 1 2 η, (H β ) -1 η + η, 1 i∈V dβ i det(H β ) . ❚❤❡♥ ν W,η V ✐s ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✳ ◆♦t❡ t❤❛t ν W V = ν W,0 V ✳ ✭✐✐✮ ▲❡t U ⊂ V ✳ ❚❤❡♥ ✉♥❞❡r ν W,η V (dβ)✱ β U ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W U,U ,η U ✱ ✇❤❡r❡ η = η U + W U,U c 1 U c . ✭✐✐✐✮ ▼♦r❡♦✈❡r ✉♥❞❡r ν W,η V (dβ)✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ β U ✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ β U c ✐s ν W, η U c ✱ ✇❤❡r❡ W = W U c ,U c + W U c ,U ((H β ) U,U ) -1 W U,U c ❛♥❞ η = η U c + W U c ,U ((H β ) U,U ) -1 η U . ■♥ ♣❛rt✐❝✉•❛r✱ t❤✐s r❡s✉•t ✐♠♣•✐❡s t❤❛t ✉♥❞❡r ν W V (dβ)✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❡str✐❝t✐♦♥ β U ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ ✇❡✐❣❤ts W U,U ✐♥s✐❞❡ ♦❢ U ✱ ❛♥❞ t❤❡ ❡❞❣❡s W U,U c ❝♦♠✐♥❣ ♦✉t ♦❢ U ✳ ❚❤✐s ✇✐•• ❜❡ ❡s♣❡❝✐❛••② ✉s❡❢✉• t♦ ❡①t❡♥❞ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s t♦ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ✶✳✷✳✸ |❡♣r❡s❡♥t❛t✐♦♥ ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s ❚❤❡ r❡s✉•ts ✐♥ t❤❡ ✉♣❝♦♠✐♥❣ s❡❝t✐♦♥ ❝♦♠❡ ❢r♦♠ ❬❙)✶✾(✱ ✇❤❡r❡ ❙❛❜♦t ❛♥❞ )❡♥❣ s❤♦✇❡❞ t❤❛t t❤❡ ❱|❏P ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ❆s ✇✐t❤ t❤❡ r❡s✉•t ♦❢ ▼❡r❦• ❛♥❞ |♦••❡s ❢♦r t❤❡ ❊||❲ ✭❬▼|✵✼(✮✱ t❤❡ ♣r♦♦❢ r❡•✐❡s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦♥ ✜♥✐t❡ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❣r❛♣❤✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦♥ t❤❡ ✐♥✜♥✐t❡ ❣r❛♣❤✳ ❚❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣❛rt✐❝✉•❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ✜♥✐t❡ r❡str✐❝t✐♦♥s✱ ✇❤✐❝❤ ✇✐•• ❤❡•♣ ❜♦t❤ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ β ♣♦t❡♥t✐❛• ♦♥ t❤❡ ✇❤♦•❡ ❣r❛♣❤✱ ❛♥❞ ✐♥ t❤❡ ♣r♦♦❢ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❝♦♥✈❡r❣❡s✳ ❲✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ▲❡t G =(V, E) ❜❡ ❛♥ ✐♥✜♥✐t❡ ❣r❛♣❤✱ t❤❛t ✇❡ ❛ss✉♠❡ t♦ ❜❡ •♦❝❛••② ✜♥✐t❡ ❛♥❞ ❝♦♥♥❡❝t❡❞✱ ❛s ✇❡•• ❛s ❡♥❞♦✇❡❞ ✇✐t❤ ❡❞❣❡ ✇❡✐❣❤ts W ✳ ❆s ✉s✉❛•✱ ✇❡ ❤❛✈❡ W i,j = W j,i > 0 ❢♦r {i, j}∈E✱ ❛♥❞ W i,j =0♦t❤❡r✇✐s❡✳ ▲❡t (V n ) n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ s✉❜s❡ts ♦❢ V ✱ s✉❝❤ t❤❛t n∈N V n = V ✳ ❋♦r n ∈ N✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ (G,W) t♦ V n ✇✐t❤ ❛ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❛s ❢♦••♦✇s✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ✈❡rt❡① δ n ✱ t❤❛t ✇✐•• ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❜♦✉♥❞❛r② ♣♦✐♥t✳ ❉❡✜♥❡ t❤❡♥ t❤❡ ❣r❛♣❤ G (n) =( Ṽ (n) , Ẽ(n) ) ✇✐t❤ Ṽ (n) = V n ∪{δ n } ❛♥❞ Ẽ(n) = {i, j}∈E, i, j ∈ V n ∪ {i, δ n },i∈ ∂V n , ✷✵ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ✇❤❡r❡ ❢♦r U ⊂ V ✱ ∂U = i ∈ U, ∃j ∈ V \U, {i, j}∈E ✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ✐❞❡♥t✐❢②✐♥❣ ❛•• ✈❡rt✐❝❡s ♦✉ts✐❞❡ ♦❢ V n t♦ ❛ s✐♥❣•❡ ✈❡rt❡① δ n ✳ ❚❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ t♦ ✈❡rt✐❝❡s ♦❢ V n ❛r❡ ❝♦♥s❡r✈❡❞✱ ❛♥❞ ❢♦r i ∈ V n ✱ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ i ❛♥❞ ✈❡rt✐❝❡s ♦✉ts✐❞❡ V n ❛r❡ ❢✉s❡❞ ❛s ❛ s✐♥❣•❡ ❡❞❣❡ {i, δ n }✳ ▼♦r❡♦✈❡r✱ ✇❡ ❡♥❞♦✇ G (n) ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ✇❡✐❣❤ts W (n) ✱ s♦ t❤❛t t❤❡ ✇❡✐❣❤ts ✐♥s✐❞❡ ♦❢ V n ❛r❡ t❤❡ s❛♠❡✱ ❛♥❞ t❤❡ ✇❡✐❣❤ts ❝♦♠✐♥❣ ♦✉t ♦❢ V n ❛r❡ ❝♦♥s❡r✈❡❞✿ W (n) i,j = W i,j ❢♦r i, j ∈ V n , ❛♥❞ W (n) i,δn = j∼i,j / ∈Vn W i,j = W {i},V c n 1 V c n . ❚❤❡♥✱ (G (n) , W (n) ) ✐s ❝❛••❡❞ t❤❡ r❡str✐❝t✐♦♥ ♦❢ (G,W) t♦ V n ✇✐t❤ ❛ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ β ♣♦t❡♥t✐❛• ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s ▲❡t ✉s ✜rst s❡❡ ❤♦✇ t❤✐s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛••♦✇s ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❞✐str✐❜✉t✐♦♥ ν W V ♦♥ t❤❡ ✇❤♦•❡ ✐♥✜♥✐t❡ ❣r❛♣❤✳ ❋✐① n ∈ N✱ ❛♥❞ •❡t β (n) =(β (n) i ) i∈ Ṽ (n) ❜❡ ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• ♦♥ G (n) ✱ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν W (n) Ṽ (n) ✳ ❚❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✺✭✐✐✮✱ t❤❡ r❡str✐❝t✐♦♥ β (n) Vn ❤❛s ❞✐str✐❜✉t✐♦♥ ν W (n) ,η (n) Vn ✱ ✇❤❡r❡✿ W (n) = W Vn,Vn ❛♥❞ η (n) = W Vn,V c n 1 V c n = W (n) i,δn i∈Vn . ❍♦✇❡✈❡r✱ ❢♦r m>n✱✐ ❢β (m) ✐s ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• ♦♥ G (m) ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν W (m) Ṽ (m) ✱ t❤❡♥ t❤❡ r❡str✐❝t✐♦♥ β (m) Vn ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s β (n) Vn ✱ s✐♥❝❡ t❤❡ ❡❞❣❡ ✇❡✐❣❤ts ❝♦♠✐♥❣ ♦✉t ♦❢ V n ❛r❡ st✐•• ❣✐✈❡♥ ❜② η (n) ✳ ❚❤❛♥❦s t♦ ❑♦•♠♦❣♦r♦✈✬s ❡①t❡♥s✐♦♥ t❤❡♦r❡♠✱ t❤✐s ❝♦♠♣❛t✐❜✐•✐t② ✐♠♣•✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ β ♣♦t❡♥t✐❛• ♦♥ t❤❡ ✇❤♦•❡ ✐♥✜♥✐t❡ ❣r❛♣❤ G✳ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✻✳ ❋♦r β ∈ R V ✱ •❡t ✉s st✐•• ❞❡♥♦t❡ ❜② H β =2β -W t❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ β✱ ✐✳❡✳ s✉❝❤ t❤❛t (H β f ) i =2β i f i -j∼i W i,j f j ✱ ❢♦r f ∈ R V ✳ ❲❡ ❛•s♦ ❞❡✜♥❡ D W V = {β ∈ R V , (H β ) U,U > 0 ❢♦r ❛•• ✜♥✐t❡ U ⊂ V }. ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❞✐str✐❜✉t✐♦♥ ν W V ♦♥ D W V s✉❝❤ t❤❛t✿ ❢♦r ❛•• ✜♥✐t❡ s✉❜s❡t U ♦❢ V ✱ ✉♥❞❡r ν W V (dβ)✱ t❤❡ r❡str✐❝t✐♦♥ β U ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W U,U ,η U ✱ ✇❤❡r❡ η = W U,U c 1 U c ✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❝❛♥ ♥♦✇ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❛ ❝♦✉♣•✐♥❣ ♦❢ β (n) ✜❡•❞s ♦♥ ❡❛❝❤ r❡str✐❝t✐♦♥ G (n) ✳ ■♥❞❡❡❞ ✉♥❞❡r ν W V (dβ)✱ ❢♦r n ∈ N t❤❡ r❡str✐❝t✐♦♥ β Vn ❤❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ν W (n) ,η (n) Vn ✳ ❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥ ❜❡ ❝♦♠♣•❡t❡❞ ✐♥t♦ ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• β (n) ♦♥ G (n) ✱ s✉❝❤ t❤❛t β (n) Vn = β Vn ✱ ❛♥❞ β (n) ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W (n) Ṽ (n) ✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ β (n) δn ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✺✭✐✐✐✮✱ ❜✉t ✇❡ ✇✐•• ❡①♣r❡ss ✐t ✐♥ ❛♥♦t❤❡r ✇❛②✳ ▲❡t H (n) β =2β (n) -W (n) ❜❡ t❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ β (n) ✱ ❛♥❞ G (n) =(H (n) β ) -1 t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ •r❡❡♥ ❢✉♥❝t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✹ ✇✐t❤ i 0 = δ n ✱ ✇❡ t❤❡♥ ❤❛✈❡ β (n) δn = j∈Vn W (n) δn,j 2 G (n) (δ n ,j) G (n) (δ n ,δ n ) + 1 2G (n) (δ n ,δ n ) , ✇❤❡r❡ G (n) (δn,j) G (n) (δn,δn) ✐s β (n) Vn ✲♠❡❛s✉r❛❜•❡✱ ❛♥❞ 1 2G (n) (δn,δn) ✐s ❛ •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡✱ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ β (n) Vn ✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦✉♣•❡ ❛•• ♣♦t❡♥t✐❛•s β (n) ❜② t❛❦✐♥❣ 1 2G (n) (δn,δn) = γ✱ ✇❤❡r❡ γ ✐s ❛ r❛♥❞♦♠ ✶✳✷✳ ❚❍❊ ❱❊|❚❊❳✲|❊■◆❋❖|❈❊❉ ❏❯▼P P|❖❈❊❙❙ ✷✶ •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡✱ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ β✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② ν W V (dβ, dγ) t❤❡ ❞✐str✐❜✉t✐♦♥ ♦♥ D W V × R ❞❡✜♥❡❞ ❛s✿ ν W V (dβ, dγ)=ν W V (dβ) ⊗ 1 γ>0 √ πγ e -γ dγ. ❚❤✐s ❝♦✉♣•✐♥❣ ♦❢ β (n) ♣♦t❡♥t✐❛•s ♣r♦✈✐❞❡s ❛ ❝♦✉♣•✐♥❣ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ t❤❡ ✜♥✐t❡ r❡str✐❝t✐♦♥s G (n) ✱ ✇❤✐❝❤ ✐s t❤❡♥ ✉s❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡s❡ r❡♣r❡s❡♥t❛t✐♦♥s ❝♦♥✈❡r❣❡ ✇❤❡♥ n →∞✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❋✐① i 0 ∈ V ❛ st❛rt✐♥❣ ♣♦✐♥t✱ t❤❛t ✇❡ ❛ss✉♠❡ t♦ ❜❡ ✐♥ n∈N V n ✳ ❋♦r ❛•• n ∈ N✱ t❤❡ ❱|❏P ♦♥ (G (n) , W (n) ) st❛rt❡❞ ❛t i 0 ✐s ❛ ♠✐①t✉r❡ ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P W (n) ,β (n) ,i0 i0 ✱ ✇❤❡r❡ β (n) ✐s ❞❡✜♥❡❞ ❢r♦♠ β ❛♥❞ γ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ❛♥❞ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ✐s ν W V (dβ, dγ)✳ |❡❝❛•• t❤❛t t❤❡ •✉♠♣ r❛t❡s ❞❡✜♥✐♥❣ P W (n) ,β (n) ,i0 i0 ❛r❡✱ ❢♦r i ∼ j✱ W (n) i,j 2 G (n) (i 0 ,j) G (n) (i 0 ,i) . ❚♦ s❤♦✇ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ G (n) ❝♦♥✈❡r❣❡s t♦ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ G✱ ✇❡ ✜rst ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ G (n) ❝♦♥✈❡r❣❡s✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✇r✐t❡ G (n) ❛s ❛ s✉♠ ♦✈❡r ❛•• ♣❛t❤s ✐♥ G (n) ✳ ❲❡ ❞❡♥♦t❡ ❜② P Ṽ (n) i,j t❤❡ s❡t ♦❢ ♣❛t❤s σ ❢r♦♠ i t♦ j ✐♥ G (n) ✱ ✐✳❡✳ σ =( σ 0 , ..., σ l ) ∈ ( Ṽ (n) ) l+1 ✇❤❡r❡ l = |σ| ✐s t❤❡ •❡♥❣t❤ ♦❢ σ✱ σ 0 = i ❛♥❞ σ l = j✱ ❛♥❞ ❢♦r k ∈ 0,l-1 ✱ σ k ∼ σ k+1 ✳ ❚❤❡♥ G (n) ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿ ❢♦r i, j ∈ Ṽ (n) ✱ G (n) (i, j)= σ∈P Ṽ (n) i,j W (n) σ (2β (n) ) σ , ✇❤❡r❡ W (n) σ = |σ|-1 k=0 W (n) σ k ,σ k+1 ❛♥❞ (2β (n) ) σ = |σ| k=0 2β (n) σ k ✳ ❚❤✐s s✉♠ ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ✐♥ t✇♦✱ ❜② ❞✐st✐♥❣✉✐s❤✐♥❣ ♣❛t❤s t❤❛t st❛② ✐♥s✐❞❡ V n ✱ ❛♥❞ ♣❛t❤s t❤❛t ✈✐s✐t δ (n) ❛t s♦♠❡ ♣♦✐♥t✳ ❚❤❡s❡ •❛st ♣❛t❤s ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤r❡❡ ♣❛rts✿ ❛ ✜rst ♣❛t❤ ❢r♦♠ i t♦ ❛ ♥❡✐❣❤❜♦r z 1 ♦❢ δ n ✱ t❤❡♥ ❛ ♣❛t❤ ❢r♦♠ δ n t♦ δ n ✱ ❛♥❞ ✜♥❛••② ❛ ♣❛t❤ ❢r♦♠ ❛♥♦t❤❡r ♥❡✐❣❤❜♦r z 2 ♦❢ δ n t♦ j✳❋ ♦ ri, j ∈ V n ✱ t❤✐s ②✐❡•❞s G (n) (i, j)= σ∈P Vn i,j W σ (2β) σ + z1,z2∼δn ⎛ ⎜ ⎝ σ∈P Vn i,z 1 W σ (2β) σ ⎞ ⎟ ⎠ W (n) z1,δn G (n) (δ n ,δ n ) W (n) δn,z2 ⎛ ⎜ ⎝ σ∈P Vn z 2 ,j W σ (2β) σ ⎞ ⎟ ⎠ = Ĝ(n) (i, j)+ψ (n) (i) 1 2γ ψ (n) (j), ✇❤❡r❡ Ĝ(n) : V × V → R + ❛♥❞ ψ (n) : V → R + ❛r❡ β✲♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ ❼ ( Ĝ(n) ) Vn,Vn =((H β ) Vn,Vn ) -1 ❛♥❞ Ĝ(n) (i, j)=0✐❢ i/ ∈ V n ♦r j/ ∈ V ✳ ❼ ❋♦r i ∈ V n ✱ ψ (n) (i)= G (n) (δn,i) G (n) (δn,δn) = e u (n) (δn,i) ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✹ ✭✇❤❡r❡ u (n) (δ n , •) ❤❛s ❞✐str✐❜✉t✐♦♥ Q W (n) ,δn Ṽ (n) ✮✱ ❛♥❞ ψ (n) (i)=1❢♦r i/ ∈ V n ✳ ◆♦t❡ t❤❛t (H (n) β ψ (n) ) Vn =0✳ ✷✷ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ❯♥❞❡r ν W V (dβ, dγ)✱ ❙❛❜♦t ❛♥❞ )❡♥❣ s❤♦✇❡❞ t❤❛t Ĝ(n) ❛♥❞ ψ (n) ❝♦♥✈❡r❣❡ ❛•♠♦st s✉r❡•②✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ F β Vn = σ (β i ) i∈Vn ✱ t❤❡♥ ❢♦r ❛•• i ∈ V ✱ (ψ (n) (i)) n∈N ✐s ❛ (F β Vn )✲♠❛rt✐♥❣❛•❡✳ ❲❡ ❞❡♥♦t❡ ❜② Ĝ ❛♥❞ ψ t❤❡ r❡s♣❡❝t✐✈❡ •✐♠✐ts ♦❢ t❤❡s❡ ♦❜•❡❝ts✱ ✇❤✐❝❤ ❛r❡ β✲♠❡❛s✉r❛❜•❡✳ ❋♦r β ∈D W V ✱ ψ ✐s H β ✲❤❛r♠♦♥✐❝✱ ✐✳❡✳ (H β ψ)(i)=0❢♦r ❛•• i ∈ V ✳ ❋✐♥❛••②✱ ❞❡✜♥❡ G : V × V → R + s✉❝❤ t❤❛t ❢♦r i, j ∈ V ✱ G(i, j)= Ĝ(i, j)+ 1 2γ ψ(i)ψ(j). ❚❤✐s •❡❛❞s t♦ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ ❣✐✈❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ❚❤❡♦r❡♠ ✶✳✷✳✸✳ ❋♦ r β ∈D W V ✱ γ>0 ❛♥❞ ❛ st❛rt✐♥❣ ♣♦✐♥t i 0 ∈ V ✱ •❡t P W,β,γ,i0 ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡s W i,j 2 
G(i 0 ,j) G(i 0 ,i) ❢r♦♠ i t♦ j✳ ❚❤❡♥ ✉♥❞❡r P VRJP(W,i0) ✱ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (1) ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P W,β,γ,i0 i0 ✱ ❛♥❞ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ✐s ν W V (dβ, dγ)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛•• β ∈D W V ❛♥❞ γ>0✱ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss P W,β,γ,i0 i0 ✐s r❡❝✉rr❡♥t ✐❢ ❛♥❞ ♦♥•② ✐❢ ψ(i)=0❢♦r ❛•• i ∈ V ✱ ❛♥❞ tr❛♥s✐❡♥t ✐❢ ❛♥❞ ♦♥•② ✐❢ ψ(i) > 0 ❢♦r ❛•• i ∈ V ✳ ❚❤❡ ♣r♦♦❢ r❡•✐❡s ♦♥ ✉s✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ r❡str✐❝t✐♦♥s G (n) ✳ ■♥❞❡❡❞✱ ❢♦r ❛•• ✜♥✐t❡ s✉❜s❡t U ⊂ V ✱ •❡t n 0 ❜❡ s✉❝❤ t❤❛t U ⊂ V n0 ✳ ❚❤❡♥ ❢♦r n ≥ n 0 t❤❡ ❱|❏P✱ ✉♣ t♦ t❤❡ ✜rst t✐♠❡ ✐t •❡❛✈❡s U ✱ ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ •✉♠♣ r❛t❡s Wi,j 2 G (n) (i0,j) G (n) (i0,i) ✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ✇r✐tt❡♥ ❛s ❛♥ ✐♥t❡❣r❛• ✐♥✈♦•✈✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ tr❛•❡❝t♦r✐❡s ❢♦r t❤❡s❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❚❛❦✐♥❣ n →∞✱ ❛♥❞ ✉s✐♥❣ ❛ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐•✐t② ❛r❣✉♠❡♥t ♦♥ t❤❡ ❢❛♠✐•② G (n) (i0,i) G (n) (i0,i0) n∈N ❢♦r ❛•• i ∈ V ✱ t❤✐s ✐♥t❡❣r❛• ❝♦♥✈❡r❣❡s t♦ t❤❡ ❞❡s✐r❡❞ r❡s✉•t✳ ❚❤❡♦r❡♠ ✶✳✷✳✸ ✐♠♣•✐❡s t❤❛t t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❱|❏P✱ ✇❤✐❝❤ ✐s ♥♦t ♠♦❞✐✜❡❞ ❜② t❤❡ t✐♠❡ ❝❤❛♥❣❡s ❛♣♣•✐❡❞ t♦ X✱ ✐s ❛ ♠✐①t✉r❡ ♦❢ r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s ♦♥ G✱ ✇✐t❤ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ❜❡t✇❡❡♥ i ❛♥❞ j ❡q✉❛• t♦ W i,j G(i 0 ,i)G(i 0 ,j)✱ ✉♥❞❡r t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ν W V (dβ, dγ)✳ |❡❝❛•• ❛•s♦ t❤❛t t❤❡ ❊||❲ ♦♥ (G,a)✱ ✇✐t❤ ✐♥✐t✐❛• ✇❡✐❣❤ts (a e ) e∈E ✱ ✐s ❛ ♠✐①t✉r❡ ♦❢ ❞✐s❝r❡t❡✲t✐♠❡ ❱|❏P ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t st❛rt✐♥❣ ✇❡✐❣❤ts (W e ) e∈E ❢♦••♦✇✐♥❣ •❛♠♠❛(a e , 1) ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s ♣r♦✈✐❞❡s t❤❡ ❢♦••♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ♦❢ ❛ ♠✐①✐♥❣ ♠❡❛s✉r❡ ❢♦r t❤❡ ❊||❲✿ ✐t ✐s ❛•s♦ ❛ ♠✐①t✉r❡ ♦❢ r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s✱ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥❞✉❝t❛♥❝❡s W i,j G(i 0 ,i)G(i 0 ,j)✱ ✉♥❞❡r t❤❡ ❞✐str✐❜✉t✐♦♥ νa V (dW, dβ, dγ)✱ ✇❤❡r❡ νa V (dW, dβ, dγ)= ν W V (dβ, dγ) e∈E W ae-1 e Γ(a e ) exp(-W e )dW e . |❡♠❛r❦ ✶✳✷✳✻✳ ❚❤❡ ♠❛rt✐♥❣❛•❡ ♣r♦♣❡rt② ♦❢ ψ (n) ♣•❛②s ❛ ❝❡♥tr❛• r♦•❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ G (n) ✳ ▼♦r❡♦✈❡r✱ t❤❡ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r✐❛• ♠❛rt✐♥❣❛•❡ ψ (n) (i) i∈V ✐s ❣✐✈❡♥ ❜② Ĝ(n) ✱ ✐✳❡✳ ψ(i),ψ(j) n = Ĝ(n) (i, j)✳ ❚❤✐s ✇❛s ❣❡♥❡r❛•✐③❡❞ ❜② ❉✐s❡rt♦r✐✱ ▼❡r❦• ❛♥❞ |♦••❡s ✐♥ ❬❉▼|✶✼(✱ ✇❤❡r❡ t❤❡② ✐♥tr♦❞✉❝❡❞ ❛♥ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ ♠❛rt✐♥❣❛•❡s✱ t❤❛♥❦s t♦ s②♠♠❡tr② ❛r❣✉♠❡♥ts ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ H 2|2 ♠♦❞❡•✳ ❚❤❡② ❡①♣❛♥❞❡❞ t❤✐s ❢❛♠✐•② ❢✉rt❤❡r ✐♥ ❬❉▼|✶✾(✱ ✉s✐♥❣ t❤❡ ❛♥t✐s②♠♠❡tr✐❝ ✈❛r✐❛❜•❡s ♦❢ t❤❡ H 2|2 ♠♦❞❡•✳ ❈♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ❱|❏P ❛♥❞ ❊||❲ ♦♥ Z d ❚❤❡ ❢❛❝t t❤❛t t❤❡ β✲♣♦t❡♥t✐❛• ✐s 1✲❞❡♣❡♥❞❡♥t ❛•s♦ ②✐❡•❞s ❡r❣♦❞✐❝✐t② ♣r♦♣❡rt✐❡s ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ •❡t (G,W) ❜❡ ✈❡rt❡① tr❛♥s✐t✐✈❡✱ ✐✳❡✳ t❤❡ ❣r♦✉♣ A ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ G ✶✳✷✳ ❚❍❊ ❱❊|❚❊❳✲|❊■◆❋❖|❈❊❉ ❏❯▼P P|❖❈❊❙❙ ✷✸ t❤❛t •❡❛✈❡ W ✐♥✈❛r✐❛♥t ✐s ✈❡rt❡① tr❛♥s✐t✐✈❡✿ ❢♦r i, j ∈ V ✱ t❤❡r❡ ❡①✐sts f ∈As✉❝❤ t❤❛t f (i)=f (j)✳ ❚❤❡♥ ✉♥❞❡r ν W V (dβ)✱ t❤❡ ♣♦t❡♥t✐❛• (β i ) i∈V ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r♦✉♣ A✳ ❚❤✐s ✐s ❛•s♦ tr✉❡ ♦❢ Ĝ ❛♥❞ ψ✱ s✐♥❝❡ t❤❡② ❛r❡ β✲♠❡❛s✉r❛❜•❡✳ ❚❤✐s ❤❛s ❛ ♥✉♠❜❡r ♦❢ ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ❱|❏P ♦♥ Z d ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts W ✱ ✇❤✐❝❤ ✐s ✈❡rt❡① tr❛♥s✐t✐✈❡✳ ❋✐rst✱ ♦♥ ✈❡rt❡① tr❛♥s✐t✐✈❡ ✇❡✐❣❤t❡❞ ❣r❛♣❤s✱ t❤❡ ❡✈❡♥t {∀i ∈ V, ψ(i)=0 } ✐s ✐♥✈❛r✐❛♥t ❜② t❤❡ ❣r♦✉♣ A✱ ❛♥❞ t❤❡r❡❢♦r❡ ❤❛s ♣r♦❜❛❜✐•✐t② 0 ♦r 1✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✳✷✳✸✱ t❤✐s ✐♠♣•✐❡s t❤❛t t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss P W,β,i0 ✐s ❡✐t❤❡r ν W V ✲❛✳s✳ r❡❝✉rr❡♥t✱ ♦r ν W V ✲❛✳s✳ tr❛♥s✐❡♥t✳ ▼♦r❡♦✈❡r✱ t❤❡ ❱|❏P s❛t✐s✜❡s ❛ ❢✉♥❝t✐♦♥❛• ❝❡♥tr❛• •✐♠✐t t❤❡♦r❡♠ ❛t ✇❡❛❦ ❡♥♦✉❣❤ r❡✐♥❢♦r❝❡♠❡♥t ♦♥ Z d ✱ d ≥ 3✳ ■♥ t❤✐s r❡❣✐♠❡✱ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ❱|❏P ✇❛s ❛•r❡❛❞② ❦♥♦✇♥✱ ❜✉t t❤✐s ✐s ❛ str♦♥❣❡r r❡s✉•t✳ ▲❡t ( Ẑn ) n∈N ❞❡♥♦t❡ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❱|❏P✱ ❛♥❞ ❢♦r t ≥ 0✱ ❞❡✜♥❡ B (m) t = 1 √ m Ẑ[mt] ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts W>0 s✉❝❤ t❤❛t ❢♦r W>W ✮✱ ✉♥❞❡r P VRJP(W,0) ✱ B (m) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ d✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① σ 2 I d ✱ ✇❤❡r❡ 0 <σ 2 < ∞✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ s✐♠✐•❛r t❤❡♦r❡♠ ❢r♦♠ ❬❉▼❋•❲✽✾( ♦♥ r❛♥❞♦♠ ✇❛•❦s ✐♥ r❛♥❞♦♠ ❝♦♥❞✉❝✲ t❛♥❝❡s✱ ✇❤✐❝❤ ✐s ✈❛•✐❞ ✇❤❡♥ t❤❡ ❝♦♥❞✉❝t❛♥❝❡s ❛r❡ ❡r❣♦❞✐❝ ❛♥❞ s❛t✐s❢② ❛♥ ✐♥t❡❣r❛❜✐•✐t② ❝♦♥❞✐t✐♦♥✳ ❋♦r Ẑ✱ t❤❡ ❝♦♥❞✉❝t❛♥❝❡s ❛r❡ W i,j G(0,i)G(0,j)✱ ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ♥♦t ❡r❣♦❞✐❝✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥❡✈❡r ❝♦♠✐♥❣ ❜❛❝❦ t♦ 0✱ Ẑ ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s ❛ r❛♥❞♦♠ ✇❛•❦ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W i,j ψ(i)ψ(j)✱ s✐♠✐•❛r•② ❝♦♥❞✐t✐♦♥❡❞✱ t♦ ✇❤✐❝❤ t❤❡ t❤❡♦r❡♠ ❛♣♣•✐❡s✳ ❚❤❡ ✐♥t❡❣r❛❜✐•✐t② ❤②♣♦t❤❡s✐s ✐s ✈❡r✐✜❡❞ ❛t ✇❡❛❦ r❡✐♥❢♦r❝❡♠❡♥t✱ t❤❛♥❦s t♦ ❡st✐♠❛t❡s ❜② ❉✐s❡rt♦r✐✱ ❙♣❡♥❝❡r ❛♥❞ )✐r♥❜❛✉❡r ✭❬❉❙)✶✵(✮✳ ❚❤❡ r❛♥❞♦♠ ✇❛•❦ ✐♥ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s W i,j ψ(i)ψ(j) ✇✐•• r❡❛♣♣❡❛r •❛t❡r ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t✱ t♦ st✉❞② H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝✲ t✐♦♥s✳ ❚❤✐s ♣r♦♦❢ ♦❢ ❛ ❢✉♥❝t✐♦♥❛• ❝❡♥tr❛• •✐♠✐t t❤❡♦r❡♠ ✐s ❛•s♦ ✈❛•✐❞ ❢♦r t❤❡ ❊||❲ ❛t ✇❡❛❦ r❡✐♥❢♦r❝❡♠❡♥t ♦♥ Z d ✱ d ≥ 3✱ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts (a e ) e∈E ✳ ■♥❞❡❡❞✱ t❤❡ ❊||❲ ✐s ❛ ♠✐①t✉r❡ ♦❢ ✭❞✐s❝r❡t❡✲t✐♠❡✮ ❱|❏P ✇✐t❤ ✐✳✐✳❞✳ st❛rt✐♥❣ ✇❡✐❣❤ts (W e ) e∈E ✱ ✇❤✐❝❤ ❝♦♥s❡r✈❡s t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s W i,j ψ(i)ψ(j)✳ ❚❤❡ ❡st✐♠❛t❡s ✐♠♣•②✐♥❣ t❤❡ ✐♥t❡❣r❛❜✐•✐t② ❝♦♥❞✐t✐♦♥ ✇❡r❡ s❤♦✇♥ ✐♥ ❬❉❙❚✶✺( t♦ ♣r♦✈❡ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ❊||❲ ❛t t❤✐s r❡❣✐♠❡✳ ❆♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡r❣♦❞✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ β ✐s t❤❡ ❢♦••♦✇✐♥❣ ❢❛❝t✿ ♦♥ Z 2 ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts (a e ) e∈E ✱ t❤❡ ❊||❲ ✐s r❡❝✉rr❡♥t ❢♦r ❛♥② a>0✳ ■♥❞❡❡❞✱ ✐t ✐s ❛ ♠✐①t✉r❡ ♦❢ r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s✱ ✇❤✐❝❤ ❛r❡ tr❛♥s✐❡♥t ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡ ❛ss♦❝✐❛t❡❞ ψ ✐s ♣♦s✐t✐✈❡ ❡✈❡r②✇❤❡r❡ ♦♥ Z d ✳ ❙✐♥❝❡ ψ ✐s ❛•s♦ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✱ ✐t ❝❛♥♥♦t s❛t✐s❢② t❤❡ ♣♦•②♥♦♠✐❛• ❞❡❝❛② s❤♦✇♥ ❜② ▼❡r❦• ❛♥❞ |♦••❡s ✐♥ ❬▼|✵✻( ❢♦r t❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ♦❢ t❤❡ ❊||❲ ♦♥ Z 2 ✳ ❚❤❡r❡❢♦r❡ t❤❡ ♣r♦❝❡ss ✐s ❛✳s✳ r❡❝✉rr❡♥t✳ ❆ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉•t ❢♦r t❤❡ ❱|❏P ✇❛s ❛•s♦ s❤♦✇♥ ❜② ❙❛❜♦t ✭❬❙❛❜✶✾(✮ ❛s ✇❡•• ❛s ❑♦③♠❛ ❛♥❞ P❡•❡❞ ✭❬❑P✶✾(✮✱ ❜♦t❤ ✉s✐♥❣ ▼❡r♠✐♥✲❲❛❣♥❡r✲t②♣❡ ❛r❣✉♠❡♥ts t♦ s❤♦✇ ❜♦✉♥❞s ♦♥ e ui ✉♥❞❡r t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ Q W,i0 V (du)✳ ❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ ψ✱ t❤✐s ✐♠♣•✐❡s t❤❡ ❛✳s✳ r❡❝✉rr❡♥❝❡ ♦❢ t❤❡ ❱|❏P ♦♥ Z 2 ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts✳ ❚❤✐s ✇❛s ❛•s♦ ♣r♦✈❡❞ ✐♥ ❛♥♦t❤❡r ✇❛② ❜② P♦✉❞❡✈✐❣♥❡ ✐♥ ❬P♦✉✶✾(✳ ❍✐s ♠❡t❤♦❞ ✐♥✈♦•✈❡s ❛ ❝♦✉♣•✐♥❣ ♦❢ β ♣♦t❡♥t✐❛•s ❢♦r ❞✐✛❡r❡♥t ✈❛•✉❡s ♦❢ t❤❡ ✐♥✐t✐❛• ✇❡✐❣❤ts W ✱ ❛♥❞ ❛ ♠❛rt✐♥❣❛•❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r②✐♥❣ W ✳ ❚❤✐s ②✐❡•❞s ❛ ♠♦♥♦t♦♥✐❝✐t② r❡s✉•t r❡•❛t✐✈❡ t♦ t❤❡ ✐♥✐t✐❛• ✇❡✐❣❤ts✱ ✇❤✐❝❤ ❤❛s s❡✈❡r❛• ❝♦♥s❡q✉❡♥❝❡s✳ ❋✐rst•②✱ ✐❢ ❛ ✇❡✐❣❤t❡❞ ❣r❛♣❤ (G,W) ✐s s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ s✐♠♣•❡ r❛♥❞♦♠ ✇❛•❦ ✐s r❡❝✉rr❡♥t✱ t❤❡♥ t❤❡ ❱|❏P ♦♥ (G,W) ✐s r❡❝✉rr❡♥t ❛s ✇❡••✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤✐s ✐s tr✉❡ ❢♦r t❤❡ ❱|❏P ♦♥ Z 2 ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts✳ ❙❡❝♦♥❞•②✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ tr❛♥s✐❡♥❝❡ ❛♥❞ r❡❝✉rr❡♥❝❡ ♦❢ t❤❡ ❱|❏P ♦♥ Z d ✱ ❢♦r ❛•• d ≥ 3✳ ❆♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ ✐♥✜♥✐t❡ tr❡❡s ❆s ✇✐t❤ r❛♥❞♦♠ ✇❛•❦s ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✱ ✐❢ ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✐s r❡❝✉rr❡♥t✱ t❤❡ ❛ss♦❝✐❛t❡❞ •✉♠♣ r❛t❡s ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❛s ❛s②♠♣t♦t✐❝ ❢✉♥❝t✐♦♥❛•s ♦❢ t❤❡ tr❛•❡❝t♦r②✳ ❚❤✐s ✐♠♣•✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ✐✳❡✳ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ •✉♠♣ r❛t❡s✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❤❛s ❛ ♥♦♥③❡r♦ ♣r♦❜❛❜✐•✐t② ♦❢ ❞❡✜♥✐♥❣ ❛ tr❛♥s✐❡♥t ▼❛r❦♦✈ ♣r♦❝❡ss✱ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦ ❤❛✈❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❆ ✜rst ❝♦✉♥t❡r❡①❛♠♣•❡ ❛♣♣❡❛rs ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♥✜♥✐t❡ tr❡❡s✳ ✷✹ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ■♥❞❡❡❞✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❝♦♥str✉❝t ❛ ❞✐✛❡r❡♥t r❡♣r❡s❡♥t❛t✐♦♥✱ ✉s✐♥❣ ❛♥♦t❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ✜♥✐t❡ r❡str✐❝t✐♦♥s✿ t❤❡ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✐✳❡✳ r❡♠♦✈✐♥❣ ❛♥② ❡❞❣❡ ✇✐t❤ ❛t •❡❛st ♦♥❡ ❡♥❞ ♦✉t ♦❢ t❤❡ s✉❜❣r❛♣❤✳ ❚❤✐s r❡str✐❝t✐♦♥ ✐s t❤❡♥ ❛ ✜♥✐t❡ tr❡❡✱ ♦♥ ✇❤✐❝❤ t❤❡ r❛♥❞♦♠ •✉♠♣ r❛t❡s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✷ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢♦r ❡❛❝❤ ❡❞❣❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❢♦r ❛♥② ✜♥✐t❡ s✉❜tr❡❡ ❛r❡ ❝♦♠♣❛t✐❜•❡✳ ❚❤✐s ②✐❡•❞s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ✇❤♦•❡ ✐♥✜♥✐t❡ tr❡❡✱ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ •✉♠♣ r❛t❡s✱ ✇❤✐❝❤ ✇❛s ❞❡s❝r✐❜❡❞ ❜② ❈❤❡♥ ❛♥❞ )❡♥❣ ✐♥ ❬❈)✶✻(✳ ❚❤✐s r❡s✉•t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❇❛s❞❡✈❛♥t ❛♥❞ ❙✐♥❣❤ ✐♥ ❬❇❙✶✵(✱ ✇❤♦ ♣r♦✈❡❞ t❤❛t t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ r❡❝✉rr❡♥❝❡ ❛♥❞ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ❱|❏P ♦♥ ❛ r❡❣✉•❛r tr❡❡ ✇❛s t❤❡ s❛♠❡ ❛s ❢♦r ❛ r❛♥❞♦♠ ✇❛•❦ ✐♥ r❛♥❞♦♠ ✐✳✐✳❞✳ ❡♥✈✐r♦♥♠❡♥t✳ ❖♥ ❛ d✲r❡❣✉•❛r tr❡❡ ❢♦r d ≥ 3✱ ❛♥❞ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ ❱|❏P ✐s tr❛♥s✐❡♥t ✭t❤❛♥❦s t♦ r❡s✉•ts ❢r♦♠ ❬❉❱✵✷(✱ ❬❇❙✶✵(✮✱ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✸✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② ✐♥✜♥✐t❡ s❡•❢✲❛✈♦✐❞✐♥❣ ♣❛t❤ ω st❛rt✐♥❣ ❛t t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✱ t❤❡ s❡q✉❡♥❝❡ (ψ(ω n )) n∈N ❛•♠♦st s✉r❡•② ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ 0✱ s✐♥❝❡ ψ ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ❍♦✇❡✈❡r t❤❡ ❛♥❛•♦❣♦✉s q✉❛♥t✐t② ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t •✉♠♣ r❛t❡s✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛• ❞✐st✐♥❝t ❞✐str✐❜✉t✐♦♥s ❢♦r ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡s❡♥t✐♥❣ t❤❡ ❱|❏P ♠♦t✐✈❛t❡❞ t❤❡ ✜rst ♣❛rt ♦❢ ♠② ✇♦r❦✱ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ✶✳✸ ❚❤❡ q✉❡st✐♦♥ ♦❢ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ♦♥ s♦♠❡ ✐♥✜♥✐t❡ ✇❡✐❣❤t❡❞ ❣r❛♣❤s ✭s♣❡❝✐✜❝❛••② ✐♥✜♥✐t❡ tr❡❡s✮ t❤❡ ❱|❏P ❛❞♠✐ts s❡✈❡r❛• ❞✐st✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❚❤✐s ❜❡❣s t❤❡ ❢♦••♦✇✐♥❣ q✉❡st✐♦♥✿ ✐♥ ✇❤❛t ❝♦♥t❡①t ✐s t❤❡r❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥❄ ❚❤❡ ❢♦••♦✇✐♥❣ s❡❝t✐♦♥ ♣r❡s❡♥ts r❡s✉•ts ❢r♦♠ ❬•❡r✶✾(✱ ✐♥ ✇❤✐❝❤ ■ t❛❝❦•❡❞ t❤✐s ✐ss✉❡✳ ❆ ✜rst st❡♣ ✇❛s t♦ s❤♦✇ t❤❛t ❛•• r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥ts r❡♣r❡s❡♥t✐♥❣ t❤❡ ❱|❏P ❛r❡ r❡•❛t❡❞ t♦ t❤❡ β ♣♦t❡♥t✐❛• ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤✐s s❤✐❢ts t❤❡ ♣r♦❜•❡♠ t♦ st✉❞②✐♥❣ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❣r❛♣❤✱ ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ▼❛rt✐♥ ❜♦✉♥❞❛r②✳ ❖♥ t❤❡ •❛tt✐❝❡ Z d ✱ t❤✐s ❛♣♣r♦❛❝❤ •❡❛❞s t♦ ❛ ✉♥✐q✉❡♥❡ss r❡s✉•t✳ ❖♥ ✐♥✜♥✐t❡ tr❡❡s ❤♦✇❡✈❡r✱ ✇❡ ❝♦♥str✉❝t ❛♥ ✐♥✜♥✐t❡ ❢❛♠✐•② ♦❢ ❞✐st✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s✳ ✶✳✸✳✶ ❈♦♠♠♦♥ ❢♦r♠ ❢♦r ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ❲❡ st✐•• ❝♦♥s✐❞❡r ❛♥ ✐♥✜♥✐t❡ ❣r❛♣❤ G =(V, E)✱ ❝♦♥♥❡❝t❡❞ ❛♥❞ •♦❝❛••② ✜♥✐t❡✱ ❡♥❞♦✇❡❞ ✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts (W e ) e∈E ✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② PVRJP(W,i0) t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss Z (1) ✉♥❞❡r P VRJP(W,i0) ✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✳✷✳✸✱ ✐t ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s❡♥s❡✿ PVRJP(W,i0) [•]= P W,β,γ,i0 i0 [•]ν W V (dβ, dγ), ✇❤❡r❡ P W,β,γ,i0 ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ G ✇✐t❤ •✉♠♣ r❛t❡ Wi,j 2 
G(i0,j) G(i0,i) ❢r♦♠ i t♦ j✳❲ ❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✇❤❡t❤❡r t❤✐s ✐s t❤❡ ♦♥•② ✇❛② t♦ ✇r✐t❡ PVRJP(W,i0) ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ ♠♦r❡ ❢♦r♠❛••② t❤❡ ♥♦t✐♦♥ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P✳ ❲❡ ❞❡♥♦t❡ ❜② J E V t❤❡ s❡t ♦❢ •✉♠♣ r❛t❡s ♦♥ G✱ ✐✳❡✳ t❤❡ s❡t ♦❢ (r i,j ) i,j∈V ∈ R V ×V + s✉❝❤ t❤❛t r i,j =0✐❢ {i, j} / ∈ E✳ ▲❡t ♥♦✇ R ❜❡ ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ J E V ✱ ❛♥❞ i 0 ∈ V ✳ ❲❡ ✇✐•• s❛② t❤❛t R ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P st❛rt✐♥❣ ❛t i 0 ✭❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s✮ ✐❢ PVRJP(W,i0) [•]= P MJP(r) i0 R(dr), ✇❤❡r❡ ✇❡ st✐•• ❞❡♥♦t❡ ❜② P MJP(r) t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ♦♥ G ✇✐t❤ •✉♠♣ r❛t❡s (r i,j ) i∼j ✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ •✉♠♣ r❛t❡s ❛♣♣❡❛r✐♥❣ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✸ ✇✐•• ❜❡ ❝❛••❡❞ ✧st❛♥❞❛r❞ r❡♣r❡s❡♥t❛✲ t✐♦♥✧✳ ✶✳✸✳ ❚❍❊ ◗❯❊❙❚■❖◆ ❖❋ ❯◆■◗❯❊◆❊❙❙ ❖❋ ❚❍❊ |❊P|❊❙❊◆❚❆❚■❖◆ ✷✺ •❡♥❡r❛• r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ t❤❡ β ♣♦t❡♥t✐❛• ❚❤❡ ✜rst q✉❡st✐♦♥ ❝♦♥❝❡r♥✐♥❣ ❛r❜✐tr❛r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ❝❛♥ t❤❡② ❛•• ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✉s✐♥❣ t❤❡ β ♣♦t❡♥t✐❛•❄ ❚❤❡ ❛♥s✇❡r ✐s ♣♦s✐t✐✈❡✱ ❛s ❞❡s❝r✐❜❡❞ ❜❡•♦✇✳ ❋♦r r ∈J E V ❛♥❞ i ∈ V ✱ ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② r i = i∼j r i,j ✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❛ss✉r❡s t❤❛t ❢♦r ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ R ♦❢ t❤❡ ❱|❏P✱ ✉♥❞❡r R(dr) t❤❡ ❤♦•❞✐♥❣ t✐♠❡ r❛t❡s (r i ) i∈V ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐✲ ❜✉t✐♦♥ ❛s t❤❡ ❛♥❛•♦❣♦✉s q✉❛♥t✐t✐❡s ( βi ) i∈V ✐♥ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❇② ❛❞❞✐♥❣ ❛♥ ✐♥❞❡♣❡♥❞❡♥t •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡ ❛t t❤❡ st❛rt✐♥❣ ♣♦✐♥t✱ ✇❡ t❤❡r❡❢♦r❡ ❣❡t ❛ ♣♦t❡♥t✐❛• ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν W V ✳ ❚❤❡♦r❡♠ ✶✳✸✳✶✳ ▲❡t R ❜❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P st❛rt✐♥❣ ❛t i 0 ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ ❞✐str✐✲ ❜✉t✐♦♥ ♦♥ J E V × R✿ R(dr, dγ)=R(dr) ⊗ 1 {γ>0} √ πγ e -γ dγ✳ ❋♦r r ∈J E V ❛♥❞ γ>0✱ ✇❡ ❞❡✜♥❡ ❛ ♣♦t❡♥t✐❛• β ∈ R V + ♦♥ G ❜②✿ β i = r i + 1 {i=i0} γ. ❚❤❡♥ ✉♥❞❡r R(dr, dγ)✱ β ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W V ✳ ▼♦r❡♦✈❡r t❤❡r❡ ❡①✐sts ❛ r❛♥❞♦♠ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ h : V → R + ✱ s✉❝❤ t❤❛t ❢♦r ❛•• i ∼ j✱ r i,j = W i,j 2 G h (i 0 ,j) G h (i 0 ,i) , ✇❤❡r❡ ❢♦r i ∈ V ✱ G h (i 0 ,i)= Ĝ(i 0 ,i)+h(i)✱ ❛♥❞ Ĝ st✐•• ❞❡♥♦t❡s t❤❡ β✲♠❡❛s✉r❛❜•❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ V × V ✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ •✉♠♣ r❛t❡s ✉s✐♥❣ G h r❡s✉•ts ❡❛s✐•② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t (β i ) i∈V ❤❛s ❞✐str✐❜✉t✐♦♥ ν W V ✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✇✐t❤ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✿ ❜② ❡①♣r❡ss✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ ❝②❝•✐❝❛• tr❛•❡❝t♦r✐❡s ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ❛s t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ R✳ ■♥❞❡❡❞✱ t❛❦❡ n ∈ N✱ 0 <s 1 <. . .<s n <t❛♥❞ i 1 , ..., i n ∈ V ✱ ❛♥❞ •❡t σ = σ (i,s) t,n t❤❡ tr❛•❡❝t♦r② ❞❡✜♥❡❞ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ▲❡t ❛•s♦ F i0 ❜❡ t❤❡ ❞❡♥s✐t② ♦❢ tr❛•❡❝t♦r✐❡s ❢♦r t❤❡ ❱|❏P st❛rt❡❞ ❛t i 0 ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t✇♦ ✇❛②s ♦❢ ✇r✐t✐♥❣ F i0 (σ)✿ t❤❡ ❡①♣•✐❝✐t ❡①♣r❡ss✐♦♥ F i0 (σ)=exp ⎛ ⎝ - i∼j W i,j (1 + l σ i (t))(1 + l σ j (t)) -1 ⎞ ⎠ 2 -n n-1 k=0 W i k ,i k+1 i∈V \{in} 1+l σ i (t) , ❛♥❞ t❤❡ ❛✈❡r❛❣❡❞ ❡①♣r❡ss✐♦♥ ✉s✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ R✱ F i0 (σ)= exp - i∈V r i l σ i (t) n-1 k=0 r i k ,i k+1 R(dr). ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (r i ) i∈V ✱ ✇❡ t❛❦❡ i 0 = i n s♦ t❤❛t σ ✐s ❛ ❝②❝•✐❝ tr❛•❡❝t♦r②✳ ❲❡ t❤❡♥ ♦♥•② ♥❡❡❞ t♦ s❤♦✇ t❤❛t n-1 k=0 r i k ,i k+1 = n-1 k=0 W i k ,i k+1 2 , ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ❜② ♦❜s❡r✈✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ n✲❢♦•❞ ❝♦♥❝❛t❡♥❛t❡❞ tr❛•❡❝t♦r② ✇❤❡♥ n →∞❛♥❞ t → 0✳ ❚❤✐s ❝♦♠♠♦♥ ❢♦r♠ ❢♦r ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ✐s ❛ ✜rst st❡♣ ✐♥ ❛♥s✇❡r✐♥❣ t❤❡ q✉❡st✐♦♥ ♦❢ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚♦ ❣♦ ❢✉rt❤❡r✱ ✇❡ ❤❛✈❡ t♦ ❦♥♦✇ ♠♦r❡ ❛❜♦✉t H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❲❡ ✇✐•• ❜❡ ❛❜•❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡♠ ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ▼❛rt✐♥ ❜♦✉♥❞❛r②✳ ✷✻ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ❍❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❲❡ ✇✐•• ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s ❢♦r t❤❡ ❱|❏P ♦♥ (G,W)✿ ✇❤❡♥ ✐t ✐s ❛ ♠✐①t✉r❡ ♦❢ ❛✳s✳ r❡❝✉rr❡♥t ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ ♦r ❛✳s✳ tr❛♥s✐❡♥t ♦♥❡s✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❛s ✇✐t❤ r❛♥❞♦♠ ✇❛•❦s ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✱ ❡✈❡r② ✈❡rt❡① ✐s ✈✐s✐t❡❞ ✐♥✜♥✐t❡•② ♠❛♥② t✐♠❡s ❛♥❞ t❤❡ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs ②✐❡•❞s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ✐s t❤❡ ♦♥•② ♦♥❡✱ ❛♥❞ t❤❡ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ h ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳✶ ✐s ③❡r♦ ❡✈❡r②✇❤❡r❡✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❱|❏P ♦♥ (G,W) ✐s ❛✳s✳ tr❛♥s✐❡♥t✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✳✷✳✸✱ ✇❡ t❤❡♥ ❤❛✈❡ ν W V (dβ)✲❛✳s✳ ψ(i) > 0 ❢♦r ❛•• i ∈ V ✳ ❚❤✐s ✇✐•• ❛••♦✇ ✉s t♦ ❞❡✜♥❡ ❛ ▼❛r❦♦✈ ♦♣❡r❛t♦r Δ ψ ✱ s✉❝❤ t❤❛t H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ Δ ψ ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛r❡ r❡•❛t❡❞✳ ❋♦r i, j ∈ V ❛♥❞ β ∈D W V ✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s✿ c ψ i,j = W i,j ψ(i)ψ(j)✳ ◆♦t❡ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ r❛♥❞♦♠ ✇❛•❦ ✐s tr❛♥s✐❡♥t✳ ❚❤❡s❡ ❝♦♥❞✉❝t❛♥❝❡s ✜rst ❛♣♣❡❛r❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❡♥tr❛• •✐♠✐t t❤❡♦r❡♠ ❢♦r t❤❡ ❱|❏P ✭❢r♦♠ ❬❙)✶✾(✮✳ ▼♦r❡♦✈❡r✱ •❡t Δ ψ ❜❡ t❤❡ ❞✐s❝r❡t❡ ▲❛♣•❛❝✐❛♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥❞✉❝t❛♥❝❡s c ψ ✱ ✐✳❡✳ ❢♦r f ∈ R V ❛♥❞ i ∈ V ✱ Δ ψ f (i)= j∼i c ψ i,j f (j) -f (i) . ❚❤❡♥ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ : V → R✱ ϕ ✐s Δ ψ ✲❤❛r♠♦♥✐❝ ✭✐✳❡✳ Δ ψ ϕ ≡ 0✮ ✐❢ ❛♥❞ ♦♥•② ✐❢ ψϕ ✐s H β ✲❤❛r♠♦♥✐❝✳ ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ✇❡ t❤❡♥ s✐♠♣•② ❤❛✈❡ t♦ st✉❞② ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❢♦r ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦✱ ✇❤✐❝❤ ✐s t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ▼❛rt✐♥ ❜♦✉♥❞❛r②✳ ▲❡t ✉s ❣✐✈❡ ♠♦r❡ ❞❡t❛✐•s ❛❜♦✉t t❤✐s ♣❛rt✐❝✉•❛r t②♣❡ ♦❢ ❜♦✉♥❞❛r②✱ t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬❲♦❡✵✵(✿ •❡t (Y n ) n∈N ❜❡ ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦ ♦♥ ❛ •♦❝❛••② ✜♥✐t❡ ❣r❛♣❤ G =( V, E)✳ ❲❡ ❞❡♥♦t❡ ❜② g : V 2 → R + t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✇❛•❦✱ ✐✳❡✳ g(i, j)= n∈N P i [Y n = j]✳ ▲❡t ✉s ✜① ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t φ✱ ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ❦❡r♥❡• K : V 2 → R + s✉❝❤ t❤❛t K(i, j)= g(i,j) g(φ,j) ✳ ❚❤❡♥ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ✐s ❞❡✜♥❡❞ s♦ t❤❛t V = V ∪M ✐s t❤❡ s♠❛••❡st ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ V s✉❝❤ t❤❛t K ❡①t❡♥❞s ❝♦♥t✐♥✉♦✉s•② t♦ V × V ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r α ∈M❛♥❞ (x k ) k∈N ∈ V N ✱ ✇❡ ❤❛✈❡ x k → α ✐❢ ❛♥❞ ♦♥•② ✐❢ x k →∞❛♥❞ K(i, x k ) → K(i, α) ❢♦r ❛•• i ∈ V ✳ K : V ×M→R + ✐s t❤❡♥ ❝❛••❡❞ t❤❡ ▼❛rt✐♥ ❦❡r♥❡•✳ ❚❤✐s ♥♦t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ✐s ❝•♦s❡•② r❡•❛t❡❞ t♦ ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ✇❛•❦ Y ✳ ■♥❞❡❡❞✱ ❢♦r ❛•• α ∈M ✱ K(•,α) ✐s ❤❛r♠♦♥✐❝✳ ❈♦♥✈❡rs❡•②✱ t❤❡ ❢♦••♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❛ss✉r❡s t❤❛t ❛♥② ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r②✳ ❚❤❡♦r❡♠ ✶✳✸✳✷✳ ▲❡t Y ❜❡ ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦ ♦♥ G =( V, E)✱ ❛♥❞ •❡t M ❛♥❞ K ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛♥❞ ▼❛rt✐♥ ❦❡r♥❡•✳ ▲❡t h : V → R + ❜❡ ❛ ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ r❛♥❞♦♠ ✇❛•❦ Y ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠❡❛s✉r❡ μ h ♦♥ M s✉❝❤ t❤❛t ❢♦r i ∈ V ✱ h(i)= K(i, α)μ h (dα). ❆ ♣❛rt✐❝✉•❛r ❝❛s❡ ✐s t❤❡ ♦♥❡ ✇❤❡r❡ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s tr✐✈✐❛•✱ ✐✳❡✳ r❡❞✉❝❡❞ t♦ ❛ s✐♥❣•❡ ♣♦✐♥t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦♥•② ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥st❛♥t✳ ■❢ ✇❡ ♠❛♥❛❣❡ t♦ s❤♦✇ t❤❛t t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s tr✐✈✐❛•✱ t❤❡ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ h ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳✶ ❤❛s t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛• t♦ ψ✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❣❡♥❡r❛••② s♣❡❛❦✐♥❣ ✇❡ ❤❛✈❡ ♥♦ ✇❛② ♦❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❢♦r ❛ r❛♥❞♦♠ ✇❛•❦ ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✳ ❲❡ st✐•• ♦❜t❛✐♥ r❡s✉•ts ✐♥ t✇♦ ♣❛rt✐❝✉•❛r ❝❛s❡s✿ ♦♥ t❤❡ •❛tt✐❝❡ Z d ✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ •♦❝❛• ❝❡♥tr❛• •✐♠✐t t❤❡♦r❡♠✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ♣r❡❝✐s❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ •r❡❡♥ ❢✉♥❝t✐♦♥❀ ❛♥❞ ♦♥ t❤❡ ✐♥✜♥✐t❡ tr❡❡✱ ✇❤❡r❡ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ❛♥❞ ❡q✉❛• t♦ t❤❡ ❣❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② ♦❢ t❤❡ tr❡❡ ✭t❤❡ s❡t ♦❢ ✐♥✜♥✐t❡ r❛②s✮✳ ✶✳✸✳ ❚❍❊ ◗❯❊❙❚■❖◆ ❖❋ ❯◆■◗❯❊◆❊❙❙ ❖❋ ❚❍❊ |❊P|❊❙❊◆❚❆❚■❖◆ ✷✼ ✶✳✸✳✷ ❯♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ Z d ▲❡t ✉s ♣r❡s❡♥t ❤❡r❡ t❤❡ r❡s✉•t ✇❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❱|❏P ♦♥ t❤❡ •❛tt✐❝❡ Z d ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts W ✳ ❲❡ t❛❦❡ G =(Z d ,E d )✱ ✇❤❡r❡ E d = {i, j}⊂Z d , |i -j| =1 ✱ ❛♥❞ |.| ✐s t❤❡ ❊✉❝•✐❞❡❛♥ ♥♦r♠ ♦♥ Z d ✳ |❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•ts ♦♥ tr❛♥s✐❡♥❝❡ ❛♥❞ r❡❝✉rr❡♥❝❡ ♦❢ t❤❡ ❱|❏P ♦♥ Z d ✿ ❢♦r d =2✱ t❤❡ ❱|❏P ♦♥ (G,W) ✐s ❛ ♠✐①t✉r❡ ♦❢ ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❢♦r ❛♥② ❝♦♥st❛♥t ✐♥✐t✐❛• ✇❡✐❣❤ts W ❀ ❢♦r d ≥ 3✱ t❤❡r❡ ❡①✐sts W > 0 s✉❝❤ t❤❛t ❢♦r W<W✱ t❤❡ ❱|❏P ✐s ❛ ♠✐①t✉r❡ ♦❢ ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ ❛♥❞ ❢♦r W>W✱ ❛ ♠✐①t✉r❡ ♦❢ tr❛♥s✐❡♥t ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ■♥ t❤❡ r❡❝✉rr❡♥t ❝❛s❡✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❛•r❡❛❞② ❦♥♦✇♥✳ ❲❡ s❤♦✇ t❤❛t ❢♦r d ≥ 3✱ t❤❡r❡ ❡①✐sts W ≥ W s✉❝❤ t❤❛t ✐❢ W>W ✱ t❤❡ ❱|❏P ♦♥ (Z d ,W) ❛❞♠✐ts ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❆s ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤✐s ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s ν W Z d (dβ)✲❛•♠♦st s✉r❡•② tr✐✈✐❛• ✐♥ t❤✐s r❡❣✐♠❡✳ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐♥ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♦♠❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥tr♦• t❤❡ •♦♥❣✲r❛♥❣❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ q✉❡♥❝❤❡❞ ♣r♦❝❡ss✳ ❚❤✐s ✐s ♣r♦✈✐❞❡❞ ❜② ❛ •♦❝❛• ❝❡♥tr❛• •✐♠✐t t❤❡♦r❡♠✱ ✇❤✐❝❤ ✇❛s ♣r♦✈❡❞ ❜② ❆♥❞r❡s✱ ❉❡✉s❝❤❡• ❛♥❞ ❙•♦✇✐❦ ✐♥ ❬❆❉❙✶✻❛(✳ ❚❤✐s r❡s✉•t st❛t❡s t❤❛t ✐❢ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s s❛t✐s❢② s♦♠❡ ❡r❣♦❞✐❝✐t② ❛♥❞ ✐♥t❡❣r❛❜✐•✐t② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❛ss♦❝✐❛t❡❞ •r❡❡♥ ❢✉♥❝t✐♦♥ ❤❛s ❛•♠♦st s✉r❡•② t❤❡ s❛♠❡ •♦♥❣✲r❛♥❣❡ ❜❡❤❛✈✐♦r ❛s ❢♦r ❛ st❛♥❞❛r❞ d✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❢♦r s✉❝❤ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s tr✐✈✐❛•✱ t❤✐s ②✐❡•❞s t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✳ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ▲❡t d ≥ 3 ❛♥❞ (ω e ) e∈E d ∈ (R * + ) E d ❜❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s ♦♥ (Z d ,E d )✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ω ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ✇✐t❤ r❡s♣❡❝t t♦ tr❛♥s•❛t✐♦♥s ♦❢ Z d ✱ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐st 1 <p,q≤∞s✉❝❤ t❤❛t E[ω p e ] < ∞ ❛♥❞ E[ω -q e ] < ∞ ❢♦r ❛•• e ∈ E d ✳ ❚❤❡♥ t❤❡ ✇❛•❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ω ✐s ❛✳s✳ tr❛♥s✐❡♥t✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s ❛✳s✳ tr✐✈✐❛•✳ ❈♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ Z d ❚❛❦❡ ❝♦♥st❛♥t ✇❡✐❣❤ts W •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ ❱|❏P ♦♥ (Z d ,W) ✐s ❛✳s✳ tr❛♥s✐❡♥t✳ ❚❤❡r❡❢♦r❡ ✇❡ ❛•s♦ ❤❛✈❡ ν W Z d ✲❛✳s✳ ψ(i) > 0 ❢♦r ❛•• i ∈ Z d ✱ ❛♥❞ c ψ i,j ✐s ✇❡••✲❞❡✜♥❡❞ ❢♦r ❛•• i, j ∈ Z d ✳ ❚❤❡ ♣r❡✈✐♦✉s r❡s✉•t ❝❛♥ t❤❡♥ ❜❡ ❛♣♣•✐❡❞ t♦ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s c ψ ✉♥❞❡r ν W Z d (dβ)✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♣♦t❡♥t✐❛• β ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ❢♦r t❤❡ tr❛♥s•❛t✐♦♥s ♦❢ Z d ✱ s♦ t❤✐s ❛•s♦ tr✉❡ ❢♦r ψ✱ ❛s ✇❡•• ❛s t❤❡ ❝♦♥❞✉❝t❛♥❝❡s c ψ ✳ ❚❤❡ ✐♥t❡❣r❛❜✐•✐t② ❝♦♥❞✐t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶ ✐s s❛t✐s✜❡❞ ❢♦r W •❛r❣❡ ❡♥♦✉❣❤✱ t❤❛♥❦s t♦ t❤❡ ❞❡•♦❝❛•✐③❛t✐♦♥ r❡s✉•t ❢r♦♠ ❉✐s❡rt♦r✐✱ ❙♣❡♥❝❡r ❛♥❞ )✐r♥❜❛✉❡r ✭❬❉❙)✶✵(✮✳ ■♥ t❤✐s r❡❣✐♠❡✱ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ c ψ ✐s t❤❡♥ ❛✳s✳ tr✐✈✐❛•✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❛✳s✳ ♣r♦♣♦rt✐♦♥❛• t♦ ψ✳ ❯s✐♥❣ ❚❤❡♦r❡♠ ✶✳✸✳✶✱ t❤✐s ②✐❡•❞s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ s✉♠♠❛r✐③❡s t❤❡ ✉♥✐q✉❡♥❡ss r❡s✉•ts t❤❛t ✇❡ ❤❛✈❡ ♦♥ Z d ✳ ❚❤❡♦r❡♠ ✶✳✸✳✸✳ ▲❡t G =( Z d ,E d ) ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ❡❞❣❡ ✇❡✐❣❤ts W>0✳ ❲❡ ❝♦♥s✐❞❡r r❡♣r❡✲ s❡♥t❛t✐♦♥s ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P✱ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ PVRJP(W,0) ✱ ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❚❤❡♥✿ ❼ ■❢ d ∈{1, 2}✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❼ ■❢ d ≥ 3✱ t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts W ❛♥❞ W s✉❝❤ t❤❛t ❢♦r 0 <W <W ♦r ❢♦r W>W ✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ❞♦ ♥♦t ②❡t ❦♥♦✇ ✐❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s st✐•• ✉♥✐q✉❡ ✇❤❡♥ W ≤ W ≤ W ✳ ✷✽ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ✶✳✸✳✸ ❆ ❢❛♠✐•② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ ✐♥✜♥✐t❡ tr❡❡s ❋♦r ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦ ♦♥ ❛♥ ✐♥✜♥✐t❡ r♦♦t❡❞ tr❡❡✱ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s ❛•✇❛②s t❤❡ s❡t ♦❢ ❡♥❞s ♦❢ t❤❡ tr❡❡✱ ✐✳❡✳ t❤❡ s❡t ♦❢ ✐♥✜♥✐t❡ s❡•❢✲❛✈♦✐❞✐♥❣ ♣❛t❤s ✭♦r r❛②s✮ st❛rt❡❞ ❛t t❤❡ r♦♦t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜♦✉♥❞❛r② ✐s ❢❛r r✐❝❤❡r t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ Z d ✱ ❛♥❞ t❤❡r❡ s❤♦✉•❞ ❜❡ ❛ •♦t ♠♦r❡ ♣♦ss✐❜✐•✐t✐❡s ❢♦r ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤✐s ✐s ❛ ✜rst ❤✐♥t ❛t t❤❡ ❢❛❝t t❤❛t ✇❡ ✇✐•• ✜♥❞ ♠❛♥② ❞✐st✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ ✐♥✜♥✐t❡ tr❡❡s ✭✇✐t❤ s♦♠❡ r❡❣✉•❛r✐t② ❛ss✉♠♣t✐♦♥s✮✳ ❈♦♥s✐❞❡r t❤❡♥ t❤❡ ❱|❏P ♦♥ ❛♥ ✐♥✜♥✐t❡ tr❡❡✳ ❲❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t t❤❡ ♣r♦❝❡ss ❛❞♠✐ts t✇♦ ❞✐st✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s✱ ❜✉✐•t ✉s✐♥❣ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿ ✇✐r❡❞ ❛♥❞ ❢r❡❡✳ ❚♦ ❝♦♥str✉❝t ❛ ❢❛♠✐•② ♦❢ ❞✐✛❡r❡♥t r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ t②♣❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ✇✐r❡❞ ❝❛s❡✱ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ tr❡❡ str✉❝t✉r❡✳ ❆ ✈❛r✐❛♥t ♦❢ t❤❡ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ▲❡t ✉s ✜rst ❞❡✜♥❡ s♦♠❡ ♥♦t❛t✐♦♥s ♦♥ tr❡❡s✳ ▲❡t T =( T,E) ❜❡ ❛♥ ✐♥✜♥✐t❡ tr❡❡✱ ❛♥❞ •❡t φ ∈ T ❜❡ ❛ ✜①❡❞ ❛r❜✐tr❛r② r♦♦t✳ ❋♦r ❛•• i ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② |i| = d(φ, i) t❤❡ ❣r❛♣❤ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ φ ❛♥❞ i✱ ❛•s♦ ❝❛••❡❞ ❞❡♣t❤ ♦❢ i✳ ❚❤❡♥ ❢♦r n ∈ N✱ D (n) = {i ∈ T, |i| = n} ✇✐•• ❜❡ ❝❛••❡❞ t❤❡ nt❤ ❣❡♥❡r❛t✐♦♥ ♦❢ T ✳ ❋✐♥❛••②✱ ❢♦r i ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② S(i) t❤❡ s❡t ♦❢ ❝❤✐•❞r❡♥ ♦❢ i✱ ❛♥❞ ❜② T i t❤❡ s✉❜tr❡❡ ♦❢ ❞❡s❝❡♥❞❛♥ts ♦❢ i✳ ❲❡ ❡♥❞♦✇ T ✇✐t❤ ✇❡✐❣❤ts (W e ) e∈E ✱ ✇✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✉s✉❛• ❢♦r (W i,j ) i,j∈T ✳ ❲❡ ✇✐•• ❝♦♥str✉❝t ♥❡✇ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ (T ,W) ❜② ✉s✐♥❣ ♥❡✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ✜♥✐t❡ r❡str✐❝t✐♦♥s ♦❢ T ✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ •✉♠♣ r❛t❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❱|❏P ♦♥ t❤❡s❡ ✜♥✐t❡ ❣r❛♣❤s ✇✐•• ❝♦♥✈❡r❣❡ t♦ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ✐♥✜♥✐t❡ tr❡❡✳ ▲❡t 0 ≤ m ≤ n ❜❡ ✜①❡❞✳ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ T t♦ t❤❡ ✜rst n ❣❡♥❡r❛t✐♦♥s✱ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✐s (T (n) ,E (n) ) ✇❤❡r❡ T (n) = 0≤k≤n D (k) ❛♥❞ E (n) = {i, j}∈E, i, j ∈ T (n) . ❲❡ ❞❡✜♥❡ ❛ ♥❡✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤✐s r❡str✐❝t✐♦♥ ❜② ❛❞❞✐♥❣ s♦♠❡ ❜♦✉♥❞❛r② ♣♦✐♥ts✱ ♦♥❡ ❢♦r ❡❛❝❤ ❜r❛♥❝❤ ♦❢ t❤❡ tr❡❡ r♦♦t❡❞ ❛t t❤❡ mt❤ ❣❡♥❡r❛t✐♦♥✿ ❢♦r ❛•• x ∈ D (m) ✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❜♦✉♥❞❛r② ♣♦✐♥t δ x ✱ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❜♦✉♥❞❛r② s❡t B m = {δ x ,x∈ D (m) }✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ❣r❛♣❤ G (n) m =( T (n) m , Ẽ(n) m )✱ ✇❤❡r❡ T (n) m = T (n) ∪ B m ❛♥❞ Ẽ(n) m = E (n) ∪ x∈D (m) {i, δ x },i∈ T x ∩ D (n) . ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r x ∈ D (m) ✱ ❛•• ♣♦✐♥ts ✐♥ T x \T (n) ❛r❡ ❢✉s❡❞ t♦❣❡t❤❡r ✐♥t♦ ❛ s✐♥❣•❡ ♣♦✐♥t δ x ✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ❜♦✉♥❞❛r② ♣♦✐♥t ❢♦r t❤❡ ❜r❛♥❝❤ T x ✳ ✶✳✸✳ ❚❍❊ ◗❯❊❙❚■❖◆ ❖❋ ❯◆■◗❯❊◆❊❙❙ ❖❋ ❚❍❊ |❊P|❊❙❊◆❚❆❚■❖◆ ✷✾ φ x 1 x 2 x 3 δ x1 δ x2 δ x3 ♠❂✶ ♥❂✸ T (n) T (n) m ❆s ✇✐t❤ t❤❡ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ♦❢ ❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ β ♣♦t❡♥t✐❛•✱ ✇❡ ❡♥❞♦✇ t❤❡s❡ r❡str✐❝t✐♦♥s ✇✐t❤ ✇❡✐❣❤ts W (n) m ✱ ✇❤❡r❡ ( W (n) m ) e = ⎧ ⎪ ⎨ ⎪ ⎩ W e ✐❢ e ∈ E (n) j∈S(i) W i,j ✐❢ e = {i, δ x } ✇❤❡r❡ i ∈ D (n) ∩ T x . ❚❤✐s ✇❛②✱ t❤❡ ✇❡✐❣❤ts ❝♦♠✐♥❣ ♦✉t ♦❢ T (n) ❛r❡ st✐•• η (n) = W T (n) ,(T (n) ) c 1 (T (n) ) c ✳ |❡♠❛r❦ ✶✳✸✳✶✳ ◆♦t❡ t❤❛t ❢♦r m =0✱ t❤✐s ❝♦♥str✉❝t✐♦♥ ②✐❡•❞s t❤❡ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❖♥ (G (n) m , W (n) m )✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ ❛ ♣♦t❡♥t✐❛• β (n) m ✇✐t❤ ❞✐str✐✲ ❜✉t✐♦♥ ν W (n) m T (n) m ✳ ❆s ✇✐t❤ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛♥❞ t❤❛♥❦s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ✇❡✐❣❤ts W (n) m ✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ s✉❝❤ ❛ ♣♦t❡♥t✐❛• t❤❛♥❦s t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W T ✳ ■♥❞❡❡❞✱ ✉♥❞❡r ν W T (dβ)✱ t❤❡ r❡str✐❝t✐♦♥ β T (n) ❤❛s ❞✐str✐❜✉t✐♦♥ ν W (n) ,η (n) T (n) ✱ ✇❤❡r❡ W (n) = W T (n) ,T (n) ✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✺✱ t❤✐s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥t♦ ❛ ♣♦t❡♥t✐❛• β (n) m ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν W (n) m T (n) m ✳ ❚❤✐s ✐s ❞♦♥❡ ❜② t❛❦✐♥❣ (β (n) m ) Bm ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W (n) m Bm ✭❝♦♥❞✐t✐♦♥❛••② ♦♥ β T (n) ✮✱ ✇❤❡r❡ W (n) m ✐s ❛ |B m |×|B m | ✇❡✐❣❤ts ♠❛tr✐① ❞❡✜♥❡❞ ❜② W (n) m =( W (n) m ) Bm,T (n) 2β T (n) -W (n) -1 ( W (n) m ) T (n) ,Bm . ❈♦♥tr❛r② t♦ t❤❡ st❛♥❞❛r❞ ❝❛s❡✱ ✇❡ ❝❛♥ ♥♦t ❝♦✉♣•❡ t❤❡ ♣♦t❡♥t✐❛•s β (n) m ❢♦r ❛•• n ≥ m ✉s✐♥❣ ❛♥ ✐♥❞❡♣❡♥❞❡♥t •❛♠♠❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐•• s❡❡ t❤❛t (2β (n) m ) Bm - W (n) m ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✇✐•• ❜❡ ❡♥♦✉❣❤✳ ❋r♦♠ t❤❡ ♣♦t❡♥t✐❛• β (n) m ♦♥ G (n) m ✱ t❤❡ r❛♥❞♦♠ •✉♠♣ r❛t❡s ❞❡✜♥✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛r❡ ❡①♣r❡ss❡❞ t❤r♦✉❣❤ t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ G (n) m = 2β (n) m - W (n) m -1 ✳❋ ♦ r i, j ∈ T (n) ✱ G (n) m (i, j) ❝❛♥ ♦♥❝❡ ❛❣❛✐♥ ❜❡ ✸✵ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦✈❡r ♣❛t❤s ❜❡t✇❡❡♥ i ❛♥❞ j ✐♥ G (n) m ✳ ❆s ✇✐t❤ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s❡♣❛r❛t❡ t❤✐s s✉♠ ❜❡t✇❡❡♥ ♣❛t❤s t❤❛t st❛② ✐♥s✐❞❡ ♦❢ T (n) ✭✇❤✐❝❤ s✉♠ ✉♣ t♦ Ĝ(n) (i, j)=( 2 β T (n) -W (n) ) -1 ✮✱ ❛♥❞ ♣❛t❤s t❤❛t ✈✐s✐t ❛t •❡❛st ♦♥❡ ❜♦✉♥❞❛r② ♣♦✐♥t✳ ❙✐♥❝❡ t❤❡ ❜♦✉♥❞❛r② B m ❝❛♥ ♥♦✇ ❝♦♥s✐st ♦❢ s❡✈❡r❛• ♣♦✐♥ts✱ ✇❡ ❤❛✈❡ t♦ s♣❡❝✐❢② t❤❡ ✜rst ❛♥❞ •❛st ♦♥❡s t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② t❤❡ ♣❛t❤✳ ❚❤✐s ❣✐✈❡s t❤❡ ❢♦••♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥✿ G (n) m (i, j)= Ĝ(i, j)+ b,b ′ ∈Bm χ (n) m (i, b)G (n) m (b, b ′ )χ (n) m (j, b ′ ), ✇❤❡r❡ ❢♦r i ∈ T (n) ,b ∈ B m ✱ χ (n) m (i, b) ✐s t❤❡ s✉♠ ♦✈❡r ♣❛t❤s t❤❛t st❛rt ❢r♦♠ i✱ ❛♥❞ st♦♣ ✇❤❡♥ t❤❡② ❤✐t t❤❡ ❜♦✉♥❞❛r② B m ❢♦r t❤❡ ✜rst t✐♠❡✱ ❛t ♣♦✐♥t b✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ χ (n) m : T (n) × B m → R + ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t✱ ❢♦r ❛•• x ∈ D (m) ✱ ⎧ ⎪ ⎨ ⎪ ⎩ (H β χ (n) m (•,δ x )) T (n) =0, χ (n) m (i, δ x )=1 ✐❢ i ∈ T x \T (n) x , χ (n) m (i, δ x )=0 ✐❢ i ∈ T \(T x ∪ T (n) ). ◆♦t❡ t❤❛t x∈D (m) χ (n) m (i, δ x )=ψ (n) (i) ✭✶✳✹✮ ❢♦r ❛•• i ∈ T ✱ ✇❤❡r❡ ψ (n) ✐s t❤❡ ♠❛rt✐♥❣❛•❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✇✐r❡❞ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❢✉♥❝t✐♦♥ χ (n) m ❞♦❡s ♥♦t s❛t✐s❢② ❛ ♠❛rt✐♥❣❛•❡ ♣r♦♣❡rt②✱ ❤♦✇❡✈❡r ✇❡ ❛r❡ st✐•• ❛❜•❡ t♦ s❤♦✇ t❤❛t ✐t ❝♦♥✈❡r❣❡s✱ ✇❤✐❝❤ ✇✐•• ♣r♦✈✐❞❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ G (n) m ✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t G (n) m ❝♦♥✈❡r❣❡s ✇❤❡♥ n →∞✳ ❋r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t Ĝ(n) ❛♥❞ ψ (n) ❝♦♥✈❡r❣❡ ν W T (dβ)✲❛•♠♦st s✉r❡•②✳ ■❢ β ∈D W T ✐s s✉❝❤ t❤❛t ψ ≡ 0✱ t❤❡♥ ❢r♦♠ ✭✶✳✹✮✱ χ (n) m ❝♦♥✈❡r❣❡s ❛✳s✳ t♦ 0✳ ❖t❤❡r✇✐s❡✱ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ χ (n) m (i, δ x ) ❛s ❛ s✉♠ ♦✈❡r ♣❛t❤s✱ ❛♥❞ t❤❡ tr❡❡ str✉❝t✉r❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ✐t ❝♦♥✈❡r❣❡s ❛s ✇❡••✱ t♦ ❛ ❢✉♥❝t✐♦♥ χ m : T × B m → R + ✳ ▼♦r❡♦✈❡r χ m ✐s s✉❝❤ t❤❛t ❢♦r ❛•• b ∈ B m ✱ χ m (•,b) ✐s H β ✲❤❛r♠♦♥✐❝✳ ▲❡t ✉s ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ▼❛r❦♦✈ ♦♣❡r❛t♦r Δ ψ ✳❆ s ♠❡♥t✐♦♥❡❞ ❡❛r•✐❡r✱ t❤✐s ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ❛♥❞ ✐s t❤❡ s❡t Ω ♦❢ ❡♥❞s ♦❢ t❤❡ tr❡❡✱ ✐✳❡✳ t❤❡ s❡t ♦❢ ✐♥✜♥✐t❡ s❡•❢ ❛✈♦✐❞✐♥❣ ♣❛t❤s ✭❛•s♦ ❝❛••❡❞ r❛②s✮ st❛rt✐♥❣ ❛t t❤❡ r♦♦t φ✳❋ ♦ ri ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② Ω i t❤❡ s❡t ♦❢ r❛②s t❤❛t ♣❛ss t❤r♦✉❣❤ i✱ s♦ t❤❛t t❤❡② ❣♦ t♦ ✐♥✜♥✐t② ✐♥ T i ✳ ❲❡ ❛•s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢❛♠✐•② ♦❢ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s (μ ψ i ) i∈T ♦♥ Ω✱ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ❙✐♥❝❡ t❤❡ r❛♥❞♦♠ ✇❛•❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s tr❛♥s✐❡♥t✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ✐ts •✐♠✐t ❛s ❛ Ω✲✈❛•✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜•❡✱ ❛♥❞ μ ψ i ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s •✐♠✐t ❢♦r t❤❡ ✇❛•❦ st❛rt❡❞ ❛t i✳ ▼♦r❡♦✈❡r✱ ❢♦r A ∈B(Ω)✱ t❤❡ ❢✉♥❝t✐♦♥ i → μ ψ i (A) ✐s Δ ψ ✲❤❛r♠♦♥✐❝✳ ❋♦r ❛ tr❡❡✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡ ✐s ❡①♣•✐❝✐t✱ ❛♥❞ ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡ ✇❡ ❤❛✈❡✿ ❢♦r x ∈ D (m) ❛♥❞ i ∈ T ✱ χ m (i, δ x )=ψ(i)μ ψ i (Ω x )✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❢♦r ❛•• i ∈ T ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② χ(i, •)=ψ(i)μ ψ i ✱ ✇❤✐❝❤ ❞❡✜♥❡s ❛ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s ♦♥ Ω✳ ❋✐♥❛••②✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t (G (n) m ) Bm,Bm ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥✳ ❲r✐t✐♥❣ ✐t ❛s ❛ ❙❝❤✉r ❝♦♠♣•❡✲ ♠❡♥t✱ ✇❡ ❤❛✈❡ (G (n) m ) Bm,Bm = (2β (n) m ) Bm -W (n) m -1 , ✇❤❡r❡ ❝♦♥❞✐t✐♦♥❛••② ♦♥ β T (n) ✱ (β (n) m ) Bm ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W (n) m Bm ✳ ▼♦r❡♦✈❡r✱ W (n) m ❤❛s ❛♥ ❡①♣r❡s✲ s✐♦♥ ❛s ❛ s✉♠ ♦✈❡r ♣❛t❤s✱ s♦ t❤❛t ❢♦r x, y ∈ D (m) ✇✐t❤ x = y✱ ( W (n) m ) δx,δy ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉s✐♥❣ Ĝ(n) ❛♥❞ χ (n) m ✿ ( W (n) m ) δx,δy = χ (n) m (x ∧ y, δ x )χ (n) m (x ∧ y, δ y ) Ĝ(n) (x ∧ y, x ∧ y) . ✶✳✸✳ ❚❍❊ ◗❯❊❙❚■❖◆ ❖❋ ❯◆■◗❯❊◆❊❙❙ ❖❋ ❚❍❊ |❊P|❊❙❊◆❚❆❚■❖◆ ✸✶ ❍❡r❡ x ∧ y ❞❡♥♦t❡s t❤❡ ❝•♦s❡st ❝♦♠♠♦♥ ❛♥❝❡st♦r ♦❢ x ❛♥❞ y✱ ✐✳❡✳ t❤❡ ✈❡rt❡① i ∈ T ✇✐t❤ t❤❡ •❛r❣❡st ❞❡♣t❤ s✉❝❤ t❤❛t x, y ∈ T i ✳ ❚❤✐s ❡①♣r❡ss✐♦♥ s❤♦✇s t❤❛t t❤❡ ♦✛✲❞✐❛❣♦♥❛• t❡r♠s ♦❢ W (n) m ❝♦♥✈❡r❣❡ ❛✳s✳✱ ✇❤✐❝❤ ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ (G (n) m ) Bm,Bm ✳ ■♥❞❡❡❞✱ •❡t Č(n) m ❜❡ t❤❡ |B m |×|B m | ♠❛tr✐① ✇✐t❤ ③❡r♦ ❞✐❛❣♦♥❛• ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ ❡q✉❛• t♦ W (n) m ♦✉ts✐❞❡ ♦❢ t❤❡ ❞✐❛❣♦♥❛•✳ ❚❤❡♥ (G (n) m ) Bm,Bm = (2ρ (n) m ) -Č(n) m -1 ✇❤❡r❡ (ρ (n) m ) b =( β (n) m ) b -( W (n) m ) b,b ❢♦r b ∈ B m ✳ ❈♦♥❞✐t✐♦♥❛••② ♦♥ β T (n) ✱ ρ (n) m ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν Č(n) m Bm ✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡s❡ r❡s✉•ts •❡❛❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ②✐❡•❞s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ❢♦r ❛•• m ≥ 0✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s ❢♦r ❚❤❡♦r❡♠ ✶✳✷✳✸✱ ✉s✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ❛♥❞ ❛ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐•✐t② ❛r❣✉♠❡♥t✳ ❚❤❡♦r❡♠ ✶✳✸✳✹✳ ▲❡t m ≥ 0 ❜❡ ✜①❡❞✳ ❋♦r ν W T ✲❛•♠♦st ❛•• β ∈D W T ✱ ✇❡ ❞❡✜♥❡ t❤❡ |B m |×|B m | ♠❛tr✐① Čm ❜② ( Čm ) δx,δ x ′ = 0 ✐❢ x = x ′ , χ(x∧x ′ ,Ωx)χ(x∧x ′ ,Ω x ′ ) Ĝ(x∧x ′ ,x∧x ′ ) ♦t❤❡r✇✐s❡✳ ❋r♦♠ ♥♦✇ ♦♥✱ •❡t ✉s ✇r✐t❡✿ ν W T,Bm (dβ, dρ m )=ν W T (dβ)ν Čm Bm (dρ m )✳ ▼♦r❡♦✈❡r ❢♦r ρ m ∈D Čm Bm ✱ ✇❡ ❞❡✜♥❡ Ǧm =(2ρ m -Čm ) -1 ✱ ❛♥❞ ❢♦r i, j ∈ T ✱ G m (i, j)= Ĝ(i, j)+ b,b ′ ∈Bm χ m (i, b)χ m (j, b ′ ) Ǧm (b, b ′ ), ❋✐♥❛••②✱ ❞❡♥♦t❡ ❜② P W,β,ρm,i0 t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇❤❡r❡ t❤❡ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ j ✐s Wi,j 2 
Gm(i0,j) Gm(i0,i) ✳ ❚❤❡♥ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ✇✐t❤ ❞✐str✐❜✉t✐♦♥ PVRJP(W,i0) ✐s ❛ ♠✐①t✉r❡ ♦❢ t❤❡s❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦✲ ❝❡ss❡s ✉♥❞❡r ν W T,Bm (dβ, dρ m )✱ ✐✳❡✳ PVRJP(W,i0) [•]= P W,β,ρm,i0 i0 [•]ν W T,Bm (dβ, dρ m ). ■♥❝r❡❛s✐♥❣ ✈❛•✉❡s ♦❢ m ❝♦rr❡s♣♦♥❞ t♦ r✐❝❤❡r ❛♥❞ r✐❝❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡ r❡♣r❡s❡♥t❛t✐♦♥s✳ ■♥ ❢❛❝t✱ ✇❤❡♥ m →∞ ✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ •✉♠♣ r❛t❡s ❝♦♥✈❡r❣❡ ✇❡❛❦•②✱ ✉s✐♥❣ ❛ t✐❣❤t♥❡ss ❛r❣✉♠❡♥t✳ ❚❤❡ •✐♠✐t ✐s ✐♥ ❢❛❝t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❜✉✐•t ✉s✐♥❣ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t •✉♠♣ r❛t❡s ❢♦r ❡✈❡r② ❡❞❣❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡s❡ r❡♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ❛•• ❜❡ ❞✐✛❡r❡♥t✳ ❖♥ ❛ d✲r❡❣✉•❛r tr❡❡ ✇✐t❤ d ≥ 3✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ✇❡✐❣❤ts W •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ ❱|❏P ✐s ❛✳s✳ tr❛♥s✐❡♥t✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ •✉♠♣ r❛t❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ G m ❛r❡ ❛•• ❞✐st✐♥❝t ❢♦r ❞✐✛❡r❡♥t ✈❛•✉❡s ♦❢ m✳ ❚❤❡ ♣r♦♦❢ r❡•✐❡s ♦♥ ♦❜s❡r✈✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ q✉❡♥❝❤❡❞ ♣r♦❝❡ss ❛t ✐♥✜♥✐t②✱ ♠♦r❡ ♣r❡❝✐s❡•② ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s✳ |❡♠❛r❦ ✶✳✸✳✷✳ ❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ G m t♦ ✐♥✈♦•✈❡ ❛♥ ✐♥t❡❣r❛• ♦♥ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② Ω✿ ❢♦r i, j ∈ T ✱ G m (i, j)= Ĝ(i, j)+ Ω 2 χ(i, dω)χ(j, dτ )ǧ m (ω, τ), ✇❤❡r❡ ǧm (ω, τ)= Ǧ(δ x ,δ y ) ✐❢ ω ∈ Ω x ❛♥❞ τ ∈ Ω y ✱ ❢♦r x, y ∈ D (m) ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ♠♦r❡ ❞✐st✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s ❜② ❝❤♦♦s✐♥❣ ♦t❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❜❛s❡❞ ♦♥ s✐♠♣•❡ ♣❛rt✐t✐♦♥s ♦❢ t❤❡ ▼❛rt✐♥ ✸✷ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ❜♦✉♥❞❛r② Ω✳ ❚❤✐s ❜❡❣s t❤❡ ❢♦••♦✇✐♥❣ q✉❡st✐♦♥✿ ❝❛♥ ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ ❛♥ ✐♥✜♥✐t❡ tr❡❡ ❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❝❤♦✐❝❡ ♦❢ s✉❝❤ ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭♦r ❛s ❛ •✐♠✐t ♦❢ s✉❝❤ r❡♣r❡s❡♥t❛t✐♦♥s✮❄ ❙♦♠❡ ♠♦♥♦t♦♥✐❝✐t② ❛r❣✉♠❡♥ts✱ ♣r♦✈❡❞ ❜② P♦✉❞❡✈✐❣♥❡ ✐♥ ❬P♦✉✶✾(✱ ❝♦✉•❞ ❤❡•♣ ✐♥ ❛❞❞r❡ss✐♥❣ t❤✐s ✐ss✉❡✳ ❲❡ ♣•❛♥ t♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ✐♥ ❢✉t✉r❡ ✇♦r❦✳ ✶✳✹ ❚❤❡ β ♣♦t❡♥t✐❛• ❛♥❞ ✐♥t❡r❛❝t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❚❤❡ ❞✐str✐❜✉t✐♦♥ ν W V t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❱|❏P ❛•s♦ r❡•❛t❡s t♦ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ β ✜❡•❞ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ♠✉•t✐✲✈❛r✐❛t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ■♥✈❡rs❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✜rst t✐♠❡ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❤✐ts ❛ ❝❡rt❛✐♥ •❡✈❡•✳ ■♥ ❬❙)✶✼(✱ ❙❛❜♦t ❛♥❞ )❡♥❣ s❤♦✇❡❞ t❤❛t β ✐s ✐♥ ❢❛❝t t❤❡ ✈❡❝t♦r ♦❢ ❤✐tt✐♥❣ t✐♠❡s ❢♦r ❛ ❢❛♠✐•② ♦❢ ✐♥t❡r❛❝t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✳ ❆♥♦t❤❡r r❡s✉•t r❡•❛t❡❞ t♦ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s ▼❛ts✉♠♦t♦ ❛♥❞ (♦r✬s ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠✳ ❚❤❡② s❤♦✇❡❞ t❤❛t ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ♥❡❣❛t✐✈❡ ❞r✐❢t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ♠✐①t✉r❡ ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t ❛♥❞ ❛♥ ❛❞❞❡❞ ❝♦rr❡❝t✐✈❡ t❡r♠✳ ❯s✐♥❣ ❙❛❜♦t ❛♥❞ )❡♥❣✬s r❡s✉•t ❢♦r t❤❡ β ✜❡•❞✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤✐s t❤❡♦r❡♠ ❛s ✇❡••✳ ✶✳✹✳✶ ❍✐tt✐♥❣ t✐♠❡s ♦❢ ✐♥t❡r❛❝t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ▲❡t ✉s ✜rst ♣r❡s❡♥t t❤❡ ❢♦••♦✇✐♥❣ ❝•❛ss✐❝❛• r❡s✉•t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ▲❡t θ>0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ •❡t B ❜❡ ❛ st❛♥❞❛r❞ 1✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ X ❜② X(t)=θ + B(t) -ηt ❢♦r t ≥ 0✱ ❛♥❞ ❞❡♥♦t❡ ❜② T 0 t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② X(t)✳ ❚❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ T 0 ❤❛s t❤❡ ❢♦••♦✇✐♥❣ ❞❡♥s✐t② ❢♦r t ∈ R✿ θ √ 2πt 3 exp - 1 2 (θ -ηt) 2 t 1 {t≥0} . ✭✶✳✺✮ ▼♦r❡♦✈❡r✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X(t) 0≤t≤T 0 ❝♦♥❞✐t✐♦♥❛••② ♦♥ T 0 ✐s t❤❛t ♦❢ ❛ 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡ ❢r♦♠ θ t♦ 0 ♦♥ [0,T 0 ]✳ ❋♦r η =0 ✱ ✐✳❡✳ ✐❢ X ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ♥♦ ❞r✐❢t✱ t❤❡♥ ✭✶✳✺✮ ❣✐✈❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ 1 2γ ✱ ✇❤❡r❡ γ ✐s ❛ •❛♠♠❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r ( 1 2 ,θ 2 )✳■ ❢η>0✱ ✭✶✳✺✮ ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ■♥✈❡rs❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r ( θ η ,θ 2 )✳ ❚❤✐s ♠♦t✐✈❛t❡❞ t❤❡ ♣r♦♦❢ ♦❢ ❛ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤✐s r❡s✉•t ✐♥ ❬❙)✶✼(✳ ❋♦r ❛ ✜♥✐t❡ ❣r❛♣❤ G =( V, E) ❡♥❞♦✇❡❞ ✇✐t❤ ✇❡✐❣❤ts (W e ) e∈E ✱ ❛ ❢❛♠✐•② (X i ) i∈V ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ ✐♥t❡r❛❝t✐♥❣ ❞r✐❢ts ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❤✐tt✐♥❣ t✐♠❡s ♦❢ 0✿ T 0 i = 1 2βi ✱ ✇❤❡r❡ (β i ) i∈V ✐s t❤❡ ♣♦t❡♥t✐❛• ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❱|❏P✳ ▲❡t ✉s ♣r❡s❡♥t t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ t❤❡♦r❡♠✳ ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s (W e ) e∈E ∈ (R * + ) E ✳❋ ♦ r i, j ∈ V ✱ ✇❡ ❡♠♣•♦② t❤❡ ✉s✉❛• ♥♦t❛t✐♦♥✿ W i,j = W {i,j} ✐❢ {i, j}∈E✱ ❛♥❞ W i,j =0♦t❤❡r✇✐s❡✳ ◆♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜•❡ t♦ ❤❛✈❡ W i,i > 0✳❋ ♦ rβ ∈ R V ✱ ✇❡ st✐•• ❞❡✜♥❡ t❤❡ |V |×|V | ♠❛tr✐① H β =2 β -W ✱ ✇❤❡r❡ β ❞❡♥♦t❡s t❤❡ ❞✐❛❣♦♥❛• ♠❛tr✐① ✇✐t❤ ❝♦❡✣❝✐❡♥ts (β i ) i∈V ✱❛ s ✇❡•• ❛s t❤❡ s❡t D W V = {β ∈ R V ,H β > 0}✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐♥tr♦❞✉❝❡s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡ ν W,η V ✐♥tr♦❞✉❝❡❞ ✐♥ ✶✳✷✳✺✳ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✳ ❋♦ r ❛ • • θ ∈ (R * + ) V ❛♥❞ η ∈ (R + ) V ✱ t❤❡ ♠❡❛s✉r❡ ν W,θ,η V ❞❡✜♥❡❞ ❜② ν W,θ,η V (dβ)= 2 π |V |/2 exp - 1 2 θ, H β θ - 1 2 η, (H β ) -1 η + η, θ i∈V θ i |H β | dβ ✶✳✹✳ ❚❍❊ β P❖❚❊◆❚■❆▲ ❆◆❉ ■◆❚❊|❆❈❚■◆• ❇|❖❲◆■❆◆ ▼❖❚■❖◆❙ ✸✸ ✐s ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ D W V ✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛•• i ∈ V ✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ 1 2βi-Wi,i ❤❛s ■♥✈❡rs❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r ( θi ηi+ j =i Wi,j θj ,θ 2 i )✳ ❋♦r t ∈ (R + ) V ✱ ✇❡ ❛•s♦ ❞❡✜♥❡ t❤❡ ♠❛tr✐① K t =I d-tW ✱ ✇❤❡r❡ t ❞❡♥♦t❡s t❤❡ ❞✐❛❣♦♥❛• ♠❛tr✐① ✇✐t❤ ❝♦❡✣❝✐❡♥ts (t i ) i∈V ✳ ◆♦t❡ t❤❛t ✐❢ t ∈ (R * + ) V ✱✇ ❡❤ ❛ ✈ ❡K t = tH 1 2t ✱ ✇❤❡r❡ 1 2t = 1 2ti i∈V ✳ ❋✐♥❛••②✱ ❢♦r t ∈ (R + ) V ❛♥❞ T ∈ R + V ✱ ✇❡ ❞❡✜♥❡ t❤❡ ✈❡❝t♦r t ∧ T =(t i ∧ T i ) i∈V ✳ ❚❤❡ ♠❛✐♥ r❡s✉•t ❢r♦♠ ❬❙)✶✼( ✐s ♣r❡s❡♥t❡❞ ❜❡•♦✇✳ ■t st❛t❡s t❤❛t ❛ ❢❛♠✐•② ♦❢ ✐♥t❡r❛❝t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✱ ✐♥tr♦❞✉❝❡❞ ❛s t❤❡ s♦•✉t✐♦♥ ♦❢ ❛ s②st❡♠ ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s✱ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ♠✐①t✉r❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❇❡ss❡• ❜r✐❞❣❡s✳ ❚❤❡✐r ❤✐tt✐♥❣ t✐♠❡s ♦❢ 0 ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ β ♣♦t❡♥t✐❛•✳ ❚❤❡♦r❡♠ ✶✳✹✳✶✳ ▲❡t θ ∈ (R * + ) V ❛♥❞ η ∈ (R + ) V ❜❡ ✜①❡❞✱ ❛♥❞ •❡t (B i (t)) i∈V,t≥0 ❜❡ ❛ st❛♥❞❛r❞ |V |✲ ❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ✭✐✮ ❚❤❡ ❢♦••♦✇✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭❙❉❊✮ ❤❛s ❛ ✉♥✐q✉❡ ♣❛t❤✇✐s❡ s♦•✉t✐♦♥✿ X i (t)=θ i + t 0 1 s<T 0 i dB i (s) - t 0 1 s<T 0 i ((Wψ)(s)+η) i ds ✭E W,θ,η V (X)✮ ❢♦r i ∈ V ❛♥❞ t ≥ 0✱ ✇❤❡r❡ ❢♦r i ∈ V ✱ T 0 i ✐s t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② X i ✱ ❛♥❞ ❢♦r t ≥ 0✱ ψ(t)=K -1 t∧T 0 (X(t)+(t ∧ T 0 )η). ✭✐✐✮ ■❢ (X i ) i∈V ✐s s♦•✉t✐♦♥ ♦❢ ✭E W,θ,η V (X)✮✱ t❤❡ ✈❡❝t♦r 1 2T 0 i i∈V ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W,θ,η V ✳ ▼♦r❡✲ ♦✈❡r✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ (T 0 i ) i∈V ✱ t❤❡ ✐♥t❡rr✉♣t❡❞ tr❛•❡❝t♦r✐❡s (X i (t)) 0≤t≤T 0 i ❛r❡ ❞✐str✐❜✉t❡❞ ❛s ✐♥❞❡✲ ♣❡♥❞❡♥t 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡s✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ s❤♦✇ t❤❛t ❛ ♠✐①t✉r❡ ♦❢ ❇❡ss❡• ❜r✐❞❣❡s ✇✐t❤ s✉❝❤ ❤✐tt✐♥❣ t✐♠❡s ❞♦❡s ✐♥ ❢❛❝t s❛t✐s❢② t❤❡ ❙❉❊ ✭E W,θ,η V (X)✮✳ ❚❤✐s ✐s ♣r♦✈❡❞ ❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡ |❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ✭r❡•❛t✐✈❡ t♦ ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✮ ♦❢ t❤❡ ♠✐①t✉r❡ ♦❢ ❇❡ss❡• ❜r✐❞❣❡s✳ ■t ✐s ❛♥ ✐♥t❡❣r❛• ✇✐t❤ r❡s♣❡❝t t♦ ν W,θ,η V ✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ②✐❡•❞s ❛♥ ❡①♣♦♥❡♥t✐❛• ♠❛rt✐♥❣❛•❡✳ ❆♣♣•②✐♥❣ •✐rs❛♥♦✈✬s t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ ♦✉t❝♦♠❡✳ |❡♠❛r❦ ✶✳✹✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ ψ(t) ❛♣♣❡❛r✐♥❣ ✐♥ ✭E W,θ,η V (X)✮ ✐s r❡•❛t❡❞ t♦ t❤❡ ♠❛rt✐♥❣❛•❡ ψ (n) ✐♥✈♦•✈❡❞ ✐♥ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥❞❡❡❞✱ t❛❦✐♥❣ t →∞ ✱ ψ(t) ❜❡❝♦♠❡s (H β ) -1 η✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ψ (n) ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ V = V n ❛♥❞ η = η (n) ✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ✶✳✹✳✷ ❖♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ❛♥❞ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥ ❚❤❡ ❝•❛ss✐❝❛• r❡s✉•t ♦♥ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s ❛ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ ❛ ♠♦r❡ ❣❡♥❡r❛• r❡s✉•t ❝♦♥❝❡r♥✐♥❣ ❇❡ss❡• ♣r♦❝❡ss❡s✳ ❋♦r μ>0✱✐ ❢X ✐s ❛ ❇❡ss❡• ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① -μ st❛rt❡❞ ❛t 1✱ t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② X ✐s T 0 µ = 1 2γμ ✱ ✇❤❡r❡ γ µ ✐s ❛ •❛♠♠❛(μ, 1) ✈❛r✐❛❜•❡✳ ▼♦r❡♦✈❡r✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ T 0 µ ✱ (X t ) 0≤t≤T 0 μ ✐s ❛ ❇❡ss❡• ❜r✐❞❣❡ ✇✐t❤ ✐♥❞❡① μ✳ ❚❤❡ ❝❛s❡ μ = 1 2 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✐t✐❛• r❡s✉•t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✭✇✐t❤ ♥♦ ❞r✐❢t✮✱ s✐♥❝❡ t❤❡ ♠♦❞✉•✉s ♦❢ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s ❛ ❇❡ss❡• ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① -1 2 ✱ ❛♥❞ s✐♥❝❡ ❛ 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ♣r♦❝❡ss ❤❛s ✐♥❞❡① 1 2 ✳ ■♥ ❬(▼✵✶(✱ ▼❛ts✉♠♦t♦ ❛♥❞ (♦r s❤♦✇❡❞ ❛ t❤❡♦r❡♠ r❡•❛t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ♦♣♣♦s✐t❡ ❞r✐❢ts μ ❛♥❞ -μ✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉•t ♦♥ ❇❡ss❡• ♣r♦❝❡ss❡s✳ ■♥❞❡❡❞✱ t❤❡r❡ ❡①✐sts ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛ ❇❡ss❡• ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① μ ❛♥❞ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t μ✱ t❤❛♥❦s t♦ ❛ ❝❡rt❛✐♥ t✐♠❡ ❝❤❛♥❣❡✳ ❚❤✐s ✐s ❝❛••❡❞ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✱ ❛♥❞ ✐s st❛t❡❞ ❜❡•♦✇✳ ✸✹ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✷✳ ▲❡t (ρ(u)) u≥0 ❜❡ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t μ ∈ R✳❋ ♦ ru ≥ 0✱ ❞❡✜♥❡ T (u)= u 0 exp(2ρ(v))dv. ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❇❡ss❡• ♣r♦❝❡ss (X(t)) t≥0 ✇✐t❤ ✐♥❞❡① μ✱ st❛rt✐♥❣ ❢r♦♠ 1✱ s✉❝❤ t❤❛t ❢♦r u ≥ 0✱ e ρ(u) = X(T (u)). ▼❛ts✉♠♦t♦ ❛♥❞ (♦r✬s t❤❡♦r❡♠ r❡s✉•ts ❢r♦♠ ❛♣♣•②✐♥❣ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ❢r♦♠ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥ t♦ ❛ ❇❡ss❡• ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① -μ ♦♥ ♦♥❡ ❤❛♥❞✱ ❛♥❞ ❛ ❇❡ss❡• ❜r✐❞❣❡ ✇✐t❤ ✐♥❞❡① μ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳ ▲❡t ✉s ♣r❡s❡♥t ❛ ♣❛rt✐❝✉•❛r ✈❡rs✐♦♥ ♦❢ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ μ = 1 2 ✱ ❛♥❞ t❤❡ ❇❡ss❡• ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① -1 2 ✐s r❡♣•❛❝❡❞ ❜② ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ❞r✐❢t -η✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣•②✐♥❣ ▲❛♠♣❡rt✐✬s t✐♠❡ ❝❤❛♥❣❡ t♦ t❤❡ ✐♥✐t✐❛• r❡s✉•t ❝♦♥❝❡r♥✐♥❣ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡s✳ ❚❤❡♦r❡♠ ✶✳✹✳✷✳ ▲❡t θ>0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ •❡t B ❜❡ ❛ st❛♥❞❛r❞ 1✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss ρ ❛s t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❙❉❊✿ ρ(u)=log(θ)+B(u) - 1 2 u - u 0 ηe ρ(v) dv ❢♦r u ≥ 0✳ ▲❡t ✉s ❞❡✜♥❡ T (u)= u 0 e 2ρ(v) dv✳ ❚❤❡♥✿ ✭✐✮ ❲❡ ❤❛✈❡ T (u) a.s. ----→ u→∞ T 0 , ✇❤❡r❡ T 0 ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ θ √ 2πt 3 exp - 1 2 (θ -ηt) 2 t 1 {t≥0} dt. ✭✐✐✮ ❈♦♥❞✐t✐♦♥❛••② ♦♥ T 0 ✱ t❤❡r❡ ❡①✐sts ❛ st❛♥❞❛r❞ 1✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B s✉❝❤ t❤❛t ❢♦r u ≥ 0✱ ρ(u)=log(θ)+ B(u)+ 1 2 u +log T 0 -T (u) T 0 . ❖✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ ❛ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤✐s r❡s✉•t t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✹✳✶✱ ❜② ✉s✐♥❣ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ❢r♦♠ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥ ♦♥ s♦•✉t✐♦♥s ♦❢ ✭E W,θ,η V (X)✮✳ ✶✳✹✳✸ ❆ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ❚❤❡ r❡s✉•t ♣r♦✈❡❞ ✐♥ ❬•❙)✷✵( ✐s t❤❡ ❢♦••♦✇✐♥❣✳ ❚❤❡♦r❡♠ ✶✳✹✳✸✳ ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❡♥❞♦✇❡❞ ✇✐t❤ ✇❡✐❣❤ts (W e ) e∈E ✳❲ ❡✜ ① η ∈ (R + ) V ❛♥❞ θ ∈ (R * + ) V ✳ ▲❡t B ❜❡ ❛ |V |✲❞✐♠❡♥s✐♦♥❛• st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ t❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ s②st❡♠ ♦❢ ❙❉❊s ❤❛s ❛ ✉♥✐q✉❡ ♣❛t❤✇✐s❡ s♦•✉t✐♦♥✱ ❞❡✜♥❡❞ ♦♥ R + ✿ ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ ρ i (u)=log(θ i )+ Bi (u)+ u 0 - 1 2 -e ρi(v) W (v) (e ρ(v) + T (v)η)+η i dv, T i (u)= u 0 e 2ρi(v) dv, ✭E W,θ,η V (ρ)✮ ✶✳✹✳ ❚❍❊ β P❖❚❊◆❚■❆▲ ❆◆❉ ■◆❚❊|❆❈❚■◆• ❇|❖❲◆■❆◆ ▼❖❚■❖◆❙ ✸✺ ❢♦r i ∈ V ❛♥❞ u ≥ 0✱ ✇❤❡r❡ e ρ(u) ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r (e ρi(u) ) i∈V ✱ ❛♥❞ W (u) = WK -1 T (u) = W Id -T (u)W -1 . ▲❡t (ρ, T ) ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ✭E W,θ,η V (ρ)✮✳ ❚❤❡♥ ✭✐✮ ❋♦r ❛•• i ∈ V ✱✇ ❡❤ ❛ ✈ ❡ T i (u)= u 0 e 2ρi(v) dv a.s. ----→ u→∞ T 0 i , ✇❤❡r❡ 1 2T 0 i i∈V ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W,θ,η V ✳ ✭✐✐✮ ▼♦r❡♦✈❡r✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ T 0 ✱ t❤❡r❡ ❡①✐sts ❛ st❛♥❞❛r❞ |V |✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B s✉❝❤ t❤❛t ❢♦r i ∈ V ❛♥❞ u ≥ 0✱ ρ i (u)=log(θ i )+ Bi (u)+ 1 2 u +log T 0 i -T i (u) T 0 i . ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ♣r♦❝❡ss❡s (ρ i ,T i ) i∈V ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥❛••② ♦♥ T 0 ✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤✐s r❡s✉•t ❜② ❛♣♣•②✐♥❣ ▲❛♠♣❡rt✐✬s t✐♠❡✲❝❤❛♥❣❡ t♦ s♦•✉t✐♦♥s ♦❢ ✭E W,θ,η V (X)✮✱ ❞❡♥♦t❡❞ ❜② (X i (s)) i∈V,s≥0 ✱ s♦ t❤❛t ρ i (v)=l o g X i (T i (v)) ❢♦r i ∈ V ❛♥❞ v ≥ 0✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉•t② ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ s❤♦✇ t❤❛t t❤❡s❡ (ρ i ) i∈V ❛r❡ ✐♥❞❡❡❞ s♦•✉t✐♦♥s ♦❢ ✭E W,θ,η V (ρ)✮✳ ❙✐♥❝❡ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ✐♥❝r❡❛s❡s ❛t ❛ ❞✐✛❡r❡♥t s♣❡❡❞ ♦♥ ❡❛❝❤ ❝♦♦r❞✐♥❛t❡ i ∈ V ✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ (Wψ)(s) ✐♥ ✭E W,θ,η V (X)✮ ❞♦❡s ♥♦t ✐♠♠❡❞✐❛t❡•② ❝♦rr❡s♣♦♥❞ t♦ W (u) (e ρ(u) + T (u)η) ✐♥ ✭E W,θ,η V (ρ)✮✳ ❲❡ ❤❛✈❡ t✇♦ ✇❛②s ♦❢ ♦✈❡r❝♦♠✐♥❣ t❤✐s ✐ss✉❡✳ ❚❤❡ ✜rst ♣r♦♦❢ ♠✐rr♦rs t❤❛t ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳✶✳ ❈♦♥s✐❞❡r ❛ ♠✐①t✉r❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❇❡ss❡• ❜r✐❞❣❡s ❜❡t✇❡❡♥ 0 ❛♥❞ T 0 i ✱ ✇❤❡r❡ T 0 i = 1 2βi ✉♥❞❡r ν W,θ,η V (dβ)✳ ❆♣♣•② t♦ t❤❡♠ ▲❛♠♣❡rt✐✬s t✐♠❡ ❝❤❛♥❣❡ ❛♥❞ ✉s❡ •✐rs❛♥♦✈✬s t❤❡♦r❡♠ t♦ ❝♦♠♣✉t❡ t❤❡✐r |❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ r❡•❛t✐✈❡ t♦ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❚❤❡♥ ✐♥t❡❣r❛t❡ t❤✐s ✇✐t❤ r❡s♣❡❝t t♦ ν W,θ,η V t♦ ♦❜t❛✐♥ t❤❡ |❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❛♥♥❡❛•❡❞ ♣r♦❝❡ss✱ ❛♥❞ ✉s❡ •✐rs❛♥♦✈✬s t❤❡♦r❡♠ ❛❣❛✐♥ t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❙❉❊✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♦❢ ✉s❡s ❛ ❢♦r♠ ♦❢ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② s❛t✐s✜❡❞ ❜② s♦•✉t✐♦♥s (X i ) i∈V ♦❢ ✭E W,θ,η V (X)✮✱ s❤♦✇❡❞ ✐♥ ❬❙)✶✼(✳ ■t st❛t❡s t❤❛t ❢♦r ❛♥② ♠✉•t✐✲st♦♣♣✐♥❣ t✐♠❡ (T i ) i∈V ✇✐t❤ r❡s♣❡❝t t♦ (X i ) i∈V ✱ t❤❡ s❤✐❢t❡❞ ♣r♦❝❡ss X i (T i + t) i∈V,t≥0 ✐s s♦•✉t✐♦♥ ♦❢ ❛ s✐♠✐•❛r ❙❉❊✳ ❚❤✐s ♥❡✇ ❡q✉❛t✐♦♥ ❤❛s t❤❡ s❛♠❡ ❢♦r♠ ❛s ✭E W,θ,η V (X)✮✱ ✇✐t❤ ♠♦❞✐✜❡❞ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡ tr❛•❡❝t♦r② ♦❢ X i ✉♣ t♦ t✐♠❡ T i ✱ ❢♦r ❛•• i ∈ V ✳ ❲❡ ❛♣♣•② t❤✐s ▼❛r❦♦✈ ♣r♦♣❡rt② t♦ t❤❡ t✐♠❡ ❝❤❛♥❣❡ (T i (u)) i∈V ❢♦r ❛•• u ≥ 0✳ ❚❤✐s ❛••♦✇s ✉s t♦ ✐❞❡♥t✐❢② t❤❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ♦❢ (ρ, T ) ❛t t✐♠❡ u✱ ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t t❤❡ ❣❡♥❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭E W,θ,η V (ρ)✮✳ |❡♠❛r❦ ✶✳✹✳✷✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ V ✐s ❛ s✐♥❣•❡ ♣♦✐♥t ❛♥❞ E ✐s ❡♠♣t②✱ ❚❤❡♦r❡♠ ✶✳✹✳✸ ❣✐✈❡s t❤❡ r❡s✉•t ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳✷✳ ❋♦r η =0✱ t❤✐s ❜❡❝♦♠❡s t❤❡ ♦r✐❣✐♥❛• ▼❛ts✉♠♦t♦✲(♦r ♦♣♣♦s✐t❡✲❞r✐❢t t❤❡♦r❡♠✿ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t -1 2 ✐s ✇r✐tt❡♥ ❛s ❛ ♠✐①t✉r❡ ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t 1 2 ✱ ❛♥❞ ❛ ❝♦rr❡❝t✐✈❡ t❡r♠ ✐♥✈♦•✈✐♥❣ ❛♥ ❡①♣♦♥❡♥t✐❛• ❢✉♥❝t✐♦♥❛• ♦❢ t❤❡ tr❛•❡❝t♦r②✳ ❚❤❡ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ♦♣♣♦s✐t❡✲❞r✐❢t t❤❡♦r❡♠ t❤❛t ✇❡ ♣r♦✈❡❞ ✐s •✐♠✐t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❞r✐❢ts -1 2 ❛♥❞ 1 2 ✱ s✐♥❝❡ ✐t r❡s✉•ts ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✹✳✶✱ ✇❤✐❝❤ ❝♦♥❝❡r♥s ❇❡ss❡• ♣r♦❝❡ss❡s ✇✐t❤ ✐♥❞❡① -1 2 ❛♥❞ 1 2 ✭✐✳❡✳ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡s✮✳ ❲❡ ❝♦✉•❞ tr② ❛♥❞ ♦❜t❛✐♥ ❛ s✐♠✐•❛r r❡s✉•t ❢♦r ♦t❤❡r ✈❛•✉❡s ♦❢ t❤❡ ❞r✐❢t✳ ❚❤✐s ♥❡❝❡ss✐t❛t❡s t❤❡ ✉s❡ ♦❢ ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• ❛♥❛•♦❣♦✉s t♦ β✱ ✇❤♦s❡ ♠❛r❣✐♥❛•s ✇♦✉•❞ r❡•❛t❡ t♦ t❤❡ ❤✐tt✐♥❣ t✐♠❡s ♦❢ ❇❡ss❡• ♣r♦❝❡ss❡s ✇✐t❤ ♦t❤❡r ✐♥❞✐❝❡s✱ ✐✳❡✳ ❣❡♥❡r❛•✐③❡❞ ■♥✈❡rs❡ •❛✉ss✐❛♥ ✈❛r✐❛❜•❡s✳ ❚❤❡ ❝❛s❡ ♦❢ ✐♥❞❡① 3 2 ♠✐❣❤t ❜❡ s♦•✈❛❜•❡✱ t❤❛♥❦s t♦ r❡❝❡♥t ❞❡✈❡•♦♣♠❡♥ts ❜② ❇❛✉❡rs❝❤♠✐❞t✱ ❈r❛✇❢♦r❞✱ ❍❡•♠✉t❤ ❛♥❞ ❙✇❛♥ ✐♥ ❬❇❈❍❙✶✾(✱ ❛♥❞ ❜② ❈r❛✇❢♦r❞ ✐♥ ❬❈r❛✶✾(✳ ❚❤❡s❡ ❛rt✐❝•❡s ❝♦♥❝❡r♥ ♦t❤❡r s✐❣♠❛ ♠♦❞❡•s✱ ✐♥ ♣❛rt✐❝✉•❛r H 2|4 ✱ ✇❤✐❝❤ ✐s r❡•❛t❡❞ t♦ r❛♥❞♦♠ s♣❛♥♥✐♥❣ ❢♦r❡sts✱ ❛♥❞ ❝♦✉•❞ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ β ♣♦t❡♥t✐❛• ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥❞❡① 3 2 ✳ ❈❤❛♣t❡r ✷ |❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ❛♥❞ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✷✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ r❡s✉•ts ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✸ ✽ ✷✳✶✳✶ Pr❡✈✐♦✉s r❡s✉•ts ✳ ✳ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✸ ✽ ✷✳✶✳✷ ❆ ❝♦♠♠♦♥ ❢♦r♠ ❢♦r ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✹ ✶ ✷✳✶✳✸ ▼❛✐♥ r❡s✉•ts ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✹ ✸ ✷✳✶✳✹ ❖♣❡♥ q✉❡st✐♦♥s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✹ ✼ ✷✳✷ ❚❡❝❤♥✐❝❛• ♣r❡r❡q✉✐s✐t❡ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✹ ✽ ✷✳✷✳✶ ❚❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛• β ♦♥ ✜♥✐t❡ ❣r❛♣❤s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✹ ✽ ✷✳✷✳✷ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛♥❞ s✉♠s ♦✈❡r ♣❛t❤s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✹ ✾ ✷✳✷✳✸ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛♥❞ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✺ ✶ ✷✳✸ ❉✐str✐❜✉t✐♦♥s ♦❢ ❛r❜✐tr❛r② r❡♣r❡s❡♥t❛t✐♦♥s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✺ ✸ ✷✳✸✳✶ ❆ ❝♦♠♠♦♥ ❡①♣r❡ss✐♦♥ ❢♦r •✉♠♣ r❛t❡s✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸ ✳✳✳✳✳✳✳✳✳✳✳✳ ✺ ✸ ✷✳✸✳✷ ❚❤❡ r❡❝✉rr❡♥t ❛♥❞ tr❛♥s✐❡♥t ❝❛s❡s✿ Pr♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✷✳✶✳✺ ❛♥❞ ✷✳✶✳✻ ✳✳✳✳✳✳ ✺ ✼ ✷✳✹ |❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ Z d ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✹ ✳✳✳✳✳✳✳✳✳✳✳ ✺ ✽ ✷✳✹✳✶ |❡❝✉rr❡♥❝❡ ❛♥❞ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ❱|❏P ♦♥ Z d ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✺ ✽ ✷✳✹✳✷ ▲♦❝❛• •✐♠✐t t❤❡♦r❡♠ ❢♦r r❛♥❞♦♠ ✇❛•❦ ✐♥ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s ✳✳✳✳✳✳✳✳✳✳✳✳ ✺ ✽ ✷✳✹✳✸ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✶ ✷✳✺ ❚❤❡ ♣♦t❡♥t✐❛• β (n) m ♦♥ tr❡❡s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✸ ✷✳✺✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ β (n) m ♦♥ G (n) m ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✸ ✷✳✺✳✷ ❊①♣r❡ss✐♦♥ ♦❢ G (n) m (i, j) ❛s ❛ s✉♠ ♦✈❡r ♣❛t❤s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✹ ✷✳✻ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ G (n) m ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✺ ✷✳✻✳✶ Pr♦❝❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ❛♥❞ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✺ ✷✳✻✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ χ (n) m ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✮ ✳ ✳ ✳ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✻ ✷✳✻✳✸ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ (G (n) m ) Bm,Bm ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✽ ✷✳✼ |❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ ✐♥✜♥✐t❡ tr❡❡s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻ ✾ ✷✳✼✳✶ |❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ✉s✐♥❣ G m ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✐✮ ✳✳✳✳✳✳✳✳✳ ✻ ✾ ✷✳✼✳✷ ❈♦♥✈❡r❣❡♥❝❡ t♦ ❛♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✐✐✮ ✳✳✳✳✳✳✳✳ ✼ ✵ ✷✳✼✳✸ ❉✐st✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ ❛ r❡❣✉•❛r tr❡❡✿ Pr♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✷✳✶✳✼ ❛♥❞ ✷✳✶✳✽ ✳ ✼✸ ✸✼ ✸✽ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❆❜str❛❝t ❚❤✐s ❝❤❛♣t❡r ✐s ♠♦❞❡•❡❞ ❛❢t❡r ❬•❡r✶✾(✱ ❛♥❞ ✇r✐tt❡♥ t♦ ❜❡ ❛s s❡•❢✲❝♦♥t❛✐♥❡❞ ❛s ♣♦ss✐❜•❡✳ ■♥ ✐t✱ ✇❡ s❤♦✇ t❤❛t ❛•• ♣♦ss✐❜•❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ s✐♠✐•❛r ❢♦r♠ ❛s ✐♥ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✉s✐♥❣ t❤❡ r❛♥❞♦♠ ✜❡•❞ β ❛♥❞ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❢♦r ❛♥ ❛ss♦❝✐❛t❡❞ ♦♣❡r❛t♦r H β ✳ ❚❤✐s ❛••♦✇s ❢♦r t❤❡ ♣r♦♦❢ t❤❛t t❤❡ ❱|❏P ♦♥ Z d ✭✇✐t❤ ❝❡rt❛✐♥ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s✮ ❤❛s ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ❜② s❤♦✇✐♥❣ t❤❛t ❛♥ ❛ss♦❝✐❛t❡❞ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s tr✐✈✐❛•✳ ▼♦r❡♦✈❡r✱ ♦♥ ✐♥✜♥✐t❡ tr❡❡s✱ ✇❡ ❝♦♥str✉❝t ❛ ❢❛♠✐•② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❛t ❛r❡ ❛•• ❞✐✛❡r❡♥t ✇❤❡♥ t❤❡ ❱|❏P ✐s tr❛♥s✐❡♥t ❛♥❞ t❤❡ tr❡❡ ✐s d✲r❡❣✉•❛r ✭✇✐t❤ d ≥ 3✮✳ ■♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ♣r❡s❡♥t ♣❛st r❡s✉•ts ♦♥ t❤❡ ❱|❏P ❛♥❞ t❤❡ β ♣♦t❡♥t✐❛•✱ ❛s ✇❡•• ❛s t❤❡ ♠❛✐♥ r❡s✉•ts ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❙❡❝t✐♦♥ ✷✳✷ ❡①♣♦s❡s s♦♠❡ ✉s❡❢✉• t❡❝❤♥✐❝❛• r❡s✉•ts ❝♦♥❝❡r♥✐♥❣ t❤❡ β ✜❡•❞✱ ❛s ✇❡•• ❛s ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r②✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ♣r♦✈❡ ❤♦✇ ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❢♦r♠✱ ✐✳❡✳ ❚❤❡♦r❡♠ ✷✳✶✳✸✳ ❲❡ ✉s❡ t❤❡s❡ r❡s✉•ts ✐♥ ❙❡❝t✐♦♥ ✷✳✹ t♦ st✉❞② t❤❡ ❝❛s❡ ♦❢ t❤❡ ❣r❛♣❤ Z d ✱ ❛♥❞ s❤♦✇ ❚❤❡♦r❡♠ ✷✳✶✳✹ ✉s✐♥❣ ❛ •♦❝❛• •✐♠✐t t❤❡♦r❡♠ ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ ❙❡❝t✐♦♥s ✷✳✺ ❛♥❞ ✷✳✻✱ ✇❡ st✉❞② t❤❡ β ✜❡•❞ ♦♥ tr❡❡s ✇✐t❤ ♦✉r ♥❡✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❛♥❞ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ •r❡❡♥ ❢✉♥❝t✐♦♥✳ ❲❡ ✉s❡ t❤✐s ✐♥ ❙❡❝t✐♦♥ ✷✳✼✱ t♦ s❤♦✇ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ♣r♦✈✐❞❡s r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ✭❚❤❡♦r❡♠ ✷✳✶✳✻✮✱ ❛♥❞ t❤❛t t❤❡② ❛r❡ ❞✐✛❡r❡♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❣✉•❛r tr❡❡ ✭Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✮✳ ✷✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ r❡s✉•ts ✷✳✶✳✶ Pr❡✈✐♦✉s r❡s✉•ts ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ♥♦♥✲❞✐r❡❝t❡❞ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s (W e ) e∈E ✳❲ ❡ ❞❡s❝r✐❜❡ (W e ) e∈E ✇✐t❤ ❛ ♠❛tr✐① (W i,j ) i,j∈V ✱ ✇❤❡r❡ W i,j = W {i,j} ✐❢ {i, j}∈E, 0 ♦t❤❡r✇✐s❡✳ ■♥ ❬❙❚✶✺(✱ ❙❛❜♦t ❛♥❞ ❚❛rrès ♣r♦✈❡❞ t❤❛t t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ♦♥ G ✇✐t❤ r❡s♣❡❝t t♦ W ❝♦✉•❞ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ ✐✳❡✳ ❛s ❛ r❛♥❞♦♠ ✇❛•❦ ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✳ ❲✐t❤ )❡♥❣✱ t❤❡② s❤♦✇❡❞ ✐♥ ❬❙❚)✶✼( t❤❛t t❤✐s ❡♥✈✐r♦♥♠❡♥t ❝♦✉•❞ ❜❡ r❡•❛t❡❞ t♦ ❛ r❛♥❞♦♠ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r H β ✱ ❝♦♥str✉❝t❡❞ ❢r♦♠ ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• β =(β i ) i∈V ✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✳ ❋♦r β ∈ R V ✱ ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② H β =2 β -W t❤❡ |V |×|V | s②♠♠❡tr✐❝❛• ♠❛tr✐① s✉❝❤ t❤❛t (H β ) i,j = 2β i 1 i=j -W i,j ❢♦r i, j ∈ V ✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ s❡t D W V = {β ∈ R V ,H β > 0}✱ ✇❤❡r❡ H β > 0 ♠❡❛♥s t❤❛t t❤❡ ♠❛tr✐① H β ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ◆♦t❡ t❤❛t ✐❢ β ∈D W V ✱ t❤❡♥ β i > 0 ❢♦r ❛•• i ∈ V ✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛• t❤❛t ✇✐•• ❜❡ ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❱|❏P✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ❬❚❤❡♦r❡♠ ✶ ✐♥ ❬❙❚)✶✼(✱ ▲❡♠♠❛ ✹ ✐♥ ❬❙)✶✾(( ✭✐✮ ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W ✱ ❛♥❞ •❡t η ∈ R V + ✳❲ ❡ ❞❡✜♥❡ ❜② ν W,η V t❤❡ ♠❡❛s✉r❡ ♦♥ (D W V , B(D W V )) s✉❝❤ t❤❛t ν W,η V (dβ)= 2 π |V | 2 e -1 2 ( 1,H β 1 + η,(H β ) -1 η ) e η,1 i∈V dβ i det(H β ) . ❚❤❡♥ ν W,η V ✐s ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✳ ■ts ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ✐s e -λ,β ν W,η V (dβ)=e -i∈V ηi( √ 1+λi-1)-i∼j Wi,j ( √ (1+λi)(1+λj )-1) i∈V 1 √ 1+λ i , ✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ |❊❙❯▲❚❙ ✸✾ ❢♦r λ ∈ R V + ✳ ❲❤❡♥ η =0✱ ✇❡ ✇✐•• ✇r✐t❡ ν W V = ν W,0 V ✳ ✭✐✐✮ ▲❡t ✉s ❞❡♥♦t❡ ❜② d G t❤❡ ❣r❛♣❤ ❞✐st❛♥❝❡ ✐♥ G✳ ❯♥❞❡r ν W,η V (dβ)✱✐ ❢V 1 ,V 2 ⊂ V ❛r❡ s✉❝❤ t❤❛t d G (V 1 ,V 2 ) ≥ 2✱ t❤❡♥ (β i ) i∈V1 ❛♥❞ (β j ) j∈V2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❲❡ ✇✐•• s❛② t❤❛t t❤❡ ♣♦t❡♥t✐❛• ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν W V ✐s ✶✲❞❡♣❡♥❞❡♥t✳ ▲❡t C r (R + ,V) ❜❡ t❤❡ s♣❛❝❡ ♦❢ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❢r♦♠ R + t♦ V ✳ ❚❤✐s ✇✐•• ❜❡ t❤❡ s♣❛❝❡ ♦❢ tr❛•❡❝t♦r✐❡s ♦❢ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss❡s ✇❡ ✇✐•• st✉❞② ✐♥ t❤✐s ♣❛♣❡r✳ ❚❤❡s❡ ♣r♦❝❡ss❡s ✇✐•• ❜❡ ❞❡s❝r✐❜❡❞ ❜② ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥s ♦♥ C r (R + ,V)✳ ❲❡ ✇✐•• ✉s❡ s•✐❣❤t•② ❞✐✛❡r❡♥t ♥♦t❛t✐♦♥s ❢r♦♠ t❤❡ ✐♥tr♦❞✉❝t♦r② ❝❤❛♣t❡r ✿ •❡t ✉s ❞❡♥♦t❡ ❜② (Z t ) t❤❡ ❝❛♥♦♥✐❝❛• ♣r♦❝❡ss ✐♥ C r (R + ,V)✱ ✇❤❡r❡ Z t (ω)=ω(t) ❢♦r ω ∈C r (R + ,V)✳ ▼♦r❡♦✈❡r ❢♦r i 0 ∈ V ✱ •❡t P VRJP(i0) ❞❡♥♦t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ♦♥ (G,W)✱ ✐♥ t❤❡ ❡①❝❤❛♥❣❡❛❜•❡ t✐♠❡ s❝❛•❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❞❡s❝r✐❜❡s ❤♦✇ t♦ r❡♣r❡s❡♥t t❤✐s ♣r♦❝❡ss ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ ✉s✐♥❣ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t t❤❛t ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ β ✜❡•❞ ✉♥❞❡r ν W V (dβ)✳ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ❬❚❤❡♦r❡♠ ✷ ✐♥ ❬❙❚✶✺(✱ ❚❤❡♦r❡♠ ✸ ✐♥ ❬❙❚)✶✼(( ▲❡t G =(V, E) ❜❡ ❛ ✜♥✐t❡ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❲❡ ✜① ❛ ✈❡rt❡① i 0 ∈ V ✳❋ ♦ rβ ∈D W V ✱ ✇❡ ❞❡♥♦t❡ ❜② G =(H β ) -1 t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ β✱ ❛♥❞ ❜② P β,i0 x t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss st❛rt❡❞ ❛t x ∈ V ✱ ✇✐t❤ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ j ❣✐✈❡♥ ❜② 1 2 W i,j G(i0,j) G(i0,i) ✳ ❚❤❡♥ ❢♦r ❛•• i 0 ∈ V ✱ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ♦♥ (G,W)✱ st❛rt❡❞ ❛t i 0 ✱ ✐s ❛ ♠✐①t✉r❡ ♦❢ t❤❡s❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✉♥❞❡r t❤❡ ❞✐str✐❜✉t✐♦♥ ν W V (dβ)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ P VRJP(W,i0) [•]= P β,i0 i0 [•]ν W V (dβ). ❆♥ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W V ✐s ✐ts ❜❡❤❛✈✐♦r ✇✐t❤ r❡s♣❡❝t t♦ r❡str✐❝t✐♦♥✳ ❋♦r β ∈ R V ❛♥❞ V 1 ,V 2 ⊂ V ✱ •❡t ✉s ❞❡♥♦t❡ β V1 =(β i ) i∈V1 ✱ ❛♥❞ W V1,V2 =(W i,j ) i∈V1,j∈V2 ✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳ ❬▲❡♠♠❛ ✹ ✐♥ ❬❙)✶✾(( ▲❡t ✉s ✜① U ⊂ V ✱ ❛♥❞ s❡t ηi = j∈U c W i,j ❢♦r i ∈ U ✱ ✐✳❡✳ η = W U,U c 1 U c ✳ ❚❤❡♥ ✉♥❞❡r ν W V (dβ)✱ β U ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W U,U ,η U ✳ ❍❡♥❝❡ ✉♥❞❡r ν W V (dβ)✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ β U ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ ✇❡✐❣❤ts ♦❢ ❡❞❣❡s ✐♥s✐❞❡ U ✱ ❛♥❞ ❝♦♠✐♥❣ ♦✉t ♦❢ U ✳ ❚❤✐s ✐s ✉s❡❢✉• t♦ ❞❡✜♥❡ t❤❡ β ✜❡•❞ ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ▲❡t ♥♦✇ G =(V, E) ❜❡ ❛♥ ✐♥✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ♥♦♥✲❞✐r❡❝t❡❞ ❣r❛♣❤✱ t❤❛t ✐s •♦❝❛••② ✜♥✐t❡✱ ✐✳❡✳ ❡❛❝❤ ✈❡rt❡① v ∈ V ❤❛s ✜♥✐t❡ ❞❡❣r❡❡✳ ❲❡ ❡♥❞♦✇ G ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❚♦ st✉❞② t❤❡ ❛ss♦❝✐❛t❡❞ ❱|❏P✱ ✇❡ ✇❛♥t t♦ ❞❡✜♥❡ ❛♥ ❛♥❛•♦❣✉❡ ♦❢ t❤❡ β ✜❡•❞ ♦♥ G✳ ■♥ ❬❙)✶✾(✱ ❙❛❜♦t ❛♥❞ )❡♥❣ ❞✐❞ t❤✐s ❜② ✉s✐♥❣ ❛ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ▲❡t (V n ) n∈N ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ s✉❜s❡ts ♦❢ V ✱ s✉❝❤ t❤❛t n∈N V n = V. ❋♦r n ∈ N✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ✈❡rt❡① δ n ✱ ❛♥❞ ❞❡✜♥❡ ❛ ♥❡✇ ❣r❛♣❤ G (n) =( Ṽ (n) , Ẽ(n) )✱ ✇❤❡r❡ Ṽ (n) = V n ∪{δ n } ❛♥❞ Ẽ(n) = {{i, j}∈E, i, j ∈ V n }∪{{i, δ n },i ∈ V n ❛♥❞ ∃j/ ∈ V n ,i ∼ j} . ❚❤❡ ❣r❛♣❤ G (n) ✐s ❝❛••❡❞ t❤❡ r❡str✐❝t✐♦♥ ♦❢ G t♦ V n ✇✐t❤ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❲❡ ❡♥❞♦✇ t❤✐s ❣r❛♣❤ ✇✐t❤ t❤❡ ❝♦♥❞✉❝t❛♥❝❡s W (n) ❞❡✜♥❡❞ ❜② W (n) i,j = W i,j ✐❢ i, j ∈ V n ✱ ❛♥❞ W (n) i,δn = j∼i,j / ∈Vn W i,j ✳ ❋♦r ❛•• n ∈ N✱ •❡t (β (n) i ) i∈ Ṽ (n) ❜❡ ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛• ♦♥ t❤❡ ❣r❛♣❤ G (n) ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W (n) Ṽ (n) ✳ ❚❤❡♥ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ r❡str✐❝t✐♦♥ β (n) Vn ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W (n) ,η (n) Vn ✱ ✹✵ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ✇❤❡r❡ W (n) = W Vn,Vn ❛♥❞ η (n) := W (n) Vn,{δn} = W Vn,V c n 1 V c n ✳ ■♥ ❢❛❝t✱ ❢♦r ❛ ✜①❡❞ n ∈ N ❛♥❞ ❛♥② n ′ ≥ n✱ t❤❡ r❡str✐❝t✐♦♥s β (n ′ ) Vn ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ν W (n) ,η (n) Vn ✳ ❇② ❑♦•♠♦❣♦r♦✈ ❡①t❡♥s✐♦♥ t❤❡♦r❡♠✱ t❤✐s ❛••♦✇s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❞✐str✐❜✉t✐♦♥ ν W V ❢♦r ✐♥✜♥✐t❡ V ✳ ❋♦r β ∈ R V ✱ •❡t ✉s st✐•• ❞❡♥♦t❡ ❜② H β =2 β -W t❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ (β i ) i∈V ✱ ✐✳❡✳ ❢♦r ❛•• f ∈ R V ❛♥❞ i ∈ V ✱ (H β f ) i =2β i f i -j∼i W i,j f j ✳ ❲❡ ❛•s♦ ❞❡✜♥❡ D W V = {β ∈ R V , (H β ) U,U > 0 ❢♦r ❛•• ✜♥✐t❡ s✉❜s❡t U ♦❢ V }. Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✳ ❬Pr♦♣♦s✐t✐♦♥ ✶ ✐♥ ❬❙)✶✾(( ▲❡t G =(V, E) ❜❡ ❛♥ ✐♥✜♥✐t❡ •♦❝❛••② ✜♥✐t❡ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ν W V ♦♥ D W V s✉❝❤ t❤❛t ✉♥❞❡r ν W V (dβ)✱ ❢♦r ❛•• ✜♥✐t❡ s✉❜s❡t U ⊂ V ✱ β U ∼ ν W U,U ,η U ✇❤❡r❡ η = W U,U c 1 U c ✳ ■ts ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ✐s e -λ,β ν W V (dβ)=e -i∼j Wi,j ( √ 1+λi √ 1+λj -1) i∈V 1 √ 1+λ i ❢♦r λ ∈ R V + ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt✳ ❚❤❡ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ♦♥•② ✉s❡❢✉• t♦ ❞❡✜♥❡ ν W V ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✱ ❜✉t ❛•s♦ t♦ •✐♥❦ t❤✐s ❞✐str✐❜✉t✐♦♥ t♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P✱ ❜② ❛♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✷✳✶✳✶ t♦ t❤❡ ❣r❛♣❤ G (n) ✳ ■♥❞❡❡❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✱ ❢♦r ❛♥② n ∈ N✱ ✉♥❞❡r ν W V (dβ) ✇❡ ❤❛✈❡ β Vn ∼ ν W (n) ,η (n) Vn ✳ ❍❡♥❝❡✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ ✇❡ ❝❛♥ ❡①t❡♥❞ β Vn ✐♥t♦ ❛ ♣♦t❡♥t✐❛• β (n) ∼ ν W (n) Ṽ (n) s✉❝❤ t❤❛t β (n) Vn = β Vn ✳ ❲❡ ❞❡♥♦t❡ H (n) β =2β (n) -W (n) ❛♥❞ G (n) =( H (n) β ) -1 ✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✶✱ ✇❡ ❦♥♦✇ t❤❛t G (n) ❣✐✈❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ G (n) ✳ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ✭✐✮ ❋♦r β ∈D W V ✱ •❡t ✉s ❞❡✜♥❡ Ĝ(n) : V × V → R + ❜② ( Ĝ(n) ) Vn,Vn =((H β ) Vn,Vn ) -1 ✱ ❛♥❞ Ĝ(n) (i, j)=0✐❢ i/ ∈ V n ♦r j/ ∈ V n ✳ ✭✐✐✮ ❋♦r β ∈D W V ✱ •❡t ψ (n) ∈ R Vn + ❜❡ ❞❡✜♥❡❞ ❜② (H β ψ (n) ) Vn =0 ψ (n) V c n =1. ◆♦t❡ t❤❛t ψ (n) Vn =( Ĝ(n) Vn,Vn )η (n) ✳ ■t ✐s ♣♦ss✐❜•❡✱ ✉s✐♥❣ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛s ❛ s✉♠ ♦✈❡r ♣❛t❤s ✭s❡❡ ❬❙)✶✾(✱ ♦r Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✮✱ t♦ ✇r✐t❡ G (n) (i, j)= Ĝ(n) (i, j)+ψ (n) (i)G (n) (δ n ,δ n )ψ (n) (j) ❢♦r i, j ∈ V n ✳ ❯♥❞❡r ν W V (dβ)✱ G (n) (δ n ,δ n ) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ β Vn ✱ ❛♥❞ 1/2G (n) (δ n ,δ n ) ✐s ❛•✇❛②s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ •❛♠♠❛(1/2, 1) ❞✐str✐❜✉t✐♦♥ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ✭✐✐✮✮✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❞❡s❝r✐❜❡s ❤♦✇ t❛❦✐♥❣ n →∞✐♥ t❤✐s ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ ❣✐✈❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ ✐♥✜♥✐t❡ ❣r❛♣❤s✳ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ❬❚❤❡♦r❡♠ ✶ ✐♥ ❬❙)✶✾(( ✭✐✮ ❯♥❞❡r ν W V (dβ)✱ ❢♦r i, j ∈ V ✱ t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ Ĝ(n) (i, j) ❝♦♥✈❡r❣❡s ❛•♠♦st s✉r❡•② t♦ ❛ ✜♥✐t❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ Ĝ(i, j)✳ ✭✐✐✮ ▲❡t F n ❜❡ t❤❡ σ✲✜❡•❞ ❣❡♥❡r❛t❡❞ ❜② β Vn ✳ ❚❤❡♥ ✉♥❞❡r ν W V (dβ)✱ ❢♦r ❛•• i ∈ V ✱ ψ (n) (i) ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ (F n )✲♠❛rt✐♥❣❛•❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ❛•♠♦st s✉r❡•② t♦ ❛♥ ✐♥t❡❣r❛❜•❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ψ(i)✳ ▼♦r❡♦✈❡r✱ ψ ✐s H β ✲❤❛r♠♦♥✐❝ ♦♥ V ✱ ✐✳❡✳ H β ψ(i)=2β i ψ(i) -j∼i W i,j ψ(j)=0❢♦r i ∈ V ✳ ✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ |❊❙❯▲❚❙ ✹✶ ✭✐✐✐✮ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐•• ❞❡♥♦t❡ ν W V (dβ, dγ)=ν W V (dβ) ⊗ 1 {γ>0} √ πγ e -γ dγ✱ ✇❤❡r❡ 1 {γ>0} √ πγ e -γ dγ ✐s ❛ •❛♠♠❛(1/2, 1) ❞✐str✐❜✉t✐♦♥✳ ▲❡t ♥♦✇ i 0 ∈ V ❜❡ ✜①❡❞✳ ❋♦r β ∈D W V ❛♥❞ γ>0✱ ✇❡ ❞❡✜♥❡ G(i, j)= Ĝ(i, j)+ 1 2γ ψ(i)ψ(j), ❛♥❞ ❞❡♥♦t❡ ❜② P β,γ,i0 x t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss st❛rt❡❞ ❛t x ∈ V ✱ ✇❤❡r❡ t❤❡ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ j ✐s 1 2 W i,j G(i0,j) G(i0,i) ✳ ❚❤❡♥ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ♦♥ (G,W)✱ st❛rt❡❞ ❛t i 0 ✱ ✐s ❛ ♠✐①t✉r❡ ♦❢ t❤❡s❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✉♥❞❡r ν W V (dβ, dγ)✱ ✐✳❡✳ P VRJP(i0) [•]= P β,γ,i0 i0 [•]ν W V (dβ, dγ). ✭✐✈✮ ❋♦r ν W V ✲❛•♠♦st ❛•• β ❛♥❞ ❛•• i 0 ∈ V ✱ ✇❡ ❤❛✈❡✿ ✕ ❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ •❛✇ P β,γ,i0 x ✐s r❡❝✉rr❡♥t ✐❢ ❛♥❞ ♦♥•② ✐❢ ψ(i)=0❢♦r ❛•• i ∈ V ✳ ✕ ❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ •❛✇ P β,γ,i0 x ✐s tr❛♥s✐❡♥t ✐❢ ❛♥❞ ♦♥•② ✐❢ ψ(i) > 0 ❢♦r ❛•• i ∈ V ✳ ◆♦t❡ t❤❛t ❢♦r i 0 ∈ V ✜①❡❞✱ ✐♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P st❛rt❡❞ ❛t i 0 ✱ t❤❡ β ✜❡•❞ ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ •✉♠♣ r❛t❡s Wi,j 2 
G(i0,j) G(i0,i) t❤❛t ❞❡✜♥❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ β ✜❡•❞ r♦♦t❡❞ ❛t i 0 ✱ ✇❤❡r❡ βi ✐s t❤❡ r❛t❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛• ❤♦•❞✐♥❣ t✐♠❡ ❛t i ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✳ ❋♦r ❛• • i ∈ V ✱ β ∈D W V ❛♥❞ γ>0✱ ✇❡ ❞❡✜♥❡ βi = j∼i W i,j 2 
G(i 0 ,j) G(i 0 ,i) = β i -1 {i=i0} 1 2G(i 0 ,i 0 ) . ❚❤❡♥ ✉♥❞❡r ν W V (dβ, dγ)✱ 1/2G(i 0 ,i 0 ) ❤❛s ❞✐str✐❜✉t✐♦♥ •❛♠♠❛(1/2, 1) ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ β✳ ▼♦r❡✲ ♦✈❡r t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ β ✐s e -λ, β ν W V (dβ, dγ)=e -i∼j Wi,j ( √ 1+λi √ 1+λj -1) i =i0 1 √ 1+λ i ❢♦r λ ∈ R V + ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt✳ ✷✳✶✳✷ ❆ ❝♦♠♠♦♥ ❢♦r♠ ❢♦r ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ❲❡ st✐•• ❝♦♥s✐❞❡r G =( V, E) t♦ ❜❡ ❛♥ ✐♥✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ •♦❝❛••② ✜♥✐t❡ ❛♥❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥✲ ❞✉❝t❛♥❝❡s (W i,j ) i,j∈V ✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✶✳✷✱ ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P VRJP(i0) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s✱ ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W V ✳ ❲❡ ✇✐•• r❡❢❡r t♦ t❤✐s ❛s t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ❛r❡ ♥♦✇ ✐♥t❡r❡st❡❞ ✐♥ ♦t❤❡r ♣♦ss✐❜•❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥ts✱ t❤❛t ✇♦✉•❞ r❡♣r❡s❡♥t t❤❡ ❱|❏P ✐♥ t❤❡ s❛♠❡ s❡♥s❡✱ ❛♥❞ ✇❤❡t❤❡r t❤❡② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ ❢♦r♠ s✐♠✐•❛r t♦ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ✇✐•• ❞❡♥♦t❡ ❜② J E V t❤❡ s❡t ♦❢ •✉♠♣ r❛t❡s ♦♥ G✱ ✐✳❡✳ t❤❡ s❡t ♦❢ (r i,j ) i,j∈V ∈ R V ×V + s✉❝❤ t❤❛t r i,j =0 ✐❢ {i, j} / ∈ E✳ ✹✷ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ▲❡t R(dr) ❜❡ ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ J E V ✳❋ ♦ ri 0 ∈ V ✜①❡❞✱ ✇❡ ✇✐•• s❛② t❤❛t R(dr) ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡s❡♥t✐♥❣ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P st❛rt❡❞ ❛t i 0 ✐❢ P VRJP(i0) [•]= P r i0 [•]R(dr), ✇❤❡r❡ ❢♦r r ∈J E V ✱ P r ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ j ❣✐✈❡♥ ❜② r i,j ✳ ❲❡ ✇✐•• ❛•s♦ s❛② t❤❛t R(dr) ❞❡✜♥❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P VRJP(i0) ✳ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t t❡••s ✉s t❤❛t ✐♥ ❢❛❝t✱ ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ s✐♠✐•❛r ❢♦r♠ ❛s t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✉s✐♥❣ ❛ β ✜❡•❞ ❛s ✇❡•• ❛s H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❋♦r i ∈ V ❛♥❞ r ∈J E V ✱ ✇❡ ❞❡✜♥❡ r i = j∼i r i,j ✳ ❚❤❡♦r❡♠ ✷✳✶✳✸✳ ▲❡t i 0 ∈ V ❜❡ ✜①❡❞✱ ❛♥❞ •❡t R(dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡✲ s❡♥t✐♥❣ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ✇✐t❤ •❛✇ P VRJP(i0) ✳ ❲❡ ✇r✐t❡ R(dr, dγ)=R(dr) ⊗ 1 {γ>0} √ πγ e -γ dγ✳ ❋♦r r ∈J E V ❛♥❞ γ>0✱ ✇❡ ❞❡✜♥❡ β ∈ (R + ) V ❜② β i = r i + 1 {i=i0} γ ❢♦r i ∈ V ✳ ❚❤❡♥ ✉♥❞❡r R(dr, dγ)✱ β ∼ ν W V ✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ r❛♥❞♦♠ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ h : V → R + ✱ s✉❝❤ t❤❛t ❢♦r ❛•• i ∼ j✱ r i,j = W i,j 2 
G(i 0 ,j) G(i 0 ,i) , ✇❤❡r❡ G(i 0 ,i)= Ĝ(i 0 ,i)+h(i) ❢♦r i ∈ V ✱ ❛♥❞ Ĝ ✐s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ β ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ■♥ ♦r❞❡r t♦ tr② ❛♥❞ ❝•❛ss✐❢② ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P✱ ✇❡ ♥♦✇ ♥❡❡❞ t♦ ✐❞❡♥t✐❢② H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ♦♥❡s ❝❛♥ ❛♣♣❡❛r ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❛ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✸✳ ❚✇♦ ✐♥t❡r❡st✐♥❣ ❝❛s❡s ❛r✐s❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ (G,W)✿ ✇❤❡♥ t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② r❡❝✉rr❡♥t✱ ♦r ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs t♦ s❤♦✇ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✐s ✉♥✐q✉❡✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✺✳ ■❢ (G,W) ✐s s✉❝❤ t❤❛t t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② r❡❝✉rr❡♥t✱ t❤❡♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P st❛rt❡❞ ❛t i 0 ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✐s ✉♥✐q✉❡✱ ✐✳❡✳ ✐❢ R(dr) ❛♥❞ R ′ (dr) ❞❡✜♥❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ P VRJP(i0) ✱ t❤❡♥ R(dr)=R ′ (dr)✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✈✮✱ ✉♥❞❡r ν W V (dβ)✱ ✇❡ ❤❛✈❡ ❛✳s✳ ψ(i)=0❢♦r ❛•• i ∈ V ✱ ❛♥❞ t❤❡ •✉♠♣ r❛t❡s ✐♥ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ❛r❡ ❣✐✈❡♥ ❜② Wi,j 2 Ĝ(i0,j) Ĝ(i0,i) ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭❜② ❚❤❡♦r❡♠ ✷✳✶✳✸✮ ✐s h ≡ 0✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ♠♦❞❡•✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ψ✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✳ ■❢ (G,W) ✐s s✉❝❤ t❤❛t t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✱ t❤❡♥ ✉♥❞❡r ν W V (dβ)✿ ✭✐✮ ❲❡ ❤❛✈❡ ❛✳s✳ ψ(i) > 0 ❢♦r ❛•• i ∈ V ✱ ✇❤❡r❡ ψ ✐s ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ✭✐✐✮ ❲❡ ❞❡✜♥❡ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s c ψ i,j = W i,j ψ(i)ψ(j) ❢♦r ❛•• i, j ∈ V ✳ ❚❤❡♥ t❤❡ ❛ss♦❝✐❛t❡❞ r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦ ✐s ❛✳s✳ tr❛♥s✐❡♥t✳ ✭✐✐✐✮ ▲❡t Δ ψ ❜❡ t❤❡ ❞✐s❝r❡t❡ ▲❛♣•❛❝✐❛♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s c ψ i,j ✳ ❚❤❡♥ ❛ ❢✉♥❝t✐♦♥ ϕ : V → R ✐s Δ ψ ✲❤❛r♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥•② ✐❢ i → ψ(i)ϕ(i) ✐s H β ✲❤❛r♠♦♥✐❝✳ ✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ |❊❙❯▲❚❙ ✹✸ |❡♠❛r❦ ✷✳✶✳✶✳ ❚❤✐s ❛••♦✇s ❛ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❡①♣r❡ss✐♦♥ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ tr❛♥s✐❡♥t ❝❛s❡✳ ■♥❞❡❡❞✱ ✐❢ R(dr) ❞❡✜♥❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P VRJP(i0) ✱ ❚❤❡♦r❡♠ ✷✳✶✳✸ ❛••♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ β ✜❡•❞ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W V ✱ ❛♥❞ t♦ ❡①♣r❡ss t❤❡ •✉♠♣ r❛t❡s r i,j ✉s✐♥❣ β ❛♥❞ ❛ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ h✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡ h = ψϕ✱ ✇❤❡r❡ ϕ ✐s ❛ Δ ψ ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥✱ ✐✳❡✳ ❤❛r♠♦♥✐❝ ❢♦r ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s ❛ ✉s❡❢✉• t♦♦• t♦ r❡♣r❡s❡♥t ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦ ♦♥ ❛ ❣r❛♣❤ G =( V, E)✳ ■♥❞❡❡❞✱ V ❛❞♠✐ts ❛ ❜♦✉♥❞❛r② M s♦ t❤❛t V ∪M ✐s ❝♦♠♣❛❝t ❢♦r ❛ ❝❡rt❛✐♥ t♦♣♦•♦❣②✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❦❡r♥❡• K : V ×M s♦ t❤❛t ❛♥② ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ h ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s h(x)= M K(x, α)μ h (dα) ❢♦r x ∈ V ✱ ✇❤❡r❡ μ h ✐s ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ (M, B(M))✳ M ✐s ❝❛••❡❞ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ♦❢ V ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❛♥❞♦♠ ✇❛•❦✱ ❛♥❞ K ✐s t❤❡ ▼❛rt✐♥ ❦❡r♥❡•✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ •r❡❡♥ ❦❡r♥❡• ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ✇❛•❦✳ ❋♦r ♠♦r❡ ❞❡t❛✐•s ♦♥ ▼❛rt✐♥ ❜♦✉♥❞❛r✐❡s✱ s❡❡ ❙❡❝t✐♦♥ ✷✳✷✳✸✳ ■♥ ♦r❞❡r t♦ st✉❞② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ✐♥ t❤❡ tr❛♥s✐❡♥t ❝❛s❡✱ ✇❡ ✇❛♥t t♦ ❞❡s❝r✐❜❡ Δ ψ ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ❛❝❝♦r❞✐♥❣ t♦ |❡♠❛r❦ ✷✳✶✳✶✳ ❲❡ ✇✐•• t❤❡r❡❢♦r❡ ♥❡❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ψ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✳ ❚❤✐s ✇✐•• ❜❡ ♣♦ss✐❜•❡ ✇❤❡♥ G ✐s Z d ✱ ♦r ❛♥ ✐♥✜♥✐t❡ tr❡❡✳ ✷✳✶✳✸ ▼❛✐♥ r❡s✉•ts ✷✳✶✳✸✳✶ |❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ Z d ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ G ✐s t❤❡ •❛tt✐❝❡ Z d ✱ ✐✳❡✳ G =(V, E) ✇✐t❤ V = Z d ❛♥❞ E = E d := {{x, y}, |x -y| =1} ✇❤❡r❡ |x| ✐s t❤❡ ❊✉❝•✐❞❡❛♥ ♥♦r♠ ♦❢ x✳ ▲❡t ✉s ❡♥❞♦✇ G ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❙✐♥❝❡ t❤✐s ♠♦❞❡• ✐s ✐♥✈❛r✐❛♥t ❜② ✐s♦♠❡tr✐❡s ♦❢ Z d ✱ ✇❡ ✇✐•• ♦♥•② ❝♦♥s✐❞❡r t❤❡ ❱|❏P st❛rt❡❞ ❛t 0✳ ❲❡ ❝❛♥ ✐❞❡♥t✐❢② s❡✈❡r❛• s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✉♥✐q✉❡✳ ❋♦r d =2 ✱♦ r✐ ❢W ✐s s♠❛•• ❡♥♦✉❣❤✱ t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② r❡❝✉rr❡♥t ✭s❡❡ ❬❙❛❜✶✾(✱ ❛♥❞ ❈♦r♦••❛r② ✶ ✐♥ ❬❙❚✶✺(✮✱ s♦ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P VRJP(0) ✐s ✉♥✐q✉❡ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✺✳ ❋♦r d ≥ 3 ❛♥❞ W •❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t ✭s❡❡ ❈♦r♦••❛r② ✸ ✐♥ ❬❙❚✶✺(✮✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ Δ ψ ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✳ ❙✐♥❝❡ (G,W) ✐s ✈❡rt❡① tr❛♥s✐t✐✈❡✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸ ♦❢ ❬❙)✶✾(✱ ✉♥❞❡r ν W V (dβ)✱ ψ ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ❚❤✐s ❛••♦✇s ✉s t♦ ❛♣♣•② ❛ •♦❝❛• •✐♠✐t t❤❡♦r❡♠ ❢♦r r❛♥❞♦♠ ✇❛•❦s ✐♥ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s ✭❢r♦♠ ❬❆❉❙✶✻❛(✮✱ ❛♥❞ s❤♦✇ t❤❛t t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ψ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s ❛•♠♦st s✉r❡•② tr✐✈✐❛• ❢♦r W •❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡s❡ ❝❛s❡s ❛r❡ r❡❣r♦✉♣❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✳ ❚❤❡♦r❡♠ ✷✳✶✳✹✳ ▲❡t G ❜❡ t❤❡ Z d •❛tt✐❝❡✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ❡❞❣❡ ✇❡✐❣❤ts✱ ✐✳❡✳ W i,j = W>0 ❢♦r ❛•• i ∼ j✳ ❲❡ ❝♦♥s✐❞❡r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ P VRJP(0) ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❚❤❡♥✿ ❼ ■❢ d ∈{1, 2}✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P VRJP(0) ✳ ❼ ■❢ d ≥ 3✱ t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts W ❛♥❞ W s✉❝❤ t❤❛t ❢♦r 0 <W <W ♦r ❢♦r W>W ✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P VRJP(0) ✳ ✷✳✶✳✸✳✷ ❆ ❢❛♠✐•② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ ✐♥✜♥✐t❡ tr❡❡s ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❣r❛♣❤ ✐s ❛♥ ✐♥✜♥✐t❡ tr❡❡ T =(T,E)✱ t❤❛t ✇❡ ❛ss✉♠❡ t♦ ❜❡ •♦❝❛••② ✜♥✐t❡✱ ❛♥❞ ❡♥❞♦✇ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W ✳ ■♥ ❬❈)✶✻(✱ ❈❤❡♥ ❛♥❞ )❡♥❣ ❞❡s❝r✐❜❡❞ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✹✹ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❡①♣r❡ss✐♦♥ t❤❛♥ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥❞❡❡❞✱ ✐❢ (T n ) n∈N ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ s✉❜s❡ts ♦❢ T ✱ t❤❡ s✉❜❣r❛♣❤s T (n) =( V n ,E n ) ♦❢ G ❛r❡ ✜♥✐t❡ tr❡❡s ✭✇❤❡r❡ E n = {{i, j}∈E, i, j ∈ V n }✮✳ ❚❤❡s❡ ❛r❡ ❝❛••❡❞ r❡str✐❝t✐♦♥s ♦❢ G ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ♦♥ ✜♥✐t❡ tr❡❡s✱ ❚❤❡♦r❡♠ ✷✳✶✳✶ ❣✐✈❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ✇❤❡r❡ •✉♠♣ r❛t❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡r❡❢♦r❡✱ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ T ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ T (n) ✱ ✉s✐♥❣ ✐♥❞❡♣❡♥❞❡♥t •✉♠♣ r❛t❡s✳ ❚❤❡♦r❡♠ ✷✳✶✳✺✳ ❬❚❤❡♦r❡♠ ✸ ✐♥ ❬❈)✶✻(( ▲❡t φ ❜❡ ❛♥ ❛r❜✐tr❛r② r♦♦t ❢♦r T ✳ ❋♦r ❛•• i ∈ T \{φ}✱ ✇❡ ❞❡♥♦t❡ ❜② i t❤❡ ♣❛r❡♥t ♦❢ i✳ ▲❡t ❛•s♦ (A i ) i∈T \{φ} ❜❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜•❡s ✇❤❡r❡ A i ✐s ❛♥ ✐♥✈❡rs❡ •❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r (W i,i , 1)✱ ✐✳❡✳ P[A i ∈ ds]=1 s≥0 W i,i 2πs 3 e -W i,i (s-1) 2 2s
ds.

❚❤❡♥ t❤❡ ♣r♦❝❡ss ✇✐t❤

•❛✇ P VRJP(φ) ♦♥ T ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s✱ ✐♥ ✇❤✐❝❤ t❤❡ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ i ✐s 1 2 W i,i A i ✱ ❛♥❞ t❤❡ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ i ✐s 1 2 W i,i Ai ✱ ❢♦r ❛•• i ∈ T \{φ}✳ ■♥ s♦♠❡ ❝❛s❡s✱ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼✳ ▲❡t T =( T,E) ❜❡ ❛♥ ✐♥✜♥✐t❡ d✲r❡❣✉•❛r tr❡❡ ✇✐t❤ d ≥ 3✱ ✐✳❡✳ s✉❝❤ t❤❛t ❡❛❝❤ ✈❡rt❡① ✐♥ T ❤❛s ❡①❛❝t•② d ♥❡✐❣❤❜♦rs✳ ❲❡ ❡♥❞♦✇ T ✇✐t❤ ❝♦♥st❛♥t ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❚❤❡♥ ❢♦r W •❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✺ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ♥♦✇ ❦♥♦✇ t✇♦ ✇❛②s ♦❢ ❝♦♥str✉❝t✐♥❣ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ T ✱ t❤❛t ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ r❡str✐❝t✐♦♥s t♦ ✜♥✐t❡ ❣r❛♣❤s✱ ❛♥❞ ❝❛♥ ❤❛✈❡ ❞✐st✐♥❝t ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s •❡❛❞s ✉s t♦ ✐♥tr♦❞✉❝❡ ♥❡✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛ ❢❛♠✐•② ♦❢ ❞✐✛❡r❡♥t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P✱ ❢♦••♦✇✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛s ❢♦r t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ▲❡t ✉s st❛rt ❜② ❣✐✈✐♥❣ ❛ ❢❡✇ ♥♦t❛t✐♦♥s ♦♥ tr❡❡s✳ ❋♦r ❛•• x, y ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② d(x, y) t❤❡ ❣r❛♣❤ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ x ❛♥❞ y✱ ❛♥❞ ❜② [x, y] t❤❡ ✉♥✐q✉❡ s❤♦rt❡st ♣❛t❤ ❜❡t✇❡❡♥ x ❛♥❞ y✿ [x, y]= x =[x, y] 0 , [x, y] 1 , ..., [x, y] d(x,y)-1 ,y =[x, y] d(x,y) . ◆♦t❡ t❤❛t ❛♥② ♣❛t❤ σ ❢r♦♠ x t♦ y ♥❡❝❡ss❛r✐•② ❝r♦ss❡s ❛•• ✈❡rt✐❝❡s [x, y] k ❢♦r 0 ≤ k ≤ d(x, y)✳ ▲❡t ✉s ✜① ❛♥ ❛r❜✐tr❛r② r♦♦t φ ✐♥ T ✳ ❚❤❡♥✱ ❢♦r ❛•• x ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② |x| = d(φ, x) t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ✈❡rt❡① x ∈ T ✳■ ❢ x = φ✱ ✇❡ ❛•s♦ ❞❡♥♦t❡ ❜② x =[ φ, x] |x|-1 t❤❡ ♣❛r❡♥t ♦❢ x✳ ❋✐♥❛••②✱ ❢♦r ❛♥② x ∈ T ✱✇ ❡ ❞❡✜♥❡ t❤❡ s❡t S(x)={y ∈ T,x = y} ♦❢ x✬s ❝❤✐•❞r❡♥✱ ❛♥❞ t❤❡ s❡t T x = {y ∈ T,∃k ≥ 0, [φ, y] k = x} ♦❢ ✐ts ❞❡s❝❡♥❞❛♥ts✳ ❋♦ r x, y ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② x ∧ y t❤❡ ✧❝•♦s❡st ❝♦♠♠♦♥ ❛♥❝❡st♦r✧ ♦❢ x ❛♥❞ y✱ ✐✳❡✳ x ∧ y =[ φ, x] Nx,y ✇❤❡r❡ N x,y =max{k ≥ 0, [φ, x] k =[φ, y] k }✳ ◆♦t❡ t❤❛t ✇❡ ❛•s♦ ❤❛✈❡ x ∧ y =[x, y] k0 ✱ ✇❤❡r❡ k 0 ✐s s✉❝❤ t❤❛t |[x, y] k0 | =min{|[x, y] k |, 0 ≤ k ≤ d(x, y)}✳ ❋♦ r n ∈ N✱ ✇❡ ❞❡♥♦t❡ ❜② D (n) = {x ∈ T,|x| = n} t❤❡ tr❡❡✬s nt❤ ❣❡♥❡r❛t✐♦♥✳ ▲❡t ✉s t❤❡♥ ❞❡✜♥❡ T (n) = 0≤k≤n D (k) ✱ ❛s ✇❡•• ❛s E (n) = {i, j}∈E, i, j ∈ T (n) ✳ ❲❡ ❛•s♦ ❞❡♥♦t❡ T (n) x = T x ∩ T (n) ❢♦r x ∈ T ❛♥❞ n ≥|x|✳ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ tr❡❡ t♦ t❤❡ ✜rst n ❣❡♥❡r❛t✐♦♥s✱ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✐s t❤❡ ❣r❛♣❤ (T (n) ,E (n) )✱ t❤❛t ✇❡ ❡♥❞♦✇ ✇✐t❤ t❤❡ ✐♥❞✉❝❡❞ ❝♦♥❞✉❝t❛♥❝❡s W (n) = W T (n) ,T (n) ✳ ❋✐♥❛••②✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡t Ω ♦❢ ❡♥❞s ♦❢ T ✱ ✐✳❡✳ t❤❡ s❡t ♦❢ ✐♥✜♥✐t❡ s❡•❢✲❛✈♦✐❞✐♥❣ ♣❛t❤s ✭♦r r❛②s✮ ✐♥ T st❛rt✐♥❣ ❛t φ✳❋ ♦ r x ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② Ω x t❤❡ s✉❜s❡t ♦❢ Ω ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜r❛♥❝❤ T x ✱ ✐✳❡✳ t❤❡ s❡t ♦❢ r❛②s ✐♥ T t❤❛t ❝r♦ss x✳ ◆♦t❡ t❤❛t t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ tr❛♥s✐❡♥t ✇❛•❦ ♦♥ ❛ tr❡❡ ✐s ❛•✇❛②s Ω✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ tr❡❡✳ ❚❤✐s ✇✐•• ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ❡①♣r❡ss Δ ψ ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ✇❤❡r❡ Δ ψ ✐s t❤❡ r❛♥❞♦♠ ▲❛♣•❛❝❡ ♦♣❡r❛t♦r ✐♥tr♦❞✉❝❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✳ ✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ |❊❙❯▲❚❙ ✹✺ ■♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇❛s ❞❡✜♥❡❞ ❜② ❛❞❞✐♥❣ ❛ s✐♥❣•❡ ❜♦✉♥❞❛r② ♣♦✐♥t δ t♦ ❛ ✜♥✐t❡ ❣r❛♣❤✱ ✇❤❡r❡ δ ❝♦✉•❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣♦✐♥t ❛t ✐♥✜♥✐t② ❢♦r t❤❡ ❣r❛♣❤✳ ❲❡ ✇✐•• ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ✈❛r✐❛♥t ♦❢ t❤✐s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❜② ❛❞❞✐♥❣ ♠✉•t✐♣•❡ ❜♦✉♥❞❛r② ♣♦✐♥ts✱ ❡❛❝❤ ❜❡✐♥❣ ❛ ♣♦✐♥t ❛t ✐♥✜♥✐t② ❢♦r ❛ ❞✐✛❡r❡♥t ❜r❛♥❝❤ ♦❢ t❤❡ tr❡❡✳ ▲❡t ✉s ✜rst ✜① ❛ ❣❡♥❡r❛t✐♦♥ m ≥ 0✱ ❛♥❞ t♦ ❡❛❝❤ ✈❡rt❡① x ∈ D (m) ✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ❜♦✉♥❞❛r② ♣♦✐♥t δ x ✱ t❤❛t ✇✐•• ❜❡ t❤❡ ♣♦✐♥t ❛t ✐♥✜♥✐t② ❢♦r T x ✳ ❲❡ ❞❡♥♦t❡ ❜② B m = {δ x ,x ∈ D (m) } t❤❡ ❜♦✉♥❞❛r② s❡t ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ❣❡♥❡r❛t✐♦♥✳ ❋♦r ❛•• n ≥ m✱ •❡t ✉s t❤❡♥ ❞❡✜♥❡ t❤❡ ❣r❛♣❤ G (n) m = T (n) m , Ẽ(n) m ✱ ✇❤❡r❡ T (n) m = T (n) ∪ B m ❛♥❞ Ẽ(n) m = E (n) ∪ x∈D (m) {y, δ x },y ∈ T x ∩ D (n) . φ x 1 x 2 x 3 δ x1 δ x2 δ x3 ♠❂✶ ♥❂✸ T (n) T (n) m ❚❤✐s ❣r❛♣❤ ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ T t♦ T (n) ✇✐t❤ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ◆♦t❡ t❤❛t ✇❡ ❣❡t t❤❡ st❛♥❞❛r❞ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❜② t❛❦✐♥❣ m =0✳ ❲❡ ❡♥❞♦✇ G (n) m ✇✐t❤ t❤❡ ❝♦♥❞✉❝t❛♥❝❡s W (n) m ✱ ❞❡✜♥❡❞ ❢♦r e ∈ Ẽ(n) ❜② W (n) m e = W (n) e = W e ✐❢ e ∈ E (n) j∈S(i) W i,j ✐❢ e = {i, δ x }✱ ✇❤❡r❡ i ∈ T x ∩ D (n) . ❆s ✇✐t❤ t❤❡ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t❤❡s❡ ✇❡✐❣❤ts ❛r❡ ❞❡✜♥❡❞ s♦ t❤❛t ❢♦r n ≥ m✱ t❤❡ ✇❡✐❣❤ts ❝♦♠✐♥❣ ♦✉t ♦❢ T (n) ❛r❡ ❣✐✈❡♥ ❜② W T (n) ,(T (n) ) c 1 (T (n) ) c = η (n) ✳ ❚❤✐s ✇✐•• ❛••♦✇ ❢♦r t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ♦❢ β (n) m ✜❡•❞s ❞❡✜♥❡❞ ♦♥ G (n) m ❢♦r n ≥ m✳ ◆♦t❡ t❤❛t t❤❡s❡ ✇❡✐❣❤ts ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ m✱ ✐✳❡✳ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✱ ✉♥❞❡r ν W T (dβ)✱ ❢♦r ❛•• n ≥ m ✇❡ ❤❛✈❡ β T (n) ∼ ν W (n) ,η (n) T (n) ✳ ❍❡♥❝❡✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ ✇❡ ❝❛♥ ❡①t❡♥❞ β T (n) ✐♥t♦ ❛ ♣♦t❡♥t✐❛• β (n) m ∼ ν W (n) m T (n) m ♦♥ G (n) m s✉❝❤ t❤❛t (β (n) m ) T (n) = β T (n) ✳ ✹✻ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ▲❡t ✉s t❤❡♥ ❞❡♥♦t❡ ❜② G (n) m =(2β (n) m - W (n) m ) -1 t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ β (n) m ✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✶✱ ✇❡ ❦♥♦✇ ❤♦✇ t♦ r❡♣r❡s❡♥t t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ♦♥ G (n) m ✉s✐♥❣ G (n) m ✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ r❡s✉•t ♦♥ t❤❡ ✐♥✜♥✐t❡ tr❡❡ T ✱ ✇❡ ✇✐•• s❡❡ t❤❛t G (n) m ❝♦♥✈❡r❣❡s ✇❤❡♥ n →∞✳ ❋♦r β ∈D W T ✱ ✇❡ st✐•• ❞❡✜♥❡ H β =2 β -W ❛♥❞ t❛❦❡ V n = T (n) ❢♦r ❛•• n ∈ N ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✱ ✇❡ ❣❡t Ĝ(n) =( ( H β ) T (n) ,T (n) ) -1 ❛♥❞ ψ (n) = Ĝ(n) η (n) ✱ ✇❤✐❝❤ ❝♦♥✈❡r❣❡ ν W V ✲❛✳s✳ t♦ Ĝ ❛♥❞ ψ r❡s♣❡❝t✐✈❡•②✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✸✳ ❋♦r n ≥ m ≥ 0✱ •❡t χ (n) m ∈ R T (n) ×Bm + ❜❡ ❞❡✜♥❡❞ ❜② ⎧ ⎪ ⎨ ⎪ ⎩ (H β χ (n) m (•,δ x )) T (n) =0, χ (n) m (i, δ x )=1 ✐❢ i ∈ T x \T (n) x , χ (n) m (i, δ x )=0 ✐❢ i ∈ T \(T x ∪ T (n) ). ❢♦r x ∈ D (m) ✳ ◆♦t❡ t❤❛t (χ (n) m (•,δ x )) T (n) =( Ĝ(n) ) T (n) ,T (n) W T (n) ,(T (n) ) c 1 Tx\T (n) x ✳ |❡♠❛r❦ ✷✳✶✳✷✳ ❋♦r n ≥ m✱ χ (n) m ✐s β T (n) ✲♠❡❛s✉r❛❜•❡✱ ❛♥❞ ❢♦r x ∈ D (m) ❛♥❞ y ∈ T (n) ✱ b∈Bm χ (n) m (y, b)= x∈D (m) χ (n) m (y, δ x )= Ĝ(n) (y, •)W T (n) ,(T (n) ) c 1 (T (n) ) c = Ĝ(n) (y, •)η (n) = ψ (n) (y). ■t ✐s ♣♦ss✐❜•❡ t♦ ❞❡❝♦♠♣♦s❡ G (n) m ❛s ❛ s✉♠ ♦✈❡r ♣❛t❤s ✐♥ G (n) m ✱ ✇❤✐❝❤ ❣✐✈❡s✱ ❢♦r i, j ∈ T (n) ✱ G (n) m (i, j)= Ĝ(n) (i, j)+ x,x ′ ∈D (m) χ (n) m (i, δ x )G (n) m (δ x ,δ x ′ )χ (n) m (j, δ x ′ ). ❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ✇✐•• st✉❞② t❤❡ •✐♠✐t ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ✇❤❡♥ n →∞ ✱ t♦ ♦❜t❛✐♥ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ (T ,W)✳ ❍♦✇❡✈❡r ✉♥❞❡r ν W T (dβ)✱ ❝♦♥tr❛r② t♦ ψ (n) ✱ χ (n) m (•,δ x ) ✐s ♥♦t ❛ ♠❛rt✐♥❣❛•❡ ✇❤❡♥ m =0✳ ▼♦r❡♦✈❡r✱ t❤❡ t❡r♠ (G (n) m ) Bm,Bm ✐s ♥♦t ✐♥❞❡♣❡♥❞❡♥t ♦❢ β T (n) ❢♦r m =0 ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ❆s ✇✐t❤ ψ✱ ✇❡ ❡①♣❡❝t χ (n) m (•,δ x ) t♦ ❝♦♥✈❡r❣❡ t♦ ❛ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦♥ T ✱ ❢♦r ❛•• x ∈ D (m) ❛♥❞ ν W V ✲ ❛•♠♦st ❛•• β✳ ❲❤❡♥ ψ>0✱ ✇❡ ❝❛♥ ♦♥❝❡ ❛❣❛✐♥ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r Δ ψ ✐♥ ♦r❞❡r t♦ st✉❞② H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✮✳ ❲❡ ❝❛♥ ❝❤❛r❛❝t❡r✐s❡ Δ ψ ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ψ ❛♥❞ t❤❡ ▼❛rt✐♥ ❦❡r♥❡• K ψ ✳ ❙✐♥❝❡ t❤❡ ❣r❛♣❤ ✐s ❛ tr❡❡✱ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s ❡q✉❛• t♦ t❤❡ s❡t Ω ♦❢ ❡♥❞s ♦❢ T ✱ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥✐st✐❝✳ ◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✉s❡❞ t♦ ❞❡✜♥❡ G (n) m ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ Ω x t♦ ❛ s✐♥❣•❡ ♣♦✐♥t δ x ✱ ❢♦r ❛•• x ∈ D (m) ✳ ❲❡ ✇✐•• s❡❡ t❤❛t t❤❡ •✐♠✐t ♦❢ χ (n) m (•,δ x ) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✇✐t❤ t❤❡ ❢❛♠✐•② ♦❢ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✱ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ❋♦r ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦ (X k ) k∈N ♦♥ ❛ ❣r❛♣❤ G =( V, E)✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❞❡✜♥❡ t❤❡ •✐♠✐t X ∞ ♦❢ t❤❡ tr❛•❡❝t♦r② ❛s ❛ M✲✈❛•✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜•❡✱ ✇❤❡r❡ M ✐s t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ✇❛•❦✳ ❚❤❡♥ t❤❡ ❢❛♠✐•② ♦❢ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ✐s ❞❡✜♥❡❞ ❛s (μ x ) x∈V ✱ ✇❤❡r❡ μ x ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ∞ ✇❤❡♥ t❤❡ ✇❛•❦ st❛rts ❛t x✳ ❋♦r ❛•• x ∈ V ✱ μ x ✐s ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦♥ M✱ ❛♥❞ ❢♦r A ∈B(M)✱ x → μ x (A) ✐s ❤❛r♠♦♥✐❝ ❢♦r t❤❡ r❛♥❞♦♠ ✇❛•❦✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ❞❡♥♦t❡ ❜② (μ ψ x ) x∈T t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✳❋ ♦ rβ ∈D W T s✉❝❤ t❤❛t ψ ≡ 0✱ ✇❡ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t μ ψ x ✐s t❤❡ ♥✉•• ♠❡❛s✉r❡ ♦♥ Ω ❢♦r ❛•• x ∈ T ✳ ❲❡ ✇✐•• ♥♦✇ s❡❡ ❤♦✇ ✉♥❞❡r ν W T (dβ)✱ ❢♦r ❛•• x ∈ D (m) ✱ χ (n) m (•,δ x ) ❝♦♥✈❡r❣❡s t♦ ❛ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ r❡•❛t❡❞ t♦ t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s (μ ψ y ) y∈T ✱ ❛♥❞ ❤♦✇ t❤✐s ❣✐✈❡s ✉s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ (T ,W) ❢♦r ❡❛❝❤ m ≥ 0✳ ❚❤❡♦r❡♠ ✷✳✶✳✻✳ ✭✐✮ ❋♦r ❛•• m ≥ 0✱ ❢♦r y ∈ T ❛♥❞ x ∈ D (m) ✱ ✇❡ ❤❛✈❡ ν W T ✲❛•♠♦st s✉r❡•② χ (n) m (y, δ x ) → ψ(y)μ ψ y (Ω x )✳ ❋♦r ❛•• y ∈ T ✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❡❛s✉r❡ χ(y, •)=ψ(y)μ ψ y (•) ♦♥ Ω✳ ✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ |❊❙❯▲❚❙ ✹✼ ✭✐✐✮ ▲❡t m ≥ 0 ❜❡ ✜①❡❞✳ ❋♦r ν W T ✲❛•♠♦st ❛•• β✱ ✇❡ ❞❡✜♥❡ t❤❡ |B m |×|B m | ♠❛tr✐① Čm ❜② ( Čm ) δx,δ x ′ = 0 ✐❢ x = x ′ , χ(x∧x ′ ,Ωx)χ(x∧x ′ ,Ω x ′ ) Ĝ(x∧x ′ ,x∧x ′ ) ♦t❤❡r✇✐s❡✳ ❋r♦♠ ♥♦✇ ♦♥✱ •❡t ✉s ✇r✐t❡✿ ν W T,Bm (dβ, dρ m )=ν W T (dβ)ν Čm Bm (dρ m )✳ ❋♦r ν W T ✲❛•♠♦st ❛•• β ❛♥❞ ❢♦r ρ m ∈D Čm Bm ✱ ✇❡ ❞❡✜♥❡ Ǧm =(2ρ m -Čm ) -1 ✱ ❛s ✇❡•• ❛s ǧm :Ω 2 → R + ❛ •♦❝❛••② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✱ s✉❝❤ t❤❛t ❢♦r x, x ′ ∈ D (m) ❛♥❞ ω ∈ Ω x ✱ τ ∈ Ω x ′ ✱ ✇❡ ❤❛✈❡ ǧm (ω, τ)= Ǧm (δ x ,δ x ′ )✳ ❋✐♥❛••②✱ ❢♦r ν W T ✲❛•♠♦st ❛•• β ❛♥❞ ❢♦r ρ m ∈D Čm Bm ✱ ❢♦r i, j ∈ T ✱ ✇❡ ❞❡✜♥❡ G m (i, j)= Ĝ(i, j)+ Ω 2 χ(i, dω)χ(j, dτ )ǧ m (ω, τ), ❛♥❞ ❞❡♥♦t❡ ❜② P β,ρm,i0 x t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss st❛rt❡❞ ❛t x ∈ V ✱ ✇❤❡r❡ t❤❡ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ j ✐s 1 2 W i,j Gm(i0,j) Gm(i0,i) ✳ ❚❤❡♥ t❤❡ ♣r♦❝❡ss ✇✐t❤ •❛✇ P VRJP(i0) ✐s ❛ ♠✐①t✉r❡ ♦❢ t❤❡s❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s✱ ✉♥❞❡r t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ν W T,Bm (dβ, dρ m )✱ ✐✳❡✳ P VRJP(i0) [•]= P β,ρm,i0 i0 [•]ν W T,Bm (dβ, dρ m ). ✭✐✐✐✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r ν W T,Bm (dβ, dρ m ) ♦❢ t❤❡ •✉♠♣ r❛t❡s ( 1 2 W i,j Gm(i0,j) Gm(i0,i) ) i∼j ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ •✉♠♣ r❛t❡s ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✺✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ T ✐s ❛ d✲r❡❣✉•❛r tr❡❡✱ ✇✐t❤ d ≥ 3✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ❝♦♥✲ ❞✉❝t❛♥❝❡s✱ ✐✳❡✳ W e = W>0 ❢♦r ❛•• e ∈ E✳ ❚❤❡♥ (T ,W) ✐s ✈❡rt❡① tr❛♥s✐t✐✈❡✱ ❛♥❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸ ♦❢ ❬❙)✶✾(✱ ✇❡ ❦♥♦✇ t❤❛t ✉♥❞❡r ν W T (dβ)✱ ψ ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ❚❤❡r❡❢♦r❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ d ❛♥❞ W ✱✇ ❡ ❡✐t❤❡r ❤❛✈❡ P[∀i ∈ T,ψ(i)=0]=1✱♦ rP[∀i ∈ T,ψ(i) > 0]=1✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✈✮✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❱|❏P ✐s ❛✳s✳ r❡❝✉rr❡♥t✱ ❛♥❞ t❤❡r❡❢♦r❡ ❛❞♠✐ts ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✺✮✳ ◆♦t❡ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✻✱ ✇❡ ❤❛✈❡ ❛✳s✳ G m = Ĝ ❢♦r ❛•• m ∈ N✱ s♦ t❤❛t ❛•• t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ✐♥❞❡❡❞ ❡q✉❛•✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ❱|❏P ✐s ❛✳s✳ tr❛♥s✐❡♥t✳ ❆❝❝♦r❞✐♥❣ t♦ ❛ r❡s✉•t ❢r♦♠ ❬❉❱✵✹(✱ t❤✐s ✐s tr✉❡ ❢♦r •❛r❣❡ ❡♥♦✉❣❤ ✐♥✐t✐❛• ✇❡✐❣❤ts W ✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ▲❡t T ❜❡ ❛ d✲r❡❣✉•❛r tr❡❡✱ ✇✐t❤ d ≥ 3✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ❝♦♥❞✉❝t❛♥❝❡s W •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ ❱|❏P ♦♥ (T ,W) ✐s ❛✳s✳ tr❛♥s✐❡♥t✳ ❚❤❡♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✻ ❛r❡ ❞✐✛❡r❡♥t ❢♦r ❞✐st✐♥❝t ✈❛•✉❡s ♦❢ m✱ ✐✳❡✳ ✐❢ m = m ′ ✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ •✉♠♣ r❛t❡s 1 2 W i,j Gm(i0,j) Gm(i0,i) i∼j ✉♥❞❡r ν W T,Bm (dβ, dρ m ) ❛♥❞ 1 2 W i,j G m ′ (i0,j) G m ′ (i0,i) i∼j ✉♥❞❡r ν W T,B m ′ (dβ, dρ m ′ ) ❛r❡ ❞✐✛❡r❡♥t ❢♦r ❛•• i 0 ∈ T ✳ ✷✳✶✳✹ ❖♣❡♥ q✉❡st✐♦♥s ❆ ✜rst q✉❡st✐♦♥ ❝♦♥❝❡r♥s t❤❡ ❝❛s❡ ♦❢ Z d ✇✐t❤ ❝♦♥st❛♥t ❝♦♥❞✉❝t❛♥❝❡s W ✿ ✐s ✐t ♣♦ss✐❜•❡ t♦ s❤♦✇ t❤❛t t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s ❛✳s✳ tr✐✈✐❛• ❢♦r ❛♥② W s✉❝❤ t❤❛t t❤❡ ❱|❏P ✐s tr❛♥s✐❡♥t❄ ■♥ t❤✐s ❝❛s❡✱ ✐t ✇♦✉•❞ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ♦♥ Z d ❢♦r ❛♥② ❝♦♥st❛♥t ✐♥✐t✐❛• ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❆♥♦t❤❡r q✉❡st✐♦♥ ❝♦♥❝❡r♥s ❛ ♣♦ss✐❜•❡ ❝•❛ss✐✜❝❛t✐♦♥ ♦❢ ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ tr❡❡s ✉s✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r②✳ ❲❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ❢❛♠✐•② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ❢r♦♠ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ✹✽ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( t❤❡ tr❡❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s♦♠❡ ✜♥✐t❡ ♣❛rt✐t✐♦♥s ♦❢ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② Ω✱ ♠♦r❡ ♣r❡❝✐s❡•② t❤❡ ♣❛rt✐t✐♦♥ Ω= x∈D (m) Ω x ❢♦r m ∈ N✳ ■t s❤♦✉•❞ ❜❡ ♣♦ss✐❜•❡ t♦ ❞❡✜♥❡ ♠♦r❡ r❡♣r❡s❡♥t❛t✐♦♥s ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞✱ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦t❤❡r ✜♥✐t❡ ♣❛rt✐t✐♦♥s ♦❢ Ω✱ ✇❤❡r❡ ❡❛❝❤ s❡t ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ s❡ts Ω x ✳ ❚♦ ❣❡♥❡r❛•✐s❡ t❤✐s✱ ✇❡ ❝❛♥ ❛s❦ ✐❢ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ♣❛rt✐t✐♦♥s ❣✐✈❡ ✉s ❛ ✈❛•✐❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛♥❞ ✇❤❡t❤❡r ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤✐s ❢♦r♠✱ ♦r ❛s ❛ •✐♠✐t ♦❢ s✉❝❤ r❡♣r❡s❡♥t❛t✐♦♥s✱ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✐✐✮✳ ✷✳✷ ❚❡❝❤♥✐❝❛• ♣r❡r❡q✉✐s✐t❡ ✷✳✷✳✶ ❚❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛• β ♦♥ ✜♥✐t❡ ❣r❛♣❤s ▲❡t G =( V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ♥♦♥✲❞✐r❡❝t❡❞ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s (W e ) e∈E ✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ ✉s❡❢✉• ♣r♦♣❡rt✐❡s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W V ✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ❬Pr♦♣♦s✐t✐♦♥ ✷✱ ❚❤❡♦r❡♠ ✸ ✐♥ ❬❙❚)✶✼(( ❋♦r β ∈D W V ✱ •❡t G =(H β ) -1 ❜❡ t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ β✳ ❲❡ ❞❡✜♥❡ F : V × V → R ❜② F (i, j)= G(i, j) G(j, j) . ❚❤❡♥ ✉♥❞❡r ν W V (dβ)✱ ❢♦r ❛•• i 0 ∈ V ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ✭✐✮ (F (i, i 0 )) i∈V ✐s (β i ) i∈V \{i0} ✲♠❡❛s✉r❛❜•❡✳ ✭✐✐✮ ■❢ ✇❡ ❞❡♥♦t❡ γ = 1 2G(i0,i0) ✱ t❤❡♥ γ ✐s ❛ •❛♠♠❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r (1/2, 1)✳ ▼♦r❡♦✈❡r✱ γ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (β i ) i =i0 ✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (F (i, i 0 )) i∈V ✳ ❚❤✐s ♣r♦♣♦s✐t✐♦♥ ❡①♣•❛✐♥s t❤❡ ♣r❡s❡♥❝❡ ♦❢ γ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ G ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ▼♦r❡♦✈❡r✱ ✐t ❛••♦✇s ✉s t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✱ ❞❡s❝r✐❜✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ β ✜❡•❞✳ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✳ ▲❡t G =(V, E) ❜❡ ❛♥ ✐♥✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ♥♦♥✲❞✐r❡❝t❡❞ ❣r❛♣❤✱ ❛♥❞ (V n ) n∈N ❛♥ ✐♥❝r❡❛s✐♥❣ ❡①❤❛✉st✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ s✉❜s❡ts ♦❢ V ✳❋ ♦ rn ∈ N✱ •❡t G (n) =( Ṽ (n) , Ẽ(n) ) ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ G t♦ V n ✇✐t❤ ✇✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W (n) ✱ ❞❡✜♥❡❞ ❛s ✐♥ s❡❝t✐♦♥ ✷✳✶✳✶✳ ▼♦r❡♦✈❡r✱ ❢♦r n ∈ N✱ ✇❡ st✐•• ❞❡✜♥❡ Ĝ(n) ❛♥❞ ψ (n) ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✐✐✮ ✉s❡s t❤❡ ❢❛❝t t❤❛t ✉♥❞❡r ν W V (dβ, dγ)✱ t❤❡r❡ ❡①✐sts ❛ ❝♦✉♣•✐♥❣ ♦❢ r❛♥❞♦♠ ✜❡•❞s (β (n) ) n∈N ✱ s✉❝❤ t❤❛t ❢♦r ❛•• n ∈ N✿ β (n) ∼ ν W (n) Ṽ (n) ❀ β (n) Vn = β Vn ❀ ❛♥❞ G (n) =(2β (n) -W (n) ) -1 ✱ ✇❤❡r❡ ❢♦r i, j ∈ Ṽ (n) ✱ G (n) (i, j)= Ĝ(n) (i, j)+ 1 2γ ψ (n) (i)ψ (n) (j). ❲❡ ❝❛♥ t❤❡♥ ❛♣♣•② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ t♦ β (n) ❛t i 0 ✿ s✐♥❝❡ G (n) =(2β (n) -W (n) ) -1 ✱ ✇❡ ❤❛✈❡ β (n) i = β(n) i + 1 {i=i0} 1 2G (n) (i 0 ,i 0 ) ❢♦r ❛•• i ∈ Ṽ (n) ✱ ✇❤❡r❡ β(n) i = j∼i W (n) i,j 2 G (n) (i 0 ,j) G (n) (i 0 ,i) . ✷✳✷✳ ❚❊❈❍◆■❈❆▲ P|❊|❊◗❯■❙■❚❊ ✹✾ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✱ 1/2G (n) (i 0 ,i 0 ) ✐s ❛ r❛♥❞♦♠ •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡✱ ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (β (n) i ) i∈ Ṽ (n) \{i0} ✳ ▼♦r❡♦✈❡r✱ ❢♦r i = i 0 ✱ β(n) i = β (n) i ✱ ❛♥❞ β(n) i0 = j∼i0 W (n) i,j 2 
G (n) (i 0 ,j) G (n) (i 0 ,i 0 ) = j∼i0 W (n) i,j 2 F (n) (j, i 0 ), s♦ t❤❛t β(n) ✐s (β (n) i ) i∈ Ṽ (n) \{i0} ✲♠❡❛s✉r❛❜•❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ G (n) (i 0 ,i 0 )✳ ❚❛❦✐♥❣ t❤❡ •✐♠✐t ✇❤❡♥ n →∞ ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t 1/2G(i 0 ,i 0 ) ✐s ❛ r❛♥❞♦♠ •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡✱ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ β ✜❡•❞✱ ✇❤❡r❡ ❢♦r i ∈ V ✱ βi = j∼i W i,j 2 
G(i, j) G(i, i) = β i -1 {i=i0} 1 2G(i 0 ,i 0 ) . ❙✐♥❝❡ t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ ❛ •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡ ✐s✱ ❢♦r t ≥ 0✱ e -tγ 1 {γ>0} √ πγ e -γ dγ = 1 √ 1+t , ❛♥❞ ❣✐✈❡♥ t❤❡ ▲❛♣•❝❡ tr❛♥s❢♦r♠ ♦❢ ν W V ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✱ ✇❡ ♥♦✇ ❦♥♦✇ t❤❛t t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ β ✐s✱ ❢♦r λ ∈ R V + ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt✱ E[e -λ, β ]= 1 1+λ i0 e -i∼j Wi,j ( √ 1+li √ 1+lj -1) i =i0 1 √ 1+l i . ❖♥ ✜♥✐t❡ ❣r❛♣❤s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W V ✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛••② ν W,η V ❢♦r η ∈ R V + ✱ ❜❡❤❛✈❡s ✇❡•• ✇✐t❤ r❡s♣❡❝t t♦ r❡str✐❝t✐♦♥✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷✳ ❬▲❡♠♠❛ ✹ ✐♥ ❬❙)✶✾(( ▲❡t ✉s ✜① U ⊂ V ❛♥❞ η ∈ (R + ) V ✳ ❚❤❡♥✱ ✉♥❞❡r ν W,η V (dβ)✱✇ ❡ ❤❛✈❡✿ ✭✐✮ β U ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W U,U ,η U ✱ ✇❤❡r❡ η = η U + W U,U c 1 U c . ✭✐✐✮ ❈♦♥❞✐t✐♦♥❛••② ♦♥ β U ✱ β U c ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W, η U c ✱ ✇❤❡r❡ W = W U c ,U c + W U c ,U ((H β ) U,U ) -1 W U,U c ❛♥❞ η = η U c + W U c ,U ((H β ) U,U ) -1 η U . Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✐✮✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ η =0 ✳ ▼♦r❡♦✈❡r✱ ✭✐✐✮ ✐s ✉s❡❢✉• t♦ ❡①t❡♥❞ ❛ ♣♦t❡♥t✐❛• β U ∼ ν W U,U ,η U ✇❤❡r❡ η = W U,U c 1 U c ✐♥t♦ ❛ ♣♦t❡♥t✐❛• β V ∼ ν W V ✱ ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ β U c ❝♦♥❞✐t✐♦♥❛••② ♦♥ β U ✳ ✷✳✷✳✷ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛♥❞ s✉♠s ♦✈❡r ♣❛t❤s ▲❡t ✉s st✐•• ❝♦♥s✐❞❡r ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ♥♦♥✲❞✐r❡❝t❡❞ ❣r❛♣❤ G =( V, E) ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❋♦r β ∈D W V ✱ ✐t ✇✐•• ❜❡ ✉s❡❢✉• t♦ ❡①♣r❡ss t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ G = H -1 β ❛s ❛ s✉♠ ♦✈❡r ♣❛t❤s ✐♥ G✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s ❢♦r s❡ts ♦❢ ♣❛t❤s✳ ✺✵ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ✭✐✮ ❋♦r i, j ∈ V ✱ ✇❡ ❞❡♥♦t❡ ❜② P V i,j t❤❡ s❡t ♦❢ ♣❛t❤s σ ❢r♦♠ i t♦ j ✐♥ V ✱ ✐✳❡✳ t❤❡ s❡t ♦❢ ✜♥✐t❡ s❡q✉❡♥❝❡s σ =(σ 0 , ...σ l ) ✐♥ V ✱ ✇❤❡r❡ σ 0 = i✱ σ l = j ❛♥❞ σ k ∼ σ k+1 ❢♦r 0 ≤ k ≤ l -1✳❲ ❡ ❞❡♥♦t❡ ❜② |σ| = l t❤❡ •❡♥❣t❤ ♦❢ t❤❡ ♣❛t❤ σ✳ ✭✐✐✮ ❋♦r U ⊂ V ✱ i ∈ U ❛♥❞ j/ ∈ U ✱ ✇❡ ❞❡♥♦t❡ ❜② P U i,j t❤❡ s❡t ♦❢ ♣❛t❤s σ ∈P V i,j s✉❝❤ t❤❛t σ k ∈ U ❢♦r 0 ≤ k ≤|σ|-1✳ ✭✐✐✐✮ ❋♦r U ⊂ V ❛♥❞ i, j ∈ V ✱ ✇❡ ❞❡♥♦t❡ ❜② P V i,U,j t❤❡ s❡t ♦❢ ♣❛t❤s σ ∈P V i,j s✉❝❤ t❤❛t σ k ∈ U ❢♦r s♦♠❡ k ∈ 0, |σ| ✳ ✭✐✈✮ ❋♦r i, j ∈ V ❛♥❞ σ ∈P V i,j ✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ W σ = |σ|-1 k=0 W σ k ,σ k+1 , (2β) σ = |σ| k=0 2β σ k ❛♥❞ (2β) - σ = |σ|-1 k=0 2β σ k . ❲❡ ❣❡t t❤❡ ❢♦••♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✱ ✐♥ t❡r♠s ♦❢ s✉♠s ♦✈❡r ♣❛t❤s✱ ❢♦r G ❛♥❞ r❡•❛t❡❞ q✉❛♥t✐t✐❡s✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ❬Pr♦♣♦s✐t✐♦♥ ✻ ✐♥ ❬❙❚)✶✼(( ▲❡t β ∈D W V ✳ ❚❤❡♥✿ ✭✐✮ ❋♦r i, j ∈ V ✱ G(i, j)= σ∈P V i,j W σ (2β) σ . ■♥ ♣❛rt✐❝✉•❛r✱ ❢♦r U ⊂ V ✇❡ ❞❡♥♦t❡ ĜU =((H β ) U,U ) -1 ✱ t❤❡♥ ❢♦r i, j ∈ U ✱ ✇❡ ♦❜t❛✐♥ ĜU (i, j)= σ∈P U i,j W σ (2β) σ . ✭✐✐✮ ❋♦r i, j ∈ V ✱ F (i, j)= σ∈P V \{j} i,j W σ (2β) - σ = z∼j ĜV \{j} (i, z)W z,j . ✭✐✐✐✮ ❋♦r U ⊂ V ❛♥❞ i, j ∈ U c ✱ σ∈P V i,U,j W σ (2β) - σ = z1,z2∈U ⎛ ⎜ ⎝ σ∈P U c i,z 1 W σ (2β) - σ ⎞ ⎟ ⎠ G(z 1 ,z 2 ) ⎛ ⎜ ⎝ σ∈P U c j,z 2 W σ (2β) - σ ⎞ ⎟ ⎠ . ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ U = {z}✱ t❤✐s ❜❡❝♦♠❡s σ∈P V i,{z},j W σ (2β) σ = F (i, z)G(z, z)F (j, z)=F (i, z)G(z, j). |❡♠❛r❦ ✷✳✷✳✶✳ ■❢ G =( V, E) ✐s ♥♦✇ ❛♥ ✐♥✜♥✐t❡ ❣r❛♣❤✱ •❡t (V n ) n∈N ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ s✉❜s❡ts ♦❢ V s✉❝❤ t❤❛t V = ∪ n∈N V n ✳❋ ♦ r β ∈D W V ❛♥❞ n ≥ 0✱ ✇❡ ❞❡✜♥❡ Ĝ(n) = ĜVn = ((H β ) Vn,Vn ) -1 ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❚❤❡♥ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸ ✭✐✮✱ ✇❡ ❣❡t Ĝ(n) (i, j)= σ∈P Vn i,j W σ (2β) σ ✷✳✷✳ ❚❊❈❍◆■❈❆▲ P|❊|❊◗❯■❙■❚❊ ✺✶ ❢♦r n ≥ 0 ❛♥❞ i, j ∈ V n ✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✮✱ ✉♥❞❡r ν W V (dβ) t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ( Ĝ(n) (i, j)) n∈N ❝♦♥✈❡r❣❡s ❛•♠♦st s✉r❡•② t♦ Ĝ(i, j)✳ ❍❡♥❝❡✱ ✇❡ ❣❡t Ĝ(i, j)= σ∈P V i,j W σ (2β) σ ❢♦r i, j ∈ V ✳ ▲❡t ✉s ❛•s♦ ❞❡✜♥❡ F (n) (i, j)= Ĝ(n) (i,j) Ĝ(n) (j,j) ❛♥❞ F (i, j)= Ĝ(i,j) Ĝ(j,j) ✱ ❢♦r ❛•• i, j ∈ V ❛♥❞ n ≥ max(|i|, |j|)✳ ❚❤❡♥✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸ ✭✐✐✮ ✇❡ ❤❛✈❡ F (n) (i, j)= σ∈P Vn \{j} i,j W σ (2β) - σ ----→ n→∞ F (i, j)= σ∈P V \{j} i,j W σ (2β) - σ , ✇❤❡r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s tr✉❡ ν W V ✲❛•♠♦st s✉r❡•②✳ ✷✳✷✳✸ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛♥❞ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ▲❡t ✉s ❣✐✈❡ ♠♦r❡ ❞❡t❛✐•s ❛❜♦✉t t❤❡ t❤❡♦r② ♦❢ ▼❛rt✐♥ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❲♦❡✵✵(✳ ▲❡t G =( V, E) ❜❡ ❛♥ ✐♥✜♥✐t❡ ❣r❛♣❤✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐rr❡❞✉❝✐❜•❡ r❛♥❞♦♠ ✇❛•❦ (X n ) n∈N ♦♥ G✱ ✇❤♦s❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ✐s P ✱ ✇❤❡r❡ P i,j =0✐❢ {i, j} / ∈ E ✭✐✳❡✳ ✇❡ ❛ss✉♠❡ t❤❛t (X n ) ✐s ❛ ♥❡❛r❡st✲♥❡✐❣❤❜♦r r❛♥❞♦♠ ✇❛•❦✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t (X n ) ✐s tr❛♥s✐❡♥t✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② P x t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✇❛•❦ st❛rt❡❞ ❛t x ∈ V ✱ ❛♥❞ ❜② g t❤❡ ❛ss♦❝✐❛t❡❞ •r❡❡♥ ❢✉♥❝t✐♦♥✱ ✐✳❡✳ g(x, y)= n∈N P x [X n = y]. ❲❡ ❛•s♦ ❞❡♥♦t❡ f (x, y)=P x [∃n ∈ N,X n = y]= g(x, y) g(y, y) . ❋♦r ❛•• y ∈ V ✱ g(•,y) ✐s ❤❛r♠♦♥✐❝ ❛t ❛♥② x ∈ V \{y}✱ ✐✳❡✳ ❢♦r x = y✱ g(x, y)= z∼x P x,z g(z, y)✳ ❚❤✐s ✐s st✐•• tr✉❡ ❢♦r f (•,y)✳ ❚❤❡ ▼❛rt✐♥ ❑❡r♥❡•✱ ❞❡✜♥❡❞ ❜❡•♦✇ ✉s✐♥❣ f ✱ ❛s ✇❡•• ❛s t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r②✱ ✇✐•• ❛••♦✇ ✉s t♦ r❡♣r❡s❡♥t ❛•• ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ r❛♥❞♦♠ ✇❛•❦✳ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✳ ▲❡t ✉s ✜① ❛ r❡❢❡r❡♥❝❡ ♣♦✐♥t φ ∈ V ✳ ✭✐✮ ❚❤❡ ▼❛rt✐♥ ❦❡r♥❡• ✐s t❤❡ ❢✉♥❝t✐♦♥ K : V 2 → R + ❞❡✜♥❡❞ ❜② K(x, y)= f (x, y) f (φ, y) = g(x, y) g(φ, y) . ✭✐✐✮ ❚❤❡ ▼❛rt✐♥ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ✐s t❤❡ s♠❛••❡st ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ V ♦❢ V ✱ ✇❤✐❝❤ ✐s ✉♥✐q✉❡ ✉♣ t♦ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠✱ s♦ t❤❛t K(•, •) ❡①t❡♥❞s ❝♦♥t✐♥✉♦✉s•② t♦ V × V ✳ ❚❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s ❞❡✜♥❡❞ ❛s M = V \V ✳ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② H + t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ♦♥ V ✳ ❚❤❡♥ ❢♦r ❛•• h ∈H + ✱ t❤❡r❡ ✐s ❛ ❇♦r❡• ♠❡❛s✉r❡ μ h ♦♥ M s✉❝❤ t❤❛t ❢♦r ❛•• x ∈ V ✱ h(x)= M K(x, α)μ h (dα). ✺✷ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( |❡♠❛r❦ ✷✳✷✳✷✳ ■❢✱ ❢♦r ❛•• x ∈ V ❛♥❞ ❢♦r ❛•• s❡q✉❡♥❝❡s (y n ) n≥1 ❣♦✐♥❣ t♦ ✐♥✜♥✐t②✱ ✇❡ ❤❛✈❡ K(x, y n ) → 1✱ t❤❡♥ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ✐s tr✐✈✐❛•✱ ✐✳❡✳ r❡❞✉❝❡❞ t♦ ❛ s✐♥❣•❡ ♣♦✐♥t✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✐♥ t❤✐s ❝❛s❡✱ ❛•• ♣♦s✐t✐✈❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥st❛♥t✳ ❙✐♥❝❡ (X n ) ✐s tr❛♥s✐❡♥t✱ ✇❡ ❛•♠♦st s✉r❡•② ❤❛✈❡ X n →∞✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❢♦r ❛•• ✜♥✐t❡ s✉❜s❡t U ⊂ V ✱ {n ∈ N,X n ∈ U } ✐s ❛•♠♦st s✉r❡•② ✜♥✐t❡✳ ❚❤❛♥❦s t♦ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r②✱ ✇❡ ❝❛♥ ♥♦✇ ❞❡s❝r✐❜❡ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ♠♦r❡ ♣r❡❝✐s❡•②✳ ❚❤❡♦r❡♠ ✷✳✷✳✷✳ ❋♦ r ❛ • • x ∈ V ✱ (X n ) ❝♦♥✈❡r❣❡s P x ✲❛✳s✳ t♦ ❛ M✲✈❛•✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜•❡ X ∞ ✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ∞ ✉♥❞❡r P x ✱ ❞❡♥♦t❡❞ ❜② μ x ✱ ✈❡r✐✜❡s μ x (B)= B K(x, α)μ φ (dα) ❢♦r ❛•• B ⊂M❛♥❞ x ∈ V ✳ ❚❤❡ s♣❛❝❡ (M, B(M), (μ x ) x∈V ) ✐s ❝❛••❡❞ P♦✐ss♦♥ ❜♦✉♥❞❛r②✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛•• ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s✱ ♦r ❡①✐t✐♥❣ ♠❡❛s✉r❡s✱ t❤❡ ❢❛♠✐•② (μ x ) x∈V ✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ T =(T,E) ✐s ❛♥ ✐♥✜♥✐t❡ tr❡❡✱ t❤❡ ▼❛rt✐♥ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ✇✐•• ❝♦✐♥❝✐❞❡ ✇✐t❤ ❛♥♦t❤❡r✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ r❛♥❞♦♠ ✇❛•❦ ❞❡✜♥❡❞ ❜② P ✱ ❜✉t s✐♠♣•② ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ tr❡❡ T ✳ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✸✳ ▲❡t ✉s ✜① ❛♥ ❛r❜✐tr❛r② r♦♦t φ ❢♦r T ✳ ✭✐✮ ❲❡ ❝❛•• ✐♥✜♥✐t❡ r❛② ✐♥ T ❛♥ ✐♥✜♥✐t❡ s❡•❢✲❛✈♦✐❞✐♥❣ ♣❛t❤ st❛rt✐♥❣ ❛t φ✱ ✐✳❡✳ ❛ s❡q✉❡♥❝❡ ω =( ω k ) k∈N ♦❢ ❞✐st✐♥❝t ✈❡rt✐❝❡s ✐♥ T ✱ s✉❝❤ t❤❛t ω k ∼ ω k+1 ❢♦r k ∈ N ❛♥❞ ω 0 = φ✳ ❚❤❡ s❡t ♦❢ ✐♥✜♥✐t❡ r❛②s✱ ❛•s♦ ❝❛••❡❞ t❤❡ s❡t ♦❢ ❡♥❞s ♦❢ T ✱ ✐s ❞❡♥♦t❡❞ ❜② Ω✳ ✭✐✐✮ ■❢ ω, ξ ∈ Ω✱ ✇❡ ❞❡♥♦t❡ N ω,ξ =max{k ∈ N,ω k = ξ k }✳ ❲❡ ❝❛♥ ❛•s♦ ❞❡✜♥❡✱ ✐❢ x ∈ T ✱ N ω,x =max{k ≤ |x|,ω k =[φ, x] k }✳ ❲❡ t❤❡♥ s❡t O k ω = {ξ ∈ Ω,N ω,ξ ≥ k}∪{x ∈ T,N ω,x ≥ k}✳ ✭✐✐✐✮ ❲❡ ❞❡✜♥❡ t❤❡ ❡♥❞ t♦♣♦•♦❣② ♦♥ T ∪ Ω✱ ✇❤✐❝❤ ✐s ❞✐s❝r❡t❡ ♦♥ T ✱ ❛♥❞ s✉❝❤ t❤❛t (O k ω ) k∈N ✐s ❛ ❜❛s✐s ♦❢ ♥❡✐❣❤❜♦r❤♦♦❞s ❛t ω ∈ Ω ✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✹✳ ❚❤❡ ❡♥❞ t♦♣♦•♦❣② ♦♥ T ∪ Ω ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ φ✱ ❛♥❞ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ♠❡tr✐❝✿ d(x, y)= 0 ✐❢ x = y e -Nx,y ♦t❤❡r✇✐s❡, ❢♦r x, y ∈ T ∪ Ω✳ ▼♦r❡♦✈❡r T ∪ Ω ✐s ❝♦♠♣❛❝t✱ ❛♥❞ ❝❛••❡❞ t❤❡ ❡♥❞ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✳ ❚❤❡♦r❡♠ ✷✳✷✳✸✳ ✭✐✮ ▲❡t (X n ) ❜❡ ❛ ♥❡❛r❡st✲♥❡✐❣❤❜♦r r❛♥❞♦♠ ✇❛•❦ ♦♥ T ✱ t❤❛t ✇❡ ❛ss✉♠❡ t♦ ❜❡ tr❛♥s✐❡♥t✳ ❚❤❡♥ t❤❡ ▼❛rt✐♥ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❡♥❞ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱ ❛♥❞ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② M t♦ Ω✱ ❛♥❞ s❡t T = T ∪ Ω✳ ✭✐✐✮ ❚❤❡ ▼❛rt✐♥ ❦❡r♥❡• ♦♥ T × T ✐s •♦❝❛••② ❝♦♥st❛♥t✱ ✇✐t❤ K(x, ω)=K(x, x ∧ ω), ✇❤❡r❡ x ∧ ω = ω Nω,x ❢♦r x ∈ T,ω ∈ Ω✳ ❲❡ ❛•s♦ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s μ x ♦♥ t❤❡ tr❡❡✳ ❋♦r x ∈ T ✱ ✇❡ ❞❡♥♦t❡ ❜② Ω x t❤❡ s❡t ♦❢ ❡♥❞s ❢♦r t❤❡ s✉❜tr❡❡ T x ✱ ✐✳❡✳ Ω x = {ω ∈ Ω, ∃k ∈ N,ω k = x}✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡ ❜② U x = T x \{x}✳ ❚❤❡♥✿ ✷✳✸✳ ❉■❙❚|■❇❯❚■❖◆❙ ❖❋ ❆|❇■❚|❆|( |❊P|❊❙❊◆❚❆❚■❖◆❙ ✺✸ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺✳ ❋♦r x = φ ❛♥❞ i ∈ T ✱ μ i (Ω x )=1 {i∈Ux} (1 -f (i, x))) + f (i, x) 1 -f (x, x) 1 -f ( x, x)f (x, x) . |❡♠❛r❦ ✷✳✷✳✸✳ ❋r♦♠ ❈❛r❛t❤é♦❞♦r②✬s ❡①t❡♥s✐♦♥ t❤❡♦r❡♠✱ t❤✐s ❡♥t✐r❡•② ❞❡s❝r✐❜❡s t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ μ φ ✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✷✱ ✇❡ ❝❛♥ t❤❡♥ ❞❡s❝r✐❜❡ ❛•• ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ✉s✐♥❣ f ✳ ✷✳✸ ❉✐str✐❜✉t✐♦♥s ♦❢ ❛r❜✐tr❛r② r❡♣r❡s❡♥t❛t✐♦♥s ✷✳✸✳✶ ❆ ❝♦♠♠♦♥ ❡①♣r❡ss✐♦♥ ❢♦r •✉♠♣ r❛t❡s✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸ ▲❡t G =( V, E) ❜❡ ❛ •♦❝❛••② ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s (W i,j ) i,j∈V s✉❝❤ t❤❛t W i,j = W j,i > 0 ✐❢ {i, j}∈E✱ ❛♥❞ W i,j =0♦t❤❡r✇✐s❡✳ ❲❡ st✐•• ❞❡♥♦t❡ ❜② P VRJP(i0) t❤❡ •❛✇ ♦❢ t❤❡ ❱|❏P ♦♥ (G,W)✱ ✐♥ t❤❡ ❡①❝❤❛♥❣❡❛❜•❡ t✐♠❡ s❝❛•❡✱ st❛rt❡❞ ❛t i 0 ∈ V ✳ ▲❡t ✉s ✜rst s❤♦✇ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ β ✜❡•❞ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✮ ❛♣♣❡❛rs ✐♥ ❛•• r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P✳ |❡❝❛•• t❤❛t ❢♦r ❛•• r ∈J E V ❛♥❞ i ∈ V ✱ ✇❡ ❞❡✜♥❡ r i = j∼i r i,j ✳ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✳ ▲❡t i 0 ∈ V ❜❡ ✜①❡❞✱ ❛♥❞ •❡t R(dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡s❡♥t✐♥❣ P VRJP(i0) ✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ❚❤❡♥ ✉♥❞❡r R(dr)✱ (r i ) i∈V ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s t❤❡ ✜❡•❞ β r♦♦t❡❞ ❛t i 0 ✱ ✐✳❡✳ ✐ts ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ✐s e -λ,r R(dr)=e -i∼j Wi,j ( √ 1+λi √ 1+λj -1) i =i0 1 √ 1+λ i , ❢♦r λ ∈ R V + ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt✳ Pr♦♦❢✳ ▲❡t i 0 ∈ V ❜❡ ✜①❡❞✱ •❡t R(dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡s❡♥t✐♥❣ P VRJP(i0) ✱ ✐✳❡✳ P VRJP(i0) [•]= P r i0 [•]R(dr), ✇❤❡r❡ P r ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ j ❣✐✈❡♥ ❜② r i,j ✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t ✉♥❞❡r R(dr)✱ (r i ) i∈V ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s t❤❡ β ✜❡•❞ ❢r♦♠ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ▲❡♠♠❛ ✷✳✸✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ r❛♥❞♦♠ ✜❡•❞ (u i ) i∈V ∈ R V s✉❝❤ t❤❛t R✲❛•♠♦st s✉r❡•②✱ r i,j = Wi,j 2 e uj -ui ❢♦r i ∼ j✳ |❡♠❛r❦ ✷✳✸✳✶✳ ❙✐♥❝❡ t❤❡ r❛♥❞♦♠ ✜❡•❞ (u i ) i∈V ✐s ❞❡✜♥❡❞ ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t✱ ✇❡ ❝❛♥ s❡t u i0 =0 ❛✳s✳ ✇✐t❤♦✉t •♦ss ♦❢ ❣❡♥❡r❛•✐t②✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✸✳✶✳ ❋♦r r ∈J E V ✱ •❡t ✉s ❞❡✜♥❡ t i,j = 2 Wi,j r i,j ❢♦r ❛•• i ∼ j✳ ❚❤❡♥ t♦ ♣r♦✈❡ t❤✐s •❡♠♠❛✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② ❝②❝•❡ σ =(σ 0 , ..., σ n )✱✇ ❡❤ ❛ ✈ ❡R✲❛✳s✳ t σ := n-1 k=0 t σ k ,σ k+1 =1✳ ❙✐♥❝❡ G ✐s ❝♦♥♥❡❝t❡❞✱ ✇❡ ♦♥•② ♥❡❡❞ t♦ ♣r♦✈❡ t❤✐s ❢♦r ❝②❝•❡s σ s✉❝❤ t❤❛t σ 0 = i 0 ✳ |❡❝❛•• t❤❛t ✇❡ ❞❡♥♦t❡ ❜② (Z t ) t≥0 t❤❡ ❝❛♥♦♥✐❝❛• ♣r♦❝❡ss ♦♥ C r (R + ,V)✳▲ ❡ tP MJP ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡s 1 2 W i,j ✳ ❚❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸ ❢r♦♠ ❬❙❚✶✻(✱ ❢♦r ❛•• T ≥ 0 t❤❡ •❛✇ ♦❢ (Z t ) t≤T ✉♥❞❡r P VRJP(i0) ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ ✐ts •❛✇ ✉♥❞❡r P MJP i0 ✱ ❛♥❞ ✐ts |❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ✐s e -i∼j Wi,j ( √ 1+li √ 1+lj -1) e -i∈V 1 2 Wili i =i0 1 √ 1+l i , ✺✹ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ✇❤❡r❡ W i = j∼i W i,j ✱ ❛♥❞ l i = T 0 1 {Zt=i} dt ✐s t❤❡ •♦❝❛• t✐♠❡ ❛t i✳ ▲❡t σ ❜❡ ❛ ❝②❝•❡ s✉❝❤ t❤❛t σ 0 = σ |σ| = i 0 ✳ ❲❡ ❞❡♥♦t❡ ❜② σ n t❤❡ nt❤ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ σ✱ ❛♥❞ ❢♦r T ≥ 0 ❛♥❞ τ ❛ ♣❛t❤ ✐♥ G✱❜ ②{(Z t ) t≤T ∼ τ } t❤❡ ❡✈❡♥t ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ tr❛•❡❝t♦r② ♦❢ (Z t ) t≥T ❢♦••♦✇s t❤❡ ♣❛t❤ τ ✳ ❚❤❡♥ ✇❡ ❤❛✈❡✱ ❢♦r n ≥ 1 ❛♥❞ T ≥ 0✱ P VRJP(i0) [(Z t ) t≤T ∼ σ n ]= 1 {(zt) t≤T ∼σ n } e -i∼j Wi,j ( √ 1+li √ 1+lj -1) e -i∈V 1 2 Wili i =i0 1 √ 1+l i P MJP i0 (dz). ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t (r i,j ) i∼j ❣✐✈❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ ✇❡ ❛•s♦ ❤❛✈❡ P VRJP(i0) [(Z t ) t≤T ∼ σ n ]= P r i0 [(Z t ) t≤T ∼ σ n ]R(dr) = ⎛ ⎝ 1 {(zt) t≤T ∼σ n } e -i∈V rili |σ|-1 k=0 r σ k ,σ k+1 n e -i∈V 1 2 Wili |σ|-1 k=0 1 2 W σ k ,σ k+1 n P MJP i0 (dz) ⎞ ⎠ R(dr) = 1 {(zt) t≤T ∼σ n } e -i∈V rili e -i∈V 1 2 Wili (t σ ) n R(dr)P MJP i0 (dz) ▲❡t ✉s ✜① ε>0✱ ❛♥❞ ❞❡✜♥❡ t❤❡ ❡✈❡♥t A σ,ε = {t σ ≥ 1+ε}✳ ❚❤❡♥ ✇❡ ❣❡t P VRJP(i0) [(Z t ) t≤T ∼ σ n ] ≥ 1 {(zt) t≤T ∼σ n } 1 Aσ,ε e -i∈V rili (1 + ε) n R(dr)P MJP i0 (dz). ▲❡t M>0 ❜❡ s✉❝❤ t❤❛t ✉♥❞❡r R(dr)✱ P[A σ,ε ∩ B M ] ≥ P[A σ,ε ]/2✱ ✇❤❡r❡ B M = {∀i ∈ V, r i ≤ M }✳ ◆♦t❡ t❤❛t T = i∈V l i ✱ s♦ t❤❛t P VRJP(i0) [(Z t ) t≤T ∼ σ n ] ≥ 1 {(zt) t≤T ∼σ n } 1 Aσ,ε∩B M e -MT (1 + ε) n R(dr)P MJP i0 (dz) ≥ e -MT 2 (1 + ε) n P[A σ,ε ]P MJP i0 [(Z t ) t≤T ∼ σ n ]. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛•s♦ ❤❛✈❡ P VRJP(i0) [(Z t ) t≤T ∼ σ n ]= 1 {(zt) t≤T ∼σ n } e -i∼j Wi,j ( √ 1+li √ 1+lj -1) e -i∈V 1 2 Wili i =i0 1 √ 1+l i P MJP i0 (dz) ≤ e M ′ T P MJP i0 [(Z t ) t≤T ∼ σ n ], ✇❤❡r❡ M ′ =max{ 1 2 W σ k , 0 ≤ k<|σ|}✳ ❙✐♥❝❡ P MJP i0 [(Z t ) t≤T ∼ σ n ] > 0 ❢♦r ❛•• T>0 ❛♥❞ n ∈ N✱ ✇❡ ❣❡t e -MT 2 (1 + ε) n P[A σ,ε ] ≤ e M ′ T . ❚❛❦✐♥❣ n →∞❢♦r ✜①❡❞ T>0 s❤♦✇s t❤❛t P[A σ,ε ]=0✳ ❆s ❛ r❡s✉•t✱ ✇❡ ❤❛✈❡ ❛•♠♦st s✉r❡•② t σ ≤ 1✳ ❋♦r ε>0✱ ✇❡ ♥♦✇ s❡t A ′ σ,ε = {t σ ≤ 1 -ε}✳ ❯s✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ❜❡❢♦r❡✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❛✳s✳ t σ ≤ 1✱ ✇❡ ❣❡t P VRJP(i0) [(Z t ) t≤T ∼ σ n ] ≤ 1 {(zt) t≤T ∼σ n } e M ′ T 1 A ′ σ,ε c + 1 A ′ σ,ε (1 -ε) n R(dr)P MJP i0 (dz) ≤ e M ′ T P[A ′ σ,ε c ]+P[A ′ σ,ε ](1 -ε) n P MJP i0 [(Z t ) t≤T ∼ σ n ]. ✷✳✸✳ ❉■❙❚|■❇❯❚■❖◆❙ ❖❋ ❆|❇■❚|❆|( |❊P|❊❙❊◆❚❆❚■❖◆❙ ✺✺ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥ t❤❡ ❡✈❡♥t {(Z t ) t≤T ∼ σ n }✱✇ ❡❤ ❛ ✈ ❡l i ≤ T ❢♦r ❛•• i ∈{σ k , 0 ≤ k<|σ|} ❛♥❞ l i =0 ❢♦r ❛•• ♦t❤❡r i ∈ V ✳ ❆s ❛ r❡s✉•t✱ ❢♦r s✉❝❤ tr❛•❡❝t♦r✐❡s✱ e -i∼j Wi,j ( √ 1+li √ 1+lj -1) e -i∈V 1 2 Wili i =i0 1 √ 1+l i ≥ e -M ′′ T (1 + T ) |σ|-1 2 , ✇❤❡r❡ M ′′ = i,j∈{σ k } W i,j ✱s ♦t ❤ ❛ t ✱ P VRJP(i0) [(Z t ) t≤T ∼ σ n ] ≥ e -M ′′ T (1 + T ) |σ|-1 2 P MJP i0 [(Z t ) t≤T ∼ σ n ].
❆s ❜❡❢♦r❡✱ t❤✐s ②✐❡•❞s

e M ′ T P[A ′ σ,ε c ]+P[A ′ σ,ε ](1 -ε) n ≥ e -M ′′ T (1 + T ) |σ|-1 2 ❢♦r ❛•• T>0 ❛♥❞ n ∈ N✳ ❚❛❦✐♥❣ ✜rst n →∞ ✱ t❤❡♥ T → 0✱ ✇❡ ❣❡t t❤❛t ✉♥❞❡r R(dr)✱ P[A ′ σ,ε c ]=1 ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ t❤❛t R✲❛•♠♦st s✉r❡•②✱ t σ =1✳ ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (r i ) i∈V ✉♥❞❡r R(dr)✱ ✇❡ ♦❜t❛✐♥ t❤❡✐r ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ❛s t❤❡ ❞❡♥s✐t② ♦❢ ❝②❝•✐❝ tr❛•❡❝t♦r✐❡s ♦❢ (Z t ) t≥0 ✉♥❞❡r P VRJP(i0) ✇✐t❤ r❡s♣❡❝t t♦ P MJP i0 ✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ ❛ ❝②❝•✐❝ tr❛•❡❝t♦r② (z t ) t≥0 ✐♥ G✱ st❛rt❡❞ ❛t i 0 ✱ ✇❡ ❞❡♥♦t❡ ❜② σ t❤❡ ❛ss♦❝✐❛t❡❞ ❝②❝•✐❝ ♣❛t❤ ✐♥ G✱ ❛♥❞ (l i ) i∈V t❤❡ •♦❝❛• t✐♠❡s✱ s♦ t❤❛t T = i∈V l i ✱ ❛♥❞ l i > 0 ✐❢ ❛♥❞ ♦♥•② ✐❢ i ∈{ σ k , 0 ≤ k<|σ|}✳ ❚❤❡♥ t❤❡ |❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ❛t (z t ) t≥0 ♦❢ P VRJP(i0) ✇✐t❤ r❡s♣❡❝t t♦ P MJP i0 ✐s ❛•♠♦st s✉r❡•② e -i∼j Wi,j ( √ 1+li √ 1+lj -1) e -i∈V 1 2 Wili i =i0 1 √ 1+l i , ❜✉t ❛•s♦ e -i∈V rili e -i∈V 1 2 Wili R(dr) s✐♥❝❡ t σ =1R✲❛•♠♦st s✉r❡•②✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛•• ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ s✉❜s❡t U ♦❢ V ✱ ❛♥❞ ❛•♠♦st ❛•• (l i ) i∈V ∈ (R * + ) U ×{0} V \U ✱ ✇❡ ❤❛✈❡ e -i∼j Wi,j ( √ 1+li √ 1+lj -1) i =i0 1 √ 1+l i = e -i∈V rili R(dr)=E[e -i∈V rili ]. ❙✐♥❝❡ t❤❡s❡ ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦❢ (l i ) i∈V ✱ t❤✐s ❡q✉❛•✐t② ✐s tr✉❡ ❢♦r ❛•• (l i ) i∈V ∈ R V + ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt✳ ❆s ❛ r❡s✉•t✱ ✉♥❞❡r R(dr)✱ (r i ) i∈V ❤❛s t❤❡ s❛♠❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ❛s t❤❡ ✜❡•❞ β✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P st❛rt❡❞ ❛t i 0 ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✮✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸✳ ▲❡t i 0 ∈ V ❜❡ ✜①❡❞✱ ❛♥❞ R(dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡s❡♥t✐♥❣ P VRJP(i0) ✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✱ ✇❡ ❦♥♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (r i ) i∈V ✉♥❞❡r R(dr)✳ ◆♦t❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ •❛♠♠❛(1/2, 1) ✈❛r✐❛❜•❡ ✐s 1 {γ>0} √ πγ e -γ dγ✱ ❛♥❞ t❤❛t ✐ts ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ✐s ❣✐✈❡♥ ❜② e -tγ 1 {γ>0} √ πγ e -γ dγ = 1 √ 1+t ❢♦r t ≥ 0✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❞❡♥♦t❡ R(dr, dγ)=R(dr) ⊗ 1 {γ>0} √ πγ e -γ dγ✱ ✇❤✐❝❤ ✐s ❛ ❞✐str✐❜✉t✐♦♥ ♦♥ J E V × R✳ ✺✻ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❋♦r r ∈J E V ❛♥❞ γ>0✱ ✇❡ ♥♦✇ ❞❡✜♥❡ (β i ) i∈V ❜② β i = r i + 1 {i=i0} γ ❢♦r i ∈ V ✳ ❚❤❡♥ ✉♥❞❡r R(dr, dγ)✱ t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ β ✐s✱ ❢♦r λ ∈ R V + ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt✱ e -λ,β R(dr) 1 {γ>0} √ πγ e -γ dγ = e -i∈V λiri R(dr) e -λi 0 γ 1 {γ>0} √ πγ e -γ dγ = 1 1+λ i0 e -i∼j Wi,j ( √ 1+li √ 1+lj -1) i =i0 1 √ 1+l i , ✐✳❡✳ β ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν W V ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✮✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ R(dr, dγ)✲❛✳s✳ Ĝ : V × V → R + ❛♥❞ ψ : V → R + t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✶✳✷✳ ▼♦r❡♦✈❡r✱ ❜② ❛♥❛•♦❣② ✇✐t❤ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ •❡t G(i 0 , •):V → R + ❜❡ ❞❡✜♥❡❞ ❜②✿ G(i 0 ,i)= 1 2γ e ui , ✇❤❡r❡ (u i ) i∈V ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✶✳ ❚❤✐s ✇❛②✱ ✉♥❞❡r R(dr, dγ)✱ ❢♦r ❛•• i = j ∈ V t❤❡ •✉♠♣ r❛t❡ r i,j ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s r i,j = W i,j 2 
G(i 0 ,j) G(i 0 ,i) . ▲❡t ✉s s❡t h(i)=G(i 0 ,i) -Ĝ(i 0 ,i) ❢♦r ❛•• i ∈ V ✳ ❚❤❡♥ H β h =0✳ ■♥❞❡❡❞✱ ❢♦r i = i 0 ✱ ✇❡ ❤❛✈❡ 2β i G(i 0 ,i) - j∼i W i,j G(i 0 ,j)=2r i G(i 0 ,i) - j∼i 2r i,j G(i 0 ,i)=0, ❛♥❞ ❢♦r i = i 0 ✱ 2β i0 G(i 0 ,i 0 ) - j∼i0 W i0,j G(i 0 ,j)= r i0 + γ γ - j∼i0 r i0,j γ =1, t❤❡r❡❢♦r❡ ❢♦r i ∈ V ✱ H β G(i 0 ,i)=1 {i=i0} = H β Ĝ(i 0 ,i)✳ ▲❡t ✉s ✜♥❛••② s❤♦✇ t❤❛t h(i) ≥ 0 ❢♦r ❛•• i ∈ V ✳ ❲❡ ❞❡✜♥❡ τ + i0 =inf{k ≥ 1, Zk = i 0 }✱ ✇❤❡r❡ ( Zk ) k∈N ✐s t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ (Z t ) t≥0 ✳ ❚❤❡♥ ❢♦r ❛•• i = i 0 ✱ P r i [τ + i0 < ∞]= σ∈P V \{i 0 } i,i 0 P r i [( Z0 , ..., Z|σ| )=(σ 0 , ..., σ |σ| )] = σ∈P V \{i 0 } i,i 0 |σ|-1 k=0 r σ k ,σ k+1 r σ k = σ∈P V \{i 0 } i,i 0 |σ|-1 k=0 W σ k ,σ k+1 2β σ k G(i 0 ,σ k+1 ) G(i 0 ,σ k ) = G(i 0 ,i 0 ) G(i 0 ,i) σ∈P V \{i 0 } i,i 0 W σ (2β) - σ = G(i 0 ,i 0 ) G(i 0 ,i) Ĝ(i 0 ,i) Ĝ(i 0 ,i 0 ) , ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ G(i 0 ,i) ≤ G(i0,i0) Ĝ(i0,i0) Ĝ(i 0 ,i)✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ▼❛r❦♦✈ ✷✳✸✳ ❉■❙❚|■❇❯❚■❖◆❙ ❖❋ ❆|❇■❚|❆|( |❊P|❊❙❊◆❚❆❚■❖◆❙ ✺✼ ♣r♦♣❡rt② ✇❡ ❤❛✈❡ P r i0 [τ + i0 < ∞]= j∼i0 P r i0 [ Z1 = j]P r j [τ + i0 < ∞]= j∼i0 r i0,j r i0 G(i 0 ,i 0 ) G(i 0 ,j) Ĝ(i 0 ,j) Ĝ(i 0 ,i 0 ) = j∼i0 W i0,j 2(β i0 -γ) Ĝ(i 0 ,j) Ĝ(i 0 ,i 0 ) = 1 2β i0 - 1 G(i0,i0) j∼i0 W i0,j Ĝ(i 0 ,j) Ĝ(i 0 ,i 0 ) = 2β i0 - 1 Ĝ(i0,i0) 2β i0 - 1 G(i0,i0) , t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ G(i 0 ,i 0 ) ≥ Ĝ(i 0 ,i 0 )✱ ❛s ✇❡•• ❛s G(i 0 ,i) ≥ Ĝ(i 0 ,i) ❢♦r ❛•• i ∈ V ✳ ❆s ❛ r❡s✉•t✱ G(i 0 , •) ❝❛♥ ❜❡ ✇r✐tt❡♥✱ ❢♦r ❛•• i ∈ V ✱❛ s G(i 0 ,i)= Ĝ(i 0 ,i)+h(i), ✇❤❡r❡ h : V → R + ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥✳ ✷✳✸✳✷ ❚❤❡ r❡❝✉rr❡♥t ❛♥❞ tr❛♥s✐❡♥t ❝❛s❡s✿ Pr♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✷✳✶✳✺ ❛♥❞ ✷✳✶✳✻ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✺✳ ❲❡ ❛ss✉♠❡ t❤❛t (G,W) ✐s s✉❝❤ t❤❛t t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② r❡❝✉rr❡♥t✳ ▲❡t (r i,j ) i∼j ❜❡ ✜①❡❞ •✉♠♣ r❛t❡s ♦♥ V ✱ s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s r❡❝✉rr❡♥t✳ ❲❡ ❞❡♥♦t❡ ❜② P r i0 ✐ts ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ st❛rt❡❞ ❛t i 0 ✳ ◆♦t❡ t❤❛t ✉♥❞❡r P r i0 ✱ t❤❡ t✐♠❡ s♣❡♥t ❛t ❛ ✈❡rt❡① i ❜❡❢♦r❡ •✉♠♣✐♥❣ ✐s ❛♥ ❡①♣♦♥❡♥t✐❛• ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r r i ✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐•✐t② t♦ t❤❡♥ •✉♠♣ t♦ ❛ s♣❡❝✐✜❝ ♥❡✐❣❤❜♦r j ✐s ri,j ri ✳ ▲❡t ✉s t❤❡♥ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ tr❛•❡❝t♦r② (Z t )✿ ❢♦r i ∈ V ❛♥❞ n ≥ 1✱ ✇❡ ❞❡✜♥❡ δt (n) i ❛s t❤❡ t✐♠❡ s♣❡♥t ❜② (Z t ) ❛t t❤❡ ✈❡rt❡① i ❞✉r✐♥❣ ✐ts nt❤ ✈✐s✐t t♦ i✱ ❛♥❞ v (n) i t❤❡ ♥❡✐❣❤❜♦r ♦❢ i t♦✇❛r❞s ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss •✉♠♣s ❛❢t❡r ✐ts nt❤ ✈✐s✐t t♦ i✳❯ ♥ ❞ ❡ rP r i0 ✱ s✐♥❝❡ t❤❡ ♣r♦❝❡ss ✐s r❡❝✉rr❡♥t✱ t❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ❛r❡ ✇❡••✲❞❡✜♥❡❞ ❢♦r ❛•• i ∈ V ❛♥❞ n ≥ 1✳ ▼♦r❡♦✈❡r✱ t❤❡ s❡q✉❡♥❝❡s (δt (n) i ) n≥1 ❛♥❞ (v (n) i ) n≥1 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ s♦ t❤❛♥❦s t♦ t❤❡ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs✱ ✇❡ ❤❛✈❡ ❛•♠♦st s✉r❡•② δt i := lim n→∞ n k=1 δt (k) i n = 1 r i ❛♥❞ p i,j := lim n→∞ n k=1 1 {v (k) i =j} n = r i,j r i , ❢♦r ❛•• i, j ∈ V ✳ ▲❡t ♥♦✇ R(dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡s❡♥t✐♥❣ t❤❡ ❱|❏P ♦♥ (G,W)✱ ✐✳❡✳ P VRJP(i0) [•]= P r i0 [•]R(dr)✳ ❙✐♥❝❡ t❤❡ ❱|❏P ✐s ❛✳s✳ r❡❝✉rr❡♥t✱ t❤❡♥ ✉♥❞❡r R(dr)✱ P r i0 ✐s ❛✳s✳ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❡❝✉rr❡♥t ▼❛r❦♦✈ ❝❤❛✐♥✳ ▼♦r❡♦✈❡r✱ ✉♥❞❡r P VRJP(i0) ✱ δt i ❛♥❞ p i,j ❛r❡ ❛✳s✳ ✇❡••✲❞❡✜♥❡❞ ❢♦r ❛•• i, j ∈ V ✱ ❛♥❞ p i,j δti i∼j ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ R✳ ❙✐♥❝❡ t❤❡s❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ tr❛•❡❝t♦r② ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦s❡♥ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ❞✐str✐❜✉t✐♦♥ R ✐s ✉♥✐q✉❡•② ❞❡t❡r♠✐♥❡❞✳ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✳ ▲❡t (G,W) ❜❡ s✉❝❤ t❤❛t t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✳ ❙✐♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡ P VRJP(i0) [•]= P β,γ,i0 i0 [•]ν W V (dβ, dγ)✱ t❤❡♥ ✉♥❞❡r ν W V (dβ, dγ)✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P β,γ,i0 i0 ✐s ❛✳s✳ tr❛♥s✐❡♥t✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✈✮✱ t❤✐s ♠❡❛♥s t❤❛t ✉♥❞❡r ν W V (dβ)✱ ✇❡ ❤❛✈❡ ❛✳s✳ ψ(i) > 0 ❢♦r ❛•• i ∈ V ✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✐✮✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ♠♦❞❡• ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s c ψ i,j = W i,j ψ(i)ψ(j)✳ ❲❡ ❞❡♥♦t❡ ❜② π ψ i = j∼i c ψ i,j t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡✱ ✇❤❡r❡ π ψ i = ψ(i) j∼i W i,j ψ(j)=2β i ψ(i) 2 s✐♥❝❡ ✺✽ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ψ ✐s H β ✲❤❛r♠♦♥✐❝✳ ▲❡t P ψ ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ r❛♥❞♦♠ ✇❛•❦✱ ✇❤♦s❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐•✐t② ❢r♦♠ i t♦ j ✐s p ψ i,j = c ψ i,j π ψ i = W i,j ψ(j) 2β i ψ(i) ❢♦r i, j ∈ V ✳ ▼♦r❡♦✈❡r✱ •❡t ✉s ❞❡♥♦t❡ ❜② g ψ t❤❡ •r❡❡♥ ❦❡r♥❡• ❛ss♦❝✐❛t❡❞ ✇✐t❤ P ψ ✱ ❞❡✜♥❡❞ ❢♦r i, j ∈ V ❛s g ψ (i, j)= k∈N P ψ i [X k = j]✱ ✇❤❡r❡ (X k ) k∈N ❞❡♥♦t❡s t❤❡ ❝❛♥♦♥✐❝❛• ♣r♦❝❡ss ♦♥ V N ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ g ψ (i, j)= k∈N σ∈P V i,j ,|σ|=k P ψ i [(X 0 , ..., X k )=σ]= σ∈P V i,j |σ|-1 k=0 W σ k ,σ k+1 ψ(σ k+1 ) 2β σ k ψ(σ k ) = ψ(j) ψ(i) σ∈P V i,j W σ (2β) - σ = ψ(j) ψ(i) 2β j Ĝ(i, j), ✇❤❡r❡ ✉♥❞❡r ν W V (dβ)✱ Ĝ(i, j) ✐s ❛✳s✳ ✜♥✐t❡ ❢♦r ❛•• i, j ∈ V ✱ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✮✳ ❆s ❛ r❡s✉•t✱ ✇❡ ❤❛✈❡ ❛•♠♦st s✉r❡•② g ψ (i, j) < ∞✱ t❤❡r❡❢♦r❡ t❤❡ r❛♥❞♦♠ ✇❛•❦ P ψ ✐s tr❛♥s✐❡♥t ❛•♠♦st s✉r❡•②✱ ♣r♦✈✐♥❣ ✭✐✐✮✳ ▲❡t Δ ψ =(p ψ i,j -1 {i=j} ) i,j∈V ❜❡ t❤❡ ❞✐s❝r❡t❡ ▲❛♣•❛❝✐❛♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ P ψ ✳ ❲❡ ✇✐•• s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ ϕ : V → R ✐s Δ ψ ✲❤❛r♠♦♥✐❝ ✐❢ (Δ ψ ϕ)(i)= j∼i p ψ i,j ϕ(j) -ϕ(i)=0❢♦r ❛•• i ∈ V ✳ ❚❤❡r❡❢♦r❡✱ ❛ ❢✉♥❝t✐♦♥ ϕ ✐s Δ ψ ✲❤❛r♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥•② ✐❢ ❢♦r ❛♥② i ∈ V ✱ 2β i ψ(i)ϕ(i) - j∼i W i,j ψ(j)ϕ(j)=0, ✐✳❡✳ ✐❢ ❛♥❞ ♦♥•② ✐❢ ψϕ ✐s H β ✲❤❛r♠♦♥✐❝✱ ✇❤✐❝❤ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✐✮✳ ✷✳✹ |❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ Z d ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✹ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ G =(V, E) ✐s t❤❡ Z d •❛tt✐❝❡✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ❡❞❣❡ ✇❡✐❣❤ts✱ ✐✳❡✳ W i,j = W>0 ❢♦r ❛•• i ∼ j✳❋ ♦ rx ∈ R d ✱ ✇❡ ✇✐•• ❞❡♥♦t❡ ❜② |x| ✐ts ❊✉❝•✐❞❡❛♥ ♥♦r♠✳ ❲❡ ✜① i 0 =0✳ ✷✳✹✳✶ |❡❝✉rr❡♥❝❡ ❛♥❞ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ❱|❏P ♦♥ Z d ❋♦r d =2✱ t❤❡ ❱|❏P ♦♥ (G,W) ✐s ❛✳s✳ r❡❝✉rr❡♥t ❢♦r ❛•• W>0✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷ ✐♥ ❬❙❛❜✶✾(✳ ❚❤❡r❡✲ ❢♦r❡✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P VRJP(0) ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s ✐s ✉♥✐q✉❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✺✮✳ ■❢ d ≥ 3✱ ❈♦r♦••❛r② ✶ ✐♥ ❬❙❚✶✺( t❡••s ✉s t❤❛t ❢♦r s♠❛•• ❡♥♦✉❣❤ W ✱ t❤❡ ❱|❏P ✐s ❛✳s✳ r❡❝✉rr❡♥t✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ P VRJP(0) ✐s ♦♥❝❡ ❛❣❛✐♥ ✉♥✐q✉❡✳ ▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t ❢♦r •❛r❣❡ ❡♥♦✉❣❤ W ✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s st✐•• ✉♥✐q✉❡✳ ❋r♦♠ ❈♦r♦••❛r② ✸ ✐♥ ❬❙❚✶✺(✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r W •❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❱|❏P ✐s ❛✳s✳ tr❛♥s✐❡♥t✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥s✐❞❡r s✉❝❤ W ✳ ❚❤❡♥ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✱ ✉♥❞❡r ν W V (dβ) ✇❡ ❤❛✈❡ ❛✳s✳ ψ(i) > 0 ❢♦r ❛•• i ∈ V ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ▼❛r❦♦✈ ♦♣❡r❛t♦r Δ ψ ❛♥❞✱ ❢♦r h : V → R + ✱ h ✐s H β ✲❤❛r♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥•② ✐❢ h/ψ ✐s Δ ψ ✲❤❛r♠♦♥✐❝✳ ■♥ •✐❣❤t ♦❢ |❡♠❛r❦ ✷✳✶✳✶✱ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ✐s ✉♥✐q✉❡✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ♦♥•② ♣♦s✐t✐✈❡ Δ ψ ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥st❛♥ts✱ ✐✳❡✳ t❤❛t t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ψ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s ❛•♠♦st s✉r❡•② tr✐✈✐❛•✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ✇✐•• ♥❡❡❞ ❛ •♦❝❛• •✐♠✐t t❤❡♦r❡♠ ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✱ ❢♦✉♥❞ ✐♥ ❬❆❉❙✶✻❛(✳ ✷✳✹✳✷ ▲♦❝❛• •✐♠✐t t❤❡♦r❡♠ ❢♦r r❛♥❞♦♠ ✇❛•❦ ✐♥ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s ♠♦❞❡• ♦♥ G =( Z d ,E d )✱ ✇✐t❤ d ≥ 2✳ ▲❡t P ❜❡ ❛ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ❝♦♥❞✉❝t❛♥❝❡s (R * + ) E d ✱ s✉❝❤ t❤❛t ✉♥❞❡r P(dω)✱ ✇❡ ❤❛✈❡ ❛✳s✳ 0 <ω i,j < ∞ ❢♦r ❛•• i ∼ j✳❋ ♦ r ✷✳✹✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❖◆ Z d ✺✾ ω ∈ (R * + ) E d ✱ •❡t P ω ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❝♦♥st❛♥t s♣❡❡❞ r❛♥❞♦♠ ✇❛•❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ω✳ ❚❤✐s ✐s t❤❡ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ •✉♠♣ r❛t❡ ❢r♦♠ i t♦ j ❣✐✈❡♥ ❜② ωi,j π ω i ✱ ✇❤❡r❡ π ω i = j∼i ω i,j ✳ ❚❤✐s ✇❛② ✉♥❞❡r P ω ✱ t❤❡ ❤♦•❞✐♥❣ t✐♠❡ ♦❢ (Z t ) t≥0 ❛t ❡❛❝❤ ♣♦✐♥t ✐s ❛♥ ❡①♣♦♥❡♥t✐❛• ✈❛r✐❛❜•❡ ♦❢ ♣❛r❛♠❡t❡r 1✱ ✇❤✐❝❤ •✉st✐✜❡s t❤❡ t❡r♠ ✧❝♦♥st❛♥t s♣❡❡❞✧✳ ❋✐♥❛••②✱ ✇❡ ❞❡♥♦t❡ ❜② q ω t❤❡ ❤❡❛t ❦❡r♥❡•✱ ✐✳❡✳ t❤❡ tr❛♥s✐t✐♦♥ ❞❡♥s✐t② ♦❢ t❤❡ ✇❛•❦ ✇✐t❤ r❡s♣❡❝t t♦ π ω ✿ ❢♦r x, y ∈ Z d ❛♥❞ t ≥ 0✱ q ω (t, x, y)= P ω x [Z t = y] π ω y . ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❢r♦♠ ❬❆❉❙✶✻❛( ✐s ❛ •♦❝❛• •✐♠✐t t❤❡♦r❡♠ ❢♦r q ω ✱ ✉♥❞❡r ❡r❣♦❞✐❝✐t② ❛♥❞ ✐♥t❡❣r❛❜✐•✐t② ❛ss✉♠♣t✐♦♥s✳ ❚❤❡♦r❡♠ ✷✳✹✳✶✳ ❬❚❤❡♦r❡♠ ✶✳✶✶ ✐♥ ❬❆❉❙✶✻❛(( ▲❡t ✉s ❛ss✉♠❡ t❤❛t P(dω) ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ✇✐t❤ r❡s♣❡❝t t♦ tr❛♥s•❛t✐♦♥s ♦❢ Z d ✱ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐st p, q ∈ (1, ∞] s❛t✐s❢②✐♥❣ 1/p +1 /q < 2/d s✉❝❤ t❤❛t E[ω p i,j ] < ∞ ❛♥❞ E[ω -q i,j ] < ∞ ❢♦r ❛•• i ∼ j✳ ❚❤❡♥ ❢♦r 0 <T 1 <T 2 ❛♥❞ K>0✱✇ ❡❤ ❛ ✈ ❡P✲❛✳s✳ lim n→∞ sup |x|≤K sup t∈[T1,T2] n d q ω (n 2 t, 0, ⌊nx⌋) -ak t (x) =0, ✇❤❡r❡ ⌊nx⌋ =(⌊nx 1 ⌋, ..., ⌊nx d ⌋)✱ a =1/E[π ω 0 ] ❛♥❞ k t ✐s t❤❡ •❛✉ss✐❛♥ ❤❡❛t ❦❡r♥❡• ✇✐t❤ s♦♠❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ 2 ✱ ✐✳❡✳ k t (x)= 1 (2πt) d det(Σ 2 ) e -x t (Σ 2 ) -1 x 2t . |❡♠❛r❦ ✷✳✹✳✶✳ ■❢ P(dω) ✐s ❛•s♦ st❛t✐♦♥❛r② ✇✐t❤ r❡s♣❡❝t t♦ ❛•• ✐s♦♠❡tr✐❡s ♦❢ Z d ✱ t❤❡♥ t❤❡ •✐♠✐t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♠✉st ❜❡ ❛s ✇❡••✱ t❤❡r❡❢♦r❡ ✐ts ❞❡t❡r♠✐♥✐st✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❤❛s t❤❡ ❢♦r♠ Σ 2 = σ 2 I d ✱ ✇❤❡r❡ σ 2 > 0✳ ❚❤✐s ❛•s♦ ♣r♦✈✐❞❡s ❛ •♦❝❛• •✐♠✐t t❤❡♦r❡♠ ❢♦r t❤❡ •r❡❡♥ ❦❡r♥❡• g ω ✱ ❞❡✜♥❡❞ ❢♦r ω ∈ (R * + ) E d ❛♥❞ x, y ∈ Z d ❜② g ω (x, y)= ∞ 0 q ω (t, x, y)dt. ❚❤✐s r❡s✉•t ✇❛s ❛•s♦ ♠❡♥t✐♦♥❡❞ ✐♥ ❬❆❉❙✶✻❛(✱ ✇❡ ❣✐✈❡ ❤❡r❡ t❤❡ ❞❡t❛✐•s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❛ s•✐❣❤t•② str♦♥❣❡r r❡s✉•t ✶ ✱ t❤❛t ✐♥s✉r❡s t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r x ✐♥ ❛♥ ❛♥♥✉•✉s✳ ❚❤❡♦r❡♠ ✷✳✹✳✷ ✭❱❛r✐❛♥t ♦❢ ❚❤❡♦r❡♠ ✶✳✶✹ ✐♥ ❬❆❉❙✶✻❛(✮✳ ❋♦ r d ≥ 3✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✶✱ ✇❡ ❤❛✈❡ P✲❛✳s✳ lim n→∞ sup 1≤|x|≤2 |n d-2 g ω (0, ⌊nx⌋) -ag BM (0,x)| =0, ✇❤❡r❡ g BM ✐s t❤❡ •r❡❡♥ ❦❡r♥❡• ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ 2 ✱ ✐✳❡✳ g BM (0,x)= ∞ 0 k t (x)dt = Γ(d/2 -1) 2π d/2 det(Σ 2 ) 1/2 (x t (Σ 2 ) -1 x) 1-d/2 . Pr♦♦❢✳ ❚❤✐s r❡s✉•t ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ✐♥ ❚❤❡♦r❡♠ ✷✳✹✳✶✳ ▼♦r❡♦✈❡r✱ ✇❡ ✇✐•• ♥❡❡❞ t❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞s ♦♥ q ω ✱ ✇❤✐❝❤ ❛r❡ tr✉❡ ❛•♠♦st s✉r❡•②✳ ❋✐rst•②✱ ❚❤❡♦r❡♠ ✶✳✻ ✐♥ ❬❆❉❙✶✻❜( ❣✐✈❡s ❛ s❤♦rt✲r❛♥❣❡ ❜♦✉♥❞✱ ✇❤✐❝❤ ❛•s♦ ❛♣♣•✐❡s t♦ k t ✿ P✲❛✳s✳ t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts C, c 1 ,c 2 > 0 s✉❝❤ t❤❛t ❢♦r t ≥ Cn|x|✱ q ω (t, 0, ⌊nx⌋) ≤ c 1 t -d/2 e -c 2 (n|x|) 2 t , ✶ ■ ✇♦✉•❞ •✐❦❡ t♦ t❤❛♥❦ ❙❡❜❛st✐❛♥ ❆♥❞r❡s ❢♦r ❤✐s ❤❡•♣ r❡❣❛r❞✐♥❣ t❤❡ ❞❡t❛✐•s ♦❢ t❤✐s ♣r♦♦❢✳ ✻✵ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❛♥❞ ❢♦r ❛•• t ≥ 0✱ k t (x) ≤ c 1 t -d/2 e -c 2 |x| 2 t . ◆♦✇✱ ❢♦r ❛ •♦♥❣✲r❛♥❣❡ ❜♦✉♥❞✿ ✉s✐♥❣ ❈♦r♦••❛r✐❡s ✶✶ ❛♥❞ ✶✷ ❢r♦♠ ❬❉❛✈✾✸(✱ t❤❡r❡ ❡①✐sts P✲❛✳s✳ ❛ ❝♦♥st❛♥t c 3 > 0 s✉❝❤ t❤❛t ❢♦r ❛•• t ≤ 2Cn ❛♥❞ |x|≥1✱ ✇❡ ❤❛✈❡ q ω (t, 0, ⌊nx⌋) ≤ 1 π ω 0 π ω ⌊nx⌋ e -c3n|x| . ◆♦t❡ t❤❛t t❤❡ ✐♥t❡❣r❛❜✐•✐t② ❛ss✉♠♣t✐♦♥ ✐♠♣•✐❡s t❤❛t E[ρ ω 0 ] < ∞✱ ✇❤❡r❡ ρ ω i = l∼i 1 ω i,l ✳ ❚❤❡r❡❢♦r❡✱ ❢♦r |x|≤2✱ 1 π ω ⌊nx⌋ ≤ ρ ω ⌊nx⌋ ≤ |y|≤2n ρ ω y ✱ ❛s ✇❡•• ❛s 1 π ω 0 ≤ |y|≤2n ρ ω y , ❛♥❞ t❤❛♥❦s t♦ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ P✲❛✳s✳ t❤❡r❡ ❡①✐st c 4 > 0 ❛♥❞ N 0 ≤ 1 s✉❝❤ t❤❛t ❢♦r n ≥ N 0 ✱ |y|≤2n ρ ω y ≤ c 4 (2n) d E[ρ ω 0 ]✳ ❋♦r s✉❝❤ n ❛♥❞ ❢♦r 1 ≤|x|≤2 ❛♥❞ t ≤ 2Cn✱ ✇❡ ❣❡t q ω (t, 0, ⌊nx⌋) ≤ c 5 n d e -c3n|x| . ❯s✐♥❣ t❤❡s❡ ❜♦✉♥❞s✱ ✇❡ ♥♦✇ ❦♥♦✇ t❤❛t ❢♦r n ≥ N 0 ❛♥❞ 1 ≤|x|≤2✱ ✇❡ ❤❛✈❡ P✲❛✳s✳ |n d-2 g ω (0, ⌊nx⌋) -ag BM (0,x)| = n d ∞ 0 q ω (n 2 t, 0, ⌊nx⌋)dt -a ∞ 0 k t (x)dt ≤ n d 2C/n 0 q ω (n 2 t, 0, ⌊nx⌋)dt + n d T1 2C/n q ω (n 2 t, 0, ⌊nx⌋)dt + a T1 0 k t (x)dt + T2 T1 |n d q ω (n 2 t, 0, ⌊nx⌋) -ak t (x)|dt + n d ∞ T2 q ω (n 2 t, 0, ⌊nx⌋)dt + a ∞ T2 k t (x)dt ≤ C ′ n 2d-1 e -c3n +(1+a) T1 0 c 1 t -d/2 e -c2/t dt +(1+a) ∞ T2 c 1 t -d/2 e -c2/t dt +(T 2 -T 1 )s u p |x|≤2 sup t∈[T1,T2] |n d q ω (n 2 t, 0, ⌊nx⌋) -ak t (x)|. ▲❡t ε>0✳ ❙✐♥❝❡ t → c 1 t -d/2 e -c2/t ✐s ✐♥t❡❣r❛❜•❡ ♦♥ (0, ∞)✱ ✇❡ ❝❛♥ ✜① T 1 ,T 2 > 0 ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ x s✉❝❤ t❤❛t T1 0 c 1 t -d/2 e -c2/t dt + ∞ T2 c 1 t -d/2 e -c2/t dt < ε 2(1 + a) . ❚❤❡♥ sup 1≤|x|≤2 |n d-2 g ω (0, ⌊nx⌋) -ag BM (0,x)|≤(T 2 -T 1 )s u p |x|≤2 sup t∈[T1,T2] |n d q ω (n 2 t, 0, ⌊nx⌋) -ak t (x)| + C ′ n 2d-1 e -c3n + ε 2 , s♦ t❤❛t ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✹✳✶✱ t❤❡r❡ ❡①✐sts N ≥ N 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ x s✉❝❤ t❤❛t ❢♦r n ≥ N ✱ sup 1≤|x|≤2 |n d-2 g ω (0, ⌊nx⌋) -ag BM (0,x)|≤ε, ✇❤✐❝❤ ✐s tr✉❡ P✲❛•♠♦st s✉r❡•②✳ ✷✳✹✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❖◆ Z d ✻✶ |❡♠❛r❦ ✷✳✹✳✷✳ ▲❡t ✉s ✜① ❝♦♥❞✉❝t❛♥❝❡s ω ∈ (R * + ) E d ✳ ❲❡ ❞❡♥♦t❡ ❜② ( Zn ) n∈N t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ (Z t ) t≥0 ✳ ❚❤❡♥✱ ❢♦r x, y ∈ Z d ✱ g ω (x, y)= ∞ 0 P ω x [Z t = y] π ω y dt = 1 π ω y E ω x ∞ 0 1 {Zt=y} dt = 1 π ω y E ω x ∞ n=0 1 { Zn=y} = 1 π ω y ∞ n=0 P ω x [ Zn = y], ✇❤❡r❡ ∞ n=0 P ω x [ Zn = •] ✐s t❤❡ •r❡❡♥ ❦❡r♥❡• ❛ss♦❝✐❛t❡❞ ✇✐t❤ ( Zn ) n∈N ✉♥❞❡r P ω x ✳ ■♥❞❡❡❞✱ s✐♥❝❡ ✉♥❞❡r P ω x t❤❡ ❤♦•❞✐♥❣ t✐♠❡ ♦❢ Z ❛t ❡❛❝❤ ♣♦✐♥t ✐s ❛♥ ❡①♣♦♥❡♥t✐❛• ✈❛r✐❛❜•❡ ♦❢ ♣❛r❛♠❡t❡r 1✱ t❤❡ ❡①♣❡❝t❡❞ t✐♠❡ s♣❡♥t ❜② (Z t ) t≥0 ❛t y ✐s ❡①❛❝t•② t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ✈✐s✐ts ♦❢ y ❜② ( Zn ) n∈N ✳ ✷✳✹✳✸ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ❲❡ r❡t✉r♥ t♦ t❤❡ ❱|❏P ♦♥ Z d ✱ d ≥ 3✱ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ❝♦♥❞✉❝t❛♥❝❡s W •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ ❱|❏P ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✱ ✉♥❞❡r ν W V (dβ)✱ ✇❡ t❤❡♥ ❤❛✈❡ ❛✳s✳ ψ(i) > 0 ❢♦r ❛•• i ∈ V ✳ ▼♦r❡♦✈❡r✱ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ♠♦❞❡• ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s c ψ i,j = W i,j ψ(i)ψ(j) ❞❡✜♥❡s ❛•♠♦st s✉r❡•② ❛ tr❛♥s✐❡♥t r❛♥❞♦♠ ✇❛•❦✳ ❲❡ st✐•• ❞❡♥♦t❡ ❜② Δ ψ t❤❡ ❞✐s❝r❡t❡ ▲❛♣•❛❝✐❛♥✱ ❛♥❞ ❞❡✜♥❡ π ψ i = j∼i c ψ i,j =2β i ψ(i) 2 ✱ ❛s ✇❡•• ❛s g ψ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ •r❡❡♥ ❦❡r♥❡•✿ g ψ (x, y)= ∞ k=0 P ψ x [X k = y]= ψ(j) ψ(i) 2β j Ĝ(i, j). ❲❡ ✇❛♥t t♦ ✐❞❡♥t✐❢② t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ψ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✱ ❜② st✉❞②✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ❛t ✐♥✜♥✐t② ♦❢ t❤❡ ▼❛rt✐♥ ❦❡r♥❡• K ψ ✱ ❞❡✜♥❡❞ ❜② K ψ (x, y)= g ψ (x, y) g ψ (0,y) ❢♦r ❛•• x, y ∈ Z d ✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ✇✐•• ✉s❡ ❚❤❡♦r❡♠ ✷✳✹✳✷✳ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶✳ ❚❤❡r❡ ❡①✐sts W>0 s✉❝❤ t❤❛t ❢♦r W>W ✱ ✉♥❞❡r ν W V (dβ)✱ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ψ ✐s ❛•♠♦st s✉r❡•② tr✐✈✐❛•✳ Pr♦♦❢✳ ◆♦t❡ t❤❛t ✉♥❞❡r ν W V (dβ)✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡s c ψ i,j ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ✇✐t❤ r❡s♣❡❝t t♦ ❛•• ✐s♦♠❡tr✐❡s ♦❢ Z d ✱ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✸ ♦❢ ❬❙)✶✾(✳ ▼♦r❡♦✈❡r✱ ❢♦r W •❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ✐♥t❡❣r❛❜✐•✐t② ❛ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✷ ✇✐•• ❜❡ ✈❡r✐✜❡❞✳ ▲❡♠♠❛ ✷✳✹✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❣r❛♣❤ G =(V = Z d ,E = E d )✱ ✇✐t❤ d ≥ 3✱ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❚❤❡♥ ❢♦r ❛•• p ≥ 1✱ t❤❡r❡ ❡①✐sts W p > 0 s✉❝❤ t❤❛t ❢♦r W>W p ✱ ❢♦r ❛•• i ∼ j✱ ✉♥❞❡r ν W V (dβ) ✇❡ ❤❛✈❡ E[(ψ(i)ψ(j)) p ] < ∞ ❛♥❞ E[(ψ(i)ψ(j)) -p ] < ∞. Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s ❢♦r ▲❡♠♠❛ ✾ ✭✐✮ ✐♥ ❬❙)✶✾(✱ ❛♥❞ ✉s❡s ❚❤❡♦r❡♠ ✶ ♦❢ ❬❉❙)✶✵(✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ❝♦♥tr♦• ♦♥ ♠♦♠❡♥ts ♦❢ ❛r❜✐tr❛r✐•② •❛r❣❡ ♦r❞❡r✳ ▲❡t W t > 0 ❜❡ s✉❝❤ t❤❛t ❢♦r W>W t ✱ t❤❡ ❱|❏P ♦♥ (Z d ,W) ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ W = max(W t ,W d+1 )✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t W>W ✱ s♦ t❤❛t t❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✹✳✶✱ ✉♥❞❡r ν W V (dβ)✱ ❢♦r ❛•• i ∼ j ✇❡ ❤❛✈❡ E[(c ψ i,j ) d+1 ] < ∞ ❛♥❞ E[(c ψ i,j ) -(d+1) ] < ∞, ✻✷ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✹✳✷ ❛♥❞ |❡♠❛r❦s ✷✳✹✳✶ ❛♥❞ ✷✳✹✳✷✱ t❤❡r❡ ❡①✐sts σ 2 > 0 s✉❝❤ t❤❛t ν W V ✲❛•♠♦st s✉r❡•②✱ sup 1≤|z|≤2 |n d-2 (π ψ ⌊nz⌋ ) -1 g ψ (0, ⌊nz⌋) -ag BM (0,z)|----→ n→∞ 0, ✇❤❡r❡ a =1 /E[π ψ 0 ] ❛♥❞ g BM ✐s t❤❡ •r❡❡♥ ❦❡r♥❡• ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① σ 2 I d ✱ ✐✳❡✳ g BM (0,z)= Γ(d/2 -1) 2π d/2 σ 2 |z| 2-d . ❯s✐♥❣ t❤✐s r❡s✉•t✱ ✇❡ ❤❛✈❡ ν W V ✲❛•♠♦st s✉r❡•②✿ g ψ (0,y n ) ∼ n→∞ aπ ψ yn g BM (0,y n )✱ ❢♦r ❛♥② s❡q✉❡♥❝❡ (y n ) n≥1 s✉❝❤ t❤❛t |y n |→∞✳ ■♥❞❡❡❞✱ ❢♦r s✉❝❤ ❛ s❡q✉❡♥❝❡ (y n )✱ •❡t ✉s ❞❡✜♥❡ m n = ⌊|y n |⌋ ❛♥❞ z n = y n /m n ✳ ❚❤❡♥✱ s✐♥❝❡ 1 ≤|z n |≤2 ❢♦r ❛•• n ≥ 1✱✇ ❡❤ ❛ ✈ ❡ g ψ (0,y n ) aπ ψ yn g BM (0,y n ) -1 = (π ψ ⌊mnzn⌋ ) -1 g ψ (0,m n z n ) m 2-d n ag BM (0,z n ) -1 = m d-2 n (π ψ ⌊mnzn⌋ ) -1 g ψ (0, ⌊m n z n ⌋) -ag BM (0,z n ) ag BM (0,z n ) ≤ sup 1≤|z|≤2 |m d-2 n (π ψ ⌊mnz⌋ ) -1 g ψ (0, ⌊m n z⌋) -ag BM (0,z)| a inf 1≤|z|≤2 g BM (0,z) ----→ n→∞ 0 ν W V ✲❛•♠♦st s✉r❡•②✳ ▼♦r❡♦✈❡r✱ ❢♦r x ∈ Z d ✜①❡❞✱ •❡t ψ x ❜❡ t❤❡ tr❛♥s•❛t❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② ψ x (y)=ψ(y -x)✳ ❚❤❡♥ ψ x ❛♥❞ ψ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r ν W V (dβ)✱ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ν W V ✲❛✳s✳✱ ❢♦r ❛•• (y n ) n≥1 s✉❝❤ t❤❛t |y n |→∞✱ g ψ (x, y n )=g ψ x (0,y n -x) ∼ n→∞ aπ ψ yn g BM (0,y n -x), s✐♥❝❡ |y n -x|→∞❛♥❞ π ψ x yn-x = π ψ yn ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② A x t❤❡ ν W V ✲❛•♠♦st s✉r❡ ❡✈❡♥t ✇❤❡r❡ t❤✐s ✐s tr✉❡✳ ❙✐♥❝❡ Z d ✐s ❞❡♥✉♠❡r❛❜•❡✱ x∈Z d A x ✐s st✐•• ν W V ✲❛•♠♦st s✉r❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ν W V ✲❛✳s✳ t❤❛t ❢♦r ❛•• x ∈ Z d ✱ ❢♦r ❛•• (y n ) n≥1 s✉❝❤ t❤❛t |y n |→∞✱ K ψ (x, y n ) ∼ n→∞ aπ ψ yn g BM (0,y n -x) aπ ψ yn g BM (0,y n ) = |y n -x| 2-d |y n | 2-d ----→ n→∞ 1. ❆s ❛ r❡s✉•t✱ ❢r♦♠ |❡♠❛r❦ ✷✳✷✳✷✱ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s ν W V ✲❛✳s✳ tr✐✈✐❛•✳ ▲❡t R(dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛♥ ❡♥✈✐r♦♥♠❡♥t r❡♣r❡s❡♥t✐♥❣ P VRJP(0) ♦♥ Z d ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ✐♥✐t✐❛• ❝♦♥❞✉❝t❛♥❝❡s W>W ✳ ❋♦r r ∈J E V ❛♥❞ γ>0✱ ✇❡ ❞❡✜♥❡ β ❜② β i = r i +1 {i=0} γ✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✳✸✱ ✉♥❞❡r R(dr, dγ) ✇❡ t❤❡♥ ❤❛✈❡ β ∼ ν W V ✳ ❲❡ ❞❡✜♥❡ Ĝ ❛♥❞ ψ ❛s ❢✉♥❝t✐♦♥s ♦❢ β✱ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✷✱ ❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡ r i,j = W i,j 2 
G(0,j) G(0,i) , ✇❤❡r❡ G(0,i)= Ĝ(0,i)+h(i) ❢♦r ❛•• i ∈ Z d ✱ ✇✐t❤ h ❛ H β ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ W ✐s •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t ✉♥❞❡r ν W V (dβ)✱ ψ(i) > 0 ❢♦r ❛•• i ∈ Z d ❛•♠♦st s✉r❡•②✱ t❤❡ ♦♣❡r❛t♦r Δ ψ ✐s ✇❡••✲❞❡✜♥❡❞✱ ❛♥❞ h/ψ ✐s Δ ψ ✲❤❛r♠♦♥✐❝✳ ❍♦✇❡✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s ν W V ✲❛✳s✳ tr✐✈✐❛•✱ t❤❡r❡❢♦r❡ ♣♦s✐t✐✈❡ Δ ψ ✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❛•♠♦st s✉r❡•② ❝♦♥st❛♥t✳ ❆s ❛ r❡s✉•t✱ t❤❡r❡ ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ g s✉❝❤ t❤❛t ❢♦r ❛•• i ∈ Z d ✱✇ ❡❤ ❛ ✈ ❡R✲❛✳s✳ G(0,i)= Ĝ(0,i)+gψ(i). ✷✳✺✳ ❚❍❊ P❖❚❊◆❚■❆▲ β (n) m ❖◆ ❚|❊❊❙ ✻✸ ■♥ ♣❛rt✐❝✉•❛r✱ g =(G(0, 0) -Ĝ(0, 0))/ψ(0)✱s♦g ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ (β, 1 2G(0,0) )✱ ❛♥❞ t❤❡r❡✲ ❢♦r❡ ❤❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ((r i ) i∈Z d ,γ)✳ ❙✐♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✱ ✉♥❞❡r R(dr, dγ) t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ((r i ) i∈Z d ,γ) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦s❡♥ r❡♣r❡s❡♥t❛t✐♦♥ R✱ t❤✐s s❤♦✇s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ •✉♠♣ r❛t❡s r i,j = Wi,j 2 G(0,j) G(0,i) ✐s ✉♥✐q✉❡•② ❞❡t❡r♠✐♥❡❞✱ ✐✳❡✳ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✉♥✐q✉❡✳ |❡♠❛r❦ ✷✳✹✳✸✳ ◆♦t❡ t❤❛t ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ g ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤✐s s❤♦✇s t❤❛t ✉♥❞❡r R(dr),dγ✱ ✇❡ ❤❛✈❡ g = ψ(0)/2γ ′ ✱ ✇❤❡r❡ γ ′ ✐s ❛ •❛♠♠❛(1/2, 1) r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ (β i ) i∈Z d ✳ ✷✳✺ ❚❤❡ ♣♦t❡♥t✐❛• β (n) m ♦♥ tr❡❡s ▲❡t T ❜❡ ❛♥ ✐♥✜♥✐t❡ tr❡❡✱ t❤❛t ✐s •♦❝❛••② ✜♥✐t❡✳ ❲❡ st✐•• ✜① ❛♥ ❛r❜✐tr❛r② r♦♦t φ✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛ β ✜❡•❞ ♦♥ t❤❡ r❡str✐❝t✐♦♥s ♦❢ T ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳✸✳✷✳ ❚❤✐s ✇❛②✱ ✇❡ ❝❛♥ ❛♣♣•② ❚❤❡♦r❡♠ ✷✳✶✳✶ t♦ t❤❡s❡ ✜♥✐t❡ r❡str✐❝t✐♦♥s✳ ✷✳✺✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ β (n) m ♦♥ G (n) ( W (n) m ) σ (2β (n) m ) σ . ❚❤✐s s✉♠ ♦✈❡r ♣❛t❤s ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s ❢♦••♦✇s✿ ❛ ♣❛t❤ σ ∈P T (n) m i,j ❝❛♥ ❡✐t❤❡r ❝r♦ss s♦♠❡ ✈❡rt❡① ✐♥ B m ✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ σ ∈P T (n) m i,Bm,j ✱ ♦r ♥❡✈❡r ❝r♦ss ❛♥② ✈❡rt❡① ✐♥ B m ✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ σ ∈P T (n) i,j ✳ ❆s ❛ r❡s✉•t✱ ✇❡ ❤❛✈❡ P T (n) m i,j = P T (n) i,j ∪P T (n) m i,Bm,j ✱ ✇❤❡r❡ P T (n) i,j ∩P T (n) i,B,j = ∅✱s ♦ G (n) m (i, j)= σ∈P T (n) i,j ( W (n) m ) σ (2β (n) m ) σ + σ∈P T (n) m i,Bm,j ( W (n) m ) σ (2β (n) m ) σ = σ∈P T (n) i,j ( W (n) m ) σ (2β (n) m ) σ + b,b ′ ∈Bm ⎛ ⎜ ⎝ σ∈P T (n) i,b ( W (n) m ) σ (2β (n) m ) - σ ⎞ ⎟ ⎠ G (n) m (b, b ′ ) ⎛ ⎜ ⎝ σ∈P T (n) j,b ′ ( W (n) m ) σ (2β (n) m ) - σ ⎞ ⎟ ⎠ , ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ◆♦t❡ t❤❛t ❢♦r ❛♥② σ ∈P T (n) i,j ✱ ( W (n) m )σ (2β (n) m )σ = Wσ (2β)σ ✱ s✐♥❝❡ ( W (n) m ) T (n) ,T (n) = W T (n) ,T (n) ❛♥❞ (β (n) m ) T (n) = β T (n) ✳ ❆s ❛ r❡s✉•t✱ σ∈P T (n) i,j ( W (n) m ) σ (2β (n) m ) σ = σ∈P T (n) i,j W σ (2β) σ = Ĝ(n) (i, j). ✷✳✻✳ ❈❖◆❱❊|•❊◆❈❊ ❖❋ G (n) m ✻✺ ▼♦r❡♦✈❡r✱ ♥♦t❡ t❤❛t ❢♦r x ∈ D (m) ❛♥❞ y ∈ T (n) ✱ σ∈P T (n) y,δx ( W (n) m ) σ (2β (n) m ) - σ = z∼δx ⎛ ⎜ ⎝ σ1∈P T (n) y,z ( W (n) m ) σ1 (2β (n) m ) σ1 ⎞ ⎟ ⎠ ( W (n) m ) z,δx = z∈Tx∩D (n) Ĝ(n) (y, z) z ′ ∈S(z) W z,z ′ = Ĝ(n) (y, •)W T (n) ,(T (n) ) c 1 Tx\T (n) x = χ (n) m (y, δ x ), ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✸✳ ❆s ❛ r❡s✉•t✱ ✇❡ ❤❛✈❡ G (n) m (i, j)= Ĝ(n) (i, j)+ b,b ′ ∈Bm χ (n) m (i, b)G (n) m (b, b ′ )χ (n) m (j, b ′ ). ❲❡ ✇✐•• s❤♦✇ t❤❛t ✉♥❞❡r ν W T (dβ)✱ t❤✐s ❡①♣r❡ss✐♦♥ ❝♦♥✈❡r❣❡s ❛•♠♦st s✉r❡•② ✇❤❡♥ n →∞✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✮✱ ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t Ĝ(n) (i, j) ❝♦♥✈❡r❣❡s t♦ Ĝ(i, j)✱ •❡t ✉s ♥♦✇ st✉❞② t❤❡ r❡s♣❡❝t✐✈❡ •✐♠✐ts ♦❢ χ (n) m ❛♥❞ (G (n) m ) Bm,Bm ✳ ✷✳✻ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ G (n) m ❚❤❡ ❣♦❛• ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ χ (n) m ❛♥❞ (G (n) m ) Bm,Bm ✳ ❲❡ ✇✐•• ✜rst ❞❡s❝r✐❜❡ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✱ ❛♥❞ t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s (μ ψ i ) i∈T ✳ ✷✳✻✳✶ Pr♦❝❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ❛♥❞ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❋✐rst✱ ♥♦t❡ t❤❛t ❢♦r β ∈D W T ✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r ψ(i) > 0 ❢♦r ❛•• i ∈ T ✱♦ rψ ≡ 0✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❝❛♥ ❞♦ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✿ t❤❡ r❛♥❞♦♠ ✇❛•❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥❞✉❝t❛♥❝❡s (c ψ i,j ) i∼j ✐s tr❛♥s✐❡♥t ❢♦r ν W T ✲❛•♠♦st ❛•• β✱ s✐♥❝❡ t❤❡ ❛ss♦❝✐❛t❡❞ •r❡❡♥ ❢✉♥❝t✐♦♥ g = g ψ ✐s ❣✐✈❡♥ ❜② g ψ (i, j)= ψ(j) ψ(i) 2β j Ĝ(i, j), ❢♦r i, j ∈ T ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ▼❛r❦♦✈ ♦♣❡r❛t♦r Δ ψ ❜② (Δ ψ h)(i)= ⎛ ⎝ j∼i W i,j ψ(j) 2β i ψ(i) h(j) ⎞ ⎠ -h(i)=0 ❢♦r h : T → R ❛♥❞ i ∈ T ✱ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ h ✐s Δ ψ ✲❤❛r♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥•② ✐❢ ψh ✐s H β ✲❤❛r♠♦♥✐❝✳ ▲❡t ✉s ✜① β ∈D W T s✉❝❤ t❤❛t ψ(i) > 0 ❢♦r ❛•• i ∈ T ✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ r❛♥❞♦♠ ✇❛•❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (c ψ i,j ) i∼j ✐s tr❛♥s✐❡♥t✳ ❚❤✐s ❛••♦✇s ✉s t♦ ❛♣♣•② r❡s✉•ts r❡❣❛r❞✐♥❣ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ♦❢ ❛ tr❡❡✳ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② M ψ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Δ ψ ✐s t❤❡ s❡t Ω ♦❢ ❡♥❞s ♦❢ T ✳ ◆♦t❡ t❤❛t ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ β✳ ❲❡ ❛•s♦ ❣❡t t❤❡ ▼❛rt✐♥ ❦❡r♥❡• K = K ψ ✿ ❢♦r x ∈ T ❛♥❞ ω ∈ Ω✱ K(x, ω)=K(x, x ∧ ω)= f (x, x ∧ ω) f (φ, x ∧ ω) = ψ(φ) F (x, x ∧ ω) ψ(x) F (φ, x ∧ ω) , ✇❤❡r❡ f (i, j)= g(i,j) g(j,j) = ψ(j) ψ(i) F (i, j) ❢♦r i, j ∈ T ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡ ❜② (μ ψ i ) i∈T t❤❡ ❛ss♦❝✐❛t❡❞ ❢❛♠✐•② ♦❢ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ♦♥ Ω✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺✱ ✇❡ ❤❛✈❡✱ ❢♦r i, x ∈ T ✱ μ ψ i (Ω x )=1 {i∈Ux} (1 -f (i, x)) + f (i, x) 1 -f (x, x) 1 -f (x, x)f ( x, x) . ✻✻ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ♦♥•② ❞❡✜♥❡❞ (μ ψ y ) y∈T ❢♦r β ∈D W T s✉❝❤ t❤❛t ψ>0 ❛♥❞ t❤❡ ✇❛•❦ ✐♥ ❝♦♥❞✉❝t❛♥❝❡s c ψ ✐s tr❛♥s✐❡♥t✳ ■♥ r❡♠❛✐♥✐♥❣ ❝❛s❡s✱ ✇❡ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t μ ψ y ✐s t❤❡ ♥✉•• ♠❡❛s✉r❡ ♦♥ Ω ❢♦r ❛•• y ∈ T ✳ ✷✳✻✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ χ (n) m ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✮ ❋r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✷✱ ✇❡ ❦♥♦✇ t❤❛t ν W T ✲❛•♠♦st s✉r❡•②✱ ❢♦r ❛•• i, j ∈ T ✱ Ĝ(n) (i, j) ❝♦♥✈❡r❣❡s t♦ Ĝ(i, j) ❛♥❞ ψ (n) (i) ❝♦♥✈❡r❣❡s t♦ ψ(i)✳ ▲❡t β ∈D W T ❜❡ s✉❝❤ t❤❛t t❤❡s❡ ❝♦♥✈❡r❣❡♥❝❡s ❤♦•❞✳ ▲❡t ✉s s❤♦✇ t❤❛t ❢♦r s✉❝❤ β✱ ❢♦r ❛•• m ∈ N✱ x ∈ D (m) ❛♥❞ ❢♦r ❛•• i ∈ T ✱ χ (n) m (i, δ x ) ❝♦♥✈❡r❣❡s t♦ ψ(i)μ ψ i (Ω x )✱ ❛♥❞ ✇❡ ✇✐•• ❤❛✈❡ s❤♦✇♥ t❤❛t t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❤♦•❞s ν W T ✲❛•♠♦st s✉r❡•②✳ ■❢ β ✐s s✉❝❤ t❤❛t ψ ≡ 0✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛•• i ∈ T ✱ x ∈ D (m) ✱ 0 ≤ χ (n) m (i, δ x ) ≤ ψ (n) (i) ❢r♦♠ |❡♠❛r❦ ✷✳✶✳✷✱ s♦ χ (n) m (i, δ x ) ----→ n→∞ 0=ψ(i)μ ψ i (Ω x )✳ ❲❡ ♥♦✇ s✉♣♣♦s❡ t❤❛t β ✐s s✉❝❤ t❤❛t ψ(i) > 0 ❢♦r ❛•• i ∈ T ✳ ▲❡t ✉s ✜① i ∈ T ❛♥❞ x ∈ D (m) ✳ |❡❝❛•• t❤❛t ❢♦r n ≥ max(|i|,m)✱ χ (n) m (i, δ x )= y∈Tx∩D (n) Ĝ(n) (i, y)η (n) y = y∈Tx∩D (n) ⎛ ⎜ ⎝ σ∈P T (n) i,y W σ (2β) σ ⎞ ⎟ ⎠ η (n) y . ▲❡t ✉s ❞❡❝♦♠♣♦s❡ t❤❡ ♣❛t❤s σ ∈P T (n) i,y ✱ ✐♥ ♦r❞❡r t♦ ✇r✐t❡ χ (n) m (i, δ x ) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ F (n) ❛♥❞ ψ (n) ✳❲ ❡ ✇✐•• ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳ ❋✐rst✱ ✐❢ i/ ∈ U x = T x \{x}✱ t❤❡♥ ❢♦r ❛•• y ∈ T x ∩ D (n) ✱ ❛♥② ♣❛t❤ ❢r♦♠ i t♦ y ✐♥ T (n) ♥❡❝❡ss❛r✐•② ✈✐s✐ts x✱ ✐✳❡✳ P T (n) i,y = P T (n) i,{x},y ✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸ ✭✐✐✐✮✱ Ĝ(n) (i, y)= F (n) (i, x) Ĝ(n) (x, y)✳ ■♥ ♦r❞❡r t♦ ❞❡❝♦♠♣♦s❡ Ĝ(n) (x, y)✱ •❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ q✉❛♥t✐t② c x (σ)✱ ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❡ ♣❛t❤ σ ❝r♦ss❡s t❤❡ ❞✐r❡❝t❡❞ ❡❞❣❡ (x, x)✱ ✐✳❡✳ c x (σ)=#{k ∈ 0, |σ|-1 , (σ k ,σ k+1 )=(x, x)}. ❚❤❡♥ ✇❡ ❤❛✈❡ Ĝ(n) (x, y)= C∈N σ∈P T (n) x,y cx(σ)=C W σ (2β) σ . ■❢ σ ∈P T (n) x,y ✐s s✉❝❤ t❤❛t c x (σ)=C ≥ 1✱ t❤❡♥ ✐t ❤❛s t♦ ✈✐s✐t x ❛t •❡❛st ♦♥❝❡✳ ❆s ❛ r❡s✉•t✱ σ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❛ ♣❛t❤ σ 1 ∈ P T (n) \{ x} x, x ✇✐t❤ ❛ ♣❛t❤ σ ′ 1 ∈P T (n) x,y s✉❝❤ t❤❛t c x (σ ′ 1 )=C -1✳ ❙✐♥❝❡ x/ ∈ U x ✱ t❤❡ ♣❛t❤ σ ′ 1 ❤❛s t♦ ✈✐s✐t x✱ s♦ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❛ ♣❛t❤ σ 2 ∈ P T (n) \{x} x,x ✇✐t❤ ❛ ♣❛t❤ σ 3 ∈P T (n) x,y s✉❝❤ t❤❛t c x (σ 3 )=C -1✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛•• C ≥ 1✱ σ∈P T (n) x,y cx(σ)=C W σ (2β) σ = ⎛ ⎜ ⎜ ⎝ σ1∈P T (n) \{ x} x, x W σ1 (2β) σ1 ⎞ ⎟ ⎟ ⎠ ⎛ ⎜ ⎜ ⎝ σ2∈P T (n) \{x} x,x W σ2 (2β) σ2 ⎞ ⎟ ⎟ ⎠ ⎛ ⎜ ⎜ ⎜ ⎜ ⎝ σ3∈P T (n) x,y cx(σ3)=C-1 W σ3 (2β) σ3 ⎞ ⎟ ⎟ ⎟ ⎟ ⎠ = F (n) (x, x) F (n) ( x, x) σ∈P T (n) x,y cx(σ)=C-1 W σ (2β) σ . ✷✳✻✳ ❈❖◆❱❊|•❊◆❈❊ ❖❋ G (n) m ✻✼ ▼♦r❡♦✈❡r✱ ♥♦t❡ t❤❛t t❤❡ ♣❛t❤s σ ∈P T (n) x,y s✉❝❤ t❤❛t c x (σ)=0❛r❡ t❤♦s❡ t❤❛t st❛② ✐♥ t❤❡ s✉❜tr❡❡ T (n) x ✱ ✐✳❡✳ t❤❡ s❡t P T (n) x x,y ✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❣❡t✿ Ĝ(n) (x, y)= C∈N F (n) (x, x) F (n) ( x, x) C σ∈P T (n) x x,y W σ (2β) σ . ❙✐♥❝❡ Ĝ(n) (x, y) < ∞✱ ✇❡ ❤❛✈❡ F (n) (x, x) F (n) ( x, x) < 1✱ ✇❤✐❝❤ ❣✐✈❡s χ (n) m (i, δ x )= y∈Tx∩D (n) F (n) (i, x) Ĝ(n) (x, y)η (n) y = F (n) (i, x) 1 1 -F (n) (x, x) F (n) ( x, x) y∈Tx∩D (n) ⎛ ⎜ ⎝ σ∈P T (n) x x,y W σ (2β) σ ⎞ ⎟ ⎠ η (n) y . ■♥ ♦r❞❡r t♦ ❡①♣r❡ss t❤✐s •❛st s✉♠✱ r❡❝❛•• t❤❛t ψ (n) (x)= y∈D (n) Ĝ(n) (x, y)η (n) y = y∈D (n) ⎛ ⎜ ⎝ σ∈P T (n) x,{ x},y W σ (2β) σ + σ∈P T (n) x x,y W σ (2β) σ ⎞ ⎟ ⎠ η (n) y , ✇❤❡r❡ ✇❡ ❤❛✈❡ s❡♣❛r❛t❡❞ t❤❡ ♣❛t❤s t❤❛t ❣♦ ❢r♦♠ x t♦ y ❜② ✈✐s✐t✐♥❣ x✱ ❛♥❞ t❤♦s❡ t❤❛t st❛② ✐♥ T (n)
x ✱ s✐♥❝❡ P T (n) x,y = P T (n)

x,{ x},y ∪P

T (n) x x,y ✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡ σ∈P T (n) x,{ x},y W σ (2β) σ = F (n) (x, x) Ĝ(n) ( x, y). ▼♦r❡♦✈❡r✱ ✐❢ y ∈ D (n) \T x ✱ t❤❡♥ P T (n) x
x,y ✐s ❡♠♣t②✳ ❆s ❛ r❡s✉•t✱ ✇❡ ❣❡t

y∈Tx∩D (n) ⎛ ⎜ ⎝ σ∈P T (n) x x,y W σ (2β) σ ⎞ ⎟ ⎠ η (n) y = ψ (n) (x) -F (n) (x, x)ψ (n) ( x), ✇❤✐❝❤ ✜♥❛••② ❣✐✈❡s χ (n) m (i, δ x )= F (n) (i, x) ψ (n) (x) -F (n) (x, x)ψ (n) ( x) 1 -F (n) (x, x) F (n) ( x, x) . ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✐✳❡✳ ✐❢ i ∈ U x ✱ t❤❡♥ ❢♦r y ∈ T x ∩D (n) ✱ t❤❡r❡ ❛r❡ ♣❛t❤s ❢r♦♠ i t♦ y ✐♥ T (n) t❤❛t ❞♦ ♥♦t ✈✐s✐t x✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ♣❛rt✐t✐♦♥✿ P T (n) i,y = P T (n) i,{x},y ∪P U (n) x i,y ✱ ✇❤❡r❡ U (n) x = U x ∩ T (n) ✳ ❆s ❛ r❡s✉•t✱ ✇❡ ❤❛✈❡ χ (n) m (i, δ x )= F (n) (i, x) ψ (n) (x) -F (n) (x, x)ψ (n) ( x) 1 -F (n) (x, x) F (n) ( x, x) + y∈Tx∩D (n) ⎛ ⎜ ⎜ ⎝ σ∈∪P U (n) x i,y W σ (2β) σ ⎞ ⎟ ⎟ ⎠ η (n) y . ✻✽ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❞✐❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t y∈Tx∩D (n) ⎛ ⎜ ⎜ ⎝ σ∈∪P U (n) x i,y W σ (2β) σ ⎞ ⎟ ⎟ ⎠ η (n) y = ψ (n) (i) -F (n) (i, x)ψ (n) (x). ■♥ ❝♦♥❝•✉s✐♦♥✱ ✇❡ ❤❛✈❡ ❡st❛❜•✐s❤❡❞ t❤❡ ❢♦••♦✇✐♥❣✿ χ (n) m (i, δ x )=1 {i∈Ux} (ψ (n) (i) -F (n) (i, x)ψ (n) (x)) + F (n) (i, x) ψ (n) (x) -F (n) (x, x)ψ (n) ( x) 1 -F (n) (x, x) F (n) ( x, x) = ψ (n) (i) 1 {i∈Ux} (1 -f (n) (i, x)) + f (n) (i, x) 1 -f (n) (x, x) 1 -f (n) (x, x)f (n) ( x, x) , ✇❤❡r❡ f (n) (i, j)= ψ (n) (j) ψ (n) (i) F (n) (i, j) ----→ n→∞ ψ(j) ψ(i) F (i, j)=f (i, j) ❢♦r ❛•• i, j ∈ T ✳ ❆s ❛ r❡s✉•t✱ ✇❡ ✜♥❛••② ❤❛✈❡ χ (n) m (i, δ x ) ----→ n→∞ ψ(i) 1 {i∈Ux} (1 -f (i, x)) + f (i, x) 1 -f (x, x) 1 -f (x, x)f ( x, x) = ψ(i)μ ψ i (Ω x ). ❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡✱ ❢♦r ❛•• i ∈ T ✱ t❤❡ ♠❡❛s✉r❡ χ(i, •)=ψ(i)μ ψ i ✳ ◆♦t❡ t❤❛t χ(i, •) ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ χ(φ, •)✱ ❛♥❞ ✐ts |❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ✐s ω → F (i,i∧ω) F (φ,i∧ω) ✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛•• A ∈B(Ω)✱ i → μ ψ i (A) ✐s Δ ψ ✲❤❛r♠♦♥✐❝✱ s♦ χ(•,A):i → ψ(i)μ ψ i (A) ✐s H β ✲❤❛r♠♦♥✐❝✳ ✷✳✻✳✸ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ (G (n) m ) Bm,Bm ▲❡t ✉s s❤♦✇ t❤❛t ✉♥❞❡r ν W T (dβ)ν W (n) m Bm (dβ ′ )✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (G (n) m ) Bm,Bm ❝♦♥✈❡r❣❡s ✇❡❛❦•② ✇❤❡♥ n →∞✳ ❲❡ ❝❛♥ ✇r✐t❡ (G (n) m ) Bm,Bm ❛s t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ ❙❝❤✉r ❝♦♠♣•❡♠❡♥t✳ ■♥❞❡❡❞✱ (G (n) m ) Bm,Bm =(H (n) β ) -1 Bm,Bm = (H (n) β ) Bm,Bm -( W (n) m ) Bm,T (n) ((H (n) β ) T (n) ,T (n) ) -1 ( W (n) m ) T (n) ,Bm -1 = (2β (n) m ) Bm -W (n) m -1 =( Ȟ(n) β ) -1 , ✇❤❡r❡ Ȟ(n) β =2 ( β (n) m ) Bm - W (n) m ✳ ❲❡ ❛♣♣•② t❤❡ ❢♦••♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜•❡s✿ ❢♦r β ∈D W T ✱ β ′ ∈D W (n) m Bm ❛♥❞ b ∈ B m ✱ •❡t ✉s ❞❡✜♥❡ (ρ (n) m ) b =(β (n) m ) b -1 2 ( W (n) m ) b,b ✳ ❚❤❡♥ Ȟ(n) β =2ρ (n) m - Č(n) m ✱ ✇❤❡r❡ ✐❢ b, b ′ ∈ B m ✱ ( Č(n) m ) b,b ′ = ( W (n) m ) b,b ′ ✐❢ b = b ′ 0 ✐❢ b = b ′ . ❯♥❞❡r ν W T (dβ)ν W (n) m Bm (dβ ′ )✱ t❤❡ ✈❡❝t♦r ρ (n) m ✐s t❤❡♥ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν Č(n) m Bm ❝♦♥❞✐t✐♦♥❛••② ♦♥ β T ✳ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ♠❛tr✐① Č(n) m ❝♦♥✈❡r❣❡s ν W T ✲❛•♠♦st s✉r❡•②✱ t♦ ♣r♦✈❡ t❤❛t ρ (n) m ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥✳ ✷✳✼✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❖◆ ■◆❋■◆■❚❊ ❚|❊❊❙ ✻✾ ▲❡t ✉s ✜① β ∈D W T ✱ ❛s ✇❡•• ❛s x = y ∈ D (m) ✱ ❛♥❞ i ∼ δ x ✱ j ∼ δ y ✳ ❆ ♣❛t❤ ❢r♦♠ i t♦ j ✐♥ T (n) ♥❡❝❡ss❛r✐•② ❝r♦ss❡s x ∧ y✱ s✐♥❝❡ i ∈ T x ❛♥❞ j ∈ T y ✳ ❚❤❡r❡❢♦r❡✱ P T (n) i,j = P T (n) i,{x∧y},j ✱s ♦ ( Č(n) m ) δx,δy = i∼δx,j∼δy ( W (n) m ) δx,i Ĝ(n) (i, j)( W (n) m ) j,δy = i∼δx,j∼δy ( W (n) m ) δx,i ⎛ ⎜ ⎝ σ∈P T (n) i,{x∧y},j W σ (2β) σ ⎞ ⎟ ⎠ ( W (n) m ) j,δy = i∼δx,j∼δy ( W (n) m ) δx,i F (n) (i, x ∧ y)( W (n) m ) δy,j F (n) (j, x ∧ y) Ĝ(n) (x ∧ y, x ∧ y) = 1 Ĝ(n) (x ∧ y, x ∧ y) i∼δx ( W (n) m ) δx,i Ĝ(n) (i, x ∧ y) ⎛ ⎝ j∼δy ( W (n) m ) δy,j Ĝ(n) (j, x ∧ y) ⎞ ⎠ = χ (n) (x ∧ y, δ x )χ (n) (x ∧ y, δ y ) Ĝ(n) (x ∧ y, x ∧ y) , ❛♥❞ ( Č(n) m ) δx,δx =0 ✳ ❙✐♥❝❡ χ (n) ❝♦♥✈❡r❣❡s ν W T ✲❛•♠♦st s✉r❡•②✱ t❤❡ ♠❛tr✐① Č(n) m ❛•s♦ ❝♦♥✈❡r❣❡s t♦ ❛ ♠❛tr✐① Čm ✱ ✇❤❡r❡ ❢♦r x, x ′ ∈ D (m) ✱ ( Čm ) δx,δ x ′ = χ(x∧y,Ωx)χ(x∧y,Ω x ′ ) Ĝ(x∧y,x∧y) ✐❢ x = x ′ 0 ✐❢ x = x ′ . ❯♥❞❡r ν W T (dβ)ν W (n) m Bm (dβ ′ )✱ ❛♥❞ ❝♦♥❞✐t✐♦♥❛••② ♦♥ β T ✱ ρ (n) m ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν Č(n) m Bm ✱ ✇❤✐❝❤ ν W T ✲ ❛•♠♦st s✉r❡•② ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ ν Čm Bm ❜② ▲é✈②✬s t❤❡♦r❡♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (G (n) m ) Bm,Bm =( 2 ρ (n) m - Č(n) m ) -1 ✉♥❞❡r ν W T (dβ)ν W (n) m Bm (dβ ′ ) ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Ǧm := (2ρ m -Čm ) -1 ✉♥❞❡r ν W T (dβ)ν Čm Bm (dρ m )=:ν W T,Bm (dβ, dρ m )✳ ✷✳✼ |❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ♦♥ ✐♥✜♥✐t❡ tr❡❡s ✷✳✼✳✶ |❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P ✉s✐♥❣ G m ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✐✮ |❡❝❛•• t❤❛t ❢♦r 0 ≤ m ≤ n ❛♥❞ i, j ∈ T (n) ✱ G (n) m (i, j)= Ĝ(n) (i, j)+ b,b ′ ∈Bm χ (n) m (i, b)G (n) m (b, b ′ )χ (n) m (j, b ′ ), ✇❤❡r❡ ✉♥❞❡r ν W T (dβ)ν W (n) m Bm (dβ ′ )✱ G (n) m =(2β (n) m - W (n) m ) -1 ♣r♦✈✐❞❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ❱|❏P ♦♥ G (n) m ✱ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✇❤❡♥ n →∞✱ χ (n) m ❝♦♥✈❡r❣❡s ❛•♠♦st s✉r❡•②✱ ❛♥❞ ( Ǧ(n) m ) Bm,Bm ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥✳ ❆s ❛ r❡s✉•t ❢♦r ❛•• i, j ∈ T ✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ G (n) m (i, j) ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ G m (i, j) ✉♥❞❡r ν W T,Bm (dβ, dρ m )✱ ✇❤❡r❡ G m (i, j)= Ĝ(i, j)+ x,x ′ ∈D (m) χ(i, Ω x )χ(j, Ω y ) Ǧm (δ x ,δ y ). ✼✵ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ G m (i, j) ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛♥ ✐♥t❡❣r❛• ♦♥ Ω 2 ✳ ■♥❞❡❡❞✱ •❡t ✉s ❞❡✜♥❡ ǧm :Ω 2 → R ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿ ❢♦r ω, τ ∈ Ω✱✐ ❢x, y ∈ D (m) ❛r❡ s✉❝❤ t❤❛t ω ∈ Ω x ❛♥❞ τ ∈ Ω y ✱ ✇❡ s❡t ǧm (ω, τ)= Ǧm (δ x ,δ y )✳ ❲✐t❤ t❤❡s❡ ♥❡✇ ♥♦t❛t✐♦♥s✱ ✇❡ ❝❛♥ ♥♦✇ ✇r✐t❡✱ ❢♦r i, j ∈ T ✱ G m (i, j)= Ĝ(i, j)+χ m (i, •) Ǧm t (χ m (j, •)) = Ĝ(i, j)+ Ω 2 χ(i, dω)χ(j, dτ )ǧ m (ω, τ). ❋♦r β ∈D W T ✱ ρ m ∈D Čm Bm ✱ ❛♥❞ ❛•• i 0 ,i,j ∈ T ✱ ✇❡ ❞❡♥♦t❡ r β,ρm,i0 i,j = Wi,j 2 
Gm(i0,j)

Gm(i0,i) ✳ ❚♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✐✮✱ ✇❡ ❤❛✈❡ t♦ s❡❡ t❤❛t t❤❡ ♣r♦❝❡ss ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P VRJP(i0) ✐s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❲❡ ✜rst ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤✐s t✐♠❡ ❝❤❛♥❣❡ ❣♦❡s t♦ ✐♥✜♥✐t②✳ ▲❡♠♠❛ ✸✳✶✳✶✳ ▲❡t i ∈ V ❜❡ ✜①❡❞✳ ❚❤❡♥ ✭✐✐✮ η(u) = T (u) -1 (H (u) ) -1 η ✭✐✐✐✮ η(u) , ( H(u) ) -1 η(u) = η, H -1 β ηη, (H (u) ) -1 η . ❯s✐♥❣ ▲❡♠♠❛ ✸✳✸✳✷ ✭✐✮✱ ✇❡ ❣❡t t❤❛t ❢♦r u ≥ 0✱ 

P β,ρm,i0 i0 ✉♥❞❡r ν W T,Bm (dβ, dρ m )✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ t❤❛♥ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✷ ✭✐✐✐✮ ✭s❡❡ ❬❙)✶✾(✮✳ ■t ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ tr❛•❡❝t♦r✐❡s ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P✱ st♦♣♣❡❞ ✇❤❡♥ t❤❡② •❡❛✈❡ ❛ ✜♥✐t❡ s✉❜❣r❛♣❤ ✐♥❝•✉❞❡❞ ✐♥ T (n) ✳ ❚❤❡② ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s tr❛•❡❝t♦r✐❡s ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❱|❏P ♦♥ G (n) m ✱ ❛♥❞ r❡♣r❡✲ s❡♥t❡❞ ✉s✐♥❣ G (n) m t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ❚❛❦✐♥❣ t❤❡ •✐♠✐t ✐♥ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ n →∞t❤❡♥ ❣✐✈❡s t❤❡ r❡s✉•t✳ ◆♦t❡ t❤❛t t❤❡ ♣r♦♦❢ ♥❡❡❞s ❛♥ ❛r❣✉♠❡♥t ♦❢ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐•✐t② ♦♥ t❤❡ ❢❛♠✐•② G (n) m (i0,j) G (n) m (i0,i) n≥m ❢♦r ❛•• i, j ∈ T ✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✼ ❛♥❞ ❈♦r♦••❛r② ✷ ❢r♦♠ ❬❙)✶✾(✳ ✷✳✼✳✷ ❈♦♥✈❡r❣❡♥❝❡ t♦ ❛♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✭✐✐✐✮ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❱|❏P ❜✉✐•t ✇✐t❤ G m ❝♦♥✈❡r❣❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ m →∞ t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✺✳ ❚♦ s❤♦✇ t❤✐s✱ ✇❡ ✉s❡ ❛ t✐❣❤t♥❡ss ❛r❣✉♠❡♥t✱ ❜❛s❡❞ ♦♥ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ r❡❣❛r❞✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W V ✳ ▲❡♠♠❛ ✷✳✼✳✶✳ ▲❡t G =(V, E) ❜❡ ❛ ✜♥✐t❡ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s W ✳ ❲❡ ❞❡♥♦t❡ G =(H β ) -1 ❢♦r β ∈D W V ✳ ❚❤❡♥ ❢♦r ❛•• η ∈ R V + ✱✉♥❞❡rν W V (dβ)✱ η, Gη ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s η,1 2 2γ ✱ ✇❤❡r❡ γ ✐s ❛ •❛♠♠❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r (1/2, 1)✳ Pr♦♦❢✳ ▲❡t η ∈ R V + ❜❡ ✜①❡❞✳ ❲❡ ✇✐•• ❝♦♠♣✉t❡ t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ η, Gη ✿ ❢♦r λ ∈ R + ✱ E e -λ η,Gη = e -λ η,(H β ) -1 η ν W V (dβ) = e - √ 2λ η,1 e -1 2 √ 2λη,(H β ) -1 √ 2λη e √ 2λη,1 ν W V (dβ) = e - √ 2λ η,1 ν W, √ 2λη V (dβ)=e - √ 2λ η,1 , s✐♥❝❡ ν W, √ 2λη V ✐s ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡✳ ▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡✱ ❢♦r γ ∼ •❛♠♠❛(1/2, 1)✱ t❤❡ ▲❛♣•❛❝❡ tr❛♥s❢♦r♠ ♦❢ 1 2γ ✿ ❢♦r λ ∈ R + ✱ E e -λ 2γ = 1 u>0 e -u √ πu e -λ 2u du = v>0 1 √ 2πv 3 e -1 2 ( 1 v +2λv) dv = e - √ 2λ v>0 1 √ 2πv 3 e -2λ 2v (v-1 √ 2λ ) 2 dv, ❜② t❛❦✐♥❣ v =1 /2u✳ ❙✐♥❝❡ 1 v>0 1 √ 2πv 3 e -2λ 2v (v-1 √ 2λ ) 2 dv ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❛♥ ■♥✈❡rs❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r (1, 1/ √ 2λ)✱ ✇❡ ✜♥❛••② ❣❡t E[e -λ 2γ ]=e - √ 2λ ✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛•• λ ≥ 0✱ E e -λ η,Gη = e - √ 2λ η,1 2 = E e -λ η,1 2 2γ , ✇❤✐❝❤ ♣r♦✈❡s t❤❡ r❡s✉•t✳ ✷✳✼✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❖◆ ■◆❋■◆■❚❊ ❚|❊❊❙ ✼✶ ❋♦r m ≥ 0 ❛♥❞ β ∈D W T ✱ •❡t ✉s ❞❡✜♥❡✱ ❢♦r i ∈ T ❛♥❞ m ≥ 0✱ t❤❡ ✈❡❝t♦r μ(m) i ∈ R Bm ❜② (μ (m) i )(δ x )= μ ψ i (Ω x ) ❢♦r ❛•• x ∈ D (m) ✳ ❚❤❡♥✱ ❢♦r ρ m ∈D Čm Bm ❛♥❞ i, j ∈ T ✱ Ω 2 χ(i, dω)χ(j, dτ )ǧ m (ω, τ)=ψ(i)ψ(j) x,x ′ ∈D (m) Ωx×Ω x ′ μ i (dω)μ j (dτ ) Ǧm (δ x ,δ x ′ ) = ψ(i)ψ(j) μ(m) i , Ǧm μ(m) j . ❲❡ ❞❡♥♦t❡✱ ❢♦r m ≥ 0 ❛♥❞ i, j ∈ T ✱ a (m) i,j = 1 4 μ(m) i +μ (m) j , Ǧm (μ (m) i +μ (m) j ) . s♦ t❤❛t ✇❡ ❤❛✈❡ G m (i, j)= Ĝ(i, j)+ψ(i)ψ(j) μ(m) i , Ǧm μ(m) j = Ĝ(i, j)+ ψ(i)ψ(j) 2 4a (m) i,j -a (m) i -a (m) j . ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✇r✐t❡ (G m (i, j)) i,j∈T =Φ ( Ĝ(i, j)) i,j∈T , (ψ(i)) i∈T , (a (m) i,j ) i,j∈T ✱ ✇❤❡r❡ Φ ✐s ❛ ❝♦♥t✐♥✲ ✉♦✉s ❢✉♥❝t✐♦♥✳ ❲❡ ✇✐•• ❞❡♥♦t❡ ❜② ν W T (dβ, dρ) t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ❝♦✉♣•✐♥❣ ♦❢ ❞✐str✐❜✉t✐♦♥s ν W T,Bm (dβ, dρ m ) ❢♦r ❛•• m ≥ 0✳ ▲❡♠♠❛ ✷✳✼✳✷✳ ▲ ❡t✉ss❡tZ m = ( Ĝ(i, j)) i,j∈T , (ψ(i)) i∈T , (a (m) i,j ) i,j∈T ❢♦r m ≥ 0✱ ✇❤✐❝❤ t❛❦❡s ✐ts ✈❛•✉❡s ✐♥ R T 2 × R T × R T 2 ✳ ❚❤❡♥ ✉♥❞❡r ν W T (dβ, dρ)✱ (Z m ) m≥0 ✐s t✐❣❤t✳ Pr♦♦❢✳ ❋♦r ε>0✱ •❡t K ε ❜❡ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R s✉❝❤ t❤❛t 0 ∈ K ε ❛♥❞ P 1 2γ ∈ K ε > 1 -ε ✇❤❡♥ γ ∼ •❛♠♠❛(1/2, 1)✳ ▲❡t ✉s ♥♦✇ ✜① m ≥ 0✳ |❡❝❛•• t❤❛t Ǧm =( 2 ρ m -Čm ) -1 ✱ ✇❤❡r❡ Čm ✐s ❛ β✲♠❡❛s✉r❛❜•❡ ♠❛tr✐① ♦❢ ❝♦♥❞✉❝t❛♥❝❡s ♦♥ B m ✱ ❛♥❞ ❝♦♥❞✐t✐♦♥❛••② ♦♥ β✱ ρ m ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν Čm Bm ✳ ❚❤❡r❡❢♦r❡ ❢♦r i, j ∈ T ✱ ❢r♦♠ ▲❡♠♠❛ ✷✳✼✳✶✱ μ(m) i +μ (m) j , Ǧm μ (m) i +μ (m) j ❤❛s ❝♦♥❞✐t✐♦♥❛••② ♦♥ β t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s (µ ψ i (Ω)+µ ψ j (Ω)) 2 2γ ✱ ✇❤❡r❡ γ ∼ •❛♠♠❛(1, 1/2)✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ❝♦♥❞✐t✐♦♥❛••② ♦♥ {ψ ≡ 0}✱ a (m) i,j ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s 1 2γ ✱ ❛♥❞ ❝♦♥❞✐t✐♦♥❛••② ♦♥ {ψ ≡ 0}✱ a (m) i,j =0✳ ❆s ❛ r❡s✉•t✱ ❢♦r ❛•• ε>0✱ P a (m) x,x ′ ∈ K ε = P [ψ ≡ 0] + P [ψ ≡ 0] P 1 2γ ∈ K ε > 1 -ε. ▲❡t ♥♦✇ ã(m) k k∈N ❜❡ ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ a (m) i,j i,j∈T ✳ ❚❤❡♥ ❢♦r ε>0✱ P ∀k ∈ N, ã(m) k ∈ K 2 -n-1 ε ≥ 1 - k∈N 2 -n-1 ε =1-ε, ✇❤❡r❡ Kε = k∈N K 2 -n-1 ε ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R N ✳ ▼♦r❡♦✈❡r✱ t❤❡ β✲♠❡❛s✉r❛❜•❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ( Ĝ(i, j)) i,j∈T , (ψ(i)) i∈T t❛❦❡s ✐ts ✈❛•✉❡s ✐♥ R T 2 × R T ✱ ✇❤❡r❡ T ✐s ❝♦✉♥t❛❜•❡✳ ❆s ❛ r❡s✉•t✱ ❢♦r ❛•• ε>0✱ t❤❡r❡ ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t K ′ ε ⊂ R T 2 × R T s✉❝❤ t❤❛t P ( Ĝ(i, j)) i,j∈T , (ψ(i)) i∈T ∈ K ′ ε > 1 -ε. ✼✷ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❲❡ ❝❛♥ ♥♦✇ ❝♦♥❝•✉❞❡ t❤❛t ❢♦r ❛•• ε>0✱ P ( Ĝ(i, j)) i,j∈T , (ψ(i)) i∈T , (a (m) i,j ) i,j∈T ∈ Kε/2 × K ′ ε/2 > 1 -ε, ✇❤❡r❡ Kε/2 × K ′ ε/2 ✐s ❝♦♠♣❛❝t✱ ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ m✳ ❆s ❛ r❡s✉•t✱ t❤❡r❡ ✐s ❛♥ ❡①tr❛❝t✐♦♥ (m k ) k∈N s✉❝❤ t❤❛t (Z m k ) k∈N ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r ν W T (dβ, dρ)✳ ❙✐♥❝❡ G m k =Φ(Z m k ) ✇❤❡r❡ Φ ✐s ❝♦♥t✐♥✉♦✉s✱ (G m k (i, j)) i,j∈T ❛•s♦ ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r ✉♥❞❡r ν W T (dβ, dρ)✱ ❛s ❞♦ t❤❡ r❛♥❞♦♠ •✉♠♣ r❛t❡s (r (m k ),φ i,j ) i,j∈T ✳ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ •✐♠✐t ❞✐str✐✲ ❜✉t✐♦♥ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❡①tr❛❝t✐♦♥✱ ✇❤✐❝❤ ✇✐•• ♠❡❛♥ t❤❛t ((r (m),φ i,j ) i,j∈T ) m∈N ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥✱ s✐♥❝❡ ✐t ✐s t✐❣❤t✳ ▲❡♠♠❛ ✷✳✼✳✸✳ ❋♦r m ≥ 1 ❛♥❞ ❢♦r ❛•• n ≥ m✱ ✉♥❞❡r t❤❡ ❞✐str✐❜✉t✐♦♥ ν W T (dβ)ν W (n) m Bm (dβ ′ )✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡s G (n) m (φ,i) G (n) m (φ, i) i∈T (m) \{φ} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐♥✈❡rs❡ •❛✉ss✐❛♥ ✈❛r✐❛❜•❡s✱ ✇❤❡r❡ G (n) m (φ,i) G (n) m (φ, i) ❤❛s ♣❛r❛♠❡t❡r (W i,i , 1) ❢♦r i ∈ T (m) \{φ}✳ Pr♦♦❢✳ ▲❡t ✉s ✜① 1 ≤ m ≤ n✳❋ ♦ ri ∈ T (m) \{φ}✱ ✇❡ ❞❡♥♦t❡ g i = G (n) m (φ,i) G (n) m (φ, i) ✳ ❙✐♥❝❡ |i|≤m✱ ❛♥② ♣❛t❤ ✐♥ G (n) m ❢r♦♠ φ t♦ i ❝r♦ss❡s i✱ s♦ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✱ g i = G (n) m ( i, i) G (n) m ( i, i) = j∼ i W i,j σ∈P T (n) m \{ i} j,i ( W (n) m ) σ (2β (n) m ) σ . ❋♦r i ∈ T (m) \{φ}✱ •❡t ✉s ❞❡♥♦t❡ ❜② Ti t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ i ✐♥ T (n) m \{ i}✱ ✐✳❡✳ Ti = T (n) m ∪{δ x ,x ∈ D (m) ∩ T i }✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ♦❢ W (n) m ✳ ❚❤✐s ✇❛②✱ ✇❡ ❣❡t g i = W i,i σ∈P Ti i,i ( W (n) m ) σ (2β (n) m ) σ = W i,i (H (n) β ) Ti, Ti -1 (i, i), s♦ g i ✐s (β (n) m ) Ti ✲♠❡❛s✉r❛❜•❡✳ ❚♦ ♣r♦✈❡ t❤❛t (g i ) i∈T (m) \{φ} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ✇✐•• ❜❡ ❡♥♦✉❣❤ t♦ s❡❡ t❤❛t ❢♦r i ∈ T (m) \{φ}✱ g i ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ g U (m) i ✱ ❛♥❞ t❤❛t ❢♦r x ∈ T (m-1) ✱ t❤❡ r❡str✐❝t✐♦♥s (g Ti ) i∈S(x) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❲r✐t✐♥❣ (H (n) β ) Ti, Ti -1 (i, i) ❛s ❛ ❙❝❤✉r ❝♦♠♣•❡♠❡♥t✱ ✇❡ s❡❡ t❤❛t✱ ✐❢ ✇❡ s❡t Ũi = Ti \{i}✱ g i = W i,i 2(β (n) m ) i -j,j ′ ∈S(i) W i,j W i,j ′ (H (n) β ) Ũi, Ũi -1 (j, j ′ ) = W i,i Ȟ{i} β . ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ (β (n) m ) Ũi ✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (β (n) m ) i ✐s ❣✐✈❡♥ ❜② 2 π 1 Ȟ{i} β >0 det( Ȟ{i} β ) e -1 2 Ȟ{i} β +W 2 i,i ( Ȟ{i} β ) -1 e W i,i d(β (n) m ) i , ✷✳✼✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❖◆ ■◆❋■◆■❚❊ ❚|❊❊❙ ✼✸ s♦ ❜② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜•❡s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ g i ❝♦♥❞✐t✐♦♥❛••② ♦♥ (β (n) m ) Ũi ✐s 1 gi>0 W i,i 2πg 3 i e - W i,i 2g i (gi-1) 2 dg i , ✐✳❡✳ g i ∼ IG(W i,i , 1)✳ ❙✐♥❝❡ t❤✐s ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ (β (n) m ) Ũi ✱ g i ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (β (n) m ) Ũi ✳ ❋♦r ❛•• j ∈ U (m) i ✱ Tj ⊂ Ũi ✱s ♦g j ✐s (β (n) m ) Ũi ✲♠❡❛s✉r❛❜•❡✳ ❚❤❡r❡❢♦r❡✱ g i ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ g U (m) i ✳ ▼♦r❡♦✈❡r✱ ❢♦r x ∈ T (m-1) ✱ t❤❡ s❡ts ( Ti ) i∈S(x) ❛r❡ ❛•• ❛t ❞✐st❛♥❝❡ 2 ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r ✐♥ G (n) m ✳ ❙✐♥❝❡ β (n) ✐s 1✲❞❡♣❡♥❞❡♥t✱ t❤❡ r❡str✐❝t✐♦♥s (β (n) Ti ) i∈S(x) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❋♦r j ∈ Ti ✱ ✇❡ ❤❛✈❡ Tj ⊂ Ti ✱s ♦g j ✐s β (n) Ti ✲♠❡❛s✉r❛❜•❡✳ ❚❤❡r❡❢♦r❡ t❤❡ r❡str✐❝t✐♦♥s (g Ti ) i∈S(x) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✇❤✐❝❤ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢✳ ❋♦r m ≥ 1✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ G (n) m ✉♥❞❡r ν W T (dβ)ν W (n) m Bm (dβ ′ ) ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ G m ✉♥❞❡r ν W T,Bm (dβ, dρ m )✳ ■❢ ✇❡ ❞❡♥♦t❡ g (m) i = Gm(φ,i) Gm(φ, i) ❢♦r i ∈ T (m) \{φ}✱ ❛♥❞ t❛❦❡ t❤❡ •✐♠✐t ✐♥ ▲❡♠♠❛ ✷✳✼✳✸✱ ✇❡ ❣❡t t❤❛t ✉♥❞❡r ν W T,Bm (dβ, dρ m )✱ (g (m) i ) i∈T (m) \{φ} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ g (m) i ∼ IG(W i,i , 1) ❢♦r i ∈ T (m) \{φ}✳ |❡❝❛•• t❤❛t t❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ G m ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ •✉♠♣ r❛t❡s✿ r β,ρm,φ i,i = W i,i 2 G m (φ, i) G m (φ, i) ❛♥❞ r β,ρm,φ i, i = W i,i 2 G m (φ, i) G m (φ, i) , ❢♦r ❛•• i ∈ T \{φ}✱ ❛♥❞ r β,ρm,φ i,j =0✐❢ i ∼ j✳ ▲❡t ♥♦✇ (m k ) k∈N ❜❡ ❛♥ ❡①tr❛❝t✐♦♥ s✉❝❤ t❤❛t ✉♥❞❡r ν W T (dβ, dρ)✱ (r β,ρm k ,φ i,j ) i,j∈T ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐✲ ❜✉t✐♦♥ t♦ ❛ •✐♠✐t ❡♥✈✐r♦♥♠❡♥t (r (∞),φ i,j ) i,j∈T ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ r (∞),φ i,j =0❢♦r i ∼ j✳ ▼♦r❡♦✈❡r✱ •❡t ✉s s❡t g (∞) i = 2 W i,i r (∞),φ i,i ❢♦r i ∈ T \{φ}✳ ◆♦t❡ t❤❛t ❢♦r ❛•• m ∈ N✱✐ ❢k ✐s s✉❝❤ t❤❛t m k ≥ m✱✇ ❡❤ ❛ ✈ ❡ T (m) ⊂ T (m k ) s♦ ❢♦r ❛•• i ∈ T (m) \{φ}✱ r β,ρm k ,φ i,i = W i,i 2 g (m k ) i ❛♥❞ r β,ρm k ,φ i, i = W i,i 2g (m k ) i . ❚❛❦✐♥❣ k →∞✱ ✇❡ ❣❡t t❤❛t (g (m k ) i ) i∈T (m) \{φ} ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ (g (∞) i ) i∈T (m) \{φ} ✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t (g (∞) i ) i∈T (m) \{φ} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❙✐♥❝❡ t❤✐s ✐s tr✉❡ ❢♦r ❛•• m ≥ 0✱ (g (∞) i ) i∈T \{φ} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛•• i ∈ T \{φ}✱ g (∞) i ∼ IG(W i,i , 1) ❛♥❞ r (∞),φ i,i = W i,i 2 g (∞) i ❛♥❞ r (∞),φ i, i = W i,i 2g (∞) i . ❚❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❣✐✈❡♥ ❜② t❤❡s❡ •✉♠♣ r❛t❡s ✐s ✐♥ ❢❛❝t t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✺✱ ❤❡♥❝❡ ✐ts ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❡①tr❛❝t✐♦♥ (m k ) k∈N ✳ ❙✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ •✉♠♣ r❛t❡s ((r β,ρm,φ i,j ) i,j∈T ) m≥1 ✐s t✐❣❤t✱ t❤✐s ✐♠♣•✐❡s t❤❛t ✉♥❞❡r ν W T (dβ, dρ)✱ ✐t ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✺✳
♦r W>W ✱ t❤❡ ❱|❏P ♦♥ T ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ❝♦♥❞✉❝t❛♥❝❡s W ✐s ❛•♠♦st s✉r❡•② tr❛♥s✐❡♥t✳ ◆♦t❡ t❤❛t t❤❡ ❱|❏P ✐s ❞❡✜♥❡❞ ✐♥ ❛ s•✐❣❤t•② ❞✐✛❡r❡♥t ♠❛♥♥❡r ✐♥ ❬❉❱✵✹(✱ ❜✉t ✐t ❝❛♥ ❜❡ r❡•❛t❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ✉s❡❞ ❤❡r❡✱ t❤❛♥❦s t♦ ❛ t✐♠❡ r❡s❝❛•✐♥❣ ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇ ♦❢ ❬❙❚)✶✼(✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ t❛❦❡ W>W ✳ ❲❡ ❝♦♥s✐❞❡r •✉♠♣ r❛t❡s (r i,j ) i∼j ♦♥ t❤❡ tr❡❡ T ✳ ▲❡t φ ❜❡ ❛♥ ❛r❜✐tr❛r② r♦♦t ❢♦r T ✱ ❛♥❞ •❡t (i k ) k≥0 ❜❡ ❛♥ ✐♥✜♥✐t❡ s❡•❢✲❛✈♦✐❞✐♥❣ ♣❛t❤ ✭♦r r❛②✮ ✐♥ T ✱ s✉❝❤ t❤❛t ❢♦r k ≥ 0✱ |i k | = k✳ ▲❡t ✉s ❞❡✜♥❡ S n = n k=1 2 W r i k-1 ,i k ✳ ❲❡ ✇✐•• ❝♦♠♣❛r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ S n ✉♥❞❡r t✇♦ ❞✐str✐❜✉t✐♦♥ ♦❢ •✉♠♣ r❛t❡s✳ ▲❡t R ind (dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ •✉♠♣ r❛t❡s ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✺✳ ❯♥❞❡r R ind (dr)✱ ✇❡ ❦♥♦✇ t❤❛t S n ❤❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ n i=1 A i k ✱ ✇❤❡r❡ A i k ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐♥✈❡rs❡ •❛✉ss✐❛♥ ✈❛r✐❛❜•❡s ✇✐t❤ ♣❛r❛♠❡t❡r (W, 1)✳ ◆♦t❡ t❤❛t E[A 1 ]=1✱ s♦ ❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛•✐t②✱ E[log(A 1 )] < 0✳ ❇② t❤❡ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs✱ ✇❡ t❤❡♥ ❤❛✈❡ ❛✳s✳ t❤❛t n k=1 log(A i ) ----→ n→∞ -∞✱ s♦ t❤❛t S n a.s. ----→ n→∞ 0✳ ▲❡t ♥♦✇ R st (dr) ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ •✉♠♣ r❛t❡s ✐♥ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❱|❏P st❛rt❡❞ ❛t φ = i 0 ✳ ❯♥❞❡r R st (dr)✱ ❚❤❡♦r❡♠ ✷✳✶✳✷ t❡••s ✉s t❤❛t S n ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s n k=1 G(i 0 ,i k ) G(i 0 ,i k-1 ) = G(i 0 ,i n ) G(i 0 ,i 0 ) = Ĝ(i 0 ,i n )+ 1 2γ ψ(i 0 )ψ(i n ) G(i 0 ,i 0 ) ✉♥❞❡r ν W V (dβ, dγ)✱ ✇❤❡r❡ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✱ ψ(i) > 0 ❛✳s✳ ❢♦r ❛•• i ∈ T ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ψ ✉♥❞❡r ν W V (dβ) ✐s st❛t✐♦♥❛r② ❢♦r t❤❡ ❣r♦✉♣ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ T ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸ ✐♥ ❬❙)✶✾(✮✱ ψ(i n ) ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s ψ(i 0 ) ❢♦r ❛•• n ∈ N✱ ❛♥❞ ❝❛♥♥♦t t❡♥❞ t♦ 0 ❛✳s✳ ✇❤❡♥ n →∞✳ ❚❤❡r❡❢♦r❡✱ ♥❡✐t❤❡r ❝❛♥ S n ✉♥❞❡r R st (dr)✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t R st ❛♥❞ R ind ❛r❡ ❞✐✛❡r❡♥t✳ ❲❡ ✇✐•• ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✱ ✐✳❡✳ t❤❛t ♦♥ ❛ d✲r❡❣✉•❛r tr❡❡ ✇✐t❤ d ≥ 3✱ ❢♦r ❝♦♥st❛♥t W •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ ❱|❏P ✐s tr❛♥s✐❡♥t✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ t❤❡ ❢❛♠✐•② ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✶✳✻ ❛r❡ ❛•• ❞✐✛❡r❡♥t✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ✇✐•• ❝♦♠♣❛r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡s ❢♦r ❡❛❝❤ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ ❢♦••♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ❣✐✈❡s ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❡❛s✉r❡ ♦❢ s❡ts Ω x ✱ ❢♦r x ∈ T ✳ ❲❡ ✇✐•• s❡❡ ❤♦✇ t❤✐s ❡①♣r❡ss✐♦♥ ❜❡❤❛✈❡s ❞✐✛❡r❡♥t•② ✇❤❡t❤❡r ♦r ♥♦t |x| >m✳ Pr♦♣♦s✐t✐♦♥ ✷✳✼✳✶✳ ▲❡t m ∈ N ❜❡ ✜①❡❞✳ ❲❡ ❛•s♦ ✜① β ∈D W T ❛♥❞ ρ m ∈D Čm Bm ✳ ❲❡ ❞❡♥♦t❡ ❜② μ β,ρm,φ φ t❤❡ ❡①✐t✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ tr❛♥s✐❡♥t ▼❛r❦♦✈ ♣r♦❝❡ss P β,ρm,φ φ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✻✳ ❚❤❡♥ ❢♦r x ∈ T ✱ μ β,ρm,φ φ (Ω x )= Ω×Ωx χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ) Ω 2 χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ) . Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ μ = μ β,ρm,φ φ ✳▲ ❡ tg ❜❡ t❤❡ •r❡❡♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✐s❝r❡t❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ P β,ρm,φ ✱ ✐✳❡✳ ✇✐t❤ •✉♠♣ r❛t❡s r β,ρm,φ i,j = Wi,j 2 
Gm(φ,j) Gm(φ,i) ✳ ▲❡t ✉s ❞❡♥♦t❡✱ ❢♦r i, j ∈ T ✱ f (i, j)= g(i,j) g(j,j) ✳ ❚❤❡♥ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺✱ ✇❡ ❣❡t t❤❡ ❢♦••♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r x = φ✿ μ(Ω x )=f (φ, x) 1 -f (x, x) 1 -f (x, x)f ( x, x) . ❋♦r i, j ∈ T ✱ ✇❡ ❤❛✈❡ g(i, j)= k∈N P β,ρm,φ i [X k = j]= σ∈P T i,j |σ|-1 k=0 r β,ρm,φ σ k ,σ k+1 βσ k = G m (φ, j) G m (φ, i) σ∈P T i,j W σ (2 β) - σ , ✷✳✼✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❖◆ ■◆❋■◆■❚❊ ❚|❊❊❙ ✼✺ ✇❤❡r❡ βi = j∼i r β,ρm,φ i,j ❛r❡ t❤❡ r❛t❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦•❞✐♥❣ t✐♠❡s✳ ◆♦t❡ t❤❛t βi = β i - 1 {i=φ} 1 2Gm(φ,φ) ❢♦r i ∈ T ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ ❛ ♣❛t❤ σ ♥❡✈❡r ❝r♦ss❡s φ✱ t❤❡♥ (2 β) σ =(2β) σ ✳ ▲❡t ✉s ❞❡♥♦t❡ G(i, j)= σ∈P T i,j Wσ (2 β)σ ❛♥❞ F (i, j)= G(i,j) G(j,j) ✱ t❤❡♥ g(i, j)= G m (φ, j) G m (φ, i) G(i, j)2 βj , ❛♥❞ f (i, j)= G m (φ, j) G m (φ, i) G(i, j) G(j, j) = G m (φ, j) G m (φ, i) F (i, j). ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❡❛s✉r❡ ❜❡❝♦♠❡s μ(Ω x )= G m (φ, x) G m (φ, φ) G(φ, x) G(x, x) ⎛ ⎝ 1 -Gm(φ, x) Gm(φ,x) F (x, x) 1 -F (x, x) F ( x, x) ⎞ ⎠ = G(φ, x) G m (φ, φ) G m (φ, x) -G m (φ, x) F (x, x) G(x, x) -F (x, x) G( x, x) . ▲❡t ✉s ❝♦♠♣✉t❡ t❤❡ ❢♦••♦✇✐♥❣ t❡r♠s✿ ✜rst•②✱ G(x, x) -F (x, x) G( x, x)= G(x, x) -F (x, x) G( x, x) F (x, x) = σ∈P T x,x W σ (2 β) σ - σ∈P T x,{ x},x W σ (2 β) σ = σ∈P Tx x,x W σ (2 β) σ . ■♥❞❡❡❞✱ ♣❛t❤s ❢r♦♠ x t♦ x t❤❛t ❞♦ ♥♦t ❝r♦ss x ❤❛✈❡ t♦ st❛② ✐♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ x ✐♥ T \{ x}✱ ✇❤✐❝❤ ✐s T x ✱ ✐✳❡✳ P T x,x \P T x,{ x},x = P Tx x,x ✳ ▼♦r❡♦✈❡r✱ φ/ ∈ T x ✱s ♦❢ ♦ rσ ∈P Tx x,x ✱ (2 β) σ =(2β) σ ✳ ❆s ❛ r❡s✉•t✱ G(x, x) -F (x, x) G( x, x)= σ∈P Tx x,x W σ (2β) σ = ĜTx (x, x). ❙❡❝♦♥❞•②✱ G m (φ, x) -G m (φ, x) F (x, x)= Ĝ(φ, x) -Ĝ(φ, x) F (x, x) + Ω 2 χ(φ, dω)ǧ m (ω, τ) χ(x, dτ ) -F (x, x)χ( x, dτ ) . ◆♦t❡ t❤❛t ✐❢ σ ∈ P T \{ x} x, x ✱ t❤❡♥ σ k ∈ T x ❢♦r k ≤| σ|-1✱s ♦(2 β) - σ =( 2 β) - σ ✳ ❚❤❡r❡❢♦r❡✱ F (x, x)= F (x, x)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ P T φ,x = P T φ,{ x},x ✱ ✇❡ ❤❛✈❡ Ĝ(φ, x) -Ĝ(φ, x) F (x, x)=0. |❡❝❛•• ❛•s♦ t❤❛t t❤❡ ❞❡♥s✐t② ♦❢ χ(x, •) ✇✐t❤ r❡s♣❡❝t t♦ χ(φ, •) ✐s τ → F (x,x∧τ ) F (φ,x∧τ ) ✳ ❆s ❛ r❡s✉•t✱ G m (φ, x) -G m (φ, x) F (x, x)= Ω 2 χ(φ, dω)ǧ m (ω, τ) χ(x, dτ ) -F (x, x)χ( x, dτ ) = Ω 2 χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ) F (x, x ∧ τ ) F (φ, x ∧ τ ) -F (x, x) F ( x, x ∧ τ ) F (φ, x ∧ τ ) . ❋♦r τ/ ∈ Ω x ✱ x ∧ τ = x ∧ τ ❛♥❞ ♣❛t❤s ❢r♦♠ x t♦ x ∧ τ ❝r♦ss x✳ ❚❤❡r❡❢♦r❡✱ F (x, x ∧ τ ) F (φ, x ∧ τ ) -F (x, x) F ( x, x ∧ τ ) F (φ, x ∧ τ ) = F (x, x ∧ τ ) -F (x, x) F ( x, x ∧ τ ) F (φ, x ∧ τ ) =0. ✼✻ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❋♦r τ ∈ Ω x ✱ x ∧ τ = x ❛♥❞ x ∧ τ = x✱s ♦ F (x, x ∧ τ ) F (φ, x ∧ τ ) -F (x, x) F ( x, x ∧ τ ) F (φ, x ∧ τ ) = Ĝ(x, x) Ĝ(φ, x) -F (x, x) Ĝ( x, x) Ĝ(φ, x) = Ĝ(x, x) -F (x, x) Ĝ( x, x) F ( x, x) Ĝ(φ, x) = ĜTx (x, x) Ĝ(φ, x) . ❆s ❛ r❡s✉•t✱ ✇❡ ❤❛✈❡ G m (φ, x) -G m (φ, x) F (x, x)= ĜTx (x, x) Ĝ(φ, x) Ω×Ωx χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ). ❋♦r x = φ✱ ✇❡ ✜♥❛••② ❣❡t μ(Ω x )= G(φ, x) G m (φ, φ) Ĝ(φ, x) Ω×Ωx χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ) = G(φ, φ) Ĝ(φ, φ) Ω×Ωx χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ) s✐♥❝❡ F (x, φ)= F (x, φ)✳ ▼♦r❡♦✈❡r✱ ❜② s✉♠♠✐♥❣ ♦✈❡r x ∈ S(φ)✱ ✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ❡①♣r❡ss✐♦♥ ❢♦r μ(Ω φ )= μ(Ω)✿ 1=μ(Ω) = G(φ, φ) G m (φ, φ) Ĝ(φ, φ) Ω 2 χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ). ❆s ❛ r❡s✉•t✱ ❢♦r ❛•• x ∈ T ✱ μ(Ω x )= Ω×Ωx χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ) Ω 2 χ(φ, dω)ǧ m (ω, τ)χ(φ, dτ ) . Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽✳ ▲❡t T ❜❡ ❛ d✲r❡❣✉•❛r tr❡❡✱ ✇✐t❤ d ≥ 3✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥st❛♥t ❝♦♥❞✉❝t❛♥❝❡s W s✉❝❤ t❤❛t P[∀i ∈ T,ψ(i) > 0 ]=1 ✳ ◆♦t❡ t❤❛t (T ,W) ✐s ✈❡rt❡① tr❛♥s✐t✐✈❡✱ s♦ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r i 0 = φ✳ ❚❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s②♠♠❡tr✐❡s ♦❢ (T ,W)✱ ❛♥❞ ❣✉❛r❛♥t❡❡s t❤❛t ❛•♠♦st s✉r❡•②✱ t❤❡ ❡①✐t✐♥❣ ♠❡❛s✉r❡ ❣✐✈❡s ✇❡✐❣❤t t♦ t❤❡ ✇❤♦•❡ ❜♦✉♥❞❛r② Ω✳ ▲❡♠♠❛ ✷✳✼✳✹✳ ❆•♠♦st s✉r❡•② ✉♥❞❡r ν W T (dβ)✱ ❢♦r ❛•• x = φ✱ χ(φ, Ω x ) > 0✳ Pr♦♦❢✳ ❋♦r ❛•• x = φ✱ ✇❡ ❞❡✜♥❡ χx = ψ(x) -F (x, x)ψ( x)✳ ❚❤❡♥ χ(φ, Ω x )= F (φ, x) χx 1-F (x, x) F ( x,x) ✱ ❛♥❞ P[χ(φ, Ω x ) > 0] = P[χ x > 0]✳ ◆♦t❡ t❤❛t ψ (n) (x) -F (n) (x, x)ψ (n) ( x)= y∈Tx∩D (n) ⎛ ⎜ ⎝ σ∈P T (n) x x,y W σ (2β) σ ⎞ ⎟ ⎠ η (n) y ✐s β Tx ✲♠❡❛s✉r❛❜•❡✳ ❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ t❤❡ •✐♠✐t ✇❤❡♥ n →∞s❤♦✇s t❤❛t χx ✐s ❛•s♦ β Tx ✲♠❡❛s✉r❛❜•❡✳ ❆s ❛ r❡s✉•t✱ ❣✐✈❡♥ ❛ ✜①❡❞ m ≤ 1✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡s (χ x ) x∈D (m) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ s✐♥❝❡ ν W V ✐s 1✲❞❡♣❡♥❞❡♥t✱ ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✱ s✐♥❝❡ ν W V ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❣r♦✉♣ ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ T ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ψ(φ)= y∈D (m) F (φ, y) χy 1-F (y, y) F ( y,y) ✱s ♦ P[ψ(φ) = 0] = P[∀y ∈ D (m) , χy =0]=P[χ x =0] |D (m) | ✷✳✼✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❖◆ ■◆❋■◆■❚❊ ❚|❊❊❙ ✼✼ ❢♦r ❛♥② x ∈ D (m) ✳ ❙✐♥❝❡ P[ψ(φ)=0 ]=0 ✱ ✇❡ ❣❡t P[χ x =0 ]=0❢♦r ❛•• x ∈ D (m) ❛♥❞ ❛•• m ≥ 1✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t ❛•♠♦st s✉r❡•②✱ ❢♦r ❛•• x = φ✱ χ(φ, Ω x ) > 0✳ ▲❡t ✉s ✜① m>m ′ ✱ ❛♥❞ ❞❡♥♦t❡ μ (m) = μ β,ρm,φ φ ❛♥❞ μ (m ′ ) = μ β,ρ m ′ ,φ φ ✳ ▲❡t x ∈ D (m) ❜❡ ✜①❡❞✱ ♥♦t❡ t❤❛t x = φ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ ❡✈❡♥ts✿ A (m) x = μ (m) (Ω x ) μ (m) (Ω x ) = χ(φ, Ω x ) χ(φ, Ω x ) ❛♥❞ A (m ′ ) x = μ (m ′ ) (Ω x ) μ (m ′ ) (Ω x ) = χ(φ, Ω x ) χ(φ, Ω x ) . ▲❡t ✉s ✜rst s❤♦✇ t❤❛t t❤❡ ❡✈❡♥t A (m) x ✐s r β,ρm,φ ✲♠❡❛s✉r❛❜•❡✳ ◆♦t❡ t❤❛t t❤❡ ❡①✐t✐♥❣ ♠❡❛s✉r❡ μ (m) ✐s ♠❡❛s✉r❛❜•❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t r β,ρm,φ ✳ ▼♦r❡♦✈❡r✱ ❢♦r i = φ✱ β i = βi = j∼i r β,ρm,φ i,j ✐s r β,ρm,φ ✲♠❡❛s✉r❛❜•❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ •✉st ❤❛✈❡ t♦ s❤♦✇ t❤❛t χ(φ,Ωx) χ(φ,Ω x ) ✐s β T \{φ} ✲♠❡❛s✉r❛❜•❡✳ ❙✐♥❝❡ χ(φ, Ω x )= Ĝ(φ, x) y∈S(x) W x,y χy ✱ ✇❡ ❤❛✈❡ χ(φ, Ω x ) χ(φ, Ω x ) = Ĝ(φ, x) y∈S(x) W x,y χy Ĝ(φ, x) z∈S( x) W x,z χz = F (x, x) y∈S(x) W x,y χy z∈S( x) W x,z χz , ✇❤✐❝❤ ✐s β U x ✲♠❡❛s✉r❛❜•❡ ❛♥❞ t❤❡r❡❢♦r❡ β T \{φ} ✲♠❡❛s✉r❛❜•❡✳ ❲❡ ❝❛♥ ❝♦♥❝•✉❞❡ t❤❛t A (m) x ✐s r β,ρm,φ ✲ ♠❡❛s✉r❛❜•❡✱ ❛♥❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ A (m ′ ) x ✐s r β,ρ m ′ ,φ ✲♠❡❛s✉r❛❜•❡✳ ❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t ✉♥❞❡r ν W T,B m ′ (dβ, dρ m ′ ) ✇❡ ❤❛✈❡ P[A (m ′ ) x ]=1✱ ✇❤✐•❡ ✉♥❞❡r ν W T,Bm (dβ, dρ m ) ✇❡ ❤❛✈❡ P[A (m) x ]=0✳ ❚❤✐s ✇✐•• ♣r♦✈❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ r β,ρm,φ ✉♥❞❡r ν W T,Bm (dβ, dρ m ) ❛♥❞ r β,ρ m ′ ,φ ✉♥❞❡r ν W T,B m ′ (dβ, dρ m ′ ) ❛r❡ ❞✐✛❡r❡♥t✳ ❙✐♥❝❡ |x| = m>m ′ ✱ ✇❡ ❤❛✈❡ | x|≥m ′ ✱ s♦ t❤❡r❡ ❡①✐sts z ∈ D (m ′ ) s✉❝❤ t❤❛t x ∈ T z ✱ ✐✳❡✳ Ω x ⊂ Ω z ✳ ❚❤❡♥ ❢♦r ❛•• τ ∈ Ω x ✱ Ω χ(φ, dω)ǧ m ′ (ω, τ)= b∈B m ′ χ m ′ (φ, b) Ǧm ′ (b, δ z )✳ ❆s ❛ r❡s✉•t✱ μ (m ′ ) (Ω x ) μ (m ′ ) (Ω x ) = Ωx b∈B m ′ χ m ′ (φ, b) Ǧm ′ (b, δ z ) χ(φ, dτ ) Ω x b∈B m ′ χ m ′ (φ, b) Ǧm ′ (b, δ z ) χ(φ, dτ ) = χ(φ, Ω x ) χ(φ, Ω x ) , s♦ P[A (m ′ ) x ]=1✉♥❞❡r ν W T,B m ′ (dβ, dρ m ′ )✳ ❲❡ ✇✐•• ✜♥❛••② s❤♦✇ t❤❛t ν W T,Bm ✲❛•♠♦st s✉r❡•②✱ P[A (m) x |β]=0✳ ❙✐♥❝❡ |x| = m✱ ✇❡ ❤❛✈❡ μ (m) (Ω x )=χ m (φ, δ x ) b∈Bm Ǧm (δ x ,b)χ m (φ, b), ❛♥❞ μ (m) (Ω x )= y∈S( x) χ m (φ, δ y ) b∈Bm Ǧm (δ y ,b)χ m (φ, b). ▲❡t ✉s ❞❡♥♦t❡✱ ❢♦r y ∈ D (m) ✱ u y = b∈Bm Ǧm (δ y ,b)χ m (φ, b)✳ ❚❤❡♥ A (m) x = μ (m) (Ω x ) μ (m) (Ω x ) = χ(φ, Ω x ) χ(φ, Ω x ) = ⎧ ⎨ ⎩ y∈S( x) χ(φ, Ω y ) χ(φ, Ω x ) u y = u x ⎫ ⎬ ⎭ = {u ∈ ker(f β )}, ✇❤❡r❡ f β :( v y ) y∈D (m) → y∈S( x) χ(φ,Ωy) χ(φ,Ω x ) v y -v x ✐s ❛ •✐♥❡❛r ❢♦r♠ ❝♦♥❞✐t✐♦♥❛••② ♦♥ β✱ ✇❤✐❝❤ ❤❛s ❛•♠♦st s✉r❡•② r❛♥❦ 1 ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✼✳✹✱ s♦ t❤❛t ker(f β ) ✐s ❛ ❤②♣❡r♣•❛♥❡ ♦❢ R |D (m) | ✳ ▲❡t ✉s s❤♦✇ t❤❛t ✼✽ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( ❝♦♥❞✐t✐♦♥❛••② ♦♥ β✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (u y ) y∈D (m) ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R |D (m) | ✱ ❛♥❞ t❤❡r❡❢♦r❡ P[A (m) x |β]=P[u ∈ ker(f β )|β]=0✳ |❡❝❛•• t❤❛t Ǧm =(2ρ m -Čm ) -1 ✱ ✇❤❡r❡ ❝♦♥❞✐t✐♦♥❛••② ♦♥ β✱ ρ m ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ν Čm Bm ✱ ✇❤✐❝❤ ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R |Bm| = R |D (m) | ✳ ▲❡t ✉s ❞❡✜♥❡ Φ: R |D (m) | -→ R |D (m) | ρ m -→ (u y ) y∈D (m) = Ǧm χ m (φ, •) . ❋♦r ❛•• ρ m s✉❝❤ t❤❛t 2ρ m -Čm > 0✱ Φ ✐s ❞✐✛❡r❡♥t✐❛❜•❡✱ ❛♥❞ ✐ts ❞✐✛❡r❡♥t✐❛• ✐s d ρm Φ(v)=-2 Ǧm diag(v) Ǧm χ m (φ, •)=-2 Ǧm diag(v)u, ✇❤✐❝❤ ✐s ✐♥✈❡rt✐❜•❡✱ ✇✐t❤ (d ρm Φ) -1 (w)= - ( Ǧ-1 m w)y 2uy y∈D (m) ✳ ◆♦t❡ t❤❛t t❤✐s ✐s ✇❡••✲❞❡✜♥❡❞ s✐♥❝❡ u y > 0 ❢♦r ❛•• y ∈ D (m) ✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✼✳✹✳ ❆s ❛ r❡s✉•t✱ Φ ✐s ❛ •♦❝❛• ❞✐✛❡♦♠♦r♣❤✐s♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ u =Φ ( ρ m )✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ β✱ ❛❞♠✐ts ❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R |D (m) | ✳ ❲❡ ❞❡❞✉❝❡ t❤❛t ❛•♠♦st s✉r❡•②✱ P[A (m) x |β]=P[u ∈ ker(f β )|β]=0✱ ❛♥❞ t❤❡r❡❢♦r❡ P[A (m) x ]=0✱ ✇❤✐❝❤ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢✳ ❈❤❛♣t❡r ✸ ❚❤❡ β ♣♦t❡♥t✐❛• ❛♥❞ ❛ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ♦♣♣♦s✐t❡✲❞r✐❢t t❤❡♦r❡♠ ✸✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ r❡s✉•ts ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽ ✵ ✸✳✶✳✶ ❆ ✜rst ❝•❛ss✐❝❛• r❡s✉•t ✳ ✳ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽ ✵ ✸✳✶✳✷ ❖♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ❛♥❞ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽ ✵ ✸✳✶✳✸ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ ✐♥t❡r❛❝t✐♥❣ ❞r✐❢ts ❛♥❞ t❤❡ r❛♥❞♦♠ β ♣♦t❡♥t✐❛• ✳✳✳✳✳✳✳ ✽ ✶ ✸✳✶✳✹ ▼❛✐♥ r❡s✉•ts ✿ ❆ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸ ✸✳✶✳✺ ❆♥ ♦♣❡♥ q✉❡st✐♦♥ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽ ✹ ✸✳✷ ❚✐♠❡ ❝❤❛♥❣❡ ♦♥ ❇❡ss❡• ❜r✐❞❣❡s ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽ ✺ ✸✳✷✳✶ ▲✐♠✐t ♦❢ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ✿ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✶ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽ ✺ ✸✳✷✳✷ ❚✐♠❡ ❝❤❛♥❣❡ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛• ♣r♦❝❡ss ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✺ ✳✳✳✳✳✳✳✳✳✳ ✽ ✺ ✸✳✸ ▼✉•t✐✲❞✐♠❡♥s✐♦♥❛• t✐♠❡ ❝❤❛♥❣❡ ✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✹ ✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽ ✻ ✸✳✸✳✶ ❋✐rst ♣r♦♦❢ ♦❢ ✭✐✮ ✿ ✉s✐♥❣ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✸ ✳✳✳✳✳✳✳ ✽ ✼ ✸✳✸✳✷ ❙❡❝♦♥❞ ♣r♦♦❢ ♦❢ ✭✐✮ ✿ ✉s✐♥❣ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ❛♥❞ •✐rs❛♥♦✈✬s t❤❡♦r❡♠ ✳✳✳✳✳✳ ✽ ✾ ✼✾ ✽✵ ❈❍❆P❚❊| ✸✳ ❆ ▼❯▲❚■✲❉■▼❊◆❙■❖◆❆▲ ❖PP❖❙■❚❊✲❉|■❋❚ ❚❍❊❖|❊▼ ❆❜str❛❝t ❚❤✐s ❝❤❛♣t❡r ✐s ♦♥❝❡ ❛❣❛✐♥ s❡•❢✲❝♦♥t❛✐♥❡❞✱ ❛♥❞ ♣r❡s❡♥ts r❡s✉•ts ❢r♦♠ ❬•❙)✷✵(✳ ❚❤❡② ❝♦♥❝❡r♥ ❛ ♠✉•t✐✲ ❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❛ts✉♠♦t♦✲(♦r ♦♣♣♦s✐t❡✲❞r✐❢t t❤❡♦r❡♠✱ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞r✐❢t ✐s 1 2 ✳ ❚❤❡ ♣r♦♦❢ r❡•✐❡s ♦♥ ❛♣♣•②✐♥❣ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ❢r♦♠ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✱ t♦ ❛ r❡s✉•t ❢r♦♠ ❬❙)✶✼(✱ ✇❤✐❝❤ r❡•❛t❡s t❤❡ β ♣♦t❡♥t✐❛• t♦ ❛ ❢❛♠✐•② ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ ✐♥t❡r❛❝t✐♥❣ ❞r✐❢ts✳ ❙❡❝t✐♦♥ ✸✳✶ ♣r❡s❡♥ts ♣r❡r❡q✉✐s✐t❡ ♠❛t❡r✐❛• ❛s ✇❡•• ❛s t❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s ❝❤❛♣t❡r✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ st✉❞② t❤❡ ▲❛♠♣❡rt✐ t✐♠❡ ❝❤❛♥❣❡ ♦♥ ❇❡ss❡• ❜r✐❞❣❡s✳ ❋✐♥❛••②✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ♣r❡s❡♥t t✇♦ ✇❛②s ♦❢ ❛♣♣•②✐♥❣ ❛ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤✐s t✐♠❡ ❝❤❛♥❣❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✷✱ t♦ ♦❜t❛✐♥ ❚❤❡♦r❡♠ ✸✳✶✳✹✳ ✸✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ r❡s✉•ts ✸✳✶✳✶ ❆ ✜rst ❝•❛ss✐❝❛• r❡s✉•t ▲❡t ✉s ✜rst r❡❝❛•• ❛ ✇❡••✲❦♥♦✇♥ r❡s✉•t r❡❣❛r❞✐♥❣ ❤✐tt✐♥❣ t✐♠❡s ♦❢ t❤❡ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✭s❡❡ ❬❲✐•✼✹( ❛♥❞ ❬❱❛•✾✶(✮✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✳ ▲❡t θ>0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ •❡t B ❜❡ ❛ st❛♥❞❛r❞ 1✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ X ❜② X(t)=θ + B(t) -ηt ❢♦r t ≥ 0✱ ❛♥❞ ❞❡♥♦t❡ ❜② T 0 t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② X(t)✳ ❚❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ T 0 ✐s ❣✐✈❡♥ ❜② θ √ 2πt 3 exp - 1 2 (θ -ηt) 2 t 1 {t≥0} dt. ✭✸✳✶✮ ▼♦r❡♦✈❡r✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ T 0 ✱ X(t) 0≤t≤T 0 ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s ❛ 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡ ❢r♦♠ θ t♦ 0 ♦♥ [0,T 0 ]✳ ◆♦t❡ t❤❛t ❢♦r η =0 ✱ ✐✳❡✳ ✐❢ X ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ♥♦ ❞r✐❢t✱ t❤❡♥ ✭✸✳✶✮ ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ 1 2γ ✱ ✇❤❡r❡ γ ✐s ❛ •❛♠♠❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r ( 1 2 ,θ 2 )✳■ ❢η>0✱ ✭✸✳✶✮ ✐s t❤❡ ■♥✈❡rs❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r ( θ η ,θ 2 )✳ ❲❡ ✇✐•• ♥♦✇ ♣r❡s❡♥t t✇♦ r❡•❛t❡❞ r❡s✉•ts✳ ❖♥❡ ✐s t❤❡ ▼❛ts✉♠♦t♦✲(♦r ♦♣♣♦s✐t❡✲❞r✐❢t t❤❡♦r❡♠ ❢r♦♠ ❬(▼✵✶(✱ ♦❜t❛✐♥❡❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ t❤❛♥❦s t♦ ❛ t✐♠❡ ❝❤❛♥❣❡ ❛♣♣❡❛r✐♥❣ ✐♥ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ ♠✉•t✐✈❛r✐❛t❡ ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ ❢r♦♠ ❬❙)✶✼(✱ ✇❤❡r❡ t❤❡ ❤✐tt✐♥❣ t✐♠❡s ♦❢ ❛ ❢❛♠✐•② ♦❢ ✐♥t❡r❛❝t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ β ♣♦t❡♥t✐❛• ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❙❚)✶✼( t♦ st✉❞② t❤❡ ❱|❏P✳ ✸✳✶✳✷ ❖♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ❛♥❞ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥ ▲❡t ✉s ♣r❡s❡♥t ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❛ts✉♠♦t♦✲(♦r ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ❢r♦♠ ❬(▼✵✶(✱ ✐♥ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞r✐❢t μ ✐s 1 2 ✱ ❛♥❞ ✇✐t❤ ❛♥ ❛❞❞❡❞ t❡r♠ ❞❡♣❡♥❞✐♥❣ ♦♥ η✳ ❚❤❡♦r❡♠ ✸✳✶✳✶✳ ❬❚❤❡♦r❡♠ ✷✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐♥ ❬(▼✵✶(( ▲❡t θ>0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ •❡t B ❜❡ ❛ st❛♥❞❛r❞ 1✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss ρ ❛s t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❙❉❊ ✿ ρ(u)=log(θ)+B(u) - 1 2 u - u 0 ηe ρ(v) dv ❢♦r u ≥ 0✳ ▲❡t ✉s ❞❡✜♥❡ T (u)= u 0 e 2ρ(v) dv✳ ❚❤❡♥ ✿ ✸✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ |❊❙❯▲❚❙ ✽✶ ✭✐✮ ❲❡ ❤❛✈❡ T (u) a.s. ----→ u→∞ T 0 , ✇❤❡r❡ T 0 ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ θ √ 2πt 3 exp - 1 2 (θ -ηt) 2 t 1 {t≥0} dt. ✭✐✐✮ ❈♦♥❞✐t✐♦♥❛••② ♦♥ T 0 ✱ t❤❡r❡ ❡①✐sts ❛ st❛♥❞❛r❞ 1✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B s✉❝❤ t❤❛t ❢♦r u ≥ 0✱ ρ(u)=log(θ)+ B(u)+ 1 2 u +log T 0 -T (u) T 0 . ❖♥❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✶ r❡•✐❡s ♦♥ ❛♣♣•②✐♥❣ ❛ t✐♠❡ ❝❤❛♥❣❡ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✳ ❚❤❡ r❡•❡✈❛♥t t✐♠❡ ❝❤❛♥❣❡ ✐s t❤❡ ♦♥❡ t❤❛t ❛♣♣❡❛rs ✐♥ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✱ ♣r❡s❡♥t❡❞ ❜❡•♦✇ ✭s❡❡ ❬|(✶✸( ♣✳✹✺✷✮ ✿ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✳ ❬▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥( ▲❡t (ρ(u)) u≥0 ❜❡ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t μ ∈ R✳ ❋♦r u ≥ 0✱ ❞❡✜♥❡ T (u)= u 0 exp(2ρ(u))dv. ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❇❡ss❡• ♣r♦❝❡ss (X(t)) t≥0 ✇✐t❤ ✐♥❞❡① μ✱ st❛rt✐♥❣ ❢r♦♠ 1✱ s✉❝❤ t❤❛t ❢♦r u ≥ 0✱ e ρ(u) (u)=X(T (u)). ▲❡t ✉s s❦❡t❝❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✶ ✉s✐♥❣ t❤✐s t✐♠❡ ❝❤❛♥❣❡✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✿ •❡t θ>0✱ η>0✱ •❡t B ❜❡ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ❞❡✜♥❡ X(t)=θ+B(t)+ηt✳ ❲❡ ❞❡✜♥❡ U (t)= t 0 1 X(s) 2 ds✱ ❛♥❞ T = U -1 ✳ ❚❤❡♥ T ✐s t❤❡ ❛♥❛•♦❣✉❡ ♦❢ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ❢❡❛t✉r❡❞ ✐♥ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✱ ✇❤❡r❡ X ♣•❛②s t❤❡ r♦•❡ ♦❢ ❛ ❇❡ss❡• ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡① -1 2 ✭✇✐t❤ ❛♥ ❛❞❞❡❞ ❞r✐❢t η✮✳ ❲❡ ❞❡✜♥❡ ρ(u)=l o g ( X(T (u)))✱ s♦ t❤❛t e ρ(u) = X(T (u))✱ ❛♥❞ ρ ❤❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳✶✱ ✐✳❡✳ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t -1 2 ✱ ❛♥❞ ❛♥ ❡①tr❛ t❡r♠ ✇❤❡♥ η>0✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ u →∞✱ ✇❡ ❤❛✈❡ T (u) → T 0 ✱ ✇❤❡r❡ T 0 ✐s t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② X✳ ❈♦♥❞✐t✐♦♥❛••② ♦♥ T 0 ✱ X ❤❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡✱ ✐✳❡✳ ❛ ❇❡ss❡• ❜r✐❞❣❡ ✇✐t❤ ✐♥❞❡① 1 2 ✱❛ ♥ ❞ρ ❤❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳✶ ✭✐✐✮✳ |❡♠❛r❦ ✸✳✶✳✶✳ ■♥ ❬(▼✵✶(✱ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ✐s st❛t❡❞ ✐♥ ❛ ❞✐✛❡r❡♥t ❢♦r♠✱ ✇❤❡r❡ η =0❛♥❞ t❤❡ ❞r✐❢t μ ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ 1 2 ✳ ■ts ♣r♦♦❢ st✐•• r❡•✐❡s ♦♥ ❛♣♣•②✐♥❣ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✱ ❜✉t t❤✐s t✐♠❡ t♦ ❛ r❡s✉•t ❝♦♥❝❡r♥✐♥❣ ❤✐tt✐♥❣ t✐♠❡s ♦❢ ❇❡ss❡• ♣r♦❝❡ss❡s ✇✐t❤ ❛♥② ✐♥❞❡① -μ ✭s❡❡ ❬▲❛✇✶✽( ❛♥❞ ❬P(✽✶(✮✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❛rt✐❝•❡ ✐s ♥♦✇ t♦ ♦❜t❛✐♥ ❛ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✶✱ ❜② ❛♣♣•②✐♥❣ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ❢r♦♠ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥ t♦ ❚❤❡♦r❡♠ ✸✳✶✳✷✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ t♦ ❛ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ✐♥t❡r❛❝t✐♥❣ ❞r✐❢ts✳ ✸✳✶✳✸ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ ✐♥t❡r❛❝t✐♥❣ ❞r✐❢ts ❛♥❞ t❤❡ r❛♥❞♦♠ β ♣♦t❡♥t✐❛• ▲❡t G =(V, E) ❜❡ ❛ ✜♥✐t❡ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ ❝♦♥❞✉❝t❛♥❝❡s (W e ) e∈E ∈ (R * + ) E ✳❋ ♦ ri, j ∈ V ✱ ✇❡ ❞❡♥♦t❡ ❜② W i,j = W {i,j} ✐❢ {i, j}∈E✱ ❛♥❞ W i,j =0♦t❤❡r✇✐s❡✳ ◆♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜•❡ t♦ ❤❛✈❡ W i,i > 0✳❋ ♦ rβ ∈ R V ✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛tr✐① H β =2 β -W ✱ ✇❤❡r❡ β ❞❡♥♦t❡s t❤❡ ❞✐❛❣♦♥❛• ♠❛tr✐① ✇✐t❤ ❝♦❡✣❝✐❡♥ts (β i ) i∈V ✳ ✽✷ ❈❍❆P❚❊| ✸✳ ❆ ▼❯▲❚■✲❉■▼❊◆❙■❖◆❆▲ ❖PP❖❙■❚❊✲❉|■❋❚ ❚❍❊❖|❊▼ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸ ✭❚❤❡♦r❡♠ ✹ ✐♥ ❬❙❚)✶✼(✱ ❚❤❡♦r❡♠ ✷✳✷ ✐♥ ❬▲❲✶✾(✮✳ ❋♦r ❛•• θ ∈ (R * + ) V ❛♥❞ η ∈ (R + ) V ✱ t❤❡ ♠❡❛s✉r❡ ν W,θ,η V ❞❡✜♥❡❞ ❜② ν W,θ,η V (dβ)=1 H β >0 2 π |V |/2 exp - 1 2 θ, H β θ - 1 2 η, (H β ) -1 η + η, θ i∈V θ i |H β | dβ ✐s ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛•• i ∈ V ✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ 1 2βi-Wi,i ■♥✈❡rs❡ •❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r ( θi ηi+ j =i Wi,j θj ,θ 2 i )✳ ❋♦ r t ∈ (R + ) V ✱ ✇❡ ❛•s♦ ❞❡♥♦t❡ ❜② K t t❤❡ ♠❛tr✐① K t =I d-tW ✱ ✇❤❡r❡ t st✐•• ❞❡♥♦t❡s t❤❡ ❞✐❛❣♦♥❛• ♠❛tr✐① ✇✐t❤ ❝♦❡✣❝✐❡♥ts (t i ) i∈V ✳ ◆♦t❡ t❤❛t ✐❢ t ∈ (R * + ) V ✱ ✇❡ ❤❛✈❡ K t = tH 1 2t ✱ ✇❤❡r❡ 1 2t = 1 2ti i∈V ✳ ❋✐♥❛••②✱ ❢♦r t ∈ (R + ) V ❛♥❞ T ∈ (R + ) V ✱ ✇❡ ❞❡✜♥❡ t❤❡ ✈❡❝t♦r t ∧ T =(t i ∧ T i ) i∈V ✳ ❚❤❡♦r❡♠ ✸✳✶✳✷✳ ❬▲❡♠♠❛ ✶ ❛♥❞ ❚❤❡♦r❡♠ ✶ ✐♥ ❬❙)✶✼(( ▲❡t θ ∈ (R * + ) V ❛♥❞ η ∈ (R + ) V ❜❡ ✜①❡❞✱ ❛♥❞ •❡t (B i (t)) i∈V,t≥0 ❜❡ ❛ st❛♥❞❛r❞ |V |✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ✭✐✮ ❚❤❡ ❢♦••♦✇✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭❙❉❊✮ ❤❛s ❛ ✉♥✐q✉❡ ♣❛t❤✇✐s❡ s♦•✉t✐♦♥ ✿ X i (t)=θ i + t 0 1 s<T 0 i dB i (s) - t 0 1 s<T 0 i ((Wψ)(s)+η) i ds ✭E W,θ,η V (X)✮ ❢♦r i ∈ V ❛♥❞ t ≥ 0✱ ✇❤❡r❡ ❢♦r i ∈ V ✱ T 0 i ✐s t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② X i ✱ ❛♥❞ ❢♦r t ≥ 0✱ ψ(t)=K -1 t∧T 0 (X(t)+(t ∧ T 0 )η). ✭✐✐✮ ■❢ (X i ) i∈V ✐s s♦•✉t✐♦♥ ♦❢ ✭E W,θ,η V (X)✮✱ t❤❡ ✈❡❝t♦r 1 2T 0 i i∈V ❤❛s ❞✐str✐❜✉t✐♦♥ ν W,θ,η V ✱ ❛♥❞ ❝♦♥❞✐t✐♦♥✲ ❛••② ♦♥ (T 0 i ) i∈V ✱ t❤❡ ♣❛t❤s (X i (t)) 0≤t≤T 0 i ❛r❡ ✐♥❞❡♣❡♥❞❡♥t 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡s✳ ❚♦ ♦❜t❛✐♥ ❛♥ ❛♥❛•♦❣✉❡ ♦❢ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ❛s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✷✱ ✇❡ ✇❛♥t t♦ ❛♣♣•② t❤❡ t✐♠❡ ❝❤❛♥❣❡ ❢r♦♠ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥ t♦ s♦•✉t✐♦♥s (X i ) i∈V ♦❢ ✭E W,θ,η V (X)✮✳ ❆ ♣r♦❜•❡♠ ✇✐•• ❛r✐s❡ ✐♥ t❤❡ ✐♥t❡r✲ ❛❝t✐♦♥ t❡r♠✱ s✐♥❝❡ t❤❡ t✐♠❡ ❝❤❛♥❣❡ ✇✐•• ❜❡ ❞✐✛❡r❡♥t ♦♥ ❡✈❡r② ❝♦♦r❞✐♥❛t❡ ♦❢ X✳ ❚♦ s♦•✈❡ t❤✐s✱ ✇❡ ✇✐•• ✉s❡ ❛ ❢♦r♠ ♦❢ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ✈❡r✐✜❡❞ ❜② s♦•✉t✐♦♥s ♦❢ ✭E W,θ,η V (X)✮✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✷✭✐✐✮✳ ❚❤✐s ▼❛r❦♦✈ ♣r♦♣❡rt② ✇✐•• ❜❡ tr✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ♠✉•t✐✲st♦♣♣✐♥❣ t✐♠❡s✱ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ▲❡t X ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ✭E W,θ,η V (X)✮✳ ❆ r❛♥❞♦♠ ✈❡❝t♦r T =( T i ) i∈V ∈ R + V ✇✐•• ❜❡ ❝❛••❡❞ ❛ ♠✉•t✐✲st♦♣♣✐♥❣ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ X✱ ✐❢ ✿ ❢♦r ❛•• t ∈ R V + ✱ t❤❡ ❡✈❡♥t ∩ i∈V {T i ≤ t i } ✐s F X t ✲ ♠❡❛s✉r❛❜•❡✱ ✇❤❡r❡ F X t = σ (X i (s)) 0≤s≤ti ,i ∈ V . ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❞❡♥♦t❡ ❜② F X T t❤❡ σ✲❛•❣❡❜r❛ ♦❢ ❡✈❡♥ts ❛♥t❡r✐♦r t♦ T ✱ ✐✳❡✳ F X T = A ∈F X ∞ , ∀t ∈ R V + ,A∩{T i ≤ t i }∈F X t ▲❡t ✉s ♥♦✇ ❢♦r♠✉•❛t❡ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ❢♦r s♦•✉t✐♦♥s ♦❢ ✭ E W,θ,η V (X)✮✳ ❚❤❡♦r❡♠ ✸✳✶✳✸✳ ❬❚❤❡♦r❡♠ ✷ ✭✐✈✮ ✐♥ ❬❙)✶✼(( ▲❡t X ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ✭E W,θ,η V (X)✮✱ ❛♥❞ T =(T i ) i∈V ❜❡ ❛ ♠✉•t✐✲st♦♣♣✐♥❣ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ X✳ ❉❡✜♥❡ t❤❡ s❤✐❢t❡❞ ♣r♦❝❡ss Y ❜② Y i (t)=X i (T i + t) ❢♦r i ∈ V ❛♥❞ t ≥ 0✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡ W (T ) = W (K T ∧T 0 ) -1 , η(T ) = η + W (T ) (T ∧ T 0 )η , ❛♥❞ X(T )=(X i (T i )) i∈V . ❚❤❡♥ ♦♥ t❤❡ ❡✈❡♥t ∩ i∈V {T i < ∞}✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ T ❛♥❞ F X T ✱ t❤❡ ♣
lim t→T 0 i U (t)=+∞, s♦ t❤❛t U i :[0,T 0 i ) → [0, +∞) ✐s ❛ ❜✐•❡❝t✐♦♥✳ ❋♦r ❛•• i ∈ V ✱ ✇❡ t❤❡♥ ❞❡✜♥❡ T i =( U i | [0,T 0 i [ ) -1 ✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛•• u ≥ 0✱ T i (u) <T 0 i ❛♥❞ lim u→∞ T i (u)=T 0 i ✳ ❲❡ ❝❛♥ ♥♦✇ s❤♦✇ t❤❛t t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ s♦•✉t✐♦♥ X i • T i i∈V ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s X i (T i (u)) = e ρi(u) ❢♦r u ≥ 0✱ ✇❤❡r❡ (ρ i ) i∈V ✐s s♦•✉t✐♦♥ ♦❢ ❛ ♥❡✇ s②st❡♠ ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s ✿ ❚❤❡♦r❡♠ ✸✳✶✳✹✳ ✭✐✮ ❋♦r i ∈ V ❛♥❞ u ≥ 0✱ •❡t ✉s ❞❡✜♥❡ ρ i (u)=l o g X i (T i (u)) ✳ ❚❤❡♥ (ρ, T ) ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ s②st❡♠ ♦❢ ❙❉❊s ✿ ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ ρ i (v)=log(θ i )+ Bi (v)+
Y = Y (u) : t → X i (T i (u)+t) i∈V ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉❛t✐♦♥ ✿ ⎧ ⎨ ⎩ dY i (t)=1 t≤ T 0 i d Bi (t) -1 t≤ T 0 i W (u) ( K(u) t ) -1 Y (t)+(t ∧ T 0 )η (u) +η (u) i dt, Y i (0) = X i (T i (u)), ❢♦r i ∈ V ✱ t ≥ 0✱
Z = Z (u,v) : t → X i (T i (u)+t) ∧ T i (v) i∈V . ❋♦r ❛•• i ∈ V ❛♥❞ t ≥ 0✱ ✇❡ t❤❡♥ ❤❛✈❡ Z i (t)=Y i t ∧ Ti (v) ✱ ✇❤❡r❡ Ti (v)=T i (v) -T i (u)✳ ❚❤❡r❡❢♦r❡✱ Z ✐s s♦•✉t✐♦♥ ♦❢ ⎧ ⎨ ⎩ dZ i (t)=1 t≤ Ti(v) d Bi (t) -1 t≤ Ti(v) W (u) ( K(u) t ) -1 Y (t)+(t ∧ T 0 )η (u) +η (u) i dt, Z i (0) = X i (T i (u)), ❢♦r i ∈ V ❛♥❞ t ≥ 0✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ Ti (v) < T 0 i < ∞ ❛✳s✳ ❢♦r ❛•• i ∈ V ✱ t❤❡r❡ ❡①✐sts ❛✳s✳ T ∞ •❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t Z i (t)=Y i ( Ti (v)) = X i (T i (v)) ❢♦r ❛•• i ∈ V ❛♥❞ t ≥ T ∞ ✳ ❆❝❝♦r❞✐♥❣ t♦ ■t♦✬s •❡♠♠❛✱ ❢♦r ❛•• t ≥ 0 ✇❡ ❤❛✈❡ d log(Z i (t)) = 1 t≤ Ti(v) d Bi (t) Z i (t) -1 t≤ Ti(v) dt 2Z i (t) 2 -1 t≤ Ti(v) W (u) ( K(u) t ) -1 Y (t)+(t ∧ T 0 )η (u) +η (u)
θ i t♦ 0 ♦♥ [0,T 0 i ]✳ ❲❡ ❝❛♥ ♥♦✇ ❛♣♣•② t❤❡ t✐♠❡ ❝❤❛♥❣❡ ✐♥❞❡♣❡♥❞❡♥t•② ♦♥ ❡❛❝❤ ♠❛r❣✐♥❛• X i ❢♦r ❛•• i ∈ V ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❞♦♥❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✶ ✭s❡❡ ✭✸✳✸✮✮✱ ✇❡ ❦♥♦✇ t❤❛t ✉♥❞❡r P βi i ✱ t❤❡r❡ ❡①✐sts ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ Bi s✉❝❤ t❤❛t ρ i (u)=log(θ i )+ Bi (u)+ 1 2 u +log T 0 i -T i (u) T 0 i ❢♦r u ≥ 0✱ ✇❤❡r❡ T 0 i = 1 2β ❛♥❞ T i (u)=
T 0 i -Ti(u) T 0 i ❢♦r u ≥ 0 ❛♥❞ i ∈ V ✳ ❚❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ❣✐✈❡s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ E(L i )✳ ▲❡♠♠❛ ✸✳✸✳✶✳ ❋♦r i ∈ V ❛♥❞ u ≥ 0✱ ❞❡✜♥❡ E i (u)=exp -θ 2 i β i + β i e 2ρi(u) φ i (u) - 1 2 ρ i (u)+ 1 8 u φ i (u) 3/2 θ i . ❚❤❡♥ E(L i )=E i ✳ Pr♦♦❢✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t dEi(u) Ei(u) = dL i (u) ❢♦r ❛•• u ≥ 0✱ ✇❤✐❝❤ ✇✐•• ✐♠♣•② t❤❛t E i = E(L i )✱ s✐♥❝❡ E i (0) = 1 ❛•♠♦st s✉r❡•②✳ ◆♦t❡ t❤❛t ρ i (u)= Bi (u)+ 1 2 u + log(φ i (u))✱ s♦ t❤❛t E i (u)=exp -θ 2 i β i + β i φ i (u)e 2 Bi(
β i e 2ρi(u) φ i (u) + 1 2 ρ i (u) - 1 8 u 1 i∈V φ i (u) 3/2 √ θ i 1 H β >0 2 π |V |/2 exp - 1 2 θ, H β θ - 1 2 η, (H β ) -1 η + η, θ i∈V θ i dβ i |H β | .
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ Ti (u)= 1 2β i -T i (u)= φ i (u) 2β i ❢♦r i ∈ V β(u) i = 1 2 Ti (u) = β i φ i (u) ❢♦r i ∈ V H(u) =2 β(u) -W (u)
H β =2βK 1/2β =2β K(u) K (u) =2β T (u) H(u) K (u) , ✇❤❡r❡ 2β i Ti (u)=1-βi β (u) i = φ i (u) ❢♦r i ∈ V ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ i∈V φ i (u) 3/2 |H β | = i∈V φ i (u) 2 | H(u) | |K (u) |, ✭✸✳✺✮ ✇❤❡r❡ d β(u) i dβ i = 1 1 -βi β (u) i 2 = 1 φ i (u)
i dβ i dβ i ⎞ ⎠ 1 H (u) >0 exp 1 2 θ, W θ + η, θ i∈V θ i exp - 1 2 θ(u) , W (u) θ(u) - 1 2 η, (H (u) ) -1 η -η(u) , θ(u) i∈V exp 1 2 ρ i (u) -1 8 u |K (u) | i∈V θ(u) i = 1 H (u) >0 exp - 1 2 θ(u) , W (u) θ(u) - 1 2 η, (H (u) ) -1 η -η(u) , θ(u) i∈V exp -1 2 ρ i (u) -1 8 u |K (u) | exp 1 2 θ, W θ + η, θ

  p n μ a,b (dp)=P a,b ∀i ∈ 1,n ,X i =1 = n i=1 a + i -1 a + b + i -1 = Γ(a + b -1)Γ(a + n) Γ(a + b + n)Γ(a) . ✶✳✶✳ |❊■◆❋❖|❈❊▼❊◆❚✱ ❊❳❈❍❆◆•❊❆❇■▲■❚( ❆◆❉ |❆◆❉❖▼ ❊◆❱■|❖◆▼❊◆❚ ✺ ❚❤✐s ✐s t❤❡ nt❤ ♠♦♠❡♥t ♦❢ t❤❡ ❇❡t❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs (a, b)✱ ✇❤✐❝❤ ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦♥ R ✇✐t❤ ❞❡

  μ a,b ✐s t❤❡ ❇❡t❛(a, b) ❞✐str✐❜✉t✐♦♥✳ |❡♠❛r❦ ✶✳✶✳✸✳ ❯s✐♥❣ t❤❡ •❛♥❣✉❛❣❡ ♦❢ ❇❛②❡s✐❛♥ st❛t✐st✐❝s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r μ a,b ❛s t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ r❛♥❞♦♠ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ✐✳✐✳❞✳ ❇❡r♥

  a, b) p a+sn-1 (1p) b+n-sn-1 dp = P ⊗N p [A]μ a+sn,b+n-sn (dp), ✇❤❡r❡ t❤❡ ❛ ♣♦st❡r✐♦r✐ ❞✐str✐❜✉t✐♦♥ μ a+sn,b+n-sn ♦❢ t❤❡ r❛♥❞♦♠ ♣❛r❛♠❡t❡r ✐s t❤❡ ❇❡t❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs (a + s n ,b+ n -s n )✳ ◆♦t❡ t❤❛t t❤✐s ✐s t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ♦❢ ❛ Pó•②❛ ✉r♥ st❛rt✐♥❣ ✇✐t❤ a + s n ❜•❛❝❦ ❜❛••s ❛♥❞ b + ns n ✇❤✐t❡ ❜❛••s✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ t❤❡ st❛t❡ ♦❢ t❤❡ ❝✉rr❡♥t ✉r♥ ❛❢t❡r t❤❡s❡ ✜rst n st❡♣s✳ ❆ ♠♦r❡ ❣❡♥❡r❛• ♠♦❞❡• ❢♦r Pó•②❛✬s ✉r♥ ❝♦♥s✐sts ✐♥ ❤❛✈✐♥❣ m>2 ❝♦•♦rs ❢♦r t❤❡ ❜❛••s✳ ❚❤❡ ❡①❝❤❛♥❣❡❛❜✐•✐t② ♣r♦♣❡rt② ✐s st✐•• ✈❡r✐✜❡❞✱ ❛♥❞ t❤❡ ♣r♦❝❡ss ♦❢ s✉❝❝❡ss✐✈❡ ❞r❛✇s ✐s ❛ ♠✐①t✉r❡ ♦❢ ✐✳✐✳❞✳ ✈❛r✐❛❜•❡s✱ ❢♦••♦✇✐♥❣ s♦♠❡ r❛♥❞♦♠ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ 1,m ✳ ❚❤✐s r❛♥❞♦♠ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡•❡♠❡♥t ♦❢ t❤❡ s✐♠♣•❡① S m = (p 1 , ..., p m ) ∈ R m + , m k=1 p k =1 ✱ ❛♥❞ ❢♦••♦✇s ❛ ❉✐r✐❝❤•❡t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs (a 1 , ..., a m )✱ ✇❤❡r❡ a 1 , ..., a m ❛r❡ t❤❡ ✐♥✐t✐❛• ❛♠♦✉♥ts ♦❢ ❜❛••s ♦❢ ❡❛❝❤ ❝♦•♦r✳ ❚❤❡ ❉✐r✐❝❤•❡t ❞✐str✐❜✉t✐♦♥ ♦♥ S m ✐s ❛ ♠✉•t✐✈❛r✐❛t❡ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ ❇❡t❛ ❞✐str✐❜✉t✐♦♥✱ ✐♥ ❢❛❝t ❇❡t❛(a, b) ✐s t❤❡ ✜rst ♠❛r❣✐♥❛• ♦❢ t❤❡ ❉✐r✐❝❤•❡t ❞✐str✐❜✉t✐♦♥ ♦♥ S 2 ✇✐t❤ ♣❛r❛♠❡t❡rs (a, b)✳ ▲❡t ✉s s✉♠♠❛r✐③❡ t❤✐s s❡❝t✐♦♥✿ t❤❡ ♣r♦❝❡ss ♦❢ ❞r❛✇s ✐♥ Pó•②❛✬s ✉r♥ ✐s s❡•❢✲✐♥t❡r❛❝t✐♥❣✱ ❜✉t s✐♥❝❡ ✐t ✐s ❡①❝❤❛♥❣❡❛❜•❡✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ✐t ❛s ❛ ♠✐①t✉r❡ ♦❢ ✐✳✐✳❞✳ s❡q✉❡♥❝❡s✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ r❛♥❞♦♠ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ✭❛s ❛♥ ❛s②♠♣t♦t✐❝ ♦❜•❡❝t✮ ❢r♦♠ ❡❛❝❤ r❡❛•✐③❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✱ t❤❛♥❦s t♦ |❡♠❛r❦ ✶✳✶✳✷✳ ❲❡ ✇✐•• ❡♥❝♦✉♥t❡r t❤✐s t②♣❡ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❞✐✛❡r❡♥t s❡•❢✲✐♥t❡r❛❝t✐♥❣ ♣r♦❝❡ss❡s ✇✐t❤ r❡✐♥❢♦r❝❡♠❡♥t✱ ✇❤✐❝❤ st✐•• ✈❡r✐❢② s♦♠❡ ❦✐♥❞ ♦❢ ❡①❝❤❛♥❣❡❛❜✐•✐t② ♣r♦♣❡rt②✳ ❚❤❛♥❦s t♦ ❞❡ ❋✐♥❡tt✐✲t②♣❡ t❤❡♦r❡♠s✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ❡①♣r❡ss t❤❡♠ ❛s ❛ ♠✐①t✉r❡ ♦❢ s✐♠♣•❡r ♣r♦❝❡ss❡s✱ ❛♥❞ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ ♠✐①✐♥❣ ♠❡❛s✉r❡✳ ✶✳✶✳✷ ❉❡ ❋✐♥❡tt✐✬s t❤❡♦r❡♠ ❢♦r ▼❛r❦♦✈ ❝❤❛✐♥s✱ ❛♥❞ r❛♥❞♦♠ ✇❛•❦s ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❆s s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❞❡ ❋✐♥❡tt✐✬s t❤❡♦r❡♠ ❝❤❛r❛❝t❡r✐③❡s ♠✐①t✉r❡s ♦❢ ✐✳✐✳❞✳ s❡q✉❡♥❝❡s ✇✐t❤ t❤❡ ❡①❝❤❛♥❣❡❛❜✐•✐t② ♣r♦♣❡rt②✳ ❲❤❛t ❛❜♦✉t ♠✐①t✉r❡s ♦❢ ♦t❤❡r t②♣❡s ♦❢ ♣r♦❝❡ss❡s❄ ❆♥♦t❤❡r ✈❡rs✐♦♥ ♦❢ ❞❡ ❋✐♥❡tt✐✬s t❤❡♦r❡♠✱ ♣r♦✈❡❞ ❜② ❉✐❛❝♦♥✐s ❛♥❞ ❋r❡❡❞♠❛♥ ✭❬❉❋✽✵(✮✱ ❣✐✈❡s ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♠✐①t✉r❡s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ✐♥ t❤❡ ❝❛s❡ t❤❡② ❛r❡ r❡❝✉rr❡♥t✱ ✐♥✈♦•✈✐♥❣ ❛ ✇❡❛❦❡r ❡①❝❤❛♥❣❡❛❜✐•✐t② ❝♦♥❞✐t✐♦♥✳ ❖♥ ❛ ❝♦✉♥t❛❜•❡ st❛t❡ s♣❛❝❡ E✱ ✇❡ s❛② ❛ ♣r♦❝❡ss Y ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡ ✐❢ t❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ Y t❛❦✐♥❣ ❛ ❝❡rt❛✐♥ ♣❛t❤ ❞❡♣❡♥❞s ♦♥•② ♦♥ ✐ts st❛rt✐♥❣ ♣♦✐♥t✱ ❛♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ❢r♦♠ i t♦ j✱ ❢♦r ❛•• i, j ∈ E✳ ❚❤❡♥ ❉✐❛❝♦♥✐s ❛♥❞ ❋r❡❡❞♠❛♥ ♣r♦✈❡❞ t❤❛t ✐❢ ❛ ♣r♦❝❡ss Y ✐s r❡❝✉rr❡♥t ❛♥❞ ♣❛rt✐❛••② ✻ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆ ❡①❝❤❛♥❣❡❛❜•❡✱ t❤❡♥ ✐t ✐s ❛ ♠✐①t✉r❡ ♦❢ r❡❝✉rr❡♥t ▼❛r❦♦✈ ❝❤❛✐♥s ♦♥ E✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ❡①✐sts ❛ ❞✐str✐❜✉t✐♦♥ μ ♦♥ t❤❡ s❡t ♦❢ |E|×|E| tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s✱ s✉❝❤ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✐s t❤❡ s❛♠❡ ❛s t❛❦✐♥❣ ❛ r❛♥❞♦♠ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❛❝❝♦r❞✐♥❣ t♦ μ✱ ❛♥❞ t❤❡♥ r✉♥♥✐♥❣ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ♦♥ E ✉s✐♥❣ t❤✐s ✭♥♦✇ ✜①❡❞✮ tr❛♥s✐t✐♦♥ ♠❛tr✐①✳ ❲❡ ✇✐•• ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ❛s•✐❣❤t•② ❞✐✛❡r❡♥t ✈❡rs✐♦♥ ♦❢ t❤✐s t❤❡♦r❡♠✱ ❞✉❡ t♦ |♦••❡s ✭❬|♦•✵✸(✮✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ♠✐①t✉r❡s ♦❢ r❡✈❡rs✐❜•❡ ▼❛r❦♦✈ ❝❤❛✐♥s ♦♥ ✜♥✐t❡ st❛t❡ s♣❛❝❡s✳ ▲❡t ✉s ♣r❡s❡♥t t❤✐s t❤❡♦r❡♠ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ r❛♥❞♦♠ ✇❛•❦s ♦♥ ❣r❛♣❤s✳ |❛♥❞♦♠ ✇❛•❦s ♦♥ ✇❡✐❣❤t❡❞ ❣r❛♣❤s

  r ♠♦r❡ ❞❡t❛✐•s ♦♥ t❤✐s ❢♦r♠❛•✐s♠✳ ◆♦t❡ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❢♦r t❤❡ s✐♠♣•❡ r❛♥❞♦♠ ✇❛•❦ ♦♥ (G,a) ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐❢ ✇❡ ♠✉•t✐♣•② ❛•• a e ❜② ❛ ❝♦♥st❛♥t λ>0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✇❡✐❣❤ts ✇✐•• ✉s✉❛••② ❜❡ ♥♦r♠❛•✐③❡❞ ❜② ✐♠♣♦s✐♥❣ a e0 =1❢♦r s♦♠❡ ✜①❡❞ ❡❞❣❡ e 0 ✳ P❛rt✐❛• ❡①❝❤❛♥❣❡❛❜✐•✐t② ❛♥❞ ❞❡ ❋✐♥❡tt✐✬s t❤❡♦r❡♠ ❢♦r r❡✈❡rs✐❜•❡ ▼❛r❦♦✈ ❝❤❛✐♥s ▲❡t ✉s ♥♦✇ ♣r❡s❡♥t t❤❡ ❞❡ ❋✐♥❡tt✐✲t②♣❡ t❤❡♦r❡♠ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ♠✐①t✉r❡s ♦❢ r❡❝✉rr❡♥t r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s✱ ✉s✐♥❣ ❛ ✇❡❛❦❡r ✈❡rs✐♦♥ ♦❢ ❡①❝❤❛♥❣❡❛❜✐•✐t② t❤❛t ✐s ❞❡s❝r✐❜❡❞ ❜❡•♦✇✳

  ✇❡ ❤❛✈❡ P[Y 0 = σ 0 , ..., Y |σ| = σ |σ| ]=P[Y 0 = τ 0 , ..., Y |τ | = τ |τ | ].✶✳✶✳ |❊■◆❋❖|❈❊▼❊◆❚✱ ❊❳❈❍❆◆•❊❆❇■▲■❚( ❆◆❉ |❆◆❉❖▼ ❊◆❱■|❖◆▼❊◆❚✼ ❖♥❝❡ ❛❣❛✐♥✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ♠✐①t✉r❡s ♦❢ r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s ❛r❡ t❤❡♠s❡•✈❡s ♣❛rt✐❛••② ❡①✲ ❝❤❛♥❣❡❛❜•❡ ✐♥ ❛ r❡✈❡rs✐❜•❡ s❡♥s❡✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✱ ♣r♦✈❡❞ ❜② |♦••❡s ✐♥ ❬|♦•✵✸(✱ st❛t❡s t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐s tr✉❡✱ ♣r♦✈✐❞✐♥❣ t❤❛t t❤❡ ♣r♦❝❡ss ✐s r❡❝✉rr❡♥t✳ ■t ✐s ❛ ✈❛r✐❛♥t ♦❢ ❉✐❛❝♦♥✐s ❛♥❞ ❋r❡❡❞♠❛♥✬s t❤❡♦r❡♠ ♦♥ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ✭❬❉❋✽✵(✮✳ ▲❡t ✉s ✜rst ✜① e 0 ∈ E ❛♥ ❛r❜✐tr❛r② ❡❞❣❡✱ ❛♥❞ ❞❡♥♦t❡ ❜② A e0 E t❤❡ s❡t ♦❢ ❡❞❣❡ ✇❡✐❣❤ts ♦♥ G✱ ♥♦r♠❛•✐③❡❞ ❛t e 0 ✿ A e0 E = (a e ) e∈E ∈ (R * + ) E ,a e0 =1 ✳ ❚❤❡♦r❡♠ ✶✳✶✳✷ ✭❞❡ ❋✐♥❡tt✐✬s t❤❡♦r❡♠ ❢♦r r❡✈❡rs✐❜•❡ r❛♥❞♦♠ ✇❛•❦s✮✳ ▲❡t (Y n ) n∈N ❜❡ ❛ ♥❡❛r❡st✲♥❡✐❣❤❜♦r ♣r♦❝❡ss ♦♥ ❛ ✜♥✐t❡ ❣r❛♣❤ G =( V, E)✳ ❲❡ ❛ss✉♠❡ t❤❛t (Y n ) n∈N ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡ ✐♥ ❛ r❡✈❡rs✐❜•❡ s❡♥s❡✱ ❛s ✇❡•• ❛s r❡❝✉rr❡♥t✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s❡♥s❡✿ t❤❡r❡ ❛r❡ ❛✳s✳ ✐♥✜♥✐t❡•② ♠❛♥② n ∈ N s✉❝❤ t❤❛t Y n = Y 0 ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ μ ♦♥ V ×A e0 E s✉❝❤ t❤❛t ❢♦r ❛♥② ♣❛t❤ σ =(σ 0 , ...σ L ) ✐♥ G✱ P[Y 0 = σ 0 , ..., Y L = σ L ]♥ (G,a) ✐s ❝♦♥str✉❝t❡❞ ❜② ❛❞❞✐♥❣ r❡✐♥❢♦r❝✐♥❣ ❜❡❤❛✈✐♦r t♦ t❤❡ s✐♠♣•❡ r❛♥❞♦♠ ✇❛•❦✿ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐•② (a e ) e∈E ❛s ✐♥✐t✐❛• ✇❡✐❣❤ts✱ ❛♥❞ ❢♦r ❡✈❡r② ❡❞❣❡ e✱ t❤❡ ✇❡✐❣❤t ♦❢ e ✐s ✐♥❝r❡❛s❡❞ ❜② 1 ❡❛❝❤ t✐♠❡ t❤❡ r❛♥❞♦♠ ✇❛•❦ ❝r♦ss❡s e✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ❢♦r e ∈ E ❛♥❞ n ∈ N✱ ✇❡ ✇r✐t❡ A n (e)=a e + n-1 k=0 1 {X k ,X k+1 }=e .

  ❞❡s❝r✐❜❡❞ ✐♥ |❡♠❛r❦ ✶✳✶✳✶ ❢♦r Pó•②❛✬s ✉r♥✱ ❢♦r •♦✇ ✈❛•✉❡s ♦❢ (a e ) e∈E ✇❡ ❤❛✈❡ ✧str♦♥❣ r❡✐♥❢♦r❝❡♠❡♥t✧✱ ❛♥❞ ❢♦r ❤✐❣❤ ✈❛•✉❡s ✇❡ ❤❛✈❡ ✧✇❡❛❦ r❡✐♥❢♦r❝❡♠❡♥t✧✳ ▼♦r❡♦✈❡r✱ t❤❡ ❊||❲ ❛•s♦ s❛t✐s✜❡s ❛♥ ❡①❝❤❛♥❣❡❛❜✐•✐t② ♣r♦♣❡rt②✿ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐t ✐s ♣❛rt✐❛••② ❡①❝❤❛♥❣❡❛❜•❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✳ ❖♥ ✜♥✐t❡ ❣r❛♣❤s✱ ✐t ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ r❛♥❞♦♠ ✇❛•❦ ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡ ❊||❲ ❛s ❛ ♠✐①t✉r❡ ♦❢ r❛♥❞♦♠ ✇❛•❦s ♦♥ ✜♥✐t❡ ❣r❛♣❤s

  |❡♠❛r❦ ✶✳✷✳✶✳ ❙✐♥❝❡ t❤❡ •✉♠♣ r❛t❡s ❛r❡ ❝♦♥st❛♥t✱ t❤✐s ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❛•s♦ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✳ ❲❤✐•❡ t❤❡ ♣r♦❝❡ss ✐s ❛t s♦♠❡ ✈❡rt❡① i✱ ✐♥❞❡♣❡♥❞❡♥t ❝•♦❝❦s ❛r❡ r✉♥♥✐♥❣ ❢♦r ❡❛❝❤ ♥❡✐❣❤❜♦r ♦❢ i✳ ❚❤❡ ❝•♦❝❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ j r✐♥❣s ❛t ❛ r❛♥❞♦♠ ✐♥st❛♥t✱ ✇❤✐❝❤ ✐s ❛♥ ❡①♣♦♥❡♥t✐❛• ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r r i,j ✳❆ s s♦♦♥ ❛s t❤❡ ✜rst ♦❢ t❤❡s❡ ❝•♦❝❦s r✐♥❣✱ t❤❡ ♣r♦❝❡ss •✉♠♣s t♦ t❤❡ ❛ss♦❝✐❛t❡❞ ♥❡✐❣❤❜♦r✐♥❣ ✈❡rt❡①✳ ❆s ❛ r❡s✉•t✱ t❤❡ ✧❤♦•❞✐♥❣ t✐♠❡✧ t❤❛t t❤❡ ♣r♦❝❡ss s♣❡♥❞s ❛t i ✐s ❛♥ ❡①♣♦♥❡♥t✐❛• ✈❛r✐❛❜•❡ ✇✐t❤ ♣❛r❛♠❡t❡r

  t))✳ |❡♠❛r❦ ✶✳✷✳✷✳ ❆s ✇✐t❤ Pó•②❛✬s ✉r♥ ❛♥❞ t❤❡ ❊||❲✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st❛rt✐♥❣ ♣❛r❛♠❡t❡rs✱ t❤❡ r❡✐♥✲ ❢♦r❝✐♥❣ ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ♠♦r❡ ♦r •❡ss ♣r♦♥♦✉♥❝❡❞ ✭s❡❡ |❡♠❛r❦ ✶✳✶✳✶✮✳ ❋♦r •♦✇❡r ✐♥✐t✐❛• ✇❡✐❣❤ts W ✱ t❤❡ ✜rst ❢❡✇ •✉♠♣s ❤❛♣♣❡♥ ❛❢t❡r ❛ •♦♥❣❡r t✐♠❡✱ t❤❡r❡❢♦r❡ t❤❡ ♣r♦❝❡ss st❛②s •♦♥❣❡r ❛t ❡❛❝❤ ✈❡rt❡①✱ r❡s✉•t✐♥❣ ✐♥ str♦♥❣❡r r❡✐♥❢♦r❝❡♠❡♥t✳ ❈♦♥✈❡rs❡•②✱ ❢♦r ❤✐❣❤❡r W ✱ ✇❡ ❤❛✈❡ ✇❡❛❦❡r r❡✐♥❢♦r❝❡♠❡♥t✳ ❖✉r ❛✐♠ ✐s ♦♥❝❡ ❛❣❛✐♥ t♦ st✉❞② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤✐s s❡•❢✲✐♥t❡r❛❝t✐♥❣ ♣r♦❝❡ss ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ •✉♠♣ r❛t❡s ♦❢ t❤❡ ❱|❏P ❛r❡ ❛•✇❛②s ✐♥❝r❡❛s✐♥❣✱ t❤❡ ♣r♦❝❡ss t❡♥❞s t♦ •✉♠♣ ❢❛st❡r ❛♥❞ ❢❛st❡r ❛s t✐♠❡ ❣♦❡s ♦♥✳ ❚❤✐s ♠❛❦❡s ✐t ✐♠♣♦ss✐❜•❡ ❢♦r ✐t t♦ ❜❡ ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s✱ s✐♥❝❡ t❤❡ ❤♦•❞✐♥❣ t✐♠❡s ✇♦✉•❞ t❤❡♥ ❜❡ st❛t✐♦♥❛r②✳ ❲❡ ✇✐•• t❤❡r❡❢♦r❡ ♥❡❡❞ t♦ ❛♣♣•② ❛ t✐♠❡ ❝❤❛♥❣❡ t♦ t❤❡ ♣r♦❝❡ss✱ ✐♥ ♦r❞❡r t♦ s•♦✇ ✐t ❞♦✇♥✳ ❆♥♦t❤❡r t✐♠❡ ❝❤❛♥❣❡ ✇✐•• ❛•s♦ ❜❡ ✉s❡❢✉• t♦ r❡•❛t❡ t❤❡ ❱|❏P t♦ t❤❡ ❊||❲✳▲❡t ✉s ❞❡s❝r✐❜❡ ❤♦✇ t❤❡s❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜•❡s ❛r❡ ❞❡✜♥❡❞✿ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐♥❝r❡❛s✐♥❣ r❛♥❞♦♠ ❢✉♥❝t✐♦♥ A : R +

  ❚❤✐s ♣r♦❝❡ss ✇✐•• ❤❡•♣ r❡•❛t❡ t❤❡ ❱|❏P t♦ t❤❡ ❊||❲✱ ❛♥❞ ❛•s♦ ❛♣♣❡❛rs ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Z (1) ❛s ❛ ♠✐①t✉r❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✭❚❤❡♦r❡♠ ✶✳✷✳✷✮✳ P❛rt✐❛• ❡①❝❤❛♥❣❡❛❜✐•✐t② ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡ ■♥ ❬❋r❡✾✻(✱ ❋r❡❡❞♠❛♥ s❤♦✇❡❞ ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ✈❡rs✐♦♥ ♦❢ ❞❡ ❋✐♥❡tt✐✬s t❤❡♦r❡♠ ❢♦r ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❙✐♠✐•❛r•② t♦ ❉✐❛❝♦♥✐s ❛♥❞ ❋r❡❡❞♠❛♥✬s t❤❡♦r❡♠ ❢♦r ❞✐s❝r❡t❡✲t✐♠❡ ▼❛r❦♦✈ ❝❤❛✐♥s✱ ✐t r❡•✐❡s ♦

  ✷✳✼✳✸ ❉✐st✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ ❛ r❡❣✉•❛r tr❡❡✿ Pr♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✷✳✶✳✼ ❛♥❞ ✷✳✶✳✽ ▲❡t ✉s st❛rt ❜② ♣r♦✈✐♥❣ t❤❛t ♦♥ r❡❣✉•❛r tr❡❡s ✇❤❡r❡ t❤❡ ❱|❏P ✐s tr❛♥s✐❡♥t✱ t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✺ ❛r❡ ❞✐✛❡r❡♥t✳ ✼✹ ❈❍❆P❚❊| ✷✳ |❊P|❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱|❏P ❆◆❉ ▼❆|❚■◆ ❇❖❯◆❉❆|( Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼✳ ▲❡t T =( T,E) ❜❡ ❛ d✲r❡❣✉•❛r tr❡❡✱ ✇❤❡r❡ d ≥ 3✳ ■t ✇❛s s❤♦✇♥ ✐♥ ❬❉❱✵✹( t❤❛t t❤❡r❡ ❡①✐sts ❛ W>0 s✉❝❤ t❤❛t ❢

  r♦❝❡ss Y ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s t❤❡ s♦•✉t✐♦♥ ♦❢ E W (T ) ,X(T ),η (T ) V (X) ✳ ✸✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ |❊❙❯▲❚❙ ✽✸ ✸✳✶✳✹ ▼❛✐♥ r❡s✉•ts ✿ ❆ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ t❤❡ ♦♣♣♦s✐t❡ ❞r✐❢t t❤❡♦r❡♠ ▲❡t (X i ) i∈V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ✭E W,θ,η V (X)✮✳ ❆s ✐♥ t❤❡ ✉s✉❛• ❝❛s❡ ♦❢ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✱ •❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥❛• t❤❛t ✇✐•• ❞❡✜♥❡ t❤❡ t✐♠❡ ❝❤❛♥❣❡✳ ❋♦r i ∈ V ❛♥❞ t ≥ 0✱ ✇❡ s❡t U i (t)=

  (u) W (u) (e ρ(u) + T (u)η)+η i ∈ V ❛♥❞ v ≥ 0✱ ✇❤❡r❡ ( Bi ) i∈V ✐s ❛ |V |✲❞✐♠❡♥s✐♦♥❛• st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ e ρ(u) ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r (e ρi(u) ) i∈V ✱ ❛♥❞W (u) = WK -1 T (u) = W Id -T (u)W -1 . ✭✐✐✮ ❚❤❡ ❡q✉❛t✐♦♥ ✭E W,θ,η V (ρ)✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♣❛t❤✇✐s❡ s♦•✉t✐♦♥ u → ρ(u),T(u) ✱ ✇❤✐❝❤ ✐s ❛✳s✳ ✇❡•• ❞❡✜♥❡❞ ♦♥ ❛•• ♦❢ R + ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✸✳✶✳✷✭✐✐✮ ❛♥❞ ✸✳✶✳✹✱ ✇❡ ❝❛♥ r❡•❛t❡ t❤❡ s♦•✉t✐♦♥s ♦❢ ✭ E W,θ,η V (ρ)✮ t♦ t✐♠❡✲ ❝❤❛♥❣❡❞ ❇❡ss❡• ❜r✐❞❣❡s ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ν W,θ,η V ✳ ❚❤✐s ✐s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳✺ ❜❡•♦✇✱ ✇❤✐❝❤ ✐s t❤❡ ♠✉•t✐✲❞✐♠❡♥s✐♦♥❛• ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✶✳ ❚❤❡♦r❡♠ ✸✳✶✳✺✳ ▲❡t B ❜❡ ❛ |V |✲❞✐♠❡♥s✐♦♥❛• st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ❛♥❞ •❡t (ρ, T ) ❜❡ s♦•✉t✐♦♥ ♥❞✐t✐♦♥❛••② ♦♥ T 0 ✱ t❤❡r❡ ❡①✐sts ❛ st❛♥❞❛r❞ |V |✲❞✐♠❡♥s✐♦♥❛• ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B s✉❝❤ t❤❛t ❢♦r i ∈ V ❛♥❞ u ≥ 0✱ ρ i (u)=log(θ i )+ Bi (u♦♥❞ ♦♥❡ ✉s❡s ❚❤❡♦r❡♠ ✸✳✶✳✷ ✭✐✐✮✱ s♦ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ X ❛s ❛ ♠✐①t✉r❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❇❡ss❡• ❜r✐❞❣❡s✱ t♦ ✇❤✐❝❤ ✇❡ ❝❛♥ ❛♣♣•② t❤❡ t✐♠❡ ❝❤❛♥❣❡ s❡♣❛r❛t❡•②✱ ❛♥❞ t❤❡♥ ✐❞❡♥t✐❢② t❤❡ •❛✇ ♦❢ t❤❡ ❛♥♥❡❛•❡❞ ♣r♦❝❡ss ✉s✐♥❣ •✐rs❛♥♦✈✬s t❤❡♦r❡♠✳ ✸✳✸✳✶ ❋✐rst ♣r♦♦❢ ♦❢ ✭✐✮ ✿ ✉s✐♥❣ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✸ ❋✐rst•②✱ •❡t u ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ f : R V × R V → R ❜❡ ❛ ❝♦♠♣❛❝t•②✲s✉♣♣♦rt❡❞ C 2 ❢✉♥❝t✐♦♥✳ ❚♦ ✐❞❡♥t✐❢② t❤❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ♦❢ (ρ, T )✱ •❡t ✉s ❝♦♠♣✉t❡ lim t❤❛t (T i (u)) i∈V ✐s ❛ ♠✉•t✐✲st♦♣♣✐♥❣ t✐♠❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ ❛♥❞ t❤❛t F (ρ,T ) u = F X T (u) ✳ ▲❡t ✉s t❤❡♥ ❞❡✜♥❡ W (u) = W K T (u) -1 , K(u)t =Id-t W (u) , ❛♥❞ η(u) = η + W (u) (T (u)η).❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✸✳✶✳✸✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ F X T (u) ✱ t❤❡ s❤✐❢t❡❞ ♣r♦❝❡ss

  ✇❤❡r❡ B ✐s ❛ |V |✲❞✐♠❡♥s✐♦♥❛• st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F X T (u) ✱ ❛♥❞ T 0 i ✐s t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② Y i ✳ ▲❡t ✉s ♥♦✇ ✜① v>u ✱ ❛♥❞ ❞❡✜♥❡ t❤❡ ✐♥t❡rr✉♣t❡❞ ♣r♦❝❡ss

0 d))

 0 ♥ ❛•s♦ r❡♣•❛❝❡ t ∧ T 0 ✇✐t❤ t✱ s✐♥❝❡ Ti (v) < T 0 ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡ ❜② Mi t❤❡ ❢♦••♦✇✐♥❣ ♠❛rt✐♥❣❛•❡ ❢♦r i ∈ V ✿ Mi (t)= t Bi(s) Zi(s) ❢♦r t ≥ 0✳ ▲❡t ✉s ♥♦✇ ❞❡♥♦t❡ Φ(t)= log(Z i (t)), (T i (u)+t) ∧ T i (v) i∈V ∈ R V × R V ❢♦r t ≥ 0✳ ❚❤❡♥✱ ❛♣♣•②✐♥❣ ■t♦✬s •❡♠♠❛ t♦ t → f (Φ(t))✱ ✇❡ ❣❡t f (Φ(t))f (Φ(0(s) W (u) ( K(u) s ) -1 Y (s)+sη (u) +η (u) s))ds. ❚❛❦✐♥❣ t ≥ T ∞ ✱ ✇❡ ❣❡t t ∧ Ti (v)= Ti (v) ❢♦r ❛•• i ∈ V ✱ ❛♥❞ f (Φ(t))f (Φ(0)) = f (ρ(v),T(v))f (ρ(u),T(u)), s✐♥❝❡ ρ i (w)=l o g( X i (T i (w))) ❢♦r w ∈ R + ❛♥❞ i ∈ V ✳ ❋♦r ❛•• i ∈ V ✱ ✇❡ ❝❛♥ ♥♦✇ ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ t✐♠❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡❣r❛•s ❛❜♦✈❡ ✿ s = T i (w) -T i (u)= Ti (w)✱ ✐✳❡✳ w = U i (T i (u)+s)✳◆ ♦ t ❡ t❤❛t ❢♦r 0 ≤ s ≤ Ti (v), d ds U i (T i (u)+s)= 1 X i (T i (u)+s) 2 = 1 Z i (s) 2 , ❛♥❞ ❢♦r u ≤ w ≤ v, d dw Ti (w)=X i (T i (w)) 2 = e 2ρi(w) .❆s ❛ r❡s✉•t✱ ✇❡ ♦❜t❛✐♥ ✿ f ρ(v),T (v)f ρ(u),T(u) -1 X(T i (w)) + Ti (w)η (u) +η (u) ,T(w) e 2ρi(w) dw . ❍❡r❡✱ t❤❡ ✈❡❝t♦r X(T i (w)) = X j (T i (w)) j∈V ✐s ❞✐✛❡r❡♥t ❢r♦♠ e ρ(w) = X j (T j (w)) j∈V ✳ ❚❤✐s ✐s ✇❤② ✇❡ ♥❡❡❞ t♦ t❛❦❡ v → u ❛♥❞ ✐❞❡♥t✐❢② t❤❡ ❣❡♥❡r❛t♦r✳ ◆♦t❡ t❤❛t s✐♥❝❡ B ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ F X T (u) ❛•• i ∈ V ✱ ❛♥❞ t❤❡r❡❢♦r❡ E f ρ(v),T(v)f ρ(u),T(u) F (ρ,T ) -1 X(T i (w)) + Ti (w)η (u) +η (u) ,T(w) e 2ρi(w) dw ρ(u),T(u) .❇② ❝♦♥t✐♥✉✐t② ❛♥❞ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❝❛♥ t❤❡♥ ❝♦♥❝•✉❞❡ t❤❛t lim ρi(u) W (u) e ρ(u) +η (u) i + ∂f ∂t i ρ(u),T(u) e 2ρi(u) , ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t Lf (u)✱ ✇❤❡r❡ L ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s②st❡♠ ♦❢ ❙❉❊s ✭E W,θ,η V (ρ)✮✳ ✸✳✸✳✷ ❙❡❝♦♥❞ ♣r♦♦❢ ♦❢ ✭✐✮ ✿ ✉s✐♥❣ t❤❡ ♠✐①✐♥❣ ♠❡❛s✉r❡ ❛♥❞ •✐rs❛♥♦✈✬s t❤❡♦r❡♠ ❚❤✐s ♣r♦♦❢ ❢♦••♦✇s t❤❡ s❛♠❡ str✉❝t✉r❡ ❛s t❤❛t ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✷ ✿ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ❛s ❛ ♠✐①t✉r❡ ♦❢ s✐♠♣•❡r q✉❡♥❝❤❡❞ ♣r♦❝❡ss❡s✱ ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ✐♥t❡❣r❛• ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ❛♥♥❡❛•❡❞ ❞✐str✐❜✉t✐♦♥✱ ✉s✐♥❣ •✐rs❛♥♦✈✬s t❤❡♦r❡♠✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② X =( X i (t)) i∈V,t≥0 t❤❡ ❝❛♥♦♥✐❝❛• ♣r♦❝❡ss ✐♥ C(R + , R V )✱ ❛♥❞ ❜② P t❤❡ ❞✐str✐❜✉t✐♦♥ ♦♥ C(R + , R V ) ✉♥❞❡r ✇❤✐❝❤ X ✐s s♦•✉t✐♦♥ ♦❢ ✭E W,θ,η V (X)✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸✳✶✳✷ ✭✐✐✮✱ t❤❡ ✈❡❝t♦r (β i ) i∈V = 1 2T 0 i ❤❛s ❞✐str✐❜✉t✐♦♥ ν W,θ,η V ✳ ▼♦r❡♦✈❡r✱ ❝♦♥❞✐t✐♦♥❛••② ♦♥ (T 0 i ) i∈V ✱ t❤❡ ♠❛r❣✐♥❛• ♣r♦❝❡ss❡s X i ❢♦r i ∈ V ❛r❡ ✐♥❞❡♣❡♥❞❡♥t 3✲❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡s ❢r♦♠ θ i t♦ 0 ♦♥ [0,T 0 i ]✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❛♥ ✇r✐t❡ P[•]= i∈V P βi i [•] ν W,θ,η V (dβ), ✇❤❡r❡ ❢♦r i ∈ V ✱ P βi i ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦♥ C(R + , R) ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❝❛♥♦♥✐❝❛• ♣r♦❝❡ss X i ✐s ❛ 3✲ ❞✐♠❡♥s✐♦♥❛• ❇❡ss❡• ❜r✐❞❣❡ ❢r♦♠

  ❡❛❝❤ i ∈ V ✱ •❡t ✉s ♥♦✇ ❞❡✜♥❡ ❛ ♠❛rt✐♥❣❛•❡ L i ❜② u ≥ 0✱ s♦ t❤❛t ρ i (u)= Bi (u) -Bi ,L i u ✳ ❲❡ ❝❛♥ t❤❡♥ ✐♥tr♦❞✉❝❡ ❛ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ Pi s✉❝❤ t❤❛t ❢♦r ❛•• u ≥ 0✱ Bi (v), 0 ≤ v ≤ u ✱ ❛♥❞ E(L i )(u)=e Li(u)-1 2 Li,Li u ✐s t❤❡ ❡①♣♦♥❡♥t✐❛• ♠❛rt✐♥❣❛•❡ ❛ss♦❝✐✲ ❛t❡❞ ✇✐t❤ L i ✳ ❚❤❡♥ ❜② •✐rs❛♥♦✈✬s t❤❡♦r❡♠✱ ρ i ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❞❡r Pi ✳ ◆♦t❡ t❤❛t Pi ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ β i ✳ ❋r♦♠ ♥♦✇ ♦♥✱ •❡t ✉s ✇r✐t❡ φ i (u)=1-2β i u 0 e 2ρi(v) dv =

  +β i φ i (u)e 2 Bi(u)+u -2β 2 i φ i (u) 2 e 4 Bi(u)+2u -1 8 -2β i φ i (u)e 2 Bi(u)+u du = dL i (u). ✸✳✸✳ ▼❯▲❚■✲❉■▼❊◆❙■❖◆❆▲ ❚■▼❊ ❈❍❆◆•❊ ✾✶ ❋✐① u ≥ 0✱ t❤❡♥ ❢♦r ❛♥② ❡✈❡♥t A u ∈F ρ u = σ (ρ(v), 0 ≤ v ≤ u)✱ ✇❡ ❤❛✈❡ ✇ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ D(u)✱ ❛♥❞ ❡①♣r❡ss ✐t ❛s ❛♥ ❡①♣♦♥❡♥t✐❛• ♠❛rt✐♥❣❛•❡✱ ✐♥ ♦r❞❡r t♦ ❛♣♣•② •✐rs❛♥♦✈✬s t❤❡♦r❡♠ ♦♥❝❡ ❛❣❛✐♥✱ ❛♥❞ ✐❞❡♥t✐❢② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ρ ✉♥❞❡r P✳ ❋♦r u ≥ 0✱ ✇❡ ❤❛✈❡ D(u)= exp i∈V θ 2 i β i -

■

  ♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤✐s ✐♥t❡❣r❛•✱ ✇❡ ✇✐•• ✐♥tr♦❞✉❝❡ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜•❡s✱ ❛♥❞ ♦❜t❛✐♥ ❛♥ ✐♥t❡❣r❛• ❛❣❛✐♥st t❤❡ ❞✐str✐❜✉t✐♦♥ ν W (u) , θ(u) ,η (u) V ✱ ✇❤❡r❡ W (u) ✱ θ(u) ❛♥❞ η(u) ❛r❡ ♥❡✇ ♣❛r❛♠❡t❡rs ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ tr❛•❡❝t♦r② ♦❢ ρ ✉♣ t♦ t✐♠❡ u✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s ✿ ❢♦r u ≥ 0✱ =2β (u) -W K (u) = T (u)H (u) =Id-T (u)W. ❋r♦♠ t❤❡r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥❡✇ ❢♦••♦✇✐♥❣ ♣❛r❛♠❡t❡rs ✿ ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ W (u) = W (K (u) ) -1 = W + W (H (u) ) -1 W η(u) = W (u) T (u)η + η θ(u) i = e ρi(u) ❢♦r i ∈ V❛s ✇❡•• ❛s t❤❡s❡ ❛ss♦❝✐❛t❡❞ q✉❛♥t✐t✐❡s ✿

  , H(u) + W (u) θ(u) ✭✸✳✹✮ ❢♦r u ≥ 0✳ ▼♦r❡♦✈❡r✱✇❡ ✇✐•• ♥❡❡❞ t❤❡ ❢♦••♦✇✐♥❣ t❡❝❤♥✐❝❛• •❡♠♠❛ ✐♥ ♦r❞❡r t♦ ❡①♣r❡ss D(u) ❛s ❛♥ ✐♥t❡❣r❛• ❛❣❛✐♥st ν W (u) , θ(u) ,η (u) V ✳ ▲❡♠♠❛ ✸✳✸✳✷ ✭▲❡♠♠❛ ✷ ✐♥ ❬❙)✶✼(✮✳ ❋♦r u ≥ 0✱ ✇❡ ❤❛✈❡ ✿ ✭✐✮ K 1/2β = K(u) K (u) 

D

  2 . ▼♦r❡♦✈❡r✱ ❢♦r ❛•• u ≥ 0 ✇❡ ❤❛✈❡ ✿ 1 H β >0 = 1 H(u)>0 1 H(u)>0 . ✭✸✳✻✮ ❈♦♠❜✐♥✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✹✮✱ ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮✱ ❛s ✇❡•• ❛s ▲❡♠♠❛ ✸✳✸✳✷ ✭✐✐✐✮✱ ✇❡ ✜♥❛••② ♦❜t❛✐♥ ✿

i

  ♦✇ s❤♦✇ t❤❛t D ✐s t❤❡ ❡①♣♦♥❡♥t✐❛• ♠❛rt✐♥❣❛•❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❝❡rt❛✐♥ F ρ u ✲♠❛rt✐♥❣❛•❡✳ ❇② ■t♦✬s •❡♠♠❛✱ ❢♦r u ≥ 0 ✇❡ ❤❛✈❡ dD(u)= i∈V -( W (u) e ρ(u) ) i e ρi(u)η(u) i e ρi(u) -(u) e ρ(u) ) i e ρi(u)η(u) i e ρi(u) -W (u) e ρ(u) ) i e ρi(u) -W (u)i,i e 2ρi(u)η(u) i e ρi(u) D(u)du+ -1 2 e ρ(u) ,∂ u ( W (u) )e ρ(u) -(u) | |K (u) | D(u)du. ❙✐♥❝❡ H (u) =2β (u) -W =1/T (u) -W ✱ ✇❡ ❤❛✈❡ ∂ u (H (u) ) -1 =(H (u) ) -1 T (u) -1 ∂ u (T (u))T (u) -1 (H (u) ) -1 , s♦ t❤❛t✱ ✉s✐♥❣ ▲❡♠♠❛ ✸✳✸✳✷ ✭✐✐✮✱ ✇❡ ❣❡t η, ∂ u (H (u) ) -1 η = T (u) -1 (H (u) ) -1 η, e 2ρ(u) T (u) -1 (H (u) ) -1 η = η(u) ,e 2ρ(u) η(u) 2 e 2ρi(u) .▼♦r❡♦✈❡r✱ W (u) = W + W (H (u) ) -1 W ✱ t❤❡r❡❢♦r❡ e ρ(u) ,∂ u ( W (u) )e ρ(u) = e ρ(u) ,W(H (u) ) -1 T (u) -1 e 2ρ(u) T (u) -1 (H (u) ) -1 We ρ(u) = e ρ(u) , W (u) e 2ρ(u) W (u) e ρ(u) = i∈V ( W (u) e ρ(u) ) 2 i e 2ρi(u) , ❛♥❞ η(u) = W (u) T (u)η + η✱s ♦ ∂ u η(u) ,e ρ(u) = ∂ u ( W (u) )T (u)η + W (u) ∂ u (T (u))η, e ρ(u) = W (u) e 2ρ(u) W (u) T (u)η + W (u) e 2ρ(u) η, e ρ(u) = W (u) e 2ρ(u) η(u) ,e ρ(u) = i∈V W (u) e ρ(u) i η(u) i e 2ρi(u) ❋✐♥❛••②✱ ✇❡ ❤❛✈❡ ∂ u |K (u) | =T r |K (u) |(K (u) ) -1 ∂ u K (u) = -|K (u) |Tr W (K (u) ) -1 e 2ρ(u) (u) e ρ(u) ) i e ρi(u) +η (u) i e ρi(u) -( W (u) e ρ(u) ) i e ρi(u) -W (u) i,i e 2ρi(u)η(u) i e ρi(u) -( W (u) e ρ(u) ) 2 i e 2ρi(u) -(η (u) i ) 2 e 2ρi(u) -2 W (u) e ρ(uu) e ρ(u) + T (u)η + η i e ρi(u) dρ i (u). ❚❤❡r❡❢♦r❡✱ D ✐s t❤❡ ❡①♣♦♥❡♥t✐❛• ♠❛rt✐♥❣❛•❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ L✳ |❡❝❛•• t❤❛t ❢♦r u ≥ 0 ❛♥❞ ❛♥② ❡✈❡♥t A u ∈F ρ u = σ (ρ(v), 0 ≤ v ≤ u)✱ ✇❡ ❤❛✈❡ ❛•• u ≥ 0✳ ▼♦r❡♦✈❡r✱ P = i∈V Pi ✱ t❤❡r❡❢♦r❡ ρ ✐s ❛ |V |✲❞✐♠❡♥s✐♦♥❛• st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❞❡r P✳ ❆❝❝♦r❞✐♥❣ t♦ •✐rs❛♥♦✈✬s t❤❡♦r❡♠✱ t❤❡ ♣r♦❝❡ss B(u)=ρ(u)ρ, L u ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❞❡r P✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✉♥❞❡r P✱ t❤❡ ♣r♦❝❡ss ρ ✈❡r✐✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❙❉❊ ✿ ❢♦r ❛•• i ∈ V ❛♥❞ u ≥ 0✱ dρ i (u)=d Bi (u) -1 2 du -W (u)(e ρ(u) + T (u)η)+η i e ρi(u) du. ❇✐❜•✐♦❣r❛♣❤② ❬❆❈❑✶✹( ❖✳ ❆♥❣❡•✱ ◆✳ ❈r❛✇❢♦r❞✱ ❛♥❞ •✳ ❑♦③♠❛✳ ▲♦❝❛•✐③❛t✐♦♥ ❢♦r •✐♥❡❛r•② ❡❞❣❡ r❡✐♥❢♦r❝❡❞ r❛♥❞♦♠ ✇❛•❦s✳ ❉✉❦❡ ▼❛t❤✳ ❏✳✱ ✶✻✸✭✺✮✿✽✽✾✕✾✷✶✱ ✵✹ ✷✵✶✹✳ ❬❆❉❙✶✻❛( ❙✳ ❆♥❞r❡s✱ ❏✳✲❉✳ ❉❡✉s❝❤❡•✱ ❛♥❞ ▼✳ ❙•♦✇✐❦✳ ❍❛r♥❛❝❦ ✐♥❡q✉❛•✐t✐❡s ♦♥ ✇❡✐❣❤t❡❞ ❣r❛♣❤s ❛♥❞ s♦♠❡ ❛♣♣•✐❝❛t✐♦♥s t♦ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ♠♦❞❡•✳ Pr♦❜❛❜✐•✐t② ❚❤❡♦r② ❛♥❞ |❡•❛t❡❞ ❋✐❡•❞s✱ ✶✻✹✭✸✮✿✾✸✶✕✾✼✼✱ ❆♣r ✷✵✶✻✳ ❬❆❉❙✶✻❜( ❙✳ ❆♥❞r❡s✱ ❏✳✲❉✳ ❉❡✉s❝❤❡•✱ ❛♥❞ ▼✳ ❙•♦✇✐❦✳ ❍❡❛t ❦❡r♥❡• ❡st✐♠❛t❡s ❢♦r r❛♥❞♦♠ ✇❛•❦s ✇✐t❤ ❞❡❣❡♥❡r❛t❡ ✇❡✐❣❤ts✳ ❊•❡❝tr♦♥✳ ❏✳ Pr♦❜❛❜✳✱ ✷✶✱ ✷✵✶✻✳ ❬❇❈❍❙✶✾( |✳ ❇❛✉❡rs❝❤♠✐❞t✱ ◆✳ ❈r❛✇❢♦r❞✱ ❚✳ ❍❡•♠✉t❤✱ ❛♥❞ ❆✳ ❙✇❛♥✳ |❛♥❞♦♠ s♣❛♥♥✐♥❣ ❢♦r❡sts ❛♥❞ ❤②♣❡r❜♦•✐❝ s②♠♠❡tr②✳ ❛r❳✐✈✿✶✾✶✷✳✵✹✽✺✹ ❬♠❛t❤✳P|(✱ ✷✵✶✾✳ ❬❇❙✶✵( ❆✳✲▲✳ ❇❛s❞❡✈❛♥t ❛♥❞ ❆✳ ❙✐♥❣❤✳ ❈♦♥t✐♥✉♦✉s✲t✐♠❡ ✈❡rt❡① r❡✐♥❢♦r❝❡❞ •✉♠♣ ♣r♦❝❡ss❡s ♦♥ •❛•t♦♥✲❲❛ts♦♥ tr❡❡s✳ ✷✷✱ ✵✺ ✷✵✶✵✳ ❬❈❉✽✼( ❉✳ ❈♦♣♣❡rs♠✐t❤ ❛♥❞ P✳ ❉✐❛❝♦♥✐s✳ |❛♥❞♦♠ ✇❛•❦ ✇✐t❤ r❡✐♥❢♦r❝❡♠❡♥t✳ ✉♥♣✉❜•✐s❤❡❞ ♠❛♥✉s❝r✐♣t✱ ✶✾✽✼✳ ❬❈♦•✵✾( ❆✳ ❈♦••❡✈❡❝❝❤✐♦✳ ▲✐♠✐t t❤❡♦r❡♠s ❢♦r ✈❡rt❡①✲r❡✐♥❢♦r❝❡❞ •✉♠♣ ♣r♦❝❡ss❡s ♦♥ r❡❣✉•❛r tr❡❡s✳ ❊•❡❝tr♦♥✐❝ ❏♦✉r♥❛• ♦❢ Pr♦❜❛❜✐•✐t②✱ ✶✹✿✶✾✸✻✕✶✾✻✷✱ ✷✵✵✾✳ ❬❈r❛✶✾( ◆✳ ❈r❛✇❢♦r❞✳ ❙✉♣❡rs②♠♠❡tr✐❝ ❤②♣❡r❜♦•✐❝ σ✲♠♦❞❡•s ❛♥❞ ❞❡❝❛② ♦❢ ❝♦rr❡•❛t✐♦♥s ✐♥ t✇♦ ❞✐✲ ♠❡♥s✐♦♥s✳ ❛r❳✐✈✿✶✾✶✷✳✵✺✽✶✼ ❬♠❛t❤✲♣❤(✱ ✷✵✶✾✳ ❬❈)✶✻( ❳✳ ❈❤❡♥ ❛♥❞ ❳✳ )❡♥❣✳ ❙♣❡❡❞ ♦❢ ❱❡rt❡① r❡✐♥❢♦r❝❡❞ •✉♠♣ ♣r♦❝❡ss ♦♥ •❛•t♦♥✲❲❛ts♦♥ tr❡❡s✳ ❛r❳✐✈✿✶✺✵✼✳✵✶✽✽✵✈✸ ❬♠❛t❤✳P|(✱ ✷✵✶✻✳ ❬❉❛✈✾✸( ❊✳ ❇✳ ❉❛✈✐❡s✳ ▲❛r❣❡ ❞❡✈✐❛t✐♦♥s ❢♦r ❤❡❛t ❦❡r♥❡•s ♦♥ ❣r❛♣❤s✳ ❏♦✉r♥❛• ♦❢ t❤❡ ▲♦♥❞♦♥ ▼❛t❤❡✲ ♠❛t✐❝❛• ❙♦❝✐❡t②✱ ✷✭✶✮✿✻✺✕✼✷✱ ✶✾✾✸✳ ❬❉❋✷✾( ❇✳ ❉❡ ❋✐♥❡tt✐✳ ❋✉♥③✐♦♥❡ ❝❛r❛tt❡r✐st✐❝❛ ❞✐ ✉♥ ❢❡♥♦♠❡♥♦ ❛•❡❛t♦r✐♦✳ ■♥ ❆tt✐ ❞❡• ❈♦♥❣r❡ss♦ ■♥t❡r♥❛③✐♦♥❛•❡ ❞❡✐ ▼❛t❡♠❛t✐❝✐✿ ❇♦•♦❣♥❛ ❞❡• ✸ ❛• ✶✵ ❞❡ s❡tt❡♠❜r❡ ❞✐ ✶✾✷✽✱ ♣❛❣❡s ✶✼✾✕✶✾✵✱ ✶✾✷✾✳ ❬❉❋✽✵( P✳ ❉✐❛❝♦♥✐s ❛♥❞ ❉✳ ❋r❡❡❞♠❛♥✳ ❉❡ ❋✐♥❡tt✐✬s ❚❤❡♦r❡♠ ❢♦r ▼❛r❦♦✈ ❈❤❛✐♥s✳ ❆♥♥✳ Pr♦❜❛❜✳✱ ✽✭✶✮✿✶✶✺✕✶✸✵✱ ✵✷ ✶✾✽✵✳ ❬❉▼❋•❲✽✾( ❆✳ ❉❡ ▼❛s✐✱ P✳ ❋❡rr❛r✐✱ ❙✳ •♦•❞st❡✐♥✱ ❛♥❞ ❲✳ ❲✐❝❦✳ ❆♥ ✐♥✈❛r✐❛♥❝❡ ♣r✐♥❝✐♣•❡ ❢♦r r❡✈❡rs✐❜•❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❆♣♣•✐❝❛t✐♦♥s t♦ r❛♥❞♦♠ ♠♦t✐♦♥s ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥ts✳ ❏♦✉r♥❛• ♦❢ ❙t❛t✐st✐❝❛• P❤②s✐❝s✱ ✺✺✭✸✲✹✮✿✼✽✼✕✽✺✺✱ ✶✾✽✾✳ ❬❉▼|✶✼( ▼✳ ❉✐s❡rt♦r✐✱ ❋✳ ▼❡r❦•✱ ❛♥❞ ❙✳ ❲✳ ❲✳ |♦••❡s✳ ❆ s✉♣❡rs②♠♠❡tr✐❝ ❛♣♣r♦❛❝❤ t♦ ♠❛rt✐♥❣❛•❡s r❡•❛t❡❞ t♦ t❤❡ ✈❡rt❡①✲r❡✐♥❢♦r❝❡❞ •✉♠♣ ♣r♦❝❡ss✳ ❆▲❊❆✱ ✶✹✿✺✷✾✕✺✺✺✱ ✷✵✶✼✳ ✾✺

  

  ❙✐♥❝❡ φ ′ i (u)=-2β i e 2ρi(u) = -2β i φ i (u) 2 e 2 Bi(u)+u ✱ ✇❡ ❣❡t

								u)+u -u φ 1 1 2 Bi (u) -1 8 2 E i (u)d Bi (u)
				+	1 2	2β i φ i (u)e 2 Bi(u)+u -	1 2
									1 8	+	φ ′ i (u) φ i (u)	E i (u)du.
	dE i (u) E i (u)	= -	1 2	+	2β i e 2ρi(u) φ i (u)	d Bi (u)+ 2β 2 i φ i (u) 2 e 4 Bi(u)+2u +	1 8	+ β i φ i (u)e 2 Bi(u)+u

i (u) θ i . ❇② ■t♦✬s •❡♠♠❛✱ ❢♦r u ≥ 0 ✇❡ ❤❛✈❡ dE i (u)= 2β i φ i (u)e 2 Bi(u)+u -2 +4β i φ i (u)e 2 Bi(u)+u E i (u)du + β i (φ i (u)+φ ′ i (u

)) e 2 Bi(u)+u -

(ρ)✮✱ ✇❡ ✇❛♥t t♦ ❛♣♣•② t❤❡ s❛♠❡ t✐♠❡ ❝❤❛♥❣❡ ❛s ✐♥ ▲❛♠♣❡rt✐✬s r❡•❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭E W,θ,η V (X)✮✱ t❤❡ t❡r♠ ψ(t) r❡♣r❡s❡♥ts ❛♥ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♦r❞✐♥❛t❡s X i (t) ❛t t❤❡ s❛♠❡ t✐♠❡ t ≥ 0✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t t✐♠❡s U i (t) ✇❤❡♥ ✇r✐t✐♥❣ X i (t)=e ρi(Ui(t)) ✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ♦❢ ♦✈❡r❝♦♠✐♥❣ t❤✐s ♣r♦❜•❡♠✳ ❚❤❡ ✜rst ♣r♦♦❢ r❡•✐❡s ♦♥ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss (ρ i ,T i ) i∈V ✱ ✉s✐♥❣ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ♣r❡s❡♥t❡❞ ✐♥ ❚❤❡♦r❡♠