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❧❡� ❝♦♥�❡✐❧� ❞✐✈❡�� ❡� ✈❛�✐��✱ ❡� ❧❡� ♣❧❛✐�❛♥�❡�✐❡� ❡♥ �♦✉� ❣❡♥�❡✳ ❚❤❛♥❦ ②♦✉ ❈❛�❡�✐♥❛ ❢♦� ②♦✉� ❦✐♥❞♥❡�� ❛♥❞
❣❡♥❡�❛❧ ♣♦�✐�✐✈❡ ❡♥❡�❣②✳ ▼❡�❝✐ � ▼❛�✐♦♥ ❡� ●✇❧❛❞②�✱ �✉❡ ❥✬❛❞♠✐�❡ ♣♦✉� ❧❡✉� ��♥❛❝✐�� ❡� ❧❡✉� ❣�♥��♦�✐��✳
▼❡�❝✐ � ❘�♠② ♣♦✉� ❧❡� ❞✐�❝✉��✐♦♥� ♠❛�❤�♠❛�✐�✉❡♠❡♥� ❡♥�✐❝❤✐��❛♥�❡�✱ ❡� ❛✉��✐ ❧❡� ❛✉��❡�✳ ▼❡�❝✐ � ❋�❧✐①
♣♦✉� ❧❡� ✐♥�❡�❛❝�✐♦♥� � ✐♠♣�♦❜❛❜✐❧✐�� ✈❛�✐❛❜❧❡✳ ▼❡�❝✐ � ♠❡� ❝♦❜✉�❡❛✉① ❞✬❛✈♦✐� ♣❛��❛❣� ❝❡� ❡�♣❛❝❡ ❞❡ ��❛✈❛✐❧
♦♣�✐♠❛❧ ✭♠❡�❝✐ ♥♦�❛♠♠❡♥� � ❙❤♠✉❡❧✱ ♣❛�❝❡ �✉❡ ❧❡ ♠♦♥❞❡ ❡�� ♣❡�✐�✱ ❡� ♣♦✉� ❧❡� ❝♦✉♣� ❞❡ ♣♦✉❝❡ ❡♥ ❝❛❧❝✉❧
��♦❝❤❛��✐�✉❡✮✱ ❡� ♠❡�❝✐ ❛✉ ❜✉�❡❛✉ ✶✵✾❊ ♣♦✉� �♦♥ ❤♦�♣✐�❛❧✐��✳ ▼❡�❝✐ � ❝❡❧❧❡� ❡� ❝❡✉① ❛✈❡❝ �✉✐ ❥✬❛✐ ♣✉
❡♥�❡✐❣♥❡�✱ ❛✐♥�✐ �✉✬� ♠❡� ��✉❞✐❛♥��✳ ▼❡�❝✐ ❛✉① �❡�♣♦♥�❛❜❧❡� ❞✉ ��♠✐♥❛✐�❡ ❞❡� ❞♦❝�♦�❛♥�❡� ❡� ❞♦❝�♦�❛♥��✱
❛✐♥�✐ �✉✬� �♦✉� ❧❡� �❡♣���❡♥�❛♥�� ❞❡� ❞♦❝�♦�❛♥�❡� ❡� ❞♦❝�♦�❛♥�� ❞❛♥� ❧❡� ❞✐✈❡��❡� ✐♥��❛♥❝❡� ✭❆♥❛�♦❧❡✱ ❆�✐❛♥❡✱
❈❧�♠❡♥�✱ ●❛✉�❤✐❡�✱ ▲♦❧❛✱ ▼�❧❛♥✐❡✱ ❖❝�❛✈❡✱ ❱✐♥❝❡♥�✱ ❡� ❞��♦❧� �✐ ❥✬❡♥ ♦✉❜❧✐❡✮✳

▼❡�❝✐ ❛✉① ❖✉❧❧✐♥♦✐�✱ ❨♦❧♦❝�✱ ❡� ❛✣❧✐�� ✿ ❋❧♦�✐❛♥ ❇✳ ▼✐❧❧❡�✱ @✐❡��❡✱ ●��❣♦�②✱ ❏❛�♦♥✱ ❙②❧✈✐❡✱ ❘♦♥❛♥✱ ❆♥��♦♥
✭❡� ♠$♠❡ ❇♦❥❛�✮✳ ▼❡�❝✐ ❛✉① ❞♦❝�♦�❛♥�� ❞❡ ♠❛�❤� ❛✈❡❝ �✉✐ ❥✬❛✐ ♣✉ ❞✐�❝✉�❡� ❛✐❧❧❡✉�� �✉✬� ❧✬■❈❏ ✿ ❏♦♥❛�❤❛♥✱
❆��❤✉�✱ ❘♦♠❛✐♥✱ ❆❧❡❥❛♥❞�♦✱ ❡� ❝❡❧❧❡� ❡� ❝❡✉① �✉❡ ❥✬♦✉❜❧✐❡ ❝❡��❛✐♥❡♠❡♥�✳ ▼❡�❝✐ ❛✉① ♠✉�✐❝✐❡♥� ✿ @�✐♠✐�✐✈♦✱
❙❖❋❉❙✱ ❡� ✉♥ ❝❡��❛✐♥ ❝♦❧❧❡❝�✐❢ ❞❡ ❝✉✐✈�❡� ❝♦�♥✉�✳ ▼❡�❝✐ ❛✉① ♠❡♠❜�❡� ❞✉ ❝✐♥�✲❝❧✉❜ ❞❡ ❝♦♥✜♥❡♠❡♥�✱ ❡♥
❡�♣��❛♥� �✉✬♦♥ ❛��✐✈❡ � ❢❛✐�❡ ♣❧✉� ❞❡ ��❛♥❝❡�✳ ▼❡�❝✐ ❛✉① ❝♦♠♣❛�✱ ❆❧✐❝❡✱ ❋❧♦�✐❛♥✱ ●❡♦✛�❡②✱ ▼❛�✐♥❡✱ @❤✐❧✐♣♣❡✱
♥♦� �❡��♦✉✈❛✐❧❧❡� ❛♥♥✉❡❧❧❡� ♠❡ ❢♦♥� �♦✉❥♦✉�� ❢♦�� ♣❧❛✐�✐�✳

▼❡�❝✐ � ♠❛ ❢❛♠✐❧❧❡✱ ♠❡� ♣❛�❡♥�� ❡� ♠❡� ❢���❡� �✉� �✉✐ ❥❡ ♣❡✉① �♦✉❥♦✉�� ❝♦♠♣�❡�✳ ❊� ❡♥✜♥ ♠❡�❝✐ �
❇�♥�❞✐❝�❡✱ ♣❛�❝❡ �✉✬❡❧❧❡ ❡�� ❜✐❡♥ ❝❤♦✉❡��❡✳

✐✐✐





■♥��♦❞✉❝�✐♦♥ ❡♥ ❢�❛♥
❛✐�

❈❡��❡ ✐♥��♦❞✉❝�✐♦♥ ♣��
❡♥�❡ ❞❡ ♠❛♥✐��❡ ♣❧✉
 
✉❝❝✐♥❝�❡ ❧❡ ❝♦♥�❡♥✉ ❞✉ ♣�❡♠✐❡� ❝❤❛♣✐��❡ ❞❡ ❝❡ ♠❛♥✉
❝�✐�✱ �❝�✐�
❡♥ ❛♥❣❧❛✐
✳ ❈❡❧✉✐✲❝✐ ♣♦��❡ 
✉� ❞❡
 ♣�♦❝❡

✉
 ❛❧�❛�♦✐�❡
 �❡♥❢♦�❝�
✱ ❡� ❧❡✉� �❡♣��
❡♥�❛�✐♦♥ ❝♦♠♠❡ ♣�♦❝❡

✉

❞❡ ▼❛�❦♦✈ ❡♥ ❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡✳ �❧✉
 ♣❛��✐❝✉❧✐��❡♠❡♥�✱ ♦♥ ��✉❞✐❡ ❧❛ �✉❡
�✐♦♥ ❞❡ ❧✬✉♥✐❝✐�� ❞✬✉♥❡
�❡❧❧❡ �❡♣��
❡♥�❛�✐♦♥ ♣♦✉� ❧❡ ❱❘❏� ✭♣�♦❝❡

✉
 ❞❡ 
❛✉� �❡♥❢♦�❝� ♣❛� 
♦♠♠❡�
✮✳ ❉❡ ♣❧✉
✱ ♦♥ 
✬✐♥���❡

❡ ❛✉
❧✐❡♥ ❡♥��❡ ❧✬❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡ ❝♦��❡
♣♦♥❞❛♥� ❛✉ ❱❘❏� ❡� ✉♥ ♣�♦❜❧�♠❡ ❞❡ ♠♦✉✈❡♠❡♥�
 ❇�♦✇♥✐❡♥
❡♥ ✐♥�❡�❛❝�✐♦♥✳

❖♥ ❛♣♣❡❧❧❡ ✓ ❝❤❛)♥❡ ❞❡ ▼❛�❦♦✈ ❡♥ ❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡ ✔✱ ♦✉ ✓ ♠�❧❛♥❣❡ ❞❡ ❝❤❛)♥❡
 ❞❡ ▼❛�❦♦✈ ✔✱
✉♥ ♣�♦❝❡

✉
 ❛❧�❛�♦✐�❡ ❞♦♥� ❧❛ ❧♦✐ ❡
� ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧♦✐
 ❞❡ ❝❤❛)♥❡
 ❞❡ ▼❛�❦♦✈✱ ❞�✜♥✐❡
 ♣❛� ✉♥❡ ♠❛��✐❝❡
❞❡ ��❛♥
✐�✐♦♥ ❛❧�❛�♦✐�❡✳ ❯♥ �❡❧ ♣�♦❝❡

✉
 ♥✬❡
� ♣❛
 ♥�❝❡

❛✐�❡♠❡♥� ♠❛�❦♦✈✐❡♥✱ ❝❡♣❡♥❞❛♥� ✐❧ ✈��✐✜❡ ✉♥❡
♣�♦♣�✐��� ❞✬�❝❤❛♥❣❡❛❜✐❧✐�� ✿ ❧❛ ♣�♦❜❛❜✐❧✐�� ❞✬❡♠♣�✉♥�❡� ✉♥❡ ❝❡��❛✐♥❡ ��❛❥❡❝�♦✐�❡ ♥❡ ❞�♣❡♥❞ ♣❛
 ❞❡ ❧✬♦�❞�❡
❞❛♥
 ❧❡�✉❡❧ ❝❡��❡ ��❛❥❡❝�♦✐�❡ ✈✐
✐�❡ ❞✐✛��❡♥�
 ��❛�
✳ ❯♥❡ ❝❧❛

❡ ❞❡ �❤�♦��♠❡
✱ ❞✐�
 ❞❡ ✓ ❞❡ ❋✐♥❡��✐ ✔✱
♣❡�♠❡� ❞✬♦❜�❡♥✐� ❞❡
 ��
✉❧�❛�
 ��❝✐♣�♦�✉❡
 ✿ ✉♥ ♣�♦❝❡

✉
 ✈��✐✜❛♥� ✉♥❡ ❝❡��❛✐♥❡ ✈❡�
✐♦♥ ❞❡ ❧❛ ❝♦♥❞✐�✐♦♥
❞✬�❝❤❛♥❣❡❛❜✐❧✐�� ♣❡✉� 
✬�❝�✐�❡ ❝♦♠♠❡ ♠�❧❛♥❣❡ ❞❡ ♣�♦❝❡

✉
 ❞❡ ▼❛�❦♦✈✳

❈❡��❛✐♥
 ♣�♦❝❡

✉
 ♥♦♥ ♠❛�❦♦✈✐❡♥
✱ ♣��
❡♥�❛♥� ♣❛� ❡①❡♠♣❧❡ ✉♥ ❝♦♠♣♦��❡♠❡♥� ❞❡ �❡♥❢♦�❝❡♠❡♥�✱ 
♦♥�
♥�❛♥♠♦✐♥
 �❝❤❛♥❣❡❛❜❧❡
 ❡� 
♦♥� ❞♦♥❝ ❞❡
 ♣�♦❝❡

✉
 ❞❡ ▼❛�❦♦✈ ❡♥ ❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡✳ ❈✬❡
� ♥♦✲
�❛♠♠❡♥� ❧❡ ❝❛
 ❞❡ ❧✬✉�♥❡ ❞❡ �3❧②❛✱ ✉♥ ♣�♦❝❡

✉
 �❡♥❢♦�❝� ���
 
✐♠♣❧❡✱ �✉✐ 
✬�❝�✐� ❝♦♠♠❡ ✉♥ ♠�❧❛♥❣❡ ❞❡

✉✐�❡
 ✐✳✐✳❞✳ ❞❡ ✈❛�✐❛❜❧❡
 ❞❡ ❇❡�♥♦✉❧❧✐✳ ❯♥❡ ❝♦♥��❡♣❛��✐❡ ♥❛�✉�❡❧❧❡ 4 ❧✬✉�♥❡ ❞❡ �3❧②❛ ❡
� ❧❛ ♠❛�❝❤❡ ❛❧�❛�♦✐�❡
�❡♥❢♦�❝�❡ ♣❛� ❛�5�❡
✱ ♦✉ ❊❘❘❲✳ ❈❡ ♣�♦❝❡

✉
✱ ✐♥��♦❞✉✐� ♣❛� ❉✐❛❝♦♥✐
✱ ❡
� ❞�✜♥✐ ❝♦♠♠❡ ✉♥❡ ♠♦❞✐✜❝❛�✐♦♥
❞❡ ❧❛ ♠❛�❝❤❡ 
✐♠♣❧❡ 
✉� ✉♥ ❣�❛♣❤❡ ♣♦♥❞���✱ 4 ❧❛�✉❡❧❧❡ ♦♥ ❛❥♦✉�❡ ❧❡ �❡♥❢♦�❝❡♠❡♥� 
✉✐✈❛♥� ✿ ❧❡ ♣♦✐❞
 ❞✬✉♥❡
❛�5�❡ ❛✉❣♠❡♥�❡ ❝❤❛�✉❡ ❢♦✐
 �✉✬❡❧❧❡ ❡
� ��❛✈❡�
�❡ ♣❛� ❧❡ ♣�♦❝❡

✉
✳ ●�9❝❡ 4 ✉♥ �❤�♦��♠❡ ❞❡ �②♣❡ ❞❡ ❋✐♥❡��✐
❞: 4 ❉✐❛❝♦♥✐
 ❡� ❋�❡❡❞♠❛♥✱ ❝❡��❡ ♠❛�❝❤❡ �❡♥❢♦�❝�❡ ♣❡✉� ❛✉

✐ 5��❡ �❝�✐�❡ ❝♦♠♠❡ ✉♥ ♠�❧❛♥❣❡ ❞❡ ❝❤❛)♥❡

❞❡ ▼❛�❦♦✈✳ ▲❛ ❧♦✐ ❞❡ ❧✬❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡ ❛

♦❝✐�❡ ❛ ♥♦�❛♠♠❡♥� ��� ��✉❞✐�❡ ♣❛� ▼❡�❦❧ ❡� ❘♦❧❧❡
✱ �✉✐
❡♥ ♦♥� ❞�❞✉✐� ❞❡
 ��
✉❧�❛�
 ❞❡ ��❝✉��❡♥❝❡ ❡� ��❛♥
✐❡♥❝❡ ♣♦✉� ❧✬❊❘❘❲✳

▲❡ 
✉❥❡� ♣�✐♥❝✐♣❛❧ ❞❡ ❝❡ ♠❛♥✉
❝�✐� ❡
� ❧❡ ♣�♦❝❡

✉
 ❞❡ 
❛✉� �❡♥❢♦�❝� ♣❛� 
♦♠♠❡�
✱ ♦✉ ❱❘❏�✳ ■❧ 
✬❛❣✐�
❞✬✉♥ ♣�♦❝❡

✉
 ❛❧�❛�♦✐�❡ ❡♥ �❡♠♣
 ❝♦♥�✐♥✉ (Xt)t≥0✱ ❞�✜♥✐ 
✉� ✉♥ ❣�❛♣❤❡ ♣♦♥❞���✱ ♣♦✉� ❧❡�✉❡❧ ❧❡ �❛✉① ❞❡

❛✉� ❞✬✉♥ 
♦♠♠❡� i 4 ✉♥ 
♦♠♠❡� j 4 ✉♥ ✐♥
�❛♥� t ❡
�

Wi,j lj(t), ♦= lj(t) = 1 +

∫ t

0

1{Xs=j}ds,

❡� ♦= Wi,j ❡
� ❧❡ ♣♦✐❞
 ❞❡ ❧✬❛�5�❡ {i, j}✳ ❊♥ ❞✬❛✉��❡
 �❡�♠❡
✱ ✉♥ 
♦♠♠❡� ❡
� ❞✬❛✉�❛♥� ♣❧✉
 ❛���❛❝�✐❢ �✉❡ ❧❡
♣�♦❝❡

✉
 ② ❛ ❞�❥4 ♣❛

� ❞✉ �❡♠♣
✳ ❈❡ ♣�♦❝❡

✉
✱ ✐♥��♦❞✉✐� ♣❛� ❲❡�♥❡�✱ ❛ ��� ��✉❞✐� ♣❛� ❉❛✈✐
 ❡� ❱♦❧❦♦✈✱
❈♦❧❧❡✈❡❝❝❤✐♦✱ ❛✐♥
✐ �✉❡ ❇❛
❞❡✈❛♥� ❡� ❙✐♥❣❤✱ 
✉� ❞❡
 ❣�❛♣❤❡
 �❡❧
 �✉❡ Z✱ ❧❡
 ❛�❜�❡
 ��❣✉❧✐❡�
✱ ❡� ❧❡
 ❛�❜�❡

❞❡ ●❛❧�♦♥✲❲❛�
♦♥✳ ■❧ ❡
� ❞❡ ♣❧✉
 ���
 ❧✐� 4 ❧✬❊❘❘❲✱ ♣✉✐
�✉❡ ❧❛ ♠❛�❝❤❡ �❡♥❢♦�❝�❡ ♣❡✉� 
✬�❝�✐�❡ ❝♦♠♠❡ ✉♥
♠�❧❛♥❣❡ ❞❡ ✈❡�
✐♦♥
 ❞✐
❝���✐
�❡
 ❞✉ ❱❘❏�✳

▲❡ ❱❘❏� ♥❡ ✈��✐✜❡ ♣❛
 ✐♥✐�✐❛❧❡♠❡♥� ❞❡ ❝♦♥❞✐�✐♦♥ ❞✬�❝❤❛♥❣❡❛❜✐❧✐��✱ ♣✉✐
�✉❡ ❧❛ ❤❛✉

❡ ❞❡
 �❛✉① ❞❡ 
❛✉�
❡♥��❛)♥❡ ❞❡
 
❛✉�
 ❞❡ ♣❧✉
 ❡♥ ♣❧✉
 �❛♣♣�♦❝❤�
✳ ❊♥ �❡✈❛♥❝❤❡✱ ✉♥ ❝❡��❛✐♥ ❝❤❛♥❣❡♠❡♥� ❞❡ ✈❛�✐❛❜❧❡ �❡♠♣♦�❡❧❧❡
�❡♥❞ ❧❡ ❱❘❏� �❝❤❛♥❣❡❛❜❧❡✱ ❡� ✐❧ ❡
� ❛❧♦�
 ♣♦

✐❜❧❡ ❞❡ ❧✬�❝�✐�❡ ❝♦♠♠❡ ✉♥ ♠�❧❛♥❣❡ ❞❡ ♣�♦❝❡

✉
 ❞❡ ▼❛�❦♦✈✳
�♦✉� ✉♥ ❣�❛♣❤❡ ✜♥✐✱ ❙❛❜♦� ❡� ❚❛���
 ♦♥ ♠♦♥��� �✉❡ ❧✬❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡ ❛

♦❝✐� ♣❡✉� 5��❡ ❞�✜♥✐

✈



✈✐ ■◆❚❘❖❉❯❈❚■❖◆ ❊◆ ❋❘❆◆➬❆■❙

❣��❝❡ � ❞❡
 �❛✉① ❞❡ 
❛✉� ❞❡ ❧❛ ❢♦�♠❡
Wi,j

2
euj−ui ,

♦� u ❡
� ✉♥ ❝❤❛♠♣ ❛❧�❛�♦✐�❡ ❞�✜♥✐ 
✉� ❧❡ ❣�❛♣❤❡✳ ▲❛ ❧♦✐ ❞❡ ❝❡ ❝❤❛♠♣ ❡
� ❧✐�❡ � ✉♥ ♠♦❞�❧❡ ❞❡ ♣❤②
✐�✉❡

�❛�✐
�✐�✉❡ ��✉❞✐� ♣❛� ❉✐
❡��♦�✐✱ ❙♣❡♥❝❡� ❡� ❩✐�♥❜❛✉❡� ✿ ❧❡ 
✐❣♠❛✲♠♦❞�❧❡ ❤②♣❡�❜♦❧✐�✉❡ 
✉♣❡�
②♠���✐�✉❡✳
❉❡
 �❤�♦��♠❡
 ❞❡ ❧♦❝❛❧✐
❛�✐♦♥ ❡� ❞�❧♦❝❛❧✐
❛�✐♦♥ ♣♦✉� ❝❡��❡ ❧♦✐ ♦♥� ♣❡�♠✐
 ❞❡ ♠♦♥��❡� ❞❡
 ��
✉❧�❛�
 ❞❡
��❝✉��❡♥❝❡ ❡� ❞❡ ��❛♥
✐❡♥❝❡ ♣♦✉� ❧❡ ❱❘❏( ❛✐♥
✐ �✉❡ ♣♦✉� ❧✬❊❘❘❲ 
✉� ❧❡
 ��
❡❛✉① Z

d✳
▲❛ ❧♦✐ ❞❡ ❧✬❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡ ❛

♦❝✐� ❛✉ ❱❘❏( 
✉� ✉♥ ❣�❛♣❤❡ ✜♥✐✱ ❞�♠❛��� ❡♥ ✉♥ ♣♦✐♥� i0✱ ♣❡✉�

,��❡ ❢♦�♠✉❧�❡ ❛✉��❡♠❡♥� ✿ ❣��❝❡ � ✉♥ ♣♦�❡♥�✐❡❧ ❛❧�❛�♦✐�❡ ♥♦�� β✱ ❡� ✉♥ ♦♣��❛�❡✉� ❞❡ ❙❝❤�-❞✐♥❣❡� ❛

♦❝✐�
Hβ ✳ ❈❡ ♣♦�❡♥�✐❡❧ ♣❡✉� ❛✉

✐ ,��❡ ❞�✜♥✐ ♣♦✉� ✉♥ ❣�❛♣❤❡ ✐♥✜♥✐✱ ❣��❝❡ � ✉♥❡ ❜♦♥♥❡ ❝♦♥❞✐�✐♦♥ ❞❡ ❜♦�❞✳ ❈❡❧❛ ❛
♣❡�♠✐
 � ❙❛❜♦� ❡� ❩❡♥❣ ❞❡ ❝♦♥
��✉✐�❡ ✉♥ ❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡ ❝♦��❡
♣♦♥❞❛♥� ❛✉ ❱❘❏( 
✉� ✉♥ ❣�❛♣❤❡
✐♥✜♥✐✳ ▲❡
 �❛✉① ❞❡ 
❛✉� ❛❧�❛�♦✐�❡
 
✬�❝�✐✈❡♥� ❛❧♦�


Wi,j

2

G(i0, j)

G(i0, i)
,

♦� G(x, y) = Ĝ(x, y) + 1
2γψ(x)ψ(y)✱ Ĝ ��❛♥� ❧❛ ❢♦♥❝�✐♦♥ ❞❡ ●�❡❡♥ ❛

♦❝✐�❡ � Hβ ✱ ψ ✉♥❡ ❢♦♥❝�✐♦♥ Hβ✲

❤❛�♠♦♥✐�✉❡✱ ❡� γ ✉♥❡ ✈❛�✐❛❜❧❡ ❛❧�❛�♦✐�❡ ❞❡ ❧♦✐ ●❛♠♠❛(1/2, 1) ✐♥❞�♣❡♥❞❛♥�❡ ❞✉ ♣♦�❡♥�✐❡❧ β✳ ❈❡��❡ ♥♦✉✈❡❧❧❡
❡①♣�❡

✐♦♥ ❞❡ ❧✬❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡✱ ❛✐♥
✐ �✉❡ ❞❡
 ♣�♦♣�✐���
 ❞✬❡�❣♦❞✐❝✐�� ❞✉ ♣♦�❡♥�✐❡❧ β✱ ♦♥� ❢♦✉�♥✐
❞✬❛✉��❡
 ��
✉❧�❛�
 ♣♦✉� ❧❡ ❱❘❏( ❡� ❧✬❊❘❘❲ 
✉� Z

d✳
❈✬❡
� ❞❛♥
 ❝❡ ❝♦♥�❡①�❡ �✉❡ 
✬✐♥
❝�✐� ❧❛ ♣�❡♠✐��❡ ♣�♦❜❧�♠❛�✐�✉❡ ❞❡ ❝❡ ♠❛♥✉
❝�✐� ✿ ❝❡❧❧❡ ❞❡ ❧✬✉♥✐❝✐��

❞❡ ❧❛ �❡♣��
❡♥�❛�✐♦♥ ❞✉ ❱❘❏(✳ ❊♥ ❞✬❛✉��❡
 �❡�♠❡
✱ ❡①✐
�❡✲�✲✐❧ ♣❧✉
✐❡✉�
 ♠❡
✉�❡
 ❞❡ ♣�♦❜❛❜✐❧✐�� 
✉� ❧❡

❡♥✈✐�♦♥♥❡♠❡♥�
 ✭❛♣♣❡❧�❡
 ✓ ♠❡
✉�❡
 ❞❡ ♠�❧❛♥❣❡ ✔✮ �❡❧❧❡
 �✉❡ ❧❡
 ♣�♦❝❡

✉
 ♠�❧❛♥❣�
 ❝♦��❡
♣♦♥❞❛♥�
 ♦♥�
�♦✉
 ❧❛ ❧♦✐ ❞✉ ❱❘❏(❄ ❖♥ ❞✐�❛ ❛❧♦�
 �✉✬✉♥❡ �❡❧❧❡ ♠❡
✉�❡ ❡
� ✉♥❡ �❡♣��
❡♥�❛�✐♦♥ ❞✉ ❱❘❏(✳ ▲❛ �✉❡
�✐♦♥ 
❡
♣♦
❡✱ ❝❛� ♦♥ 
❛✐� ❞�❥� �✉❡ ❧✬✉♥✐❝✐�� ❡
� ✈��✐✜�❡ ❞�
 �✉❡ ❧❡ ♣�♦❝❡

✉
 ❡
� ��❝✉��❡♥�✱ ♠❛✐
 �✉✬✐❧ ❡①✐
�❡ ♣❧✉
✐❡✉�

�❡♣��
❡♥�❛�✐♦♥
 ❞✐
�✐♥❝�❡
 
✉� ❧❡
 ❛�❜�❡
 ✐♥✜♥✐
✱ ❝♦♥
��✉✐�❡
 � ♣❛��✐� ❞❡ ❝♦♥❞✐�✐♦♥
 ❛✉ ❜♦�❞ ❞✐✛��❡♥�❡
✳
(♦✉� ② ��♣♦♥❞�❡✱ ❧❛ ♣�❡♠✐��❡ ��❛♣❡ ❡
� ❞❡ ♠♦♥��❡� �✉❡ �♦✉�❡ �❡♣��
❡♥�❛�✐♦♥ ❞✉ ❱❘❏( ♣❡✉� 
✬❡①♣�✐♠❡�

♦✉
 ✉♥❡ ❢♦�♠❡ 
✐♠✐❧❛✐�❡ � ❝❡❧❧❡ ❞❡ ❧❛ �❡♣��
❡♥�❛�✐♦♥ ✓ 
�❛♥❞❛�❞ ✔ ♣��
❡♥��❡ ♣❧✉
 ❤❛✉�✳ ❊♥ ❡✛❡�✱ ✉♥❡
�❡♣��
❡♥�❛�✐♦♥ �✉❡❧❝♦♥�✉❡ ❢❛✐� ♥�❝❡

❛✐�❡♠❡♥� ✐♥�❡�✈❡♥✐� ❧❡ ♣♦�❡♥�✐❡❧ β ❛✐♥
✐ �✉✬✉♥❡ ❢♦♥❝�✐♦♥ ❤❛�♠♦♥✐�✉❡
h ♣♦✉� ❧✬♦♣��❛�❡✉� Hβ ✿ ❧❡
 �❛✉① ❞❡ 
❛✉� 
✬�❝�✐✈❡♥� ❛❧♦�


Wi,j

2

Gh(i0, j)

Gh(i0, i)
,

♦� Gh(i0, x) = Ĝ(i0, x) + h(x)✳
▲❛ �✉❡
�✐♦♥ ❞❡ ❧✬✉♥✐❝✐�� ♣♦✉��❛✐� ❞♦♥❝ ,��❡ ��
♦❧✉❡ ❡♥ ✐❞❡♥�✐✜❛♥� �♦✉�❡
 ❧❡
 ❢♦♥❝�✐♦♥
 ❤❛�♠♦♥✐�✉❡
 ♣♦✉�

❧✬♦♣��❛�❡✉� ❛❧�❛�♦✐�❡ Hβ ✱ ♣❛� ❡①❡♠♣❧❡ ❣��❝❡ � ❧❛ ♥♦�✐♦♥ ❞❡ ❢�♦♥�✐��❡ ❞❡ ▼❛��✐♥✳ ❈❡♣❡♥❞❛♥�✱ ❧❛ ❢�♦♥�✐��❡
❞❡ ▼❛��✐♥ ❝♦��❡
♣♦♥❞❛♥� � ✉♥ ❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡ ♥✬❡
� ♣❛
 ❝♦♥♥✉❡ ❛ ♣�✐♦�✐✳ ❖♥ ��✉❞✐❡ ❞♦♥❝ ❡♥
♣❛��✐❝✉❧✐❡� ❧❡ ❝❛
 ❞❡ ❞❡✉① �②♣❡
 ❞❡ ❣�❛♣❤❡
 ✐♥✜♥✐
 ✿ ❧❡ ��
❡❛✉ Z

d ❡� ❧❡
 ❛�❜�❡
 ✐♥✜♥✐
✳ ❙✉� Z
d✱ ♦♥ ✉�✐❧✐
❡

✉♥ �❤�♦��♠❡ ❝❡♥��❛❧ ❧✐♠✐�❡ ❡♥ ❡♥✈✐�♦♥♥❡♠❡♥� ❛❧�❛�♦✐�❡✱ ❡� ❧✬❡�❣♦❞✐❝✐�� ❞✉ ♣♦�❡♥�✐❡❧ β✱ ♣♦✉� ♠♦♥��❡� �✉❡
❧❛ ❢�♦♥�✐��❡ ❞❡ ▼❛��✐♥ ❝♦��❡
♣♦♥❞❛♥�❡ ❡
� ��✐✈✐❛❧❡ ❞❛♥
 ✉♥ ❝❡��❛✐♥ ��❣✐♠❡✱ ❝❡ �✉✐ ♣�♦✉✈❡ ❧✬✉♥✐❝✐�� ❞❡ ❧❛
�❡♣��
❡♥�❛�✐♦♥ ❞❛♥
 ❝❡ ��❣✐♠❡✳ ❙✉� ❧❡
 ❛�❜�❡
 ✐♥✜♥✐
✱ ♦♥ ✉�✐❧✐
❡ ❞❡
 ❝♦♥❞✐�✐♦♥
 ❞❡ ❜♦�❞ ❞✐✛��❡♥�❡
 ♣♦✉�
❝♦♥
��✉✐�❡ ✉♥❡ ❢❛♠✐❧❧❡ ✐♥✜♥✐❡ ❞❡ �❡♣��
❡♥�❛�✐♦♥
✱ �✉✐ 
♦♥� �♦✉�❡
 ❞✐
�✐♥❝�❡
✳ ❊❧❧❡
 ❢♦✉�♥✐

❡♥� ✉♥❡ ✐❞�❡ ❞❡ ❝❡
�✉✐ ♣♦✉��❛✐� ❝♦♥
�✐�✉❡� ✉♥❡ ❝❧❛

✐✜❝❛�✐♦♥ ❞❡ �♦✉�❡
 ❧❡
 �❡♣��
❡♥�❛�✐♦♥
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✐♥❞�♣❡♥❞❛♥��✳ ❉❛♥� ❧❡ ❝❛� N = 1✱ ✐❧ �✬❛❣✐� ❞✬✉♥ ���✉❧�❛� ❝❧❛��✐�✉❡ ❝♦♥❝❡�♥❛♥� ❧❛ �❡♠♣� ❞✬❛��❡✐♥�❡ ❞❡ 0
♣♦✉� ✉♥ ♠♦✉✈❡♠❡♥� ❇�♦✇♥✐❡♥ ❛✈❡❝ ❞��✐✈❡✱ ❝❛� 1/2β �✉✐� ✉♥❡ ❧♦✐ ✐♥✈❡��❡ ❣❛✉��✐❡♥♥❡✳ ❯♥ ❛✉��❡ �❤�♦�"♠❡✱
❞# � ▼❛��✉♠♦�♦ ❡� ❨♦� ❡� ❞✐� ✓ ❞❡� ❞��✐✈❡� ♦♣♣♦��❡� ✔✱ ❡�� ✉♥❡ ❝♦♥���✉❡♥❝❡ ❞❡ ❝❡ ❞❡�♥✐❡� ���✉❧�❛�✱ ❡�

�✬♦❜�✐❡♥� � ❧✬❛✐❞❡ ❞❡ ❧❛ �❡❧❛�✐♦♥ ❞❡ ▲❛♠♣❡��✐✱ �✉✐ ❢♦✉�♥✐� ✉♥❡ ❝❤❛♥❣❡♠❡♥� ❞❡ ✈❛�✐❛❜❧❡ ♣❡��✐♥❡♥�✳

❖♥ ♠♦♥��❡ ✐❝✐ ✉♥❡ ✈❡��✐♦♥ N ✲❞✐♠❡♥�✐♦♥♥❡❧❧❡ ❞❡ ❧❛ �❡❧❛�✐♦♥ ❞❡ ▲❛♠♣❡��✐ ❡� ❞✉ �❤�♦�"♠❡ ❞❡ ▼❛��✉♠♦�♦
❡� ❨♦�✱ ❡♥ ❛♣♣❧✐�✉❛♥� ❧❡ ❝❤❛♥❣❡♠❡♥� ❞❡ ✈❛�✐❛❜❧❡ ❞❡ ▲❛♠♣❡��✐ � ❧❛ �♦❧✉�✐♦♥ ❞❡ ❧✬❊❉❙ ♠❡♥�✐♦♥♥�❡ ♣❧✉�

❤❛✉�✳ ❯♥❡ ❞✐✣❝✉❧�� ✈✐❡♥� ❞✉ ❢❛✐� �✉❡ ❝❡��❡ ��❛♥�❢♦�♠❛�✐♦♥ ♥✬❡�� ♣❛� ✉♥ ❝❤❛♥❣❡♠❡♥� ❞❡ �❡♠♣� ✉�✉❡❧ ✿ ❡♥

❡✛❡�✱ ❝❤❛�✉❡ ❝♦♦�❞♦♥♥�❡ ❞✉ ♣�♦❝❡��✉� ❞♦✐� 1��❡ ❝❤❛♥❣�❡ ❞❡ �❡♠♣� ❞❡ ❢❛2♦♥ ❞✐✛��❡♥�❡✳ ◆�❛♥♠♦✐♥�✱ ❣�4❝❡
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 ✇❤✐❝❤ X ❤❛� �❤❡ ❞✐��
✐❜✉�✐♦♥ ♦❢ �❤❡ ❞
❛✇�
✐♥ ��❧②❛✬� ✉
♥✳ ■♥ ♦�❤❡
 ✇♦
❞�✱ ❢♦
 n ≥ 0 ❛♥❞ (x1, ..., xn) ∈ {0, 1}n✱

Pa,b [Xn+1 = 1|X1 = x1, ..., Xn = xn] =
a+

∑n
i=0 xi

a+ b+ n

■♥❞❡❡❞✱ ❜❡❢♦
❡ �❤❡ (n+1)�❤ ❞
❛✇ �❤❡ ✉
♥ ❝♦♥�❛✐♥� a+b+n ❜❛❧❧�✱ ❛♥❞ ✐❢ �❤❡ ✜
�� n ❞
❛✇� ✇❡
❡ �✉❝❝❡��✐✈❡❧②
x1, ..., xn✱ �❤❡♥ �❤❡ ♥✉♠❜❡
 ♦❢ ❜❧❛❝❦ ❜❛❧❧� �❤❛� ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ �♦ �❤❡ ✉
♥ ✐�

∑n
i=0 xi✳

■� ✐� ✐♠♠❡❞✐❛�❡❧② ❛♣♣❛
❡♥� �❤❛� ✉♥❞❡
 Pa,b✱ �❤❡ ♣
♦❝❡�� X ✐♥�❡
❛❝�� ❤❡❛✈✐❧② ✇✐�❤ ✐�� ♣❛��✱ ❛♥❞ �❤❡
❡❢♦
❡
✐� ♥♦� ❛ �❡$✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥� ✈❛
✐❛❜❧❡�✳ ❍♦✇❡✈❡
✱ ✐� �❛�✐�✜❡� ❛♥♦�❤❡
 ✐♥�❡
❡��✐♥❣ ♣
♦♣❡
�②✱ ✇❤✐❝❤ ✇✐❧❧

❡❧❛�❡ ✐� �♦ ❢❛♠✐❧✐❡� ♦❢ ✐✳✐✳❞✳ ✈❛
✐❛❜❧❡�✿ ❡①❝❤❛♥❣❡❛❜✐❧✐�②✳

❊①❝❤❛♥❣❡❛❜✐❧✐�② ❛♥❞ ❞❡ ❋✐♥❡��✐✬� �❤❡♦	❡♠

▲❡� ✉� ❞❡✜♥❡ �❤❡ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ♣
♦♣❡
�② ❢♦
 
❛♥❞♦♠ �❡$✉❡♥❝❡�✳

❉❡✜♥✐�✐♦♥ ✶✳✶✳✶✳ ▲❡� (Yn)n∈N∗ ❜❡ ❛ �❡�✉❡♥❝❡ ♦❢ 
❛♥❞♦♠ ✈❛
✐❛❜❧❡�✳ ❚❤❡♥ Y ✐� ❛♥ ❡①❝❤❛♥❣❡❛❜❧❡ �❡�✉❡♥❝❡

✐❢ ❢♦
 ❛❧❧ n ≥ 1✱ ❢♦
 ❛❧❧ s ∈ Sn✱ (Y1, ..., Yn) ❛♥❞ (Ys(1), ..., Ys(n)) ❤❛✈❡ �❤❡ �❛♠❡ ❞✐��
✐❜✉�✐♦♥✳

❆♥ ✐♥✜♥✐�❡ �❡$✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ 
❛♥❞♦♠ ✈❛
✐❛❜❧❡� ✐� ♦❜✈✐♦✉�❧② ❡①❝❤❛♥❣❡❛❜❧❡✱ ❜✉� �❤❡ ❝♦♥✈❡
�❡ ✐� ♥♦� �
✉❡✿
❛� ��❛�❡❞ ♣
❡✈✐♦✉�❧②✱ �❤❡ �❡$✉❡♥❝❡ ♦❢ ❞
❛✇� ✐♥ ��❧②❛✬� ✉
♥ ✐� ♥♦� ✐♥❞❡♣❡♥❞❡♥�✱ ❜✉� ✐� ✐� ❡①❝❤❛♥❣❡❛❜❧❡✳
■♥❞❡❡❞✱ ❢♦
 n ≥ 1 ❛♥❞ (x1, ..., xn) ∈ {0, 1}n✱ ✇❡ ❤❛✈❡

Pa,b[X1 = x1, ..., Xn = xn] =

(
a(a+ 1)...(a− 1 +

∑n
i=1 xi)

)(
b(b+ 1)...(b− 1 + n−∑n

i=1 xi)
)

(a+ b)(a+ b+ 1)...(a+ b+ n− 1)
,

✇❤✐❝❤ ❞❡♣❡♥❞� ♦♥❧② ♦♥
∑n

i=1 xi✳
❍♦✇❡✈❡
✱ ❛♥ ❡①❝❤❛♥❣❡❛❜❧❡ �❡$✉❡♥❝❡ ♦❢ ❇❡
♥♦✉❧❧✐ 
❛♥❞♦♠ ✈❛
✐❛❜❧❡� ❝❛♥ ��✐❧❧ ❜❡ 
❡♣
❡�❡♥�❡❞ ✉�✐♥❣ ✐✳✐✳❞✳

✈❛
✐❛❜❧❡�✱ �❤❛♥❦� �♦ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦
❡♠ ✭❢
♦♠ ❬❉❋✷✾❪✮✳

❚❤❡♦	❡♠ ✶✳✶✳✶ ✭❞❡ ❋✐♥❡��✐✬� �❤❡♦
❡♠✮✳ ▲❡� (Yk)k∈N∗ ❜❡ ❛♥ ❡①❝❤❛♥❣❡❛❜❧❡ �❡�✉❡♥❝❡ ♦❢ 
❛♥❞♦♠ ✈❛
✐❛❜❧❡�

�❛❦✐♥❣ �❤❡✐
 ✈❛❧✉❡� ✐♥ {0, 1}✳
❚❤❡♥ �❤❡
❡ ✐� ❛ ♣
♦❜❛❜✐❧✐�② ❞✐��
✐❜✉�✐♦♥ μ ♦♥ [0, 1] �✉❝❤ �❤❛� ❢♦
 ❛❧❧ n ≥ 1 ❛♥❞ y1, ..., yn ∈ {0, 1}✱

P[Y1 = y1, ..., Yn = yn] =

∫
p
∑n

i=1 yi(1− p)n−
∑n

i=1 yiμ(dp)

=

∫
P⊗n
p

[
X1 = y1, ..., Xn = yn

]
μ(dp),
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✐
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 �♦ ❚❤❡♦	❡♠ ✶✳✶✳✶✱ ✐❢ (Yk)k∈N∗ ✐
 ❛♥ ❡①❝❤❛♥❣❡❛❜❧❡ 
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Y n =
1

n

n∑

i=1
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❛♥❞ ❝❤❛	❛❝�❡	✐③❡ ♠✐①�✉	❡ ♦❢ ▼❛	❦♦✈ ♣	♦❝❡

❡
✱ 	❛�❤❡	 �❤❛♥ ♠✐①�✉	❡ ♦❢ ✐✳✐✳❞✳ 
❡�✉❡♥❝❡
✳ ❚❤✐
 ❛❧❧♦✇
 �❤❡
	❡♣	❡
❡♥�❛�✐♦♥ ♦❢ 
❡❧❢✲✐♥�❡	❛❝�✐♥❣ ♣	♦❝❡

❡
 ❛
 	❛♥❞♦♠ ✇❛❧❦
 ✐♥ 	❛♥❞♦♠ ❡♥✈✐	♦♥♠❡♥�✱ ❛
 ✇❡ ✇✐❧❧ 
❡❡ ✐♥ �❤❡
❢♦❧❧♦✇✐♥❣ 
❡❝�✐♦♥✳ ❇❡❢♦	❡ �❤✐
✱ ❧❡� ✉
 ❣♦ ❜❛❝❦ �♦ 45❧②❛✬
 ✉	♥✳

❈♦♥
❡�✉❡♥❝❡
 ❢♦� ��❧②❛✬
 ✉�♥

❘❡❝❛❧❧ �❤❛� (Xn)n∈N∗ ❞❡♥♦�❡
 �❤❡ ❝❛♥♦♥✐❝❛❧ ♣	♦❝❡

 ✐♥ {0, 1}N∗
✱ ❛♥❞ �❤❛� Pa,b ✐
 �❤❡ ❞✐
�	✐❜✉�✐♦♥ ♦❢ �❤❡


❡�✉❡♥❝❡ ❞	❛✇
 ✐♥ 45❧②❛✬
 ✉	♥✳ ❲❡ ❛❧	❡❛❞② ❦♥♦✇ �❤❛� ✉♥❞❡	 Pa,b✱ �❤❡ 
❡�✉❡♥❝❡ (Xn)n∈N∗ ✐
 ❡①❝❤❛♥❣❡❛❜❧❡✳
❚❤❡	❡❢♦	❡✱ ❛❝❝♦	❞✐♥❣ �♦ ❞❡ ❋✐♥❡��✐✬
 �❤❡♦	❡♠✱ �❤❡	❡ ❡①✐
�
 ❛ 	❛♥❞♦♠ ✈❛	✐❛❜❧❡ θ 
✉❝❤ �❤❛� ✉♥❞❡	 Pa,b✱
❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ θ✱ (Xn)n∈N∗ ✐
 ❛ 
❡�✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ ❇❡	♥♦✉❧❧✐ ✈❛	✐❛❜❧❡
 ✇✐�❤ ♣❛	❛♠❡�❡	 θ✳ ◆♦�❡ �❤❛� �❤❡
♣	♦♣♦	�✐♦♥ ♦❢ ❜❧❛❝❦ ❜❛❧❧
 ✐♥ �❤❡ ✉	♥ ❝♦♥✈❡	❣❡
 �♦ θ✳

❚❤❡ ❞✐
�	✐❜✉�✐♦♥ ♦❢ θ ✉♥❞❡	 Pa,b✱ ✐✳❡✳ �❤❡ ♠✐①✐♥❣ ♠❡❛
✉	❡ μa,b✱ ❝❛♥ ❜❡ ❞❡�❡	♠✐♥❡❞ ❜② ❝♦♠♣✉�✐♥❣ ✐�

♠♦♠❡♥�
✱ 
✐♥❝❡ ❢♦	 n ≥ 1✱

∫

[0,1]

pn μa,b(dp) = Pa,b

[
∀i ∈ �1, n�, Xi = 1

]
=

n∏

i=1

a+ i− 1

a+ b+ i− 1

=
Γ(a+ b− 1)Γ(a+ n)

Γ(a+ b+ n)Γ(a)
.
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❚❤✐� ✐� �❤❡ n�❤ ♠♦♠❡♥� ♦❢ �❤❡ ❇❡�❛ ❞✐���✐❜✉�✐♦♥ ✇✐�❤ ♣❛�❛♠❡�❡�� (a, b)✱ ✇❤✐❝❤ ✐� �❤❡ ❞✐���✐❜✉�✐♦♥ ♦♥ R

✇✐�❤ ❞❡♥�✐�②

p �→ 1[0,1](p)

❇(a, b)
pa−1(1− p)b−1dp,

✇❤❡�❡

❇(a, b) =

∫

[0,1]

pa−1(1− p)b−1dp =
Γ(a)Γ(b)

Γ(a+ b)
.

❚❤❡�❡❢♦�❡✱ μa,b ✐� �❤❡ ❇❡�❛(a, b) ❞✐���✐❜✉�✐♦♥✳

❘❡♠❛�❦ ✶✳✶✳✸✳ ❯�✐♥❣ �❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❇❛②❡�✐❛♥ ��❛�✐��✐❝�✱ ✇❡ ❝❛♥ ❝♦♥�✐❞❡� μa,b ❛� �❤❡ ♣�✐♦� ❞✐���✐❜✉�✐♦♥
❢♦� �❤❡ �❛♥❞♦♠ ♣❛�❛♠❡�❡� ♦❢ �❤❡ ✐✳✐✳❞✳ ❇❡�♥♦✉❧❧✐ ✈❛�✐❛❜❧❡�✳ ❋♦� n ≥ 1 ❛♥❞ ❛ �❛♠♣❧❡ (x1, ..., xn) ∈
{0, 1}n✱ ✇❡ ♦❜�❛✐♥ �❤❡ ❛ ♣♦��❡�✐♦�✐ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ �❛♥❞♦♠ ♣❛�❛♠❡�❡� ❜② ❝♦♥❞✐�✐♦♥✐♥❣ ♦♥ �❤❡ ❡✈❡♥�
{X1 = x1, ..., Xn = xn}✿ ❧❡� ✉� ❞❡✜♥❡ sn =

∑n
i=1 xi✱ �❤❡♥ ❢♦� ❛❧❧ A ∈ σ

(
(Xk)k≥n+1

)
✱

Pa,b

[
A|X1 = x1, ..., Xn = xn

]
=

∫
P⊗N
p [A] psn(1− p)n−snμa,b(dp)

Pa,b[X1 = x1, ..., Xn = xn]

=

∏n
i=1(a+ b+ i− 1)

∏sn
j=1(a+ j − 1)

∏n−sn
k=1 (b+ k − 1)

∫
P⊗N

p [A]
1[0,1](p)

❇(a, b)
pa+sn−1(1− p)b+n−sn−1dp

=

∫
P⊗N

p [A]μa+sn,b+n−sn(dp),

✇❤❡�❡ �❤❡ ❛ ♣♦��❡�✐♦�✐ ❞✐���✐❜✉�✐♦♥ μa+sn,b+n−sn ♦❢ �❤❡ �❛♥❞♦♠ ♣❛�❛♠❡�❡� ✐� �❤❡ ❇❡�❛ ❞✐���✐❜✉�✐♦♥ ✇✐�❤
♣❛�❛♠❡�❡�� (a+ sn, b+ n− sn)✳ ◆♦�❡ �❤❛� �❤✐� ✐� �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ♦❢ ❛ !"❧②❛ ✉�♥ ��❛��✐♥❣ ✇✐�❤ a+ sn
❜❧❛❝❦ ❜❛❧❧� ❛♥❞ b+n−sn ✇❤✐�❡ ❜❛❧❧�✱ ✇❤✐❝❤ ✐� ✐♥❞❡❡❞ �❤❡ ��❛�❡ ♦❢ �❤❡ ❝✉��❡♥� ✉�♥ ❛❢�❡� �❤❡�❡ ✜��� n ��❡♣�✳

❆ ♠♦�❡ ❣❡♥❡�❛❧ ♠♦❞❡❧ ❢♦� !"❧②❛✬� ✉�♥ ❝♦♥�✐��� ✐♥ ❤❛✈✐♥❣ m > 2 ❝♦❧♦�� ❢♦� �❤❡ ❜❛❧❧�✳ ❚❤❡ ❡①❝❤❛♥❣❡❛❜✐❧✐�②
♣�♦♣❡��② ✐� ��✐❧❧ ✈❡�✐✜❡❞✱ ❛♥❞ �❤❡ ♣�♦❝❡�� ♦❢ �✉❝❝❡��✐✈❡ ❞�❛✇� ✐� ❛ ♠✐①�✉�❡ ♦❢ ✐✳✐✳❞✳ ✈❛�✐❛❜❧❡�✱ ❢♦❧❧♦✇✐♥❣ �♦♠❡
�❛♥❞♦♠ ♣�♦❜❛❜✐❧✐�② ❞✐���✐❜✉�✐♦♥ ♦♥ �1,m�✳ ❚❤✐� �❛♥❞♦♠ ❞✐���✐❜✉�✐♦♥ ❝❛♥ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ❛♥ ❡❧❡♠❡♥� ♦❢
�❤❡ �✐♠♣❧❡① Sm =

{
(p1, ..., pm) ∈ R

m
+ ,
∑m

k=1 pk = 1
}
✱ ❛♥❞ ❢♦❧❧♦✇� ❛ ❉✐�✐❝❤❧❡� ❞✐���✐❜✉�✐♦♥ ✇✐�❤ ♣❛�❛♠❡�❡��

(a1, ..., am)✱ ✇❤❡�❡ a1, ..., am ❛�❡ �❤❡ ✐♥✐�✐❛❧ ❛♠♦✉♥�� ♦❢ ❜❛❧❧� ♦❢ ❡❛❝❤ ❝♦❧♦�✳ ❚❤❡ ❉✐�✐❝❤❧❡� ❞✐���✐❜✉�✐♦♥ ♦♥
Sm ✐� ❛ ♠✉❧�✐✈❛�✐❛�❡ ❣❡♥❡�❛❧✐③❛�✐♦♥ ♦❢ �❤❡ ❇❡�❛ ❞✐���✐❜✉�✐♦♥✱ ✐♥ ❢❛❝� ❇❡�❛(a, b) ✐� �❤❡ ✜��� ♠❛�❣✐♥❛❧ ♦❢ �❤❡
❉✐�✐❝❤❧❡� ❞✐���✐❜✉�✐♦♥ ♦♥ S2 ✇✐�❤ ♣❛�❛♠❡�❡�� (a, b)✳

▲❡� ✉� �✉♠♠❛�✐③❡ �❤✐� �❡❝�✐♦♥✿ �❤❡ ♣�♦❝❡�� ♦❢ ❞�❛✇� ✐♥ !"❧②❛✬� ✉�♥ ✐� �❡❧❢✲✐♥�❡�❛❝�✐♥❣✱ ❜✉� �✐♥❝❡ ✐� ✐�
❡①❝❤❛♥❣❡❛❜❧❡✱ ✇❡ ❝❛♥ �❡♣�❡�❡♥� ✐� ❛� ❛ ♠✐①�✉�❡ ♦❢ ✐✳✐✳❞✳ �❡*✉❡♥❝❡�✳ ❚❤❡ ❛��♦❝✐❛�❡❞ �❛♥❞♦♠ ♣❛�❛♠❡�❡� ❝❛♥
❜❡ �❡❝♦✈❡�❡❞ ✭❛� ❛♥ ❛�②♠♣�♦�✐❝ ♦❜❥❡❝�✮ ❢�♦♠ ❡❛❝❤ �❡❛❧✐③❛�✐♦♥ ♦❢ �❤❡ ❡①♣❡�✐♠❡♥�✱ �❤❛♥❦� �♦ ❘❡♠❛�❦ ✶✳✶✳✷✳
❲❡ ✇✐❧❧ ❡♥❝♦✉♥�❡� �❤✐� �②♣❡ ♦❢ �❡♣�❡�❡♥�❛�✐♦♥ ❢♦� ❞✐✛❡�❡♥� �❡❧❢✲✐♥�❡�❛❝�✐♥❣ ♣�♦❝❡��❡� ✇✐�❤ �❡✐♥❢♦�❝❡♠❡♥�✱
✇❤✐❝❤ ��✐❧❧ ✈❡�✐❢② �♦♠❡ ❦✐♥❞ ♦❢ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ♣�♦♣❡��②✳ ❚❤❛♥❦� �♦ ❞❡ ❋✐♥❡��✐✲�②♣❡ �❤❡♦�❡♠�✱ ✇❡ ❛�❡ ❛❜❧❡
�♦ ❡①♣�❡�� �❤❡♠ ❛� ❛ ♠✐①�✉�❡ ♦❢ �✐♠♣❧❡� ♣�♦❝❡��❡�✱ ❛♥❞ ❛�❡ ✐♥�❡�❡��❡❞ ✐♥ �❤❡ ❛��♦❝✐❛�❡❞ ♠✐①✐♥❣ ♠❡❛�✉�❡✳

✶✳✶✳✷ ❉❡ ❋✐♥❡		✐✬� 	❤❡♦�❡♠ ❢♦� ▼❛�❦♦✈ ❝❤❛✐♥�✱ ❛♥❞ �❛♥❞♦♠ ✇❛❧❦� ✐♥ �❛♥❞♦♠

❡♥✈✐�♦♥♠❡♥	

❆� �❡❡♥ ✐♥ �❤❡ ♣�❡✈✐♦✉� �❡❝�✐♦♥✱ ❞❡ ❋✐♥❡��✐✬� �❤❡♦�❡♠ ❝❤❛�❛❝�❡�✐③❡� ♠✐①�✉�❡� ♦❢ ✐✳✐✳❞✳ �❡*✉❡♥❝❡� ✇✐�❤
�❤❡ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ♣�♦♣❡��②✳ ❲❤❛� ❛❜♦✉� ♠✐①�✉�❡� ♦❢ ♦�❤❡� �②♣❡� ♦❢ ♣�♦❝❡��❡�❄ ❆♥♦�❤❡� ✈❡��✐♦♥ ♦❢ ❞❡
❋✐♥❡��✐✬� �❤❡♦�❡♠✱ ♣�♦✈❡❞ ❜② ❉✐❛❝♦♥✐� ❛♥❞ ❋�❡❡❞♠❛♥ ✭❬❉❋✽✵❪✮✱ ❣✐✈❡� ❛ ❝❤❛�❛❝�❡�✐③❛�✐♦♥ ♦❢ ♠✐①�✉�❡� ♦❢
▼❛�❦♦✈ ❝❤❛✐♥� ✐♥ �❤❡ ❝❛�❡ �❤❡② ❛�❡ �❡❝✉��❡♥�✱ ✐♥✈♦❧✈✐♥❣ ❛ ✇❡❛❦❡� ❡①❝❤❛♥❣❡❛❜✐❧✐�② ❝♦♥❞✐�✐♦♥✳

❖♥ ❛ ❝♦✉♥�❛❜❧❡ ��❛�❡ �♣❛❝❡ E✱ ✇❡ �❛② ❛ ♣�♦❝❡�� Y ✐� ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡ ✐❢ �❤❡ ♣�♦❜❛❜✐❧✐�② ♦❢ Y
�❛❦✐♥❣ ❛ ❝❡��❛✐♥ ♣❛�❤ ❞❡♣❡♥❞� ♦♥❧② ♦♥ ✐�� ��❛��✐♥❣ ♣♦✐♥�✱ ❛♥❞ ♦♥ �❤❡ ♥✉♠❜❡� ♦❢ ��❛♥�✐�✐♦♥� ❢�♦♠ i �♦
j✱ ❢♦� ❛❧❧ i, j ∈ E✳ ❚❤❡♥ ❉✐❛❝♦♥✐� ❛♥❞ ❋�❡❡❞♠❛♥ ♣�♦✈❡❞ �❤❛� ✐❢ ❛ ♣�♦❝❡�� Y ✐� �❡❝✉��❡♥� ❛♥❞ ♣❛��✐❛❧❧②
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❡①❝❤❛♥❣❡❛❜❧❡✱ �❤❡♥ ✐� ✐� ❛ ♠✐①�✉�❡ ♦❢ �❡❝✉��❡♥� ▼❛�❦♦✈ ❝❤❛✐♥� ♦♥ E✳ ■♥ ♦�❤❡� ✇♦�❞�✱ �❤❡�❡ ❡①✐��� ❛
❞✐���✐❜✉�✐♦♥ μ ♦♥ �❤❡ �❡� ♦❢ |E| × |E| ��❛♥�✐�✐♦♥ ♠❛��✐❝❡�✱ �✉❝❤ �❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ Y ✐� �❤❡ �❛♠❡
❛� �❛❦✐♥❣ ❛ �❛♥❞♦♠ ��❛♥�✐�✐♦♥ ♠❛��✐① ❛❝❝♦�❞✐♥❣ �♦ μ✱ ❛♥❞ �❤❡♥ �✉♥♥✐♥❣ ❛ ▼❛�❦♦✈ ❝❤❛✐♥ ♦♥ E ✉�✐♥❣ �❤✐�
✭♥♦✇ ✜①❡❞✮ ��❛♥�✐�✐♦♥ ♠❛��✐①✳

❲❡ ✇✐❧❧ ❜❡ ✐♥�❡�❡��❡❞ ✐♥ ❛ �❧✐❣❤�❧② ❞✐✛❡�❡♥� ✈❡��✐♦♥ ♦❢ �❤✐� �❤❡♦�❡♠✱ ❞✉❡ �♦ ❘♦❧❧❡� ✭❬❘♦❧✵✸❪✮✱ ✇❤✐❝❤
❝❤❛�❛❝�❡�✐③❡� ♠✐①�✉�❡� ♦❢ �❡✈❡��✐❜❧❡ ▼❛�❦♦✈ ❝❤❛✐♥� ♦♥ ✜♥✐�❡ ��❛�❡ �♣❛❝❡�✳ ▲❡� ✉� ♣�❡�❡♥� �❤✐� �❤❡♦�❡♠ ✐♥
�❤❡ ❢�❛♠❡✇♦�❦ ♦❢ �❛♥❞♦♠ ✇❛❧❦� ♦♥ ❣�❛♣❤�✳

❘❛♥❞♦♠ ✇❛❧❦
 ♦♥ ✇❡✐❣❤�❡❞ ❣�❛♣❤


❲❡ ❜❡❣✐♥ ✇✐�❤ ❛ ❢❡✇ ❞❡✜♥✐�✐♦♥� ❛♥❞ ♥♦�❛�✐♦♥�✳ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ♥♦♥✲❞✐�❡❝�❡❞ ❣�❛♣❤✳
❋♦� i, j ∈ V ✱ ✇❡ ✇�✐�❡ i ∼ j ✐❢ i ❛♥❞ j ❛�❡ ♥❡✐❣❤❜♦��✱ ✐✳❡✳ ✐❢ {i, j} ∈ E✳ ❲❡ ✇✐❧❧ ♦♥❧② ❜❡ ✐♥�❡�❡��❡❞ ✐♥ ♥❡❛�❡��✲
♥❡✐❣❤❜♦� ♣�♦❝❡��❡� ♦♥ G✱ ✐✳❡✳ �❛♥❞♦♠ �❡+✉❡♥❝❡� (Yn)n∈N ∈ V N �✉❝❤ �❤❛� ❢♦� ❛❧❧ n ∈ N✱ P[Yn ∼ Yn+1] = 1✳
❲❡ ❞❡♥♦�❡ ❜② (Xn)n≥0 �❤❡ ❝❛♥♦♥✐❝❛❧ ♣�♦❝❡�� ✐♥ V N✳

▲❡� ✉� ❡♥❞♦✇ �❤❡ ❡❞❣❡� ♦❢ G ✇✐�❤ ♣♦�✐�✐✈❡ ✇❡✐❣❤�� (ae)e∈E ✳ ❋♦� ❛❧❧ i, j ∈ V ✱ ✇❡ ❞❡♥♦�❡ ai,j = a{i,j} ✐❢

{i, j} ∈ E✱ ❛♥❞ ai,j = 0 ♦�❤❡�✇✐�❡✳ ▲❡� ♥♦✇ P
SRW (a)
i0

❜❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ �✐♠♣❧❡ �❛♥❞♦♠ ✇❛❧❦ ♦♥

(G, a) ��❛��❡❞ ❛� i0✱ ❞❡✜♥❡❞ ❛� ❢♦❧❧♦✇�✿ P
SRW (a)
i0

[X0 = i0] = 1✱ ❛♥❞ ❢♦� ❛❧❧ n ∈ N ❛♥❞ i ∈ V ✱

P
SRW (a)
i0

[Xn+1 = i|X0, ...Xn] =
aXn,i∑

j∼Xn
aXn,j

.

■♥ ♦�❤❡� ✇♦�❞�✱ �❤❡ �✐♠♣❧❡ �❛♥❞♦♠ ✇❛❧❦ ♦♥ (G, a) ✐� ❛ �❡✈❡��✐❜❧❡ ▼❛�❦♦✈ ❝❤❛✐♥✱ ✐♥ ✇❤✐❝❤ �❤❡ ��❛♥�✐�✐♦♥
♣�♦❜❛❜✐❧✐�② ❢�♦♠ ❛♥② ✈❡��❡① �♦ ♦♥❡ ♦❢ ✐�� ♥❡✐❣❤❜♦�� ✐� ♣�♦♣♦��✐♦♥❛❧ �♦ �❤❡ ✇❡✐❣❤� ♦❢ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣
❡❞❣❡✳

❚❤❡ ✇❡✐❣❤�� (ae)e∈E ❛�❡ ❛❧�♦ �❡❢❡��❡❞ �♦ ❛� ✧❝♦♥❞✉❝�❛♥❝❡�✧✳ ❚❤✐� ❝♦♠❡� ❢�♦♠ ❛ ❢♦�♠❛❧✐�♠ ✇❤✐❝❤
❝♦♥�✐��� ✐♥ ✐❞❡♥�✐❢②✐♥❣ ✇❡✐❣❤�❡❞ ❣�❛♣❤� ✇✐�❤ ❡❧❡❝��✐❝❛❧ ♥❡�✇♦�❦�✱ ❛♥❞ ❢♦�♠✉❧❛�✐♥❣ ♣�♦❜❛❜✐❧✐��✐❝ ♣�♦❜❧❡♠�
�❡❣❛�❞✐♥❣ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦�✱ ✉�✐♥❣ �❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❝✉��❡♥��✱ ♣♦�❡♥�✐❛❧�✱ ❛♥❞ ❡♥❡�❣②✳ ❙❡❡ ❬▲0✶✼❪ ❢♦�
♠♦�❡ ❞❡�❛✐❧� ♦♥ �❤✐� ❢♦�♠❛❧✐�♠✳ ◆♦�❡ �❤❛� �❤❡ ��❛♥�✐�✐♦♥ ♠❛��✐① ❢♦� �❤❡ �✐♠♣❧❡ �❛♥❞♦♠ ✇❛❧❦ ♦♥ (G, a) ❞♦❡�
♥♦� ❝❤❛♥❣❡ ✐❢ ✇❡ ♠✉❧�✐♣❧② ❛❧❧ ae ❜② ❛ ❝♦♥��❛♥� λ > 0✳ ❚❤❡�❡❢♦�❡✱ �❤❡ ✇❡✐❣❤�� ✇✐❧❧ ✉�✉❛❧❧② ❜❡ ♥♦�♠❛❧✐③❡❞
❜② ✐♠♣♦�✐♥❣ ae0 = 1 ❢♦� �♦♠❡ ✜①❡❞ ❡❞❣❡ e0✳

�❛��✐❛❧ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ❛♥❞ ❞❡ ❋✐♥❡��✐✬
 �❤❡♦�❡♠ ❢♦� �❡✈❡�
✐❜❧❡ ▼❛�❦♦✈ ❝❤❛✐♥


▲❡� ✉� ♥♦✇ ♣�❡�❡♥� �❤❡ ❞❡ ❋✐♥❡��✐✲�②♣❡ �❤❡♦�❡♠ ✇❤✐❝❤ ❝❤❛�❛❝�❡�✐③❡� ♠✐①�✉�❡� ♦❢ �❡❝✉��❡♥� �❡✈❡��✐❜❧❡
�❛♥❞♦♠ ✇❛❧❦�✱ ✉�✐♥❣ ❛ ✇❡❛❦❡� ✈❡��✐♦♥ ♦❢ ❡①❝❤❛♥❣❡❛❜✐❧✐�② �❤❛� ✐� ❞❡�❝�✐❜❡❞ ❜❡❧♦✇✳

❋♦� L ∈ N ❛♥❞ σ = (σ0, σ1, ..., σL) ∈ V L+1✱ ✇❡ ✇✐❧❧ �❛② �❤❛� σ ✐� ❛ ♣❛�❤ ✐♥ G ✐❢ ❢♦� ❛❧❧ 0 ≤ k ≤ L− 1✱
�❤❡ �✉❝❝❡��✐✈❡ ✈❡��✐❝❡� σk ❛♥❞ σk+1 ❛�❡ ♥❡✐❣❤❜♦�� ✐♥ G✳ ❲❡ ❞❡♥♦�❡ ❜② |σ| = L �❤❡ ❧❡♥❣�❤ ♦❢ σ✳ ❋✐♥❛❧❧②✱
❢♦� ❛♥② ♣❛�❤ σ ❛♥❞ ❢♦� ❛❧❧ e ∈ E✱ ✇❡ ❞❡✜♥❡ �❤❡ ♥✉♠❜❡� N c

e (σ) ♦❢ ♥♦♥✲❞✐�❡❝�❡❞ ❝�♦��✐♥❣� ♦❢ e ❜② σ✿

N c
e (σ) =

|σ|−1∑

k=0

1{σk,σk+1}=e.

▲❡� ✉� �❤❡♥ ✐♥��♦❞✉❝❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡+✉✐✈❛❧❡♥❝❡ ❜❡�✇❡❡♥ ♣❛�❤�✿ ✐❢ σ ❛♥❞ τ ❛�❡ �✇♦ ♣❛�❤� ✐♥ G✱ ✇❡ ❤❛✈❡
σ ∼pe τ ✐❢ ❛♥❞ ♦♥❧② ✐❢ σ0 = τ0 ❛♥❞ ❢♦� ❛❧❧ e ∈ E✱ N c

e (σ) = N c
e (τ)✳ ◆♦�❡ �❤❛� ✐❢ σ ∼pe τ ✱ ✇❡ ❤❛✈❡ ♥❡❝❡��❛�✐❧②

|σ| = |τ | = L✱ ❛♥❞ σL = τL✳ ❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ ❛ ✈❛�✐❛♥� ♦❢ �❤❡ ♥♦�✐♦♥ ♦❢ ♣❛��✐❛❧ ❡①❝❤❛♥❣❡❛❜✐❧✐�②✳

❉❡✜♥✐�✐♦♥ ✶✳✶✳✷✳ ▲❡� (Yn)n∈N ❜❡ ❛ ♥❡❛	❡
�✲♥❡✐❣❤❜♦	 	❛♥❞♦♠ ♣	♦❝❡

 ♦♥ G✳ ❚❤❡♥ Y ✐
 ♣❛	�✐❛❧❧② ❡①❝❤❛♥❣❡✲

❛❜❧❡ ✐♥ ❛ 	❡✈❡	
✐❜❧❡ 
❡♥
❡ ✐❢✱ ❢♦	 ❛❧❧ ♣❛�❤
 σ, τ ✐♥ G 
✉❝❤ �❤❛� σ ∼pe τ ✱ ✇❡ ❤❛✈❡

P[Y0 = σ0, ..., Y|σ| = σ|σ|] = P[Y0 = τ0, ..., Y|τ | = τ|τ |].
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❖♥❝❡ ❛❣❛✐♥✱ ✐
 ✐� ❡❛�② 
♦ �❡❡ 
❤❛
 ♠✐①
✉�❡� ♦❢ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦� ❛�❡ 
❤❡♠�❡❧✈❡� ♣❛�
✐❛❧❧② ❡①✲
❝❤❛♥❣❡❛❜❧❡ ✐♥ ❛ �❡✈❡��✐❜❧❡ �❡♥�❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ 
❤❡♦�❡♠✱ ♣�♦✈❡❞ ❜② ❘♦❧❧❡� ✐♥ ❬❘♦❧✵✸❪✱ �
❛
❡� 
❤❛
 
❤❡
❝♦♥✈❡��❡ ✐� 
�✉❡✱ ♣�♦✈✐❞✐♥❣ 
❤❛
 
❤❡ ♣�♦❝❡�� ✐� �❡❝✉��❡♥
✳ ■
 ✐� ❛ ✈❛�✐❛♥
 ♦❢ ❉✐❛❝♦♥✐� ❛♥❞ ❋�❡❡❞♠❛♥✬�

❤❡♦�❡♠ ♦♥ ♠✐①
✉�❡ ♦❢ ▼❛�❦♦✈ ❝❤❛✐♥� ✭❬❉❋✽✵❪✮✳

▲❡
 ✉� ✜��
 ✜① e0 ∈ E ❛♥ ❛�❜✐
�❛�② ❡❞❣❡✱ ❛♥❞ ❞❡♥♦
❡ ❜② Ae0
E 
❤❡ �❡
 ♦❢ ❡❞❣❡ ✇❡✐❣❤
� ♦♥ G✱ ♥♦�♠❛❧✐③❡❞

❛
 e0✿ Ae0
E =

{
(ae)e∈E ∈ (R∗

+)
E , ae0 = 1

}
✳

❚❤❡♦�❡♠ ✶✳✶✳✷ ✭❞❡ ❋✐♥❡

✐✬� 
❤❡♦�❡♠ ❢♦� �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦�✮✳ ▲❡� (Yn)n∈N ❜❡ ❛ ♥❡❛�❡��✲♥❡✐❣❤❜♦�

♣�♦❝❡�� ♦♥ ❛ ✜♥✐�❡ ❣�❛♣❤ G = (V,E)✳ ❲❡ ❛��✉♠❡ �❤❛� (Yn)n∈N ✐� ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡ ✐♥ ❛ �❡✈❡��✐❜❧❡

�❡♥�❡✱ ❛� ✇❡❧❧ ❛� �❡❝✉��❡♥�✱ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡♥�❡✿ �❤❡�❡ ❛�❡ ❛✳�✳ ✐♥✜♥✐�❡❧② ♠❛♥② n ∈ N �✉❝❤ �❤❛� Yn = Y0✳

❚❤❡♥ �❤❡�❡ ❡①✐��� ❛ ♣�♦❜❛❜✐❧✐�② ❞✐���✐❜✉�✐♦♥ μ ♦♥ V ×Ae0
E �✉❝❤ �❤❛� ❢♦� ❛♥② ♣❛�❤ σ = (σ0, ...σL) ✐♥ G✱

P[Y0 = σ0, ..., YL = σL] =

∫ (
1i=σ0

L−1∏

k=0

ασk,σk+1∑
j∼σk

ασk,j

)
μ(di, dα)

=

∫
P
SRW (α)
i

[
X0 = σ0, ..., XL = σL

]
μ(di, dα).

■♥ ♦�❤❡� ✇♦�❞�✱ ♦♥ ❛ ✜♥✐�❡ ❣�❛♣❤✱ ❛ �❡❝✉��❡♥� ♣�♦❝❡�� ✇❤✐❝❤ ✐� ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡ ✐♥ ❛ �❡✈❡��✐❜❧❡

�❡♥�❡ ✐� ❛ ♠✐①�✉�❡ ♦❢ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦�✳

▼✐①
✉�❡� ♦❢ �❛♥❞♦♠ ✇❛❧❦� ❛�❡ ❛❧�♦ ❝❛❧❧❡❞ �❛♥❞♦♠ ✇❛❧❦� ✐♥ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
✿ 
❤❡✐� ❞✐�
�✐❜✉
✐♦♥
❝♦��❡�♣♦♥❞� 
♦ ❞�❛✇✐♥❣ ❛ �❛♥❞♦♠ 
�❛♥�✐
✐♦♥ ♠❛
�✐① ❛❝❝♦�❞✐♥❣ 
♦ 
❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡✱ 
❤❡♥ ✧❢�❡❡③✐♥❣✧

❤✐� ♠❛
�✐①✱ ❛♥❞ �✉♥♥✐♥❣ 
❤❡ ❝♦��❡�♣♦♥❞✐♥❣ �❛♥❞♦♠ ✇❛❧❦ ♦♥ 
❤❡ ❣�❛♣❤✳ ❚❤❡ 
❡�♠ ✧❡♥✈✐�♦♥♠❡♥
✧ �❡❢❡��

♦ 
❤❡ 
�❛♥�✐
✐♦♥ ♠❛
�✐①✱ ✇❤✐❝❤ ❞❡
❡�♠✐♥❡� 
❤❡ ❧❛✇ ♦❢ 
❤❡ ▼❛�❦♦✈ ❝❤❛✐♥✳ ■♥ 
❤❡ ❝❛�❡ ♦❢ ❚❤❡♦�❡♠ ✶✳✶✳✷✱
✇❡ ❣❡
 ❛ ♠✐①
✉�❡ ♦❢ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦�✱ 
❤❡�❡❢♦�❡ 
❤❡ ❡♥✈✐�♦♥♠❡♥
 ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ❛� ✇❡✐❣❤
� ♦♥
❛❧❧ ♥♦♥✲❞✐�❡❝
❡❞ ❡❞❣❡✱ �❛
❤❡� 
❤❛♥ ✇✐
❤ ❛ 
�❛♥�✐
✐♦♥ ♠❛
�✐①✳

❘❡♠❛�❦ ✶✳✶✳✹✳ ■♥ 
❤❡ ❝♦♥
❡①
 ♦❢ 
❤❡ 
❤❡♦�❡♠✱ 
❤❡ ✧❛♥♥❡❛❧❡❞✧ ♣�♦❝❡��✱ ✐✳❡✳ 
❤❡ ♣❛�
✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡
♣�♦❝❡�� ❡①♣�❡��❡❞ ❛� ❛ ♠✐①
✉�❡ ♦❢ �❛♥❞♦♠ ✇❛❧❦�✱ ✐� �❡❝✉��❡♥
✳ ❚❤❡�❡❢♦�❡✱ 
❤❡ ✧2✉❡♥❝❤❡❞✧ ♣�♦❝❡��✱ ✐✳❡✳


❤❡ �❛♥❞♦♠ ✇❛❧❦ ❛��♦❝✐❛
❡❞ ✇✐
❤ ❛ ❝❡�
❛✐♥ �❡❛❧✐③❛
✐♦♥ ♦❢ 
❤❡ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
✱ ✐� μ✲❛✳�✳ �❡❝✉��❡♥
✳ ❆�
❛ �❡�✉❧
✱ 
❤❡ ❛♥♥❡❛❧❡❞ ♣�♦❝❡�� ❛❧♠♦�
 �✉�❡❧② ✈✐�✐
� ❡✈❡�② ✈❡�
❡① ✐♥✜♥✐
❡❧② ♠❛♥② 
✐♠❡�✳ ❚❤❛♥❦� 
♦ 
❤❡ ❧❛✇
♦❢ ❧❛�❣❡ ♥✉♠❜❡��✱ ❢♦� ❛❧❧ ✈❡�
✐❝❡� i ∈ V ✱ 
❤❡ ♣�♦♣♦�
✐♦♥ ♦❢ 
✐♠❡� 
❤❡ ♣�♦❝❡�� ❥✉♠♣� ❢�♦♠ i 
♦ ❛ ♥❡✐❣❤❜♦� j

❤❡♥ ❝♦♥✈❡�❣❡� 
♦ ❛ ♣�♦❜❛❜✐❧✐
② 
�❛♥�✐
✐♦♥ pi,j ✱ ✇❤✐❝❤ �❡✈❡❛❧� 
❤❡ �❡❛❧✐③❛
✐♦♥ ♦❢ 
❤❡ ❡♥✈✐�♦♥♠❡♥
 
❤❛
 
❤✐�

�❛❥❡❝
♦�② ❡✈♦❧✈❡� ✐♥✳ ❚❤❡�❡❢♦�❡✱ 
❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ μ ✐� ✉♥✐2✉❡❧② ❞❡
❡�♠✐♥❡❞ ❜② 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ 
❤❡
�❡❝✉��❡♥
 ❛♥♥❡❛❧❡❞ ♣�♦❝❡��✳ ❲❡ ✇✐❧❧ ❧❛
❡� ❜❡ ✐♥
❡�❡�
❡❞ ✐♥ ♠✐①
✉�❡� ♦❢ 
�❛♥�✐❡♥
 ▼❛�❦♦✈ ♣�♦❝❡��❡�✱ ❛♥❞
✇❤❡
❤❡� 
❤❡② ❝❛♥ ❛❞♠✐
 �❡✈❡�❛❧ ❞✐�
✐♥❝
 ♠✐①✐♥❣ ♠❡❛�✉�❡�✳

✶✳✶✳✸ ❚❤❡ ❊❞❣❡✲❘❡✐♥❢♦�❝❡❞ ❘❛♥❞♦♠ ❲❛❧❦

▲❡
 ✉� ♥♦✇ ✐♥
�♦❞✉❝❡ ❛♥♦
❤❡� ♠♦❞❡❧ ✉�✐♥❣ �❡✐♥❢♦�❝❡♠❡♥
✱ 
❤❡ ❊❞❣❡✲❘❡✐♥❢♦�❝❡❞ ❘❛♥❞♦♠ ❲❛❧❦ ✭❊❘❘❲✮✳
❚❤✐� �❡❧❢✲✐♥
❡�❛❝
✐♥❣ �❛♥❞♦♠ ✇❛❧❦ ✇❛� ✐♥
�♦❞✉❝❡❞ ❜② ❉✐❛❝♦♥✐� ✐♥ ✶✾✽✻✱ ❛♥❞ ✐� ❛ ♥❛
✉�❛❧ ❝♦✉♥
❡�♣❛�
 
♦
9:❧②❛✬� ✉�♥ ✐♥ 
❤❡ ❝♦♥
❡①
 ♦❢ �❛♥❞♦♠ ✇❛❧❦� ♦♥ ❣�❛♣❤�✳

��❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ♠♦❞❡❧

▲❡
 G = (V,E) ❜❡ ❛ ❝♦♥♥❡❝
❡❞ ♥♦♥✲❞✐�❡❝
❡❞ ❣�❛♣❤✳ ❚❤❡ ✈❡�
❡① �❡
 V ✐� ♥♦
 ♥❡❝❡��❛�✐❧② ✜♥✐
❡✱ ❜✉
 ✇❡
❛��✉♠❡ 
❤❛
 G ✐� ❧♦❝❛❧❧② ✜♥✐
❡✱ ✐✳❡✳ 
❤❛
 ❡❛❝❤ ✈❡�
❡① ❤❛� ♦♥❧② ❛ ✜♥✐
❡ ♥✉♠❜❡� ♦❢ ♥❡✐❣❤❜♦��✳ ■❢ ✇❡ ❧❡

(ae)e∈E ❜❡ ❛ ❢❛♠✐❧② ♦❢ ✇❡✐❣❤
� ♦♥ 
❤❡ ❡❞❣❡� ♦❢ 
❤❡ ❣�❛♣❤✱ 
❤❡♥ ✇❡ ❝❛♥ �
✐❧❧ ❞❡✜♥❡ 
❤❡ �✐♠♣❧❡ �❛♥❞♦♠ ✇❛❧❦
♦♥ (G, a) ❛� ✐♥ 
❤❡ ♣�❡✈✐♦✉� �❡❝
✐♦♥✳
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❚❤❡ ❊❘❘❲ ♦♥ (G, a) ✐� ❝♦♥�
�✉❝
❡❞ ❜② ❛❞❞✐♥❣ �❡✐♥❢♦�❝✐♥❣ ❜❡❤❛✈✐♦� 
♦ 
❤❡ �✐♠♣❧❡ �❛♥❞♦♠ ✇❛❧❦✿ ✇❡
❝♦♥�✐❞❡� 
❤❡ ❢❛♠✐❧② (ae)e∈E ❛� ✐♥✐
✐❛❧ ✇❡✐❣❤
�✱ ❛♥❞ ❢♦� ❡✈❡�② ❡❞❣❡ e✱ 
❤❡ ✇❡✐❣❤
 ♦❢ e ✐� ✐♥❝�❡❛�❡❞ ❜② 1 ❡❛❝❤

✐♠❡ 
❤❡ �❛♥❞♦♠ ✇❛❧❦ ❝�♦��❡� e✳ ▼♦�❡ ♣�❡❝✐�❡❧②✱ ❢♦� e ∈ E ❛♥❞ n ∈ N✱ ✇❡ ✇�✐
❡

An(e) = ae +
n−1∑

k=0

1{Xk,Xk+1}=e.

❚❤❡♥ ❢♦� i0 ∈ V ✱ 
❤❡ ❊❘❘❲ ♦♥ (G, a) �
❛�
❡❞ ❛
 i0 ✐� 
❤❡ ♣�♦❝❡�� ✇✐
❤ ❞✐�
�✐❜✉
✐♦♥ P
ERRW (a,i0)✱ ✇❤❡�❡✿

P
ERRW (a,i0)[X0 = i0] = 1 ❛♥❞ ❢♦� ❛❧❧ n ∈ N ❛♥❞ i ∈ V ✱

P
ERRW (a,i0)[Xn+1 = i|X0, ...Xn] =

An({Xn, i})∑
j∼Xn

An({Xn, j})
.

❆� ❞❡�❝�✐❜❡❞ ✐♥ ❘❡♠❛�❦ ✶✳✶✳✶ ❢♦� "#❧②❛✬� ✉�♥✱ ❢♦� ❧♦✇ ✈❛❧✉❡� ♦❢ (ae)e∈E ✇❡ ❤❛✈❡ ✧�
�♦♥❣ �❡✐♥❢♦�❝❡♠❡♥
✧✱
❛♥❞ ❢♦� ❤✐❣❤ ✈❛❧✉❡� ✇❡ ❤❛✈❡ ✧✇❡❛❦ �❡✐♥❢♦�❝❡♠❡♥
✧✳ ▼♦�❡♦✈❡�✱ 
❤❡ ❊❘❘❲ ❛❧�♦ �❛
✐�✜❡� ❛♥ ❡①❝❤❛♥❣❡❛❜✐❧✐
②
♣�♦♣❡�
②✿ ✐
 ✐� ❡❛�② 
♦ �❡❡ 
❤❛
 ✐
 ✐� ♣❛�
✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡ ✐♥ 
❤❡ �❡♥�❡ ♦❢ ❉❡✜♥✐
✐♦♥ ✶✳✶✳✷✳ ❖♥ ✜♥✐
❡
❣�❛♣❤�✱ ✐
 ❝❛♥ 
❤❡�❡❢♦�❡ ❜❡ �❡♣�❡�❡♥
❡❞ ❛� ❛ �❛♥❞♦♠ ✇❛❧❦ ✐♥ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
✳

❚❤❡ ❊❘❘❲ ❛� ❛ ♠✐①�✉�❡ ♦❢ �❛♥❞♦♠ ✇❛❧❦� ♦♥ ✜♥✐�❡ ❣�❛♣❤�

❲❡ ♥♦✇ ❛��✉♠❡ 
❤❛
 G ✐� ✜♥✐
❡✱ ❛♥❞ ✜① (ae)e∈E ∈ (R∗
+)

E ❛♥❞ i0 ∈ V ✳ ❯�✐♥❣ 
❤❡ ❇♦�❡❧✲❈❛♥
❡❧❧✐ ❧❡♠♠❛✱ ✇❡
❝❛♥ �❤♦✇ 
❤❛
 
❤❡ ❊❘❘❲ ♦♥ (G, a) �
❛�
❡❞ ❛
 i0 ❛❧♠♦�
 �✉�❡❧② ❣♦❡� ❜❛❝❦ ❛♥ ✐♥✜♥✐
❡ ❛♠♦✉♥
 ♦❢ 
✐♠❡� 
♦
i0✳ ❚❤❡�❡❢♦�❡ ❢�♦♠ ❚❤❡♦�❡♠ ✶✳✶✳✷✱ ✐
 ✐� ❛ ♠✐①
✉�❡ ♦❢ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦�✳ ❚❤❡ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥

✐� ❞❡✜♥❡❞ ❜② ❛ ❞✐�
�✐❜✉
✐♦♥ Ma,i0 ♦♥ 
❤❡ �❡
 ♦❢ ❝♦♥❞✉❝
❛♥❝❡� Ae0

E ✱ ✇❤❡�❡ e0 ✐� ❛ ✜①❡❞ ❡❞❣❡✳ ■♥ ♦
❤❡�
✇♦�❞�✱ ❢♦� ❛♥② (Xn)n∈N✲♠❡❛�✉�❛❜❧❡ ❡✈❡♥
 A✱

P
ERRW (a,i0)[A] =

∫
P
SRW (α)
i0

[A]Ma,i0(dα).

❚❤❡ ❡①♣�❡��✐♦♥ ♦❢ Ma,i0 ✇❛� ❝♦♠♣✉
❡❞ ❜② ❉✐❛❝♦♥✐� ❛♥❞ ❈♦♣♣❡��♠✐
❤ ✐♥ ❬❈❉✽✼❪✱ ❛♥❞ ✐� 
❤❡ ♦❜❥❡❝
 ♦❢ 
❤❡
❢♦❧❧♦✇✐♥❣ 
❤❡♦�❡♠✳ ❋♦� ❡❞❣❡ ✇❡✐❣❤
� (ye)e∈E ∈ (R∗

+)
E ✱ ✇❡ ❞❡♥♦
❡ yi =

∑
j∼i yi,j ✳

❚❤❡♦�❡♠ ✶✳✶✳✸✳ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣
❛♣❤✱ ❧❡� i0 ∈ V ❛♥❞ e0 ∈ E ❜❡ ✜①❡❞✳ ▼♦
❡♦✈❡
✱

❧❡� (ae)e∈E ∈ (R∗
+)

E ❜❡ ✐♥✐�✐❛❧ ✇❡✐❣❤�� ♦♥ �❤❡ ❣
❛♣❤✳ ❚❤❡♥ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉
❡ Ma,i0 ♦❢ �❤❡ ❊❘❘❲ ♦♥

(G, a) ��❛
�❡❞ ❛� i0 ❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥�✐�②✿

Ma,i0(dα) = C(a, i0)

√
αi0

∏
e∈E αae

e
∏

i∈V α
1
2 (ai+1)
i

√
D(α)

∏

e�=e0

dαe

αe
,

✇❤❡
❡

D(α) =
∑

T∈TG

∏

e∈T

αe,

✇✐�❤ TG ❜❡✐♥❣ �❤❡ �❡� ♦❢ �♣❛♥♥✐♥❣ �
❡❡� ♦❢ G✱ ❛♥❞ ✇❤❡
❡

C(a, i0) =
21−|V |+

∑

e∈E ae

√
π
|V |−1

∏
i∈V Γ( 12 (ai + 1− 1i=i0))∏

e∈E Γ(ae)
.

❆
 
❤✐� �
❛❣❡✱ 
❤❡ ❢❛❝
 
❤❛
 
❤✐� ✐� ❛ ♣�♦❜❛❜✐❧✐
② ❞❡♥�✐
② ✐� ❛ ❝♦♥�❡5✉❡♥❝❡ ♦❢ 
❤❡ ♣�♦♦❢ 
❤❛
 ✐
 ✐� 
❤❡
♠✐①✐♥❣ ♠❡❛�✉�❡ ♦❢ 
❤❡ ❊❘❘❲✳ ❲❡ ✇✐❧❧ ❧❛
❡� ♠❡♥
✐♦♥ ❛♥♦
❤❡� ✇❛② ♦❢ �❤♦✇✐♥❣ 
❤❛
 
❤✐� ✐♥❞❡❡❞ ❞❡✜♥❡� ❛
♣�♦❜❛❜✐❧✐
② ❞✐�
�✐❜✉
✐♦♥✱ ✐♥ ❘❡♠❛�❦ ✶✳✷✳✸✳



✶✳✷✳ ❚❍❊ ❱❊❘❚❊❳✲❘❊■◆❋❖❘❈❊❉ ❏❯▼� �❘❖❈❊❙❙ ✾

❚❤❡ ❊❘❘❲ ♦♥ ✐♥✜♥✐�❡ ❣
❛♣❤�

▲❡� ♥♦✇ G ❜❡ ❛♥ ✐♥✜♥✐�❡✱ ❧♦❝❛❧❧② ✜♥✐�❡ ❣�❛♣❤✳ ■♥ �❤✐� ❝❛�❡✱ ✐� ✐� ♥♦� ❛� �✐♠♣❧❡ �♦ �❤♦✇ �❤❛� �❤❡ ❊❘❘❲ ✐�
❛ ♠✐①�✉�❡ ♦❢ �❛♥❞♦♠ ✇❛❧❦�✳ ❊✈❡♥ ✇✐�❤ ❉✐❛❝♦♥✐� ❛♥❞ ❋�❡❡❞♠❛♥✬� �❤❡♦�❡♠ ❢♦� ♠✐①�✉�❡� ♦❢ ▼❛�❦♦✈ ❝❤❛✐♥�✱
✇❤✐❝❤ ❛♣♣❧✐❡� �♦ ♣�♦❝❡��❡� ♦♥ ❝♦✉♥�❛❜❧❡ ��❛�❡ �♣❛❝❡�✱ �❤❡ �❡❝✉��❡♥❝❡ ❤②♣♦�❤❡�✐� ✐� ♥♦� ♥❡❝❡��❛�✐❧② ✈❡�✐✜❡❞
❜② �❤❡ ❊❘❘❲✳ ❍♦✇❡✈❡�✱ ❡✈❡♥ ✇✐�❤♦✉� �❡❝✉��❡♥❝❡✱ ✇❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡ �❡�✉❧� ✐� ��✐❧❧ ✈❛❧✐❞✳

❆ ✜��� �♣❡❝✐❛❧ ❝❛�❡ ✐� ✇❤❡♥ G ✐� ❛♥ ✐♥✜♥✐�❡ ��❡❡✱ ✐✳❡✳ ❛ ❝♦♥♥❡❝�❡❞ ❣�❛♣❤ ✇✐�❤ ♥♦ ❝②❝❧❡�✳ ■♥ ❬(❡♠✽✽❪✱
(❡♠❛♥�❧❡ �❤♦✇❡❞ �❤❛� �❤❛♥❦� �♦ �❤❡ ♣❛��✐❝✉❧❛� ���✉❝�✉�❡ ♦❢ ��❡❡�✱ �❤❡ �❡✐♥❢♦�❝❡♠❡♥� ❜❡❤❛✈❡� ✐♥ ❛ ✈❡�②
�✐♠♣❧❡ ✇❛②✳ ■♥❞❡❡❞✱ ❢♦� i ∈ V ✱ ❧❡� n1 ∈ N ❜❡ �✉❝❤ �❤❛� Xn1

= i✱ ❛♥❞ ❧❡� n2 = inf{n > n1, Xn = i}
❜❡ �❤❡ ♥❡①� ✐♥��❛♥� �❤❛� X ❝♦♠❡� ❜❛❝❦ �♦ i✳ ❚❤❡♥ �❤❡ ♦♥❧② ❡❞❣❡ ✇❡✐❣❤� ❛❞❥❛❝❡♥� �♦ i �❤❛� ❤❛� ❝❤❛♥❣❡❞
❜❡�✇❡❡♥ n1 ❛♥❞ n2 ✐� �❤❡ ✇❡✐❣❤� ♦❢ {i,Xn1+1}✱ ✇❤✐❝❤ ❤❛� ❜❡❡♥ ✐♥❝�❡❛�❡❞ ❜② 2✿ ♦♥❝❡ ✇❤❡♥ ❧❡❛✈✐♥❣ i✱ ❛♥❞
♦♥❝❡ ✇❤❡♥ ❝♦♠✐♥❣ ❜❛❝❦ �♦ ✐�✱ �✐♥❝❡ �❤❡ ♣�♦❝❡�� ❝❛♥ ♥♦� ❝♦♠❡ ❜❛❝❦ �❤�♦✉❣❤ ❛♥② ♦�❤❡� ❡❞❣❡✳ ❆� ❛ �❡�✉❧�✱
�❤❡ ❡❞❣❡ ✇❡✐❣❤�� ✐♥❝✐❞❡♥� �♦ i ❡✈♦❧✈❡ ❛� (.❧②❛✬� ✉�♥ ✭✇✐�❤ �✇♦ ❜❛❧❧� ❛❞❞❡❞ ❛� ❡❛❝❤ ��❡♣ ✐♥��❡❛❞ ♦❢ ♦♥❡✮✱
❛♥❞ ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢ ✇❤❛� ❤❛♣♣❡♥� ❛� ♦�❤❡� ✈❡��✐❝❡�✳ ❚❤❡�❡❢♦�❡✱ �❤❡ ❊❘❘❲ ♦♥ �❤❡ ✐♥✜♥✐�❡ ��❡❡ ✐� ❛
♠✐①�✉�❡ ♦❢ �❛♥❞♦♠ ✇❛❧❦� ✐♥ �❛♥❞♦♠ ❉✐�✐❝❤❧❡� ❡♥✈✐�♦♥♠❡♥��✱ ♠❡❛♥✐♥❣ �❤❛� �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ✐� ❣✐✈❡♥
❜② ✐♥❞❡♣❡♥❞❡♥� ❉✐�✐❝❤❧❡� ❞✐���✐❜✉�✐♦♥� ❛� ❡❛❝❤ ✈❡��❡①✳ ❖♥❡ ❝♦♥�❡2✉❡♥❝❡ ✐� �❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤❛�❡ ��❛♥�✐�✐♦♥✱
�❤♦✇♥ ❜② (❡♠❛♥�❧❡✿

❚❤❡♦
❡♠ ✶✳✶✳✹✳ ▲❡� G ❜❡ ❛ d✲❛	② �	❡❡ ✇✐�❤ d ≥ 2✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤��✱ ❛❧❧ ❡�✉❛❧ �♦

a > 0✳ ❚❤❡♥ �❤❡	❡ ❡①✐��� a0(d) > 0 �✉❝❤ �❤❛�✿

❼ ❢♦	 a < a0(d)✱ �❤❡ ❊❘❘❲ ♦♥ (G, a) ✐� ❛ ♠✐①�✉	❡ ♦❢ ♣♦�✐�✐✈❡ 	❡❝✉		❡♥� ▼❛	❦♦✈ ❝❤❛✐♥�✳

❼ ❢♦	 a > a0(d)✱ �❤❡ ❊❘❘❲ ♦♥ (G, a) ✐� ❛ ♠✐①�✉	❡ ♦❢ �	❛♥�✐❡♥� ▼❛	❦♦✈ ❝❤❛✐♥�✳

■♥ �❤❡ ♠♦�❡ ❣❡♥❡�❛❧ ❝❛�❡✱ ▼❡�❦❧ ❛♥❞ ❘♦❧❧❡� �❤♦✇❡❞ ✐♥ ❬▼❘✵✼❪ �❤❛� �❤❡ ❊❘❘❲ ✐� ✐♥ ❢❛❝� ❛ ♠✐①�✉�❡
♦❢ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦� ♦♥ ❛♥② ✐♥✜♥✐�❡ ❧♦❝❛❧❧② ✜♥✐�❡ ❣�❛♣❤ G✳ ❚❤❡② ✜��� ♣�♦✈❡❞ �♦♠❡ ❜♦✉♥❞� ❢♦�
�❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ♦❢ ❊❘❘❲ ♦♥ ✜♥✐�❡ ❣�❛♣❤�✳ ■♥��♦❞✉❝✐♥❣ ❛♥ ❡①❤❛✉��✐♥❣ �❡2✉❡♥❝❡ (Gn)n∈N ♦❢ ✜♥✐�❡
�✉❜❣�❛♣❤� ♦❢ G✱ �❤❡② �❤❡♥ ❛♣♣❧✐❡❞ �❤❡ ♣�❡✈✐♦✉� ❜♦✉♥❞� �♦ Gn✳ ❚❤❛♥❦� �♦ �✐❣❤�♥❡�� ❛♥❞ ❝♦♠♣❛❝�♥❡��
❛�❣✉♠❡♥��✱ �❛❦✐♥❣ �❤❡ ❧✐♠✐� ②✐❡❧❞� �❤❡ ❡①✐��❡♥❝❡ ♦❢ ❛ ♠✐①✐♥❣ ♠❡❛�✉�❡ ❢♦� �❤❡ ❊❘❘❲ ♦♥ �❤❡ ✇❤♦❧❡ ♦❢ G✳
❚❤✐� ❛❧�♦ �❤♦✇� �❤❛� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❜♦✉♥❞� ❛�❡ ��✐❧❧ ✈❛❧✐❞ ♦♥ G✳

■♥ ❬▼❘+✵✾❪✱ ▼❡�❦❧ ❛♥❞ ❘♦❧❧❡� ❛❧�♦ ��✉❞✐❡❞ �❤❡ ❊❘❘❲ ♦♥ ❞✐❧✉�❡❞ ✈❡��✐♦♥� ♦❢ Z2✱ ♠❡❛♥✐♥❣ �❤❛� ❡❛❝❤
❡❞❣❡ ♦❢ �❤❡ ❧❛��✐❝❡ Z

2 ✐� �❡♣❧❛❝❡❞ ❜② ❛ ♣❛�❤ ♦❢ r �✉❝❝❡��✐✈❡ ❡❞❣❡�✳ ❋♦� r ❧❛�❣❡ ❡♥♦✉❣❤✱ ❛♥❞ ❢♦� ���♦♥❣
❡♥♦✉❣❤ �❡✐♥❢♦�❝❡♠❡♥� ✭✐✳❡✳ ❢♦� �♠❛❧❧ ✐♥✐�✐❛❧ ✇❡✐❣❤��✮✱ �❤❡② �❤♦✇❡❞ ❛ ���♦♥❣❡� ❜♦✉♥❞ ♦♥ �❤❡ �❛♥❞♦♠ ❡❞❣❡
✇❡✐❣❤�� ❣✐✈❡♥ ❜② �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡� �❤❡ �❡❝✉��❡♥❝❡ ♦❢ ❊❘❘❲ ♦♥ �❤❡ ❞✐❧✉�❡❞ ✈❡��✐♦♥ ♦❢
Z
2✳
❋✉��❤❡� �❡�✉❧�� ♦❢ �❡❝✉��❡♥❝❡ ❛♥❞ ��❛♥�✐❡♥❝❡ ♦♥ �❤❡ Z

d ❧❛��✐❝❡ ✇❡�❡ ❧❛�❡� ♣�♦✈❡❞ ❜② ❙❛❜♦� ❛♥❞ ❚❛��6�
✐♥ ❬❙❚✶✺❪✱ ❛� ✇❡❧❧ ❛� ❆♥❣❡❧✱ ❈�❛✇❢♦�❞ ❛♥❞ ❑♦③♠❛ ✐♥ ❬❆❈❑✶✹❪✱ �❤�♦✉❣❤ ❧✐♥❦� ✇✐�❤ �♦♠❡ ��❛�✐��✐❝❛❧ ♣❤②�✐❝�
♠♦❞❡❧�✳ ■♥ ❬❙❚✶✺❪✱ �❤✐� ✇❛� �❡❛❧✐③❡❞ ✉�✐♥❣ �❤❡ �❡❧❛�✐♦♥ ❜❡�✇❡❡♥ �❤❡ ❊❘❘❲ ❛♥❞ ❛♥♦�❤❡� �❡❧❢✲�❡✐♥❢♦�❝✐♥❣
♣�♦❝❡�� ♦♥ ❣�❛♣❤�✿ �❤❡ ❱❡��❡①✲❘❡✐♥❢♦�❝❡❞ ❏✉♠♣ (�♦❝❡��✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ �❤❡ ❢♦❝✉� ♦❢ �❤❡ �❡♠❛✐♥❞❡� ♦❢ �❤✐�
♠❛♥✉�❝�✐♣�✳

✶✳✷ ❚❤❡ ❱❡�	❡①✲❘❡✐♥❢♦�❝❡❞ ❏✉♠♣ ��♦❝❡��

❚❤❡ ❱❡��❡①✲❘❡✐♥❢♦�❝❡❞ ❏✉♠♣ (�♦❝❡�� ✭❱❘❏(✮ ✇❛� ✐♥��♦❞✉❝❡❞ ❜② ❲❡�♥❡�✳ ■� ✐� ❞❡✜♥❡❞ ❛� ❛ ❥✉♠♣ ♣�♦❝❡��
♦♥ ❛ ❣�❛♣❤✱ ✇❤❡�❡ �❤❡ ❥✉♠♣✐♥❣ �❛�❡ �♦ �♦♠❡ ✈❡��❡① ✐♥❝�❡❛�❡� ✇✐�❤ �❤❡ ❧♦❝❛❧ �✐♠❡ ♦❢ �❤❡ ♣�♦❝❡�� ❛� �❤✐�
✈❡��❡①✳ ❚❤❡ ❱❘❏( ✇❛� ✜��� ��✉❞✐❡❞ ❜② ❉❛✈✐� ❛♥❞ ❱♦❧❦♦✈ ♦♥ Z ✐♥ ❬❉❱✵✷❪✱ ✇❤♦ �❤♦✇❡❞ ✐�� �❡❝✉��❡♥❝❡✳ ▲❛�❡�
♣❤❛�❡ ��❛♥�✐�✐♦♥� ❜❡�✇❡❡♥ �❡❝✉��❡♥❝❡ ❛♥❞ ��❛♥�✐❡♥❝❡ ✇❡�❡ �❤♦✇♥ ♦♥ �❡❣✉❧❛� ��❡❡� ❜② ❉❛✈✐� ❛♥❞ ❱♦❧❦♦✈
✭❬❉❱✵✹❪✮ ❛♥❞ ❈♦❧❧❡✈❡❝❝❤✐♦ ✭❬❈♦❧✵✾❪✮✱ ❛♥❞ ♦♥ ●❛❧�♦♥✲❲❛��♦♥ ��❡❡� ❜② ❇❛�❞❡✈❛♥� ❛♥❞ ❙✐♥❣❤ ✭❬❇❙✶✵❪✮✳
❙✐♠✐❧❛�❧② �♦ �❤❡ ❊❘❘❲✱ �❤❡ ♣❛��✐❝✉❧❛� ���✉❝�✉�❡ ♦❢ ��❡❡� ♠❛❦❡� �❤❡ �❡✐♥❢♦�❝❡♠❡♥� ❜❡❤❛✈✐♦� ❡❛�✐❡� �♦
��✉❞②✳
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❚❤❡ ❱❘❏	 
❛�✐
✜❡
 ❛ ❢♦�♠ ♦❢ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ❝♦♥❞✐�✐♦♥✱ ❜✉� ♦♥❧② ❛❢�❡� ❛♣♣❧②✐♥❣ ❛ ❝❡��❛✐♥ �✐♠❡ ❝❤❛♥❣❡✳
■♥ �❤✐
 ❡①❝❤❛♥❣❡❛❜❧❡ �✐♠❡ 
❝❛❧❡✱ ✐� ❝❛♥ ❜❡ ✇�✐��❡♥ ❛
 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡

❡
✳ ❚❤✐
 
❡❝�✐♦♥
♣�❡
❡♥�
 �❤❡ ✇❛② �❤✐
 �❡♣�❡
❡♥�❛�✐♦♥ ✇❛
 ♦❜�❛✐♥❡❞ ♦♥ ✜♥✐�❡ ❣�❛♣❤
 ❜② ❙❛❜♦� ❛♥❞ ❚❛��&
 ✭❬❙❚✶✺❪✮✱ ❛♥❞ ❧❛�❡�
❡①�❡♥❞❡❞ �♦ ✐♥✜♥✐�❡ ❣�❛♣❤
 ❜② �❤❡ 
❛♠❡ ❛✉�❤♦�
 ❛♥❞ ❩❡♥❣ ✭❬❙❚❩✶✼❪✱ ❬❙❩✶✾❪✮✳ ❚❤❡ ❱❘❏	 ✐
 ❛❧
♦ ❝❧♦
❡❧②
�❡❧❛�❡❞ �♦ �❤❡ ❊❘❘❲✱ ❛
 ✇❡❧❧ ❛
 ❛ 
�❛�✐
�✐❝❛❧ ♠❡❝❤❛♥✐❝
 ♠♦❞❡❧✱ ✇❤✐❝❤ ❤❛
 ②✐❡❧❞❡❞ ♠❛♥② ❝♦♥
❡1✉❡♥❝❡
 ❢♦�
�❤❡ 
�✉❞② ♦❢ ❜♦�❤ ♣�♦❝❡

❡
✳

✶✳✷✳✶ ❚❤❡ ❱❘❏
 ✐♥ ❞✐✛❡�❡♥� �✐♠❡ �❝❛❧❡�

❲✐�❤ �❤❡ 
❛♠❡ ♥♦�❛�✐♦♥
 ❛
 ❜❡❢♦�❡✱ ❧❡� G = (V,E) ❜❡ ❛ ❧♦❝❛❧❧② ✜♥✐�❡ ❣�❛♣❤ ✇✐�❤ ♥♦ ❧♦♦♣
✱ ✐✳❡✳ 
✉❝❤ �❤❛�
�❤❡�❡ ✐
 ♥♦ ❡❞❣❡ ❢�♦♠ ❛ ✈❡��❡① i ∈ V �♦ ✐�
❡❧❢✳ ❚❤❡ ❱❘❏	 ♦♥ G ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❛
 ❛ ❝♦♥�✐♥✉♦✉
✲�✐♠❡ ❥✉♠♣
♣�♦❝❡

 �❛❦✐♥❣ ✈❛❧✉❡
 ♦♥ V ✱ 
✉❝❤ �❤❛� �❤❡ ❛���❛❝�✐✈❡♥❡

 ♦❢ ❛♥② ✈❡��❡① ✐♥❝�❡❛
❡
 ❛
 �❤❡ ♣�♦❝❡

 
♣❡♥❞

�✐♠❡ ❛� �❤✐
 ✈❡��❡①✳ ❚♦ ❞❡✜♥❡ �❤✐
 ♠♦�❡ ♣�❡❝✐
❡❧②✱ ❧❡� ✉
 ❣✐✈❡ 
♦♠❡ ❞❡✜♥✐�✐♦♥
 ❛♥❞ ♥♦�❛�✐♦♥
✳

❏✉♠♣ ♣�♦❝❡		❡	 ♦♥ ❣�❛♣❤	

▲❡� (Xt)t≥0 ❜❡ �❤❡ ❝❛♥♦♥✐❝❛❧ ♣
♦❝❡�� ♦♥ �❤❡ �♣❛❝❡ Cr(R+, V ) ♦❢ 
✐❣❤�✲❝♦♥�✐♥✉♦✉� ❢✉♥❝�✐♦♥� R+ → V ✳ ❲❡
❞❡♥♦�❡ ❜② (FX

t )t≥0 �❤❡ ✜❧�
❛�✐♦♥ ♦❢ �❤❡ ♣❛�� ♦❢ X✱ ✐✳❡✳ ❢♦
 ❛❧❧ t ≥ 0✱ FX
t = σ(Xs, 0 ≤ s ≤ t)✳

▲❡� r = (ri,j)i∼j ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♣♦�✐�✐✈❡ ✇❡✐❣❤�� ♦♥ ❞✐
❡❝�❡❞ ❡❞❣❡� ♦❢ G✱ ✐✳❡✳ ✇❡ ❛❧❧♦✇ ri,j 
= rj,i ❢♦

{i, j} ∈ E✳ ❋♦
 i 
∼ j✱ ✇❡ ❛❧�♦ ❞❡✜♥❡ ri,j = rj,i = 0✳ ▲❡� ✉� ✜① ❛ ��❛
�✐♥❣ ♣♦✐♥� i0 ∈ V ✳ ❚❤❡♥ �❤❡ ▼❛
❦♦✈
❥✉♠♣ ♣
♦❝❡�� ♦♥ G ✇✐�❤ ❥✉♠♣ 
❛�❡� r✱ ��❛
�❡❞ ❛� i0✱ ✐� ❛ 
✐❣❤�✲❝♦♥�✐♥✉♦✉� V ✲✈❛❧✉❡❞ 
❛♥❞♦♠ ♣
♦❝❡�� ✇✐�❤

❞✐��
✐❜✉�✐♦♥ P
MJP (r)
i0

✱ ✇❤❡
❡✿ P
MJP (r)
i0

[X0 = i0] = 1✱ ❛♥❞ ❢♦
 t ≥ 0 ❛♥❞ j ∈ V ✱

P
MJP (r)
i0

[Xt+dt = j|FX
t ] = rXt,jdt+ o(dt). ✭✶✳✶✮

❆ ♠♦
❡ 
✐❣♦
♦✉� ✇❛② �♦ ❞❡✜♥❡ �❤✐� ❥✉♠♣ ♣
♦❝❡�� ✐� �❤
♦✉❣❤ ✐�� ✐♥✜♥✐�❡�✐♠❛❧ ❣❡♥❡
❛�♦
 Lr✿ ✐❢ g : V ×R ✐�
❜♦✉♥❞❡❞✱ ❢♦
 i ∈ V ✇❡ ❤❛✈❡

Lrf(i) =
∑

j∼i

ri,j
(
f(j)− f(i)

)
.

❘❡♠❛�❦ ✶✳✷✳✶✳ ❙✐♥❝❡ �❤❡ ❥✉♠♣ 
❛�❡� ❛
❡ ❝♦♥��❛♥�✱ �❤✐� ❞✐��
✐❜✉�✐♦♥ ❝❛♥ ❛❧�♦ ❜❡ ❞❡�❝
✐❜❡❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣
✇❛②✳ ❲❤✐❧❡ �❤❡ ♣
♦❝❡�� ✐� ❛� �♦♠❡ ✈❡
�❡① i✱ ✐♥❞❡♣❡♥❞❡♥� ❝❧♦❝❦� ❛
❡ 
✉♥♥✐♥❣ ❢♦
 ❡❛❝❤ ♥❡✐❣❤❜♦
 ♦❢ i✳ ❚❤❡
❝❧♦❝❦ ❛��♦❝✐❛�❡❞ ✇✐�❤ j 
✐♥❣� ❛� ❛ 
❛♥❞♦♠ ✐♥��❛♥�✱ ✇❤✐❝❤ ✐� ❛♥ ❡①♣♦♥❡♥�✐❛❧ ✈❛
✐❛❜❧❡ ✇✐�❤ ♣❛
❛♠❡�❡
 ri,j ✳ ❆�
�♦♦♥ ❛� �❤❡ ✜
�� ♦❢ �❤❡�❡ ❝❧♦❝❦� 
✐♥❣✱ �❤❡ ♣
♦❝❡�� ❥✉♠♣� �♦ �❤❡ ❛��♦❝✐❛�❡❞ ♥❡✐❣❤❜♦
✐♥❣ ✈❡
�❡①✳ ❆� ❛ 
❡�✉❧�✱
�❤❡ ✧❤♦❧❞✐♥❣ �✐♠❡✧ �❤❛� �❤❡ ♣
♦❝❡�� �♣❡♥❞� ❛� i ✐� ❛♥ ❡①♣♦♥❡♥�✐❛❧ ✈❛
✐❛❜❧❡ ✇✐�❤ ♣❛
❛♠❡�❡
 ri =

∑
j∼i ri,j ✱

❛♥❞ �❤❡ ♣
♦❜❛❜✐❧✐�② �❤❛� ✐� ❥✉♠♣� �♦ j ✐�
ri,j
ri

✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ✇❤✐❝❤ ♥❡✐❣❤❜♦
 �♦ ❥✉♠♣ �♦ ✐� ✐♥❞❡♣❡♥❞❡♥�
❢
♦♠ �❤❡ ✇❛✐�✐♥❣ �✐♠❡ ❛� i✱ ❛♥❞ ❛❧❧ ❥✉♠♣� ♦❝❝✉
 ✐♥❞❡♣❡♥❞❡♥�❧② ❢
♦♠ �❤❡ ♣❛�� ♦❢ �❤❡ ♣
♦❝❡��✱ �♦ �❤❛� ✐� ✐�
✐♥ ❢❛❝� ❛ ▼❛
❦♦✈ ♣
♦❝❡��✳

❲❡ ✇✐❧❧ ❛❧�♦ ❜❡ ✐♥�❡
❡��❡❞ ✐♥ �❡❧❢✲✐♥�❡
❛❝�✐♥❣ ❥✉♠♣ ♣
♦❝❡��❡�✱ ❞❡✜♥❡❞ ❜② ❥✉♠♣ 
❛�❡� ✇❤✐❝❤ ❡✈♦❧✈❡ ✇✐�❤
�✐♠❡ ❛♥❞ ❞❡♣❡♥❞ ♦♥ �❤❡ �
❛❥❡❝�♦
② ♦❢ X✳ ❙✉❝❤ ❛ ♣
♦❝❡�� ✐� ♥♦ ❧♦♥❣❡
 ♠❛
❦♦✈✐❛♥✱ ❜✉� ✇❡ ��✐❧❧ ❞❡✜♥❡ ✐�
�❤
♦✉❣❤ �❤❡ ❡①♣
❡��✐♦♥ ♦❢ ✐�� ❥✉♠♣ 
❛�❡�✱ ❛� ✐♥ ✭✶✳✶✮✳ ▼♦
❡♦✈❡
✱ ♦✉
 ❢♦❝✉� ✇✐❧❧ ❜❡ ♦♥ �❤❡ ❱❘❏, ❛♥❞ �✐♠❡✲
❝❤❛♥❣❡❞ ✈❡
�✐♦♥� ♦❢ �❤❡ ❱❘❏,✱ ✐♥ ✇❤✐❝❤ �❤❡ ❥✉♠♣ 
❛�❡� ❞❡♣❡♥❞ ♦♥❧② ♦♥ �❤❡ ❧♦❝❛❧ �✐♠❡� (lXi (t))i∈V,t≥0✱
✐✳❡✳ �❤❡ �♦�❛❧ �✐♠❡ �❤❛� X ❤❛� �♣❡♥� ❛� ❡❛❝❤ ✈❡
�❡① i ✉♣ �♦ �❤❡ ✐♥��❛♥� t✿

lXi (t) =

∫ t

0

1Xs=ids.

▲❡� �❤❡♥ (ri,j)i∼j ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❢✉♥❝�✐♦♥� ri,j : (R+)
V → R

∗
+✳ ❚❤❡ ❥✉♠♣ ♣
♦❝❡�� ✇❤✐❝❤✱ ❛� �✐♠❡ t✱

❥✉♠♣� ❢
♦♠ i �♦ j ✇✐�❤ 
❛�❡ ri,j(l
X(t))✱ ✐� ❞❡✜♥❡❞ ✐♥ �✉❝❤ ❛ ✇❛② �❤❛� ✐�� ❞✐��
✐❜✉�✐♦♥ P

JP (r) �❛�✐�✜❡�

P
JP (r)[Xt+dt = j|FX

t ] = rXt,j(l
X(t))dt+ o(dt).
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❚❤✐� ❡①♣	❡��✐♦♥ ♦❢ P
JP (r) ✐� ❝♦♥✈❡♥✐❡♥� ❢♦	 ❝♦♠♣✉�❛�✐♦♥�✱ ✐♥ ♣❛	�✐❝✉❧❛	 �♦ ✐❞❡♥�✐❢② �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢

�✐♠❡✲❝❤❛♥❣❡❞ ✈❡	�✐♦♥� ♦❢ X✳ ❍♦✇❡✈❡	 ✐♥ �❤✐� ❝❛�❡✱ �❤❡ ❥✉♠♣ 	❛�❡� ❛	❡ ♥♦� ❝♦♥��❛♥�✱ �♦ �❤❡ ♣	♦❝❡�� ❝❛♥
♥♦� ❜❡ 	✐❣♦	♦✉�❧② 	❡♣	❡�❡♥�❡❞ ✉�✐♥❣ ❡①♣♦♥❡♥�✐❛❧ ✈❛	✐❛❜❧❡�✳ ❚♦ ❞❡✜♥❡ ✐� ♠♦	❡ ♣	❡❝✐�❡❧②✱ ✇❡ ✉�❡ �❤❡ ❢❛❝�
�❤❛� ✉♥❞❡	 PJP (r)✱

(
Xt, (l

X
j (t))j∈V

)
t≥0

✐� ❛ ▼❛	❦♦✈ ♣	♦❝❡�� ♦♥ V × R
V
+✳ ■�� ✐♥✜♥✐�❡�✐♠❛❧ ❣❡♥❡	❛�♦	 Lr ✐�

�❤❡♥ ❣✐✈❡♥ ❜②

Lrf(i, l) =
∑

j∼i

ri,j(l)
(
f(j, l)− f(i, l)

)
+ ∂lif(i, l),

❢♦	 i ∈ V ❛♥❞ l = (lj)j∈V ∈ R
V
+✱ ❛♥❞ ❢♦	 ❛❧❧ ❜♦✉♥❞❡❞ ❢✉♥❝�✐♦♥� f : V × R

V
+ → R �✉❝❤ �❤❛� f(i, ·) ✐� C∞

❢♦	 i ∈ V ✳
❋✐♥❛❧❧②✱ ❢♦	 �✉❝❤ ❥✉♠♣ ♣	♦❝❡��❡�✱ ✐� ✇✐❧❧ ❛❧�♦ ❜❡ ❝♦♥✈❡♥✐❡♥� �♦ ✐♥�	♦❞✉❝❡ ❛ ❞✐�❝	❡�❡✲�✐♠❡ ✈❡	�✐♦♥✱ ✐✳❡✳

❛ V ✲✈❛❧✉❡❞ 	❛♥❞♦♠ ♣	♦❝❡�� (X̂n)n∈N✱ 	❡❣✐��❡	✐♥❣ ♦♥❧② �❤❡ �✉❝❝❡��✐✈❡ ✈❡	�✐❝❡� ✈✐�✐�❡❞ ❜② X✱ ❛♥❞ ♥♦� �❤❡
�✐♠❡ �♣❡♥� ❛� ❡❛❝❤ ✈❡	�❡①✳

❲✐�❤ �❤❡�❡ ❞❡✜♥✐�✐♦♥� ♦✉� ♦❢ �❤❡ ✇❛②✱ ✇❡ ❝❛♥ ♥♦✇ ✐♥�	♦❞✉❝❡ �❤❡ ♠♦❞❡❧ ✇❤✐❝❤ ✐� ♦✉	 ♠❛✐♥ �✉❜❥❡❝� ♦❢
✐♥�❡	❡��✳

❚❤❡ ❱❘❏� ♠♦❞❡❧ ❛♥❞ �✇♦ �❡❧❡✈❛♥� �✐♠❡ ❝❤❛♥❣❡�

▲❡� (We)e∈E ∈ (R∗
+)

E ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♣♦�✐�✐✈❡ ✇❡✐❣❤�� ♦♥ �❤❡ ❡❞❣❡� ♦❢ �❤❡ ❣	❛♣❤ G✱ ❛♥❞ ❧❡� i0 ∈ V ❜❡ ❛

��❛	�✐♥❣ ✈❡	�❡①✳ ❲❡ ❞❡✜♥❡ �❤❡ ❞✐��	✐❜✉�✐♦♥ P
V RJP (W,i0) ♦❢ �❤❡ ❱❘❏( ♦♥ (G,W ) ��❛	�❡❞ ❛� i0✱ �✉❝❤ �❤❛�✿

✉♥❞❡	 PV RJP (W,i0)✱ ✇❡ ❤❛✈❡ X0 = i0 ❛❧♠♦�� �✉	❡❧②✱ ❛♥❞ ❢♦	 i, j ∈ V ❛♥❞ t ≥ 0✱ Xt ❥✉♠♣� ❢	♦♠ i �♦ j ❛�
	❛�❡ Wi,j(1 + lXj (t))✳

❘❡♠❛�❦ ✶✳✷✳✷✳ ❆� ✇✐�❤ (+❧②❛✬� ✉	♥ ❛♥❞ �❤❡ ❊❘❘❲✱ ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ ��❛	�✐♥❣ ♣❛	❛♠❡�❡	�✱ �❤❡ 	❡✐♥✲
❢♦	❝✐♥❣ ❜❡❤❛✈✐♦	 ❝❛♥ ❜❡ ♠♦	❡ ♦	 ❧❡�� ♣	♦♥♦✉♥❝❡❞ ✭�❡❡ ❘❡♠❛	❦ ✶✳✶✳✶✮✳ ❋♦	 ❧♦✇❡	 ✐♥✐�✐❛❧ ✇❡✐❣❤�� W ✱ �❤❡
✜	�� ❢❡✇ ❥✉♠♣� ❤❛♣♣❡♥ ❛❢�❡	 ❛ ❧♦♥❣❡	 �✐♠❡✱ �❤❡	❡❢♦	❡ �❤❡ ♣	♦❝❡�� ��❛②� ❧♦♥❣❡	 ❛� ❡❛❝❤ ✈❡	�❡①✱ 	❡�✉❧�✐♥❣ ✐♥
��	♦♥❣❡	 	❡✐♥❢♦	❝❡♠❡♥�✳ ❈♦♥✈❡	�❡❧②✱ ❢♦	 ❤✐❣❤❡	 W ✱ ✇❡ ❤❛✈❡ ✇❡❛❦❡	 	❡✐♥❢♦	❝❡♠❡♥�✳

❖✉	 ❛✐♠ ✐� ♦♥❝❡ ❛❣❛✐♥ �♦ ��✉❞② �❤❡ 	❡♣	❡�❡♥�❛�✐♦♥� ♦❢ �❤✐� �❡❧❢✲✐♥�❡	❛❝�✐♥❣ ♣	♦❝❡�� ❛� ❛ ♠✐①�✉	❡ ♦❢
▼❛	❦♦✈ ♣	♦❝❡��❡�✳ ❍♦✇❡✈❡	✱ �✐♥❝❡ �❤❡ ❥✉♠♣ 	❛�❡� ♦❢ �❤❡ ❱❘❏( ❛	❡ ❛❧✇❛②� ✐♥❝	❡❛�✐♥❣✱ �❤❡ ♣	♦❝❡�� �❡♥❞�
�♦ ❥✉♠♣ ❢❛��❡	 ❛♥❞ ❢❛��❡	 ❛� �✐♠❡ ❣♦❡� ♦♥✳ ❚❤✐� ♠❛❦❡� ✐� ✐♠♣♦��✐❜❧❡ ❢♦	 ✐� �♦ ❜❡ ❛ ♠✐①�✉	❡ ♦❢ ▼❛	❦♦✈
❥✉♠♣ ♣	♦❝❡��❡�✱ �✐♥❝❡ �❤❡ ❤♦❧❞✐♥❣ �✐♠❡� ✇♦✉❧❞ �❤❡♥ ❜❡ ��❛�✐♦♥❛	②✳ ❲❡ ✇✐❧❧ �❤❡	❡❢♦	❡ ♥❡❡❞ �♦ ❛♣♣❧② ❛ �✐♠❡
❝❤❛♥❣❡ �♦ �❤❡ ♣	♦❝❡��✱ ✐♥ ♦	❞❡	 �♦ �❧♦✇ ✐� ❞♦✇♥✳ ❆♥♦�❤❡	 �✐♠❡ ❝❤❛♥❣❡ ✇✐❧❧ ❛❧�♦ ❜❡ ✉�❡❢✉❧ �♦ 	❡❧❛�❡ �❤❡
❱❘❏( �♦ �❤❡ ❊❘❘❲✳

▲❡� ✉� ❞❡�❝	✐❜❡ ❤♦✇ �❤❡�❡ ❝❤❛♥❣❡� ♦❢ ✈❛	✐❛❜❧❡� ❛	❡ ❞❡✜♥❡❞✿ ❢♦	 ❛ ❝♦♥�✐♥✉♦✉� ❛♥❞ ✐♥❝	❡❛�✐♥❣ 	❛♥❞♦♠
❢✉♥❝�✐♦♥ A : R+ → R+✱ ❛❞❛♣�❡❞ �♦ �❤❡ ✜❧�	❛�✐♦♥ (FX

t )t≥0✱ ✇❡ ❞❡✜♥❡ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ♣	♦❝❡�� X̃A ❜②

X̃A
t = XA−1(t) ❢♦	 t ≥ 0✳ ❲❡ ✇❛♥� ❢♦	 �❤❡ ❧♦❝❛❧ �✐♠❡� ♦❢ X̃A �♦ �❛�✐�❢②

1 + lXi (t) = f
(
lX̃

A

i (A(t))
)

✭✶✳✷✮

❢♦	 i ∈ V ❛♥❞ t ≥ 0✱ ✇❤❡	❡ f : [0,∞) → [1,∞) ✐� ✐♥❝	❡❛�✐♥❣ ❛♥❞ ❞✐✛❡	❡♥�✐❛❜❧❡✳ ❚❤✐� ✐♠♣❧✐❡� �❤❛� ❛� �✐♠❡
u ≥ 0✱ X̃A ❥✉♠♣� ❢	♦♠ i �♦ j ❛� 	❛�❡

Wi,jf
(
lX̃

A

j (u)
)
f ′(lX̃A

i (u)
)
. ✭✶✳✸✮

■♥❞❡❡❞✱ ❢♦	 u ≥ 0 ❛♥❞ j ∈ V

P
V RJP (W,i0)

[
X̃A

u+du = j
∣∣F X̃A

u

]
= P

V RJP (W,i0)
[
XA−1(u+du) = j

∣∣FX
A−1(u)

]

= WX
A−1(u),j

(
1 + lXj (A−1(u))

)
(A−1)′(u)du+ o(du)

= WX̃A
u ,jf

(
lX̃

A

j (u)
) 1

A′(A−1(u))
du+ o(du),



✶✷ ❈❍❆�❚❊❘ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

✇❤❡�❡ ✇❡ ❛❧	♦ ❣❡� 1
A′(A−1(u)) = f ′(lX̃A

X̃A
u

(u)
)

❜② ❞✐✛❡�❡♥�✐❛�✐♥❣ ✭✶✳✷✮ ❛♥❞ 	✉♠♠✐♥❣ ♦✈❡� ❛❧❧ i ∈ V ✳ ❚❤✐	

♣�♦✈❡	 ✭✶✳✸✮✱ ♠♦�❡♦✈❡� �❤❡ �✐♠❡ ❝❤❛♥❣❡ ✐	 ❣✐✈❡♥ ❜②✿

A(t) =

∫ t

0

(f−1)′(1 + lXXs
(s))ds =

∑

i∈V

f−1(1 + lXi (t)).

❲❡ ✇✐❧❧ ❜❡ ✐♥�❡�❡	�❡❞ ✐♥ �✇♦ ❞✐✛❡�❡♥� ❝❤♦✐❝❡	 ♦❢ f : [0,∞) → [1,∞) ✐♥ ♦�❞❡� �♦ ♦❜�❛✐♥ 	❛�✐	❢②✐♥❣
❥✉♠♣ �❛�❡	 ✐♥ ✭✶✳✸✮✳ ❚❤❡	❡ �✐♠❡ ❝❤❛♥❣❡	 ✇❡�❡ ✐♥��♦❞✉❝❡❞ ❜② ❙❛❜♦� ❛♥❞ ❚❛��#	 ✐♥ ❬❙❚✶✺❪✳ ❚❤❡ ✜�	� ♦♥❡ ✐	
f1 : x �→

√
1 + x✱ ✇❤✐❝❤ ❣✐✈❡	 �❤❡ �✐♠❡ ❝❤❛♥❣❡

A1(t) =
∑

i∈V

(
1 + lXi (t)

)2 − 1,

❛♥❞ ✉♥❞❡� P
V RJP (W,i0)✱ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡		 Z(1) = X̃A1 ❥✉♠♣	 ❢�♦♠ i �♦ j ❛� �✐♠❡ t ≥ 0 ✇✐�❤ �❛�❡

Wi,j

2

√
1 + lZ

(1)

j (t)
√

1 + lZ
(1)

i (t)
.

■♥ �❤❡ ♥❡①� ♣❛�❛❣�❛♣❤✱ ✇❡ ✇✐❧❧ 	❡❡ �❤❛� �❤✐	 �✐♠❡ 	❝❛❧❡ ✐	 	✉❝❤ �❤❛� Z(1) 	❛�✐	✜❡	 ❛♥ ❡①❝❤❛♥❣❡❛❜✐❧✐�②
❝♦♥❞✐�✐♦♥✳

❚❤❡ ♦�❤❡� �❡❧❡✈❛♥� �✐♠❡ ❝❤❛♥❣❡ ❝♦��❡	♣♦♥❞	 �♦ f2 : x �→ ex✱ ✐✳❡✳

A2(t) =
∑

i∈V

log
(
1 + lXi (t)

)
.

❚❤❡ ❛		♦❝✐❛�❡❞ �✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡		 Z(2) = X̃A2 ❤❛	 �❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉♠♣ �❛�❡	 ✉♥❞❡� P
V RJP (W,i0)✿

Wi,je
lZ

(2)

i (t)+lZ
(2)

j (t).

❚❤✐	 ♣�♦❝❡		 ✇✐❧❧ ❤❡❧♣ �❡❧❛�❡ �❤❡ ❱❘❏. �♦ �❤❡ ❊❘❘❲✱ ❛♥❞ ❛❧	♦ ❛♣♣❡❛�	 ✐♥ �❤❡ ♣�♦♦❢ ♦❢ �❤❡ �❡♣�❡	❡♥�❛�✐♦♥
♦❢ Z(1) ❛	 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡		❡	 ✭❚❤❡♦�❡♠ ✶✳✷✳✷✮✳

�❛��✐❛❧ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ✐♥ ❝♦♥�✐♥✉♦✉� �✐♠❡

■♥ ❬❋�❡✾✻❪✱ ❋�❡❡❞♠❛♥ 	❤♦✇❡❞ ❛ ❝♦♥�✐♥✉♦✉	✲�✐♠❡ ✈❡�	✐♦♥ ♦❢ ❞❡ ❋✐♥❡��✐✬	 �❤❡♦�❡♠ ❢♦� ▼❛�❦♦✈ ♣�♦❝❡		❡	✳
❙✐♠✐❧❛�❧② �♦ ❉✐❛❝♦♥✐	 ❛♥❞ ❋�❡❡❞♠❛♥✬	 �❤❡♦�❡♠ ❢♦� ❞✐	❝�❡�❡✲�✐♠❡ ▼❛�❦♦✈ ❝❤❛✐♥	✱ ✐� �❡❧✐❡	 ♦♥ ❛ ♣❛��✐❛❧
❡①❝❤❛♥❣❡❛❜✐❧✐�② ❝♦♥❞✐�✐♦♥✱ ❞❡✜♥❡❞ ❛	 ❢♦❧❧♦✇	✳ ■❢ (Yt)t≥0 ✐	 ❛ �❛♥❞♦♠ ♣�♦❝❡		 ♦♥ ❛ ❝♦✉♥�❛❜❧❡ 	�❛�❡ 	♣❛❝❡
E✱ ✐� ✐	 ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡ ✐❢ ❢♦� ❛❧❧ h > 0✱ �❤❡ ❞✐	❝�❡�❡✲�✐♠❡ ♣�♦❝❡		 (Ynh)n∈N ✐	 ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡
✐♥ �❤❡ 	❡♥	❡ ♦❢ ❉✐❛❝♦♥✐	 ❛♥❞ ❋�❡❡❞♠❛♥ ✭�❛�❤❡� �❤❛♥ �❤❡ 	❡♥	❡ ♦❢ ❉❡✜♥✐�✐♦♥ ✶✳✶✳✷✮✳ ■♥ ♦�❤❡� ✇♦�❞	✱ �❤❡
♣�♦❜❛❜✐❧✐�② �❤❛� (Ynh)n∈N ❢♦❧❧♦✇	 	♦♠❡ ❣✐✈❡♥ ♣❛�❤ ❞❡♣❡♥❞	 ♦♥❧② ♦♥ �❤❡ ♥✉♠❜❡� ♦❢ �✐♠❡	 �❤✐	 ♣❛�❤ ❣♦❡	
❢�♦♠ i �♦ j✱ ❢♦� ❛❧❧ i, j ∈ E✳ ❚❤❡♥ ❋�❡❡❞♠❛♥✬	 �❤❡♦�❡♠ ✐	 �❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦�❡♠ ✶✳✷✳✶✳ ▲❡� (Yt)t≥0 ❜❡ ❛ �❛♥❞♦♠ ♣�♦❝❡�� ♦♥ ❛ ❝♦✉♥�❛❜❧❡ ��❛�❡ �♣❛❝❡ E✱ ��❛��❡❞ ❛� �♦♠❡ ♣♦✐♥�

i0 ∈ E✳ ❲❡ ❛��✉♠❡ �❤❛� Y ✐� ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡✱ ❛� ✇❡❧❧ ❛� �❡❝✉��❡♥�✱ ✐✳❡✳ �❤❡�❡ ❛�❡ ❛❧♠♦�� �✉�❡❧②

✐♥✜♥✐�❡❧② ♠❛♥② ✐♥�❡❣❡�� k �✉❝❤ �❤❛� Yk = i0✳ ▼♦�❡♦✈❡�✱ ✇❡ ❛��✉♠❡ �❤❛� Y ❤❛� ♥♦ ♣♦✐♥� ♦❢ ❞✐�❝♦♥�✐♥✉✐�②✱

✐✳❡✳ ❢♦� ❛❧❧ t ≥ 0✱ ✐❢ tn → t �❤❡♥ Ytn
a.s.−−→ Yt✳

❚❤❡♥ X ✐� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡�✳



✶✳✷✳ ❚❍❊ ❱❊❘❚❊❳✲❘❊■◆❋❖❘❈❊❉ ❏❯▼� �❘❖❈❊❙❙ ✶✸

❆♥♦�❤❡	 ❢♦	♠✉❧❛�✐♦♥ ♦❢ ♣❛	�✐❛❧ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ✇❛� ✐♥�	♦❞✉❝❡❞ ❜② ❩❡♥❣ ✐♥ ❬❩❡♥✶✻❪✱ ❢♦	 �❤❡ �②♣❡ ♦❢
♣	♦❝❡��❡� �❤❛� ✇❡ ❛	❡ ✐♥�❡	❡��❡❞ ✐♥✱ ✐✳❡✳ ❥✉♠♣ ♣	♦❝❡��❡� ♦♥ ❣	❛♣❤� ✇✐�❤ ❥✉♠♣ 	❛�❡� ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥
❧♦❝❛❧ �✐♠❡�✳ ❙✉❝❤ ❛ ♣	♦❝❡�� ❛❞♠✐�� ❛ ❞❡♥�✐�② ❢✉♥❝�✐♦♥✱ ❞❡✜♥❡❞ ♦♥ �❤❡ �❡� ♦❢ �	❛❥❡❝�♦	✐❡�✳ ❚❤❡♥ �❤❡ ♣	♦❝❡��
✐� ♣❛	�✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ �❤❡ ❞❡♥�✐�② ✐� �❤❡ �❛♠❡ ❢♦	 �	❛❥❡❝�♦	✐❡� ✇✐�❤ ❡#✉❛❧ �	❛♥�✐�✐♦♥ ❝♦✉♥��
❛♥❞ ❧♦❝❛❧ �✐♠❡�✳ ▲❡� ✉� ❞❡�❝	✐❜❡ �❤✐� ♠♦	❡ ♣	❡❝✐�❡❧②✳

❲❡ ✜	�� ✐♥�	♦❞✉❝❡ ❛ ♥♦�❛�✐♦♥ ❢♦	 �	❛❥❡❝�♦	✐❡� ♦♥ ❛ ❣	❛♣❤ G = (V,E)✿ ❢♦	 t ≥ 0✱ ✇❡ ❞❡✜♥❡ ❛ �	❛❥❡❝�♦	②
✉♣ �♦ �✐♠❡ t ❜② ✐�� ♥✉♠❜❡	 ♦❢ ❥✉♠♣�✱ ❥✉♠♣ �✐♠❡� ❛♥❞ ✈✐�✐�❡❞ ✈❡	�✐❝❡�✳ ❚❤❡	❡❢♦	❡✱ ❢♦	 n ∈ N✱ ❢♦	 0 < s1 <

... < sn < t ❛♥❞ ❢♦	 i0, ..., in ∈ V ✱ ✇❡ ❞❡♥♦�❡ ❜② σ
(i,s)
t,n �❤❡ ❢✉♥❝�✐♦♥ [0, t] → V �✉❝❤ �❤❛� ❢♦	 ❛❧❧ k ∈ �1, n�✱

❢♦	 u ∈ [sk, sk+1)✱ σ
(i,s)
t,n (u) = ik ✭✇✐�❤ s0 = 0 ❛♥❞ sn+1 = t✮✱ ❛♥❞ σ

(i,s)
t,n (t) = in✳ ▼♦	❡♦✈❡	✱ ❢♦	 σ = σ

(i,s)
t,n ✱

✇❡ ❞❡✜♥❡✿ ⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∀i ∈ V, lσi (t) =

∫ t

0

1σ=i,

∀i, j ∈ V, Ni,j(σ) =
n−1∑

k=0

1(Ysk
,Ysk+1

)=(i,j).

❲❡ ❛❧�♦ ❞❡♥♦�❡ ❜② Pt �❤❡ �❡� ♦❢ �	❛❥❡❝�♦	✐❡� ✉♣ �♦ �✐♠❡ t✿

Pt =
{
σ
(i,s)
t,n , n ∈ N, 0 < s1 < ... < sn < t ❛♥❞ i1, ..., in ∈ V

}
,

❛� ✇❡❧❧ ❛� P =
⋃

t≥0 Pt �❤❡ �❡� ♦❢ ❛❧❧ �	❛❥❡❝�♦	✐❡�✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣	♦♣♦�✐�✐♦♥�✱ �❤♦✇❡❞ ✐♥ ❬❩❡♥✶✻❪✱ ❣✐✈❡ �❤❡ ❡①✐��❡♥❝❡ ♦❢ ❛ ❞❡♥�✐�② ♦❢ �	❛❥❡❝�♦	✐❡� ❢♦	 �♦♠❡

❥✉♠♣ ♣	♦❝❡��❡� ♦♥ ❣	❛♣❤�✱ ❛♥❞ ❛ ❝❤❛	❛❝�❡	✐③❛�✐♦♥ ♦❢ ♣❛	�✐❛❧ ❡①❝❤❛♥❣❡❛❜✐❧✐�② �❤	♦✉❣❤ �❤✐� ❞❡♥�✐�②✳

��♦♣♦�✐�✐♦♥ ✶✳✷✳✶✳ ▲❡� Y ❜❡ ❛ ❥✉♠♣ ♣�♦❝❡�� ♦♥ G = (V,E) ✇✐�❤ ❥✉♠♣ �❛�❡� ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ❧♦❝❛❧

�✐♠❡�✱ ✐✳❡✳ ❢♦� i ∼ j �❤❡�❡ ❛�❡ ❢✉♥❝�✐♦♥� ri,j : R
V
+ → R

∗
+ �✉❝❤ �❤❛� Y ❥✉♠♣� ❛� �✐♠❡ t ❢�♦♠ i �♦ j ✇✐�❤ �❛�❡

ri,j(l
Y (t))✳

❚❤❡♥ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ Y ❛❞♠✐�� ❛ ❞❡♥�✐�② ❢✉♥❝�✐♦♥ F ❞❡✜♥❡❞ ♦♥ ��❛❥❡❝�♦�✐❡� P✱ �✉❝❤ �❤❛� ❢♦� ❛❧❧

t ≥ 0 ❛♥❞ ❢♦� ❛❧❧ ❜♦✉♥❞❡❞ ♠❡❛�✉�❛❜❧❡ ❢✉♥❝�✐♦♥� Φ : Pt → R✱

E[Φ(Xs, 0 ≤ s ≤ t)] =
∑

n≥0

∑

i0,...,in

∫

0<s1<s2<...<sn<t

Φ
(
σ
(i,s)
t,n

)
F
(
σ
(i,s)
t,n

) n∏

k=1

dsk.

▼♦�❡♦✈❡�✱ ❢♦� σ = σ
(i,s)
t,n ✇❤❡�❡ n ≥ 0✱ i0, ..., in ∈ V ❛♥❞ 0 < s1 < ... < sn < t✱ ✇❡ ❤❛✈❡

F (σ) = exp

⎛
⎝−

∫ t

0

∑

j∼σ(u)

rσ(u),j
(
lσ(u)

)
du

⎞
⎠

n∏

k=1

rik−1,ik

(
lσ(sk)

)
.

❚❤✐� ✐� ❡❛�✐❧② ♣	♦✈❡❞ ❢♦	 ❥✉♠♣ ♣	♦❝❡��❡� ✇✐�❤ ❝♦♥��❛♥� ❥✉♠♣ 	❛�❡�✱ ♦	 ✐♥ �❤❡ ❝❛�❡ ✇❤❡	❡ �❤❡ ❥✉♠♣ 	❛�❡
ri,j
(
lY (t)

)
❞♦❡� ♥♦� ❞❡♣❡♥❞ ♦♥ lYi (t)✳ ■♥❞❡❡❞✱ ✐♥ �❤✐� ❝❛�❡ �❤❡ ❤♦❧❞✐♥❣ �✐♠❡ ❛� ❛ ✈❡	�❡① i ❜❡�✇❡❡♥ �✇♦

❥✉♠♣� ✐� ❛♥ ❡①♣♦♥❡♥�✐❛❧ ✈❛	✐❛❜❧❡ ✇✐�❤ ♣❛	❛♠❡�❡	
∑

j∼i ri,j
(
lY (t)

)
✱ ✇❤✐❝❤ ❣✐✈❡� �❤❡ ❡①♣♦♥❡♥�✐❛❧ �❡	♠ ✐♥

F (σ)✳ ❚❤❡ ♠♦	❡ ❣❡♥❡	❛❧ ❝❛�❡ ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ �❤	♦✉❣❤ ❛ �✐♠❡ ❝❤❛♥❣❡✳
❲❡ ❝❛♥ ♥♦✇ ❣✐✈❡ ❛♥ ❡#✉✐✈❛❧❡♥� ❢♦	♠✉❧❛�✐♦♥ ♦❢ ♣❛	�✐❛❧ ❡①❝❤❛♥❣❡❛❜✐❧✐�② ✉�✐♥❣ �❤❡ ❞❡♥�✐�② ♦❢ �❤❡ ♣	♦❝❡��✳

▲❡� ✉� ✜	�� ❞❡✜♥❡ ❛♥ ❡#✉✐✈❛❧❡♥❝❡ 	❡❧❛�✐♦♥ ♦♥ P✳ ❋♦	 σ, τ ∈ P✱ ✇❡ ✇	✐�❡ σ ∼pe τ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ �❤❡	❡ ❡①✐���
t ≥ 0 �✉❝❤ �❤❛� σ, τ ∈ Pt✱ ❛♥❞ ❢♦	 ❛❧❧ i, j ∈ V ✱ lσi (t) = lτi (t) ❛♥❞ Ni,j(σ) = Ni,j(τ)✳

��♦♣♦�✐�✐♦♥ ✶✳✷✳✷✳ ▲❡� Y ❜❡ ❛� ✐♥ ��♦♣♦�✐�✐♦♥ ✶✳✷✳✶ ❛♥❞ ❧❡� F ❜❡ ✐�� ❞❡♥�✐�②✳

❚❤❡♥ Y ✐� ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ ❢♦� ❛❧❧ σ, τ ∈ P✱ ✐❢ σ ∼pe τ ✱ �❤❡♥ F (σ) = F (τ)✳
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▲❡� ✉� �❡�✉�♥ �♦ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏� ♦♥ ❛ ❣�❛♣❤ G = (V,E)✳ ❋✐① ❡❞❣❡ ✇❡✐❣❤�� (We)e∈E ❛� ✇❡❧❧
❛� ❛ ��❛��✐♥❣ ♣♦✐♥� i0 ∈ V ✳ ❯♥❞❡� P

V RJP (W,i0)✱ �❤❡ ♣�♦❝❡�� Z(1) ❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥�✐�② F ✭�❡❡ ❢♦�

✐♥��❛♥❝❡ ❬❙❚✶✻❪✮✿ ❢♦� n ∈ N✱ 0 < s1 < ... < sn < t ❛♥❞ i1, ..., in ∈ V ✱ ❢♦� σ = σ
(i,s)
t,n ✱

F (σ) = exp

⎛
⎝−

∑

i∼j

Wi,j

(√
(1 + lσi (t))(1 + lσj (t))− 1

)
⎞
⎠ 2−n

∏n−1
k=0 Wik,ik+1∏

i∈V \{in}
√
1 + lσi (t)

.

❙✐♥❝❡ �❤✐� ❞❡♥�✐�② ❞❡♣❡♥❞� ♦♥❧② ♦♥ lσi (t) ❛♥❞ Ni,j (σ) ❢♦� i, j ∈ V ✱ ��♦♣♦�✐�✐♦♥ ✶✳✷✳✷ ②✐❡❧❞� �❤❡ ❢❛❝� �❤❛�
✉♥❞❡� PV RJP (W,i0)✱ Z(1) ✐� ♣❛��✐❛❧❧② ❡①❝❤❛♥❣❡❛❜❧❡✳ ❖♥ ✜♥✐�❡ ❣�❛♣❤�✱ ✐� ✐� ♣♦��✐❜❧❡ �♦ �❤♦✇ �❤❛� �❤❡ ❱❘❏�
✐� �❡❝✉��❡♥�✱ ❛♥❞ �❤❡♥ ❛♣♣❧② ❚❤❡♦�❡♠ ✶✳✷✳✶ �♦ �❤♦✇ �❤❛� �❤✐� �✐♠❡✲❝❤❛♥❣❡❞ ✈❡��✐♦♥ ♦❢ �❤❡ ❱❘❏� ✐� ❛
♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡�✳

❍♦✇❡✈❡�✱ �❤❡ ✜��� ♣�♦♦❢ ♦❢ �❤✐� �❡♣�❡�❡♥�❛�✐♦♥ ✐♥ ❬❙❚✶✺❪ ❞✐❞ ♥♦� ✉�❡ ❚❤❡♦�❡♠ ✶✳✷✳✶✱ ❜✉� ❛ ♠♦�❡ ❡①♣❧✐❝✐�
❛♣♣�♦❛❝❤✳ ❲❡ ✇✐❧❧ ❞❡�❝�✐❜❡ �❤✐� ♠❡�❤♦❞ ✐♥ �❤❡ ♥❡①� �❡❝�✐♦♥✱ ❜✉� ❧❡� ✉� ✜��� ♣�❡�❡♥� ❛ ❧✐♥❦ ❜❡�✇❡❡♥ �❤❡
❊❘❘❲ ❛♥❞ �❤❡ ❱❘❏�✱ �❤�♦✉❣❤ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡�� Z(2)✳

❍♦✇ �❤❡ ❊❘❘❲ 
❡❧❛�❡
 �♦ �❤❡ ❱❘❏�

■♥ ❬❙❚✶✺❪✱ ❙❛❜♦� ❛♥❞ ❚❛��5� �❤♦✇❡❞ �❤❛� ✐♥ �♦♠❡ �❡♥�❡✱ �❤❡ ❊❘❘❲ ♦♥ ❛ ✇❡✐❣❤�❡❞ ❣�❛♣❤ ✐� ❛ ♠✐①�✉�❡ ♦❢
❱❘❏� ✇✐�❤ �❛♥❞♦♠ ✐♥✐�✐❛❧ ✇❡✐❣❤��✳ ▲❡� ✉� ❞❡�❝�✐❜❡ ❤♦✇✳

❋✐① ❛ ❧♦❝❛❧❧② ✜♥✐�❡ ❣�❛♣❤ (G, E)✱ ❡♥❞♦✇❡❞ ✇✐�❤ ✐♥✐�✐❛❧ ❡❞❣❡ ✇❡✐❣❤�� (ae)e∈E ✳ ❚❤❡ ✜��� ��❡♣ ✐� �♦
✐♥��♦❞✉❝❡ ❛ ❝♦♥�✐♥✉♦✉�✲�✐♠❡ ✈❡��✐♦♥ Y ♦❢ �❤❡ ❊❘❘❲ ♦♥ (G, a)✱ ✇✐�❤ ❛ ❝♦♥���✉❝�✐♦♥ ❞✉❡ �♦ ❉❛✈✐� ❛♥❞
❙❡❧❧❦❡✳ ❚♦ ❞♦ �❤✐�✱ �✐♠♣❧② ❞❡✜♥❡ ❛ ❥✉♠♣ ♣�♦❝❡�� ✇✐�❤ ❥✉♠♣ �❛�❡ a{i,j} +N c

{i,j}(t) ❢�♦♠ i �♦ j ❛� �✐♠❡ t✱

✇❤❡�❡ N c
{i,j}(t) ✐� �❤❡ ♥✉♠❜❡� ♦❢ �✐♠❡� �❤❛� Y ❤❛� ❥✉♠♣❡❞ ❢�♦♠ i �♦ j ♦� ❢�♦♠ j �♦ i ✉♣ �♦ �✐♠❡ t✳ ❚❤❡

❛��♦❝✐❛�❡❞ ❞✐�❝�❡�❡✲�✐♠❡ ♣�♦❝❡�� ✐� �❤❡♥ ❡✛❡❝�✐✈❡❧② �❤❡ ❊❘❘❲ ♦♥ (G, a)✳
❆♥♦�❤❡� ✇❛② ♦❢ ❞❡✜♥✐♥❣ �❤✐� ❝♦♥�✐♥✉♦✉�✲�✐♠❡ ❊❘❘❲ ✐� �❤❡ ❢♦❧❧♦✇✐♥❣✿ �♦ ❡✈❡�② ❡❞❣❡ e ∈ E✱ ❛��✐❣♥

✐♥❞❡♣❡♥❞❡♥� ❝❧♦❝❦� �❤❛� �✉♥ ♦♥❧② ✇❤❡♥ �❤❡ ♣�♦❝❡�� ✐� ❛� ♦♥❡ ♦❢ �❤❡ ❡♥❞� ♦❢ �❤❡ ❡❞❣❡ e✳ ❊❛❝❤ ❝❧♦❝❦
�✐♥❣� ❛❢�❡� ❛♥ ❡①♣♦♥❡♥�✐❛❧ �✐♠❡✱ ✇✐�❤ ♣❛�❛♠❡�❡� ae +N c

e (t)✱ ❛� ✇❤✐❝❤ ♣♦✐♥� Y ❥✉♠♣� �❤�♦✉❣❤ e✱ ❛♥❞ �❤❡
❝❧♦❝❦ �❡��❛���✱ ✇✐�❤ ❛♥ ✉♣❞❛�❡❞ ♣❛�❛♠❡�❡�✳ ❚❤❛♥❦� �♦ ❛ �❡�✉❧� ❜② ❑❡♥❞❛❧❧ ✭❬❑❡♥✻✻❪✮✱ ❡❛❝❤ ❝❧♦❝❦ ❝❛♥ ❜❡
�❡♣�❡�❡♥�❡❞ ❛� ❛ ♠✐①�✉�❡ ♦❢ �✐♠❡✲❝❤❛♥❣❡❞ �♦✐��♦♥ ♣♦✐♥� ♣�♦❝❡��❡� ✇✐�❤ ♣❛�❛♠❡�❡� 1✱ ✇❤❡�❡ �❤❡ �✐♠❡ ❝❤❛♥❣❡
✐� ❝❤❛�❛❝�❡�✐③❡❞ ❜② ❛ �❛♥❞♦♠ ♣❛�❛♠❡�❡� We ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ❛ ●❛♠♠❛(ae, 1) ❞✐���✐❜✉�✐♦♥✳ ❆� ❛
❝♦♥�❡=✉❡♥❝❡✱ �❤❡�❡ ❡①✐�� ✐♥❞❡♣❡♥❞❡♥� ●❛♠♠❛ ✈❛�✐❛❜❧❡� (We)e∈E ✱ �✉❝❤ �❤❛� ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (We)e∈E ✱ Y

✐� ❛ ❥✉♠♣ ♣�♦❝❡�� ✇✐�❤ ❥✉♠♣✐♥❣ �❛�❡� Wi,je
lYi +lYj ✳

■♥ ♦�❤❡� ✇♦�❞�✱ Y ❤❛� �❤❡ �❛♠❡ ❞✐���✐❜✉�✐♦♥ ❛� ❛ ♠✐①�✉�❡ ♦❢ �✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡�� Z(2) ✉♥❞❡�
P
V RJP (W,i0)✱ ✇❤❡�❡ (We)e∈E ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ❛♥❞ We ✐� ❛ ●❛♠♠❛(ae, 1) ✈❛�✐❛❜❧❡ ❢♦� e ∈ E✳ ❇② ♦❜�❡�✈✐♥❣

♦♥❧② �❤❡ ❞✐�❝�❡�❡✲�✐♠❡ ♣�♦❝❡�� Ŷ ✱ ✇❡ ❣❡� �❤❡ ❊❘❘❲✱ ✇❤✐❝❤ ✐� �❤❡�❡❢♦�❡ ✐��❡❧❢ ❛ ♠✐①�✉�❡ ♦❢ ❞✐�❝�❡�❡✲�✐♠❡
✈❡��✐♦♥� ♦❢ �❤❡ ❱❘❏� ✇✐�❤ �❛♥❞♦♠ ✐♥✐�✐❛❧ ✇❡✐❣❤�� (We)e∈E ✱ �❤❛� ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ❛♥❞ ●❛♠♠❛✲❞✐���✐❜✉�❡❞✳

✶✳✷✳✷ ❚❤❡ ❱❘❏
 ❛� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡� ♦♥ ✜♥✐�❡ ❣�❛♣❤�

❚❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ✭✐♥ �❤❡ ❡①❝❤❛♥❣❡❛❜❧❡ �✐♠❡ �❝❛❧❡✮ ❛� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡�
✇❛� �❤♦✇♥ ❜② ❙❛❜♦� ❛♥❞ ❚❛��5� ✐♥ ❬❙❚✶✺❪✳ ❚❤❡✐� ♣�♦♦❢ ❞♦❡� ♥♦� ✉�❡ ❞❡ ❋✐♥❡��✐✬� �❤❡♦�❡♠ ❢♦� ▼❛�❦♦✈ ❥✉♠♣
♣�♦❝❡��❡�✱ ❜✉� ❛ ♠♦�❡ ❡①♣❧✐❝✐� ♠❡�❤♦❞✿ ✐❞❡♥�✐❢②✐♥❣ ❛ ❝♦♥✈❡�❣✐♥❣ ❢✉♥❝�✐♦♥❛❧ ♦❢ �❤❡ ♣�♦❝❡��✱ ❛♥❞ �❤♦✇✐♥❣
�❤❛� ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ ✐�� ❧✐♠✐�✱ Z(1) ✐� ✐♥❞❡❡❞ ❛ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��✳ ❚❤✐� ❢✉♥❝�✐♦♥❛❧✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧②
♦♥ �❤❡ ❧♦❝❛❧ �✐♠❡� ♦❢ �❤❡ ♣�♦❝❡��✱ ❤❛� ❛ ❞✐���✐❜✉�✐♦♥ �❤❛� ❛♣♣❡❛�� ✐♥ �❤❡ ��✉❞② ♦❢ �❤❡ �✉♣❡��②♠♠❡��✐❝
❤②♣❡�❜♦❧✐❝ �✐❣♠❛ ♠♦❞❡❧✳ ❚❤✐� �❡❧❛�✐♦♥ ♣�♦✈✐❞❡❞ �❡�✉❧�� ❢♦� �❤❡ �❡❝✉��❡♥❝❡ ❛♥❞ ��❛♥�✐❡♥❝❡ ♦❢ �❤❡ ❱❘❏�
❛♥❞ �❤❡ ❊❘❘❲✱ �❤❛♥❦� �♦ ❧♦❝❛❧✐③❛�✐♦♥ ❛♥❞ ❞❡❧♦❝❛❧✐③❛�✐♦♥ �❡�✉❧�� ❞✉❡ �♦ ❉✐�❡��♦�✐✱ ❙♣❡♥❝❡� ❛♥❞ ❩✐�♥❜❛✉❡�
✭❬❉❙❩✶✵❪✱❬❉❙✶✵❪✮✳



✶✳✷✳ ❚❍❊ ❱❊❘❚❊❳✲❘❊■◆❋❖❘❈❊❉ ❏❯▼� �❘❖❈❊❙❙ ✶✺

❚❤❡ ♠✐①✐♥❣ ♠❡❛
✉�❡ ♦❢ �❤❡ ❱❘❏� ♦♥ ✜♥✐�❡ ❣�❛♣❤


▲❡� ✉� ✜	�� ❞❡�❝	✐❜❡ �❤❡ ❛❢♦	❡♠❡♥�✐♦♥❡❞ ❞✐��	✐❜✉�✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ♣	♦✈✐❞❡ ❛ ♠✐①✐♥❣ ♠❡❛�✉	❡ ❢♦	 �❤❡ ❱❘❏�
✐♥ ❚❤❡♦	❡♠ ✶✳✷✳✷✭✐✐✐✮✳ ▲❡� (G,W ) ❜❡ ❛ ✜♥✐�❡ ✇❡✐❣❤�❡❞ ❣	❛♣❤✱ ❛♥❞ i0 ∈ V ❛ ✜①❡❞ ✈❡	�❡①✳ ❉❡✜♥❡ Hi0 =
{u ∈ R

V , ui0 = 0}✳ ❚❤❡♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛�✉	❡ ✐� ❛ ♣	♦❜❛❜✐❧✐�② ❞✐��	✐❜✉�✐♦♥ ♦♥ Hi0 ✿

QW,i0
V (du) =

e−
∑

i∈V ui

√
2π

|V |−1
exp

⎛
⎝−

∑

{i,j}∈E

Wi,j (cosh(ui − uj)− 1)

⎞
⎠√D(W,u)

∏

i∈V \{i0}
dui

✇❤❡	❡ D(W,u) =
∑

T∈TG

∏
{i,j}∈T Wi,je

ui+uj ✭✉�✐♥❣ �❤❡ �❛♠❡ ♥♦�❛�✐♦♥� ❛� ✐♥ ❚❤❡♦	❡♠ ✶✳✶✳✸✮✳ ❚❤❛♥❦�

�♦ �❤❡ ♠❛�	✐①✲�	❡❡ �❤❡♦	❡♠✱ D(W,u) ✐� ❛❧�♦ ❡*✉❛❧ �♦ ❛♥② ❞✐❛❣♦♥❛❧ ♠✐♥♦	 ♦❢ �❤❡ |V |× |V | ♠❛�	✐① M(W,u)✱
✇❤❡	❡

M(W,u)i,j =

⎧
⎪⎨
⎪⎩

Wi,je
ui+uj ✐❢ i 
= j

−
∑

k∈V

Wi,ke
ui+uk ✐❢ i = j

❚❤❡ ❢❛❝� �❤❛� QW,i0
V ✐� ❛ ♣	♦❜❛❜✐❧✐�② ❞✐��	✐❜✉�✐♦♥ ✐� ❛ �✐❣♥✐✜❝❛♥� 	❡�✉❧�✳ ■� ✇❛� ♦❜�❛✐♥❡❞ ❛� ❛ ❝♦♥�❡*✉❡♥❝❡

♦❢ �✉♣❡	�②♠♠❡�	② ✐♥ ❬❉❙❩✶✵❪✳ ■� ❛❧�♦ 	❡�✉❧�� ❢	♦♠ �❤❡ ❢❛❝� �❤❛� QW,i0
V ✐� �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ ❛♥ ❛�②♠♣�♦�✐❝

❢✉♥❝�✐♦♥❛❧ ♦❢ �❤❡ ❱❘❏�✱ ❛� ��❛�❡❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦	❡♠ ❢	♦♠ ❬❙❚✶✺❪✳

❚❤❡♦�❡♠ ✶✳✷✳✷✳ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❣
❛♣❤ ❡♥❞♦✇❡❞ ✇✐�❤ ✐♥✐�✐❛❧ ✇❡✐❣❤�� (We)e∈E✱ ❛♥❞ i0 ∈ V ❛
��❛
�✐♥❣ ♣♦✐♥�✳

✭✐✮ ❋♦
 ❛❧❧ i ∈ V ✱ �❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐� ❡①✐��� PV RJP (W,i0)✲❛✳�✳✿

Ui = lim
t→∞

1

2
log

(
lZ

(1)

i (t)

lZ
(1)

i0
(t)

)
= lim

t→∞

(
lZ

(2)

i (t)− lZ
(2)

i0 (t)
)
.

✭✐✐✮ ❯♥❞❡
 PV RJP (W,i0)✱ (Ui)i∈V ✐� ❞✐��
✐❜✉�❡❞ ❛❝❝♦
❞✐♥❣ �♦ QW,i0
V ✳

✭✐✐✐✮ ❯♥❞❡
 P
V RJP (W,i0)✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (Ui)i∈V ✱ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ♣
♦❝❡�� Z(1) ✐� ❛ ▼❛
❦♦✈ ❥✉♠♣

♣
♦❝❡�� ✇✐�❤ ❥✉♠♣ 
❛�❡
Wi,j

2 eUj−Ui ❢
♦♠ i �♦ j✳

❚❤❡ ♣	♦♦❢ ♦❢ ✭✐✮ 	❡❧✐❡� ♦♥ ♠❛	�✐♥❣❛❧❡ ❛	❣✉♠❡♥��✱ ✉�✐♥❣ �❤❡ ❡①♣	❡��✐♦♥ ♦❢ �❤❡ ✐♥✜♥✐�❡�✐♠❛❧ ❣❡♥❡	❛�♦	 ♦❢
�❤❡ ♣	♦❝❡�� Z(2)✳ ❋♦	 ✭✐✐✮✱ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ U ✐� ✐❞❡♥�✐✜❡❞ ❜② �❤♦✇✐♥❣ �❤❛� �❤❡ ▲❛♣❧❛❝❡ �	❛♥�❢♦	♠ ♦❢

QW,i0
V ✐� �♦❧✉�✐♦♥ ♦❢ ❛ ❋❡②♥♠❛♥✲❑❛❝ ❡*✉❛�✐♦♥✱ ✐♥✈♦❧✈✐♥❣ �❤❡ �❛♠❡ ❣❡♥❡	❛�♦	✳

❋✐♥❛❧❧②✱ ✭✐✐✐✮ ✐� ♣	♦✈❡❞ �❤❛♥❦� �♦ ❛	❣✉♠❡♥�� ✐♥�♣✐	❡❞ ❜② ❇❛②❡�✐❛♥ ��❛�✐��✐❝�✳ ▲❡� Z̃ ❜❡ ❛ ♠✐①�✉	❡ ♦❢

▼❛	❦♦✈ ❥✉♠♣ ♣	♦❝❡��❡� ✇✐�❤ ❥✉♠♣ 	❛�❡�
Wi,j

2 eUj−Ui ✱ ✇❤❡	❡ U ✐� ❞✐��	✐❜✉�❡❞ ❛❝❝♦	❞✐♥❣ �♦ QW,i0
V (du)✳ ■�

✐� �❤❡♥ ♣♦��✐❜❧❡ �♦ ❝♦♠♣✉�❡ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ U ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ �❤❡ �	❛❥❡❝�♦	② ♦❢ Z̃ ✉♣ �♦ ❛ �✐♠❡ t ≥ 0✳
■♥❞❡❡❞✱ �❤✐� ❝♦♥❞✐�✐♦♥✐♥❣ ♠❛❦❡� �♦♠❡ ❡①�	❛ �❡	♠� ❛♣♣❡❛	✱ �❤❛� ❝❛♥ ❜❡ ✐♥�❡	♣	❡�❡❞ ❛� ❛ ♠♦❞✐✜❝❛�✐♦♥ ♦❢ �❤❡
♣❛	❛♠❡�❡	� ♦❢ QW,i0

V ✳ ❯�✐♥❣ �❤❡ ❢❛❝� �❤❛� ✐� ✐� ✐♥❞❡❡❞ ❛ ♣	♦❜❛❜✐❧✐�② ❞✐��	✐❜✉�✐♦♥✱ ❛❞❥✉��✐♥❣ �❤❡ ♥♦	♠❛❧✐③✐♥❣
�❡	♠� ❣✐✈❡� ❛♥ ❡①♣❧✐❝✐� ❡①♣	❡��✐♦♥ ♦❢ �❤❡ ❝♦♥❞✐�✐♦♥❛❧ ❞✐��	✐❜✉�✐♦♥ ♦❢ U ✱ ❛♥❞ �❤❡	❡❢♦	❡ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢
�❤❡ ❢✉�✉	❡ ♦❢ Z̃ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ ✐�� ♣❛��✳ ■� �✉	♥� ♦✉� �❤❛� Z̃ ❤❛� �❤❡ �❛♠❡ ❥✉♠♣ 	❛�❡� ❛� �❤❡ �✐♠❡✲❝❤❛♥❣❡❞
♣	♦❝❡�� Z(1) ✉♥❞❡	 P

V RJP (W,i0)✳

❘❡♠❛�❦ ✶✳✷✳✸✳ ❚❤❡ 	❡♣	❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ✇✐�❤ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉	❡ QW,i0
V ❛♥❞ �❤❡ ❧✐♥❦ ❜❡�✇❡❡♥

❊❘❘❲ ❛♥❞ ❱❘❏� ❛❧�♦ ♣	♦✈✐❞❡ ❛♥♦�❤❡	 ✇❛② ♦❢ ❝♦♠♣✉�✐♥❣ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉	❡ ♦❢ �❤❡ ❊❘❘❲ ❞❡�❝	✐❜❡❞
✐♥ ❚❤❡♦	❡♠ ✶✳✶✳✸✱ ❛♥❞ �❤♦✇✐♥❣ �❤❛� ✐� ✐� ✐♥ ❢❛❝� ❛ ♣	♦❜❛❜✐❧✐�② ♠❡❛�✉	❡✳
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❚❤❡ �✉♣❡��②♠♠❡
�✐❝ ❤②♣❡�❜♦❧✐❝ �✐❣♠❛ ♠♦❞❡❧✱ ❛♥❞ 
❤❡ ❱❘❏� ❛♥❞ ❊❘❘❲ ♦♥ Z
d

❚❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ QW,i0
V ❛♣♣❡❛�� ✐♥ �❤❡ ✇♦�❦ ♦❢ ❉✐�❡��♦�✐✱ ❙♣❡♥❝❡� ❛♥❞ ❩✐�♥❜❛✉❡� ✭❬❉❙❩✶✵❪✱ ❬❉❙✶✵❪✮

❝♦♥❝❡�♥✐♥❣ �❤❡ �✉♣❡��②♠♠❡��✐❝ ❤②♣❡�❜♦❧✐❝ �✐❣♠❛ ♠♦❞❡❧✳ ❚❤✐� ✐� ❛ �♣✐♥ ♠♦❞❡❧ ♦♥ ❛ ✇❡✐❣❤�❡❞ ❣�❛♣❤ (G,W )
✇❤❡�❡ �❤❡ �♣✐♥� �❛❦❡ �❤❡✐� ✈❛❧✉❡� ✐♥ H

2|2✱ ❛ �✉♣❡�♠❛♥✐❢♦❧❞ ❡①�❡♥�✐♦♥ ♦❢ �❤❡ ❤②♣❡�❜♦❧✐❝ ♣❧❛♥❡✱ ✇✐�❤ �✇♦
❛❞❞❡❞ ❛♥�✐❝♦♠♠✉�✐♥❣ ✈❛�✐❛❜❧❡�✳ ❍♦✇❡✈❡�✱ ✐� ❝❛♥ ❜❡ �❡❞✉❝❡❞ �♦ ❛ �✐♥❣❧❡ �❛♥❞♦♠ ✜❡❧❞ ♦♥ �❤❡ ❣�❛♣❤✱ ✇❤✐❝❤
❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ QW,i0

V ✳ ❆� ❛ �❡�✉❧�✱ �♦♠❡ ❡��✐♠❛�❡� ♣�♦✈❡❞ ❢♦� �❤❡ �✉♣❡��②♠♠❡��✐❝ ❤②♣❡�❜♦❧✐❝ �✐❣♠❛
♠♦❞❡❧ ②✐❡❧❞ �❡❝✉��❡♥❝❡ ❛♥❞ ��❛♥�✐❡♥❝❡ �❡�✉❧�� ❢♦� �❤❡ ❱❘❏+ ❛♥❞ �❤❡ ❊❘❘❲✳

❈♦♥�✐❞❡� �❤❡ d✲❞✐♠❡♥�✐♦♥❛❧ ❧❛��✐❝❡ Z
d✱ ❛♥❞ ❞❡✜♥❡ Λ

(d)
n = Z

d ∩ [−n, n]d ❢♦� ❛❧❧ n ≥ 0✱ ❛� ✇❡❧❧ ❛� En �❤❡

�❡� ♦❢ ❡❞❣❡� ❝♦♥�❛✐♥❡❞ ✐♥ Λ
(d)
n ✳ ❲❡ ❡♥❞♦✇ �❤❡ ❡❞❣❡� ♦❢ Zd✱ ❛♥❞ �❤❡�❡❢♦�❡ �❤♦�❡ ♦❢ ❛❧❧ Λ

(d)
n ✱ ✇✐�❤ ❝♦♥��❛♥�

✇❡✐❣❤�� W ✳
■♥ ❬❉❙✶✵❪✱ ❉✐�❡��♦�✐ ❛♥❞ ❙♣❡♥❝❡� �❤♦✇❡❞ ❛ ❧♦❝❛❧✐③❛�✐♦♥ �❡�✉❧� ❢♦� �❤❡ �✉♣❡��②♠♠❡��✐❝ ❤②♣❡�❜♦❧✐❝ �✐❣♠❛

♠♦❞❡❧ ❢♦� ❧♦✇ ✇❡✐❣❤�� W ✱ ✇❤✐❝❤ ❛��✉�❡� �❤❡ ❡①♣♦♥❡♥�✐❛❧ ❞❡❝❛② ♦❢ eui/2 ✉♥❞❡� QW,0

Λ
(d)
n

(du)✱ ✉♥✐❢♦�♠❧② ✐♥

n✿ �❤❡�❡ ❡①✐�� ❝♦♥��❛♥�� W (d) > 0 ❛♥❞ C(d), k(W,d) > 0✱ ✇❤✐❝❤ ❛�❡ ❡①♣❧✐❝✐�❧② ❦♥♦✇♥✱ �✉❝❤ �❤❛� ❢♦� ❛❧❧

0 < W < W (d)✱ n ∈ N ❛♥❞ i ∈ Λ
(d)
n ✱

∫
eui/2QW,0

Λ
(d)
n

(du) ≤ C(d)e−k(W,d)|i|,

✇❤❡�❡ |.| ✐� �❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦�♠ ♦♥ R
d✳ ❚❤✐� ❡①♣♦♥❡♥�✐❛❧ ❞❡❝❛② ❛❧❧♦✇❡❞ ❙❛❜♦� ❛♥❞ ❚❛��3� �♦ �❤♦✇ ✐♥

❬❙❚✶✺❪ �❤❛� ❢♦� ❛❧❧ d ≥ 2✱ �❤❡ ❱❘❏+ ♦♥ (Zd,W ) ✐� �❡❝✉��❡♥� ❢♦� ���♦♥❣ �❡✐♥❢♦�❝❡♠❡♥�✱ ✐✳❡✳ ❝♦♥��❛♥� W
❧♦✇ ❡♥♦✉❣❤✱ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡♥�❡✿ ✐♥ �❤✐� ❝♦♥�❡①�✱ �❤❡ ❞✐�❝�❡�❡✲�✐♠❡ ✈❡��✐♦♥ ♦❢ �❤❡ ❱❘❏+ ✐� ❛ ♠✐①�✉�❡
♦❢ ♣♦�✐�✐✈❡ �❡❝✉��❡♥� �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦�✳ ❚❤❡② ❛❧�♦ ❣❡♥❡�❛❧✐③❡❞ ❉✐�❡��♦�✐ ❛♥❞ ❙♣❡♥❝❡�✬� �❡�✉❧� �♦
�❛♥❞♦♠ ✐✳✐✳❞✳ ✇❡✐❣❤�� (We)e∈E ✇✐�❤ ❞✐���✐❜✉�✐♦♥ ●❛♠♠❛(a, 1)✱ ✇❤✐❝❤ ②✐❡❧❞� ✐♥ �❤❡ �❛♠❡ ✇❛② �❤❛� �❤❡
❊❘❘❲ ♦♥ Z

d✱ ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤�� a �♠❛❧❧ ❡♥♦✉❣❤✱ ✐� ♣♦�✐�✐✈❡ �❡❝✉��❡♥�✳ ❚❤✐� ♣�♦♦❢ ✐� ��✐❧❧ ✈❛❧✐❞
❢♦� ❛♥② ❣�❛♣❤ ✇✐�❤ ❜♦✉♥❞❡❞ ❞❡❣�❡❡✳ ❚❤✐� ✇❛� ❛❧�♦ ✐♥❞❡♣❡♥❞❡♥�❧② ♣�♦✈❡❞ ❜② ❆♥❣❡❧✱ ❈�❛✇❢♦�❞ ❛♥❞ ❑♦③♠❛
✐♥ ❬❆❈❑✶✹❪✱ ✇❤♦ ❣❛✈❡ ❛ ❞✐�❡❝� ♣�♦♦❢ ♦❢ �❤❡ ❡①♣♦♥❡♥�✐❛❧ ❧♦❝❛❧✐③❛�✐♦♥ ♦❢ �❤❡ ❊❘❘❲ ❛� ���♦♥❣ �❡✐♥❢♦�❝❡♠❡♥�✳

■♥ �❤❡ ❝❛�❡ ✇❤❡�❡ d ≥ 3✱ ❉✐�❡��♦�✐✱ ❙♣❡♥❝❡� ❛♥❞ ❩✐�♥❜❛✉❡� �❤♦✇❡❞ ✐♥ ❬❉❙❩✶✵❪ �❤❛� �❤❡ ✢✉❝�✉❛�✐♦♥�

♦❢ �❤❡ ♣♦�❡♥�✐❛❧ ✇✐�❤ ❞✐���✐❜✉�✐♦♥ QW,0

Λ
(d)
n

❛�❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦�♠❧② ✐♥ n ∈ N✱ ❢♦� W ❧❛�❣❡ ❡♥♦✉❣❤✳ ■♥ ♦�❤❡�

✇♦�❞�✿ ❢♦� ❛♥② m > 0✱ �❤❡�❡ ❡①✐��� W (d,m) > 0 �✉❝❤ �❤❛� ❢♦� ❛❧❧ W > W (d,m)✱ ❢♦� ❛♥② n ∈ N✱ i, j ∈ Λ
(d)
n ✱

∫
coshm(ux − uy)QW,0

Λ
(d)
n

(du) ≤ 2.

❙❛❜♦� ❛♥❞ ❚❛��3� ✉�❡❞ �❤❡�❡ ❡��✐♠❛�❡� ✐♥ ❬❙❚✶✺❪ �♦ �❤♦✇ �❤❛� ❢♦� d ≥ 3✱ �❤❡ ❱❘❏+ ✐� ��❛♥�✐❡♥� ♦♥ Z
d ❢♦�

✇❡❛❦ ❡♥♦✉❣❤ �❡✐♥❢♦�❝❡♠❡♥�✳ ❲✐�❤ ❉✐�❡��♦�✐✱ �❤❡② ❛❧�♦ �❤♦✇❡❞ ✐♥ ❬❉❙❚✶✺❪ ❛ ✈❡��✐♦♥ ♦❢ �❤✐� ❞❡❧♦❝❛❧✐③❛�✐♦♥
�❡�✉❧� ❢♦� �❛♥❞♦♠ ✐✳✐✳❞✳ ✇❡✐❣❤�� ✇✐�❤ ●❛♠♠❛ ❞✐���✐❜✉�✐♦♥✱ ✐♠♣❧②✐♥❣ �❤❡ ��❛♥�✐❡♥❝❡ ♦❢ �❤❡ ❊❘❘❲ ♦♥ Z

d

❛� ✇❡❛❦ �❡✐♥❢♦�❝❡♠❡♥�✳
▼♦�❡ �❡�✉❧�� ❢♦� �❤❡ ❱❘❏+ ❛♥❞ ❊❘❘❲ ♦♥ Z

d ✇✐❧❧ ❜❡ ❞❡�❝�✐❜❡❞ ❧❛�❡�✱ ❛♥❞ ✇❡�❡ ♦❜�❛✐♥❡❞ �❤❛♥❦� �♦ ❛
�❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏+ ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤�✳

❚❤❡ �❛♥❞♦♠ β ♣♦
❡♥
✐❛❧

❚❤❡♦�❡♠ ✶✳✷✳✷✭✐✐✐✮ ♣�♦✈✐❞❡� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏+ ❛� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡� ♦♥ ✜♥✐�❡
❣�❛♣❤�✳ ■♥ ♦�❞❡� �♦ ❡①�❡♥❞ �❤✐� �❡�✉❧� �♦ ✐♥✜♥✐�❡ ❣�❛♣❤�✱ ❛ ♥❛�✉�❛❧ ❛♣♣�♦❛❝❤ ✐� �♦ ♣�♦❝❡❡❞ ❛� ✇✐�❤ �❤❡
❊❘❘❲✿ �❛❦❡ ❛♥ ❡①❤❛✉��✐♥❣ �❡=✉❡♥❝❡ ♦❢ ✜♥✐�❡ �✉❜❣�❛♣❤� (Vn, En)✱ ❛♥❞ ��② �♦ �❤♦✇ �❤❛� �❤❡ ❡♥✈✐�♦♥♠❡♥�

♣�♦✈✐❞❡❞ ❜② �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ QW,i0
Vn

❝♦♥✈❡�❣❡� ✇❤❡♥ n → ∞✳ ■� ✐� ♣♦��✐❜❧❡ �♦ ♦❜�❛✐♥ ❛ ✇❡❛❦ ❝♦♥✈❡�❣❡♥❝❡
♦❢ �❤❡ �❛♥❞♦♠ ✜❡❧❞ u✱ ❜✉� �❤❡ ❧✐♠✐� ❧♦�❡� ♣�♦♣❡��✐❡� ✭❧✐❦❡ ��❛♥�❧❛�✐♦♥ ✐♥✈❛�✐❛♥❝❡ ♦� ❡�❣♦❞✐❝✐�②✮ �❤❛� ❛�❡
♥❡❡❞❡❞ �♦ ♦❜�❛✐♥ ♠♦�❡ �❡�✉❧�� ❢♦� �❤❡ ❱❘❏+ ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤�✳ ❚❤❡�❡ ❡①✐��� ❤♦✇❡✈❡� ❛ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧



✶✳✷✳ ❚❍❊ ❱❊❘❚❊❳✲❘❊■◆❋❖❘❈❊❉ ❏❯▼� �❘❖❈❊❙❙ ✶✼

♦♥ V ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉�❡❞ �♦ ❞❡✜♥❡ �❤❡ �✐❣❤� �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥�✱ ❛♥❞ ❤❛� ❛ ♠♦�❡ ❝♦♥✈❡♥✐❡♥� ❞✐���✐❜✉�✐♦♥✳
▲❡� ✉� ❞❡�❝�✐❜❡ �❤✐� ♣♦�❡♥�✐❛❧✳
▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣�❛♣❤ ❡♥❞♦✇❡❞ ✇✐�❤ ❡❞❣❡ ✇❡✐❣❤�� (We)e∈E ✳ ❆� ❜❡❢♦�❡✱ ❢♦�

i, j ∈ V ✱ ✇❡ ✉�❡ �❤❡ ♥♦�❛�✐♦♥ Wi,j = W{i,j} ✐❢ {i, j} ∈ E✱ ❛♥❞ Wi,j = 0 ♦�❤❡�✇✐�❡✳ ◆♦�❡ �❤❛� ✇❡ ❞♦ ♥♦�
❡①❝❧✉❞❡ �❤❡ ❝❛�❡ ✇❤❡�❡ Wi,i 
= 0 ❢♦� �♦♠❡ ✈❡��❡① i ∈ V ✳
❋♦� β = (βi)i∈V ∈ R

V ✱ ✇❡ ❞❡♥♦�❡ ❜② Hβ = 2β −W �❤❡ |V | × |V | ♠❛��✐① �✉❝❤ �❤❛� ❢♦� i, j ∈ V ✱

(Hβ)i,j =

{
−Wi,j ✐❢ i 
= j

2βi −Wi,i ✐❢ i = j.

❲❡ ❛❧�♦ ❝♦♥�✐❞❡� 〈·, ·〉 �♦ ❜❡ �❤❡ ❝❛♥♦♥✐❝❛❧ �❝❛❧❛� ♣�♦❞✉❝� ♦♥ R
V ✱ ❛♥❞ 1 ∈ R

V �♦ ❜❡ �❤❡ ✈❡❝�♦� �✉❝❤
�❤❛� 1i = 1 ❢♦� ❛❧❧ i ∈ V ✳ ▼♦�❡♦✈❡�✱ ✇❡ ❞❡♥♦�❡ ❜② DW

V = {β ∈ R
V , Hβ > 0} �❤❡ ❡✈❡♥� ♦♥ ✇❤✐❝❤ Hβ

✐� ♣♦�✐�✐✈❡ ❞❡✜♥✐�❡✳ ❲✐�❤ �❤❡�❡ ♥♦�❛�✐♦♥�✱ ✇❡ ❝❛♥ ✐♥��♦❞✉❝❡ �❤❡ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ β ✇❤✐❝❤ ✇✐❧❧ ♣�♦✈✐❞❡
❛♥♦�❤❡� ❡①♣�❡��✐♦♥ ♦❢ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ♦❢ �❤❡ ❱❘❏%✳

��♦♣♦�✐�✐♦♥ ✶✳✷✳✸✳ ▲❡� νWV ❜❡ �❤❡ ♠❡❛�✉
❡ ♦♥ DW
V ❞❡✜♥❡❞ ❜②✿

νWV (dβ) =

(
2

π

) |V |
2

exp

(
−1

2
〈1, Hβ1〉

) ∏
i∈V dβi√
det(Hβ)

❚❤❡♥ νWV ✐� ❛ ♣
♦❜❛❜✐❧✐�② ❞✐��
✐❜✉�✐♦♥✳ ■�� ▲❛♣❧❛❝❡ �
❛♥�❢♦
♠ ✐�

∫
e−〈λ,β〉νWV (dβ) = exp

⎛
⎝−

∑

{i,j}∈E

Wi,j

(√
(1 + λi)(1 + λj)− 1

)⎞
⎠
∏

i∈V

1√
1 + λi

❢♦
 λ ∈ R
V
+✳

▼♦
❡♦✈❡
✱ ✉♥❞❡
 νWV (dβ)✿

❼ ❢♦
 i ∈ V ✱ 1
2βi

✐� ❛♥ ■♥✈❡
�❡ ●❛✉��✐❛♥ ✈❛
✐❛❜❧❡✱ ✇✐�❤ ♣❛
❛♠❡�❡
�
(
(
∑

j∼i Wi,j)
−1, 1

)
✳

❼ β ✐� 1✲❞❡♣❡♥❞❡♥�✱ ✐✳❡✳ ✐❢ U,U ′ ⊂ V ❛
❡ �✉❝❤ �❤❛� dG(U,U ′) ≥ 2 ✭✇❤❡
❡ dG ✐� �❤❡ ❣
❛♣❤ ❞✐��❛♥❝❡ ♦♥
G✮✱ �❤❡♥ (βi)i∈U ❛♥❞ (βj)j∈U ′ ❛
❡ ✐♥❞❡♣❡♥❞❡♥�✳

❚❤✐� ❞✐���✐❜✉�✐♦♥ ✇❛� ✐♥��♦❞✉❝❡❞ ❜② ❙❛❜♦�✱ ❚❛��(� ❛♥❞ ❩❡♥❣ ✐♥ ❬❙❚❩✶✼❪✳ ❚❤❡② �❤♦✇❡❞ �❤❡ �❡❧❛�✐♦♥

❜❡�✇❡❡♥ νWV ❛♥❞ QW,i0
V �❤❛� ✇❡ ♣�❡�❡♥� ✐♥ %�♦♣♦�✐�✐♦♥ ✶✳✷✳✹✱ ✇❤✐❝❤ ♣�♦✈✐❞❡� ❛♥ ❡①♣�❡��✐♦♥ ♦❢ �❤❡ ♠✐①✐♥❣

♠❡❛�✉�❡ ♦❢ �❤❡ ❱❘❏% ✉�✐♥❣ �❤❡ β ♣♦�❡♥�✐❛❧✳

❘❡♠❛�❦ ✶✳✷✳✹✳ ❚❤❡ ♠❛��✐① Hβ = 2β − W ❝❛♥ ❜❡ ✐♥�❡�♣�❡�❡❞ ❛� ❛ �❛♥❞♦♠ ❙❝❤�.❞✐♥❣❡� ♦♣❡�❛�♦�✳
■♥❞❡❡❞✱ ✐❢ ✇❡ ❞❡♥♦�❡ ❜② Δ �❤❡ ❞✐�❝�❡�❡ ▲❛♣❧❛❝✐❛♥ ♦♥ �❤❡ ✇❡✐❣❤�❡❞ ❣�❛♣❤ (G,W )✱ �❤❡♥ Hβ = V −Δ✱ ✇❤❡�❡
(Vf)(i) = (2βi−

∑
j∼i Wi,j)f(i)✳ ❚❤❡ ♦♣❡�❛�♦� V ✐� �❤❡ ♠✉❧�✐♣❧✐❝❛�✐♦♥ ❜② ❛ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ ♦♥ G✱ ✇❤✐❝❤

✐� ♥♦� ✐✳✐✳❞✳ ❛� ✐♥ �❤❡ ❆♥❞❡��♦♥ ♠♦❞❡❧✱ ❜✉� ❛� ❧❡❛�� 1✲❞❡♣❡♥❞❡♥�✳

▲❡� ✉� ❞❡�❝�✐❜❡ ✐♥ ♠♦�❡ ❞❡�❛✐❧ �❤❡ ❧✐♥❦ ❜❡�✇❡❡♥ �❤✐� �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ ❛♥❞ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ♦❢ �❤❡
❱❘❏%✳ ▲❡� i0 ∈ V ❜❡ ❛ ✜①❡❞ ��❛��✐♥❣ ♣♦✐♥�✱ ❛♥❞ ❧❡� Fi0 ❜❡ �❤❡ ❞❡♥�✐�② ✭✐♥ �❤❡ �❡♥�❡ ♦❢ %�♦♣♦�✐�✐♦♥ ✶✳✷✳✶✮
♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡�� Z(1) ✉♥❞❡� PV RJP (W,i0)✿ ❢♦� n ∈ N✱ 0 < s1 < ... < sn < t ❛♥❞ i1, ..., in ∈ V ✱

❢♦� σ = σ
(i,s)
t,n ✱

Fi0 (σ) = exp

⎛
⎝−

∑

i∼j

Wi,j

(√
(1 + lσi (t))(1 + lσj (t))− 1

)
⎞
⎠ 2−n

∏n−1
k=0 Wik,ik+1∏

i∈V \{in}
√

1 + lσi (t)
.
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❍♦✇❡✈❡�✱ ✇❡ ❤❛✈❡ ❛♥♦
❤❡� ❡①♣�❡��✐♦♥ ❢♦� 
❤✐� ❞❡♥�✐
②✱ �✐♥❝❡ 
❤❡ 
✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏� ✐� ❛ ♠✐①
✉�❡ ♦❢

▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡� ✇✐
❤ ❥✉♠♣ �❛
❡�
Wi,j

2 euj−ui ✱ ✇❤❡�❡ 
❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ✐� QW,i0
V (du)✳ ❚❤❡�❡❢♦�❡✱

✇❡ ❤❛✈❡

Fi0(σ) =

∫

Hi0

exp

⎛
⎝−

∑

i∈V

⎛
⎝
∑

j∼i

Wi,j

2
euj−ui

⎞
⎠ lσi (t)

⎞
⎠ euin

n−1∏

k=0

Wik,ik+1

2
QW,i0

V (du).

▲❡
 ✉� �❡
 β̃i =
∑

j∼i
Wi,j

2 euj−ui ❢♦� i ∈ V ✳ ❚❤✐� ✐� 
❤❡ ♣❛�❛♠❡
❡� ♦❢ 
❤❡ ❡①♣♦♥❡♥
✐❛❧ 
✐♠❡ 
❤❛



❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ✇✐
❤ �❛
❡�
Wi,j

2 euj−ui �♣❡♥❞� ❛
 i ❜❡❢♦�❡ ❥✉♠♣✐♥❣ ❛✇❛②✳ ❚❤❛♥❦� 
♦ 
❤❡ 
✇♦

❡①♣�❡��✐♦♥� ♦❢ Fi0 ✱ ✇❡ ❝❛♥ ✐❞❡♥
✐❢② 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ (β̃i)i∈V ✉♥❞❡� QW,i0
V ✳ ■♥❞❡❡❞✱ ❧❡
 σ ❜❡ ❛ ❝②❝❧✐❝❛❧

❞✐�
�✐❜✉
✐♦♥✱ ✐✳❡✳ �✉❝❤ 
❤❛
 in = i0✳ ❚❤❡♥✱ ✇❡ ❣❡


∫

Hi0

e−
∑

i∈V β̃il
σ
i (t)QW,i0

V (du) = exp

⎛
⎝−

∑

i∼j

Wi,j

(√
(1 + lσi (t))(1 + lσj (t))− 1

)
⎞
⎠

∏

i∈V \{i0}

1√
1 + lσi (t)

,

✇❤✐❝❤ ✐� 
❤❡ ▲❛♣❧❛❝❡ 
�❛♥�❢♦�♠ ♦❢ 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ β̃✳ ■
 ✐� ❛❧♠♦�
 
❤❡ �❛♠❡ ❛� ❢♦� νWV ✱ ❜✉
 
❤❡ 
❡�♠

i = i0 ✐� ♠✐��✐♥❣ ✐♥ 
❤❡ ❧❛�
 ♣�♦❞✉❝
✳ ❚♦ ♦❜
❛✐♥ ❛ ♠♦�❡ �②♠♠❡
�✐❝❛❧ ❡①♣�❡��✐♦♥✱ ✇❤✐❝❤ ✐� ✐♥ ❢❛❝
 
❤❡

▲❛♣❧❛❝❡ 
�❛♥�❢♦�♠ ♦❢ νWV ✱ ✇❡ ❛❞❞ ❛♥ ✐♥❞❡♣❡♥❞❡♥
 ●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡ 
♦ β̃i0 ✳

❈♦♥✈❡��❡❧②✱ ❢♦� ❛❧❧ i0 ∈ V 
❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ QW,i0
V ❝❛♥ ❜❡ �❡❝♦✈❡�❡❞ ❢�♦♠ ❛ �❛♥❞♦♠ ✜❡❧❞ ✇✐
❤

❞✐�
�✐❜✉
✐♦♥ νWV ✳

��♦♣♦�✐�✐♦♥ ✶✳✷✳✹✳ ❋♦� ❛❧❧ β ∈ DW
V ✱ ❧❡
 ✉� ❞❡♥♦
❡ ❜② G = (Hβ)

−1 
❤❡ ●�❡❡♥ ❢✉♥❝
✐♦♥ ❛��♦❝✐❛
❡❞ ✇✐
❤

❤❡ �❛♥❞♦♠ ❙❝❤��❞✐♥❣❡� ♦♣❡�❛
♦� Hβ✳ ❋✐① i0 ∈ V ✱ ❛♥❞ ❞❡✜♥❡ u(i0, ·) ∈ Hi0 ❜②

u(i0, i) = log

(
G(i0, i)

G(i0, i0)

)

❢♦� i ∈ V ✳ ❚❤❡♥ ✉♥❞❡� νWV (dβ)✱ ✇❡ ❤❛✈❡✿

✭✐✮
(
u(i0, i)

)
i∈V

✐� (βi)i∈V \{i0}✲♠❡❛�✉�❛❜❧❡✱ ❛♥❞ ❞✐�
�✐❜✉
❡❞ ❛❝❝♦�❞✐♥❣ 
♦ QW,i0
V ✳

✭✐✐✮ G(i0, i0) ✐� ✐♥❞❡♣❡♥❞❡♥
 ❢�♦♠ (βi)i �=i0 ✱ ❛♥❞ 
❤❡�❡❢♦�❡ ❢�♦♠ u(i0, ·)✳ ▼♦�❡♦✈❡�✱ 1
2G(i0,i0)

✐� ❛ ●❛♠♠❛

✈❛�✐❛❜❧❡ ✇✐
❤ ♣❛�❛♠❡
❡� (1/2, 1)✳

✭✐✐✐✮ ❋♦� i ∈ V ✱

βi =
∑

j∼i

Wi,j

2
eu(i0,j)−u(i0,i) + 1i=i0

1

2G(i0, i0)
.

❆� ❛ ❝♦♥�❡+✉❡♥❝❡✱ 
❤❡ �❛♥❞♦♠ ♣♦
❡♥
✐❛❧ ✇✐
❤ ❞✐�
�✐❜✉
✐♦♥ νWV ❝❛♥ ❜❡ ✉�❡❞ 
♦ ❝♦♥�
�✉❝
 ❛ �❛♥❞♦♠

❡♥✈✐�♦♥♠❡♥
 ❢♦� 
❤❡ 
✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏� �
❛�
❡❞ ❛
 ❛♥② ♣♦✐♥
✳ ■♥❞❡❡❞✱ ❢♦� β ∈ DW
V ✇❡ ❞❡♥♦
❡ ❜② P

W,β,i0


❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ 
❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ✇✐
❤ ❥✉♠♣ �❛
❡�

Wi,j

2

G(i0, j)

G(i0, i)
.

❚❤❡♥ ❛❝❝♦�❞✐♥❣ 
♦ ❚❤❡♦�❡♠ ✶✳✷✳✷ ❛♥❞ ��♦♣♦�✐
✐♦♥ ✶✳✷✳✹✱ ✉♥❞❡� P
V RJP (W,i0)✱ 
❤❡ 
✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡��

Z̃(1) ✐� ❛ ♠✐①
✉�❡ ♦❢ 
❤❡ ▼❛�❦♦✈ ♣�♦❝❡��❡� ✇✐
❤ ❞✐�
�✐❜✉
✐♦♥ P
W,β,i0
i0

✱ ❛♥❞ 
❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ✐� νWV (dβ)✳

❘❡♠❛�❦ ✶✳✷✳✺✳ ◆♦
❡ 
❤❛
 ❤❛✈✐♥❣ Wi,i 
= 0 ❢♦� �♦♠❡ i ∈ V ❞♦❡� ♥♦
 ❝❤❛♥❣❡ 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ Hβ ✱ ❛♥❞


❤❡�❡❢♦�❡ 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ 
❤❡ �❛♥❞♦♠ ❥✉♠♣ �❛
❡� �❡♠❛✐♥� ✉♥❝❤❛♥❣❡❞✳
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❚❤✐� �❡♣�❡�❡♥�❛�✐♦♥ ✉�✐♥❣ �❤❡ β ♣♦�❡♥�✐❛❧ ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥� ✇❤❡♥ ��✉❞②✐♥❣ �❤❡ ❱❘❏� ♦♥ ✐♥✜♥✐�❡
❣�❛♣❤�✳ ■♥❞❡❡❞✱ �❤❡ ♣♦�❡♥�✐❛❧ ✐� 1✲❞❡♣❡♥❞❡♥�✱ ❛♥❞ �❤❡ ❞✐���✐❜✉�✐♦♥ νWV ❜❡❤❛✈❡� ✇❡❧❧ ✇✐�❤ �❡�♣❡❝� �♦
�❡���✐❝�✐♦♥✱ ❛� ❞❡�❛✐❧❡❞ ❜❡❧♦✇✳

❋♦� U,U ′ ⊂ V ✱ ❛♥❞ ❢♦� ❛♥② ✈❡❝�♦� x ∈ R
V ❛♥❞ ♠❛��✐① M ∈ R

V×V ✱ ❧❡� ✉� ❞❡♥♦�❡ ❜② xU = (xi)i∈U

�❤❡ �❡���✐❝�✐♦♥ ♦❢ x �♦ U ✱ ❛♥❞ ✐♥ �❤❡ �❛♠❡ ✇❛②✱ MU,U ′ = (Mi,j)i∈U,j∈U ′ ✳ ❚❤❡♥ ❢♦� ✜♥✐�❡ U ⊂ V ✱ ✉♥❞❡�

νWV (dβ)✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ βU ✐� ❡①♣❧✐❝✐�❧② ❦♥♦✇♥✿ ✐� ✐� ❛ ♣❡��✉�❜❛�✐♦♥ ♦❢ ν
WU,U

U ✱ ✐♥��♦❞✉❝❡❞ ❜② ▲❡�❛❝ ✐♥
❬▲❲✶✾❪✱ ❛♥❞ ✐♥✈♦❧✈❡� ❛ ❜♦✉♥❞❛�② �❡�♠ η✳

��♦♣♦�✐�✐♦♥ ✶✳✷✳✺✳ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣
❛♣❤✳

✭✐✮ ❋♦
 η ∈ (R+)
V ✱ ❧❡� ✉� ❞❡✜♥❡ �❤❡ ♠❡❛�✉
❡ νW,η

V ♦♥ DW
V ❜②

νW,η
V (dβ) =

(
2

π

) |V |
2

exp

(
−1

2
〈1, Hβ1〉 −

1

2
〈η, (Hβ)

−1η〉+ 〈η,1〉
) ∏

i∈V dβi√
det(Hβ)

.

❚❤❡♥ νW,η
V ✐� ❛ ♣
♦❜❛❜✐❧✐�② ❞✐��
✐❜✉�✐♦♥✳ ◆♦�❡ �❤❛� νWV = νW,0

V ✳

✭✐✐✮ ▲❡� U ⊂ V ✳ ❚❤❡♥ ✉♥❞❡
 νW,η
V (dβ)✱ βU ✐� ❞✐��
✐❜✉�❡❞ ❛❝❝♦
❞✐♥❣ �♦ ν

WU,U ,η̂
U ✱ ✇❤❡
❡

η̂ = ηU +WU,Uc1Uc .

✭✐✐✐✮ ▼♦
❡♦✈❡
 ✉♥❞❡
 νW,η
V (dβ)✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ βU ✱ �❤❡ ❞✐��
✐❜✉�✐♦♥ ♦❢ βUc ✐� νW̌,η̌

Uc ✱ ✇❤❡
❡

W̌ = WUc,Uc +WUc,U ((Hβ)U,U )
−1

WU,Uc ❛♥❞ η̌ = ηUc +WUc,U ((Hβ)U,U )
−1

ηU .

■♥ ♣❛��✐❝✉❧❛�✱ �❤✐� �❡�✉❧� ✐♠♣❧✐❡� �❤❛� ✉♥❞❡� νWV (dβ)✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ ❛ �❡���✐❝�✐♦♥ βU ❞❡♣❡♥❞� ♦♥❧②
♦♥ �❤❡ ✇❡✐❣❤�� WU,U ✐♥�✐❞❡ ♦❢ U ✱ ❛♥❞ �❤❡ ❡❞❣❡� WU,Uc ❝♦♠✐♥❣ ♦✉� ♦❢ U ✳ ❚❤✐� ✇✐❧❧ ❜❡ ❡�♣❡❝✐❛❧❧② ✉�❡❢✉❧ �♦
❡①�❡♥❞ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ❛� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡� �♦ ✐♥✜♥✐�❡ ❣�❛♣❤�✳

✶✳✷✳✸ ❘❡♣�❡	❡♥�❛�✐♦♥ ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤	

❚❤❡ �❡�✉❧�� ✐♥ �❤❡ ✉♣❝♦♠✐♥❣ �❡❝�✐♦♥ ❝♦♠❡ ❢�♦♠ ❬❙❩✶✾❪✱ ✇❤❡�❡ ❙❛❜♦� ❛♥❞ ❩❡♥❣ �❤♦✇❡❞ �❤❛� �❤❡ ❱❘❏� ✐�
❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡� ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤�✳ ❆� ✇✐�❤ �❤❡ �❡�✉❧� ♦❢ ▼❡�❦❧ ❛♥❞ ❘♦❧❧❡� ❢♦� �❤❡ ❊❘❘❲
✭❬▼❘✵✼❪✮✱ �❤❡ ♣�♦♦❢ �❡❧✐❡� ♦♥ �❤❡ ❡①✐��❡♥❝❡ ♦❢ ❛ ♠✐①✐♥❣ ♠❡❛�✉�❡ ♦♥ ✜♥✐�❡ �❡���✐❝�✐♦♥� ♦❢ �❤❡ ❣�❛♣❤✱ ❛♥❞ �❤❡
❝♦♥✈❡�❣❡♥❝❡ ♦❢ �❤✐� ♠✐①✐♥❣ ♠❡❛�✉�❡ ♦♥ �❤❡ ✐♥✜♥✐�❡ ❣�❛♣❤✳ ❚❤❡ ❦❡② ✐♥❣�❡❞✐❡♥� ✐� �❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣❛��✐❝✉❧❛�
❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ♦♥ ✜♥✐�❡ �❡���✐❝�✐♦♥�✱ ✇❤✐❝❤ ✇✐❧❧ ❤❡❧♣ ❜♦�❤ ✐♥ �❤❡ ❝♦♥���✉❝�✐♦♥ ♦❢ ❛ β ♣♦�❡♥�✐❛❧ ♦♥ �❤❡
✇❤♦❧❡ ❣�❛♣❤✱ ❛♥❞ ✐♥ �❤❡ ♣�♦♦❢ �❤❛� �❤❡ ❛��♦❝✐❛�❡❞ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� ❝♦♥✈❡�❣❡�✳

❲✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥

▲❡� G = (V,E) ❜❡ ❛♥ ✐♥✜♥✐�❡ ❣�❛♣❤✱ �❤❛� ✇❡ ❛��✉♠❡ �♦ ❜❡ ❧♦❝❛❧❧② ✜♥✐�❡ ❛♥❞ ❝♦♥♥❡❝�❡❞✱ ❛� ✇❡❧❧ ❛� ❡♥❞♦✇❡❞
✇✐�❤ ❡❞❣❡ ✇❡✐❣❤�� W ✳ ❆� ✉�✉❛❧✱ ✇❡ ❤❛✈❡ Wi,j = Wj,i > 0 ❢♦� {i, j} ∈ E✱ ❛♥❞ Wi,j = 0 ♦�❤❡�✇✐�❡✳ ▲❡�
(Vn)n∈N ❜❡ ❛ �❡3✉❡♥❝❡ ♦❢ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ �✉❜�❡�� ♦❢ V ✱ �✉❝❤ �❤❛�

⋃
n∈N

Vn = V ✳
❋♦� n ∈ N✱ ✇❡ ❞❡✜♥❡ �❤❡ �❡���✐❝�✐♦♥ ♦❢ (G,W ) �♦ Vn ✇✐�❤ ❛ ✇✐
❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✱ ❛� ❢♦❧❧♦✇�✳

▲❡� ✉� ✐♥��♦❞✉❝❡ ❛ ♥❡✇ ✈❡��❡① δn✱ �❤❛� ✇✐❧❧ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ❛ ❜♦✉♥❞❛�② ♣♦✐♥�✳ ❉❡✜♥❡ �❤❡♥ �❤❡ ❣�❛♣❤
G(n) = (Ṽ (n), Ẽ(n)) ✇✐�❤

Ṽ (n) = Vn ∪ {δn}
❛♥❞ Ẽ(n) =

{
{i, j} ∈ E, i, j ∈ Vn

}
∪
{
{i, δn}, i ∈ ∂Vn

}
,
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✇❤❡�❡ ❢♦� U ⊂ V ✱ ∂U =
{
i ∈ U, ∃j ∈ V \U, {i, j} ∈ E

}
✳ ❚❤✐� ❝♦��❡�♣♦♥❞� �♦ ✐❞❡♥�✐❢②✐♥❣ ❛❧❧ ✈❡��✐❝❡�

♦✉��✐❞❡ ♦❢ Vn �♦ ❛ �✐♥❣❧❡ ✈❡��❡① δn✳ ❚❤❡ ❡❞❣❡� ❜❡�✇❡❡♥ �♦ ✈❡��✐❝❡� ♦❢ Vn ❛�❡ ❝♦♥�❡�✈❡❞✱ ❛♥❞ ❢♦� i ∈ Vn✱
�❤❡ ❡❞❣❡� ❜❡�✇❡❡♥ i ❛♥❞ ✈❡��✐❝❡� ♦✉��✐❞❡ Vn ❛�❡ ❢✉�❡❞ ❛� ❛ �✐♥❣❧❡ ❡❞❣❡ {i, δn}✳ ▼♦�❡♦✈❡�✱ ✇❡ ❡♥❞♦✇ G(n)

✇✐�❤ ❛♣♣�♦♣�✐❛�❡ ✇❡✐❣❤�� W̃ (n)✱ �♦ �❤❛� �❤❡ ✇❡✐❣❤�� ✐♥�✐❞❡ ♦❢ Vn ❛�❡ �❤❡ �❛♠❡✱ ❛♥❞ �❤❡ ✇❡✐❣❤�� ❝♦♠✐♥❣
♦✉� ♦❢ Vn ❛�❡ ❝♦♥�❡�✈❡❞✿

W̃
(n)
i,j = Wi,j ❢♦� i, j ∈ Vn,

❛♥❞ W̃
(n)
i,δn

=
∑

j∼i,j /∈Vn

Wi,j = W{i},V c
n
1V c

n
.

❚❤❡♥✱ (G(n), W̃ (n)) ✐� ❝❛❧❧❡❞ �❤❡ �❡���✐❝�✐♦♥ ♦❢ (G,W ) �♦ Vn ✇✐�❤ ❛ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✳

❚❤❡ β ♣♦�❡♥�✐❛❧ ♦♥ ✐♥✜♥✐�❡ ❣
❛♣❤�

▲❡� ✉� ✜��� �❡❡ ❤♦✇ �❤✐� ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ❛❧❧♦✇� ❢♦� �❤❡ ❞❡✜♥✐�✐♦♥ ♦❢ ❛ ❞✐���✐❜✉�✐♦♥ νWV ♦♥ �❤❡ ✇❤♦❧❡
✐♥✜♥✐�❡ ❣�❛♣❤✳

❋✐① n ∈ N✱ ❛♥❞ ❧❡� β(n) = (β
(n)
i )i∈Ṽ (n) ❜❡ ❛ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ ♦♥ G(n)✱ ✇✐�❤ ❞✐���✐❜✉�✐♦♥ νW̃

(n)

Ṽ (n) ✳ ❚❤❡♥

❛❝❝♦�❞✐♥❣ �♦  �♦♣♦�✐�✐♦♥ ✶✳✷✳✺✭✐✐✮✱ �❤❡ �❡���✐❝�✐♦♥ β
(n)
Vn

❤❛� ❞✐���✐❜✉�✐♦♥ νW
(n),η(n)

Vn
✱ ✇❤❡�❡✿

W (n) = WVn,Vn
❛♥❞ η(n) = WVn,V c

n
1V c

n
=
(
W̃

(n)
i,δn

)

i∈Vn

.

❍♦✇❡✈❡�✱ ❢♦� m > n✱ ✐❢ β(m) ✐� ❛ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ ♦♥ G(m) ✇✐�❤ ❞✐���✐❜✉�✐♦♥ νW̃
(m)

Ṽ (m) ✱ �❤❡♥ �❤❡ �❡���✐❝�✐♦♥

β
(m)
Vn

❤❛� �❤❡ �❛♠❡ ❞✐���✐❜✉�✐♦♥ ❛� β
(n)
Vn
✱ �✐♥❝❡ �❤❡ ❡❞❣❡ ✇❡✐❣❤�� ❝♦♠✐♥❣ ♦✉� ♦❢ Vn ❛�❡ ��✐❧❧ ❣✐✈❡♥ ❜② η(n)✳

❚❤❛♥❦� �♦ ❑♦❧♠♦❣♦�♦✈✬� ❡①�❡♥�✐♦♥ �❤❡♦�❡♠✱ �❤✐� ❝♦♠♣❛�✐❜✐❧✐�② ✐♠♣❧✐❡� �❤❡ ❡①✐��❡♥❝❡ ♦❢ ❛ β ♣♦�❡♥�✐❛❧ ♦♥
�❤❡ ✇❤♦❧❡ ✐♥✜♥✐�❡ ❣�❛♣❤ G✳

�
♦♣♦�✐�✐♦♥ ✶✳✷✳✻✳ ❋♦� β ∈ R
V ✱ ❧❡
 ✉� �
✐❧❧ ❞❡♥♦
❡ ❜② Hβ = 2β−W 
❤❡ ❙❝❤��❞✐♥❣❡� ♦♣❡�❛
♦� ❛��♦❝✐❛
❡❞

✇✐
❤ β✱ ✐✳❡✳ �✉❝❤ 
❤❛
 (Hβf)i = 2βifi −
∑

j∼i Wi,jfj✱ ❢♦� f ∈ R
V ✳ ❲❡ ❛❧�♦ ❞❡✜♥❡

DW
V = {β ∈ R

V , (Hβ)U,U > 0 ❢♦� ❛❧❧ ✜♥✐
❡ U ⊂ V }.

❚❤❡♥ 
❤❡�❡ ❡①✐�
� ❛ ✉♥✐�✉❡ ❞✐�
�✐❜✉
✐♦♥ νWV ♦♥ DW
V �✉❝❤ 
❤❛
✿ ❢♦� ❛❧❧ ✜♥✐
❡ �✉❜�❡
 U ♦❢ V ✱ ✉♥❞❡�

νWV (dβ)✱ 
❤❡ �❡�
�✐❝
✐♦♥ βU ✐� ❞✐�
�✐❜✉
❡❞ ❛❝❝♦�❞✐♥❣ 
♦ ν
WU,U ,η
U ✱ ✇❤❡�❡ η = WU,Uc1Uc ✳

❚❤✐� ❞✐���✐❜✉�✐♦♥ ❝❛♥ ♥♦✇ ❜❡ ✉�❡❞ �♦ ❝♦♥���✉❝� ❛ ❝♦✉♣❧✐♥❣ ♦❢ β(n) ✜❡❧❞� ♦♥ ❡❛❝❤ �❡���✐❝�✐♦♥ G(n)✳

■♥❞❡❡❞ ✉♥❞❡� νWV (dβ)✱ ❢♦� n ∈ N �❤❡ �❡���✐❝�✐♦♥ βVn
❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ νW

(n),η(n)

Vn
✳ ❚❤❡�❡❢♦�❡✱ ✐� ❝❛♥ ❜❡

❝♦♠♣❧❡�❡❞ ✐♥�♦ ❛ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ β(n) ♦♥ G(n)✱ �✉❝❤ �❤❛� β
(n)
Vn

= βVn
✱ ❛♥❞ β(n) ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣

�♦ νW̃
(n)

Ṽ (n) ✳ ❚❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ β
(n)
δn

❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ �❤❛♥❦� �♦  �♦♣♦�✐�✐♦♥ ✶✳✷✳✺✭✐✐✐✮✱ ❜✉� ✇❡ ✇✐❧❧ ❡①♣�❡��
✐� ✐♥ ❛♥♦�❤❡� ✇❛②✳

▲❡� H
(n)
β = 2β(n) − W̃ (n) ❜❡ �❤❡ ❙❝❤�,❞✐♥❣❡� ♦♣❡�❛�♦� ❛��♦❝✐❛�❡❞ ✇✐�❤ β(n)✱ ❛♥❞ G(n) = (H

(n)
β )−1 �❤❡

❝♦��❡�♣♦♥❞✐♥❣ ●�❡❡♥ ❢✉♥❝�✐♦♥✳ ❆❝❝♦�❞✐♥❣ �♦  �♦♣♦�✐�✐♦♥ ✶✳✷✳✹ ✇✐�❤ i0 = δn✱ ✇❡ �❤❡♥ ❤❛✈❡

β
(n)
δn

=
∑

j∈Vn

W̃
(n)
δn,j

2

G(n)(δn, j)

G(n)(δn, δn)
+

1

2G(n)(δn, δn)
,

✇❤❡�❡
(

G(n)(δn,j)
G(n)(δn,δn)

)
✐� β

(n)
Vn
✲♠❡❛�✉�❛❜❧❡✱ ❛♥❞ 1

2G(n)(δn,δn)
✐� ❛ ●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡✱ ✐♥❞❡♣❡♥❞❡♥� ❢�♦♠

β
(n)
Vn
✳ ❲❡ ❝❛♥ �❤❡�❡❢♦�❡ ❝♦✉♣❧❡ ❛❧❧ ♣♦�❡♥�✐❛❧� β(n) ❜② �❛❦✐♥❣ 1

2G(n)(δn,δn)
= γ✱ ✇❤❡�❡ γ ✐� ❛ �❛♥❞♦♠



✶✳✷✳ ❚❍❊ ❱❊❘❚❊❳✲❘❊■◆❋❖❘❈❊❉ ❏❯▼� �❘❖❈❊❙❙ ✷✶

●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡✱ ✐♥❞❡♣❡♥❞❡♥� ❢�♦♠ β✳ ❋�♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② νWV (dβ, dγ) �❤❡ ❞✐���✐❜✉�✐♦♥
♦♥ DW

V × R ❞❡✜♥❡❞ ❛�✿

νWV (dβ, dγ) = νWV (dβ)⊗ 1γ>0√
πγ

e−γdγ.

❚❤✐� ❝♦✉♣❧✐♥❣ ♦❢ β(n) ♣♦�❡♥�✐❛❧� ♣�♦✈✐❞❡� ❛ ❝♦✉♣❧✐♥❣ ♦❢ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏! ♦♥ �❤❡ ✜♥✐�❡
�❡���✐❝�✐♦♥� G(n)✱ ✇❤✐❝❤ ✐� �❤❡♥ ✉�❡❞ �♦ ♣�♦✈❡ �❤❛� �❤❡�❡ �❡♣�❡�❡♥�❛�✐♦♥� ❝♦♥✈❡�❣❡ ✇❤❡♥ n → ∞✳

❈♦♥✈❡�❣❡♥❝❡ ♦❢ 
❤❡ �❡♣�❡
❡♥
❛
✐♦♥

❋✐① i0 ∈ V ❛ ��❛��✐♥❣ ♣♦✐♥�✱ �❤❛� ✇❡ ❛��✉♠❡ �♦ ❜❡ ✐♥
⋂

n∈N
Vn✳ ❋♦� ❛❧❧ n ∈ N✱ �❤❡ ❱❘❏! ♦♥ (G(n), W̃ (n))

��❛��❡❞ ❛� i0 ✐� ❛ ♠✐①�✉�❡ ♦❢ �❤❡ ▼❛�❦♦✈ ♣�♦❝❡��❡� ✇✐�❤ ❞✐���✐❜✉�✐♦♥ P
W̃ (n),β(n),i0
i0

✱ ✇❤❡�❡ β(n) ✐� ❞❡✜♥❡❞

❢�♦♠ β ❛♥❞ γ ❛� ✐♥ �❤❡ ♣�❡✈✐♦✉� ♣❛�❛❣�❛♣❤✱ ❛♥❞ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ✐� νWV (dβ, dγ)✳ ❘❡❝❛❧❧ �❤❛� �❤❡ ❥✉♠♣

�❛�❡� ❞❡✜♥✐♥❣ P
W̃ (n),β(n),i0
i0

❛�❡✱ ❢♦� i ∼ j✱

W̃
(n)
i,j

2

G(n)(i0, j)

G(n)(i0, i)
.

❚♦ �❤♦✇ �❤❛� �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦♥ G(n) ❝♦♥✈❡�❣❡� �♦ ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦♥ G✱ ✇❡ ✜��� ♥❡❡❞ �♦ ♣�♦✈❡ �❤❛�
�❤❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ G(n) ❝♦♥✈❡�❣❡�✳ ■♥ ♦�❞❡� �♦ ❞♦ �❤✐�✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ✇�✐�❡ G(n) ❛� ❛ �✉♠ ♦✈❡� ❛❧❧
♣❛�❤� ✐♥ G(n)✳

❲❡ ❞❡♥♦�❡ ❜② P Ṽ (n)

i,j �❤❡ �❡� ♦❢ ♣❛�❤� σ ❢�♦♠ i �♦ j ✐♥ G(n)✱ ✐✳❡✳ σ = (σ0, ..., σl) ∈ (Ṽ (n))l+1 ✇❤❡�❡

l = |σ| ✐� �❤❡ ❧❡♥❣�❤ ♦❢ σ✱ σ0 = i ❛♥❞ σl = j✱ ❛♥❞ ❢♦� k ∈ �0, l− 1�✱ σk ∼ σk+1✳ ❚❤❡♥ G(n) ❝❛♥ ❜❡ ✇�✐��❡♥
✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❢♦� i, j ∈ Ṽ (n)✱

G(n)(i, j) =
∑

σ∈PṼ (n)

i,j

W̃
(n)
σ

(2β(n))σ
,

✇❤❡�❡ W̃
(n)
σ =

∏|σ|−1
k=0 W̃

(n)
σk,σk+1 ❛♥❞ (2β(n))σ =

∏|σ|
k=0 2β

(n)
σk ✳ ❚❤✐� �✉♠ ❝❛♥ ❜❡ �❡♣❛�❛�❡❞ ✐♥ �✇♦✱ ❜②

❞✐��✐♥❣✉✐�❤✐♥❣ ♣❛�❤� �❤❛� ��❛② ✐♥�✐❞❡ Vn✱ ❛♥❞ ♣❛�❤� �❤❛� ✈✐�✐� δ(n) ❛� �♦♠❡ ♣♦✐♥�✳ ❚❤❡�❡ ❧❛�� ♣❛�❤� ❝❛♥
❜❡ ❞❡❝♦♠♣♦�❡❞ ✐♥�♦ �❤�❡❡ ♣❛���✿ ❛ ✜��� ♣❛�❤ ❢�♦♠ i �♦ ❛ ♥❡✐❣❤❜♦� z1 ♦❢ δn✱ �❤❡♥ ❛ ♣❛�❤ ❢�♦♠ δn �♦ δn✱
❛♥❞ ✜♥❛❧❧② ❛ ♣❛�❤ ❢�♦♠ ❛♥♦�❤❡� ♥❡✐❣❤❜♦� z2 ♦❢ δn �♦ j✳ ❋♦� i, j ∈ Vn✱ �❤✐� ②✐❡❧❞�

G(n)(i, j) =
∑

σ∈PVn
i,j

Wσ

(2β)σ
+

∑

z1,z2∼δn

⎛
⎜⎝
∑

σ∈PVn
i,z1

Wσ

(2β)σ

⎞
⎟⎠ W̃

(n)
z1,δn

G(n)(δn, δn)W̃
(n)
δn,z2

⎛
⎜⎝

∑

σ∈PVn
z2,j

Wσ

(2β)σ

⎞
⎟⎠

= Ĝ(n)(i, j) + ψ(n)(i)
1

2γ
ψ(n)(j),

✇❤❡�❡ Ĝ(n) : V × V → R+ ❛♥❞ ψ(n) : V → R+ ❛�❡ β✲♠❡❛�✉�❛❜❧❡ ❢✉♥❝�✐♦♥� ❞❡✜♥❡❞ ❛� ❢♦❧❧♦✇�✿

❼ (Ĝ(n))Vn,Vn
= ((Hβ)Vn,Vn

)−1 ❛♥❞ Ĝ(n)(i, j) = 0 ✐❢ i /∈ Vn ♦� j /∈ V ✳

❼ ❋♦� i ∈ Vn✱ ψ(n)(i) = G(n)(δn,i)
G(n)(δn,δn)

= eu
(n)(δn,i) ✇✐�❤ �❤❡ ♥♦�❛�✐♦♥� ♦❢ !�♦♣♦�✐�✐♦♥ ✶✳✷✳✹ ✭✇❤❡�❡

u(n)(δn, ·) ❤❛� ❞✐���✐❜✉�✐♦♥ QW̃ (n),δn
Ṽ (n)

✮✱ ❛♥❞ ψ(n)(i) = 1 ❢♦� i /∈ Vn✳ ◆♦�❡ �❤❛� (H
(n)
β ψ(n))Vn

= 0✳
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❯♥❞❡� νWV (dβ, dγ)✱ ❙❛❜♦� ❛♥❞ ❩❡♥❣ �❤♦✇❡❞ �❤❛� Ĝ(n) ❛♥❞ ψ(n) ❝♦♥✈❡�❣❡ ❛❧♠♦�� �✉�❡❧②✳ ■♥ ♣❛��✐❝✉❧❛�✱

✐❢ Fβ
Vn

= σ
(
(βi)i∈Vn

)
✱ �❤❡♥ ❢♦� ❛❧❧ i ∈ V ✱ (ψ(n)(i))n∈N ✐� ❛ (Fβ

Vn
)✲♠❛��✐♥❣❛❧❡✳ ❲❡ ❞❡♥♦�❡ ❜② Ĝ ❛♥❞ ψ

�❤❡ �❡�♣❡❝�✐✈❡ ❧✐♠✐�� ♦❢ �❤❡�❡ ♦❜❥❡❝��✱ ✇❤✐❝❤ ❛�❡ β✲♠❡❛�✉�❛❜❧❡✳ ❋♦� β ∈ DW
V ✱ ψ ✐� Hβ✲❤❛�♠♦♥✐❝✱ ✐✳❡✳

(Hβψ)(i) = 0 ❢♦� ❛❧❧ i ∈ V ✳ ❋✐♥❛❧❧②✱ ❞❡✜♥❡ G : V × V → R+ �✉❝❤ �❤❛� ❢♦� i, j ∈ V ✱

G(i, j) = Ĝ(i, j) +
1

2γ
ψ(i)ψ(j).

❚❤✐� ❧❡❛❞� �♦ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦�❡♠✱ ✇❤✐❝❤ ❣✐✈❡� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏% ❛� ❛ ♠✐①�✉�❡
♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡� ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤�✳

❚❤❡♦�❡♠ ✶✳✷✳✸✳ ❋♦� β ∈ DW
V ✱ γ > 0 ❛♥❞ ❛ ��❛��✐♥❣ ♣♦✐♥� i0 ∈ V ✱ ❧❡� PW,β,γ,i0 ❜❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡

▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ✇✐�❤ ❥✉♠♣ �❛�❡�
Wi,j

2

G(i0, j)

G(i0, i)

❢�♦♠ i �♦ j✳
❚❤❡♥ ✉♥❞❡� P

V RJP (W,i0)✱ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡�� Z(1) ✐� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡� ✇✐�❤

❞✐���✐❜✉�✐♦♥ P
W,β,γ,i0
i0

✱ ❛♥❞ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ✐� νWV (dβ, dγ)✳

▼♦�❡♦✈❡�✱ ❢♦� ❛❧❧ β ∈ DW
V ❛♥❞ γ > 0✱ �❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� P

W,β,γ,i0
i0

✐� �❡❝✉��❡♥� ✐❢ ❛♥❞ ♦♥❧② ✐❢

ψ(i) = 0 ❢♦� ❛❧❧ i ∈ V ✱ ❛♥❞ ��❛♥�✐❡♥� ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψ(i) > 0 ❢♦� ❛❧❧ i ∈ V ✳

❚❤❡ ♣�♦♦❢ �❡❧✐❡� ♦♥ ✉�✐♥❣ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥� ♦♥ �❡���✐❝�✐♦♥� G(n)✳ ■♥❞❡❡❞✱ ❢♦� ❛❧❧ ✜♥✐�❡ �✉❜�❡� U ⊂ V ✱
❧❡� n0 ❜❡ �✉❝❤ �❤❛� U ⊂ Vn0

✳ ❚❤❡♥ ❢♦� n ≥ n0 �❤❡ ❱❘❏%✱ ✉♣ �♦ �❤❡ ✜��� �✐♠❡ ✐� ❧❡❛✈❡� U ✱ ✐� ❛ ♠✐①�✉�❡ ♦❢

▼❛�❦♦✈ ♣�♦❝❡��❡� ✇✐�❤ ❥✉♠♣ �❛�❡�
Wi,j

2
G(n)(i0,j)
G(n)(i0,i)

✳ ❚❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ��♦♣♣❡❞ ♣�♦❝❡�� ❝❛♥ �❤❡�❡❢♦�❡

❜❡ ✇�✐��❡♥ ❛� ❛♥ ✐♥�❡❣�❛❧ ✐♥✈♦❧✈✐♥❣ �❤❡ ❞❡♥�✐�② ♦❢ ��❛❥❡❝�♦�✐❡� ❢♦� �❤❡�❡ ▼❛�❦♦✈ ♣�♦❝❡��❡�✳ ❚❛❦✐♥❣ n → ∞✱

❛♥❞ ✉�✐♥❣ ❛ ✉♥✐❢♦�♠ ✐♥�❡❣�❛❜✐❧✐�② ❛�❣✉♠❡♥� ♦♥ �❤❡ ❢❛♠✐❧②
(

G(n)(i0,i)
G(n)(i0,i0)

)

n∈N

❢♦� ❛❧❧ i ∈ V ✱ �❤✐� ✐♥�❡❣�❛❧

❝♦♥✈❡�❣❡� �♦ �❤❡ ❞❡�✐�❡❞ �❡�✉❧�✳
❚❤❡♦�❡♠ ✶✳✷✳✸ ✐♠♣❧✐❡� �❤❛� �❤❡ ❞✐�❝�❡�❡✲�✐♠❡ ✈❡��✐♦♥ ♦❢ �❤❡ ❱❘❏%✱ ✇❤✐❝❤ ✐� ♥♦� ♠♦❞✐✜❡❞ ❜② �❤❡ �✐♠❡

❝❤❛♥❣❡� ❛♣♣❧✐❡❞ �♦ X✱ ✐� ❛ ♠✐①�✉�❡ ♦❢ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦� ♦♥ G✱ ✇✐�❤ �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡
❜❡�✇❡❡♥ i ❛♥❞ j ❡,✉❛❧ �♦ Wi,jG(i0, i)G(i0, j)✱ ✉♥❞❡� �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ νWV (dβ, dγ)✳ ❘❡❝❛❧❧ ❛❧�♦ �❤❛�
�❤❡ ❊❘❘❲ ♦♥ (G, a)✱ ✇✐�❤ ✐♥✐�✐❛❧ ✇❡✐❣❤�� (ae)e∈E ✱ ✐� ❛ ♠✐①�✉�❡ ♦❢ ❞✐�❝�❡�❡✲�✐♠❡ ❱❘❏% ✇✐�❤ ✐♥❞❡♣❡♥❞❡♥�
��❛��✐♥❣ ✇❡✐❣❤�� (We)e∈E ❢♦❧❧♦✇✐♥❣ ●❛♠♠❛(ae, 1) ❞✐���✐❜✉�✐♦♥�✳ ❚❤✐� ♣�♦✈✐❞❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣�❡��✐♦♥
♦❢ ❛ ♠✐①✐♥❣ ♠❡❛�✉�❡ ❢♦� �❤❡ ❊❘❘❲✿ ✐� ✐� ❛❧�♦ ❛ ♠✐①�✉�❡ ♦❢ �❡✈❡��✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦�✱ ✇✐�❤ �❤❡ �❛♠❡
❝♦♥❞✉❝�❛♥❝❡� Wi,jG(i0, i)G(i0, j)✱ ✉♥❞❡� �❤❡ ❞✐���✐❜✉�✐♦♥ ν̃aV (dW, dβ, dγ)✱ ✇❤❡�❡

ν̃aV (dW, dβ, dγ) =

∫
νWV (dβ, dγ)

⊗

e∈E

W ae−1
e

Γ(ae)
exp(−We)dWe.

❘❡♠❛�❦ ✶✳✷✳✻✳ ❚❤❡ ♠❛��✐♥❣❛❧❡ ♣�♦♣❡��② ♦❢ ψ(n) ♣❧❛②� ❛ ❝❡♥��❛❧ �♦❧❡ ✐♥ �❤❡ ♣�♦♦❢ ♦❢ �❤❡ ❝♦♥✈❡�❣❡♥❝❡ ♦❢
G(n)✳ ▼♦�❡♦✈❡�✱ �❤❡ ,✉❛❞�❛�✐❝ ✈❛�✐❛�✐♦♥ ♦❢ �❤❡ ✈❡❝�♦�✐❛❧ ♠❛��✐♥❣❛❧❡

(
ψ(n)(i)

)
i∈V

✐� ❣✐✈❡♥ ❜② Ĝ(n)✱ ✐✳❡✳

〈ψ(i), ψ(j)〉n = Ĝ(n)(i, j)✳ ❚❤✐� ✇❛� ❣❡♥❡�❛❧✐③❡❞ ❜② ❉✐�❡��♦�✐✱ ▼❡�❦❧ ❛♥❞ ❘♦❧❧❡� ✐♥ ❬❉▼❘✶✼❪✱ ✇❤❡�❡ �❤❡②
✐♥��♦❞✉❝❡❞ ❛♥ ✐♥✜♥✐�❡ ❤✐❡�❛�❝❤② ♦❢ ♠❛��✐♥❣❛❧❡�✱ �❤❛♥❦� �♦ �②♠♠❡��② ❛�❣✉♠❡♥�� ❞❡�✐✈❡❞ ❢�♦♠ �❤❡ H

2|2

♠♦❞❡❧✳ ❚❤❡② ❡①♣❛♥❞❡❞ �❤✐� ❢❛♠✐❧② ❢✉��❤❡� ✐♥ ❬❉▼❘✶✾❪✱ ✉�✐♥❣ �❤❡ ❛♥�✐�②♠♠❡��✐❝ ✈❛�✐❛❜❧❡� ♦❢ �❤❡ H
2|2

♠♦❞❡❧✳

❈♦♥�❡�✉❡♥❝❡� ❢♦� �❤❡ ❱❘❏� ❛♥❞ ❊❘❘❲ ♦♥ Z
d

❚❤❡ ❢❛❝� �❤❛� �❤❡ β✲♣♦�❡♥�✐❛❧ ✐� 1✲❞❡♣❡♥❞❡♥� ❛❧�♦ ②✐❡❧❞� ❡�❣♦❞✐❝✐�② ♣�♦♣❡��✐❡� ❢♦� �❤❡ �❡♣�❡�❡♥�❛�✐♦♥
❞❡�❝�✐❜❡❞ ❛❜♦✈❡✳ ▼♦�❡ ♣�❡❝✐�❡❧②✱ ❧❡� (G,W ) ❜❡ ✈❡��❡① ��❛♥�✐�✐✈❡✱ ✐✳❡✳ �❤❡ ❣�♦✉♣ A ♦❢ ❛✉�♦♠♦�♣❤✐�♠� ♦❢ G



✶✳✷✳ ❚❍❊ ❱❊❘❚❊❳✲❘❊■◆❋❖❘❈❊❉ ❏❯▼� �❘❖❈❊❙❙ ✷✸

�❤❛� ❧❡❛✈❡ W ✐♥✈❛
✐❛♥� ✐� ✈❡
�❡① �
❛♥�✐�✐✈❡✿ ❢♦
 i, j ∈ V ✱ �❤❡
❡ ❡①✐��� f ∈ A �✉❝❤ �❤❛� f(i) = f(j)✳ ❚❤❡♥
✉♥❞❡
 νWV (dβ)✱ �❤❡ ♣♦�❡♥�✐❛❧ (βi)i∈V ✐� ��❛�✐♦♥❛
② ❛♥❞ ❡
❣♦❞✐❝ ✇✐�❤ 
❡�♣❡❝� �♦ �❤❡ ❣
♦✉♣ A✳ ❚❤✐� ✐� ❛❧�♦

�
✉❡ ♦❢ Ĝ ❛♥❞ ψ✱ �✐♥❝❡ �❤❡② ❛
❡ β✲♠❡❛�✉
❛❜❧❡✳ ❚❤✐� ❤❛� ❛ ♥✉♠❜❡
 ♦❢ ❝♦♥�❡�✉❡♥❝❡� ❢♦
 �❤❡ ❱❘❏! ♦♥ Z
d

✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤�� W ✱ ✇❤✐❝❤ ✐� ✈❡
�❡① �
❛♥�✐�✐✈❡✳
❋✐
��✱ ♦♥ ✈❡
�❡① �
❛♥�✐�✐✈❡ ✇❡✐❣❤�❡❞ ❣
❛♣❤�✱ �❤❡ ❡✈❡♥� {∀i ∈ V, ψ(i) = 0} ✐� ✐♥✈❛
✐❛♥� ❜② �❤❡ ❣
♦✉♣

A✱ ❛♥❞ �❤❡
❡❢♦
❡ ❤❛� ♣
♦❜❛❜✐❧✐�② 0 ♦
 1✳ ❆❝❝♦
❞✐♥❣ �♦ ❚❤❡♦
❡♠ ✶✳✷✳✸✱ �❤✐� ✐♠♣❧✐❡� �❤❛� �❤❡ ▼❛
❦♦✈ ❥✉♠♣
♣
♦❝❡�� PW,β,i0 ✐� ❡✐�❤❡
 νWV ✲❛✳�✳ 
❡❝✉

❡♥�✱ ♦
 νWV ✲❛✳�✳ �
❛♥�✐❡♥�✳

▼♦
❡♦✈❡
✱ �❤❡ ❱❘❏! �❛�✐�✜❡� ❛ ❢✉♥❝�✐♦♥❛❧ ❝❡♥�
❛❧ ❧✐♠✐� �❤❡♦
❡♠ ❛� ✇❡❛❦ ❡♥♦✉❣❤ 
❡✐♥❢♦
❝❡♠❡♥� ♦♥ Z
d✱

d ≥ 3✳ ■♥ �❤✐� 
❡❣✐♠❡✱ �❤❡ �
❛♥�✐❡♥❝❡ ♦❢ �❤❡ ❱❘❏! ✇❛� ❛❧
❡❛❞② ❦♥♦✇♥✱ ❜✉� �❤✐� ✐� ❛ ��
♦♥❣❡
 
❡�✉❧�✳ ▲❡�

(Ẑn)n∈N ❞❡♥♦�❡ �❤❡ ❞✐�❝
❡�❡✲�✐♠❡ ✈❡
�✐♦♥ ♦❢ �❤❡ ❱❘❏!✱ ❛♥❞ ❢♦
 t ≥ 0✱ ❞❡✜♥❡ B
(m)
t = 1√

m
Ẑ[mt]✳ ❚❤❡♥ �❤❡
❡

❡①✐��� W > 0 �✉❝❤ �❤❛� ❢♦
 W > W ✮✱ ✉♥❞❡
 PV RJP (W,0)✱ B(m) ❝♦♥✈❡
❣❡� ✐♥ ❞✐��
✐❜✉�✐♦♥ �♦ ❛ d✲❞✐♠❡♥�✐♦♥❛❧
❇
♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ❝♦✈❛
✐❛♥❝❡ ♠❛�
✐① σ2Id✱ ✇❤❡
❡ 0 < σ2 < ∞✳

❚❤✐� ✐� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ❛ �✐♠✐❧❛
 �❤❡♦
❡♠ ❢
♦♠ ❬❉▼❋●❲✽✾❪ ♦♥ 
❛♥❞♦♠ ✇❛❧❦� ✐♥ 
❛♥❞♦♠ ❝♦♥❞✉❝✲
�❛♥❝❡�✱ ✇❤✐❝❤ ✐� ✈❛❧✐❞ ✇❤❡♥ �❤❡ ❝♦♥❞✉❝�❛♥❝❡� ❛
❡ ❡
❣♦❞✐❝ ❛♥❞ �❛�✐�❢② ❛♥ ✐♥�❡❣
❛❜✐❧✐�② ❝♦♥❞✐�✐♦♥✳ ❋♦
 Ẑ✱
�❤❡ ❝♦♥❞✉❝�❛♥❝❡� ❛
❡ Wi,jG(0, i)G(0, j)✱ ❛♥❞ ❛
❡ �❤❡
❡❢♦
❡ ♥♦� ❡
❣♦❞✐❝✳ ❍♦✇❡✈❡
✱ ♦♥❝❡ ❝♦♥❞✐�✐♦♥❡❞ �♦

♥❡✈❡
 ❝♦♠✐♥❣ ❜❛❝❦ �♦ 0✱ Ẑ ❤❛� �❤❡ �❛♠❡ ❞✐��
✐❜✉�✐♦♥ ❛� ❛ 
❛♥❞♦♠ ✇❛❧❦ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� Wi,jψ(i)ψ(j)✱
�✐♠✐❧❛
❧② ❝♦♥❞✐�✐♦♥❡❞✱ �♦ ✇❤✐❝❤ �❤❡ �❤❡♦
❡♠ ❛♣♣❧✐❡�✳ ❚❤❡ ✐♥�❡❣
❛❜✐❧✐�② ❤②♣♦�❤❡�✐� ✐� ✈❡
✐✜❡❞ ❛� ✇❡❛❦

❡✐♥❢♦
❝❡♠❡♥�✱ �❤❛♥❦� �♦ ❡��✐♠❛�❡� ❜② ❉✐�❡
�♦
✐✱ ❙♣❡♥❝❡
 ❛♥❞ ❩✐
♥❜❛✉❡
 ✭❬❉❙❩✶✵❪✮✳ ❚❤❡ 
❛♥❞♦♠ ✇❛❧❦ ✐♥

❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡� Wi,jψ(i)ψ(j) ✇✐❧❧ 
❡❛♣♣❡❛
 ❧❛�❡
 ✐♥ �❤✐� ♠❛♥✉�❝
✐♣�✱ �♦ ��✉❞② Hβ✲❤❛
♠♦♥✐❝ ❢✉♥❝✲
�✐♦♥�✳

❚❤✐� ♣
♦♦❢ ♦❢ ❛ ❢✉♥❝�✐♦♥❛❧ ❝❡♥�
❛❧ ❧✐♠✐� �❤❡♦
❡♠ ✐� ❛❧�♦ ✈❛❧✐❞ ❢♦
 �❤❡ ❊❘❘❲ ❛� ✇❡❛❦ 
❡✐♥❢♦
❝❡♠❡♥�
♦♥ Z

d✱ d ≥ 3✱ ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤�� (ae)e∈E ✳ ■♥❞❡❡❞✱ �❤❡ ❊❘❘❲ ✐� ❛ ♠✐①�✉
❡ ♦❢ ✭❞✐�❝
❡�❡✲�✐♠❡✮
❱❘❏! ✇✐�❤ ✐✳✐✳❞✳ ��❛
�✐♥❣ ✇❡✐❣❤�� (We)e∈E ✱ ✇❤✐❝❤ ❝♦♥�❡
✈❡� �❤❡ ❡
❣♦❞✐❝✐�② ♦❢ �❤❡ 
❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡�
Wi,jψ(i)ψ(j)✳ ❚❤❡ ❡��✐♠❛�❡� ✐♠♣❧②✐♥❣ �❤❡ ✐♥�❡❣
❛❜✐❧✐�② ❝♦♥❞✐�✐♦♥ ✇❡
❡ �❤♦✇♥ ✐♥ ❬❉❙❚✶✺❪ �♦ ♣
♦✈❡ �❤❡
�
❛♥�✐❡♥❝❡ ♦❢ �❤❡ ❊❘❘❲ ❛� �❤✐� 
❡❣✐♠❡✳

❆♥♦�❤❡
 ❝♦♥�❡�✉❡♥❝❡ ♦❢ �❤❡ ❡
❣♦❞✐❝✐�② ♣
♦♣❡
�✐❡� ♦❢ β ✐� �❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝�✿ ♦♥ Z
2 ❡♥❞♦✇❡❞ ✇✐�❤

❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤�� (ae)e∈E ✱ �❤❡ ❊❘❘❲ ✐� 
❡❝✉

❡♥� ❢♦
 ❛♥② a > 0✳ ■♥❞❡❡❞✱ ✐� ✐� ❛ ♠✐①�✉
❡ ♦❢

❡✈❡
�✐❜❧❡ 
❛♥❞♦♠ ✇❛❧❦�✱ ✇❤✐❝❤ ❛
❡ �
❛♥�✐❡♥� ✐❢ ❛♥❞ ♦♥❧② ✐❢ �❤❡ ❛��♦❝✐❛�❡❞ ψ ✐� ♣♦�✐�✐✈❡ ❡✈❡
②✇❤❡
❡ ♦♥ Z

d✳
❙✐♥❝❡ ψ ✐� ❛❧�♦ ��❛�✐♦♥❛
② ❛♥❞ ❡
❣♦❞✐❝✱ ✐� ❝❛♥♥♦� �❛�✐�❢② �❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② �❤♦✇♥ ❜② ▼❡
❦❧ ❛♥❞ ❘♦❧❧❡�
✐♥ ❬▼❘✵✻❪ ❢♦
 �❤❡ 
❛♥❞♦♠ ❡♥✈✐
♦♥♠❡♥� ♦❢ �❤❡ ❊❘❘❲ ♦♥ Z

2✳ ❚❤❡
❡❢♦
❡ �❤❡ ♣
♦❝❡�� ✐� ❛✳�✳ 
❡❝✉

❡♥�✳
❆ ❝♦

❡�♣♦♥❞✐♥❣ 
❡�✉❧� ❢♦
 �❤❡ ❱❘❏! ✇❛� ❛❧�♦ �❤♦✇♥ ❜② ❙❛❜♦� ✭❬❙❛❜✶✾❪✮ ❛� ✇❡❧❧ ❛� ❑♦③♠❛ ❛♥❞ !❡❧❡❞

✭❬❑!✶✾❪✮✱ ❜♦�❤ ✉�✐♥❣ ▼❡
♠✐♥✲❲❛❣♥❡
✲�②♣❡ ❛
❣✉♠❡♥�� �♦ �❤♦✇ ❜♦✉♥❞� ♦♥ eui ✉♥❞❡
 �❤❡ ♠✐①✐♥❣ ♠❡❛�✉
❡

QW,i0
V (du)✳ ❲✐�❤ �❤❡ �❛♠❡ ❛
❣✉♠❡♥� ❝♦♥❝❡
♥✐♥❣ �❤❡ ❡
❣♦❞✐❝✐�② ♦❢ ψ✱ �❤✐� ✐♠♣❧✐❡� �❤❡ ❛✳�✳ 
❡❝✉

❡♥❝❡ ♦❢

�❤❡ ❱❘❏! ♦♥ Z
2 ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤��✳

❚❤✐� ✇❛� ❛❧�♦ ♣
♦✈❡❞ ✐♥ ❛♥♦�❤❡
 ✇❛② ❜② !♦✉❞❡✈✐❣♥❡ ✐♥ ❬!♦✉✶✾❪✳ ❍✐� ♠❡�❤♦❞ ✐♥✈♦❧✈❡� ❛ ❝♦✉♣❧✐♥❣ ♦❢ β
♣♦�❡♥�✐❛❧� ❢♦
 ❞✐✛❡
❡♥� ✈❛❧✉❡� ♦❢ �❤❡ ✐♥✐�✐❛❧ ✇❡✐❣❤�� W ✱ ❛♥❞ ❛ ♠❛
�✐♥❣❛❧❡ ✇✐�❤ 
❡�♣❡❝� �♦ �❤❡ ✈❛
②✐♥❣ W ✳
❚❤✐� ②✐❡❧❞� ❛ ♠♦♥♦�♦♥✐❝✐�② 
❡�✉❧� 
❡❧❛�✐✈❡ �♦ �❤❡ ✐♥✐�✐❛❧ ✇❡✐❣❤��✱ ✇❤✐❝❤ ❤❛� �❡✈❡
❛❧ ❝♦♥�❡�✉❡♥❝❡�✳ ❋✐
��❧②✱ ✐❢
❛ ✇❡✐❣❤�❡❞ ❣
❛♣❤ (G,W ) ✐� �✉❝❤ �❤❛� �❤❡ ❛��♦❝✐❛�❡❞ �✐♠♣❧❡ 
❛♥❞♦♠ ✇❛❧❦ ✐� 
❡❝✉

❡♥�✱ �❤❡♥ �❤❡ ❱❘❏! ♦♥
(G,W ) ✐� 
❡❝✉

❡♥� ❛� ✇❡❧❧✳ ■♥ ♣❛
�✐❝✉❧❛
✱ �❤✐� ✐� �
✉❡ ❢♦
 �❤❡ ❱❘❏! ♦♥ Z

2 ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧
✇❡✐❣❤��✳ ❙❡❝♦♥❞❧②✱ �❤❡
❡ ✐� ❛ ✉♥✐�✉❡ ♣❤❛�❡ �
❛♥�✐�✐♦♥ ❜❡�✇❡❡♥ �
❛♥�✐❡♥❝❡ ❛♥❞ 
❡❝✉

❡♥❝❡ ♦❢ �❤❡ ❱❘❏! ♦♥
Z
d✱ ❢♦
 ❛❧❧ d ≥ 3✳

❆♥♦�❤❡� �❡♣�❡	❡♥�❛�✐♦♥ ♦♥ ✐♥✜♥✐�❡ ��❡❡	

❆� ✇✐�❤ 
❛♥❞♦♠ ✇❛❧❦� ✐♥ 
❛♥❞♦♠ ❡♥✈✐
♦♥♠❡♥�✱ ✐❢ ❛ ♠✐①�✉
❡ ♦❢ ▼❛
❦♦✈ ❥✉♠♣ ♣
♦❝❡��❡� ✐� 
❡❝✉

❡♥�✱ �❤❡
❛��♦❝✐❛�❡❞ ❥✉♠♣ 
❛�❡� ❝❛♥ ❜❡ 
❡❝♦✈❡
❡❞ ❛� ❛�②♠♣�♦�✐❝ ❢✉♥❝�✐♦♥❛❧� ♦❢ �❤❡ �
❛❥❡❝�♦
②✳ ❚❤✐� ✐♠♣❧✐❡� �❤❡
✉♥✐�✉❡♥❡�� ♦❢ �❤❡ 
❡♣
❡�❡♥�❛�✐♦♥✱ ✐✳❡✳ ♦❢ �❤❡ ❞✐��
✐❜✉�✐♦♥ ♦❢ �❤❡ 
❛♥❞♦♠ ❥✉♠♣ 
❛�❡�✳ ❍♦✇❡✈❡
✱ ✐❢ �❤❡

❛♥❞♦♠ ❡♥✈✐
♦♥♠❡♥� ❤❛� ❛ ♥♦♥③❡
♦ ♣
♦❜❛❜✐❧✐�② ♦❢ ❞❡✜♥✐♥❣ ❛ �
❛♥�✐❡♥� ▼❛
❦♦✈ ♣
♦❝❡��✱ �❤❡
❡ ✐� ♥♦ 
❡❛�♦♥
�♦ ❤❛✈❡ ✉♥✐�✉❡♥❡�� ♦❢ �❤❡ 
❡♣
❡�❡♥�❛�✐♦♥✳ ❆ ✜
�� ❝♦✉♥�❡
❡①❛♠♣❧❡ ❛♣♣❡❛
� ✐♥ �❤❡ ❝❛�❡ ♦❢ ✐♥✜♥✐�❡ �
❡❡�✳
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■♥❞❡❡❞✱ ✐� ✐	 ♣♦		✐❜❧❡ �♦ ❝♦♥	��✉❝� ❛ ❞✐✛❡�❡♥� �❡♣�❡	❡♥�❛�✐♦♥✱ ✉	✐♥❣ ❛♥♦�❤❡� ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ♦♥
✜♥✐�❡ �❡	��✐❝�✐♦♥	✿ �❤❡ ❢�❡❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✱ ✐✳❡✳ �❡♠♦✈✐♥❣ ❛♥② ❡❞❣❡ ✇✐�❤ ❛� ❧❡❛	� ♦♥❡ ❡♥❞ ♦✉� ♦❢ �❤❡
	✉❜❣�❛♣❤✳ ❚❤✐	 �❡	��✐❝�✐♦♥ ✐	 �❤❡♥ ❛ ✜♥✐�❡ ��❡❡✱ ♦♥ ✇❤✐❝❤ �❤❡ �❛♥❞♦♠ ❥✉♠♣ �❛�❡	 ❣✐✈❡♥ ❜② ❚❤❡♦�❡♠ ✶✳✷✳✷
❛�❡ ✐♥❞❡♣❡♥❞❡♥� ❢♦� ❡❛❝❤ ❡❞❣❡✳ ❚❤❡�❡❢♦�❡✱ �❤❡ ❞✐	��✐❜✉�✐♦♥	 ♦❢ �❤❡ ❡♥✈✐�♦♥♠❡♥� ❢♦� ❛♥② ✜♥✐�❡ 	✉❜��❡❡
❛�❡ ❝♦♠♣❛�✐❜❧❡✳ ❚❤✐	 ②✐❡❧❞	 ❛ �❡♣�❡	❡♥�❛�✐♦♥ ♦♥ �❤❡ ✇❤♦❧❡ ✐♥✜♥✐�❡ ��❡❡✱ ✇✐�❤ ✐♥❞❡♣❡♥❞❡♥� �❛♥❞♦♠ ❥✉♠♣
�❛�❡	✱ ✇❤✐❝❤ ✇❛	 ❞❡	❝�✐❜❡❞ ❜② ❈❤❡♥ ❛♥❞ ❩❡♥❣ ✐♥ ❬❈❩✶✻❪✳ ❚❤✐	 �❡	✉❧� ✐	 ❝♦♥	✐	�❡♥� ✇✐�❤ �❤❡ ♦❜	❡�✈❛�✐♦♥	 ♦❢
❇❛	❞❡✈❛♥� ❛♥❞ ❙✐♥❣❤ ✐♥ ❬❇❙✶✵❪✱ ✇❤♦ ♣�♦✈❡❞ �❤❛� �❤❡ ♣❤❛	❡ ��❛♥	✐�✐♦♥ ❜❡�✇❡❡♥ �❡❝✉��❡♥❝❡ ❛♥❞ ��❛♥	✐❡♥❝❡
♦❢ �❤❡ ❱❘❏, ♦♥ ❛ �❡❣✉❧❛� ��❡❡ ✇❛	 �❤❡ 	❛♠❡ ❛	 ❢♦� ❛ �❛♥❞♦♠ ✇❛❧❦ ✐♥ �❛♥❞♦♠ ✐✳✐✳❞✳ ❡♥✈✐�♦♥♠❡♥�✳

❖♥ ❛ d✲�❡❣✉❧❛� ��❡❡ ❢♦� d ≥ 3✱ ❛♥❞ ✇✐�❤ ❝♦♥	�❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤�	 ❧❛�❣❡ ❡♥♦✉❣❤ 	♦ �❤❛� �❤❡ ❱❘❏, ✐	
��❛♥	✐❡♥� ✭�❤❛♥❦	 �♦ �❡	✉❧�	 ❢�♦♠ ❬❉❱✵✷❪✱ ❬❇❙✶✵❪✮✱ �❤✐	 �❡♣�❡	❡♥�❛�✐♦♥ ✐	 ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ ♦♥❡ ❞❡✜♥❡❞
✐♥ ❚❤❡♦�❡♠ ✶✳✷✳✸✳ ■♥❞❡❡❞✱ ❢♦� ❛♥② ✐♥✜♥✐�❡ 	❡❧❢✲❛✈♦✐❞✐♥❣ ♣❛�❤ ω 	�❛��✐♥❣ ❛� �❤❡ �♦♦� ♦❢ �❤❡ ��❡❡✱ �❤❡
	❡4✉❡♥❝❡ (ψ(ωn))n∈N ❛❧♠♦	� 	✉�❡❧② ❞♦❡	 ♥♦� ❝♦♥✈❡�❣❡ �♦ 0✱ 	✐♥❝❡ ψ ✐	 	�❛�✐♦♥❛�② ❛♥❞ ❡�❣♦❞✐❝✳ ❍♦✇❡✈❡�
�❤❡ ❛♥❛❧♦❣♦✉	 4✉❛♥�✐�② ❝♦♥✈❡�❣❡	 �♦ 0 ✐♥ �❤❡ �❡♣�❡	❡♥�❛�✐♦♥ ✇✐�❤ ✐♥❞❡♣❡♥❞❡♥� ❥✉♠♣ �❛�❡	✳

❚❤❡ ❡①✐	�❡♥❝❡ ♦❢ 	❡✈❡�❛❧ ❞✐	�✐♥❝� ❞✐	��✐❜✉�✐♦♥	 ❢♦� ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� �❡♣�❡	❡♥�✐♥❣ �❤❡ ❱❘❏,
♠♦�✐✈❛�❡❞ �❤❡ ✜�	� ♣❛�� ♦❢ ♠② ✇♦�❦✱ ♣�❡	❡♥�❡❞ ✐♥ �❤❡ ♥❡①� 	❡❝�✐♦♥✳

✶✳✸ ❚❤❡ �✉❡	
✐♦♥ ♦❢ ✉♥✐�✉❡♥❡		 ♦❢ 
❤❡ �❡♣�❡	❡♥
❛
✐♦♥

❆	 ♠❡♥�✐♦♥❡❞ ❛❜♦✈❡✱ ♦♥ 	♦♠❡ ✐♥✜♥✐�❡ ✇❡✐❣❤�❡❞ ❣�❛♣❤	 ✭	♣❡❝✐✜❝❛❧❧② ✐♥✜♥✐�❡ ��❡❡	✮ �❤❡ ❱❘❏, ❛❞♠✐�	
	❡✈❡�❛❧ ❞✐	�✐♥❝� �❡♣�❡	❡♥�❛�✐♦♥	 ❛	 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡		❡	✳ ❚❤✐	 ❜❡❣	 �❤❡ ❢♦❧❧♦✇✐♥❣ 4✉❡	�✐♦♥✿
✐♥ ✇❤❛� ❝♦♥�❡①� ✐	 �❤❡�❡ ✉♥✐4✉❡♥❡		 ♦❢ �❤❡ �❡♣�❡	❡♥�❛�✐♦♥❄ ❚❤❡ ❢♦❧❧♦✇✐♥❣ 	❡❝�✐♦♥ ♣�❡	❡♥�	 �❡	✉❧�	 ❢�♦♠
❬●❡�✶✾❪✱ ✐♥ ✇❤✐❝❤ ■ �❛❝❦❧❡❞ �❤✐	 ✐		✉❡✳

❆ ✜�	� 	�❡♣ ✇❛	 �♦ 	❤♦✇ �❤❛� ❛❧❧ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥�	 �❡♣�❡	❡♥�✐♥❣ �❤❡ ❱❘❏, ❛�❡ �❡❧❛�❡❞ �♦ �❤❡ β
♣♦�❡♥�✐❛❧ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ♣�❡✈✐♦✉	 	❡❝�✐♦♥✳ ❚❤✐	 	❤✐❢�	 �❤❡ ♣�♦❜❧❡♠ �♦ 	�✉❞②✐♥❣ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥	
♦♥ �❤❡ ❣�❛♣❤✱ ✉	✐♥❣ �❤❡ ♥♦�✐♦♥ ♦❢ ▼❛��✐♥ ❜♦✉♥❞❛�②✳ ❖♥ �❤❡ ❧❛��✐❝❡ Z

d✱ �❤✐	 ❛♣♣�♦❛❝❤ ❧❡❛❞	 �♦ ❛ ✉♥✐4✉❡♥❡		
�❡	✉❧�✳ ❖♥ ✐♥✜♥✐�❡ ��❡❡	 ❤♦✇❡✈❡�✱ ✇❡ ❝♦♥	��✉❝� ❛♥ ✐♥✜♥✐�❡ ❢❛♠✐❧② ♦❢ ❞✐	�✐♥❝� �❡♣�❡	❡♥�❛�✐♦♥	✳

✶✳✸✳✶ ❈♦♠♠♦♥ ❢♦	♠ ❢♦	 ❛❧❧ 	❡♣	❡�❡♥�❛�✐♦♥�

❲❡ 	�✐❧❧ ❝♦♥	✐❞❡� ❛♥ ✐♥✜♥✐�❡ ❣�❛♣❤ G = (V,E)✱ ❝♦♥♥❡❝�❡❞ ❛♥❞ ❧♦❝❛❧❧② ✜♥✐�❡✱ ❡♥❞♦✇❡❞ ✇✐�❤ ♣♦	✐�✐✈❡ ✇❡✐❣❤�	
(We)e∈E ✳ ❋�♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② P̃

V RJP (W,i0) �❤❡ ❞✐	��✐❜✉�✐♦♥ ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ♣�♦❝❡		 Z(1)

✉♥❞❡� PV RJP (W,i0)✳ ❆❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✶✳✷✳✸✱ ✐� ✐	 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡		❡	 ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣
	❡♥	❡✿

P̃
V RJP (W,i0)[·] =

∫
P
W,β,γ,i0
i0

[·]νWV (dβ, dγ),

✇❤❡�❡ PW,β,γ,i0 ✐	 �❤❡ ❞✐	��✐❜✉�✐♦♥ ♦❢ �❤❡ ▼❛�❦♦✈ ♣�♦❝❡		 ♦♥ G ✇✐�❤ ❥✉♠♣ �❛�❡
Wi,j

2
G(i0,j)
G(i0,i)

❢�♦♠ i �♦ j✳ ❲❡

❛�❡ ✐♥�❡�❡	�❡❞ ✐♥ ✇❤❡�❤❡� �❤✐	 ✐	 �❤❡ ♦♥❧② ✇❛② �♦ ✇�✐�❡ P̃
V RJP (W,i0) ❛	 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡		❡	✳

▲❡� ✉	 ✐♥��♦❞✉❝❡ ♠♦�❡ ❢♦�♠❛❧❧② �❤❡ ♥♦�✐♦♥ ♦❢ �❡♣�❡	❡♥�❛�✐♦♥	 ♦❢ �❤❡ ❱❘❏,✳ ❲❡ ❞❡♥♦�❡ ❜② J E
V �❤❡ 	❡�

♦❢ ❥✉♠♣ �❛�❡	 ♦♥ G✱ ✐✳❡✳ �❤❡ 	❡� ♦❢ (ri,j)i,j∈V ∈ R
V×V
+ 	✉❝❤ �❤❛� ri,j = 0 ✐❢ {i, j} /∈ E✳ ▲❡� ♥♦✇ R ❜❡ ❛

♣�♦❜❛❜✐❧✐�② ❞✐	��✐❜✉�✐♦♥ ♦♥ J E
V ✱ ❛♥❞ i0 ∈ V ✳ ❲❡ ✇✐❧❧ 	❛② �❤❛� R ✐	 ❛ �❡♣�❡	❡♥�❛�✐♦♥ ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞

❱❘❏, 	�❛��✐♥❣ ❛� i0 ✭❛	 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡		❡	✮ ✐❢

P̃
V RJP (W,i0)[·] =

∫
P
MJP (r)
i0

R(dr),

✇❤❡�❡ ✇❡ 	�✐❧❧ ❞❡♥♦�❡ ❜② P
MJP (r) �❤❡ ❞✐	��✐❜✉�✐♦♥ ♦❢ �❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡		 ♦♥ G ✇✐�❤ ❥✉♠♣ �❛�❡	

(ri,j)i∼j ✳ ❚❤❡ ❞✐	��✐❜✉�✐♦♥ ♦❢ ❥✉♠♣ �❛�❡	 ❛♣♣❡❛�✐♥❣ ✐♥ ❚❤❡♦�❡♠ ✶✳✷✳✸ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ✧	�❛♥❞❛�❞ �❡♣�❡	❡♥�❛✲
�✐♦♥✧✳
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●❡♥❡�❛❧ �❡♣�❡�❡♥	❛	✐♦♥� ❛♥❞ 	❤❡ β ♣♦	❡♥	✐❛❧

❚❤❡ ✜��� �✉❡��✐♦♥ ❝♦♥❝❡�♥✐♥❣ ❛�❜✐��❛�② �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏� ✐� �❤❡ ❢♦❧❧♦✇✐♥❣✿ ❝❛♥ �❤❡② ❛❧❧ ❜❡

❡①♣�❡��❡❞ ✐♥ �❤❡ �❛♠❡ ✇❛② ❛� �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥✱ ✉�✐♥❣ �❤❡ β ♣♦�❡♥�✐❛❧❄ ❚❤❡ ❛♥�✇❡� ✐� ♣♦�✐�✐✈❡✱

❛� ❞❡�❝�✐❜❡❞ ❜❡❧♦✇✳

❋♦� r ∈ J E
V ❛♥❞ i ∈ V ✱ ✇❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② ri =

∑
i∼j ri,j ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦�❡♠ ❛��✉�❡� �❤❛� ❢♦�

❛♥② �❡♣�❡�❡♥�❛�✐♦♥ R ♦❢ �❤❡ ❱❘❏�✱ ✉♥❞❡� R(dr) �❤❡ ❤♦❧❞✐♥❣ �✐♠❡ �❛�❡� (ri)i∈V ❤❛✈❡ �❤❡ �❛♠❡ ❞✐���✐✲

❜✉�✐♦♥ ❛� �❤❡ ❛♥❛❧♦❣♦✉� �✉❛♥�✐�✐❡� (β̃i)i∈V ✐♥ �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥✳ ❇② ❛❞❞✐♥❣ ❛♥ ✐♥❞❡♣❡♥❞❡♥�

●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡ ❛� �❤❡ ��❛��✐♥❣ ♣♦✐♥�✱ ✇❡ �❤❡�❡❢♦�❡ ❣❡� ❛ ♣♦�❡♥�✐❛❧ ✇✐�❤ ❞✐���✐❜✉�✐♦♥ νWV ✳

❚❤❡♦�❡♠ ✶✳✸✳✶✳ ▲❡� R ❜❡ ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ��❛��✐♥❣ ❛� i0✳ ❲❡ ❞❡✜♥❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐���✐✲

❜✉�✐♦♥ ♦♥ J E
V × R✿ R(dr, dγ) = R(dr)⊗ 1{γ>0}√

πγ e−γdγ✳

❋♦� r ∈ J E
V ❛♥❞ γ > 0✱ ✇❡ ❞❡✜♥❡ ❛ ♣♦�❡♥�✐❛❧ β ∈ R

V
+ ♦♥ G ❜②✿

βi = ri + 1{i=i0}γ.

❚❤❡♥ ✉♥❞❡� R(dr, dγ)✱ β ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νWV ✳

▼♦�❡♦✈❡� �❤❡�❡ ❡①✐��� ❛ �❛♥❞♦♠ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥ h : V → R+✱ �✉❝❤ �❤❛� ❢♦� ❛❧❧ i ∼ j✱

ri,j =
Wi,j

2

Gh(i0, j)

Gh(i0, i)
,

✇❤❡�❡ ❢♦� i ∈ V ✱ Gh(i0, i) = Ĝ(i0, i) + h(i)✱ ❛♥❞ Ĝ ��✐❧❧ ❞❡♥♦�❡� �❤❡ β✲♠❡❛�✉�❛❜❧❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ ❞❡✜♥❡❞

♦♥ V × V ✳

❚❤❡ ❡①♣�❡��✐♦♥ ♦❢ �❤❡ ❥✉♠♣ �❛�❡� ✉�✐♥❣ Gh �❡�✉❧�� ❡❛�✐❧② ❢�♦♠ �❤❡ ❢❛❝� �❤❛� (βi)i∈V ❤❛� ❞✐���✐❜✉�✐♦♥

νWV ✳ ❚♦ ♣�♦✈❡ �❤✐�✱ ✇❡ ♣�♦❝❡❡❞ ✐♥ �❤❡ �❛♠❡ ♠❛♥♥❡� ❛� ✇✐�❤ �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥✿ ❜② ❡①♣�❡��✐♥❣

�❤❡ ❞❡♥�✐�② ♦❢ ❝②❝❧✐❝❛❧ ��❛❥❡❝�♦�✐❡� ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏� ❛� �❤❡ ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ♦❢ �❤❡ ❞✐���✐❜✉�✐♦♥

R✳

■♥❞❡❡❞✱ �❛❦❡ n ∈ N✱ 0 < s1 < ... < sn < t ❛♥❞ i1, ..., in ∈ V ✱ ❛♥❞ ❧❡� σ = σ
(i,s)
t,n �❤❡ ��❛❥❡❝�♦�② ❞❡✜♥❡❞

❛� ✐♥ ��♦♣♦�✐�✐♦♥ ✶✳✷✳✶✳ ▲❡� ❛❧�♦ Fi0 ❜❡ �❤❡ ❞❡♥�✐�② ♦❢ ��❛❥❡❝�♦�✐❡� ❢♦� �❤❡ ❱❘❏� ��❛��❡❞ ❛� i0✳ ❚❤❡♥ ✇❡

❤❛✈❡ �✇♦ ✇❛②� ♦❢ ✇�✐�✐♥❣ Fi0(σ)✿ �❤❡ ❡①♣❧✐❝✐� ❡①♣�❡��✐♦♥

Fi0(σ) = exp

⎛
⎝−

∑

i∼j

Wi,j

(√
(1 + lσi (t))(1 + lσj (t))− 1

)
⎞
⎠ 2−n

∏n−1
k=0 Wik,ik+1∏

i∈V \{in}
√
1 + lσi (t)

,

❛♥❞ �❤❡ ❛✈❡�❛❣❡❞ ❡①♣�❡��✐♦♥ ✉�✐♥❣ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ R✱

Fi0(σ) =

∫
exp

(
−
∑

i∈V

ril
σ
i (t)

)
n−1∏

k=0

rik,ik+1
R(dr).

■♥ ♦�❞❡� �♦ ✐❞❡♥�✐❢② �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ (ri)i∈V ✱ ✇❡ �❛❦❡ i0 = in �♦ �❤❛� σ ✐� ❛ ❝②❝❧✐❝ ��❛❥❡❝�♦�②✳ ❲❡ �❤❡♥

♦♥❧② ♥❡❡❞ �♦ �❤♦✇ �❤❛�
n−1∏

k=0

rik,ik+1
=

n−1∏

k=0

Wik,ik+1

2
,

✇❤✐❝❤ ✇❡ ♦❜�❛✐♥ ❜② ♦❜�❡�✈✐♥❣ �❤❡ ❞❡♥�✐�② ♦❢ �❤❡ n✲❢♦❧❞ ❝♦♥❝❛�❡♥❛�❡❞ ��❛❥❡❝�♦�② ✇❤❡♥ n → ∞ ❛♥❞ t → 0✳
❚❤✐� ❝♦♠♠♦♥ ❢♦�♠ ❢♦� ❛❧❧ �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏� ✐� ❛ ✜��� ��❡♣ ✐♥ ❛♥�✇❡�✐♥❣ �❤❡ �✉❡��✐♦♥ ♦❢

✉♥✐�✉❡♥❡�� ♦❢ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥✳ ❚♦ ❣♦ ❢✉��❤❡�✱ ✇❡ ❤❛✈❡ �♦ ❦♥♦✇ ♠♦�❡ ❛❜♦✉� Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥�✳

❲❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❝❤❛�❛❝�❡�✐③❡ �❤❡♠ ✉�✐♥❣ �❤❡ ♥♦�✐♦♥ ♦❢ ▼❛��✐♥ ❜♦✉♥❞❛�②✳
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❍❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ❛♥❞ ▼❛��✐♥ ❜♦✉♥❞❛�②

❲❡ ✇✐❧❧ ❝♦♥
✐❞❡� 
✇♦ ❝❛
❡
 ❢♦� 
❤❡ ❱❘❏� ♦♥ (G,W )✿ ✇❤❡♥ ✐
 ✐
 ❛ ♠✐①
✉�❡ ♦❢ ❛✳
✳ �❡❝✉��❡♥
 ▼❛�❦♦✈
♣�♦❝❡

❡
✱ ♦� ❛✳
✳ 
�❛♥
✐❡♥
 ♦♥❡
✳ ■♥ 
❤❡ ✜�

 ❝❛
❡✱ ❛
 ✇✐
❤ �❛♥❞♦♠ ✇❛❧❦
 ✐♥ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
✱
❡✈❡�② ✈❡�
❡① ✐
 ✈✐
✐
❡❞ ✐♥✜♥✐
❡❧② ♠❛♥② 
✐♠❡
 ❛♥❞ 
❤❡ ❧❛✇ ♦❢ ❧❛�❣❡ ♥✉♠❜❡�
 ②✐❡❧❞
 
❤❡ ✉♥✐$✉❡♥❡

 ♦❢ 
❤❡
�❡♣�❡
❡♥
❛
✐♦♥✳ ❚❤❡�❡❢♦�❡✱ 
❤❡ 

❛♥❞❛�❞ �❡♣�❡
❡♥
❛
✐♦♥ ✐
 
❤❡ ♦♥❧② ♦♥❡✱ ❛♥❞ 
❤❡ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥ h
✐♥ ❚❤❡♦�❡♠ ✶✳✸✳✶ ✐
 ③❡�♦ ❡✈❡�②✇❤❡�❡✳

❋�♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛

✉♠❡ 
❤❛
 
❤❡ ❱❘❏� ♦♥ (G,W ) ✐
 ❛✳
✳ 
�❛♥
✐❡♥
✳ ❆❝❝♦�❞✐♥❣ 
♦ ❚❤❡♦�❡♠ ✶✳✷✳✸✱ ✇❡

❤❡♥ ❤❛✈❡ νWV (dβ)✲❛✳
✳ ψ(i) > 0 ❢♦� ❛❧❧ i ∈ V ✳ ❚❤✐
 ✇✐❧❧ ❛❧❧♦✇ ✉
 
♦ ❞❡✜♥❡ ❛ ▼❛�❦♦✈ ♦♣❡�❛
♦� Δψ✱ 
✉❝❤

❤❛
 Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥
 ❛♥❞ Δψ✲❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥
 ❛�❡ �❡❧❛
❡❞✳

❋♦� i, j ∈ V ❛♥❞ β ∈ DW
V ✱ ✇❡ ❞❡✜♥❡ 
❤❡ ❢♦❧❧♦✇✐♥❣ �❛♥❞♦♠ ❝♦♥❞✉❝
❛♥❝❡
✿ cψi,j = Wi,jψ(i)ψ(j)✳ ◆♦
❡


❤❛
 
❤❡ ❛

♦❝✐❛
❡❞ �❛♥❞♦♠ ✇❛❧❦ ✐
 
�❛♥
✐❡♥
✳ ❚❤❡
❡ ❝♦♥❞✉❝
❛♥❝❡
 ✜�

 ❛♣♣❡❛�❡❞ ✐♥ 
❤❡ ♣�♦♦❢ ♦❢ 
❤❡
❝❡♥
�❛❧ ❧✐♠✐
 
❤❡♦�❡♠ ❢♦� 
❤❡ ❱❘❏� ✭❢�♦♠ ❬❙❩✶✾❪✮✳ ▼♦�❡♦✈❡�✱ ❧❡
 Δψ ❜❡ 
❤❡ ❞✐
❝�❡
❡ ▲❛♣❧❛❝✐❛♥ ❛

♦❝✐❛
❡❞
✇✐
❤ 
❤❡ ❝♦♥❞✉❝
❛♥❝❡
 cψ✱ ✐✳❡✳ ❢♦� f ∈ R

V ❛♥❞ i ∈ V ✱

(
Δψf

)
(i) =

∑

j∼i

cψi,j
(
f(j)− f(i)

)
.

❚❤❡♥ ❢♦� ❛♥② ❢✉♥❝
✐♦♥ ϕ : V → R✱ ϕ ✐
 Δψ✲❤❛�♠♦♥✐❝ ✭✐✳❡✳ Δψϕ ≡ 0✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψϕ ✐
 Hβ✲❤❛�♠♦♥✐❝✳ ■♥
♦�❞❡� 
♦ ✐❞❡♥
✐❢② Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥
✱ ✇❡ 
❤❡♥ 
✐♠♣❧② ❤❛✈❡ 
♦ 

✉❞② ❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥
 ❢♦� ❛ 
�❛♥
✐❡♥

�❛♥❞♦♠ ✇❛❧❦✱ ✇❤✐❝❤ ✐
 
❤❡ ♣✉�♣♦
❡ ♦❢ 
❤❡ ♥♦
✐♦♥ ♦❢ ▼❛�
✐♥ ❜♦✉♥❞❛�②✳

▲❡
 ✉
 ❣✐✈❡ ♠♦�❡ ❞❡
❛✐❧
 ❛❜♦✉
 
❤✐
 ♣❛�
✐❝✉❧❛� 
②♣❡ ♦❢ ❜♦✉♥❞❛�②✱ 
❤❛
 ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦� ✐♥

❛♥❝❡ ✐♥
❬❲♦❡✵✵❪✿ ❧❡
 (Yn)n∈N ❜❡ ❛ 
�❛♥
✐❡♥
 �❛♥❞♦♠ ✇❛❧❦ ♦♥ ❛ ❧♦❝❛❧❧② ✜♥✐
❡ ❣�❛♣❤ G = (V,E)✳ ❲❡ ❞❡♥♦
❡ ❜②
g : V 2 → R+ 
❤❡ ●�❡❡♥ ❢✉♥❝
✐♦♥ ❛

♦❝✐❛
❡❞ ✇✐
❤ 
❤❡ ✇❛❧❦✱ ✐✳❡✳ g(i, j) =

∑
n∈N

Pi[Yn = j]✳ ▲❡
 ✉
 ✜① ❛♥

❛�❜✐
�❛�② ♣♦✐♥
 φ✱ ❛♥❞ ✐♥
�♦❞✉❝❡ 
❤❡ ❦❡�♥❡❧ K : V 2 → R+ 
✉❝❤ 
❤❛
 K(i, j) = g(i,j)
g(φ,j) ✳ ❚❤❡♥ 
❤❡ ▼❛�
✐♥

❜♦✉♥❞❛�② M ✐
 ❞❡✜♥❡❞ 
♦ 
❤❛
 V̂ = V ∪M ✐
 
❤❡ 
♠❛❧❧❡

 ❝♦♠♣❛❝
✐✜❝❛
✐♦♥ ♦❢ V 
✉❝❤ 
❤❛
 K ❡①
❡♥❞

❝♦♥
✐♥✉♦✉
❧② 
♦ V × V̂ ✳ ❆
 ❛ ❝♦♥
❡$✉❡♥❝❡✱ ❢♦� α ∈ M ❛♥❞ (xk)k∈N ∈ V N✱ ✇❡ ❤❛✈❡ xk → α ✐❢ ❛♥❞ ♦♥❧② ✐❢
xk → ∞ ❛♥❞ K(i, xk) → K(i, α) ❢♦� ❛❧❧ i ∈ V ✳ K : V ×M → R+ ✐
 
❤❡♥ ❝❛❧❧❡❞ 
❤❡ ▼❛�
✐♥ ❦❡�♥❡❧✳

❚❤✐
 ♥♦
✐♦♥ ♦❢ ❜♦✉♥❞❛�② ✐
 ❝❧♦
❡❧② �❡❧❛
❡❞ 
♦ ♣♦
✐
✐✈❡ ❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥
 ❢♦� 
❤❡ ✇❛❧❦ Y ✳ ■♥❞❡❡❞✱
❢♦� ❛❧❧ α ∈ M✱ K(·, α) ✐
 ❤❛�♠♦♥✐❝✳ ❈♦♥✈❡�
❡❧②✱ 
❤❡ ❢♦❧❧♦✇✐♥❣ �❡♣�❡
❡♥
❛
✐♦♥ 
❤❡♦�❡♠ ❛

✉�❡
 
❤❛
 ❛♥②
♣♦
✐
✐✈❡ ❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥ ❝❛♥ ❜❡ ❡①♣�❡

❡❞ ✐♥ 
❡�♠
 ♦❢ 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�②✳

❚❤❡♦�❡♠ ✶✳✸✳✷✳ ▲❡� Y ❜❡ ❛ ��❛♥
✐❡♥� �❛♥❞♦♠ ✇❛❧❦ ♦♥ G = (V,E)✱ ❛♥❞ ❧❡� M ❛♥❞ K ❜❡ �❤❡ ❛

♦❝✐❛�❡❞

▼❛��✐♥ ❜♦✉♥❞❛�② ❛♥❞ ▼❛��✐♥ ❦❡�♥❡❧✳ ▲❡� h : V → R+ ❜❡ ❛ ♣♦
✐�✐✈❡ ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥ ❢♦� �❤❡ �❛♥❞♦♠

✇❛❧❦ Y ✳ ❚❤❡♥ �❤❡�❡ ❡①✐
�
 ❛ ♠❡❛
✉�❡ μh ♦♥ M 
✉❝❤ �❤❛� ❢♦� i ∈ V ✱

h(i) =

∫
K(i, α)μh(dα).

❆ ♣❛�
✐❝✉❧❛� ❝❛
❡ ✐
 
❤❡ ♦♥❡ ✇❤❡�❡ 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�② ✐
 
�✐✈✐❛❧✱ ✐✳❡✳ �❡❞✉❝❡❞ 
♦ ❛ 
✐♥❣❧❡ ♣♦✐♥
✳ ■♥

❤✐
 ❝❛
❡✱ 
❤❡ ♦♥❧② ❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥
 ❛�❡ ❝♦♥

❛♥
✳ ■❢ ✇❡ ♠❛♥❛❣❡ 
♦ 
❤♦✇ 
❤❛
 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�②
❛

♦❝✐❛
❡❞ ✇✐
❤ Δψ ✐
 
�✐✈✐❛❧✱ 
❤❡ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥ h ✐♥ ❚❤❡♦�❡♠ ✶✳✸✳✶ ❤❛
 
♦ ❜❡ ♣�♦♣♦�
✐♦♥❛❧ 
♦ ψ✱
✇❤✐❝❤ ✐♠♣❧✐❡
 
❤❡ ✉♥✐$✉❡♥❡

 ♦❢ 
❤❡ �❡♣�❡
❡♥
❛
✐♦♥✳

❍♦✇❡✈❡�✱ ❣❡♥❡�❛❧❧② 
♣❡❛❦✐♥❣ ✇❡ ❤❛✈❡ ♥♦ ✇❛② ♦❢ ✐❞❡♥
✐❢②✐♥❣ 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�② ❢♦� ❛ �❛♥❞♦♠ ✇❛❧❦
✐♥ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
✳ ❲❡ 

✐❧❧ ♦❜
❛✐♥ �❡
✉❧

 ✐♥ 
✇♦ ♣❛�
✐❝✉❧❛� ❝❛
❡
✿ ♦♥ 
❤❡ ❧❛

✐❝❡ Z

d✱ ✇❤❡�❡ ✇❡ ❤❛✈❡
❛ ❧♦❝❛❧ ❝❡♥
�❛❧ ❧✐♠✐
 
❤❡♦�❡♠✱ ✇❤✐❝❤ ♣�♦✈✐❞❡
 ♣�❡❝✐
❡ ❡

✐♠❛
❡
 ♦❢ 
❤❡ ❛

♦❝✐❛
❡❞ ●�❡❡♥ ❢✉♥❝
✐♦♥❀ ❛♥❞ ♦♥

❤❡ ✐♥✜♥✐
❡ 
�❡❡✱ ✇❤❡�❡ 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�② ✐
 ❞❡
❡�♠✐♥✐

✐❝✱ ❛♥❞ ❡$✉❛❧ 
♦ 
❤❡ ❣❡♦♠❡
�✐❝ ❜♦✉♥❞❛�② ♦❢

❤❡ 
�❡❡ ✭
❤❡ 
❡
 ♦❢ ✐♥✜♥✐
❡ �❛②
✮✳



✶✳✸✳ ❚❍❊ ◗❯❊❙❚■❖◆ ❖❋ ❯◆■◗❯❊◆❊❙❙ ❖❋ ❚❍❊ ❘❊�❘❊❙❊◆❚❆❚■❖◆ ✷✼

✶✳✸✳✷ ❯♥✐�✉❡♥❡�� ♦❢ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦♥ Z
d

▲❡� ✉� ♣�❡�❡♥� ❤❡�❡ �❤❡ �❡�✉❧� ✇❡ ♦❜�❛✐♥❡❞ ❢♦� �❤❡ ❱❘❏� ♦♥ �❤❡ ❧❛��✐❝❡ Z
d ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤��

W ✳ ❲❡ �❛❦❡ G = (Zd, Ed)✱ ✇❤❡�❡ Ed =
{
{i, j} ⊂ Z

d, |i− j| = 1
}
✱ ❛♥❞ |.| ✐� �❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦�♠ ♦♥ Z

d✳
❘❡❝❛❧❧ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡�✉❧�� ♦♥ ��❛♥�✐❡♥❝❡ ❛♥❞ �❡❝✉��❡♥❝❡ ♦❢ �❤❡ ❱❘❏� ♦♥ Z

d✿ ❢♦� d = 2✱ �❤❡ ❱❘❏� ♦♥
(G,W ) ✐� ❛ ♠✐①�✉�❡ ♦❢ ♣♦�✐�✐✈❡ �❡❝✉��❡♥� ▼❛�❦♦✈ ♣�♦❝❡��❡� ❢♦� ❛♥② ❝♦♥��❛♥� ✐♥✐�✐❛❧ ✇❡✐❣❤�� W ❀ ❢♦� d ≥ 3✱
�❤❡�❡ ❡①✐��� W > 0 �✉❝❤ �❤❛� ❢♦� W < W ✱ �❤❡ ❱❘❏� ✐� ❛ ♠✐①�✉�❡ ♦❢ ♣♦�✐�✐✈❡ �❡❝✉��❡♥� ▼❛�❦♦✈ ♣�♦❝❡��❡�✱
❛♥❞ ❢♦� W > W ✱ ❛ ♠✐①�✉�❡ ♦❢ ��❛♥�✐❡♥� ▼❛�❦♦✈ ♣�♦❝❡��❡�✳

■♥ �❤❡ �❡❝✉��❡♥� ❝❛�❡✱ �❤❡ ✉♥✐&✉❡♥❡�� ♦❢ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ✐� ❛❧�❡❛❞② ❦♥♦✇♥✳ ❲❡ �❤♦✇ �❤❛� ❢♦� d ≥ 3✱
�❤❡�❡ ❡①✐��� W ≥ W �✉❝❤ �❤❛� ✐❢ W > W ✱ �❤❡ ❱❘❏� ♦♥ (Zd,W ) ❛❞♠✐�� ❛ ✉♥✐&✉❡ �❡♣�❡�❡♥�❛�✐♦♥ ❛� ❛
♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❝❤❛✐♥�✳ ❆� ❛♥♥♦✉♥❝❡❞ ✐♥ �❤❡ ♣�❡✈✐♦✉� �❡❝�✐♦♥✱ ✇❡ ♣�♦✈❡ �❤✐� ❜② �❤♦✇✐♥❣ �❤❛� �❤❡
▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ ✐� νW

Zd (dβ)✲❛❧♠♦�� �✉�❡❧② ��✐✈✐❛❧ ✐♥ �❤✐� �❡❣✐♠❡✳

▼❛��✐♥ ❜♦✉♥❞❛�② ✐♥ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡�

■♥ ♦�❞❡� �♦ ✐❞❡♥�✐❢② �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞ ✇✐�❤ �♦♠❡ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥�✱ ✇❡ ♥❡❡❞ �♦ ❝♦♥��♦❧
�❤❡ ❧♦♥❣✲�❛♥❣❡ ❜❡❤❛✈✐♦� ♦❢ �❤❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ ❝♦��❡�♣♦♥❞✐♥❣ �♦ �❤❡ &✉❡♥❝❤❡❞ ♣�♦❝❡��✳ ❚❤✐� ✐� ♣�♦✈✐❞❡❞
❜② ❛ ❧♦❝❛❧ ❝❡♥��❛❧ ❧✐♠✐� �❤❡♦�❡♠✱ ✇❤✐❝❤ ✇❛� ♣�♦✈❡❞ ❜② ❆♥❞�❡�✱ ❉❡✉�❝❤❡❧ ❛♥❞ ❙❧♦✇✐❦ ✐♥ ❬❆❉❙✶✻❛❪✳ ❚❤✐�
�❡�✉❧� ��❛�❡� �❤❛� ✐❢ �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡� �❛�✐�❢② �♦♠❡ ❡�❣♦❞✐❝✐�② ❛♥❞ ✐♥�❡❣�❛❜✐❧✐�② ❝♦♥❞✐�✐♦♥�✱ �❤❡
❛��♦❝✐❛�❡❞ ●�❡❡♥ ❢✉♥❝�✐♦♥ ❤❛� ❛❧♠♦�� �✉�❡❧② �❤❡ �❛♠❡ ❧♦♥❣✲�❛♥❣❡ ❜❡❤❛✈✐♦� ❛� ❢♦� ❛ ��❛♥❞❛�❞ d✲❞✐♠❡♥�✐♦♥❛❧
❇�♦✇♥✐❛♥ ♠♦�✐♦♥✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ �❤❛� �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ❢♦� �✉❝❤ ❛ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✐� ��✐✈✐❛❧✱ �❤✐�
②✐❡❧❞� �❤❡ ❢♦❧❧♦✇✐♥❣ �❡�✉❧�✳

��♦♣♦�✐�✐♦♥ ✶✳✸✳✶✳ ▲❡� d ≥ 3 ❛♥❞ (ωe)e∈Ed
∈ (R∗

+)
Ed ❜❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡
 ♦♥ (Zd, Ed)✳ ❲❡ ❛

✉♠❡

�❤❛� �❤❡ ❞✐
��✐❜✉�✐♦♥ ♦❢ ω ✐
 
�❛�✐♦♥❛�② ❛♥❞ ❡�❣♦❞✐❝ ✇✐�❤ �❡
♣❡❝� �♦ ��❛♥
❧❛�✐♦♥
 ♦❢ Zd✱ ❛♥❞ �❤❛� �❤❡�❡ ❡①✐
�

1 < p, q ≤ ∞ 
✉❝❤ �❤❛� E[ωp
e ] < ∞ ❛♥❞ E[ω−q

e ] < ∞ ❢♦� ❛❧❧ e ∈ Ed✳

❚❤❡♥ �❤❡ ✇❛❧❦ ❛

♦❝✐❛�❡❞ ✇✐�❤ ω ✐
 ❛✳
✳ ��❛♥
✐❡♥�✱ ❛♥❞ �❤❡ ❝♦��❡
♣♦♥❞✐♥❣ ▼❛��✐♥ ❜♦✉♥❞❛�② ✐
 ❛✳
✳

��✐✈✐❛❧✳

❈♦♥�❡�✉❡♥❝❡� ❢♦� �❤❡ �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏� ♦♥ Z
d

❚❛❦❡ ❝♦♥��❛♥� ✇❡✐❣❤�� W ❧❛�❣❡ ❡♥♦✉❣❤ �♦ �❤❛� �❤❡ ❱❘❏� ♦♥ (Zd,W ) ✐� ❛✳�✳ ��❛♥�✐❡♥�✳ ❚❤❡�❡❢♦�❡ ✇❡ ❛❧�♦

❤❛✈❡ νW
Zd ✲❛✳�✳ ψ(i) > 0 ❢♦� ❛❧❧ i ∈ Z

d✱ ❛♥❞ cψi,j ✐� ✇❡❧❧✲❞❡✜♥❡❞ ❢♦� ❛❧❧ i, j ∈ Z
d✳ ❚❤❡ ♣�❡✈✐♦✉� �❡�✉❧� ❝❛♥ �❤❡♥

❜❡ ❛♣♣❧✐❡❞ �♦ �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡� cψ ✉♥❞❡� νW
Zd (dβ)✳ ■♥ �❤✐� ❝♦♥�❡①�✱ �❤❡ ♣♦�❡♥�✐❛❧ β ✐� ��❛�✐♦♥❛�②

❛♥❞ ❡�❣♦❞✐❝ ❢♦� �❤❡ ��❛♥�❧❛�✐♦♥� ♦❢ Z
d✱ �♦ �❤✐� ❛❧�♦ ��✉❡ ❢♦� ψ✱ ❛� ✇❡❧❧ ❛� �❤❡ ❝♦♥❞✉❝�❛♥❝❡� cψ✳ ❚❤❡

✐♥�❡❣�❛❜✐❧✐�② ❝♦♥❞✐�✐♦♥ ♦❢ ��♦♣♦�✐�✐♦♥ ✶✳✸✳✶ ✐� �❛�✐�✜❡❞ ❢♦� W ❧❛�❣❡ ❡♥♦✉❣❤✱ �❤❛♥❦� �♦ �❤❡ ❞❡❧♦❝❛❧✐③❛�✐♦♥
�❡�✉❧� ❢�♦♠ ❉✐�❡��♦�✐✱ ❙♣❡♥❝❡� ❛♥❞ ❩✐�♥❜❛✉❡� ✭❬❉❙❩✶✵❪✮✳ ■♥ �❤✐� �❡❣✐♠❡✱ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞
✇✐�❤ cψ ✐� �❤❡♥ ❛✳�✳ ��✐✈✐❛❧✱ ❛♥❞ �❤❡�❡❢♦�❡ �❤❡ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ❛�❡ ❛✳�✳ ♣�♦♣♦��✐♦♥❛❧ �♦ ψ✳ ❯�✐♥❣
❚❤❡♦�❡♠ ✶✳✸✳✶✱ �❤✐� ②✐❡❧❞� �❤❡ ✉♥✐&✉❡♥❡�� ♦❢ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏�✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦�❡♠ �✉♠♠❛�✐③❡� �❤❡ ✉♥✐&✉❡♥❡�� �❡�✉❧�� �❤❛� ✇❡ ❤❛✈❡ ♦♥ Z
d✳

❚❤❡♦�❡♠ ✶✳✸✳✸✳ ▲❡� G = (Zd, Ed) ❜❡ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥
�❛♥� ❡❞❣❡ ✇❡✐❣❤�
 W > 0✳ ❲❡ ❝♦♥
✐❞❡� �❡♣�❡✲

❡♥�❛�✐♦♥
 ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏"✱ ✇✐�❤ ❞✐
��✐❜✉�✐♦♥ P̃

V RJP (W,0)✱ ❛
 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡

❡
✳

❚❤❡♥✿

❼ ■❢ d ∈ {1, 2}✱ �❤❡�❡ ✐
 ❛ ✉♥✐%✉❡ �❡♣�❡
❡♥�❛�✐♦♥✳

❼ ■❢ d ≥ 3✱ �❤❡�❡ ❛�❡ ❝♦♥
�❛♥�
 W ❛♥❞ W 
✉❝❤ �❤❛� ❢♦� 0 < W < W ♦� ❢♦� W > W ✱ �❤❡�❡ ✐
 ❛ ✉♥✐%✉❡

�❡♣�❡
❡♥�❛�✐♦♥✳

❲❡ ❞♦ ♥♦� ②❡� ❦♥♦✇ ✐❢ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ✐� ��✐❧❧ ✉♥✐&✉❡ ✇❤❡♥ W ≤ W ≤ W ✳
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✶✳✸✳✸ ❆ ❢❛♠✐❧② ♦❢ �❡♣�❡�❡♥�❛�✐♦♥� ♦♥ ✐♥✜♥✐�❡ ��❡❡�

❋♦� ❛ ��❛♥�✐❡♥� �❛♥❞♦♠ ✇❛❧❦ ♦♥ ❛♥ ✐♥✜♥✐�❡ �♦♦�❡❞ ��❡❡✱ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ✐� ❛❧✇❛②� �❤❡ �❡� ♦❢ ❡♥❞� ♦❢
�❤❡ ��❡❡✱ ✐✳❡✳ �❤❡ �❡� ♦❢ ✐♥✜♥✐�❡ �❡❧❢✲❛✈♦✐❞✐♥❣ ♣❛�❤� ✭♦� �❛②�✮ ��❛��❡❞ ❛� �❤❡ �♦♦�✳ ❚❤❡�❡❢♦�❡✱ �❤❡ ❜♦✉♥❞❛�②
✐� ❢❛� �✐❝❤❡� �❤❛♥ ✐♥ �❤❡ ❝❛�❡ ♦❢ Zd✱ ❛♥❞ �❤❡�❡ �❤♦✉❧❞ ❜❡ ❛ ❧♦� ♠♦�❡ ♣♦��✐❜✐❧✐�✐❡� ❢♦� ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥�✳
❚❤✐� ✐� ❛ ✜��� ❤✐♥� ❛� �❤❡ ❢❛❝� �❤❛� ✇❡ ✇✐❧❧ ✜♥❞ ♠❛♥② ❞✐��✐♥❝� �❡♣�❡�❡♥�❛�✐♦♥� ♦♥ ✐♥✜♥✐�❡ ��❡❡� ✭✇✐�❤ �♦♠❡
�❡❣✉❧❛�✐�② ❛��✉♠♣�✐♦♥�✮✳

❈♦♥�✐❞❡� �❤❡♥ �❤❡ ❱❘❏% ♦♥ ❛♥ ✐♥✜♥✐�❡ ��❡❡✳ ❲❡ ❛❧�❡❛❞② ❦♥♦✇ �❤❛� �❤❡ ♣�♦❝❡�� ❛❞♠✐�� �✇♦ ❞✐��✐♥❝�
�❡♣�❡�❡♥�❛�✐♦♥�✱ ❜✉✐❧� ✉�✐♥❣ ❞✐✛❡�❡♥� ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥�✿ ✇✐�❡❞ ❛♥❞ ❢�❡❡✳ ❚♦ ❝♦♥���✉❝� ❛ ❢❛♠✐❧② ♦❢
❞✐✛❡�❡♥� �❡♣�❡�❡♥�❛�✐♦♥�✱ ✇❡ ✐♥��♦❞✉❝❡ ❛ ♥❡✇ �②♣❡ ♦❢ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✱ ✇❤✐❝❤ ✐� ❛ ✈❛�✐❛♥� ♦❢ �❤❡ ✇✐�❡❞

❝❛�❡✱ �❛❦✐♥❣ ❛❞✈❛♥�❛❣❡ ♦❢ �❤❡ ��❡❡ ���✉❝�✉�❡✳

❆ ✈❛�✐❛♥� ♦❢ �❤❡ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥

▲❡� ✉� ✜��� ❞❡✜♥❡ �♦♠❡ ♥♦�❛�✐♦♥� ♦♥ ��❡❡�✳ ▲❡� T = (T,E) ❜❡ ❛♥ ✐♥✜♥✐�❡ ��❡❡✱ ❛♥❞ ❧❡� φ ∈ T ❜❡ ❛ ✜①❡❞
❛�❜✐��❛�② �♦♦�✳ ❋♦� ❛❧❧ i ∈ T ✱ ✇❡ ❞❡♥♦�❡ ❜② |i| = d(φ, i) �❤❡ ❣�❛♣❤ ❞✐��❛♥❝❡ ❜❡�✇❡❡♥ φ ❛♥❞ i✱ ❛❧�♦ ❝❛❧❧❡❞
❞❡♣�❤ ♦❢ i✳ ❚❤❡♥ ❢♦� n ∈ N✱ D(n) = {i ∈ T, |i| = n} ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ �❤❡ n�❤ ❣❡♥❡�❛�✐♦♥ ♦❢ T ✳ ❋✐♥❛❧❧②✱ ❢♦�
i ∈ T ✱ ✇❡ ❞❡♥♦�❡ ❜② S(i) �❤❡ �❡� ♦❢ ❝❤✐❧❞�❡♥ ♦❢ i✱ ❛♥❞ ❜② Ti �❤❡ �✉❜��❡❡ ♦❢ ❞❡�❝❡♥❞❛♥�� ♦❢ i✳

❲❡ ❡♥❞♦✇ T ✇✐�❤ ✇❡✐❣❤�� (We)e∈E ✱ ✇✐�❤ �❤❡ �❛♠❡ ♥♦�❛�✐♦♥� ❛� ✉�✉❛❧ ❢♦� (Wi,j)i,j∈T ✳ ❲❡ ✇✐❧❧ ❝♦♥���✉❝�
♥❡✇ �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏% ♦♥ (T ,W ) ❜② ✉�✐♥❣ ♥❡✇ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥� ♦♥ ✜♥✐�❡ �❡���✐❝�✐♦♥� ♦❢ T ✳
❆� ✐♥ �❤❡ ❝❛�❡ ♦❢ �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ❥✉♠♣ �❛�❡� �❡♣�❡�❡♥�✐♥❣ �❤❡ ❱❘❏%
♦♥ �❤❡�❡ ✜♥✐�❡ ❣�❛♣❤� ✇✐❧❧ ❝♦♥✈❡�❣❡ �♦ ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦♥ �❤❡ ✐♥✜♥✐�❡ ��❡❡✳

▲❡� 0 ≤ m ≤ n ❜❡ ✜①❡❞✳ ❚❤❡ �❡���✐❝�✐♦♥ ♦❢ T �♦ �❤❡ ✜��� n ❣❡♥❡�❛�✐♦♥�✱ ✇✐�❤ ❢�❡❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥�✱
✐� (T (n), E(n)) ✇❤❡�❡

T (n) =
⋃

0≤k≤n

D(k) ❛♥❞ E(n) =
{
{i, j} ∈ E, i, j ∈ T (n)

}
.

❲❡ ❞❡✜♥❡ ❛ ♥❡✇ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ♦♥ �❤✐� �❡���✐❝�✐♦♥ ❜② ❛❞❞✐♥❣ �♦♠❡ ❜♦✉♥❞❛�② ♣♦✐♥��✱ ♦♥❡ ❢♦� ❡❛❝❤
❜�❛♥❝❤ ♦❢ �❤❡ ��❡❡ �♦♦�❡❞ ❛� �❤❡ m�❤ ❣❡♥❡�❛�✐♦♥✿ ❢♦� ❛❧❧ x ∈ D(m)✱ ✇❡ ✐♥��♦❞✉❝❡ ❛ ❜♦✉♥❞❛�② ♣♦✐♥� δx✱

❛♥❞ ✇❡ ❞❡✜♥❡ �❤❡ ❜♦✉♥❞❛�② �❡� Bm = {δx, x ∈ D(m)}✳ ❲❡ ❝❛♥ �❤❡♥ ❞❡✜♥❡ �❤❡ ❣�❛♣❤ G(n)
m = (T̃

(n)
m , Ẽ

(n)
m )✱

✇❤❡�❡

T̃ (n)
m = T (n) ∪Bm ❛♥❞ Ẽ(n)

m = E(n) ∪
⋃

x∈D(m)

{
{i, δx}, i ∈ Tx ∩D(n)

}
.

■♥ ♦�❤❡� ✇♦�❞�✱ ❢♦� x ∈ D(m)✱ ❛❧❧ ♣♦✐♥�� ✐♥ Tx\T (n) ❛�❡ ❢✉�❡❞ �♦❣❡�❤❡� ✐♥�♦ ❛ �✐♥❣❧❡ ♣♦✐♥� δx✱ ✇❤✐❝❤
�❡♣�❡�❡♥�� ❛ ❜♦✉♥❞❛�② ♣♦✐♥� ❢♦� �❤❡ ❜�❛♥❝❤ Tx✳
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φ

x1 x2 x3

δx1
δx2

δx3

♠❂✶

♥❂✸

T (n)
T̃

(n)
m

❆� ✇✐�❤ �❤❡ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✱ ✐♥ ♦�❞❡� �♦ ♣�❡�❡�✈❡ �❤❡ ❝♦♠♣❛�✐❜✐❧✐�② ♦❢ ❞✐���✐❜✉�✐♦♥� ❢♦� �❤❡

β ♣♦�❡♥�✐❛❧✱ ✇❡ ❡♥❞♦✇ �❤❡�❡ �❡���✐❝�✐♦♥� ✇✐�❤ ✇❡✐❣❤�� W̃
(n)
m ✱ ✇❤❡�❡

(W̃ (n)
m )e =

⎧
⎪⎨
⎪⎩

We ✐❢ e ∈ E(n)

∑

j∈S(i)

Wi,j ✐❢ e = {i, δx} ✇❤❡�❡ i ∈ D(n) ∩ Tx.

❚❤✐� ✇❛②✱ �❤❡ ✇❡✐❣❤�� ❝♦♠✐♥❣ ♦✉� ♦❢ T (n) ❛�❡ ��✐❧❧ η(n) = WT (n),(T (n))c1(T (n))c ✳

❘❡♠❛�❦ ✶✳✸✳✶✳ ◆♦�❡ �❤❛� ❢♦� m = 0✱ �❤✐� ❝♦♥���✉❝�✐♦♥ ②✐❡❧❞� �❤❡ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✳

❖♥ (G(n)
m , W̃

(n)
m )✱ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏# ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ✉�✐♥❣ ❛ ♣♦�❡♥�✐❛❧ β

(n)
m ✇✐�❤ ❞✐���✐✲

❜✉�✐♦♥ ν
W̃ (n)

m

T̃
(n)
m

✳ ❆� ✇✐�❤ �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥✱ ❛♥❞ �❤❛♥❦� �♦ �❤❡ ❝❤♦✐❝❡ ♦❢ ✇❡✐❣❤�� W̃
(n)
m ✱ ✇❡ ❝❛♥

♦❜�❛✐♥ �✉❝❤ ❛ ♣♦�❡♥�✐❛❧ �❤❛♥❦� �♦ �❤❡ ❞✐���✐❜✉�✐♦♥ νWT ✳ ■♥❞❡❡❞✱ ✉♥❞❡� ν
W
T (dβ)✱ �❤❡ �❡���✐❝�✐♦♥ βT (n) ❤❛�

❞✐���✐❜✉�✐♦♥ νW
(n),η(n)

T (n) ✱ ✇❤❡�❡ W (n) = WT (n),T (n) ✳ ❆❝❝♦�❞✐♥❣ �♦ #�♦♣♦�✐�✐♦♥ ✶✳✷✳✺✱ �❤✐� ❝❛♥ ❜❡ ❡①�❡♥❞❡❞

✐♥�♦ ❛ ♣♦�❡♥�✐❛❧ β
(n)
m ✇✐�❤ ❞✐���✐❜✉�✐♦♥ ν

W̃ (n)
m

T̃
(n)
m

✳ ❚❤✐� ✐� ❞♦♥❡ ❜② �❛❦✐♥❣ (β
(n)
m )Bm

❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦

ν
W̌ (n)

m

Bm
✭❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ βT (n)✮✱ ✇❤❡�❡ W̌

(n)
m ✐� ❛ |Bm| × |Bm| ✇❡✐❣❤�� ♠❛��✐① ❞❡✜♥❡❞ ❜②

W̌ (n)
m = (W̃ (n)

m )Bm,T (n)

(
2βT (n) −W (n)

)−1
(W̃ (n)

m )T (n),Bm
.

❈♦♥��❛�② �♦ �❤❡ ��❛♥❞❛�❞ ❝❛�❡✱ ✇❡ ❝❛♥ ♥♦� ❝♦✉♣❧❡ �❤❡ ♣♦�❡♥�✐❛❧� β
(n)
m ❢♦� ❛❧❧ n ≥ m ✉�✐♥❣ ❛♥ ✐♥❞❡♣❡♥❞❡♥�

●❛♠♠❛ �❛♥❞♦♠ ✈❛�✐❛❜❧❡✳ ❍♦✇❡✈❡�✱ ✇❡ ✇✐❧❧ �❡❡ �❤❛� (2β
(n)
m )Bm

− W̌
(n)
m ❝♦♥✈❡�❣❡� ✐♥ ❞✐���✐❜✉�✐♦♥✱ ✇❤✐❝❤

✇✐❧❧ ❜❡ ❡♥♦✉❣❤✳

❋�♦♠ �❤❡ ♣♦�❡♥�✐❛❧ β
(n)
m ♦♥ G(n)

m ✱ �❤❡ �❛♥❞♦♠ ❥✉♠♣ �❛�❡� ❞❡✜♥✐♥❣ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ❛�❡ ❡①♣�❡��❡❞

�❤�♦✉❣❤ �❤❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ G
(n)
m =

(
2β

(n)
m − W̃

(n)
m

)−1
✳ ❋♦� i, j ∈ T (n)✱ G

(n)
m (i, j) ❝❛♥ ♦♥❝❡ ❛❣❛✐♥ ❜❡
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✇�✐��❡♥ ❛
 ❛ 
✉♠ ♦✈❡� ♣❛�❤
 ❜❡�✇❡❡♥ i ❛♥❞ j ✐♥ G(n)
m ✳ ❆
 ✇✐�❤ �❤❡ 
�❛♥❞❛�❞ �❡♣�❡
❡♥�❛�✐♦♥✱ ✇❡ 
❡♣❛�❛�❡

�❤✐
 
✉♠ ❜❡�✇❡❡♥ ♣❛�❤
 �❤❛� 
�❛② ✐♥
✐❞❡ ♦❢ T (n) ✭✇❤✐❝❤ 
✉♠ ✉♣ �♦ Ĝ(n)(i, j) = (2βT (n) −W (n))−1✮✱ ❛♥❞
♣❛�❤
 �❤❛� ✈✐
✐� ❛� ❧❡❛
� ♦♥❡ ❜♦✉♥❞❛�② ♣♦✐♥�✳ ❙✐♥❝❡ �❤❡ ❜♦✉♥❞❛�② Bm ❝❛♥ ♥♦✇ ❝♦♥
✐
� ♦❢ 
❡✈❡�❛❧ ♣♦✐♥�
✱ ✇❡
❤❛✈❡ �♦ 
♣❡❝✐❢② �❤❡ ✜�
� ❛♥❞ ❧❛
� ♦♥❡
 �❤❛� ❛�❡ ✈✐
✐�❡❞ ❜② �❤❡ ♣❛�❤✳ ❚❤✐
 ❣✐✈❡
 �❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦
✐�✐♦♥✿

G(n)
m (i, j) = Ĝ(i, j) +

∑

b,b′∈Bm

χ(n)
m (i, b)G(n)

m (b, b′)χ(n)
m (j, b′),

✇❤❡�❡ ❢♦� i ∈ T (n), b ∈ Bm✱ χ
(n)
m (i, b) ✐
 �❤❡ 
✉♠ ♦✈❡� ♣❛�❤
 �❤❛� 
�❛�� ❢�♦♠ i✱ ❛♥❞ 
�♦♣ ✇❤❡♥ �❤❡② ❤✐� �❤❡

❜♦✉♥❞❛�② Bm ❢♦� �❤❡ ✜�
� �✐♠❡✱ ❛� ♣♦✐♥� b✳ ▼♦�❡ ♣�❡❝✐
❡❧②✱ χ
(n)
m : T (n) ×Bm → R+ ✐
 ❞❡✜♥❡❞ 
✉❝❤ �❤❛�✱

❢♦� ❛❧❧ x ∈ D(m)✱ ⎧
⎪⎨
⎪⎩

(Hβχ
(n)
m (·, δx))T (n) = 0,

χ
(n)
m (i, δx) = 1 ✐❢ i ∈ Tx\T (n)

x ,

χ
(n)
m (i, δx) = 0 ✐❢ i ∈ T\(Tx ∪ T (n)).

◆♦�❡ �❤❛� ∑

x∈D(m)

χ(n)
m (i, δx) = ψ(n)(i) ✭✶✳✹✮

❢♦� ❛❧❧ i ∈ T ✱ ✇❤❡�❡ ψ(n) ✐
 �❤❡ ♠❛��✐♥❣❛❧❡ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ❝❛
❡ ♦❢ �❤❡ ✇✐�❡❞ ❝♦♥❞✐�✐♦♥✳ ❚❤❡ ❢✉♥❝�✐♦♥

χ
(n)
m ❞♦❡
 ♥♦� 
❛�✐
❢② ❛ ♠❛��✐♥❣❛❧❡ ♣�♦♣❡��②✱ ❤♦✇❡✈❡� ✇❡ ❛�❡ 
�✐❧❧ ❛❜❧❡ �♦ 
❤♦✇ �❤❛� ✐� ❝♦♥✈❡�❣❡
✱ ✇❤✐❝❤

✇✐❧❧ ♣�♦✈✐❞❡ �❤❡ ❝♦♥✈❡�❣❡♥❝❡ ♦❢ �❤❡ �❡♣�❡
❡♥�❛�✐♦♥ ❛

♦❝✐❛�❡❞ ✇✐�❤ G
(n)
m ✳

❈♦♥✈❡�❣❡♥❝❡ ♦❢ 
❤❡ �❡♣�❡
❡♥
❛
✐♦♥


❲❡ ✇❛♥� �♦ 
❤♦✇ �❤❛� G
(n)
m ❝♦♥✈❡�❣❡
 ✇❤❡♥ n → ∞✳ ❋�♦♠ �❤❡ ❝♦♥
��✉❝�✐♦♥ ♦❢ �❤❡ 
�❛♥❞❛�❞ �❡♣�❡
❡♥�❛�✐♦♥✱

✇❡ ❛❧�❡❛❞② ❦♥♦✇ �❤❛� Ĝ(n) ❛♥❞ ψ(n) ❝♦♥✈❡�❣❡ νWT (dβ)✲❛❧♠♦
� 
✉�❡❧②✳

■❢ β ∈ DW
T ✐
 
✉❝❤ �❤❛� ψ ≡ 0✱ �❤❡♥ ❢�♦♠ ✭✶✳✹✮✱ χ

(n)
m ❝♦♥✈❡�❣❡
 ❛✳
✳ �♦ 0✳ ❖�❤❡�✇✐
❡✱ ✉
✐♥❣ �❤❡

❡①♣�❡

✐♦♥ ♦❢ χ
(n)
m (i, δx) ❛
 ❛ 
✉♠ ♦✈❡� ♣❛�❤
✱ ❛♥❞ �❤❡ ��❡❡ 
��✉❝�✉�❡✱ ✇❡ ❝❛♥ 
❤♦✇ �❤❛� ✐� ❝♦♥✈❡�❣❡
 ❛


✇❡❧❧✱ �♦ ❛ ❢✉♥❝�✐♦♥ χm : T ×Bm → R+✳ ▼♦�❡♦✈❡� χm ✐
 
✉❝❤ �❤❛� ❢♦� ❛❧❧ b ∈ Bm✱ χm(·, b) ✐
 Hβ✲❤❛�♠♦♥✐❝✳
▲❡� ✉
 ❝♦♠❡ ❜❛❝❦ �♦ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛

♦❝✐❛�❡❞ ✇✐�❤ �❤❡ �❛♥❞♦♠ ▼❛�❦♦✈ ♦♣❡�❛�♦� Δψ✳ ❆


♠❡♥�✐♦♥❡❞ ❡❛�❧✐❡�✱ �❤✐
 ▼❛��✐♥ ❜♦✉♥❞❛�② ✐
 ❞❡�❡�♠✐♥✐
�✐❝✱ ❛♥❞ ✐
 �❤❡ 
❡� Ω ♦❢ ❡♥❞
 ♦❢ �❤❡ ��❡❡✱ ✐✳❡✳ �❤❡ 
❡�
♦❢ ✐♥✜♥✐�❡ 
❡❧❢ ❛✈♦✐❞✐♥❣ ♣❛�❤
 ✭❛❧
♦ ❝❛❧❧❡❞ �❛②
✮ 
�❛��✐♥❣ ❛� �❤❡ �♦♦� φ✳ ❋♦� i ∈ T ✱ ✇❡ ❞❡♥♦�❡ ❜② Ωi �❤❡ 
❡�
♦❢ �❛②
 �❤❛� ♣❛

 �❤�♦✉❣❤ i✱ 
♦ �❤❛� �❤❡② ❣♦ �♦ ✐♥✜♥✐�② ✐♥ Ti✳ ❲❡ ❛❧
♦ ✐♥��♦❞✉❝❡ �❤❡ ❢❛♠✐❧② ♦❢ ❤❛�♠♦♥✐❝
♠❡❛
✉�❡
 (μψ

i )i∈T ♦♥ Ω✱ ❞❡✜♥❡❞ ❛
 ❢♦❧❧♦✇
✳ ❙✐♥❝❡ �❤❡ �❛♥❞♦♠ ✇❛❧❦ ❛

♦❝✐❛�❡❞ ✇✐�❤ Δψ ✐
 ��❛♥
✐❡♥�✱ ✇❡

❝❛♥ ❞❡✜♥❡ ✐�
 ❧✐♠✐� ❛
 ❛ Ω✲✈❛❧✉❡❞ �❛♥❞♦♠ ✈❛�✐❛❜❧❡✱ ❛♥❞ μψ
i ✐
 �❤❡ ❞✐
��✐❜✉�✐♦♥ ♦❢ �❤✐
 ❧✐♠✐� ❢♦� �❤❡ ✇❛❧❦


�❛��❡❞ ❛� i✳ ▼♦�❡♦✈❡�✱ ❢♦� A ∈ B(Ω)✱ �❤❡ ❢✉♥❝�✐♦♥ i �→ μψ
i (A) ✐
 Δψ✲❤❛�♠♦♥✐❝✳

❋♦� ❛ ��❡❡✱ �❤❡ ❡①♣�❡

✐♦♥ ♦❢ �❤❡ ❤❛�♠♦♥✐❝ ♠❡❛
✉�❡ ✐
 ❡①♣❧✐❝✐�✱ ❛♥❞ ✐♥ �❤❡ ♣�❡
❡♥� ❝❛
❡ ✇❡ ❤❛✈❡✿
❢♦� x ∈ D(m) ❛♥❞ i ∈ T ✱ χm(i, δx) = ψ(i)μψ

i (Ωx)✳ ❋�♦♠ ♥♦✇ ♦♥✱ ❢♦� ❛❧❧ i ∈ T ✇❡ ✇✐❧❧ ❞❡♥♦�❡ ❜②

χ(i, ·) = ψ(i)μψ
i ✱ ✇❤✐❝❤ ❞❡✜♥❡
 ❛ ❢❛♠✐❧② ♦❢ ♠❡❛
✉�❡
 ♦♥ Ω✳

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ �♦ 
❤♦✇ �❤❛� (G
(n)
m )Bm,Bm

❝♦♥✈❡�❣❡
 ✐♥ ❞✐
��✐❜✉�✐♦♥✳ ❲�✐�✐♥❣ ✐� ❛
 ❛ ❙❝❤✉� ❝♦♠♣❧❡✲
♠❡♥�✱ ✇❡ ❤❛✈❡

(G(n)
m )Bm,Bm

=
(
(2β(n)

m )Bm
− W̌ (n)

m

)−1
,

✇❤❡�❡ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ βT (n) ✱ (β
(n)
m )Bm

✐
 ❞✐
��✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν
W̌ (n)

m

Bm
✳ ▼♦�❡♦✈❡�✱ W̌

(n)
m ❤❛
 ❛♥ ❡①♣�❡
✲


✐♦♥ ❛
 ❛ 
✉♠ ♦✈❡� ♣❛�❤
✱ 
♦ �❤❛� ❢♦� x, y ∈ D(m) ✇✐�❤ x 
= y✱ (W̌
(n)
m )δx,δy ❝❛♥ ❜❡ ✇�✐��❡♥ ✉
✐♥❣ Ĝ(n) ❛♥❞

χ
(n)
m ✿

(W̌ (n)
m )δx,δy =

χ
(n)
m (x ∧ y, δx)χ

(n)
m (x ∧ y, δy)

Ĝ(n)(x ∧ y, x ∧ y)
.
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❍❡�❡ x ∧ y ❞❡♥♦	❡
 	❤❡ ❝❧♦
❡
	 ❝♦♠♠♦♥ ❛♥❝❡
	♦� ♦❢ x ❛♥❞ y✱ ✐✳❡✳ 	❤❡ ✈❡�	❡① i ∈ T ✇✐	❤ 	❤❡ ❧❛�❣❡
	 ❞❡♣	❤


✉❝❤ 	❤❛	 x, y ∈ Ti✳ ❚❤✐
 ❡①♣�❡

✐♦♥ 
❤♦✇
 	❤❛	 	❤❡ ♦✛✲❞✐❛❣♦♥❛❧ 	❡�♠
 ♦❢ W̌
(n)
m ❝♦♥✈❡�❣❡ ❛✳
✳✱ ✇❤✐❝❤ ✐


❡♥♦✉❣❤ 	♦ 
❤♦✇ 	❤❡ ❝♦♥✈❡�❣❡♥❝❡ ✐♥ ❞✐
	�✐❜✉	✐♦♥ ♦❢ (G
(n)
m )Bm,Bm

✳ ■♥❞❡❡❞✱ ❧❡	 Č
(n)
m ❜❡ 	❤❡ |Bm| × |Bm|

♠❛	�✐① ✇✐	❤ ③❡�♦ ❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥	
✱ ❛♥❞ ❡!✉❛❧ 	♦ W̌
(n)
m ♦✉	
✐❞❡ ♦❢ 	❤❡ ❞✐❛❣♦♥❛❧✳ ❚❤❡♥

(G(n)
m )Bm,Bm

=
(
(2ρ(n)m )− Č(n)

m

)−1

✇❤❡�❡ (ρ
(n)
m )b = (β

(n)
m )b − (W̌

(n)
m )b,b ❢♦� b ∈ Bm✳ ❈♦♥❞✐	✐♦♥❛❧❧② ♦♥ βT (n) ✱ ρ

(n)
m ✐
 ❞✐
	�✐❜✉	❡❞ ❛❝❝♦�❞✐♥❣ 	♦

ν
Č(n)

m

Bm
✱ ❛♥❞ 	❤❡�❡❢♦�❡ ❝♦♥✈❡�❣❡
 ✐♥ ❞✐
	�✐❜✉	✐♦♥✳

❚❤❡
❡ �❡
✉❧	
 ❧❡❛❞ 	♦ 	❤❡ ❢♦❧❧♦✇✐♥❣ 	❤❡♦�❡♠✱ ✇❤✐❝❤ 
	❛	❡
 	❤❛	 	❤✐
 ❝♦♥
	�✉❝	✐♦♥ ②✐❡❧❞
 ❛ �❡♣�❡
❡♥	❛	✐♦♥

♦❢ 	❤❡ ❱❘❏' ❢♦� ❛❧❧ m ≥ 0✳ ❚❤❡ ♣�♦♦❢ ✐
 	❤❡ 
❛♠❡ ❛
 ❢♦� ❚❤❡♦�❡♠ ✶✳✷✳✸✱ ✉
✐♥❣ 	❤❡ ❝♦♥✈❡�❣❡♥❝❡
 ♣�❡
❡♥	❡❞
❛❜♦✈❡✱ ❛♥❞ ❛ ✉♥✐❢♦�♠ ✐♥	❡❣�❛❜✐❧✐	② ❛�❣✉♠❡♥	✳

❚❤❡♦�❡♠ ✶✳✸✳✹✳ ▲❡� m ≥ 0 ❜❡ ✜①❡❞✳ ❋♦� νWT ✲❛❧♠♦�� ❛❧❧ β ∈ DW
T ✱ ✇❡ ❞❡✜♥❡ �❤❡ |Bm| × |Bm| ♠❛��✐① Čm

❜②

(Čm)δx,δx′ =

{
0 ✐❢ x = x′,
χ(x∧x′,Ωx)χ(x∧x′,Ωx′ )

Ĝ(x∧x′,x∧x′)
♦�❤❡�✇✐�❡✳

❋�♦♠ ♥♦✇ ♦♥✱ ❧❡� ✉� ✇�✐�❡✿ νWT,Bm
(dβ, dρm) = νWT (dβ)νČm

Bm
(dρm)✳

▼♦�❡♦✈❡� ❢♦� ρm ∈ DČm

Bm
✱ ✇❡ ❞❡✜♥❡ Ǧm = (2ρm − Čm)−1✱ ❛♥❞ ❢♦� i, j ∈ T ✱

Gm(i, j) = Ĝ(i, j) +
∑

b,b′∈Bm

χm(i, b)χm(j, b′)Ǧm(b, b′),

❋✐♥❛❧❧②✱ ❞❡♥♦�❡ ❜② P
W,β,ρm,i0 �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ✇❤❡�❡ �❤❡ ❥✉♠♣ �❛�❡ ❢�♦♠ i �♦

j ✐�
Wi,j

2
Gm(i0,j)
Gm(i0,i)

✳

❚❤❡♥ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏% ✇✐�❤ ❞✐���✐❜✉�✐♦♥ P̃
V RJP (W,i0) ✐� ❛ ♠✐①�✉�❡ ♦❢ �❤❡�❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦✲

❝❡��❡� ✉♥❞❡� νWT,Bm
(dβ, dρm)✱ ✐✳❡✳

P̃
V RJP (W,i0)[·] =

∫
P
W,β,ρm,i0
i0

[·]νWT,Bm
(dβ, dρm).

■♥❝�❡❛
✐♥❣ ✈❛❧✉❡
 ♦❢ m ❝♦��❡
♣♦♥❞ 	♦ �✐❝❤❡� ❛♥❞ �✐❝❤❡� ❜♦✉♥❞❛�② ❝♦♥❞✐	✐♦♥
 ✐♥ 	❤❡ ❝♦♥
	�✉❝	✐♦♥ ♦❢

	❤❡
❡ �❡♣�❡
❡♥	❛	✐♦♥
✳ ■♥ ❢❛❝	✱ ✇❤❡♥ m → ∞✱ ✇❡ ❝❛♥ 
❤♦✇ 	❤❛	 	❤❡ ❞✐
	�✐❜✉	✐♦♥ ♦❢ 	❤❡ �❛♥❞♦♠ ❥✉♠♣
�❛	❡
 ❝♦♥✈❡�❣❡ ✇❡❛❦❧②✱ ✉
✐♥❣ ❛ 	✐❣❤	♥❡

 ❛�❣✉♠❡♥	✳ ❚❤❡ ❧✐♠✐	 ✐
 ✐♥ ❢❛❝	 	❤❡ �❡♣�❡
❡♥	❛	✐♦♥ ❜✉✐❧	 ✉
✐♥❣ ❢�❡❡

❜♦✉♥❞❛�② ❝♦♥❞✐	✐♦♥
✱ ✇✐	❤ ✐♥❞❡♣❡♥❞❡♥	 ❥✉♠♣ �❛	❡
 ❢♦� ❡✈❡�② ❡❞❣❡✳

▼♦�❡♦✈❡�✱ ✇❡ ♣�♦✈❡ 	❤❛	 	❤❡
❡ �❡♣�❡
❡♥	❛	✐♦♥
 ❝❛♥ ❛❧❧ ❜❡ ❞✐✛❡�❡♥	✳ ❖♥ ❛ d✲�❡❣✉❧❛� 	�❡❡ ✇✐	❤ d ≥ 3✱
❡♥❞♦✇❡❞ ✇✐	❤ ❝♦♥
	❛♥	 ✇❡✐❣❤	
 W ❧❛�❣❡ ❡♥♦✉❣❤ 
♦ 	❤❛	 	❤❡ ❱❘❏' ✐
 ❛✳
✳ 	�❛♥
✐❡♥	✱ 	❤❡ ❞✐
	�✐❜✉	✐♦♥
 ♦❢

❥✉♠♣ �❛	❡
 ❛

♦❝✐❛	❡❞ ✇✐	❤ Gm ❛�❡ ❛❧❧ ❞✐
	✐♥❝	 ❢♦� ❞✐✛❡�❡♥	 ✈❛❧✉❡
 ♦❢ m✳ ❚❤❡ ♣�♦♦❢ �❡❧✐❡
 ♦♥ ♦❜
❡�✈✐♥❣
	❤❡ ❜❡❤❛✈✐♦� ♦❢ 	❤❡ !✉❡♥❝❤❡❞ ♣�♦❝❡

 ❛	 ✐♥✜♥✐	②✱ ♠♦�❡ ♣�❡❝✐
❡❧② ❜② ❝♦♠♣❛�✐♥❣ 	❤❡ ❛

♦❝✐❛	❡❞ ❤❛�♠♦♥✐❝

♠❡❛
✉�❡
✳

❘❡♠❛�❦ ✶✳✸✳✷✳ ❲❡ ❝❛♥ �❡✇�✐	❡ 	❤❡ ❡①♣�❡

✐♦♥ ♦❢ Gm 	♦ ✐♥✈♦❧✈❡ ❛♥ ✐♥	❡❣�❛❧ ♦♥ 	❤❡ ▼❛�	✐♥ ❜♦✉♥❞❛�② Ω✿
❢♦� i, j ∈ T ✱

Gm(i, j) = Ĝ(i, j) +

∫

Ω2

χ(i, dω)χ(j, dτ)ǧm(ω, τ),

✇❤❡�❡ ǧm(ω, τ) = Ǧ(δx, δy) ✐❢ ω ∈ Ωx ❛♥❞ τ ∈ Ωy✱ ❢♦� x, y ∈ D(m)✳ ▼♦�❡♦✈❡�✱ ✇❡ ❝❛♥ ❝♦♥
	�✉❝	 ♠♦�❡

❞✐
	✐♥❝	 �❡♣�❡
❡♥	❛	✐♦♥
 ❜② ❝❤♦♦
✐♥❣ ♦	❤❡� ❜♦✉♥❞❛�② ❝♦♥❞✐	✐♦♥
 ❜❛
❡❞ ♦♥ 
✐♠♣❧❡ ♣❛�	✐	✐♦♥
 ♦❢ 	❤❡ ▼❛�	✐♥
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❜♦✉♥❞❛	② Ω✳ ❚❤✐� ❜❡❣� �❤❡ ❢♦❧❧♦✇✐♥❣ �✉❡��✐♦♥✿ ❝❛♥ ❛❧❧ 	❡♣	❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏� ♦♥ ❛♥ ✐♥✜♥✐�❡ �	❡❡ ❜❡
♦❜�❛✐♥❡❞ �❤	♦✉❣❤ �❤❡ ❝❤♦✐❝❡ ♦❢ �✉❝❤ ❛ ❜♦✉♥❞❛	② ❝♦♥❞✐�✐♦♥ ✭♦	 ❛� ❛ ❧✐♠✐� ♦❢ �✉❝❤ 	❡♣	❡�❡♥�❛�✐♦♥�✮❄ ❙♦♠❡
♠♦♥♦�♦♥✐❝✐�② ❛	❣✉♠❡♥��✱ ♣	♦✈❡❞ ❜② �♦✉❞❡✈✐❣♥❡ ✐♥ ❬�♦✉✶✾❪✱ ❝♦✉❧❞ ❤❡❧♣ ✐♥ ❛❞❞	❡��✐♥❣ �❤✐� ✐��✉❡✳ ❲❡ ♣❧❛♥
�♦ ✐♥✈❡��✐❣❛�❡ �❤✐� ✐♥ ❢✉�✉	❡ ✇♦	❦✳

✶✳✹ ❚❤❡ β ♣♦	❡♥	✐❛❧ ❛♥❞ ✐♥	❡�❛❝	✐♥❣ ❇�♦✇♥✐❛♥ ♠♦	✐♦♥�

❚❤❡ ❞✐��	✐❜✉�✐♦♥ νWV �❤❛� ❛♣♣❡❛	� ✐♥ �❤❡ ��✉❞② ♦❢ �❤❡ ❱❘❏� ❛❧�♦ 	❡❧❛�❡� �♦ �❤❡ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥✳ ■♥❞❡❡❞✱
�❤❡ β ✜❡❧❞ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛� ❛ ♠✉❧�✐✲✈❛	✐❛�❡ ✈❡	�✐♦♥ ♦❢ �❤❡ ■♥✈❡	�❡ ●❛✉��✐❛♥ ❞✐��	✐❜✉�✐♦♥✱ ✇❤✐❝❤ ✇❛�
✐♥�	♦❞✉❝❡❞ ❛� �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ �❤❡ ✜	�� �✐♠❡ ❛ ❞	✐❢�❡❞ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥ ❤✐�� ❛ ❝❡	�❛✐♥ ❧❡✈❡❧✳ ■♥ ❬❙❩✶✼❪✱
❙❛❜♦� ❛♥❞ ❩❡♥❣ �❤♦✇❡❞ �❤❛� β ✐� ✐♥ ❢❛❝� �❤❡ ✈❡❝�♦	 ♦❢ ❤✐��✐♥❣ �✐♠❡� ❢♦	 ❛ ❢❛♠✐❧② ♦❢ ✐♥�❡	❛❝�✐♥❣ ❇	♦✇♥✐❛♥
♠♦�✐♦♥�✳

❆♥♦�❤❡	 	❡�✉❧� 	❡❧❛�❡❞ �♦ �❤❡ ❤✐��✐♥❣ �✐♠❡ ♦❢ �❤❡ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥ ✐� ▼❛��✉♠♦�♦ ❛♥❞ ❨♦	✬� ♦♣♣♦�✐�❡
❞	✐❢� �❤❡♦	❡♠✳ ❚❤❡② �❤♦✇❡❞ �❤❛� ❛ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ♥❡❣❛�✐✈❡ ❞	✐❢� ❝❛♥ ❜❡ 	❡♣	❡�❡♥�❡❞ ❛� ❛ ♠✐①�✉	❡
♦❢ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥� ✇✐�❤ �❤❡ ♦♣♣♦�✐�❡ ❞	✐❢� ❛♥❞ ❛♥ ❛❞❞❡❞ ❝♦		❡❝�✐✈❡ �❡	♠✳ ❯�✐♥❣ ❙❛❜♦� ❛♥❞ ❩❡♥❣✬� 	❡�✉❧�
❢♦	 �❤❡ β ✜❡❧❞✱ ✇❡ ❝❛♥ ♦❜�❛✐♥ ❛ ♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡	�✐♦♥ ♦❢ �❤✐� �❤❡♦	❡♠ ❛� ✇❡❧❧✳

✶✳✹✳✶ ❍✐��✐♥❣ �✐♠❡� ♦❢ ✐♥�❡�❛❝�✐♥❣ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥�

▲❡� ✉� ✜	�� ♣	❡�❡♥� �❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛��✐❝❛❧ 	❡�✉❧� ❝♦♥❝❡	♥✐♥❣ �❤❡ ❤✐��✐♥❣ �✐♠❡ ♦❢ ❛ ❞	✐❢�❡❞ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥✳
▲❡� θ > 0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡� B ❜❡ ❛ ��❛♥❞❛	❞ 1✲❞✐♠❡♥�✐♦♥❛❧ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥✳ ❲❡ ❞❡✜♥❡ �❤❡
❞	✐❢�❡❞ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥ X ❜②

X(t) = θ +B(t)− ηt

❢♦	 t ≥ 0✱ ❛♥❞ ❞❡♥♦�❡ ❜② T 0 �❤❡ ✜	�� ❤✐��✐♥❣ �✐♠❡ ♦❢ 0 ❜② X(t)✳ ❚❤❡♥ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ T 0 ❤❛� �❤❡
❢♦❧❧♦✇✐♥❣ ❞❡♥�✐�② ❢♦	 t ∈ R✿

θ√
2πt3

exp

(
−1

2

(θ − ηt)2

t

)
1{t≥0}. ✭✶✳✺✮

▼♦	❡♦✈❡	✱ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢
(
X(t)

)
0≤t≤T 0 ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0 ✐� �❤❛� ♦❢ ❛ 3✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜	✐❞❣❡

❢	♦♠ θ �♦ 0 ♦♥ [0, T 0]✳
❋♦	 η = 0✱ ✐✳❡✳ ✐❢ X ✐� ❛ ❇	♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ♥♦ ❞	✐❢�✱ �❤❡♥ ✭✶✳✺✮ ❣✐✈❡� �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ 1

2γ ✱

✇❤❡	❡ γ ✐� ❛ ●❛♠♠❛ 	❛♥❞♦♠ ✈❛	✐❛❜❧❡ ✇✐�❤ ♣❛	❛♠❡�❡	 ( 12 , θ
2)✳ ■❢ η > 0✱ ✭✶✳✺✮ ✐� �❤❡ ❞❡♥�✐�② ♦❢ �❤❡ ■♥✈❡	�❡

●❛✉��✐❛♥ ❞✐��	✐❜✉�✐♦♥ ✇✐�❤ ♣❛	❛♠❡�❡	 ( θη , θ
2)✳ ❚❤✐� ♠♦�✐✈❛�❡❞ �❤❡ ♣	♦♦❢ ♦❢ ❛ ♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡	�✐♦♥ ♦❢

�❤✐� 	❡�✉❧� ✐♥ ❬❙❩✶✼❪✳ ❋♦	 ❛ ✜♥✐�❡ ❣	❛♣❤ G = (V,E) ❡♥❞♦✇❡❞ ✇✐�❤ ✇❡✐❣❤�� (We)e∈E ✱ ❛ ❢❛♠✐❧② (Xi)i∈V ♦❢
❇	♦✇♥✐❛♥ ♠♦�✐♦♥� ✇✐�❤ ✐♥�❡	❛❝�✐♥❣ ❞	✐❢�� ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❤✐��✐♥❣ �✐♠❡� ♦❢ 0✿ T 0

i = 1
2βi
✱ ✇❤❡	❡ (βi)i∈V

✐� �❤❡ ♣♦�❡♥�✐❛❧ ✐♥�	♦❞✉❝❡❞ ✐♥ �❤❡ ��✉❞② ♦❢ �❤❡ ❱❘❏�✳

▲❡� ✉� ♣	❡�❡♥� �❤❡ ❛❢♦	❡♠❡♥�✐♦♥❡❞ �❤❡♦	❡♠✳ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣	❛♣❤✱ ❡♥❞♦✇❡❞
✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� (We)e∈E ∈ (R∗

+)
E ✳ ❋♦	 i, j ∈ V ✱ ✇❡ ❡♠♣❧♦② �❤❡ ✉�✉❛❧ ♥♦�❛�✐♦♥✿ Wi,j = W{i,j} ✐❢

{i, j} ∈ E✱ ❛♥❞ Wi,j = 0 ♦�❤❡	✇✐�❡✳ ◆♦�❡ �❤❛� ✐� ✐� ♣♦��✐❜❧❡ �♦ ❤❛✈❡ Wi,i > 0✳ ❋♦	 β ∈ R
V ✱ ✇❡ ��✐❧❧ ❞❡✜♥❡

�❤❡ |V | × |V | ♠❛�	✐① Hβ = 2β − W ✱ ✇❤❡	❡ β ❞❡♥♦�❡� �❤❡ ❞✐❛❣♦♥❛❧ ♠❛�	✐① ✇✐�❤ ❝♦❡✣❝✐❡♥�� (βi)i∈V ✱ ❛�
✇❡❧❧ ❛� �❤❡ �❡� DW

V = {β ∈ R
V , Hβ > 0}✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣	♦♣♦�✐�✐♦♥ ✐♥�	♦❞✉❝❡� ❛ ❣❡♥❡	❛❧✐③❛�✐♦♥ ♦❢ �❤❡

♠❡❛�✉	❡ νW,η
V ✐♥�	♦❞✉❝❡❞ ✐♥ ✶✳✷✳✺✳

��♦♣♦�✐�✐♦♥ ✶✳✹✳✶✳ ❋♦� ❛❧❧ θ ∈ (R∗
+)

V ❛♥❞ η ∈ (R+)
V ✱ �❤❡ ♠❡❛�✉�❡ νW,θ,η

V ❞❡✜♥❡❞ ❜②

νW,θ,η
V (dβ) =

(
2

π

)|V |/2
exp

(
−1

2
〈θ,Hβθ〉 −

1

2
〈η, (Hβ)

−1η〉+ 〈η, θ〉
) ∏

i∈V θi√
|Hβ |

dβ



✶✳✹✳ ❚❍❊ β �❖❚❊◆❚■❆▲ ❆◆❉ ■◆❚❊❘❆❈❚■◆● ❇❘❖❲◆■❆◆ ▼❖❚■❖◆❙ ✸✸

✐� ❛ ♣�♦❜❛❜✐❧✐	② ❞✐�	�✐❜✉	✐♦♥ ♦♥ DW
V ✳ ▼♦�❡♦✈❡�✱ ❢♦� ❛❧❧ i ∈ V ✱ 	❤❡ �❛♥❞♦♠ ✈❛�✐❛❜❧❡ 1

2βi−Wi,i
❤❛� ■♥✈❡��❡

●❛✉��✐❛♥ ❞✐�	�✐❜✉	✐♦♥ ✇✐	❤ ♣❛�❛♠❡	❡� ( θi
ηi+

∑

j �=i Wi,jθj
, θ2i )✳

❋♦� t ∈ (R+)
V ✱ ✇❡ ❛❧
♦ ❞❡✜♥❡ �❤❡ ♠❛��✐① Kt = Id − tW ✱ ✇❤❡�❡ t ❞❡♥♦�❡
 �❤❡ ❞✐❛❣♦♥❛❧ ♠❛��✐① ✇✐�❤

❝♦❡✣❝✐❡♥�
 (ti)i∈V ✳ ◆♦�❡ �❤❛� ✐❢ t ∈ (R∗
+)

V ✱ ✇❡ ❤❛✈❡ Kt = tH 1
2t
✱ ✇❤❡�❡ 1

2t =
(

1
2ti

)

i∈V
✳ ❋✐♥❛❧❧②✱ ❢♦�

t ∈ (R+)
V ❛♥❞ T ∈

(
R+

)V
✱ ✇❡ ❞❡✜♥❡ �❤❡ ✈❡❝�♦� t ∧ T = (ti ∧ Ti)i∈V ✳

❚❤❡ ♠❛✐♥ �❡
✉❧� ❢�♦♠ ❬❙❩✶✼❪ ✐
 ♣�❡
❡♥�❡❞ ❜❡❧♦✇✳ ■� 
�❛�❡
 �❤❛� ❛ ❢❛♠✐❧② ♦❢ ✐♥�❡�❛❝�✐♥❣ ❇�♦✇♥✐❛♥
♠♦�✐♦♥
✱ ✐♥��♦❞✉❝❡❞ ❛
 �❤❡ 
♦❧✉�✐♦♥ ♦❢ ❛ 
②
�❡♠ ♦❢ 
�♦❝❤❛
�✐❝ ❞✐✛❡�❡♥�✐❛❧ ❡(✉❛�✐♦♥
✱ ❝❛♥ ❜❡ �❡♣�❡
❡♥�❡❞ ❛

❛ ♠✐①�✉�❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥� ❇❡

❡❧ ❜�✐❞❣❡
✳ ❚❤❡✐� ❤✐��✐♥❣ �✐♠❡
 ♦❢ 0 ❛�❡ ❞❡�❡�♠✐♥❡❞ ❜② �❤❡ β ♣♦�❡♥�✐❛❧✳

❚❤❡♦�❡♠ ✶✳✹✳✶✳ ▲❡	 θ ∈ (R∗
+)

V ❛♥❞ η ∈ (R+)
V ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡	 (Bi(t))i∈V,t≥0 ❜❡ ❛ �	❛♥❞❛�❞ |V |✲

❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦	✐♦♥✳

✭✐✮ ❚❤❡ ❢♦❧❧♦✇✐♥❣ �	♦❝❤❛�	✐❝ ❞✐✛❡�❡♥	✐❛❧ ❡$✉❛	✐♦♥ ✭❙❉❊✮ ❤❛� ❛ ✉♥✐$✉❡ ♣❛	❤✇✐�❡ �♦❧✉	✐♦♥✿

Xi(t) = θi +

∫ t

0

1s<T 0
i
dBi(s)−

∫ t

0

1s<T 0
i
((Wψ)(s) + η)ids ✭EW,θ,η

V (X)✮

❢♦� i ∈ V ❛♥❞ t ≥ 0✱ ✇❤❡�❡ ❢♦� i ∈ V ✱ T 0
i ✐� 	❤❡ ✜��	 ❤✐		✐♥❣ 	✐♠❡ ♦❢ 0 ❜② Xi✱ ❛♥❞ ❢♦� t ≥ 0✱

ψ(t) = K−1
t∧T 0(X(t) + (t ∧ T 0)η).

✭✐✐✮ ■❢ (Xi)i∈V ✐� �♦❧✉	✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮✱ 	❤❡ ✈❡❝	♦�

(
1

2T 0
i

)

i∈V
✐� ❞✐�	�✐❜✉	❡❞ ❛❝❝♦�❞✐♥❣ 	♦ νW,θ,η

V ✳ ▼♦�❡✲

♦✈❡�✱ ❝♦♥❞✐	✐♦♥❛❧❧② ♦♥ (T 0
i )i∈V ✱ 	❤❡ ✐♥	❡��✉♣	❡❞ 	�❛❥❡❝	♦�✐❡� (Xi(t))0≤t≤T 0

i
❛�❡ ❞✐�	�✐❜✉	❡❞ ❛� ✐♥❞❡✲

♣❡♥❞❡♥	 3✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡�✳

❚❤❡ ✐❞❡❛ ♦❢ �❤❡ ♣�♦♦❢ ✐
 �♦ 
❤♦✇ �❤❛� ❛ ♠✐①�✉�❡ ♦❢ ❇❡

❡❧ ❜�✐❞❣❡
 ✇✐�❤ 
✉❝❤ ❤✐��✐♥❣ �✐♠❡
 ❞♦❡
 ✐♥ ❢❛❝�

❛�✐
❢② �❤❡ ❙❉❊ ✭EW,θ,η

V (X)✮✳ ❚❤✐
 ✐
 ♣�♦✈❡❞ ❜② ✐❞❡♥�✐❢②✐♥❣ �❤❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡�✐✈❛�✐✈❡ ✭�❡❧❛�✐✈❡ �♦

❛ 
�❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✮ ♦❢ �❤❡ ♠✐①�✉�❡ ♦❢ ❇❡

❡❧ ❜�✐❞❣❡
✳ ■� ✐
 ❛♥ ✐♥�❡❣�❛❧ ✇✐�❤ �❡
♣❡❝� �♦ νW,θ,η
V ✱

❛♥❞ �❤❡ ❝♦♠♣✉�❛�✐♦♥ ②✐❡❧❞
 ❛♥ ❡①♣♦♥❡♥�✐❛❧ ♠❛��✐♥❣❛❧❡✳ ❆♣♣❧②✐♥❣ ●✐�
❛♥♦✈✬
 �❤❡♦�❡♠ ❣✐✈❡
 �❤❡ ❞❡
✐�❡❞
♦✉�❝♦♠❡✳

❘❡♠❛�❦ ✶✳✹✳✶✳ ❚❤❡ ❢✉♥❝�✐♦♥ ψ(t) ❛♣♣❡❛�✐♥❣ ✐♥ ✭EW,θ,η
V (X)✮ ✐
 �❡❧❛�❡❞ �♦ �❤❡ ♠❛��✐♥❣❛❧❡ ψ(n) ✐♥✈♦❧✈❡❞

✐♥ �❤❡ 
�❛♥❞❛�❞ �❡♣�❡
❡♥�❛�✐♦♥✳ ■♥❞❡❡❞✱ �❛❦✐♥❣ t → ∞✱ ψ(t) ❜❡❝♦♠❡
 (Hβ)
−1η✱ ✇❤✐❝❤ ❝♦��❡
♣♦♥❞
 �♦

ψ(n) ✐♥ �❤❡ ❝❛
❡ ✇❤❡�❡ V = Vn ❛♥❞ η = η(n)✱ ✉
✐♥❣ �❤❡ ♥♦�❛�✐♦♥
 ❢�♦♠ �❤❡ ❝♦♥
��✉❝�✐♦♥ ♦❢ �❤❡ 
�❛♥❞❛�❞
�❡♣�❡
❡♥�❛�✐♦♥✳

✶✳✹✳✷ ❖♣♣♦�✐
❡ ❞
✐❢
 
❤❡♦
❡♠ ❛♥❞ ▲❛♠♣❡

✐✬� 
❡❧❛
✐♦♥

❚❤❡ ❝❧❛

✐❝❛❧ �❡
✉❧� ♦♥ �❤❡ ❤✐��✐♥❣ �✐♠❡ ♦❢ ❛ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✐
 ❛ ♣❛��✐❝✉❧❛� ❝❛
❡ ♦❢ ❛ ♠♦�❡ ❣❡♥❡�❛❧ �❡
✉❧�
❝♦♥❝❡�♥✐♥❣ ❇❡

❡❧ ♣�♦❝❡

❡
✳ ❋♦� μ > 0✱ ✐❢ X ✐
 ❛ ❇❡

❡❧ ♣�♦❝❡

 ✇✐�❤ ✐♥❞❡① −μ 
�❛��❡❞ ❛� 1✱ �❤❡ ✜�
�
❤✐��✐♥❣ �✐♠❡ ♦❢ 0 ❜② X ✐
 T 0

µ = 1
2γμ

✱ ✇❤❡�❡ γµ ✐
 ❛ ●❛♠♠❛(μ, 1) ✈❛�✐❛❜❧❡✳ ▼♦�❡♦✈❡�✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0
µ ✱

(Xt)0≤t≤T 0
μ
✐
 ❛ ❇❡

❡❧ ❜�✐❞❣❡ ✇✐�❤ ✐♥❞❡① μ✳ ❚❤❡ ❝❛
❡ μ = 1

2 ❝♦��❡
♣♦♥❞
 �♦ �❤❡ ✐♥✐�✐❛❧ �❡
✉❧� ❝♦♥❝❡�♥✐♥❣

�❤❡ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✭✇✐�❤ ♥♦ ❞�✐❢�✮✱ 
✐♥❝❡ �❤❡ ♠♦❞✉❧✉
 ♦❢ ❛ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✐
 ❛ ❇❡

❡❧ ♣�♦❝❡

 ✇✐�❤
✐♥❞❡① − 1

2 ✱ ❛♥❞ 
✐♥❝❡ ❛ 3✲❞✐♠❡♥
✐♦♥❛❧ ❇❡

❡❧ ♣�♦❝❡

 ❤❛
 ✐♥❞❡① 1
2 ✳

■♥ ❬❨▼✵✶❪✱ ▼❛�
✉♠♦�♦ ❛♥❞ ❨♦� 
❤♦✇❡❞ ❛ �❤❡♦�❡♠ �❡❧❛�✐♥❣ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ♦♣♣♦
✐�❡ ❞�✐❢�

μ ❛♥❞ −μ✱ ✇❤✐❝❤ ✐
 ❛ ❝♦♥
❡(✉❡♥❝❡ ♦❢ �❤❡ ♣�❡✈✐♦✉
 �❡
✉❧� ♦♥ ❇❡

❡❧ ♣�♦❝❡

❡
✳ ■♥❞❡❡❞✱ �❤❡�❡ ❡①✐
�
 ❛
❝♦��❡
♣♦♥❞❡♥❝❡ ❜❡�✇❡❡♥ ❛ ❇❡

❡❧ ♣�♦❝❡

 ✇✐�❤ ✐♥❞❡① μ ❛♥❞ ❛ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ❞�✐❢� μ✱ �❤❛♥❦
 �♦ ❛
❝❡��❛✐♥ �✐♠❡ ❝❤❛♥❣❡✳ ❚❤✐
 ✐
 ❝❛❧❧❡❞ ▲❛♠♣❡��✐✬
 �❡❧❛�✐♦♥✱ ❛♥❞ ✐
 
�❛�❡❞ ❜❡❧♦✇✳
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��♦♣♦�✐�✐♦♥ ✶✳✹✳✷✳ ▲❡� (ρ(u))u≥0 ❜❡ ❛ ❞�✐❢�❡❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ❞�✐❢� μ ∈ R✳ ❋♦� u ≥ 0✱ ❞❡✜♥❡

T (u) =

∫ u

0

exp(2ρ(v))dv.

❚❤❡♥ �❤❡�❡ ❡①✐��� ❛ ❇❡��❡❧ ♣�♦❝❡�� (X(t))t≥0 ✇✐�❤ ✐♥❞❡① μ✱ ��❛��✐♥❣ ❢�♦♠ 1✱ �✉❝❤ �❤❛� ❢♦� u ≥ 0✱

eρ(u) = X(T (u)).

▼❛��✉♠♦�♦ ❛♥❞ ❨♦
✬� �❤❡♦
❡♠ 
❡�✉❧�� ❢
♦♠ ❛♣♣❧②✐♥❣ �❤❡ �✐♠❡ ❝❤❛♥❣❡ ❢
♦♠ ▲❛♠♣❡
�✐✬� 
❡❧❛�✐♦♥ �♦ ❛
❇❡��❡❧ ♣
♦❝❡�� ✇✐�❤ ✐♥❞❡① −μ ♦♥ ♦♥❡ ❤❛♥❞✱ ❛♥❞ ❛ ❇❡��❡❧ ❜
✐❞❣❡ ✇✐�❤ ✐♥❞❡① μ ♦♥ �❤❡ ♦�❤❡
 ❤❛♥❞✳

▲❡� ✉� ♣
❡�❡♥� ❛ ♣❛
�✐❝✉❧❛
 ✈❡
�✐♦♥ ♦❢ �❤❡ ♦♣♣♦�✐�❡ ❞
✐❢� �❤❡♦
❡♠✱ ✐♥ �❤❡ ❝❛�❡ ✇❤❡
❡ μ = 1
2 ✱ ❛♥❞ �❤❡

❇❡��❡❧ ♣
♦❝❡�� ✇✐�❤ ✐♥❞❡① − 1
2 ✐� 
❡♣❧❛❝❡❞ ❜② ❛ ❇
♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ❛ ♥❡❣❛�✐✈❡ ❞
✐❢� −η✳ ■♥ ♦�❤❡
 ✇♦
❞�✱

✐� ✐� ♦❜�❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ▲❛♠♣❡
�✐✬� �✐♠❡ ❝❤❛♥❣❡ �♦ �❤❡ ✐♥✐�✐❛❧ 
❡�✉❧� ❝♦♥❝❡
♥✐♥❣ ❞
✐❢�❡❞ ❇
♦✇♥✐❛♥ ♠♦�✐♦♥
❛♥❞ 3✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜
✐❞❣❡�✳

❚❤❡♦�❡♠ ✶✳✹✳✷✳ ▲❡� θ > 0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡� B ❜❡ ❛ ��❛♥❞❛�❞ 1✲❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✳
❲❡ ❞❡✜♥❡ �❤❡ ♣�♦❝❡�� ρ ❛� �❤❡ �♦❧✉�✐♦♥ ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ❙❉❊✿

ρ(u) = log(θ) +B(u)− 1

2
u−

∫ u

0

ηeρ(v)dv

❢♦� u ≥ 0✳
▲❡� ✉� ❞❡✜♥❡ T (u) =

∫ u

0
e2ρ(v)dv✳ ❚❤❡♥✿

✭✐✮ ❲❡ ❤❛✈❡

T (u)
a.s.−−−−→

u→∞
T 0,

✇❤❡�❡ T 0 ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦

θ√
2πt3

exp

(
−1

2

(θ − ηt)2

t

)
1{t≥0}dt.

✭✐✐✮ ❈♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0✱ �❤❡�❡ ❡①✐��� ❛ ��❛♥❞❛�❞ 1✲❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B̂ �✉❝❤ �❤❛� ❢♦� u ≥ 0✱

ρ(u) = log(θ) + B̂(u) +
1

2
u+ log

(
T 0 − T (u)

T 0

)
.

❖✉
 ❛✐♠ ✐� �♦ ♣
♦✈❡ ❛ ♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡
�✐♦♥ ♦❢ �❤✐� 
❡�✉❧� �❤❛♥❦� �♦ ❚❤❡♦
❡♠ ✶✳✹✳✶✱ ❜② ✉�✐♥❣ �❤❡
�✐♠❡ ❝❤❛♥❣❡ ❢
♦♠ ▲❛♠♣❡
�✐✬� 
❡❧❛�✐♦♥ ♦♥ �♦❧✉�✐♦♥� ♦❢ ✭EW,θ,η

V (X)✮✳

✶✳✹✳✸ ❆ ♠✉❧	✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡��✐♦♥ ♦❢ 	❤❡ ♦♣♣♦�✐	❡ ❞�✐❢	 	❤❡♦�❡♠

❚❤❡ 
❡�✉❧� ♣
♦✈❡❞ ✐♥ ❬●❙❩✷✵❪ ✐� �❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦�❡♠ ✶✳✹✳✸✳ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣�❛♣❤ ❡♥❞♦✇❡❞ ✇✐�❤ ✇❡✐❣❤�� (We)e∈E✳ ❲❡ ✜①
η ∈ (R+)

V ❛♥❞ θ ∈ (R∗
+)

V ✳

▲❡� B̃ ❜❡ ❛ |V |✲❞✐♠❡♥�✐♦♥❛❧ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✱ �❤❡♥ �❤❡ ❢♦❧❧♦✇✐♥❣ �②��❡♠ ♦❢ ❙❉❊� ❤❛� ❛
✉♥✐'✉❡ ♣❛�❤✇✐�❡ �♦❧✉�✐♦♥✱ ❞❡✜♥❡❞ ♦♥ R+✿

⎧
⎪⎪⎨
⎪⎪⎩

ρi(u) = log(θi) + B̃i(u) +

∫ u

0

(
−1

2
− eρi(v)

(
W̃ (v)(eρ(v) + T (v)η) + η

)

i

)
dv,

Ti(u) =

∫ u

0

e2ρi(v)dv,

✭EW,θ,η
V (ρ)✮
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❢♦� i ∈ V ❛♥❞ u ≥ 0✱ ✇❤❡�❡ eρ(u) ❞❡♥♦�❡� �❤❡ ✈❡❝�♦� (eρi(u))i∈V ✱ ❛♥❞

W̃ (u) = WK−1
T (u) = W

(
Id− T (u)W

)−1
.

▲❡� (ρ, T ) ❜❡ �❤❡ �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η
V (ρ)✮✳ ❚❤❡♥

✭✐✮ ❋♦� ❛❧❧ i ∈ V ✱ ✇❡ ❤❛✈❡

Ti(u) =

∫ u

0

e2ρi(v)dv
a.s.−−−−→

u→∞
T 0
i ,

✇❤❡�❡
(

1
2T 0

i

)

i∈V
✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νW,θ,η

V ✳

✭✐✐✮ ▼♦�❡♦✈❡�✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0✱ �❤❡�❡ ❡①✐��� ❛ ��❛♥❞❛�❞ |V |✲❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B̂ �✉❝❤
�❤❛� ❢♦� i ∈ V ❛♥❞ u ≥ 0✱

ρi(u) = log(θi) + B̂i(u) +
1

2
u+ log

(
T 0
i − Ti(u)

T 0
i

)
.

■♥ ♣❛��✐❝✉❧❛�✱ �❤❡ ♣�♦❝❡��❡� (ρi, Ti)i∈V ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0✳

❆� ♠❡♥
✐♦♥❡❞ ❜❡❢♦�❡✱ ✇❡ ♦❜
❛✐♥ 
❤✐� �❡�✉❧
 ❜② ❛♣♣❧②✐♥❣ ▲❛♠♣❡�
✐✬� 
✐♠❡✲❝❤❛♥❣❡ 
♦ �♦❧✉
✐♦♥� ♦❢
✭EW,θ,η

V (X)✮✱ ❞❡♥♦
❡❞ ❜② (Xi(s))i∈V,s≥0✱ �♦ 
❤❛
 ρi(v) = log
(
Xi(Ti(v))

)
❢♦� i ∈ V ❛♥❞ v ≥ 0✳ ❚❤❡

♠❛✐♥ ❞✐✣❝✉❧
② ♦❢ 
❤❡ ♣�♦♦❢ ✐� 
♦ �❤♦✇ 
❤❛
 
❤❡�❡ (ρi)i∈V ❛�❡ ✐♥❞❡❡❞ �♦❧✉
✐♦♥� ♦❢ ✭E
W,θ,η
V (ρ)✮✳ ❙✐♥❝❡ 
❤❡


✐♠❡ ❝❤❛♥❣❡ ✐♥❝�❡❛�❡� ❛
 ❛ ❞✐✛❡�❡♥
 �♣❡❡❞ ♦♥ ❡❛❝❤ ❝♦♦�❞✐♥❛
❡ i ∈ V ✱ 
❤❡ ✐♥
❡�❛❝
✐♦♥ 
❡�♠ (Wψ)(s) ✐♥

✭EW,θ,η
V (X)✮ ❞♦❡� ♥♦
 ✐♠♠❡❞✐❛
❡❧② ❝♦��❡�♣♦♥❞ 
♦ W̃ (u)(eρ(u) + T (u)η) ✐♥ ✭EW,θ,η

V (ρ)✮✳ ❲❡ ❤❛✈❡ 
✇♦ ✇❛②�
♦❢ ♦✈❡�❝♦♠✐♥❣ 
❤✐� ✐��✉❡✳
❚❤❡ ✜��
 ♣�♦♦❢ ♠✐��♦�� 
❤❛
 ♦❢ ❚❤❡♦�❡♠ ✶✳✹✳✶✳ ❈♦♥�✐❞❡� ❛ ♠✐①
✉�❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥
 ❇❡��❡❧ ❜�✐❞❣❡�

❜❡
✇❡❡♥ 0 ❛♥❞ T 0
i ✱ ✇❤❡�❡ T 0

i = 1
2βi

✉♥❞❡� νW,θ,η
V (dβ)✳ ❆♣♣❧② 
♦ 
❤❡♠ ▲❛♠♣❡�
✐✬� 
✐♠❡ ❝❤❛♥❣❡ ❛♥❞ ✉�❡

●✐��❛♥♦✈✬� 
❤❡♦�❡♠ 
♦ ❝♦♠♣✉
❡ 
❤❡✐� ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡�✐✈❛
✐✈❡ �❡❧❛
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❡✲❞�✐❢
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❡ ❞�✐❢

1
2 ✱ ❛♥❞ ❛

❝♦��❡❝
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❚❤❡ ♠✉❧
✐✲❞✐♠❡♥�✐♦♥❛❧ ♦♣♣♦�✐
❡✲❞�✐❢
 
❤❡♦�❡♠ 
❤❛
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✷✳✼ ❘❡♣
❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏� ♦♥ ✐♥✜♥✐�❡ �
❡❡� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✷✳✼✳✶ ❘❡♣�❡
❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ✉
✐♥❣ Gm✿ ��♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✻ ✭✐✐✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾
✷✳✼✳✷ ❈♦♥✈❡�❣❡♥❝❡ �♦ ❛♥♦�❤❡� �❡♣�❡
❡♥�❛�✐♦♥✿ ��♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✻ ✭✐✐✐✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
✷✳✼✳✸ ❉✐
�✐♥❝� �❡♣�❡
❡♥�❛�✐♦♥
 ♦♥ ❛ �❡❣✉❧❛� ��❡❡✿ ��♦♦❢
 ♦❢ ��♦♣♦
✐�✐♦♥
 ✷✳✶✳✼ ❛♥❞ ✷✳✶✳✽ ✳ ✼✸

✸✼



✸✽ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

❆❜���❛❝�

❚❤✐� ❝❤❛♣
❡� ✐� ♠♦❞❡❧❡❞ ❛❢
❡� ❬●❡�✶✾❪✱ ❛♥❞ ✇�✐

❡♥ 
♦ ❜❡ ❛� �❡❧❢✲❝♦♥
❛✐♥❡❞ ❛� ♣♦��✐❜❧❡✳ ■♥ ✐
✱ ✇❡ �❤♦✇

❤❛
 ❛❧❧ ♣♦��✐❜❧❡ �❡♣�❡�❡♥
❛
✐♦♥� ♦❢ 
❤❡ ❱❘❏! ❛� ❛ ♠✐①
✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡� ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ✐♥ ❛
�✐♠✐❧❛� ❢♦�♠ ❛� ✐♥ 
❤❡ �
❛♥❞❛�❞ �❡♣�❡�❡♥
❛
✐♦♥✱ ✉�✐♥❣ 
❤❡ �❛♥❞♦♠ ✜❡❧❞ β ❛♥❞ ❤❛�♠♦♥✐❝ ❢✉♥❝
✐♦♥� ❢♦� ❛♥
❛��♦❝✐❛
❡❞ ♦♣❡�❛
♦� Hβ ✳ ❚❤✐� ❛❧❧♦✇� ❢♦� 
❤❡ ♣�♦♦❢ 
❤❛
 
❤❡ ❱❘❏! ♦♥ Z

d ✭✇✐
❤ ❝❡�
❛✐♥ ✐♥✐
✐❛❧ ❝♦♥❞✐
✐♦♥�✮
❤❛� ❛ ✉♥✐+✉❡ �❡♣�❡�❡♥
❛
✐♦♥✱ ❜② �❤♦✇✐♥❣ 
❤❛
 ❛♥ ❛��♦❝✐❛
❡❞ ▼❛�
✐♥ ❜♦✉♥❞❛�② ✐� 
�✐✈✐❛❧✳ ▼♦�❡♦✈❡�✱ ♦♥
✐♥✜♥✐
❡ 
�❡❡�✱ ✇❡ ❝♦♥�
�✉❝
 ❛ ❢❛♠✐❧② ♦❢ �❡♣�❡�❡♥
❛
✐♦♥�✱ 
❤❛
 ❛�❡ ❛❧❧ ❞✐✛❡�❡♥
 ✇❤❡♥ 
❤❡ ❱❘❏! ✐� 
�❛♥�✐❡♥

❛♥❞ 
❤❡ 
�❡❡ ✐� d✲�❡❣✉❧❛� ✭✇✐
❤ d ≥ 3✮✳

■♥ ❙❡❝
✐♦♥ ✷✳✶✱ ✇❡ ♣�❡�❡♥
 ♣❛�
 �❡�✉❧
� ♦♥ 
❤❡ ❱❘❏! ❛♥❞ 
❤❡ β ♣♦
❡♥
✐❛❧✱ ❛� ✇❡❧❧ ❛� 
❤❡ ♠❛✐♥ �❡�✉❧
�
♦❢ 
❤✐� ❝❤❛♣
❡�✳ ❙❡❝
✐♦♥ ✷✳✷ ❡①♣♦�❡� �♦♠❡ ✉�❡❢✉❧ 
❡❝❤♥✐❝❛❧ �❡�✉❧
� ❝♦♥❝❡�♥✐♥❣ 
❤❡ β ✜❡❧❞✱ ❛� ✇❡❧❧ ❛� ❜❛�✐❝
❞❡✜♥✐
✐♦♥� ❛♥❞ ♣�♦♣❡�
✐❡� ♦❢ 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�②✳ ■♥ ❙❡❝
✐♦♥ ✷✳✸✱ ✇❡ ♣�♦✈❡ ❤♦✇ ❛❧❧ �❡♣�❡�❡♥
❛
✐♦♥� ♦❢ 
❤❡
❱❘❏! ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❢♦�♠✱ ✐✳❡✳ ❚❤❡♦�❡♠ ✷✳✶✳✸✳ ❲❡ ✉�❡ 
❤❡�❡ �❡�✉❧
� ✐♥ ❙❡❝
✐♦♥ ✷✳✹ 
♦ �
✉❞② 
❤❡ ❝❛�❡ ♦❢

❤❡ ❣�❛♣❤ Z

d✱ ❛♥❞ �❤♦✇ ❚❤❡♦�❡♠ ✷✳✶✳✹ ✉�✐♥❣ ❛ ❧♦❝❛❧ ❧✐♠✐
 
❤❡♦�❡♠ ✐♥ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
✳ ■♥ ❙❡❝
✐♦♥�
✷✳✺ ❛♥❞ ✷✳✻✱ ✇❡ �
✉❞② 
❤❡ β ✜❡❧❞ ♦♥ 
�❡❡� ✇✐
❤ ♦✉� ♥❡✇ ❜♦✉♥❞❛�② ❝♦♥❞✐
✐♦♥✱ ❛♥❞ �❤♦✇ 
❤❡ ❝♦♥✈❡�❣❡♥❝❡
♦❢ 
❤❡ ❛��♦❝✐❛
❡❞ ●�❡❡♥ ❢✉♥❝
✐♦♥✳ ❲❡ ✉�❡ 
❤✐� ✐♥ ❙❡❝
✐♦♥ ✷✳✼✱ 
♦ �❤♦✇ 
❤❛
 
❤✐� ❝♦♥�
�✉❝
✐♦♥ ♣�♦✈✐❞❡�
�❡♣�❡�❡♥
❛
✐♦♥� ♦❢ 
❤❡ ❱❘❏! ✭❚❤❡♦�❡♠ ✷✳✶✳✻✮✱ ❛♥❞ 
❤❛
 
❤❡② ❛�❡ ❞✐✛❡�❡♥
 ✐♥ 
❤❡ ❝❛�❡ ♦❢ ❛ �❡❣✉❧❛� 
�❡❡
✭!�♦♣♦�✐
✐♦♥ ✷✳✶✳✽✮✳

✷✳✶ ❙�❛�❡♠❡♥� ♦❢ �❤❡ 
❡�✉❧��

✷✳✶✳✶ ��❡✈✐♦✉� �❡�✉❧
�

▲❡
 G = (V,E) ❜❡ ❛ ✜♥✐
❡ ❝♦♥♥❡❝
❡❞ ♥♦♥✲❞✐�❡❝
❡❞ ❣�❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐
❤ ❝♦♥❞✉❝
❛♥❝❡� (We)e∈E ✳ ❲❡
❞❡�❝�✐❜❡ (We)e∈E ✇✐
❤ ❛ ♠❛
�✐① (Wi,j)i,j∈V ✱ ✇❤❡�❡

Wi,j =

{
W{i,j} ✐❢ {i, j} ∈ E,

0 ♦
❤❡�✇✐�❡✳

■♥ ❬❙❚✶✺❪✱ ❙❛❜♦
 ❛♥❞ ❚❛��6� ♣�♦✈❡❞ 
❤❛
 
❤❡ 
✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏! ♦♥ G ✇✐
❤ �❡�♣❡❝
 
♦ W ❝♦✉❧❞ ❜❡
�❡♣�❡�❡♥
❡❞ ❛� ❛ ♠✐①
✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡�✱ ✐✳❡✳ ❛� ❛ �❛♥❞♦♠ ✇❛❧❦ ✐♥ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
✳ ❲✐
❤
❩❡♥❣✱ 
❤❡② �❤♦✇❡❞ ✐♥ ❬❙❚❩✶✼❪ 
❤❛
 
❤✐� ❡♥✈✐�♦♥♠❡♥
 ❝♦✉❧❞ ❜❡ �❡❧❛
❡❞ 
♦ ❛ �❛♥❞♦♠ ❙❝❤�8❞✐♥❣❡� ♦♣❡�❛
♦�
Hβ ✱ ❝♦♥�
�✉❝
❡❞ ❢�♦♠ ❛ �❛♥❞♦♠ ♣♦
❡♥
✐❛❧ β = (βi)i∈V ✱ ✐♥ 
❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❋♦� β ∈ R
V ✱ ✇❡ ✇✐❧❧ ❞❡♥♦
❡ ❜② Hβ = 2β −W 
❤❡ |V | × |V | �②♠♠❡
�✐❝❛❧ ♠❛
�✐① �✉❝❤ 
❤❛
 (Hβ)i,j =

2βi1i=j −Wi,j ❢♦� i, j ∈ V ✳ ▲❡
 ✉� ❞❡✜♥❡ 
❤❡ �❡
 DW
V = {β ∈ R

V , Hβ > 0}✱ ✇❤❡�❡ Hβ > 0 ♠❡❛♥� 
❤❛
 
❤❡
♠❛
�✐① Hβ ✐� ♣♦�✐
✐✈❡ ❞❡✜♥✐
❡✳ ◆♦
❡ 
❤❛
 ✐❢ β ∈ DW

V ✱ 
❤❡♥ βi > 0 ❢♦� ❛❧❧ i ∈ V ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣�♦♣♦�✐
✐♦♥
❞❡�❝�✐❜❡� 
❤❡ ♣�♦❜❛❜✐❧✐
② ❞✐�
�✐❜✉
✐♦♥ ♦❢ 
❤❡ �❛♥❞♦♠ ♣♦
❡♥
✐❛❧ 
❤❛
 ✇✐❧❧ ❜❡ ✉�❡❞ 
♦ �❡♣�❡�❡♥
 
❤❡ ❱❘❏!✳

��♦♣♦�✐�✐♦♥ ✷✳✶✳✶✳ ❬❚❤❡♦�❡♠ ✶ ✐♥ ❬❙❚❩✶✼❪✱ ▲❡♠♠❛ ✹ ✐♥ ❬❙❩✶✾❪❪

✭✐✮ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣�❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡ W ✱ ❛♥❞ ❧❡� η ∈ R
V
+✳ ❲❡

❞❡✜♥❡ ❜② νW,η
V �❤❡ ♠❡❛ ✉�❡ ♦♥ (DW

V ,B(DW
V ))  ✉❝❤ �❤❛�

νW,η
V (dβ) =

(
2

π

) |V |
2

e−
1
2 (〈1,Hβ1〉+〈η,(Hβ)

−1η〉)e〈η,1〉
∏

i∈V dβi√
det(Hβ)

.

❚❤❡♥ νW,η
V ✐ ❛ ♣�♦❜❛❜✐❧✐�② ❞✐ ��✐❜✉�✐♦♥✳ ■� ▲❛♣❧❛❝❡ ��❛♥ ❢♦�♠ ✐ 

∫
e−〈λ,β〉νW,η

V (dβ) = e−
∑

i∈V ηi(
√
1+λi−1)−

∑

i∼j Wi,j(
√

(1+λi)(1+λj)−1)
∏

i∈V

1√
1 + λi

,



✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ ❘❊❙❯▲❚❙ ✸✾

❢♦� λ ∈ R
V
+✳ ❲❤❡♥ η = 0✱ ✇❡ ✇✐❧❧ ✇�✐
❡ νWV = νW,0

V ✳

✭✐✐✮ ▲❡
 ✉� ❞❡♥♦
❡ ❜② dG 
❤❡ ❣�❛♣❤ ❞✐�
❛♥❝❡ ✐♥ G✳ ❯♥❞❡� νW,η
V (dβ)✱ ✐❢ V1, V2 ⊂ V ❛�❡ �✉❝❤ 
❤❛


dG(V1, V2) ≥ 2✱ 
❤❡♥ (βi)i∈V1
❛♥❞ (βj)j∈V2

❛�❡ ✐♥❞❡♣❡♥❞❡♥
✳ ❲❡ ✇✐❧❧ �❛② 
❤❛
 
❤❡ ♣♦
❡♥
✐❛❧ ✇✐
❤
❞✐�
�✐❜✉
✐♦♥ νWV ✐� ✶✲❞❡♣❡♥❞❡♥
✳

▲❡� Cr(R+, V ) ❜❡ �❤❡ �♣❛❝❡ ♦❢ �✐❣❤�✲❝♦♥�✐♥✉♦✉� ❢✉♥❝�✐♦♥� ❢�♦♠ R+ �♦ V ✳ ❚❤✐� ✇✐❧❧ ❜❡ �❤❡ �♣❛❝❡ ♦❢
��❛❥❡❝�♦�✐❡� ♦❢ �❤❡ �❛♥❞♦♠ ♣�♦❝❡��❡� ✇❡ ✇✐❧❧ ��✉❞② ✐♥ �❤✐� ♣❛♣❡�✳ ❚❤❡�❡ ♣�♦❝❡��❡� ✇✐❧❧ ❜❡ ❞❡�❝�✐❜❡❞ ❜②
♣�♦❜❛❜✐❧✐�② ❞✐���✐❜✉�✐♦♥� ♦♥ Cr(R+, V )✳
❲❡ ✇✐❧❧ ✉�❡ �❧✐❣❤�❧② ❞✐✛❡�❡♥� ♥♦�❛�✐♦♥� ❢�♦♠ �❤❡ ✐♥��♦❞✉❝�♦�② ❝❤❛♣�❡� ✿ ❧❡� ✉� ❞❡♥♦�❡ ❜② (Zt) �❤❡

❝❛♥♦♥✐❝❛❧ ♣�♦❝❡�� ✐♥ Cr(R+, V )✱ ✇❤❡�❡ Zt(ω) = ω(t) ❢♦� ω ∈ Cr(R+, V )✳ ▼♦�❡♦✈❡� ❢♦� i0 ∈ V ✱ ❧❡�
P
V RJP (i0) ❞❡♥♦�❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏% ♦♥ (G,W )✱ ✐♥ �❤❡ ❡①❝❤❛♥❣❡❛❜❧❡ �✐♠❡ �❝❛❧❡
❞❡�❝�✐❜❡❞ ✐♥ �❤❡ ✐♥��♦❞✉❝�✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦�❡♠ ❞❡�❝�✐❜❡� ❤♦✇ �♦ �❡♣�❡�❡♥� �❤✐� ♣�♦❝❡�� ❛� ❛ ♠✐①�✉�❡
♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡�✱ ✉�✐♥❣ ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� �❤❛� ❝❛♥ ❜❡ ❝♦♥���✉❝�❡❞ ❢�♦♠ �❤❡ β ✜❡❧❞ ✉♥❞❡� νWV (dβ)✳

❚❤❡♦�❡♠ ✷✳✶✳✶✳ ❬❚❤❡♦�❡♠ ✷ ✐♥ ❬❙❚✶✺❪✱ ❚❤❡♦�❡♠ ✸ ✐♥ ❬❙❚❩✶✼❪❪ ▲❡
 G = (V,E) ❜❡ ❛ ✜♥✐
❡ ❣�❛♣❤✱ ❡♥❞♦✇❡❞
✇✐
❤ ❝♦♥❞✉❝
❛♥❝❡� W ✳ ❲❡ ✜① ❛ ✈❡�
❡① i0 ∈ V ✳ ❋♦� β ∈ DW

V ✱ ✇❡ ❞❡♥♦
❡ ❜② G = (Hβ)
−1 
❤❡ ●�❡❡♥ ❢✉♥❝
✐♦♥

❛��♦❝✐❛
❡❞ ✇✐
❤ β✱ ❛♥❞ ❜② P
β,i0
x 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ 
❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� �
❛�
❡❞ ❛
 x ∈ V ✱ ✇✐
❤ ❥✉♠♣

�❛
❡ ❢�♦♠ i 
♦ j ❣✐✈❡♥ ❜② 1
2Wi,j

G(i0,j)
G(i0,i)

✳

❚❤❡♥ ❢♦� ❛❧❧ i0 ∈ V ✱ 
❤❡ 
✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏2 ♦♥ (G,W )✱ �
❛�
❡❞ ❛
 i0✱ ✐� ❛ ♠✐①
✉�❡ ♦❢ 
❤❡�❡ ▼❛�❦♦✈
❥✉♠♣ ♣�♦❝❡��❡� ✉♥❞❡� 
❤❡ ❞✐�
�✐❜✉
✐♦♥ νWV (dβ)✳ ■♥ ♦
❤❡� ✇♦�❞�✱

P
V RJP (W,i0)[·] =

∫
P
β,i0
i0

[·]νWV (dβ).

❆♥ ✐♥�❡�❡��✐♥❣ ♣�♦♣❡��② ♦❢ �❤❡ ❞✐���✐❜✉�✐♦♥ νWV ✐� ✐�� ❜❡❤❛✈✐♦� ✇✐�❤ �❡�♣❡❝� �♦ �❡���✐❝�✐♦♥✳ ❋♦� β ∈ R
V

❛♥❞ V1, V2 ⊂ V ✱ ❧❡� ✉� ❞❡♥♦�❡ βV1
= (βi)i∈V1

✱ ❛♥❞ WV1,V2
= (Wi,j)i∈V1,j∈V2

✳


�♦♣♦�✐�✐♦♥ ✷✳✶✳✷✳ ❬▲❡♠♠❛ ✹ ✐♥ ❬❙❩✶✾❪❪ ▲❡
 ✉� ✜① U ⊂ V ✱ ❛♥❞ �❡
 η̂i =
∑

j∈Uc Wi,j ❢♦� i ∈ U ✱ ✐✳❡✳

η̂ = WU,Uc1Uc ✳ ❚❤❡♥ ✉♥❞❡� νWV (dβ)✱ βU ✐� ❞✐�
�✐❜✉
❡❞ ❛❝❝♦�❞✐♥❣ 
♦ ν
WU,U ,η̂
U ✳

❍❡♥❝❡ ✉♥❞❡� νWV (dβ)✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ βU ❞❡♣❡♥❞� ♦♥❧② ♦♥ �❤❡ ✇❡✐❣❤�� ♦❢ ❡❞❣❡� ✐♥�✐❞❡ U ✱ ❛♥❞
❝♦♠✐♥❣ ♦✉� ♦❢ U ✳ ❚❤✐� ✐� ✉�❡❢✉❧ �♦ ❞❡✜♥❡ �❤❡ β ✜❡❧❞ ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤�✳
▲❡� ♥♦✇ G = (V,E) ❜❡ ❛♥ ✐♥✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ♥♦♥✲❞✐�❡❝�❡❞ ❣�❛♣❤✱ �❤❛� ✐� ❧♦❝❛❧❧② ✜♥✐�❡✱ ✐✳❡✳ ❡❛❝❤ ✈❡��❡①

v ∈ V ❤❛� ✜♥✐�❡ ❞❡❣�❡❡✳ ❲❡ ❡♥❞♦✇ G ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� W ✳ ❚♦ ��✉❞② �❤❡ ❛��♦❝✐❛�❡❞ ❱❘❏%✱ ✇❡ ✇❛♥� �♦
❞❡✜♥❡ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ �❤❡ β ✜❡❧❞ ♦♥ G✳ ■♥ ❬❙❩✶✾❪✱ ❙❛❜♦� ❛♥❞ ❩❡♥❣ ❞✐❞ �❤✐� ❜② ✉�✐♥❣ ❛ ✇✐�❡❞ ❜♦✉♥❞❛�②
❝♦♥❞✐�✐♦♥✱ ❞❡✜♥❡❞ ❛� ❢♦❧❧♦✇�✳
▲❡� (Vn)n∈N ❜❡ ❛♥ ✐♥❝�❡❛�✐♥❣ �❡2✉❡♥❝❡ ♦❢ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ �✉❜�❡�� ♦❢ V ✱ �✉❝❤ �❤❛�

⋃

n∈N

Vn = V.

❋♦� n ∈ N✱ ✇❡ ✐♥��♦❞✉❝❡ ❛ ♥❡✇ ✈❡��❡① δn✱ ❛♥❞ ❞❡✜♥❡ ❛ ♥❡✇ ❣�❛♣❤ G(n) = (Ṽ (n), Ẽ(n))✱ ✇❤❡�❡

Ṽ (n) = Vn ∪ {δn}
❛♥❞ Ẽ(n) = {{i, j} ∈ E, i, j ∈ Vn} ∪ {{i, δn}, i ∈ Vn ❛♥❞ ∃j /∈ Vn, i ∼ j} .

❚❤❡ ❣�❛♣❤ G(n) ✐� ❝❛❧❧❡❞ �❤❡ �❡���✐❝�✐♦♥ ♦❢ G �♦ Vn ✇✐�❤ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✳ ❲❡ ❡♥❞♦✇ �❤✐� ❣�❛♣❤

✇✐�❤ �❤❡ ❝♦♥❞✉❝�❛♥❝❡� W̃ (n) ❞❡✜♥❡❞ ❜② W̃
(n)
i,j = Wi,j ✐❢ i, j ∈ Vn✱ ❛♥❞ W̃

(n)
i,δn

=
∑

j∼i,j /∈Vn
Wi,j ✳

❋♦� ❛❧❧ n ∈ N✱ ❧❡� (β
(n)
i )i∈Ṽ (n) ❜❡ ❛ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ ♦♥ �❤❡ ❣�❛♣❤ G(n) ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νW̃

(n)

Ṽ (n) ✳

❚❤❡♥ ❢�♦♠ %�♦♣♦�✐�✐♦♥ ✷✳✶✳✷✱ ✇❡ ❦♥♦✇ �❤❛� �❤❡ �❡���✐❝�✐♦♥ β
(n)
Vn
✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νW

(n),η(n)

Vn
✱



✹✵ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

✇❤❡�❡ W (n) = WVn,Vn
❛♥❞ η(n) := W̃

(n)
Vn,{δn} = WVn,V c

n
1V c

n
✳ ■♥ ❢❛❝�✱ ❢♦� ❛ ✜①❡❞ n ∈ N ❛♥❞ ❛♥② n′ ≥ n✱ �❤❡

�❡���✐❝�✐♦♥� β
(n′)
Vn

❤❛✈❡ �❤❡ �❛♠❡ ❞✐���✐❜✉�✐♦♥ νW
(n),η(n)

Vn
✳ ❇② ❑♦❧♠♦❣♦�♦✈ ❡①�❡♥�✐♦♥ �❤❡♦�❡♠✱ �❤✐� ❛❧❧♦✇�

�❤❡ ❝♦♥���✉❝�✐♦♥ ♦❢ ❛ ❞✐���✐❜✉�✐♦♥ νWV ❢♦� ✐♥✜♥✐�❡ V ✳
❋♦� β ∈ R

V ✱ ❧❡� ✉� ��✐❧❧ ❞❡♥♦�❡ ❜② Hβ = 2β −W �❤❡ ❙❝❤� ❞✐♥❣❡� ♦♣❡�❛�♦� ❛��♦❝✐❛�❡❞ ✇✐�❤ (βi)i∈V ✱
✐✳❡✳ ❢♦� ❛❧❧ f ∈ R

V ❛♥❞ i ∈ V ✱ (Hβf)i = 2βifi −
∑

j∼i Wi,jfj ✳ ❲❡ ❛❧�♦ ❞❡✜♥❡

DW
V = {β ∈ R

V , (Hβ)U,U > 0 ❢♦� ❛❧❧ ✜♥✐�❡ �✉❜�❡� U ♦❢ V }.

��♦♣♦�✐�✐♦♥ ✷✳✶✳✸✳ ❬��♦♣♦	✐
✐♦♥ ✶ ✐♥ ❬❙❩✶✾❪❪ ▲❡
 G = (V,E) ❜❡ ❛♥ ✐♥✜♥✐
❡ ❧♦❝❛❧❧② ✜♥✐
❡ ❣�❛♣❤✱ ❡♥❞♦✇❡❞
✇✐
❤ ❝♦♥❞✉❝
❛♥❝❡	 W ✳ ❚❤❡�❡ ❡①✐	
	 ❛ ✉♥✐ ✉❡ ♣�♦❜❛❜✐❧✐
② ❞✐	
�✐❜✉
✐♦♥ νWV ♦♥ DW

V 	✉❝❤ 
❤❛
 ✉♥❞❡� νWV (dβ)✱

❢♦� ❛❧❧ ✜♥✐
❡ 	✉❜	❡
 U ⊂ V ✱ βU ∼ ν
WU,U ,η
U ✇❤❡�❡ η = WU,Uc1Uc ✳ ■
	 ▲❛♣❧❛❝❡ 
�❛♥	❢♦�♠ ✐	

∫
e−〈λ,β〉νWV (dβ) = e−

∑

i∼j Wi,j(
√
1+λi

√
1+λj−1)

∏

i∈V

1√
1 + λi

❢♦� λ ∈ R
V
+ ✇✐
❤ ✜♥✐
❡ 	✉♣♣♦�
✳

❚❤❡ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ✐� ♥♦� ♦♥❧② ✉�❡❢✉❧ �♦ ❞❡✜♥❡ νWV ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤�✱ ❜✉� ❛❧�♦ �♦ ❧✐♥❦ �❤✐�
❞✐���✐❜✉�✐♦♥ �♦ �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏(✱ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦�❡♠ ✷✳✶✳✶ �♦ �❤❡ ❣�❛♣❤ G(n)✳ ■♥❞❡❡❞ ❢�♦♠

(�♦♣♦�✐�✐♦♥ ✷✳✶✳✸✱ ❢♦� ❛♥② n ∈ N✱ ✉♥❞❡� νWV (dβ) ✇❡ ❤❛✈❡ βVn
∼ νW

(n),η(n)

Vn
✳ ❍❡♥❝❡✱ ❢�♦♠ (�♦♣♦�✐�✐♦♥ ✷✳✶✳✷✱

✇❡ ❝❛♥ ❡①�❡♥❞ βVn
✐♥�♦ ❛ ♣♦�❡♥�✐❛❧ β(n) ∼ νW̃

(n)

Ṽ (n) �✉❝❤ �❤❛� β
(n)
Vn

= βVn
✳ ❲❡ ❞❡♥♦�❡ H

(n)
β = 2β(n) − W̃ (n)

❛♥❞ G(n) = (H
(n)
β )−1✳ ❋�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✶✱ ✇❡ ❦♥♦✇ �❤❛� G(n) ❣✐✈❡� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏( ♦♥

G(n)✳

❉❡✜♥✐�✐♦♥ ✷✳✶✳✶✳ ✭✐✮ ❋♦� β ∈ DW
V ✱ ❧❡
 ✉	 ❞❡✜♥❡ Ĝ(n) : V ×V → R+ ❜② (Ĝ(n))Vn,Vn

= ((Hβ)Vn,Vn
)−1✱

❛♥❞ Ĝ(n)(i, j) = 0 ✐❢ i /∈ Vn ♦� j /∈ Vn✳

✭✐✐✮ ❋♦� β ∈ DW
V ✱ ❧❡
 ψ(n) ∈ R

Vn

+ ❜❡ ❞❡✜♥❡❞ ❜②

{
(Hβψ

(n))Vn
= 0

ψ
(n)
V c
n

= 1.

◆♦
❡ 
❤❛
 ψ
(n)
Vn

= (Ĝ
(n)
Vn,Vn

)η(n)✳

■� ✐� ♣♦��✐❜❧❡✱ ✉�✐♥❣ ❛ ❞❡❝♦♠♣♦�✐�✐♦♥ ♦❢ �❤❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ ❛� ❛ �✉♠ ♦✈❡� ♣❛�❤� ✭�❡❡ ❬❙❩✶✾❪✱ ♦�
(�♦♣♦�✐�✐♦♥ ✷✳✷✳✸✮✱ �♦ ✇�✐�❡

G(n)(i, j) = Ĝ(n)(i, j) + ψ(n)(i)G(n)(δn, δn)ψ
(n)(j)

❢♦� i, j ∈ Vn✳ ❯♥❞❡� νWV (dβ)✱ G(n)(δn, δn) ✐� ✐♥❞❡♣❡♥❞❡♥� ♦❢ βVn
✱ ❛♥❞ 1/2G(n)(δn, δn) ✐� ❛❧✇❛②� ❞✐���✐❜✉�❡❞

❛❝❝♦�❞✐♥❣ �♦ ❛ ●❛♠♠❛(1/2, 1) ❞✐���✐❜✉�✐♦♥ ✭�❡❡ (�♦♣♦�✐�✐♦♥ ✷✳✷✳✶ ✭✐✐✮✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦�❡♠ ❞❡�❝�✐❜❡�
❤♦✇ �❛❦✐♥❣ n → ∞ ✐♥ �❤✐� ♣�❡✈✐♦✉� ❡①♣�❡��✐♦♥ ❣✐✈❡� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏( ♦♥ ✐♥✜♥✐�❡ ❣�❛♣❤�✳

❚❤❡♦�❡♠ ✷✳✶✳✷✳ ❬❚❤❡♦�❡♠ ✶ ✐♥ ❬❙❩✶✾❪❪

✭✐✮ ❯♥❞❡� νWV (dβ)✱ ❢♦� i, j ∈ V ✱ 
❤❡ ✐♥❝�❡❛	✐♥❣ 	❡ ✉❡♥❝❡ Ĝ(n)(i, j) ❝♦♥✈❡�❣❡	 ❛❧♠♦	
 	✉�❡❧② 
♦ ❛ ✜♥✐
❡

�❛♥❞♦♠ ✈❛�✐❛❜❧❡ Ĝ(i, j)✳

✭✐✐✮ ▲❡
 Fn ❜❡ 
❤❡ σ✲✜❡❧❞ ❣❡♥❡�❛
❡❞ ❜② βVn
✳ ❚❤❡♥ ✉♥❞❡� νWV (dβ)✱ ❢♦� ❛❧❧ i ∈ V ✱ ψ(n)(i) ✐	 ❛ ♥♦♥♥❡❣❛
✐✈❡

(Fn)✲♠❛�
✐♥❣❛❧❡ ✇❤✐❝❤ ❝♦♥✈❡�❣❡	 ❛❧♠♦	
 	✉�❡❧② 
♦ ❛♥ ✐♥
❡❣�❛❜❧❡ �❛♥❞♦♠ ✈❛�✐❛❜❧❡ ψ(i)✳ ▼♦�❡♦✈❡�✱ ψ
✐	 Hβ✲❤❛�♠♦♥✐❝ ♦♥ V ✱ ✐✳❡✳ Hβψ(i) = 2βiψ(i)−

∑
j∼i Wi,jψ(j) = 0 ❢♦� i ∈ V ✳



✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ ❘❊❙❯▲❚❙ ✹✶

✭✐✐✐✮ ❋�♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ❞❡♥♦�❡ νWV (dβ, dγ) = νWV (dβ) ⊗ 1{γ>0}√
πγ e−γdγ✱ ✇❤❡�❡

1{γ>0}√
πγ e−γdγ ✐� ❛

●❛♠♠❛(1/2, 1) ❞✐���✐❜✉�✐♦♥✳

▲❡� ♥♦✇ i0 ∈ V ❜❡ ✜①❡❞✳ ❋♦� β ∈ DW
V ❛♥❞ γ > 0✱ ✇❡ ❞❡✜♥❡

G(i, j) = Ĝ(i, j) +
1

2γ
ψ(i)ψ(j),

❛♥❞ ❞❡♥♦�❡ ❜② P
β,γ,i0
x �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ��❛��❡❞ ❛� x ∈ V ✱ ✇❤❡�❡ �❤❡ ❥✉♠♣

�❛�❡ ❢�♦♠ i �♦ j ✐� 1
2Wi,j

G(i0,j)
G(i0,i)

✳

❚❤❡♥ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏' ♦♥ (G,W )✱ ��❛��❡❞ ❛� i0✱ ✐� ❛ ♠✐①�✉�❡ ♦❢ �❤❡�❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡�
✉♥❞❡� νWV (dβ, dγ)✱ ✐✳❡✳

P
V RJP (i0)[·] =

∫
P
β,γ,i0
i0

[·]νWV (dβ, dγ).

✭✐✈✮ ❋♦� νWV ✲❛❧♠♦�� ❛❧❧ β ❛♥❞ ❛❧❧ i0 ∈ V ✱ ✇❡ ❤❛✈❡✿

✕ ❚❤❡ ▼❛�❦♦✈ ♣�♦❝❡�� ✇✐�❤ ❧❛✇ P
β,γ,i0
x ✐� �❡❝✉��❡♥� ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψ(i) = 0 ❢♦� ❛❧❧ i ∈ V ✳

✕ ❚❤❡ ▼❛�❦♦✈ ♣�♦❝❡�� ✇✐�❤ ❧❛✇ P
β,γ,i0
x ✐� ��❛♥�✐❡♥� ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψ(i) > 0 ❢♦� ❛❧❧ i ∈ V ✳

◆♦�❡ �❤❛� ❢♦
 i0 ∈ V ✜①❡❞✱ ✐♥ �❤✐� 
❡♣
❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ��❛
�❡❞ ❛� i0✱ �❤❡ β ✜❡❧❞ ❝❛♥♥♦� ❜❡

❡①♣
❡��❡❞ ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ 
❛♥❞♦♠ ❥✉♠♣ 
❛�❡�
Wi,j

2
G(i0,j)
G(i0,i)

�❤❛� ❞❡✜♥❡ �❤❡ ❡♥✈✐
♦♥♠❡♥�✳ ❍♦✇❡✈❡
✱

✇❡ ❝❛♥ ❞❡✜♥❡ �❤❡ β̃ ✜❡❧❞ 
♦♦�❡❞ ❛� i0✱ ✇❤❡
❡ β̃i ✐� �❤❡ 
❛�❡ ♦❢ �❤❡ ❡①♣♦♥❡♥�✐❛❧ ❤♦❧❞✐♥❣ �✐♠❡ ❛� i ❢♦
 �❤❡
❛��♦❝✐❛�❡❞ ▼❛
❦♦✈ ♣
♦❝❡��✳

��♦♣♦�✐�✐♦♥ ✷✳✶✳✹✳ ❋♦� ❛❧❧ i ∈ V ✱ β ∈ DW
V ❛♥❞ γ > 0✱ ✇❡ ❞❡✜♥❡

β̃i =
∑

j∼i

Wi,j

2

G(i0, j)

G(i0, i)
= βi − 1{i=i0}

1

2G(i0, i0)
.

❚❤❡♥ ✉♥❞❡� νWV (dβ, dγ)✱ 1/2G(i0, i0) ❤❛� ❞✐���✐❜✉�✐♦♥ ●❛♠♠❛(1/2, 1) ❛♥❞ ✐� ✐♥❞❡♣❡♥❞❡♥� ❢�♦♠ β̃✳ ▼♦�❡✲

♦✈❡� �❤❡ ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ♦❢ β̃ ✐�

∫
e−〈λ,β̃〉νWV (dβ, dγ) = e−

∑

i∼j Wi,j(
√
1+λi

√
1+λj−1)

∏

i �=i0

1√
1 + λi

❢♦� λ ∈ R
V
+ ✇✐�❤ ✜♥✐�❡ �✉♣♣♦��✳

✷✳✶✳✷ ❆ ❝♦♠♠♦♥ ❢♦
♠ ❢♦
 ❛❧❧ 
❡♣
❡�❡♥�❛�✐♦♥�

❲❡ ��✐❧❧ ❝♦♥�✐❞❡
 G = (V,E) �♦ ❜❡ ❛♥ ✐♥✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣
❛♣❤✱ ❧♦❝❛❧❧② ✜♥✐�❡ ❛♥❞ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥✲
❞✉❝�❛♥❝❡� (Wi,j)i,j∈V ✳ ❚❤❛♥❦� �♦ ❚❤❡♦
❡♠ ✷✳✶✳✷✱ ✇❡ ❛❧
❡❛❞② ❦♥♦✇ �❤❛� �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏� ✇✐�❤

❞✐��
✐❜✉�✐♦♥ P
V RJP (i0) ❝❛♥ ❜❡ ✇
✐��❡♥ ❛� ❛ ♠✐①�✉
❡ ♦❢ ▼❛
❦♦✈ ❥✉♠♣ ♣
♦❝❡��❡�✱ ✉�✐♥❣ �❤❡ ❞✐��
✐❜✉�✐♦♥ νWV ✳

❲❡ ✇✐❧❧ 
❡❢❡
 �♦ �❤✐� ❛� �❤❡ ��❛♥❞❛
❞ 
❡♣
❡�❡♥�❛�✐♦♥✳ ❲❡ ❛
❡ ♥♦✇ ✐♥�❡
❡��❡❞ ✐♥ ♦�❤❡
 ♣♦��✐❜❧❡ 
❛♥❞♦♠

❡♥✈✐
♦♥♠❡♥��✱ �❤❛� ✇♦✉❧❞ 
❡♣
❡�❡♥� �❤❡ ❱❘❏� ✐♥ �❤❡ �❛♠❡ �❡♥�❡✱ ❛♥❞ ✇❤❡�❤❡
 �❤❡② ❝❛♥ ❜❡ ❡①♣
❡��❡❞ ✐♥

❛ ❢♦
♠ �✐♠✐❧❛
 �♦ �❤❡ ��❛♥❞❛
❞ 
❡♣
❡�❡♥�❛�✐♦♥✳

❲❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② J E
V �❤❡ �❡� ♦❢ ❥✉♠♣ 
❛�❡� ♦♥ G✱ ✐✳❡✳ �❤❡ �❡� ♦❢ (ri,j)i,j∈V ∈ R

V×V
+ �✉❝❤ �❤❛� ri,j = 0

✐❢ {i, j} /∈ E✳



✹✷ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

❉❡✜♥✐�✐♦♥ ✷✳✶✳✷✳ ▲❡� R(dr) ❜❡ ❛ ♣�♦❜❛❜✐❧✐�② ❞✐
��✐❜✉�✐♦♥ ♦♥ J E
V ✳ ❋♦� i0 ∈ V ✜①❡❞✱ ✇❡ ✇✐❧❧ 
❛② �❤❛�

R(dr) ✐
 �❤❡ ❞✐
��✐❜✉�✐♦♥ ♦❢ ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� �❡♣�❡
❡♥�✐♥❣ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏ 
�❛��❡❞ ❛� i0 ✐❢

P
V RJP (i0)[·] =

∫
P
r
i0 [·]R(dr),

✇❤❡�❡ ❢♦� r ∈ J E
V ✱ P

r ✐
 �❤❡ ❞✐
��✐❜✉�✐♦♥ ♦❢ �❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡

 ✇✐�❤ ❥✉♠♣ �❛�❡ ❢�♦♠ i �♦ j ❣✐✈❡♥ ❜②
ri,j✳ ❲❡ ✇✐❧❧ ❛❧
♦ 
❛② �❤❛� R(dr) ❞❡✜♥❡
 ❛ �❡♣�❡
❡♥�❛�✐♦♥ ♦❢ PV RJP (i0)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ 
❡�✉❧� �❡❧❧� ✉� �❤❛� ✐♥ ❢❛❝�✱ ❛♥② 
❡♣
❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ❝❛♥ ❜❡ ❡①♣
❡��❡❞ ✐♥ ❛ �✐♠✐❧❛

❢♦
♠ ❛� �❤❡ ��❛♥❞❛
❞ 
❡♣
❡�❡♥�❛�✐♦♥✱ ✉�✐♥❣ ❛ β ✜❡❧❞ ❛� ✇❡❧❧ ❛� Hβ✲❤❛
♠♦♥✐❝ ❢✉♥❝�✐♦♥�✳

❋♦
 i ∈ V ❛♥❞ r ∈ J E
V ✱ ✇❡ ❞❡✜♥❡ ri =

∑
j∼i ri,j ✳

❚❤❡♦
❡♠ ✷✳✶✳✸✳ ▲❡� i0 ∈ V ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡� R(dr) ❜❡ �❤❡ ❞✐
��✐❜✉�✐♦♥ ♦❢ ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� �❡♣�❡✲


❡♥�✐♥❣ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏ ✇✐�❤ ❧❛✇ P
V RJP (i0)✳ ❲❡ ✇�✐�❡ R(dr, dγ) = R(dr)⊗ 1{γ>0}√

πγ e−γdγ✳

❋♦� r ∈ J E
V ❛♥❞ γ > 0✱ ✇❡ ❞❡✜♥❡ β ∈ (R+)

V ❜② βi = ri + 1{i=i0}γ ❢♦� i ∈ V ✳ ❚❤❡♥ ✉♥❞❡� R(dr, dγ)✱
β ∼ νWV ✱ ❛♥❞ �❤❡�❡ ❡①✐
�
 ❛ �❛♥❞♦♠ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥ h : V → R+✱ 
✉❝❤ �❤❛� ❢♦� ❛❧❧ i ∼ j✱

ri,j =
Wi,j

2

G(i0, j)

G(i0, i)
,

✇❤❡�❡ G(i0, i) = Ĝ(i0, i) + h(i) ❢♦� i ∈ V ✱ ❛♥❞ Ĝ ✐
 �❤❡ ❢✉♥❝�✐♦♥ ♦❢ β ❞❡✜♥❡❞ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✷✳

■♥ ♦
❞❡
 �♦ �
② ❛♥❞ ❝❧❛��✐❢② ❛❧❧ 
❡♣
❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏�✱ ✇❡ ♥♦✇ ♥❡❡❞ �♦ ✐❞❡♥�✐❢② Hβ✲❤❛
♠♦♥✐❝
❢✉♥❝�✐♦♥�✱ ❛♥❞ �♦ ❞❡�❡
♠✐♥❡ ✇❤✐❝❤ ♦♥❡� ❝❛♥ ❛♣♣❡❛
 ✐♥ �❤❡ ❡①♣
❡��✐♦♥ ♦❢ ❛ 
❡♣
❡�❡♥�❛�✐♦♥✱ ❛� ✐♥ ❚❤❡♦
❡♠
✷✳✶✳✸✳ ❚✇♦ ✐♥�❡
❡��✐♥❣ ❝❛�❡� ❛
✐�❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ (G,W )✿ ✇❤❡♥ �❤❡ ❱❘❏� ✐� ❛❧♠♦�� �✉
❡❧② 
❡❝✉

❡♥�✱ ♦

❛❧♠♦�� �✉
❡❧② �
❛♥�✐❡♥�✳

■♥ �❤❡ ✜
�� ❝❛�❡✱ ✇❡ ❝❛♥ ✉�❡ �❤❡ ❧❛✇ ♦❢ ❧❛
❣❡ ♥✉♠❜❡
� �♦ �❤♦✇ �❤❛� �❤❡ 
❡♣
❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ❛�
❛ ♠✐①�✉
❡ ♦❢ ▼❛
❦♦✈ ♣
♦❝❡��❡� ✐� ✉♥✐)✉❡✳

�
♦♣♦�✐�✐♦♥ ✷✳✶✳✺✳ ■❢ (G,W ) ✐
 
✉❝❤ �❤❛� �❤❡ ❱❘❏ ✐
 ❛❧♠♦
� 
✉�❡❧② �❡❝✉��❡♥�✱ �❤❡♥ �❤❡ �❡♣�❡
❡♥�❛�✐♦♥
♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏ 
�❛��❡❞ ❛� i0 ❛
 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡

❡
 ✐
 ✉♥✐)✉❡✱ ✐✳❡✳ ✐❢ R(dr) ❛♥❞
R′(dr) ❞❡✜♥❡ �❡♣�❡
❡♥�❛�✐♦♥
 ♦❢ PV RJP (i0)✱ �❤❡♥ R(dr) = R′(dr)✳

◆♦�❡ �❤❛� ✐♥ �❤✐� ❝❛�❡✱ ❛❝❝♦
❞✐♥❣ �♦ ❚❤❡♦
❡♠ ✷✳✶✳✷ ✭✐✈✮✱ ✉♥❞❡
 νWV (dβ)✱ ✇❡ ❤❛✈❡ ❛✳�✳ ψ(i) = 0 ❢♦


❛❧❧ i ∈ V ✱ ❛♥❞ �❤❡ ❥✉♠♣ 
❛�❡� ✐♥ �❤❡ ��❛♥❞❛
❞ 
❡♣
❡�❡♥�❛�✐♦♥ ❛
❡ ❣✐✈❡♥ ❜②
Wi,j

2
Ĝ(i0,j)

Ĝ(i0,i)
✳ ❚❤❡
❡❢♦
❡✱ �❤❡

Hβ✲❤❛
♠♦♥✐❝ ❢✉♥❝�✐♦♥ ❛��♦❝✐❛�❡❞ ✇✐�❤ �❤❡ 
❡♣
❡�❡♥�❛�✐♦♥ ✭❜② ❚❤❡♦
❡♠ ✷✳✶✳✸✮ ✐� h ≡ 0✳

■♥ �❤❡ �❡❝♦♥❞ ❝❛�❡✱ ✐✳❡✳ ✇❤❡♥ �❤❡ ❱❘❏� ✐� ❛❧♠♦�� �✉
❡❧② �
❛♥�✐❡♥�✱ ✇❡ ❝❛♥ ✐♥�
♦❞✉❝❡ ❛ 
❛♥❞♦♠
❝♦♥❞✉❝�❛♥❝❡ ♠♦❞❡❧✱ ❛��♦❝✐❛�❡❞ ✇✐�❤ ψ✳

�
♦♣♦�✐�✐♦♥ ✷✳✶✳✻✳ ■❢ (G,W ) ✐
 
✉❝❤ �❤❛� �❤❡ ❱❘❏ ✐
 ❛❧♠♦
� 
✉�❡❧② ��❛♥
✐❡♥�✱ �❤❡♥ ✉♥❞❡� νWV (dβ)✿

✭✐✮ ❲❡ ❤❛✈❡ ❛✳
✳ ψ(i) > 0 ❢♦� ❛❧❧ i ∈ V ✱ ✇❤❡�❡ ψ ✐
 ❞❡✜♥❡❞ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✷✳

✭✐✐✮ ❲❡ ❞❡✜♥❡ �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡
 cψi,j = Wi,jψ(i)ψ(j) ❢♦� ❛❧❧ i, j ∈ V ✳ ❚❤❡♥ �❤❡ ❛

♦❝✐❛�❡❞
�❡✈❡�
✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦ ✐
 ❛✳
✳ ��❛♥
✐❡♥�✳

✭✐✐✐✮ ▲❡� Δψ ❜❡ �❤❡ ❞✐
❝�❡�❡ ▲❛♣❧❛❝✐❛♥ ❛

♦❝✐❛�❡❞ ✇✐�❤ �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡
 cψi,j✳ ❚❤❡♥ ❛ ❢✉♥❝�✐♦♥

ϕ : V → R ✐
 Δψ✲❤❛�♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ i �→ ψ(i)ϕ(i) ✐
 Hβ✲❤❛�♠♦♥✐❝✳



✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ ❘❊❙❯▲❚❙ ✹✸

❘❡♠❛�❦ ✷✳✶✳✶✳ ❚❤✐� ❛❧❧♦✇� ❛ ♠♦�❡ ❝♦♥✈❡♥✐❡♥� ❡①♣�❡��✐♦♥ ♦❢ �❡♣�❡�❡♥�❛�✐♦♥ ✐♥ �❤❡ ��❛♥�✐❡♥� ❝❛�❡✳ ■♥❞❡❡❞✱
✐❢ R(dr) ❞❡✜♥❡� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ PV RJP (i0)✱ ❚❤❡♦�❡♠ ✷✳✶✳✸ ❛❧❧♦✇� ✉� �♦ ❝♦♥���✉❝� ❛ β ✜❡❧❞ ❞✐���✐❜✉�❡❞
❛❝❝♦�❞✐♥❣ �♦ νWV ✱ ❛♥❞ �♦ ❡①♣�❡�� �❤❡ ❥✉♠♣ �❛�❡� ri,j ✉�✐♥❣ β ❛♥❞ ❛ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥ h✳ ❆❝❝♦�❞✐♥❣ �♦
"�♦♣♦�✐�✐♦♥ ✷✳✶✳✻ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡ h = ψϕ✱ ✇❤❡�❡ ϕ ✐� ❛ Δψ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥✱ ✐✳❡✳ ❤❛�♠♦♥✐❝ ❢♦� ❛ ��❛♥�✐❡♥�
�❛♥❞♦♠ ✇❛❧❦✳

❚❤❡ ♥♦�✐♦♥ ♦❢ ▼❛��✐♥ ❜♦✉♥❞❛�② ✐� ❛ ✉�❡❢✉❧ �♦♦❧ �♦ �❡♣�❡�❡♥� ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ✇✐�❤ �❡�♣❡❝� �♦ ❛
��❛♥�✐❡♥� �❛♥❞♦♠ ✇❛❧❦ ♦♥ ❛ ❣�❛♣❤ G = (V,E)✳ ■♥❞❡❡❞✱ V ❛❞♠✐�� ❛ ❜♦✉♥❞❛�② M �♦ �❤❛� V ∪ M ✐�
❝♦♠♣❛❝� ❢♦� ❛ ❝❡��❛✐♥ �♦♣♦❧♦❣②✱ ❛♥❞ �❤❡�❡ ✐� ❛ ❦❡�♥❡❧ K : V ×M �♦ �❤❛� ❛♥② ♣♦�✐�✐✈❡ ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥
h ❝❛♥ ❜❡ ✇�✐��❡♥ ❛�

h(x) =

∫

M
K(x, α)μh(dα)

❢♦� x ∈ V ✱ ✇❤❡�❡ μh ✐� ❛ ♣♦�✐�✐✈❡ ♠❡❛�✉�❡ ♦♥ (M,B(M))✳ M ✐� ❝❛❧❧❡❞ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ♦❢ V
✇✐�❤ �❡�♣❡❝� �♦ �❤❡ �❛♥❞♦♠ ✇❛❧❦✱ ❛♥❞ K ✐� �❤❡ ▼❛��✐♥ ❦❡�♥❡❧✱ ✇❤✐❝❤ ✐� ❞❡✜♥❡❞ ✉�✐♥❣ �❤❡ ●�❡❡♥ ❦❡�♥❡❧
❛��♦❝✐❛�❡❞ ✇✐�❤ �❤❡ �❛♥❞♦♠ ✇❛❧❦✳ ❋♦� ♠♦�❡ ❞❡�❛✐❧� ♦♥ ▼❛��✐♥ ❜♦✉♥❞❛�✐❡�✱ �❡❡ ❙❡❝�✐♦♥ ✷✳✷✳✸✳

■♥ ♦�❞❡� �♦ ��✉❞② �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏" ✐♥ �❤❡ ��❛♥�✐❡♥� ❝❛�❡✱ ✇❡ ✇❛♥� �♦ ❞❡�❝�✐❜❡ Δψ✲❤❛�♠♦♥✐❝
❢✉♥❝�✐♦♥�✱ ❛❝❝♦�❞✐♥❣ �♦ ❘❡♠❛�❦ ✷✳✶✳✶✳ ❲❡ ✇✐❧❧ �❤❡�❡❢♦�❡ ♥❡❡❞ �♦ ✐❞❡♥�✐❢② �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② Mψ

❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ✳ ❚❤✐� ✇✐❧❧ ❜❡ ♣♦��✐❜❧❡ ✇❤❡♥ G ✐� Z
d✱ ♦� ❛♥ ✐♥✜♥✐�❡ ��❡❡✳

✷✳✶✳✸ ▼❛✐♥ 	❡�✉❧��

✷✳✶✳✸✳✶ ❘❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏� ♦♥ Z
d

▲❡� ✉� ❝♦♥�✐❞❡� �❤❡ ❝❛�❡ ✇❤❡�❡ G ✐� �❤❡ ❧❛��✐❝❡ Z
d✱ ✐✳❡✳ G = (V,E) ✇✐�❤

V = Z
d ❛♥❞ E = Ed := {{x, y}, |x− y| = 1}

✇❤❡�❡ |x| ✐� �❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦�♠ ♦❢ x✳ ▲❡� ✉� ❡♥❞♦✇ G ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ❝♦♥❞✉❝�❛♥❝❡� W ✳ ❙✐♥❝❡ �❤✐�
♠♦❞❡❧ ✐� ✐♥✈❛�✐❛♥� ❜② ✐�♦♠❡��✐❡� ♦❢ Zd✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥�✐❞❡� �❤❡ ❱❘❏" ��❛��❡❞ ❛� 0✳

❲❡ ❝❛♥ ✐❞❡♥�✐❢② �❡✈❡�❛❧ �✐�✉❛�✐♦♥� ✐♥ ✇❤✐❝❤ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ✐� ✉♥✐2✉❡✳ ❋♦� d = 2✱ ♦� ✐❢ W ✐�
�♠❛❧❧ ❡♥♦✉❣❤✱ �❤❡ ❱❘❏" ✐� ❛❧♠♦�� �✉�❡❧② �❡❝✉��❡♥� ✭�❡❡ ❬❙❛❜✶✾❪✱ ❛♥❞ ❈♦�♦❧❧❛�② ✶ ✐♥ ❬❙❚✶✺❪✮✱ �♦ �❤❛� �❤❡
�❡♣�❡�❡♥�❛�✐♦♥ ♦❢ P

V RJP (0) ✐� ✉♥✐2✉❡ ❛❝❝♦�❞✐♥❣ �♦ "�♦♣♦�✐�✐♦♥ ✷✳✶✳✺✳ ❋♦� d ≥ 3 ❛♥❞ W ❧❛�❣❡ ❡♥♦✉❣❤✱
�❤❡ ❱❘❏" ✐� ❛❧♠♦�� �✉�❡❧② ��❛♥�✐❡♥� ✭�❡❡ ❈♦�♦❧❧❛�② ✸ ✐♥ ❬❙❚✶✺❪✮✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✐♥��♦❞✉❝❡ Δψ ❞❡✜♥❡❞
✐♥ "�♦♣♦�✐�✐♦♥ ✷✳✶✳✻✳ ❙✐♥❝❡ (G,W ) ✐� ✈❡��❡① ��❛♥�✐�✐✈❡✱ ❢�♦♠ "�♦♣♦�✐�✐♦♥ ✸ ♦❢ ❬❙❩✶✾❪✱ ✉♥❞❡� νWV (dβ)✱ ψ
✐� ��❛�✐♦♥❛�② ❛♥❞ ❡�❣♦❞✐❝✳ ❚❤✐� ❛❧❧♦✇� ✉� �♦ ❛♣♣❧② ❛ ❧♦❝❛❧ ❧✐♠✐� �❤❡♦�❡♠ ❢♦� �❛♥❞♦♠ ✇❛❧❦� ✐♥ �❛♥❞♦♠
❝♦♥❞✉❝�❛♥❝❡� ✭❢�♦♠ ❬❆❉❙✶✻❛❪✮✱ ❛♥❞ �❤♦✇ �❤❛� �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② Mψ ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ ✐� ❛❧♠♦��
�✉�❡❧② ��✐✈✐❛❧ ❢♦� W ❧❛�❣❡ ❡♥♦✉❣❤✳ ❚❤❡�❡ ❝❛�❡� ❛�❡ �❡❣�♦✉♣❡❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡�✉❧�✳

❚❤❡♦�❡♠ ✷✳✶✳✹✳ ▲❡� G ❜❡ �❤❡ Z
d ❧❛��✐❝❡✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥� ❡❞❣❡ ✇❡✐❣❤��✱ ✐✳❡✳ Wi,j = W > 0 ❢♦� ❛❧❧

i ∼ j✳ ❲❡ ❝♦♥�✐❞❡� �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ PV RJP (0) ❛� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡�✳

❚❤❡♥✿

❼ ■❢ d ∈ {1, 2}✱ �❤❡�❡ ✐� ❛ ✉♥✐�✉❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ PV RJP (0)✳

❼ ■❢ d ≥ 3✱ �❤❡�❡ ❛�❡ ❝♦♥��❛♥�� W ❛♥❞ W �✉❝❤ �❤❛� ❢♦� 0 < W < W ♦� ❢♦� W > W ✱ �❤❡�❡ ✐� ❛ ✉♥✐�✉❡

�❡♣�❡�❡♥�❛�✐♦♥ ♦❢ PV RJP (0)✳

✷✳✶✳✸✳✷ ❆ ❢❛♠✐❧② ♦❢ �❡♣�❡�❡♥�❛�✐♦♥� ♦♥ ✐♥✜♥✐�❡ ��❡❡�

▲❡� ✉� ♥♦✇ ❝♦♥�✐❞❡� �❤❡ ❝❛�❡ ✇❤❡�❡ �❤❡ ❣�❛♣❤ ✐� ❛♥ ✐♥✜♥✐�❡ ��❡❡ T = (T,E)✱ �❤❛� ✇❡ ❛��✉♠❡ �♦ ❜❡ ❧♦❝❛❧❧②
✜♥✐�❡✱ ❛♥❞ ❡♥❞♦✇ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� W ✳ ■♥ ❬❈❩✶✻❪✱ ❈❤❡♥ ❛♥❞ ❩❡♥❣ ❞❡�❝�✐❜❡❞ ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡



✹✹ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

�✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏� ✇✐�❤ ❛ ❞✐✛❡�❡♥� ❡①♣�❡��✐♦♥ �❤❛♥ �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥✳ ■♥❞❡❡❞✱ ✐❢ (Tn)n∈N ✐�
❛♥ ✐♥❝�❡❛�✐♥❣ ❛♥❞ ❡①❤❛✉��✐♥❣ �❡�✉❡♥❝❡ ♦❢ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ �✉❜�❡�� ♦❢ T ✱ �❤❡ �✉❜❣�❛♣❤� T (n) = (Vn, En)
♦❢ G ❛�❡ ✜♥✐�❡ ��❡❡� ✭✇❤❡�❡ En = {{i, j} ∈ E, i, j ∈ Vn}✮✳ ❚❤❡�❡ ❛�❡ ❝❛❧❧❡❞ �❡���✐❝�✐♦♥� ♦❢ G ✇✐�❤ ❢�❡❡
❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥�✳

▼♦�❡♦✈❡�✱ ♦♥ ✜♥✐�❡ ��❡❡�✱ ❚❤❡♦�❡♠ ✷✳✶✳✶ ❣✐✈❡� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ✇❤❡�❡ ❥✉♠♣ �❛�❡� ❛�❡
✐♥❞❡♣❡♥❞❡♥�✳ ❚❤❡�❡❢♦�❡✱ ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ♦♥ T ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ ❢�♦♠ �❡♣�❡�❡♥�❛�✐♦♥� ♦♥
T (n)✱ ✉�✐♥❣ ✐♥❞❡♣❡♥❞❡♥� ❥✉♠♣ �❛�❡�✳

❚❤❡♦�❡♠ ✷✳✶✳✺✳ ❬❚❤❡♦�❡♠ ✸ ✐♥ ❬❈❩✶✻❪❪ ▲❡� φ ❜❡ ❛♥ ❛�❜✐��❛�② �♦♦� ❢♦� T ✳ ❋♦� ❛❧❧ i ∈ T\{φ}✱ ✇❡ ❞❡♥♦�❡ ❜②
�i �❤❡ ♣❛�❡♥� ♦❢ i✳ ▲❡� ❛❧�♦ (Ai)i∈T\{φ} ❜❡ ✐♥❞❡♣❡♥❞❡♥� �❛♥❞♦♠ ✈❛�✐❛❜❧❡� ✇❤❡�❡ Ai ✐� ❛♥ ✐♥✈❡��❡ ●❛✉��✐❛♥
�❛♥❞♦♠ ✈❛�✐❛❜❧❡ ✇✐�❤ ♣❛�❛♠❡�❡� (W �i,i, 1)✱ ✐✳❡✳

P[Ai ∈ ds] = 1s≥0

√
W �i,i

2πs3
e−W �i,i

(s−1)2

2s ds.

❚❤❡♥ �❤❡ ♣�♦❝❡

 ✇✐�❤ ❧❛✇ P
V RJP (φ) ♦♥ T ✐
 ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡

❡
✱ ✐♥ ✇❤✐❝❤ �❤❡ ❥✉♠♣ �❛�❡

❢�♦♠ �i �♦ i ✐
 1
2W �i,iAi✱ ❛♥❞ �❤❡ ❥✉♠♣ �❛�❡ ❢�♦♠ i �♦ �i ✐
 1

2

W �i,i

Ai
✱ ❢♦� ❛❧❧ i ∈ T\{φ}✳

■♥ �♦♠❡ ❝❛�❡�✱ 
❤✐� 
❡♣
❡�❡♥
❛
✐♦♥ ✐� ❞✐✛❡
❡♥
 ❢
♦♠ 
❤❡ �
❛♥❞❛
❞ 
❡♣
❡�❡♥
❛
✐♦♥✳

��♦♣♦�✐�✐♦♥ ✷✳✶✳✼✳ ▲❡� T = (T,E) ❜❡ ❛♥ ✐♥✜♥✐�❡ d✲�❡❣✉❧❛� ��❡❡ ✇✐�❤ d ≥ 3✱ ✐✳❡✳ 
✉❝❤ �❤❛� ❡❛❝❤ ✈❡��❡①
✐♥ T ❤❛
 ❡①❛❝�❧② d ♥❡✐❣❤❜♦�
✳ ❲❡ ❡♥❞♦✇ T ✇✐�❤ ❝♦♥
�❛♥� ❝♦♥❞✉❝�❛♥❝❡
 W ✳ ❚❤❡♥ ❢♦� W ❧❛�❣❡ ❡♥♦✉❣❤✱

�❤❡ ❞✐
��✐❜✉�✐♦♥ ♦❢ �❤❡ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� ❞❡
❝�✐❜❡❞ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✺ ✐
 ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ ❞✐
��✐❜✉�✐♦♥

♦❢ �❤❡ 
�❛♥❞❛�❞ �❡♣�❡
❡♥�❛�✐♦♥✳

❲❡ ♥♦✇ ❦♥♦✇ 
✇♦ ✇❛②� ♦❢ ❝♦♥�

✉❝
✐♥❣ ❛ 
❡♣
❡�❡♥
❛
✐♦♥ ♦❢ 
❤❡ ❱❘❏� ♦♥ T ✱ 
❤❛
 ❛
❡ ❛��♦❝✐❛
❡❞ ✇✐
❤
❞✐✛❡
❡♥
 ❜♦✉♥❞❛
② ❝♦♥❞✐
✐♦♥� ♦♥ 
❡�

✐❝
✐♦♥� 
♦ ✜♥✐
❡ ❣
❛♣❤�✱ ❛♥❞ ❝❛♥ ❤❛✈❡ ❞✐�
✐♥❝
 ❞✐�

✐❜✉
✐♦♥�✳ ❚❤✐�
❧❡❛❞� ✉� 
♦ ✐♥

♦❞✉❝❡ ♥❡✇ ❜♦✉♥❞❛
② ❝♦♥❞✐
✐♦♥� ✐♥ ♦
❞❡
 
♦ ❝♦♥�

✉❝
 ❛ ❢❛♠✐❧② ♦❢ ❞✐✛❡
❡♥
 
❡♣
❡�❡♥
❛
✐♦♥�
♦❢ 
❤❡ ❱❘❏�✱ ❢♦❧❧♦✇✐♥❣ 
❤❡ �❛♠❡ ♠❡
❤♦❞ ❛� ❢♦
 
❤❡ �
❛♥❞❛
❞ 
❡♣
❡�❡♥
❛
✐♦♥✳

▲❡
 ✉� �
❛

 ❜② ❣✐✈✐♥❣ ❛ ❢❡✇ ♥♦
❛
✐♦♥� ♦♥ 

❡❡�✳ ❋♦
 ❛❧❧ x, y ∈ T ✱ ✇❡ ❞❡♥♦
❡ ❜② d(x, y) 
❤❡ ❣
❛♣❤
❞✐�
❛♥❝❡ ❜❡
✇❡❡♥ x ❛♥❞ y✱ ❛♥❞ ❜② [x, y] 
❤❡ ✉♥✐$✉❡ �❤♦

❡�
 ♣❛
❤ ❜❡
✇❡❡♥ x ❛♥❞ y✿

[x, y] =
(
x = [x, y]0, [x, y]1, ..., [x, y]d(x,y)−1, y = [x, y]d(x,y)

)
.

◆♦
❡ 
❤❛
 ❛♥② ♣❛
❤ σ ❢
♦♠ x 
♦ y ♥❡❝❡��❛
✐❧② ❝
♦��❡� ❛❧❧ ✈❡

✐❝❡� [x, y]k ❢♦
 0 ≤ k ≤ d(x, y)✳
▲❡
 ✉� ✜① ❛♥ ❛
❜✐

❛
② 
♦♦
 φ ✐♥ T ✳ ❚❤❡♥✱ ❢♦
 ❛❧❧ x ∈ T ✱ ✇❡ ❞❡♥♦
❡ ❜② |x| = d(φ, x) 
❤❡ ❞❡♣
❤ ♦❢ 
❤❡

✈❡

❡① x ∈ T ✳ ■❢ x 
= φ✱ ✇❡ ❛❧�♦ ❞❡♥♦
❡ ❜② �x = [φ, x]|x|−1 
❤❡ ♣❛
❡♥
 ♦❢ x✳ ❋✐♥❛❧❧②✱ ❢♦
 ❛♥② x ∈ T ✱ ✇❡
❞❡✜♥❡ 
❤❡ �❡
 S(x) = {y ∈ T, x = �y} ♦❢ x✬� ❝❤✐❧❞
❡♥✱ ❛♥❞ 
❤❡ �❡
 Tx = {y ∈ T, ∃k ≥ 0, [φ, y]k = x} ♦❢ ✐
�
❞❡�❝❡♥❞❛♥
�✳

❋♦
 x, y ∈ T ✱ ✇❡ ❞❡♥♦
❡ ❜② x ∧ y 
❤❡ ✧❝❧♦�❡�
 ❝♦♠♠♦♥ ❛♥❝❡�
♦
✧ ♦❢ x ❛♥❞ y✱ ✐✳❡✳ x ∧ y = [φ, x]Nx,y

✇❤❡
❡ Nx,y = max{k ≥ 0, [φ, x]k = [φ, y]k}✳ ◆♦
❡ 
❤❛
 ✇❡ ❛❧�♦ ❤❛✈❡ x∧ y = [x, y]k0
✱ ✇❤❡
❡ k0 ✐� �✉❝❤ 
❤❛


|[x, y]k0 | = min{|[x, y]k|, 0 ≤ k ≤ d(x, y)}✳
❋♦
 n ∈ N✱ ✇❡ ❞❡♥♦
❡ ❜② D(n) = {x ∈ T, |x| = n} 
❤❡ 

❡❡✬� n
❤ ❣❡♥❡
❛
✐♦♥✳ ▲❡
 ✉� 
❤❡♥ ❞❡✜♥❡

T (n) =
⋃

0≤k≤n D
(k)✱ ❛� ✇❡❧❧ ❛� E(n) =

{
{i, j} ∈ E, i, j ∈ T (n)

}
✳ ❲❡ ❛❧�♦ ❞❡♥♦
❡ T

(n)
x = Tx ∩ T (n) ❢♦


x ∈ T ❛♥❞ n ≥ |x|✳ ❚❤❡ 
❡�

✐❝
✐♦♥ ♦❢ 
❤❡ 

❡❡ 
♦ 
❤❡ ✜
�
 n ❣❡♥❡
❛
✐♦♥�✱ ✇✐
❤ ❢�❡❡ ❜♦✉♥❞❛
② ❝♦♥❞✐
✐♦♥�✱
✐� 
❤❡ ❣
❛♣❤ (T (n), E(n))✱ 
❤❛
 ✇❡ ❡♥❞♦✇ ✇✐
❤ 
❤❡ ✐♥❞✉❝❡❞ ❝♦♥❞✉❝
❛♥❝❡� W (n) = WT (n),T (n) ✳

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ 
❤❡ �❡
 Ω ♦❢ ❡♥❞� ♦❢ T ✱ ✐✳❡✳ 
❤❡ �❡
 ♦❢ ✐♥✜♥✐
❡ �❡❧❢✲❛✈♦✐❞✐♥❣ ♣❛
❤� ✭♦
 
❛②�✮ ✐♥ T
�
❛

✐♥❣ ❛
 φ✳ ❋♦
 x ∈ T ✱ ✇❡ ❞❡♥♦
❡ ❜② Ωx 
❤❡ �✉❜�❡
 ♦❢ Ω ❝♦

❡�♣♦♥❞✐♥❣ 
♦ 
❤❡ ❜
❛♥❝❤ Tx✱ ✐✳❡✳ 
❤❡
�❡
 ♦❢ 
❛②� ✐♥ T 
❤❛
 ❝
♦�� x✳ ◆♦
❡ 
❤❛
 
❤❡ ▼❛

✐♥ ❜♦✉♥❞❛
② ❛��♦❝✐❛
❡❞ ✇✐
❤ ❛ 

❛♥�✐❡♥
 ✇❛❧❦ ♦♥ ❛


❡❡ ✐� ❛❧✇❛②� Ω✱ ✇❤✐❝❤ ❞❡♣❡♥❞� ♦♥❧② ♦♥ 
❤❡ ❣❡♦♠❡

② ♦❢ 
❤❡ 

❡❡✳ ❚❤✐� ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥
 
♦ ❡①♣
❡��
Δψ✲❤❛
♠♦♥✐❝ ❢✉♥❝
✐♦♥�✱ ✇❤❡
❡ Δψ ✐� 
❤❡ 
❛♥❞♦♠ ▲❛♣❧❛❝❡ ♦♣❡
❛
♦
 ✐♥

♦❞✉❝❡❞ ✐♥ �
♦♣♦�✐
✐♦♥ ✷✳✶✳✻✳



✷✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ ❘❊❙❯▲❚❙ ✹✺

■♥ �❤❡ ❝♦♥
��✉❝�✐♦♥ ♦❢ �❤❡ 
�❛♥❞❛�❞ �❡♣�❡
❡♥�❛�✐♦♥✱ �❤❡ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ✇❛
 ❞❡✜♥❡❞ ❜②

❛❞❞✐♥❣ ❛ 
✐♥❣❧❡ ❜♦✉♥❞❛�② ♣♦✐♥� δ �♦ ❛ ✜♥✐�❡ ❣�❛♣❤✱ ✇❤❡�❡ δ ❝♦✉❧❞ ❜❡ ✐♥�❡�♣�❡�❡❞ ❛
 ❛ ♣♦✐♥� ❛� ✐♥✜♥✐�②
❢♦� �❤❡ ❣�❛♣❤✳ ❲❡ ✇✐❧❧ ♥♦✇ ✐♥��♦❞✉❝❡ ❛ ✈❛�✐❛♥� ♦❢ �❤✐
 ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✱ ❜② ❛❞❞✐♥❣ ♠✉❧�✐♣❧❡ ❜♦✉♥❞❛�②

♣♦✐♥�
✱ ❡❛❝❤ ❜❡✐♥❣ ❛ ♣♦✐♥� ❛� ✐♥✜♥✐�② ❢♦� ❛ ❞✐✛❡�❡♥� ❜�❛♥❝❤ ♦❢ �❤❡ ��❡❡✳

▲❡� ✉
 ✜�
� ✜① ❛ ❣❡♥❡�❛�✐♦♥ m ≥ 0✱ ❛♥❞ �♦ ❡❛❝❤ ✈❡��❡① x ∈ D(m)✱ ✇❡ ❛

♦❝✐❛�❡ ❛ ❜♦✉♥❞❛�② ♣♦✐♥� δx✱
�❤❛� ✇✐❧❧ ❜❡ �❤❡ ♣♦✐♥� ❛� ✐♥✜♥✐�② ❢♦� Tx✳ ❲❡ ❞❡♥♦�❡ ❜② Bm = {δx, x ∈ D(m)} �❤❡ ❜♦✉♥❞❛�② 
❡� ❛

♦❝✐❛�❡❞
�♦ �❤✐
 ❣❡♥❡�❛�✐♦♥✳ ❋♦� ❛❧❧ n ≥ m✱ ❧❡� ✉
 �❤❡♥ ❞❡✜♥❡ �❤❡ ❣�❛♣❤

G(n)
m =

(
T̃ (n)
m , Ẽ(n)

m

)
✱ ✇❤❡�❡ T̃ (n)

m = T (n) ∪Bm

❛♥❞ Ẽ(n)
m = E(n) ∪

⋃

x∈D(m)

{
{y, δx}, y ∈ Tx ∩D(n)

}
.

φ

x1 x2 x3

δx1 δx2 δx3

♠❂✶

♥❂✸

T (n)
T̃

(n)
m

❚❤✐
 ❣�❛♣❤ ✐
 �❤❡ �❡
��✐❝�✐♦♥ ♦❢ T �♦ T (n) ✇✐�❤ ❛ ✈❛�✐❛♥� ♦❢ �❤❡ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✳ ◆♦�❡ �❤❛�

✇❡ ❣❡� �❤❡ 
�❛♥❞❛�❞ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ❜② �❛❦✐♥❣ m = 0✳ ❲❡ ❡♥❞♦✇ G(n)
m ✇✐�❤ �❤❡ ❝♦♥❞✉❝�❛♥❝❡


W̃
(n)
m ✱ ❞❡✜♥❡❞ ❢♦� e ∈ Ẽ(n) ❜②

(
W̃ (n)

m

)

e
=

{
W

(n)
e = We ✐❢ e ∈ E(n)

∑
j∈S(i) Wi,j ✐❢ e = {i, δx}✱ ✇❤❡�❡ i ∈ Tx ∩D(n).

❆
 ✇✐�❤ �❤❡ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✱ �❤❡
❡ ✇❡✐❣❤�
 ❛�❡ ❞❡✜♥❡❞ 
♦ �❤❛� ❢♦� n ≥ m✱ �❤❡ ✇❡✐❣❤�
 ❝♦♠✐♥❣

♦✉� ♦❢ T (n) ❛�❡ ❣✐✈❡♥ ❜② WT (n),(T (n))c1(T (n))c = η(n)✳ ❚❤✐
 ✇✐❧❧ ❛❧❧♦✇ ❢♦� �❤❡ ❝♦♠♣❛�✐❜✐❧✐�② ♦❢ β
(n)
m ✜❡❧❞


❞❡✜♥❡❞ ♦♥ G(n)
m ❢♦� n ≥ m✳ ◆♦�❡ �❤❛� �❤❡
❡ ✇❡✐❣❤�
 ❞♦ ♥♦� ❞❡♣❡♥❞ ♦♥ m✱ ✐✳❡✳ ❞♦ ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡

❝❤♦✐❝❡ ♦❢ �❤❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✳

❋�♦♠ (�♦♣♦
✐�✐♦♥ ✷✳✶✳✸✱ ✉♥❞❡� νWT (dβ)✱ ❢♦� ❛❧❧ n ≥ m ✇❡ ❤❛✈❡ βT (n) ∼ νW
(n),η(n)

T (n) ✳ ❍❡♥❝❡✱ ❢�♦♠

(�♦♣♦
✐�✐♦♥ ✷✳✶✳✷✱ ✇❡ ❝❛♥ ❡①�❡♥❞ βT (n) ✐♥�♦ ❛ ♣♦�❡♥�✐❛❧ β
(n)
m ∼ ν

W̃ (n)
m

T̃
(n)
m

♦♥ G(n)
m 
✉❝❤ �❤❛� (β

(n)
m )T (n) = βT (n) ✳
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▲❡� ✉� �❤❡♥ ❞❡♥♦�❡ ❜② G
(n)
m = (2β

(n)
m − W̃

(n)
m )−1 �❤❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ ❛��♦❝✐❛�❡❞ ✇✐�❤ β

(n)
m ✳ ❋�♦♠ ❚❤❡♦�❡♠

✷✳✶✳✶✱ ✇❡ ❦♥♦✇ ❤♦✇ �♦ �❡♣�❡�❡♥� �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏# ♦♥ G(n)
m ✉�✐♥❣ G

(n)
m ✳ ■♥ ♦�❞❡� �♦ ♦❜�❛✐♥ ❛ �❡�✉❧�

♦♥ �❤❡ ✐♥✜♥✐�❡ ��❡❡ T ✱ ✇❡ ✇✐❧❧ �❡❡ �❤❛� G(n)
m ❝♦♥✈❡�❣❡� ✇❤❡♥ n → ∞✳

❋♦� β ∈ DW
T ✱ ✇❡ ��✐❧❧ ❞❡✜♥❡ Hβ = 2β − W ❛♥❞ �❛❦❡ Vn = T (n) ❢♦� ❛❧❧ n ∈ N ✐♥ ❉❡✜♥✐�✐♦♥ ✷✳✶✳✶✱

✇❡ ❣❡� Ĝ(n) = ((Hβ)T (n),T (n))−1 ❛♥❞ ψ(n) = Ĝ(n)η(n)✱ ✇❤✐❝❤ ❝♦♥✈❡�❣❡ νWV ✲❛✳�✳ �♦ Ĝ ❛♥❞ ψ �❡�♣❡❝�✐✈❡❧②✱
❛❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✷✳✶✳✷✳

❉❡✜♥✐�✐♦♥ ✷✳✶✳✸✳ ❋♦� n ≥ m ≥ 0✱ ❧❡� χ
(n)
m ∈ R

T (n)×Bm

+ ❜❡ ❞❡✜♥❡❞ ❜②

⎧
⎪⎨
⎪⎩

(Hβχ
(n)
m (·, δx))T (n) = 0,

χ
(n)
m (i, δx) = 1 ✐❢ i ∈ Tx\T (n)

x ,

χ
(n)
m (i, δx) = 0 ✐❢ i ∈ T\(Tx ∪ T (n)).

❢♦� x ∈ D(m)✳ ◆♦�❡ �❤❛� (χ
(n)
m (·, δx))T (n) = (Ĝ(n))T (n),T (n)WT (n),(T (n))c1Tx\T (n)

x
✳

❘❡♠❛�❦ ✷✳✶✳✷✳ ❋♦� n ≥ m✱ χ
(n)
m ✐� βT (n) ✲♠❡❛�✉�❛❜❧❡✱ ❛♥❞ ❢♦� x ∈ D(m) ❛♥❞ y ∈ T (n)✱

∑

b∈Bm

χ(n)
m (y, b) =

∑

x∈D(m)

χ(n)
m (y, δx) = Ĝ(n)(y, ·)WT (n),(T (n))c1(T (n))c

= Ĝ(n)(y, ·)η(n) = ψ(n)(y).

■� ✐� ♣♦��✐❜❧❡ �♦ ❞❡❝♦♠♣♦�❡ G
(n)
m ❛� ❛ �✉♠ ♦✈❡� ♣❛�❤� ✐♥ G(n)

m ✱ ✇❤✐❝❤ ❣✐✈❡�✱ ❢♦� i, j ∈ T (n)✱

G(n)
m (i, j) = Ĝ(n)(i, j) +

∑

x,x′∈D(m)

χ(n)
m (i, δx)G

(n)
m (δx, δx′)χ(n)

m (j, δx′).

❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ✇✐❧❧ ��✉❞② �❤❡ ❧✐♠✐� ♦❢ �❤✐� ❡①♣�❡��✐♦♥ ✇❤❡♥ n → ∞✱ �♦ ♦❜�❛✐♥ ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡
❱❘❏# ♦♥ (T ,W )✳ ❍♦✇❡✈❡� ✉♥❞❡� νWT (dβ)✱ ❝♦♥��❛�② �♦ ψ(n)✱ χ

(n)
m (·, δx) ✐� ♥♦� ❛ ♠❛��✐♥❣❛❧❡ ✇❤❡♥ m 
= 0✳

▼♦�❡♦✈❡�✱ �❤❡ �❡�♠ (G
(n)
m )Bm,Bm

✐� ♥♦� ✐♥❞❡♣❡♥❞❡♥� ♦❢ βT (n) ❢♦� m 
= 0✳ ❚❤❡�❡❢♦�❡✱ ✇❡ ❝❛♥♥♦� ✉�❡ �❤❡
�❛♠❡ ❛�❣✉♠❡♥� ❛� ✐♥ �❤❡ ♣�♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✷✳

❆� ✇✐�❤ ψ✱ ✇❡ ❡①♣❡❝� χ
(n)
m (·, δx) �♦ ❝♦♥✈❡�❣❡ �♦ ❛ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥ ♦♥ T ✱ ❢♦� ❛❧❧ x ∈ D(m) ❛♥❞ νWV ✲

❛❧♠♦�� ❛❧❧ β✳ ❲❤❡♥ ψ > 0✱ ✇❡ ❝❛♥ ♦♥❝❡ ❛❣❛✐♥ ✐♥��♦❞✉❝❡ �❤❡ ♦♣❡�❛�♦� Δψ ✐♥ ♦�❞❡� �♦ ��✉❞② Hβ✲❤❛�♠♦♥✐❝
❢✉♥❝�✐♦♥� ✭�❡❡ #�♦♣♦�✐�✐♦♥ ✷✳✶✳✻✮✳ ❲❡ ❝❛♥ ❝❤❛�❛❝�❡�✐�❡ Δψ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ✇✐�❤ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣
▼❛��✐♥ ❜♦✉♥❞❛�②Mψ ❛♥❞ �❤❡ ▼❛��✐♥ ❦❡�♥❡❧ Kψ✳ ❙✐♥❝❡ �❤❡ ❣�❛♣❤ ✐� ❛ ��❡❡✱ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ✐� ❡2✉❛❧

�♦ �❤❡ �❡� Ω ♦❢ ❡♥❞� ♦❢ T ✱ ✇❤✐❝❤ ✐� ❞❡�❡�♠✐♥✐��✐❝✳ ◆♦�❡ �❤❛� �❤❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥ ✉�❡❞ �♦ ❞❡✜♥❡ G(n)
m

❝♦��❡�♣♦♥❞� �♦ �❤❡ ✐❞❡♥�✐✜❝❛�✐♦♥ ♦❢ Ωx �♦ ❛ �✐♥❣❧❡ ♣♦✐♥� δx✱ ❢♦� ❛❧❧ x ∈ D(m)✳ ❲❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡ ❧✐♠✐� ♦❢

χ
(n)
m (·, δx) ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ✇✐�❤ �❤❡ ❢❛♠✐❧② ♦❢ ❤❛�♠♦♥✐❝ ♠❡❛�✉�❡� ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ✱ ❞❡✜♥❡❞ ❛� ❢♦❧❧♦✇�✳
❋♦� ❛ ��❛♥�✐❡♥� �❛♥❞♦♠ ✇❛❧❦ (Xk)k∈N ♦♥ ❛ ❣�❛♣❤ G = (V,E)✱ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❞❡✜♥❡ �❤❡ ❧✐♠✐� X∞

♦❢ �❤❡ ��❛❥❡❝�♦�② ❛� ❛ M✲✈❛❧✉❡❞ �❛♥❞♦♠ ✈❛�✐❛❜❧❡✱ ✇❤❡�❡ M ✐� �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞ ✇✐�❤ �❤❡
�❛♥❞♦♠ ✇❛❧❦✳ ❚❤❡♥ �❤❡ ❢❛♠✐❧② ♦❢ ❤❛�♠♦♥✐❝ ♠❡❛�✉�❡� ✐� ❞❡✜♥❡❞ ❛� (μx)x∈V ✱ ✇❤❡�❡ μx ✐� �❤❡ ❞✐���✐❜✉�✐♦♥
♦❢ X∞ ✇❤❡♥ �❤❡ ✇❛❧❦ ��❛��� ❛� x✳ ❋♦� ❛❧❧ x ∈ V ✱ μx ✐� ❛ ♣�♦❜❛❜✐❧✐�② ♠❡❛�✉�❡ ♦♥ M✱ ❛♥❞ ❢♦� A ∈ B(M)✱
x �→ μx(A) ✐� ❤❛�♠♦♥✐❝ ❢♦� �❤❡ �❛♥❞♦♠ ✇❛❧❦✳

■♥ ♦✉� ❝❛�❡✱ ✇❡ ❞❡♥♦�❡ ❜② (μψ
x )x∈T �❤❡ ❤❛�♠♦♥✐❝ ♠❡❛�✉�❡� ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ✳ ❋♦� β ∈ DW

T �✉❝❤
�❤❛� ψ ≡ 0✱ ✇❡ ❛❞♦♣� �❤❡ ❝♦♥✈❡♥�✐♦♥ �❤❛� μψ

x ✐� �❤❡ ♥✉❧❧ ♠❡❛�✉�❡ ♦♥ Ω ❢♦� ❛❧❧ x ∈ T ✳ ❲❡ ✇✐❧❧ ♥♦✇ �❡❡ ❤♦✇

✉♥❞❡� νWT (dβ)✱ ❢♦� ❛❧❧ x ∈ D(m)✱ χ
(n)
m (·, δx) ❝♦♥✈❡�❣❡� �♦ ❛ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥ �❡❧❛�❡❞ �♦ �❤❡ ❤❛�♠♦♥✐❝

♠❡❛�✉�❡� (μψ
y )y∈T ✱ ❛♥❞ ❤♦✇ �❤✐� ❣✐✈❡� ✉� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏# ♦♥ (T ,W ) ❢♦� ❡❛❝❤ m ≥ 0✳

❚❤❡♦�❡♠ ✷✳✶✳✻✳ ✭✐✮ ❋♦� ❛❧❧ m ≥ 0✱ ❢♦� y ∈ T ❛♥❞ x ∈ D(m)✱ ✇❡ ❤❛✈❡ νWT ✲❛❧♠♦�� �✉�❡❧② χ
(n)
m (y, δx) →

ψ(y)μψ
y (Ωx)✳ ❋♦� ❛❧❧ y ∈ T ✱ ✇❡ ❞❡✜♥❡ �❤❡ ♠❡❛�✉�❡ χ(y, ·) = ψ(y)μψ

y (·) ♦♥ Ω✳
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✭✐✐✮ ▲❡� m ≥ 0 ❜❡ ✜①❡❞✳ ❋♦� νWT ✲❛❧♠♦�� ❛❧❧ β✱ ✇❡ ❞❡✜♥❡ �❤❡ |Bm| × |Bm| ♠❛��✐① Čm ❜②

(Čm)δx,δx′ =

{
0 ✐❢ x = x′,
χ(x∧x′,Ωx)χ(x∧x′,Ωx′ )

Ĝ(x∧x′,x∧x′)
♦�❤❡�✇✐�❡✳

❋�♦♠ ♥♦✇ ♦♥✱ ❧❡� ✉� ✇�✐�❡✿ νWT,Bm
(dβ, dρm) = νWT (dβ)νČm

Bm
(dρm)✳

❋♦� νWT ✲❛❧♠♦�� ❛❧❧ β ❛♥❞ ❢♦� ρm ∈ DČm

Bm
✱ ✇❡ ❞❡✜♥❡ Ǧm = (2ρm − Čm)−1✱ ❛� ✇❡❧❧ ❛� ǧm : Ω2 → R+

❛ ❧♦❝❛❧❧② ❝♦♥��❛♥� ❢✉♥❝�✐♦♥✱ �✉❝❤ �❤❛� ❢♦� x, x′ ∈ D(m) ❛♥❞ ω ∈ Ωx✱ τ ∈ Ωx′ ✱ ✇❡ ❤❛✈❡ ǧm(ω, τ) =

Ǧm(δx, δx′)✳ ❋✐♥❛❧❧②✱ ❢♦� νWT ✲❛❧♠♦�� ❛❧❧ β ❛♥❞ ❢♦� ρm ∈ DČm

Bm
✱ ❢♦� i, j ∈ T ✱ ✇❡ ❞❡✜♥❡

Gm(i, j) = Ĝ(i, j) +

∫

Ω2

χ(i, dω)χ(j, dτ)ǧm(ω, τ),

❛♥❞ ❞❡♥♦�❡ ❜② P
β,ρm,i0
x �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ��❛��❡❞ ❛� x ∈ V ✱ ✇❤❡�❡ �❤❡

❥✉♠♣ �❛�❡ ❢�♦♠ i �♦ j ✐� 1
2Wi,j

Gm(i0,j)
Gm(i0,i)

✳

❚❤❡♥ �❤❡ ♣�♦❝❡�� ✇✐�❤ ❧❛✇ P
V RJP (i0) ✐� ❛ ♠✐①�✉�❡ ♦❢ �❤❡�❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡�✱ ✉♥❞❡� �❤❡ ♠✐①✐♥❣

♠❡❛�✉�❡ νWT,Bm
(dβ, dρm)✱ ✐✳❡✳

P
V RJP (i0)[·] =

∫
P
β,ρm,i0
i0

[·]νWT,Bm
(dβ, dρm).

✭✐✐✐✮ ❚❤❡ ❞✐���✐❜✉�✐♦♥ ✉♥❞❡� νWT,Bm
(dβ, dρm) ♦❢ �❤❡ ❥✉♠♣ �❛�❡� ( 12Wi,j

Gm(i0,j)
Gm(i0,i)

)i∼j ❝♦♥✈❡�❣❡� ✇❡❛❦❧② �♦ �❤❡

❞✐���✐❜✉�✐♦♥ ♦❢ ❥✉♠♣ �❛�❡� ✐♥ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ❞❡�❝�✐❜❡❞ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✺✳

▲❡� ✉� ♥♦✇ ❝♦♥�✐❞❡� �❤❡ ❝❛�❡ ✇❤❡�❡ T ✐� ❛ d✲�❡❣✉❧❛� ��❡❡✱ ✇✐�❤ d ≥ 3✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥� ❝♦♥✲
❞✉❝�❛♥❝❡�✱ ✐✳❡✳ We = W > 0 ❢♦� ❛❧❧ e ∈ E✳ ❚❤❡♥ (T ,W ) ✐� ✈❡��❡① ��❛♥�✐�✐✈❡✱ ❛♥❞ ❢�♦♠ ��♦♣♦�✐�✐♦♥ ✸ ♦❢
❬❙❩✶✾❪✱ ✇❡ ❦♥♦✇ �❤❛� ✉♥❞❡� νWT (dβ)✱ ψ ✐� ��❛�✐♦♥❛�② ❛♥❞ ❡�❣♦❞✐❝✳ ❚❤❡�❡❢♦�❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ d ❛♥❞ W ✱ ✇❡
❡✐�❤❡� ❤❛✈❡ P[∀i ∈ T, ψ(i) = 0] = 1✱ ♦� P[∀i ∈ T, ψ(i) > 0] = 1✳

■♥ �❤❡ ✜��� ❝❛�❡✱ ❢�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✷ ✭✐✈✮✱ �❤✐� ♠❡❛♥� �❤❛� �❤❡ ❱❘❏� ✐� ❛✳�✳ �❡❝✉��❡♥�✱ ❛♥❞ �❤❡�❡❢♦�❡
❛❞♠✐�� ❛ ✉♥✐.✉❡ �❡♣�❡�❡♥�❛�✐♦♥ ✭�❡❡ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✺✮✳ ◆♦�❡ �❤❛� ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✻✱ ✇❡ ❤❛✈❡ ❛✳�✳ Gm = Ĝ
❢♦� ❛❧❧ m ∈ N✱ �♦ �❤❛� ❛❧❧ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ �❡♣�❡�❡♥�❛�✐♦♥� ❛�❡ ✐♥❞❡❡❞ ❡.✉❛❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣�♦♣♦�✐�✐♦♥
❞❡�❝�✐❜❡� �❤❡ �❡❝♦♥❞ ❝❛�❡✱ ✐✳❡✳ ✇❤❡♥ �❤❡ ❱❘❏� ✐� ❛✳�✳ ��❛♥�✐❡♥�✳ ❆❝❝♦�❞✐♥❣ �♦ ❛ �❡�✉❧� ❢�♦♠ ❬❉❱✵✹❪✱ �❤✐�
✐� ��✉❡ ❢♦� ❧❛�❣❡ ❡♥♦✉❣❤ ✐♥✐�✐❛❧ ✇❡✐❣❤�� W ✳

��♦♣♦�✐�✐♦♥ ✷✳✶✳✽✳ ▲❡� T ❜❡ ❛ d✲�❡❣✉❧❛� ��❡❡✱ ✇✐�❤ d ≥ 3✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥� ❝♦♥❞✉❝�❛♥❝❡� W ❧❛�❣❡
❡♥♦✉❣❤ �♦ �❤❛� �❤❡ ❱❘❏* ♦♥ (T ,W ) ✐� ❛✳�✳ ��❛♥�✐❡♥�✳ ❚❤❡♥ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏* ❣✐✈❡♥ ✐♥
❚❤❡♦�❡♠ ✷✳✶✳✻ ❛�❡ ❞✐✛❡�❡♥� ❢♦� ❞✐��✐♥❝� ✈❛❧✉❡� ♦❢ m✱ ✐✳❡✳ ✐❢ m 
= m′✱ �❤❡ ❞✐���✐❜✉�✐♦♥� ♦❢ ❥✉♠♣ �❛�❡�(

1
2Wi,j

Gm(i0,j)
Gm(i0,i)

)

i∼j
✉♥❞❡� νWT,Bm

(dβ, dρm) ❛♥❞
(

1
2Wi,j

Gm′ (i0,j)
Gm′ (i0,i)

)

i∼j
✉♥❞❡� νWT,Bm′ (dβ, dρm′) ❛�❡ ❞✐✛❡�❡♥�

❢♦� ❛❧❧ i0 ∈ T ✳

✷✳✶✳✹ ❖♣❡♥ 	✉❡��✐♦♥�

❆ ✜��� .✉❡��✐♦♥ ❝♦♥❝❡�♥� �❤❡ ❝❛�❡ ♦❢ Zd ✇✐�❤ ❝♦♥��❛♥� ❝♦♥❞✉❝�❛♥❝❡� W ✿ ✐� ✐� ♣♦��✐❜❧❡ �♦ �❤♦✇ �❤❛� �❤❡
▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ ✐� ❛✳�✳ ��✐✈✐❛❧ ❢♦� ❛♥② W �✉❝❤ �❤❛� �❤❡ ❱❘❏� ✐� ��❛♥�✐❡♥�❄ ■♥ �❤✐�
❝❛�❡✱ ✐� ✇♦✉❧❞ ♣�♦✈❡ �❤❡ ✉♥✐.✉❡♥❡�� ♦❢ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ♦♥ Z

d ❢♦� ❛♥② ❝♦♥��❛♥� ✐♥✐�✐❛❧
❝♦♥❞✉❝�❛♥❝❡� W ✳

❆♥♦�❤❡� .✉❡��✐♦♥ ❝♦♥❝❡�♥� ❛ ♣♦��✐❜❧❡ ❝❧❛��✐✜❝❛�✐♦♥ ♦❢ ❛❧❧ �❡♣�❡�❡♥�❛�✐♦♥� ♦♥ ��❡❡� ✉�✐♥❣ ♣❛��✐�✐♦♥� ♦❢ �❤❡
▼❛��✐♥ ❜♦✉♥❞❛�②✳ ❲❡ ❤❛✈❡ ❝♦♥���✉❝�❡❞ ❛ ❢❛♠✐❧② ♦❢ �❡♣�❡�❡♥�❛�✐♦♥� ❢�♦♠ ❞✐✛❡�❡♥� ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥� ♦♥



✹✽ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

�❤❡ ��❡❡✱ ❝♦��❡
♣♦♥❞✐♥❣ �♦ 
♦♠❡ ✜♥✐�❡ ♣❛��✐�✐♦♥
 ♦❢ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② Ω✱ ♠♦�❡ ♣�❡❝✐
❡❧② �❤❡ ♣❛��✐�✐♦♥
Ω =

⋃
x∈D(m) Ωx ❢♦� m ∈ N✳ ■� 
❤♦✉❧❞ ❜❡ ♣♦

✐❜❧❡ �♦ ❞❡✜♥❡ ♠♦�❡ �❡♣�❡
❡♥�❛�✐♦♥
 ✉
✐♥❣ �❤❡ 
❛♠❡ ♠❡�❤♦❞✱

✇✐�❤ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥
 ❛

♦❝✐❛�❡❞ ✇✐�❤ ♦�❤❡� ✜♥✐�❡ ♣❛��✐�✐♦♥
 ♦❢ Ω✱ ✇❤❡�❡ ❡❛❝❤ 
❡� ✐♥ �❤❡ ♣❛��✐�✐♦♥ ❝❛♥
❜❡ ✇�✐��❡♥ ❛
 ❛ ✜♥✐�❡ ✉♥✐♦♥ ♦❢ 
❡�
 Ωx✳ ❚♦ ❣❡♥❡�❛❧✐
❡ �❤✐
✱ ✇❡ ❝❛♥ ❛
❦ ✐❢ ✐� ✐
 ♣♦

✐❜❧❡ �♦ ❞❡�❡�♠✐♥❡ ✇❤✐❝❤
♣❛��✐�✐♦♥
 ❣✐✈❡ ✉
 ❛ ✈❛❧✐❞ �❡♣�❡
❡♥�❛�✐♦♥✱ ❛♥❞ ✇❤❡�❤❡� ❛❧❧ �❡♣�❡
❡♥�❛�✐♦♥
 ❝❛♥ ❜❡ ✇�✐��❡♥ ✐♥ �❤✐
 ❢♦�♠✱ ♦�
❛
 ❛ ❧✐♠✐� ♦❢ 
✉❝❤ �❡♣�❡
❡♥�❛�✐♦♥
✱ ❛
 ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✻ ✭✐✐✐✮✳

✷✳✷ ❚❡❝❤♥✐❝❛❧ ♣�❡�❡
✉✐�✐�❡

✷✳✷✳✶ ❚❤❡ �❛♥❞♦♠ ♣♦�❡♥�✐❛❧ β ♦♥ ✜♥✐�❡ ❣�❛♣❤�

▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ♥♦♥✲❞✐�❡❝�❡❞ ❣�❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡
 (We)e∈E ✳ ▲❡� ✉

❣✐✈❡ 
♦♠❡ ✉
❡❢✉❧ ♣�♦♣❡��✐❡
 ♦♥ �❤❡ ❞✐
��✐❜✉�✐♦♥ νWV ✳

��♦♣♦�✐�✐♦♥ ✷✳✷✳✶✳ ❬��♦♣♦�✐�✐♦♥ ✷✱ ❚❤❡♦�❡♠ ✸ ✐♥ ❬❙❚❩✶✼❪❪ ❋♦� β ∈ DW
V ✱ ❧❡� G = (Hβ)

−1 ❜❡ �❤❡ ●�❡❡♥
❢✉♥❝�✐♦♥ ❛��♦❝✐❛�❡❞ ✇✐�❤ β✳ ❲❡ ❞❡✜♥❡ F : V × V → R ❜②

F (i, j) =
G(i, j)

G(j, j)
.

❚❤❡♥ ✉♥❞❡� νWV (dβ)✱ ❢♦� ❛❧❧ i0 ∈ V ✱ ✇❡ ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ♣�♦♣❡��✐❡�✿

✭✐✮ (F (i, i0))i∈V ✐� (βi)i∈V \{i0}✲♠❡❛�✉�❛❜❧❡✳

✭✐✐✮ ■❢ ✇❡ ❞❡♥♦�❡ γ = 1
2G(i0,i0)

✱ �❤❡♥ γ ✐� ❛ ●❛♠♠❛ �❛♥❞♦♠ ✈❛�✐❛❜❧❡ ✇✐�❤ ♣❛�❛♠❡�❡� (1/2, 1)✳ ▼♦�❡♦✈❡�✱

γ ✐� ✐♥❞❡♣❡♥❞❡♥� ♦❢ (βi)i �=i0 ✱ ❛♥❞ �❤❡�❡❢♦�❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢ (F (i, i0))i∈V ✳

❚❤✐
 ♣�♦♣♦
✐�✐♦♥ ❡①♣❧❛✐♥
 �❤❡ ♣�❡
❡♥❝❡ ♦❢ γ ✐♥ �❤❡ ❡①♣�❡

✐♦♥ ♦♥ G ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✷✳ ▼♦�❡♦✈❡�✱ ✐�
❛❧❧♦✇
 ✉
 �♦ ♣�♦✈❡ '�♦♣♦
✐�✐♦♥ ✷✳✶✳✹✱ ❞❡
❝�✐❜✐♥❣ �❤❡ ❞✐
��✐❜✉�✐♦♥ ♦❢ �❤❡ β̃ ✜❡❧❞✳

��♦♦❢ ♦❢ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✹✳ ▲❡� G = (V,E) ❜❡ ❛♥ ✐♥✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ♥♦♥✲❞✐�❡❝�❡❞ ❣�❛♣❤✱ ❛♥❞ (Vn)n∈N ❛♥
✐♥❝�❡❛
✐♥❣ ❡①❤❛✉
�✐♥❣ 
❡(✉❡♥❝❡ ♦❢ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ 
✉❜
❡�
 ♦❢ V ✳ ❋♦� n ∈ N✱ ❧❡� G(n) = (Ṽ (n), Ẽ(n)) ❜❡
�❤❡ �❡
��✐❝�✐♦♥ ♦❢ G �♦ Vn ✇✐�❤ ✇✐�❡❞ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡
 W̃ (n)✱ ❞❡✜♥❡❞ ❛

✐♥ 
❡❝�✐♦♥ ✷✳✶✳✶✳ ▼♦�❡♦✈❡�✱ ❢♦� n ∈ N✱ ✇❡ 
�✐❧❧ ❞❡✜♥❡ Ĝ(n) ❛♥❞ ψ(n) ❛
 ✐♥ ❉❡✜♥✐�✐♦♥ ✷✳✶✳✶✳

❚❤❡ ♣�♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✷ ✭✐✐✐✮ ✉
❡
 �❤❡ ❢❛❝� �❤❛� ✉♥❞❡� νWV (dβ, dγ)✱ �❤❡�❡ ❡①✐
�
 ❛ ❝♦✉♣❧✐♥❣ ♦❢ �❛♥❞♦♠

✜❡❧❞
 (β(n))n∈N✱ 
✉❝❤ �❤❛� ❢♦� ❛❧❧ n ∈ N✿ β(n) ∼ νW̃
(n)

Ṽ (n) ❀ β
(n)
Vn

= βVn
❀ ❛♥❞ G(n) = (2β(n)−W̃ (n))−1✱ ✇❤❡�❡

❢♦� i, j ∈ Ṽ (n)✱

G(n)(i, j) = Ĝ(n)(i, j) +
1

2γ
ψ(n)(i)ψ(n)(j).

❲❡ ❝❛♥ �❤❡♥ ❛♣♣❧② '�♦♣♦
✐�✐♦♥ ✷✳✷✳✶ �♦ β(n) ❛� i0✿ 
✐♥❝❡ G(n) = (2β(n) − W̃ (n))−1✱ ✇❡ ❤❛✈❡

β
(n)
i = β̃

(n)
i + 1{i=i0}

1

2G(n)(i0, i0)

❢♦� ❛❧❧ i ∈ Ṽ (n)✱ ✇❤❡�❡

β̃
(n)
i =

∑

j∼i

W̃
(n)
i,j

2

G(n)(i0, j)

G(n)(i0, i)
.



✷✳✷✳ ❚❊❈❍◆■❈❆▲ �❘❊❘❊◗❯■❙■❚❊ ✹✾

❆❝❝♦�❞✐♥❣ �♦ ��♦♣♦�✐�✐♦♥ ✷✳✷✳✶✱ 1/2G(n)(i0, i0) ✐� ❛ �❛♥❞♦♠ ●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡✱ ✇❤✐❝❤ ✐� ✐♥❞❡♣❡♥❞❡♥�

♦❢ (β
(n)
i )i∈Ṽ (n)\{i0}✳ ▼♦�❡♦✈❡�✱ ❢♦� i 
= i0✱ β̃

(n)
i = β

(n)
i ✱ ❛♥❞

β̃
(n)
i0

=
∑

j∼i0

W̃
(n)
i,j

2

G(n)(i0, j)

G(n)(i0, i0)
=
∑

j∼i0

W̃
(n)
i,j

2
F (n)(j, i0),

�♦ �❤❛� β̃(n) ✐� (β
(n)
i )i∈Ṽ (n)\{i0}✲♠❡❛�✉�❛❜❧❡✱ ❛♥❞ �❤❡�❡❢♦�❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢ G

(n)(i0, i0)✳

❚❛❦✐♥❣ �❤❡ ❧✐♠✐� ✇❤❡♥ n → ∞✱ ✇❡ ❞❡❞✉❝❡ �❤❛� 1/2G(i0, i0) ✐� ❛ �❛♥❞♦♠ ●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡✱
✐♥❞❡♣❡♥❞❡♥� ❢�♦♠ �❤❡ β̃ ✜❡❧❞✱ ✇❤❡�❡ ❢♦� i ∈ V ✱

β̃i =
∑

j∼i

Wi,j

2

G(i, j)

G(i, i)
= βi − 1{i=i0}

1

2G(i0, i0)
.

❙✐♥❝❡ �❤❡ ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ♦❢ ❛ ●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡ ✐�✱ ❢♦� t ≥ 0✱

∫
e−tγ 1{γ>0}√

πγ
e−γdγ =

1√
1 + t

,

❛♥❞ ❣✐✈❡♥ �❤❡ ▲❛♣❧❝❡ ��❛♥�❢♦�♠ ♦❢ νWV ✐♥ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✸✱ ✇❡ ♥♦✇ ❦♥♦✇ �❤❛� �❤❡ ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ♦❢

β̃ ✐�✱ ❢♦� λ ∈ R
V
+ ✇✐�❤ ✜♥✐�❡ �✉♣♣♦��✱

E[e−〈λ,β̃〉] =
1√

1 + λi0

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

∏

i �=i0

1√
1 + li

.

❖♥ ✜♥✐�❡ ❣�❛♣❤�✱ �❤❡ ❞✐���✐❜✉�✐♦♥ νWV ✱ ❛♥❞ ♠♦�❡ ❣❡♥❡�❛❧❧② νW,η
V ❢♦� η ∈ R

V
+✱ ❜❡❤❛✈❡� ✇❡❧❧ ✇✐�❤ �❡�♣❡❝�

�♦ �❡���✐❝�✐♦♥✱ ❛� �❤♦✇♥ ✐♥ �❤❡ ♥❡①� ♣�♦♣♦�✐�✐♦♥✱ ✇❤✐❝❤ ✐� ❛ ❣❡♥❡�❛❧✐③❛�✐♦♥ ♦❢ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✷✳

��♦♣♦�✐�✐♦♥ ✷✳✷✳✷✳ ❬▲❡♠♠❛ ✹ ✐♥ ❬❙❩✶✾❪❪ ▲❡� ✉� ✜① U ⊂ V ❛♥❞ η ∈ (R+)
V ✳ ❚❤❡♥✱ ✉♥❞❡� νW,η

V (dβ)✱ ✇❡
❤❛✈❡✿

✭✐✮ βU ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν
WU,U ,η̂
U ✱ ✇❤❡�❡

η̂ = ηU +WU,Uc1Uc .

✭✐✐✮ ❈♦♥❞✐�✐♦♥❛❧❧② ♦♥ βU ✱ βUc ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νW̌,η̌
Uc ✱ ✇❤❡�❡

W̌ = WUc,Uc +WUc,U ((Hβ)U,U )
−1WU,Uc ❛♥❞ η̌ = ηUc +WUc,U ((Hβ)U,U )

−1ηU .

��♦♣♦�✐�✐♦♥ ✷✳✶✳✷ ✐� ❛ ❞✐�❡❝� ❝♦♥�❡*✉❡♥❝❡ ♦❢ ✭✐✮✱ ✐♥ �❤❡ ❝❛�❡ ✇❤❡�❡ η = 0✳ ▼♦�❡♦✈❡�✱ ✭✐✐✮ ✐� ✉�❡❢✉❧ �♦

❡①�❡♥❞ ❛ ♣♦�❡♥�✐❛❧ βU ∼ ν
WU,U ,η̂
U ✇❤❡�❡ η̂ = WU,Uc1Uc ✐♥�♦ ❛ ♣♦�❡♥�✐❛❧ βV ∼ νWV ✱ ✉�✐♥❣ �❤❡ ❞✐���✐❜✉�✐♦♥

♦❢ βUc ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ βU ✳

✷✳✷✳✷ ●�❡❡♥ ❢✉♥❝
✐♦♥ ❛♥❞ �✉♠� ♦✈❡� ♣❛
❤�

▲❡� ✉� ��✐❧❧ ❝♦♥�✐❞❡� ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ♥♦♥✲❞✐�❡❝�❡❞ ❣�❛♣❤ G = (V,E) ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� W ✳
❋♦� β ∈ DW

V ✱ ✐� ✇✐❧❧ ❜❡ ✉�❡❢✉❧ �♦ ❡①♣�❡�� �❤❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ G = H−1
β ❛� ❛ �✉♠ ♦✈❡� ♣❛�❤� ✐♥ G✳ ❲❡ ✜���

✐♥��♦❞✉❝❡ �♦♠❡ ♥♦�❛�✐♦♥� ❢♦� �❡�� ♦❢ ♣❛�❤�✳



✺✵ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

❉❡✜♥✐�✐♦♥ ✷✳✷✳✶✳ ✭✐✮ ❋♦� i, j ∈ V ✱ ✇❡ ❞❡♥♦�❡ ❜② PV
i,j �❤❡ �❡� ♦❢ ♣❛�❤� σ ❢�♦♠ i �♦ j ✐♥ V ✱ ✐✳❡✳ �❤❡ �❡�

♦❢ ✜♥✐�❡ �❡�✉❡♥❝❡� σ = (σ0, ...σl) ✐♥ V ✱ ✇❤❡�❡ σ0 = i✱ σl = j ❛♥❞ σk ∼ σk+1 ❢♦� 0 ≤ k ≤ l − 1✳ ❲❡
❞❡♥♦�❡ ❜② |σ| = l �❤❡ ❧❡♥❣�❤ ♦❢ �❤❡ ♣❛�❤ σ✳

✭✐✐✮ ❋♦� U ⊂ V ✱ i ∈ U ❛♥❞ j /∈ U ✱ ✇❡ ❞❡♥♦�❡ ❜② PU

i,j �❤❡ �❡� ♦❢ ♣❛�❤� σ ∈ PV
i,j �✉❝❤ �❤❛� σk ∈ U ❢♦�

0 ≤ k ≤ |σ| − 1✳

✭✐✐✐✮ ❋♦� U ⊂ V ❛♥❞ i, j ∈ V ✱ ✇❡ ❞❡♥♦�❡ ❜② PV
i,U,j �❤❡ �❡� ♦❢ ♣❛�❤� σ ∈ PV

i,j �✉❝❤ �❤❛� σk ∈ U ❢♦� �♦♠❡
k ∈ �0, |σ|�✳

✭✐✈✮ ❋♦� i, j ∈ V ❛♥❞ σ ∈ PV
i,j✱ ✇❡ ❞❡✜♥❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦�❛�✐♦♥�✿

Wσ =

|σ|−1∏

k=0

Wσk,σk+1
, (2β)σ =

|σ|∏

k=0

2βσk
❛♥❞ (2β)−σ =

|σ|−1∏

k=0

2βσk
.

❲❡ ❣❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣�❡��✐♦♥�✱ ✐♥ �❡�♠� ♦❢ �✉♠� ♦✈❡� ♣❛�❤�✱ ❢♦� G ❛♥❞ �❡❧❛�❡❞ �✉❛♥�✐�✐❡�✳

��♦♣♦�✐�✐♦♥ ✷✳✷✳✸✳ ❬ �♦♣♦�✐�✐♦♥ ✻ ✐♥ ❬❙❚❩✶✼❪❪ ▲❡� β ∈ DW
V ✳ ❚❤❡♥✿

✭✐✮ ❋♦� i, j ∈ V ✱

G(i, j) =
∑

σ∈PV
i,j

Wσ

(2β)σ
.

■♥ ♣❛��✐❝✉❧❛�✱ ❢♦� U ⊂ V ✇❡ ❞❡♥♦�❡ ĜU = ((Hβ)U,U )
−1✱ �❤❡♥ ❢♦� i, j ∈ U ✱ ✇❡ ♦❜�❛✐♥

ĜU (i, j) =
∑

σ∈PU
i,j

Wσ

(2β)σ
.

✭✐✐✮ ❋♦� i, j ∈ V ✱

F (i, j) =
∑

σ∈PV \{j}
i,j

Wσ

(2β)−σ
=
∑

z∼j

ĜV \{j}(i, z)Wz,j .

✭✐✐✐✮ ❋♦� U ⊂ V ❛♥❞ i, j ∈ U c✱

∑

σ∈PV
i,U,j

Wσ

(2β)−σ
=

∑

z1,z2∈U

⎛
⎜⎝

∑

σ∈PUc

i,z1

Wσ

(2β)−σ

⎞
⎟⎠G(z1, z2)

⎛
⎜⎝

∑

σ∈PUc

j,z2

Wσ

(2β)−σ

⎞
⎟⎠ .

■♥ ♣❛��✐❝✉❧❛�✱ ✐❢ U = {z}✱ �❤✐� ❜❡❝♦♠❡�
∑

σ∈PV
i,{z},j

Wσ

(2β)σ
= F (i, z)G(z, z)F (j, z) = F (i, z)G(z, j).

❘❡♠❛�❦ ✷✳✷✳✶✳ ■❢ G = (V,E) ✐� ♥♦✇ ❛♥ ✐♥✜♥✐�❡ ❣�❛♣❤✱ ❧❡� (Vn)n∈N ❜❡ ❛♥ ✐♥❝�❡❛�✐♥❣ �❡�✉❡♥❝❡ ♦❢ ✜♥✐�❡
❝♦♥♥❡❝�❡❞ �✉❜�❡�� ♦❢ V �✉❝❤ �❤❛� V = ∪n∈NVn✳ ❋♦� β ∈ DW

V ❛♥❞ n ≥ 0✱ ✇❡ ❞❡✜♥❡ Ĝ(n) = ĜVn =
((Hβ)Vn,Vn

)−1 ❛� ✐♥ ❉❡✜♥✐�✐♦♥ ✷✳✶✳✶✳ ❚❤❡♥ ❢�♦♠ #�♦♣♦�✐�✐♦♥ ✷✳✷✳✸ ✭✐✮✱ ✇❡ ❣❡�

Ĝ(n)(i, j) =
∑

σ∈PVn
i,j

Wσ

(2β)σ



✷✳✷✳ ❚❊❈❍◆■❈❆▲ �❘❊❘❊◗❯■❙■❚❊ ✺✶

❢♦� n ≥ 0 ❛♥❞ i, j ∈ Vn✳ ❋�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✷ ✭✐✮✱ ✉♥❞❡� νWV (dβ) �❤❡ ✐♥❝�❡❛�✐♥❣ �❡�✉❡♥❝❡ (Ĝ(n)(i, j))n∈N

❝♦♥✈❡�❣❡� ❛❧♠♦�� �✉�❡❧② �♦ Ĝ(i, j)✳ ❍❡♥❝❡✱ ✇❡ ❣❡�

Ĝ(i, j) =
∑

σ∈PV
i,j

Wσ

(2β)σ

❢♦� i, j ∈ V ✳

▲❡� ✉� ❛❧�♦ ❞❡✜♥❡ F̂ (n)(i, j) = Ĝ(n)(i,j)

Ĝ(n)(j,j)
❛♥❞ F̂ (i, j) = Ĝ(i,j)

Ĝ(j,j)
✱ ❢♦� ❛❧❧ i, j ∈ V ❛♥❞ n ≥ max(|i|, |j|)✳

❚❤❡♥✱ ❢�♦♠ !�♦♣♦�✐�✐♦♥ ✷✳✷✳✸ ✭✐✐✮ ✇❡ ❤❛✈❡

F̂ (n)(i, j) =
∑

σ∈PVn\{j}
i,j

Wσ

(2β)−σ
−−−−→
n→∞

F̂ (i, j) =
∑

σ∈PV \{j}
i,j

Wσ

(2β)−σ
,

✇❤❡�❡ �❤❡ ❝♦♥✈❡�❣❡♥❝❡ ✐� ��✉❡ νWV ✲❛❧♠♦�� �✉�❡❧②✳

✷✳✷✳✸ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛♥❞ ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥�

▲❡� ✉� ❣✐✈❡ ♠♦�❡ ❞❡�❛✐❧� ❛❜♦✉� �❤❡ �❤❡♦�② ♦❢ ▼❛��✐♥ ❜♦✉♥❞❛�✐❡�✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ �❡�✉❧�� ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❬❲♦❡✵✵❪✳

▲❡� G = (V,E) ❜❡ ❛♥ ✐♥✜♥✐�❡ ❣�❛♣❤✱ ✇❡ ❝♦♥�✐❞❡� ❛♥ ✐��❡❞✉❝✐❜❧❡ �❛♥❞♦♠ ✇❛❧❦ (Xn)n∈N ♦♥ G✱ ✇❤♦�❡
��❛♥�✐�✐♦♥ ♠❛��✐① ✐� P ✱ ✇❤❡�❡ Pi,j = 0 ✐❢ {i, j} /∈ E ✭✐✳❡✳ ✇❡ ❛��✉♠❡ �❤❛� (Xn) ✐� ❛ ♥❡❛�❡��✲♥❡✐❣❤❜♦�
�❛♥❞♦♠ ✇❛❧❦✮✳ ▼♦�❡♦✈❡�✱ ✇❡ ❛��✉♠❡ �❤❛� (Xn) ✐� ��❛♥�✐❡♥�✳

▲❡� ✉� ❞❡♥♦�❡ ❜② Px �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ �❛♥❞♦♠ ✇❛❧❦ ��❛��❡❞ ❛� x ∈ V ✱ ❛♥❞ ❜② g �❤❡ ❛��♦❝✐❛�❡❞
●�❡❡♥ ❢✉♥❝�✐♦♥✱ ✐✳❡✳

g(x, y) =
∑

n∈N

Px[Xn = y].

❲❡ ❛❧�♦ ❞❡♥♦�❡

f(x, y) = Px[∃n ∈ N, Xn = y] =
g(x, y)

g(y, y)
.

❋♦� ❛❧❧ y ∈ V ✱ g(·, y) ✐� ❤❛�♠♦♥✐❝ ❛� ❛♥② x ∈ V \{y}✱ ✐✳❡✳ ❢♦� x 
= y✱ g(x, y) =
∑

z∼x Px,zg(z, y)✳ ❚❤✐�
✐� ��✐❧❧ ��✉❡ ❢♦� f(·, y)✳ ❚❤❡ ▼❛��✐♥ ❑❡�♥❡❧✱ ❞❡✜♥❡❞ ❜❡❧♦✇ ✉�✐♥❣ f ✱ ❛� ✇❡❧❧ ❛� �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�②✱ ✇✐❧❧
❛❧❧♦✇ ✉� �♦ �❡♣�❡�❡♥� ❛❧❧ ♣♦�✐�✐✈❡ ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ❢♦� �❤❡ �❛♥❞♦♠ ✇❛❧❦✳

❉❡✜♥✐�✐♦♥ ✷✳✷✳✷✳ ▲❡� ✉� ✜① ❛ �❡❢❡�❡♥❝❡ ♣♦✐♥� φ ∈ V ✳

✭✐✮ ❚❤❡ ▼❛��✐♥ ❦❡�♥❡❧ ✐� �❤❡ ❢✉♥❝�✐♦♥ K : V 2 → R+ ❞❡✜♥❡❞ ❜②

K(x, y) =
f(x, y)

f(φ, y)
=

g(x, y)

g(φ, y)
.

✭✐✐✮ ❚❤❡ ▼❛��✐♥ ❝♦♠♣❛❝�✐✜❝❛�✐♦♥ ✐� �❤❡ �♠❛❧❧❡�� ❝♦♠♣❛❝�✐✜❝❛�✐♦♥ V̂ ♦❢ V ✱ ✇❤✐❝❤ ✐� ✉♥✐�✉❡ ✉♣ �♦ ❛
❤♦♠❡♦♠♦�♣❤✐�♠✱ �♦ �❤❛� K(·, ·) ❡①�❡♥❞� ❝♦♥�✐♥✉♦✉�❧② �♦ V × V̂ ✳ ❚❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ✐� ❞❡✜♥❡❞ ❛�
M = V̂ \V ✳

❚❤❡♦�❡♠ ✷✳✷✳✶✳ ▲❡� ✉� ❞❡♥♦�❡ ❜② H+ �❤❡ �❡� ♦❢ ♣♦�✐�✐✈❡ ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ♦♥ V ✳ ❚❤❡♥ ❢♦� ❛❧❧ h ∈ H+✱
�❤❡�❡ ✐� ❛ ❇♦�❡❧ ♠❡❛�✉�❡ μh ♦♥ M �✉❝❤ �❤❛� ❢♦� ❛❧❧ x ∈ V ✱

h(x) =

∫

M
K(x, α)μh(dα).
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❘❡♠❛�❦ ✷✳✷✳✷✳ ■❢✱ ❢♦� ❛❧❧ x ∈ V ❛♥❞ ❢♦� ❛❧❧ �❡�✉❡♥❝❡� (yn)n≥1 ❣♦✐♥❣ �♦ ✐♥✜♥✐�②✱ ✇❡ ❤❛✈❡ K(x, yn) → 1✱
�❤❡♥ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ✐� ��✐✈✐❛❧✱ ✐✳❡✳ �❡❞✉❝❡❞ �♦ ❛ �✐♥❣❧❡ ♣♦✐♥�✳ ❆❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✷✳✷✳✶✱ ✐♥ �❤✐�

❝❛�❡✱ ❛❧❧ ♣♦�✐�✐✈❡ ❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ❛�❡ ❝♦♥��❛♥�✳

❙✐♥❝❡ (Xn) ✐� ��❛♥�✐❡♥�✱ ✇❡ ❛❧♠♦�� �✉�❡❧② ❤❛✈❡ Xn → ∞✱ ✐♥ �❤❡ �❡♥�❡ �❤❛� ❢♦� ❛❧❧ ✜♥✐�❡ �✉❜�❡� U ⊂ V ✱

{n ∈ N, Xn ∈ U} ✐� ❛❧♠♦�� �✉�❡❧② ✜♥✐�❡✳ ❚❤❛♥❦� �♦ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�②✱ ✇❡ ❝❛♥ ♥♦✇ ❞❡�❝�✐❜❡ �❤✐�

❝♦♥✈❡�❣❡♥❝❡ ♠♦�❡ ♣�❡❝✐�❡❧②✳

❚❤❡♦�❡♠ ✷✳✷✳✷✳ ❋♦� ❛❧❧ x ∈ V ✱ (Xn) ❝♦♥✈❡�❣❡� Px✲❛✳�✳ �♦ ❛ M✲✈❛❧✉❡❞ �❛♥❞♦♠ ✈❛�✐❛❜❧❡ X∞✳ ❚❤❡
❞✐���✐❜✉�✐♦♥ ♦❢ X∞ ✉♥❞❡� Px✱ ❞❡♥♦�❡❞ ❜② μx✱ ✈❡�✐✜❡�

μx(B) =

∫

B

K(x, α)μφ(dα)

❢♦� ❛❧❧ B ⊂ M ❛♥❞ x ∈ V ✳

❚❤❡ �♣❛❝❡ (M,B(M), (μx)x∈V ) ✐� ❝❛❧❧❡❞ #♦✐��♦♥ ❜♦✉♥❞❛�②✳ ▼♦�❡♦✈❡�✱ ✇❡ ❝❛❧❧ ❤❛�♠♦♥✐❝ ♠❡❛�✉�❡�✱ ♦�

❡①✐�✐♥❣ ♠❡❛�✉�❡�✱ �❤❡ ❢❛♠✐❧② (μx)x∈V ✳

■♥ �❤❡ ❝❛�❡ ✇❤❡�❡ T = (T,E) ✐� ❛♥ ✐♥✜♥✐�❡ ��❡❡✱ �❤❡ ▼❛��✐♥ ❝♦♠♣❛❝�✐✜❝❛�✐♦♥ ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐�❤ ❛♥♦�❤❡�✱

✇❤✐❝❤ ❞♦❡� ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ �❛♥❞♦♠ ✇❛❧❦ ❞❡✜♥❡❞ ❜② P ✱ ❜✉� �✐♠♣❧② ♦♥ �❤❡ ❣❡♦♠❡��② ♦❢ �❤❡ ��❡❡ T ✳

❉❡✜♥✐�✐♦♥ ✷✳✷✳✸✳ ▲❡� ✉� ✜① ❛♥ ❛�❜✐��❛�② �♦♦� φ ❢♦� T ✳

✭✐✮ ❲❡ ❝❛❧❧ ✐♥✜♥✐�❡ �❛② ✐♥ T ❛♥ ✐♥✜♥✐�❡ �❡❧❢✲❛✈♦✐❞✐♥❣ ♣❛�❤ ��❛��✐♥❣ ❛� φ✱ ✐✳❡✳ ❛ �❡ ✉❡♥❝❡ ω = (ωk)k∈N

♦❢ ❞✐��✐♥❝� ✈❡��✐❝❡� ✐♥ T ✱ �✉❝❤ �❤❛� ωk ∼ ωk+1 ❢♦� k ∈ N ❛♥❞ ω0 = φ✳ ❚❤❡ �❡� ♦❢ ✐♥✜♥✐�❡ �❛②�✱ ❛❧�♦
❝❛❧❧❡❞ �❤❡ �❡� ♦❢ ❡♥❞� ♦❢ T ✱ ✐� ❞❡♥♦�❡❞ ❜② Ω✳

✭✐✐✮ ■❢ ω, ξ ∈ Ω✱ ✇❡ ❞❡♥♦�❡ Nω,ξ = max{k ∈ N, ωk = ξk}✳ ❲❡ ❝❛♥ ❛❧�♦ ❞❡✜♥❡✱ ✐❢ x ∈ T ✱ Nω,x = max{k ≤
|x|, ωk = [φ, x]k}✳ ❲❡ �❤❡♥ �❡� Ok

ω = {ξ ∈ Ω, Nω,ξ ≥ k} ∪ {x ∈ T,Nω,x ≥ k}✳

✭✐✐✐✮ ❲❡ ❞❡✜♥❡ �❤❡ ❡♥❞ �♦♣♦❧♦❣② ♦♥ T ∪ Ω✱ ✇❤✐❝❤ ✐� ❞✐�❝�❡�❡ ♦♥ T ✱ ❛♥❞ �✉❝❤ �❤❛� (Ok
ω)k∈N ✐� ❛ ❜❛�✐� ♦❢

♥❡✐❣❤❜♦�❤♦♦❞� ❛� ω ∈ Ω ✳

��♦♣♦�✐�✐♦♥ ✷✳✷✳✹✳ ❚❤❡ ❡♥❞ �♦♣♦❧♦❣② ♦♥ T ∪ Ω ❞♦❡� ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ ❝❤♦✐❝❡ ♦❢ φ✱ ❛♥❞ ✐� ✐♥❞✉❝❡❞ ❜②
�❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡��✐❝✿

d(x, y) =

{
0 ✐❢ x = y

e−Nx,y ♦�❤❡�✇✐�❡,

❢♦� x, y ∈ T ∪ Ω✳ ▼♦�❡♦✈❡� T ∪ Ω ✐� ❝♦♠♣❛❝�✱ ❛♥❞ ❝❛❧❧❡❞ �❤❡ ❡♥❞ ❝♦♠♣❛❝�✐✜❝❛�✐♦♥✳

❚❤❡♦�❡♠ ✷✳✷✳✸✳ ✭✐✮ ▲❡� (Xn) ❜❡ ❛ ♥❡❛�❡��✲♥❡✐❣❤❜♦� �❛♥❞♦♠ ✇❛❧❦ ♦♥ T ✱ �❤❛� ✇❡ ❛��✉♠❡ �♦ ❜❡ ��❛♥�✐❡♥�✳
❚❤❡♥ �❤❡ ▼❛��✐♥ ❝♦♠♣❛❝�✐✜❝❛�✐♦♥ ❝♦✐♥❝✐❞❡� ✇✐�❤ �❤❡ ❡♥❞ ❝♦♠♣❛❝�✐✜❝❛�✐♦♥✱ ❛♥❞ ✇❡ ❝❛♥ ✐❞❡♥�✐❢② M
�♦ Ω✱ ❛♥❞ �❡� T̂ = T ∪ Ω✳

✭✐✐✮ ❚❤❡ ▼❛��✐♥ ❦❡�♥❡❧ ♦♥ T × T̂ ✐� ❧♦❝❛❧❧② ❝♦♥��❛♥�✱ ✇✐�❤

K(x, ω) = K(x, x ∧ ω), ✇❤❡�❡ x ∧ ω = ωNω,x

❢♦� x ∈ T, ω ∈ Ω✳

❲❡ ❛❧�♦ ❤❛✈❡ ❛♥ ❡①♣�❡��✐♦♥ ♦❢ ❤❛�♠♦♥✐❝ ♠❡❛�✉�❡� μx ♦♥ �❤❡ ��❡❡✳ ❋♦� x ∈ T ✱ ✇❡ ❞❡♥♦�❡ ❜② Ωx �❤❡ �❡�

♦❢ ❡♥❞� ❢♦� �❤❡ �✉❜��❡❡ Tx✱ ✐✳❡✳ Ωx = {ω ∈ Ω, ∃k ∈ N, ωk = x}✳ ▼♦�❡♦✈❡�✱ ✇❡ ❞❡♥♦�❡ ❜② Ux = Tx\{x}✳
❚❤❡♥✿
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��♦♣♦�✐�✐♦♥ ✷✳✷✳✺✳ ❋♦� x 
= φ ❛♥❞ i ∈ T ✱

μi(Ωx) = 1{i∈Ux}(1− f(i, x))) + f(i, x)
1− f(x, �x)

1− f( �x, x)f(x, �x)
.

❘❡♠❛�❦ ✷✳✷✳✸✳ ❋�♦♠ ❈❛�❛	❤�♦❞♦�②✬� ❡①	❡♥�✐♦♥ 	❤❡♦�❡♠✱ 	❤✐� ❡♥	✐�❡❧② ❞❡�❝�✐❜❡� 	❤❡ ❡①♣�❡��✐♦♥ ♦❢ μφ✳
❋�♦♠ ❚❤❡♦�❡♠ ✷✳✷✳✷✱ ✇❡ ❝❛♥ 	❤❡♥ ❞❡�❝�✐❜❡ ❛❧❧ ❤❛�♠♦♥✐❝ ♠❡❛�✉�❡� ✉�✐♥❣ f ✳

✷✳✸ ❉✐���✐❜✉�✐♦♥� ♦❢ ❛�❜✐��❛�② �❡♣�❡�❡♥�❛�✐♦♥�

✷✳✸✳✶ ❆ ❝♦♠♠♦♥ ❡①♣
❡��✐♦♥ ❢♦
 ❥✉♠♣ 
❛�❡�✿ �
♦♦❢ ♦❢ ❚❤❡♦
❡♠ ✷✳✶✳✸

▲❡	 G = (V,E) ❜❡ ❛ ❧♦❝❛❧❧② ✜♥✐	❡ ❝♦♥♥❡❝	❡❞ ❣�❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐	❤ ❝♦♥❞✉❝	❛♥❝❡� (Wi,j)i,j∈V �✉❝❤ 	❤❛	
Wi,j = Wj,i > 0 ✐❢ {i, j} ∈ E✱ ❛♥❞ Wi,j = 0 ♦	❤❡�✇✐�❡✳ ❲❡ �	✐❧❧ ❞❡♥♦	❡ ❜② P

V RJP (i0) 	❤❡ ❧❛✇ ♦❢ 	❤❡ ❱❘❏&
♦♥ (G,W )✱ ✐♥ 	❤❡ ❡①❝❤❛♥❣❡❛❜❧❡ 	✐♠❡ �❝❛❧❡✱ �	❛�	❡❞ ❛	 i0 ∈ V ✳ ▲❡	 ✉� ✜��	 �❤♦✇ 	❤❛	 	❤❡ ❞✐�	�✐❜✉	✐♦♥ ♦❢
	❤❡ β̃ ✜❡❧❞ ✭�❡❡ &�♦♣♦�✐	✐♦♥ ✷✳✶✳✹✮ ❛♣♣❡❛�� ✐♥ ❛❧❧ �❡♣�❡�❡♥	❛	✐♦♥� ♦❢ 	❤❡ ❱❘❏&✳

❘❡❝❛❧❧ 	❤❛	 ❢♦� ❛❧❧ r ∈ J E
V ❛♥❞ i ∈ V ✱ ✇❡ ❞❡✜♥❡ ri =

∑
j∼i ri,j ✳

��♦♣♦�✐�✐♦♥ ✷✳✸✳✶✳ ▲❡
 i0 ∈ V ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡
 R(dr) ❜❡ 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥


�❡♣�❡�❡♥
✐♥❣ P
V RJP (i0)✱ ✐♥ 
❤❡ �❡♥�❡ ♦❢ ❉❡✜♥✐
✐♦♥ ✷✳✶✳✷✳

❚❤❡♥ ✉♥❞❡� R(dr)✱ (ri)i∈V ❤❛� 
❤❡ �❛♠❡ ❞✐�
�✐❜✉
✐♦♥ ❛� 
❤❡ ✜❡❧❞ β̃ �♦♦
❡❞ ❛
 i0✱ ✐✳❡✳ ✐
� ▲❛♣❧❛❝❡


�❛♥�❢♦�♠ ✐� ∫
e−〈λ,r〉R(dr) = e−

∑

i∼j Wi,j(
√
1+λi

√
1+λj−1)

∏

i �=i0

1√
1 + λi

,

❢♦� λ ∈ R
V
+ ✇✐
❤ ✜♥✐
❡ �✉♣♣♦�
✳

��♦♦❢✳ ▲❡	 i0 ∈ V ❜❡ ✜①❡❞✱ ❧❡	 R(dr) ❜❡ 	❤❡ ❞✐�	�✐❜✉	✐♦♥ ♦❢ ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥	 �❡♣�❡�❡♥	✐♥❣ P
V RJP (i0)✱

✐✳❡✳

P
V RJP (i0)[·] =

∫
P
r
i0 [·]R(dr),

✇❤❡�❡ P
r ✐� 	❤❡ ❞✐�	�✐❜✉	✐♦♥ ♦❢ 	❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ✇✐	❤ ❥✉♠♣ �❛	❡ ❢�♦♠ i 	♦ j ❣✐✈❡♥ ❜② ri,j ✳

▲❡	 ✉� ♣�♦✈❡ 	❤❛	 ✉♥❞❡� R(dr)✱ (ri)i∈V ❤❛� 	❤❡ �❛♠❡ ❞✐�	�✐❜✉	✐♦♥ ❛� 	❤❡ β̃ ✜❡❧❞ ❢�♦♠ 	❤❡ �	❛♥❞❛�❞
�❡♣�❡�❡♥	❛	✐♦♥✳

▲❡♠♠❛ ✷✳✸✳✶✳ ❚❤❡�❡ ❡①✐�
� ❛ �❛♥❞♦♠ ✜❡❧❞ (ui)i∈V ∈ R
V �✉❝❤ 
❤❛
 R✲❛❧♠♦�
 �✉�❡❧②✱ ri,j =

Wi,j

2 euj−ui

❢♦� i ∼ j✳

❘❡♠❛�❦ ✷✳✸✳✶✳ ❙✐♥❝❡ 	❤❡ �❛♥❞♦♠ ✜❡❧❞ (ui)i∈V ✐� ❞❡✜♥❡❞ ✉♣ 	♦ ❛♥ ❛❞❞✐	✐✈❡ ❝♦♥�	❛♥	✱ ✇❡ ❝❛♥ �❡	 ui0 = 0
❛✳�✳ ✇✐	❤♦✉	 ❧♦�� ♦❢ ❣❡♥❡�❛❧✐	②✳

��♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✸✳✶✳ ❋♦� r ∈ J E
V ✱ ❧❡	 ✉� ❞❡✜♥❡ ti,j = 2

Wi,j
ri,j ❢♦� ❛❧❧ i ∼ j✳ ❚❤❡♥ 	♦ ♣�♦✈❡ 	❤✐� ❧❡♠♠❛✱

✐	 ✐� ❡♥♦✉❣❤ 	♦ �❤♦✇ 	❤❛	 ❢♦� ❛♥② ❝②❝❧❡ σ = (σ0, ..., σn)✱ ✇❡ ❤❛✈❡ R✲❛✳�✳ tσ :=
∏n−1

k=0 tσk,σk+1
= 1✳ ❙✐♥❝❡ G

✐� ❝♦♥♥❡❝	❡❞✱ ✇❡ ♦♥❧② ♥❡❡❞ 	♦ ♣�♦✈❡ 	❤✐� ❢♦� ❝②❝❧❡� σ �✉❝❤ 	❤❛	 σ0 = i0✳
❘❡❝❛❧❧ 	❤❛	 ✇❡ ❞❡♥♦	❡ ❜② (Zt)t≥0 	❤❡ ❝❛♥♦♥✐❝❛❧ ♣�♦❝❡�� ♦♥ Cr(R+, V )✳ ▲❡	 PMJP ❜❡ 	❤❡ ❞✐�	�✐❜✉	✐♦♥

♦❢ 	❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ✇✐	❤ ❥✉♠♣ �❛	❡� 1
2Wi,j ✳ ❚❤❡♥✱ ❛❝❝♦�❞✐♥❣ 	♦ ❚❤❡♦�❡♠ ✸ ❢�♦♠ ❬❙❚✶✻❪✱ ❢♦� ❛❧❧

T ≥ 0 	❤❡ ❧❛✇ ♦❢ (Zt)t≤T ✉♥❞❡� PV RJP (i0) ✐� ❛❜�♦❧✉	❡❧② ❝♦♥	✐♥✉♦✉� ✇✐	❤ �❡�♣❡❝	 	♦ ✐	� ❧❛✇ ✉♥❞❡� P
MJP
i0

✱
❛♥❞ ✐	� ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡�✐✈❛	✐✈❡ ✐�

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

e−
∑

i∈V
1
2Wili

∏

i �=i0

1√
1 + li

,



✺✹ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

✇❤❡�❡ Wi =
∑

j∼i Wi,j ✱ ❛♥❞ li =
∫ T

0
1{Zt=i}dt ✐� 
❤❡ ❧♦❝❛❧ 
✐♠❡ ❛
 i✳

▲❡
 σ ❜❡ ❛ ❝②❝❧❡ �✉❝❤ 
❤❛
 σ0 = σ|σ| = i0✳ ❲❡ ❞❡♥♦
❡ ❜② σn 
❤❡ n
❤ ❝♦♥❝❛
❡♥❛
✐♦♥ ♦❢ σ✱ ❛♥❞ ❢♦� T ≥ 0
❛♥❞ τ ❛ ♣❛
❤ ✐♥ G✱ ❜② {(Zt)t≤T ∼ τ} 
❤❡ ❡✈❡♥
 ✇❤❡�❡ 
❤❡ ❞✐�❝�❡
❡ 
�❛❥❡❝
♦�② ♦❢ (Zt)t≥T ❢♦❧❧♦✇� 
❤❡ ♣❛
❤

τ ✳ ❚❤❡♥ ✇❡ ❤❛✈❡✱ ❢♦� n ≥ 1 ❛♥❞ T ≥ 0✱

P
V RJP (i0)[(Zt)t≤T ∼ σn] =

∫
1{(zt)t≤T∼σn}

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

e−
∑

i∈V
1
2Wili

∏

i �=i0

1√
1 + li

P
MJP
i0 (dz).

❍♦✇❡✈❡�✱ �✐♥❝❡ 
❤❡ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥
 (ri,j)i∼j ❣✐✈❡� ❛ �❡♣�❡�❡♥
❛
✐♦♥ ♦❢ 
❤❡ ❱❘❏" ❛� ❛ ♠✐①
✉�❡ ♦❢

▼❛�❦♦✈ ♣�♦❝❡��❡�✱ ✇❡ ❛❧�♦ ❤❛✈❡

P
V RJP (i0)[(Zt)t≤T ∼ σn] =

∫
P
r
i0 [(Zt)t≤T ∼ σn]R(dr)

=

∫ ⎛
⎝
∫

1{(zt)t≤T∼σn}
e−

∑

i∈V rili
(∏|σ|−1

k=0 rσk,σk+1

)n

e−
∑

i∈V
1
2Wili

(∏|σ|−1
k=0

1
2Wσk,σk+1

)nPMJP
i0 (dz)

⎞
⎠R(dr)

=

∫
1{(zt)t≤T∼σn}

∫
e−

∑

i∈V rili

e−
∑

i∈V
1
2Wili

(tσ)
nR(dr)PMJP

i0 (dz)

▲❡
 ✉� ✜① ε > 0✱ ❛♥❞ ❞❡✜♥❡ 
❤❡ ❡✈❡♥
 Aσ,ε = {tσ ≥ 1 + ε}✳ ❚❤❡♥ ✇❡ ❣❡


P
V RJP (i0)[(Zt)t≤T ∼ σn] ≥

∫
1{(zt)t≤T∼σn}

∫
1Aσ,ε

e−
∑

i∈V rili(1 + ε)nR(dr)PMJP
i0 (dz).

▲❡
 M > 0 ❜❡ �✉❝❤ 
❤❛
 ✉♥❞❡� R(dr)✱ P[Aσ,ε ∩BM ] ≥ P[Aσ,ε]/2✱ ✇❤❡�❡ BM = {∀i ∈ V, ri ≤ M}✳ ◆♦
❡

❤❛
 T =

∑
i∈V li✱ �♦ 
❤❛


P
V RJP (i0)[(Zt)t≤T ∼ σn] ≥

∫
1{(zt)t≤T∼σn}

∫
1Aσ,ε∩BM

e−MT (1 + ε)nR(dr)PMJP
i0 (dz)

≥ e−MT

2
(1 + ε)nP[Aσ,ε]P

MJP
i0 [(Zt)t≤T ∼ σn].

❖♥ 
❤❡ ♦
❤❡� ❤❛♥❞✱ ✇❡ ❛❧�♦ ❤❛✈❡

P
V RJP (i0)[(Zt)t≤T ∼ σn] =

∫
1{(zt)t≤T∼σn}

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

e−
∑

i∈V
1
2Wili

∏

i �=i0

1√
1 + li

P
MJP
i0 (dz)

≤ eM
′T
P
MJP
i0 [(Zt)t≤T ∼ σn],

✇❤❡�❡ M ′ = max{ 1
2Wσk

, 0 ≤ k < |σ|}✳ ❙✐♥❝❡ PMJP
i0

[(Zt)t≤T ∼ σn] > 0 ❢♦� ❛❧❧ T > 0 ❛♥❞ n ∈ N✱ ✇❡ ❣❡


e−MT

2
(1 + ε)nP[Aσ,ε] ≤ eM

′T .

❚❛❦✐♥❣ n → ∞ ❢♦� ✜①❡❞ T > 0 �❤♦✇� 
❤❛
 P[Aσ,ε] = 0✳ ❆� ❛ �❡�✉❧
✱ ✇❡ ❤❛✈❡ ❛❧♠♦�
 �✉�❡❧② tσ ≤ 1✳
❋♦� ε > 0✱ ✇❡ ♥♦✇ �❡
 A′

σ,ε = {tσ ≤ 1− ε}✳ ❯�✐♥❣ 
❤❡ �❛♠❡ ♥♦
❛
✐♦♥� ❛� ❜❡❢♦�❡✱ ❛♥❞ 
❤❡ ❢❛❝
 
❤❛
 ❛✳�✳
tσ ≤ 1✱ ✇❡ ❣❡


P
V RJP (i0)[(Zt)t≤T ∼ σn] ≤

∫
1{(zt)t≤T∼σn}

∫
eM

′T
(
1A′

σ,ε
c + 1A′

σ,ε
(1− ε)n

)
R(dr)PMJP

i0 (dz)

≤ eM
′T
(
P[A′

σ,ε
c
] + P[A′

σ,ε](1− ε)n
)
P
MJP
i0 [(Zt)t≤T ∼ σn].
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❖♥ �❤❡ ♦�❤❡� ❤❛♥❞✱ ♦♥ �❤❡ ❡✈❡♥� {(Zt)t≤T ∼ σn}✱ ✇❡ ❤❛✈❡ li ≤ T ❢♦� ❛❧❧ i ∈ {σk, 0 ≤ k < |σ|} ❛♥❞ li = 0
❢♦� ❛❧❧ ♦�❤❡� i ∈ V ✳ ❆� ❛ �❡�✉❧�✱ ❢♦� �✉❝❤ ��❛❥❡❝�♦�✐❡�✱

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

e−
∑

i∈V
1
2Wili

∏

i �=i0

1√
1 + li

≥ e−M ′′T

(1 + T )
|σ|−1

2

,

✇❤❡�❡ M ′′ =
∑

i,j∈{σk} Wi,j ✱ �♦ �❤❛�✱

P
V RJP (i0)[(Zt)t≤T ∼ σn] ≥ e−M ′′T

(1 + T )
|σ|−1

2

P
MJP
i0 [(Zt)t≤T ∼ σn].

❆� ❜❡❢♦�❡✱ �❤✐� ②✐❡❧❞�

eM
′T
(
P[A′

σ,ε
c
] + P[A′

σ,ε](1− ε)n
)
≥ e−M ′′T

(1 + T )
|σ|−1

2

❢♦� ❛❧❧ T > 0 ❛♥❞ n ∈ N✳ ❚❛❦✐♥❣ ✜��� n → ∞✱ �❤❡♥ T → 0✱ ✇❡ ❣❡� �❤❛� ✉♥❞❡� R(dr)✱ P[A′
σ,ε

c
] = 1✳

❚❤❡�❡❢♦�❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ �❤❛� R✲❛❧♠♦�� �✉�❡❧②✱ tσ = 1✳

■♥ ♦�❞❡� �♦ ✐❞❡♥�✐❢② �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ (ri)i∈V ✉♥❞❡� R(dr)✱ ✇❡ ♦❜�❛✐♥ �❤❡✐� ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ❛� �❤❡
❞❡♥�✐�② ♦❢ ❝②❝❧✐❝ ��❛❥❡❝�♦�✐❡� ♦❢ (Zt)t≥0 ✉♥❞❡� P

V RJP (i0) ✇✐�❤ �❡�♣❡❝� �♦ P
MJP
i0

✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ ❛ ❝②❝❧✐❝
��❛❥❡❝�♦�② (zt)t≥0 ✐♥ G✱ ��❛��❡❞ ❛� i0✱ ✇❡ ❞❡♥♦�❡ ❜② σ �❤❡ ❛��♦❝✐❛�❡❞ ❝②❝❧✐❝ ♣❛�❤ ✐♥ G✱ ❛♥❞ (li)i∈V �❤❡ ❧♦❝❛❧
�✐♠❡�✱ �♦ �❤❛� T =

∑
i∈V li✱ ❛♥❞ li > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ i ∈ {σk, 0 ≤ k < |σ|}✳ ❚❤❡♥ �❤❡ ❘❛❞♦♥✲◆✐❦♦❞②♠

❞❡�✐✈❛�✐✈❡ ❛� (zt)t≥0 ♦❢ P
V RJP (i0) ✇✐�❤ �❡�♣❡❝� �♦ P

MJP
i0

✐� ❛❧♠♦�� �✉�❡❧②

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

e−
∑

i∈V
1
2Wili

∏

i �=i0

1√
1 + li

,

❜✉� ❛❧�♦ ∫
e−

∑

i∈V rili

e−
∑

i∈V
1
2Wili

R(dr)

�✐♥❝❡ tσ = 1 R✲❛❧♠♦�� �✉�❡❧②✳ ❚❤❡�❡❢♦�❡✱ ❢♦� ❛❧❧ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ �✉❜�❡� U ♦❢ V ✱ ❛♥❞ ❛❧♠♦�� ❛❧❧ (li)i∈V ∈
(R∗

+)
U × {0}V \U ✱ ✇❡ ❤❛✈❡

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

∏

i �=i0

1√
1 + li

=

∫
e−

∑

i∈V riliR(dr) = E[e−
∑

i∈V rili ].

❙✐♥❝❡ �❤❡�❡ ❛�❡ ❝♦♥�✐♥✉♦✉� ❢✉♥❝�✐♦♥� ♦❢ (li)i∈V ✱ �❤✐� ❡%✉❛❧✐�② ✐� ��✉❡ ❢♦� ❛❧❧ (li)i∈V ∈ R
V
+ ✇✐�❤ ✜♥✐�❡

�✉♣♣♦��✳ ❆� ❛ �❡�✉❧�✱ ✉♥❞❡� R(dr)✱ (ri)i∈V ❤❛� �❤❡ �❛♠❡ ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ❛� �❤❡ ✜❡❧❞ β̃✱ ❛��♦❝✐❛�❡❞ ✇✐�❤
�❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏( ��❛��❡❞ ❛� i0 ✭�❡❡ (�♦♣♦�✐�✐♦♥ ✷✳✶✳✹✮✱ ❛♥❞ �❤❡�❡❢♦�❡ �❤❡ �❛♠❡
❞✐���✐❜✉�✐♦♥✳

��♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✸✳ ▲❡� i0 ∈ V ❜❡ ✜①❡❞✱ ❛♥❞ R(dr) ❜❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥�
�❡♣�❡�❡♥�✐♥❣ P

V RJP (i0)✳ ❚❤❛♥❦� �♦ (�♦♣♦�✐�✐♦♥ ✷✳✸✳✶✱ ✇❡ ❦♥♦✇ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ (ri)i∈V ✉♥❞❡� R(dr)✳

◆♦�❡ �❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ ❛ ●❛♠♠❛(1/2, 1) ✈❛�✐❛❜❧❡ ✐�
1{γ>0}√

πγ e−γdγ✱ ❛♥❞ �❤❛� ✐�� ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠

✐� ❣✐✈❡♥ ❜② ∫
e−tγ 1{γ>0}√

πγ
e−γdγ =

1√
1 + t

❢♦� t ≥ 0✳ ❋�♦♠ ♥♦✇ ♦♥✱ ✇❡ ❞❡♥♦�❡ R(dr, dγ) = R(dr)⊗ 1{γ>0}√
πγ e−γdγ✱ ✇❤✐❝❤ ✐� ❛ ❞✐���✐❜✉�✐♦♥ ♦♥ J E

V ×R✳
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❋♦� r ∈ J E
V ❛♥❞ γ > 0✱ ✇❡ ♥♦✇ ❞❡✜♥❡ (βi)i∈V ❜② βi = ri + 1{i=i0}γ ❢♦� i ∈ V ✳ ❚❤❡♥ ✉♥❞❡� R(dr, dγ)✱

�❤❡ ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ♦❢ β ✐�✱ ❢♦� λ ∈ R
V
+ ✇✐�❤ ✜♥✐�❡ �✉♣♣♦��✱

∫
e−〈λ,β〉R(dr)

1{γ>0}√
πγ

e−γdγ =

∫
e−

∑

i∈V λiriR(dr)

∫
e−λi0

γ 1{γ>0}√
πγ

e−γdγ

=
1√

1 + λi0

e−
∑

i∼j Wi,j(
√
1+li

√
1+lj−1)

∏

i �=i0

1√
1 + li

,

✐✳❡✳ β ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νWV ✭�❡❡ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✸✮✳ ❲❡ ❝❛♥ �❤❡♥ ❞❡✜♥❡ R(dr, dγ)✲❛✳�✳ Ĝ :
V × V → R+ ❛♥❞ ψ : V → R+ �❤❛♥❦� �♦ ❚❤❡♦�❡♠ ✷✳✶✳✷✳ ▼♦�❡♦✈❡�✱ ❜② ❛♥❛❧♦❣② ✇✐�❤ �❤❡ ��❛♥❞❛�❞
�❡♣�❡�❡♥�❛�✐♦♥✱ ❧❡� G(i0, ·) : V → R+ ❜❡ ❞❡✜♥❡❞ ❜②✿

G(i0, i) =
1

2γ
eui ,

✇❤❡�❡ (ui)i∈V ✇❛� ✐♥��♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✶✳ ❚❤✐� ✇❛②✱ ✉♥❞❡� R(dr, dγ)✱ ❢♦� ❛❧❧ i 
= j ∈ V �❤❡ ❥✉♠♣
�❛�❡ ri,j ❝❛♥ ❜❡ ✇�✐��❡♥ ❛�

ri,j =
Wi,j

2

G(i0, j)

G(i0, i)
.

▲❡� ✉� �❡� h(i) = G(i0, i)− Ĝ(i0, i) ❢♦� ❛❧❧ i ∈ V ✳ ❚❤❡♥ Hβh = 0✳ ■♥❞❡❡❞✱ ❢♦� i 
= i0✱ ✇❡ ❤❛✈❡

2βiG(i0, i)−
∑

j∼i

Wi,jG(i0, j) = 2riG(i0, i)−
∑

j∼i

2ri,jG(i0, i) = 0,

❛♥❞ ❢♦� i = i0✱

2βi0G(i0, i0)−
∑

j∼i0

Wi0,jG(i0, j) =
ri0 + γ

γ
−
∑

j∼i0

ri0,j
γ

= 1,

�❤❡�❡❢♦�❡ ❢♦� i ∈ V ✱ HβG(i0, i) = 1{i=i0} = HβĜ(i0, i)✳

▲❡� ✉� ✜♥❛❧❧② �❤♦✇ �❤❛� h(i) ≥ 0 ❢♦� ❛❧❧ i ∈ V ✳ ❲❡ ❞❡✜♥❡ τ+i0 = inf{k ≥ 1, Z̃k = i0}✱ ✇❤❡�❡ (Z̃k)k∈N ✐�
�❤❡ ❞✐�❝�❡�❡ ✈❡��✐♦♥ ♦❢ (Zt)t≥0✳ ❚❤❡♥ ❢♦� ❛❧❧ i 
= i0✱

P
r
i [τ

+
i0

< ∞] =
∑

σ∈PV \{i0}
i,i0

P
r
i [(Z̃0, ..., Z̃|σ|) = (σ0, ..., σ|σ|)]

=
∑

σ∈PV \{i0}
i,i0

|σ|−1∏

k=0

rσk,σk+1

rσk

=
∑

σ∈PV \{i0}
i,i0

|σ|−1∏

k=0

Wσk,σk+1

2βσk

G(i0, σk+1)

G(i0, σk)

=
G(i0, i0)

G(i0, i)

∑

σ∈PV \{i0}
i,i0

Wσ

(2β)−σ
=

G(i0, i0)

G(i0, i)

Ĝ(i0, i)

Ĝ(i0, i0)
,

❢�♦♠ ��♦♣♦�✐�✐♦♥ ✷✳✷✳✸✳ ❚❤❡�❡❢♦�❡✱ ✇❡ ❤❛✈❡ G(i0, i) ≤ G(i0,i0)

Ĝ(i0,i0)
Ĝ(i0, i)✳ ▼♦�❡♦✈❡�✱ �❤❛♥❦� �♦ �❤❡ ▼❛�❦♦✈
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♣�♦♣❡��② ✇❡ ❤❛✈❡

P
r
i0 [τ

+
i0

< ∞] =
∑

j∼i0

P
r
i0 [Z̃1 = j]Pr

j [τ
+
i0

< ∞] =
∑

j∼i0

ri0,j
ri0

G(i0, i0)

G(i0, j)

Ĝ(i0, j)

Ĝ(i0, i0)

=
∑

j∼i0

Wi0,j

2(βi0 − γ)

Ĝ(i0, j)

Ĝ(i0, i0)
=

1

2βi0 − 1
G(i0,i0)

∑

j∼i0

Wi0,j
Ĝ(i0, j)

Ĝ(i0, i0)

=
2βi0 − 1

Ĝ(i0,i0)

2βi0 − 1
G(i0,i0)

,

�❤❡�❡❢♦�❡ ✇❡ ❤❛✈❡ G(i0, i0) ≥ Ĝ(i0, i0)✱ ❛� ✇❡❧❧ ❛� G(i0, i) ≥ Ĝ(i0, i) ❢♦� ❛❧❧ i ∈ V ✳
❆� ❛ �❡�✉❧�✱ G(i0, ·) ❝❛♥ ❜❡ ✇�✐��❡♥✱ ❢♦� ❛❧❧ i ∈ V ✱ ❛�

G(i0, i) = Ĝ(i0, i) + h(i),

✇❤❡�❡ h : V → R+ ✐� ❛ ♥♦♥✲♥❡❣❛�✐✈❡ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥✳

✷✳✸✳✷ ❚❤❡ �❡❝✉��❡♥� ❛♥❞ ��❛♥�✐❡♥� ❝❛�❡�✿ ��♦♦❢� ♦❢ ��♦♣♦�✐�✐♦♥� ✷✳✶✳✺ ❛♥❞ ✷✳✶✳✻

��♦♦❢ ♦❢ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✺✳ ❲❡ ❛��✉♠❡ �❤❛� (G,W ) ✐� �✉❝❤ �❤❛� �❤❡ ❱❘❏� ✐� ❛❧♠♦�� �✉�❡❧② �❡❝✉��❡♥�✳

▲❡� (ri,j)i∼j ❜❡ ✜①❡❞ ❥✉♠♣ �❛�❡� ♦♥ V ✱ �✉❝❤ �❤❛� �❤❡ ❛��♦❝✐❛�❡❞ ▼❛�❦♦✈ ❝❤❛✐♥ ✐� �❡❝✉��❡♥�✳ ❲❡ ❞❡♥♦�❡
❜② P

r
i0
✐�� ❞✐���✐❜✉�✐♦♥ ✇❤❡♥ ��❛��❡❞ ❛� i0✳ ◆♦�❡ �❤❛� ✉♥❞❡� P

r
i0
✱ �❤❡ �✐♠❡ �♣❡♥� ❛� ❛ ✈❡��❡① i ❜❡❢♦�❡ ❥✉♠♣✐♥❣

✐� ❛♥ ❡①♣♦♥❡♥�✐❛❧ ✈❛�✐❛❜❧❡ ✇✐�❤ ♣❛�❛♠❡�❡� ri✱ ❛♥❞ �❤❡ ♣�♦❜❛❜✐❧✐�② �♦ �❤❡♥ ❥✉♠♣ �♦ ❛ �♣❡❝✐✜❝ ♥❡✐❣❤❜♦� j ✐�
ri,j
ri
✳

▲❡� ✉� �❤❡♥ ❞❡✜♥❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ��❛❥❡❝�♦�② (Zt)✿ ❢♦� i ∈ V ❛♥❞ n ≥ 1✱ ✇❡ ❞❡✜♥❡ δt
(n)
i

❛� �❤❡ �✐♠❡ �♣❡♥� ❜② (Zt) ❛� �❤❡ ✈❡��❡① i ❞✉�✐♥❣ ✐�� n�❤ ✈✐�✐� �♦ i✱ ❛♥❞ v
(n)
i �❤❡ ♥❡✐❣❤❜♦� ♦❢ i �♦✇❛�❞�

✇❤✐❝❤ �❤❡ ♣�♦❝❡�� ❥✉♠♣� ❛❢�❡� ✐�� n�❤ ✈✐�✐� �♦ i✳ ❯♥❞❡� Pr
i0
✱ �✐♥❝❡ �❤❡ ♣�♦❝❡�� ✐� �❡❝✉��❡♥�✱ �❤❡�❡ �❛♥❞♦♠

✈❛�✐❛❜❧❡� ❛�❡ ✇❡❧❧✲❞❡✜♥❡❞ ❢♦� ❛❧❧ i ∈ V ❛♥❞ n ≥ 1✳ ▼♦�❡♦✈❡�✱ �❤❡ �❡*✉❡♥❝❡� (δt
(n)
i )n≥1 ❛♥❞ (v

(n)
i )n≥1 ❛�❡

✐♥❞❡♣❡♥❞❡♥�✱ �♦ �❤❛♥❦� �♦ �❤❡ ❧❛✇ ♦❢ ❧❛�❣❡ ♥✉♠❜❡��✱ ✇❡ ❤❛✈❡ ❛❧♠♦�� �✉�❡❧②

δti := lim
n→∞

∑n
k=1 δt

(k)
i

n
=

1

ri
❛♥❞ pi,j := lim

n→∞

∑n
k=1 1{v(k)

i =j}
n

=
ri,j
ri

,

❢♦� ❛❧❧ i, j ∈ V ✳
▲❡� ♥♦✇ R(dr) ❜❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ ❛ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� �❡♣�❡�❡♥�✐♥❣ �❤❡ ❱❘❏� ♦♥ (G,W )✱ ✐✳❡✳

P
V RJP (i0)[·] =

∫
P
r
i0
[·]R(dr)✳ ❙✐♥❝❡ �❤❡ ❱❘❏� ✐� ❛✳�✳ �❡❝✉��❡♥�✱ �❤❡♥ ✉♥❞❡� R(dr)✱ P

r
i0
✐� ❛✳�✳ �❤❡

❞✐���✐❜✉�✐♦♥ ♦❢ ❛ �❡❝✉��❡♥� ▼❛�❦♦✈ ❝❤❛✐♥✳ ▼♦�❡♦✈❡�✱ ✉♥❞❡� P
V RJP (i0)✱ δti ❛♥❞ pi,j ❛�❡ ❛✳�✳ ✇❡❧❧✲❞❡✜♥❡❞

❢♦� ❛❧❧ i, j ∈ V ✱ ❛♥❞
(

pi,j

δti

)

i∼j
✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ R✳ ❙✐♥❝❡ �❤❡�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ��❛❥❡❝�♦�② ❞♦

♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ ❝❤♦�❡♥ �❡♣�❡�❡♥�❛�✐♦♥✱ �❤❡ ❞✐���✐❜✉�✐♦♥ R ✐� ✉♥✐*✉❡❧② ❞❡�❡�♠✐♥❡❞✳

��♦♦❢ ♦❢ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✻✳ ▲❡� (G,W ) ❜❡ �✉❝❤ �❤❛� �❤❡ ❱❘❏� ✐� ❛❧♠♦�� �✉�❡❧② ��❛♥�✐❡♥�✳ ❙✐♥❝❡✱ ❛❝❝♦�❞✐♥❣

�♦ ❚❤❡♦�❡♠ ✷✳✶✳✷ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡ PV RJP (i0)[·] =
∫
P
β,γ,i0
i0

[·]νWV (dβ, dγ)✱ �❤❡♥ ✉♥❞❡� νWV (dβ, dγ)✱ �❤❡ ▼❛�❦♦✈

♣�♦❝❡�� ✇✐�❤ ❞✐���✐❜✉�✐♦♥ P
β,γ,i0
i0

✐� ❛✳�✳ ��❛♥�✐❡♥�✳ ❋�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✷ ✭✐✈✮✱ �❤✐� ♠❡❛♥� �❤❛� ✉♥❞❡�

νWV (dβ)✱ ✇❡ ❤❛✈❡ ❛✳�✳ ψ(i) > 0 ❢♦� ❛❧❧ i ∈ V ✱ ✇❤✐❝❤ ♣�♦✈❡� ✭✐✮✳

▲❡� ✉� ♥♦✇ ❝♦♥�✐❞❡� �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡ ♠♦❞❡❧ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� cψi,j = Wi,jψ(i)ψ(j)✳ ❲❡ ❞❡♥♦�❡

❜② πψ
i =

∑
j∼i c

ψ
i,j �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ✐♥✈❛�✐❛♥� ♠❡❛�✉�❡✱ ✇❤❡�❡ πψ

i = ψ(i)
∑

j∼i Wi,jψ(j) = 2βiψ(i)
2 �✐♥❝❡
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ψ ✐� Hβ✲❤❛�♠♦♥✐❝✳ ▲❡� Pψ ❜❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ❛��♦❝✐❛�❡❞ �❛♥❞♦♠ ✇❛❧❦✱ ✇❤♦�❡ ��❛♥�✐�✐♦♥ ♣�♦❜❛❜✐❧✐�②
❢�♦♠ i �♦ j ✐�

pψi,j =
cψi,j

πψ
i

=
Wi,jψ(j)

2βiψ(i)

❢♦� i, j ∈ V ✳ ▼♦�❡♦✈❡�✱ ❧❡� ✉� ❞❡♥♦�❡ ❜② gψ �❤❡ ●�❡❡♥ ❦❡�♥❡❧ ❛��♦❝✐❛�❡❞ ✇✐�❤ P
ψ✱ ❞❡✜♥❡❞ ❢♦� i, j ∈ V ❛�

gψ(i, j) =
∑

k∈N
P
ψ
i [Xk = j]✱ ✇❤❡�❡ (Xk)k∈N ❞❡♥♦�❡� �❤❡ ❝❛♥♦♥✐❝❛❧ ♣�♦❝❡�� ♦♥ V N✳ ❚❤❡♥ ✇❡ ❤❛✈❡

gψ(i, j) =
∑

k∈N

∑

σ∈PV
i,j ,|σ|=k

P
ψ
i [(X0, ..., Xk) = σ] =

∑

σ∈PV
i,j

|σ|−1∏

k=0

Wσk,σk+1
ψ(σk+1)

2βσk
ψ(σk)

=
ψ(j)

ψ(i)

∑

σ∈PV
i,j

Wσ

(2β)−σ
=

ψ(j)

ψ(i)
2βjĜ(i, j),

✇❤❡�❡ ✉♥❞❡� νWV (dβ)✱ Ĝ(i, j) ✐� ❛✳�✳ ✜♥✐�❡ ❢♦� ❛❧❧ i, j ∈ V ✱ ❢�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✷ ✭✐✮✳ ❆� ❛ �❡�✉❧�✱ ✇❡ ❤❛✈❡
❛❧♠♦�� �✉�❡❧② gψ(i, j) < ∞✱ �❤❡�❡❢♦�❡ �❤❡ �❛♥❞♦♠ ✇❛❧❦ P

ψ ✐� ��❛♥�✐❡♥� ❛❧♠♦�� �✉�❡❧②✱ ♣�♦✈✐♥❣ ✭✐✐✮✳

▲❡� Δψ = (pψi,j−1{i=j})i,j∈V ❜❡ �❤❡ ❞✐�❝�❡�❡ ▲❛♣❧❛❝✐❛♥ ❛��♦❝✐❛�❡❞ ✇✐�❤ P
ψ✳ ❲❡ ✇✐❧❧ �❛② �❤❛� ❛ ❢✉♥❝�✐♦♥

ϕ : V → R ✐� Δψ✲❤❛�♠♦♥✐❝ ✐❢ (Δψϕ)(i) =
(∑

j∼i p
ψ
i,jϕ(j)

)
−ϕ(i) = 0 ❢♦� ❛❧❧ i ∈ V ✳ ❚❤❡�❡❢♦�❡✱ ❛ ❢✉♥❝�✐♦♥

ϕ ✐� Δψ✲❤❛�♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦� ❛♥② i ∈ V ✱

2βiψ(i)ϕ(i)−
∑

j∼i

Wi,jψ(j)ϕ(j) = 0,

✐✳❡✳ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψϕ ✐� Hβ✲❤❛�♠♦♥✐❝✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡� �❤❡ ♣�♦♦❢ ♦❢ ✭✐✐✐✮✳

✷✳✹ ❘❡♣�❡�❡♥
❛
✐♦♥� ♦❢ 
❤❡ ❱❘❏� ♦♥ Z
d✿ ��♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✹

▲❡� ✉� ♥♦✇ ❝♦♥�✐❞❡� �❤❡ ❝❛�❡ ✇❤❡�❡ G = (V,E) ✐� �❤❡ Zd ❧❛��✐❝❡✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥� ❡❞❣❡ ✇❡✐❣❤��✱ ✐✳❡✳
Wi,j = W > 0 ❢♦� ❛❧❧ i ∼ j✳ ❋♦� x ∈ R

d✱ ✇❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② |x| ✐�� ❊✉❝❧✐❞❡❛♥ ♥♦�♠✳ ❲❡ ✜① i0 = 0✳

✷✳✹✳✶ ❘❡❝✉		❡♥❝❡ ❛♥❞ 
	❛♥�✐❡♥❝❡ ♦❢ 
❤❡ ❱❘❏� ♦♥ Z
d

❋♦� d = 2✱ �❤❡ ❱❘❏- ♦♥ (G,W ) ✐� ❛✳�✳ �❡❝✉��❡♥� ❢♦� ❛❧❧ W > 0✱ ❛❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✷ ✐♥ ❬❙❛❜✶✾❪✳ ❚❤❡�❡✲
❢♦�❡✱ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ PV RJP (0) ❛� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡� ✐� ✉♥✐3✉❡ ✭�❡❡ -�♦♣♦�✐�✐♦♥
✷✳✶✳✺✮✳ ■❢ d ≥ 3✱ ❈♦�♦❧❧❛�② ✶ ✐♥ ❬❙❚✶✺❪ �❡❧❧� ✉� �❤❛� ❢♦� �♠❛❧❧ ❡♥♦✉❣❤ W ✱ �❤❡ ❱❘❏- ✐� ❛✳�✳ �❡❝✉��❡♥�✱ ✐♥
✇❤✐❝❤ ❝❛�❡ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ PV RJP (0) ✐� ♦♥❝❡ ❛❣❛✐♥ ✉♥✐3✉❡✳ ▲❡� ✉� ♥♦✇ �❤♦✇ �❤❛� ❢♦� ❧❛�❣❡ ❡♥♦✉❣❤
W ✱ ❡✈❡♥ �❤♦✉❣❤ �❤❡ ❱❘❏- ✐� ❛❧♠♦�� �✉�❡❧② ��❛♥�✐❡♥�✱ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ✐� ��✐❧❧ ✉♥✐3✉❡✳

❋�♦♠ ❈♦�♦❧❧❛�② ✸ ✐♥ ❬❙❚✶✺❪✱ ✇❡ ❦♥♦✇ �❤❛� ❢♦� W ❧❛�❣❡ ❡♥♦✉❣❤✱ �❤❡ ❱❘❏- ✐� ❛✳�✳ ��❛♥�✐❡♥�✳ ❋�♦♠ ♥♦✇
♦♥✱ ✇❡ ❝♦♥�✐❞❡� �✉❝❤ W ✳ ❚❤❡♥ �❤❛♥❦� �♦ -�♦♣♦�✐�✐♦♥ ✷✳✶✳✻✱ ✉♥❞❡� νWV (dβ) ✇❡ ❤❛✈❡ ❛✳�✳ ψ(i) > 0 ❢♦� ❛❧❧
i ∈ V ✳ ▼♦�❡♦✈❡�✱ ✇❡ ❝❛♥ ❞❡✜♥❡ �❤❡ ▼❛�❦♦✈ ♦♣❡�❛�♦� Δψ ❛♥❞✱ ❢♦� h : V → R+✱ h ✐� Hβ✲❤❛�♠♦♥✐❝ ✐❢ ❛♥❞
♦♥❧② ✐❢ h/ψ ✐� Δψ✲❤❛�♠♦♥✐❝✳ ■♥ ❧✐❣❤� ♦❢ ❘❡♠❛�❦ ✷✳✶✳✶✱ ✐♥ ♦�❞❡� �♦ �❤♦✇ �❤❛� �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �❤❡
❱❘❏- ✐� ✉♥✐3✉❡✱ ✇❡ ♥❡❡❞ �♦ �❤♦✇ �❤❛� �❤❡ ♦♥❧② ♣♦�✐�✐✈❡ Δψ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ❛�❡ ❝♦♥��❛♥��✱ ✐✳❡✳ �❤❛�
�❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② Mψ ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ ✐� ❛❧♠♦�� �✉�❡❧② ��✐✈✐❛❧✳ ❚♦ ❞♦ �❤✐�✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛ ❧♦❝❛❧
❧✐♠✐� �❤❡♦�❡♠ ✐♥ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥�✱ ❢♦✉♥❞ ✐♥ ❬❆❉❙✶✻❛❪✳

✷✳✹✳✷ ▲♦❝❛❧ ❧✐♠✐
 
❤❡♦	❡♠ ❢♦	 	❛♥❞♦♠ ✇❛❧❦ ✐♥ 	❛♥❞♦♠ ❝♦♥❞✉❝
❛♥❝❡�

▲❡� ✉� ❝♦♥�✐❞❡� �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡� ♠♦❞❡❧ ♦♥ G = (Zd, Ed)✱ ✇✐�❤ d ≥ 2✳ ▲❡� P ❜❡ ❛ ❞✐���✐❜✉�✐♦♥
♦♥ �❤❡ �❡� ♦❢ ❝♦♥❞✉❝�❛♥❝❡� (R∗

+)
Ed ✱ �✉❝❤ �❤❛� ✉♥❞❡� P(dω)✱ ✇❡ ❤❛✈❡ ❛✳�✳ 0 < ωi,j < ∞ ❢♦� ❛❧❧ i ∼ j✳ ❋♦�



✷✳✹✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❖◆ Z
d ✺✾

ω ∈ (R∗
+)

Ed ✱ ❧❡� Pω ❜❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ❝♦♥�✐♥✉♦✉�✲�✐♠❡ ❝♦♥��❛♥� �♣❡❡❞ �❛♥❞♦♠ ✇❛❧❦ ❛��♦❝✐❛�❡❞
✇✐�❤ ω✳ ❚❤✐� ✐� �❤❡ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡�� ✇✐�❤ ❥✉♠♣ �❛�❡ ❢�♦♠ i �♦ j ❣✐✈❡♥ ❜②

ωi,j

πω
i
✱ ✇❤❡�❡ πω

i =
∑

j∼i ωi,j ✳

❚❤✐� ✇❛② ✉♥❞❡� Pω✱ �❤❡ ❤♦❧❞✐♥❣ �✐♠❡ ♦❢ (Zt)t≥0 ❛� ❡❛❝❤ ♣♦✐♥� ✐� ❛♥ ❡①♣♦♥❡♥�✐❛❧ ✈❛�✐❛❜❧❡ ♦❢ ♣❛�❛♠❡�❡� 1✱
✇❤✐❝❤ ❥✉��✐✜❡� �❤❡ �❡�♠ ✧❝♦♥��❛♥� �♣❡❡❞✧✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦�❡ ❜② qω �❤❡ ❤❡❛� ❦❡�♥❡❧✱ ✐✳❡✳ �❤❡ ��❛♥�✐�✐♦♥
❞❡♥�✐�② ♦❢ �❤❡ ✇❛❧❦ ✇✐�❤ �❡�♣❡❝� �♦ πω✿ ❢♦� x, y ∈ Z

d ❛♥❞ t ≥ 0✱

qω(t, x, y) =
Pω
x [Zt = y]

πω
y

.

❚❤❡ ❢♦❧❧♦✇✐♥❣ �❤❡♦�❡♠ ❢�♦♠ ❬❆❉❙✶✻❛❪ ✐� ❛ ❧♦❝❛❧ ❧✐♠✐� �❤❡♦�❡♠ ❢♦� qω✱ ✉♥❞❡� ❡�❣♦❞✐❝✐�② ❛♥❞ ✐♥�❡❣�❛❜✐❧✐�②
❛��✉♠♣�✐♦♥�✳

❚❤❡♦�❡♠ ✷✳✹✳✶✳ ❬❚❤❡♦�❡♠ ✶✳✶✶ ✐♥ ❬❆❉❙✶✻❛❪❪ ▲❡� ✉� ❛��✉♠❡ �❤❛� P(dω) ✐� ��❛�✐♦♥❛�② ❛♥❞ ❡�❣♦❞✐❝ ✇✐�❤
�❡�♣❡❝� �♦ ��❛♥�❧❛�✐♦♥� ♦❢ Z

d✱ ❛♥❞ �❤❛� �❤❡�❡ ❡①✐�� p, q ∈ (1,∞] �❛�✐�❢②✐♥❣ 1/p + 1/q < 2/d �✉❝❤ �❤❛�
E[ωp

i,j ] < ∞ ❛♥❞ E[ω−q
i,j ] < ∞ ❢♦� ❛❧❧ i ∼ j✳

❚❤❡♥ ❢♦� 0 < T1 < T2 ❛♥❞ K > 0✱ ✇❡ ❤❛✈❡ P✲❛✳�✳

lim
n→∞

sup
|x|≤K

sup
t∈[T1,T2]

∣∣ndqω(n2t, 0, ⌊nx⌋)− akt(x)
∣∣ = 0,

✇❤❡�❡ ⌊nx⌋ = (⌊nx1⌋, ..., ⌊nxd⌋)✱ a = 1/E[πω
0 ] ❛♥❞ kt ✐� �❤❡ ●❛✉��✐❛♥ ❤❡❛� ❦❡�♥❡❧ ✇✐�❤ �♦♠❡ ❞❡�❡�♠✐♥✐��✐❝

❝♦✈❛�✐❛♥❝❡ ♠❛��✐① Σ2✱ ✐✳❡✳

kt(x) =
1√

(2πt)d det(Σ2)
e−

xt(Σ2)−1x

2t .

❘❡♠❛�❦ ✷✳✹✳✶✳ ■❢ P(dω) ✐� ❛❧�♦ ��❛�✐♦♥❛�② ✇✐�❤ �❡�♣❡❝� �♦ ❛❧❧ ✐�♦♠❡��✐❡� ♦❢ Zd✱ �❤❡♥ �❤❡ ❧✐♠✐�✐♥❣ ❇�♦✇♥✐❛♥
♠♦�✐♦♥ ♠✉�� ❜❡ ❛� ✇❡❧❧✱ �❤❡�❡❢♦�❡ ✐�� ❞❡�❡�♠✐♥✐��✐❝ ❝♦✈❛�✐❛♥❝❡ ♠❛��✐① ❤❛� �❤❡ ❢♦�♠ Σ2 = σ2Id✱ ✇❤❡�❡
σ2 > 0✳

❚❤✐� ❛❧�♦ ♣�♦✈✐❞❡� ❛ ❧♦❝❛❧ ❧✐♠✐� �❤❡♦�❡♠ ❢♦� �❤❡ ●�❡❡♥ ❦❡�♥❡❧ gω✱ ❞❡✜♥❡❞ ❢♦� ω ∈ (R∗
+)

Ed ❛♥❞ x, y ∈ Z
d

❜②

gω(x, y) =

∫ ∞

0

qω(t, x, y)dt.

❚❤✐� �❡�✉❧� ✇❛� ❛❧�♦ ♠❡♥�✐♦♥❡❞ ✐♥ ❬❆❉❙✶✻❛❪✱ ✇❡ ❣✐✈❡ ❤❡�❡ �❤❡ ❞❡�❛✐❧� ❢♦� �❤❡ ♣�♦♦❢ ♦❢ ❛ �❧✐❣❤�❧② ���♦♥❣❡�
�❡�✉❧�✶✱ �❤❛� ✐♥�✉�❡� �❤❡ ✉♥✐❢♦�♠ ❝♦♥✈❡�❣❡♥❝❡ ❢♦� x ✐♥ ❛♥ ❛♥♥✉❧✉�✳

❚❤❡♦�❡♠ ✷✳✹✳✷ ✭❱❛�✐❛♥� ♦❢ ❚❤❡♦�❡♠ ✶✳✶✹ ✐♥ ❬❆❉❙✶✻❛❪✮✳ ❋♦� d ≥ 3✱ ✉♥❞❡� �❤❡ ❛��✉♠♣�✐♦♥� ♦❢ ❚❤❡♦�❡♠
✷✳✹✳✶✱ ✇❡ ❤❛✈❡ P✲❛✳�✳

lim
n→∞

sup
1≤|x|≤2

|nd−2gω(0, ⌊nx⌋)− agBM (0, x)| = 0,

✇❤❡�❡ gBM ✐� �❤❡ ●�❡❡♥ ❦❡�♥❡❧ ❛��♦❝✐❛�❡❞ ✇✐�❤ �❤❡ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ❝♦✈❛�✐❛♥❝❡ ♠❛��✐① Σ2✱ ✐✳❡✳

gBM (0, x) =

∫ ∞

0

kt(x)dt =
Γ(d/2− 1)

2πd/2 det(Σ2)1/2
(xt(Σ2)−1x)1−d/2.

(�♦♦❢✳ ❚❤✐� �❡�✉❧� ✐� ♦❜�❛✐♥❡❞ ❜② ✐♥�❡❣�❛�✐♥❣ ✐♥ ❚❤❡♦�❡♠ ✷✳✹✳✶✳ ▼♦�❡♦✈❡�✱ ✇❡ ✇✐❧❧ ♥❡❡❞ �❤❡ ❢♦❧❧♦✇✐♥❣
❜♦✉♥❞� ♦♥ qω✱ ✇❤✐❝❤ ❛�❡ ��✉❡ ❛❧♠♦�� �✉�❡❧②✳

❋✐���❧②✱ ❚❤❡♦�❡♠ ✶✳✻ ✐♥ ❬❆❉❙✶✻❜❪ ❣✐✈❡� ❛ �❤♦��✲�❛♥❣❡ ❜♦✉♥❞✱ ✇❤✐❝❤ ❛❧�♦ ❛♣♣❧✐❡� �♦ kt✿ P✲❛✳�✳ �❤❡�❡
❛�❡ ❝♦♥��❛♥�� C, c1, c2 > 0 �✉❝❤ �❤❛� ❢♦� t ≥ Cn|x|✱

qω(t, 0, ⌊nx⌋) ≤ c1t
−d/2e−

c2(n|x|)2
t ,

✶■ ✇♦✉❧❞ ❧✐❦❡ 
♦ 
❤❛♥❦ ❙❡❜❛�
✐❛♥ ❆♥❞�❡� ❢♦� ❤✐� ❤❡❧♣ �❡❣❛�❞✐♥❣ 
❤❡ ❞❡
❛✐❧� ♦❢ 
❤✐� ♣�♦♦❢✳
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❛♥❞ ❢♦� ❛❧❧ t ≥ 0✱

kt(x) ≤ c1t
−d/2e−

c2|x|2
t .

◆♦✇✱ ❢♦� ❛ ❧♦♥❣✲�❛♥❣❡ ❜♦✉♥❞✿ ✉�✐♥❣ ❈♦�♦❧❧❛�✐❡� ✶✶ ❛♥❞ ✶✷ ❢�♦♠ ❬❉❛✈✾✸❪✱ �❤❡�❡ ❡①✐��� P✲❛✳�✳ ❛ ❝♦♥��❛♥�
c3 > 0 �✉❝❤ �❤❛� ❢♦� ❛❧❧ t ≤ 2Cn ❛♥❞ |x| ≥ 1✱ ✇❡ ❤❛✈❡

qω(t, 0, ⌊nx⌋) ≤ 1√
πω
0 π

ω
⌊nx⌋

e−c3n|x|.

◆♦�❡ �❤❛� �❤❡ ✐♥�❡❣�❛❜✐❧✐�② ❛��✉♠♣�✐♦♥ ✐♠♣❧✐❡� �❤❛� E[ρω0 ] < ∞✱ ✇❤❡�❡ ρωi =
∑

l∼i
1

ωi,l
✳ ❚❤❡�❡❢♦�❡✱ ❢♦�

|x| ≤ 2✱
1

πω
⌊nx⌋

≤ ρω⌊nx⌋ ≤
∑

|y|≤2n

ρωy ✱ ❛� ✇❡❧❧ ❛�
1

πω
0

≤
∑

|y|≤2n

ρωy ,

❛♥❞ �❤❛♥❦� �♦ �❤❡ ❡�❣♦❞✐❝ �❤❡♦�❡♠✱ P✲❛✳�✳ �❤❡�❡ ❡①✐�� c4 > 0 ❛♥❞ N0 ≤ 1 �✉❝❤ �❤❛� ❢♦� n ≥ N0✱∑
|y|≤2n ρ

ω
y ≤ c4(2n)

d
E[ρω0 ]✳ ❋♦� �✉❝❤ n ❛♥❞ ❢♦� 1 ≤ |x| ≤ 2 ❛♥❞ t ≤ 2Cn✱ ✇❡ ❣❡�

qω(t, 0, ⌊nx⌋) ≤ c5n
de−c3n|x|.

❯�✐♥❣ �❤❡�❡ ❜♦✉♥❞�✱ ✇❡ ♥♦✇ ❦♥♦✇ �❤❛� ❢♦� n ≥ N0 ❛♥❞ 1 ≤ |x| ≤ 2✱ ✇❡ ❤❛✈❡ P✲❛✳�✳

|nd−2gω(0, ⌊nx⌋)− agBM (0, x)| =
∣∣∣∣n

d

∫ ∞

0

qω(n2t, 0, ⌊nx⌋)dt− a

∫ ∞

0

kt(x)dt

∣∣∣∣

≤ nd

∫ 2C/n

0

qω(n2t, 0, ⌊nx⌋)dt+ nd

∫ T1

2C/n

qω(n2t, 0, ⌊nx⌋)dt+ a

∫ T1

0

kt(x)dt

+

∫ T2

T1

|ndqω(n2t, 0, ⌊nx⌋)− akt(x)|dt+ nd

∫ ∞

T2

qω(n2t, 0, ⌊nx⌋)dt+ a

∫ ∞

T2

kt(x)dt

≤ C ′n2d−1e−c3n + (1 + a)

∫ T1

0

c1t
−d/2e−c2/tdt+ (1 + a)

∫ ∞

T2

c1t
−d/2e−c2/tdt

+ (T2 − T1) sup
|x|≤2

sup
t∈[T1,T2]

|ndqω(n2t, 0, ⌊nx⌋)− akt(x)|.

▲❡� ε > 0✳ ❙✐♥❝❡ t �→ c1t
−d/2e−c2/t ✐� ✐♥�❡❣�❛❜❧❡ ♦♥ (0,∞)✱ ✇❡ ❝❛♥ ✜① T1, T2 > 0 ✐♥❞❡♣❡♥❞❡♥�❧② ♦❢ x �✉❝❤

�❤❛� ∫ T1

0

c1t
−d/2e−c2/tdt+

∫ ∞

T2

c1t
−d/2e−c2/tdt <

ε

2(1 + a)
.

❚❤❡♥

sup
1≤|x|≤2

|nd−2gω(0, ⌊nx⌋)− agBM (0, x)| ≤ (T2 − T1) sup
|x|≤2

sup
t∈[T1,T2]

|ndqω(n2t, 0, ⌊nx⌋)− akt(x)|

+ C ′n2d−1e−c3n +
ε

2
,

�♦ �❤❛� ❢�♦♠ ❚❤❡♦�❡♠ ✷✳✹✳✶✱ �❤❡�❡ ❡①✐��� N ≥ N0 ✐♥❞❡♣❡♥❞❡♥� ♦❢ x �✉❝❤ �❤❛� ❢♦� n ≥ N ✱

sup
1≤|x|≤2

|nd−2gω(0, ⌊nx⌋)− agBM (0, x)| ≤ ε,

✇❤✐❝❤ ✐� ��✉❡ P✲❛❧♠♦�� �✉�❡❧②✳
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d ✻✶

❘❡♠❛�❦ ✷✳✹✳✷✳ ▲❡� ✉� ✜① ❝♦♥❞✉❝�❛♥❝❡� ω ∈ (R∗
+)

Ed ✳ ❲❡ ❞❡♥♦�❡ ❜② (Z̃n)n∈N �❤❡ ❞✐�❝�❡�❡ ✈❡��✐♦♥ ♦❢
(Zt)t≥0✳ ❚❤❡♥✱ ❢♦� x, y ∈ Z

d✱

gω(x, y) =

∫ ∞

0

Pω
x [Zt = y]

πω
y

dt =
1

πω
y

Eω
x

[∫ ∞

0

1{Zt=y}dt

]

=
1

πω
y

Eω
x

[ ∞∑

n=0

1{Z̃n=y}

]
=

1

πω
y

∞∑

n=0

Pω
x [Z̃n = y],

✇❤❡�❡
∑∞

n=0 P
ω
x [Z̃n = ·] ✐� �❤❡ ●�❡❡♥ ❦❡�♥❡❧ ❛��♦❝✐❛�❡❞ ✇✐�❤ (Z̃n)n∈N ✉♥❞❡� P

ω
x ✳ ■♥❞❡❡❞✱ �✐♥❝❡ ✉♥❞❡� P

ω
x

�❤❡ ❤♦❧❞✐♥❣ �✐♠❡ ♦❢ Z ❛� ❡❛❝❤ ♣♦✐♥� ✐� ❛♥ ❡①♣♦♥❡♥�✐❛❧ ✈❛�✐❛❜❧❡ ♦❢ ♣❛�❛♠❡�❡� 1✱ �❤❡ ❡①♣❡❝�❡❞ �✐♠❡ �♣❡♥�
❜② (Zt)t≥0 ❛� y ✐� ❡①❛❝�❧② �❤❡ ❡①♣❡❝�❡❞ ♥✉♠❜❡� ♦❢ ✈✐�✐�� ♦❢ y ❜② (Z̃n)n∈N✳

✷✳✹✳✸ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ

❲❡ �❡�✉�♥ �♦ �❤❡ ❱❘❏% ♦♥ Z
d✱ d ≥ 3✱ ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ❝♦♥❞✉❝�❛♥❝❡� W ❧❛�❣❡ ❡♥♦✉❣❤ �♦ �❤❛� �❤❡

❱❘❏% ✐� ❛❧♠♦�� �✉�❡❧② ��❛♥�✐❡♥�✳ ❋�♦♠ %�♦♣♦�✐�✐♦♥ ✷✳✶✳✻✱ ✉♥❞❡� νWV (dβ)✱ ✇❡ �❤❡♥ ❤❛✈❡ ❛✳�✳ ψ(i) > 0 ❢♦�

❛❧❧ i ∈ V ✳ ▼♦�❡♦✈❡�✱ �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡ ♠♦❞❡❧ ❛��♦❝✐❛�❡❞ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� cψi,j = Wi,jψ(i)ψ(j)

❞❡✜♥❡� ❛❧♠♦�� �✉�❡❧② ❛ ��❛♥�✐❡♥� �❛♥❞♦♠ ✇❛❧❦✳ ❲❡ ��✐❧❧ ❞❡♥♦�❡ ❜② Δψ �❤❡ ❞✐�❝�❡�❡ ▲❛♣❧❛❝✐❛♥✱ ❛♥❞ ❞❡✜♥❡
πψ
i =

∑
j∼i c

ψ
i,j = 2βiψ(i)

2✱ ❛� ✇❡❧❧ ❛� gψ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ●�❡❡♥ ❦❡�♥❡❧✿

gψ(x, y) =
∞∑

k=0

P
ψ
x [Xk = y] =

ψ(j)

ψ(i)
2βjĜ(i, j).

❲❡ ✇❛♥� �♦ ✐❞❡♥�✐❢② �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② Mψ ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ✱ ❜② ��✉❞②✐♥❣ �❤❡ ❜❡❤❛✈✐♦� ❛� ✐♥✜♥✐�②
♦❢ �❤❡ ▼❛��✐♥ ❦❡�♥❡❧ Kψ✱ ❞❡✜♥❡❞ ❜②

Kψ(x, y) =
gψ(x, y)

gψ(0, y)

❢♦� ❛❧❧ x, y ∈ Z
d✳ ■♥ ♦�❞❡� �♦ ❞♦ �❤✐�✱ ✇❡ ✇✐❧❧ ✉�❡ ❚❤❡♦�❡♠ ✷✳✹✳✷✳


�♦♣♦
✐�✐♦♥ ✷✳✹✳✶✳ ❚❤❡�❡ ❡①✐��� W > 0 �✉❝❤ �❤❛� ❢♦� W > W ✱ ✉♥❞❡� νWV (dβ)✱ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�②

Mψ ✐� ❛❧♠♦�� �✉�❡❧② ��✐✈✐❛❧✳

��♦♦❢✳ ◆♦�❡ �❤❛� ✉♥❞❡� νWV (dβ)✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ �❛♥❞♦♠ ❝♦♥❞✉❝�❛♥❝❡� cψi,j ✐� ��❛�✐♦♥❛�② ❛♥❞ ❡�❣♦❞✐❝

✇✐�❤ �❡�♣❡❝� �♦ ❛❧❧ ✐�♦♠❡��✐❡� ♦❢ Zd✱ �❤❛♥❦� �♦ %�♦♣♦�✐�✐♦♥ ✸ ♦❢ ❬❙❩✶✾❪✳ ▼♦�❡♦✈❡�✱ ❢♦� W ❧❛�❣❡ ❡♥♦✉❣❤✱
�❤❡ ✐♥�❡❣�❛❜✐❧✐�② ❛��✉♠♣�✐♦♥ ♦❢ ❚❤❡♦�❡♠ ✷✳✹✳✷ ✇✐❧❧ ❜❡ ✈❡�✐✜❡❞✳

▲❡♠♠❛ ✷✳✹✳✶✳ ❈♦♥�✐❞❡� �❤❡ ❣�❛♣❤ G = (V = Z
d, E = Ed)✱ ✇✐�❤ d ≥ 3✱ ✇✐�❤ ❝♦♥��❛♥� ✐♥✐�✐❛❧ ❝♦♥❞✉❝�❛♥❝❡�

W ✳ ❚❤❡♥ ❢♦� ❛❧❧ p ≥ 1✱ �❤❡�❡ ❡①✐��� Wp > 0 �✉❝❤ �❤❛� ❢♦� W > Wp✱ ❢♦� ❛❧❧ i ∼ j✱ ✉♥❞❡� νWV (dβ) ✇❡ ❤❛✈❡

E[(ψ(i)ψ(j))p] < ∞ ❛♥❞ E[(ψ(i)ψ(j))−p] < ∞.

��♦♦❢✳ ❚❤❡ ♣�♦♦❢ ✐� �❤❡ �❛♠❡ ❛� ❢♦� ▲❡♠♠❛ ✾ ✭✐✮ ✐♥ ❬❙❩✶✾❪✱ ❛♥❞ ✉�❡� ❚❤❡♦�❡♠ ✶ ♦❢ ❬❉❙❩✶✵❪✱ ✇❤✐❝❤ ❣✐✈❡�
❛ ❝♦♥��♦❧ ♦♥ ♠♦♠❡♥�� ♦❢ ❛�❜✐��❛�✐❧② ❧❛�❣❡ ♦�❞❡�✳

▲❡� W t > 0 ❜❡ �✉❝❤ �❤❛� ❢♦� W > W t✱ �❤❡ ❱❘❏% ♦♥ (Zd,W ) ✐� ❛❧♠♦�� �✉�❡❧② ��❛♥�✐❡♥�✳ ▼♦�❡♦✈❡�✱
✇❡ ❞❡✜♥❡ W = max(W t,Wd+1)✳ ❋�♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛��✉♠❡ �❤❛� W > W ✱ �♦ �❤❛� �❤❛♥❦� �♦ ▲❡♠♠❛ ✷✳✹✳✶✱
✉♥❞❡� νWV (dβ)✱ ❢♦� ❛❧❧ i ∼ j ✇❡ ❤❛✈❡

E[(cψi,j)
d+1] < ∞ ❛♥❞ E[(cψi,j)

−(d+1)] < ∞,
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❚❤❡�❡❢♦�❡✱ ❛❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✷✳✹✳✷ ❛♥❞ ❘❡♠❛�❦� ✷✳✹✳✶ ❛♥❞ ✷✳✹✳✷✱ �❤❡�❡ ❡①✐��� σ2 > 0 �✉❝❤ �❤❛�

νWV ✲❛❧♠♦�� �✉�❡❧②✱

sup
1≤|z|≤2

|nd−2(πψ
⌊nz⌋)

−1gψ(0, ⌊nz⌋)− agBM (0, z)| −−−−→
n→∞

0,

✇❤❡�❡ a = 1/E[πψ
0 ] ❛♥❞ gBM ✐� �❤❡ ●�❡❡♥ ❦❡�♥❡❧ ❛��♦❝✐❛�❡❞ ✇✐�❤ ❛ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ❝♦✈❛�✐❛♥❝❡

♠❛��✐① σ2Id✱ ✐✳❡✳

gBM (0, z) =
Γ(d/2− 1)

2πd/2σ2
|z|2−d.

❯�✐♥❣ �❤✐� �❡�✉❧�✱ ✇❡ ❤❛✈❡ νWV ✲❛❧♠♦�� �✉�❡❧②✿ gψ(0, yn) ∼n→∞ aπψ
yn
gBM (0, yn)✱ ❢♦� ❛♥② �❡#✉❡♥❝❡

(yn)n≥1 �✉❝❤ �❤❛� |yn| → ∞✳ ■♥❞❡❡❞✱ ❢♦� �✉❝❤ ❛ �❡#✉❡♥❝❡ (yn)✱ ❧❡� ✉� ❞❡✜♥❡ mn = ⌊|yn|⌋ ❛♥❞ zn = yn/mn✳

❚❤❡♥✱ �✐♥❝❡ 1 ≤ |zn| ≤ 2 ❢♦� ❛❧❧ n ≥ 1✱ ✇❡ ❤❛✈❡
∣∣∣∣∣

gψ(0, yn)

aπψ
yngBM (0, yn)

− 1

∣∣∣∣∣ =
∣∣∣∣∣
(πψ

⌊mnzn⌋)
−1gψ(0,mnzn)

m2−d
n agBM (0, zn)

− 1

∣∣∣∣∣

=

∣∣∣∣∣
md−2

n (πψ
⌊mnzn⌋)

−1gψ(0, ⌊mnzn⌋)− agBM (0, zn)

agBM (0, zn)

∣∣∣∣∣

≤
sup1≤|z|≤2 |md−2

n (πψ
⌊mnz⌋)

−1gψ(0, ⌊mnz⌋)− agBM (0, z)|
a inf1≤|z|≤2 gBM (0, z)

−−−−→
n→∞

0

νWV ✲❛❧♠♦�� �✉�❡❧②✳

▼♦�❡♦✈❡�✱ ❢♦� x ∈ Z
d ✜①❡❞✱ ❧❡� ψx ❜❡ �❤❡ ��❛♥�❧❛�❡❞ ❢✉♥❝�✐♦♥ ❞❡✜♥❡❞ ❜② ψx(y) = ψ(y − x)✳ ❚❤❡♥ ψx

❛♥❞ ψ ❤❛✈❡ �❤❡ �❛♠❡ ❞✐���✐❜✉�✐♦♥ ✉♥❞❡� νWV (dβ)✱ �❤❡�❡❢♦�❡ ✇❡ ❤❛✈❡ νWV ✲❛✳�✳✱ ❢♦� ❛❧❧ (yn)n≥1 �✉❝❤ �❤❛�

|yn| → ∞✱

gψ(x, yn) = gψ
x

(0, yn − x) ∼n→∞ aπψ
yn
gBM (0, yn − x),

�✐♥❝❡ |yn − x| → ∞ ❛♥❞ πψx

yn−x = πψ
yn
✳ ▲❡� ✉� ❞❡♥♦�❡ ❜② Ax �❤❡ νWV ✲❛❧♠♦�� �✉�❡ ❡✈❡♥� ✇❤❡�❡ �❤✐� ✐�

��✉❡✳ ❙✐♥❝❡ Z
d ✐� ❞❡♥✉♠❡�❛❜❧❡✱

⋂
x∈Zd Ax ✐� ��✐❧❧ νWV ✲❛❧♠♦�� �✉�❡✳ ❚❤❡�❡❢♦�❡✱ ✇❡ ❤❛✈❡ νWV ✲❛✳�✳ �❤❛� ❢♦� ❛❧❧

x ∈ Z
d✱ ❢♦� ❛❧❧ (yn)n≥1 �✉❝❤ �❤❛� |yn| → ∞✱

Kψ(x, yn) ∼n→∞
aπψ

yn
gBM (0, yn − x)

aπψ
yngBM (0, yn)

=
|yn − x|2−d

|yn|2−d
−−−−→
n→∞

1.

❆� ❛ �❡�✉❧�✱ ❢�♦♠ ❘❡♠❛�❦ ✷✳✷✳✷✱ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ ✐� νWV ✲❛✳�✳ ��✐✈✐❛❧✳

▲❡� R(dr) ❜❡ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ ❛♥ ❡♥✈✐�♦♥♠❡♥� �❡♣�❡�❡♥�✐♥❣ P
V RJP (0) ♦♥ Z

d ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥�

✐♥✐�✐❛❧ ❝♦♥❞✉❝�❛♥❝❡� W > W ✳

❋♦� r ∈ J E
V ❛♥❞ γ > 0✱ ✇❡ ❞❡✜♥❡ β ❜② βi = ri+1{i=0}γ✳ ❆❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✷✳✶✳✸✱ ✉♥❞❡� R(dr, dγ)

✇❡ �❤❡♥ ❤❛✈❡ β ∼ νWV ✳ ❲❡ ❞❡✜♥❡ Ĝ ❛♥❞ ψ ❛� ❢✉♥❝�✐♦♥� ♦❢ β✱ ❛� ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✷✱ ❛♥❞ ✇❡ ❝❛♥ ✇�✐�❡

ri,j =
Wi,j

2

G(0, j)

G(0, i)
,

✇❤❡�❡ G(0, i) = Ĝ(0, i) + h(i) ❢♦� ❛❧❧ i ∈ Z
d✱ ✇✐�❤ h ❛ Hβ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥✳ ❙✐♥❝❡ W ✐� ❧❛�❣❡ ❡♥♦✉❣❤

�♦ �❤❛� ✉♥❞❡� νWV (dβ)✱ ψ(i) > 0 ❢♦� ❛❧❧ i ∈ Z
d ❛❧♠♦�� �✉�❡❧②✱ �❤❡ ♦♣❡�❛�♦� Δψ ✐� ✇❡❧❧✲❞❡✜♥❡❞✱ ❛♥❞ h/ψ

✐� Δψ✲❤❛�♠♦♥✐❝✳ ❍♦✇❡✈❡�✱ ❛❝❝♦�❞✐♥❣ �♦ 0�♦♣♦�✐�✐♦♥ ✷✳✹✳✶ �❤❡ ▼❛��✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛�❡❞ ✇✐�❤ Δψ ✐�

νWV ✲❛✳�✳ ��✐✈✐❛❧✱ �❤❡�❡❢♦�❡ ♣♦�✐�✐✈❡ Δψ✲❤❛�♠♦♥✐❝ ❢✉♥❝�✐♦♥� ❛�❡ ❛❧♠♦�� �✉�❡❧② ❝♦♥��❛♥�✳ ❆� ❛ �❡�✉❧�✱ �❤❡�❡

✐� ❛ ♥♦♥♥❡❣❛�✐✈❡ �❛♥❞♦♠ ✈❛�✐❛❜❧❡ g �✉❝❤ �❤❛� ❢♦� ❛❧❧ i ∈ Z
d✱ ✇❡ ❤❛✈❡ R✲❛✳�✳

G(0, i) = Ĝ(0, i) + gψ(i).



✷✳✺✳ ❚❍❊ �❖❚❊◆❚■❆▲ β
(n)
m ❖◆ ❚❘❊❊❙ ✻✸

■♥ ♣❛��✐❝✉❧❛�✱ g = (G(0, 0)− Ĝ(0, 0))/ψ(0)✱ �♦ g ❝❛♥ ❜❡ ✇�✐��❡♥ ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ (β, 1
2G(0,0) )✱ ❛♥❞ �❤❡�❡✲

❢♦�❡ ❤❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ ((ri)i∈Zd , γ)✳ ❙✐♥❝❡ ❛❝❝♦�❞✐♥❣ �♦ ��♦♣♦�✐�✐♦♥ ✷✳✸✳✶✱ ✉♥❞❡� R(dr, dγ) �❤❡ ❞✐���✐❜✉�✐♦♥
♦❢ ((ri)i∈Zd , γ) ❞♦❡� ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ ❝❤♦�❡♥ �❡♣�❡�❡♥�❛�✐♦♥ R✱ �❤✐� �❤♦✇� �❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡

❥✉♠♣ �❛�❡� ri,j =
Wi,j

2
G(0,j)
G(0,i) ✐� ✉♥✐�✉❡❧② ❞❡�❡�♠✐♥❡❞✱ ✐✳❡✳ �❤❛� �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ✐� ✉♥✐�✉❡✳

❘❡♠❛�❦ ✷✳✹✳✸✳ ◆♦�❡ �❤❛� ✇❡ ❝❛♥ ✐❞❡♥�✐❢② �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ g ✉�✐♥❣ �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥✳

❚❤✐� �❤♦✇� �❤❛� ✉♥❞❡� R(dr), dγ✱ ✇❡ ❤❛✈❡ g = ψ(0)/2γ′✱ ✇❤❡�❡ γ′ ✐� ❛ ●❛♠♠❛(1/2, 1) �❛♥❞♦♠ ✈❛�✐❛❜❧❡

✐♥❞❡♣❡♥❞❡♥� ❢�♦♠ (βi)i∈Zd ✳

✷✳✺ ❚❤❡ ♣♦	❡♥	✐❛❧ β
(n)
m ♦♥ 	�❡❡�

▲❡� T ❜❡ ❛♥ ✐♥✜♥✐�❡ ��❡❡✱ �❤❛� ✐� ❧♦❝❛❧❧② ✜♥✐�❡✳ ❲❡ ��✐❧❧ ✜① ❛♥ ❛�❜✐��❛�② �♦♦� φ✳ ■♥ �❤✐� �❡❝�✐♦♥✱ ✇❡ ❞❡✜♥❡

❛ β ✜❡❧❞ ♦♥ �❤❡ �❡���✐❝�✐♦♥� ♦❢ T ✇✐�❤ �❤❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥� ✐♥��♦❞✉❝❡❞ ✐♥ ❙❡❝�✐♦♥ ✷✳✶✳✸✳✷✳ ❚❤✐� ✇❛②✱

✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦�❡♠ ✷✳✶✳✶ �♦ �❤❡�❡ ✜♥✐�❡ �❡���✐❝�✐♦♥�✳

✷✳✺✳✶ ❈♦♥�	
✉❝	✐♦♥ ♦❢ β
(n)
m ♦♥ G(n)

m

❋�♦♠ &�♦♣♦�✐�✐♦♥ ✷✳✶✳✸✱ ✉♥❞❡� νWT (dβ)✱ ❢♦� ❛❧❧ n ∈ N ✇❡ ❤❛✈❡ βT (n) ∼ νW
(n),η(n)

T (n) ✱ ✇❤❡�❡

W (n) = WT (n),T (n) ❛♥❞ η(n) = WT (n),(T (n))c1(T (n))c .

❆� ✉�✉❛❧✱ ❢♦� β ∈ DW
T ✱ ✇❡ ❞❡✜♥❡ Hβ = 2β −W ✳ ❋♦� n ∈ N✱ ❧❡� ✉� �❛❦❡ Vn = T (n) ✐♥ ❉❡✜♥✐�✐♦♥ ✷✳✶✳✶✱ �♦

�❤❛� ✇❡ ❣❡� Ĝ(n) = ĜT (n)

= ((Hβ)T (n),T (n))−1 ❛♥❞ ψ(n) = Ĝ(n)η(n)✳

▲❡� ✉� ✜① n ≥ m ≥ 0✳ ❚♦ �❡♣�❡�❡♥� �❤❡ ❱❘❏& ♦♥ (G(n)
m , W̃

(n)
m ) ✉�✐♥❣ ❚❤❡♦�❡♠ ✷✳✶✳✶✱ ✇❡ ♥❡❡❞ �♦

✐♥��♦❞✉❝❡ ❛ ♣♦�❡♥�✐❛❧ β
(n)
m ♦♥ T̃

(n)
m = T (n)∪Bm✱ ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν

W̃ (n)
m

T̃
(n)
m

✳ ❆❝❝♦�❞✐♥❣ �♦ &�♦♣♦�✐�✐♦♥

✷✳✷✳✷✱ �❤✐� ✐� ��✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ �❤❡ �❡���✐❝�✐♦♥ (β
(n)
m )T (n) ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν

Ŵ (n)
m ,η̂(n)

m

T (n) ✱ ❛♥❞

❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (β
(n)
m )T (n) ✱ �❤❡ �❡���✐❝�✐♦♥ (β

(n)
m )Bm

✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν
W̌ (n)

m

Bm
✱ ✇✐�❤ �❤❡ ❢♦❧❧♦✇✐♥❣

♥♦�❛�✐♦♥� ✿

Ŵ (n)
m = (W̃ (n)

m )T (n),T (n) ✱ η̂(n)m = (W̃ (n)
m )T (n),Bm

1Bm

❛♥❞ W̌ (n)
m = (W̃ (n)

m )Bm,Bm
+ (W̃ (n)

m )Bm,T (n)((H
(n)
β )T (n),T (n))−1(W̃ (n)

m )T (n),Bm
,

✇❤❡�❡ ✇❡ ❞❡✜♥❡ ❜② H
(n)
β = 2β

(n)
m − W̃

(n)
m �❤❡ ❙❝❤�.❞✐♥❣❡� ♦♣❡�❛�♦� ❛��♦❝✐❛�❡❞ ✇✐�❤ β

(n)
m ✳ ●✐✈❡♥ �❤❡

❞❡✜♥✐�✐♦♥ ♦❢ W̃
(n)
m ✱ ♥♦�❡ �❤❛� ✇❡ ❤❛✈❡ Ŵ

(n)
m = (W̃

(n)
m )T (n),T (n) = W (n)✳ ▼♦�❡♦✈❡�✱ ❢♦� i ∈ T (n)✱

(η̂(n)m )i =
∑

b∈B

(W̃ (n)
m )i,b = 1i∈D(n)

∑

j∈S(i)

Wi,j = W{i},D(n+1)1D(n+1) = η
(n)
i .

❚❤❡�❡❢♦�❡✱ ❧❡� ✉� ❞❡✜♥❡ (β
(n)
m )T (n) = βT (n) ✳ ❍❡♥❝❡✱ ✉♥❞❡� νWT (dβ) ✇❡ ❤❛✈❡ (β

(n)
m )T (n) ∼ νW

(n),η(n)

T (n) ✱

✇❤❡�❡ νW
(n),η(n)

T (n) = ν
Ŵ (n)

m ,η̂(n)
m

T (n) ✳ ■� �❡♠❛✐♥� �♦ ❡①�❡♥❞ (β
(n)
m )T (n) ✐♥�♦ ❛ ✜❡❧❞ β

(n)
m ♦✈❡� ❛❧❧ ♦❢ T̃

(n)
m ✳ ❚♦ ❞♦ �❤✐�✱

❢♦� β′ ∈ (R∗
+)

Bm ✱ ✇❡ ❞❡✜♥❡ (β
(n)
m )Bm

= β′✳ ❚❤❡♥ ✉♥❞❡� νWT (dβ)ν
W̌ (n)

m

Bm
(dβ′)✱ �❤❡ ✜❡❧❞ β

(n)
m ❝♦♥���✉❝�❡❞

�❤✐� ✇❛② ♦♥ T̃
(n)
m ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν

W̃ (n)
m

T̃
(n)
m

✱ ❢�♦♠ &�♦♣♦�✐�✐♦♥ ✷✳✷✳✷✳ ◆♦�❡ �❤❛� (W̃
(n)
m )Bm,Bm

= 0

❛♥❞

(H
(n)
β )T (n),T (n) = 2(β(n)

m )T (n) − (W̃ (n)
m )T (n),T (n) = 2βT (n) −W (n) = (Hβ)T (n),T (n) ,



✻✹ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

�❤❡�❡❢♦�❡ ✇❡ ❤❛✈❡

W̌ (n)
m = (W̃ (n)

m )Bm,Bm
+ (W̃ (n)

m )Bm,T (n)((H
(n)
β )T (n),T (n))−1(W̃ (n)

m )T (n),Bm

= (W̃ (n)
m )Bm,T (n)Ĝ(n)(W̃ (n)

m )T (n),Bm
.

❋♦� n ≥ m✱ ❧❡� ✉� ❞❡♥♦�❡ ❜② G
(n)
m = (H

(n)
β )−1 = (2β

(n)
m − W̃

(n)
m )−1 �❤❡ ●�❡❡♥ ❢✉♥❝�✐♦♥ ❛��♦❝✐❛�❡❞ ✇✐�❤

β
(n)
m ♦♥ G(n)

m ✳ ❚❤❡♥✱ ❢�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✶✱ ✇❡ ❦♥♦✇ �❤❛� �❤❡ ❧❛✇ ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏# ♦♥ (G(n)
m , W̃

(n)
m )✱

��❛��❡❞ ❛� i0 ∈ T (n)✱ ✐� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ❥✉♠♣ ♣�♦❝❡��❡� ✉♥❞❡� νWT (dβ)ν
W̌ (n)

m

Bm
(dβ′)✱ ✇❤❡�❡ �❤❡ ❥✉♠♣

�❛�❡ ❢�♦♠ i �♦ j ✐� 1
2 (W̃

(n)
m )i,j

G(n)
m (i0,j)

G
(n)
m (i0,i)

✳ ■♥ ♦�❞❡� �♦ ♦❜�❛✐♥ ❛ �❡�✉❧� ♦♥ �❤❡ ✐♥✜♥✐�❡ ��❡❡ T ✱ ✇❡ ✇✐❧❧ �❤♦✇
�❤❛� (G

(n)
m (i, j))i,j∈T ❝♦♥✈❡�❣❡� ✐♥ ❞✐���✐❜✉�✐♦♥ ✇❤❡♥ n → ∞✳

✷✳✺✳✷ ❊①♣�❡		✐♦♥ ♦❢ G
(n)
m (i, j) ❛	 ❛ 	✉♠ ♦✈❡� ♣❛�❤	

❚♦ �❤♦✇ �❤❡ ❝♦♥✈❡�❣❡♥❝❡ ♦❢ G
(n)
m ✱ ✐� ✇✐❧❧ ❜❡ ✉�❡❢✉❧ �♦ ❡①♣�❡�� ✐� ❛� ❛ �✉♠ ♦✈❡� ♣❛�❤� ✐♥ T ✳ ❲❡ ✇✐❧❧ ✉�❡

♥♦�❛�✐♦♥� ❛♥❞ �❡�✉❧�� ♣�❡�❡♥�❡❞ ✐♥ ❙❡❝�✐♦♥ ✷✳✷✳✷✳

▲❡� β ∈ DW
T ❛♥❞ β′ ∈ DW̌ (n)

m

Bm
✱ ❛♥❞ β

(n)
m ❜❡ ❞❡✜♥❡❞ ❛� ♣�❡✈✐♦✉�❧②✳ ❋♦� i, j ∈ T ✱ ❧❡� ✉� ✜① �♦♠❡ n0 > m

�✉❝❤ �❤❛� i, j ∈ T (n0)✳ ❋♦� n ≥ n0✱ ❜② ❛♣♣❧②✐♥❣ #�♦♣♦�✐�✐♦♥ ✷✳✷✳✸ ✭✐✮ �♦ β
(n)
m ✐♥ �❤❡ ❣�❛♣❤ G(n)

m ✱ ✇❡ ❣❡�

G(n)
m (i, j) =

∑

σ∈PT̃
(n)
m

i,j

(W̃
(n)
m )σ

(2β
(n)
m )σ

.

❚❤✐� �✉♠ ♦✈❡� ♣❛�❤� ❝❛♥ ❜❡ ❞❡❝♦♠♣♦�❡❞ ❛� ❢♦❧❧♦✇�✿ ❛ ♣❛�❤ σ ∈ P T̃ (n)
m

i,j ❝❛♥ ❡✐�❤❡� ❝�♦�� �♦♠❡ ✈❡��❡① ✐♥

Bm✱ ✐♥ ✇❤✐❝❤ ❝❛�❡ σ ∈ P T̃ (n)
m

i,Bm,j ✱ ♦� ♥❡✈❡� ❝�♦�� ❛♥② ✈❡��❡① ✐♥ Bm✱ ✐♥ ✇❤✐❝❤ ❝❛�❡ σ ∈ PT (n)

i,j ✳ ❆� ❛ �❡�✉❧�✱

✇❡ ❤❛✈❡ P T̃ (n)
m

i,j = PT (n)

i,j ∪ P T̃ (n)
m

i,Bm,j ✱ ✇❤❡�❡ PT (n)

i,j ∩ P T̃ (n)

i,B,j = ∅✱ �♦

G(n)
m (i, j) =

∑

σ∈PT (n)

i,j

(W̃
(n)
m )σ

(2β
(n)
m )σ

+
∑

σ∈PT̃
(n)
m

i,Bm,j

(W̃
(n)
m )σ

(2β
(n)
m )σ

=
∑

σ∈PT (n)

i,j

(W̃
(n)
m )σ

(2β
(n)
m )σ

+
∑

b,b′∈Bm

⎛
⎜⎝

∑

σ∈PT (n)

i,b

(W̃
(n)
m )σ

(2β
(n)
m )−σ

⎞
⎟⎠G(n)

m (b, b′)

⎛
⎜⎝

∑

σ∈PT (n)

j,b′

(W̃
(n)
m )σ

(2β
(n)
m )−σ

⎞
⎟⎠ ,

❢�♦♠ #�♦♣♦�✐�✐♦♥ ✷✳✷✳✸✳ ◆♦�❡ �❤❛� ❢♦� ❛♥② σ ∈ PT (n)

i,j ✱
(W̃ (n)

m )σ

(2β
(n)
m )σ

= Wσ

(2β)σ
✱ �✐♥❝❡ (W̃

(n)
m )T (n),T (n) = WT (n),T (n)

❛♥❞ (β
(n)
m )T (n) = βT (n) ✳ ❆� ❛ �❡�✉❧�✱

∑

σ∈PT (n)

i,j

(W̃
(n)
m )σ

(2β
(n)
m )σ

=
∑

σ∈PT (n)

i,j

Wσ

(2β)σ
= Ĝ(n)(i, j).



✷✳✻✳ ❈❖◆❱❊❘●❊◆❈❊ ❖❋ G
(n)
m ✻✺

▼♦�❡♦✈❡�✱ ♥♦
❡ 
❤❛
 ❢♦� x ∈ D(m) ❛♥❞ y ∈ T (n)✱

∑

σ∈PT (n)

y,δx

(W̃
(n)
m )σ

(2β
(n)
m )−σ

=
∑

z∼δx

⎛
⎜⎝

∑

σ1∈PT (n)
y,z

(W̃
(n)
m )σ1

(2β
(n)
m )σ1

⎞
⎟⎠ (W̃ (n)

m )z,δx =
∑

z∈Tx∩D(n)

Ĝ(n)(y, z)
∑

z′∈S(z)

Wz,z′

= Ĝ(n)(y, ·)WT (n),(T (n))c1Tx\T (n)
x

= χ(n)
m (y, δx),

❢�♦♠ ❉❡✜♥✐
✐♦♥ ✷✳✶✳✸✳ ❆� ❛ �❡�✉❧
✱ ✇❡ ❤❛✈❡

G(n)
m (i, j) = Ĝ(n)(i, j) +

∑

b,b′∈Bm

χ(n)
m (i, b)G(n)

m (b, b′)χ(n)
m (j, b′).

❲❡ ✇✐❧❧ �❤♦✇ 
❤❛
 ✉♥❞❡� νWT (dβ)✱ 
❤✐� ❡①♣�❡��✐♦♥ ❝♦♥✈❡�❣❡� ❛❧♠♦�
 �✉�❡❧② ✇❤❡♥ n → ∞✳ ❋�♦♠ ❚❤❡♦�❡♠

✷✳✶✳✷ ✭✐✮✱ ✇❡ ❛❧�❡❛❞② ❦♥♦✇ 
❤❛
 Ĝ(n)(i, j) ❝♦♥✈❡�❣❡� 
♦ Ĝ(i, j)✱ ❧❡
 ✉� ♥♦✇ �
✉❞② 
❤❡ �❡�♣❡❝
✐✈❡ ❧✐♠✐
� ♦❢

χ
(n)
m ❛♥❞ (G

(n)
m )Bm,Bm

✳

✷✳✻ ❈♦♥✈❡	❣❡♥❝❡ ♦❢ G
(n)
m

❚❤❡ ❣♦❛❧ ♦❢ 
❤✐� �❡❝
✐♦♥ ✐� 
♦ ♣�♦✈❡ 
❤❡ ❝♦♥✈❡�❣❡♥❝❡ ♦❢ χ
(n)
m ❛♥❞ (G

(n)
m )Bm,Bm

✳ ❲❡ ✇✐❧❧ ✜��
 ❞❡�❝�✐❜❡ 
❤❡

▼❛�
✐♥ ❜♦✉♥❞❛�② ❛��♦❝✐❛
❡❞ ✇✐
❤ Δψ✱ ❛♥❞ 
❤❡ ❤❛�♠♦♥✐❝ ♠❡❛�✉�❡� (μψ
i )i∈T ✳

✷✳✻✳✶ ��♦❝❡

 ❛

♦❝✐❛
❡❞ ✇✐
❤ Δψ ❛♥❞ ▼❛�
✐♥ ❜♦✉♥❞❛�②

❋✐��
✱ ♥♦
❡ 
❤❛
 ❢♦� β ∈ DW
T ✱ ✇❡ ❤❛✈❡ ❡✐
❤❡� ψ(i) > 0 ❢♦� ❛❧❧ i ∈ T ✱ ♦� ψ ≡ 0✳ ■♥ 
❤❡ ✜��
 ❝❛�❡✱ ✇❡ ❝❛♥

❞♦ ❛� ✐♥ )�♦♣♦�✐
✐♦♥ ✷✳✶✳✻✿ 
❤❡ �❛♥❞♦♠ ✇❛❧❦ ❛��♦❝✐❛
❡❞ ✇✐
❤ 
❤❡ ❝♦♥❞✉❝
❛♥❝❡� (cψi,j)i∼j ✐� 
�❛♥�✐❡♥
 ❢♦�

νWT ✲❛❧♠♦�
 ❛❧❧ β✱ �✐♥❝❡ 
❤❡ ❛��♦❝✐❛
❡❞ ●�❡❡♥ ❢✉♥❝
✐♦♥ g = gψ ✐� ❣✐✈❡♥ ❜②

gψ(i, j) =
ψ(j)

ψ(i)
2βjĜ(i, j),

❢♦� i, j ∈ T ✳ ▼♦�❡♦✈❡�✱ ✇❡ ❞❡✜♥❡ 
❤❡ ▼❛�❦♦✈ ♦♣❡�❛
♦� Δψ ❜②

(Δψh)(i) =

⎛
⎝
∑

j∼i

Wi,jψ(j)

2βiψ(i)
h(j)

⎞
⎠− h(i) = 0

❢♦� h : T → R ❛♥❞ i ∈ T ✱ ❛♥❞ ❛ ❢✉♥❝
✐♦♥ h ✐� Δψ✲❤❛�♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψh ✐� Hβ✲❤❛�♠♦♥✐❝✳
▲❡
 ✉� ✜① β ∈ DW

T �✉❝❤ 
❤❛
 ψ(i) > 0 ❢♦� ❛❧❧ i ∈ T ✱ ❛♥❞ �✉❝❤ 
❤❛
 
❤❡ �❛♥❞♦♠ ✇❛❧❦ ❛��♦❝✐❛
❡❞ ✇✐
❤

(cψi,j)i∼j ✐� 
�❛♥�✐❡♥
✳ ❚❤✐� ❛❧❧♦✇� ✉� 
♦ ❛♣♣❧② �❡�✉❧
� �❡❣❛�❞✐♥❣ 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�② ♦❢ ❛ 
�❡❡✳ ❋�♦♠

❚❤❡♦�❡♠ ✷✳✷✳✸✱ 
❤❡ ▼❛�
✐♥ ❜♦✉♥❞❛�② Mψ ❛��♦❝✐❛
❡❞ ✇✐
❤ Δψ ✐� 
❤❡ �❡
 Ω ♦❢ ❡♥❞� ♦❢ T ✳ ◆♦
❡ 
❤❛
 ✐
 ❞♦❡�
♥♦
 ❞❡♣❡♥❞ ♦♥ β✳ ❲❡ ❛❧�♦ ❣❡
 
❤❡ ▼❛�
✐♥ ❦❡�♥❡❧ K = Kψ✿ ❢♦� x ∈ T ❛♥❞ ω ∈ Ω✱

K(x, ω) = K(x, x ∧ ω) =
f(x, x ∧ ω)

f(φ, x ∧ ω)
=

ψ(φ)F̂ (x, x ∧ ω)

ψ(x)F̂ (φ, x ∧ ω)
,

✇❤❡�❡ f(i, j) = g(i,j)
g(j,j) =

ψ(j)
ψ(i) F̂ (i, j) ❢♦� i, j ∈ T ✳ ▼♦�❡♦✈❡�✱ ✇❡ ❞❡♥♦
❡ ❜② (μψ

i )i∈T 
❤❡ ❛��♦❝✐❛
❡❞ ❢❛♠✐❧② ♦❢

❤❛�♠♦♥✐❝ ♠❡❛�✉�❡� ♦♥ Ω✳ ❋�♦♠ )�♦♣♦�✐
✐♦♥ ✷✳✷✳✺✱ ✇❡ ❤❛✈❡✱ ❢♦� i, x ∈ T ✱

μψ
i (Ωx) = 1{i∈Ux}(1− f(i, x)) + f(i, x)

1− f(x, �x)

1− f(x, �x)f( �x, x)
.
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◆♦�❡ �❤❛� ✇❡ ❤❛✈❡ ♦♥❧② ❞❡✜♥❡❞ (μψ
y )y∈T ❢♦� β ∈ DW

T �✉❝❤ �❤❛� ψ > 0 ❛♥❞ �❤❡ ✇❛❧❦ ✐♥ ❝♦♥❞✉❝�❛♥❝❡�

cψ ✐� ��❛♥�✐❡♥�✳ ■♥ �❡♠❛✐♥✐♥❣ ❝❛�❡�✱ ✇❡ ❛❞♦♣� �❤❡ ❝♦♥✈❡♥�✐♦♥ �❤❛� μψ
y ✐� �❤❡ ♥✉❧❧ ♠❡❛�✉�❡ ♦♥ Ω ❢♦� ❛❧❧

y ∈ T ✳

✷✳✻✳✷ ❈♦♥✈❡	❣❡♥❝❡ ♦❢ χ
(n)
m ✿ �	♦♦❢ ♦❢ ❚❤❡♦	❡♠ ✷✳✶✳✻ ✭✐✮

❋�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✷✱ ✇❡ ❦♥♦✇ �❤❛� νWT ✲❛❧♠♦�� �✉�❡❧②✱ ❢♦� ❛❧❧ i, j ∈ T ✱ Ĝ(n)(i, j) ❝♦♥✈❡�❣❡� �♦ Ĝ(i, j) ❛♥❞
ψ(n)(i) ❝♦♥✈❡�❣❡� �♦ ψ(i)✳ ▲❡� β ∈ DW

T ❜❡ �✉❝❤ �❤❛� �❤❡�❡ ❝♦♥✈❡�❣❡♥❝❡� ❤♦❧❞✳ ▲❡� ✉� �❤♦✇ �❤❛� ❢♦� �✉❝❤

β✱ ❢♦� ❛❧❧ m ∈ N✱ x ∈ D(m) ❛♥❞ ❢♦� ❛❧❧ i ∈ T ✱ χ
(n)
m (i, δx) ❝♦♥✈❡�❣❡� �♦ ψ(i)μψ

i (Ωx)✱ ❛♥❞ ✇❡ ✇✐❧❧ ❤❛✈❡ �❤♦✇♥
�❤❛� �❤✐� ❝♦♥✈❡�❣❡♥❝❡ ❤♦❧❞� νWT ✲❛❧♠♦�� �✉�❡❧②✳

■❢ β ✐� �✉❝❤ �❤❛� ψ ≡ 0✱ ✇❡ ❦♥♦✇ �❤❛� ❢♦� ❛❧❧ i ∈ T ✱ x ∈ D(m)✱ 0 ≤ χ
(n)
m (i, δx) ≤ ψ(n)(i) ❢�♦♠ ❘❡♠❛�❦

✷✳✶✳✷✱ �♦ χ
(n)
m (i, δx) −−−−→

n→∞
0 = ψ(i)μψ

i (Ωx)✳ ❲❡ ♥♦✇ �✉♣♣♦�❡ �❤❛� β ✐� �✉❝❤ �❤❛� ψ(i) > 0 ❢♦� ❛❧❧ i ∈ T ✳

▲❡� ✉� ✜① i ∈ T ❛♥❞ x ∈ D(m)✳ ❘❡❝❛❧❧ �❤❛� ❢♦� n ≥ max(|i|,m)✱

χ(n)
m (i, δx) =

∑

y∈Tx∩D(n)

Ĝ(n)(i, y)η(n)y =
∑

y∈Tx∩D(n)

⎛
⎜⎝

∑

σ∈PT (n)

i,y

Wσ

(2β)σ

⎞
⎟⎠ η(n)y .

▲❡� ✉� ❞❡❝♦♠♣♦�❡ �❤❡ ♣❛�❤� σ ∈ PT (n)

i,y ✱ ✐♥ ♦�❞❡� �♦ ✇�✐�❡ χ
(n)
m (i, δx) ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ F̂ (n) ❛♥❞ ψ(n)✳ ❲❡

✇✐❧❧ ❞✐��✐♥❣✉✐�❤ �✇♦ ❝❛�❡�✳
❋✐���✱ ✐❢ i /∈ Ux = Tx\{x}✱ �❤❡♥ ❢♦� ❛❧❧ y ∈ Tx ∩D(n)✱ ❛♥② ♣❛�❤ ❢�♦♠ i �♦ y ✐♥ T (n) ♥❡❝❡��❛�✐❧② ✈✐�✐�� x✱

✐✳❡✳ PT (n)

i,y = PT (n)

i,{x},y✳ ❚❤❡�❡❢♦�❡✱ ❢�♦♠ &�♦♣♦�✐�✐♦♥ ✷✳✷✳✸ ✭✐✐✐✮✱ Ĝ(n)(i, y) = F̂ (n)(i, x)Ĝ(n)(x, y)✳ ■♥ ♦�❞❡�

�♦ ❞❡❝♦♠♣♦�❡ Ĝ(n)(x, y)✱ ❧❡� ✉� ✐♥��♦❞✉❝❡ �❤❡ *✉❛♥�✐�② cx(σ)✱ ❞❡✜♥❡❞ ❛� �❤❡ ♥✉♠❜❡� ♦❢ �✐♠❡� �❤❡ ♣❛�❤ σ
❝�♦��❡� �❤❡ ❞✐�❡❝�❡❞ ❡❞❣❡ (x, �x)✱ ✐✳❡✳

cx(σ) = #{k ∈ �0, |σ| − 1�, (σk, σk+1) = (x, �x)}.

❚❤❡♥ ✇❡ ❤❛✈❡

Ĝ(n)(x, y) =
∑

C∈N

∑

σ∈PT (n)

x,y

cx(σ)=C

Wσ

(2β)σ
.

■❢ σ ∈ PT (n)

x,y ✐� �✉❝❤ �❤❛� cx(σ) = C ≥ 1✱ �❤❡♥ ✐� ❤❛� �♦ ✈✐�✐� �x ❛� ❧❡❛�� ♦♥❝❡✳ ❆� ❛ �❡�✉❧�✱ σ ❝❛♥ ❜❡ ✇�✐��❡♥

❛� �❤❡ ❝♦♥❝❛�❡♥❛�✐♦♥ ♦❢ ❛ ♣❛�❤ σ1 ∈ PT (n)\{ �x}
x, �x ✇✐�❤ ❛ ♣❛�❤ σ′

1 ∈ PT (n)

�x,y �✉❝❤ �❤❛� cx(σ
′
1) = C − 1✳ ❙✐♥❝❡

�x /∈ Ux✱ �❤❡ ♣❛�❤ σ′
1 ❤❛� �♦ ✈✐�✐� x✱ �♦ ✐� ❝❛♥ ❜❡ ✇�✐��❡♥ ❛� �❤❡ ❝♦♥❝❛�❡♥❛�✐♦♥ ♦❢ ❛ ♣❛�❤ σ2 ∈ PT (n)\{x}

�x,x

✇✐�❤ ❛ ♣❛�❤ σ3 ∈ PT (n)

x,y �✉❝❤ �❤❛� cx(σ3) = C − 1✳ ❚❤❡�❡❢♦�❡✱ ❢♦� ❛❧❧ C ≥ 1✱

∑

σ∈PT (n)

x,y

cx(σ)=C

Wσ

(2β)σ
=

⎛
⎜⎜⎝

∑

σ1∈PT (n)\{ �x}
x, �x

Wσ1

(2β)σ1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

∑

σ2∈PT (n)\{x}
�x,x

Wσ2

(2β)σ2

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

∑

σ3∈PT (n)

x,y

cx(σ3)=C−1

Wσ3

(2β)σ3

⎞
⎟⎟⎟⎟⎠

= F̂ (n)(x, �x)F̂ (n)( �x, x)
∑

σ∈PT (n)

x,y

cx(σ)=C−1

Wσ

(2β)σ
.



✷✳✻✳ ❈❖◆❱❊❘●❊◆❈❊ ❖❋ G
(n)
m ✻✼

▼♦�❡♦✈❡�✱ ♥♦
❡ 
❤❛
 
❤❡ ♣❛
❤� σ ∈ PT (n)

x,y �✉❝❤ 
❤❛
 cx(σ) = 0 ❛�❡ 
❤♦�❡ 
❤❛
 �
❛② ✐♥ 
❤❡ �✉❜
�❡❡ T
(n)
x ✱ ✐✳❡✳


❤❡ �❡
 PT (n)
x

x,y ✳ ❇② ✐♥❞✉❝
✐♦♥✱ ✇❡ ❣❡
✿

Ĝ(n)(x, y) =
∑

C∈N

(
F̂ (n)(x, �x)F̂ (n)( �x, x)

)C ∑

σ∈PT
(n)
x

x,y

Wσ

(2β)σ
.

❙✐♥❝❡ Ĝ(n)(x, y) < ∞✱ ✇❡ ❤❛✈❡ F̂ (n)(x, �x)F̂ (n)( �x, x) < 1✱ ✇❤✐❝❤ ❣✐✈❡�

χ(n)
m (i, δx) =

∑

y∈Tx∩D(n)

F̂ (n)(i, x)Ĝ(n)(x, y)η(n)y

= F̂ (n)(i, x)
1

1− F̂ (n)(x, �x)F̂ (n)( �x, x)

∑

y∈Tx∩D(n)

⎛
⎜⎝

∑

σ∈PT
(n)
x

x,y

Wσ

(2β)σ

⎞
⎟⎠ η(n)y .

■♥ ♦�❞❡� 
♦ ❡①♣�❡�� 
❤✐� ❧❛�
 �✉♠✱ �❡❝❛❧❧ 
❤❛


ψ(n)(x) =
∑

y∈D(n)

Ĝ(n)(x, y)η(n)y

=
∑

y∈D(n)

⎛
⎜⎝

∑

σ∈PT (n)

x,{ �x},y

Wσ

(2β)σ
+

∑

σ∈PT
(n)
x

x,y

Wσ

(2β)σ

⎞
⎟⎠ η(n)y ,

✇❤❡�❡ ✇❡ ❤❛✈❡ �❡♣❛�❛
❡❞ 
❤❡ ♣❛
❤� 
❤❛
 ❣♦ ❢�♦♠ x 
♦ y ❜② ✈✐�✐
✐♥❣ �x✱ ❛♥❞ 
❤♦�❡ 
❤❛
 �
❛② ✐♥ T
(n)
x ✱ �✐♥❝❡

PT (n)

x,y = PT (n)

x,{ �x},y ∪ PT (n)
x

x,y ✳ ❋�♦♠ !�♦♣♦�✐
✐♦♥ ✷✳✷✳✸ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡

∑

σ∈PT (n)

x,{ �x},y

Wσ

(2β)σ
= F̂ (n)(x, �x)Ĝ(n)( �x, y).

▼♦�❡♦✈❡�✱ ✐❢ y ∈ D(n)\Tx✱ 
❤❡♥ PT (n)
x

x,y ✐� ❡♠♣
②✳ ❆� ❛ �❡�✉❧
✱ ✇❡ ❣❡


∑

y∈Tx∩D(n)

⎛
⎜⎝

∑

σ∈PT
(n)
x

x,y

Wσ

(2β)σ

⎞
⎟⎠ η(n)y = ψ(n)(x)− F̂ (n)(x, �x)ψ(n)( �x),

✇❤✐❝❤ ✜♥❛❧❧② ❣✐✈❡�

χ(n)
m (i, δx) = F̂ (n)(i, x)

ψ(n)(x)− F̂ (n)(x, �x)ψ(n)( �x)

1− F̂ (n)(x, �x)F̂ (n)( �x, x)
.

■♥ 
❤❡ �❡❝♦♥❞ ❝❛�❡✱ ✐✳❡✳ ✐❢ i ∈ Ux✱ 
❤❡♥ ❢♦� y ∈ Tx∩D(n)✱ 
❤❡�❡ ❛�❡ ♣❛
❤� ❢�♦♠ i 
♦ y ✐♥ T (n) 
❤❛
 ❞♦ ♥♦


✈✐�✐
 x✳ ▼♦�❡ ♣�❡❝✐�❡❧②✱ ✇❡ ❤❛✈❡ 
❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛�
✐
✐♦♥✿ PT (n)

i,y = PT (n)

i,{x},y∪PU(n)
x

i,y ✱ ✇❤❡�❡ U
(n)
x = Ux∩T (n)✳

❆� ❛ �❡�✉❧
✱ ✇❡ ❤❛✈❡

χ(n)
m (i, δx) = F̂ (n)(i, x)

ψ(n)(x)− F̂ (n)(x, �x)ψ(n)( �x)

1− F̂ (n)(x, �x)F̂ (n)( �x, x)
+

∑

y∈Tx∩D(n)

⎛
⎜⎜⎝

∑

σ∈∪PU
(n)
x

i,y

Wσ

(2β)σ

⎞
⎟⎟⎠ η(n)y .



✻✽ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

■♥ �❤❡ �❛♠❡ ✇❛② ✇❡ ❞✐❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ �❤♦✇ �❤❛�

∑

y∈Tx∩D(n)

⎛
⎜⎜⎝

∑

σ∈∪PU
(n)
x

i,y

Wσ

(2β)σ

⎞
⎟⎟⎠ η(n)y = ψ(n)(i)− F̂ (n)(i, x)ψ(n)(x).

■♥ ❝♦♥❝❧✉�✐♦♥✱ ✇❡ ❤❛✈❡ ❡��❛❜❧✐�❤❡❞ �❤❡ ❢♦❧❧♦✇✐♥❣✿

χ(n)
m (i, δx) = 1{i∈Ux}(ψ

(n)(i)− F̂ (n)(i, x)ψ(n)(x)) + F̂ (n)(i, x)
ψ(n)(x)− F̂ (n)(x, �x)ψ(n)( �x)

1− F̂ (n)(x, �x)F̂ (n)( �x, x)

= ψ(n)(i)

(
1{i∈Ux}(1− f (n)(i, x)) + f (n)(i, x)

1− f (n)(x, �x)

1− f (n)(x, �x)f (n)( �x, x)

)
,

✇❤❡�❡

f (n)(i, j) =
ψ(n)(j)

ψ(n)(i)
F̂ (n)(i, j) −−−−→

n→∞
ψ(j)

ψ(i)
F̂ (i, j) = f(i, j)

❢♦� ❛❧❧ i, j ∈ T ✳ ❆� ❛ �❡�✉❧�✱ ✇❡ ✜♥❛❧❧② ❤❛✈❡

χ(n)
m (i, δx) −−−−→

n→∞
ψ(i)

(
1{i∈Ux}(1− f(i, x)) + f(i, x)

1− f(x, �x)

1− f(x, �x)f( �x, x)

)
= ψ(i)μψ

i (Ωx).

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡✱ ❢♦� ❛❧❧ i ∈ T ✱ �❤❡ ♠❡❛�✉�❡ χ(i, ·) = ψ(i)μψ
i ✳ ◆♦�❡ �❤❛� χ(i, ·) ✐� ❛❜�♦❧✉�❡❧②

❝♦♥�✐♥✉♦✉� ✇✐�❤ �❡�♣❡❝� �♦ χ(φ, ·)✱ ❛♥❞ ✐�� ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡�✐✈❛�✐✈❡ ✐� ω �→ F̂ (i,i∧ω)

F̂ (φ,i∧ω)
✳ ▼♦�❡♦✈❡�✱ ❢♦� ❛❧❧

A ∈ B(Ω)✱ i �→ μψ
i (A) ✐� Δψ✲❤❛�♠♦♥✐❝✱ �♦ χ(·, A) : i �→ ψ(i)μψ

i (A) ✐� Hβ✲❤❛�♠♦♥✐❝✳

✷✳✻✳✸ ❈♦♥✈❡
❣❡♥❝❡ ♦❢ (G
(n)
m )Bm,Bm

▲❡� ✉� �❤♦✇ �❤❛� ✉♥❞❡� νWT (dβ)ν
W̌ (n)

m

Bm
(dβ′)✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ (G

(n)
m )Bm,Bm

❝♦♥✈❡�❣❡� ✇❡❛❦❧② ✇❤❡♥

n → ∞✳
❲❡ ❝❛♥ ✇�✐�❡ (G

(n)
m )Bm,Bm

❛� �❤❡ ✐♥✈❡��❡ ♦❢ ❛ ❙❝❤✉� ❝♦♠♣❧❡♠❡♥�✳ ■♥❞❡❡❞✱

(G(n)
m )Bm,Bm

= (H
(n)
β )−1

Bm,Bm
=
(
(H

(n)
β )Bm,Bm

− (W̃ (n)
m )Bm,T (n)((H

(n)
β )T (n),T (n))−1(W̃ (n)

m )T (n),Bm

)−1

=
(
(2β(n)

m )Bm
− W̌ (n)

m

)−1

= (Ȟ
(n)
β )−1,

✇❤❡�❡ Ȟ
(n)
β = 2(β

(n)
m )Bm

− W̌
(n)
m ✳ ❲❡ ❛♣♣❧② �❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛�✐❛❜❧❡�✿ ❢♦� β ∈ DW

T ✱ β
′ ∈ DW̌ (n)

m

Bm

❛♥❞ b ∈ Bm✱ ❧❡� ✉� ❞❡✜♥❡ (ρ
(n)
m )b = (β

(n)
m )b − 1

2 (W̌
(n)
m )b,b✳ ❚❤❡♥ Ȟ

(n)
β = 2ρ

(n)
m − Č

(n)
m ✱ ✇❤❡�❡ ✐❢ b, b′ ∈ Bm✱

(Č(n)
m )b,b′ =

{
(W̌

(n)
m )b,b′ ✐❢ b 
= b′

0 ✐❢ b = b′.

❯♥❞❡� νWT (dβ)ν
W̌ (n)

m

Bm
(dβ′)✱ �❤❡ ✈❡❝�♦� ρ(n)m ✐� �❤❡♥ ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν

Č(n)
m

Bm
❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ βT ✳ ▲❡�

✉� �❤♦✇ �❤❛� �❤❡ ♠❛��✐① Č
(n)
m ❝♦♥✈❡�❣❡� νWT ✲❛❧♠♦�� �✉�❡❧②✱ �♦ ♣�♦✈❡ �❤❛� ρ

(n)
m ❝♦♥✈❡�❣❡� ✐♥ ❞✐���✐❜✉�✐♦♥✳



✷✳✼✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❖◆ ■◆❋■◆■❚❊ ❚❘❊❊❙ ✻✾

▲❡� ✉� ✜① β ∈ DW
T ✱ ❛� ✇❡❧❧ ❛� x 
= y ∈ D(m)✱ ❛♥❞ i ∼ δx✱ j ∼ δy✳ ❆ ♣❛�❤ ❢�♦♠ i �♦ j ✐♥ T (n) ♥❡❝❡��❛�✐❧②

❝�♦��❡� x ∧ y✱ �✐♥❝❡ i ∈ Tx ❛♥❞ j ∈ Ty✳ ❚❤❡�❡❢♦�❡✱ PT (n)

i,j = PT (n)

i,{x∧y},j ✱ �♦

(Č(n)
m )δx,δy =

∑

i∼δx,j∼δy

(W̃ (n)
m )δx,iĜ

(n)(i, j)(W̃ (n)
m )j,δy

=
∑

i∼δx,j∼δy

(W̃ (n)
m )δx,i

⎛
⎜⎝

∑

σ∈PT (n)

i,{x∧y},j

Wσ

(2β)σ

⎞
⎟⎠ (W̃ (n)

m )j,δy

=
∑

i∼δx,j∼δy

(W̃ (n)
m )δx,iF̂

(n)(i, x ∧ y)(W̃ (n)
m )δy,jF̂

(n)(j, x ∧ y)Ĝ(n)(x ∧ y, x ∧ y)

=
1

Ĝ(n)(x ∧ y, x ∧ y)

(
∑

i∼δx

(W̃ (n)
m )δx,iĜ

(n)(i, x ∧ y)

)⎛
⎝
∑

j∼δy

(W̃ (n)
m )δy,jĜ

(n)(j, x ∧ y)

⎞
⎠

=
χ(n)(x ∧ y, δx)χ

(n)(x ∧ y, δy)

Ĝ(n)(x ∧ y, x ∧ y)
,

❛♥❞ (Č
(n)
m )δx,δx = 0✳ ❙✐♥❝❡ χ(n) ❝♦♥✈❡�❣❡� νWT ✲❛❧♠♦�� �✉�❡❧②✱ �❤❡ ♠❛��✐① Č

(n)
m ❛❧�♦ ❝♦♥✈❡�❣❡� �♦ ❛ ♠❛��✐①

Čm✱ ✇❤❡�❡ ❢♦� x, x
′ ∈ D(m)✱

(Čm)δx,δx′ =

{
χ(x∧y,Ωx)χ(x∧y,Ωx′ )

Ĝ(x∧y,x∧y)
✐❢ x 
= x′

0 ✐❢ x = x′.

❯♥❞❡� νWT (dβ)ν
W̌ (n)

m

Bm
(dβ′)✱ ❛♥❞ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ βT ✱ ρ

(n)
m ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ ν

Č(n)
m

Bm
✱ ✇❤✐❝❤ νWT ✲

❛❧♠♦�� �✉�❡❧② ❝♦♥✈❡�❣❡� ✇❡❛❦❧② �♦ νČm

Bm
❜② ▲#✈②✬� �❤❡♦�❡♠✳

❚❤❡�❡❢♦�❡✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ (G
(n)
m )Bm,Bm

= (2ρ
(n)
m − Č

(n)
m )−1 ✉♥❞❡� νWT (dβ)ν

W̌ (n)
m

Bm
(dβ′) ❝♦♥✈❡�❣❡�

✇❡❛❦❧② �♦ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ Ǧm := (2ρm − Čm)−1 ✉♥❞❡� νWT (dβ)νČm

Bm
(dρm) =: νWT,Bm

(dβ, dρm)✳

✷✳✼ ❘❡♣�❡�❡♥
❛
✐♦♥� ♦❢ 
❤❡ ❱❘❏� ♦♥ ✐♥✜♥✐
❡ 
�❡❡�

✷✳✼✳✶ ❘❡♣�❡	❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏� ✉	✐♥❣ Gm✿ ��♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✻ ✭✐✐✮

❘❡❝❛❧❧ �❤❛� ❢♦� 0 ≤ m ≤ n ❛♥❞ i, j ∈ T (n)✱

G(n)
m (i, j) = Ĝ(n)(i, j) +

∑

b,b′∈Bm

χ(n)
m (i, b)G(n)

m (b, b′)χ(n)
m (j, b′),

✇❤❡�❡ ✉♥❞❡� νWT (dβ)ν
W̌ (n)

m

Bm
(dβ′)✱ G(n)

m = (2β
(n)
m −W̃

(n)
m )−1 ♣�♦✈✐❞❡� ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦♥ �❤❡ ❱❘❏( ♦♥ G(n)

m ✱

❢�♦♠ ❚❤❡♦�❡♠ ✷✳✶✳✶✳ ❲❡ ❤❛✈❡ �❤♦✇♥ �❤❛� ✇❤❡♥ n → ∞✱ χ(n)
m ❝♦♥✈❡�❣❡� ❛❧♠♦�� �✉�❡❧②✱ ❛♥❞ (Ǧ

(n)
m )Bm,Bm

❝♦♥✈❡�❣❡� ✐♥ ❞✐���✐❜✉�✐♦♥✳ ❆� ❛ �❡�✉❧� ❢♦� ❛❧❧ i, j ∈ T ✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ G
(n)
m (i, j) ❝♦♥✈❡�❣❡� ✇❡❛❦❧② �♦

�❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ Gm(i, j) ✉♥❞❡� νWT,Bm
(dβ, dρm)✱ ✇❤❡�❡

Gm(i, j) = Ĝ(i, j) +
∑

x,x′∈D(m)

χ(i,Ωx)χ(j,Ωy)Ǧm(δx, δy).



✼✵ ❈❍❆�❚❊❘ ✷✳ ❘❊�❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ ❚❍❊ ❱❘❏� ❆◆❉ ▼❆❘❚■◆ ❇❖❯◆❉❆❘❨

❚❤❡ �❡❝♦♥❞ �❡�♠ ✐♥ Gm(i, j) ❝❛♥ ❜❡ �❡✇�✐��❡♥ ❛� ❛♥ ✐♥�❡❣�❛❧ ♦♥ Ω2✳ ■♥❞❡❡❞✱ ❧❡� ✉� ❞❡✜♥❡ ǧm : Ω2 → R

✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❢♦� ω, τ ∈ Ω✱ ✐❢ x, y ∈ D(m) ❛�❡ �✉❝❤ �❤❛� ω ∈ Ωx ❛♥❞ τ ∈ Ωy✱ ✇❡ �❡� ǧm(ω, τ) =
Ǧm(δx, δy)✳ ❲✐�❤ �❤❡�❡ ♥❡✇ ♥♦�❛�✐♦♥�✱ ✇❡ ❝❛♥ ♥♦✇ ✇�✐�❡✱ ❢♦� i, j ∈ T ✱

Gm(i, j) = Ĝ(i, j) + χm(i, ·)Ǧm
t (χm(j, ·))

= Ĝ(i, j) +

∫

Ω2

χ(i, dω)χ(j, dτ)ǧm(ω, τ).

❋♦� β ∈ DW
T ✱ ρm ∈ DČm

Bm
✱ ❛♥❞ ❛❧❧ i0, i, j ∈ T ✱ ✇❡ ❞❡♥♦�❡ rβ,ρm,i0

i,j =
Wi,j

2
Gm(i0,j)
Gm(i0,i)

✳ ❚♦ ♣�♦✈❡ ❚❤❡♦�❡♠

✷✳✶✳✻ ✭✐✐✮✱ ✇❡ ❤❛✈❡ �♦ �❡❡ �❤❛� �❤❡ ♣�♦❝❡�� ✇✐�❤ ❞✐���✐❜✉�✐♦♥ P
V RJP (i0) ✐� ❛ ♠✐①�✉�❡ ♦❢ ▼❛�❦♦✈ ♣�♦❝❡��❡�

P
β,ρm,i0
i0

✉♥❞❡� νWT,Bm
(dβ, dρm)✳ ❚❤❡ ♣�♦♦❢ ✐� �❤❡ �❛♠❡ �❤❛♥ �❤❛� ♦❢ ❚❤❡♦�❡♠ ✷✳✶✳✷ ✭✐✐✐✮ ✭�❡❡ ❬❙❩✶✾❪✮✳ ■�

❝♦♥�✐��� ✐♥ ��✉❞②✐♥❣ ��❛❥❡❝�♦�✐❡� ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏2✱ ��♦♣♣❡❞ ✇❤❡♥ �❤❡② ❧❡❛✈❡ ❛ ✜♥✐�❡ �✉❜❣�❛♣❤

✐♥❝❧✉❞❡❞ ✐♥ T (n)✳ ❚❤❡② ❝❛♥ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ��❛❥❡❝�♦�✐❡� ♦❢ �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ ❱❘❏2 ♦♥ G(n)
m ✱ ❛♥❞ �❡♣�❡✲

�❡♥�❡❞ ✉�✐♥❣ G
(n)
m �❤❛♥❦� �♦ ❚❤❡♦�❡♠ ✷✳✶✳✶✳ ❚❛❦✐♥❣ �❤❡ ❧✐♠✐� ✐♥ ❞✐���✐❜✉�✐♦♥ ✇❤❡♥ n → ∞ �❤❡♥ ❣✐✈❡� �❤❡

�❡�✉❧�✳ ◆♦�❡ �❤❛� �❤❡ ♣�♦♦❢ ♥❡❡❞� ❛♥ ❛�❣✉♠❡♥� ♦❢ ✉♥✐❢♦�♠ ✐♥�❡❣�❛❜✐❧✐�② ♦♥ �❤❡ ❢❛♠✐❧②
(

G(n)
m (i0,j)

G
(n)
m (i0,i)

)

n≥m
❢♦�

❛❧❧ i, j ∈ T ✱ ✇❤✐❝❤ ✐� ❣✐✈❡♥ ❜② 2�♦♣♦�✐�✐♦♥ ✼ ❛♥❞ ❈♦�♦❧❧❛�② ✷ ❢�♦♠ ❬❙❩✶✾❪✳

✷✳✼✳✷ ❈♦♥✈❡	❣❡♥❝❡ �♦ ❛♥♦�❤❡	 	❡♣	❡�❡♥�❛�✐♦♥✿ �	♦♦❢ ♦❢ ❚❤❡♦	❡♠ ✷✳✶✳✻ ✭✐✐✐✮

▲❡� ✉� �❤♦✇ �❤❛� �❤❡ �❡♣�❡�❡♥�❛�✐♦♥� ♦❢ �❤❡ ❱❘❏2 ❜✉✐❧� ✇✐�❤ Gm ❝♦♥✈❡�❣❡ ✐♥ ❞✐���✐❜✉�✐♦♥ ✇❤❡♥ m → ∞
�♦ �❤❡ �❡♣�❡�❡♥�❛�✐♦♥ ❞❡�❝�✐❜❡❞ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✺✳ ❚♦ �❤♦✇ �❤✐�✱ ✇❡ ✉�❡ ❛ �✐❣❤�♥❡�� ❛�❣✉♠❡♥�✱ ❜❛�❡❞ ♦♥
�❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ �❡❣❛�❞✐♥❣ �❤❡ ❞✐���✐❜✉�✐♦♥ νWV ✳

▲❡♠♠❛ ✷✳✼✳✶✳ ▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❣
❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� W ✳ ❲❡ ❞❡♥♦�❡ G = (Hβ)
−1

❢♦
 β ∈ DW
V ✳ ❚❤❡♥ ❢♦
 ❛❧❧ η ∈ R

V
+✱ ✉♥❞❡
 νWV (dβ)✱ 〈η,Gη〉 ❤❛� �❤❡ �❛♠❡ ❞✐��
✐❜✉�✐♦♥ ❛�

〈η,1〉2
2γ ✱ ✇❤❡
❡ γ ✐�

❛ ●❛♠♠❛ 
❛♥❞♦♠ ✈❛
✐❛❜❧❡ ✇✐�❤ ♣❛
❛♠❡�❡
 (1/2, 1)✳

�
♦♦❢✳ ▲❡� η ∈ R
V
+ ❜❡ ✜①❡❞✳ ❲❡ ✇✐❧❧ ❝♦♠♣✉�❡ �❤❡ ▲❛♣❧❛❝❡ ��❛♥�❢♦�♠ ♦❢ 〈η,Gη〉✿ ❢♦� λ ∈ R+✱

E

[
e−λ〈η,Gη〉

]
=

∫
e−λ〈η,(Hβ)

−1η〉νWV (dβ)

= e−
√
2λ〈η,1〉

∫
e−

1
2 〈

√
2λη,(Hβ)

−1
√
2λη〉e〈

√
2λη,1〉νWV (dβ)

= e−
√
2λ〈η,1〉

∫
νW,

√
2λη

V (dβ) = e−
√
2λ〈η,1〉,

�✐♥❝❡ νW,
√
2λη

V ✐� ❛ ♣�♦❜❛❜✐❧✐�② ♠❡❛�✉�❡✳ ▲❡� ✉� ♥♦✇ ❝♦♠♣✉�❡✱ ❢♦� γ ∼ ●❛♠♠❛(1/2, 1)✱ �❤❡ ▲❛♣❧❛❝❡
��❛♥�❢♦�♠ ♦❢ 1

2γ ✿ ❢♦� λ ∈ R+✱

E

[
e−

λ
2γ

]
=

∫
1u>0

e−u

√
πu

e−
λ
2u du =

∫

v>0

1√
2πv3

e−
1
2 (

1
v
+2λv)dv = e−

√
2λ

∫

v>0

1√
2πv3

e
− 2λ

2v (v− 1√
2λ

)2
dv,

❜② �❛❦✐♥❣ v = 1/2u✳ ❙✐♥❝❡ 1v>0
1√
2πv3

e
− 2λ

2v (v− 1√
2λ

)2
dv ✐� �❤❡ ❞❡♥�✐�② ♦❢ ❛♥ ■♥✈❡��❡ ●❛✉��✐❛♥ ❞✐���✐❜✉�✐♦♥

✇✐�❤ ♣❛�❛♠❡�❡� (1, 1/
√
2λ)✱ ✇❡ ✜♥❛❧❧② ❣❡� E[e−

λ
2γ ] = e−

√
2λ✳ ❚❤❡�❡❢♦�❡✱ ❢♦� ❛❧❧ λ ≥ 0✱

E

[
e−λ〈η,Gη〉

]
= e−

√
2λ〈η,1〉2 = E

[
e−

λ〈η,1〉2
2γ

]
,

✇❤✐❝❤ ♣�♦✈❡� �❤❡ �❡�✉❧�✳
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❋♦� m ≥ 0 ❛♥❞ β ∈ DW
T ✱ ❧❡� ✉� ❞❡✜♥❡✱ ❢♦� i ∈ T ❛♥❞ m ≥ 0✱ �❤❡ ✈❡❝�♦� μ̄

(m)
i ∈ R

Bm ❜② (μ̄
(m)
i )(δx) =

μψ
i (Ωx) ❢♦� ❛❧❧ x ∈ D(m)✳ ❚❤❡♥✱ ❢♦� ρm ∈ DČm

Bm
❛♥❞ i, j ∈ T ✱

∫

Ω2

χ(i, dω)χ(j, dτ)ǧm(ω, τ) = ψ(i)ψ(j)
∑

x,x′∈D(m)

∫

Ωx×Ωx′

μi(dω)μj(dτ)Ǧm(δx, δx′)

= ψ(i)ψ(j)〈μ̄(m)
i , Ǧmμ̄

(m)
j 〉.

❲❡ ❞❡♥♦�❡✱ ❢♦� m ≥ 0 ❛♥❞ i, j ∈ T ✱

a
(m)
i,j =

1

4
〈μ̄(m)

i + μ̄
(m)
j , Ǧm(μ̄

(m)
i + μ̄

(m)
j )〉.

�♦ �❤❛� ✇❡ ❤❛✈❡

Gm(i, j) = Ĝ(i, j) + ψ(i)ψ(j)〈μ̄(m)
i , Ǧmμ̄

(m)
j 〉

= Ĝ(i, j) +
ψ(i)ψ(j)

2

(
4a

(m)
i,j − a

(m)
i − a

(m)
j

)
.

❚❤❡�❡❢♦�❡✱ ✇❡ ❝❛♥ ✇�✐�❡ (Gm(i, j))i,j∈T = Φ
(
(Ĝ(i, j))i,j∈T , (ψ(i))i∈T , (a

(m)
i,j )i,j∈T

)
✱ ✇❤❡�❡ Φ ✐� ❛ ❝♦♥�✐♥✲

✉♦✉� ❢✉♥❝�✐♦♥✳

❲❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② νWT (dβ, dρ) �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ ❛ ❝♦✉♣❧✐♥❣ ♦❢ ❞✐���✐❜✉�✐♦♥� νWT,Bm
(dβ, dρm) ❢♦� ❛❧❧

m ≥ 0✳

▲❡♠♠❛ ✷✳✼✳✷✳ ▲❡� ✉� �❡� Zm =
(
(Ĝ(i, j))i,j∈T , (ψ(i))i∈T , (a

(m)
i,j )i,j∈T

)
❢♦� m ≥ 0✱ ✇❤✐❝❤ �❛❦❡� ✐�� ✈❛❧✉❡�

✐♥ R
T 2 × R

T × R
T 2

✳ ❚❤❡♥ ✉♥❞❡� νWT (dβ, dρ)✱ (Zm)m≥0 ✐� �✐❣❤�✳

��♦♦❢✳ ❋♦� ε > 0✱ ❧❡� Kε ❜❡ ❛ ❝♦♠♣❛❝� �✉❜�❡� ♦❢ R �✉❝❤ �❤❛� 0 ∈ Kε ❛♥❞

P

[
1

2γ
∈ Kε

]
> 1− ε

✇❤❡♥ γ ∼ ●❛♠♠❛(1/2, 1)✳ ▲❡� ✉� ♥♦✇ ✜① m ≥ 0✳ ❘❡❝❛❧❧ �❤❛� Ǧm = (2ρm − Čm)−1✱ ✇❤❡�❡ Čm ✐�

❛ β✲♠❡❛�✉�❛❜❧❡ ♠❛��✐① ♦❢ ❝♦♥❞✉❝�❛♥❝❡� ♦♥ Bm✱ ❛♥❞ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ β✱ ρm ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦

νČm

Bm
✳ ❚❤❡�❡❢♦�❡ ❢♦� i, j ∈ T ✱ ❢�♦♠ ▲❡♠♠❛ ✷✳✼✳✶✱ 〈μ̄(m)

i + μ̄
(m)
j , Ǧm

(
μ
(m)
i + μ̄

(m)
j

)
〉 ❤❛� ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ β

�❤❡ �❛♠❡ ❞✐���✐❜✉�✐♦♥ ❛�
(µψ

i (Ω)+µψ
j (Ω))2

2γ ✱ ✇❤❡�❡ γ ∼ ●❛♠♠❛(1, 1/2)✳ ❚❤✐� ✐♠♣❧✐❡� �❤❛� ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥

{ψ 
≡ 0}✱ a(m)
i,j ❤❛� �❤❡ �❛♠❡ ❞✐���✐❜✉�✐♦♥ ❛� 1

2γ ✱ ❛♥❞ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ {ψ ≡ 0}✱ a(m)
i,j = 0✳ ❆� ❛ �❡�✉❧�✱ ❢♦�

❛❧❧ ε > 0✱

P

[
a
(m)
x,x′ ∈ Kε

]
= P [ψ ≡ 0] + P [ψ 
≡ 0]P

[
1

2γ
∈ Kε

]
> 1− ε.

▲❡� ♥♦✇
(
ã
(m)
k

)

k∈N

❜❡ ❛♥ ❡♥✉♠❡�❛�✐♦♥ ♦❢
(
a
(m)
i,j

)

i,j∈T
✳ ❚❤❡♥ ❢♦� ε > 0✱

P

[
∀k ∈ N, ã

(m)
k ∈ K2−n−1ε

]
≥ 1−

∑

k∈N

2−n−1ε = 1− ε,

✇❤❡�❡ K̃ε =
∏

k∈N
K2−n−1ε ✐� ❛ ❝♦♠♣❛❝� �✉❜�❡� ♦❢ R

N✳ ▼♦�❡♦✈❡�✱ �❤❡ β✲♠❡❛�✉�❛❜❧❡ �❛♥❞♦♠ ✈❛�✐❛❜❧❡(
(Ĝ(i, j))i,j∈T , (ψ(i))i∈T

)
�❛❦❡� ✐�� ✈❛❧✉❡� ✐♥ R

T 2 × R
T ✱ ✇❤❡�❡ T ✐� ❝♦✉♥�❛❜❧❡✳ ❆� ❛ �❡�✉❧�✱ ❢♦� ❛❧❧ ε > 0✱

�❤❡�❡ ✐� ❛ ❝♦♠♣❛❝� �✉❜�❡� K ′
ε ⊂ R

T 2 × R
T �✉❝❤ �❤❛�

P

[(
(Ĝ(i, j))i,j∈T , (ψ(i))i∈T

)
∈ K ′

ε

]
> 1− ε.
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❲❡ ❝❛♥ ♥♦✇ ❝♦♥❝❧✉❞❡ 
❤❛
 ❢♦� ❛❧❧ ε > 0✱

P

[(
(Ĝ(i, j))i,j∈T , (ψ(i))i∈T , (a

(m)
i,j )i,j∈T

)
∈ K̃ε/2 ×K ′

ε/2

]
> 1− ε,

✇❤❡�❡ K̃ε/2 ×K ′
ε/2 ✐� ❝♦♠♣❛❝
✱ ❛♥❞ ❞♦❡� ♥♦
 ❞❡♣❡♥❞ ♦♥ m✳

❆� ❛ �❡�✉❧
✱ 
❤❡�❡ ✐� ❛♥ ❡①
�❛❝
✐♦♥ (mk)k∈N �✉❝❤ 
❤❛
 (Zmk
)k∈N ❝♦♥✈❡�❣❡� ✐♥ ❞✐�
�✐❜✉
✐♦♥ ✉♥❞❡�

νWT (dβ, dρ)✳ ❙✐♥❝❡ Gmk
= Φ(Zmk

) ✇❤❡�❡ Φ ✐� ❝♦♥
✐♥✉♦✉�✱ (Gmk
(i, j))i,j∈T ❛❧�♦ ❝♦♥✈❡�❣❡� ✐♥ ❞✐�
�✐❜✉
✐♦♥

✉♥❞❡� ✉♥❞❡� νWT (dβ, dρ)✱ ❛� ❞♦ 
❤❡ �❛♥❞♦♠ ❥✉♠♣ �❛
❡� (r
(mk),φ
i,j )i,j∈T ✳ ▲❡
 ✉� �❤♦✇ 
❤❛
 
❤❡ ❧✐♠✐
 ❞✐�
�✐✲

❜✉
✐♦♥ ♦❢ 
❤❡ ❡♥✈✐�♦♥♠❡♥
 ❞♦❡� ♥♦
 ❞❡♣❡♥❞ ♦♥ 
❤❡ ❡①
�❛❝
✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ♠❡❛♥ 
❤❛
 ((r
(m),φ
i,j )i,j∈T )m∈N

❝♦♥✈❡�❣❡� ✐♥ ❞✐�
�✐❜✉
✐♦♥✱ �✐♥❝❡ ✐
 ✐� 
✐❣❤
✳

▲❡♠♠❛ ✷✳✼✳✸✳ ❋♦� m ≥ 1 ❛♥❞ ❢♦� ❛❧❧ n ≥ m✱ ✉♥❞❡� �❤❡ ❞✐���✐❜✉�✐♦♥ νWT (dβ)ν
W̌ (n)

m

Bm
(dβ′)✱ �❤❡ �❛♥❞♦♠

✈❛�✐❛❜❧❡�
(

G(n)
m (φ,i)

G
(n)
m (φ, �i)

)

i∈T (m)\{φ}
❛�❡ ✐♥❞❡♣❡♥❞❡♥� ✐♥✈❡��❡ ●❛✉��✐❛♥ ✈❛�✐❛❜❧❡�✱ ✇❤❡�❡

G(n)
m (φ,i)

G
(n)
m (φ, �i)

❤❛� ♣❛�❛♠❡�❡�

(W �i,i, 1) ❢♦� i ∈ T (m)\{φ}✳

��♦♦❢✳ ▲❡
 ✉� ✜① 1 ≤ m ≤ n✳ ❋♦� i ∈ T (m)\{φ}✱ ✇❡ ❞❡♥♦
❡ gi =
G(n)

m (φ,i)

G
(n)
m (φ, �i)

✳ ❙✐♥❝❡ |i| ≤ m✱ ❛♥② ♣❛
❤ ✐♥ G(n)
m

❢�♦♠ φ 
♦ i ❝�♦��❡� �i✱ �♦ ❢�♦♠ #�♦♣♦�✐
✐♦♥ ✷✳✷✳✸ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✱

gi =
G

(n)
m ( �i, i)

G
(n)
m ( �i, �i)

=
∑

j∼ �i

W �i,j

∑

σ∈PT̃
(n)
m \{ �i}

j,i

(W̃
(n)
m )σ

(2β
(n)
m )σ

.

❋♦� i ∈ T (m)\{φ}✱ ❧❡
 ✉� ❞❡♥♦
❡ ❜② T̃i 
❤❡ ❝♦♥♥❡❝
❡❞ ❝♦♠♣♦♥❡♥
 ♦❢ i ✐♥ T̃
(n)
m \{ �i}✱ ✐✳❡✳ T̃i = T

(n)
m ∪{δx, x ∈

D(m) ∩ Ti}✱ ❡♥❞♦✇❡❞ ✇✐
❤ 
❤❡ �❡�
�✐❝
✐♦♥ ♦❢ W̃
(n)
m ✳ ❚❤✐� ✇❛②✱ ✇❡ ❣❡


gi = W �i,i

∑

σ∈PT̃i
i,i

(W̃
(n)
m )σ

(2β
(n)
m )σ

= W �i,i

(
(H

(n)
β )T̃i,T̃i

)−1

(i, i),

�♦ gi ✐� (β
(n)
m )T̃i

✲♠❡❛�✉�❛❜❧❡✳

❚♦ ♣�♦✈❡ 
❤❛
 (gi)i∈T (m)\{φ} ❛�❡ ✐♥❞❡♣❡♥❞❡♥
✱ ✐
 ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ 
♦ �❡❡ 
❤❛
 ❢♦� i ∈ T (m)\{φ}✱ gi ✐�
✐♥❞❡♣❡♥❞❡♥
 ♦❢ g

U
(m)
i

✱ ❛♥❞ 
❤❛
 ❢♦� x ∈ T (m−1)✱ 
❤❡ �❡�
�✐❝
✐♦♥� (gT̃i
)i∈S(x) ❛�❡ ✐♥❞❡♣❡♥❞❡♥
✳

❲�✐
✐♥❣
(
(H

(n)
β )T̃i,T̃i

)−1

(i, i) ❛� ❛ ❙❝❤✉� ❝♦♠♣❧❡♠❡♥
✱ ✇❡ �❡❡ 
❤❛
✱ ✐❢ ✇❡ �❡
 Ũi = T̃i\{i}✱

gi =
W �i,i

2(β
(n)
m )i −

∑
j,j′∈S(i) Wi,jWi,j′

(
(H

(n)
β )Ũi,Ũi

)−1

(j, j′)
=

W �i,i

Ȟ
{i}
β

.

❋�♦♠ #�♦♣♦�✐
✐♦♥ ✷✳✷✳✷✱ ❝♦♥❞✐
✐♦♥❛❧❧② ♦♥ (β
(n)
m )Ũi

✱ 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢ (β
(n)
m )i ✐� ❣✐✈❡♥ ❜②

√
2

π

1
Ȟ

{i}
β

>0√
det(Ȟ

{i}
β )

e
− 1

2

(

Ȟ
{i}
β

+W 2
�i,i
(Ȟ

{i}
β

)−1
)

eW �i,id(β(n)
m )i,
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�♦ ❜② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛�✐❛❜❧❡�✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ gi ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (β
(n)
m )Ũi

✐�

1gi>0

√
W �i,i

2πg3i
e
−

W �i,i
2gi

(gi−1)2
dgi,

✐✳❡✳ gi ∼ IG(W �i,i, 1)✳ ❙✐♥❝❡ �❤✐� ❞✐���✐❜✉�✐♦♥ ❞♦❡� ♥♦� ❞❡♣❡♥❞ ♦♥ (β
(n)
m )Ũi

✱ gi ✐� ✐♥❞❡♣❡♥❞❡♥� ♦❢ (β
(n)
m )Ũi

✳

❋♦� ❛❧❧ j ∈ U
(m)
i ✱ T̃j ⊂ Ũi✱ �♦ gj ✐� (β

(n)
m )Ũi

✲♠❡❛�✉�❛❜❧❡✳ ❚❤❡�❡❢♦�❡✱ gi ✐� ✐♥❞❡♣❡♥❞❡♥� ♦❢ g
U

(m)
i

✳

▼♦�❡♦✈❡�✱ ❢♦� x ∈ T (m−1)✱ �❤❡ �❡�� (T̃i)i∈S(x) ❛�❡ ❛❧❧ ❛� ❞✐��❛♥❝❡ 2 ❢�♦♠ ♦♥❡ ❛♥♦�❤❡� ✐♥ G(n)
m ✳ ❙✐♥❝❡

β(n) ✐� 1✲❞❡♣❡♥❞❡♥�✱ �❤❡ �❡���✐❝�✐♦♥� (β
(n)

T̃i
)i∈S(x) ❛�❡ ✐♥❞❡♣❡♥❞❡♥�✳ ❋♦� j ∈ T̃i✱ ✇❡ ❤❛✈❡ T̃j ⊂ T̃i✱ �♦ gj ✐�

β
(n)

T̃i
✲♠❡❛�✉�❛❜❧❡✳ ❚❤❡�❡❢♦�❡ �❤❡ �❡���✐❝�✐♦♥� (gT̃i

)i∈S(x) ❛�❡ ✐♥❞❡♣❡♥❞❡♥�✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡� �❤❡ ♣�♦♦❢✳

❋♦� m ≥ 1✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ G
(n)
m ✉♥❞❡� νWT (dβ)ν

W̌ (n)
m

Bm
(dβ′) ❝♦♥✈❡�❣❡� ✇❡❛❦❧② �♦ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢

Gm ✉♥❞❡� νWT,Bm
(dβ, dρm)✳ ■❢ ✇❡ ❞❡♥♦�❡ g

(m)
i = Gm(φ,i)

Gm(φ, �i)
❢♦� i ∈ T (m)\{φ}✱ ❛♥❞ �❛❦❡ �❤❡ ❧✐♠✐� ✐♥ ▲❡♠♠❛

✷✳✼✳✸✱ ✇❡ ❣❡� �❤❛� ✉♥❞❡� νWT,Bm
(dβ, dρm)✱ (g

(m)
i )i∈T (m)\{φ} ❛�❡ ✐♥❞❡♣❡♥❞❡♥�✱ ❛♥❞ g

(m)
i ∼ IG(W �i,i, 1) ❢♦�

i ∈ T (m)\{φ}✳ ❘❡❝❛❧❧ �❤❛� �❤❡ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� ❛��♦❝✐❛�❡❞ ✇✐�❤ Gm ✐� ❣✐✈❡♥ ❜② �❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉♠♣

�❛�❡�✿

rβ,ρm,φ
�i,i

=
W �i,i

2

Gm(φ, i)

Gm(φ, �i)
❛♥❞ rβ,ρm,φ

i, �i
=

W �i,i

2

Gm(φ, �i)

Gm(φ, i)
,

❢♦� ❛❧❧ i ∈ T\{φ}✱ ❛♥❞ rβ,ρm,φ
i,j = 0 ✐❢ i 
∼ j✳

▲❡� ♥♦✇ (mk)k∈N ❜❡ ❛♥ ❡①��❛❝�✐♦♥ �✉❝❤ �❤❛� ✉♥❞❡� νWT (dβ, dρ)✱ (r
β,ρmk

,φ

i,j )i,j∈T ❝♦♥✈❡�❣❡� ✐♥ ❞✐���✐✲

❜✉�✐♦♥ �♦ ❛ ❧✐♠✐� ❡♥✈✐�♦♥♠❡♥� (r
(∞),φ
i,j )i,j∈T ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ r

(∞),φ
i,j = 0 ❢♦� i 
∼ j✳ ▼♦�❡♦✈❡�✱ ❧❡� ✉�

�❡� g
(∞)
i = 2

W �i,i
r
(∞),φ
�i,i

❢♦� i ∈ T\{φ}✳ ◆♦�❡ �❤❛� ❢♦� ❛❧❧ m ∈ N✱ ✐❢ k ✐� �✉❝❤ �❤❛� mk ≥ m✱ ✇❡ ❤❛✈❡

T (m) ⊂ T (mk) �♦ ❢♦� ❛❧❧ i ∈ T (m)\{φ}✱

r
β,ρmk

,φ

�i,i
=

W �i,i

2
g
(mk)
i ❛♥❞ r

β,ρmk
,φ

i, �i
=

W �i,i

2g
(mk)
i

.

❚❛❦✐♥❣ k → ∞✱ ✇❡ ❣❡� �❤❛� (g
(mk)
i )i∈T (m)\{φ} ❝♦♥✈❡�❣❡� ✐♥ ❞✐���✐❜✉�✐♦♥ �♦ (g

(∞)
i )i∈T (m)\{φ}✱ ✇❤✐❝❤ ✐♠♣❧✐❡�

�❤❛� (g
(∞)
i )i∈T (m)\{φ} ❛�❡ ✐♥❞❡♣❡♥❞❡♥�✳ ❙✐♥❝❡ �❤✐� ✐� ��✉❡ ❢♦� ❛❧❧ m ≥ 0✱ (g

(∞)
i )i∈T\{φ} ❛�❡ ✐♥❞❡♣❡♥❞❡♥�✳

▼♦�❡♦✈❡�✱ ❢♦� ❛❧❧ i ∈ T\{φ}✱ g(∞)
i ∼ IG(W �i,i, 1) ❛♥❞

r
(∞),φ
�i,i

=
W �i,i

2
g
(∞)
i ❛♥❞ r

(∞),φ

i, �i
=

W �i,i

2g
(∞)
i

.

❚❤❡ �❛♥❞♦♠ ❡♥✈✐�♦♥♠❡♥� ❣✐✈❡♥ ❜② �❤❡�❡ ❥✉♠♣ �❛�❡� ✐� ✐♥ ❢❛❝� �❤❡ ♦♥❡ ❞❡�❝�✐❜❡❞ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✺✱

❤❡♥❝❡ ✐�� ❞✐���✐❜✉�✐♦♥ ❞♦❡� ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ ❡①��❛❝�✐♦♥ (mk)k∈N✳ ❙✐♥❝❡ �❤❡ �❡*✉❡♥❝❡ ♦❢ ❥✉♠♣ �❛�❡�

((rβ,ρm,φ
i,j )i,j∈T )m≥1 ✐� �✐❣❤�✱ �❤✐� ✐♠♣❧✐❡� �❤❛� ✉♥❞❡� νWT (dβ, dρ)✱ ✐� ❝♦♥✈❡�❣❡� ✐♥ ❞✐���✐❜✉�✐♦♥ �♦ �❤❡ �❛♥❞♦♠

❡♥✈✐�♦♥♠❡♥� ❣✐✈❡♥ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✺✳

✷✳✼✳✸ ❉✐��✐♥❝� �❡♣�❡�❡♥�❛�✐♦♥� ♦♥ ❛ �❡❣✉❧❛� ��❡❡✿ ��♦♦❢� ♦❢ ��♦♣♦�✐�✐♦♥� ✷✳✶✳✼ ❛♥❞

✷✳✶✳✽

▲❡� ✉� ��❛�� ❜② ♣�♦✈✐♥❣ �❤❛� ♦♥ �❡❣✉❧❛� ��❡❡� ✇❤❡�❡ �❤❡ ❱❘❏- ✐� ��❛♥�✐❡♥�✱ �❤❡ ��❛♥❞❛�❞ �❡♣�❡�❡♥�❛�✐♦♥

❛♥❞ �❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✺ ❛�❡ ❞✐✛❡�❡♥�✳
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��♦♦❢ ♦❢ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✼✳ ▲❡� T = (T,E) ❜❡ ❛ d✲	❡❣✉❧❛	 �	❡❡✱ ✇❤❡	❡ d ≥ 3✳ ■� ✇❛� �❤♦✇♥ ✐♥ ❬❉❱✵✹❪
�❤❛� �❤❡	❡ ❡①✐��� ❛ W > 0 �✉❝❤ �❤❛� ❢♦	 W > W ✱ �❤❡ ❱❘❏ ♦♥ T ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥��❛♥� ❝♦♥❞✉❝�❛♥❝❡�
W ✐� ❛❧♠♦�� �✉	❡❧② �	❛♥�✐❡♥�✳ ◆♦�❡ �❤❛� �❤❡ ❱❘❏ ✐� ❞❡✜♥❡❞ ✐♥ ❛ �❧✐❣❤�❧② ❞✐✛❡	❡♥� ♠❛♥♥❡	 ✐♥ ❬❉❱✵✹❪✱
❜✉� ✐� ❝❛♥ ❜❡ 	❡❧❛�❡❞ �♦ �❤❡ ❞❡✜♥✐�✐♦♥ ✉�❡❞ ❤❡	❡✱ �❤❛♥❦� �♦ ❛ �✐♠❡ 	❡�❝❛❧✐♥❣ ❞❡�❝	✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇ ♦❢
❬❙❚❩✶✼❪✳ ❋	♦♠ ♥♦✇ ♦♥✱ ✇❡ �❛❦❡ W > W ✳

❲❡ ❝♦♥�✐❞❡	 ❥✉♠♣ 	❛�❡� (ri,j)i∼j ♦♥ �❤❡ �	❡❡ T ✳ ▲❡� φ ❜❡ ❛♥ ❛	❜✐�	❛	② 	♦♦� ❢♦	 T ✱ ❛♥❞ ❧❡� (ik)k≥0 ❜❡ ❛♥
✐♥✜♥✐�❡ �❡❧❢✲❛✈♦✐❞✐♥❣ ♣❛�❤ ✭♦	 	❛②✮ ✐♥ T ✱ �✉❝❤ �❤❛� ❢♦	 k ≥ 0✱ |ik| = k✳ ▲❡� ✉� ❞❡✜♥❡ Sn =

∏n
k=1

2
W rik−1,ik ✳

❲❡ ✇✐❧❧ ❝♦♠♣❛	❡ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ Sn ✉♥❞❡	 �✇♦ ❞✐��	✐❜✉�✐♦♥ ♦❢ ❥✉♠♣ 	❛�❡�✳
▲❡� Rind(dr) ❜❡ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ ❥✉♠♣ 	❛�❡� ✐♥ �❤❡ 	❡♣	❡�❡♥�❛�✐♦♥ ❞❡�❝	✐❜❡❞ ✐♥ ❚❤❡♦	❡♠ ✷✳✶✳✺✳

❯♥❞❡	 Rind(dr)✱ ✇❡ ❦♥♦✇ �❤❛� Sn ❤❛� �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢
∏n

i=1 Aik ✱ ✇❤❡	❡ Aik ❛	❡ ✐♥❞❡♣❡♥❞❡♥� ✐♥✈❡	�❡
●❛✉��✐❛♥ ✈❛	✐❛❜❧❡� ✇✐�❤ ♣❛	❛♠❡�❡	 (W, 1)✳ ◆♦�❡ �❤❛� E[A1] = 1✱ �♦ ❜② ❏❡♥�❡♥✬� ✐♥❡:✉❛❧✐�②✱ E[log(A1)] < 0✳

❇② �❤❡ ❧❛✇ ♦❢ ❧❛	❣❡ ♥✉♠❜❡	�✱ ✇❡ �❤❡♥ ❤❛✈❡ ❛✳�✳ �❤❛�
∑n

k=1 log(Ai) −−−−→
n→∞

−∞✱ �♦ �❤❛� Sn
a.s.−−−−→

n→∞
0✳

▲❡� ♥♦✇ Rst(dr) ❜❡ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ ❥✉♠♣ 	❛�❡� ✐♥ �❤❡ ��❛♥❞❛	❞ 	❡♣	❡�❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱❘❏ ��❛	�❡❞
❛� φ = i0✳ ❯♥❞❡	 Rst(dr)✱ ❚❤❡♦	❡♠ ✷✳✶✳✷ �❡❧❧� ✉� �❤❛� Sn ❤❛� �❤❡ �❛♠❡ ❞✐��	✐❜✉�✐♦♥ ❛�

n∏

k=1

G(i0, ik)

G(i0, ik−1)
=

G(i0, in)

G(i0, i0)
=

Ĝ(i0, in) +
1
2γψ(i0)ψ(in)

G(i0, i0)

✉♥❞❡	 νWV (dβ, dγ)✱ ✇❤❡	❡ ❛❝❝♦	❞✐♥❣ �♦  	♦♣♦�✐�✐♦♥ ✷✳✶✳✻✱ ψ(i) > 0 ❛✳�✳ ❢♦	 ❛❧❧ i ∈ T ✳ ▼♦	❡♦✈❡	✱ �✐♥❝❡ �❤❡
❞✐��	✐❜✉�✐♦♥ ♦❢ ψ ✉♥❞❡	 νWV (dβ) ✐� ��❛�✐♦♥❛	② ❢♦	 �❤❡ ❣	♦✉♣ ♦❢ �	❛♥�❢♦	♠❛�✐♦♥� ♦❢ T ✭�❡❡  	♦♣♦�✐�✐♦♥ ✸ ✐♥
❬❙❩✶✾❪✮✱ ψ(in) ❤❛� �❤❡ �❛♠❡ ❞✐��	✐❜✉�✐♦♥ ❛� ψ(i0) ❢♦	 ❛❧❧ n ∈ N✱ ❛♥❞ ❝❛♥♥♦� �❡♥❞ �♦ 0 ❛✳�✳ ✇❤❡♥ n → ∞✳
❚❤❡	❡❢♦	❡✱ ♥❡✐�❤❡	 ❝❛♥ Sn ✉♥❞❡	 Rst(dr)✱ ✇❤✐❝❤ ♣	♦✈❡� �❤❛� Rst ❛♥❞ Rind ❛	❡ ❞✐✛❡	❡♥�✳

❲❡ ✇✐❧❧ ♥♦✇ ♣	♦✈❡  	♦♣♦�✐�✐♦♥ ✷✳✶✳✽✱ ✐✳❡✳ �❤❛� ♦♥ ❛ d✲	❡❣✉❧❛	 �	❡❡ ✇✐�❤ d ≥ 3✱ ❢♦	 ❝♦♥��❛♥� W ❧❛	❣❡
❡♥♦✉❣❤ �♦ �❤❛� �❤❡ ❱❘❏ ✐� �	❛♥�✐❡♥�✱ �❤❡ 	❡♣	❡�❡♥�❛�✐♦♥� ✐♥ �❤❡ ❢❛♠✐❧② ❣✐✈❡♥ ❜② ❚❤❡♦	❡♠ ✷✳✶✳✻ ❛	❡ ❛❧❧
❞✐✛❡	❡♥�✳ ■♥ ♦	❞❡	 �♦ ❞♦ �❤✐�✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛	❡ �❤❡ ❞✐��	✐❜✉�✐♦♥ ♦❢ �❤❡ 	❛♥❞♦♠ ❤❛	♠♦♥✐❝ ♠❡❛�✉	❡� ❢♦	 ❡❛❝❤
	❡♣	❡�❡♥�❛�✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣  	♦♣♦�✐�✐♦♥ ❣✐✈❡� ❛♥ ❡①♣	❡��✐♦♥ ❢♦	 �❤❡ ♠❡❛�✉	❡ ♦❢ �❡�� Ωx✱ ❢♦	 x ∈ T ✳ ❲❡ ✇✐❧❧ �❡❡ ❤♦✇
�❤✐� ❡①♣	❡��✐♦♥ ❜❡❤❛✈❡� ❞✐✛❡	❡♥�❧② ✇❤❡�❤❡	 ♦	 ♥♦� |x| > m✳

��♦♣♦�✐�✐♦♥ ✷✳✼✳✶✳ ▲❡� m ∈ N ❜❡ ✜①❡❞✳ ❲❡ ❛❧�♦ ✜① β ∈ DW
T ❛♥❞ ρm ∈ DČm

Bm
✳ ❲❡ ❞❡♥♦�❡ ❜② μβ,ρm,φ

φ �❤❡

❡①✐�✐♥❣ ♠❡❛�✉�❡ ♦❢ �❤❡ ��❛♥�✐❡♥� ▼❛�❦♦✈ ♣�♦❝❡�� P
β,ρm,φ
φ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦�❡♠ ✷✳✶✳✻✳ ❚❤❡♥ ❢♦� x ∈ T ✱

μβ,ρm,φ
φ (Ωx) =

∫
Ω×Ωx

χ(φ, dω)ǧm(ω, τ)χ(φ, dτ)
∫
Ω2 χ(φ, dω)ǧm(ω, τ)χ(φ, dτ)

.

��♦♦❢✳ ❲❡ ❞❡♥♦�❡ μ = μβ,ρm,φ
φ ✳ ▲❡� g ❜❡ �❤❡ ●	❡❡♥ ❢✉♥❝�✐♦♥ ❛��♦❝✐❛�❡❞ ✇✐�❤ �❤❡ ❞✐�❝	❡�❡ ▼❛	❦♦✈ ❝❤❛✐♥

❛��♦❝✐❛�❡❞ ✇✐�❤ P
β,ρm,φ✱ ✐✳❡✳ ✇✐�❤ ❥✉♠♣ 	❛�❡� rβ,ρm,φ

i,j =
Wi,j

2
Gm(φ,j)
Gm(φ,i) ✳ ▲❡� ✉� ❞❡♥♦�❡✱ ❢♦	 i, j ∈ T ✱

f(i, j) = g(i,j)
g(j,j) ✳ ❚❤❡♥ ❢	♦♠  	♦♣♦�✐�✐♦♥ ✷✳✷✳✺✱ ✇❡ ❣❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣	❡��✐♦♥ ❢♦	 x 
= φ✿

μ(Ωx) = f(φ, x)
1− f(x, �x)

1− f(x, �x)f( �x, x)
.

❋♦	 i, j ∈ T ✱ ✇❡ ❤❛✈❡

g(i, j) =
∑

k∈N

P
β,ρm,φ
i [Xk = j] =

∑

σ∈PT
i,j

|σ|−1∏

k=0

rβ,ρm,φ
σk,σk+1

β̃σk

=
Gm(φ, j)

Gm(φ, i)

∑

σ∈PT
i,j

Wσ

(2β̃)−σ
,
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✇❤❡�❡ β̃i =
∑

j∼i r
β,ρm,φ
i,j ❛�❡ �❤❡ �❛�❡	 ♦❢ �❤❡ ❝♦��❡	♣♦♥❞✐♥❣ ❤♦❧❞✐♥❣ �✐♠❡	✳ ◆♦�❡ �❤❛� β̃i = βi −

1{i=φ}
1

2Gm(φ,φ) ❢♦� i ∈ T ✳ ■♥ ♣❛��✐❝✉❧❛�✱ ✐❢ ❛ ♣❛�❤ σ ♥❡✈❡� ❝�♦		❡	 φ✱ �❤❡♥ (2β̃)σ = (2β)σ✳

▲❡� ✉	 ❞❡♥♦�❡ G̃(i, j) =
∑

σ∈PT
i,j

Wσ

(2β̃)σ
❛♥❞ F̃ (i, j) = G̃(i,j)

G̃(j,j)
✱ �❤❡♥

g(i, j) =
Gm(φ, j)

Gm(φ, i)
G̃(i, j)2β̃j , ❛♥❞ f(i, j) =

Gm(φ, j)

Gm(φ, i)

G̃(i, j)

G̃(j, j)
=

Gm(φ, j)

Gm(φ, i)
F̃ (i, j).

❚❤❡ ❡①♣�❡		✐♦♥ ❢♦� �❤❡ ♠❡❛	✉�❡ ❜❡❝♦♠❡	

μ(Ωx) =
Gm(φ, x)

Gm(φ, φ)

G̃(φ, x)

G̃(x, x)

⎛
⎝1− Gm(φ, �x)

Gm(φ,x) F̃ (x, �x)

1− F̃ (x, �x)F̃ ( �x, x)

⎞
⎠

=
G̃(φ, x)

Gm(φ, φ)

(
Gm(φ, x)−Gm(φ, �x)F̃ (x, �x)

G̃(x, x)− F̃ (x, �x)G̃( �x, x)

)
.

▲❡� ✉	 ❝♦♠♣✉�❡ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡�♠	✿ ✜�	�❧②✱

G̃(x, x)− F̃ (x, �x)G̃( �x, x) = G̃(x, x)− F̃ (x, �x)G̃( �x, �x)F̃ (x, �x)

=
∑

σ∈PT
x,x

Wσ

(2β̃)σ
−

∑

σ∈PT
x,{ �x},x

Wσ

(2β̃)σ
=

∑

σ∈PTx
x,x

Wσ

(2β̃)σ
.

■♥❞❡❡❞✱ ♣❛�❤	 ❢�♦♠ x �♦ x �❤❛� ❞♦ ♥♦� ❝�♦		 �x ❤❛✈❡ �♦ 	�❛② ✐♥ �❤❡ ❝♦♥♥❡❝�❡❞ ❝♦♠♣♦♥❡♥� ♦❢ x ✐♥ T\{ �x}✱
✇❤✐❝❤ ✐	 Tx✱ ✐✳❡✳ PT

x,x\PT
x,{ �x},x = PTx

x,x✳ ▼♦�❡♦✈❡�✱ φ /∈ Tx✱ 	♦ ❢♦� σ ∈ PTx
x,x✱ (2β̃)σ = (2β)σ✳ ❆	 ❛ �❡	✉❧�✱

G̃(x, x)− F̃ (x, �x)G̃( �x, x) =
∑

σ∈PTx
x,x

Wσ

(2β)σ
= ĜTx(x, x).

❙❡❝♦♥❞❧②✱

Gm(φ, x)−Gm(φ, �x)F̃ (x, �x) = Ĝ(φ, x)− Ĝ(φ, �x)F̃ (x, �x)

+

∫

Ω2

χ(φ, dω)ǧm(ω, τ)
(
χ(x, dτ)− F̃ (x, �x)χ( �x, dτ)

)
.

◆♦�❡ �❤❛� ✐❢ σ ∈ PT\{ �x}
x, �x ✱ �❤❡♥ σk ∈ Tx ❢♦� k ≤ |σ| − 1✱ 	♦ (2β̃)−σ = (2β)−σ ✳ ❚❤❡�❡❢♦�❡✱ F̃ (x, �x) = F̂ (x, �x)✳

▼♦�❡♦✈❡�✱ 	✐♥❝❡ PT
φ,x = PT

φ,{ �x},x✱ ✇❡ ❤❛✈❡

Ĝ(φ, x)− Ĝ(φ, �x)F̂ (x, �x) = 0.

❘❡❝❛❧❧ ❛❧	♦ �❤❛� �❤❡ ❞❡♥	✐�② ♦❢ χ(x, ·) ✇✐�❤ �❡	♣❡❝� �♦ χ(φ, ·) ✐	 τ �→ F̂ (x,x∧τ)

F̂ (φ,x∧τ)
✳ ❆	 ❛ �❡	✉❧�✱

Gm(φ, x)−Gm(φ, �x)F̃ (x, �x) =

∫

Ω2

χ(φ, dω)ǧm(ω, τ)
(
χ(x, dτ)− F̂ (x, �x)χ( �x, dτ)

)

=

∫

Ω2

χ(φ, dω)ǧm(ω, τ)χ(φ, dτ)

(
F̂ (x, x ∧ τ)

F̂ (φ, x ∧ τ)
− F̂ (x, �x)

F̂ ( �x, �x ∧ τ)

F̂ (φ, �x ∧ τ)

)
.

❋♦� τ /∈ Ωx✱ x ∧ τ = �x ∧ τ ❛♥❞ ♣❛�❤	 ❢�♦♠ x �♦ �x ∧ τ ❝�♦		 �x✳ ❚❤❡�❡❢♦�❡✱

F̂ (x, x ∧ τ)

F̂ (φ, x ∧ τ)
− F̂ (x, �x)

F̂ ( �x, �x ∧ τ)

F̂ (φ, �x ∧ τ)
=

F̂ (x, �x ∧ τ)− F̂ (x, �x)F̂ ( �x, �x ∧ τ)

F̂ (φ, �x ∧ τ)
= 0.
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❋♦� τ ∈ Ωx✱ x ∧ τ = x ❛♥❞ �x ∧ τ = �x✱ 
♦

F̂ (x, x ∧ τ)

F̂ (φ, x ∧ τ)
− F̂ (x, �x)

F̂ ( �x, �x ∧ τ)

F̂ (φ, �x ∧ τ)
=

Ĝ(x, x)

Ĝ(φ, x)
− F̂ (x, �x)

Ĝ( �x, �x)

Ĝ(φ, �x)

=
Ĝ(x, x)− F̂ (x, �x)Ĝ( �x, �x)F̂ ( �x, x)

Ĝ(φ, x)
=

ĜTx(x, x)

Ĝ(φ, x)
.

❆
 ❛ �❡
✉❧�✱ ✇❡ ❤❛✈❡

Gm(φ, x)−Gm(φ, �x)F̃ (x, �x) =
ĜTx(x, x)

Ĝ(φ, x)

∫

Ω×Ωx

χ(φ, dω)ǧm(ω, τ)χ(φ, dτ).

❋♦� x 
= φ✱ ✇❡ ✜♥❛❧❧② ❣❡�

μ(Ωx) =
G̃(φ, x)

Gm(φ, φ)Ĝ(φ, x)

∫

Ω×Ωx

χ(φ, dω)ǧm(ω, τ)χ(φ, dτ)

=
G̃(φ, φ)

Ĝ(φ, φ)

∫

Ω×Ωx

χ(φ, dω)ǧm(ω, τ)χ(φ, dτ)


✐♥❝❡ F̃ (x, φ) = F̂ (x, φ)✳ ▼♦�❡♦✈❡�✱ ❜② 
✉♠♠✐♥❣ ♦✈❡� x ∈ S(φ)✱ ✇❡ ❤❛✈❡ �❤❡ 
❛♠❡ ❡①♣�❡

✐♦♥ ❢♦� μ(Ωφ) =
μ(Ω)✿

1 = μ(Ω) =
G̃(φ, φ)

Gm(φ, φ)Ĝ(φ, φ)

∫

Ω2

χ(φ, dω)ǧm(ω, τ)χ(φ, dτ).

❆
 ❛ �❡
✉❧�✱ ❢♦� ❛❧❧ x ∈ T ✱

μ(Ωx) =

∫
Ω×Ωx

χ(φ, dω)ǧm(ω, τ)χ(φ, dτ)
∫
Ω2 χ(φ, dω)ǧm(ω, τ)χ(φ, dτ)

.

��♦♦❢ ♦❢ ��♦♣♦�✐�✐♦♥ ✷✳✶✳✽✳ ▲❡� T ❜❡ ❛ d✲�❡❣✉❧❛� ��❡❡✱ ✇✐�❤ d ≥ 3✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥
�❛♥� ❝♦♥❞✉❝�❛♥❝❡

W 
✉❝❤ �❤❛� P[∀i ∈ T, ψ(i) > 0] = 1✳ ◆♦�❡ �❤❛� (T ,W ) ✐
 ✈❡��❡① ��❛♥
✐�✐✈❡✱ 
♦ ✐� ✐
 ❡♥♦✉❣❤ �♦ 
❤♦✇

�❤❡ ♣�♦♣♦
✐�✐♦♥ ❢♦� i0 = φ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐
 ❛ ❝♦♥
❡$✉❡♥❝❡ ♦❢ �❤❡ 
②♠♠❡��✐❡
 ♦❢ (T ,W )✱ ❛♥❞
❣✉❛�❛♥�❡❡
 �❤❛� ❛❧♠♦
� 
✉�❡❧②✱ �❤❡ ❡①✐�✐♥❣ ♠❡❛
✉�❡ ❣✐✈❡
 ✇❡✐❣❤� �♦ �❤❡ ✇❤♦❧❡ ❜♦✉♥❞❛�② Ω✳

▲❡♠♠❛ ✷✳✼✳✹✳ ❆❧♠♦�� �✉�❡❧② ✉♥❞❡� νWT (dβ)✱ ❢♦� ❛❧❧ x 
= φ✱ χ(φ,Ωx) > 0✳

��♦♦❢✳ ❋♦� ❛❧❧ x 
= φ✱ ✇❡ ❞❡✜♥❡ χ̂x = ψ(x) − F̂ (x, �x)ψ( �x)✳ ❚❤❡♥ χ(φ,Ωx) = F̂ (φ, x) χ̂x

1−F̂ (x, �x)F̂ ( �x,x)
✱ ❛♥❞

P[χ(φ,Ωx) > 0] = P[χ̂x > 0]✳
◆♦�❡ �❤❛�

ψ(n)(x)− F̂ (n)(x, �x)ψ(n)( �x) =
∑

y∈Tx∩D(n)

⎛
⎜⎝

∑

σ∈PT
(n)
x

x,y

Wσ

(2β)σ

⎞
⎟⎠ η(n)y

✐
 βTx
✲♠❡❛
✉�❛❜❧❡✳ ❚❤❡�❡❢♦�❡✱ �❛❦✐♥❣ �❤❡ ❧✐♠✐� ✇❤❡♥ n → ∞ 
❤♦✇
 �❤❛� χ̂x ✐
 ❛❧
♦ βTx

✲♠❡❛
✉�❛❜❧❡✳ ❆
 ❛

�❡
✉❧�✱ ❣✐✈❡♥ ❛ ✜①❡❞ m ≤ 1✱ �❤❡ �❛♥❞♦♠ ✈❛�✐❛❜❧❡
 (χ̂x)x∈D(m) ❛�❡ ✐♥❞❡♣❡♥❞❡♥�✱ 
✐♥❝❡ νWV ✐
 1✲❞❡♣❡♥❞❡♥�✱
❛♥❞ ❤❛✈❡ �❤❡ 
❛♠❡ ❞✐
��✐❜✉�✐♦♥✱ 
✐♥❝❡ νWV ✐
 ✐♥✈❛�✐❛♥� ✉♥❞❡� �❤❡ ❣�♦✉♣ ♦❢ ❛✉�♦♠♦�♣❤✐
♠
 ♦❢ T ✳

▼♦�❡♦✈❡�✱ ✇❡ ❤❛✈❡ ψ(φ) =
∑

y∈D(m) F̂ (φ, y)
χ̂y

1−F̂ (y, �y)F̂ ( �y,y)
✱ 
♦

P[ψ(φ) = 0] = P[∀y ∈ D(m), χ̂y = 0] = P[χ̂x = 0]|D
(m)|
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❢♦� ❛♥② x ∈ D(m)✳ ❙✐♥❝❡ P[ψ(φ) = 0] = 0✱ ✇❡ ❣❡� P[χ̂x = 0] = 0 ❢♦� ❛❧❧ x ∈ D(m) ❛♥❞ ❛❧❧ m ≥ 1✱ ✇❤✐❝❤
✐♠♣❧✐❡� �❤❛� ❛❧♠♦�� �✉�❡❧②✱ ❢♦� ❛❧❧ x 
= φ✱ χ(φ,Ωx) > 0✳

▲❡� ✉� ✜① m > m′✱ ❛♥❞ ❞❡♥♦�❡ μ(m) = μβ,ρm,φ
φ ❛♥❞ μ(m′) = μ

β,ρm′ ,φ
φ ✳ ▲❡� x ∈ D(m) ❜❡ ✜①❡❞✱ ♥♦�❡ �❤❛�

x 
= φ✳ ❲❡ ❞❡✜♥❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥��✿

A(m)
x =

{
μ(m)(Ωx)

μ(m)(Ω �x)
=

χ(φ,Ωx)

χ(φ,Ω �x)

}
❛♥❞ A(m′)

x =

{
μ(m′)(Ωx)

μ(m′)(Ω �x)
=

χ(φ,Ωx)

χ(φ,Ω �x)

}
.

▲❡� ✉� ✜��� �❤♦✇ �❤❛� �❤❡ ❡✈❡♥� A
(m)
x ✐� rβ,ρm,φ✲♠❡❛�✉�❛❜❧❡✳ ◆♦�❡ �❤❛� �❤❡ ❡①✐�✐♥❣ ♠❡❛�✉�❡ μ(m) ✐�

♠❡❛�✉�❛❜❧❡ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ❡♥✈✐�♦♥♠❡♥� rβ,ρm,φ✳ ▼♦�❡♦✈❡�✱ ❢♦� i 
= φ✱ βi = β̃i =∑
j∼i r

β,ρm,φ
i,j ✐� rβ,ρm,φ✲♠❡❛�✉�❛❜❧❡✳ ❚❤❡�❡❢♦�❡✱ ✇❡ ❥✉�� ❤❛✈❡ �♦ �❤♦✇ �❤❛�

χ(φ,Ωx)
χ(φ,Ω �x)

✐� βT\{φ}✲♠❡❛�✉�❛❜❧❡✳

❙✐♥❝❡ χ(φ,Ωx) = Ĝ(φ, x)
∑

y∈S(x) Wx,yχ̂y✱ ✇❡ ❤❛✈❡

χ(φ,Ωx)

χ(φ,Ω �x)
=

Ĝ(φ, x)
∑

y∈S(x) Wx,yχ̂y

Ĝ(φ, �x)
∑

z∈S( �x) W �x,zχ̂z

= F̂ (x, �x)

∑
y∈S(x) Wx,yχ̂y∑
z∈S( �x) W �x,zχ̂z

,

✇❤✐❝❤ ✐� βU �x
✲♠❡❛�✉�❛❜❧❡ ❛♥❞ �❤❡�❡❢♦�❡ βT\{φ}✲♠❡❛�✉�❛❜❧❡✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ �❤❛� A

(m)
x ✐� rβ,ρm,φ✲

♠❡❛�✉�❛❜❧❡✱ ❛♥❞ ✐♥ �❤❡ �❛♠❡ ✇❛②✱ A
(m′)
x ✐� rβ,ρm′ ,φ✲♠❡❛�✉�❛❜❧❡✳ ❲❡ ❛�❡ ♥♦✇ ❣♦✐♥❣ �♦ �❤♦✇ �❤❛� ✉♥❞❡�

νWT,Bm′ (dβ, dρm′) ✇❡ ❤❛✈❡ P[A
(m′)
x ] = 1✱ ✇❤✐❧❡ ✉♥❞❡� νWT,Bm

(dβ, dρm) ✇❡ ❤❛✈❡ P[A
(m)
x ] = 0✳ ❚❤✐� ✇✐❧❧ ♣�♦✈❡

�❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥� ♦❢ rβ,ρm,φ ✉♥❞❡� νWT,Bm
(dβ, dρm) ❛♥❞ rβ,ρm′ ,φ ✉♥❞❡� νWT,Bm′ (dβ, dρm′) ❛�❡ ❞✐✛❡�❡♥�✳

❙✐♥❝❡ |x| = m > m′✱ ✇❡ ❤❛✈❡ | �x| ≥ m′✱ �♦ �❤❡�❡ ❡①✐��� z ∈ D(m′) �✉❝❤ �❤❛� �x ∈ Tz✱ ✐✳❡✳ Ω �x ⊂ Ωz✳

❚❤❡♥ ❢♦� ❛❧❧ τ ∈ Ω �x✱
∫
Ω
χ(φ, dω)ǧm′(ω, τ) =

∑
b∈Bm′ χm′(φ, b)Ǧm′(b, δz)✳ ❆� ❛ �❡�✉❧�✱

μ(m′)(Ωx)

μ(m′)(Ω �x)
=

∫
Ωx

(∑
b∈Bm′ χm′(φ, b)Ǧm′(b, δz)

)
χ(φ, dτ)

∫
Ω �x

(∑
b∈Bm′ χm′(φ, b)Ǧm′(b, δz)

)
χ(φ, dτ)

=
χ(φ,Ωx)

χ(φ,Ω �x)
,

�♦ P[A
(m′)
x ] = 1 ✉♥❞❡� νWT,Bm′ (dβ, dρm′)✳

❲❡ ✇✐❧❧ ✜♥❛❧❧② �❤♦✇ �❤❛� νWT,Bm
✲❛❧♠♦�� �✉�❡❧②✱ P[A

(m)
x |β] = 0✳ ❙✐♥❝❡ |x| = m✱ ✇❡ ❤❛✈❡

μ(m)(Ωx) = χm(φ, δx)
∑

b∈Bm

Ǧm(δx, b)χm(φ, b),

❛♥❞ μ(m)(Ω �x) =
∑

y∈S( �x)

χm(φ, δy)
∑

b∈Bm

Ǧm(δy, b)χm(φ, b).

▲❡� ✉� ❞❡♥♦�❡✱ ❢♦� y ∈ D(m)✱ uy =
∑

b∈Bm
Ǧm(δy, b)χm(φ, b)✳ ❚❤❡♥

A(m)
x =

{
μ(m)(Ωx)

μ(m)(Ω �x)
=

χ(φ,Ωx)

χ(φ,Ω �x)

}
=

⎧
⎨
⎩
∑

y∈S( �x)

χ(φ,Ωy)

χ(φ,Ω �x)
uy = ux

⎫
⎬
⎭ = {u ∈ ker(fβ)},

✇❤❡�❡ fβ : (vy)y∈D(m) �→ ∑
y∈S( �x)

χ(φ,Ωy)
χ(φ,Ω �x)

vy − vx ✐� ❛ ❧✐♥❡❛� ❢♦�♠ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ β✱ ✇❤✐❝❤ ❤❛� ❛❧♠♦��

�✉�❡❧② �❛♥❦ 1 ❛❝❝♦�❞✐♥❣ �♦ ▲❡♠♠❛ ✷✳✼✳✹✱ �♦ �❤❛� ker(fβ) ✐� ❛ ❤②♣❡�♣❧❛♥❡ ♦❢ R
|D(m)|✳ ▲❡� ✉� �❤♦✇ �❤❛�
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❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ β✱ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ (uy)y∈D(m) ✐� ❛❜�♦❧✉�❡❧② ❝♦♥�✐♥✉♦✉� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ▲❡❜❡�❣✉❡

♠❡❛�✉�❡ ♦♥ R
|D(m)|✱ ❛♥❞ �❤❡�❡❢♦�❡ P[A

(m)
x |β] = P[u ∈ ker(fβ)|β] = 0✳

❘❡❝❛❧❧ �❤❛� Ǧm = (2ρm− Čm)−1✱ ✇❤❡�❡ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ β✱ ρm ✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νČm

Bm
✱ ✇❤✐❝❤

✐� ❛❜�♦❧✉�❡❧② ❝♦♥�✐♥✉♦✉� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ▲❡❜❡�❣✉❡ ♠❡❛�✉�❡ ♦♥ R
|Bm| = R

|D(m)|✳ ▲❡� ✉� ❞❡✜♥❡

Φ :
R

|D(m)| −→ R
|D(m)|

ρm �−→ (uy)y∈D(m) = Ǧmχm(φ, ·) .

❋♦� ❛❧❧ ρm �✉❝❤ �❤❛� 2ρm − Čm > 0✱ Φ ✐� ❞✐✛❡�❡♥�✐❛❜❧❡✱ ❛♥❞ ✐�� ❞✐✛❡�❡♥�✐❛❧ ✐�

dρm
Φ(v) = −2Ǧmdiag(v)Ǧmχm(φ, ·) = −2Ǧmdiag(v)u,

✇❤✐❝❤ ✐� ✐♥✈❡��✐❜❧❡✱ ✇✐�❤ (dρm
Φ)−1(w) =

(
− (Ǧ−1

m w)y
2uy

)

y∈D(m)
✳ ◆♦�❡ �❤❛� �❤✐� ✐� ✇❡❧❧✲❞❡✜♥❡❞ �✐♥❝❡ uy > 0

❢♦� ❛❧❧ y ∈ D(m)✱ �❤❛♥❦� �♦ ▲❡♠♠❛ ✷✳✼✳✹✳ ❆� ❛ �❡�✉❧�✱ Φ ✐� ❛ ❧♦❝❛❧ ❞✐✛❡♦♠♦�♣❤✐�♠✳ ❚❤❡�❡❢♦�❡✱ �❤❡

❞✐���✐❜✉�✐♦♥ ♦❢ u = Φ(ρm)✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ β✱ ❛❞♠✐�� ❛ ❞❡♥�✐�② ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ▲❡❜❡�❣✉❡ ♠❡❛�✉�❡

♦♥ R
|D(m)|✳ ❲❡ ❞❡❞✉❝❡ �❤❛� ❛❧♠♦�� �✉�❡❧②✱ P[A

(m)
x |β] = P[u ∈ ker(fβ)|β] = 0✱ ❛♥❞ �❤❡�❡❢♦�❡ P[A

(m)
x ] = 0✱

✇❤✐❝❤ ❝♦♥❝❧✉❞❡� �❤❡ ♣�♦♦❢✳



❈❤❛♣�❡� ✸

❚❤❡ β ♣♦�❡♥�✐❛❧ ❛♥❞ ❛ ♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧

♦♣♣♦�✐�❡✲❞�✐❢� �❤❡♦�❡♠

✸✳✶ ❙�❛�❡♠❡♥� ♦❢ �❤❡ 
❡�✉❧�� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
✸✳✶✳✶ ❆ ✜�	
 ❝❧❛		✐❝❛❧ �❡	✉❧
 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
✸✳✶✳✷ ❖♣♣♦	✐
❡ ❞�✐❢
 
❤❡♦�❡♠ ❛♥❞ ▲❛♠♣❡�
✐✬	 �❡❧❛
✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
✸✳✶✳✸ ❇�♦✇♥✐❛♥ ♠♦
✐♦♥	 ✇✐
❤ ✐♥
❡�❛❝
✐♥❣ ❞�✐❢
	 ❛♥❞ 
❤❡ �❛♥❞♦♠ β ♣♦
❡♥
✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✸✳✶✳✹ ▼❛✐♥ �❡	✉❧
	 ✿ ❆ ♠✉❧
✐✲❞✐♠❡♥	✐♦♥❛❧ ✈❡�	✐♦♥ ♦❢ 
❤❡ ♦♣♣♦	✐
❡ ❞�✐❢
 
❤❡♦�❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
✸✳✶✳✺ ❆♥ ♦♣❡♥ %✉❡	
✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✸✳✷ ❚✐♠❡ ❝❤❛♥❣❡ ♦♥ ❇❡��❡❧ ❜
✐❞❣❡� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
✸✳✷✳✶ ▲✐♠✐
 ♦❢ 
❤❡ 
✐♠❡ ❝❤❛♥❣❡ ✿ &�♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
✸✳✷✳✷ ❚✐♠❡ ❝❤❛♥❣❡ ♦♥ 
❤❡ ❝♦♥❞✐
✐♦♥❛❧ ♣�♦❝❡		 ✿ &�♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✸✳✸ ▼✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ �✐♠❡ ❝❤❛♥❣❡ ✿ �
♦♦❢ ♦❢ ❚❤❡♦
❡♠ ✸✳✶✳✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
✸✳✸✳✶ ❋✐�	
 ♣�♦♦❢ ♦❢ ✭✐✮ ✿ ✉	✐♥❣ 
❤❡ 	
�♦♥❣ ▼❛�❦♦✈ ♣�♦♣❡�
② ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
✸✳✸✳✷ ❙❡❝♦♥❞ ♣�♦♦❢ ♦❢ ✭✐✮ ✿ ✉	✐♥❣ 
❤❡ ♠✐①✐♥❣ ♠❡❛	✉�❡ ❛♥❞ ●✐�	❛♥♦✈✬	 
❤❡♦�❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✼✾
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❆❜���❛❝�

❚❤✐� ❝❤❛♣
❡� ✐� ♦♥❝❡ ❛❣❛✐♥ �❡❧❢✲❝♦♥
❛✐♥❡❞✱ ❛♥❞ ♣�❡�❡♥
� �❡�✉❧
� ❢�♦♠ ❬●❙❩✷✵❪✳ ❚❤❡② ❝♦♥❝❡�♥ ❛ ♠✉❧
✐✲
❞✐♠❡♥�✐♦♥❛❧ ✈❡��✐♦♥ ♦❢ 
❤❡ ▼❛
�✉♠♦
♦✲❨♦� ♦♣♣♦�✐
❡✲❞�✐❢
 
❤❡♦�❡♠✱ ♦❜
❛✐♥❡❞ ✐♥ 
❤❡ ❝❛�❡ ✇❤❡�❡ 
❤❡ ❞�✐❢
 ✐�
1
2 ✳ ❚❤❡ ♣�♦♦❢ �❡❧✐❡� ♦♥ ❛♣♣❧②✐♥❣ 
❤❡ 
✐♠❡ ❝❤❛♥❣❡ ❢�♦♠ ▲❛♠♣❡�
✐✬� �❡❧❛
✐♦♥✱ 
♦ ❛ �❡�✉❧
 ❢�♦♠ ❬❙❩✶✼❪✱ ✇❤✐❝❤
�❡❧❛
❡� 
❤❡ β ♣♦
❡♥
✐❛❧ 
♦ ❛ ❢❛♠✐❧② ♦❢ ❇�♦✇♥✐❛♥ ♠♦
✐♦♥� ✇✐
❤ ✐♥
❡�❛❝
✐♥❣ ❞�✐❢
�✳
❙❡❝
✐♦♥ ✸✳✶ ♣�❡�❡♥
� ♣�❡�❡*✉✐�✐
❡ ♠❛
❡�✐❛❧ ❛� ✇❡❧❧ ❛� 
❤❡ ♠❛✐♥ �❡�✉❧
 ♦❢ 
❤✐� ❝❤❛♣
❡�✳ ■♥ ❙❡❝
✐♦♥ ✸✳✷✱

✇❡ �
✉❞② 
❤❡ ▲❛♠♣❡�
✐ 
✐♠❡ ❝❤❛♥❣❡ ♦♥ ❇❡��❡❧ ❜�✐❞❣❡�✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝
✐♦♥ ✸✳✸✱ ✇❡ ♣�❡�❡♥
 
✇♦ ✇❛②� ♦❢
❛♣♣❧②✐♥❣ ❛ ♠✉❧
✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡��✐♦♥ ♦❢ 
❤✐� 
✐♠❡ ❝❤❛♥❣❡ 
♦ 
❤❡ ✐♥
❡�❛❝
✐♥❣ ❇�♦✇♥✐❛♥ ♠♦
✐♦♥� ♦❢ ❚❤❡♦�❡♠
✸✳✶✳✷✱ 
♦ ♦❜
❛✐♥ ❚❤❡♦�❡♠ ✸✳✶✳✹✳

✸✳✶ ❙�❛�❡♠❡♥� ♦❢ �❤❡ 
❡�✉❧��

✸✳✶✳✶ ❆ ✜��� ❝❧❛��✐❝❛❧ �❡�✉❧�

▲❡
 ✉� ✜��
 �❡❝❛❧❧ ❛ ✇❡❧❧✲❦♥♦✇♥ �❡�✉❧
 �❡❣❛�❞✐♥❣ ❤✐

✐♥❣ 
✐♠❡� ♦❢ 
❤❡ ❞�✐❢
❡❞ ❇�♦✇♥✐❛♥ ♠♦
✐♦♥ ✭�❡❡ ❬❲✐❧✼✹❪
❛♥❞ ❬❱❛❧✾✶❪✮✳

��♦♣♦�✐�✐♦♥ ✸✳✶✳✶✳ ▲❡� θ > 0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡� B ❜❡ ❛ ��❛♥❞❛
❞ 1✲❞✐♠❡♥�✐♦♥❛❧ ❇
♦✇♥✐❛♥
♠♦�✐♦♥✳ ❲❡ ❞❡✜♥❡ �❤❡ ❞
✐❢�❡❞ ❇
♦✇♥✐❛♥ ♠♦�✐♦♥ X ❜②

X(t) = θ +B(t)− ηt

❢♦
 t ≥ 0✱ ❛♥❞ ❞❡♥♦�❡ ❜② T 0 �❤❡ ✜
�� ❤✐��✐♥❣ �✐♠❡ ♦❢ 0 ❜② X(t)✳ ❚❤❡♥ �❤❡ ❞✐��
✐❜✉�✐♦♥ ♦❢ T 0 ✐� ❣✐✈❡♥ ❜②

θ√
2πt3

exp

(
−1

2

(θ − ηt)2

t

)
1{t≥0}dt. ✭✸✳✶✮

▼♦
❡♦✈❡
✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0✱
(
X(t)

)
0≤t≤T 0 ❤❛� �❤❡ �❛♠❡ ❞✐��
✐❜✉�✐♦♥ ❛� ❛ 3✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜
✐❞❣❡

❢
♦♠ θ �♦ 0 ♦♥ [0, T 0]✳

◆♦
❡ 
❤❛
 ❢♦� η = 0✱ ✐✳❡✳ ✐❢ X ✐� ❛ ❇�♦✇♥✐❛♥ ♠♦
✐♦♥ ✇✐
❤ ♥♦ ❞�✐❢
✱ 
❤❡♥ ✭✸✳✶✮ ✐� 
❤❡ ❞✐�
�✐❜✉
✐♦♥ ♦❢
1
2γ ✱ ✇❤❡�❡ γ ✐� ❛ ●❛♠♠❛ �❛♥❞♦♠ ✈❛�✐❛❜❧❡ ✇✐
❤ ♣❛�❛♠❡
❡� (

1
2 , θ

2)✳ ■❢ η > 0✱ ✭✸✳✶✮ ✐� 
❤❡ ■♥✈❡��❡ ●❛✉��✐❛♥

❞✐�
�✐❜✉
✐♦♥ ✇✐
❤ ♣❛�❛♠❡
❡� ( θη , θ
2)✳

❲❡ ✇✐❧❧ ♥♦✇ ♣�❡�❡♥
 
✇♦ �❡❧❛
❡❞ �❡�✉❧
�✳ ❖♥❡ ✐� 
❤❡ ▼❛
�✉♠♦
♦✲❨♦� ♦♣♣♦�✐
❡✲❞�✐❢
 
❤❡♦�❡♠ ❢�♦♠
❬❨▼✵✶❪✱ ♦❜
❛✐♥❡❞ ❢�♦♠ 7�♦♣♦�✐
✐♦♥ ✸✳✶✳✶ 
❤❛♥❦� 
♦ ❛ 
✐♠❡ ❝❤❛♥❣❡ ❛♣♣❡❛�✐♥❣ ✐♥ ▲❛♠♣❡�
✐✬� �❡❧❛
✐♦♥✳ ❚❤❡
�❡❝♦♥❞ ♦♥❡ ✐� ❛ ♠✉❧
✐✈❛�✐❛
❡ ✈❡��✐♦♥ ♦❢ 7�♦♣♦�✐
✐♦♥ ✸✳✶✳✶ ❢�♦♠ ❬❙❩✶✼❪✱ ✇❤❡�❡ 
❤❡ ❤✐

✐♥❣ 
✐♠❡� ♦❢ ❛ ❢❛♠✐❧②
♦❢ ✐♥
❡�❛❝
✐♥❣ ❇�♦✇♥✐❛♥ ♠♦
✐♦♥� ❛�❡ ❣✐✈❡♥ ❜② 
❤❡ β ♣♦
❡♥
✐❛❧ ✐♥
�♦❞✉❝❡❞ ✐♥ ❬❙❚❩✶✼❪ 
♦ �
✉❞② 
❤❡ ❱❘❏7✳

✸✳✶✳✷ ❖♣♣♦�✐�❡ ❞�✐❢� �❤❡♦�❡♠ ❛♥❞ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥

▲❡
 ✉� ♣�❡�❡♥
 ❛ ✈❡��✐♦♥ ♦❢ 
❤❡ ▼❛
�✉♠♦
♦✲❨♦� ♦♣♣♦�✐
❡ ❞�✐❢
 
❤❡♦�❡♠ ❢�♦♠ ❬❨▼✵✶❪✱ ✐♥ 
❤❡ �♣❡❝✐✜❝ ❝❛�❡
✇❤❡�❡ 
❤❡ ❞�✐❢
 μ ✐� 1

2 ✱ ❛♥❞ ✇✐
❤ ❛♥ ❛❞❞❡❞ 
❡�♠ ❞❡♣❡♥❞✐♥❣ ♦♥ η✳

❚❤❡♦�❡♠ ✸✳✶✳✶✳ ❬❚❤❡♦
❡♠ ✷✳✷ ❛♥❞ !
♦♣♦�✐�✐♦♥ ✸✳✶ ✐♥ ❬❨▼✵✶❪❪ ▲❡� θ > 0 ❛♥❞ η ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡� B
❜❡ ❛ ��❛♥❞❛
❞ 1✲❞✐♠❡♥�✐♦♥❛❧ ❇
♦✇♥✐❛♥ ♠♦�✐♦♥✳ ❲❡ ❞❡✜♥❡ �❤❡ ♣
♦❝❡�� ρ ❛� �❤❡ �♦❧✉�✐♦♥ ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣
❙❉❊ ✿

ρ(u) = log(θ) +B(u)− 1

2
u−

∫ u

0

ηeρ(v)dv

❢♦
 u ≥ 0✳
▲❡� ✉� ❞❡✜♥❡ T (u) =

∫ u

0
e2ρ(v)dv✳ ❚❤❡♥ ✿



✸✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ ❘❊❙❯▲❚❙ ✽✶

✭✐✮ ❲❡ ❤❛✈❡

T (u)
a.s.−−−−→

u→∞
T 0,

✇❤❡
❡ T 0 ✐� ❞✐�

✐❜✉
❡❞ ❛❝❝♦
❞✐♥❣ 
♦

θ√
2πt3

exp

(
−1

2

(θ − ηt)2

t

)
1{t≥0}dt.

✭✐✐✮ ❈♦♥❞✐
✐♦♥❛❧❧② ♦♥ T 0✱ 
❤❡
❡ ❡①✐�
� ❛ �
❛♥❞❛
❞ 1✲❞✐♠❡♥�✐♦♥❛❧ ❇
♦✇♥✐❛♥ ♠♦
✐♦♥ B̂ �✉❝❤ 
❤❛
 ❢♦
 u ≥ 0✱

ρ(u) = log(θ) + B̂(u) +
1

2
u+ log

(
T 0 − T (u)

T 0

)
.

❖♥❡ ♣�♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✶ �❡❧✐❡� ♦♥ ❛♣♣❧②✐♥❣ ❛ �✐♠❡ ❝❤❛♥❣❡ �♦ ��♦♣♦�✐�✐♦♥ ✸✳✶✳✶✳ ❚❤❡ �❡❧❡✈❛♥� �✐♠❡
❝❤❛♥❣❡ ✐� �❤❡ ♦♥❡ �❤❛� ❛♣♣❡❛�� ✐♥ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥✱ ♣�❡�❡♥�❡❞ ❜❡❧♦✇ ✭�❡❡ ❬❘❨✶✸❪ ♣✳✹✺✷✮ ✿

��♦♣♦�✐�✐♦♥ ✸✳✶✳✷✳ ❬▲❛♠♣❡

✐✬� 
❡❧❛
✐♦♥❪ ▲❡
 (ρ(u))u≥0 ❜❡ ❛ ❞
✐❢
❡❞ ❇
♦✇♥✐❛♥ ♠♦
✐♦♥ ✇✐
❤ ❞
✐❢
 μ ∈ R✳
❋♦
 u ≥ 0✱ ❞❡✜♥❡

T (u) =

∫ u

0

exp(2ρ(u))dv.

❚❤❡♥ 
❤❡
❡ ❡①✐�
� ❛ ❇❡��❡❧ ♣
♦❝❡�� (X(t))t≥0 ✇✐
❤ ✐♥❞❡① μ✱ �
❛

✐♥❣ ❢
♦♠ 1✱ �✉❝❤ 
❤❛
 ❢♦
 u ≥ 0✱

eρ(u)(u) = X(T (u)).

▲❡� ✉� �❦❡�❝❤ �❤❡ ♣�♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✶ ✉�✐♥❣ �❤✐� �✐♠❡ ❝❤❛♥❣❡✳ ❲❡ ✉�❡ �❤❡ �❛♠❡ ♥♦�❛�✐♦♥� ❛� ✐♥
��♦♣♦�✐�✐♦♥ ✸✳✶✳✶✿ ❧❡� θ > 0✱ η > 0✱ ❧❡� B ❜❡ ❛ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ❛♥❞ ❞❡✜♥❡ X(t) = θ+B(t)+ηt✳ ❲❡ ❞❡✜♥❡

U(t) =
∫ t

0
1

X(s)2 ds✱ ❛♥❞ T = U−1✳ ❚❤❡♥ T ✐� �❤❡ ❛♥❛❧♦❣✉❡ ♦❢ �❤❡ �✐♠❡ ❝❤❛♥❣❡ ❢❡❛�✉�❡❞ ✐♥ ▲❛♠♣❡��✐✬�

�❡❧❛�✐♦♥✱ ✇❤❡�❡ X ♣❧❛②� �❤❡ �♦❧❡ ♦❢ ❛ ❇❡��❡❧ ♣�♦❝❡�� ✇✐�❤ ✐♥❞❡① − 1
2 ✭✇✐�❤ ❛♥ ❛❞❞❡❞ ❞�✐❢� η✮✳ ❲❡ ❞❡✜♥❡

ρ(u) = log(X(T (u)))✱ �♦ �❤❛� eρ(u) = X(T (u))✱ ❛♥❞ ρ ❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ ❞❡�❝�✐❜❡❞ ✐♥ ❚❤❡♦�❡♠ ✸✳✶✳✶✱
✐✳❡✳ ❛ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ❞�✐❢� − 1

2 ✱ ❛♥❞ ❛♥ ❡①��❛ �❡�♠ ✇❤❡♥ η > 0✳ ▼♦�❡♦✈❡�✱ ✇❤❡♥ u → ∞✱ ✇❡ ❤❛✈❡
T (u) → T 0✱ ✇❤❡�❡ T 0 ✐� �❤❡ ✜��� ❤✐��✐♥❣ �✐♠❡ ♦❢ 0 ❜② X✳ ❈♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0✱ X ❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢
❛ 3✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡✱ ✐✳❡✳ ❛ ❇❡��❡❧ ❜�✐❞❣❡ ✇✐�❤ ✐♥❞❡① 1

2 ✱ ❛♥❞ ρ ❤❛� �❤❡ ❞✐���✐❜✉�✐♦♥ ❞❡�❝�✐❜❡❞ ✐♥
❚❤❡♦�❡♠ ✸✳✶✳✶ ✭✐✐✮✳

❘❡♠❛�❦ ✸✳✶✳✶✳ ■♥ ❬❨▼✵✶❪✱ �❤❡ ♦♣♣♦�✐�❡ ❞�✐❢� �❤❡♦�❡♠ ✐� ��❛�❡❞ ✐♥ ❛ ❞✐✛❡�❡♥� ❢♦�♠✱ ✇❤❡�❡ η = 0 ❛♥❞ �❤❡
❞�✐❢� μ ❝❛♥ ❜❡ ❞✐✛❡�❡♥� ❢�♦♠ 1

2 ✳ ■�� ♣�♦♦❢ ��✐❧❧ �❡❧✐❡� ♦♥ ❛♣♣❧②✐♥❣ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥✱ ❜✉� �❤✐� �✐♠❡ �♦ ❛
�❡�✉❧� ❝♦♥❝❡�♥✐♥❣ ❤✐��✐♥❣ �✐♠❡� ♦❢ ❇❡��❡❧ ♣�♦❝❡��❡� ✇✐�❤ ❛♥② ✐♥❞❡① −μ ✭�❡❡ ❬▲❛✇✶✽❪ ❛♥❞ ❬�❨✽✶❪✮✳

❚❤❡ ❛✐♠ ♦❢ �❤✐� ❛��✐❝❧❡ ✐� ♥♦✇ �♦ ♦❜�❛✐♥ ❛ ♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡��✐♦♥ ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✶✱ ❜② ❛♣♣❧②✐♥❣
�❤❡ �✐♠❡ ❝❤❛♥❣❡ ❢�♦♠ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥ �♦ ❚❤❡♦�❡♠ ✸✳✶✳✷✱ ✇❤✐❝❤ ❣✐✈❡� ❛ ❣❡♥❡�❛❧✐③❛�✐♦♥ ♦❢ ��♦♣♦�✐�✐♦♥
✸✳✶✳✶ �♦ ❛ ♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✇✐�❤ ✐♥�❡�❛❝�✐♥❣ ❞�✐❢��✳

✸✳✶✳✸ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥
 ✇✐�❤ ✐♥�❡�❛❝�✐♥❣ ❞�✐❢�
 ❛♥❞ �❤❡ �❛♥❞♦♠ β ♣♦�❡♥�✐❛❧

▲❡� G = (V,E) ❜❡ ❛ ✜♥✐�❡ ❝♦♥♥❡❝�❡❞ ❣�❛♣❤✱ ❡♥❞♦✇❡❞ ✇✐�❤ ❝♦♥❞✉❝�❛♥❝❡� (We)e∈E ∈ (R∗
+)

E ✳ ❋♦� i, j ∈ V ✱
✇❡ ❞❡♥♦�❡ ❜② Wi,j = W{i,j} ✐❢ {i, j} ∈ E✱ ❛♥❞ Wi,j = 0 ♦�❤❡�✇✐�❡✳ ◆♦�❡ �❤❛� ✐� ✐� ♣♦��✐❜❧❡ �♦ ❤❛✈❡
Wi,i > 0✳ ❋♦� β ∈ R

V ✱ ✇❡ ❞❡✜♥❡ �❤❡ ♠❛��✐① Hβ = 2β −W ✱ ✇❤❡�❡ β ❞❡♥♦�❡� �❤❡ ❞✐❛❣♦♥❛❧ ♠❛��✐① ✇✐�❤
❝♦❡✣❝✐❡♥�� (βi)i∈V ✳
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��♦♣♦�✐�✐♦♥ ✸✳✶✳✸ ✭❚❤❡♦�❡♠ ✹ ✐♥ ❬❙❚❩✶✼❪✱ ❚❤❡♦�❡♠ ✷✳✷ ✐♥ ❬▲❲✶✾❪✮✳ ❋♦� ❛❧❧ θ ∈ (R∗
+)

V ❛♥❞ η ∈ (R+)
V ✱

	❤❡ ♠❡❛
✉�❡ νW,θ,η
V ❞❡✜♥❡❞ ❜②

νW,θ,η
V (dβ) = 1Hβ>0

(
2

π

)|V |/2
exp

(
−1

2
〈θ,Hβθ〉 −

1

2
〈η, (Hβ)

−1η〉+ 〈η, θ〉
) ∏

i∈V θi√
|Hβ |

dβ

✐
 ❛ ♣�♦❜❛❜✐❧✐	② ❞✐
	�✐❜✉	✐♦♥✳ ▼♦�❡♦✈❡�✱ ❢♦� ❛❧❧ i ∈ V ✱ 	❤❡ �❛♥❞♦♠ ✈❛�✐❛❜❧❡ 1
2βi−Wi,i

❤❛
 ■♥✈❡�
❡ ●❛✉

✐❛♥

❞✐
	�✐❜✉	✐♦♥ ✇✐	❤ ♣❛�❛♠❡	❡� ( θi
ηi+

∑

j �=i Wi,jθj
, θ2i )✳

❋♦� t ∈ (R+)
V ✱ ✇❡ ❛❧�♦ ❞❡♥♦�❡ ❜② Kt �❤❡ ♠❛��✐① Kt = Id − tW ✱ ✇❤❡�❡ t ��✐❧❧ ❞❡♥♦�❡� �❤❡ ❞✐❛❣♦♥❛❧

♠❛��✐① ✇✐�❤ ❝♦❡✣❝✐❡♥�� (ti)i∈V ✳ ◆♦�❡ �❤❛� ✐❢ t ∈ (R∗
+)

V ✱ ✇❡ ❤❛✈❡ Kt = tH 1
2t
✱ ✇❤❡�❡ 1

2t =
(

1
2ti

)

i∈V
✳

❋✐♥❛❧❧②✱ ❢♦� t ∈ (R+)
V ❛♥❞ T ∈ (R+)

V ✱ ✇❡ ❞❡✜♥❡ �❤❡ ✈❡❝�♦� t ∧ T = (ti ∧ Ti)i∈V ✳

❚❤❡♦�❡♠ ✸✳✶✳✷✳ ❬▲❡♠♠❛ ✶ ❛♥❞ ❚❤❡♦�❡♠ ✶ ✐♥ ❬❙❩✶✼❪❪ ▲❡	 θ ∈ (R∗
+)

V ❛♥❞ η ∈ (R+)
V ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡	

(Bi(t))i∈V,t≥0 ❜❡ ❛ 
	❛♥❞❛�❞ |V |✲❞✐♠❡♥
✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦	✐♦♥✳

✭✐✮ ❚❤❡ ❢♦❧❧♦✇✐♥❣ 
	♦❝❤❛
	✐❝ ❞✐✛❡�❡♥	✐❛❧ ❡+✉❛	✐♦♥ ✭❙❉❊✮ ❤❛
 ❛ ✉♥✐+✉❡ ♣❛	❤✇✐
❡ 
♦❧✉	✐♦♥ ✿

Xi(t) = θi +

∫ t

0

1s<T 0
i
dBi(s)−

∫ t

0

1s<T 0
i
((Wψ)(s) + η)ids ✭EW,θ,η

V (X)✮

❢♦� i ∈ V ❛♥❞ t ≥ 0✱ ✇❤❡�❡ ❢♦� i ∈ V ✱ T 0
i ✐
 	❤❡ ✜�
	 ❤✐		✐♥❣ 	✐♠❡ ♦❢ 0 ❜② Xi✱ ❛♥❞ ❢♦� t ≥ 0✱

ψ(t) = K−1
t∧T 0(X(t) + (t ∧ T 0)η).

✭✐✐✮ ■❢ (Xi)i∈V ✐
 
♦❧✉	✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮✱ 	❤❡ ✈❡❝	♦�

(
1

2T 0
i

)

i∈V
❤❛
 ❞✐
	�✐❜✉	✐♦♥ νW,θ,η

V ✱ ❛♥❞ ❝♦♥❞✐	✐♦♥✲

❛❧❧② ♦♥ (T 0
i )i∈V ✱ 	❤❡ ♣❛	❤
 (Xi(t))0≤t≤T 0

i
❛�❡ ✐♥❞❡♣❡♥❞❡♥	 3✲❞✐♠❡♥
✐♦♥❛❧ ❇❡

❡❧ ❜�✐❞❣❡
✳

❚♦ ♦❜�❛✐♥ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ �❤❡ ♦♣♣♦�✐�❡ ❞�✐❢� �❤❡♦�❡♠ ❛� ✐♥ ❙❡❝�✐♦♥ ✸✳✶✳✷✱ ✇❡ ✇❛♥� �♦ ❛♣♣❧② �❤❡ �✐♠❡
❝❤❛♥❣❡ ❢�♦♠ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥ �♦ �♦❧✉�✐♦♥� (Xi)i∈V ♦❢ ✭EW,θ,η

V (X)✮✳ ❆ ♣�♦❜❧❡♠ ✇✐❧❧ ❛�✐�❡ ✐♥ �❤❡ ✐♥�❡�✲
❛❝�✐♦♥ �❡�♠✱ �✐♥❝❡ �❤❡ �✐♠❡ ❝❤❛♥❣❡ ✇✐❧❧ ❜❡ ❞✐✛❡�❡♥� ♦♥ ❡✈❡�② ❝♦♦�❞✐♥❛�❡ ♦❢ X✳ ❚♦ �♦❧✈❡ �❤✐�✱ ✇❡ ✇✐❧❧ ✉�❡ ❛
❢♦�♠ ♦❢ ���♦♥❣ ▼❛�❦♦✈ ♣�♦♣❡��② ✈❡�✐✜❡❞ ❜② �♦❧✉�✐♦♥� ♦❢ ✭EW,θ,η

V (X)✮✱ ✇❤✐❝❤ ✐� ❛ ❝♦♥�❡2✉❡♥❝❡ ♦❢ ❚❤❡♦�❡♠
✸✳✶✳✷✭✐✐✮✳ ❚❤✐� ▼❛�❦♦✈ ♣�♦♣❡��② ✇✐❧❧ ❜❡ ��✉❡ ✇✐�❤ �❡�♣❡❝� �♦ ♠✉❧�✐✲��♦♣♣✐♥❣ �✐♠❡�✱ ❞❡✜♥❡❞ ❛� ❢♦❧❧♦✇�✳

❉❡✜♥✐�✐♦♥ ✸✳✶✳✶✳ ▲❡	 X ❜❡ ❛ 
♦❧✉	✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮✳ ❆ �❛♥❞♦♠ ✈❡❝	♦� T = (Ti)i∈V ∈ R+

V
✇✐❧❧ ❜❡

❝❛❧❧❡❞ ❛ ♠✉❧	✐✲
	♦♣♣✐♥❣ 	✐♠❡ ✇✐	❤ �❡
♣❡❝	 	♦ X✱ ✐❢ ✿ ❢♦� ❛❧❧ t ∈ R
V
+✱ 	❤❡ ❡✈❡♥	 ∩i∈V {Ti ≤ ti} ✐
 FX

t ✲
♠❡❛
✉�❛❜❧❡✱ ✇❤❡�❡

FX
t = σ

(
(Xi(s))0≤s≤ti , i ∈ V

)
.

■♥ 	❤✐
 ❝❛
❡✱ ✇❡ ❞❡♥♦	❡ ❜② FX
T 	❤❡ σ✲❛❧❣❡❜�❛ ♦❢ ❡✈❡♥	
 ❛♥	❡�✐♦� 	♦ T ✱ ✐✳❡✳

FX
T =

{
A ∈ FX

∞, ∀t ∈ R
V
+, A ∩ {Ti ≤ ti} ∈ FX

t

}

▲❡� ✉� ♥♦✇ ❢♦�♠✉❧❛�❡ �❤❡ ���♦♥❣ ▼❛�❦♦✈ ♣�♦♣❡��② ❢♦� �♦❧✉�✐♦♥� ♦❢ ✭EW,θ,η
V (X)✮✳

❚❤❡♦�❡♠ ✸✳✶✳✸✳ ❬❚❤❡♦�❡♠ ✷ ✭✐✈✮ ✐♥ ❬❙❩✶✼❪❪ ▲❡	 X ❜❡ ❛ 
♦❧✉	✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮✱ ❛♥❞ T = (Ti)i∈V ❜❡ ❛

♠✉❧	✐✲
	♦♣♣✐♥❣ 	✐♠❡ ✇✐	❤ �❡
♣❡❝	 	♦ X✳
❉❡✜♥❡ 	❤❡ 
❤✐❢	❡❞ ♣�♦❝❡

 Y ❜②

Yi(t) = Xi(Ti + t)

❢♦� i ∈ V ❛♥❞ t ≥ 0✳ ▼♦�❡♦✈❡�✱ ✇❡ ❞❡♥♦	❡

W̃ (T ) = W (KT∧T 0)
−1

, η̃(T ) = η + W̃ (T )
(
(T ∧ T 0)η

)
, ❛♥❞ X(T ) = (Xi(Ti))i∈V .

❚❤❡♥ ♦♥ 	❤❡ ❡✈❡♥	 ∩i∈V {Ti < ∞}✱ ❝♦♥❞✐	✐♦♥❛❧❧② ♦♥ T ❛♥❞ FX
T ✱ 	❤❡ ♣�♦❝❡

 Y ❤❛
 	❤❡ 
❛♠❡ ❞✐
	�✐❜✉	✐♦♥

❛
 	❤❡ 
♦❧✉	✐♦♥ ♦❢
(
E

W̃ (T ),X(T ),η̃(T )

V (X)
)
✳



✸✳✶✳ ❙❚❆❚❊▼❊◆❚ ❖❋ ❚❍❊ ❘❊❙❯▲❚❙ ✽✸

✸✳✶✳✹ ▼❛✐♥ 	❡�✉❧�� ✿ ❆ ♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡	�✐♦♥ ♦❢ �❤❡ ♦♣♣♦�✐�❡ ❞	✐❢� �❤❡♦	❡♠

▲❡� (Xi)i∈V ❜❡ ❛ �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮✳ ❆� ✐♥ �❤❡ ✉�✉❛❧ ❝❛�❡ ♦❢ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥✱ ❧❡� ✉� ✐♥��♦❞✉❝❡

�❤❡ ❢✉♥❝�✐♦♥❛❧ �❤❛� ✇✐❧❧ ❞❡✜♥❡ �❤❡ �✐♠❡ ❝❤❛♥❣❡✳ ❋♦� i ∈ V ❛♥❞ t ≥ 0✱ ✇❡ �❡�

Ui(t) =

∫ t

0

1s<T 0
i

Xi(s)2
ds.

❲❡ ✜��� ❤❛✈❡ �♦ �❤♦✇ �❤❛� �❤✐� �✐♠❡ ❝❤❛♥❣❡ ❣♦❡� �♦ ✐♥✜♥✐�②✳

▲❡♠♠❛ ✸✳✶✳✶✳ ▲❡� i ∈ V ❜❡ ✜①❡❞✳ ❚❤❡♥

lim
t→T 0

i

U(t) = +∞,

�♦ �❤❛� Ui : [0, T
0
i ) → [0,+∞) ✐� ❛ ❜✐❥❡❝�✐♦♥✳

❋♦� ❛❧❧ i ∈ V ✱ ✇❡ �❤❡♥ ❞❡✜♥❡ Ti = (Ui|[0,T 0
i [
)−1✳ ❚❤❡�❡❢♦�❡✱ ❢♦� ❛❧❧ u ≥ 0✱ Ti(u) < T 0

i ❛♥❞

limu→∞ Ti(u) = T 0
i ✳

❲❡ ❝❛♥ ♥♦✇ �❤♦✇ �❤❛� �❤❡ �✐♠❡✲❝❤❛♥❣❡❞ �♦❧✉�✐♦♥
(
Xi ◦ Ti

)
i∈V

❝❛♥ ❜❡ ✇�✐��❡♥ ❛�

Xi(Ti(u)) = eρi(u)

❢♦� u ≥ 0✱ ✇❤❡�❡ (ρi)i∈V ✐� �♦❧✉�✐♦♥ ♦❢ ❛ ♥❡✇ �②��❡♠ ♦❢ ��♦❝❤❛��✐❝ ❞✐✛❡�❡♥�✐❛❧ ❡%✉❛�✐♦♥� ✿

❚❤❡♦�❡♠ ✸✳✶✳✹✳ ✭✐✮ ❋♦� i ∈ V ❛♥❞ u ≥ 0✱ ❧❡� ✉� ❞❡✜♥❡ ρi(u) = log
(
Xi(Ti(u))

)
✳ ❚❤❡♥ (ρ, T ) ✐�

�♦❧✉�✐♦♥ ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ �②��❡♠ ♦❢ ❙❉❊� ✿

⎧
⎪⎪⎨
⎪⎪⎩

ρi(v) = log(θi) + B̃i(v) +

∫ v

0

(
−1

2
− eρi(u)

(
W̃ (u)(eρ(u) + T (u)η) + η

)

i

)
du,

Ti(v) =

∫ v

0

e2ρi(u)du,

✭EW,θ,η
V (ρ)✮

❢♦� i ∈ V ❛♥❞ v ≥ 0✱ ✇❤❡�❡ (B̃i)i∈V ✐� ❛ |V |✲❞✐♠❡♥�✐♦♥❛❧ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✱ eρ(u) ❞❡♥♦�❡�
�❤❡ ✈❡❝�♦� (eρi(u))i∈V ✱ ❛♥❞

W̃ (u) = WK−1
T (u) = W

(
Id− T (u)W

)−1
.

✭✐✐✮ ❚❤❡ ❡%✉❛�✐♦♥ ✭EW,θ,η
V (ρ)✮ ❛❞♠✐�� ❛ ✉♥✐%✉❡ ♣❛�❤✇✐�❡ �♦❧✉�✐♦♥ u �→

(
ρ(u), T (u)

)
✱ ✇❤✐❝❤ ✐� ❛✳�✳ ✇❡❧❧

❞❡✜♥❡❞ ♦♥ ❛❧❧ ♦❢ R+✳

❆� ❛ ❝♦♥�❡%✉❡♥❝❡ ♦❢ ❚❤❡♦�❡♠� ✸✳✶✳✷✭✐✐✮ ❛♥❞ ✸✳✶✳✹✱ ✇❡ ❝❛♥ �❡❧❛�❡ �❤❡ �♦❧✉�✐♦♥� ♦❢ ✭EW,θ,η
V (ρ)✮ �♦ �✐♠❡✲

❝❤❛♥❣❡❞ ❇❡��❡❧ ❜�✐❞❣❡� ❛♥❞ �❤❡ ❞✐���✐❜✉�✐♦♥ νW,θ,η
V ✳ ❚❤✐� ✐� ��❛�❡❞ ✐♥ ❚❤❡♦�❡♠ ✸✳✶✳✺ ❜❡❧♦✇✱ ✇❤✐❝❤ ✐� �❤❡

♠✉❧�✐✲❞✐♠❡♥�✐♦♥❛❧ ✈❡��✐♦♥ ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✶✳

❚❤❡♦�❡♠ ✸✳✶✳✺✳ ▲❡� B̃ ❜❡ ❛ |V |✲❞✐♠❡♥�✐♦♥❛❧ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✱ ❛♥❞ ❧❡� (ρ, T ) ❜❡ �♦❧✉�✐♦♥ ♦❢

✭EW,θ,η
V (ρ)✮✳

✭✐✮ ❋♦� ❛❧❧ i ∈ V ✱ ✇❡ ❤❛✈❡

Ti(u) =

∫ u

0

e2ρi(v)dv
a.s.−−−−→

u→∞
T 0
i ,

✇❤❡�❡
(

1
2T 0

i

)

i∈V
✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νW,θ,η

V ✳



✽✹ ❈❍❆�❚❊❘ ✸✳ ❆ ▼❯▲❚■✲❉■▼❊◆❙■❖◆❆▲ ❖��❖❙■❚❊✲❉❘■❋❚ ❚❍❊❖❘❊▼

✭✐✐✮ ❈♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0✱ �❤❡�❡ ❡①✐��� ❛ ��❛♥❞❛�❞ |V |✲❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B̂ �✉❝❤ �❤❛� ❢♦�
i ∈ V ❛♥❞ u ≥ 0✱

ρi(u) = log(θi) + B̂i(u) +
1

2
u+ log

(
T 0
i − Ti(u)

T 0
i

)
.

■♥ ♣❛��✐❝✉❧❛�✱ �❤❡ ♣�♦❝❡��❡� (ρi, Ti)i∈V ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ T 0✳

✸✳✶✳✺ ❆♥ ♦♣❡♥ 
✉❡�
✐♦♥

❚❤❡ ●❛♠♠❛ ❛♥❞ ■♥✈❡
�❡ ●❛✉��✐❛♥ ❞✐��
✐❜✉�✐♦♥�✱ ❛� ✇❡❧❧ ❛� �❤❡ ❞✐��
✐❜✉�✐♦♥ ♦❢ �❤❡ ✐♥✈❡
�❡ ♦❢ ❛ ●❛♠♠❛
♦
 ■♥✈❡
�❡ ●❛✉��✐❛♥ ✈❛
✐❛❜❧❡✱ ❛❧❧ ❢❛❧❧ ✐♥�♦ �❤❡ ❢❛♠✐❧② ♦❢ �❤❡ �♦✲❝❛❧❧❡❞ ❣❡♥❡
❛❧✐③❡❞ ■♥✈❡
�❡ ●❛✉��✐❛♥ ❞✐��
✐✲
❜✉�✐♦♥�✳

❆ 
❛♥❞♦♠ ✈❛
✐❛❜❧❡ ✐� �❛✐❞ �♦ ❤❛✈❡ ❣❡♥❡
❛❧✐③❡❞ ■♥✈❡
�❡ ●❛✉��✐❛♥ ❞✐��
✐❜✉�✐♦♥ ✇✐�❤ ♣❛
❛♠❡�❡
 (q, a, b)
✇❤❡
❡ q ∈ R ❛♥❞ a, b > 0✱ ❛♥❞ ❞❡♥♦�❡❞ GIG(q, a, b) ✐❢ ✐� ❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥�✐�②✿

(a
b

)q/2 1

2Kq(
√
ab)

tq−1e−
1
2 (at+b/t)

1t>0. ✭✸✳✷✮

■♥ ♣❛
�✐❝✉❧❛
✱ ✇❡ ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ �♣❡❝✐❛❧ ❝❛�❡� ✭✇❤❡
❡ ③❡
♦ ♣❛
❛♠❡�❡
 ✐� ✉♥❞❡
��♦♦❞ ❛� ✐♥ ❬◆♦
✾✹❪✮✿

IG

(
θ

η
, θ2
)

= GIG

(
−1

2
,
η2

2
,
θ2

2

)
, Gamma

(
1

2
, θ2
)

= GIG

(
−1

2
, 0,

θ2

2

)

❛♥❞

X ∼ GIG

(
−1

2
,
η2

2
,
θ2

2

)
⇔ 1/X ∼ GIG

(
1

2
,
θ2

2
,
η2

2

)
.

❉❡✜♥❡ �❤❡ ❧❛�� ✈✐�✐� ♦❢ ✵ ♦❢ ♦✉
 ❞
✐❢�❡❞ ❇
♦✇♥✐❛♥ ♠♦�✐♦♥ �♦ ❜❡ T 1 = sup{t ≥ 0 : Bt + θ − ηt = 0}✳ ❇② ❛
�✐♠❡ ✐♥✈❡
�✐♦♥ ❛
❣✉♠❡♥�✱ ✐✳❡✳ �❡��✐♥❣

B̃t =

{
−tB1/t t > 0

0 t = 0
,

�❤❡ ●❛✉��✐❛♥ ♣
♦❝❡�� B̃ ✐� ❛❧�♦ ❛ ❇
♦✇♥✐❛♥ ♠♦�✐♦♥ ❛♥❞ ✇❡ ❞❡❞✉❝❡ �❤❛� 1
T 1 ✐� �❤❡ ✜
�� ✈✐�✐� �✐♠❡ �♦ ✵ ♦❢

B̃t + η − θt✱ ❤❡♥❝❡ T 1 ✐� GIG( 12 ,
θ2

2 , η2

2 ) ❞✐��
✐❜✉�❡❞✱ ♠♦
❡♦✈❡
✱ ❜② ❙�
♦♥❣ ▼❛
❦♦✈ ♣
♦♣❡
�② ♦❢ ❇
♦✇♥✐❛♥
♠♦�✐♦♥✱ ✇❡ ❞❡❞✉❝❡ �❤❛� T 1 − T 0 ✐� Gamma( 12 , θ

2) ❞✐��
✐❜✉�❡❞✱ ❛♥❞ ✐� ✐� ✐♥❞❡♣❡♥❞❡♥� ♦❢ T 0✳

▼♦
❡ ❣❡♥❡
❛❧❧②✱ ✇❡ ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥�✐�② ✐♥ ❞✐��
✐❜✉�✐♦♥✱ ✇❤✐❝❤ ✐� ❦♥♦✇♥ ❛� �❤❡ ▼❛��✉♠♦�♦✲❨♦

♣
♦♣❡
�② ❬❲❲✵✼✱ ▼❨✵✸❪✿

��♦♣♦�✐�✐♦♥ ✸✳✶✳✹✳ ▲❡� T = (T 0, T 1) ❜❡ ❛ �❛♥❞♦♠ ✈❡❝�♦�✱ �❤❡♥ �❤❡�❡ ✐� ❡�✉✐✈❛❧❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ❢♦❧❧♦✇✐♥❣
��❛�❡♠❡♥��✿

✭✐✮
(

1
T 0 , T

1 − T 0
)
∼ GIG( 12 ,

θ2

2 , η2

2 )⊗Gamma( 12 , θ
2)

✭✐✐✮
(

1
T 0 − 1

T 1 , T
1
)
∼ Gamma( 12 , η

2)⊗GIG( 12 ,
η2

2 , θ2

2 )✳

■� ✐� ♥❛�✉
❛❧ �♦ ❛�❦ ✇❤❡�❤❡
 �✉❝❤ ❛♥ ✐❞❡♥�✐�② ❤♦❧❞� �
✉❡ ✐♥ �❤❡ ❝❛�❡ ♦❢ �❤❡ ❞✐��
✐❜✉�✐♦♥ ✐♥ 3
♦♣♦�✐✲
�✐♦♥ ✸✳✶✳✸✱ ❛♥❞ ✇❤❡�❤❡
 ♦♥❡ ✐� ❛❜❧❡ �♦ ❞❡✜♥❡ �❤❡ ♣
♦❝❡�� ✐♥ �❤❡ �✐♠❡ ✐♥✈❡
�✐♦♥✳
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✸✳✷ ❚✐♠❡ ❝❤❛♥❣❡ ♦♥ ❇❡��❡❧ ❜�✐❞❣❡�

✸✳✷✳✶ ▲✐♠✐� ♦❢ �❤❡ �✐♠❡ ❝❤❛♥❣❡ ✿ ��♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✶

▲❡� X = (Xi)i∈V ❜❡ ❛ �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮✳ ❆❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✸✳✶✳✷✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (T 0

i )i∈V ✱
�❤❡ ��❛❥❡❝�♦�✐❡� (Xi(t))0≤t≤T 0

i
❛�❡ ✐♥❞❡♣❡♥❞❡♥� ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡�✳ ❆� ❛ �❡�✉❧�✱ ✐♥ ♦�❞❡� �♦

♣�♦✈❡ ▲❡♠♠❛ ✸✳✶✳✶✱ ✐� ✐� ❡♥♦✉❣❤ �♦ �❤♦✇ �❤❡ �❛♠❡ �❡�✉❧� ❢♦� ❛ ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡✳
▲❡� ✉� �❤❡♥ ✜① θ > 0 ❛♥❞ T 0 > 0✱ ❛♥❞ ❧❡� X ❜❡ ❛ ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡ ❢�♦♠ θ �♦ 0 ❜❡�✇❡❡♥ 0

❛♥❞ T 0✳ ❲❡ ✇❛♥� �♦ �❤♦✇ �❤❛�

U(t) =

∫ t

0

ds

X(s)2
a.s.−−−−→

t→T 0
+∞.

❲❡ ✇✐❧❧ ❞♦ �♦ ❜② ❛♣♣❧②✐♥❣ �❤❡ �✐♠❡ ❝❤❛♥❣❡ ❢�♦♠ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥✳
❙✐♥❝❡ X ✐� ❛ ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡✱ �❤❡�❡ ❡①✐��� ❛ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B �✉❝❤ �❤❛�

dX(t) = dB(t) +
1

X(t)
dt− X(t)

T 0 − t
dt,

�❤❡�❡❢♦�❡ ❜② ■�♦✬� ❧❡♠♠❛✱ ❢♦� t < T 0✱

d log(X(t)) =
dB(t)

X(t)
+

dt

X(t)2
− dt

T 0 − t
− 1

2

dt

X(t)2

= dM(t) +
1

2
dU(t) + d log

(
T 0 − t

)
,

✇❤❡�❡ M(t) =
∫ t

0
dB(t)
X(t) ✐� ❛ ♠❛��✐♥❣❛❧❡✱ ❛♥❞ 〈M〉t = U(t)✳ ❚❤❡�❡❢♦�❡✱ �❤❡�❡ ❡①✐��� ❛ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥

♠♦�✐♦♥ B̂ �✉❝❤ �❤❛� M(t) = B̂(U(t))✳ ❋✐♥❛❧❧②✱ ❢♦� t ≥ 0✱ ✇❡ ❤❛✈❡

log(X(t)) = log(θ) + B̂(U(t)) +
1

2
U(t) + log

(
T 0 − t

T 0

)
, ✭✸✳✸✮

✐✳❡✳

X(t)

T 0 − t
=

θ

T 0
eB̂(U(t))+ 1

2U(t).

❍♦✇❡✈❡�✱ �✐♥❝❡ X ✐� ❛ ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡✱ �❤❡�❡ ❛❧�♦ ❡①✐��� ❛ ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ♣�♦❝❡�� Y
�✉❝❤ �❤❛� ❢♦� t ≥ 0✱

X(t) = (T 0 − t)Y

(
t

T 0(T 0 − t)

)

✭�❡❡ ❬❘❨✶✸❪ ♣✳✹✻✼✮✳ ❚❤❡�❡❢♦�❡✱ ✇❤❡♥ t → T 0✱ ✇❡ ❤❛✈❡ ❛✳�✳ X(t)
T 0−t → +∞✳ ❙✐♥❝❡ u �→ B̂(u) + 1

2u ❝❛♥♥♦�
❡①♣❧♦❞❡ ✐♥ ✜♥✐�❡ �✐♠❡✱ ✇❡ ❤❛✈❡ ♥❡❝❡��❛�✐❧②

U(t)
a.s.−−−−→

t→T 0
+∞.

✸✳✷✳✷ ❚✐♠❡ ❝❤❛♥❣❡ ♦♥ �❤❡ ❝♦♥❞✐�✐♦♥❛❧ ♣�♦❝❡�� ✿ ��♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✺

▲❡� (B̃i)i∈V ❜❡ ❛ |V |✲❞✐♠❡♥�✐♦♥❛❧ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✳ ❆❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✸✳✶✳✹✱ �❤❡�❡ ❡①✐��� ❛

|V |✲❞✐♠❡♥�✐♦♥❛❧ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ (Bi)i∈V �✉❝❤ �❤❛�✱ ✐❢ (Xi)i∈V ✐� �❤❡ �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮

✇✐�❤ �❤❡ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B✱ ❛♥❞ ✐❢ Ti ✐� �❤❡ ✐♥✈❡��❡ ❢✉♥❝�✐♦♥ ♦❢ Ui : t �→
∫ t

0
ds

Xi(s)2
❢♦� ❛❧❧ i ∈ V ✱ �❤❡♥

(ρ, T ) ✐� �❤❡ �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η
V (ρ)✮ ✇✐�❤ �❤❡ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B̃✱ ✇❤❡�❡ ρi(u) = log

(
Xi(Ti(u))

)
❢♦�

u ≥ 0✳
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❚❤❡�❡❢♦�❡✱ ❛❝❝♦�❞✐♥❣ �♦ ▲❡♠♠❛ ✸✳✶✳✶✱ ✇❡ ❤❛✈❡ ❛✳�✳ ❢♦� ❛❧❧ i ∈ V ✿

lim
u→+∞

Ti(u) = T 0
i ,

✇❤❡�❡ T 0
i ✐� �❤❡ ❤✐��✐♥❣ �✐♠❡ ♦❢ 0 ❜② Xi✳ ▼♦�❡♦✈❡�✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦�❡♠ ✸✳✶✳✷ ✭✐✐✮ �♦ X ✿ �❤❡ ✈❡❝�♦�(

1
2T 0

i

)

i∈V
✐� ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ νW,θ,η

V ✱ ❛♥❞ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (T 0
i )i∈V ✱ �❤❡ ��❛❥❡❝�♦�✐❡� (Xi(t))0≤t≤T 0

i

❛�❡ ✐♥❞❡♣❡♥❞❡♥� ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡� ❢�♦♠ θi �♦ 0 �❡�♣❡❝�✐✈❡❧②✳ ❙✐♥❝❡ ρi(u) = log
(
Xi(Ti(u))

)
❢♦�

u ≥ 0✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (T 0
i )i∈V ✱ �❤❡ ♣�♦❝❡��❡� (ρi, Ti)i∈V ❛�❡ ✐♥❞❡♣❡♥❞❡♥�✱ ❛♥❞ �❤❡✐� ❞✐���✐❜✉�✐♦♥ ✐� ❣✐✈❡♥

❜② ❛♣♣❧②✐♥❣ �❤❡ �✐♠❡ ❝❤❛♥❣❡ ❢�♦♠ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥ �♦ ❛ ✸✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡✳ ❚❤✐� �✐♠❡✲❝❤❛♥❣❡
✇❛� ❛❧�❡❛❞② �❡❛❧✐③❡❞ ✐♥ �❤❡ ♣�♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✶ ✭�❡❡ ✭✸✳✸✮✮✱ ❛♥❞ �❤❡ �❡�✉❧� ✐� ❛� ❢♦❧❧♦✇� ✿ ❝♦♥❞✐�✐♦♥❛❧❧②
♦♥ (T 0

i )i∈V ✱ ❢♦� ❛❧❧ i ∈ V ✱ �❤❡�❡ ❡①✐��� ❛ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B̂i �✉❝❤ �❤❛� ❢♦� u ≥ 0✳

⎧
⎪⎪⎨
⎪⎪⎩

ρi(u) = log(θi) + B̂i(u) +
1

2
u+ log

(
T 0
i − Ti(u)

T 0
i

)

Ti(u) =

∫ u

0

e2ρi(w)dw.

✸✳✸ ▼✉❧�✐✲❞✐♠❡♥
✐♦♥❛❧ �✐♠❡ ❝❤❛♥❣❡ ✿ ��♦♦❢ ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✹

▲❡� ✉� ✜��� ❛��✉♠❡ �❤❛� ❚❤❡♦�❡♠ ✸✳✶✳✹ ✭✐✮ ✐� ♣�♦✈❡♥✱ ❛♥❞ �❤♦✇ ✭✐✐✮✱ ✐✳❡✳ �❤❛� ✭EW,θ,η
V (ρ)✮ ❤❛� ❛✳�✳ ❛

✉♥✐,✉❡ ♣❛�❤✇✐�❡ �♦❧✉�✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛❧❧ ♦❢ R+✳ ▲❡� B̃ ❜❡ ❛ |V |✲❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✳ ❚❤❛♥❦� �♦

❚❤❡♦�❡♠ ✸✳✶✳✹ ✭✐✮✱ ✇❡ ❦♥♦✇ �❤❛� ✭EW,θ,η
V (ρ)✮ ❛❞♠✐�� ❛ �♦❧✉�✐♦♥ �❤❛� ✐� ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ R+✳ ▲❡� ✉� ♥♦✇

�❤♦✇ �❤❛� �❤✐� �♦❧✉�✐♦♥ ✐� ♥❡❝❡��❛�✐❧② ✉♥✐,✉❡✳
▲❡� (ρ∗, T ∗) ❜❡ ❛♥♦�❤❡� �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η

V (ρ)✮ ✇✐�❤ �❤❡ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B̃✳ ▲❡� ❛❧�♦ K ❜❡ ❛ ❝♦♠♣❛❝�
�✉❜�❡� ♦❢ RV × {t ∈ R

V
+,Kt > 0} ❝♦♥�❛✐♥✐♥❣ (log(θi), 0)i∈V ✳ ❚❤❡♥ �❤❡ ❢✉♥❝�✐♦♥
⎧
⎪⎨
⎪⎩

K → R
V × R

V

(ρ, t) �→
(
− 1

2
− eρi

(
WK−1

t (eρ + tη) + η
)

i
, e2ρi

)

i∈V

✐� ❜♦✉♥❞❡❞ ❛♥❞ ▲✐♣�❝❤✐�③✳ ❚❤❡�❡❢♦�❡✱ ✉♣ �♦ �❤❡ ��♦♣♣✐♥❣ �✐♠❡ UK = inf{u ≥ 0, (ρ(u), T (u)) /∈ K}✱ ✇❡
❤❛✈❡ (ρ(u), T (u)) = (ρ∗(u), T ∗(u)) ❢�♦♠ ❚❤❡♦�❡♠ ✷✳✶✱ ♣✳✸✼✺ ♦❢ ❬❘❨✶✸❪✳ ❙✐♥❝❡ �❤✐� ✐� ��✉❡ ❢♦� ❛❧❧ ❝♦♠♣❛❝�
�✉❜�❡� K ♦❢ RV × {t ∈ R

V
+,Kt > 0}✱ ✇❡ ❤❛✈❡ ❛✳�✳ (ρ, T ) = (ρ∗, T ∗)✳ ❚❤✐� ❝♦♥❝❧✉❞❡� �❤❡ ♣�♦♦❢ ♦❢ ❚❤❡♦�❡♠

✸✳✶✳✹ ✭✐✐✮✳
❚❤❡♦�❡♠ ✸✳✶✳✹ ✭✐✮ �❡♠❛✐♥� �♦ ❜❡ ♣�♦✈❡♥✳ ▲❡� B ❜❡ ❛ ��❛♥❞❛�❞ |V |✲❞✐♠❡♥�✐♦♥❛❧ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥✱ ❛♥❞

❧❡� (Xi)i∈V ❜❡ ❛ �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η
V (X)✮✳ ❋♦� i ∈ V ✱ �❡❝❛❧❧ �❤❛� Ti ✐� �❤❡ ✐♥✈❡��❡ ❢✉♥❝�✐♦♥ ♦❢

Ui :

⎧
⎪⎨
⎪⎩

[
0, T 0

i

[
→ [0,+∞[

t �→
∫ t

0

ds

Xi(s)2

❛♥❞ ρi(u) = log
(
Xi(Ti(u))

)
❢♦� u ≥ 0✳

■♥ ♦�❞❡� �♦ �❤♦✇ �❤❛� (ρ, T ) ✐� �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η
V (ρ)✮✱ ✇❡ ✇❛♥� �♦ ❛♣♣❧② �❤❡ �❛♠❡ �✐♠❡ ❝❤❛♥❣❡ ❛�

✐♥ ▲❛♠♣❡��✐✬� �❡❧❛�✐♦♥✳ ❍♦✇❡✈❡�✱ ✐♥ �❤❡ ❡,✉❛�✐♦♥ ✭EW,θ,η
V (X)✮✱ �❤❡ �❡�♠ ψ(t) �❡♣�❡�❡♥�� ❛♥ ✐♥�❡�❛❝�✐♦♥

❜❡�✇❡❡♥ �❤❡ ❝♦♦�❞✐♥❛�❡� Xi(t) ❛� �❤❡ �❛♠❡ �✐♠❡ t ≥ 0✱ ✇❤✐❝❤ ❝♦��❡�♣♦♥❞ �♦ ❞✐✛❡�❡♥� �✐♠❡� Ui(t) ✇❤❡♥
✇�✐�✐♥❣ Xi(t) = eρi(Ui(t))✳

❲❡ ♣�❡�❡♥� ❤❡�❡ �✇♦ ❞✐✛❡�❡♥� ✇❛②� ♦❢ ♦✈❡�❝♦♠✐♥❣ �❤✐� ♣�♦❜❧❡♠✳ ❚❤❡ ✜��� ♣�♦♦❢ �❡❧✐❡� ♦♥ ✐❞❡♥�✐❢②✐♥❣ �❤❡
✐♥✜♥✐�❡�✐♠❛❧ ❣❡♥❡�❛�♦� ♦❢ �❤❡ ♣�♦❝❡�� (ρi, Ti)i∈V ✱ ✉�✐♥❣ �❤❡ ���♦♥❣ ▼❛�❦♦✈ ♣�♦♣❡��② ♣�❡�❡♥�❡❞ ✐♥ ❚❤❡♦�❡♠
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✸✳✶✳✸✳ ❚❤❡ 	❡❝♦♥❞ ♦♥❡ ✉	❡	 ❚❤❡♦�❡♠ ✸✳✶✳✷ ✭✐✐✮✱ 	♦ �❤❛� ✇❡ ❝❛♥ ✇�✐�❡ X ❛	 ❛ ♠✐①�✉�❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥� ❇❡		❡❧
❜�✐❞❣❡	✱ �♦ ✇❤✐❝❤ ✇❡ ❝❛♥ ❛♣♣❧② �❤❡ �✐♠❡ ❝❤❛♥❣❡ 	❡♣❛�❛�❡❧②✱ ❛♥❞ �❤❡♥ ✐❞❡♥�✐❢② �❤❡ ❧❛✇ ♦❢ �❤❡ ❛♥♥❡❛❧❡❞
♣�♦❝❡		 ✉	✐♥❣ ●✐�	❛♥♦✈✬	 �❤❡♦�❡♠✳

✸✳✸✳✶ ❋✐��� ♣�♦♦❢ ♦❢ ✭✐✮ ✿ ✉�✐♥❣ �❤❡ ���♦♥❣ ▼❛�❦♦✈ ♣�♦♣❡��② ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✸

❋✐�	�❧②✱ ❧❡� u ≥ 0 ❜❡ ✜①❡❞✱ ❛♥❞ f : RV ×R
V → R ❜❡ ❛ ❝♦♠♣❛❝�❧②✲	✉♣♣♦��❡❞ C2 ❢✉♥❝�✐♦♥✳ ❚♦ ✐❞❡♥�✐❢② �❤❡

✐♥✜♥✐�❡	✐♠❛❧ ❣❡♥❡�❛�♦� ♦❢ (ρ, T )✱ ❧❡� ✉	 ❝♦♠♣✉�❡

lim
v→u+

E[f(ρ(v), T (v))|F (ρ,T )
u ]− f(ρ(u), T (u))

v − u
.

◆♦�❡ �❤❛� (Ti(u))i∈V ✐	 ❛ ♠✉❧�✐✲	�♦♣♣✐♥❣ �✐♠❡ ✐♥ �❤❡ 	❡♥	❡ ♦❢ ❉❡✜♥✐�✐♦♥ ✸✳✶✳✶ ❛♥❞ �❤❛� F (ρ,T )
u = FX

T (u)✳
▲❡� ✉	 �❤❡♥ ❞❡✜♥❡

W̃ (u) = W
(
KT (u)

)−1
, K̃

(u)
t = Id− tW̃ (u), ❛♥❞ η̃(u) = η + W̃ (u)(T (u)η).

❚❤❛♥❦	 �♦ ❚❤❡♦�❡♠ ✸✳✶✳✸✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ FX
T (u)✱ �❤❡ 	❤✐❢�❡❞ ♣�♦❝❡		

Y = Y (u) : t �→
(
Xi(Ti(u) + t)

)
i∈V

✐	 	♦❧✉�✐♦♥ ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡+✉❛�✐♦♥ ✿

⎧
⎨
⎩
dYi(t) = 1t≤T̂ 0

i
dB̂i(t)− 1t≤T̂ 0

i

(
W̃ (u)(K̃

(u)
t )−1

(
Y (t) + (t ∧ T̂ 0)η̃(u)

)
+ η̃(u)

)

i
dt,

Yi(0) = Xi(Ti(u)),

❢♦� i ∈ V ✱ t ≥ 0✱ ✇❤❡�❡ B̂ ✐	 ❛ |V |✲❞✐♠❡♥	✐♦♥❛❧ 	�❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✐♥❞❡♣❡♥❞❡♥� ❢�♦♠ FX
T (u)✱ ❛♥❞

T̂ 0
i ✐	 �❤❡ ✜�	� ❤✐��✐♥❣ �✐♠❡ ♦❢ 0 ❜② Yi✳

▲❡� ✉	 ♥♦✇ ✜① v > u✱ ❛♥❞ ❞❡✜♥❡ �❤❡ ✐♥�❡��✉♣�❡❞ ♣�♦❝❡		

Z = Z(u,v) : t �→
(
Xi

(
(Ti(u) + t) ∧ Ti(v)

))

i∈V
.

❋♦� ❛❧❧ i ∈ V ❛♥❞ t ≥ 0✱ ✇❡ �❤❡♥ ❤❛✈❡ Zi(t) = Yi

(
t ∧ T̂i(v)

)
✱ ✇❤❡�❡ T̂i(v) = Ti(v)− Ti(u)✳ ❚❤❡�❡❢♦�❡✱ Z

✐	 	♦❧✉�✐♦♥ ♦❢
⎧
⎨
⎩
dZi(t) = 1t≤T̂i(v)

dB̂i(t)− 1t≤T̂i(v)

(
W̃ (u)(K̃

(u)
t )−1

(
Y (t) + (t ∧ T̂ 0)η̃(u)

)
+ η̃(u)

)

i
dt,

Zi(0) = Xi(Ti(u)),

❢♦� i ∈ V ❛♥❞ t ≥ 0✳ ▼♦�❡♦✈❡�✱ 	✐♥❝❡ T̂i(v) < T̂ 0
i < ∞ ❛✳	✳ ❢♦� ❛❧❧ i ∈ V ✱ �❤❡�❡ ❡①✐	�	 ❛✳	✳ T̂∞ ❧❛�❣❡ ❡♥♦✉❣❤

	♦ �❤❛� Zi(t) = Yi(T̂i(v)) = Xi(Ti(v)) ❢♦� ❛❧❧ i ∈ V ❛♥❞ t ≥ T̂∞✳

❆❝❝♦�❞✐♥❣ �♦ ■�♦✬	 ❧❡♠♠❛✱ ❢♦� ❛❧❧ t ≥ 0 ✇❡ ❤❛✈❡

d log(Zi(t)) =1t≤T̂i(v)

dB̂i(t)

Zi(t)
− 1t≤T̂i(v)

dt

2Zi(t)2

− 1t≤T̂i(v)

(
W̃ (u)(K̃

(u)
t )−1

(
Y (t) + (t ∧ T̂ 0)η̃(u)

)
+ η̃(u)

)

i

dt

Zi(t)
,
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✇❤❡�❡ ✇❡ ❝❛♥ ❛❧
♦ �❡♣❧❛❝❡ t ∧ T̂ 0 ✇✐�❤ t✱ 
✐♥❝❡ T̂i(v) < T̂ 0✳ ▼♦�❡♦✈❡�✱ ✇❡ ❞❡♥♦�❡ ❜② M̂i �❤❡ ❢♦❧❧♦✇✐♥❣

♠❛��✐♥❣❛❧❡ ❢♦� i ∈ V ✿ M̂i(t) =
∫ t

0
dB̂i(s)
Zi(s)

❢♦� t ≥ 0✳

▲❡� ✉
 ♥♦✇ ❞❡♥♦�❡

Φ(t) =
(
log(Zi(t)), (Ti(u) + t) ∧ Ti(v)

)
i∈V

∈ R
V × R

V

❢♦� t ≥ 0✳ ❚❤❡♥✱ ❛♣♣❧②✐♥❣ ■�♦✬
 ❧❡♠♠❛ �♦ t �→ f(Φ(t))✱ ✇❡ ❣❡�

f(Φ(t))− f(Φ(0)) =
∑

i∈V

∫ t∧T̂i(v)

0

∂f

∂ρi
(Φ(s))dM̂i(s) +

∑

i∈V

∫ t∧T̂i(v)

0

1

2

∂2f

∂ρ2i
(Φ(s))

ds

Zi(s)2

+
∑

i∈V

∫ t∧T̂i(v)

0

∂f

∂ρi
(Φ(s))

(
−1

2
− Zi(s)

(
W̃ (u)(K̃(u)

s )−1
(
Y (s) + sη̃(u)

)
+ η̃(u)

)

i

)
ds

Zi(s)2

+
∑

i∈V

∫ t∧T̂i(v)

0

∂f

∂ti
(Φ(s))ds.

❚❛❦✐♥❣ t ≥ T̂∞✱ ✇❡ ❣❡� t ∧ T̂i(v) = T̂i(v) ❢♦� ❛❧❧ i ∈ V ✱ ❛♥❞

f(Φ(t))− f(Φ(0)) = f(ρ(v), T (v))− f(ρ(u), T (u)),


✐♥❝❡ ρi(w) = log (Xi(Ti(w))) ❢♦� w ∈ R+ ❛♥❞ i ∈ V ✳ ❋♦� ❛❧❧ i ∈ V ✱ ✇❡ ❝❛♥ ♥♦✇ ✉
❡ �❤❡ ❢♦❧❧♦✇✐♥❣ �✐♠❡

❝❤❛♥❣❡ ✐♥ �❤❡ ❝♦��❡
♣♦♥❞✐♥❣ ✐♥�❡❣�❛❧
 ❛❜♦✈❡ ✿ s = Ti(w) − Ti(u) = T̂i(w)✱ ✐✳❡✳ w = Ui(Ti(u) + s)✳ ◆♦�❡
�❤❛�

❢♦� 0 ≤ s ≤ T̂i(v),
d

ds
Ui(Ti(u) + s) =

1

Xi(Ti(u) + s)2
=

1

Zi(s)2
,

❛♥❞ ❢♦� u ≤ w ≤ v,
d

dw
T̂i(w) = Xi(Ti(w))

2 = e2ρi(w).

❆
 ❛ �❡
✉❧�✱ ✇❡ ♦❜�❛✐♥ ✿

f
(
ρ(v),T (v)

)
− f
(
ρ(u), T (u)

)

=
∑

i∈V

(∫ v

u

∂f

∂ρi

(
ρ(w), T (w)

)
dM̂i(T̂i(w)) +

∫ v

u

1

2

∂2f

∂ρ2i

(
ρ(w), T (w)

)
dw

+

∫ v

u

∂f

∂ρi

(
ρ(w), T (w)

)(
−1

2
− eρi(w)

(
W̃ (u)(K̃

(u)

T̂i(w)
)−1
(
X(Ti(w)) + T̂i(w)η̃

(u)
)
+ η̃(u)

)

i

)
dw

+

∫ v

u

∂f

∂ti

(
ρ(w), T (w)

)
e2ρi(w)dw

)
.

❍❡�❡✱ �❤❡ ✈❡❝�♦� X(Ti(w)) =
(
Xj(Ti(w))

)
j∈V

✐
 ❞✐✛❡�❡♥� ❢�♦♠ eρ(w) =
(
Xj(Tj(w))

)
j∈V

✳ ❚❤✐
 ✐
 ✇❤② ✇❡

♥❡❡❞ �♦ �❛❦❡ v → u ❛♥❞ ✐❞❡♥�✐❢② �❤❡ ❣❡♥❡�❛�♦�✳

◆♦�❡ �❤❛� 
✐♥❝❡ B̂ ✐
 ✐♥❞❡♣❡♥❞❡♥� ❢�♦♠ FX
T (u)✱ ✇❡ ❤❛✈❡

E

[∫ v

u

∂f

∂ρi

(
ρ(w), T (w)

)
dM̂i(T̂i(w))

∣∣∣∣F (ρ,T )
u

]
= E

[∫ T̂i(v)

0

∂f

∂ρi
(Φ(t))

dB̂i(s)

Zi(s)

∣∣∣∣∣F
X
T (u)

]
= 0
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❢♦� ❛❧❧ i ∈ V ✱ ❛♥❞ �❤❡�❡❢♦�❡

E

[
f
(
ρ(v), T (v)

)
− f
(
ρ(u), T (u)

)∣∣∣F (ρ,T )
u

]
= E

[
∑

i∈V

(∫ v

u

1

2

∂2f

∂ρ2i

(
ρ(w), T (w)

)
dw

+

∫ v

u

∂f

∂ρi

(
ρ(w), T (w)

)(
−1

2
− eρi(w)

(
W̃ (u)(K̃

(u)

T̂i(w)
)−1
(
X(Ti(w)) + T̂i(w)η̃

(u)
)
+ η̃(u)

)

i

)
dw

+

∫ v

u

∂f

∂ti

(
ρ(w), T (w)

)
e2ρi(w)dw

)∣∣∣∣∣ρ(u), T (u)
]
.

❇② ❝♦♥�✐♥✉✐�② ❛♥❞ ❞♦♠✐♥❛�❡❞ ❝♦♥✈❡�❣❡♥❝❡✱ ✇❡ ❝❛♥ �❤❡♥ ❝♦♥❝❧✉❞❡ �❤❛�

lim
v→u+

E

[
f
(
ρ(v), T (v)

)∣∣∣F (ρ,T )
u

]
− f
(
ρ(u), T (u)

)

v − u
=
∑

i∈V

(
1

2

∂2f

∂ρ2i

(
ρ(u), T (u)

)

+
∂f

∂ρi

(
ρ(u), T (u)

)(
− 1

2
− eρi(u)

(
W̃ (u)eρ(u) + η̃(u)

)
i

)
+

∂f

∂ti

(
ρ(u), T (u)

)
e2ρi(u)

)
,

✇❤✐❝❤ ✐� ✐♥ ❢❛❝� Lf(u)✱ ✇❤❡�❡ L ✐� �❤❡ ✐♥✜♥✐�❡�✐♠❛❧ ❣❡♥❡�❛�♦� ❛��♦❝✐❛�❡❞ ✇✐�❤ �❤❡ �②��❡♠ ♦❢ ❙❉❊�

✭EW,θ,η
V (ρ)✮✳

✸✳✸✳✷ ❙❡❝♦♥❞ ♣�♦♦❢ ♦❢ ✭✐✮ ✿ ✉�✐♥❣ �❤❡ ♠✐①✐♥❣ ♠❡❛�✉�❡ ❛♥❞ ●✐��❛♥♦✈✬� �❤❡♦�❡♠

❚❤✐� ♣�♦♦❢ ❢♦❧❧♦✇� �❤❡ �❛♠❡ ���✉❝�✉�❡ ❛� �❤❛� ♦❢ ❚❤❡♦�❡♠ ✸✳✶✳✷ ✿ ��❛��✐♥❣ ❢�♦♠ �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡
♣�♦❝❡�� ❛� ❛ ♠✐①�✉�❡ ♦❢ �✐♠♣❧❡� '✉❡♥❝❤❡❞ ♣�♦❝❡��❡�✱ ❛♥❞ ❝♦♠♣✉�✐♥❣ �❤❡ ✐♥�❡❣�❛❧ ✐♥ ♦�❞❡� �♦ ✐❞❡♥�✐❢② �❤❡
❛♥♥❡❛❧❡❞ ❞✐���✐❜✉�✐♦♥✱ ✉�✐♥❣ ●✐��❛♥♦✈✬� �❤❡♦�❡♠✳

▲❡� ✉� ❞❡♥♦�❡ ❜② X = (Xi(t))i∈V,t≥0 �❤❡ ❝❛♥♦♥✐❝❛❧ ♣�♦❝❡�� ✐♥ C(R+,R
V )✱ ❛♥❞ ❜② P �❤❡ ❞✐���✐❜✉�✐♦♥

♦♥ C(R+,R
V ) ✉♥❞❡� ✇❤✐❝❤ X ✐� �♦❧✉�✐♦♥ ♦❢ ✭EW,θ,η

V (X)✮✳ ❆❝❝♦�❞✐♥❣ �♦ ❚❤❡♦�❡♠ ✸✳✶✳✷ ✭✐✐✮✱ �❤❡ ✈❡❝�♦�

(βi)i∈V =
(

1
2T 0

i

)
❤❛� ❞✐���✐❜✉�✐♦♥ νW,θ,η

V ✳ ▼♦�❡♦✈❡�✱ ❝♦♥❞✐�✐♦♥❛❧❧② ♦♥ (T 0
i )i∈V ✱ �❤❡ ♠❛�❣✐♥❛❧ ♣�♦❝❡��❡� Xi

❢♦� i ∈ V ❛�❡ ✐♥❞❡♣❡♥❞❡♥� 3✲❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡� ❢�♦♠ θi �♦ 0 ♦♥ [0, T 0
i ]✳ ■♥ ♦�❤❡� ✇♦�❞�✱ ✇❡ ❝❛♥

✇�✐�❡

P[·] =
∫ (⊗

i∈V

P
βi

i [·]
)
νW,θ,η
V (dβ),

✇❤❡�❡ ❢♦� i ∈ V ✱ P
βi

i ✐� �❤❡ ❞✐���✐❜✉�✐♦♥ ♦♥ C(R+,R) ✉♥❞❡� ✇❤✐❝❤ �❤❡ ❝❛♥♦♥✐❝❛❧ ♣�♦❝❡�� Xi ✐� ❛ 3✲
❞✐♠❡♥�✐♦♥❛❧ ❇❡��❡❧ ❜�✐❞❣❡ ❢�♦♠ θi �♦ 0 ♦♥ [0, T 0

i ]✳

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② �❤❡ �✐♠❡ ❝❤❛♥❣❡ ✐♥❞❡♣❡♥❞❡♥�❧② ♦♥ ❡❛❝❤ ♠❛�❣✐♥❛❧ Xi ❢♦� ❛❧❧ i ∈ V ✳ ❆❝❝♦�❞✐♥❣ �♦
�❤❡ ❝♦♠♣✉�❛�✐♦♥� ❞♦♥❡ ✐♥ �❤❡ ♣�♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✶ ✭�❡❡ ✭✸✳✸✮✮✱ ✇❡ ❦♥♦✇ �❤❛� ✉♥❞❡� P

βi

i ✱ �❤❡�❡ ❡①✐��� ❛

❇�♦✇♥✐❛♥ ♠♦�✐♦♥ B̂i �✉❝❤ �❤❛�

ρi(u) = log(θi) + B̂i(u) +
1

2
u+ log

(
T 0
i − Ti(u)

T 0
i

)

❢♦� u ≥ 0✱ ✇❤❡�❡ T 0
i = 1

2β ❛♥❞ Ti(u) =
∫ u

0
e2ρi(v)dv✱ ✐✳❡✳

ρi(u) = log(θi) + B̂i(u) +
1

2
u+ log

(
1− 2βi

∫ u

0

e2ρi(v)dv

)
.
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❋♦� ❡❛❝❤ i ∈ V ✱ ❧❡� ✉� ♥♦✇ ❞❡✜♥❡ ❛ ♠❛��✐♥❣❛❧❡ Li ❜②

Li(u) =

∫ u

0

(
−1

2
+

2βie
2ρi(v)

1− 2βi

∫ v

0
e2ρi(s)ds

)
dB̂i(v)

❢♦� u ≥ 0✱ �♦ �❤❛� ρi(u) = B̂i(u) − 〈B̂i, Li〉u✳ ❲❡ ❝❛♥ �❤❡♥ ✐♥��♦❞✉❝❡ ❛ ♣�♦❜❛❜✐❧✐�② ❞✐���✐❜✉�✐♦♥ P̂i �✉❝❤

�❤❛� ❢♦� ❛❧❧ u ≥ 0✱

E

[
dP̂i

dPβi

i

∣∣∣∣∣F
i
u

]
= E(Li)(u),

✇❤❡�❡ F i
u = σ

(
B̂i(v), 0 ≤ v ≤ u

)
✱ ❛♥❞ E(Li)(u) = eLi(u)− 1

2 〈Li,Li〉u ✐� �❤❡ ❡①♣♦♥❡♥�✐❛❧ ♠❛��✐♥❣❛❧❡ ❛��♦❝✐✲

❛�❡❞ ✇✐�❤ Li✳ ❚❤❡♥ ❜② ●✐��❛♥♦✈✬� �❤❡♦�❡♠✱ ρi ✐� ❛ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✉♥❞❡� P̂i✳ ◆♦�❡ �❤❛� P̂i

❞♦❡� ♥♦� ❞❡♣❡♥❞ ♦♥ βi✳

❋�♦♠ ♥♦✇ ♦♥✱ ❧❡� ✉� ✇�✐�❡ φi(u) = 1− 2βi

∫ u

0
e2ρi(v)dv =

T 0
i −Ti(u)

T 0
i

❢♦� u ≥ 0 ❛♥❞ i ∈ V ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛ ❣✐✈❡� ❛♥ ❡①♣�❡��✐♦♥ ♦❢ E(Li)✳

▲❡♠♠❛ ✸✳✸✳✶✳ ❋♦� i ∈ V ❛♥❞ u ≥ 0✱ ❞❡✜♥❡

Ei(u) = exp

(
−θ2i βi +

βie
2ρi(u)

φi(u)
− 1

2
ρi(u) +

1

8
u

)
φi(u)

3/2
√
θi.

❚❤❡♥ E(Li) = Ei✳


�♦♦❢✳ ■� �✉✣❝❡� �♦ �❤♦✇ �❤❛�
dEi(u)
Ei(u)

= dLi(u) ❢♦� ❛❧❧ u ≥ 0✱ ✇❤✐❝❤ ✇✐❧❧ ✐♠♣❧② �❤❛� Ei = E(Li)✱ �✐♥❝❡

Ei(0) = 1 ❛❧♠♦�� �✉�❡❧②✳ ◆♦�❡ �❤❛� ρi(u) = B̂i(u) +
1
2u+ log(φi(u))✱ �♦ �❤❛�

Ei(u) = exp

(
−θ2i βi + βiφi(u)e

2B̂i(u)+u − 1

2
B̂i(u)−

1

8
u

)
φi(u)

√
θi.

❇② ■�♦✬� ❧❡♠♠❛✱ ❢♦� u ≥ 0 ✇❡ ❤❛✈❡

dEi(u) =

(
2βiφi(u)e

2B̂i(u)+u − 1

2

)
Ei(u)dB̂i(u)

+
1

2

((
2βiφi(u)e

2B̂i(u)+u − 1

2

)2

+ 4βiφi(u)e
2B̂i(u)+u

)
Ei(u)du

+

(
βi (φi(u) + φ′

i(u)) e
2B̂i(u)+u − 1

8
+

φ′
i(u)

φi(u)

)
Ei(u)du.

❙✐♥❝❡ φ′
i(u) = −2βie

2ρi(u) = −2βiφi(u)
2e2B̂i(u)+u✱ ✇❡ ❣❡�

dEi(u)

Ei(u)
=

(
−1

2
+

2βie
2ρi(u)

φi(u)

)
dB̂i(u) +

(
2β2

i φi(u)
2e4B̂i(u)+2u +

1

8
+ βiφi(u)e

2B̂i(u)+u

+βiφi(u)e
2B̂i(u)+u − 2β2

i φi(u)
2e4B̂i(u)+2u − 1

8
− 2βiφi(u)e

2B̂i(u)+u

)
du

= dLi(u).
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❋✐① u ≥ 0✱ �❤❡♥ ❢♦
 ❛♥② ❡✈❡♥� Au ∈ Fρ
u = σ (ρ(v), 0 ≤ v ≤ u)✱ ✇❡ ❤❛✈❡

P[Au] =

∫ (⊗

i∈V

P
βi

i [Au]

)
νW,θ,η
V =

∫ ∫

Au

∏

i∈V

(
Ei(u)

−1dP̂i

)
νW,θ,η
V (dβ)

=

∫

Au

D(u)dP̂,

✇❤❡
❡ P̂ =
⊗

i∈V P̂i ❛♥❞ ❢♦
 u ≥ 0✱

D(u) =

∫ (∏

i∈V

Ei(u)
−1

)
νW,θ,η
V (dβ).

❲❡ ♥♦✇ ❤❛✈❡ �♦ ❝♦♠♣✉�❡ D(u)✱ ❛♥❞ ❡①♣
❡�� ✐� ❛� ❛♥ ❡①♣♦♥❡♥�✐❛❧ ♠❛
�✐♥❣❛❧❡✱ ✐♥ ♦
❞❡
 �♦ ❛♣♣❧② ●✐
�❛♥♦✈✬�

�❤❡♦
❡♠ ♦♥❝❡ ❛❣❛✐♥✱ ❛♥❞ ✐❞❡♥�✐❢② �❤❡ ❞✐��
✐❜✉�✐♦♥ ♦❢ ρ ✉♥❞❡
 P✳

❋♦
 u ≥ 0✱ ✇❡ ❤❛✈❡

D(u) =

∫
exp

(
∑

i∈V

(
θ2i βi −

βie
2ρi(u)

φi(u)
+

1

2
ρi(u)−

1

8
u

))
1∏

i∈V φi(u)3/2
√
θi

1Hβ>0

(
2

π

)|V |/2
exp

(
−1

2
〈θ,Hβθ〉 −

1

2
〈η, (Hβ)

−1η〉+ 〈η, θ〉
) ∏

i∈V θidβi√
|Hβ |

.

■♥ ♦
❞❡
 �♦ ❝♦♠♣✉�❡ �❤✐� ✐♥�❡❣
❛❧✱ ✇❡ ✇✐❧❧ ✐♥�
♦❞✉❝❡ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛
✐❛❜❧❡�✱ ❛♥❞ ♦❜�❛✐♥ ❛♥ ✐♥�❡❣
❛❧ ❛❣❛✐♥��

�❤❡ ❞✐��
✐❜✉�✐♦♥ νW̃
(u),θ̃(u),η̃(u)

V ✱ ✇❤❡
❡ W̃ (u)✱ θ̃(u) ❛♥❞ η̃(u) ❛
❡ ♥❡✇ ♣❛
❛♠❡�❡
� ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ �
❛❥❡❝�♦
②

♦❢ ρ ✉♣ �♦ �✐♠❡ u✳

▲❡� ✉� ✐♥�
♦❞✉❝❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦�❛�✐♦♥� ✿ ❢♦
 u ≥ 0✱

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

β
(u)
i =

1

2Ti(u)
❢♦
 i ∈ V

H(u) = 2β(u) −W

K(u) = T (u)H(u) = Id− T (u)W.

❋
♦♠ �❤❡
❡✱ ✇❡ ❞❡✜♥❡ �❤❡ ♥❡✇ ❢♦❧❧♦✇✐♥❣ ♣❛
❛♠❡�❡
� ✿

⎧
⎪⎪⎨
⎪⎪⎩

W̃ (u) = W (K(u))−1 = W +W (H(u))−1W

η̃(u) = W̃ (u)T (u)η + η

θ̃
(u)
i = eρi(u) ❢♦
 i ∈ V

❛� ✇❡❧❧ ❛� �❤❡�❡ ❛��♦❝✐❛�❡❞ $✉❛♥�✐�✐❡� ✿

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

T̃i(u) =
1

2βi
− Ti(u) =

φi(u)

2βi
❢♦
 i ∈ V

β̃
(u)
i =

1

2T̃i(u)
=

βi

φi(u)
❢♦
 i ∈ V

H̃(u) = 2β̃(u) − W̃ (u)

K̃(u) = T̃ (u)H̃(u) = Id− T̃ (u)W̃ (u).
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❯�✐♥❣ �❤❡�❡ ♥❡✇ ♥♦�❛�✐♦♥�✱ ✇❡ ❝❛♥ ❛❧�❡❛❞② ✇�✐�❡

∑

i∈V

βie
2ρi(u)

φi(u)
=
∑

i∈V

(θ̃
(u)
i )2β̃

(u)
i =

1

2

〈
θ̃(u),

(
H̃(u) + W̃ (u)

)
θ̃(u)

〉
✭✸✳✹✮

❢♦� u ≥ 0✳ ▼♦�❡♦✈❡�✱✇❡ ✇✐❧❧ ♥❡❡❞ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✐♥ ♦�❞❡� �♦ ❡①♣�❡�� D(u) ❛� ❛♥ ✐♥�❡❣�❛❧

❛❣❛✐♥�� νW̃
(u),θ̃(u),η̃(u)

V ✳

▲❡♠♠❛ ✸✳✸✳✷ ✭▲❡♠♠❛ ✷ ✐♥ ❬❙❩✶✼❪✮✳ ❋♦� u ≥ 0✱ ✇❡ ❤❛✈❡ ✿

✭✐✮ K1/2β = K̃(u)K(u)

✭✐✐✮ η̃(u) = T (u)−1(H(u))−1η

✭✐✐✐✮ 〈η̃(u), (H̃(u))−1η̃(u)〉 = 〈η,H−1
β η〉 − 〈η, (H(u))−1η〉.

❯�✐♥❣ ▲❡♠♠❛ ✸✳✸✳✷ ✭✐✮✱ ✇❡ ❣❡� �❤❛� ❢♦� u ≥ 0✱

Hβ = 2βK1/2β = 2βK̃(u)K(u) = 2βT̃ (u)H̃(u)K(u),

✇❤❡�❡ 2βiT̃i(u) = 1− βi

β
(u)
i

= φi(u) ❢♦� i ∈ V ✳ ❚❤❡�❡❢♦�❡✱ ✇❡ ❤❛✈❡

∏

i∈V

φi(u)
3/2
√

|Hβ | =
∏

i∈V

φi(u)
2

√
|H̃(u)|

√
|K(u)|, ✭✸✳✺✮

✇❤❡�❡
dβ̃

(u)
i

dβi
=

1
(
1− βi

β
(u)
i

)2 =
1

φi(u)2
.

▼♦�❡♦✈❡�✱ ❢♦� ❛❧❧ u ≥ 0 ✇❡ ❤❛✈❡ ✿
1Hβ>0 = 1H(u)>01H̃(u)>0. ✭✸✳✻✮

❈♦♠❜✐♥✐♥❣ ❡,✉❛�✐♦♥� ✭✸✳✹✮✱ ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮✱ ❛� ✇❡❧❧ ❛� ▲❡♠♠❛ ✸✳✸✳✷ ✭✐✐✐✮✱ ✇❡ ✜♥❛❧❧② ♦❜�❛✐♥ ✿

D(u) =

(∫
1H̃(u)>0

(
2

π

)|V |/2
exp

(
−1

2
〈θ̃(u), H̃(u)θ̃(u)〉 − 1

2
〈η̃(u), (H̃(u))−1η̃(u)〉+ 〈η̃(u), θ̃(u)〉

)

∏
i∈V θ̃

(u)
i√

|H̃(u)|

∏

i∈V

dβ̃
(u)
i

dβi
dβi

⎞
⎠1H(u)>0 exp

(
1

2
〈θ,Wθ〉+ 〈η, θ〉

)∏

i∈V

√
θi

exp

(
−1

2
〈θ̃(u), W̃ (u)θ̃(u)〉 − 1

2
〈η, (H(u))−1η〉 − 〈η̃(u), θ̃(u)〉

) ∏
i∈V exp

(
1
2ρi(u)− 1

8u
)

√
|K(u)|∏i∈V θ̃

(u)
i

= 1H(u)>0 exp

(
−1

2
〈θ̃(u), W̃ (u)θ̃(u)〉 − 1

2
〈η, (H(u))−1η〉 − 〈η̃(u), θ̃(u)〉

)

∏
i∈V exp

(
− 1

2ρi(u)− 1
8u
)

√
|K(u)|

exp

(
1

2
〈θ,Wθ〉+ 〈η, θ〉

)∏

i∈V

√
θi,

�✐♥❝❡ �❤❡ ✐♥�❡❣�❛❧ ❜❡�✇❡❡♥ ❜�❛❝❦❡�� ❜❡❝♦♠❡�
∫

νW̃
(u),θ̃(u),η̃(u)

V (dβ̃(u)) = 1.
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▲❡� ✉� ♥♦✇ �❤♦✇ �❤❛� D ✐� �❤❡ ❡①♣♦♥❡♥�✐❛❧ ♠❛��✐♥❣❛❧❡ ❛��♦❝✐❛�❡❞ ✇✐�❤ ❛ ❝❡��❛✐♥ Fρ
u✲♠❛��✐♥❣❛❧❡✳ ❇②

■�♦✬� ❧❡♠♠❛✱ ❢♦� u ≥ 0 ✇❡ ❤❛✈❡

dD(u) =
∑

i∈V

(
−(W̃ (u)eρ(u))ie

ρi(u) − η̃
(u)
i eρi(u) − 1

2

)
D(u)dρi(u)

+
1

2

∑

i∈V

((
−(W̃ (u)eρ(u))ie

ρi(u) − η̃
(u)
i eρi(u) − 1

2

)2

+
(
−(W̃ (u)eρ(u))ie

ρi(u) − W̃
(u)
i,i e2ρi(u) − η̃

(u)
i eρi(u)

))
D(u)du

+

(
−1

2
〈eρ(u), ∂u(W̃ (u))eρ(u)〉 − 1

2
〈η, ∂u(H(u))−1η〉

−〈∂uη̃(u), eρ(u)〉 −
|V |
8

− 1

2

∂u|K(u)|
|K(u)|

)
D(u)du.

❙✐♥❝❡ H(u) = 2β(u) −W = 1/T (u)−W ✱ ✇❡ ❤❛✈❡

∂u(H
(u))−1 = (H(u))−1T (u)−1∂u(T (u))T (u)

−1(H(u))−1,

�♦ �❤❛�✱ ✉�✐♥❣ ▲❡♠♠❛ ✸✳✸✳✷ ✭✐✐✮✱ ✇❡ ❣❡�

〈η, ∂u(H(u))−1η〉 = 〈T (u)−1(H(u))−1η, e2ρ(u)T (u)−1(H(u))−1η〉
= 〈η̃(u), e2ρ(u)η̃(u)〉 =

∑

i∈V

(η̃
(u)
i )2e2ρi(u).

▼♦�❡♦✈❡�✱ W̃ (u) = W +W (H(u))−1W ✱ �❤❡�❡❢♦�❡

〈eρ(u), ∂u(W̃ (u))eρ(u)〉 = 〈eρ(u),W (H(u))−1T (u)−1e2ρ(u)T (u)−1(H(u))−1Weρ(u)〉
= 〈eρ(u), W̃ (u)e2ρ(u)W̃ (u)eρ(u)〉 =

∑

i∈V

(W̃ (u)eρ(u))2i e
2ρi(u),

❛♥❞ η̃(u) = W̃ (u)T (u)η + η✱ �♦

〈∂uη̃(u), eρ(u)〉 = 〈∂u(W̃ (u))T (u)η + W̃ (u)∂u(T (u))η, e
ρ(u)〉

= 〈W̃ (u)e2ρ(u)W̃ (u)T (u)η + W̃ (u)e2ρ(u)η, eρ(u)〉
= 〈W̃ (u)e2ρ(u)η̃(u), eρ(u)〉 =

∑

i∈V

(
W̃ (u)eρ(u)

)

i
η̃
(u)
i e2ρi(u)

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

∂u|K(u)| = Tr
(
|K(u)|(K(u))−1∂uK

(u)
)
= −|K(u)|Tr

(
W (K(u))−1e2ρ(u)

)

= −|K(u)|
∑

i∈V

W̃
(u)
i,i e2ρi(u).
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❚❤❡�❡❢♦�❡✱ ✇❡ ❣❡� ✿

dD(u)

D(u)
=
∑

i∈V

(
−
(
W̃ (u)

(
eρ(u) + T (u)η

)
+ η
)

i
eρi(u) − 1

2

)
dρi(u)

+
1

2

∑

i∈V

(
(W̃ (u)eρ(u))2i e

2ρi(u) + (η̃
(u)
i )2e2ρi(u) +

1

4
+ 2

(
W̃ (u)eρ(u)

)

i
η̃
(u)
i e2ρi(u)

+ (W̃ (u)eρ(u))ie
ρi(u) + η̃

(u)
i eρi(u) − (W̃ (u)eρ(u))ie

ρi(u) − W̃
(u)
i,i e2ρi(u) − η̃

(u)
i eρi(u)

−(W̃ (u)eρ(u))2i e
2ρi(u) − (η̃

(u)
i )2e2ρi(u) − 2

(
W̃ (u)eρ(u)

)

i
η̃
(u)
i e2ρi(u) − 1

4
+ W̃

(u)
i,i e2ρi(u)

)
du

=
∑

i∈V

(
−
(
W̃ (u)

(
eρ(u) + T (u)η

)
+ η
)

i
eρi(u) − 1

2

)
dρi(u) = dL̃(u),

✇❤❡�❡ ❢♦� i ∈ V ❛♥❞ u ≥ 0✱

L̃i(u) =

∫ u

0

(
−1

2
−
(
W̃ (u)

(
eρ(u) + T (u)η

)
+ η
)

i
eρi(u)

)
dρi(u).

❚❤❡�❡❢♦�❡✱ D ✐� �❤❡ ❡①♣♦♥❡♥�✐❛❧ ♠❛��✐♥❣❛❧❡ ❛��♦❝✐❛�❡❞ ✇✐�❤ L̃✳
❘❡❝❛❧❧ �❤❛� ❢♦� u ≥ 0 ❛♥❞ ❛♥② ❡✈❡♥� Au ∈ Fρ

u = σ (ρ(v), 0 ≤ v ≤ u)✱ ✇❡ ❤❛✈❡

P[Au] =

∫

Au

D(u)dP̂,

✐✳❡✳ P ✐� �✉❝❤ �❤❛�

E

[
dP

dP̂

∣∣∣∣Fρ
u

]
= E(L̃)(u)

❢♦� ❛❧❧ u ≥ 0✳ ▼♦�❡♦✈❡�✱ P̂ =
⊗

i∈V P̂i✱ �❤❡�❡❢♦�❡ ρ ✐� ❛ |V |✲❞✐♠❡♥�✐♦♥❛❧ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥ ✉♥❞❡�
P̂✳ ❆❝❝♦�❞✐♥❣ �♦ ●✐��❛♥♦✈✬� �❤❡♦�❡♠✱ �❤❡ ♣�♦❝❡�� B̃(u) = ρ(u) − 〈ρ, L̃〉u ✐� ❛ ��❛♥❞❛�❞ ❇�♦✇♥✐❛♥ ♠♦�✐♦♥
✉♥❞❡� P✳ ■♥ ♦�❤❡� ✇♦�❞�✱ ✉♥❞❡� P✱ �❤❡ ♣�♦❝❡�� ρ ✈❡�✐✜❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ❙❉❊ ✿ ❢♦� ❛❧❧ i ∈ V ❛♥❞ u ≥ 0✱

dρi(u) = dB̃i(u)−
1

2
du−

(
W̃ (u)(eρ(u) + T (u)η) + η

)

i
eρi(u)du.
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