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“Solving a problem for which you know there is an answer is like climbing a moun-
tain with a guide, along a trail someone else has laid. In mathematics, the truth is
somewhere out there in a place no one knows, beyond all the beaten paths. And it’s
not always at the top of the mountain. It might be in a crack on the smoothest cliff or
somewhere deep in the valley. ”

YOKO OGAWA.






Stabilization of some coupled systems involving
(thermo-)viscoelastic/elastic transmission problems or telegraph
equations in bounded domains or in networks

by Alaa HAYEK

Abstract

This thesis is concerned with the stabilization of some coupled systems that in-
volves (thermo-) viscoelastic/ elastic transmission problems and telegraph equations
in bounded domains or in networks. First, we consider the stability of a system of
weakly coupled wave equations with one or two local internal Kelvin-Voigt damp-
ings located via a non-smooth coefficient in a part of the domain. First, using a
unique continuation theorem, we obtain a new uniqueness result and therefore, we
show that our system is strongly stable. Next, we show that the system is not al-
ways exponentially stable. However, using a frequency domain approach combined
with a multiplier technique, we establish different polynomial stability results in
any space dimension by assuming that the damping region satisfies some geometric
conditions. Second, we study the existence, uniqueness and stability of a gener-
alized telegraph equation set on a one-dimensional star-shaped network. On the
interior common node, we consider a dynamic boundary condition (called the im-
proved Kirchhoff condition), while on the exterior nodes of the network, a dissipa-
tive boundary condition is applied. Using frequency domain approach combined
with a multiplier technique and the construction of a new multiplier satisfying some
ordinary differential inequalities, we prove that the system is uniformly (exponen-
tially) stable. Finally, we investigate the indirect stability of an elastic/thermo-elastic
transmission problem on networks. On each elastic edge, we consider two conser-
vative wave equations while, on each thermo-elastic edge, we consider two coupled
wave equations such that one of them is damped via a coupling with a heat equa-
tion. Mainly, we show that the stability of the system is influenced by the thermal
effect and the speed of the two propagating waves. Consequently, different results
of exponential or polynomial stability are established.

Xk ok ok ok ok ok ok ok ok ok ok Keywords Xk ok kook ook ook ok ok ok ok X
Exponential stability, analytic semigroup, polynomial stability, Kelvin-Voigt,

thermo-elastic, telegraph, networks, improved Kirchhoff law, dynamic boundary
condition.
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Stabilisation de quelques systéemes couplés impliquant problemes de
transmission (thermo-) viscoélastiques/élastiques ou équations
télégraphiques dans des domaines bornés ou sur réseaux

par Alaa HAYEK

Résumé

Cette thése s’intéresse a la stabilisation de certains systémes couplés impliquant des
problemes de transmission (thermo-) viscoélastique/élastique et des équations télé-
graphiques dans des domaines bornés ou sur réseaux. Dans un premier temps,
nous considérons la stabilité d"un systeme d’équations d’ondes faiblement couplées
avec un ou deux amortissements de type Kelvin-Voigt. L’amortissement est localisé
via un coefficient singulier dans une partie du domaine. D’abord, en adaptant un
théoreme de continuation unique, nous obtenons un nouveau résultat d"unicité et
nous montrons, par conséquence, que notre systeme est fortement stable. Ensuite,
nous montrons que le systeme n’est pas exponentiellement stable. Cependant, en
utilisant une méthode fréquentielle combinée avec une méthode de multiplicateur
par morceaux, nous établissons différents type de stabilisation polynomiale en toute
dimension d’espace des que la région d’amortissement satisfait certaines conditions
géométriques. Dans un second temps, nous étudions 1'existence, 1'unicité et la stabil-
ité de la solution d"une équation télégraphique généralisée sur un réseau en forme
d’étoile mono-dimensionnel. Sur le noeud commun intérieur, nous considérons une
condition aux limites dynamique (appelée condition de Kirchhoff améliorée), tandis
que sur les nceuds extérieurs du réseau, une condition aux limites dissipative est
appliquée. En utilisant une méthode fréquentielle combinée avec une nouvelle tech-
nique de multiplicateur, nous montrons que le systéme est uniformément (exponen-
tiellement) stable. Finallement, nous étudions la stabilité indirecte d’un probléme de
transmission élastique/thermo-élastique sur réseaux. Sur chaque bord élastique, on
considére deux équations d’onde conservatives tandis que, sur chaque bord thermo-
élastique, on considere deux équations d’onde couplées avec un seul amortissement
thermique. Nous montrons que la stabilité du systeme est influencée par l'effet ther-
mique et la vitesse de propagation des deux ondes. Différents résultats de stabilité
exponentielle ou polynomiale sont établis.

® ok ok % ok ok ok ok ok ok ok k IVIOES €LES s sk % % k% % % % * * *

Stabilité exponentielle, semi-groupe analytique, stabilité polynomiale, Kelvin-Voigt,
thermo-¢élastique, télégraphe, réseaux, loi de Kirchhoff améliorée, condition aux lim-
ites dynamique.
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“It’s the question we can’t answer that
teach us the most. They teach us to think.
If you give a man an answer, all he gains
is a little fact. But give him a question
and he’ll look for his own answers. ”

Patrick Rothfuss

In this part, we start by a general introduction that will helps the reader to be
familiar with the systems of partial differential equations and the types of dampings
considered in this thesis, in addition to their contribution with real life applications.
Then, we give the main introduction in which we outline the thesis chapter by chap-
ter and state the main problems considered with the main results obtained. Finally,
we present a thesis overview in which we give a brief mathematical explanation of
the problem investigated in each chapter.






Introduction

Mathematical models play an important role in designing, understanding and
analyzing many physical systems. For instance, the mathematical modeling of
the vibration of flexible structures, the regulation of blood flow in cardiovascular
networks, the flow of gas in pipes and electromagnetism was set up over years.
Recently, modeling has progressed tremendously which provoked the mathe-
maticians’ curiosity in the stabilization of simple and coupled systems of partial
differential equations arising in several mathematical models.

In general, the stability of a coupled system of partial differential equations is
influenced by several properties. Among these properties we have: the nature of
the partial differential equations, the set of boundary conditions, the type of the
damping, the kind of the medium and the type of the coupling. In this PhD thesis
we study the stabilization of three coupled systems that arise in three different
mathematical models. What characterizes the problems studied in this thesis is the
diversity in the properties of the considered coupled systems:

e Partial differential equations: wave equation, heat equation, telegraph equa-
tion.

e Boundary conditions: Dirichlet, Neumann, standard Kirchhoff condition,
dynamic boundary conditions.

e Dissipation mechanisms: visco-elastic damping, thermo-elastic damping,
boundary damping.

o Mediums: bounded domains, networks.
e Coupling mechanisms: by displacement, by velocity, other..

In what follows, we will start by a general introduction in which we intro-
duce briefly some of the properties of the coupled systems of partial differential
equations investigated in this thesis. To do this, first we begin in section 0.1 by
introducing the wave equation used in Chapter 1 (in multi-dimentional space) and
the generalized telegraph equation considered in Chapter 2. Next, in section 0.2, we
recall the heat equation and explain briefly the thermo-mechanical process leading
us to the thermo-elastic system encountered in Chapter 3. Then, due to the fact
that the damping mechanism is the soul of the stabilization process of systems of
partial differential equations, we focus in section 0.3 on three types of dampings
that deals with this thesis. Finally, in section 0.4, we present some types of boundary
conditions used in Chapter 2 and Chapter 3.

Interested readers can also go directly to the main introduction in which we
present the main results obtained in this thesis.



I) GENERAL INTRODUCTION

Partial differential equations play a relevant role in mathematical physics, mainly
those of the second order. These equations are useful to describe a diversity of phys-
ical phenomena that include wavelike propagation, diffusion, and transport pro-
cesses in practically all branches of physics. Namely, in continuous and classical
mechanics, it is common to face problems of either the hyperbolic (vibrating strings,
stretched membranes) or the parabolic (heat conduction) types.

FIGURE 1: waves in sciences

0.1 Vibrations and waves

Vibrations and waves are extremely important phenomena in physics. In nature, os-
cillations are found everywhere. From the jiggling of atoms to the large oscillations
of sea waves. Wave is a flow or transfer of energy in the form of oscillation through
a medium — space or mass. In Mathematics, the wave equation is a second order
partial differential equation which describes the propagation of oscillations with a
constant velocity in some quantity f = f(x1,--- ,xy,t) of time variable ¢ and spacial
variables (x1, - - -, x,). The wave equation is given by

2
ﬂ_ZA

w3p = SAf, (0.1.1)

where s is the velocity of the wave. The quantity f may be, for example, the pressure
in a liquid or gas, or the displacement, along some specific direction, of the particles
of a vibrating solid away from their resting positions.

There are different types of waves including electromagnetic waves and me-
chanical waves.



Mechanical waves:
e A mechanical wave is an oscillation of matter and therefore a transfer of the
energy through a medium.

e This kind of waves needs a medium in order to propagate itself.

e Sound waves, water waves, stadium waves, and jump rope waves are ex-
amples of mechanical waves; each requires some medium in order to exist.

FIGURE 2: Sea waves FIGURE 3: waves on
the strings of a guitar

For example, the one-dimensional wave equation of a vibrating string with tension
T and mass density m, is
Pu  Tdu
2t mdx’

where u is the displacement along the direction of the particles of the vibrating

(0.1.2)

string away from their resting positions and \/g is the speed of the propagation of
the wave.

Electromagnetic waves:
¢ Electromagnetic waves are created by a fusion of electric and magnetic fields. The
light you see, the colors around you are visible because of electromagnetic waves.

e Unlike mechanical waves, electromagnetic waves do not need a medium to
travel.

e Microwaves, X-ray, radio waves are all examples of waves that are capable
to propagate in vacuum.

The mostly used equation which models the propagation of electromagnetic waves
is the telegraph equation.



Radio Microwave  Infrared Visible Ultraviolet X-ray Gamma ray

FIGURE 4: Electromagnetic waves

0.1.1 Telegraph equation

In many industrial applications, like microwave communication systems, transmis-
sion lines (including coaxial cables) are used to transmit signals from one point to
another. In fact, these signals are transmitted along cables by electromagnetic waves
which consist of variations in the magnitude and direction of the electric and mag-
netic fields produced by the line voltages and currents. The electromagnetic fields
are the solution of the 3D Maxwell’s equation. But, since a cable is a thin struc-
ture whose transverse dimensions are much smaller than the longitudinal one, one
would like to use a simplified 1D model because 3D Maxwell’s equations can be
very complicated to solve: complex geometry due to defaults, 3D mesh for the thin
cable... In such a situation, electrical engineers use the well-known telegraph equa-
tion for perfect coaxial cables (homogeneous with circular cross-section), where the
electric unknowns are reduced to an electric potential V(x, t) and an electric current
I(x, t), where x denotes the abscissa along the cable, t is time and in absence of source

v ar

Coy +GV—5-=0,
(0.1.3)
ol oV
La; +RI—5-=0,

where the capacitance C, the inductance L, the conductance G and the resistance R
can be expressed it terms of the geometry of the cross-section.

Coaxial cable structure

Center conductor

FIGURE 5: A coaxial cable

Differentiating in time (resp. space) the first (resp. second) equation in (0.1.3), we



get a partial differential equation with only one dependent variable V,

02V 02V 1%
o LCW + (LG + RC)g + RGV. (0.1.4)
Similarly, differentiating in space (resp. time) the first (resp. second) equation in
(0.1.3), we get a partial differential equation with only one dependent variable I,
&—LCg%—(LG%—RC)g%—RGI (0.1.5)
2x 9% ot ' o
Further, in the case of loss-less coaxial cable (i.e., R = G = 0), equations (0.1.4) and
(0.1.5) will be two exact wave equations

v _ v
22t T 92’
P1_ o

22t  92x’

where s = ﬁ is the propagation speed of the wave along the cable.

In the case of more general and realistic situation namely, when each cross
section is heterogeneous (physical characteristics of the medium vary in the cross
section) and the cable has a variable cross section and material properties along the
cable, another model is derived. In fact, a 1D limit model for the propagation of
electromagnetic waves in thin heterogeneous co-axial cables by means of asymptotic
analysis of the original 3D model with respect to a small geometric parameter §
(representing the transverse dimensions of the cables) is derived. The resulting
model is a generalized telegraphist’s model whose coefficients are determined from
the solutions of 2D scalar problems in normalized cross sections. Mathematically,
the generalized telegraph equation set in a real interval (model on a cable from
Imperiale and Joly, 2014) given by:

Vi+gV+al,+kW =0, in(0,L) x (0,0),
I + [+ bV, =0, in (0,L) x (0,00), (0.1.6)
Wi+cW =1V, in (0,L) x (0,00).

This generalized telegraph equation is a coupling between the usual telegraph equa-
tion where the electric unknowns are V and I representing the electric potential and
the electric current respectively with a first order differential equation of parabolic
type involving an auxiliary variable W representing the non-local effects. The coef-
ficients a,b, ¢, 7,k and g are all non-negative functions in L®(0, L) that verify some
assumptions mentioned in Chapter 2.

0.2 Heat transfer

Heat transfer describes the flow of heat (thermal energy) due to temperature differ-
ences and the subsequent temperature distribution and changes. One of the various
mechanisms of heat transfer is heat conduction. Heat conduction, also called dif-
fusion, is the direct microscopic exchange of kinetic energy of particles through the
boundary between two systems. When an object is at a different temperature from



another body or its surroundings, heat flows so that the body and the surroundings
reach the same temperature, at which point they are in thermal equilibrium.

HOT CONLEY
(lits ol vileration) (o mwch vibration )

L} LRES E

Heat truvels
along the rod

FIGURE 6: Heat conduction

Heat conduction is a diffusive process governed by a parabolic differential equa-
tion which lacks second-order derivative with respect to time, characteristic of a
wave equation. In Mathematics, the heat equation is a second order partial differ-
ential equation which describes the propagation of heat with a in some quantity
f = f(x1,---,xpu,t) of time variable t and spacial variables (x1, - -, ;). The heat
equation is given by

of

5 Af, (0.2.1)
where, f is the temperature deviation from the reference temperature.

0.2.1 Combination between mechanical and thermal processes

Mechanical equipment are affected by various interactions during their operation,
the most significant being the mechanical and thermal effects. Mechanical and ther-
mal loads usually occur simultaneously and as a result, the displacement and tem-
perature fields are created in close connection with each other. In fact, Changes in
temperatures causes thermal effects on materials. Some of these thermal effects in-
clude thermal stress, strain, and deformation. Thermal deformation simply means
that as the "thermal" energy (and temperature) of a material increases, so does the
vibration of its atoms/molecules and this increased vibration results in what can be
considered a stretching of the molecular bonds - which causes the material to ex-
pand. In the same manner, if the thermal energy (and temperature) of a material
decreases, the material will shrink or contract. Thus, thermo-elasticity is based on
temperature changes induced by expansion and compression of the test part. There-
fore, both mechanical and thermal fields have to be defined simultaneously taking
the relationship between them into account which in practice proves to be rather
difficult. Thermo-mechanical processes are described by the basic equations of con-
tinuum mechanics and thermodynamics. Mathematically, a linear one-dimensional
thermo-elastic system satisfied by a thermoelastic bar (0, L) is represented by the
following two equations:

{utt Uy ab, =0, in (0,L) x (0,00), ©22)

0; — Oy +auy =0, in (0,L) x (0,00),

where, u is the displacement, 6 is the temperature deviation from the reference
temperature and the mechanical-thermal coupling « is a positive constant.

10



Recently, the study of the control and stabilization of thermo-elastic systems
constitutes the framework of many dynamical developing areas of industry. For
instance, the production of high-speed airplanes, the design of space vehicles,
rocket and jet engines, the technology of large turbines and the design of nuclear
reactors. This is due to the need of designing equipment that can operate at very
high temperatures without being destroyed.

FIGURE 7: A launched rocket

In general, during wave propagation, the wave eventually reaches an end of the
material. Some of the wave will reflect back to its source. If the reflection reaches the
source at the same time a new wave is generated, the two waves will combine and
be synchronized in phase. Later, if those two waves reflections return to the source
at the same time the next new wave is generated, all three waves will combine. This
will continue for as long as waves are generated under these conditions, and the
resultant wave will increase in amplitude, theoretically to infinity. This is called
resonance. If this wave reinforcement is allowed to continue, the system eventually
will either self-destruct or fatigue to failure.

start of
third

wave

first

e

second E
wave T
resullant actual displacement of
siring at this instant in time

FIGURE 8: The generation of several waves
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Hence, in order to prevent the resonance energy from reaching an infinite
value and thus forbidding the structure failure, a dissipation mechanism via a
damping is invoked.

0.3 Damping

Damping is a phenomenon that dissipates the energy of every vibrating system.
Depending on its spatial origin, damping can be classified as material damping,
boundary damping and damping due to fluid-structure interactions. Materials
with high damping coefficients are used in applications of shock absorption,
vibration control, noise reduction, and dissipation of increased heat. Engineers use
damping coefficients to compare materials to see which will be the best one for the
application. Within this section, we will focus on three types of dampings which
are: viscous damping, visco-elastic damping and thermo-elastic damping.

Viscous damping usually models external friction forces such as air resistance
acting on the vibrating structures and is thus called “external damping”. Most often
they damp motion by providing a force or torque opposing motion proportional to
the velocity.

FIGURE 9: viscous fluids

Visco-elastic damping originates from the internal friction of the material of the
vibrating structures and thus called ”“internal damping”. Visco-elastic materials,
as their name suggests, combine two different properties which are elasticity and
viscosity. The term “viscous” implies that they deform slowly when exposed to
an external force. The term “elastic” implies that once a deforming force has been
removed the material will return to its original configuration. So, visco-elastic ma-
terials exhibit mechanical properties intermediate between those of viscous liquid
and those of elastic solid. When a visco-elastic material is subjected to a stress, the
response is composed by an elastic deformation (which stores energy) and a viscous
flow (which dissipates energy). For example, tall buildings vibrate when dynam-
ically loaded by wind or earthquakes. Visco-elastic materials have the property of
absorbing such vibrational energy — damping the vibrations. Visco-elastic dampers
are used in some tall buildings, for example in the Columbia Center in Seattle,
in which the dampers consist of steel plates coated with a visco-elastic polymer
compound - the dampers are fixed to some of the diagonal bracing members.
Different models can be used to describe the visco-elastic behavior among them,
Maxwell model (i.e., spring and shock absorber in series) and Kelvin-Voigt model
(spring and shock absorber in parallel) describe the simpler ones.

12
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FIGURE 10: A group of visco-elastic materials

Thermo-elastic damping is a source of intrinsic material damping due to thermo-
elasticity present in almost all materials. As the name thermo-elastic suggests, it
describes the coupling between the elastic field in the structure (caused by defor-
mation) and the temperature field. The effect of including thermo-elastic damping
is that a heat source term, proportional to the rate of stress change, is added to the
heat balance equations, see (0.2.2).

In any vibrating structure, the strain field causes a change in the internal en-
ergy such that compressed region becomes hotter (assuming a positive coefficient
of thermal expansion) and extended region becomes cooler. The mechanism
responsible for thermo-elastic damping is the resulting lack of thermal equilibrium
between various parts of the vibrating structure. Energy is dissipated when irre-
versible heat flow which is driven by the temperature gradient causes vibrational
energy to be dissipated. So, thermo-elastic damping refers to the process in which
part of the vibration energy of a mechanical resonator is dissipated into thermal
energy, through irreversible heat conduction accompanying elastic vibrations in the
resonator.

In practice, from the research laboratory to the production line, scientists study the
influence of such dampings (viscous, visco-elastic or thermo-elastic) on the behavior
of the considered physical system. Hence, in this context many questions arise.
Among the most frequently asked questions we mention:

1) Is the damping involved in a system of partial differential equations set in
a certain medium (bounded domain or a network) strong enough to prove the
strong stability of the system? In other words, is the damping able to dissipate the
waves propagating in this medium and therefore leading the energy of the solution
of the system to converge to zero?

2) How is the decay of the energy of the solution of the system varying with
respect to the different localizations of the damping?

13



3) What is the optimal decay rate obtained and in which geometric situations?

@ O A

FIGURE 11: Different localizations of the damping. The pink color
represents the damping region.

On the other hand, in addition to the significant role of the damping, the type of the
medium and the type of the boundary conditions also contribute in the stabilization
process of a physical system. For this aim, we will discuss briefly in the following
section some boundary conditions used in this thesis.

0.4 Boundary conditions on networks

From the theoretical point of view the most challenging current problems are prob-
ably in the control questions for flows on networks. Probably, this is due to the fact
that the recent applications, like electrical circuits, arterial networks, networks of
open channels, traffic flows on networks, computer networks, chemical and biologi-
cal networks, all involve systems of partial differential equations set on networks or
graphs. Typical examples are the telegrapher equations for electrical lines, the shal-
low water (Saint-Venant) equations for open channels, the Euler equations for gas
flow in pipelines or the Aw-Rascle equations for road traffic (see Bastin and Coron,
2016; Gugat, Dick, and Leugering, 2011; Leugering, Gugat, and Dick, 2010; Valein
and Zuazua, 2009; Zhang and Xu, 2012; Kramar, Mugnolo, and Nicaise, 2020b).
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FIGURE 12: Chemical and computer networks

For a spatial network, the dynamics is typically described first at the level of indi-
vidual edges, followed by a model for the junctions. So, once a reduced model is
obtained, the next question is to impose the correct coupling conditions between the
different branches (edges). In this case some transmission conditions that translate
some physical preservation have to be imposed at the junctions. In fact, a particular
choice for the coupling conditions determines the particular physics of the under-
lying problem. Hence, different coupling conditions give rise to different network
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FIGURE 13: Electrical and arterial networks

problems. In this sense, the commonly used boundary condition at the junction is
the standard Kirchhoff condition given by

Y. 7(v)=0,
j€Z(v) (0.4.1)

pj<v) = pg(v); ]',6 € I(U)/

where v is the node of the junction of the connected edges adjacent to v.

The first equation of (0.4.1) describes the mass conservation (resp. charge conser-
vation) for fluid flow models (resp. electrical circuits); on the contrary the second
equation means that the pressure (resp. voltage) is continuous at the junction.

But since such transmission conditions do not take into account the geometry
of the 3D structure, another coupling conditions called the improved Kirchhoff’s
circuit laws characterizing (up to a certain extent) the 3D properties and the physical
parameters of the junction was derived (see Beck, 2016 and Joly and Semin, 2008).
In this sense, the interesting 1D variables used are the electrical potential and
the electrical current present in the limit star-like graph made out of one knot
(assume x=0 is the node at the knot) and L + 1 branches. Such a reduced model was
derived using asymptotic analysis of Maxwell’s equations. The so-called improved
Kirchhoff’s law is a dynamic boundary condition made of L + 1 equations and
given by

N
1
ZpIis(0,8) = 5 (Vo(0,t) = V4(0,¢)), inR%, vVl e {1,..,N},
k=1 N (0.4.2)
-1 . .
VO,t<0/ t) = 57 ZI((O, t) m R+,
=0

where Y is a positive constant and Z = (Zy)nxn is a symmetric, positive definite
matrix. The two effective coefficients Y and Z integrate the complex structure of the
knot area. The cable 0™ plays a privileged role because it is chosen as the reference
from which the electrical potential of each cable is expressed. Further, if 6 = 0 then,
the improved Kirchhoff’s circuit rules become the usual Kirchhoff’s law given in
(0.4.1).

On the other hand, concerning the terminals of a network also several bound-
ary conditions can be considered such as the well-known Dirichlet and Neumann
boundary conditions. In addition to these conditions and in the presence of
disturbances, such as a blockage, the response of the system is to return it to it’s
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equilibrium. Hence, boundary control conditions are imposed at the terminals
to control the dynamic system. For example, in the network of large arteries, the
process of auto-regulation can be modeled using boundary controls (at the root
of the network-the heart and the peripheral nodes-the ends of the large arteries)
deriving the system back to a dynamic equilibirium in a minimum time. In fact, the
terminal boundary condition widely used in the modelling of arterial networks in
cardio-vascular systems (in analogy with electrical circuits) is the pure resistance
condition given by
Wp = —R7Wr

where, Wf is the forward characteristics information leaving the outlet of an arterial
domain, W), is the backward characteristic information reflected by the terminal
model and —1 < Ry < 1is the terminal reflection coefficient. R; = 1 corresponds to
a complete reflection of the characteristic (complete blockage in the terminal site);
R; = 0 means that there is no reflected characteristic at the terminal site, and Rt = 1
represents an outflow with an open end (free end), see Cascaval et al., 2017.

In reality, a controlling mechanism specifies what resistance values are applied in
order to regulate the desired equilibrium.

Beside the boundary conditions stated above there are still various dynamic, mixed
or control boundary conditions used in the control and stabilization of dynamic
systems on flow networks (see Bressan et al., 2014; Kramar, Mugnolo, and Nicaise,
2020a) but within this section we just focus on the boundary conditions that will be
used within the thesis.

Now, we will introduce the main introduction followed by a thesis overview in
which we give a brief explanation of the problems and the results obtained.
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I1) MAIN INTRODUCTION

In this thesis we study the stabilization of three coupled systems concerned with
(thermo-) viscoelastic/elastic transmission problems and telegraph equations in
boun-ded domains or in networks. This PhD thesis is divided into three parts. In
part 1, we give a general introduction followed by a main introduction and a thesis
overview in which we give a brief mathematical description of the problems and
the results obtained in each chapter.

In part 2, we introduce Chapter 1, in which we consider a viscoelastic/elastic
transmission problem in a bounded domain. Mainly, in this part we study the
stabilization of a system of weakly coupled wave equations with one or two Kelvin-
Voigt dampings and non-smooth coefficient at the interface. First, using semigroup
theory, we prove the well-posedness of the system. Second, in the absence of the
compactness of the resolvent and using a unique continuation result combined with
a general criteria of Arendt and Batty, 1988, we show the strong stability of our
system in different situations. Then, we establish a non-uniform stability result for
the case when only one equation is damped with a globally distributed damping.
Next, we study the energy decay rate in several distinguished cases. We prove
that the corresponding semigroup is analytic when the Kelvin-Voigt dampings
are globally distributed. Then, when only one non-smooth local Kelvin-Voigt
damping is effective and under some assumptions (some of which are related to
the decay rate of a wave equation with a frictional damping), we prove that the
energy of the system decays polynomially with different decay rates according to
these conditions. The results obtained are established by using a frequency domain
approach combined with a multiplier technique. The method used give different
quantitative results related to the asymptotic behavior of the energy depending on
some geometric situations.

In part 3, we investigate the stabilization of two coupled systems involving a
thermo-elastic/elastic transmission problem and telegraph equations on networks.
This part is composed of two chapters, Chapter 2 and Chapter 3.

Chapter 2 concerns with the existence, uniqueness and stabilization of solu-
tions of a generalized telegraph equation on star shaped networks. At the central
interior node of the network, we consider the improved Kirchhoff conditions. In
such node conditions, not only function values but also time derivatives appear.
That is at the junction, the conditions considered are not system of algebraic equa-
tions but instead a system of ordinary differential equations. At the exterior nodes,
we imposed a dissipative boundary condition. First, we provide a well-posedness
result. Next, in the absence of the compactness of the resolvent, we prove that our
system is strongly stable using a general criteria in Arendt and Batty, 1988, com-
bined with a new uniqueness result. Finally, using a frequency domain approach
combined with a multiplier technique and the construction of a new multiplier
satisfying some ordinary differential inequalities, we show that the energy of the
system decays exponentially to zero, under some regularity assumptions on two
coefficient functions of the system.

Chapter 3 concerns with the stability of a transmission problem of a thermo-

elastic system on networks. Mainly, we focus on networks composed of both elastic
and thermo-elastic materials. On the thermo-elastic edges, we consider a system of
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two wave equations coupled by velocity, such that one wave equation is coupled
to a heat equation with a thermal effect. On the purely elastic edges, we consider
only a system of two conservative wave equations. Using a general criteria of
Arendt and Batty, 1988, we prove the strong stability of the system under some
conditions related to the coupling coefficient and the geometry of the network.
Then, we prove the exponential stability of the system under the condition that the
two waves propagate with the same speed on each thermo-elastic edge. Otherwise,
we establish a polynomial decay rate.

Thesis Overview

Let us now briefly outline the content of this thesis.

Chapter 1: In this chapter, we consider the following system of coupled wave
equations with viscoelastic dampings:

Zy —div(VZ +DVZ) +BZ =0, in QxR
Z =0, on T xIR%, (0.4.3)
Z(0) = Zo, Zi(0) = Z3 in Q,

where
o Z = (uy) withu = u(x,t) and y = y(x,t), Z; = (0:u,9:y) denotes the time
derivative of Z.
b(x) 0 . . . .
e D(x) = 0 c(x) with b,c : O — R are the visco-elastic damping
functions satisfying
b,c € L¥(Q), (0.4.4)

and
b(x) >0, ¢c(x) >0 foralmostall x € Q. (0.4.5)

e B(x) = <1x(0x) a(ox)> with & : O — R is the coupling function satisfying

1
a € L=(Q), |lallo <

—, 0.4.6
c (046)

where Cy denotes the Poincaré constant.

In Najdi, 2016, the author considered system (0.4.3) and proved a polynomial
energy decay rate of type ¢t~/ provided that the coupling coefficient is a constant
real number, the damping coefficient b € C'!(Q)), and the damping region is
covering the whole boundary (that represent a quite restrictive assumption). In
addition, it was proved that the polynomial energy decay rate of order +~1/4 is
optimal in some sense. Also a decay rate of the energy in t~/2 and an optimality
result is proved in Oquendo and Pacheco, 2017 provided that the coupling function
is a constant, ¢ = 0 and the visco-elastic coefficient b is a positive constant (that
means that the damping acts on one equation but on the whole domain).

In this chapter, our main interest is to improve these previous results. Mainly,
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we consider system (0.4.3) with a coupling function and a non-smooth locally
Kelvin-Voigt damping distributed in a part of the domain and we get a better
polynomial decay rate than the one obtained in Najdi, 2016.

We assume that there exist three constants bp,co and «p and three open sets
wy, w, and w, contained in () such that

b(x) > by >0, Vx € wy, (0.4.7)

a(x) > wy >0, VX € Wy, (0.4.8)
and

c(x) >co >0, Vx € we. (0.4.9)

First, we study the existence, uniqueness and regularity of the solution of sys-
tem (0.4.3) using a semigroup approach. We start by defining the energy space H

by
H = (H{(Q) x L*(Q))? (0.4.10)

equipped with the following inner product:

(U, Vs :/(w.vm Vy- V) dx+/ (0B + 72) dx
Q @ (0.4.11)
+Re/00c(x)(u§—|— yir) dx,

forallU = (u,v,y,z), V = (i,9,,2) € H.
Then, we define the unbounded linear operator A by:

D(A) = {(u, v,v,z) € H : div(Vu + bVo) € L*(Q),div(Vy +cVz) € L2(Q)

andv,z € H}(Q) },

AU = (v,div(Vu+b(x)Vo) —ay,z,div(Vy +c(x)Vz) —au), YU = (u,v,y,z) € D(A).

The energy of the system is given by

1
E(t) = 2[/0(|ut|2+ | Vu | +|y:*+ | Vy ) dx~|—2Re/rouy dx]. (0.4.12)

For a smooth solution, a straightforward computation leads to
E'(t) = —/ (b| Vo[> +c| Vz |?) dx <0. (0.4.13)
0

Then, system (0.4.3) is dissipative in the sense that its energy is non-increasing with
respect to time £.

By putting v = u;,z = yy and if U = (u,us,y,y:) is a regular solution of sys-
tem (0.4.3), we can rewrite this system as the following evolution equation:
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U, = AU, U(0) = Uy, (0.4.14)

where Uy = (uo, u1, Yo, Y1)

We easily prove that the operator 4 is maximal dissipative. Then, using Lumer-
Phillips Theorem (see Pazy, 1983) we conclude that A generates a Cp-semigroup of
contractions on H. Hence, semigroup theory leads us to an existence and unique-
ness result stated in Chapter 1, Theorem 1.2.2.

Second, we study the strong stability of the system in different geometrical
situations. More precisely, we prove that for an initial data in H, the energy
converges to zero as t tends to infinity if one of the following geometric situations
hold.

(H1) If @« = ap is a positive constant, then suppose that either w, or w, is a
non-empty open subset of ().

(H2) If a is a non-zero function, then suppose that wj, or w, is is a non-empty open
subset of ). Further, assume that either w; = wy, N w, satisfies meas(w; NT) > 0 or
wy = w,e N w, satisfies meas(w; NT) > 0.

(H3) w3 = wy, N w, is a non-empty open subset of ().

To prove the system strongly stable, we first use a unique continuation result
based on a Carleman estimate to derive a new uniqueness result. Then, we use
the obtained uniqueness result combined with a general criteria of Arendt and
Batty, 1988 to achieve our goal. Later on, we show that strongly stable semigroup
associated to system (0.4.3) is analytic when the Kelvin-Voigt dampings are globally
distributed. Then, we show that system (0.4.3) is not uniformly stable for the
case when the coupling coefficient is a positive constant and only one equation
is damped with a globally distributed damping. For this desire, we study the
asymptotic behavior of the eigenvalues of A near the imaginary axis. In fact, we

show that there exists kg € IN* sufficiently large and two sequences (/\,f) and

(A;) satisfying the following asymptotic behavior

2 1
A =i — o+ o<>, VIk| > ko (0.4.15)
. 2u "
and
A= iy = +o<1> VK| > k (0.4.16)
= U — — 9 | = RO, .
¢ 2u 1

where {32} | is the sequence of eigenvalues of the Laplace operator A.

Due to the fact that the sequences of eigenvalues of A ((0.4.15) and (0.4.16))
are close to the imaginary axis as k tends to infinity, a polynomial decay is hoped.
This leads us to our main result in this chapter. Mainly, when the system (0.4.3)
is partially damped by one locally Kelvin-Voigt damping distributed in a flexible
geometry that covers several situations and under conditions (0.4.7) and (0.4.8),
we confirm that there exists a constant C > 0 such that for every initial data
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Uo = (uo,u1,y0,y1) € D(A), the energy of system (0.4.3) verifies the following
estimate:

1 2
E(t) < C\%HUOHD(A), vt > 0. (0.4.17)
This result is achieved by using a frequency domain approach combined with a mul-
tiplier technique and using the exponential stability of a wave equation with a fric-
tional damping in w; = wjp N w,, namely

ot — A+ 1,0 =0 in Q x (0,00),
¢=0 on I' x (0,c0), (0.4.18)
p(t=0) = @o, ¢:(t =0) = 1.

After that and under an additional condition on w, and by using the exponential or
polynomial decay of the energy of system (0.4.18), we establish different quantita-
tive results relating the decay rate of the energy of system (0.4.18) and the decay rate
of the energy of system (0.4.3). Then, we prove a better polynomial decay rate in
the case of two active dampings. Finally, we prove the optimality of the polynomial
decay rate t~1/2 in the case where only one of the damping coefficients is effective
and is globally distributed.

In the next chapter, we focus on a coupled system involving the telegraph
equation on a network.

Let S be a star shaped network made of N 41 cables where, N is a positive
integer. Without loss of generality, we assume that all the N + 1 cables are of
equal length L > 0. Also, fix different real valued and non-negative functions
a= (aé)yzolb = (bf)g]:(yc = (Cé)g]:()lk = (kz)fz\]:(yf = (ré)g]:ol and g = (86)?[:0 in
(L>(0,L))N*! satisfying the following assumption

ag>u, by >u, co>u, ky+g>p aein(0,L), V€=0,...,N, (0.4.19)

where p > 0 is a positive real number.

Chapter 2: In this chapter, we consider the generalized telegraph equation on
a star shaped network S:

Vir+8eVe+aelyx +keWe =0, (x,t) € (0,L) x R%,
Iy +7ely +beViy =0, (x,t) € (0,L) x R%, (0.4.20)
Wi+ ceWy =V, (x,t) € (0,L) x R%.

Previously, Nicaise, 2015, has considered the stabilization of the generalized
telegraph equation set in a real interval (0, L) with L > 0 (model on a cable from Im-
periale and Joly, 2014) with the Dirichlet boundary condition at x = 0, L. He proved
that under the condition r # 0, system (0.4.20) is strongly stable in the energy Hilbert
space. Then, under the additional conditions that are r € W"*(0,L)and 7 + ¢ > 0in
(0, L), an exponential energy decay rate was established. Otherwise, a polynomial
energy decay rate of type +~! for smooth initial data was attained. Moreover, he
showed that the obtained polynomial decay rate is optimal in the case r = g = 0.
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Our main interest is to extend the analysis to a networked system. This generaliza-
tion is very well-motivated by engineering applications since electric power grids
are complex networked systems.

We considered system (0.4.20) with the following dissipative boundary condi-
tion at the exterior vertices

Vy(L,t) —aly(L,t) =0, inR%, ay >0, VL€ {0,..,N}, (0.4.21)

and the transmission conditions from Beck, 2016, §8.2 or Joly and Semin, 2008 (called
by these authors the improved Kirchhoff conditions) at the interior common vertex

N
1
ngIk’t(O,t) = S (V()(O, t) — Vg(O, t)), in ]R*Jr, Vi e {1,....,N},
k=1 N (0.4.22)
-1 ) .
Vo (0, ) - Y I,(0,t) inR%,
(=0

where, Y and § are two positive constants and Z = (Zy)nxnisa symmetric, positive
definite matrix. These boundary conditions are derived in Beck, 2016, §8.2 or Joly
and Semin, 2008. In fact, these junction nodes are improved in the sense that instead
of zero-order Taylor approximation, a first order Taylor approximation is considered.
As a consequence, in the node conditions not only functions appear but also time
derivative appears and thus leading to a system of ordinary differential equations.
The geometry of the joint can be described by the angles between the joined edges.
This angle enters in the node conditions as a parameter. In addition, the coefficient Y
and the matrix Z are defined from the material properties of the medium and from
3D potentials defined in the reference domain.

N
By setting v(t) = Vo(0,t) and 5(t) = (17,(t))N_; with 7,(t) = Y _ZpI(0, ), system
k=1
(0.4.20)-(0.4.22) is completed with the following initial conditions
V(x,0) = VO(x), I(x,0) = I°(x), W(x,0) = W°(x), x¢€(0,L),
(0.4.23)
v(0) = v°,5(0) = 7",
Our main desire within this chapter is to find the sufficient conditions on the

coefficients of the system, i.e., on the functions ay, by, ¢, k¢, 74, and g, that guarantee
that system (0.4.20)-(0.4.23) is strongly stable and then exponentially stable.

For all p € [l,00], denote by LP(S) = LP(0,L)N*, 1 < p < oo and
HY(S) = H'(0, L)V,

First, we study the existence, uniqueness and regularity of the solution of sys-
tem (0.4.20) using a semigroup approach. We start by defining the energy space

H = (]LZ(S))S % CN-H’
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that is a Hilbert space equipped with the following inner product:

N L L s L
(V,LW,v, )7, (V*, I, W 0%, ) )y = Z/O (O VeV7 + Bel,TF + oy WoW?) dix
/=0
+ Y v+ 6 (1, Z7 ) ew

where 0 = (0)N., B = (Bo))o v = (70)), € L*(S) will be fixed later but are
such that

Gg > Ho, ‘Bg > Ho, Ye > Ho a.e in Q, /= 0,. . .,N, (0.4.24)

for some o > 0.
The energy of the system is given by
1 2
E(t) = 51|V, LW, v, )l

For a strong solution, technical computations gives

S —— Z/ Qggg’Vg‘z—i-Zﬁgrp“p’Z —i—’)/ng’WA dx — ZD‘F’IF ‘2 <0.
=

This means that our system is dissipative in the sense that its energy is non-
increasing with respect to .

Next, we define the unbounded linear operator A : D(A) — H by

D(A) = {(V, LW,v,7) € H:V e HY(S), I c HY(S), V,(L) = a;I,(L),V¢ € {0,...,N},

N
v:wwﬁmWﬂw%wmw:zam@}
k=1

and

1%

1 1 N 1 T
Alw :—(g@V+u®1x+k®w,r®1+b®vx,c®W—V,(SYZIAO),(S(Ve(O)—V)?’—l) ,
v (=0
]

where for two vector functions P = (p;)Y; € L¥(S),and Q = (q/)), € L*(S), we
set

P® Q= (pe)iio
while for Q = (g,)), € H'(S),

Q, = (W,x)é\]:O
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Then, setting U(t) = (V(-,t),I(-,t), W(-,t),v(t),5(t))", System (0.4.20)-(0.4.22) can
be formally written as a linear evolution equation in the space H

{ut:Au, t € R%, 0425)

u(0) = U,,

where Uy = (Vy, Iy, Wy, vo,qO)T.

First, we prove that the operator .4 is maximal dissipative. Then, using Lumer-
Phillips Theorem (see Pazy, 1983) we conclude that A generates a Cy-semigroup of
contractions on H. Hence, semigroup theory leads us to an existence and unique-
ness result stated in Chapter 2, Theorem 2.2.2.

Second, we study the strong stability of the system in the absence of the com-
pactness of the resolvent and without any additional conditions on the coefficients
of the system. Within this chapter, the reader will realize that analyzing the stability
of our system is not immediate. The result is given in the following theorem.

Theorem 0.4.1. Assume that assumptions (0.4.19) and (0.4.24) hold. Then, the Cop-
semigroup (e")>q is strongly stable on the energy space H, i.e., for any Uy € H, we
have

lim HetALIOHH = 0.

t—rco

The proof of this theorem is based on the following lemmas.

Lemma 0.4.2. Under the assumptions of Theorem 0.4.1, we have
ker(iA — A) = {0}, VA € R.
Lemma 0.4.3. Under the assumptions of Theorem 0.4.1, we have
R(A—A)=H, VA eR.

The first result is proved by using the dissipativeness of 4 and our boundary and
transmission conditions, while the second one is based on a compact perturbation
argument in addition to a new uniqueness result and Lemma 0.4.2.

These two Lemmas guarantee that the resolvent set p(.A) of A contains the whole
imaginary axis. Hence, by a general criteria of Arendt-Batty (see Arendt and Batty,
1988), we deduce that the Cy-semigroup of contractions (e'4);> is strongly stable,
i.e., the energy of system (0.4.20)-(0.4.23) converges to zero as time t tends to infinity.

Later on, under the condition that a,, b, € W1'°°(O,L),for all ¢ € {0,.,N} we
prove that the semigroup (e');>o is exponentially stable, i.e. there exist two
positive constants M and € > 0 such that

et U5 < Me™¢!||Uy||3, Vt>0, VU, € H.

Here contrary to Nicaise, 2015, we do not require that r, + g, is uniformly
bounded from below for each /¢ (see the assumption (25) in Nicaise, 2015) to get
exponential decay of the energy but rather exploit the dissipative boundary condi-
tions (0.4.21) at the exterior nodes. To prove our result we combine the frequency
domain approach with an ad-hoc multiplier method given in the following lemma.
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Lemma 0.4.4. Let £ € {0,.., N} be fixed and assume that the functions ay, by € W¥*(0, L).
Then, there exists hy € WY*(0, L) and a positive real number p, such that

he(0) =0, (0.4.26a)
hox(x) > p¢ >0, foraa xe€ (0,L), (0.4.26b)
hyp (%) <ZEE§;> + hy(x) <Zi§g> >0, foraa x € (0,L). (0.4.26¢)

Finally, we discuss the stability of the system (0.4.20) with some extensions, either
by considering a general dynamic boundary condition or by considering general
networks.

In the last chapter, we consider a coupled system involving a thermo-elastic/elastic
transmission problem on networks (see "General notations on graphs" page xiii).

Chapter 3: Let A be a network of elastic and thermo-elastic materials. The
set of edges Z(N) is split up into Z(N') = Ze U Z, with Z. N Zye = @, in other
words, Zi (resp. Z.) is the set of thermo-elastic (resp. elastic) edges. Assume that N
contains at least one thermoelastic edge, that Vext # @, that every maximal subgraph
of elastic edges is a tree whose all of its exterior vertices except one are attached to
thermo-elastic edges and that every subgraph of thermo-elastic edges is not a circuit.

In this chapter, we investigate the stabilization of the following thermo-
elastic/elastic transmission problem on .

e On every thermo-elastic edge of NV (j € Zi.) the following equations hold:

u{t uxx + tx] ,B]yt =0 in (0,¢;) x (0,00),
0 — K]-chx + “j”]tx =0 in (0,¢) x (0,00),

where a;, p;, k; and B; are positive constants.
e On every elastic edge of N (j € Z,) one has:

{u]tt uxx ﬁ]yt ' =0 in (0,¢;) x (0,00), (0.4.28)
ytt P].‘/xx +:B]”t =0 in (O/Ej) x (0,00),
where f; and p; are positive constants.
We assume that the initial data on the network N\ are
w x,0 :uj X u
(3,0) = u(x), )(x,0) = ] (x), 0429

Y (x,0) = yh(x), yi(x,0) = ¥, (x), 0/(x,0) = 8)(x), ¥j € Z(N).

Previously, several authors considered the linear one-dimensional thermo-elastic
system on a thermo-elastic rod (0, L) given by:

{utt — U+ ab, =0, in (0,L) x (0,00), 0430)

Qt — exx + Uy = 0, in (0, L) X (0, 00),
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with the initial conditions
u(-xr 0) = Uy, Mt(x, 0) = ullg(xl O) = 90/ x e (0/ L)/ (0431)

where u is the displacement, 0 is the temperature deviation from the reference
temperature and « is a positive constant.

Both Hansen, 1992 and Liu and Zheng, 1993 considered the stabilization of
system (0.4.30)-(0.4.31) on a thermo-elastic rod (see Figure 14). Hansen, 1992 consid-
ered (0.4.30)-(0.4.31) with u and 6 satisfying the Dirichlet and Neumann condition
respectively (or vice versa) while, Liu and Zheng, 1993 considered (0.4.30)-(0.4.31)
with u and 6 satisfying both the Dirichlet condition. Both authors succeeded in
proving the exponential stability of the system.

Thermo-elastic

FIGURE 14: A thermoelastic rod

Later on, Marzocchi, Rivera, and Naso, 2002 considered the stabilization of system
(0.4.30)-(0.4.31) on a one dimensional body which is configurated in [0, L3] C R and
for a given Li, L, €]0,Ls[, they assumed that the material is thermo-elastic over
10, L1[U]Ly, L3[ and elastic over |Lj, L[. The authors proved that the whole system is
exponentially stable.

Thermo-elastic part Elastic part Thermo-elastic part

0 Ly LE Ly

Then, Fatori, Lueders, and Rivera, 2003, considered the stabilization of a trans-
mission problem for the thermo-elastic system with local thermal effect which is
effective only over the interval [0, Lg],Ly € [0,L]. Similarly, the authors proved
that the thermal damping are strong enough to prove the exponential decay of the
energy to zero.

Thermo-elastic part Elastic part

0 Ly L

FIGURE 15: An elastic/thermo-elastic transmission problem

In Shel, 2012, the author studied the stability problem of a thermoelastic system
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on particular cases of networks of elastic and thermoelastic materials. In the first
case, they suppose that two elastic edges cannot be adjacent. In the second one,
they consider a tree of elastic materials, the leaves of which thermoelastic materials
are added as follows: the thermoelastic body is related to only one leaf by an end,
and the second is free or connects two leaves, with the condition that each leaf
is connected to only one thermoelastic body, see Figure 16. Under the continuity
condition of the displacement, the Neumann condition for the temperature at the
internal nodes, and the balance condition, an exponential stability was proved.

7
NN

FIGURE 16: Elastic/therm-elastic networks
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Later on Han and Zuazua, 2017 discussed the asymptotic behaviour of a transmis-
sion problem of the thermo-elastic system on star shaped networks of elastic and
thermo-elastic rods, see Figure 17.

Elastic

é Thermo-elastic

FIGURE 17: A star shaped network of elastic/ thermo-elastic rods

When only one purely elastic edge is present the uniform exponential decay rate
was proved by a frequency domain analysis. Otherwise, a polynomial decay rate
was deduced under a suitable irrationality condition on the lengths of the rods
when more than one purely elastic edge is involved.

In this chapter, our main interest is to generalize the previous results by con-
sidering more general networks and by studying a more complicated thermo-elastic
system such that on each thermo-elastic edge of the considered networks, we have
a system of two wave equations coupled by velocity, such that one wave equation
is coupled to a heat equation with a thermal effect while, on each purely undamped
elastic edges, we have only a system of two conservative wave equations coupled
by velocity, namely we consider system (0.4.27)-(0.4.29).

We prove that the dissipation due to the thermal effect is also strong enough to
prove the exponential stability of the energy of the whole system when the two
wave equation propagate with the same speed at each thermo-elastic edge of N.
Otherwise, a polynomial decay is established.

To complete formulating our system, we need to indicate the boundary conditions
considered with system (0.4.27)-(0.4.29). Denote by Zi(ax) (resp. Ze(ax)) the set of
indices of thermo-elastic (resp. elastic) edges adjacent to a; and denote by V/,( resp.
Vi) the set of exterior (resp. interior) nodes of maximal subgraph of thermo-elastic
edges. Then the boundary condition on N are described as follows:

The displacement and temperature satisfies the Dirichlet boundary condition,

](ak, ) 0, ] € I(ak)/ ax € Vext/
y] (ak/ ) 0, ] < I(ak)/ ag € Vext, (0.4.32)
0i(ar,t) =0, j€ Tielag), ar € V..

The displacement and temperature are continuous,

w(ag, t) = ul(ag,t), j €€ I(ay), ax € Vi,
yf(ak, )=y (ak,t), il €Z(ay), ar € Vint, (0.4.33)
0/ (a,t) = 0'(ar, t), j € Te(ay), a € Vi
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The system satisfies the balance condition on y at every interior node,

Y. digoy(a) =0, ag € Vi (0.434)
j€T(ax)

The system satisfies the following balance conditions on u and 6,

Z dijjeﬁ(ak, t) =0, g € Vi/nt/

jeItE(ak) X ) . (0'435)
Yoo di(uh(ax) — it () + Y dijuh(ax) =0, ax € Vine.
JE€Tre (ag) JE€Le (ag)

First, we prove that system (0.4.27)-(0.4.29) with the boundary conditions (0.4.32)-
(0.4.35) admits a unique solution in an appropriate Hilbert space H using semigroup
theory. Then, we give sufficient conditions that guarantee the strong stability of the
system. In fact, we prove that the energy of the system converges to zero as t tends
to infinity, if one of the following conditions holds,

1) Each maximal subgraph of thermo-elastic edges has an exterior vertex that
belongs to Vext .

2) There exists a maximal subgraph of thermo-elastic edges with no exterior
vertices that belong to Vex; and B; = B, for all j € Z(N).

We rely on the Theorem of Arendt and Batty, 1988 combined with a unique
continuation result derived in Hayek et al., 2020 and an iteration method to prove
that our system is strongly stable. Later on, we distinguish between two different
energy decay rates. More precisely, our main results are given in the following
theorems.

Theorem 0.4.5. Let N be an arbitrary network for which system {(0.4.27) — (0.4.29) } with
the boundary conditions {(0.4.32) — (0.4.35)} is stable. If p; = 1, for all j € L, then the
energy of the system decays exponentially in H. In other words, there exist two positive
constants M and € such that

HetAXOHH < M(Z*etHXOHH, Vi>0 VxyeH.

Let Z.,, denotes the set of indices of edges adjacent to a vertex in V.

Theorem 0.4.6. Let N be an arbitrary network for which system (0.4.27) — (0.4.29) with
the boundary conditions (0.4.32) — (0.4.35) is stable. Assume that there exists j € Ly, NI,

such that p; # 1. Then, the energy of the system decays polynomially in H. More precisely,
there exists C > 0 such that for all t > 0 we have

C
E(t) < 73 /1Uol[ba), VUo € D(A). (0.4.36)
Finally, we present some other boundary conditions (in particular the Neumann
boundary conditions) and we study the stabilization of system (0.4.27)-(0.4.29) on

some particular networks similar to the networks considered in Shel, 2012. The
networks considered in this case are shown in the following figure.
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(P) — Elastic edge

— Thermo-elastic edge
e1 () e3

ao a ap as o :0/(a;) =0
04 (a) =0

The boundary conditions of system (0.4.27)-(0.4.29) on the considered networks
P, G; and G, will be as follows.

The system satisfies the Dirichlet boundary condition for the displacement and
temperature at the exterior nodes,

w(ag,t) =0, jeZ(a), ax € Vext,
Y(at) =0, jeZ(ar), ar € Ve, (0.4.37)
0/ (ar,t) =0, j€ Tie(ax), ax € Vext

The displacement is continuous at every interior node,

u]:(ak,t) = uj(ak,t), j,ﬁ € Z(ay), ax € Viny, (04.38)
y(agt) =y (art), j L€ Z(ax), ax € Vint.
The temperature satisfies the Neumann condition at the interior nodes,
0L (a,t) =0, j€Te(ar), ax € Vine (0.4.39)
The system satisfies the balance condition at every interior node,
Y. d(dh(ar) —afi(a) + Y dd(ax) =0, ag € Ving,
JE€Le (ax) j€Ze(ar)
(0.4.40)

). dkjpjyfc(ak) =0, a € Vine.
jEZ(ay)

Using semigroup theory, we easily prove the well-posedness of the system. Then,

we discuss its strong stability and we show that under some sufficient conditions
on the lengths of the purely elastic edges attached to the thermo-elastic ones, the
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system (0.4.27)-(0.4.29) with the boundary conditions (0.4.37)-(0.4.40) is strongly
stable and then exponentially stable on the above described networks. More
precisely, we show that the energy of the solution of the system (0.4.27)-(0.4.29) with
the boundary conditions (0.4.37)-(0.4.40) converges to zero as t tends to infinity if
one of the following conditions hold.

1) N is the graph G,

2) N is the graph P, B; = B,p; = 1,Vj € Z(P), and there exists j € {1,3}

such that
mrt

V2B,

3) N is the graph Gy, B; = B,pj = 1,Vj € Z(Gz), and in every circuit C, for the
unique j, k € Q) such that e; and ¢, are edges of C, we have

0 # Vm € N¥, (0.4.41)

sin(V2B;¢;) + sin(V2Bxlx) # 0. (0.4.42)

Finally, we again guarantee that the system (0.4.27)-(0.4.29) with the boundary con-
ditions (0.4.37)-(0.4.40) is also exponentially stable whenever it is strongly stable.
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Part 2

A viscoelastic/elastic transmission
problem in a bounded domain of RV
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Chapter 1

A transmission problem of a
system of weakly coupled wave
equations with Kelvin-Voigt
dampings and non-smooth
coefficient at the interface

Abstract

The purpose of this chapter is to investigate the stabilization of a system of weakly
coupled wave equations with one or two locally internal Kelvin-Voigt damping and
non-smooth coefficient at the interface. The main novelty in this work is that the
considered system is a coupled system and that the geometrical situations covered
(see Remark 1.5.6, 1.5.12) are richer than all previous results, even for simple wave
equation with Kelvin-Voigt damping. First, using a unique continuation result, we
prove that the system is strongly stable. Second, we show that the system is not
always exponentially stable, instead, we establish some polynomial energy decay
estimates. Further, we prove that a polynomial energy decay rate of order +~1/2 is
optimal in some sense.

1.1 Introduction

Let Q) C RN, N > 1beabounded open set with a Lipschitz boundary I'. We consider
the following system of coupled wave equations with viscoelastic dampings:

Zy —div(VZ+DVZi)+BZ =0, in QxRY,
Z =0, on I'xRRY, (1.1.1)
Z(0) = Zo, Z+(0) = Z4 in Q,

where

o Z = (u,y)withu = u(x,t) and y = y(x,t), Z = (9;u,0;y) denotes the time
derivative of Z.
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Chapter 1. A transmission problem of a system of weakly coupled wave equations
with Kelvin-Voigt dampings and non-smooth coefficient at the interface

e D(x) = <b(0x) c&)) with b,c : O — R are the visco-elastic damping

functions satisfying
b,c € L(O), (1.1.2)

and
b(x) >0, ¢c(x) >0 foralmostall x € Q. (1.1.3)

e B(x) = <uc (Ox) (x(ox)> with a : () — R is the coupling function satisfying

1
a e L7(Q), ||alle < = (1.1.4)

Co’
where Cy denotes the Poincaré constant. More precisely, Cp is the smallest positive
constant such that

/Q 162 dx < co/Q IV dx, ¥ 6 € HY(Q).

System (1.1.1) models the vibration of bodies which have one part made of a Kelvin-
Voigt type viscoelastic material and the other one is made of an elastic material.
Naturally, system (1.1.1) is dissipative. Indeed, the energy of the system defined by

1
E(f) = E/Q(yu,f|2+ | Vi 2yt | Vy [2) dx+2Re/rouy dx (1.1.5)

is decreasing with respect to t € (0, o) since

oE(t
a(t) =E'(t)=— /Q(b(x) | Vug |? 4c(x) | Vi [?) dx < 0.
Besides, when no damping is applied to the system (b = ¢ = 0 on ), the energy is

conserved, i.e. E(t) = E(0), for all t > 0.

The stabilization of systems (simple or coupled) with Kelvin-Voigt damping
has attracted the attention of many authors. In particular, in the one dimensional
case, it was proved that the smoothness of the damping coefficient at the interface
plays a critical role in the stability and regularity of the solution of the system (see
Liu, 1997; Liu, Chen, and Liu, 1998; Liu and Liu, 1998; Liu and Liu, 2002; Liu and
Rao, 2005; Zhang, 2010). However, there are only a few number of publications in
the multi-dimensional setting. Let us start by recalling some previous studies in the
case of simple wave equation system given by:

uy —div(aVu +bVuy) =0, in QOxRY,
u(x,t) =0, on I xR%, (1.1.6)

u(x,0) = ug, ui(x,0) = uy, in Q.

In Huang, 1988, the author proved that when the Kelvin-Voigt damping
div(b(x)Vu;) is globally distributed ie. b(x) > by > 0 for almost all x € Q,
the wave equation (1.1.6) generates an analytic semi-group. In Liu and Rao,
2006, the authors considered the wave equation with local visco-elastic damping
distributed around the boundary of (). They proved that the energy of the system
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decays exponentially to zero as t goes to infinity for all usual initial data under the
assumption that the damping coefficient satisfies: b € CY1(Q),Ab € L*(Q) and
|Vb(x)|> < Mob(x) for almost every x in Q) where My is a positive constant. On the
other hand, in Tebou, 2012, the author studied the stabilization of the wave equation
with Kelvin-Voigt damping. He established a polynomial energy decay rate of type
t~1 provided that the damping region is localized in a neighborhood of a part of
the boundary and verifies the Piecewise Multiplier Geometric Condition (PMGC in
short) from Liu, 1997.

Also in Nicaise and Pignotti, 2016, under the same assumption on b, the authors
established the exponential stability of the wave equation with local Kelvin-Voigt
damping localized around a part of the boundary and an extra boundary with
time delay where they added an appropriate geometric condition. Later on, in
Cavalcanti, Domingos Cavalcanti, and Tebou, 2017, the authors proved an expo-
nential decay of the energy of a wave equation equation with two types of locally
distributed mechanisms; a frictional damping and a Kelvin-Voigt damping where
the location of each damping is such that none of them is able to exponentially
stabilize the system. Under an appropriate geometric condition (PMGC) on a
subset w of () where the dissipation is effective, they proved that the energy of
the system decays polynomially of type t~! in the absence of regularity of the
Kelvin-Voigt damping coefficient b. In Ammari, Hassine, and Robbiano, 2018, the
wave equation with Kelvin-Voigt damping localized in a subdomain w far away
from the boundary without any geometric conditions was considered. The authors
established a logarithmic energy decay rate for smooth initial data.

Further, in Nasser, Noun, and Wehbe, 2019, the authors investigate the stabi-
lization of the wave equation with Kelvin-Voigt damping localized via non smooth
coefficient in a suitable sub-domain of the whole bounded domain. They proved
a polynomial stability result in any space dimension, provided that the damping
region satisfies some geometric conditions. Finally in Hassine, 2015 this system
is considered in the interval (0,L), with L > 0, when b = dﬂ(a,ﬁ), with d > 0,
and 0 < a < B < L, where an energy decay rate in ¢ * is obtained. On the other
hand, to the best of our knowledge, the stabilization of a system of weakly coupled
wave equations with one locally Kelvin-Voigt damping was studied in Najdi,
2016; Oquendo and Pacheco, 2017; Hassine and Souayeh, 2019. In Najdi, 2016,
the author proved a polynomial energy decay rate of type t~1/# provided that the
coupling coefficient is a constant real number, the damping coefficient b € C1(Q)),
and the damping region is covering the whole boundary (that represent a quite
restrictive assumption). In addition, it was proved that the polynomial energy
decay rate of order t~1/4 is optimal in some sense. A decay rate of the energy in
t~1/2 and an optimality result is proved in Oquendo and Pacheco, 2017 provided
that the coupling function is a constant, ¢ = 0 and the visco-elastic coefficient b is
a positive constant (that means that the damping acts on one equation but on the
whole domain). A strongly coupled system (i.e. the term BZ is replaced by BZ;)
in the interval (—1,1) is considered in Hassine and Souayeh, 2019 when ¢ = 0
and b = dlgy), with d > 0, where a decay rate of the energy in £~ is obtained.
Let us finally mention the paper Hassine, 2016, where a transmission wave/beam
system with a local Kelvin-Voigt damping is studied. So, since the stabilization
of the system (1.1.1) with more significant geometric situations and more flexible
conditions on the damping coefficient is not covered yet and since the problem
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of energy decay rate remains an open problem, our goal is to answer this open
question.

In this chapter, we consider (1.1.1) with non smooth globally or locally dis-
tributed Kelvin-Voigt dampings in richer geometric situations than all previous re-
sults. First, we study the strong stability in several geometric situations. More pre-
cisely, we assumed that there exist three constants by, cp and g and three open sets
wy, w, and w, contained in () such that

b(x) > by >0, Vx € wy, (1.1.7)

a(x) >wag >0, Vx € wy, (1.1.8)
and

c(x) >co >0, Vx € we. (1.1.9)

Then, we proved that the energy of the system (1.1.1) decays to zero as t tends to
infinity if one of the following assumptions hold:

(H1) If @« = «ap is a positive constant, then suppose that either w, or w, is a
non-empty open subset of () (see Figure 1.1).

(H2) If & is a non-zero function, then suppose that wy, or w, is is a non-empty open
subset of ). Further, assume that either w; = wy, N w, satisfies meas(w; NT) > 0 or

wy = we N w, satisfies meas(w,; NT') > 0 (see Figure 1.1).

(H3) w3 = wy, N w, is a non-empty open subset of .

FIGURE 1.1: Examples of domains ()

Wy,

Q

Q) verifies (H2) Q) verifies (H1)

Next, we study the energy decay rate in distinguished several cases. In the first case,
we proved that the corresponding semi-group is analytic when the Kelvin-Voigt
dampings are globally distributed (i.e. w, = w. = ). Then, for the system (1.1.1)
with one non-smooth local Kelvin-Voigt damping and under some conditions
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specified below satisfied by w; or w. and w,, we showed that the energy of the
system decays polynomially with different decay rates according to these condi-
tions. In particular, we prove that the energy decay rate obtained in Najdi, 2016 is
not optimal. We even improve this result by proving a polynomial energy decay
rate of type t~1/2 when the system (1.1.1) is partially damped by one non-smooth
locally Kelvin-Voigt damping (b > 0,c = 0or b = 0,c > 0 on () distributed in a
flexible geometry that covers several situations (see Remark 5.6). Moreover, in the
case where c = 0,b = 1 and « is constant, we prove that our energy decay rate of
type t~1/2 is the optimal decay rate (better than the one obtained in Najdi, 2016).

Let us briefly outline the content of this chapter. First, in Section 1.2, we show
that the system (1.1.1) is well-posed using semi-group theory. Then, using a
unique continuation result based on a Carleman estimate and a general criteria of
Arendt-Batty in Arendt and Batty, 1988, we proved the strong stability of the system
in the absence of the compactness of the resolvent. In Section 1.3, we prove that the
associated semi-group is analytic in the case of the global Kelvin-Voigt damping
(wp = we = Q). In Section 1.4, using a spectral analysis, we prove the non uniform
stability of the system in the case where ¢ = 0,b = 1 and « is constant. In Section 1.5,
when the system (1.1.1) is partially damped by one locally distributed Kelvin-Voigt
damping (b > 0,c = 0or b = 0,c > 0 on ), we established in different cases
polynomial energy decay rates for smooth solutions using a frequency domain
approach combined with a multiplier method. In Section 1.6, we prove a better
polynomial decay rate in the case of two active damping. Finally, in Section 1.7,
we prove the optimality of the polynomial decay rate t~'/2 in the case where
¢ =0,b =1 and « is constant.

1.2 Well-posedness and strong stability

In this section, we will study the existence, uniqueness and regularity of the
solution of system (1.1.1) using a semi-group approach. Later, we will show the
strong stability of this system in the absence of the compactness of the resolvent.
Let us start by proving the wellposedness of system (1.1.1).

1.2.1 Well-posedness

First, we define the energy space H by
H = (H}(Q) x L*(Q))? (1.2.1)

equipped with the following inner product:

(U, V) :/(w-vi+ Vy- V) dx+/ (07 + 73) dx
Q Q

o (122)

+Re /Q a(x) (U + yi) dx,

to condition (1.1.4).
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Next, we define the unbounded linear operator A by:
D(A) = {(u,v,y,z) € H : div(Vu + bVo) € LX(Q),div(Vy + cVz) € LX(Q)

and v,z € Hé(Q)},

AU = (v,div(Vu+b(x)Vo) —ay, z,div(Vy+c(x)Vz) —au), YU = (u,v,y,z) € D(A).

By putting v = u;,z = y; and if U = (u,us,y,y;) is a regular solution of system
(1.1.1), we can rewrite this system as the following evolution equation:

u; = AuU, U(0) = Uy, (1.2.3)
where Uy = (uo, 11, Yo, Y1)-
We recall that the energy of the system is given by

1
E(t) = 2[/0(|ut]2+ | Vu > +y:*+ | Vy |?) dx+2Re/szuy dx], (1.2.4)

and it is non-negative for any solution U. In fact,

1
E(t) > 5 (1101 oy + N2l Zaiey) + 5 (1= el Co) 1111y ) + 1191 By )

N[ =

Then, under assumption (1.1.4) we deduce that the energy E(t) is non-negative.

Proposition 1.2.1. The unbounded linear operator A generates a Cy semi-group of contrac-
tions on ‘H.

Proof. Using Lumer-Phillips Theorem (see Pazy, 1983), it is sufficient to prove that .A
is a maximal dissipative operator so that A generates a Cy semi-group of contractions
on H. First, let U = (u,v,y,z) € D(A). Then, by Green’s formula we have

Re(AU, U)y = —/ (b| Vo |2 +c | Vz [2) dx < 0. (1.2.5)
QO

This implies that A is dissipative. Now, let us go on with maximality. Let F =
(f1, f2, f3, fa) € H, welook for U = (u,v,y,z) € D(A) solution of

—AU=F. (1.2.6)

Equivalently, we have the following system

—v = f, (1.2.7)
—div(Vu+b(x)Vo)+ay = fo, (1.2.8)
—z = f3 (1.2.9)
—div(Vy+c¢(x)Vz) +au = fa (1.2.10)
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Multiplying equation (1.2.8) by ¢, € H}(Q) and equation (1.2.10) by @, € H(Q)
respectively, integrating over (), and using Green’s formula we get

. d +/ b . d +/ d ——/ dx, 1.2.11
/Q Vu- Vo, dx N Vo - Vo, dx Q(xygol X szgol X ( )
and

Vy-Vo,d /V-V*d / *d:/*d. 1212
/Q y-Vgpdx+ | Vz-Vgydxt | augydx = | fup, dx (12.12)

Replacing (1.2.7) in (1.2.11) and (1.2.9) in (1.2.12), then adding the resulting equations
we obtain the following variational problem:

a((,y)(@1,92)) = L(p1, 92), V(91,92) € Hy(Q) x Hy(Q), (1.2.13)

where
a((u,y) (91, 92)) = /Q(Vu Vo, +Vy- Vo, +aye, +aug,) dx

and

L(g1, ¢2) = /Q(fZ% +bVfi Vo, + fig, +cVf3- Vg,) dx.

First, using (1.1.4), a is a continuous and coercive form on H}(Q) x H}(Q) then,
by Lax-Milgram theorem, the variational problem (1.2.13) admits a unique solution
(u,y) € H{(Q) x H}(Q)). Next, taking ¢1 € CZ(Q), 92 = 0in (1.2.13) and applying
Green’s formula again, we deduce that

/Q (div(Vu — bV f) + ay) §, dx = /Q £, dx, Yo € CR(Q).  (1.2.14)

This implies that div(Vu — bV f;) = f —ay € L*(Q). Similarly, by taking ¢; = 0
and ¢ € C*(Q) in (1.2.13) we deduce that div(Vy — cVf3) = fy —au € L2(Q).
Finally, by setting v = —f; and z = — f3, we conclude that U = (1,v,y,z) € D(A)
is solution of equation (1.2.6). To conclude, we need to show the uniqueness of such
a solution. So, let U = (u,v,y,z) € D(A) be a solution of equation (1.2.6) with
fi = f» = f3 = fa = 0, then we directly deduce that v = z = 0 and therefore
(u,y) € H{(Q) x H}(Q) satisfies (1.2.13) with L(¢1, ¢2) = 0. As a is a sesquilinear,
continuous coercive form on H}(Q) x H(Q), we deduce that u = y = 0, in other
words, ker A = {0} and 0 belongs to the resolvent set p(.A) of A. The proof is thus
complete since p(.A) is open. O

As A generates a Cy-semigroup of contraction (e!);>¢ (see Pazy, 1983), we have the
following result:

Theorem 1.2.2. (Existence and uniqueness of the solution)
(1) If Uy = (uo, u1,Y0,y1) € D(A), then problem (1.2.3) admits a strong unique solution
U = (u,v,y,z) satisfying:

UecCY{R,,H)NC'(R.,D(A)).
(2) If Uy = (uo, u1,Y0,y1) € H, then problem (1.2.3) admits a unique weak solution U =

(u,v,y,z) satisfying:
Uec CYR,y,H).
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Now, we are able to study the strong stability of system (1.1.1).

1.2.2 Strong Stability with non compact resolvent

In this section, we will prove the strong stability of the system using a unique con-
tinuation result based on a Carleman estimate and a general criteria of Arendt-Batty
(see Arendt and Batty, 1988). But, before stating the main result of this section, our
goal is to prove a local unique continuation result for a coupled system of wave
equation.

We define the following elliptic operator P defined on a product space by

P: H?*(V) x H3(V) — L%(V) x L3(V)

(1.2.15)
(,y) — (Au, By)
and the following function g defined by
1 L2(V) x L2(V) — L2(V) x L*(V
g1 (V) x L(V) — L3(V) x IX(V) 216

(u,y) — (—A%u+ay, —A%y + au)

In order to prove our result, we need a Carleman estimate represented in the follow-
ing Lemma (see Hormander, 1969, Hormander, 2009 and Theorem 3.5 in Lebeau,
1996):

Lemma 1.2.3. Let V be a bounded open set in RN and let ¢ = ef¥ with ¢ € C®°(RN,R);
|Vxp| > 0and p > 0 large enough. Then, there exist Ty > 0 large enough and C > 0 such
that

T3H€T¢MH%2(V) + 7)€"V u| ’%Z(V) < C| ]eT‘/’AuH%Z(V) (1.2.17)

forallu € H}(V) and T > 1.

Now, we are ready to state our first result in this section (see Section 4 in Lebeau,
1996).

Proposition 1.2.4. Let Q) be a bounded open set in RN and xq be a point in Q. In a
neighborhood V of xg € Q, take a function f such that V f # 0 in V. Moreover, let (u,y) €
H?(V) x H?(V) be a solution of P(u,y) = g(u,y). Ifu =y = 0in {x € V; f(x) >
f(x0)} then, u = y = 0 in a neighborhood of xo.

Proof. Set W := {x € V;f(x) > f(x0)}. Choose V' and V" neighborhoods of xg
such that V" C V' C V (see Figure 1.2). Let x € C®(V’) such that y = 1in V".
Set il = xu and § = xy. Then, (i,7) € H3(V) x H3(V). Let p = f(x) — c|x — xo/?
and set ¢ = Y. Then, apply the Carleman estimate of Lemma 1.2.3 to i and §
respectively then add both inequalities to obtain

73/ e2w(!ﬁ\2+|}7l2)dx4rf/ TP (|Vir]? + | V[*)dx

4 4 (1.2.18)

< C/ AP (|Ad)? + |AF|?)dx.
V/

As V" CV'and x € C®(V’) such that x = 1in V", we get

3 /v" eZT‘P(\u|2—|— !y!2)dx+’f/w eZT"’(]Vu|2+ IVy\Z)dx < C/v" eZT‘/’(|Au]2+ \Ay\z)dx

+C 20 (| Al + |A|)dx.
V/\V//
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FIGURE 1.2: W is the region above the curve f(x) = f(xp) and S is
the region shaded with blue.

This implies that,
@ [ (P +yPxr<C [ E(auf +|ayPydx+C [ (a0 +|agP)dx.
V// V// V/\V//
But Au = —A%u + ay and Ay = —A%y + au. Hence, there exists Cy, > 0 such that
(@ =Cu) [, 0 (uP+ lyPax <C [ (af + |agP)dx.
V// V/\V//
Then, there exist T > 0 large enough and C > 0 such that

T3/ & (|uf? + |y[2)dx < C : 27| A + |AG[?)dx. (1.2.19)
V// V/ V//

As u =y = 0in W we obtain,
3 /V,, EZT‘P(‘u’Z + W,Z)dx < C/SeZTcp(‘AﬁF + ’A]ﬂz)dx, (1.2.20)

where S = V' \ V" UW.

SetJo = {x € V;9(x) < ¢(x0) —€} and J = {x € V;9(x) > @(x9) — §}. There
exists € > 0 such that S C J.. Then choose a ball By with center xy such that By C
V" N JL. Then, using (1.2.20), we have

Ce—€T
T3

[ Qi+ lyPydx < S5 [ (80P + g (1.2.21)
0
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Taking T tends to infinity, we obtain that u = y = 0 in Bj. So the desired goal is
achieved. n

Theorem 1.2.5. (Calderdn theorem). Let Q) be a connected open set in RN and let w C Q,
with w # @. If (u,y) in H>(Q)) x H2(Q) satisfies P(u,y) = g(u,y) in Qandu =y =0
in w, then u and y vanishes in Q).

Proof. By setting F = supp u U supp y and using Proposition 1.2.4 instead of Propo-
sition 4.1 in the proof of Theorem 4.2 in Rousseau and Lebeau, 2011 the result holds
(see Figure 1.3). O

A=Q\F

FIGURE 1.3: A dimonstrated figure

Now, we are in position to state our stability result.

Theorem 1.2.6. Let Q) be a connected open set in RN and assume that either (H1), (H2)
or (H3) holds. The Co-semi group of contractions (e*);>q is strongly stable in the energy

space H in the sense that
tlim||etAU0H =0, YU € H.
—00

Remark 1.2.7. Theorem 1.2.6 shows that for the strong stability of the semi-group, we only
need one of the damping coefficients b or ¢ to be non-zero function.

The resolvent of A is not compact. Then classical methods such as Lasalle’s
invariance principle in Slemrod, 1989 or the spectrum decomposition theory of
Benchimol, 1978 are not applicable in this case. We prove the strong stability with a
more general criteria of Arendt and Batty, 1988 that states that a Cp-semigroup of
contractions in a reflexive Banach space is strongly stable, if there is no eigenvalues
on the imaginary axis and the set 0(.A) N iR is countable. In order to prove Theorem
1.2.6 we need the following two Lemmas.
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Lemma 1.2.8. Assume that either (H1), (H2) or (H3) holds. Then, we have
ker(iA — A) = {0}, VA eR.

Proof. From Proposition 1.2.1 we know that 0 € p(.A), then we may assume that
A #0OandletU = (u,v,y,z) € D(A) such that

AU = iAl. (1.2.22)
Using the identity (1.2.5) and the above assumption we get
0 = Re(iA||U||?) = Re(AU, U) = — /Q(b(x)\vm2 +¢(x)|Vz[*)dx. (1.2.23)
This implies that,

VbVo =0 in Q and v/cVz =0 in Q. (1.2.24)

Inserting (1.2.24) into (1.2.22), we get

v =iAu, in O,
Au —ay = iAv, in (),
z =iMy, in O, (1.2.25)

Ay —au =idz, in Q).

Here, we distinguish between the following three cases :
Case 1. If (H3) holds ie. w, # @, w. # @ and w3 = wp N w, satisfies
meas(w3 NT') > 0. Then, by Poincaré inequality we have

v=2z=0 in w;s.

So, the first and the third equation in (1.2.25) imply that u = 0 and y = 0 respectively
in w3. Consequently, we have the following system

AMy+Ay—au=0, inQ, (1.2.26)

Au+Au—ay =0, inQ,
u=y=0, in ws.

Then, by applying Theorem 1.2.5 we get u = y = 0 in (). Consequently, by the first
and third equation of (1.2.25) we deduce that v = z = 0 in () and the desired goal
U = 0 holds.

Case 2. For simplicity, assume that w, # @ and w, = @ ( The same proof
holds if w, # @ and w, = @). If (H2) holds then, « is a non-zero function and
w1 = wy N w, satisfies meas(w; NT) > 0. Then, Poincaré inequality imply that

v =0 in w;.

So, the first equation in (1.2.25) gives that # = 0 in w;. From the second and third
equations in (1.2.25) and as w; C w, we deduce respectively that y = 0 and z = O in
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w1. Then, we get the following system

Ay +Ay—au=0, inQ, (1.2.27)

)Lzu—l—Au—ocy:O, in (),
u=y=0, in wj.

Similarly, by applying Theorem 1.2.5 we get u = y = 0 in ). Consequently, by the
tirst and third equation of (1.2.25) we deduce that v = z = 0in Q).

Case 3. Otherwise, if (H1) holds, i.e. & = ag is a positive constant and wj, is any open
subset of (). Then, by the first equation of (1.2.25) and using (1.2.24) we get

Vu =0 in wy.
By differentiating the second equation of (1.2.25) we obtain
di(ay) =0 inwy, Vj=1,.,N,
but since « is constant, we deduce that
Jdiy =0 inwy, Vj=1,..,N.
Then, for all j = 1, .., N, we have the following system

AZE)]-u + Aaju — ocajy =0, in O,
A%9;y + Adjy —adju =0, in 0, (1.2.28)
aju = 8]]/ =0, in Wp.
Repeating the same argument of the first case and applying Theorem 1.2.5 we obtain
aju = 8]]/ =0 in Q, V] = 1,..,N.

Then,
u=y=cin(),

for some constant c. Butas ur = yr = 0, we getu =y = 0 in Q). Consequently,
U=0inQ. O

Lemma 1.2.9. Under the assumptions of Lemma 1.2.8, we have
R(iAl - A) =H, VA €R.
Proof. Let F = (f1, f2, f3, fa) € H, we look for U € D(.A) such that
iAU— AU = F. (1.2.29)
This is equivalent to v = iAu — f1, z = iAy — f3 and to the following system
Au+div(Vu +iAb(x)Vu) —ay = f, in Q,
{ (1.2.30)
Ay +div(Vy +ide(x)Vz) —au =g, in Q,

where f = —f, —iAf; +div(bVf1) € H1(Q)and g = —f4 —iAf3 +d1v(ch3)
H71(Q). Now, define the linear operator £ : H}(Q) x HY{(Q) — HY(Q) x
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" —div(Vu +iAbVu) + ay
£< >: . (1.2.31)
—div(Vy +iAcVy) + au

Let U= (1,y)" and F = (f,g)", then (1.2.30) is equivalent to
(AT - L)U=F. (1.2.32)

Since the operator £ is an isomorphism from H}(Q) x H}(Q) onto H1(Q) x
H1(Q) and 7 is a compact operator from H}(Q)) x H}(Q) onto H1(Q) x H1(Q).
Then, using Fredholm’s Alternative theorem, problem (1.2.32) admits a unique so-
lution in H}(Q) x H}(Q) if and only if A*Z — L is injective. For that purpose, let
U = (u,y) € ker(A’Z — L). Then, if we set v = iAu and z = iAy, we deduce that
U= (u,v,y,z) € D(A) is a solution of

(iA — A)U = 0.

Using Lemma 1.2.8, we deduce that u = v = y = z = 0. This implies that
equation (1.2.32) admits a unique solution U = (u,y) € H}(Q) x H}(Q) and
div(Vy +iAcVy — ¢V f3), div(Vu + iAbVu — bV f;) € L*(Q)). By setting v =
iAu— f; and z = iAy — f3, we deduce that U = (u,v,y,z) € D(A) is the unique
solution of equation (1.2.29) and the proof is thus complete. O

Proof of Theorem 1.2.6. Using Lemma 1.2.8, the operator A has no pure imaginary
eigenvalues and by Lemma 1.2.9, we have R(iAl — A) = H, forall A in R. There-
fore, the closed graph theorem implies that c(A) NiR = @. Following Arendt-Batty
(see Arendt and Batty, 1988), the Co-semi group of contractions (et4);>¢ is strongly
stable and the proof is complete.

1.3 Analytic Stability

In this section, under the condition that w, = w, = ), we will prove that the as-
sociated semigroup of the system (1.1.1) is analytic. For this aim, we will use the
following result (see Corollary 3.7.18 page 157 in Arendt et al., 2001).

Theorem 1.3.1. Let (S(t) = e");>q be a Co-semi group of contractions in a Hilbert space.
Assume that

iR C p(A) (A1).
Then, (e');>0 is analytic if and only if
. 1 : .
lim sup ﬁH(zA — A) Mgy < o0 (A2).
AER,|A|—00 | |

Now, we are ready to state our result.

Theorem 1.3.2. (Analytic stability)
Assume that (1.1.7), (1.1.9) hold and wj, = w, = Q. Then the Co-semigroup (e"*);> is
analytic.

Proof. We know that condition (A1) is verified. Our goal now is to prove that con-
dition (A2) is satisfied. To this aim, we proceed by a contradiction argument. Sup-
pose that (A2) does not hold, then there exist a sequence (1,) C R and a sequence
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(U,) C D(A) such that
|An| — oo, | Unll% = 1(tn, Ons Y, zn) [l = 1 (1.3.1)

and
A A — AUy = (L84, £5,85) — 0 inH (1.3.2)

are satisfied.

Step 1. (The dissipation).

Multiply in H equation (1.3.2) by the uniformly bounded sequence U" =
(Un, Un, Yn, Zn), We get

A,;l/ (6]Vou|2 + ¢|Vzal?) dx = —A; Re((idn] — AU, U")3y = o(1).
Q
Then, using (1.1.7), (1.1.9) and as wy, = w, = ()}, it follows that
A2Vl 2y = 0(1), (1.3.3)

and
A2V 2zl 2y = o(1). (1.3.4)

Using Poincaré inequality, we get
AP lonllzay = 0(1), A2 llznllizi0) = 0(1)- (13.5)

In what follows, we drop the index n for simplicity.
Step 2. (Information on Vu and Vy).
By detailing equation (1.3.2), we get the following system

A Yidu—v) = f — 0 in H}(Q), (1.3.6)
A (iAo — div(Vu +bVo) +ay) = g1 — 0 in L3(Q), (1.3.7)
A Yidy—z) = fo, — 0 in H}(Q), (1.3.8)
A Nidz —div(Vy +cVz) +au) = g — 0 in L*(Q). (1.3.9)

From equations (1.3.3), (1.3.6), (1.3.8), (1.3.4) and (1.3.5), we get

{HV“HLZ(Q) =o0(1) and |[[Vy|lr2q) = o(1), (1.3.10)
[ull 2y = o(1) and  |[|y[[;2q) = o(1).

Step 3. (Information on v and z).
Multiplying equation (1.3.7) by 7, then integrating over () gives

i/ |v|? dx—i—/\’l/ Vu-Vde—k/\’l/ b|Vo|? dx
0 0 0

27 [wypdx = [ g5

aypdx = | §17dx

Then, taking the imaginary part of (1.3.11) and using (1.3.3), (1.3.10) and the fact that
18111 1) = (1), we get

(1.3.11)

[0l r2(q2) = (1) (1.3.12)
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Similarly, multiplying equation (1.3.9) by Z, then integrating over () gives
i/ |z|? dx +)\’1/ Vy -Vzdx+A"! / c|Vz|? dx
Q Q Q

+)»_1/ QUz dx:/ oz dx.
Q 0

Then, taking the imaginary part of (1.3.13) and using (1.3.4), (1.3.10) and the fact that
1821l 1) = 0(1), we get

(1.3.13)

Consequently, by (1.3.10), (1.3.12) and (1.3.14) we deduce the desired contradiction.
[

1.4 Non-Uniform stability of the system

In this section, we will prove the non-uniform stability of system (1.1.1). Our main
result is represented in the following theorem.

Theorem 1.4.1. Let c = 0,b = 1 and o = «g be a positive constant. Then the energy of the
system (1.1.1) does not decay uniformly to zero as t tends to infinity.

To prove Theorem 1.4.1 we study the asymptotic behavior of the eigenvalues of
the operator A near the imaginary axis. So, let A be an eigenvalue of 4 and
® = (u,v,y,z) be an associated eigenvector, i.e,

Ad = )\, (1.4.1)

equivalently,

2

v = Au, in

Au+ AAu —ay = Av, in O,

z=Ay, in ), (1.4.2)
Ay —oau = Az, in Q,
u=y=0, on TI.

Eliminating v and z from (1.4.2), we get
AMu—Au—ADu+ay=0,, in Q,
A%y — Ay +au =0, in Q, (1.4.3)
u=y=0, on TI.

From the second equation of (1.4.3), we have

u= % [Ay — Azy] . (1.4.4)
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Substituting (1.4.4) in the first equation of (1.4.3), we obtain

4 4
{Azy/\2<M>Ay+/\ “y=0, in Q

1+ A 1A 77"
y=Ay =0, on I.

(1.4.5)

Now, let {42} | be the sequence of eigenvalues of the Laplace operator with Dirich-
let boundary conditions in () and eigenvectors ¢, i.e,

—Apx = 1Pk, in Q,
{ or 0, N (1.4.6)

Then by taking y = ¢y in (1.4.5), we deduce that A will be an eigenvalue of A if A is
a root of
P(A) = A* 4+ 1A% 4 21207 + A + uf — o = 0. (1.4.7)

We have the following result,
Proposition 1.4.2. Assume that c = 0, b = 1 and a« = wy is a positive constant. Then,
there exists kg € IN* sufficiently large and two sequences (A;) and (Ak ) simple roots of

P (that are also simple eigenvalues of A) satisfying the following asymptotic behavior

2 1
A =i — o<>, V[k| > ko (1.4.8)
‘ 2uf Hy
and
AT = —ip «? +o<1> vk > k (1.4.9)
= Wy — ~9 | = RQ- <X
¢ 2} Wy

Proof. First, set = A and k= L Then, multiply equation (1.4.7) by —15, we get
Hi Mk p q U g
k

h(E) = &+ &+ e+ 2820+ &' — o = 0. (1.4.10)

Then, in order to find the roots of P, i.e. the eigenvalues of .4 we need before to
calculate the roots of h. We will continue the proof with three steps:

Step 1. Let
f@)=8+¢
and
8(8) = &'+ e +28°0 — o).
We look for ry sufficiently small such that

[fI > [h—=fl=1gl, on oD,

where, D = {¢ € C;[¢ —i| < i}
Let & € dD(i, i), then & = i + re®® with 0 < 6 < 271. We have

f(&) = 8+ & = ér(2ie” + re®?).

But, if r, < 3 then,

1
> 11— > —
IS
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and ‘ _ '
12ie" + 1 e?| > |2ie®®| — 1y > 2 — 1 > 3/2.

This gives that
3
fl=1@+e =3 i n<1/2
On the other hand, since ¢ is bounded in D and {; — 0 we have,

|g(&)] < 1k, for some constant c; > 0.

So, it is enough to choose r = 4%5 k-
Similarly, we can find ry sufficiently small such that

fl>1h—fl=1gl, on dD"=0{¢ € C;|Z+i| <rc}.

Step 2. In this step, we prove that P admits an infinity of simple roots denoted by
()\,j) and ()\k_ ) for |k| > ko with ko large enough such that

Af = tpp+ met, with lim ef =0. (1.4.11)

|k|—c0

Using Step 1 and thanks to Rouché’s theorem, there exists kg large enough such that
for all |k| > ko the roots of the polynomial / are close to the roots of the polynomial

f(g) = 63 + ‘: Then,
g =i+e and & = —i+e, with lim ¢ =0. (1.4.12)

|k|—oc0
Using the fact that Af = ykgki we deduce (1.4.11).

Step 3. Asymptotic behavior of eki. Inserting equation (1.4.12) into equation
(1.4.10), we get

er {— 2+ (i 3i — 4>ei + <1 + 4i> (e5)? + i(ei)B' = “i. (1.4.13)
£ ) * ue) K ik "
From equation (1.4.13), we can predict that e,Z—L is in the form
L +
€ = —= +1, (1.4.14)
k z‘ui k
with 77 tends to zero as k tends to infinity.
Now, inserting expression (1.4.14) in (1.4.13), we find
aoi,k + afkiyki + afk(iyki)z + aik(qki)?’ + aifk(qki)‘L =0, (1.4.15)
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where,

2 Hi My Hk Hi
oy, =20 30 4 436 (1.4.16)
2,k Z‘Ll]](] 2;45 Ui ‘ui 4 ST
+ _ —sz 4i
a3y = + 1+ e
+ _ 1
a4,k _ i ®

We can notice that afk # 0 for k large enough, afk is bounded uniformly for k large
enough,i =0,..,4and
laty | > 1, Vk > k.

Therefore, using (1.4.15) there exists C > 0 (independent of k) such that

:i:

i +’7k
agk

< ClyE)~ (1.4.17)

Hence, for k large enough, we deduce that

”(:th
+
Wk | <2 P

Simple calculations yields

| _o (%)
ok M
This implies that
—a? 1
+
€ = 2}15 +0 (I/‘;P) .
Consequently

2
ék = +i4 — —|—O<

215 >

Finally, using the fact that /\,:—L = ‘ukgf we deduce that (1.4.8) and (1.4.9) hold. O

=
e
=}

1.5 Polynomial Stability with one damping

From now on, we assume that a(x) > 0 for all x € Q). In this section, we will study
the polynomial decay of our system with only one damping term (b > 0,c = 0
orb = 0,c > 0on ). One of the main ingredients is to use the exponential or
polynomial decay of the wave equation with frictional damping in w; = wy N w,,
namely

52



Chapter 1. A transmission problem of a system of weakly coupled wave equations
with Kelvin-Voigt dampings and non-smooth coefficient at the interface

o — A+ 1,0 =0 in Q x (0,00),
p=0 on T x (0,00), (1.5.1)
¢(t=0) = go, :(t =0) = ¢1.

Without loss of generality, assume that b # 0 and ¢ = 0 (The same proof holds if
c#0and b =0).

Theorem 1.5.1. (Polynomial energy decay rate)

Let wy and w, be non-empty open subsets of () such that (1.1.7) and (1.1.8) hold. Also,
suppose that wi = wy, N wy satisfies meas(cwy NT) > 0. Further, assume that the energy
of the system (1.5.1) is exponentially stable. Then, there exists a constant C > 0 such that
for every initial data Uy = (1o, u1,Y0,y1) € D(A), the energy of system (1.1.1) verifies the
following estimate:

1 2
EU)SCVﬂUﬂmm,Vh>& (15.2)

Proof. Following Borichev and Tomilov, 2009 (see also Liu and Rao, 2005, Batty and
Duyckaerts, 2008), a Cy semigroup of contractions (e'4);>o on a Hilbert space H
verifies (1.5.2) if
iR C p(A) (S1)
and .
lim sup ﬁH(i)\ — A) Mg < o0 (S2).
[A| =00
We know that condition (S1) is verified. Our goal now is to prove that condition
(52) is satisfied. To this aim, we proceed by a contradiction argument. Suppose that
(S2) does not hold, then there exist a sequence (A,) C R and a sequence (U,) C
D(A) such that
‘)\n| — +OO/ HuTlHH = H(un/UVl/ynlzﬂ)HH == 1 (153)

and

A (iAy — AU, = (fIL, 80 f2,88) — 0 inH (1.5.4)

are satisfied.
In what follows, we drop the index n for simplicity.

Lemma 1.5.2. Under all the above assumptions, we have

o(1 o(1
V0l 200y = 22 and [0y = 22 (155)

Proof. Multiply in ‘H equation (1.5.4) by the uniformly bounded sequence U =
(u,v,,2z), we get

2 _ a7 _ o(1)
/Qb(x)Wv] dx = —Re((iA] — A)U, U)y = ST
It follows that

o(1
Hﬁwmmzy_ (1.5.6)
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Using (1.1.7), (1.5.6) and Poincaré inequality (since meas(w; NT') > 0) we get (1.5.5).

O
By detailing equation (1.5.4), we get the following system
AM(idu—v) = fH — 0 in H}(Q), (1.5.7)
A (idv — div(Vu 4+ bVo) +ay) = g1 — 0 in L2(Q), (1.5.8)
AM(idy —z) = f — 0 in H}(Q), (1.5.9)
M(idz — Ay +au) = g — 0 in L2(Q). (1.5.10)
From equations (1.5.3), (1.5.7) and (1.5.9) we get
o) o)
lull2() = - [Wll2) = T (1.5.11)
and using (1.5.3), (1.5.5) and (1.5.7) we also have
o(1 o(1
||VMHL2(w1) = )(\3), and HuHLZ(wl) = /(\3) (1.5.12)
Lemma 1.5.3. Under all the above assumptions, we have
/ Auf? dx = o(1). (1.5.13)
0

Proof. For all n € N, let ¢, p, € H>(Q) N H}(Q) be the solution of the following
system

A20u + A@y — iAoy @u = Uy, inQ, (1.5.14)
A%lpn + Alpn — i/\nﬂwllpn = Yn, in (), (1.5.15)
q)l’l = lpn = O/ ln r/ (1.5.16)

where (1, Uy, Yn, z4) is the solution of (1.5.7)-(1.5.10). If (1.5.1) with the local vis-
cous damping 1., ¢ (or 1., ;) is exponentially stable then, following Huang., 1985;
Priiss, 1984, there exists M > 0 independent of n such that

A@ullZ2(00) + 1V @ul 2200y + 1A% T2 0) + [Vl 720

(1.5.17)
< M(|[un T2y + Nyl F2(cr))-

For simplicity, we drop the index n.
Now, multiplying (1.5.7) and (1.5.8) by iA%p and A% respectively and applying
Green’s formula, we get

—/ A u(A*¢ + A) dx +/ A*bVo - Vg dx + / Aay@ dx
0 0

Mgfﬂ dx.

(1.5.18)

Using (1.5.14) we get

—/ |Aul? dx+/ i)\3]lw1u¢dx+/ Aszv-VidJH—/ Aayg dx
0 0 0

/glqv 1f1<v ) dx. (1.5.19)
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But, using Cauchy-Schwarz inequality, (1.5.12), (1.5.17) and (1.5.3) we have,

‘/Qi)\3ﬂwluqo dx

< IVull 2o 1@l 12(0) = 0(1) (1.5.20)
and by (1.5.6), (1.5.17) and (1.5.3)

‘ / A2bV0 - VG dx
QO

< [A%DV 0] 120 VP 12(00) = 0(D). (1.5.21)

Again, using Cauchy-Schwarz inequality, (1.5.11), (1.5.17) and the fact |[u[|2(q) =
0(1) we obtain,

[ P20 x| < el gl = o). (1522

Consequently, by (1.5.19) and the fact that ¢, f; and g; are bounded in L?(Q)) and
using (1.5.20)-(1.5.22) we get

/Q |Aul? dx = o(1).

O
Lemma 1.5.4. Under all the above assumptions, we have
/ Ayl dx = o(1). (1.5.23)
O
Proof. By inserting equation (1.5.7) in equation (1.5.8) we get
—A2u — div(Vu +bVo) +ay = ﬁ f L (1.5.24)
Similarly, inserting equation (1.5.9) in equation (1.5.10) we obtain
Ay — Ay +ou =< + if2 (1.5.25)

)\4 A3

Now multiplying (1.5.24) and (1.5.25) by i and u respectively then integrating over
) and applying Green’s formula we obtain

[ Wugdx+ [ Vu-Vyds+ [ va-Vde/ aly|? dx
Q Q Q

/ gly l f1y (1.5.26)

7
and

— [ Ryuax+ [ Vy-Vﬂder/ alul? dx
0O (@)

/ gzu l fzu (1.5.27)
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Taking the real part of (1.5.26) and (1.5.27) then subtracting both equations, using
(1.5.11) and the fact that f1, g1, f» and g2 are bounded in L?(Q)) we get

_ 1)
2 dx +R /bv Vid —/ 2 gy = °0). 1.5.28
/ro\u| X+ Re A v-Vydx ro|y\ x A\ ( )

Using Cauchy-Schwarz inequality, (1.5.6) and the fact that Vy is bounded in L?(Q)
we have

o(1
< 116Vl 20y [ V9l = 2. (1.5.29)

R/bv -V*d</bv vy d
eryx_‘vax A

This yields,

2 gy — 2 gy = )
/th|u| dx /sz|y| dx = [P (1.5.30)

Using (1.5.13) and the fact that « € L*((Q)) we obtain
Ay|* dx = o(1).
[ iy dx = o)

But, using condition (1.1.8) we have

uco/ |Ay|? dxg/ac|)\y|2 dx = o(1).
w1 Q

Consequently,
/ Ayl dx = o(1). (1.5.31)
w1

Now, multiplying (1.5.9) and (1.5.10) by A% and A%¢ respectively and applying
Green’s formula, we get

AT - QP iy
—/Q)»zy()\ng—km’b) dx+/QA21xutp dx—/(?nLT) X. (1.5.32)

Using (1.5.15) we get

—/ Ay dx+ [ i)@uwlyww/ A2aup dx
Q O

/ gzl,b zlep (1.5.33)
But, using Cauchy-Schwarz inequality, (1.5.31), (1.5.17) and (1.5.3) we have
) [ W10 dix| < 11029 A2 = 0(1) (15.34)
and
] [ A2 x| < [lal ol A2l |2y A9 120 = 0(1). (15.35)
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Then, by (1.5.33), the fact that ¢ is bounded in L?(Q) by (1.5.11) and (1.5.17), the fact
that f,, g» are bounded in L?(Q)) and using (1.5.34)-(1.5.35), we obtain

/Q Ayl dx = o(1).

Lemma 1.5.5. Under all the above assumptions, we have

2 _ 2 _
/Q]Vu| dx =o0(1) and /Q]Vy\ dx =o(1). (1.5.36)

Proof. Multiply (1.5.24) and (1.5.25) by u and ¥ respectively, then integrate over ()
and apply Green’s formula, we obtain

—/ ]/\u|2dx+/ |Vu|2dx+/ bVU-Vﬁd}H—/ oy dx
o 0 0 0

T (1.5.37)
B i ifiu
_/0(7/\4 +T3 ) dx,

and

- 2 2 gax— [ (8 L iNY
/Q|Ay| dx+/Q|Vy| dx+/0auydx—/0(/\4 +03 ) dx. (1.5.38)

But, using Cauchy-Schwarz inequality, (1.5.6) and (1.5.3) we have

‘/va-Vudx
O

<[Vl 2|Vl |12() = 0(1)

and

x| < lallelll oyl = o)

Consequently, we get

/|Vu|2dx:/ Aul? dx + o(1)
Q Q

and

Vyl|? d ——/ Ay|? dx +o(1).
/Q| y|” dx Q| y[=dx+o(1)
By (1.5.13) and (1.5.23) we deduce that

VuPdx=o(1) and [ |VyPdx = o(1).
| IVuldx=o(1) and [ |VyPdr=o(1)

O
In conclusion, by (1.5.13), (1.5.23) and (1.5.36) we deduce that |U,||3; = o(1) which
leads to the desired contradiction. O
Remark 1.5.6.

1) Theorem 1.5.1 shows that we can have b # 0, ¢ > 0or b > 0, ¢ # 0. In other
words, to prove the polynomial energy decay rate of type ¢t /2 we only need one of
the dampings to be effective.
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2) From Zuazua, 1990, Theorem 1.1 and Remark 1.2 we deduce that if the
boundary of Q) is C? and w; is a neighbourhood of the boundary, then the solution
of (1.5.1) is exponentially decaying. In fact, we know that given any point x° € RY,
(1.5.17) is satisfied when w is a neighborhood of T'(x?) where

F(x%) ={xerl: (x—x%v(x) >0},
where v(x) is the unit outward normal at x € T.

3) Also, from Zuazua, 1990 and by Bardos, Lebeau, and Rauch, 1992 (see also
Lebeau, 1993-1994) for domains with boundaries, we know that when () is of class
C®, (1.5.17) is satisfied when wy satisfies the Geometric Control Condition (GCC).
Recall that the GCC can be formulated as follows: For a subset w of (), we shall say
that w satisfies the Geometric Control Condition if there exists T > 0 such that every

geodesic traveling at speed one issued from () at time t = 0 intersects w before time
T.

4) In Remark 4.3 of Liu, 1997, further examples of pairs (Q,w;) such that
(1.5.17) is valid are given.

Now, under an additional condition on w,, we will show that if (1.5.1) decay expo-

nentially (8 = 0) or polynomially as t7 with B > 0, then the energy of the system
(1.1.1) decays polynomially as t7 with ¢ = 2B + 4. In fact, under the additional
assumption w, = suppa C @, we will find a better estimation of |[y||12(w,)-

Theorem 1.5.7. (Polynomial energy decay rate)
Let wy and wy, be non-empty subsets of C). Assume that conditions (1.1.7) and (1.1.8) hold.
Let wy satisfies meas(wy NT) > 0 and let W, = supp « C  @wy. Also, assume that the

energy of the system (1.5.1) is exponentially stable (B = 0) or polynomially stable as t%,
with B > 0. Then, there exists a constant C > 0 such that for every initial data Uy =
(1o, u1,Y0,¥1) € D(A), the energy of system (1.1.1) verifies the following estimate:

C
E(t) < g”uOHZD(A)' (=28+4, >0, Vt>0. (1.5.39)

Proof. Following Borichev and Tomilov, 2009, (see also Liu and Rao, 2005, Batty and
Duyckaerts, 2008), a Co-semigroup of contractions (e4);>o on a Hilbert space H
verifies (1.5.39) if (S1) holds and

. 1. _
lim sup WH(U\ — A) Ml < o0 (S3).

[A| =00

We know that condition (S1) is verified. Our goal now is to prove that condition (S3)
is satisfied. To this aim, we proceed by a contradiction argument. Suppose that (53)
does not hold, then there exist a sequence (A,) C R and a sequence (U,) C D(A)
such that (1.5.3) and

Ap(idy — AUy = (f1, 81, f5,83) — 0 inH (1.5.40)
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are satisfied.
In what follows, we drop the index n for simplicity.

Lemma 1.5.8. Under all the above assumptions, we have

1) _o(1)
Vol 2w, = /\(5/2 and [[9]|12(e,) = (1.5.41)

The proof is the same as the one of Lemma 1.5.2.

By detailing equation (1.5.40), we get the following system

AM(idu—v) = fi — 0 in Hi(Q), (1.5.42)

A (idv — div(Vu +bVo) +ay) = g1 — 0 in L*(Q), (1.5.43)
AM(idy—z) = f — 0 in H}(Q), (1.5.44)

A(idz — Ay +au) = g — 0 in L2(Q). (1.5.45)

From equations (1.5.42) and (1.5.44) and using (1.5.3) we get (1.5.11), and using
(1.5.41), (1.5.42), (1.5.3), the fact that w, = supp & C w;, and Poincaré inequality
(since meas(w, NT) > 0), we also have

o(1)

Astl

o(1
and HMHLz(wa) = S ) . (1546)

Vil 2w, = P

Lemma 1.5.9. Under all above assumptions, we have

_o(1)
/ [yl dx = 75 (1.5.47)
Proof. By inserting equation (1.5.42) in equation (1.5.43) we get

~A?u —div(Vu +bVo) +ay = /\e + ):[1 (1.5.48)

Similarly, inserting equation (1.5.44) in equation (1.5.45) we obtain

2 | if
—A%y — Ay + o = 52+ A{_ - (1.5.49)

Now multiplying (1.5.48) and (1.5.49) by y and u respectively, then integrating over
() and applying Green’s formula we obtain

-/ )\Zuyder/QVu.Vydxnt/Qva-Vydqu/ aly|? dx
(@)

(1.5.50)
gly if1y
— 4 W dx
and
—/ Azyﬁdx—l—/ Vy-Vﬁdx+/ olu|* dx
Q Q Q
(1.5.51)

. gzﬁ ifzﬁ
= /Q(V + Te_l) dx.
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Taking the real part of (1.5.50) and (1.5.51) then subtracting both equations, using
(1.5.11) and the fact that fi, g1, f» and g converge to zero in L?(Q)) we get

_ 1)
2 dx + R /bv vy d —/ 2 gy = 2. 1.5.52
/ro\u| X+ Re A v-Vydx ro|y\ X =73 ( )

Using Cauchy-Schwarz inequality, (1.5.41) and the fact that Vy is bounded in L2(Q)
we have

o(1
< 116Vl L2y [ V¥l = 2. (1.5.59)

Re/Qva-Vydxg‘/Qva-Vydx =20

This yields,

2 2, o1
/th|u| dx—/sz|y| dx—m. (1.5.54)

But, using (1.5.46) and the fact that w, = suppa, we get

/rx\u|2dx§ ||a||oo/ uf? dx = 20
QO Wy

A5+l

Then, (1.5.54) becomes
2, o(1)
el = .

But, using condition (1.1.8) and as w, = suppa, we deduce that

o(1
/wa ly|?> dx = )\(5/2 (1.5.55)
O
Lemma 1.5.10. Under all the above assumptions, if ¢ > max{B + 2,2} we have
/ Aul? dx = o(1). (1.5.56)
0

Proof. Foralln € N, let ¢y, ¢, € H*(Q) N H(Q) be the solution of (1.5.14)-(1.5.16).
If the system (1.5.1) with w; = w, decays exponentially (8 = 0) or polynomially as

t%l, with B > 0. Then, following Borichev and Tomilov, 2009, there exists M > 0
independent of 1 such that

1Al By 1190l 22cy + 1128l By + 119l B

(1.5.57)
< MIAP(|lunl T2y + llyal[F2))-
Hence, using (1.5.11) we have,
_ 0@ — o
||A¢HL2(Q) = ﬂr ||V€0HL2(Q) B
(1.5.58)
_ o — oM
APl 20y = REE IVYllr20) = R
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Now, multiplying (1.5.42) and (1.5.43) by iA%p and A%@ respectively and applying
Green’s formula, we get

- / Au(A*¢ + Ag) dx + / A*bVo - Vo dx + / A ayg dx
0 0

1.5.59
/ (819 + NPy gy (1:55)
)\’ 5)
Using (1.5.14) we get
—/ |Au\2dx+/ i/\3]lwau¢dx+/ AZva-VadahL/ Aay@ dx
Q Q Q
(1.5.60)
glfp +hey
/\Z 3 x.
But, using Cauchy-Schwarz inequality, (1.5.46) and (1.5.58) we have,
) _ o(1
0% L | < APl Al = . ase
2
This means that we need 5 > 0,i.e, £ > B so that
A1, ug dx = o(1).
[ A0 dx = o(1)
Also, by (1.5.41) and (1.5.58) we have
2 — 2 — o(1)
/QA 570V dx| < NPIV0liei0) 19 liae) = 25 (1.5.62)
2

This means that we should have # —1>0,ie ¢ > B+ 2so that

/ A*bVo - Ve dx = o(1).
0

Again, using Cauchy-Schwarz inequality, (1.5.47), (1.5.58) and as w, = suppa, we
obtain

o(1
< Nl ol M1yl 20 1Al 200) = ASBﬁ . (1563)
4

ANayg d
‘/Q lX]/(p X

This means that we should have % > 0,1i.e, £ > 2f so that

AMay@ dx = o(1).
/Q ay@ dx = o(1)

On the other hand, using Cauchy-Schwarz inequality, (1.5.58) and the fact that f;
and g converge to zero in L?>(Q)) we have

(ﬂ M)d

o) AZ—Z )\6—3 X S(

1
1811l 2(00) + WT?,HﬁHLZ(Q)) ez

1
o) | o(t)
Aéfj Aéflfi

1
A -2
A (1.5.64)
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This means that we need ¢ — 1 — g >0,ie, ¢ > g + 1 so that

s
|3+ Ale_";) dx = o(1).

As a conclusion, if ¢ > max{p + 2,2} we get

/Q |Aul* dx = o(1).

Lemma 1.5.11. Under all above assumptions, if { > 2 + 4 then, we have
/ Ayl dx = o(1). (1.5.65)
0

Proof. Now, multiplying (1.5.44) and (1.5.45) by iA% and A% respectively and ap-
plying Green’s formula, we get

- /Q A2y(A2 + AG) dx + /Q A2au dx = /Q (fj"’z + ;J;?";) dx.  (1.5.66)

Using (1.5.15) we get

[ Ayl 4 +/'A3]l 7 d +/A2 D d
[P axs [ ix1y5 dx et [ Vo ax

- .- 1.5.67
— 829 llelj) d ( )
= Q(/\éfz T s Ax
But, using Cauchy-Schwarz inequality, (1.5.55) and (1.5.58) we have
13 o 2 o(1)
SN b x| < APzl My = 75 (1.5.68)
4

This means that we need ¢ > 2 + 4 so that

31 i dy —
/QA Lo,y dx = o(1).

Again using Cauchy-Schwarz inequality, (1.5.58), (1.5.46) and the fact that w, =
supp &, we have

< = . D.
= "D‘HOOHAu"Lz(wa)H/\l/)HLZ(Q) /\1+é;ﬁ (1.5.69)

Noup d
‘/Q autp dx

This means that we need ¢ > B — 2 so that

20 drv —
/Q/\ autp dx = o(1).
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On the other hand, by Cauchy-Schwarz inequality, (1.5.58) and the fact that f>, g
converge to zero in L2(Q)) we have

/()(m+ijlep)dx

1 1
< (W‘L@HLZ(Q) +W!!fz!!LZ(Q))HM/;HLZ(Q)

—2 " )3
A (1.5.70)
o(1) = o(1)
= et B
N5 2N-1-5
This means that we need ¢ — 1 — g >0,1ie, ¢ > g + 1 so that
QY iy,
/Q(W + W) dx = 0(1).
As a conclusion, if £ > 25 4+ 4 we obtain
Ay|? dx = o(1).
[ 2w dx = o()
O

Consequently, if ¢ = 2 + 4 we deduce that
/ Auf? dx = o(1),
Q

Ay|* dx = o(1),
i dx = o()

and using Lemma 1.5.5, we obtain

/|Vu\2dx:o(1), and /]Vy\zdx:o(l).
0 0

Thus, we conclude that ||Uy,||% = ||(4n, 0n, Yn, 2n)||w = 0(1) which leads to the de-
sired contradiction. O]

Remark 1.5.12.

1) In Stahn, 2017, the damped wave equation (1.5.1) with Dirichlet boundary
conditions was considered on the unit square (0,1)2. In fact, it is proved that
if w; = {(x,y) € (0,1)% x < o}, where ¢ is some fixed number from the
interval (0,1). Then, the energy of (1.5.1) decays polynomially as t~*/3, which
corresponds to B = 3 in Theorem 1.5.7. The author noticed that the same decay
remains true in higher dimensional spaces, namely in a hyper cube (0,1)N and
w1 = {(x1,..,xn) € (0,1)N;x; < o}

2) In example 3 of Liu and Rao, 2005, the authors considered the wave equa-
tion with local viscous damping in the square (0, 77)?. Based on their results, if we
impose that the damping region w; contains a vertical strip of the square domain,
i.e,

w1 D Qs ={(x1,x)/a<x <b0<x <7}

Then, the energy of (1.5.1) decays polynomially as t !, i.e, B = 4 in Theorem 1.5.7.
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1.6 Polynomial stability with two dampings

In this section, we will improve the polynomial decay obtained in section 5, by us-
ing two damping terms. One of the main ingredients is to use the exponential or
polynomial decay of the wave equation with frictional damping in w3 = wy, N w,,
namely

i — AP+ Ly, =0 in Q X (0,00),

p=0 on T x (0,00), (1.6.1)

¢(t=0) = o, ¢:(t =0) = 1.

Theorem 1.6.1. (Polynomial energy decay rate)

Let wy, w, and w, be non-empty open subsets of (). Assume that conditions (1.1.7), (1.1.8)
and (1.1.9) hold. Let w3 = wy, N w, satisfies meas(ws NT) > 0 and let supp o C ws. Also,
assume that the energy of the system (1.6.1) is exponentially stable (B = 0) or polynomially

stable as t%}, with B > 0. Then, there exists a constant C > 0 such that for every initial data
Uy = (uo, u1,Y0,y1) € D(A), the energy of system (1.1.1) verifies the following estimate:

C
E(t) < —=[Uoll}y ), VE>0. (1.6.2)
£B+2

Proof. Following Borichev and Tomilov, 2009, (see also Liu and Rao, 2005, Batty and
Duyckaerts, 2008), a Co-semigroup of contractions (e);>o on a Hilbert space H
verifies (1.6.2) if (S1) holds and

limsup — [[(iA — A) g <oo, £=Bp+2  (S4).

As (S1) already holds, our goal is to prove that condition (S4) is satisfied. To this
aim, we proceed by a contradiction argument. Suppose that (S4) does not hold,
then there exist a sequence (A,) C R and a sequence (U,) C D(.A) such that (1.5.3)
and (1.5.40) are satisfied.

In what follows, we drop the index n for simplicity.

Lemma 1.6.2. Under all the above assumptions, we have
IVolli2y) = 57 1olli2wn) = 5572,
(1.6.3)
1Vzll2gn) = 57 12l 2y = 573
Proof. Multiply in ‘H equation (1.5.40) by the uniformly bounded sequence U =
(u,v,y,2), we get

/Q(b(x)\w? +¢(x)|Vz[?) dx = —Re((iAl — A)U, U)y = ";)

It follows that

—

1612V 0| 2 () = 253,
(1.6.4)

12V 2| 20y = 3.
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Using (1.1.7), (1.6.4) and Poincaré inequality (since meas(ws NI') > 0) we get (1.6.3).

O
By detailing equation (1.5.40), we get (1.5.42)-(1.5.44) and
A (idz — div(Vy +cVz) +au) = g — 0 in L2(Q). (1.6.5)
From equations (1.5.42) and (1.5.44) and using (1.5.3) we get (1.5.11).
Using (1.5.3), (1.6.3), (1.5.42) and (1.5.44) we also have
o(1 o(1
[Vt = 2 and ey = 22,
Azt Azt (1 66)
IR _ o) ©
HvyHLz(w3) - /\§+1 an HyHLz(W3) = Angl'
Lemma 1.6.3. Under all the above assumptions, if £ > B + 2 then, we have
/ Aul? dx = o(1) and / Ayl dx = o(1). (1.6.7)
o) o)

Proof. Foralln € N, let ¢, ¢, € H>(Q) N H}(Q) be the solution of (1.5.14)-(1.5.16).

If (1.6.1) decays exponentially (8 = 0) or polynomially as t%, B > 0. Then, following
Borichev and Tomilov, 2009 and using (1.5.11), we know that (1.5.57) and (1.5.58)
hold.

As before we deduce that (1.5.59) holds, i.e,

—/ |Au? dx+/ i)\31lw3u¢dx+/ /\szv-Vde#—/ A ayg dx
0 0 0

1.6.8
(819 L @y 4y (169
)\Z 2 )\5 3
But, using Cauchy-Schwarz inequality, (1.6.6) and (1.5.58) we have,
13 = 2 o(1)
/017\ Twyue dx| < [A7[[ul] 20 AR |12(0) = e (1.6.9)
2
This means that we need ﬁ > 0ie. £ > Bso that
/ A1, u@ dx = o(1).
0
Also, by (1.6.4) and (1.5.58) we have
2 — 2 - o(1)
/QA 570 Vx| < APIV0lieio) 19 lieey = 25 (1.6.10)
2

This means that we should have #Tﬁ —1>0ie. £ > B+ 2so that

/ A’bVo - Vg dx = o(1).
0

65



Chapter 1. A transmission problem of a system of weakly coupled wave equations
with Kelvin-Voigt dampings and non-smooth coefficient at the interface

Again, using Cauchy-Schwarz inequality, (1.6.6) and (1.5.58) we obtain,

o(1
< el el A 1Y 11200 | A 12(02) = A,() (16.11)

AMayg d
’/Q (qu) X

This means that we should have E%g +1>0ie. ¢ > p—2so that
/ Aayg dx = o(1).
Q

On the other hand, (1.5.64) holds, so weneed £ — 1 — g >0iel > g + 1 so that

s ifD
/Q(if(}g + A/;H[;) dx = o(1).

As a conclusion, if £ > B 42 we get

/ Aul? dx = o(1).
O

Similarly, multiplying (1.5.44) and (1.6.5) by iA%) and A%y respectively, applying
Green’s formula, and Cauchy-Schwarz inequality, we prove that

Ayl* dx = o(1),
[ dx =o(1)
if 0> B+2. O

Lemma 1.6.4. Under all the above assumptions, if £ > 0 then,

/Q|VM|2dx:/Q|Au|2dx+o(1), and /Q|Vyy-’~ dx:/QMy|2dx+o(l).

Proof. By inserting equation (1.5.42) in equation (1.5.43) we get

~A?u —div(Vu +bVo) + ay = < + /\l{l (1.6.12)

Similarly, inserting equation (1.5.44) in equation (1.6.5) we obtain

A%y = —div(Vy + cVz) +an = 52 4 ;{2 (1.6.13)

Now, multiply (1.6.12) and (1.6.13) by u and ¥ respectively then integrate over () and
apply Green’s formula, we obtain

—/ Mu\zdx—i—/ |Vu]2dx—|—/ bVU'Vﬁdx—i—/ ayu dx
0 0 0

QiU ifiu
/(M o) 4

(1.6.14)
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and

— [ 1P d /Vzd /V-V*d / 7 dx =
/Q|y| x+0|y| x+ch yx+01xuyx

L (1.6.15)
82y | ifiy
| B+ T ax
But, using Cauchy-Schwarz inequality, (1.6.4) and (1.5.3) we have
_ o(1
‘/QvaVu dx < HbVUHLZ(Q)HquLZ(Q) = )\(é/g’
it ] < el 2 = o(0)
and )
_ 0
[ vz Vi x| < 1ieValli Il = ok
Consequently, we get
/\Vu]zdx:/ |Aul? dx +o(1),
0 0
and
VyPdx = [ AyP dx+o(1).
LIV ax = [ Ay dx+o(1)
O

Consequently, if / =  + 2 we deduce that
[ 1l dx = o(1),
Q

A2 dx = o(1),
[P dx = o(1)
and using Lemma 1.6.4, we obtain
/ |Vu? dx = o(1), and / IVy|? dx = o(1).
0 0
Thus, we conclude that ||Uy,||% = ||(ttn, Vn, Yn,zn)||x = 0(1) which leads to the de-

sired contradiction.
O

Remark 1.6.5. In Theorem 1.6.1, if supp « ¢ w3 then, we can easily prove that the

energy of system (1.1.1) decays polynomially as tﬁ;fz, with B < 2. Indeed, in order to
prove that (compare with (1.6.11))

2 —
/th/\ ypdx =o(1),

we will need g < 2.
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1.7 Optimality of the polynomial decay rate

We study here the optimality of the polynomial decay rate obtained for the N—
dimensional coupled wave system in Theorem 1.5.1.

Theorem 1.7.1. Assume that c =0, b = 1 and « = ag > 0. Then the energy decay rate
(1.5.2) is optimal in the sense that for any € > 0 we cannot expect the decay rate tl%ﬂ for
all initial data Uy € D(A).

Proof. Assume that there exist € > 0 and C such that

C

t%-ﬁ-e

e ], < [1U[|p(a), YU € D(A). (1.7.1)

Then, by Theorem 2.4 of Borichev and Tomilov, 2009, we deduce that there exists
C’ > 0 such that \
||(is — A)_1‘|£(H) < C'|s|%, Vs € R, (1.7.2)

or equivalently,
Ul < C'|s|==]|(is — A)U]||3, YU € D(A). (1.7.3)

Now, let /\k+, with k > ko, be the sequence of eigenvalues of A described in Proposi-
tion 1.4.2 and let U, € D(.A) be the normalized eigenfunction. Moreover, set

B = S(Af), Vk > k. (1.7.4)
Then, using (1.4.8) we have
. 1
| (BxI — A)Uk|[# ~ s (1.7.5)
k

Consequently, by (1.7.3), we will have

—16e

/ i
C ’,3]{4’1+4€ 5 C/‘uﬁ—‘L 5 C/VF'

k

1= [[Uklln S

This leads to a contradiction. O

1.8 Conclusion

The following table summarizes our main results.
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Kelvin-Voigt

Sufficient conditions

Obtained de-

Covered geometrical

Damping cay rate situations
(H2), (1.1.7) and (1.1.8), 2 cg C, wr satisfies
-| (151 ially de- pol. t~1/2 '
Srz(emth non iaSin) exponentially de- po 2 O w neighbor-
yime hood of the boundary.
3) See Remark 1.5.6.
1) O C*®, w, satisfies
GCC.
(1.1.7) and (1.1.8), 2) O C2?, w, is a neigh-
meas(w, NT) >0, borhood of the bound-
Wy = supp & C Wy, = ary.
. B+2
Sr::goth hon (1.5.1) exponentially sta- pol. t#* 3) w, contains a verti-
ble cal strip of the square
or polynomially stable (0, 7).
as t%, with g > 0. 4) See Remark 1.5.6,
1.5.12.
1) O C*, w; satisfies
GCC.
(1.1.7), (1.1.8) and (1.1.9), 2) QC?% wsis a neigh-
w3 = wp N w: satis borhood of the bound-
fies meas(ws NT) > 0, 1 ary.
B/2+1
;F:nvc(:oth O supp & C ws, pol. £ 77 3) ws contains a verti-
(1.6.1) is exponentially] cal strip of the square
stable or polynomially| (0, 7).
stable as t%, with g > 0. 4) See Remark 1.5.6,
1.5.12.
Two non | (1.1.7), (1.1.9), wp = w. = Analytic Lipschitz boundary
smooth Q.
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Chapter 2

Existence, uniqueness and
stabilization of solutions of a
generalized telegraph equation on
star shaped Networks

Abstract

The existence, uniqueness, strong and exponential stability of generalized tele-
graph equation set on one dimensional star shaped networks are established. It is
assumed that a dissipative boundary condition is applied at all the external vertices
and an improved Kirchhoff law at the common internal vertex is considered. First,
using a general criteria of Arendt-Batty (see Arendt and Batty, 1988), combined with
a new uniqueness result, we prove that our system is strongly stable. Next, using
a frequency domain approach, combined with a multiplier technique and the con-
struction of a new multiplier satisfying some ordinary differential inequalities, we
show that the energy of the system decays exponentially to zero.

2.1 Introduction

Over decades, telegraph equations have gained attention and interest among sci-
entists due to their different applications in the transmission of electrical signals
along transmission lines of all frequencies, in addition to many other physical, bi-
ological and engineering applications (see Bohme, 1987; Evans and Bulut, 2003; Jor-
dan, Meyer, and Puri, 2000; Mohanty, 2009; Pascal, 1986). As a consequence, many
mathematical models were set up, for instance in Imperiale and Joly, 2014, a general
and realistic situation was considered and a mathematical model of electromagnetic
wave propagation in heterogeneous lossy coaxial cables was derived. Recently, re-
ferring to Nicaise, 2015, S. Nicaise has considered the stabilization of the generalized
telegraph equation set in a real interval (model on a cable from Imperiale and Joly,
2014):

Vi+gV+al,+kW =0, in (0,L) x (0,0),

Ii+rI+bVy =0, in (0,L) x (0,00), (2.1.1)

Wi+cW =V, in (0,L) x (0,00),
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with the following boundary conditions
V(0,t) =V(L,t) =0, teRY,
and the following initial conditions
V(x,0) = Vp(x),I(x,0) = Ip(x), W(x,0) = Wo(x), x € (0,L),

where, a,b,¢,7,k and g are all non-negative functions in L*(0, L) that verify some
assumptions mentioned in Nicaise, 2015, see (2.1.2) below for the exact conditions.
The generalized telegraph equation is a coupling between the usual telegraph equa-
tion where the electric unknowns are V and I representing the electric potential and
the electric current respectively with a first order differential equation of parabolic
type involving an auxiliary variable W representing the non-local effects. In Nicaise,
2015, the author was interested in studying the energy decay rate of system (2.1.1).
In fact, under the additional condition that r + g > 0in (0, L), an exponential energy
decay rate was established. Otherwise, he proved a polynomial energy decay rate
of type t~! for smooth initial data. Moreover, the obtained polynomial decay rate is
optimal in the case r = ¢ = 0. On the other hand, first order hyperbolic systems set
on graphs, also called networks, appear in recent applications, like electrical circuits,
arterial networks, networks of open channels, traffic flows on networks (see Bastin
and Coron, 2016; Gugat, Dick, and Leugering, 2011; Leugering, Gugat, and Dick,
2010; Valein and Zuazua, 2009; Zhang and Xu, 2012; Kramar, Mugnolo, and Nicaise,
2020b; Kramar, Mugnolo, and Nicaise, 2020a; Kramar and Sikolya, 2004; Dorn et al.,
2010; for heat, wave or beam equations on graphs, see Mehmeti, 1994; Below and
De Coster, 2000; Gugat and Sigalotti, 2010; Mugnolo and Romanelli, 2007; Mugnolo,
2010; Zhang, Xu, and Mastorakis, 2009; Mugnolo, 2014) and the references there. In
particular, referring to Nicaise, 2017, the usual telegraph equation was considered
on a network with a general class of transmission conditions, including reasonable
ones (like the Kirchhoff law) so that with the dissipative boundary conditions at
the exterior vertices, an exponential stability was established. Note that some exact
controllability results or stability properties have been obtained in Diagne, Bastin,
and Coron, 2012; Gen Qi Xu and Liu, 2008; Lagnese, Leugering, and Schmidt, 1994;
Maffucci and Miano, 2006; Perrollaz and Rosier, 2014; Zhou and Kriegsmann, 2009;
Gugat and Sigalotti, 2010; Zhang, Xu, and Mastorakis, 2009 for instance. But to
the best of our knowledge, the stability of the generalized telegraph equation on
a network is an open problem. This motivates us to study this equation on star
shaped graphs.

In the present work, we consider system (2.1.1) on a star shaped network S
made of N +1 cables of equal length L > 0, with a positive integer N (see Figure
2.1). For that purpose, we fix different real valued and non-negative functions
a = (a)ilo,b = (be)ilo e = (co)jlg k= (kLo 1= (r)ilo and g = (g¢);y in

(L=(0,L))N"" satisfying the following assumption
ag>u, by >u,co>u, ky+g>p aein(0,L), V¢=0,...,N, (2.1.2)
where u > 0is a positive real number. These assumptions are in agreement with the

physical setting from Imperiale and Joly, 2012; Imperiale and Joly, 2014.
On each edge ¢/ with index ¢ € {0, ..., N}, we consider the generalized telegraph
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L
(S)
L el L
€0
(5]
L L
EN+1
eN'
L L
L

FIGURE 2.1: A star-shaped network

equation
Vg,t + gng + aglg,x + kgWg =0, (X, f) c (0, L) X IRi,
Iyt +relp +bpVix =0, (x,t) € (0,L) x R%, (2.1.3)
Wi+ ceWy =V, (x,t) € (0,L) x R%,

where V, represents the electric potential, I, represents the electric current and W,
represents the non-local effects. Moreover, we denote by V = (V,)I.,, I = (I;)},,
and W = (W),

Let us mention that the case when the edges have different lengths L;,, £ =0,--- ,N,
namely system

Vi +8eVi+aly +kW, =0, (x,t) € (0,Ly) x R%,
Iy +1elp+ bV, =0, (x,t) € (0,Ly) x RY,
Wes + oWy =1V, (x,t) € (0,Ly) x R,

can be treated similarly since it can be reduced to (2.1.3) as follows. Indeed by per-
forming on edge ¢, the change of variable x, = L%x, with a fixed L > 0, and the
change of unknowns

. L N L " L
Ip(xg,t) = Ie(fgxeff%‘/g(xe,f) = Vz(%xe,t),wz(xz,f) = Wz(%xzz,t),

we transform this system into (2.1.3) where the coefficients 2, and b, are changed
into L%ag and L%bg respectively (and that continue to satisfy (2.1.2)).

System (2.1.3) is considered with the following dissipative boundary condition at
the exterior vertices

Vg(L, t) — ngIg(L, t) =0, in ]R*Jr, ayg >0, V0 e {0,...., N}, (2.1.4)
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and the transmission conditions from Beck, 2016, §8.2 or Joly and Semin, 2008 (called
by these authors the improved Kirchhoff conditions) at the interior common vertex

N
1 . *
Y Zylis(0,1) = 5 (Vo(0,t) — V4(0,t)), inR%, Ve {1,..,N},
k=1 N (2.1.5)
-1 ) .
V(),t(O,t) == W ZI[(O,t) m R+,
(=0

where, Y and 4 are two positive constants and Z = (Z ) N« N is a symmetric, positive
definite matrix. These boundary conditions are derived in Beck, 2016, §8.2 or Joly
and Semin, 2008 by using the method of matched asymptotics starting from thin
coaxial cables of thickness . The coefficient Y and the matrix Z are defined from the
material properties of the medium and from 3D potentials defined in the reference
domain.

Remark 2.1.1. If r, = 0, then differentiating (2.1.4) with respect to t and using the
second equation of (2.1.3), we exactly find the Neumann velocity feedback law

Vg,t<L, t) = —(ngng,x(L,t), in ]Ri,v€ € {0,....,N},

from Cox and Zuazua, 1995, (4) or Gugat, 2014, (4).

N

By setting v(t) = Vo(0,t) and #(t) = (n,(t))); with ny(t) = Y ZpIi(0,t), System
k=1

(2.1.3)-(2.1.5) is completed with the following initial conditions

V(x,0) = VO(x), I(x,0) = I°(x), W(x,0) = W(x), x<(0,L),
(2.1.6)
v(0) =v°,5(0) = 7".

As suggested before, our goal is then to find sufficient conditions on the func-
tions ay, by, cg, kg, 7o, and g, that guarantee that the above system is strongly stable
and then exponentially stable.

Let us briefly outline the content of this chapter. First, in Section 2.2, we show
that System (2.1.3)-(2.1.6) admits a unique solution in an appropriate Hilbert space
using semi-group theory. Next, using a general criteria of Arendt-Batty (see Arendt
and Batty, 1988), we prove the strong stability of the system in the absence of
the compactness of the resolvent. Then, in Section 2.3, based on a frequency
domain approach combined with an ad-hoc multiplier technique, we establish an
exponential energy decay rate. Finally, in Section 2.4, we discuss the stability of
our system with some extensions, either by considering general dynamic boundary
conditions or by considering general networks.

Let us finish this introduction with some notations used in the remainder of the pa-

per: forall p € [1,00], LP(S) = LP(0,L)N*1, 1 < p < oo and H!(S) = H'(0, L)N*L.
We denote by (-, )¢~ the inner product in CV.
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2.2 Well posedness and strong stability

In this section, we will study the existence, uniqueness, regularity and asymptotic
behavior of the solution of System (2.1.3)-(2.1.6).

2.2.1 Well posedness of the problem

First, we define the energy space
H = (]LZ(S))?) % CN+1,

that is a Hilbert space equipped with the following inner product:

N L L s L
(V,LW,v, )7, (V*, I, W* 0%, 1) )y = Z/O (OVeV7 + BeLyTF + oy WoW?) dx
=0
+ Y v+ 6 (1, Z7 ) ew

where 0 = (0)N., B = (Bo))o v = (70)), € L*(S) will be fixed later but are
such that

60> po, Be>po, Y=o aeinQ, £=0,...,N, (2.2.1)

for some o > 0.
Next, we define the unbounded linear operator A : D(A) — H by

D(A) = {(V,I,W,v,q) cH:VeHY(S)IecH(S), V/(L) =as,(L),v¢ € {0,...,N},

N
V= Vo(0), and = ()Y with 7y = Y zek1k<o>},
k=1

and

1%

I 1 N 1 T
Al W :—(g®V+a®1x+k®w,r®1+b®vx,c®W—V,H214(0),5(Vg(0)—v)§]1> ,
v £=0
Ul

where for two vector functions P = (py)N, € L¥(S),and Q = (q/)), € L*(S), we
set
P®Q = (peqe)io

while for Q = (g,)), € HY(S),

Qx = (70:)10.
Then, setting U (t) = (V(-,t),I(-,t), W(-,t),v(t),5(t)) ", System (2.1.3)-(2.1.6) can be

formally written as a linear evolution equation in the space ‘H

{ut:Au, teR?, 222)

u(o) = Uy,
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where Uy = (Vo, Io, Wo, vo,1,) -
For this system, we have the following existence result.

Theorem 2.2.1. Assume that condition (2.1.2) holds. Then, there exist 6, B, v € L(S)
satisfying (2.2.1) such that the operator A generates a Co-semigroup of contractions (e*4);>o
on H.

Proof. Using Lumer-Phillips Theorem (see Pazy, 1983; Z. Liu, 1999), it is sufficient to
prove that A is a maximal dissipative operator so that A generates a Cp-semigroup
of contractions on H.

Step 1. Let us start by the dissipativity. Let U = (V,I,W,v,5)" € D(A) then, we
have

N L L
§R<AU, U>H :é}%[— 2/0 Gg(gng—f—aﬂg,x—i—kgWg)Vg dx
=0

N L o
— Z/ ﬁg(?’glg + bng,x)Ig dx
=070

1=

N /L _ N _ _
+ E/ Ye(Ve — W)Wy dx — Vo(0) ) 1¢(0) — Y (V,(0) — Vo(o))le(o)]
(=070 (=0

(=1

N /L N /L o
= — ZA (Qgggﬂ/g’z+,Bgrg|lg|2+’)’gCg|Wg‘2) dx—?RZ/O lelglg,ng dx
(=0 (=0
N L _ N /L o N
-RY /0 BebVilpdx+R Y /0 (ve — Bcke) VeW, dx — RVp(0) Y 1,(0)
(=0 (=0 (=0
N —
—R Y~ (Vi(0) = Vo(0))T,(0).
(=1

Now, as in Nicaise, 2015, we chose 0, = a;l, B = b[l for all 4, and apply Green’s
formula on the third term of the right-hand side, we obtain

N L N L .
ROAU,U) = — Z/O (a; ol ViI? + b; Lrg | T[? + yoco | Wel?) dx — R 2/0 1,.V; dx
=0 =
N L N B N B
+RY / ToeVedx — R Y Vi(L)T,(L) + R Y V,(0)T,(0)
(=070 (=0 (=0
N L L N
+ R Z /0 (’)/g — ngg)VgWg dx — %Vg(O) Z Ip(O)
=0 (=0
N N B
+ RVp(0) Y 16(0) = R Y Vi(0)1,(0)
/=1 /=1

N L
== Z/O (a, ' gelVi|* + b, 7o | L * + yece|Wel?) dx
=0

N (L o N
+§RZ/O (’)’Z—Héklf)véwz dx — EIXL/U@(LNZ.
=0 (=0
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Finally, by estimating the second term of this right-hand side by Young’s inequality
we get,

N L N
R{AU, U) < — 2/0 (a ' QelVel? + b, o[ L) + vocd Wel?) dx — Y ag|To(L)[?
(=0

+Z/

for all e(x) = (e,(x))N, positive vector (i.e. e/(x) > 0,V¢ € {0,..,N},x € (0,L)).

k o) 1
e — kabel (ed Vil + W) d

Now, we need to find e(x) = (e(x))N, and v = (y,)}, to satisfy for all
te{0,.,N}:

[ve — kebrler 6120 < 0

2

and | k6,

Yo — Kby

e ™76 <0.

2e, Yece <0

But according to the proof of Theorem 2.1 of Nicaise, 2015 (see p. 3224-3225 in
Nicaise, 2015) such a choice is always possible (we do not give the details and re-
fer to that paper for the details). With such a choice, we find

RAU,U) < ——

I\.)

N
Z/ (008e|Vel? + 2Bere| Ie|* + yece | Wy [?)dx
(=0 (2.2.3)

— Z (Xg“g |2 <0,
and consequently, A is dissipative.

Step 2. Now, let us go on with the maximality. Let A > 0 be fixed. Given
F=(f1,fsfs f1fs)" €H welookforU = (V,I,W,v,5)" € D(A) solution of

(AZ — AU = F,

or equivalently,

AVe+aly+ Vo +keWy = fr1, V2 € {0,.,N},
Alp+ b,V + 10l = fio, V0 €{0,.,N},
AW, —I—CW V = fy3, V0 €{0,.,N},
e+ ee = Ve fu3 { ¥ 224)
Av -|— v ZI/ = f4,
1
A1 + g(Vg(O) —v) = fi5, Ve {1,.,N}.

Assume for the moment that a solution U € D(A) of (2.2.4) exists. Then, the
third equation is equivalent to

Vi+ fo3
A+cy

W, = , forall £ € {0,.,N}. (2.2.5)
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Similarly, the last two equations of (2.2.4) allow to eliminate v and #,, namely

N
fa— 5 Y _1,(0)

(=0
= 22.
v ) , (2.2.6)

and
_ fis—5(Ve(0) —v)
= A
Replacing (2.2.5) in the first equation of (2.2.4), we get

, forall 4 € {1,..,N}. (2.2.7)

Vitagi(M)Ix = fae (2.2.8)
Vix+agp(A)1e = gas
where A+
( a r
s (0) = " ) = A
Av&et i, e
2.2.9
e (22.9)
B /1 A‘{‘Cf B f[/z
far = K, SM T b7’
Agr+—— A tc

forall ¢ € {0,., N}.

Let ¢ = (¢,)), € H(S). Multiplying the second equation of (2.2.8) by ¢,
integrating over (0, L) and summing on ¢ € {0, .., N}, yields

N L N L _ N oL
y / Vi, dx+ Y / a (M, dx = Y / areP, dx. (2.2.10)
=070 =070 =070

Similarly, multiplying the first equation of (2.2.8) by ¢, , integrating over (0, L) and
summing on ¢ € {0,.., N}, gives

N L N L o N L o
Y [ Vidhdx+ Y [CanWlGidr =Y [ fuddx @21
=070 (=070 =070
By integrating by parts the first term of the left hand side of (2.2.11), we obtain
—2/ vexwdx+2w el Zw
+ Z / ael (A)If,xﬁé,x dx = Z / f?\,fﬁé,x dx.
=070 =070

(2.2.12)
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Then, adding (2.2.10) and (2.2.12) leads to

N L . o N o
Y [ (aea )P+ a2 WLy ) dx+ Y V(L) (L)
£=00 =0 (2.2.13)

N B N oL, _
~ Y V%0 = Y [ (ot 8r) dx.
=0 /=0

By taking into account the boundary conditions in D(.A), in addition to (2.2.6) and
(2.2.7), we find

N N

/;J Vi(0)1h,(0) = Vo(0)9,(0) + ; Vi(0)9,(0)
N

= Vo(0)94(0) + ¢ 1;1 fo51,(0)

N N [N _
+V0(0) ) 9, (0) —oA ) (2 Zeklk(0)> $,(0)-
(=1 (=1 \k=1

Then,
N B N N
Y Ve(0),(0) = Vo(0) Y ,(0) +6 ) fr5¢,(0)
=0 =0 =
N /N B
— 61 ) ( szlk(0)> ¥,(0)
=1 \k=1
. 1 [N N
= ;;}W(O) ~SYA (ﬁ;} I@(O)> (;)1/’4(0))
N N /N
+0) . fr59,(0) =AY (Z Zﬁklk(0)> #,(0)
(=1 =1 \k=1
and

N N
Y Vi(L),(L) = ) agly(L),(L).
=0 =0

By replacing these two identities in (2.2.13), we arrive at
N L o o N .
Y. /0 (a1 (M) Ipxy, +ag2(A)Igp,) dx + Y agly (L), (L)
(=0 (=0
1 N N N /N B
sy | L L0) ) | L #u(0) ) +0A Y | 3 Zak(0) | ,(0) (22.14)
YA\ (=0 (=1 \k=1

N L B [ N
= Y [ Griiby+ 80,0 dx+ 5 Y (0 +8 ) fisi(0),
(=0 (=0 (=1

for all ¢ € H'(S). Now, we notice that this problem has a unique solution
I € H!(S), by the Lax-Milgram Lemma. First, this left hand side is a continuous
and coercive sesquilinear form on H!(S), since by our assumptions (in particular on
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Z), there exists a positive constant C(A) (that depends on A) such that

N L ) ) N ) 1 | ’
Y [ @a e+ aiaW)1P) dx + Y- arlL(L)P + 5| Y- 1,0)
(=070 (=0 (=0

+OMZI.(0), 1.(0))ew = CA)|IT| [ ).

with I1,(0) = (,(0))),. Secondly, the right-hand side of (2.2.14) is a continuous
form on H!(S).

Now, according to the first equation of (2.2.8) we set

Vi= fae—ai(M)y, (2.2.15)

that clearly belongs to L2(0, L), for all . Then, taking in (2.2.14) a test function ¢
such that ¢, € D(0, L) for some £ = 0,.., N and ¢; = 0, for all j # ¢, we find

L - L B
/0 llgll()t)lg,xlp&x dx+/0 agp(A) I, dx

L . (2.2.16)
— /0 Fugye dx + /O e, dx.
Eliminating I, , from (2.2.15) and replacing it in (2.2.16), we get
L L o L
- /0 Vi, , dx + /0 a0, (A) L, dx = /0 are, dx. (2.2.17)

Applying Green’s formula on the first integral of the left-hand side of (2.2.17), we
obtain
Vix + aglz(/\ﬂg =g\ In D/(O, L). (2.2.18)

As —ay(A)I; + gar € L?(0,L), we deduce that V;, € H'(0, L) and that (2.2.8) holds.
Then, after defining W by (2.2.5), v by (2.2.6) and # by (2.2.7), it remains to check
the boundary conditions appearing in D(.A). For this purpose, we introduce two
Hilbert spaces

Hi = {u € H'(0,L); u(0) = 0},

and
H = {uc H'(0,L); u(L) = 0}.

Now, we first take different test functions @ in (2.2.14). By Green’s formula and
taking into account (2.2.8), we have

N N N
Y Ve(L) (L) = Y Ve(0)p,(0) — Y aele(L) (L)
(=0 (=0 =0

1

N N N /N B
YA <Z If(O)) (Z W(o)) —0A Y] (Z Zeklk(0)> ,(0) (2.2.19)
(=0 (=0 =1 \k=1

N N
L fisBi0)+ 3 L AF0) =0, Vg € W(S)
=1 =0
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N
First, we fix £ and take ¢ € HH}< such that ¢y (L) = z arbitrary in C and ¢;(L) =

0,Vj # £, we get
(Vg(L) - DQI@(L))Z =0,z € C.

N
Consequently, V;(L) = a;I;(L). Second, we fix ¢ and take ¢ € HH% such that
(=0
$¢(0) = z arbitrary in C and ¢;(0) = 0, Vj # £, we obtain

N
(—Vg G (Z I,(0 ) —6A (Z Zeklk(0)> +6fs + }\f4) z=0VzeC.

k=1
Using (2.2.6) and (2.2.7) we deduce that 7, = Z ZyIx(0). Third, we fix ¢ and take

N
¢ € [ [H] such that ¢, = 0,/ # 0, and 4,(0) = z, arbitrary in C we obtain
(=0

1 N
J;\ AZI[

(=0

Using (2.2.6), we deduce that v = V;(0). The proof of Theorem 2.2.1 is thus com-
plete. O

As A generates a Cy-semigroup on H, problem (2.2.2) admits a unique solution given

by
U(t) = ey, t>0.

Hence, the semi-group theory allows us to deduce the following existence and
uniqueness results.

Theorem 2.2.2. Assume that condition (2.1.2) holds. Then, for any initial data Uy €
H, problem (2.2.2) admits a unique weak solution U € C°([0,00);H). Moreover if
Uy € D(A), problem (2.2.2) admits a unique strong solution U € C([0,00);H) N
C%([0,0); D(A)).

As usual the energy associated with (2.2.2) is defined by
1 2
E(t) = |V, LW, v, )}

and for U = (V,I,W,v,5) € C'([0,00); H) N C°([0,0); D(A)), we have
/ 18 L 2 2 2 ul 2
E (t) < _E Z/O (QggﬂVg‘ —|—2,Bg1’g“g’ —|—’)’2CAW(| )dx — ZD&AQ(L” <0.
/=0 /=0
For such a solution, we then have
E(t;) <E(t),V0 <t <t

in other words, our system is dissipative in the sense that its energy is non-
increasing with respect to . By the density of D(A) into #, this last property
remains valid for weak solution U € C°([0,0); H).

83



Chapter 2. Existence, uniqueness and stabilization of solutions of a generalized
telegraph equation on star shaped Networks

Now, we are able to study the strong stability of our system.

2.2.2 Strong stability

To show the strong stability of the Co-semigroup of contractions (e"4);>0 we will rely
on the following result due to Arendt and Batty, 1988.

Theorem 2.2.3. ( Arendt and Batty, 1988). Let A : D(A) C ‘H — H generates a Cy-
semigroup of contractions on the Hilbert space H. If
1) A has no pure imaginary eigenvalues,
2) 0(A) NiR is countable,
where (. A) denotes the spectrum of A. Then, the Co-semigroup (e');>0 is strongly stable,
namely

}erlo Het‘AuO‘ |7.[ =0,VUy € H.

Let us now state the main result of this subsection.

Theorem 2.2.4. Assume that assumption (2.1.2) holds. Then, the Co-semigroup (e**);>o
is strongly stable on the energy space H.

Its proof is based on the use of Theorem 2.2.3. Since in our situation the resolvent
of Ais not compact, we have to analyze its full spectrum on the imaginary axis. More
precisely with the help of the following Lemmas, we will deduce that o(.A) N iR is
empty, hence the result.

Lemma 2.2.5. Under the same condition of Theorem 2.2.4, we have iA — A is injective for
allA € R, ie.
ker(iAZ — A) = {0}, VA e R.

Proof. Let A € Rand U = (V,I,W,v,)" € D(A) be such that

(iAT — AU =0,

equivalently,
i/\Vg—l—ﬂgIg,x—i—gng—f—kgWg =0, Ve {0,.., N},
iMy+byVyy 410l =0, Ve {0, ey N},
iAW+ c Wy =V, =0, V{e {O, - N},
N (2.2.20)
iAv+ 5 ) 1,(0) =0,
(=0
LiAne 4+ 3(Ve(0) —v) =0, ¥l e{1,., N}

Hence, as R(AU,U)y = 0, using inequality (2.2.3) and the fact that ¢, >
0 and ay > 0, we get

gng =rly =W, = IE(L) =0,V/e {0,.., N} (2.2.21)

Using the third identity of (2.2.20) we deduce that V; = 0, forall ¢ € {0,..,, N}.On
the other hand, the first equation yields that I, , = 0, so I, is constant on (0, L) for all
¢€40,..,N}. As I;(L) = 0, we deduce that I, = 0, for all £ € {0, .., N}. This implies

N

that v = Vp(0) = 0and 7, = Y ZuI(0) =0, forall £ € {1,..,N}. Hence U = 0 and
k=1

the desired goal holds. O
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Lemma 2.2.6. Under the same condition of Theorem 2.2.4, we have iA — A is surjective for
all A € R, i.e.
R(iA—A)=H, VAeR"

Proof. For any A € R* and F = (fy, fy, f5 fo f5) € H, we look for a unique
solution U = (V,I,W,v,5)" € D(A) of
(iIAL — AU =F,

or equivalently,

(Z')LVg—l—ElgIg,x—i—gng—i—kgWg :f€,1/ Vi e {O,..,N},
My + bV +rely = fip, VL€ {0,.,N},
iAW, + /Wy — Vy = f13, V¢ €{0,.,N},

N
iAv+ 57 Y 1(0) = fa,
(=0

LAy + H(V,(0) —v) = f1s, Ve {1,., N}

(2.2.22)

Suppose sucha U = (V,I, W,v,5)" € D(A) exists, then

Vi+ fos
= —== Y¢ed0,.,N}, 2.2.23
N
fo— 57 ) 1(0)
B =0
v = - , (2.2.24)

1 _
e = fi 5(;/;(0) V), Ve e{1,.,N}. (2.2.25)

Replace Wy in the first and second identities of (2.2.22) to get

kefos
ay (fg’l_l‘/\—i—Cg)
ky Ié,x - ke ’
A
i/\+c4) (i +ge+m+%)

Vi +
(iIA+gr+

A
AT Ly, - jZZ ¢e{0,.,N}.
14

Then, to find a solution of (2.2.22) it is enough to find a solution of

{Vz +agy (iMIoe = fire, (2.2.26)

Vix+ap(iM)Ie = gire,

where a;1(A), ap2(A), o and g, ¢ are defined in (2.2.9).
Now following the arguments of the proof of Theorem 2.2.1, we deduce that I ¢
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H'(S) is a solution of
N
Z/ ag1(iX) nglp“—f—agz (iA)I ) Z nes
N
5YA (Zlf >(Z¢z( >+1z5 ) (Zzeklk > (0) (2.2.27)
(=0 /=1 \k=1

_ _ fi ¥ N
= ;)/0 (fm,ﬂl’z,x +gi/\,flnb£) dx+ ; +5€;f&5¢’£(0)

for all ¢ € H!(S). Here we note that Lax-Milgram Lemma cannot be applied be-
cause coercivity is not available. Therefore, we use a perturbation argument. For
that purpose, let us introduce the sesquilinear form

N L o N L 1 _ N .
ba(L ) = Z/ ag1 (iM) L, dx + Z/ Fléwg dx+ ) agly(L)§,(L)
=070 0 (=0

1

Tiova (iu(@) (iw(m) +1MZ (Z Zy (0 ) (0),VL, ¢ € H(S).
=0 (=0

This sesquilinear form b, is continuous and coercive on H!(S), since for all £

ay ()\zgg + Cg(ngg + kg))

> C(A),
(cogr+ke—A2)2+A%(cp+g0)> — )

R(ag1(ir)) =

where C(A) is a positive constant that depends only on A. Then, by Lax-Milgram
Lemma, the operator

By : HY(S) — (HY(S))* : I — B,I,
with ByI(¢) = by (I, ¢), is an isomorphism.

Now, let us set
Ry : HYS) — (HY(S))*: T — Ry,

with
RuI(¢ Z/ M“K A=) o i

As R, is a compact operator, we deduce that By + R, is a Fredholm operator of
index zero from H!(S) to (H(S))*.

Now by setting
N L - - N 1N
= Z/ (8ir o + fin ety ) dx 46 Y fos9,(0) + j Y fap,(0)
(=00 =1 iz
we notice that (2.2.27) is equivalent to

(By +Ry)I =L, in (HY(S))" (2.2.28)

Hence problem (2.2.27) admits a unique solution I if and only if B, 4 R, is invertible.
B, + R, being a Fredholm operator it is enough to prove that B, + R, is injective,
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i.e,
ker(BA + RA) = {O}
Let us now fix I € ker(B, + R ), then it satisfies

N L - _ N _
Y [ (00a (DI + acai) 1) dx+ Y il (L)L)
(=0 (=0

1 N N .
+ 7 (;Ou(m) (gw«n)

N N
+i6A Y <Z ngIk(O)) ¥,(0) =0, vy € HY(S).
(=1 \k=1

Thus, if we set

Iﬁx VZ
Vi —— W)= ——
L M
and
N

Y100
B ;)e( ) and 10 — —V,(0) +v
T TASY =T

we conclude that (V, I, W,v,#) € D(A) is a solution of
(ir = A)(V,LW,v,5)" =0.

Using Lemma 2.2.5, we deduce that V) = I, = Wy =v =15, =0 forall ¢ € {0,.., N}.
This shows that B, + R, is invertible and therefore a unique solution (I;), € H!(S)
of (2.2.28) exists. At this stage, by setting V; = fijr s — a41(iA) Iy, we conclude as in
the proof of Theorem 2.2.1 that (V, I, W,v,5) € D(A) is a solution of (2.2.22) and
the proof is thus complete. O

It remains to show the surjectivity of .4, but first let us introduce the following
Hilbert space

V. = {(V,I) € H'(S) x H'(S) such that V(L) = a,I,(L), V¢ € {0,.., N},

5 1,(0) = 0, V(0) — Vo(0) = 0, V¢ € {1,..,N}}.
(=0

N N
Lemma 2.2.7. Let (6,A) € [ [D(0,L) x [ [ D(0, L), then there exists (1, x) € Vs such
=0 (=0
that
— 9,
P = O (2.2.29)
Xex =N, VL E{0,.,N}.

Proof. As (2.2.29) means that ¢, (resp. x/) is a primitive of 6, (resp. A;), we have

pilx) = [ 0nty) dy+ b,

0 (2.2.30)
xi(x) = [ Ady) dy -+ p,
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where dy, p; are two constants to be determined later on. Notice that (, x) € V. if
and only if

N
Y xe(0) =0,
=0

2.2.31
$(0)  =o(0), Ve {1,.,N}, (2.2.31)
(L)  =ax(L), V¢ {0,., N}
Then, knowing that
L
$e(0) =dy, Yo(L) = / 0c(y) dy +dy,
; (2.2.32)

L
xe(0) = pe, xe(L) = /0 Ao(y) dy + pe,

we see that (2.2.31) is equivalent to the following system with 2N + 2 equations

N

ZP@ =0,

=0

dy =doy, V¢ € {1,.,N}, (2.2.33)
L L

/0 O(y) dy +d; = ay (/0 Ay dy+P4),W€{O,..,N}.

By the second and third equations of (2.2.33) we find

1 L L
Pe= 4, </0 0u(y) dy+d0> —/0 A(y) dy, VL€ {0,., N} (2.2.34)

Then, replacing (2.2.34) in the first equation of (2.2.33) leads to

N N
Y <(x14 /OL 0:(y) dy — /OL A(y) dy) + (Z ;) do = 0. (2:2.35)

=0 (=0
|
As ) " is positive, the existence of dy is guaranteed, which proves the Lemma. [
=0 4
Lemma 2.2.8. Under the same condition of Theorem 2.2.4, A is surjective.

Proof. Let F = (fy,fy f3 fu f5)! € H, we look for a unique solution U =
(V,ILW,v,5)" € D(A) of
— AU =F,

or equivalently,

(aplpy + Ve +kWy = fon,
bVix+rily = fu2,
ceWy =V, = fu3,
1 N (2.2.36)
VI =
5y ;} ¢(0) fa,
1
E(th,(o) —v) = fu5-

88



Chapter 2. Existence, uniqueness and stabilization of solutions of a generalized
telegraph equation on star shaped Networks

Suppose sucha U = (V,I, W,v,5)" € D(A) exists, then

V,
W, = f;f“ vt € {0,., N}.

Replace Wy in the first and second identities of (2.2.36), we get

Vit a1 (0)Iox = for (2.2.37)
Vix+ar2(0) I = goe,

where a;1(0),a7,(0), fo,, and go,¢ are defined in (2.2.9).
We will proceed by dividing the proof into three steps.
Step 1. First, fix (¢, @) € H!(S) x H!(S), such that
¢e(0) =0fr5 VL€ {1,.,N}, ¢ =0 on [e, L] forsomee; € (0,L), ¢po=0
and
¢0(0) =38Yfs, ¢o=0o0n [ey, L] forsomee; € (0,L), ¢, =0 V¢ e {1,.,N}.

Then, setting \7g =V, —¢yand IAg = Iy — ¢4, by (2.2.37) we deduce that they satisfy

Vet aea(0lex = for (2.2.38)
Vix+agp(0)I = o,
where,
for = for— (@r+a51(0)prx) and  Zor = go0 — (Pox +a02(0)@r),
forall ¢ € {0, .., N}. We further notice that
N o~
Y 1,(0) =0,
=0 . (2.2.39)
V,(0) = V(0) =0, Vee{1,.,N},
V(L) = /(L) Y€ € {0,.,N}.

Step 2. Let (¢, x) € V.. Multiplying the first and the second equation of (2.2.38) by
X1, and ¥,  respectively, then integrating in (0, L) gives

N L R N L —~
Y. /0 (ViXex +a61(0) 103X ,) dx+ ) /0 (Vixy, +a2(0) 1oy, ) dx
/=0 /=0

(2.2.40)
N L .
=) / (fo.Xox + 8oty ) dx.

¢=0"0
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Again the sesquilinear form from this left-hand side is not necessarily coercive, so
again we introduce the sesquilinear form

J(V).( ):/ 2010 uxmdw):/ Vi d

+ 2 /0 (IKXK + VZ@[) dxlv(‘/}//i)/ (tl)r X) € V..
=0
This sesquilinear form g is continuous and coercive on V, since

a,1(0) =1 U+ 0,v0 € {0,.,N}.

ce8e + ki)

Then, by Lax-Milgram Lemma, the operator
Q: V= (V)7 :(V,1) - Q(V, 1),

with
QV, T)(¢,x) = q((V, 1), (¢, %)),

is an isomorphism. Now, the remainder
SV, — (V) (V,T) = S(V,T) (9, x),

with
SV, 1)(w,x) = Z/ (Vi + 202(0)T1,.,) d Z/ (1% + Vi) d

is a compact operator. Hence, we deduce that Q + S is a Fredholm operator of index
zero from V, to (Vy)*.

By setting
N L o
0 =Y | oo+ d
(=0
we again see that (2.2.40) is equivalent to
(Q+8)(V,I) =L in (V)" (2.2.41)
Step 3. Now, let us prove that the system (2.2.38)-(2.2.39) is equivalent to (2.2.41).
First, let (6, A) be an arbitrary test function, such that 6, = 0 V¢’ € {0,..,N}, and

Ay € D(0,L), for a fixed £ and Aj = 0, Vj # (. Then, by Lemma 2.2.7, we deduce
that there exists (¢, x) € Vs such that

lpéx =0
Xox = Ar, VL€ {0, N}.

Replacing this (¢, x) in (2.2.41) we get,

L R L
/0 (Vgl\g +ap (O)Ig,x/\g) dx = /0 folgAg dx.
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Then, R R R
Ve+ap1(0)Ipx = for in D'(0,L),

which means that the first equation of (2.2.38) holds. Second, let (6, A) be an arbi-
trary test function, such that A, = 0 V¢ € {0,..,N}, 6, € D(0,L), for a fixed ¢ and
0; =0, Vj # £. Using Lemma 2.2.7 and following the same arguments as above we
deduce that the second equation of (2.2.38) holds. In conclusion, the system (2.2.38)-
(2.2.39) admits a unique solution (V,T) if and only if Q + S is invertible. As Q + S is
a Fredholm operator, it is enough to prove that it is injective, i.e.,

ker(Q +S) = {0}.

Let (V,T) € ker(Q + S) then

Y. /0 (ViXo +a61(0)IpxXp,) dx+ ) /0 (Vi +ae2(0) Loy, ) dx
/=0 /=0

V(lp, X) € V*

(2.2.42)

Thus, if we set
e= 7 0(0) and 7, = 2 (o

o~ o~

We conclude that (V,T, W, 7,7) € D(A) is a solution of
— AWV, IW,7,5)" =0.
Using Lemma 2.2.5, we deduce that Vi=L,=W, =7 = fy=0forall £ € {0,..,N}.

So, Q + S is invertible and a unique solution (V,TI) € V. of (2.2.41) exists.
Then, by the prev10us arguments we deduce that (2.2.38) and (2.2.39) hold.
As we set Vg — ¢¢ and Ig = — @¢, we deduce that a unique solution
(V,I) € HY(S) x ]HI(S) of (2.2.37) exists, and satisfies

N
ZIE(O) =0Yfa,
=0
Ve(0) = Vo(0) =0fus V€ {1,.,N},
Vg(L) = (Xglg(L), \WAS {O,..,N}.
Finally, by defining
Wgzvg—l—fg"j vl e {0,.,N}, v="V,(0), Zzgkzk vl e {1,.,N},
l

we deduce that a solution (V,I, W,v,5) € D(A) of (2.2.36) exists. The proof is
complete. O

2.3 Exponential energy decay rate
In this section, we will prove the exponential stability of System (2.1.3)-(2.1.6) based

on a frequency domain approach. Here contrary to Nicaise, 2015, we do not require
that r, + gy is uniformly bounded from below for each ¢ (see the assumption (25) in
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Nicaise, 2015) to get exponential decay of the energy but rather exploit the dissipa-
tive boundary conditions (2.1.4) at the exterior nodes. Hence our proof fully differs
from the proof of Theorem 4.5.4. from Nicaise, 2015. We here need to combine the
frequency domain approach with an ad-hoc multiplier method (see Lemma 2.3.5
above).

Our main result is the following one.

Theorem 2.3.1. Assume that condition (2.1.2) holds. Also, assume that
ay, bg € W1'°°(O, L),

forall ¢ € {0,..,N}. Then, the semigroup (e"A);>q is exponentially stable, i.e. there exist
two positive constants M and € > 0 such that

et U5 < Me™¢!||Uy||3, Yt >0, VU, € H.

Proof. Following Huang., 1985 and Priiss, 1984, our Cp-semigroup of contractions
(e")>0 in H is uniformly (exponentially) stable if and only if

iR C p(A), (2.3.1)

and

sup||(iA — A) M| ) < 0. (2.32)
AER

Since (2.3.1) was already proved, the proof of Theorem 2.3.1 is reduced to show that
condition (2.3.2) holds. This is checked by using a contradiction argument. Indeed,
suppose that (2.3.2) is false, then there exist a sequence of real number A, € R and a
sequence of vectors U, = (V,, I,, Wy, vy, 11,,) in D(A), such that

’/\ﬂ| — 09, H(Vn/Iann;Vn;17n>HH =1, (233)
and
(iry —A)U, - 0inH asn — oo. (2.34)

Our aim is to show that ||(V,, I, Wy, vy, 1,,) || — 0. This condition permits to con-
clude a contradiction with (2.3.3). From now on, for simplicity we drop the index n.
Now, writing (2.3.4) in a detailed form we get

(A4 g)Vi+agly + kW, = fr1 — 0 in L*(0,L), V¢ € {0,...,N}, (2.3.5)

(iA 7))l +b,Vyx = fro — 0 inL2(0,L), V€ {0,...,N}, (2.3.6)
(iA4c))Wy =V, = fy3 — 0 in L?(0,L), V£ €{0,...,N}, (2.3.7)

, 1 Y '
iAVp(0) + v égo L(0)=f;—0 inC, (2.3.8)
A + %(Vg(o) —V(0)) = f1s = 0 inC, Vel Nh. (239

Lemma 2.3.2. Under the above assumptions, we have the following estimations for all { €
{0,.,N}:

V8iVy=o0(1) inL*(0,L), (2.3.10)
I,(L) =0(1) inC, (2.3.11)
Vil =o0(1) inL*0,L), (2.3.12)

W, =o(1) inL*0,L). (2.3.13)
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Proof. Taking the inner product in H of (iA — A)U with U and using (2.2.3) and
Cauchy-Schwarz’s inequality, we get

1t .
E E/O (Qggg’Vg‘z —I—Zﬁgi’guﬂz +’)’5C13‘Wg|2) dx+065|lg(L)’2 < §R<(l/\ — .A)U, U>H
(=0

< [IGA = AU 3] U] 3

As ||(ir — A)U||y — 0and ||U||y = 1, we obtain

1 L
5/0 (00ge|Vel* + 2Bore|Lo|* + yece|We|*) dx + | I(L)|* = o(1), V¢ €{0,..,N},

and the desired results hold. O

From (2.3.3), (2.3.6) and (2.3.7) we have

|| Vil 12

S = 0(1), Healliz o(1). (2.3.14)

A
Lemma 2.3.3. Under the above assumptions, for all £ € {0,..., N}, we have
[Ve(0)| = O(1), (2.3.15)

and
[1,(0)| = O(1). (2.3.16)

Proof. As Z is an invertible matrix matrix, I.(0) = Z *117 and therefore, there exists
{ > 0 such that
[[L:(0)|[en < Climllen- (2.3.17)

Then, using (2.3.3), we directly deduce that (2.3.16) holds for ¢ € {1,.., N}.
Now, multiply (2.3.6) by 21,, and then integrate over (0, L), to obtain

L _ L _ L _ L .
21'/ AV, dx+z/ Vi, dx—|—2/ asly I dx—|—2/ kW1, dx
0 0 0 0

. (2.3.18)
= 2/ fg,ljg dx.
0

The second and fourth integral on the left-hand side of (2.3.18) converge to zero by
(2.3.3), (2.3.10) and (2.3.13), similarly the right-hand side converge to zero, using
(2.3.3) and the fact that f; converge to zero in L?(0, L). This yields

L _ L -
Zi/ AVpl, dx + 2/ aglp Iy dx = 0(1). (2.3.19)
0 0

Taking the real part of (2.3.19) and then applying Green’s formula on the second
integral of the left side leads to,

L L
=28 [ AV dx— [Can P dx +ad D)L o 0)1(0)F = o(1), (2:3:20)
0 0
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Similarly, multiply (2.3.7) by 2V, and then integrate over (0, L), we get

L L L o L _ L _
2i/ ALV, dx + 2/ relpVy dx + 2/ bng,ng dx = 2/ fg,QVg dx. (2.3.21)
0 0 0 0

The right hand-side of (2.3.21) converge to zero by (2.3.6) and (2.3.3), similarly the
second integral of the left hand-side converge to zero by (2.3.3) and (2.3.12). This
yields

L L —
Zi/ ALV, dx + 2/ bV Vydx = 0(1). (2.3.22)
0 0

Again, taking the real part of (2.3.22) and then, applying Green’s formula in the
second integral of the left hand side we get,

L L
=28 [ ALV dx = [ byl ViP dx + bu(L)Vi(L) = b(0) Vi (0) = o(D)
(2.3.23)
Adding equations (2.3.20) and (2.3.23) leads to

- /OL ag|Ig|* dx — /OL box|Vel* dx + ag(L)|I,(L)[* — as(0)[1,(0) |2
+by(L)| V(L) [> = by(0)|V(0)]* = 0(1), V£ €{0,.,N}.

(2.3.24)

Under the assumption that a,, b, € W¥*(0, L), using (2.1.2),(2.3.3), (2.3.11),(2.3.17)
and the fact that Vy(L) = a,I;(L), we deduce from (2.3.24) that

V,(0)] =0(1), V¢e{1,.,N}, (2.3.25)

and as |Vp(0)] = O(1) using (2.3.3), we conclude that (2.3.15) holds. On the other
hand, for / = 0 and under the assumption that ag, by € W1'°°(0, L) and using (2.1.2),
(2.3.3),(2.3.11) and as Vo(L) = aolp(L), we deduce from (2.3.24) that |Io(0)|*> = O(1).
Consequently, with (2.3.17), we conclude that (2.3.16) holds. O

Lemma 2.3.4. Under the above assumptions, we have

v ="Vy(0) =0(1), (2.3.26)
and
ne=o(1) vee{l,. N} (2.3.27)
Proof. Using (2.3.8), we have
1 ¢ fa

by (2.3.16) and the fact that |fs] = O(1), we deduce that V5(0) = o(1). Similarly,
using (2.3.9), we have

1 1 1
e = —%VK(O) + %VQ(O) + af[ﬁ,

by (2.3.15) and the fact that |f; 5| = O(1), we deduce that (2.3.27) holds. O
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Lemma 2.3.5. Let £ € {0,.., N} be fixed and assume that the functions ay, by € W¥*(0, L).
Then, there exists hy € WY*(0, L) and a positive real number p, such that

he(0) =0, (2.3.28a)
hox(x) > p¢ >0, foraa xe€ (0,L), (2.3.28b)
az(X)) <az(x)>
hyp . (x + hy(x >0, foraa x € (0,L). 2.3.28¢
K,x( ) <bg(x) Z( ) bg(x) . f ( ) ( )
Proof. We first notice that (2.3.28¢) is equivalent to
ag(x)
foa(%) | <b‘<")>x >0, foraa.xe (0,L), (2.3.29)
hg(x) (”é(x))
be(x)
or equivalently
a¢(x)
fix() > wy(x) == — (bé(x))x, fora.a.x € (0,L). (2.3.30)
hy(x)

ag(x)
( by(x) >
Since wy(x) is bounded on (0, L), then if i;(x) = x near zero, there exists a positive
real number e (sufficiently small) such that

1> W), vxe (0] (23.31)

So, we define

and we distinguish the following two cases:
i If M, < %, then (2.3.31) holds with ¢ = L, and we can choose
hy(x) = x, Vx € (0,L). In this case, (2.3.28a), (2.3.280) and (2.3.28¢) hold.

i) If M, > %, then we choose 0 < € < ML/ and define hy(x) = x, Vx < ¢, so
that (2.3.31) holds. Now, for x > €, we impose that

he(x) =€ elemWdy gy > ¢ (2.3.32)

with
my(x) := max{we(x),«}, (2.3.33)

for some x > 0. Notice that liglhg(x) = ¢, i.e., hy is continuous on (0, L). Now from
X—€

the expression (2.3.32), we have

hpx(x) =€ mg(x)efex mW) W = hy(x)my(x), Vx> e. (2.3.34)

As my(x) > wy(x), we deduce that (2.3.30) holds (i.e. (2.3.28¢) holds). Finally, by
(2.3.32), we have that

he(x) > €, Vx>e, (2.3.35)
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which by (2.3.34) and (2.3.33) implies that
hyx(x) > ex >0, Vx> e.
In other words, (2.3.28b) holds for almost all x € (0,L). O
Lemma 2.3.6. Under the above assumptions, we have for all ¢ € {0, .., N},
Vi =o0(1) in L*(0,L). (2.3.36)

Proof. Fix £ € {0,.,N} and let h, € W'®(0,L) be the function defined in
Lemma 2.3.5. o
First, by multiplying (2.3.5) by (2h,V ) and then integrating over (0,L), we get

L = (L Vix RN
2/ hZVEVK,x dx — 21/ hggngT' dx — 21/ ngthg,xT' dx
0 0 0 (2.3.37)

1%
0 dx.

A

. L V[x . L
—21/ hokyWy—= dx = —21/ ]’lgfgl
0 A 0 '

The second and fourth integral on the left hand-side of (2.3.37) converge to zero
by (2.3.10), (2.3.13) and (2.3.14). Similarly, the right hand-side converge to zero by
(2.3.14) and the fact that f,; converge to zero in L2(0, L), for all £. This yields

L _ L _ 1
2/ hfvaé,x dx — Zi/ Elgthg,x% dx = 0(1). (2338)
0 0

By eliminating V; , from (2.3.6) in the second term of (2.3.38), we obtain

L = . L ap, — Ig,x L ap, =
2/0 hfvaﬂ,x dx — 21/0 EhgfglzT dx + 2/0 Ehélﬁlf,x dx
: L (2.3.39)

1
+2i/0 bfwm% dx = o(1).

The second and fourth integral converge to zero by (2.3.14), (2.3.12) and the fact
that f,, converge to zero in L?(0, L), V/. Now, by taking the real part of (2.3.39) and
applying Green’s formula on the remaining two integrals, we deduce

L L /g
—/O hue|Vel? dx + hy (L) Ve (L) [ = 7 (0)[ Ve (0) |* — /0 <b€> hyl o] dx
. 0 ) ¢/« (2.3.40)
ag 2 ay 2 W 2
— —hy |1 dx + ho(L)|I,(L)|* — he(0)]I,(0)]* = 0(1).
) ohest il dx o FE D) ~ T O)1O)P = o(1)
Then, due to the fact that V(L) = a;I;(L) and using (2.3.11) and (2.3.28a), we obtain
L L(/a a
/ he x| Vi|? dx+/ (<> hy + 'h“) 11,12 dx = o(1). (2.3.41)
o 0 by x by
By using (2.3.28b) and (2.3.28¢), the result holds.
O
Lemma 2.3.7. Under the above assumptions, we have for all £ € {0,.., N},
Iy =o(1) inL*0,L). (2.3.42)
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Proof. First, multiplying (2.3.6) by 1 by I; and then integrating over (0, L), we find

LA L L . L _
/ Ibfyw dx—i—/ Zluﬁd”/ Vil dx:/ JZ% dx. (2.3.43)
0 v 0 YA 0 0 YA

The second integral of the left hand-side of (2.3.43) converge to zero by (2.3.3) and
(2.3.13). Similarly, the integral of the right hand side converge to zero by (2.3.3) and
the fact that f;, converge to zero in L%(0,L), for all £. This yields

Lid, . Lo
/0 b7|1£| dX+/O Vil dx = o(1). (2.3.44)

Next, by applying Green’s formula on the second integral of the left-hand side of
(2.3.44), eliminating I, , from (2.3.5) and then dividing by iA, we obtain

2 L 2 L L o
/ [T dx — / |VAdx—i—/ &]Vg!zdx—i—/ &Vgngx
0o by 0 a 0 i
Vo(L)I,(L) / fon
T Viiia,

(2.3.45)

As Vy(L) = ayI;(L) and using (2.1.2), (2.3.3), (2.3.11), (2.3.13) and Lemmas 2.3.3 and
2.3.6, the result holds. U

Consequently, using (2.3.13), Lemma 2.3.4, Lemma 2.3.6 and Lemma 2.3.7, we
deduce the desired contradiction. This ends the proof. ]

Remark 2.3.8. Contrary to Bastin and Coron, 2016, §5.6 (see also Gugat and Gerster,
2019 for second order hyperbolic systems), our boundary conditions are chosen in
such a way that there is no limit of stabilization, namely under our previous assump-
tions, exponential decay occurs for all lengths L but the decay rate € in Theorem 2.3.1
may depend on L. If r, = g, = 0, we conjecture that this decay rate deteriorates as L
goes to infinity.

24 Some extensions and open problems

2.4.1 Other dynamical boundary conditions

The standard Kirchhoff conditions at the interior common vertex are

Vo(0,£) — V4(0,t) =0, inR*, V¢ € {1,...,N},

N 2.4.1
Y L(0,t) =0 inR%, @41

that corresponds to the limit case of (2.1.5) as J goes to zero. These boundary con-
ditions are stationary ones but can be also used instead of (2.1.5). More generally
in the spirit of Kramar, Mugnolo, and Nicaise, 2020a, we can mix up stationary and
dynamical boundary conditions at the common vertex v in the following way. First
if u(-,t) = ((Vo(-, 1), Io(-,t), Wy(-,t)))) " represents the unknowns in (2.1.3), we

denote by
Yo(u(, 1) = ((Ve(0,)io, (160, £))10) "
its trace at v that is a vector in C2(N*+1). Obviously we only keep the trace of V, and

I, since W/ is not regular enough in space (see the definition of D(.A)). Then we fix
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a subspace Y; of C2(N+1) “another subspace Yéd) of Yy and finally a linear operator

B, from Yy to Y‘Ed) and set
xv(t) = Pyyv(u(-t)),

N+1)

where P, is a projection from C2( into Y4? (for an appropriate inner product of

CZ(NJrl)).

Hence at v, we can consider the boundary condition

yv(u(-,t) €Yy, inR%,
{ Xv(t) = Byyv(u(-,t)), ’ in RY. (2.4.2)

The boundary conditions (2.1.5) and (2.4.1) enter in this setting. Namely in the first
case, we need to take Y, = C2(N+1) and

YW = {((00)No (i)N.0) T tio =0, =0, ¥4 =1,--- N},

Py is the orthogonal projection into Y with respect to the Euclidean inner product,
and

.
1 1 N T T

BV((v)N_,(i)N_)T:< ——Y%,,0,---,0) ,(0,Z (voly — v ) ,
e o) = 3 (-3 Lo +0) (0.2 i )

where 1y is the vector of CN with all entries equal to 1, while v = (vy)¥_;. On the
contrary in the case (2.4.1), we simply need to take Y‘Sd) = {0} and

N
YV = {((ZJ()?]:O, (ig)g]:O)T : Zif = 0 and Uy = Z)g,Vf = 1,- e ,N}.
(=0

First, under some assumptions on Yy and By, one can show that (2.2.3) remains
valid and therefore the associated operator A is dissipative. For the maximality,
in some particular situations, using the arguments of subsection 2.2.1 (eliminting
the variables W, and one of the other variables to obtain a variational formulation),
we can prove that the associated operator is maximal dissipative under additional
conditions on Y; and By and therefore system (2.1.3) with the boundary conditions
(2.1.4) and (2.4.2) is well-posed and is governed by a semigroup of contractions. In
the general case, using a bounded perturbation argument as in Kramar, Mugnolo,
and Nicaise, 2020a, Theorem 3.3 we can prove that a bounded perturbation of A
is maximal dissipative under additional conditions on Y, and By and therefore
system (2.1.3) with the boundary conditions (2.1.4) and (2.4.2) is well-posed and is
governed by a Cy semigroup. But using the dissipativeness of .A, one can deduce
that 4 generates a semigroup of contractions.

Once the well-posedness of our system holds, one can analyze its stability. First,
we notice that Lemma 2.2.5 remains valid because the proof presented before yields
first V) = I, = W, = 0, for all £ and hence xy = Py7yy(u) will be zero as well. On
the contrary, Lemma 2.2.6 is problematic because a compact perturbation argument
cannot be invoked due to the third identity in (2.2.22). But if the surjectivity of
iA — A holds for all A € R, then the system will be exponentially stable. Indeed, in
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this case the proof of Theorem 2.3.1 remains valid because the use of the multipliers
h, from Lemma 2.3.5 allows to skip the use of the boundary condition (2.4.2).

In summary the exponential stability results for system (2.1.3) with the boundary
conditions (2.1.4) and (2.4.2) are reduced to an existence result and the surjectivty of
the resolvent on the imaginary axis.

2.4.2 General networks

Obviously, we can consider system (2.1.3) on an arbitrary network G with dis-
sipative boundary conditions similar to (2.1.4) at exterior vertices (it is (2.1.4)
if the edge having the exterior vertex v as extremity is outgoing, otherwise it
is Vy(v,t) + agly(v,t) = 0) and boundary conditions like (2.4.2) at the interior
vertices. As in the previous subsection, existence results can then be obtained under
appropriate conditions on Yy and By. Obviously the surjectivity of iA — A for all
A € R will remain problematic, but here even its injectivity is not immediate.

The sole case for which injectivity of iA — A holds for all A € R* is the case of trees
with the boundary conditions (2.1.5) or (2.4.1) at the interior vertices. Indeed, in this
case the arguments of Lemma 2.2.5 allow to show that V, = I, = W, = 0, for all
edges / of the last generation of the tree. But then using (2.1.5) or (2.4.1), we will
get that Vi (v') = I,(v') = 0 for all edges ¢’ of the penultimate generation and the
vertex v/ in common with the last generation. This means that we can use again
the arguments of Lemma 2.2.5 to these edges ¢’ and by iteration we will find the
injectivity result. Finally, the exponential stability results for system (2.1.3) with the
boundary conditions (2.1.4) at exterior vertices and boundary conditions (2.1.5) or
(2.4.1) at interior vertices is not immediate even for trees.

Note that for general networks, as in Nicaise, 2015, once iA — A is bijective
for all A € R, exponential stability will be valid if we assume that r, + gy is
uniformly bounded from below for each ¢ (see the assumption (25) in Nicaise,
2015); without this condition, polynomial stability can be achieved. Nevertheless
the type of the decay rate of such systems on general networks remains largely an
open problem. Does it remain exponential or polynomial? How many boundary
conditions can we remove from the exterior nodes to preserve stability? What will
happen if we add some damping terms localized at the interior nodes?

Our proof of Theorem 2.3.1 is non constructive (since it uses a contradiction
argument), hence it does not give the dependency of the decay rate with respect to
the involved parameters, hence its degeneracy as one parameter tends to zero or to
infinity (see Remark 2.3.8) cannot be detected. Therefore, it would be interesting to
characterize such dependencies by performing some spectral analysis for instance.
In power grids, failure of some parts can occur from time to time, this corresponds
to switch off one of the boundary controllers (x, = 0) from time to time. As in
Gugat and Sigalotti, 2010 for the wave equation, is it possible to find sufficient
conditions on the controllers to achieve exponential decay? All of these problems
are challenging and merit to be investigated.
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Chapter 3

A transmission problem of a
thermo-elastic system on Networks

Abstract

In this chapter, we investigate a network of elastic and thermo-elastic materials.
On each thermo-elastic edge, we consider two coupled wave equations such that
one of them is damped via a coupling with a heat equation. On each elastic edge
(undamped), we consider two coupled conservative wave equations. Under some
conditions, we prove that the thermal damping is enough to stabilize the whole sys-
tem. If the two waves propagate with the same speed on each thermo-elastic edge,
we show that the energy of the system decays exponentially. Otherwise, a polyno-
mial energy decay is attained. Finally, we present some other boundary conditions
and we show that under sufficient conditions on the lengths of some elastic edges,
the energy of the system decays exponentially on some particular networks similar
to the ones considered in Shel, 2012.

3.1 Introduction

Thermoelasticity is a principle concerned with predicting the thermo-mechanical
behaviour of elastic solids. Understanding such a principle is needed by many
engineers to design different materials. Thus, several scientists were motivated to
study the thermoelastic system described by the coupling between the mechanical
vibration and the heat (thermal) effect of materials. Mathematically, a linear one-
dimensional thermo-elastic system satisfied by a thermoelastic bar (0,L) is repre-
sented by the following two equations:

U — Uxy + IXGX = O, in (0, L) X (0, OO), (3 1 1)
0 — Oyx + auy =0, in (0,L) x (0,0), o
with the initial conditions
u(x,0) = ug,ur(x,0) = ug,0(x,0) = 6, xe(0,L), (3.1.2)

where, u is the displacement, 0 is the temperature deviation from the reference tem-
perature and the mechanical-thermal coupling « is a positive constant. The exis-
tence and asymptotic behavior of the solution of the linear thermo-elastic system
was firstly studied in Dafermos, 1968 but, no decay rate was given. In the one
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dimensional case, the stabilization of the linear thermo-elastic system satisfied by
thermo-elastic materials (damped by thermal effect) with various boundary condi-
tions was investigated by several authors. We will recall some of these results. In
Hansen, 1992, the author considered the stabilization of system (3.1.1)-(3.1.2) on a
thermo-elastic rod with u and 6 satisfying the Dirichlet and Neumann condition re-
spectively (or vice versa). He succeeded in proving the exponential stability of the
system. More precisely, the author established the following energy estimate: There
exist two positive constants M and € such that

E(t) < Me “'E(0), Vt > 0. (3.1.3)

Similarly, when u and 0 satisty both the Dirichlet condition, it was shown that
the estimate (3.1.3) still holds in Liu and Zheng, 1993. Then, the method of Liu
and Zheng, 1993 was extended in Burns, Liu, and Zheng, 1993 to prove (3.1.3)
when u, — a6 satisfies Dirichlet condition on both ends and 6,(0) = 6,(L) = 0
or 6,(0) = 0,6(L) = 0. Later on, the importance of damping and controlling the
vibrations of materials composed of both elastic (undamped) and thermo-elastic
(damped by thermal effect) parts appears in several physical applications and
consequently in several mathematical papers. The main questions that received the
interest of the researchers is the kind of stability of the thermo-elastic system on
such composite materials and how should the thermo-elastic damping be localized
to get the best decay rate or what is the energy decay rate in different localizations of
the thermal damping? Such questions were answered in several ways. For example,
in Marzocchi, Rivera, and Naso, 2002, it was considered a one dimensional body
which is configurated in [0, L3] C R and for a given L < L; in |0, L3[, they assumed
that the material is thermo-elastic over |0, L1[U]L;, L3[ and elastic over |Ly, Ly[. The
authors proved that the whole system is exponentially stable, i.e, (3.1.3) holds.
Then, in Fatori, Lueders, and Rivera, 2003, the authors considered the stabilization
of a transmission problem for the thermo-elastic system with local thermal effect
which is effective only over the interval [0, Lo|, Lo € [0, L], this corresponds to the
following system:

Up — Uy + 0, =0, in (0,Lg) x (0,00),
et - exx +oauy = 0/ in (0/ LO) X (O/ OO), (314)
Vit — Viy =0, in (Lo, L) x (0,00),

with the initial conditions
u(x,0) = ug,us(x,0) = ug,0(x,0) = 6, v(x,0) = vo,v¢(x,0) =vi, x€(0,L),

where u is the displacement in the thermo-elastic part, v is the displacement in the
elastic part and 0 is the temperature difference from a reference value. The system is
completed with the following boundary conditions

u(0,t) =v(L,t) =0(0,t) =0, te€(0,00),
and the following transmission conditions
Mx(Lo, t) — DCG(LO, t) = VX(L(), t) and OX(L(), t) =0.

The authors proved that the localized dissipation due to the thermal effect is strong
enough to prove the exponential decay to zero of the energy. We also refer to Lebeau
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and Zuazua, 1999 and Oliveira and Charao, 2008 for the study of the stabilization of
multi-dimensional linear thermo-elastic systems.

On the other hand, there are only few publications on the stabilization of networks
of thermo-elastic materials. Let us recall some of these results. In Abdallah and
Shel, 2012, an exponential stability was proved on a network of thermo-elastic
materials under both Fourier’s law and Cattaneo’s law. In Shel, 2012, the author
studied the stability problem of a thermo-elastic system on particular cases of
networks of elastic and thermo-elastic materials. Under the continuity condition of
the displacement, the Neumann condition for the temperature at the internal nodes,
and the balance condition, an exponential stability was proved (see also, Shel, 2014
for the network of elastic and thermo-elastic beams). Later on, in Han and Zuazua,
2017 the authors discussed the asymptotic behaviour of a transmission problem
of the thermo-elastic system on star shaped networks of elastic and thermo-elastic
rods. The uniform exponential decay rate was proved by a frequency domain
analysis when only one purely elastic edge was present. Otherwise, a polynomial
decay rate was deduced under a suitable irrationality condition on the lengths of the
rods when more than one purely elastic edge is involved. After the review of these
results that investigated the stabilization of a thermo-elastic system composed of the
coupling between one wave equation and a heat equation, a remarkable question
can be asked. What happens if we consider a network of elastic and thermo-elastic
materials such that:

e On the thermo-elastic edges, we have a system of two wave equations cou-
pled by velocity, such that one wave equation is coupled to a heat equation with a
thermal effect.

¢ On the purely undamped elastic edges, we have only a system of two conservative
wave equations coupled by velocity.

Hence our main question is the following one: Will the dissipation due to the
thermal effect be also strong enough to prove the exponential stability of the energy
of the whole system? To the best of our knowledge, the answer to this question
remains an open problem. Therefore, our aim is to solve this open question.

In this work, we investigate the stabilization of the above described transmission
problem on networks of elastic and thermo-elastic materials. We prove the ex-
ponential stability of the whole system under the condition that the two waves
propagate with the same speed on all the thermo-elastic edges of the network.
On the other hand, if there exists an exterior thermo-elastic edge such that the
two waves propagate with different speed on this edge, we show the polynomial
stability of the whole system. Our main tool is a frequency domain approach,
namely to prove the exponential stability we use a result due to Huang., 1985 and
Priiss, 1984 and to show the polynomial stability we use a result due to Borichev
and Tomilov, 2009.

Now, let us introduce some notations needed to formulate the problem un-
der consideration, refer to Valein and Zuazua, 2009 and Abdallah and Shel,
2012 for more details. Let N be a network embedded in the Euclidean space
R™,m € IN*, with n vertices V = {ag, a2, ..,a,—1} and N edges E = {ey, ..,en}, with
Z(N) = {1, ., N}, the set of indices of edges. Each edge ej is a curve, parametrized
by

Tt [0,5]] — €l Xj— 71'](36]) (3.1.5)
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The degree of a vertex is the number of incident edges at the vertex. A vertex with
degree 1 is called an exterior vertex. On the other hand, a vertex with degree greater
than 1 is called an interior vertex.

We assume that the network is made of thermo-elastic edges and elastic ones, this
means that Z(N) is split up into Z(N') = Zie U Ze, with Zo N Zie = @, in other words,
Zie (resp. L) is the set of thermo-elastic (resp. elastic) edges.

We further denote by:

Vext:= set of exterior vertices of N.

Vint:= set of interior vertices of \.

T (ax):= set of indices of edges incident to 4.

Tie (ay):= set of indices of thermo-elastic edges adjacent to ay.

T (ax):= set of indices of elastic edges incident to a.

Zext:= set of indices of edges adjacent to an exterior vertex of .
The incidence matrix D = (di;)uxn of N is defined by

1 if 7T](€]) = dy,
dk]' = -1 if 7'(](0) = 4ay, (316)
0 otherwise,

and for a function f : N' — C, we set f/ = f o 71; its restriction to the edge ¢;. For
simplicity, we will write f = (f*,.., fN) and we will denote f/(x) = f/(7;(x)) for
any x in (0,¢;). We consider a network of elastic and thermo-elastic materials that
coincides with the graph \. We assume that A/ contains at least one thermo-elastic
edge, that Vo # O, that every maximal subgraph of elastic edges is a tree whose
all of its exterior vertices except one are attached to thermo-elastic edges and that
every subgraph of thermo-elastic edges is not a circuit.

Let W/ = w/(x,t) and ¥/ = y/(x,t) be the functions describing the displace-
ment at time ¢ of the edge ¢;, j € Z(N) and ¢/ = 6/(x,t) be the temperature
difference to a fixed reference temperature of ej, j € Zte at time t.

Our system is described as follows:

e On every thermo-elastic edge (j € Zi) the following equations hold:
u]%t — uix& oc]-GZC - ﬁjy{ =0 in (0,¢;) x (0,00),
Yir — O + Bjlty =0 in (0,4) x (0,00), (3.1.7)
0) — K0y + aju], =0 in (0,¢;) x (0,00),

where a;, p;, k; and B; are positive constants.
e On every elastic edge (j € Z¢) one has:
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{u]tf - uix‘— ,B]-y]t - =0 in (0,£;) x (0,00), (3.1.8)
Y = ¥+ By =0 in (0,4) x (0,00),

where B; and p; are positive constants.

We assume that the initial data on the network N\ are

w(x,0) = u{)(x) i (x,0) = ul( x), Vj € Z(N),

¥(x,0) = yj(x), ¥i(x,0) = y](x), Vj € Z(N), (3.1.9)
/ Gé(x) Vj € Tie(N).

>
=
—~
X
=)
~—
I

We denote by V. ( resp. V) the set of exterior (resp. interior) nodes of maximal
subgraph of thermo-elastic edges. Then, the boundary condition on A" are described
as follows:

The displacement and temperature satisfies the Dirichlet boundary condition,

w(ag,t) =0, j€ZI(ar), ax € Vext,
Yi(ag,t) =0, j€Z(ax), ax € Vexs (3.1.10)
9] (ak, ) 0, ] S Ite(ak)/ ax € Vext

The displacement and temperature are continuous,

](ak, t) u[(ﬂlk, t)/ ]/E S I(ak)/ ar € Vint/
]/](ﬂkr ) y (ak/ t)r ]/E S I(ak)/ ai € Vint/ (3111)
0/ (ar, t) = 0'(ay, t), jl € Lelay), ar €V,

int*
The system satisfies the balance condition on y at every interior node,

Y dyoiyk(ant) =0, ax € Vin (3.1.12)
jEL(ax)

The system satisfies the following balance conditions on u and 6,

/
Z dk]K] ﬂk, =0, a € thl

jeZula) (3.1.13)
Z dk] ux(ak, ) — ocJGJ(ak —|— Z dk]ux ag, ) =0, a; € Vint-
j€Tte(ax) jeTo(ag)

Remark that &; > 0 and x; > 0, for all j € Zi while, on each elastic edge only two
conservative wave equations hold, i.e, the two wave equations on each elastic edge
are neither coupled to a heat equation nor affected by a thermal damping. Hence
for j € Z,, we may set a; = x; = 0.

This chapter is organized as follows. In Section 3.2, we prove that system
(3.1.7)-(3.1.13) admits a unique solution in an appropriate Hilbert space using semi-
group theory. Next, in Section 3.3, using a general criteria of Arendt and Batty, 1988,
we discuss the strong stability of the system. In Section 3.4, under the condition
that the two waves propagate with the same speed on each thermo-elastic edge of
the network, we prove the exponential stability of the system using a frequency
domain approach combined with a multiplier technique. Otherwise, we establish
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a polynomial decay. Finally, in Section 3.5, we present the Neumann boundary
condition at the interior nodes of some particular networks, some of which being
considered in Shel, 2012. We show that under some sufficient conditions, the same
results as the ones from Section 3.4 hold.

3.2 Well-posedness

In this section, we will study the existence, uniqueness and regularity of the solution
of system (3.1.7)-(3.1.13), using a semigroup approach.

First, denote by
N N
IL> =]]L*0,¢), H"=]]H"(0,¢), m=1,2,
j=1 j=1
and

V=[] L%0,¢), V"=T]H"(0¢), m=1,2.
jEIte jEIte

Set

Hy = {u = ()jezv) € H'/ /(@) = 0,Y] € T(ay), ay € Vex

. ) , (3.2.1)
and 1/ (ax) = u(ay), Vj, € € I(ax), ax € Vine }-
We define the energy space H associated with system (3.1.7)-(3.1.13), by
H=H)xL>xH) x> xV (3.2.2)
equipped with the following inner product:
(U, )y = 2/ (uhity + 010 + pjyii + 22 dx
—Jo
=1 (3.2.3)

[P a—
+y /]6]61 dx,
j€Tie 70

forall U = (u,v,y,2,0), U= (4,3,7,%, ) € H. Next, we define the unbounded
linear operator A associated to system (3.1.7)-(3.1.13) by

ol
Uy — ;0% + B2/
2 (3.2.4)
0jVxx — Bjv/
Kj@ix — zx]-vﬁc

=~
SESICIRS
Il

JEZ(N)
whose domain D(.A) is given by

D(A) ={(w,v,y,20) € HN [H? x H} x H? x H} x V?] satisfying (3.2.5) below },
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9j<ﬂlk) = O, ] - Ite(ak)/ ay € V!

exts

0/(ay) = 0%(ay), j,l € Tlay), ax€ V!

int”

Y- digkibl(ar) =0, ax € Vi, (3.2.5)
]EIte(ak) . .

Y dij(uh(ar) — a0/ (ar)) =0, ax € Vi,
JEL(ax) .

Y dijpivh(ar) =0, ax € Vine.
\j€Z (ax)

If (u,y,0) is a regular solution of (3.1.7)-(3.1.9), then by setting U = (u,us,y,y:,6),
we can rewrite this system as the following evolution equation:

= AU, U(0) = U,, (3.2.6)

where Uy = (uo, U1, Y0,Y1,00)-

We recall that the energy associated with system (3.1.7)-(3.1.13) is given by

E(t) = / (P + P+ plh? + P axt 2 o [T ax  G2n)
]eL

and we will see that

-y / ;0L dx, (3.2.8)

j€Lte
for regular solutions. Hence, the system is dissipative in the sense that its energy is
non-increasing.

Theorem 3.2.1. The unbounded linear operator A associated with system (3.1.7)-(3.1.13)
generates a Co-semigroup of contractions on H.

Proof. Using Lumer-Phillips Theorem (see Pazy, 1983), it is sufficient to prove that .4
is a maximal dissipative operator so that .4 generates a Cyp-semigroup of contractions
on H. First, let U = (u,v,y,2,0) € D(A). We have,

Re( AU, U)y —Re[Z/ vx dx+2/ uxx «x]9 +,B]zf)vl dx

—1—2/ p]zxyx dx—i—Z/ p]yxx ﬁ]vf )zl dx + ) / K] . uc]vx)QJ dx|.
j€Lte
(3.2.9)
Using Green’s formula, boundary and transmission conditions (3.1.10)-(3.1.13), we
get

Re(AU,U)y = — ¥ / i[04 dx < 0. (3.2.10)
]EL

Thus, the operator A is dissipative. Now, in order to prove that A is maximal it is
sufficient to show that R(I —.A) = H. So, for F = (f, f,¢,§,h) € H, we look for
U € D(A) such that

(I-A)U=F. (3.2.11)
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Equivalently, for all j € Z(N),

w— ol = fl, (3.2.12)
of —ul, + 06]'9!; — B =7, (3.2.13)
y —2 =g, (3.2.14)

o+ B =, (3.2.15)

0 — K0 + a0k = I, (3.2.16)

Assume that U € D(.A) exists, then by using equation (3.2.12) and (3.2.14) we obtain
forallj € Z(N),

ol =ul — f], (3.2.17)
=y — ¢l (3.2.18)

Inserting (3.2.17)-(3.2.18) in equations (3.2.13), (3.2.15) and (3.2.16), we get the fol-
lowing system for all j € Z(N),

W —ul, + a6l — Byl = F, (3.2.19)
Y — piyke + Bjul = E}, (3.2.20)
0/ — ;6L + ajil = Ff (32.21)

where, F = fi+ fi — Big), Fl=g +g +Bifi, Fi=Mn+uafl.
Set

X ={(¢1,92,93) € Hy x H} x V! / ¢h(a) =0, j € Tie(ar), a5 € Viyq

. . (3.2.22)
and (Pé(uk/t) = q03(ak/ t)/ ],E S Ite(ak ag € nt}

Let (1, g2, ¢3) € X, multiply (3.2.19) by ¢/, (3.2.20) by ¢} and (3.2.21) by ¢, then
integrate over (0, ¢ ]-) we get,

[— 0 .
/O]u]qojl dx—/ojuixq)l dx+/ 04]9 ]1dx—/ ﬁ]y]qol dx

(3.2.23)
= [ F¢l dx,
/0 197 4x
e' P
/ vl¢l dx—/ p]yqu)]z dx+/ [3]u]q)’2 dx—/]Fégojz dx, (3.2.24)
9ol i > 9T
/o 0 ¢ dx—/o K]9xxgo3 dx+/ wjil @l dx:/o Fyqy dx. (3.2.25)
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Applying Green’s formula on the second and third term of (3.2.23) and taking the
sum over Z(N'), we obtain using (3.1.13),

N — N — N —
Z/ e dx+>:/ uﬁc(pjlxdx—Z/ w0/ @) | dx
~ Jo ~ Jo ‘ ~ Jo ‘
= = = (3.2.26)
- | Bwighdx =Y. [ Flg| ax.
j=170 =170

Again applying Green’s formula on the second term of (3.2.24) and taking the sum
over Z(N), using (3.1.12), we get

EQAW%M+ZAPM%MM+EAﬁM%ﬂ
= = = (3.2.27)
Nl
=Y [ Hel dx.
j=170

Similarly, applying Green’s formula on the second term of (3.2.25) and taking the
sum over Z(N'), condition (3.1.13) yields that,

Y [oglax+ Yy [Txelgl d+ Y [N ulh dn
j=170 =170 ' =170

N (3.2.28)
/‘ - .
ZZ/%%W
j=1"0
Adding equations (3.2.26), (3.2.27) and (3.2.28) we obtain
a((u, Y, 9)/ (q’lz P2, (PB)) = L(q’l, P2, (P3), v(qol, P2, (P3) c X, (3229)

where,
Nl Nt Nt
o((0,y,0), (1,92,95) = Y- [ "wiglax+ ). [Tudg] ax =Y ["noigl, dx
o [ e [T e [
-Y [ pielax+ ) [Tvghax+ Y [ ool dx
]':1 0 ]':1 0 jil 0
o [ e [T e [ i
+ % [ pwigkdax Y [Toighax+ Y [T xelgl, dx
+Z/O]aju§go]3 dx
j=1
and
o [ T e S [T ar N [ E
L(g1, @2, ¢3) = Z/o E ¢ dx+2/() F,¢, dx+2/0 Foy dx.

As a is a continuous, coercive formon X x X and L is a continuous form on X/, then
using Lax-Milgram Theorem there exists a unique solution (u,y,6) € X of (3.2.29).

Now, take in (3.2.29) the test function (¢1,0,0) such that q)Jl € C(0,¢), for some
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fixed j € Z(N') and ¢f = 0 for all k # j, we obtain

G = G = G
/ w ¢ dx+/ uxqojlxdx—/ a0 ¢y , dx
0 0 ’ 0 '

P _ (3.2.30)
/ 5]y1 [ dx = / ] Flg) dx, V¢, € CX(0,¢;) for a fixed j.
Applying Green’s formula on the second and third term of (3.2.31) we get
4 4
/ 4’1 dx — / uéxqol dx+/ zx]0 ]1dx—/ ,B]y]
0 0 (3.2.31)

6
= /0 : F{q)]l dax, V(p]1 € C°(0,¢;) for a fixed j.

This implies that ' ‘ ‘
uj — u&x + IXJ'QJ — ‘B]y] = F], in D/(O, E])
where, D’ (O iz ) is the associated space of distributions.

Asuw + ;b — Byl — F] € L?(0,¢;), we deduce that u/ € H?(0,¢;). Similarly, we can
prove that

y] P]yxx + ,BJ”] = Fé,

(3.2.32)
0/ — k6L + it = Fj

and yf, o € H2(O, Ej). Now, it remains to prove the transmission conditions in
(3.1.12)-(3.1.13). For that aim, fix a; € Vin;. Let,

;

lf] S I(ak) and 7'[](6]) = ay,

=
<

S ifj € I(ay) and 7;(0) = a, (3.2.33)

]

0,  ifjéT(a).

Then, take in (3.2.29), a test function (¢1,0,0) € X, apply Green’s formula and take
into account (3.2.19)-(3.2.21), to get

Z dk]ux le Z dk]zxjef(ak) 0. (3234)
€T (ay) jET(ar)

Similarly, by taking in (3.2.29) the test function (0, ¢1,0) € A then, using Green’s
formula and taking into account (3.2.19)-(3.2.21) we obtain (3.1.12). Finally, we fix
ap € V., take (0,0, ¢1) in (3.2.29), apply Green’s formula and take into account
(3.2.19)-(3.2.21), we get (3.1.13). By defining v/ by (3.2.17) and z/ by (3.2.18), for all
j € Z(N), we deduce that (1,v,y,z,0) € D(A) is a solution of (3.2.12)-(3.2.16) exists

and the desired goal is attained. O

As A generates a Cyp-semigroup of contractions (etA)tzo (see Pazy, 1983), we have
the following result:
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Theorem 3.2.2. (Existence and uniqueness of the solution)
(1) If Uy = (uo, u1,Y0,Y1,00) € D(A), then problem (3.2.6) admits a strong unique solu-
tion U = (u,v,y,z,0) satisfying

UecC'(Ry,H)NC' (R4, D(A)).

(2) If Uy = (uo, u1,Y0,y1,00) € H, then problem (3.2.6) admits a unique weak solution
U = (u,v,y,z,0) satisfying
UeCOR,H).

3.3 Strong stability

In this section, we will give sufficient conditions that guarantee the strong stabil-
ity of the system (3.1.7)-(3.1.13) in the sense that the energy E(t), of the associated
system decreases to zero as t tends to infinity. To show the strong stability of the
Co-semigroup of contractions (e");> we will rely on the following result obtained
by Arendt and Batty, 1988.

Now, we are in position to state the main result of this section.

Theorem 3.3.1. Consider the system (3.1.7)-(3.1.13) on N. Assume additionally that one
of the following conditions holds,

1) Each maximal subgraph of thermo-elastic edges has an exterior vertex that belongs
tO Vext .

2) There exists a maximal subgraph of thermo-elastic edges with no exterior vertices
that belong to Ve and B; = B, for all j € T(N).

Then,
iR C p(A), (S1)
and therefore lim E(t) — 0.

t—o0

Proof. Using Sobelev embedding Theorem, we deduce that (I —.A)~! is a compact
operator. Then, the spectrum ¢ (.A) of A is reduced to its discrete spectrum o, (A).
Hence, using Arendt and Batty, 1988, it is sufficient to prove that ‘TP(A) NiR = @,
since it implies that (S1) holds. Let A € Rand U = (u,v,y,z,0) € D(A) be such that

AU =AU,

equivalently, for all j € Z(N') we have,

ol =iz, (3.3.1)

Wy — (x]@{c + ,szj = i\v, (3.3.2)
Z =iAy, (3.3.3)

pjyix _ ﬁjvj — i\d, (3.3.4)
xjeix — ocjvj = irg. (3.3.5)
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Eliminating vl (resp. 7)) using (3.3.1) (resp. (3.3.3)) and inserting them in (3.3.2),
(3.3.4) and (3.3.5) we get the following system for all j € Z(N),

A2l 4 iy — a6+ iABY =0, (3.3.6)
A2 4 o — iAB = 0, (3.3.7)
K0y — iAajut — iG] = 0. (3.3.8)

Since we have

0.
y Kj/ " 16112 dx = Re(AU, U)y = Re(iAll, U)y = 0,
j€Te 70

we deduce that '

0. =0, Vj € Tie. (3.3.9)
Thus, 6/ is constant for all j € Ti.. But, using the fact that every maximal subgraph of
thermo-elastic edges is not a circuit and using (3.1.10) and (3.1.11), we deduce that

0/ =0, Vj € T (3.3.10)

Suppose that A = 0. Then, (3.3.6), (3.3.7) and (3.3.9) implies that

{ui}x.: 0, VjeZI(N), (3.3.11)

pjyﬂcx =0, Vj e Z(N).

Multiplying the first equation and second equation of (3.3.11) by w/ and y/, respec-
tively. Then, integrating over (0, £;), summing over j € Z(N) and applying Green’s
formula, we get

Z/ |ul|? dx =Y wul| =0,
=170 =1 o
(3.3.12)
N o N oY
Z/ pilyal? dx =) piyiy/| =0.
=170 j=1 0

But using (3.3.10) and the boundary conditions (3.1.10)-(3.1.13), the boundary terms
are zero, hence (3.3.12) becomes

N
Z/ |u|? dx =0,
j=170

(3.3.13)

S e
Y [ ol ax =o.
j=1"70

By the fact that p; > 0, for all j € Z(N), we obtain that u} =y} =0, for all
j € Z(N). Again, by (3.1.10), (3.1.11) and using the fact that Vexy # @, we deduce
that w/ = y/ = 0, for all j € Z(N'). Consequently, using (3.3.1) and (3.3.3), we
conclude that v/ = z/ = 0, for all j € Z(N) and therefore, U = 0.

Now, suppose that A # 0. We will distinguish between two cases.
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Case 1. Assume that each maximal subgraph of thermo-elastic edges has an
exterior vertex that belongs to Vext. Using (3.3.10) and (3.3.8), we have

W, =0, Vj € The. (3.3.14)

This means that 1/ is constant for all j € Zi. But, using (3.1.10), (3.1.11) and the
fact that every maximal subgraph of thermo-elastic edges has an exterior vertex that
belongs to Vext, we deduce that w =0, forall J € Zte. Thus, by (3.3.1), we have v/ =0
and by (3.3.6), (3.3.14) and (3.3.9), we obtain that y/ = 0, for all j € Zi.. Consequently,
by (3.3.3), we get z/ = 0, for all j € Zy.. Hence, u/ = v/ = y/ = z/ = 6/ = 0 on both
ends of ¢;j, for all j € Zge.

Now, let ¢; be an elastic edge attached only to thermo-elastic edge. As e; is identified
by [0, ¢ j], assume that ¢ j is the extremity in common with the thermo-elastic edge.
Then, using (3.1.11), (3.3.10), (3.1.12) and (3.1.13), we have the following system

Al 4 ul +iAy =0,
N2yl + iy — i =0,
w(4) =y (4) =0,
ub(¢)) = yh(¢;) = 0.

(3.3.15)

Let ‘
4 - w, on (0,/),
0, on ({,{;+1),
and ‘
~i ]/]/ on (01 g])/
0, on (éj,fj—l—l)
Then, using the boundary conditions of (3.3.15), we deduce that (ii/, ) belongs
to H?(0,¢; + 1) x H?(0,¢; + 1) and satisfies the first two equations of (3.3.15).
Consequently, using Theorem 2.5 of Hayek et al., 2020, we deduce that W =9=0
on (0,¢;+ 1) and hence, w/ = ¥/ = 0 on (0,/;). Then, v/ = z/ = 0 by equation (3.3.1)
and (3.3.3) respectively. We repeat this technique to every elastic edge connected
only to thermo-elastic edges and we proceed by iteration the same method on each

maximal subgraph of purely elastic edges (from the leaves to the root), so that
w=v =y =z =0,forallj € Z(N).

Case 2. Assume that there exists a maximal subgraph of thermo-elastic edges

with no exterior vertices that belong to Vex; and Bj = B, forallj € T (N). First,
notice that (3.3.14) holds and thus,

e =0, Vj € The. (3.3.16)

Then, using (3.3.16) , (3.3.9) and the fact that A # 0, 8; = B, equation (3.3.6) becomes

M+ iy =0, V] € Te. (3.3.17)

Differentiating (3.3.17) twice with respect to x and using (3.3.16), we deduce that

Yoo =0, V] € Tee. (3.3.18)
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Then, using (3.3.18) and as A # 0, B; = B, (3.3.7) becomes

Ay —ipu =0, V] € Te. (3.3.19)
Eliminating u/ from (3.3.17) and replacing it in (3.3.19) we obtain

(A2 =By =0, Vj € Te. (3.3.20)

Then, for A # +B we deduce that y/ = 0, for all j € Z and thus by equation
(3.3.19) we get w/ = 0, for all j € Z. Again, we proceed using unique continuation
Theorem from Hayek et al., 2020 and iteration technique used in Case 1 to conclude
that w/ = v/ =y =2/ =0, forall j € Z(N).
On the other hand, if A = £. Without loss of generality, assume that A = p. First,
using (3.3.19), we have

v =iu' VI € T, (3.3.21)

and thus using (3.3.14), (3.3.21) implies that
vl =iul =0,V € T. (3.3.22)
Our aim is to prove that

{u;x =0, Vj e Z(N), (3.3.23)

Yex =0, Vj € Z(N).
This would end the proof as in the case A = 0. As (3.3.16) and (3.3.18) hold, it is
enough to prove that (3.3.23) holds for each elastic edge. Let ¢; be an elastic edge

attached to a thermo-elastic edge at the vertex a;. As A = f, then (3.3.6) and (3.3.7)
lead to

BA + uly +ifYy =0, (3.3.24)
B2y + pjyer — i) = 0. (3.3.25)
By eliminating w from (3.3.24) and inserting it in (3.3.25), we obtain the following
equation
(oj +1)
i
Moreover, using (3.3.25), (3.1.11) and (3.3.21), we have

]/gcxxx + ,32 ]/gcx =0. (3.3.26)
Vix(ag) =0 (3.3.27)
and using (3.3.25), (3.1.12), (3.1.13), (3.3.10) and (3.3.22), we get
YVhar (a5) = 0. (3.3.28)

Consequently, by setting Z/ = y&x and using (3.3.24)-(3.3.25), (3.3.27) and (3.3.28) we
have the following system

chx"’,BZ (p]+ )Z] =0,

i
Zilag) =0, (3.3.29)
ch(ak) =0.
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Therefore, Z/ = 0 and then v}, = 0. This means that  is constant. But using
(3.1.12) and (3.3.22), we deduce that v (a;) = 0. Hence, y; = 0. Therefore, using
(3.3.25), we obtain that y/ = iu/ and then v} = iu) = 0. Again, by iteration on each
maximal subgraph of purely elastic edges (from the leaves to the root), we repeat the
same procedure to prove that (3.3.23) holds. Whenever (3.3.23) is attained, we can
proceed as the case A = 0 which finishes the proof. The same procedure can be used
in the case A = —p. O

Let us finish this section by introducing some notations that will be used in the
next section. let Z/ , denotes the set of indices of edges adjacent to a vertex in V{,

and G/, denotes the set of indices of edges adjacent to two vertices in V. ,.

3.4 Energy decay estimates

Take an arbitrary network A for which the System (3.1.7)-(3.1.13) is stable. In this
section, we will prove that under the condition that the two coupled wave equations
propagate with the same speed on each thermo-elastic edge, i.e,, p; = 1, forall j €
Zte, and using a frequency domain approach combined with a multiplier method,
the energy of the system decays exponentially to zero. Otherwise, if there exist j €
Tie N I}y such that p; # 1, we prove a polynomial decay rate of type t=1/3, (see
Borichev and Tomilov, 2009; Priiss, 1984). The main results are presented in Theorem
3.4.1 and Theorem 3.4.13.

Theorem 3.4.1. Let N be an arbitrary network for which the operator A associated with
System (3.1.7)-(3.1.13) satisfies (S1). If pj = 1, for all j € Iy,, then the energy of the system
decays exponentially in H. In other words, there exist two positive constants M and € such
that

leMxo |l < Me™¢||x0ll2, Vt>0,Vx€H.

Proof. Following Huang., 1985 and Priiss, 1984, a Cp-semigroup of contractions
(") >0 on a Hilbert space H is exponentially stable if and only if (S1) and and

limsup ||(iA — A) gy <o (S2)

[A| =00

hold. As we have assumed that (S1) is satisfied, it remains to prove that condition
(S2) is satisfied. To this aim, we proceed by a contradiction argument. Suppose
that (52) does not hold, then there exist a sequence of real numbers A, € R and a
sequence of vectors U, = (tn, U, Yn, Zn, 0n) € D(A) such that

Anl —> oo, [Unlln = [|(sn, 00, Yy 20, On) 1 = 1, (3.4.1)

and

(idg — AUy = (fu, fur §n, §nhn) — 0 inH, (3.4.2)

are satisfied.
In what follows, we drop the index n for simplicity.
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Now by detailing (3.4.2), we get for all j € Z(N)

iAW —o/ = f/ =0 in H'(0,¢)), (3.4.3)

Mol — ey + i — Bzl = f1 = 0 in L2(0,4)), (3.4.4)
i\y =2/ = ¢/ = 0 in H'(0,¢)), (3.4.5)

A — pihe + Bl = § — 0 in L2(0,4)), (3.4.6)

IO — K0 + a0k =W — 0 in L2(0,4)). (3.4.7)

Then, by eliminating v/ and 2/ from equations (3.4.3) and (3.4.5) respectively, (3.4.3)-
(3.4.7) imply

Al il — a6l + iABY = Big! — f1 —iAf], (3.4.8)
Ayt o — Al = —Bifl — & —iAg], (3.4.9)
IO — KO + Al = W+ i f, (3.4.10)

where, p; = 1, for all j € Zi.. Now, we will proceed by dividing the proof into
different Lemmas.

Lemma 3.4.2. Under all above assumptions, we have
G .
/ 1647 dx = o(1), Vj € T (3.4.11)
0

Proof. Taking the inner product in H of equation (3.4.2) with the uniformly bounded
sequence U = (1,v,y,z,0), we get

l;o .
v Kj/o Y1012 dx = —Re((iA] — A)U, U) = o(1).
jEIte

As kj > 0,V] € L, it follows that

Hech%z(o,ej) =0(1), Vj € L.

L]

Using (3.4.3), (3.4.5) and (3.4.1), we have for all j € Z(N)
AW]120.) = O(1), 1kl = O(1), 3412)
H/\]/jHLZ(o,ej) = 0(1), [lvxllr20) = O(D). (3.4.13)

Also, using (3.4.8), (3.4.9) and (3.4.10), we have for all j € Z(N)

Wy !

A

j
—o(1), 97

12(0,¢))

=0(1). (34.14)
12(0,¢))

12(0,6)
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Lemma 3.4.3. Under all above assumptions, we have for all j € Zy,

Al (4)) = O(1), uk(4) = O(1), (3.4.15)
Al (0) = O(1), ,(0) = O(1), (3.4.16)
Ay (4) = 0(1), yk(t) = 0(1), (34.17)
Ayl (0) = O(1), yh(0) = O(1). (3.4.18)

Proof. For all j € Ty, let ® be a function in W% (0, ¢;), then multiply (3.4.8) by

20/ ui, integrate over (0, /;), take the real part and apply Green’s formula, we get

x:Zj
l; X . .

—/]CDHL{HZ dx + O [l |2
0

x=0

—2Re ocj/ : 0, D1 dx + Re 21'/ : ,[%jd)])\y]uﬂc dx
0 0

x:Zj

0. . . .
. / L oL\ Aul P dx + | A2
0

x=0
(3.4.19)

4 G o 4
= 2Re/]5jq>fg7u§ dx—2Re/ ' i dx—ZRe/li)\ka]ué dx.
0 0 0

Using (3.4.12), (3.4.14) and (3.4.11) we obtain,

X:y]
+ @ fuy
x=0

x:ﬂ]

. . l; . —
Dl Al 2 — 0(1) — 2Re / ViAfidiul. dx. (3.4.20)
0

x=0

But,
4 . — G 6
_2Re / iAfidiul. dx = 2Re / iAfi®Lui dx + 2Re / IADT fl dx
0 0 0

x={; (3.4.21)
—2Re (i fid®/uf)

x=0

Using (3.4.12) and the fact that fj converges to zero in H 1 (0,¢ j), (3.4.21) becomes

x={;
4 . R !
~2Re / VAfI®IL dx = —2Re(iAfidu)|  +o(1). (3.4.22)
0 x=0
Let ®/ = x, forall j € Ze. Using Young’s inequality, we get
2 . — ‘ 7(0.)]2
2Re/ ] iAI®Iu), dx| < Ejzej\)tu](ﬁj)F + ‘f(ej)’ +0(1). (3.4.23)
0 j

Recalling the Gagliardo-Nirenberg inequality in Liu and Zheng, 1999: For all £ > 0,
there are two positive constants C; and C, depending on ¢ such that for any ¥ in
H'(0,¢) c C([0,4)),

¥l m(0) < CLllEal (12 [[E11E2, ) + Cal [0 (3.4.24)
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Applying (3.4.24) to ¥ = f/ and using the fact that f/ converge to zero in H'(0, ¢;),
we deduce that f/(¢;) = o(1). Thus, (3.4.23) yields that

G o .
2Re /O IAfIDI, dx| < Cej|Aul (4))]2 +o(1). (3.4.25)

By inserting (3.4.25) in (3.4.20) and as ® = x, we obtain

By taking €; = 2%, we deduce that (3.4.15) holds. Similarly, by taking & = (x — ¢;),

for all j € T, we conclude that (3.4.16) holds. Also, multiplying (3.4.9) by nyz and
2(x— ¢ j)ygc respectively, we deduce that (3.4.17) and (3.4.18) hold. O

Lemma 3.4.4. Under all above assumptions, we have for all j € L,

£ . 0.
/]yu§|2 dx = o(1), /]yef|2 dx = o(1). (3.4.26)
0 0

Proof. Let j € Zie. Multiply (3.4.10) by ”7]1 and integrate over (0, ;) we get

G Gl G i 6 ol
i/ 0/ul. dx —/ Kje;xf dx+i,x]-/ |u§‘2 dx = / h]% dx
0 0 0 0 (3.4.27)

b ik
. 12X g
+tx]/0 fx/\ X.

Applying Green’s formula on the first and second term of (3.4.27) and using (3.4.12),
we obtain

— x={:
]
0y

A

x=(; —
b it j
—|—/ K0 —— dx — x;0
0 SN VX

x=0

—i/ "0l dx + i0Tw
0

x=0

l; .
i uc]-/o "2 dx = 0(1).

Using Cauchy-Schwarz inequality, (3.4.1), (3.4.11) and (3.4.14), we have

6 o x={; 1,7 x={;
i ,Xj/ \uk|? dx + i0/w — Kjegqx =o(1). (3.4.28)
0 x=0 x=0
Then, by applying Gagliardo-Nirenberg inequality for ¥ = \%, Y = GT]XA and %

and again using (3.4.11), (3.4.14), (3.4.15), (3.4.16), we deduce that (3.4.28) yields

6.
iocj/ ] luk|? dx = o(1).
0

Taking the imaginary part and using the fact that «; is a positive constant for all
j € Zte, we deduce that

l; .
/ 2 dx = o(1). (3.4.29)
0
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9—0—04] %

Now, multiply (3.4.10) by and integrate over (0, ¢;), we get

0o . ) — G —
i/]yef+a]-u§|2dx—/’ T+ )dx—/]}/l\((?]—ktxjué) dx
0 0 0 (3.4.30)

+/ ]fx (67 + oc]ux) dx.
0
By applying Green'’s formula on the second term of (3.4.30), using Cauchy- Schwarz

inequality on the integrals of the right hand side, (3.4.1) and the fact that i/ and f}
converge to zero in L?(0, ¢;), we obtain

/|9]+oc]ux|2dx+/ Kj /\ x+/ wjkif xxd

K]9] ( ] (x]uﬁc) =) " (3.4.31)
=o(1).
Ao . . . . . e, o
gain, by using Gagliardo-Nirenberg inequality for ¥ = —, ¥ =

| Vi
]
Y= %, we deduce that the boundary term in (3.4.31) converges to zero. More-

over, using (3.4.11) and (3.4.14), the second and third terms of (3.4.31) converge to
zero. Consequently, using (3.4.29), we conclude (3.4.26). O

Lemma 3.4.5. Under all above assumptions, we have for all j € Ly,
¢ . 4o
/ |Aw/|? dx = o(1) and / 10/|? dx = o(1). (3.4.32)
0 0

Proof. Let j € Ty. Multiply (3.4.8) by u/, integrate over (0, ¢;) and apply Green’s
formula, we get

x={;
6 6 ¥
/]]/\u]\z dx—/j|u§6|2 dx + uyu/
0 0

6o
— a0l dx
o
x=0

¢ — I - 4
+ / ipiAy'w dx = / Bigw dx — / Flui dx — i / Fiul dx.
0 0 0 0

Using Cauchy-Schwarz inequality, (3.4.26), (3.4.15), (3.4.16), (3.4.11), (3.4.12) and
(3.4.13), we deduce that

6
/ |Au)? dx = o(1).

0
Using (3.4.3) we conclude that (3.4.32) holds. O
As a conclusion, we have for every j € Z;,
v/ =0, in L*(0,¢)),
w — 0, in H'(0,),
0/ — 0, in H'(0,¢)).
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Lemma 3.4.6. Assume that all above assumptions hold. Then, for every thermo-elastic edge,
we have

Al (6) = o(1), uk(€;) = o(1), Re(iAf(£)u(£)) = o(1), (3.4.33)
Md(0) = o(1), uh(0) = o(1), Re(iAf(0)u)(0)) = o(1), (3.4.34)
0/(0) = 0(1),6/(¢;) = o(1). (3.4.35)

Proof. By the proof of Lemma 3.4.3, for all j € Zie, and any ® in W'*(0,¢;), (3.4.19)
holds. Then, using (3.4.26), (3.4.32), (3.4.11) and (3.4.13) we obtain

x:lj
+ @ fuy 2
x=0

x:lj

. . l; . —
Dl [ Aui 2 — 0(1) — 2Re / ViAfidiuL dx. (3.4.36)
0

x=0
Then, by taking ® = x, for all j € T, and using (3.4.25), we deduce that (3.4.36)
becomes, . .
(¢ — Ezej)\)»u](ﬁjﬂz + G|k (6)]* = o(1).
Taking €; = 5, we deduce that
M (£)) = o(1) and ul(£;) = o(1).

Consequently, by (3.4.36) and (3.4.22), we conclude that (3.4.33) holds. Similarly,
by taking ® = (x — ¢;), for all j € Zi, we conclude that (3.4.34) holds. On the
other hand, applying Gagliardo-Nirenberg inequality for ¥ = ¢/, using (3.4.26) and
(3.4.11) we deduce that (3.4.35) holds. O

Lemma 3.4.7. Under all above assumptions, we have for all j € Ly,
/ lyk? dx = o(1). (3.4.37)
Proof. Multiply (3.4.8) by % Vs , then integrate over (0, /;) we get
/Ej)»ufjdx-l-/éjuj y];”‘dx—/gjoc-ij];”‘dx+i/éj Yyl dx
0 Yxx 0 xx 2 0 jVx 2 0 ﬁ]}/ Yxx
6 0 o —
:/O/,B]-g]y% dx—/ojf]y)tﬁ dx—z/ojf]yﬁcx dax.

Using Cauchy-Schwarz inequality, (3.4.11), (3.4.14) and the fact that ¢/ and f/ con-
verge to zero in L?(0, £ i), we obtain

b4 by o o
/ A Yy dx +/ Wax™™ dx + z/ Biy'yxx dx = o(1) — z/ iy dx. (3.4.38)
0 0 0 0
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Applying Green’s formula on the first and third term of the left hand side and on
the integral of the right hand side, we get

x:£] I
b [T i [ P d
0 A 0

x=0
ngj

— / ] My dx + Ay,
0

x:@'
+o(1).
x=0

T b T T
ipyih| =i [ vk dx—ifiy,

x=0

But, using (3.4.33), (3.4.34), (3.4.17), (3.4.18), (3.4.13) and the fact that fi converge to
zero in H'(0, ¢;), we deduce that

9T G Ve [0 i
—/ Ay Yy dx+/ Wex ™5 dx — z/ Bilyx|” dx = o(1). (3.4.39)
0 0 0

Similarly, multiplying (3.4.9) by %, integrating over (0, ¢;) and using the fact that
pj = 1forall j € Zi, we get

4 — G oul, 64—
/0 Ayl dx +/0 %XT dx — i/o Bty dx
bl b6l G =
= — T gy 51 XX Ay — T/
/0 Bif ) dx /0 g dx 1/0 gy dx.

Using Cauchy-Schwarz inequality, (3.4.14) and the fact that f/ and ¢/ converge to
zero in L%(0, ¢ i), we obtain

CIN gjj”Tcx b, T N
/0 AY 1y dx+/0 Yax dx—z/O Bjw e dx = o(1) —1/0 Quy dx.  (3.4.40)

Applying Green’s formula on the first and third term of the left hand side and on
the integral of the right hand side, we obtain

Xifj

b j uTxxd H b ]2d

X=€j

+0(1).

x=0

—/j/\yicuﬁc dx + Ay/ul
0

x=0
x=€]-

[' e - .
[t .
= 1/ ghul dx — iglil),
0
=0

—i,Bjujuﬁc

X

But, using (3.4.17), (3.4.18), (3.4.26), (3.4.33), (3.4.34), and the fact that g/ coverges to
zero in H'(0, ¢;), we deduce that

4 G uT
— [ A dx e+ [Ty = o). (3.441)
0 0

Taking the imaginary part of equations (3.4.39) and (3.4.41) then, adding the two
resulting equations, we conclude that

l; .
/ "L dx = o(1).
0
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and the result holds. O

Lemma 3.4.8. Under all above assumptions, we have
(7
/ Ay dx = o(1), V] € T (3.4.42)
0
Proof. Multiply (3.4.9) by yi then, integrate over (0,/;) and apply Green’s formula,

we get

x=/{

j (; —
oy / 'BiAuly] dx
0

=0
4 0 i 6o
= —/ ﬁ]-f]yf dx—/ gy dx—i/ gAY dx.
Jo Jo 0

But, using Cauchy-Schwarz inequality, (3.4.12), (3.4.13), (3.4.17), (3.4.18), (3.4.37) and
the fact that f/,¢/ converge to zero in H'(0, ¢ ;) and ¢/ converges to zero in L%(0, ¢),

G\ i b0 )
/O Ay dx—/o lyx|” dx + Yy

we deduce that (3.4.42) holds. O
Lemma 3.4.9. Assume that all above assumptions hold. Then, for every thermo-elastic edge,
we have
AY(6) = o(1), yL(£) = o(1), Re(irg!(£;)y/(£;)) = o(1), (3.4.43)
AY(0) = 0(1), ¥4(0) = o(1), Re(irg/ (0)y/(0)) = o(1). (3.4.44)
Proof. The proof is the same as the one of Lemma 3.4.3 or Lemma 3.4.6, using (3.4.37)
and (3.4.42), the result holds. O

Lemma 3.4.10. Under all above assumptions, for each elastic edge we have
I 4o
/ A |? dx = o(1), / )2 dx = o(1), (3.4.45)
0 0

4G 6.
/ ] IAY/|? dx = o(1), / ] lye|? dx = o(1). (3.4.46)
0 0

Proof. Let e; be an elastic edge attached to a thermoelastic one at an interior vertex
ax, , where a; is a leaf of a maximal subgraph of elastic edge. Recall that aj =0, and

let ® € W>(0,¢;). Multiply (3.4.8) by 2®/ !, then integrate over (0, ¢;), take the real
part and apply Green’s formula, we obtain

x={; x={;

l: . ) ) . Lo .
—/]¢§(\Au]|2dx+<b]\)\u]|2 —/]q>§\u§\2dx+q>f|u§|2
0 0

x=0 x=0

l; .~ l; . —
+Re 2i /0 ' AB®Iyul, dx = 2Re /0 ' Bidigh, dx

g‘ ~ ‘7- E . _7‘
_2Re / ' Fidiul dx — 2Re / Vi fidiul, dx.
0 0
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Again applying Green’s formula on the fifth term of the left hand side and on the
third term of the right hand side, we get

x=/; x=/;
6o o / 4o o !
— [ AP ax+ @i~ [P dx e+ offul P
0 x=0 0 x=0
0 0 =t
_Re?2i / " AulB;®ly), dx — Re 2i / " i@yl dx + Re (2iB; Ay
0 0
c—0(34.47)

¢ j— JA— v
= 2Re/],8]¢]g]u§ dx—ZRe/ ]f]dDJuﬂc dx + Re Zi/])\u]f,]cdﬂ dx
0 0 0
x:f]‘

G N
+Re 2i / ' Fi®L AW dx — 2Re (i fidiul)
0

x=0

But using Cauchy-Schwarz inequality, (3.4.12) and (3.4.13), we deduce that
G — .
Re 2i / "Nl @yl dx = o(1). (3.4.48)
0

Also, using Cauchy-Schwarz inequality, (3.4.12), (3.4.13) and the fact that fI converge
to zero in H'(0, EJ-) and f/, ¢/ converge to zero in L2(0, €]~), we have

¢; o — 7 6 o .

2Re//,8j<1>]g]u§ dx—ZRe/ ’f]q)]ué dx + Re Zi/J/\qu,]Cq)f dx

0 0 P (3.4.49)

4Re Zi/ " Aol dx = o(1).
0

Inserting (3.4.48) and (3.4.49) in the identity (3.4.47), we get
x=/; ‘.
_ /]q>;|u;|2 dx + ©f|ul 2
0

x=0

ngj

0. . . .
- / " QLA dx + & | A2
0

—, :7? (3.4.50)

- 4G .

+Re (2if;®IAy/ul)|  +21Im / " AulB;®ly) dx = —2Re(id fidiw)
0

x=0 x=0

Similarly, multiply (3.4.9) by 2<I>f'yz, integrate over (0, /;), take the real part and apply
Green’s formula, we obtain

x={;

i x={;

G S ¢ P o ]
—/OJCI>§|Ay]|2dx+<I>J|Ay7|2 —/O’ijDély&IZdejCP]Iyé\z

x=0

¢ o 4 T
—Re 21'/ "ABj@ulyk dx = —Re 2/ BifI DIy, dx
0 0

x=0

Lo 4 . T
—Re 2/ ]gﬁcb]yﬁc dx — Re 21'/ ! A DIy, dx.
0 0
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Applying Green’s formula on the last integral of the right hand side, we get

x={( Xifj

j 2 o o
— [ o @A dx 4 Ty P

x=0

¢ . G
~Re Zi/ ' AB®Iuly) dx = —Re 2/ "B fi®iy dx
0 0

0o . . .
— [ @Ay dx + @llay P
0

x=0

h . — 0 . (3.4.51)

“Re? / Gy dx + Re 2i / AgLdIy dx + Re 2i / AGDLYT dx
0 0 0

X:e]

—2 Re(iAg/dDlyi)

x=0

But, using (3.4.13) and the fact that ¢/ converge to zero in H' (0, / ;) and f1,§ converge
to zero in L2(0, i), we conclude that

“Re 2/ 'Bifi®ly] dx — Re 2/ ' JDIyL dx + Re 21'/ ' \gL DI dx
0 0 0

. ‘ (3.4.52)
+Re 21'/ "N DLyl dx = o(1).
0
Then, inserting (3.4.52) in equation (3.4.51), we get
l; ¥=t) 2 x=tj
- / LAY P dx + AP - / oYk dx + o, k2
0 0
x=| x=0
3.4.53
2 o NN ( :
+2 Im/ ABi®Iulyl dx = (1) — 2 Re(iAgiDly))
0
x=0

Without loss of generality, assume that 7;(a;) = 0 and let & =x—1 j (otherwise, let
®/ = x). Then, adding the two equations (3.4.50) and (3.4.53), using Lemma 3.4.6,
Lemma 3.4.9, the fact that u,y, f and g satisfy the continuity conditions in (3.1.11)
and u, 6 and y satisfy the balance conditions (3.1.12)-(3.1.13), we deduce that

6 G .
/ Mufyzdx—k/ || dx

0 0

b i b i
+/0 |AY/| dx+/0 pilyx|” dx = o(1).

Consequently, as p; > 0 for all j € Z,, (3.4.45) and (3.4.46) hold. Repeating the same
technique of Lemma 3.4.6 and Lemma 3.4.9, we conclude that

A (0) = o(1), #4(0) = o(1), Re(iAf(0)u/(0)) = o(1),
Ay (0) = o(1), ¥4(0) = o(1), Re(iAg/(0)y/(0)) = 0(1),
M (€)) = o(1), uk(£) = o(1), Re(iAf(£))ul(£;)) = o(1),
A () = o(1), yh(€) = 0(1), Re(irg!(£;)y/(£;)) = o(1),
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Then, by iteration on each maximal subgraph of purely elastic edges (from leaves to
the root), we prove that

2 , 4o 6o U
/ YA dx + / L2 dx + / Ay dx + / "W dx=0(1),  (34.54)
0 0 0 0
forallj € Ze. O

In conclusion, using Lemmas 3.4.4, 3.4.5, 3.4.7, 3.4.8 and 3.4.10, we conclude that
||U]|% = o(1), which contradicts (3.4.1). O

Remark 3.4.11. Examples of networks for which (S1) holds are given by Theorem
3.3.1.

Remark 3.4.12. If there exists an elastic edge (j € Z.) such that p; # 1 then, using
Lemma 3.4.10, we show that Theorem 3.4.1 holds (i.e., the energy of the system
decays exponentially to zero). But, if there exists a thermo-elastic edge (j € Z ) such
that p; # 1 then, it seems that the energy of the system does not decay exponentially,
but polynomially (see Theorem 3.4.13 below).

Theorem 3.4.13. Let N be an arbitrary network for which the operator associated with
System (3.1.7)-(3.1.13) satisfies (51). Assume that there exists j € I, NI, such that
p;j # 1. Then, the energy of the system satisfies

C
E(t) < 511Ul [bay, YUo € D(A), >0, (3.4.55)

for some positive constant C > 0.

Proof. Following Borichev and Tomilov, 2009, a Cp- semigroup of contractions
(e"1)>0 on a Hilbert space H is polynomially stable if and only if (S1) and
and 1
lim sup ﬁ” (iA — A)iluﬁ(H) < 00 (52)
[A|—o0

hold. As we have assumed that (S1) is satisfied, it remains to prove that condition
(52) is satisfied. To this aim, we proceed by a contradiction argument. Suppose that
(52) does not hold, then there exist a sequence of real numbers A, and a sequence of
vectors U, = (un, Uy, Yn, zn,0n) € D(A) such that (3.4.1) and

AS(idy — AUy = (fu, fr, Qus§n ) — 0 inH (3.4.56)

are satisfied.
In what follows, we drop the index n for simplicity.

Now by detailing (3.4.56), we get for all j € Z(N)
Aﬁ(zAuf —v/)=f =0 in H(0,¢), (3.4.57)
A (MY — oy + a6 — B2l :f — 0 in L*(0,¢;), (3.4.58)
AS(idy —2/) = ¢/ — 0 in H(0,¢;), (3.4.59)
A8 (idz] — ol + Bj0) = § — 0 in L2(0,4)), (3.4.60)
AC(IAO] — KBl + aj0k) = W — 0 in L2(0,£)). (3.4.61)
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Then, by eliminating v/ and 2/ using (3.4.57) and (3.4.59) respectively, (3.4.57)-(3.4.61)
becomes

S , , ol fi j
A2 4+l — 06]'9§c +ilBjy = 5)\]‘3 — % — £5' (3.4.62)
, . . fi 5i j
A2yl + piyy — iABjUT = —ﬁf; - % - i%, (3.4.63)
] D(]f)]c

iG] — k0L + idajul, =

T (3.4.64)

First, our aim is to prove that for each thermo-elastic edge, we have

v/ =0, in L*(0,¢)),
w — 0, in HY(0,¢),
6/ — 0, in H'(0,¢)), (3.4.65)
z/ =0, in L2(0,¢)),
¥ —0, in H'(0,¢).

Following the same proof of Lemmas 3.4.4, 3.4.5, 3.4.7, 3.4.8, we can prove that
(3.4.65) holds for all j € Zi with p; = 1. Hence, we only need to prove that (3.4.65)
holds for all j € Zie N I, with p; # 1. We will proceed by dividing the proof into
different Lemmas.

Lemma 3.4.14. Under all above assumptions, we have

4
/0 1612 dx = §6), Vj € T (3.4.66)
Proof. Same proof as the one of Lemma 3.4.2. ]

Using (3.4.1), (3.4.57) and (3.4.59), we can easily deduce that (3.4.12)-(3.4.13) holds,
forall j € Z(N). Also, using (3.4.62), (3.4.63) and (3.4.64) we conclude (3.4.14) for all
jEZI(N).

Lemma 3.4.15. Under all above assumptions, (3.4.15)-(3.4.18) holds.

Proof. Let @ be a function in W*(0,¢;), for all j € Zi. Multiplying (3.4.62) by

2901/, integrating over (0,/;) then taking the real part and applying Green’s For-
mula, we obtain

x={;

x:Ej j

6o S 6o o
—/]CIDH/\u]\Z dx+<I>]\/\u]|2 —/]CIDHMHZ dx+CI>7]u§|2
0 0

xX= x=0

—2Re o / "0l dx + Re 2i / gy dx  (3467)

4 Bdigil. i
_2R/ﬁ] gud—R/chud—zRe/ fﬂ;”‘ dx.

Using (3.4.12), (3.4.13) and (3.4.66) we get,

Xij

—0(1).
x=0

X:€j
+ @ |uy?
x=0

O/ A/ |2
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Let ® = x, for all j € Z.. We deduce that (3.4.15) holds. Similarly, by taking

@’ = (x — {;), we conclude (3.4.16). Also, multiplying (3.4.9) by 2xy} and 2(x — ¢;)y/}
respectively, we deduce that (3.4.17) and (3.4.18) hold. O

Lemma 3.4.16. Under all above assumptions, we have

b 1
/0 ul)? dx = 02(\2)’ Vi€ LNy, (3.4.68)

Proof. Letj € Tie NI Multiply (3.4.64) by ”74, and integrate over (0, ¢;), we get

ext:

z/ 0/ 1, dx—/ KjOx — dx+z/ wjlu|? dx
0 0 0

A o (3.4.69)
CRs b o fluk
= [ S5 [T ax

Applying Green'’s formula on the first and second term of (3.4.69), using Cauchy-
Schwarz inequality, (3.4.12) and the fact that f/ converge to zero in H'(0,¢;) and I/
converge to zero in L2(0, Zj), we obtain

—i/ 0w dx + 0/ +/ K]-GQ% dx — K]-Xxuﬂc
" =0 0 x=0 (3.4.70)
G o)
' N (2 g
—H/O wjluy]® dx = 7

But, using Cauchy-Schwarz inequality, (3.4.66), (3.4.12) and (3.4.14), we deduce that

G i— o(1)
Ol dx = —~ 471
/0 x“ X )\4 7 (3 )
and '
G ] o(1)
] XX S S
/0 0 3 dx T (3.4.72)

Qn the other hand, by applying Gagliardo-Nirenberg inequality to ¥ = 0 and ¥ =
%, using Poincaré inequality, (3.4.66) and (3.4.14) we deduce that

, o(1 ; o(1 .
0i0) =9, i) =2, jezenT, (3473)
and , ,
6% (0 o(1) 6Lt  o(1) .
x)(\ ) = /(\2), XA] = )(\2), j € Te N TLy. (3.4.74)
Using (3.4.71), (3.4.72), (3.4.73), (3.4.74), (3.4.15) and (3.4.16) we conclude that (3.4.68)
holds. ]

Lemma 3.4.17. Under all above assumptions, we have for all j € I, N1,

ext

6 64
/ ] |Aw/|* dx = o(1) and / : 10/|? dx = o(1). (3.4.75)
0 0
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Proof. Let j € T N Tl Multiply (3.4.62) by u/, integrate over (0, ¢;) and apply
Green’s formula, we get

x=V;

Iz 4o S 1z J—
] i ] : ] -
/ |Au|? dx — / | |? dx + wlw - / w0kl dx
0 0 0

x=0

4 — 4 Biglu b fiui b flu
gyl dx = [P dx— [T RS i [TEE
—1—/0 ipiAy'w dx T X . As X 10 5 9

Using Cauchy-Schwarz inequality, (3.4.12), (3.4.13), (3.4.66), (3.4.68), (3.4.15) and
(3.4.16) we deduce that
4 .
/ ] M) dx = o(1).
0
Using (3.4.57), we conclude that (3.4.75) holds. O

Lemma 3.4.18. Assume that all above assumptions hold. Then, for j € Ty, N I},,, we have

ext’

M () = o(1), wh(4)) = o(1), (3.4.76)
Al (0) = o(1), 1h(0) = o(1), (3.4.77)
0/(0) = o(1),0/(¢;) = o(1). (3.4.78)

Proof. By the proof of Lemma 3.4.15, for all j € Zie N I, and any &/ in W*(0,¢;),
(3.4.67) holds. Then, using (3.4.68), (3.4.75), (3.4.66) and (3.4.13) we obtain

x:lj
+ @ i |?
x=0

x:[]‘

=o0(1).
x=0

O/ Al |2

Then, by taking ®; = x, forall j € Ze N T/, we deduce that (3.4.76) holds. Similarly,
by taking ® = (x — ¢;), for all j € Zie N I, we conclude that (3.4.77) holds. On the

exts

other hand, applying Gagliardo-Nirenberg inequality, using (3.4.66) and Poincaré
inequality, we deduce that (3.4.78) holds. O

Lemma 3.4.19. Under all above assumptions, we have for all j € T, N1},
¢ : 4o
/ |AY/|? dx = o(1) and / |2/|? dx = o(1). (3.4.79)
0 0

Proof. Letj € Tie N T,y Multiply equation (3.4.63) by Au/, then, integrate over (0, ¢),
we get

6 6 . ¢ ,
/]/\3yfu1 dx—l—pj/]y]xx/\u] dx—i/][%j\/\u]|2dx
0 0 0

4 Bifiu b gl b oglul
——/0 )\5 dx—/o ?dx—l/o Fdx

Applying Green’s formula on the second term of (3.4.80), using Cauchy-Schwarz
inequality and (3.4.12), we obtain

(3.4.80)

x={

J ¢ )
- z’/ ] Bi|lAw|? dx = o(1).
0

x=0

¢ A S
/ N3y dx — p]-/ "ylAul dx + pjyiAul
0 0
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But, using (3.4.76), (3.4.77), (3.4.68) (3.4.75), (3.4.17), (3.4.18) and (3.4.13), we deduce
that

/ "3y dx = o(1). (3.4.81)
0

Similarly, multiply (3.4.62) by Ayl then integrate over (0, ¢;) and apply Green’s for-
mula, we obtain

x:Ej

6 . [J— o 6
/1A3u7y] dx—/]ué)\yé dx + b Ay —/]ocjé)i)\yf dx
0 0 0

x=0
+1,B]-/0 Ay |? dx = ; ]/\5 dx — ; f/\z dx —i ; f/\]i dx

Consequently, using (3.4.68), (3.4.76), (3.4.77), (3.4.17), (3.4.18) and (3.4.66) we get

6o 6
/]/\3u]y] dx+i,8j/]|)\y]|2 dx =o(1).
0 0

Then, taking the imaginary part of the above equality, using (3.4.81) and the fact that
B is a positive constant for all j € Zi. N Z/,;, we deduce that

{; .
[ 1Ay dx = o(1).
0
Finally, by (3.4.60), we conclude that(3.4.79) holds. O

Lemma 3.4.20. Under all above assumptions, we have for all j € T, N T

ext
/ L2 dx = o(1). (3.4.82)
Proof. Multiply (3.4.63) by yi, integrate over (0, ¢ ;) and apply Green’s formula, we

get

ngj

G =
—i/ Biw'yl dx
0

6o 6 -
/O Ay [? dx—pj/o vk dx + pjyhy/

x=0

¢ :B f]y] ¢ g]? ;g]y]
]
/0 o /0 56 dx —1i /0 e dx
Then, using (3.4.79), (3.4.17), (3.4.18) and (3.4.13), we deduce that for all j € Zye N Z'ext

we have .
{Ay{(éj)z 0(1),yk(4;) = 0(1), (3.4.83)
AI(0) = o(1), ¥k(0) = o(1).

O]

Hence, using (??) and Lemma 3.4.18 and by iteration on each maximal subgraph
of purely elastic edges (from leaves to root), the results of Lemma 3.4.10 holds for
every elastic edge. Finally, using Lemmas 3.4.16, 3.4.17, 3.4.19, 3.4.20 and 3.4.10, we
conclude that ||U||y = 0(1), which contradicts (3.4.1). O

Remark 3.4.21. 1) If every maximal subgraph of thermo-elastic edges is composed
of maximum three thermo-elastic edges and there exist j € Zi N G;, such that
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pj # 1 then, the same result of Theorem 3.4.13 holds. The key step to prove that
result is to show that (3.4.73) still holds. Due to (3.1.11) and as (3.4.73) holds for all
j € Tye NI, we deduce that (3.4.73) is achieved for all j € Zi (in particular for
j € Zie N G ). Hence, the desired result is attained.

2) If we replace condition (3.1.13) by the following condition

Y. dkjuzc(ﬂk) =0, ax € Viny,
jeT(@,) | |

Z dk]-(zxjui(ak) — K]‘Q;C(Clk)) =0, g, € i/nt'
j€Tte (ax)

(3.4.84)

Then, we can also prove that the same results of Theorem 3.4.1 and Theorem 3.4.13
hold for system {(3.1.7)-(3.1.12),(3.4.84)}. Notice that due to condition (3.4.84), a
slight gain appears when proving the system {(3.1.7)-(3.1.12),(3.4.84)} is strongly
stable. In other words, the energy associated with system {(3.1.7)-(3.1.12),(3.4.84)}
converges to zero if one of the following conditions holds,

i) Each maximal subgraph of thermo-elastic edges contains at least one inte-
rior vertex or contains an exterior vertex that belongs to Vex.

ii) There exists a maximal subgraph of thermo-elastic edges that contains no
interior vertices and contains no exterior vertex that belongs to Vext and ﬁj = B, for

all j € Z(N).

Idea of the proof. In comparison with Theorem 3.3.1, it is enough to prove that if
each maximal subgraph of thermo-elastic edges contains at least one interior vertex,
then the energy associated with system {(3.1.7)-(3.1.12),(3.4.84)} converges to zero.
Due to the fact that (I — A.) ! is compact where, A. = A (1, Is the operator as-
sociated with system {(3.1.7)-(3.1.12),(3.4.84)}, we have 0 (A.) = 0,(A). Following
the same proof as the one of Theorem 3.3.1,let A € Rand U = (1,v,y,2,0) € D(A.)
be such that
AU =iAl.

As A, = A‘D(A*), we obtain, (3.3.1)-(3.3.10). If A = 0, we proceed exactly as in the
proof of Theorem 3.3.1. Otherwise, if A # 0 then, using (3.3.10) and (3.3.8) we have
(3.3.14), which means that 1/ is constant for every j € Zi but, due to the fact that each
maximal subgraph of thermo-elastic edges contains at least one interior vertex (i.e.,
Vi, # @) and using (3.3.9), (3.3.1) and (3.1.11), the balance condition (3.4.84) asserts
that u/(ay) = 0 for some j € Zie(ax), ar € V... Again, using (3.1.11) we deduce that
ul =0, for all j € Z. Finally, we proceed exactly as Case 1 of the proof of Theorem
3.3.1 to reach the desired aim.

3.5 Stabilization of Thermo-elastic System with Neumann
Boundary condition at the interior nodes of some partic-
ular networks

In this section, we investigate the stabilization of a thermo-elastic system with

Neumann boundary condition at the interior nodes of some particular networks
(composed of elastic and thermoelastic materials) similar to the particular networks
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considered in Shel, 2012. In the first case, we consider trees (Gp) for which all
exterior edges (except one) are thermo-elastic. In the second case, we consider the
path (P) composed of two exterior elastic edges and an interior thermoelastic edge.
In the third case, we consider (G,), trees of elastic materials, whose leaves (exterior
nodes of the last generation) are connected to thermoelastic materials as follows:
the thermoelastic body connects two leaves issued from the same vertex, with the
condition that each leaf is connected to only one thermoelastic body.

In fact, the considered networks (Gp), (P) and (G,) are particular graphs of
the general networks covered in Section 3.1-Section 3.4. Notice that, if we apply the
boundary conditions of Section 3.1 on these particular networks, we can deduce
that the stabilization of the thermo-elastic system on (Gp), (P) and (G;) is achieved
when 0 satisfies Dirichlet condition on each end of every thermo-elastic edge
(see Section 3.1-Section 3.4). In this section, we discuss the stabilization of the
thermo-elastic system on these particular networks such that 6 satisfies Neumann
boundary condition at each interior node connected to a thermo-elastic edge (see
Figure 3.1).

(P) — Elastic edge
— Thermo-elastic edge
€1 (%) €3 ‘
ao a ap as o :0/(ax) =0

< 0l(a) =0

FIGURE 3.1: Some particular networks

The system is described as follows:
e On every thermo-elastic edge (j € Zi) the following equations hold:

uét - uix{— zx]@{( - ,Bjy{ =0 in (0,¢;) x (0,00),
Yir = Ojxx + Bjt} =0 in (0,¢) x (0,00), (3.5.1)
0] — K0y + aju, =0 in (0,¢) x (0,00),

where a;, p;, k; and B; are positive constants.
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e On every elastic edge (j € Ze) one has:

{ujt - ugcx'_ ﬁ]y{ = 0 in (0, gj) % (0,00), (3.5.2)

y]tt - Pjygcx + ,Bj”]t =0 in (0, Kj) x (0,00),

where f; and p; are positive constants.
We assume that the initial data on the network N are

W(x,0) = u)(x), u(x,0) = u}(x), VjeI(N)
y/(x,0) = yp(x), y;(x,0) = yj(x), Vj € Z(N), (35.3)
0/(x,0) = 0)(x), Vj € Tie(N).

The boundary conditions of system (3.5.1)-(3.5.3) on the considered networks will be
as follows.

The system satisfies the Dirichlet boundary condition for the displacement and tem-
perature at the exterior nodes,

w(ag,t) =0, jeZ(a), ax € Vext,
yj(ak/ t) = O/ ] € I(ﬂk), ak € Vext/ (354)
Qj(llk, t) =0, ] - Ite(ak), ax € Vext~

The displacement is continuous at every interior node,

uj(ﬂk, t) - ué(ak/ t)/ ]/g S I(ﬂk), Ay S ‘/int/ (3 5 5)
yi(ag, t) =y (ap,t), j, L€ Z(ay), ax € Vine. o
The temperature satisfies the Neumann condition at the interior nodes,
0L (ar,t) =0, j€Te(ar), ax € Vins (3.5.6)
The system satisfies the balance condition at every interior node,
) dkj(ugc(ak/t) — i/ (ag), )+ Y dkjugc(ﬂk,t) =0, ar € Viny,
j€Lre (ax) j€Ze(ar)
(3.5.7)

Y dijjyfc(ﬂk) =0, a € Vint.
jEZ(ag)

Mainly, we find sufficient conditions on the lengths of the purely elastic edges
attached to the thermo-elastic ones so that the system is strongly stable and then
exponentially stable on the above described networks.

Here the energy space H; is given by

Hy = {(u,ur,y,y:,0) € Hy x L x Hj x L* x V satisfying (3.5.9) below }, (3.5.8)

l; . .
/ "l + /) dx = 0, ¥ j € Giny N Tie (3.5.9)
0

where, Giy; is the set of indices of edges adjacent to two interior vertices.
The Hilbert space H; is equipped with the inner product given in (3.2.3).
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Next, we define the unbounded linear operator A; by:

ol
why — a6} + B7/
-z (3.5.10)
oYex — B0
Kjegcx - "‘jvﬁf JET(N)

A

N Q=
I

with domain

D(A1) = {(u,v,y,2,0) € H1 N [H? x Hj x H*> x Hj x V?], satisfying (3.5.11)}

Gi(uk) =0, ] € Ite(ﬂk)/ ay € Vext,
0% (ax) = 0,j € Tie(ax), ax € Viny,
Y di(ulk(ar) — ab () = 0, ax € Ving, (3.5.11)
S R
Y dipivi(a) =0, ax € Vine.
\j€Z(ax)

Let () denotes the set of indices of purely elastic edges attached to thermo-elastic
edges in the network . The main results of this section are stated in the following
Theorems:

Theorem 3.5.1. The unbounded linear operator Ay generates a Cy-semigroup of contrac-
tions on H1.

Proof. The same proof as the one of Theorem 3.2.1 implies that .A; is a maximal dissi-
pative operator. Then, using Lumer-Phillips Theorem (see Pazy, 1983), A; generates
a Co-semigroup of contractions (e"1);59 on Hj. O

Theorem 3.5.2. Consider the system (3.5.1)-(3.5.7) on N'. Assume that one of the following
conditions holds:

1) N is the graph G,

2) N is the graph P, B; = B,p; = 1,¥j € Z(P), and there exists j € {1,3} such
that

6+ Yme N, (3.5.12)

V2B,

3) N is the graph Gy, B; = B,pj = 1,Vj € I(Gy), and in every circuit C, for the unique
J.k € Q) such that ej and ey are edges of C, we have

sin(V'2B;¢;) + sin(V2Bxlx) # 0. (3.5.13)

Then, iR C p(Ay) and therefore the Co-semigroup of contractions (e"1);sq is strongly
stable.

Proof. As before (I — A1) ! being compact, then ¢(A;1) = 0(A;). Thus, it is suffi-
cient to prove that 0,(A;) NiIR = @. Let A € Rand U = (u,v,y,2,0) € D(A;) be
such that

AU =AU,
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equivalently, for all j € Z(N') we have (3.3.1)-(3.3.5). Using (3.3.1), (3.3.3) to elimi-
nate v/ and z/, we obtain (3.3.6)-(3.3.8). Further, we easily check that

o
Y ;164 dx = Re(AUL, U, = Re(iAU, Uy, = 0.
jeIte 0

This implies that (3.3.9) holds. Thus, 6/ is constant for all j € Le.
If A = 0 then, using (3.3.6), (3.3.8) and (3.3.9), we have

Wy =0, Vj € Z(N),
e — i =0, VjeI(N), (3.5.14)
oY =0, Vj € Z(N),

where a; = 0,Vj € Z,.

Multiplying the second equation and third equation of (3.5.14) by w/ and y/, respec-
tively. Then, integrating over (0, /;), summing over j € Z(N) and applying Green'’s
formula, we get

l:

+ 2/ ocj()]ué dx — Zaﬁ]u] =0,
— Jo —
o J=1 j=1 0

(N N
—Z/ k) dx + Y wl
j=170 j=1

?:
=0.

NG N
2/ oilyel? dx =) oy
j=1"0 j=1

]
0
But, using (3.5.4), (3.5.5), (3.5.7) and (3.5.9), we obtain for all j € Z(N),

Nl 4
—2/ L2 dx — 2/ 1072 dx = 0,
=0 0

j eIte

Sorh i
Z/ pj|yx] dx = 0.
=170

This implies that u} = v} = 0, forall j € Z(N) and &/ = 0, for all j € T.. Again,
by (3.5.4)-(3.5.7), we deduce that u/ = y/ = 0, for all j € Z(N'). Consequently, using
(3.3.1) and (3.3.3), we conclude that U = 0.

Now, assume that A # 0. We will proceed by distinguishing different cases:

Case i. Assume that A is the graph G;. Then, the proof in this case is exactly
the same as the proof of Case 1 in Theorem 3.3.1. In fact, under the boundary
conditions of Section 3.5, on each thermo-elastic edge ej of (Gy), 6/ satisfies the
Dirichlet boundary condition on one end and the Neumann boundary condition
on the other end. While, under the boundary conditions of Section 3.1, 6/ satisfies
the Dirichlet boundary condition on the both ends of each thermo-elastic edge e;
of (Gp). This shows that on networks like (Gy), if 6/ satisfies Dirichlet boundary
condition on only one end of each thermo-elastic edge e¢;, then it is enough to prove
that the system is strongly stable.

Now, before proceeding the other cases (Case ii and Case iii below), remark
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that for an arbitrary network N with 8; = B,p; = 1, for all j € Z(N'), and using
(3.3.8) and (3.3.9), (3.3.16)-(3.3.20) hold for all j € Zi.. Then, for A # £ we have
y = 0, for all j € Tie and thus by equation (3.3.19) we get &/ = 0, for all j € Ze.
Then, by (3.3.8), we obtain that / = 0, for all j € Zi.. Again, by proceeding using
unique continuation Theorem in Hayek et al., 2020 and iteration technique used in
Case 1 of the proof of Theorem 3.3.1, we conclude that u/ = v/ = y/ = z/ = 0, for all
j € Z(N). So, it is enough to treat the remaining cases (Case ii and Case iii below)
with A = £B. Without loss of generality, assume that A = .

Case ii. Assume that N\ is the path P, composed of two exterior elastic edges
and an interior thermo-elastic edge, B; = B,0; = 1, for all j € Z(P) and there
exists j € {1,3} such that (3.5.12) holds. Without loss of generality, assume that

m1(0) = ap, m2(0) = a3 and 713(0) = a,. For the thermoelastic edge e, we have

u2, = y2, = 0 but, using (3.3.17) and dividing by A = B, we also have y*> = iu’.

Thus, u? and ]/2 can be written in the following form
yz =ax—+b, u*> = —iax —ib, forsomea,b € C. (3.5.15)

Moreover, using (3.3.9), (3.5.15) and (3.5.9), we can write
6% = inya. (3.5.16)

For the elastic edges {e1, e3}, (3.3.6)-(3.3.8) becomes,

{/3 W+ +ip%yl =0, on (0,4), j=1,3, (3.5.17)

B2y + iy —if2W =0, on (0,4)), j=1,3.

Using (3.5.4)-(3.5.7), (3.5.15) and (3.5.16), we have the following boundary condi-
tions:

u'(0) =y'(0) =0,
ul(ty) = u?(0) = —ib, y'(¢1) = y*(0) = b, (3.5.18)
uy(f1) = u3(0) — 26%(0) = —i(1+ a3)a, yr(61) = y3(0) =a

and

2(4y) = —ialy —ib, y*(0) = y?(£2) = aly + b, (3.5.19)
2(0) — a20?(f2) = —i(1+a3)a, y3(0) = yi(f2) = a.

Consequently, (3.5.17), (3.5.18) and (3.5.19) leads to the following system

P, = AP/, j=1,3 (3.5.20)
where, ‘
w 0 1 0 0
] 2 ‘2
T R _|-B 0 —-ip? 0
() y and A 0 0 0 1
L iz 0 —p2 0
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The solution of (3.5.20) is given by
O =M DI(0), j=1,3. (3.5.21)

But using (3.5.18) and (3.5.19), we have

0 —ib
ul(0) —i(14a3)a
®(0) = ; L) = , (3.5.22)
0 b
yx(0) a
and
0 —iﬂ£2 —ib
ud(43) —i(1+a3)a
(43) = ; ®3(0) = . (3.5.23)
0 alr +b
y3(6s) a
Since we have
@' (0) = e P! (41) and D3 (43) = e3D%(0), (3.5.24)

using (3.5.22), (3.5.23) and technical computations, we obtain

: 2
/2030 sin(v2B1) + ialy — ib + ia3he _
48 2
(3.5.25)
2 2
\/zzza sin(ﬁﬁﬁl) —al;1+b— azgla =0,
and
“/;"2 n(V2Bls) — ia(ls + £3) — ib — 1“2;3” — o,
(3.5.26)
—/202 2
*2;"2” sin(vV2Bls) +a(ls + 03) + b+ “253” —0.

Multiplying the second equation of (3.5.25) (and (3.5.26) repectively) by i, then
adding the resulting equation to the first equation of (3.5.25) (and (3.5.26) repec-
tively) we obtain,

I in(VaBE) = 0, V) € (1,3}, (3.5.27)
2 n(v2pLj) =0, Vj
So, if there exists j € {1,3} such that {; # \/Eﬁ Vm € IN*, we deduce that a = 0.
)

Consequently, by (3.5.25) or (3.5.26) we deduce that b = 0 and hence u?> = y> = 0
and 6% = 0. By proceeding using unique continuation Theorem in Hayek et al., 2020
and iteration technique used in Case 1 of the proof of Theorem 3.3.1, we deduce
that 1/ = yf =v =2 =0, j = 1,2,3. The same procedure can be used in the case
A = —p so that the desired goal holds.
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Case iii. Assume that A is the graph G, Bi = Bpj = 1, forall j € I(Gy)
and that in every circuit C, for the unique j, k € () such that ¢; and e, are edges of C,
(3.5.13) holds. Notice that for all j € Zie, we have (3.3.21) holds. As in the proof of
Case 2 of Theorem 3.3.1, our aim is to prove (3.5.14). This would end the proof as in
the case A = 0. But since, (3.3.9), (3.3.16) and (3.3.18) hold, then it is enough to prove
that (3.5.14) holds for every elastic edge. First, for a fixed circuit C of G, without
loss of generality, we may use the parametrizations from Figure 3.2.

. a
elastl\ ! / elastic
e e3
an 62\ as
thermoelastic

FIGURE 3.2: A circuit and its parametrizations: 711 (0) = a1, 72(0) =
ap, and 7'(3(0) = as.

First, notice that for the thermoelastic edge e;, (3.5.15) and (3.5.16) hold. Also, for
the elastic edges {e1, e3}, (3.5.20) holds with

—ib —ialy — ib
. 2 o 2
ol () = | 71 N 227 | and 3(0) = lﬁ;‘%)“ (3.5.28)
a a

Our aim is to find {u!(0),y*(0),u3(¢3),y°(¢3)}. For that purpose, we use (3.5.24) to
find ®'(0) and ®3(¢3).
Then, using (3.5.28) and technical computations, we have

u'(0) = i‘/fg%” sin(v/2B01) + ialy —ib + m%#,

y1(0) = V2 sin(v2Bl1) —aty + b — 4.

This implies that

Yx(0) = B2 (y'(0) — iu' (0)) = “3”; sin(V2p6). (3.5.29)
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Similarly, using (3.5.28) and technical computations, we have

w3 (3) = ~25 sin(V2pls) — ia((y + 03) — ib — "5,

Yy (£3) \[06211 511‘1(\/13&,,) + a(€2 + 63) iy 0625351

This implies that

73.(0) = B(r(0) — in®(0) = 2% sin(v/2pes). (35.30)

a3a
V2
On the other hand, using (3.5.4)-(3.5.7), we have u!(0) = u3(¢3) and y'(0) = y!(¢3).
Then,

Y3x(0) = Y. (6a). (3.5.31)
This means that

2
azap (. - _
V3 (sm(ﬁﬁﬁl) + sm(\/iﬁ&,)) =0
Notice that if sin(\fZ[%l) + sin(\ﬁﬁfg) #0, then, a = 0, i.e., 2 = 0. Using (3.3.8),
we obtain that u2 = 0. Again, repeating the same strategy in every circuit of A" and
using the fact that (3.5.13) holds, we deduce that

0/ =0, Vj € L. (3.5.32)

Hence, 1, = 0, for all j € Zi and (3.3.22) holds. Consequently, using (3.5.4)-
(8.5.7), (3.5.32), (8.3.21)-(3.3.22) and using iteration method from the leaves to
the root, we prove that every elastic edge satisfies (3.3.29). This implies that

Yhy = 0, for all j € Z,. Finally, we can proceed as the case A = 0. This finishes the
proof. The same procedure is used in the case A = —p so that the desired goal
holds. O

Theorem 3.5.3. Let N be an arbitrary network for which the operator (A1) associated with
System (3.5.1)-(3.5.7) satisfies iR C p(A1). If pj = 1, for all j € Z(N'), then the energy of
the system decays exponentially in H. In other words, there exist two positive constants M
and € such that

HetAlJCOHle < MeietHX()HHl, Vit>0,Vaxe H.
Proof. Same proof as the one of Theorem 3.4.1 holds. O

Remark 3.5.4. Examples of networks for which iR C p(.A;) are given by Theorem
3.5.2.
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