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Introduction (francais)

Cette these développe plusieurs méthodes pour calculer des invariants de systéemes dynamiques.
Ce travail est motivé par des problemes issus de la vérification de programme et de la
théorie du controle. Ces méthodes reposent sur la géométrie du cone des matrices posi-
tives semidéfinies, et plus généralement sur la géométries des cones. Nous commencons par
donner les principales applications motivant ce travail, puis nous résumons nos résultats.

Contexte and motivation

Nous appelons systéme commuté une collection de systéemes qui partagent un méme ensemble
de parametres, chacun définissant un processus d’évolution dynamique, et un mécanisme
global qui orchestre ’activation de ces systemes, tel un commutateur.

Les systéemes commutés sont une sous-classe des systemes hybrides. Ces derniers sont
également autorisés a modifier les parametres du systeme lors de la commutation, en remettant
a zéro ou en inversant certaines valeurs par exemple, voir [ACH'95, TDO09].

On y inclut la classe des systemes de controle embarqués, qui constituent des systemes
commutés des lors qu’ils doivent adapter leur comportements, a cause d’'un changement
d’environnement ou d’une instruction de l'utilisateur. Le thermostat d’une salle soumise
a des variations de températures externes est un exemple classique de systeme hybride: il
active le chauffage si la température est plus faible que 21°C' et le désactive si celle-ci excede
24°C'. Si le mécanisme de commutation est fixé & la méme température (22.5°C par exemple),
nous obtenons un systéeme commuté avec 2 modes de fonctionnement.

Les systemes hybrides apparaissent naturellement dans les applications concretes qui
possedent plusieurs modes de fonctionnement. Ils appartiennent a la classe des systemes cyber-
physiques, décrivant des appareils qui sont controlés par un logiciel embarqué et qui interagis-
sent avec leur environnement, par des capteurs et/ou des actuateurs, communiquant souvent
dans un réseau, dans un "Internet des Objets”. Nous nous référons a [SWYS11, HLLL17]
ainsi qu’a [AIM10, AFGM™15] pour davantage de contexte.

Les systemes embarqués critiques sont une sous-classe commune des systémes cyber-
physiques et des systemes hybrides. Ce sont des systemes pour lesquels il n’est pas acceptable
de dévier de la spécification, par risque de pertes humaines ou matérielles considérables en
cas de déviation inattendue. Ces systémes comprennent les moyens de transport (automobile,
avion, train, spatial, etc) ou les appareils médicaux (pacemaker, scanner, etc). L’inclusion de
modélisations commutées ou hybrides dans des systemes critiques a de nombreux avantages:
réduction de dépenses énergétiques [NWO05], détection et prévention d’erreurs de capteurs en
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Region to avoid

Region to avoid

, ’ i Initial 3

(a) Invariant str (b) Invariant non-conclusif

Figure 1: Certifier ’absence de mauvais comportement: invariants (plein), leur image par le
systeme (pointillé) et la région interdite (bleu)

ligne [Diell]. En échange, le logiciel gagne en complexité et il est plus difficile de controler
et/ou prévoir le comportement de ces systeémes.

Les systemes commutés ont été étudiés dans deux domaines en réponse a ces problématiques:
en vérification de programmes et en théorie du controle.

En vérification de programme, le but est de calculer des certificats de bon comportement,
comme des invariants dans ’espace d’état. Les invariants sont des sous-ensembles de I’espace
des valeurs prises par les parametres du systémes tels que toute évolution future démarrant
dans un tel ensemble y reste, voir Figure 1. Il est alors suffisant de montrer qu’un tel in-
variant ait une intersection vide avec une région dictée comme interdite par la spécification
pour prouver la sécurité d’une propriété. Cette approche peut produire des faux-négatifs si
I'invariant n’est pas "minimal”. En effet, la qualité d’un invariant est tres sensible au type
de systeme étudié et a la méthode utilisée pour I'obtenir.

Le calcul d’invariant est d’importance identique en théorie du controéle, sous deux aspects
principaux: le calcul de sur-approximations sires de ’ensemble des valeurs atteignables par
un systeme hybride [KV97, FLGD'11] et garantir la stabilité asyptotique d’un systeme dy-
namique. Dans ce deuxieme cas, les objets centraux de I’étude sont les fonctions de Lyapunov,
dont les sous-niveaux produisent des ensembles invariants. Les systemes commutés posent des
difficultés en vue de la deuxieme problématique, car il peut exister des couplages instables:
il ne suffit pas que chaque mode posseéde un invariant pour que le systéme commuté complet
en possede un.

Les systemes commutés en vérification de programme

Les systemes commutés sont généralement présentés sous la forme d’une boucle while dans
laquelle plusieurs blocs if-then-else régissent I'attribution de nouvelles valeurs, et apparaissent
classiquement dans des logiciels de controle-commande. Nous nous limitons a affectations
affines, comme dans Program 1. Le processus de commutation peut dépendre de 'état, i.e.
il est gouverné par une garde affine, ou non-déterministe, ou tous les modes sont activables a
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tout moment.

Program 1: Programme affine commuté avec gardes

x <17

while true do

u<—U;

if (:1:1 > 0) then

‘ r:=A1 X+ By X u+ cq;
end

if (a:l < O) then

‘ T := Ao X T+ By X u+ co;
end

end

La vérification de programmes affines (commutés ou non) a longtemps utilisé des méthodes
polyédrales pour calculer des invariants. Les analyseurs basés sur 'interprétation abstraite [CC77a]
ont majoritairement utilisé des domaines polyédraux ou sub-polyédraux (boites, octogones,
zonotopes) comme dans [Mat07, Goul3].

Les invariants quadratiques (ou ellipsoidaux) ont permis d’obtenir des invariants plus
précis pour certains classes de programmes. Ils sont réputés optimaux pour l'étude de
systemes affines non-commutés et apparaissent comme les sous-niveaux de fonction de Lya-
punov quadratiques. Ils ont été utilisés dans des applications de controle linéaire par Kurzhan-
ski et Vélyi dans [KV97] et en vérification de filtres linéaires récursifs par Feret [Fer04], ainsi
que localement dans 'analyseur statique Astrée [CCFT05]. D’autres applications en vali-
dation de programmes plus générales peuvent étre trouvées dans [Cou05, AGG12]. Cette
derniere référence développe une approche par ”gabarit”, basée sur I'idée de gabarit linéaire
de Sankaranarayanan et al. [SSM05]. Dans cette approche, la forme de Dellipsoide est décidée
par avance par 'utilisateur. Cette approche est cependant adaptée pour des applications en
controle: on peut utiliser par exemple comme gabarit les fonctions que les théoriciens ont
utilisé pour prouver la stabilité de ’algorithme sous-jacent, comme remarqué par Feron and
Alegre dans [FA08a, FA08b]. Récemment, plusieurs méthodes reposant sur la programmation
semidéfinie ont été proposées pour synthétiser des invariants ellipsoidaux de systeémes linéaires
non-commutés [RJGF12, Roul3, RMF13].

Deux défauts majeurs émergent de ces techniques. Tout d’abord, les domaines numériques
ci-présents ne sont pas des treillis: il n’existe pas d’abstraction triviale de I'union de deux
ellipsoides pour limiter la complexité de la représentation. De plus, les approches qui reposent
sur la solution de problemes d’optimisation peuvent atteindre un cout calculatoire prohibitif
dans des cas de grande dimension ou mal conditionnés.

Stabilité de systémes linéaires commutés

Il est difficile de décider de la stabilité d’un systeme commuté, méme dans le cas linéaire, ou
seules les matrices A; sont non-nulles et le processus de commutation est non-déterministe.
On se rameéne alors au calcul du rayon spectral joint de la famille de matrices A;, défini comme
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le plus grand taux de croissance des produit de ces matrices:

— T , CN/k
p(A) = Tim  max [l Aig A |TE

Lorsque p < 1, toutes les variables du systemes tendent vers 0 a vitesse géométrique. En
revanche, lorsque p > 1, il existe une maniere de choisir a chaque itération un mode qui fait
diverger les variables du programme. Ceci indique la présence d’une instabilité non-désirée
dans le design ou l'implémentation du programme.

Blondel et Tsitsiklis ont prouvé [BT00] qu’il n’est pas possible de calculer la valeur ex-
acte du rayon spectral joint, ou méme de décider s’il est plus petit que 1, car ces problemes
sont indécidables. Plusieurs schémas d’approximation ont donc été développé pour confirmer
ou infirmer les propriétés de stabilité. Des approximations inférieures sont obtenues en cal-
culant des produits de matrices de longueur croissante, en combinaison avec un pruning
des mauvais candidats [CB11]. L’approche standard pour sur-approximer p est d’utiliser la
théorie des normes de Barabanov: une norme v telle que max; v(A;x) = pv(x) pour tout
x. Les implémentations d’une telle approche calculent une norme approximative telle que
v(A;z) < p'v(x), ou p' est alors un majorant du rayon spectral joint. Ainsi, si p’ < 1, la
norme des variables d’état décroit avec un taux géométrique et garantit ainsi la stabilité du
systeéme. Il existe plusieurs manieres de construire de telles normes: Kozyakin [Koz10] a
proposé une approche semi-Lagrangienne, Guglielmi et al. ont proposé un algorithm pour
calculer une norme polyédrale [GZ14], i.e. dont la boule unité est un polyedre. Parrilo et al.
ont proposé une approche par sommes de carrés [PJO8]. Enfin, Ahmadi et al. construisent
une norme dans [AJPRI14] qui est le supremum de (racines de) fonctions quadratiques. Ces
méthodes reposent sur la programmation linéaire/semidéfinie et sont lourdes en ressources
informatiques.

Si la commutation est gouvernée par une garde linéaire ) |, a;x; > 0, ces approches ne sont
plus applicables. La difficulté persiste, car Blondel et Tsitsiklis ont prouvé que la stabilité reste
indécidable [BT99, BT00]. Adjé et al. ont proposé une relaxation efficace et des invariants
précis sous forme de fonctions quadratiques par morceaux sont obtenus par une combinaison
de programmation semidefinie et d’itération sur les politiques, voir [AG15].

Systéemes commutés en contrdle optimal

McEneaney a étudié le probleme de controle optimal hybride dans lequel un controéle discret
© permet a 'utilisateur de commuter entre plusieurs modeles linéaires quadratiques:

t 2
V(x) == sup sup sup/ lf(S)TD'u(S)f(S) - l|u(5)|2 ds
weld ueD t>0 Jo 2 2

avec  £(s) = A%E(s) + B%u(s) , £(0) = x.

La fonction valeur V' prend des valeurs finies sous plusieurs hypotheses techniques, en
particulier si le parametre v est suffisamment grand, et est un objet d’intérét en controle
H-infini.

La fonction valeur V est également la solution d’une équation aux dérivées partielles
(EDP) d’Hamilton-Jacobi [McE07] H(z,VV) = 0, avec H un supremum de Hamiltoniens
quadratiques:

1 1
H(z,p) = max | (A%2)Tp + ixTD(’x + ipTZUp .
g



CONTENTS xi

Ainsi, le calcul de V est lié a la programmation dynamique.

La programmation dynamique est une des principales méthodes utilisées pour résoudre
des problemes de controle optimal. Elle caractérise la fonction valeur par la solution d’une
équation fonctionnelle ou d'une EDP d’Hamilton-Jacobi. Elle fournit une loi de retour qui
garantit une optimalité globale. Cependant, elle subit la malédiction de la dimension. En
effet, les méthodes numériques les plus populaires (schéma monotone aux différences finies,
schéma semi-Lagrangien [CD83, CL84, FF94, CFF04] ou les schémas anti-diffusifs [BZ07])
reposent sur des grilles. Ainsi le temps de calcul pour obtenir une solution approximative est
exponentiel en la dimension de ’espace d’état.

La méthode de McEneaney [McEOQ7] approxime la fonction valeur par un supremum de
fonctions élémentaires comme des formes quadratiques. Elle appartient donc & la famille des
"méthodes max-plus” [FM00, AGLOS]. Cette méthode atténue la malédiction de la dimension,
puisque le temps de calcul ne dépend plus que cubiquement de la dimension, comme le
montrent les estimations de complexité de Kluberg et McEneaney [MK10] et de Qu [Qul4].
La méthode de McEneaney a été étudiée et approfondie dans une série de travaux [SGJM10,
GMQ11, MD15, KM16]. L’atténuation de la malédiction de la dimension est échangée pour
une malédiction de la complexité: en effet, la fonction valeur est représentée par un nombre
exponentiel de formes quadratiques au cours du calcul. Plusieurs schémas de pruning ont
été proposés pour réduire le nombre de formes quadratiques dans la représentation par des
méthodes de programmation semidéfinies. [Qul3]. Cette approche est néanmoins coiiteuse:
des exemples de dimension 6 ont été résolus en 2 heures, mais 98% du temps de calcul était
investi dans la procédure de pruning.

Ordre de Lowner et sélections de majorants minimaux

La programmation semidéfinite est un outil tres puissant [BEFB94, BTNO01] et consiste en la
résolution de probléemes d’optimisation dans le cone des matrices positives semidéfinies. Elle
a cependant plusieurs faiblesses: la complexité de la résolution n’est pas encore bien com-
prise [Ram97] et les approches de points intérieurs ne sont pas adaptées pour des probléemes
dont les dimensions excedent plusieurs milliers de variables (temps de calcul excessif ou
problémes de mémoire). De plus, ces méthodes ne donnent que des solutions approchées
et sont sensibles a des instabilités numériques [RVS16].

Une motivation majeure de ce travail est d’obtenir des méthodes de calcul d’invariants de
systemes commutés alternatives qui ne reposent pas sur la programmation semidéfinie afin de
diminuer grandement le temps de calcul, en échange d’une petite perte de précision. L’usage
intensif de la programmation semidéfinie dans les travaux mentionnés précédemment nous
motive aussi a mieux comprendre le cone des matrices positives semidéfinies et les propriétés
géométriques sous-jacentes a ces problemes.

L’ordre induit par ce cone est appelé 'ordre de Lowner et il correspond a 'ordre point
par point des formes quadratiques associé a deux matrices symétriques. Un théoreme célebre
de Kadison [Kad51] montre que l'espace des matrices symétriques est un anti-treillis lorsqu’il
est équippé de cette relation d’ordre:

Theorem. Deuxr matrices symétriques ont un unique majorant minimal dans [’ordre de
Lowner si et seulement si elles sont comparables dans cet ordre.

Autrement dit, I'opération maximum n’est pas définie, et elle est remplacée par une
sélection de majorants minimaux, qui ne sont pas uniques dans les cas non-triviaux.
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Savoir sélectionner des majorants minimaux est une étape clé dans beaucoup d’applications
et est retrouvée a travers de nombreux domaines appliquées. Cet opération est utilisée
en controle [LL0O6] et en information quantique [And99, MG99, DDLO06], et elle est plus
généralement liée au probleme d’inclure un ensemble convexe dans une ellipsoide, qui a
des applications en analyse d’atteignabilité de systémes dynamiques [KV00, KV06] et en
vérification de programmes [Fer04]. Des sélections spécifiques ont été utilisées en géométrie de
I'information et en morphologie mathématique [Ang13, BBPT07], plus spécifiquement dans le
cadre d’images colorées [BK13]. Par exemple, des sélections apparaissant de considération de
volume (ellipsoide de Lowner [Bal97]) ou de trace sont fréquemment utilisées. Ces sélections
sont généralement obtenues par solution de programmes semidéfinis, méme si des formules
explicites existent dans certains cas [BK13].

Contributions

Les contributions de cette these sont doubles. D’un point de vue appliqué, nous développons
dans la Part II plusieurs algorithmes qui calculent des invariants quadratiques, sous la forme
d’intersections ou d’unions d’ellipsoids. Plus précisément, nous développons 3 schémas it-
eratifs, chacun adapté a I'une des classes de systemes commutés présentés précédemment:
programme affine commuté avec gardes, programme linéaire commuté non-déterministe et
probleme de contréle optimal linéaire quadratique commuté. La nouveauté réside dans
I’absence de résolution de programmes semidéfinis de grande taille, en résolvant soit des
programmes de petite taille (dans le cas affine) ou en évitant entierement ce type de probléeme
(autres cas). Les invariants sont obtenus comme des points fixes d’opérateurs non-monotone
par une variation de I'itération de Kleene, ou comme des vecteurs propres non-linéaires par un
algorithme power modifié. Ces méthodes alternatives passent beaucoup mieux a ’échelle: en
effet, nous pouvons obtenir des approximations du rayon spectral joint de matrices de dimen-
sion 500, ce qui est probablement inaccessible aux méthodes de programmation dynamique.
Les analyses ci-présentes ne rentrent pas dans le cadre standard de calcul d’invariants, et
demandent donc de nouvelles preuves, utilisant des arguments métriques plutot que de mono-
tonie.

Afin d’établir la convergence de nos algorithmes, nous prouvons dans la Part I des pro-
priétés fondamentales des majorants minimaux dans ’ordre de Lowner et dans des cones plus
généraux. Nous donnons plusieurs caractérisations et paramétrisations, qui nous menent a
des formules algébriques explicites pour calculer de telles sélections. Nous nous concentrons
alors sur l'ellipsoide de Lowner. Nous généralisons cette notion a une classe plus grande de
cone, et en déduisons une nouvelle inégalité matricielle. Nous obtenons aussi des estimations
métriques au sujet de I'application qui a plusieurs ellipsoides fait correspondre ’ellipsoide de
Lowner de leur réunion. Ces résultats sont appliqués dans la Part I pour ajuster un paramete
de perturbation qui garantit la convergence de nos algorithmes.

La Part I contient les chapitres 1,2,3,4 et traite des propriétés géométriques du cone des
matrices positives: sélection de majorants minimaux et propriétés métriques et géométriques
de l’ellipsoide de Lowner. La Part I contient les chapitres 5,6,7,8 et développe le cadre d’étude
ellipsoidal et son implémentation pour calculer des invariants quadratiques de systemes com-
mutés en grande dimension. Nous décrivons a présent le contenu de chaque chapitre.

Nous donnons dans le chapitre 1 deux caractérisations de majorants minimaux dans un
cone. Nous prouvons qu’ils apparaissent comme des “éléments extrémes”: ce sont exactement
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les points “positivement exposés” de ’ensemble des majorants. De plus, nous leur associons
des “faces de tangences”, qui doivent engendrer le cone complet. Nous illustrons ce théoreme
avec 3 cones classiques, dont le cone des matrices positives semidéfinies.

Nous étudions dans le chapitre 2 plus minutieusement les majorants minimaux de deux
matrices symétriques dans 'ordre de Lowner. Nous montrons une version quantitative du
théoreme de Kadison, i.e. que ’ensemble des majorants minimaux de deux matrices A, B est
de dimension pg, ou (p, ¢) est 'inertie de la matrice A— B, et nous donnons une paramétrisation
complete de cet ensemble. Ces résultats sont partiellement étendus au cas de k& > 3 matrices.
Nous montrons également que ’ensemble des minorants maximaux positifs semidéfinis de deux
matrices positive semidéfinies ont une structure similaire, ce qui répond a une question posée
par Moreland, Gudder et Ando dans le contexte d’observables quantiques [MG99, And99]. Les
preuves impliquent les noyaux des différences C' — A et C' — B, avec C' un majorant minimal.
Nous inversons le point de vue, en posant la question suivante: étant donnés deux sous-espaces
de R™, existe-t-il des majorants minimaux de A, B pour lesquels les noyaux précédemment
définis contiennent ces sous-espaces 7 Nous donnons des conditions géométriques simples qui
garantissent l’existence de tels majorants minimaux, et donnons une paramétrisation le cas
échéant.

Nous généralisons dans le chapitre 3 la notion d’ellipsoide de Lowner a une classe plus
générale de cones. La minimisation de volume est replacée par la minimisation de la fonction
caractéristique du cone sur ’ensemble des majorants d’un ensenmble fini A. Cette fonction
est la transformée de Laplace de l'indicatrice de l'intérieur du céne dual (dans le cas des
matrices positives semidéfinies, elle est égale au déterminant, & une normalisation pres). Nous
récupérons ainsi l’ellipsoide de Léwner comme un cas particulier. Nous montrons également
que cette sélection possede une propriété remarquable: c’est le seul majorant minimal qui
se sélectionne lui-méme via le processus présenté dans le chapitre 1. De plus, cette sélection
commute avec les automorphismes du céone, donc nous la nommons ”sélection invariante”.
Nous utilisons cette nouvelle approche pour prouver une nouvelle inégalité matricielle et nous
étudions certaines propriétés supplémentaires de cette sélection.

Nous prouvons dans le chapitre 4 que la sélection invariante est nonexpansive dans la
métrique invariante de Riemann, une des métriques principales définies sur l'intérieur du
cone [Bha03]. Les métriques de Thompson et de Hilbert [Nus88| sont deux autres métriques
importantes. Nous montrons que la constante de Lipschitz de la sélection invariante dans ces
métriques croit comme logn. Les preuves de ces résultats reposent sur le caractere Finsler
des métriques mentionnées précédemment et sur le calcul de bornes précises de normes de
multiplicateurs de Schur, basé sur un résultat de Mathias [Mat93].

Nous développons dans le chapitre 6 un domaine abstrait construit sur les ellipsoides et
nous présentons deux algorithmes scalables pour calculer des invariants de systéemes commutés
linéaires et affines par des unions d’ellipsoides. Ces deux algorithmes partagent une étape de
“partitionement de traces” [MRO5] a I’aide d’un automate, qui fait correspondre deux traces
qui partagent le méme suffixe. Nous reformulons alors le probleme de calcul d’invariant en un
probleme de point fixe (dans le cas affine) ou de calcul d’un vecteur propre non-linéaire (dans
le cas linéaire). Nous ajoutons un parametre de perturbation pour garantir la convergence
du schéma, de maniere additive ou mutliplicative. Nous comparons notre approche avec les
méthodes existantes basées sur les ellipsoides [RG13, AJPR14]. La nature disjonctive de
I’approche permet de rafiner la précision de I'invariant selon les souhaits de 'utilisateur, et
I’approche par point fixe permet de préserver un calcul rapide, méme pour des instances de
grande dimension.
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Le chapitre 7 introduit la notion d’ application de Kraus tropicale. Ces applications a
valeur d’ensembles sont les analogues des applications de Kraus (application complétement
positive préservant la trace) qui apparaissent en information quantique. Nous montrons que
les vecteurs propres de ces applications fournissent des invarants de systemes commutés donnés
par des intersections d’ellipsoides. Nous utilisons une itération de type Krasnoselskii-Mann
pour calculer ces vecteurs propres de maniere scalable, et nous comparons les performances
de notre méthode avec des approches alternatives. Nous prouvons que ces vecteurs propres
existent sous certains conditions et nous discutons la convergence de 'itération présentée vers
un vecteur propre. Nous prouvons que des variantes perturbées de l'itération (de maniere
additive ou multiplicative) convergent en utilisant des arguments de géométrique métrique.

Le chapite 8 décrit I'implémentation des algorithmes présentés dans les chapitres précédents
dans notre outil MEGA (Minimal Ellipsoids Geometric Analyzer). Nous décrivons aussi les
classes de programmes que l'analyseur peut gérer et illustrons I'outil sur deux exemples.

Le chapitre 5 sert d’introduction & la partie II et le lecteur trouvera dans le chapitre A
une courte introduction a la programmation semidéfinie.

Le chapitre 2 est une version adaptée de 'article [Stol6], publié dans les Proceedings de
I’AMS. Le chapitre 6 est une combinaison des articles de conférences [AGGT15, AGGT17]
d’EMSOFT’15 et ’/EMSOFT’17 (des versions plus longues ont été publiées dans ACM
TECS). Les idées du chapitre 7 ont été annoncées sans preuves dans le preprint [GS17],
et seront publiées dans les proceedings de la conférence CDC’17.



Introduction (english)

This thesis develops methods to compute invariant sets of dynamical systems, motivated by
problems in program verification and in control. These methods rely on the geometry of the
cone of positive semidefinite matrices and more generally on the geometry of cones. We first
review the main applied motivations of this work. We then summarize our results.

Context and motivation

A switched system refers to a collection of systems sharing the same parameter pool, each
defining a dynamical evolution process, and a global discrete mechanism that orchestrates
which system is “active”, by switching between them.

Switched systems are a subclass of hybrid systems. Instances of the latter class also trans-
form the system’s parameters during the (instantaneous) switching, by resetting or reversing
values for instance, see [ACH'95, TD09]. This includes the class of on-board controllers,
which constitute switched systems as soon as they must adapt their behavior, due to en-
vironment changes or user input for instance. A classical hybrid system is the thermostat
regulating the temperature of a room subjected to outside-temperature variations, activating
the heater if the temperature is below 21°C and deactivating it if the temperature exceeds
24°C'. If switching the state of the heater is determined by a same temperature threshold, we
obtain a switched system with two modes.

Hybrid systems arise naturally from real-world systems that have several operating modes.
They belong to the class of cyber physical systems, that describes devices that are controlled
by embedded software and interact with their environment, using sensors and actuators, and
that communicate within a network, in an Internet of Things. We refer to [SWYS11, HLLL17]
as well as [AIM10, AFGM™15] for more background and references therein.

Critical embedded systems constitute a common subclass of cyber physical and hybrid
systems and refer to systems for which failure to meet the specification is not acceptable,
due to possible harmfulness or high material cost in case of an unexpected deviation. They
cover for instance transportation means (car, aircraft, rail, space-vehicles, etc.) or medical
devices (pacemaker, scanners, etc.). The inclusion of switched or hybrid modelizations on
critical systems has had many benefits like reduced energy expenses [NWO05] or on-the-fly
sensor error detection and prevention [Diell]. The trade-off is an increased complexity of the
software and a reduced capacity to control and predict the behavior of these systems.

Switched systems have been studied in two fields to answer these concerns: in program
verification and in control.
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Region to avoid Region to avoid

(a) Successful invariant certificate (b) Non-conclusive invariant

Figure 2: Certifying absence of bad behavior: invariants (plain), their image by one transfor-
mation step (dashed) and bad region (blue)

In program verification, the goal is to compute certificates of good behavior, such as
invariants within the state-space. Invariants are subsets of the set of values taken by the
system’s parameters that contain all possible future evolutions of the system starting from
any point in this subset, see Figure 2. It is sufficient to show that the invariant and the
forbidden region determined by the specification do not overlap to obtain the safety of the
system. This method may produce false negatives if the invariant is not tight. Indeed,
the quality of an invariant is highly dependent on the type of system and the method that
produced it.

The computation of invariants is equally important in control theory, with mainly two
considerations: finding safe approximations of the reachable set of a hybrid system [KV97,
FLGD™11] and guaranteeing the asymptotic stability of a dynamical system. Fundamental
objects in the analysis of the latter case are Lyapunov functions, sub-level sets of which con-
stitute invariant sets. Switched systems are challenging with respect to the second problem,
for there is the possibility of unstable couplings: it is not sufficient for each mode to have an
invariant for the whole switched system to have an invariant.

Switched systems in program verification

Switched programs are usually presented as a while loop in which several if-then-else state-
ments dictate how the internal state variables are assigned new values, and appear classically
in control-command software. We restrict our attention to affine assignments, like in Pro-
gram 2. The switching process can be state-dependent, i.e., it is governed by an affine guard,
or non-deterministic, in which case any system can be activated at any time.

Program verification of switched (or unswitched) affine programs has long relied on poly-
hedral methods in order to compute invariants, i.e. subsets of the state space that remain
invariant by every branch of the program. Analyzers based on abstract interpretation [CC77a]
have mostly been using polyhedral or sub-polyhedral domains (boxes, octagons, zonotopes)
as in e.g. [Mat07, Goul3].
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Program 2: Switched affine program with guards

x <+ T

while true do

u U,

if (a:1 > O) then

‘ r:=A1 Xx+ By Xu+c;
end

if (ml < 0) then

‘ x:= A9 X T+ By X u + co;
end

end

Ellipsoidal (or quadratic) invariants have led to more accurate analyses for some classes
of programs. They are known to be the optimal tool for studying the stability of linear
(unswitched) systems as the sub-level sets of quadratic Lyapunov functions. They have been
used in linear control applications by Kurzhanski and Vélyi in [KV97] and in program ver-
ification of linear recursive filters by Feret [Fer04], they are also used locally in the static
analyzer Astrée [CCFT05]. More general applications of ellipsoids in program validation can
be found in [Cou05, AGG12]. The latter reference develops a template approach, based on
the linear template original idea of Sankaranarayanan et al. [SSMO05]. In template based
methods, the shape of the ellipsoid has to be decided in advance by the user. Still, this is
an approach which is adapted to control codes: we may use as (quadratic) templates the
(quadratic) Lyapunov functions that the control theorist would have introduced to prove the
stability of the underlying algorithms, as put forward by Feron and Alegre in [FA08a, FAO8D].
Recently, some methods have been proposed in program validation for synthesizing invariant
ellipsoids for linear (unswitched) systems e.g. [RJGF12, Roul3, RMF13], using semidefinite
programming.

Two main drawbacks emerge from these techniques. First, the numerical domains dealt
with here do not constitute lattices, hence there is no immediate way to abstract the union
of two ellipsoids and to limit the complexity of the representation due to memory limita-
tions. Moreover, approaches that rely on the solution of optimization problems can reach
a prohibitive computational cost on instances that have high dimension or that are badly
conditioned.

Stability of switched linear systems

Deciding the stability of a switched program is a difficult problem, even in the linear case,
where only the matrices A; are non-zero and the switching process is non-deterministic. It
reduces to the problem of computing the joint spectral radius of the matrices A;, defined as
the largest growth rate of products of the latter matrices by

= lim ma Aiy . A |V
plA) = lim - max A ... A
When p < 1, all variables of the program decay towards zero at a geometric rate. How-
ever, p > 1 means that there is a sequence of branch choices at each iteration that makes
the program variables diverge. The latter indicates the presence of an undesired instability
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in the design or the implementation of the program. Unfortunately it is not possible to com-
pute exactly the joint spectral radius, or even decide easily if it is less than 1, as Blondel
and Tsitsiklis have shown in [BT00] that these problems are undecidable. Instead, many
approximation schemes have been proposed that provide either lower or upper bounds on p,
in order to try to infirm or confirm stability properties. Accurate lower bounds have histor-
ically been obtained by computing products of matrices of increasing length, combined with
a pruning of bad candidates [CB11]|. The standard approach to over-approximate p is to use
the theory of Barabanov norms: a norm v such that max; v(A4;z) = pv(z) for all i and z.
Implementations of this approach compute approximate norms such that v(A;z) < p'v(z),
where p’ provides an upper bound on the joint spectral radius. Hence, if p’ < 1, the norm of
the state variables decreases geometrically and guarantees the stability of the system. Several
ways to construct such a norm have been studied: Kozyakin [Koz10] has proposed a grid-
based, semi-Lagrangian approach, Guglielmi et al. have proposed in [GZ14] algorithms to
produce polyhedral norms, i.e. whose unit ball is a polyhedron. Parrilo et al. have proposed
a sums-of-square approach in [PJ08]. Finally, Ahmadi et al. build a norm in [AJPR14] that
is the supremum of (the square root of) quadratic functions. These methods rely on linear
programming or semidefinite programming and are highly computationally demanding tasks.

If the switching is governed by a linear guard of the form ), a;x; > 0, these approaches
are no longer valid. However, the difficulty persists, as Blondel and Tsitsiklis have shown
that adding a guard does not ease the decidability of the stability [BT99, BT00]. An efficient
relaxation of such systems has been studied by Adjé et al. and relies on the combination
of semidefinite programming and policy iteration to compute concise invariants as piecewise
quadratic sets, see [AG15].

Switched systems in optimal control

McEneaney considered hybrid optimal control problems in which a discrete control u allows
one to switch between different linear quadratic models:

t 2
V(z) = sup sup sup/ 1§(S)TD“(S)§(S) - l]u(s)\Q ds
weld ueD >0 Jo 2 2

subject to  &(s) = A%E(s) + Bu(s) , £(0) = x.

The value function V, also called storage function, takes finite values under some technical
assumptions, including a condition that the penalizing parameter v is large enough. This is
a feature of interest in H-infinity control.

It is known [McEQ7] that the value function V' is the solution of a Hamilton-Jacobi partial
differential equation (PDE) H(z, VV') = 0 where H is a supremum of quadratic Hamiltonians

H(z,p) = max (A%z)Tp + %xTDUJ: + %pTE"p ,
and thus relates to the field of dynamic programming.

Dynamic programming is one of the main methods to solve optimal control problems. It
characterizes the value function as the solution of a functional equation or of a Hamilton-
Jacobi partial differential equation. It provides a feedback law that is guaranteed to be
globally optimal. However, it is subject to the “curse of dimensionality”. Indeed, the main
numerical methods, including monotone finite difference or semi-Lagrangian schemes [CD83,
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CL84, FF94, CFF04], and the anti-diffusive schemes [BZ07], are grid-based. It follows that
the time needed to obtain an approximate solution with a given accuracy is exponential in
the dimension of the state space.

The method he developed [McE07] approximates the value function by a supremum of
elementary functions like quadratic forms, hence it belongs to the family of “max-plus basis
methods” [FM00, AGL08]. The method of [McE07] has a remarkable feature: it attenuates the
curse of dimensionality to a cubic cost in the dimension, as shown by the complexity estimates
of Kluberg and McEneaney [MK10] and of Qu [Qul4]. McEaneney’s method [McE07] has been
studied and extended in a series of works [SGJM10, GMQ11, MD15, KM16]. This reduction
in dimensionality is traded for a “curse of complexity”. It represents the value function as
a supremum of quadratic forms that are accumulated at great rate along the computation.
It is thus necessary to control the number of quadratic forms. Several pruning schemes to
remove inefficient quadratic forms have been successful in dealing with this growth, making
use of semidefinite programs [Qul3|. This approach is costly: examples of PDE in dimension
6 have been solved in 2 hours, but the pruning procedure takes more than 98% of the total
computation time.

Lowner order and upper bound selections

Semidefinite programming is a powerful tool [BEFB94, BTNO1] and consists in solving op-
timization problems in the cone of positive semidefinite matrices. However, it has several
weaknesses: the complexity of semidefinite programs is not yet well understood [Ram97] and
resolution methods based on interior points approaches are not well suited for problems whose
dimension exceeds thousands of variables (excessive computation time or lack of memory is-
sues). Moreover, these methods only return approximate solutions and they are prone to
numerical instabilities [RVS16].

A core motivation of this work is to obtain alternative methods to compute invariants of
switched systems that are not based on semidefinite programming in order to greatly reduce
the computation time, maybe at the expense of a small loss of precision. The intensive use of
semidefinite programming in the works mentioned earlier also motivates the need for a clearer
understanding of the cone of positive semidefinite matrices and the underlying geometric
properties in these problems.

The ordering induced by this cone is called the Lowner order and it corresponds to the
point-wise ordering of the quadratic forms associated with symmetric matrices. A famous
theorem by Kadison [Kad51] states that the space of symmetric matrices equipped with the
Lowner order is an anti-lattice:

Theorem. Two symmetric matrices have a unique minimal upper bound in the Lowner order
if and only if they are comparable.

In other words, there is no maximum operation, and it must be substituted by the selection
of a minimal upper bound, which is never unique in non-trivial cases.

Finding effective selections of these minimal upper bounds is a key ingredient in many
applications and appears in a number of applied fields. It is used in control [LLO6] and
quantum information [And99, MG99, DDL06], and it is more generally related to the problem
of enclosing a convex set by an ellipsoid, which has applications in reachability analysis
of dynamical systems [KV00, KV06] and program verification [Fer04]. Specific selections
have been used in information geometry and mathematical morphology [Angl3, BBPT07],
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in particular in the setting of colored images [BK13]. For instance, selections arising from
minimum volume considerations (Lowner’s ellipsoid [Bal97]) are frequently used, as well as
selections based on minimum-(or maximum-)trace of the associated matrix. These selections
are usually computed by semidefinite programming, although some explicit formulas exist as
generalizations of the scalar case [BK13].

Contributions

The contributions of this thesis are two-fold. From an applied perspective, we develop
in Part II several algorithms that compute quadratic invariants, either as the union or
the intersection of ellipsoids. More precisely, we develop three iterative schemes, each one
adapted to the three classes of switched systems presented earlier: switched affine programs
with guards, switched linear programs with non-deterministic switching and hybrid linear-
quadratic optimal control problems with switches. The novelty is that we avoid the recourse
to large-scale semidefinite programs, by computing either solutions to several small-size prob-
lems (when dealing with affine programs) or without solving any semidefinite programs (in
the other cases). Instead, invariants are obtained in a scalable way as post-fixed points of
non-monotone maps via a variation on Kleene iteration, or as eigenvectors of non-linear maps
by a power-like algorithm. In this way, we can obtain approximate solutions for instances
of large dimension (for instance dimensions up to 500 for the joint spectral radius problem),
probably inaccessible by dynamic programming-type approaches. These analyzes fall beside
the classical framework of invariant computation and thus require different proofs, exploiting
metric arguments instead of monotonicity.

In order to obtain the convergence of our algorithms, we establish in Part I fundamental
properties of minimal upper bound selections in the Léwner order and in more general cones.
We give several characterizations and parametrizations, which lead to explicit algebraic for-
mulas to compute such selections. We then focus our attention on the Léwner ellipsoid. We
generalize this notion to a larger class of cones and deduce a new matrix inequality. We also
obtain metric properties on the map sending several ellipsoids to their Lowner ellipsoid. These
results are applied in Part II to fine-tune perturbation parameter that ensure the convergence
of our algorithms.

Part I is comprised of Chapters 1 to 4 and deals with the geometric properties of the cone
of positive semidefinite matrices: selections of minimal upper bounds and geometric/metric
properties of the Lowner ellipsoid. Part II contains Chapters 5 to 8 and develops an ellipsoidal
framework and its implementation to compute invariants of switched systems in a tractable
manner. We next describe the content of each chapter.

In Chapter 1, we give two geometric characterizations of minimal upper bounds in a cone.
This result shows that they arise as “extreme elements”. On the one hand, they correspond
to the set of “positively exposed” points of the set of upper bounds. On the other hand, it
relates to “tangency spaces”, that must span the whole space. We illustrate this theorem on
three classical cones, including the cone of positive semidefinite matrices.

In Chapter 2, we study in more detail minimal upper bounds of two symmetric matrices in
the Lowner order. This entails a quantitative version of Kadison’s theorem, showing that the
set of minimal upper bounds of two matrices A, B has dimension pq, where (p, q) is the inertia
of the matrix A — B, and a complete parametrization of this set. These results are partially
extended to the case of p > 2 matrices. We also show that the set of positive semidefinite
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maximal lower bounds of two positive semidefinite matrices has a similar structure and we
provide a parametrization of this set. This solves a question raised by Moreland, Gudder and
Ando in the setting of quantum observables [MG99, And99]. The proof involves the kernels
of the differences C'— A and C — B where C' is a minimal upper bound. We reverse the point
of view by determining whether, given two subspaces of R", there are minimal upper bounds
of A, B for which the former kernels contain these respective subspaces. We provide simple
geometric conditions that guarantee the existence of such minimal upper bound and provide
a parametrization of all minimal upper bounds that arise in this way.

In Chapter 3, we generalize the Lowner ellipsoid to cones other than the cone of positive
semidefinite matrices. Instead of minimizing the volume of an ellipsoid, we minimize the
characteristic function of the cone over the upper bounds of a finite set .A. The function is
nothing but the Laplace transform of the indicator function of the dual cone (in the case of
positive definite matrices, it coincides with the determinant, up to renormalization). In this
way, the Lowner ellipsoid is recovered as a special case. We also show that this selection
has a remarkable property: it is the unique minimal upper bound of A that selects itself via
the selection process from Chapter 1. Moreover, this selection is the only one that enjoys a
useful invariance property, hence it is christened the “invariant selection”. We use this new
approach to show a new matrix inequality and study properties of this selection.

In Chapter 4, we show that the invariant selection is non-expansive in the Riemann metric,
which is one of the main metrics on the interior of the cone [Bha03]. Other important metrics
are the Thompson and Hilbert metrics [Nus88]. We also show that the Lipschitz constant of
the invariant selection in these metrics grows asymptotically like logn. The proofs rely on
the Finsler nature of the aforementioned metrics and the computation of accurate bounds on
Schur multiplier norms, building on a result by Mathias [Mat93].

In Chapter 6, we develop a numerical abstract domain based on ellipsoids and present
two scalable algorithms to compute invariants of switched affine and switched linear pro-
grams as unions of ellipsoids. A common feature in these algorithms is a “trace partitioning”
step [MRO5] with an automaton, that identifies traces that share a common suffix. We then
reduce to the solution of a fixed-point problem (affine case) or a non-linear eigenvalue problem
(linear case). A perturbation parameter is introduced to ensure convergence of the scheme,
either in an additive or a multiplicative way. We compare our method with existing meth-
ods [RG13, AJPR14] based on ellipsoidal invariants. The disjunctive nature of the invariant
allows one to refine the precision while the fixed-point approach preserves scalability.

In Chapter 7, we introduce set-valued tropical Kraus maps which are analogous of ordinary
Kraus maps, trace-preserving completely positive linear maps arising in quantum information.
We show that non-linear eigenvectors of these maps provide invariants of switched systems
as intersection of ellipsoids. We present a scalable Krasnoselkii-Mann-like iteration to com-
pute non-linear eigenvectors and compare the performance of our method with alternative
approaches. We prove that these eigenvectors exist (under some assumptions) and discuss
the convergence of the iteration towards these eigenvectors. We also show that the additive
and multiplicative iterations defined in Chapter 6 do converge by exploiting metric geometry
techniques.

Chapter 8 presents the implementation of the algorithms developed in earlier chapters in
our tool “MEGA” (for Minimal Ellipsoids Geometric Analyzer). We describe the class of
programs that the analyzer can handle and illustrate the tool on two benchmarks.

On top of the chapters already presented, Chapter 5 is an introductory chapter for Part 11
and the reader will find in Appendix A a short introduction to semidefinite programming



provided for the sake of completeness.

Chapter 2 is an adapted version of the article [Stol16] published in the Proceedings of the
AMS. Chapter 6 is a combination of the conference articles [AGG115, AGGT17] for EM-
SOFT’15 (an extended version [AGS'16] has been published in ACM TECS) and for EM-
SOFT’17. The ideas in Chapter 7 have been announced without proofs in the preprint [GS17],
to be published in the CDC conference proceedings.
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CHAPTER 1

Characterization of minimal upper
bounds in cones

We prove in this chapter several characterizations of minimal upper bounds with respect to
the order relation induced by a cone in a finite dimensional real vector space. Our main result
(Theorem 1.10) states that minimal upper bounds coincide with positively exposed elements
of the set of upper bounds, i.e. they are the minimizers of a strictly monotone linear function
on this space. It also states that minimal upper bounds must satisfy a sufficient number
tangency conditions, related to a decomposition of the dual cone as the sum of tangency
sub-faces. These results are illustrated on three classical cones: the class of polyhedral cones,
the Lorentz cone associated with a strictly convex norm (in particular the Euclidean Lorentz
cone) and the cone of positive semidefinite matrices.

1.1 Cones, duality, order relations and faces

1.1.1 Cones and dual cones

Let E denote a n-dimensional vector space equipped with the scalar product (-,-). A set
C C Eiscalled a cone if x € C and A > 0 imply Az € C. A set X C F is convez if z,y € X
and 0 < A < 1imply Az + (1 — Ny € X. A convex cone is then a set C such that z,y € C
and A\, p = 0 imply Az 4+ py € C. We say that the convex cone C is pointed if it does not
contain any linear subspace, i.e. that CN —C C {0}. In the sequel, unless stated specifically
otherwise, a cone will refer to a closed convexr pointed cone. In particular, 0 € C.

The set spanC :=C —C = {x —y: z,y € C} is the smallest subspace of F that contains C.
It is immediately seen that the cone C has non-empty interior if and only if C — C = E.
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The dual cone of any subset X of F is denoted by X* and is defined by
X*={yeE: (y,z) >0forallz € X}.

The dual cone of the cone C is pointed if and only if the cone C has non-empty interior, and
we have (C*)* = C. A vector ¢ belongs to the interior of the dual cone C* if (¢,z) > 0 for all
non-zero = € C.

1.1.2 Classical cones

We describe in the following five types of cones, which will serve as running examples in this
chapter: polyhedral cones, the non-negative orthant (R;)™ as a special case of a polyhedral
cone, the (generalized) Lorentz cones L, the classical Euclidean Lorentz cone A, and the
cone of positive semidefinite matrices S;.

Polyhedral cone A polyhedral cone is a set of the form
Cp={xeR": (Px); 20, Vie I},

where P is a m xn matrix and I = {1,...,m}. It is readily checked that such a set is indeed a
closed convex cone. In the sequel, we denote by p; the rows of the matrix P: P = (plT - p,Tn)T,
so that (Px); > 0 < (p;,z) > 0.

The dual cone of the polyhedral cone Cp is the conic hull of the vectors {p;};:

y€Cp <= HAihicicm CRyy= Z AiDi -
(2

Indeed, recall that x € Cp if and only if the vector Px has non-negative coordinates, i.e.
(A, Pz) is non-negative for all vectors A with non-negative coordinates. It follows that y € Cp
if and only if y = PTX = > Aipi with Ay > 0.

A cone is finitely generated if it can be written as the conic hull of finitely many vectors.
Finitely generated cones are polyhedral cones, as asserted by the Minkowski-Weyl theorem,
so the dual cone of a polyhedral cone is again a polyhedral cone.

Theorem 1.1 (Minkowski-Weyl, see [Min97, Wey35, Zie95]). A cone is finitely generated if
and only if it is polyhedral.

The polyhedral cone generated by the vectors {g;}; is pointed if and only if the vectors g¢;
belong to a same open half-space, i.e. there is some vector d € R™ such that (d,g;) > 0 for
all 7. It has non-empty interior as soon as the matrix whose columns are the vectors ¢; has
full rank.

Finally, given a vector b € R™, the set {z € R": (Px); > b, , Vi € I} is called a
polyhedron, see [Wil93] for more background.

We show in Figure 1.1 an instance of a polyhedral cone in R? with the intersection of the
cone with an affine hyperplane of the form {x € R?: 23 = const}.

Non-negative orthant (R, )" The non-negative orthant is the polyhedral cone that is gen-
erated with the canonical base (e;); of R™:

Ry)"={zeR":2; >0, Vi}.

A vector x € R" belongs to the interior of this cone if and only if every coordinate is positive.
This cone is self-dual: ((R+)")* = (Ry)™
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T2

I

Figure 1.1: A polyhedral cone in R? and its section in an x; — x5 plane

Lorentz cone £, Given any norm || - || on R”, the associated (generalized) Lorentz cone is
the subset of R"*! defined by

L= {(t,z) eR" ™t > ||z|}.

This set is a cone since it is closed under multiplication by a positive scalar, and under
addition by the triangular inequality: if (s,z), (t,y) € Ly, then t + s > ||z|| + |ly|| = ||z + vl
thus (s +t,z +y) € L,. This cone is pointed since (¢,z) € L, N —L,, if and only if ¢ = 0,
which in turn implies that = 0. The vector (¢, z) belongs to the interior of the Lorentz cone
if and only if ¢ > ||z||. The boundary of the cone dL,, is hence constituted by vectors (t,z)
such that ¢ = ||z||.

We are especially interested in Lorentz cones arising from strictly convex norms, meaning
that the associated unit ball is strictly convex:

lz| < land Jy]| 1 = A2+ (1 - Ny|| <1, VA:0< A< 1.

We show such a Lorentz cone associated with a strictly convex norm in Figure 1.2.
The dual cone of the Lorentz cone associated with the norm || - || is the Lorentz cone
associated with the dual norm || - ||* defined by

lyll* = sup (z,y).
<1

In particular, the Lorentz cones associated with the p-norm and the g-norm are duals of one
another if p~' 4+ ¢! =1 (1 < p,q < 0).

The Euclidean Lorentz cone A classical example of a Lorentz cone associated with a strictly
convex norm is the Fuclidean Lorentz cone, or light cone, denoted by A,, corresponding to
the Euclidean norm || - ||2. Then, we can also write

An = {Z S Rn-‘rl: <€1,Z> 2 0 and ZTJLnZ > 0} with JLn — <1 , > .
—in
This cone is also self-dual. We point out that the Euclidean Lorentz cone corresponds to the

set of vectors z € R™*! such that (37 22)'/2 < (v2ey, 2).
We show the Euclidean Lorentz cone in R? in Figure 1.3.
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Figure 1.2: A generalized Lorentz cone associated with a strictly convex norm and its section

in an x1 — x9 plane
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Figure 1.3: The Euclidean Lorentz cone in R3.

The cone of positive semidefinite matrices S;” A real n x n matrix A is symmetric if
Ajj = Aj; for all 1 < 4,5 <n. The set of symmetric matrices is denoted by S,,. A symmetric
matrix A is positive semidefinite if x7 Az > 0 for all vector x € R™ (we identify the set of
vectors in R™ with the set of n x 1 real matrices). When 27 Az > 0 for all non-zero vector
x € R™, we say that A is positive definite. The set of positive semidefinite matrices is denoted
by S;F and the subset of positive definite matrices by S, .

It is known that the matrix A is positive semidefinite (resp. definite) if its (real) eigenvalues
are non-negative (resp. positive). Moreover, the matrix A is positive semidefinite (resp.
definite) if there is a matrix (resp. invertible matrix) M such that A = M M7T. In particular,
a rank one positive semidefinite matrix is written zz? for some z € R™.

It can be readily checked that the set S is a closed convex pointed cone. Moreover, it
is self-dual: if A is an element of the dual cone (S;7)*, the inequality (A, X) > 0 must hold
in particular for all rank one matrices X, hence 7 Az > 0 for all z € R™ and A is positive
semidefinite. The set S is also a cone and constitutes the interior of the cone S, in the
Euclidean topology.

We point out that the Euclidean Lorentz cone Ay in R? is isomorphic to the cone S; by
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t—x Y

t+x
positive semidefinite if and only if its trace and determinant are non-negative. In this case,
these conditions amount to ¢t > 0 and t? > 22 + ¢?, ie. (t,2,9) € As.

mapping the matrix ( ) to the vector (t,x,y). Indeed, the former 2 x 2 matrix is

1.1.3 Order relation induced by a cone

We recall several definitions and results on order relations induced by closed convex pointed
cones.

Given any (closed convex pointed) cone C C E, we can equip the space E with an order
relation, defined by

rxy <= y—xeC.

This relation is reflexive since 0 € C. It is transitive because the cone is convex and thus
closed under addition. Finally, the fact that C is pointed implies that the y — z € C and
x —y € C if and only if x = y, thus it is antisymmetric.

In this order, an upper bound of a set A C FE is any element x € F such that a < z, for all
a € A. We write A < z. A minimal upper bound is an element y € E such that A X z Xy
implies x = y. Similarly, a lower bound of A is any element y € E such that y < a for all
a € A, and a mazimal lower bound y satisfies y < © < A implies x = y for all xz. We denote
by \/ A the set of minimal upper bounds of the set .4 and by / A the set of maximal lower
bounds of A.

We point out that, given a vector ¢ € intC*, the map = — (c,z) is strictly monotone,
meaning that < y and x # y implies (¢, z) < (¢, y).

We say that the space (E,C) is a lattice if every pair {a,b} C F has a unique maximal
lower bound and a unique minimal upper bound. In that case, the sets \/ {a,b} and A{a,b}
are reduced to a single point, respectively called the supremum and infimum of a and b. Not
every cone C endows the space E with a lattice structure. In fact, up to an invertible linear
transformation, the non-negative orthant (R )™ is the only one with this property, as shown
by a theorem by Krein and Rutman:

Theorem 1.2 (Krein and Rutman (1948), see [KR48]). The space (E,C) is a lattice if and
only if the cone C is simplicial, i.e. there is a basis (¢;)1<i<n of E such that

rel 3)\i>0:x22)\¢qi.

On the other side of the spectrum, some spaces (F,C) are ”as far away from a lattice” as
possible, in the sense that two elements a, b only have a unique minimal upper bound and a
unique maximal lower bound when a < b or b < a (we also say that a and b are comparable).
In this case, we say that (E,C) is an anti-lattice.

We recall a famous theorem by Kadison [Kad51] that shows that the cone of positive
semidefinite matrices S, is an anti-lattice:

Theorem 1.3 (Kadison (1951), see [Kadb51]). Two symmetric matrices A, B have a unique
minimal upper bound in the Lowner order if and only if A< B or B < A.

In the case C = S;F, the order relation < is called the Lowner order.
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1.1.4 The faces and extreme rays of a cone

Given a convex set X, an element z € X is called an extreme point if for all x1,z9 € X, the
equality x = %(xl + x9) implies 1 = x9 = x. More generally, given two convex sets X, )
such that Y C X, the set Y is called an extreme face of X if for all y € Y and x1,x2 € X, the
equality y = %(xl + x2) implies 1,22 € Y. It is readily seen that an extreme face of a cone
is a cone itself. The cones {0} and C are called the trivial extreme faces of C.

Definition 1.1 (see [Bar81]). Given a subset X C C, we denote by F(X') the smallest extreme
face of the cone C that contains the set Uyex{y € C: 0 < y < xz}. When the set X’ is reduced
to a single element x, we simply write F(z).

We give in the subsequent lemma two basic properties of the map F and a computational
description of the value F(X).

Lemma 1.4. The map F is monotone and idempotent: A C B C C implies F(A) C F(B)
and F(F(A)) = F(A). Moreover, we have

Fl)y={ y:0<y<z, A\ >0} and F(X) :.7:(2.7:(:13)).
reX

Finally, the elements of the extreme face F(A) are exactly the non-negative elements of
span F(A): F(A) =CNspan F(A).

Proof. By definition, the set F(B) contains the set B, and thus also contains the set A. It
follows that F(B) is an extreme face that contains A, thus F(A) C F(B).

The set F(A) is an extreme face, thus, by Definition 1.1, the smallest face of C containing
F(A) is itself, i.e. F(F(A)) = F(A).

We denote by G(x) = {Ay: 0 <y < x, A > 0}. This set is included in C. It is also cone
since it is closed under multiplication by a positive scalar and addition since Ay; + pys =
AN+ p) [ﬁyl + ﬁyg] Moreover, it trivially contains the set {y € C: 0 < y < x}, thus we
have F(z) C G(z). Conversely, let y € F(z). Since F(x) is a cone, it must contain Ay for all
positive A, hence G(z) C F(z).

We denote by H(X) = F (Y ,cx F(x)). We have X C > _\ F(z) since z € F(z), thus
F(X) C H(X) by monotony. Conversely, following Lemma 1.4, we can write H(X') as F()),
with Y = {ZZ Aivi: N 20, 0 <y <y, o € X}, where all sums are taken on a finite
number of elements. Since F(X) is a cone, every element » . \;y; € Y must also belong
to F(X). By monotony and idempotence of the map F, we deduce that H(X) = F()) C
F(F(X)) =F(x).

The inclusion F(A) C C N span F(A) holds trivially. Conversely, let x,y € F(A) such
that © —y € C. We have 0 < z —y < = and = € F(A), so by definition of an extreme face,
we must have x —y € F(A). O

Let us point out the extreme faces of the cones introduced in Section 1.1.2.

Example 1.1.
1. We have F(0) = {0} and F(x) = C when z belongs to the interior of C.

2. In the case of the non-negative orthant (R;)"™, we have y € F(z) if and only if y; = 0
whenever z; = 0.
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3. More generally, in the case of the polyhedral cone Cp, we have y € F(z) if and only if
(Py); = 0 whenever (Pz); = 0.

4. Let || - || denote a strictly convex norm, and L,, the associated Lorentz cone. Then, for
x € 0Ly, we have F(z) = Ryz.

5. In the cone of positive semidefinite matrices, we have y € F(x) if and only if rany C
ran .

The smallest non-trivial extreme faces are called extreme rays, and consist of vectors u € C
such that 0 < y < u implies that y = Au for some non-negative \. We denote by Extr(C)
the set of extreme rays of the cone C. Let us also point out that extreme rays are exactly the
extreme points of compact sections of C:

Lemma 1.5. Let ¢ in the interior of C*. Then u € C is an extreme ray of C if and only if u
is an extreme point of the compact set {y € C: {c¢,u —y) = 0}.

We recall that a vector can be decomposed into “complementary” positive and negative
parts.

Lemma 1.6. Any vector v € E can be written as v = v+ — a2~ with 27,2~ %= 0 and
Flxt)nF(z~) = {0}.

Proof. Let x € E. The cone C has non-empty interior, hence £ = C — C, hence the existence
of z%, 2~ € C such that x = 2 — 2~. Among all such decompositions, we choose one than
minimizes the sum of the dimensions of the subspaces spanned by the faces F(z") and F(z™)
(it exists since the cone C is closed and finite-dimensional).

Assume that the set F' := F(zt) N F(xz~) is not reduced to 0, and let u in the relative
interior of this set. We also define A\ by

Ai=sup{p > 0: pu <zt 27},

and denote by y* = 2t — \u = 0, so that = y© — y~. By symmetry, we assume that
\ saturates the inequality Au < ™. The inequality z+ < ay™ for o > 1 is equivalent to
zt — %5 Au = 0. Since %5 > 1, this inequality cannot be satisfied, otherwise it contradicts
the definition of . Hence the face F(y™) is a proper sub-face of F(z*) and F(y~) C F(z7),

which contradicts the definition of . O

Extreme rays of a cone contain a lot of information, as shown by the following lemmas.
First, an element a € C is the supremum of all extreme rays that it dominates. Moreover,
in order to compare two elements in C, it is sufficient to compare the extreme rays that they
dominate.

Lemma 1.7. Let a € C. Then a is the supremum of all u € Extr(C) that it dominates:

{a} = \/{u € BExtr(C): u < a}.

Proof. For simplicity, we denote by M = \/{u € Extr(C): u < a}. By definition of a minimal
upper bound, there must be b € M such that b < a.

Assume that there is m € M that does not dominate a, i.e. m —a ¢ C. Then,
by Lemma 1.6, we can write m —a = 2t — 2™, with 2= # 0 and F(z™) N F(z~) = {0}.
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The vector 2~ can be written as the sum of non-zero distinct extreme rays o= = ), u;. Let
simply u := uy and v == Y, u;, so that F(u) N F(v) = {0}. Hence m+u+v =a" +a. We
define the map ¢ by

¢u: = sup{A>0: \u < z}.

First, note that ¢,(a) > 0. Then, since F(z™)NF(u) = {0}, we must have ¢, (z+a) = ¢y (a)
and similarly ¢, (m + u + v) = ¢y (m) + 1 since F(v) N F(u) = {0}.

We deduce that the extreme ray ug = ¢, (a)u satisfies ug < a holds but ug < m does not.
This contradicts the fact that m € M, hence we must have a < m. In particular, b € M,
hence b = a. We deduce that a € M, so M > a and M = {a} by minimality. O

Lemma 1.8. Let a,b € C. If u < a implies u < b for all u € Extr(C), then a < b.

Proof. By Lemma 1.7, we have
{u€Extr(C): u<a}l < \/{ueExtr(C): u< b} ={b}

Hence there must be a minimal upper bound of {u € Extr(C): u < a} that is less than b.
By Lemma 1.7, the vector a is the unique minimal upper bound of this set, hence a < b. O

1.1.5 Faces of the dual cone

We point out a canonical way to map extreme faces of a cone C to extreme faces of its dual
cone C*.

Definition 1.2. Given an extreme face F of the cone C, we denote by F¥ the set defined by
Fr=cnFt.
In other words, we have
yeF — (yeC*and(x,y>:0, VmE]—").
Lemma 1.9.
1. If F is an extreme face of the cone C, then F¥ is an extreme face of the dual cone C*.
2. We have (M Fi)* =>4 .7:,5.

Proof. Indeed, let yi,yo € C*, y € F! such that 2y = y; + y2, and = € F. By definition
of the dual cone, we have (y;,x) > 0 for i € {1,2}. Moreover, by definition of y, we have
(y1 + y2, ) = 0, hence (y;,z) = 0 for i € {1,2}. This holds for all z € F, thus y;, ys € F*.

By Lemma 1.4, any extreme face F must satisfy / = C NspanF. We can then deduce
from the definition the sequence of equalities:

(ﬂkfk)ﬁ =C"N (ﬂkfk)L =C*N (Z]:kL) = Z}—]g O
k k

Let us again illustrate the map -* on the extreme faces of the classical cones.

Ezample 1.2.
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1. We have {0} = C* and F(z)* = {0} when z belongs to the interior of C.

2. In the case of the non-negative orthant (R, )", we have y € F(z)* if and only if 3, = 0
whenever x; # 0.

3. More generally, in the case of the polyhedral cone Cp, a vector y € C* belongs to the
face F(z)* if and only if y; = 0 whenever (Px); > 0.

4. Let || - || denote a strictly convex norm, and L,, the associated Lorentz cone. Then, for
x € 0L, we have F(z)f =R, (Jlma:).

5. In the cone of positive semidefinite matrices, we have y € F(z)! if and only if ranz L
rany, i.e. zy =0

1.2 Characterization of minimal upper bounds

1.2.1 The main result

We now establish several equivalent characterizations of minimal upper bounds in orderings
induced by cones.

Theorem 1.10. Let E be a finite dimensional vector space, C C E be a cone and < denote
the ordering induced by C on E. Given a compact subset A C E and x = A, the following
assertions are equivalent:

(i) x is a minimal upper bound of A in E,
(i) NacaF(x —a) = {0},
(i) e Fla — a)f = C,
(iv) there is ¢ € int C* such that {(c,z) < {(c,y) for all y = A.
Moreover, when A C C, x = A is a minimal upper bound of A if and only if

(v) ©x € F(A) and there is ¢ € int(C* N V') such that (c,x) < {(c,y) for all y € V such that
y = A, with V = span F(A).

The proof is given in Section 1.2.2. We first give a remark and describe the geometric
interpretation of each assertion.

Remark 1.3. A similar result holds for maximal lower bounds of the set A since the map
x — —x is monotone. In this case, assertions (ii) and (iii) are unchanged, while assertions (iv)
and (v) require instead that (c,z) > (c,y) for all y < A.

The assertions (ii) and (iii) above are dual versions of one another and mean that, in some
sense, the vector x ”sticks” to the set A in a sufficient number of directions, and that these
directions span the whole space E.

Moreover, the set {y € E: y = A} is convex and bounded below by A. The map y — (¢, y)
is also strictly increasing when ¢ € int C*. Thus there must be x »= A which minimizes the
value of this map. Assertion (iv) in Theorem 1.10 means that the minimal upper bounds of
A are precisely the minimizers of the maps y — (¢, y) for ¢ € int C*.
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Assertion (v) in Theorem 1.10 can be seen as a refinement on assertion (iv) in the sense
that the characterization no longer depends on the ambient space. Let us illustrate this fact.
Let C1,Cy denote two cones in E. Then C :== C; X Cy is a cone in E X E, and the interior of
C is (intCq) x int(C2). Now let A; C intCy, so that F(A;) = C;. We also introduce the set
A=A x {0} = {(a,0): a € A}, so that F(A) =C; x {0} and V = E x {0}. The interior
of the cone Cy does not appear in the data provided by the set A. Thus, we would expect the
interior of Co not to appear in the characterization of minimal upper bounds of A.

However, the latter cone does appear in assertion (iv). Indeed, it requires that a minimal
upper bound x = (z1,22) € C minimizes the scalar product ((c1,c2), (x1,22))) for some
c1 € intCy and ¢y € int Cs.

Assertion (v) ”corrects” this discrepancy: it is sufficient to consider candidates to be
minimal upper bounds of A in F(A), and the vector ¢ that selects these minimal upper
bounds may be taken in the interior of the dual cone of F(.A) in the vector space V. In the
previous example, it is thus sufficient to consider upper bounds of A of the form (z1,0) and
variables ¢ of the form (cy,0).

1.2.2 Proof of Theorem 1.10

(i) <= (ii) Let z = A and u € NgeaF(z — a). By definition, we have u > 0. Since A is
compact and E is finite-dimensional, there must be € > 0 such that eu < z — a for all a € A.

Thus a < x —eu < x for all @ € A. It follows that x is a minimal upper bound A if and only
if u = 0.

(ii) <= (iii) This is a trivial consequence of Lemma 1.9 and the fact that {0}* = C*.

(ili) = (iv) The cone C* has non-empty interior, thus there must, by assertion (iii), be
some vectors ay € A and Ay € F(x — a;)f such that ¢ == > kM € intC*. We compute the
value of (¢, y) for some y = A:

(cy) =D Ay —ar) + > (war) = O M w) = (e,2),
k k

k

since, by definition of F(x — ag)*, we have (A, y —ag) = 0 and (A, z — ag) = 0.

(iv) = (i) Assume that z > A is not a minimal upper bound of A, so there is a vector
z # x such that A < z < . By assertion (iv), there is a vector ¢ in the interior of C* such
that (c,z) < (¢,y) for all y = A. This holds in particular for y = z, so we have (¢, z) < (¢, 2).
Moreover, since the vector ¢ belongs to the interior of the dual cone, the map y — (c,y) is
strictly monotone, thus (c,z) < (c¢,x), which contradicts the previous inequality. Hence x
must be a minimal upper bound.

(iv) = (v) First we show that x € F(A). For all a € A, we can write z = (x — a) + a,
with a,x — a = 0, thus we have x € F(A) + F(x — a). This inclusion holds for all a. We
deduce that

T € Naea|[F(A) + F(z — a)] C [Naca Fz —a)] + F(A).
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By assertion (ii), we have NgeaF (z — a) = {0}, hence z € F(A). Next, since F(A)=CNV,
we have F(A)* = C* +V* = C* + V1. We deduce that C*NV = F(A)*NV. The cone F(A)
has non-empty interior in the vector space V, thus assertion (v) is a direct consequence of
applying assertion (iv) in the space V.

(v) = (iv) Since a minimal upper bound of A in span F(A) is a minimal upper bound of
A in E, this proof is the same as (iv) = (i), except the vector space E has been replaced
by the vector space V.

1.3 Application to classical cones

We now specialize Theorem 1.10 to each of the 3 types of cones that have been introduced
in Section 1.1.2. We illustrate in each case the meaning of each condition, and provide some
additional description of the set of minimal upper bounds in each case.

1.3.1 Polyhedral cones

In this section, let Cp denote the polyhedral cone associated with the full-rank matrix P =
(plT ... p%)T and < the induced ordering.

Corollary 1.11 (Minimal upper upper bounds in polyhedral cones). Given a compact subset
A CR” and x = A, the following assertions are equivalent:

1. z is a minimal upper bound of A in (E,<),

2. There are linearly independent rows {p;}icr of the matriz P and vectors a; € A such
that (p;,x —a;) =0 for alli € I and ) ,.;p; € intCp.

8. There is a subset I C {1,--- ,m} such that (Y ;.; pi,y — =) is non-negative for ally = A
and ) ;. p; € intCp.

Proof. This proof is a translation of Theorem 1.10 to the special case of polyhedral cones. Let
I c{1,---,m} such that i € I if and only if there is some a € A such that (p;,z —a) = 0.
Let y € NgeaF(x — a). Then, for all i € I, we must have (p;,y) = 0. The fact that such a
vector y is equal to 0 if and only if the vector ), ; p; is in the interior of Cp. O

In the case of polyhedral cones, we can provide some additional structural properties of
the set of minimal upper bounds of a finite set A. In particular, the set of minimal upper
bounds is a polyhedral complex, (see [DLRS10] for more background).

Proposition 1.12. The set of minimal upper bounds of a finite set A C E with respect to
< s a compact polyhedral complex: it is given as the union of finitely many closed polyhedral
cells Cr in E and C; N Cy is also a cell for all I, J.

FEach cell Cr corresponds to a subset I C {1,---,m} for which the rows {pi}ier satisfy
> ic1 i € Cp. It consists of the vectors x such that

z = Aand (pi,x—a;)=0,Viel.

Moreover, the dimension of the cell C' (i.e. the dimension of its affine hull) is equal to the
co-dimension of span{p; }icr -
Finally, the number of such cells is bounded by > j_, (’:)
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Proof. The set of minimal upper bounds is closed because the cone Cp is closed.

By Corollary 1.11, an upper bound z of the set A is a minimal upper bound if and only
if there is a subset I C {1,---,m} such that for all i € I there is a vector a; € A such that
(pi,x — a;) = 0, and such that > .., p; € Cp.

We consider the set S(I) of all minimal upper bounds y such that (p;,x —a;) = 0 for
all i € I. The fact that y is an upper bound is written (p;,y —a) > 0 for all p; and a. In
combination with the previous equalities, we deduce that S(I) is a polyhedron. Moreover, the
vector y belongs to the intersection of the translated cone a;+C and the affine subspace defined
by (3 icrpisy) = > icr{pisai) with Y. ;p; € Cp. Hence, by Lemma 1.5, the polyhedron
S(I) is bounded. Since the cone Cp is pointed, no combination of inequalities of the form
(pi,x — a) > 0 implies that x belongs to a lower dimensional subspace. Hence only equations
of the form (p;,x — a;) = 0 impact the dimension of the polyhedron, from which we deduce
that its dimension equals the co-dimension of span{p;};c;. This characterization also shows
that the intersection of two cells is again a (possibly empty) cell.

The set of minimal upper bounds S(I) is the result of choosing a subset I C {1,---,m}
such that ) ;.;p; € Cp. By Theorem 1.10, it is sufficient that card I < n. There are only
finitely such subsets, hence the whole set of minimal upper bounds is bounded. We deduce
at once the estimate on the number of cells by counting the number of such subsets. O

We illustrate this results on the polyhedral cone from Figure 1.1. Given two vectors in
R"™, we plot in Figure 1.4 the section of the cones emanating from these elements as well as
sections from the ones emanating from minimal upper bounds. In this case, the set of minimal
upper bounds is constituted of the reunion of 5 segments.

1.3.2 The (generalized) Lorentz cone

In this section, let || - | denote a strictly convex norm on R"*! £, denote the associated
Lorentz cone and < the order induced by this cone. For convenience, we write elements of
L, as T = (tz), so that & € £,, < ||z|]| <t

Corollary 1.13 (Minimal upper bounds in £,). Given a compact subset A C R"*! and
t = A, the following assertions are equivalent:

1. & is a minimal upper bound of A,

2. there are a,b € A such that (& — a) and (& — b) are not colinear and belong to the
boundary of the Lorentz cone 0L,

3. there is ¢ = (r ¢)T € E such that ||c|| < 7 and (¢,9 — 2) = 0 for all § = A.

Proof. Non-trivial extreme faces of the Lorentz cone associated with a strictly convex norm
are 1-dimensional cones of the form F(z) = R,z for some & € 9L,. Thus, in order for the
intersection of F(# — a) over all a € A to be zero, it is both necessary and sufficient to have
two elements d,b € £, such that Ry (2 — a) N Ry (& — b) is zero. Finally, the vector (r ¢)T
belongs to the interior of the Lorentz cone £,, if and only if ||c|| < r. O

'Tf the animation does not run due to reader compatibility issues, an online version is available at http:
//www.cmap.polytechnique.fr/~stott/assets/thesis/animations/Ex_mub_poly_anim.mp4
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Figure 1.4: Representation of the minimal upper bounds of two elements with respect to a
polyhedral cone !

It will be convenient to represent elements A C R™*!' and upper bounds & of A by the
intersections of the sets & — Ly, (resp. a — £,,) with an affine hyperplane H = {z: (¢, 2) = a}
with ¢ € int £,, and o < minge 4(c, a). We use the notation P(z) = (& — L,) N H.

The sets P(z) (resp. P(a)), also called penumbras, can be interpreted as the subset of H
lit by a light source placed at Z (resp. @) whose light cone is —L,,. This interpretation is a
generalization of the physical case when the norm is the Euclidean norm.

In the special case where & = (¢t )7 € L, the penumbra P(%) is the || - ||-ball centered at
x with radius t:

P(&) = Bz, t)={y € E: ||z —y|| <t}.

The fact that & € £,, is equivalent to 0 € P(&). Moreover, & < ¢ if and only if P(z) C P(9),
because ||y — x|l < t — s is equivalent to s + [ly — z[| < t. Moreover, recall that the vector
j—2 = (t—s y—=)7 belongs is an extreme face of the Lorentz cone if and only if t—s = ||ly—z||,
i.e. if and only if the balls P(#) and P(7) are tangent to one another. Thus # € R**! is a
minimal upper bound of A if and only if P(Z) is a minimal upper bound of Uzc 4P (@) in the
inclusion order on the space of penumbras.

By Corollary 1.13, a necessary and sufficient condition for an upper bound & of A to be
a minimal upper bound is the existence of vectors a and b such that either

1.a=b=2or
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2. (& — a), (& — b) belong to distinct extreme faces.

In the first case, the vector a € A is an upper bound of A, thus it is the only minimal
upper bound of A. In the second case, we show that there are infinitely many minimal upper
bound that constitute a non-compact set. This aspect separates strictly convex Lorentz cones
from polyhedral cones which are not strictly convex, since we have shown in Section 1.3.1 that
the set of minimal upper bounds of a finite set with respect to a polyhedral cone is compact.
This is summarized in the following proposition.

Proposition 1.14. Let L, denote the Lorentz cone associated with a strictly convex norm.
The space (E, Ly,) is an anti-lattice, i.e. two elements d,I; have a unique minimal upper bound
if and only if they are comparable. When a and b are not comparable, the set of their minimal
upper bounds is closed, unbounded and it can be identified to R" 1.

Proof. Let us first consider the case n = 2. Assume that @, b are not comparable. Then the
sets (4+Ly) and (b+L,,) are not comparable in the inclusion order either. By Corollary 1.13,
the set of minimal upper bounds of a, b is exactly given by the intersection of the boundaries
of the latter sets, i.e.

\{a, b} = (a+0L,) N (b+0Ly).

This intersection is a (continuous) curve in R? that is unbounded in two directions, i.e. it can
be identified with R.

Now, let n > 2. Let V denote any 2-dimensional affine subspace that contains the centers
of the | - ||-ball P(a), P(b). We denote by D(#) the disk obtained as the intersection of the
| - |-ball P(#) and the subspace V for any & = (¢t x)T such that x € V. We then have the
equivalence: D(z) C D(y) if and only if P(&) < P(y). Indeed, if there were an element z € R”

such that z € P(s,x) and z ¢ P(t,y), we would have

[zl +s <t <[[z] <zl + Iz — 2f| < [lz]| + 5.
By the first part of the proof, the set of minimal upper bounds whose penumbra’s center
belongs to V is unbounded and can be identified with R.

The set of 2-dimensional affine subspaces in R"™ that contains the centers of the balls
P(a),P(b) is homeomorphic to

O(n-1) /(0(1) x O(n—2)) ZR"?
hence the whole space of minimal upper bounds can be identified with R x R?~2. ]

Given two vectors in R3, we plot in Figure 1.5 the penumbras of these elements as well as
the penumbras of some of their minimal upper bounds. In this case, the set of minimal upper
bounds is parametrized by a single real variable.

2Again, if the animation does not run due to reader compatibility issues, an online version is available
at http://www.cmap.polytechnique.fr/~stott/assets/thesis/animations/Ex_mub_lor_anim.mp4
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O o~
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Figure 1.5: Partial representation of the minimal upper bounds of two elements with respect
to the Euclidean Lorentz cone 2

1.3.3 The cone of positive semidefinite matrices

In this section, we consider the space of symmetric matrices S, endowed with the Lowner order
< arising from the cone of positive semidefinite matrices S;. We specialize Theorem 1.10 to
this case:

Theorem 1.15 (Minimal upper bounds in S,,). Let A be a compact subset of S, and X € S,
such that X = A, where = denotes the Lowner order. The following assertions are equivalent:

1. X is a minimal upper bound of A,

2. Naearan(X — A) = {0},

8. Y acaker(X —A) =R",

4. there is a positive definite matriz C' such that (C, X) < (C,Y) for allY > A.

Moreover, if A is a compact subset of S;I, the matriz X = A is a minimal upper bound of A
if and only if

5. ranX =), ran A and there is a positive semidefinite matriz C' such that (C,X) <
(C,Y) forallY = A andranC 2D )~ 4 4ran A.

Proof. We have previously shown that y € F(z) if and only if rany C ranz, thus y €
NaeaF (x —a) if and only rany C Nge 4 ran(z —a). Thus we must have Nge 4 ran(z —a) = {0}.
Taking the orthogonal complement on each side of the last equation yields ) . 4 ker(z —a) =
R"™. Moreover, since the cone S, is self-dual, the interior of its dual cone is exactly the set of
positive definite matrices. O
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We study the structure of the set of minimal upper bounds in more detail in Chap-
ter 2, Section 2.6.



CHAPTER 2

Minimal upper bounds of two
symmetric matrices

This chapter is based on the article ”Maximal lower bounds in the Léwner order” [Stol6].

2.1 Introduction

A classical result by Kadison shows that the space of symmetric matrices equipped with
the Lowner order is an antilattice, meaning that two elements have a unique maximal lower
(called the greatest lower bound) or a unique minimal upper bound (called the smallest upper
bound) only in trivial cases:

Theorem 2.1 (Kadison, see [Kadb1]). Two symmetric matrices cannot have a greatest lower
bound in the Lowner order unless they are comparable in this order.

Equivalently, two symmetric matrices cannot have a smallest upper bound in the Lowner
order unless they are comparable in this order.

We refer to the work of Kalauch, Lemmens, and van Gaans [KLvG14] for a recent ap-
proach to Kadison’s theorem and generalizations in the setting of Riesz spaces. Lower bounds
of symmetric matrices have also been extensively studied in the setting of quantum observ-
ables [And99, MG99, DDL06], where the main motivation is the uniqueness of a positive
semidefinite maximal lower bound. Moreland and Gudder have solved this problem in [MG99].
Their result has been generalized to any pair of positive semidefinite bounded self-adjoint op-
erators by Ando [And99]. His proof involved the notion of generalized short, which in the
finite dimensional case is defined for positive semidefinite matrices X,Y by

Y]X =max{Z: 0 Z< X, ranZ CranY'}.
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Their results show that the uniqueness of a positive semidefinite maximal lower bound is
decided by the comparability of such generalized shorts:

Theorem 2.2 (Moreland and Gudder, Ando, see [MG99, And99]). Two positive semidefinite
matrices A and B cannot have a unique positive semidefinite mazimal lower bound unless the
generalized shorts [A|B and [B]A are comparable.

The aforementioned theorems raise the issue of characterizing the whole set of minimal
upper bounds (or maximal lower bounds) of two symmetric matrices A and B. Our first main
result (Theorem 2.3) shows that this set can be identified to the quotient space

O(p,q)/(O(p) x O(q))

where (p, ¢) denote the inertia of the matrix B — A, O(p) denotes the p-th orthogonal group,
and O(p, q) is the indefinite orthogonal group arising from a quadratic form with inertia (p, ¢),
see Definition 2.1. It follows that the set of minimal upper bounds is of dimension pq.

This result has a geometric consequence that will be dealt with in Section 2.5. In some
cases (described in detail in Section 2.5), the Lowner order corresponds to the inclusion order
of quadrics, up to a reversal. We deduce from Theorem 2.3 that given a quadric Qx minimally
enclosing two bounded quadrics Q4, Qp, the set of tangency points of Qx with Q4 (resp.
Qp) spans the kernel of X — A (resp. X — B).

We have already shown in Section 1.3 that the matrix X is a minimal upper bound of A
and B if and only if ker(X — A) 4+ ker(X — B) = R™. It is desirable to find a parametriza-
tion of the minimal upper bounds X so as to obtain specific kernels, satisfying for instance
inclusion conditions U C ker(X — A) and V C ker(X — B). Such conditions on the kernels
arise from choosing tangency conditions on the associated quadrics. Our second main result
(Theorem 2.10) leads to such a parametrization.

Finally, we explore in Section 2.6 the case of p > 3 matrices and point out the challenges
related to the parametrization of their minimal upper bounds.

Although the present results are stated for real quadratic forms, they carry over to her-
mitian forms, up to immediate changes.

2.2 Notation

The inertia of the symmetric matrix A is the triple (p, ¢, ), where p (resp. ¢, r) is the number
of positive (resp. negative, zero) eigenvalues of A, counted with multiplicities. We denote by
Jp.qr the canonical bilinear form of inertia (p, g, 7) on RPT2+". Tt is defined by

P pta
Ipar(,y) = Z:L'zyz - Z TilYi s
=1 i=p+1

and the corresponding matrix in the canonical basis of R" is I, & (—1,) & 0,, where I,, (resp.
0,,) denote the identity matrix (resp. zero matrix) of size n x n. When r = 0, we use the
notation J 4.

Definition 2.1 (Indefinite orthogonal group O(p,q)). We denote by O(p,q) the indefinite
orthogonal group of square matrices S such that SJpquT = Jpq. When ¢ =r =0, O(p,q)
becomes the standard orthogonal group O(p).
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We recall that, given a positive semidefinite matrix M, the square root of the matrix M
is the unique positive semidefinite matrix, denoted M'/2, such that MY/2MY2 = M. The
absolute value of a symmetric matrix M is given by |M| = (MMT)/2. The set of p x q
matrices is denoted by M, 4.

2.3 Parametrization of the set of minimal upper bounds of two
symmetric matrices

2.3.1 Statement of the main theorem

Our first main result parametrizes the set of minimal upper bounds of two symmetric matrices
with respect to the Lowner order. It implies that this set is of dimension pq and that it can
be identified with O(p, q)/ (O(p) X O(q)), the quotient set of the indefinite orthogonal group
O(p, q) by the maximal compact subgroup O(p) x O(q).

Theorem 2.3. Let A, B, X € S,, be such that X = A, B, and let (p,q,r) denote the inertia
of B— A. The following statements are equivalent:

(i) X is a minimal upper bound of A and B
(ii) ker(X — A) + ker(X — B) =R"
(iii) there is a positive definite matriz C' such that

_A+B Lol |C—1/2(B — A)C~1/?|

1/2
5 5 cH=.

X

(iv) For all P € GL,, revealing the inertia of B — A, i.e. such that B— A = PJ, .. PT, there
exists a unique M € M, , such that:

X =A+PSI,®0,20,)SPT  with

(I, + MMT)? M
5= ( MT (1, + MTan)z) @0

Each assertion brings a different perspective on the nature of minimal upper bounds and
their characterization.

Assertion (ii) states that the matrix X ”sticks tightly” to the matrices A, B, in the sense
that the space R™ can be decomposed as a sum of two subspaces, such that the linear map
associated with X coincides with the linear map associated with either A or B on each of
these subspaces. This is developed in detail in Section 2.4.

Assertion (iii) is an explicit formulation of the characterization given by Theorem 1.15,
exhibiting the minimal upper bound as a positively exposed point on the boundary of the set
of upper bounds of A, B.

Assertion (iv) give an exact parametrization of the set of minimal upper bounds in terms
of its p x g degrees of freedom, and shows in the process that it is a non-compact set.

Remark 2.1. Assertion (iv) can also be rewritten in terms of the matrix B:

X =B+ PS0,»1,®0,.)SP"
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Remark 2.2. A similar theorem holds for maximal lower bounds, in which case (ii) is un-
changed, while (iii) and (iv) read :

(iii) there is a positive definite matrix C' such that

_A+B o2 |C~12(B — A)Cfl/2|01/2 _

X
2 2

(iv) X=A-PS(0,01,®0,)SPT = B+ PS(I, 0, ®0,)SPT

Before proving Theorem 2.3, we draw two corollaries.  Theorem 2.3, Corollary 2.4
and Corollary 2.5 are proved in Section 2.3.3.

Corollary 2.4. Let A,B € S, and let (p,q,r) denote the inertia of B — A. Then, the sets
of minimal upper bounds and maximal lower bounds of A and B are homeomorphic to the
quotient set

\/ {4, B} = \{4,B} =00, Q)/(@(p) x O(q)) ZRP .
Corollary 2.5. Let A, B € §;F, and let (p',¢',r") denote the inertia of B[A]— A[B]. The rank

n
of a positive semidefinite maximal lower bound of A, B cannot exceed p'+ ¢ +dimker(B — A).
Moreover, the set of positive semidefinite mazimal lower bounds of A and B which have this

rank is homeomorphic to the quotient set

S;'_ N /\ {A,B} & (9(19/"1/)/((9(],/) « O(q')) ~ RPd

We note that Kadison’s result can be recovered as a special case of Corollary 2.4. Indeed,
the existence of greatest lower bound of two matrices A, B is equivalent to the existence of
a unique maximal lower bound of these matrices, which, by Corollary 2.4, cannot happen
unless pg = 0, meaning that A < B or B < A.

The result from Moreland and Gudder can be recovered from Corollary 2.5 in the same
way. If two positive semidefinite matrices A, B have a unique positive semidefinite maximal
lower bound X, then the uniqueness implies that p’q’ = 0, which means that [B]A < [A]B or
[A]B < [B]A.

2.3.2 Preliminary lemmas

We present two results which will be useful in the proof of Theorem 2.3.

Lemma 2.6. Let P,Q € S,,. We have
ker P + ker @ = R" = ker P Nker @ = ker(P — Q)

Proof. The inclusion ker P Nker @ C ker(P — @) is trivial. Let z € ker(P — @) and assume
x ¢ ker P. Then Px = Quz # 0, and so ran P Nran@ # {0}. Taking the orthogonal
complement contradicts ker P + ker ) = R". ]

Lemma 2.7 (Polar decomposition of O(p, q), see [Dral2, Section 6.2] and [Gall2, Proposition
4.11]). For every S € O(p,q), there exists a unique triple (M,U,V) € My, x O(p) x O(q)

such that:
g ((p+mmT) U <U >
M7 (I, + MT M) 14
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2.3.3 Proof of Theorem 2.3, Corollary 2.4 and Corollary 2.5

We now prove Theorem 2.3. The equivalence of (i) and (ii) has already been shown in Theo-
rem 1.15. We shall prove

(i) <= (iv) and (i) < (ii).

(i) = (iv)
Without loss of generality, we may assume that P = I, so that B — A = J,, ;.. We build a
basis of R" respecting the decomposition

R"=K4® Kp ®ker(A — B),
ker(X — A) = Ky @ ker(B— A), ker(X — B) = Kp @ ker(B— A).

We take a basis B4 of K4, a basis Bp of Kp and Bp_4 of ker(B — A), and our basis of R"
is [BB i Ba; BB_A]. In this basis, the matrices of the quadratic forms X — A and X — B are
block-diagonal matrices:

X-A=(0,oM,®0,) and X — B= (M, ®0,®0,),

where the off-diagonal blocks are zero, because the matrices M, and M, (respectively of size
p X p and g X q) are positive definite. The matrix ¥ = M;/Z <) Mql/2 is in the indefinite
orthogonal group O(p,q), since EJMZT = Jpg- By Lemma 2.7, there is a unique tuple
(M,U,V) e My, x O(p) x O(q) such that :

Z_(@+MMBW M U
- M7 (I, + MTM)Y/? V)

The matrix M does not depend on the choice of the matrix : it is easily shown that all

matrices = such that Z(Z7) = M, @ M, only differ from ¥ by a block-diagonal orthogonal-
block matrix :

E=XU V'), U €0O(p), V'€ O(q).

Conversely, any block-diagonal orthogonal-block matrix of this form multiplied on the right
vanishes when computing X. Indeed, if we denote

(T MM M -
we have X = A+ (SW)(0, ® I, ® 0,)(SW)T = A+ S0, ® I, ®0,)S.

(iv) = (ii)

Without loss of generality, we may again assume that P = I,,. After change of basis with the
invertible matrix Q = (S + (0p ® 04 ® Ir))_l, we have Q(X — A)QT = (I, ® 0, ® 0,) and
Q(X — B)QT = (0, ® I, ®0,). The sum of the kernels of those matrices is R™, thus this is
also the case for X — A and X — B.
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(i) — (iii)

By Remark 1.3 and Theorem 1.15, X is a minimal upper bound of A, B if and only if there is
a positive definite matrix C such that (C, X) < (C,Y) for all matrices Y = A, B. First, note
that (C,Y) = (I,C~12YC~1/2) and Y = A is equivalent to C~Y2YC~1/2 = C—1/24C~1/2,
thus we may assume that C = I,. Moreover, we may assume that the matrix B — A is
a diagonal matrix, also denoted by D = B — A, and whose diagonal entries are sorted in
decreasing order. Thus, we shall show that the unique matrix X which minimizes the map
Y — (I,,Y) = trace(Y) over all upper bounds Y of A, B is given by

A+ B n |B — A
2 2
Such a matrix X is the primal solution to the primal-dual pair of problems

(2.1)

min%{mize trace(X) maﬁimize (A, A) + (1, B) .
K
subject to X = A, B subject to A, u =0
A+p=1I,

Here A, 1 are symmetric n X n matrices. The optimality conditions imply that X is the unique
matrix such that

MX—-A)=0 wWX-B) =0 A+p=1I,
AMpE0 X = A B,

for some symmetric matrices A, u. One can then easily check that the matrix X given in Equa-
tion (2.1) satisfies these equations with A = 0, & I,4, and p = I, & 044,. This concludes the
proof of Theorem 2.3. ]

Proof of Corollary 2.4. We have shown in the proof (i7) = (iv) of Theorem 2.3 that, given
a matrix P revealing the inertia of the matrix B — A, we can associate with every matrix
Y € O(p,q) a minimal upper bound X of A and B, via the continuous map ® from O(p, q)

to S, defined by:
T
: > 1, ©0q 2 T
wmoarr(® (00 () e

Moreover, we have previously shown that two matrices X1, € O(p,q) produce the same
minimal upper bound X if and only if X1 = ¥o(U®V) for some matrices U € O(p),V € O(q).
By Theorem 2.3, the image of the map ® is precisely the set of minimal upper bounds of
A and B. This proves that the map ® is a bijection from O(p,q)/(O(p) x O(q)) to the
set of minimal upper bounds of A, B. By Lemma 2.7, the quotient set can be identified to
M, 4 = RPY by means of the continuous bijection S defined by:

‘ (I, + MMT)1/2 M
5 M < MT (I, + MTM)\/?

It remains to show that the map ® o S has a continuous inverse. We write

o S(M) :A+P[<§‘(%)T ﬁ%}) GBOT}PT,

with A(M) := I, + MM™ and B(M) := (I, + MM7")/2M. The matrix M can be recovered
continuously with M = A(M)~'/2B(M), since A(M) %= I, cannot vanish. O
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Proof of Corollary 2.5. Before treating the general case, we shall prove the corollary when
A, B are positive definite. Note that, in this case, we have [A]B = B and [B]A = A.

First, the inertias of the matrices B — A and B~' — A~! are the same: the matrices
A, B can be reduced simultaneously by an invertible congruence X — PXP” to diagonal
matrices with positive diagonal elements a; and b;. The fact that a; — b; > 0 is equivalent
to by L a; 1> 0 shows that the inertias are identical. When the matrices A and B are
positive definite, we have p’ + ¢’ + dimker(B — A) = n, so matrices whose rank is equal to
P 4+ ¢ + dimker(B — A) are invertible.

The map X — X! is monotonically decreasing on the set of positive definite matri-
ces [Bha07, Exercise 1.2.12]. Thus, it is a (continuous) bijection between the set of min-
imal upper bounds of A=!, B=! (which are positive definite) and the set of positive defi-
nite minimal upper bounds of A, B. By Corollary 2.4, the former set is homeomorphic to
oWw.qd)/(0W) x O(d)) = RP'? | so the same is true for the latter set.

Now let A, B denote positive semidefinite matrices. We may assume that ker(B — A) =
{0}, since it does not influence the structure of the set of minimal upper bounds of A, B
by Theorem 2.3, so that ker A Nker B = {0}.

Let R4 g denote the set ran ANran B. We claim that there are direct summands R4 and
Rp of R4 p in ran A and ran B respectively so that the matrices of the quadratic forms A, B
are block-diagonal in R" = Ry ® Ra p @ Rp.

Indeed, we have R" = ker B® R4 g @ker A. In such a decomposition, the quadratic forms
A, B have matrices of the form

A11 A12) <BQQ BQS)
A= ®0, and B=0,® .
(A1T2 Agy b an BL, Bss

We define the matrix U mapping w = (z,y,2) € ker B @® Rap ® ker A to Uw = (z —
A1_11A12y, Y,z — nglngy). One can easily check that the subspaces R4 and Rp defined as
the image of ker B and ker A respectively by U satisfy the desired condition. Moreover, up to a
transformation X — VT XV with V block-diagonal, we may assume that A = I,®S4®0, and
B =0,® Sp ® I, where Sy, Sp denote positive definite matrices such that S4 — S = Jpr 4.
Note that the short [B]A (resp. [A]B) is given by 0, & S4 @ 0p (resp. 0, & Sp @ 0p).

Let X denote a positive semidefinite minimal upper bound of A, B. Using the character-
ization in Theorem 2.3, X is given in block form by

—aal — ppT 3
X = * * * with M = (O& 5) € Mll-l—p’,b—l—q’ .
* _BTB o 5T5 Y

The fact that X is positive semidefinite implies that the matrices «, 3, § are zero matrices,
so that X = 0, & Sx & 0p, where the matrix Sx is given by

Ly +y" Iy + /)Py
Sy =S4 — ( v p .
X ’YT(Ip’ +’Y’}/T)1/2 ,.YT,Y

By Theorem 2.3, Sx is a (positive semidefinite) minimal upper bound of the matrices S4 and
Sp. This concludes the proof since S4, Sp are positive definite. O
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2.4 Minimal upper bounds selection under tangency constraints

2.4.1 Notation and preliminary lemma

We first give some notation that will be useful in the sequel. We define the linear operators
Tp, Tq and ., mapping respectively R" to RP, R? and R", that select the first p coordinates,
the following ¢ and the last r coordinates. Their matrices in the canonical basis of R" are

Tp = (Ip Opg Opr) ) Tq = (qu I qu) ) Ty = (Orp Orq L") .

We denote by || - || the spectral norm (largest singular value) of a matrix. We define B, ,
to be the open unit ball of M,, , with respect to this norm:

Bpg:i={M e Mpq: |M| <1}.

Lemma 2.8. The map ¢pq from My, to By defined by :
T\ —1/2

Pp,g(M) = (IP+MM ) M

s a bijection, with inverse
—-1/2

Upg(N) = (IP_NNT) / N

Moreover,
—-1/2 T
Ppg(M) = M (I, + MTM) 2 and (¢pa(M))" = bgp(MT) .

Proof. Let M = UDVT denote the singular value decomposition of M, so that U,V are
orthogonal matrices, and D is a matrix consisting of a diagonal block and a zero block. Then,
Gp.g(M) = Uy 4(D)VT, and a similar property holds for the map 1, ,. Therefore, it suffices
to check that v, 4 0 ¢p (M) = M when M = D, which is straightforward. By symmetry, we
obtain that ¢, 401y ¢(N) = N holds for all N. The other properties are proved similarly. [

2.4.2 Statement of the problem and the theorem

As stated in Theorem 2.3, the kernels ker(X — A) and ker(X — B) are central to the character-
ization of minimal upper bounds. In the following, we investigate the problem of the selection
of a minimal upper bound of two symmetric matrices where subspaces of those kernels have
been predetermined. When u? Xu > 0, the line Ru meets the surface {z € R": 2T Xz = 1}
at two opposite points tau, with o > 0. Moreover, if u € ker(X — A), the surfaces
{z € R": 27Xz = 1} and {# € R": 2T Az = 1} are tangent at those points. Indeed, the
equation A(cqu) = X (au) means that the gradient of the quadratic forms z + 27 Xz and
2z — 2T Az at the point au are colinear. Both isosurfaces contain the point awu, thus they are
tangent at this point. When u’ Xu < 0, it may be interpreted as a tangency at co. For this
reason, constraints on the kernels are called tangency constraints.

Finally, following Theorem 2.3, the dimension of the kernel of B — A does not influence the
structure of the set of minimal upper bound of A and B. Thus, we assume that a reduction
has been done and state Problem 2.9 and Theorem 2.10 accordingly.
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Problem 2.9 (minimal upper bounds with tangency constraints). Let A, B € S,, and let
(p,q,0) denote the inertia of B— A. Let U,V be subspaces of R™. We wish to find in X € S,
such that:

X is a minimal upper bound of A, B
VueU, Xu= Bu
YoeV, Xv=Av

Our second main result gives conditions for Problem 2.9 to have a solution and, if these
conditions are met, a parametrization of the set of solutions. It shows that the set of solutions
can be identified with an affine subspace of M, ;, of dimension (p —dim)(¢—dim V), so that
the problem has a unique solution if and only if one of the subspaces has maximal dimension.

Theorem 2.10. Problem 2.9 has a solution if and only if
(i) B — A is positive definite over U
(ii) B — A is negative definite over V
(iii) U and V are orthogonal with respect to the indefinite scalar product B — A

If these conditions are met, then the set of solutions can be parametrized as in Theorem 2.3,
assertion (iv), with

M € ¢, 4 (BpgNW)
where W is the affine subspace of M, 4 defined by

Vu €U, RTmy(u) + m4(u) =0

(2.2)
Yo eV, Rry(v) + mp(v) =0

R€W<:>{

The intersection By, N W is nonempty when the conditions (i, i1, iii) are met.

Corollary 2.11. The set of solutions of Problem 2.9 is parametrized by a subspace of My 4
of dimension (p — dimU)(q — dim V), so that the solution is unique if and only if

dimU =p or dimV =gq.

Remark 2.3. When U and V have maximal dimension, V is the orthogonal complement of U
with respect the indefinite form B — A. Thus Theorem 2.10 establishes a bijective correspon-
dence between minimal upper bounds of A, B and p-dimensional subspaces over which the
matrix B— A is positive definite. In this way, the set of minimal upper bounds is parametrized
by an open semi-algebraic subset of the Grassmannian Gr(n,p).

2.4.3 Preliminary lemmas

Before proving Theorem 2.10, we prove two useful results. First, Lemma 2.12 shows that when
the matrix J, , is negative definite over a subspace V, then there is a contractive mapping
from the last ¢ coordinates of any vector of V to its first p coordinates.

Lemma 2.12. Let V be a subspace of R" over which J, 4 is negative definite, with p+q = n.
There is a matriz R € My, with |R|| < 1 such that :

Vo eV, mp(v) = Rmg(v)
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Proof. First, we show that the map m, is a bijection from V to m,(V). Indeed, let v,w € V
such that 7, (v) = my(w). We have v —w € V, thus (v —w)?J, 4(v —w) < 0. This is rewritten
as [|mp(v) —mp(w)|l2 < [|mg(v) —mg(w)||2 = 0, hence 7y(v) = mp(w), which implies v = w. Thus
the map 7, is injective. It is also surjective by definition of m4(V). We denote its inverse by

! Let 7 denote the orthogonal projection from R? onto m4(V). Then, we define the linear
map R from RY to R? by R = m, o, ' o 7. By definition, we have Rmy(v) = m,(v) for all
v € V. Since the map R is zero on m,(V)1, it is sufficient to show that it is a contraction
on my(V). The matrix J,, is negative definite over V, meaning that ||m,(v)|l2 < ||74(v)]|2
when v € V is nonzero, which implies that ||Rmy(v)|l2 = [|mp(v)|l2 < ||mg(v)]|2 holds for all

v E V. O

™

Then, we solve Problem 2.9 in the easiest case, when the subspaces are Y = {0} and
V = Rz, for z € R™. Since the proposition does not change if r # 0, we give its statement in
the most general case.

Proposition 2.13. Let A,B € S,, and v € R™. Then, there exists a minimal upper bound X
of A and B such that Av = Xv if and only if v Av > vI' Bv or Av = Bu.

Proof. Without loss of generality, we may assume that B — A = J,, 4.
(=)
Assume that X is a minimal upper bound of A and B such that Av = Xv. The constraint
Av = Xv implies that v7 Av = vT Xv < vTBv holds. We shall thus show that if vT Av =
v B, then Av = Bv. Using Theorem 2.3, there is M € M, 4 such that
_ I, +MMT (I, + MMT)' /21
X=d (MT(Ip+MMT)1/2 MTM >@0’“'

The condition Av = Xwv is rewritten as

Pp.g(M)7g(v) = —mp(v) .

The function ¢, , maps the matrix M to an element in the open ball By, 4, so ||¢pq(M)| < 1. It
follows that ||, (v)||2 = ||¢p.g(M)me(v) |2 < ||7g(v)||2 if mg(v) # 0g,1. However, the assumption
v (B—A)v = 0 implies ||m,(v)||2 = |74 (v) |2, thus my(v) = 041 and 7,(v) = 0,1. We conclude
with (B — A)v = 0y, 1.

(<=).

If Av = Bw, then, by a calculation similar to the above, every minimal upper bound satisfies
Av = Xv. If vT(B — A)v < 0, then ||my(v)|2 < ||7q(v)||2. It is easily seen that using

=m0
M= oL p(V)Tq
¢< 7a(0) 2 )

in the characterization in Theorem 2.3 provides a solution satisfying Av = Xwv. O

2.4.4 Proof of Theorem 2.10

First, we show that a solution to Problem 2.9 satisfies all three conditions. Given a solution
X to Problem 2.9, we have for u € U, v (B — A)u = u' (X — A)u — uT (X — B)u, where
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the first term is non-negative and the second is zero. Hence B — A is non-negative over
U. For v € V, the reverse holds and B — A is non-positive over V. Moreover, if we have
27(B — A)x = 0 for some x € U UV, then by Proposition 2.13, we have (B — A)x = 0 and
x =0as B— A € GL,. This shows that B — A is positive definite over U and negative
definite over V. Finally, for u € i and v € V, as U C ker(B — X) and V C ker(4 — X)), we
have u”' (B — A)v = u” (X — A)v —u” (X — B)v =0, so U and V are orthogonal with respect
to B — A.

Conversely, we show that a matrix satisfying all three conditions provides a solution
to Problem 2.9. We will use the characterization (iv) in Theorem 2.3 to build a solution
to Problem 2.9. Without loss of generality, we may assume that we work in a basis of R”
revealing the inertia of B — A = J,,. Furthermore, we may assume that dim#/ = p and
dimV = ¢. If this is not the case, let Uy denote a subspace of [(B —A) -Z/{]l over which
B — A is positive definite that has maximal dimension. Then let Vy denote a subspace of
[(B—A4)-V] N (B—A)-(UdU)] * over which B — A is negative definite that has maximal
dimension. The subspaces U & Uy and V @ Vy then satisfy the assumptions. We will prove
that there is a matrix R of size p x ¢ satisfying:

uel <= my(u)=—RImp(u), veEV < m(v) = —Rmy(v), |R| <1

The proof is done in two steps. First, we build a matrix R satisfying the second and third
conditions using Lemma 2.12. Now, since the matrix Jj, 4 is negative definite over V', we have
m,(V) = R9. Also, for all nonzero v € V, we have ||7,(v)||3 > ||mp(v)||3 = 0, so my(v) # Og1.
Next, we use the orthogonality condition (iii) to show that the first equivalence holds. For
u €U and v € V, we have

7rq(”)T( - RTW;D(U) - 7Tq(u)) = Wp(u)Tﬂ'p(U) - 7Tq(“)Tﬂ'q(v)
= uTprqv
=0.

Hence R, (u) — m,(u) € RY is orthogonal to my(V) = RY, and is thus zero. It now suffices to
take M = ¢ :(R) to build a solution to Problem 2.9 using (iv) in Theorem 2.3.

We now show that the solutions of Problem 2.9 are parametrized by matrices in the affine
subspace W. Let X be a solution of Problem 2.9. According to Theorem 2.3, we can associate
with X a unique M € M, ,. Given vectors u € Y and v € V, the constraints Av = Xv and
Bu = Xu can be rewritten as

Op.g(M) my(u) = —mg(u) and ¢y q(M)my(v) = —mp(v) .

Moreover, we have ||¢p q(M)|| < 1, so that ¢, (M) € WN B, .

Conversely, one checks easily that any solution R of (2.2) provides a solution, as long as
R € B, 4. We have shown previously that as soon as the problem is feasible, the set WN B, 4
is nonempty.

2.4.5 Proof of Corollary 2.11

Let R e WN By, If dimU # p and dimV # g, since dimm,(U) = dimU and dim 7y (V) =
dim V), we can choose nonzero vectors u, € 771,;(1/1)L and vy € Wq(V)L. The ball B, , is an open
set, thus for small enough positive €, the matrix R’ := R + eupvqT is also in B, 4 and satisfies
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the equations (2.2). The matrix R’ produces a different solution than R since R # R’ and
dpq is a bijection, so that dim W > dim m,(U)" x dim7,(V)* = (p — dimU)(g — dim V).
If R, R’ € W are solutions of (2.2), then we have

Vuel, (R—R)my(u)=0  YoeV, mw)(R-R)=0

which yields the reverse inequality dim W < dim 7, ()" x dimm,(V)*. O

2.5 Examples

We recall the definition of quadrics, the equivalence between the inclusion of quadrics and
the Lowner order and the algebraic counterpart of tangency between quadrics.

Definition 2.2. We denote by Q4 the quadric associated with the symmetric matrix A,
defined by:

Qs ={zecR": zTAz <1}.

The set Q4 is convex if and only if the matrix A is positive semidefinite. The set Q4 is
bounded if and only if the matrix A is positive definite. Moreover, it always has a nonempty
interior. If the matrix A is positive semidefinite, the inclusion of the quadric Q 4 in the quadric
Op is equivalent to the positivity of the matrix A — B, meaning that the inclusion of quadrics
and the ordering of the corresponding matrices is equivalent, up to reversal:

ifA»=0, then Q4 CQOp «— B<A.

This also means that, given positive definite matrices A, B, the quadric Qx associated
with a maximal lower bound X of A and B in the Lowner order is a minimal upper bound
for the bounded quadrics Q4 and Qp, in the inclusion order.

Remark 2.4. In the general case,
Q1C9p =5 B<A,

as shown with A =2@® (—2) and B = 1@ (—1). For (z,y) € Q4, one clearly has 222 — 2y? <
1 < 2, which implies (z,y) € Qp. However, we have A — B =1@ (—1) # 0.

2.5.1 In dimension 2: O(1,1)/(O(1) x O(1))

This case arises whenever two symmetric matrices A and B of order 2 are not comparable.
The maps (X +— X +AI,)aer and (X = UT XU)peqL, are all order-preserving isomorphisms.
This implies that, given such an isomorphism ¢, the set of maximal lower bounds of ¢(A)
and ¢(DB) is exactly the image of the set of maximal lower bounds of A and B by the map ¢.
Thus one can easily show that we may assume without loss of generality that

() -G
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O

)0=0 (b) 6 = —0.25

QO

(a
(c) 0 =~ —0.549

Figure 2.1: Minimal quadrics Qg (in red) associated with Q4 and Qp (in blue) for various
values of 6.

We have an explicit description of the set of hyperbolic isometries O(1,1) [Gall2, Proposition
9.19]:

€1sinh @ ey coshd

0(1,1) = { <61 cosh 0 62smh9> COCER, €1, 6 € {—1,1}}.

The quotient set O(1,1)/(O(1) x O(1)) is in this case equal to the classical set of hyperbolic
rotations:

0(1,1)/(0(1) x O(1)) = { (‘;ﬁ;g :ZEZ) . 0c ]R}.

Note that in this special case, the quotient set has a group structure. This gives us the
parametrization of the maximal lower bounds Xy of A and B:

([ 2- cosh?f cosh @ sinh 6
= \coshfsinh® 2 — cosh?@

The tangency subspace between Q4 and Qx, is R (sinh@ — cosh H)T and the tangency sub-
space between Op and Qx, is R (Cosh9 — sinh H)T. This is depicted in Figure 2.1.
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2.5.2 The quotient Lorentz set: O(n,1)/(O(n) x O(1)), n > 2

Following Lemma 2.7, the set O(n, 1)/(O(n) x O(1)) can be identified to R™ via the bijection
¢ = ¢p,1 defined by

V14 wlw

In this case, when pg = n > 1, the quotient set does not have a group structure. Let
(e;)1<i<n denote the canonical base of R™. The product M := ¢(e1)¢(e2) can be computed
explicitly and it is not even symmetric: we have Ms 1 = 0 whereas M; o = 1.

We shall illustrate the results of Theorem 2.10 on an example with p = 2 and ¢ = 1, with
the matrices A =2® 2@ 1and B=1®1® 2, so that B — A = Jo1. Theorem 2.3 states
that the set of maximal lower bounds of A and B, denoted A A B> has dimension 2 and its

b w s <(In+;U;UT)1/2 w ) .

elements X, are given, for w € R? by

I +ww? (I + wa)1/2w>

Xy =A-—
v (wT(Ig + ww™)1/? wlw

For all w € R?, we also have dimker(4 — X,,) = 1 and dimker(B — X,,) = 2.
Let v = (x 0 2)T denote some non-zero vector. We shall solve Problem 2.9 in the cases
where (U,V) = (Ru, {0}) and (U, V) = ({0}, Ro).

Case 1: / =Rv and V = {0}.

In this case, we have p # dimU and ¢ # dim V, so by Theorem 2.10 the set of solutions is not
reduced to a point. The problem has a solution if and only if 22 > 22, and the solutions are
parametrized by the contractive elements of the affine subspace W of My ; defined by R € W
if and only if R” (20)” + z = 0. Denoting r = —z/z, so that |r| < 1, we have

W:{Rt::(rt)T:teR}.

Moreover, we have ||R;||? = r?+? so that, since r? < 1, the set WN B, , is non-empty. Then,
for |t| < v/1 — 12, we recover the matrix

w= bR = == (1)
Finally, we get the parametrization of the kernels:
ker(A — Xy) = span{ (z —ta x)T } ,
ker(B — Xy) = span{ (ac 0 z)T , (th 2?2 492 —x2t)T } )

The set of solutions is parametrized by a single real parameter t as expected from Theo-
rem 2.10.

Case 2: U/ = {0} and V = Ru.

In this case, we have ¢ = dim V, so the solution is unique. Indeed, the problem has a solution if
and only if 72 < 2% and the affine subspace W of My 1 is reduced to the point R := (—x/z,0),
which satisfies |R|| < 1. Figure 2.2 depicts several minimal quadrics associated with the
quadrics Q4 and Op.
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() w = (o,b.szié)h - @ w=0,1)

Figure 2.2: Minimal quadrics Qx,, (in green) associated with Q4 and Qp (in blue and red)
for various values of w. The black line shows the tangency points between the quadrics Qp
and Qx,, .

2.5.3 OQOuter approximation of the union of quadrics

Corollary 2.14. Let A, B be positive semidefinite matrices. Then

[l Qc=94UQs. (2.3)
CeN\{A,B}

Proof. The inclusion Q4 U Op C Q¢ holds for all maximal lower bounds C of A and B,
hence Q4 U Qp is included in the intersection of all the quadrics Q¢ for C € A {A, B}. It
remains to show that, given some vector z € R", if the inequalities 7 Cx < 1 hold for all
C e N{A,B}, then z € Q4 U Qp.

Let € R™ such that 27Cz < 1 holds for all C € A\ {A, B}. We shall distinguish several
cases.

Case 1: 27 Ax # 2T Bx

By symmetry, assume that 27 Az < 27 Bx. Then, as a consequence of Proposition 2.13,
there is a maximal lower bound of A and B, denoted C, satisfying Ax = Cz. By assumption,
we have 27 Cxz < 1, which combined with the previous equality yields 7 Az < 1, meaning
that x € 9Q4.

Case 2.1: T Az = 27 Bx and Az = Bx

Under these assumptions, every maximal lower bound C satisfies Ax = Cx by Theo-
rem 2.3. Given C € A {A, B}, it follows immediately that € Q¢ implies z € Q4.

Case 2.2: 27 Ax = 27 Bx and Az # Bz

Proposition 2.13 implies that, under these assumptions, there is no maximal lower bound
C such that 27 Az = 27 Cz. However, we shall show that for any positive ¢, there is a maximal
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lower bound C. such that
2T Az < 27Cex + €. (2.4)

Equation (2.3) is invariant under linear transformation, so that we may assume that B — A =
Jpq,r- Using the notation of Theorem 2.3 and Section 2.4, it is readily shown that a matrix
M € M, , produces a maximal lower bound C, satisfying Equation (2.4) if and only if
11+ MMT) 2, (2) + Moy () |3 < e.

Let s denote some real number such that 0 < s < 1. The assumption 7 Az = 27 Bz
implies that ||m,(z)||2 = ||7¢(2)|l2. Thus, the matrix Ry given by

Ry = —(1 = s)mp()mg(x)" /| mg()]13

is in the open ball B, ,. Let M, denote the matrix M, = (;S;’é(RS). It is then easily shown
that

(I + M M)y (@) + Mymg(2) = n(s)mp()
with 7(s) = s71/2 [(142s— Y2 14 s],

where 7 satisfies 7(s) = 2v/s + o(y/s) for s small enough. As a consequence, for s small
enough, using the characterization (iv) in Theorem 2.3, the matrix M, provides a maximal
lower bound C. satisfying (2.4). O

Remark 2.5. If the approximating quadrics {Q¢: C € A {A, B }} are required to be convex,
meaning that the matrices C are required to be positive semidefinite, then the resulting outer
approximation is a convex set, and instead approximates the convex hull of Q4 U Opg. In this
case again, it can be shown that the outer approximation is exact.

Proposition 2.15. Let A, B be positive semidefinite matrices. Then
m Q¢ = conv (QAUQB).

CeSTNA{A,B}
where conv(K) denotes the convex hull of the set K.

Let K denote the set Q4 U Qp. The convex hull conv(K) of the set K is given by the
intersection of all half-spaces H.r = {z € R": dr < T} that contain K. Let H.r denote
such a half-space. The set K is centrally symmetric, meaning that for all z € K, we have
—x € K. This implies that the half-space H_. _r also contains K:

Vee K, -T<cz<T. (2.5)

The quantity 7' is positive given that the set K has nonempty interior. Equation (2.5)
describes a quadric Qr, where R = T2 cc”, that contains Q4 and Qp. Finally, by definition,
there is a maximal lower bound C of A and B such that QU9 C Qg C Qr. To summarize,
we have shown that we can associate with each half-space containing the set K a quadric Q¢
where C' is a maximal lower bound of A and B. Hence, the convex hull of K contains the
intersection of convex quadrics associated to maximal lower bounds of A and B:

conv(K) = m Her 2 m Qc .
{e,T: KCHer} CeSINA{A,B}

The latter set is an intersection of convex sets, thus it is convex. Moreover, it contains K,
since K C Q¢ for all C' € S N A{A, B}. As a consequence, it contains the convex hull of K.
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2.6 Partial extension to minimal upper bounds of p matrices

We provide in this section a description of the set of minimal upper bounds of finitely many
symmetric matrices in the Lowner order. This result builds on the characterization proved
in Theorem 1.15 and the second parametrization given in Section 2.4.

2.6.1 Generalizing the parametrization

Contrary to the case of 2 matrices, the set of minimal upper bounds is not given by a quotient
of groups in the general case. However, the description using tangency subspaces remains
valid, thus it provides a good entry point for understanding the underlying geometry.

In the 2 matrix case, we have shown that the set of minimal upper bounds can be identified
to an open semi-algebraic subset of the Grassmannian manifold. In the more general case,
this identification remains in spirit, since the set of minimal upper bounds is given by the
reunion of finitely many “parts” Cde which are indexed by the vector of tangency-subspace
dimensions ¢ = (g1, ..., ¢p). Contrary to the former case, these subspaces may not be in
direct sum, even if we assume that the difference of any two matrices is not singular. This
phenomenon is best represented by “the atom” in Figure 2.3.

The sets Csdp have a canonical hierarchy. Some correspond to tangency subspaces which
are in direct sum. These sets can be identified to open semi-algebraic subsets of a flag on
the Grassmannian manifold, and constitute the base of the hierarchy. The other elements are
obtained as the intersection of the closures of several base sets.

Theorem 2.16. Let A = {A1,..., Ay} denote a finite subset of S,,. The set of minimal
upper bounds of A has the decomposition

\/A: L—_l-JC;dp with Q C {q € NP: qu>n}.

qeQ k
The set C[;dp is the subset of \/ A characterized by
X €C <= Vk,dimker(X — Ay) = qi..

It can be identified to RHD with

d(q) =) a(n—ax) = > ara-

k k<l

When ) qr = n, we have d(q) = Zk<l qrq -
Moreover, the collection of sets (C;dp)qeg follows the hierarchy property

sdp sdp sdp
oo c | e,
r2p,q

where r > p,q means that vy > max(pg,qx) for all k and X denotes the closure of X in the
FEuclidean topology.

Before proving this theorem in Section 2.6.2, we point out some possible refinements. We
believe in particular that the following holds.
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2

) Three mutually uncomparable quadrics ) Structure of minimal upper bounds
) The triple point C5{P ) An element of the branch C{$»
(e) An element of the branch C55P (f) An element of the branch C5(P

Figure 2.3: Minimal upper bounds of 3 quadrics - the “atom”
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Conjecture 2.17. In the previous theorem, equality holds in the hierarchy

Grnes” = e,

r2p,q

In contrast with the case of 2 matrices, this description is hardly computationally acces-
sible because obtaining the set of non-empty cells C;dp is difficult.

Proposition 2.18. Deciding whether there is ¢ € Q such that g1 > 0 is NP-hard.

Proof. This decision problem is equivalent to finding a nonzero vector x such that z*(Q; —
Q1)x < 0 for all ¢ > 1. This is equivalent to the fact that the optimal value v* of the following
quadratically constrained quadratic program is negative:

*i= min {v:2T(Qi—Q)r<v, Vi>1}.
vER,||z]|=1

Solving this problem is NP-hard by [MKS87]. O
Corollary 2.19. Deciding the non-emptiness of a set C[;dp is NP-hard.

Proof. At least one coordinate of ¢ must be positive. Checking the positivity of this coordinate
is NP-hard by Proposition 2.18. 0

2.6.2 Proof of Theorem 2.16

The proof of Theorem 2.16 is split in several parts. First, we prove that the decomposition
of \/ A into the reunion of several C;®® sets. Then, we identify the dimension of the cell C5'

and derive the homeomorphism to R%9 when > qk = n. Finally, we show the hierarchy
property.

Decomposition By Theorem 1.15, any element of C5° for ¢ € Q is a minimal upper bound
of A, hence \/ A D UqEQCde. Moreover, by the same corollary, any minimal upper bound
must belong to some set Csdp, thus equality holds.

Dimension The key argument is a characterization via tangency subspaces. Let ¢ € Q and
X € CSdp. For all k, let Vj = ker(X — Aj) and denote by W} a subspace of Vi such that
R"™ = ®pW,. Without loss of generality, we assume that W, is spanned by the first dim W,
vectors of the canonical base of R™, W, is spanned by the next dim W, canonical base vectors,
and so on. Moreover, let 7, denote the orthogonal projection onto W;. Then the matrix X
is recovered as

X =) nlAm, (2.6)
ij

Indeed, let us temporarily denote by Y the right hand side of Equation (2.6). Then, by
orthogonality of the projectors, we have (Y — Ap)m, =D, FiT(Ai — Ap)mi; and writing A; —
Ay = (X —Ag)— (X —A;) shows that ] (4;— Ay )7 = 0, and we deduce that (X —Y)m;, = 0 for
all k. The sum of the subspaces Wy, is R™, hence X =Y. One can check that Equation (2.6)
does not depend on the choice of the subspaces W.
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We introduce the subset S of (GLy,)P defined by

' =2T's;
(S1,...,5) €S = y =Sy forallz e V;,yeV;,i#j.
0 = (Siz)" (A — 4;)(Sjy)

The previous reasoning shows that (I,...,I) € S. We count the degrees of freedom, with
qr = dim V. The first and second conditions imply that Sy has only gx(n — qx) degrees of
freedom. Moreover, the third condition imposes g;q; additional equations for all i < j. We
deduce that the set & can be identified to a real vector space that has dimension

d(q) = Zqz‘(n —qi) — ZQin .

1<j

When ). ¢; = n, this reduces to

dlg) = (Do a) = af = D_aa; =Yg

1<j 1<j

Hierarchy Let X € Cf;dp N Csdp, meaning that there are sequences Y € C,S,dp and Zj, € C;dp
converging to X.

By definition of Yj, the kernel of Y, — A; has dimension p;. In other words, the sequence
of vectors containing the n — p; + 1 minors of the latter matrix is identically equal to 0. By
continuity of the determinant, this also holds for the limit X, hence dimker(X — 4;) > p;.
By symmetry, the same is true for Z, hence dimker(X — A4;) > max(p;,¢;). This also shows

by Theorem 1.15 that X is a minimal upper bound of A. Hence C;dp N Cde - U@pg C,S«dp




CHAPTER 3

A canonical invariant minimal upper
bound selection

Given a compact convex set in R™ with non-empty interior, there is a unique ellipsoid that
contains this set and that has minimum volume. This ellipsoid is called the Lowner ellipsoid.
It is a fundamental tool in many fields, such as convex geometry, statistics and control theory,
see [DLL57, Bal97, Grull]. An ellipsoid £ can be identified with a positive semidefinite
matrix A by 2 € £ <= a2’ < A. The notions of inclusion and volume of ellipsoids
are translated into the Lowner order and the determinant of their associated matrices. In
particular, the problem of computing the Lowner ellipsoid of a union of ellipsoids can be
written as a semidefinite program.

We extend in this chapter the definition of the Loéwner ellipsoid to all proper convex
cones (2 by replacing the volume/determinant considerations by the characteristic function ¢
associated with the cone €.

Our main result (Theorem 3.4) states that there is a unique vector in the cone 2 which
minimizes the value of the characteristic function over the set of upper bounds of a finite
collection of vectors. Moreover, it states that it is the only minimal upper bound that selects
itself as an exposed point (see Theorem 1.10) via a canonical bijection between the cone
and its dual, provided the cone satisfies some geometric conditions. Finally, we prove that
this minimal upper bound selection has desirable invariance properties with respect to order-
preserving transformations.

Our result holds in particular for the non-exceptional symmetric cones. When applied
to the Euclidean Lorentz cone, we obtain a seemingly new minimal upper bound selection
and exhibit its properties. We use this new point of view in the case of positive semidefinite
matrices to prove a matrix inequality showing that the “Léwner ellipsoid of p matrices” is
dominated by the sum of these matrices in the Lowner order.
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The results in Sections 3.6.2 and 3.6.4 have appeared in [AGGT15]. Further results are
newer.

3.1 Notations and definitions

3.1.1 Automorphisms of convex cones

Let € denote a open convex pointed cone in a vector space E so that E = ) — Q. The space
E is equipped with a scalar product (-, -). The closed cone Q defines an order relation on the
vector space F, denoted by <. We also denote by Q2* the open dual cone of the open convex
cone 2, defined by

y € — (y,z) >0,V eQ\{0}.

The cone Q* is the interior of the dual cone of Q. We have the identity (2*)* = Q. Moreover,
we denote by Aut(€2) the set of automorphisms of F that stabilize the open cone Q:

Aut(Q) = {g € GL(E): g(2) = Q}.

Since the space F is finite dimensional, every such g is continuous and thus g € Aut(€2) if and
only if g(2) = Q. We refer to the set Aut(2) as the set of automorphisms of 2. As in [FK94],
for € Q and g € Aut(Q2), we use the short notation

g-x:=g(x).

We say that the cone Q is homogeneous if the group Aut(2) acts transitively on €2, that
is for all z,y € €, there is g € Aut(Q2) such that y = g - z.
The adjoint of the automorphism g, denoted by ¢*, is defined by

(w9 y)=(9"-2,y), Yo,y € E.

The next lemma justifies the common notation of the adjoint and the open dual cone.
Lemma 3.1 (see [FK94, Proposition 1.1.7]). For any open convex pointed cone ), we have
g € Aut(Q) <= ¢ € Aut(Q").
3.1.1.a Automorphisms of the Euclidean Lorentz cone The group of automorphisms of

the Euclidean Lorentz cone is generated by rotations around its “central axis” and the Lorentz
transformations. The first kind of linear transformation is given by

() (1) witnt o).

The Lorentz transformations are given by the map parametrized by the angle 6:

t tcosh 6 + ;1 sinh 6
T tsinh 6 + x1 cosh 8
zo | 77 T

The Euclidean Lorentz cone is homogeneous. We refer to [FK94, Chapter 1.2] for the proof.
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3.1.1.b Automorphisms of the cone of positive definite matrices The group of automor-
phisms of the cone of positive definite matrices S is given by the maps

Ty =X — MXMT with M € GL,, .

This group acts transitively on S;+: let A, B denote two positive definite matrices, then the
matrix M := BY2A71/2 satisfies MAMT = B.

Remark 3.1. We point out that, even though the map X — X! is a bijection from S,
into itself, it is not considered an automorphism in the sense of [FK94], since it is not an
automorphism of £ = S,

3.1.2 Characteristic function

Following the definition in [FK94, Chapter 1, Section 3], the characteristic function ¢ of the
open cone ) is the map defined for z € Q2 by

o(x) ::/ e~ W) dy

Faraut and Koranyi show in [FK94, Proposition 1.3.1 and Proposition 1.3.3] that the char-
acteristic function ¢ is analytic over €2, satisfies p(gz) = (det g) 'o(z) and that the map

x +— log p(x) is strictly convex. Moreover, given a point = € {2, the point op(z) € Q* is
defined by

oo(z) = —Vlogp(x).

Proposition 3.2 (see [FK94], Proposition 1.1.4). Let Q denote a homogeneous cone. Then
the map oo(-) is a bijection between 2 and Q*. Moreover, it satisfies

1. p(z)p(op(x)) is constant,
oo(g - @) = 0(g) - oo(x) with 6(g) = (9°) ",
(oo(x),x) =n for all z € Q,

oo(oo(z)) = for all x € Q,

Svod e

there is a unique eg € Q such that op(eg) = eg.

When the cone  is homogeneous, every vector z € €2 is the unique fixed point of an
automorphism in Aut(2). Indeed, if the cone € is homogeneous, there is h € Aut(f2) such
that £ = h - e¢g. We can then define the automorphism

op: 2z h-og(h™t-2)

and it is readily checked that z is indeed a fixed point. The fact that o9 has a unique fixed
point ensures that it is also the case for o,.

Remark 3.2 (Lorentz Cone). As shown in [FK94, Chapter 1.4], the characteristic function is
plt )] = (& — ||z~

and the involution og(-) is given by
oo(ta)l =

Its fixed point is the vector (v 0)7.
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Remark 3.3 (Cone of positive definite matrices). As shown in [FK94, Chapter 1.4], the char-
acteristic function is

P(X) = (det X) (1P

and the involution og(-) is given by

and its fixed point is the vector "7“[”.

3.1.3 Selections of minimal upper bounds

Let D denote the set D := p(Q) x Q. The value ®(A, c¢) is defined for A C Q and ¢ € Q by

®(A,c) :== argmin{o(c), x) . (3.1)
r=A
This defines a map ® from D to 2. By Theorem 1.10, this map takes non-empty values when
the set A is finite and it is a multivalued selection of minimal upper bounds. Indeed, given a
finite subset A C  and ¢ € Q, every value y € ®(A, ¢) is a minimal upper bound of A. In
other words, we have ®(A,c) C \/ A. By Theorem 1.10, every minimal upper bound arises in
this way, so that the stronger equality holds:

VA=JeMA,o0.

ceN

When z € ®(A, ¢), we say that x is a minimal upper bound of A that is selected by c.
The map ® can be extended ! to the set D’ defined by

D = U o(F) x rel int F'.
face F of Q

where rel int F' denotes the relative interior of the face F', i.e. the interior of the cone F with
respect to the induced topology in the vector space spanned by F'

Indeed, we have shown in Theorem 1.10 that minimal upper bounds of a set A belong
to the extreme face F(.A) and can be selected by elements of its open dual cone F(A)* NV,
with V' = span F(A). The extension is defined as follows. The cone F(.A) has a characteristic
function ¢4y which can be used to defined a bijection 054y from the interior of F(A) onto
its open dual cone in V' given by F(A)*NV. We extend the map ® on p(F(A)) x (int F(A))
by replacing the involution o by o z(4) in Equation (3.1).

For the sake of readability, we write ® 4(-) to mean the partial map z — ®(A, x).

3.2 The main results

We are interested in vectors x such that z € ®(A, z), i.e. minimal upper bound z that select
themselves through the involution o. Vectors x which satisfy = € ® 4(z) are then called fized
points of the map @ 4.

"We have D C D’ since Q is a face of itself and rel int Q2 = Q.
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3.2.1 Two technical assumptions

Our main results characterize the fixed points of the map ® 4 under two technical assumptions
on the cone Q.

Assumption 3.1. The cone € is homogeneous, i.e. for all x,y € Q, there is g € Aut(Q)
such that y = g - x.

Assumption 3.2. There is e € Q such that (v,z) = (e, x)? for all x € Extr(Q). We denote
the automorphism o(-) by o(-) for short.

Since automorphisms g € Aut(€2) are monotone, the image of an extreme ray is also an
extreme ray. Thus a consequence of Assumption 3.1 is the invariance and homogeneity of the
set of extreme rays by Aut(2).

Assumption 3.2 implies that the set of extreme rays is a subset of the boundary of the
Lorentz cone {z € E: (z,2)"/? < (e, z)}.

Assumption 3.1 and Assumption 3.2 also imply that the vector e acts as an axis of rotation
for the cone Q, whose group of rotations is exactly Aut(2) N O(E). In particular,the set of
extreme rays must remain invariant under the action of the group Aut(2)NO(E), where O(E)
is the orthogonal group of the space E. When the cone € has only finitely many extreme rays
Rz, it implies for instance in dimension n = 3 that sections of the cone taken orthogonally
to the vector e are regular polygons. When the cone Q has infinitely many extreme rays Rz,
sections of the cone are spheres.

Proposition 3.3. Let €2 denote a cone satisfying Assumptions 3.1 and 3.2. Then the vector
e is a nonlinear eigenvector of the involution oo(-): there is a positive \ such that oo(e) = Xe.
Moreover, the vector e is a common fized point of every automorphism in Aut(Q2) N O(E).

Proof. Let H denote the affine hyperplane defined by x € H <= (e,z) = 1. By Assump-
tions 3.1 and 3.2, the group Aut(Q) N O(E) acts transitively on the set Extr(Q) N H. Hence,
given two extreme rays z,y € H, there is g € Aut(2) N O(FE) such that y = g -z and we have

*

(6" -e,x) = (e,g-2) = [yl = [lz]| = (e, ).

Hence (g* - e — e,x) = 0 holds for all g € Aut(Q) N O(E) and x € Extr(Q). The cone  has
nonempty interior, thus it must have at least n linearly independent extreme rays (this can
be deduced from the Krein-Millman theorem). We obtain that g* - e = e for all orthogonal
automorphisms g. Such an automorphism g satisfies gg* = idg, hence g-e =e.

Moreover, the characteristic function ¢ is invariant by an automorphism g € Aut(Q2) N
O(E): ¢(g9-z) = @(z) for all x € Q. Given u € Extr(Q2) NH, we have p(e +tg- (u—e)) =
w(e +t(u —e)) for all g € Aut(2) N O(E). By homogeneity, the gradient of the map log ¢
must satisfy

(Viogp(e),u—v) =0, for allu,v € ExtrQN#H.

Again, the set of extreme rays of { in % must span the subspace #, thus V log ¢ is orthogonal
to H: there is A > 0 such that o¢(e) = Ae by definition of oy. O

Remark 3.4. Proposition 3.3 implies that the results stated for the map o in Proposition 3.2
also hold for the involution o..
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Remark 3.5. By Lemma 1.5, the set of extreme rays of Q are the non-negative multiplies of
the set of extreme points of {z € Q: (e,x) = 1}. This set is homogeneous under the action
of Aut(Q2) N O(FE) which is a compact group, thus the former set is compact too. We deduce
that the set of extreme half-lines Rz also form a compact set.

We have already shown in Section 3.1.1 that both the open Euclidean Lorentz cone int £2
and the cone of positive definite matrices S are homogeneous, so Assumption 3.1 holds for
these cones. We point out that Assumption 3.2 also holds for these cones.

Remark 3.6 (Lorentz Cone). Recall that an extreme ray of the Lorentz cone is of the form
u=(llel =)*. We deduce that

) = (). (1)) =t = (2). (1) Y = o,

with e == (ﬂ O)T. Finally, we have

a[ (i) } 1= t2—2H:nH2 (_’;) and o(e) =e.

Remark 3.7 (Cone of positive definite matrices). Recall that an extreme ray of the cone of
positive semidefinite matrices is of the form u = zz?. We deduce that

T T\2

(u,u) = trace(zz’ zz) = (2T )? = trace(za?)? = (I, zzT) 2

= (e, u)
with e = I,,. The involution o(-) then take the form

o(X)=X"1.

3.2.2 Statement of the theorems

The first theorem shows that a vector z € € is a fixed point of the map ® 4 if and only
its image by the involution o is an optimal solution to a semi-infinite conic programming
problem.

Theorem 3.4. Let ) be a cone satisfying Assumptions 3.1 and 3.2. Given a finite set A C Q
such that F(A) = Q and a vector x € Q, the following assertions are equivalent:

(i) v € (A, x),

(ii) o(z) € argmin { log p(c): c € Q*, (c,u) <1, Vu e U}

where U = Uge a{u € Extr(2): 0 x u < a}.

The map ¢ acts as a measurement of “how far inside” the cone {2 a given vector z is, since
it tends to infinity when = tends to the boundary of the cone (see [FK94, Proposition 1.3.2]).
The smaller the value of ¢(x), the more the vector x is “inside the cone 2. Theorem 3.4
then states that a minimal upper bound z for which the vector o(z) is “most inside the cone
Q” among all minimal upper bounds of A is a fixed point of ® 4.

Moreover, the map log is strictly convex. Hence the conic optimization problem in
Assertion (ii) above has a unique solution, which implies the following theorem.
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Theorem 3.5. Let Q) be a cone satisfying Assumptions 3.1 and 3.2. Given a finite set A C Q
such that F(A) = Q, the map x — ®(A,z) has a unique fived point in Q.

By Theorem 1.10, minimal upper bounds of a set A belong to the extreme face F(.A) and
the map ® 4 sends F(A) into F(A). We deduce from Theorem 3.5 the following corollary.

Corollary 3.6. Let ) be a cone satisfying Assumptions 3.1 and 3.2. Given a finite set A C Q,
the map x — ®(A,x) has a unique fixed point in F(A).

3.2.3 Discussion and conjectures

Theorem 3.4 gives the reader the path that has been followed in order to obtain uniqueness of
the fixed point of the map ® 4 which is central to the analysis in Sections 3.4 to 3.6. We give
a precise characterization of such fixed points as well as a computational method to compute
it, via a semi-infinite conic problem.

A standard method for proving the uniqueness of the fixed point is to show that the
considered map is a strict contraction with respect to some metric. Despite several attempts,
this approach has failed us, mostly due to the absence of an explicit formula for the minimal
upper bound selected by a given vector c¢. In the case of positive semidefinite matrices, we
have an explicit formula for the minimal upper bound 2 in terms of the matrices a € A
and the selecting vector ¢ € (0", but it also requires the data of the Lagrange multipliers Ay
associated with the “tangency constraints”. It is

x :cflz)\kak with Z)\k =c.
k k

In the case of 2 positive semidefinite matrices, we can use Theorem 2.3 to show that the
map P 4 is indeed a contraction with contraction rate % in Thompson’s metric. Moreover, we
have observed the same contraction rate on tens of thousands of numerical simulations, for
sets ranging from 2 to 20 matrices and all dimensions lower than 20. We have done tests of
similar scale for the Euclidean Lorentz cone, with the same positive result. This motivates
us to formulate the following conjecture:

Conjecture 3.7. Let  be a cone satisfying Assumptions 3.1 and 3.2. Then the map ®4 is
a contraction in Thompson’s metric with contraction rate %

1
dr[2a(c), 24(d)] < 5dr(c,d),
where Thompson’s metric dr is defined by
dr(z,y) = inf{\ > 0: \ly <z < My},

Finally, the results of Section 3.2.2 remain true when the open cone 2 is the image of a
cone satisfying Assumptions 3.1 and 3.2 by an invertible linear map L. Indeed, it suffices to
replace the scalar product (-,-) by (z,y) — (L™ 'z, L™1y) to preserve the validity of the two
assumptions. Moreover, the automorphism group of L - €2 is simply given by {LgL™': g €
Aut(2)} and the cone L - € is homogeneous if and only if the cone € is homogeneous.

Hence Theorems 3.4 and 3.5 and Corollary 3.6 remain valid if Assumption 3.2 is replaced
by the weaker assumption:

Assumption 4.2°. There is e € Q and an invertible linear map L such that (Lz,Lx) =
(e, Lz)? for all x € Extr(Q).
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3.3 Proof of Theorem 3.4

3.3.1 Two conic optimization problems

We introduce two conic optimization problems, corresponding to Assertions (i) and (ii), and
derive their dual counterpart.

Problem corresponding to Assertion (i) For x € (2, the primal conic optimization prob-
lem (Pgx(z)) associated with Assertion (i) is:

minimize (o(z),y) (Peix(z))
subject to y = A.

The Lagrangian, denoted by Lgy is

LﬁX(?/?)‘) = <U($),y> - Z<)‘a7y - CL) )

acA

with A\, € Q*. The dual counterpart (Dgy(z)) is hence classically [BTNO1] given by

maximize Z()\a,a> (Dsix(x))
acA
subject to Z Mo <X 0(1), Ny € QF.
acA

Both problems are clearly strictly feasible, thus by [Bar| the duality gap is zero and there is
a primal dual optimal solution (y, A). By complementary slackness, such an optimal solution
is characterized by (A\,,y —a) =0 for all a € A.
Problem corresponding to Assertion (ii) The set U = Uges{u € Extr(Q): 0 < u < a}
is bounded and closed by Remark 3.5 hence it is compact. Moreover, by the assumption
F(A) = Q, we have F(U) = Q, hence ¢ € Q if and only if (c,u) > 0 for all u € U.

Let L, denote the Lagrangian

Lo(e,v) = log plc) — /u (1 - {c,u)) dv(u),

where ¢ € Q* and v is a non-negative measure on .
The function L, is strictly convex in ¢ and €* is convex. Moreover, given any measure
v on U with positive weight and ¢ € Q*, the value Ly (tc,v) tends to +00 when ¢ tends to 0
or 400, or as ¢ tends to the boundary of the cone [FK94]. Finally, given ¢ € Q* whose norm
is large enough, there is u € U such that (c,u) > 1. Then the value L,(c,td,) tends to —oo
when ¢ tends to +o00. By Proposition 2.2, p.173 in [ET99], the function L, has a saddle point
and we have
max iIclf Ly(c,v) = irgf max Ly(c,v). (3.2)
Maximizing the quantity L,(c,v) in the variable v is equivalent to minimizing [, (1 —
(c,u)) dv(u). This value is finite if and only if (c,u) < 1 for all u € U. Hence the left-hand
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side of Equation (3.2) yields the primal conic optimization problem (P,(.A)) associated with
Assertion (ii), up to a logarithm:
minimize log ¢(c) (Py(A))
subject to ¢ € Q*
(c,uy<1,YVuel,

We minimize the quantity L,(c,v) in the variable ¢ by differentiating in ¢. We obtain
oo(c) = [, udv(u), so by Proposition 3.2

Ly (c(v),v1,12) zlogwoao[/uudv(u)} +n—/u dv(u).

Moreover, the measure v must have positive finite weight, otherwise the dual cost function is
—o00. We write v = w vy with w = v(U), so vy is a probability measure. We can rewrite the

dual objective function, up to an additive constant, as log(w) — w — loggp[fu uduo(u)]. The

variables 1y and w are independent and maximizing in w yields w = 1, thus v = vy is a prob-
ability measure. The right-hand side of Equation (3.2) yields the dual conic problem (D,(.A))
maximize — logcp[ /

[ wvw)] (Dy(A))
subject to v probability measure on i/ .

By complementary slackness, a point (c,v) is an optimal solution of and only if o(c) =
Jyyudv(u) and

suppr C{u e U: (c,u) = 1}.

We show that z is an optimal primal solution of Problem (Pgx(z)) if and only if o(z) is an
optimal primal solution of Problem (P,(.A)).
Let us first show a technical lemma:

Lemma 3.8. Let Q be a cone satisfying Assumptions 3.1 and 3.2. For all u € Extr(Q) and
b € Q, the inequality (o(b),u) < 1 holds if and only if u <X b.
Moreover, if u < a <b witha € Q and b= g-e with g € Aut(), then

(o(b),u) =1 = ((99") " -u,b—a)=0.
Proof. We assume that (o (b),u) < 1. Let v € Extr(2). We have the sequence of inequalities

* 1 1

0,97 ) < lgullllgTh - ull = (e g™ v)le, g7 )
= <g ’ 67U><6(g) ’ 67u> = <g ’ 67U><U(b)7u> < <g : 6,’U> :
This holds for all v € Extr(Q2), thus u < g-e = b.

Conversely, we have the sequence of inequalities:

(o(b),u)* = (0(9) - e,w)® = (e, g™ - w)® = lg™" - ulf?
= (u,(99") 7" - u) < {a, (99") ™" - u) < (b, (997) " - u)
=(g-e,(99") " ) = (0(b),u).

We deduce that (o(b),u) < 1. If (o(b),u) = 1, all inequalities must be equalities, which
implies in turn that ((gg*)~! - u,b—a) = 0. 0

<U’ u> = <g
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3.3.2 Assertion (ii) = Assertion (i)

Let (o(z),v) denote an optimal solution of the pair of primal-dual optimizations prob-
lems (P,(A)) and (Dy(A)), with z € , i.e., v is a probability measure,

suppv CV:i=UN{u € Extr(Q): (o(x),u) =1} and /Mudu(u) =x.

First, we show that x = A. By definition of o(x) as a primal feasible point, we have
ueld = (o(x),u) <1.

Thus, Lemmas 1.8 and 3.8 imply that a < = for all a € A.
Since the cone 2 is homogeneous, let g € Aut(f2) such that x = g - e. By Lemma 3.8, we
partition the set V into finitely many measurable sets V(a):

V=UseuV(a), a#b = V@)nNVD) =0, uweVia) = ((g¢") ' -uz—a)=0.
We define the collection {jiq}aca by
pa = (99%) " / wdv(u).
V(a)

The collection p is a feasible point for (Dgy(z)) since
> = (997" / wdv(u) = (gg") "z =o(z).
acA v
By definition of the set V(a), we must have

S =) =Y [ (g9 uw - a)dvla) 0.

acA acA V(@)

Hence, the pair (z, u) is a primal-dual optimal solution of Problems (Pgy(z)) and (Dgy()).

3.3.3 Assertion (i) = Assertion (ii)

Conversely, let x denote a fixed point of the map ® 4, so that z = A and there is a collection
of vectors A, € Q* such that >, 4 Ao = 0o(z) and Y . 4(Aa,z —a) = 0.

Let a € A and u € Extr(f2) such that u < a. Since a < o(z), we can apply Lemma 3.8
and deduce that (o(z),u) < 1. Thus o(x) is a feasible point of Problem (P, (A)).

Given a € A, the vector (gg*) - A\, belongs to the closed cone €2, thus it can be written as
the sum of finitely many extreme rays:

(99%)  da=>_ an(a)ux(a),
k
. We introduce the measure v/ defined by

V= 303 awla) o (@), up(a)) O] —

acA k
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where 0[u] denote the Dirac measure at the point u. By construction, this measure satisfies
[ v =33 axla)un(@) = (99 3 ha = (957 - o) = .
U acA k acA

In other words, we have [, udy/(u) = o(c) with ¢ := o(z). Moreover, the support of v/ is
included in the set U N{u € Extr Q: (o(x),u) = 1}. Hence the pair (¢(z),v’) is a primal-dual
optimal solution of Problems (P,(A)) and (Dy(.A)). This concludes the proof of Theorem 3.4.

3.4 Invariant minimal upper bound selection

In this section, we assume that the cone 2 satisfies Assumptions 3.1 and 3.2.

3.4.1 Commutation and uniqueness

As a consequence of Theorem 3.5, we can define a new minimal upper bound selection of the
set A, denoted by LIA, and defined by

UA := the unique fixed point of the map @ 4.

We say that this selection is “invariant” because it commutes with the action of an auto-
morphism of the cone €):

Proposition 3.9. Let A denote a finite subset of Q and g denote an automorphism of the
cone Q that leave the extreme face F(A) invariant. Then we have

I_I(g~A):g~(I_IA).

Proof of Proposition 3.9. By Corollary 3.6, we can assume without loss of generality that Q =
F(A). Let x =UA and y = ®(g- A, g-x). Then by definition of the map ® and Theorem 3.5,
the vector y must be the unique minimizer of

minimize (o(g - z),z) subjecttoz=g-A.

1

Writing 2’ := ¢! - 2, the vector 3/ := ¢! - y must be the unique minimizer of

minimize (o(z),2’) subject to 2’ = A.
The unique minimizer of this quantity is . Hence ¢/ =z, and g -2 = ®(A, g - z). O

We warn the reader that, in the general case, this is not the only selection that commutes
with the action of automorphisms of the cone €. Indeed, for finite sets A C € and positive
scalars A, we can define a selection process Ty by:

Th(A) = ®(A, Z Aaa) .
acA

The same proof as above shows that the map T commutes with all automorphisms of €.
Moreover, it is easy to find two vectors A, 1 such that the maps T and T}, are different. For
instance, one may check that this is the case when = S and card A > 3. However, it is
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the only selection that commutes with the automorphisms of 2 in the case where Q = S+
and card A = 2 by Theorem 3.13. The latter theorem is the reason why the map U is called
an tnwvariant selection of minimal upper bounds: the selection does not depend on the choice
of a basis, whether it is orthogonal or not. We also call this selection the invariant join, by
borrowing the terminology from lattice theory.

We conjecture that this property also holds for the Euclidean Lorentz cone, and more
generally for all cones that satisfy Assumptions 3.1 and 3.2.

Conjecture 3.10. Let Q) denote an open cone that satisfies Assumptions 3.1 and 3.2. Then
the restriction of U to Q0 x Q is the only minimal upper bound selection that commutes with
the action of Aut(€2).

3.5 Application: the Euclidean Lorentz cone

In this section, we restrict our analysis to the Euclidean Lorentz cone A,, and we will drop
the term “Euclidean” for easy reading.

There is one specific minimal upper bound selection in the Lorentz cone that is considered
in the literature for practical applications. It is given by the “minimal penumbra”, as described
in [BK13].

Coming back to the geometric interpretation of Lorentz cones given in Section 1.3.2, an
element & := (¢t x) of the Lorentz cone can be identified to a (Euclidean) ball B(z,t) centered
at x with radius ¢. This ball must contain the point 0 since (¢ x) € A,, if and only if || 0—z|| < t.

A selection of minimal upper bounds that would arise naturally in an over-approximation
context is the “minimal radius selection”, meaning that we would like to select the minimal
upper bound of a union of balls which has the smallest radius. The radius of the ball associated
with the vector & is obtained by taking the scalar product of & with the vector (1 0), which
belongs to the interior of the Lorentz cone. Hence, by Corollary 1.13, we obtain this minimal
upper bound by solving a second-order conic program. Given a finite set A = {a;}ic; C Ay,
the “minimal radius selection” % is the unique optimal solution of

minimize ((1 0), Z)

subject to £ —a; € A, ,Viel

We illustrate this selection on Figure 3.1.

This selection is useful in a synchronization context, where the cone Ag is the light cone
from special relativity. We illustrate our interpretation on an example. Let A = {(z)}zel €
A,, which represents a collection of observers, each located at x; and emitting a light signal at
time t;. The smallest radius minimal upper bound (i) gives the time ¢ and position x of the
object which is detected by all observers at the earliest time possible. Dually, the maximal
lower bound with largest radius gives the latest time ¢ and the position x of a lamp which
would light up the combined field of view of all the observers in A.

In most cases, this selection does not yield a fixed point of the map ® 4. Recall that the
group of automorphisms of the Lorentz cone is generated by rotations around the main axis
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Figure 3.1: Computation of the “minimum radius” selection (blue and dashed) and invariant
selection (green and plain)

(t )T+ (t Uz)" with U € O(n) and the Lorentz transformations with parameter 6:

t t cosh 6 + x1 sinh 6
T tsinh 6 + x1 cosh 8
i) = T2

The minimal radius selection does commute with the former rotations, which is a very natural
property to require, since we expect the selection to be independent of any relativistic reference
frame. However, it does not commute with the Lorentz transformations.

The latter property is satisfied by the selection LI, which does not aim to minimize the
radius ¢ of the enclosing ball, but instead minimizes the quantity ¢(#) = (t2 — ||z[*)~!, and
thus maximizes the quantity 2 — ||z||%.

Moreover, it does by Proposition 3.9 commute with the Lorentz transformations. We show
on Figure 3.1 computations of the invariant selection. Although there are many instances in
which the latter selection is “close” to the minimum volume one, we show in Figure 3.1 an
instance where these selections take very different values.

In the later instances, the invariant selection yields a coarse approximation of the union
of the balls. This is of course a side-effect of the representation method, i.e. the balls
containing 0, rather than a blame of the intrinsic quality of the selection, which depends on
the application. If the volume of the ball is the criteria, the first selection is clearly optimal.
However, if Lorentz transformations play a role in the application, it may appear that the
second selection is optimal.
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3.6 Application: the cone of positive semidefinite matrices

3.6.1 Positive semidefinite matrices and ellipsoids

Like the case of the Lorentz cone, we can provide a geometric interpretation of elements in
the cone S;7. Given a matrix A € S;7, we define the set of vectors €4 by

refy — zx' KA.

This is an ellipsoid, i.e. the deformation of a euclidean ball by a linear transformation, as
shown by the following lemma.

Lemma 3.11. The image of the unit ball B(0,1) under the linear map x — Mz is equal to
the set E4, where A = MMT7.

Proof. We first remark that z belongs to the ball B(0, 1) if and only if 227 < I. Indeed, by
definition of the Léwner order, the latter property amounts to (27%)? < Ty for all y € R™.
Now, assuming that 27z < 1, we get by the Cauchy-Schwarz inequality:

) < T2 y) <yly.

Reciprocally, if (27y)? < yTy for all y € R”, then taking y = z provides (272)? < 27z If
z # 0, we obtain that z € B(0,1), and this is still true if z = 0. This proves the expected
equivalence.

Now, let € be the ellipsoid given by the image of B(0,1) under the map = — Mz. Let
r €&, and z € B(0,1) satisfying x = Mz. As 22" < I, we have:

zrl = M(z2")MT s MMT = A.

This shows £ C £4. Reciprocally, if x € £4, it can be shown than z belongs to the range of
A, meaning that there exists y such that x = Ay, as the range of the matrix M is equal to the
range of the matrix A. We introduce z := M7y, so that x = Mz. Since zz” < A, we know
that (y'z)? < yT Ay = y"x, hence y"z < 1. Now observe that y’z = y" MM"y = 272 We
deduce that z € B(0,1). O

Remark 3.8. By Lemma 3.8, we know that zz’ < A is equivalent to 27 A7'z < 1 when
A is positive definite. In this sense, the definition of ellipsoids we give here is dual to the
definition of a quadric given in Section 2.5. There, we were interested in unbounded ellipsoids
and non-convex overapproximating quadrics, but that representation did not allow for “flat”
ellipsoids, i.e. they had to be full dimensional. The present setting allows for “flat” ellipsoids
&4 whenever the matrix A does not have full rank.

The present representation is compatible with the Lowner order <, since £4 C Ep is
equivalent to A < B whenever, A, B € S,;7. Moreover, the volume of the ellipsoid £4 is pro-
portional to vdet A. By [FK94, Chapter 1.3], the characteristic function ¢ of the cone S, is
given by log p(X) = —mTH log det X +1log ¢(I,,). Hence, by Proposition 3.2 and Theorem 3.4,
the invariant join is obtained by selecting the ellipsoid £x that contains Ugeca&4 which has
the smallest volume. We recover in this way the definition of the Lowner ellipsoid:

Theorem 3.12. Given a finite set A C S, such that > aeq A is positive definite, the ellipsoid
Eua coincides with the Lowner ellipsoid of the set Upgca€a:

Eua = the unique ellipsoid containing Uac 4 €4 that has smallest volume.
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This correspondence gives another proof of the invariance of this selection, since the
volume of the ellipsoids £y, 4,7 and €4 only differ by the constant factor | det M].

3.6.2 The unique invariant selection

A third argument for the canonicity of the selection L, besides it begin the only fixed point of
® 4 and the fact that it commutes with invertible congruences, is the fact that it is the only
selection that commutes with invertible congruences when the set A contains two elements.

Theorem 3.13. The map U restricted to S,/ x S is the only selection of a minimal upper
bound on that set that commutes with the action of invertible congruences.

Proof. Let A, B € S}, P an invertible matrix P and a diagonal matrix D such that A = PPT
and B = PDPT. We recall how these matrices are obtained: let UDU” be the eigen-
factorization of the matrix A~Y/2BA~1/2; then P := AY2U is an invertible matrix that
satisfies the desired equalities.

Let 7 denote a selection of minimal upper bounds that commutes with congruences. In
particular, it must commute with the map X — PXPT thus it is only necessary to consider
the value of I 7 D.

Furthermore, let S; denote the symmetry with respect to the hyperplane eiL, given by
Si(x) = x — 2(e;,x)e;. In the canonical basis of R", its matrix, denoted again by S, is
diagonal, with a 1 in each entry, except the i-th diagonal entry which contains a —1. This
map is invertible, thus 7 must commute with the congruence X +— S; X SiT . Since the matrices
I, D are diagonal, this amounts to (I 7 D);; = 0 whenever ¢ # j, hence I 7 D is a diagonal
matrix. By minimality, we must have (I 57 D);; = max(1, D;;). Hence there is only one
selection that commutes with invertible congruences. O

3.6.3 Invariant join of shorted matrices

3.6.3.a A nontrivial shorted matrices equality We recall that the short of a positive
semidefinite matrix A with respect to the subspace V is given by

short(4,V) = max{X > 0: X < Aand ran X C V}.

It is jointly monotone [And99], meaning that A < B and U C V imply that short(A4,U) =
short(B, V). Chapter 2 introduced the generalized short that satisfies [B]A = short(A,ran B).

We also recall that by Lemma 1.7, a positive semidefinite matrix A is equal to the supre-
mum of all rank 1 matrices that it dominates, i.e. \/{zzT: 22?7 < A} = {A}. A similar
equality holds for the short of a matrix.

Lemma 3.14. Given a positive semidefinite matriz A and a subspace V, we have
\/{xxT: zal X A, x €V} = {short(4,V)}.

Proof. For simplicity, we denote by M the set M = \/{zz?: z27 < A, 2 € V} and S the
matrix S := short(A4,V). By definition of the short operator, there must be M € M such
that M < S.

Let M € M and assume that M = S does not hold, so that there must be a nonzero
vector z such that zz” < S holds but z2” < M does not, by a similar argument to the proof
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of Lemma 1.7. By definition of S, the vector z satisfies x € V and 27 < A, which contradicts
the fact that M € M. Hence M = S.

We deduce that S € M and M = S, thus M = {S} by definition of minimal upper
bounds. O

A consequence of Lemma 3.14 is that, given a positive semidefinite matrix A and a positive
definite matrix B such that A < B, the shorts short(A4, V) and short(B,V) coincide if and
only if z27 x B = a2a’ < A for all z € V. By Lemma 3.8, the fact that z2’ < B is
equivalent to 7 B~'x < 1, so that the latter equivalence holds in particular for all vectors
x € V such that 27 B~z = 1. We deduce that

1=B )zt (B2)x (B )T AB2) g 2"B e =1,
so that B~'x € ker(B — A) since A < B. This proves the following lemma:

Lemma 3.15. Given two symmetric matrices A, B such that A %= 0 and B > 0 and a
subspace V, the shorts of the matrices A and B by the subspace V coincide if and only if
V C B -ker(B—A).

3.6.3.b The non-commutative analogue of a classical inequality By Theorem 1.15, the
matrix X is a minimal upper bound of A = {4 }1<k<p if and only if X = A and ), ker(X —
Ap) =R"™

We provide another remarkable property of the invariant join. In the general case, the
data of the subspaces ker(X — Ay) and the set A fully determines the minimal upper bound
X by Theorem 1.15. It turns out that in the case of the invariant join, it is only necessary to
have access to the subspaces ker(X — Aj) and the values of the matrices Ay shorted by the
subspace Ay, - ker(X — Aj), which coincides with the tangency subspace of the ellipsoids €4,
and Ex.

Theorem 3.16. Let A denote a finite subset of S, such that Y, Ay, is positive definite. Let
also Vi, = Ay, - ker(UWA — Ag). Then

UA = L ShOI‘t(Ak, Vk) .

Proof. First, we denote the set of shorts by B := {short(Ag, V)}r. We point out that the
subspace Vj can also be written as (LLA) - ker(LUA — Ag). Note that ), A > 0 implies that
F(A) = S, hence UA is positive definite. We specialize the notation introduce for general
cones in Section 3.3 to the semidefinite cone. Let U(A) denote the set Up{z € R": zal < A},
and (P,(A)), (Dy(A)) denote the pair of primal-dual optimization problems corresponding
to minimizing — log det C over U(A):

minimize — log det C (,PQO (A)) maximize — log det |:/ l‘l’T dV(QZ‘) (’Dgo (A))
subject to C >0 U(A)
2TCx <1, Vz €U(A), subject to v non-negative measure on U(A) .

Recall that a primal dual solution (C,v) is an optimal solution of and only if

cl= / zxl dv(z) and suppv CU(A)N{z e R": 2TC e =1},
U(A)
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and that C~' = UA. We define U(B), (P,(B)) and (Dy(B)) in the same way.

First, the inclusion U (B) C U(.A) holds, since by definition of the short operator, we have
short(Ag, Vi) < Aj. Thus, the feasible set of (P, (A)) is contained in the one of (Py(B)). In
particular, the matrix C satisfies y”Cy < 1 for all y € U(B).

By Lemma 3.8, given # € U(A) such that zz” < Aj and 27Cz = 1, we must have
Cx € ker(C~1 — A), i.e. © € Vi. By the choice of z, we have 27 < A;. Hence, by definition
of the short operator, we must have zz’ < short(Ag, Vi). Hence x € U(B).

We deduce that

UAN{zeR": 2TCz =1} =UB)N{z cR": 2TCz =1} . (3.3)

It then follows that the optimal dual solution of (Dy(A)) is also optimal for (D, (B)), which
shows that LB = LA. O

A consequence of Theorem 3.16 is that the value of the invariant join depends only on
the values of the linear maps associated with the matrices A with respect to their “tangency
space”: the information contained elsewhere does not influence the latter value. The following
theorem shows that, when these tangency subspace are in direct sum, then the invariant join
is in fact obtained as the sum of the shorted matrices. This is a witness of the fact that the
shorted matrices contain no more information than is needed to compute the invariant join.
The result of Theorem 3.16 also allows us to prove the analogue of the classical inequality on
non-negative reals maxy c < Y, Z.

Theorem 3.17. Let A denote a finite subset of S;i such that ", Ay, is positive definite. Let
Vi = Ay - ker(WA — Ay). Then

UA < Z short(Ag, Vi),
k

with equality if R™ = @, Vi. As a consequence, we have

LA <) Ay
k

Proof. We use the notation of the previous proof. We introduce the set Sy = Vi N {z € R™ |
xTCx =1}. We have shown in Section 3.3 that there is a probability measure v supported
on U(A) = USk such that

UA = / zxldy.
U(A)

Since Sy C U(A), the matrix | S rxTdy is smaller than UA in the Léwner order. Moreover,
its range in included in Vi, thus it is less than short(U.A, Vi). Since U(A) = USk, we have

UA <) short(LUA, Vi),
k

and equality holds if R™ = @V, since then U (A) is the disjoint union of the sets Sk. Finally,
the fact that short(LLA, Vy) = short(Ag, Vk) is a consequence of Lemma 3.15. O
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Remark 3.9. We point out that these inequalities may not hold for other minimal upper bound
selections. Indeed, it we consider the trace-minimizing selection on the matrices A = (}1)
and B = ({ ), we obtain AU B = (42 9-72) for which the spectrum of (A + B) — (AU B) is

{0.64, —0.24} and is not non-negative.

Remark 3.10. Also note that the arithmetic mean is dominated by the invariant join. Indeed,
we have Ay < UA for all k, so p71 Y, Ap < LA, By the same reasoning, the invariant join
dominates any mean of the matrices in A, see [KA79, PT05, Bha07] for background on matrix
means.

3.6.4 Several properties of the invariant selection

We list in the following two positive results on the binary invariant join (X,Y) — X UY and
several negative ones, that justify the sometimes convoluted proofs that are needed in the
sequel.

First, given a map f: R — R and a symmetric matrix X, the value f(X) is defined by

f(X) = U diag [f(d))]UT,
where X = U diag(d;)UT, see [Bha97] for more background.

Proposition 3.18. Let f denote any function preserving the set of positive reals and M € M,
any matriz such that choosing

MMT — X1/2f|:X—1/2YX_1/2}X1/2

Then the binary invariant join X UY can be computed by

X+Y 1

XUY = + oMM X = Y)M T MT (3:4)

In particular,
1. f=0 (resp. f=1) yields C =X (resp. C=Y),
2. f =z x'/2 yields C = the Riemannian barycenter (Karcher mean) of X,Y,
3. f=xzw— max(l,z) yields C = X UY.

Proof. A classical result in linear algebra states that given two positive definite matrices
X,Y, there is an invertible matrix P and a positive diagonal matrix D such that X = PDPT
and Y = PPT. Moreover, there is a (not necessarily unique) orthogonal matrix U such
that X'/2 = PU. We deduce that X~1/2Y X~1/2 = yTDU. By Theorem 3.13, we have
DU = DV I where the maximum is taken entry- wise on the diagonal. Applying the
congruence by P yields X UY = P(D Vv I)PT.

Let M € M,, such that MM = X¥/2f(X~Y2y Xx—1/2)XY/2 = Pf(D)P”. Hence there
is an orthogonal matrix V such that M = Pf(D)/?V. One can check that M}M_I(X -
Y)M~T|MT = P|D - I|PT. O

Remark 3.11. In particular, M can be chosen to be a triangular matrix by the Cholesky
decomposition.
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As a direct consequence of the expression above, we obtain the continuity of the binary
invariant join. It does not extend continuously to the closed cone.

Proposition 3.19. The binary invariant join is continuous on the open cone (S;+)? but it
is not continuous on the closed cone (S;7)?.

Proof. The continuity on the interior of the cone follows from Equation (3.4) and the con-
tinuity of the sum, inverse, square root and modulus on the set S}*. We now give a
counter-example showing that continuity does not hold on the closed cone. Let X(s) =

( cos’(s) cos(s) Sin(s)) and Y(s) = ( cos(s) = cos(s) Sin(s)). These matrices have rank 1

cos(s)sin(s)  sin?(s) — cos(s) sin(s) sin?(s)
and their images are distinct when s ¢ $Z, in particular when |s| < 1 and s # 0. By Theo-

rem 3.16, the invariant join of X (s) and Y'(s) is their sum: X (s) UY (s) = (20052(8) 25in2(s) )

Moreover, X (0) = Y(0), so when s tends to 0, we have lims o X(s) UY(s) = (2) but
XOUY(0) = (1,). 0

Proposition 3.20 (Theorem 1 in [GNS™13]). No binary selection of minimal upper bounds
in S, is order preserving or associative. This holds in particular for the binary invariant
join.

Finally, we point out two properties that the maximum operator satisfies on the reals but
do not extend to the case of symmetric matrices.

Proposition 3.21. The binary invariant is not convex: the inequality
(tXl + (1 — t)XQ) Uy < t(Xl LJ Y) + (1 — t)(XQ (] Y) .
is mot satisfied in general.

Proof. We choose X1 = (21) X5 = ({8) and Y = I,. With ¢ = 0.5, the spectrum of the
difference between the right-hand side and the left-hand side is {0.23, —0.036}. O

Proposition 3.22. The invariant join does not commute with the addition of a constant: in
general, we have

(X+MUY+M)#(XUY)+ M,
for X, Y, M € S;F. Moreover, these quantities are not comparable.

Proof. We choose X = (21)Y = ({9) and M = I,. The spectrum of the difference between
the right-hand side and the left-hand side is {—1,0.06}. O
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CHAPTER 4

Lipschitz bounds on the invariant join

4.1 Introduction

We recall that the minimal upper bound selection in the cone S; corresponding to the Lowner
ellipsoid is denoted by U and called the invariant join. We study in this chapter Lipschitz
properties of the invariant join with respect to three classical metrics on the cone of posi-
tive definite matrices, namely the Thompson metric, the Hilbert (semi-)metric and the (in-
variant) Riemann metric. Our first main result (Theorem 4.1) shows that this operator is
non-expansive with respect to the Riemann metric. Our second and third main result (The-
orems 4.2 and 4.3) show that the invariant join is “possibly expansive” and that its Lipschitz
constant behaves asymptotically like logn.

The Thompson, Hilbert and Riemann metrics are respectively denoted by dr, dg and dgr
and defined by

dr(X,Y) = || log Sp(X™'Y)|oo ,

dr(X,Y) = w(logSp(X'Y)),
dr(X,Y) = [[log Sp(X'Y)|l2,

where || - ||oo, w(+) and || - |2 respectively denote the max-norm, the diameter (or oscillation)
and the Euclidean 2-norm on the space R":

2)1/2 ‘

lzlloc = max |zi] . w(x) = maxa; —mina;, ||zl = (Yo}

i

The Lipschitz constant of the map f with respect to the metric m € {T,H, R} is the
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quantity denoted Lip,, f and defined by

: _ d (f(X), F(Y))
Lipm /= XS,}L}EO dn(X,Y)

In the present setting, the invariant join LI maps a pair of n X n positive definite matrices
(X1, X2) to a single n x n positive definite matrix, given by X; U Xo. Thus it may be seen as
a map sending the block-diagonal (2n) X (2n) symmetric matrix X; @ X9 = diag(X1, X2) to
the n X n symmetric matrix X; LI Xo. We are interested in computing the Lipschitz constant
of that map, and it is given by

Lin. L dm (X1 U X9, Y1 UY>)
1 = su .
Pm Xl,XQ,Ii)fl,YQ A (X1 @ X2,Y1 @ Y2)

4.1.1 The main results

Our main result shows that the Lipschitz constant of the invariant join is finite for all these
metrics, that it is constant equal to 1 for the Riemann metric, and that it depends in a
logarithmic way in the dimension for the Thompson and Hilbert metrics:

Theorem 4.1. The invariant join is non-expansive in the Riemann metric:

Theorem 4.2. The Lipschitz constant of the invariant join in the Thompson metric on S;°
satisfies Lipp U > 1 when n > 2 and

—

092 _ LiprU _ 4

- X X 1).
m  logn logn T logn+0()

Theorem 4.3. The Lipschitz constant of the invariant join in the Hilbert metric satisfies:

4.1.2 Proof outline and conjecture

Before giving the full detail of the proof, we outline the main steps that are involved. First, in
a common step for all theorems, we recall in Section 4.2.1 properties arising from the Finsler
nature of the considered metrics to reduce the computation of the Lipschitz constant of a
smooth map to the computation of a local Lipschitz constant, by replacing each metric by
its local norm counterpart. The supremum of the local Lipschitz constants along a given
geodesic hence gives an upper bound on the (global) Lipschitz constant.

The aforementioned results do not apply directly to the invariant join, because it is not
smooth everywhere. After a reduction step to the diagonal case in Section 4.2.2 and the
computation of an explicit formula for the differential of the invariant join in Section 4.2.3,
we show in Section 4.2.4 that the set of non-differentiability points “behaves well”, that is
one of the following cases is true:

1. there are either finitely many points on a geodesic where the invariant join is not smooth,
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2. there is a small perturbation of the geodesic’s end-points such that the new geodesic
joining them has finitely many non-differentiability points.

Then the proofs of the theorems diverge. First, we prove Theorem 4.1 in Section 4.3. The
proof of Theorem 4.2 in Section 4.4 reduces to bounding a Schur multiplier norm with respect
to the spectral norm. This is a difficult computation, which is why we only obtain lower and
upper bounds. Using results from [Mat93], we get an upper bound in O(logn) in Section 4.4.1,
and we give in Section 4.4.2 an example of a point where the local Lipschitz constant scales
as log(n). The proof of Theorem 4.3 in Section 4.5 uses a particular relationship between the
Thompson and Hilbert metrics to deduce equality of the Lipschitz constants.

The trivial bound Lip,, U > 1 holds since there is an injection from S, to S: 41 given
by M — M & 1, showing that the Lipschitz constant Lip,, Ll is non-decreasing with the
dimension. In particular, the operator LI coincides with the maximum operator on R, hence
Lip,, U > 1. Moreover, Lipy LI > 1 when n = 2 as shown by the following example:

2.63 0.33 370 —0.82 0.40 0.77
X1 = (0.33 1.82) h= (—0.82 1.68 > Xe=ha= <0.77 1.51> '

We have dT(Xl U Xo, Y] U Yg) = 0.63 while dT(Xl ® X2,Y1 @& XQ) = 0.62.
Finally, following rigorous testing on a wide range of dimension and set sizes, we conjecture
that the invariant join is non-expansive in general.

Conjecture 4.4. The invariant join is non-expansive in the Riemann metric: given two
collections of positive definite matrices A = (Ag)i<k<p and B = (By)i<k<p, we have

dR(I_l.A, |_|B) ng( @ Ag, @ Bk)

1<k<p 1<k<p

4.2 Common step in the proofs

It will be convenient to write expressions of the form AX AT in a concise way in the sequel.
To do this, we recall the congruence operator, denoted by I' and defined by

IyX = AXAT,
For X € S and A, B € GL,,, we have

In particular, we deduce that the inverse of the congruence I' ; is the congruence F;l =T,.,
and that, when A is positive semidefinite, the congruence I', has a square root, given by

1/2
I =T,

4.2.1 Infinitesimal approach

Before proving Theorems 4.1 to 4.3, we describe a common step in all proofs and introduce
the local Lipschitz constant.
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The Thompson, Hilbert and Riemann metrics can be defined alternatively. Indeed, for
m € {T, H, R}, we have

1
. ~1/2 .
dn(X.Y) = inf /O um<F7(s) 7(5)) ds (4.1)

where v is a curve joining X to Y. In the latter equation, v7(-) is the spectral norm, vy () is
the Hilbert semi-norm and vg(+) is the Frobenius norm:

vr(X) = || X| =inf{a>0: —a’I < XXT 5?1}, (4.2)
v(X) = ||X|lg =inf{8 —a: o’ < XXT g I},

1/2
vr(X) = | X|r = [trace(X XT)]"/* = (foj) . (4.4)

tj

Hence, the Thompson, Hilbert and Riemann metrics are Finsler metrics, meaning that, locally,
they resemble norms. More precisely, given any positive definite matrix Z, the metric d,, is
locally given by a deformed version of the norm v,, depending only on Z:

A (X,Y) ~ v (T2 (X =Y)) when X,Y — Z.

In all cases, the infimum in Equation (4.1) is obtained with the curve «: [0, 1] — S;7* defined
by

y(s) = P%Z[[F;/QY}S} _ x1/2 [‘)(71/21/)(71/2}8)(1/27 (4.5)

which is thus a geodesic line joining X and Y with respect to all three metrics. Moreover, it
is the unique geodesic joining X to Y in the Thompson and Riemann metrics, see [Nus88|.

The local Lipschitz constant of f at X with respect to the metric m € {T,H, R} is the
quantity denoted Lip% f and defined by

. , dn (f(X), f(2))
Lip=X f = limsu su .
pin f EAOPZ: dm()I(),Z)ga dm (X, Z)

Thus, if f is denotes a map that is differentiable at X, the local Lipschitz constant is given
by

v (U702 (dfx - H)
Lianlf = sup < 10 )

Hes, (F)—(1/2 H) (4.6)

Moreover, when the map f is differentiable everywhere, its Lipschitz constant is equal to the
supremum of its local Lipschitz constants:

Lip,, f = sup Lip;s f . (4.7)
X

We show in Section 4.2.4 that Equation (4.7) also holds for the invariant join, despite it
not being differentiable everywhere.
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4.2.2 Reduction to the co-diagonal case

We have shown previously that the invariant join commutes with the action of the linear
group, meaning that if P is an invertible matrix, then, for all positive definite X,Y, we have

CpX)U(TpY)=Dp(XLY). (4.8)

It follows that, if the invariant join is differentiable at some point X @ Y, its differential
at this point satisfies

d U(FPX)QS(FPY) '[(FP H)yo (Tp K)] =Ip |:d Uxey -(H ® K):| . (4.9)
Since the matrices X,Y are positive definite, there is' an invertible matrix P and a diagonal
matrix D, with positive diagonal entries, such that ', X = D and I'p Y = D=1, We deduce
from Equations (4.8) and (4.9) that
Pyl [dUxey (H & K)] = TL00 1 [dUpgp-1 -(H' & K')]
—-1/2 —-1/2
FXEéY [He K] = FD@/D*1 (H & K'),

where we have used the shortcut notation H' = F;l H. Thus we have

LipX®Y 1 = Lip2®P ™" 1,
meaning that computing the local Lipschitz constant of the invariant join at a differentiability
point X @Y is equivalent to the computation of the local Lipschitz constant at a point where
both matrices X, Y are diagonal matrices, and inverses of one another.

4.2.3 Differential of the invariant join

In the sequel, we denote by D a diagonal matrix with positive diagonal entries. We use the
shorthand D; to mean the diagonal entry D;;.
We recall that the invariant join of two positive definite matrices X,Y is given by

X+Y
XUy = i

4 %XI/Q‘X—I/QYX—I/Q o I‘Xl/Q 7

where | X| denotes the matrix (X X7)1/2.
We also recall that the Léwner matriz associated with a differentiable map f and a
symmetric matrix X with eigenvalues z; € R is the matrix Lﬁ( defined by

[ ] lij = {(% — ) (f(zy) — flxi) ifi#j

L
X 1(x) otherwise .

It follows from [Mat93, Bha97] that the differential of the invariant join is given by a
Hadamard product (or Schur product). We recall that the Hadamard product of two matrices

A, B is given by (A o B)ij = A;jB;;.

1See Section 3.6.2 for more detail.



72 CHAPTER 4. LIPSCHITZ BOUNDS ON THE INVARIANT JOIN

Lemma 4.5. The invariant join is differentiable at the point D @ D~ if the matriz D — I is
invertible and its differential is given by

dUpgp-1 (HoK) = L%2_1 oH + LLDJ72_[ oK, (4.10)

where the matriz LY is the Lowner matrix associated to the mazimum operation at the diag-
onal matriz X, which is given by

1 !Xm\ [Xal 11 Xi+ X
Remark 4.1. We point out that the map H — Lo H with L € {LY, ,, LY . ;} commutes

with the congruences I'?, - and the congruence I'¢ -for a € {—1/2, 1/2} since the matrices
D,D7! and DU D~ are diagonal.

Remark 4.2. More generally, the invariant join is differentiable at the matrix X @ Y if the
matrix X — Y is invertible.

(L5)ij = (4.11)

DuUD-1

4.2.4 Local and global Lipschitz constants

We now show that the global Lipschitz constant of the invariant join, with respect to the
Thompson or Riemann metric, is equal to the supremum over local Lipschitz constants at
its differentiability points, with respect to the same metric. In this section, we restrict the
analysis to the case m € {T', R}.

First, note that the inequality Lipﬁ U < Lip,,, LI holds for all matrix X, since the quantity
on the left-hand side only measures the rate of change of the map LI locally around the point
X.

Then, we show the reverse inequality. Given positive definite matrices X1, Xo, Y7, Yo, let
~ denote the geodesic joining X = X1 ® Xo to Y := Y] @ Y5 given by Equation (4.5). One
can show that any value taken by -y is also a block diagonal matrix:

v(s) = m(s) ®7a(s),

where ~; is the geodesic joining X; to Y;, with i € {1,2}. We introduce the curve n joining
X1 U X5 to Y7 UY5 defined by

n(s) =1(s) Ua(s).

Note in particular that for all 0 < s < 1, we have v;(s) < n(s) and y2(s) < n(s).
We shall distinguish two cases in our analysis.

4.2.4.a Case 1: the map 7 has finitely many non-differentiability points Let also (z)o<k<p
denote the non-differentiability points of 7 on [0, 1]. On each open interval |z, x41][, we have

77(3) =d I—l'y(s) (7(8)) )
so that, using Equation (4.1) and the definition of the local Lipschitz constant, we have

p—l Tht1
(X1 U X0, Y1 UY3) < Z/ v (T2 0(s)) ds
=0Tk

:pl/mk+1 1/2[dl_l()’y(s)ﬂds.

k=0 " "k

el
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v(s)

By definition of the local Lipschitz constant Lip,, ’, we have:

Vin [Tf? [0y ()] | < Limi™ v [T 007 [3(9)] ] -
Hence,

Th+1

p—1
dm(Xl L X9, Y7 U Y2 Z/ Llpm Vmn, [F;(ls/)Q [V(S)H ds
k=0"%*

{ sup Lip)(® ]dm(Xl@X%Yl@YQ)'
s€[0,1]

k

Thus, we obtain

A (X1 U X5, Y1 UY?) : ipZ
< sup Lip)® U < sup LipZ, U
dm(Xl @XQ)Yl @Yé) 36[071] " z "

where the latter supremum is taken over all matrices Z at which the invariant join is differ-
entiable.

4.2.4.b Case 2: the map 7 has infinitely many non-differentiability points First, we give
a technical lemma which will greatly simplify the proof of the second case. We prove this
lemma in Section 4.2.4.c.

Lemma 4.6. Given ¢ > 0 and two positive definite matrices X,Y , there is a matriz Y such
that the invariant join only has finitely many non-differentiability points on the geodesic yx

joining X to Y and on the geodesic vy joining Y to Y. Moreover, the matriz Y satisfies
dn(Y,Y?) <edp(X,Y).

We apply this lemma to the two geodesics y; and 72, which yields the matrix Y* := Y @Y5 .
Next, we apply the results of the previous case twice, which yields the following sequence of

inequalities:

dm<X1 U Xs, Y7 U Yg) m(Xl (| XQ,Y& U Y2 ) +d (}/15 (| Y;,Yl U YQ)
< [sup Liv, U] (don (X, V) 4 dn (V2,7

< (1+2¢) [sup LipZ ]dm(X, Y).

Since the value of € can be taken arbitrarily small, we get

dm(Xl L Xg, Y u Yg)
d

< suplLi
m(X1® X0, Y1 ®Y2) p P

where the latter supremum is taken over all matrices Z at which the invariant join is differ-
entiable. This concludes the proof. O



74 CHAPTER 4. LIPSCHITZ BOUNDS ON THE INVARIANT JOIN

42.4.c Proof of Lemma 4.6 Using the notation introduced earlier and Lemma 4.5, the
map 7 has infinitely many non-differentiability points if the equation

det (71(5) - 72(8)) =0 infinitely often for s € [0,1]. (4.12)

By Equation (4.5), there are invertible matrices A, B and diagonal matrices D, A such that
71(s5) = Aexp(sD)AT and ~5(s) = Bexp(sA)BT. Thus, Equation (4.12) is equivalent to

det (exp(sD) — Mexp(sA)MT) =0 infinitely often for s € [0,1], (4.13)

with M = A='B. The map F := s — det (exp(sD) - Mexp(sA)MT) is analytic, thus if it
has infinitely many zeros on the compact set [0, 1], it must be identically zero. By the Leibniz
formula, we have

F(s) = Z (=) det (M exp(sA)MT)IC exp (s Z D;).
IC[ln] iel

In the latter equation, we denote by det(X); the determinant of the square sub-matrix of X
whose rows and columns indices are in the set /. By definition, we have det(X)y = 1.
Let us consider the term corresponding to I = {1,--- ,n}, which is equal to

(—1)" exp(strace D) # 0.

Thus, in order for the map F to be zero, there must be at least another term in the sum
which contains a term proportional to exp(strace D). The value of det (M exp(sA)M T) e 18
a multinomial in exp(sA;), thus the existence of another term proportional to exp(s trace D)
implies that some linear combination

i€l jeJ 1<i<n

is satisfied for some sets I,J and oy € {1,...,n}. There is only a finite number of such
relations, and they are generically not verified. Thus, the map 7 generically has only a finite
number number of non-differentiability points. Hence, there must an open neighborhood of
the matrix Y such that, for any matrix Y¢ in this neighborhood, the geodesics joining X to
Y® and Y® to Y contain a finite number of non-differentiability points of the map 7. O

4.3 Nonexpansivity in the Riemann metric

We combine Equations (4.4), (4.6) and (4.10) with Remark 4.1 to obtain the expression of
the local Lipschitz constant of the invariant join with respect to the Riemann metric at the
matrix D @ D~

—1/2 —1/2
gy MEBr o @pip B+ L0 (Mg Kl

DeD- ! L
R —
HKES, I(T,? H) & (T} K)||r

Lip (4.14)
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Without loss of generality, we may assume that the diagonal entries of the matrix D are
ordered in decreasing order. Let (\;)1<i<p denote the entries of D that are larger than 1 and
(1i)1<i<q the entries that are smaller than 1. By Equation (4.11), we get the expressions:

J, Z , -1
L%z_l = (Z% 0q> with  Z;; = 22 2 (4.15)
? J
0, W . A1
Ly ;= (WpT Jq) with  W;; = e (4.16)
7 J

Note in particular that 0 < Z;;, W;; < 1.

For brevity, we denote the numerator in Equation (4.14) as N(H, K) and to the denomina-
tor as D(H, K). Our goal is to show that N(H, K)?> < D(H, K)?. Recall that the Frobenius
norm of the matrix X is given by

IXNE =" X5
7:7j

We prove that for each (i, ), the squared term appearing in the numerator with the variables
H;j and K;; (also called ij-term) is no larger than the squared term appearing in the denom-
inator with the same variables. To do this, we split the set of indexes of the matrix into 4
sets, each corresponding to a block in the matrices written in Equations (4.15) and (4.16).

4.3.1 The case of diagonal blocks

First, assume that 1 < 4,5 < p. Due to the J and zero diagonal blocks present in the matrices
in Equations (4.15) and (4.16), the ij-term in the numerator is simply written (A\;A;) ™ H
and the denominator is written ()\i)\j)_lej + )\i)\ijj. Since all the data is non-negative, we
obtain the desired inequality. The case i,j > p + 1 is obtained by symmetry.

4.3.2 The case of off-diagonal blocks

By symmetry, we assume that ¢ > j. We need to show that the following inequality holds:

Zii Wi 2 1 2 1 2
[7” lHij + — lKij} < [7)\ H; } + [71 lKij} . (4.17)
1/)\Z‘,u,j_ 1//\iluj_ V Aillg A ,uj_
We write \; = v/1+a and pj = v/1—b with 0 < a and 0 < b < 1, so after simplifica-
tion, Equation (4.17) is equivalent to
a b 2 9 l14a o,

By the Jensen inequality, we already have

a b 2 a b
H;; 1+ a)Ky| <~ HE+ ——(1+a)’K},

[a—i—b U—i_a—}—b( +a)Ky a+b ”—’_a—l—b( +a) K
thus it remains to be proven that GLH)(I +a) < ﬁ. In other words, one must show that
a(1+b%—b)+b% > 0. This inequality is satisfied, since a(1+b?—b)+b% > a(1+b>—2b) +b> =

a(1 —b)%2 + b > 0. This concludes the proof. O
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4.4 Lipschitz constant bounds in the Thompson metric

4.4.1 Upper bound in the Thompson metric

First, we prove the upper bound on the Lipschitz constant in Theorem 4.2. We combine Equa-
tion (4.6) with Remark 4.1 to obtain

[P [Ero ) 4T [Loo K]

- 1
LipD@D u== sup
T 2w Kies, [H' & K|
with
A= (Dup ") *pY?,  B:=(DuD ) VD12,
Ll = L%Q_[7 LQ = L%_2—17
H =T, H K =T}’K.

By definition of the invariant join, we have D U D~! = D, D~!. Thus the matrices
A, B satisfy AAT < I and BBT < I, and the spectral norms of A, B are no larger than 1:
JAIL 1B < 1.

By the triangle inequality and the fact that the spectral norm || - || is sub-multiplicative,
we deduce that

D [Lyo H') + T [Ly o K]

<ALy o H || + 1BIP[| L2 o K|

Moreover, we have L5 = %J + %L‘Xl where J denotes the matrix with a 1 in each entry.
We also have ||H’ ® K'|| = max [HH’H, HK’H] Thus, we have

, 1 Lol o Lo .
Lipp®” U< 1+ 51 Lpa I+ 5 1Ly °

where we have introduced the Schur multiplier norm || -||° of the matrices ng_j and Lg,z_f

defined by

. |LoH|
JLI° = sup 1222
fes, TH]

Mathias has shown in [Mat93] that the following inequality holds for all diagonal matrix X:

|LY o H] | 1
sup ———— < 2y, +1 with ~, =— cot
s 7 P

(2 — D
2n

j=1
Moreover, we have -, = %logn + o(logn). Since S,, C M,,, we immediately obtain

- 4
Lipy U = sup Lipg@D g2+ - logn + o(logn) . O
D ™
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4.4.2 Lower bounds in the Thompson metric

We introduce the parametric collection of diagonal (2n) x (2n) matrices { Dy}~ defined by

as well as the (2n) x (2n) matrix H given by

0w f0 ifi = j
H_<WT O) with W”_{ (i—j)~ ' otherwise

The Léwner matrix L; of the invariant join at the matrix D? — I is

J Mt . 1 t2i+1 _ t2]
b=y ) 08~ s

Finally, let Ly denote the limit of the Léwner matrices Ly which is given by

J M
o= )

We give a lower bound on local Lipschitz constant of the invariant join at the matrix D,
by bounding the value of the Schur multiplier norm of L; with respect to the local (spectral)
norm induced by D; U D, 1 To this end, by means of the matrix H, we show that the value
|(Dy U DYy o H)|| is larger than (log(n)/7 — 0.92 4+ O(t))|| H|.

As the parameter ¢ tends to 0, the matrix M; tends to the matrix My given by My =
T — J/2, where T is the triangular truncation operator defined by Tj; = 1 if i > j and 0

otherwise. It has already been shown in [ACN92] that || o W|| > %HW”
Moreover, there are positive constants «,,, 3, depending only on the dimension n such

that
|Lo — Lilij < ant, (DU DYV — 155 < Bat
for all indexes ¢,j. Hence, since all norms on R™ are equivalent, there is a constant -,,

depending only on n such that ||(D; U D; ')~ [Ly o H] — Lo o H|| < 7nt||H||. Moreover, we
have |H|| = ||[W]| and ||Loo H|| = ||T'oc W — W/2||. We deduce that

e 1
1Dy U D)~ Ly o H|| > (T o W = S [W]| =t

logn 1 1
> -z
/[W - 2+O@MHH

_ rlog(2n) 1+log2 1
= [ - —5+0W]IH].

Taking the limit when ¢t — 0, we obtain Lipy LI > log(n)/m — 0.92. O

Remark 4.3. It is worth noting that the growth in logn is not surprising, since the example
taken here is reminiscent of the study of matriz pinching, see [Bha00)].
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4.5 Lipschitz constant in the Hilbert metric

Before proving Theorem 4.3, we recall a link between the Thompson and Hilbert metrics: for
all positive definite matrices X,Y, we have

dp(X,Y) = 2/i\ni;)dT()\X, Y). (4.18)
>
Moreover, this infimum is always reached for some positive value of A.
We can now prove the equality of Lipschitz constants. Given positive definite matrices
X1, Xo, Y1, Ys, there is a positive A such that
di(X1 © X2,Y1 @ 2) = 2dr ((AX1) © (AX2), Y1 3 Y2)
The invariant join is positively homogeneous, thus (AX7) U (AX2) = A(X; U X5) and
dH(Xl U Xo, Y7 U YQ) < QdT(()\Xl) (| ()\XQ), Y, u Yz) .
Hence, the following inequality holds

dH(Xl L Xo, Y] L }/2) < dT()\(Xl (] Xg),Yl ] Yz)
dp(X1 & X9, V1 @Y2) — dr(MX1 © X5),Y1 ®Ya)

from which we deduce Lipg LI < Lipp L.
Similarly, there is a positive u such that

dH(Xl U Xo, Y7 U Yg) = 2dT<(,uX1) (] (MXQ), Y, U Y2> .
We also have
dp (X1 @ X2,Y1 & Ys) < 2dT<(,uX1) & (uX2),Y1 @ Yz) ,

from which we deduce the opposite inequality

dH(Xl UXo, Yy U YQ) S dT(M(Xl (] XQ),Yl (] Yg)
A (X1 ® X2,Y1 ©Ya) ~ dr(p(X1 @ X2),Y1 0 Y2)

and Lipy U > Lipp L. O
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CHAPTER 5

Introduction to switched systems,
ellipsoids and abstract interpretation

We recall in this chapter several notions of interest in the sequel: switched systems, operations
on ellipsoids and the abstract interpretation framework on which we rely.

5.1 Classes of switched systems

5.1.1 Affine switched systems

The following notation is common to all types of switched systems that we consider. We
denote by z (resp. y) the vector containing the state variables xi,...,x, (resp. y1,...,Yn).
We assume that we are given a bounded set of initial states Z. We also denote by u the vector
of input variables ui,...,u,, that may represent values measured from a sensor. These
values are measured from a bounded set &/. The operations + and X are vector or matrix
operations. A vector assignment is denoted (x1,...,2,) = (y1,...,Yn), or  := y for short.
The non-deterministic choice of a value for the vector x inside a set X is denoted z + X.
Each occurrence of the symbol ¢ can be replaced by either < or <, so that an expression
of the form (f,x) ¢ g defines a affine guard condition, separating the state space into two
half-spaces when the vector f is nonzero. The system switches between p modes that are
labeled by integers in ¥ := {1,...,p}. In the following, for each i € ¥, A; denotes a n x n
matrix, B; denotes a n X m matrix and ¢; denotes a vector of dimension n. Finally, rand_bool
refers a non-deterministic choice in {true, false}.

In its most general form, a switched affine system takes the form of Program 3, involving
several affine switching conditions within a loop. For simplicity, we assume that all variables
have global scope.
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Program 3: Switched affine program with guards

y <1

while rand_bool do

T =y

u<—U;

if (<f1,1, ZE> 09171) FANCIIRIVAN (<f17p, ZE> Ogl’p) then
‘ y:=A; X x+ By X u+cy;

end

if (<fp,1;x> <>gp71) Ao A ((fp7p,$> ng,P) then
‘ y:=Ap xx+ By X u+ cp;
end

end

In most applications we have in mind, the switching conditions are mutually exclusive,
meaning exactly one switching condition is valid for any value of the variable vector z. We
point out that this assumption can be made without loss of generality, up to adding more
conditional statements within the loop and adjusting the assignments accordingly.

We shall also consider the somehow simpler variant of this program in which every guard
condition (f; j,x) ¢ g;; is replaced by the test of a random boolean, and refer to it as a non-
deterministic switched system. Note that in this case, the switching conditions are mutually
exclusive. An example is shown in Program 4.

Program 4: Non-deterministic switched affine program

x <+ T,
while rand_bool do
u — U,
b+ %;
if b =1 then
r:=A1 X+ By X u+ cq;
end
if b = p then
‘ x = A, X T+ By X u+cp;
end
end

An invariant for Program 3 is defined as a set X that satisfies Z C X, and, for all i, j,
r € X and u € U,

A;jx + Bju+c¢; € X whenever <fi,j7 .%'> ©Gij -

In the non-deterministic case, the condition (f; ;, ) ¢ g;; is dropped.
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5.1.2 Linear switched systems

Joint spectral radius We specialize Program 4 by dropping the affine part and influence
of an external control, by setting B; = 0 and ¢; = 0 for all <. This yields an instance of
a linear switched system, depicted in Program 5. We do not consider linear systems with
state-dependent switching laws, thus we drop the term “non-deterministic” in this setting.

Program 5: Switched linear program

T+ 7
while rand_bool do
b« 3
if b =1 then
‘ x:= A1 X x;
end
if b = p then
x=Ay Xz
end
end

Alternatively, a discrete-time switched linear system is described by:
.I'(k + 1) = Aa(k)x(k)7 U(k) €X

where z(k) € R™ denotes the trajectory of the system, and o is the switching mechanism,
which selects one of the matrices in A = {A;,...,A4,} at each instant. It is known that the
system described in Program 5 is stable if and only if the joint spectral radius of the set of
matrices A is no more than 1, see [Jun09]. The latter is defined by

p(A) = lim  max ||A; ... A |YF .

k—+o00 1<i1,..., i <p

Note is particular that since the spectral norm || - || of a matrix and of its transpose are
the same, the joint spectral radius of A and AT = {AT ... ,Ag} coincide. Moreover, the
definition of the join spectral radius is independent of the norm, since all norms on R™ are
equivalent and limg_, o al/F =1 when a > 0.

A fundamental result of Barabanov [Bar88| shows that if A is irreducible, meaning that
there is no nontrivial subspace of R™ that is left invariant by every matrix in A, then there is
a norm v on R™ such that

Av(x) = max v(A;x), Ve e R" |

1<i<p

for some A > 0. The scalar A is unique and it coincides with the joint spectral radius p(A).
This shows that, when A is irreducible, all the trajectories of the switched linear system
converge to zero if and only if p < 1. The norm v is known as a Barabanov norm. A norm

which satisfies the inequality max; v(A4;x) < p(A)v(x) for all z € R™ is called an extremal
norm.
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A closely related result by Dranishnikov, Konyagin and Protasov [Pro96] shows that when
the set of matrix A is irreducible, there is a symmetric convex set with non-empty interior
(i.e. a symmetric convex body) M and a positive A such that

convU;{A; - M} = \M

The scalar A is unique a coincides again with the joint spectral radius of A. Any such body
is called an invariant body and is obtained as the polar set of ball B of a Barabanov norm of
the set of adjoint matrices A”:

reM < VyeB, |[(z,y)] <1.

When p(A) < 1, the sub-level set {z € R™: v(z) < a} for @ > 0 is mapped into itself by
each dynamic x — A;x, so that choosing a = SUPyer v(y) yields an invariant for the switched
linear system in Program 5. The same property holds for the Protasov ball M. We point out
that the invariant that is obtained in the linear case in convex. This does not hold for affine
systems.

Path-complete graph Lyapunov functions In [AJPR14], Ahmadi and al. developed a method
to compute an overapproximation of the joint spectral radius of a finite set of matrices, to
which we shall compare our method.

Given a set of states W and an alphabet X, an edge of a labeled graph is a triple (i,0,7) €
W x X x W. The set of edges is denoted E. Such a graph is called path-complete if for every
state ¢ and letter o, there is some state j such that (i,0,7) is an edge.

Let A = {A,},cx denote a finite set of n x n matrices and p a non-negative real number.
In [AJPR14], the authors examine graphs, denoted G(X, p), whose states are positive definite
matrices {X;}; and whose edges are determined by

(i,0,7) € E <= AIX;A, < p*X;.

The main theorem in [AJPR14] shows that the construction of a path-complete graph
G(X, p) gives an upper bound of the joint spectral radius:

Theorem 5.1 (Theorem 2.4 [AJPR14]). If the graph G(X, p) is path-complete for some set
of positive definite matrices {X;}i, then p(A) < p. Moreover, the map V: z — max; 27 X,z
is a Lyapunov-type function: it satisfies V(Asx) < p?V () for all o € ¥ and x € R™.

Moreover, for every e > 0, there is an automaton (3, W, 1) such that an LMI (P,) built
with this automaton has a solution with p < p(A) + €.

In practice, for a fixed value of p and a given path-complete graph G, checking the existence
of a path-complete graph G(X,p) whose edges coincide with G amounts to checking the
feasibility of the LMI (P,):

p°Xj = ATXiAs . V(i 0,5): T(i,0) =],
X; =0, Vi.

A bisection scheme is then implemented to refine p. For brevity, we shall refer to this
method as the LMI method.

A class of graphs which provides good theoretical and experimental approximations is the
class of De Bruijn graphs. The set of states of the De Bruijn graph of order d is the set 2¢
of words built on 3 which have length d. There is an edge (i, 0, j) between states ¢ and j if
and only if i = 01...04 and j = 09...040. This graph, denoted by Dy, is path-complete by
construction.

(Pp)
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5.1.3 Optimal switching problem

We also consider the following problem of optimal switching between linear quadratic models,
studied by McEneaney [McEOQ7], namely approximating the value function V' of an optimal
control problem having both a control u taking values in R™ and a discrete control (switches
between different modes) p taking values in ¥ := {1,...,p}:

Vi) = supsupsup [ S5 D 0e(s) — L hu(s) s
ueU peD t>0

Here, D denotes the set of measurable functions from [0, +00) to X (i.e. switching functions),

U = L?([0,+00),R™) is the space of R™-valued control functions, and the state ¢ is subject

to

£(s) = A7E(s) + B7u(s),  €(0) =,

where o = pu(s) denotes the mode that is selected at time s.

In contrast with the programs considered earlier, where the switching occurred as a con-
sequence of the state crossing some hyperplane or a random boolean changing its value, the
discrete switching process p is in this case a parameter on which the user can act.

It is known [McEOQ7] that, under some assumptions on the parameters, the value function
V' takes finite values and is the unique viscosity solution of the stationary Hamilton-Jacobi-
Bellman PDE:

H(z,VV)=0, xzeR".

The Hamiltonian H(x,p) in the latter equation is the point-wise maximum of simpler Hamil-
tonians H(z,p) given for ¢ € ¥ by

1 1
H?(2,p) = (A72)"p + 52" D72 + -p' Q"p,
and Q° =y 2B?(B°)T.
We associate with this problem the Laz-Oleinik semi—group {S¢}=0 defined by

SIVO)(@) = supsup/ Le(6)7 DHOg(s) = Lfus) s + VO (E)
uel peD
It is a semi-group in the sense that S; o S5 = Si45 for all s,¢ > 0. Moreover, it is known
[Mas87, AQV 98| that it is maz-plus linear:

Silmax(f, g)] = max (Si[f], Selg])  Silf + Al = Si[f] + A,

where max denotes the point-wise maximum and X is a constant.

McEneaney showed in [McE07] that V (x) coincides with lim;_,  S;[V°](z) and that the
latter limit is uniform on compact sets if V¥ satisfies a quadratic growth condition (one
requires that e|z|? < VO(x) < A|x|? for some positive constants e, A that are determined from
the parameters).

We also associate with every value o € ¥ the semi-group {SY };>¢ corresponding to the
unswitched control problem obtained by setting u(s) = o, i.e.,

SeVO(z) = sup/ —£(s &(s) — 7 —|u(s)|? ds + Vo(f(t)) . (5.1)

ueUd 2
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Computing S¢[V°] when VO(z) = 2T Pyx, reduces to solving the following indefinite Ric-
cati differential equation,

P=(A'P+PA° + PQ°P+D°, P0)=F),

with P(s) € S,. Indeed, we have S7[VO](z) = 2T P(t)z. We denote by ricct,, the flow of this
equation, so that riccs ,[Py] = P(t).

This modified control problem is written like a switched system in discrete time in Pro-
gram 6.

Program 6: Switched control problem

x <+ 7
while rand_bool do
Choose o € ¥ and u € L%([0,t),R™) that maximize
the value of problem (5.1);
x = exp [tA7|x + f(f exp [(t — s)A7]| Bu(s) ds;
end

5.1.4 McEneaney’s curse of dimensionality attenuation scheme

We assume that VY is a quadratic function VO(z) = 27 Pz, The method of [McE07] that
solves the linear quadratic optimal control problem described in Section 5.1.3 approximates
the value function V' by a finite supremum of quadratic forms

Va~ sup ST ---STN[VO, (5.2)

01,..,0NED

where t is a (small) time discretization step and N is a maximal number of switches. The
latter supremum represent the value of a modified optimal control problem, in horizon tN, in
which switches occur only at times multiple of ¢.

The key ingredient in this approach is the explicit computation of S7[V°] when when
VO(x) = 2T Pyz, reduces to solving the following indefinite Riccati differential equation,

P=(A'P+PA° +PQ°P+D°, P0)=F),

with P(s) € S,. Indeed, we have S7[VO](z) = 2T P(t)z. We denote by ricct,, the flow of this
equation, so that riccs ,[Py] == P(t).

We have S{* -+ SYN[VY(x) = 2T Qx, where Q = ricci s, o+ -+ o ticet 4y (Po), can be com-
puted by integrating successive Riccati equations, which allows us to evaluate the expression
in Equation (5.2).

The propagation of a quadratic form by the Lax-Oleinik semi-group has only a cubic
cost in terms of the dimension n, contrary to classical grid-based methods whose cost is
exponential in the dimension. In this sense, the curse of dimensionality has been reduced.
However, the memory footprint of this method is exponential in the number of switches, since
m! quadratic forms are computed after N iterations. Several pruning schemes have been
proposed in [GMQ11] to limit this growth. This is a costly operation, indeed, 99% of the
computation time is spent solving LMIs inside the pruning procedure [GMQ11].
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5.2 The space of ellipsoids

5.2.1 Uncentered ellipsoids

In this section, we introduce the domain of uncentered ellipsoids and several operations on
ellipsoids that are needed in our analysis. Some definitions have already been given in Chap-
ter 3; they are repeated here for the sake of completeness. For readability, we drop the term
“uncentered” if it is clear from the context.

Let B, = {z € R": 272 < 1} denote the unit ball of R". An uncentered ellipsoid is
defined as the image of the unit ball B, under an affine map « — Lz + ¢q, where L € M,, and
g € RP. When the matrix L is invertible, the matrix Q = LL” is positive definite and the
ellipsoid £(Q, q) is given by

EQ.q) ={weR": (y—9)"Q ' (y—q) < 1}.

When the matrix L is not invertible, the matrix ) is only positive semi-definite, so we have
£(Q,q) = {y € RP: (y — q)(y — ¢)T < Q} as a consequence of Lemma 3.8. When the
matrix ) is positive definite, the ellipsoid £(Q, q) is full-dimensional, whereas the ellipsoid
£(Q,q) is “flat” when @ is only positive semi-definite. The volume of a full-dimensional
ellipsoid is proportional to det L = (det @)'/? (the proportionality constant only depends on
the dimension).

We denote the set of uncentered ellipsoids in R™ by &,. This set is equipped with the
inclusion order. By extension of Theorem 2.1 is constitutes an anti-lattice.

5.2.2 The Lowner ellipsoid

Let us recall a famous result by Lowner in the setting of uncentered ellipsoids.

Theorem 5.2 (Léwner [Busb0, Bal97]). Given a compact and full-dimensional set X C R",
there is a unique ellipsoid £(Q, q) that contains X and that has minimum volume.

This ellipsoid is called the Lowner ellipsoid of the set X', and we denote it by Low(X).
The Lowner ellipsoid has a special property.

Proposition 5.3. The Léwner ellipsoid commutes with invertible affine transformations:
given a compact full-dimensional X C R™ and an invertible affine map f, we have

f(Léw(X)) = Low (f(X)) .

Proof. Let £ denote an ellipsoid containing X. We denote the invertible affine map f by
x +— Az +b. The map f is monotone, so that £ D f(X) <= f~1(€) D X. Moreover, the
volume of the ellipsoid & is equal to the volume of the ellipsoid f~1(£) multiplied by det A.
Combined with the uniqueness of the Lowner ellipsoid, we deduce that & = Low ( f(x )) if
and only if f~1(€) = Low(X). O

The affine automorphism group Aut X of a set X is the set of affine transformations
T: x — Az + c that leave X invariant, i.e. T(X) = X. The linear automorphism group is de-
fined similarly for linear transformations. Danzer, Laugwitz and Lenz have shown in [DLL57]
that the Lowner ellipsoid £ of a set X retains the symmetry properties of the set X.
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Theorem 5.4. The group of affine automorphisms of a full-dimensional set X is a subset of
the group of automorphisms of Low X:

Aut X C Aut Low(X).

Proof. This is a direct consequence of Proposition 5.3. Given f € Aut X', we have f( Low X ) =
Low (f(X)) = Léw X, hence f € Aut Low X. O

5.2.3 Operations on uncentered ellipsoids

We now describe operations on ellipsoids that are useful in the sequel.

5.2.3.a Testing the inclusion of ellipsoids We can check if an ellipsoid £(Q1, ¢1) is included
in the ellipsoid £(Q2,¢2). In the case where the ellipsoid £(Q2,g2) is full dimensional, this
problem is equivalent to checking if an LMI has a solution: it contains the ellipsoid £(Q1, q1)
if and only there is some real number A\ such that When the matrix @2 is positive definite,
checking the inclusion £(Q1,q1) C £(Q2, q2) is equivalent to checking if the following LMI has
a solution as proved in [BTNO1]:

Q2 @ —q L
EQ1,q1) CEQ2,q2) = INER: | (1—q)T 1-X 01, ] =0, (5.3)
Lt Op1  Ap

where L satisfies Q1 = L1 LT. Checking the inclusion is thus equivalent to solving an LMI.
In the special case where ¢ = ¢o, this amounts to checking if 1 < Q2. We shall see later
on that the case where the ellipsoid £(Q2,¢2) is not full dimensional does not arise in our
analysis. If £(Q2, ¢2) is not full-dimensional, it is first necessary to check that ran Q1 C ran Qo
and that co — ¢y € ran()s. If this is true, the inclusion between the ellipsoids holds if and
only if the inclusion of the image of those ellipsoids under the projection onto ran )2 holds.

5.2.3.b Image under an affine map The image of an ellipsoid by an affine map is again an
ellipsoid:
(z+— Az +c¢)-£(Q,q) = E(AQAT  Aq +¢).

Indeed, let L such that Q = LLT. We know that £(Q,q) and £(AQAT, Aq + c) respectively
correspond to the image of the unit ball B, under the affine maps x* — Lx + ¢ and z —

A(Lz + q) + c¢. The expected result follows straightforwardly.

5.2.3.c Union of ellipsoids We over-approximate the union of a finite number of ellipsoids
by the Léwner ellipsoid Low ( Uk Sk). The latter can be computed as £(Y =2, Y ~1y), where
(Y,y) is the optimal solution of the following semi-definite program [BTNO1]:

argmin —logdetY

Yy
I, (Yar —y) YLy
subject to Yag.—y)T 1= O1n | =0, Vk (5.4)
LTy 0p1 AieIn
Y =0
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and &, = S(LkLk ,q)- This is only true when the convex hull of Ug&} is full-dimensional (the
opposite case will not arise in our analysis). For the sake of brevity, we denote this Lowner
ellipsoid by

It will be convenient to write in infix form, & U- - - U &, instead of LI;&, noting that this is an
abuse of notation, since the operation U is not associative. , i.e., & U (E2LUE3) # (E1UE) U Es.

This notation is coherent with the notation LI introduced in Chapter 3. Indeed, given
ellipsoids (£(Q;,q) that have the same center ¢, their Lowner ellipsoid also has the same
center, since the Lowner ellipsoid commutes with the affine map x — 2¢ —x and the ellipsoids
E(Qi,q) are left invariant by this map.

5.2.3.d Minkowski sum of ellipsoids Recall that the Minkowski sum of two sets X,Y is
theset X +Y ={z+y: 2 € X,y € Y}. and that the Minkowski sum of two ellipsoids may
not be an ellipsoid. For instance, the Minkowski sum of the two flat ellipsoids £((}9),0)
and £((39),0) is the unit square {(z,y) € R?: max(|z|,|y|) < 1}. Similarly, replacing the
previous two ellipsoids by “nearly flat” yields a slightly rounded square. Like the case of the
union of ellipsoids, we over-approximate the Minkowski sum of two ellipsoids &y, &1 by its
Lowner ellipsoid, and denote it by

E B & =Low (& +&). (5.6)

It has been shown in [BTNO1] that, given two full-dimensional ellipsoids £(Q1,q1) and
£(Q2,q2), the Lowner ellipsoid of £(Q1,q1) + £(Q2,q2) is then equal to £(Z7 1, 1 + q2),
where Z is the solution of the semi-definite program

argmin — logdet Z

subject to <)\§11 On)Q ) = <§ g) (5.7)
n 2

Z%0,0< A< 1.

5.2.3.e Intersection of an ellipsoids with a half-space We denote by H(f, g) the half-space
{z € R": fTx < g}, where f € R" is a non-zero vector and ¢ is a real number. In general,
the intersection of an ellipsoid £ with a half-space H is not an ellipsoid. Given an ellipsoid
£, we over-approximate its intersection with the half-space H by its Lowner ellipsoid, and we
denote it by

EIT’H::LE')W(EHH).

When € is full-dimensional (we shall see later that it is always the case in our computations),
the set £ MM can be computed analytically following [BGT81]. We give the formula below
for the sake of completeness. Given an ellipsoid £(Q, ¢) and a half-space H(f, g), let a denote
the quantity a = (fTQf) (g — fTq). If @« > 1/n, we have ENMH = €. If a < —1, then
ENH =0. If « = —1, the ellipsoid £ M H is reduced to the point ¢q. If —1 < o < 1/n, we
have EMH = E(QT,¢"), with ¢t =¢— (1 +n)"1(1 — na)Qf and

n2 — Of2 — N«
e e e I LCT B

n

Q" =
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The intersection with several half-spaces is handled in a sequential way, meaning that we
evaluate Low (£ N (K NH')) as (EMH) M H'. It will again be convenient to do an abuse of
notation, denoting the latter operation by £ M (H N H’). Although this evaluation remains
sound, it may yield a very coarse over-approximation, since the maps & — EMH and £ —
EMH' do not commute in general. When several half-spaces are involved, Unfortunately, there
is no tractable way to get finding a better over-approximation is a difficult and intractable
problem, see [BTNO1, Section 3.7].

5.2.4 Centered ellipsoids: definitions and operations

The applications presented in Sections 5.1.2 and 5.1.3 have linear dynamics and the invariants
considered are centrally symmetric around the origin (we refer to such sets as symmetric sets).
We specialize the former framework to centered ellipsoids to benefit from this symmetry
property. We say that an ellipsoid £(Q, q) is centered if ¢ = 0. It is then denoted by £(Q)
and

ref(Q) = zxl <Q. (5.8)

The Lowner ellipsoid is left invariant by the affine automorphism group of its enclosing
set. The same property holds in particular for the linear automorphism group of if the initial
set is symmetric, whose Lowner ellipsoid is centered. Hence all operations defined with the
Lowner ellipsoid in the affine case yield centered ellipsoids when applied on centered ellipsoids.

5.2.4.a Testing the inclusion of ellipsoids The LMI defined in Equation (5.3) reduces in
the case of centered ellipsoids £(Q1),E(Q2) to checking if the positive semidefinite matrices
Q1, Q2 are comparable in the Lowner order:

E(Q1) CE(Q2) — Q1 <Q2.

5.2.4.b Image under an affine map The image of a centered ellipsoid by an affine map is
again a centered ellipsoid:

A-£(Q) = E(AQAT).

5.2.4.c Union of ellipsoids We over-approximate the union of a finite number of centered
ellipsoids by the Lowner ellipsoid Low (Uké'k). The latter can be computed as L& == E(Z71),
where Z is the optimal solution of the following semi-definite program [BTNO1]:

argmin —logdet Z
Z

=0

subject to Z
Z
when the ellipsoids & = £(Qy) are full-dimensional. Otherwise, we refer to the semi-infinite

program defined in Section 3.3. When only two ellipsoids are involved, it can be computed
using Equation (3.4).
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5.2.4.d Minkowski sum of ellipsoids The Minkowski sum of two symmetric sets is also
symmetric, hence

E(Q1)BEQy) =Low (o + &) =E(Z7Y),

where Z is the solution of the semi-definite program in Equation (5.7).

5.2.4.e Intersection of an ellipsoids with a half-space This operation does not arise in
the centered case.

5.3 Abstract interpretation for switched affine programs

Abstract interpretation describes a framework in which two semantics describing of a same
system or program co-exist. The first description is concrete and usually mimics very closely
the behavior of the original system /program. In Section 5.3.1 we exhibit a collecting semantics
that simply extends the definition of the program’s semantics to sets of variables. It is often
not computationally feasible to handle objects in this representation directly. This role is
served by the second description, dubbed abstract semantics, which has a structure well suited
for computational purposes. The key ingredient is a so-called “concretization operator” that
maps abstract objects to concrete ones. Once several technical requirements are satisfied, the
interplay of those semantics allows one to disregard the concrete objects and solely manipulate
abstract elements. In particular, for our purposes, the search for an invariant set is “lifted”
to the abstract domain.

We recall in this section the construction of the abstract domain of lower sets of ellipsoids
in the case of switched affine systems.

5.3.1 A collecting semantics

We extend the definition of the three main operations that occur in our implementations of
switched systems to act on bounded subsets of R™. These operations are the assignments of
a vector variable, testing an if statement guarded by a conjunction of affine inequalities or a
random integer value and a while loop with non-deterministic exit.

In the sequel, the set X' belongs to the complete lattice pPded(R™) U {oo} of bounded
subsets of R™ to which we have added an element identifying non-bounded sets.

Affine assignment The action of an affine assignment of variables x := A,x+c¢, on a concrete
element X, i.e. a (bounded) subset of R", is denoted by [x := A,x + ¢,] and defined by

[x = Aox + ¢ (X) == {Asz + co: z € X}.

If this affine assignment is rather of the form x := A,x 4+ B,u + ¢, where u takes values
in the set U, the concrete operator is

[x := on—l—Bgu+ca]](X) = {Aaaj+cgz = X} + {Bau: u€elU}. (5.10)
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If-then-else and switch statements Let us first consider the case of Program 3. We have
assumed that the conditions are mutually exclusive, hence only one assignment operation
occurs on the variable y in each loop iteration. Assume that condition o € X is satisfied and
that some operator op, acts within this branch (in our case, op, is an affine assignment).
Then the concrete operation associated with this branch is

[if x € m’HU,l then op,(x); end](X) = { op,(z): z € X and z € ﬂ?—[g,l} ,
! !

It is then necessary to merge (or join) the branches, hence the concrete operator for the
whole switch statement takes the form:

[switch o ; case(x € mHo,l)i op,(x);](X) = U {opy(z):z € Xandx € ﬂ’Ho,l}.
l o l

Loops The body of the loops in the programs of interest contain a sequence of mutually
exclusive “if-then” statements, in which a single vector-assignment is performed. The concrete
operator s corresponding to the body of the loop of Program 3 is given by the map

5: X — U{AU:c—i—cU:a:eXﬂﬂHg,l}—i—{Bgu:uEL{}. (5.11)
ceEY l

We deduce the expression of the loop-body abstraction for Program 4

5: X — U {AU$+CJ:xEX}+{BJu:u€U}.
oeY

The least fixed point of the operator [p]: X + Z U s(X) then provides a invariant for
the switched affine program. The existence of this least fixed point is a consequence of the
monotonicity of the concrete operators and the Knaster-Tarski theorem [Tar55], see [Roul3]
for a complete proof. In fact, any post-fixed point of the operator [p], i.e. a set X such that
[p](X) C X is an invariant.

5.3.2 The abstract domain of lower sets

5.3.2.a Lower sets: definitions and properties We begin by recalling the definition of
lower sets.

Given a partially ordered set (X, <), a subset L is an lower set is x € L and y > x implies
y € L. The set of lower sets in & is denoted! by O(X). The reunion and the intersection of
two lower sets is again an lower set, and these operations endow the space (O(X ), C ) with
a complete lattice structure, with

sup L; = U;L; and inf L; = N;L;.
i i

An element z is a maximal element of a lower set L if y € L and z < y imply x = y. A
lower set L is principal if it has a unique maximal element [, in which case

L=l{l} ={zeX:x<I}.

!This is a standard notation, not to be confused with an orthogonal group O(n).
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More generally, the set | S refers to the lower set generated by S

1S={J{s}.

seS

The set of maximal elements of a lower set L is denoted by Max L. The latter set constitutes
an antichain, i.e. two distinct elements of Max L are never comparable. Moreover, these
maximal elements fully characterize the lower set L:

L =| (MaxL).

5.3.2.b Application in abstract interpretation Lower sets provide a good abstract domain
in the setting of abstract interpretation, see [CC94]. Given a lattice (D, <) and a monotone
concretization map v: O(X) — D, the operator a: D+ O(X) defined for d € D by

a(d) ==sup{L € O(X): v(L) C d}

defines a monotone abstraction operator. Indeed, let d,e € D such that d < e. Then
v[a(d)] < d < e, hence by definition of a we have a(d) 2 a(e). As a consequence, the pair
(cv,7y) defines a Galois connection between D and O(X):

(

a(d) < L <= d=~(L),

see [CCY4] for more background.

In our work we choose (X, <) = ((’En, C ) and D the lattice of bounded subsets of R™ in
the inclusion order. The concretization v maps an lower set of ellipsoids to their reunion in
R"™ and the abstraction « returns the upper set of ellipsoids that are subsets of a bounded set

(L) =U{€ €L} and «S)={€€,:ECS}.

Now, we can define the counterparts of the operations introduced in Section 5.3.1 on the
abstract domain O(&,,). Since the pair («, ) is a Galois connection, then Cousot and Cousot
showed in [CC77a] that the abstract counterpart [-]* of each operator [] is simply given by

[1# =ao[]on.

Moreover these operators are set-valued hence they are monotone in the inclusion order, hence
the abstract operator corresponding to the body of the loop of Program 3 is monotone and
given by

s7(L) = a[ U {4, +co: x € (L) ﬂﬂHa,z} +{Bou: u € Z/l}}
oeY l

An abstract invariant is a lower set L such that s#(L) C L and Z C U{€ € L}. Such
an invariant can be computed by a Kleene iteration scheme. Let Lz € O(€,) such that
~v(Lz) 2 Z. Then the iteration

=17 (5.12)
LMY = L us#(LF) (5.13)
converges towards the least fixed point of the map s# that contains L7. Indeed, the sequence

L* is increasing and bounded above by thus it converges and its limit L must satisfy Lz C L
and s7(L) C L.
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CHAPTER 6

Disjunctive ellipsoidal invariants for
switched affine systems

This chapter is based on the articles “A Scalable Algebraic Method to Infer Quadratic Invari-
ants of Switched Systems” [AGST16] and “A fast method to compute disjunctive quadratic
invariants of numerical programs” [AGGT17]

6.1 Introduction

6.1.1 Context

Although the abstraction by lower sets presented in Chapter 5 has the same expressivity as
subsets of R, it is not possible to implement. We tackle this issue by discretizing the space of
lower sets O(&,,) by considering only lower sets that arise as the reunion of NV principal lower
sets, for some integer N. In other words, our abstract elements can be identified vectors of
ellipsoids and the concretization map becomes v: (&;)1<i<n — U;&;, 1.e., we abstract a subset
of R" by its cover in terms of NV ellipsoids. This is no longer an exact abstraction but it is
still defined for every bounded set. Moreover, although this approach has the key advantage
of being implementable, it lacks several important ingredients. First, it no longer constitutes
a lattice. Second, the abstraction operator is no longer defined. Hence the abstract operators
acting on this space are no longer defined like in Section 5.3.2.

6.1.2 Contribution

We provide alternatives to each of these problems by overapproximating concrete elements by
their Lowner ellipsoids. We use these primitives in two algorithms that compute invariants
as unions of ellipsoids. The first algorithm deals with affine switched systems and consists in
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a modified Kleene iteration: a small perturbation parameter is added to ensure convergence
in finite time and robustness to numerical imprecisions. Second, a power-like algorithm is
introduced to compute invariants of linear systems. We provide numerical benchmarks for
each algorithm and compare the results with state of the art methods.

6.2 The domain of unions of ellipsoids

6.2.1 Definitions and notation

In the sequel, we consider a switched program like one presented in Programs 3 to 5.!. We label
the branches of the loop of the program by integers from 1 to p, and denote by ¥ = {1,...,p}.
We can thus identify the set of finite traces of the program with the set ¥* of finite words built
on the alphabet 3. Let W denote a subset of 3* with cardinal N and 7 denote a map from
W x ¥ to W. The triple (X, W, 7) defines a deterministic finite automaton, whose alphabet
is %, whose states are elements of W and whose transition function is 7. Every state in this
automaton is both an initial and final state. The function 7 being totally defined over W x X,
the automaton (3, W, 7) accepts every word of ¥*. We say that (i,0,j) € W x ¥ x W is an
admissible transition when 7(i,0) = j.

We are now ready to present union of ellipsoids in the framework of abstract interpreta-
tion. Following the terminology of abstract interpretation, our concrete domain is defined as
pPounded (R™) “the lattice of bounded subsets of R™ equipped with the subset partial order C.

The abstract domain is the set of functions £ from W to the set of ellipsoids &,. We
denote by &, the ellipsoid associated with w € W by this function. It will be convenient
to identify £ to the vector (£,)wey in €)Y indexed by elements of w. Operators defined on
the abstract domain @ZV are vector mappings. Hence the w-th coordinate of the abstract
operator [-]# is denoted by [-]%.

We equip the abstract domain @%\2 with the coordinate-wise ordering:

E'CE? — gL C& YweWw.

This is, up to a permutation in the indexes w, the same order on the lower sets generated by
the reunion of | {&,} for w e W.

The concretization operator v, which maps an abstract element to a concrete one, is
defined as the function  : &V — pbounded(Rn) which associates a vector of ellipsoids £ to
the union of these ellipsoids in R™. The concretization operator -y is order-preserving;:

Lemma 6.1. The map ~v: £ — U,y 1S order-preserving.

Proof. Given &' T &2, let = € ’y(§1), ie., v € & for some w € W. Hence z € 2 and
z € (). O

Like several other abstract domains (convex polyhedra [CHT78], zonotopes [GGP09], etc.),
the domain of unions of ellipsoids cannot be equipped with an abstraction operator .. Indeed,
this operator would be supposed to map any bounded subset S to the “smallest” vector of
ellipsoids £ such that S C U,E,,.2 Such an element does not exist in general, since it implies
for instance that the boundary of the closure of S is the reunion of finitely many quadratic
hypersurfaces.

'Program 6 is treated separately.
2In this case, (a,~) forms a Galois connection.
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6.2.2 Affine assignment

Given an abstract element £, the abstract operator corresponding to the affine assignment of
variables x := A,x + ¢, denoted by [x = A,x + cg]]#, is the coordinate-wise affine transfor-
mation of ellipsoids:

[x = Asx + cg]]#@) = (2 Aoz +¢5) &y

Indeed, affine transformations are order-preserving. Hence, given a lower set of the form
I {Eu}wew, its image by the abstract affine assignment operator is exactly the lower set

J {(a; — Az +¢o) - Sw}wew

Lemma 6.2. The abstract assignment operator [x == Ayx + c,]|* is exact:
[x i= Aox + o] [1(E)] = 7[[x = Aox + 6o ]*(E)] .
Proof. The image of an ellipsoid by an affine map is again an ellipsoid, hence

[x = Asx + o] [V(E)] = (z = Agz + c5) - Ué’v =v[[x = Aox + CU]]#(é)] O

v

If this affine assignment is rather of the form x := A,x + B,u + ¢, where u takes values
in the set U (that is not reduced to a single point), the abstract operator defined in Equa-
tion (5.10) no longer preserves finitely generated lower sets, as Minkowski sums of ellipsoids
are generically not finite reunion of ellipsoids, see [KV06]. Hence we choose a coordinate-wise
over-approximation of the Minkowski sum, using the operator B defined in Equation (5.6).
This yields the the abstract operator

[x = Aex + Bou+ o5 (€) = (2 Aoz +¢5) € B (ur Bou) - &y,

where &y is the Lowner ellipsoid of the set U.
This operator is not exact due to the approximation with H. However it provides a sound
over-approximation of the concrete version.

Lemma 6.3. The affine assignment operator [x == Ayx + Byu + c,]|* is sound:
[x = Asx + Bou + ¢5] [’y(é)] C fy[[[x = A,x + Byu+ cg]]#(g) .

Proof. By definition of H, we have & + & C & HE,. The result follows in a straightforward
way. O

6.2.3 If-then-else and switch statements

We have already argued to the intersection of an ellipsoid with a half-space may not be
an ellipsoid, hence it is also the case for union of ellipsoids intersected with multiple half-
spaces. In other words, we cannot expect the abstract counterpart of the guard condition
[if x € (), Ho, then op,(x); end] to preserve finitely generated lower sets of ellipsoids. We
adopt a similar approach as for the Minkowski sum and approximate the intersection of an
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ellipsoid with several half-spaces with its Lowner ellipsoid. Hence, the abstract operator
corresponding to a single branch is

[if x € ﬂHo,l then op,(x); end]]f(é) = op? o guard, (&)
!

where opjﬁE is the abstract counterpart of op, (an affine assignment in our applications) and

guard, is a shorthand for the ellipsoidal mapping £ +— £ I (ﬂl Ho,l). The latter map over-
approximates the subset of £ contained in all half-spaces H,,; by its Lowner ellipsoid.

Merging the different branches is done in the lower set framework by taking the reunion
over all branches. Doing this operations in the present framework would multiply the size of
the generated set by the number of branches, leading to an exponential increase along the
computation. We control this growth by means of the automaton and over-approximate by
a single ellipsoid &, all ellipsoids [if...thenop,(x); end]”(&,) such that w = 7(v,0). We
choose &, to be the Lowner ellipsoid of the former matrices. A good choice of automaton
will merge ellipsoids that are already “close” and introduce a little approximation gap. This
yields an abstract operator of the form:

[switch o ; case(x € mHa,l)I Opa(x);ﬂﬁ(é) = |_| op# o guard, (&)
l oceXveW

7(v,0)=w

When the condition is evaluated by a random integer value, the guard operator vanishes
and the abstract operator is obtained as a special case:

[switchb; case(b=o0) : opg(x);]]ﬁf(é) = |_| op? (&) -
O’(EZ,’[;EW

By definition of the U operator on ellipsoids, the operators defined above are sound:

Lemma 6.4. The abstract operator [switch o ; case(x € (), Hou): 0p,(x);]# is sound:

[switch o ; case(x € ﬂHa,l)I opg(x);][v(£)]
l

C ’y[[[switch o ; case(x € ﬂ?—[g,l): OpU(X);]]#(§)] .
!

6.2.4 Body of loops

We combine the abstract operators for affine assignments and affine guards to obtain the
abstract counterpart of the map s in Equation (5.11) denoted by s#. It maps (’EZV into itself
and is defined coordinate-wise by

sﬁ: Er |_| (x — Asz + cg) o guard,, (&,) &H (u — Bgu) (&,{) . (6.1)
J%Z,gew
7(v,0)=w

It is a sound abstraction of the loop-body operator s.

2%

s we have

Lemma 6.5. The abstract operator s* is sound: for all € € €

s[(E)] S A[s#(E)] -
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Proof. The map s is set-valued, hence s [y(é)] = Uwews(Eyw)- Following Lemmas 6.3 and 6.4,
the abstract operators used in s# overapproximate their concrete counterpart, hence s(Ew) C
s (&) for all w € W. We deduce that s[v(&)] € Uwewsh (€) = v[s*(E)]. O

We deduce the expression of the loop-body abstraction for non-deterministic switched
affine programs

sff: E |_| (x — Ay + cg) (Ev) H (u — Bgu) (Su) .

For non-deterministic switched linear programs, the map s# acts on centered ellipsoids. Writ-
ing £, = £(Qu) and Q = (Qu)wew, this operator can be rewritten as a map s# acting on
(S;F)"V defined by

st:Qe || A.QuAT (6.2)
U%E,’l;EW

6.2.5 Loop invariants

We recall that a (loop) invariant for Program 3 is a set X’ that contains the set of initial
points Z such that A,z + Bou + ¢, € X for all z € X N (", Hoy), v € U and 0 € . In
other words, an invariant is a set X such that Z C X and s(X) C X. In the spirit of abstract
interpretation, we solve the problem of computing an invariant in the abstract domain. First,
we abstract the set of initial states Z by a finitely generated lower set, which yields the vector
of ellipsoid £7 = (£%),, whose concretization covers Z: T C U,EL. Second, we define the
map 1" by

Tu(€) = €L U SE(E)
and solve for £ the post-fixed point equation

T(E)CE. (6.3)

A loop invariant is then obtained as the concretization of any solution of Equation (6.3) in
the abstract domain:

Theorem 6.6. Let £ denote a post-fized point of the map T. Then the set v(E) = Uyewéuw
s an tnvariant for Program 3.

Proof. If £ € &)V satisfies T(£) C &, then, by monotonicity of the concretization, we obtain
Y[T(€)] € ~(£). By Lemma 6.5 we also have s[v(£)] C v[s#(€)], hence s[v(£)] Cy(£). O

6.2.6 A robust analysis

We have defined our abstract operators by overapproximating in each instance the concrete
element by its Lowner ellipsoid. The remarkable geometric properties of the Lowner ellipsoid
are a major advantage when applied to program verification. Not only does the Lowner
ellipsoid preserve any symmetries that are present, it also allows our analysis to be invariant
under affine rewriting of the program.
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Program 7: Program X Program 8: Program Y
switch rand_bool : switch rand_bool :
case true : case true :
| z2=Azr+a | y=UAU Yy —v)+Ua+v
end end
case false : case false :
| z:=Bx+b | y=UBU Yy —v)+Ub+v
end end

Figure 6.1: Affine change of variables in a switch statement

Let us illustrate the latter property on the programs given in Figure 6.1. The right-hand
side program is obtained from the left-hand side one by applying the affine change of variables
y = Ux 4+ v. We denote by 59( the initial abstract state in the analysis of the left-hand side
program, i.e., before the execution of the switch statement. Accordingly, we assume that the
abstract state of the right-hand side program is given by & = (z — Uz +v) - £%. Following
the definition of the abstract primitives, the analysis of the two programs respectively provides
the following final invariants:

&l =(x— Az +a)-EY U (x> Bz +1b)- &%
=y Aly+d)-EXU(y— By +1b) &

where X' = UXU ! and o/ = Uz +v — UXU 1w for (X,2) € {(A4,a), (B,b)}. Then it can
be verified using Proposition 3.9 that the final invariant of the second program corresponds
to a rewriting of the invariant of the first program, i.e.,

8f:(xr—>Ux+v)-5§(.

6.3 Non-monotone Kleene algorithm for switched affine systems

6.3.1 The non-monotone Kleene iteration

In this section, we present to compute an invariant for Program 3 as the union of finitely
many ellipsoids. It is obtained as the fixed point of a non-monotone map that is based on an
automaton, whose states represent finite execution traces (in the case of De Bruijn automata,
see Section 6.3.5, these distinguish between different suffixes of traces of the same length). As
a consequence, we expect that the more states this automaton has (i.e., the more execution
traces are taken into account during the computation), the more accurate the invariant to
be. Moreover, since an ellipsoid is associated with each state of the automaton, the number
of disjunctions in the invariant is constant during the computation.

We introduce an action of ¥* on the set of ellipsoids &,, denoted by - and defined for
o€ Xand € € €, by:

o-& = (fo‘ o guarda(c‘:)) H (BUEZ//) )

where f, denotes the affine map = — A,x + ¢,. In this way, the map £ — o - £ represents
the abstract operator associated with the branch o of the program.
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The abstract operator for the whole loop is then written coordinate-wise in condensed
form as

Tw(&) =EpU | | o-&. (6.4)

7(v,0)=w

The fact that semi-definite programs can only be solved up to a prescribed accuracy is a
well known source of difficulties in numerical program verification. If the approximate invari-
ant which is found is mapped to its interior, meaning that some strictly feasible solution is
returned by the solver, then, an exact invariant can be obtained a posteriori by some rounding
procedure, see the discussion in [RJGF12]. In order to make such methods applicable in the
present setting, we introduce a small margin £ > 0 which will absorb numerical imprecisions
as suggested by the authors in [RVS16]. Hence, we define the perturbed map 7¢ from &)V to
itself, whose w-th coordinate is obtained by adding a “padding” eI, to each ellipsoid:

Tqi(é) = S(Qw + ey, Qw) where S(Qwa Qw) = Tw(é) .

Remark 6.1. The ellipsoids £(Qu, qw) and E(Qy + €1y, qw) have the same center and Q,, <
Qu + €1,,, hence by monotony of the translation x +— = — q,,, we may assume?® that they are
centered and the inequality Q. < Q. + €I, implies that T5(E) D Ty, (E).

This is a sound over-approximation of the abstract loop operator: s#(§ ) CT5(E). Intro-
ducing the parameter € induces a trade-off between speed (e large) and precision (¢ small).
The speed-up effect is shown in Equation (6.6), resulting from the complexity analysis the
next section. The loss of precision is due to the fact that the map 7°¢ is a “deformation” of
the true map T'. In the experiments, we have chosen 0.01 < e < 0.2.

These operators enable the computation of invariants as unions of ellipsoids:

Theorem 6.7. Let £ = (Ey)wew denote a fized point of the map T°. Then the set Uyewuy
is an tnwariant for Program 3.

Proof. Let £ denote such a fixed point, i.e., T5(E) = &, for all w € W. By Remark 6.1,
we have T5(E) D Ty, (E) for all w, hence T(E) T &, which show that «(£) is an invariant
by Theorem 6.6 0

The same is true if £ is only a post-fixed point of the map T, i.e., if for all w € W, we
have T5(E) C &

The map T° is the analogue of the fixed point functional in abstract interpretation. Clas-
sical abstract interpretation requires the fixed point functional to be a monotone map defined
on a complete lattice [CC77b]. Then, a program invariant can be obtained as the least fixed
point of this functional, which can be computed by a standard fixed point scheme, Kleene
iteration. The present setting is more complex, for the space &)V is not a lattice, and the
operators L, M and B are not monotone (this can be quickly verified, even for ellipsoids of
dimension 2). This entails that the map 7 is not monotone. However, we can still formulate
an iteration scheme a la Kleene in the present setting, defining

0 T T
E = (&, &N)
Sk—i-l — Ta(gk) ]
3 Alternatively, one can check that choosing A = 1 validates the LMI in Equation (5.3).

(6.5)
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6.3.2 On the convergence of the scheme

We assume in the sequel that the set of initial states Z and the set of controls U are full-
dimensional. If this is not the case, we may approximate these ellipsoids by unions of “nearly
flat” ellipsoids. Then, it is easily shown by induction that all occurrences of the operators LI,
M and H in the Kleene iteration can be computed with the means presented in Section 5.2:

Lemma 6.8. Assume that the ellipsoids Er and &y are full-dimensional. Then all the ellip-
soids 55) computed at each step of the Kleene iteration in Equation (6.5) are full-dimensional.

The lack of monotonicity of the operator T¢, and the fact that the space of ellipsoids
does not constitute a lattice, make more difficult the analysis of the Kleene iteration scheme
than in the classical case of abstract analysis. In particular, we have to replace some order
theoretical arguments by metric fixed point properties. We establish the convergence of the
Kleene iteration in the linear case — i.e., when the assignments are linear (B, = 0 and
¢s = 0), the switching process is non-deterministic and the ellipsoids are centered — if the
“stability margin” is sufficient.

Theorem 6.9. Assume that the assignments are linear (By = 0 and ¢, = 0), the switching
process is non-deterministic and that the ellipsoids EL are centered and full-dimensional. Then
there is a positive constant [, 1 depending on the dimension n and the initial states Er such
that if the spectral norms of the matrices (Ay)sex, are smaller than py, 1, then the Kleene
iteration EFT1 = T=(EF) converges.

Proof. Since all ellipsoids are centered, we use the notation from Chapter 3 and write Q1 UQ2
instead of £(Q1,0) L £(Q2,0), and abuse the notation to write Ty (Q) instead of T (E). We
denote £ = £(Q%,0). The map T* is written

To(@) = Quu || (AQuAT +ely).
7(v,0)=w
First, we show that there are positive reals A\g < A1 such that the set of X such that for
all Q € (§H)%,

(\m. Mlp < Qu < A1]n> — (\m. Mol < TE(Q) < A1[n> .

The map T¢ is bounded below by QZ, which is positive definite, so there is A9 > 0 such
that T5(Q) = Aol for all X. We deduce from Theorem 3.17 that if the spectral norms

of the matrices A, are strictly less than N2 then the desired property is satisfied for
A= 2+ Q1 — X, 146l

The set K :={X € S} *: Ao, < X < A1l } is bounded in Riemann’s metric (its diameter
is less than nlog(A1A\;1)). Moreover, one can obtain the very coarse bound

A/ 20X = Y2 S dr(X,Y) < (A/A0) [ X = Y2

Hence the LI operator must be Lipschitz with respect to the euclidean norm on the set IC,
with a Lipschitz constant no larger than (A1/\g)®. Moreover, we recall that the Riemann
is invariant by a congruence by an invertible matrix P: dgr(PXPT, PYPT) = dp(X,Y).
Combining these results, we deduce, for @, Q" € (SF+)"V and a = max, ||A,||3,

/ )\ /
ITQ) ~ T(@ )l < ()P _max Q0 —Qila-
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Hence, the Kleene iteration converges if the spectral norms of the matrices A, are small
enough.

It is sufficient that ||75(Q) — T5(Q')||2 < € to obtain an invariant, thus we deduce the
number of iterations given in Equation (6.6). O

The bound i, ; that is given is very conservative. However, we shall see in Section 6.3.5
that our algorithm converges although the condition is not satisfied.
We also deduce that

O( log e — log max,, |QY, — Q3|2 )

6.6
3[W|log(A1/Xo) + /P + 2log max, || Ay|l2 (6.6)

iterations suffice to compute an invariant. As shown in Section 6.3.2, the values Ay < A\;
depend only on the set of initial states and the matrices A,.

Establishing the convergence of the Kleene iteration in Equation 6.5 in the general case
is difficult problem and remains open.

Open problem 6.10. Does the iterative scheme in Equation 6.5 converge if the matrices
Ay are suitably small, when either affine assignments (c, # 0), guards (switching is state-
dependent) or non-constant controls are present (By #0) ?

6.3.3 Two implementations for affine and linear programs

The “small-LMI” approach When implementing the Kleene iteration scheme in Equa-
tion (6.5), a semi-definite program needs to be solved for each evaluation of the operator
U and H. The number of variables in each of these semi-definite programs only depends on
the dimension n of the problem, not on the size N = |W]| of the automaton, in contrast with
alternative approaches detailed in Section 6.3.4, inspired by state of the art methods. For
this reason, we call the method to compute invariants based on Theorem 6.7 and on Kleene
iteration the “small-LMI” approach.

Note that Theorem 6.7 is also valid for the map 7. As a consequence, we may be tempted
to use this map rather than 7° in the Kleene scheme. However, in practice, most operators are
evaluated by solving semi-definite programs, which only return approximate optimal solutions.
Introducing the parameter € counters several hurdles that may be encountered and could
endanger confidence in the final invariant. First, the parameter ¢ absorbs approximation errors
that appear throughout the computation, and thus gives a margin of safety if computations
are done using finite precision. Moreover, padding each inclusion constraint ensures that the
set of feasible points has non-empty interior, so that the a posteriori numerical check presented
in [RVS16] can be used. Finally, if the parameter € was not present, a fixed point would only
be reached ultimately, i.e., after an infinite number of iterations. Now, a post-fixed point can
be reached in a finite number of iterations.

The “no-LMI” approach When the assignments in each branch are linear (B, = 0 and
¢, = 0) and when the switching condition is non-deterministic (meaning that the test is
replaced by a random boolean), it is possible to get rid of LMIs altogether, still building on
the same principles. Indeed, it was shown in [AGS™16] that the Lowner ellipsoid of the union
of two centered ellipsoids can be computed from a Cholesky decomposition, avoiding the use
of LMI, resulting in an important speed-up. We will exploit here the latter result, by relaxing
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the computation of L&, to a sequential computation ((51 Ué&)---U Sw). The variant of the
map T° obtained in this way can now be computed without solving semi-definite programs. In
the sequel, we will refer to this variant of the present “small-LMI” approach as the “no-LMI”
approach. We explore the “no-LMI” in further detail in Section 6.4.

6.3.4 Alternative approaches: the “big-LMI” and “big-BMI” methods

For comparison, we next present two alternative approaches, derived from earlier works [AJPR14,
RJGF12], leading to larger LMI or to non-convex programs.

The first approach has been studied in [AJPRI14]. It is restricted to the special case
of linear assignments under non-deterministic switching, where the initial state has been
approximated by a centered ellipsoid. In other words, it requires that B; = By = 0, ¢ =
¢y = 0, the guard condition f7z < g has been replaced by a non-deterministic switching
mechanism and & = £(Q7,0). Then, the post-fixed point problem can be rewritten as a
single LMI involving the whole collection of design variables (Qu)wew:

Qr < Qu, Ywe W,

T (6.7)

AsQuA, < Qu, Yw,v,o such that 7(v,0) = w.
The variables in this LMI are highly coupled among themselves. Indeed, the variable @,
appears N times on the right-hand-side of an inequality of the form above, but also N times
on the left-hand-side. Thus, unless the transition map 7 is constant (7(v,0) = v for all o),
it is not possible to solve Equation (6.7) for each word w separately. This case does not
appear in practice: the transition map used in Section 6.3.5 induces a maximal coupling,
where (almost) each word is related to p other words.

If (Qu)wew is a solution of this LMI, then the union of the ellipsoids U,ew&(Qu,0) is
an invariant for the associated program. It is in fact a variation on the method in [AJPR14],
because the LMI Q,, > 0 has been replaced by Q., = Q7. This only requires that the solution
provided in [AJPR14] be scaled to contain the set of initial states.

The latter optimization problem has |[W|n(n+1)/2 independent variables. We say that this
optimization problem is a “big LMI” because the number of variables depends on the size of
the automaton. Finding an approximate solution via semi-definite programming thus has an
arithmetic complexity of O(n®|W)|®), according to the formulas in Section 4.6.3 of [BTNO1].
In comparison, the semi-definite programs used to compute the operators Ll and B both have
an arithmetic complexity of O(n5?) that does not depend on |[W|. Each iteration of the
Kleene iteration only needs to compute O(|W|) of these, for a total arithmetic complexity of
O(n%3|W|) per iteration. As a consequence, when the automaton used in the computation of
the map T° has many states, the “big-LMI” approach becomes intractable, contrary to the
“small-LMI” method.

The “big-LMI” method may be thought of as dual of a Lyapunov-type approach, also
detailed in [AJPR14]: the latter is equivalent to representing the unit ball of the Barabanov
norm by an intersection of ellipsoid. Instead, the “big-LMI” method computes an invariant set
given by a union of ellipsoids. Both methods lead to semi-definite programs of a comparable
nature and size.

In the case of a single centered ellipsoid, it is still possible to use LMIs if we assume that
By or By is non-zero (but not both). We can use a method akin to the one used in [RJGF12],
where bisection is used in order to successively compute a value for A in Equation (5.7).



6.3. NON-MONOTONE KLEENE ALGORITHM FOR SWITCHED AFFINE SYSTEMS105

However, the more general case of affine assignments under non-deterministic switching
cannot be dealt with LMIs, since the stability problem then involves several bilinear inequali-
ties in terms of the design variables. This can dealt with by solving a bilinear matrixz inequality
(BMI for short), which has the form

d d d
=1

i=1 j=1

For instance, when By = Bs = 0 and the switching is non-deterministic, the post-fixed point
problem can be rewritten as a BMI in the variables (L )wew, (Aw)wew and (fu,o ) w,o)ew xx:

Lng q0 — qw LO
Vw, Iy €R: [ (g0 —quw)? 1-Ay O1p | =0,

L On1  Awly
Vv, 0, e € R:
Lr w0 L%,a) Aoy + €0~ Grwo) Lo
(Ao'qv + ¢ — QT(U,U))T 1—tye 01,n =0,
quj On,l M'U,UIn

where & = E(LoLE, qo). Any solution of this BMI yields as invariant the union of the ellip-
soids (L LY, qy). Unlike LMI, BMI have generally non-convex feasible sets, and therefore
numerical solvers may return only locally optimal solutions. Despite the computational draw-
backs of the “big-BMI” method, it is to our knowledge the only state of the art method that
can deal with affine assignments with different equilibria.

6.3.5 Benchmarks

We present in this section numerical benchmarks of our method. The experiments are im-
plemented in Matlab, running on one core of an 2.2GHz Intel Core i7 with 8Gb RAM. We
use the SDPT-3 solver [TTT03], in conjunction with YALMIP [L6f04] to solve LMIs, and the
PENLAB solver [JF13] to solve BMIs. In all subsequent pictures, the initial state is shown
in magenta and the disjunctive invariant Z := Uyew&y is shown in red. We show in blue
(resp. green) the image of the invariant Z by the abstract operators of the branch 1 (resp.
2), i.e., Uyewl - &y (resp. Uyew?2 - Ey), which prove an over-approximation of the reachable
set in branch 1 (resp. 2). In all examples, it was sufficient to compute 30 iterations to obtain
a post-fixed point, and thus an invariant.

Switched linear system with guards We next show that automata that “keep in memory”
the m last switches that happened produce better invariants than other types of automata.
Moreover, we demonstrate that the invariants that are produced are more accurate the more
switches are “remembered”. We instantiate the elements from Program 9 as follows: & =
£(0.0417, (), U = £(0.115,0), Ay = 0.5({ 1), Bi = Iz, e1 =0, Ay = 0.5(17), By = Iy,
c2 =0, f=(}), g =1. Note that it involves an affine guard, so the analysis of this example
is out of reach of a “big-LMI”, or “big-BMI” -type method.

We recall that the De Bruijn automaton on the set ™ is an automaton whose alphabet
is ¥ and whose states are precisely X". Its transition map 7 deletes a word’s first letter
and appends the transition letter to its end. In other words, we have 7(v,0) = w if and
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Program 9: A simple switched affine program

X < g[;
while true do
U < EM;
if fT2 < g then

| 2= A+ Biu+ ci;
else

‘ x = Asx + Bou + c9;
end

end

only if v = 0109...0,, and w = 09...0,,0, with o; € X. By construction, this automaton
“remembers” the last m transitions. For this reason, we expect invariants computed using
larger De Bruijn automata to be more precise. This has been verified experimentally and
is shown in Figures 6.2a-6.2c. We have also experimented with non-De Bruijn automata,
as shown in Figure 6.2d. Notice that as the more switches are “remembered”, the more
concise the invariant becomes throughout Figure 6.2. We also point out that the transition
function for the automaton used in Figure 6.2d does not reflect a memory process. Although
it performs slightly better that the De Bruijn automaton on XY, using only one ellipsoid,
the invariant computed with this automaton remains convex and thus less accurate than the
previous ones.

Defocused switched affine systems We demonstrate again the fact that the “small-LMI”
method provides better invariants the more states the underlying automaton has. We consider
a discretized version of Example 6.3 in [NBSN13], to which we have added a guard condition.
Using a discretization step 6t = 0.5, we instantiate Program 9 with & = £(0.0413, (%)),
Eu = £(0,0), A1 — (35 0). Br = 0. c1 — ( i), A2 — (3 ), Bo =0, 2 — ().
f=1(9), g =0. This system has two distinct fixed points. Since it involves an affine guard,
the analysis of this example is out of reach of a “big-LMI”, or “big-BMI” -type method. We
show in Figure 6.3 two invariants computed by using the De Bruijn automata on X2 (4 states)
and ¥4 (16 states). The invariant computed with the latter automaton is strictly better than
the one computed with the former.

Observer based controller for a coupled mass system [RG13] We show that our method
can also be used to analyze systems with saturations. The addition of saturation simulates
sensors that measure a physical quantity precisely within some range, but cannot measure
values outside this range. We study the stability of an affine dynamical system subject to
saturation conditions on the first coordinate of the state vector:

6] if T2k >3 (6.92)
V2= g i fTek < - (6.9b)
b otherwise (6.9¢)

zFtl = AimkH/Q + BiuFt1? ¢ , 1€,
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i -1 -0.5 0 0.5 1 1.5 2 25 -1 -0.5 0 0.5 1 1.5 2 25

(a) De Bruijn automaton (b) De Bruijn automaton
on X0 (1 ellipsoid) on ! (2 ellipsoids)

L ' L L L L ),
-1 -0.5 0 0.5 1 1.5 2 2.5

(c¢) De Bruijn automaton (d) Non-De Bruijn automaton with 3 states (3
on %2 (4 ellipsoids) ellipsoids)

Figure 6.2: Invariants (red) computed for a switched linear system w.r.t. the automaton,
their image by the abstract operators (blue and green) and the initial state (magenta)

with a bounded control v € &, first in a case without switching, and then in a case where
switching occurs.

The semantics of a program implementing this system are the same of the program which
resets the state vector to an initial value in the branches (6.9a) (also denoted by a) and (6.9b)
(also denoted by b). In other words, we may choose a - € := &; for all ellipsoid £ (the same
equation holds for b). Thus, the map 7T takes the usual form as in Equation (6.4) when the
word w ends with ¢, and is written 7,,(£) = £ when w ends with 1 or 2.

First, we demonstrate our method with Z = {1}, ¢; =0, f = (100 O)T, 8 =0.5,

0.6227 0.3871 —0.113 0.0102 0.3064 0.1826

Ay = —0.3407 0.9103 —0.3388 0.0649 and B: = —0.0054 0.6731
1= 0.0918 —0.0265 —0.7319 0.2669 1= 0.0494 1.6138 | -

0.2643 —0.1298 —0.9903 0.3331 0.0531 0.4012

We use the De Bruijn graph on %2 (4 ellipsoids). Our algorithm converges towards some
collection of matrices £, and the resulting ellipsoids satisfy £ C &,, for all £ € £, meaning
that the invariant is a single ellipsoid. Sections of this ellipsoid, as well as sections of the
ellipsoid obtained in [RG13] are depicted in Figure 6.4.
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-1 0 1 2

(b) De Bruijn automaton on %*
(16 ellipsoids) — invariant with 4 ellipsoids in
dashed

(a) De Bruijn automaton on X2
(4 ellipsoids)

Figure 6.3: Invariants (red) computed for a defocused switched system w.r.t. the automaton,
their image by the abstract operators (blue and green) and the initial state (magenta)

1 1

2 2

3 3
5 = 1 o T 2 3 5 2 a1 o 1 3
(a) Section in the (x1, z3) plane (b) Section in the (z3,x4) plane

Figure 6.4: Sections of the invariant ellipsoid (red) for the coupled mass system and the
reference in [RG13] (black)

We also demonstrate our algorithm on a variant of the system in [RG13], that combines
a switching mechanism with a saturation constraint. More precisely, we shall use Z = {1, 2},
Ay = Ag, By = By, c1 = (-1/2 OOO)T and co = (1/20 OO)T. The mode 1 is active if z1 > 0
and the mode 2 is active otherwise. By design, this system has two fixed points (when u = 0).
In this example, our method yields a non-convex invariant, whose section in the (x1, xz2) plane
is shown in Figure 6.5.

Comparison in the centered case: big-LMI versus no-LMI We compare the “big-LMI”
and “no-LMI” methods numerically on systems switching between implementations of two
damped harmonic oscillators M;% + C;x + K;x = 0, with a discretization time 6t = 0.1. The
matrices M;, C;, K; are randomly generated positive definite matrices, for dimensions ranging
from 2 to 30. In these examples, we have B = By = 0, ¢; = ¢co = 0 and the guard condition
fTx < g has been replaced by a non-deterministic switching process. We use the De Bruijn
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(a) The 4 ellipsoids representing the invariant (b) Invariant (red) and its image by the ab-
stract operators (green and blue)

Figure 6.5: Section in the (z1, z2) plane of the invariant for a switching variant of the coupled
mass system (4 ellipsoids)

Dimension n | “big-LMI” | “no-LMI” | relative volume
) 0.4s 0.2s 1.24
10 0.8s 0.3s 1.12
15 o8 0.4s 1.15
20 22s 0.7s -
25 2min 1.0s -
30 6min 1.4s -

Table 6.1: Invariant computation time of each method w.r.t. the dimension n of the matrices
(8 ellipsoids)

automaton on Y2 in all computations, so the invariants that are computed are given as unions
of 8 ellipsoids. The execution times for the “big-LMI” and “no-LMI” methods are shown in
Table 6.1. We point out that the “no-LMI” method outperforms the “big-LMI” method by
several orders of magnitude. The fact that the time-complexity relative to the dimension of
the matrices is much smaller for the “no-LMI” method is also apparent.

Finally, we compare the relative accuracy of the “no-LMI” method with respect to the
“big-LMI” approach by the relative volume of the computed invariants, defined by the n-th
root of the ratio between the volume of the “no-LMI” invariant by the volume of the “big-
LMI” invariant. We report a difference in relative volume no larger than 25% in Table 6.1,
where the volumes have been estimated by a Monte-Carlo approximation, up to dimension
15 (no results for higher dimensions, due to lack of precision of the Monte-Carlo approach).

Comparison in the uncentered case: big-BMI versus small-LMI We compare the “big-
BMI” and “small-LMI” methods numerically on systems switching between implementations
of two damped harmonic oscillators with a non-deterministic control M;z + C;z + K;x = u,
with a discretization time 6t = 0.1 and the control u is bounded in a non-centered ellipsoid.
The matrices M;, C;, K; are randomly generated positive definite matrices, for dimensions
ranging from 2 to 14. The switching process is non-deterministic. We have used the De
Bruijn automaton on X2 in all computations, so the invariants that are computed are given
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Dimension n | “big-BMI” | “small-LMI” | relative volume
2 3.5s 24s 1.08
4 9.2s 26s 1.04
6 34s 36.3s 1.03
8 2.8min 42.5s 1.03
10 9.5min 1.2min 1.03
12 20.5min 1.5min 1.02
14 2.1h 2.1min 1.05
16 > 3h 3.8min 1.04

Table 6.2: Invariant computation time of each method w.r.t. the dimension n of the matrices
(4 ellipsoids)

as unions of 4 ellipsoids. The execution times for the “big-BMI” and “small-LMI” methods are
shown in Table 6.2. Although the “big-BMI” is more efficient on lower dimensional examples,
one can see that it is very time-costly for 14 x 14 matrices, as solving the BMI takes 2000 times
longer than for 2 x 2 matrices. In contrast, the “small-LMI” method has a base time cost per
iteration that only grows from 1s in dimension 2 to 4s in dimension 14. Finally, we compare
the relative accuracy of the “small-LMI” method with respect to the “big-BMI” approach by
the relative volume of the computed invariants. We report an difference in relative volume no
larger than 8% in Table 6.2, where the volumes have again been estimated by a Monte-Carlo
approximation.

6.4 A nonlinear power algorithm for linear systems

It is possible to split the computation of an invariant set into two parts in the linear case,
i.e., when the operator s# is written

stQe || A,QuAT (6.10)
oceXveEW

7(v,0)=w

We first look for a vector of matrices @ in the interior of (S;)"V (we say by extension that
Q is positive definite) satisfying s7(Q) C @ (i.e., a post-fixed point of the abstract operator
s7) using the power-like algorithm described in Section 6.4. The abstract element () is then
scaled in order to “contain” the abstract element QI corresponding to the initial set Z, i.e., we
return the abstract element pu@, where ppr = inf{p € Ry | p@ 3 Qr}. This approach yields
a sound invariant, because every abstract operator is positively homogeneous when dealing
with the linear case.

As a consequence, the vector of matrices () somehow serves as a template which is here
computed in an automatic way. A similar scaling technique appeared in [Roul3], in which
the template is computed using semidefinite programming.

6.4.1 Additive and multiplicative power iterations

In this section, we present two scalable algorithms which will allow us to find an ellipsoid
invariant. We shall consider an auxiliary nonlinear spectral problem, which consists in finding
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a positive definite @ € (S;F*)"V and a scalar A > 0 such that

Q) =XQ . (6.11)

If we find an element @ for which A < 1, then the original problem s#(Q) C Q is solved. An
interest of introducing the extra degree of freedom A is to allow for finite precision computa-
tions. If s7(Q) = AQ holds for A < 1 and Q positive definite, then, the relation s (Q) C Q
remains valid under a small perturbation ofig. -

A simple idea to solve (6.11) is to choose an order preserving linear form v : (S)"Y — R,
and to define the following fixed point scheme

1
Q- = H(QY (6.12)
- Yost(QF)
initialized with a positive definite QO. A convenient choice of 9 is the trace functional:
Y(Q) = >, trace(Q ). The latter has the property that it does not vanish on (S except
at the zero vector. So, a division by zero will not occur in (6.12), unless s(Q") vanishes
at some iteration, which will not be the case for the abstract operators considered here. By

#
construction, ¢(Qk+1) = 1 holds for all k. If Qk converges to a matrix @, we get ) = 7 (Q)

P(s#(Q))
and so, s%(Q) = AQ with A = ¢(s%(Q)), which solves problem (6.11).
The algorithm (6 12) is a non-linear analogue of the power algorithm which is familiar
in matrix theory [GVL13]. The latter allows one to compute an eigenvector associated to a
dominant eigenvalue (eigenvalue of maximal modulus) of a real matrix M by computing the
sequence

Mx k
Tl = 7 — 6.13
= Ml (0:49)
where ¢ is a non-zero vector. This is similar to (6.12), except that we replaced the Euclidean
norm || - ||2 by the linear functional ¢. The well known advantage of the power algorithm is

its scalability. To implement it, the matrix M need not be explicitly stored, it suffices to have
an oracle which takes x as input and return Mx, hence, it is adapted to instances of large
dimension (e.g., the “pagerank” algorithm is a variant of the power iteration). The classical
power iteration is known to converge for generic values of the initial vector zq, provided that
the matrix M has a unique eigenvalue of maximal modulus. This is the case in particular
when the matrix M has positive entries. It is straightforward to find examples in which the
power iteration (6.13) does not converge if the latter positivity condition is relaxed.

Therefore, in order to guarantee that the non-linear iteration (6.12) converges, we need
to find an analogue of the classical positivity condition. Geometrically speaking, the latter
means that the map = — Mz sends the cone R} to its interior. By analogy, it is natural to
require that the abstract operator s# sends the cone (S;])" to its interior, i.e., to require
that s7(Q) is positive definite as soon as @ is non-zero. We can always make sure that this
assumption is satisfied by introducing a damping parameter £ > 0 and replacing the operator
s# coordinate-wise by

qv s ()—1—5@0[ ()]I

This leads to the damped non-linear power iteration
b1 sw(@) +ep[sH(@Y]T

(Q°
T w [ty + el @]

(6.14)
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We shall refer to (6.14) as the non-linear additive power iteration in the sequel, for the e-
perturbation acts in an additive way on s.

The choice of € will be a trade off between making the perturbation small, which requires
to choose a small ¢, and ensuring a fast convergence, which is the case when ¢ is large.
For the present experimental purposes, we will see that taking ¢ € [1072,107!] leads to
satisfactory results. The interest of the non-linear additive power iteration is its simplicity of
implementation.

We also use a variant that uses a multiplicative perturbation instead of an additive one,
which experimentally gives comparable results, with 0 < e < 1:

#(kyl—e
e _S0@) F (6.15)

X " [sﬁ(gk)l—a}
Recall that for all positive semidefinite matrices Y and for all s > 0, Y* denotes the s-th
power of Y defined to be the matrix UL DU, where Y = UTDU and D?® is the diagonal
matrix obtained by raising to the power s every diagonal entry of D. We say that A® is the
s-th power of A, as it coincides with the usual s-th power for integer values of s. For brevity,
we write s7 (¢)' ¢ for (5#(q))1_6. We refer to (6.15) as the non-linear multiplicative power
iteration.

We show in Section 7.3 that these iterations converge independently of their starting point
provided ¢ is large enough.

6.4.2 Benchmarks

We now experiment the methods that we have introduced, and we compare them with alter-
native techniques based on LMI. The experiments are implemented in MATLAB, running on
one core of an 2.2GHz Intel Core i7 with 8Gb RAM.

We show in Figure 6.6a the average time to find an invariant using LMIs (in red), the ad-
ditive nonlinear power algorithm (in blue) and the multiplicative power algorithm (in green).
These results were obtained on randomly generated programs of the form depicted in Fig-
ure 10, where A; and As are invertible matrices. For the benchmarks, the power algorithms
are always initialized at I,, and the LMI approach for finding an invariant is done by testing
the feasibility of the following LMI:

X = A xAT
X = AxATl . (6.16)
X =0

Such a feasible element X is an invariant for the programs described above. We observe that

the power type algorithms bring a significant speed-up over the LMI technique.
Furthermore, we compare in Figure 6.6b the execution time of the power algorithms with

the resolution of an LMI on a set of high-dimensional linear systems without any switch. The

linear systems correspond to parallel simulations of damped oscillators #; + ¢;2; + k;xz; = 0,

i.e., given by Ag = (f,fK Inhf’,;c), where h = 0.05, and C, K € R™*"™ are diagonal matrices,

respectively with positive diagonal elements ¢; and k;. Unlike Figure 6.6a, the additive power
algorithm seems to be faster: here, there is no invariant join computation, hence the cost of
the matrix power in the multiplicative algorithm becomes visible. This example highlights
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Figure 6.6: Computation times (in s) w.r.t. the dimension of the problem.

Program 10: Structure of programs used in the bench-
marks

while rand_bool do
if rand_bool then

| z:=Ax
else

| o= Asx
end

end

another scalability aspect of the power algorithms: while the semidefinite program approach
runs out of memory for systems of dimension 140 and beyond, the computation of an invariant
through the power-methods is successful and still runs in less than 2s even when there are 200
variables. Note that when there is no switch, the present power algorithm essentially reduces
to the classical power algorithm applied to the linear operator X +— AX AT

In Table 6.3, we compare our method with an LMI-based approach on a specific set of
instances. On top of providing the execution time of the analyses, we also provide the relative
stability margin of the invariants that we obtain. Given an invariant X, the latter quantity is
defined as Ayin (X —s(X )) /Amax(X), where Apin(M) and Apax(M) respectively denote the
smallest and largest eigenvalues of the matrix M. This quantity is non-negative and well
defined as an invariant X satisfies X > 0 and X = s(X). A large relative margin ensures
that the invariant is stable with respect to rounding errors. Except in the last example, the
invariants that we obtain using the two approaches are not comparable. However, we give
an estimate of the precision of each invariant by using its largest eigenvalue once it has been
rescaled to contain the identity matrix, or, in terms of ellipsoids, the unit ball: a size of 1
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Example Switched oscillator | Switched system | Symplectic operator
€ 0.05 0.1 0.8 0.1
. LMI 160 190 190 100
Time
add 5 6 3 1
(ms)
mult 80 15 14 3
Stabil LMI 4.1073 0.36 | 0.36 <5.1073
bablIty 4d 41072 007 | 0.36 < 51073
margin
mult 9.1073 0.02 0.36 <5.1073
- LMI 1.52 1.56 1.56 1
Tovariant 44 1.91 2337 | 2.19 1
S1ze
mult 2.48 9.78 1.50 1

Table 6.3: Benchmarks on specific examples

Program 11: Implementation of the switched oscillator
using an explicit Euler integration scheme

h =0.01, wg =1, w; = 0.8 are constants
x <+ [—1,1]

v+ [—1,1]

while rand_bool do

if rand_bool then

@ - (—(hw&)f : <hlv— hwo)”)

else
(:U) - ( x + hv )
v —(hw})x + (1 — hwr)v
end
end

means that the invariant is very close to the unit ball, while greater sizes mean that the
ellipsoid spans far from the unit ball in some directions.

The switched oscillator refers to the example of Figure 11. We also consider another
switched linear system, already studied in [SH10], characterized by the matrices

—0.4744 0.4872 0.3732

—0.06515 —0.4744 0.3041
A= )
0.3041

0.04419 0.3155 —0.04247
A2 = ( 0.1451 —0.04931 —0.2805 )

0.3732 —-0.1271 0.2833 —0.01418 0.1554

This system allows us to show the importance of the parameter € by its action on the
final quality of the invariant. Indeed, if the power algorithms use € = 0.1, then the quality of
the invariants is quite bad relative to the one computed by the LMI. In contrast, if they use
e = 0.8, then, with even less computation time, the quality of the new invariants similar to
the one computed by the LMI.

Finally, we apply the power algorithms to the simulation of the non-damped oscillator
&4 ct +x = 0 with ¢ = 0. In this case, the energy of the oscillator is preserved. However,
the Euler scheme used in the example in Figure 11 is not energy-preserving and even diverges
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when applied to this system. This is why we use a variant of a symplectic integration scheme

1_:2/2 Ii/f;/;> and 7 = 0.001. This integration

method preserves a quadratic energy function represented by a positive definite matrix @,
ie., (z,0)ATQA(z,v)T = (z,v)Q(x,v)T. This means that there is no stability margin. In
spite of that, all three methods return an invariant, scalar multiples of the same matrix

(.%'n+1,’l)n+1)T = S(xmvn)Ta where A = (

((1) 1_22 /4> which is very close to the identity matrix. It is remarkable that both power

algorithms successfully compute that invariant, as other algorithms may not even find a
bounded invariant [AGG12].
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CHAPTER 7

Tropical Kraus maps for optimal
control of switched systems

In quantum information theory [KBDW83], Kraus maps refer to trace-preserving completely
positive linear maps on the cone S, that take the form

XY AXA; with > AfA; =1,.

Here positive semidefinite matrices of trace 1 are called density matrices and represent quan-
tum probability measures. Kraus maps correspond to the transformations of these measures
by quantum channels. A fixed point of a Kraus map (or, equivalently, an eigenvector as-
sociated with the eigenvalue 1) represents a quantum measure that is left invariant by the
channel.

In program verification and control, a positive semidefinite matrix is used to represent a
quadratic Lyapunov functions certifying the stability of a linear transformation if ATQA < Q.
Such matrices also give sufficient conditions for the stability of a switched linear system, acting
as a common quadratic Lyapunov function by A7QA; < Q for all mode i.

We introduce in the chapter the notion of “tropical Kraus maps” which is the analogue
to classical Kraus in a control setting. They are multivalued transformations induced by a
switched linear system on the space of positive semidefinite matrices.

We show that non-linear eigenvectors of these maps produce Lyapunov-type certificates
and that their associated eigenvalue gives an upper bound on the joint spectral radius. We
present a Krasnoselskii-Mann-type iteration to compute these eigenvectors and discuss the
convergence of our method. Our method is related to the one in [AJPR14] except it completely
avoids the recourse to semidefinite programming. This entails a large gain in scalability that
is demonstrated in Section 7.4.
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We also explore a variant of our approach that enables us to deal with the hybrid optimal
control problem defined in Section 5.1.3.

This chapter is based on the articles “Tropical Kraus maps for optimal control of switched
systems” [GS17] and “A Scalable Algebraic Method to Infer Quadratic Invariants of Switched
Systems” [AGST16].

7.1 Tropical Kraus maps

7.1.1 Notation and definitions

We define a tropical Kraus map as a multivalued map from S; to p(S;F) by

X\ AXAT. (7.1)

]

It has a similar structure to the classical Kraus map K, except the sum has been replaced with
the “supremum” operation \/ (the set of minimal upper bounds). Moreover, it is convenient
to omit the normalization requirement. This is why, in light of tropical algebra where the
usual sum is replaced by the maximum, this map is christened a tropical Kraus map. As
we work with real quadratic forms, instead of hermitian forms, the hermitian conjugate * is
replaced by transposition 7.

It will be useful to consider vector versions of tropical Kraus maps T on (S;5)", whose

i-th coordinate for ¢ € W is the tropical Kraus map:

J

The latter map can be written as a standard tropical Kraus map by identifying the cone
(S;F)"Y to the sub-cone of n x n block-diagonal matrices in S:LWW| via the map:

(Xw)wew +— diag (X’“’)wew .

So the coordinate ¢ is obtained as the i-th diagonal block of the map

)

X =diag (X
X — \/ BinBg;» with fag ( ’“’)wew
i Bij =E; ®A;j

where ® is the Kronecker product. Indeed, the matrices B;; preserve the block-diagonal
structure of the matrices:

Bi;XB}; = (Ei; ® Aij)(Ewr © > Xi)(Eij ® Aij)"
%
= Z(E” ® Aij)<Ekk ® X]J(EZJ ® A;Z;)
2
= Z(EijEkkEji) ® (AinkAg;)
%
=E;® (AinjAz;') ;

because EyyE.,, = Ey,, if y = z and 0 otherwise.
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Moreover, since the cone S;F is self-dual, the cone (S;F)" is also self-dual. Thus, by The-
orem 1.15, a minimal upper bound Y; of {AinjAg;: 1 <i,j < N} is selected by a positive
definite matrices C; for all j if and only if the matrix ¥ = diag(Y3,...,Yn) is a minimal
upper bound of {BinBg;-: 1<i,7 < N} selected by C == (C4,...,Cy). For this reason, we
shall also refer to maps of the form in Equation (7.2) as tropical Kraus maps. An element X
of the cone (S;7)" satisfies X; = 0 for all 4, and we abbreviate this notation to simply write
X =0.

Given a minimal upper bound selection, a tropical Kraus map specializes into a map from
(S to (S;)"Y by choosing for each X the minimal upper bound of {A4;XAT:i € W}
selected by the selection process. We shall in particular deal with the invariant selection
defined in Chapter 3, yielding the map from S;" to S;" by

X | |AixAT.

7.1.2 Tropical Kraus map associated with a switched linear system

The latter map is identical to the coordinates of the operator s defined in Equation (6.10) to
compute a disjunctive invariant of a linear switched system like Program 5 of the form U,,&,
where &, are ellipsoids. In particular, the convex hull of the latter set M = conv(U,Ey) is
an invariant symmetric convex body, and by convexity we have

conv {UAU-M} CA\M .

The analysis in Chapter 6 thus falls in the case of the computation of a Protasov ball. We
recall that A provides an upper bound on the join spectral radius p(A) defined by

p(A) = lim  max |4, ... Ay |IV* |

k—+o00 1<01,...,0,<p

and that this definition is independent of the choice of the norm.

We develop in this chapter a method to compute approximate Barabanov norms, so we
work with the collection of adjoint matrices A”. The transposition is not surprising: in addi-
tion to the remark made in Section 5.1.2, classical Kraus maps provide a forward propagation
of density matrices, whereas we are interested in Lyapunov functions, whose propagation fol-
lows a backward scheme. I.e., the present tropical Kraus maps are analogues to the adjoints
of classical Kraus maps.

We consider a switched linear program that switches between p modes, indexed by ¥ =
{1,...,p}, whose o-th mode is given by the matrix A,. We say that (i,0,7) € W x 3 x W
is an admissible transition when 7(i,0) = j. Our analysis deals with the tropical Kraus map
associated with this switched linear program. Let W denote a subset of ¥* and 7 denote
a map from W x ¥ to W. The triple (X, W, 7) defines a deterministic finite automaton,
whose alphabet is X, whose states are elements of ¥V and whose transition function is .
The tropical Kraus map is defined from (S;7)"V to (p(S;))"V, and its j-th coordinate maps
X = (Xuw)wew € (S;)V to the subset of S,

1" X = \/{ATXiAs: (i,0) e W x S iv0 =
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We also consider a variant of the tropical Kraus map, adapted to the optimal control
problem in Section 5.1.3 and Program 6, defining the map M, from (S;/)"V to (p(S;}H))" by:

(M");(X) ::\/{ricct,UX,-: (i,0) € W x E,i~0:j}.

We recall that ricc;, denotes the Riccati flow in time ¢ of the mode o, which maps a posi-
tive semidefinite matrix P to the positive semidefinite matrix () = ricc;, P obtained as the
solution of the optimal control problem

STV —sup/ —£(s)TDo¢(s) — | (s )]2ds+V(£( ), (5.1-recalled)

uel
V(z) = 2" Pz, SY[V](z) = xTQx.

Remark 7.1. The operator ricc; , maps the cone of positive semidefinite matrices into itself.
This key property is not valid for the operator considered in Equation (6.1) for affine systems.
This is why we do not extend the definition of tropical Kraus maps to affine systems but allow
the former case.

7.1.3 Non linear eigenvalue and fixed point problems associated to Tropical
Kraus Maps

The tropical Kraus map T"" is positively homogeneous, meaning that 71" (aX) = oT""(X)
for all X € §; and o > 0. This suggests to consider a multivalued eigenproblem.

Definition 7.1. A (non-linear) eigenvector of T', associated to the eigenvalue X is an element
X € (55)" such that A\X; € le-i“(X) holds for all j € W. We write AX € T""(X) for brevity.

This notation is licit since we can identify 7% (X) which is an element of (p(S,,))"” to an
element of p((Sy)").

The following result shows that a non-linear eigenvalue of the tropical Kraus map provides
an upper bound for the joint spectral radius.

Theorem 7.1. If the multivalued eigenvector problem \X € T'"(X) has a positive semidef-
inite solution such that the matriz Y, o\, X is positive definite, then, the map

v(z) = sup (27 Xyp2)'/?
wew

is a norm, and v(Ayz) < VAv(2) holds for all z € R™ and o € %. In particular, the joint
spectral radius of A does not exceed v/\.

Proof. Let (X, )\) denote such an eigenvector-eigenvalue pair and v the map defined above.
The map v is clearly non-negative, positively homogeneous and satisfies the triangular in-
equality. We only show that it is positive definite: let z € R™ such that v(z) = 0, i.e.,
2T X2z = 0 for all w. The matrices X,, are positive semidefinite, hence z belongs to the
kernel of all the matrices X,,. In particular, z belongs to the kernel of their sum, which is
positive definite, hence z = 0. Thus v defines a norm on R™.

The pair (X, ) satisfies AZX;A; < AX(; ) for all (i,0) € W x ¥. Hence

v(Ay2) = sup [zTAoTXwAGz]l/ < sup )\1/2[ TXT(w 7] 12 < Vau(z). (7.3)
wew wew
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The norm v on R™ induces a subordinate norm || - ||, on S,, by

M
|M||, == max v(Mz) .
240 v(2)

We can bound the product A,, ...As, in this norm by successive applications of Equa-
tion (7.3) as follows:

A, ... A
|As, ... Ag,llo < sup V(Ao o:%)

< )\k‘/Q .
z#0 ’U(Z)

Taking the k-root and the supremum over all products of length k as k tends to +oo, we

deduce that p(A) < V. O

We have the an analogous result for the switched linear quadratic control problem.

Theorem 7.2. If the multivalued fized point problem X € M'(X) has a solution, then the
map V = z = Sup,ecw 2T Xz determines a sub-invariant function of all the Lax-Oleinik
semi-groups Sy, meaning that:

max STIVI(z) < V(z) for all z.
(S

Proof. A solution X satisfies ricc; , X; < X7 (0 for all (7,0) € W x 3. By max-plus linearity
of the semi-group S;, we have

o o T X

= max max z:T(riC(:t’(7 Xi)z
gEY iEW

T
<maxmaxz X )2
= oex iew 7(i,0)

<V(z). ]

7.1.4 Non-linear eigenvectors of tropical Kraus maps and computation by a
Krasnoselskii-Mann iteration

For a completely positive map, X — > . A; X AiT, the existence of a positive semidefinite
eigenvector follows from the Perron-Frobenius theorem [LN12b]. Moreover, such an eigenvec-
tor is necessarily positive definite as soon as the map is irreducible in the Perron-Frobenius
sense, meaning that the map does not leave invariant a non-trivial face of the closed cone
S;F. As shown in [Far96], the latter condition holds if and only if the set of matrices {A;} is
irreducible in the algebraic sense, meaning that there is no non-trivial subspace invariant by
each matrix in this set.

In order to show that tropical Kraus maps have eigenvectors, we specialize the multivalued
map 1" defined in Section 7.1.1 by fixing a selection of minimal upper bound U. We obtain
the map T defined on (S;7)"V by

Tj(X) = U{AZXZ»AU: i :j}.



122 CHAPTER 7. TROPICAL KRAUS MAPS FOR SWITCHED SYSTEMS

We will prove that the map 7T has a non-linear eigenvector if the selection U is the invariant
join U. We introduce the “non-commutative simplex”

Ay ={X € (§): > (In, Xu) =1}

w

and the map T sending Ay to itself:

~ 1 1
) = 3|57 7y

ﬂm+Xy (7.4)

Observe that, independently of the selection U, a fixed point X € Ay of the map T yields an
eigenvector for the map 7' associated with the eigenvalue ) (I, Ti(X)). We can now state
the theorem.

Theorem 7.3. If the set of matrices {E;; ® Ay: 7(i,0) = j} is irreducible, then the map T
has a positive definite fized point.

This is proved in Section 7.2. We point out that assuming the irreducibility of the set of
matrices {E;; ® Ay: 7(i,0) = j} is a stronger statement than assuming the irreducibility of
A.

We obtain as an immediate corollary:

Corollary 7.4. If the set of matrices {E;; ® Ay: 7(i,0) = j} is irreducible, then, the tropical
Kraus map T has a positive definite eigenvector.

In order to compute a fixed point of the map f, we compute successive iterates starting
from a positive definite matrix X(©). We shall consider the following scheme

1 1
2132, (In, Tu(XF))

Xkt = T(X*) + X*| .

This is a power-type iteration, involving a renormalization and a “damping term” (addition
of X (k)) to avoid oscillations. This is inspired by the classical Krasnoselskii-Mann iteration,
which applies to non-expansive mappings T, and takes the form X *+1) = (T(X®)) x (%)) /2,
see [RZ00]. We discuss the convergence of this scheme in Section 7.2.5.

Remark 7.2. There is a multiplicative variant of the iteration, defined by

T(X")
> Ins T (XF))

Xk-‘rl: |: #Xk7

where P#Q = P/? (P‘UQQP_UQ)I/QPV2 denotes the Riemannian barycenter of the pos-
itive definite matrices P, Q, see [Bha07, Chapter 2| for more information. This multiplica-
tive version does converge in the “commutative case”, i.e., when n = 1. Indeed, the map
X =, Uy, Tp(X)) 1T (X) is then nonexpansive in the Hilbert metric [LN12b], and then,
the general result of [RZ00] can be applied. The additive version can also be shown to be
converging when n = 1, by a reduction to the same result, but the proof is more involved.
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We use a different iteration scheme to compute fixed points of the variant M? defined in
terms of Riccati flows. First, we specialize again the multivalued map M! with a minimal
upper bound selection O

Xk-i—l _ (Mt)sel(Xk) ] (7'5)

Contrary to the map T, the operator M? is not positively homogeneous, hence there is no
need to renormalize as in Equation (7.4).

Although this iteration converge quite well for a variety of selection such as the invariant
join or the minimum trace selection, see Section 7.4.3, proving the convergence remains an
open problem. It is known that the (indefinite) Riccati flow is a contraction in the Thompson
metric, with contraction rate o > 0 determined by the parameters of the flow [GQ14b,
Corollary 4.7], but this constant « depends on a compact invariant interval of the form
{X eS8 M, < X < X}

Unfortunately, the selections mentioned earlier do not preserve this interval, i.e., it is
possible to find two positive semidefinite matrices whose eigenvalues are smaller than Ao,
but the spectrum of their associated minimal upper bound crosses this threshold. It is not
hopeless, since there are selections that preserve this interval:

Given a collection of matrices {Q; }1<i<p C S, let A := max; Amax(Q;) denote the largest
eigenvalue of among the matrices Q;. A selection that preserves such intervals is then given
by the unique optimal solution of the following semidefinite program, for a positive definite
matrix C"

minimize (C, X)
X <A,
If such a selection process is shown to be Lipschitz in the Thompson metric with constant

Ly, we can combine these results to show that the iteration is guaranteed to converge when
exp(at) > L,. This remains an open problem:

Open problem 7.5. Is there a minimal upper bound selection in S+ x S+ that preserves
intervals of the form {X € S} : M1, < X < Mol } and has a finite Lipschitz constant in
Thompson’s metric ¢

7.1.5 7 Relaxation” of the graph-Lyapunov-function approach

The iterative algorithm presented in Section 7.1.4 is a relaxation of a variant of the LMI (P,),
that has been considered by Ahmadi et al. that is recalled here:
P’Xj 7 AgXiAg , W(i,0,5): 7(i,0) =3,

P
X;i=0, Vi. (P)

Indeed, if we pad the right-hand side of each inequality and minimize the trace of the matrices
X; satisfying these new inequalities, we obtain the semidefinite program

minimize Ztrace X;
%
p2Xj = AZ;XZ'AU + 5In ) V(Z, O',j)i T(ia U) = ] 3
X; =0, Vi .
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Then optimal solutions of Equation (7.6) are nonlinear eigenvectors of a perturbed tropical
Kraus map:

Proposition 7.6. Let p > 0 such that Equation (P,) has a strict solution and ¢ > 0.
Problem (7.6) admits an optimal solution. Any optimal solution X satisfies
pPX;e \| ALXiA; +eI,.
T(i70):j
Proof. Introducing dual variables A; » = 0 and p; = 0, the Lagrangian of this LMI is written
LX, A p) =) trace X; — > (Nig, p°Xr(i0) — AL XiAg —I) — (i, Xi) .
7 1,0
The dual problem is then written

maximize 55 trace A; »

1,0

Ai,a =0
Hi =
Lo+ AN Al =pi+ > Aig V)
o 7(i,0)=j

The dual problem is strictly feasible, since for n > 0 small enough, choosing A; , = nl,, yields
pj = In — O(n) > 0. Hence strong duality holds and there is a primal-dual optimal solution
to the pair of primal-dual problems, see [Bar]. Given such an optimal solution (X, A, p),
complementary slackness implies that (u;, X;) = 0 holds for all i . However, we must have
p*X; = el, = 0. Hence pj = 0 and ET(W):J. Nig = 1Ip = 0, ie. ET(W):J. ran; , = R™
By Theorem 1.15 and complementary slackness, it implies that szj is a minimal upper
bound of {AL X; A, +¢l,,: 7(i,0) = j}. O

7.2 Existence of nonlinear eigenvectors

We denote in this section by T' the tropical Kraus map from S;' to S, specialized with the
invariant join defined by

T: X+ || AxAT.

1<iKN

7.2.1 Inequalities between classical and tropical Kraus maps

The key ingredient for showing the existence of a nonlinear eigenvector is a double inequal-
ity which generalizes the inequalities % Y opTr < maxgxp < Y, 2 for non-negative reals
(xk)1<k<n to the non-commutative case when the “maximum” is the invariant join.

Proposition 7.7. The inequalities

%K(X) < T(X) < K(X)

holds for all X € S;F.
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Proof. The lower bound is a consequence of Remark 3.10. The upper bound follows from The-
orem 3.17. 0

This result shows that the distance between the values of the classical and tropical Kraus
maps remains bounded in the Hilbert metric. It also proves that T'(X) and K(X) belong to
the same face of the cone S;! for all X € S;F.

A similar result holds for iterated versions of the classical and tropical Kraus maps:

Corollary 7.8. The inequalities

1 q q q
N KX) S T(X) S K7(X)

holds for all X € S;.

Proof. We write f < g to mean f(X) < g(X) for all X € S. We prove this result by
induction on ¢. The case ¢ = 1 is true by Proposition 7.7. Assume that N71K9 < T9 <
K1. By Proposition 7.7, we have T'(T?) < K(T9). Moreover, the map K is monotone, so
K(T9) < K(K4Y), which shows that T9"! < K9*l. Similarly, by Proposition 7.7, we have
T(T9) %= N~'K(T9) and the monotony of the map K implies K (79) = N~9T%"! so that
Ta+1 - N1 ga+l 0

It also follows from Proposition 7.7 and Corollary 7.8 that the map T (resp. T'?) sends
S\ {0} to its interior if and only if K (resp. K7) does. When g = 1, we say that the maps
T and K are strictly positive. Gaubert and Qu have shown [GQ14a] that checking the strict
positivity for K is NP-hard, thus it is also the case for T. We say that T is primitive if there
is some g > 1 such that 77 is strictly positive. Corollary 7.8 implies that T is primitive if
and only if K is primitive. Finally, we extend the definition of irreducibility to the tropical
Kraus map T, i.e. T is irreducible if there is no non-trivial face of the cone S; that is left
invariant by the map T. Again, Proposition 7.7 implies that T is irreducible if and only if K
is irreducible.

7.2.2 Existence of non-linear eigenvectors

We now state a theorem regarding the existence of nonlinear eigenvectors under varying
assumptions which are analogues of results guaranteeing the existence of eigenvectors of clas-
sical Kraus maps, respectively when the tropical Kraus map is strictly positive, primitive and
irreducible.

Theorem 7.9. There is a positive definite @ and A > 0 such that T(Q) = \Q if the tropical
Kraus map T is irreducible. In particular, this is the case when T is primitive or strictly
positive.

We obtain Theorem 7.3 as a corollary of Theorem 7.9.

7.2.3 Proof of Theorem 7.9

We first prove the theorem when T is strictly positive. We then prove the case when T is
primitive. Finally, we prove the most general case when T is irreducible.
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Case 1: T is strictly positive Let A := {X € S | trace X = 1}. Observe that A is compact
and convex. Let also T'(X) := trace(T(X))~ 1T(X).

The map K is continuous on S, so we have ol < K(X) < I for all X € A for some non-
negative «, 5. Since T is strictly positive, the map K is strictly positive, hence « is positive. It
follows that T maps A to a bounded subset of A in the Hilbert metric: T(A) C By (I, R)NA,
with R = log(Nj/a).

In particular, since the map T is continuous on the interior of S;", T sends continuously
Br(e, R) to itself. We apply Brouwer’s theorem to the map T and obtain an eigenvector Q).

Case 2: T is primitive Similarly to the previous proof, we shall show that there is a subset of
the interior of A that is compact, convex and invariant by 7'. Since the map T is not convex,
it is not clear that the set T 7(A) is convex. Instead, we use a “convexified” version of this set.
Recall that the map T is positively-homogeneous, so that for any cone C C S, the following
equality holds

(coneoT))(C) N A = (conv oT) (€).

Here conv(X) denotes the convex hull of the set X' and cone(X) is the conic hull of X. The
map X +— (coneoT’)(X) is multivalued and maps a set X’ to the cone generated by T'(X). In
this spirit, we establish the following technical lemma.

Lemma 7.10. For all y € (coneoT)(S;}), there is v € S;f such that
N1KY(z) gy < K(x).

Proof. We work by induction on ¢. The case ¢ = 0 is trivial. Assume now that the property
holds for some ¢. Let y € (cone oT)%+1(SF), meaning that there are some zj, € (cone oT)4(S;))
and A\; € R such that y = Y, AT (21). By Corollary 7.8, we have

IZ)\kK Zk y Z)\kK Zk

Moreover, there are by assumption some x € S;7 such that
NTIKY(zy) < 2z < K (xg) .
The map K is linear and monotone, so
N1~ IZ)\quH(a:k Y < Z)\quH(a:k)
k k

The set K971(S,1) is convex, thus >, M K7™ (zy) € K971(S;T), which concludes the proof.
O

Let now ¢ such that K? (or equivalently T7) is strictly positive. Following the same
argument as in the proof when T is strictly positive, there are positive «, 8 such that al <
K9(X) < pI for all X € A.

Let P denote the set (cone oT)?(S;F)NA. Using Lemma 7.10, we deduce from the previous
inequalities that for all X € P, we have

aN 11 x X <31,
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so the set P is a convex bounded subset of the interior of S;” N A. Let P denote the closure
in the topology induced by the Hilbert metric of P (Recall that the topology of the Hilbert
metric is the same as the Euclidean topology on the interior of A because the cone S is
finite-dimensional, see [LN12a, AGN15]). We have

T(P) C (coneoT)(P)NA C (coneoT)HHSHNACP,

since all operators are monotone as set-valued maps. Moreover, since the map T is continuous

on the interior of A, we have T(P) C T(P), so that T(P) C P. Thus, the map T sends the
bounded closed (hence compact) convex set P continuously into itself. We apply Brouwer’s
theorem to the map 7" and obtain an eigenvector Q).

Case 3: T is irreducible Note that the matrix @ is an eigenvector of the map T with
eigenvalue A if and only if it is an eigenvector of the map 77 = X — T(X) + X with
eigenvalue A + 1.

Moreover, since 0 < X < T1(X), the face F/(X) must be a subset of the face F(T1 (X))
If the matrix X is nonzero and not invertible, this inclusion must be strict. Indeed, by the
inequality T'(X) < T1(X), the fact that the equality F(X) = F(T1(X)) implies that the map
T leaves the non-trivial face F'(X) invariant, which contradicts the irreducibility assumption.
Hence we must have!

0<rkX <n = rkX <rkTi(X).

It follows that the n-th iterate of the map 77 maps nonzero positive semidefinite matrices
to positive definite matrices, i.e. the map T3 is primitive. The existence of an eigenvector
follows from Case 2. [

7.2.4 Obstacles for simpler proofs

Several basic methods allow one to prove non-linear extensions of the Perron-Frobenius theo-
rem. These involve contraction properties with respect to Hilbert’s projective metric, Brouwer
fixed point theorem, or monotonicity properties, see [LN12b]. These approaches fail in the
case of the specialized tropical Kraus map 71" described in this chapter.

Indeed, the map T is not always contracting: applying Theorem 4.1 to tropical Kraus
maps only yields an upper bound on the Lipschitz constant in the Riemann metric of |/p and
we show in Section 7.2.5.a an example where T is expansive on an open set.

Similarly, one can observe that the map 7" may not be monotone, which is not surprising
since the invariant join is not monotone either by Proposition 3.20.

Finally, the invariant join does not have a continuous extension to the closure on the cone
of positive definite matrices, hence it is also not surprising that the tropical Kraus map 7' is
not continuous either on the closed cone S;.

7.2.5 On the convergence towards a non-linear eigenvector

We present two special cases which highlight the difficulties that are encountered in an attempt
to prove convergence of the scheme towards a non-linear eigenvector. We exhibit in the

'Recall that a matrix Y belongs to the face F(Z) if and only if the image of Y is contained in the image
of Z.
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(a) Value of the local Lipschitz constant (b) Traces of iterations from random points
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(c) Close-up look at the convergence towards the eigenvector

Figure 7.1: Lipschitz constant, fixed point and trajectory of iterated tropical Kraus maps on
the slice A

following two examples in their simplest form: the tropical Kraus maps send Sj into S;r and
take the form

T: X+ AXAT UBXB",

where A, B are 2 x 2 real matrices. We study the values of the map T on A = {X €
St trace(X) = 1}.

In the first case, we exhibit a tropical Kraus map which is locally expansive at its only
non-linear eigenvector. In the second example, the tropical Kraus map does not have a unique
eigenvector.
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Figure 7.2: The two regimes of convergence

7.2.5.a Locally expansive tropical Kraus maps We consider the tropical Kraus map T}
with

A —0.4285 —0.2825 B —2.1017  0.4002
~\0.0400  0.4006 - \—0.6605 —1.3176) °

This map is strictly expansive in the Riemann metric on an open subset of A as shown
in Figure 7.1a. It can be observed on Figure 7.1b that this does not impair the convergence
of the iterative scheme. Moreover, the limit point of all sequences is actually inside the
“expansivity set”: the directional derivative at the limit point takes values between 0.94 and
1.03. Figure 7.1 shows in more detail the position of this limit point.

We observe several regimes in the convergence towards the fixed point. Although the
iterations lead to a neighborhood of the fixed point quite fast, a much slower regime is
observed within this neighborhood. This change of regime is shown in Figure 7.2 where we
have plotted the (logarithm of the) distance to the fixed point in Riemann’s metric with
respect to the number of iterations: 40 iterations are sufficient to reach an error of 1074, yet
4 times more are required to reach an error of 1078.

This example illustrates that, although the tropical Kraus map is expansive with respect
to the Riemann metric near its unique fixed point, it is still possible that this map is a
contraction with respect to other metrics. Indeed, on the set A the map 77 can be identified
to a map from the unit disk in R? to R? by

L: (Zaj) — (;/:lgar)v

and the differential of the map ¢! o ﬁ o ¢ at this fixed point is given by the matrix

( 1.0177 —0.2809)
0.1355 0.9093

whose eigenvalues are 0.9635 + 0.1874¢. Their modulus is 0.9816 < 1, hence the fixed point is
attractive.
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<1

J

(a) Value of the local Lipschitz constant

(b) Plot of the map X — dp (X,f(X)) showing
the position of the fixed points

(c) Trajectories converging towards the fixed points

Figure 7.3: Lipschitz constant, fixed point and trajectory of iterated tropical Kraus maps on
the slice A

7.2.5.b Multiplicity of eigenvectors We consider the tropical Kraus map Ts with

A —0.4285 —0.2825 B —2.1017  0.4002
~ 1 0.0400  0.4006 - \—0.6605 —1.3176) °

This map has infinitely many nonlinear eigenvectors, and the Krasnoselskii-Mann iterations
do not converge towards a single eigenvector. All eigenvectors are located in the interior of
the cone, associated with the same non-linear eigenvalue: one can check numerically that the
matrices X (s) yield such eigenvectors for the eigenvalue 1.9428 with

s 5.56565 — 2.4548>

- 41 < 5 <052,
X(s) <5.56565—2.4548 1—s 041 <5 <0.52

These matrices satisfy AX(s)AT < BX(s)BT, so T,[X(s)] = BX(s)B”. This entails
that the joint spectral radius p = p({Asz, Ba}) is the spectral radius of B and that X(s) is a
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common quadratic Lyapunov certificate: AXA”T BXBT < p?X. In this example, the maps
T and X — BX BT coincide on a proper subset of A with non-empty interior. We deduce in
particular that the map T is non-expansive on this subset, which contains the former matrices.

7.3 Perturbations methods to ensure convergence

We show in this section that the perturbation methods introduced in Section 6.4.1 converge
provided their parameter € is large enough. We deal with the additive approach in Sec-
tion 7.3.1 and with the multiplicative perturbation in Section 7.3.2.

We consider the tropical Kraus map T defined on S;' by

T(X)= | | AxAl.

1<isp

We define the projective Riemann metric between X,Y € A as the infimum of the asso-
ciated distance between elements on the rays passing through X and Y by:

?(X.Y) = inf dp(\X,uY).
R(X,Y) Jnf R(AX, 1Y)

Since the Riemann metric in invariant by multiplication of its arguments by a positive scalar,
one can choose ;r = A~! in the minimization above.

We can define the “projective Thompson metric d’,}” in the same way. By Equation (4.18),
this projective metric coincides with the (double of the) Hilbert metric dg.

A key remark in the following is that when the invariant join is evaluated sequentially, the
Lipschitz constant of the map T in the Hilbert metric and in the projective Riemann metric
are finite.

Corollary 7.11. They are respectively bounded by Lipg [T and Lip%,[T] with

4
log(n)/m — 1 < Lipg[T] < (24 —logn)P~? 1 < Liph[T) < /p. (7.7)
m

Proof. These bounds are obtained as corollaries of Theorems 4.1 and 4.3. By Theorem 4.1,
the invariant join is Lipschitz with respect to the product Riemann metric on S+ x S,
ie.
1/2
dr(X1 U X2, Y1 UY2) < [dr(X1,Y1)? + dr(Xa2, Y2)?] 2
When the invariant join is evaluated sequentially, the invariance of the Riemann metric by
congruences implies that

dr( | | AixAT, || AvAl) <pda(X,Y).

1<i<p 1<i<p

We deduce that the Lipschitz constant of the operator 7" in the Riemann metric does not
exceed ,/p. Similarly, the Lipschitz constant in Hilbert’s metric is bounded by (2+ % logn)P~!
as a consequence of Theorem 4.3. ]

The bound on Lipy[T] is very conservative, especially if p > 2, but we do expect it to
depend both on n and p. This result is mostly of theoretical interest. Observe that the bound
on Lip%[T7] is independent of the dimension n.
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7.3.1 Additive damping approach

We first consider an additive variant of the tropical Kraus map 7', like in Section 6.4, where we
introduce a small positive perturbation €. Let g. denote the map g.: X — X + ¢ trace(X)I,.
Then the variant T°¢ is defined by T°(X) := g. o T'(X):

T9(X) = T(X) + ¢ trace [T(X)} I,. (7.8)

This leads to a new power iteration

1
2w {dns T (X))
The map g, is linear and maps the cone S into itself. By the Birkhoff-Hopf contraction

theorem, the map g. is a contraction if the cone g.(S;) has a finite diameter in Hilbert’s
metric:

Xk+1 —

T (x%). (7.9)

Theorem 7.12 (Birkhoff-Hopf, see [Bir57, Nus87]). A linear map f such that f(S;}) C S;F is
a contraction in Hilbert’s metric if and only if the image of the cone S;% has a finite diameter
0 in this metric. Its contraction coefficient is bounded by Lipy f < tanh(d/4).

We show that the diameter of g.(S;") in Hilbert’s metric is finite as soon as € > 0 and
deduce the contraction rate of the map g. in this metric:

Lemma 7.13. For all x,y € S, we have dH[gg(x),gg(y)] < 2log % Hence g- is a
contraction in the Hilbert metric:

dp [ge(), g (y)] < dp (z,y).

1+ 2¢

Proof. 1t is sufficient to bound the distance between two rank-one 2 x 2 matrices. Without

loss of generality, we choose z = (} ) and y = (CO;:&S)QS(Q( 9 Coi(ii);(i;(t) ) We have

(1+¢)? (M= —e—cos?(t) sin(¢t) cos(t)
€ 9(y) = 9:() = ( sin(t) cos(t) 1 —sin?(t) )

The inequality (1 + ¢)?/e —e > 1 holds trivially, hence %ga(y) — ge(z) » 0. The same
inequality holds if x and y are swapped. We deduce that

dp [9:(2), ge(y)] = inf {log(1/A): A g=(y) < 9:(y) < pge(z)} < 2log ! ig :

Using the formula tanh(u) = (1 — exp(—2u)) (1 + exp(—Zu))*1 and Theorem 7.12, we get
Lipy g- < 135 O

Hence the modified iteration scheme using T° converges if ¢ is large enough:

Theorem 7.14. The modified iteration starting at X° € S defined by

k1 _ T(X") + etrace(X*)I,
~ trace [T(X*) + e trace(X*) 1, ’

converges if € > min [(n\/p —1)/2, (24 4log(n)/m)P~1/2 - 1/2)].
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Proof. The Hilbert metric is equal to the double of the projective Thompson metric. More-
over, following classical norm comparison results, we have

dT(l',y) < dR(-’IJ,y) <n dT(fIJ,y) .

Hence the Lipschitz constant of a map in the projective Riemann metric does not exceed n
times its Lipschitz constant in the Hilbert metric. Combined with Lemma 7.13, we obtain
that g- is n/(1 + 2¢)-Lipschitz in the projective Riemann metric. By Equation (7.7), the
map T is at most ,/p-Lipschitz. Thus the iteration is contractive in the projective Riemann
metric if n,/p < 1+ 2¢. The reasoning for Hilbert’s metric is more direct, since we only
combine Lemma 7.13 and Theorem 4.3. O

Although the bound in the Hilbert metric is very coarse, when p = 2 (2 switching modes),
it provides more reasonable estimates for moderate values of n: ¢ > (1+4log(n)/7)/2. When
p > 2, it is preferable to consider the estimation from the projective Riemann metric.

We obtain as a corollary of Theorem 7.14 that the iterative schemes in Equation (6.14)
and Equation (7.9) converge for a larger enough &:

Corollary 7.15. The iterative scheme in Equation (7.9) starting at (X0), € (S;)WV con-
verges if e > (n/p|W[*? — 1) /2.

Proof. In the lifting procedure described in Section 7.1.1, the dimension of the matrices grows
from n to n|W| and the number of matrices in the collection A grows from p to p|W]|. O

These estimates on € are very conservative: in practice, we use values of ¢ less than 1072,
This is due to the coarse estimation of the contraction rate in Riemann’s projective metric
of the map ¢. in the proof of Theorem 7.14, which seems to indicates that the map g. is a
contraction in this metric only if ¢ is large. We observe experimentally that this is not true,
and we conjecture that it is a contraction as soon as € > 0:

Conjecture 7.16. The map g. defined on S;" is a contraction in the Riemann projective
metric:

1
dh[9:(X), 9:(Y)] € ———dh(X,Y)  for some an > n'/2 .
1 + (079%S)
Let us give some elements supporting the conjecture. Locally, the Riemann projective
metric is the standard deviation o of the spectrum of the modified matrix X 1 H: d (X, X +
H) =infyer | X 'H — pl,||r = o[ Sp X 'H| . When € < 1, we linearize to get

[gg(X)]_lgg(H) = X 'H + ¢(trace(H)X ' — trace(X)HX ?)

When X = I,,, we have [gE(X)]_lgE(H) = (1 — ne)H + etrace(H)I,. Classical formulas for
standard variation give a local contraction rate of 1 — ne ~ (1 + ne)~!. This shows that
an < n. However, equality does not hold. Indeed, one can check that a,, < n, using the
example

7.2776 —0.3214 0.2509 4.8879 —3.1582 2.1688

X = (70.3214 6.3741 70.0739) H = <73‘1582 —6.0836 71.6669) .
0.2509 —-0.0739 3.7221 2.1688 —1.6669 —1.0169

We deduce, conditionally to Conjecture 7.16, a better estimation on ¢:
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Figure 7.4: The non-positive curvature property of Thompson’s metric on the space of positive
definite matrices.

Theorem 7.17. Assuming that Conjecture 7.16 holds, the modified multiplicative iteration
defined on S, by

1

Xk-i—l —
trace [T (X*)]

(X",

converges if € > (/p—1)/n.
Consequently, the iterations defined in Equation (6.14) converge if € > pt/2n 1

7.3.2 Convergence analysis of the multiplicative power iteration

We now consider a multiplicative variant of the tropical Kraus map T as used in Equa-
tion (6.15) for 0 <e < 1 by
T°(X) = [T(X)]'°

The reason for considering the multiplicative power iteration is that, when Y is positive
definite and 0 < s < 1, the map Y +— Y¥ is a contraction with respect to Thompson’s (part)
metric dp [Nus88] and Riemann’s metric dr [Bha07, Theorem 6.1.12].

It is known (ibid.) that a geodesic for Thompson’s and Riemann’s metric linking I and a
positive matrix X is given by the curve sending ¢ € [0,1] to ¢t — X'. By geodesic, we mean
that the equality holds in the triangular inequality d,, (I, X?) < dy, (I, X®) + dpp (X4, X) for
all 0 < s <t and m € {T, R}.

The geodesics between I and two positive matrices X and Y have the following property,
which is known in metric geometry as non-positive curvature in the sense of Busemann for
the Thompson metric,

dr(X', V" <tdr(X,Y). (7.10)

This can be deduced either from [Bha03] or from classical log-majorization inequalities for
matrix eigenvalues [Zha02], see [GV12] for details. This inequality means that the triangles
are thin, it is illustrated Figure 7.4. We warn the reader that non positive curvature in the
sense of Busemann is a milder condition than other non-positive curvature conditions more
commonly used like being CAT(0), see [Pap05] for background. The same inequality holds
for the Riemann metric dg(X% Y?) < tdr(X,Y). In this setting, the underlying notion of
non-positive curvature is CAT(0), see [Bha07, Theorem 6.1.9].
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Finally, the same inequality holds for the projective Riemann metric and Hilbert’s metric.
For the projective Riemann metric, if s # 0, we have

A5 (X5, Y®) < dp[AX*5, 1Y) < sdp[NoX, /Y],
thus by the change of variable # := z/5, taking the infimum over X, i/ yields the inequality
dp (X% Y?®) < sdi(X,Y). (7.11)

The proof in Hilbert’s metric is done identically.
The next result shows that the power algorithm does converge for a large enough €. In
the present experiments, we use a much smaller value of ¢.

Theorem 7.18. The modified iteration starting at X° € S; defined by

[T(x)]
trace [[T(X)] 175}

Xk+1 —

converges if € > 1 —1,/p.

Remark 7.3. The limit X, can be approximated with an accuracy 7 in

.. Pogn - logd%(Xo,Xoo)w
log(1 —¢) +log(y/p) !’

iterations, leading to O(n3Np*) arithmetic operations.

7.4 Experimental results

7.4.1 Implementation issues

We describe in this section the resolution to several issues that arise in the implementation
of the iterative scheme.

In practice, we use values for ¢ in the range 104 — 1072 in Equation (7.8). This additional
parameter allows us to obtain, in a finite number of iterations, a solution (X, p) that satisfies
p2Xj b= AZXZ-AU for all admissible (i,0,j). Moreover, this parameter absorbs numerical
imprecisions that may appear during the computation and ensures that the matrices X; are
positive definite, so the assumptions of Theorem 7.1 and Theorem 7.2 are satisfied.

We choose U to be the trace minimizing selection denoted by Uy in the computations.
Then, when the set ¥ contains only two elements, 7;(X) can be computed analytically thanks
to Theorem 2.3. When X has more than two elements, instead of computing the true minimal
upper bound U, Q, we compute an approximation by sequential evaluation: Q1 U (Q2 Uty
(- Ugr @p)). Although the original evaluation can be performed by solving a semidefinite
program of a reasonable size, we observe that the sequential evaluation still converges and
produces very good eigenvectors.

Finally, as pointed out in [GMQI11], the propagation of the Riccati operator ricc,, on
a single quadratic form Py is computed analytically by rice,, = Y (7)X (1)}, with M7 =

(_Déra _A%U) and (X(7); Y(T))T = exp (M77)(In; PU)T‘
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7.4.2 Application to the joint spectral radius

Given that the approximation of the joint spectral radius p(A) depends on the graph G that
underlies the analysis, we denote by p(A,G) the approximation obtained as (the square root
of) an eigenvalue of a tropical Kraus map and by p(A,G) the one obtained by solving the
LMI (7.6).

The map - sending W x ¥ to W defined in Section 7.1.1 can be interpreted as a path-
complete graph. For this reason, our method, when applied to the joint spectral radius, is a
relaxation of the path-complete Lyapunov function framework, and thus we always have

p(A) < p(A,G) < p(AG).

However, we shall see that the tropical method is much more tractable, so we may use a
bigger graph and sometimes get a better approximation than by solving LMIs, for a similar
time or computational budget.

We compare the performance of our algorithm with the path-complete graph Lyapunov
method, in terms of computation time and accuracy of the approximation of the joint spectral
radius, measured by

0= (p(A,G') — p(A,G)/p(A,G).

All the experiments were implemented in Matlab, running on one core of a 2.2 GHz Intel
Core i7 with 8 GB RAM. The semidefinite programs were solved using YALMIP (R20160930),
calling SeDuMi 1.3.

7.4.2.a Accuracy of the approximation We generate 600 pairs A = {A1, A2} of random 6 x
6 matrices. For each of these pairs, we compare the approximation of the joint spectral radius
obtained by the LMI method on the graph D3 (involving 8 positive semidefinite matrices) and
by the tropical Kraus method on the graph Dg (involving 64 positive semidefinite matrices).
On these examples, we report that the tropical method obtains a similar approximation of
the joint spectral radius, within a margin of 2.5%, and outperforms the LMI-method on 25%
of these examples. Moreover, whereas the LMI-method requires between 3s and 5s to obtain
this approximation, the tropical method consistently returns an approximation in 1s.

7.4.2.b Scalability - dimension We generate random pairs of n X n matrices, for n ranging
from 5 to 500. We use again the De Bruijn graph Dj3 in the LMI-method and the graph Dg
in the tropical Kraus method. We show in Table 7.1 the mean computation time required
to obtain an overapproximation and the mean relative accuracy of the tropical method with
respect to the LMI-method, when it applies. First, one can observe the major speedup
provided by the tropical method, from 4 times faster when n = 5 to 80 times faster for
n = 40.

Also note that the tropical method is using 8 times more quadratic forms in its analysis
and remains much faster than the LMI-method. Thus, given a fixed time budget, the tropical
method enjoys more flexibility regarding the size of the graph that is used in the analysis.

Moreover, observe that the LMI-method cannot provide estimates on the joint spectral
radius for values of n greater than 45, whereas the tropical method easily reaches values of n
greater than 100.

Finally, the accuracy of the tropical approximation remains within a 1.5% margin of the
one obtained by the LMI-method.
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Table 7.1: Comparison of the methods with respect to the size of the dimension of the
matrices.

Dimension CPU time CPU time Upper bound Upper bound
n (tropical) (LMI) on p‘(A) on p(A) Accuracy
(tropical) (LMI)

) 09s 3.1s 2.767 2.7627 0.1 %
10 1.5s 4.2's 3.797 3.7426 1.4 %
20 3.5s 3ls 5.4093 5.3891 0.4 %
30 79s 3min 6.2038 6.1942 0.2 %
40 13.7 s 18min 7.3402 7.3363 0.05 %
45 18.1s - 7.687 - —
50 25.2s — 8.1591 - -
100 1min — 11.487 - —
500 8min — 25.44 — —

7.4.2.c Scalability - graphs We now analyze the influence of the order of the De Bruijn
graph Dy, used in the analysis on the computation of the upper bound on the joint spectral ra-

dius obtained by both methods. We use the matrices A1 = (j —% ﬂ) and Ay = (:i —% _(1J ),

0 1 1 11
introduced in [GZ14]. Their joint spectral radius is p(A) = 1.78893.
We show in Table 7.2 the upper bound on the joint spectral radius and the computation
time with respect to the length order d of the De Bruijn graphs.

7.4.3 A faster curse of dimensionality attenuation scheme

We now apply the iteration scheme described in Section 7.1.4 to the approximation of the value
function V. In all examples, we measure the quality of the approximation of the value function
as in [McE09, GMQ11] with the H-infinity back-substitution error max,r,; |[H(z, VV (x))|
on the subspace spanned by the canonical vectors e; and es.

The first example is Example 1 in [McEO7] and we use the instance of [GMQ11] in the
second example. Examples 3 and 4 are randomly generated examples that satisfy the technical
assumptions in [McEOQT].

Table 7.3 depicts the results of the computations. In particular, we give the back-
substitution error at the beginning of the computation, when the value function is approxi-
mated by a single quadratic form (Q(z) = 0.1]|z|? in all cases) and the final back-substitution
error when the scheme has converged.
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Table 7.2: Comparison of the methods w.r.t. the size of the graph Dy.

Order d 2 4 6 8 10

Size of W 8 32 128 512 2048

CPU time 0.03s | 0.07s | 04s | 2.0s | 9.0s

(tropical)

CPU time . )
(LMI) 1.9s 4.0s 24s Imin | 10min

Upper bound on
) (toopieal) | 1842 | 1821 | 1804 | 1800 | 1801
Upper bound on |y co) ¢ 1y 7974 | 1 7957 | 17922 | 1.7905

p(A) (LM
Accuracy 1.1% | 1.3% | 04% | 04% | 0.6 %

Table 7.3: Numerical benchmarks of the tropical Kraus method applied to McEneaney’s

switched linear quadratic problem

Example 1 2 2 3 4

Dimension 2 6 6 20 20
Size of X 3 6 6 2 4
T 0.05s | 0.2 0.1 0.1 0.1

Size of W 81 216 1296 128 256
Initial error | 0.78 1.12 1.12 4.2 4.79
Final error | 0.047 | 0.071 | 0.090 | 0.0006 0.17
Iterations 194 115 200 55 288
CPU time 8s 41 s | 5 min 5s 2.5 min




CHAPTER 8

Implementations of the algorithms

8.1 Presentation of MEGA

MEGA (short for Minimal Ellipsoids Geometric Analyzer) is a static analyzer for linear and
affine programs implementing the algorithms introduced in Chapters 6 and 7. The software
weighs approximately 1600 lines of OCaml and 800 lines of Matlab and consist in several
parts.

First, a parser reads a text file containing the program to be analyzed and transforms
it into an internal representation. This is a common step regardless of the linear or affine
character of the program. Then the analyzes diverge:

e For linear programs, the algorithm in Chapter 7 has been implemented using the La-
Caml library [Mot16] to perform linear algebra operations in OCaml. We have also
implemented the method of [AJPR14] for comparison purposes, using the OSDP li-
brary [GR17]. Optionally, we produce a piece of Matlab code that instantiates the two
former algorithm on the desired program for further analysis within Matlab. In both
cases, we return an upper bound on the joint spectral radius, the computation time
and the quadratic forms whose supremum produces the approximate Barabanov norm.
In the affine case, we also return a png image of the invariant and the image of the
invariant by the abstract operators corresponding to each branch.

e For affine programs, we directly instantiate! a piece of Matlab code that is then ex-
ecuted to produce the collection of ellipsoids whose reunion produces an invariant as
in Chapter 6. We also implement the big-BMI method for comparison purposes.

! As of October 2017, the pure OCaml implementation using OSDP is not stable, thus the detour through
Matlab is necessary.
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The programs that are fed as input are written in a C-style form, with minor adaptations
for non-deterministic assignments and parallel assignments. Two typical programs are shown
in Programs 12 and 13 and exhibit this syntax.

The non-deterministic assignment of a variable = to a value in the interval [a, b] is written
x < [a,b]. The assignment operator := works as follows. If the assignment is part of a “if-
then” or “switch-case” structure, it is considered a parallel vector assignment, not a sequential
assignment. Otherwise, it acts like a standard assignment operator, and it is usually used to
set constants for the program.

A program is comprised of variables, floats, expressions and statements. Expressions are
recursively defined as variables, floating point numbers as constants and sum and products
of expressions. In other words:

type expr = Variablev | Float f | expr + expr | expr x expr.

A statement is recursively defined as an deterministic or non-deterministic assignment of an
expression to a variable, two statements separated by a semi-colon, an if-then-else structure
discriminating between the execution of two consecutive statements based on the conjunction
of several expression comparisons, a switch-case between several statements based on the
value of a variable or a looping process based on the comparison of two expressions. In other
words:

type stm = Variable v := expr | Variable v < [Float low, Float up] |
stm; stm | if expr < expr then stm else stm end |

switch(Variable u): case i: stm; end | while expr < expr do stm end

We show in Programs 12 and 13 two illustrative programs written in this syntax.

Program 12: Non-deterministic switched linear program

:L'l%[—l,l];
x9 « [—1,1];
h:=0.02;p:=1;q:=5;r:=0.1; s .= 10;
while 0 <1 do
switch u :
case 0 :
r=x+p*hx*xv;
vi=(—=1)*xpshxx+ (14 (=1)*pxh)=*uv;
end
case 1:
T =x+qx*h*uv;
vi= (1) sxrxrxgxhsxc+ (14 (=1)xr*xg*h)*uv;
nd
ase 2 :
T:=x+s*xhx*xuv;
vi=(—1)xrxsxhsxx+ (14 (=1)*r*sxh)*uv;
end

a o

end
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Program 13: Switched affine program with guards

x < [—0.2,0.2];
y + [-0.2,0.2];
while 0 <1 do
if y > 0 then
x = 0.6835 %z + (—0.7468) * y + 0.5432;
y = 0.1867 x x + 0.6835 x y + (—0.0724);
else
x = 0.7185 % x + (—0.3925) * y;
y = 0.3925 x x + 0.7185 % y;
end

end

8.2 Using MEGA

We give some information on how to use MEGA. A compressed file containing its source
files is available at www.cmap.polytechnique.fr/~stott/mega with instructions on how to
install the required dependencies. The executable is mega and can take several arguments:

-d int Int is the depth of the De Bruijn automaton
-1 777.txt” Name of the input text file containing the program
-0 " 77.txt” Name of the ouput file for the Matlab code
-cmp Activate the comparison with the big-lmi/big-bmi methods
-q Moves Matlab output from terminal to LOG file
-eps float | Float is the precision on the joint spectral radius upper bound
-rand int | Randomly generated linear program: 2 modes in dimension int

The hosted commpressed file contains the two test programs of Programs 12 and 13. Here
are some executions of mega and the obtained results.

$ ./mega —i ”"bench2.txt” —d 3
Total Time: 74.42 s

Figure 8.1: MEGA on example in Program 12
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$ ./mega —i ”"benchl.txt” —d 5 —cmp

Depth of the automaton: 5
Abstraction Time: 6.70e—05 s
Linear program structure: true

Finished in 84 iterations.
Tropical computation Time: 1.83 s
Upper bound on the jsr: 1.021
Computation result is sound: true

SDP computation Time: 2.69 s
Upper bound on the jsr: 1.013

Precision: 0.75%
Speed—up : 1.47

Figure 8.2: MEGA on example in Program 12

./mega —rand 10 —d 3 —cmp

Depth of the automaton: 3
Abstraction Time: 1.33e—04 s
Random instance of linear switched program

Finished in 27 iterations.
Tropical computation Time: 0.12 s
Upper bound on the jsr: 4.434
Computation result is sound: true

SDP computation Time: 16.29 s
Upper bound on the jsr: 4.431

Precision: 0.08%
Speed—up : 135.88

Figure 8.3: MEGA on a randomly generated example



CHAPTER 9

Conclusion and perspectives

We now briefly summarize our contributions and point out some open problems.

We have established in Chapters 1 to 3 several theoretical results on minimal upper bound
selections in the cone of positive semidefinite matrices and in more general cones. We have
shown that such a minimal upper bound can be selected by means of a vector belonging to the
interior of the dual cone. Moreover, we have extended the definition of the Léwner ellipsoid to
more general cone as the unique minimal upper that selects itself (via a canonical involution
between a cone and its dual). There is still much to be understood regarding minimal upper
bound selections, even in the special case of positive semidefinite matrices. Indeed, very few
properties of the selection map ¢ — ®(A,c) defined in Section 3.1.3 are known. Our main
conjecture regarding the latter map (Conjecture 3.7) states that it is contractive with respect
to the Thompson metric when restricted to positive definite matrices.

A key object in the study of minimal upper bounds is the notion of tangency faces or
tangency subspaces. We expect this notion should also play a major role in the study minimal
upper bounds of geometric objects that do not derive from cones, like zonotopes [GPV12] and
uncentered ellipsoids. In the latter case, we point out that it is not possible to reduce to the
diagonal case by simultaneous reduction under congruences, because the underlying order
relation is defined on indefinite matrices and relies on the S-Lemma [BTNO1]:

_ g0l _
E(1,0) CE(Q.q) <= IA>0: ( ! O’“) <A(Q 94 Q> .
01, —1 —q -1

We believe that some aspects of the analysis may be preserved by considering anti-Jordan
reduction results [Uhl76, GLOO05].

We have computed in Chapter 4 lower and upper Lipschitz bounds for the invariant
selection on positive semidefinite matrices in the Thompson and Hilbert metrics, as well as
shown that it is non-expansive in the product space for the Riemann metric when dealing
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with 2 matrices. We have conjectured that this property holds regardless of the number of
arguments of the invariant join. Moreover, since we have used other selections in practical
applications, it is desirable to be able to obtain estimations for other selections that the
invariant join.

We have introduced in Chapters 6 and 7 a new method to approximate the value function
of optimal control problems for switched systems. This includes the computation of quadratic
invariants of switched affine systems, the computation of the joint spectral radius and a class
of linear quadratic control problems with switches considered by McEneaney. In the first
case, it enabled the study of affine systems that include guards and external inputs. This
was not possible with earlier methods based on the solution of a large semidefinite program
and required instead the solution of a non-convex bilinear matrix inequality. The benefit of
our approach is the major gain in scalability, but it comes at the cost of a loss in precision:
since we replace LMI/BMI formulations by a specific selection of minimal upper bounds of
ellipsoids, we induce a relaxation gap. In other words, the scheme currently allows one to
compute quickly a coarse approximation of an invariant set.

In the setting of the joint spectral radius and McEneaney’s linear quadratic control prob-
lem, we have introduced the notion of tropical Kraus maps as a tool to approximate the value
function of an optimal control problem. In this case, our scheme belongs to the family of
max-plus methods as it approximates the value function by a supremum of quadratic forms.
It completely avoids the recourse to semidefinite programming (which was the bottleneck of
earlier max-plus methods) by a reduction to a non-linear eigenproblem. This leads to a major
speedup, allowing us to obtain approximate solutions of instances in dimension up to 500 in
the case of the joint spectral radius, and 20 for McEneaney’s problem, hardly accessible by
other methods. There is again a trade-off in precision due to the specific selection process.
In other words, the scheme currently allows one to compute quickly a coarse approximation
of the solution of a Hamilton-Jacobi PDE.

The most promising improvement of the scheme may be to adapt dynamically the selec-
tion of a minimal upper bound, which will reduce the relaxation gap, and might also improve
the convergence. This may be achieved by adding the dual tangency variables A into the
computation and deriving an update mechanism for these variables from the optimality con-
ditions in the “big-LMI”. These dual variables can then be used to select a good minimal
upper bound as in Section 3.2.3:

XD o @({Afx(")Ak}k, ZA,E;")) ACHD \Il(X(”),A(")) ,
k

where the map ¥ remains to be defined.

The structure of eigenvalues and eigenvectors of tropical Kraus maps is yet to be fully
explored, since it is, for instance, not yet known whether the spectrum of a tropical Kraus
map is finite. The convergence of the Krasnoselkii-Mann iteration of tropical Kraus maps
also remains an open problem in the absence of a perturbation parameter, or an arbitrarily
small perturbation. We point out that although the present work has used tropical Kraus
maps in the setting of quadratic forms, it may be possible to extend their use in applications
dealing with different geometric objects, such as polyhedra.

Finally, the use of tropical Kraus maps may not be the only alternative to interior-point
methods to solve the large scale LMIs that we are dealing with here. The good structure of
the LMIs may enable an efficient analysis by means of first order methods, such as gradient
coordinate descent [FR15].



APPENDIX .ﬂ

Elements of Semidefinite
Programming

A linear matrix inequality (LMI for short) refers to a constraint of the form

d
Ay + Z A =0, (Al)
k=1

where z € R? is the variable, (Ay)i<k<q are given symmetric n x n matrices and < is the

Lowner order. In other words, given a symmetric matrix A(z1,...,z4) whose entries depend

in an affine way on 2 € R%, the constraint “A(z1,...,x4) is positive semidefinite” is an LMI.
Several LMIs can be combined into a single LMI, since

Az) = 0AB(z) =0 — <Ag”) B(()x)) =0.

A constraint of the form X = Ag is an LMI in the variable X € S,,, since

X = Ay — ZxUEZS,] = Ag

1<J

in the variables X = (2;j)1<i<j<n, Where E7; denotes the matrix with zeroes everywhere
except for a 1 in the (¢, 7)-th and (j,7)-th entry.

Finally, the combination of the LMIs A(z) < 0 and A(x) = 0 allows one to consider
equality constraints A(x) = 0.

The problem of minimizing a convex function in the variable x that satisfies the LMI in
Equation (A.1) is called a semidefinite program (SDP). We refer to [BEFB94] for introductive
background on these programs.
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Semidefinite programs can be solved in “polynomial time” in the following approximate
sense (semidefinite feasibility is not known to be polynomial time in the Turing model of
computation). Given an accuracy parameter ¢ > 0, one can obtain, in particular by interior
point methods (the most efficient in practice), a e-approximate solution of a SDP in a number
of arithmetic operations which is polynomial in n, d, loge, and log(R/r), assuming that the
set F of vectors which satisfy (A.1) is such that B(a,r) C F C B(a, R) for some point a € R",
where B(a,r) denotes the Euclidean ball of center a and radius r, see [dKV16]. We warn the
reader, however, that the exponent of the polynomial is relatively high. (see Section 6.3.4 for
details). Hence, it is essential for scalability purposes to limit as far as possible the growth
of the dimension n and of the number of variables d, which is one of our main goals in this
thesis.
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crucial en vérification de programme et en théorie du
controle, car de tels ensembles certifient I’absence de com-
portements indésirables. Nous étudions en particulier les
systémes commutés, pour lesquel le calcul d’un ensemble
invariant est déja difficile. Plusieurs approches récentes
utilisant des techniques d’optimisation telles la program-
mation semidéfinie ont été appliquées avec succes au cal-
cul d’invariants quadratiques par morceaux pour des sys-
témes commutés. En revanche, ces méthodes ne sont pas
utilisables en grande dimension car elles nécessitent trop
de ressources informatiques. Nous développons dans cette
theése une nouvelle classe d’algorithmes pour calculer des
invariants quadratiques par morceaux. Ces algorithmes re-
posent sur les propriétés géométriques et métriques de 1'es-
pace des matrices positive semidéfinies équipées de 1'ordre
de Lowner. Tout d’abord, nous caractérisons l’ensemble
des majorants minimaux dans cet ordre. Nous montrons
que ’ensemble des majorants minimaux de deux matrices
s’identifie au quotient d’un groupe orthogonal indéfini, don-
nant ainsi un raffinement ”quantitatif” d’un théoréme de
Kadison. Plus généralement, nous caractérisons les majo-
rants minimaux dans un ordre défini par un cone et nous
prouvons qu'il existe pour une grande famille de cénes une
sélection de majorant minimal canonique, définie & par-
tir des fonctions génératrices de ces cones. Ceci généra-

cone des matrices positives semidéfinies, nous montrons que
cette sélection canonique satisfait plusieurs inégalités ma-
tricielles et nous donnons des estimations de sa constante
de Lipschitz par rapport a plusieurs métriques convenables
définies sur l'intérieur du cone (métrique Riemannienne,
métrique de Thompson). Nous appliquons ensuite ces ré-
sultats au calcul d’invariants quadratiques par morceaux.
Nous formulons ce dernier comme un probléme de point
fixe non-linéaire sur un produit de cénes de matrices posi-
tives semidéfinies. Ce probléeme fait intervenir un opérateur
qui peut s’interpréter comme ’analogue tropical d’une ap-
plication de Kraus (un canal quantique) qui apparait en
théorie d’information quantique. Nous obtenons ainsi une
classe de schémas itératifs rapides, n’utilisant les inégali-
tés linéaires matricielles, dont nous prouvons la conver-
gence sous quelques restrictions. Nous avons implémenté
cette approche en développant 'outil MEGA (“Minimal el-
lipsoid geometric analyser”). Nos résultats expérimentaux
démontrent une amélioration de 'ordre de quelques ordres
de grandeur en termes de scalabilité (par exemple, approxi-
mation du “rayon spectral joint” en dimension 500). Nous
avons aussi appliqué cette méthode a 'approximation de
la fonction valeur d’un probléme de contréle optimal com-
mutant entre des modéles linéaires-quadratiques.

Title : Minimal upper bounds in the Léwner order and application to invariant computation of switched systems

Keywords : Lowner order, minimal upper bound, invariant set, switched system, joint spectral radius, optimal control

Abstract : The computation of invariant sets for dynami-
cal systems is a crucial element of program verification and
control theory, as such sets certify the absence of unwan-
ted behaviors. We consider in particular switched systems,
for which the computation of invariants is already diffi-
cult. Recently, several approaches based on optimization
techniques such as semi-definite programming have been
applied successfully to compute piecewise quadratic inva-
riants of switched systems. However, their high computa-
tional cost becomes prohibitive on large instances. In this
thesis, we develop a new class of algorithms to compute pie-
cewise quadratic invariants. These algorithms rely on geo-
metrical and metric properties of the space of positive se-
midefinite matrices equipped with the Lowner order. First,
we characterize minimal upper bounds in this order. We
show in particular that the set of minimal upper bounds of
two matrices can be identified to a quotient of an indefinite
orthogonal group, providing a “quantitative” refinement of
a theorem of Kadison. More generally, we characterize mi-
nimal upper bounds with respect to a cone ordering, and
show that for a wide family of cones, there is a canonical
selection of a minimal upper bound, defined in terms of the
generating function of the cones. This extends the construc-

tion of the Léwner ellipsoid. In the case of the cone of posi-
tive semidefinite matrices, we show that this canonical se-
lection satisfies several matrix inequalities, and we estimate
its Lipschitz constant with respect to convenient invariant
metrics defined on the interior of the cone (Riemannian
metric, Thompson metric). Then, we apply these results to
the computation of piecewise-quadratic invariants. We for-
mulate the latter as a non-linear fixed point problem over
a product of spaces of positive definite matrices. This pro-
blem involves an operator which may be thought of as the
tropical analogue of the Kraus maps (quantum channels)
arising in quantum information theory. This leads to a class
of fast iterative numerical schemes, avoiding the recourse
to linear matrix inequalities, which we show to converge,
under some restrictions. We implemented this approach, by
developing the tool MEGA (“Minimal ellipsoid geometric
analyzer”), and report experimental results, on switched
linear and affine systems, showing an improvement of se-
veral orders of magnitude in terms of scalability, on some
instances (with e.g., approximations of the joint spectral
radius in dimension 500). We also applied this method to
the approximation of the value function of switched linear
quadratic optimal control problems.
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