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Titre : Modélisation mathématiques de l’activité de la mitochondrie cardiaque

Résumé :

Les mitochondries cardiaques sont des organites intracellulaires qui ont de nombreux rôles cruciaux,
notamment le métabolisme énergétique et la régulation du calcium cellulaire. Elles sont ainsi liées au
cycle d’excitation-contraction de la cellule cardiaque. Un grand nombre de modèles mathématiques
ont été proposés pour mieux comprendre la dynamique mitochondriale cardiaque, mais ils montrent
généralement un haut niveau de complexité, et leurs paramètres sont très difficiles à recaler aux données
expérimentales.

Dans ce travail, nous écrivons d’abord un modèle, qui inclut les mécanismes mitochondriaux de
base, basé sur des principes thermodynamiques de transduction d’énergie libre et des résultats de la
littérature. Nous proposons des expressions simples pour les réactions et les échanges ioniques gérés par
la mitochondrie, qui permettent de réduire le nombre de paramètres au minimum. A partir de données
expérimentales de respiration mitochondriale, nous procédons à une analyse de sensibilité globale sur
les paramètres du modèle afin de quantifier leur influence sur la sortie du modèle. Les paramètres
influents sont ensuite recalés à l’aide d’un algorithme génétique. Les résultats montrent que le modèle
est capable de reproduire les taux de respiration des mitochondries avec une très faible variabilité des
paramètres entre les différentes expériences.

Dans une seconde partie, nous incorporons au modèle un mécanisme complexe connu sous le nom
de pore de transition de perméabilité mitochondriale (mPTP). Le fonctionnement de ce pore est mal
connu de nos jours et on pense qu’il peut se comporter physiologiquement ou pathologiquement en
fonction de son état d’ouverture. Ensuite, comme l’évaluation du modèle est coûteuse, nous utilisons un
algorithme de classification supervisé par apprentissage automatique pour construire un méta-modèle
capable de caractériser la sortie du modèle sans l’évaluer. Nous utilisons ensuite ce méta-modèle pour
effectuer une inférence de paramètres à l’aide d’un algorithme itératif à maximum de vraisemblance. En
utilisant des données expérimentales sur le type d’ouverture du mPTP, nous calculons des distributions
statistiques adéquates pour certains des paramètres du modèle.

Dans l’ensemble, l’utilité d’un tel modèle en soi est qu’il peut être utilisé pour faire des prédictions
de mécanismes d’intérêt liés à la respiration mitochondriale, ou encore pour effectuer des simulations de
quelques expériences d’intérêt irréalisables. Le modèle garantit, au moins qualitativement, la capacité de
représenter la population de mitochondries cardiaques. Il pourrait également être intéressant d’intégrer à
terme ce modèle aux modèles d’excitation-contraction cardiaque. En effet, le modèle potentiel pourrait
permettre d’explorer l’implication de ROS mitochondriaux et mPTP dans la régulation du couplage
excitation-contraction en cardiomyocytes, dans des conditions physiologiques et pathologiques.

Mots clés : Modélisation biologique, mitochondries, équations différentielles ordinaires, esti-
mation des paramètres, analyse de sensibilité, validation expérimentale, classification
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Title : Mathematical modeling of the cardiac mitochondrial activity

Abstract :

Cardiac mitochondria are intracellular organelles that have many crucial roles, including energy
metabolism and cellular calcium regulation. They are thus linked to the excitation-contraction cycle
of the heart cell. A large number of mathematical models have been proposed to better understand
the cardiac mitochondrial dynamics, but they generally show a high level of complexity, and their
parameters are very hard to fit to experimental data.

In this work, we first derive a model, that includes the basic mitochondrial mechanisms, based on
thermodynamics free energy-transduction principles and results from the literature. We propose simple
expressions for the mitochondrial regulated ionic exchanges and reaction rates, that allow reducing the
number of parameters to a minimum. Using experimental data of mitochondrial respiration, we proceed
with global sensitivity analysis on the model parameters in order to quantify their influence on the
output of the model. The influential parameters are then calibrated using a genetic algorithm. Results
show that the model is able to reproduce respiration rates of mitochondria with very low variability of
the parameters between the different experiments.

In a second part, we incorporate into the model a complex mechanism known as the mitochondrial
permeability transition pore (mPTP). The functioning of this pore is poorly understood to our days and
is thought to behave either physiologically or pathologically depending on its opening state. Next, since
a model evaluation is time-consuming, we use a machine learning supervised classification algorithm to
build a meta-model that is able to classify the output of the model without evaluating it. We then use
this meta-model to perform parameter inference using a maximum likelihood iterative algorithm. Using
experimental data on the mPTP opening type, we compute adequate statistical distributions for some of
the parameters of the model.

Overall, the utility of such a model in itself is that it can be used to make predictions of mecha-
nisms of interest related to mitochondrial respiration, or even to perform simulations of some unfeasible
experiments of interest. The model guarantees, at least qualitatively, the ability to represent population
of cardiac mitochondria. It could also be interesting to eventually incorporate this model into cardiac
excitation-contraction models. That is because the potential model could make it possible to explore the
involvement of mitochondrial ROS and mPTP in the regulation of the excitation-contraction coupling in
cardiomyocytes, under physiological and pathological conditions.

Keywords : Biological modeling, mitochondria, ordinary differential equations, parameter es-
timation, sensitivity analysis, experimental validation, classification
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’Le succès n’est pas final. L’échec n’est pas fatal. C’est le courage de continuer qui compte.’

Winston Churchill
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List of notations and abbreviations

Ca2+ Calcium cation

Mg2+ Magnesium

Mn2+ Manganese(II)

Sr2+ Strontium
SR Sarcoplasmic reticulum
ER Endoplasmic reticulum
ADP Adenosine diphosphate
ATP Adenosine triphosphate
Na+ Sodium cation
mPTP Mitochondrial permeability transition pore
ROS Reactive oxygen species
NAD Nicotinamide adenine dinucleotide
NAD+ Oxidized form of NAD
NADH Reduced form of NAD
FAD Flavin adenine dinucleotide
FADH2 Reduced form of FAD
ETC Electron transport chain
PDH Pyruvate dehydrogenase enzyme
ANT Adenine nucleotide translocator
CVDs Cardiovascular diseases
O2.

− Superoxide anion
Pi Inorganic phosphate
CypD Cyclophilin D
CsA Cyclosporine A
TCA Tricarboxylic acid
TMRM Fluorescent dye tetramethylrhodamine methyl ester
EGTA Egtazic acid
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1.2.1 Excitation-contraction cycle . . . . . . . . . . . . . . . . . . . . . . 15

1.2.2 Role of mitochondria in the excitation-contraction coupling of the car-

diomyocyte . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.3 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4 Overview of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.5 Mitochondria structure and functioning . . . . . . . . . . . . . . . . . . . 20

1.5.1 Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.5.2 Functioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

Cardiovascular diseases (CVDs) account for 29 % of deaths in the whole world. In the year

2019, an estimated number of 18.6 million people lost their lives due to CVDs. Unfortunately,

this mortality number seems to be growing each year. One of most famous types of CVDs

is heart failure, which means a heart unable to pump blood around the body properly. Heart

failure is often the consequence of electrical heart diseases. Before moving to the electrical

activity of the heart, and to its relation with the motivation behind this thesis, we will introduce

some notions about the anatomy of heart and the cardiac cell.
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1.1. ANATOMY OF THE HEART

Figure 1.1: Illustration of the heart anatomy. Source: wikipedia.

1.1 Anatomy of the heart

The heart has four chambers: two upper chambers called the left and right atrium, and two

lower chambers called the left and right ventricles (Fig. 1.1). The left and right parts of the

heart are separated by a wall of muscle called septum. The right atrium collects the blood

that has traveled through the body then expels it to the right ventricle which will then eject it

towards the lungs. The left atrium collects blood from the lungs and sends it to the left ventricle

which ejects the freshly oxygenated blood to the organs. The myocardium, which forms the

wall of the heart, is made up of elongated cardiac muscle cells called cardiomyocytes. These

are organized in fibers that superimpose, forming layers. The internal part of these layers is

called the endocardium, and the external part is called the epicardium.

1.2 The cardiac muscle cells

Cardiac muscle cells, also known as cardiomyocytes, are the cells that make the heart muscle.

These cells are able to shorten and lengthen their fibers, which is essential during a heart beat.

The main difference between cardiac muscle and skeletal muscle is that the former exhibits

13



CHAPTER 1. INTRODUCTION

rhythmic involuntary contractions, which eventually leads the heart to continuously bump. For

this reason cardiac cells need big quantities of energy.

As all the other type of cells in the body, cardiomyocytes contain intracellular organelles

that insure their correct functioning. First of all, we have the cellular membrane, which is

called the sarcolemma or also myolemma. This membrane has transverse tubules T-tubules,

which are invaginations into the myocytes, that form a barrier between the extracellular and the

intracellular spaces. Additionally, inside the cardiac cell, we have :

• one or more (up to four [58]) nucleus.

• the sarcoplasmic reticulum, usually abbreviated by SR, is the organelle that stores the

most important reserve of calcium inside the cardiomyocyte. It pumps them out into the

cytosol when the muscle fiber is stimulated.

• the mitochondria, usually represent 30% of the cellular volume, are often called "the

power house of the cell". Besides producing ATP which is the energy currency of the

cell, they actively participate in the ionic exchanges (in particular calcium) with the extra

mitochondria medium. Cardiomyocytes contain many more mitochondria than other cell

types in order to generate the needed energy for rhythmic contractions.

• the myofibrils, that constitute up to 60% of the cell volume, are composed of large num-

ber of myofilaments. These myofilaments repeat along the length of the myofibrils in

sections called sarcomeres. Myosin and actin are the two most important proteins within

sacromeres. Myosin has a long globular head that can bind to actin, but also to ATP,

which is the source energy of muscle movement. Each sarcomere is delimited by two

Z-disc. Actin are bound to the Z-disc. It is the shortening of these units that permit the

contraction of the muscle. In fact, it is the complex interplay between ATP, myosin and

actin, that causes a contraction.

The primary function of the cardiac cell is to contract periodically. This is a complex process

regulated by calcium and triggered by electrical impulses.

14



1.2. THE CARDIAC MUSCLE CELLS

Figure 1.2: Illustration of a cardiomyocyte. Source: [73].

1.2.1 Excitation-contraction cycle

The excitation-contraction coupling of the cardiac cells is the process from electrical excitation

of the myocyte to the contraction of the heart. The main stimulator is calcium, which is a direct

activator of the myofilaments, that cause contraction.

First, the process starts with an electric action potential initiated by the sinoatrial node,

which is a group of cells located in right atrium. The action potential propagates from one

cell to another through gap junctions, leading to a synchronized depolarization of their mem-

branes. When a cell sees an action potential, calcium then enters the cell, from the extracellular

medium, through specific calcium channels. This entry triggers calcium release from the SR

into the cytosol. This combination of mechanisms raises the amount of available calcium in

the cytoplasm, that will then bind to the myofilaments to start the contraction process. In fact,

calcium binding to myofilaments moves the troponin complex, which is a protein complex that

makes muscle cells sensitive to calcium, away from the actin binding site. This removal frees

the actin to be bound by myosin and initiates contraction. Indeed, the myosin head binds to

ATP and pulls the actin filaments toward the center of the sarcomere, leading to the muscle

contraction.

Second, the free calcium amount in the cytosol must decline in order for the relaxation

to occur. This is done through several mechanisms such as SR Ca2+-ATPase, sarcolemmal

Na+/Ca2+exchange, sarcolemmal Ca2+-ATPase and mitochondrial Ca2+uniport.

15



CHAPTER 1. INTRODUCTION

insight review articles

198 NATURE | VOL 415 | 10 JANUARY 2002 | www.nature.com

Cardiac excitation–contraction coupling is the
process from electrical excitation of the
myocyte to contraction of the heart (which
propels blood out). The ubiquitous second
messenger Ca2+ is essential in cardiac electrical

activity and is the direct activator of the myofilaments,
which cause contraction1. Myocyte mishandling of Ca2+ is a
central cause of both contractile dysfunction and
arrhythmias in pathophysiological conditions2.

During the cardiac action potential, Ca2+ enters the cell
through depolarization-activated Ca2+ channels as inward
Ca2+ current (ICa), which contributes to the action potential
plateau (Fig. 1). Ca2+ entry triggers Ca2+ release from the
sarcoplasmic reticulum (SR). The combination of Ca2+

influx and release raises the free intracellular Ca2+ concen-
tration ([Ca2+]i), allowing Ca2+ to bind to the myofilament
protein troponin C, which then switches on the contractile
machinery. For relaxation to occur [Ca2+]i must decline,
allowing Ca2+ to dissociate from troponin. This requires

Ca2+ transport out of the cytosol by four pathways involving
SR Ca2+-ATPase, sarcolemmal Na+/Ca2+ exchange, sar-
colemmal Ca2+-ATPase or mitochondrial Ca2+ uniport.
Here I discuss the key Ca2+ transport systems in cardiac
myocytes, how they interact dynamically and how they 
are regulated. The increasingly important area of local 
molecular signalling in microdomains will also be addressed.

The role of calcium in contraction and flux balance
Although Ca2+ is the switch that activates the myofilaments
(the end effectors of excitation–contraction coupling), con-
traction is graded and depends on [Ca2+]i and other factors.
Figure 2a shows the amount of total cytosolic [Ca2+]
([Ca2+]Tot4[Ca2+]i plus bound Ca2+) that must be supplied to
and removed from the cytosol during each cardiac beat. 
Half-maximal activation of contraction requires roughly 
70 µmol of Ca2+ per litre of cytosol, which would raise [Ca2+]i

to 600 nM. This ratio of bound:free Ca2+ indicates that there is
powerful cytosolic Ca2+ buffering (~100:1)1.

Cardiac excitation–contraction 
coupling
Donald M. Bers

Department of Physiology, Stritch School of Medicine, Loyola University Chicago, 2160 South First Avenue, Maywood, Illinois 60153, USA 
(e-mail: dbers@lumc.edu)

Of the ions involved in the intricate workings of the heart, calcium is considered perhaps the most important.
It is crucial to the very process that enables the chambers of the heart to contract and relax, a process
called excitation–contraction coupling. It is important to understand in quantitative detail exactly how
calcium is moved around the various organelles of the myocyte in order to bring about excitation–contraction
coupling if we are to understand the basic physiology of heart function. Furthermore, spatial microdomains
within the cell are important in localizing the molecular players that orchestrate cardiac function.
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Figure 1.3: The opening of potential-sensitive channels in the sacrolemma triggers the contrac-

tion (red arrows). Ca2+is then released from the SR and subsequentially activating
the myofibrils. Relaxation (green arrows) follows the decrease of calcium concen-
tration in the cytosol due to several mechanisms. Figure is taken from [4].

.

1.2.2 Role of mitochondria in the excitation-contraction coupling of the

cardiomyocyte

Cardiac mitochondria are cell organelles that generate most of the energy needed for the cell

contraction. This is by being the principle producer of adenine triphosphate (ATP) molecules

through a process named oxidative phosphorylation.

Mitochondria are also considered one of several components that actively contribute in the

regulation of the calcium cycle in the cardiomyocyte. This is done either through specific cal-

cium ion carrier or exchanger (i.e calcium uniporter and calcium sodium exchanger), or through

a non specific one such as the mitochondria permeability transition pore (mPTP). Details of the

mitochondria functioning will be explained in the section 1.5.2.

1.3 Motivation

Up to this point, we see that mitochondria have an important role in the excitation-contraction

coupling of the cardiomyocyte. This is due either to its contribution to the cellular Ca2+cycle,
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1.3. MOTIVATIONIntroduction générale 
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MITOCARD est un projet interdisciplinaire qui regroupe le savoir-faire de quatre 

équipes de recherche de thématiques différentes (ISM, LYRIC, LAAS, CARMEN) pour travailler 

sur cette hypothèse. Une grande partie du travail réalisé au sein de ce projet a consisté a 

développer de nouvelles méthodes d’analyses électrochimiques ou optiques, en particulier 

dans le cadre de ma Thèse, pour suivre différents paramètres mitochondriaux et les 

caractériser dans le contexte de la contraction-relaxation cardiaque, comme : le potentiel de 

membrane, la production de radicaux libres, la consommation d’oxygène, l’état redox des 

quinones, etc... De plus, ce projet implique des modélisateurs (équipe CARMEN, Inria) afin de 

créer au final un modèle in silico du fonctionnement mitochondrial à partir de la littérature 

mais aussi à partir des résultats expérimentaux obtenus.  

  

 
Figure 17 : Schéma de l’hypothèse de travail du projet ANR Mitocard. Schéma modifié de 
l’étude de Bers, D.M. et al nature 2002. Figure 1.4: New hypothesis for the regulation of cardiac mitochondrial calcium handling. The

figure is adapted from the work of Bers, D.M. et al nature 2002 [4].

or to the energy demand-supply of the cell. During a heart failure, the Ca2+cycle and the energy

demand-supply are both disrupted [36, 56]. In fact, several hallmarks of heart failure may be

related to mitochondrial physiology and/or pathology such as: energy deficit, a defect in the

excitation-contraction coupling and intracellular perturbation of calcium homeostasis. Addi-

tionaly, mitochondrial calcium overload has been claimed to have an important pathological

role in heart failure [56]. The mitochondrial permeability transition pore (mPTP) is thought

to be a key player, yet a poorly understood, mechanism of Ca2+exchange between the mito-

chondria and the cell. In fact the opening of this pore is believed to have two operating modes

(a physiological one and a pathological one). The pathological opening of this pore causes

respiratory uncoupling, mitochondrial injury, and cell death as has been demonstrated during

ischemia-reperfusion injury [19, 48]. These openings are known to be sensitive to the reactive

oxygen species (ROS) [11, 39], produced also by the mitochondria. In addition, a new hypothe-

sis for the regulation of cardiac mitochondrial calcium handling was proposed recently [22, 23].

It states that a parallel activation, by calcium, of the cardiac mitochondria occurs in the contrac-

tion phase (Fig. 1.4). This means that during contraction, in response to the high energy demand

by the cardiac cell, cytoplasmic calcium enters the mitochondria and activates it in order to sup-

ply the cell with the needed energy. In the relaxation phase, this hypothesis, suggests that the
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decrease in ATP demand by the cardiomyocyte causes an increase in ROS production by the

respiratory chain, which stimulates mPTP opening and Ca2+release from mitochondria.

The cardiac pathologies related to the dysfunction of the mitochondria, as well the biological

assumptions related to its exact role in calcium signaling, make it clear that further understand-

ing of the mitochondria is needed. But a legitimate question might be: how could developing

a model of the cardiac mitochondria helps us understand more? The answer is simple, yet the

procedure is a little bit long to achieve. In fact, cardiac ionic models do exist in the literature

(such as Mitchell-Schaeffer [55] or Ten Tuscher-Panvilov [72]), but do not account explicitly

for the mitochondrial activity. A starting point could be to develop a mathematical model that

accounts for the biological features in question (such as mPTP and ROS), then to integrate it in

a full ionic model and eventually try to understand the contribution of the mitochondria to some

mechanisms of interest (such as calcium cycle and/or excitation contraction coupling).

However, since the different mitochondrial functions are coupled one to another (see

sec. 1.5.2), modeling their activity is not trivial and usually results in complex models. A col-

lection of mathematical models have been proposed to better understand this activity. Most of

these models show a high level of complexity in terms of number of parameters and equations

(see sec. 2). This is because they are generally developed following a cumulative approach.

This complexity is not compatible with the inverse problem calibration techniques that can be

used to validate the models with respect to data.

1.4 Overview of the thesis

In this thesis, my work is separated in two parts. The first part consists in developing a new

model of cardiac mitochondria, that accounts for for the basic known mechanisms, and that has a

number of parameters small enough to be fitted with available experimental data. The derivation

of a simple model is motivated by the deciphering of the interplay between intra-cellular calcium

dynamics, mitochondria and cardiac electrophysiology. To this aim, we need a model simple

enough to be coupled to existing cardiac ionic models. Indeed, performing simulations at the

tissue scale, requires storing information on the ionic state at several hundred thousands of
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locations. So using a complex mitochondrial model, with dozens of state variables, would

significantly increase the computational cost of the simulations. Therefore, there is interest in

developing simple models that can yet reproduce the biological phenomena of interest. The

mitochondrial activity can be described through ionic fluxes and reactions. These are modeled

through expressions describing the ionic exchanges between the mitochondria and the cytosol

or reactions that happen inside the mitochondria.

In the first part, we first had to revisit each flux expressions starting from the original work

of Hill [35], which has been the base of the work of Magnus & Keizer [51], and most of

the subsequent mitochondrial models in the literature. We then simplified these expressions

by surface fitting to simpler analytical expressions (sec. 3.3). Additionally, we performed a

two step global sensitivity analysis (sec. 4.2, and 4.4) on the parameters of the new model,

to eliminate uninfluential parameters. In the final step, using the results from the sensitivity

analysis, we calibrated the influential parameters to experimental data, using an optimization

algorithm. Finally, the calibrated model was also tested on a new experimental data set for

validation.

In the second part, we added two key state variables (mPTP and ROS) and their associated

mechanisms to our model. The different types of the output of our model, in relation with

the mPTP opening, were compared statistically to experimental observations from the work

of Camille Colin [16]. In this part, in addition to performing sensitivity analysis, we used

Machine Learning classification algorithms to build meta-models that are able sort the output

of the model without the need of evaluating the original model (sec. 7.3.2). This was helpful

for the exploration of a large high dimensional space of parameters, without accounting for the

computational burden of evaluating the model. We were then able to compute the statistical

distributions of the parameters, using statistical inference methods, to conclude with a range

intervals of parameters were possible observed types are likely to occur.
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1.5 Mitochondria structure and functioning

1.5.1 Structure

Mitochondria are organelles that are found in most eukaryotic cells. We can find up to 5000

mitochondrion per a cardiac cell. Their length generally ranges between 0.75 and 3 µm. They

are semi autonomous organelles, meaning that they have a genetic heritage and capable of di-

viding independently of the cell. These characteristics were the first elements in support of the

endosymbiotic theory, which supposes that intracellular mitochondria come from the incorpora-

tion of the cell by a certain bacteria with which it has maintained an endosymbiotic relationship.

Mitochondria have a double layer membrane (inner membrane, and outer membrane). The

two layers partition the organelle into four compartments (the outer membrane, the inter-

membrane space, the inner membrane, and the matrix) (Fig. 1.5). The outer membrane

contains proteins-based pores (porins) that allow the movements of small ions and molecules,

in two directions (inwards and outwards). The intermembrane space contains a protein that

plays a role in mitochondrial energetics, that is the cytochrome c. In contrast to the outer mem-

brane, the inner membrane is impermeable and most of ionic transfers are achieved via specific

transporters or channels. The inner membrane is arranged into cristae, which are folds that

increase the available surface. The matrix of the mitochondria contains its DNA, RNA, ribo-

somes, calcium granules, and enzymes of the tricarboxylic acid (TCA) cycle (also known as the

citric acid cycle, or Krebs cycle), which metabolizes nutrients into products that mitochondria

use for energy production.

1.5.2 Functioning

The primary function of mitochondria is to produce large quantities of ATP molecules. The

process of ATP creation consists in several main stages. The chemical reactions in most of

these stages happen with the help of specific enzymes localized in the inner mitochondrial

membrane. Nevertheless, the first stage of metabolism begins in the cytoplasm, with substrate

metabolization. The next steps including the electron transport chain, oxidative phosphory-
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1.5. MITOCHONDRIA STRUCTURE AND FUNCTIONING

Figure 1.5: Composition of a classical mitochondrion. Source: wikipedia

lation, and proton leakage (sec. 1.5.2.2, and 1.5.2.3) occur inside the mitochondria or in the

inner mitochondrial membrane. We should note that here we evoke only the principal mecha-

nisms convenient to our modeling purpose. However the mitochondria have more complex and

specific mechanisms that wont be discussed in this manuscript.

1.5.2.1 From glucose to NADH

The mitochondria need their "fuel", to be able to work correctly. This "fuel" is glucose. In

the cytoplasm the glucose is metabolized into a primary product: pyruvate. Then, pyruvate

enters the mitochondria through a carrier, where it is processed by the Krebs cycle, which is a

series of complex chemical reactions, resulting mainly in the production of the reducing agent

nicotinamide adenine dinucleotide (NADH). This agent is crucial in the next stages, in particular

in the electron transport chain that will be explained in the next section.

1.5.2.2 Respiratory chain

The respiratory chain is a series of chemical reactions catalyzed by enzymatic complexes (com-

plex I ,II,III, and IV) that are binded to the inner mitochondrial membrane. The respiratory chain

couples the oxidation of NADH, from the electron transport chain (ETC), to the transformation

of ADP to ATP, through a reaction called oxidative phosphorylation.
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Figure 1.6: Scheme of the electron transport chain. Source: https://courses.lumenlearning.com

1.5.2.2.1 Electron transport chain (ETC) The ETC is a series of redox reactions, where

electrons are passed from one component to another, to the endpoint of the chain where the

electrons reduce molecular oxygen, producing water (Fig. 1.6). The ETC starts with the de-

livery of electrons by NADH and FADH2, which are reduced electron carriers produced from

previous steps of the respiratory chain (such as substrate metabolization). In the process, these

two electron carriers turn back into NAD+ and FAD. The electron transfer through the ETC is

coupled with energy release that takes the form of proton pumps at complex I,III, and IV. FADH

2 is known to be a less good electron donor than NADH, meaning that its electrons are at lower

energy level. For this reason it contributes significantly less than NADH in the proton pumps.

In this manuscript, we will only consider NADH whenever ETC is discussed. The oxidation of

NADH involves the transfer of two electrons through the ETC. The oxidation-reduction equa-

tion resulting from NADH oxidation is given by:

NADH + H+ +
1
2

O2 −→ NAD+ + H2O.

Actually, this equation summarizes three other reactions (occurring at complexes I,III, and IV)

where protons are pumped, since the oxidation of NADH involves the previous three com-

plexes. During this reaction, oxygen is consumed. Indeed, oxygen consumption is an important
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Figure 1.7: Schematic of the use of the proton gradient, pumped from the ETC, with the help
of ATP-synthase to create ATP.Source: https://courses.lumenlearning.com

measure studied extensively in mitochondrial experiments. That is because it reflects the work-

ing state of the mitochondria. A significant part of the experimental data used in this thesis is

somehow related to this measure (see sec. 3.5).

1.5.2.2.2 Oxidative phosphorylation The ETC creates a proton gradient across the inner

mitochondrial membrane, with higher concentration of H+ in the intermembrane space than

in the matrix. This gradient, that is called sometimes proton-motive force, can be seen as a

stored form of energy that is used in the synthesis of ATP. The phospholipid bilayer of the inner

mitochondrial membrane prevents the pumped protons from entering the matrix. Instead, this

protons move down their concentration gradient with the help of the ATP-synthase protein. The

ATP-synthase catalyses the addition of a phosphate to ADP, using the energy from the proton

gradient, to form ATP. This chemical reaction that forms ATP is called oxidative phosphory-

lation. The process, in which energy from the proton-motive force is used to make ATP, is

sometimes called chemiosmosis.

1.5.2.3 Proton leak

Up to this point, we explained the coupling of the free energy produced from the transport of

electrons, through the ETC, to the oxidative phosphorylation. However, this coupling is not

complete. In fact, some of the protons that were pumped at the complexes I,III, and IV will
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not need the ATP-synthase in order to migrate back to the matrix, a process named "proton

leak". These protons, that did not use the ATP-synthase enzyme to enter the matrix, will not

contribute in the ATP creation process, and thus result in the incomplete coupling between the

proton pump and the creation of ATP.

1.5.2.4 Calcium contribution to the respiratory chain

In the previous part, we explained the basics of mitochondrial functioning, in particular sub-

strate metabolism and the respiratory chain. In the cellular context, this organelle will be im-

portant in the contraction process by responding to the cellular energy demand. In fact, free

cytoplasmic calcium will enter the mitochondria (via the calcium uniporter), and will act on

different enzymes, mainly modulating the Krebs cycle. Indeed, in the Krebs cycle, calcium

has an activation effect on two enzymes (Isocitrate dehydrogenase [20] and Alpha-ketoglutarate

dehydrogenase [54]), that both contribute in the NADH production. Besides the above, calcium

can act on the Krebs cycle by regulating the activity of the pyruvate dehydrogenase enzyme

(PDH). This enzymes catalyses the reaction that transforms the pyruvate to Acetyl-CoA which

is used, in the Krebs cycle, to produce NADH. We clearly see that calcium is an important

player in affecting the concentrations of NADH. Hence calcium will have an indirect effect on

the activity of the respiratory chain, since NADH is the substrate of the complex I, which is the

start point of the respiratory chain.

1.5.2.5 Ionic transport and exchange

As previously mentioned, the inner mitochondria membrane is not permeable to ions and so-

lutes. They generally need special carriers and channels to transport them. We will list those of

interest in our model.

1.5.2.5.1 Adenine nucleotide translocator The ATP created in the matrix via the process of

the respiratory chain needs to be transported to the cytoplasm to respond to the energy demand

while in the contraction phase. In fact, the Adenine nucleotide translocator (ANT) is a car-

rier that exchanges free matrix ATP with free cytoplasmic ADP across the inner mitochondrial
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membrane. The net process is denoted by:

ADP3−
cytoplasm + ATP4−

matrix −→ ADP3−
matrix + ATP4−

cytoplasm.

1.5.2.5.2 Calcium uniporter The mitochondrial calcium uniporter is a transmembrane pro-

tein, that allow free calcium in the cytoplasm to enters the mitochondria. It is the main source

of calcium to the mitochondria. Its flow depends on the balance between the cytoplasmic and

the matrix calcium concentrations, as well as on the mitochondrial membrane potential voltage.

1.5.2.5.3 Calcium/Sodium exchanger The calcium/sodium exchanger is an antiporter

membrane protein that let the calcium out of the mitochondria while letting sodium in. Its

flow depends naturally on the calcium and sodium concentrations. The dependace on the mem-

brane potential is not well established as some studies suggests that its activity is eletcro-neutral

(two Na + for one Ca 2+ ) [8, 53, 28], while other don’t [60, 70, 57]. Together with the calcium

uniporter, they are the main regulators of the calcium signaling between the mitochondria and

the cell.

1.5.2.5.4 Mitochondrial permeability transition pore (mPTP) The mPTP is a key player

in calcium regulation, in particular in the transport of calcium from the mitochondria to the cy-

toplasm. It is a non specific pore, whith an unknown clear molecular structure [31, 32]. When

it opens, it allows all molecules with a size less than 1,5kDa to go through. It has two operating

modes: the first one which is extensively studied, as it is believed to correspond to a patholog-

ical opening [19, 48], is a definitive opening that leads potentially to mitochondrial membrane

collapse and eventually mitochondria swelling and cell death. The second one is a transitory

opening, that is believed to be a physiological one, as it contributes in the healthy regulation of

the intra-mitochondrial ions concentration, in particular calcium [24, 50, 25]. Many regulators

of this pore were characterized [39], but the calcium concentration, the membrane potential,

and the reactive oxygen species remain the most frequently identified.
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Part I

A simple model of cardiac mitochondria

with basic mechanisms
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Note that most of the content evoked in this first part of the manuscript is taken from our

previously published paper [71] in Mathematical Biosciences and Engineering, either in a direct

way or in some reorganized manner. Sections of the paper that are used without modifications

are highlighted in grey boxes.
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Chapter 2

State of the art

Mathematical models of mitochondria have been an important tool for understanding its func-

tionning. Most of these model focused on energy transduction and metabolsim, and were

reviewed recently in two scientific papers in 2011 by Schmitz et al. [68], and in 2014 by

Jafri et al.[40]. The first computer model of mitochondria energy transduction was developped

in 1967 by Chance et al. [13]. Their model contained three main compartments: respiratory

chain, phosphorylation and uncoupling, and energy linked transhydrogenase reactions (reac-

tions in which hydrogen is transferred from one molecule to another). The chemical reactions

inside these compartments, together with their common associated metabolic processes were

modeled using nine state variables and seventeen parameters. The main purpose of this model

was to investigate what controls the rate of oxidative phosphorylation and oxygen uptake by

isolated mitochondria. The model was able to demonstrate quantitative relationships between

competing metabolic processes in different steady states. An interesting feature in this model is

its relative simplicity, especially in terms of the few number of parameters used. However, the

lack of coupling of the model to the calcium component makes it irrelevant for studying cardiac

mitochondria. That is because, as explained in the introduction (sec 1.2.2), the most interesting

question when modeling cardiac mitochondria is how they contribute to the calcium cycle in

the cardiac cell.

Another old model of mitochondria energy metabolism was developped by Achs and
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Garfinkel [1] in 1979. This model was biologically more detailed than the former, in terms

of incorporating many enzymatic mechanisms contributing to energy metabolism. The model

was constructed using sixty-eight submodels of individual enzymes and membrane transport

mechanisms covering mainly glycolysis, transaminases, the Krebs cycle, and their related

metabolisms. These submodels were mainly constructed by fitting simple algebraic rate laws

to literature data for the isolated in vitro species, and sometimes to data corresponding to intact

system of perfused dog hearts. The aim of the model was to study ischemic metabolism. It

was able to show changes in metabolite concentrations and pH during ischemia, and deciphered

the mechanisms of metabolic oscillations which is also observed during ischemia. The idea

of writing equations for fluxes or reaction rates based on fitting simple algebraic expressions

to data from the literature is interesting, and was later on adopted by Bertram et al. [5]. This

is because these expressions are mathematically easy to manipulate, and in addition could be

parameterized if corresponding data are available. Nevertheless, sometimes this methodology

could be misleading especially when literature data are inadequate to the context, are incom-

plete, or present errors.

Subsequently, several other authors developped mathematical models for mitochondrial

oxydative phosphorylation [44, 6], but none of them included calcium exchanges between the

mitochondria and the cytoplasm, nor its known effect on respiration. Calcium being a stimula-

tor of mitochondrial respiration by contributing to the creation of mitochondrial NADH, which

is an essential input element of the respiratory chain. That is until 1977, when Magnus &

Keizer [51] developed a model (denoted MK model later on) that includes calcium signaling

and mitochondrial respiratory chain for the β-cell. The MK model has six main mechanisms :

• pyruvate dehydrogenase

• proton pumping via the respiratory chain

• proton uptake by the F1F0-ATPase

• proton leak

• adenine nucleotide exchange

• calcium uniporter and Na+/Ca2+exchange.
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C718 MITOCHONDRIAL cA2+ HANDLING 

driven H+ 
proton pumps proton leakage 

&j+ driven 
proton pumps 

Fig. 1. Schematic representation of the ion fluxes through the 
mitochondrial inner membrane that have been included in the 
minimal model. The variable H+:e- and H+:ATP ratios for proton 
ejection and uptake by the respiration- and FIFO-ATPase-driven 
proton pumps are given by the factors Z and m, respectively. The nNa+ 
shown for the Na+/Ca2+ exchanger indicates the uncertain stoichiom- 
etry for that carrier. 

mitochondria by adding the FIFO-ATPase and the ad- 
enine nucleotide translocator to the state 4 model 
(STATE 3 MITOCHONDRIAL MODEL). Finally, the full mini- 
mal model is developed in which the Ca2+ uniporter and 
Na+/Ca”+ exchanger are added to the state 3 model 
(CALCIUM HANDLING BY MITOCHONDRIA). Ateach step the 
results of the model are compared with experiment. 
The full minimal model is used to simulate steady-state 
CaZ+ handling by isolated mitochondria and responses 
to brief pulses of Ca2+ (FULL MINIMAL MODEL). This 
provides quantitative predictions of the influence of 
Na+/Ca”+ exchange and relative densities of the 
uniporter and exchanger on the time course and thresh- 
old of Ca2’ uptake. Although the model was developed 
with specific application to the pancreatic P-cell in 
mind, it may have application to mitochondrial Ca2+ 
handling in other cell types in which Ca2+ uptake by 
mitochondria has been shown to be important (20, 21). 

MITOCHONDRIA AND OXIDATIVIX PHOSPHORYLATION 

Most islet ATP is synthesized in the mitochondria by 
the process of oxidative phosphorylation. The general 
statement of chemiosmotic theory provides a theoreti- 
cal framework for understanding the underlying trans- 
fers of energy, which link the chemical reactions of 
substrate oxidation and ADP phosphorylation through 
an electrochemical potential across the mitochondrial 
inner membrane (47). The modern version of this theory, 
which includes all the major transmembrane currents as 
well as other nonspecific sources of energy dissipation, 
is used here to model the synthesis ofATP in p-cells. 

Under physiological conditions, the free energy of the 
electron transfer between a succession of membrane- 
embedded carrier proteins (complexes I through IV) 
drives the ejection of protons from the matrix to the 
cytosol by way of three energy-conserving sites. The 
nroton-motive force (PMF, generated bv the nroton 

fluxes occurring at these sites stores the free energy 
derived from oxidation in the form of a voltage differ- 
ence (A’9) and a pH difference (ApH, see Table 1) across 
the inner mitochondrial membrane. The energy stored 
in the membrane is then Ap = A!I! - (2.303RT/F)*ApH, 
where R is the gas constant, T is the abs #olute tempera- 
ture, F is Faraday’s consta nt, and all gradients are 
written with the matrix as the reference. For mitochon- 
dria in situ, both terms of the PMF contribute to the 
maintenance of a counterflux of protons back into the 
matrix. The energy from the voltage and pH gradients 
is then used by the F1-subunit of mitochondrial FIFo- 
ATPase to synthesize ATP (47,63). 

In addition to driving H+ reuptake, polarization of 
the inner membrane acts to limit mitochondrial respira- 
tion. This negative feedback, known as “respiratory 
control,” decreases the rates of both electron transfer 
and oxidation for large values of AW The more polar- 
ized the membrane, the lower the oxygen consumption 
and net rate of H+ cycling between the matrix and 
cytosol. Conversely, transmembrane fluxes resulting in 
a net flow of positive charge into the matrix have a 
stimulatory effect on respiration and oxidative metabo- 
lism (47,63). 

Suspensions of aerobic mitochondria are said to be in 
respiratory state 4 when ATP production and H+ reup- 
take have been blocked, usually by application of the 
FIFO-ATPase inhibitor oligomycin (63). State 4 is also 
favored by inhibiting the adenine nucleotide transloca- 
tor with atractyloside. The influx of Ca2+ is often mini- 
mized in state 4 by including ethylene glycol-bis(P- 
aminoethyl ether)-N, N, N’, N’-tetraacetic acid (EGTA) in 
the medium or the Ca2+ uniporter antagonist ruthenium 
red. The only significant currents remaining in state 4 
mitochondria at steady state are currents associated with 
respiration-driven H+ ejection and the dissipative leakage 
of cytosolic protons back into the matrix (14). This slow H+ 
cycling under “static head” conditions reflects the control 
exerted by an elevated membrane potential on respiratory 
chain electron flow and oxygen consumption. 

In idealized state 4 mitochondria, the small net 
movement of mitochondrial protons across the inner 
membrane would be near equilibrium (51). The net 
transmembrane H+ influx ( &) could then be written 
as a sum of forces with constant coefficients. At steady 
state this would give 

sn 
Ap = - Jo 

gH 
(1) 

where Jo = &/2 is the single-atom oxygen consumption 
rate, & is the conductance for inward H+ leakage (see 
Table 1), s is the number of active energy-conserving 
sites, and n the number of protons pumped out (per 2 
electrons) at each site. Since near-equilibrium condi- 
tions require that the coefficients of J,, and Ap are 
constant, the inner membrane should have an ohmic 
H+ conductance, and Ap should always be proportional 
to Jo in state 4. However, this ideal relationship is not 
observed experimentally (32). Furthermore, nonlinear 
conductance functions for H+ leakage depend on the 
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Figure 2.1: The different mechanisms that are considered in the MK model.

These mechanisms are either ionic transport through the mitochondrial inner membrane or

chemical reactions inside the mitochondria. They are modeled by flux equations that are func-

tions of the model state variables and some parameters associated to their mechanisms of action.

Overall the MK model has fifty-two parameters and three state variables. Its flux equations will

be detailed in the next section since, as it will shown later on, our new model will be strongly

based on this model.

The Magnus & Keizer (MK) model

As we previously mentioned, six main mechanisms were considered in the MK model (Fig. 2.1).

In this section, we will show how these expressions are derived in the MK model. But before

that we state the classical conservation hypothesis that is often used in mitochondrial models.

It is the conservation of total concentrations of nicotinamide dinucleotide (NAD) and ade-

nine nucleotide in the mitochondrial matrix:

Ntot = [NADH]m + [NAD+]m, (2.0.1)

Atot,m = [ATP]m + [ADP]m. (2.0.2)
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Figure 2.2: The six state Altman-King-Hill diagram used to illustrate the respiration driven pro-
ton pump. More details appear in the text.

2.0.1 MK flux expressions

In this section, we explain the biological role of each of the six considered mechanisms in the

MK model, and we summarize the derivation of their associated flux expressions.

2.0.1.1 Oxygen consumption and proton pump

During the oxidation of the electron carrier NADH, two electrons are transported through

the electron transport chain (ETC) following the oxidation-reduction equation:

NADH + H+ + 1/2 O2 −→ NAD + + H2O. (2.0.3)

This transport is coupled with proton pumping across the inner mitochondrial membrane,

which generates a proton gradient. The gradient is then used to power the oxidative phos-

phorylation through the ATP synthase complex.

Magnus & Keizer considered a model of a respiration driven proton pump that is

adapted from the six-state proton pump model of Pietrobon & Caplan [64]. This model

is constructed using the more general theory of coupled flows and membrane transport,

developped by Hill [35], that is extended from the Altman and King diagrams method to

be later on known as Altman-King-Hill diagram method.
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The reaction 2.0.3 is in fact a sum of three other reactions (occurring at complexes I,III,IV)

where protons are pumped, since the oxidation of NADH involves the previous three com-

plexes. Hence, this proton pump model takes into consideration all the protons pumped at

three different energy conserving sites. MK considered that for each electron transferred

through the ETC, the total number of protons pumped in the three energy conserving sites

is 6.

The whole reaction can be represented schematically by the diagram in Fig. 2.2. On

this diagram:

• The nodes represent possible states of the enzymatic complex.

• The edges represent possible transitions between these possible states.

• States on the left side are in the matrix and states on the right side are on the exterior

of the mitochondria.

• The interval between the two sides can be seen as the mitochondrial membrane

thickness.

• To each edge we can associate two rate constants αi j and α ji that represent the two

possible transitions between states i and j. These rates can be either constants or

functions of a variable of the ODE system.

• The arcs associated with some edges represent the binding or unbinding of

molecules to the enzymatic complex.

• The completion of a single cycle in the counter clockwise direction lead to the ejec-

tion of 6H+ from inside the matrix to the outside.

The dashed edge associating states 2 and 5 illustrates the possibility of reaction slip,

also known as intrinsic uncoupling. Pietrobon and Caplan as well as Magnus and Keizer
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considered those slips in their models.

With this method, taking into consideration the intrinsic uncoupling, MK obtained the

following expression for the rates of proton ejection JH,resp and oxygen consumption JO:

JH,resp = 6 × 60ρresp(Jcycle,a + Jcycle,b), (2.0.4)

JO =
1
2
× 60ρresp(Jcycle,a + Jcycle,c), (2.0.5)

where Jcycle,a, Jcycle,b, and Jcycle,c are a highly complex expressions with 12, 8, and 8 param-

eters respectively, and are in unit of s−1. The coefficients 6 and 1
2 account for the stoichiom-

etry of reaction (2.0.3) between electrons, protons and oxygen atoms. The multiplication

factor 60 transforms the unit from s−1 to /min. The parameter ρresp = 0.4 nmol mgprot−1

is the concentration of proton pumps introduced by Magnus & Keizer [51]. The contri-

bution of Jcycle,a and Jcycle,b in JH,resp indicates that the proton ejection could happen either

in association to the reaction (2.0.3) or alone through leaking. Similarly, the contribution

of Jcycle,a and Jcycle,c in JO indicates that reaction slip could lower the efficiency of the

pump. The derivation of Jcycle,a, Jcycle,b, and Jcycle,c and their parameters will be detailed in

section 3.2, where we adapt this diagram method to write down the oxygen consumption

rate, and the associated proton pump flux expressions for our model. Magnus & Keizer

approximated, to within 10% accuracy, the expressions (2.0.4), (2.0.5) by two simpler

algebraic expressions as follows :

JH,resp = 360ρresp
ra106∆pHe

F
RT ∆Eresp − [ra + rb]e

6gF
RT ∆ψ

[1 + r1e
F

RT ∆Eresp]e
6F
RT ∆ψB + [r2 + r3e

F
RT ∆Eresp]e

6gF
RT ∆ψ

, (2.0.6)

JO = 30ρresp
[ra106∆pH + rc1e

6F
RT ∆ψB]e

F
RT ∆Eresp − rae

6gF
RT ∆ψ + rc2e

F
RT ∆Erespe

6gF
RT ∆ψ

[1 + r1e
F

RT ∆Eresp]e
6F
RT ∆ψB + [r2 + r3e

F
RT ∆Eresp]e

6gF
RT ∆ψ

, (2.0.7)

where

∆Eresp =
RT
F

ln
Kresp

√
[NADH]m

[NAD+]m

 .
These two expressions are function of two state variables [NADH]m and ∆ψ, and the

values of their parameters and rate constants, as well as their descriptions, are listed in

Table 2.1.
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Table 2.1: Parameters and rate constants for the oxygen consumption rate and the proton pump
flux in equations (2.0.6), and (2.0.7).

Parameter Description Value Unit Reference

Kresp Equilibrium constant for Eq. (2.0.3) 1.35×1018 dimensionless [51]
ρresp proton pump concentration 0.4 nmol mgprot−1 [51]
r1 Function of αi j 2.077×10−18 dimensionless [51]
r2 Function of αi j 1.728×10−9 dimensionless [51]
r3 Function of αi j 1.059×10−26 dimensionless [51]
ra Function of αi j 6.394×10−10 s−1 [51]
rb Function of αi j 1.762×10−13 s−1 [51]
rc1 Function of αi j 2.656×10−19 s−1 [51]
rc2 Function of αi j 8.632×10−27 s−1 [51]
∆ψB Total phase boundary potential 50 mV [51]
g Fitting factor 0.85 dimensionless [51]

2.0.1.2 ADP phosphorylation and proton uptake

The proton electrochemical gradient created by the respiratory chain is used by the F1F0-

ATPase complex to synthesize ATP by phosphorylation of ADP. Using the fact that ATP

hydrolysis is coupled to proton ejection, Pietrobon and Caplan [64] modeled the mito-

chondrial F1F0-ATPase by a six-states proton pump driven by the reaction:

ATP + H2O −→ ADP + H2PO−4 . (2.0.8)

MK built the ADP phosphorylation flux from this model, adopting the same modeling

approach as for the respiratory chain.

Similar calculations as in the previous section were repeated to obtain the expressions

of the rate of ATP hydrolysis and its associated proton pumping. The oxidative phospho-

rylation rate and the rate of proton uptake by mitochondria can then be expressed as the

opposite of the two former rates as follows:

JH,ATP = −3 × 60ρF1(Jcycle,a + Jcycle,b), (2.0.9)
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JF1F0 = −60ρF1(Jcycle,a + Jcycle,c), (2.0.10)

where the coefficient 3 corresponds to the stoichiometry between ATP hydrolysis and its

associated proton pump. Here also the expression of Jcycle,a, Jcycle,b, and Jcycle,c wont be

detailed, and it will be given in sec 3.2, in the context of our model. Here also Magnus &

Keizer simplified these two expressions as follows:

JH,ATP = −180ρF1
pa103∆pHe

F
RT ∆Gp,m − [pa + pb]e

3F
RT ∆ψ

[1 + p1e
F

RT ∆Gp,m]e
3F
RT ∆ψB + [p2 + p3e

F
RT ∆Gp,m]e

3F
RT ∆ψ

, (2.0.11)

JF1F0 = −60ρF1
[pa103∆pH + pc1e

3F
RT ∆ψB]e

F
RT ∆Gp,m − pae

3F
RT ∆ψ + pc2e

F
RT ∆Gp,me

3F
RT ∆ψ

[1 + p1e
F

RT ∆Gp,m]e
3F
RT ∆ψB + [p2 + p3e

F
RT ∆Gp,m]e

3F
RT ∆ψ

, (2.0.12)

where

∆Gp,m =
RT
F

ln
(
KF1

[ATP]m

[ADP]m[Pi]m

)
.

These two expressions are function of two state variables [ADP]m and ∆ψ, and the values

of their parameters and rate constants, as well as their descriptions, are listed in Table 2.2.

2.0.1.3 Adenine nucleotide translocator (ANT)

The ANT transports the mitochondrial ATP from the matrix to the cytoplasm, and the

cytoplasmic ADP to the matrix. Magnus & Keizer wrote down an expression for the rate

of this translocator:

JANT = Jmax,ANT

1 −
0.05[ATP]c × 0.45 × 0.8[ADP]m

0.45[ADP]c × 0.05[ATP]m
exp

(
− F

RT ∆ψ
)

(
1 +

0.05[ATP]c

0.45[ADP]c
exp

(
− f F

RT ∆ψ
)) (

1 +
0.45 × 0.8[ADP]m

0.05[ATP]m

)
.

(2.0.13)

This rate depends primarily on the membrane potential ∆ψ, as well as on the concentration

of mitochondrial and cytoplasmic ATP and ADP respectively. In the expression (2.0.13),

the coefficients leading the adenine nucleotide concentrations are the fractions of unbound

ATP and ADP, existing in ionized form, in the matrix and cytoplasm compartments. Other

parameters are listed in Table 2.3.
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Figure 2.3: The six state Altman-King-Hill diagram used to illustrate the ATP hydrolysis.

Table 2.2: Parameters and rate constants for the ATP synthesis rate and the proton uptake flux
in equations (2.0.11), and (2.0.12).

Parameter Description Value Unit Reference

KF1 Equilibrium constant for Eq. (2.0.8) 1.71×106 mM [51]
[Pi]m Phosphate concentration in the matrix 20 mM [51]
ρF1 proton pump concentration 0.7 nmol mgprot−1 [51]
p1 Function of αi j 1.346×10−18 dimensionless [51]
p2 Function of αi j 7.739×10−7 dimensionless [51]
p3 Function of αi j 6.65×10−15 dimensionless [51]
pa Function of αi j 1.656×10−5 s−1 [51]
pb Function of αi j 3.373×10−7 s−1 [51]
pc1 Function of αi j 9.651×10−14 s−1 [51]
pc2 Function of αi j 4.845×10−19 s−1 [51]

2.0.1.4 Calcium handling

Calcium is exchanged between mitochondria and the cytoplasm through membrane channels

and pores such as the Ca2+uniporter, the Na+/Ca2+exchanger and the mitochondrial permeability

transition pore (mPTP). The exact role of the mPTP remains currently not fully understood

(check part II of the manuscript). In the MK model, they considered only the Ca2+uniporter and

the Na+/Ca2+exchanger as calcium regulators.
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Table 2.3: Adenine nucleotide translocator parameters of Eq. (2.0.13).

Parameter Description Value Unit Reference

Jmax,ANT Maximum exchange rate 1000 nmol mgprot−1 min−1 [51]
f Fraction ∆ψ 0.5 dimensionless [51]

Table 2.4: Na+/Ca2+exchanger parameters of Eq. (2.0.14).

Parameter Description Value Unit Reference

Jmax,NaCa Maximum rate for the Na/Ca exchanger 25 nmol mgprot−1 min−1 [51]
KNa Michaelis-Menten constant 9.4 mM [51]
b Dependence on ∆ψ 0 dimensionless [51]
KCa Michaelis-Menten constant 0.003 nmol mgprot−1 [51]
[Na]c Cytoplasmic sodium concentration 30 mM [51]

The expression of the Na+/Ca2+ exchange flux is given as:

JNaCa = Jmax,NaCa

exp
(

bF(∆ψ−∆ψ∗)
RT

)
1 +

(
KNa

[Na]c

)2 (1 +
KCa

[Ca2+]m

) (2.0.14)

For the calcium uniporter, Magnus and Keizer modeled the ionic flux using the Nernst-

Planck equation, and then added the calcium dependence to the equation through an al-

losteric model [51]. The rate of the calcium internalized by the Ca2+uniporter Juni depends

on the transmembrane voltage ∆ψ and on the cytoplasmic calcium concentration [Ca2+]c,

as follows:

Juni = Jmax,uni

[Ca2+]c

Ktrans

(
1 +

[Ca2+]c

Ktrans

)3

(
1 +

[Ca2+]c

Ktrans

)4

+ L
(
1 +

[Ca2+]c

Kact

)−na
.

2 F
RT (∆ψ − ∆ψ∗)

1 − exp
(
−2 F

RT (∆ψ − ∆ψ∗)
) . (2.0.15)

The parameters of the calcium uniporter and the Na+/Ca2+exchanger flux are given in

Table 2.5 and 2.4 respectively.
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Table 2.5: Calcium uniporter parameters of Eq. (2.0.15).

Parameter Description Value Unit Reference

Jmax,uni Maximum rate for the Ca2+uniporter 300 nmol mgprot−1 min−1 [51]
Ktrans Dissociation constant for uniporter translocated calcium 19 µM [51]
Kact Dissociation constant for uniporter activating calcium 0.38 µM [51]
na Activation cooperativity parameter 2.8 dimensionless [51]
L Equilibrium constant for uniporter conformations 110 dimensionless [51]
∆ψ∗ ∆ψ offset 91 mV [51]

2.0.1.5 External proton leakage

The MK model and some of the models based on it (e.g. Cortassa et al. [17], and

Bertram et al. [5]) consider the external leakage of protons across the mitochondrial membrane

to be a linear function of the transmembrane potential or the proton-motive force. However it

has been shown that this leakage increases exponentially with the proton-motive force [10, 9].

We chose such an exponential function to model the protons leakage, as described in section 3.3.

The differential equation system

The MK model considered only three state variables : the membrane potential ∆ψ, the

matrix ADP concentration [ADP]m, and the matrix calcium concentration [Ca2+]m. Then

the dynamics of the mitochondrial activity can be modeled using the following ordinary

differential equation system:

d
dt

[ADP]m = (JANT − JF1F0) ,

d
dt

∆ψ =
(
JH,resp − JH,ATP − JANT − Jleak − 2Juni

)
/Cm,

d
dt

[Ca2+]m = fm (Juni − JNaCa) ,

(2.0.16)

where Cm and fm are the mitochondrial membrane capacitance and the fraction of matrix

free calcium respectively.

The second equation of the system 2.0.16 comes from applying Kirchhoff’s current
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law to mitochondrial membranes. The capacitance Cm, which is usually in units of Farad,

is expressed in nmol mV−1 mgprot−1 to match the unit of the ionic fluxes through the mem-

brane. The values of Cm and fm are given in Table 3.1.

The pioneering work of Magnus & Keizer led to many subsequent models that were adapted

from the MK model. These models were all built based on a cumulative approach, adding

biological component of interest from one model to another.

The Cortassa et al. model

An example of such a model was proposed in 2003, by Cortassa et al. [17]. The authors adapted

the MK model to represent cardiac mitochondria instead of the β-cell. Additionally, they inte-

grated a detailed description model for the TCA cycle (Fig. 2.4). The key regulatory enzymes

included in their description of the TCA cycle are :

• Citrate synthase (CS)

• Aconitase (ACO)

• Isocitrate dehydrogenase (IDH)

• Alpha-ketoglutarate dehydrogenase (KGDH)

• Succinyl CoA lyase (SL)

• Succinate dehydrogenase (SDH)

• Fumarate hydratase (FH)

• Malate dehydrogenase (MDH)

• Aspartate amino transferase (AAT).

The cumulative addition of details in Cortassa’s model made it complex. Overall, it has

twelve state variables and ninety-nine parameters. Eight out of all the state variables included

in their model were representing TCA cycle intermediates.
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Besides the TCA cycle, all the flux expressions used in the MK model, were reused in the

Cortassa model, sometimes with small modifications :

• replacement of the dependence of the respiratory fluxes on the proton motive force ∆p,

which is a linear combination of the membrane potential and ∆pH, instead of only the

membrane potential ∆ψ in the MK model,

• making the NADH concentration, which is the main input for the respiratory chain, a state

variable in contrast to the MK model where it was kept constant,

• adding an explicit dependence on the cytoplasmic calcium concentration of the expres-

sion of the calcium uniporter to account for its reversible activity under pathological con-

ditions.

Their main interest was to study the effect of changes in substrate delivery and metabolic inhi-

bition on the mitochondria, as well as the effect of calcium stimulation on the respiration of the

mitochondria. Their model was able to reproduce qualitatively experimental data on respiratory

control, calcium dynamics, and mitochondrial bioenergetics.

Subsequent versions of the Cortassa model were developped, in the same cumulative way,

to account for the different mechanisms of interest for the authors. For example, in 2004, Cor-

tassa et al. [18], extended their previously discussed model. In this new model, they included

a description of mitochondrial ROS production, cytoplasmic ROS scavenging, as well as ac-

tivation of inner membrane anion channels. In the new model, four new state variables and

twenty-five new parameters were added to the previous one. This model will be discussed in

more details, later on in chapter 5, when we will introduce the mPTP and ROS to our model.

From the biological point of view, the Cortassa et al. models are interesting since almost all

the interplaying biological mechanisms in the mitochondria can be well identified in the model.

Additionally, the parameters used in their model usually represent a biologically known partic-

ular submechanism or quantity (e.g. rate constants, dissociation constants, fraction of specific

enzyme ...). However, in this kind of models, almost all the parameter values are adopted from

literature. This is because the very high number of parameters that comes from the cumula-
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incorporating mitochondrial Ca21 dynamics has not been

available. The present work builds a unified model of

mitochondrial energy metabolism and examines its behavior

with respect to changes in substrate supply, metabolic

inhibition, and Ca21. The results provide insight into the

essential control properties of the system.

METHODS

General description

The model incorporates the main mitochondrial electrophysiological and

metabolic processes and their interactions (Fig. 1). Model differential

equations are given in Table 1, whereas rate equations and their behavior are

presented in the Appendix. The major components of the model—mito-

chondrial matrix-associated processes, oxidative phosphorylation, and Ca21

dynamics—are described in the following sections.

Mitochondrial matrix-associated processes

The tricarboxylic acid (TCA) cycle

The first phase of the model, the TCA cycle, represents the end stage for

carbon substrates in the cell. The catabolic pathways for substrate oxidation

(e.g., fatty acids, amino acids, and sugars) converge to produce AcCoA, the

main input of the TCA cycle.

The dashed lines in Fig. 1 show the regulatory feedback loops

incorporated into the model. The rates of the highly-regulated dehydro-

TABLE 1 Model differential equations

State

variable Differential equation

[ADP]m d½ADP�m
dt

¼ VANT � VATPase � VSL (1)

DCm
dDCm

dt
¼ VHe1VHeðFÞ � VHu � VANT � VHLeak � VNaCa � 2Vuni

Cmito

(2)

[NADH] d½NADH�
dt

¼ �VO2
1VIDH 1VKGDH 1VMDH (3)

[ISOC] d½ISOC�
dt

¼ VACO � VIDH (4)

[aKG] d½aKG�
dt

¼ VIDH � VKGDH 1VAAT (5)

[SCoA] d½SCoA�
dt

¼ VKGDH � VSL (6)

[Suc] d½Suc�
dt

¼ VSL � VSDH (7)

[FUM] d½FUM�
dt

¼ VSDH � VFH (8)

[MAL] d½MAL�
dt

¼ VFH � VMDH (9)

[OAA] d½OAA�
dt

¼ VMDH � VCS � VAAT (10)

[ASP] d½ASP�
dt

¼ VAAT � VC ASP (11)

[Ca21]m d½Ca21�m
dt

¼ f ðVuni � VNaCaÞ (12)

FIGURE 1 Schematic representation of the

mitochondrial electrophysiological and meta-

bolic processes and their interactions, as de-

scribed by the model. The model takes into

account oxidative phosphorylation and matrix-

based processes in mitochondria. The tricar-

boxylic (TCA) cycle of the mitochondrial

matrix is fed by acetyl CoA (AcCoA), which

is the point of convergence for the oxidation of

fatty acids and glucose, the two main substrates

of the heart. The TCA (or Krebs) cycle

completes the oxidation of AcCoA to CO2

and produces NADH and FADH2, which

provide the driving force for oxidative phos-

phorylation. NADH and FADH2 are oxidized

by the respiratory chain and the concomitant

pumping of protons across the mitochondrial

inner membrane establishes an electrochemical

gradient, or proton motive force (DmH),

composed of an electrical gradient (DCm) and

a proton gradient (DpH). This proton motive

force drives the phosphorylation of matrix ADP

to ATP by the F1F0-ATPase (ATP synthase).

The large DCm of the inner membrane (�150

to �200 mV; matrix negative with respect to

the cytoplasm) also governs the electrogenic transport of ions, including the cotransport of ATP and ADP by the adenine nucleotide translocator, Ca21 influx

via the Ca21uniporter and Ca21efflux via the Na1/Ca21antiporter (Magnus and Keizer, 1997). The model also accounts for the explicit dependence of the TCA

cycle enzymes isocitrate dehydrogenase and a-ketoglutarate dehydrogenase on Ca21. In this way, the rate of Ca21 uptake by mitochondria is involved in

membrane energization through the TCA cycle and oxidative phosphorylation, which are described in detail in the Appendix. Key to symbols: The concentric

circles with an arrow across located at the inner mitochondrial membrane represent the DCm. Dotted arrows indicate regulatory interactions either positive

(arrowhead ) or negative (�).

Modeling Mitochondrial Energy Metabolism 2735

Biophysical Journal 84(4) 2734–2755

Figure 2.4: Schematic representation of the different mechanisms that are considered in the
Cortassa model [17].

tive modeling approach, makes it almost impossible to calibrate these models to experimental

data. In addition, complex algebraic expressions of flux, may lead to transcription errors when

reusing them from one work to another. For example, here we highlight one transcription error,

in the calcium uniporter flux, when using the MK expression in the Cortassa model :

Juni = Jmax,uni

[Ca2+]c

Ktrans

(
1 +

[Ca2+]c

Ktrans

)3 2F (∆ψ − ∆ψ∗)
RT1 +

[Ca2+]c

Ktrans

4 + L
(
1 +

[Ca2+]c

Kact

)−na (
1 − exp

(
−2 F

RT (∆ψ − ∆ψ∗)
)) . (2.0.17)

By comparing the MK expression of the calcium uniporter flux (2.0.15) with the Cortassa’s

expression (2.0.17) of the same flux, one can easily identify the transcription error in the de-

nominator.

Because of the extreme complexity of these kind of models, that comes from the detailed

biological mechanisms added (see Fig. 2.4), other authors such as Bertram et al. [5] proposed a

different modeling approach.

The Bertram et al. model

In 2006, Bertram et al. took some components of the model of Cortassa (that was initially built

from the MK model), and simplified its flux expressions by fitting simpler analytical expres-
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masked by this complexity. Our first goal is to develop a
simplified model for oxidative phosphorylation that retains
the key features of the M–K model, yet is more intuitive. A
description of this simplified model, and comparison with
the M–K model as modified by Cortassa et al., is the focus
of the first portion of the article.

In the second portion, we use the simplified model to
study the response of the mitochondrial variables to pulses
of calcium and a variable reflecting glycolytic flux, both of
which are inputs to mitochondrial metabolism. This yields
predictions about whether the mitochondrial variables
increase or decrease in response to the input. Measure-
ments have been made of the levels of NAD(P)H, oxygen,
and the mitochondrial inner membrane potential in, for
example, pancreatic b-cells. Besides the clinical significance
of these insulin-secreting cells, they are interesting since
glucose metabolism is important not only for the survival
of the b-cell, but also for its electrical activity and patterned
insulin release.

We next use the model to investigate a recent experi-
mental result from mouse pancreatic islets that has been
hard to explain. It was found that elevations in the
intracellular Ca2þ concentration increase the intracellular
NADH concentration when the islet is maintained in a low
glucose bath. In higher glucose, a Ca2þ concentration
increase results in a reduction in the NADH concentration
(Luciani et al., 2006). Our model provides a plausible
mechanism for this.

Finally, we consider the effects of a negative mutation in
the mitochondrial enzyme nicotinamide nucleotide trans-
hydrogenase (Nnt). Such a mutation causes glucose
intolerance and impaired b-cell function in the widely used
C57BL/6J mouse strain (Toye et al., 2005). In the simplified
model, simulation of the Nnt mutation is accomplished by
increasing the proton leak across the mitochondrial inner
membrane. Increase of this single parameter results in
changes in the mitochondrial variables that would not be
obvious without a mathematical model. This illustrates one
of the strengths of the simplified model: its relative
simplicity makes it possible to predict and understand the
effects of changes in one or more parameters or variables.
This is particularly important when the mitochondrial
model is just one component of a larger cellular model.

2. Dynamic equations

We begin by describing the dynamic equations for the
mitochondrial variables NADHm, ADPm, DC, and Cam.
These equations are themselves simple. However, the flux
and reaction terms that make up the equations (Fig. 1) are
quite complex in the M–K model, and it is those that we
simplify in the following section.

The first stage of glucose metabolism in eukaryotic cells
is glycolysis, which takes place in the cytoplasm. Although
this produces some ATP and NADH, its primary output is
pyruvate. The pyruvate is transported into the mitochon-
dria where it is rapidly oxidized and decarboxylated by the

pyruvate dehydrogenase complex (PDH). The products of
PDH are a molecule of CO2, a molecule of NADH, and
acetyl coenzyme A (acetyl CoA). The acetyl CoA enters the
citric acid cycle, where more NADH is produced by
additional dehydrogenases. As was done by Magnus and
Keizer, we assume that the citric acid dehydrogenase rates
are proportional to the reaction rate of PDH, and let JPDH

represent the reaction rate for the sum of the dehydro-
genases. The NADH concentration is decreased by the
action of the ETC, during which NADH is converted to
NADþ and oxygen is consumed:

dNADHm

dt
¼ gðJPDH � JoÞ, (1)

where NADHm is the mitochondrial NADH concentration,
and Jo is the oxygen consumption rate. Both JPDH and
Jo have units of mM=ms. The time t is measured in ms, and
g ¼ 0:001 converts NADHm to units of mM.
The mitochondrial ADP concentration increases due to

the action of the adenine nucleotide transporter, which
transports ATP out of and ADP into the mitochondria.
ADP concentration decreases due to the action of the ATP
synthase, which phosphorylates ADP to ATP. Thus,

dADPm

dt
¼ gðJANT � JF1F0Þ, (2)

where ADPm is the mitochondrial ADP concentration
(with units of mM), JANT is the nucleotide transport rate,
and JF1F0 is the ATP synthase rate (both in mM=ms).
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JGPDH

Juni
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JNaCa

Fig. 1. Illustration of the fluxes and reactions used in the model. The

different arrow types correspond to different types of fluxes or reactions.

Arrows with line-type arrow heads represent the flux of Ca2þ. Arrows with

open arrow heads represent proton fluxes. Arrows with closed arrow

heads represent nucleotide fluxes or phosphorylation events. Curved

arrows represent the production or oxidation of NADH. Finally, the

dashed arrow represents input to the mitochondria from glycolysis.

R. Bertram et al. / Journal of Theoretical Biology 243 (2006) 575–586576

Figure 2.5: Schematic illustration of the fluxes and reactions used in the Betram et al. [5]
model. Calcium fluxes are represented by arrows with line-type heads, whereas nu-
cleotide fluxes and pre-phosphorylation associated protons uptake are represented
with closed-head arrows. Proton fluxes are illustrated by open-heads arrows, and
the production or oxidation of NADH are represented by curved arrows. Finally,
the input of mitochondria from glycolysis is represented by a dashed arrow.

sions to the original ones. This methodology allows the reduction of the number of parameters

of the model, while still capturing the mitochondrial dynamics. This can be mathematically

useful especially when the objective is to calibrate the model parameters to experimental data.

The Bertram model was used to assess the pancreatic β−cell mitochondrial response to calcium

and glycolytic input. Unlike Cortassa et al. work, Bertram et al. did not add detailed descrip-

tion of the TCA cycle. Indeed, the Krebs cycle, glycolysis, and the pyruvate dehydrogenase

complex were all modeled as one compartment leading mainly to the creation of mitochondrial

NADH. Besides that, Bertram et al. kept almost the same biological mechanisms used in the

MK model, but made the mitochondrial NADH concentration a state variable in their model.

Overall, this model describes the dynamics of four state variables ([NADH]m,∆ψ, [ADP]m, and

[Ca2+]m) using a system of ordinary differential equations. Using curve fitting to simpler an-

alytical expressions, they were able to reduce the number of parameters of the MK model to

twenty-six. The model was later used by Deikman et al. [21], who integrated more components

such as astrocyte membrane potential and calcium handling by the ER. It was used to predict

how the mitochondrial energy production is affected by some specific calcium release (IP3-
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mediated calcium release).

Even though the Bertram et al. model is relatively simple, and thus it is plausible mathe-

matically speaking, it contains some hypothesis that are not relevant at least to our context. For

example, to simplify the MK adenine tranlocator flux expression (2.0.13), they hypothesized

that the ratio of adenine nucleotide in the matrix is equal to the same ratio in the cytoplasm

( [ATP]m
[ADP]m

= [ATP]c
[ADP]c

). This could be of major concern, especially if the model is going to be used to

asses mitochondrial respiration following cytoplasmic ADP additions. Additionally, the curve

fitting procedure was not performed on the whole state variables space. Besides that, their

model also presented transcription errors when copying the flux expressions from the Cortassa’s

model to their model. These errors and some potential corrections were discussed later on by

Saa et al. in [66].

Discussion

To recapitulate, most of the mitochondrial models used nowadays are somehow based on the

MK model, but surprisingly none of them reviewed closely how the original equations were

written. That is why we previously detailed each flux expression starting from the original

work of Hill [35], which has been the base of the work of Magnus & Keizer, and most of the

subsequent mitochondrial models.

Additionally, in the exception of the Bertram et al. model, most of the mitochondrial models

generally show a high level of complexity. This is because these models are generally developed

following a cumulative approach, adding new mechanisms and biological reactions to previous

models, which leads to dozens of state variables and hundreds of parameters (Table. 2.6). This

large number of equations and parameters is not compatible with calibration techniques required

for validation against experimental data. Indeed, using too large sets of parameters, which

all have uncertainties, reduces the identifiability of the parameters, and often results in cases

of overfitting. One important, advantage of these kind of models is that their parameters are

directly related to biophysical rates. This is interesting because one could improve these existing

models if more accurate measurements of these rates become available.
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Table 2.6: Summary of the number of parameters and state variables for various mitochondrial
models in the literature.

Model (year) No. of state variables No. of parameters Reference

Chance (1967) 9 17 [13]
Bohnensack (1981) 8 20 [6]
Magnus & Keizer (1997) 3 52 [51]
Cortassa et al. (2003) 12 99 [17]
Cortassa et al. (2004) 16 124 [18]
Bertram et al. (2006) 4 26 [5]
Bazil et al. (2010) 73 359 [2]

On the other hand, in simplified models such as the model written by Bertram et al. , pa-

rameters do not necessarily represent a biophysical quantity. That is because they are developed

using curve fitting to more complex models. However, they are more handy in a mathemati-

cal sense. Indeed, these kind of models are more comprehensible, and they could be clearer

than complex models when assessing the effect of a certain parameter on a certain output of

the model (state variables, fluxes or even reaction rates) for example. Also, these models are

numerically convenient especially when they describe part of a larger cellular model. That is

because they reduce considerably the computational cost when performing simulation on the

larger scale model. Finally, we think that both complex and simplified models are important to

understand the functions of the mitochondria. The choice between these two paradigms depends

on the modeler’s objectives.
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The MK model is a good starting point for writing down the model we aim for since it

is one of the most tested models in the literature. Nevertheless, several new considerations

related to our context should be taken. In addition, we want to create a minimal model in term

of number of parameters, so it can be mathematically possible to calibrate it to experimental

data. In section 3.3 we show how we simplify the original model by fitting its fluxes to simpler

analytical expressions with less parameters , whenever it is possible. Section 3.4 is devoted for

solving the ODE system of our model. Then in section 3.5 we explain one part of the available

experimental data we had access on, and we make a link between the data and our model so that

these data can be used in the next chapter for the calibration of our model.
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3.1 New considerations

New state variables added

Unlike in the MK model where NADH was only a constant, it is now a state variable of our

model. This is because mitochondrial respiration is closely related to the ratio of NAD concen-

trations, and also because this ratio is dependent on calcium which is a crucial component in our

context. Beside being dependent on calcium, NADH concentration is also strongly dependent

on the substrate metabolization activity (see 1.5.2.1). The dynamics of NADH concentration

can be modeled by the following differential equation:
d
dt

[NADH]m = JPDH − JO, (3.1.1)

where JPDH is the rate of NADH production, and will be derived in details later in section 3.2,

and JO is oxygen consumption rate discussed earlier in section 2.0.1.1.

In addition, we also considered the cytoplasmic calcium concentration ([Ca2+]c), and the

cytoplasmic ADP concentration ([ADP]c). These two variables were added because they are

the controllable inputs of the experiments. Since we add the variable [ADP]c to the model, we

assumed the following conservation relation:

Atot,c = [ATP]c + [ADP]c. (3.1.2)

Change of variable: From concentrations to thermodynamics variables

In addition to those considerations, we also chose to express the mitochondrial behavior in terms

of thermodynamic variables (actually related to an electrochemical force induced by chemical

gradients of concentrations), instead of the concentrations. That is because they are more in-

formative to biologists than absolute concentrations. Our model uses the state variables in bold

face within this section.
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NADH redox potential. It is a logarithmic function of the redox couple NADH and

NAD+, and is expressed in units of mV as follows:

∆Eresp =
RT
F

ln
Kresp

√
[NADH]m

[NAD+]m

 , (3.1.3)

where Kresp = 1.35 × 1018 is the redox equilibrium constant of the reaction (2.0.3) [51].

Using the conservation relation (2.0.1), the NADH redox potential reads:

∆Eresp([NADH]m) =
RT
F

ln
Kresp

√
[NADH]m

Ntot − [NADH]m

 . (3.1.4)

Mitochondrial Gibbs free energy. It describes the energy balance between mitochondrial

ATP and ADP. It is expressed in units of mV as follows:

∆Gp,m =
RT
F

ln
(
KF1

[ATP]m

[ADP]m[Pi]m

)
, (3.1.5)

where KF1 = 1.71 × 106 mM is the equilibrium constant for the ATP hydrolysis reac-

tion [51], and the inorganic phosphate concentration [Pi]m is considered as a fixed param-

eter.

The conservation relation (2.0.2) gives:

∆Gp,m([ADP]m) =
RT
F

ln
(
KF1

Atot,m − [ADP]m

[ADP]m[Pi]m

)
. (3.1.6)

Cytoplasmic Gibbs free energy.

∆Gp,c =
RT
F

ln
(
KF1,c

[ATP]c

[ADP]c[Pi]c

)
. (3.1.7)

that could also be rewritten, using the conservation relation (3.1.2), as follows:

∆Gp,c =
RT
F

ln
(
KF1,c

Atot,c − [ADP]c

[ADP]c[Pi]c

)
. (3.1.8)

We kept the variables for the transmembrane potential ∆ψ and the mitochondrial cal-

cium concentration [Ca2+]m since they are of main interest for us.
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New ODE system.

The new ODE system that models the cardiac mitochondrial activity was then written

as follows:



d
dt

∆Eresp = ϕ1(∆Eresp) (Jsub − JO) ,

d
dt

∆Gp,m = ϕ2(∆Gp,m) (JF1F0 − JANT) ,

d
dt

∆Gp,c = ϕ3(∆Gp,c)
(
γJANT −

d
dt

JADP,ext(t)
)
,

Cm
d
dt

∆ψ = 12JO− 3JF1F0− JANT− Jleak− 2Juni,

d
dt

[Ca2+]m = fm(Juni − JNaCa),

d
dt

[Ca2+]c = fcγ̃(JNaCa − Juni) +
d
dt

[Ca2+]ext(t)

(3.1.9)

where

ϕ1(∆Eresp) =
1
2

RT
F

(
K2

resp + exp
(
2 F

RT ∆Eresp

))2

K2
respNtot exp

(
2 F

RT ∆Eresp

) , (3.1.10)

ϕ2(∆Gp,m) =
RT
F

(
1 + [Pi]mK−1

F1 exp
(

F
RT ∆Gp,m

))2

Atot,m[Pi]mK−1
F1 exp

(
F

RT ∆Gp,m

) , (3.1.11)

and

ϕ3(∆Gp,c) =
RT
F

(
1 + [Pi]cK−1

F1,c exp
(

F
RT ∆Gp,c

))2

Atot,c[Pi]cK−1
F1,c exp

(
F

RT ∆Gp,c

) , (3.1.12)

are functions that come from the derivation chain rule when mapping concentrations to

thermodynamical variables. These functions have units of mV nmol−1 mgprot. The func-

tions JADP,ext and [Ca2+]ext are source terms for external ADP and Ca2+ respectively, al-
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lowing us to mimic various experimental conditions.

The scalar parameter γ regroups two factors: the mitochondria over cytoplasm volume

ratio, and a unit conversion factor from nmol mgprot−1 to mM. The parameter γ̃ is simply

103 × γ to account for the unit of [Ca2+]c in µM. The values of the parameters used in

equations (3.1.9), (3.1.10), (3.1.11) and (3.1.12) are listed in Table 3.1.

Table 3.1: Parameters associated to the ODE system (3.1.9) and Equa-
tions (3.1.10), (3.1.11), (3.1.12).

Parameter Description Value Unit Reference
fm Fraction of free matrix

calcium concentration
3 × 10−4 dimensionless [51]

γ Volume ratio × flux unit
conversion

0.0105 dimensionless Calibrated (sec. 4.5)

Ntot Total NADH/NAD+

concentration
8 nmol mgprot−1 [51]

Atot,m Total mitochondrial adenine
nucleotide concentration

12 nmol mgprot−1 [51]

Atot,c Total cytoplasmic adenine
nucleotide concentration

2 mM [52]

fc Fraction of free cytosolic
calcium concentration

1 × 10−2 dimensionless [52]

Cm Membrane capacitance 1.450 × 10−3 nmol mV−1 mgprot−1 [51]

3.2 Derivation of fluxes and reactions rate expressions

Overall, with the three added states variables, our model has six state variables and takes into

consideration the following mitochondrial mechanisms: substrate metabolization, oxygen con-

sumption by the respiratory chain, ATP synthesis trough phosphorylation, ATP/ADP translo-

cation, Ca2+ regulation through the calcium uniporter and the Na+/Ca2+ exchanger and finally

proton leakage (see Figure 3.1).

These mechanisms are modeled by ionic flux expressions that are functions of the state vari-

ables and parameters of the model. In this section, we explain the biological role of each of the

seven considered mechanisms, and we detail the derivation of their associated flux functions.

Expressions from the current literature were derived by successive contributions, starting from
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Figure 3.1: The seven reactions and flux described by our model, indicated by boxes. State
variables are indicated by bold font.

first mathematical statements of the various biochemical processes involved. Consequently,

these processes and their current expressions are difficult to relate. Hence, we started our deriva-

tion process from the original papers.

Substrate metabolization

In the cytoplasm, glucose is metabolized to pyruvate, which enters the mitochondria

through a carrier. Then, pyruvate enters the Krebs cycle through the help of the pyruvate

dehydrogenase (PDH) enzyme, which leads subsequently to NADH production. PDH has

an active form (PDHa) that becomes completely inactivated when phosphorylated (PDH-

P). The conversion between these two forms is regulated by the kinase and phosphatase

enzymes. Magnus and Keizer [52] discussed the dependence of the fraction of PDHa on

mitochondrial calcium, as it is believed to stimulate the phosphatase reaction that produces

PDHa. They proposed an expression of the fraction of PDHa:

fPDHa =
1

1 + u2

[
1 + u1

(
1 + [Ca2+]m

KCa

)−2] , (3.2.1)

where u1 is the dependence of PDH-P dephosphorylation on Mg2+, u2 is the ratio between

the maximal rate of kinase and the maximal rate of phosphatase, and KCa is the Ca2+-
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dependant affinity of the PDH-P phosphatase. Bertram et al. [5] then used this expression,

with the addition of an explicit dependence on the ratio [NADH]m/[NAD+]m, to model

the mitochondrial NADH production considering glycolysis, pyruvate dehydrogenase and

its process through the Krebs cycle as a single compartment. This rate of production is

denoted by JPDH and has the following expression:

JPDH = Jmax ×
1

1 + u2

[
1 + u1

(
1 + [Ca2+]m

KCa

)−2] × 1
[NADH]m
[NAD+]m

+ KPDHnad
, (3.2.2)

which parameters Jmax, u1, u2, KCa, and KPDHnad are given in Table 3.2. The value of the

parameter Jmax depends on the external substrate: glutamate, malate or both.

Table 3.2: Parameters of the rate of production of NADH by pyruvate dehydrogenase (3.2.2).

Parameter Description Value Unit Reference

u1 Dependence of PDH-P dephosphorylation on Mg2+ 1.5 dimensionless [52]
u2 Maximal rate of kinase / phosphatase 1 dimensionless [52]
KCa Affinity for the PDH-P phosphatase 0.5 × 10−1 µM [52]
Jmax Maximum rate for PDH flux 7.157 × 101 nmol mgprot−1 min−1 [5]
kPDHnad Parameter for the dependence of JPDH on NAD 1 dimensionless [5]

Oxygen consumption and proton pump

The expressions of the respiration and the associated proton pump flux were adapted by

Magnus and Keizer from a previously published proton pump model of Pietrobon and

Caplan [64], who used the Hill-diagram method [35] to derive their equations (check sec-

tion 2.0.1.1). In this section we will explain how these were derived using the diagram

method. In contrast with the MK model (Fig. 2.2), and for simplicity, we made the as-

sumption that the reaction is fully coupled to the outward proton flow, and all possible

proton leaks are taken into account in the inward leak added in section 3.2. This means

that the dashed edge associating states 2 and 5 in Fig. 2.2 are no longer considered in our
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version of the proton pump model (Fig. 3.2).

The expression of the cycle rate (the average number of occurrences of the complete

cycle per second) was discussed by Hill [35], and is given by:

Jcycle = 60N
Π+ − Π−

Σ
(3.2.3)

where N is the total number of respiratory enzymatic complexes in the inner membrane

and the coefficient 60 converts s−1 to min−1. Π± are the product of the rate constants of the

complete cycle, in the counter clockwise and clockwise directions respectively:

Π+ = α12α23α34α45α56α61, Π− = α16α65α54α43α32α21. (3.2.4)

In order to define Σ, we need to introduce the Hill definition of what are called direc-

tional diagrams. For each state i of the cycle (in our case 6 states), we can associate a

collection of directional diagrams for this state i, which illustrates all the possible ways

leading to the state i taking into consideration 2 rules:

• The path towards state i must not be a complete cycle.

• The maximum number of edges must be used (5 in our case).

As example, Figure 3.3 lists the six possible directional diagrams leading to state 1.

States 2 to 5 also have six similar diagrams, built following the same principles. To each

diagram corresponds a coefficient that is the product of the rates associated to the edges

that constitute the path to state i. Then, we define Σi as the sum of these coefficients. For

example:

(3.2.5)Σ1 = α23α34α45α56α61 + α65α54α43α32α21 + α34α45α56α61α21

+ α61α54α43α32α21 + α56α61α43α32α21 + α45α56α61α32α21.
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Figure 3.2: The six state Altman-King-Hill diagram used to illustrate the respiration driven pro-
ton pump in our model. Intrinsic uncoupling, illustarted by the transitions from
states 2 to 5 and vice versa, is removed from the original Pietrobon & Caplan
model [64] and also the subsequent MK model [51].
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Figure 3.3: The six possible directional diagrams that lead to state 1.
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The denominator Σ in (3.2.3) is then obtained as the sum of coefficients for all states:

Σ = Σ1 + Σ2 + Σ3 + Σ4 + Σ5 + Σ6 (3.2.6)

Basically, Σ is the sum of 6×6 = 36 elements, and each element is the product of 5 rate

constants. Even though that is a very large number of terms, it is still a simplification as

we did not consider the intrinsic uncoupling in our model (i.e the slip transitions between

the states 2 and 5), contrary to the original models of Pietrobon and Caplan or Magnus

and Keizer.

The reaction rate is hence a function of all rates of the cycle. Those can be either of

first order (constants) or pseudo-first order (function of the ODE variables). Typically, the

binding of a molecule to the enzymatic complex is associated to a pseudo first order rate

constant. In our case, and since the respiratory variable is NADH, that would be the case

for transitions (2)→(3) and (4)→(3). We can then write

α23 = α∗23

√
NADH, α43 = α∗43

√
NAD+.

The membrane potential plays a role in the (1)↔(6) transitions since it is where the con-

formational change in the enzymatic complex happens i.e the reorientation of the binding

sites. Following thermodynamics considerations, Pietrobon and Caplan were able to give

expressions of the rate constants α16 and α61 as function of the membrane potential ∆ψ

and the boundary potential parameter ∆ψB:

α16 = α16,0e(nF/2RT )(∆ψ−∆ψB) = α16(0)e(3 F
RT )(∆ψ−∆ψB),

α61 = α61,0e(−nF/2RT )(∆ψ−∆ψB) = α61(0)e(−3 F
RT )(∆ψ−∆ψB),

(3.2.7)

where F = 96480 Cmol−1 is the Faraday constant, R = 8.315 VCmol−1, K−1 is the perfect

gaz constant and T = 310.1 K is the temperature. The parameters α16,0 and α61,0 are the

values of the rate constants α16 and α61, when ∆ψ = ∆ψB, respectively. All other rates are

considered constant as in the MK model.
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A summary of parameters involved in the expression of Jcycle is given in Table 3.3. In

the final expression of the respiration flux, the parameter N is replaced by the concentra-

tion of proton pumps ρresp = 0.4 nmol mgprot−1 introduced by Magnus and Keizer.

Finally, as 6 protons are ejected and half an oxygen is consumed during one cycle, the

expressions of the rates used in our model are:

JH,resp = 12 × JO = 6ρrespJcycle. (3.2.8)

Table 3.3: Parameters of the respiration driven proton pump flux and the oxygen consumption
rate, involved in expressions (3.2.3) to (3.2.8). R.C := rate constant.

Parameter Description Value Unit Reference

α12 Unimolecular R.C for the transition 1→2 400 s−1 [64]
α21 Unimolecular R.C for the transition 2→1 5 s−1 [64]
α∗23 Bimolecular R.C for the transition 2→3 3.405 × 104 nmol−1/2 mgprot1/2 s−1 [51]
α32 Unimolecular R.C for the transition 3→2 8.0 × 104 s−1 [64]
α34 Unimolecular R.C for the transition 3→4 400 s−1 [64]
α∗43 Bimolecular R.C for the transition 4→3 1.59 × 102 nmol−1/2 mgprot1/2 s−1 [51]
α45 Unimolecular R.C for the transition 4→5 40 s−1 [64]
α54 Unimolecular R.C for the transition 5→4 0.4 s−1 [64]
α56 Unimolecular R.C for the transition 5→6 100 s−1 [64]
α65 Unimolecular R.C for the transition 6→5 1.0 × 105 s−1 [64]
α16,0 R.C for the transition 1→6 at ∆ψ = 0 130 s−1 [64]
α61,0 R.C for the transition 6→1 at ∆ψ = 0 1.0 × 1012 s−1 [64]
ρresp Proton pump concentration 0.4 nmol mgprot−1 [51]
∆ψB Boundary potential parameter 50 mV [64]

ADP phosphorylation and proton uptake

We used the same method to derive the proton flux occurring during ATP synthesis as for

the respiratory chain. The Hill-diagram used for this reaction correspond to a model of a

six-state proton pump proposed by Pietrobon and Caplan [64] (see Fig. 3.4). We made the

same assumption as for the respiratory chain, by neglecting the leakage and slippage of
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the proton pump.

We note βi j the rate constants associated to this diagram. As for the respiration driven

proton pump model, all rates are first order, except those related to our ODE system vari-

ables. The latter ones are pseudo-first order rates, and they can be written as function of

the state variables (∆ψ, [ADP]m) as follows:

β23 = β∗23(Atot,m − [ADP]m),

β43 = β∗43[ADP]m[Pi]m,

β16 = β16(0) exp
(
1.5

F
RT

(∆ψ − ∆ψB)
)

β61 = β61(0) exp
(
−1.5

F
RT

(∆ψ − ∆ψB)
)
.

The intermediate quantities Π+,Π−,Σ, and Jcycle are calculated the same way as in

section 3.2, only replacing the rate constants αi j by the βi j associated to the diagram 3.4.

Since we express the rate of the oxidative phosphorylation and the proton uptake by

mitochondria, a minus sign is added to the rates of ATP hydrolysis and its associated

proton pump:

JH,ATP = 3JF1F0 = −3ρF1Jcycle, (3.2.9)

where ρF1 is the concentration of the F1F0-ATPase-driven proton pump, in replacement

of N in the definition (3.2.3) of Jcycle. The parameters associated to the flux expres-

sions (3.2.9) are given in Table 3.4.

External proton leakage

As previously explained in section 2.0.1.5, we use an exponential function (3.3.7) to model the

external proton leakage across the inner mitochondrial membrane.

Jleak(∆ψ) = p20 exp (p21∆ψ) . (3.2.10)

The parameter p20 and p21 associated the the proton leakage flux were computed by fitting

the expressions (3.3.7) to the data from [45].
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Figure 3.4: Our modified version of the six-state Altman-King-Hill diagram for an ATPase-
driven proton pump. The proton stoichiometry is taken from the work of Pietrobon
and Caplan [64].

Table 3.4: Parameters of the oxidative phosphorylation rate and the proton uptake flux, involved
in expressions (3.2.9). R.C := rate constant.

Parameter Description Value Unit Reference

β12 Unimolecular R.C for the transition 1→2 400 s−1 [64]
β21 Unimolecular R.C for the transition 2→1 40 s−1 [64]
β∗23 Bimolecular R.C for the transition 2→3 5 × 103 mgprot nmol−1 s−1 [64]
β32 Unimolecular R.C for the transition 3→2 5 × 103 s−1 [64]
β34 Unimolecular R.C for the transition 3→4 100 s−1 [64]
β∗43 Bimolecular R.C for the transition 4→3 5 × 104 M−1 mgprot nmol−1 s−1 [51]
β45 Unimolecular R.C for the transition 4→5 100 s−1 [64]
β54 Unimolecular R.C for the transition 5→4 100 s−1 [64]
β56 Unimolecular R.C for the transition 5→6 1000 s−1 [64]
β65 Unimolecular R.C for the transition 6→5 1000 s−1 [64]
β16,0 R.C for the transition 1→6 at ∆ψ = 0 4.98 × 107 s−1 [64]
β61,0 R.C for the transition 6→1 at ∆ψ = 0 100 s−1 [64]
ρF1 Proton pump concentration 0.7 nmol mgprot−1 [51]
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Na+/Ca2+ exchange rate

We assume that the Na+/Ca2+exchanger is electro-neutral (two Na+ for one Ca2+) [8, 53,

28]. Thus the flux does not depend on the membrane potential of the mitochondria, and we

modeled the exchanger by a two-substrates Michaelis-Menten kinetic model (see Table 2.4

for parameters):

JNaCa = Jmax,NaCa
11 +

(
KNa

[Na]c

)2 (1 +
KCa

[Ca2+]m

) (3.2.11)

Several studies proposed similar expressions for the Na+/Ca2+ exchanger using different

modeling approaches [77, 51].

Other flux expressions. We use the same flux expressions of the MK model, for the adenine

nucleotide translocator (2.0.13) and the calcium uniporter (2.0.15) flux.

3.3 Simplification of fluxes and reactions rate expressions

with new thermodynamical variables

The model discussed in section 3.2 is rather complex in terms of number of parameters and non-

linearity of the flux expressions, which makes the fitting to experimental data mathematically

impossible.

In this section we propose a model with simplified flux functions, which involve a reduced

number of parameters, but still capture the same dynamics as the complete model. Indeed,

each flux expression Ji derived previously in section 3.2 is a function of 1 or 2 model variables,

except the ANT flux, function of 3 variables. So, it was possible to derive simpler expression

for each of these flux by surface fitting, using as few parameters as possible.

More practically, we first plotted these flux expressions as function of their state variables.

The shapes of these graphs lead us to propose simpler expressions, with fewer parameters, that

58



3.3. SIMPLIFICATION OF FLUXES AND REACTIONS RATE EXPRESSIONS WITH
NEW THERMODYNAMICAL VARIABLES

can reproduce the same dependencies. We then calibrated the parameters of the simplified

expressions so as they fit the original ones. Bertram et al. had a similar approach [5]. However,

we used surface fitting instead of several unidimensional fits, and performed the identification

using a least-squares method on the whole domain spanned by the state variables. The simplified

expressions are stated below and the calibrated set of parameters is listed in Table 3.5.

We also use the new state variables discussed in section 3.1 instead of concentrations, to

write down the expressions of the simplified flux.

Oxygen consumption rate.

The oxygen consumption rate JO defined in Equation (3.2.8) has a sigmoidal shape when

plotted as a function of its variables (∆Eresp,∆ψ). The proposed simplified expression for

this rate is:

J̃O(∆Eresp,∆ψ) = σ
(
∆Eresp, 0, σ (∆ψ, p0, 0, p1, p2) , p3, σ (∆ψ, p4, p5, p1, p2)

)
, (3.3.1)

where

σ (x, s1, s2, k, x0) = s1 +
s2 − s1

2
(1 + tanh (k (x − x0)))

is a sigmoid function transitioning from s1 to s2 around the threshold x0 with slope k.

We restricted the fitting interval of ∆Eresp to
[
∆Eresp(ε),∆Eresp(Ntot − ε)

]
, with ε = 10−2,

as this variable goes to ±∞ for very low concentrations of NADH or NAD+. The range of

∆ψ was set to [100, 200] mV. In this state space, the relative l2 error of the fit, which is

given by
||Joriginal−J̃fitted ||l2
||Joriginal ||l2

, was 0.014 (see Figure 3.6(a)).

ADP phosphorylation rate.

Similarly, the ADP phosphorylation rate JF1F0 from Equation (3.2.9) has a sigmoidal pro-

file as function of each of its variables ∆Gp,m and ∆ψ. We proposed the following simpli-
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fied expression:

J̃F1F0(∆Gp,m,∆ψ) = σ
(
∆Gp,m, p10, 0, p11, p12

)
σ (∆ψ, 1, p15, p13, p14) . (3.3.2)

The fit was performed on the same interval for ∆ψ, and
[
∆Gp,m(ε),∆Gp,m(Atot,m − ε)

]
for

the Gibbs free energy. The relative l2 error for this fit was 0.056 (see Figure 3.6(b)).

Substrate metabolization.

The substrate metabolization flux expression (3.2.2) has 5 parameters. Using the change

of variable (3.1.4), and plotting the resulting expression as function of its variables

([Ca2+]m,∆Eresp), we observed that it could be fitted by a simplified expression with 4

parameters:

J̃sub = p6

(
1 − p7 exp

(
−p8[Ca2+]m

)) 1

exp
(

F
RT ∆Eresp − ln(Kresp)

)
+ p9

(3.3.3)

The mitochondrial calcium concentration range of variability was set to

[0, 4 × 10−4] nmol mgprot−1, and the l2 relative difference due to the fit was 0.006

(see Figure 3.5(a)).

(a) (b)

Figure 3.5: Fit of the flux Jsub (3.5(a)) and Juni (3.5(b)) defined in Equations (3.3.3) and (3.3.4),
respectively.

60



3.3. SIMPLIFICATION OF FLUXES AND REACTIONS RATE EXPRESSIONS WITH
NEW THERMODYNAMICAL VARIABLES

(a) (b)

Figure 3.6: Fit of the flux JO (3.6(a)) and JF1F0 (3.6(b)) defined in Equations (3.3.1) and (3.3.2),
respectively. The surface height quantifies the value of the flux and the fit error is
computed as the absolute difference between the fitted and the original expressions.

Calcium uniporter.

Plotting the flux through the calcium uniporter as a function of ∆ψ and [Ca2+]c suggested

a product of two linear functions as a simplification. A limitation is that the calcium

uniporter operates generally in one direction (from the cytoplasm to the matrix), and thus

takes only positive values. For this reason, we chose to take only the positive part of that

product:

J̃uni([Ca2+]c,∆ψ) = max
(
0, p24(∆ψ − p25)([Ca2+]c − p26)

)
(3.3.4)

Even though the simplified expression is not differentiable everywhere in its range of state

variables, the original values were properly fitted with a relative l2 error of 0.037 (see

Figure 3.5(b)). The range of variation of the cytoplasmic calcium concentration was set to

[ε, 5] µM.
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Other expressions.

The remaining flux expressions JNaCa, JANT and Jleak were kept unchanged, with adaption

to the new variables and grouping of their parameters:

J̃NaCa([Ca2+]m) =
p22[Ca2+]m

p23 + [Ca2+]m
, (3.3.5)

J̃ANT(∆Gp,m,∆ψ,∆Gp,c) =
p16

(
1 − p17 exp

(
F

RT (∆Gp,c − ∆Gp,m − ∆ψ)
))(

1 +
p17
p18

exp
(

F
RT (∆Gp,c − p19∆ψ)

)) (
1 + p18 exp

(
− F

RT ∆Gp,m

)) ,
(3.3.6)

Jleak(∆ψ) = p20 exp (p21∆ψ) . (3.3.7)

The parameter p20 and p21 associated the the proton leakage flux were computed by

fitting the expressions (3.3.7) to the data from [45].

By deriving the ODE system (3.1.9) with the flux expressions described in the previ-

ous section, we rewrote a classic model of mitochondrial respiration and calcium handling

with thermodynamical variables instead of concentrations. The complex functions from

biochemical modeling describe all the molecular mechanisms involved in all flux. They

were replaced by simpler phenomenological functions, in which the molecular mecha-

nisms cannot be identified anymore. Yet these functions compare to the original ones up

to a 5.6% difference in relative l2 error and allowed for easier parameter calibration.

3.4 Solving the new ODE system

In order to solve numerically the ODE system (3.1.9) with the simplified flux expres-

sions, we chose a robust, yet simple, numerical predictor-corrector scheme. The numer-

ical method is described as follows: consider a system of first order ordinary differential

equations

y
′

= f (t, y), y(t0) = y0,
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an initial guess is computed via the Euler method, then this guess is improved using trape-

zoidal rule:

ỹi+1 = yi + h f (ti, yi),

yi+1 = yi +
1
2

h ( f (ti, yi) + f (ti+1, ỹi+1)) ,

where h is the time step and was chosen equal to 10−5 min. This solver was implemented

from scratch in Python, and produced an output in ∼ 100 seconds. Special care was taken

for the variables ∆Eresp and ∆Gp,m, since the change of variable introduced in section 3.1

maps the variables [NADH]m and [ADP]m in the bounded intervals (0,Ntot) and (0, Atot,m)

to ∆Eresp and ∆Gp,m respectively, which both belong to the unbounded interval (−∞,∞).

Hence it could be numerically problematic if not treated with caution, especially for very

low values of NADH and ADP.

3.5 Available experimental data, how it is linked to our

model

Experiments

This section is written, in its entirety, by Emmanuel Suraniti, our collaborator, and a

coauthor of the paper [71] from which this part A of the manuscript is adapted.

The experimental data were obtained as detailed in [16]. Cardiac mitochondria were

extracted from Wistar Male rats (from Janvier Labs, France). Populations of isolated

mitochondria were analyzed within the day following their preparation and subsequent

determination of protein concentration by the Bratford method. All effectors of the res-

piratory chain used herein were first prepared as concentrated mother solutions (500 mM

for the substrates of the respiratory chain, glutamate and malate, and 100 mM for ADP;
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all compounds were purchased from Sigma France) in the specific respiration buffer for

mammalian cardiac mitochondria. All solutions were kept on ice during the experiments.

The mitochondrial oxygen consumption rates were collected by chronoamperometry

with a Clark electrode [59], which is the gold standard in bioenergetics. This electro-

chemical system determines the dissolved oxygen concentration of a liquid medium by

measuring the current resulting from the 4-electron reduction of O2 to H2O on a platinum

disk (at a potential of -0.8 V vs the internal Ag/AgCl reference electrode). O2 diffused to-

wards the platinum through a Teflon membrane protecting it from the solution. The Clark

electrode was inserted in an oxygraphy chamber filled with 6 mL of respiration buffer un-

der constant stirring, and thermostated at 28 degree C with a water gasket. Substrates of

the respiratory chain were injected at 5 mM final concentration, then mitochondria were

injected to reach a concentration of 0.4 mgprot mL−1 in the respiration buffer. ADP was

further introduced at various concentrations (0.166 to 1 mM). The current at the Clark

electrode was continuously measured, and the oxygen concentration determined by a sim-

ple proportionality factor (210 µM of O2 maximum concentration). Figure 3.7 shows the

experimental setup used to acquire data.

Among the available data, we selected those with substrates containing glutamate and

malate. We could not select the data with succinate because it activates another complex

of the respiratory chain that was not included in our model. We calibrated our model to

the data of 5 representative experiments with different time instants and concentrations

of ADP additions. A sixth data set was used to challenge the predictive properties of the

model. Each data set gathers observations on the complete population of mitochondria in

the oxygraphy chamber.
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Figure 3.7: Oxygraphy chamber used to collect respiration data.

Link with our model

As explained in section 3.5, the measured experimental data reflect the evolution of the

concentration of O2 due to mitochondrial respiration, following successive ADP additions.

Since the cytoplasmic calcium is not taken into account in this set of experiments, the

calcium source term [Ca2+]ext(t) is set to zero in the ODE system (3.1.9).

Each cytoplasmic ADP addition is modeled through the source term JADP,ext(t), where

JADP,ext = [ADP]c(t = 0) +
∑

i

[ADP]+
c,i

(
1 − exp

(
−

t − t+
ADP,i

τ+
ADP

))
1t>t+ADP,i

(t), (3.5.1)

with parameters [ADP]+
c,i and t+

ADP,i representing the ADP concentration and the time in-

stant of the i-th ADP addition into the system, respectively. The parameter τ+
ADP accounts

for the diffusion of the ADP from the tip of the syringe to the mitochondria. This time

is short (< 5 seconds) compared to the duration of the experiment, as there is an agitator

at the bottom of the chamber. Although the parameters [ADP]+
c,i and t+

ADP,i are given by

the experimental protocol, τ+
ADP is an uncertain parameter since it depends on the way the

65



CHAPTER 3. OUR NEW CARDIAC MITOCHONDRIAL MODEL

addition was executed, and can vary from one experiment to another. Nevertheless, in

our simulations we set τ+
ADP = 0.05 min, a reasonable constant value, since this parameter

appeared not to be influential on the output of our model (see Fig. 4.5).

In order to complete the link between the experimental data and the observables of

our model, we first computed the solution of the system (3.1.9) over the time interval

[t0, tf], where t0 is the time where isolated mitochondria were added and tf the end of

the experiment. Then, substituting the state variables (∆Eresp(t),∆ψ(t)) of the solution

in (2.0.4), we computed the single oxygen atom consumption rate over the time interval.

In general, the results we obtained from simulations were close to the experimental

data up to a multiplicative factor (usually between 30 and 40), accounting for various

elements of the experiments that are not included in the model (e.g.the electrochemical

process at the O2 electrode). Moreover, our model does not account for the variability

shown by mitochondria populations between experiments (different solutions, different

life times, etc). For these reasons, our analysis focused on reproducing the ratios of respi-

ration rates between different mitochondrial states rather than the absolute values of these

rates.
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Table 3.5: Parameters associated to the rates and flux of our model (section 3.3) computed from
fitting to the original expressions (section 3.2).

Parameter Value Unit
p0 3.222 × 102 nmol mgprot−1 min−1

p1 1.093 × 10−1 mV−1

p2 1.330 × 102 mV
p3 1.507 × 10−2 mV−1

p4 1.119 × 103 mV
p5 1.082 × 103 mV
p6 3.530 × 101 nmol mgprot−1 min−1

p7 4.038 × 10−1 dimensionless
p8 2.300 × 104 mgprot nmol−1

p9 1 dimensionless
p10 9.791 × 102 nmol mgprot−1 min−1

p11 1.171 × 10−2 mV
p12 2.588 × 102 mV
p13 −5.596 × 10−2 mV−1

p14 1.761 × 102 mV
p15 −3.613 × 10−5 nmol mgprot−1 min−1

p16 1 × 103 nmol mgprot−1 min−1

p17 8 × 10−1 dimensionless
p18 6.156 × 105 dimensionless
p19 5 × 10−1 dimensionless
p20 2.740 × 10−3 nmol mgprot−1 min−1

p21 5.245 × 10−2 mV−1

p22 2.276 × 101 min−1

p23 3 × 10−3 nmol mgprot−1

p24 1.006 min−1 mV−1

p25 8.4 × 101 mV
p26 6.25 × 10−1 nmol mgprot−1
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Sensitivity analysis (SA) and calibration of

parameters
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Even though our model developed in the previous chapter is relatively simple, it involves

32 parameters overall. Hence, it remains very challenging to fit all these parameters to exper-

imental data. Consequently, we proposed a calibration methodology that starts with a global

sensitivity analysis, using Sobol indices, to eliminate parameters with small influence on the

flux functions (sec. 4.2). In a second step, we performed the sensitivity analysis on the out-

put of the model that can be directly linked to experimental data (sec. 4.4), which consisted in

our case of oxygen consumption rates by isolated mitochondria (sec. 3.5). Finally (sec. 4.5), we

used the results of this sensitivity analysis to calibrate the remaining parameters to experimental

respiratory rates, using a genetic optimization algorithm.
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4.1 Sobol analysis

Even though the proposed model in section 3.3 is simple and has only 32 parameters, some

of these parameters may have small influence on the output of the flux or on the respiratory

rates computed through the model. Setting these parameters to a fixed value somewhere in

their range of variability reduces the number of uncertain parameters and hence is helpful

for the calibration procedure. Among the wide variety of tools to perform sensitivity

analysis, the Sobol method is effective for quantifying the influence of a certain parameter

on the output of a model. Using the concept of variance decomposition of the output with

respect to the parameters [67], it allows for global exploration of the parameters space,

while taking into account their statistical distribution.

In practice, our model is an equation that can be written as Y = f (p1, p2, . . . , pk)

where Y is the output and pi, i ∈ {1, . . . , k} are the parameters. The total Sobol index for

a parameter pi is S Ti = E[V(Y/p∼i)]/V(Y), where p∼i denotes all the parameters except

pi. This index quantifies the influence of the parameter pi on the output of the model Y ,

relatively to the other parameters: the larger the value of the index, the larger the influence

on the output. If S Ti ' 0, then pi can be fixed to any value in its distribution, without

significantly affecting V(Y).

Calculating the Sobol index associated to a parameter pi is computationally expensive,

because a large sampling of parameters is required, leading to a large number of model

evaluations. To overcome this, we used the Saltelli sampling method [67] which reduces

the total number of evaluations of f to (k + 2)Ns, where Ns is the number of parameter

samples. All the Sobol indices were computed using a sample size Ns = 2000, thanks

to the SALib Python library [34]. In the next sections, we first report the Sobol analysis

on our simplified flux and rates expressions, then on the whole system (3.1.9). The first

step gave us an indication on the relative influence of each parameter on its associated

rate expression. The second step highlighted which parameters had an influence on the
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respiration rates from the model, that were compared to the experimental ones thanks to

the cost function D, given in section 4.3.

4.2 SA applied on fluxes and reactions rate expressions

In this section, we consider each flux from section 3.3 as a separate model that depends on state

variables and some parameters. For each flux and each parameter, Sobol indices were computed

using the same ranges of state variables as for the surface fitting procedure (e.g. Figures 4.2, 4.3,

and 4.1). For the adenine translocator flux (3.3.6), it is not possible to plot trajactories in the

phase space since its expression depend on three state variables. To integrate the sensitivity

analysis performed on this flux expression with the other flux expressions, we computed the

average and maximum of the total Sobol indices along a batch of 50 trajectories that were

generated with random sets of parameters, each parameter being picked in a range of ±10 %

around the value determined previously from the fits. The resulting indices are presented in

Figure 4.4. From this bar graph, we set a minimum Sobol index of 0.1, under which parameters

were considered constant without changing the outcome of the model. We then excluded the

parameters p0 ,p1, p3, p8, p10, p13, p15, p20 and p24 from our analysis.

Figure 4.1: Total Sobol index for the parameter p22 (left) and p23 (right) of J̃NaCa defined in
Equation (3.3.5) plotted in function of its state variable [Ca2+]m. The white interval
represents the domain of variation of trajectories computed with random samples of
the whole set of parameters, on which we measured the Sobol index.
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Figure 4.2: Total Sobol index for the parameter p0 to p5 of J̃O defined in Equation (3.3.1) plotted
in the phase space (∆Eresp,∆ψ). White lines are trajectories computed with random
samples of the whole set of parameters, on which we measured the Sobol index.
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Figure 4.3: Total Sobol index for the parameter p10 to p15 of J̃F1F0 defined in Equation (3.3.2)
plotted in the phase space (∆Gp,m,∆ψ). White lines are trajectories computed with
random samples of the whole set of parameters, on which we measured the Sobol
index.
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Figure 4.4: Average and maximum values of total Sobol indices for all parameters appearing
in a flux function (Equations (3.3.1) to (3.3.7)). Each parameter contributes to a
single flux function. Sobol indices were evaluated on 50 trajectories generated with
random parameters.

Figure 4.5: Total Sobol index representing the sensitivity of the cost function D defined in Equa-
tion (4.3.1) with respect to its parameters. The conditions used to compute these
indices are of two consecutive additions of ADP at concentrations of 0.66 mM and
1 mM.
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4.3 Choice of cost function for sensitivity analysis and data

fitting.

The parameter sensitivity analysis and the calibration algorithm that will be described

in sections 4.4 and 4.5 both rely on a cost function, which in our case will measure the

discrepancy between the output of our model and experimental data. The choice of a cost

function for these methods determines the properties of the solution. In particular, we

are interested in reproducing the mitochondrial states that can be clearly identified on the

experimental data (see Figure 4.6). These states are characterized by activity rates that are

nearly constant and by short transitions that occur in between [12]. We then used a cost

function designed specifically to reproduce those states.

Let us note Ik the intervals on which mitochondrial states can be identified and J∗O,k the

corresponding respiration rates, which are obtained by linear fitting of the experimental

data over the interval Ik. As explained in the previous section, we cannot compare directly

the simulated and experimental absolute values of J∗O,k, therefore each rate for k > 0 is

normalized by the value for k = 0.

Our goal is to obtain simulated respiration rates JO,k, k > 0, that are nearly constant on

each interval Ik, with an accurate value. Then, the cost function can be formally written

as:

D(P) = w1

∑
k>0

 JO,k(P)

JO,0(P)
−

J∗O,k
J∗O,0

2

+ w2

∑
k>0

1
|Ik|

∫
Ik

1 d
dt JO,k(P)>ε(s)ds. (4.3.1)

The first term of D is the difference between the experimental rates fitted over each

interval Ik, and the simulated rates (JO,k) fitted over the same intervals. The second term

measures the relative duration for which the derivative of JO,k is larger than a tolerance ε.

The smaller this term gets, the more linear JO,k(P, t) is. The weights w1 and w2 balance the

two terms. They were set to w1 = 0.04 and w2 = 1.
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Figure 4.6: Targeted oxygen consumption rates J∗O,k (orange slopes) are plotted on top of exper-
imental data (blue). Intervals Ik on which linear regressions were performed were
picked manually for each experiment. On I1 and I3, after ADP additions, mitochon-
dria are in the so called state 4 [12]. They are in state 3 on I2, after ADP from the
first addition is depleted. On I0, mitochondria are in a state which is close to state 3
and which we call “substrate state”, as there is no external ADP up to that point.

4.4 SA applied on simulated oxygen consumption rate

The final objective of our sensitivity analysis was to determine which were the influen-

tial parameters of the model, in order to calibrated them versus the experimental mea-

surements of mitochondrial oxygen consumption rates (sec. 3.5). Having fixed the nine

parameters that were identified in the previous section, we used the cost function D from

Equation 4.3.1 as output of the model.

With a reduced total of 23 parameters (32-9), and using Ns = 2 000 samples, the

computation of the Sobol indices required 50 000 model evaluations. Even though this

computational cost is high, each evaluation is independent of the others, so the task can

be embarrassingly parallelized.

The results of the Sobol analysis are presented in Figure 4.5. Six parameters only

(p2, p5, p11, p12, p14, and p21) appeared to have important influence on the output D.
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4.5 Calibration of the model

Genetic algorithm and a posteriori evaluation

The calibration of the 6 previously identified parameters p2, p5, p11, p12, p14, and p21 was

required to be able to reproduce the experimental measurements as accurately as possible.

In addition to the six above parameters, we calibrated the parameter γ that accounts

for the volume ratio between the mitochondria and the cytoplasm, and for the flux unit

conversions.

The dimensionality of the problem and the non-smoothness of our model make the use

of gradient-based calibration method not trivial. For this reason, we choose a genetic opti-

mization algorithm to calibrate the parameters. We implemented the algorithm ourselves

in Python (available in the supplementary materials).

Each generation of the algorithm consisted in a set of 1800 samples of parameters. As

previously done for the sensitivity analysis, parameters were picked in a range of ±10 %

around their base value, computed initially from surface fitting (see section 3.3). The

function to be minimized is the cost function (4.3.1) that was discussed in section 4.3.

The selection of sets of parameters that occurs at each iteration of the algorithm was

based on truncation, where only the better half of the population (i.e. with lower values of

the cost function) will eventually be passed to the reproduction phase. During this phase,

crossover and mutation of parent parameters are applied with a probability equal 0.7 and

0.05 respectively. In the crossover operation, the weighting coefficient between the two

selected sets of parameters is picked randomly in (0,1). The minimization was performed

independently for the 5 experiments described in section 3.5, to account for the variability

of the experiments (mitochondria, measurements, etc.).

The algorithm converged in 21 to 25 iterations. Convergence was considered attained
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when
∣∣∣∣D(P j+1) − D(P j)

∣∣∣∣ ≤ 10−5, where P j is the population of the j-th generation of the

parameters {p2, p5, p11, p12, p14, p21, γ}. The functional D decreases from 5.33 to 2.52 on

average. We run 2-3 repeats of the algorithm for each experiment, to reduce the probabil-

ity of obtaining a local minimum. After having calibrated the parameters, we computed

their average values and standard deviation across experiments. We also ran our model

with these individual sets of parameters in order to make a direct comparison with the

experimental data.

Table 4.1: Parameters of the model provided by the genetic algorithm, minimizing the cost
function (4.3.1) on 5 different sets of experimental data.

Parameter Unit Average Standard deviation
p2 mV 1.314 × 102 1.15
p5 mV 1.035 × 103 7.32
p11 mV 1.194 × 10−2 1.76 × 10−4

p12 mV 2.823 × 102 1.52
p14 mV 1.7 × 102 2.58
p21 mV−1 5.502 × 10−2 1.38 × 10−3

γ dimensionless 1.057 × 10−2 1.007 × 10−3

Results

The values of the calibrated parameters are reported in Table 4.1, averaged over the five

available experiments. With the exception of the volume ratio γ, the variability of the

parameters across experiments is low (∼ 2%). This suggests that our model is robust for

the modeling experiments on populations of isolated mitochondria.

Figure 4.7 shows the comparison between our model run with calibrated parameters

and respiration data. Our model reproduces the quick transitions between respiratory

states of the mitochondria.

However, when the small quantities of ADP are added (Figure 4.7(d) and 4.7(e)), it is
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more difficult to identify the slope corresponding to mitochondrial state 3, and our model

hardly reproduces the experimental data. This is confirmed when plotting the simulated

respiration rates on top of the values fitted from data, as shown in Figure 4.8. It is also

likely that the fitted respiration rate could not be one of a theoretical population of mi-

tochondria which are all in the same state at all times. Nevertheless, the simulations

correctly identified the periods of time when mitochondria are in state 3 or 4, even for

these difficult conditions.

We recall that the cost function used for calibration is derived to recover the ratios

between respiration rates, instead of their absolute values. Thus, the simulated results

plotted in Figures 4.7 and 4.8 were scaled by a constant value determined during the

initial mitochondrial inactivated state (before any addition).

Additionally, the very sharp transitions of the simulations shown in Figure 4.8, cannot

be seen on the experiments. This is expected as well, since the experimental measurement

system displays a response-time (of about 1 second) and because a population effect tends

to smoother the total respiration of all mitochondria.

In order to assess the predictive properties of our model, we ran a simulation with the

averaged parameters given in Table 4.1. In Figure 4.9, we compare the output of the model

with a sixth separated experimental data set, which was not used for calibration. There is

good agreement between the two time series. It is confirmed by the fact that the value of

the cost function is 2.44, which is lower than the average 2.52 obtained at the end of the

calibration.
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(a) (b)

(c) (d)

(e)

Figure 4.7: Calibrated oxygen consumptions (dashed red lines) compared to data from 5 exper-
iments (blue solid lines). Arrows locate additions of mitochondria then ADP at two
time instants.
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Figure 4.8: Calibrated respiration rates (red) compared to the rates fitted on experimental data
(black), as described in section 4.3. The target respiration rates are only plotted on
the intervals used to fit experimental data, and also used in the computation of the
cost function.
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(a) (b)

Figure 4.9: Comparison between experimental data and a simulation using average parameters
calibrated from five other experiments. 4.9(a): oxygen concentration, 4.9(b): respi-
ration rates.

4.6 Discussion

We proposed a simple model of cardiac mitochondrial activity, including ATP production

through oxidative phosphorylation and calcium handling. The model has simple mathe-

matical expressions that were fitted to revised versions of the more complex MK equa-

tions.

The fact that the parameters of the MK model were set for pancreatic β cells can

be seen as a limitation of our model. However, all those parameters are now grouped

under our new flux functions parameters, which were eventually calibrated to respiration

data of cardiac mitochondria from rats. Therefore, the origin of the parameters is not a

major concern as we showed that they can be fitted to other types of cells. Nevertheless,

parameters associated with the calcium handling were not calibrated in this work, because

of lack of associated data. The ability of the model for accurate predictions for calcium

associated mechanisms is yet to be confirmed.
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Another possible limitation of our simplified model is that its parameters do not have

a direct biological meaning, like the parameters in models based on physics or physiol-

ogy. However, this is offset by the robustness of our model, which cannot be overfitted.

This was confirmed by the sensitivity analysis that was performed on the flux expressions,

where only 9 parameters appeared to be non-influential (at least for the experimental se-

tups that we considered). This indicates that the simplified expressions balance correctly

the complexity of the observations.

We further made use of the available experimental data to perform a global sensitivity

analysis, based on Sobol indices, on the respiration rates. In this step, a lot more pa-

rameters were excluded, which is explained by the sparsity of the experimental data at

hand. In fact, this second sensitivity analysis step was an informal indicator of the non-

identifiability of most of the parameters, with respect to respiration rates data. The choice

for the Sobol method was motivated by its ability to highlight the interactions between the

parameters. We also wanted to use a method that was able to analyze the entirety of our set

of parameters in one go, and to account for the fact that they are statistically distributed.

Our model with few parameters allowed for the use of such a computationally expensive

method. With a very descriptive but highly complex model, we may have been able to

conduct an analysis on a subset of parameters only, as done for example by Wu et al. [79].

In our work, the seven influential parameters that were identified from the sensitivity

analysis were calibrated separately, using an optimization algorithm, to five data sets of

respiration rates controlled by different concentrations of ADP addition. Then the pre-

diction capability of our model was assessed on a sixth data set that was not used in the

calibration. Results show that our model is capable of reproducing respiratory states of

cardiac mitochondria, and the transition between them, as described by biologists.

The methodology that we developed and tested with experimental data on mitochon-

drial respiration activities can be applied to other types of data sets. For instance, other

parameters can be determined with data on external calcium or ATP/ADP concentrations.

Ultimately, all the parameters of the model may be determined, with the certainty that the
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model will not be overfitted.

83



Part II

Permeability transition pore
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The first observations of the mitochondrial permeability transition pore (mPTP) date from

the 1960s, where it was shown that matrix calcium could cause an increase in the permeability

of the inner mitochondrial membrane of bovine hearts [49, 15, 29, 37]. Indeed, the relationship

between calcium and mPTP is extensively studied in the literature, because calcium is known to

be a principal activating factor of the mPTP. However, it is not the only regulator as we will see

later on. The mPTP is shown to be a non-specific pore that allows the passage of any molecule

smaller or equal to 1.5 KDa [37, 24]. Its size is approximately 2 nm. The exact structure of the

mPTP is still a subject of debate, even if several hypothesis about its structure were proposed.

These hypothesis were reviewed recently in [39]. However, in this manuscript we wont focus

on the structure of the mPTP. What will be interesting for us is its operating modes and some of

its regulators.
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5.1 Two operating modes for the mPTP

Sustained opening

When it was first discovered, the mPTP opening was thought to be irreversible. That means

that once the pore is activated, it will stay open. This opening is characterized by a large

conductance that will cause a collapse in the mitochondrial membrane potential, uncoupling

of the respiratory chain and the entrance of water in the matrix. The whole process ultimately

results in the release of mitochondrial contents into the cytosol, a rupture of the mitochondrial

outer membrane, a drop in the osmotic pressure of the matrix solutes, and finally the death of

the mitochondria.

On the cellular scale, this will lead to the depletion of cellular ATP, and ultimately to necrotic

cell death [30, 42]. This irreversible opening of the pore has been linked to several pathologies

including ischemia reperfusion injury and cancer [61, 7].

Transient opening

More recently, studies have shown a new transient type of mPTP opening which does not lead

to the death of the mitochondria and whose role could be physiological [50, 76, 63]. This

opening mode is sometimes called flickering. In fact, the transient mPTP opening could serve

as a rapid mitochondrial efflux for excess calcium and reactive oxygen species (ROS) [80, 47].

While the sustained opening mode is associated with a total collapse of the mitochondrial inner

membrane potential, it has been shown that while in the flickering mode the membrane potential

is only transiently depolarized [41]. Indeed, this opening mode would cause a fall of membrane

potential as well as an uncoupling of the respiratory chain, and consequently a shutdown of

ATP production. However, these effects would only be transitory since the pore would be

able to close, thus allowing the mitochondria to reconstitute its membrane potential and ATP

production. This transient operating mode could be involved in the control of calcium fluxes

and ROS. Physiologically, while in the cardiac relaxation phase, the transient mPTP could be

a key player in the exclusion of the mitochondrial calcium as discussed in the hypothesis in
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Fig. 1.4. That means, the mPTP could be a factor that helps in avoiding a calcium overload

within the mitochondrial matrix and thus maintaining the calcium homeostasis [25].

5.2 Regulators

The list of activators and inhibitors of the mPTP is large, and their mechanisms, that can often

be complex, are still debated for some of them. We will not be able to discuss them all in this

manuscript. However, we will list the most studied ones, to our knowledge. For a more com-

plete list of mPTP regulators, the interested reader is referred to [39].

The mitochondrial membrane potential

While some agents are activators and others are inhibitors, the mitochondrial membrane poten-

tial is known to be able to both activate or inhibit the mPTP. Indeed, when the mitochondrial

membrane potential is elevated, it inhibits the opening of the mPTP, whereas when its magni-

tude is low it is thought to trigger the mPTP opening [38].

Activators

Calcium

As we previously mentioned, calcium is the key activator of the mPTP. In fact, The mPTP

has a cation binding site, which when filled with enough calcium will act as an activator. The

matrix calcium concentration needed for the pore oprening is thought to be between 100 − 200

nmol mg−1 mL−1 [29, 37].

Reactive oxygen species (ROS)

The generation of ROS in the mitochondria primarily occurs in the respiratory chain. It is

mostly due to a binding of an electron, leaked from the electron transport chain, to dioxygen.

This forms the superoxide anion O2.
−.

It has been shown that ROS can increase the mPTP activity [33]. Additionally, ROS can also
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modulate the free intracellular calcium levels to be taken by mitochondria by several mecha-

nisms (e.g. activating plasma membrane influx, ...), and thus increase the mPTP activity.

Other activators of the mPTP include cyclophilin D (CsD), inorganic phosphate (Pi) and

Atractyloside [39].

Inhibitors

The most known and studied inhibitor of the mPTP is Cyclosporine A (CsA) which is an im-

munosuppressive agent. It works by blocking CsD from binding to the pore [26]. Divalent

cations such as Mg2+, Mn2+, and Sr2+ are also known for inhibiting the mPTP. They work by

competing with calcium for a shared site on the mPTP in the matrix [3]. They can also inhibit

calcium entrance into the mitochondria [74]. Other inhibitors of the mPTP include Benzodi-

azepines, Bongkrekic Acid and acidic matrix pH. In summary, most of the mPTP inhibitors act

directly or indirectly through an interference with calcium.

5.3 Mathematical models that include mPTP or ROS

Mathematical models that incorporate the mPTP were developped using mainly two conceptual

approaches. The first one is a population dynamics approach were mitochondria are charach-

terized by some states of interest, mainly related to the mPTP. In these kind of models, state

variables are fractions of these mitochondrial states. For example Chapa-Dubocq et al. [14],

developed a population model of mitochondria where the mPTP is studied through the corre-

spondent state of mitochondria swelling. In their model they partitioned their population into

four subpopulation representing : negligible swelling, mitochondria containing calcium, re-

versible swelling, and irreversible swelling. The transition between these states was principally

regulated by calcium. They were able to fit the kinetic parameters in their model, represent-

ing thresholds of transitions between the different states, to experimental data of mitochondrial

swelling.

The second approach consists in defining a state variable representing the permeability of the
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triggers PTP opening according to the functionf and
Eq. (3) and Eq. (4). Prior to PTP opening, the activa-
tion of respiration leads to a slight transient increase
of DW, but then, PTP opens and anion and H+ fluxes
proceed (Eq. (5) and Eq. (6)), resulting in a decrease
of DW, and thus, in the efflux of Ca2+ through the
uniporter. Ca2+ efflux proceeds until the equilibrium
state between internal exchangeable Ca2+ and external
Ca2+ concentration is reached. Simultaneously, pHi

partially recovers due to the decrease of respiration
rate caused by the efflux of activator, and to the influx
of H+ through the PTP. However, in this simulation,
pHi recovery is not sufficient to close the PTP. Fig. 2
thus simulates the PTP sustained opening mode [15].

Ca2+ oscillations and spikes due to mCICR depend
on a PTP transitory opening mode [9,12,13], that our
model does not simulate with the parameter values
used in Fig. 2. Under the conditions of Fig. 2, a very
weak efflux of respiration activator proceeds during
PTP opening, thus a high respiration rate and a high
H+ efflux are maintained during PTP opening, that
sustain a high pHi. This is the reason why the PTP
remains permanently open. Paradoxically, the only
way to obtain a re-uptake of Ca2+ is to slow down
the respiratory rate to decrease pHi.

This can be achieved by increasing the efflux of the
respiration activator through the PTP during channel
opening. (Fig. 3). As a result of the faster activator
loss during PTP opening, respiration remains inhib-

ited for a longer time, which allows a significant
decrease of pHi, and thus, the partial closure of the
PTP. PTP closure then stops the activator efflux, and
then, according to our hypothesis of continuous acti-
vator supply, the respiratory rate starts increasing
again, as well as pHi, which results in PTP re-opening.
Then the cycle (Fig. 4) repeats, and leads to Ca2+

oscillations. Ca2+ initiates the oscillatory process by
acceleration of respiration and by converting the elec-
tric part of DW into an increase in pHi that leads to
PTP opening. This is the way by which the activation
status of the PTP is connected with the respiratory
rate. The transition from monotonous kinetics of
Ca2+ efflux (Fig. 2) to damped oscillations (Fig. 3)
as observed in [12] is obtained by increasing the
respiration inhibition during PTP opening, thus
decreasing pHi to values that allow the partial closure

Fig. 1. Schematic representation of the model components. See
model description in the text.

Fig. 2. Simulation of sustained mCICR in response to an external
Ca2+ pulse. Extramitochondrial Ca2+ concentration at the moment
of stimulation: 30mM. All parameter values are presented in the
text (model description). Kinetics of extramitochondrial Ca2+ con-
centration ([Ca2+]0), DW, extramitochondrial oxygen (O2), and pHi.
Concentration in protein is set equal to 2 mg ml−1.

117V.A. Selivanov et al. / Biophysical Chemistry 72 (1998) 111–121

Figure 5.1: Schematic representation of the Selivanov et al. model [69] components.

mPTP in one or both of its states, and adding this variable to classical models of mitochondrial

energy metabolism and calcium transport. This approach is surely more adapted to our aim,

since we already developed a minimal mitochondrial model (see chapter 3) that accounts for

classical mechanisms, and our next objective is to incorporate to it the mPTP functioning. Next

we review some of the literature models that were developed following this approach.

The Selivanov et al. model

In 1998, Selivanov et al. [69] proposed a minimal mitochondrial model that incorporates

mPTP in its low conductance mode. Their model illustrates the mPTP related Ca2+-induced

Ca2+release. In their model they considered the following main components : the respiratory

chain, the mPTP, the calcium uniporter, and the movement of weak acids across the mitochon-

drial membrane (Fig. 5.1). With these components, five state variables were considered : the

cytoplasmic calcium concentration, the membrane potential, protons concentration in the ma-

trix, the amount of opened PTP channels, and the matrix concentration of respiratory chain

activators. Three main factors contributing to the regulation of the mPTP were considered :

• an increase in the matrix calcium concentration

• a decrease in the mitochondrial membrane potential
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• an increase in the matrix pH.

These three factors were considered as both ways regulators. That means that the inverse func-

tioning of these factors promotes the closure of the mPTP. However, not all of the three factors

were considered as direct regulators. Indeed, only the pH was considered to influence the mPTP

directly whereas the membrane potential and the concentration of calcium in the matrix were

considered as indirect regulators. Their model was based on the following formulation. First

the cytoplasmic calcium enters the mitochondria through the Ca2+uniporter which causes a tran-

sient drop in the mitochondrial membrane potential. This drop activates the respiration and thus

increases the number of protons pumped outside the mitochondria resulting in the alcalinization

of the matrix. The mPTP is then activated by the fact that the matrix pH has increased. This

triggers the ion fluxes according to their potential gradients. The activation of mPTP also causes

inhibition of the respiration which contributes to matrix acidification that eventually inactivates

the mPTP.

Even though the ATPase activity and the calcium transport through the Na+/Ca2+exchanger

were not considered in their model, it was able to reproduce calcium spiking and oscillation

observed experimentally when the mPTP is working in its low conductance mode. However the

fact that, in their model, calcium was not considerded as a direct activator of the mPTP could

be debated especially since several experimental studies suggested the opposite [29, 37].

The Pokhilko et al. model

Several years later, in 2006, Pokhilko et al. [65] developed a mitochondrial model for ion trans-

port, that includes the mPTP. Their aim was to analyze different modes of calcium uptake. In

their model, fluxes of ions and the state of the mPTP were described in five compartments

(Fig. 5.2) :

• transport of protons

• calcium transport

• potassium transport
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Chance and Yoshioka, 1966; Evtodienko et al., 1980;
Gooch and Packer, 1974; Graven et al., 1966; Holmuha-
medov, 1986) allow us to hypothesize that mitochondrial
oscillations might indeed also occur in vivo. These
speculations have recently been confirmed by observations
of mitochondrial membrane potential oscillations and the
cyclic uptake and release of Ca2+ in mitochondria in vivo
(Buckman and Reynolds, 2001; Fuller and Arriaga, 2003;
Huser and Blatter, 1999; Monteith and Blaustein, 1999).
Although there is a limited number of mathematical
models of mitochondrial Ca2+ homeostasis (Cortassa et
al., 2003; Magnus and Keizer, 1997, 1998; Selivanov et al.,
1998), a mathematical model, that quantitatively describes
the experimental data on the measured ion fluxes during
Ca2+ uptake by mitochondria has not been presented.

Our goal is to build a model of mitochondrial ion
transport that is based on the experimental ion kinetics and
use this model to analyse different modes of Ca2+ uptake
by mitochondria. To achieve this goal we incorporated the
existing approaches to theoretical description of ion fluxes
(Garlid et al., 1989; Magnus and Keizer, 1997) and
modified them, when it was necessary for the better
correspondence with experimental data (Model description
and Appendix A). We also included into our model the
main important processes, which were not included into the
previous models, such as K+ transport and matrix volume
changes and the binding of matrix Ca2+ by immobile
(matrix phospholipids) and mobile (substrate anions)
buffers. The description of PTP was based on our previous
model (Selivanov et al., 1998) with the following improve-
ments. In our previous model, (Selivanov et al., 1998) we
hypothesized that Ca2+ uptake results in an increase of
matrix pH, which in turn leads to the PTP opening and loss
of a hypothetical activator of mitochondrial respiration.
This leak of the activator results in collapse of matrix pH

and closure of the PTP. In our present model we describe
mitochondrial oscillations without assuming the existence
of a respiration activator that drives the oscillations. The
oscillatory regime in our present model is a consequence of
experimentally shown dependence of PTP on Ca2+ and
mitochondrial membrane potential (Petronilli et al., 1993).
We use our model to investigate possible modes of Ca2+

uptake by mitochondria. We find that the modes are
regulated by the amount of applied Ca2+ and by the rate of
Ca2+ infusion. Our description of the mitochondrial
responses to different levels of extra-mitochondrial Ca2+

and to different temporary dynamics of the outside Ca2+

can be useful for the quantitative predictions of mitochon-
dria behavior in a cell. This is the first mathematical model
of Ca2+ transport in mitochondria that includes the main
components of mitochondrial ion transport and is in a
good agreement with the existing experimental data.

2. Model description

Ion fluxes across the inner mitochondrial membrane
used in our mathematical model are shown in Fig. 1. The
energy of substrate oxidation in the mitochondrial matrix
is transformed via a respiratory chain into the energy of an
electrochemical gradient of hydrogen ions (DmH) (Mitchell,
1972). The DmH that is stored in the form of electrical (DC)
and concentration (DH) gradients provides the main
driving force for the ion transport in mitochondria (Fig.
1). Our model consists of 5 individual modules (Modules
#1–5 of Appendix A) that describe fluxes of the ions as well
as the status of mitochondrial PTP.
Following is a brief description of the ionic fluxes in our

model, while the detailed mathematical equations of each
flux (Modules #1–5) as well as the complete model are
given in the Appendix A.
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A.V. Pokhilko et al. / Journal of Theoretical Biology 243 (2006) 152–169 153

Figure 5.2: The compartments and ion fluxes included in the Pokhilko et al. model [65].

• anions transport (e.g. phosphate transport, oxidative substrate transport)

• mitochondrial permeability transition pore.

Concerning the mPTP in their model, it was regulated by matrix Ca2+, protons, membrane po-

tential, and fluxes of ions through it. The dynamics of the fraction of opened mPTP was adapted

from the work of Selivanov et al. [69] using an ordinary differential equation as follows :
d
dt

Top = kop[Ca2+]m p1(∆ψ)(1 − Top) − kclTop p2(H+), (5.3.1)

where Top is the fraction of open mPTP, kop and kcl are the rate constants of the mPTP opening

and closure. The functions p1 and p2 describe the dependence of the opening and closure rate of

the mPTP on the membrane potential and the protons respectively. The dynamics of the mPTP

is written in a way that the rate of opening (first term in eq. 5.3.1) is proportional to the fraction

of closed mPTP, and the rate of closure of the mPTP (second term in eq. 5.3.1) is proportional

to the fraction of open mPTP.

Using the equation 5.3.1 for solving the steady state equation
d
dt

Top = 0, (5.3.2)
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with respect to the variable Top leads to the steady state solution

Top,∞ =
1

1 +
kcl p2(H+)

kop[Ca2+]m p1(∆ψ)

. (5.3.3)

This solution varies between zero (low conductance mPTP) and one (high conductance mPTP)

if kop[Ca2+]m p1(∆ψ) and kcl p2(H+) are of the same sign. More generally the terms leading

(1 − Top) and Top need to be of the same sign. These terms are the rate constants of the opening

and closure multiplied by functions representing the dependence of the opening and closure on

the considered regulators.

Using this model, they were able to show that the kinetics of the mitochondrial Ca2+ uptake

is dependent on two factors: the total amount of Ca2+ in the system, and the rate of Ca2+ in-

fusion. Additionally they were able to provide Ca2+ thresholds for transitioning between the

different mPTP operating modes.

Even though this model still does not account for the ATPase activity and the calcium trans-

port through the Na+/Ca2+exchanger, it is more complete than Selivanov et al. model in terms

of incorporating most of the mitochondrial ions transport. This could be useful when the goal

of the model is to improve our understanding of the ions transport, in particular in the presence

of the mPTP. However, if the purpose of modeling the mPTP is not primaraly related to the

different ions transport in the mitochondria, more simplification could have been done. This is

by eliminating the explicit variables representing the ions, and keeping only their influence on

the membrane potential. This is what has been done by Wacquier et al. [75].

The Wacquier et al. model

In their model, Wacquier et al. [75] adopted almost the same modeling formulation of the mPTP

used in the models of Selivanov et al. and Pokhilko et al. . However, the regulators influence

on the opening and closure of the mPTP were slightly different. The considered regulators

of the mPTP were only the concentration of matrix calcium and the membrane potential. The

evolution equation of the fraction of open mPTP (denoted PTP) is triggered when the membrane

potential falls below a certain threshold, that depends on the matrix calcium concentration, and
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that would drive the mPTP from a low- to a large opening state, and it can thus be anticipated that this passage 
results from a network of feedback regulations.

In this study, we hypothesised that the two operating states of the mPTP rely on bistability. In such a scenario, 
two stable steady-states can coexist in a range of [Ca2+]m, which confers robustness to both states of channel 
opening. This assumption is based on the observation of a positive feedback loop that relies on the cross-inhibition 
between mPTP opening and mitochondrial voltage (∆Ψ): low voltage indeed opens the mPTP, which leads to 
further mitochondrial depolarisation (i.e. decrease in ∆Ψ). As mitochondrial Ca2+, known as the main mPTP 
regulator, directly controls ∆Ψ, we anticipated that this positive feedback loop constitutes the core regulatory 
mechanism of mPTP opening. We first built a computational model formalising the mechanism just described. 
As assumed, the model can display bistability. We validated the model and parameter values using experiments in 
mitochondrial suspensions, which allow for controlled Ca +2  exchanges between mitochondria and the 
extra-mitochondrial medium (em). The model then led us to rightly predict the conditions in which a hysteretic 
behaviour, which is a hallmark of bistability, can be observed. The robustness of bistability was assessed by a sen-
sitivity analysis of the computational model. Finally, we showed that the model recapitulates the reversible, tran-
sient openings of the mPTP observed in intact cells. In conclusion, this work proposes a simple dynamical 
mechanism by which mitochondria can safely use the mPTP in two operating modes, which differ drastically by 
their conductances and by their physiological implications. Put in a cellular context, the proposed bistable behav-
iour not only provides robustness to the Ca +2  transport properties of the mPTP, but also ensures that, once initi-
ated, the mPTP-induced mitochondrial depolarisation is physiologically irreversible.

Model
The regulation of the mPTP by [Ca +2 ]m and ∆Ψ is schematised in Fig. 2A. Based on this scheme, a single differ-
ential equation is used to describe the evolution of the fraction of open mPTP in the mitochondrial pool, noted 
PTP. A small value of PTP thus corresponds to the transient, low conductance mode while a high value of this 
variable can be associated to the large, long-lasting opening mode. In the following, we refer to these states as the 
low and high conductance modes. It should be noted that these terms do not refer to the single channel activities 
measured by electrophysiology. As in previous models15,16, the evolution equation includes a highly non-linear 
term of opening of the mPTP, that is triggered when ∆Ψ falls below a threshold17,18. In agreement with experi-
mental data19,20, the value of the threshold is controlled by [Ca +2 ]m (Cm in the model). The rate of mPTP closure 
is described by a linear function. Thus, the evolution of the fraction of open mPTP is given by : 
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Figure 1. Schematic representation of the model describing Ca +2  dynamics and mPTP opening in 
mitochondrial suspensions. The model includes Ca2+ exchanges between mitochondria and the extra-
mitochondrial medium through the Mitochondrial Ca +2  Uniporter (JMCU), the Ca2+ exchangers (JCX), and the 
mPTP (JPTP

Ca ). The mPTP is potentially permeable to ions (H+, Mg2+, K+, ...) and small solutes. These fluxes are 
gathered in JPTP

H . Mitochondrial Ca +2  triggers the reduction of NAD+ in NADH (JPDH) that can be oxidised by 
the electron transport chain (JO) to generate a proton gradient. A leakage of protons into the mitochondrial 
space is considered (JH leak, ). ATP synthesis is not included because the medium does not contain adenine 
nucleotides. The model reproduces a resting state (on the left) and a Ca2+-overloaded state (on the right). At 
rest, the Ca2+ concentration in the suspension is low. Thus, the mPTP does not open fully, and the fluxes 
through this pore (JPTP

H , JPTP
Ca ) are low. In these conditions, a ∆Ψ is maintained thanks to the extrusion of 

protons. Upon the addition of a massive amount of Ca2+ in the medium (Jin), the mPTP opens and becomes 
highly permeable to ions and solutes. This leads to the dissipation of the ∆Ψ. See text, SI Appendix and 
Wacquier et al.22 for more details on the model.

Figure 5.3: Schematical representation of the mechanisms and ion fluxes included in the Wac-
quier et al. model [75].

can be written as follows :
d
dt

PTP = Vop(1 − PTP)
1

1 + exp
(

∆ψ−qop[Ca2+]m

qs

) − kclPTP. (5.3.4)

In equation 5.3.4, the closure rate is described as a linear function, and the dependence of the

rate of opening, on the membrane potential and the calcium, is a highly non-linear function. The

parameters qop and qs influence the threshold and the slope of the dependence of PTP opening

on ∆ψ. In contrast to Pokhilko et al. model, they did not consider ions as state variables (except

for the cytoplasmic and matrix calcium concentrations), but still kept the protons flux influence

on ∆ψ via the mPTP. In their model, the relationship between the mPTP and ∆ψ is a positive

feedback loop, that is controlled by Ca2+. That means that first Ca2+ controls the threshold at

which ∆ψ starts inhibiting the mPTP. Then, while high ∆ψ prevents the pore from opening, this

opening dissipates ∆ψ due to ion leakage across the mitochondrial membrane. The fluxes and

mechanisms considered in their model are illustrated in Fig. 5.3.

On the other hand, the fluxes considered in their model via the mPTP were written using a

simplified version of the Goldman-Hodgkin-Katz equation. Thus these flux expressions depend

on the ions electrochemcial gradients and on the state of the mPTP as follows :

JCa
PT P = VCa

PT P.PTP.
[Ca2+]m − [Ca2+]c

1 + exp
(

s1−∆ψ

s2

) , (5.3.5)
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(Cortassa et al., 2003). These features are shown to be key

factors for initiating oscillations in mitochondrial bioenergetic

parameters, which closely resemble experimental observa-

tions. Furthermore, the model is used to make predictions that

are experimentally verified. Strikingly, the model simulations

also demonstrate that the period of the mitochondrial oscil-

lator can be modulated over a wide range of timescales

(frommilliseconds toseveralhours)byalteringasingleparam-

eter, the rate of ROS scavenging by superoxide dismutase.

METHODS

Cardiomyocyte isolation

All experiments were carried out at 37�C on freshly isolated adult guinea pig

ventricular myocytes prepared by enzymatic dispersion as previously

described (O’Rourke et al., 1994). After isolation, cells were stored briefly in

a high K1 solution (in mM: 120 Glutamate [K1 salt], 25 KCl, 1 MgCl2,

10 HEPES, 1 EGTA, pH 7.2 with KOH) and either used immediately or

transferred to Dulbecco’s Modification of Eagle’s Medium (10-013 DMEM,

Mediatech, Herndon, VA) in laminin-coated petri dishes in a 95% O2, 5%

CO2 incubator at 37�C (used within 6–8 h of isolation), as previously

described (Aon et al., 2003). Experimental recordings started after exchange

of the high K1 or DMEM with an experimental Tyrode’s solution containing

(in mM): 140 NaCl, 5 KCl, 1 MgCl2, 10 HEPES, 1 CaCl2, pH 7.4 (adjusted

with NaOH), supplemented with 10 mM glucose. The dish containing the

cardiomyocytes was equilibrated at 37�C with unrestricted access to

atmospheric oxygen on the stage of a Nikon E600FN upright microscope

(Nikon, Melville, NY).

Fluorescent probes for two-photon laser
scanning microscopy

The cationic potentiometric fluorescent dye TMRE (100 nM) or TMRM (60

nM) was used to monitor changes in DCm, and ROS production was

monitored with the ROS-sensitive fluorescent probe 5-(-6)-chloromethyl-

2#,7#-dichlorohydrofluorescein diacetate (CM-H2DCFDA 2 mM), as pre-

viously described (Aon et al., 2003). The production of the fluorescent

glutathione adduct GSB (Kosower and Kosower, 1987) from the reaction of

cell permeant monochlorobimane (MCB, 50 mM) with reduced glutathione

(GSH), catalyzed by glutathione S-transferase, was used to measure

intracellular glutathione levels. NADH autofluorescence was also moni-

tored, as described previously (Aon et al., 2003).

Image acquisition and analysis

Images were recorded using a two-photon laser scanning microscope (MRC-

1024MP, Bio-Rad, Hercules, CA) with excitation at 740 nm (Tsunami Ti:Sa

laser, Spectra-Physics, Mountain View, CA), as described before (Aon et al.,

2003). Briefly, owing to the overlap in the cross sections for two-photon

excitation of the three fluorophores of interest (TMRE, CM-DCF, and

NADH or GSB), this wavelength permitted recording of DCm, ROS

production, and NAD(P)H or GSH simultaneously. The red emission of

TMRE was collected at 605 6 25 nm and the green emission of CM-DCF

was recorded at 525 6 25 nm. NADH emission was collected as the total

fluorescence ,490 nm.

While measuring GSB production in cells, approximately 10 images

were recorded to get the cellular background of NADH before acute addition

of 50 mM MCB. The GSB signal was collected at its maximal emission (480

nm). Under these conditions the fluorescence intensity of GSB is 2–3-fold

higher than NADH (manuscript in preparation).

Mathematical modeling

An integrated model of mitochondrial energetics (Cortassa et al., 2003) has

been extended to describe the key features of the mechanistic hypothesis,

ascertained from experimental findings. These included a shunt of electrons

of the respiratory chain toward the generation of O2��, a ROS scavenging

system, and a ROS-activated anion efflux pathway across the inner

membrane. We follow a modular approach, characterizing each of the

processes in isolation to match experimental evidence, before assembling the

whole model. The scheme for the integrated model is shown in Fig. 1.

Mitochondrial ROS generation

Mitochondrial ROS generation is considered as a side path for electrons

diverging from the normal electron transport chain (see Eq. A6). To avoid

adding complexity to the overall system of equations, the redox chain was

not broken down into individual components; however, this leakage of

electrons to free-radical production is akin to O2�� generation by the Q-cycle

at complex III (Turrens, 2003; Turrens et al., 1985) at the matrix face of the

membrane, as suggested by our previous study (Aon et al., 2003). A detailed

explanation of the experimental evidence from our laboratory justifying this

formulation is given in the Appendix.

Modeling the inner membrane anion
channel (IMAC)

Although the molecular entity carrying anion fluxes in mitochondria has yet to

be found, patch-clamp studies have identified a so-called centum picoSiemen

conductance anion channel that carries the predominant outwardly rectifying

background conductance of the inner membrane (Borecky et al., 1997;

Kinnally et al., 1993; Sorgato et al., 1987). This channel is known to be

modulated by Mg21 and pH, and inhibited by benzodiazepines (McEnery

et al., 1992) and a number of other amphiphilic compounds (Beavis, 1992;

Borecky et al., 1997). Hence, we based our model of IMAC on the current-

voltage properties of the ;100-pS mitochondrial anion channel described by

Borecky and co-workers (Fig. 2 A).

FIGURE 1 Model of mitochondrial energetics coupled to ROS pro-

duction, transport, and scavenging. Equations describing the IMAC and the

ROS scavenging system (see Appendix, Eqs. A8–A11) were incorporated

into an integrated model of mitochondrial energetics and Ca21 handling

(Cortassa et al., 2003). ROS production was modeled as a shunt of electrons

from the electron transport chain into the matrix (see Methods and

Appendix). The model postulates that superoxide anion (O2��) is transported

through the IMAC whose opening probability is activated by cytoplasmic

(intermembrane) superoxide anion (O2 �� i). Key to abbreviations: im, inner

mitochondrial membrane; IMAC, inner membrane anion channel; CAT,

catalase; SOD, Cu,Zn superoxide dismutase; GPX, glutathione peroxidase.

Mitochondria as Biological Oscillators 2061

Biophysical Journal 87(3) 2060–2073

Figure 5.4: The mitochondrial bioenergetics model of Cortassa et al. [18] illustrating the con-
sidered ROS production, transport and scavenging mechanisms. Abbreviations: im
(inner mitochondrial membrane), IMAC (inner membrane anion channel), CAT
(catalase), SOD (superoxide dismutase), and GPX (glutathione peroxidase).

JH
PT P = VH

PT P.PTP.
1

1 + exp
(

s1−∆ψ

s2

) . (5.3.6)

Since protons concentration is not a state variable in their model, it does not appear in equa-

tion 5.3.6, and it is implicitly included in the parameter VH
PT P. This model was validated against

experimental data of rat hepatocytes. It was able to reproduce the long lasting opening of the

mPTP after several addition of calcium concentrations in the medium.

Cortassa et al. model

Cortassa et al. [18], in 2004, incorporated ROS mechanisms (mitochondrial ROS production,

cytoplasmic ROS scavenging (reaction of ROS with antioxidants), and ROS activation of inner

membrane anion flux) to their previously developed model of cardiac mitochondrial bioenerget-

ics (see chap. 2). The aim of their model was to test, using a computational model, the influence

of the balance between superoxide anion efflux and the intracellular ROS scavenging capacity

on the mitochondrial oscillatory mechanism. These mitochondrial oscillations (of membrane

potential, ROS production and NADH concentrations) are observed in isolated cardiomyocytes,

and are known to contribute to energetic and electrical dysfunction in pathological context such

as ischemia-reperfusion.

Mitochondrial ROS production was considered as a side path of electrons leaking from the
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electron transport chain and binding to an oxygen molecule, leading to superoxide anion O2.
−.

These are then transported to the cytoplasm through the inner mitochondrial membrane anion

channel, that is postulated to be activated by by cytoplasmic superoxide anions (Fig. 5.4).

In this model, unlike in the previously discussed models in this chapter, the ATPase activity

was taken into consideration. However the mPTP activity was not considered, not being one of

the study aims. Since the authors were interested in the balance between ROS production and

scavenging, they were constrained to add state variables representing both matrix and cytoplas-

mic ROS concentrations. In addition, they were obliged to model the ROS transport through

the IMAC (inner membrane anion channel).

Several simplification hypothesis could be done to this model, depending on the modeler

study objectives. This will be discussed in the next chapter where we adapt some of the models,

discussed here, to extend our previously introduced model to make it account for both mPTP

activity and ROS.

The Kushnareva et al. model

Another model for ROS production was proposed by Kushnareva et al.in 2002 [46]. In their

model, they proposed that the rate of ROS production in the mitochondria is determined by the

concentration of the site of superoxide generation (denoted *ROS). The variation of superoxide

anion concentration in function of time could be then written as follows:
d
dt

[O2.
−] = k[O2][∗ROS.−], (5.3.7)

where ∗ROS.− is the reduced form of the latter site, and k is the second order rate constant. They

further assumed that the redox state of ∗ROS site is controlled by the thermodynamics of the

redox couple NADH/NAD+. This model was built based on evidence obtained from isolated

mitochondria of rat brain and heart. Even though its formulation is simple, it is thought to be

not able to reproduce experimental results in intact myocytes [18].
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Summary, discussion and conclusion of the literature models

Each one of these previously discussed models has contributed to our understanding of different

aspects of the mPTP or ROS. In most of the models that incorporated the mPTP, the evolution

of the variable representing this pore was described almost in the same way. This variable rep-

resented the fraction of open mPTP and it was modeled using the following type of differential

equation:
d
dt

P = kop(activators)(1 − P) − kcl(inhibitors)P, (5.3.8)

where P is the variable that represents the fraction of open mPTP, kop is the rate of opening that

can depend on the considered activators, and kcl is the rate of closure that can depend on the

considered inhibitors. The only differences were in the types of the considered regulators, and

how they were modeled. Almost all of these models considered the mitochondrial membrane

potential difference (∆ψ), the matrix calcium concentration ([Ca2+]m), and sometimes the pH

difference as regulators of the mPTP either in a direct or indirect way. The fluxes of ions via

this pore were modeled using a simplified version of the Goldman-Hodgkin-Katz equation:

JI
PT P = V I

PT P.P.
[I]m − [I]c

1 + exp
(

s1−∆ψ

s2

) , (5.3.9)

where I is the considered ion, V I
PT P is the rate constant of the flux of I through the mPTP, P the

variable representing the permeability of the membrane, and s1, s2 are parameters representing

the threshold and the slope of the dependence of the flux on the mitochondrial transmembrane

potential. Using this equation, it is possible to write down the expressions of the fluxes in

function of the internal and external concentration of the considered ion and the variable repre-

senting the permeability of the membrane (the variable representing the fraction of open mPTP

in our case).

Even though the classical regulators of the mPTP (e.g. calcium, membrane potential) were

taken in consideration in these literature models, the ROS component was neglected. This could

be limiting especially in the pathological context in which we are interested. This is because,

as discussed in the introduction (sec 1.3), the pathological opening of the mPTP is known to be

related to increased ROS production by the mitochondria. Also, in the cardiac cell, ROS have a
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strong impact on the excitation-contraction coupling system [43]. Thus incorporating the ROS

production by mitochondria and relating it to the mPTP is crucial for a more complete model of

the cardiac mitochondria that could account for both physiological and pathological contexts.

In the next chapter we will incoporate the mPTP activity and ROS generation to our previ-

ously introduced cardiac mitochondrial model (3.1.9). Following the modeling approach in the

literature, we will model the mPTP activity using the evolution equation (5.3.8). Similarly, the

fluxes of ions associated with the mPTP opening will be modeled using the equation (5.3.9). In

what concerns the ROS, we will be only interested in modeling its production. This production

will be considred as a shunt from the electron transport chain as described in [18]. Additionally,

the influence of the ROS concentration on the opening of the mPTP will be considered. The

details about the modeling and the considered regulators will be discussed in the next chapter.
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Chapter 6

A new cardiac mitochondrial model

including respiration, Ca2+, mPTP and

ROS

Contents

6.1 Modeling ROS production . . . . . . . . . . . . . . . . . . . . . . . . . . 99

6.2 Modeling the mPTP activity . . . . . . . . . . . . . . . . . . . . . . . . . 99

6.3 The new model differential equations after incorporating the mPTP and

the ROS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

6.4 Behavior of the model in the presence of successive Ca2+additions . . . . 102

6.5 Experimental observed mPTP opening types . . . . . . . . . . . . . . . . 103

In this chapter, we extend our previously introduced cardiac mitochondrial model (3.1.9)

so it can account for the mPTP activity and ROS production. Here we adopt the same mPTP

modeling approach as in [69, 65, 75], which was discussed in section 5.3. However, unlike

the latter models, we incorporate ROS production by the mitochondria, and add ROS as one of

the mPTP activators. Overall, two new state variables (denoted P and [O2.
−]) representing the

mPTP porosity and the concentration of matrix ROS respectively, were added to our previous

model (3.1.9).
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6.1 Modeling ROS production

The ROS production was modeled as in Cortassa et al. [18] but with several simplifications hy-

pothesis thar are convenient to our purpose. Unlike in [18], the model is not designed to study

the influence of ROS on the oscillatory mechanism of the mitochondria. Indeed we are inter-

ested in adding the mitochondrial ROS production to eventually link it to the mPTP component

of the model as one of the known regulators.

For this reason, it is not crucial for us to add explicitly a state variable representing the cyto-

plasmic ROS concentration, as done in Cortassa et al.. Besides that, ROS related mechanisms

such as cytoplasmic ROS scavenging, and ROS activation of inner mitochondrial membrane

were also not considered in our model for the sake of simplicity. Additionally, the efflux rate of

mitochondrial ROS, via the membrane anion channels, is considered as a linear function of the

ROS concentration, without explicitly modeling the functioning of these channels. However,

the efflux of ROS via the mPTP when it is open is considered. This efflux rate, as well as all

the rates associated with other ions transport through the mPTP, are modeled using a simplified

version of the Goldman-Hodgkin-Katz equation:

J
O.−

2
PT P = VO2.

−

PT P .P.
[O2.

−]

1 + exp
(

p30−∆ψ

p29

) , (6.1.1)

where VO2.
−

PT P , p29, and p30 are parameters given in Table 6.1. Using the fact that the ROS in

the mitochondria are created when an electron leaks from the ETC and binds to a molecule of

dioxygen, the ROS production can then be modeled as a shunt (denoted s) from respiration. The

evolution equation of [O2.
−] can thus be written as follows:

d
dt

[O2.
−] = s.JO − αO2.− .[O2.

−] − J
O.−

2
PT P (6.1.2)

where the parameters s and αO2.− are given in Table 6.1.

6.2 Modeling the mPTP activity

The considered activators of the mPTP will be the mitochondrial matrix calcium concentration

[Ca2+]m, the mitochondrial transmembrane potential ∆ψ, and the mitochondrial matrix ROS
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concentration [O2.
−]. As the exact mechanisms behind the ROS activation of the mPTP is not

well established to our day, we choose a similar approach as in the first model. Indeed, since in

biology most of the activators tend to have a threshold characteristic dependency, we choose a

sigmoidal function to illustrate the dependency of the mPTP opening on the ROS through the

function:

f ([O2.
−]) =

1

1 + exp
(

p31−[O2.−]
p32

) . (6.2.1)

Following the formulation described in [69, 65, 75] the evolution equation of the fraction of

open mPTP (denoted P) can be written as follows:
d
dt

P = Vop(1 − P)
1

1 + exp
(

∆ψ−p27.[Ca2+]m
p28

) . f ([O2.
−]) − kcl.P, (6.2.2)

where Vop, kcl, p27, and p28 are parameters given in Table 6.1. The only difference here is the

addition of an explicit dependence of the ROS on the activity of the mPTP through the function

f ([O2.
−]). Using the same previously used formulation of the Goldman-Hodgkin-Katz equa-

tion, for the ROS efflux via the mPTP, the ions transport rates via the mPTP of the different

components of our model can be written as follows:

JCa
PT P = VCa

PT P.P.
[Ca2+]m − [Ca2+]c

1 + exp
(

p30−∆ψ

p29

) , (6.2.3)

JH
PT P = VH

PT P.P.
1

1 + exp
(

p30−∆ψ

p29

) , (6.2.4)

and

JADP
PT P = VADP

PT P .P.
[ADP]m − [ADP]c

1 + exp
(

p30−∆ψ

p29

)
= VADP

PT P .P.

KF1Atot,m

[Pi]m exp ( F
RT ∆Gp,m)+KF1

−
KF1,cAtot,c

[Pi]c exp ( F
RT ∆Gp,c)+KF1,c

1 + exp
(

p30−∆ψ

p29

) ,

(6.2.5)

where the parameters VCa
PT P,V

H
PT P, and VADP

PT P are given in Table 6.1. In equation (6.2.4), the

concentration of H+ does not appear because it is not a variable of the model. It is implicitly

included in the parameter VH
PT P, and the correspondent flux JH

PT P will only participates in the

evolution equation of the transmembrane potential. In equation (6.2.5), the transition, from the

adenine nucleotide concentrations to the Gibbs free energy variables, is done using the change
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of variable equations (3.1.6), and (3.1.8). In the equations (6.2.3) and (6.2.5), it is the gradient

of the correspondent molecules that imposes inward or outward directions of the flux.

6.3 The new model differential equations after incorporating

the mPTP and the ROS

Incorporating the mPTP and ROS mechanisms to the differential equations system (3.1.9), we

get a new system of differential equations that is written as follows:

d
dt

∆Eresp = ϕ1(∆Eresp) (Jsub − JO) ,

d
dt

∆Gp,m = ϕ2(∆Gp,m)
(
JF1F0 − JANT + JADP

PT P

)
,

d
dt

∆Gp,c = ϕ3(∆Gp,c)
(
γ(JANT − JADP

PT P ) −
d
dt

JADP,ext(t)
)
,

Cm
d
dt

∆ψ = 12JO− 3JF1F0− JANT− Jleak− 2Juni + 2JCa
PT P − JH

PT P − J
O.−

2
PT P,

d
dt

[Ca2+]m = fm(Juni − JNaCa − JCa
PT P),

d
dt

[Ca2+]c = fcγ̃(JNaCa − Juni + JCa
PT P) +

d
dt

[Ca2+]ext(t),

d
dt

P = Vop(1 − P) 1

1+exp
(

∆ψ−p27 .[Ca2+]m
p28

) . f ([O2.
−]) − kcl.P,

d
dt

[O2.
−] = s.JO − αO2.− .[O2.

−] − J
O.−

2
PT P

(6.3.1)

In equation (6.3.1), the fluxes of ions via the mPTP are denoted JI
PT P, where I is the considred

ion. The expressions that are highlighted in blue are the ones that were not present in the old

system of equation (3.1.9). They correspond to the newly added components (mPTP and ROS)

and their associated fluxes. The fluxes expressions JCa
PT P and JH

PT P were adopted from Wac-
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Figure 6.1: Model simulation of successive calcium additions leading to definitive mPTP open-
ing. More details are explained in the text.

quier et al. model [75]. The other mPTP related fluxes expressions JADP
PT P and J

O.−
2

PT P were newly

added and they were modeled using the same approach (see equation (5.3.9)). The equation of

the evolution of P was also inspired from [69, 65, 75] , with the addition of the dependance of

the mPTP opening on ROS. The equation of the evolution of ROS concentration [O2.
−] is a new

addition, in which the ROS production part (s.JO) was adopted from Cortassa et al. model [18].

6.4 Behavior of the model in the presence of successive

Ca2+additions

In Fig. 6.1, we run a simulation of our model that shows the influence of cytoplasmic calcium

additons (1 µM of cytoplasmic calcium for each arrow) on the output of our model. When small

quantities of cytoplasmic calcium quantities are added (first two arrows), they enter the mito-

chondria via the Ca2+-uniporter leading to a small depolarization in the mitochondrial mem-

brane potential, and almost no effect on the porosity of the mPTP. However at a certain threshold

of added calcium (third arrow), the mitochondria are unable to sequester it all, and we observe a

brutal collapse of the mitochondrial transmembrane potential accompanied with a high porosity

of the mPTP and a relargation of the matrix calcium. Some of these observations can be seen

qualitatevly in experiments (Fig. 6.2, [78]). More practically, in the model, calcium influences

the threshold at which the membrane potential inhibits the high conductance opening of the
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flux from mitochondria to the medium (via JPTP
Ca ) while ∆Ψ is collapsing due to the important ion fluxes through 

the mPTP (yellow curve).
The switch-like behaviour shown in Fig. 3 is compatible with the existence of bistability, but might also rely on 

the existence of a sharp threshold. To investigate if the switch corresponds to a change of steady-state, we cannot 
draw bifurcation diagrams as a function of Cm as in the two-variable model (Fig. 2C), since Cm is a variable in the 
full model. We thus established pseudo bifurcation diagrams showing the values of PTP and ∆Ψ as a function of 
the amount of Ca +2  added during the pulses (Figs. 4A,B and S1). The blue curve is drawn by performing a series 
of simulations where the steady-states of the model are sequentially computed after successive additions of 
0.1  Mµ  Ca2+. After a critical amount of added Ca2+, the system is driven towards a state with a large opening of 
the mPTP. This opening is, as expected, associated with a drop in ∆Ψ and Ca +2  efflux from mitochondria. From 
this state, we then simulated the removal of Ca +2  from the medium (red curve corresponding to successive 
decreases of Ca2+ of 0.1 µM). Biologically, it would correspond to the addition of a Ca2+ chelator. It is clear that 
the blue and red trajectories do not coincide and that bistability also occurs in the full model. The amount of Ca2+ 
that has to be removed to bring the mPTP back in its low conductance mode exceeds the amount of Ca +2  that was 
necessary to trigger the passage from the low to the high conductance mode. This hysteretic behaviour is typical 
of a bistable system26.

Hysteresis in mptp opening. We next wondered if experiments can validate the hysteresis predicted by 
the model. We first checked in a control experiment that in a medium devoid of mitochondria, the addition of a 
given amount of Ca2+ is rapidly counterbalanced by the addition of the same amount of the high affinity Ca2+ 
buffer EGTA (Fig. S2). This observation is in agreement with the 1 to 1 stoichiometry of Ca2+ binding to EGTA 
and with the values of kon and koff  (6 µM 1−  s−1 and 1 s 1− , respectively28). Then, on the basis of the model prediction 
shown in Fig. 4, we submitted mitochondria in suspensions to successive additions of Ca2+, up to the opening of 
the mPTP. As soon as the mPTP opens, we rapidly added EGTA. We then compared the amount of EGTA neces-
sary to close the mPTP to the amount of Ca2+ that was necessary to open it. Following the addition of three Ca2+ 
pulses of 5 µM in a mitochondrial suspension, the mPTP opens and [Ca +2 ]em starts to rise (Fig. 4C). Thus, 
between 10 and 15 µM Ca +2  were necessary to trigger opening. Accordingly, in the absence of hysteresis, the 
removal of 5 µM Ca2+ should close the mPTP. Nevertheless, the addition of 10 µM EGTA is not sufficient to close 
the mPTP: the [Ca2+]em is still high, indicating that the mPTP is still open. By contrast, the Ca2+ level decreases 
drastically after a second addition of 10 µM EGTA. At this stage, the mPTP is closed or in a low conducting mode. 

Figure 3. Successive additions of Ca +2  leading to mPTP opening in experiments and in the model. (A) 
Experiment performed in a suspension of mitochondria extracted from rat hepatocytes. The [Ca +2 ]em is 
monitored by fluorescence using 5  Mµ  Fluo-4. Following the addition of five Ca +2  pulses (blue arrows), the 
mPTP opens, as attested by the sudden rise in Ca +2  concentration in the medium. (B) Simulations of the five-
variable model (Eqs. 1 and 4–7). The model successfully reproduces the [Ca2+]em behaviour (in blue), in 
response to the Ca +2  pulses (implemented with Jin). The final increase in the Cem is associated with a sudden 
increase in mPTP opening (variable PTP, standing for the fraction of open PTP, in red) and a fall in ∆Ψ (in 
yellow). See Table S1 for parameter values.

Figure 6.2: Successive calcium additions leading to mPTP definitive opening and subsequently
to the sudden rise in the cytoplasmic calcium concentration. Data correspond to
experiments on rat hepatocytes from [75].

mPTP. This is modeled through the function 1 + exp
(

∆ψ−p27.[Ca2+]m
p28

)
that multiplies the rate con-

stant of the mPTP opening Vop in the evolution equation of P in the system (6.3.1). When this

threshold is attained, the protons efflux via the mPTP (flux eq. 6.2.4), even with small opening

magnitude, leads to more depolarization of the mitochondrial membrane potential, which leads

in its turn to more mPTP opening and more protons ejection. This cycle is what makes the high

conductance opening mode of the mPTP irreversible. On the other hand, when the mitochon-

drial membrane potential decreases, the magnitude of the respiration rate increases, hence we

have an increase in ROS production which leads also to faster rate of mPTP opening.

In low conductance mode, the value of cytoplasmic calcium, over which the mitochondria

starts sequestering calcium (first arrow of the left subfigure of Fig. 6.1), is controlled by the

balance between the Ca2+-uniporter and the Ca2+/Na+exchanger.

6.5 Experimental observed mPTP opening types

In an experimental study [16], our collaborators characterized the different opening types of the

mPTP, using calcium additions as a triggering factor for both transient and definitive openings.

The study is based on monitoring individual mitochondria using fluorescent dye tetramethyl-
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rhodamine methyl ester (TMRM) microscopy in the presence of calcium. Indeed the variation

of the intensity of fluorescence can be seen as an analogy of the variation of the mitochondrial

transmembrane potential ∆ψ, and hence is a good indication of the mPTP openings.

More practically, their experiment starts by sacrificing a rat, then isolating its cardiac mito-

chondria (in the order of several hundreds or few thousands). The mitochondria are diluted to

a concentration of 0.1 mgprot mL−1 in a buffer containing the substrates glutamate-malate and

succinate. Calcium in the form of CaCl2 at a concentration of 1 mM is added to the mitochon-

drial solution. It is important to note that the medium already contains 1 mM EGTA (chelating

agent known for its ability to bind to calcium), so the final calcium concentration (free calcium)

is therefore much lower, of the order of a few µM.

The mitochondria are then put on a coverslip, and are observed using a inverted microscope

in transmitted light and fluorescence (Fig. 6.3 A). Microscopy images are taken all along the

experimental time span. These images are then analyzed using an adequate computer software

’ImageJ-Trackmate’ that permits to follow the intensity of fluorescence of the mitochondria

simultaneously in function of time. Indeed, this software works in two main steps, a first step

consisting of detecting the objects (mitochondria) on each of the images and a second step

allowing the identification of the same object over time. The output results of the software are

time series of fluorescence intensities for each of the individual mitochondria.

Overall, their method allows to visualize the different possible depolarizations, of the mito-

chondrion membrane potential, observed when the mPTP exhibits a transient or definitive open-

ing. Indeed, to characterize the different depolarizations observed, they analyzed the TMRM

monitoring curves of several thousand mitochondrion in the presence of calcium, in an attempt

to create a statistical classification.

In these experiments, they found four main types of events classified from 0 to 3 and il-

lustrated in the examples in Fig. 6.4. The goal of this figure is not to compare amplitudes or

time intervals but only to show curves representative of the different types observed and their

shapes. The first type of event is named type-1, which is shown schematically in the left plot of

Fig. 6.4. It corresponds to a transient depolarization, visible by a decrease in the fluorescence

of the TMRM, and a peak shape. An important point is that the intensity of fluorescence, after
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Figure 3 : A) Schéma de l'expérience de microscopie pour le suivi de mitochondries individuelles. 
B) Exemple d’une image obtenue en microscopie inversée après sédimentation des mitochondries 
sur une lamelle en verre. La suspension mitochondriale a été incubée pendant toute la durée de 
l’expérience avec la sonde TMRM à 10 nM dans le tampon d’analyse. C) Exemple d’une image 
obtenue pour le suivi du NADH endogène mitochondrial. D) Exemple d’une image obtenue par 
observation en lumière blanche. Chaque point lumineux (figure 3-B et C) ou noir de petite 
dimension (figure 3-D) représente une mitochondrie individuelle.  
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Figure 6.3: A) Schematic of the microscopy experiment for monitoring individual mitochon-
dria. B) Example of an image obtained by microscopy: each point on the image
corresponds to an isolated mitochondria. Figure taken from [16].
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Figure 28 : Exemples de dépolarisations transitoires ou définitives observées via le TMRM lors d’une acquisition courte (200 sec). 

 Figure 6.4: Illustration of the shapes of the different classes of TMRM curves obtained exper-
imentally. Type-0 is not illustrated as it does not show any variation in its TMRM
curve. More details in the text.

the peak, does not necessarily go back to the exact same magnitude as before the peak, yet it

tends to be not far away from it. Type-2 also corresponds to a transient depolarization (middle

plot of Fig. 6.4), but in this case at the time of depolarization the mitochondrion will not be de-

tectable anymore. Another difference with type-1 is the time necessary for repolarization. For

type-1, this step will be fast but it is possible to follow the gradual rise in fluorescence while for

type-2, this rise is very often almost instantaneous. The third type of event, type-3, is the one

that corresponds to a definitive depolarization (right plot of Fig. 6.4 ), where the fluorescence

in TMRM will decrease drastically and then never go up again. It is a total loss of activity or

the equivalent of the mitochondrial death. The last type of event, named type-0, which is not

shown in Fig. 6.4, is the simplest. It corresponds to a mitochondrion which does not present

any transient depolarization when monitoring its TMRM. We think that this type is actually a

type-1, but with a very weak depolarization that could not be detected either when monitoring

the TMRM or while numerically classifying the different types.

In conclusion to their experiments, our collaborators performed statistical counting of the

four different events occurring on several thousands of mitochondria (N = 2737). The results
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Figure 6.5: Cumulative histogram of the number of mitochondrion that underwent one of the
different types of depolarizations detected with the TMRM, with the substrate con-
dition and immediately after injection of 1 mM calcium.

is presented in the Fig. 6.5. In the next chapter we will see how to make the link between these

data and our model. In particular, we will use these experimental statistical counting to perform

inference on some of our model parameters.
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Table 6.1: Parameters associated with the mPTP and ROS mechanisms. (*): These parameters
can not be found directly in the literature and their values are proposed either by
analogy to other parameters associated to similar fluxes or after observing a set of
model simulations.

Parameter Description Value Unit Reference

Vop mPTP opening rate constant 4.2 min−1 [75]
kcl mPTP closure rate constant 1.2 min−1 [75]
p27 Voltage and calcium dependence of mPTP opening 15 000 mV nmol−1 mgprot−1 [75]
p28 Voltage dependence of mPTP opening 20 mV [75]
p29 Voltage dependence of ion fluxes via mPTP 50 mV [75]
p30 Voltage dependence of ion fluxes via mPTP 100 mV [75]
p31 Parameter for the dependence of mPTP opening on O2.

− 0.08 nmol mgprot−1 (*)
p32 Parameter for the dependence of mPTP opening on O2.

− 0.008 nmol mgprot−1 (*)
VCa

PT P Rate constant of the Ca2+flux via the mPTP 2.4 nmol mgprot−1 min−1 [75]
VH

PT P Rate constant of the H+ flux via the mPTP 2160 nmol mgprot−1 min−1 [75]
VADP

PT P Rate constant of the ADP flux via the mPTP 2.4 nmol mgprot−1 min−1 (*)

VO2 .
−

PT P Rate constant of the O2.
− flux via the mPTP 2.4 nmol mgprot−1 min−1 (*)

s Electron shunt from the ETC 0.05 dimensionless [18]
αO2 .− Parameter for the O2.

− efflux via the membrane anion channels 0.5 min−1 (*)
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Classification and parameters inference
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7.1 How to define mPTP opening classes of the model

The link between the experimental data, introduced in sec. 6.5, and our model is not trivial.

Indeed, the experimental data focus on the mPTP opening type as a result of Ca2+addition,

through monitoring the intensity of TMRM, which can be seen as monitoring the mitochondrial

membrane potential. To make a link between these data and our model, the state variables that

should mostly interest us are the fraction of open mPTP (P), and the transmembrane potential

difference (∆ψ). Together, these two variables could give an indication on the state of the mPTP,

since the mPTP openings are associated with a depolarization of the mitochondrial membrane
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Figure 7.1: Example of two model simulations illustrating the two possible classes, of simulated
mPTP opening states, after Ca2+addition.

potential. After performing a first set of model simulations, with different conditions (varying

the model parameters, as well as the quantity of Ca2+added), we remarked that the output (∆ψ

and P) could be grouped in two classes that will be denoted with the roman numeral type-

I and type-II (illustrated by an example in Fig. 7.1). They should not be confused with the

previously discussed experimental mPTP opening types that were denoted using the classical

numerals (type-0,type-1,type-2 and type-3). The link between the experimental mPTP opening

types (denoted using roman numerals) and the model mPTP opening types (denoted with the

classical numbers) will be explained in this section in the text, as well as in the next section 7.2.

The first class (type-I) is when the membrane potential undergoes a small transient depolar-

ization, following the Ca2+ addition, then repolarize and attain a value not far from its original

magnitude. In this class of events, the magnitude of the porosity of the mPTP tends to be very

minimal and barely changes following the Ca2+ addition. In Fig. 7.1, this class of events cor-

responds to the plots in blue. It is clear that this class of simulations could be attributed to the

type-1 transient mPTP opening of the experimental data previously discussed (sec. 6.5). On the

other hand, the second class (type-II) is when the mitochondrial membrane potential collapses,

and the mPTP porosity magnitude increases to high levels. This class of events is illustrated in,
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Fig. 7.1, by the plots in orange. This class of simulations could be associated with the type-3

definitive mPTP opening of the experimental data.

The model we developed is not designed initially to help classification of mPTP opening

types. Hence, to make a link between the experimental data, introduced in sec. 6.5, and our

model simulations, we build a classifier that takes as input the initial conditions and a set of

the model parameters, and as an output returns an mPTP opening type. That means, when we

run a simulation, the solution of the dynamical system (6.3.1) has to be classified as one of the

two possible simulated types (type-I or type-II). Indeed, the resulting type could be identified

using the solution curves of the state variables ∆ψ and P. The classification is done in two steps.

First we solve the differential equation system (6.3.1) for a set of model parameters and initial

conditions. Second, using the solution curves of ∆ψ and P, the classifier choose the output class

in the following way:

Algorithm 1 Automated classifier, of the solution of eq. (6.3.1), into mPTP opening types
(type-I and type-II).

t0 ← first time instant
t f ← final time instant
tCa ← time instant at which Ca2+is added
if |mean(∆ψ[t0 : tCa]) - ∆ψ[t f ]| ≥ (r × ∆ψ[t0]) & |mean(P[t0 : tCa])-P[t f ]| ≥ 0.5 then

Class← II
else

Class← I
end if

The coefficient r is the approximation of the experimental relative rate of depolarization of

the transmembrane potential for type-1 openings (r ∼ 0.3). Whereas, the absolute value 0.5

guarantees that the porosity of the mPTP has increased significantly. Together these two con-

ditions suggest that the mPTP is undergoing a definitive opening (type-II). However, if after

the Ca2+addition, these conditions are not fulfilled, then the membrane potential must have un-

derwent a weak transient depolarization leading to the so called type-I mPTP transient opening

state.
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Figure 7.2: Cumulative histogram of the number of mitochondrion that underwent type-1 and
type-3 depolarizations, after adopting the two data wrangling considerations evoked
in section 7.2.

7.2 Data wrangling

Until this point, we have seen the experimental data on the possible mPTP opening types (rang-

ing from type-0 to type-3), and we have explained how we built a classifier that returns two

possible simulated mPTP opening type (type-I and type-II). However to make use of the ex-

perimental data in hand, they must be comparable to model simulations (classifier simulations),

which is not initially fulfilled since we have different number of possible outcomes. To over-

come this problem, we make two considerations for the experimental data. First we adopt the

hypothesis evoked in section 6.5, which supposes that the type-0 is a sub-type-1 with a very

weak depolarization of the membrane potential that made it undetectable. On the other hand,

since type-2 transient depolarization behavior can not be seen in the model simulations, and

in addition it is not fully understood by the experimenters, we decided to eliminate this class

from the experimental data. These two considerations leave us with a new binomial distribution

(Fig. 7.2) for the experimental data that is now comparable to the classifier simulations.
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7.3 Parameter inference

Using the experimental data introduced in the previous section, we want to perform parameter

inference so that our model is calibrated to the experimental data. However, it is clear that there

is an important variability between individual mitochondria (Fig. 7.2). That means that the same

experimental conditions can lead to different mPTP opening type between different individuals.

This variability is an indication that point estimates of the model parameters is not appropriate.

A better approach would be to consider the parameters in question as random variables, and to

compute their actual distributions.

7.3.1 Preliminary sensitivity analysis

Overall, with the new parameters added for the mPTP and ROS mechanisms, the complete

model has forty-five parameters. Of course, not all of them are identifiable with respect to the

data in hand. Then again, we perform a global sensitivity analysis, using Sobol indices, to

quantify the influence of the model parameters on the type of simulated mPTP opening as done

previously (sec. 4.4). The parameters of the model were picked from a uniform distribution

varying 100% around their values listed in Tables 3.5, 4.1, and 6.1.

The concentration of Ca2+addition is of course the main influencer on the resulting simulated

mPTP opening type. However, this concentration is not a model parameter, and it was set to

20 µM, when performing the sensitivity analysis. This value was chosen taking into account two

considerations. The first is the setup in which the experimental data were measured. That means

to consider the amount of experimental Ca2+concentration added. The second consideration is

related to having variability in term of the two resulting simulated mPTP opening types (type-

I and type-II). With this setup, and after evaluating the model using a parameters sample of

47000, we get 65.26% of type-I and 34.74% of type-II.

The results of the sensitivity analysis are presented in Fig. 7.3. Only parameters with

dominant influence will be considered for inference in the next sections. We set a minimum

total Sobol index of 0.15 over which parameters are considered to have enough influence

on the simulated mPTP opening type. Using this criteria, it is the set of eleven parameters
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Figure 7.3: Total Sobol index representing the sensitivity of the simulated mPTP opening type
(type-I or type-II) with respect to the model parameters. The blue line represents the
threshold afterwhich we consider the total Sobol index to be important. The condi-
tions used to compute these indices are of one addition of Ca2+at a concentration of
20 µM.

{p25, f , fi, γ,Vop, p27, kcl,VH
PT P, p28, p29, p30} that will be concerned. The rest of parameters will

be fixed either to their previously calibrated values from Table. 4.1, or to their values from

Tables. 3.5 and 6.1.

7.3.2 Meta models using machine learning

The algorithms used for parameters inference usually requires a huge number of model evalua-

tions before reaching convergence. Sometimes this number is of the order of several dozens of

millions. Note that in our case a model evaluation is equivalent to solving the equation (6.3.1)

and then classifying the solution using the previously introduced classifier (sec. 7.1). Since a

model evaluation takes approximately 120 seconds, it becomes important to find an alternative

to classical model evaluations.

In this section, we test supervised classification algorithms to construct meta models that are

able to mimic a model evaluation without going through the burden of solving the differential

equations system on the experimental time interval. Indeed, in our case, these classification

methods take as input a set of model parameters (in our case the eleven influential parameters

that were chosen following the sensitivity analysis discussed in section 7.3.1) and return as

output the correspondent simulated mPTP opening class (type-I or type-II).

Using the Python package scikit-learn [62], we compare the performance of four super-

vised classification methods (decision tree, gaussien naive Bayes, support vector machine, and
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k-nearest neighbor). The features of the constructed classification models are the eleven param-

eters previously selected following the sensitivity analysis (sec. 7.3.1). To learn and test our

models, we use for these parameters a sample of size 26000, and we compute its associated

model evaluations (correspondent simulated mPTP opening classes). Even though the sample

size is considered sufficient relatively to the eleven features, it is not perfectly balanced since

61.95% of it results in type-I class and the other 38.04% results in type-II class. This can lead to

biased training of the classification model or to misleading performance accuracy. To overcome

this problem, we use stratified train-test split. That means we split the data set into train and test

sets in a way that preserves the same proportions of examples in each class as observed in the

original data set. The data set proportions used in our models are 70% for training and 30% for

testing.

Gaussian Naive Bayes

The Gaussian naive Bayes algorithm uses the Bayes theorem to classify the data with respect to

the output classes. Indeed, this algorithm supposes that the features are distributed according to

a normal distribution. Using the training data, the parameters of the gaussian likelihood function

(the mean and the standard deviation) are estimated for each output class. Then, for each new

input feature, the probability of the feature being associated to each class is calculated using

the Bayes theorem. The classification is then done by choosing the class that had the higher

probability (Fig. 7.4). In addition, this algorithm makes the assumption that the features are

strongly independent.

Support vector machines (SVM)

The support vector machines algorithms are based on maximizing the margin between the dif-

ferent classes of data. The margin is the distance between the separation boundary and the

closest samples. These are called support vectors. In SVM, the separation boundary is chosen

as the one that maximizes the margin. The challenge is to find this optimal dividing border, from

a training set. This is done by formulating the problem as an optimization problem. In the case
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Figure 7.4: Illustration of how the Guassian naive Bayes algorithm works. More details in the
text. Taken from https://iq.opengenus.org/gaussian-naive-bayes/ .

Figure 7.5: Illustration of linearly separable data. The separation boundary in the left figure is
not the optimal one, as the one on right figure maximizes more the margin.

where the data are linearly separable, the task is simple (Fig. 7.5). On the other hand, when data

are not linearly separable, the trick is to transform the representation space of the input data into

a space of greater dimension (possibly of infinite dimension), in which it is probable to have

a linear separation (Fig. 7.6). This could be done using a kernel function, which must respect

the conditions of Mercer’s theorem, and which has the advantage of not requiring the explicit

knowledge of the transformation to be applied for the change of space.

Decision tree

A decision tree is a decision support tool representing a set of choices in the graphic form of

a tree. The various possible decisions are located at the ends of the branches (the “leaves” of

the tree), and are reached according to decisions taken at each stage. Decision trees can be

calculated automatically from databases by supervised learning algorithms. These algorithms

automatically select discriminant variables from unstructured and potentially large data. They
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Figure 7.6: To the left: 1D data that are not linearly separable in R. To the right: the
same data becomes linearly separable in R2 after performing the transformation

φ : x 7 −→
(

x−150
10 ,

(
x−150

10

)2
)
.

can thus make it possible to extract logical cause-and-effect rules that did not initially appear in

the raw data. The rules of transition are generally based on information theory. This means that

the splitting rules at each node are created based on either maximizing the information gain,

or reducing the entropy. The algorithm used for the generation of our results (in particular for

Fig. 7.7) uses entropy as splitting rule.

K-nearest neighboor (KNN)

The k-nearest neighbors is a non parametric method in which the model stores the observations

of the training set for the classification of the data of the test set. Indeed, this algorithm is

qualified as lazy (Lazy Learning) because it does not learn anything during the training phase.

To predict the class of a new input data, it will look for its k nearest neighbors (using Euclidean

distance, or others) and choose the class of majority neighbors. Practically, the different steps

needed to apply this algorithm are the following:

• we fix the number of neighbors k,

• we detect the k-neighbors closest to the new input data we want to classify,

• the corresponding classes are assigned by the majority of votes.
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Figure 7.7: Confusion matrices that show the performance of the four supervised classifica-
tion algorithms tested. The matrices are normalized with respect to the true values
(rows). More details in the text.

The optimal k is chosen in a way to minimize the error rate. In our case, we tried to run the

algorithm for different values of k (from one to fifteen), and the k value that gave the better

performance was selected (k = 5 in our case).

Classification results

Fig. 7.7 shows the performance of the four tested methods. These confusion matrices are con-

structed by comparing the true class (type-1 and type-3) and the predicted class (type-I and

type-II) of the test data set. The diagonals of the matrices show the capability of the algorithm

to predict true classifications (true positives and true negatives). In the context of our model,
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this means the ability of the algorithm to predict type-I when the true experimental class is type-

1 and type-II when the true experimental class is type-3. On the other hand, the off-diagonals

show the false predictions of the algorithms. That means the events where the algorithm pre-

dicts a type-I when the true experimental class is type-3, or a type-II when the true experimental

class is type-1. We choose to normalize these matrices with respect to the true classes (with re-

spect to rows), for easier reading. The tuning parameters for each algorithm, if they exist, were

chosen in a way as to return the best performance possible for the correspondent method.

Many performance indices could be calculated using the data from these matrices. However

in our case, it is clear which algorithm performs the best. This could be figured out from the

confusion matrix that has the highest values on the diagonal and the lowest values on the off-

diagonal, which corresponds to the decision tree algorithm in our case. Using this method, we

are able, in approximately 0.3 ms and with an accuracy of 84.2%, to mimic a model evaluation.

We should note that the accuracy is calculated as the true predictions over the total number of

predictions.

7.3.3 Inference for parameter estimation

Now that all is setup, we explain how we performed parameters inference using the experimen-

tal data (sec. 7.2). The aim is to compute the distribution of the eleven influential parameters

θ := {p25, f , fi, γ,Vop, p27, kcl,VH
PT P, p28, p29, p30}, that best reproduces the experimental data.

Indeed, since the parameters in question are treated as random variables, we first tried to ap-

ply Bayesian inference algorithm. However, this did not work out because of several problems

that we will discuss in the next paragraph.

Bayesian inference is based on Bayes theorem:

Posterior︷      ︸︸      ︷
f (θ/Data) =

likelihood︷      ︸︸      ︷
p(Data/θ)×

Prior︷︸︸︷
f (θ)

p(Data)
, (7.3.1)

where θ is the continuous set of eleven parameters in question, f (θ) is the probability density

function, p(Data/θ) is the likelihood of the data given hypothesis θ, and p(Data) is the total

probability of data. Indeed, the idea is to compute the posterior or the updated distribution of
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the parameters in question using some prior knowledge on these parameters (via f (θ)), and a

likelihood with respect to experimental data (via p(Data/θ)).

The posterior distribution is then computed numerically using, for example, the following

Metropolis Hasting algorithm:

Algorithm 2 Metropolis Hasting algorithm to sample from the posterior distribution of the
parameters θ.

At i = 0 draw θ0 from the prior
θi+1 is generated as follows:

1. Sample a candidate θcand from a jump distribution (e.g N(θi,COV))

2. Compute r(θi, θcand) =
p
(
Data/θcand

)
f(θcand)

p
(
Data/θi

)
f (θi)

3. Sample a value of θi+1 according to:

θi+1 =

{
θcand with probability min(R, 1)
θi Otherwise

4. Increment i and return to step 1

To use the above algorithm we first need to define our likelihood function. Since the model

can only return two possible outcomes (type-I or type-II), the likelihood function should corre-

spond to a binomial distribution. Hence the likelihood function is written as follows :

L =

(
N
k

)
pk(1 − p)N−k, (7.3.2)

where p is the probability of having a type-I mPTP opening, N = 2148 is the total number

individual mitochondrion from the experimental data, k = 937 is the number of events with a

type-1 output among the N trials. However, working with this likelihood function can give rise

to numerical problems such as underflows. The classical approach to overcome this is the use

of the log likelihood function instead :

` = log
(
N
k

)
+ k log p + (N − k) log (1 − p). (7.3.3)

The first problem is that our model is deterministic, meaning that, for every set of parameters

θ, the output is either a type-I or type-II. This leads to a likelihood equal to zero (since either

p or (1 − p) is necessarily equal to 0). Thus the previous algorithm could not work properly.
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To overcome this we first tried to add a measurement error ε to our model so it becomes a

probabilistic model. However, this did not work as well because the algorithm was trying to

calibrate the error component ε of the model, leaving the parameters θ unadjusted.

For those reasons, we had to use an algorithm that takes into account the fact that the model

is deterministic. Indeed, we used a revisited version of the algorithm 2. The idea was to draw,

at each iteration, a collection of θ samples instead of just a single draw. The parameter p could

be then estimated using the latter samples of θ of the eleven parameters in question, and their

associated model evaluations. Since, in this version of the algorithm, we are drawing at each

iteration a collection of θ samples, we eliminate from the ratio r(θt, θcad) the density functions

because they become irrelevant.

Indeed the new version becomes an iterative maximum likelihood algorithms as follows:

Algorithm 3 Iterative maximum likelihood algorithm for computing the distribution of θ.
M ← 300 . Sample size of the distribution of θ.
it_max← 500, 000 . Maximum number of iterations
θ0 ∼ U(0, 2θ̂) . Initial guess of the distribution of θ.

. θ̂ is the prior value (100% variation).
i← 1
while i < it_max & |`(θi−1) − `opt| > ε do

θcand ∼ N(θi, sI11) . Random walk around θi using a multivariate normal distribution.
. s is the jump strength.

if `(θi) ≥ `(θi−1) then
Accept θi

else
Keep θi−1

end if
end while

First, an initial guess θ0 of the distribution of θ is proposed. This guess is sampled from

a uniform distribution varying 100% around the parameters prior values (Tables. 6.1 and 3.5).

Each θi can be seen as a matrix with M rows and 11 columns, where the columns represent

the parameters in question and the rows represent the sample size. Next, at each iteration i

of the algorithm, a new candidate distribution is proposed using a random walk around the

previous distribution guess. We use a multivariate normal distrubution for this random walk.
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The strength of the jump s is tuned so that the acceptance rate of the algorithm stays near 0.23

as recommended in [27]. The stop criteria depends on how far the current log-likelihood value

is from the optimal one, `opt, which is calculated using the experimental data from section 7.2.

At the end, after ∼ 200, 000 iterations, we obtain the desired distribution θ (Fig. 7.8).

7.4 Discussion

In this second part of the manuscript, we incorporated the mPTP to the previously discussed

cardiac mitochondrial model. Even though not all of its known regulators are considered in our

model, the most known ones (membrane potential, calcium and ROS) are taken into account.

One of the advantages of this model, over other literature models, is that the rate of opening of

the mPTP includes a direct explicit dependance on ROS concentration. This is important since

ROS is known to sensitize the mPTP to calcium [11].

The objective on the short term was to construct a mathematical model that can represent

experimental observations of individual and/or population of cardiac mitochondria. This could

be done by calibrating the model parameters to experimental data acquired from the latter ob-

servations. However, in contrast with the first part of the manuscript where the data used for

calibration were from a population of cardiac mitochondria, here the experimental data related

to the mPTP opening were acquired from individual mitochondria. This can also be seen from

the high variability, between each mitochondrion, present in the data (Fig. 7.2). This variability

led us to treat the model parameters in question as random variables and thus to try to compute

distributions of these parameters instead of point estimates.

First, to make a link between the experimental observations (mPTP opening types) and

the model simulations, we constructed a classifier that takes as input the solution of the ODE

system (6.3.1) and returns as output the associated mPTP opening type. Following the same

methodology as in the first part of the manuscript, and using the latter classifier, we performed

sensitivity analysis for the parameters of the model. This analysis shows that only eleven param-

eters have strong influence on the considered output of the model which is the mPTP opening

type. Unsurprisingly, all of these eleven parameters could be associated to mechanisms related
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Figure 7.8: The computed distributions of eleven parameters using the maximum likelihood
algorithm show quasi-uniform distributions. More details in the discussion sec-
tion 7.4.
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either to calcium exchange, mPTP or ROS. That is because the mPTP is mainly regulated via

related mechanisms.

Next, we used machine learning supervised classification algorithms to constructed meta-

models that are able to mimic the original model and its associated classification (using the

previously discussed classifier). These meta-models will behave as a black box that is able to

classify the mPTP opening type with respect to the given parameters (features), without going

through the burden of solving the differential equation system. This is crucial since algorithms

that perform parameter inference require normally a huge number of model evaluations, which

would not be feasible via the classical model that takes ∼ 100 sec for a single model simulation.

The chosen meta-model (decision tree) is able to reproduce the classification of the original

model with 84.2% accuracy.

Here also we should note that the sensitivity analysis we performed before the use of ma-

chine learning classification algorithms was useful because it permitted us to optimize the per-

formance of the tested meta-models. This is because supervised classification algorithms tend

to perform better when the features of the model are reduced to an optimal number. Including

only the influential parameters as features for the classification algorithms guarantees that the

output classes are well described by the features and thus the algorithm performance increases.

However, we are aware that there is probably room for more improvements in the use of the

classification algorithms. This could either be by trying different algorithms from the ones we

tested, or by optimizing the performance of the used algorithms.

Finally, using the chosen meta-model, we performed parameter inference using an itera-

tive maximum likelihood algorithm. The algorithm returns the posterior distributions of the

eleven parameters in question. Model classifications computed from random draws of these

distributions reproduce almost the same variability found in the experimental data. However,

the quasi-uniform shapes of the returned distributions (Fig. 7.8) are not very reassuring. This is

because normally parameters corresponding to biological phenomenon tend to present modality

or normality in their distributions.

The quasi-uniform shapes of the computed distributions could be principally due to three

reasons. Two of these reasons could be related to the experimental data. The first reason could
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be that the mPTP opening type characterization done by our collaborators was not revised, and

a possible classification errors or biases could be the cause of a misleading data.

The second reason could be our use of a very reduced form of the data to infer a big number

of the model parameters. Indeed, in the parameter inference we performed, the data on the

mPTP opening type used is represented by one scalar. This scalar is the ratio between the

number of events resulting in a type-1 and type-3 mPTP opening 7.2. Thus inferring using

this reduced form of data could so probably be the reason behind the uninformative computed

distributions.

The third possible cause could be the data wrangling assumptions we took in section 7.2.

That is because, as explained in section 7.2, the poor understanding of type-2 experimental

mPTP opening, and the non existence of a correspondent simulated type led us to eliminate

data coming from mitochondria that exhibited this particular type. However, this experimental

type-2 opening may eventually be a sub type of the other possible mPTP opening types, and

thus eliminating it from the data could be misleading.

On the other hand, we should not eliminate the possibility that the true distributions of the

parameters in question be the ones plotted in Fig. 7.8. This could be caused by the important

heterogeneity in individual mitochondria.
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The constructed mitochondrial model proposed in this work, is calibrated for respiration exper-

imental data of a population of cardiac mitochondria. Indeed, it was able to reproduce, up to a

certain degree, the experimental data on oxygen consumption by population of mitochondria in

their different energetic states.

However, the parameters calibration using data for calcium induced mPTP opening, for in-

dividual mitochondrion, was probably not successful due to several possible causes discussed

in section 7.4. Indeed, as discussed previously, a very possible cause may be that the data we

used for inferring parameters related to the mPTP opening, is hugely reduced to one scalar. This

is why we are currently working on a more in depth exploration of this data. More practically,

we want to use more from this data by trying to extract more features (e.g. ∆ψ depolarization

amplitudes, recovery time to reach baseline, ..) from the fluorescence times series of the indi-

vidual mitochondria (see section 6.5). Incorporating these features in the parameters inferring

algorithm could be helpful to compute the adequate desired parameters distributions.

Moreover, the fact that not all of the model parameters are being calibrated in a one go, is not

a problem. That is because the sensitivity analysis we performed, on the different components

of the model (Fig. 7.3), shows that the parameters of the model tend to be grouped by blocks.

Indeed, each block has influence on a component of the model. This is promising since eventual

calibration of the remaining parameter could be possible if adequate data becomes available.

Overall, the utility of such model in itself is that it can be used to make predictions of

mechanisms of interest related to mitochondrial respiration, or even to perform simulations of

some unfeasible experiments of interest. The model guarantees, at least qualitatively, the ability
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to represent population of cardiac mitochondria.

However, a relevant questioning might be on its ability to reproduce mechanisms unrelated

or even weakly related to respiration. Indeed, even though the model parameters values are

mostly taken from trusted literature, the sparsity of the experimental data used for parameters

calibration leaves us with a model that is calibrated only for some of its components. Thus the

quality of predictions, that are unrelated to these components, is yet to be confirmed.

On the other hand, another utility of this model, on the cellular level, might be in an eventual

incorporation into ionic model of the cardiac cell. Indeed, besides the fact that ionic cardiac

models do not account for the activity of the mitochondria, the ability of this model to reproduce

qualitatively the activity of the mPTP could be a key player in the comprehension of several

cardiac dysfunctions. This could be crucial, especially in the context of cardiac diseases related

to energy deficit and/or pathological mPTP opening such as ischemia-reperfusion. Even if this

work was not accomplished during this thesis for lack of time, the base ground for it was well

established, and the derived model could be included in eventual more studies interested in this

subject.

Finally, it could also be interesting to incorporate this model to cardiac excitation-

contraction coupling models. Indeed, the fact that the proposed model includes ROS production

and activation of the mPTP opening could be a key player in these excitation-contraction mod-

els. That is because the potential model could make it possible to explore the involvement of

mitochondrial ROS and mPTP in the regulation of the excitation-contraction coupling in car-

diomyocytes, under physiological and pathological conditions.
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